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OT U3AATEJIbCTBA

Mub npomonxaem Hamy cepuio «IlonyispHas mare-
MaTHKa» nyOJHKauHedl nepeBoda cOOPHHKA, KOTOPHIM
OTKpBLTIach HOBast cepust «MarTeMaTHYeCKHe MHHHATIO-
phl», BHIIyCKaeMas H31aTeJbCTBOM DHpKXofizep. B 370M
cOOpHHKe INpeAcTaBjeHBl NATh JEKHUHA a8 HPOKOH
nyOJuKH, MPOYHTAHHBIX IPH BCTYIVICHHH B HOJIXKHOCTD
NATbIO OoHeHTaMH DOHHCKOro yHuBepcutera. ITompoO6-
Hee 00 3TOM pHUTYyaJie TOBOPHUTCS B OTKphiBatouleM c60p-
HUK MDEAHCJOBHH H3BECTHOTO HEMEUKOrO0 MaTeMaTHKa
npodeccopa bonuckoro yhamBepcutera @, Xupuebpyxa.

IIpencraBseHHbll B cOOPHHKE MaTepHaJs NPaKTHYECCKH
OTCYTCTBYET B HAay4yHO-IIONYJSIDHOH JHTepaType Ha pyc-
CKOM fI3HIKE.

JKuBOE H NOCTYNHOE H3JIOXKeHHe, YIaYyHOe COYETAaAHHE
9JleMeHTapHBIX (PAKTOB ¢ pe3yJabTaTamMH IayO0OKHX HC-
CJIeOBAHH{ JeNaloT KHHTY HHTEPECHOH H MOJIe3HOH IS
CaMOTO IUMPOKOr0 KPyTa JIHI — OT IIKOJbHHKOB 1O Ipe-
nojgasateJiel HHCTHTYTOB.

Mpbl HageeMcCs, YTO YHUTATEJdb [OJYYHT YIOBOJLCTBHE
OT 3HAKOMCTBA ¢ 3THMH IATbIO INPEKPACHBIMH MHHHAE-
TIOPaAMH,



NPEANCIIOBUE

Putyan BcTymieHHS B psAH npenojasarelielt — cTa-
pPast TpaZuMllusg HeMeUKHX yHuBepcuteroB. Ilocie npu-
CyXKJIeHHSI YYEHOH CTeleHM NOKTOopa OyAyLlui npenojia-
BaTeJdb NPOJOJIKAET HAYUYHYIO paboTy H yepe3 HeCKOABKO
JET npeacrangser ¢axkyaprery 60Jiee OOLUHPHBLIH TEKCT —
AUCCEepTalMio A moaydeHus Venia Legendi— npasa
CaMOCTOATe/NIbHO O6Gy4aTth CTYJEHTOB M YHTAThb JEKIHH.
Huccepranys mokjanbiBaeTcss Ha 3acefaHHH coseTta (a-
KyJibTeTa, e H NPOUCXOAUT ee HayyHOe OOCyxKIeHHe.
Yepes HeCKOJIBKO Heleslb PHTyas] 3aBepliaeTcs CBOel
KyJbMHHALHEH — OTKPBITOH BCTYNHTEJbHOH JieKLHeH.

B HekoTOpHIX YHHBepCHTEeTaxX BCTYNHTeNbHHe JIEKHHH,
KaxeTCfl, yrepaaH c¢Boe 3HayeHne. B DoHHe Xe MH noO-
CTapajuCh COXPAHHTb TPAaJHIHMIO M CAEJAaTh BCTYNHTEJb-
Hble JIEKIIMH OJHOH H3 BAXKHBIX COCTaBHBIX YacTeH Hayd-
HOH Xu3HH. Ha 3THX JeKUHAX cepbe3dHass H 3HAYHTEJIb=
Hasd TemMa JOJKHa OLIThb H3JIOXKEHAa TakK, 4YTOOb He
TOJBKO MaTeMaTHKH, HO H NpPEACTaBUTEJIH JPYIrHX ecrte-
CTBEHHBIX HayK, a TaKXe M CTYJAEHTH MOIJIH CJEHHTH
3a XOJOM paccyxjeHui. B sexkuum HaXo OCBETHTb HCTO-
pHIO BOMpOCa, CBA3b Pa3Je/iOB MAaTeMaTHKH MEXAY CO-
6ofi u ¢ Apyrumu Haykamu. KpoMe TOro, Hy>xHO, 4YTOOH
caymatTesn XoTa Obl B HEOOJBIIOH CcTeneHH ITOYYyBCTBO-
BaJii 0YapOBaHHE MaTeMAaTHKH H siCHee NOHIJH ee pOoJb
B JIYXOBHOM XH3HH 06lIecTBa.

B 3stoM He6OJBLIOM CGOPHHKE NYOJHKYIOTCS NAThH
BCTYNHTE/NBHEIX JEKUHH, NPOYHTAaHHLIX B DoHHCKOM yHH-
Bepcutete B 1974—1979 rr.; Bce OHH MAYT nox OOIIHM
neBu3oM «YUucaa». §I cuuralo, yTo H3JaHMe 3TOro CHOP-
HHKa BIOJIHE ONPaBIAHHO, TaK KaK KaMXJblH H3 aBTOs
POB H3AIIHO H YBJIeKATeJNbHO H3Maraer H30paHHyi0 HM
TeMy H Jaxe OTKpHIBaeT Iiepel uUTare/leM NaHOPaAMY.
COBpeMeHHBIX HccaenoBaHud. Hapeloch, uro mnosgsJe-
HHe Hacrosuledl KHHIH OyZeT Cnoco6CTBOBaTb BHIIYCKY
H APYyruX ¢O0PDHUKOB BCTYNHTENLHBIX JIEKIH.

Born, ok1a6pb 1980 D, Xupyebpyx



BCTYIJIEHHAE

Kaxas# u3 nsTH aBTOpOB 3TOH HeGONBIHOH KHHIKKH,
pacckasbiBasi 06 H306paHHOH HM MareMaTHYeCKOH TeMe,
crapajcsi AOOHTbCSA TOro, 4ro6H OOHYHHE uHCJa IpeAr
cTanu nepel, yurateneM Kak xwusbie. Moxer O6HITh, C
YIOMOIIbIO 3THX HATH MHHHATIOP YAACTCS XOTs OH B Mas
JIOA cTelleHH NepeAath HEKOTOPHIM YHTATENAM OILYLIEHUE
yap MaTeMaTHKH, KOTOPOE MCNHITHIBAIOT Te, KTO H36paJ
ee CBOoel CHellHaabHOCTBIO.

IIyTe K 3KHBBIM COBpPeMeHHBEIM MaTeMaTHYECKHM HC-
CHeflOBAHUAM, pasymeercs, HOJOr. IIATh THCSIUEHCTHH
NOHaAOOUNIOCh Ha Hero 4YeJOBEUECTBY, NATb JET HYXKHO
CerofHA cTymeHTaM. Tak Kak 3Ty KHHXeYKy MOXHO
HpoYecTh 3a NATH YacoB, TO He CJeLyeT OXHIAaTh OT
Hee 60Jipllero, HexkKesnd OerJioro nokKasa OTAeJbHBIX yac-
Ted najibHedl MW TPYAHOH AOPOrH. YIOGHOrCe «IiapCKoro
NyTH» B MaTEMaTHKe HET.

Mrl npursailiaeM 4YutaTteas Ha NATbh HeOOJBIIHX 3JKC-
Kypcuit B mup uucesn. Ilo xpacuBeiM M pa3nHooOpasHHM
MeCTaM OHH Be€AYT K HEeCKOJbKHM BO3BBLIIUCHHOCTAM, C
KOTOPHIX MOXHO YBHAETh BJaJiH INepBble TOpPHEIE Bep-
IIHHH HOBHIX HCcaenoBaHMB. Kaxpas u3 nporyjok Ha-
yUHaeTcss «BHH3Y B JOJIHHE», T. €. ¢ HNOHATHH H 3aj]ay,
IJisi NMOHHMAaHHA KOTOPBIX JOCTATOYHO IIKOJILHBIX 3Ha-
HUH: OpOCThIe YHCIa, CYMMBI penuteneii, teopema Iluga-
ropa, Kpusble, pa3bueHus. OpHako MOTOM TO TYT, TO
TaM NMOMajaloTCsl MeCTa, MJis NPEOJOJICHHS KOTOPHIX Tpe-
6yioTCS KOoe-KaKHe aNbIHHHCTCKHE HaBHIKH, 4T00H H 00+
Jiee ONBITHBIM YYaCTHHKaM I10X0Za He OBLIO CKY4YHO.
Bnpouem, KaXIBH caM Jerko yCTaHOBHT, Tl eMy Halo
6yner 000iiTH mapy TpyaHbIX MecT. HO KO BceM rJaB-
HBIM BO3BBHIIIIEHHOCTSIM, C KOTOPHIX OTKPHIBAIOTCS BHJHI,
NyTEIIeCTBEHHHKH GyAyT MOCTaBJEHH IO KaHaTHOH JO-
pore u TeM u36aBJieHH OT THXKKOTO TPyAa NOABEMA —
JOKa3aTeNbCTB,



8 BCTYIIJIEHHE

PacckaxkeM Tenepb KOPOTKO O KaXKIOM H3 ISITH Map-
LIPYTOB.

[lepBHifi NpOXOLHUT TNMO COBCeM JIerKOH, pOBHOH TpO-
NUHKe MeXJy CyMMaMH JAeJuTeJed M KPHTePUSAMH Hpo-
cTOTH yuchaa. Jlumb B KOHUE cTaHeT BHJIHO, YTO OHQ
BJAHUBAETCA B BaxXKHOE€ HANpaBJ/ICHHE COBPeMeHHOW MafTfr
matuku, Baabrtep Dopo pacckasniBaeT HaM 3aMe-
YyaTeJbHYI0 UCTOPHIO O OpyjecTeennslx 4ucAax, Koropas
BeleT H3 JaBopua O6arpanckoro xajauda B cOBpeMeHHBIE
BHIYHCJHTENbHBIE UEHTPH. MBI MO3HAaKOMHMCH C OJHHM
M3 CTapblX MaTreMaTHYCCKHX BHIOB CIOPTa — OXOTOH 3a
JAPYKeCTBEHHHIMH YHCJaMH, B KOTOPOM HenpeB3OHZEH-
HBIM YeMIIHOHOM MHpa poJroe BpeMms 6ol JleoHapn
Oitaep.

Hdoun llarup npeamasiser HaM CIHCOK MHPOBBIX
PeKOpPAOB — HaHOOJBIIMX H3BECTHHIX INMPOCTHIX YHCEN, H
MBI C ONHOTO B3rAsAAa y6exJgaeMmcs, 4TO IPOCTHE YHCIA
CJI€AYyeT NPH3HATHL CAMBIMH KANPH3HHIMH H CTPONTHBEIMH
3 BCeX OOBEKTOB, KaKHe TOJbKO H3Y4aloT MaTeMaTHKH.
M tyr Xe OH y6exnIaeT HaC B NIPSIMO NPOTHBONOJOXK-
HOM — YTO IPOCTbie YHCda O6e3yc/OBHO H YyTh JH HeE
C MeJaHTHYECKOH TOUYHOCTLIO MNOAUHMHSIOTCS OIpeJesieH-
HeIM 3akoHaM. Oco6eHHO H3yMJsieT sBHas QopmyJa
Pumana aaa yucaa n{x) DPOCTHIX YHCEN, He IPEBOCXO-
JSAHX X. A 3aTeM CHOBa BHIABJSETCS CTPONTHBOCTD
NPOCTHX YHCEJN IPH CPAaBHEHHH aCHMITOTHYeCKHX (op-
mya Jlexkanzapa, 'aycca u Pumana gasa m(x) ¢ dakrtu-
YECKHM pacnpenencHuem nepsvix 50 musrruonos npo-
CTbLX 4ucen, IPUBOJAALIEM K JHMKO CKauyHie#t KpHBOH, MO~
XOXe# Ha TeMIlepaTypHYIO.

IOpres Poawbdc pacckasbpiBaeT HaM 0 cymMmax
Osyx xsadparos. Er0 MaplipyT HaynHaetrcd ¢ nudaro-
POBHIX TPOEK YHCEJ, AJS KOTOPHIX BMHI BBIBOAHTCH 00-
mas dopmyna. Benex 3a sTHM onpejensercss YHCIO NH-
(haropoBLEIX TPEYTOJLHHKOB, Y KOTOPHIX JJiHHA THIIOTE-
Hy3hl He IpeBHINaeT 3aJaHHOK BeJHYHMHBL. [IpH 3TOM
OKa3bIBaeTCs, 4TO TeMa NHGaropoBHX TPOeK He TOJBKO
He 3aBepHIaeTcss ¢ OTKPBHITHEM o6HleH (QopMynb, a Ha-
060poT, JHIIL NOCHE 3TOF0 CTAHOBHTCHA NO-HACTOAUIEMY
uHTepecHoH. KoHuaeTcst myrteilectBue 3azauedl u3 ¢u-
3UKH O pACHPOCTPAaHEHHH Teljla MO CIACATENILHOMY
Kpyry (Topy) H3 TOHKOH KeCTH, DTO paclpocTpaHeHHE
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onuceiBaercss AuddepeHunasbHEM ypaBHEHHEeM B yacr-
HEIX TNPOMU3BOLHLIX, NPH pEUIeHHH KOTOPOTO KJIOYeBYIO
pOJIb HTpaeT uHcAO U(m) NpPeACTaBJCHHH uHCaa m B
BHIE CYMMH JBYX KBaJApaToB. 1akuM o6pa3oM, 3Aech
feopHs 4YMces W MaTeMaTHYeCKHH aHa/iM3 TeCHO CBs3a-
i Mexay coBoit.

3" Xancnetep Kpadr BBOAHT Hac B 06JacTh, rie
HePa3pHIBHO NepemJesHCh TEOPHS YHUCEJ] H IeOMeTpHs, —
aszebpauyveckue Kpusole U OUOPANTOBLL YPABHEHUS.
H sra sxckypcusa HaumHaercs ¢ GopMyas Ais nuda-
FOPOBBIX TPOEK, KOTOpas BHIBOAUTCH C TNOMOINBIO reo-
MeTpHUuecKoro Merola [luodanra. TouHo Tak Ke MOKHO
pelllnTh Gojsee oOILyI0 3a7auyy O HaXOXKJIEHHH BCeX TO-
YeK C palHOHaJBHBIMH KOOpDJHHAaTaMH, JieXalldX Ha
KPHBOH BTOPOr0 nopsaka. AHajoruuynas 3ajxada JJad
KPHBOH TpeTbero HnOpsiiKa OKa3hbiBaeTCss HeCPaBHEHHO
6ojiee TpyAHOH H HHTepecHo#. Ham geMmoHcTpHpyOT
reoOMeTpHYCCKHH MeTOH, KOTOPHM MOXHO NOCTPOHTH BCe
HCKOMBIie DalHOHANBHHIE TOYKH, HCXOASl H3 HEKOTOPOro
KOHEeYHOr0 MHOXKeCTBa Takux Touek (rTeopema Mopaen-
Ja). B nanbnefiieM xone 3KCKYypCHH MH y3HaeM # ellle
MHoOroe japyroe 06 SJJHNOTHYECKHX KPHBHIX; NIpaBla, pac-
CKa3 O TOYKaxX KpPYYeHHS H NOCACAHHX pe3yJbTaTax
B. Masypa paccuntad yxe Ha 4MTaTelst, HECKOJLKO Ce-
MeCTPOB H3y4yaBlllero MaTeMaTHKY.

H B sakmouennie Enc Kapcrten dunnen sHaxko-
MHT HaC C JeATeJbHOCTHIO CHElHAaJHCTOB IO KOMOuHa-
TOPpHKe — JIIoAel, KOTOPHEe JeNalT ¢ KOHeUHBIMH MHO-
JecTBaMH BCEé MBICJHMOE H HEMBICJHMOE, a IOTOM
clipalinBalOT cebsi, CKOJNBKHMH CnocofaMu 5T0 MOIKHO
caenatb. OH pacckasbiBaeTr HaM O [ePeCTAHOBKAX #
pa36uenuax, auarpamMmax lOHra W kaHoHuueckux Tab-
JHIAX, a Takxke 00 YIHBHTEJBLHOH CBSI3H MEXAY 3THMH
KOMOHHATODHBLIMU INOHATHAMH. 3aTeM MH y3Haém, 4eM
83aHUMAIOTCS CIEeIHAJUCThI IO TEOPHH MNpPeACTaBJICHHH M
CKOJIb MHOTHM OO0fI3aHHl CIeNMaNHCTaM II0 KOMOHHATO-
PHKE Te, KTO H3y4aeT NpPeJCTaBJeHHS CHMMETPHUECKHX
HIH o6mux JipHelHbiX rpynn. W HakoHeu, HOBBIH IOBO-
POT TeMHl O €8A3uU reopuu npedcrasrenuil ¢ Komburna-
TOPUKOU: TeOpHS NpPEACTABJECHHN BO3BpalllaeT JNOJI KOM-
OuHaTopHKe, YHUDHIHPYS H 0600NIad 3HAMEHHTHEe TOX-
dectBa Oinepa, aycca u IKOo6GH AAst cTeNeHHHIX PALOB.
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Hrak, SKCKYpcHM HPOBOJATCA IO NATH COBEPINEHHO
pa3MHYHBIM MapUIpyTaM, Jia eHle MH HMeeM AeJ0 ¢
OATBI0O HECXOXHMH HHAMBHAYANbHOCTAMH H TeMIepa-
MEHTaMH 3KCKYPCOBOJOB, TaK 4YTO NOPOXHON CKYKH Ona-
caThCHd He MNPHXOAHTCH. IIpH BCEM TOM BHHMATEJbHBIH
YHTATE/Ib 3aMeTHT, YTO MAapLIPYTH 3KCKYpCHHA NOCTOSH-
HO COMpHKacalorcs H nepecekaroTes.

Hanpumep, Toxnecrso ko6n AJfl CTeneHHHX PANOB
BCTpeUaeTcss He TOJbKO Yy JIHIleHa, a A3era-QyHKOHS
Pumana He toapko y llarupa—u 10 M gpyroe ymoMms-
HaeTcs, NycTh H MHMOXojaoM, Y Bopo u Poapdca. CyM-
Mbl nena'reﬂeﬁ NOSABJASIIOTCA He TOJIbKO B [IepBOH, HO H
B Tperbell 3KCKypcuH. KoMy XOTb pas J0BeJsioCh HOrpy-
JBHTBCS NOTy6Ke B MHD MaTeMaTHKH, H3BECTHH TaKHe
HEOXXHIAHHbBIE B3aHMOCBSI3H, Baqacryro BBHISIBJIRIOTCH
CBAIBH MeXJAY ee pasjellaMH, He HMEIOMMUMH Ha NEePBHH
B3raax abcodaiotHo HAuero obuiero. M 310 — He kakas-
HHOY/b TaM 3K30THKa HJH CcJyuaiiHoe nepudepuiinoe
fIBJIeHHe, a THIOHYHAasd 4YepTa BCAKOH HacTOsIIEH Mare-
MaTHKH. MaJjieHbKHe HEOXKHIAaHHOCTH, C KOTOPLIMH MH
8JieCb CTOJIKHEMCH, COBEpHICHHO <«HEBHHHHI» IO CpaBHE-
HHIO C ¢aHTaCTHYeCKHMH CIOpPIIpH3aMH Takoro poxa, TO
H [eJ10 BCTPEYAIOUIHMHCS B MaTeMaTHYECKHX HCCJeLoBa-
HHSX. 06Hapy}KeHHe TAKHX HEOXKHJAAaHHHIX, OYeHb YacTO
TJIlyOMHHBIX CBsI3eH NMPHHAAJEXKHT K CaMbIM BOJHYIOIIHM
COOBITHAM B XKH3HH MaTeMaTHKa.

Onnako nmopa HaM KOHuaTh ¢O0 cO6OpaMH H OTIpAaB-
JAThCA B gopory. O6paTuMcs K CaMHM YHCJaM.

Baasrep Bopo

Enc Kapcren Sryen
Xawncnerep Kpagr
IOpeen Poaeghe

Horn Hazup



Banstep bopo

APYXHECTBEHHBIE YACHIA.,
ABYXTBICAYEJIETHAS UCTOPUS
OAHON APUDMETUHECKON 3ALAUU

D10 HCTOPHA ABYX UHCEJ

A =90 2364653062 3313066515 5201592687 0786444130 4548560003
8961540360 5363719932 5828701918 5759580345 2747004992
7532312907 0333233826 7840675607 3892061566 6452384945

H

B =86 2593766501 4359638769 0953818787 1666597148 4088835777
4281383581 6831022646 6591332953 3162256868 3649647747
2706738497 3129580885 3683841099 1321499127 6380031055,

B kaxnom n3 mux 152 mudps. ¥ nepsoro 800 passmy-
HHX Jeauteaelt, y sroporo— 3200. Unucaa A u B obaa-
JaT CleAYIOUIHM 3aMeYaTesibHBIM CBOHCTBOM: CyMMa
779 coGcerBeHHHX genaureneit ) A paBHa B, CloXHB XKe
3199 cofcTBeHnHX AenHTeNeld B, MH noayyum A. Ity
HHTepecHyl0 napy Hawea B 1972 r. aMmcreplaMCKHH
Marematuk XepMaH Te Pune. Ero oTkpmTHIO npejiie-
CTBOBaNa AOJIrast HCTODHS, HaYaj0 KOTOPOH TepsieTcs B
Tyiy6HHe BekoB, C 3TOH HCTOpPHeR s H Xoren OHI Bac
MTO3HAKOMHTb.

IIpu a10M 51 nonbiTaoch (B MOJIHOH Mepe 3TO BPAK JIH
BO3MOJXHO) YAOBJICTBOPHTb KaK MaTeMaTHKOB, TaK H
HeMaTeMaTHKOB. B HHTepecax nocjegHHX MBI 110 BO3-
MOXKHOCTH nocrapaeMmcss 00XOZHThCA Oe3 (GopMyJ, Teo-
peM M J0Ka3aTesnbCTB, 3a YTO S 3apaHee NPHHOIIY H3-
BHHEHHsI KoJuleraM-npogeccmonanaMm. HeMareMatHkoB
e fi IPolly NPOSABJATh TEPIEHHE B TeX PEAKHX CJydyasiX,
Koria BC€ Xe NOABHTCA KakasA-HHOYAb dopmyna HIH
Korjpa si nossojilo cefe HeGoJplIOE OTCTYIJIeHHe, NOHSAT-
HOe TOJIbKO CHELHAaJHCTY.

—

1 To ectb penmrenell, OTAERYHHX OT CaMONQ WHCAA, = I/pus,
fepee,




12 BAJILTEP BOPO

M3BecTHO, uTO B ApeBHeM BaBHioHE OCHOBaHHEM CH-
CTeMBbl CYHCJCHHA CAYXKuiao yucao 60, o yeM A0 cux nop
HanoMuHaer oOmyaii aeauTh yac Ha 60 MuHYT, a MH-
HyTy Ha 60 cexyun. M xots npocrbie Jiofy M B TO BpeMy
NMOJB30BAJNHCH NECATHYHOH CHCTeMOl CUMCIEHHs, MaTc:
MaTHKH NpPHMEHsIH luectdlecarepuynyio. [lexo B TOM,
4TO AeHCTBHA C APOGAMH He NOJb30OBANHCh ¥ HUX 6OJb-
IO HONYJNAPHOCTBIO (KAK H Y CEroJAHsIUIHHX LIKOJbHH-
koB). IToaroMy umcsno 60, cpaBuuresbHo HeGOJbLLIOE H
HMelolee MHOTO AesuTelNel, 0Kasaoch HeaNbHBIM OCHO-
BaHHeM CHCTeMHI cuucieHus. M3 ABenaaunatu pasnHuHBIX
aenurenell yucna 60 GONBUIHHCTBO MOJYYHJIO AAXKe 0COo-
Oble Ha3BaHHsA, BOLIEJINHE B S3BIKH Pas3HbX HaPOJIOB.
Hanpumep, HemelKHe KpecTbsiHe H ceHyac OXOTHO YNoO-
TpebaAlT npH cuere moxuHb (12), mMaumenu (15) H
Konbl (60) — BCé penuTeNH mieCTHIECSTH.

AHTHYHEIE MaTeMaTHKH BOOGIIe CYHTANH OYeHb BaK-
HBIM paccMaTpHBaTbhb BMECTEe C KaxKAbIM YHCJIOM BCE €ro
peautend. Hucia, uMerolze MHOro Jenurenel, Ha3blBa-
mHch «abundant» (H36BLITOYHBIMH), a HMeENIIHe MaJo
penntenefi, — «defizient» (memocrarounnimMu). Ilpu stom
B KayeCTBe Mephl HCIOJIb30BAJIOCh HE KOAU4eCT80, a
cyMMa COOCTBEeHHBIX JejHTeNel, KOTOPYI0O CpaBHHBAJIA
C caMuM vyHcaoM. Tak HanmpuMep, AJA JeCATH CyMMa

JeJInTeNeh
1424 5=8 Mmensnwe 10,

TaK YTO JeJIHTeNed «HejaocTaroKs. IlJs aBeHaAnmaTd xe
14243444 6=16 6oupie 12,

T. €. Jenurenedi «u36HTOK». [TostoMmy 10 — «nemocrarey-

Hoe», a 12 (4 yxx TeM GoJee 60)—-— «H306BITOUHOE» YHCJO,

Berpeuaercs u «TIOTPAaHHUHBIE» Ciyuali, KOTrAa CyMMa
coOCTBEHHBIX JAenuTeNell pasna camoMy uucay. Hanpu-

Mep, IS HIeCTH
1424 3=6.
To xe ana 28:
14+24-4474 14 =28,

Takue uHcna papeBHHe rpekH OCOOEHHO UEHHJH H Ha-
3Bajid HX cosepulennbiMu, TOUHO HeH3BECTHO, KOTAZ H
rAe BliepBble 0OpaTHJIH BHHMAaHHE HA COBEPLUeHHBIE YH-
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cnha. Ilpenmosnaraior, 910 OHM OBIIH H3BECTHHl yXe B
ApeBHeM BaBuaoHe u ApeBHeM Erunte. Bo BCskoM ciy-
yae, BIJIOTH A0 O5-ro Beka H.5. B Erumre coxpaHsics
JlaJIbLeBBIA CUeT ), mpH KOTOPOM PyKa € 3arHyThlM Ge3bi-
AHHBIM HaJiblieM ¥ BHIIPAMJIECHHBIMH OCTaJbHBIMH H30-
paxana 6— neppoe coBepuleHHOe dYHCJO. TeM caMbM
Yror masen xak 6H caM CTaJ NPHYACTEH K COBEplleH-
CTBY H NOTOMY IOJIyYHJI NPHBHJICTHIO HECTH Ha cele
koasllo (¢poro 1). TakoBo oaro u3 oObsiCHEHHE TOro

Poro 1. Yke B mpeBHHE BpeMeHa CYWECTBOBaJa TPaLHUHUA HOCHTD
Koapuo Ha Oe3piMAHMOM naJgsue. Pyka Adponutsl. Bponsa, I'peuus,
3 —2-t B. 10 H. 5. Mysefi «Ypeumyseym» B Bymmeprane. (Qoro-
rpadus BocnpoH3BOAHTCS ¢ Jio0esHoro paspewenus K. AGenepa.)

OTMEYaeMOro ClelHaJHCTAMH [0 HCTOPHH KYJbTYDHI
dakTra, Y4TO NOYTH Yy BCeX UHMBUJIH30BAHHBEIX HapOJ0B
cyliectByer oObluali HOCHTb KOJBLO HMEHHO Ha O6e3bl-
MSAHHOM MaJblie,

[Teppoe no0kazaHHOe YTBEPKAEHHE O COBEPLUEHHBIX
yucaax NpuHagJexuT Ikauay (mpumepuo 300 r. 1o
H.3.). B ero «Hauanax», BbaepxKaBlWHAX mocke GuGaud,
noxkanayi, Haubogbliee 4YUCNO H3JaHUH, MBI HaXOAHM B

1) OGo3naueHne YHCcen INPH NOMOIIH NaJbIeB; CM., HAnpHMEp,
Henvar M. §I. Hcropua apudmerugn, — M.: Vunearus, 1959, —
ITpunm. nepes.
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kuure I1X Teopemy 36, ycraHapaHBaIRy0 €H0cob moy-
yeHHs COBepLieHHBX 4HCen. Ha coBpemeHHOM fi3blKe OHa
3BYYHT TaK:

Teopema Iskanna. B Tex cayuasax Koeda 4ucAo
p=14+24+44+84 ... +2r =211
»w— NpoCTOE, 2" D ABARCTCA COBEPULEHHBIM,

Hns1 nokaszaTenbCTBa STOr0 YTBEPKJAEHHST DBKIHI
HCHOJIb3YyeT CBOIO TeopeMy 35— QOopMyJly CyMMEI YJICHOB
reomerpuueckoit nporpeccun. ITosgHee Hukomax u3 Te-
pacH yKa3aJ mepBhie COBeplIeHHBIe uHcaa: 6, 28, 496 u
8128. Bce onm noayualorcs mo cnocofy IBKJAHAA,

Boablioe BHHMaHHEe YAENSAJM B aHTHYHBE BpeMeHa
H uncinam 220 u 284, y Koropulx OHIJIO MOAMEdEHO cJe-
Jyiolllee YAHUBHTENbHOE CBOKCTBO: cyMMa COGCTBEHHBIX
geaurenedt uucia 220 pasHa 284 u, Hao60OpPOT, CyMMa
co6cTBeHHBIX Aeauteneli 284 paBHa 220. Ux waszpanu
OpyxcecTsentoimy. Caensl 3THX YHCEJ TOXKE TepsAIOTCs
BO TbMe BeKOB. BecbMa BeposiTHO, YTO HepBHIM O6paTHI
Ha HMX BHuMaHMe ITudpazop (cM. ta6a. 1). Bupouewm,

Tabruya 1, XpoHoaornueckaa rabauua.

ox. 500 gmo u. s. | Ilmdarop 1636 ®epma
Ok. 300 po n. 3. } IekaHA 1638 Jlegapr
‘ oK. 1750 Ditxep
oK. 100 n. s. Hukomax 1830 Jlexaun
oK. 300 AMenux 1851 ' qesumég
1911 Jlnxcon
838—901 Ca6ur 1929 Ilyne
1946 ACKOTT
n6n Xansayu 1968 JIn
1007 ann-Manxpurs 1972 Te Pure
1256—1321 | u6e ann-Bauna

HEKOTOpHEe CcChinanTcs Ha TO 00jee ApeBHee MeCTO B
6ubany, rie ropopuTcs, 4To MakoB B 3HAK NPHMHPEHHA
nopaput HMcasy poBHo 220 osenm m 220 xo03. Cpennebe-
KOBble KOMMEHTATOpH OubGauu oOBACHAAH CBOMM YHTaTE-
JAM «TaHHy», 3aKJIOYeHHyI0 B uHcae 220, H CuuTand
HENpeJOXKHBM (AaKTOM, YTO HA MACHYECKyl0 CHJIy STOrO
HCJIA M paccuHuThiBasg XuTpoyMHbfi Hakoe. C nomolnbio
8HAJOTHYHBIX YJOBOK Hawy npeakd O0yaro Ob 3aBOeBHI-
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BafAd TaKXe CHMHATEH Kopojelt w caHOBHHKOB. B 06-
1leM, 06 3TOM KaKAHI BOJeH HMEeTb COGCTBEHHOE MHe-
HHe, 3 NePBLIM He RONMYCKAIOMIHM ABYCMBIC/IEHHOIO TOJ+
KOBAaHHSA JOKYMEHTOM, COJepKaUlum YyilOMHHAHHe O Apy-
KeCTBEHHBIX 4YHciaax, gBiaserca «Msanoxenuwe mrdaro-
PeACKOro yuYeHHMs» — TPAKTAT, HamHCaHHHH B 3-M Beke
H.5. HekuM JImBauxoM u3 Xaabuuca. Iludaropeiickas
WKOJNA NOJYyYHJa HIHPOKYIO H3BECTHOCTb He TOJBbKO Ojaa-
roaaps NPHCTPACTHIO ee YJEHOB K MHCTHKE YHCEJ, HO H
Gnaropapst TOMy, YTO OHH BBICOKO UEHHJAH ApYKOy. fm-
BJIHX pacCKasbiBaeT, Kak OAHax/Jbl Benukuii ITudarop
H& BOHpOC, KOTo CJeAyeT CUHTATh MAPYroM, OTBETHJ:
«To20, K10 sn6anerca moum eropoim 1, Kax aucra 220
u 284».

Hekoropre ucTopHkM He cyurtaior JIMBJAHXa ZocTOMH-
HEIM fgoBepusi. OHH Xorequ OH pacmosarath CBHIETEJb-
¢tBamu coBpeMmeHHUKOB Iludaropa. K coxkanenuio, ¢ Ta-
KHMH CBHJETeJbCTBAMH AeNia 00CTOST HEeBAaXKHO, TaK Kak
nrgaropeilickass mWKoJAa HapsAy C YHCAOBBIM MHCTHIH3-
MOM H KyJbTOM APYyXObl cJaBHJACh ellle H NpHBEpPXKEH-
HOCTBIO K TaHHCTBEHHOCTH. Pasriamense HOOBITHIX Ma-
TEMATHYECKHUX 3HAHHI cudranoch KoiuyHcTBoM. Coxpa-
HHJICCh, HANpuMep, HpeJlaHHe O TOM, KaK HOCJE OTKpBHI-
THA IludaropoM monekaszpa ojauH U3 ero yueHHKOB
YCTaHOBHJI, 9TO 5TOT MHOFOTPAaHHHK MOXXHO BIIHCaTh B
ap, H, BONPeKH TPaZHIHUAM WWKOMH, 0GHAPOIOBAJ CBOE
OTKPBITHE. 3a TakO# «GOroxyJbHblfi» NOCTYNOK OH HOHEC
HakasaHHe — yTOHY/ B Mope. MoxeT OBITb, C3TOMY HC-
THHHBIA NIEPBOOTKPHBATENADb APYIKECTBEHHEIX YHCENR Npej-
noyea OCTaThbcA HeW3BeCTHBIM.. CaM § CUHTalo, 4TO
npolie BCE-TaKH BEpHTb $SIMBJIHXY M CUHMTATh IIEPBOOT<
KphiBareseMm Iludaropa.

Ecny He yuMTHIBATH COBEpIIEHHBIe YHCAA (JIpyKe-
CTBEHHLIe, TAK CKasarb, caMum cebe), 70 B JApPEBHEM
MHpe Obljia H3BeCTHA eJHHCTBEHHAast napa Jpy3eCTBeH-
HHX uHcen— napa Ilmdaropa, co caenyomum mnpen-
CTaB/ieHHEeM B BHIEe NPOH3BEJeHHs NpocThix ! gucen:

220=2*.5.11,
284 =22 .71.

1) Onpepeneniye NPOCTOr0 YHCAA HAOOMHHAGTCA B Hagajde BTO-
poro nyremecrsus, — Hpum. ped,
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YKkasatb kako#-HuOyAp oO6Imuit cnoco6 mnoaydeHHd
APYMECTBEHHHMX UHCeJ, MaoIui 3Ty nmapy u J[ApyrHe,
JKeJaTeNbHO B OeCKOHEYHOM KoJauyecTBe (4TO MJS CO-
BepIIEHHBIX YHCeJ YJAaJNOCh CAeJATb IBKJIHAY)-— 3aja-
Ja, NpeACTaBJSIONIAas 3HAUYHTEJNbHbie TPYJHOCTH M B Ha-
wu AuH. IlpaBpa, oauH cnoco6 Takoro poja ykasal
emie B 9-M Beke apabckuilt MmareMaruk Caéur ubH Kop-
pa Ilycrb OH mpocTHT MeHs, HO g He OyAy HasbiBaTh
ero IMoJHBIM HMeHeM: aby-Xacan Cabur u6H Koppa ubH
MapBan ann-XappaHH, KOTOpPOe CErojHs MNpeiCTaBJs-
eTcsl HeCKOJNbKO JAJHHHOBATHIM. Cabut O6bi1 BpauoM H
aCTPOHOMOM H B TO e BpeMs OAHHM H3 CaMbiX BhJa-
IOHIUXCA MYCYJIbMaHCKHX MaTeMaTHKOB. On xun c¢ 836
no 901 r, nocseaHol vactbh KH3HH — B Darpane, rae
OblJ1 JOBEPEHHBIM JIHIOM H COBETHHKOM Xxanuda aJjb-
Myraauna Hafinenuwt CaburoM cnocol nony4eHHst
JPYECTBEHHLIX YHCEJ 3BYUHT Ha COBPEMEHHOM sA3HIKe
TaK:

Teopema Caobuta. Ecau 8ce tpu 4ucaa p = 3:2+1 —1,

g=3-2"—1 u r=9-221—1—npocroe, ro uucia
A=2"p.qu B=2"r
— Opyaecraennvle.

Ilpy =2 uucna p=395, g=11 5 r =71 — npo-
cTble, H MOJy4Yaercsi mapa uuces, HaligenHasa I[Iudaro-
poM OpnHako Teopema Cabura JaeT [ApyXKecTBEHHHe
ypcJa ¥ NPH ADYrHX #, HANpuMep NpH n=4 u n=1}

n=2 & n=4 n=17

g= 11 q = 47 q = 383
r= 171 r= 1151 r = 73727
A= 220 A= 17296 A =9363 584

B = 284 B = 18416 B =9437056

o

B Hacrosniee BpeMsi H3BECTHO, UTO 3THMH TpeMAi Cly-
yasMH HcUepnnBalTcs Bce 3Hauewus n << 20000, npu
KOTOPBIX yKasaHHbi cmoco® fgaeT APYXKECTBEHHbIE YHC-
na. HcnoansoBan s cam Cabutr cBOO TeopeMmy s
OTHICKAHHSA OPYIKECTBEHHBIX UYHCEN IHpH n > 2, Heus-
BectHo. OTKphiTHe BTOpOHl (n==4) u TpeTbell (n=7)
map JPYXKeCTBeHHBIX YHcCe/l NMPHUOHCHIBaJOCh paHee Dep-
ma 4 Jekapry coorsercTBeHHO, OJHAKO HEZABHO B O~
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Poro 2 Crpannna pyxonncu apa6eckolo Ma-
reMaTnka u6H aap-Dannm (1256—1321), co-
nep¥Kamas BLIBOA BTOPOH Mapbl ApyXKeCTBEH-
HelX yHucesn 17296 m 18416, OTKpLITHE KOTOPOH
A0 CHX nOp npunuceiBasoch ®epma (1601—
1665) (Yacthoe coGpanne mpodeccopa duao-
Joruyeckoro daxyavtera TyHuccKoro yHuBep-
cureta Moxammena CyHccH, KOTOpOMY MH
6aarogapHn 3a JwobGesHoe pa3pelleHHe HOMe-
CTHTDb 3AeCh 5TO (haKCHMHJE )
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HOM H3 TPaKTaToB MAapPOKKAHEKOro YYeHOFO HOHM aib-
Danun (1256~—1321), cwina apxurexkTOpa, GHIJIH OGHa-
pyxeHH caenywimpe crpokr (goro 2): «Umcna 17296
4 18416 aBasOTCA APYXKECTBEHHHMH; OJHO H3 HHX H3-
OBITOYHO, APYroe HelocTaTouHOo. AJlJax BCEBeAyHI».

C Teyemmem BpeMeHu QopmyJrl, npeanoxeunsie Ca-
6uToM, OHiIM 3a6BITbl, a €ro KHHIY OTKPBUIH 32HOBO
aumwb B 19-m B. Bnpouem, Muorde aHTHYHBEe W apab-
CKHE YyYeHHe, a TaKxe yueHble CpeJHeBEKOBbSf IOCBS-
HlaJJ4 B CBOMX TPAaKrarax OAHY M3 IJIaB COBepPIUEHHBIM
H JIpyxeCTBeHHBIM unciaaM. OnuHako G6oabliel JacTblO
B 3THX TpakKrarax OHJ0 MaJO HOBHIX CBeIeHHH M MHOIO
oumn6ok. KpoMe TOro, coBpeMeHHOrO YHTaTeAs HECKOJb-
KO YAHBHT TO NOpa3HTENbHOE eNHHOJyIIHE, C KOTOPHIM
ABTOPHl 3THX COYMHEHHH HacCTaWBaIlOT Ha BO3MOIXKHOCTH
NPAKTHYECKOIO HCIOMb30BaHHA JPYXKECTBEHHBIX UHCeJ.
Hanpuwmep, u6H XauapAyH npusaraer K CBOeMYy TPaKTaTy
PYKOBOJACTBO MO H3TOTOBJIEHHIO TaJjIiCMaHa JAPYKOH, a
MaJIpHACKHH yYeHBH anab-Mamxpure (yMm. B 1007 r.)
NPHBOJAKT PeHEenT, MO3BOJASIOMHA J0GHTHCA B3aHMHOCTH
B JI0O6BH: Hajo 3amucartbh Ha 4éMm-aubo uucia 220 u 284,
MeHbllee JaTh CBeCTb NpeAMeTy CTpacTtH, a OoJabliee
ChbeCcTb CaMOMY; y4yeHBlH Ao6aBnasieT, 4To AeHCTBEeHHOCTH
aroro cnocofa on nposepusa Ha cebe.

B Hauane 17-ro B. ZBa (ppaHIy3CKHX MareMaTHKa —
ITbep Pepma B 1636 r. u Pens Hekapr B 1638 r. — He-
3aBHCHMO JPYyr or Apyra H or Cabuta NOJYIHJH Te XKe
dopmyabl. O parax H 0OCTOATENbLCTBAX 3THX OTKPHTHH
HMEIOTCA Camble TO4YHBIe CBejieHHsl. XOTA H B TO BpeM#
npobseMa oOMeHa HOBHIMH 3HaHHAMH elle He OblJa pe-
IIeHa — M3 aHHe KHHI' 3aHHMAaJIO JJIHTEIbHOe BpeMd, a
MATEMaTHYECKUX XYPHAJIOB He CYLIeCTBOBAJO,— TEM He
MeHee A0 oOCTOSJIC 3HAUMTENBHO Jy4lle, 4eM BO Bpe-
mena [Iudaropa: yuensle nucsMesHO cOOOIIANH O CBOHX
OTKPHITHAX mnatepy Mepcerny !V, u Takoe H3BellleHHE
OBLJIO PaBHOLEHHO NHCHbMY, OTIIPABJSEMOMY B Hacrofl-
mee Bpems B pepakiumio «Mathematischen Annalen»?,

D HspecTHnift ¢panuysckslt maremarnx (1588—1648). — Ilpum,
nepes.

) [lepunoxnueckoe H3panHe, COOGAKMEe 0 MaTeMaTHIECKHX OTa
KPHTHAX, = [Ipus, nepea,
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Qepma # [ekapr Taxxke Hanucanms MepceHHy, KOTOPHH
B NPCAHCJIOBHH K cBoeH OaMKa#ilied KHHre HasBaJd HX
OTKPHITHE KPYNHBIM JOCTHXKEHHEM IeHHAJbHEIX MaTeMa-
THKOB.

B xone cBoBXx HccaenoBaHui Pepma m [ekapT BH-
sean HopMyay, HAIOILYI0 CYMMY JAEJHTEIeH uHcaa 1o
€0 NpejCcTaB/eHHIO B BHJle NMPOH3BEJEHHA CTeneHe# npo-
CTHIX yHcesJ. 21y (POPMYyJy JIeTKO NOJYYHTh, MCXO/Is H3
ClefyiouUX ABYX TOMKACCTB:

(1) o(B:C)=0(B)-0(C), ecniu B u C B3aHMHO MPOCTH;
n+l _
@ op)=l+4p+pt.. +p =L =1

p—1
ecJH p — NPOCTOoE.

’

3xecy uepe3 o(A) obo3nayeHa cymMma 6cex Henauredef
yrcna A, Tak 4TO CyMMa ero COGCTBEHHBIX JAeauTened
paBHa o(A)— A. CnexoBarensuo, ycjaosHe Toro, uro A
H B — gpyXecTBeHHBle UHCJa, MOXKHO 3aMHCAaTh B BHAE

0(A)—A =B un o(B)—B =4,
HaH
{3) o(A)=A -+ B = o(B).

St TpH QopMyabl yAOOGHH A8 BoiuHcjaeHu#t, Kpome To-
ro, paBeHcTBO (2) npeacTaBifger HCTOPHUECKHH HHTE-
pec, TaK KakK OHO Cnoco0CTBOBAMAO OTKPHTHIO 3HaAMEHH-
xoi Mar0i Teopemol Pepma:

Ecau wucao n+ 1 — npocroe, To oHo ssarserca
Oeaurenem p*— 1 npu rwobom HATYPALLHOM P,

B npounecce mnoHcKa COBepIIEHHBIX H JAPY3KEeCTBEHHBIX
quceJ Pepma (kak 310 mMo3xKe B OosbuieM obbeMe cje-
Jajn D#jaep) cocrapisin TabaHIbLL pa3JoKEHHsT Ha Npo-
CThle MHOXKHTEJNH BeJHYHHB o(p") W NpH 3TOM HEH3-
OeKHO «JOJXKeH» OBlI OTKPHTL CBOIO Manylo TeopeMy.

[Iocae nmepuoxa ManosHayamux padbor, NocseoBaB-
mero 3a pabGoramu Pepma u Jlekapra, CyLIeCTBEHHOI'O
NPOABHIKEHH B pelleHHH npobJieMbl [pyXKeCTBEeHHBIX YH-
cest pobuncsa Jleonapd Jiiarep. C npucymefi emy OcCHO-
BaTeJbHOCTHI0O H SHepruefi Hauaa OH IWITYpM STOH
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3anayn. k3noxenue pesyqasTatoB dfiiepa MoXKHO HailTH
B MHOTOTOMHOM H3AaHHH NOJHOro cobpaHus ero couu-
HeHu#i V,

Hpe)me Bcero, Jitiep Aokasad, 41o no cnocoby IB-
KARIa NONYYAIOTCH 6Ce 4eTHble CO8EpUieHHble THCIA, a
HeueTHble COBepLIeHHble YHCAA (eC/NIH TaKOBBIE Booﬁme
CYUIECTBYIOT) [AOJIXKHB HMeThb HEKOTOpPHH creldasibHbIHA
BHA. OrtmeruM, uyro yxe Jlexapr o006CTOSTENHBHO 3aHH-
MaJICt BOIMPOCOM O CYIUECTBOBAHHHM HEYETHHIX COBep-
WeHHHX 4Yuced. OgHaKo, HECMOTPA HAa TO YTO 3TOMY
BOIIPOCY nocmmeﬂo 6oJsibLIOe KOJMHYECTBO paboT—H
MOYTH KaXABIH I'OJi MOSBJISAIOTCA HOBLIE, BOIIPOC 3TOT HE
pellleH [0 CHX IOp.

Hanee 2Iitnep 3aHaics HAPYKECTBEHHBIMH UHCJAAMH
BH]1a

A:Qﬂ.p.q H B=9%.p

C IPOCTHIMH p, ¢, r. (YcnoBHMCS, 4YTO 3aNHCh NPOH3BE-
JAcHHA abc ¢ TOUKaMH MeXIY COMHOXHTEASMH, T. €.
a-b-c, o3HayaeT B3aHMHYI IPOCTOTY COMHOXKHTEJEH.
D10 H30aBHT Hac B JaJibHEHIIEM OT IPOMO3JAKHX ¢op-
MYJHPOBOK.) DHJep MOJYYHJI yTBepXK/IeHHe, OYeHb IIO-
xoee Ha Tteopemy Cabura, HO uyTh Oojee obllee.
IIpaBaa, ¢ nomomibio CBoero 06OGIIEHHS OH He CMOT
HAaHTH HOBHIe JAPYyXKeCTBEHHBle YHCJA, TAK KaK B TO Bpe-
M5 TaGJHLLL OPOCTHX 4Hcea OBUIH COCTABJIEHBl TOJIBKO
go 100000, Jluwp Jlexanap um UYeOniués, HCNONB3YS
HOBBII KPUTEPHUH NPOCTOTH 4YHCeJ, CyMmeJud OOHapYKHUTh
C NMOMOIUBIO TeOpeMH OJHJjepa elle OJHY Mapy JApyxe-
CTBeHHBIX gucesN. B Hacrosimee Bpems npumeHeHre DBM
MO3BOJTHJIO TIOJNVYHTD 3THM METOJOM H JpyrHe MapH.
Haxkonen, digep Hckan ApymKecTBeHHble GHCJIA H CO-
BEepIIEeHHO HHOI'O BHJa, 4eM ero MnpeAlleCTBEHHHKH, B
JacTHOCTH HeueTHble. OH 3amucHBaJ HX, HanpuMep, Tak:

A==a-p-gu B=a-r '(p,q,r—npocrbie)

¥ Jaubo, 3ajaBlIKCh OOIIHUM MHOXKHTEIEM @, noJayuan
NS onpeleieHHss p H g AHO(PAHTOBO ypaBHEHHE BTOPOH

1) Opera Omnia; cM. paspeani: De numeris amicabilibus (O apy
JKeCcTBEHHHX 9YHchax) m De summis divisorum (O cyMmax AeanTe-
Jeit),
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creneny, aubo, 3a/laBUIHCL ABYMS H3 TpeX HPOCTHIX YH-
cesMl p, ¢, r HJIH BCeMH TpeMs, HCKan NOAXOAAUIHHA 00-
Wi MHOXHUTE b a. BropnM Meroaom UM OHBJIM Halje-
Hbl, HATIpHMEp, CJAeAylollHe Napbl HEYeTHuLX JpyxKe-
CTBEHHBIX YHCeJI:

3*.7.13.5-17, 3*.5.11-29.89,
3%.7.13.107, 3*.5.11.2699.

B ceoux paborax Diinep u3naraer NATb Pa3JHYHBIX Me-
TOJAOB JAJIl OTbICKAHHUS [APYMKECTBEHHBIX 4YHCEN; JEeMOH-
CTPHPYSA BHPTYO3HOCTh B BBHIUHCJIEHHAX H TeplicHHe, IO~
KasniBaer Ha OoablIOM KOJHYECTBe NPHMEpPOB, Kak NpH-
MEHATb 3TH METOAbl, H B 3aKJIOUCHHEe JapHT H3yMJeH-
HHIM COBpeMeHHHKaM (3aHHMAaBIIHMCS TOH 2Ke mpobJe-
MOH HPHMEPHO C TaKHM Ke yBJedeHHeM, HO nodru Oes-
pesyJibTaTHO) noutH 60 HOBHIX map.

MHe He XoTesoch 6B MoApoOHEEe OCTAHABJHBATLCSH
Ha Metojax 2uaepa. Bce oHu cBoAsiTcA K TOMY, 4TO
YaCcTh pPa3JIOXKEHHsT HCKOMOLO 4HCJIa Ha MNPOCTble MHO-
KHTEJH JAO0JKHA OBTh IPOCTO Yyeadana, B 4HeM Cylies
CTBEHHYIO IIOMOIIb OKa3biBAIOT HHTYHIUHS, MacTEpCTBO H
ONMBIT, 4 3aTeM JJis ONIpPEJeJeHHsT JPYTHX COMHOXKHTENeH
HeoOX0/HMO pelIHTh HeKoTopoe ypaBHeHHe. [Ipu 3TOM
BO3HHKAIOT JABe pasjuguble npobsembl, Kaxjaas H3 KO-
TOPHIX Ha CBOM JIaj BeCcbMa TPyJAHA:. BO-NEPBHIX, pelle-
HHE yPaBHEHHA B LenblXx 4Hcaax (AuodauroBa ypasHe-
HHfI) H, BO-BTOPbIX, IPOBEPKA TOrO, SIBJSIOTCS JIH THCIA,
KOTOpble JOJKHB OBITh DPOCTHIMH, Ha CaMOM Jele Ta-
KOBBIMH,

Cienyer otMeruTh, 4TO npobJjeMa [APYKECTBEHHBIX
uncesq OJgarojaps paboraM itnepa npuobpena coscem
Opyeoil xapaxrep, Hexcesu npobiema COSEpPUICHHbIX il
cea. §l nuiien BO3MOXKHOCTH CHCTeMAaTHYECKH H3JIOXKHTH
JaJbHeAlIyio, MOJHYI0 COOBITHH HcTOpHIO OOeHX 3ajay
CO BpeMeH Jijiepa A0 HAlUIMX AHEH, OTpazKeHHyIO B COT-
HAX nybankanuid. OnHako s xorex OB B caMbiX OOHIHX
yeprax oOpuCOBATH pasHully MexAy HuUMH. [Toucku «#ér-
HblX COBepULeNHbIX wlCens MPEeBPATHINCh B BBICOKOTEXHH«
YeCKHit BHA cnopra (MmO HeTKHM NpaBuiaM IBKJHAA).
Kaxoe HOBOe nocTHXKeHHe 34ech ObLIO OJHOBPEMEHHQ
H HOBHIM MHPOBBLIM PeKOPJOM B 0XOTe Ha 6oJiblude NpO-
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cThie yHcHa, CO CNHCKOM PEKOPACMEHOB B 3TOH 06AaCTH
nosHakoMHT Bac Jlow lLlarnp BO BpeMsi SKCKYPCHH K
NPOCTHIM YHcaaM. PaloThl, NMOCBAINEHHHC HEYETHLIM CO-
8EePUIEHRbIM 4UCAAM, HATIOMHHAIOT OXOTY 3a HPH3PAKOMS
HHKTO HHKOrZa ero He BHJaJ, HO INPOBEJIeHO MHOrY
OCTPOYMHBIX HCCJIelOBAaHHH TOrQ, KaKk OH He MOXKET BHI-
rasigeTh, JlaNbHEHHIYIO HCTOPHIO APYKECTBEHHBIX HHCRJ
s1 OB, HalDOTHB, CPABHHJ C OXOTOH 3a 9K30THUYECKHMMU
6aGouyKaMu: HaHTH HOBHIH 5K3eMIIJISIP YPe3BLIYAaHO TPYA-
HO, HO eCJIH BOOPYXKHTbCH NpPaBHJIBHOH METONHKOH H He-
06X0IUMHMH IO3HAHUSMH H NPOSBHTH JIOBKOCTb H Ha-
CTOMYHBOCTb, TO HHOTHAA BCE Ke yHaeTCs ero NnonMarb
(ec/iy K TOMY Ke elle M MOBE3eT).

OgapoBande TaKOH OXOTHl M PafoCTs NPH KaXKAOH
yraye, OYeBHAHO, H HOOYXKzAanu Jinepa He AOBOJLCTBO-
BaThCA TpeMs, YeTHPbMA NpHMepaMH, a HCKaTb BCe HO-
Bhie M HOBLIe 4YHCJa. DTH YYyBCTBa, Kpome JOBIOB Oa-
604ek, MOryT, HOXa/JiyH, BINOJHE IOHATbH elle JHUIb Ma-
TeMAaTHKH, BTSIHYBLUHECA B OXOTY 3a KOHEUHHMH IIpO-~
CTHIMH Trpymnamu (H chnpawuBaioupe cebs, MNoxo0HO
b. ®uumepy, cymecTByeT JH elle OAHH <«pe6GeHOK-
MOHCTP»). OfHH H3 MaTeMaTHKOB, OTKPHIBIIUX HOBLIE KO«
HeYHHE NMPOCTHE TPynnH (a HMEHHO, FPpyNnnH «1Hna Gy»),
aMmepuxaney, JI. JIUKCOH, OXOTHJACA TaKXe H 33 ApYHkKe-
CTBeHHBIMH uucaaMu. OH HCMONB30BAA MeTOAHW Jiljepa,
HO JIOOBLT TOJABKO JiBe HOBLle NapHl.

Boobuie, kak BuaHO H3 TabJa. 2, B KOTOPOH yKa3aHo
YUCJO0 HaHAEHHBIX KamJhIM MaTeMaTHKOM nap JApyxKe-
CTBEHHHX uYuces, JiJiep — NpU3HaHHLI BCeMH aBTOPH-
TeT — OCTaBaJICA HeIPeB30HAEHHHM BILIOTh JAO NOCHAEXR-
HExX AecarHaetnil. [lepsuiM moGus pekopn Jijaepa Gelib-
rufickuii MaremMatdk [loap Ilyne. Ero aByxToMHas MO-
HorpadHs NO Teopud 4yucesn Onbiza u3fana B 1929 r, B
Bproccesie mox MHOrO3HauuTeJbHHIM Ha3BaHueM «La
chasse aux nombres» («Oxora 3a uuciaamu»). Kpome
BCero npovero, B Heil npusBepeHH 62 HOBHe mapu Apy-
xectBeHHHX yncels. [Ipn atom [lyne-—kak pasee Jle-
XKaHAp H YeOHIEB — molies1 MO IyTH CO3MaHUA HOBHEX
KPHATepHeB IPOCTOTH HHCesJ. 3HayuTeAbHass 4YacTbh €ro
HCCAeNOBAHUA MOCBSILIEHA PAasBHTUIO HAEH (paHIy3CKO-
ro mareMmaruka JII0OKa, OTKpHBIEro B BHCUIeH cTeleHH
3¢ deKTHBHHE KPHTEPHH IIPOCTOTH,
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Tabauya 2. MareMarekd, OTKPWBINHE NAPH APYRECTBLHHHK
YHCLN,

B rabiune nepevdcaeHn BCe MaTeMaTHKH, OTHCKaBIIMe NapHl
APYKECTBeHHHX HHCeJ; YKa3sauH KOJHYECTBO Hal/CHHHX Hap H TOA
orkputan. {Ilo cratee 3. JIx. JIm, Journal of Recreational Mathe-
atics, 1972; ponoaueHo asTopoOM.)

1

IMadarop 1 — 500 Byard 4 1950
BOH anp-Bauna 1] ox. 1300 i I'apcua 163 1957
Hexapr i 1638 Poaed { 1 1965
ofnep ————» | 59| 1747—1750)| Ope, Anawues,
Jlexanzxp/Ye- Cremmn 9 1967

6HIIEB 1] 1830/1851 || Bopo 411 1967—1974
ITaranuuu 1 1866 JIu > {3901 1968—1972
Jeensxodd 2 1884 Bpatiy,
Jdxconu 2 1911 Mak-Kei 14 1968
Mbsiicon 14 1921 Kosu 62 1970
ITyne}————--> | 108§ 1929—1948{ Hosux 12] 1971—1972
Jepapasu 9] e Puie 4 1974
Bpayn i 1939 Bopo, Xodd-
cKoTT —> {219 1946 Mauu, Heb-

red, Pekkos | 25 1979

HoBHii «MHpOBO# peKopA» OB YCTAaHOBJIEH aMepH-
KaHueM O. JCKOTTOM, a 3aTeM PEKOpX INepeiies K ero
cooTedecTBeHHUKY Jasuby k. Jin. Ilo cylecTBy onm
TaKXe MO0Jb30BaMUCh MeTOoXaMH Jijiepa, XOTA H B yCO-
BeplieHCTBOBaHHON opme. Kpome toro, Jlu mpuber-
HyJ — BnepBhHe B CTOJb OOJbIMHX MacuiTafax —k INo-
Mol DBM.

C HacrynieHneM 3ps JBM BO3HHK HOBHIH METOX,
0 KOTOpOM Jinep He MOr M NMOMBIHINATD, — NMepeGHPATH
BC€ YHCJIA MNOAPSA, NMOKAa XBATHT MAHIMHHOLO BpEMEHH.
HamJauch JI0IH, KOTOpHeE, BHAUMO, TOJMbBKO H KAAJH,
KOTZa IOSBUTCH BO3MOXXHOCTb NMPOH3BOAHUTH rpoMaiHble
puyucaenns. OHH 3aHEManuch HMH B TeYeHHe JBYX JeT,
He CYHMTAsiCb C 3aTpaTaMH, U Aobpanuch, kaxKercf, JO
ReCATH3HAYHHX yucen. Kak OTHOCATCA K 3TOMYy rpybGomy
HATHCKY KOHKYDEHTOB TOHKHe HCKYCHHE JOBIH, OXOTH-
iuecss 3a ugucaaMH noao6uo Diaepy, Ilyne wu Jiu?
Tpyzauo mepenarb ux uyBcrsa. IIpeacrasbsTe cebe cTpacTt-
HOTO pPHOOJOBA-IIOGHTENA, HEOXKHIAHHO 3aMeyaiollero
¥ Pyubda JIOAEH, KOTOpHE MPOCTO OCYWIAIOT PyC/o H 3as
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TeM CIOKOHHO cofupaioT prby! BmpoueM, npu atoMm 06-
Hapy>KHAOCh, YTO PLIGOJOBH YAHJIH BeCbMa YCHEIIHO H
BLIJIOBHJIH IIOYTH BCHO PHIOY, Tak 4YTO «OpaKOHbepam»
KOCTAaJIach JIHHIb NOBOJIBHO CKpPOMHasl KOGHYa,

B Hacrosimee BpeMsi H3BeCTHO B 0OINeiH CJHOXHOCTH
okono 1100 map nmpyXKecrBeHHHX uyHced. MX noJjuuit
cnucok OnA onyGaukosaw B 1972 r. B kypHaje «Jour-
nal of Recreational Mathematics» («Marematnka Ha
nocyres). Ero cocraBunn o6nagareib MHPOBOTO PeKOpPAa
3. JIu u usparenp xypHaia Jxk. Msxauu. ITapu pac-
MOJIOXKeHH B MOPsSAKe BO3pacTaHUS HaUMEHbIEro YHC-
aa. CnHcOK HauuHaeTca TpexsHagHol mapoit ITudaropa
H KOHYaercss 25-3HauHOM mnapofi, HalieHHOH DCKOTTOM.

Iloka HeH3BeCTHO, KOHEUHO JH MHOXKECTBO nap Apy-
JKCCTBEHHBIX YHCeJ, H JHYHO A AyMalw, 9To 3TO, MOXeT
ObITb, TaK HHKOrZa M He 6yxer u3BecTHO. BripoueM BeH-
repckHit MareMartuk [layar Dpném mokasana, 4ro Apy-
J)KeCTBEHHble 4Hcaa uMeloT mioTHocTh 0, T. e. HX AONAA
CpellH 4YHceJ, He TNPEBOCXOAANINX X, cTrpeMuTcs K 0 ¢
poctoM x. Bpaynmsedirckuii marematuk Xanc-Moaxuwm
Kanosnps ycranoBuis, uTo B Ji06oif mape ApyXKeCTBeH-
HHIX YHCeJ OIHO YHCJO JOJKHO HMETh 110 KpalhHeHd Mepe
TPH Da3JMYHEIX NMPOCTHIX HEJHTENSA, H NO3TOMY TeopeMa
Cabura gaeT caMmbie IPOCThie Naphl APYXKEeCTBEHHHWX YH-
cein. CaMm s mokasan, uro nap A, B npyXeCTBEHHHX YH-
cesi, Y KOTOPHIX IpouseeleHne AB nMeer 3aJaHHOE KO-
JIA9eCTBO W MPOCTHIX AenuTeNef, cyulecTByeT JHMIL KO-

HEUHOE YHCJO, a MMEHHO He GoJee deM w? . OnHAaKO Ha
3THX U Ha MHOTHX IPYruX OTAEJNBbHBIX pe3yJbTarax Teo-
peTHYECKOro Xapaktepa s He Xotesa OBl 3/eCb OCTaHAB-
JIUBAThCH, TAK KaK CUMTAIO, 9YTO JAYyXy paccMaTpHBaeMoOH
3ajayd ropasno OoJbiie OTBeyaeT NOCTPOEHHE KOHKpET-
HBIX YHCJIOBHIX IIPUMEPOB.

[TosToMy B 3akiIOyeHHe HAMIEro IyTelleCTBUS s IIPH-
riamaip Bac OTNPAaBUTHCH BMeCTe CO MHOM Ha OXOTy 3a
APYXKECTBEHHBIMM YHCJAMH, BOOPYXKUBIIUCH METOLOM,
CYIIECTBEHHO OTVIMYAIOLUMCHA OT MeToJoB JHJjepa. Peup
uaer 06 OIHOM pelelnTe, N0 KOTOPOMY M3 y¥XKe H3BeCT-
HBIX JNPYXKECTBEHHBIX YHCEJ MOXKHO H3TOTOBUTH HOBHE,
3HAYHTEJNBHO NDEBOCXOAAINHE HCXOAHLIE 10 BeJHYHHE,
Sl cnepsa coobuly BaM caM peLenT, 3aTeM JaM HeCKOJIb-
KO NMpOOGHBIX NMPHMEPOB €ro NPaKTHYECKOro NPHMeHeHUS
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¥, HaKOHell, HaMedy BKparTue, KaK MPHATH K TaKOMy pe-
LelTy.

Penenr. Bosvmure napy ApyxKecTBeHHbIX YHCEJ BHAA
A=a.u, B=a-s ¢ NPOCTHIM S,
IlIposepovre, sBnserca am yucao p=u-+s-+ 1 mapo-
CTHIM.
Ecian na u ecnm He okaxercss (Bcsikoe OHIBaer), uTo
@ JenuTcs Ha p, 10 npu n=1,2,3, ... cIpaBeaJuBO

caenyouiee
IlIpasuso: ecnn o6a uucna

Hh=(ut+)pt—1ug=Ww+1)(s+1)p*—1
— NMPOCTHE, TO YHCAA
Bi=A:p*q u Bo=a-p*-q,

— IPYXeCcTBeHHble,
IIpumep 1. Bo3bmem napy Iludaropa:
220=22.55 284 =2%.71
A=a-u B=a-s

Yunena s=71 u p=u-+s+1=>55+ 72 =127 — npo-
cThle, IloaToMy MOXKHO HCNOJMB30BaTh YKa3aHHoe IIpa-
BuJo. IIpy n=1 vucna ¢q;, g» He SABAAIOTCSA NPOCTHIMH,
HO yXe INpH n==2 MB NoJydaeM Mapy ApYyXKeCTBEHHHIX
quced

B, = 220 . 127% . 903223,
B,==4.127%.65032127.
STH, OYeHb GOJbIIMe YMCJAA, MOJYUYEeHHHe M3 napu 220,

284 noutu Ge3 BCSIKMX BBIYHCJIGHHI, N0 CHX NOD He OH.JAH
H3BECTHH!

[Ipumep 2. BospMeMm napy Dilnepa
A=3%.5:.11:.29.89=q.u4,
B=3%:5:11.2699 =g¢"s.

3xeck TakXKe yHesaa s=2699 u p=u -+ s4 1 =5281

ABASAIOTCA npocTHMH. Takum o6pasoM, no STOH mape
Dfiepa TOXe MOXKHO NOCTPOHTH COOTBETCTBYIOLee «IIpa-
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Buno CabHra». B arom cayuae yxe npu n==l uncna

q1, ¢ OYAYT NPOCTHMH, H MH IOJyJdeM XPYKeCTBeH-
HHE YHCIa

B;=23%.5.11.29.89.5281 . 13635541,
By=3%.5.11.5281 - 36815963399.

Tenept s xoren 6B HAMEeTHTh MyTh, KOTOPHIH IOXBO-
JUT K yKasaHHoMmy penenty. (I'1apHoe — «HanacTb» Ha
Takoh petent, [laTh «HoKazaTeJbCTBO» IS MaTeéMa-
THKa — 3TO yXKe HUrpyumkd.) ByneMm HckaTh GeCKOHEUHYIO
TIOC/IGAOBATENBHOCTL [PYKECTBEHHHX WHCEJ CcJeAyro-
mero BgAa:

(4) Bi=1b;-p*q, i=1,2

(npenmonaraercd, 4TO YHCAA ¢y, ¢z, p — npoctHe). Ilo-
yeMy HMEHHO TAaKoro BHAAa-—HA 3TOM MHe He XOTe-
Jochb OH ceiiyac ocraHaBauBaThes. Bubuparores H Quk-
cHpylorcst Tpu ugucna by, bs, p, U NpH KaXOAOM n==
==1,2,38, ... AIyTca ¢4 U go. ToT ¢akT, uro B, u By —
IpyXecTBeHHHe gHcsaa, o3HayaeT (corsacHo (3)), yro

o(B,)= B, + B, =0(8;),
OTKY72
B, B,
<@ Temy =k

HUcnonwsysa (1) u (2), Haxonum, uto
I=Z Bz_z bz. p" .qz.
Mot o (B o) pt—1 gt
4 p.—l

3ameTuM, YTO IpH n—> o0 YHCAA ¢, M ¢, TaKkKe CTpe-
MATCA K OecKoHeuHoCTH. Takum 0O6pasoM, mepexois B
MOCJIeAHEM PaBEHCTBe K IIpefesy MpH 7 - oo, IoaydaeM

(5) =) h_ p=l

o(b,)
15T () P

[locnennee cooTHollenwe CBsI3bIBaeT TPH uHcaAa by, by
H p, KOTODHE CjlelyeT NOACTAaBASTH B HCXOAHYIO (op-
myay (4). OrebickuBas mnpocTeiiliime pellleHHs ypaBHe-
Hust (D), YAOBJIETBODAIOUIME YCAOBHIO 3aJayM, MK NOCJ]e
HEKOTOPHIX IOINKITOK AOBOJMILHO OHCTPO NPpHAEM K THCAAM
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by =220, bp=14 u u3 (5) mailizeM Anxs p 3nadeHue 127,
TeM caMHM MH NMOJAYYHM Napy, YKa3saHHYIO B npuMepe I,
IIpp 3ToM ~—Ha mnepBH# B3rJsAA CAyYaifHO — MOABHJIOCH
yucjao 220, caMo sBAasomeecs ApyxkecTBeHHBIM. [lo-
CKOJIBKY MBI KaK MAaTeMaTHKH HeOXOTHO BepUM B CJy-
YadHOCTb, MoulleM MnpuyuHy. TyT MH H OOHapyKHM
VKa3aHHHIH Bhinle OOHUIKIA «pelenT®, Kak IO yXe H3BeCT«
HHM JADYXKeCTBeHHBIM 4HCJaM CTPDOMTh IpaBHJa THIIA
npaBuna Calbura, pawouMe HOBHE NapH XpyzKecTBeH-
HBEIX 9HCeJ.

B nureparype Berpeuaercs (mo MeHbllefi Mepe)
67 map Apy»KeCTBeHHBIX yHces TpebyeMoro Buzxa. Has
2 U3 HHX YHACNO0 p=u-}s-+ 1 HelcTBHUTE/JBHO OKa3hl-
BaeTcs NpoCTHIM. TeMm caMbiM HailifieHo 22 «caOHTOBBIX
npasuaa». IlosgcHeHHBle YHCJIEHHHMH HpPpUMepaMH C HaH-
MeHbIIHMH BO3MOXKHBIMH YHC/AaMH, OHH OBIJIH ONyOJIHKO-
BaHH MHo#t B 1972 r. B xxypHane «Mathematics of com-
putation» BMecre ¢ mpU3BIBOM K CIELHA/JHCTaM 1O MpPO-
CTHIM YHCJAaM I1pPOCYUTATh JajbHellllne NIpUMepH Ha
IBM,

3aech i XoTen Obl CKa3aTh HECKOJBKO CJIOB O TOM,
KaK TPYAHO peLHThb, fABJAseTCA JH 3aZaHHOe YHCJO ¢
NpocTHM. TpHBHANBHHA crnocob — AenuTh ¢ Ha BCe UH-
c/a, He NpeBOCXOAsllHe KBaAPaTHOrO KOPHS U3 ¢, — Tpe-

6yeT 4/¢ apudMeruyeckux peficreuil. [I[pHAYMaHO MHO-
FO OCTPOYMHHEIX YCOBEpIICHCTBOBAaHHIl 3TOr0 METOXa, HO
B GOJIbIIMHCTBE M3 HHX, Kak OGHADYKHBaeTCs] IpH BHU-

=1
MaTeJbHOM paccMoTpeHuH, TpeGyiotes Te ke O (4/q)"
apudMeTHuecKHX omnepauuii. HexnaBHo ynanock CHH3HTH

v
yHcno omepaumit g0 O (4/q) 6naropaps ToHkOMy Me-
tony Jl. LlsHkca, nmo KoTOpoMy cmepBa ompenefsercs
YHCJAO  KJacCOB  MHHMOFO  KBaJpaTHYHOrO  MOJA

Q(4/=q ). — Ecau 6H 3namenuras rumoTesa Pumana
0 Hyasx asera-¢pyHKuuu (a To4YHee ee 000OIeHHE IS
L-oyukuuit Hupuxie) okasajnacb CHpaBefJHBOH, TO
MOXHO 6HJI0O OH NOKa3aTh, YTO AJIA pPeHIeHHs BOIpoca,
SABASeTCd JH ¢ INPOCTHM  YHCAOM, JOCTATOYHO
O((Ing)®Ininlng) omepaumit. Annps Befinio B 1948 r.,

9 To ecrs, Tpy6o rosops, ¢4/ g, THE € ==HEKOTOPAR KOHCTAHs
Ta, = ITpum, nepes,
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yAaJoch JAOKasaThb aHajaor rumoressl Pumana #ag
L-pyuxkunii anrefGpanyecKHX KDHUBBIX HaJl KOHEYHLIMH
NMOJIAMH, OCHOBHBasicb Ha atoM, M. bépaxecc u I'. Mui-

% g
nep mokasanu, uro xocrarouro O (4/q) apu¢pMeTHyey;
CKHX omnepauui, o3

Onnako curyauusi MOJHOCTBIO MeHsieTcs, eClH H3y,
BECTHO pa3fjioXKeHHe YHchAa g - 1 Ha TpocTHe MHOXKH-
1eii. A UMeHHO, HCcnonb3ys Kpurepui Jlioka — Jleme-
pa (npemyoxkenusit . JIloka H yCOBepllleHCTBOBAHHLL
B 1930 r. JI. Jlemepom (cMm. Annals of Mathematics))
MOXHO, B OOJBIIMHCTBE CJy4aeB, YyxKe ¢ IOMOIIbIO
O(Ing) apudpmernueckux onepan#ii yCTaHOBHTb, SIBJS-
eTcsi i ¢ NpocThiM. TOo ecTh KOJMHYECTBO onepainuii, He-
OOXONUMHX HJI TAKOH NMPOBEPKH, pacTeT JHUIb MpONOp-
HHOHAJBHO YMCAY UHQDP yHchaa ¢. DTOT PpaHTaCTHUECKHH
pe3yJabTaT eIBa JIH MOXeT OBITH yJayulieH. Brpouem,
IIPH OleHKe TpeGyemoro o6bemMa BhIUNCAeHHH (H3Mepsie-
MOro, CKaXeM, B CeKYHAAaX MallMHHOrO BpEeMEHH) cie-
AyeT HNpHHHEMAaTh BO BHHMAaHHe, YTO YHCJA C TaKHM
Go/bHIMM KOJHYeCTBOM UU(PpP 2, KaK paccMaTDHBaeMHe
3lech, — He3aypsiHble OOBEKTH JHaxke MAJA COBpPeMeH-
HHX OBM. [lpu HX nepeMHOXEHHH BBIYHCJAHTENbHOE
YCTPOHCTBO OKa3HBAaeTCsi 3aHATHIM HeBepPOATHO JOJ-
ro-—B TeYeHHe BpeMeHH, Ttpebyiomerocs mas O (2?%)
OOLIKHOBEHHBIX YMHOXeHWH (3T0, Ipaspa, 1npH Tpajin-
I{IHOHHOM CrH0CO0e YMHOXKEHHSI; MPH MPHMEeHEeHHUH HOBO-
ro, UCKYCHO DOCTPOEHHOI'O ajroputTMa OBICTPONO YMHO-
JKeHusl 6oJbpHlINX yuces, H3o0perenHoro A. Illénxare u
@, Ilrpaccenom, mocrarouno O(zlnzlnlnz) o6ukHo-
BeHHWX yMHOXewui). Ho pmaxe eciu Mo oueHuMm pef-
CTBHTEJILHEIA O00GbeM BHUHCJIEeHHH C HCI0/Ib30BaHHEM
Kpurepus Jlwoka — JleMepa, O((Ing)?), 10 BCE XKe 3TO
oureJoMJjsgiomie GHCTPHIN CMOCOO BHIACHEHHS MNPOCTOTH.

€ oxHoro B3arafza Ha NoOJMyYeHHBIE MO HAUIEMy pelern-
1y caOUTOBH NpaBM/Jia FICHO, UTO OHH CJIOBHO CO3JaHH
AnA TMpHUMeHeHMs! Kpurepus Jlioka — Jlemepa. Xorsa ata
0coOeHHOCTh NpHCyHIa Tak#kKe mpaBuay camoro Cabura u
ero oGoOllUeHuo — npaBuay Jilnepa, ogHako Hawu ¢dop-
MYJH MMEIOT 10 CPaBHEHHIO C HHMHU ellle ABA BaXHHX
AOCTOHHCTBA: BO-NEpPBHIX, OZHOBPEMEHHO HOJKHH OHTH
NPOCTHIMH JNKIIL 06a, a He TPpU OOJbIIMX YHCHA H, BO<
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BTOPBIX, HAIIUM CNOCOOOM MOXKHO IOJIYYHTH NpH KeJaa-
HUH MHOTO HOBBIX 4HAJIOTHYHBIX MNpaBHJ, €CAH JaHHOE
OIpaBHJIO HeIOCTATOYHO «IIPOM3BOLAUTENBHOY.

Mo#i npusblB K BRIUHCAHTENAM Hawied otknuk. I1pas-
na, UX TeplleHHe MOJABEPIVIOCh CYPOBOMY HCHLITaHHIO, TaK
KaK BHayaJie OAHO U3 OGOJbUIHX YHCEJ ¢y H ¢ BCé BpeMA
OKasbiBaJoch cocTaBebiM. Broporo okrsabpsa 1972 r.
XepMaH Te Pune Hanumcan MHe, yto 1Mo ¢opMyJae, NOpu-
BEIEHHOH B KayecTBe MNpuMmepa 2, JHUIIbL HNpH # =19
CHOBA IOJIy4alOTCad YHCJHA ¢, ¢z, N0 Mellbllled Mepe
nceedonpocroie (NCEBAONPOCTHIM HA3HBAETCH YHCAO (¢,
JAJIS KOTODOrOo BHINOJIHAETCSi 3akKJIoueHHne MaJioli Teo-
peMbl Pepma, T. e. g genur a9-!— 1 npu HexkoTOpOM
a > 1), Takue uncaa He 0G6GA3aTeNbHO SBJASIOTCA IPO-
CTBIMH, OIHAKO 3TO BecbMa BepofiTHO.— Yepe3 yeThpe
nHa Te Pune coobuiua mue, yro kputepuit Jlroka — Jle-
MePa a1 NOJIOKHTEJNLHH pe3yabTaT — 00a yucaa mpo-
crole. Takum o6pa3om u Oblta OOHapyKeHa Ta Iapa
152-3Ha4YHBIX OPYIKECTBEHHBIX YHCeJ, ¢ KOTOPOH s HayaJ
CBOH pacckas.

L * 0k

BoT u Bcs ucTopHs, KOTOPYIO $1 XOTeJl BaMm paccka-
3aTh. Kak u3 KaxkI0od cTapoil HCTOPHH, U3 Hee CleAyeT
u3Bneub mopasdb. HekKoTophiM BmoJiHe XBaTaeT HEBHH-
HOTO YAOBOJBCTBHSI, JOCTABJASEMOro NOAOOPKOH Kyphe-
30B U AHCKIOTOB. TeX Xe, KTO CTPEMHTCH K CEpPbe3HBIM
3HAHUAM, 1 XoTesa Ob IO3HAKOMHTbL ¢ MHEHMEM JleoHapaa
Jfinepa, BhICKa3aHHBIM BO BBeJeHMH K ero pabore «De
numeris amicabilibus» («O ApyXecTBEHHHX YHCJAAX»)!:

«Inter omnia problemata, quae in Mathesi tractari
solent, nunc quidem a plerisque nulla magis sterilia
atque ob omni usu abhorrentie existimantur, quam ea,
quae in contemplatione naturae numerorum et diviso-
rum investigatione versantur...»

«H3 Bcex npobnem, paccMarpHBaeMbiX B MaTeMaTHke,
HeT TaKHX, KOTOphie CUMTAJUCh Obl B HacTosllee BpeMs
Gosee OecnoXHbIMH H Gecrnone3HBIMH, 4eM INpoObieMH,
Kacamwuigecs npupolel yuces U uX Odeauresed, B atom
OTHOLIEHHH HBHIHEHIHHe MaTeMAaTHKH CHJIBHO OTJHYAIOTCH
OT APEBHHX, NPUAABAaBIUHX ropa3no OoJblliee 3HAYEHHE
HCCACNOBAHUAM TaKoro poaa.. A MMeHHO, OHH He TOJib-
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KO CUYHTAAH, YTO OTHICKAHHE HCTHHH NOXBAaJBbHO CAMO NO
cebe H HOCTONHO YeJIOBEUEeCKOro NO3HAHHA, HO, KpoMe
TOro, COBEpPUIGHHO CHPaBeRJHBO IOJarajad, 4YTrQ HOpH
3TOM 3aMedaTeJbHHM 06pa3zoM pasBHBaerca H300peTa-
TeJIbHOCTb WM Nepex JYesOBeYeCKHM pPa3yMOM paCKPHBa-
IOTCSI HOBHIE BO3MOXHOCTH pellaTh CJOXHble 3aHayH..,
Marematuka, BeposTHO, HHKOrZa He JOCTHrJa OH Ta-
KOH BEICOKOH CTENEeHH COBepIIEeHCTBa, eClH OH ApeBHHE
He DPHIOXKUJAK CTOJNBKO YCHUMHHA AJA H3y4YeHHsl BOIpPO-
COB, KOTOPHIMH cerojus MHorue npeHefperalor u3-3a HX
MHHMOH 6E€CHJIONHOCTH.»

SI Xoresm OB K 3THM cJaoBaM Dijepa Jo6aBUTh JHUIb
HeCKOJIbKO NPHMEepOB, BecbMa YOeIUTeJbHO IOATBEpPHK-«
Halouux ero MHeuue. Tak, elife M CeroJHs BOCXHIlaeT
pexyppentrnan popmyaa Jisepa 048 cymmus deruresett

) 6(4)=0(A—1)+06(A—2)—0c(A—5)—
—0(A—T7)F cuuy

KOTOpylo 60Jiee TOUHO MOIKHO 3amUCaTh B BH/E
oo

Y, (—1ro(a—25E) =0,

fiw= oo

37leCb CyMMHpPOBAHHE BEAETCH N0 BCeM UeJbM 3Haye-
HUSIM n, TIPHYeM cuuraercs, 4yro o(2)=0 npu BCcex oT-
puuarensHblx 2, a o{0)=A. 31y 3aBUCHMOCTb JHJep
HallesJl SMIIUPHYECKH MPH NPOBeAEHHH CBOHX OOCIIHPHEIX
BHIYHCJICHUH, CBA3aHHBIX C JAPYXKeCTBEHHBIMH 4YHCJAaMH.
A OTHICKMBasi JI0Kas3aTeJbCTBO, OGHAPYXKHJ 3HaMeHHTOe
roxdecrao Jdiepa

co 400 _!_ 2
am  Ia—= % (1"

1 =] n=—00
M3 KOTOpPOro Iocje JiOrapu@MUPOBAHHA U CpaBHEHHH
Koabduuuentos noayuaercs (I). CyMma B npasoil yac-
M (Il) npexcraBasier cobo#i TakK Ha3BIBaeMylo T3Tas
G YHKIHIO, # 9TO OBlJIO CAMBIM IEpBLIM IOABJICHHEM TITa-
(YHKUNH Ha MaTeMaTHYECKOH apeHe, a MNpOU3BEAECHUE
clieBa — ¢ TOYHOCTbIO X0 MHOXKHTeaAs X'/2% nemexkHHAoBa
ara-QyHruus. CaMo TOXKAECTBO SIBJSIETCH YACTHHIM Cay-
yaeMm (npu y=x3, z2=x""1) opmyav. Axobu 038 Tt
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dynxtud (1828 r.)
(1IT) E (I=y (A —y2)(1 —yr-lz-)=

4o 1
= 3 (—1)rgT ",

1l = = 00

Arpaiolieil BaXHYyIO POJIb B TEOPHH SANUNTHYECKUX DYyHK-
uuit. Haxonen, stu ¢opmyas B 1972 r. npusenn Maxk-
JOHaJbja K OTKPLITHIO LeJiol CepHH TOXIeCTB AJf 3Ta-
QyukuHH [leneknnna — no oZHOMY AJA KaxXAOH NPOCTOH
rpynnsel JIu G (3HaMeHuras CcraThd B XypHaJte «In-
ventiones mathematicae»). ®opmyan Dinepa u Hxobu
BXOAAT B ToXJgecTBa MakgoHanbia Kak NpoOCTeHIUHH
gacTHHH cayvait (G =SL;), ¥ HCTOKOB Xe 3TOH 3BO-
JIOUMU CTOHT, HECOMHEHHO, J#Jjep co c¢Boeii (opmy-
aoft (I) ans cymmu peautened, Mau Iludarop?

Bnbanorpaduueckne 3aMeyanmus H AONOAHEHNA

Camufl ucuepnsiBaOmU# M3 BCeX KOraa-aubo onyO6JayKOBAMHHIX
ROKYMEHTOB, Kacaioulyxcs APYKECTBRHHHX uHces, — STO BHIDEAIAA
B 7TPex uactax crarba Jla ¥ Msasum [12] V. B npuBeaensoli Tam
npeBocxonuoi GubanorpadmHu, conepxameit 67 HauMeHOBaHHH, npen-
CTaBJeHN OPUrHHAJBHHE paloTst BrioTh Ao 1971 r., Tak 4Tto a Mory
H0 CYUWeCTBY OrpaHHYHThCH OTASAbHBIMHM OHOAHOrpaduuecKHMH ZHO-
noAHedusAMHE ¥ 3aMeyaHuaMy. InaBuoe BHEmanue Jlu ¥ Magsun [12]
YASJIAIOT [OCKOHAJBLHOMY NPOTOKQJMPOBAHHIO BCeX HUCJHEHUHX pes
3YALTATOB € yKasaHueM NOJYYHBIIHX HX MaTEMaTHKOB H HCHOJAbL3O-
BAHHHX MeTon0B. K HX nmepeudio ciaeayer Ao0aBUTh JHUIb ONHCAHHLIH
Baimie HoBHI Meron {1] u ero mpumenesine Te Puse [18} Hegasuo
Mod cryaentt X. Xoddmaun, D. Hebren u P, Pekkop IOATBEPAHIH
H CYIDEeCTBEHHO pacliupuAy pe3yabTaTt Te¢ Puae (Bymmeprans,
1979 r.; cm. {36]), [37)).

ToT, KOro 3auHTEPeCOBANH AHTUUNAA B apabckds IaaBH STOH
HCTOPHH, MOJXXET COBepLIHTb YBJEKaTeJbHOe HyTelllecTBHE K HMCTOKaM
¢ noMOHIbI0 meThpexTOoMHOr0 tpyaa M. Kanropa «lcrtopusa martema-
TukHy» {4]; B HeM cojepXKHTcA He TOABKO GOJBHIOE KOAUYSCTBO CBe-
AeHuf O COBepUICHHLX H ADYXECTBEHHHIX THCJaX, HO H OUEPK KYJlbs
TYpHO! K HcTOpuueckod 06CTAHOBKY, a TAKXKeE KaAbHEHLINX Pe3yJsbTa<
TOB, YKasauue 06 ymoMuHauuu uucaa 220 B 6ubaun (Kaura Burtus,
XXXII, 14) umeercs y Jukcona [5], KOTOpeifi B CBOIO ouepefb CChl«
JlaeTcA Ha KoMMentatopa O6ubnuu Alpaxama Asyies; TOT e IHTH«

1 Uucna 8 KeBagpaTHeIX CKoOKaxX OTCHNAIOT K COHCKY JHTepas
TYPH 8 KOHIE CTaTbhiy,
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pyer KoMMmeHTaTopa 9-ro B, Herkoro Pay HakcxoHa, — JIH u Msgsun
[¥2] coobmalor, uto no Muenuw I1. TanHepn wHcno 220, BO3MOXHO,
6LlJI0 «OTKPHITO» y3Ke B ApeBHeM Erunre.

O. Berkep BbicKazan HHTepecHHle coobpaxeuua o ¢opmyne Is-
KNMHAa IOJA 4€THLIX CcOoBeplueHHHX uHcea {23]; oH cuHTaer ee H3Ha-
YAJBHOH <LEe/bI0 H BEHIOM Y4YeHHS IJBKIHLA O YETHHX H HEYCTHHINH
H OOBACHAET, KaK MOXKHO OBIJIO NPHATH K ee OTKDHITHIO, OTTaJKie
Baficb OT NIPHEMOB cueTa Ha ynorpebJasBiuuxca B apeBHelt I'peuyh
abarxax V. Kpome Toro, O. Bekkep BLICKa3blBaeT H NBITAETCS OBOCHS-
BaTh CBOE€ MHeHHe, OyATO NOKA3aTeJLCTBO TeopeMbl DHjiepa O TOM,
YTO BCe YeTHLle COBEpLIEHHbIE YHCJAa JLOMMHBEL IOMydYaThes IO *Cro-
coly IBKnHia, OblIO HM3BECTHO y3Ke B APEBHOCTH, — (OPMYIHPOBAJ
xe JAMBAHX a1y TeopeMy Dfinepa. AHANM3HPYs TEKCT TpakTarta $fIm-
BaHXa, ®. Xyaby [26] nenaer naxe BuIBOA, yTo SIMBJIHX «B pesyJibs
TaTe J'd COGCTBEHHBIX BHIYHCJIEHHA, H3 NPEXHHX JH HCTOYHHKOB 3HAJI,
uto H 8191, B 131071 — npocTeie uncaay (3TH yHcaAa PaBHBEI COOTBET-
CTBEHHO 213 —1 H 21" — 1), H YTO, CNEAOBATEJNbHO, B AHTHYHBIE BpE-
MeHa 3HaHHA O OGOJbUIHX NPOCTHX H COBEPUICHHBIX YHCJAaX HaXOmH-
JAUCh HA 3JHAUHTEJNLHO 60Jee BBHICOKOM YpPOBHE, ueM 3TO NDHHATO
CYHTATb.

JokaszareascTBoM TOro, yro apabam GbiJIO H3BECTHO O COBEpILeH«
HEIX H APYXKECTBEHHLIX 4yHcJIaX OOJibllle, HEXeNH 00 CHX NOP NPeAarno«
JaraJit, Ml 00sa3annl npogeccopy TyHHcckoro yHHBepcHTera Moxam-
meny CyHccH, KOTOPHIY HEZaBHO NepeBen H omy6aHkosaa [32] ymo-
MHHABLIEECA paHee COyHHeHHe HOH anb-DaHHnl O COBEpHIGHHHIX H
APYXKECTBEHHLIX yHcaax. Kpome TOro, rpynna COBeTCKHX HCTOPHKOB
u3 Cpenneit Asun [38] oGnapyxuaa B pykonucsax Kyr6smmuna Ilu-
pasu (X1I B.) n snamenutoro Mxemwuzaa ans-Kamn (ym. B 1430 .;
B nocieHde ropgn paboras B CaMapkaHACKOil 06GcepBaTOpHH) NpH-
MeuaTebHble PACCYKACHHA O APyXeCTBeHHHX uHcaax, CorjacHo HX
AaHHBIM, yHcaa 17296 u 18416 OuuiH HsBecTHH Kak B Mapokko
(anb-Banua), Tak u B Mpane (Kyr63aaun) 3a TpH ¢ IOJIOBHHOR CTO-
neTHA n0 Qepma. Anp-Banna nHamen o6a uwucha (cM. doTo 2), cJaes
Ays OGIEMY NpaBHay, (OPMYJHPOBKA KOTOPOrO TaK TOYHO COBMA«
paer ¢ ¢opMyauposkofi CabHTa, yTO 3TO, NMO-MOEMY, A OKa3LIBaeD
3aHMCTBOBAHHE ee Yy InocnenHero (B IPOTHBONOJOKHOCTb MHEHHIO
Cywccn). Aap-Kamri, HanpoTHB, naeT HECKOJBKO HHYK (OPMYyJIHPOB-
Ky, OLHaKO AONYCKaeT NpPH 3TOM OWmMHOKY, nojaras 06e3 IPOBEpPKH
UHCJIO 7 NPOCTHM (0603HaueHHs npex<Hue), ITosTOMY OH OWHGOUHO
cunraer 2024 u 2296 BTOpO mapol ApykecTBeHHHX uHced §I yxa-
SbIBaI0 3aeCh Ha 3Ty OWHKOKY, TaK Xak B [38] oua He Obijia 3aMeuyeHa.
Hanee, g1 xoten Gsl OTMETHTDb, UTO GOJee NMO3AHHE HCJAAMCKHE aBTOpPH
He IPHBOAAT HHKAKOTO AOKA3aTeJbCTBA AJNS H3J4araeMoro crocoéa,
B TO BpeMA Kak CaGHT HamMcal cBoe TEOPETHKO-YHCJIOBOE COYHHE-
HHe, 0 oGpasuy «Hauan» DBkanza, coOBepumIeHHO CTPOrO H NOTPATHA
Ha J0KasaTesibcTBa HeMalo yCHJIBH.

1) TIpuGop THIA PYCCKHX cueTOB; cM., Hanpumep, Hdenmaun M. §.
Vicropus apmgMemKn.—M.: Yunenrns, 1959, wan Buroackuit M. 4,
ApubMernka u aiare6pa B jpeBHeM Mupe, — M.: Hayka, 1967, we
llpun, nepes,
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Knura AGy'sp-Kacum Macnama HOH AxMen anp-Mapxputn (uJm
anb-ManmpHTH), OTKpHIBLIErO J1000BHOE BO3ACHCTBHE APYIKECTBEH-
HbIX uHce), HasniBaeTca «Lleap Mynpeua» H noapOGHO OIMHcaHa
lrafnmnainepom [33].

Xora counHeHre KaHTopa OXBaTbiBaeT KaK CpeJNHe BeKa, TaK H
Hosoe apemsa po 1799 r., oxHako NpHMEHHTENBHO K Hallell TeMe cy-
IMecTBeHHO Gonblunii MatepHan (na ewe BmioTs no 1919 r.) conep-
xut xudra JI. JuxcoHa [5], HayuHalomasics 50-i0 cTpaHHMAMH CKpy-
nynésHoft XpoHUKH cOOBITHHA, pe3yJapTaTOB H nyOaHKauHit B olmnacTH
COBEpLIEHHLIX H APYIKECTBEHHBIX YHCEJ H BLI3BAHHBIX HMH HCCJAeNOBa-
HHH, MOCBAILEHHBIX cyMMaM aenurteneil, B orauume or Kantopa uk-
COH OrpanHuMBAETCA CYX¥M NepeyHeM AAaT H (QakToB.

Yrolul ImoJsyuyiiTh KHBOE BneuaTseHHe O paborax PepMa H [le-
Kapra, pekoMeHAyeM NOJHcTaTh nependHcky Mepcenna [15]. B npe-
AMCNOBHH K cBoel «Bceobuieit rapMOoHHH» MepceHH nHuiet:

«Or, si je voulois parler des hommes de grande naissance ou
qualité, qui se plaisent tellement en cette partie des mathématiques
gu’on se sgauroit peut-étre leur rien enseigner, je répéterois le nom

e celui & qui le livre de I'orgue est dédie [E. Pascal] et ajoute-
rois Monsieur Fermat, Conseilier au Pariement de Thoulouse,
auquel je dois la remarque qu’il a faite des deux nombres 17296
et 18416, dont les parties aliquotes se referont mutuellement,
comme tout celles des deux nmombres 220 et 284... Et il scait les
régles infaillibles et I'analyse pour en trouver une infinité d’autres
semblables.»b

31-ro mapra 1638 r. lexapr numer Mepcenny: «Leur autre
question est ce probléme: trouver umne infinité de nombres, lesquels
estant prix deux 2 deux, l'un est égal aux parties aliquotes de
l’autre, et reciproquement l'autre est égal aux parties aliquotes de
premier. A quoi je satisfait par cette regle: » Si sumatur binarius,
vel quilibet alius mumerus ex solius binarii multiplicatione produc-
tus, modo sit talis ut si tollatur unitas ab ejus triplo, fiat numerus
primus; et demique si tollatur unitas ab ejus quadrati octodecuplo,

D «OpHako ecnH On A1 3axoTell Ha3paThb JI0/eH 3HATHOrO poaa
BNH BBICOKMX JOCTONHCTB, KOTOpHE JO TOTO YBJEKAHCh TOH 06-
JacTbl0 MaTeMaTHKH, HTO HX, INOXaJylh, HHKTO ue Mor Oul 3acch
HAYYHTb HHYEMY HOBOMY, TO fl NOBTOpPHJA OH HMS TOro, KOMy 3Ta
KHHra TOpXKeCcTBeHHO nocpsmena [3. Ilackans], u Haspaa 6u eue
r-Ha Pepma, useHa Tynysckoro napraMeHTa, O KOeM fi MOTYy 3ame-
THTb, YTO OH HameJ ABAa uncaa, 17296 u 18416, penHTesH KOTOPHIX
HaXomsuATCA JPYr K APYLy B TAKOM K€ OTHOLIeHUM, KAK H [NeJHTEIH
yucen 220 u 284 ... M on 3paer H ymeeT o6GocloBaTh Bepubie Ipa-
BHAa, KaK HafitH GeKOHeunoe XOJAHYECTBO APYruUX TaxkHX nap.s (cra-
po-gppany.)

2 «[Ipyrum Bamum BonpocoM Obia 3ajgaua: HalTH GecKOHey-
HOe KOJIHYECTBO YHCEJl, CrPyNIHPOBAHHBIX B Iaph, B KaXKAOH H3 KO-
TOPBIX OHO YHCJIO PAaBHO CyMMe JeaHtesesl aApyroro, H Haobopor,
BTOpoe pasHOo cymMme jdeautenefi mepsoro. Mofi orser — crenyiomec
"npaBunao:y (crapo-gppany.). TlpaBuno Hexkapr ¢opMmyaHpyer Ha Ja-
THHH, — [Tpum. ped,
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fiat numerus primus; ducaturque hic ultimus numerus primus per,
duplum numeri assumpti; fiat numerus cujus partes aliquotae
dabunt alium numerum, qui vice versa partes aliquotas habebif
acquales numero praecedenti. Sic assumendo tres numeros 2, 8 et
64, habeo haec tria paria humerorum.

TakoB nexaptoB Bapuair npapuna Cabura, Bor pycckuit nepee
BOL:

«Beperca 4HCAO 2 HJH YHCNO, NOJy4YRKOHEEcs NOBTOPHLIM YMHO+
MeHHeM yHoJsa 2 caMoro Ha cebsa H o0Jajaloilee TeM cCBOHCTBOM, 4TO
OpH BLIYHTAHHHM ENHHMIB H3 €r0 TPEXKPATHOTC HJIH IMIECTHKPAaTHOTO,
a TaKXKe H3 BOCEMHAJUATHXPATHOrO €rc KBajapaTta BCAKHA pas3 ocTa-
ercsi npocroe. Torpa mocnegHee YHCJIO, YMHOXKEHHOE Ha YABOEHHOE
B3ATOE, JACT YHCIO, CJAOKCHHEM JeJHTeNell KOTOporo mnojyyaercs
YHCIO ¢ CyMMO#l penuTeneit, cOCTaB/AAOWIEH IpeABayllee TiHCIO»,

OTH cBejieHUN NpUBefeHH B Bhimexmwedl 8 1723 r. crarhe HEKoEro
b. Bopapxa o «TouHoM nO3HaHHH yHces», B KOTOPOM TakikKe noapo6-
HO paccMOTPEHH COBepUIEHHBe H JpyxeCTBEHHble yHcaa. OHa Ouja
onyOJHKOBaHa B caMoM, IToXKaJjyH, CTapOM MareMaTHYECKOM JKypHaJe
«lInonps nekyceTBa» I'aMOyprckoro MareMaTHYeCKOro o6miecTsa, HO-
CHBILNErO TOrna HasBaHHe «TOBapHIUIECTBO JAIOOANIHX H 3AHHMANOILHXCH
HCKYCCTBOM BHIUHCJASHHA» H ABJAIOMETOCH caMbiM CTAPHM H3 ITOHLIHE
CYUIECTBYIOLUIHX B MHpe MaTeMaTHueCcKHX o6uecTs. I ynoManyn 3neca
3TO COYHHEHYE He TOJBKO B KauecTBe NpHMEpa HCTOPHUECKHX PeSHK-
BHuil BpeMeH Ji#tsiepa, HO Npexje BCEro INOTOMY, YTO OHQ YCKOMb3-
HyJ0 or BuMMaHHa Hukcona [5], Jlu u Msasuu [12] u nosBoaser
BruecTH nonpasky B [I12] (ctp. 79, JleBas Komouka, cTpokH 29—31).
JnkcoH BpsAjg JAM M MOr HaiTH craThio Bojapxa -— Belb TOM CUk-
rancAd B [aMOyprckoM MareMaT#uecKoM OO6illecTBe yrepanuniM! Tak
KaK JIOOGHTeASM HenpocTo 6yzer AOCTATh STOT €AHHCTBEHHLIH K3eM-
nJaap, HawepluHiAcAs Gaarogapsa CAydyaHHOCTH, NO3BOJIO cele NPOUHTH-
pPOBAaTH eile HECKOJBLKO MeCT:

«KeM OBNafeao NPHUYAJIHBOE XEJaHHe HCKAThb COBEpIUCHHbIE YHCAa,
TOMY NOHanoOHMTCA AJAS 3TOH PabOTH 3HaHHe NPOCTHX. YIOMAHY-
TEHIX COBEDUIEHHHX uHces GhUJIO OTKPHITO A0 CHX NOP TOMBKO 8 ...»
<«He B Menbuleii Mepe norpefyeTcs 3HaHHE NPOCTHIX AJA OTHICKAHHA
APYKECTBEHHLIX uHceJ. Takoro poja uHcea A0 CHX nop OLIAO H3«
BCCTHO JIHIIb TPH maphwi, a HMEHHO mepBas napa —220 u 284, ...»
<«[IocTpoeHne TaKHX UHCEJ NPH NOMOIUH DA3MHUYHLIX aJreOpaHYecKHX
METONOB OTHOCAT K OOGJ2CTH BBICOKOIO MacTepcTBa H HCKYCCTBA 3Has
MEHHTbIe MYXH, 8 HMEHHO MHOTOKPATHO YHOMHHaBIUHHCS BhILIE IPO-
tdeccop Ilpecter BO BTOPOM TOME CBOHX «DIEMEHTOB MaTeMAaTHKH»]
paBHBIM 06pazoMm mpogeccop (o Illoren B cBOHX «MaremMaTHuecKHX
OTKPHLITHAX®, 4 TakXKe BBIIEYNOMAHYTHI XeMIHHTry3pdd B cBOHX
«BHCKOHCHHCKHMX OTKpbITHAX». Benukuit Jlexapr paer caenymwomee 06+
Hice IIPaBHIO BBIYNCJACHUA TAKHX YHCEJ:» A

HaJsee cnenyer UHTHpoBaHHasa paHee BepcHs npasuna Calura,
a 3aTeM HEKOTOpLIe IIPHMEpH BhIYHCJACHHIL
<. H BNJOTH A0 46-ro 3HavueHus mo;yuas’ f BCcé BPEM# COCTABHBIE
yHcJa H TeM CaMHM He Hawesa MOAXOAAUIero yHcaa, KOTopoe MOrao
6. BATH ueTBEpPTYI0 napy ApymecrsenHniX udcen. Ilpa 46-M oGpa-
IeHHH X NpPaBHIY NOCAE YKa3aHHHIX YMHOMXEHH# nojyualorcs YHCJIA
211106232532991 u 422212465065983, HO MHe YK€ He XOueTCA YT+
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py:xaath ce6a NPOBEPKOH TOro, npocrsl Jim onn. H6o ecan okaxercs,
wT0 00a OHMH NpOCTHE, TO Hano OyAeT eule NPOBePHTb HA NPOCTOTY
yucno 89131682828547379792736944127, nakoBywo paGoty MHe XO-
gesoch Ol OCTaBHTD JIOOHTEAAM...»

<lTockonbky Bc€ Ke oOco0OH monb3W OT 3THX Bemlell Her, s cued
BO3MOXKHHM OCTAHOBHTBCA HA 3TOM; H TaK Y& # NOTPYAHJICA ROCTA-
TOYHO, & ¢ HanpacHoil paloTofl xO0Tesa Onl MOBPEMEHHTDL.»

CorJsiacHo 3TOMY BbICKa3nlBanHio, Bojaapx mnposepun dopmyay
Caburra BuioTs A0 45-ro 3HauyeHus 7, T.€. SHAUHTEALHO HaJblue, 4eM
3TO cAesasH nosgHee Di#aep (mo 8), Jlexaupp (mo 15; 1830 r.) u
Jle Jlaccép (mo 34; 1908 r.), XxoTa H He Tak naJeko, Kak JKepapnsH
(xo 200; 1908 r.) u Puzean (a0 1000; 1969 r.); cp. [12] Cryzeutn
M. Byab u 3. MepTeHc H3 MOEro KpyXka IO 3JeMeHTapHOH TeopHH
yhces BBIACHHIH, YTO ¢opMyna Cabura He gaer nDYTHX nap apyxe-
CTBEHHLIX uHCeJl, KpOMe TpeX H3BeCTHhHIX, Aaxe BIaoTh go n = 20000
(cM. [36], [37]). Ilpu 3roM, KpoMe uHcna 3-2126°% — | . momcTpa H3
3817 uundp, oOKasaJdHCch NPOCTHIMH emle pPOBHO 30 MEHbIUHX YHcen
pacemarpnBaeMoro B cnocobe Cabura Bupa 3-2%-—1,

{ Paboter Jisepa 10 uHTEpecyloilleR Hac TeMe HACTOJIBKO OGHIHp-
(HBl, MHOTOCTOPOHHH H OCTPOYMHH, YTO M TeNepPb HX CTOHT YHTATb B
‘opurnnrane [7] Ilockoabky ynrauumii 0630p ero BaXXHEHINHX HAEH H
'MEeTOZIOB HMeeTcHl Kax y Hdukcona [5], Tak B y JIn B Msasuu [12],
A CuHTal0 BO3MOXHEIM He OCTaHABJHBATHCA 3A€CH HA ITOM nONPOG-
nee. Hro KacaeTcs MOEro yINOMHHaHHA B KOHLE 3KCKYPCHH O peKyp-
'penTHOH (opMyne Disepa () ang cymMmun penureseit, T0 OHO OCHO-
/BAHO HENOCPEACTBEHHO Ha NOJPOCHHIX OPHTHHaMbHBIX paboTax e«
pa [7]. Bopouem, y Ckpu6a [19] (crp. 127—129) MoXHo HaiTH H
CBOAKY pe3yJbTaToB Dfepa, COCTABJCHHYIO Ha OCHOBE HEPEHHCKH
Siiepa ¢ Foapa6axom. T're-1o mexay 21 mapra v 1 anpens 1747 r.
Ofiniep numuer [onbabaxy; «HenaBHO s oGHapyXH1 BecbMa YAHBH-
 TEJILHYIO 3aKOHOMEPHOCTb A/ YHCeJ, NPEACTABAAIOW HX cobo#t cyMMbt
nexuTeNel HATYPANbRBIX QHCEN. JTa 3AKOHOMEPHOCTh KAXKETCH MHE
TeM GoJee CTPaHHOA, 4TO OHA OKa3ajach TeCHO CBA3aHHOA ¢ mpo-
cThiMH uucaamu. [losromy mpomry Bamy cBersdocTs yAOCTOMTH 3TY
NOTaJIKy HEKOTOPHIM BHHMaHHeM.» ... «lIpuuHHy >3TO#i 3aKOHOMEpHO-
CTH WMOHATL TeM TPYAHee, uTO HeAcHO, KaK uHcaa 1, 2, 5, 7, 12, 15
H T. A cBiAsaue c geaunrensamd. M A He Mory moxBacrarbes, YTO
HMEI0 €e CTporoe JAOKasaTeaneTBo. Ho ecan On A jgaxke He HMed
HHKaKOrOo OO00OCHOBAaHHA NOAMeueHHOH 3AKOHOMEPHOCTH, H TO MOXHO
ObliI0 6B e COMHEBaTheAd B Ce€ CNpaBesMBOCTH, H6O OHA BLINOJ-
HseTcs Oosnee ueM A0 300, Mexay TeM i MOy BLIBECTH 9Ty TeOpeMy
H3 caenyiomiero yrBepxaenus.» — Hasee uper toxaecrso (II) mast
cTeneHHoro paaa (B To BpeMs elle He AOKasaHHoe), Ha KOTOpoe
Dfnep HaTONKHYJACA B CBA3H ¢ pa3GueHHeM uHcesn!) H KOTOopoe OH
CMOr JOKa3aTh aMmb rox cnycrd. O roxaectBax Ditaepa, Jlexaunpa,

) PasGiienneM HATYpPaJbHOrO YHCAA HA3HIBaercs MpPeACTaBleHRe
€ro B BHAE CYMMH R ==+ Mg~...+ns, rae m =0, n 20,...
eeey Ns =20, AaeMedrtapuoe noxasatesbcrso topmyst (II) moxno
HakTR, Hanpumep, B kunre: Brnenxun H. §I. KomGuaaropuka, — M.
Hayka, 1969, ¢, 116—=120, = lIpusn, nepés,
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I'aycca u fAko6H (B wacTHOCTH, 0 TOXKjecTBax H3 tpakrara «Funda«
menta nova» IocsenHero) MoXHo mountarb Takxke B [19]; mo noe
BOAY HoBeiuinx oGoGmienudi MaxkaoHanbia @ Kapa, nosyueHHHX ¢
NpPHBJCUEHHEM TEOPHH NpeACTaBjeHH# aare6p JIu, OrcHJIal0 yHTaTeNRd
K OpHrHHalbHol pabote MaxkaoHanabza [13], a TakXe K 3KCKypcud
Enca KapcreHa flHueHa B 06JacTb TeOpHH NpeANCTaBJieHHH H KOMOH-
HATOPHKH H YKa3saHHOH TaMm JuiepaType.

O:xuBaeHHbIH H Haulbosee GoraTolfl peaynbTaTaMH HEPHOJ €OXO«
THl Ha NPU3PAKaA® — MOHUCKOB HEYETHOLX COBEPUIEHHBLX HUCEA — IPH<
XOAHTCA HA Halle CTOJETHE H He OXBaueH XpoHHKOR [IHkcoHna [5];
olHaKo HMeeTcH noapobuuil 0630p I Maxk-Kapru [14], B koTopom
NpeAcTaBjdeHEl Pe3yabTaThl, HoJgyueunbie 3a nepuox ¢ 1919 no
1957 r. Ilo noBoay OGoJiee MO3AHMX HCCNEAOBAHHHM COLLNIOCH, HANpH-
Mep, Ha opHrHHaJbHbie paGoTh Xefiaxuca [8] 1 Po66uuca [17] w
yKasaHHy10 TaM Jutepatypy. CcHJIKH Ha JApyrHe HHTepecHble paboTul
M0 3TOMY BONpPOCY MOXHO HaiiTH B 0630pHoil JekudH Kawmmca [9],
npountaunoit B 1975 r, Koropas HHKaK He ondpaercad Ha o0630p
Mak-Kaptd H BoOOmIe HOCHT COBEpIUEHHO HHMOHA XapakKrep, Tax KakK
ofpaileEa HCKJIIQUHTENbHO K HemaTemaruxkam. B 3Toil npekpacHoil
BCTYIHTEJIbHOA JIEKIHH, NPOYHTaHHOH B YuuBepcHTeTe ropoana Kon-
CTaHIa, TOBOPHTCH TaKKe O 4ETHBIX COBEPUIEHHOLX %UCAAX H O CBA-
3aHHOM ¢ HHMH IOTOHE 32 PEKOpPAHEIMH IO BENHYHHE HPOCTHEIMH YHC-
JaMH. Muoro HoBeix ¢akToB 00 3TOH OXOTE 3a peKOpAAMH, HaUHHAsA
c Jlioka (1876 r.), npuseneHo B «peiime» Jlona llarupa no nepsum
50 MHAMHOHAM INpoCThIX yHceJ. C XPOHHKO! npexllecTBYIOWIEro mne-
pHOIA MOXHO O3HaKOMHThcA no Jlukcony [5] O nocaemnem !) pe-
Kopae KanmupOpHHHCKHX WKOJbHHKOB Hukkena m Hosna, 6533-3n24-
HOM npocToM uHcae 22791 — |, rasera «Silddeutsche Zeitung» H3Be-
CTHJa cBOMX uHTtarene#t 17 Hoa6Gpsa 1978 r. nmox sarosioBkoM: «Hau-
6oJabLIee IIPOCTOE YHCJIO MoHMaHO pewreToM 2patocheHa '» (xopo-
mas IWyTKa. Tak Kak peurero dpartoceHa roguTcd AJA OTHCKAHHA
7aKHX GOJBIIHX NPOCTEIX YHCEJ MPHMEPHO TaK e, KaK TONOp AJA
pacuienyieHHss aTrOMHOro appa). PakcHMHIe aMepHKAaHCKOrO NOUTO-
Boro wiramna «2MM23—1 s pimes («2!1213 —| —npocroe YHCIO®)
BMecTe ¢ BHOaHHOH DBM pacneyatkoit storo 3376-3HauHOre uncaa
MOXKHO HaHTH CPe/lH APYTHX Kyphe3OB Ha CTPaHHUAX pa3jena 3aHH-
MaTeJbHON MaTeMaTHKH XkypHala «Scientific American» %), koropuie
Mapryn Tapanep nocsatuin «OecnosesHofft KpacOTe» COBEPLIEHHBIX
¥ JPYXecTBEHHHIX duces [24].

D [Io cametm nocaednum CBeAEHHAM NPOCTHIMH SBJSIOTCA TAK«
xe uHcna 2829 — 1 (Homm) u 244497 — 1 [31). [B smsape 1983 r.
NOABHJOCH COoObLUenye, UTO NMPOCThiM sABJsfeTcA H 25962-3HauHoe yuc-
ao 28243 — 1 manpennoe . CHOBHHCKHM, CM., HAIPHMEp, XYpHad
«Kpanr», 1983, Ne 7, c. 16. —ITepes.]

2) Pemleto JpartoctheHa — OAMH H3 CnOCOBOB HAXOXKIEHHA IO~
CTHIX YHCEJ, NMPAKTHYECKK NPHrOOHHIA AJS CPaBHUTENbHO HebOMbIINX
yuces. Cum, HanpuMmep, Byxmra6é A. A. Teopusa uncea. — M : Ilpocse-
menne, 1966. — Tpum. nepes.

3 Ilepepoasamercoca ¢ 1983 r. uaparesscrsom «MHp» NMOR HasBa-
BEeM «B wmupe Hayku». — [Tpum. ped.
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Tor, KTO HHTEpecyeTcs nposepkod OGOJBIIHX YHCEJ HA IIPOCTOTY
B, MoxeT ObiTb, ellleé He 3HaKOM c KpuTepHeM JIioka Ajasd npocruiX
BHOa 27 — 1 (OCHOBaHHOM Ha BapuaHTe MaJjoi Teopemul depma s

yHceNl H3 Iojeff Q('\/S) HJIH Q('\/S_ )), nerko Momer NOJYUHTB
fipeACTaBJeHHe 06 3TOM BONpOCE NO KiaaccHYeckOMy yuebBumxy Xapau
i Pafira no teopur uncea ([25], § 6.14 u 15.5) uau no csoeobpas-
ot kumxeuxe JI. IlIsuxca «PemieHnnie W HepemrenHuie npobiembt
TEOpHH uHces» [30], AeHTMOTHB KOTOPOif — coBeplIeHHble uyHcaa. Te,
KTO XO0TeJ Obl TOYHO 3HaTh, Kak CaMbIM palHOHaJAbHBIM 0O6GpasoM
NPAKTHYESCKH IHPHCTYNHTb K Aeldy B clydae NOABJIEHHA (HIpH IpHMe-
HeHHH crnocoba Cabura) OOabIINX YHCENA ¢1, g2, MOTYT O3HAKOMUTLCHA
o pabore [37] ¢ ynpoiueHHoM BapHaHToM xpHTepHs JIlOKa, Koto-
pHit oueHb NOAXOAHT AJA 3TOR LEJH; NONyTHO TaM KaHO o6cTosA~
TeabHOe ofilee BBeAeHHEe B TEODHIO KPHTEpPHEB NMpOCTOTH THIA JlioKa.
CBofi HOBLIH KPHTEpPHH NPOCTOTH, TPEOYIOIUHA RIS JIOOHIX UHCEN

O (%q) sounciuTenbHHX omepaiHfi (KPYXMEIM NyTeM, 4uepPe3 BEI-
yHCJeHHe uHcoiaa KjaaccoB Moaynef), M. 1llsukc npepsoxua B [30];
MeXay npoYxM, 3TOT clOocob uMEeT 1O CpaBHEHHIO CO MHOTHMH ADY-
THMH TO [OPEBMYOIeCTBO, 4YTO NO3BOJSET NpH HEoOXOAHMOCTH SABHO
ONpeAeJsHTb MHOXHTeNH uHciaa . O TOM, KaK TEOPETHYECKH OUEHHTh
KOJHYeCTBO apH(PMETHUECKHX OlepallHii, ¢ HOMOIUBI0O KOTOPDHX HEKHH
KpUTepHA NPHBOAHT K Uean (B NpPEeANOJOXEHHH, ure ObobuleHHas
runore3a Pumana sepna), MOXKHO npounrats y M. Munborra [27], 2

KaK NOJy44eTcA OLEHKA O(Z\/q )—y I. Muanepa [28]. Bcé sto—
JHUIb OTHEJBHBIE NMPHMEpPhl H3 OTPOMHOTO NMOTOKA HOBLIX OPHTHHAJb-
HuIX paboT, NOCBAIEHHBIX DA3NOMKEHHI0 Ha MHOMHTENH H INPOBEpKe
OOJbINHX YHCEJ Ha NPOCTOTY, CHCTEMAaTHYECKHH 0G30p KOTOPHIX IO-
TpeGoBaJ Obl OTHEJAbHOH JIEKIHH 1)

INoxanay#, 3pech He Oyper JHIIHHM OTMETHTL OIMIHOOYHOCTHL [H0-
BOJILHO pacnpocTpaHeHHOTO MHEHHA, OyATO naHHas TeMa — 3aHATHE,
NOoAXOoAAILee JIHWH AJS TYHBIX BBIYHCIHTEJEH, a JJIS HACTOSHX Ma-
T€MATHKOB CJHIIKOM CKYuHOe, $I He MOTry VCTOATDH Iepen HCKVLIeHHeM
NPOLMTHPOBATL NO 3TOMY MOBOAY HeckoJbkKOo ¢pas u3 «Disquisitiones
Arithmeticae» («Apupmernyeckne McceaenoBaHusa») K. Taycca [40]:
«Uro 3amava pasyHuaTh NPOCTHIE H COCTaBHble 4YuC/Aa, a MOCJexHHe
pasjaraTb Ha MPOCTble MHOMHTEH, HPHHAAJMCKHT K BaXKHCHIUHM H
MOJIe3HEHIIAM 3anayaM BO Bcefl apHPMETHKe H yT0 OHa 3aHHMana
YM Kak JAPEBHHX, TaK H COBPEMEHHbLIX MATEMAaTHKOB, HACTOJBKO H3-
BeCTHO, uTO Oblio Op H3JHUIHHM TPATHTb Ha 3TO MHOTo cJjoB., Tem
He MeHee cJeayeT IPH3HATh, YTO Bce OO CHX IOP NpPeaOXEHHbie
Meroabl HJH OrpaHHYHBAIOTCA YacTHRIMH CJAYydYaaMH, HJAH HacTOJbKO
rPOMO3JKA H TPYHLOEMKH, YTO ... B OCHOBHOM €1Ba JH MOTyT OLlTb
NPHMEHHMH ... K OOJIBIIHM U¥Cc/IaM ...} LOCTOHHCTBO HaykKH Tpebyer,
yTOOH NPHJIEKHO YCOBEpPLIEHCTBOBAJIHCL BCE BCIIOMOTATENbHLIE CPEX-
CTBa, MOTYiIHE NOMOUbL B pEUICHHH 9TOH 3HAMEHHTOH mpoOJeMHL»

1) Hepasno V. Boabdapr Kak pas npouutast Takyld BCTYNHTE/b-
Hyl0 JekuHw. Eute 6o/ee noapobHbIE 3aMeuaTeNbHBI COBPEMEHHH

0630p 3TOH OOnacTH-—co 100 JHTEPATYPHLIMH CCHIJIKAMH — JaN
X. Yuasamc [39].
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H Taycc BHOCHT B peilieHue mpoGJeMH cBOit BKAan, npeajaaras
ABa NPHHIHMNHAJBHO HOBHX METOAAa, HCNOMB3YIHX B KauecTBe BCIIQ-
MOTare/bHOrO CPEACTBa €ro TeopHI0 KBaJpaTHuHLX ¢opm (raaBHas
reMa <«HccenenoBanuii»). OHH OKa3bBAIOTCA CTOJMb MOUIHBIMH, YTO
OGLIYHO CTOJNb CTPOrHii H HEMHOTOCJOBHHH I'aycc paspaxaerca Ile-
Jaoit THpanoi: «Ilo camoii npHpole 3agauH moGoH METOoL CTaHOBHTCA
Bce OoJjiee TPYROEMKHM NGO Mepe YBENMHuUSHHA uHceN, K KOTOpPhiM OH
NpHMeHAeTcA; ONHAKO AJNA ONMHCHBAaeMHX HHXE METOROB CJOXKHOCTH
BO3pacTaer oOYeHb MENJEHHO, B OHH IPHMEHHMHB XK YHCJIAM, HMeEO-
ILHM ceMb, BOCEMb H naxe Goaee DHOP, ,,. C HEH3MEHHHM YCHEeXOM
H cO Bcell BO3MOXKHOA CKOPOCTHIO, HA KOTOPYIO TOJBKO MH BIpaBe
HajeaTbes AAA CToab OOJNBIIHX UHCed, NPH HCNOJB3BAHHH BCEX APY«
THX AO CHX NOP H3BeCTHHX METOMOB TPeOyIOUIHX HEBHIHOCHMOR pas
GOTHL Kaxie OT CaMOro HEYTOMHMOro BLITUCIUTENS.»

O63opa reopsruneckux uccaedosanuid no OpYiecT8eHHbIM WUCs
AQM, KOTOPHIl CBOJHJ OBl BOGAMHO pe3yJAbTaThl NPeXJe BCero Mo«
CJeAHHX ReCATHJIETHH H, CTaN0 ObITb, CAYXKHJI CBOESTO poja NMPOAO/i-
sKeHHeM 063opa Max-Kapru [14], noka uyro ser. ¥ JIu 5 Maasun [12]
BO IVIaBY yrJia MOCTaBJeHbl YHC/JACHHBIE Pe3yJbTaThl, H XOTA Y HHX H
nepeyHcNedsl TeOpeTHuecKHe paboTh, Onyb6JaHKoBaHHele Ro 1971 r.,
ONHAKO Ha HX OOGCYXICHHH OHE IOYTH He OcraHas/iHBawTcA. [IpHBes
JAeHHbHe B MOEH JIeKHH B KauecTBe NDHMEDOB TEOPETHUECKHE pe«
ayabratel MOXHO HaiitH B [2), [6] u [11]. Yuraremo, uHTepecyiOme-
MyCSt 3THM HaNnpaBJeHHeM, C/IGRAYeT TaKxXe O3HakoMuTbea ¢ [3], rme
yayumens peayJsbrarsl AprioxoBa [35] u, cosceM rpy6o rosopf, mos
Kas3aHo, 4TO, eCJIH He CUMTATh HEKOTOPOTO KOHEUHOTO HHCJ/A HCKJIOYes
HHH, BC® APYKECTBEHHbIE YHCAA € 3aAaHHHIM KOJHUECTBOM DPa3NHUHLIX
NMPOCTHX JeJHTeNel AOMKAN YAOBJETBOPATL HEKHM <CHJLHO 060G«
IeHHLIM npaBuiiaM CabHTa». PexoMeHpyercd TakiXe NIpOCMOTPEThb
pa6otst KaHonpna u Xefiaxuea, Kax BKIIOUEHHBIE B NPHBOAHMBIH
HHXe CNHCOK JIHTEpaTyphl, TAK H APYrHe, ykasauueie B [12] Pesyas-
taT Dpaéwa [6] 06 acHMITOTHUECKOM pacmpele/ieHHH APYIKECTBeH«
HEIX yHuces Ot Hemasuo yayumieH K. IMomepancom [41], aokasaniuum,
uTO CyMMa BeJIH4YHH, OOpPATHHX APYXKECTBEHHLIM YHCIAAM, KOHEYHA.

B 3axsioyenne A X0TeJd GH elle OTMETHTb SaCAYKHBAIOLIYIO BCs«
YecKOoro BHHMaNHa JekuHio Karnosbaa [10] o copepiueHHnX u Opyoces
CTBEHHbIX HUCAQX, KOTOpasA, KaK H JeKuHa Kawmmca, ob6pamieHa Hes
KMOUHTeJILHO K HeMATeMATuUKAM, XOTA npecielyeT HECKOJLKO HHHE
ueas, yem Kamnca u M0d. B noJHyw NpOTHBONOJOXKHOCTL JIH H Ma-
noun [12], KaHoabx mouTH MOJNHOCTHIO HMIFHOPHPYET KOHCTPYKTHBHBIA
H BLIYHC/AHTENbHBIH acrnekTH teMsl. OnHako, no-mMoeMmy, takuM oGpas
30M MOXHO PacCKashiBaTh JIHWIb HCTOPHIO COBEPHIEHHBIX, HO He Jpy-
MKECTBEHHLIX yHCeJ, TaK Kak 5Ta BTOpaA B 3HAuHTENbHON CcreneHd
CBfi3aHA ¢ KOHKPeTHBIMH npuMmepaMH (HIPa € YHCAAMK, MOCTPOCHHE
YHCeN, «0X0Ta 32 4YHCAaMu»), TakuM B3rasaOoM s H PyKOBOACTBOs
BAJCA NMPH COCTABJCHHH IJIaHA HACTOAMEH SKCKYPCHH, H 3TO IIO=
3BOJIAET Mde HAJEATBLCA, YTO MOSA BCTYNHTEAbHAA JEKNHA Kak pa3
SalIOMHUT Npobest Mexny AoknaaoM Kaxonbna u xpoumkoit JId #
Moapaund. Tlop6op marepHana, CTH/Ib u3OXKenus, OGWIHA 3aMbicen H
PaccTaHOBKY 3KIEHTOB CleAyeT PacCMaTpPHBATh HMeHHO Ha ¢oHE yXe
CyIecTByomef 00630pHo# AHTEpAaTYPH, KOTOPYIO 51 B STHX HpHMeyqs
HHAX H NocTapancsd npeAcTabBUTh BO3MOXKHO NOJAHEE,
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NEPBbLIE 50 MUJIJTMOHOB TMPOCTBLIX YHUCET

MHe xoTeqoch OB MOTOBOPHTH C BaMK 06 OZHOA MPO-
6seme, KoTtopas, XOTd caM sI Haja Hed u He pabortad,
BCErja MeHsI Ype3BLIYAHHO IPHBJAEKaJa M KOTOpas ova-
POBBIBaJIa MAaTEeMAaTHKOB, NOXKAaJyd, C JOHUCTOPHYCCKHX
BpEeMeH M L0 HalluX JHeH,— a HMeHHO O mpobJjeMe pac-
npelAesieHHsT NPOCTBIX YHCEJL.

Bawm, KOHeYHO, H3BECTHO, YTO NMPOCTHIM YHCJOM Ha3H-
BaeTcsl OTJIMYHOe OoT 1 HaTypaJbHOe YHCJ0, He jaessiulee-
csi HM Ha KakHe WHBle HaTypanbHEIE YHCNIa, KpoMe 1;
BO BCSIKOM CJjydae, HMEHHO TakKoe omnpeaesieHHe AT
creluaJHCThl MO TeopuH umces. IlpaBnxa, Apyrie mare-
MAaTHKH HHOTAA HCIOJL3VIOT H HHBle onpejedecHud. Tak,
A CHeHmaJ/JuCTa IO TeOPHH (PYHKUMHA NMPOCTOE YHCJIOQ —
STO UeJOYHCJECHHBIN HYJb aHAJNHTHYECKOH GYHKUHH

sin al’ (s)
S

l—" .

. IV
sin —
S

JJast ajare6paucra — 3T0

«XapaKTEPHCTHKA KOHEUHOro MoJsi» ),
nJn

«TOYKA H3 Spec Z»?,
HJIH
«HeapXMMe/[lOBO HOPMHpOBaHHe»d,

1) Cm., nanpumep, Kypowr A. I'. Kypc Bucurefi anreGpsl, — M.;
Hayka, 1968. — IIpum. nepes.

2) Cwm., nanpumep, Jleur C. Aare6pa.— M.: Mup, 1968, — pum.
nepes.

%) Cwm., nanpumep, Kobauu H. p-axuueckme unmcsa, p-apuueckuit
aHanMH3 u Asera-byskuHH, — M.; Mup, 1982, — IIpum. nepes.
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Has cnenmasucra mo kKoMGUHATOPHKE HpOCTHE YHCJA
Onpele/soTCs PeKyppeHTHO#t dopMyJoin [1]1

n
1 -~ 1)
Poy1 = [l - 10g2(’§' + Z Z D; (... p)[ )]
rel 1< < <, g2 ! r—1/ 4,
rae [x]—uenast wacty 4mcsaa x?. U, HakoHell, JIOTHKH
ONpefie/sIOT B HOCJHEJHEe BpeMsl NPOCThIe YHCAA KaK

II0JIOXHATEJAbHEE 3HaYeHts] MHOroUseHa [2]

F(a,b,c,d e f,g,niikLmnopqrstuy,wx,y, 2)
= {k+2} {l—-Wz+h+j—g —~Q2n+tptqg+z—e)
- @y*—~y* +1=-x2)—({e* +2 €%} {u +1)? —0%)?
— 6k +1P k+2} n+1}* +1—f)?
~ ({@+u* —v?a) =1} (n+4dyy + 1 =[x+ cul®)®
— @itk+1—~1—-i?
— gk +2g+k+1} (A +7} +h—2)?
— (16r*y* {a? — 1} + 1 ~u?)?
~@-m+lla—n—1}+b{2an+2a—n*—2n—23y
—~ @z—pm+pla—p?l+t{2ap—p*—1})*
~@—x+ya—p—1}+s{2ap+2a—p? —2p—2})*
— @ P =P+1-m)Y —m+l+v—))°L

Ho a aymaro, BB BIOJHE V/IOBJETBOPeHH HEPBHIM H3
NpUBEleHHBIX MHOH OnpelesieHHH,

HMelorest nBa raaBHBIX (akTa o pachnpeleseHuH
IIPOCTHIX YHCeJ, O KOTOPHIX § 11a/leloCh pacCKa3aTh Bam
TakK, 4TOObH OHM HABEK 3ameyaT/ieJuch B Ballleld maMsITH.
IlepBBifi: HmpOCTHIE YHC/IA, APH CBOEM TaKOM HPOCTOM
onpejiesieHHH W IPH CBOCH DOJH KHPIHUYHKOB, B3 KOTO-
PHIX CTpPOATCS BCE HaTypaJpHHe uHcaa®, sBASOTCA

) Ypesa B KBAZpPATHHIX CKOGKAX OTCHUIZIOT K MPUMEUAHHAM B
KOHHEe SKCKYPCHH.

2) To ectp HAWOOJLIIES [HeJOE YUCJIO, HE IPEBOCXOAAIIEE X, -
Hpum. nepes.

8 Besikoe HaTypaJbHOE HHCAO0, OTVIHUHOS OT 1, MOMKHO mpeacTas
BuTh (H NPHTOM €NUHCTBEHHbLIM O0Opa30M) B BHAE NPOU3BEAEHHHA NPOe
cTeIx uHcen. JlokasaredncTBO M., HanpHMmep, B KHure: Kanyx-«
aae A. A Ochosras Teopema apudmernxd, — M.: Hayxa, 1969, -
Hpum, nepea,
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CAMEIMH Kanpu3HLIMA U YOPsIMBIMYU H3 BceX OOHLEKTOB, BO-
ofblle u3ygaeMbix MareMaTtukamu. OHH pacryT cpenH
HaTYpaJbHBIX 4YHCEJ KaK COpHasl TpaBa, He NOAYHHSACD,
KaXKeTcsd, HHYEMY, KpPOMe cJy4das, ¥ HUKTO HEe MOXKeT
npeiackasarp, e B3OHAET ellle OAHO NIPOCTOE, a, YBH-
lleB YHCJ0, — ONpe/esiHTh, APOCTOe OHO HJAH HeT. py-
rod ¢akr os3azayusaeT emie OOJablLIe, TaK KAK OH CO-
CTOMT B IPSMO HPOTHBONOJIOKHOM YTBePKIEHHH, a
HMEHHO: HPOCTHIE YHCJIa KEeMOHCTPHUPYIOT YAHBHTENbHYIO
pPery/sipHOCTb, OHH NOJYHHAIOTCA 3aKOHaM, U IPHUTOM
C IOYTH NeJAaHTHYHOM TOYHOCTHIO.

YroObl NOSICHUTL MNEPBOe YTBepKJeHHe, 5 HOKAXKY
BaM COMCOK MNPOCTBIX M COCTAaBHBIX YHCEJ, HE MPeBOCXO-
aawux 100 (ra6a. 3), mpudem, 3a HCKJIOUEHHEM YHUC-
Ja 2, npuBeleHbl JHIIL HeueTHHE YHC/JAa, a 3aTeM CIH-
COK NPOCTHIX M3 CTa HATYPaJbHBIX YHCEJ, NpeJLIeCTBYIO-
mux u caeayromux 3a 10000000 (rab6a. 4). Iloaarato,
Bbl COTVIACHTECh, 4YTO HeT $SIBHG BHIHMOH I[PHYHHH, IO
KOTOPOH OZHO YHCJO SBJAfAETCA INPOCTHIM, a Apyroe —
HeT. HanporuB, npu B3IVIsiile Ha 3TH TalJAUUBl BO3HHU-
KaeT oulyuleHwe, OyATO CTOHIIb Ilepel HENOCTHIKHMOH
TauHOH TBOpeHHs. UTO U MaTeMaTHKH KO CHX IIOp ewlle
He PacKpulIH 3Ty TafHy, nOoxaJjyH, Hanbosee y6GenH-
TeJbHO NOATBEPIKAAeT TO yceplAne, ¢ KOTOPHIM OHH H

Tabsuya 3. MpocThie u (HeyeTHHE) COCTABHEIE
yucaa or 1 go 100,

1pocTsie COCTARHME
2 43 9 63
3 47 15 65
5 53 21 69
7 S9 25 75
11 61 27 77
13 67 33 81
17 71 35 85
19 73 39 87
23 79 45 91
29 83 49 93
31 89 51 95
37 97 55 99
a1 u 57
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Tabauya 4. NMpocTHe yKucaa B murepsaaax aauas 1000
caeBa H cnpasa or 10 MHANHOHOB.

MENW Y Mexcny
9999900 n 10000000 | 10000000 ¥ 10000 100

9 999 901 10 000 019
9 999 907 10 000 079
9999 929
9999 931
9 999 937
9 999 943
9999 971
9999 973
9999 991

NOHBIHE HUIYT Bce GOJibiime mpocTtoie. Ilnasi ymces, pac-
TYUIHX 3aKOHOMEPHO, HanpHMep IJs KBaApaToB HJIH
cTeneHell ABOHKH, OBJIO Obl, KOHeYHO, HEJNEHO PAa3bICKH-
BaTb 3K3eMILISAP, NPEBOCXOAALINH Bce H3BecTHHle. [as
IPOCTBIX K€ YuCes, HanpPOTHB, MPHJIAralTCsi rpoMazHble
ycuausi, 9ToGH HMEHHO 3To W cAeaarh. Hanpumep B
1876 r. Jlioka mokasajn, uto yucjo 2!'27— 1 — npocroe,
H 75 JileT OHO OCTaBaJIOCh HaHOOVIBIIMM H3 H3BECTHHIX
NPOCTBIX YHCEJ, YTO HE MOKaXKeTCHd YJUBHTENbHBIM, €CJH
B3IJITHYTb Ha HEro:

2127 — 1 = 170141183460469231731687303715884105727.

Tonbko B 1951 r.—nocne BO3HHKHOBEHHA 3JeKTPOHHBIX
BLIYHCIUTENbHEIX YCTPOHCTB — HaUlId O0Jiblilee MPOCTOE
yucsio. CBeeHUA O CMEHSBIUHX APy Apyra guchiax-pe-
KOpJcMeHax Bil Haiijere B Ta6h. 5 [3]. B macrosiuee
BPEMH pekopacMeHoM sBasiercds 6002-agaunHoe 4Yuca0
219987 1 (a Obl He XOTead €ro 3/echb BHIIHCHIBATH);
CHaCT/IMBYUK, OHO MOXeT TOPAHTBCSI CBOEH cJaBoH !).
Kro coMHeBaeTci B CKa3aHHOM, MOXKET CHPaBHUTHCS B
KHHI'e MHPOBHIX peKopZoB ['mHHecca.

OpHako ropasJo HHTepeCHee BOOPOC O 3aKOHaX, KO-
TODHIM HNOAYMHSIOTCA NpOCTHe yHCjaa. S npuBes Bam

1) C rtex mop 3TOT pekopa GBI HEOJHOKPATHO INOGHT, cM. A0+
GaBacHHe 2 B KOHIE SKCKYpCHH. — ITpuM. nepes,
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Ta6iuya 5. Hauboanmee HIBeCTHOE NMPOCTOE WHCHO.

i 2 qUCIO TOx
UMQPP B | OTKOEITUR] KTO  OTKPHLN
yuone p
2127 -1 39 1876 Jioxa

(2" -+ 1)/17 44 11951 | deppee

114 Q%7 -1 +1 | 41
180 (2127 =1y +1 79} 1951 | Muanep+Yuanep

39 ] 1573 +EDSAC 1

2807 w1 183

2127 — 1 386 ¢ | 1952 Jlemep +Pabuycon
22203 o | 664 + SWAC

228 687

2317 969 1957 Pusens +BESK
24293 —1 1281

Q4423 1 1332 } | 1961 Xypsury, -+ Cenppunac
29689- -1 2917 + IBM7090

29 g 2993 } 1963 I'nannc+ILIAC 2
11218 g 3376

219937 - 1 6002 1971 TakkepMar -+ IBM 360

!

paHee B Ta6Js. 3 CAMCOK IPOCTHIX yncesa Mmexnay 1 u 100,
Ha puc. 1 Ta e mupopmauuss npeacrasieHa rpacdu-
vecku. PyHkuua m(x), o Koropoii Tenepp mofizer peus,
BHIPaXXaeT KOJUYECTBO IPOCTHX YHCEJ, MEHBIUHX HJIH
paBHBIX X; C/eZOBaTeJNbHO, B HYJe OHAa HMEET 3Haue-
Hue 0 M CKaAyKOM yBeJHYHBaeTct Ha 1 B ToUYkax x ==
==2,3,5 1 T. A, T. e. KOTZla X PAaBHO IPOCTOMY HHCJy.
¥Yxe u3 3TOro rpadmka BHAHO, 4TO pacreT mx(x), He-
CMOTPA Ha MaJHe JIOKaJbHbIe KOJe0aHHA, B OOLIEM,
IIOBOJILHO perydasipHo. Ecau ke yBequunth 06J2cTh H3-
MeHennsa x o 50000, To peryJspHOCTH 3Ta CTAHOBUTCH
HaCcTOJbKO OTYETNIHBOH, YTO AYX 3axBaThiBaer (puc. 2).
Ilo-mMoemy, naaBHOCTB, C KOTOPOH IONHHMAETCH 3Ta
KpuBas, CJeAyeT OTHeCTH K YHCIY YIHBHTEJBHEHIIHX
tbakToB MaTEeMaTHKH.

Ho rne 3akoHOMepHOCTH, TaM H YueHHe, KOTODHe
nmuTaloTcs] ee pasragarh. M paHHMit caydad He cran
HcKaovenneM. Herpyauo uadtu sMnupnveckyio dopmy-
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0 50 0e
Puc. 1,

6000 -
5000 |- 7t (x)
40001
3000~
2000

1000}~

X

1 ).q

i I { 1
0 ;0000 20000 30000 40000 50000
Puc. 2.
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J1y, XOPOLIO OMHCHIBAIOLIYIO POCT KOJHYECTBA MPOCTHIX
uncesn. Or 1 go 100 mMmeercsa 25 npoCTHIX YHCeNd, T. e.
yeTBepTh Bcex uumces; Ao 1000 mx 168, 1. e. okojso OJ-
Ho# mectoii; mo 10000 ux 1229, T. e. npuMepHO OJHa
BocbMas. [Ipopmomxkasa souucaenns go 100000, 1000000
M T. I, M Onpeneass KaxXIbH pa3 OTHOLIeHHE KOJHYe-
CTBAa NPOCTBIX K KOJHUECTBY BCEX HaTypaJbHBIX UHCEJ,
OoJyuuM jnauuble, npuBefeHHble B Taba. 6. (Tak ckpoM-

Tabaruya 6.
x 7 (x) x/m(x)
10 4 2,5
100 25 4,0
1 000 168 6,0
10 0600 1229 . 8,1
100 000 9 592 10,4
1 000 000 78 498 12,7
10 000 000 664 579 15,0
100 000 000 5761 455 17,4
1 000 000 000 50 847 534 19,7

106000000000 455052 512 22,0

HO BHINMCaHHBIe B Hel 3HayeHus m(x) moTpeboBasH TH-
cSY 4acOB TPYAOEMKHX BuiuucJjeHui.) BuaHO, 4TO OTHO-
1meHre ¥ K m(x) OpH mepexolie OT JAHHOH CTeleHH je-
CATH K IOCJeAylollell BCe BpeMs YBEJIHYHBAETCS NPH-
MepHO Ha 2,3. MareMaTHKH Cpa3y y3HalOT B uqucie 2,3
gorapupm 10 (pasymeercs, mo ocHoBaHHIO &), B pe-
3yJibTaTe BO3HHKAEeT HpeJNOoJIoKeHHe, Y70

%) ~ e
NpHYeM 3HaK ~ O3HauaeT, YTO OTHOLIEHHE COeAMHEHHBIX
YIM BBIpaXKeHHH C POCTOM X CTpeMuTCd K 1. DTO acuMm-
NTOTHYECKOE PaBEHCTBO, BIepBHie AOKaszaHHoe B 1896 r.,
Ha3bIBaeTCs B HacCToslllee BPeMs 3aKOHOM pacnpedese-
rus npocrotx uuces. I'aycc, BeJHuaflnif B3 MaTeMaTH-
KOB, OTKPHIJ 5TOT 3aKOH B NATHAALATH/JIETHEM BO3pacTe,
H3y4ass Ta6GJHIbl OPOCTHIX YHCeJ, COAepIKaBUIMECH B IO-

JapeHHOHM eMy 3a roj Ao Toro TtalbJuile JOrapupmos.
B TeueHnue Bce#t csoell xku3Hu [ayce KMBO HHTEpecOBaJ-
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C pacnpeiesieHHeM HPOCTHIX YHUCEJ M NPOBOJHJ OOILIHp-
HEe BHIYKCJICHHS AJIA BHISICHEHHS 3TOr0 Bonpoca. B cBoem
nucbMe K Ouke [4] Taycc onuchiBaer, Kak OH «O4eHb
yacTto ynorpebsasf cBoGomHble 4eTBEPTh 4aca, YTOOGBI TO
TaM, TO 3JeCh MNPOCYUTATH XHJAHAAy» (T. €. HHTEPBaJ
B 1000 yucen), u Tak NO Tex HOp, NOKa OH He Halued,
HakKoHel, BCe INpPOCThle, MeHblUIHe TPEX MHJJIHOHOB (!),
H He CPaBHHJ NOJyYeHHBle pe3y/JbTarThl ¢ npeanoJarae-
Mol ¢GOpMyJIOH UX pacnpe/eseHusl.

3aKOH pacmpejesieHUsi HPOCTBIX YHCEJ YTBepXKLaer,
41O (PYHKUHA ;t(X) aCHMOTOTHYECKH (T. €. C OTHOCHTEJb-
Hoii norpeiiHocTeio ) 0%) pamHa x/Inx. OnHako ecsd
Mbl cpaBHEM rpaduku ¢yukuuii x/lnx u nm(x), TO yBH-
JUM, 4YTO, XOTs (yHKUusS x/Inx KadeCTBEHHO H OTpa-
JKaeT noBelkeHHe m(x), HO BcE Ke coryacyercsl ¢ Hei
He C TAKOH TOYHOCTHIO, KOTOpas NO3BOJIMJIa Obl OOBsC-

6000 -
5000 [~
4000
J000 -
2000

1000

_ 1 | ! i ‘jg_
0 10000 20000 30000 40000 50000

1

Puc. 3.

HUTH MJaBHOCTb rpaduxa m(x) (puc. 3). Hrak, ciaeayer
IOCTaBUTHL BONPOC O JyuylieM npubJuxkeHuH. [TocMoTpes
cHoBa Ha Tabauny orHouieHu#i x/m(x), MBl YBHIAHM, YTO
3TO OTHOWIeHHe mMOYTH TOuHO paBHO Inx— 1. IIpoBens
Gosiee THlaTesIbHbie H NOJHbIE BHYHCJAEHHH, JlexaHap
[5] B 1808 r. o6Hapyskua, YTo OCOGEHHO XOpoliee INPH-

1) OTHOCHTENLHON MNOrPemHoCThI0 Ha3bIBASTCS OTHOLEHHE MOAY-
aa (abcomoTHON BeNHYHHBI) pa3HocTH NHPHOAHIKEHHOTO 3HAYCHHA H
TOYHOro SHAYEHHS K MOAVJIO mocaeguero.—— I[lpum. nepes,
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O/MHKeHHe mnoJydaeTcst, €cJHd BhUecTh HM3 Inx He 1, a
1,08366, 1. e.

X
In x — 1,08366 °*

7t (x) ~

Ipyroe ouenp xopoumiee mnpubiuskenue mn(x), BHepBHe
yka3aHHOe ['ayccoM, MOXKHO MOJYYHTH, HCXOAS H3 TOTQ
SMMOUPUUECKH YCTaHOBJEHHOro ¢dakra, 4YTO IJIOTHOCThH
NPOCTEIX BOJIH3H OYeHb OOJBLIOrO YHC/Ja X IOYTH TOYHO
paBHa 1/In x. IlosaToMy KOJIMYecTBO HPOCTHIX YHCes, HE
IPEeBOCXOAAIINX X, HPpUOJU3HTENBHO BhipaxKaercs 4020~
pupmuueckold cymmor

1
Ls(x) =15+ 1:113 T ..

HJIH, YTO NPHMEPHO TO e camoe [6], umrezpasvroim
aozapumon:

1
Inx’

X
. dt
Li(x) = S <.
2

CpapuuBasi rpadpuku Li(x) m m(x), npuBepeHHBle Ha
puc. 4, Mbl BHAHMM, 4TO B pacCMaTpuBaeMOM JHana3OHe

A

6000 |
5000 - ar(x)
4000 -
\Li(x)
3000 -
2000 -
1000
| i t ] ] "g___
0 10000 20000 30000 40008 50000

Puc. 4,

B npefesax TOUHOCTH PHCYHKa OIM IPOCTO COBHARAIOT.
Kaprunky nas npubauskends Jlexannpa He CTOHUT Jaxe
NOKa3blBaTh, TAK KAK B yKaszallHOM JHanasole 3Haye-
HHH X OHO ellle Jy4lle,
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CyulecrByeT enle OKHO npubiauxeHHe ¢GyHKUHH n(x),
0 KOTOpoM f Xoresa OH ynomsanytb. HMccienosanus Pu-
MaHa 0O OPOCTHIM YHCJAM HaBOAAT HA MBIC/Ab, YTO Be-
POSTHOCTb TOPO, YTO O6OJBILIOE YHCJAO X SABJAETCA MpO-
CTHIM, OyIeT ¢ 0oJblIeli TOYHOCTBIO 3afaBaThCAd (PYyHK-
uueid 1/Inx, ecsim y4HTBIBATH He TOJBKO CAMH IpOCTEHIE,
HO B HUX CcTenedu, IpHYEM KBaJpar NPOCTOro YHCNIA CUH-
Tarb 3a HOJIOBHHY TMPOCTOro, TPeThi0 CTeleHh — 3a
TPETh H T. A. DTO HPHBOJHT K CjaelylonieMy npubiauxeH-
HOMY pPaBeHCTBY:

1 |
n()+ga(Wr)+galWx)+... ~Liw,
HJIH, ec/tH «00paTHTb» 3Ty 3aBUCHMOCTH

n(x) ~ Li(x) — 5 Li (Vi) — g Li({/x) — ... [7].

OyHKIMIO, CTOALIYI0 B HPaBOA YacTH MHOCNEZHEro pa-
BeHCTBa, 0603HaguM (B YecTh PuMana) uepes R(x). Kax
pHAHO u3 Taba. 7, OHa mpeacrasnder ©o0OH yznuBH-

Tabauya 7.

X 7 (x) R(x)
100000000 5761455 5761 552
200000000 11078937 11079090
300000000 16252325 16252355
400000000 21336326 21336185
500000000 26355867 2635535817
600000000 31324703 31324622
700000000 36252931 36252719
800000000 41146179 41146248
900000000 46009215 46009949

1000000000 50847534 50847455

TeAbHO Xopowee npubmuxkenue K m(x). UYurarento, He-
MHOIO 3HaKOMOMY ¢ TeopueH (GYHKHHH, MOTLY CKAas3arsh,
yto R(x)— uenas ¢pyHkuus ot Inx, 3anaBaemas 6HICTPO
CXOAALMUMCS CTENEHHKIM pSAIOM

- 1
R(:c)=1+):l ey

(In x)*
nt ?
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rae §(n - 1)— nsera-pynkuua Pumana [8] V.

BnpoueM, HaZo noguyepKHyThb, yTO NpHOAUKeHHs [ a-
ycca u Jlexanapa nast n(x) OblIH noNydYeHbl YHCTO 3M-
NHPDHYECKH W 4710 Jaxe Puman, koropuii npuiuen K
CcBoeH (PyHKUMH R(x) ¢ NOMOIULIO TEOpeTHUEeCKHX pac-
CY>KJeHHH, He J0Ka3aJ acHMITOTHYECKOIro 3aKoHa pac-
npefiejieHHs NPOCTHIX uyHced. IJT0 OGBIO cienaHo (Ha
ocHOoBe HccaenoBanuii Pumana) Jaums B 1896 r. Ana-
MapoM H (He3aBucuMo) Baaae Ilyccenowm,

I xoren 6Hl ellle NMPHBECTH HECKOJABLKO YHCJEHHBIX
MPUMEPOB, MOKA3LIBAOIIHX BO3MOMKHOCTB INpPeACKa3aHUA
¢hakToB 0 mnpocTHIX uHcaax. Kak yxKe GblJIO oTMeueHO,
BEPOSITHOCTh TOTO, YTO YHCJO MOPSAAKA X SIBJSETCH INpO-
CTHIM, NpHOGAN3HTENABHO paBHa 1/Inx; 3to o3nauaer, yro
KOJIHYECTBO IPOCTHIX B HHTEpBaJe AJHHBI @ NOGIH3OCTH
OT X JOJ/IKHO OHITh HPHMEpHO paBHo a/In x, BO BCSKOM
caydyae ecJM [OJHHA HHTepBana JOCTAaTOYHO BeJHKA,
yToObl HMEJO CMBIC/A 3aHHMATbLCA CTaTHCTHKONH, HO I0-
CTATOYHO MaJja 1o CPAaBHEHHIO ¢ Beaudnno#t x. Hampu-
Mep, B HHTepBaJe MeXAY CcTa MHJNHOHAMH H CTa MHJ-
JguonaMu nJatoc 150000, cneayer oXHpath NOSBJEHHS
0k0J10 8142 npocThiX, TaK KaK

150000 150000

T 100000000 — 18457 ... ~ 5142

CoOTBETCTBEHHO BEPOATHOCTb TOINO, YTO ABA 3aJaHHHX
yucjaa BO6MH3H x 00a OKaXyTcs NPOCTHIMH, NPHGJIH3H-
teabHo paBHa 1/(Inx)2 IloaToMy oxXunaeMmoe KoJaHuye-
CTBO NPOCTHIX yucea-6JAu3HEel0B (T. €. Hap npocThiX, OT-
Juyaioliuxca posHo Ha 2, poae 11, 13 uwam 59, 61) B
HHTepBaJe OT X MO0 x-+a TNpPUGAH3HTENBHO PAaBHO
a/(Inx)% Ha camom gene oxHjpaeMmMas BeJHYHHA He-
MHOTO GoJibllie, IIOCKOJbKY €CJH y¥e H3BECTHO, YTO YH-
ClI0 A1 ABJAETCS INPOCTHIM, TO 3TO HECKOJbKO H3MEHSeT
LIaHCH, YTO M n -2 OyJeT NMpPOCTHIM; Hamnpumep, n - 2
B 3TOM CJyyae 3aBefoMo HeueTHO. Hecjoxnble 9BpHCTH-
yecKue paccyxkiaeHus [9] mokasbiBaloT, UTO OXKHIaeMoe
KOJHYeCTBO TIPOCTBIX YHCeJN-OJH3HELO0B B HHTEpBaje

0 C onpepenenveM H CBOACTBAMH [-QYHKUHH MOXHO MNO3HAKO-
MuTbCA, Hanpumep, no kuHre: Turumapmm E. K. Teopus asera-¢pyHK-
win Prmana. — M.: UJI, 1953. — ITpunm. nepes.
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Tabauya 8. IipocTHe H npocTHe-6An3HenH B 8 HHTepBAJAX
mauuas 150 000,

NHCIIO YUCNOo
unTepsan TPOCTEX ITROCTHIX-0NH3HEU OB
oxcunae- cpar{mqe- oxunae~ cpaxmqe-
Moe cKoe Moe CKoe
- -
100 000 000~
100150000 | 8142 | 8154 584 | 601
1 000 000 000—
1000150000 | 7238 | 7242 461 466
10 000 000 000~ |
10 000 150000 | 6514 | 6511 374 | 389
100 000 000 000~ i

100000150000 | 5922 | 5974 } 309 276
1 000 000 000 000-

1 000000150000 | 5429 ¢ 5433 259 276

10 000 000 000 000~
10000 000150000 { 5011 § 5065 211 208

100 000 000 000 000—
100000 000 150000 | 4653 | 4643 191 186

1 000 000 000 000 000~
1000000 Q00150000 | 4343 | 4251 166 161

i{x, x4+ a] pasno Ca/(Inx)?2, rue C — nocrosiHnasi, npH-
6ausutesbno pasnag 1,3 (rounee C = 1,3203236316...).
Tak, mexnay uucaamu 100000000 u 100 150000 mosx-
HOo OmrTh npumepno 1,32 ... X 150000/(18,427 ...)’=
~ 584 mpocrthix unucen-6aH3HeN0B. B 126/, 8 A IpHBOXKY
nonyuyennble Jl:koynszoMm, JIsmom wu Dbaanmonom [10]
HaHHblE O JAEHCTBUTEJNbHOM KOJIHYECTBE IMPOCTHIX YHCEN
H IPOCTHIX YHCeJ-O0JU3HENOB B 3TOM H B HEKOTOPHIX
Ipyrux HHTepBanax TOH Xe NJHHBI OKOJO GOJBLIHX CTe-
neHedl HAecATH. BHAHO, YTO peanbHble 3HAYEHHA OUEHb
XOpOILIO COIVIACYIOTCA € OXHIAEMBIM pPe3yJdbTaTOM. IJTO
OCOGEHHO YIHUBHTEJNBHO HJs1 TPOCTbIX-GJAH3HENO0B, TakK
KaK 1I0Ka He yJnaeTcsa JOKasaTb jgaxce ToT (akT, 4uro HX
6eCKOHEYHO MHOIO, He TOBOPSA yXKe 06 aCHMITOTHYECKOM
3aKOHe HX pacnpeie/icHHA.

B kauecTBe mocjeHEro NpHMepa Ha TEMY O NpeJicKa-
8yeMOCTH CBOHCTB HpPOCTHIX YHCeJ YNOMSIHY ellle Npo-



b4

T it

Gaemy o «nmpoBajaxs» Mexay HuMH, PaccmarpuBasi TaG-
JHIY NOPOCTHIX YHCeJd, MOXHO 3aMeTHTb, YTO HHOTrJa
BCTpedaloTcsa ocob6eHHO GoJiblilie HMHTepBaNBl (HanpHMep,
mexnay 113 um 127), coBceM He ComepiKalliie NPOCTHIX.
[Tyctp g(x)— Aanna nanGoJpliero U3 HHTEPBAJOB MeXK-
Zy 1 n x, He comepxamux npocrhix yucea !, Hanpumep,
JIna x=200 camMbiM AJHHHEIM H3 HHX ABJAAETCA TOJbKO
4YTo YNOMSHYTHIH HuHTepBaa ot 113 mo 127, Tak uro
g(200) = 14. Benuynna g(x) pacTrer, pasymeercs, OUYeHb
HepaBHOMEPHO, OJHAKO HEKOTOpHEe 9BPHCTHUECKHE CO06-
paxenus [l1] npusomsT K acuMnroTHUecKO# dopmyie

g (x) ~ (In x)2,

HackoabkO BCE-TaKH XOpOILIO COTJIacyeTcA € OJKHAaes
MBIM IIOBeJIeHHEM JaXKe 3Ta 4pe3BHYafiHO CHJABHO CKae
yymas QyHKHus g(x), BUIHO H3 PHC. O,

700F
600 |-

500

400}~

300 |-

200}

100}~

D 1 ! 1 ! 1 1 1 1 1 I
1 10 10?7 103 104 105 10° 107 {0% 109 100 10t j012
Puc. 5,

JlO cHX mop s rnaBHOe BHHMaHue yAensla 0G0CHOBA-
HHIO YTBEpXKIEHHA O TOCHOACTBYIOLIEM CpedH IPOCTHIX
gucesl Nopsike, HeXeJqu OOOCHOBAHHIO YTBEpPXKAEHHS 04
HX cBoeBoJuH. Kpome TOro, s elle He MNOKasaJ, Kak

1) O6o3HaueBne NpPOHCXOAHT OT AHIVIHACKOIO gap == DPODYCE,
upoled, paspHB, == Ilpum, nepee,
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gt (x)+ 300} (2) ) W

g7 (o J+ 200 | (l) (1 (1)

v J+100

[

(3)

o - =M1Y"" L A |.'.l ‘ '. ‘1L A J“IM ‘1" -'l' X
1y .

3) (3) ' (3 w W

gt (o) =100t

Puc. 6. Tpadbuku npubnuxenuitr Iaycca (1), Jlexanapa (2) u Pxu-
MaHa (3); 3HAYEHHA X OTJIOXKEHH B MH/JIHOHAX.

Guio 00eniaHo B HA3BAHHH JIEKHHH, MepBhle 50 MHJAMHO-
HOB NpPOCTHLIX, a NPHBeJ JaHHLIE JIHIIb O HECKOJBbKHX
ThHICSIYaX 1npocThix. Tak Bor, Ha puc. 6 rpaduuecku
npeacrasjena (QyHKUHA m(x) B cpaBHeHHH ¢ npubau-
enusaMu Jlexannpa, I'aycca W Pumana npH H3MeHe-
aua x g0 10 munnuonoB [12]; Tak kKak rpacHKkm 3THX
yerpipex (yHKUHA mOYTH cOBMamamwT MeXAy co6of (kak
MBl 3TO y:Ke BHJeJH Ha pHC. 4), To Ha puc. 6 NpusBene-
HHl rpaduKH COOTBETCTBYIOLIHX pa3HOCTEH.

Jymao, yXe oiHa 3Ta KapTHHKA SICHO INOKA3LIBaeT,
yTO OXXHJAAET TOro, KTO pellaercsd H3y4YaTb IpPOCTHIE
gHCa.

Kak sugHO W3 pHCYHKa, npuOauxenne Jlexkanppa
x/(Ilnx— 1,08366) npu HeOGosbIMX X (DpHMEpPHO JoO
1 MHJAJHOHA) 3HAYHTEJIbHO TOYHee NpHOAHXKeHHs [ayc-
ca Li(x), onHako HaynHadg ¢ 5 MHJJMHOHOB TOYHee CTa-
HoBHTCS Li(x) M MOXHO NMOKa3zaTh, YTO ¢ AaJbHeHIIHM
POCTOM X 3TO CTAaHOBHTCH BCE BEpHee.

Ho 10 MunmnonoB umeerca npumepno 600000 mpo-
cTHX uHced. Yro6H mnpeacTtaBHTh Bce ofeljaHHLIE
50 MHJ/JIHOHOB IpPOCTHIX, CJAeRAyeT noitH no 1 muaauap-
na. I'paduk pasuocra R(x)—m(x) B 3TOff OGaacTu mo-
kKa3an Ha puc. 7 [13]. KonebGanusa bynkuuu R (x)— m(x)
CTAHOBATCA € POCTOM X BCé Oo/siee CHABHEIMH, OJHAKO
He NPeBOCXOJAAT HeCKOJbKMX COTeH faXke HpH TAakKHX,
NOUTH HeBOOOpa3sHMO GOJIBIIHX X.

31echb MOXHO YHOMAHYTH ellle oauH (akT O ¢yHk-
nad n(x). Ha puc. 6 npu6muxenne I'aycca Li(x) Bcio-



600}~
300

-300

Puc. 7. Tpaduk pasnoctu R(x) — x(x)
Ha uHTepBane 0 << x << 1 000 000 000.

ny Goasie n(x), U 9TO OcTaeTcsi CupaBelJHMBEIM H IO
1 muaamapfa, Kak ABCTByer H3 puc. 8 (Ha KOTOpOM
JaHHbIe OTJOXeHH B JorapudMHYeCKHX MWKaJjgax!l),
[Tocnennu#t rpadgHg, HECOMHEHHO, CO3LaeT BIeYaTJICHHE,
4YTO pa3HocThb Li(x) — m(x) ¢ pocroMm x crpeMurca K Gece

20004-

1600

J00 |-~
- Lix)-mr(x)

200~

100 } 1 1 l 1 1 1 | :_;x
10 20 30 30 70 100 200 J0e 1000

Puc. 8. 3nauenns X oTJIOKEHH B MHJIHOHAX.
KOHEYHOCTH, T. €. YTO HHTerpaJbHuiil Jorapupm Li(x)]
NPUHIHNHAJBHO NEepeolleHHBAaeT KOJHYECTBO MPOCTHIX, HE
npepocxopsAwMx x (M Tak Kak R({x) Bcerza MeHblue
Li(x), T0 310 COOTBeTCTBOBAJNO OBI YTBEPKIAEHHIO, YTO

1) To ecTh no ocaAM oOTJOXKenn (B BHOpaunoM wMacurtabe) He
CaMH 4HCJ8, 8 HX JorapHdMH, — ITpus. nepes.
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R(x) naer ayuymee npubauxenne, ueM Li(x)). Oxnaxo
Jesio OGCTOHT HHaye. MoOXHO JI0Ka3aTh, UTO CYUIECTBYIOT
TOYKH, B KOTOpPHIX 7(x) H3MEHAETCA HACTOJBKO pE3Ko,
uYTO CTaHOBHTCA GoJblue Li(x). Takue uucaa po cux mop
He HaHAEHH H, MoXeT GbITb, HHKOrga U He GyAyT Hafi-
JeHul, HO JIMTT/IBym moKasas, YTO OHH CYLLEeCTBYIOT, a
Ckbio3 [14] ycranoBua paxe, YyTO OANO H3 HHX He mpe-

BOCXOOHUT

10101034

(ITo noBoxy sTOoro umcaa Xapian 3amMeTHJ, YTO OHO, I1O-
XKanyh, Haubosbllee H3 BceX, Korjaa-aubo CAYXKHBIIHX
B MaTeMaTHKe Kakoi-HubGyap onpejeneHHod ueau.) Bo
BCAKOM CJy4ae, 3170 yOeAHTENbHO NOKa3HBaeT, Kak He-
pPasyMHO Jesath BHBOALI O CBOHCTBaX HPOCTHIX, OCHO-
BHIBASICh TOJILKO HA YHCJEHHHIX JaHHHBIX.

B nocaeaneft yacta Moero cooflieHHs 1 X04y pac-
CKa3aTb O HEKOTOPHIX TEOpeTHUECKHX pe3yJabrarax, Ka-
cawwuxcd n(x), 9To6H y BaC He CJOXKHJIOCH BHeyaTJje-
HHe, 6YATO HCCJeN0BAHHA NO MPOCTHIM YHCAAM CAeAyeT
OTHECTH HCK/IIOYHTENBbHO K 006J1acTH IKCNepHMeHTaJNbHOH
MaTeMaTtHkH. HenmocBamenHoMy MoxKeT 10Ka3aTbCs, 4TO
CBOHCTBO YHCJA OLITh IPOCTHIM CJHIIKOM CJAYYaHHO H
MCKJIIOYAaeT BO3MOXHOCTb JOKa3aTeJbCTBa KaKHX-Jubo
(aKTOB O TAKHX YHCJAAX. DTOT B3rIAL OHJ ONPOBEpPTHYT
yxke 2200 Jjer ToMy Hasaf OBKJHAOM, AOKa3aBLIHM CY-
1eCTBOBaHHe GECKOHEYHOTO MHOXKECTBA NPOCTHIX YHCeJI.
Ero paccyxzenune yknaasiBaercad B onHy ¢pasy: ecjau 6ul
HMEJIOChb JHIUb KOHEeYHOoe€ YUHCJIO HNPOCTHX, TO MOXHO
ObiI0 6Bl MX NepeMHOXHTh H, NpHOABUB ENHHHLY, MOJY-
YHTh YHCJO, KOTOPOEe He JENHTCS HH Ha OXHO NPOCTOE,
4yTO HeBO3MOXHO. B 18-M B. Dilnep nokasaa 6ojiee CHJIb-
HOe yTBEpIKJIEHHe, a HMEHHO YTO DSZ, COCTABJEHHHIH W3
BEJHYHH, OOPDATHHX NPOCTBIM, PACXOMHUTCH, T. €. €ro yac-
THYHBIE CYMMBL!) CTAHOBSITCH C POCTOM KOJIHYECTBA CJlas

1) To ecTh CyMMBI
1 1 | 1
stz tg+-.. +;;.

Tle Pa— 2TO N-€ NPOCTOE 4HucJO0. — Ilpus. nepes.
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A
-

raeMuix 6oJble Jo60ro sajaHHoro uuncaa. B ero (rak-

JKe ouyeHb npoctoM 1)) nokasarenbcrBe Gbljia HCIOJNb3O-
BaHa (pYyHKUHA

C(S)=1+2ls+ 3ls+---s

poJbL KOTOpOH ans H3yuyeHus m(x) Oblla HOJHOCTBIO
OllEHEHA JIHIIbL No3aHee, Gaaropaps paboram Pumaua.
B 3Tolf CBA3H CTOHT OTMETHTB, 4TO, XOTSl CyMMa BeJH-
yuH, O6GpPaTHHIX BCEM MpPOCTHIM, OCCKOHEeYyHa, OJHAaKO
CyMMa EB€JHYHMH, 006paTHBIX BCE€M H3BECTHBIM MPOCTHIM
(1. e. npuMepHo mnepBhiM 50 MHAAHOHAM), MEHblle 4e-
teipex [15].

Tonbko B 1850 r. YebnméBy ynanock creisarb nep-
BBRIfI Iar K J0Ka3areJbCTBY 3aKOHA pacnpeneseHns
npocTHX uucea [16]. On mokasaJ, YTO NpH XOCTATOUHO
60JbILIHX X CIpaBefJIHBa OLEHKA

X
0,80 — < 7 (x) < 1,11

X
Inx’
T. €. YTO 3aKOH paclipefejeHHsT NPOCTHX YHCEJa Clpa-
BeJHB C OTHOCHTENBHOH INOrpellHOCTbIO, HE NPEBOCXO-
namen 11'%. Ero nokasarenbCTBO, HcnmoJgb3yiouiee Gu«
HOMHaJbHble KO3 (HUHEeHTH ), TaK KpacHBO, YTO fA He
MOTY YCTOfITh Hepel HCKYLIeHHeM IIPHBECTH ero ympo-
IMenHBIH Bapuant (pasyMeeTrcs, BBHAY 3TOr0, ¢ HECKOJb-
KO XYAWHMH NOCTOSTHHBIMH).

[TokaxkeM, YTO BBINOJIHAETCA TaKas OUEHKA CBEpXY:

n(x) < 1,7 2~

Inx*®

Ona HenoCpeACTBREHHO mposepserca Aaa x << 1200. By-

$) CoBceM 3/eMeHTapHOE MO0Ka3aTeJbCTBO MOXKHO HafiTh, Hanpi-

mep, B kuure:. driom A. M, fArmom H. M. HesnemeHrapHuie 3a-
Nayd B SJeMEHTapHOM Hu3JoXeHHH. — M.: Tocrexuspar, 1954, —
ITpun. nepes. '

2) Ilo noBomy onpefeiieHHs W HCOOAL3YEMBIX B JajbHellleMm
CBOMCTB OHHOMHANBHHIX KO3QQPHUHEHTOB CM., HampHMep, xuury: Bu-
aenkun H. fI. KomOnmaropuka.— M.: Hayka, 1969. Hapsany c¢ mc-

n
NOJNIE3yeMBM aBTOopoM 00o3HayexHeM (m) Jis  OHHOMHAJNBHHIX

xosdduuuenToB ynorpebaserca Ttakke oGo3mayenne CI', — ITpum.
nepeas,



TIEPBBIE 50 MHUJLNTMOHOB MPOCTLIX UHCEJ 59

[

AeM pacCy:AaTb IO MHAYKUHAH!) W OPEANONOXKHM, YTO
Halla OLeHKa JoKasaHa AJsd Bcex X < n, PaccMorpum

i} 2n
«IEeHTpPadbHHE® OGHHOMHANBHHHA KO3 (PHUHEHT n )

INockonbky

g (14 =0 )+ () o

+(2:)++(22,z)

oH, GeaycaoBHO, Menblie 2%°, C apyro#i cTopomusl,

2n 2n)t  2n)-(2n=—1)-...-21
n) W) (a{a—1- 217"

Kaxnoe npocroe YHC/AO p, MeHblllee 27, BXOOHT B YHC-
JIHTeNb, MO, ecJIH p OOJblIe 1, HE BXOAUT B 3HaAMeHa-

2n
tenb, [losTomy (n) HeJHTCA Ha Kaxkgoe IpPOCToe,
Jexkaliee Mexay n u 2n: 2

Il »

(7)
n<pin n

B npoussesennn ciaesa n(2n)-——x(n) comMuoxurenes,
KaXXAHH H3 KOTOPHX 6oJblle 12, TIO3TOMY

2n
n- (2n]“ﬂ(n)< ]:[ p g( " ) < 221:.

n<p<2n
[NposorapudmMupoBas, NOJYUYHM
n(2n) — n(n) < 202 < 1,39 1,

CorjlacHO NpeANOJNOXKEeHHI0O HHIYKUHH, TeopeMa BepHA
andA n, T. €,

n(n) < 1,7

lnn*

) C oTHM METONOM MO3KHO IO3HAKOMHTBHCSH, HAnpPHMEP, N0 KHH«
re; Comnpckuii Y. C. Meroa maremaTHyeckoii mHAYKUHH, — M.: Hay-«
Ka, 1974. — pum. nepes.

2 3amuck blg o03HauaeT, gro 4 Haueno AeAHTCA ga b, — ITpus,
nepeas,
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CxnanbiBasi JBa NOCJEJHHX HepaBeHCTBA, HAXOAHM, HTO

n(20) < 3,09 n < LT gy (> 1200),

T. €. TeopeMa BepHa u aad 2n. Tak kak
n(2n+ 1) <n(2n)+1<3,09 =+ 1< 1,7 ln2(;n++ll)

(n > 1200),

TO OHa CrpaBelauBa H aas 2n - 1, yem H 3saBepluaercs
Wwar HHAYKIHH.

JAd noJyyeHHA OUEHKH CHH3Y HaM IOHaXOOHTCH
cjJepylomas npocrasg JeMma, KOTOpas JIErKO BLIBOLHTCSH
M3 H3BECTHOH (OpMyJH AJs1 I0KasarteJs CTelleHH Ipo-
CTOr0 YHCJA, ¢ KOTOPHIM oHO BXoauT B nl [17]:

JIEMMA. Ilycre p— npocroe wucao. Ecau p®p — Rau-

n
b6oabluan crenexs p, KoTopas 8Xo0uUT 8 ( 5 ), TO

p°r < n.
CJIENCTBUE. Hxaa atobozo bunomuassrozo xo3gu-

n
HueHTa

L ) cnpasedausa oyeHKa

(3)= 11 o<

pn

[1puMeHHB yTBEpKIEHHE 3TOro CJASACTBHA KO BCEM
OUHOMHAJIBHBIM KO3(dUNHEeHTaM ¢ 3aZaHHBIM 72 H CJO-

JKHB MOJIyYeHHEIe HEPABEHCTBA, HAHAEM
n

r=(1r=Y () <@+D.mo

k=0
HJIH, [ocJe JiorapudMHEpoBaHuA,

nin?2 In(n-+1) 2 n
n) = G o > 3. (r>200).

B sak/jouenne S XO4y cKa3aTh HEeCKOJBKO CJIOB O pe-
syabrataXx PuMmana. Xora PuMaH # He 10Ka3al acHM-
ITOTHYECKOIO 3aKOHA pacrnpelesieHHs IPOCTHX YHCed,
3aTo OH cAejiaJ Heuto ropasno 6oJiee YAHBHTEJIbHOE —
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najn Tosnyro dopMmyay aas m(x). Ita $opMyna Bbirasg-
JUT TaK:

n(@)+5n(Vi)+zax)+...=
=Li(x)— ) Li (xp)
o

rZe CYMMHPOBAaHHe HJIeT IO KOpPHAM j3eta-QyHKUHH
E(s) [18]. Kopuu atH (IOMHMO TAaK Ha3HIBAEMBIX «TDH-
BHAJbHHX KOPHeH» p=-—2 —4 —06, ..., BKJaJIOM KO-
TOPHX B 0O0llyl0 CyMMY MOXKHO NpeHebpeyb) ABIAAIOTCA
KOMINVIEKCHBIMH YHCJAMH C BellleCTBEHHOH YacThblO, 3aKJI0-
yennofi Mexay 0 v 1; mepBoie 10 U3 nux Takosm [19]:

2!

pr=2+ 141347250, Fy =L 14134725,

P2 =2+21,0220405, By =2—21,022040 4
ps =+250108561, By =2 —25,010856
pa=7+304248781, 5y =%-——30424878f
ps =5+32,9350571, By =—32,935057 1.

Jlerko moxasarhb, YTO BMeCTe ¢ KaXXJAbIM p B YHCJO KOp-
Hell I3eta-OyHKIHH 00653aTeJbHO BXOAHT H KOMIIJIEKCHO-
CONpsI3KEeHHOe ¢ HHM YHCJ0. A BOT 3HaAMEHHUTAsd THIOTE34
PuMaHa, yTO BellleCTBeHHAs YacTb KOPHA BCErfa B TOY-
HocTH paBHa 1/2, enfe HuKeM He JOKa3aHa, XOTA ee JO-
Ka3aTeJhCTBO HMEJO0 OBl AJISI TEOPHH IIPOCTHIX YHCEJN B
BHICWIeH creneHH BaxkHoe 3HaueHue [20]. B Hacrosuiee
BpeMsi THNOTe3a NpOBepeHa s 7 MHJJIHOHOB KOpHEH.

C nomombio BBeaeHHOW BHIIe ¢yHKIUH R(x) ¢op-
myay Pumana MOXHO 3allHCaTh B BHAE

n(x)=R(x) — };. R (x°).
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3T0 JaeT B KaueCTBe k-r0 DPHOGJHKEHHA K 7(x)
QYHKLHIO

Rp(x)=R(x)+Ti(x)+ T2 (%) + ... + Tr (%),

rne T, (x)=— R{(x°?) — R (x°7) — cnaraemoe, orBeya-
oliee n-# nape kopHeil nsera-¢pyukuuu; 7,(x) npu Jaio-
OoM n SIBJASETCS TJIAAKOH OCHUMJAJUpPYIOLledl (QyHKIHEH
or x. 'paduxu T,(x) njast mepBHIX 3HAUEHHl 71 TTOKA3aHEI
Ha puc. 9 [21]. Bmecre ¢ Tn(x) B Ri(x) saBasercs
raagkoil pyukuueir npu jiobom k. C poctom & 3T1a OyHK-
nuda nproanxkaercs x s(x). Ha puc. 10 u 11 npusenens
aafa uaaoctpanuu rpaduke 10-ro m 29-ro anGJIH}Ke-
HHfi, 4 eCJH CPaBHHUTb 3TH KpHBBIE ¢ rpadukoM g(x)]
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Ha uurepsade or 0 mo 100 (cm. puc. 1), 70 moaydHTCH
KapTHHA, NpecTaBiennas Ha puc. 12,

¢ mapmeroch, YTO TIOC/Je MOEIO paccKkasa y Bac OCTa-
JIOCh HEKOTOpOe BII€UaTJEHHE O 3aMedaTe/bHOH Kpacore
NPOCTHX YHCEA H O TeX HEHCUHCIHMHX CIOPNpH3aX, KO-
TOpble OHH HaM FOTOBSAT,

25]“—

15

10

Tipumeuauus

[1] J. M. Gandhi, Formulae for the n-th prime, Proc, Washington
State Univ., Conf. on Number Theory, Washington State
Univ., Pullman, Wash., 1971, 96—106.

[2] J. P. Jones, Diophantine representation of the set of prime
numbers, Notices of the AMS 22 (1975), A-326.

[3] K TomMy uTo Tak MHOro u4ucel M3 3TOr0 CNHCKA HMEOT BHA
M. = 2% — 1, cywmecTtByer BecKas INpHUYHHA: COIJIACHO OAHO#
teopeMe, Bocxoasuueii K Jlioka, uncio Me (B = 2) torpa u
TOJMBKO TOTAA HMBJAAETCS OPOCTHIM, KOTAZ OHO JENHT WYHCHO
Lg.4, tne uncna L, onpeaensioTrcsl peKyppeHTHHIM COOTHOMIG-

miem: L,=4, L, ,=L>—2 (rak uro L, =14, L;== 194,
L,= 37634, ...) B, taksm o6pasoM, npoctory M, nposeputsh
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[4]

[5]
6]

[7]

SHAYHTEJIbHO Jierue, 4eMm INPOCTOTY ADPYTHX usAcesa TOro Ke Io-
paaka. Ilpoctoie BHaa 2% — 1 (B srom cayuae & camo o0643a-
TENbHO AOMKHO OBITb IPOCTHIM) HA3LIBAIOTCA INPOCTHIMH 9HC-
aamu Mepcenra (no HMmenn (GpaHIy3CKOr0O MaTeMaTHKa, KOTO-
puii B 1644 ykasan B Oonbuied cBoedl 4acTH BEPHBIA CIHCOX
BCeX TakMX MpocTblx, Menbiinx 107%). Yucaa Mepcerna urpaior
BAXHYIO POJIb M B HEKOTOPLIX APYrix INpoGreMax TEOPHH Yil-
cesa. IBKJINL 06HApyKHI, UTO €C/H yHclao 2P — 1 — mpocToe, TO
yncsno 2°-1(2° — |) aBiasercs «COBepLIEHHBM», T € PaBHO CyM-
Me CBOHX COGCTBeHHHX! peauntenen (Hanpumep, 6 = 1 42 4 3,
28=14+2444F7+14, 456 =14+24+446-4 16431 4
-+ 62 4 124 4 248), a Diinep aoxa3an, YTO BCE YCTHBIE COBEp-
LIeHHble yYyHCJAa HMeXT ykasagHu#t BHA. HenssecTHo, cyuie-
CTBYIOT JH BOOOUle HeYeTHLIE COBCPIUEHHEIE YUCJAA; BO BCAKOM
cllyyae, TaKHe UHC/JAA A0JKHL ObITb Ooabme (0199, KMwmeercs
poBHO 24 3HaueHnn p << 20000, npu koTOpHIX HHCAO 2P — | —
npocroe.

C. F. Gauf, Werke, I1, 1872, 444—447. OGcyxXaeHne HCTOPHH
BOmpoca O NPpHOMMKEHHAX w(X) CM., HampHUMep, B CTaThe

L. J. Goldstein, A history of the prime mumber theorem, Amer.
Math. Monlthly 80 (1973), 599—615.

A. M. Legendre. Essai sur la théorie des Nombres, Paris,
1808, ctp. 394.

Tounee, uMeloT MecTo HepaBeHCTBa

Ls(x) — 1,5 << Li(x) << Ls(x),

T.e. pasHocTb Li(x) u Ls(x) orpanuuena. OT™MeTHM, 4r0 B Ha-
cTofulee Bpemsl MHTErpajbHulii jgorapudM OOLIMHO ITOHHMAETCs
B CMbIc/I€ IVIaBHOrO SHAYEHHS:

& Cat  Foa
ll(x)--'=P.V.S-1-ﬁ-{=e].i_,}n0 S 7 S = )
0 0 1+e

OJHAaKO 3TO ONPCAC/ACHHE OTJHuYaeTCA OT IIpHBeACHHOTO B TEKCTE
JIHIIL Ha KOHCTaHTY.

n
Ko>dduuuent npu Li('\/x) onpejengercs caegywum o6-

pazoM: OH paBeH -1/n, ecin n ecTh IIPOH3BEAEHHE UETIHOrO
yHcJla pa3/IHUHBHIX NPOCTHIX, paBeH — l/n, ecJH M — NpOH3Beje-
HUE HEeY4ETHOrO YHCJIa pa3JHuHbIX NPOCTHX, H paBeH 0, ecaH
n AeJHUTCA HA KBAJPAT KAKOro-HUOYAL IPOCTOro.

[8] DTy dyuKkuUHIO MOXKHO NpeACTAaBUTh H MO-APYTrOMYy:

¢ (nxtat
R"‘)“‘(S TG+ DLAFD

1) Cm. noacrpounoe mnpuMmeuasne Ha crp. 11, — Ipum. nepes.
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[9]

[10]
[11]

[12]

(£(8) — nzeta-byuxuua Pumaua, I'(s) —ramma-dyukousa) Hau

2nx _0_,,3 __2___ 4 3 _._.._.._6 5
R(e )—rﬁ{ng+3B4x +5Bﬁx +"'}=

3 3 25_2 5
mn{12x+40x + 5% -I—}

(Br — 2170 k-6 uncao DBepHyniH, 3HaK == O3HAYaeT, YTO pa3«
HOCTh COeJUHEHHLIX TAKHM 3HAKOM BBIpaXKEHHH CTpeMHTCA K 0
¢ pocroM x); o0a mupeicraBieHds ykazag Pamauymaxkad, Cw,
H. G. Hardy, Ramanujan: Twelve Lectures on Subjects Sug-
gested by His Life and Work, Cambridge University Press,
1940, ra. 2.

A nvenHo: a4 uaphl (m, n) cAy4afiHO BRIGPAHHLIX YHCEN Be«
POATHOCTL TOTO, 9T0 m H 1 00a HE cpaBHHMLI ¢ 0 N0 MOAYyJIO
pY, oueBuaHo, paBua ((p— 1)/p)%, a Ana oamoro ciayvaiiHO
BLIOPAHHOrO YHCJAA N BEPOATHOCTHL TOrO, 4YTO 7 H n -+ 2 o6a He
cpaBuuMbl ¢ 0 mo wmoaymo p, paBHa 1/2 npu p=2 n
(p—2)/p npu p == 2. IlosToMy BEpPOSATHOCTL TOrO, YTO N H
n -+ 2 npenacraBAsior coboi mapy <«KaHAMAATOB B NIPOCTHIE IO
MOAYJJO p», OTJHUAETCA OT COOTBETCTBYWOILEH BEPOATHOCTH AJIA
JBYX HE3aBHCHMBIX YHCEJ M M N MHOXHTEJEeM

p—2  p?
p (p—1)
NPH p % 2 ¥ MHOxMTeneM 2 umau p = 2. Takum oOpasom, HH-

TepeCcywlas HAC BepOATHOCTE OTJHYRETCA OT YyKasaHHO# B
TEKCTe HaJHuHeM MHOXKHITENs

_ pP—2p _
c=2 ] e T = 132032
p>2

p— npoctoe

Heckoipko 60see TIATENLHO 3TH PACCYXKAEHHA NPOBeACHH B
KHHre:

G. H. Hardy, E. M. Wright, An Introduction to the Theory of
Numbers, 5th ed., Oxford, 1979, § 22.20, crp. 371—373.

M. F. Jones, M. Lal, W. I. Blundon, Statistics on certain
large primes, Math. Comp. 21 (1967), 103—107.

D. Shanks, On maximal gaps between successive primes,
Math. Comp. 18 (1964), 646—651.

I'paduk g(x) IOCTPOEH € HCNOJB3COBaHHEM TabauL, npuBefeHs
HHX B CJAeAyIOIHX paborax:

L. I. Lander, T. R. Parkin, On lirst appearance of prime dif<
ferences, Math. Comp. 21 (1967), 483—488.

R. P. Brent, The f{irst occurrence of large gaps hetween suca
cessive primes, Math. Comp. 27 (1973), 959—963.

Hauuuie aas T0oro rpadHka B3sATH H2 TAGAHIE HPOCTHX YHCEs]
Jlemepa:

1) To ectp He Aenasrca HaA P, — [pum. nepee,
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D. N. Lehmer, List of Prime Numbers from 1 to 10006721,
Hafner Publishing Co., New York, 1956.

[13] Dror H ciaexyiomufi rpadEKH NOCTPOGHH NO 3HAUEHHAM t(X),
NpHBEJEHHLIM B CTAaThe
D. C. Mapes, Fast method for computing the number of pri-
mes less than a given limit, Math. Comp. 17 (1963), 179—
185.
B otnuune or papuex Jlemepa, HCIOAbL30BAHHLIX HPH NOCTpOE-
HHH npejsaywero rpaduka, 3TH 3HAYEHHS BEIYHUC/ACHH 10 OJ-
Ho#l 3 opMys m(x), a He IyTeM HEMOCPEACTBEHHOTO NOACYETA
HPOCTHX, HE NpPEBLIAIOINX X.

[14] S. Skewes, On the difference m(x) —Ii (x). I, J. Lond. Math.
Soc. 8 (1933), 277—283.
IlpuBencunyio oneHky Ckbio3 cnepBa A0Kasal B Npealosoxe-
HHH cIpaBeAnuBOCTH OOcyXgaeMoii jgaJsiee B TEeKcTe TIHIOTE3bl
Pumana. Yepes 22 roga on xe:
S. Skewes, On the difference m(x) —1li(x). II, Proc. Lond.
Math. Soc. (3)5 (1955), 48—70.
HE HCIOJbL3VA STOH THIOTE3H, A0Ka3aj, 4TO CyllecTsByer X, He
npeBocxojfuiee (eme HaMBoro OoJbliero) 3HaueHHS

1010964
10 ,

Jnas Kotoporo ;(x) > Li(x). Dra rpanmna OGwa 3aMeHeHa

KosnoM u Mefixpio Ha 10109297 a Jlemasom:
E. Lehman, On the difference m(x) —li (), Acta Arithm. 11
(1966), 397—410.
Ha 1,65-101185 Jleman pxaxe mokaszan, uro mexay 1,53-101183
H 1,65:101185 ymeerca HHTEpBAJ, cOAepXAalLHii IO MeHbleH
mepe 10°% yycen, Ha xotopoM m{x) OGoawme Li(x). CormachHo
ero HCCHEAOBAHUAM, OueHb BePOSATHO, 4YTO HMEETcH UHCIO X,
6auskoe x 6,663-10%7% ana xoroporo m{x) > Li(x) m mer hu
OJHOro uHcsaa, MeHbiero 10%, ¢ teM e cBOHCTBOM.

[16] Boo6me, uMeeT MecTo COOTHOLIEHHE (IpeanonoxeHHoe B 1796 r.
I'ayccoM u pokasannoe B 1874 r. Meprercom):

Y % —=lInlnx+ C+ e (x),
p<x

rae e(x) -0 npu x-—>oco m C— KOHCTAaHTA, NPHOJIH3HTE/ILHO
papnas 0,261497. 910 BuipaxeHne npd x = 10° Menbwe 3,3 H
Jaxe TpH x = 1018 eille He NPeBOCXOIHT 4.

[16] IT. JI. Yebouués, Recherches nouvelles sur les nombres pie-
miers, Paris 1851, C. R. Paris 29 (1849), 397—401, 738—739.
CoBpeMeHHOE H3JIOXKeHHe JAOKasaTtesabcTBa YelwllléBa Ha He-
MEIKOM f3bHIKe CM. B KHHre 1):

W. Schwarz, Einfiihrung in Methoden und Ergebnisse der
Primzahltheorie, BIl-Hochschul-Taschenbuch 278/278a, Mann-
heim, 1969, § II. 4, cTp. 42—48.

1) Ha pycckoM cM., nanpumep, Byxmraé A. A, Teopus auces. —
M.: ITpocseuienve, 1966,
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[17]

[18]

HaunGonbwasn crenewy p, Koropasa ageaur n!, ectp P
¥ 4
(5171
P >

rae [x] o6o3xagaer Leayio YacTh YHCJIA X — HarGOIBLIES ULNOE,
He [PeBOCXOAsillee X; [HO3TOMY B OGO3HAYEHHSIX JIEMMBL

o= T - (-1

J",;.tl

B srofi cymme xkaxjoe craraemoe pasno O, uam 1Y, npuuem
sasejoMo passo O upwu

Inn
re Imp
(Tax Kak rorza [n/p’] == 0). 3uauur,

inrn
t”“g[ln p.l’

OTKYJa H CJIe[yeT YTBEpXKAEHHE JIeMMEL
Ykasandoe paHee onpejedenne {(s) B Buiae psaa

1 1
1+_§§+"3_s+“'

HMeeT CMBICH JIHIUbL TOrja, KOJAa § — KOMIJIEKCHOEe YHCJI0, Belle-
CTBEHHAasi 4acTh KOTOporo OoJbtie 1 (W60 TOMLKO NpH TaKOM
yciaoBuu pAA Gyaer cXOpsiiHMCA), H B 9TOH obJaacth {(s) He
HMeer Hyaed., PyHRUHIO [(S) MOXHO, OAHAKO, AOONPEAE/THTH
JJI% BCEX KOMILIEKCHBLIX YHCeJl H paccMaipHBaTb €€ KOPHYM B KOM-
nneKcHOH naockocTH. Pacwmpenue o6sactv onpeaenenus {(S)
Ao mnoayniaockoctH Re(s) > 0 nonygaerca ocoleHHO NPOCTO,
€CJIH BOCIO/b30BaThcA clpaBeddHBHM NpH Re(s) > 1 rToxae-
CTBOM

(1=29)2() =14 ot a5 + ...

11 1 11
...—2(23+4S+63+... =1~ r + 55 — o

H 3AMETHTb, 4T0 CTOAMULIA cnpaBa psijg CXOAMTCA NPH BCEX S,
HMEIOUIHX MOJICYKIITeAbHYI0 BelecTBeHHyw yacth. OTcioia Jerko
BblBECTH, YTO «HHTEpECHbIe» KOPHH A3eTa-(PyHKUHH, T.&, KOPHH
Buaa o == f iy, 0 << P < 1, sajgaorca AByMSl ypaBHEHUAMH

i _nn—1

Z-(-—l-%—-—-cos(ylnn)=0,
n

n=l

TY I

ZL—%—sin(vlnn)=0.
n

n=1

D CM. rav e,
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Psaa no kopHaMm p B dopmyse Pumana cXoaMTcs 1ueabcoJoTHO,
H TOITOMY €ro WICHbl CJAEAYET pachnoJaraTb B HaAJeKalLeM
nopsaxe (mo Bospacraliio aGco/oTHoro 3Hadenus Im{p)). Ha-
KOHE, OTMeTHM, uTo Tounas dQopMysa ajad m(x) Obla HafigeHa
Pumanom ewe B 1859 r., a nokazaga MaHroapaToOM JHUibL B
1895 r.

[19] DTu kopuu yxe B 1903 r. Buiymcana I'pam:

I.-P. Gram, Sur les zéros de la fonction {(s) de Riemanm,
Acta Math. 27 (1903), 289—304.

OvueHp ynayHoe HS3JIOXKEHHe TeOpPHH A3era-QyHruuH Pumana H
MeTOAOB BLIYHCJIeHHS €e HYJeH naHo B KHHle:

H. M. Edwards, Riemann's Zeta Function, Academic Press,
New York, 1974.

"[20] A umewno, u3 runmoTesni Pumana BHTeKaeT CleAyiOllee yTBEp-
XKaexHe (Bepio M oGpaTHOE): MOrpelIHOCTh NpHOaHKeHHus Tt(x)
¢bynxuueit Li(x) ne mpesocxoaur Cx'/%In x, rae C — nexoropas
MOCTOMHHAS; B TO M€ BPeMs REeH3BeCTHO, MeHbLIe JH 3Ta IO-
TPEIIHOCTDL X° NpH KakOM-HEOyab ¢ << 1.

[21] DTOoT rpaduk, Kak H TpPH NOCASAYIOUIHX, 3aMMCTBOBAH H3 pa-
GOTHI:

H. Riesel, G. G6hl, Some calculations related to Riemann’s
prime nuinber formula, Math. Comp. 24 (1970), 969—983.

Jo6asaenue

Tax xak npuBejeHHHl BHIIE TEKCT, NpeACTaBAAO-
Ui cobolt TOUHYIO 3allHCh MOeH BCTYNHTEJNbHOHR JIEKIMH,
yKe Obla onyGaukoBaH paHee !, a1 mou€sm 3a Jydllce He
NBITATHCA «OCOBPEMEHHTH» TEKCT, & OCTABHB ero 6e3 Hs-
MEHEeHH#, YIOMAHYTb PE3yJbTaTH HOBEHUINX HCCHeA0Ba-
HHUH B 5TOM KOPOTKOM Z00GaBJIEHHH.

1. K cnucky HeOOBIYHBIX OlpejeseHHH NpPOCTHIX YH-
ceJ, C KOTOpOro MBI HAayaJau Halle NyTeilecTBHE, CNEAyeT
406aBUTD ellle OJHO, Ha 3TOT pa3 H3 TEOPHH Hrp. A HMEH-
Ho (nmo Konsewio), ornpaBiassick oT N =2, Ha KaXJOM
mare MH 3ameHsiem N Ha olN, rie o-—nepBoe H3 4e-
THIPHAALIATH PAIHOHAJBHBIX YHCE

17 78 19 23 29 77 95 77 | 11 13 15

91 8’ 51’ 38’ 33 207 23" 19 17’7 13’ 11°' 14°
15
""2'—'s

55,

1) Elemente der Mathematik, Beiheft Ne 15, 1977 [aurnuitcknii
nepesoa: Mathematical Intelligencer 0 (1977),) 7—19].
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ans xotroporo uucao oV — uenoe. aa noayuaromeiica
NpH 3TOM NocaefoBaTenbHOCTH 2, 15, 825, 725, 1925, ...
sCce (urypupyiouue B Hel crelleHH ABOHKH OyAyT HMeTh
BUL 2P, rle p — NPOCTHIE, HAYILlEe B CBOEM €CTECTBCHHOM
nopaaxe! C nomMomplo XOpouIero KaJbKyJasiTopa MOXKHO
TAKUM MyTeM 3a HECKOJbKO MHHYT OTBICKATh IHepBhle 4

HJIH O NPOCTHIX YHCe.

2. C 1971 r. yxe Tpu pa3a OB NOGHT MHDOBOH pe-
KOpJ HaHOGOABbLIEro M3BECTHOr'O MPOCTOro YUCJTa; MO yKa-
3aHHOH B MpPHMEYaHUH J NpHYNHe KaxKABH pa3 3To ObLIO
cHOoBa wuucsao Mepcenna 29— 1, a umenHo ¢ p = 21701,
23209 u 444971, ITogpobuee 06 3TOM CcKa3aHo B Onb-
JuorpaduYecKkHX NPHMeUaHHAX K NMEepBOH KCKypCHH.

3. JlaHHBle O KOJHYECTBE NPOCTHIX H NPOCTHIX-OJIH3-

nenon (ra6xa. 8) reneps umerorcs po 10;
R. Brent, Tables concerning irregularities in the distribulion
of primes and twin primes to 10!, 12 computer sheels depo-
sited in UMT File 21, Review in Math, Comp. 30 (1976) 379.

OcofGeHHO HHTepecHa C 3TOH TOYKH 3DEHHA CTAaThA
R. E. Grandall, M. A. Penk, A search for large twin prime
pairs, Math. Comp. 33 (1979), 383—388.

B Hell He TosbKe ykasaHa HauboJbllad H3BecTias napa

6ansuenos (no 303 uudpel B kaxaoM!), HO H ONHCaHA

CTaTUCTHYECKAad IIPOBEpPKa AaCHMITOTHYECKOH (opMyJHl

1,32 ... ¢a
(4ucNo OAH3HEUOB MEKAY X U X -+ a) ~ e

anst 132947 cnyuaiino BeiGpanubix uucen ot 104 go 1054

npyu OXHAaeMbX 245425 nmapax 6aH3Hen 0B (haKTHYECKH

6oi1o0 Haljaeno 249 nap. B macrosuiee BpeMs u o PyHK-

LHH «TIPOBaJIoB» g{x) nMeercs GoJiblle AaHHBIX, YeM I10+

Ka3aHo Ha pHC. D; CM.
R. Brent, The distribution of prime gaps in intervals up to
106, Review in Math, Comp. 28 (1974), 331.

B KaudecTBe ellle 0JHOr0 NMpuMepa HEPEryJaSIPHOCTH pac-
npefeseHus NMPOCTBIX YHCEN CJelyeT VIOMSIHYTH pe3y/b«
taT Deiisa u Xagcona o pasHoctH A(x)=1t,5(x)—
— Ttq, 1 (X)

C. Bays, R. Hudson, Math. Comp. 32 (1978), 281—286.
(e, 5 (x) O6O3HauaeT 4YHCIO HIPOCTHX BHAa an -+ b, nHe
NPEBOCXOAAIIHX X.) 3Ta Pa3HOCTh, KOTOpasi MpH

» CM. nepsoe NOACTPOUHOE NpHMcHaHMe Ha ¢Tp. 36, — ITpus,
nepes,
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MaJblX X BCerda NOJIOXKUTENLHA H IPH BCeX X OYeHb MaJsa
(Tak, s, 1(1010) = 227523275, a m,, 3(10'%) = 227529235),
corJacHo pesyabTaTaM befiza B XazacoHa, ocraercs Mo-
JoxKHuTeabHol g0 x == 950000000, 3a uckiouenHeM McHEE
yeM OJHOH ThICSYH 3HaueHuH, onHako A0 x = 2-10'0 ecTh
oueHb 6oabuiolf uuTepBan [1,854-10'0, 1,895-10!°], na
KOTOPOM OHa OTpHlLlaTelbHa, W ee MUHHUMYyM B 3TOH 00-
nacTH paseH A (18699356297) = —2719.

4. 'vnotesza Pumana mposepeHa yxe jagaa 150 mHa-
JIMOHOB KOpHeH, a HMEHHO HJdA BCeX p, Y KOTOPBIX
JIm p| << 32585736,4. Cm.

R. Brent, On the zeros of the Riemann zeta function in the
critical strip, Math. Comp. 33 (1979), 1361—1372.



Oprex Ponbche

O CYMMAX ABYX KBAAPATOB

51 pacckaxky O HATypaJbHBIX 4ucjiaax a, b 1 m, yaoB-
JeTBOPAIOIUX ypaBHeHWI0o a2 - b2 =m. C 1nOMOILILIO
5TOM HA [EePBBIX B3I/ NOPOCTOH TeMbl OYeHb YA00HO
IPOAEMOHCTPUPOBATE PAN 32444 U METOAOB, HMCIOUIHX
OoJibiioe 3HAueHUe AJa Bcel
TEOPHH UHCeJI.

Oco6eHHO HHTepecHH (H,

BCPOATHO, HE TOJNBKO MHE Ia-

MATHBI CO WKOJBHBIX JIE€T) TAK ~
Ha3bIBaembie nudaroposbl /
TPOHMKH HATypaJbHHX 4YHCe] 7
a, b, ¢ ¢ a*- b% = c2. Takue

TPOHKH A/ KPaTKOCTH Oyaem ! 1 .
3anuceiBath B BHAe (a, b, ¢), Puc. 13
npuyeM TpPoUKH (a, b, ¢) H ue. 1o
(b, a, ¢) CUHTAIOTCH OLHHAKO-
BeIMH. [IpumepoM MoxkeT cayxKuTb Tpoika (3, 4, 5),
KoTopaa Obljia H3BeCTHA M TNHCbMEHHO Iepeaasajach
M3 1OKOJE€HHss B IIOKOJIeHHEe BO BCEX Pa3BHTHIX
ApeBHuX Kyastypax [1]V (ctp. 49, 51, 96, 105). Dra
TpoOHKa MpHMeyaTeJbHA CBOHM TeOMETPHUYECKUM COJMEP-
XaHHeM — B He#l HaXOJAHT apudMeTHuecKoe BhipamKeHHe
ApEeBHHH criocob NOCTPOeHHs NmPSMBIX YIVIOB (cM. pHc. 13).
Fute 8 14 r. 1o 4. 5. puMcKHi nucarejb Butrpysuil Boc-
CJAaBUJA TIOCTPOEHHE HPSMOTO yria C TIOMOIILI0 TPOHKH
(3, 4, b) Kax BeJunuaiiillee AOCTHUKeHHE Bce#l TOrjaimuHei
maremaTuku [1] (ctp. 326). Ilpemmonaraior, uto 6.a-
rojgaps HakJeHHOH — BHAauaJie 3KCHepHUMEeHTaJsJbHO — CBf-
3U TPOHKH (3, 4, 5) ¢ nmocTpoenneM npsMoro yria U BO3-
HUKJA BooOLe uaes TeopeMbl [Iudaropa. I[lanaton cum-
TaJ, 4To TpoHKa (3, 4, 5)—3TO cCHUMBOJ CylpyxKecTBa

1) Yucsna B KBAAPATHBIX CKOOKAX OTCHJIAIOT K CIOHCKY JIHTEpa-
TYPH B KOHUE 3KCKYPCHH.
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[1] (ctp. 157). OH HCTONKOBBIBAN KaTeT AJHHB 4 Kak
FKEHCKOe HAyaJjo, BEPTHKAJbHBIH KaTeT AJHHH 3 — KakK
MYIKCKO€ HauaJo, a THIIOTeHy3y — KaK HX TOTOMCTBO.
Takoe wmucTHYecKOe TOJKOBAHME HaMm CeHYac YyXKHAO
M CcOBeplIeHHO HenoHaTHo. OAHAKO €ro CyllecTBOBaHHE
IOKA3bIBAELT, KaKoe OoJbllIOe 3HAaYeHHe NPHAABAJOCH
Tpofike (3, 4, 5).

JAPEBHOCTH MNH(QAaropoBbl TPOHKH HCIIONB30BAINCD
Ha NpPAaKTHKe — B 3e€MJIeMEPHOM jJejJe H B apXHTEKType,
Ha YTO MMEIOTCA gaxe yka3aHusdg B bubaun. Tak Hanpu-
Mep, TaM cKa3aHo, YTO HPU MOCTPOEHHH CKUHHH HCIOJIb-
30BAJIHCh KOBPBI, OCHOBHOH KBajpaT KOTOPHIX HMeJ H3-
mepenusa 3 X 4 nokta (Mcxon, 37.10), a npu BO3BeJeHUH
COJIOMOHOB2 Xpama ObJIH H3TOTOBJICHH IIOJACTABKH IJ4
JKepTBEHHLIX Yall ¢ OGOKOBHIMH TpaHAMH pasmepoM
3 X 4 nokrsi (I xu. Llapers, 7.27). §I nymaro, uro ynomd-
HaHHEe 3TUX YHCEeJ B CBA3H C BeJHKHMH CBATHIHAMU
HyJdeeB NOJKHO BhIpaxarb Heuro 6oJbliee, yeéM IMPOCTO
TOPAOCTh NPAKTHUYECKH HOJEe3HBIM 3HaHueM. DBO03MOKHO,
TpofiKa (3, 4, 5) BoCHpHHHMAAACh KAK MECTO CO€NHHEHUA
MHpPa AYXOBHOTO # MHpa MaTepHaJ/JbHOrO, TaK 4YTO YIOMH-
HaHUe ee B BuOann umeno riay6oKui BHYTPEHHHH CMBIC.

EctecTBeHHO BO3HHKAaeT 3ajaya — HAaATH Bce mudAaro-
poBHl TpOHKH. IIpH 3TOM MH mopbiBaem co cdepoit npak-
THUECKOTO HNPHUMEHEHHs, TAK Kak AJd TNOCTPOSHHA mpf-
MBIX YIVIOB AOCTAaTOYHO, KOHEYHO, OJHOH-€IHNHCTBEHHOH
nugaropoBoil TPOUKH, H HIIEM TEOPETHUECKHE 3HAHHS
paian HHX CAMHX.

Ecau (a, b, c)— nudaropoBa Tpoiika, TO TAKOBOIO
O6yner u Tpofika (na,nb,nc) npu Bcex n=1, 2, 3, ... .
[TostoMy pnpocTaToyHO HaHTH Te HNHMArOPOBE TPCHKH,
y KOTOPBIX HauboJblluil OOmHUid geqnuredb ¢ U b pasex 1.
Takune Tpofiku HasmBaloTca npocredwumu. Uyre jgeric
HaliTH TPOHKH, HaA3BIBAeMBIE KB8A3uNpocreduiumi, y Ko-
TOpBIX HaubosblIUH oOwuil AenuTens a U b He HpeBOC-
xorut 2. Huodant us Anexkcanapuu (300 qer go H. 3.)
npefaoxua caenyiouee pewenue [l1] (cTp. 485):

IIycte (%, y) npoberaeT Bce mapbl B3aMMHO NMPOCTHIX
(T. . He uMelIUX OTAHYHHX OT | oOWMX AejuTesed)
uKceJ, Takue, 4ro X > y. Ecam B3ath a4 =2xy, b=
= x2 —y?, ¢c=x%+4y?% TO moJayuarcid Bce KBasHIpO-
crefiline nudaropoBsl TPOHKH H NPH 3TOM KaKaasg POBHO
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onuH pas. Tpofika (a, b, ¢) Toria u ToabKo Toraa Gygper
mpocrTefiiuei, KOrfa 0OQHO H3 4Kcesa X M y 4eTHO, a Apyroe
HEUYETHO.

S xoren Obl IpuBecTH JABa OOOCHOBAHHSA BHTOrO
YTBEPK/ACHHS.

[TpocThie cooOpakeHHsi ACNHMOCTH NMOKAa3bIBAIOT, YTO
JeJI0 CBOJAHTCA B CYHIHOCTH K NAXO0XAEHHK Bcex Tap
(a,b) pauHMOHAJLHHX YHCeJ, AJs KOTOpHXx a4 b?=1,
a#0, b0 u Touka (a,b) JieXXHT B mnepBOM KBaf-
paHTe mjockocTu V. Pac-

CMOTPHM NIPSMYIO g € yr- A

JIOBBIM KO HIKEHTOM &

m, NpPOXOAANMYI0 uepes @,5)
7’

ToukH (a,b) u (0,—1)
(puc. 14). Ecaun a u b —
panMoHaJbHBIE YHCJA, TO
Ko3QdHUMEHT m, oue- —
BHAHO, TaKXe pauuoHa-
aeH. O6partHo, ecau m
pamuoHaJseH, TO KOOpPaH-
HATHl TOUKH NEePECeUYCHHs
npaMoit g ¢ YKaBaHHOEI (0,~1)

Ha pHCYHKE eAHHUYHOH

OKPYIKIOCTBIO Onpeae/is- Puc. 14.

I0TCSA KaK KOpDHH KBaj-

PaTHOTO YPaBHEHHSI C pallHOHAJBHBIMH KO3((dHUIHEHTa«
mHu. [Ipn sToM oAHO pelieHHe, COOTBETCTBYMOILEE TOYKE
(0, —1), HaM H3BeCTHO, H OHO ABJASETCSA PAUHOHAJILHBIM.
IlosToMy ® BTOpOe pelleHHE, COOTBETCTBYIOUIEE TOUYKE
(a, b), Toxe 6yneT paiHOHAJbHLIM, DBHIUHCACHHS AAIOT

2m m?2— 1

O=rEIT b=—mrt-

Ilonoxus m = x/y, nonyuaem tpedyembie GopMy/IHL.
HApyroe obocHoBaHHEe, B MeHbIIEH CTENeHH HCIOJb~

gynlllee reomerpuueckue coobpakenus, TaxkoBo. [Iycthb

a B b— pauuoHaNbHBle TOJMOXKHTEJAbHEE uHcaa H a? 4

i+ b2 = 1. TTonoxum z=b -} ia, rapei = +4/— 1. Toraa

11 To ecth B mepBOii KOOpAHHATHOH HeTBEpTH. — lipum. nepes.
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2Z=1lunl4+z=2z224+z2=2(24+1), 1 e,

1+ -,
zml+§ (2 5= — 1)

3nech 2= b —iqg. ITojgaras 1 4z = x4 iy gnsa panuo-
HaAbHHX X U Yy, CHOBA moJjyuyaeM HaHACHHOE paHee pe«
iweHne. CeyHanucTsl 3aMeTAT, YTO 34 3TUMH HECKOJIbKO
GOpMaJbHBIME BBIKJIAJKAMH CKPBIBAGTCS YACTHLIH CJy+
uyad Tak Ha3nBaeMod Teopembl 90 I'unpbepra.

OueBugHO, YTO B NpOCTeHIINX nHGaAropoBbIX TPOHKAX
Jn00 a, 6o b uéTHO., YKazaHHBE (GOPMYJB HAIOT TOJbe
KO T€ Tpo#iku (a, b, ¢), B KOTOPBHIX YETHO d.

Hanee, u3 dopmyJa BHIHO, UTO B KaxA0H mugaropo-
BOH Tpolike a uam b genurca Ha 4. Kpome TOro, oauo
U3 yucen a, b nenutrcs nHa 3. [elcTBUTENbHO, eciau OBl
HH @, HH b He JeJHJIOCH HA 3, TO HpU HEKOTOpbIX HATY-
pPajibHBIX YUCAAX j W R BHIOOJHAJAUCE OBl pPaBEHCTBA
a=3j41,b=3k=41, a Toraa

a’ + b = 3(3j2 + 3k? = 2j &+ 2k)+ 2.

Ho npuw geneHuu KBajapara HaTypaJbHOro uYHucia Ha 3
B OCTaTKe Moxer HoayuuThesd O uau 1, Ho He 2. Takum
obpasom, B 3TOM cJayyae cymMmMa a2+ b? He aBJadaach Obl
KBaApaToM, BONIpPeKH VCJI0BHK. AHAJOrMYHO HQOKa3bl-
BaeTcsA, 4YTo OJHO H3 uHcea a, b, ¢ meautca Ha 5. Ha
npumepe Tpoiiku (3,4,5) BUAHO, 4TO APYTHX aHAJOTK4+
HHX YTBepXKAEHUH NOJYYUTL HeJlb3sd, T. €. UYTO CHpaBe-
JIUB CJeAYyIOUuIHi pe3yJbTarT:

Uucaa 1, 2, 3, 4, 5 06pa3yior MakCUMaJabHOEe NOAMHO~
KecTBO M MHOKecTBa HATYpaJ/bHBIX dHces, obnajamouiee
TAKHM CBOHCTBOM: JJA KaiKAOro sjaemeHTa n u3 M B nio+
6oil nHQaropoBoil TpOilKe eCcTh UHCJI0, Aenasuieecd Ha M.

KBazunpocrefimue nudaropoBst Tpoiikua (a, b, c¢), mos
JIyUeHHEle 110 IIpHBeAEHHBIM Bhllie (opMmyJjam a8 HEKO+
TOPBIX MaJhHX 3HAYeHUH x H y, npuBeideHnl B Taba. 9.
Jladdpie 2TOH TabauHHOBl MOXHO HArJgAHO NpeACTaBHTb
caeayomum ob6pasom. [ToctaBum B COOTBETCTBHE KaXIAOH
nidaropoBoft Tpofike (a, b, ¢) TOUKY HJIOCKOCTH C KOOp-
augatamu (a,b), ecau a >b, u (b,a), ecan b > a.
OTH TOYKH JIEKAT B MEPBOM <OKTAHTE» ILIOCKOCTH, T. €.
B TOH uyacTH IepBOro KBaApaHTa, rae abcmucca 60Jblie
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opAHHATH. TOUKH INIOCKOCTH C IEJOUINC/IEHHBIMH KOOp-
AuHaTaMu 00pa3yiOT TAK Ha3hBAEMYIO LCIOYHC/AEHHYIO

«pEWETKY», M U3 TaOJHUDI

BUIHO, UTO [IPOCTEHINHM

NHUdaroposbiM TPOHKAM COOTBETCTBYET CPABIHTCALHO He-

GoJibIIOE YHUCJO TOHUEK
HEeJOYHCTASHHON pelleTKH
B nepBoM oOKranre. [la-
Jiee 3TO0 00CTOATENBCTED
6yaeT HccaeloBaHo 00-
Jee 1mo/poOHO.

Hrak, Bce nudaropo-
Bbl TPOHKH HaM H3BECT-
Hpl. Tenepb MOXHO U3Y-
yath Te TPOHKH A, KOTO-
phie 00/1a8al0T KaKHM-
Ju6o  JONOJHHTENbHBIM
cBoiictBoM E(A), u npu
9TOM BO3HHKAIOT HHTE-
pecHHe 3ajayH.

Hanpumep, 3agaaum-
cA BoOmpocoM, OecKoHeuy-
HO JIH MHOXECTBO NMHU(pa-
TOPOBBLIX TPEyroJbHHKOB,
Y KOTOPHIX AJHHBL O-
HOr0 Kareta W THIOTe-
HY3Bl BEIpaxaloTcd Hpo-
CTHIMH uYHCJaMH. Ecau
(g, v, p)— Tpoiika c npo-
CTHIMH p U g, TO (p—
—v) (p + v)y=4¢g2% Cue-
aoparejpHo, p—uv =1
u p-+4 v=gqg?% IlosTomy
2p—1=¢2% C pnpyro#
CTOPOHBL, ecsi 2p = g%+
41, 0o p*=¢q>+(p—

Tadauya 9.
x y a b 'y
2 1 4 3 5
3 1 6 8 10
3 2 12 5 13
4 1 8 15 17
4 3 24 7 25
5 1 10 24 26
5 2 20 21 29
5 3 30 16 34
5 4 40 9 41
6 1 12 35 37
6 5 60 11 61
7 1 14 48 50
7 2 28 45 53
7 3 42 40 58
7 4 56 33 65
7 5 70 24 74
7 6 84 13 85
8 1 16 63 65
8 3 48 55 73
8 5 80 39 89
8 7 112 15 113
9 1 18 80 82
9 2 36 77 8s
9 4 72 65 97
9 5 ‘90 56 106
9 7 126 32 130
9 8 144 17 145
10 1 20 99 101
10 3 60 91 109
10 7 140 51 149
10 9 180 19 181

|

— 1)2. TaxuM o6pa3oM, 3Has pellleHUsl YpaBHEHUS 2p =
= g? -4 1 B HIPOCTHIX YWHCJAX P H §, MOXKHO HAHATH Bce
1ckoMple TpOHKH. OJHAKO 10 HACTOALlero BpeMeHH He-
H3BECTHO Jaxke, KOHEYHO HAU OeCKOHEeYHO MHOMXKECTBO
pelIeHdH 2TOro VpaBHEHHS.

Jlpyroii mpuMep BO3HHKAET U3 TOro 3aHsTHOro Hab.J1io-
[E€HHd, uTo Hapaay ¢ (b, 12,13) mudaropoBoil TpoHKoH



O CYMMAX JIBYX KBAIAPATOB 77

apasercad takxe (15,112,113). B, JleBu mokasan [3],
YTO HMeeTCA OCCKOHEUHO MHOro NMUMATOPOBBLIX TPOEK, U3
KOTOPHX TaKUM HpHOHCHIBAHHEM clepeAH uudpol 1 cHoBa
nojiyyaercs nudaroposa Tpodlka, a CaHrano [6]—uto
3TO CrpaBeJIHBO A8 KaxKpou 3 uudp 1, 2, ..., 7.

YTOuHHM nocTaHoBKY Bompoca. [lycres E({A)— Hekoe
CBOHCTBO, KOTOPHIM 0OJajaeT uau He objagaer AaHHad
nudaropoBa Tpoiika A, u V — Hekoe npaBuio, no Korto-
pOMY KaxkAoH nH(aropoBoil Tpouke A c¢TaBHUTCs B COOT-
BETCTBHe BemtecTBeHHoe yHueao V(A), Pacemorpum ¢yHK-
1o F, coNocTaBagIoOMYIO KaXAOMY BelLeCTBEHHOMY 4HC+
Jqy ©v uuciao F(v) nudaropoBmx Tpoek, 00JaJal0MKX
cBoricTBoM E(A) H yROBJIETBOPAIOMWIHX ~ HePABEHCTBY
V(A) << v. B cogpamessoit 3anucu

F(v)=43F{A| umeer mecro L (A), V(A)<<wv}.

Eciu lim F (v) = o0, TO HCcaemyercs acnmmomqecxui’r
v->00

poct F(v) npu v—-00, T. €. OTBICKHBAeTCS H JAOKAa3H-
Baetrcss paBeHcTBO BHAa F(v)==cv®*+4 O(vP)D, rne ¢,
o, f — BelleCTBEHHHE YHCJIa, npuyem o > B > 0.

B kauectBe nmpumepa (3ammctBoBaHHOro y Jlambeka
¥ Mosepa [4]) paccmorTpuMm PYHKUHIO

F(v)y=${A = (a, b, c) | Tpo#ika A — npocreitwasg,
¢ << v}.
MeTon, ¢ MOMOIUIBIO KOTOPOro OHA H3y4yaeTcs, HECJ0MeH
H 4acto ynorpebiasercd B TEOPHH 4YHCeJ, O3TOMY CTOHT
ero 3/echb IPOAEMOHCTPHPOBATE.
Mu pacnonaraeM ¢opMynamu AJd HaXOXAeHHS KBa-

SHIIpoCTEeNIINX NMHPAropoBHIX TPOeK. B cBA3H ¢ 3THM pa-
3yMHO BBECTH (YuUKUHIO

Qv)=4{A =(a, b, c)| Tpoiixa A — kBasunpocrefias,
c << v}.

Tak kak Q(v)= F(v)-+ F(v/2), To MOXHO BHPAa3UTb
F(v) uepes Q(v):

F(v)—}j(—- ' Q(57)-

i=0

) Osnayaroiuee, uro £ (v) — cuvn| << AvB npu Bcex A0CTaTOUHO
foablinx v, rae A — HEKOTOpas NOJOKUTENbHAS IOCTOAHHAA, —
Ilpum. nepes.
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[Touru Bce caaraeMble 2TOH OECKOHEYHOH CyMMH paB-
Hol 0. TlonoxuM pAnst BCAKOrO BeUIECTBEHHOrO 4YHCJa
t >0

g(t)=F{(x,y)| x, y — vesble ¥ B3aHMHO TIPOCTHIE,
2+t <tt x>y>0}.
CorsnacHo padee ckasaHHoMy, Q(v)= g(v'/?). Ilyctp
1)y =3{(x,y)| x, y—uease, x >y >0,
2 -+ yz < tz}.
Torga, oueBu gHO,
[Z]

=20 (3):

=1

rae [f] obosHauaer HauboJjpllee 1esoe UHC/A0, He Iipe-
Bocxoasutee 7, [TocienHee ypapHeHHe MOXKHO paspelliuThb
OTHOCUTE/JNBbHO ¢ (f), HCIMONB3YS TAaK Ha3blBaeMywo ¢yHK-
yuro Mébuyca n (cm. [b], (16.4)1). OHa onpenesngercd
caeayomuM obpaszoM: ecian n == pipPz ... Pr— paszjuoxe-
HHe n Ha npocThle MHOXKUTENAU p,, TO u(n)==0, Korma
B 5TOM PasJOXKEHHH eCThb ABa OJAHMHAKOBBLIX COMHOXHUTE,
n p(n)=(—1)", Korga Bce COMHOXKHTEIH pPAa3JHYHHL.
Ecau nonoxute p(l)=1, 1o xaxagomy n=1, 2, 3, ...
OyJeT nocrasjieHO B COOTBETCTBHE POBHO OJHO H3 UHCEJ
—1, 0, 1. B pesyabrare nojyuaercs

[£] 4
1= u@1(7)-
i=1
TakuMm o6pasowm, AJsi pelleHHs NepBOHAYAJIBHOH 3a1ayH

crelyeT HalTH aCUMITOTHYECKOe BbLIpaxKeHue anasa [(¢).
Mu yTBep:KjaeM, 4TO

Z(t):ig‘-r2+ O(t).

JTO 03HauaeT, YTO MOTPELIHOCTh, BO3HHKAIOUIAS HpH 3a-
MeHe [(f) Ha (m/8)f%, camoe OoJsblice NPONOPUHOHAJBHA
t. 1114 BEIBOAA MOC/eHEr0 PABEHCTBA CAEAYET 3aMeTUTD,

Snpm—

) Uan DByxwrra6 A. A, Teopua wuuceld. — M. Ilpocsemerne,
1966. — ITpum. nepes.



O CYMMAX JIBYX KBAJPATOB 7?_

YTO UYHC/AO BCEX V3/0B LENOUYHCJCHHOH peIIeTKH, Jexa«
HIHX B mHOXecTBe M Touex (X,y) IJIOCKOCTH, AJId KOTO<
pux x>=>y>=0 u x>+ y?><<t? (puc, 15), npubausu-

T
] L: ]
" 4 L A L 2 =
Puc. 18,

TEJBHO paBHO maowand M, a BO3HMKaKIlasf NPH 3TOM
MOrPeNIHOCTh NPONOPUHOHANBLHA UYHCIY fdYeeK pEeLIeTKHY,
yepe3 KOTopble NMPOXOAHT rpaHuna M. DT1a HOrpeuHocTs,
OUE€BHIHO, NPONOPUHOHAJIbLHA [JHHE TPAHUIL], YTO H AaeT
YKA3aHHOE COOTHOUIeHHE. DTO — KJAKUECBOH MOMEHT BCEro
paccyxaenusa V). OHO HCHOJB30BAJTOCh B aHAJOTHUHOH
cutyauuu yxe I'ayccoM, Hrak,

1] 1
N S AL l
Q(t)='-zlu(z)--g— 2y + 0(2;).
i= -
Ho u3BecTHO, 4TO

[o 0] o0

Z 1 =? 1 (i) — 6
ns 6 ? £2 2 *

f=] =1

Hs paBencTBa

Y =240

e}

Y Bosee moapoGHo o6 atom cM. Dyxwral A. A, Teopus umd
ced. — M.: IIpocBenienue, 1966,
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CJeAYET, 4TO
[£]

LD S to(t)

i=1

Tak xak
{f]

N —=1Int+ 0(1),

i=1
TO PR [ == n? NPHXOAUM K DPABEHCTBY

Q (n) = 563'{” 4 O (n'%1n 1},

OTKy 4, YIHTLIBad, 4TO

o

nonay4yaeM HaKoOHell,
F (n) = -2% 4 O (n'“1nn;.

Beauuuny 2F(v) MOXHO HHTEPNPETHPOBATh KAaK KO«
JINUECTBO Y3JIOB IIEJOUHUCIAEHHOH pelleTKH C MOJOXHTE/be
HBIMH M B3aHMHO NPOCTHIMH KOOpAHHATaM¥, pacCTOsHHE
KOTOPBIX OT HayaJjia KOOpAHHAT eCTh HAaTypanbHOE YHCJIO,
He npempocxoigiliee v. Kak Mbl TOJBKO 4TO BHAENH, AJA
yucaa L(v) Bcex ya3noB pelieTKH B NEPBOM KBaApaHTe,
paccTOsiHHe OT KOTOPHIX A0 HayaJja KOOpPAHHAT MeHbIIe
v, CpaBeJHBO PAaBEHCTBO

L(v) == v*+ O (v).

Hactnoe 2F(v)/L(v), acumnroTuuecku paBHOe 4/n?v,
MOXHO paccMaTpHBATh KaK TPHOAMKEHHOE 3HaYcHHE
IIOTHOCTH TOYEK, COOTBETCTBYIOUIHX NPOCTEHUINM NH(Aa-
FOPOBLIM TpOHKaM, cpelu BCEX Y3J0B LEJOYHCICHHOH
pelleTKH, JIeXallluX B NEePBOM OKTAHTE Ha PacCTOAHHY,
MeHbllleM U, OT HauaJjia KOOpAHHAT,
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Jlam6ex ¥ Moszep mpoBeaH aHaJOrHUHBIE pacCy ic-
HUA AaA QyuKIHi

Fa (U)z
{ . o a-b .
= 3 1A=(a, b, ¢)| Tpofixa A — npocreiimasg, -—2-——< z;}

H
F,(v)==
=3k {A=(a, b, ¢)|Tpofixa A—npocreitinas, a-+b-4c<v}.

Ecnn gaa ¢yHkuud F(v) HaiiieHo aCHMITOTHYECKOE
npeactaBjeHne Buga F(v)=cv*+4 O(vP), rae o >
>p >0, To Ha cjaenywueM 3Tane MOXHO HLITATbCA
OTpeeJUTh ACHMNTOTHUECKOE MOBEAEHHe PAa3HOCTH
F(v)—cov* npu Ooapwiux v u 1. aA Hag GyHKuuH
F = F, navano Ttakux uccjefoBauufl OnljI0 NOJOKENO
P. ¥Yungom [71.

Bo Bropo#l u4acTH HalIeH SKCKYPCHM MBI paccMor-
puM peineHHs 6ogee o6uero ypaBHenusa a?4-b?=m
C HeJBIMH ¢, 0 U m. Ecan HaTypaJsbpHOe YHCI0 m 3aaHO,
TO Npexae BCero cjaeayeT BBISICHHThb, HMEET JIH ypaBHe-
HHe BooOlile NEJOUYMCACHHbie pelleHHsa (Hampumep, npu
m = 3 ux "er). Ewe Huodantom u3 Anekcanapuu Guio
3aMeuyeHo, YTo 3TO YpaBHEHHE HepaspelluMo, ecad IpH
AeJeHHH m Ha 4 moJydyaeTcsd OCTATOK 3, TAK KaK KBaj-
paTel HaTypaJbHBIX 4UCEeJa MOTYT Hpu JAejeHUH Ha 4 jaa-
BaTb B ocTaTKe julIb O uau 1, a caegoBaTenbHo, a? + b2
MoxeT math B ocratke 0, 1 uwam 141 = 2, HO HHKaK
He 3. HMcuepnbiBatomui orBeT Ha 3TOT Bonpoc Obln Hai-
aeH B 1638 r, ®epma. Ou nokaszaa ([5], § 20Y), 4tro m
TOr4a ¥ TOMbKO TOr[a NpejcTaBuMo B BHIe a2+ b? ¢ ue-
JLIMU @ W b, Korga BCe NpOCTHE AeAUTENH m, HdalouiHe
IIPH AesleHHHM Ha 4 oCTaToK 3, BXOAAT B M B UETHOH CTe-
neud. Kpome toro, Pepma yaajnoce jlaxe HalTH op-
MyJay AJst 4Hcla v(m) pasauyHmx nap (@, b) uwennbx
Mices, IS KOTOPHX a2 -+ b2 = m. A nMeHHo,

v(m)=4(d(m)—ds(m)),

1) Cwm. raxxe Hasennopr I'. Buicimas apudmeruxa. — M.: Hayka,
1963, — lIpun, nepes,
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rae di(m) u ds(m)— uncno penuteneit m, AAOMUX NPH
JeneHuy Ha 4 ocraTku 1 u 3 cootBeTcTBenHo ([5],§ 19.9).
Ecnu monoxutb y(d) == 0 npu 11060M YeTHOM HaTypalb-
HOM d, y{(d)= (—1)©1/2 pu HeuéTHOM HaTypanbHOM d
H HCIOJB30BaTh 0603nauenue d|m A 3anmucH BHCKa3bl«
BaHus ,,Mm HeJUTCS Ha d’, TO MOXKHO TakKiXke HalHCcaTh

v (m) = 4d§|:m % (d).

Korpa m == p—mnpocroe u p==4j-3 Ipu HEKOTOPOM
HaTypaJbHOM j, MH TmosnydaeM v{p)==0; ecan xe p =3
=4j+1, 0o v(p)=28. Uucio 8 serko 06BACHAMO,
Ecau 012-{—b2 =p=4j+41, 10 a % b u umeercs 8 pass
JHYHHIX pelienui: (a,b), (—a,b), (a,—b), (—a,—b),
(b, a), (—b, @), (b,—a), (—b,—a).

[Nonyuennyio ana v(m) ¢GopMysy MOXKHO HMHTEpIpEs
THPOBaTb W coBceM HHaue. Ilycth g npuHHMaerT Belies
CTBEHHBIE HJIM KOMIIEKCHBe 3HaueHuss H |g]<<1, Hec-
IIOJIb3y sl M3BECTHOE BLIpaXKeHHe AJjisi CYMMEl reOMeTpHYes
CKOH IIporpeccuH, jerko yO6eJHThCs, 4TO 3Ta ¢Gopmynaa
3KBHBAJICHTHA CJEAYIOUeMY TOXAECTBY AJNf CTENECHHHX
pALOB:

oo

> v(m)g™ -—Z (—1)*~ Qn::ﬂ '

m=1

HutepecHo, uto fxo6u B 1829 r. goKasas 3T0 TOXASCTBO
COBEpPLUIEHHO APYTHM IIyTeM, 3aHHMasich TEOPHCH 3JIJIHUII-
THYeCKUX (yHKOUH (cM. mo atoMmy mosomy [b], § 17
H YKa3aHHYI0 TaMm JHTeparypy). EcJH NOJOXHThb

-+ o0

0(g)= 2, q¢",

n=—oo

TO, OYEBHIHO,
0(qP=1+ 3 v(m)q",

TaK 4TO Hame YTBepXKAeHHe O CyMMax JBYX KBaJparoB
MOXHO TPAKTOBATh KakK pa3jioKeHHe TaK HashBaeMoH
T3Ta-QyHKUMH 06(g)2 B creneHHol pax. Ilpm stom Has
IpalinBalTCcA pasaunuynble obobuiennsa, Hanpumep, ecan
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JKeJaTeJbHO OIPeAeNUTb KOJHYECTBO C(m) PasJHYHLIX
npeJCTaBAeHHA HATYpaJbHOrO 4YHCJIa m B BHAE CyMMH
yeTplpex KBaXpaToB LEJblX YHCeJ], TO HaJ0 «BCEro JIHMb»
3HaTh pa3noxeHHe OGyHKuuu 0(g)* B cTenmeHHO# piaX.
Axobu Hamies, 4To

B(g) =14 ) c(mg"=1+8Y T2;

] n

3fech LITPHX O3HAYaeT, YTO CYMMUpDOBAHHE BENETCs IO
BECeM HaTypaJdbHBIM 4YHCJIaM 1, He JedduluMca Ha 4
([5], § 20). CpaBHuBas ko3¢ dunuenTsl B JeBOH M npa-
BOH 4acTfAX NOCJAeAHEro paBeHCTBa, moJiyuaeM, uro c(m)
PaBHO CyMMe BCeX aeauTened m, He Jeasauiuxcsa Ha 4:

cim)= ), d.

dim 44 d

B uacTHOCTH, OTCI0OAR BHITEKAaeT 3HAMEHHTas TeopeMma,
chopmynuporanHaas Pepma u BIepBHIE JOKaslaHHas Jla-
rpaHXkeM: BCAKOE HATYPAJbHOE 4HMCAO MOXHO TpeacTa-
BHTb B BHJE CYMMBl YeTHIPEX KBaJApaTosB.

51 He OGyay nHTaThCA OGOCHOBAThL BCE NepEUHC/IEHHLIR
pe3yJbTaThl, & X0uy B 3aKJIO4YeHHe YKa3aThb OJAHY (hH3H-
YECKYI0 3ajauy, HAJfA pelieHHss KOTOPOH HyXHO 3HaTh
IeJIOYHCICHHBIe pelleHust ypaBHeHus a2 - b2 = m. Ilpu
3TOM OKaXKeTCf, YTO TECOPETHKO-UHUCJOBHIE U aHAJUTHYE-
CKHe BOIpPOCH <«caMH co0oii» cBoeoOpasHo nepenJe-
TaTCA APYr ¢ APYyrom.

Paccemotrpum  nBymepunit Top T. Haramsgxo ero
MOXKHO IPelCTaBHTh cebe Kak (MOJBIH) CHacaTeNbHbIH
xpyr (puc. 16): dopMmanbuo-mateMaTtuueck T == (R/Z)¥X
X (R/Z), rne RfZ — nureppan [0,1] co Cck/A€EHHBIMH
ToukaMHi 0 u 1, JonycTuM, 4TO Ham TOpP U3rOTOBJIEH U3
TOHKOH JKEeCTH H ero HepaBHOMepHO HarpeBaloT Nafjb-
Hoil JaMmnoi. B MoMeHT Bpemenn { =0 yOepem mammy.
K 3TOMy MOMEHTy B KaXKJIOH TOUKE p TOpa yCTAHOBUTCH
HekoTOpasa temneparypa u(p,0)=u(p). OuesuaHo, uTO
BO BCAKHH OoJsiee moO3AHUH MOMEHT BpeMeHH ! Temiepa-
Typa B TOUKe p OyAeT UMETh BIIOJHE OTpeAejcHHOe 3Has
gyenHe u(p, t). Ero MOXHO onpeaesuTh HE TOJNBKO H3Me-
peHHeM, HO H YHCTO TeOpeTHueckd. A HMeHHO, 6yiaeM
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CMUCHBATh KAaXAYIO TOUKY p Topa I ABYMS BellleCTBEH-
HbIMH 4HCIaMHu X, y (KOOpAWHATaMH), B3ATHIMH IO MO-
avaio 1Y, M3 ¢usukn H3BECTHO, 4TO npu BeibOope Hapjae-
})aniero Macuitaba BpeMend QyHKIUA 4 ABAAETCS OJHO-
3HAYHO OnpelenasdeMblM peliueHHeM YPaBHCHHS TEIJIOMPO-

BOAHOCTH
0
(0::2 + dy? )u-}-ﬁu—-—:O

¢ HayaabHBIM yciaopueM u(p, 0)== u(p). Byaem cunTats,
uto QyHkuus u(p, t) nepruofuuyHa ¢ nepuogom 1 mo Kax-
JIOH K3 INepeMeHHBIX X, y H 4TO

dysxuuio  pr—>u(p,0) MoxKHO

Pa3MOXHUTh B <«XOPOLIO» CXOMASA-

uics pajx BUAA

u(xayso)z T=
Z ga, 0" fa.b(x y)

abe.-.

I'Ne ga, b — KOMIIEKCHBIE UYHCAA,

2 fa, 5 (%, §) = exp (2mi (ax + by)) Puc. I6.

(Tak Has3blBaeMoe pa3a0xceHue

8 pad Pypve). Crporo ropops, u(x, y,0) sanaeTcs Bellle-
CTBEHHOH 4acThlO 3TOrO pﬁ,ua HmMeem

0(12 )fa.b—"?"a.b fa,b:

rae e, s = (2n)2(a? + b2) . Hafizem temephb— coBE€pIIEH-
HO (OpMaJIbHO — pellleHHe YpaBHEHHs TeIJIONPOBOA-
HOCTH:

u(p, t) = . bzezga.b'fa.b(p)'exp(" Moy t)=

=3 (Z gas-Faslp)) - exp(— @t me1),

a?+bi=m
Hucno
v(m)=F#{(a, b)]| a, b —uenve, a2 b? = m}

MOXHO Teneph TPAaKTOBaTk Kak pa3MepHOCTb COOCTBEH-
HOTO TOANIPOCTPaHCTBa AudrdepeHHaNbHOTO Oleparopa

DToeerb 0S x << 1, 0 <<y < Lo~ ITpum, nepes,
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—(0%/0x? - 3°/0y?) na T, otBeuaiollero coOGCTBEHHOMY
3HaueHuio (2r)2m.

CnekTp omepatopa 02/0x?-0%/0y? a TouHee pac-
'npefeneHne ero coOCTBEHHBIX 3HAUCHHH ONHCHIBaeTcCH
GyHKIHEH

B(v)= F={m|m = a2 b?% a, b —uenne; m < v}.

OHa Obsa B 1909 r. umccaemosana . Jlanpay ([2],
§ 183), kKoTOpHBIT YCTAaHOBHI, YTO

Bo=(2 I 0=p3)" (ctma™ (14

p==3(mod 4) :
+0 ( Inv )) )

BosBpamasce K ypaBHEHHIO TEIJIONIPOBOLHOCTH, BBe-
JeM o00O3HayeHHe

F(p, v, t)= zzfa.b(p)'fa.b(v)exp('—'ha.b't)'

a be

Ilycts dv == dx /\ dy — anemeHT noBepxHOCTH Topa, He-
NOCPEACTBEHHO TPOBEPSAETCS, UTO

u(p, t)=SF(p, v, HHu(vydv upu > 0.
T

Oyuxuua F(, , ) HasnBaeTcss PYHOAMEHTANbHOIM pelie-
Huem ypaBHEHHSI TeIJIONPOBOAHOCTH Ha Tope; 3Has F,
MOXHO HalTH pelleHHe yPaBHEHHS TEIJOIPOBOAHOCTH

C JIOGHLIMH 3aJaMHBIMH HauaJbHBIMH ycioBHsMH. Oue-
BYTHO,

SF(U, v, Hdv=1-} Z v(m) - exp (— (2n)* - m - {)

T m=1

npu £ > 0. Gyukpua

t —> mi:“x v (m)exp (— (2n)? - m - §)

— 3T0 Kak OH CTeHOrpaMma, B KOTOPOil 3amHcaHBl BCe
v(m). Ilonoxus 2z =i-4nf, g = exp(miz), noayyaem
BMECTO NOCJEIHErO BHIPaXKEHAS

o

>, v(m)g™

=]
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il

Ora cymMa HMeeT cMmbicak npu Im(z2) > 0 u oupeaenser
B 3ToH oOMacTH aHajmuTHueckylo QyHKuHIO (yxe BCTpe-
yaBuIylocsl HaM oA UMeHeM TaTa-GyHxuuu). Ecau co-
BeplieHHO (opMalbHO COTMOCTABHTb BHPaXeHHIO

[ 0]

>, v(m)g™

hYHKUHIO m=l

L(s)= ), S
m=1

ONpPEAEACHHYIO I KOMIIEKCHBIX S, V KOTODHIX Belle-
CTBeHHas 4YacTp OoJsbmie 1, To, K&K MOXKHO J0KasarTh,

Z(s)= 4Ip[(1 —x(Pp=)" -1 —p=s)7,

rae OeckoHeuHoe NpoH3BeaeHHe OepeTcsi MO BCEM IpO-
CTHIM uncnaM. ®Oynknus §(s) ¢ TOUHOCTBIO JO MHOXH-«
TelAd 4 npexacrabasier cobGofi Tak Has3HBaeMyi0 JA3€Tas

dyuxumio noas Q (4/— 1).

Takum oOpasoM, MBI BHAHM, YTO C ypaBHEHHEM Tell
JIOIIPOBOJHOCTH Ha TOPE TECHO CBSI3aHbl HEKOTOpPLIE aHa-
JuTHyeckre ¢yHkumH. KX MoxHo omnpeaeauTtb, 3Had
byHKIHIO m—>v(m) u HaobOopoT.

Bce 3aTponythie BhiIle BONpocH H 6ersio HaMeueHHHe
CBSAA3H upe3BbHIUAHHO JIerko NnoajanTcs o000meHHI0 H B~
JIAIOTCST 9acThl0 KHBOH, IIOJHOKPOBHOA TeopuH. §I Ha-
JAel0Chb, YTO MHE yJaJjoch npobyaAuTh Bauie JIOOONEITCTBO,
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Xancnerep Kpagpr

AJTTEBPAUNYECKUE KPUBBIE
M ANOMAHTOBEI YPABHEHUS

Te, KOMy HOCYaCTJIHBHIOCH XOJAHTb Ha YPOKH Mmare-
MAaTHKH ellle /0 BBeJEeHHS TEOPUH MHOXKECTB B IIKOJIbHYIO
mporpaMMy, HeCOMHeHHO, NmOMHsT Teopemy Iludaropa:

B npamoyzosbuom Tpey2oabHuKe cymmae naowadel
K8a0paTos, NOCTPOCHHbLX HA KATETAX, pasna naouja-
Ou Keadpara, nocTpoenno2o Ha aunotenyse (puc. 17).

g'/

F=F+F,

2 777 2

Y,
/
B a C
Puc. 18.

2t1a TeopeMma Oblja H3BeCcTHA B BaBUMIOHHH yiKe BO Bpe-
mena XAMMYPAIIH, a Bo3MoxHO, €e 3HAJNH H B JpEBHEM
Erunte, ofHako BIepBble OHa Oblia AOKasaHa, NoO-BULU-
MOMY, B TH(¢aropeiickoit mkoJse, Tag HasbBajsach Ipynna
HHTepeCYIILIUXCca MaTeMaTHKo# (HI0CO(OB N0 HMEHH
ocHoBateas mkoJpl [THMO®ATOPA (ok. 580—500 r. a0
H. 3.)— JUYHOCTH JOBOJbHO MH(HUECKOH. DTO ObIA MHC~
THK, VUEHBI M IOJHUTUK apHCTOKpaTHuecKoro tojaka. O,
AOMXKHO OhiTh, yTeliecTBOBAN 10 BaBujmoHuu u Erunry,
a nosnnee Ha iore Hranun, B KporoHe, co6pan BOKPYT
ce0s KpYKOK YBJEUEHHHIX IOHOIIeH, U3 KOTOPOro H BO3-
HUKJIa nugaropeiickass mkosaa. B Hacrofluee BpemMs yXe
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HEBO3MOXKHO YCTAaHOBHTb, Kakue HJOCTHXeHHs IHbaro-
pefllleB NIpHHAJIEKAT CAMOMY YUHTENIO, a Kakue cjaeayer
IIPUIIHCATL €r0 YYEHUKAM,

ITycTh AJMHBI CTOPOH HPSIMOYTOJBHOI'O TPeyroJbHHUKA
ABC (puc. 18) obGoszuaueHhl uepe3 a, b, ¢, HpUUYEM CTO-
pPOHA JIUHBI ¢ HAXOAUTCS HANPOTUB NIpsAMoro yraa. Teo-
pema IIudaropa yrBep:KaacT cupaBeaJUBOCTh PaBeHCTBA

(1) a? 4 b? == ¢2,

Ono BhINONIHSAETCS, HapUMep, ecJH BMecTo @, b, ¢ moA-
cTaBUTh uucaa 3, 4, 5, uau 5, 12, 13, uau 41, 140, 149.
Taxne pemeHuss ypasHenus (1) B LeNBIX MOJOXHTEJb-
HBIX YHCJaX HalLIW yxKe nudaropeinsl, # NOTOMY TakHe
pelIeHUS 1A3bIBAOT nugazoposumu Tpolixamu. Broaue
BO3MOXKIO, UYTO INIOMCKH 3THX TPOEK H IPHBEJH K TeO-
peme Iludaropa. Bnpouewm, Tpoitka (3,4, 5) Oblna H3Be-
CTHa 3HAYMTENbHO paHblle, 0 YeM CBHJIETEJbCTBYeT, cKa-
xeM, gaomlenmufi Ao Hac auajgor mmuneparopa HXKOY-
I'VHA (ox 1100 r. go H. 3.) u yueHoro IIAH TAO
([2]Y, ctp. 54—65); O6osee TOAPOGHO 0 TpOiiKe
(3, 4, 5) pacckasmBaeTcss B IpeAbAYHiell JeKUHH
10. Ponsdca.

3aganuMcs BOIIPOCOM, CKOAbKO CYLIECTBYeT nudaro-
poBuiX Tpoek. OueBHAHO, yMHOXKAasd BCE TPH 4YMCIa Ha
Jawboe 1ejoe n, MOXHO H3 TPoikH (a, b, ¢) NOJYy4YHTb
GEeCKOHeYHO MHOI'O HOBHIX TpOeK; H3 Tpoiku (3, 4, 5)
BO3HHKAeT TakKUM o00pasoM IOCAeAOBATEJIbHOCTL TPOEK
(3,4,5) (6,8, 10), (9,12,15), (12, 16, 20), ... . [TosTomy
YTOUHHM IIOCTaRJA€HHBIE Bomnpoc W OyjaeM HCKaTb npo-
creiiuiue nudaropossl Tpowku (a,b,c), T. €. Te, V KO-
TOPBIX HauboAbIIHA OOHIUH AenuTeNh YHCen &, b u ¢ pa-
BeH |. PemeHne 310fi sagaun ykaszan emé JHMOPAHT
u3 Asnexcanapuu (ok, 250 r. H. 3.):

Ecau n u m—0s8a s3aumno npocrolx yeaslx (no-
NONCUTEAbHOLX) HUCAQ, PA3HOCTL KOTOPOLIX N — M
nOA0NCUTENbHA U HewéTHa, To (2mn, n? — m2, n® -
+ m?) — npocrediwan nugazoposa Tpolika, u rr0bas
Uz TaKux Tpoex moocer ObiTb Hatidena 3TuM Cno-
cobonm.

1) Yucna B KBaAPATHbIX CKOGKaX OTCHIIAIOT K CHHCKY JHTepas
TYpPbl B KOHUE 3KCKYPCHU.
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[lepBasi wacTp yTBepKIeHMs JIerKOo NpoBepsieTcs HeMNo-
CPEeNCTBEHHOHM INOACTAHOBKOH; YAaCTHBIE CJAyYaH 3STOro
«IpaBHJIa TIOCTPOEHUHA» NHQPAropoBbiXx TPOEK ObIIH H3-
BeCTHH U paHbluie. Dosee cl0xKHO AoKasaTh, YTO TAKHM
o6pa3oM noJay4yarmTcs 8ce npocreiiuine TpoHkH. Ceiuac
Mbl YCTAHOBHMM 23TO C IIOMOIIbBI0O TE€OMETPHUUECKHX CO006-
paxenuil. Pasnenus paBeHcrBo (1) Ha ¢?, momyyum

() + ()=t

[ToaroMy kaxxnas nudgaroposa tpoiika (a, b, ¢) naer pe-
IlIeHHE ypaBHEeHHS

(2) EES

B payuonaassbublx yucaax (npo06sx), a MMeHHO X = a/c,
y==>b/c; Ha30BeM TaKyl0 IIapy pPAYUOHQAAbHOIM pelle-

Ay
g
Py =(XpYa)
x
§=(0,~1)
Puc. 19,

Huem ypaBHenns (2). HaobopoT, u3 BCAKOro Takoro pe-
IIeHUs, €CJAH IpHUBECTH APOOM x M y K oOLeMy 3Hame-
Hateqo: x = a/c¢, y =>b/c, rae a, b, ¢ — neane, ToTYac
BO3HHKaeT mnudaropora tpoika. CaeaoBaTesbHO, Halla
3ajlaya CBe/JleHa K OlpefeseHHI0 PAallHOHAJbHEIX pellieHUul
ypaBHeHUs (2). DTO ypaBHEeHHE TaK¥Ke XOpOHIO HW3BECTHO
H3 IHKOJBl — OHO 3aJaer Ha 3BKJUJOBOH IJAOCKOCTH
OKPYKHOCTb C INEHTPOM B Hauajie KOOpAHHAT H pajHy-
com | (puc. 19). Ecan paccMoTpers npsMylo g ¢ yrJo-
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BHIM KO3((QHUUHEHTOM A, NPOXOAAILYIO Yepe3 TOUKY
(0, —1):
(3) g y=hx—1,

TO KOODAHHATH 00cHX TOuek nepeceueHuss S = (0, —1)
U P, = (xa,9,) upsMoli g C OKPYXHOCTbIO YAOBJETBO-
pawoT ypasHenusm (2) u (3). Iloacrasnas (3) B (2),
HoJy4yacm

(4) (A2 - 1)x® — 20x =0,

OTKyAa MOXKHO HafiTH KOOPAHHATH (X3, ) TOUKH P,;
2, A2 — 1

(5) n=rrr: Hh=I¢—l=477-

(/lerko yOenuTbcsl NOACTAHOBKOH, UTO OHH SBIAAIOTCH
peuteHnem ypasnenus (2).) Ilpu pauvoHajbHBHIX A 3TH
peilenus, ouyeBHAHO, OyAyT panHonanbHeiMH. OO6parHo,
eCtH (Xy, Yo) — pallMOHAJbHOE pellleHHe ypaBHeHHs (2)
H Py— COOTBETCTBYIOULAS €My TOUKA Ha OKPYXKHOCTH, TO
yrjaoBoil KO3((QHUUHEHT MpPAMOH, mNpoxoaslled uepes
Touki (0, —1) u Po, paunonanen: A = (yo+ 1) /xo. Cae-
JOBaTeNbHO, (X0, Yo) ecTh pewrenne Buaa (5). Takum 06-
pasoM, [0KasaHO, YTO BCe palHOHA/JbHble peUIeHHd
ypapHenus (2) Haxoasrcs no dopmynam (5) ¢ panHo-
HaapHbiM A. Ecnu 3amucate A B BHAE ApOGH: A = n/m,
TO ¢opMyJabl (5) MepenHIyTCs TaK:
__ 2nm n? — m?
x?"——ﬂ,‘-{—mz’ yh=n2+m2'

Hrak, mobasa nudaropoBa Tpodka npeacraBuMa B BHJIE
(2nm, n?—m?, n®-- m?), uto # TPeGOBANOCH AOKA3ATh.

[IpuBedeHHEI pe3yabTaT — JHIIbL OJUH H3 MHOTHX,
conepxamnxcsa B «Apudmeruke» Juodanra, JJo Haiuero
BpPEMeHHU COXPaHHWJIHUCh O KHHT 3TOro cOunHeHHs; 00 HX
ofHieM YHCAE MOXKHO TOJNBKO CTPOHTh Aorajaku. Hewusse-
CTHO TakxKe, keM Ouvli1 JuodaHt. Bo BCckOM cayuae, ero
TPYA — OJHO M3 caMbIX BCJUKOJENHBIX COUUHEHHN aHTHY-
HOH 310OXH, B KOTOPOM co0OpaHbl BecbMa pa3HooOpasHbie
3a/layd H YacTO C YPEe3BHIYAHHO OCTPOYMHBLIMH pelie-
uusiMu, (bonee moApoOHBIE CBeAEHHS HHTEpecylouics
YyuTaTeJbh MOXKET HaHTH B yAauyHOH xuuxkeuke Damma-
KoBo# [1].)
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liMenno counHenue nodanra — usnanHoe B 1621 r.
B nepesoae Kioaa Facmapa ge Bame xe ME3HMPBAKA
(1581—1630) — nanio nosox Ilbepy P®EPMA 3amucath
Ha MOJIAX TepeBoja OAHO M3 caMblX HOCTOIPHMeyaTebs
HHX W AaJE€KO NOBeJAIIMX 3aMeyaHudl B HCTOPDUH MaTe«
MAaTHKH:

«Cubum aulem in duos cubos, aut quadrato-quas
dratum in duos quadrato-quadratos, et generaliter
nullam in infinitum ultra quadratum potestatem
in duas ejusdem nominis fas est dividere; cujus
rei demomnstrationem mirabilem sane detexi. Hanc
marginis exiguitas non caperet.»

«HeBo3sMOXKHO pa3noXuTh Ky0 Ha gBa ky0a, HJIH
O6ukBajapar Ha aBa OHkBajapara, WiH BooOuUle CTe-
niedb, OGoJbLIYI0 ABYX, Ha JBe CTeNE€HH ¢ TEM XKe
CaMBHIM I[I0KasaTeJieM; g HalleJ 3TOMY IIOHCTHHE
yyJlecHO€ [0Ka3aTeNbCTBO, OJAHAKO IMOJSA CJHIIKOM
MaJhl, YTOOB OHO 3/1eCh YMECTHIOCh».

Takum ob6pasoM, 6oasuian Teopesma Pepsma yrBepXKIAaLT,
4TO YpasHerue

(6) a” -+ b" == ¢*

HU npu KaxKom HaTypasvnom n, 6oavuiem 2, Hepaspes
WUMO 8 YEeAblX NOAONCUTEAbHBLE YUCAAX.

OGulee A0Ka3aTeabCTBO CHOPMYJHPOBAHHOIG YTBEP-
XKIeHHsT He y/jaJjoch HaHTH J0 CHX IIOp, HECMOTPA HA 10
YTO 3THM 3aHHMaJHCh IOKOJeHWs MareMaTHKoB, Be-
postHee Bcero, Pepma omubancs, npeanonaras, 4To
pacmosaraer pemlennem. B 1908 r. Ilayar BOJIb®-
CKEJIDb 3apelias nMpeMHIO B CTO ThHICAY MaPOK TOMY, KTO
NepBHIM TpPEACTABHT JOKa3aTenbcTBO. B peayabrare
HHOAANHE NOoCJe epBOH MHPOBOF BOWHH BEJHUHHA MIpe-
MHH B HacToflilee BpEMsl COCTaBJsIET €JABa JeCATYIO
YacTh INepBOHAaYaJdbHOH cyMMH (cm. [15}, aexums 1,
nyHkT 7). K ToMy xe, xak ykaswBaet I'. Dasapic B cBoei
kHHre [5] o teopeme depma, npeMHA HasHayeHa JIHIb
3a JOKa3aTeJbCTBO NPEAIOJNOKEHHS — KOHTPIpHUMED HE
npuuecér Hu ndeunnural

CrpaBeannsocts Ooabuioft TeopeMbr ®epma nasd He-
KOTOPHIX YacTHHIX cJiyyaeB Oblia yCTaHOBJeHa yikKe X0«
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BOJIbHO jgaBHO: camM Pepma m0Kasas HepaspelmHMOCTb
ypaBHenus (6) mpu n=4, JI. QUJIEP —npu n=3
(1770 r.), A. JIE)XAHOP —opu n=5 (1825 r.) #u
I'. IAME —npu n=7 (1839 r.). CaMble 3aMeyaTe/h-
Hble Pe3yJ/bTaThl 3Jech NPHHALIEXKAT, 0JHaKo, D. KYM-
MEPY (1810—1893), KoTophuiii CBOUMU HCCAEJIOBAHUAMHU
110 npoGseMe Pepma oKasaJ peliapuiee BJAUSHUE HA pas-
BUTHE ajrebpanyeckod Teopuu yucesa. B HalleM CTOJIeTHH
ero MeTOoJAh OBbUIH YCOBEPIIEHCTBOBAHH U JONOJIHEHH
(1929 r. u mosxke) mpexniae Bcero O/Jarogapsi yCHJIUAM
Y. BAHIOHWBEPA, O. JIEMEPA un 3. JIEMEPA, rak
YTO K HACTOALIEMY BPEMEHH Hepa3pelIuMOCTb YpaBHEHHS

Puc, 20.

(6) nmoxasana (c ucmosb3oBaHuem DBM) nns Bcex
n << 125000 (3. BATHITA®®, 1976 r.; cMm. Takxe [15],
Jgekuus 2, «[locnennue pesyabtatei»). Eciau npHHATHL BO
BHUMAHHeE, 4TO uucao 2125000 sappchiBaeTca HOCPEACTBOM
37628 uudp, TO NMOHCKH KOHTpHpuMepa K OOJBLIOH Teo-
peMe @epMma TNpeACTAaBJSIOTCSI CcOBepHIeHHO O6e3Hagex-
HBIM 3aHATHEM!

PaccyxaeHusi, aHajiorduHble HNpOBeIeHHBIM IpH Ha-
xO¥XAeHHM nU(aropoBHIX TPOEK, NMOKA3HBAlOT, YTO NPOO6-
jgemMa PepMa cBOAUTCA K OIPEACJICHHIO PAUUOHAAbHOLLX
pewienuli ypaBHeHUd

(7) X% 4yt = 1.

PaccMoTpeB Ha 3BKIHI0BOH IJIOCKOCTH KPHBYIO F,, 3a-
JaHHYIO 3THM ypaBHEHHeM, MOJYYHM JiBé KaueCTBeHHO
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pasnHYHBe BO3MOXKHOCTH B 3aBHCHMOCTH OT YETHOCTH
HiaH Heu€THOCTH 1 (cM. puc. 20). KpuBasa F, naswiBaetcs
kpusoli Pepma nopsigka n. Ilosromy rumoresa Pepma
O3HayaeT, 4TO0 Ha kpusold F, nopadxka ewvuue 2 edun-
CTBEHHBIMU PAYUOHANbHOIMY TOYKamu (T. €. TOUYKaMH
C PaUHOHAJbHLIMH KOODJAHHATAMH) ABAAOTCA TO4KU he-
pPeceuenus ¢ oCamu KoopIunar.

CaM co0oii HanpammBaeTcs caeAaylouuii o6mul Bo-
mpoc:
Kaxoser payuoraasvrote Touku xpusoi C Ha 38KAU-
dogoll naockocTu, 3a0a8aeMOl NPOU3BOALHLIM A~
eefpauteckum YpasHenuem

(8) C: 2 ays'y =0

C YCAOHUCACHHLIMU KOIPPUYUEHTAMU Q4P

Ilopadox kpuBoit C, T. e, MakcuMadbHAsaA H3 CTelmeHeH
i + j ongHowsneHOB x'y/, BxoAsNX B ypaBHeHHe (8), ciy-
XAT rpy0od MepoH CJaOXKHOCTH KpuBoi, OueBUAHO, 4YTO
yeM Bbillieé NOPSAJOK, TeM TPYAHee HaHTH palHOHAJbHbLiE
penienHs ypaBHeHusi (8). Dto 06CTOATENILCTBO HAXOAHT
6osee TOuHOe BhipaxceHwe B eunorese MOPIEJIJIA:

Ha xkpueod, nopadok koTopoi ssiuie uau paseq ue-
TOlpeM, UMEeTCA AUULL KOHedHOoe HUCAO payuoHaasb-
HolX TO4ex.

31ech ciaenyer CAelaThb OTOBOPKY, YTO PACCMATPHBAIOTCH
KpuBble «o0wiero Buga» Y, a BeIpOXKAEHHHE CJYYaH BO
BHUMAHHE He NMPHHHMAIOTCH.

OTHOCHTEIbHO CHpaBeJIMBOCTH THIOTe3n Mopieina
H3BEeCTHO OYeHb Maji0; €XHHCTBeHHBIM OOUIMM pe3yJibTa-
TOM 3jJecb siBasieTcs: Teopema SHTEJIA ([16], 1929 r.):

Ha xpusod ob6uezo 8uda, nopsadok KOTOPol eeiuie
2, AeKHUT AUWbL KOHEYHOe 4UCAO YeAblX To4ex (TO-
YeK ¢ HeJbIMH KOOpAHHATAMH), T. €. y COOTBET-
CTBYIOUler0 ypaBHeHHs (8) cyllecTByer JHHIb KO-
HeyHOe YHC/0 HENOUHC/ACHHBIX pelueHun,

1 ®dopmanbHO-MATEMATHUECKA 9TO O3HAauaeT OTCyTCTBHE OCOGed-
HOCTeH y COOTBETCTBYIOUWICH KOMMJIEKCHOH (IPOSKTHBHOR KPHBOH, npen-
cTasasiomeii coGot TeM caMeiM IoBepxHocTs PuMana poga g > |,
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Insi KpuBBIX MaJjoro Hopsiaka d KapTuHa cJaenyiouias:
npu d =1 uMeeM HPAMYIO M HAa Heil GSCKOHEYHO MHOIO
panHOHAJBHHX (M JAaxe LeJAbIX) Touek; npu d = 2 mo-
Jiyuaercs Kgadpuxa (3a/unc, napa6oJsa, ranep6onaa); Ba
KBagpuke Jsub0 coBceM HeT, JauHO0 OeCKOHEYHO MHOIO
PAaLHOHAJbHHX ToueK !, DTo HOKa3BIBaeTcs TeM Ke reo-
MeTPHYECKHM MeTOJOM, KOTOpH# Beiile GHIJI MpHMEHEH
JJAd HaXOXKJASHHA pPAUNOHAJBHHX TOYEK HA efUHHYHOH
OKPYXHOCTH 4 KOTOPHIH, COrJaaCHO naHHbIM bBammako-
Bofl, Takxke Bocxoaut K Huodaunty ([1], § 5). M umenHo,
NPpAMAA € PAYUOHANLHOIM YeN0B8bIM KOSPDUUYUEHTOM,

A1” Q4

Q3

Qo X
Q/‘_N\R

&
P 91 \

Puc. 2]. Puc, 22.

npoxo0aw,an 4Yepe3 payuoHasbHyro Touky P rxeadpuxu,
nepecexaer ee 8 payuoHaseuslx Touxax. [loBopauupas
IPAMYIO BOKPYr TO4YkH P, nonyuaeM OeCKOHEYHO MHOIO
palHOHAJBHBIX Touek (puc. 21).

Cayuait d =3 sBJsgeTcsi B H3BECTHOM CMBIc/Je TNPO-
MEXKYTOUHBIM MEeXAY pacCMOTpPeHHHBIMH. Kak Mbl BUJeJH,
na xpusoli @epma F3 (puc. 20) mexart Julib ABe palHo-
HaJbHblE TOYKH, a2 cefyac Mbl NpPUBEJAEeM IpPHMep KpHBOf
TpeTbero Nnopsijika, Ha KOTOpOH OecKOHeUHOe YHCJIO pa-
IIHOHAJIbHBIX TOYeK. [l 3TOro BOCIOJMb3yeMcsi CJaeAyIo-
LIHM MeTO00M Cexyujux, TpeAcTaBASOIINM cobofi 0006~
IeHHE YKA3aHHOro paHee cnocoba mJjisi KBagpuk (4 3TOT
MeToA TOXke BcTpeuaercs y Hmodanra; cm. [1], § 6):

1) Cayyan, KOTAA KBaZpHKA BHIPOXKAAETCA B TOUYKY (kKaxk 310 Oy-
JeT, HanpuMep, ANS KPHBOW, 3ajaBacMoii ypapHeHueM x2 + y?=0),
He NPHHUMAIOTCS BO BumManue,
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Ecau P u Q — Qae payuonaashele T04Kku Kpusoi C
Tperveso nopAdKa u npamas, npoxodawias wepes P,
u Q, nepecexaer xpusyro C ewe 8 00Hol TOoUuKe R,
70 R Takme ABAALTCA PAYUOHALOHOU TO4KOU
(pHc. 22).

3To yTBepiKJAeHHE JNOKa3blBaercsi oueHb mpocto. Ecid
(9) g:y=rx-+s

— ypaBHeHue NpsiMofi, MpoxoAsuiell yepe3 ToukH P u Q,
TO ¥ U §— PALMOHAJIbHbBE YyHCHA2, OO HMX MOXKHO BhIpa-
3UTb Yepe3 KOOPAHHATH (Xp,Yr) H (Xq, Yo) TOUCK P H Q
10 popMyJsiaM
re=a2Ye gy =0 TR
xP—-xQ

[ToncraBus (9) B ypaBHeHHe KpHBOH C, NOAYYHM HJA X
ypaBHeHHe TpeTbell CTeleHH

(10) Bt+axdt+bx+c=0

C panuoHaJbHBIMH KO3(¢huumenramu a, b, c¢. ITo yciro-
BHIO KOPHSIMH er0 sIBJAKTCA abGCHHCCHI TOYEK Ilepeceue-
nusgd P, Q u R npaMmoi g ¢ kpuBo# C, T. e. Xp, Xq, Xr.
OpHaxo, 3Hasg KOpHH ypaBHeHMS, MOXKHO HauTH €ro KO-
abOUUUCHTH COBEpPIIEHHO TakK XKe, Kak 3TO JeJiaercs
B IIKOJE AJA KBajapaTHOro ypaBHenusa. Hanpumep, cym-
Ma KOpHeH, B3ATasd ¢ IMPOTHBOIOJ/JOXKHLIM 3HAKOM, paBHA
ko3 dHIHeHTY TpH X%

Xp + Xq + Xr = —a.

ITo npenanonoKeHu0 Xp U X¢ PALMOHAJBHB], 103TOMY pa-
HUOHANBHBIM OyeT U Xg, a 3HAUYUT, U Ygr = rXp+ S, T. €.
R — pauronanuHas Touka, 4To U TpeboBaJjoch A0Ka3aTh.

Onpo6Gyem »3710T cnoco6 Ha KpuBoit E, 3agaHHOM
ypaBHeHHEM

(11) E: y? == x% — 2bx,

oTnpaBasiack oT Touek P = (—5,0),Q = (0,0); R=(5,0)
u §=(—4,6) (puc. 23). Cuavajsia, UCHIONB3Ys MNPAMYIO
SQ, noaydnM TOUKy Si1 € KOOpAHHATAMHU (6 -—l—, —9 —g—) .
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3aT€M NOJAYYHM TOUYKY S,== (-g-. -3 -12) , JaJjiee TOYKY

473 13790
(12 961 * — 40 29701

BIXHO TaKXe, UYTO KPUBAA E cummeTpusHa 0THOCUTEAbHO
ocu x: BMecTe ¢ Kaxnaod Touko T (xr,Yyr) Ha KpHBOH
JEXHT H CHMMeTPHUYHAA el OTHOCHTEJNBHO OCH X TOYKA
T’ = (xr, —yr), 1 ecnu Touka T
pauvuoHa’abHa, To M I’ Oyner pa-
LIHOHAJBLOU. DTO MOKHO [OALO-
'HaTh [OJ ONHCaHHBIA BBIIIC Me-
TOJA ceKylux cJjaeaymomuM obpa-
30M: NONOJIHUM KpUBYIO £ «He-
cobcreennod Touxoli» O B Ha-
npasaeHud ocu y. [lpsMuie, npo-
xoname uepe3 O,— 2310 npsd-
Mbl€, HapaJiiesibHbie OCH ¥, U MBbl
MOKeM NOJYYHTh TOYKYy T’ Kak
«TPeTEI0 TOYKY IIepeCceueHHsa»
npsAmoi, npoxonsalleir uyepes O
u I, c xpusoli E. lanee, MOXHO
HCNOJIL30BaTh Nnpedesvrblil CAy-
yaid Meroja CeKyHIuX — meTol
KacaTeabHolx: BMECTO NPIMOH,
npoxojdileli yepes pauuoHajgbHBIE TOYKH P H Q, 6paTh
KacaTeJbHYIO ¢ K KPUBOH B pauHoOHaJBHOH TouKe P (cum-
Tass Touku P u Q) coBmaBliuMu). PaccyXaeHUusiMU, aHaJo-
THYHLIMHM NPOBEAEHHBIM paHee, MOXKHO II0Ka3aTb, 4YTO
TOUKa Iepeceyendss npsMod { ¢ kpusoit E TtoxKe Oyner
paunoHasbHOH (M omATb 3TO GO M3BecTHO yxke JlHo-
danty; cm. [1], § 6).

B paso6panHoM Bhille npuMepe co3gaercs — U coBep-
IIeHHO CHpaBejIHBO — BOeYaT/ieHHe, 4YTO [POBOAMMBIE
IIOCTPOEHHST HHKOrja He 3aKAHYHMBAIOTCH H IO3BOJSIOT
HaliTi 6eCKOHeYHO MHOIO PAHHOHAJLHBIX TOYEK HA KpPH-
Bou E. 3arpyAHeHHs MOIVIH Obl BO3HHKHYTh, JIHIIb €CJIH
OBl MBI IOC/Ic KOHEYHOTO YHMCJa IIAaroB BepHYJHCb K Of-
HO# U3 paHee MOJIYYEHHBIX TOYeK, HO 3TO NPeACTaBJACTCS
BeCbMA MAaJIOBEPOSITHEIM BBHAY BCE YCAOXHAIOMIUXCH
3HAMeHaTeell.

Caenyrouiee yTBepzkaenne O6wuis1o Beckasano B 1901 r.
A. [TYAHKAPE (1854—1912) [l4], a noxka3aHo TOJBKO

) u T. A. Y13 ypasHenHs (11)

Puc. 23,
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enycera 20 sger (B 1922 r.) JI. MOPIAEJIJIOM [19]:

Bce payuonassHbie Touku Kpueoli TpeTsezo nNo-
pAGKA MOXMCHO NnOAYHUTL U3 HEKOTOPOZO KOHEYHO020
UX HUCAQ € NOMOUWbIO ORUCAHHO20 Cnocoba no-
CTPOCHUSA.

Kak u B TeopeMe 3uress, KpUBasi CYUTACTCS «IOMOJIHEH-
HO#» cBOMMH HecOOCTBEHHBIMH TOYKAaMH, U KpoMme TOro,
NpeAnoJjiaraercd, 4To OHa ABJsAeTCA KPUBOH obumero Bujaa
(1. e. He uMeer ocobeHHocTeil). Takue KpuBble HA3bi-
BAIOTCA SAAuUnTUYeCKUMU V.

CdopmyanpoBaHHas Bbille Teopema Mopdeara O6HIA
06o6UieHa B ABYX pPa3JMYHBIX HANPaBJEHUSAX: BMECTO
pPaLHOHAJbHBIX TOYEK CTaJH PACCMATPHBATb TOUKH C KO-
OpAMHATAMH H3 3a4aHHOr0 YHCJOBOrO MOJsA, a4 BMECTO
SMAUNTHYECKHX KPHBHIX — IOBEPXHOCTH NPOU3BOJILHOR
pasMepHOCTH (Tax HasblBaeMule abe.siegol mHozo0bpa3us).
Hagano astam o6o6uenusam Guno moaoxeno A. BEM-
JIEM, 8 okonuaTeJbubii pe3yjbTaT Ha3wBalOT ceHyac
reopemott MopOeara — Betias.

B ¢BfI3H ¢ 3THMH BONIPOCAZMH O PALHOHAJBHBIX TOYKAaX
sa nocjennue 15 jet mosaBHJCA PAA OTHACTH (aHTACTH-
yeckux rumores (B. BEPY, X. I1. CYUHHEPTOH-
JNAVIEP, Ix. TOVWT, D. OIT; cM. 0630pHYy1I0 CTaTblO
'[17}). CupaBemiMBOCTb HEKOTOPHIX H3 HHX HEJABHO

1) TTporcxoxneHne $TOTO HA3BAHHA HMeeT AONATYI0 HCTODiHIO. YXKe
B 17-M crojeTHH NpH BHUYHCACHAM OJHH AYyr SJIMICOB M JAPYIHX
KpUBLIX MAaTeMATHKH CTOJIKHYAHCH C BHTErpajiaMH BHAA

S dx

a1
d Vi)
rae f(x) — MHoroumer cremneHH He Bhuille 4. MccnenoBanue STHX 34-
Aunruveckux uwtezpanos Havan Dinep. ABEJIb n mezaBucumo or
Bero JIKOBU paccmorpenn obparHnie $YHKULHH AAd 9THX HHTErpa-
n08. Caenysa SIko6H, ux cTany HasuLiBATh IAAUNTUMECKUMU (DYHKWUA-
MU, BuiACHRJIOCE, YTO 3TO ABOSIKONEPHOAHUECKHE MepOMOpdHLEe (DYHK-
ud, yaosaeTsopsioiiHe aunddepeHUnanbHOMY YpaBHeHHIO BHIA

X2 —f(X) = 0.

Hcexoas w3 5Toro ypaBHeHHs, MOXHO MOKa3aTh, YTO SAAUNTHUCCKUE
QYHKUMHE — 3TO B TOYHOCTH (DYHKIHH, MepoMOpdHbEe HAa 3JJHITHYE-
CKHX KPHHLIX (NOHHMaeMBIX KaK KOMNDAKTHHIE PHMAHOBbl HOBEPXHO-
cTH).
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Obina moArBepKAEHA B INPOJOXHBIIECH HOBHE NYTH pa-«
6ore b. MA3YPA ([8], 1976 r.}, Peur HAET O Bompocax,
CB3aHHBIX C TaK Ha3blBAEMOH «TOHKOH CTPYKTypo#i»
palMOHANbHBIX TOYEK HA 3JIJIMITHUECKOH KpuBoi#l, H 06
9TOM MHe XoTejochb Obl HEMHOro pacckKasaTb B 3aKJlo-
qyeHue.

PaccMoTpuM 3JJIMITHYECKYI0O KpUByl0 E, 3aJaHHYIO
B Kanoruueckott opme Bedepwirpacca, T, €. ypaBHEHUEM
BH A

(12) E: y2=x34-ax?-}-bx+te

C peJOYHCHEeHHBIMH KoadduuueHtamMu a, b 4 ¢, Kaues
CTBEHHO BO3MOXHEI JBAa NOKa3aHHBIX Ha puc. 24 cayuas,

|y by

Puc. 24.

B COOTBeTCTBHH € TeM, OJHH HJH TPH BellleCTBEHHHX
KOpDHA HMeeT MHOrowled B mnpasod vactd (12) (stm
KOPDHH COOTBETCTBYIOT TOUKaM mepeceueHus E ¢ ocbio x).
ByaeM onsaTe CYUTAThb KpUBYW E TNOINOJHEHHOH HecoOl-
cTBeHHOA Toukofi O B HanpaBiaeHud ocu y. Cruenys
A. Tlyankape [l4], ompenenum Ha KpuBo#t E omepaumuio
PxQ: 0an awbox Toex P u Q Touka P % Q—3ro
TpeTosA TOYKA nepecedernun npamot PQ ¢ kpueol E, cum-
METPUUHO OTPANECHHAS OTHOCUTEeAbHO ocu X (pHC. 2D),
Jlerko BHAETb, YTO BBeACHHAs ONEpalHsa Kommyra-
TugHa (1. e. P+Q = Q+ P), uro Touka O dABjasercs AN
Hee nedrparvroim daemerTom (T. e. OxP == P = Px0)
M 4TO AN KamxaoH Toukd P cymiecTsyer obparusui 9ae-
MeNT — CHMMeTpHYHas efi OTHOCHTENbHO oCH X TouKa P’
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(1. e. P+ P/ = O = P’+ P). HeckojibkO cyloXHee NOKa«
8aTh, UTO 9Ta omepanus accoyuarusna (T. e. (P+»Q)*R=
= P +(Q+R) nns awbuix tTouek P, Q, R). Ha d3uke
COBPEMCHHOH MaTeMATHKH 3TO O3HAYAET, UTO TOXKU KpU-
gott E 06pa3yroT KOMMYTATUBHYIO epynny OTHOCUTEAbHO
onepayuu *.

M3 npeanlaylinX pacCyXIeHHH CJeAyeT, 4YTO i
NIO6HX ABYX pAallHOHAJABHBIX Todek P, Q Touka P#Q
TAKXe palHOHAJNbHA, — c00+
Ay =PQ  CTBEHHO, 3T0 H HOCJIYXHIO
HCXOAHLIM TYHKTOM HAWero
MeTOJa CeKYILIUX JJIsl HOCTpOe-
HMS1 pAalHOHAJbHBIX TOYEK.
HUrtak, payuonarvrvie TOYKU
” E:at kpusoii E o6pasyror nod-

epynny epynnet E. (HecoOl-
cTBenHad Touka O cuuraercs
P#Q panUuoHa AbHOH.)
NckymeHHbIHA uyHTaTeNb
JErKO 3aMETHT, YTO Teopemy
Puc. 25. MopOeara MOXHO  Temepb
chopMynHpOBATL TaK:

P o A g g e vt |

Payuonansrovie TOUKU saauntudeckolli xpusol
006pas3yroT KOHEHHO-NOPONCOEHHYIO KOMMYTATUBHYIO
apynny.

Dta ¢dopMyJUPOBKA HMeeT ONpejesieHHbie NpeHMyimes
CTBA, TAK KaK MJIl TAKHX TPyNN H3BECTHH CTPYKTYypHHIE
teopemsl. Hampumep, rpynny Erst MOXHO mpeAcTaBHTb
B BUIE npoussefenus HexkoTopol Koueunol epynnot Tg
it KOHEe4H020 uucCaa OeCKOHeuHbiX YUKAUYECKUX epynn.
KonnuecTBO OGeCKOHEYHBIX LMKAMYECKHX COMHOXKHTeJeH
HA3BIBAeTCHA paweom saauntudeckodl xpueod E, a KOoHeu-
Hag rpynna Tp— ee zpynnod Kpydenus. O paHre H3-
BeCTHH [0 CHX HOp TOJbKO OTheqbHble (akTe. Tak,
A. HEPOH (][11], 1953 r.) mokasaJ, 4TO CYyliecTByeT
KpuBag, paHr KoTtopo#i He Menbwe 10, He HpHBend,
npaBaa, fpHoro mpuMepa. A. BUMAH ([20], 1948 r)
MOCTPOMNI TpHMEp KpHBoi panra =4, . TIEHHHU
u K. [IOMEPAHC ([13], 1975 r.) manu nprMep KpHBOH
pagra =7, a ®. I'PIOHEBAJIb/l u P. IUMMEPT
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([6], 1977 r.)— kpuso#t panra =81, Kk uHCHy KpHBHIX
panra =8 OTHOCHTCS, HanpHMep, KPHBas, sajiaBaeMasi

ypaBHEHHEM
y=x*+ax®>+bx+4c¢

a=—3%- 1487 . 1873,
b=2%.3".5- 151 - 14651 - 33353,
c=2%.3*.5%.7.151%.193. 277 . 156307,

PaccmoTpennass panee kpuBaa (l1) (psc. 23) mmeer
paHr 1, coorBercTBywlWas O6eckOHeuHas ULUKJIHUYecKad
IOArpynna nopoxjaaerca TOYKo# S = (—4, 6). 1o cae-
ayer u3 peayabratos P. BAXEHIOOP®A ([19],1974r.),
KOTOpbifi HCcaAegoBaJ KpUBblE, 3afaBaeMble yPaBHEHH-
MH Buaa y? = x® — p?x, rae p — npocroe.

IToxa HesicHO, CYINECTBYIOT /4 DJJUNTHYECKHE KDH«
Bhle CKOJb YroiHo OosbmIOro paura (9TO CUHTaercs
BeCbMa BepOATHBIM). K3BecTHO, OJHAKO, YTO PaHr ole-
nuBaercad uepes Kosdduumentw ypasHenus (12) (Tou-
Hee, yepe3 YHCJO Pa3/IMYHBIX NPOCTHIX COMHOXHTeJdeH
017eabHblXx Ko9¢pduunentor [18]). Ilosromy HeynusH-
1€JIbHO, UTO B MOCTPOCHHHIX NMpHUMepax KpHBHX BhICOKOro
paira ypaBHeHHs HMeloT GojbiuHe Ko3¢p¢uuueHTH. CO-
r1aCHO OAHOH M3 YMOMAHYTHIX BHINle THIIOTE3, PAHr -
JUNITHYECKOX KpUBOH E paBeH KPaTHOCTH HYJA TakK Ha-
aniBaeMoro L-psapa Lg(2) Kpusot E B TOuke 2==1
(bépu u CyunneptoH-Iafep [3]).

PaccmoTpuM, HaKowuel, epynny kpywenus Te. OHa co-
CTOUT M3 pAallHOHAJbHHIX TOueK P KOHEYHOro MNOpPAIKaA
(T. e. U3 TexX, AJA KOTOPHX n-KpaTHasg KOMIO3HIHS
PxPws ... »P paBda O npu HeKOTOpPOM r), HasbiBae-
MHX (pauMoHaJbLHEIMH) Toukamu Kpydenusa. Ilpexne
BCero Ha OCHOBAHHH CaMOr'0 BHAA KPHBOHM MOXKHO 3aKilo-
YNTh, YTO COpaBeANHBa cjeaylomas obmass CTPYKTypHas
teopema: epynna Te aubo cama yuxauuua, Aubo ecro
npouseedenue 2pynnot Ly nopadka 2 HA YUKAUYECKYIO
epynny. DT0 MOXKHO OOGOCHOBATH CJEAYIOIIHM OO6Pa30M.
Kpusas £ (momosnneHHas) COCTOHMT H3 OJHOH HaH ABYX

C

1) BuponsMenus Meroa ['piosesansia u Lluvmepra, K HAKATA
Hames HejaBHO npuMep kpueoit paura =9 (K Nakata, Manuscripta
Math. 29 (1979)).
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8aMKHYTHIX JuHu#t (cM. puc. 24), a moTOMy TONOJOrH-
YeCKH BHIMJIAAHT KaK OJHA HJH JBe OKpyxHOcTH. [IpH
aToM uactb EY copep:kamiasi (HecoOGCcTBeHHYIO) TOUKYy O,
obpasyer moArpynmy. MOKHO AOKa3aTh, uTo Jwbas kKo-
HeuHas noarpynrna B E° uyurandeckasi (270 Jenaercd
TOUHO TaK XK€, KaK JUIf FPYNNLl BpalileHHil OKPYKHOCTH).
CaeoBaTesbHO, €CJH TCpynna KpyueHuss Ty LEJTHKOM
JekuT B E° 1o Tz — uMkiInuecKas rpynna. B nporHBHOM

ciyuae Tr ectb mpoussesienne Zp Ha rpynny Tg TOYeK
Kpyuenus us E°,

O rpynme KpyuyeHHsi Koe-yTO OLIJIO H3BECTHO yxKe JO-
BonbHO Aasuo. Tak, T. HATEJIJIb ([10], 1935 r.) 4,
nosanee, JI. JIYTLL ([7], 1937 r.) monyumau cuenylo-
IIHA HHTEpecHbIH pe3yabTaT, LAlOHIUH OJHOBpPEMEHHO
MEeTOA AJi SBHOI'O ONpejeJeHHA TOUGK Kpy4ueHHsS KOH-
KPeTHbIX KPHUBBIX:

Ecau P—(payuonanronas) To4ka KpYy4eHUus saAUn-
Tuyeckol xkpusod E, 3adannol ypasueruem

Yy = x*+4-ax? 4 bx +-c,

TO ee KOOpOUHATOL Xp U Yp ABAAIOTCA YEALIMU HUC-
aamu, npukem yp pasuo uiu 0, uau xaxomy-nubyde
deaurearo ouckpumunanra D xpusotl E.

(JuCKPUMHHAHTOM KDHBOH HAa3bIBAGTCH ONpeAejeHHBI
MHOro4/IeH OT KO3(h(HUHEHTOB YypAaBHEHHA; B AAHHOM
cJyuae AUCKPUMHUHAHT paBeH

D = 4a3%c — a?b? — 18abc + 4b° - 27¢%;

yciaoBue D == 0 sBaserca HeoOXOZHMBIM H JOCTATOUYHBIM
yclOBHEeM peryJspHoctH KpuBoir £ ) Hanpumep, aas
KPHUBOH

E: p = x3— 14x2-}-8lx

rpynna gpydeHus Tp ecTh IHKAMYecKas Ipynna mopsji-
Ka 8, nopoxkpaendas touko#d P = (3, 12). Hpyrum mnpume-
POM CJAYXHUT KpHBasd

E: y? = x®*—43x 4 166

C LUUKJIUYECKOH CpPYNIOH KpydeHHS NOPsSAKa 7, MOPOK-
JeHHO# Touko# P = (3, 8). BecbMa 3aHUMaTeJIbHO H CO«
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BCEM HECJIOXKHO CaMOCTOSITEJNbHO NPHAYMATh H HCCHAEHO+
BaTb APyrue NpHMepHI.

¥Ke RaBHO CYLLECTBOBAJIO NpPEeAIONOXKEHHE, NOATBEP«
¥XaaBleecsd BC€ HOBBIMH YHCJCHHBIMH NpPHMEpaMH, 4TO
NOpALOK TPynnm KpydeHus orpasHued. K 1960 r. Guino
U3BECTHO, YTO OH He MOXKeT NPUHHMAaTh HEKOTOPHIX SHa«
yeHul, HanpuMep Kpatumx 11, 14, 15, ... (cM. [4]).

B 1976 r. b. Masyp cyliecTtBeHHO NPOABHHYJCH BIIE«
pel, L0Ka3aB, 4TO nopAdoK ECAKOUE pAyUOHAALHOU TOYKU
kpy4ernus pasen 12 uau He npesocxolur 10 (310 yxXe
B 1974 r. npepnouaraa 2. Orr [12]). Tem camuim Guina
IIOJTHOCTHIO BhHIiCHEHa CTPYKTYpa rpynnu 7 k.

Hnueercs 15 so3mooncHocred: aubo ~Tg— yuxauyea
ckasa epynna, nopadox xoropoli pasen 12 usu He
npesocxodur 10, aubo oHa ecTs npoussedexue
epynnot 7o HA YuKiU4ECKYto epynny nopadka 2, 4,
6 uau 8.

BripaowuMcsa pesyasratoM b. Masypa Onina 3asepuiesa
OfHAa U3 TJIaB TEOPHU 3SJJUOTUYECKMX KPUBLIX, NpUYeM
BeCbMa HEOXUHAAHHO Jaxe [N HEKOTOPHIX CHemHajHc«
TOB, CYATABLIUX, YTO Hajx 3TOH NpobaeMol Mmpuiercd pa-
6oraTh eule foJaroe Bpemsa. MoxXHO cMelo yTBepXKAaTh,
YTO 3TOT pPe3yJbTaT NPHBAAJEXUT K YHCJAY HUHTepecHed«
HINX MAaTeMAaTHYECKUX pe3yJbTaTOB HOCHEIHUX JeT. Pas
dyMeeTcs, B paMKax HacTtosuled JeKUUH HEBO3MOXKHO
yKasaTh Jaxe XxoTa Obl HIE METOoJa J0KasaTejbCcTBA
Mazypa. /la 270 ¥ He BXOJHUT B MOIO 3ajauy.

S xores TOJHKO NONBITATLCS NPOATH BMECTE ¢ BaMH
HeGOABIIYI0 4YaCTh NYTH pPAasBUTHA OOHOH MaTeMathye-
ckoii nipobaemsl — ot IIugaropa uepes Jduodanra u ru-
notesy PepMa K panMoHaJbLHHIM TOUKAM 3JIHNTHYECKHX
KPUBBIX — U II0Ka3aTh, KaK B XOJe HCCJIENOBAaBHA MNpO+
6/jeMy BHAOH3MEHANH, 0000IaJH M CHOBA KOHKPETH3H4
pOBa/IM, YaCTUYHO pellaJH KU BO3BOAWIH HA €€ OCHOBE
HOBble TeopHH. [lycTh HeMaTeMaTHKH NpPOCTAT MHe, 4TO
BpeMsl OT BPeMEHHM s BHHYXKAEH Gbii 06pallaThCa K Md<
TEMAaTHYECKUM NOHATUAM H bopMmyaawm,
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Ene Kapcren fiHueH

CBSi3b MEXXAY TEOPUEM MPEACTABJIEHMM
U KOMBUHATOPUKOM

S1 monblTalOCh ONHCAaTh BaM B3aMMOCBSI3b JABYX oO.ia-
ctet MaTeMaTHKH — TEOPHH NMpeIACTaBIeHHA H KOMOHHA-
topukH. HauneM co BTOpO#, KaK 6ogee npoctodt, Cnenua-
JIUCTHl 10 KOMOHHATOPHKE CHAuaJ/Ja AeJaloT ¢ KOHEUHBIMH
MHOM€ECTBAMH BCE MBICIHMOe M HEMBICJIHMOE, a 3aTeM
cnpamuBawT cels, CKOJALKHMH cnocof6aMH 3I0 MOXKHO
cAesaTh. B KauecTBe KOHEUHBIX MHOXKECTB Mbl OYyaem
paccmaTtpuBaTh MHoxectBa Bupa {1, 2, 3, 4, 5, 6, 7,
8, 9}, T. e. Muoxectna {1, 2, ..., n}, rie n— HaTypaJb-
HOe YHCJIO.

Camoe npocToe, YTO MOXKHO COTBOPUTH € JAHHBIM
"MHOXXECTBOM — 3TO 3amHcaTbh €ro 3JeMeHThl B APYroMm
nopsiaKe, CKAXEM Tak:

0:325,91,8,7,4,6

HaHu, B obuieM cayuae, o(l), o(2), ..., o(n). Takue no-
CJeN0BATEIbHOCTH HAa3hlBAalOTCA MNEPecTAHOBKAMH MHO-
xectBa {l, 2, ..., n}. Utak, nepsuiii xomGiHaTOpHHI
BONPOC: KAKOBO YHCJIO BCEX BO3MOXKHHIX II€PECTAHOBOK
MHoXkectBa {1, 2, ..., n}? 310 — nonyaAsipHOe ynpaxHe-
HHe Ha NPHUHIUI MaTeMaTHYeCKOH HHAYKHuH V. OTBeTOM
CAYXKHUT
1-2. ... -n=n!

(Tak uto npu n =9 uMeercs 362880 mepecTaHOBOK).
MoxxHo 3a/aTb ellle HECKOJbKO JaJeKo BEAYULHX BO-
IIPOCOB, HanmpHMepP: CKOJBLKO 3JeMeHTOB B caMoi AJIHH-
HOH Bo3pacTalmed noagnocjief0BaTeJbHOCTH HOC/AEH0Ba-
TeJbHOCTH 6 (1),0(2), ..., 6(n)? Kak HaliTH Takylo MOA-
nocjaeoBatenbHocTh? B paccMmarpuBaeMoMm ciaydae NpH
n = 9 ykasaHHaf JJMHA paBHa 3, a mIpUMepaMH Bo3pac-
TAIOUIUX NOANOCJHE0BaTedbHOCTEH AJHHBI 3 ABJISIOTCH 1,
4, 6; 2, 5, 9; 3, 5, 8 u muorue npyrue. Hanpamusaercs

D CwM. nepsoe mopgcTpouHoe NpHMeuauwe Ha ctp. 59. — Hpum.
flepes.
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Sainintel e .

M TakKofi BONpOC: KaKOBo KoauuectBo N(n,r) nepecraHos
BOK MHoxkecTBa {l, 2, ..., n}, A9 KOTOPHX YHCJO SJIE-
MEHTOB CaMOil AJIHHHO#A BO3pacraloliel noANnocaenoBa-
TEALHOCTH paBHO r? Ecad paccMoOTpeTh BCe BO3MOKHHIE
nepecTaHOBKH, CKaxeM, 1 n =9 (a HX, KaK yxe GHJO
CKa3aHo, 362880), To nosyyaTcs 3Ha4YEHHA, YKa3aHHEIE

B Taba. 10.
Tabauya 10.

o2 [ s ] af s | 67 s8]
NG, r) 1]4361|39497\167449[33029 |16465[1513|64|1

O6wnii oTBeT Ha NepeuHcJeHHble BONPOCH HaLIed
B 1959—1960 rr. K. Hleacren. Jina 3Toro OB mOCTaBHA
B COOTBETCTBHE KaXpAON MepecTaHOBKE TPH APYrux 00be
exTa KOMOHHATOPHKH, @ HMEHHO OJHO pa3GUeHHe H JBe
KaHoHuuyeckHe tabaunel, OO0BSACHUM 3TH NOHATHA., Pa3s-
OueHHeM LEJOro NOJOXKHTEJLHOTO YHeja 7 Ha3blBaercs
BCAKas HEBO3pacramouas HocjJeloBaTeJbHOCTL A =
== (A1, A2, ..., As) LEJBIX NOJOXHTEJbHBX YHCEJ, CyMMA
KOTOPBIX paBHa .

?\.1}-&2?— s e __>—-'-Aas>0, 2-1""’%2"-‘ “ep :'_'l:h.g:nu

Hanpumep, (3, 3, 2, 1)—oxano u3 pasGuenuit uncaa 9,
Bcero ke Mx 30, a y uucna 200 pasbuenuit yxe
3 972 999 029 388.

Hanee, pasGuenuro A =1(A1, Az ..., As) TNOCTABHM
B COOTBETCTBHE TAaK HasmpaeMylo gHarpammy lOxra (uaH
IIPOCTO AMATpPaMMYy) THIA A: NOMECTHM B IEPBOH CTpOKe
A1 KJETOK, BO BTOpPOH cTpoKe (moj mepBoi) Ae KJAETOK,
B TpeTbeH CTpOKe As Kiaetok M 1. A, [Ipu 3Tom mepBas
KJeTKa JOJXHa CTOSITb MOJ NepBoil, BTOpasi-— IOA BTO-
poit u T. A. Quarpamma qaa A = (3, 3, 2, 1) nokasana Ha
puc. 26,

1 {5 |7 1 {3 14 2 16 |42
2 |8 2 16 3 {9
3 19 5 {7 5 |1t

Puc. 26, Puc, 27,
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Ecian B KaxXAyl KAETKY JUarpaMMH THIIEA A BIIHCATh
0 OZHOMY YHCHAY TaK, YUTOOH B KaXI0H CTPOKe ClleBa Ha-
[IpaBO H B KaxXJAOM CTOJ6IE CBEepXy BHH3 4HcJa CTPOro
BO3pacTaJi, TO 3anoJHeHHasd TakKMM o6pa3oM AHarpamMa
Ha3niBaerca Tabauuel (Tuma A). Hanpumep, Ha puc. 27,
npHBeJeHbl TP Tabaunw tuna (3,2,2). Tabamna tuma k.,
rae A — pasbuenne 4ucaa n, Ha3blBaeTcsl KAHOHHMYECKOH,
ec/ii B Helt cogepxarca Bce yucaa ot 1 go n. M3 tpex
TabJaul Ha pHC. 27 TOJBKO CPeaHsAsA fABJIAETCH KaHOHHYe-
CKOH; HanmpoTuB, Ha pHc. 28 o6e TabaHIBI — KaHOHHYC~

1 4 6 1 3 4
(2 |5 7 216 {9 115 7
3 8 5 7 2 8
9 8 3 9
Puc. 28. Puc. 29,

ckue (tuma (3, 3, 2, 1)); KaK MB BCKope YBHIAHM, 3TO
uMenHo Te JABe Tabauuwn, kKotopuie IlleHcrexa craBu®
B COOTBETCTBHE IepecTaHOBKe O, YKa3aHHO# B CcaMoMm
Hauaje B KauecTBe MPHMEpA.

[TocTpoenre kaHOHHYeckKMX Tabuauiu IlleHcTen npoBo«
JUT NO3TaNHO: Ka)JIOMYy H3 IOCJeJ0BaTEJbHO YBeJHYH«
PAIOMIUXCS <«HAYaJbHBIX OTPE3KOB» MHOCAENOBATEAbLHO=
ctd (B pacCMAaTpPHBAEMOM MNpHMEpe KaXJIOMY H3 «OTpe3«
xoB» 3; 3, 2; 3,2, 5;3,2,5,9; ...) cTaBUTCH B COOTBET~
cTBHE TabJauna o INpaBudy, YKa3bnBaloUIEMY, KaK H3
7a6aunu AJ4 OAMOrc HadyasbHOIro OTpe3Ka MOAYUUThb Ta64
Juny aas caenywoutero. Ilponecc Hauvnaerca ¢ Tabauins
tuna (1), B eIHHCTBEHHOH KJETKe KOTOPOH NMHUILIETCH Iep«
BOE UMCJO TNocJjemoBartenbHocTH. CaMo npaBuiao o6bsc-
HuM Ha npuMepe. [IycTs HauaJbHOMY OTpe3Ky 3, 2, 5, 9,
I, 8, 7 yXe nmocraBjJeHa B COOTBETCTBUE HeKOTOpas Tab-
auna (puc. 29). Torma tabauua pas orpeska 3, 2, 5, 9,
I, 8, 7, 4 noayuaercs Tak: 6epem HoBOe uucao (T. €. 4}
H paccMaTpHBacM MNepPBYI0 CTpoKy Tabauubl. Eciau oHo
GoJibllie BCEX YHCEJ, CTOAIIHX B CTPoKe, TO nobaBaseM
B €€ KOHIEe ellle OHHY KJETKY, BOHChHIBaeM TyJAa B3fiTOE
yHcJao, n tabauima roroBa. B npoTuBHOM cayuae (Kak
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y Hac, H3-3a HaJuuua 5 U 7) HAXOQHM B IeEpBOH CTPOKE
HAMMeHblllee YHCJO0, TNpeBocxoisulee HoBoe (T. e. 9),
H 3aMeHsieM ero Ha 370 HoBoe (T. e. Ha 4). Tencpb
C «BBLIHYTBEIM® H3 NEPBOH CTPOKH YHcJIOM m (T.e., B Ha-
IeM ciydae, 5) IepexoquM KO BTOPOH CTPOKe; €C/IH BCe
yHCc/aa B HEH MeHbllle m, TO VAJHHSIEM ee HA OJHY KJIETKY,
BnucHBaeM Tyjaa m, W Ttabauna rorosa. B nporuBHOM
cayuae GepeM HaMMeHbIIEe YHCJIO BTOPOH CTpOKH, GOb-
uree m (B HallleM cayuae 8), 3ameHsieM ero Ha m (Ha 5)
H C HU3BATHIM M3 BTOPOH CTPOKHM YHNCJIAOM IepexoiHM
K tperbelt (puc. 30). Ilpomecc mpomoaxaercs A0 Tex

1 h 7 1 4 7 1 4 7 1 4 7
2 8 § —f 2 8 2 5 2 5
3 9 3 9 8 —+~ 3 9 3 8
9
Puc. 30.

Mop, NOKa, HaKOMEN, K KaKOH-HHOYJAb CTPOKe He Oyaer
no6aBjeHa KJeTKa HJH e NOKa He OYAeT H3BATO YHCIIO
13 mocjejfHed CTPOKH (B paccMaTpHBaeMOM npumepe 9).
B stoMm cayuae k tabuauue A00aBiisieTCss HOBasi CTPOKa,
cocTosilllasy M3 OJHOH-eAMHCTBEHHOM KJIETKH B IIEPBOM
cTonbue, Kyda H BIHCHIBAe€TCS YHCJIO, H3IrHaHHOE M3
nocaesgel  cTpoku crapod rtabauumer. Ha pue. 3l

2 2 |5 2 15 5 1 5 9 1 5 8
3 3 3 2 2 19
3L 3
5 7 1 4 |7 1 4 |6
‘8{ 2 13 2 5 7
9 3 18 3 8
9 9

Puc. 81.
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MpHBEJieHbl TaGJHLM, TIOCTPOEHHBIE TAKHM 06pa3oM ofHa
3a Apyro#t Aias mocjeloBaTedbHocTH 3,2,5,9,1, 8, 7, 4, 6.

Herpyano sameTuTsb, 4TO npu yKasaHHOH mpomeaype
KaX/blH pa3 JAeHCTBHTeJNbHO BO3HHMKAeT Ta6JaHUa, T. e.
YTO JAJIHHA CTPOK CBEepXY BHH3 HE€ YBeJHUMBaeTcs, a B
KaXJ0M CTOJ0OLe CBepXy BHH3 H B KaXJI0# CTpPOKe cleBa
HanpaBo 4Kc/la Bo3pacTaloT. B KoHue KOHIOB Bce umucia
1, 2, ,.., n 6yAyT HcuepnaHel M Mbl MOJYYHM KaHOHHYE-
CKylo Tabuuny, Kotopyio o6o3nauuM A(c). Ilpu sToM
aBTOMATHYECKH BO3HHKAeT elle OfIHA KAHOHMYecKas Tab-
auua B(c) Toro ke tHna, uto ¥ A (). A umenno, 6epem
AuarpaMMy, COOTBETCTBYIOHLYIO Tabauue A(c¢), H B Kax-
AYI0 KJIeTKY BIHCHEIBaeM HOMEp TOr0 Ilara, Ha KOTOPOM
9Ta Kaerka Obina Jo6aBneHa npu nocrpoenuu A (o).
Tab6auua B(o) ana paccMaTpHBaeMoro npuMepa H3o0-
6paxkena Ha puc 32.

1 4 6 1 3 4
1 2 319
2 5 7 2 |16 |9
a@= T B@= [T A= |4 |5 |8
6 7
9 8
Puc. 32. Puc. 33,

Tenepp MOXHO OTBETHThL Ha MEPBLHIH M3 IOCTABJEHHbLIX
BOIPOCOB: YMCJO 3JEMEHTOB B €aMOi JJMHHOH Bo3pac-
TAIOWEH MOANOC/eN0BATEJbHOCTH NOCJAEeNA0BATEJIbHOCTH @
B TOYHOCTH PaBHO UHCJY KJETOK B MepBOH cTpoKe TabJau-
npt A(o). Cama 71aKas NoaAmocCaAefOBaTENbHOCTD (AJIMHY
KoTOopoii OyAeM, KakKk H npexiae, o603HauaTb 4epes 7)
MOXeT OBITb BBIMHCAHA N0 CJAEAYIOUIEMY NpPaBHJAY: H3
TabJaHL, COOTBETCTBYIOIIUX pA3JAHUYHLIM HAYaJbHHIM OT-
peskaM ¢ (puc. 31), BOupaeM J06yI0 H3 yKe HMEIOWHUX
B NepPBOH CTPOKe r KJIETOK (B HallleM cJyydae, CKaxkeM,
NpeAnOCAeIHIOI0) U uepe3 a, 0003HayaeM 4YHCJIO, CTOS-
Liee B r-d KJeTKe 3TOH mepBOd CTpokH (y Hac a,=7).
3areM Bo3BpauiaeMcs K TabJauue, NOCTPOeHHOH A0 BNU-
ChlBaHHUst a, (B HalleMm cJyuae K IIeCTOH), H moJjaraem
Q,-; PAaBHBIM YHCJY, CTOSIIEMY B Helt HA (r— 1)-M MecTe



110 EHC KAPCTEH dHUEH

nepBoit crpoku. [lanee Gepem Tabauny, HMeBIUyloCcs A0
BOHCLIBAHHA @Q,-1 (BTODYWO), H (r—2)-e 4UHCIO ee mep-
BOH CTPOKH Ha3biBaeM a,—o, IIpojonxas TakuMm o6pasowm,
NOJy4aeM BO3pacTawillyl0 NOANOCAEIOBATENBHOCTL ai,
as, ..., @, nocaenoBatenbHocTd o (a uMeHHo 2, 5, 7).
Jlerko mokasars, yto 60Jee MJIHHHOH BO3pacTalouiei noj-
IIOC/I€10BaTeJbHOCTH He CYLLECTBYET.

B paccmMaTpuBaeMom npHMepe mepBas CTPOKa TabJju-
unl A(o) (tr. e. 1, 4, 6) cama npeacrasaser coboii BO3-
pacTamuyio NoOANocAeA0BaTeaAbHOCTE 6. OQHAKO 3TO CJaY-
YaAHOCTh, €CJIH B35iTb, CKaXKeM, NOCAEN0BATENbHOCTD

¢*. 6,4,7,8,1,9,5, 2, 3,

TO noJyuutrcs tabusuna, npuBeieHHas Ha puc. 33, u 1,
2, 3, 9 ne Oyzer BO03pacTaloUled NOANOCJ]EAOBATE/]b*
HOCTBIO 0* (XoTa eio Oyner 4, 7, 8, 9). IlocaenoBaTtean-
HOCTb 0* eCTb O, 3amHcaHHasi B oO6paTtHom nopsake. Pa-
3yMeeTcsl, TAKYI0 OMepamnyilo MOXKHO NpoAeaaTth c JO60H
nepecraHoBkoit mHoxectsa {1, 2, ..., n}, u lllencren
JoKasaj, uto A(c*) monyuaercs u3 A(o) «OTpakeHHeM
OTHOCUTEJLHO JHaroHaJM», T. €. NepBbIH, BTOpPOH, Tpe-
TUM, ... cronbup A(0) CTaHOBATCA COOTBETCTBEHHO Mep-
BOH, BTOpO#, TpeTheH, ... cTpokaMu A (¢*). [Ipumep Ha
puc. 33 HANIOCTpHPYET 3TOT peavabraT, [losToMy, 3HaA
A (o), MoXHO HalTH YHC/IO 3JeMEHTOB U CaMOH AJHHHOH
ybuisarouell NOANOCHEAOBATEILHOCTH TEePeCTAHOBKH G —
OHO PaBHO JJHHe nepBoro croqabua tabaunst A(c). Kaxk
nokasan K. I'puH, MOXHO Aatb KOMOHHATOPDHYIO MHTep-
NpeTaLHIO AJUHE JI060i CTPOKH 1 J06oro cronbua A (o).

HayuuBluuchs pJsi JIO60H NepeCTaHOBKH ONpeledsiTh
CaMyl0 JJHHHYIO BO3PacTaIlyld TOANOCIER0BATE/]b-
HOCTb, TlepefijieM K CJAeAYIOUIeMy BOIPOCY: KAaKOBO YHC/IO
N (n,r) nepecranoBox MHoxectBa {l, 2, ..., n}, y xo-
TOpHIX Takas NOANOC]eNOBATEbHOCTL HMeET IJIHHY r?
3aecy Goaburylo posnb Oyfer Urparb BTOpass KaHOHHYE-
ckaa Tabanua B (o). Ilpexnae Bcero, ¢ 0JHO3HA4YHO Ol pe-
Ieasercs ynopanouenHo#t napoit A(o), B(o). Tax,
B paccMarpuBaeMoM npuMepe Ttabauuna B(c) nokassl-
BaeT, YTO Ha MNocJejgHeM Imare nocrpoeHus A(o) Bropas
CTPOKa yBeJMUYWJaCch HAa OAHY KJIeTKy. TeM camMbiM H3-
BeCcTeH gul npeanociaentell Tabauilp, ¥ MB TaKXe 3HaeEM,
MTO BTOpas CTPOKa, 34 HCKJIIOYEHHEM OJHOH KJETKH,



CRA3b TEOPUKM TIPEACTABJAEHHM C KOMBHUHATOPUKOM {1}

[

H BCe NOCGJEAYIOUIHE CTPOKH Yy TNpeANoOc/aeaHel H Mocsems
Hell Tabuum coBnajaiT. Kpome TOro, MH 3HaeM, YTo Ha
NoCJAe€AHEM HIare H3 NepBOH CTPOKU OBLIO BHITECHEHO
YHCJI0 7, 1 NPUTOM BHITECHEHO HAHUGOJBLIMM WYHCJIOM, HE.
NPeBOCXOAAUM 7, COAEpXKALIKMCH B IepBOH CTPOKE
nocjaeauedl rabauuml, T. e. 6-10. 3HauuT, 6 — nociegHee
YHCJIO NEpPeCcTAaHOBKH, H mepBasi CTPOKA IpeAnocjdefHeH
TabJuIB TIOJy4YaeTcsl U3 NepBOH CTPOKU mocaejpHeil Ta6-
Juusl 3ameHoil 6 Ha 7. Takum oOpasoMm, npeanocaeqHs 1
Tabauna onpejneseHa MOJHOCTHIO, H NPOLECC MOXKHO aHa-«
JIOTHYHO TIPOJOJIKHUTD.

C NOMOHIBIO TAaKOro pacCyXJAeHHs YCTaHapaUBaercs
He TOJbKO €eXHHCTBEHHOCTb, HO H CYLIECTBOBaHHE O,
HUrak, ecqin A — pasbuenue uuciaa n U A, B — xkaHoHH«
yecKHe TaOJHIBI THIIA A, TO HMeeTCd OJHA H TOJNbKO
oJiHa nepectaHoBka ¢ Mmuoxectsa {l, 2, ..., n}, Ana
kxotopoit A(c)= A, B(o)==B. Takum oOpasom, cyuie-~
CTBYET B3aMMHO-OHO3HAYHOE COOTBETCTBHE MEXAY MHO«
kecTBoM @, Bcex mepecTaHoBoK mHoxectBa {1,2,...,n}
¥ MHOMECTBOM IIap KaHOHHMYECKHMX TalJMi OJHHAKOBOTO
THNA A, TAe A npoberaer Bce pasbueHHs YHCIA2 .

Ecan gna manHoro pasbuenus A yepe3 Nj 0603HAUUTH

2
KOJAHYECTBO KaHOHHYECKHX Tabaum tuna A, To N Oyaer
paBHo uucay nap rakux Tabauu. IlosTomy oTBer Ha
IOCTABJAEHHbLIH BOMPOC MOXKHO CPOPMYJHPOBATL CJAEAYIO-

wrM o6pasoM: HCKoMoe uHcio N(n,r) pasHO 2, Niy
TAe CYMMHMpPOBaHHe BeleTCsi MO BceM pa30ueHUAM A =
== (A1, Ag, ¢..) uncaa n (MZ=Ar = ...), ¥ KOTOPHX
1.1 =1T.

Ot 310t bopMyasl 6610 6B HEMHOTO TOJKY, €ClH Obf
He MMesioch npocroro cnocoba ans BoluucaeHus N,. Ho
y Illencrepa Guina moj pyko# ony6anKoBaHHas B 1954 r.
pa6ora [x. C. ®paima, I. ae B. Pobuncona n
P. M. Tpoaaa, B KOTOpo# jaHa oueHb Npoctad dopmyaa
Iasi BuuucaeHHs N,. A HMeHHO! KaxXJ0l KJeTKe JHa<
rpaMMbl THIA A CTABHTCA B COOTBETCTBHE <«YTOJIOK», CO=
CTOSIIIUA M3 KJIETOK TOH 3Xe CTPOKM, PacnojOoXeHHHX
npaBee JAaHHOM, KJETOK TOro Xe croabna, Jexamux
HuxXe JaHHOH, M ee camoil. Ha puc. 34 cieBa 3allTpu«
XO0BaH OAWH Takod yrojsok, KosnuecTBO KJIETOK B YTOJKEe
HaseiBaeTcs ero AjHHofi. Takum o6pasoM, Kaxaodt KieTs
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Ke AHArpaMMH THIA A NOCTaBJeH B COOTBETCTBHE Yro-
JOK, a cJeloBaTesbHo, H ero aiauHa, Ha Ttom Xe pu-
CYHKe CINpaBa NpPUBENACHH AJHHB YroaKoB Aag A ==
=(3, 3, 2, 1). ®psfim, Pobuncon H Tpoas nokasaiy,
YTO

Nh — nl

Npou3BeeHHe MJIHH BCeX YrOJAKOB °

Tak, B paccMaTpuBaeMoM HaMH npHmepe

9!
N s 2 n=3576.3.5.5 =168

K coxaxnenuro, [llencren ne 3nan o 6osaee panneRr pas
6ote I'. ne B. Po6GuncoBa 1938 r. B neil yKe Guma onu-
cad cmocol nocrpoeHns A(o) u

B(o), n no3TOMYy YKa3aHHOE Bhl-

Ile B3aMMHO-OAHO3HauHoe c0OT- | N 6|4
BETCTBHE B HACTOsLIee BpeMs Ha- N 5131
sbiBaercqa cooTBeTcTBMeM PobGuH- 311
cona — [llencrena. Oxnako Po-

GMHCOH HHTEPEeCOBAaJCH BOBCE He 1]

BO3pacTAOWUMU H yObLIBAIOLIHMH
NOANOCJeA0BaTENbHOCTAMH, &
Teopuel NpeACTABACHUN CHMMeT-
pHYecKHX rpynn, H HMEHHO B CBA3H C 9TOH Teopuelt U BoOs-
HUK ero HuTepec K uucaaMm Na.

Hrak, npHimiio BpeMs nepefiTh K TEOPHH MpeacrasJe-
Hril. [IpaBxa, Teniepb f1 AOJAXKeH mpeanojaratb, 4To BHI
3HaeTe, YT0 Takoe «rpynma», ® 3HaeTe, 4To rpynny oG-
pasyer, K ONpuMepy, MHoxecTBO &, BCeX NepecTaHOBOK
muoxectea (1, 2, ..., n) (OTHOCHTEJNBHO OmNepanHH
(o7) (j)=0(7(j)))— 370 Tak Ha3blBaeMan CUMMETpUUE~
ckaf rpynna — uau ke MuHomectBo GL.(C) Bcex o6pa-
THMBIX n X n-Marpull (4;) 1< j<n C KOMILIGKCHLIMHU 9J1e+
MeHTaMH (OTHOCHT@JABHO MATPUYHOrO yMHOXeHHs)., Ta-
KUM o0pasoM, HaM noHanobaTcsa cBéleHHs, coolllaeMbie
CTYNERTaM-MaTeMATHKAM B NIEPBOM CEMECTpE,

[Tlon n-vepHniM (KOMIJIEKCHHM) IIpeACTaBJeHHEM
rpynnn G nonuMaerca oroGpaxeHHe, cTapslllee B COOT-
BETCTBHE KAXKAOMY SJIeMeHTy g Ipynnn ( HeKoTOpYIO

Puc, 34.
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matpuuy M(g) us GL,(C):
my (g) mig(g) <o myy ()]
Mg () Mo (Q) « oo My, (g)

g—>M(g)= = GL, (C)

| Mg (g) mnz(g) see Mpyp (g) ‘
Tak, YTO NpH BCeX g U 1 HMeeT MecTo paBeHCTBO
M(g)M(h)= M(gh).

B uacthocrd, M(1) saBnsercs eaunnuHoli n X n-Matpu-
ne#t (Mbl Bcerna cupgraem, uro n > ().

[IpocTefiliuMn npuMepaMH CHAyXKaT TOXAECTBEHHOE
mpexacrasiende rpynnst GLA.(C), onpenensemoe cootHo-
menneM M(g)= g, u <«TpHUBHAJNLHOE» N-MEepHOE Ipej-
cTaBleHMe NMPOH3BOJALHOR rpynnon G, salaBaeMOe paBeH-
crBoMm M (g)== M(1) nna Bcex saemenroB g u3 @G, Euwe
ONHHM, TaK¥e QYEHb NPOCThIM NPUMEPOM CAYKHT n-mep-
Hoe mpejcTaBleHHe CHMMeTpHueckol rpynnul &, cTabs-
llee B COOTBETCTBHE KaXI0# NepecTaHOBKEe G0 MarpHLIY
M(o), B goropoii Ha o(i)-m wMmecte i-ro cronbua (1 <
< i<<n) crout 1, a HA BceX OCTaJbLHBIX MeCTax HYJAH.
Ecan kgoMmniekcHyio 27X n-matpHily HHTEpOpPeTHPOBATH
Kak aunefinoe otobpamenne (" nHa ce6s U uepes e,
es, ..., €, 0003HauuThb KaHoHHYeckufi Oazmuc {?, TO
M(o) (e.) = eq). Onpenenutens matpuun M(o) Ha3bi-
BaeTcsl CHrHaTypoOi# NepecTaHOBKH ¢ H 0003Ha4Yaercs de-
pe3 sign(o). Orob6paxkenne ©—-sign(c) aBasgerca ro-
MoMopdusMom rpyunsl &, B MyJAbTHIVIHKATUBHYIO TIpyI-
Iy KOMIUIEKCHBIX uuced, T. e. B GL,(C), u ero MoxHo
NO®TOMY paccMaTpHBaTh KaK OJHOMEPHOE MpeacTas-
Jgenive &,

Baxnyio uudopmauuio o npeiaciaBieHun g-—> M(g)
rpynmosl (G HECeT ero XapakTep Ym, T. €. KOMIJeKCHO3HAY-
nas QyHKUHS Ha G, onpeensemas GpopmyJaon

xm (g)=tr (M (g)) = § my; (g)-

B uacTHOCTH, pa3MepHOCTb DPeACTABNEHHHA n == yyu (1),
B npuBeneHHOM Bhille npuUMepe NpPeACTaBACHUS CHMMETs
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pHUecKOl rpynnb %y (0) paBHO KOJHYECTBY TeX i B me«
pecranoBke o MHoxkectBa {1, 2, ..., n}, AN KOTOpHX
o(i)==1i. Y TpHUBHAJIbLHOIQ #-MEPHOro MNpeACTaBIACHUS
wm(g) = n npu Bcex .

Xapakrep y¥m (@ TaKXe M CaMo IpeACTaBjeHHE) Haw
3BIBA€TCSl HENPUBOJUMBIM, E€CJAHM He CYLIe¢TBYyeT IPYrux
XapakKTepoB %1, X2 (He0OXOoAHUMO SABJAIOLIHXCA XapaKTe-
paMM NpelcTaBAeHUH MeHbUIeH pPa3MepHOCTH), AJA KO-
TOpbiX Ym(g) = x1(g)+ x2(g) npu Bcex g us G. Slcuo,
YTQ XapakTepbl OJHOMEpPHBIX MPENCTaBAeHUN BCerja Hes
NIPUBOAHMBI. ECHH s — XapakTep rn-MePHOro TPHBHAJh*
HOro mpeacrtaBjeHusi rpynnsl G, T0 %.(g) == nyi(g); nas
9TOMY Y» HeNPHUBOAMM JuUIb TpH n=1. Xapakrep omnu
CaHHOTO BhIlle IpencTaBieHuss rpynnsl &, mpu n > 1
He sBJeTCH HenpuBoAUMBIM. J[leldcTBHTEABHO, eCaH
onsATh paccMarTpusBath MaTpHUly M(o) kak JHHeHHOE
npeobpasosanve " u nepefitu K 6asucy e;-+e3-+ ..y

.o F€n, e1—€s, €9—€3, v., €n—|— €, TO NOJYUHTCA
MatpHia BHaa

M’ (0)

Qaee O Q|

ITpu stom o> M’ (o) OGyner (n—1)-MepHbIM npencTaBs
senueM, H xm(0) = xw (0)+ %1 (0), rAe yi — xapakrep
OJHOMEPHOTO TPHBHAJBLHOIO NpeJCTaBAeHHs. 3AeChb MHI
HCIO/Ab30BaJH TOT (HaKT, YTO HPH Iepexone OT OXHOro
Gasuca K ApyroMy cJaej, He MeHsiercs. A BOT Xapakrep
Yy’ yXKe HempUBOAUM. TO Ke OTHOCHUTCA H K XapakTepy
TOXECTBEHHOro mpeacraBienus rpynnst GL,(C)., (Mm
JONyCcKaeM AHIUb Takue npejcrasaenus GL,(C), y xo-
TOpLIX MaTpuuyHble KO3huuUeHTH my;(g) ABASIOTCS
AHAJUTHYCCKUMH (QYHKUHIMH OT 3JICMEHTOB Jp MaT=
PHULE £.)

OgHa B3 OCHOBHHIX 3aj4au TEOPHH NpeJicTaBiaeHHl —
HaXOMXKMAEeHHe BCeX HENPUBOAUMEIX XapakTepoB (mpej-
¢raBJeHull) 3amadHoli rpynnel. (Bce npoyne xapakrepnt
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NOJNYy4alTCd KaK CYMMHI HeNPHBOAHUMKLX.) [lepBhIMH He<
TPHBUANBLHBIMH CAYYasiMH, JJIE KOTOPHIX 3Ty 3aAayy yhas
JIOCb pelnTb, OLINH — B HayaJe 3TOro CToJeTHH — rpyn-
nu &, u GL.(C).

I'. ®pobenuyc ngokaszan, 4ro HenpHBOJAHUMBIE Xapak-
cepbl rpynnal &, HaxXxoafATCs BO B3aUMHO-OZHO3HAUHOM
COOTBETCTBHH C pa30HeHUsIMHU A uncaa n. Ecau o6GosHa-
YHTh 4epe3 %, XapaKTep, COOTBEeTCTBYKILHHA A, To pa3-
MEpPHOCTb COOTBETCTBYIOILIEro MpeACTaBjieHHss paBHa
v3.(1) = N,. Orcioga BBHLY cooTBeTcTBHUsSI PoOHHCOHa —
IlUencrena BrpITEeKaeT, UTO

al = ¥ (DY,

T. €, nopsaxok rpynnsl &, paBed cymMMe KBajpaToB pass
MepHOCTefi HENPHBOAUMBIX MNpeACTaBJeHHH. IDTO— 06«
Ias TeopemMa ANsl KOHEUHBIX rpymn. Ias cnywas rpynnsl
&, ee sJeMeHTapHOe KOMOHHATOPHOE [0Ka3aTeabCTBO
noJydaercsi ¢ MOMOIUBIO METONOB, ONHUCAHHHIX B IEePBOH
yacTH Hamero pacckasa. (ITpu oto6GpaxkeHdun A— 9,
pas3bueHnio A = (1) COOTBETCTBYET, HAIpUMep, XapaKTep
OJHOMEPHOIro TPHBHAJBHOTO pa3bHeHHS, A Y(n—1,1) PABHO
VAOOMSAHYTOMY BbIILIE ¥a.)

dakruuecku Ppobenuyc mnoayuun 6ojlee CUALHHIR
pesysbrar. C KaxabniM pasbuendeM A == (Ai, Ao, ..., As)
(M=XA>= ... Z=As) OH cBsA3an nABe QyHKUHH OT
m > n nepeMeHHbX X1, X2, o.vy Xm

Sa (X1, X2 ovv, Xm)—“:;l_—J;(X?“l‘X;“l‘ o +Xﬁf
H
UA(XI’ X2: ey Xm)=

. hi+m=1_ A, +m—1 Ay, =1
L Z Slgn (T:) X'I.'t(l) X'|:2(2) s X.‘r?m’
(X;— X))
TEG8m I<i<jgm

(npemmonaraercs, 910 A;j =0 npu j > s). OyakuHH S
g U, SBASIOTCS CHMMETPHYECKHMH MHOTOWIEHAMH OT
X1, X2, <o, Xm (Ang U, 3TO cllefiyeT H3 OJHOTO TOXKJe-
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ctBa Jxko6n u TpyAH) M cBssaHwm OJHA ¢ JApyroft pae
BCHCTBOM

(1) S,= E?;, wU,.

@pobeHHYC yKasan Ajds KaxXnaoi NepecTaHoBkH o e &,
Takoe pas6Guenue p, 4ro ¥, (c)=%% npu Bcex A. (Hano
3aMHUCATh O B BHJE NPOM3BeJeHHUS ILUKJIOB, He UMEKOLIUX
O6UINX 3JE€MEHTOB; €CNH Pj = U = o+ == Mg — JJIHHBE
9TUX IHKAO0B, TO M ==(ui, Mg, ..., Ms)— HCKOMOE pa3-
6uenue.)

CooTtHomenne (1) MOXHO paccMaTpUBaTb Kak CH-
CTeMy YpaBHeHHH, KOTopylo cJelyer pemurth. IlpH
p == (n) pelleHHe JIeTKO HaXOAHTCA:

n

S(ﬂ) = 2 (H 1)‘ U(n_ LL1lu,l)e

I

OueBnano, 4o Sy PaBHO NMPOHM3BeACHHUIO Su.). IloaTomy
AJs onpejeneHHs ¥ B o0meMm ciaydae I[0JIE3HO HMeTb

¢opmyay ana npoussefeHns U,, a HMEHHO PaBeHCTBO
BHAA

(2) UU,= 5;‘, ¢y U,

(ecin A — pasGueHHe YHCAA M), & W— pa3GUeHue Ny,
TO CYMMHPOBaHHe BeAeTCs IO BCeM pasGHeHHsM v YHCJA
ny + ny).

CucreMy ypaBHeHHfi (2) XeyarTeJlbHO yMeThb pelllaTh
a mo gpyrof npuuude. M. llyp B 1901 r. nokasan, 4yro

ecad A =(Mi, A2, ..., As)—paszbHeHUE C S =< m, TO,
conocTaBHB Kaxkaofl marpuue g uncio Uy (&1, & ... Em),
rae Ei, B, ..., Em— coOcTBeHHble 3HaYeHHd g, MBI M0O-

JAyudM HenpuBoAuMbiil xapakrep rpynos GL,(C). Kpo-
Me TOrO, YKa3aHHHIMH (DYHKIHSMH 1O CYLIECTBY Hcyep-
NBIBAIOTCS BCe HENPUBOAUMEIE XapakTephl IPYNMbl
GLn(C). IMosromy uuena ¢y , MOXKHO TPaKTOBaThb Kak

KPATHOCTH B TEH30DHHIX IPOH3BeAeHHAX NpeACTaBJeHHH
GLm(C). Takum o6Gpasom, ¢y , AOJNKHBE GbITh LENHMH

HeOTPHILATeJbHHMH,
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Hucaa ¢} |, BbI3HIBAIOT HHTepec elle W MOTOMY, 4TO

OHU ONHMCHIBAIOT YMHOXKEHHE B KOJIbIE KOUOMOJOTHHA MHO-
roobpasus I'paccmana.
[Tepeiinem temepb K ompeneiesdio ¢y . Ilpexme

BCEro, MOXHO [0KasaTb, YTO ¢y  ~ OTJIMYHO OT Hyas,

JHWEL ecan Ay << vy, Aas<Cwve, ... . IlycTh 3TH ycaoBus
BLIIOJMHeHB. Torga MOXHO BBeCTH HOHSATHE KOCOH» Ka-
HOHHYECKOH Talbauuw tuma v/A. Takve TabJHLBEl CTPOSAT-
csl caeAyrouium obpasom. B nguarpamme Ttama v orbpa-
ChiBaeM IlepPBble A KJACTOK IepBOH CTPOKH, MepBble Ap
KJIETOK BTOPOH CTPOKH H T, A. (CM. puc. 35, rae v ==

3 |4
5 16
1
2 |7
Puc. 35. Puc. 36.

= (5, 4, 2, 2), A=(3, 2, 1)). BriucasB B KaeTkH 370/
auarpaMMel gucaa or 1 Jdo (vi—Ay)F+(va—A) 4 ...
TakK, 4TOOB B KaXKJA0M CTOJOIE cBepXy BHU3 H B KaxKJ0H
CTPOKE cJeBa Hamnmpaso yHcaa BO3PactafH, NMOJYYUM KO-
CYI0 KaHOHH4YeCKylo TabJHMuy tHma v/A (A5 yKasaHHBIX
BhHILIe v H A IOpuMep Takoh Tabauunl ODPUBEAeH Ha
puc. 36).

Kotyro KaHOHH4YecKyi TabJHIy MOKHO mpeobpaso-
BaTh B 0ObIyHY10. [ 5TOro BoibepeM B auarpaMme THIIa
A Kagyo-HHUOYAL KJICTKY, CTOALLYIO Ha IOCAEJHEM MecCTe
KaK B CBOeH CTPOKe, Tak M B cBoeMm croabue. B naua-
rpamMMe Tula v/A COOTBETCTBYIOLLEE MECTO «BAKaHTHO»
{cKaxeM, Ha puc, 36 BTOpoe MeCTO BTOPOH CTPOKH).
BosbMem Tenepn B TabaHue TUNA v/A TY U3 ABYX KIeTOK,
HaXONALIHXCS HeNOCPEACTBEHHO ClpaBa HJM HEnocpes-
CTBEHHO CHU3Y OT PacCMaTPHBAEMOrO BAKAaHTHOIO MeCTa,
B KOTOpOH 3amucaHo MeHblLlee 4YMcaA0 (2 ecjgH Takas
KJeTKa TOJNLKO OJlHa, TO €e caMmy), H CABUHEM ee Ha Ba-
KaHTHoe MecTo (cM. pHuc. 37, rae BakKaHTHble mecra 060-
3HaueHb! KHpHOH Touko#). IIpm 3TOM mosmyuyuTcsi HOBoe
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BakaHTHoe MecTo. Ecainm NpaBee W HHXKe Hero HH4ero
HeT, TO MePBHIA sTan 3akOHYeH. B npoTHBHOM chydae Ges
peM KJeTKY HeNoCPeACTBEHHO IpaBee HMJHU HelloCpex-
CTBEHHO HHUIKe, COAEPIKAMYK MeHblIee YHCAO (MJAH eAUH»

3 4 3 4 3 4!
e |5 16 1 J |6 1 135 (6
1 * 7
2 7 2 |7 2 .
Puc. 37.

CTBEHHYIO), H CcABHraeM ee Ha BakaHTHoe MecTo. IIpo«
IlecC IpojoJXKaeM A0 TeX NOp, NOKa NpaBee H HHXKE BO3«
HUKAIONIEro BAaKAaHTHOrO MecTa He ocTaHercsa OO.ablUe
KieToK. B pesyabrare BO3HHKAaeT HOBaf KOCaf KaHOHH«

3 14 e {3 (4 3y , e 3 |4

1 15 |6 1 |5 ]6 1 |5 ]6
e |7 2 |7 2 117
2

113 |4 ® |1 |3 14 1 13 14
® |5 |6 2 |5 |6 2 15 |6
217 7 7

Puc. 38.

yeckasi tabJuna (AJd paccMaTpHBAeMOro MpUMepa—
tuna (5, 4, 2, 1)/(3,1,1); cm. puc. 37). Onucannyio npo-
LeAypPyY MOXKHO NOBTOPATH, MOKa He NONYYHTCA OOHYHAA
KaHoHHYecKasl Tabauiua, Pe3yabTar He 3aBHCHT OT BB+
6opa HaYanbHOro BakKaHTHOro Mecta. IIpogonxkenie mIpo-
mecca Aas Halllero npuMepa nokasaHo Ha pHc. 38, Taw
BOT, CNpaBeJUIHBO YTBEepKAcHUHE: HUCJIO KOCHX KaHOHH-
YyeckHX Tab/ull, Tuna v/A, KoTOpHe OMHCAHELEIM clocoGOM



CBA3b TEOPHH HNPEACTABJEHHMHN C KOMBHHATOPHKON 119

o
|

IepeBOAATCA B 33JaHHYIO KaHOHHYECKYIO TaGJHLy THIA

I, PaBHO ¢y .

B <¢opMmynHpoBke 3TOre yTBEepKIEHHS £ Cleaylo
M. II. lliotuen6epxe. A caMoO yTBepKIeHHe BOCXOAHT
K [. 2. Jlutrtasyny u 3. P. Puuapacony, KoTophle yKa-
sanu B 1934 r. nmpaBuno, nospoadiollee (B Hallell TepMH-
HOJIOTHK) $BHO OI¥caTh KOCblie KaHOHHYECKHe Tab/AMILHI,
npeoGpasyioLiuecss B <TPUBHAJIbHYIO» KAaHOHUYECKYIO

o(n)

o(n—1)

o(2)

a(1)

Puc. 39.

rabaMIly THIA p, Y KOTOPOH B NepBOi CTPOKE 3amHcaHbB
ypcaa i, 2, ..., pu, BO BTOpoR —uucna w4+ 1, ;m+2, ...
eesy M4pe H T A B HX pabore mpaBuyio GuJO AaHO
6e3 JoKasarenbcTBa, BnepBule ero npuBen B 1938 r.
T. ne b. Po6uucon B TO# Xe crathbe, rje onucau U pac-
CMOTPEHHHA B Hadaje 3KCKYpPCHH €noco6 MNOCTpPoeHHS
mabaunw A (o). IlocnepgHuit MoXHO Temepbh paccMaTpH-
BAaTh KaK YaCTHHIH CAy4YaH H3JIOKEHHOH IpOLEAypH: CO-
II0OCTABHB INepPeCTAHOBKE O KOCYIO KAaHOHHYECKYi0 Tab-
guny tama (n, n—1, ..., )/(n—1, n—2, ..., 1)
(pHc. 39) H HCNOJAL3YA TOJNBKO 4TO YKasaHHBIH MeTon, mno-
ayuum A (o).

YrnoMsaHyTHe 10 CHX MOP CBSI3H KOMOHHATOPHKH € TeO«
pHell npeACTaBJeHHHA 3aKNI04YaJHCh B TOM, YTO KOMOHHA-
TOpPHHE pe3yNbTaTH MOKHO HCIIO/NbL30BATH B TCOPHH NpeA-
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]

CTaBJIEHU#, a nNOocCAeHsAs JaeT HMNYyJbc AJA8 KoMOHHA-
TOPHBIX HCCJEJO0BaHMH, NpHUYEM MOAYAC CHeLHaJdHCTH IO
TEOPUH NpeJCTaBJCHHH HAXOAAT pelleHne KOMOHHATOD-
HbIX BonpocoB (mpumep — ¢dopmyaa aaa N,). B nocaes-
Hue rojgbl Obljia o0Hapy:KeHa HOBas CBSA3b MeXAY STHMH
0o6JacTsIMHU: € MOMOINbIO TEOPHHU MpeAcTaBJeHHH yAaJoCh
3aHOBO J0Ka3aTh HECKOJBKO CTaphlX KOMOHHATOPHBIX
dopmya 4 HaliTd GOJBILIOE YHUCAQ HOBHIX.

O6parumesa euie pa3z k¥ dyukuusam U,. Kak nokasan
Ilyp, oHH MO3BOJSIOT ONPEAENHThL [0 CYLIECTBY BCE He-
upusoauMbie xapakrepol rpynnnl GL,(C). Ilpu sTOM
pasbuenne A ==(0) oTBeuaeT TPHBUAJLHOMY OJXHOMEp-
HOMY NPEACTaBJAEHHIO, XapaKTep KOTOPOro TOXKAECTBEHHO
pasel 1, [Tostomy Uiy =1 1

Xi— Xj)=
1€i<]<m( t j)

== 2 Slgl‘l(T)er 1:(2) -“X'c(m—l)X':(m)°

TE &y

Ho sro He uro HHOe, KaK dopmyna AJas onpegenutess
BaunnepMoHia, KOTOPYKO MBI TeM CaMbIM 32HOBO J0Ka-
3a7Ad 6B ¢ NOMOIBIO TEOPHM NpeiCTaBJeHHH, eclH OH
aTa ¢opMysa He HCNONB30BaJjach CylllecTBeHHbIM ofpa-
3oM B pabote Llypa

Bmecro rpymnsl GLn(C) unu ee agreGpu Jinm
gl(m,C) (ans TeopHH nNpeACTaBAEHUH pasHUpa HeBe-
JIHKA) MOXKHO pacCMOTpeThb Hefblii psig GecKOHeyHOMeED-
Heix aare6p Jlu (sBkamnosm anrebpm Kapa — Myan,
KoTophie siBAsiorcst aanrebGpamu Jin Hag G, u mo cyule-
cTBy ycrpoeHn kKak g® C X, X—-!], rie g— Hekoropasd
npocras KoHeuHoMepHas aaretpa M nan C, a X —ne-
pemeHHas). [ast kaxpgo#i Tako#i aare6pwl JIm moay-
yaeTcsi cBOos dopmysa JJjs XapakTepoB, KOTopas, Kak
u B cayuae GL,(C), naer cooTBercTByKOllee TOXAECTBO
yXKe JJAf HEeCKOJbKHX [MepeMeHHHX (Takue TOXAECTBa
crnepBa Omau Hadaensl M. I'. MakaoHanbJI0M HeCKOJABKO
NO-UHOMY, 2 3aTeéM TakKHUM BOT 00pasoMm HHTEPIPETHPO-
Baubl Kauem u Myau).

[loncrasnasisi BMecTo MepeMeHHHX MOAXOIsiuiHe MHO-
TOUJEHBl OT OJHOH nepeMeHHOH X, MOXHO IOJY4YaTh
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L

pPasIUUHHE TOXeCTBa Ans GyHKUuH dinepa

oo

QX)) = 2, (1 —X".

N=al

Dinep HcciaenoBan 3Ty (QYHKUMIO B CBA3H ¢ HANNeHHON
UM ¢opMyJioi
-1

CP(X)-——“—(I +ngp(n)X”) .

rae p(n)— konuuecTBo pa3bueHui uncna n. KomOGUHHpYS
aTy GopMyJy C nepBbIM M3 YKa3aHHBIX HHMXKe TOXJIECTB,
MOXHO NOJNYYUTb HTepaldoHHyW dopMyay g p(n),
c nomoupio kKotopoir manop II. Mak-M3fioH BHIYHCAHN
aHayenus p(n) ana n << 200, M3 ero (onybaukoBaHHOH
Xapnu u Pamanyaxanom) Tabauuet H 3aUMCTBOBAHO
YKasanHoe paHee 3Hauenue p(200).

C noMoiupo YNOMSHYTHX Bbillle IOACTAHOBOK MNOJY-
qaloTcs (B TaK HasbiBaeMOM CJyyae «IepBOro fopsiaka»)
caeayomue ToxiecTsa aas ¢ (X):

o (X) =X, (— 1)" xOH+he (Dtiaep),
(XP=D, (4k + 1) X?¥*+* (SIko6u),
%%%;- = Z (— 1)k x* (FCayce),
L= xr (Taycc),
L oor =2 (— PR+ ) X™**  (Topaon),
S = 6k + 1)){‘3’2””“’2 (Topxon),
e = L
S = T v
$t§g; :; ();z; Z (k -+ 1 ) X(kf+k)r2

oo X _ \ (k1) pr
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A

CyMMHPOBaHHEe Be3je BEIETCS NHO BceM HEJIRM &;
n
B ABYX NOCJedHHUX (opMynax (?)—BTO cUMBOJI Jle-

xkaugpal, 1. e. —1, 0 uau 1, cMoTps Mo TOMY, ¢ ueM
CpaBHHMO uMcao n 1o moxayaio 3. B ckobkax cupasa
npuseseHs! (GaMuJIAH MaTeMATHKOB, BHepBble 0OHapy-
KuBmHX GopMmyny. IloacTaHOBKY, MPUBOZALIYIO K TOXK-
nectBy $ko6u, ykasan MaxkaoHanbA, a INOACTaHOBKY,
C TNOMOUIBIO KOTOPO# IO/iyuaeTcs IepBoe TOXKAECTBO
Yaycca,— JIx. Jlemoscku. IloacTaHOBKM JAJsi  BCex
ocTanbHHX cayuaeB Hamesa B. I'. Kau.

i napetoch, 3TH npHMeps yOeAHJH Bac, YTO TEOpUS
NpeJCTaBJeHHN MOXeT MNOAaApHTh KOMOUHATOpHKe He
TGJbKO NMpO6JeMH, HO H UHTEPECHbIE pe3yJbTaTHl.
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