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INNPEIANCJIOBUE

DTOT CHPABOYHUK NPEIHAZHAYEH JJisi CTY/IEHTOB BBICIINX y4eOHbIX 3aBeje-
HUil, UH>KEHEePOB U HayIHbIX paboTHuKoB. OH coep>KUT TabJUIbl HeolIpeIe/IeH-
HbIX MHTErPAJIOB OT eMeHTapHbIX (yHKIuil. B KHure rnomerieHbl B OCHOBHOM
MHTErpaJibl, BbIparkaeMble depes djeMeHTapHble (DYHKIUN; AJi TPOCTEHIINX MH-
TerpasioB, He 00JIaTAIONIUX STUM CBONCTBOM, HO YACTO BCTPEUAIOIIUXCA B TPUJIO-
YKEHUX, JaHbl MIPeACTaBIeHNs Yyepe3 crierinaibibie pyHkinu. OnpenesieHust 9Tux
crielinaJbHbIX (PYHKINH, a Tak»ke OCHOBHbIE CBOIiCcTBA JieMeHTapHbIX (hyHKINI,
KOTOpPbIE MOTYT OBbITh UCHOJIb30BAHbBI IPU BbIYUCIEHUN UHTErPAJIOB, TIPUBE/ICHBI B
npuioxkennsix. Ipyrue HeonpegeneHHble HHTEIPAJBI OT 3JIeMEeHTAPHBIX (DyHKITNi
MO>KHO HaiiTu B HoJiee TIOJTHOM CIIPABOYHOM PYKOBO/JICTBE .

IlocrosrHas wHTErpUpOBaHUS B MPaBbix dactax GOpMyJa A KPaTKOCTH
omnyllieHa; HampuMep, BMeCTO

Jsinaxdm — —cosx + C
MUIIeM
Jsinxdaz = —COS .

Ilepemennble uHTerpupoBanuda x, t u napamerpwsl a, b, ¢, d cunrtamTcs
neficTBUTENILHBIMU, v, P, ¢, T — KOMIUIEKCHbIMU, k, [, m, n = 0,1, 2, .. ;
OCTaJIbHbIE OTPAHUYEHNsT YKA3BIBAIOTCS B KBAJIPATHBIX CKOOKAX TOCJEe COOTBET-
crBytomux dopmyn. Hekoropsie dpopmysibt 1ipu ornipegeieHHbIX 3HAYEHUSIX TTapa-
METPOB TEePAIOT CMBICI. Fcau 9Tu 3HadeHus cIeyioT U3 CTPYKTYpPbl (DOPMYJIHI,
TO COOTBETCTBYIOIINE PAa3bACHEHUA ONTyCKAaOTCA. BeiparkeHuda Ama uHTerpasia npu
TUX 3HAUEHUSTX MAaPAMEeTPOB, KaK MIPABUJIO, TAIOTCS B MOCTEAYONnX dhopMmyaax.

Y) Mpyonuros A.I1., Bpwuxos FO.A., Mapuues O.H. Vlarerpanst u psagpl.
Dnementapubie dpyukiun. — M.: Hayka, 1981; B 3T0#1 KkHuUre nomenieHbl Tak-
>Ke U onpenesieHnbie narerpasbl. Heornpegenentusie n onpeaeseHHble HHTETPAJIBI
OT crenuanbHbIX (hyHKIUH MoXKHO HaiiTu B kHurax: [Ipydnuxoe A.Il., Bpuviu-
xoe FO.A., Mapuues O.H. Unrerpanwvt u psigpl. Cnenmanbhble OYyHKIMA., —
M.: Hayka, 1983; IIpydnuxos A.Il., Bpwuros FO.A., Mapuwese O.H. Unrerpasnb
u psaabl. Jonomaurensunie rnapbsl. — M.: Hayka, 1985.
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dx
15. o
Jm(m—{—a)(m«kb)Z
= : + ! lnla‘[—;ln|m+a|+%—_aln|m+b|
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B n (n))? 2ax+b
2 =V g 2a

X i(—l)kck M n_k(a:rz+bx+c)k
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3. J 5 = — In : (6% — 4ac > 0].
ar®*+br+c /b2 —4ac |2ax + b+ vb% —4dac
2 2az
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e p, ¢ — AeHCTBATEIBHBIC KODHA MHOTOUWICHA az” + b + c.
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bx + 2¢

4. =
(n —1)(b% — 4ac)(ax? + bx + ¢)n 1 i
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1 2ax + b — +/b%? — 4ac o
—In [67 > 4ac],
B b 2 |2azx + b+ Vb2 — dac
a+/|b? — dac] arctg 2ax + b 52 < dad]
7 Vidac — b2 ael
n 2 2
- dr x b o b — 2ac dx
7. o e ] "+ bax :
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5 In . [b% > 4dac].

2 b2 — 4dac

5 [ (z+d)*dx _E_‘_adz—cj dx +2ad—bJ xdx
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xr= -+ a“ a a

14 J dx B x . 1
T (22 4+ a2 2a2(a?+ 22) 248

to ¥
arctg —.
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a;Q—a?dm Im—1" +aJm2—a2dm'
o 2mt1/2 o i g20k=1) pIm—2kH3/2 | asz 212 4o
R I — = 4m — 4k + 3 2 — a2’
- m—1 ;
P—————————————xz o dr = 2 Z aZk ,EQm—Zk-%l/Z + CLQYRJ 333/2 dx
J 2% — a? = 4dm — 4k + 1 zr? —a?
'/ 2 da 1 — _ x
ORI \/_ arctg .
( :(:3/2 df(: \/~ T T
T In a arct -
| 22— 2vz + NG \/_ 84/~

2.30. Uurerpaas BuA Jmm(am—l—b)”“mdm.

. Ja:m(a:v + b)Y =

o 2(&5[5 + b)n+3/2 - (“1)h01§mbh b m—£k
- am+1 ;2m+2n~2k+3(m+ ) '

(aw + b)"T3/2,

ez + )" P = — 2
J(a,fn+ ) v (2n + 3)a

. Jmm(am + b)) de =
2
- mmm(a““m -

(ax + b) 8/2 -
- qm+1 Z Cm Qk (mj +6)".

2
(ax + b)'/? dz = ™ (az + b)*/*

[

i 1/2 2(3(133 - 2d) 3/2
| z(ax +b) " dx 52 (ax + b)"'".

i 9 1/2 o 2 ((133 -+ b)3 Qb(CLSU + b) 172 3/2
.ua:(a,:z:+b) d:z:'—a’_3 - — E +3 (az +b)"'".

z%(azx + b)"?* dx =

_ 2 | (az + b)? _ 3blaz + b)? n 3b” (az + b) b
- at 9 7 5 3

]( z + b))%/
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9. J(a,a: + b de = —52—— (ax + b)°/2.

a
[ .3 2(5ax — 2b) 2
3/2 5 _ 5/2
10. u z(ax + b)" " dx = T (ax +b)>'".
( 2 [ (a: 2 2b(ax ’ ‘
11. | 2%(az + b)** do = - [(cm: ;» b)* b(a:;+ b) n %} (az + b)*/2.

[

12. | 2%(az +0)* P da =

_ 2 !(a:c—I—b)B _ 3b(az + b)° N 3b%(ax +b) ﬁ] (az + b)*/?.

at 11 9 7 5
n+1/2
2.31. Uurerpaans BuIa J(am+b) dx.
mm
1. J (aw + )™ (ax 0"
r™ (m —1)bxm—1
(2n — 2m + 5)a J (az + b)"T1/2 d
2(m — 1)b zm—1 o
5 _ 2(ax + b)" T2 (2n + 1)b J (az + b)"~1/2 d
)  (2n-2m+3)xzm1 | 2n —2m + 3 ™ o
3 (az + b)"T1/? do — 2(az + b)"t1/2 n bJ (az + b)"~1/2 d
o T T 2n +1 T .
4 [ (az + b)'/? de — (az + b)*/? (5 —2m)a [ (az + b)/? e
' ) rm v (m _ 1)bx7n—1 2(’)’TL _ l)b pm—1 -
/ % b2 l(az + b)'/? — bl/2| b
L 1/2 -+ b)/2 L pl/2 ;
> J = J;b) dx = 2(az +b)'/* + o ( ++ )12
¢ 1/2 axr
\ —2(—b) /" arctg EOLE b < 0].
6 [ (az + b)'/? do — _(a:z:+b)1/2 EJ dx
o 2 T T 2 ) z(ax + b)1/2°
[ (ax + b)'/? ax + 2b 12 @ dx
7. i b e :
) 3 v Abx? (az +b) 8b J z(ax + b)1/?
o T T3 L z(ax + b)t/2°
5 [ (ax + b)*/? d%_m(am+b)5/2 +3_a (ax + b)3/? d
T 2 T bx 2b T '

(az +b)*? (1 a 52 3a’ J (az + b)3/?
10. J pe dex = T + TE (ax + b)”'" + 557 " dx.
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1/2
11. j (az +b) dr = 2(ax + b)1/2 +

£r —C

[ |(az 4+ b)'/? — (ac + b)'/?
In
1/2 (az + 6)1/2 + (ac + b)1/2 lac+b > 0],
+ |ac+ b]'/% s
2 arct lac + b| et b <0
L B & ar +b -
T dL
2.32. Narterpanansl BHIa J(amib):+1/2'
Q z™ dw 2 - (-—-1)’“0’“ b* Ly
1. = ™m b m ’
) (ax + b)nt1/2 a™t1(az 4 b)n—1/2 };’ 2 — 2m — 2k + 1 (ax + b)
2. | dz o 2
") (az )" T/2 T (2n — Da(az + b)n—1/27
2™ dar 2 m 1/2 2mb J m?’n—ldm
3. - b B | r
| ez 002 ~ @m+1)a” (ax + b) Gm ot Da ) ez 7o)

2az + b)Y? T~ (-1)*Ck b —k
4. = Lk : by™ ",
am+1 ;2m—2k+1(aqj+ )

i dx . 2 1/2
5 Jaa o - glee O
[ xdx _ 2(ax — 2b) 1/2
6- ] (a$+b)1/2 - 3(1,2 (a$+b) N
z? dz 2 [(az +b)° 2blaz+b) 1/9
T @@y @& 5 3 *b](am“’) |
z° dx 2 [(ax +0)° 3b(az + b)* ‘
“ )z~ w R ’+"a624(a$+'b>1/2'
9 [ dz o 2
") (ax+b)32  alax + b))/
10 " xdx _ 2(az + 2b)
") (az+0)3/2 7 a2(az + b)1/2°
( zldz 2 [(az + b)? ‘ 9 1
11. = — | " — 2b by — b"| - .
) (ax + b)3/2 a3[ 3 (az +b) (azx + b)1/2
12 ( 2¥dx
") (az +b)3/2

1

2 [(a:z: + b)?

- — blaz + b)* + 3b%(ax + b) + b3]

at (ax + b)1/2°
dx
LIZ'T"%(CLLE + b)n+1/2 )

2.33. Narterpanasl BHIA J

1 J dx o 1 B
. ™ (az + b)n+1/2 o (m —1)zm=(azx + b)n—|—1/2

~ (2n+ 1)aJ dx
2(m —1) ) ™ (az + b)n+3/2°
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N - 2 B 2m J dx
) (2n — Daz™(az + b)»~1/2  (2n —1)a | z™t (az + b)n—1/2
3. — g™ J e df_ R [t =+az +b; cm.2.16, 2.18].
4 dz B 2 lj
") z(az +b)nt/2 - (2n — 1)b(az + b)"— iz T (azx + b n—1/2°
5 ( dx _ (ax + b)'/? (Qm-— )aJ dx
"l zm(az + 02 (m— )bzt 2(m—1)b ) xm(ax + b)1/2
(1 laz + b)l/2 — pl/2
dx pl/2 (am +b)1/2 + b1/2 [b > 0],
6. ) z(az + b)1/2 - 9 (am+b)1/2
NEDE arctg (—b)1/2 b < 0].
- dx M_(a,$+b)1/2 __g_[ dx
© ) x2(az + b)Y/ bx 2b | x(ax + b)1/2’
dzx 3ax — 2b 1/2 Ja2 dx
8- J z¥(az +6)'/2 4b22? (az + )" - 8b? Jm(am+b)1/2'
9 dx _ 2 n EJ' dx
" Jx(az +b)3/2  blaz +b)Y/2 b ) x(ax + b)L/2
10. J dx ___—3az-b  3a J dx
z?(ax + b)3/2  b2x(ax + b)1/2 202 | z(azx + b)'/2’
- J da _ (_ 1 5a 15&2) 1 N
z3(ax + b)3/? 2bx?  4b%x  4b® ) (ax + b)1/?
n 15a2J dx
8b% ) x(ax + b)'/2
12. [ (aw +0)' 1 c dex = x + 2— [(az + b)"? —dIn |(az + b)"/* + d|]
(ax + b)1/2 +d a '

2.34. Uuarer

1. J(CLCE + )™t/

:m(

paJbpl BHAa J(aﬂ? + b)E T2 (e + d)EPTV 2 da
2(032‘ + d)n+1/2 de — (CL:I;' -+ b)m+1/2(6$ +d)n+3/2

(m+n+2)c
2m + 1)(ad — be " 1/
_ 2(m +)§1+2)C ) J(aa&%b) Y2 (e +d)"? da.

_— d)n+d/2

Y 2m +1)(2m —1)...(2m — 2k + 3)(ad — be)®

X

m+n+2)(m+n+1)..

(mA4n—k42)ckt!

, 1
a1 B T
N~ (2nrD@En—1)...(2n 2k + 3)(ad — be)™
e 26m4n+2)(mtn+1)...(n—k+1)arH
N tt( m-n+2
x (cx + d)"F /2 m!in!l(ad — be) : 1J dx .
(T n 4 D20 207 | Jias 0o T D
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m+1/2
3. J (afv + b) do —
(cx + d)n+1/2
_ 1 (az +b)™ /2 (2m + 1)(ad — be) J (az +b)™ 1/
 (m—n+1)c (cx+d)n1/2 2(m —n + 1)c (cx + d)nt1/2 7
4 B 2 (ax + b)™+3/2 N
. -~ (2n —1)(ad — be) (cx + d)n—1/2
2(n —m — 2)a J (az + b)™+1/2 d
(2n —1)(ad — be) | (cx +d)n—1/2 777
5. = (az + b)"’""’g/2
ni 2(n—-m~-—2)(7'7,-—m-—-3)...(n——-m——Is-—1)2‘?”""'1a,’c y
(2n —1)(2n —3)...(2n — 2k — 1)(ad — be)k+1
! P 2
T emed
6 J dx _
» (am_i__b)771+1/2(cm+d)7l+1/2 _
2
T (2m — 1)(ad — be)(ax + b)™—1/2(cx + d)n—1/2
 2(m+n-—1) J dx
(2m——1)(a,d-—-bc) (a$+b)m—1/2(cm+d)n+1/2.
7 = 1 X
) ~ (cx +d)yn—1/2
mz_l (m+n—1D(m+n—-2)...(m+n—k)(=2)"c" y
— (2m —1)(2m — 3) ... (2m — 2k — 1)(ad — be)*+1
1 (=20)™ 12
8 (ax + b)m—k=1/2 t (m — !l (azx + b)
XS (m4n-1)(m+n-2)..(n-k2""a" 1
Zs (2n —1)(2n — 3) ... (20 — 2k — 1)(ad — be)™HF+1 (cz + d)n k172
dx 2
8. = 1 T+ b) + z+d
J Vi{ax +b)(cx +d) Vac ! ( claz + ) alex ))
lac > 0; = > max(—b/a, —d/c)].
2
9. == In (\/—c(am +b) ++/—alcx + a’))
[ac > 0; ¢ < max(—b/a, —d/c)].
. clax +b) + alcx + d)
10. = are ’
0 — arcsin ad — bel lac < 0]
11 J dz -
(z — a)y/(az + b)(cx + d)
2
1 [\/(ccu+d)(a$-}—b) - \/(aa+b)(cgg+d)]
= In l
V{(aa + b)(ca + d) [z — o

(aa +b)(ca+d) >0; (ca+d)(ax+b)>0; (aa+ b)(cx +d) > 0].
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12. = ! X
V(aa + b)(ca + d)
2
[\/—(ca + d)(az + b) — /—(aa + b)(cx + d)]
1
X In p—
[(aa+b)(ca+d) >0, (ca +d)(az +b) <0, (aax+ b)(cz +d) <0].
13 !

N Vv —(aa+b)(ca+ d) )

) . (ca+ d)(ax + b) + (aa + b)(cx + d)
X arcsin (ad — be)(z — o) [(aa + b)(ca + d) < 0].

2.35. uarerpaas BHAA J$p(am + b)) de.

L [ s, Yartb)de =2 [f(t =iy t)tn-ldt = Va7,
: a a
2. J Plax + b)" de =
n 1+1/n bnp p—1 1/n
b - ] b dz.
(np+n+1) z’(az +b) (np+n+1)ajqj (az +b) v
m 1/n . 1 S yviI+1/n Cﬁn( b) m—k
3. | " (ax+b) " dx = a’m+1(a3,+b) gm k+1+1/n(aqj+b) :
4. b l/n d — + 4 b 1+1/'n‘
u(a,fc+ ) (n+1)a,(am+ )
P 1/n 1+1/n g . . 1/n
5 (ax + b) de — (ax + b) ~ (mn —2n-—1)a J (ax + b) da.
xm (m — 1)bxm—1 (m —1)nb gm—1
1/n ]
T tm —1
[t = (az/b+1)Y"; cm. 2.3].
x™ dx n m 1-1/n
7. = x+b -
J (az +b)Y/"  (mn+n— 1)::1,3: (az +0)
B mnb J ™ dx
(mn+n—1a ) (ax + b)/n’
. 1 1-1/n “ C:;:l('-b)k m—k
8. —a1n+1(afzz+b) I;'m——qul-—l/ (ax + b)
dx n 1-1/n
9. b :
J (aa:+b)1/'n (n —1)a (az +b)

2.36. arerpaas BHAA J(w—a)im(aqub)p/ndm.

. Jaz7n(a:c+b)p/n de =

n

— iEm(G,CB + b)l—}—p/n N mnb ) Jmm—l(am + b)p/n dﬂf

(mn+n+ pla (mn+n+ pla
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2. — _Z’_(aa: ‘l_ b)]‘f‘P/'n, w
“Z m(m—1)...(m—k+1) "k
’ Pt (mn+p+n)(mn+p)...(mn+n+p—-kn) a )’ '
k
. [ 1+p/n C (_ ) m—k
3. mam+1(afv+b Z(m k+1)n+p(am+b)
[ p/ 1+p/
4. x+ b)P' " dx = ax + b "
u(cm:+ ) T (n+p)a(cm+ )
v p/n
5. (az +b) dr =
(@ —a)"
i g (e,
 (m—1)(aa+b) (z—a)m1 (m — Dn(ac+b) ) (z —a)m=1 7
6. = (ax + b)1+7’/" ¢
—p—3n)...(mn—p—nk)a""
1)k (m 2n)(mn 1
8 Z( —1)(m —2)...(m—k)n*~1(aa + b)* 8
L1 plprD). (p+m -1 J (az + )P
(x —a)™ " nm=1(m — 1)!(ac + b)" "' T — o o
m—1
- na 1—m-+p/n —
7. = — b b =0].
(m—1)n—p (ax + b) laa + 0]

(ax + b)P/™ /nJyn+p—1 ax + b
8. dx = n(a b)P d = §/——; cm. 2.3].
J o r = n(aa + b) - Y Y et b’ cMm. 2.3

. b\P"
2.37. Narerpaas BHAA J(:z:—c«)im (a:jid) dz.
c

njax+b B n(ad—-bc)J —adt™ +bc Ja tm !
1 Jf(:b’ c:n+d)dm* ac f ac(t™ — 1)’ ct (t"-l)zdt

, clax + b)
a(cx + d)

p/n p/n
2.J ar + b dﬂj:a,:n+b ar + b n
cr +d a cr +d

‘ . p/n n+p—1
et b (a7 [0, [t:nm;mz.g}

ac C tm — 1

p/n m—1 p/n
5. Jmm(aqub) do — (az + b)(cz + d)z (aaz+b)

cx +d (m + 1)ac cx +d
(ad — be)p + mn(ad + be) J mi1 [ az +b\"'"
— T dx —
(m + 1)nac cx+d

~(m - 1)bd Jmm_z (aaz + b)p/n .

(m + 1)ac cr +d
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p/n p/n
" Jm(a$+b) do — (az + b)(cx + d) (a,$+b) B

cr+d 2ac cr+d
p(ad — be) + n(ad + be) J az + b\*'"
— dx.
2nac cx +d
p/m . . p/m
K J 1 axr + b d:E:A(aa,+b)(c¢+d) axr +b n
(z — a)mt!t \cx +d (z — a)™ cx +d
1 az + b\"'" 1 az + b\"'"
B dx + D d:
+ J(:U—-a)m(c:z:—}—d) v J(:ﬁ——a)m—1<cm+d) v
. 1 B —n(m — 1)(ad + be + 2aca) + p(ad — be)
m(aa + b)(ca +d)’ mn(aa + b)(ca + d) ’
D— —(m — 2)ac

m(aa + b)(ca +d)

p/n
6. J 1 (aaerb) do —
r—oa \cx+d

p/n p—1 p/n p—1
=n ao +b J t dt —n ¢ J 5 ds
ca+d tr — 1 c sm —1

ol (ca+a)(az + b) o] claz + b) )
t = , 8= {| —=; cm. 2.3
(aa + b)(cx + d) alcz + d)
zP/"™ d
2.38. Uurerpann Buaa J(:ﬁ2+a2§m'
1 J P/ dr pP/mH (2m-—3)n—pJ zP/™ dx
(22 a®)™  2(m - 1)a2(22 + a2)m L 2(m — 1)na® ) (x2 + a?2)m-1"
2. = P/t
— 2mn —3n — p)(2mn —5n—p)...2mn —2kn+n—1p
y (
— (m—1)(m—2)...(m — k)nk~1(2a?)*
" 1 M(n—p)(Sn"p)...@mn—Sn—p)Jm”/”dm
(3:.2_!_&2)771—1% (m_l)!(2a2n)7n—1 332_{_&2'
3 2P/ ™ dp /el 2 P/ "2 dx
Tl a2+a?2 p—n’ x? + a?
4 dx B natP/m B _1__J dz
T xr/n(x2 +a?)  (n—pla?  a? | xP/m2(z22 4 a?)
5 Pa:p/”d:zt_ 1
' ) z2 + a2 - gl-p/n

2n n
aret /™ — @'/ cos (4k + 1) /2n
P & ai/ngin (4k + 1)7/2n

n—1
4k + 1 4k + 1
X Z (Sin . pmin \/332/" — 2a'/mxl/™ cos 2+ T+ a?/n +
k=0

4k + 1

+ CO8

p=1,2,... ,n—1; a > 0].
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. JVCEZWL(iEQ*{*(ZQ)n_E_l/Z dr —
+

zP/™ d
2.39. Uurerpaasl BujIa JM
ﬂjp/ndm /n—i—l
J(mz-—a?)m_ Z(m—l) 2(x?2 — a?)™ -1

(2m —3)n—p J zP/™ de
2(m — )na? ) (22 —a?)m—1°

p/n—|~1
xml an——3n——p)(2mn—5n—p)...(2mn——2nk+n—p)_
P —1)(m —2)...(m — k)nk~1(2a%)k (2?2 — a2)m—*
_(ym(n=P)Bn=p). .. 2mn—3n—p) J zP/" da
(m — 1)!(2a?n)m-1 x? —a?
@Mdz _ n gy g2 J#
J z? —a? p——n‘ 22 — g2
dx . nxl™P/m n _I_J dx
J mp/n(mz _ az) - (n _ p)a2 a? Tp/n—2(m2 _ a:”)'
i p/n p/n—1 ntp—1 p/n—1 ntp—1
x gy — @ Jt gp e Jt dt
J 2?2 — a? 2 tr —1 2 t" + 1

[t = (z/a)"™, a>0; cm. 2.3|.

2.40. Uurerpans BHAA Jazm(mz+a2)”+l/2dm.

. J\L m,(,E ’|‘a )n+1//2 dCC —

_ $m~1(m2+a2)n+3/2 B (m—-l)a2 J'mm_2($2+a2)n+1/2 dr.
m+ 2n + 2 m + 2n + 2
(m2 +a2)n+3/2 .
2m +2n+2 |

m—1

, 2m — D(2m —3)...(2m — 2k + 1 9 Ok
k (2m )(2m ) (2m +1) 2k 2m—2k 1]+

Fm+n)(m+n—-1)...(m+n—k+1)
(2m — D!ta®™
2m(m+n+1(m+n)...(n+2)

k:1

+ (_1)m J(mZ +a2)n+1/2 de

$2m—|—1($2 ta n—|—1/2 do — ZC —a )771—k($2+a2)n+k+3/2.

2n + 2k + 3

z(z® +a )"H/Qda::Q +3(m2+a2)n+3/2,
n

x(z® + ag)n_&_l/2 (2n + 1)a® J(r2 n a2)n—1/2 dz
2(n + 1) 2(n+1) J° '

(2 +a2)n—1—1/2 dz —

kY,

4 A.FO. Bpweiukos 1 Ap.
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B QIZ‘(;’C2+CL2)1/2
B 2(n+1)

(2n+1 (2n — 1) (277,'“2/{3 +3) 2% 2 2. n—k
><|:fc +a) +Z 2kn(n—1)...(n —k+1) a” (@ +a’) i

(2n + ) a*"t?
2n+1(n + 1)!

In[z + (z* + a*)"?].

2 243/2
2m ;2 2,1/2 __,(93 +a”)
7. |z" (" +a”) d—-z(m+1)
m—1
2m—1 k (2m — 1)(97’” 3) .- ( -2k + 1) 2k 2m—2k—1:|
X |x -+ (—1) - a " x +
— 2km(m — 1) (m—k+1)
(2m — ! (‘“a2)m 2 2\1/2
t dx.
2 (m 1 1] (2" +a”) T
2
8 J(*z:z + ) de = g— (2® +a®)"/? + %— In[z + (z° + a®)'/?].
1 .
9 J$(732 +a))' ?dz = 3 (z* + a*)*/?
10 Jf::2(a:2 +a*)? de =
_z (132 + 2)5/2 _awx (az2 +a2)1/2 % hiz+ (:1:2 +a2)1/2].
4 8 8
2
11. ,65(332 —|—a,2)1/2 dr — _15_(332 +a2)5/2 . %__ (,62 n az)B/z

12. J(’BZ +a*)?? de =

- %(a:E +a®)?? 4 a8 T (2?4 a®)? 4 S Infe+ (@ a2
2 2\3/2 ;1 . o 25/2
13. st(fc +a”) d$-g(;v +a”)

2
14. J$2($2 +0}2)3/2 dr — (’E +a )5/2 - 094’13 (:L"2 + a2)3/2 o

s

atx 6
. “i‘é— (CE’Z + a2)1/2 N 'i'('); ln [CL’ + (332 + aZ)l/Z].
9.3/t 1, . g /e 2 95/t
15. Jm3($2 +a®)* de = - (2® +a>)? T % (2 + a*)*2.
2 2yn+1/2
2.41. Uurterpaas BHJA J'(v +a’) dz.
$m
X (wQ —|—CL2)n+1/2 P (CU2 + a2)n+3/2
) x™ ) (m —1)a?zm—1!
2n —m~+4 [ (22 4+ a?)" /2
(m —1)a? ™2 dz.
2. (@ ra)"™? 2n 1 J (z* +a*)" 12 dz.
(m —1)xm—1 m—1 x™—2
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B _(332 +a2)n+3/2

[

+

(2m — 1)a?
m—-—n-—2)(m-—n-23)..

2m 3 (2m —5) ..
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6. J(wz +a®)" /2

2n—2m +1
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T (22 + a2)n+1/2 o (2n — 1)(x2? + a2)n-1/2"
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o (a2 —|—b2)1/2 ’

x+b

In

dr
(22 £ b2)™ (22 + a?)n 172

2.45. Uarterpanasl BUJA J

1 J dx B
: (932 +bz)m(m2 +a2)n+1/2 o
x
o 2(m — 1)(a? — b2)b2(x2 + b2)m—1 (g2 4 q2)n—1/2 +
(2m — 3)a® — (4m + 2n — 6)b° J dx L
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| m! (2a2)™ x
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(a? — b2)1/2 a? + bx
1 a’® + bx
— (a2 — b2)1/2 arccos m [CL2 > 62]
dx 1 (z—a\'"?
") (z+a) (2?2 —a?)t/2 a (a:—l—a,) '
i dx 1 fz+a 1/2
J(x—a)(z2 —a2)/2 al\z—a '
dx
2.51. Uurerpans BuUga J(wgibg)(aﬂ RS TVEE
da 1 1 'a:(a,2 + b)Y 4 b(2? — a®)/?
© @b (22— a2)72  b(ad+ 62)i/2 (22 + b2)1/2
g ) | !w(bQ — Q)2 p(x? — a2)1/?
: | (LQ _ b2)($2 _ a2)1/2 o b(b2 _ az)l/z n (a:2 _ b2)1/2
(6% > a?].
1 b(z? — a?)'/? 9
s - - " i 62 °
b(a? — b2)1/2 arcsin a(z? — b2)1/2 [a® > b7]
2 2\1/2
= 1 arctg bla” —a’) [a® > b?].

b(a2 _ b2)1/2 ZU(G,Q — b2)1{/2

2.52. UuTerpasas BHAA Jmm(az—mz)nJrl/Qdm.

] Jmm(a2 _ w2)n—|—1/2 do —

mm—l(GZ . ;732)n+3/2 (m . 1)@2 J
m -+ 2n + 2 m -+ 2n + 2

xm—Q(a2 o $2)n+1/2 do.

_ wﬂ1+1(a2 . w2)n—{—1/2 N (2n + 1)a2 Jmm(ag B xz)n—l/z dor.
m -+ 2n + 2 m + 2n + 2
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2 n+3/2
3. 2m 2 L 2\nH1/2 g G )
Ja: (a =) v 2n+2m + 2

21 - (2m —1)(2m —3)...(2m — 2k + 1) ok 2m—2k_1
. | . ,
[:c Jrﬂ;‘)k(m+n)(m+n—1)...(m+n—k+1)a v N
(2m — 1)t a*™ J 2 2\n+t1/2
' - dex.
i 2m(m+n+1)(m+n)...(n+2) (" —27) v
om41, 2 2\n+1/2 — (—1)**tCka®F 2\ntk43/2
4. |x (a” — x%) dmzz (a” — %) e
J ‘ — 2n + 2k + 3 ‘
5. nCE’(CL?J . mQ)n—}-l/Q dr — — 1 (a2 . m?)‘n,+3/2.
J ’ 2n + 3
. 2
6. (a2_$2)n+1/2 doe — £ (a2_$2)n,+1/2+(2ﬂ +1)a J a2_$2)n,-1/2 de.
2n + 2 ' 2n + 2 ‘ ‘
- B SU(U,Q . £U2)1/2
2n + 2

(2n+1(2n-—1) (271“2!6*%—3) 2k ; 2 I\ —k
x[(a —a)" +Z 2kpn(n—1)...(n—k+1) a”(a” —z) ]+

(2n + 1)ta ™7 arcsin —
27 (n + 1)! T al”
2
8. J(a2 — )Y de = g (a® — )% + % arcsin %
1 .
9. J'QE(CLQ — ) dz = -3 (a® —2*)*/?.
' 4
10. | 2%(a® — 2%)Y?dz = z (22% — a*)(a® — 2*)*/? + ? arcsin —
J 8 8 ja|
11 3, 2 21/2 4 1. 2572 G0 o 213/2
.z (a” —x7) m——g(a —z7) ——é—(a — )",
2 2\3/2 T 9 213/2 3a’z 2 2\1/2 3a £
12. j(a" —2")" de==(a"—2")" "+ —— (0" —2")"/" + — arcsin —.
; 4 8 8 la|
1
13. | z(a® — 2% da = —x (a® — z%)"/.
14. | 2%(a®—2*)*? dz = -z (8z* —14a’z*+3a*)(a® —2*)/? + — a” arcsin —.
) ' 48 | 16 la|
15 3, 2 23/2d_1 2 N R 215/2
jxt(a” —x7) w*§(a —z7) -E(a — 2%)>°.
2 o 2\n+1/2
2.53. Uurerpasne BHUIA J(a ) dx.
mm
2 2\n+1/2 2 n+3/2
1. J(a x*) do — (a® — z?)
rm (’m- )a pm—1

dz.

m —277,—4J (a? — x*)"t1/2

(TT?, _ 1)a2 xvn—Q
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) B W(GQ o mz)n+1/2 B on -+ 1 WJ (a2 . m2)n~1/2 i
)  (m—1)gm-t? m—1 ™2 .
. J\ (a2 . xZ)n+1/2 o _((1,2 . $2)n+3/2 y
x2m (2m — 1)a?

m-—1 . f -2k
1 2" (m—n—-2Y(im—-—m—-3)...(m—n—k—1 a
13 1+Z ( 9)( 3) ( ) sm—ai1|
z2m (2m —3)(2m —5)...(2m — 2k — 1) x2m

+2;?”(777,—77,—2)( m—mn—3)..

A(=n)(— n—l)J( _ g2 g

(a® — )" +1/2 _ Zﬂ a 2 2\ n—k+1/2
4'J x dm_k__OQn—QkJrl(a —@) i
a2n—{—1 a — (0,2 o $2)1/2
-+ In i
9 a + (a? — 22)1/2

2 2\n+1/2
5. J(a z’) dr =

$2n—l—2
, k412
(__1)k+1 a? — 22\" k+1 a1 T
= E -1 —
2n — 2k +1 x? + (=) arcsin la|’

. ~ (a2 o $2)71.+1/2 o (CL2 — )n+3/2
" p2n+4 = (2n + 3)a2z2n+3’
7. ((a® — =)' dz = (¢ — 2*)"/? —aln at(a” —a)' " :
x x
2\1/2 2 2\1/2
8. ( :5 ) de = — (a ) — arcsin X
J x x a|
. (a? — $2)1/2 b _(a2 B :132:)1/2 ., 1 a +(a? - $2)1/2
T x3 v 212 2 T
2 2\3/2
10. J(a‘ T gy =
x
2 2\1/2
:%(a2_m2)3/2+a(2 z°)"? — a®In at(a —2z7)"
3 "
2 3/2 1 » 2 o 2
11. J (@ f ) de = —— (a2 — 5132)3/2 . %E (a2 — $2)1/2 - OZ arcsin —
x x 2 la|’
(a® — $2)3/2
12. J ‘ dr =
23
(@ =2)** 3 (a? — %)% 1 3a, |a+ (a? — 2?)t/?
B 212 2 2 T
x" dx
2.54. Nurerpans BHOA J (a2 — g2)niiz”
1 J x™" dx B z™t - m -1 J ™ % de
* (a2 o $2)n~{—1/2 o (2n . 1)(@2 . mQ)n—l/Q 9 —1 ( . fE.Q)n 1/2°
9 B g ~ m—2n+2 J x™ dx
: o (2n — 1)a2(a2? — z2)n—1/2 (2n — 1)a? | (a2 — x2)n-1/2°



o

54 | 2. Anezebpauneckue GyHKUUU 63

10.

11.

12.

13.

14.

15.

16.

o g™t (m —1)a? J ™ % dx
(m — 2n)(a? — x2)n—1/2 m—2n ) (a? — g?)nt1/2
2m+1 g, M1k 2m—2k 1
T z Z (—1)"a ok | .
(az _ $2)n+1/2 I — 2k — 1 ( $Z)n—k—l/z
’ k=0
2™ o gl (g2 g?)1/2 1
) (a2 2)n~{~1/2 - (271 _ 1)a2 (az _ mz)n
n—1 k 9k
2% —m—1)n-—m—2)...(n—m—k
n Z (n Y in—m—=2)...(n—m — k) a N
(9n~o(2n—5) . (2n—2k —1) (a2 — x2)n—k
+2n(n—7’n~'1)(’n—ﬂl—2) A=m+1)(— m)J *™ dx
(2n — 1)1 a2 (a? — x2)t/2"
n—m-—1 ¥ m-+k-+1/2
1 Cn m-1 :L,Z
= — = 1i.
a2n~2m ];) 2m+2k_|_1( meg) [n/m+ ]
%Qn—Q dr $2n——1
] (0,2 _ $2)n—!—1/2 (2n _ 1)0,2(0,2 2)71 1/2°
2™ dop __(az_w)l/z><
) (a2 —z2)1/2 2m
m—1
2 —1 2m —1)2m —3)...2m —2k+1) 21 2m 261
X | o :
[”’7 *l; T m=2. (m—k) *° i
(2m — DI o, T
W a arcsin m
dx  z(a® - 2*)? 1 N
(CL2 _ 332)71,—!-1/2 o 21 — 1 a2(a2 . 332)71

[n > 1].

+Z 25(n —1)(n —2)...(n — k) . a"2k—2 ]

(2n—-3)2n—-5)...2n -2k —1) (a? —x?)n—Fk

1 n—1 C , {132 k+1/2
:szozwrl(az—ﬂ?z) |
xdr 1
] (az _ 332)714—1/2 (Zn -1) (CL2 z?)" /2
dz — arcsin — .
(aZ — 33‘2)1/2 N 1a|
rdr o 2 2y1/2
(a2 —z2)1/2 —(a” —27)"".
x? dax __E(GZ__,U )1/2+2-2-arcsmi
J (a? =)t/ 2 ’ o
3 i
( 2$ dib)l/o = % ' —2*)*? —a®(a® — 2*)'/%.
J a® — } |
( dz x

(a2 _ $2)3/2 - az(az _ $2)1/2'
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17, [ rde L

) (@ = 2232~ (a2 — 22)1/2
18. " ®” de = a — arcsin _E_

) (@® = z2)3/2 (a2 — z2)1/? al
19. ( z® dx _ 2a° — 2 '

J (@ = 22372~ (a2 — 22)1/2

2.55. Nurterpans BHOA Jmm(aQ _(1:;2)71%—1/2'
dx 1 |

L |-

me(a‘:z _ $2)-n—l—1/2 o

10.

11.

12.

J

[

'd

(2n _ 1)0,23:.711—1(0‘2 _ 332)71,—1/2

+

m 4+ 2n — 2 dx
(2n — 1)a? J:z:m(a2 — x2)yn—1/2°
B 1
- (m — 1)a2z™ (a2 — z2)n—1/2 +
m 4+ 2n — 2 dz
(m — 1)a? J zm2(g2 — g2)nt1/2’
B 1 m+ 1 dz
 (2n—1)zmti(e?2 — z2)n~1/2  2n —1 J xmt2(a? — g2)n-1/27
dx 1 Mt Ckoint a? — g2 \mFT1/2
x2m(a? — x2)nti/2 T g2min ]; 2m — 2k — 1 ( z? )
[m+n > 1].
dz B 1 1 dz
z(a? — x2)n+1/2 - (2n — 1)a?(a? — x2)n—1/2 + a2 J z(a? — z2)n—1/2"
n—1 1

zg(zn—zk—l

1 | a+ (a® — z?)'/?
g2k = T
dx :__1-“1 a+ (a? — z%)'/?
z(a? — x2)1/2 a T
dz 1 2 2\1/2
z2(a? — z2)1/2 ~ T a2 (a” —a7)"/".
dx ——;(az—fyg)l“_ 1 . a+ (a* — 22)V/?
r3(a? — 22)/2 24222 L 2a3 T
[ dx B 1 B __.1“_1 a+(a* —zH)/?
z(a? — 332)3/2 o a?(a? — $2)1/2 ad = T
[ dx B 2% — a®
z2(a® — 22)3/2  a'z(a? — 22)1/2
[ dx B
mS(aQ _ m2)3/2 -
B 1 3 3 | a+ (a® — z*)'/?
 2a2z2(a? — z2)1/2 + 2a%(a? — z2)Y/2 24P " x

)a2k+2(q? — g2)n—k—1/2 o
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dx
2.56. Uurerpanam BUIA J(m+b)”(a2—m2)1/2.
1 J dx B 1 (a® — z?)'/? n
T (@+b)n(a? - 22)/2  (n—1)(b%2 —a?) | (z+ b))t
dx dx
2n — 3)b —(n—2
+ (2n = 3) J (z + b)" (a2 _ 22)1/2 (n )J (z + b)"2(a2 — $2)1/2]
b # +al.
0 o 1 (a2—m2)1/2_(ﬂ4])J dx
|  (2n—-1a| (z+a)" / (x +a)r1(a? — z2)1/2
[b = al.
2 2\1/2
3. _ 1 (@ —27)/" (n — I)J dx
2n—1)a| (xz—a)” (g —a)m(a? — x?)1/2
b= —al.
4 J' dx B
" @+ b)(a? —22)
2 2 poN1/20.2 212
_ 1 In br + a” + (a® —b°)"/"(a” — ) a2 > 87,
(a? — b2)1/2 z 1 b ]
B r (bZ . a2)1/2(a2 . 332)1’/2 .
5. = _(b2 EPEIYE arctg 2+ ba [C,,? < bl}.
B 1 . a®+ bz 5 o
6. = (1)2 — 012)1/2 arcsin m [Cl <b Jl
dx 1 (a—2\"?
7. — = —— 0].
J(era)(aQ—a:?)l/2 a (a+:c> [ > 0]
1/2
o[t 1(sta >0l
(z — a)(a? — x2)1/2 a\a—z
2.57. Uurterpasas BuIa J dz
e p A (b2 + $2)m(a2 _ x2)n+1/2'
1 dx B
©) 02 = 22)m(a? — 22tz
x
— 2(m —1)(a? — b2)b2(b% — z2)m (g2 — x2)n—1/2 +
(2m — 3)a® — 2(2m + n — 3)b* J dx n
2(m — 1)(a? — b2)b? (b2 — z2)m1(g2 — g2)n+1i/2

. m+n—2 J dz
(m — 1)(a2 — b2)b2 | (b2 — z2)m2(g2 — g2)nt1/2
9 J' dzx _ T n
") (02 = 22)(a? — 22)nt1/2 (2n — 1)(a? — b2)a2(a? — z2)n 1/2

(4n — 3)a® — 2(n — 1)b? J dx B
(2n —1)(a® —b2)a® | (b% — x?)(a® — a?)"—1/2
2(n —1) J dx
@ 1)@ 0a? ) (77 aha? a7

5 A.KO. BpbidkoB u Ap.
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3 dx B 1 | lz(a® — b%)Y/% + b(a® — 2?)V/?
* (52 _ 32‘2)(@2 _ :132)1/2 o b(a2 _ b2)1/2 n (:,32 _ b2)1/2
[aZ > bQ].
1 33‘(()2 . a2)1/2 ) )
4. = b7 a2y arctgb(az_wg)l/z [a® < b?].
_ 1 . 5”(1’2 — a‘Q)l/Q 2 2
5. = b —a)i? arcsin (b7 — 2217 [a® < b?].
6 dx B 1 . z(a® + b*)/?
" BT 22)(a® — 2272 ba® + b2)1/2 arctg b(a? — z2)1/2’
2.58. Uurerpaas BuUIA Jxm(amZ + bz +¢)" T da.
O6ozHauenne: X = az” + bz + c.
1. mex"“ﬂ do = A, SN
(m +2n+ 2)a
B (2777/ + 2n + l)b J/Em-lxn—{—l/Q dr — (TTL - l)C Jmnz~2X<n—i—l/2 da
2(m +2n +2)a | (m +2n + 2)a o
n+3/2
2. |2X"dy = X JX”“/?' da.
2n+3)a 2a
3. i Xn_l_l/g doe — 2ax + b Xn+1/2 4 (277; +1)(4ac — 62) JX‘"“UQ d.
) 4(n+1)a 8(n+1)a
4  (2ax +b)X'? X" Z (2n +1)(2n — 1) (2n —2k+1)
’  4(n+a — 8k+in(n—1)...(n — k)
" dac — b? k+1Xn_k_1 n (2n 4+ D! [4dac — b e de
a 8n+l(n 4 1)! a x1/2
. J\mle/Q P mm—ng'/Q B (27’77, -+ 1)b J\Qjm_._lxl’/z de —
’ (m+2)a 2(m+2)a
_ M J.mm“le/2 dz.
(m + 2)a
20 +b 1,5 dac—b? 2ax + b 1/9
6. | XV de =" XY I xY :
J T ia -+ Ra5/2 n 2\/5 -+ [a > 0]
; b b2 — 4 2 b
7. — 20 + 0 xt/2 0 J T 20€ aresin —-—ﬂ——i_::: [a < 0; b2 > dac].
4a 80,,/ b2 — 4ac
8. mel/z dz = ~1-— X372 inl/Qd:v.
3a 2a
2
g, J$2X1/2 dr = w}(3/2 + ijl/zdn
2402 16a?

10. J$3X1/2 dr = 48

a’z? — 42abx + 35b% — 32ac

x3/2 _

240a?

3
i 7b > 361,13'6 le/g dﬂ;‘
40
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(ax? 4 bz 4 c)"T1/?

2.59. Narterpanas BUAA J dex.
mm
O6osznauenne: X = az’ + bz + c.
Xn—{—l/Q X"H_S/Q
1. | e de —
_{ x™ v (m —1)cx™~1! i
(2n — 2m +5)b J x /2 da 1 (2n —m +4)a J xntl/2 d
2(m — 1)c zm! (m —1)c ™2 '
X n+1/2 /2 o xn—1/2
5 j (CLQIZQ + bm)‘n,—é—llﬂ o 2(a$2 + bm)n—{—B/Q
) rm™ Y (2n - 2m + 3)ba™
2(m — 2n — 3)a J (az? + bx)nt1/?
: : dez.
(2n — 2m + 3)b xm—1
i )(1/2 1/9 b dzx dx
4. de = X" .
| Tz +2jX +CJ$X1/2
r X1/2 ){1/2 .
5. —dr = — 5 T b J -—@—
] =z x X /2 xX1/2
. [ (az? + bx)'/? do — 2az? + bx)'/? GJ dx
’u z? C x (az? + bx)t/2’
. nXl/Qda;__ _1_+_b_ X124 g_ﬁ J dx
T 3 22 4dex 2  8c xX1/2°
3 ((az? + bx)'/? do — — 2(az® + bx)®/?
T x3 | 3bx3 '
r X3/2
9. dx =
] =z
X327 2abx + b 12ac — b*)b [ d: d:
_ n abx + +8acX1/2+( ac )J T +CQJ z
3 8a 16a X1/2 xX1/2
X3/2 X5%  az+b 3(2azx + 3b
1O'J " de— - +av+ X3/2+o( afz:+3)X1/2+
T cx c 4
3(4ac +b%) [ dx 3bc dx
+ 8 X1/2 2 ) xXv/?
22 4 bp)3/? az? 4 be)3? 3 /
11. J(” - C2 I (e L) S P N S Ve
T 2x 4
n 3b2 J dx
8 J (ax?+ bx)'/?’
X3/2 1 b 5/2 ab:c~|~2ac+62 3/2
12. J x3 dw = _<26332 + 402:1:>X + 4¢2 X7+
3(abx + 2ac + b*) x1/2 4 3ab J' dx 3(4ac + b?) J' dx
4c ’ 2 ) X1/2 8 rX1/2
(az® + bm)3/2 B 2b 12 3ab dx
13. J o de = | a— — (az® + bx) > ) ez 1 by

5*
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dz
(ax? + bx + c)t1/2°
O6oznauenue: X = ax” + bz + c.
de 2(2ax + b) 8(n —1)a dx
J Xntl/2 — (2p —1)(4ac — b2) X —1/2 + (2n — 1)(4ac — b?) J Xn-1/2"
2(2ax + b)

- (2n — 1)(4ac — b?) X—1/2 8

n—1 8k(n —1)(n—-2)...(n—k) aX k
X [1’#2 (2n —3)(2n —5)...(2n — 2k — 1) (4a,c_bz) ]

2.60. Uurerpans BHIA J

k=1
dx 1 2ax + b
S.J'le_\/aln °a +XI [a > 0].
1 2ax + ;
4. — — Arsh—22 17 o la > 0; b? < 4ac].
va Vvidac — b2
B 1 . 2ax+b 0
5. = ———= arcsin Ny la < 0; 6% > dac].
1
6. = — In(2azx + b) [a > 0; b* = 4dac].
va
. J' de  2(2az +b)
T X320 (4ac - b2)X1/2T
x™ dx
2.61. urerpanb BHAA J(am2+baﬁ+c)”+1/2'
O6ozHavenne: X = az” + bz + c.
1 J ™ dr g™t ~(2m —2n-1)b J ™ ! dx B
T Xnt1/2 0 (m - 2n)a X /2 2(m — 2n)a Xn+l/2
 (m—1)e J ™% da
(m —2n)a J§ Xnt1/2°
9 B 2™ n 2(2n —m — 1) j ™ tdx B _ZEJ ™ dx
| - (2n —1)bXn—1/2 (2n — 1)b Xn-1/2 b J Xntl/27
3 1 A o ™2 da b ™ da
) a X n—1/2 a X n+1/2 a X n+1/2 "
4 r an dor - C1:,27'1,—1 B i w2n.~1 dr l m2n-2 dr
S X2 (2n —1)aXnT1/2 0 2a ) XnH1/2 ta ) X
5 [ xdz 1 b dx
* X<n,+1/2 T (Qn - 1)aXn~—1/2 2a Xn+1/2 )
6 " xdx _Xl/‘z_ b dx
Tl X2 T g 2 | x1/2°
v ’U2dw _ 2ax — 3b X1/2+362~4ac dzx -
J X1/2 4a? 8a? X1/2
3 2% dx B 8a?x? — 10abzx + 15b% — 16ac 172 56% — 12abe dzx
T oXxu2 T 2403 1643 X1/z
9 (zde  2(bx + 2¢)
T X320 (B2 —dac)X1/2
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X3/2 7 a(b? —4ac)X1/2 ta)xiE
11 Jfr" dr  a(4ac — b*)z” + b(10ac — 3b*)z + c(8ac — 3b%)  3b J dx

X3/2 a?(dac — b2) X 1/2 202 | X1/2

2 _ 9p2\.. _ 9
10 ch‘ de  (4ac —2b%)x — 2bc 1J dx

dx
r™(ax? + bx + c)nt1/2°
O6oznauenne: X — a’ + bx + c.

2.62. Nurerpanas BHIA J

1 J' dx - 1 B
: pm X n+1/2 (m — 1)Cmm—1Xn-1/2
B (2m+2n—3)bJ dx ~(m+2n—2)a J dx
2(m — 1)c gm—1 X n+1/2 (m—1)c gm-2Xnt+1/2
N dx B 1 b dx N 1 dx
’ p X n+1/2 (2n — 1)CXn-1/2 2¢ | X n+i/2 c | zXxn—1/2"
3 J dz o 2 B
© e (az? +bx)m /2 (2m +2n — 1)bz™(ax? + b)) 1/2
B 2(m+2n——1)aj dx
(2m +2n —1)b | x™m Y ax? + bx)nt1/2’
d: 1 . |2c+bx+2y/cX'/?
g [ 1, 2otz dave e > 0].
x X1/2 Ve x
1 2¢c + bx
5. e AR > 0.
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J ch® 2 2¢h?x 2 &
shax 1
25. . dr = — T
J ch™z 3ch”x
" sh?; 1
26. | > 4Ida:—:.‘—th'313
J ch® =z 3
" sh® o 1 1
27. dm:‘. + b .
Jch?z chz 3ch®z
" sh? 1
28. il?l—fdm:——?—)thsm—-tha:+m.
J C T
he .
4.7. Uuterpann BHUIA JC ? de.
sh? x
ch? x 1 ch® 'z g¢g—1(chi %z
1.J . dr = — o J 7 dx.
sh? x q — p sh x q—pJ shPzx
9 B 1 chq+1w+q«—p+2f ch? z di
) - p—1sh? iy p—1 shP™ 2
3 1 ch? gz ¢-— 1Jchq_2:c d
) p—1sh?P 'z p—1)sh?P ?¢ '
ch? z ch?tl x 1
4. der = —
Jshma} 2n — 1 [shz”_la} +

/ 2n—p—2)2n—p—4)y...(2n —p —2k)  op_oni1
. k( { / sh 1,
+ > (-1) 2n—3)(2n—5)...(2n -2k —1) = o

(-1 (2n—p—2)2n—p—4)...(—p+2)(—p) Jchp .

(2n — 1)

6 A.FO. BpwiukoB u Ap.
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ch? x ch?™ g 1
5. | ———dz = —
Jshz”“Ll x ! 2n Lhzn x i

2n—p—1)2n—p—3)...2n—p—2k+1) , op—an
-1 6 ( | |

2n—p—12n—p—3)...(3 —p)(1 — h?
+(_1)7,,( n—p-1)@n—-p-3)..3-p)A-p) [z
2np! sh x
r-Ch‘me m Cth—la: T
6. dr = — ] lth—k.
she F ; 2k — 1 +m 21
vCth—}—lm m SthCI}' m Ck'
. Mo — 1 — m th’ h .
7 | "oz dx Z 57 + In | sh z| Z T x + In | sh x|
k=1 k=1
o " ch2™*! o do — i C,’fl Shgk_zn_l_l .
") sh?"gx k202k~2n+1 )
r-chflm—%la: m Ck: on
T B ¢ P M gh%kn, C) In|sh , < m).
| s, x ;2!;—2718 x + n|shz| n < m]
k#n
10 :ii%hM_znx [n > m)]
) “ 2k — 2n '
11 " chzx J 1
. T = — .
J sh? z (p—1)sh?™ 'z
" ch? 1
12. % de — — cth? ™ 2.
J shP™ ¢ p+1
" ch
13. | mdm:1n|shw|.
J shzx
r h2 ,
14. ¢ mda:zcha%kln Ith—x-'.
J shzx 2
" ch?® 1
15. | & mdm:—ch2m+ln|shx\.
J shz 2
r h4 . /
16. ¢ mdm:10h3m+cha¢+ln ’thf'.
J shax 3 2
" ch 1
17. (‘232 dm:" .
J sh“x shx
" ch? x
18. 5— dx = x — cthz.
J sh“x
" ch?® 1
19. Clzmda::shm—w.
J sh® x shz
" ch? z 3 1
20. dr = — —sh2z — cthx.
ushzm €T 2;1:+4s xr —cthax
" ch 1
21. ng dr = —= cth? .
1} sh” x 2
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22.

23.

24.

25.

26.

27.

28.

9.

10.

¥

[ ch? chz
i shgmdm: 2 sh? —Hn Ith_’
r~ h?" 1
:hS;dm:—;z—cthzx+ln|shw\.
[ ch? chz 3 T
dr =chxz — —In 1th—{.
J sh®x sehiz | 2 2
" chzx 1
de = — :
J sh*z 3sh®
[ ch? 1 5
dr = — cth
J sh*z 3
" ch® z 1 1
i dr = — - 3
J sh™ =z shz 3sh” x
[ ch? . 1
%dm:—-gcth?’x-cthm—&—m.
J
d:
4.8. UuTterpaansl Buga Jm.
J dx B 1 p+q—2J dx
sh? zch?z ~ (p—1)shP 'zch? 'z p—1 sh? % zch? x
B 1 p+q~2J‘ dx
a (q—l)shp_lwchq_lm g—1 sh? zch?™ 2 ¢
" m-+n—1 k
dx (—1) k 2k —2m+1
= Crin—1th” )
sh?™ x ch?®" Z 2m — 2k — 1 tn—l *

o

dx
h2m+1 h2n+1

m—}—n( 1)k+1

k 2k—2m m
_' Z moann th T + ("“1) ﬂH_n In | thl,"

k;ém
i 4 ik 1 D gy — :
dJ?Q _ c 2k—2m 1:1)+11] ]thfi
Jshxch*™ — 2m — 2k +1 2
) da] ik 1 2 —2
= h me In|th
J shzch? ! g ;2mf2k+2c z +In|thz].
” — i (1" sh®* 7™~ ¢ 4 (—1)™ arctg sh .
J sh ma:cha: — m— 2k +1
i i "1)k Sth 2m—2 _I_( l)m lIl|th.17|
J sh2m+1 xchax Pt 2m — 2k + 2 )
) dx
—e = In | th 2.
Jshxzcha n|the|
dx 1 X
= + In Ith—'.
stha:ch2 T chx 2
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i d 1 ..
11. ———-af-g— = ——th*z + In|thz|.
J shzch® z 2
5 dx 1 1 T
12. = -+ In ’th—l.
Jshzch*z chx 3ch®z T 2
A dx
13. | ————— = ——— — arctg sh z.
J sh?zchzx shx reve
™ d’
14. | —— = —2cth2a.
Jsh“xzch®x
) dx 1 sh x 3
15. e - — — arctg sh z.
o J sh?zch®z sh 2¢ch? x Zar &
) dz 1 8
16. = — —cth 2.
J sh?zch?z 3shx ch®z 3
i d 1 .
17. | —4—— * = _—Cth2$+1nlcth$1.
Jsh®xzchz 2
i d: 1 h ; 3 /
18. | o = ——— — S S [th 2.
J sh®>zch”z chzx 2sh“ x 2 2
A d' ]_ 1 5
19. 3—%:—th2m-—cth“w~—21n|thx}.
J sh® zch® z 2 2
A dx 2 1 chzx 5 T
20, S T W
J sh®zch?z chzx 3ch® z 2sh? x 2 2
) dx 1 1
21. = — cteg sh x.
Jsh*zchz shz 3sh3az+ar & =1
92, [  _ 1 48 thos
" Jsh*zch?’z  3sh®xzchax 3 '
) dx 2 1 sh 5
23. = — -+ + — arctg sh x.
J sh*zch®z sh x 3sh® z 2¢h? x 2 &
i d: i 8
24. | — "2 —8cth2z — - cth® 2a.
Jsh*xzch®z 3

4.9. UnTerpaynsl BUAA Jthpa:da:.

) 1 _ _9

th? 2 de = —— th” 13:+Jthp “xdx.

) p—1

. ntp2n—2k+l

th®" z de = — x.

] var ;2n~2k+1+£

P 7 thzn_2k+2$

th*" ™ pdz = — Inchz.

| T ax ;2n-2k+2+ nchz
1~ (—-1)*Ck

= —— ~——— llnchz.
2/; kch®* ¢ tinche

. Jtha}da: = Inchz.

[thzmdm:w—thw.
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4.10. Unarerpannl BUgA Jcthpa:da:.

)

. 1 _ _
1. |cthP xdx = — : cth? 1z + Jct.hp 2 rdzx.
J P —

T
; . th2n—2k+1
2. | cth”® a:da::~—-2 62 2k+f+a:.

n J—

’ k=1
c " oth27 2kt
3. |cth®™ M pdo=—Y = In|shaz|.
d(: xdx ;273—2k+2+n|s x|
Ck
4. ZW—Z—————‘{E—',C————Jrlnlshml
=] ksh

r

5. |cthzdz =In|shz|.

v

6. |cth’zdx =z — cthz.

o

4.11. Unrerpanasl BUIA
[ (A4+ Bchx+ Cshz)dx

J(@a+bchx+cshz)™(ar +bichx + ershx)?

A+ Bchx+Cshza

1. de =
J (a+bchzx + esha)n v
_Bc~—(7b+(Ac~—Ca)cha:+(Ab———Ba,)shgz:+ 1 "
(n—1)(a? = b2+ c2)(a+bchz +cshz)?~1  (n—1)(a? — b2+ c?)
J (n —1){(Aa —Bb+Ce¢) — (n —2)(Ab —Ba)chz — (n — 2)(Ac —Ca)shz
X ‘ dx
(a +bchx 4+ csha)r1
[a® + ¢® # b2].
5 _ Bc—-Cb-Cachz - Bashz
) ~ (n—1)ala+bchz + cshz)n
A  n{(Bb-Cec) (n —1)!
— ; hz +bshe)———
+iﬁa i (n —1)a? }(CC Tos m)(2n~—1)!! 8
n—1
(2n — 2k — 3)!! 1 o o o
— . 4 =b".
. kZ_D (n—k—1)la* (a+bchaz+ cshx)n—Fk " +e )
A+BLh£+CShIE Cb— Bc
3. :~———————-——————l bck I
J a+bche+cshz b2 nla+bcha+cshal+
Bb—C’c Bb—Cc [ dx
A-— b? # c?.
T ( ) a+bchx +cshz tads
4. :C— e { (O (€= B)b] T +
2a 202 |
/+B A ) — B
-+ C+ +———££———;——>fz In|a + be”| b= c].
2b a 2a*
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5. :B+Cem+[é"w}m+
2a a 2a”
C—-B A (B+O) .
R S A D | '. b= —e¢l.
+[ 5% - 57 ]n|a+be | [ c]
b pZ
dx 2 (b—a)t §+C

arctg

s

\/bZ*azka

(6% > a® + c%; a # b).

6. =
Ja,—I—bcha:—l—csha: VBZ — a2 _ 2

1 (a — b)th Y et VaE—b
7. = = In %
Va? —b? + ¢ (a —b)th 5 "¢~ va?— b2 + c2

[62 < a?® + % a;ﬁb].

1
8. :~—lna+cth£1 la=1b; c#0].
c 2
9. — 2 [ = a® + 2.
dx 1 dx
10. J L J fa > Jo[).
(achz + bshx) (a? — b?) ch"(m+Arth9)
a
11, | do b > lal]
(b2 — a?)n/2 " a
A+ Bcha +Cshz A b
: z = ——— arctg sh + Arth -
12 J wchz fbeha dx =7 arctg |s (Jc+ rt a,)i+
1
+ e {(Oa — Bb)In ch (.1: + Arth g) + (Ba — C’b)a:} la > |b]].
a
13. = ————=In|th I e
b? — a? 2
1
+ R [(Cb — Ba)x + (Bb — Ca)ln sh (33 + Arth %) H b > |al].
14. _ ! B+C;1:Bmoe—2wf46—w} [a = b)].
al| 2 4
15. _1 B_O$+B+062$+Aem] [a = —b].
a 2 2
x —
d 1 a,thE—bJr'vaqubz

16. = : .
Jaﬁ—bshm Va2 + b2 a,th—;—~—b-'v/a2+b2

) aths —b
17. e BPER e e
0,2 + b2 a? + b2
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dx 1 b+achzx
18. = in ——m—m b2 2, )
Jaercha: T arC81na+bchm 5% > a%; = < 0]
B 1 . b4+achz 5 2.
19. —_ = - arcsmm [b > a”;, x >0]
; a+b+vaZ—b2ths
20. = = ] % [a2>bg].
a? — b? a+b—+va?— b2 thE
A+ Bchx+Cshax Bshx C
21. de = — : —
(1+chax)" (n—1) (1+chx)' (n —1)(1 +cha)r—!
(n (2n — 2k — 3)!! ke
B+ A h 1+ ch:
+(n__1 + )(2n~—1 ° JJZ (n —k—1)! (1+ch)
A+ Bchx +Cshax chx —1
22. = B: 1 h: A— By——
| T cha dx z+CIn(l+chx)+( ) i
A+ Bchx + Csha Bshzx C
23. de = — :
| T —cha)n S P ch o) TS0 —chay 1
(n (2n — 2k — 3)11 k—n
B—A sh x 1 —ch:
+(n~—1 )(27?-—1 Z mn—k—1) (& che)
24, AT Behe ¥ Cshe 0 Br Il —cha|+(A+B)RETL
J 1—chx | shx
o5 i A+ Bchae + Cshax B
T (al+blch.1’+clsha:)(az+bgch.1:+mshq;)
CAln a1 +bichx +c¢isha
e az +bachx + cosha
dx dx
A A
+ 1Ja1+b1cha}+clsha}+ 2J02+620hm+628h$7
riae

a b1 C1
A B (C
az by 2
Ao = 2 2 20
a1 b b1 ¢ c1 a1
-+ —
a9 bg bg Co C9 as
a b1 C1
b1 C1 Cq aq ai b1
B C cC A A B
A ao b2 Co
1= 2 2 2
ai bl bl C1 C1 a
+ —
a9 b2 bg Ca C9 as
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a1 b1 C1
C B c A B A
Co bz C9 as bg as
ao bg Co
aq b1 + bl C1 . C1 aq
a9 bz bg C9 C2 a9
2 2 2
al b1 + b1 c1 # C1 al
a9 bz bg (o) C2 a2

2, , T gh? .
26. JACh z+ Bshxzchxz + Csh xda::

ach?x +bshxchx + esh? 2

1
= Bb—- (A+ C)(a '
b2 — (a + c)? {{ (A+ )(a+c)].1:—|~
+%—[(A+C)b—B(a+c)}1n|ach2a:erSha:cha:JrcshQa:{+
1 1
- [—2— (A—-C)b* + 3 Bbla —c¢)+ (Ca — Ac)(aﬂ—c)} f(x)},
rae
1 2cthz + b — /b2 — 4ac o
flel = e It [6% > dac],
Vb% — 4ac 2cthz + b+ vV/b%2 — dac
arct 2cthx + b [b2<4 ]
= ———— arctg ———— ac|,
vVidac — b2 & vV4ac — b?
2
_ b? = dac].
2cthe + b [ ac]

dr =

JA+Bchm+Cshm
27.
shz (a + bshz)
_ 1
a
JA—&—Bchm—%Cshx
28.
sha (a + bchx)

sh z

bln | ——
+oin a-+bshx

[A In

th <
9

dx
”Of‘“f‘b)fa“m]'

dr =

1 x a+bchzx dx
= Aa+ Bb)In |th — Ab— Ba)In|——— D ——
a,z—bz{( ot b)nth2‘+( b a)ln shzx }+CJa,+bcha:
A+ Bchax +Csha B+ A x A—B s, chx —1
@ p— l 1_ - V‘-._- ————_—_————.
29 shz (14 chx) da 2 nt12 4 th 2+C shx
A+ Bchz +Cshzx
30. de —
J shz (1—chz) ’
B—-A x A+ B 5 T chx +1
31. JA+Bc11:13+Cshmdm:
chz (a+ bshz)
1 ‘ a+bshzx dx
= Aa o sh Ab—Ca)ln | ———— Bl —,
a,2+b2{( a+ Cb)arctgshz + (Ab—Ca)ln g }—i— Ja+bsha¢




4.11] 4. 'unepboaunecrue GyHryUY 89

dr =

39, JA—I—BCha:JrCSha:
chx (a + bchx)

a-+bcha
chzx

_ ! —(Awaa,)JL}

a a-+bchx

dx 1 Ib
33- . t - 1 ch . b > 1 N
Ja,ershza: a(b— a) arets ( a 1:) b/a>1]
1 / b
34. = —ouu Arth 1 — — thaz)
'\/ ar(ar - b) ( a’

[0<b/a<1]mwmlb/a<0; sh®x < —a/b].

[A arctgshx — C'In

1 9
35. — ——— Arcth (\/1 LA a:) [b/a < 0; sh®z > —a/b].
va(a —b) a
1
36. = —thz la = b].
a
1
37. - Arth (V2 thz = b sh?z < 1.
L Arth (VE th) o |
1 ,
38. = Arcth (v2 thz = —b: sh?z > 1].
L Arcth (V2 tha) o |
i dx 1 bshxzchax dx
39. — . b—2a) | —22 1.
J (@a+bsh*z)2  2a(b—a) [a+bsh“m +{ a)[ a,-+bsh2;1:jl
i dx 1 b
40. — = arct —1{14+ =) ctha b/a < —1].
J a+bch’x v/ —ala + b) g( ( a,) ) [b/a )
1
41. = e Arth (@/1»%2 cth:z:)
va(a+b) a
-1 <b/a < 0; ch?z > —a/b].
. .
42. e Bped (1/ 1+ —IZ cth Jt)
1/a.(a, -+ b) a
[b/a > 0] mm [-1 < b/a < 0; ch?x < —a/b].
43. = 12 Arcth (v/2 cth z) la = b].
a
1
44. = Ectha} la = —b].
i dx 1 bshxzchax dx
45. , = - ‘ 2 by | ——————o 1.
J (a + bch® z)? 2a(a+b)[ a+bch2‘:1:+( ot )Ja,—kbchzaz}

46 p dz ! [m—ﬂ/ b arct (\/ b th.r)] [ab > 0; a + b # 0]
e — - 4/ ‘ a , @ .
Ja+bth’xz a-+b a & a ’

1 b vV—ab —bthz
a+b[ 2v/ —ab v—ab +bthz ] . ’ 7o
1 1
48. =5 - %+ —sh2z [a+b=0].
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4.12. UuaTerpasn BUA Jsh(a,a:qtb)sh(ca:er)dm,
Jch(a,a:er)ch(ca:er) dx, Jsh(a$+b)ch(ca¢+d) dx.

. Jsh (axz + b)sh (cz + d)dx =

1 1
:msh[(a+c)x+b+d]-—msh[(a—c}x%—b-—d}.

. Jch(a,a: +b)ch(cx +d)de =

1 1

:msh[(a+c)az+b—l—d]+msh[(a—c)a}+b—d].

. Jsh(aw +b)ch(cx + d)dx =

1
= ——ch{(a+c)z +b+d]+

2(ato) ch(a —c)x +b—d].

2(a — c)

sh (az + b)sh (ax + d) dx = ~§;— ch (b —d) + 21-1— sh (2axz + b + d).
2 a

Ch(a,a:—!—b)ch(a,a:+d)da;:/—‘;—ch(b~d)~|~%sh(2am+b—l—d).

o

. nsh(a,m—}~b‘)ch(a,a:~|»af)d:zz::i;—sh(b«—a!)—k24-]——(;h(20wz:—|»b~|~d).
J a

4.13. Uurerpaan BU/A Jshpa:shaa:d:v.

) 1 , _
. |sh? zshaxdz = {shp zchaz — szhp Yzch(a— 1z daz].
J p+a ’
r hPt2,
sh” x sh2nx dmzan: v
J p+2

n—1 9 2 2
n Z sz(n“ - 1“)(77,2 - 2“) Ce (nz - RQ) gh2ktrpt+2 .,
(2k + 1)1(2k 4+ p + 2)

k=1
[p # -2, —4, ... , —2n].

. Jshpacsh (2n + 1)z dx = (2n + 1)”3hp+1$d:v +

N Z [(2n 4+ 1)? —12][(2n + 1) = 3?] ... [(2n + 1)* — (2k — 1)?] y

2k + 1)!

X Jsh2k+p+1 x dw} )

i

sh” zsh (p + 2)x dx = sh?™ & sh (p+ 1)z.

) p+1

sh2nz = sh (2n — 2k — 1)z
"} shz / 2n — 2k — 1
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n—1 | .
(sh(2n + 1)z sh(2n — 2k)x
. =2 E x.
6 shax dw = 2n — 2k e
[ sh 2: 2 _
7. Snrd:ﬁ: sh® "z [n # 2]
J sh™«x 2—n
8. 51122m dx = 21In|shx|.
J sh”x
9. sh 3z dr = sh2x + x.
shx

10. Jshjm dr =4chxz + 31ln ]thEl.
sh® x 2

h 3:
11. JS Evdm:lé{mwi&cthm.
sh” x

4.14. Unarerpanam BHIA Jshpmchamdaz.

1. [shp:cch ar dr =
y p+a

2. Jshp rch2nx dr =

[sh’p rshar — p [shp_1 zsh(a— 1)z dr}

noo2k. 2.2 12 2 (1 1\2
:JshpaﬁderZz n(n - 1) .. [n" — (k 1)]Jsh2k+pmdaz.

(2k)!

k=1

1
3. |sh?zch(2n + Nedr = ——sh?Tlz &+
J ( ) p+1

N i [(2n +1)*> = 1][(2n+1)* = 3%]...[(2n +1)* —

(2k)1(2k +p + 1)

[p# —3, =5, ...

k=1
4. nshpa:ch (p+2)xde = —-l—shp+1 zch(p+1)x.
. p+1
"ch?nm ch(2n — 2k — 1)z T
5. z =2 1 tl—l.
J shex Z 2n — 2k — 1 +n ]2
(ch(2n +1)x ch (2n — 2k)z
6. | - d:L—ZZ 9n~‘>k + In|shz|.
" ch 2: ;
7. < fndmchhaﬁ—l—ln Ith—l.
shx 2
h 2:
8. C]QTda::—cth:v—i—Zaz.
J sh”x
[ ch2x chx 3
9. de = — +—ln th——l
J sh®z 2sh?
ch3z 4 3_n 1 1—n
10. dr = h™ ™" I :
Jsh”a: v S—n,s ij_{_1—7181 v

h 3:
11. JC] i d:z::2sh2:z:—|—lnlsha:|.
shx

(2k — 1)] h2kTPrl

, —2n — 1].

[n #1, 3].
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h 3: 1
12. J;zjz dx = ~—2—ct112:c+4lnlsha:|.

4.15. Unrerpanas BUjA jchp:csha:nd:n.

1. Jchp rshaxr de = [chp x chax + chhp_l zsh(a —1)z dm}

p+a
2. Jchp rxsh2nx dr =

ch iy (n® —1%)(n* —2%)...(n* — k%)
Z(_ )* (2k + 1)1 (2k + p + 2)

p# -2, —4, ..., —2n].
1\
3. Jchpmsh(Qn—l—l)mdaf:—( +)1 h?* o + E ( 1)k

20+ 17 V(e 1P = . [@n 1 (2= 1] e,
(k) (2k+p+1)

ch

— (_1)‘”+1 2k+p+2 ,L,]

[p# -3, =5, ..., —2n —1].
i 1
4. Prsh(p+2)zde = —— ch? ' zch + 1)z.
| (r+2) o (p
‘sh2fna'; —
. x =2 h{(2n — 2k — 1)x.
> | “eha Z2n—2k—1m( " )@
&l 1 '
6. | Sh(i’;; 2§ 2n (,h(Zn—Zk)a:Jr( 1)"Inchz.
F sh2 2 .
7. Snmdm: ch® " x [n # 2].
Jch™x 2—n
8. s1122:z: dr = 2In chz.
J ch*z
9. Sh;?m dr = - 4 ch® ™z — ! ch' "z [n # 1, 3].
Jch"x 3—n 1—n

10. J sh 3z de = 2sh’ z — Inch .
chz

ch® z

h 3:
11. jsqg% da:“-—%thzchréllnch:c.
4.16. Unurerpansl BUIAa jchpmchamda:.

1
pta

1. Jchpmchamdm = [chpmshaa:—kpjchp"lwch(a—1)azdm}.

2. Jchp xch2ne dr =

n

2(,2 12 2 (5 1)2
=(-1" Jchp xdr + Z(—4)k nin 1) (2]‘[; (b= 1) JchwCﬂD xdz.
b—1 "/
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3. Jchpmcll(Qn,+1)wd$:(— ”(271—!—1){J p+lfndaz+z

[(2n + 1) —1%)[(2n + 1) = 3%]...[2n + 1)* — (2k — 1)?] Shtptl
X 2k 1 1) Jch Tt ’Ld’lﬁ}

s 1 l
4. |ch”zch(p+2)zde = —— ch? ' zsh(p+ 1)z.
dc zch(p+ 2)x dx p+1m zsh(p+ 1)z

[ ch2nzx ! (—1)k
> Cha; dx =2 Z o — 2k — 1 sh(2n — 2k — 1)z + (—1)" arcsinth .

" n—1 1©\k
6. ch(2n + 1)z de = 22 ——(——Q—Sh (2n — 2k)z + (—1)"x.

J cha 2n — 2k
k=0
" ch 2;
7. ¢ Tda::2sh$—arcsinth$.
J cha
" ch 2;
8. ¢ zrgda::—tha:JrQ:c.
Jch*z
" ch 2; I :
9. ¢ Srgdm: Sh —|—§arcsmthfy
J Ch 2¢ch? z
h
10. [ ch3z dr =sh2x — x.
) che
" ch 3;
11. ¢ 2373 dr = 4shx — 3arcsinthx.
Jch”x
" ch 3;
12. ¢ ST dr = 4x — 3thx.
J ch’x

4.17. Wurerpans BHUJA j\/thaz dm,J\/cthaz dx.
1. Jvth:c dr = Arthvthx — arctg vVthz.

2. J' Vetha de = Arcthvetha — arctg vVeth o .

4.18. Uurerpanan BUja [:}:pshqmdaﬁ.

Shq:nJr

ok

P
. Jmpshqscd:cua: sh?™ 13:Lhw—p
q q>
—1 1 .
p(p J *sh?zdzx — g———J':r:pshq *rde.
q
+

2. Jg}jm sh?™ r dr = ( ) C2n m+1
22n(m + 1)

n—1
T 2273—1 Z(—l)kogn J ™ ch (2n — 2k)z de.
k=0

n

3. Ja:m sh® ™ ede = — ) (—1) C’2n+1J "sh(2n -2k + 1)z de.

k=0
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n—1
1 r(2n+1)2n—1)...(2n — 2k +1)
4. |zsh’" zdr = ~1 ‘
J’”S] v 2n,—|—1kZ__O( ) 2 +Hin(n —1)...(n— k)
sh?" 2k g 9m—9k—1 n(2n — DI 27
: (‘M*““ “hi'f)*(‘” RCIEE

ko o
5. J:{:Sl]2n+1:1:d:c: ! Z(_l)k 2 (?’&+1)n(n k+]) y
n-+1 2n+1)2n—-1)...(2n — 2k + 1)

ShQn—2k+1 T
(_ 2n — 2k + 1

In—2k
+ 2 sh™" a:ch:v).

, 1
6. | zPshzdr = a:pchmﬁpjmp chzdz.

n—1
k $2k+1

- n g2
. | 2" shzdz = (2n he — Y ————shz|.
7 ufc shx dz = (2n)! Z(Zk) chz §(2k+1)281$

8. |22 shadr = (2n + 1)! f: {ﬂ chz — 2k h T} |
] | (2k +1)! (2k)!

9., {rzshaxde =xchx —shex.

10. |z°shxzdr = (2° +2)chaz — 2z shz.

0 ,Un-{«l
11. |2"sh“z2dex = ————
r sh”xdx 2(71,—5—1)+
[n/2] n—2k [(n—1)/2] n—2k—1
n! T T
+—21—[Z 2%(” —Zk) sh2x — Z 22k+1(n,—2k—1)! ch2x].
k=0 k=0
i 1 r?
12. | zsh®’zdx = ESh.‘Z:ﬁ — —ch2x — qj—.
4 8 4

3
£r

1 1 5
13. | z?sh’zdz = Z($2+ 5) sh2x — Z—cth— o

[

~ [n/z} n—2k 5
n 13 ~ n! x ch 3z
14. | =" sh mdm—z E (n,~2k)!(32k+1 —SCha:) -
k=0

_n U e shae
1 (n— 2k — 1)! \ 32h+2 ‘

k=0
r‘ 'y 1 '3 ;
15. ] :Bsh?’a:da::%sha:—-_3—68113a:~1:1:chx~—1%ch?>$.
16 n’UQShgwd’U*‘— :—333—2-—#-3— chx + $2+ 1 ch3x +
N T4 2 12 54

+gmsh$* i—ésth.
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P
4.19. Uarerpanase BUuja J Y dx.
sh? x
P p—1 p
1 J T e DX i 'ﬁchfcl
sh? (g—1)(g—2)sh?" *x (¢g—1)sh? "z
nip —1 p—2 —9 P
p(p —1) JT% do 4 J "
(- 1)(¢g—2))sh" "z g—1)sh"2g
(2 —2°")Bar,  any
2. = P Cp >0
Lshfc Z(Zk '(iZk—i—p)qj Jef <m p >0
[ xP 22k82k ‘ —
3. de = —z” ctha + — glrpl
Jsnzg TS ]w—i_p;(Zk)!(Zk-i-p—l)rc
x| < m; p> 1]
n—1
: 1 2n(2n —2)...(2n — 2k 4+ 2
4.J T e LSy 2. (On 2kt
sh*™ x 2n ~ 2n—1)2n—3)...(2n — 2k + 1)
xcha 1 n(2n~2)!!f x
X : + = —(—1 \ dx
[shz"”—%“:ﬁ (Zn—Zk)shQ”_zkm} (=1) (2n — 1! ) sh®z
[n > 1].
5'J T Z”: k(2n—|—1)(‘>n—1) (2n—2k+3)
g ¢ +1 &~ 2n(2n —2)...(2n — 2k + 2)
xchx 1 n(2n—1)”[ x
—1 de.
: [sl12”_2k+27: * (2n — 2k + 1) sh?" 2k }+( ) (2n)!! | she v
[z = 2 — 2%¥ 2k+1
6. | —dx = Boy: :
Jshez ! g (2k)!1(2k + 1) 2R o] <]
x
7. 5—dr = —xcthz + In|shz|.
sh”
xchzx 1 1
8. de = — - — — | —d=x.
J sh T v 2sh?x 2shz Jshfr; v
xchzx 1 2x
9. dr = — — cth ——1 I
J sh x v 3sh®z  6sh’z + g n|shazl.
4.20. UaTerpaasl BHUa J__d?:_
xP sh? x
1 j de P B chx B
" Jarshiz  (¢—1)(¢g—2)aPtish? %z  (¢—1)aPsh? 'z
_q—2J dx . p(p+1) J dx
g—1])arsh? 2z  (¢g—1)(¢g—2) ) zp+2sh? 2 ¢
dz on—1t _q = 2 — %k ok
2. = —-14+(-1)"]——— B, 1 B =
Jaz‘”’shw 1+(=17] n! n e+ ; (2k)Y(2k — n) 2k
k#*n/2

He| < 7 n > 1].
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dx cth 2™"n
3. = — — 1 - (-1)"]>—— Bniilniz| -
Ja:” sh? z " =1 ](n+ o n|z|
n = Bay, 2%k

- — (2z) 2] < =].

zntl kZ:D (2k)!(2k —n — 1)

k#(n+1)/2

In—+1
. Jazch nt :Ed:(:—

4.21. Unrerpanas Bujga J:z:p(:hqa:dm.

, xP 1 pxP!
. laPch?2der = —shxch? "2 — ch? x +

q q*
pip — 1 _ -1 , _
- B_(_B.é__zjmp 2eh? zdx + q—Jmpchq 2rde.
q q
(‘v n—1
m 2n ‘21
ch2” = do — (T 1) 2% - Z CQHJ " ch(2n — 2k)x dx.
™ ch®™ M pdr = — Z C’Qn_H J "ch(2n — 2k + 1)z de.
1 2n+1)2n —1)...(2n — 2k +1)
12n d —
vabowar = 2n+12 2kHin(n—1)...(n — k) %

ch“ 2k g o2k 1 (2n — DI z?
X hz ch?™™ Akl A
( on ok | oonTe )T e 2

2’“: 2(n+1Dn...(n —k+1) y
(2n + 1)( n—l) . (2n—-2k+1)

( Ll]2*lz—2k+1 T

kZD

h h2n 2k .
on kg1 oohEe )

6. a:pchmda:::cpshm—pja:pylsha:da:.
n. g2k nol 2kt

7. | z’" che de = (2”)'[2 (2k)‘ shz — Z W ch m}
k=0

ot n ,132k+1 L2k
n _ { * —
8. Lac Chmdm—(2n+1).;)[(2k+])!shx (Qk)!0h$]'
9. jzchxdxr =xshax —cha.

10. J$2 chzdzr = (z° + 2)shz — 2z che.

n+1
11. Jw”chQa:dm -
2(n+1)
n/2 pn 2k [(n—1)/2] k1
[Z K — 2k)! sh2x — ; 22k+1(71,—2k—1)10112$ .

2
12. JmchQQJdm: %sth— —8—ch2§s—|—£—.

4
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13.

14.

15.

16.

( 1 1 ; 3
| mQCllgmdm:Z(:c2—|—§> shZ:z:——}cth—l—%.
no.3 ~n! x sh3z .
x ch {Edmﬁzkz (n—Zk)!(SQ’““ —-SShm)—
L%, ﬂ:()

_n mz]%/Z] 2t ch3z 3chzx
4 (n — 2k — 1)1\ 32k+2 A

4 36 4

& 2 5 2 1
szcthdx: (%—I—%) shx + (/;2 -+ 54) sh3z —

T
— —xchx — —ch3z.
xrcha 1SC 3z

, , 1 . ]
J:L‘(:hsazdaz—. —-?ich:z:~ —0113$—|—"3—:1:sh:1:—|——1%sh33:.

2
2P
4.22. NarerpaJjbl BUA J dx.
ch? x
[ xP dr — ‘ pxP~! - a:pshm_l
Jch?z (g—1)(g—2)ch?™ 2  (¢g—1)ch? "=z

, 1) p—2 _ : P
p(p —1) J’B o+ 4 2J zf

(g-1)(g-2) ) ch" 2z g—1J)chi?z
> E kTPl
Ch’E Z 2k +p+1) [lz| <= /25 p 2]
x? < 92(22F _ 1)Bop  gpryos
— dr = 2" thr — | - +p
) eh? e p}; 2k (2k +p—1)

[lz| <m/2 p2>1].

z 1 T2 2n(2n—2)...(2n — 2k +2
J _ Z( ( ) - +2)

bz T o 2 (2n - D)(2n - 3)...(2n 2k +1)

[zshe o2 2,
. : . P 4 T B
ch®" =26+l 2 (2n — 2k) ch®™%F ¢ (2n — 1! ) ch? 2
J z 1 i(2?1,—|—1)(2n,~1),..(Zn—Zk—l—?») y
ch* 'z ™" 2n 414~ 2n(2n-2)...(2n — 2k +2)
y rshax L 1 n (Zn—l)!!J z
ch®" 725122 (2n — 2k + 1) ch® 11 (2n)!! J chae
. . zht?
——dz = 2].
U ch z T ; 2k)1(2k + 2) [l < /2]
h:f dr = xthx —In chz.
Jchizx
| xshx 1 1 x
dr = — dx.
] ch3 v 2(:]1233%—2011:vJr Jch:z: v
" dr = vsha + ! +—2—r€thm—g]nchr
. ch4 3ch®>z  6ch’zx 3 3

7 A.JO. Bpbiukor u ap.
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4.23. Wurerpans BUgA [ dz
J xPch?x
dx —p shzx
1. = ,
J zPch?z (g —1)(g — 2)zPtich? ? ¢ i (g — Daxpch?™' i
qg— 2 dx p(p+1) dx
+ ; — ——.
gq—1)zrch? %z (¢g—1)(¢g—2) ) zpt2ch? ? 2
dx = FEiag, 2% —n+1
2. = ‘ :
J z™ ch kZ:O (2k)1(2k —n + 1) v +
k#(n—1)/2 E,
31— (VI gy nlel el < /2l
dx thz , 2”(2”+1 —1)n
3. = + 11— (=" : BpiiIn|z| +
J rn Ch2 7 rn [ ( ) ] (?2 + 1)' +1 | ‘
n < (22% — 1) Bay 2
+ (2x) [z < 7 /2].
znti kzzl (26)1(2k —n — 1)
k#(n—+1)/2

. JCET sh? xch? z dx =

4.24. uaTerpajn BUIA ershpmchqmda:.

) e
r—1

—rz” " sh? x ch? fc+r(r—|—1)J "?sh? x ch? z dx +

- rpj " 'sh? zch!  zde+ (¢ — 1) (p+ Q)JCET sh? zch?™? ¢ dz].

—1 i , —2
—rz’ Shp$011q$+7‘(T—1)J{Er sh” z ch? x dx —

- rqj:cr_l sh” ' zch? ' zde — (p—1)(p+ q)J:v’" sh? ™ z ch? z dz].

r Sth ie 7P
3. | z? dr = 1) mE J—————————————— dx.
J ch™ z Z( ch™ 2%k
[ sh?™ Tl g s . xPshzx
4. B dx — —1)ymtRok J——————————— dz.
J T e OF ;( ) ") chm %k g v
shz xP D P!
5. | 2P ——dz = - + J dzx.
J ch"zx (n—1)ch" 'z n—-1])ch" 'z
I :
6. |: S];: de = — -2 + arctg sh .
J ch*zx chzx
7. [ Z ck, J Lol
T sh™ z sh? 2k o
[ ch2m+1 x t [ zPchx
R e e O | ——— dix.
v’ sh™ x v Z Jsh”"g‘lc x !

b =0
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9 J'Ep chx dr — x? n p [ zP1 dr
1Y sh™z T (n — 1)sh”‘1 xr n—1)sh"tge
chax T
10. dz — ——% 10 |4l —'.
J sh? z v Sh”lf i jth 2

4.25. NaTerpajas BuUaA J':Epth"md:y.

r ’ o 22]{: 22]6 - 1)B2k ‘ 1
1. |z’ thzdx = Z (22)' o +p) AR x| < 7/2; p > —1].
N k=1
; P+

2. | 2Pth* zdzx =

n—1
1,+'25%(—1)n+kcfl[mpch2k“2”a:dm.

e

3. | th2”+lfedfl:—Jfl: thx dx +

1)71-}-/(3

Z 7% (—a:p ch®* 72" ¢ 4 'mep_l ch®* 72" ¢ dm).
2n —

4.26. Unarerpaas Buga [mpcthnfedm.

n oC

2k
27" Boy 2k+p

P _ .
1. d:z: Cthwdm_kz_o(Zk)!(Zker)m [lz| < m; p = 1].
~ ‘ p+1 n—1 ‘ ‘
2. |2Pcth® zdx = - - + Z ck J 2P sh?* 72" ¢ de.
) D+ —
3. | zPcth® 2 de = J;Ep cthz dx +

n—1

+ Z 2n — Zk ( Pgh?F 2" g 4 pJ 2P sh*F T g dfc)

P ch™ x dzx P sh™ z dzx
4'27' I/I X -
HTEerpaJbl BUJa [ (a+bsh:c)q’J(a+bch:c)q

1 [ xPchazdz x? n P [ xP~dzx
" Jla+bshx)r  (g—1)b(a+bshx)~t  (qg—1)b ) (a+bshx)i—1’
9 [ zPshzxdz x? n P J ePdx
" Jla+bchz)r  (g-1)bla+bchz)r=1  (¢g-1)bJ (a+bchz)st
3. ——m—c—l:—n——::cthfg—Zlnchiu—.
J1+chz 2 2
[ xdx x x
| 25 =ecth S —21n [sh 2|,
4 | T chz a:ct12 n s 5
. [ zshazdx = =z +th£
" J(+chz)2 chx+1 2
xshaxdx x T
e il 01 S I
0 J (1 —che)? chx —1 cth 3
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4.28. Mlurerpanb Bujga J(ba;—l—c)i”shawdaz.

1. | (bx + ¢)" shax dx = aiH [ch %E jt” shtdt — sh % J t" cht dt}
[t = az + ac/b].
[ 1 b
2. |(bx+ c¢)shaxdr = - (bx + ¢)chax — — shax.
, 2
3. |(bz + c¢)’shaxde = gg[az(bm +¢)® + 2b°]chaz — __b_(_bg;gl shaz.
4. |(bx + ¢)’shazxdz =

= bm@j c [a”(bx + ¢)® + 6b°] ch ax — i—i)[a2(bm +¢)® 4 2b°shaz.
n—1
5. J—shami d:z:*:aw ch%JSljdt~shE[chtdt
(bx + c)” b" b | tm b J tm
[t = az + ac/b].
4.29. Uuarerpans Buja J(ba;—l—c)i”cha.md:c.

1. J(bfn +¢)" chax dz = b {ch ac J t" cht dt —sh 25 Jtn sht dtjl

anti b b
[t = az + ac/b].
[ 1 b
2. |(bz +c)chazdx = — (bz + c)shaz — — chaz.
J a a
2
3. |(bz +¢)’chazdr = —1—[a2(b:1: +¢)? + 2b°]shaz — 2b(bz + c) chaz.

3 2
J a a

o

4. |(bx +c)’chazde =

= bm@j c [a”(bx + ¢)® + 6b”]shax — i—i[az(ba: +¢)? + 2b%] chax.
chazx am ! ac [ cht ac [ sht
5 | —————dx = h— | — dt —sh — dt
J(ba:Jrc)‘” T Tpn (“ b J tn S J i )

[t = az + ac/b].
4.30. UnTerpansl BHUJA Jmpebmshamdm.

" 1 1 —a)e
1. | 2P’ shax dz = EJ:EP@(GH’):E de — —Z—Jaﬁpe(b 7 de.

r ba

2. | e"®shazxdr =

prRN (achbx — bshax).

r bx 2 2
, 2a b
3. | ze’shaxdr = © Kaa: + ab ) chax — (ba: + a + b2> sh aaz}.

J a2_b2
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b:c 2 2 2
. 4ab 2 b
4. szebw shax dx = € [a,azz + a x —+ a(a” +3 )} chax —

a? _ b2 a2 _ b2 (a® — b?)2
ba of .2 2 2 2
e o 2(a”+b%)  2b(3a” +b7) “
TR {ba, -+ T 7 T + (a2 = b9)? shaz.
5. |e*®shaxdx = ieww — f_
J 4a 2
" 2ax 2
ax 1 ;
6. | xe “shaxdr = Za (a:——%) -%.
n 2ax 3
; 1
7. da:%“shaa:da::la ($2+%+—2—C§)~%.
[ ey 1 —%a: X
8. “Yshaxdr = — “or 4 =
| € shax dx 40,6 ~ 5
n 2 —2ax
. x € 1
9. “?shaxrdr = — i Rp—
| xre shax dx 1 -+ i (QJ -+ 2@)
10. Jw%_am shax dx = @_3 -+ e e 22 —+ z + L )
6 4a a 2a?
4.31. UnTterpann BujA Ja:pebmch axr dx.
[ 1 1 Ca)x
1. | 2Pe®® chaz dx = §pre(a+b)m dx + 2 [a;pe(b )% da.
2 nebm chazr dx = bm (ashax — bchax)
@ ] —— a2 ___bz -
o bx 2 2
. 2ab b
3. | ze’® chax do = a;— 7 [(am—}— 2 i 172) shax — (ba:—%— 22 i_ bz) Chaa:}
n bx 2 2
9 b T P 4ab 2a(a” + 3b%) 1
4, | xz°e " chaxdx = PR [an +a2—b2x (0> — 0)? shax —
ba 2 2 o 2 2
e 2 2(a”+b%)  2b(3a” +b7) 1
- PR [bw -+ i p7 + (a2 — b2)2 chax.
i 1 9 xr
5. ““chaxrdr = —e”*% + =,
| e " chaxdx 4ae e 5
" 2ax 2
« 1 :
6. u rze® chax dx = €4a (w—%)+%.
" 2ax 3
ax € s X 1 x
7. 2 hax de = P E —_
dme chax dx 1 (a, a+2a2)+6
[ 1 _
8 e chardr = L _ g 2a®
] 2  da
o 2 —2ax
_ T e 1
9. “*chax dr = — — i m—
| xre chax ax 1 1 (a, -+ 2@)

3 —2ax
; 1
10. JwQe_mchamdm:w—qLe w2+£+— :
6 4a



5. TPUTOHOMETPUYECKUWE ®YHKIIUN

5.1. Besenenmne.

Fcenu R — panuoHasibHas (pyHKIMA CBOUX apryMEHTOB, TO MHTErPaJibl BH/IA

JR(SiH x, cosx, tga, ctgx) de npuBOAATCA K HMHTErpajaM OT PAallMOHAJIbHBIX

hyHKIHIL.
1. JR(Sina:, cosz, tga, ctga)dr =

_JR 2t 1—t* 2t 1—t*\ 2dt
B T4+827 148271 -2 2t )1+ ¢2
Fennm
R(sinz, cosxz) = —R(—sinz, cos z),
TO
_ dt
2. JR(sma:,cosa:)da::—JR(vl—tQ;t)““i“““‘t“z“
Fenu
R(sinzx, cosx) = —R(sinz, — cos z),
TO

3. JR(sinw,cosa})da}:J R(t, ‘Vl—tz)m

Fean
R(sinx, cosx) = R(—sinx, — cosx),

TO

4. JR(sina:, cosz) dx = JR(

t 1 dt
V1+e2' \/1+t2)\/1+t2

5.2. UuTterpaas Buga Jsinpa:da:.

i 1 _ — 1 _
1. |sinPzdx = —— sin® 1a:cosa:+p—fsinp xdax.
J p P
. .
2. |sin®"2dr = — cos T [sin%’“1 x +
J 2n
+ Z 271, - 1) Z’TL - 3) (2n — 2k —+ 1) inzn_gk,_l
2k(n —1)(n —2)...(n — k)

r Sin (2n — 2k)x
2n — 2k

“1)kck,

[t = cos x].

[t = sin z].

[t = tg x].

(2n — 1)!!

2nn ! v



5.3 ] 5. Tpuzonomempuuecrue pyHryuU 103

4. JSiIl2n+1(Eda} _ 2;013:1 [Sin2n$+
zk+1 n—l) (n—k) . In—2k—9
+Z 2n-—1)(2n-3)...2n 2k 1) v
(-t & cos(2n — 2k + 1)«
5. e — 1kck .
22n ;)( ) Cania on — 2k + 1
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(a + bcosx + csinz)?(a1 + by cosx + ¢1 sinx)P
A+ Bcecosz + Csinx
1. dr =
(a +bcosx + csinz)™
(Bec — Cb)+ (Ac — Ca)cosxz — (Ab — Ba)sinzx 1

- (n—1)(a?> —b%> — c?)(a+ bcosz + csinx)?~! +(n—1)(a2—b —cz)x

><J(n—~I)(Aa,——Bb———C’c) (n — 2)[(Ab — Ba)cosz — (Ac — Ca) smm]

(a +bcosz + csinx)n—!

[n}Z; az;éb2+c2}.

8 A.}O. BpbiukoB u ap.
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0 ~ Cb—Bc+ Cacosx — Basinz éJrn(BbJrCc)
) ~ (n—1)a(a+bcosz + csinz)™ a (n —1)a?
n—1
(n —1)! (2n — 2k — 3)!! 1
_ b si
X (—ccosw +bsin) 2n~1 Y Z (n —k—1)la® (a+bcosx + csinx)r—k

[n22; a2:l)2+cz].

A4+ Bcosxz 4+ Csinz Be — Cb
3. gz = Be=Cb, .
J atbcosz + csing b2 + 2 nla+bcosz + csinz| +
Bb+Cc .t A—M J dx
b +c? b2 + ¢ a+bcosx + csinx’

J dx J d{z — o)
4. N jum—
(a 4+ bcosx + csinx)” l[a + rcos(z — a)l”

[rcosa =0b, rsina = ¢|.

x
- J dx _ 2 arctg (a~b)tg§—|—c
a+bcosx +csine /a2 — b2 — 2 Vaz — b2 _ ¢2
[a® > b% + c?].
1 (a—~b)tg-§+c~\/b2+62-a2
6 = In =
\/b2+62—a2 (a_b)tg_ii+c+.\/62+c2_a2
[a2<bz—l—cz].
1
7. :Elna+ctgg‘ [a = b]
8. = — 2 = [a2262 + c?].
c+ (a—b)tg =
2
QJ da L J da [em. 5.5]
* — CM.(- -
(acosz +bsinz)™ /(a2 + b2)"

: a
sin™ (:c + arctg 3)

A+ Bcosx +Csinx Ba + Cb
10. - dyr = —————
acosx + bsinx a? + b2

+Mln sin ( z + arctg — +Lln to 1 o arcte &
[ sin 1 |
11. ] acosm+bsinmdm: aQ+b2(bw—aln‘a008w+b31nw|)~
[ COS T 1 |
12. J aCOSQ}—f—bSinwdw:m(am+bln‘acosm+b81ﬂ$|).
“ dx 1 asinx — bcosx
13. L | osa
£y, (GCOS£C+651ng;)2 az‘i‘bg acosx + bsinx
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x
14. — it 2 2 .
4 Ja—l—bsinx T alctg————————l —~— [a® > b?]
atg£+b—\/b9—a,2
1 2 9 2
15. = = In = [a® < b?].
b* —a? atg;+b+vbg—a2 ’
6 dx 2 va* —b*tg o )
. = t = 2> b2
Ja+bcosx JaZ —pE e a+b [a® > 5]
1 Vvb?% — a? tg +a,+b
17 - — In la? < b?]
b* — a? Vb —ag‘rg——a—b
) x
. n—2 tg ktl (_‘ -+ _>
A+ Bcecosx + Csinz 1 k 4 2
18. — 9
8 J (1 £sinx)™ dw n—l CZC” 2k +1 +
. T
= tg2k+1(2"$"§) B
+(AxC C,_ ' > 2
(A )12) not 2k +1 :F(fn,—~1)(1isina:)”“1 n >3
T @ :
19. ::i:Ca:—l—(A:FC)tg(Z:F_j)iBln(lj:Slna;') n =1].
. n—2 (ot (2h+1) 2
20 JA+Bcosa:+Osm:z, Z tg 2 L
| (1+ cosx)™ [ Pt "ok 41
x
1 pgt@hD) T c
AF B) 2 > 2
+(AF kzocn ok 1 i(n—1)(1:f:cosa:)”'1 n > 2]
21. =+Bx+(AF B)tg —:{:Cln(lj:coszu) [n = 1].

dr =

29 JA—{—BCOSZL‘%—Csinm
| sinz (a + bsinx)
a-+bsinz

:éln ltgf'—gln
a 2 a

C’a-—AbJ dx
+

sin x a a+ bsinx’

93. JA>EL'BCOS$+OSIHCECJ$:
sinz (a + bcosx)
1 @ a + bcosx dx
= Aa— Bb)In |tg — Ab—Ba)ln |————— T
az—bQ[( . )n’gz o a)ln sin }+0Ja+bcos:r
24. JA+.BCOSJJ+CSIHGJdm:
sinz (1 + cosx)
Ai BFA 1 2\
= 11 2| - +o(tgl) .
2 ) 2 lzdcosz C(gZ)

8*
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|+
COS T

dx
B i
* Ja+bsina:

dr =

o

JA+BCOSQJ+CSinw
25. :
cosz (a + bsinx)
1

a}2,__b2

a-+bsinx

{(Aa — Cb)n +

o] R

)|~ (s capn

N

dex =
T X AxC T
T2 Btg(Z+2).
tg(4%_2)ykﬂlismw)+ tg(4j:2>

dr =

JA+Bcosm+Csina:
26. :
cosz (1 £sinx)
AxC

5 In

JA+BCOS£IJ—|—CSiH£U
27.
cosz (a+ bcosx)

tg(Z+Z)+Em + B_AbJ dx
&8\1 T a a a-+bcosax
28, J( A+ Bcosz +Csinz

a1 + by cosx + c1sinx){as + bacosx + ca sin x)
a1+ bicosx + c1sinx

A

= —1In
a

:Aoll’l -
as +bocosx + casina

+A1J dz —I—A2J dz

a1+ bicosx + c1sinx as + by cosx + cosina’

riae
A B C
aq b1 C1
a9 bz C9
Ao = 2 2 2
a1 b1 bi cCi a1
- +
as b by o Co Qs
B C A C B A
b1 ¢ ai C1 b1 a;
aq bl C1
ao bz C2
Al = 2 2 2
a1 b b1 1 | c1 a1
as bg bg C9 Co aa
¢ B Cc A A B
C2 bg C2 ao ao bg
aq b1 C1
b 2 2 2
a2 2 C2 a1 b c1 ai|l , b1 1
Az = 2 2 3 b + 7 b :
a1 b b 1 4+ c1 a1 a2 2 €2 62 2 2
a9 bQ bz C2 C9 ao
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dz
(a + bsin® x)™

dx sign a la + b
1. = t — 1 b —1].
Ja+bsin2m ' a(a,+b) arcg( a gm) [/a> ]

2. = Slen g Arth ( _a+b tg .’L)

\/_—a,(a,——i—b) @ [b/a < —1;sin?z < —a/b}-

3. = Slen @ Arcth ( - : b tg :13)

Ve
i dx

1
4. = tg (V2 tg x).
J 1+sin’x ﬁarcg( 8 2)

) dx
5. | ———— =tguz.
1 —sin“x

5.13. UnTterpannw BHAA J

[b/a < —1; sin? z > —a/b].

6 i dz 1 (2a+b)J dx Jrbsirm:cos:v:
") (a+ bsin® z)2 " 2 (a +b) a+bsin>x  a-+bsin®zx

” dx 1 Sin & COS

& =~ | = arctg (V2 tg ) + T

J (1 +sin® x) arctg (V2 tgz) + 1-+sin?gx
8. - g3, 2 42 ; ; R
J (a+bsin®*z)®  8pa? {( 1 P2 +p4>arc g(ptgzx) +

2 3 ptgx 2 1 5 2ptgx
3+ — — — l————tg =z
+ ( + p2 p4) 1_|_p2 tg2x + ( p2 p2 & )(1+p2 th 31)2

['p2 =1+b/a > 0].

2 3 \
g, — [(3 — ? + ?) Arth (gtgx) +

2 3 qtgx 2 1 2qtgx
3.2 _ =2 ‘ = —t .
+( q? q“)l—q?tngﬁ( TETE® x)(l q*tg® x)?

[¢* = —1—-b/a>0; sin*z < —a/b;
npu sin® & > —a/b cienyer Arth(gtgz) samenurs ma Arcth (gtgx)].

5.14. Unurerpans BHUA J

1. J dz ~ :————S—l——g—l—]—g———arctg \/GﬂLb ctgx [b/a > —1].
a+ bcos?x a(a + b) a

2. = Slen @ Arth ( _ot b ctg a:)
—a(a + b)

[b/a < —1; cos® z < —a/b].

3. e Slen g Arcth ( _etd ctg fz,)

v —al(a +b)

b/a < —1; cos“x > —a/b|.
2
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i d 1
4, I—__,Ec_:z—_: = arctg (\/5 Ctg ZIJ)
J + cos“ x V2
i dx
5. ] m:—ctg:c
6 i dx B 1 (Za—l—b)J dx bsinzx cosx
" J(a+bcos22)?  2a a+bcos?x a+bcos?z|
T (1+COS“ 2 8 & 1+0052:1:J'
8 p 3+ 2 + 5 tg (pctgx) +
- — + — 1 arc ctgx
] (a,%—bcos2 x)? 8pa3 p?2  pt 8P 8
2 3 pctgx 2 9 2pctgx
3+ - — — — — — —ctg' x ‘
+< +P° P4)1+p20tg2w ( p? pzcg l) (1+ p?ctg?x)?
[p2:1+b/a>0].
1 2 3
9. = — 3— — + — | Arth tg @
a7 (3 5 ) At +

2 3 gctgx 2 1 2gctgx
3— — — — 1 —ctg' x
i ( q q4) - qctgz | ( ey & )(1—qzctg2w)2
[¢? = —1—b/a > 0; cos®*z < —a/b;
npu cos” x > —a/b cienyer Arth (qctgz) samenuts Ha Arcth (gctgz)].
Acos®*z + Bsinz cosx + Csin® z

5.15. Uurerpansl Buga dex.
2 : . P2
acos?x +bsinxcosx + csin® x

1 dx
e p R . 9 -
acos?x +bsinxzcosx + ecsin® x

1 In 2ctgx + b — v/b? — 4ac 42 > dac]
- aci.
Vb? — 4dac 2ctgx + b+ VvVb? — 4ac
2 2ctgx + b 9
2. = ———arctg ——o— b° < 4dac).
Vidac — b? s Viac — b? [ ac]
2 5
3. :_m [b :4(1,(2}.
4 JACOSQ:U—I—BSinmcosa:—I—CSiHQ:Udw__
) acos?x + bsinxzcosx + csin? z -
1
= Bb+ (A — -
e {[Bo+ (A= C)e - Ole +
%[(A C)b — B(a — ¢)]In|a cos® & + bsin & cos & + csin® z| +
1 .
+ [—2— (A+C)b* — —2—Bb(a+c) +(Ca — Ac)(a — ¢) } f(a,)}
rie
1 2ctgr +b— Vb% —4a 5
2) = ——1n b2 > dac],
/(@) Vvb?% — 4dac IQC tgx + b+ vb2 — 4ac [ ac]
2ctgx — b 5
e gty (6% < dac],

Vdac — b2 vVdac — b?



5.17] 5. Tpuzonomempureckue dyrruuu 119

6.

7.

2
— i {bzzllac].
2ctgx + b
J dx B
(acos?x + bsinzcosx + csin®x)2
1 bcos2x + (¢ — a) sin 2x
- 2 2 : tn 2 +
4ac — b* acos®?x + bsinzcosx + csin® x
2(0,—1—0)‘[ dx (52 % dac].
4ac — b? | acos?x + bsinzcosx + csin® x
dx
= 16a’ b? = 4dac].
. J(Za,cosa:ersina:)‘l { ac]
Atgz + B
5.16. Uurerpans BUA J 5 tgx +
atg*x +btgx + ¢
[ tgxd 1
8297 . — [z —aln|acosx + sin x|].
Jtgx+a 1+ a?
[tgx — a 1—a’ 2a ,
|tezta s In | sin ( + arctga)].
i dx x 1 ot tg x
‘ = - arctg —.
Jtgrx+a?2 a?2-1 (a?-1)a S a
i dx x 1 tgx —a
—— -+ In .
J tg%2x — a? 14+a%2 2(1+a?)a |tgz+a
ﬂw——-—g-l}im = £+—Sin2$
J1+tg2z 2 4 '
tgxdr  In(a®cos® x + sin” x)
Jtg?x +a? 2(1 — a?)
5.17. Uurerpans Buja Jsin(aaz—l—b)sin(cw—i—d) dz,
"
cos (az + b) cos (cx + d) dm,fsin (ax + b)cos(cx + d) dz.
[ 1
sin (ax + b) dx = —— cos (az + b).
) a
r 1 '
cos{ax + b)dx = —sin{azx + b).
) a
[ , [ —c)z+b—d] si >+ b+ d
| sin (az+b) sin (cz+d) dx = o [(QQ(;)f:; | _sin [(a;(:)j; i ]
F i —c)x +b—d]  si +b+d
cos(aa:+b)cos(ca:+d)da::Sm[(a o)z + | sinflate)ztbt ]
. ‘ ‘ 2(a — ¢) 2(a + c)
sin (ax + b) cos (cz + d) dx =
J

:_COS[(a~c)m—|—b~d] Cos[(a+c)m+b+d]'

2(a — ¢) 2(a+ c)
\ (90
Jsin(aerb)sin(a,a:er)dw: %Cos(b—d)_ sin ( az:b—l_d).
. (9
[cos(aa: + b)cos(ax + d)dz = %Ces(b—d) n sin ( ag;:b+d).
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cos (2az + b + d)
4a '

8. Jsin (ax + b)cos(ax + d)dx = g—sin (b—d)—

5.18. UnTerpanansl BUA Jsinparsina,a;d:c.

sin” x cosax P
p+a pta
sin zcosax  psin® ' zsin(a — 1)z

. . . p—1
1. Jsmpxsm ax dx = Jsmp xcos(a— 1)z dz.

2. - 4
p+a (p+a)(p+a—2)
—1 » B
— plp — 1) Jsinp >z sin(a — 2)z de.
(p+a)(p+a-2)
sinP*? g
3. Jsinp xsin2nz de = 2n{—-—-— +
p+2

c(4n® — 2%)(4n® — 4%) . [4n® — (28)%] . okger2
_1 k( +p+2
T2 (1) 2k + 112k +p+2) o v

k=1
(p#—2, —4, ..., —2n].
4. Jsm zsin(2n + )x dx = (2n + 1){Jsinp+1 xdr +
i [(2n 4+ 1)% —12][(2n + 1)* = 32]. .. [(2n + 1)* — (2k — 1)?] y

2 2k +1)!

. 2k+pt1
xjsm TP mda,}

o

_ 1
5. |sin® ' xsin(p+ 1)z de = = sin® z sin pz.
| p

r B 1 ¢
6. |sin? ! zsin [(er 1)(m - :L)] dr = ——sinpwcesp(zr— - :u)
2 P 2

S D - 9\
7. [ Sinaz dm:ZJCOS_(a_ ) derJ sin (.a, E: ds.

J sin? x sin? ! sin? x

[4

sin 2na sin (2k — 1)
8 dr = 2
J sinx Z 2k —1
[ sin (2n + 1)z ~ sin ‘?ka,
9. Z + x.
sin x —
sin 2x 2
J sin™ z (n—1)sin" " “z
" sin 2% .
11. —— dx = 2In|sin x|.
J sin“x
" sin 3x dx )
12. — o obsin 2.
J sinz
" sin 3 x
13. — da::?)lnltg——
J sin“ x 2
" sin 3z
14. —— dr = —3ctgz — 4.
1 sin” x




5.19] 5. Tpuzornomempuueckue GYHKUUU 121

5.19. Uurerpans Buga Jsinpmcosamdw.

Cp
1. Jsinpxcosamdm: I rsmar P Jsinp_lmsin(a—l)wdm.
p+a p+a
0 _ sin” zsinaz N psin® ' zcos(a — 1)z B

' p+a (p+a)p+a-—2)

T p)(fp_%—l) ) J'sin""_2 zcos (a — 2)z dx.
DL allpt+a—

3. jsinp rcos2nxdr = Jsinp xdr +

+Z( 1) p4n?(4n® — 2%) ... [4n? (2!{:—2)2]J L htp g

(2k)! sin
sinP ™z
4. J‘in’D cos (2n + Ve de = ——— +
sin” x cos ( Jx dx "
+Z( 1) rl2n+1)2 = 1[2n+1)2 —=3%]. .. [(2n +1)* — (2k — 1)?] y
(2k)!(2k +p + 1)
x sin* TP 4 [p #—1, =3, =5, ... , —(2n + 1)].

fo

_ 1
5. |sin” ' zcos(p+1)zdz = = sin® z cos pe.
p

o

6. |sin” 'z cos {(p—I— 1)(—— ~ m)] dx = —lsinpmsinp(—?— — m)
2 P 2

. [ cosac dw:_ZJ'sin(a—l):c dm+J'cos(a—2):c da.

J sin? sinP ™! sin® x
cos Znaf: cos (2k — 1)z x
8. —9 1 ‘t -l.
J sinz z 2k —1 +in 59
(cos(2n + 1)z cos 2kx ,
9. dr = e 4 | :
| - Z ; + In | sin x|
k=1
cos2x T
10. - dmchosm—klnitg——‘.
J sinzx 2
i 2
11. C?S{, T dz = —ctga — 2.
J sm°x
[ 2
12. C(.)Sg Tdr = — C(:)S;E - ln th I
J sin” x 2sin“ x
08 3 4 1
13, | 2227 g = - —
J sin” x (n—3)sin" "z (n—1)sin"" =z
3 .
14. | =2 mdmz—Zsinzm—l—lnlsina}L
sin @
" cos 3x 1
15. —— dr = ———5— — 4In|sin z|.
1 sin® x 2s8in” x
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5.20. Uurerpans Buaa Jcospmsinamdm.

p .
1. Jcosp zsinarde — — 20 TOSAT p Jcosp_1 zsin(a — 1)z dz.
p+a p+a
p+2
2. Jcosp rsin2nx dr = (—1)”{395———‘?- e
p+2

n—1 2 92 2 42 2 9 | |
> peln B Ln s B0  cortrera |
k=1 (2k + )12k +p +2)

[p £ -2, -4, ..., —2n].

p+1
3. | cos? zsin(2n+ 1)z dz = —1”+1{59§—-—-§+
JCOS zsin(2n + Naxdz = (—1) o
N Z":(_l)k [(2n 4+ 1) —12][(2n + 1)* — 37] ... [(2n + 1)* — (2k — 1)?] y
P (2k)1(2k +p + 1)

x cogZkTPTL m} [p# -1, =3, =5, ..., —(2n + 1)].
[ p—1 ; 1 p
4. |cos”  xsin(p+ 1)xzdr = —— cos” z cospzx.
sinax sin(a — 1)z sin(a — 2)x
5. da::2J' ( ) dm—J ( ) dx.
J cosP x cosP~1 CosP

(s

[ sin (2n + 1)z ntk41 €08 2kx nt1
. dr = —1 —_— -1 .
6. | —cosu z=>Y (-1) — +(=1)""In|cos x|

k=1

_ [ sin 2nz dp — 9 zn:(~1)"+k+1 cos (2k — 1):1:.
k=1

J coscz 2k — 1
[ sin 2z 2
8. dr = - 5
J cos™ x (n —2)cos™ 2 x
[ sin 2z
9. s— dz = —21In | cos z|.
J cos?zx
" sin 3z 4 1
10. dr = T — —.
J cos™x (n—3)cos” 3z (n—1)cos" la
[ sin 3x . 9
11. dx = 2sin” x + In| cos x|.
J cosz
[ sin3x 1
12. 3 dIE:—;‘“‘“‘é““—éllnlCOSZE'.
J cos®x 2cos’ x

5.21. Uurerpanan Buja J'cospmcosamdm.

cos? x sin ax D
pt+a pt+a

1. Jcospmcosa:c dr = J'cosp_1 zcos(a— 1)z dr.
2. JCOSp x cos2nz dx = (—1)"{‘[6037’ xdr +

n 2102 o2 2 (oL o)\2 i
+ Z(—l)k 4n”[2n 27] (2151;” (2k —2)7] J(;()S“’“rp T dm}.
p— e
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3. Jcos zcos(2n + Dz dr = (—1)"(2n + 1){Jcosp+] rdr +

[(2n+1 2n +1)* - 3%]...[(2n + 1)* — (2k — 1)?
*‘Ej +1)7 — 1] ) [ 1@2n+1)" —( )]
(2k + 1)!
X JC()SQk+p+1 T d;c}.
4. |cos? ' xzcos(p+ 1)z dx = = cos? z sin p.
5. "Cosa,md _zjcoq(a—l) daj_JCOS(CL—Z):)? d.
J cosP x cosP~1 cosP x

[ cos2nz norsin (2k — )z n
. =2 1 : —-1)"1
6 cOS T dw = z( 2k — 1 +(=1)"In

w xTr
tg(i‘ka)y

oS

- [ cos (2n + 1)x do — Z( 1)n- L sin 2kx L (-1)e.

J Cos k
k=1
|2 o
8. Cosmdm:2sinw—lntg erE .
J cosx 4 2
08 2
9. COSQ Y de = 2z —tgx.
J cos®zx
[ cos2x sin 3 T X
10. dr = — —Injtg| — + = ||.
J cos®x v 2costz | 2 g(4+2)‘
11. cos 3@ dr = sin2z — x.
J cosx
12. [ cos3z dr = 4sinz — 31n |tg 7r+_m_ :
J cos?x 4 2
13. Cos33m dr =4x — 3tgx.
J cos®x
LA £ 27 f m
5.22. Uuarerpans BHA J'SI,H mdm, cos mdm.
sin nx J cosnx
sin™ z dx o m| 2k+1
1. 1 n+k Lm A %
Jsin (2n + 1)z 271 +1 Z( cos | 2(2n + 1) T
Y NLELI
2(2n + 1) 2
X In 2 = [m < 2n].
0 k:—I—'n,—f—l7T x
S ———— —_— —
Gio2m  2(2n + 1) 2
2. J T dx =
stna:
~1)" — k 2 k
— (2—71) [lnlcosmf -+ kzﬂ(—l)kc‘,oszm é—%ln cos” & — sin -i—g— ] [m < n).

sin2nax 2n

2m-+1 . __n
. [ S ae = 5

w xr
(53]

n—1 ,
km n+ k T n—k T
1 k 2m-+1 t i I e )
+AZ___1( ) cos 2n ne 4dn T 2 & 4n T 2 [m <n]
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sin 2k+1 T+ z
cos™ x 1 e om 2k +1 4n 2
4. de = — E (—=1)" cos 7 In
COS NT n 2n . (2k+1 x
k=0 sin T — =
4n 2
[m < nj.
5.23. Uurerpanasl BUAA JSIH L de.
cos nx

s 2m n+1 n
sin“™ x (—1) T X k  om km
1. de = -——<S Inftg| —— = —1 - X
Jcos(2n.+1)m T a1 { ”‘g(zl 2>'+§1( ) eSS

2n + 2k + 1 x 2n — 2k + 1 x
X In |t T— =1 T — — [m < n]
4(2n + 1) 2 4(2n + 1) 2
s 2m-+1 n-+1
sin T (—1)
dr = ———|1
Jcos(Zn—i—l)m YT on 1 [ntcosm|+
- mi1 Kk 5 .ok
+ };(—-1)k cos”™ ! —2—;——3———1— In |cos” z — sin” 2;1 ; H [m < nl.
sin™ x o] 2k +1
3. - 1 ”I’L+k' e
Jcos 2nx da = 2n Z( cos ( 4n W) %
sin 2k—2n,—|—17r+_x_
< In 8n 2 m, < 2n)
3 mn
) 2k +2n +1 x ' "
sin T — =
8n 2
5.24. Uurerpasn BHIA JC(_)S T dz.
sin nx
cos®™ 1 1 :
— dr = In|sin x|+
sin (2n + 1)z 2n+1
- omi1 K 5 sk
+ Zl(_l)k cog” ™! Tj—l In [sin® z — sin® ™ j_ T H [m < nl.
2. - ! ‘t j
Jblﬂ(Zﬂ v 2n+1{n 572 i
+ ”( 1)kcos UG Y P km ‘T km [m < n
- - mn
— on+1 | °2\2 an+2) %\ 2 dn+2 P
2m—+1
COS x
3. | —d 1 ;t ‘
J sin2nz  2n {n ) T
n—1
_ kr x kn r kw
—1)Feos®™ ™ nltg [ S+ — Jtg | = — —— .
+g( )" cos 2n 18 2 N 4n & 2  4dn [m <n]
2m
4. J(;)jm [ln[smw|+z g—nln sin” sc—smjg—:;

Im < nl.
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. . nt1/2
5.25. Uurerpajb Buaa Jsm zcos™ xsin” T 2z d.

t2(2m+'n+2)

. J'Sinzmle csin" V% 2z de = 2n+3/2j (£ + 1)m+nt2 dt [t =Vigz].

2(n-+1)
__on+3/2 t - ’
- J(t4—|—1)m+n—i—2 dt [t =+cigz].
2m-+1 . nt1/2 90 do — 2?1+3/2 t2(2m—§—n+2) »
. | cos 2 sin rdr = — CERETT
t=Veigz].
wiag [ 20D
=2 J (t4 + 1)m+n+‘2 dt [t = 1/tgw}.
sin z cos®™ 2 sin™ /2924 dp = 2" +3/? $2(n+2) gt
. - (t4 + 1)m+'n+‘2
[t = /tg a:].
2(n4-2
coszsin®™ xsin" % 2 dx = 2" T3/? £ dt
- B (¢4 + 1)m+n+2
[t = /ctgz].
1
. Jsinmm dr = —Ecosmm 4
1 . N
* 4 In (sin & 4 cos z + V/sin 2z ) + arcsin (sin z — cos z)].

e 1 . -
. Jcos rvsin2x dx = ~3 sin zvsin 2x +

1 - e
+ 1 [In (sinz + cos ¢ — Vsin 2z ) + arcsin (sinz — cos z)].
o o tm
5.26. Unrerpanas BHAa me. ’33'*3(/);2 T dz.
sin x
s 2m+1
sin”"" @
sin™+1/2 2g
3/2  m—m-—1 2m—n+2k
tg®/? K tg®" "™
= Ch_me > 1].
Qn—1/2 kz_ﬂ Y4m — 2n + 4k + 3 [n > m 1]
2m-4-1
cos T
sin"t1/2 2
2 m—m-—l 2m—n+2k
ctg3/2 T k ctg” +
-5 < ck_ > 1].
on—1/2 I;J "= Am — 2n + 4k + 3 n > m 1]

dx = — [In (sin z + cos x — Vsin 2z ) + arcsin (sin z — cos x)].

dr =

[
r Ed
=,
o
)
8
PO b= DO

[In (sin & + cos z + Vsin 2z ) + arcsin (sin x — cos z)].
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5 X dx B Ctg1/2 T Tnz"i_jn Ck Ctg2m—|—'n—2k¢ .
© ) sin?™ T gsin® T2 2, 0 2771/2 — "I Am 4+ 2n — 4k +1°
T ) cos2mtl pginntl/29,  2n—1/2 — m+" 4m + 2n — 4k +1°
P +2m 2 nFm—1 2k—n
sin & Ccos T tg T
. xr = > )
7 ] Sinn+1/2 2 da 2n 1/7 Z CnIm 14A —2n +3 [’fl, = Irn'+1]
o " cos o sinT2™ o 3/2 nq:zm: 1 C g?k_un T
C ) gin™Tl/2 94 N 2” gn—1/2 7} A, Y
[n > m+1].
9 tg™' d — ﬁctgl/Q T miL:n ck ctgm T2k g
© ) sin?m g ginn T2, 0 2012 — T Am 4+ 2n F 2 — 4k +1°
+1 1/2 m-+n ﬂki,g_n
t
10. g dr — - Z Cm_|_n €T
cos2m+1 psin®t1/2 9y "” 1/2 4k i 20— 2n + 1

: 2
5.27. Unrerpans BUa Jsmlmcosmmcosinﬂ/ 2z dx.

1. Jsina:coswrl/2 2edr = —Coi\/cos2m X
2(n +1)
n—1
" rCn4+12n—-1)...2n -2k +1) 4
X [cos 2 + Z(—l S in(n = 1) ... (n= k) cos 2

_|_

n (2n 4+ 1)l cos 2x
+(—1 In | cosx + .
(=1) (2n + 2)11 V2 2

2. Jcosmcos”'*'l/2 2xdr = ﬁsirl—:-n——\/cos 2a X
2(n+1)

n—1
2n+1)(2n—1)...(2n — 2k + 1) k1 ‘
X [cos 2x + Z 2"‘“71 ﬂ — 1) (n — k) cos 2x| +
(2n + 1)U

(2n + 2)11/2
i , 1 2
3. | sin m\/m dr = _Lose cos 2x In (COS:E o cos 2% )
) 2 24/2 2

i 1 1
4. |coszVcos2z dx = Slgw\/cos 2z + 2o arcsin (v/2 sin x).

5 sinzdr COS T y
) cosnt1/2 2 (2n — 1) cosm—1/22z °

n—2 k41 — - +
2 (n—1)(n—-2)...(n—k—1) k1o
1+ E e ok 3 27
[ (= (2n —3)(2n —5)... (Z” 2% —3)

+(-1)" arcsin (v/2 sin x).

0s 2 2k 41 cosk 2z
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- J COS T dr — sin x y
" Jcosnt1/222 7T (2n— 1) cosn /2 2
n—2 k?-{—l
1 - 2x|.
{ +Z 272—3(271—5) .(271—2!{:—3) e g
. _sinz — sin?f
. cos 2.1'; ~teosk 2z

9 J'______sinm dw————l—ln(cosm— (30523:)
] v cos2x \/5 ’ 2 ,.

cos T 1
10. J————— dr = —— arcsin \/§ sina).
vecos2x \/i ( )

5.28. Uurerpanas Buja J(a—i—bcosa:—I—CSinm)inHMdm.

r 1 ' o 1 e » k
1. u (1 +sinaz)"""/? de = 435(1 Tsinz)"/? kzwo(—l)kcrfk” 41 { [2;1:1—(?3)
9 [ dz B
" J (1 £sinax)nt1/2
B Cos azT o1 2:2 (2n — 1)( 271!,—3)...(2n-2/~3—1))<
~ 2nna(l £sinaz)nt1/2 = (2n —2)(2n —4)...(2n — 2k — 2)
ke 2n — 1)1l 1 2 4 (1 Fsinaz)'/?
x 2" 2 (1 £ sinax)*t | F (2n ) ]n\/_—i_( T sinaz) .
) (2?1)” 2”+1/2a \/-2_ — (1 F sin aw)l/z
dx sin ax
3. =+ =
J (1 4 cos aw)”Jr‘/2 2"na(l + cos ax)nt1/2 8

on—1 2n—1)2n—-3)...2n -2k — 1) _,,_r_2 nil
2 1+cosaxr
8 [ + Z (2n —2)(2n —4)...(2n — 2k — 2) (1 cos ax) +

n (2n — 1! 1 . V2 + (1 Fcosax)'/?
(27‘&)” oan+1/2q \/5 — (1 F cos (31,33)1/2 ’
(ccosx — bsinz)dz 1 . N —pi1
4. = bc P
J(a+bcosm+csinm)ﬁ 1-— (a+bcosz + csin)

5 J'(ccosm — bsinz) dx

=1Inla + bcosx + csinx|.
a-+bcosx +csine | |

5.29. Uurerpasas BHUA Jsinimm(l—kzsinzm)”/zdw.

Ob6ozuauenne: A = \/1 — k2sin’z,0 < k* < 1.
Acosz 1—k?
2 2k

1. J'Asina:d:n:~ In(kcosz + A).

2. JAsingmdm =

2k2 gin? | 2 _1 192k —1
_ k“ sin ;k—lz:i’)k ACOS;E—ng Skf In(kcosz + A).
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9.2 . 2
3. JAgsinxdm: 2h” sin” m;— 3k Acosm—d(lTln(k‘cosm—i—A)
4 . 4 ‘ 2 1 _ 9912
4 JAgsingmdm: 8k sin® x + 2k (5k* — 7)sin’ z + 15k" — 22k —f—3
48 k2
6 4 97,2
><Acosa:—5k 91;6;3516 +1ln(kcos:c—l—&).
5. J'Ada: = —Elnw%—kln(lﬂcosm%—ﬁ.).
sin 2 A —cosx
Adzr Acosz 1—k* A+cosz
6. —S— = ————5— + In .
sin” x 2sin® x 4 A — coszx
o odm
5.30. Unarterpaas BuAa J(] _S”’;QSi;iw)n/g.
O6osnagenne: A = /1 — k2 sin? r,0< k®<1.
sin x cos x p—3 sin x
1. dr = — dz.
J A T oy - kA (29—2)(1—/f‘")JL’W’“2 ;
sin x
2. J'AQ”H‘l dr — 1
B - 2ln —1)(n—2)...(n—1—1)
- R ; 2n _1)(2rn _3)...(2n 2] 1)(1 _ k2)F1AZR 21
n—1 1
k%) cos? Tl g
5 ZC“ Y2l+1 AU
4 J'sinpxdm__ bmp xcosz 4
T ) Apt3  (p+1)k2(1 — k2)ArH?
" — 2 _ p—2 n — i Pp—4
2(p l)k; pJTZJ'sm T 4o+ P § 3 i Jsm T
(p+ 1)k?*(1 — k?) Art1 (p+ 1)k2(1 — k?) Ar—1
sin” x sin™ % ¢
5. |, ST A
J' A T (n — 1)k? cos T+
(n—2)(1 + &%) Jsin"_za: n—3 J’sin”_‘lm
ldx — dz.
i (n —1)k2 A v (n —1)k? A v
[ sin x 1 A —kcosx 1 1
6. dr = —1 = ——1 ost+A)= —In(A -k :
| & T = o nA+kcosm . n(kcosz+ A) p n ( k cos x)
[ sin® ¢ Acosz 1+ k°
7. X dr = TR In (kcosz + A).
sin x Ccos T
8. el
Az T T A k)A
P |
sin” x COS T 1
. = — —In(kc A).
9 | Az dx I{:Q(lmk‘z)A—'— 3 n(kcose + A)
dx
10. =
0 JAsin T
L Acosx (n —2)(1+ kQ)J' dx _(n-— 3)k? J' dx
 (n—=1Dsin" 'z n—1 Asin" 2z n—1 Asin® g’
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11 J de _1_lnA—|—cosm_1nA—|—cosa:
" Asinez 2 A —cosx sinez
dzr Acoszx 1+k% A-+cosz
12. | 2% = _25O8T In .
Asin® x 2sin” x 4 A —coszx

5.31. Marerpaas Buaa Jcosimm(l—kzsinzx)”/zdm.

O603Haqeﬂne A= \/1 — k2sin?z,0 < k? < 1.

A 1
1. |Acoszdx = sin @ + — arcsin (k sin z).
) 2 2k
: 2k” cos” x + 2k + 1 4k* — 1
2. | Acos’ zdx = k” cos ;: i Asinm—!——%ﬁ——arcsin(l@sinm).
i _2 72L. 2./ [
3. | A’coszdr = hosin” @+ 5Asin x + —— arcsin (ksin z).
) 8 8k
4. | Alcos® zdx =
QA A 20012 .2 2 2
, — 2k , , 1
_ 8k sin w2k (6k48—il;27) sin” 2 + 30k +3A mer——__ﬁiﬁkd arcsin (k sin ).
Ade V1—-k*, A+4++/1—k®sinz , .
5. = In ——— + karcsin (ksin z).
cos x 2 A—+/1—k?*sinz
6 JAdzc _Asin:z;'+ 1 lnA—i_Vl_kz sin @
" JceosPz  2cos’z 4T -k A—+1-kZsinz
+m
d
5.32. Unurerpaab Buaa J(l f0;:2sin$2;;"/2'
O6osznauenne: A = \/1 — k?sin®z,0< k® < 1.
" cosx B sin p—3 [ cosx
1. Ar dr = (p = 2)Ar— + - JAP—Q dz.
n—1
[ cosz 2ln—1)(n—2)...(n—1+1)
2. .
| Arnyr dw = —sinw Z (2n —1)(2n — 3)... (2n — 2] — 1)A2n—2-1
241,
Fsin
3- _ch 1 2[+1)A2£+1
n «n_g 2 n—2
cos” cos (n—2)(2k% — 1) JCOS x
4. dr = ———————A d
J A e ooe Sttt T e AT
. 1.2 n—4
L (n , 31—k )Jcos z o
(n — 1)k? A
[ cosx 1 ) , 1 ksin x
5. | = dx = 7, arcsin (ksinz) = % arctg X
N 3 . 2
T Asinz  2k* —1
6. | COSA T de = ;;T + k2k,3 arcsin (ksin z).
cosx sin
7. | a3 dr = N

9 A.}O. BpbiukoB u ap.
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3 2 .
, 1—k 1
8. JCOZ_SSE dx = | kziﬁ’mm -+ ] arcsin (k sin z).
9 J' dx B Asin B
" JAcosmxz  (n—1)(1—k2?)cos" 1z

Uz—-2M2k2——1)J dzx N (n — 3)k? J‘ dzx
(n—1)(1—k2?) J Acos" 2z  (n—1)(1—k2)J Acos" 4z’
10. J' dzx o 1 mA—msinm.
Acos 21— k2  A++/1—k?sing
11. J dzx _ Asinx n Zszl | lnA—Amsinm.
Acos?z  2(1—k?)cos?z 41— k)32 " A+ /1T - Ek2sinz

5.33. Unurerpasas BUIA Jsinmmcosnx(l—k?‘sin2aj)pdm.

O6ozunauenue: A = ‘\/1 — k?sin’z,0 < k* < 1.

: 1 2 . s
1. | APsin™ zcos” xda = _ {Ap—h sin™ 3 2 cos™ ™ 2
(m +n+ p)k?

+m+n—-2+(m+p-— l)kQ]JApsinm"chosnzcda: -

— (m —3) J AP sin™ * g cos™ z dm}.

- 1 p+2 . m+1 n—3
2. = (mntp)k? {A sin T COS T +

+ln+p—1k>—(m+n-2)1- kQ)]JAp sin™ z cos" * z dx +

+(n—3)(1 — k‘z)JAp sin™ zcos" ! x dm}.

3. JAP sin x cos” xdx =

APT2cos™ L g — 1)(1 — k2 .
o cos T (n-1)A—k )JApsinxcos” ‘zdz.
(n+p+1)k? (n+p+1)k?

4. JAP sin” xcosxdr =
APT2ginm=1 ¢ m—1

- AP s Mm—2 do.
(W1+p+1)k2+(m+p+1)kgj sin x cosx dx

A3
3k2°

Asinzcoszdr = —

. 2
Asinzcos”" zdx =

2k*cos’ x +1 — k7 (1—k*)?
= — 8k:2 ACOSZIZ+———8‘E§—_

3k" cos® & — k*(5k* + 1)sin® z + 5k — 2

7. JAsinwcosgmdx:— A.

In (kcosz + A).

15k4
_8k4gn4m~+2k%7k2+1)gn2m-3h1~8k2+43X
48k*

. 4
Asinzcos zdx =

— k2
16 k5

X Acosx — In (kcosz + A).
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2k*sin? & — 1
9. JAsin2a:cosa:da:: K Sglk;j Asinz + e arcsin (ksin z).
10 JAginszOSSwa = 8k sin4w+2k2(6k2 +1) sinz — 6k” + 3 X
' ‘ ’ 484
2k% — 1
X Asinax + I;Gk arcsin (k sin z).
4 - 4 . 2 . 2’ N
11. JAsingwcosmdm: Sk sin” @ — k”sin"x 2A.
15k4
12 JASiHBmCOSZ:BClQZ = 8k sin” —Zkz(k2 +1) sin®w — 3k 4 2k — 3 X
' A8KA
1—Ek32(k% 41
xAcosa}+( 1)61455 + )ln(kcosw+A).
13. JAsin4xcos:1:dm:
kf/l s 4 —2]@2 22 _3
_ Bk sin 2 Y S0 T CAsing + s arcsin (k sin ).
AS
14. JAgsinwcosmdx:—5k2.
15. | A’sinzcos’ zdx = — 8k"sin® x + 2k%(k* + 7)sin” = + 3k" — 8" — 3 X
' ' B A8K?2
1.27\3
><Acosa:+———————(116£3) In(kcosx + A).
16. JASSinzmcosxdx:

4 .« 4 2 2
- 14k%sin® z — 3 ‘
_ —8k7sin" ng‘lk ST 7O Asing + (1/(16k%)) arcsin (k sin ).

sin™ x

2 .2 \1/2
— (1 — k" sin” z) 2 de.
cos™ x

O6o3nauenne: A = \/1 — k2sin?z,0 < k* < 1.
i v1—k2 A++/1—k2

5.34. Uuarterpanas BHUIA J'

sin x
1. Adr = |Atgzdr = —A ] :
J cosz ! J sEa + 2 nA—vl—k2
in A
2. sm;: Adx = — kln (kcosz + A).
J cos?zx COS T
[ sinx A k> A+ /1 — k2
3. Adzx = — + In i
J cos®x 2co8?x 41— k2 A —+1-— k2
on2 2.2 | ond L2
PR AN (2k* + 1)k“sin”x + 3k" — k +1A.
J costzx 3(1 — k?)cos? x
" M 2 M [ 2
x A sin 2k° — 1
5. | 2L TA gy = 20T + arcsin (k sin z) +
J coszx 2 2k
N v1— k2 lnAJrf\/l—kQ sin
o 2 A—+1T—kZsinz
in
6. | > 3$Adw:
J cosdzx

sin x AL 2k% — 1 lnA+\/1-k2sinm
2cos?x 41— k2 A —+/1—k2singx

— Kk arcsin (ksinx).

9*
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sin® 2 Ersinz +3k% -1 . V1—k2  A++/1— k2
7. Adxr = — - A+ In )
J cosz 3k2 2 A — 1 - k2
rnoo. 3 . 9 2
sin” x sin“x — 3 3k —1
8. Ade = —————A — —In(k / A).
J cos?x o 2 cosx 2k n(kcosz + A)
| 2 - 2 2
2 r + 4k —
9. sin gcAda;:w k“sin“ x + 1Asinaz+
J cosx 8k?
N 8k* — 4k* — 1 arcsin (J sin ) + V1 — k2 . A++/1—-kZsinx
Rk3 2 A—+1T—-Ek2sinz
m
5.35. Uurerpasael Buga J'C(,)Sn $(1—k25in2x)1/2d;1:.
sin™ x
Ob6osnauenue: A = \/1-k2 sinfz,0 < k* < 1.
CcoS T 1, 1-A
1. Adr = |Actgxde — A + =1 .
J sinx v J e ar +2n1+A
n 9 92
cos” T Acosx k*+1 1. A-+cosx
2. Adx = In (k  + A - In ———
J sinz o 2 + 2k n(kcos + )+2 "A “cosz
f 3 2 . 2 2
cos” x k“sin“x —3k° — 1 1., 1—-A
30 Ad —_ A '—1 N
J sinz o 3k2 Jr2nl+A
r 4 2 .2 2
X "‘Qk s i !k ]
4. CO,'S fAdw: SIn”  + 5k” + Acosx +
J sinz Rk?
1. A+cosz 3k +6k* -1
—~1 In (k x + A).
+2nA-cosa}+ 8k3 n(kcose+A)
5. C_Oim Adr = —— — k arcsin (k sin z).
J sin®x sin x
n 3 - 92 . 2
' T+ 2 2k 1 ) .
6. | Z?jziAda::—% —Q—Jarcsm(ksmm).
[ cosx A K2 14+ A
7. Adr = — — + — In .
J sin® z 2sin? 4 1—-A
n , AS
g [©5Tag, A
J sin®x 3sin® x
o 2 2
cos” x CcoS T k“+1. Adcosx
9. Adr = — —_ In — kIn(kcosx + A).
J sin®z 2sin? x 4 A —coszx ( +A)
sin” x cos? x
5.36. U . dx.
HTEeTpaJjbl BUJA J’(lwkzsinzm)’“ x
O6oznauenne: A = /1 — k2 sin? r,0< k®<1.
1 J’sinpa:cosqa:dx_ —k*sin”t zcos?e p—q—-(2—-kH(p—r+3)
) AT  (r—=2)(1 - k2)Ar-2 (r —2)(1 — k2?)
sin? x cos? x p+qg—7r+4 [sinPxcos?x
X : d dx.
J A2 4T (r—2)(1-k2)J Ara 47
1 [sinP 2zcos? x 1 [sin? 2z cos? x
2. p— A—Q'J' A"" d.]?_ l,,_‘Q—J' A’“—Q diB
3. _ k2 : 1 ]’sinpa:cosq‘Qar da + 1 ]’sinpméoszq_Qm di.

k2 Ar K2
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(sinx cos x 1
4. | ——dx = :
| R T N
sinx cos x A
5. ‘_ Tda): _ﬁ
[ sin z cos® x Acosz 1—k?
6. dea}:-w STERYE: In (kcosx + A).
S 3
7. | Smx%dw:——-w(k cos’ & — 2 + 2k%)A.
no. , 4/
3. | sm.z:gos L
2 2 5 2 4 a2
o T 2 SR -
_ 35k ;;k‘*k S0 T Acosz — 3k 821: +31n(kcosa: + A).
sin? x cos Asing  arcsin (ksinz)
9, | ——dz = —
J A o 2%2 2k3
10. J’sm mACOS L
2 2k’ 4k —
- h” cos” ;:kj K Asma:+ k8k5 3arcsm(l~ssma})
.3
sin” x cos x
11. J'———A—‘—dm:*W@Jrk sin® ) A.
. 3 2,
12. J’sm ZEACOS T g
2k* cos® x — k* — 3 k' 4+ 2k* — 3
= co8 ;];4 Acosz — +8/~c5 In(kcosz + A).
.3 3 4 4 _ 2.
13, [sinizcosTz 3k'sin' x — (5k* — 4k?)sin® z — 10k 8A
A 15k6
sin® z cos” x 8k*sin® x — 2k*(Tk* — 5) sin® x + 3k* — 22k> + 15
14. dr = X
A 48k5
6 4 qp2
><A‘cos;zz:—kj 3k ,_gk +51n(kcosa:+A).
16k7
. 4 L2 i 2
' ' 2k 3 3
15. J'de:— SISkaJr Asm$+—-k—5—arcsin(ksinm).
. 4 3 4 s 4 2 (L2 .2 2
: — 2k%(6k> — ¢ —1 1
16. Jsm £BACOS T g 8k" sin” x© — 2k (6k48k§)sm r — 18k" + 5Asin:[:+
2__
6];6167 > arcsin (k sin z).
. m n . m—1 n—1
sin™ x cos™ x sin xcos" " x
17. J A dr = TIA =
-om—1 J' sin™ %z cos” x do+ = 1 J sin™ x cos™  x di
k2 A k2 A '

SIN & COS & 1
18. JTdm: A
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noe 2
2 1
19. glﬁﬁgﬂdm — (;OQSX — —]%—Brln (kcosx + A).
20. "sinwc?ssmda:: k*sin® ¢ + k* — 2
A3 k4A
. 4 2 e 2 2 2
ost . k +2k% -3 31—k
21. | SINTCos T $AC§S L dp = 250 ;kle cos x + 30— ) yE )]n(k cosx + A).
A D .
“ : 1
29. waﬁ; — S};SX — ?C—garcsin (ksinx).
no. 9 3 2 - 2 2 2
' , k 2k — 3 2k° — 3
93, | sin Z(;OS T . k7sin ;ij sin & — T arcsin (k sin x).
24. "singarcosa:dm: 2 — k*sin’x
] A3 EtA
" .3 2 2 .2 2
, , 33—k k®—3
o5 | sin J:A(;os T g 2k4s£;n T cosx 4 STE In(kcosa + A).
a4 2 o 2
' : 3—k 3 -
26. wdm: zk;{f wsinm—ﬁarcsin(kzsmm).
sin? x dx

5.37. U rpaJjibl BHJAa .
arerpase BHA Jcosqw (1 — k2sin® )7

O6osnauenue: A = /1 — k2 sin? r,0< k® <1

1 J’sinpa: de sin” ™! x B
" Jeostz AT (g —1)(1 — k2)A2cos? 1z
p—q+2—(p—2¢—r+5)k* [ sinfz dx
a (g —1)(1 — k?) Jcosq“zm Ar
(p—q—r+4)k* [ sin’z dx
T Jcosq_‘lm AT
9 J sin x dz
" J cos?m gz A2n+l
_ (_1)m+n E2(m+n—1) 'm‘ifl ol . (_1)l (Cosw)2n—2l—1
‘ (1= k2)mtn & 7770 2n =20 - DK\ A
3. "sinmd_mzjtgw@: 1 1HA+\/1—I@2‘
Jcosz A A 2/1—k2  A-—+1-k2
4 [ sinz dr _ A
" Jcos2zx A (1 —k%)cosz’
5. | Cii;‘i de = tha: (1+tg2 :c)% —
B A B k> At V1A
2(1—k2)cos2z 41— k232 AT —k2
6 [ sinz dz _"2k2cos2m—1+k?‘A
" Jeostx A 3(1—k2)2cos3x
7. "sin2$£l_§c_: ! lnA+ s Sinm——l—arcsin(ksina:)
cosx A 2v1—k2 A—+v1—-—FE2sinz k .
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8 J'sinz:zz@ﬁ Asinzx B 1 1nA+v1—k2 sin @
" Jcosdz A 21— k2)cos?xz  4(1 - k232 A1 _KkZsinz

COS K:ﬁ+2-\/1~k2 nA-—w\/1~k2'
o 4 , . ,
10. J’sm :13_6_[37— _ Asinzx
cosx A 2k2
N 1 IHA+\/1—1@2 sinm_2k2+1
21—k A —+1-kZsinx 2k3

9 J'Sin?’:r;dm A 1 1 A++1 - k2

arcsin (k sinz).

.3
sin” x dx A 1
11. = _1 k \ o A )
Jcosﬁm A (1—k2)cosm+k n(kcosz +A)
dz teg™ S A
12. | ¢ —_— = —
Jg A (n —1)(1 — k?) cos?z
—2)(2 - k%) [tg"*: -3 tg™
_ (n = 2)( O)Jg T o n Jg T o
(n—1)(1 — k?) A (n —1)(1 — k?) A
cos? x dx
5.38. Unuarerpanas BUgA Jsinqaj - k2sina)r
O6osnauenue: A = /1 — k2 sinfz,0 < k? < 1.
1 J’cosqa: de cos?tt ¢ +p~q—2+(p+r—3)k2
C ) sinfx A™ 0 (p—1)sinPTt A2 p—1
Jcosqaz dm+(p~q+r-4)kz2j cos’z dx
sinP~2x A" p—1 sinP %z AT’
9 COS T mil(}’ kz(m“m“i"l)(sina:)zn—?l—l
") sin?m g A‘>n+1 - mtrlon—20—-1 0 A '
3 [ cosx dm_JCt wda}_lln1-A
") sine A 8TA T 9 14+ A
P2
cos“x dx 1. A+cosx 1
4. — = —-ln———— 4+ —In(k x + A).
J sinx A 2 nchosm+k n(kcosz+A)
5 "cosgasflﬁ__A_ ——-llnlJrA
") sinz A k2 2 1-A
n 4 2
cosx de  Acosx 1., A+cosxz 3k°-—1
6. e = —1 In (k x + A).
J sinz A 2k2 2 nA—wcosa:Jr 2k3 n(kcosa+A)
" [ cos d_:z:___ A
" Jsin?z A sinz
P 3
cos’ x dx A 1 , ,
8. |52z A~ snz —k:arcsm(k sin x).
9 "Cos:cd_a:__ A —~k—21nl+A
T )sin®z A 2sin’z 4 1—A
10. Jc?sjm fi_fl’_ :_A(.zosaz . 1 — k2 ]nAJrcosa:.
sin” x A 2s8in” x 4 A —cosx

or A.
sinfz A 3sin® z

11. J’cosa: dzx 2k?sin’x +1
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n dx ctg" ' A n-—2 9
12. tg — = — e 2— k%) X
ch A n—1 cos?x n—l( )
ctg" 2z n—3 5 [ctg™
D R 11—k e
J N — )J A
22 N1/2
5.39. Unarerpaas BUIA J(l ism z) dx.
sin’ x cos™ x
Ob6o3naucnue: A = '\/1—/{32 sin®z,0 < k* < 1.
[ Adzx 1, 1-A V1—-k2 A++v1-k?
1. | ——— = ~1n -+ In :
Jsinzcosz 2 14A 2 A — 1 k2
" Adzx A 1. A+4cosx
2. " — jL__]n—.
Jsinzcos?z cosx 2 A —cosz
5 Ade A 1, 14+A 2 — k7 At VIR
" Jsinzcosdz  2cos?z 2 1—-A  A/TI—k2 A—V1I-k2
- , 2 2 a12 N
4 . Ade  (2k" —3)sin"z ‘Sk +4A+llnA eosz
J sinz cos* x 3(1 — k?)cos® x 2 A—cosx
5 Adx A 1+ k2 | A —+/1—k?sinzx
. s = — n .
J sin“xzcosx sinez 241 — k2 A++vV1—-k2sinx
6 [ Adz B 3Sin2:17—2A_ 2k* — 3 lnA-ﬁ-—\/l—kg sin
" Jsin?zcosdx 2sinzcos?z 41— k2 A —+1—Kk2sinz
. [ Adz A +\/1—/::2 At VI-—E k2-21n1+A
" Jsinzcosx  2sin’x 2 A — /1 — k2 4 1— A
3. [ | 3Ad:v _ 3&fi1;2:1:———1 A+k2 --——SmA-—— cos
Jsin®xzcos?x  2sin“xcosx 4 A+ cosx
[ Adzx (3 — k*)sin®*z +1 V1—k?, A—+/1—-k?sinz
9. i = o A — In - .
J sin*zcosx 3sin” x 2 A++v/1—-Ek%2sinz

dx

. s 92 °
sin™ x cos™ x(1 — k2 sin” z)1/2

5.40. UaTterpans BUA J

O6oznauenne: A = '\/1 — k2sinz, 0 < k* < 1.

1. J dz :J(tngrctg:c)@:llnl—AJr
Asinz cosx A 2 1+A
L1 ATV
21— k2 A—V1T k2
2.J dx _ A +1111A—-COS:17'
Asinzcos?z (1 —k?)cosz 2 A+cosz
3. JAginﬁog% :J(ctg$+2tgw+tg3 x)% _
_ A I+ 2-3k"  A+VI-R
21 — k?)cos?z 2 1-A 41 —Kk2)32 A -1 —-k2
4 J dx _(5k2—3)sin2m—6k2—+—4A“}_lnA—Jf—cosa:
") Asinzcostz 3(1 — k?)2cos? x 2  A—cosx
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dz A 1 A —+1—-k2sinx

. — In .

J Asin® xcosx sinz 21— k2 A4++v/1—EkZsingz
[ dx B (3-2k2)sin2$-—~2(1-k2)Aw
" J Asin®zcosdx  2(1 — k2)sinzcos?x

B 4k* — 3 hlAJr\/l—kz sin @
41— k2)3/2 7 A — /T —kZsina

dx A ATV R ,,_k2+21n1+A
) J Asin® z cos - 2sin®x 24/1 — k2 A — V1 — k2 4 1—A"
[ dx B (3~k2)sin2m—1+k2A+k2+31nA—cosx
" J Asin®zcos?z 2(1 — k2)sin?zcosz 4 A +cosx’
J’ dx »ﬁ_(3+2k2)sin2x+1A_ 1 IHA—\/l—k2 sin
"JAsin*zcosz 3sin® 21 —k2 A++V1I—kZsinz

sin™ x cos™ x dx
(1 + asin®z)(1 — k2sin® x)1/2°
O6o3naudenue: A = \/1 — k2 sin? x,0< k* < 1.
sinx dx B 1
| J’ (1+asin®z)A /0 + a)(k? + a) :
V1+aA — VE? +a cosx

5.41. Uaterpanasl BUZA J

X In [a > —k?].
(Vita —-vVEZ¥a)V/l+asin’e
1 . (1+a)A% 4+ (k* + a)cos® z
= _ arcsin 5 s
2y/—(1 + a)(k? + a) (1 —k2)(1 + asin® )
-1 <a< —k?.
1
— = %
V(1 +a)(k* + a)
< 1n v—(k*+a)cosx —/—(1+a)A
[V~ (k2 +a) — /~(1+a) |V1+asin?z
[a < —1; 0 <sin? 2 < —1/a}.
sinx dx B A
") (1 —sin’z)A (1 —k%)cosz’
sinz dx cos x

Tl —k2sin?z)A T (1 kAT
cosx dx B 1 VEk2 4+ asinz
) (M 4asin’z)A VEZ+a A
_ 1 lnA+\/msina:
2\/m A-—\/MSHM;

la < —k% 0< sin® z < —1/a].

arctg [a > k?].

(1—k2sin®2)A A

J’ cosc dx sin &
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c tm *n
5.42. UnrTerpanas Buaga JSIH oo = ® de.
\/1+azsin“a:
1 sinx dx B —larcsin ( a cos T )
J \/1+a2sin2m a Vi+aZ /)
i 208 @ d: 1 .
2. cosrar :—ln(asinw+\/1+a25in2x).
J \/1+a2sin2:13 a
3 [ dx _1]n\/1+a2sin2a}—cosa¢
J sinz/1+a2sin®z 2 1+ a?sin®z +cosz
4 [ dx 1 \/1—|—a231n r ++v1+a? sinx
J coszy/1+a?sin®z 2’\/1-!-@2 \/1+a2sm z —+1+a? sinx
5 [ tgx dx _ 1 \/1+a2sm x + 1+ a?
J \/1—|—a25in2m 2’\/1—I-a2 \/1—|—a~sm x ~~\/1—|—a2
6 i ctgrdx _1lnl~\/1+a~smzw
J V/1+aZsin?z 2 14++41+a?sin’z
: +m +n
5.43. Uurerpansl BUgAa JSIH QJSOS T dz.
\/aﬂsin‘$—1
Ob6osnauenue: a > 1.
sinx dx 1 a cos T
1. = —— arcsin ———.
J Va?sin?z —1 a a* —1
x d. 1
2. sz e = ——1In(asinz + \/aQSinzmﬁ-l).
J \/azsin2:1:~—1 a
3 [ dx — _ arctg COS &
Jsinzyva2sin®z — 1 Va?sin®z — 1
4 dx B 1 In VvaZ —1sinz + vVa2sin’z — 1
Jcoszv/azsinz—1 2vVa’—1 /a2 —1sinz — Va?sin2z — 1
5 [ tgx dx _ 1 \/ 1 ++vVa?sin’z — 1
J Vazsinz —1  2Va? - 1 \/ —1 — va?sin? z—1
tg @ d: 1
6. e at = — arcsin
J Vazsin?z — 1 asinz’

(Y

5.44. Uurerpajb BUaa thmaz(aﬁtgzaz:{:bz)

. th z(a®tg®z + b2 da =

Z 2n — 2k +1
k=0

(a2 tg2 T -+ bg)"’"'IC

4

a’

+ 4

nt1, 2 2\ m-+1/2 a?tg? x + b2
(—1)" a -b)+/arctg\/ —

(b2 — a?)"+1/2 1y \/b2 —a? —+/a2tg?x + b2

1
| 2 Vb —a? + \Ja?tg?x + b2

[a® > b7,

[a® < b7].
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9 J’ tgx dx B 1 S (b* — a*)F "
. (a2tg2x + b2)" % Ja2tg?x + b2 = 2k +1)(a?tg? z + b2)"
( (=" a’tg* x + b? 2 2
(a2 — b2)n+1/2 arctg aZ _ b2 [a” > b7],
+ 9
1 \/ —a? — \/a2tg? x + b2 a? < b7
2(52~a2)n+1/° VbE a2 +\/a2tg T + b2 ’
3 J’ dx 1 L Va 2 b2 tgz + /a2tg?z + b2
. Vaztg?z + b2 2\/(12 \/ 2 b2 tgax — /a2tg?x + b2
[az > bz],
Vb? — a? tg: .,
= _‘—j—‘—‘j“&I’Ctg a 87 [CL“ < 1)2]
b? — a? va2tg? x + b2
tgx dex 1 a?tg? x + b2 o o
+ J’\/cﬂtgzw—{—bz B Vva? — b2 arcts a? — b2 [a® > &7,
B 1 \/62— —y/a2tg?x + b2 a2 < b7
2\/62—&2 \/ 2 - qg? +\/a~tg x + b2 -
. dx B 1 \/a + b2 tgx + y/a?tg? .13——~b2
" VvaZtg? x — b2 2«,/(12+b2 \/a + b2 tgx — \/a2tg? x — b2
6 tgx dx B 1 et a?tg? x — b2
L -\/a,ztgzas—b2 B va? + b? & a? + b?
5.45. arerpaas BuUAA Jctgmw(azctgzmﬂ:b?‘)inﬂ/z de.
1. J'(:tga:(a2 ctg”x + b)) T de =
n b2_a2)k R . 3
— 2t2, bz ( 2tu' bunk__
Va?ctg? z + ;2n~2k+l(a ctg” x + b7)
( n, 2 2\n+1/2 a? ctg® x 4 b 2 2
(=1)*(a® = p*)" T arcctg\/ 2 [a” > b7],
— 4
l(bz~ 2yn1/2 Vb2 —a? —\/a?tg® @ + b? la? < b?]
[ 2 Vb? — a? +\/azctg x + b2
0 J ctgx dx _
(a2 ctg? x + b2)" /2
_ 1 Z (b2 — a?)h "
Vvazctg?x + b2 =2 (2k + 1)(a? ctg? z + b2)"
( (—1)" a?ctg? @ + b? 2 _ 2
(a2 — p2)nrife arcctg R [a” > b7],
+ <
1 \/ 2 - g2 +\/a2 ctg? z + b2 [ag < bg]
. 2(52"a2)n+1/2 Vb — +/a? ctg? x + b2 '
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3 J' dx 1 \/ — b2 ctgx — \/a?ctg? x + b2
. Vva?ctg? z + b2 2*\/&2 \/ — b2 ctgx + /a2 ctg? x + b2
[az > bz],
1 Vb2 — a2 ctoe:
— ——— arcctg — L [a® < b?]
Vb? — a? v a?ctg? z + b2
ctgx dx 1 a? ctg? x + b2 . .
4. J = arcctg a? > b?],
\/azctgszrbz x/°°~°_ a? — b? | |
1 \/ —a? ++/a?ctg?x + b2 a2 < b7,
2\/ b% — \/ —a? —\/a%ctg? x + b2
5 [ dx B 1 In Va® + b2 ctgx — y/a?ctg?z — b2
) Va2ctg?z — b2 2va? + 0> Va? + b2 ctgx + /a2 ctg? T — b
ctgx dx 1 a? ctg? © — b2
6. = arcct ,
J Vazctg?z — b2 Va?+b? s a? + b2

5.46. Unrterpaasl Buga thmw(a2~b2tg2 m)inH/Qda}.

1. th.ﬂ( — b g’ )" do =

2
S _p2 (a +57%) 2,2, 2 \n—k
Vva?z—b2tglx E 2k+1(a b”tg” x) +

+l(a2+b2)n+1/) VaZ 162 — /a2 — b2 tg*a
2 VaZ+b% ++/a2 —b2tg2a
0 J tgx dx Z (a® + b*)F—m
") (a? — b2 tg? x)nt1/2 \/adf 2tg2x = (2k +1)(a? — b2 tg? z)*
N 1 In VaZz+ b2 — /a2 — b2tgx
2(a® +b2)" 2 G bE + /e — b2 tgta
3 [ dx B 1 va?+b?tgx
o Va2 —b2tg2z  Va+b \/a2 b2tg2x
4 tgx dx B 1 In Va £b2 — /a2 - b2tg’a
) Vaz —b2tg2e 2VaZ 02 JaZ 1 6% ++/a® — b2 tgia

5.47. Uurerpans BUAA Jctgmw(azwaCth 2) T g,

1. Jctg z(a® — b® ctg® w)"H/Q dr =

2, 12
= —va? - b2ctg’x Z (a” +b7) (a2 —betg® ) F —

—2k+1
va,2 +b2 — /a2 — b2ctg’x
\/a2+b2 + /a2 —betg?x

1 a1/
— 5 (@® ")
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o J' ctgx dx o 1 y
) (a% — b ctg? $)“+1/2 B Vva*—b2ctg?x
- ((L o+ b2)k n

M

(2k + 1)(a? — b2 ctg? z)*¥

B 1 In Va2 +b% — /a2 — b2ctg’x
2(a? + b2)nt1/2 /a2 ¥ b2 + \/az —bZctg? )

( dx 1 va?+ b2 ctgx
3. = . arcctg :
J Va2 —b2ctg?x a? + b2 Va2 —b2ctg?x

ctgx dx B 1 \/a2+bz ++/a? —b2ctg? x
J Va2 —b2ctg?x 2va2+62 \/a2+b2 Va?r —b2ctgz

5.48. Unurterpanan BuAa Jmpsinqazdm.

mp_l 1
1. Ja:p sin x de = —5—sin?" "z x
q
-1 _ —1 _
X (psinz — qx cosx) + Q—J—Jw”sinq ‘rdx — P-g-%-i—-ljazp ?sin? x dz.
2. Jmpsinxdaz — —zPcoszx +prp"1cosa:dw.
on mm+1
3. Ja* sin"" xzdx = C3, "o (m 1) +
n—1
1 Kt
+ oo Z(—l) Rey, J "™ cos (2n — 2k)z dx.
k=0
r 1 T
4. | 2" sin®" M g da = Sam Z(—l)"’JrkanH Jmm sin (2n — 2k + 1)z dz.

Y k=0

5 |a"sinxdr = — Zk’Ck m=k . (:qu%E)

2 .
6. | z""sinxdx =

7n§:1 w2m,—2}'ﬂ—1 i X me—Qk
= (2m)! l: (-1)* sing — » {(—1)"————cos a;}
(2m — 2k — 1)! — (2m — 2k)!
7. J 2" sine dr =
m z"m 2k m . m2771—21*{:—1—1
(2 1)! 1 p — —1)" .
e D0 G e~ R0 G

2n — 1!
8. Ja:sinz”a:da: — —(———7—71———2—
(271)"

1 nzl(Qn—i—l(Qn—-l) (2n — 2k +1)
2n—|—1 2ktin(n —1)...(n — k)

G 2n—2k

Sm L . 2n—2k—1

X | ————— — xsin T COST |-
2n — 2k

@
2
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ke

k J—
9. Jmsinznﬂmdaz: ! Z 2(n+1)n.‘..(n k+1) X
n+14&2n+1)2n—1)...(2n -2k +1)

(SiHQn—Zk—i—l -

— 2sin®™ ?* 2 cos x
on —2k+1 )

o

10. | zsinzdx =sinxz — x cos .

r

11. | z’sinzdz = 2zsinz — (z° — 2)cos .

o

12. |2’sinzde = (32° — 6)sinz — (2° — 6z) cos z.
r 0 $m+1
13. | 2" sin“zder = —— +
| 2(m + 1)
[m /2] k1, m—2k [((m—1)/2] k+1 m—2k—1
m! (-1 ()" =
i 4 { kzo 22k(m — 2k)! sin 2@+ Z 22k+1(m — 2k — 1)! COS2T |
i . 92 x T . 1
14. |zsin"zdex = — — —sin2x — — cos 2x.
J 4 4 8
. 3 2
: 1
15. | z’sin®zdz = —'?— ([ sin 2 — 38—(‘0823[’
J 6 4 8 4
r 4 3 (3] [ ] 2 124
16. | 22 sin® z dx = %—— (%—%) sin 2x — (Oz 106) cos 2zx.
n [m /2] k: m—2k 1
17. mmsin?’mdm————{z —Zk (32k+1 cosSm—?)cosa:)—
1 .
[(m—1)/2] (_1)kmm—2k 1 1 o g
- Z (m — 2k —1)T \ 32+ sind3x — 3sinx | |.
k=0
9 1 e
18. Jmsin?’a:da; = isma: - EsmSa: - i xrcosx + {—;—Cos?)m
.
5.49. UuTerpanan BUOA ng dx.
TP

Heonpenenennbie uHTErpasnsl, IPUBEJIEHHBIE B 9TOM paszene, npu p > 0 He
BBIPAYKAIOTCA Yepes seMeHTapHbie (DyHKIMH, HO MOTYT ObiTh ipu p = 1, 2, 3, . ..
BHIPaXKEHBI Yepe3 CrenuabHbie (PYHKIUY — WHTErpaJsbHbiil CUHyC si () U uHTe-
IpaJIbHBI KOCHHYC Ci (), KOTOPBIE ONPEeAoTes (PopMyIamMmu

C in t
si(z) = — Sl? dt,
: " cost
ci{x)=— . dt, x>0,
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3 b5 ,
) 5 5o o+ T YIEPE3 CHHYC-HHTErpan @penensa S(x) u KoCWHYC-
ens C(z), onpenesnsieMbie popMyIaMu

anm;o—l
2

unTerpana Ppene
x

, 1 sint . 1 mcost
S(m)mjﬁdt, C(x) = mj\/_dt

sin? x sin? x gsin? ' zcosz
1. de = — —
P (p—DLzrt  (p—1)(p—2)zr?
qlqg — 1) J sin?™? x q° J sin? x
- dx — dx.
(p-Dp—-2)) ar? (p—1)(p—2)J) zp2
9. JSinmdx:- sin x n 1 jcosmdm.
TP (p—1)ap~*  p—1) ap?
sin x COS T 1 sin
3. e — — — — — dz
(p—1)aP (p—1)(p—2)aP (p—1(p—2)J) 2P
m—2
sing ,  (=1)™*H! R(2E+1)0
4. J_CEZ"” dxr = am 1)z (—1) ppCTEE Ccos & —
k=0
m—1 p
v (2E) (=)™t
—_ Z mZk sma?jl - m Cl (m)
m—1
sin (=™ k (2k)!
5. JQO‘Fl da’—w{’;)(ml) mzk cos T +
m—1 ‘
L (2k + 1) (=™ .
-+ Z( 1) T e sinxz| + @m)! si(x).
[ sin®™ x cy, n
6. | == dx = 222 Inz )P Ry, i ((2n — 2k) ).
sin?™*1 g n
& o dz = 922n Z( 1) +kCzn+1 si((2n — 2k + L)x).
N k=0
[ sin?™ C3,
8. — dr = “ong
n—1
)" cos (2n — 2k)x ,
2% - Z( 1) an{ - + (2n — 2k) si ((2n — 21«):1;)]
Sin2n+1 x 1 - ntk+1 ~k
k=0
in(2n — 2 1
X {Sm( n= 2k DT o ok 4 1)ei (20 — 2k + 1)93)]
T




144 5. Tpuzonomempuneckue GyHrUUL {5.50
" sin x sinx cosx 1 |
12. 3 de = — 522 on 581(7{')
13, | T e = L Inz — L ci (2x).
] =z 2 2
P . 3
1 ‘
14. | smm T de = -z-si (z) — ZSi (3z).
P
5.50. Uurerpanar BUAA J _mq dx.
sin? x
1 J x? dm__xp_l[psinw+(q—2)mcosm]
") sinfx T (g—1)(q —2)sin? 'z
+q-2J x? dx N p(p —1) Jmp_Qda:
g—1Jsin??z  (¢g—1)(¢q—2) Jsin? 2z
xP x? = k (22}8_1 - 1) 2k+
2. ——dx = — — 2 -1 ‘ Bopx™"TP > 0; |z| < 7.
J sinx D ;;( ) (2! (2k + p) 2k P o] <l
z” p 1
3. —— dz = —z" ctgz + P +
J sin“x -
- : 2°% Boy 2t p—1
+p) (1) st [p > 1 |z| < 7).
— (2k)!1 (2k +p —1)
x T COS X 1 q— 2 rdx
4. der = — — .
J sin? (g—1)sin? 'z (qg—1)(g—2)sin? ?zx i qg—1 J sin? %z
. xdx _“”‘“Z 2n(2n —2) ... (2n — 2k + 2) "
C)sin®z o 20 & (2n - 1)(2n - 3) ... (2n — 2k +3)(2n — 2k + 1)

6. |
v |
s. |

sinz + (2n — 2k)zcosz 2" '(n —1)!

(In|sin x| — x ctg x).

2n — 2k) sin®" 2R g (2n — )N
( )

rder 1 nil 2n+1)...(2n — 2k + 1)
sin?" g 2n+1kﬂZn@n*m.“@n—2h+@@n—2M

sinz + (2n — 2k — 1)z cosx (anl)!!dea}
sinz’

(2n — 2k — 1)sin®" "2k 2nn!
dx B P B CoS T n
zPsinfxz (g —1)(q¢—2)xzrtisin? %z (¢ — 1)zPsin? 'z
+q-2j dz L p(p+1) J dz
q—1J zPsin?™?z  {(g—1)(q—2) ) 2PT2sin? %z’
da 1 n 2071 =1
= T+ (=) ———[Bnl|ln|z| +
" sin x n n!
92k—1 _ q o
2 Bople™" ™" > 1; .
+ Z ERih Bl n>1; Jz| <]

h#n/Z
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dx ctgx n ne 2N
9. | ———— = — + 1—(—1)"]———— |Bnyi|Iniz
Jw‘”sinzm ™ (n+ 1)znt? 1= ](n—l—l)!l +1In fz] +
n - IB%| 2k
+ - - (22) 2] < .
gnti ; (2K)!1(2k —n — 1) |
k£(n+1)/2
(¢ dx L 9%k-1 g okl
10. = 2 I > S P
) sinx T AZ__: (2k + 1)! | Bz
r 2 2 o0 2k—1
z*dx  x? 2 — 1 242
11. = B .
J sinax 2 +§ Wk +1) | |
d :
12. x 2m = —zxctgx + In|sin z|.
J sin” x
[ xdx sinex +xzcosx 1 [axdx
130 N 3 _ N 2 - N .
J sinx 2sin” x 2 ) sinx
[ xdx X COS X 1 2 2
14. - - - — Zzxctgx In|sinx
J sin* 3sin®x  6sin’xz 3 & +") |sin z|.
5.51. Murerpanan BuJA fmpcosqmdx.
p—1
1. prcosqwdm _ 7 5 cos? 'z x
q
—1 _ -1 _
(pcoszc+q181nm)+g————Jmpcosq dew—&a—ljxp > cos? x dz.
q q

r

: 1
2. |zFcosxzdx — mpsmw—pjmp

sinx dx.

N T m-+1

3. " cos? xdx = CF,
v vax 223”(m+l)

1
+ 52n T Z cr [ x" cos (2n — 2k)x dz.
k=0 “

.
: In1
4. | 2™ cos®" T xdx =

Z Chnin J 2" cos (2n — 2k + 1)z da.

k=0

: e k
5. |z cosxzdx = Zk!Cﬁlxm ¥ gin (m + —;)
k=0

2277,

.
2;
6. |2 cosxdx =

m . a,Zm—Wc m—1 . a,gm—2k—1
= (2m)! —1)? —————sin® L .
( m) LZ:O( ) (2m—2k)!smT+ kzzo( ) (2m—2k—1)!cos4
7 jwzmﬂcosxda:
T 2m—2k+1 S
.\ xr 7
(2m +1) LZ:O( ) (2m — 2k + 1)! Smm—%;o (zm_Zk)!cosm}
_(2n-1tz 1
8 chos xdx W? T «

y i (2n+1)2n—1)...(2n — 2k + 1) (COS 22k

. 2n—2k—1 ‘
S n(n — 1) ... (n— k) on 2k T osmEeos x)

10 A.FO. Bpsiukos u ap.
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9. Jmcosznﬂx Z 2t ntln...(n-k+1) — X
n+1 (2n+1(2n—l) S (2n -2k +1)

cog2n—2k+1
X
2n — 2k + 1

. 2n—2%k
-+ & sin x cos x .

10. stcosa’;da} = cosx + xsin .

r f
11. |z°cosxzdx = 2z cosx + (x° — 2) sin .

12. | z°cosxzdz = (32° — 6)cosz + (2° — 62) sin z.

r m*m,+1
13. |z cos’zdr = ———— —

] 2(m +1)

m' £y (=1 e 2ksn2m+ (mf/g (—1)"“’*117”“‘_2’“—1 cos 2z
i )
22k(m — 2k)! 22k+1(m — 2k — 1)!
. 2
1

14. | zcos’zdx = %— —E— QO—I——cost
15. | z?cos’ zdx = %— 4+ (% — )st.:c—l— ZcosZw

P 9 3 2 9
16. | 22 cos® zdx — % + (% — ﬁ) sin 2x -+ (% - 1_06) cos 2x

. [m /2] B m—2k

! 1

17. | 2™ cos® x dx = LZ—L” ((m)- 2%) (32k+1 sin3w+35inm) +

(“1)kwm—2k—1

Y

(m — 2k — 1)! (32k+2 cos 3z + 3 cos aj)}
=0

3 3 1 o 3 . T . o
18. T COS :Edac:—cosa:+—5—0050w+—a:smw—i———smom.
4 36 4 12

cos? &

5.52. Uurerpans Buja J dx (cM. 3ameuanue B Hadase 5.49).

cos? x cos? x gsinzcos?™ 'z
1. dex = — ‘ + -+
P (p—Dzr~! ~ (p—1){p—2)aP~?
. q—2 2 q
/ q(q — 1) Jcos _2:1: de — q Jcos_;c .
(p—1p-2)J) =2r (p—1)(p—2) ) ar
9. Jcosm dp — __ Cos® 1 Jsinw d.
xP (p—1)ap~t p—1) ap~?
3 _ cos x n sin x B 1 Jcosa} da
| R TR P R CE Vi B i

4. dem: (D™ {mZ_Q(ml)kwsinaH—

x2m 2m — 1)z x2k+1
k=0

+ Z k(Zk cosa:] + wsi ().

e (2m — 1)!
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. _1\ym m—1 L.
5. J'ﬂdm — (#){Z(-l)kwcosm _

m27n+1 (2?7?,)' T m?k—i—l
) k=0 m—1 \
2R T
_ Z(—l) g Sinz| + am)! ci(z).
k=0
cos’” Caon 1 =k ‘
6. - dx 52n Inz + 53n =T Z Con ci ((2n — 2k)z).
© k=0
[ cos®™ T 1 <= % i
7 ] "__”—;_"__”—dm: -2_"2—7:”2002”.%1 Ci ((gn_Qk‘\L‘l)fL’).
3. [ (:032; T g Cr;f?n B
| T 2“7
n—1
1 k| cos(2n — 2k)x L
= > CM{ " + (2n — 2k)si{(2n — 2k)x)].
k=0
2n+1 ”
cos” T 1 K
9. JT d(E = —22’”/ Z CQn+1 X
k=0
s (2n — 2k + 1)«
X {COE’( n i )T+(Zn—2/~c—l—1)si((2n———2k+l)az)}
x
10. | 2% gz = cia
] =
11. COS;U de = — 2% (x).
J =z x
CoOS T cosx sinxz 1 _
12. | = de = — 57 5n 501(m).
. 2
1 1
13. U COZ T dz = §1naz+ 2 ci (2x).
3
, 3 1
14. U COZ T dz = Zci(a:) + ZCi (3z).
2P
5.53. Uurerpans Buga J dx.
cos?x
1 J' e de _mp"l[pcosm —{q — 2)zsinx]
" Jcostx (q—1)(q —2)cos? 1z
Jrq—ZJ zP dz N p(p —1) Ja:p_zdm
g—1)cost22  (qg—1)(q—2) ) cos? 2z
[ x? dx N A
2. = [p > 0; Jal < 7/2].
. P i . ,
J cosz = (2k)! 2k+p+1)
(2P dx 227225 _ 1)|Bog|  oktpe
3. =zPtgx — =g 2kPTl 1 2].
J cos?x veE pk_l(Zk)!(QkJr’p-l) P> 1 |a] < /2]

1%
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J zdz 1 = 2n(2n —2)...(2n — 2k + 2)
4. =) ‘
cos?” & 2n £~ (2n —1)(2n —3)...(2n — 2k + 3)(2n — 2k + 1)
(2n — 2k)zsinx —cosxz 2" '(n — 1)!
- tg | :
(2n — 2k) cos?n—2k+1 g (2n — 1)1 (wtgz +Infeosz])
. J zde 1 ”il 2n+1)2n —1)...(2n — 2k + 1)
cos?*tlx  2n+1 & 2n(2n—2)...(2n — 2k + 2)(2n — 2k)
(2n — 2k + 1)z sinx — cos x n (2n — )N J' xdz
(2n — 2k — 1) cos?n—2k g 2nn cos
6 J dx B P n sin @
" JaxPeostiz  (q—1)(q—2)xPTlcost™2x  (q— 1)xPcosi~lx
+q-—2J dx N p(p+ 1) J dz
q—1])aPcos? 2z  (q—1)(¢—2) ) xPt?cos? 2z
d.’E 1 n ’Eﬂn—li
7. | —22 = 1 (1)
Ja:‘”cosa: 2[ (=1) ](n—l)! nlz|+
o0 iEQkika_n+1
+ [lz] < 7/2].
1;) 2k (2k —n+1)
k#(n—1)/2
. dzx tga: n 2"n n+1
8. = 1—(—1)"|——= (2 Byl
[t BT o D @ - B el +
n S (2*" —1)| Bas| \2k
+ « (2z) (|| < m/2].
gt ; 2k)(2k —n — 1)
k#£(n+1)/2
o0 2k+2
9. dew Z IE ;,{J:
cos T o N2k +2)
(xd
10. x;ﬁ =ztgx + In|cosx|.
J cos?zx
xdx rsinx —cosx 1J':1:d33
11. = — .
J cos? x 2cos? x 2 ] cosx
" xdx xsin 1 2 2
12. = - —ztgx — =1 s ).
Jcostz 3cosdxr Bceostax tyrisa 3 n|cos

5.54. UnTerpans BUJA Jajptg x dx.

1. | zPtgaxdx = — Boylx™""P p>—1; x| < 7/2].
g g T T ) B | 2] < /2]

— zP dz
[cm. 5.53].

r p+1
pt 2n de = (—1 n & (-1 kck
it e de = (=1) p+1 + 1;0( ) Cn cos2n—2k g
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n—1 1k p
3. Ja:ptgm“xdazzz 1" gk @ +(—1)”prtgazda;—

— o2n — 2k " cos2n—2k g

n—1 k -1
-1 P d
—p Z g("s J H [em. 5.53].

22
4. thgz rxdr =ztge +In|cosz| — Ch

5.55. Unurterpanns Buja J'ijctgqa:dm.

1. nazp ctgx dr = — kioo (2]3)2!k(|£:ﬂ m g2k tP [p=21; |z <=

2. na:p ctg’” xde = (—1)" mptl_ 4 'Zl J% [em. 5.50].

3. :mp etg®™ Mz da = Z S Zkai : 25519% + (—1)"[337’ ctgx da +
+p Z — Zk J _a—;—z-;—;—l—gg— [em. 5.50].

2
4. Jmctgzmdx:-a:ctga:+ln|sina:|—~%-.

5.56. MaTerpanan Buaa Jwrsinpxcosqxda;.

1t
(p+4q)?

-1 . ‘
+ra” smpa:cosqa:——r(rwl)Jm

1. Ja:"’ sin” z cos? x dox = [(p + q)x" sin? ™ zcos? M +

r—92 .
"“gsin® xcos? x dx —

- erxT_l sin? T xcos? ' xdr+ (¢ —1)(p+ q)Jm"’ sin? & cos? % da:}.

1 r . p—1 +1
2. = ———|—(p+q)z"sin’ zcos? x4+
(p+q)2{ B

+ra" 'sin® zcos? & — r(r—1) j "% sin® z cos? @ da +
+ rq J " tsin®  rcos T adr + (p—1)(p+q) J z"sin? "% z cos? dm} :

. pt1 —1
{m sinP™ zcos? tx —

3. Jmsinpmcosqa:dm =
p+q

- Jsinpﬂ zcos’ taxdr +(q - 1)Jmsinp zcos?! P x dm]

1 . p— . o
4. = {_m sin? 'z cos?T x + Jsmp Yzcos?™ xda +
pPT4q

TL(P"l)J@USiUp_Zxcosqxda:]
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r . 2m m P
sin“™ x e ke P dx
5. | 2P de = (-DFck | ——— . 5.53].
cos™ x }2( ) J cos" 2k g [ea ]
s 2m-1 m P o
sin x g~k | xPsinx
6. | z? dr = -NCp, | ——— dx.
) cos™ T .RZ:O( ) J cos™ 2k g
™ P p—1
7. | 2p 21T = v P J CE dx [cm. 5.53].
J  cos™zx (n—1)cos® 'z n—1Jcos" 1z
2m m P
COS i E o~k i
8. P dr = -1 Ch | ——d . 5.50].
] T sinm e O kz__;]( ) Jsin”_%m ! fon ]
2m-+1 m p
cos x ek | xFcosx
9. P dr = -1)"Cp, | ——— d=.
) T sn o v ’;)( ) Jsin”_%m v
Cos x? P P!
10. | z? de = — ‘ -+ dx . 5.50].
J  sin"z (n—1)sin" 'z + n—1 J sin” 1z fow ]
11. az.czsaz dr = — .az +ln|tg£‘.
J sin“x sinx 2
[z sinx x 7
12. dx = —Injtg{ =+ = }|.
J cos?x cos g(2+4)
x? sin™ x cos™ x
5.57. Murerpans BHa — d.
(a + bcosx + csinx)9
1 zPcoszdr x? n P J P~ dx
" J (a+bsinx)e (g —1)b(a+bsinz)=t  (¢—1)bJ (a+bsinz)i—1’
9 zVsinzdzr x? B P J zP 1 dx
" J(a+beosz)  (q—1)b(a+bcosz)i™t  (¢q—1)b) (a+bcosx)it’
[ xdx ™ — 2x T — 2
3. | ———— = —=xt 21In |cos
J 1+sinx & 4 *
i d — 2 — 2
4. -——Q-E—-—_Q?—-—::)3ci;g7T x—i—21n sin — T,
J 1 —sinzx
5 zdz xt $+21n 100 m‘
o] e ; s —|.
J 1+cosx & 2 2
[ xdx x x
6. | 22— _zotgl 21 .’n—l.
J 1 —coszx mcg2+ P 2
- rcosxzder x n 20 — 7
" J (1 +sinz)2 1+sinz 4
8 [ zcosxdr x g 20 — T
" J(1—sinz)2 1 -sinz S
rsinx dx x x
90 2 = . - tg "—'.
J (14 cosz) 1+4cosz 2
10. J msmxda;‘ _ x -—ctgf.
(1 —cosx)? 1—cosx 2
d 1 _ top —
11. J ToT = In|cosz + asinz| + zitez — a) :
(cosxz +asinx)? a?+1 (a? +1)(atgx + 1)



5.60 | 5. Tpuzonomempuveckue PYHKYUUU 151

12 J z* dx B xsinx + cosx
[(az — b)sinz + (a + bz)cosx]?  b[(ax — b)sinz + (a + bx)cosz]
13 J cos® z dx B tg x
" Jlacosx + (ax + b)sinz]2  ala+ (az +b)tgx]

e T T
xsin™ x cos™ x
5.58. Uurerpansl BHAA — dx.
(1 — k%2sin®z)"

O6osnauenune: A = \/1 — k?sinz,0< k® < 1.

rsinxzdz T CoST o

1. — A3 T i o)A - R 2k2) arcsin (ksin z).
rzcoszdr rsina 1

2. J A3 =—x %ln(kcostrA).

5.59. UuTerpaas Buga J(erb)j:nsinamdm.

[(n—1)/2] k( n—2k—1
| n . n! —1)"(z + b) :
1. J(aﬁLb) sinax dx = 7‘—[ E ((nlﬁk—lj!a2k+1 sinazx —

k=0

Z( 1)*(z 4+ b)" 2

(0 = 2k)1 a7 cosaz|.
[ 1 b
2. |(z+b)sinaxdr = — sinazx — s cos azx.
) a a
y 20z + b (x4 b)* —2
3. |(z+b)’sinazdz = W sinaz — = (- 3) cos ax.
) a? a
y 3[a*(z + b)* — 2 b
4. [(z+b)’sinazde = la”(= +4) ]sinam—wt) [a”(z+b)* —6]cos az.
| a a

5. | 2000 do 0 (cosab [ T dt - sinad [ L ar) = ater o

6. sinaz dx = cos absi(ax + ab) — sinabci(az + ab).
J z+b
sinax sin ax cos ax
7. | ——v-dr = — dx.
J (z+b)? v x+b Ja;—i—b v
8 sin ax do — — sin ax _acosax a_ZJsin ax dos
Tl +e)R T 2402 2@ +b) 2 ) xz+b T

5.60. Uurerpaas BUIA J(a:—i—b)incosa:cda:.

(Y

[n/2] k n—2k
, n _nl (—1)"(xz + b) .
. J(m—}—b) cosax dx = ;LE (= 2k) a7 sin ax +

cosaxy.

[(n—1)/2] (_1)}3(3} + b)n—Zk—l
+ )= :
(n — 2k — 1)l g2k+1

x+b

2. [(fc + b)cosaz dx = sinaz + — cosax.

Qa a
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v 2/ 2 . :
, x+b)—2 2 b
3. |(z+b)’cosazdz = a(z +3) sinax + -—(——a—j——;—L————)— cosazx.
. a a
¥ x+b, o 3[a*(z + b)* — 2
4. [(z+b)’cosazxdz = fc—t [a®(z+b)” —6] Sinaa}JrU{a (2 +4 ) ]cosam.
J° a’ | a
' : _ t t
5. | 2% gy = o™ sinabJSln dt—{—cosabJ o5 at
J (x+b)n tr tn
[t = a(z + b)].
6. CO:_a; dx = sinabsi(ax + ab) 4 cos abci(ax + ab).
x
- [ cosax L, _cosaz Jsinam dos
Tl oz +b z+b
r . 2
COS ax COS ax asinar a° [ cosax
B | e di . e dx
J @10 ™~ "2@xbe "2@rb) 2 J z b
5.61. UaTerpaan Buaa Jeamsinpbfcda:.
1. Jeam Sinp b(l? dﬂ? = ‘a‘é'af‘gé‘;gj Siﬂp bfl? — })TW Slnp ! bil? COSs bil? -+
b*p(p — 1) [ aw . p2
1 m’ Je smp bxdzx.

(2n)!b*"e®
[a? + (2n)2b%][a® + (2n — 2)2b%] ... [a® + 4b%]a
n‘:l (Qn)!bZk ax y
(2n — 2k)![a? + (2n)2b2][a + (2n — 2)2b?] ... [a®? + (2n — 2k)2b?]

x [asin® ™ bz — (2n — 2k)bsin®* " ** 7! bz cos b].

2. Jeaw sin®” bz dz = +

n €
3 - Czn 22n +
e”” - (ﬁl)k n—k, S .
+ 521 kz:: SETCTE Cs,, “(acos2bkx + 2bk sin 2bkx).
4 J e sin®" M ha dx =
N (2n + 1)le® )
— P [a? + (2n 4+ 1)2b%][a? + (2n — 1)2b2] ... [a? + (2n — 2k + 1)2b2]

ka

“ 2n—2k+1)!

[asin® ** T bz — (2n — 2k + 1)bsin™ ** bz cos bz].

5 _ e En CU" onk
‘ ~ 2%n a2 + (2k + 1)262 2"
X [asin (2k + 1)bx — (2k + 1)bcos (2k + 1)bx].
oz - eaz: )
6. ,[6 Smb:cda::W(asmbm—bcosbm).

eam ea:c

7. Jeawsinzbwdm: e a L Ap (—00%26w+681n bq:)
a a
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5.62. Uurerpanns Buga jeawcospbmdm.

a ax b ax . _
) Je cos? bz dax = %52102 cos” bx + #ebng sin ba cos? ! ba +
’p(p—1) [ ax  poo
o} mje cosP“bxdzx.

(2n)!b*"e®
~ [a?2 + (2n)2b2][a2 + (2n — 2)2b2] ... [a2 + 4b%]a

— (2n)1b2* e2*

+

i g (2n — 2k)[a® + (2n)262][a® + (2 — 2)262] .. . [a2 + (21 — 2k)20%]

2n—2k P . 2n—2k—1
X [acos™ “" ba + (2n — 2k)bsin bx cos™" bx].
ax aw n n—k
CQn

€ e
= C}, __Z2n
2 92n + 92n—1 ; a? + 4b2 k2

(a cos2bkx + 2bk sin 2bkx).

. 2n+1
e cos’™ M bx dx =

oy

U (2n + 1)le*®
- 2_; [a? + (2n +1)2b2%][a? + (2n — 1)2b2] .. . [a? + (2n — 2k + 1)2b2]

0

X

bZk
“@n 2k 1 1)!

axr T C’I’L’“kf
_ € 2n+1 .
22n 2 a? + (2k + 1)2b2

k=0
x [acos (2k + 1)bz + (2k + 1)bsin (2k + 1)bz].

[a cos®™ > b 4 (2n — 2k + 1)bsin ba cos™™ ** bz].

& e’ cosbr dx = —d—;&r—b—i(a cos bz + bsin bzx).
| e cos® bx dz = é;a + a26+ 10 (% cos 2bx + bsin 2633).

5.63. Uarerpaasl Buga jewsinpbfncosq crdz.

. Je“‘” sin” x cos? x dx =

1 N
= — P )2{6‘” sin® z cos? 1m[acosm+ (p+ q)sinz] —
a pPrT4q

— pa J e sin® T zcos?’ Txdx+ (g —1)(p+q) J e®® sin® z cos? * d”c}

1 ar . p—1 q . :
= — , e ~ sin ZCOS rlasinx — -+ cos x| +

+ aneM sin” 'z cos? 'z dx+ (p—1)(p+q) J e sin® ? z cos? z dm}
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1 . p—1 1 . 2
3. = — — 1€ sin” " @cos?  w(asinzcosz + gsin® w —
a“ + (p l q)z..

—pcos” z)+q(qg—1) J e sin® zcos? * zdz+p(p—1) J e sin” "% z cos? z da:}.

4 = ! X
| BEEECEE

. p—1 —1 : . 2 2 N
X {eam sin”” " zcos? z(asinzcosx 4 gsin” & — pcos” z) + q(g—1) X
. p—2 —2 » v/ . p—2
X Je” sin" “zcos’ "zdx—(¢g—p)p+qg—-1) J e’ sin” “zcos?x da:}.

1
X
a?+ (p+q)?

5. =
X {em sin” ™! z cos?” ' @(asinzcosz + gsin® @ — pcos” x) + p(p — 1) x
X Je” sin ?zcos? Padr+ (¢g—p)p+q—1) J e sin® zcos? 7z da:}.

e lasin(b+c¢)x — (b+ c)cos(b+ c)x

6. Je“m sin bx cos cx dz = 5 T (b1 o) +
n asin(b—c)x —(b—c)cos(b—c)x
a? + (b — c)? '

. 2
7. je“m sin“ bxcoscxrdr =

e” {20, coscx + csince  acos(2b+ c)z + (2b+ ¢)sin (2b + ¢)z

4 a’ + c? a? 4 (2b + ¢)?
_acos(2b—c)z + (2b —¢)sin (2b — c)=
a? + (2b — ¢)? '

7 . 9
8. Je“‘r sin bx cos” cx dax =

L {Qa, sin bz — bcos bz n asin (b + 2¢)x — (b + 2¢) cos (b + 2¢)x n

4 a? + b2 a? + (b+ 2¢)?
n asin (b — 2¢)x — (b — 2¢) cos (b — 2¢)z
a? + (b — 2¢)? '

5.64. Murerpans BHIA Jeamtgpazdfc.

r~ ax
1. | e tgf zdx = ¢ 1tgp_1:1: S : Je” tg? 'z da MJe“w tg" *rde.
J p— p—

) e®® 1 J e dx

2. |e"“tgxdr =

r eaﬂ'}
3. | e tg’zdr = — —}—eawtgfc—a[eamtgfcdm.
e, a &,
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ax

5.65. Unurerpaner Buga J ctgf x dx.

1. Je“w ctg? xdx =

ax
—_° ctg? 'z + a Jewctgp_la:dcc—Jeaxctgp—fza:da:.
p—1 p—1
’ ax 1 ax d"
2. Jea”ctgfndm:e ctgchr——Je, ZT.
aj sin®z
eaﬁﬂ

3. J e ctg’ zdr = — —e”ctga:—i—a,‘[emctga:d:c.

Q

5.66. Uurerpanms Bua Ja;-peamsin(bm+c)dm.

O6o3nadenne: sin ¢ = — COS @ =

b

p_ax
1. Ja:peamsinba:dw“* 1;+ (asinbx — bcosbx) —
a
- zibQchp 'e® (asinbz — bcosbz) da.
o \
p_ac
2. = ﬁ sin (bx + @) — ﬁ Ja:p'le” sin (bx + ¢) dz.
5 N am . o n-+1 (_1)k+1wn~—k+1 _— .
© | x e “sinbrdx =nle kzﬂ (= k3 1)(a? £ b2y sin (bz + ko).
r ax 2 2
— 2
4. | xe®*sinbzdr = 26+ 5 [(afc— az n Zq> sin bax — (ba:— 5 abbo> cos ba:].
) a a 2 2+ b2
r > aw . eam 5 2(@2 . 62)
5. Ua:e Slnbmdw:a2+bz{am MaZ——}—bszr (a,~+b2 sinbz —
e” 5 4ab b b
Sy - + (a2 B cos bzx.
6. ch"ew sin (bx + ¢) dx =
n+1
%2 +1)n k4 2) o paq
S Z( Dl = ()a~+b(27;k/o & )37 S sin (bz + ¢ + ko).
7. Ja:ec”le sin (bz + ¢) dz =

L (bx + ¢+ ¢)

= in (bx —

5.67. Uurerpaas Buja chpemcos(bquc)daj.
b a

e, COS B ——
.,/a2+62 ¥ A,/aiz_}_bz

2P el
(acosbx + bsinbx) —

a? + b2

PO sin (bz + ¢ + 2¢p).

O6o3nauenue: sin ¢ = —

1. Ja:pew cosbxdx =

- azf—bZ J{Up 'e® (a cos bz + bsin bzx) dz.
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mpeam 4 D -1 ax '
2. — ——— cos(bx + @) — ——— J 2P e cos (bx + ) dzx.
[ ax ax = ( 1)k+1 nokl
3. | z"e*” cosbrdx =nle E_l (= F o+ Dl 7 05 5 cos (bx + k).
[ azx 2 2 \
> < — b 2ab
4. | ze®  cosbx dx = a;+ = [(afc~ 22 n bz) cos bx+ (b@a j—b2) sin b;z:].
[ 9 ez e®” 2 2(a® —b%) 2a(a”® — 3b%)
5. ] €T e COS biE dil? p— a2 i bz [G;ﬂ? - W T (a2 T b2)2 COS8 bil? -+
e’ 5 4ab 2b(3a® — b*)] .
-+ PR {b 3 wr T+ (a2 7 572 sin bx.

6. Jm"eam cos (bz + ¢) dz =

£ n-+1

L k+1 7”L+1) (TI,— k+2) n—k+1
n+1 Z( 1 (a? +b2)k/2 v

cos (bx + ¢+ k).

7. [a:e‘” cos (bx + ¢)dz =

axr ax

Te
B —— b!_ -
— Cos(r+c+cp) 5 pe

5.68. Unrerpaas Buaa Jshm(am+b)sin”(cm+d)dm.

cos (bx + ¢ + 2¢).

a

PR ch (axz + b)sin (cx + d) —
a

1. Jsh (axz + b)sin(cz + d) dz =

- j_ = sh (ax + b) cos (ca + d).
. 1 . 1
2. Jsh:csma:d:c = gcha:sm:c — §Sha:cosa:.
3. | sh®™(az + b)sin®"(cx + d) dz = =D Corn Co
. o g o 22 mt2n 2911 2n

m—1
1 1 .
+ gt O 2 e Chush [(2m — 29) (0 + )] +

22m—+2n—1 = Zm _ 23)&
MmN n—1 k
| (_1) i ™m (_1) ‘ § Yy
‘?‘WCOm 2 (2n—2k)c09" sin [(Zn—Zk)(CiL—}—d,)} +
n m—1n—1 ,
22m+2n—2 (2m — Zj) a? + (Qn — 2k)2c?

=0 k=0
x {(2m — 2j)ash[(2m — 2j)(azx + b)] cos[(2n — 2k)(cx + d)] +
+ (2n — 2k)cch [(2m — 25)(az + b)]sin [(2n — 2k)(cz + d)]}.

4. JshZm (az + b)sin® ' (ca + d) dz =

(_1‘)m+n+1 1n 1)k

- k y — 2
S2mton Com Z (Zn "ok e Cont1cos[(2n — 2k + 1)(cx + d)] +
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m—1
Z i ( 1)_]%—18097”02”_'_1
2“”‘*‘2" . e (2m — 2j5)%a”? + (2n — 2k + 1)%¢

x {(2m — 2j)ash[(2m — 2j)(ax + b)] sin[(2n — 2k + 1)(cz + d)] —
—(2n — 2k + 1)cch[(2m — 2j)(ax + b)] cos [(2n — 2k + 1)(cz + d)]}.

5. JsthH(aa: + b)sin®(cx + d) dx =

o = (-1)C ' -
- 22m+2n Z (Zm — 2] -+ 1)& ch [(Zm B 23 + 1)(0'33 + b):| i
j.._.. \
S (—1)7**CY,, , Cs
2‘)m+2n 1 Z@ kg Qmm, — 2] + 1)2a2 + (2n — 2k)262 x

x{(2m —2j 4+ 1)ach[(2m — 25 +1)(az + b)]cos [(2n — 2k)(cx + d)] +
+ (2n — 2k)esh[(2m — 27 + 1) (az + b)]sin[(2n — 2k)(cx + d)]}.

6. J'sh2m+1(am + b) sin”™ " (cz + d) dz =
Z Z (=17 1 O
22"””2” =i 2m-—2g+1)~a2—1—(2n——2k,-}—1)202

x {(2m — 2j + D)ach[(2m — 2j + 1)(az + b)]sin [(2n — 2k + 1)(cx + d)] —
—(2n — 2k + 1)esh [(2m — 25 4+ 1){az + b)]cos [(2n — 2k + 1)(cx + d)]}.

5.69. Murerpaas BHaa jshm(aqub)cos"(:c:chd)d:c.

1. Jsh (ax + b) cos (cx + d) dz = e :LL = ch (az + b) cos (cz + d) +
c )
+ o sh (az + b) sin (cx + d).
1 1 )
2. |shzcosxzdx = ichazcosa: -+ §shfcsma:.
3. [Shzm(aw + b)cos™(cx + d) dz =
2Zm-{—2 C‘)mGZn 2)1?1+2n—— Z Zm_2]
n—1
) o | ( 1)711021 CZn ‘ ) .
m—1n—1 )J02m0‘>n y
= = (2m — 2] + (2n — 2k)2%¢

X {(Zm — 2j)ash[(2m — 2j)(azx + b)] cos[(2n — 2k)(cx + d)] +
+ (2n — 2k)cch[(2m — 2j)(azx + b)]sin [(2n — 2k)(cz + d)]}.

4. jsh%’“ (az + b) cos®™  (ca + d) dx =

CZm, 024114-1 , g 31,
e Z G gk g S [2n 2k D(er +a) +
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m—1 n
>3 s O Cins
2“”‘*‘2" . e (2m — 2j5)%a”? + (2n — 2k + 1)%¢

x {(2m — 2j)ash[(2m — 27)(ax + b)} cos[(2n — 2k + 1)(cx + d)] +
+ (2n — 2k + 1)cch[(2m — 2j)(az + b)]sin [(2n — 2k + 1)(ca + d)]}.

5. Jshzmﬂ(aa} + b) cos™(cx + d) dz =

s, i(( D' Chmis oy (am — 27 1 1)(az + b)] +

T 22min < (2m —2j + 1)a
inzl (1) C3, 11 Ckn
2"m+2n Ui e (2m — 2j + 1)2a® + (20 — 2k)2C?

x {(2m — 27 + 1)ach [(2m — 27+ 1)(az + b)]cos [(2n — 2k)(cz + d)] +
+ (2n — 2k)esh [(2m — 25 + 1)(ax + b)]sin[(2n — 2k)(cx + d)]}.

6. Jsh2m+1(afc +b)cos”™ ez + d) dz =
ZZ (*1)jcgm+1cf§n+1
22"”“2” s (2m — 275 +1)2a% + (2n — 2k + 1)2c2

x {(2m — 2j + 1)ach[(2m — 2j + 1)(ax + b)] cos [(2n — 2k + 1)(cz + d)] +
+ (2n — 2k + 1)esh[(2m — 25 + 1)(az + b)]sin [(2n — 2k + 1)(cz + d)]}.

5.70. Unurerpanas Buaa jchm(’afc—}—b)sinn (cx + d)dz.

a
GZ+CZ

1. Jch (axz + b)sin(cz + d) dz = sh (az + b) sin (cz + d) —

C
CL2~|“CZ

ch (az + b) cos (cz + d).

r

1 1
2. |chzsinzdx = ashrcsin:c— ichfccosw.

r m n m—
2m . 2n o CZm CZn C‘>‘m 0277. ,
3. ch (adfﬂ*b) Sin (C(L Jr‘d) dr = W : 2‘3’m+2n 1 X

[y, k=0

m—1

g CQTL 2m 50
o n[(2n—2k)(cq:+d)] 22m+‘3‘n 1 Z (2m - 23 [(Zm_zj)(am+b)] =+

m—1n—1

O OZn
z‘>m+2n DI (2m~2] 202 1 (2n — 2k)2c2

7j=0 k=0
x {(2m — 2j)ash[(2m — 2])(&(1} + b)]’cos [(2n — 2k)(cz + d)] +
+ (2n — 2k)cch[(2m — 2j)(az + b)]sin [(2n — 2k)(cz + d)]}.

4. J'Ch:zm—H(:an + b)sin®™(cz + d) dz =

m

=0

m n—1 : k i k
e Z Z (_1) C%Ti’l-}—vaZn .
2 "”'*”2" (2m — 25 + 1)2a? + (2n — 2k)?¢?
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x {(2m — 2j 4+ 1)ash[(2m — 25 + 1)(az + b)] cos [(2n — 2k)(cz + d)] +
+ (2n — 2k)ech [(2m — 25 + 1)(az + b)]sin [(2n — 2k)(cz + d)]}.

5. Jch2m (az + b)sin®™ 1 (ca + d) dz =

_ (=)0, Z (( (N LanTo/ cos [(2n — 2k + 1)(cz + d)] +
P

92m+2n 2n — 2k + 1)c
m—1 n k
) C m Cont1
2‘>'m—|—2n 1 JZO kZO Qm_QJ 2 a2 ~|’(‘)’I’L‘~ 2]i3+1)262

x {(2m — 2j)ash [(2m — 2j)(ax + b)]sin[(2n — 2k + 1)(cx + d)] —
— (2n — 2k + 1)cch [(2m — 2j)(az + b)] cos [(2n — 2k + 1)(cx + d)]}.

6. Jdﬁm+%am+wugﬁm+Wau+d)¢n:

ZZ —1)*C4,,41C%n 1 y
22”“?2” =i (2m — 2j + 1)2a? + (2n — 2k + 1)2¢?

x {(2m — 2j + 1)ash{(2m — 25 + 1)(az + b)]sin [(2n — 2k + 1)(cx + d)] —
— (2n — 2k + 1)ech[(2m — 2j 4+ 1)(az + b)] cos [(2n — 2k + 1)(cz + d)]}.

5.71. Uarerpanas BHUA jchm (ax + b) cos™ (ca + d) dz.

a

o sh (az + b) cos (cz + d) +

1. JCh (axz + b)cos(cx + d)dz =

+

o ch (axz + b) sin (cz + d).
a? + ¢2

1 1
2. Ichzcosxzdxr = §Shmcosm+—2—chmsinm.

n—1

[ 2m 2n g Cg?nc%m Can CQTL
3. | ch®™(ax+b) cos™ (cx+d) de = szmtan © T JEmyan—1 E (Qn ~ ke
< sin [(2n — 28) (cz + d)] + —C2n 3? Com _ oh[(2m — 2§)(az+ b)] +
sin |(2n — cT 22m+2n ] @m — 2j)a 2m —2j5)(ax +b)

m—1n—1

02m02n
22m—|—‘>n 2 Z Z Qm_ zj 2 a? + (Q'n,— 2k)262 %

1=0 k=0
x {(2m — 2j)ash[(2m — 2j)(az + b)] cos[(2n — 2k)(cx + d)] +
+ (2n — 2k)cch[(2m — 2j)(az + b)]sin [(2n — 2k)(cz + d)]}.

4. Jch‘mﬂ(afc +b) cos’™(cx + d) dx =

CP, — Clrin , o
= =~ : - h{(2m — 2 1){a: b
22m+2n JE:; (2m _ 2]' + l)a S H m J + )(a’/Ij + )] +
m n—1
C2’m—|—1c‘>n
2‘)m+2n 1 JZOAZ Qm—2j+1) a2+(zn_2k) X

x {(2m — 2j + 1)ash[(2m — 25 + 1)(az + b)] cos[(2n — 2k)(cx + d)] +
+(2n — 2k)cch{(2m — 27 + 1)(az + b)]|sin [(2n — 2k)(cx + d)]}.
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5. Jcth(a”c +b)cos” ' (ex + d) dz =

771

m - CYn , )
22n?,2+2n Z (qn _22;1 e sin[(2n — 2k 4+ 1)(cz + d)] +

m—1 n Cg Cﬁ%+1
29m+ﬁn 1 320 ];) (2m—23 2 2—}—(2n—2k—1—1)262
x {(2m — 2j)ash[(2m — 2j)(azx + b)|cos [(2n — 2k + 1)(cz + d)] +
+ (2n — 2k +1)cch [(2m — 27)(az + b)]sin [(2n — 2k + 1)(cx + d)]}.

6. Jch2m+1(ar +b)cos”" (e + d) dz =

~ g ) T
922m+2n — (Qm — 25 +1)2a2% + (Zn — 2k + 1)2c2

x {(2m — 2j 4+ 1)ash[(2m — 25 + 1)(axz + b)]cos[(2n — 2k + 1)(cx + d)] +
+ (2n — 2k + 1)cch [(2m — 27 + 1)(az + b)]sin [(2n — 2k + 1)(cz + d)]}.
5.72. Uurterpaasl Buga Jmpsiﬂind:E.

2n+1 . 2
sin £° dx BBIpaXkaioTca depe3 dAeMeHTapHbie (DYyHKIUH,

Unrerpaer JT
+2n . 2 '
HHTErpaJibl | & sin z” dx — 4epe3 cuHyc-uHTErpan S(r) U KOCUHYC-MHTErpaJ

. —-2n-—-1 . 2 (Y]
C(x) Ppenens, a uaTErpajnl | & sinx” dor — 4depe3 MHTErpaJbHBIN CHHYC

si () u WHTErpaIbHBIi KOCHHYC Ci ().

» /E'p'—l p
.9 : 2 — —2 2
1. | zPsinz”de = ——— cosx +——————Jmp cosz” dx.
&F p
[ T qr.2
2. |sinz"dz =,/ S(z ).
r
. 9 1 2
3. |zsinx da::~—_§cosa: :

e

x 1 7
4. |2%sinz?dz = — < cosa? + -2-\/% C(z?).

] 2
r 2 1
3 . 2 ‘ ) .2
5. |z sinx dm:———é-cosm + —sginx”.
roe 2
sin @ 1 ., 5
6. dx = —si(z”).
] =z 2
" sin z° sin x>
7. de = — + V27 C(z?).
22

i 4 _2 l 9
8. Sin(aw2+bw+c)da;: ‘/f_ [cos ac—b S((20T+b) >+
J 2& 4& 4a

42 2
oin 220 (M)]

a 4q
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5.73. Uurerpaasl Buga Jmpcosmzdm.

2n+1 2
Wurerpansr | x cos £ dx BBIpaXKawTCsl depe3 djieMeHTapHble (PYHKIIUU,

+2

n 2
WHTETrpaJibl Jm cos ¢ dx — yepes cunyc-uHTerpas S{x) U KOCUHYC-UHTErPaJI

< —2n—1 2 o
C(x) ®penensi, a UHTErpaJIbI Jm cos " dxr — 4Yepe3 UHTErpaJibHBINH CUHYC

si () u uHTErpaabHbIil KocuHyc ci(x).

g p—1 _1
1. | 2Pcosz?dz = = sin 2 — B———jmpmz sin 2 de.
| 2 p
i 2 T 2
2. |cosx dx = /- C(z").
J 2
[ 2 1.
3. |zcosx dx = Esmm i
[ 2 2 xr 2 1 m 2
4. |z"cosx”der = —sinz” — -/ = S(z”)
] 2 2V 2
. 2
. 1
5 | 22coszldr — w‘z Sinaz2+—2—cosaz2.
. 2
1
6. cosT dr = —ci (5132)
J T 2
[ cos x> cos x> : 2
7. | ——dx = ——— — V27 S(z").
) x2 T ‘
i [n dac — b> (2azx + b)2
8. |cos(az® + bx +c)dr = /] — |cos C —
| cos (az” + bx + ¢) dx \/2& C08 —— ( 10
4 . 2 2
iy dac b S((Za:chb) )
a 4q

111/5 A JO. Bpriukos u ap.
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11.

12.

13.

14.

15.

16.

6. JIOTAPUOMMUYECKASY OYHKIINS

6.1. Unrerpansl Buga Jmplnqmdm.

J

'In g(r)dr =xIng(x) —J

J

J

[ £(@)ng(@) do = F(x) Ing(x) - |

rf(m)lnnmda: = F(m)ln”m~n[

merl lnq—l-l T

[F(:c) _ Jf(m) dm}.

zg'(z)

2(x) dr.

€T

z dx [F(m) - Jf(m) dw}.

! n? xdx =
J qg+1

Jmp In?™ 2z de.
g+ 1

. Jmpln"mdm:

2Pt In? ¢ q
p+1 p+1

ot L
-1 '(n+1)nln—1)...(n—k+1
AT (DM Dnln 1) e

In"t! 2

Jmp n? !z de.

[ In

1
mdm

T : (n+1)n...(n—k+1) Ik
n ™

n
J rm kzzo (m _ 1)k+1

r
In“zdr =xzIn?x — qJ'lnq-lmda:.

N n
In"zdz=2)» (-1)*k!CpIn" "z
k=0

[
mezde =axlnxz — x.

[ 2 2
In“zder=a2In"z —2xlnx + 2.

. 3 2
In"zder=a2In"z —3xzIn“z +6xlnx — 6.
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Inx 1
17. |2’ Inade = 277 | 2 2].
J p+1 (p+1)
, [In® z I
18. |2 In®xde = 27T | 2 2 2 nm2 2 3]
J p+1 (p+1)? (p+1)
[ In® In? 1
19. |2’ n®zde = 277 | 22 3nm2 61]:133_ 6 4].
J p+1 (p+1)2 (p+1)° (p+1)
2
20. [T gy =0 7
J =z 2
(1 ] 1
ST LE R LT
J =z T T
[Inx Inz 1
22. | 22y =22
J xz3 dw 2x2  4x2
2 3
3. In T o In” z
J x by
P12 2
24. lnqmdm:_ln $_21nzc_g.
J x? x x x
[ In? Inz  Inz 1
25. de = — - - :
J x3 v 222 222 42
P
6.2. Uurerpanw Buga 2" dw
In?
P dx P p+1[ zPdx
1. s —— + iy
J In?zx (g—1)In" "z g—1)In7 "z
9 [ dz 1 B le dx
" Jarlnz (q—l)mpﬁllnq’"lx g—1J) arin’ g
[ k(p“l)
3. mplnfc 1n11nm)+z In®
[ d
£, ° =In|Inz|.
Jxlnzx
[ dx 1
5. — -
JxIn?zx (¢g—1)In" "z
6.3. Unrerpanas Buga J(m+a)plnmdm.
1 (x +a)™*t
1. "Inzdr = "t ing — dz.
J(chra) nrdr m+1(a¢+a) nr erlj ~ T
1 +1 41 m k k+1
2. = m a” " lne — ck,
L fra P
2
1 2 ] x
3. J(m+a)lnwdm:§(m +2am)1nm—am—z.
2 1.3 ., 2 2 z? az’ 2
4. J(ac+a) lnxdm:-?;(a: + 3az” + 3a x)lnx——g—————a x.

11 1/5*

2
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4 2 9
T ax® Ja‘x

4 4 3
+ — nz — — — — — .
[(z + a) a”]Inz 16 3 1 a’x

5. J(af: +a)’Ingde =

]

6 Jln”wdw B xIn" x B n Iln”‘lwda: n
Tl t+a)™ (m—1a(z+a)m™t (m-1)a) (z+a)m?!
m — 2 J In"xzdx
(m—1)a } (x+a)m 1’
o J Inzde Inx n
Tl ta)™ (m—1)(z+a)m?
m—2 \ k
1 x (—1)* . x
-+ m—1 {ln -+ Cm-2 .
(m —1)a t+a — Ok T +a
8. ‘[lnm’dm :lnm-lnm+a + Lis (—E)
T+ a a a
Inxdx Inx 1 x
9. = — —In .
(z + a)? r+a a x+a
Inxdx Inz 1 1 x
0. | e e e 1 :
J(:}';—%a)?’ 2(m+a)2+2a(m+a)+2a2nm+a
Inzde 1/2 1/2 (w+a)1/2+a1/2
11. Jm—2{(lﬂ$-2)($+&) + a ln (;U+a)1/2—a,1/2
[a > 0].
1/2 1/2 z 4 a\'’?
12. :2{(1nx—~2)(w+a) /2y o(—a)/ arctg( — ) ] [a < 0].
6.4. Unurerpanas BUJA Jmpln(a,:chb)da:.
n 1 t—b n
1. Jf(a:)ln (az + b)de =~ | f In™ ¢ dt [t = az + b].
a a
m m-+1 mbm+1
2. ja: 1n(am+b)dm:m+1[m + (-1) am+1]1n(am+b)+

1 Tt (_l)kmm—k+2bk—l

+m+1 kZ-_—1 (m —k+2)a*—1 "~

r

3. ln(am+b)dw:l(a$+b)1n(ax+b)—m.
a

r . 2 1 a2
4. %1H(GT+b)d$:%(a}z—%)ln((]ﬂj%—b)*_(ﬂ_4b_m)

2\ 2 a
[ . 1 3 1 3 b2 2
5.Jlen(ax+b)da::g(we’Jr%)ln(aerb)—g(%_% ba_;n)
6. |1 (cm:er)da:—1 m4—b—4 In(az + b) —
) " 4 a?

4\ 4 3a 202 a3
- Jln (ax +b) do — In(az +b) 48 J dx .
P (p—1zxr~1  p—1]) xzp~1(ax +b)
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8. Jln(a:n+b) do — In (ax + b) n
m (m — 1);13?7’3—1
1 a\" ' ar+b =1( b\
er_l(”g) {ln x i E(_E) '
k=1
9. dem:lnib|'ln|m| le( a,b:z) [ab # 0].
T
10. :ln|m|~ln(am+b)—aIM.
ar + b

( ])k+1 k
11. =1Inlb| - |Inz|+ Z ( b ) [laz| < |b]].

o7} k
1. _ Inlar] s~ (L ( ) laal > I8
k=1

13. Jln_(aa:_;_r_b)_d blnim| (—+b)ln(am+b).

x
py. T+ a
6.5. Uarterpans Buga |z"In dx.
T —a
p+1 p+1
1. Ja:’olnm%ﬁaa!ar::3j lnm+a+ 2a J a,j dez.
T —a p+1 x—a p+1])2*—a?
my Tt+a _ 1 m+1 m+1
2. J:c lnm_adm—m+1[m (—a)" " ]In(z + a)
m m+1 m-+k-+1 k
1 m+1 m-+1 a t1 1—(—1) €T
- - ] - e — 1.
m+1(m “ JIn (@ a)+m+1; k a
T+ a
3. ln de =(x+a)ln(z+a)— (z—a)ln(x —a) =
—a
:mlnm+a+aln(x2—a2).
x—a
[ T+ a t?—a®, r+a
4 x In dr = In + ax
J r— a 2 T — a
5 "zc21 m+adx 3331 rta 31 (fzz a2)+am2
n = —In . - e
J T —a 3 T —a 3 " 3
4 4 3 3
6 m3lnm+adm:m alnm+a+am +am
J T —a 4 r—a 6 2
- 1 1nx+adm_ 1 T—a
™ o —a (m—1)zm ! x+a
m—2 m—k—1 k
1 m, T+ a T —a 1—(-1) a
- —1)™1 1 —
(m—l)am“l{( ) x i x +k:1_ k (w)]
1
8. J—lnmy{kadm*le( )leg(wf) la # 0]
r T —a a a

@
|
—
o
&
| =
poomcd.
e
b2
TN
-]
N’
[
ES
+
bt
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1 1 — 1 —
10. J——z—lnm—}‘adw:—lniE ‘[L———ln————————aj a.
T Tr—a T

6.6. Unterpasns Bua Jmimln(m + a*) dz.

. 1
1. szn In(z® + o) dx = 271 + : [mz”’“ In (2 +a®) -
_ 9 Z 1),” & Zn 2km2k+1 + (_1)n2a2n+1 arct E
% + 1 C

1 2m42 2An4-2 2 2 i (*Unwk 2n—2k+2 2k
- {[mn + (—1)"a®" %] In (= +a)+ZTa,n“ e }

3. |In(z*+a*)dz=zIn(2” +a°) — 22 +2aarctgz—c—.
a

[ 1
4. mln(m2+a2)dm:—2_[(:c2+a2)ln(w2+a2)~a:*2].
J
o r ° 2 3,2 5 2
5. szln($z+a2)d$:% ln(m2+a2)—§azd+§azm—ga?’arc‘cg%.

r . 1 4
6. |2°In(2® +a%)de = 1 {(af‘ —aYIn(2® 4+ a®) + a’2® — %— .

- [n (2 + a?) dp — In(z*+a%)
o x2m — (2m — 1)g2m-1
(=™ ’”iz (=D* (a\* 2
(2m —1)a*>m~1 = 2k +1\= (2m — 1)a?2m—1 Sa
3 In(z* + a?) dp — In(z* + a*)
’ p2m—+1 = Q2 p2m +
LT et e’ R (D e
omazm | z2 — k x
In (2 2 1 2
9. Jn(xm+a)dm—ln lz| + = le( -33—2) [a # 0.
1 2
10. zlnaz-lnlm[——z— Liz(—%) [a # 0].
r 2 2 In
11. ln(.z:m;ka)dm:_ (:cm+a) F—arctg—
J
(n (2® + a® z? + a® ; 1
12. 3}3 )dm:—mln(m2+az)+a§-1n|mf
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6.7. Unurerpans Buaa Jmimlnkw2—a2|dm.

1
1. jmgnlnlmz—aQIdm: 5 +1{m2"+11n|m2—a2\—
n
2n—2k
B a 2k+1 2n+1 iﬂ?“}“ﬂ)‘
2M2k+1m + a nm_a .

2. szwfl In|z® — a®|dz =

n+1l op 212
a 2&]

1
{(m2n+2 B a2n+2) In !m2 B a2§ B Z - "

2n + 2 —
3. lnlmz—a2ldm:xln|m2—a2\—2w+aln;m+a[.
J r—a
i 1
4. mln|m2—a2|dm:5[(m2—a2)ln|m2—a2§—m2].
3 3
2 2 2 T 2 2, 2 3 2 o a x+a
5.Jm1n|m —a!dw——?;—ln|:c —al—gm ——?;anr—?;—lnlm_ai.
r 1 4
6. m31n|a:2—~a,2!dm:Z{(m4~a4)ln|m2~a2|~%—~a2m2}
J
- "lnlmQ—a2ldm__ In|z? — a?| n
T p2m o (2m — 1)g2m-1
N 1 ?i2 1 a 2k-+1 1 | |£E+a‘
- - n :
m— 1l)a=™m™ ¢+ T m— 1l)a“™m™ T —a
2 1)a? 1k:0 2k +1 2 1)a2m—1
[n|z? — a?| In |z — a?| 1 |z? — a?| =~ 1/a\*
8. dr = — 1 -1 — .
) x?mtl v 2max2™ Jr2ma2m " x? +k___1k T
In|z? — a® 1 2 ‘
9. [Inlz” —a !dm:1n23m|+—Liz(%) 2% > a?].
J x 2 T
1 2
10. =Ina’-In x| — 2 Lig(%) (2% < a?].
In|z? — a?| Injz?> —a® 1 |z+a
11. dz = — ~—In| .
J 2 v T ¢ lz—a
In|z? — a?| r? — a? 2 2 1
12. J 3 dx ”—“M—aﬁlnlm — a !—“;—2—11'1!3')’

6.8. Iurerpasns Buga Jmpln(m+- Va2 +a?)de.

(271 Vit a2)d Ay o2 1 zP ' dz
1. jz"In(z+vVx*+a T = n(r+vze*+a*)— I .
J ( ) p+1 ( ) p+1JVa?+a?
B
2. |In(z+va2+a?)de=zIn(z+Vz2+a?)—va?+a?.

2 2
3. |zln(z+ Va2 +a?)dx = (% - %) ln(mirv:cz‘%—a?)—%\/a:szaz.

e
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4. jmzln(m+\/‘m2+a2)dm:

3 2 2\3/2 2
:%ln(m+\/m2+a2)—(m +a’) +E—vm2+a2.

4
5. jmgln(x + V2 +a?)dx = (EU—-—— 3L) In(z+va?+a?)+

32 16
5 ‘[ln(m+'\/$2+a2)dm_“ln(w+\/m)_ v? 4 a? "
) x2n N (2n —1)x2n-1 (2n —1)(2n — 2)
n—2 2n—2k
1 1 r(2n—3)2n—-5)...2n -2k —-1) (a
( -1 —
. Lﬁm?*” 2 +0,2”22( ) 26(n —2)(n—=3)...(n—k—-1) \ =z T
k=1
(-1)" (2n — 3)N Llat va? + a?
(2n — 1)a?"~1 (2n — 2)! T '
/22 + g2
- Jln (z + ;/ T 2) da
T n+1
_ In(z+ver+a®) Vz+a? 1 n
B 2nx2n (2n —1)2n | a?z?—1
n—1 2n—2k—1
4 1 j{:(—') ( ,—-1)(ﬂ,—-2)...(ﬂv—-k) ‘g
a?nt1 (2n —3)(2n —5)...(2n -2k — 1)\ = '
k=1 ‘
2 L a2
]. Jln(m‘FV1E +a )dm::ln}a|ﬂn¢m}+- n2gfh+
x
< Zk — 1l a\**
—1)* = 1].
AV G (s) e
222 o (2k — 1) a\**
. — = —1
9 = Inla| - In|z| ln Z )E (2/4'—2)”(2;%)3
k=1
[z/a < —1].
> 2% + 1)1 2\
10. =Inla|-In|: _pye L - 2 :
nlal-Inlel + S0 g () ol < a
11 n(x+vz?+a?) do — CIn(z +Vz2ta*) llnaJr\/a:?Jra'z
o x? B T a E2 '
12 n(m+'vw2+a2)dm__ln(m+\/a:2+a2)_-\/:7:'3+a2
T x3 N 22 202

6.9. Uuarerpanns Bua J:Upln(m—{—\/m2-a2)dm

mP+1

o - 1 Pt dx
1. Jcr In(z+ Va2 —a?)dx = 1n(1“+\/ a?) — .

p+1
2. jln(£+\/ —a?2)der=zIn(z +Va?—a?) - Va? —a?.
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2

4. szln(er\/:c?—a.?)d;p:
z® (5,32_
=g eVt ety -

3.Lﬂﬂm+¢ﬁtzﬂdm:(£~"—>mm+vhi:ﬁ)

6 Jln(m+ ;‘cg—a?‘)dm__1n(;13+\/x2—052)Jr Va2 —a? 9
| xn B (2n — 1)x2n—1 (2n—1)(2n —2)
y [ 11 niz (2n —3)(2n —5)...(2n — 2k — 1) (2)2n_2k] N
atz?r=? g~ 2¥(n—-2)(n-3)...(n—k—-1) \z
v 1 (2n — 3)!! arct z? — a?
2n — a1 (2n—2)1 08T 4
In(z++vz?—a?)
7 J p2nt1 dr =
In(z 4+ vx? — a? x? — a? 1
- I In : T a2 p2n—1 T
2nx (2n — 1)2n

o (mff‘;’;(gi?i?’g;?_? alwn() ]
[1n(m+—vr_____)

2x

de =Inlal - 1n|:1:[+ +

(2k — 1)! 2k
+Z Qk _r) || 2k‘) (a) [lz| > |ai].

In(x+vx?2—a?) (m+\/ ) x? —a?
9. 5 dr = — —arct&,—.
T a a
10 Jln(er\/:cz—a,g)dm_ (m+\/ ) V2 — a?
) 3 a 2x2 2a2x
P
6.10. Uarerpaqas BuUga J—————ln T+ vVx2+a?)de
P etz e )
:cp !

vzt a? In(z+ve2ta?)—
¥ (p—1)a® J P2

S —— In(x++vVx2+a?2)de.
p2q: P V2 £ a2 ( )

1
2. Jmlﬂ($+vm2ia2)d$: n2($+vw2ia2).

3. J%ln(athx/:c?ia‘z)dm:v:z:2:|:a2 In(z+vVaz2+ta?)—
Veita

12 A.}O. BppiukoB u ap.

:L.P
1. | ———  In(z+ Va2 + a2
J\/mziaz ( ) dw

DO | bt
e
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6.11. Uuarerpaas BUS Jlnp(m+\/m2:1:a2)dm.
1. jlnp(m+\/a:2:ta2)dm:mlnp(m+'\/m2:|:a2)—
—pVz? £ a? lnp_l(:c+\/zc2:l:a2)+p(p—1)Jlnp—2(m+vm2:l:a2)dm.

2. Jlnn(m +vz2ta?)de =
[n/2]

= i " Z (n+Dn...(n —2k+1)In" **(z+vVz2+a?) —
" k=0
(/2]
—Vz? + a? Z nin—1)...(n—2k)In" ** Nz + Va2 £ a?).
k=0

3. Jlnz(m+\/a}2ia2)dm =
—zIn®(z +vVz2+a?) —2vV22 £ a? In(z + Va2 £ a?) + 2z.
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o, T
7.1. Uurerpannl BujAa Jarcsmp—da:.
a

. X
1. Jarcsm “dx = x arcsin? = +
a

¢ @ “‘1 aj e ‘*2 aj
+ pV a,2 — z? arcsin”” " — — p(p — 1) Jarcsmp — dz.
a a

[n/2]
2. L dw = *(2k)1 C2F n—2k L
Ja,lcsm r =2 Z arcsin” -
[(n+1)/2] @
— Va2 — z? Z “(2k — 1)1 C2F T arcsin™ 2R 2

a

3. | arcsin — dx = x arcsin — + Va2 — 2.
a

a

. 2 & . 2 & . M
4. | arcsin® — dx = x arcsin® — + 2va? — x? arcsin — — 2x.
a a a

.. 3 & . 3 &
5. | arcsin® — dx = x arcsin® — -+
a

a
; . 92 & . &L ;
+ 34/ a? — x2 arcsin® — — 6x arcsin — — 6va?2 — 2.
a a

dx 1)~
6. J—a, = In |arcsin x| + Z —) arcsin?” z.

arcsin a 2k)1 2k
7.2. Uurerpans BujA Ja:parcsingdw.
a
1 “ P arcsin — d cals arcsin — ! J aP" da
R Y ~dx = : —- - .
J a p+1 a p+1) a2 — 2
" 2n+1 N
2. | 22" arcsin £ dg = ~ arcsin — +
J a 2n + 1 a
N a2 — 22 [ 4, g ni:l 2°tinn —1)...(n — k) A
x = .
(2n + 1)2 —~ (2n—-1)2n—-3)...2n -2k -1)\a
) 2n-+2 2 2
3. |2 arcsin L de = 2 arcsin — R
Jm a 2n + 2 o nit2)?

o | gntt 4 g2 z": 2n+1)(2n—1)...2n — 2k +3) (2]
2kn(n —1)...(n—k+1) a
(2n + 1)1 a?" T2 oz

- arcsin —.
n!2n+2(n 4 1)2 a

k=1

1%
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r R .2 2
4. |zarcsinZde = [ Z - & )arcsin & + a? — x2.
J a 2 4
- 3 )
- - 2
5. | 2% arcsin ~ da — “— arcsin — -+ :H—a, a? — x?.
J a 3 a 9
- 4 4 3 2
6. | 2% arcsin & da = v sa a,rcsin&—l— " T30’z a’ — 2.
J a 4 32 a 32
1 . X
7.3. UaTerpansl BuA J— arcsin — dx.
xP a
[ . T 1 . T 1 J dx
1. | — arcsin — dx = — arcsin — + :
) @ e oD 1Nt T v
! 1 .o va? — x?
2. | — a,lcsm Yde = — arcsin — — X
J a?n (2n — 1)a2n—1 a (2n— 1)(2n —2)
y Z (2n —3)(2n —5)...(2n — 2k — 1) S
a2 2an—2 a2” 2 (n—2)(n-3)...(n—k—1) \=z
(2n - o)”
_ I n > 2.
(n—1)127"1(2n — 1)a?" 1! ! x n 22l
3 J L ‘ucsm Y 1 arcsin — > —a X
Rt r = — AFCHIN e e
x2ntl 2na:2 a 2n(2n-—1)
y 11 Z 2°(n—1)(n—2)...(n—k) [a\"*
a?g?n—1 = g2ntl 2n—-3)2n—-5)...2n -2k — 1)\ = ’
1 x 1 = Cck_, a2 — p2\" R
4. —_— = n—
- 2na?n arcsin a 2na’n Z_: 2n — 2k — 1 22 )
(1w 2 @k-1DN 2\
5. | ~ arcsin — dox = kz_o (k) 1(2k + 1)2 (—(;) .
[ 1 ; 1 ; 1 e
6. | — arcsin Tde = —=arcsin> — = 1In v
Jx a x a a
(1 1 x a? — x2
7. ] ZB"?: arcsin ;j[,— dCL = “‘“'2'5:5 arcsin 'EL“ - —m’—
7.4. UnuTerpans BUAA J(a:taz:)inﬂ/2 arcsin — dz.
a
1. J(a + 2)"t"/? arcsin Ldy =+ (a, + a:)”+3/2 arcsin — +
a 2n + 3 a
n+1
4 2n+3 ‘a Fx Z n—l—l a™” k+1((1:[:.’ﬂ)k
In + 3 2k ( ZL T '
o 1 d 2 .
. arcsin — dx = arcsin — —
(a £ x)nt3/2 (2n —1)(a £+ a)nt+1/2 a
vaFzx 1+Z(2n~—1 (2n —3)...(2n — 2k + 1) (aia;)"’ n
n(2n + )a(a + )™ (2n — 2)(2n — 4) ... (2n — 2k) 2a
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N (2n — 1)1 23/27™ | V2a —aF
2n)1 (2n + 1)ant1/2 NCE=" '

2 2 cor L
7.5. UnuTerpansl Buaa Ja:p(a — z")%arcsin” = dux.

a

p—1(.2 _  2\n+3/2
P 2 2\n+1/2 2P (a” —at)"” / i L
1. | 2P(a” — 27) alcsm T dr = — arcsin — +
' p+ 2n 4 2 a
+1 k vk
1 ”Z ~-1)*C _ok42 ptok
( ) n-+1 aZn 2k+2$p+2k +

+ p-+2n + 2 — p+ 2k
n (p — 1)a” pr_z(QQ B C82)n+1/2

.o
arcsin — dzx.
a

p+2n+ 2
2 2 .2
2. J\/az — 22 arcsin —(—1- dr = %— arcsin’ —(—1- + \/ — x2 alcsm—— + fb———z‘[—?—/——
a
3. Jfﬁ(az — wg)n+1/2 arcsin — da =
a
PO n+1 k o~k
- (a® — x?%) +3/2 aresin & n 1 (-1)"Cria 2N 2k+2 ) 2k
2n + 3 a 2n+3 2k + 1 ' '
k=0
2 _2yp S
4. |(a” — ") arcsin — da =
a
(A2 2\P 2 _ .2ypt+1/2 202 . . ;
= QJ(C; + ai ) arcsin — + (a 0 QJF )1)2 + 5 akpl J(a2 — 22)? ! arcsin 2 da.
p+ a p+ p+ a
i 1 » 1
5. ——— arcsin® £ dz = — arcsin?tt £
J a® — I a g a
i dx LT
6. i In |arcsin — ’
J Va? — x? arcsin — a
a
Va2 — x? Lo .o
7. | —— arcsin — dx = va? — 2 arcsin — — ¢ +
J x a a
+a? J ! arcsin z dx
rva? — x? e
2 2\n+1/2 2 ,.2yn+3/2 . 1
8. J(a ajp) arcsin — d:L = ((a ;; ) -3 arcsini T
x a D — 2 a p-—
+1 ( .
< Crii on—ok 2k-pr2 2n—p+4((a®— R AR X
Z a x - arcsin — dx
,lu _ 2 p—2 ’
2k —p+2 (p—1)a x a
2 . 2\n+1/2 )
9. (a( ai)) | arcsin — +
p— 1)xP~ a
1 = (-DFCF . e 2nt —g)nl/? :
+ — Z —( )"Cn g2n 2k p2k—pt2 _ 2N 1 J (a, z%) arcsin = dz.
p-17= 2k —p+ 2 p—1 xP—2 a

Eciv k = p/2—1, TO COOTBETCTBYIOIUI YJIEH B NIEPBOM CyMMe CJIe/IyeT 3aMEeHUTh

a (~1)p/2—1 a%—pﬁCﬁfl"l In ||, a BO BTOpO# Cymme — Ha (_1)p/2—1a2n_p+2 y
x CP2 1 n |x|.
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2 2\n+1/2 2 2\n+1/2 )
10. J (@ z’) alcsm dfl: = (@ z’) arcsin L
T 2n +1 a
1 ( n 2n—2k 2k+1 2 (Cb2 ibg)” 1/2 . &
2n+12 2k+1 x + a | . arcsmada).
. x .oz
11. Jm arcsin —C-[,- d{E = 2([,2 (p — 1)(@2 — m2)p_1 arcsin a‘ -—
— ! + 2p — 3 [ 1 arcsin i dx
(2p — 2)(2p — 3)a?(a® — x2)P=3/2  (2p — 2)a? ) (a? — x?)P~1 a
i 1 x T 1
L= 2 2
12. | @ = a2y arcsin — " da: = e arcsin " +- " Inva? — x2.
r P p—1 . P
13. L arcsin z dr = _Z va? — x? arcsin z -+ —%~ -
J Va2 — z? a p a p?
-1 P2 .
+ (p )& J v arcsin i dx.
p a? — x? a
14. v arcsin d dr = —vVa? — x? arcsin id + .
J Va2 — 2?2 a a
i 22 . T a’ . o & €T 5 5 .o 22
15. —————— arcsin — dx = — arcsin® — — — va? — 2 arcsin — + —.
J Va? — x? a 4 a 2 a 4
i x .z
16. ] m arcsin 'EL“ dﬂ? _—
= ! arcsin T ! J da
o 2(q — 1)(a? — x2)9-1 a 2(qg—1)] (a? - $2)q—1/2'
x? x P! T
17. —_arcsin — dx = arcsin — —
J (a? — x2)9 a (2g —p—1)(a? — x2)1-1 S
1 Pt da (p—1)a? xP 2 x
— — resin — dx.
2q-p—1J(a2 — g2y 172 2q—'p—1J(a2 — g2y MG
xP~1 .z
18. = 2(q —1)(a? — 7)1 arcsin P
_ : J " e : J - arcsin z dx
2q- 1)) @ =D 3g— 1)) (@@= a?)e T T
1 1 . x
19. J 27 (a? — 22y arcsin — . T dx = (p T T)aZeri(a? = g2)i-1 arcsin — +
1 dx p+2g—3 1 . T
wresin — da.
i (p—1)a? J xP~1(a? — x?)1-1/2 T (p—1)a? J xP~2%(a? — x2)9 AT A
1 1 LT
20. J ac(aQ — wg)q a,lcsm da, = (g~ 1)6(,2(052 — Q;Z)q—l arcsin —
! J d -+ 1 J ! arcsin v d
_ — : —dx.
2(qg —1Da? | (a2 — 22)2-1/2 g2 ) z(a? — z2)91 a
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x
7.6. Uuterpaas BHA Jarccosp—daj.
a

x
1. Jarccosp Z dx = x arccos?
a

SIS

—1 L —9 &
— pva? — x? arccos”” — — p(p—1) Jarccosp —dx.
a a

[n/2]

n & ~ k 2k n—2k &
2. |arccos” Lde =2 S (=1)*(2k)! C** ar z
Jalccos Cde=uq kz:%( )7 (2k) arccos " +
[(n+1)/2] .
+ Va2 — x? Z (—1)*(2k — D)1 C2F T arccos™ 2F 1 2.
a
k=1

y

x x
3. | arccos — dx = x arccos — — Va2 — 2.

a a
2 5 £
— 2V a* — x* arccos — — 2x.

a

v

2 & 2
4. | arccos® — dx = x arccos
a

"y

R 3 & . 3
5. | arccos” — dx = x arccos
a

ey a8

’

9 L X
—3va? — 2 arccos” — — 6x arccos — + 6V a? — x?.
a a

J dx - (—1)F+1 2k+1
6. | ——— = E arccos x.
arccos® = (2k + 1)1 (2k + 1)

x
7.7. UaTerpanns BHUjA pra,rccos—-da:.

a
p T pP 1 T 1 2Pt da
1. | 27 arccos — dx = arccos — -+ )
a p+1 a p+1)va2— g2
om T ann_'_l T
2. | 7" arccos — dx = —— arccos — —
a 2n + 1 a

aZ — 2 {Tgn g ”il 2 n(n —1)...(n— k) (g;)zn—%—?}

2n—-1)(2n—3)...2n -2k 1) \a

(20 1)2
(2n + 1) !
ont1 x g2nt? x a? — x2
3. |« arccos — dx = ——— arccos — — ————— X
a 2n + 2 a (2n+2)

7

‘ - Y O N\ 2n—2k+1
y [wgnﬂ L2t Z (2n+1)(2n —1)...(2n — 2k + 3) (3) ] B

k _ L
Pt 2kp(n —1)...(n —k+1) a
(2n + 1)1 g®n+? x
— = arccos —.
nl2n+2(n + 1)2 a
i x x? a’ x x
4. | xarccos —dx = | — — — | arccos — — —vVa?2 — 2.
| a 2 4 a 4
~ 3 2 2
5 x T T x4+ 2a ,
5. | £°arccos —dx = — arccos — — —— vV a? — z2.
J a 3 a 9
o x z*  3a* x 22+ 3d%z 5 5
6. | x” arccos—dx = | — — — | arccos — — a? — .
| a 4 32 a 32
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1 x
7.8. UuTterpans Bujaa J-—— arccos — dx.
xP a

1 h — arccos = dx — L arccos — — L l de

I s | I ) Y e e
! 1 ;

2. | 2 arccos ;1,- de = — (@n —1)z2n 3 arccos% -+

. a? — 2 1 1 "f(zn—s)(zn—m...(mzk—n

(2n —1)(2n — 2) | a?ax?"— a?" = 2¢(n—-2)(n—-3)...(n—k—1)

y (CL 2n—2k—2 N (2’]’1,'“3)” __332 [ >2[
- T .
oz (n—1)127=1(2n — 1)a?n—1 -

1 X 1 x va? — x? 1
3. [ Ty arccos o dr = T o pan alccos + 2n(2n — 1) [a%r:z”"l +
"Zl 2% (n — 1)(n —2)...(n—k) [a\"
a2"+1 2n—-3)2n—5)...2n -2k - 1)\ = '
n—1 k 2 2\n—k—1/2
1 x 1 Cr_1 a® — x
4. = = '
2nain TPy + 2na3n Zo 2n — 2k — 1 ( x? )
1 x = k=D 2\ r
5. | — —dx = — \ — —In |x|.
J o R ;0 (2k)1(2k + 1)2 (a) + 5 Inlel
\ 1 JaT 22
6. —zam(‘osida,*m—al(‘coeer—ln ¢+ va | §
J a x a  a x
r . 7 2
7. | 2 arccos -Z—/ dx = — 53 Arceos % + —%—a—zfj——
7.9. Uurerpans Buja J(a + )" 2 arccos 2 da.
a
‘ . 9 o .
1. J(a + )" /% arccos Lde =+ (a £ m)”_‘“)'/2 arccos — —
a 2n 4+ 3

n+1

(2n — 1)(a £ x)nt1/2

(2n — 3)(2n —5) ...

n+1 n k41 NE
o + 3 sz 2k + 1) (aF @)
2. J (a n 1)"+3/2 arccos — . da, =
2 / n
= F a,rccos—ai -+ i X

n(2n + 1)a(a £ x)»

X [1+k§:1

(2n — 4)(2n — 6) ...

T 2o (20 + Dantiz

(2n — 2k — 1) (aj:a:)’“] B

.(2n — 2k — 2) 20
(2n — 1)1123/27n V2a —vaF
vatx ’
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@
7.10. Marerpaas BuaA [wp(QQ-wg)qarccosr——dw.

a
. p—1/ 2 2\n+3/2 )
~ : : T T a‘ —zx x
1. | 2P(a® — 2®)""/? arccos = da = — ( ) arccos — —
a p+2n -+ 2 a
n+1
B 1 Z (— ) Cn—|—1 a2n— 2k 2, P2k
p+2n + 2 = p+ 2k
— 1a? _ x
+ p—Da_ 2P 7% (a® — &)™ /? arccos = da.
p+2n -+ 2 a
. x
2. J a? — x2 arccos — dx =
a
a? 9T X R
— —— arccos” — + — Va2 — x? arccos — — ——.
4 a 2 a 4
. x
3. Ja:(a,2 — 2%)" " arccos = da =
a
2 2\n+3/2 n+1 1Nk ok
_ (™ —x7) AFCCOS €T 1 Z (—1)"Chia g2 2k+2 ) 2kt
= 0 85— — .
2n + 3 a 2n+3k_ 2k+1
: x
4. J(CLQ — 2*)P arccos = da =
a
2 2 2 2\ p+1/2 2
_x(a” —2)? r  (a® —2*)PT / 2a°p 9 2\ p—1 x
= arccos — — s— + (a” —a”)" " arccos — dx.
2p+1 a (2p + 1) 2p+1 a
i 1 x 1 x
5. | ————— arccos? - dx = — arccosP T =
J Va? — x? a p+1 a
i dx x
6. o —In |arccos —|.
J va? — a? arccos — @
a
[ Va2 — 2 x - 5 x
7. ———— arccos —dx — VvV a® — x? arccos — + x +
J x a a
+J a” T d
arccos — dx.
wvar ot
(a2 B $2)n+1/2 (a2 B xQ)n+3/2 . 1
8. arccos — df,z = 5 - ar
P a (p—1)a?axP- a p-—1
n+1 k vk 2 2 1/2
(=1)*Cui1 on—ok 2k-—pr2 2n—p+4 [ (a®—2®)"" / ] x
X Z a x — 5 =5 arccos — dzx.
02k~p+2 (p—1)a P a
(QQ . 3;2)714-1/2 7
9. = e T arccos — —
(p - 1):1:1’_ a
2 2\n—1/2
Z n 2n—2k 2k—p+2 2n + 1 (Cb - & )n / N £
a x = arccos — dx.
——1 2k — p~|—2 p—1 xP—2 a

Eemm k = p / 2—1, TO COOTBETCTBYIOLINI 4JICH B MEPBOIl CyMMe cieyeT 3aMEHUTD

2n— 2—1 —
)p/2+1a2n p-i—ZCp/ )p/2+1a2n p+2>(

Ha (—1 ny1 In|z|, aBo BTOPOI cymme — Ha (—1

x CP/=~
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2 2\n+41/2
10. J (a v ) arccos i dr = arccos i -
T a 2n + 1 a

(CLE . mZ)n—kl/Q

1 - (—1)’“’07? 2n—2k 2k+1 2 (02 - 332)71_1/2 €
+2n+1kz_o ok 1 a x + a [ . alccos—czdm.
1 T x x
11. —— AP CC08 — i = arccos —
J (a? — x2)P a 2a%(p — 1)(a? — x?)p—! a +
-+ ! + 2p—3 J ! arccos v d
: — dx.
(2p — 2)(2p — 3)a?(a? — x2)P=3/2  (2p — 2)a? | (a? — a?)P—1 a
1 x x T 1 = 5
12. J (a2 = 22)7/2 arccos - dr = P arccos 3 Inva? — z2.
P p—1 . p
13. Ja,— arccos i der = — v va? — x2 arccos r_ 1:—2— +
a? — g2 a p a p
- 1 2 p—2
+ (p Ja J v arccos i dx.
P a? — x? a
14. T arccos i dr = —va? — x2 arccos L x.
J Va? — a? a a
r L2 . 2 . . .2
15. _r arccos i dr = 2 arccos’ r_Z a? — r? arccos r_ a,_‘
] VaZ — 22 a 4 a 2 a 4
x x
16. u m arccos —CZ d.’L f—
= 1 arccos i -+ ! J dw
- 2(p — 1){(a® — x2)p—1 a 2(p-1)J (a? —x?)p-1/2°
xP x pPt x
17. | ————— arccos — dx = arccos —
J (a? — x?)9 a (2g —p—1)(a® — x2)971 a +
1 Pt dax (p —1)a? P2 x
— arccos — dx.
+2q—'p—1J(a2-x2)‘1"1/2 2q-p~—1J(a2~—$2)q a v
P! T
18. = 2(q —1)(a2 — 22)a1 arccos +
-+ L J z?” du p—1 J i arccos z d
‘ — : —dzx.
2(q —1) ) (a? —2?)a=1/2  2(q—1) ] (a® — x?)9~! a
1 €T 1 x
19. arccos — dx = — \ arccos — —
J xP(a? — x?)9 ¢ a *F (p—1)a?zP~1(a? — x2)7-1 a
— ! J dw pt29-3 J 1 arccos d dx
(p—1)a? | aP~H(a? — x2)9-1/2 (p—1)a? | xP—2(a? — x?)9 a
1 €T 1 €T
20. arccos — dx = arccos —
J x(a? — x2?)9 a 2(¢ — 1)a?(a? — x2)71 a +
-+ ! J da -+ —1— J ! arccos i dx
2(g — 1)a? | (a® — x?)9—1/2 a? | x(a? — x2)a-1 a
7.11. UuTerpans Buga Ja:parctgfdw.
a
. P11 . p+1 g,
1. Ja:p arctg Ldae=2 arctg r__ ¢ J l da,.
a p+1 a ©D+1) 22+ a?
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2n+41
2n +1
a [ In—l (__a;)k(wQ +a2)n—kz

2 £ x
2. Jw "arctg — dx = arctg — —
a a

+ (—a®)"In (2 + aﬁ)].

el 1)
22n+1) | &= (n—k)kl(n—k)
2n+2
3. | 2 arctg L da = arctg —
Jéb alcga T 5 1 2 cga—}-
on+42 ntl n+k 2k—1
a (—-1) x n x
e e | — —1)" arctg —|.
+2n+2L>;1 2k -1 (a) (=) ar ga]
[ T T a 5 5.
4. | arctg —dax = xarctg — — — In (x a”).
| arctg  do = warctg - — 5 In (27 + o)
r . .2 2 . .
5. a:arctggl—da::w—arctg%”—a—aj.
. a 2 a 2
6 “ 2 arctg = d i arctg — az” + 3ln(a, Fa?).
e —dx = G — — — -
u & 3 M T T TG
4 4 3 3
x T —a xr  oax a’x
7. Barctg = dop = ————— arctg = — — + ——.
Ua, arcgaa, 1 arcga 12+ 1
1 T
7.12. Uurerpanas BHA J——— arctg — dx.
TP a
1 X 1 x a dx
1. | —arctg —dax = — ctg — :
Jaﬂ’ are ga ! (p—1)xr-t arcte a + p—1 J xP~Hx? + a?)
1 x 1 x
2. JW arctg —dx = — [@n — 1)a2n-1 arctg - —

1 ( 1 n—k 2k+2 - $2+CL2
T 2(2n — D)a2n—! {Z k41 (Z) DT I

3 L arctg L da — tg -
. Walc.gg Tr = T Onpin arc gg -+
1 n (~——1)"‘“ g \ 2P 2k ) .
T Snarn L; o — 2k + 1 (I) (=1 arctg 7).
1 " o0 1 k T 2k+1 |
o\ 2kt
5. = ;@H«Z(%Jrl ( ) [z/a > 1].
T (—1)F a\FTt
6. :Waln‘&’+ZW(5) [a:/a<—1].
1 x 1 x>
7. J—Q—E—Q—arctga—dw:w;arctg——}«%lnm

3 [ 1 ¢ x d 1/ 1 L1 1 et T 1
. | —arctg —dx = ——| — B
x3 ga 2\ x?2 a2 ga 2a1
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9. J . arct da, = ¢ In il — o’ — bz arct i
(x + b)? 5, a? + b2 V2 T a2 a(x + b) 5ol

7.13. UurTerpasns BuAa Ja:p(:BQJraz)qarctg-aidm.
a

1. Ja;p(ajg + a*)" arctg L dy =
a

7 2n 2k p+2kz+1 n ) a2n—2kz+1 a}p+2kz—|~1
— arctg — On - C, dx.
arete Z p+2k+1 — p+2k+1Ja¢2—|—a2 v
. p+1 1
Ecmu k = 5 (k = 1, ..., n), TO COOTBETCTBYIOIINE HJIEHbI CYMM
T 1 :
saMeHsioTca Ha CF P T2t InZ arctg Zou CFgPtint? J %4
a z2+a?2 a
2 J z” arct v dr — — Cali arct v b
C ) (224 a?)e 5 a - 2(g - 1)(a2 + a?)et s a
n a J eP 1 da v p—1 J P2 arcte L d
. rctg — dx.
20— 1)) (@2 +a2)7 ' 2(q—1)) (@2 +ta2)at Sg
1 x T
3. arct d = arctg —
J G et o = gyt e

.J[_

1 2q — 1 ,
=3 J arctg 2 dw.
( a

4(g — 1)?a(x? + a?)1—1 + (2g — 2)a? | (2% 4+ a?)97!
1 T x
4. J m arctg - dx = arctg - X
n—1
(2n — 2k — 2)11(2n — 3)!! x 1 (2n — 3)I!
<X

2 (n—2)i(2n -2k~ DI a (@’ +a?)n * | 2an 1 (2n-2)l]
gi (2n — 3)!1(2n — 2k — 2)I! 1
2 = (2n = 2)!( 2n—2k~—1)”(n—k) a?k(x? + a?)n—k
P x _ o [ P2 x
5. Jmalctggdmmj alctg Ydr —a Jmalctggdm.
2m .
6. J;/Tarctgﬁ dr = ( m=1arctg® = +
=ym" s g2m—2k ) 2k—1 - (wl)m § 2m—2k+1J a?h !
t S e (e
+alcga; 2k — 1 v 1; 2%k —1 x? + a? N
2m-+1 mooy m—k
L ot L 1 x (=1) 2m—2k 2k
7. Jm&lctggdmiiarctggkz_l—ﬂa X —
1 & (__1)m—k 2m—2k—1 ajzk dx meam
— .2_ _———]—g_—— a m -+ (—1) 2 332 a2 alctg d”E
k=1

1 1 x
8. Jmalctg dwmﬂalctg .

2
T T T a 2 2 a 9 &

9., | ————arctge—dx = zxarcte— — —In(xz° +a°) — — arctg” —.
l x? + a? & a & a 2 (@7 +a) 2 & a
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1 T
10. Jm arctg g dr —
= 33 arct + ! arctg™ — + !
 2a%(22 + a?) Sa " 4a3 g da(z? 4+ a?)’
[ 1 x x
11. | ——— arctg” —de = ———— arctg’ ' =,
J$2+a2arcg ~ 4z (T+1)aarcg "
i 1
12. dz = dz = —In arctgfg- .
J (x? + a?) arctg — @ @
a
13. | ——2 arctg L e =
J Va2 — x? a
—

2
= —Va? — 2 alctg——aarcs1n—+\/§aarctg V v

arctg x x arctg x [ax? + b
14. S —= dr = arctg\/ [a > b]
(az? + b)3/2 bvax? +b b\/a -
't 1 vaxr? +b —/b—
15. xarctgx [ ax b—a b > al

- bvazx?+ b a 20vb — a " var?2+b ++vVb—a

7.14. Uurterpanasl BUAA Ja:parcctg-azdm.
a

p x P x a P do
1. | 2" arcctg — dx = arcctg — + .
a p+1 a p+1) 22+ a?

om T 2n+1
2. | x"" arcetg — dx =
a 2n +1

T
arcctg — +
a

- )" (2 +a®)" " 2\n 2 2
2(2n+1[ Z (n—k)’k‘(n—k) + (—a”)" In (z —|—a)].

- T 2n—|—2 T
3. an tg — dx = tg —
Ja: arccga T 2n+2arccga+
o2n42 ntl nt+k+1 2k—1
a (—1) x n x
e — e | — —1)" arcctg —|.
+2n+2[; 2k —1 (a) +(=1) ga]
4. | arcctg Tdr =2 arcctg 24 im (z® + a”).
] a a 2
r , P 2
5. | xarcctg L de = rta arcctg — + @
J a 2
[ x 3 ax® a®
6. | z’arcctg = dez = — arcctg — + —— — — In(z? + a?).
] a 3 a 6 6 ’
7 n;Izlg'arcc’t EU—daz“—m——4—:—(f—arcct _az_+g_z_1:_3 gia—:
" 8L T Ty 82 T 12 T T4
1 T
7.15. Uurerpansl BUAA J——— arcctg — dx.
xP a
1 Jlarcct Lde=— ! arcctg =~ — —2 J dz
T P C (p—1)xp—1 54 p—1J P 1(z2 + a?)
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1 x B 1 T
2. —in arcctg - dr = — (2n = 1)1’2”—1 arcctg p +
1 (-n~* 2z Sy z* + a’
2(2n—1a2”1 Z k+1 —a; +(=1) T |
1 T 1 T
3. JW arcctg p dx = ~ 5 am arcctg P
1 T (__1)k a 2n—2k+1 ~ T
 2na?n L; 2n — 2k + 1 (55) +(=1)" arcctg al
1 x w — (- [z 2kt 1
4. J"-m' arcctga— dr = _2' In |Jf‘ — Z "(579“_—;)_1“)_2” (g) [{€L| < |a1].
k=0
o0 a 2k+1
5. = Z (—) [z/a > 1].
2
— (2k + 1)
g \2FH
6. = mln|x| — Z(2k+1 ( ) [z/a < —1].
! x 1 x 1 z?
7. -Q-Uaarcctg—cz dx = - amctg—(; — %l 2

1 x 1/ 1 1 1
8. | —warcetg —der = —— (— -+ a2> arcctg -+ —

J x3 a 2\ 2 2ax
[ 1 x
9. | ————arcctg — da =
J (z+b)? 5%
a x+b a* — bx x 0
= ———|In — arcctg —| — ——.
a? + b? V2 1+ a2 a(x + b) a 2(x + b)
. x
7.16. Uurerpans BuJa pr(w.‘z + a*)? arcctg - dx.
P 2 2\n £
1. Jaz (z° + a”)" arcctg — da =
a
. n 2n—2k p+2k+1 n 2n—2k-+1 p+2k+1
T ra € G X
— arcctg — c, c,, : — dx.
g Z p+2k+1 +k20 p+2k+1jm3+az
pt1i + 1
Ecou k = (k = 0,1, n), TO COOTBETCTBYIOILIUE YJIEHBI CyMM
1 a
3aMEHAIOTCS Ha Cnap+2n+ 111 arcctg — U CP pan+2 J el 1| z dx.
a a 2 +a?  a

2P 2P
T T
| (% + a?)s 2q — D(a? T a?)i
a P da p—1 P2 x
- 7)1 4 - arcetg — dx.

x x
arcctg — dx = — arcctg — —
a a

20g—1) ) (2 +a?)2  2(¢g—1) ) (% + a?)9~ a
1 T T T
3. ——— tg —dx = tg — —
J (x? + a?)9 arcets a v 2(q — 1)a?(x? 4+ a2)91 arcets a
— ! + 29— 3 J ! arcct i dx
4(q — 1)2a(x2?2 + a2)9~ 1 2(qg—1)a? | (z2 + a2)91 8L 4
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4. a2 arcctg — da = pr *arcctg — dx — a’ J 21 arcctg — dx.

Jx a a a x a a

" 2m m-+1

L L _ (_1) 2m—1 2 @
5. | 22 a2 arcctg - dx = 5 a arcctg - -+
i —k m —~ 2k—1
L (‘“Dm 2m—2k zk 1 2m—2k+1J T

arcctg — — — dx.

+ 54 ; 2k — 1 ’; x? + a?
z2m z N (1™ g 2m—2k 2k

6. o arcctg — . T = = arcct g8~ E AR

1 (=1)™" g 2m—2k— 1J da: m mJ x x
— e —1)"2 — tg — dx.
+2; k a:z—l—a2+( ) 22 taz et

A 1 X 1 9 &
7. | ——— arcctg — dxr = —— arcctg” —.
J 2%+ a? 5 a 2a 5 a
r 2
8. | ﬁai arcctg % dr = x arcctg % + g In (mz + az) + garcctg2 %
[ 1 x
9. RCEwDE arcctg = dx =
= v arcct . ! arcctg” T L
~ 2a2(z2 + a?) 8% 1a? 5 4 da(z? + a?)
1 rT o, 1 ri1 &
10. |22 a2 arcctg - dr = ____—(r " 1)a arcctg -
i dx 1 x
11. — ——In |arcct —‘.
J (22 + a?)arcctg (z/a) a S
12. < arcctg L dx =
J va? — x? a

V2

a2 _ 12

x x
= —va? — 22 arcctg = + a arcsin = + V2 a arcctg
a a



8. OBPATHBIE TUIIEPBOJIMYECKUWUE ®OYHKIINN

Heonpenenenubie nHTErpaJibl 0T 00paTHbIX runepboandeckux (pyHKIHH Bbi-
GUCISIOTCA 110 popMyaaM pasgena 7 «JlorapudpMuyeckue hbyHKIUU» MOCTE 3a-
MEHBI

Arshz =In(z +vaz?2 +1),

Archz =fIn(z+vaz2-1) [z > 1],
Arthz = = In 212 2| < 1],
2 1—-=
1. z+1
Arcthz = =1 1
rcth « 5 In—— [|z| > 1],
1 1
Arsechm:iln(——+ ——2——1> [0 <z < 1],
x x

Arcosechwzln(—l—+ —%+1> [z > 0].
x x



Ilpunoxenue I. HekoTOopbie 3jieMeHTApPHbIE (MYHKIIUU
U MX CBOMCTBAa

I.1. Crenennas, nokasaTeJibHadA U JorapudMuieckasda PyHKIIUU

1. Dopmynasl audpdepeHuupoBaHu4d,

d [ p—1 d ax ax d 1
L pP = il — ] —
dz e A nlz| = x’
d 1 d 1
— 2 2 . 2 _ 42 —
do M@t Vattat) = oy, hnle Vet mat = Tme—g
iln at+x|  2a
dx a—x| a?—x?
2. CreneHHBbIE Psigbl.
1+z)"=Y Cia” n=0,1,2 ...,
k=0
1-—z)" =3 (-1)*Crz" n=0,1,2,..1],
k=0 oo
P __ P(P+1)---(P+k—1) k
(1+x) _1+kZ:1 o T
[|lz| < 1opup <0, |z] <1 npup > 0].
o0 k
- x
e =) —,
= k!
oo :Ek)
ln(1—m):—z_k— 1<z <1],
k=1
1‘1—33 oo $2k+1
] =2 1
no— go%“ =] < 1],
> 1-3...(2k —1) 2!
Va2 +1) = ~1)* 1
o+ VETFT) = o+ SR G 220 ol < 1)
> 1-3...(2k—1) 2 2F
= In2 1)kt 1
! $+Z( N B B T T > 1],
1. 3 2k —1) 7%
—1In|2 )k ~1
”‘wHZ 1.2k ok o < 1],
00 _ —2k
1-3...(2k-1) x 2> 1]

n(a:+v:132—1):1n2m—2 2.'4.“(2’6) %

k=1

In(vVe?+1—a)=—In(z+vz?2+1), In(z—vVa?2-1)=—In(z+vz?2-1).

13 A.}O. Bpeiukos u ap.
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I.2. T'unepboaunyeckme pyHKIUN

1. HekoTopbie COOTHOIIEHUH.

R 1 € — &
shz = —sh(~z) = +vch’z —1 :i\/i (ch2zx — 1) = ¢ 28
1 &z —&
chz =ch(—z) = vsh®z + :\/i(cthJﬁl):Zchzg—_l:%,
shx sh2x ch2x —1 e* —e "
v (—z) chz ch2zx+1 sh2x et + e’
. h h2 h2 1 * -
cthx:—ct,h(—az)zcx: shzx ¢ T+ _ ¢ + e ’
shx ch2x — 1 ch2x er —e %
1
sechm:m, cosechx:m,
ch’z —sh®z =1, th’z +sech’®z =1, cth®z —cosech®z =1,
(shz +chz)"” =shnz + chna [n =0, £1, £2, ...].
2. Qopmynsl nudpdpepeHIUPOBAHUA.
dsha _ cha dcosechez _ chz dchzx _ sha
de ’ dx ~ sh?az’ de 7
dthzx b2 d sechx shx d ctha B2
= sech” x s eI = — cosech” x.
dx ’ dx ch?z’ dx

3. CBA3b ¢ TPUTOHOMETPUUYECKUMHU (PYHKIUAMHU.
sh(iz) =14isinz, ch(iz)=cosz, th(iz)=1itgx, cth(iz)=—ictgx.
4. Tunepbonudeckue GYHKOUU CYMMBI U PA3HOCTHU YTJAOB.
sh(zxy)=shaechy=xshycha, ch(zty)=chaezchytshashy,
sh(x £iy) =shzcosy isinychx, ch(zxtiy)=chaxcosyLishasiny,
thx =thy  sh2z xshly

th(z +y) = _ |
(x £ y) 1+thxthy ch 2z +ch2y’
th(z £ iy) — NEEitgy  sh2z 4 isin2y
sh 2 i sin 2
cth (z £ iy) = L TSN 2Y

ch2x — cos2y

5. CyMMbl U pa3HOCTHU rTunepbomudeckux GyHKIIHIL.

shwishy:2shmiy chw:Fy, chm+chy:2chm+ychwiy

2 2 2 2
Cl1m—chy:2shw;yshmgy,
sh (z £ y) sh (x £ y)

thx £thy = , cthax £cthy ==+

chxzchy shzshy
sh®z —sh’y = ch?z — ch®y = sh (z + y)sh (z — y),

sh®z 4+ ch?y = ch (z + y) ch (z — v).
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6. I[lpousBegenus runepbosuvueckux GyHKIUIM.

shzshy = = [ch(z + y) — ch (z — y)], Chﬂ?chy:%[Ch(w+y)+ch(:c—y)],

shxchy = —[sh(z + y) +sh(x — y)].

[»IP—-‘BD]&-—‘

7. Crenenu runepbonuvyeckux byHKOUII.

n—1 n
n vk ~k —1 n
sh®” ¢ = S Z(—l) Cynsh2(n — k)x + (223 Cons
1 1 1
sh’ ¢ = 3 ch2x — 5 sh®z = 1 sh3x — %Shm,
1 1
shz = 3 chdx — 2 ch2z + g,
5 1 5 5
shom:E h5m—1—6 sh%chrgsh.T
1 15
sh®z = — ch6m———ch4x+~——ch2x——§~
32 16 32 16’
ch?” ¢ = S Z CE ch 2(n — k)x + 2‘2—”02”,
Ch2n+1 r = 2271 Z C2n—|—1 ch (247?, — 2k —+ ].)
k=0
1 1 ] 1
ch®z = 3 ch2x + 3 ch’ z = 1 ch3x + %Ch,’l},
1 1 3
ch4:c:—8 chlm—ki c.‘h2a:—|—3
1
ch’ z = 16 chbx + 156—3 Ch3x+g cha,
1 : 1
ch®z = 32 chbx + i%ch4a: ggchZaer -1%
8. N'unepbonuueckue PYHKUUU KPATHBIX aApPTryMEHTOB.
[(n—1)/2]
shnz = Z C2FHL gh?F g ch™ 2kt
k=0
[(n=1)/2] ,
:Shm Z (_1)k2n 2k — 1Cn L1 C h?’L—Zk—lw,
k=0
sh(2n+1)a§:Shm(1+2Zch2km),
k=1 n
= (-1)" (sh:c +2cha Z(—l)ksh 2km),

k=1
sh2z = 2shazchz, sh3z =4sh®2z+ 3shz,
sh4z = chz(4shxz +8sh®z), shbz =16sh®x 4+ 20sh® 2 + 5shz,

13%
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[n/2]
chnz = Z C2F sh** g ch™ 2% g,
0 /2]
n/2]—1
n— n n —1 bl n—2k—2 n—2k—
— 9on~1l.h a:+—2— E: %C;’:_k22 2k—2 g n—2k 293,

ch(2n + 1)@ = cha +2shz ) sh2ka,
k=1

= (-1)" cha:(l +23 (-1)*ch ka) ,

ch2z =2ch’z—1, ch3z =4ch’z — 3chuz,
chdx = 80114m—86h2513+1, chb5z = 16ch’® © — 20¢ch® z + 5ch .

9. CreneHHble pPsjbl
2k+1 o0 2k

’_Z ok M

m

1
o~
o R
o=
~—

k=0
1 1 — 22F-1 _ k-1
=~ 9N L __ - <l
shx =« — (2k)! 2k ] <
1 > Ea 2k
— =1 “ 2],
g + Z k) T =] < /2],
k=1
o0 22k7 22k‘ 1 B
the — 30 ZTmr ) Bua® lof < =/2],
k=1
1 = 2% _
cthz — P Z 25! Bapz®* ! [|z] < =]
k=1

I.3. TpuroHomerpuyeckue pyHKIHMA

1. HekoTopbie cCOOTHOUIEHU 5.

sinz = —sin (—2) = £V 1 — cos? _:I:\/ (1 —cos2zx) =

o N z,t 2 'LJ.‘_ —x
:2608“(?———7}-—)—1: g(f/) = .e ;
2 4 14 tg? (z/2) 21

cos x = cos ( =+v1—-sinz = \/ (14 cos2z) =

2T 4 1—tg?(x/2) e e @

2  14+tg?(x/2) 2
. o
tgx = —tg(—x) = 0T tVecrz 1 = & =
cos T 1+ cos2z

1 —cos2z _ 4 /1 —cos2x  2tg(x/2) __ieim—e_m
~ sin2z 1+cos2z 1—tg?(x/2)  eiz 4 e-iz’
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v a 1 “ 2,
Ctgm = — Ctg (—;{‘) = C?Sﬂ: = :’[:\/COSEC2 rz—1 = W —
sinx Sin 24X

_ sin2gx _ 4 [1+cos2z  1-—tg*(z/2) _ieim—%e"m
1 —cos2x 1—cos2x  2tg(x/2)  eir —e i’

1 s _ 1+tg’(x/2
Secmzsec(—x): =+ 1+tgza3 — +tg (a:/)

Cos T 1—tg?(x/2)’
1 1+tg® (z/2
cosec x = — cosec (—x) = — = ++/1+ctg2a = +tg” (z/ )’
sin 2tg (x/2)
sin® z + cos’ z = 1, secgw—tgzx =1, coseczx—ctggm: 1.

2. Popvmynst auddepeHUPOBAHUI.

d sinx dtga 92 d secx sin x
= COS T =sec T =
dx ’ dx " dx cos? x’
d cosx ) dctgx 9 d cosecx CoS T
= —sinz, = —cosec" T, ———— = ——/5—.
dx dx dx sin” x

3. Popmynsr Dditnepa u Myaspa.
e* T = ¢*(cosx + isinz),
(cosx + isinx)” = cosnx + isinnz [n =0, £1, £2, ...].
4. CBsa3b ¢ runepboauueckumu GPYHKOUSMU.
sin (t¢z) = ishx, cos(iz) =chez,
tg(ix) =i¢the, ctg(iz) = —icthz,
sec (¢x) = sechx, cosec(ix) = —1 cosech .

5. Tpuronomerpuueckue PYHKIUM CYMMBbI U PA3HOCTH.
sin (z & y) = sinx cosy sinycosz,
cos(z £ y) =cosxzcosy Fsinxsiny,
sin (z & 4y) =sinzchy £ ishycoszx,
cos(x £iy) = cosxchy F isinzshy,

tgx +t 1Ftgxt
tg(x +y) = & gy’ ctg(x £ y) = & gy’
1Ftgxtgy tgx T tgy
te (z + iy) = tgx Zithy  sin2z = ¢sh2y
8 ¥I= l1Fitgzthy  cos2z +ch2y ’
cte (z + iy) — lExictgzcthy  sin2z Feshly

—ctgx £icthy  ch2y —cos2x

6. PopMyJsbl NIpHUBE/IEHU .
sin(z £ nm) = (—=1)"sinz, cos(zxnn)=(-1)"cosz,
tg(z £ nm) =tgx, ctg(zxtnr)=ctge,

2 1 . 2 1
sin (’E il w) = +(—1)"cosz, cos (az + n; 7'(') = F(—1)"sinz,

2
2n +1 )
7r

2 1
tg (ac:f: = —ctgzx, ctg (mﬂ: n; w) = —tgx,
sin (xi Z—) = —\/2; (sinxz £ cosx), cos (a:i %) = \—/2——(cosm$sina:),

tg(miz) _ siny cosx tgx=xl

cosz Fsinxe 1Ftga’
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ctg (ac + T

)_ cosx Fsinx  ctgr F1
1) =

sinz+cosx ldctgz

7. CyMMBl U PA3HOCTU TPUTOHOMETPpHUYECKUX (pYHKIUMUIA.

minOSm:Fy

sin ¢ 4 siny = 2sin

2 2
cosm+cosy:2cosmjycosm;y,
a‘/’_
Cosm—cosy:—2sinw;ysin Zy’
sin (x = in(x=x
COS T COS Y sin  sin y
cos (x
tga — otgy = — 2T,
coS T sin y
acosz+bsine =rsin(z+ @) =rcos(z — 1),
r/e

r=+va?*+b%, sinpg=a/r, cosp=0>b/r, siny=>b/r, cosyp=alr,

sin” 2 — sin’ y = cos” y — cos” & = sin (x + y) sin (z — y),

sin®z — cos” y = — cos (z + y)cos (z — y), sec? z + cosec” x = sec” x cosec” z.
8. [lpousseneHus TPpUTOHOMETpPHUUYECKUX (PYHKI U
. . 1
smxsmyzE[cos(azwy)wcos(m+y)],
1
Cosxcosy:§[cos($—y)+cos(az+y)],
1 ,
sinxcosy:§[sin(m—y)+sin(az+y)].

9. CrteneHu TPUTOHOMETpPUIECKUX (QYyHKIUI

- -~1 n n—1 1 n
in?"  — (=1) 2(*7-1)’“6571 cos2(n — k)x + -52—;1—(72—,1,

—1
27 5
. 241 (=D)" < kb
sin T = > (=1)"Cgpyrsin (2n — 2k + 1)z,
k=0
sinz = —~cos2z + -, sin®z=—-sin3z+ % sin x
2 2’ 4 4 ’
1
sin ¢ = = cos 4z — = cos 2z + -,
8 2 8
1
sin® z = 1—65in5w — EsinBa}Jr é-sina:,
3 15
sin z = ~33 cos6x + 6 cosdxr — 3 cos2x + 16’
1 n—1 . 1
2
CO8 " r = '2-2"71-:-1" Z an COS2(7Z — kf)CU + zTnC;n’
k=0
1 T
cos’" T ¢ = 22m Z C§n+1 sin (2n — 2k + 1)z,
k=0
cos’ & = —2-(:08251: + 5 cos® x = ZCOSBQL’ + 1 cos &,
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4 , 1
Cos x = gcos4m+ —cos2x + —,

2 8

cos’ = — CcOsSHx + icos&rqt — COS T,

16 16 8

1 3 15 5
cos’ z = 35 cos 6x + — 16 cosdr + — 22 cos2x + 6

10. TpuronomMerpuyeckue GPYHKIUU KPATHBIX apryMeHTOB.

[(n—1)/2] |

sinnz = Y (=) C2 sin® T g cos™ T i,
k=0
[(n—1)/2]
=sinz Y () _ 27 % T eos™ PR g
k=0

sin 2nx = 2ncos x {sin & +

n—1

+ Z(—l)k (n” —1)(n" —279)...(n" - 4 *sin?* 1 ;1:},

(2k — 1)!

n—1 2n—1 _. 2n—1
=(-1)" COS:BI:Q "Tlsin™ T x4

n—1 9 . . . - B
4 Z (_1)k: (..n k 1)(2”” k;kl 2) cee (Zn Qk) g2n—2k=1 . 2n—2k—1 Jj} ’
sin (2n + 1)z = (2n + 1) [sin x -+

" K2+ 12 —1%[(2n + 1) = 3%, .. [(2n 4+ 1)% — (2k — 1)?]
2.1 (2k + 1)

2n +1
X
2

= (-1)" [ZM sin®™ Ttz — 27772 (2n 4 1) sin®™ Tz +

i k (2n — k)(2n — k _k]l) . (2n — 2k +2) 92n—2k+1 oo 2n—2k+1 r} ,

:sin$(1+220082kx),

k=1
L2
3 . k.
= (-1)" [sm z+2cosx » (—1)"sin ka] ,

k=1

sin2x = 2sinxcosx, sindx = 3sinx —4sin” z,

. . . 3 . . . ] . 3 . 5

sindx =cosx (4 sinz — 8 sin” z), sinbz =5sinx — 20sin” z + 16sin” z,

. . . 3 . 5
sin6x = cos x(6 sinxz — 32sin” z + 32sin” z),



192 1.3. Tpuzonomempuueckue GYHKUUL {1.3.11

[n/2]
k ~2k . 2k —2k
cosnz = Y (—=1)"C."sin™" zcos™ "z,
k=0

[(n—1)/2] (_1)19 (?’L — k-

- Z n—?k

1 —ok—
)2” k=1 cosn — 2kz,

k=0 &
cos2nz — 1 4+ kzi:l(_l)k n’(n® —1%) (Zk[;2 — (k- 1)2]4k sin2* .
cos(2n + 1)z = cosx {1 b i(—d)k X
L L@2n+1)° - 1;]7(1271 +1)° (—222;]' @4 1)” - 26— 1D ok 4 |

i w2n -k 2n—k—-1)...2n -2k +1) 9n—2k . 2n—
+Z(_1)k( ) k') ( ,)22 2k 2 2k43

T
=cosx — 2sinx E sin 2k,
k=1

T
= (—=1)"cosz |1+ 2 Z(-l)kcos 2kx |,
k=1
cos2z = 2cos’ T — 1, cosdx = 4cos’® z — 3cosx,

4 2 5 3
cosdx = 8cos x —8cos  x+ 1, cosbxr =16cos x —20cos” x + Hcoszx,

cosGa::320056;r—48c08433+18008235—1,
2tg : 3tgx — tg’ dtgx — 4t
thm:——————————gﬁ , tgdx = R 2g Jj, tgdxr = g.}:2 & f .
1—tg“x 1—-3tg“x 1 —-6tgex+tg*x

11. Tpuronomerpuyeckue (PpYHKIUU HEKOTOPbBIX YyTJOB.

1) sinnr =0, cosnw = (—1)", tgnm = 0.

2) sin (n/2) = (~1) 2L CD0 o () = (e LD
e
3) sin - = (—1)[”/3]“‘{5}’w [1 _ (—)lev)/3 } [n wernoe],
= (—1)[”/31—?— [1 + (—1)lm )/l ] [n neuernoe],
cos _?}§7[ SENCESE 3+ (—1)l(nT)/3] n wermod,

(n+1)/3]

')[
4
| g5 3 — (1)
_ (_1)ln+1)/8] |

(-1) :

[n HeueTHOE],
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tg - = (—1){ D/ -—‘§’- 1 (—n)ltnr] [ uersoe],
= (~1)l*/3 _‘/2-_—[ (— 1)[(““”31} [n HeuerHoe].
4) sin _‘r_zg_ = (—1)in/4 1= (_21)["/2] [n uernoe],
— (—1)le-ny/a L [n HeuerHoe],
NG
oS % = (—1)l"/4 LT (_21' " [n uernoe],
_ (—1)[('”“”41% [ neuersoe],
7 = -
= (—1)[CEntD)/4 [n HeuerHoe].
5) sin ?-5-75 = %(—1)[”/5] \/10 — (=1)[@n=10[n/5]-1)/3124/5]  [n #0,5, 10, ... ],
=0 [n=0,5,10,...],
cos ? _ i(_l)[mz)/m (\/g n (_1)[(277«—10[71/5]—1)/3]) n#£0.5 10,...]

= (—1){m+2/7] [n=0,5,10,...],

6) sin T = (1)1 Y3 1 (~nlrnre]

[n uernoe],

6 4
_ (1 l(n+1)/3]
o (—1)[”’/6] 8- (1) [n HeuerHoe]
4 3
‘ _1)[(n+1)/3]
COS nmo_ (—1')[('”+2>/6} 3+ (=1) [n uerHoe],
6 ’ 4
= (—1:)[(n+1)/6}§ [1 + (—1){(n+1)/3]] [n neuernoe],
tg 716 =(-1) /3 \/_ [ (— 1)[(’71_*_1)//3]} [n uernoe],
‘ 2
— (_1)[n/3l : n He4YeTHOE].
(=1 V3 [1 + (=1)l(n+1)/3]] [ ]
7) sin % _ (_1)[(n+1)/8]1\/2 — (=1)n/4] — (—1)lBnt1)/4] [ uerroe],
— n/8 1 \/2 (n+1)/4]\/§ [n neuernoe],
cos 5 = <—1>“""+5”8 5\/ 24 (—1)(n/4] 4 (— 1[0/ [ erroe],

. g 1 ,
_ (_1’)[(”*“'5)/8] 5 \/2 + (=1)ln+1)/4] V2 [n neuerHoe],
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tg —”—873 = (—1)ln/2m /8= /2] n#0,4,8,...],
— 0 n=0,8, 16, ...],
::(——1)K2n+q)/8]{x/§ ——(——1)““44)/ﬂ} [n Heuernoe].
1
8)sin1—ﬂ[-): (V5 — 1), sin1—0: (\/_4-1)

4
0051“1\/10+2\/5 cos-—~-——\/10—2\/_
10 4 ’ 10 4
m 1 37r 1
— /5 —2V5, ¢ = 5+ 2
\/5 ®10

@l s

5

ctgmm 5+2\/_ Ltg-—-omz\/B—Z\/g.

9)5111-1-2-” (\/_—\/_ COS-—-"-"”“—(\/_+\/2)

5r V3 +1 o O \/3—1
12 922 12 2,2

sin

T
tg— =2—-3, ct T _9 3
$12 V3, cigqm =243,
5 5
tg-l—g-:2+\/§, ctg-j-r-: — 3,
T 1 I (ks 1
sin— = —— (1++v3), cos— = —— (1-+3),
12 2\/5( ) 12 242 )
11w 1 11w 1
= -1 3 = —1—+/3
sin =5 2\/2( +4/3), cos s 2\/2( V3)
KRN SUVE L
tg12 V3, ctglz +/3,
117w 117
tg — = —2 X tg — = —2 — V3.
5 ++v3 ctg 5 V3
1O)sm1—5'~ {\/—(\/5—1 +\/10+2\/—}

(‘,081:%(\/5—1—{—\/.3—’ 10+2\/5>,

15

tg%—i(B—\/g)(%/_“ 10-2%5),
ctg T2 = 5 (1 +f)(2\/‘+\/m),
sin— ax/?) \/_+1 m}
cosﬁzé(\/%+1+f 10-2v5 ).

tg%-- (3+\/5)(—2«/§+«\/10+2\/5 )
Ctgi—g:%(\/g—])<2\/§+\/l()+2\/5 )
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11 sm——;\/Z— 242 | cos—: \/2+\/z+\/~

tg—: 242 +V2 — (V2 +1), ctg—:'\/i 2+vV2 + (V2 +1),

sin—r—‘l)\/Z— 2—\/5, cos— \/ +4V2—
tg—-—— V242 -V2 — (V2 - 1), ctg%:vﬁ\/z—x/ﬁ + (V2 —1).
2
12)81n1:\/_(\/_+1— 10 — 2\/5),

8

¥

v

cos oo = <\/_+1+ 10-—2\/5),

"T
tg-z-b-:\/g+1 V5 +2V5 ctg—-——~\/_~|~1+ 5+ 2v5

(\/10+2\/3 +1—\/5),
3T \/ 2
22— X2 (v10+2v6 —1
COSQO 3 ( 0+2v5 +\/g),
3 3
tg o5 = 5 -1—1/5—2V5, ctg—o.. 5 —1+1/5-2v5.
13) sm———: \/2—\/2+\/_ cos-—-- \/2+\/2+\/3

tg,-)z-——(\/'i—n(x@—\/‘) ctg—:('\/_+1(\/-'_+'\/2),

i 5”:1\/2—\/m Cos—-—: \/2+\/2—7

tgor = (V3 + (V3 - V3), ctgi—--<»/§—1><f+f>-

T
1
S wls

24
14)81n§%-——!:—(\/5+1)+\/§ 10—-.2-\/5},
cosglo‘“%[\/g(\/g+l)+ 10——2\/3},

tg%:i(\/g _1)(\/10+2x/5 —-2\/5)7

ctg o5 = %(3+\/5)(\/10+2\/5 +2\/§),
sin;—g——a—(x/%—LHﬁ 10 +2v/5 }

COST—W:%[\@(\/g—T)JrV'IOJrZ\/S}»
b T %(\/5+1)(2\/_— 10—2\/5).»
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i(3-x/5j)(2w/§+\/10~2\/5 )
15)Sln—- —;—{\/2+\/_\/10—2\/_—\/9— (1+\/_}
-H\/z—f\/m—mf +\/2+f(1+\/_}

Zg:%(l «3+z¢§)[ m—z\f—mﬁ—l}
otg 3T — 4(_1+«5+z\/§)[m+x/§<x/ﬁ—r{
16) sin - “;[\/(zwz)(s— ~Je-vae+vE) |,
Cosgﬁ:—\é——z—{\/@—\/g)@—\/g)+'\/(2+\/§)(5+\/g)},
tgos = 5 (z—\/§)(1+2f—x/§)<\/10-2x/5 —2),

Ctg@ = (2+\/§)(—1+2\/§+\/5)<\/10—2\/g +2).

12. CTeneHHble p 1Bl

0 oo “k
_ L2k+1 _ (=1 2
sinz = Z(2k+1 : Cosw_,;) k)] x,
1 -1 2%k —1
2 B ,
Sinﬂj + Z 2/43)' I 2k|-17 [|Zl‘| < 77])
1 |E2k| 2k )
_ , : 2
COS T “ (2/6)' &L [Jz| < m/2],
') 22k(22k . 1) .
tgz = E‘l 2T | Bag |z llz| < 7/2],
o 1_i 2k | Ba|z2*~1 2] <
gr= p 2! 2% | T [lz| < m].
k=1 7

I.4. O6parubie TpUroHOMETpUIECKUE (DYHKITUHA

1. HekoTropble COOTHOMEHUH.
['taBHble 3HauUYeHUs OOPATHBIX TPUTOHOMETPUUYECKUX (DYHKIIUNE OTPeIeTaioTcd
HepaBEeHCTBAMU

—7/2 <arcsinz < w/2; 0 <arccosz < 1<z <1];
—7/2 <arctgx < w/2; 0 <arcctgz < [—o0 < & < o0].
arcsin (—z) = —arcsinx, arccos(—x) =7 — arccos z,

arctg (—x) = —arctgz, arcctg(—z) = m — arcctg x,

sin (arcsinz) = z, cos(arccosx) = x,
tg (arctgx) =z, ctg(arcctgzr) = x.
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arcsin (sinx) = z — 2nw [9n7r—7r/’2<;c\2n7r+7r/2],
=—z+ 2n+ 1)~w (2n+ )7 —7w/2< 2(n—|—1)7r—l—7r/2]
arccos (cosxz) = x — 2nw [er g (2n + 1)7],
=—z+2(n+ 1) [(2n + )7 < 2(n+ 1)7).
arctg (tgx) = x — nw [mr—7r/2<:f<fn7r—i—7r/2],
arcctg (ctgz) =z — nw Inm <z < (n+1)w.

lim arctgae = +7/2, lim arcctgx =7/2F /2.

xz— too z— T oo

2. CBa3b ¢ norapucdmuyeckoit m obpaTHbiMu runepbosuye-
CKUMU (PYHKIIHAMH.

arcsin z = —iIn (zz +v1-— zz) = —i Arsh (iz),
arccos z = —iIn (z + V2?2 — 1) = —i Arch z,

) 141 :
arctg z = —% In ] J_r Z = —i Arth (iz),
1z — 1 .
tgrz = —=1 — ¢ Arcth (12).
arcctg z 5 In— m 7 Arcth (iz)
3. Popmyas nuddbepeHuupoBaHud.
d arcsin x = ! d arccos r = !
dx V1I—z2 dx V1=22’
¢ 1 d ¢ 1
— arctgar — ——— — arcctgr — — -
dz 8 1+22" dz & 1+ x2

4, Cpga3p MexXxay obOpaTHBIMU TPUTOHOMETPUUYECKHUMU

bYHKIUAMHU.

. w
arcsin T — 5 — arcCos I,

= arccos V1 — x? 0 <z <1,
= —arccos V1 — x? -1 <z <0],
= arct z z? < 1],
e [ )

V1 — z?
= arectg — 0 << 1],

x

1— 22

arcctg — T [—1 <z <0,
1 P
=3 arcsin (2zv'1 — x?) (2 < 1/2],
1
:%—iarcsin(val—mQ) [1/v/2 <z <1,
T 1 : .
:——2——§arcsm(2mv1—a:2) 1<z < -1/v2].
arccos r = g — arcsin x,

= arcsin v 1 — x? 0 <z < 1],
— 1 — arcsin V1 — 22 -1 < 2 <0,
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1 22
= arctg Vi 0 <z < 1],
x
1—z?
= T + arctg ——— [—1 <z < 0],
x
arcct c 1< e <1
= ar —1X T 3
8" 1 — 22
1 9 .
= 5 arccos (22" — 1) 0<z <],
1
= T — 7 arccos (23}2 —1) -1 <2 <0
T
arctgx = 3 arcctg x,
arcsi *
= arcsin ————,
V14 x?
1
= arccos —— x > 0],
—— [ > 0]
1
= — arccos —————— x < 0],
N [ ]
T arct ! [z > 0]
e e o ,
2 & x
— T arct ! [z < 0]
2 &% ¢ ’
= arcctg — [z > 0],
x
=arctg — — 7 [z < 0],
x
T 1—=
T e — to -1 3
7 —arctg g g [z > —1]
‘ arct 1—e [z < —1]
i " T — i,
4 & 1+
1 2z B
=3 arctg T2 [|z] < 1],
—-—1—arct 22 +~7—T— [z > 1]
B R o
! arct 22 T [z < —1]
- - "CLe —_ T < —1i
2 YUET T2 T
T 1 ) 2z
= —— — —arcsin [z < —1],
2 2 x
1 2z
— —arcsin -1 <a<1,
2 + x?
T 1 ) 2z
= — — —arcsin [z > 1],
2 2 1+ x2
1&10(;081_:1?2 [z > 0]
e T = ?
2 1+ x2
= — arccosl~x2 [z < 0]
2 14 22 T=
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T
arcctg x = 3~ arctg x,

1
— arcsin _—i\/_+—_—;—é— [f:." > 0],
1
— T — arcsin ——\/1;;__;—2— [z < 0],
T
= arccos ———,
A,/1+a-l.2
1
— arctg p [z > 0],
1
:ﬂ‘—{—arctg; [z < 0].
5. CTtenmeHHBIE P abL
: o (2k)! x \2k+1
arcsmm-.-ZE (B2 2k + 1) (—2—) [|z] < 1].
s > (2k)! x\2k+1
5o et ()
rccos & = z (k;') k1) \2 [lz] < 1]
arctgxr = Z k 1 z2F Tt z| < 1],
k=0
T = (—1)k —2k—1
— 5 Z ' [m > 1]:
2 = 2k +1
T - (—1ﬂ)k —2k—1
- Loy, @ < —1].
2 = 2k +1
T — (—1)k 2k+1
arcctg xr = — — Z x [J| < 1],
2 = 2k + 1
= (=DF ok
=2 [z > 1],
= 2k + 1
N G D !
:ﬁ+2§k+1‘ 2kt [z < —1].



Ilpunoxenue Il. CnenmuanbHble (PYHKIIMU U CHUMBOJIbBI

€
ﬂ 1 sint
S(z) = J dt — cunyc-unrerpan ®penens.
V2 . t
C(z) = ! T cost dt — xocunyc-uaTerpasa Ppeneng
ERVEZ o WV | Y '
t

dt — MHTEerpaJibHbIi CUHYC.

t
C T cost .
ci(z) = — J n dt — MHTErpaJbHBII KOCUHYC.
€
: (In (1 — x) — z* .
Lis (z) = — Z el nunorapudm Dinepa.
0 :
m n!
C, = — OuHOMHAJbHBIE KOXPPUITUEHTHI.
m!(n — m)!

n!l=1-2-3...(n—1)n, 0l=11=1.
2n)!!'=2-4-6...(2n) =2"n!,
2n+ D =1-3-5...(2n +1),

" (2k)!1, n = 2k,
nll = '
2k + 1)1, n=2k+1,
o= (-1l =
By, — aucia bepuymnnu.
1 1 1 1
Bo=1, Bi=——=, By=—-, By=——, Bg=—
0 b 1 21: 2 6) 4 307 6 42?
1 5 691
T 300 T 66 T 2730
Bopt1 =0 nmpu n=1,2,3, ..., B,= Z CF By,.

FE,, — aucia Ditnepa.
Fo=1, Fko= -1, E;=5 Fg=—61, Fg= 1385,
Fhi9 = —50521, Fi2 =2702765, Foapiq =0.

r, © 20, +1, = >0,
x| = sgn & =
—x, © <0. — 1, x < 0.

[z]=n (n<zx<n+1,n=0, %1, +2, ...) — nenag yacTb YuUcCIa .



