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NMPEAUCJIOBUE

CoBpeMeHHOMY HHXKEHEpPy YacTo NPHXOAUTCA HMeTb
Jleno ¢ 3ajayaMi, KoTopble TpeOylOT OT Hero Xopoiuef
MaTeMaTHueCcKOd NOATOTOBKY W TBePALIX HAaBLIKOB B IIpHU-
MEHeHUH pa3Ho0o0pa3HbBIX MaTeMaTHYecKuX MeToj0B. Pac-
IIMpeHde MaTeMaTHUYECKOro Kpyro3opa UHXKEHEPOB He-
MaJio CnocoOCTBYET HOBBIM JOCTHUXKEHUAM TEXHUKHU.

Bapuaunonsoe vcudcjieHde siBJASETCS OJAHMUM U3 Hau-
O0onee BaKHBIX A9 NPUJAOKEHHH pa3fenoB Kjaaccuye-
CKOI'0 MaTeMaTHYeCKOro aHaJnau3a. B Hacrosiee Bpemd
B psijie BTY30B BAapHALMOHHOE HUCUHUCIEHUHE BKJIOYEHO B
0o0si3aTe/NbHYI0 OpOrpaMMy Kypca BBICUIEH MaTeMaTHKH.
Boabuoe xosduecTBO 3ajau MO BapHaLMOHHOMY HCYHC-
JIEHUIO COAEpKMTCS B HM3BECTHOM CcOOpHHKe 3ajal
H. M. Toutepa u P. O. Ky3bmuna. OgHako 3Td 3ajauy,
B OOJDBUIMHCTBE CBOEM [OBOJIbHO TpPYAHBIE, AaHbl 03
VKa3aHdd K UX pEUIeHHI0, NO3TOMY HAUYUHAIOUIEMY OilH
OblBAlOT YyacTo HE IO cuaaM. MHoro xopouux 3ajnau
paccessHo MO MHOOYHC/JAEHHBIM KypcaM BapUalUOHHOTO
VICYUUCJIEHHsI, HO HEKOTOpble M3 3THX KypcoB cranud Oud-
Juorpaguueckon peaKkoCThio.

ABTOpH 3aja/UChb LEJAbI0 AaTb HEKOTOPbIH MHHUMYM
3ajlau N0 OCHOBHBIM pa3jenaM KJacCHYeCKoro Bapia-
IIMOHHOTO HCUHC/JAEHHST H CO3HATEJIbHO HE Kacaduck BO-
[IPOCOB, CBSI3aHHBLIX C TEOpPHEH OINTHMAJbLHOrO YIpaBn-
JICHUS,



4 NPEONWCJ/IOBHUE

[lpu cocraBaeHuH HACTOALIEr0 3ajaykuka aBTOPH
OPHEHTHPOBAJHCL B OCHOBHOM Ha KHuUru JI. 3., Djabc-
roabua «duddepesnuanbaple ypaBHEHHS H BapualHOH-
Hoe ucumcscnue» W JI. §I. Uaada «Bapuauuonsoe wuc-
yycJeHHe W HHTEerpasbHble ypaBHeHHs» (CIOpaBoyHOe py-
KOBOJCTBO).

CunTaem CBOHM MPUATHBIM A0JroM ropsiuo nobJjarona-
puTb aouentos H. X. Pososa u JI. §l. llnada 3a paa nen-
HBIX 3aMeuaHHil H COBETOB, KOTODbHle [OMOIJH HaM B pa-
6ote Haa kHuroil. Ilonbayemcs ciyuaeMm BbIpasuTh Mpi-
3HATEJLHOCTh COTPYAHHKAM Kadeaph BbICIIEH MareMa-
ik MO3OH, Koropoe TaxkXe noOMOralH HaM OpH HalH-
CAaHHH KHHIH,

Bce 3aMeyaHuss H npeAJO;KEHHs, HanpasJieHHHE Ha
yiay4ylleHHe KHUTH, HaMH OYyAYyT npHHATH ¢ OJarojap-
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Mockea — Jly6ua, 1972 r, A. H, Kucexres




NMPEABAPHUTEJIbHBIE 3AMEYAHUA

. Ecin A — npou3BoabHOE MHOXECTBO 3.1€MEHTOB, TO yTBep-
KACHHE €3NEMEHT a NpuHaAOAeHUT MHOMeCcT8Yy A» CHMBOAHYECKH
3anuChiBaeTCsd Tak: a & A.

3anuch a & A (nau a&A) o3uayaer, uTO 3]EeMeHT a He MpPH-
HaAJeXKHT MHOXKecTBY A.

Ecaie A u B — muokKecTBa, TO yTBepkaeHue «A gsaaerca noo-
MHONMCecT8OM MHONecT8a B» (cumBosnnuecku: A < B) o3nauyaer, 4To
BCSIKHIT 37eMeHT x MHOxectBa A mnpHHaiiexuT W MHOXKecTBY B.

2. ObbeauHenue u mnepeceueHue AByXx MHoxkectB A u B omnpe-
nenasiores cieayouuM oGpasom: '

Ob6wvedunenue AU B = {x|x = A uau x = B} ecTb COBOKYNHOCTb
sn%Memoa X, OpUHamJeXKalluX XOoTa Ob oaHoMy H3 MHOoxecTB A
B BO;

nepecetenue AB = {x|x = A, x & B}— coBokynuoctb 3Je-
MEHTOB X, NpHHaA/examux Kak A, tak u B.

3. Ecan A — HeKOTOpOe MHOMKECTBO BEIIECTBEHHBIX 4HCEJA, TO
gepxrell eparsto (TOUHOU eepxHell epansro) A HasbiBaeTcsd HauMeHb-
liee BellleCTBEeHHOe uHeao M, Takoe, 9t0 @ << M as Bcex as A.
HMupiMu caoBamu, M — Bepxusis rpanp A, ecan aas awboro as A
HMeeM a << M, Ho kKakoBo 6wl Hu Oblio &€ >0, xota O6bF H Kak
yromHo MaJjoe, gafifercs 1o KpafiHel mepe oauH 3jemeHT b & A Ta-
Ko#t, uto M — & << b,

Ecan rtakoro umucaa He CyWECTBYeT, TO B KaueCTBE BepXHEH
rpann A npuuuMaercs -f-oo, \

B of6oux cayuasix BepxHfii rpaHb MuoxkectBa A o603Hauaercs
sup A. AnaJjoruuHoe onpenesieHHe NaeTcd H NI HUNCHEL 2paHu MHO-
scecrsa A, o6oanavaemoit inf A. |

4. Jlunednoim npocTpancT8OM HA3LIBAETCS MHOMXKECTBO R sJje-
MEHTOB X, Y, 2, ... NPOU3BOJBHOA NPHPOABL, AJS KOTOPHIX Ofpeje-~
JIEHBl OMepaluy CAOXKEHHS M YMHOMKEHHS HX Ha 4HCaa, NPHUYEM Bbi<
[IOJIHEHBI CJAENYIOLIHe aKCHOMBI:

Dx+y=y+x

2y (x+y)+z=x+(y+ 2)

3) cymectByer Takoii 3aeMeHT O (HyJeBo# 3/JEeMEHT), 4TO
X+ 0 = x nusa moboro x & R;

4) nas Kaxgoro x & R cyulectByeT Takoi 3jieMeHT —x (mpo-
THUBOMOJIOXKHBIA 3/IeMeHT), uTo X -4 (—x) = 0;

5) 1ex==g;

6) a (Bx) == (af) x;

7) (¢ 4-B) x=ax + fx;

8) a(x -+ y)=oax + ay.



6 NPEABAPHUTEJIBHBIE 3AMEUYAHMS

5. Jlunednoe npocTpancTéo R HasbiBaeTca HOPMUPOBannbLM, eCTH
KaXJ0My B3JeMeHTy X € R TNOCTaB/EHO~ B COOTBETCTBHe HeoTpHILA-
TesbHoe AEHCTBUTENbHOE uHedao | X || — HopMa 3TCro sgeMenra, MpH-
yeM;

1) | x| =0 ronsko npu x==0;

2) flaxll =f{al-llx|;

3) lx+yll<<|lxli + |yl (akcuoma TpeyrosbHUKa AJAA HOPwm )

6. Muoxecrso M 3semenTOB X, y, 2, ... JioGOW NPHPOAb! HA3bi-
BaeTcA MeTPpUUeCKuUM NpPOCTPAHCTEOM, €CAW KaxXKA0H nape 3J1eMeH-
ToB X, ¥ u3 M nocraeneno B COOTBETCTBHE HEOTPHILATE/ABHOE JCii-
CTBHUTEJABHOE uuca0 p(X, Y) Takoe, uTo

1) p(x,4¥) = 0 Torna u TOoAbBKO TOrAa, Korga X = y (akcnoMma
TOXK1E€CTBA);

2) p(x,4) = p(y,x) (akcuomMa CUMMETpPHH);

3) p(x ) +p(y,2) = p(x,2) (akcHomMa TpeyroJibHHKA).

Uncno p(X,y) HasbiBaeTCd paccroanHuem mexcdy areMeHTamu
Xuy.

Becakoe suHellHOe HOpMWpPOBaHHOE TNPOCTPAHCTBO  ABJAAETCA
MeTPHUECKHM: J0CTAaTOUHO MOJOKHTB p (X, y) = || x — yl.

7. lTpocrparcreo Cla, b] — npocTpaHCTBO BCeX HeNpephiBHBIX

Ha [a, b] GyHKHA ¥ (x):
Iyl = max |y(x)l

a<{x<g

ITpocrpancrso Cila, b] — npocTpancTBo Bcex GyHRUni y(x),
HenpepbiBHBIX Ha [a, b] BMecTe Co cBoOel# mnepBoW MNpOH3BOAHOM:

lylc,= max |y(x)|4+ max |y (x)l

assx<.b asC X<

ITpocrparcreo Cyla, b] — npoctpauctBo Bcex yHkunin y(x), He-
npepbuiBHBIX Ha [a, b] BMecte ¢ NpPOU3BOAHBIMH A0 M-r0 MOPAAKa
BKJ/IOUHTE/NBHO (1 — PUKCHpOBAHHOE HATypaJ/bHOE UHCA0):

n
tylle = max [y® (x)|.
n kzoagxgb

Huorpga B Cnla, b] nopmy ssemenra y(x) onpemensior Taky

lyll= max {ly(x) L1y (X) ] ey 15 (x) [}

ATX <



F'TABA I

IKCTPEMYM ®YHKLUHUN MHOTUX
MNEPEMEHHBLIX

§ 1. be3ycaoBHbIH 3KCTpeMyM

[Tycte B Hekotopo#t o6sactu D eBKaHA0Ba n-MEPHOrO NPOCTPaH-

ctBa E* 3anana byHkuua f(x), Xo, ..., Xn) HH, KOPOTKO, f(xX).

Mbr ckaxem, uyto B TOouke Xp & D dynkuus [(x) OJocrueaer
€80e20 Hauboabvwe2o (HaumeHslie20) 3HAHeHUA, eclu KakoBa Obl HH
Obljia Touka x = D, umeem:

f(x) < T (%) (f (x) =T (x0)).

Teopema Beidiepwmrpacca. Beakaa yukyusa, Henpeposié-
HaA 6 3aMKHYTou oepaHuteHHol obaactu, 00CTu2ceT 6 Hell €60e20
HauboAblieeo 1 HaUMEHbIULE20 BHAteHul.

Onpenenenne l. Ilycts dpyukums f(x) onpenenena B 0Gaa-

ctu D < E"™ Touka x(0)=(x?, o xg) & D mHasbiBaercs Fo4KOf

CTP02020 Mmarxcumyma (COOTBETCTBEHHO TOUKOU CTPO2020 MUHUMYMA)
(pxmqmu f(x), ecau cymecTByeT Takas OKpecTHOCTh Q(x®) touxku
x®), uro BHNOAHfSETCH HepaseHCcTBO [(Xx) << f(x®) (cooTBeTCTBEHHO
f(x) > [(x©®)) pas Becex Todek x & Q(x®) N D, x 5= xO,

Touka crTpororo MakcuMyMa (COUTBETCTBEHHO CTPOrOoro MHHHs
MyMa) XapakTepH3yeTrcs TeM, UTo

Af =f(x) —f(x9)<0 (coorBeTcTBEHHO Af>0)

npu Bcex x & Q(x®) N D, x 5= x©®, *

Ecau xe jgua  Ttoukn xO@ cymecrsyer Takass OKpPecTHOCTD
Q(x®), yto pas Bcex Touek ¥ & Q(x®) 1 D BHINOIHAETCA YCAOBHE
f(x) < F(x®) (coorBerctBento f(x) = [(x®)), To Touka x(¥ Ha3zm-
B4€TCS INIPOCTO TOUKOL Mmaxkcumyma (COOTBETCTBEHIO TOUKOU MuMi-
Myma),

Onpepnenenne 2. Toukn MakcdMyMa n MHHHMyMa OQYyHKIOTH
f(X) Ha3BIBaWOTCA TOYKamU SKCTPEMyma 3TOH GYHKUHH.

{. IToap3ysice onpenenenuem, HAHTH TOYKH 3KCTpeMyMa
QYUK

a) f(xl/, x2)=x%+x§;



e BKCTPEMYM <¢YHKUHVI MHOI'MMX INEPEMEHHBIX [TJ. 1

2 .2
x4 x5 xi+ x50,

1, X+ 2k =0

B) (%, xo)=x]— x}

B ogaactn D {x] + £5 <1},

Teopema | (neoGxoinMoe vyeaoBue 3sKcTpemyma). ycrs
Pyrxyua f(x), x = (X1, X3, ..., Xn), Onpedesena 8 HEKOTOPOU OK-
PECTHOCTU TOUKU X' ’==(x?, Xy eeey xg). Ecau 31a Toyka asasercs

TOUKOU IKcTpemyma Pyukyuu [(X) w ecau 8 3101 104Ke CYwecT8yIOT

6) [(*: xy)=

npousgodusie P (j=1,2 ..,, n), 70 onu pasHel HYs1O
i
af (x@) .
—--—-—-——‘axj -—'——0 (l'—l, 2,..0, n)n

Ecau ¢pynxyus [(x) Ougpdpepenyupyema 8 rouxe sxcrpemyma xO,
70 ee Quepgpepenyuas pasen Hyato 8 aTol Toyke: df (xM) == 0.

I[pumep 1. Halitu Toukn 3KcTpemyma QyHKuuy z == x% 4 42,

Pewenune TOUKH 3KCTPEMyMa HAXOAATCSI CPenu TOueK, AAd
KoTopeix dz == 0. B Hawem cayuae dz = 2xdx 4 2y dy. Yciosue
dz = 0 BbmoJsiHsieTcs B eaMHCTBeHHON Touke x =0, y = 0. B ca-
MOM gede, ecad X = y =0, to dz = 0. OGparno, nyctb dz = 0;
MOJb3yACh NPOH3BOBHOCTEIO dx u dy, BbiGepem dy = 0, Torpa 0 =
= dz = 2xdx ¥ B CHJy NIPOH3BOJBHOCTH dx OTCIORa cjegyeT, ¥TO
X = 0. Auanornuuo noaydaem, uto ¥ y = 0. B rouke (0,0) umeen
z =0, Bo Bcex e Apyrux ToukKax 2z = x2+4 y?>> 0. Tlostomy
Toyka (0,0) aBagerca Toukof CTrpOroro MUHHMyMa A QYHKuHUU
2 = x?4 42

Ecan pacmuputh Kaace (QPyHKuui, B KOTODOM HIIeTCs 3KCTpe-
MyM, BKJWYHB (PYUKUMH He anpdepeHuHpyeMble B OTHEJbHBIX TOU-
Kax, MpPHXOJAHM K cCjeiyomeMy HeOOXOAHMOMY YCJAOBRIO
3KCTpPEMYMa.

Ecau x® ecte TOoUKa skcTpemyma QyHkyuu [(Xy, X2y «..y Xn), TO

(i=12...,n)

8 3TOI TOUKe KaHO0aAA 4HACTHAA npPOU3800HAA 3y

i
AUGO PAasHA HYyato, AUDO He CYWecT8Yyer.

[Ipumep 2. PaccMoTpuM BepXHIOW 10AOCTh KoMyca 2% ==

= 24 y?, 222 0. OueBugno, B Touke 0(0,0) yHKuHs 2z uMeer

dz 2
MuuMyM. Ho B 31O Touke s " 3—; HE CYLIECTBYIOT.

Onpenenenne 3. TodkH, B KOTOPHIX BHIMOJNHAETCA HEOOXO=
AuUMoOe yCjaOBHe 3KCTpemyma QyHkuuun f(x), HasmBawTes Kpuru4es
CKUMU TOYKAMU ITOU PYHKYUU.

Touku x®, B KoTopHXx df(x®)==0, HasbBaWTCA CTAYUOHAP-
Hbimu TOUKaMU QyHuxyuu f(x).

Yenosue df (x®) = 0 3KBHBaseHTHO YCJAOBHIO

af (x49)
0xl

=O ([=l, 2, T ey n)o




§ 1] ' BE3YCJIOBHbBIFT 3KCTPEMYM o

Hanvyre KpHTHYECKOH TOYKH €lie He rapanTHPyeT HajJH4yHe 3IKC?
TpemyMa ¢yukunn. Hanpumep, ana ¢yskunan z = x?— 4% Touka
(0,0) ecTb crTamMonapuas TodKa, HO 3KCTpeMyMa (YHKUHH 2 B 3TOH
Touke HeT: B J0G0il Kak yrogHo Manofi okpectnocTd Touku (0,0
GOyHKuMS DPHHEUMAET KaK NOJIOXKHTe/bHHeE, TaK K OTpHUATE]bHH
3HauenHs,

1°. JlocrarouHbie YCAOBHSA CTPOTOrO 3KCTPEMyMa
Onpepneaenue 4 Ksaaparnunasa ¢opma

n
A(x)y=A(x}, Xy o0y X)) = ”Z_I ay 1%, % 1y

aip=ay; 4L j=1,2 ..., n,

Ha3biBaeTCA MNOAOHUTEALHO (COOTBETCTBEHHO OTPUYATEAbHO) oOnpe-
deaennoli, ecan A(x)> 0 (cooreercrBenHo A(x)<<0) mas awloit
Toukn x = E, x # 0, u olpamaercs B Hyab TOJAbKO nIpH x == 0,
T. € NpH X == Xg == ,..=3 X, == (.

Kpaapartudunas (GopMma Ha3HBAETCA HEOTPUYATEALHOU, eclH oHa
HHKOrAa He NPHHHWMaeT OTPHUATENbHbiX 3Hadexufi. Hanpumep, dop-

2 2 2
Mbl X]F X3 ... X H (x)+ x4+ ... +xn)2 SBJAAKTCA HEa

oTpuiaTelbHEIMY GopmamH. [lepRas u3 HuX ABAAECTCA NOJOKHTENbs
HO onpepeseHHoH, TaKk Kak oOHa obpamaercl B Hy/lb TOJbKO IpH

X; = Xp == ,,.,== Xn == 0; BrOopag Qopma yxKe He OyAcT MOJONKH+
TeAbHO ONpPeAc/ieHHOl, TaK Kak ona obpamaercs B Hy/lb, HATPUMEDy
mpu Xy =1, s =—1, p=x=...=xp =0

Keanparuunas dopma, ABASIOMAACA NOJOKHTEILEO HJIK OTpH=
HaTelbHO OMpEene/eHHOH, HasbiBaercst onpedeseHHol KéadparuuHod
Popmoli.

KBanparuusas ¢opma, NIpHHEMAWIMAS KAaK MON0KHTE/IbHBIE, TaK
W OTPHUATE/NbHHE 3HAYEHHA, HA3BIBACTCA HEONPEeOeAeHHO.

Teopema 2 (pocraTouHrele YCJIA0BHA CTPOrOTo SKCTpEMyMa%.
Ilycre @ynkyus f(X) onpederena u umeer Henpepsl8Hbie NPOU3BOI%

Hble 8TOp020 nopadka 8 HexoTopoid oxpecrwocTu touxuy — x\0 =

==(x?, xg, .o o x?z)u nycte X0 asaaerca cTAyUOHAPHOL TOUKOU (DYHK~

yuu f(x). Ecau xeadparuunas gopmna

n
. 62f (x(O))

A(dxy, dxzy oons dxp) = dx, Ox
i 71

dx, dxi, (1)
1, =l

7. e. 8Topol Oudpdepenyuanr pynxyuu [ 8 rouke X, gearserca nod
A0HUTEABHO Onpedesennotli (0TpuyareasHo onpedesennoid) Kealpad
TU4rHOl Gopmoti, To Toura x(°) ABARETCA TOUKOE CTPO2020 MUHUMYMA
(cooTsercrsenno TOUKOL CTPO2020 MAKCUMYMA); ecau xeaaparumag
gopua (1) serserca neonpederennot, o 8 TQuke xO IxcTpemym
HeT.
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Kpurepuil CunsveecTpa noAoxuUTessHOl 0npedeseHHOCTd K8a-
dparudnoit gopmei. Jas Toro 4ToOb KBajgpaTKuHas ¢opma

n

A(x):"':A(xlv X2y o 0ey Xn)= 2 aijxixj' (2)

i, =l
y KOTOpO¥# Q== a3 ,j=1 2, ..., n, Obna NoloXKreJasHO Ofpe-
nejieHHOH, HeoBXoA¥MO H J0CTATOUHO, uTolH

apy Q2 Qyj |
>O, asy Q292 {23 >0, ...
Q31 Q32 Q33

apr 4z
ay >0,

Qa1 Q2

Qi Qg «.. Qin
Qor Q9 s Qpp

“ees . ] - : . . . a >O.

Qny Qunz «++ Qpun

Jast toro uto6er KBagpatuuHas ¢opma (2) Obl1a OTPHILATENBLHC
onmpegesneHHol, Heo0X0AHMO H 10CTATOUHO, UTOOH

Ay Q2 Q3
>0, d21 (122 0223 <0, *sa
Q31 Q32 Qs;

a1y Qup
an < 0’

Qyp Ay

any Q2 «.. Qn

Q1 Q2 ... Q2p
T N [ S

anl an2 o e ann

Cayuaid n = 2. [lycte ¢yuxuuda f[(x, y) onpepeneHa K UMeeT He-
MPEPLIBHbIE UACTHBIE NPOH3BOAHBIE BTOPOTO yOpsijfKa B HeKOTOPO#H
OKPEeCTHOCTH TOYKH (Xg, Yp) H NYCThb (X, Yo) SBJAACTCH CTapHOHap-
HOH TOUKOH, T. €.

7. (% y0)=f; (%00 %) =0 (3)
Toraa, ecan B Touke (Xp, Yo)
’ 7 \2 ‘
f;,xfy,y — (f;,‘y) > 0’ (‘“

TO oHa #ABJAETCHd TOUKOH 3KCTPpeMyMa, a HMEHHO MAaKCHMYMa, eClH
B Hel

fre <0 (F,,<0),
n MHHHMYMA, CCIH
>0 (1, >0




§ 1] BE3YCJIOBIIDIFI 3KCTPEMYM

Ecan xe B Touke (xo, Yo)
r o1’ 7.2
xxfyy - (fxy) < 0,
TO 3KCTPEMyMa B Touke (xg, yo) Her. Hakoueu, Koraa
/i RV
fxxfyy - (fxy) ==0
B TOuKe (Xg, Yo), TO B Hell 3KcTpemMyM MoxkeT ObiTh, a MOXKET H He
6uiTh. B 3rOM nociaesgnem cayuae tpelyercs AONOJNHHTEIBHOER HMCC1€-
J0BaHHE,
IMMpumep 3. Paccmorpust dyukumd z = x* 4yt 2 = —x'—

—yt, 2 == x*—y* Touka (0,0) sBasiercds CcTauHOHAPHON TOUYKCH
L KaXKa0# M3 3TUX QYHKuMH ¥ B 3TOIf TOUKE AJ8 KAKA0H M3 HHUX

17 7" 17 \2
Cxxt Zyy— (zxy) =0.

Herpymuo Bupaerb, uto Ttouka (0,0) siBasgerca TOukoi MHHH-
MyMa aas nepBoil QyHKUUH, TOYKOH MaKCHMyMa —- fJ5 BTOPOIl u ue
ABAAETCA TOUKOH 3KCTpeMyma aaf tpertbed. B camoM aese, BO Beex
Tpex cayuasx 2(0,0) = 0, Ho B nepBoM ciaydae B a1060i1 OKpecT-
Hoctu Touku (0,0), kpoMe caMoH TOUKH, 3HAUCHMS (GYHKUHH [0JO-
XKUTe/bHBIe, BO BTOPOM — OTPHIIATEJbHBIE, & B TPEeTheM  Cayuae
dbyHKuMa z == x* — y* B moGoil 6aH30cTH OT Hauana KOODAMHAT TNpPH-
HHMAeT Kak NOJOKHTeNbHbIe 3gauenud (uwanpumep, npu X 5= 0,
y = 0), tak B orpuunareabnbie {(nanpumep, npu x =0, y = 0).-

ITpumep 4. Haidtn skcrpemyM ¢YHKUHH TPEX NEpPEMeHHBIX

f=a? 4 y? + 22 — xy + x — 22

Pemenne HafinemM crauvoHapHble TOYKHM 3ajgannod QyHK-
uny f. Hdast 5TOro cocraBuM CUCTEMY YpaBHeHHI

of '
oy STy 1=0,
of |
'Ta—y— == 2y — X == O,
oF
"b—z— == 22 — 2 = 0, .
2 1
pelrag Koropylo, OOJaYUHM Xg == — g Yo="—7 %= 1.

0
CocrapumM kBaapaTHunyio gopmy (1) B Toure Py (-— :é', — -:1,-", 1).

HUmeem
174 77 174
fxx=2’ fxy—_-_]’ xz::O’
” 77 144
— — —_— f) -
fyx_' L fyy_“’ yz 0,
I/4 174 174
fzxzo’ fzy=0’ fr: =2
B Touke P, monyuuwm
ay =2, ap =1, a;=~0
gy = —1, oy == 2, g3 =0,

Qs = 0, gy == U, Qag = 2,
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TaK 4TO . ,
ay >0, |70 =’ - ]=3>o.
a1 Qo2 -] 2
2 —1 0
—1 2 0j=6>0,
0 0 2

Hcnoabsys kpurepuii CuabBecTpa, 34KA04aeM, 4YTO KBaAPaTHYHAN
(¢hopMa — MOJOKHTENbHO ONpene/ieHHasg, a 3HAYHT, COrJacilo Teo-
peMe 2, 10uKa Py HBadgeTcs TOUKOH CTPOroro MUHHMYMA, HPHUEM

4

F(P)=— .

IIpumep 5. Hafitu skcrpeMmyM ¢yHKU¥H ABYX MepeMeEHHHIX
2=x%2(6 —x—y).

Pewenne Halfizem craunonapubie ToYKH:
2, = 18x%y? — 4x3y? — 3x%y* =0, }

2y = 12x% — 2x'y — 3x°y* =0,

oTkyaa x; =0, y1 =0 8 Xy =3, ys = 2. Iloayunau aRe cTamnHo-
sapusle Touks P;(0,0) n Py(3, 2).
Haiigem BTopele nponsBozuble 3azanuoil GyHKUHH

z;’x =36xy° — 12x%° — 6x1°,

no__ 3 _ 4 __ 3
Ryy = 12x 2x 6x°y,

7 2 3 2 9
Zyy == 3b6xy — 8x"y — 9x"y".
14 ” 7 " 4
B Touxe P, mmeeM 2y,=2z, ==z, =0, TaKk 4TO Zg 2, —
-—(z;'y =0, u BONpoC O HANHUMH BSKCTpEMyMa B 3Tofi TouKe

OCTaeTCH OTKPHITHIM. [JiA pelenwH sToro Bollpoca Hago HpPHBJIEYL
CTapInHe MPOH3BOJHHE.

B Touke P, HmeeM z,, ==—144, z, =—~162, 2z, =—108.
> 7/
OueBnno, Z,«2,, —(2y,)’>0, a Tak kak 2 ,<0, TO B Touke

P, (3, 2) uMeer MeCTO MAKCHMYM, MPHUEM Zmax == 108.

~ HcenenoBaTh Ha MAaKCHMYM H MHHHMYM CAedyOllie
(PpyBKUUU: -
2. f=(x—1)?—2y2,
3. f=xt4y*— 2x2+ 4xy — 24°
4. f= (x4 y) e~
4 x—y
S I=vreere




§ 1] BE3YCJNIOBHBIR1 9KCTPEMYM 13

Loy 2? 2
6. f=x 4 —+ ;7 (>0,9>0,2>0).
7. [=%—xy+y*—2c+y.
8. f=sinx-siny -sin(x+y) O<r<m, 0y <),
9. f=ux,-x5...xt(l —x —2¢,— ... —nx)
(x]>0, x2>0, o0y xn>0).

10. Tloxazarth, uto dyukuus 2= (1- e¥)cosx—
— ye¥ HMeeT OeCKOHeuHOe MHOXKEeCTBO MaKCHUMYMOB H
Hil ONHOrO MIHUMYMA.

11, jIBasieTca au noCTaTQUHBIM AJAS MHHUMyMa dyHK-
uun f(x,y) B Touke Mg (Xo, o) yCaAOBHe, uToObl 312 QYHK-
LUA MMeJa MHHUMYM BAOJb Ka)KIOH npsMoli, Npoxoas-
Liei qepea TOUKY Mo'? Paccmorpers npumep f(x,y) =

={x— ) (2x — p?).

12. Tloka3atb, 4TO B OTJIHYHE OT (PYHKUMH OJHOH Ne-
peMEeHHOH Yyxe Aas (YHKUHH IBYX NEPEMEHHLIX Cylie-
cTBoBaHHe B oOsactu D €IMHCTBEHHOIO 3KCTpeMyMma —
MaKCHMyMa MJH MHHUMyMa —elle He O3Hayaer, 4YTo
3TOT 3KCTpeMyM o00s3atesbHO AOcCTaBJiasieT HAHOOJbLIEE
HJAH HaHMeHbllee 3HAueHHUe cpynKum{ BO BceH o0sacrH,
PaccMorpers npumepst:

a) z=x*— y*+ 2¢~¥,
—oo <y <400, —oo<y< 4 0f

6) 2==x3—4x2 4 2%y — y%,
D{-5<r<5; —1<y< 1)
13. Ilycrr pgana nepuonuueckas ¢ NEPUOAOM 2m

dyukuust f(x). Cpean BceX TPHTOHOMEIpHYECKHX MHOTO-
YJEHOB 7-TO NOpsaKa

% - 2 (ay cos Rx -+ By sin kx)

k=1

nyrem nopbopa KoapPuUUHUEHTOB ok, Pr Tpebyercs HalTH
TOT MHOTOYJEH, AJds KOTOPOrO CpeAHEKBAajpPaTHUHO®
VKJOHEeHHUe, onpejaesieMOe paBEeHCTBOM

i1 S b n 2

6?,——:—‘- f()'——-—z akcoskx—]-ﬁksmkx) dx,

-7t k=1

HMEeeT HAHMeHnbllIe€¢ 3HaueHHe,
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2°, Mertoa Hamuckopeiiuero (rpaguentdHoro) cnycka. [lyctp cra-
BUTCA 3aaaua o0 OTBHICKAHMH MHUHMMyMa ¢yHKuuu f[(x), rie x =

= (X1, X2, ..., ¥m). Bo3bMeM HEKOTODYIO TOUKY X =("1» Xy oo .,x?n
H BBIUHCIHM B 3TOfl TOYKe rpanuenrt GyHKuuH [(x)

0
gradf(x“)*E agfj" e

i=l

o €2
Tae ey, €3, ..., €n — OPTOHOPMHUPOBAHHEBIE Gazuc B NpocTpaHcTBe R,
Ecau grad [(x°) 5= 0, to nosaraem

x, =xy—h (grad f (x%), ez) (k=1, 2, ..., m),

roe hy > 0 mocrarouno Mano. Ecan grad f(x') 5% 0, To monaraem
xh = x — hy(grad F(x'), ), (ha>0),

H BoooOue, ecan grad f(x*~!) 5= 0, To
x=up~t—n, (gradf (x"" "), e,) (k=1 2, ..., m), (hn>0).

Ilpn onpepeneHunix ycaosuax (cM. [18]) noaywaeM MOHOTOHHO YObi-

Bawuyi0 nociesopareasocts {f(x*)}. Ecam x"—% u ¥ — Touka

munumyMa dynkusu f(x), To grad f(x*)—>0 mpu n— oo,
[Tpumep 6. Haiitu Touky MuHHMYMa q)yuxlmﬁ %x) = x2,
Pewenyne BospMeM, nampumep, Touky x° =1, Hmeem

grad [ (x%) = 2x% = 2i = 0,
ITosToMy

1=x—~he2=1—2h, rne h> 0.
grad f (x}) =2 (1 —2h) i,
Ecau hsé—é-, To gradf(x!)=s=0 wu
x2=x' =21 (1 — 2h) = (1 — 2h)%

[Tpozonxkas 3TOT nporece, HAXOAUM
xt = (1—2h)"

Jlanee,

Acro, uto ecau 0 << h <1, T x*—0 mpu n—>oo, Touka x =0
1
ecThb Touka MHHUMyMa ¢yurusu f(x) = x2. Ecau xe h‘—'i'
x!==0, grad f(x')=0, u Mbl mOJAyyaeM cTaoMOHAPHYW MOC/Iez0Ba =
TeqbHOCTE {0}, Apegesi KOTOPOU eCTh HYyJb,

[Ip H M ep 7. Hafiru rtouky munumyma o¢yukudx [(x,y) =
= x? +

Pemewnue. BospMem, Hanpumep, Toury (1,1), 1. e, x°=1,

y¥° = 1, Haxogum
grad f (1, 1)=2i4 2].

TO
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Tak xak grad f(l, 1) 0, To nonaraem
1 =x0—2x% =1 — 25,

h>0
y'=y% — 2y%h =1 — 2A. (h>0)

Hmeen
grad f (¢!, y') =2(1 — 2h) i+ 2(1 — 2k) j % O (h:,e.%.),

noaToMy OepeMm
x?=x! — 2x'e h==(1 — 2h)?,

i (h>0, h#:—l-)
Y=y'— 2y = (1 —2h)2 2

ITpononkas 37T0T i1pouece, NOJIYyUHM
"= (1 —2n)",
y" = (1 —2h)",
TakK 4To npu 0 << h <1 OymeM HMeTb NOCIEN0BATEALHOCTh TOUYEK

My (xn, yn), cxoasmyocs kK Touke munamyma M(0,0) 3sapansof
@yukuun. OueBHJHO, UTO

gradf (£ y"M =21 —=20)"i+2(1 —20)"j->0 npa n-—> oo,

Hrax, Touka wMumMMyMa dyHkuun [f(X,y) = x4 y2 ecThb TOUKA
(O’ 0}'
MeronoM rpaffteHTHOro cnycxka HaiTH TOUKY MANAMYyMa ydKuuil

z==x2+ y? — 2x + 4y + 5.

§ 2. YchoBubiil 3KcTpEMyM

IMycte umeem dynrunio 2 = f(xy, X3, ..., Xa) OT 1 nenciel-

© ti

HbIX, ONPefeeHHYI0 B HexkoTopoll obnacti D npocrpancrBa E .
Ilycts, kpoMe TOrO, Ha X1, X2, ..., Xn HAJO0XKEHO elle M LONO.I-

HUTeJbHBIX YCJAOBHE (m < n):

@1 (X1 X2 v0vy Xp) =0, }

L . [ * L] L L » . * L]

(1)

Pm (xl! X2y 004y xn)""_"'o,

Ha3bIBAaCMblX YPABHCHHAMH CBA3H.

ITyers x° =(x(1), xg, cers xg) — BHYTpeHHsAst Touka olJacta D.

TOBODAT, UTO [ (X|. Xgs ++.y X,) UMEET B TOUKE (x(l’, X9y v evy X0)

YCA0BHbIL MaKCUMYM (COOTBETCTBEHHO YCAOBHBIL MURLMYM), €Cal
HepaBeuCTBO

f(xp x2, ve sy xn)gf(x?i xg’ L | x?z) (2)

(COOTBETCTB&HHO F(X), Xg0 oo xn)>f(x?, X9 .., x?z)) BBITOJI-

HeTCs B HEeKOTOPOH OKpEeCTHOCTH TOUKH (x?, X0 oees xg) npH
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0 0 0
YCJHOBHH, 9TO TOUKH (xl, KXoy 00y xn) " (x,, Xoy o vey xn) yIOBRE

TBOPSOT ypaBuenusiMm cBuzn (1).

Mpumep 1. Qynxoua z = x? 4 y? uMmeer 6e3ycioBHHIN MHHH-
MyM B Touke (0,0), pasuuii Hymo. IlpucoenunuM ypaBueHde cBf3H
X+y—1=0, 1. e. OygeM HCKATb MHUHHMYM anIJI¥KaT TOYEK MoOo-
BepxnoCTH 2 = x4 y? aums [AA TEX 3Ha4eHUH X U Y, KOTODblE
YIOBJETBOPAIOT ypaBHeHHI0 X 4 ¢y~ 1 = 0. Yc/10BHBIA MHHUMYM He
Moxer aocrurarbca B touke (0,0), Tak KaK 3Ta nocaemHsAs HE yNO-
BJETBOpPSIET ypaBHEHHI ¢BsA3H., Paszpemum ypaBHenne cBasp X =
<+ y—1 =10 oTHOCHTENbLHO ¥ ¥ TNOACTABUM HafileHHoe 3HAULIHE
y = 1-—x B ypaBHen#e fOBepXHocTH. IToayunm 2 = x2+4 (I —
— X)% — dhynxuno oaxoii nepemennoit. Mceaenys ee na skcrpemyM,

1

?r

1
L) €CTh BepumdHa mapabouisl, MOJyUeH-

Hal ieM pr=§, Zmin == B cuay ypaBHenus CcBA3H HaijaeM

]
_2—'7
HO#l B mnepeceveHus Mapadoaorna z = x? 4 y? mAOCKOCTHIO X+ y —
*“"] —— . \

AHajorMuHO MOXKHO MOCTYNUTL M B Gosee obmeMm cJiIyyae.

[Tycts umercs yoiopubifi axcrpeMyM dynxuun z = f(x,y) npu
Haouunn ceasun (X, y) = 0. Jonycram, yto npu paccMarpHBaeMbiX
3HaueHHsIX X M y ypasHeHsHe ¢(X,y) == 0 onpeneasier y Kak O/10-
snaunyw aaddepenuupyemyo dynkusio y = P(x). IlopcraBasis B
dbyhkuuo f{x,y) BMecTo y dpyukuuio Y (x), noaysaem ¢yHkiHio oi-
HOfO mepeMennoro Xx: 2 = [(x,P(x))== F(x). Ikcrpemym (Ges-
ycaoBubi#l) dyHkunn f(x) ABAACTCH HCKOMBIM YCJIOBHBIM 3KCTPEMYy<
MoM yskuHy f(x,y) npu Hanuuyuu cBA3uw (X, y) = 0. IJror cno-
co0 IpakTHYeCKH He Bceraa yaoleH, TakK Kak oH tpebyer dakTuue-
CKOro peuicHHsi ypaBHeHus @(X,y) = 0 OTHOCHTEJLHO KaKoi-iHbo
epeMeHHOH.

Ilns  oTeickKaHus 3KCTPeMAJibHBLIX 3HaueHHH QPyuxpusu 2 =
m= f(xXy, X2, ..., Xz) TPH HauHypH cBagefi (1) noab3ywTCcs MeTOAOM
HeonupefeselHbiX MlOxUTe el Jlarpanika,

Merod mnoomcurened Jlaepanaca. 1lpenanonoxuaM, 4To:

1) dynxkuuu f(xy, Xo, ..., Xn) H Q.(Xy, Xo ..., Xa) (=1,
£, ..., M) UMeIOT HenlpepbBHBIE YaCTHBIE NPOU3BOAHbLIE NEPBOro no-
paaxa B o6aacta D;

Yxp ==—;—. Touka (

09;

2) m<n " panwr MmarpHubl || ~—s—
ax]

=1, 2, ..., n, B KaxKno# touke oGaactu D pasexn m.
CocraBnsieTcs vopas ¢yukuua (byHxknus Jlarpanxa)

] i=l, 2,..0, m-' i==|

(D=f+ ‘21 }"g‘qu (3)

rne Ag —— HeompeeseHHbIe NTOCTOAHHB e MHOMXKHUTEH.
Pyuguug @O (xy, Xz ..., Xz) HCCAELYETCS HA Ge3aycnoBublfi 3KC
TPEMYM, T. €. COCTABJALTCH CHCTEMA YpaBHeHHUI '
o0 o0 o

——=0, -5’;2-30: ety "5;;;"“& (4)
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H3 KOTOPOH H H3 m ypaBHeHMiH CBA3H

=0, @;=0, ..., Q=0

onpenensiolcs 3HAUEHHUA NapaMeTpoB A, Az, ..., Am H KOOPAHHATHl
(X1, X2, ..., Xn) BO3MOMKHBIX TOUEK IKCTpPEMyMa.

Ycaosug (4) aBasooTcs  ne0OXOJUMHIME  YCJOBUAMH 9KCTpe-
MyMa xak GyHkoud Jlarpanxka, T1ak M HCXOAHOH dyHKUUH 2 ==
Na f(xiv X2, oo,y xn)‘

Ecau Touka (x?, Xy enns x?i) gBAseTCa  TOUKOH yC/iOBHOTQ

SKCIpemMyMa Jasd ¢yHKuud f(xi, X2, ..., Xn), TO OHa ABJIAETCH CTa-
nHoyapHoi Toukod AaAA bywknum Jlarpanxka, T. e, B 3TOH TOuUKe

od )
—(-3—x--=() (i=1,2 ..., n). Yrobbl wucciepoBaTL CTAUHOBAPHYIO
i

TOYKY (x?, xg, N xg) dyuruuu Jlarpanxka ®(x;, Xy ..., %,)

Ha YCJOBHBI 3IKCTpEMyM, HAA0 COCTaBEThL KBaiapaTHunyw Qopmy
H-m

B(dx), dxy ..., dx,_ Y= 2 b, dx;dx, (5)

fy i_—:l

T. e. Bropon auddepennunan dynkuuu Jlarpanxka B 3TOH TOuKe ¢ yue-
TOM YCJAOBHH

a@f 6‘]’; ‘ 6"?;‘ A
.0_,1’1_de+ (?xg dXQ+ - + axn dxn=0 (£=]! 2, 000 m)' (6)

Ecnn kBagpatnunaa ¢opma (9) — onpenescHuias, TO B TOUKe
(x?, xg, v1ey x?z) Byner cTporuii ycaOBHHIE 3JKCTpeMyM, a HMEHHO:

CTPOTHH YCJ0BHBIH MaKCUMyM, ecad KBaapaTtuuHas dopma () —
OTPHNATENLHO OnNpefeneHHass, ¥ CTPOr#il yCAOBHBIH MHHUMYM, eC/H
KBajpatddyuana Popma (D) — NoJOKHTENBHO ONpejesieHHast.

Ecan xe KBaaparuuHad ¢opma (5) — HeonpepeneHHas, TO TOY-

Ka (x‘f, X9y voes xﬂ) Me SABASETCS TO4KOH YCJOBHOrO 3KCTPEeMyMa.

Taxkum o6pasoM, Haauuue B TOYKe (x?, xg, cae, x?z) Be3yCca0B-

HOro MakcuMyma (MuHuMyMa) naa dyuknun Jlarpanxa (npu Hai-
HNeHHBIX 3HAYeHHSX A;, Ag, ..., Am) BJeuer 3a cob6oll Haauumne B
3TOH TOUKe yC/0BHOTQ MakKcuMyMa (MuHMMyMa) aiaa GyHRndu 2 =
&= [(xy, X3 ..., Xn) NpY HaNUYUH CBA3EH

q)g(xls x2)"'y xn)=0 (le, 2, «es, m).

OrcyTcTBHe Be3ycaoBHOro skctpeMyMa anas dbyakpuu Jlarpanxa
®O(x;, X3, ..., Xn) eUIe He 03HAUaeT QICYTCTBIIE yCJAOBHOrQ 3KcTpe-
MyMa s QyHKUH f(Xy, X, -.., Xn).

IIpumep 2. Halitu srcTpeMyM obyHRuuM 2z = xy npu yc.ro-
Buu y —x = 0. ‘

. Pemenue Cocrasngem dyuxkuuio Jlarpanixa

@ (% y) =xy+ A (g —x)




I8 SKCTPEMYM ¢YHKIIUA MHOIUX TIEPEMEHHbIX [TJI.° L

M BHIIMCbIBAE€M COOTBETCTRYIOWMIYIO CHCTEMY AAS Oflpesenedusi A H Ko-
OpAMMAT BO3MONKHHX TOUEK JKCTpeMyMa:

oD ‘
ox ~¥—A=0
oD ot (7)
'Wy—'-"“x'l—ﬁ:—— )
y—x=Vu |

M3 nepeoro ypaBuenus HaxoguM A == y. IloacraBissg Bo Bropoe, no-
ayauM x 4 y = 0, Hrax,
x4 y=0, }

y—x=20,

oTkyga x = y = 0. Ilpu srtom noayuaem A == 0. Takum oGpasoM,
cooTBetcTBytowast Gynkuus Jlarpanxa umeer Bupn @(x,y) = xy.
B rouke (0,0) @ (x,y) e uMeer 0e3yCJiOBHOro 3KcTpeMyMa, ONHAKO
YCJAOBHBIH 3KCTpeMyM GyHKIHE 2 = Xy IpH YCJOBHH ¥ == X HMe€eTCH.
JeficTBUTENbHO, B 3TOM cJAydae MBl HMeeM 2 == X%, OTKyJa BHJHO,
yto B TOouke (0,0} ecTb yCAOBHBII MHHUMYM.

[Tpumep 3. Hafitu ycaoBumii axctpemyM dyuxnuu

Fx 4, 2)=xyz (8)
IIPH yCJOBUSX

¢ (%, v, z):x+y—z—-3=o,}

(9)
Pa(x, ¥, ) =x—y—2—8=0

Pemenune. CocraBum dyukuuio Jlarpanxa ,
D(x, y, 2)=xyz+M(x+y—2—=3NF+ M {x—y—2—28)

M BBIIHIIEM CHCTEMY ypaBHeuwil nJs1 OnpegeneHds: napaMerpoB Aj,
Az MU KOOpAHHAT BO3MOIKHBIX TOUEK 3KCTPeMyMa:

od
S5 =Y+ M Ae=0,
oM

—b—y—-=xz+}°,—}u2=0, ;
5D [ (19)
-6?=xy—-l,,—-}.2=0,

x+y—z2—3=0,
x—y—z—8=0,

Pemas cucremy ypasuaennfi (10), noayuum

11 231 11
Jr M=o XS VST

bof ot

M=
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Bropoi ,nuq)q)epeum{an Q)yﬂxum{ (D(x, Y, 2) paBe‘H
0 (D
0x? +

6(1) (D 32D
+2ggs drdy 25— drdz 425

3y 07 dyd-z.

B nawmem cayuae
dO=2zdxdy 4+ 2ydxdz 4 2x dy dz. (11)
BocnoabsosaBmuck ycnorusiMu cBAsd (9), monyuum
dx +dy —dz=0,
dx —dy — dz =0, }
orkyna dx= dz, dy=_0. TloacrtaBass s1o B (11), nomyuum
B (dx) =2y dx2

B cramuonapHofi Touke = —bdx? <0, T. e B TOUKE
(ll __i_ll) o i f 605
0 T g — ) MMeeM MaKCHMyM, PaBHHH fmax = —55-.

[Tpumep 4. Hatitu sxcTpemym ¢yuxuMH 2 = cos® x 4 cos? y
mpH yCJOBHH

7
y—rx=-7.
Pemenue. Cocrasasem ¢yukuuro Jlarpanka
D (x, y) ==cos? x-l—cos'"’y-l—ﬁ,(y-——x-— -34—1-)

U BHIHUCHBaeM CHCTeMy ypaBHEHMH nJA onpepeseHus napaMerpa )
H KOOPAMHAT BO3MOXHBIX TOUGK 3KCTpeMyMma

_(39_=——2cosxsinx'—7‘um0, l
0x
g;b = —2cosysiny 4+ A =0,

y—x——j-;—-=0

HJTH
sinm 2x = — A, (12)
sin 2y == A, (13)
1

N3 (12) v (13) umeem sin 2x + sin 2y = 0 wmu
2sin(x -+ y)cos (y — x) =0, (15)
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V2
2

Coraacuo (14) Hmeem cos(y ~ x) == == (0, a noromy H3 (15)
noJgyyaem, 4To Sin(x -+ y) ==0, orkyna

x + y==kn, k=0, 1, x2,... (16)

Pemas coBMectno ypasHenus (14) u (16), 6yneM HMmeTsh

fert n fexc o
x---——2———§-, y-——-2—+—8—, k-—-O, il, i2, 1a0 (17)

Haxonum BTOophie npousBopHue bynruun @ (x, y):

%D 0?0 0D
= —9 _— oo ,
5 = cos 2x, 3% 07 0, 3 2cos 2y

B Toukax Pp (-—%I- — -g—, %J-‘- -+ -—g—) uMeeM

" " ” .2 14 it
Dy Dy — (Cny) == 4cos (k:-t — T) cos (kn -+ —4—) =
=2cos 2kn=2>10,

3HauuT, B TOUKax Py ecthb ycaoBHHA axcTpeMym. JHanee, npH

k=2n -
0
o |, TV A<D

P?I’l

a NOTOMY B TOUKAX Pyp — YCJAOBHBIA MaKCHMYM
2
Zmax = 1 + "fg-‘.
Ilpu k=2n -1 Gyner
920
ax? |p

=} 2>0,

2n+1
TO €CThb B TOYKAX Py — YCHOBHHE MHHHMYM

Y2
Zm[n—-’l 9 .

B caenyonux 3agayax HaATH YCJOBHHIH 3KCTPEMYM.
14, f=xy npu x4 y?=1.

15. f=x"+ 42 npu 5+ F=1.

16. [= xyz npu ycxosuax x4 y -+ 2==95, xy | yz+
-} 2x = 8.

17. f=¢" npn x+ y=a.

18. [=6—4x—3y npu x>+ =1,
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19. f=x—2y 422z npu x* 4 y>+ 22=09.

20. f=sinxsinysinz npwu x+y+z=-g-, x> 0,
y>0, 2> 0.

21. JloxkaszaTb HEpPaBEHCTBO

xt+y* N :
IS, >, x>0, y>o0.

22. Hafitn HauGosbiiee 3HaueHHe TNIPOM3BELEHHUS
Xyzt HEOTpHUIATENbHBIX UmHCeNn X, Y, 2, { Npu YyCA0BUY,
YTO HX CYMMa COXpaHseT NOCTOSHHYIO BeJHUYHHY X -}
+y+ 2+t =4c.

23. Hafitn kpaTuaiimee paccrosune ot touku M (1, 0)
1o aaaunca 4x2 4 942 = 36.

24, Hailitn paccrosnme mexnay napabosoli y = x2 u
npsmMo# ¥ — y = b,

25. HaliTu croponnl npAMOYrosbHHKA MaKCHMaJbHOH
NJoWaAK, BAKNCAHHOTO B Kpyr x2 4 y? = R2,

26. B wap paanyca R Bnucate muAHHAp ¢ Haubosib-
et NOJHOA HOBEPXHOCTHIO.



TTABA 11
IKCTPEMYM &YHKUHHOHAJIOB

§ 3. dyuknuonaya. Bapuauua ¢pyHknuoHaala u ee CBOHCTBA

1°. Onpenenennsa ¢yuknuonana, Bausocts kpusbmx. Ilycts nan
Hekorophiit kaace M ¢yukuuil y(x). Ecan kaxnpoli yHKuiH y(x)
& M 1o HeKOTOPOMY 3aKOHY NMOCTABJEHO B COOTBETCTBHE OMpeJlesieH-
Hoe ydcao J, To ToBOPAT, uTo B Kiacce M onpepenen ¢pynkyuonaa J,
 mamyt J = J[y(x)]

Kaace M dyunkuuii y(x), Ha KoTopoM onpejeseH (yHKLHOHA/
Jly(x)], na3wBaerca 06.4acTeio0 300anus QYHKYUOHAAQ.

[Tpumep 1. Ilycrse M == C[0, 1] — COBOKYNIHOCTL BCEX Henpe-
PHIBHBIX (YHKUHE y(x), 3amaHHbiX Ha orpeske [0, 1], n nycrb

)
Ty (N = [ g (x) dx. (1)
0

Torpa Jly(x)] ects ¢ynknuonan or y(x): xaxnofi ¢pyHkuun y(x)
e C[0, 1] orBeuaer onpepenenHoe 3uauexue J[y]l. Tloacraensa B (1)
BMeCTO y(x) KOHKpeTHbie (YHKUHH, Mb OyaeM MOJy4YaTb COOTBET=
cTylonive snauenus J[y]. Tax, ecan y(x) =1, o

14
J[|]=f1-dx=1;
0

ecqin y (x) = €%, To
1

J[ex]=fe"‘dx=e——l;
0

ecan y (x) ==cos mx, TO
1

J[cos mx} = J. cos mx dx =0.
0

I[Tpumep 2. Tlyetb M = Cyfa, b]— knace ¢ynkuuii y(x),
HMEIOUIHX HENMpepLIBHYIO NPOM3BOAHYIO Ha orpeske [a, 6], U nycTe

Iy (D]=y (%0), rae  xo&|a, Bl (2)
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SIcno, uto J[y(x)] ecTb ¢pyHKUHOHAA, oNpeJeIeHHBIH B YKA3aHHOM
Kaacce (pyHKUHH: KaXKpoi (yHKHHH H3 9TOT0 KJjacca CTaBHTCS B
COOTBETCTBHE OIpelesieHHOe 4YHCAO — 3HAUeHHe MPOH3BOJNHOH  3ITOK
(GVHKUHH B (PHKCHPOBAHHOH TOUYKE Xp.
Ecau, nanpumep, a =1, b =3 1 x =2, o aaa y(x) = x2
HMEeM:
Jl =21y =%

ras y (x) =x%+ 1 nonyuum J[x2 4+ 1]=4; pas y(x)=1In(1 + x)
6ynem umerb J[ln (1 4 x)] = 1

| + X £ =2 _—. -g ’

ITpumep 3. Ilycrp M = C[—1, 1]—knacc dbynxuui y(x),
HemnpepHiBHBIX Ha orpeske [—1, 1], u nycry @(x, y)-— 3anaHHas
Gyukuug, onpeneneHHas ¥ HempepbiBHaA Mast BceXx —l << x <l w
AJF BCeX AENCTBHTENbHHX y. Torma

|
Iyl = [ @l y(0)dx (3)
~1

6yneT QyHKuHoHANOM, OrIpeneJIeHHbIM HA YKa3aHHOM KJacce (yHK-
nuit. Hanpumep, ecmn ¢ (x, y) = l-l-

I

Ji{x] = f%zo, a npd y(x)=1-4 x uMeem
-1

——-, TO 18 y(x) =x HmeeM

d —
I 4+ x]= f 1+J:1j_x)2=]n]/5-—arctg2.

Npumep 4 Ilycte M = Cifq, b]—-xnacc dyuxuni y(x),
HMEIOIHX HENpephiBHYI NpousBoAHylo y'(x) Ha oTtpeske [a, bk
Torga

Iy (%)) =j Vi4y®(x)de (4)

a

6ymeT (YHKHHOHANOM, OINpEeAeNeHHbBIM Ha 3TOM Knacce (YHKUHU,
®yunkuuoHan (4) reoMeTpHuecKH BhipaxaeT JJIHHY HAYTH KDHBOWH
y = y(x) ¢ xonumamu B Toukax A(a, y(a)) n B(b, y(b)).

Bapuauueu wnn  npypawgenuem Oy apryMedrta y(x) ¢GyHKuHO
Hana J[y(x)] HasbiBaeTCcs Pa3HOCTb MEXKAY ABYMSA GYHKUHSIMU Y {X/
U yo(x), mpHHAANeXKAHUMH BHOpaHHOMY Kaaccy M ¢yHKUHA:

8y = y (%) — yo (¥)- (5)
Aan knacca £ pas audpepeHunpyeMbX (YHKUHA HMeeM
(09)® == 64 (x). (69
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FopopaTt, uTo KpuBbe y = Y(x) u y = y,(X), 3aiaHHble HA OTPE3KEe
[a, b], 6ausku 8 cmoicae 64u30CTU HYAEBO20 NOPAJKA, ecnu {Y(X) —
—y1(x)| mana ua [a, bl TeomerpHuecku 3To 03HauaeT, yTO 3TH
KpUBHIe Ha oTpeske [a, b] 6.au3ku no opdunara.

Dynem ropopuTb, uT0 KpHBbe Y = Yy(X) W Y ==y, (Xx), 3aLaH-~
Hble Ha oTpe3ke [a, b], 6/H3KH B CMBICse OJH3OCTH NEPBOro NOpPANKa,
ecn |y (%) —y1 (%)} u ly'(x) —y;(x)l Manan Ha [a, b]. TeomeTpu-~
YeCKH 3TO O3Hauaer, 4TO KpHBhie Ha oTpeske [a, b] Gau3kH Kak no
OpAHHATAM, TAK W no HanpasBJeHHAM KacaTeJbHBIX B COOTBETCTBYIO-
HIMX TOUKaX.

Kpusnie y = y(x) u y = Y;(x) Oausku e cmbicie 6au30CTU
k-0 nopadka, ecid MOMYJH

|y () =y (D], |4/ ) =gl @) ] oo os | 9P () =4 (0)]

Majael Ha [a, b).

Ecan xpusnie 61u3KkH B cMBbicse OJH30CTH k-rO Mopsjka, TO OHU
TeM Gonee GAH3KH B cMbicsie Gau3oCTH Joforo MeHbulero nopsjixa,
) sin néx
[Tpumep 5. Kpusne y (x) = — " TJe 1 JIOCTAaTOYHO Be-
AHKO, U Y;(X) == 0 na [0, m] 6au3kn B cMmbicsie OJH30CTH HyJ/€BOI'O
NIOPANIKA, TaK KaK MOJYJb PA3sHOCTH

sin n%x

ly(x)*“yil(x)l= p

|
<‘}'z"n

T. €. na BceMm orpeske [0, x} 3Ta pasHOCTH NO MOAYJIO Maja NPH JO=
CTaToO4HO OOJIbLIOM A.
B/130CTH mepBOro nNOpdiKa HET, TaK Kak

ly'(x)-—-yj (x)[=n|c03n2x|,

22’!: ’ !
H, HANpHMEep, B TOYKaX X==—5= HMeeM ]y (x)--yl(x)]=n H,
r /
3HAuMuT, ]y (x) — 1y (x)] MOXeT OhTh CcJhenaH Kak yroguo 6Gonbs
IIKM TpH 7 1OCTATOYUO GONBIIOM.
sin nx
: nt
Bemuko, u Y, (x) =0 na [0, n] O6misku B cMpicae GaH30CTH
nepBoro nopsaka, u6o

Hpumep 6 Kpusbe y (x)= rade n JAOCTATOYHO

sin n |
ly () = (=] —~|<—
H
’ 7 CoS 1nX |
— | T N
. ly (%) yl(x)l | " n S
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B caepyioliHX NpuMepax yCTaHoauTb NOPALOK OJiHs
30CTH KPHBBIX.

27, y(x)= Hﬁ”‘ y, (x)=0 na [0, 2x].
nx

28. y(¥)=——, y, (x)==0 ua [0, nl.

29. y{x)==sin % y, (x)=0 na [0, 1].

Paccroanuem mexcdy kpusoinu y= f(xyny=f, (x) (a<<x<<h),
roe [(x) u fy(x) HenpepuBHBEe Ha [a, b] ¢yHKUHUHK, Ha3EIBACTCH He-
OTpULaTeJbHOE YHCJI0 P, PaB-
noe maxkcumymy |Jf;(x)— g M7 7).
— f(x)| Ha oTpeske a=<T X< b! S

p=p[fi(x), [(x)]=

~ max |1 (x) = F ()1 (7) \\_//& A

MMpumep 7. Hanru N
PACCTOAHHE O MEKAY KPH-
BbIMH y==x U Y==x?Ha OT-
peske [0, 1] (puc. 1). —

Pewmenmne. [lo onpege- 0 / z
Jenuio p= max |x*— x|

0<Cx 1
i p= max (x— x?).Ha Puc. 1.
0L x|
KoHuax otpeska [0, 1] ¢yuruus y—x—-—x2 of6paiaeTcs B HYJb.
Hanﬂeu MakCUMyM QYHKuMH y= x — x? ua otpeske [0, 1]. VimeeM

y' =1—2x; y =90 npH x=—;‘—,
1

—?4'-.

TaK uTo

P
—

== [max = (x — x?
P o 2K Y ( )I

wl~

B cnenywoluux npuMepax HAHTH pPacCTOsiHUS MeXAY
JAaHHBIMH KPHBLIMHM Ha YKa3aHHHIX HHTepBajax,

30. [(x)=xe—*, fi{x)=0, [0, 2].
31. f(x)==sin2x, [;(x)=sinzx, [0, -’2-"'-] ’
32. J(x)=x, Fi(x)y=Inx, [e~}, e].

Ilycrb kpuBble ¥ = f(X) ¥ y = fi(X) UMCOT Ha oTpeske [a, B]
HenpepHBHbe POU3BOAHBIE 7-F0 NOPAAKA,
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Paccroanuen n-20 nopadka mexcly Kpusbimu y = j(X) 0 y =
= f;(X) uasmBaeTcs HaHGOMBIIKA K3 MAKCUMYMOB CJAeNVIOWHX Beé-
JUUAH

e —F@] [ =F @] .. |5 x) — " ()]
Ha otpeske [a, b]. Dynem 0603HauaTh 3TO paccTosiHie TaK:

pa=0alli (0 f(0)] = max = max [[{7() B ®)

JanHoe Ha ¢Tp. 25 onpeleneHue PaCCTOAHMSA MeXLY KpHBHIMH #B-
JAeTCA B CMBIC/IE HOBOTO OfpenesienHs PacCTOAHHEM HYJNEBOTO NO-

psaxa.
ITpumep 8. Halitu paccToanue nepBoOro nopsiika Mexny Kpu-
BuMH f(X) = ¥% u f;(x) = x° Ha orpeske 0 << ¥ < I.

4
Pemenue Hajlizem npousBoiubie aauHbix (GpyHrmafi [ (x) =

==2x, f: (x)=3x% u paccMoTpuM GYHKUHH g1 (%) = X2 — x%H yo(X) ==
= 2Xx — 3x% Hafinem nx HauGonpwue 3Hauenus Ha otpeske [0, 1]

g

o~
Lo[!\)
™~

Puc. 2.

4
Hmeem y| = 2x — 3x% IlpupaBHuBasi 3Ty NPOH3BOAHYIO HYMIO, HaXO-

2
AHM CTalHOHApHbLIe TOUKH (hYHKUHH Yr(X): x; = 0, Xy =3 Haunee,

4
Ui leo=0; 11l o= 573 3HAueHHe y1(x) ma npaBoM KoHue PaBHO
X==—
3

yi(l) = 0. Orciona
po= max |x®— x?|= max (x2--x3)=~;—-.
0< £ <1 0 X< I 7
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Haiinem Ttenepb paccrosuHne 0o HYJEBOTO mopAnka MeXny npou3Bod-
4
HbMH f(x) = 2x u [, (x)= 3x%:

- 4 2
Po ogxglly“( )l 0 a1 |

[Tocrpoun rpadux dynkuun y = |2x — 3x*| (puc. 2). M3 pucynka
BUJIHO, UTG Py == |. Takum oOpasowm, paccTosinie p; NepBoro nopsiika
Mex 1y KpHBHMH [(x) = x? u fi(x) = x® Gynmer pasHo

Py = max (pq, Po) == 1.

33. HaliTu paccTosiHMe mepBoro nopsaka Mexay KpH-
BBIMH [(X)=Inx, f,(x)= x na orpeske [e~!, el
34. Hajitu paccrodHue BTOPOro MOPAAKA MeXAy KpH-

BoIMH f(x)==x, fi(x)= —cC0s X Ha OTpe3Ke [O, %]

35. Haiitu paccrosinne 1001-ro nmopsaka MeKIy KpH-
BbIMH f(x) = €%, f;(x) = x Ha otpeske [0, 1].

£-OKPECTHOCTbIO n-20 nopadka Kpusoll Y = [(x)(a << x << b)
Ha3bIBAeTCSl COBOKYNHOCTE KpHBHIX Y == [;(Xx), paccrosguus n-ro no-
psjaKa KOTOpbIX OT KPUBO# Y == f(X) MeHblle &:.

pn=pn[[(x), f1 (x)]<e. (9)

€-OKPeCTHOCTb HYJIEBOrO MNOPHJKA HAa3biBAIOT CuAbHOL €-0KpecT-
HOCT8I0 (pyHkyun y = f(x).

CHNbHAs €-OKpecTHOCTb KPHBON Yy == [(X) COCTOMT H3 KPHBBIX,
PACMOJIOKEHHHX B IIOJIOCKE IUHPHHBI 28 BOKPYr KpUBGH y = [(x).

£-OKPeCTHOCTb MepPBOro Mopsiaka HasbBalor Cj1aboi E-OKpecT-
HOCTbIO (PYHKUME Y = [(x).

2°. Henpepmisuoctb dynkuuonana. PyuHguuonan J{y(x)], ompe-
neneHHbil B Knaacce M dynkuuit y(x), Ha3biBaercs HenpepbieHbiM
npH ¥ == Yo(X) B cMHcae OJH30CTH £-TO MOpAnKa, ecan ans awboro
yrcita &€ > 0 cymecrsyer uucao n > 0 Takoe, uro nJ8 BCeX nony-
CTUMbIX (QYHKuHl y = y(X), YAOBJETBOPHIOMWHX YCJOBHAM

Ly )=y (x) [<n, | (=25 ()| <n, oo g™ () =5 (0) | <,

Buinoansiercd HepaseucTBO [J[y(x)]— J[yo(x)]| << e. HubMu cao-
sam, Iy (x)]— Jyo(x)] < &, ecim

pn [y (x), yo(x)] <
QYHKUHOHAJ, HE ABJAAIOIHHACA HENpPepbiBHBIM B CMbicsie Onu30-

CTH 71-TO TNopsifiKa, GyneM Has3biBaTh pa3psi8HbIM B CMbicAe YKasaH-
HoHi OunzoctH. [lonarag

y'® (x) =3P (x) + a0’ (x) (=0, 1,2 ..., n),
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rae @ —— HEKOTOPHIA NapameTp, & O (X) — NpOH3BOJILHAA (YHKHHSA H3
Knracca M, sameuaem, ur0

lim y® (x) =yl (x) (k=0 1,2 ..., n),
Q>0

H omnpeneteHHe HeNPephiBHOCTH GyHKunonana npu y(x) = yo(¥)
MOXHO 3alHCaTh TaK:

lim J [yo (x) + ao (x)) = J [yo (x)].
a->0

[Tpumep 9. Ilokasars, uto PyuKUUOHAN
1
Ty (1= [ ly (0 +2¢ (0] dx,
0

onpeseneHHniit B npocrpancree Ci[0, 1], HenpepniseH Ha (YHKHHH
yo(x) = x B CMBICAE GJM3OCTH MEPBOT0 MOPHAJAKA.

PeweHne. Bosbmem mnpousBoabhoe uicao & >> 0. [loxaxew,
4To cyulecTByeT uucao 1 >> 0 rtakoe, uro |J[y(x)]—J[x]| < e, xaK
Tonpko |y(x) — x| <<n u |y (x) = 1] < n. Hueem

1 )
1y 0] =T el =| [ 1y (x) + 20" (1) —x — 2 dx | <
0

I I
gf[y(x)—x[dx+2f|y'(x)-—lidx.
0 0

BuiGepem n-:-g—. Torpa nas Bcex y(x) = Ci[0, 1}, nng koTophX

ly(—xl<s 1 [y (0-1l<g,

6yneM HMeTh
e 11y (0] — I [5] [ < e.

e
Hrak, nas Beskoro € > 0 cyimecTsyer m > 0, nanpumep, =

TaKoe, 4TO Kak TOombko ply(x),x} << m, 1o |[J[y(x)]—J[x]] < e.

DT0 K 03HauyaeT, COIVIACHO ONPEAENCHHIO, YTO AQHULIT (YHKUHOHAA

HenpepbiBeH Ha (YHKIMH Yo == X B CMbicje OJH30CTH MepBoro nmno-

panxa. Jlerko BHpeTb, 4TO 3TOT (yHKUHCHAA HENPEpPLIBEH B CMbiCie

6auzocTH mepBoro mnopsaxka ua awboit Kpusoit y(x) & Cif0, 1),
ITpumep 10. PaccMoTpum ¢yHKuHOHAR

TIF(x))=F (x0),

rae ngHKuPIH f(x) e Cya, b] u x, ={a, b).
TOT (hyHKuMoHasn paspwuiBen ua JuoGol GpyHkuuu f(x) B cmbicae
6au3ocTH HysneBoro nopsaxa. B camom gese, nycth P(x) Takosa,
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uto @'{x) = 1 u |@{x) | << n ua oTpeske [a, b]. Boabmen ’q;ym(umo'
F(x) = fo(x) + (%), rae fo(x) & Cila,b]. Toraaf (xg) = [} (xo)+1.
OueBnpHo, uto p[f(x), fo(x)] <M, T. e. xpusbie f(x) B fo(x)
GMM3KH B CMBiCIe OJM30CTH HYyNeBOTO Nopsaika. B To XKe BpeMs
Jf(x)] = J{fo(x)} = 1, 1. e. 3RaueHHd ¢GYHKUHOHAna He OJIH3KH TpH
a1060i 6H30CTH HYJ€BOTO NMOpANKAa apryMmeHToB f(x) u fo(x).

Tounee, cymecTByer & > 0 (umenno € << 1) TaKoe, 4T0 KaKOBO
661 Hu Oblio M > O, HadiayTcs f(x) Takue, 4To

0o [fy fol<m w [T —JIR]l=>e.

ITo U o3yavaer paspmiBHOCTL PyHKuHoHANa J[f] B cmBicne 6an30cTH
HYJNEBOTO NMOopSAIKa.

[Tokaxem, uTo 3tor GyHKUHOHAJ HENMpPepHBEH B cMbicie GJH3O-
CTH NepBOro Mopsiaka.

Bosbmenm nio6oe e > 0. Umeenm

[ TIFCO1 =T [fo (0} | =]F (x0) —Fo(%0) |
OueBuyHO, 4TO ecAH B3fATb M == e, To npu piff(x), fo(x)] << mn Gy-

neM UMETb
[T [H ()] =T (0]<e,

YT0 H Tpe6oBaJOCh NOKa3aTh, JTOT NPHMEp MOKa3biBaeT, UTO M3 He-
NMPEePLIBHOCTH (QyHKUHOHANA B CMBICHe OJAH30CcTH n-ro TNOpsijika He
cnenyer, BooOule roBops, HemnpepuIBHOCTh (yHKnHOHana B CMbiCIE
6aH30cTH Gostee HU3KOTO MOPSIIKA.

INNpumep 11. Paccmorpum ¢yHKunoHan

Hy )= [ ¢ (0 ds,
0

onpenesiennut B npocrpanctree Cif0, ). TToxaxem, 9ro AaHHBIE (yHK-
LHOHAT Ha (YHKHHH Yo(X) == 0 pa3pbiBeH B cMbCie O0JH30CTH Hy-
JIeBOro Mopsakxa.

HenctBuTe RO, NYCTh Yo (%) = 0 Ha [0, 7] B yu (x) = sinnnx .

1
Torpa polye (%), ¥n (x)]=-;-z- H pp—>0 npu n->c0,

C npyroft cCTopoHH, pasHOCTh
¥

I[ga (x)] = T [yo (x)] = f

0

cos? nx
—_—d

.
n 2

He 3aBHCHT oT n. Takum obpaszoM, npu n-—> oo J[ya(x)] He crpe-
Mutcst K J[yo(x)] = 0, n cnenoBarenbHn, AaWubift PyHKuHOHan pazs
pHIBEH B cMbic/ie GIH3OCTH HYJEBOrO Nopsfka Ha QyHKunu yo(x) ==
= 0,
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[TpepocraBasiem YHTaTeM0 AOKa3aTb, 4TO: PAacCCMOTPEeHHbiH ¢yHK-
HHOHAA HenpephiBeH Ha (QYHKUHH Yo(x) =0 B cmuicae OaM30CTH
nepBOro Mopsapxa.

Uccnenosate Ha HENpPEePLIBHOCTb CJaedyiloilne (yHK-
HLHOHAaJB!.

36. J{y(x)]=y(x0), rne odynkuuu y(x)e Cla,b]u
xo=[a,b), B cMbicie 61H30CTH HY/EBOro TIOPHA KA.

37. J{y(x)] = max|y(x)|, rne dynkuuu y(x) Hempe-
PbIBHLI Ha oTpesxe [a,b] (B CMbicsie GAH30CTH HYJIEBOTO

nopsjKaj.
38.
0, ecni y (%) npHHMMAeT XoTd OBl OJHO
OTPHLATE/IbHOE 3HAYEHHE,
Ty (x)] =" ";"’ ecan y(x)=0,
| 1, ecan y(x) =0, npuuem y(x) == 0,

B CMbicse OJMHU30CTH HYJ/IEBOro NOpPAIKa.
i
39. Jly (0)]= f | y" (x)|dx, rie pyuxuun y (x) HMEOT
; ,
HeTIpepHBHBIE TepBhie TpOH3BOaHBIE Ha otpeske [0, 1]:

a) B cMbicjae OGJHU30CTH HYJIEBOro mopsaxka; 6) B cMmbicae
OaH30CTH NEepBOro NopsagKa.

40. Iy (x)] = f Vi1 + 4" (x) dxna (I).yHKU,HH Yo (x)==0,

rare dyakunn y(x) = Ci[0, n]: a) B cmbicae GaH30CTH
HyJeBOro nopsjaxka; 6) B CMbICJe OJH30CTH NIEpBOro MO«

pAAKa.
k)4

41. Iy (o] = | (1 + 247 (x)) dx na dynxunn g, (x)=0,

0
rpe ¢ynxuuu y(x)e C, [0, =], B cmbicse 6JH30CTH Nep-
BOro HopgaJKa.

ITpumep 12 lloxazaTs, uTo HYHKUHOHAN
1

Iy (x)] = f 2V T+ 52 (%) dx,
0

onpeZeseHHbIR Ha MHoXecrse ¢ynxuuit y(x) e Cl[0, 1], zenpepriBen
Ha (QYHKUHH Yyo(X) == X% B cmblCe OJMH3OCTH HYJAEBOro NOPAMKA,
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Pemenue, Ilomoxum y(x)=x%-4 an(x), rae n(x)=C [0, 1],

¢ — KaK yrojHo Mano, 1

Jly (x)]=1J[£* +an(x)]= I LV 1+ (22 +an(x)?dx=
0

— J VT + 5%+ 2ax2 (x) + o2n? (x) dx.

[Tepexons k npegeay npaA « — 0, MoJyudM H3 3TOro0 paBeHCTBA
t

lim T [y (x)] = f 2V 1+ xtdx=17[x%],
a>0 ;

YTO H O3HayaeT HENMPepbiBHOCTh (DYHKNHOHasa Ha (PYHKUHH Yo = X2

Onpenenenue, Mycre M — nnneiinoe nopMHpOBaHHOE MPO-
CTPAHCTBO (hYHKuHMH Y (x).
DYHKIHOHAN L[y(x}} onpelnenedHbiit B npoctpalictee M, Haswi-
BaeTCs AUMEUHbIM, €CTTH OH YJIOBJETBOPSAET YCJAOBUSIM:

1) Licy ()] =c-L[y(x)]
Iie ¢ — NpoU3BOJIbHAR MOCTOSIHHAS,

2) Ly:(x) + yz (x)] = L [yy ()] + L [y2 ()]s

rie ;pi(x)eMu y (x) = M.
Hanpumep, dbyskuuonan

b
L[y (x)]= f [y’ (x) + y (x)] dx,

‘OHpE’IleTleFIHbIﬂ B INpocTpanctBe C; [a bl, oueBnmno, ABAAETCH JIH-
HEAHBIM.

Hpvroe OHpe,[lEJ]eHHe NuHelHOCTH (hyHKuHOHana:

dyurunonan L[y (x)) nasuBaercst aunednsvim, ecau on 1) denpe-
pPHBeH H 2) nAsadA Jnoﬁbix yp{xy M n y(x) =M y10BJIETBOPSET

YCMOBUIO
Ly (x)+y2(x)] =L [y (x)] + L[y2 ()]

42. TlokazaTth 3KBHBAJEHTHOCTb INPUBEIEHHHX BbIlle
onpegeseHdl JUHEHHOCTH QYHKLIHOHAMNA.

43. Tlokaszartb, uro QyHrumounan Ly(x)]=y(xe)—
JIMHE HHBIH.

44. Tlokaszarb, uto ecau Liy(x)]— nunelunvit ¢ynk-
LIHOHAN H OTHOLIeHHE -ﬁ—g[;g(}(-;%]--» 0 apu lly(x)ll —0,

o Lly(x)]=0.
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8°. Bapuauus dysnxumonana. Ilycte ¢yHkunouan J{y(x)] sanan
Ha MHoxecree M oyukuuit y(x). Ilpupauienuem pyrkyuonara
Jly(x)], orsevaonium npupawmeHHio Oy(x) aprymeHTa, HasbBaeTCA
BETHYHHA

Al = Al [y (x)] =17 [y (x) + by (x)] = I [y (x)] (10)
8y (x) =G (x) — y (x), rne y (x) E M, 7 (x) & M).

Ilpumep 13, Haittu npupamentHe ¢yHKuuonana
1
Iy (= [ 40 ¢ () dx
0

onpefenennoro B mpocrpancrse Cyla, b], ecin y (x)=x, g (x)=x%
Pewmenne Hmeem

i ; 1
AJ=J[x2]-J[x]=jx22xdx— f x.1-4x=f(2x3-—x)dx=o.
0 0 0

45. Haiitu npupaueHre ¢QYHKUHOHAJMA, DPaACCMOTPEH-
Horo B npuMepe 13, nosoxuB y(x) = e*, yi(x) =1,

Onpenenenne Ecanm npupamenuve ¢pyHKUHOHANZ
AT =1y (x) 4 dy] — I [y (x)]

MOXHO npelCTaBHTL B BHAC
Al = L[y(x),dy] 4+ B(y(x), dy)lidyll,

rae Lly(x), 8yl — nmnefineti no oTHOWeHHI0 K Oy QyHKuuoHan H
B(y(x), 8y) =0 npu |6yl -0, To anneliHaa no oTHOWeHHIO K Oy
YacTh MpHpallleHHs ¢yaxuHonana, T. e. Lly(x), by], nasupaercs sa-
puayueidt ¢ynxyuonara n obGosHavaercs 8J. B sroMm cayuae ¢yHk-
nuoHan Jly(x)] HasbiBaeTcs Ouggepenyupyemsin B TOuKe y(X).

46. Ilokasats, uto Bapuauuss &J dyuxuuonana

Jly(x)] (ecam oHa cyiecTByeT) onpenendercs euH-
CTBEHHLIM 006pasoM.

- Ilpamep 14. Ilokasatp, 4T0 QyHKUHOHAN
b
Ty (N = [y dx
it

sagannbili B npocrpanctse C{a, 4], muddepenunpyem B Kaxkaof
TOUKe y(x) 3TOro mpoCTpaHcTBA,
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Pewmwenne,
A =T [y 0yl —1T[y]l=

b b b
= [ +oy (N dr— [ y(x)ar= [ dy(x) ax.
Qa Qa (41

b
TaxkuM o6GpaszoM, AJ= f dy (x) dx. JTo ¥ ecTh  JHHEHHBIA
a

¢pyHKIHOHAN oTHOCHTENbHO Oy(x). B nmanHoM caydae Bce mpHpaile-

HHE (QYHKIHOHAAA CBEAOCh K JHHEHHOMY (DYHKUHOHAJY OTHOCHTEABHO

Oy (x). PaccmarpuBaemMuifl ¢ynkuuonan pudgeperuvpyeMm B KaxKjaoH
b

TOouKe Y(X) ¥ ero papmanus OJ == f dy (x) dx.

a

47. Tloxazate, uTO BCAKHH JIHHEHHBIH HENpep:!BHBLIMA
dyuxuunonan Jly] scerna audpepenuupyem.
ITpumep 15 Ilokazars, 4TO pyHKHHOHAN

b
Tyl = [ g (x) dx,

onpeaenennbili B npocrpancree Cla, b], nuddepenuupyeM B Kaxaofl
TOuKe Y(X). ‘
Peuenne Hmeem

b b
A= [ Ly (@) + 8y ()1 dx — [ g2 () dx =

b b
= [ 29 oy () dx+ [ @y(arar. (1)

[Tepsuifi wHTerpan B mpapoi uyacrm (11) mpu Kaxnaoi gmxcnposan‘
HOl ¢yHKUHE Y(X) sABASeTCs NHHEHHBIM OTHOCHTEAbHO Oy(X) (yHK-
uxonasom. Openum BropoH wuiTerpan B npasod wactu (11), MMeewm

b b
[@ueayar= 18y 0P ar<
(/3 a

b
SCZex 1) [ax=0—-a18y(a17=

“ — (b —a)1851) 1801
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Ilpu || 8y | ~> O Bennuuua

(b—a)ll dy It - 0.

Taxkum oGpasom, npupailense AJ ¢(ysknuopana npeicTaBHMO B BHIE
cymmbr Liy, dy] n noGasku, mmeoliell BTOpoH MOPANOK MasnocTH OT-
nocutenbno |[0yil. Cornacno onpenenenu:o, AauHbit pyHkouonan sB-
astercst puddepeniEpyeMnLiM B TOYKe 4 (X) H €ro BapHalHs

b
8] =2 f g (%) by (x) dx.

1
48. Hnaa dyunxouonaaa J[y(x)]=fy2(x) dx ToJ0A
0

KUTb Yy =2x, 0y=o0x? u cpaBuuth 0 ¢ AJ npn a=1;
— 0,1 0,01,
1

49. Haa ¢yuxkuuonana Jy(x)]= I xy3(x)dx mono-

0
Kute y=¢e", dy=ax. CpaBuutbr AJ c &J npx a=1;
0,1; 0,01.
50. Ilposeputs auddepeHHUPYEMOCTs CASAYIOUIHX
(PVHKIIHOHAJIOB:

1) J[yl=y(a) B npocrpaucree C [a, bl.
2) J[yl=y(a) B npoctpancree C,[a, D].

3) J[y]=1/1 + y’*(a) B npocrpancree C,[a, b).
4) /|lyl=)y(a)| B npocrpaunctse C [a, b].

51. Iloxasatb, uro ¢Qyuxnuonan J2{y] ouddepenmu-
pyeM, ecaun puddepennupyem Jiy]. Haoucare Bapuauuio
I [yl. )

52. [loxaaatp, 4TO $yHKIHOHA

b
Tyl = [ 7 (x, y () dx,

onpeaedeHusii B npocrpanctse Ca, b}, roe f(x,y)— ne-
npepelBHast (GYHKIHSA CBOHX ADPTYyMEHTOB, 06Jaaaoumas
HEeNnpepPeBHBIMH YACTHBIMH TPOH3BOAHBIMH 1O BTOPOFO
HOpsiAKa  BKJOYHTEJbHO B ofdactn a<<xyx<<bh,
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—o0 < Yy << o0, audbdepeHuupyeM H ero sapHauus
HMEET BHUJ,
b

of (x,
6J=J.—%6y(x)dx.

a

ITpumep 16, PaccmoTpuM ¢hyHKUHOHA
b
gl= [ Flx y (0, o (x) ds,
a

onpenenernbiii B npocrpaunctBe Cifa, b] menpepuiBubix dhyrkuuil y{x)
Ha orpe3ke [a, b}, o6napaliuxX HenpepbiBHLIMU NMPOH3BOAHBIMH 11273
Boro nopanka. ®yskuHa [(x, y, y’) HenpepriBHa MO COBOKYMHOCTH
CBOMX apryMeHTOB ¥ HMeeT HEIpPepLIBHLIC 4YacTHble NMPOU3BOAHBLIE RO
2-ro nopsinKa BKJAKOUHTENLHO B obaacTw

A< xKh —owo<L<y<Ltoo, —owoLy <4 oo,

Haiigem npupawenne ¢ynkpuonasga AJ, oTBedaioee npupaiueHuio
Oy (x) aprymenta, rupe Oy (x) = C, [a, b]. Hmeem

b
My 1= [ 1 (5 y+80, ' +80) = Flxy )1dz. (12

a

ITo dhopmyae Teiopa

Flx, y+0y, vy +8y")—f(x, y, y')=
of

af 4 4 4
__Woyﬁu—é—y—,ay +R(x 4 4, 8y, 8y"), (13)

rne R{x, y, y’, by, 8y') — ocraroynmii wien Qopmyan Telopa.
IMoncrasasas (13) B (12), nonyyum

b
) )
Al {y (x)] = J‘ (5{76!/ + '5"57' 6y’) dx +

b
4+ J‘R(x. y, y', 8y, dy’) dx. (14)
a

ITepsoe cnaraemoe B npasofi uactu (14) anmefino oTHocHTenbHO By
H 8y'. ITycTe BCC BTOpbie uacTHbie NpoudBopusie dyukunu f(x, 4, y’)
no y ¥ y He mnpeBocxonsT 1o aGCOMIOTHOR BegHUHHE HEKOTOpPOH

P
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KoucTaHTH M > 0 B orpannuenuoll no y u y’ oGaacry. Toraa cnpa-
Bennnna OLIEHKA

b
j |R (3, g, 4% b9, 0y") | dx <<2M [ Ny |7 dx=2M (b — @) 3y |%

3recns | (‘Sy | = max (]6y| [8y’|). Takum o6pasoM, BTOpOE
as<x

craraemoe B TpaBOH qacm (14) — BTOpPOTO MOpSAKAa MAJOCTH OTHO-
cureasiio [|8yl. CaenoBarensso, corsacio onpefesneilnio, GyHKIHOHA
Iyl nupgpepenuupyem B npoctpamctBe Cyfa, b] w ero Bapnauus

HMeeT BHjp .

6J[y]=f(a’a+ o s )dx. (15)

a

INTpuwmep 17. Hadiru Bapuaumo (PyHKIHOHAIA
Iyl = I (y'e? + xy°) dx.

Pemenue. Oyukuua f(x, y, ¥ )——y’ei‘-!—xy? OYyeBHJHO, He-
NPEpLIBHA 1O COBOKYMHOCTH NEPEMEHHBIX X, y H y’, uMeeT yacTHHIE
TIPOM3BONHBIE BCeX TIOPANKOB N0 Yy ® y’', orpanvyennbie B J060it
orpaunuenHo# o6JgacTn uaMenenus nepeMen#nx y u y'. Iloaromy
naHuBE (Qynxkuuonan augdgepenuypyeM B mnpocrpancree Cy[—I, 1]
H ero Bapuauusi corJacto gopmyae (15) pasna

1

8] = f [(y'e? + 2xy) 8y + ¢¥ 8] dx.
-1

63. [las ¢yHKuUOHAJA

e

Iy (9= [ (y'y + xy")dx

NOJOKHTL y==Inx, 6y=f~%’f-_-__—"-l—l—)- ¥ cpaBHuTE AJ [y (x)]

¢ 8J[y(x)] npu k=1; 0,1; 0,01.
b4, Ias dyHKuHOHaAAA
1
Iy (1= [ (y” — ) dx
0. o
NOJOXHTh Yy=x°, Oy = kx% cpaBHUTb AJ [y (x)]
¢ 6J[y(x)] npu k=1; 0,1; 0,01,
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k14
65. [lasa oyHkuuonana J[y(x)]= f y" sin xdx moxo-
0

XUTb y=s8inx, dy==~Fkcosx; cpasHure AJ[y(x)]
¢ 8J [y (x)] maa k=—1; 0,3; 0,03.

56. [lokasarte, uto ecau Oynguud f(x, 2|, 22, eovy Zmyy)
HMeeT HenpepHBHBEIE NPOU3BOAHBIEC 2-TO NOPsAAKA O BCEM
aprymentaM B 06JactTH a<{x< b, —oo <<z <+ o
(k=1, 2, ..., m-}+1), To OyHKUHOHAT

b
J[y]: f f[xs y(x)’ y,(x), ooy y(m) (.76)] dx

nudbepenuupyemM B npocrpanctse C,,[a, b] u ero Bapua-
IIU UMeeT BUJ

AN

b

_ (ot Of & s O o m ’
af._.f(oyay+ay,6y+...+ 84 *)dx. (16)

(m)
a ay

4°. Bropoe onpeseneHue Bapuauux ¢yHkuHuonana. Bapuayued
pyuxyuonasa Iy (x}] B Touke y = y(X) vaspiBaeTcs 3HAUEHHE MPO-
n3Bomuol GyuKuHonana Jly(x) + ady(x)} no napamerpy o, Koraa
o = (:

O =2 T[4 () + 08y (Nl (17)

Ecau cymecrByeT BapHailus (yHKHHOHAsa KaK rjgaBHas JHHeHR-
Has 4acTb €ro NPHPAMIeHHH, T. €. B CMbIC/JIe MEepPBOro omnpeleaeHud,
TO CylLIeCTByeT ¥ BapHauHs KaK 3HayeHHe NPOHU3BOAHOA NMo mnapa-
MeTpy @ npH & = 0 U 3TH BapHauH¥y COBNAjaroT.

Ipumep 18. IMoumm3aysacs BTOpbiM ONpepenenneM, HaiiTH Ba-
pHapgur QyHKIHOHANA

b
Iy (9] = | 4 (x) dx.

“ Pemenue Bapuaunus sToro (pysHKuHOHasga B CMBICIE NEPBOro
olnpefesieHHs PaBHA

b
ay=2jy(x)ay(x)dx
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(cM. nmpumep 15). Haligem Bapuanmio ¢yekunonana J[y], nonssyscsb
BTOPbIM OnpeseseHHeM BapuaunuH. MmeeM .

b
Ty () + ey ()= [ [y (x) + ady ()] dx.
Torna ’ \
;——al [ +-aby]=2 f (y +ady)dydx
:
H, CA€I10BaTEAbHO,

b
3
61=E”y+06y]|a=0f'=2fyéydx-
a

Bapuanuu ¢yHKuroHajsa B CMBIC]IE NepBoro W BTOPOrO onpeies
JeHUH COBNanaior,

Hasa crenyomux GpyHKUHOHAIOB HANTH BAPHAIHIO B
COOTBETCTBYIOLIUX IIPOCTPAHCTBAX B CMBICJE BTOPOrO
OTIpee/CHHUSL.

b
57. J[y]= j (x+ y)dx
b
58. J[y]l= j (yz—y’z)dx.
1
59. J[yl=y*(0) + f (xy + v )dx.
0

by
60. J[y]= J y sinydx.
0

61. Hafitu Bapuauuio ¢ynguHoHasa
J[yli y27 seey yn]=

LG S AC L S AC
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rae f-—HenpepnisHad GyHKUMA CBOMX APTYMEHTOB, HMEIO-
1ias HenpepbiBHbiE YACTHBle MDPOHU3BOAHBIE MO BCEM CBOHM
apryMenTaM B HEKOTOPOH orpaHuueHHon o6aactu G us-
MeHEHHs NOCaeIHUX.

Gameuanune DBropoe onpeaenedve Bapuauun ¢yHKLUHOHAJIA
HECKOJIbKO 1IHpe NepBOr0 B TOM CMbLICJE, YTO CYLIECTBYIOT (pyHKUHO-
HaJIbl, H3 TNPHPAWENHS KOTOPHIX He/Mb3fl BLIAEAHTH [AaBHO JUHEHHON
U4CTH, HO BapHaiua B CMBICAe BTOPOTO onpefedeHHss CylLIeCTBYeT.
Iloxaxkem 3TO Ha npumepe ¢yHKilHH, A1 KOTOPHIX CHOpMYAHPOBAH=
HOoe yTBepXK/eHHEe PaBHOCHIbHO TOMY, YTO CYLIECTBORAHHE NMpPOH3BOA-
HBHIX 1Mo Mo60oMy BAanpaB/eHHIO HEAOCTATOUYHO A/ CYHIeCTBOBAHHA
Auddepenunata QyHKIHY.

ITycto
f{x, y)= V;%_Q.=—;-sin2a (x% 4+ 42 £ 0),

raie p M @ — NoJasApHble KoopaWHATH TOUKH (X, y). HacTHhe npous-
of

BOAHEE — H 5y CYWECTBYIOT B Ka)XA0H TOYyKe H B Hayalle KOop-<

JHHAT PaBHE Hy/0, Ho aHddepenunan df me cywecTsyer B Hadang
Koopamnat. B camoM gete, npu Hatuuuu df rpaguent ¢ysxuxd f
B Haya/te KOODAWHAT PABHANCA Gbi B 3TOM CJIyuae HY/O, a TOTOMY
paBHAJMAach OBl HVQI0 NPOM3BOAHAA nO JJoGOMY HanpaBJeHUID

.E[_%ﬂ)_. Mexay TeM, Kak Jerko ybeanThCs,
4000 _ 1o,

uTo BoOGLWIE OTAHYHO OT HYJA. 34ech ¢ — yroJa, o6pa3oRaHHbLIA BeK-
TopoM I ¢ oceio Ox. -

5°. Bropas Bapuauus yuknuonana. ®ymkpuonan J[x, yl, 3aBu-
cawuil OT ABYX 37eMEeHTOB X W y (NPHHAAJNEXKAWAX HEKOTOPOMY JH+
HefiHOMY TNpPOCTPaHCTBY), HasbiBaercsd Ouauxedwbim, ecay npH HHK-
CHPOBAHHOM X OH MNpeaCTaB/geT CO60H JHHeHHBIH (PYHKHHOHAM OT Y,
a4 TpH (HKCHPOBAHHOM Y -— JHHEHHbIH (QYHKOHOHAA oT X. TakuM
obpasoM, ¢pynkunonan J{x, y] Gununeen, ecau

Tloagxy 4 00Xy, yl =[xy, y] + axJ [x,, ¥,
J %, By + Boy2l = B:J [x, g4l + 827 [x, y2]

ITonaras B 6GuaunednoM QyHKuHonalze y = x, noJdyyaeM BLIpaKe-
HHe J{x, x], Ha3nBaeMoe K8aOpaTUYHbLIM (DYHKYLOHAAOM.
Bununednbifi (pyHKOHOHAaT B KOHEYHOMEPHCM NpPOCTpPaHCTBe Ha-
3BIBACTCS OuAuHetdHod hopmolLl.
KBagpatuuubii yukunonan J[x, x] Ha3eBA€TCA NOAOHUTE.16HO
onpedereHuvim, ecnu J [x, x] > 0 g n0Boro HeEYaeBOro s/JeMeHTa X.
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Hanpuwmep,

1) Beipaxenne ,

Iz 1= [ A s g (@),

—

rne A(f) — duxcapoBannas Henpepmmg’ag dhyBKuNS, IpencTaBIseT
cofoli Gunnnelinnifi ¢ynkuuonas, a J. A (t) x? (1) dt — kBaaparyu«

HLII (pyHKuuohas B npocrpanctBe Cla, b], npuuem ecan A(f) >0
npu BceX f & [a, b}, To 3T0T KBaApaTtnuBuf ¢yHKuHoHaa OyJeTr no-
NOXKHTeNbHO OnpedesenHbiM,

2) Bripaxense

b

[lav 2 m+Bmxw @+ ®]dt

a

npeacTaBaseT CO0OA NpHMED KBAAPATHYHOrO (YHKIHOBA/IA, ONpege-
JIeHHOTO AM1s BCceX OYHKUMHA H3 NPOCTPaHCTBA Cila, ).

3) Uuterpan
b b

f f K (s, 1) % (s) g (1) ds db,

a «

rpe K(s, t) — duxcupoBannas %VHKHHH ABYX NepeMeHHBIX, SiBJASeTCSH
. 6uiannehnniM ¢gynkpuonasom B Cla, b

Onpeneanenne. Ilyers J]y]— dyuxkuuonas, onpedenennbiii B
KakKoM-auGo JUHEeiHOM HOPMHPOBAHHOM MPOCTPAHCTRE,

Mu ckaxem, uto ¢yukuposan J[y] ameer BTOPYH BapHauHulo,
eciu ero npupautesne Al = J{y 4+ dy] — J[y] moxHo 3amucate B
BRIE

AT =Ly [84) + 5 Ly 1091 +B 1 Sy I, (18)

rae Ll[ﬁj]—JIMHeHHHH t})yHKuﬂonan L[8y} — xBadpatnunblit Gynk-
urounas, a §— 0 npu oyl — 0.

KeagpaTnunui cpynxuuonaﬂ L,[8y] 6ynem nasulBaTh 8TOPOU Ba-
puayued (BTOpniM Auddepenuranom) ¢ynkuuonaaa J{y] u obosna-
yath 04,

Bropas Bapuanus (pynxunoaa.na (ecan oHa CYlIeCTBYeT) onpe-
JleaeTcst 0gH03HaqHo,

IIpanmep 19. Hailtk sropyio BapHaunio QyHKHPROHANE

Iyl = f (xy? + y°) dx,
0

onpemenennoro B npocrpancrae Ci[0, 1] pynkuni y(x).
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Pemeunne HmeeMm L.

Al =17y + byl — Iyl =
1

= j [x(g+09)2 4+ (0 +84) — x> — ] dx =
0

i
= f [2xy 8y + x (39)% + 3y 0y’ + 3¢’ (8y')2 + (8¢ )*] dx =
0

1
= .( (2y 8y + 39" dy’) dx +
0

1 1
+ [ 120 + 3y Gy dx + [ @) dr. (19)
Q Q

IMpu ourcrposannoM y(x) nepsoe ciraraemoe mnpasolt uwactu (19)
ecTh JMHEHHBIA oTHocHTedbHO &Yy (x) dyukumonaa; sropoe ciaraes
Moe TpaBOi uvacTH ecTh KpajpaTHuHbiil dyHKnuoHat . Harkowey, o«
cleqHee, TpeTbe cC/1aracMoe Npasoil UYacTH JONMyCKaeT OUEBHIHVIO
OLEHKY ,

1 1 I
[ (o) dx | <dmax oy 1) [ 10y 1dx < [ 189" 1dx ogi2
0 0 0

(Hopma B cmmuicae mpoctpancrsa Ci[0, 11), oTKyma BHAHO, YTO 3TO
cnaraemoe npencrasimo B Buae B-[18yl1%, rne f—0 npu 8yl — 0.
CorsacHo onpeneneHqio, AaHubii QYHKLHOHAJ HMeeT BTOPYIO BapHas

puio 8% u oHa paBHa '

1
37 =2 [ [x(89)? + 3y’ (o9 ¥] d.
0

- 62. Jlokasatb, uTO KBaapaTHuHbili GyHKUnoHan puds-
¢epenHupyeM, 1 HaHTH €ro BTOPYIO BapHauHio.

63. Hamucats BTOpyl0O Bapuauuio (GYHKOHOHaJA
ef, rne F(y)— aBaxzanl nudpdepenuupyemMulit QyHKs
IHOHAJI.

64. Ilokazatb, 4T0 (YHKUHOHAJE BHJIA

b
Jlyl= [ F(x g, y)dx
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B npoctpanctBe Cfa, 6] asaarorca aBaxan AHdpdepeHs
UHPyeMbIMH, ecsti INOoAbIHTerpasnbHas ¢yukuus F obrna-
AaeT HeNpepbIBHLIMH IPOM3BOAHBIMH JO Tperbero Mo-
pPSiAKa BKJIIOYHTENbHO, W HAHTH BHIpaxKeHHe JJsi BTOPOH
BapHaLHu.

Beegem ¢yukuuio @ (a) = J[y + ody]. Bropas sapuauus &%
dynkudonasa J[y] onpenensieTca Takike yepes BTOPYIO [POU3BOLUYIO
dyukuuy Ola] B Touke o = 0:

d’® (a)

2 [ ]
da =0

52] =

HNiasa GYHKUHOHAJOB HMHTErpadbHOro THIIE, KOTOPbIE MH 6yaeM
NPeHMYyILeCTBEHHO PaccMaTpUBaTh, 004 3TH onpejeqeHHA COBNAAAI0T,

Haiitu BTOpLIE BapHauHH

b
65. J[y] = f F(x, 4, 1, ..., ym)dx.

66. J[y]= ” F(x, y, 2, 2, 2,)dxdy.
G

b
67. J{y, - .-, y,,]=fF(x, Yis eoer Ypp Yo ooy Yl)dxe

6°. Ikcrpemym dyakunonana. HeoOGxomumoe YCA0BHE IKCTpPE-
myMma. loBopsar, uto ¢yukumonan Jy(x)] nmocruraer Ha KPHBOH
Y = o(x) ™MarkcHUMyMa, €ca¥ 3HaueHHsa ¢yHKuuoHasaa Jy(x)] Ha
mo6oi OaH3KOH K y = yo(x) KpuBOfl He Goablle, ueM J[yo(x)], T. €.

A =Ty (x)] — Ty (x)] <0

Ecau AJ < 0, npuuem AJ =0 toabko mpu y{x) = ye(x), 10
TOBOPHAT, YTO HA KPHUBOH Yy = yo(X) AOCTHraeTcs CTPOTHH MAKCHEMYyM.

AHa/IOTHYHO OHpellensIeTCs KpHBasaA § == {fo(X), Ha KOTOPOH pea-
au3zyercst MHHEMyM. B stom cayuae AJ Z= 0 Ha BCceX KPHBbLIX, O/u3-
KHX K KPpUBOH Y == yo(x). '

ITpumep 20. Ilokazath, 4uTo HyHKIKOHA

|
Iy (= [ (2 +y?) d
0

ra KpuBof y(x) == 0 poCTHraeTr CTpororo MEHHMyMa.
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Pemenue Has moGoii HenpepoisHOH Ha [0, 1] dyHRUHKH y(x)
HEMeeM
1 1

M =Ity]—T01= [ (2 +ydr— [ rdx= [ yrax >0,
0 0

NIpHUEM 3HAK PaBEHCTBA JOCTHraercs TOJBKO npH y(x)= 0.

Cunenviii u caaboui IKCTPEMY Mb. loBopsiT, uTo (PYHKNHOHAY
Jly(x)] moctHraer Ha KpUBOH Y = Yo(X) CUABHO20 OTHOCUTEALHO."
MAKCUMYMQ, €CNH NN BCeX NOMYyCTUMBIX KPHBHIX Y = y(X), pacmo-
JIOXKEHIILIX B HEKOTOPOR E-OKPECTHOCTH HYJEBOro NOPAAKA KPHBOH
¥y = Yyy(x), umeen

Iy (x)] << [yo (x)].

Anasoryuno ofpeaeasieTcst cuAsHbId OTHOCUTCALHbILL MUKHUMYM PYHK-
ILHOHAJA.

loBopaT, uto ¢yukuuonaa J[y(x)] nocruraer Ha KpuUBOH y ==
== Yo(X) €2a0020 OTHOCUTEALHO20 MAKCUMYMQA, ©CNU 1S BCEX AOMV-
CTHMBIX KDHBLIX Yy == y(Xx), PAaClONO¥KCHHBIX B HCKOTODOH €-OKpecT-
HOCTH [epBOro [opsiika KPpHBOH Yy = Yy (x), uMeeM

J [y (x)] << T 9o (2}

Ananoruuno onpenenfieTcs cAaObil OTHOCUTEALHOLE MUHUMYM
GbYHKIIOHANA.

MakcuMyMbi B MHHUMYMBI (CcHJ/buble U caalble) GYHKIHOHAIA
J[y] HA3BIBAIOT OTHOCUTEAbHLIMU IKCTPEMYMAMU.

Beaxuil cHABHBIE 3KCTPEMYM eCcThb B TO JKe BpeMfl M cialnifl, #HO
He Hao6opoT.

Iretpemym ¢yukunuonaaa Jfyl ma Bceit copokymocty ¢yHkumi,
Ha KOTOPBIX OH OlpeneneH, Ha3blBACTCA AOCOAFOTHbLIM 3KCTPEMYMOIM.

Beakuit abcoatoTHblil 3KCTPEMYM SIBASICTCA CJAa0bIM H CHJIBHLIM
OTHOCHTEJIbHBIM SKCTPEMYMOM, HO He BCAKUA OTHOCHTE/bHBIH SKCTpe-
MYM 6ynet abGCOMIOTHBIM.

I[Tpumep 21. Pacemorpum GyHKOIHOHAT

T
Iy ()= [ 92 (1 — ") dx
0
B npocrpacerBe dyakuufl y(x) & Ci[0, x), ynosaeTBOpAIOUINX ye10-

U0 ¥ (0) = y(n) = 0. Orpesok [0, x] ocu Ox paer caabblit MuuI-
mMym J. B camom nene, nan y = 0 umeem J =0, a naa KPHBHIX,
PAacloJIOKEeHHbBIX B €-OKPECTHOCTH [MePBOTO NOPsSIKAa 3TOro OTPE3Ka,
raoe e — oboe [OJIOKHUTEJIbHOE UYMCJO0, MEHbUIee EeaMHHNOBI, HMeeM
|y’] <C 1, TaK 4TO noabiATErpanbHOe BbipaXenHe MOJOKHTENbHO [PH
y ¥= 0 u, creporarenbHo, QyHKuuoHasa ofpaumiaercs B HyJAb JHIIb
npu y = 0. 3HaudT, Ha GyHKUMH y = 0 HOCTHraercs CJaabblli MUHK-
MYM.
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CunpHbi K€ MMHHMYM He AocTHraercsl, JLOCTaTOYHO DOJNOKHTH

Torna

J{y(x)] =

b1
—:—l-fsinzn-x(l — n tos? nx) dx =
0

n._=
2n 8

| —

k14 14
1 = o5 ) n
= - sinnx dx — sin‘ 2nx'dx =
0 0

¥ NpH n AO0CTATOYHO GoabuioM ans mamux Kpusmx J << 0. C apy-
roli CTOpPOHbI, BCe 3TH KPHBHIE [IPH 71 JOCTATOUHO GOJLUIOM JexKar
B CKONb YrofHO MAaJ/Of OKPeCTHOCTH HYyJNeBoro Mopsaka KpHBOH
y = 0. Mrtak, ciMbHHB MEHEMYM He nocturaercs npu y == (.
[Tpumep 22 (Beitepuitpace). PaccmorpuM ¢yHKuMOHAT - }

I -
Iyl = [xﬂg'2d,c, gl=l)=—1, y(l)=L

Umeem J[y] = 0 ma orpeske [—I1, 1], npuuem J[y] = 0 Toanko npu
y'(x) =0, 1. e y(x) =C = const. Pyuxnusa y(x) = C upuuai-
Jexur Kk knacey C\[—1, 1] dyukuu#t, uMetomux Ha orpesks [—I, 1]
HeNnpepbiBHYIO TPOH3BONHYIO 1€pBOro NOPfIKa, HO He YIOBJeTBODSeT
3aNAHHbIM KpaeBhiM yecjoBusaM. CuaemosatesnbHo, Jfy] > 0 ans Bcex
y(x) e C[—1, 1], ynoBnersopswomux  ycjaoBusm y{(—I1) = —I,
y{1) = 1. Takum obpasoM, dbyHKHIHOHAN HMEET HHXKHIOW TpaHb, HO
OHa He pocturaercsa Ha Kpusbix y(x) & Ci{—1, 1. B camom gere,
PACCMOTPKM OJHOMApaMeTPUUECKoe CeMEHCTBO KPHBBIX

X
arctg '(—z'
Yo () = ———, a >0,
arctg o
Std Kpushle YHOBACTBOPAIOT KPAEBBIM YCIOBHSM Yq (—1) = —I,

ye (1) == 1. B npenene npu a—0 nonvuum ¢QyHKUHIO

! —~1, ecm ~1<x<0,
7{x)= 0, ecau x =0,
41, ecaxu 0< x|,

b

Hm j(x) == sgn x (puc. 3).
~ -DTa Oynkuus nNpHHAKAEKUT K KiIdccy GyHkuufl, Kycouno-mad-
¢epeHuupyembix Ha orpeske [—1, 1].
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HwceMm |

. 2d
= [l
-1 (a"’-{-x’)arctg"-&-

2 J' x?dx e 2
- 1 a? 4 x°

2 __ 2 e
arctg 5 0 arctg =

(1 ~ g arctg é—).

Acuo, uto Jyel—+0 npu o —0. Ha npenenvuolt ¢ynknes §F(x),
VAOBJETBOpAOWIEH KpaeBbiM Yyca0BUAM F(—1) == —I1, F(1) = ],
dyuknuonan J[y] npurumaer 3Hauenue, pasHoe Hyaw: J[F] = 0,

y A

Y= sgnz
1
Y=Yl )
— =
~1 0 { 4
ot —f
Pnc. 3.

Takum obpaszoM, ¢yHknuoHnaa J[y] poctaraer ¢Boero MHHHMYyMaA
Ha KpUBO#A §(x) = sgn X, KOTopas MPUHAAJEKHT K Kaaccy GyHKuuH,
KycouHo-audepeHndpyeMblx Ha OTpeske [—1, 1], Ho He npuHaane-
Ut Kaaccy Cif—1, lf.

Teopewma (Heo6XxomuMOe yc/OBHe 3KCTpeMyMa (ryHKNHOHAIA),
Ecau OQuggpepenyupyemoii ynxyuornan J[y(x)] Odocrueaer swcrpe-
MyMa npu y = Yo(X), 20e Yo(x) — 8RYTPEHKAA TOUKA 004aCTU Onpe~
GeseHusn PyHKYUORAAQ, TO npu § = Yo(X) umeen

87 [yo (x)] = 0. (20)

Gyukuud, Ans xoropeix 8J = 0, 6ynem  HASHIBATH crayuonap-
HOIMU DYHKYUAMU. , -
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Hcnonssyss HeoOxoauMoe YCaoBHe 3KcTpeMyMa (20)
H OCHOBHBIE JIeMMH BapHAallHOHHOrO ucumuciaeHuHs {15}
HaATH (QYHKUHOHAJbHbLIE YpPaBHEHHA IJIA ONpeaeneHUd
CTaUHOHAPHLIX (QYHKUHH CleaYIOLHX (YHKLHOHAMOB:

68. /[gl= [ [ K(s, )o(s)p(t)dsdt +

b b
+ [ @ ()ds—2 [ @ (s)f (s)ds,

rae K(s,!{)—3aganHasi HelupepblBHasd CHMMETpHUECKad
¢ B obnacta D { IS8 S b}
QYHKUUS 0T § U £ B 00JacTH a<<t<hb |’ f(s)—3a«

AaHHasi HempepoiBHAs ¢GYHKUMA Ha [a,b]; @(s)— HCKO+
Mbld HelpepbiBHLIN (PYHKUHOHAJLHBIH apTyMEHT. y

00

69. J[o)l= [ [p(0e¢" (D +20(x+1)g(x—1)—

— 9% (x) — 29 (%) [ (%)) dx,

-— 00
rae (QYHKHHOHAJLHBIM apryMeHT @(X) HenpepslBeH 1
HMeeT KYCOUHO-HeNpephiBHbIe MPOU3BOJHBIEe BO BCeM HH-
TepBade —oo < X < -+o00; p(x) uMeer HenpemeHy
NpOU3BOAHYIO, f(X)— HenpepobIBHA.

Xy

70. ol = [ [p (0" + q(x) 9* (x) — 20 () [ (x)] dx,

Xo

@ (%) = @5 @(x)=0q,

rae p(x) uMeer HénpeprBHon APOHU3BOAHYIO, G(X¥)
f(x¥) HenpepbiBHBEI M (PYHKIHOHAADbHBI apryMeHT @(X)
JIBAXK bl HenpepbiBHO Au(depeHIHpyeM.

§ 4. Ilpocreiiinag 3amaya BapUaALMOHHOTO HCYHCIAEHHS.
Ypasuenue disepa

IMyers dyuknusa F(x, y, y’) nveer HenpepbiBHbIE YaCTHHIE [1PO-
H3BOIHLIE 10 BCEM aPryMEHTaM.J0 BIOPOro MOpPAAKAa BKJIOUHTE/BHO.

Cpenr Bcex QyHKUHH y(x), BMEIOMEX HEHPEPHBHY [MPOHU3BOI-
HYIO U YJOBJETBOPHAIIHX IPAHAYHBIM YCJOBHIM

y(a)=A4, y(b)=BA8, (1)
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HallTH TY QYHKHHIO, KOTOpad NOCTABJAAET Caabbili 3KCTpeMyM (yuk-
HHoHANY
b

Iy (N = [ Fln g, (2)

JlpyruM# c/I0BaMHu, MPOCTEHILIAA 330343 BAPHANUOHHOIO HCYHCJICHHHA
COCTOHT B OTHICKAHHH cJaaboro 3kcTpemMyma QynkuHaHatza Buaa (2)
Ha MHOXKECTBe BCeX IJdaIKHX KDPHBBLIX, COCIHHAWMUX naB€ 33A3dHHbIE
toukn Py(a, A) u Py(b, B).

Teopema 1. [Aaa Toeo ur0ber Qynxyuonaar (2), onpedeien-
Kbl HA MHOJCecT8e QyHKyl Y = Y(X), uMmerowjilx Henpepulsryro
nepeyro npou3BooHYyo u ydoaﬂ,ereopmougux CPAHULHOIM Y CAOBUAM
(1), docruean na Jdawwnod Pyuxkyuu Yy(x) 3KcTpemyma, Heobxodu-
MO *) 4TOObL 3TA PYHKHUA YO08AETBOPAAQ YpasHeHUuro Jiirepa

d

Hinterpasibubie KpHBbie YPaBHeHHA ODilepa Ha3biBAWTCA 3KCTpe-
maaamu (JarpaHKeBbl KpHUBHIE). YparHeHHe Jflepa B pasBepHYTOM
BHAE:

Y (x)Fpy+y (x) Fypt Fyp—F,=0  (F, #0) (4

YpaBHenue (4) npexacrasJisger coboil auddepeHuHaIbHOE Ypas-
Heiiye BTOPOro IMOPSZKA, TAK UTO ero oO6llee pEeHIeHHe JOIKHO 3aBHU-
ceTb OT ABYX TPOH3BOJbHBIX NOCTOSHHBIX. 3HAUeHHS 3THUX [MOCTOSH-
HEX, BOOOWe roBopst, OonpefeasitoTcsi M3 IPaHUUHLIX ycaoBHA (1).

JxcTpemym ¢yHKIHOHaaa (2) MOXAT pPeaiu30BaThCA TOALKO HA
TeX 3KCTPeMaJsiXx, KoTopHe YAOBJAeTBOpPAT ycaosuam (1).

Kpaeras 3agaua :

d
Fy_’?x—Fy':O’ (5)

y(a)=A4, y(b)y=258

He BCErAa WMeeT peUIeHHe, a €CJIH pelleHHe CYIecTBYeT, To OHO MO-
KeT OBITh HE CAHHCTBCHHLIM.

ITpumep 1, Ha Kakux KpUBBIX MOXET AOCTHUraTbh 3KCTpPEMyMa
G yHKILHOHAM

2
Iy (x}] = f (U'QH Qxy) dx, y(l)=0, y(2)=—1?

»
P

*) 3710 ycaoBue Heo6Xogumo IR ciaaboro skerpeMyma. Tak Kak
BCAKHEA CHJBLHBIH 3KCTDEMYM $ABJAICTCA B TO Xe BpeMA U caabuM, TO
noboc ycaoBHe, HeoOXOAUMOe AJA ¢1a60ro 3KCTpeMyMa, HeoOXOAUMO
¥ JIS1 CHJABHOTO.
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Pemeunne 3pech F(x y, y') = y? —2xy, TaK uTG YpaBHE~
Hue Oilinepa umeer Bun y” + x == 0. Obuee pelicHAe YpaBHEHHH
Biinepa ects

P
y()=——%+Cir + C,
I'pauuvHbe YCAOBUA JA3OT cncreMy JUHERHBIX ypaBHeHHA 14

onpegesenns Cy u Cy ,
Ci+Cy=

| o @I—

2Cy + Cy = —, J
1
Orcwopa Cy== —

6 ’
CTUTaTbCsl JIHIIL HA KPHBOMH

C,=0. CneloBaTenbHO, SKCTPEMYM MOXKET 10-

X
y=- (1 —x%)

ITpumep 2. Haittu skcrpemann dyuxnuonana

Iy (9= [ Gr=y)yds
1

YA0BNETBOPAIOMNE TIpAHUYHEM ycnoBuaM gy (1) ==1, y(3)=4—é—.

Peumenne ¥YpasHeHne IDiaepa wumeer BHA 3x— 2y=0,

3
OTKYyJ1a y(x)== Ok

3
Tak kak skcrpeMans y= 5 % He yuoBAeTBOpALT Yy CROBUIO

y(1) = 1, To maHHas BapuaudoHHaa 3ajmava pellleHHs He HMeeT,
[Tpumep 3. Haiite 3xkcrpemann pyHKuuohana

2n
Iy ()= | (5 — 9 dx,
0
YyIAOBNETROpAONIHE rpanuudbiM  yeaosuam y(0) = y(2n) = 1.

Pemenue YpaBHeHHe Jiisiepa HMEET BHA y’ + y=0; ero
o61uM pellenueM sIBAAETCSH

y{x)=Cjcos x + C, sin x,

Hcronbays rpaBHYHbBE YCIOBHA, NOTYYHM
\
¥y (x)==cos x -+ C sin x,

rae C — npousBonbHas NOCTOAHHAH,
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TakuM o6pa3om, NocTaB/eHHAA BAapHAUMOHHAN 327348 HMeer
GecyuncneHHOe MHOXKECTBO PelLlerHi.

Ha#itu skcrpemanu caeayomuX (QYHKIHOHANOB!

71

72.

73.

74.

75,

78.

71.

78.

79

0

Iyl= [ (1259 —y)dz; y(=1)=1, y(0)=0.

-1

2 .
Hgl= [ (" + 299"+ ) dx; y(1)=1, y(2)=0.
1

1
— r? . — .
M= [ VilT+ s s0=y =

IHyl=[yy"ds g =1, y()=V1E,
0

11

Ilyl= | (4ycosx + y" — 49 dx;

0[ y(0)=0, y(a)=0.
Iyl= [ (" — 9" — p)e¥ dx;

. yO)=0, y(i)=c"
Iyl= [(s" —2xg)dx y(—=D=—1, y(1)=L.

-1
0

Iyl= [ (" —2xy)dx; y(—1)=0, y(0)=2.

-1

Iyl= [ (" + yy)dx; y()=0, y(e)=1.

Ypasueune 3#nepa (3) ans ¢yukuuonana {2) ecTb auddepes-
1¥anbHOe ypaBHeHHe BTOPOro NoOpsiAka, TaK YTO pelleHHe Y == y(x)
ypaBHeHusi Jfiiepa AO/MKHO HMeTb BTOPYIO Npoussoixyio y”(x). Ox-
Hako ObBalOT cayuyaH, Korjla ¢YHKUHA, HAa KOTOPOH (PYHKUHOHAM

b

Jiyl= f F (x, y, y") dx RoCTHraeT SKCTPEMyMa, He fABIAETCA ABAXK-

a
Al 1agpepedupyemMoH,
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[Tpumep 4. Pyuknnonan
|
Iy@l= [ ¢ (= y ()7 dx
-1

1P rpaHHYHBIX YC/JOBHAX
y(=1)=0, y(1)=1

AOCTUraeT CBOEro MUHHMYMa, DaBHOro HyJ 0, HA (QyHKnHHA

0 <0,
v(x)={ npH X

x npu x>0

Xorst pyHKuHS v(X) H He HMeeT BTOPOI MPOH3BOAHOIN, OHa yAOB.JIE~
TROPSCT COTBETCTBYIONICMY YpPaBHEHHIO Jiljepa.

HefierBdTeqbio, Tak Kak F(x, y, y’) = y*(1—y’)?, To nonaras
y = v(X), n0oAy4dM ypaBHeHHE IJHaepa

20(1 — '+~ (202 (1 — 0)] =0, (6)

Ho cormacHo onpenenenmto ¢yHKRuuu 0(x) 6ydem umerb xa [—I1, 1]

Fo, = —2v%(1 —v’) = 0, a 3Hauur, H F, =0, u xors ypae-

dx
HeHHe D#aepa (6) dopmanbno uMmeer BTopofli nmopsaok,-a v”(x) He
CYLIEeCTBYeT, MOJACTAHOBKA v(x) B ypaBHende IJ#jepa obpalaeTr ero
B TOXAECTBO.
Teopema 2. Hycre y = y(x) ecTo pewenue ypasuenus 3Ii-
Aepa
d

Fy__LEFy’=0.

Ecau ¢pyuxyua F(x,y,y') umeeT HenpepwvigHble HUACTHHLE NPOU3EO0-
Hbie JO 8TOPO2O nOpPAOKA BKAIOHUTEAbHO, TO 60 8CeX Toukax (X,Y),
8 KOTOpbIX :

Fyoyr (x5 4 (x), y' (x)) % 0, (7)

pyHKyus y == y(xX) uUMeeT HenpepvleHyI0 BTOPYIO NPOUIBOJHY!.
CnemcrBue JIkcTpemasvr y = y(X) MOMET UMETb UBAOM
TOABKO 8 TEX TOuKax, ede Fy,y, =0

Tak, B npumepe 4 Fy,y,:ny2 obpamraercs B HYJb B TOUY-

Kax ochn Ox; 3KcTpeMaJsb BMeeT H3q0M B rouke X == 0.
Teopema 3 (Depuwireitn). ITycre umeem ypasuenue

y"=F(x, 4, y') (8)

Ecau gynxyuu F, Fy, Fy. uenpepoisuel 6 Kaxc0ot KOHeHOU Touke
(x,y) Oasa moboeo KoHeuHO20 y' u ecau cyuwiecT8yIOT TAKA[ KOH-
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craura k> 0 u Taxue, ozpanuderHbie 8 KaAWAOU KOHEeYHOR wHacTu
nAOCKOCTU PynKyuU

a=a(x y) =0, B=28(x, y) =0,
Fyl(x,9,9") >k, (9)
[F(x, 9 ) | <oy’ +B, (10)

T0 wuepe3 Awoboie dse royxu naockoctu {,A) u (b, B), umewoujue
pasauunsle abeyuccol (@ = b), npoxodur odHa u TOAbKO 00HA UH-
Teeparvran kpusas y = @(x) ypasuenus (8).

[fpumep 5. Jdokasath, uyTo uepes .wOble ABe TOUKK TIJIG-
CKOCTH C pa3iduHbIME abCudccaMd MPOXOIHT OAHA K TOJAbKO OnHa
9KCTpeMatb QYHKUKOHAIA

22
I e~ (y* — 1) dx.
PemeHnue. YpasHeHHe Dfsepa naa [3HKOTO GYHKUHOHATIA

WMeeT BHI, )
y" =2y (1 + "),

n teopema 3 nmpuMeHHMa. B camoM zese, B JaHHOM clyuae

%ro

F(x9,9)=2(1+9") n Fy=2(1+y")>2=t
Hanee,
[F(e, g ) l=120(0 + o) I<219ly”" + 2101,

Tak yto o=Pf=2]y| >=0. ;

[Tpumep 6. [TokasaTs, 4ToO He yepe3 BCSIKHE IBe TOYKH IIO-
CKOCTH € Ppa3iIMuHbiMKH a0CHHCCaMH MOXKHO IIPOBECTH 3KCTPEMaAJh
dyHkuKOHAaA

1191 = [ (g2 4 Vi y7)
Pewenue YpasHeHue Jiiiepa HMeeT BHJ

g =2y (1+ )", (1)

H TeopeMa 3 He NMpHMeHHMA, TaK Kak ycqosHe (10) ne Boimosmsiercs
(F(x,y,y") pacrer no y' ObicTpee, ueM BrOpasi creneddb Y’). Onnaxko
OTCIOA elIe He clexyer, uTO He yepe3 BCAKHE 1Be TOUKKH ¢ passHy-
HbIMH afclHccaMd MOXKHO NPOBECTH 3KCTPEM aJb.

[{omaran B ypasuenuu (11) y’ =p, y”=p%§-, NOJTY \IH M

dp__ 23/2
Py =20 +p7)
HIK
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Hurerpupys, HaXoauM = ——._.l.—-= == y? = C

Vi+p?
(C—p)Vity® =1
Orcioaa

dx = y:—C ’
rae C — BelllecTBeHHAs NOCTOSHHASA.

Herpyasno npoBepuTs, 4To AAf BCeX 3HaueHHH Y, YIOBJETBO-

pAIOIIKX, HamlpuMep, ycaoBuaM 0<<y << b, rae 6>V 2, uu npa
KaKOM JIONyCTHMOM 3HauyesHH nocrosiHHoil C mpasas uacth (12) ne
6yner BemecTBeHHOH,

80. [TokasaTtb, uTo uepes n0Oble IBE TOUKH MJOCH
KOCTH MPOXONHUT OAHA M TOJbKO OJ{HA 3KCTPeMajb (PyHK=
HHOHANA

Hy@l=[Vi+y2+y"dx.

I'I pumep 7, [lokazaTs, uTo BCSKOe ypaBHeHHe

y () =F(x 9 y) (13)

ABAACTCA ypaBHeHHeM OJilnepa AN HeRoToporo (pyHKUHOHANA
Ty = [ Fix g v)dx. (14)
1) Kak onpeneasiercs $ysvrunua F(x, 4,4} no d¢yuruun

f(x,9.4)?
2) Haiith Bce QyHKHHOHAAbI, AJA KOTOPHIX 2KCTpeMalfiMH sB-

JASIOTCA OpsMble
y(x)=Cix+ C,.
Pemenne DyneM uckarh (})ynxuuonan AN KOTOPOro ypap-

renne Jilnepa ,

COBNAjaeT ¢ ypaBHEHHeM (13) 3T0 3HAUYUT, UYTO AOJKHO HMeTb
MecTO TOXKJeCTBO No X, Y, y':

Fy=Fys—Fypy* 4 = Fpy Hnpy)=0.
Jdunddepenuupys 370 TOKALCTBO NO §’/, NONYUUM

Fy'y'x + Fylyly‘y’ + F{r’y’y" f + .Fyfyl » fyr =0,
[Tonoxum u=F,, TOrAa AAd OYHKUMH 4 NOJyYyHM ypaBHeHHe
B YaCTHHX npouaao;mmx-

du y'
'a—x-'l' +f ay, + [ -u=0, (16)
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Takum o6pa3oM, HaxoxneuHe (PyHKUHOHAAa, T. €. HAXOKACHHE
dyuxkuun F(x,y,y’), CBOAHTCS K HHTErpHPOBAHHIO JuHefiHOrO ypam-
HeHHst B vacTHbIXx npousBoaublX (16) H K nocaenylomefi ksaapartype.

PaccmoTpuM msTopoit Bonpoc. B 3Tom caydae ypaeueune Jiinepa
AOJKHO UMeTh BHA y” == 0 u aag dyskoum u nonyuaeM B cuay (16)
ypaBHeuue

du , ou

ITpouuterpupyem 3To ypaBHeHHe.
¥paBneuue xapakTePHCTHK HMeeT BHJA

dx dy _ dy
r -y -0
HnTerpupyst 3Ty CHCTeMy, NOayuaeM
y' =C,, y==Cx 4 C,,
otkyna C, = y—xy’. [TosroMy oOmee pemenne ypassenus (17)
TaKOBO:

u(x Yy )=0(, y— xy),

rae @ -- npoussoabHas nuddepedunpyemas  QYHKUHA CBOHX apry-
MmeutoB. Otciona

Flty g 2)=a(s ) +2B(x9) + [ (=)0t y—tx)dt, (18)
0

rae (X, y) u P(x,y) — npoussoasyble GyHKIHH CBOHX aPryMeHTOB,
YAOBJETBOPSIIONIHE COOTHOUIEHHIO

da 9P

= L]

oy Ox
M3 pewenns BHAHO, 4TO cyulecTByeT OecKOHeuHOe MHOMXKECTBO BapHa-
LHOHHBIX 3anay, AAST KOTOPHX ypaeBHenne (13) sBnserca ypasne-

uneM iinepa.
ITpocrediuune cayuau uxTeepupyemoctTyu ypasuerus 3daepa.

1°, F ue sasucut ot §: F = F(x,y).
B 3ToM cayuae ypapienue Jfirepa uMeeT BRI

Fy (% 4)=0. (19)

Pemientie 3TOro KOHEYHOro yPABHEHHSI He COMEPXKUT 31EMEHTOB IPO-
H3BOJMA H no3ToMy, BooOmie roBOPsi, He YAOBJETBOPSET IPAHHUYHBIM
ycropusim y(a)= A, y(b)== B.

JIHmb B HCRMOUHTeNbHBIX cayuasx, Kormpa Kpusas (19) npo-
XOAHT uepe3 rpaudunble ToukH (a, A) u (b, B), cymecTByeT Kpubas, -
Ha KOTOPO¥ MOXeT AOCTHTAThCst SKCTPEMYM. ’
[Tpumep 8. Hafitu akcTpemanu ¢yHkunonana

n/2
n

J[y(x)]=_f y(@2x—yg)dr, y(0) =0, y(g)w-g-.
0

...
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Pewenne. Ypapuenue Diitepa umeer pug 2x — 2y =0, . e.

y = x. Tak Kag rpaiHyibie YCJOBHHl YIOBAETBOPHIOTCH, TO Ha Npf-
T/2

MOH y==X HHTerpaa I Y (2x — y) dx MOXKeT lOCTHraTh 3KCTpeMyMa.,
0
. n
Ilpu nppyrux rpaduuibix yesnoBuax, HanpuMep, y(0)=20, ¥ ) =,
9KCTPEMaJb § = X He TNPOXOAMT uepe3 rpanuynbic Toukn (0, 0) H
T
(—2~, l), TaK YTO NPH 3THX I'PAHUUIILIX YCJAOBUAX BapualHOHHAS 3a-

Aaya He HMeeT pelleHus.
2°, F 3aBHCHT OT ¢’ JuHEHHO, T. €.

F(x, y 'Y=M(x, y) + N (x, y) ¢
YpasHenue Ddisepa B 3TOM cayuae WMeeT BEJ

oM AN
5~ o =" (20)

ITosyueHHOe ypaBHeHHe, Kak H B cayyae 1° g9BJ1eTCS KOHEYHHM, a
He aupdepentnanbHHM ypaBHedneM. KpHBas, onpeneasemast ypas-

¥y
HeHHeM 5y~ ox == (), Boolmie roBops, HEe YAOBJETBOPAET rpa-

HHYHEIM YCJIOBUSIM, M, 3HAUHT, BAPHAUHOHHAS 3ajaua, Kak IPaBHJO,
HC HMeeT pelleHHs B KJacce HenmpephiBHbix GvHkuuH, Ecan B He-
aM aN
dy ox
mne F(x,y,y’) = M(x,y)dx 4+ N(x,y)dy saBasercs NOIHBIM AU~
tdepeHnHanoM H QYHKUHOHAT

Kotopoit o6aactu D niockoctu xOy = (0, TO BHIpaxe-

(5, B)

h
Ty (£)] = J' F(x, g o) dx — J' (M dx + N dy)
a (a, A)
HE& 3aBHCUT OT HYTH HHTEFpHpOBa}lHﬂZ 3HAUYEeHHE (PyHKIlHOHaJia
J[y(x)]—onHo U TO e Ha JONYCTHMBIX KPUBBIX. Bapuanuonnas

zajaua TepsieT CMBICIL
[Toumep 9 HcenrepoBaTh Ha 3KCTpeMyM (yHKUHOHAT

b
1y (D= [ @2+ 2wy de y(@=4 y@©)=B.

Pemenne 3necy F auHeliHo 3aBHcHT oT y’. Hmeem

oM _,  ON_. . M _7oN
=Y ox Y dy dx

[

0,

SHAUWT, NOABHTerpaJbHOe Buipamenue (y2 -4 2xyy’) dx ecth nos-
Hoift puddepennnan. CrejopaTensio, HHTerpaa He 3aBHCHT OT NYTH
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HHTErDHPOBAHUS: IS
b (b, B}
Iy (x)]= _f (y? dx + 2xy dy) = f d (xy?) =
a (a, A)

= xy? [I=) = bB? — ad?,

II0 KaKoi OBl KDHBOH Y(X), npoxojsiueii uepes Touku (a, 4) 1
(b, B), Mu Hu HHTErpHpOBanH. BapHauHoMHa$ 3afada He HMeeT
CMBICTA, :

3°. F 3apucut auws ot y/, 1. . F = F(y).

YpapHeHne dhaepa uMeer BHA
Fppy” =0, (21)

B stom ciaydyae 3KCTpeMansiMu ABJIAIOTCH BCEBO3MOXKHEIE€ MPAMBIE NH-

HHH
y= Clx + C2,

rie C; u Cy — NPOU3BOJBLHEE NOCTOSIHHEIE.
[Tpaumep 10. Halitu sxcTpemann ¢yHkunoHana

b
Iy )= Vi+y'® drn  y@=4 y)=8

Q

3tot (GyHKUHOHAN Onpejensier AJHHY KDHBOH, COCIHHAIOILEH TOUKH
(a,A) n (b, B). Teomerpruecku 3alaya CBONMUTCH K pASHICKaHHIO
KpaTyadilel NHHHH, COCJUHSIONIEH NaHHbBIe TOYKH.

Peuwenne. Ypapuenue Ditnepa umeer BHA y (x) = 0. Obmee

peuleine .
Yy (X) = Clx + Cg.

DKcTpeManb, YAOBJETBOpSIOmAst TPaHHUHbIM YCa0BHAM y(a) = A n
y(b) = B, ecth, OueBHAHO, nNpAMasl, NpPOXoAsulasl UYepe3 TOUKH
(a,A) n (b, B): -

B— A

4°. F He 3aBucHT OT Y, T. €. F = F(x, ¥').
B 3ToM cayuae ypapuenue Jiaepa WF.U’ (x, ¥)==0, oTryAa
F, (% y)=Cy, (22)
rae C| — npousBONbHAS MOCTOAHHAA.

Ypapuenue (22) ectp anddepesuHalbHOe ypaBHEHHE NEpBOro
nopsaka, Murerpupys ero, HaxoAHM 3KCTpeMann 3ajayi.
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[Tpumep 11. Cpenu KpuBLiX, coegunsmolnnx ToukH A (1, 3) u
B (2, 5), nafith Ty, Ha KOTOPOH MOXET AOCTHIaTbCH SKCTPEMyM
¢ yrRIHONATA

Ty = [ ¢ () (14 2y () dr.
1

Pemenne., Tak dxax F He 3aBHCHT ordy, TO ypaBHEHHE
— / — —— 247 =
Diinepa HMEET BHJ P F, (%, 4')=0, sau e (I 4 2¢%y") =0,

OTKYJA
1 4+ 2x%y’ = Cy.
C,—1 c, . 1=C,
Torpa y = —g,z "+ TaK uTO y(x)--—-—x—-{-Cz, Tae C‘=_T"

Takum oOpasom, sKCTpeMansiMi SABASETCH cemelicTBO rHnepboa.
BrigenmuM 3KRCTpeMans, NPOXOASALIYIO Yepe3 3ajaHHHE TOYKH, Joas

onpeneneHHs NOCTOAHHBIX C1 u C, cocraBasieM CHCTEMY

3= C} + Cy
+ C2)
* 4
otkypa C,==—4, Cy==7. Vickomas a3rcTpeMans y (x)=7— L

5°. F He 3aBHCHT #BHO OT %, T. €. F=F (y, y’). B srom cay-
Yae ypaBHEHHe Jiaepa NMPHUHMAET BHI

’ ”__
Fy'*Fyyl'y ""Fyryr‘y _Oc

Y MHOXKHB 00€ YacTH ®TOro ypaBHEHHSt WA y’, B JN€BOH YaCTH MOJY=

UMM TOUHYIO NPOM3BOJHYIO, T. €. -E?(F — Yy'«F,)=0, otxyna
F—y'-F,=0C,, (23)

rae C) — NPOH3BOJBLHAS TNOCTOSMHAS. JTO YPABHEHHe MOXeT OHThb
TPOHHTErPHPOBAHO TIyTeM pa3pemieHHs] OTHOCHTeAbHO Yy M pasjene-
HHSI NepeMeHHBIX HJAH NIyTeM BBEAEHHS MapaMerpa.

[Tpamep 12, (Haumeunmece conporusienne notoky.) Onpene-
NUTH QOPMY TBepAOro Tesa, ABHKYINErocs B NOTOKE rasa ¢ HaHMelb-
IKM CONpOTHBJAeHHeM., ByneM nns npocToThH paccMaTpHBaTh Tejo
BpailleHust (puc. 4).-

Pemenne. Cunradg, 4ro naoTHOCTL a3a AOCTATOYHO Maja H
MOJIEKYIBl OTPAKAIOTCA OT MOBEPXHOCTH TeNa 3epKanbHO, Aas HOp-
MaJabHOR cocrammomeﬁ nasnenuss 6yneM HMerb c.ne;.ly}omee BLIpA+
GKEHHe: . . e

p = 2pv? sin? 0, (24)
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3aech p — ILTOTHOCThL a3a, U — CKOPOCTh ra3a OTHOCHTENbHO Tena,
0 — yros Mexny CKOpPOCTbIO M ee TaureHuudadbHoli cocTaBmsioureil,
JapneHne nepneHAHKYAfpHO K MOBEPXHOCTH, TaK YTO MOXKHO

gk

flanpabrenue 8
_H
nomoKa R
s
=
2030 g ] £
r————————

Puc, 4.

3aITHCATh cocraangromy}o cuabl Mo ocu Ox, nefCTBYIOUIYIO HA KOJbHO
1
WHPUHOH (1+y )2 dx u panuycom y(x), B BHIE

}
dF = 2pv? sin® @ [231;;/ (1 + y’g) /2] sin O dx. (25)

[Moanas cuna, nefcTByOmias B IOJAOKHUTENLHOM HallpaBJeHHH OCH
Ox, paBHa
l

F == J‘ 4npv? sin® Oy (1 + %" dx. (26)
0 ,

UTo6r yNpOCTHTDL 3a1auy, NpeanonoKuM

7

¥ -
(S

Torna cmna conpoTumaesusa OyneT papHa
! /
F = 4npv? f y’ay dx. (27)
0

sin @ =

3anaya cocTedT B TOM, yToObl HalTH TaKyw (yHKuHiO y(x), npa
Koropo#i F npuHHMaeT HaHMeHblle€ BO3MOXKHO€ 3HaueHue, NpHueM

y(0)=0, y{)=R. (28)
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Ypasuenune 3Jiepa nas Qynkudonana (27) uMeer BuA
' d ,
g =35 (") =0. (29)

Hactnoe peutenie ¥ == 0 5TOr0 ypaBHeHHs HeNpHeMaeMo B CHAY
rpanuaHeXx yeaosui  (28). Ypasmenue (29) MOXHO nepemucats

B BUae
g+ 3yy’y” =0. (39)

YMuoxaa obe vacth (30) Ha y’, 3aMeuaeM, 4TO AeBas yacTh €CTh
(y3y). Hurerpupys, Hadaem

yr3y — '53.
OTcrona _
¢
=—L 4 y=(Cix+ C) (31)

Vv

Hcnoap3ya rpannuynne ycaoBusi (28), noayuynm

4

s
sz—@l—. C, =0,

y=R (%)%,

T. €. KOHTYp ¢ 3afaHHBIMH KOHEYHLIMH TOYKAMH, NMPH KOTOPOM COnpo-
THBJICHHC Teja MHHUMAJbHO, fABasercs napabo.ofl crenedn 3/4.
[Mpumep 13. Hajiitn SKCTPEMaJ!b GyHKIHOHAAA

J Vl +y’2 dx,

0TKY A4

y(x)] =

NPOXOAAULYIO 4epes 3ajaHHble TOUKA (a, 4) u (b, B), nexawmne B Bepx-
HeH HOJIYMJIOCKOCTH.
Pemenne Tak Kak nopmuTerpaabHas (yHKUHA HE COZEPIKHUT

AIBHO X, TO ypaBHeHHe IJiaepa coryacHo (23) naer

Vity” v .

4 g V1+4y?
I

[Tocae ynpoienuii noayunm y V! +y°=0C;, rne C; =
~“1

Muterpupys nocaenuee ypasuenne, naitnem (x + C,)° + y° = C7 —

CeMEeNCTBO OKPYXKHOCTEH ¢ ueHTpoM Ha och Ox. Hckomoir Oyger ra
SKCTPeMalb, KoTopast IMPOXOOHT uepe3 3afaHHBle TOuKH. 3azava
HMeeT eAUHCTBCHHOC pelucHHe, TAK KakK uepe3 Jaio0ble [BE TOUKH,
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JexaliHe B BepxHeHd NONYNJIOCKOCTH, NPOXOAUT OAHA H TOJBKO O1Ha
MOAYOKPY¥HOCTh ¢ UEHTPOM Ha ocu Ox.

3ameuanue. Cornacuo npunuuny @Pepma nyrs CcBeTOROTO
Ayua, pPacnpoCTPaHSAIOUIErocs B HEOAHODOAHOH ARYMEPHOI cpeae Co
CKOpOCTBIO U(X, i)}, ABJASETCA IKCTPeMajbio PyHRUHOHANR

X1 —_— .
’2
Iy] = J. Vity® .
Xo

v (x, y)

Ecan ckopocTh ¢BeTa v nmpomopuHoHaabhHa Y, TO Kak BHAHO H3
pasobpannoro npuMepa, CBeTOBbie JYUH NPEACTABJSIOT COGOW0 AYLH
OKPYKHOCTEH, LLEHTPb KOTOPHIX JekKat Ha ocH Ox.

[lycrb 3agana kpueas g, OnTuteckol Oaunod kpusoid ¢ Hazo-
BeM Bpems 7(g), B TeueHHe KOTOPOTO MPOXOAHTCH 5Ta KPHBad NpH
ABHXKEHHH 10 HEH CO CKOPOCTbIO CBETA U(X, y).

Bynev paccmaTpHBaTh BepxHIOI NOAYMAOCKocTh & > 0 Kak
ONTHYECKYK) Cpeldy, B KOTOPOH CKOPOCTb CBeTa B KaXAOH Touke
paBHa OpAHHATe 3TOH TOYKH ¥ == y. JlyuaMn cBeTa B 3ToH cpele
O6ynyT, Kak Mbi BHJAEIH, NOJAYOKDYIKHOCTH C ueHTpaMH Ha ocu Ox.
Moxno nokasats, uTo uwacTs AD noayoKpy:KHOCTH ¢, OJHH H3 KOH-
LIOB KOTOPOH JMeXKUT Ha ocH Ox, umeeT OGECKOHEUHYIO ONTHYECKYIO

q
)
// R

Y/, z

Puc. 5.

JJITHHY (gnc. 5). Touku ocu Ox OymeM Ha3biBaTh MMO3TOMY 6OE€CKO-
HeuHO yoaseunvimu, ByleM cUMTaTh NOJAYOKPYXKHOCTH ¢ HEHTpaMH
Ha ocu Ox npamusmu, OUTHUECKHEe NJIHHBI AYr TakKHX MOJAYOKPYIKHO-
cTell — UX Jaunamu, yesamu MexAy TakKAMH OPAMBIMH — YTJAbi Me€-
KAy Kacare,ibHBMBR K ﬂOJIyOpr}KHOCTHM B TCxKe HX HepeCE"-IEHHﬂ.
TTolyulM MJIOCKY10 TeOMeIpHIO, B KOTODON COXPaHAIOTCS MHOTHE
NoJ0KeHHus 06bulofi reomerpun, HampuMep, uepes nse TOuKH MOXKHO
MPOBECTH OOHY H TOABKO OAHY npamyro (uepe3 nBC TOUKH HaA TIOJY-
MJOCKOCTH MOXKHO NPOBECTH TOJNLKO OJAHY MOJYOKPYKHOCTL € HeH-
TpoM Ha ocu Ox). [lapassesvneimu OyneM cuuTaTh [BC npasmbie,
uMeloie 06myi0 GeckOHeyHO yAaneHHylo Touky (T. €. 1Be noay-
OKDYKHOCTH, Kacawuecs _ApPYr Apyra B Touke B, jexaied Ha
ocu Ox), Torpa yepes paHHy.o Touky A, He nexatyw Ha npamold ¢,
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MOXXHO NPOBECTH [Be rnpamsie §, B g, napannejpunie q. ITpamste,
KOTOpble NpPOXOAAT uepe3 TOMKY A H neXXaT B BepPTHKaAbHHX yryax
I u IIl, nepecekaior npamyro ¢, upsiMbie, Jdexamue B yraax I] H

1V, — ee ne nepecexaior. . .

)

s
z

Puc. 6.

—

__Mu monyuuan Tak Hasmzaemyio mopens [lyankape reomeTpuu
JloGaueBckoro Ha maockoctu (puc. 6).

Hafitu sxcTpeMand QpyHKUHOHAJOB!
b
8L /[y (9] = [ [2xy + (+° + €9) '] d;
y(a)=A4, y(b)=B8.

1

82. /[y (] = [ (¢ + xy)dx y(0)=0, y()=0.
e )

83. Iyl = | (4" —y)dx; y(0) =1, y(—f})=—'-/§‘—?-
0

84. 1y ()] = [ (4" —)dx O =1, y@=—1.
0

8. Iy (D)= [(x+y")dx y@ =1, y(1)=2.

0

1
86. /[y ()= [ (s +y")dx; y(©)=0, y(I)=1.
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I

87. Iy = [ (" +4y)dx y(O=e, y(1)=1.

0

88. /[y (W= [ (2 — p3dx; y(O)=1, y(1) =e.
0

b

89. /[y (9] = [ (xg’ + y) du.
b

90. /[y (0)] = f (y - -%—3) dx.

a
91. Ilokasate, uTO JAuHeHHBIR QYHRIHOHAT

Iy@l=[[p(® 9 +a@y+r(]dx,

rie p(x)=Cla, b], g(x)=C]la, b], r(x) =C]|a, b], He
HUMEET 3KCTPEMYMOB.
92, Ilycte man GyHKUHOHA

b
Iy = [ F(x, y, v)dx

u rpanuunee yeaosug y(a)= A, y(b)= B.

[Tokaszars, uTO €CJH K NOOBIHTErpaJIbHOMY BhIpaXKe«
unio F(x,y,y")dx no6asute noauelii nuddepeHnuag o+
Goii pyukunn u = u(x,y), TO ypaBHeHHe DiJjepa ocTa«
HEeTCs TMPeXHUM.

b
93. J[y(0)] = [ (> + v+ 20¢") dx,
nf2
04. J [y ()= [ (4 — " — 8ych 1) dx,
0

y(0)=2, y (—’;—) —2ch%.
95. Hantu skerpeMaan ¢yukuuonaJa

b
Iyl= [ & (y'ydx
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H noKa3aTh, 4TO Npu # =1 [ABe TOUKH, Jexaliue I0
pasubie CTOpoHbl oT ock Oy, He MOryT ObITh COELHHEHDI
3KCTpPEMaJIbIO.

Bapuayuonnsie 3adaun 8 napauerpuseckol ¢gopue. B pate 3a-
nau Gosee yno0HO, & HOPOH M TNPOCTO HEOOXOMHMMO, NOJb30BATHCH
napaMeTPHUYeCKHUM 3aJaHHeM JUHUH

x=q(f)
y=1(f)

rae Qynkuun @(f) w P (f) HenpeppiBHBI M HMEIOT KYCOUHO-Hemnpe-

PHIBHBIe MPOU3BOHBle, mpuueM §2({) - P2 (f) %% 0.
IMycte naH pyHKuMOHA

}v t0<t<fb

2y

Io= [Pt o tpdi= [ Ft, 59 50d, (3
c ta

. de . dy
PR X="gr+ Y= ar

Uro0sl 3HayeHHd (pyHKuHoOHANA (32) 3aBHceaH OT JIMHHHM, a HE
OT ee NapaMeTpPH3aHUH, KOTOpas MOXeT OCYLIEeCTBJAATLC pa3JiHy-
HBIMH CnocofaMH, HeOOXOZUMO H QOCTATOYHO, YTOGB! MOABIHTErpallh-
Hast (pYHKUHS He cojepiKana siBHO napaMerp ¢ ¥ Obljia MONOKHTE/]b-
HO OJHOPOAHOH NMEepBOH CTENMEHH ‘N0 apryMeHram X, y:

F(x, 4, ki, k) =kF (x, y, X, §), k>0. (33)
HanpuMep, B dyHxUHOHATE

Jo= dey——ydx
c

NOABIHTErpa/ibHas (PYHKUUS TOJOKHTEIbHO OMIOpPOJHA MepBOi Cre-
neuu. B camom gene, 31ecob

F(x’ Y, X, y)=xy"-yx
U OYEeBHIHO '
F()C, Y, kX, ky) =kF (xr Y, -’.Cv y)'

"~

Ecau awnusa C:

x=q(f)
y= (i)

nocrapiaser (yHKuMowanay J¢ 3kerpeMym B Kiacce auHui C, coenu-
HAIIMX JIAHHBIE TOUKH (X, Yo) H (X1, Y1), TO dyHkumu @(f) u $(f)

}! t0<t<tlv
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YAOBJETBOPAIOT YDAaBHEHHIM Jiaepa

d ]
Fx—W(FJ‘c)zo’ _
p (34)

d

OnHo u3 ypaBHeHuit (34) ecTb caeACTBHE APYIOro.
BesiepmitpaccoBa ¢opMa ypaBHeHus JiJjepa

SV (35)

31ech r — paAvyc KPUBH3HLI 3KerpeMany, F|— ofniee 3naueHue OT-
HOULIEIHH
F.. F.. F..
Xxx
Fy= o= P o 2L

2 2

ITpumep 14. Hality skerpeMany ¢yHKIUHOHANA
(x1, 1)
Te= j gy dx
(@, 0)
PeuleHue ITocKONbKY BOSMOMKHB IKCTpeMasH, KOTOpble Mepe-

cekaloTcst NPAMBIMY, NapajnenbHeiMu ocu Oy Gonee, ueM B OJHOM
TOYKe, NepeiiieM K pPACCMOTPEHHI0 33Jaud B NapaMeTpHuecKoil

dhopme.
Cuprast x = x({), y—2—=y(t), HaxOQWM, 4YTO IOJABHTerpaJjbHas

y° .
byHKUUSA UMeeT BR[| yg'—‘é-z-x H fBJASETCS NOJIOKHTENbHO OAHOPOA-

HOH MepBOi CTelneHW OTHOCHTEJBHO X U §.
ITlepoe u3 ypaBheHuH (34) npuHuMaer BHJ

4 (L)
dt X ’

OTKY A2

HuTerpupys nociaenHee ypaBHeHHe, HaXOIUM
y2 = 2C1x +- CQ-

M3 ycnoBus NpOXOXK[EHHs 3KCTpeMalH uepe3 Haya/lo KOOpIH-
Har HaxoauM, uyto Cs =0, Bropoe rpaHuyHoe YycJ0BHe [aeT

b

()
vy

C; = T TaK 4T0 OKOHUATEJbHO
1

2

) ) Yy
y = e

X
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IIpumep 15, Hafitu skcTpeMadsd yuxkuHonana /
t
Je= [ W&F+ a2 (2 — yn)] at.
ty

Pewmwenue, Ilonaras
F(x,y, % ) =V 22+ j% + a? (xj — yx),

BHAUM, YTO (pyHKuMa F OONOKHTENAbHO OJHOpPOIHA NEPBOH CTeleHH
OTHOCHUTEJNILHO £ U .
Bocnoabsyemes BeiiepuirpaccoBoii ¢gopmoli ypaBHeHus Iiaepa,
Humeem :

F_, 1

XX —
i’ (&2 + §2)7 "
IMosromy ypaBHenHe (35) NpHHHMAaeT B JaHHOM CAydae BHJ

|

_— = 2(12.
r

= 2 — o 2 —
ny-—a, Fyi,— as; F1

i
Takum oGpaszoM, KpDHBH3HA - OKCTpeMaiW NOCTORHHA. CaezoBa-

TeAbHO, 3KCTpeManau — JYru  OKPYXKHOCTH, B UYACTHOCTH, IOJHBIE
OKPY3KHOCTH, €C/AH
X (Z(O) ==X (fl)a }
y(to) =y (11).
Hafith skcrpemMan GyHKIHOHAJOB:
(xln! Yy
72 0 14242
96. Jo= =4 dt,
©0.0)
(1, 9)

e ]

§* — 3ell%g?
x

97. Jo= dt.

©,0)
1, 0)

98. Jo= [ (K-VZF§@—iy)dt, K>0— const.

(—1,0)

§ 5. OGo0uienna npocrediued 3afayu
BApPHAHHOHHOIO0 HCYHCJECHHS

1°. dyHkuyuoHaaH, 3aBuCAIMEe OT NPOM3BOAHBIX BHICHIEr0 NOPsiAs
Ka. ITycto umeeM dyHKumonan i

Ty@l= [ Fleye), ¢ (=) oo y™ () ds, (1)
Xy




§ 5] OLOLMENIA TIMNPOCTEAULIEA 3AHAYH

rie F — ¢pyuxunsa, auddepenunHpyemas n -2 pasza no BceM apry-
MenTaM, y(x)e Calxy, X)), @ rpanydubie yeJOBHS BMEOT BHI

y (xO) =!/Ol y’ (xd) == _1/6, 0y y(n*'l) (xu) — y(()n"'l),
Yy (xl) =Y IJ’ (xl) = yg’ ce y(f?--—l) (xj) '———-'y(,ln-.l).

Skrerpemanany ¢ynkurodana (1) npnr yeaopmmsx (2) sBnAloTCA
HHTerpaabhbie KpHBble YpaBuenua Dilviepa — [lyaccona:
d d: dan

Fy—xFy tgm by — o ¥ 0w Py =0 @)

(2)

ITpumep 1. Haiitu sxcrpemans dynkunoHana
1

Jy (x)] = f (360x2y — y”°) dx,

y (0) =0, /(0)=, y(1)=0, y' (1)=25,

Pewcnue Ypapuenue Ditnepa — llyaccona umeer suj
350x2 _d% (—2y"y=0  wm ylV‘ (x) = 180x%
ero oflee peniente —
§ (1) = 5 4 Cix* + Cox? + Cox + Ca.

Henoabsys rpaludible yCI0BAs, TONYUHM

Cl =

roj oo

’ 022_3: C3=1) C§=O‘

HckoMas skcrpemadnn ,
3
y(x)=~§- x° +-§-x3 — 3x% 4 x,

PaccmoTrpHM 3azauy, B KOTOpPOfi Ha rpaHHue 3aaalbl HE BCE
ycnoBHas (2), a MeHbLIee HX YHCJO, TaK YTO B OOUICM pEIICHHH YpaB-
HeHHHA Smepa nocae HCNOAL30BaHMA TIPaHMUHBX  YCJIOBUHR eule
ocTaloTcsi cBOOOAHbIE ltocTosHubie, Jua pelwienns Takof 3agauyd He<
00X0AHMO HaltTH Bapuauuwo ¢yHkuaouaaa (1), npeoGpasoBarh ¢e
C yueTOM 3ajaHEBIX TPaYHYRLIX YCAOBHIl H, HPHPABHHB BapHaUHIO
HYJI0, DOJYYHTDL JONOJHHTCALULIC YCACOBHA Ha TPaHULC.

ITpumep 2 Hailth Kpusyw y = y(x), peajusyiomllyro SKCTpe-
MaJjbHOe 3HaveHHe PyHKUHOHAJA

b
= | )2 (4

+
a

IIDH ychaoBuaX )
yla)=0, y(b)=0, (5)

38 M, JI, Kpacaos ® ApD. ;
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Peuwenne. ¥YpapHeHile Jiiepa — [lyaccona uneer BHJ

'™V (x) =0.
Ero ofuiee pewrenne

y (%) =Cy + Cox + Cax? + Cyx? (6)

COMEPXKHT 4YeThipe NPOU3BOJAbALIX nocToAHHbIX C; (i = 1,2,3,4), #
AJST uX ONpejNeseHHs 3aJaHBbIX TPaHHUHBIX YcI0BHIT (D) uepocTa-
ToyHo. IlosToMy, cornacHe BHINECKA3aHHOMY, HAXOQMM BapHawiio
¢pyukuuoHana (4). IMoayuun

b

8 [y) = | 4" (8y”) dx. (7)

'y

a

Hurerpupyst (7) no yactsiy aBax<ast, Gynem udcTh
b

81 [y] = y” (x) oy’ (x) |} — f v (x) 8y’ (x) dx =

b
=y (o W=y Do ) G+ [V ey wydr @

Buipaxenne (8) 701XHO o0pawraThcd B HYJb Ha 3KCTpeMasiu
y(x) ¢yHxkuwonana (4). W3 npousBoabHocTy dyHkumuy O0y(x) cne-
pyet, 4o yIVX(x) = 0; 510 ecrs ypaBuenue Iijepa— Ilyaccona
nas pyskuponansa (4). Ho econ unrerpat B npaBo#t dacty (8) o6-
pawaercst B HyJb, T0 KPQesOe Bblpaderue

[y” (x) 8 (x) — y’*’ (x) by ()15

TaKXe JOMXKHO o6pallaThCst B HY.1b TOXKIECTBEHIIO.
Tag kax dy(a)= O6y(b)=0 (xKouubr 3aKpemjeiibf), TO MNOJY-
‘ypaeM, YTO ROJXKNO ObiTh

y” (b) 6y’ (b) — y” (a) 8y’ (a) = 0.
B cuny npoussosbHOocTH Beawuuu Oy’ (h) w 0y’ (a) HeobxoamMo
noJgyyaem
y" (a)=0, 4" (b) =0. (9)

Ycenopust (9) BMecre ¢ YCIOBMsSIMM (D) OZHO3HAYHO BHIENAIOT
sKcTpemalib B3 cemeiictea (6): y(x) = 0.

2°. dyHRuxoyaasl, 3aBucaie or m dyakuui., dnsg dynruvo-
Ha/ja, 3aBUCALIEr0 OT M QYBKUHE y1(X), «v., Um(X),
X1
F R § /
I[yl, yz’ ey ym]= j F(x’ yl, yz, 80y ym, y1,y2’ LU ym)dx (10)

Xy
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IMPH TpaHNYHBIX YCIOBHUSAX BH14
0

3KCTpeMasH HaxoAfTCsi K3 cldeaywonled chcreMbt aHdpdeperHunanbibX
YPpaBHeHUIl BTOPOro nopsjka:

d
Fyk'——d-x—py;——o (k—‘=l, 2, PRI m), (12)

Ha3blBaeMblX CHCTeMOH ypaBHeHHH Jiliepa.
[Ipumep 3. Haditn sxcrpemasnu ¢pyVEKUMOHAA

9

Ty, 2= [ (° 22427 d
1

NpH TpaBnuyHEBIX YC/JOBHAX
y(h=1, y2)=2, =z(1)=0, 22 =1

Pewenue, CucreMa ypaBHeHnii (12) B gaHHOM cayuae uMeeT
I
y" =0,
2—2"=0.
Peinast 3Ty cucteMy, HaxOIuUM

y==C1x 1 C,, & == Csex -+ C4e_x.

BHI

B cuuy rpanpyubiX YCJIOBHH HMeeM

Cy=1 Cy=10 Cg=+1—-- C4=-——92—-',
’ ’ el — | e? — 1
TaK 4YTO HCKOMAs 3KCTPeMaJib:
Yy =X,
__sh(x—1) ¢
o sh 1 l

eCTb MpOCTPaHCTBEHHAN KpHBasi, SBAKIOMARCS NepeceyenHeM JBYX
UHIHHAPHYEeCKHX N0BePXHOCTel. :
[Tpumep 4. Hafitn sxerpemant GyrHKuHonana

Ty (o), 2 (= [ gz — 207 + ¢ — =)
0

ec/m
y(0)=0, y()=1 2(0)=0, =2(@)=-—L

3*
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Pewmenne. CHcTema ypaBHenud (12) HMmeer BHLI

y”+2y""2=0, }
¥+ y=0,

OTKY:1a, McKAouas GYHKIGIO 2, NoaydHM

ylV+ 2y + y=0.

Odluiee peienne 3TOrO YpABHEIHst HMEeT BT,
y(x)=Cycos x+ C,sin x 4 x (Cs cos ¥ + C, sin x).

B cnny rpannunsix yeaoBuit 4 (0) =0, y (1) =1 noayyaem C; =0,

!
Cy== — o H 3HATNT,

. : X
y(x)=C,ysinx 4 Cyxsin x — - €os %
DyHKIIO 2 HaliieM H3 yoaoBis, 4To 2 =y” 4 2y. Hueex
. . 1 .
z == C,sin x -+ C, (2cosx+xsmx)+?_c—-(2 sin X — X ¢os x).

[Tocrosuune C, H C,; nHaxoAuM H3 rpapuuHux ycJsaoBui 2z (0)=0,
2 (n) = — 1, yro paer C,==0, C, — nponaseosbHo. Toraa

zzczsinx+—l——(2 sin ¥ — x €08 X).

CemeiicTBO aKkcTpemalefi:

) X
yz——Czsmx—--i-cos X,

. l .
szgsmx+—E(2smx—xcoS x),

\---——;‘-u_-f

rpe C, — npousBoabias NOCTOANHAasl,

3°. PyHKUHMOHAJH, 3aBHCAMHUE OT (PYHKiHII HECKOALKHX He3a=
BHCHMbIX NCpeMeHHHIX, PacemMoTpaM dyHxuionaa Buaa

Het = [ [ F(x 0222, ) ardy, 013)
D

rie F — rpuxan anddepesurpyeMas GyuKyus CBOHX apryMeHTOB, W
MpeanoJoKHM, 4TO HUleTcs QYHKuUs 2 = 2(X, §), HenpephiBHAs BMe-
CTE CO CBOMMH NRPOH3BOAHBIMH 1O BTOPOro Nopsiika BKAOYUTENBHO
B ofaactH D, npunHnmawomwast Ha rpaHupe I' o6nactu D 3apaHHBe
3Ha4enns H jaawwman skCrpeMmyMm gyukudonany (13).

Ecin Ha mnoBepxHOCTH 2 == 2(X,y) peasusyercs SKCTPeMYM
dyukuHonaaa (13), To dyHKUHs 2 = 2(X, y) YIAOBJECTBOPsiET ypab=
HeHHI0O Jinepa — OcTporpaackoro

Fa— 5 (Fpl = - (=0, (14)
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rue T%*{Fp} H —(%—{Fq} — NMOJIHLIE YACTHLIE NPOHIBOMHBIE TNO % I
[0 § COOTBETCTBEHHO!
0 0
W{Fp} Fpr+‘sz +Fpp ap + Fpg 5Z (15)
0 6 op 0q_
'@‘{Fq}zpqy'f‘Fm + Fap 61+ 9 "5y * (16)
3nech s KPATKOCTH OGO3HAUEHO 0z, 0z
HEe PATRES ox P oy T T

Ypasueune (l4) npeacrasaser coboii Heofxo1Moe yCIO0BHE
sKcTpemMyMa ¢yunxkuudonata (13). OHO sBANETCA ypaBHeHHEM BTOPCTO
NOPSAKE B YACTHBIX IIPOU3BOAULIX, NMPHuUEM HILETCH peutesie 2 =
= 2(X, y)}, mpuHuMaoee Ha rpauune [’ 3a7aHHBEe 3HAUEHHA.

I[Tpumep 5. Hanucare ypasicune 3IJitiepa — Octporpaackoro
Jst (pYHKIHOHAMA

o= [ (2]
D

Pemeunne HMueex Fx, y, 2, p, q)=p®>—¢g? ToK UTO €O
raacHo (14) noayunum —~ 37 (2p)——aTJ(-—2q)= 0 man

0%z 022
o x? oy?

= (),
Jas dyukuuonana

Jlz(x1, x5 ovt, xp)] =

= J' J‘ cen J F(xl, Koy aney Xy 2, D1y P2y veny pn) d.’Cl dx2 ves dxn, (17)

rre p. = dz
pi pk""' 6xk
MyMa Bppaxkaercs CJCAYIOmuM ypaBHeHueMm Ifacpa — Octporpais
CKoro:

(k=1, 2, ..., 1), HEOBXOIHMOE YCJIOBIE 3JKCTDCe

1l
v 0
Fz-}_‘l T |Fa) =0 (18)
=
K B pagsepﬂ'ymm BHJE
n ap
U =
F—Z +sz Pa’*‘L PiP1 dx, )“'0' (19)
i=1 ]:l /
Pewieliye 3T0r0 ypaBieHHA ~— QyHKUUA 2 = 2(xj, X2, ..., Xz}~ HA

rpauvue I' n-MepHoil obhactd D poakHa yHOBJASTBOPATD 3adaHHBIM
fpavdHYHBIM YCJIOBHSAM,
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MMpumep 6. Haiitw ycroBHs, npe  KOTOPHX  (YHKUHS
2(%1, X2, ..., ¥n), NpHHAMANONIAs 38/laNHbie 311aY€HMsi HA TPAHULE
T o6nacta Q, naer MunuMyM durerpaay dupux.e

n
a 2
D(z)..—-_ff fE(-af*) dx,dx, ... dxp,
=1 :

2
Pemenune. B stoM caytae F = V (6 ) » T. e. F He 3a-
z-—l "
BHCHT SIBHO OT X, X9, ..., Xn, 2. CJIe10BaTeabHO,

2 npu i== |,
F,oe=F, =F =}, mese
2 =Py *iPy F”i"i { 0 npu ]|,

u no gopmyte (19) nomayum

2
E gz = HJIH Az
X

=1

I
o

(n-Mepuoe ypaBuenne Jlannaca).

3ameuaHHde Ecm noa swak Hurerpasa BXOAAT NPOU3BOIHBIR
byHRUHH 2(X, ¥) 10 NOpsAAKa 5, TO ypaBHeHne Iaepa ~— Ocrporpai-
CKOI'0 MMeeT BHA

~9 ¢ F P (F
x{zx} ()J{z} x2{zxx}+

72 02
+ 2 9x Ou dy {szy}+ oy? { szr}"'

+ (=7 gjn {Fayy.n. y =0 (20)

MIpumep 7, Hamucarb ypasuenste Iiaepa — Ocrporpaickoro
s pyHRUMonaa

[2 (x, y)] =
622 6‘22 2 d? 2
- ff ax? 6y2 ) 2 ('5;-327) — 22f (x, y)] dx dih

Peumenuue HMmeem

e () 4 (22) (2 ) 2 s 0
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CornacHo (20) Haxonum

d? 0%z 02 0%z
—~ 2 (5. 9) + 55 (25 ) 5 (25 ) +

a2 022

+ 25555 (2 3x 0y )“‘O
M

0z 04z Atz
x4+ ax ayg"!"aJ "'"i(,‘: J)

ITocnenHee ypaBHeHHe KOPOTKO 3alHCHLIBAETCH TakK:
AAz =] (x, y).

Haiitn sxcrpemanu chaepyowux (yHKIHOHAJIOB!
1
99. JlyWl= [ (¢ + 24" + y"*) dx;
0
y(©)=0, y(1)=0, yO)=I1 4y (I)=-—shl
0
100, /[y ()] = [ 240y — v’ dx;

y(---l)= y(0)=0, y (—1)=-—4,5,
y' (0)=0, y"(—1)=16, y”(0)=0.

b
101. J [y (W] = [ (y+ y")dx;

yie)y=y,, y(b)—yl, Yy ()=y, Yy )=

H

( (y" + yy")dx;

a

ylay=A4;,, y(@=4, yb) =B, y ()=

1

103. 7y ] = [ (4" + y"")dx

0

y0)=0, y)=shl, y©O=1, y {A)=chl,

104. Hajitu skcrpemManb ¢GyHKUHOHANA

102. J[y(x)]

1 >
Jyl=% f(y”r dx
0
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IPH YCJAOBHSIX
y(0)=0, y©0)=0, y (1)=1.

/4

105. J [y (0), 2 ()] = | (22 —4y?+ y"* —2")d;
0

4 (0) =0, y({}):l, 2(0) =0, z(%)=l.

1
*106. J [y (), 2(x)] = f (2xy — y’2 - 3:;-) dx

-1

y()=0, y(—H=2, z(l)=1, z(=1)=-1,
/2

107. J{y(x0), 2(9] = [ (5”4 2" — 292)dx;

o

y(0) =0, y(;.})_-—_L 2(0) =0, z(%)=1.

y(O)=1  y(l)=-

109. Ilokaszate, uro ypapHeHHs OJIiisepa Aas QyHK=
IIHOHAJIA

. 2(0)=0, z()=1,

b
Iy, 21= [ F(x, 9, ¥', 2, 2') dx

JAONYCKAaIOT CJAeYIOIHNE NCPBEIC HHTErpaJibl:

1) -—%——C cean F He COMEPIKHT y;
GF
2) F— vy’ 2! STF——C cenl FOHC COACPIKHT X.

Hanucarto ypaBHeHHH Oftiepa — OcTpOrpanckoro AJs
GYyHKILHOHAOB!

110, J [z (x, y)]=
_.ff 6 )4+ 122f (x, y)] dxdy,

Q)
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Vi d 2 0%z
0 x? O0y?

11, 7z (s, y)]=J‘J‘( ) dxdy.
"D

| 112, T2 (x;, %y o ve, Xp)]=
n PYRY
zfji . f Eaj(xl, o0y xn)(—aé-) —
D

=1
— (X, ey )22 422 (2 oo, X)) dx dXs oo v dXye

113, BruBectn muddepennnanbioe ypaBHeHue MHHH-
MaJbHLIX MOBEPXHOCTEIL,
114. Hafitn skcrpeMadb GyHKUpOHATA
11
J[z(x, )= f [ezy sinz, dxdy
00

IpH YCJOBUAX z(x,. 0)=0, z2{(x, )=1.

§ 6. HusapuanTtoocts ypaBHenus Jitnepa

Ecan dyuxuuonas

b
Tl= [ F(x g v) dx
Qa

npeofipasyeTcsd NocpeacTBOM 3aMEHBI HE3aBUCHMON TEpeMEHHOH UAH
OJHOBPEMCHHON 34MEHOH HCKOMOH (DYHKHHH H HE3aBHCHMOH NEpeMeH«
HOH, TO 3KCTpeMaJu (pYRKUHOHAAA NMO-NPeXHEMY HAXOAATCH H3 ypan-
HeHUs Jijaepa, COCTaBNEHHOro AJS NpeolpazoBaHHOrO NOABIHTErpaJkL«
HOTr0 BBpakKesus. B 3ToM H COCTOUT HHBAPHAHTHOCTL YPABHEHHS
Shnepa.

ITyete x = x(u, v), y =y (u, v), np¥ueM

.t’u x 4]

# 0,
Yo Yo

Torza

f Flx,y,y)dx=
v, + v,
V4

x,+ x,0,

] (xu + xz,v;) du =

= | o(u 0 o) e

= J‘ F [x (H, U)’ Y (u) '0),
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H 3KCTpeMaJjH HCXOAHOro (yHKnHOwMaMa ONpeaeasitoTes H3 ypaBHEHHA

Jitniepa nia pyHKUHOHANA f (D(u, v, v;) du:

d
—_ 0, , =0,
(DU du © 0

ITpumep [. Haittu sxeTpemann dynxuinotasna
T

J[r]= ( Vit r?de, rae r=r(q).
P

PewcHue Ypasueune 3IJiinepa a1a 3T0T0 dyHKUHOHAIA
d

r r’
— — == (.
Vieetr PA\Vrgr
3aMeHa NepeMCHHBIX X == r COS @, y == r sin ¢ naer

Vrz + ' dp = VI + y’dy,

U MB!I OPHXOAUM K GYHKUHMOHAJAY BHAA

b
Hgl= [ Vit y7ax,
Qa

AJS KOTOPOro ypaBHenue Jiinepa ectb y” = 0, Tak uto

3HaudT, KCTpEMasd HCXOAHOrO (pyHKUHOHAJIA RatOTCA YpaBHEHHAMH

rsing = Crcos @+ Cy,

rae Ci u Cy — npoussobHbie MOCTOAHHDIE.
ITpumep 2. Halltu skerpemand dyHKpHoHa A

In 2 ’ -
Iyl= f (e=*y” — e*y?) dx.
0

Pewenune Ypasnende Oinepa ana jaHHoOro GyHKUMOHaAJa
HMeeT BH

y =y + ey =0

Caenaem 3aMeHy NepeMeHHBbiX

{ x=In g,
y=u,
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Torga ucxoausiil GyHKLHOH2I npeobpasyercss K BHIY
2 2

2 2
J! [U] —_ ((e—-ln HuQU, — efn Uv2)% s f‘(vi —_— Uz) du
[ [

B And Hero ypasHenue Jiiepa v’ 4 v = 0 Jjerko uirerpupyercs:
v==C,cosu-+ C,sinu.

I'Iepexo;m K nepsoHavaTbHbIM KOOplIIlIIaTHM X, Y, NNOIYUYHM ypaBHe-
HHE 3KCTpeManeil B BUAL

y=C, cos e’ 4 C,sine”.

115. Haittun skcrpemann yHKIHOHAJAA
P,
J= frsimp Vr2+r’2de.

{20!

116. Ilokasarp, uTo 3kcTpemasan ¢GyHKHHOHAJA
Py
J == ff(r sin @) Vet r” do
Do

BCcerZa HAXOAATCA B KBajapaTypax.
117. HanTtu sxkcrpemMann ¢pyHKuuHonas a

b
J= fo"*—l— y2V1+y’2dx.

o

Kak u nas cayuas OZHOTO NEpPEMEWHOro, ypapBHCHHe Di1epa —
OcTporpanckoro WHBapwaHTHO OTHOCHTEILHO npeoOpascsaduil KOOp-
AHHAT,

MMpuwmep 3. 3anucath ypapHenne Jlanlaca

0%z d
ax? + d

2

;, — 0 (1)

B NOJSPHBIX KOOpAHHATAX.
Pewenne PaceMoTpuMm dyHKUHOHAN

D[z{(x,y)] = f J- (z;‘; - zi) dx dy.
a

Ypasrenne iinepa — Octporpaackoro 11g (yHKIHOHAIa €CTb Kak
pa3 ypasuenune (l). IlepeilneM B (yHkUHOHAJE OT JeKapTOBbLIX
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koopanat (¥, y) X NoaspHeIM Koopam#aTtam (P, @): X == pCos @,
"y = psin @. Uneen

dp Jdp . dp si—ncp dp _ cos @
Bx @ Jy =S T o ' dy o '
Orciona

Dz (p, p)]=
dp dp \? dp de \?
B ”[(zoﬁz‘“@‘a?) +(29“5;“+2¢‘5y‘)]9d9d¢ﬂ

MY

CocraBags ypaBueune Iiiiepa — OcTporpajickoro al1s nociel- |
Hero HnTerpajda, NMPHacM K ypaBhuenulo Jlammaca B noasipHbIX KOOp-
Aunatax;

1
o fo0 T PZop + Zp=0.

§ 7. Moae sxcTpeMaaei

CeneiicTBO Kpunbix y == y{x,¢) o6pasyer cobcT8eHHOe no.se
8 sadannou obaactu D muockoctit ¥0y, ecan uepe3 KaXjaylo TOUKY
{x,y) srofi ofnacTH NpOXOAKT OAHA H TOJAbKO OAHA KpHBAAg cemeil-
ctBa ¥y = y(x,c).

Yraosoi goadduunedar p(x,y) XacaTeIbHOH K KPHBOH cemeli-
cTBa Yy = Yy(X, ), Npoxoasiuei yepes Touky (X, y), Ha3bBaercs Ha«
KAOHOM NnoAsl 8 TOUKe (X,Y).

CeMmelicTBO KDHBHMX Yy = y(x, ¢) ofpasyer {eHTpasbHOe TO.Ie
B obaacth D nnockoctu xOy, ecam 3TH KpuBblE NOKpbhiBalor 0e3
camonepeceueHnil BC 061acTh D U HCXOIST M3 0LH0H TOUKH (Xo, Yu),
nexamell Bue ofuactd D. Touxka (xy, yo) BaswmsaeTcs UEKTPOM
ny4yKa KpHBHIX,

ITpumep 1. Buyrpuw ®pyra 424 4?2 <X 1 ceMeficTRO KPHBHIX
y = Cex, rne C— npouzBosbHas nocTosHuag, B uactuoctd, € =0
ofpasyetr co0CTBEHHOE MOse, TakK KaK 3TH KpUBLIE HUIIEe He nepe-
CeKalOTCH M uepe3 KaxKayio TO4YKY (x,y) Kpyra NIPOXOAUT OAHA "H
TOJILKO OJHa KpHBas »Toro ceMeicrea (puc, 7). Haxaon noas
B NIPOH3BOJILIOIT TOUKe (X, y) paBeH

P (x: !/) =Cex=y‘

[Tpumep 2. Cemeficteo napabon y = (x + C)* snyTpu xpyra
X2 4 y> << 1 cofieTBenHoOro noas He o6GpasyeT, Tak Kak DasjaHuHbie
KpHBble ceMeficTBa IepeceKalTcss BHYTPH KDyra M He NOKPLIBAOT
Bcto obsacts (puc. 8).

ITpumep 3. CemelictBO KpuBbIX Yy == Cx 06pasyer LeHTpaJb-
Hoe moJsie B 06jactu x > 0, : ’




MONE 2KCTPEMAJIEM

Puc. 8,
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O6pasyoT au nose (co6CTBEHHOE HIH LEHTPasbHOC)
CACAYIOIHE CCMeficTBAa KPHBBIX B YKa3ayHBIX o0sacTax:

118, y=C-tgx 0<s<<T, —5<y<7.
119, y=C - cos x;

a) |x|<Z: 6) %—<x<ﬁ' B) | x|
120. y=(x—CP; S +4 <L
121, y=C (x> — 2x);

2) 0<x<1; 6) —1<x<<3 B) 2 <r <<

122, y=C -sin (x——j—)

2 4

a) T<r<S; 0 F<a<m B) 5 < x <2
123. y=e*tC, x24 2 < 1.

Ecau noae (coGeTBennOe WM pentpaabHoe) o6pa30oBaHO ceMef-
CTBOM 3KCTpeMaJsefl HEeKoTopO# BapHaUHMOHHOH 3a/Zaud, TO OHO Hasbl-
BaeTcs n0AeM 3KcTpemanetl.

ITpumep 4. PaceMorpum QyrKuHOHAN

Iyl = f y'* dx.
0

Ero SKCTPEMANAMU ABJIAIOTCH OpAMLIe y = Cix 4 C;, CemeiicTBO
SKCTpeMasiel y = C, obOpa3yer COOCTBEHHOE 10418, a CeMeliCTBQ
skcTpeMadeli y = C,x o0pa3yer uecHTpaJjbHOC I[0Je C LEHTPOM
B HayaJse KOOpZIHuar.

124. [lna ¢byHKUHOHAa 4

a

Iyl=[(y"+y)dx, a>0,

0

yKa3aTb COOCTBCHHOE U LCHTPAJbHOE NOJC 3KCTpEeMaacH,
125. To ke — n1a chyHKuHOHAA

w4

= [ (" = 4" + 5" + 4)ax
0
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[Tycte ®puBas y = y(x) sapageTcs 3KCTPeMasibi0 (GyHKLHOHAIa

Xy

Il= [ F (x5, ¢) dx,

Xo

npoxoisineil vepes touki A (Yo, yo) u B (x1, yi).

[oBopaAT, 4YTO 3KCTpeMaJsab Yy == y(X) B8K.I04eHa 8 CODCTBeHHue
noae 3xcrpemased, ecad HalneHo ceMelcTBO akCTpeMateld y=y(x, C),
o6pasyioniee moJe, cojeprkatiee npu HexotopoMm 3HaueHun C = C
IKCTpeMasib Y == 4 (X), IpuUYeM 3Ta KCeTpeMatb y == y(X) He JeKHT
Ha rpanune obsnactH D, B K0TOpoH ceMeiicTBO y = y(x, C) ofpasycr
nose.

Fean nywox skcrpemaneil ¢ meHTpoMm B TOuke (X, Yo) B OKpecCT-
HOCTH 3KCTpeMaJad y = y(x), NpOXOAsllieidl yepe3 TY Ke TOuKy, 00-
pa3yer [oJse, TO TOBOPAT, YTO HALGEHO UEHTPAAbKHOL 10.1€, BKII0UaIs-
liee AaHHYIO 3KCTpeMasb y == y(x). 3a Napamerp ceMencrBa Yy =
= y(x, C) npuuuMaercg yraoBoi Ko3pGhUUHEHT KacaTcjabHOH K KDpH-
BBIM NyukKa B TouKke (Xo, Yo).

[Tpumep & Paccmorpiunm  npocTeliulyio  BapraudonHylo  3a-
Aavy a4 ¢yHKiHonaJaa

2
Iyl= f (4’3 + sin? x) dx.
0

a) Hyers y(0)=1 y(2)=1. CenmeiicrB0 3KcTpamajeil AaH-
Horn (pyHKIHOHATa oOnpejacaseTcs ypaBuendeMm Yy == Cix -4 Cs, 3a-
LAaHHBIM TPAHHUHHIM YCJOBHAM Y/IOBJETBOPSET 3KCTpeMadb Yy = l.
JTa 3KCTpeMaanb BKJIuaercss B cOOGCTBEHHOE TMOJe 3IKCTpeManei
y = Cs, rae C; — npoH3BOJLIAA [OCTOAHHAA.

6) IIyete y(0) =0, y(2) = 4. IKcTpeMannio, oTeedalomeil
3THM TPAaHUYHBIM YCJIOBHSAM, aABJAETCA Npamasg Yy = 2x, KcTopad
BKJOUaeTcsd B peHTpaJibHoe nojie skceTpemadieit yy = Cix (Cy— npo-
H3BOIbHAsA NTOCTOsAHHAA) C nesTpoM B Touke O(0, (),

ITpumep 6. PaccmoTpum mpocTeiiilyto sapuapHoHHYIO 3ajpady

1

Iyl = J‘ y’ (Qx---;-y’) dx,
-1

y(—1) =0,y (1)=-=.

b | s

Pemenne ypasneuna 3Iiinepa umeer Bupg y= x? 4 Cyx 4 Co.
L1 x -~
DKeTPeMaas 3Tof 3anaul gy = x? - T 7 MOZKHO BK.THOYUTH B CCU-

. X
CTBEHUOE noJae sxcTpemaneil y= x? 4 Y + C, (puc. 9).
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ITokasarb, YTO 3KCTpEMasH CAEAYIOWINX NMPOCTEHINNX
BapHanMONHEIX 3a/1a4 MOXKHO BKJKUHTL B TNMOJe 3KCTpe-
MaJteil (cobcTBEeHHOE WU LEHTPANbHOE).

R yi r

ot

71/

Puc. 9,
1

126. J[y]=f(y’2—-2Xy)dX; y('0)=y(1)=0-

0
]

127, J[yl= | ey + y")dx; y (=1, y(1)=e.

0
128. J[yl= [ (*—y)dx (a>0, a7 ka);

. y(0)=0, y(a)=0,
129, J[gl= [(y" + Ddx y(O=1, y(2)=3.

0



§ 7] IIOJIE SKCTPEMAJIEN

Onpenenenue, Ilycts umeem cemeiicteo @(x,y, C) =0
NVIOCKHX KPHBBIX.

C-QUCKPpUMUHAHTOM BTO20 CemMelcTea HasbipaeTc reoMeTpHue-
CKOEe MECTO TOYeK, ONpPEeaeqaeMOe CHCTEMOll ypaBHEHHH

D (x, vy, C)=O,]

o0 (x, y, C)
ocC

(1)

[§
=0,i

B ofwmem c¢ayzae B coctaB C-mguCKpHMHHaHTa BXOAAT oOrubaroliie
ceMelcTBa, TeOMEeTpPHUECKOe MECTO y3/J0BLIX TOYEK M FEOMETpPHYCCKOe
MECTO TOUeK 3a0CTPEeHH,

Qeubarowedl ceselicrsa O(x,y, C) = 0 Ha3pBaeTcsa KpHUBAs, KO-
TOopass B KaxKJOfl CBOCH TOYKE Kacaercsd HEeKOTOPOoHd KpHBOH A1aHHOrO
CeMEeHCTBA H KaKJOro yuacTka KoTOPOH wacaercst GeckOHSuHoe MHO-
$KECTBO KPHBBIX CeMeilcTBa.

Ecau umeeM nywok KpusBBX ¢ nentpoM B Touke A(xo, Yo), 10
LEHTP NMyyKa npusamiexur C-nucKpHMHBHARTY.

[Tpumep 7. RHafttu C-auCKPUMHUHAHT CEMefCTBA KPHBLIX Y ==
= (x — ()2,

., Pewewnne Ypasunenus (1) B AaHHOM Cayuae HMEWT BHA

y—(x—C)y =0, }
2(x~—C)=0,

otgyZa y = 0. Herpyano nposeputb, uto auung y = 0 ecTp Oru-
Garwomas nanmHoro cemeicrtea., B camom jeae, B #0001 Touke X = Xy
JuuHa y = 0 nmeer obmyio xacaresabHyi0 ¢ COOTBETCTBYIOIEH KPH-
BOH ceMmeilcTBa Y == (¥ — xo0)2. [Hanee, gakoit Obi MaJduiil yuacTox
JUUHH y = (0 MBI HH B3fJH, €ro xKacaercs OeCKOHeuHOe MHOXKeCTBO
KPUBBIX jaHHOro cemeiictea. B manHom caygae C-gHCKPHMHHAIT CO-
CTOHT H3 OJHOH orubaruieH.

B cacayrowmux npiMmepax Halithn C-IHCKPUMHHAIITBL
SAIAHHLIX CEeMelCTB,

130. y=Cx - C2
131. 4(C— x) — C2=0.
132, (x — C)2 4 42 =1,

Ecnau agyra AB xpusoit y = y(x) uMeer oradunyio or A obfwyio
Touky A* ¢ C-gucKpHMHHaHTOM nyuka y = y(x,C) C HEHTPOM
B ToYKe A, COJCpKALIEro JAaHHYIO KPHBYIO, To Touka A* Hastizzetcs
TOYKOIl conpaxexnold ¢ Toukoi A,

[Tpumep 8 PacemoTpum  ojuonapaMerpuueckoe  CeMefcTBO
KpUBhIX ¥y == Csinx. C-jUcKpHMHHAH1 3TOro CeMeHlcTBa oOnpene-
JISeTCA YPaBHEHHSIMH

y— C sinx==0, }
— sin x = 0,
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T. €. npencTaBaserT co00fl MUCKPETHOE MHOXeCTBO Touek (km,0),
k=0, %1, £2 (TOYKH nepecedyeHHs CHHYCOUAH ¢ ockiwo Ox). Bssas,
HanpuMep, C = 2, noayuuM KpHBYWO y == 2sin x, NpHHAAAEKAILYIO
MAHHOMY nydky cuuycoun ¢ uHedtpom B touxke O(0,0). Ecan apyroi
KoHen B (puc. 10) nyri KpHBOH y == 2sinx umMeer abcuccy

y A

Puc. 10.

¥e (n,2n), 1o ayra OB Oyjper coaepxaTb elle OAHY TOUKY
(kpome Toukn O(0,0)), nppunagrexamyo C-IHCKPUMHHAHTY, a
uMenHo Touky OF(m, (), KoTopas OyneT CONpPSKEHHOH € TOUKOH
O (0,0). Ecau 0 << x < @, TO TOuYEK, CONPSIPKENHHbBIX C TO4KOIl
0 (0,0), sa ayre OB wner.

133. Jlano cemeiicTBO KpuBbX y = C- (¥ — 1)x. Haf-
TH TOUKY, conpsKennyio ¢ toukoir O (0, 0).

134. Jlano cemeiictBO XKpuBbX y = C-shx, Haiitu
TOUKy, conpsxennys ¢ Toukod O (0,0),

1°. Hocrarouydoe ycacBHe $SIko0M BO3MOXXKHOCTH BKJNUYEHHHA
BKCTPEMAJIM B LEHTpaJbHOE M0Je 3kcrpeMmaneit. [lag Toro uToOH
ayry AD sKceTpeMaaM MOMKHO Obl10 BKJIIOUATL B UEHTPAAbHOE HO.1€
sKcTpeMasefi ¢ uedtpoM B Touke A (Xo, Yo), ROCTATOUHO, yTOOLI
TOouka A*, conpsikeHHas ¢ TOUKoH A, He Jexana Ha Ayre AB.

ITpumep 9. Paccemorpud QyuxipHonan ,

a

a

Iy (x)] = J (y* =9y ¢¥ — 1) dx,
0
y(0)=0, y(a)=0.

IlpoBepuTh BO3MOXKHOCTL BK.IOUEHHS 3KcTpeMaau y == 0 B uen-
TpaabHoe QoJe 3KcTpeMadeid ¢ uentpom B touke O(0, 0).

Pewenune VYpapueinue Iitnepa aqig AarHore (yHKUHOHAJ A
umeer Bug y” + 9y = 0. Ero ofuiee pelenne y(x) = Cysin 3x =
~+ C3 cos 3x,
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knt

Ecmu a £ 3
BJIETROPAILEll 3a/aHHbIM TPAHMUHBIM YCJAOBUAM, ABJASCTCA NpAMast
y = 0. Ecau pacemMoTpeTh OAHOMapaMeTrpHyeckoe ceMelcTBO 3KeTpe-
Maneit yi = Cysin3x, T0, KaK Jerko npoBeputb, C-AHCKPUMHHAHT

" kt
3TOr0 CeMeicTBa COCTOMT H3 ToUYeK (———-, 0}, k& —uenoe 4qucJo;

3

s . "
nosroMmy, ecam a<--, TO TOUKH, conpsixkenHoit ¢ Toukoi O(0,0),

k —uenoe  4YuCno, TO  3KCTPEManbio, yao-

Ha aketpeManu y = ( ne 6yper, H TOrxa 3Ty SKCTpPEMasb, OUEBHIHO,
MOXKHO BKJIOUHTH B HeHTpaJbHOe [oJie 3KCTpeMaJseil ¢ 1eHTpOM

T
B touke O(0,0). Ecaur xe a }—3*, TO Ha 3KCTpemadaun y = ( Oyner

comepiKarbcsl MO KpaliHedl Mepe oaHa TOYKa, COMPSKEHHAs ¢ To4-
koft O(0,0), u pocrarouHoe YycaoBue ko6 He EbIIOAHACTCH.
B 3ToM cayuae skctpemaan y == C;sin 3x noaa ne obpasyioT.

Anaaurudeckas popma ycaosus Hxkobu. IlycTe uMeeM npocreid-
iy10 BapHauMoHHYK 3anauy

Xy

Iy (N = [ Flx g 4 ds

Xo
y (X0) = yo, y (x1) =y,
Ecaun peurenune u = u(x) ypasHenus HJAkobu

d d )
(Fyy——["i"x"Fyyl)u_“a“;(Fyly)U)=O, (2)

yA0BJAETBOPSIOLIEE YenoBHIO (X)) = 0, obpamaerci B Hyab eme
B KakoH-HUOYIb TOUKe HHTEpBada Xo << X < Xy, TO ConpskeHHas
¢ A(xo, yo) Touka A* jnexuT Ha pyre AB skcrpemanm (Touka B
MMeeT KOOPpAMHATH (X1, Y1) ).

Ecan cyurectsyer pemrende u(x) ypastuenust HxoGu. yaosseTso-
psiroitee yeaosmio 4{xy) = 0 u He oOparaloiteecs B HYJb HH B OJHOH
TOYKE TMOJAYHHTEpBada Xp << X < Xy, To Ha Aayre AB HeT Touex,
conpskennnix ¢ A. B 3toM cayuae pyry AB sKeTpeManu MOMKHO
BKJIOUUTL B LEHTPanbHoe [oJe 3KcTpeMaJdeil ¢ HLeHTPoM B TOuke
A (%o, Yo).

ypasuennu (2) B dynkunn Fy, (x, 4, §'), F, o (y, x, §') u
F (%, 4y, y') BMeCTO y(X) HALO0 MOACTABHTH NPaBYylo YacTh Ypas-
HeHRA 3KcTpeManu y = y (x, Co).

[Tpumep 10. Bunonneno au ycnosue kobu A2ist 3KCTpeM anH

hyHKyHOHAa A

Tyl = [ (v +#) dx,
0

upoxonameit yepes Toukd O(0,0) u B{a, 3)?
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Pemenne VYpasueune fIkobu B JaHHOM cjaydae HMeEET BHI1

= (0. Ero obiuece peme}me: u(x)= Cix -+ C;. I3 ycaosus
u(0) = 0 naxoauwm, urte Cy, =0, tak ute i = Cyx. Hu npu kKaxkou
shauenun @ >> 0 oty pewenns 4 = Cix (€1 5= 0) B Hyas He oop.l-
UIAI0TCA. 3HAUUT, TOUKH, COMPSAXKEeHHoNH ¢ Toukoit O(0,0), na ayr
OB 3kcTpenany Her, CJIG,E[OB&TG'IbHO €e MOXHO BK/IIOYUTD B Ii€H-
Tpa.JbHOE NoJe sKkeTpemadell ¢ uesrpon B Todxke O(0, 0). HDTp\éMo

MPOBEPHTL, YTO HCKOMO{ 3KCTPEMAanbld ABJISICTCH [OpsnMaf §=-— X,
a

KOTOpasi, OYeBH1i0, BKIIOUALTCHA B LEHIPasbHOE MOJe 3KCTpeMadiell
Yy = Cix.

[Mpuyep 11, Bunotneno nn yceaosHe JKoGH aaa dKCTpesaiu
(pyHKLHOHA A

Iyl = J? (y'° — 4y° + e~ %) dx, (a == (rz - —%—) n) ,
0

mpoxoisutedl yepes touxu A(0,0) u B(a, 0)?
Pewenne Ypasociue Jxo6Gu umecer sun «” +4- 44 = 0. Ero
otuice pelueiue
ui{x)==Cy;sin22x -+ Cycos 2,

Uz yecaosusa u{D) =O HaXOHHM, q10 C2 = 0, T1ag ur0 U(X) =

= Cysin2x. Ecm a<—+ 2 , TO ¢yuxuua u(x) He ofpalaercs B HY.Tb

npa 0 << x << @, n ycaopue HAKOOW BbINOANEHO; CCIH KE a>,—g,
TO pewende ypasuenas fAxobu u = Cysin2x ofpaulaercs B HY.b
B TOYKe ”:%' npuranrexawmefl orpesxy {0, al, v na ayre skcrpe-
Mamt ¥ =0 (0 << x<Ca) naxoaurcs TOUKA, CoNpsxKeHHas C Tods
kot A(0,0). Takum oBpasom, npu a>7j HE CYUIECTBYCT UCHTPAa/be
HOTO oJ 3KCTpeMadted], BKA0YAIOUero AAHHYIO 3KCTPeMalb.

B crenviouiux 3alasax IpPOBEPHTH BLINONHHMOCTL yC-
Josust fxkodwu.

e

~

L

135. J[y]= j(l?xy—{—y’g—{—x‘-’)dx;
- y(—1)=—2, y(1)=0.
136. f[J]“f(J +94” — 82)dx; y (0) =0, y (a) =0,

17, 1[y1=f(1+y’2)dx; y(0)=y(1)=0
O
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a
138. J[y]:jy'ey'dx; y(0)=1, yla)=0>b (a>0).
0 .
139. J[y]= [ (4" — yNde; y(0)=0, y@m)=1.
0

140. TToxasatb, UTO ecsn NOABIHTErpasibHasi GYHKIHA

¢yEKUHOHANA
b

Tgl= [ F(x y)dx

Q

He COMEPIKUT SIBHO Yy, TO KaxKJAas SKCTpeMasn, Bcerna Mo-
JKET OBITL BKJIOUEHA B 110J1€ 9KCTpPeManei,

3amMeuanue Yoiopue $Kobu saBasercd Heo6XOAUMbIM A14
JOCTHXKEHUS IJKCTpeMyMma (ymxkudoHada J[y(x)], T. e. Ha B3KcTpe-
Maan AB, peanuayiouleil 3KCTpeMyM, conpsikennmasi ¢ A TouKa He

MOXKeT JeKaTb B nutepmade xp << X << x;. Hanpumep, ana ¢yHKLHMO-
HaJla

le1=j(y"‘+1) dr, y(0)=y(a)=0,
0

MHHHUMYM JjocTHraercss Ha skctpeMmaau y{x) = 0. Ha srtoft sxcrpe-
MaJH HeT TOu€K, cOmpsKeHinX ¢ todkoi O(0, 0),
ITpumep 12, Iaa ¢gyurkuncuania

53‘!
4

M= | w—yMas,  ym=0 y(Zx)=o
J

Ha 3KcTpeMadu y(x) = 0 3KCTpeMyM He [AOCTHraeTcs NOTOMY, UTO
B HHTepBaJje 0, o T} JeWHT, conpsKerHas C toukoit (0, 0)

rouka O*(m, () (u6o pelmenneMm ypaBHenusi fdkobu u” -4 nu = 0, o9-
pamanpmuMcss B Hyab 0pu x = 0, asasercs #(x) = Cisinx, u u(«)

o6pamaeTcsd B HY/b TaKXKe U B TOUKE X == T & (0, T ")
/

B cavom nene, B KayecTBe «6su3Kol» K y=0 KpHBO{ BO3BMEM
.4
sin — nx -
37

KPHBYIO Yp (x) = s koTopolt yeaosusi y (0) =y (5:1—) = {
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’ 4 4
OYeBHINO BHIIOJHAOTCA, 4 g, (x) = —— cos n — x. Toraa. noxyuum

5n )
][0]:"'0’3
s‘nirzx ‘
in B
] "__’z"'é'""‘"" —
5
ra .2(4n ) T
sin? | — x
T
n 50 5 S
0 0
S {1 16
=8n2(n?-25)<0

npu awbom ueaom n >= 2. Caeaoeatennuo, skcrpeMans y(x) =0
He JIoCTaBJfAET MI/IHHMyM JAaHHOMY (DYHKUHOHAJIY, Tak Kak cyiye-
CTBYIOT 6JM3KHE K y(X) = ( KpuBble, HA KOTOpHIX 3HAYeHUA (YHK-
HHOHana oTpuiaTtesbibl. BossMem  Teflepb  ceMeHCTBO  KPHBHIX
4

I
yn (x) = — sin+ X, ob6aazgaouEx 6IM30CThIO A1060r0 nopsAaka o
OTHOWEHHIO K KpuBod y(x) = 0. Jlerko Buaerb, 4to
5
T

Ilyn]l = r

©

m2 — x
On

40n?

dx — f -—-cos2—~xdx— >0

CaenoBarenwiio, skcTpeMand y{x) = 0 He n0CTaBJIAeT H MaKcCHMYMa
JaHHOMY yHKUHOHATY.

141. [Iycte B pyHKUMOHAIE 5
b
= f F(x, y, y')dx
a

MOAbIHTErpaspHas (yHKuus F uMeeT orpaHHueHHbIC 4acT-
Hble' TIPOM3BOJHBLIC TPETHLEr0 TNMOPSAAKA O TCPEMCHHHIM Y,
Yy’ BO BCAKOI OrpaHuyeHHoO# o6aacTu H3MeHeHUda y u y'.
[Tokasare, uto ecau ¥ = y(x) u y = y(x) + n(x) — 1Be
O6JM3KNE SKCTPEMAJH, TO ¢ TOYHOCTBIO /IO BEJAMUHUHB! BbIC-
IICTO TNOPAAKAa MaJIOCTH CPaBHUTENbHO € PAacCTOSHHEM
MCPBOTO TMOPAAKA MEXKAY 3THMH 3KCTpeMansaMu ¢byHKuusd
m(x) yIOBJIETBOPACT ypaBHeHmo Axobu:

Fym+ Fyyn’ — ‘g{; (Fyym+ Fyryn)==0.
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2°. Jocrarounbie ycaoBds Jlekaunapa. JloctaTounsiM yCAOBIEM
A9 BKJIOUEHHs 3KCTpemaJdu (QYHKHHOHaM a

Xy -

Hyl=| F(x 4 y)dx;
X

y (%) = Yo, y(x)) =y,

B MOJ€ BKCTpemMatell SIBAFETCS BHIOTHEHHE YCUACHHO20 YCAOBUR
Jexandpa.

OBO cOCTOHT B TpeGOBAHWH BLINOJHEHHST HEPAaREHCTBA
.Fyryr >O
BO BCeX TOYKaxX paccMaTpuBaeMofi 3KcTpemaau (T, €. IIpH Beex
x & [0, x1)).
[Tpumep 13. Jad dyHKUHOHAA
2

Iyl = f (y"* + y7) dx;
0
y(O=1, = y(2)=>5.

IKcrpemann — npambie y = Cx -+ Co. HMcKomo# 3KcTpemanbo, yao-
BJAETBOPAIOUCH 3aJaHHbIM IpaHAYHBIM YCJAGBUAM, sBJASETCHs MpsMad

y = 2x + L.
B panxom cnyyae Fy,y,-——- le’z—{- 2 H BO BCeX TOYKax 3KCe
TpeMadH ¥ = 2¢ -+ | umeem Fyyp= 50 > 0. VYcwiennoe ycaosue Jle-

JKaHAPa BHIMOJHEHO M, CNeA0BaTelbHO, 3KcTpeMans y = 2x - I MO-
Ket OBITH BKJIOUEHa B NOJe 3KCTpeMm ajefl.

ITO BHAHO U HEMNOCPEACTBEHHO. IJKCTpeMans y = 2x 41 conep-
}KUTCST B 0QHOMApAMeTPHUECKOM CeMelCTBe 3KeTpeManei y = 2x -4 o
(ax — mapametp), o6pasyowux coOCTBEHHOR MOJIe.

Mpumep 14, Jan ¢yuxyuonan

I
f (x2y’® + 12¢2) ds;
-1
y(=1)=—1, y(l)=L

PeweHn e YpaBHenue Ditnepa Aagd 3TOro QyHKUHOHAIA HMeET
BHA

x2y" + 2xy’ — 12y =0.
Ero oBuee peurciine —
y=C1x% 4+ Cox—*.

[MocTaBjennbiM IpaHHYHbIM YJIOBHAM YAOBJETBOPSET 3KCTPeMalb
y = x°,
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Ee Heh3sl BKIOYHTE B nose. EAHHCTBEHHEIM OgHOMapaMeTpHUeCKHM
CCMef1CTROM  3KCTpeMaJiell, coaepxKaluiM ee, SIBJASIETCST CeMEHCTBO
y = ax® Tlocnepgnee He noxpuiBaer o061acTH, copepXKaweHh TOUKY
c abcuuccot x = 0 (uepe3 ToukH ocH Oy c opaHHATAMU, OTJAHUHBIMH.
OT HV.1%, IKCTPEMAJH 3TOrO CeMelicTBa He NMPOXOIAT).

B nannom cayuae Fy,yf=2x2, H ycaosue Jlexanapa He Bhi-

noauseres npu x = 0,
[IpoBepuTh BO3MOKHOCTh BKJIOUYEHHA 3KCTPEMAH B
moje /151 CNeAYIOUHX PyHKIHONAN0B:
!

142, Tyl = [ (v — yy) dx y(0)=0, y(1) =0.
0

143, J{yl={ y’dx; y(0)=0, y(a)=">0>0.
0

144, J[y]= f'n(y) Vit (de

X

y(Y)=uyo yl)=y, nly)>0.
a
145. Tyl = f (6y” — ydx;

0

y(0)=0, yla)y=b, a>0, 6>0,

§ 8. JlocratouHble yCa0BHS 3KCTPEeMyMa (yHKUHOHANA

Paccvartpusaetcs npocrefiias BapHauHdonHas 3azada aas Qysk-
HHOHAa.1a

gl = | Flx g, y) d, (1)
Y =0 ()= @)

1°, Jlocratounbie ychosua Beidepmwrpacca. DPyuxuyued Bedep-

wrpacca E(x, y, p, ¥') wasbiBaeTcss QyHKuHA, omperenseMasi paBeH-
CTBOM

E(X: y, y,)=
=F(x, 4, ¥)—=F(x, 4, p) = (¢ = p)Fp(x, 4y, p), (3)

rge p = p(x, y) — HAKJOR HOASA IKCTPeMaleH paccMaTpUBaeMoll Ba«
prauHoHHo# 3anaun (1)—(2) B Touke (x, y).
JocTaToynbie yCa0BHA Cl1aboro 3KCTpeMyMa,

Kpusas C Jdocrasaser caabeui sxcrpemym (ynxyuonasy (1),
ecau:
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. Kpusas C ssasercs akcrpemaavio Pyukyuonara (1), yoos
- g.AeTgopAroIel ePanUiHbIAL ycaosuam (2), T. e. A8ARCTCA PEUICHUEM
ypasrenus Sdaepa das ¢pynrkyuonara (1), ydosaersopaowum ycao«
auax (2).

2, Jrcrpesaay € smoxucer 6uiTo gKAIO4EHQ 8 no.ae IKCTpemaaed;
B8 4QCTHOCTU, 3To Oyder, eciu GbinoaneHo ycaosue Skobu.

3. @ynkyust Bedepwrpacca E(x, y, p, y') doasdna coxpanaTs
BHAK 60 Bcex Toukax (X, y), 6auskux x sxcrpesmasu C, u 018 6aus-
Kux K p(x,y) snadenud y. Pynsyuonaa Ily] 6yder umers maxcumyi
na C, ecau E << 0, u mununym, ecau E = 0.

JloCTaTouHBEIE YCAOBHSA ClJ/bHOTO 3KCTpenMyMa.

Kpusaa C docrasaser cuavhbii 3kcTpesmym (pynkyuonary (1),
ecau:

I. Kpusaa C sacaserca sxcrpesatoro ¢ynkyuonasa (1), yodo-
gaeTgopatoter; eperutkbim ycaosuasm (2),

2. Jrcrpesmars C moxcer GoiTe BKAIO4CHA 8 ROAE 3KCTPeMQaeCi.

3. @ynxyusn Bedepwrtpacca E(x, y, p, y’') coxponser snax 80
gcex TouKax (X,y), 6ausdkux k axcrpemaiu C, u 018 Npou3soLoHbIX
snauenud Y, Hpu E << 0 6yder sakcumym, a npu E = 0— munu-<
MyM.

Jameuanne ¥Yciosue BeltepuiTpacca HeoGx04UMO ansg Hau=
UHS SKCTPEMYyMa B CJCAYIOIIEM CMBIC/I€ — eCaH 8 TOYKAaX 3KCTpeMadH
A5 HeKOTOPbIX 3HaueHuil y' ¢ynkuus E HyeeT NpOTUBONOACKHBIE
3l1aKi, TO CHJAbHbLIH sKcTpemMyam He pocTuraercd. Ecam 310 cBOCTBO
IIMeeT MeCTO MpH CKOMbL yroaHo GJAM3KHX K p 3HaueHusax y’, To He
AOCTHraeTcst U cnabuil 3KCTpeMyM.

ITpumep 1. HcenenosaTs Ha 3KCTPeMyM (pYHKUHOHAJ

1
Igl=[ P +y)de @ =0 y()=2
0

\

Pewmenue YpasHeuue iliepa AN JaHHOTO (PYHKUHOHANA
uMeeT BHA Yy’ = 0, TaK UTO 3KCTPEMAJSIMH  SBJAAIOTCA  [IDSMbI@
y (%) = Cix 4 Cz. SKcTpeManblo, YAORACTBOpAWOUIEH 3aJaHHBIM Tpa=
HUYHBIM YCJIOBHAM, sABasieTcs npsaMas y = 2x. Haknon mons B Tog-
Kax 31oif 3KcTpeManu p == 2, OueBHIO, AaHHAA 3KCTpeMmadb Y == 2%
BKJAIOYAETCs B LUEHTpanbHOe mote sKcTpemanell y == Cx C UeHTPOM
B Touke -0(0,0). HerpyaHo Tax:ke npoBepHTb, YTO B JAAaHHOM Cay-
yae BHIOAHEHo ycaoBHe fkoGu. ¥YpasHenue fkoOu B AauHOM CJay-<

yae MMeeT BHj W(Sy’u’) ==(), rje B CHJAY ypaBHeHHs 3IKCTpe-

Maau uMeem y’ == 2, CnegoBarenbno, ypaBrenue $IkoOH npuMer BHA
w”(x)y=20, otkyna u(x)= Cyx + Co. M3 ycaorus u(0)==0 noay-
yaeM Cp = 0. Tax kark 310 peurenne u = Cyx npu C; 5= 0, xpome
TOYKH x == (), HHrje B Hy.Jb He oOpauniaercss, 170 yciaoBue JIKOOHM Bbis
NOJHEHO,

CoctaBnsieM $ynrnnio Befiepmitpacca:

E($, 9, 0, ¥)=y°+y —p—p—(y —p) 3pZ+ 1) ==
=y —p)* (v +2p)
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ITepBblii MHOXMTETh BCEria HeoTpHnaTeaeH NpH mobbiXx y’/, a BTO-
poli MOJOXKHUTENEH NPH 3HaudeHusx y', 6auskux K 2. CaenosaTensHo,
BHIIOJTHEHB! BCE YCJOBHS cyulecTBoBanmst caaboro muHumyma, On-
HaKoO, KaK Jerko BHAETb, ecnit Yy < —4, T0 ¢yuruns £ Gyaer ywe
OTPHUATEJbLHOH, W [JOCTATOYHOE YCAOBUE CHALHOTO 3KCTpeMyMa ie
A BBIIOTHAETCHA, TaK KaK B yCa0q
BHAX CHALHOr0O 3KCTpEMyMa TpEC-
6yercs, utobn ynkpus Befep-
~ mrpacca £ coxpausna 3HaK Hpy
JI0OBIX 3HadeHusAX y'. YuutoBas
3ameuanne ©Ha crp. 89, 3ak/io-
yaeM, YTO CHJABHOrO SKCTpeMyMa
B JaHHOM CJayyae HerT.
[Ipumep 2. Hccnenosathb
Ha 3KCTpeMyM ¢yHKnpHoHan

1

[

f[y1=J (x+2y+%y’2)dx.
0

y'a - y (0) =0, y(1)=0.

Pewen ne YpasHenue -
jaepa Aasd  3T0ro (QyHKuHOHaJI&
uveetr BuJ Yy~ = 2. dkcTpemansi-
M ABasioTCst  napaboan y =
== x? - Cyx -+ C2. IKCTpemads,
YAOBNETBOPAIOWAS]  TPAHHUYHBIM

C/10BUAM, ecThb y == x* — x. Co-
ctaBaseM  ypaBseHne  $Skobu

~ a5 (W')=0 unm u’ =0,

Ero ofwee peurenne u(x) =
== Cyx -} Co. Yeaosue u(0) =
= (0 paer Cp =0, a Tak Kak
u(x)=Cx npu Cy 0 nurie
na orpeske [0, 1] B Hyab HE 06-
paliaerca, kpome ToukH x = 0, To ycjoBHe $IkoOu BHIOJMsieTCs, H
3HAYMT, 3KCTpeMajgb Yy == x? — x MOXKIO BKJIIOUHTb B [EHTpajbHOe
none akerpemaJtei ¢ neirpom B Touke O(0,0), a umenno: y == x* 4~
+ Cx (puc. 11). ®ynkunsa Beiepmrpacca umeer Bug E(x, y, p,y') =

Puc. 11,

= (y' — p)2.0Otciona BUAHO, YTO AAsl NIPOM3BOALHBIX 3HAuenud y'

I
6yper E =-2——(y’ — p)2>0. CrenoBaTtesbro, HAa 3KCTpeMasn §y =
= x?-— X JaHHBI (QYHKUMOHAJ AOCTHraeTr CHJIbHOrO MHHHMyMa, KO-

topuiit pasen J[x2 — x| = 7

HccaenosaTe Ha 3KCTpeMyMm  caejyiolne QyHK-
LHOHAMBGL. ’
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1
6. Ilyl= [ (s + 5 07) dx y O =1, y(1) =

l

’

147. Jiyl=| ¥y dx; y(0)=0, y(1)=In4.

L)

148, I[yl= | Sdx; y()=1, y (@) =4
Y

149. J[y]:f y(O) =0, y(ay=>b,a>0,b>0.

c:la.
=

150. J[y]= [ (1 + 0 y”dx y(©)=0, y()=1.

~»

151 Tlyl=| (" —y?)dx y(O)=1, y(F)=1.

Qe

2
152. J[y]= jy'(1+x2y’>dx;y(——1)=1,y(2)=4.

153. Jy]= f(J + y?)dx; y (=)= —1,y(1)=3.

. Jloctarounnte ycaopus Jlexauppa. ITycrs yuxuus F(x, 4, y')
uMeeT nenpepusnylo 44CTIYIO0 HpOHsBOﬂJIy}ofJJ (x, y, y') u nycrb

skcrpemans C BKJOUeHa B II0N€ sKCTpeMaled,
Ecau na skcrpeMann C umeem F ,y,>0 to Ha Kpuso# C po-

cTuraercst cnabuii Munumyn™; ecan  Fy . <0 na skcrpemann C, 10

Ha Hel jocturaercs ¢1abbli MaKCHMyM (pyHKuHOHaJra (1). dru ycno-
BHSI HA3BIBAIOTCS YCUACHHIMU YCA0BUIMU Jlezm:au(?pa.
B Tom cayuae, Korpa FJJ (x, y, y') =0 8 Toukax (x, Y¥).

GMH3KNX K 3sKcrpemanu C, NpH LPOUIBOAbHBIX 3HAYEHHAX Y', TO
‘UMeeM CHUNbHbill MHHHMYM, a B caydae, Korla a/s YKasHhbIX 3Haue-
HUH apryMeHToB F ../ (x, y, ') <<0, umeem CHABHBLT MAaKCHMYM,

ITpumep 3. Hccaeposath Ha 3IKCTpPeMYM (YHKUHOHAI

J[y]=f(y’3—-ay’)dx, y (0)y=0, y(l)=—

(¢t — 11060e HefiCTBUTEAbHOE HHCJI0),
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Pemenae Tak xak nogetuterpa.tbiasg ¢GVEKLHEA 3adBHCHT
TOALKO OT Y, TO SKCTPeMAAsMH SBISIOTCH DpsMble Y = Cix + Co.
DKTpeMaaplo, YACBIETBOPAOWE FPaHAGHEBIM yeaoBuaMm, Oyier ups-
Mafd Y = -—QX KOTopasa MOXKET OBITH BKJIKOYEHA B nelrpadaLdoe [ioae
skerpemanell ¥y = Cx. Ha atoit skerpemant Hakmos moas p = —2,
Hasee waxoanm F ;/——GJ Ha pannofl skcTpemaad HMeeM
Fy,y,=—-12<0, T. e Ha JAHHHH Jy = —2x jocrturaerca caadotii

makcuMyMm  dyuxugonasaa. Ilpy npou3BOiLHBLIX 3HaueHHAX §° 3HaK
F:/'u’ He coxpagsercs, ¢J1e108arelbHo, A0CTaToulible YCJI0BHHA CH.Ib=

HOTO MaKCHMYMa HE BRINOJIHMOTCS,
Dyuruua Beflepmtpacca E(x, ¥y, p, ¥') B AaHnoM ciayuae ynueeT
BT
; . ’
E(x, 4 p, )=y~ p)*(y + 2p)

i NpH HEKOTOPLIX SHAUCHHAX Yy’ oHa HMEeeT NPOTHBONOA0KHLIE 3HAKY,
VuiTeIBAST 3aMeuaHle Ha cTp. 89, MOAYY&M, uTO CHILUOrO Makcli-
MYMa HeT,

INNpumep 4. HcerenoBath Ha sKCrpeMyM (yHKLHOHAJ
9
I= [ +3)ds,  y@=0 y@)=1L
0

Pemenue Sxkcerpemanaymu gpasgercea npambe y = Cix - Ca
IKCTPEMAdbiO, YAOBACTBOPSIOUWEH TIPAHHYIBIN YC.TOBUSM, SBASCTCS

X
apaMasn y=~§; ona MomeT OBITh BKJAIOUEHA B LEHTPadbHoe Mo

sxcTpeManefi y = Cx. B npamiom cayuae Fo o0 (% y, y') =e”’ >0

X
npu Jmo0sIX 3HaueHudax y'. CaenoBaTesbHO, Ha 3KCTPeManu yf== 5}

(pYyHKIHOHA.T MMeeT CHJbHBIH MHHUMYM.
ITpumep 5. Hccenemosarb ua 3KeTpemyM dyHKHHOHAR

2
Iyl == J‘V1+y de, y(0)=0 yla)=uy.

Pewenue, Iloauurerpanspias Gyukyuna He 3aBHCHT SIBHO OT X,
_CeA0BaTIBHO, modyyaem F—y'-Fy’ = C; uau B HalleM Cayyag

Vl +J y’* =&,

Ve viVise?

=C, nmm y(+y?)=cCy

OTKYAA ,

ViVies
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rie C{== —%—- . ITonmoxuM y” = ctg -—;— . Byzem umets y = Cysin? _;_=
I
== —22—[- (1 — cos £). Jlaxee,
dy == dy _ Cisintdl C, sinQi dt.
gL 2ctg L 2
€5 €75

Huarerpupys, moayyum

x=clf“""c‘f’;"‘)dt — %‘ (t — sint) + Co

Hraxg,
x=Cy(t —sini)+ C,, }
y==61 (1 = cos £)

— fapamMeTpHueckue ypaBHeHHs ceMmeiictBa UukiaouA. M3 ycnoBug
y{(0) = 0 "Haxoaum, uto Cz = 0. ITyuok LKKAOUT

x=C ({ — sin{), }
y=C (1~ cost)
o6pasyer neHTpankHoe nose ¢ nexrpoMm B Touke O(0,0), BKawuaw-
lee KCTpeManb
x==R (I —sin?), }
y==R (1l —cost),

rae R omnpefeneHo U3 yCI0BUA NPOXOKIEHHA NUKJOMABI 1u€pe3 BTOs
PVIO IpaHuuHyld Touky B(a, yi), ecau a << 2nR (puc. 12).

b 2nk 2

Puc. 12,

Hcnoaesyem yenosre Jlexaunpa. Mmeem
1

F!lm >0
gy —_ 3/
‘ V(439"
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npu Jgo6bix 3HaueHusx y'. 3HaydT, A @ << 2R Ha IIKJI0HIAE
x==R (f —sint), }
y=R ({1l —cost)

naHubift PyHKIMOHAA HUMEeeT CHABHBIH MUHUMYM.

Hcenonb3yst ycaosue JlexaHipa, uccaeqoBaTh Clie-
oywolue GyHKUHOHANB Ha 3KCTpPEeMyM:
1

154, J[yl= [ (" + )dx y(O)=—1, y()=1.
0

3
155, Jly)= | Spdn g @) =4, y(3=0.
Y
2
156. J[y]= [ ("' —209")dx y (D=0, y@=1.
1

157. J[y]= f (1 —e=v")dx; y (0)==0, y(a)="b (a>0).
' 0

1

158. J[y]= [ yy”dx; y(O)=p>0, y(1)=7¢>0.

0

159. HcenenoBate Ha 3KCcTpeMyM (QYHKIHOHAJ
1

J[ylzf(ey’2+y2+x2)dx, y(© =0, y)=1,

0

JIpH pasJIMYHBIX 3HAYEHHSIX TapaMerpa e.

[Tpumep 6. (3anaua Diinepa). Crep:Rend pauHow [ omupaercH
CBOMMM KOHLIAMHM M TNOABepykeH aaBjaeduio P. Ilpu onpeneseHHOM
aHaueHuu P (rputnueckasg cuna 3Jiaepa) MPOUCXOAUT IMPOAOILHBIH
u3rn6 crepkad. TpeOyercss onpeaeHTb HAUMEHBLIYIO  BeJAHYHHY
cuAbl P, naoimye npoaoc/sHeii uarub.
Pewenue Ilycte E~— Moayab ympyrocru, [ -— HauMEHBIH
MOMEHT WHepPUMH NOMepeuHbiX CeUYeHHH CTEePIKHA, O~ PaAuyC KpH-
BH3HEI, (¢ — YroJ KacaTeJbHOH C OChIo.

[MoTenmuasnbHas 3Heprug usarufa onpegenaserca (PopMysoi
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Ilpu omycraHuM KOHLA CTEPIKHA Ha BEJMUHHY

0= f (1 ~cosq)dS
0

NOTeHIHAJBHAN 3HCPTHA CTCPXKHA YMOHpIIAETCA Ha
l

Uy=Pyg=P|—P I cos ¢ dS.

Ecnu nmotenuuanpHas sHeprus a0 gedopwaunnu 6pila paBHa HYJMO,
TO nocae nepopmMauru OHa BhpasUTCT GOPMYIOH

U-—=U1-—U2~—-‘J-(—;-EI—!}§—+Pcoscp) dS — Pl,

2

ds " @
Tax gax p:-?i—cg U (B ciyuyae MaJunX 3HaueHHH @) cos@ =~ | — ~57s

TO
{ {
- ) ool [
0 0

B cayuvae paBHOBeCcHS MOTeHUHAJbHAA IHEPrud INPUHUMAET MH-
HuUManbHoe 3HadeHue. IlosToMy pellleHue 3apaudl CBOAUTCS K ONpe-
BeneHul0 MHHHUMyMa uHTerpana

{

I1o] =f [EI (2—2-)2 ~ Pcp{l d.

0

B nauHoM cayuae

Fe El(g‘p) — P2,

B ypaBHeHHe Diaepa MpuHUMaeT Bul

P
¢ 4 a’g=0, rae a?= R

O6wuii uuTerpan 3Toro ypasHeunus Oyner

== C; sinax - C, cos ax.
Tak kax TpH MaibiX 3HAUEHMAX @ HMeeM tg @ &~ ¢ u, kpome TOTO,
g =y, 10

y = C;sinox + Ce cos ax,
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OTKy 14

Cycosax +- C,sinax
o o

y (x)=— + C.

Ecoy RUMHHI KOHEl CTepXKHS HAXOAUTCHS B Hayale Koop/HHAT,
to npu x =0 6yner y =0, a anauur, Ci = C =0 4

C, .
¥ (x) = —, Sin ax.

ITposepuyM BhInoanerne yeaoprit Jlemxauwipa u  Axobu. Oue-

BHAHO, UTO yCI0BHe JIeXaHIpa BhITIOIHCIHO;

0°F

—— = 2E1 >0.

op"
Ypasuenue Arobu ureer BuA

Elz" 4+ Pz=0 i 2" 4 0’z2=0,

npuuem 2{0) = 0. ITosroMy prutenue ypasHenns $kobr Gyier

z == Asinax.
Oynkuna z ofpamaeres B uyas npi1 ¥, =—— (k=1,2 ...), TaK

T
yTo ycCaoBue Sko6u OyaeT BLIOJAHEHO, eCay l}—a—. Orcrona

72
l2

P> El.

Haumenbillee 3Hayenne KPUTHYECKOH C#abl Diaepa Oynet

Patn = Tj‘ EL,
ITpn 3T1OM
Gy T
y= p sSin ]

€CTb YpaBHeuue Kpusof Haruba.

3°. ®uryparpuca. [Tycrb unmeen ¢yHKIHONAN
b

Tl = | Fx g, 9) dx.
a

Dynem cuntare X M Yy nmapameTpaMu M paccMoTpdAM (GYHKIHIO
Y = F(x, y, ¥') xak Pynxuuo aprymetra y’. I'paduk 3roit ¢pynxuuu
A4 IJIOCKOCTH nepeMedubx (y', Y) naswizaerca ¢ueyparpucod, He-
TPYAHO NPOBepUTH, uTO (ynxuusi Beftepurpacca E(x, y, p, y') ecth
pasHocTb opAMHAT (BHIypATPUCLL M KacareJbHoll K Hell, npoBeacH-
Holt B Touke ¢ afcuuccod y’ = p. 3HakonoCToAHCTBO (QYHKUHA Beii-
epiTpacca AJig HeKOlOpbiXx 3naueHuit y' oazHavaer, yro (Uryparpuca
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JIeXKHT HaA KacaTeabHOH MM [MOA Hed A/s yKA3aHHBIX 3uaueuuil g’
B stoM ciayuae uMeeT MeCTo cnabblii 3kcTpeMym. Ecau duryparpuca
JIeKHT C OAHOIl CTOPOHH OT KacateabHON JiaA BCeX 3HauyeHHil gy H
ANA 3HaUeHHH MapameTpoB X H y, OMU3KUX K TOUKAM SKCTPEM A,
TO HMEET MECTO CHJbHBIH BKCTPEMYM,

Hocratounoe ycnosue Jlexangpa B 3THX TepMUHAX BHIVIAAHT
Tag: ecau 0aa ecex Touek (x, y), bauskux Kk 3skcTpemaiu, ueypa-
TPUCA 6C1O0Y BHINYKAQ WAL B02HY1A, TO UMEET MeCTO CUALMHbLIL 3KC-

TPeMYM.
ITpumep 7, HccnepoBats Ha 3xcTpemMyM (yHKIUOHAN
Q
Igl= | y*dx (a>01  y(©O =0, y(@=b &3>0
0

Pemenue 2KerpemaisaMu sBiasiorTes npamete y = Cix 4 Co.

Hckomas sxcrpemant onpeaessercs ypasHeHHeM y=— % Ona

Y )

o JyReel oy

Puc, 13.

BKJIIOYAeTC B LEHTPanabHOE noJe SKcTpeManefl, B nanmom cayuvae
o ' 2

¢duryparpucofl aeagerca napabona Y ==y’° (puc. 13). Jlerko Bu-

neTh, YTo (HrypaTtpHca NeJuKoM JIeKHT Hal KaCaTenbHOfi, npoBe-

JeHHON K Hefl B Touxe p= - TpH Mmobuix a u b, as& 0, Caeno-

-

b
BaTeNBHO, SKCTPeMaih § == - X JOCTABAACT KAHHOMY byHruOHANY

CHIABHBIH MHHHMVM.,
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I[Tpumep 8 HcemenosaTh Ha 3KCTpPeMyM GYHKUHOHAN -
d
Jw=[y'ds y©=0 y@=b b>0.
0

Pemenune  Hckomofi  srcrpemanpio  apaserca  npaMas

b
I = Ex, KOTOpAaa BKJAOUEETCA B LCHTPAJBHOC IOJC axctrpemaneﬂ

YA

Puc. 14.

y = Cx, ¢ HeHTpOM B TOIgKe 0 (0, 0). duryparpucofi sBasercss Ky6H-
yeckas napabosna Y =y° (puc. 14). a5 3pauesuil y’, 10CTaTOMEO

ONH3KHX X SHAUYeHHIo p="T duryparpica MeKHUT Haj KacaTeab-

o b
HOM K Hell, npoBegeHHON B Touke ¢ abcuuccoi y’ =— Hz puc. 14
BUJHO, YTO (Urypartpuca rnepecekaeT xacaTelbHyI0 B Touke ¢ alc-
2b

HUCCOR y’-—=-—--3—— 1 JeBee 3TOM TOUKH pacnoJoxkena HaJ Xaca-

b
TeJbHOH., 3HAYdT, HA IKCTPEMATH Y= — X JocTHraercs caabulli M-

HUMYM,
3ameTuM, uyto ecan p = 0 (370 oOTBeyaeTr cayvawn b =={, sxc-
TPEMANLIO ABAAETC oTpe3ok ocu Ox), To KacatenabHofi X durypa-
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Tpuce ABasercst ocb Oy, a cama Touka O(0,0) saBaseTcs TOUKOM
neperuba ¢UrypaTpuch. YuuTHIBAS 3aMeuanue Ha crp. 89, muauu,
4TO B CKOJb YrofiHo magofl okpectHoctd ToukH O(0,0) durypa-
TPHCa HMEeT MNOJOKHTENbHhie H OTpPULiaTeIbHbIe OpPAHHATEL 3HAYuT,
¢yukunsa Beitepurpacca E HMeeT MPOTHBONOMOXKHBIE 3HaKH IpH
CKOJIb YroaHo OaH3KuX K p = (0 3HauenHax y’, H CJeoBaTenbHoO, B
3TOM Cjayyae He J0CTHraeTcss ¥ cjaabblil 3KCTPEMYM.

Mpumep 9. lloxasare, uro 3xkcrpemanr y = 0 BapHaLHOHIION
3ajgayu

1
Tg)= [ (0" =gy dw y(0)=y(1)=0
)

JocTaBiaser caalbulll MUHEMyM (pyHKIHOHATY,
Pemenue, Yenopue Jlexanapa B AauHOM caydae jaaeT

Fy’y' ly—-_-:O = (2 - ny,) Iy=0 = 2 >0’

T. €. Ha sKkcTpeMaan y = 0 pocruraercs cnabeiit MuauMyM, Iloka-
JKEM, YTO Ha Heil CHJAbHLIA MUHUMYM He accruraercs. IlocTpoum ¢u-

ryparpucy Yzy’z---yy’3 anst  3upadenuit ¥y > 0 (puc. 15). Hs

Yk

Puce. 15.

puic. 15 BHAHO, 4TO KacaTedpHasd K (urypaTpuce, NpoBegeduast B TOY-
ke ¢ aGcguccoit p = 0, nepecekaer Guryparpucy B Touke Yy’ ==;.
Takum oOpa3om, aag Touek (x, y), rae ¥y > 0, GAH3KUX K TOUKAM
skcTpemMand y = 0, ¢ynxunsa Bedepmrpacca £ npu seaveHusx y’',
MEHBIUHX -!1;, NojoO¥KUTEAbLHA, @ MMpH y,>_1j — otpunareanua. Co-

rIacHO 3aMeuaHuio Ha crp. 89, CHALHOrO MUHHMYyMa Her. AHamordi-
Hoe gmnenue HMeer Mecto u aas y << 0.

ITOT mpHMep XapaKTepeH TeM, 4YTO H3 BLIMOJHEHHT YCAOBHSA
Fy,y, >0 wa skcTpemanu AJas JOObIX y’ He cjelyeT HalHYug CHJb-

HOro 3KCTpeMyMa,

4%
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C noMoulpio ¢uUrypaTpuce HccJef0BAaTh HaA SKCTpe-
MyM cJiaeiyiouiHe (pYyHKUHOHAJBE:

1
160. 7[yl=[(1+ 9y dx; y©)=0, y(1)=~2
0

2
161. 7 [yl= [ o (1+2%)ds y(=D=y@)=1.

[t

-1
a

162. J[y] = J" (1 —e=v")dx;
0

y(0)=0, y(a)=>= (&>O, b > 0).

a
163. J{y]= [ (65" —y" +yy)dxn
0

y(0)=0, y(a)=>b (a>0, b>0).

3amedanue Jlocrarcunoe yclIoBHe 3IKCTPEMyMa MO BTOPOH
BapHaluH.

HeoTpunareapHocTs Bropoit Bapualuu Heo6XoauMa, HO He 10-
cTarouda AJaf Toro, utobu QyHukuuonan J [yl mocruraa ma nasHOl
KPHBOH MHHHMYyMa.

Mpumep 10. PaccMoTpuM dyHKNHOHAT

I
Hol= [ 9 (1) [x = y () d
0

B npocrpauctee C(0,1). Ypapueune Ditnepa umecer Bua Fy = 0 win
y = 0. Bropas Bapuanus ¢yHRu#HoHana Ha 9sxcTpemanr y = 0,
0|

1
82710, 8y] = f % (8y)? dx
0

nojoxkuTe bHa At kaxaoi 8y 5= 0. Onuaro dyuruuonan J [yl npu-
HuMaeT B /MoOGoH# OKpPECTHOCTH HYJS M OTpHIATeNbHbIe 3HAYEHHs; JO-
CTAaTOYHO NpH 3a12HHOM & >> 0 B3sTh QYHKUHIO

(x) —xte 0 x<e,
Y (X1 =
0, X 28,

et

6

Torpa J[y.]=— ——<0 pas moGoro & >0,

El
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Onpeneneunne Kpaaparuunelii ¢yuxkuuonan Lo(h), 3anan-
ABIl B HEKOTOPOM HOPMHPOBAHHOM NpPOCTPANCTBE, HAa3blBACTLSA (.-
HO NOAOXMCUTERbHOIM, €CIH CYLIeCTBYeT TakKoe noctosinuoe k > 0, 410

Ly(h) ZkilA|?

st BCex A.

Jdoctatounoe yenoBue MmuaumMywsa. Has toeo 4ro-
6ot ynkyuonan Jyl, onpedesennolili 8 HOPMUPOBAHHOM NPOCTPAH-
cTee, umea 6 CTAyuoHapHold TOouke Y == Yo MURUMYM, COCTATOUHO,
4ToObL npu Yy = Yo €20 sropaa sapuayul 66lAQ CUALHO HOAONCU-
TeAbHQ, T. €, 4TOObL BbINOAHANICE YCAOBUE

0%J [yo, Oyl = & | 0y |17,
ede k= const, £ >0.
4°, Ilyery numetcs 3KeTpeMyM (pyukuHoHana

J[yl, Yoy v ey yn]:

Xy
7 7
= f F(x, Ups Yoo oo vs Uy Ul Yoo o+, Ylp) dX, (4)

Xy

saBucamero ot n oysxuuit yy(x), Yo (%), .-+, Yo (x) mnpH rpauni-
ABX YCJIOBHAX ’

Up (%) =Yy Vi (X)) =Upy (k=12 ..., n). ()

Ycunennotm Ycroeuem
BHIIOJIHEHHsA HEepaBCHCTB

Jexandpa HaswBaercs TpebGoBanne

Fylyl>0,’

F, ’ F r 7 oo-F’ ’

Wy Y Yo y, ¥
FI! F’yl Fl 1 Fl"' F ln
ylyl yIQ 7 7 F Y r 7

>O, .oy Yol Yolo o¥y, >0 (6)

F,t FII
YUy  Yoly

F r 7 F ? 7 eane F ;7

BO BCeX TOUKAX paccMaTpupaeMoli skeTpeManu ¢ynkuHoHana (4).
Yeuaenntim ycaosuesm Hxobu naspiBaercs TpeGoBaHue, UYTOOH!
oTpesok [xo, X;] He copepikan TOUKH, CONpAKEHHON C TOUKOH Xo.
Yeunenuoe yenoBue Jlexkaugpa (6) B coeguHeHud € YCHIEHHBLIM
yeiaoBuem SIko6u ofecnedynBalOT CyileCTBOBAHME No Kpakuet Mmepe
ciiaboro MuHuMyMa dyukuuonana (4),
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Mpumep 1. HecaegoBate Ha skcTpemyM QyHKUHOHAN

1
Iy, 2] = f (" + 2'") dx, (7)
0

y(0)=0, 2(0)=0, } (8)

y(l)=1, 2z(1)=2.
Pemewdne YpaBuenus dinepa mas ¢yarusonana {7):
yﬂ —_ O sz J— 0

y (x)=C, - Cyx, }
2{x)=C3 -+ Cqx.

TaK UYTO

Ucnoabaya ycaosus (8), nmoayuum
C1=0, C2= l, Cg"—"-O, C4=2¢

Hckomas skcrpeMansb

y(x)=x, } (©)

2 (x)=2x

€CTh NpAMas, NPOXOmANAst Yepe3d HAuajo KOOPH HHAT.
HUnmeem

Fyzyz:‘—“g, Fyrzf z0, FZ'y'=O’ F212/=2.

Venaennoe yeaosue JleKannpa BBIIOTHSETCS!

Frr F!I
y'y yz
Fy,y,=2>0, F . F o el

2’y 2’2"

gl=4>a (10)

IIpoBepuM Temepb BHIOJHUMOCTb YCHAEHHOTO YyCJaoBHS Hro6H.

Onno K3 onpejejeHud conpsiXenHofi TOukHm TakoBo {cM. [3]).
Tlycth umeeM cemeiicTBO 3SKcTpeManeli ¢yHKuuonamaa (4), BwIXOasn-
LINX U3 HauanbHOH TOYKH (Xo, Y10, ..., Yno) NOA OGAH3KHMH MEXKIY
c0bofi, HO AuHEIIHO HE3aBUCAMBIME HANPABIECHHIMH.

Touka x* & [Xo, X1] HA3LIBACTCS CONPARIHCEHAOE ¢ TOYKOU Xo, €CIH
CYUIECTBYET MNOCJAGACBATENLHOCTD 3KCTpeMaJels, BBHIXOAAIIAX H3 Ha-
UAJbHOM TOYKH H KakK yroAHo ONH3KHX K AaHHOH SKCTpeMaJH, TakKaf,
uyTO KaMJ1ad K3 3THX 3KCTpeMasei nmepecekaeT NaHHYIO 3KCTpeManib
K afCcLHCChl TOUEK MepeceueHnss CXOASTCST K TOuKe x™.

B nauHoM nprMepe 3KCTpeMansaMu SBASOTCa npsMbie (9). Bee
sKeTpemadny, Beixoasue #3 touykH (0, 0,0), nepecekaor skcTpeManb
{9) rTospKo B 3TOH TOUKE. CJI&,Z{OBaTeJleO OTPE3oK [0, 1] uamenenust
X HEe COJepXHUT TOUKH, CONMpsiKEHHOH ¢ Touko# xo == 0. Takum oGpa-
30M, BHIMOJHEHH H yCHAIeHHOE yCaoBHe JlekaHApa K YCHJEHHOE Y-
nopue $HkobH, Tak uto 3KcTpeMann (9) pocramasier dyHKRUHOHALY
(7) cnalpliit MUHHMYM, -
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HMcenegonath Ha 3KCTPEMYM cCJaedyIOUlHE (YHKIHO=
HaJIbl:

t
164. 71y (x), 2] = [ V1 g7 27 dx
0
y(0) =0, y(1)=2, 2(0)=0, z(l)=4.

1

165. [y (9, (9] = [ (y" + 2"+ 42)dx

0

y(0)=0, y(1)=1, z(0)=0, z(1)=0.

§ 9. YcaoBubiit akcTpemym

1°. Hsonepumerpudeckas 3agava. [Ilyctp madst ase yHKUMH

F(x, 4, 4) n G(x, 4, ¥).
Cpean Bcex KpHuBbIX y = y(x)& Cilxg, x1], BROIL KOTOPHIX
byHKHOHAN

X
K[M==ﬁf0(x,w y’) dx

Xo

NPHHEMAET 23afaHHOe 3HauedHe [, ONPENeNHTb Ty, AJdA KoTopo#
(pyHKIHOHAN

Il= [ F(x g ) dx

Xo

NpUHAMAET 3KCTPeMaTbHOE 3HAYEHMe.
OtHocutenptio pyuknuit F © U npennogaraeM, 410 OHH HMEIOT
HempepbiBHbIE YACTHBIE TPOH3BOJHLIE MEPBOTC H BTOPOTO NOPSIKOB
Opd Xo =< X =< Xy W IpPH NPOH3BOJLHLIX 3HAYEHHAX TNepeMeHHbIX
Y, ¥
Teopema Dinepa Ecru xpusas y = y(x) Odaer 3kcrpe-
MYM PYRKYUORAAY

Il = [ F (% g, v)dx (1

npu YeAoBURX

X1
wa=f00n%yﬂd“=hyU0=ymwa=yp (2)
X

u ecau Yy = y(x) He asaserca IxcTpemasvio gyurxyuonara K, 10
CyuecTsyer KOWCTAHTA A TaKkas, 410 Kpusas y = y(x) ecTb
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BKCTPEHANL PYHKIHORAAQ
Xt
L= [IF (% 5 9)+2G (x 4, 4')] dx. (3)
X

Mpumep 1. (3anawa Hunonwsl.) Cpens 3aMKHYTHIX KPHBBIX
ANHHB 2/ HalTH Ty, KOTOpas OrpaHKuHBaeT HauGOJLLIYIO INIOMIANb.

Peweunune 3ameruMm 1npexjae Bcero, 4ro paccMaTpuBaeMas
KpHBas JovKHA OBITh BRINyKJOH, B camoMm pnese, B OPOTHBHOM Cly-
yae cyutecrsoBana 6wl mnpsmas L (puc. 16) Takag, uro ecau 3ep-
Ka/bllo OTpa3uTb B HeH KycoK rpanuunt B8CD, to nmoayuum ofaacTtb
gosibureil naoIxalaH, ueM MNEpBOHAYaJbHASE, OPH TOH XKe [JHHe Tpa-
HHIILL,

Puc. 16.

Jlanee 3aMeTHM, uTO BCAKasd OpAMasi, KOTopas AEJHT INoNoJam
3aMKHYTYI0 KPHBYIO, OrpaHH¥YudBalOIlyl0 HauboJblylo Oioanb, Oy-
AeT JeaHTh [ONoJaM K caMy 3Ty mioulajib. B caMoMm pese, monycTHM
NMpOTHBHOE H NMycTb npsiMast Ly He o6manaer atuMm csoiictBoM. Ortpa-
3HB TOrja 3epKaibHO 0KoMo Li Ty uacte Qurypsl, Koropas Hmeer
60AbIWYI0 TAOLLaAb, Mbl TOAYYHJIH Obl KPHBYIO TOH e MJHHBI, HO
OrpaHHyUBaoIyi0 GOJbWYIO MIOLIaNb.

Bel6upas 3a ock Ox mobyio #3 NpAMbIX, A&NAMIKAX KPHBYIO MO-
noJaM, OPUXOAHM K Caenylolel nocTaHoRKe 3aAauH.

Hadith aunuo y == y(x), y(—a) = y(a) == 0, xoTopas npu 3a-
nanHO# nauHe ! > 2q OrpasHHYMBaeT BMECTE ¢ OTPE3KOM —a<X<id
ock Ox Hauboabluy maolanb. Takpm o06pas3om, 3agaua cBesach
K PA3BICKAHHIO 3KCTpEMYMA (PYHKUHOHAJA

a
IMyl= |y ds, y(—a)=y@=0, (4)
—a
DPH JONOJHHTEJBHOM YCJIOBHH, YTO

a
Klpwl= [Vi+yTma=1  (¢>2). ()
-G
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CocraBisieM BCnoMoraTedpHY0 QyHKUHIO
H=F+iG=y(x)+2V1+¢ (6)

H paccMaTpHBAaeM BCNOMOraTedbHBIH QYHKIHOHAT

a
L= fH(x, y, y') dx, (7)
(1

Ypasuenue Oftepa axs dyskuuonana (7) KMeeT BHT

d ( Ay )-—-l
dx V + y12
OTRY 12
Ay’
Vit y’
Paspemas mociegnee ypaBHERHE OTHOCHTEAbHO I, HAXOZRM
dy x+ Cy

(8)

dx VW= (xF+C)?
Hurerpupyst ypaeuenue (8), moxyuum
(x+ C*+ (g +C)P =22
— OKPYIKHOCTH paanyca A ¢ unentpoM B Toure (—Ci, «C3), Tlo-
croaunwie Cy, Cz v mapaMetp A onpepnensieM H3 TPaHHuHBIX YCJOBHI
Yy(—a) = y(a) =0 u usonepuMerpuueckoro ycgoeus (5). Umeem
C;=1"—(C, —a),
C;=A*—(C;+ a)’,

OTKY 12
C|="-0, Cg=p7ka2—02,
TAK YTO ‘
m———— X
y=V A —x2 -V A? — 2 H @fye==——
y=Y V y Vi
Torna ycaoene (5) naer
a
Adx x =% a
l = f == A arcsin == 92X arcsin —
-a VAz—xz z’ X=w0 A’
HJIH
_‘1.- s'n__l_
A oy
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Peirast 3T0 TPAaHCUEHIEHTHOE OTHOCHTENLHO A YpaBHEHHWe, HAXONHM
HEKOTOpOe 3HaueHHe A == ko, a4 3dTeM HaxOAuM Beauunny Cgy==

~Vi=a.

a .1
Herpynno zameruts, 4TO ypaBHEHHE o = Sit 55~ BCEra HMeer

o )
peireHte. [eficTsuTenbHO, nonaraﬂ—g—x = {, CBejeM 5TO ypdBHEHHEe

2a 2a
e {, rae B CHJIY VYCJIOBHS 3ajayH e =<l

. o n
Oyukuust y == sinf uMeer B Touke [ = ) HaAKJIOH KacaTeabHOU ——,

K BHAY sini =

a ¢yHKuHS ¥y = af uMeerT MeHnIKA HakaOH. CueaoraresbHO, rpa-
¢uka aTHX QyHKUHE uMeioT, kpome Toukd O (0, 0), eme no kpaHHeH
Mepe OJHy TOUKY MepecedeHHs.

3aK0or B3QUMHOCTH u3onepumeTpudeckux 3adaq. IJKCTpeMalu
(pyHKRUKOHANA

X
Ty ()= [ F (x4 ) de
X
MpH AONOMHATEILHOM YCAOBHH

X
Kly ()] = [ G(x, g, y) dx = const

Xy
cOBMANa0T ¢ 3kcTpemasamu ¢Qynkuuonata K[y(x)] npu: ycaoBHH
J{y(x)] = const,
MOMOLIGI0 3aKOHA B3aUMHOCTH K3 3ajaadu JddAoubsl nmomyuaeM
CleAylouIMi Peaysibrat: cpedu 8cex BAMKKRYTHIX AURUL, O2paruyl-
sarouux 3adannyro naowadeo, autuell MuRUMAALHOL OAUHbL REAACTCS
QK PYICHOCT®.
STOT pE‘BYJTbTaT JIBTKO HOJTy"IHTI) HEHOCPEI{CTBEHHO, eClIH BOC-
HQJIL;lSllOBaTbCﬂ napaMerprueckoii ¢opmoli sapuauMoHHONl 3agaud.

YCTh

x=x(t), [x (fo) = x (tD)}, } to <<t <t
g=y @ )=y} J© 7 T

eCTh yPaBHeHHs MNPOU3BOJILHON 3aMKHYTOH JHHHH. Bonpoc cBonurcs
K Pa3sbiCKaHUIO 3KCTpeMyMa (QYHKUHOHAJIA

[ G gy
npH yCIOBHH

f(xy'—yz)dx=c. \

BBoAs B pacemorpenne GyHKIHIO
F = (%2 + §2)" 4 & (xg — y),
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noasyuaem (cM. cTp. ©4), uTO AJ9 KpHBOH, J[AIOUIe]] IKCTPEMYM,

XpHBU3HA — NoCcTOAHHA:
l

— T x.
r

3nauuT. HCKOMAs 3KCTpeMalb — OKPYKHOCTD,

C noMoLIBI0 3aKOHA B3aHMHOCTH MOTyT OHITb pelllenbl Ge3 Bcs-
KHX BbIYHCJIEHHH HEKOTOpLle «BAPHALMOHHLICY 33Ja4YH SJAEMEHTADHOH
reoMeTpHH.

[Tpumep 2. Iloxazarb, uto: 1) H3 BCEX TPEYTOMBHHKOR, HMeIO-
HINX 3alaHHO€ OCHOBAHME H 3ananHblil nepuMerp, Haubosbilylo IL10-
niaab HMeeT paBHoGeapeHHbl TpeyronbHHK; Z2) Npu 3aaaHHOH MJIO-
HiaJH ¥ 3aTaHHOM OCHOBAHHH PaBHOGEIPEHHBLIH TPEYroJbHHK HMeer
HauMeHbIUHI NEpHMET).

Pemenne 1) Bosbmem 3aad0c, (OKycaMd KOTOPOTO CAYIKAT
KOHUBl OCHOBAHUA paccMaTpHBaeMBIX TpeyroabHukos (puc. 17), Hs

Puc. 17.

cBOMICTBA 3IJIHNCA 3aKJaKWyaeM, 4rTo Bce rtpeyroabHukn ACB umeroT
ONHH R TOT Xe nepumerp. OueBnjHO, uTO HAHGOABWYIO miaowalp 6y-
AeT HMEerb TPeyroJbHHK ¢ Haubonbilefl BLICOTOH, YTO OTREYaer CJay-
yalw, Korpma BepiuyHa Tgegr(mbﬂnxa coBnagaer ¢ BepituHoi Co 34-
aunca. Tpeyroabuuk AC,B B 3TOM Cayyae — PaBHOOEIPEHHDIN,

2) CornacHo 3aKOHy B3aWMHOCTH HAMMEHbWIHH nepAMeTpP NpH
3afanHoll maopiafH W 3a]aHHOM OCHOBAHHH HMeeT paBHOGEpEeHHbIH

TPEyroJbHHK. :
[Tpumep 3. Haitru MuHuMYM dHTerpana
7
Jlyl= J g’ (x)dx
0

n
NpH YCJAOBHH f y2(x)dx=1, y () =y(n)=0.
I
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Peureune. CocTaBHM BCOOMOTATEJALHBIA (PYHKIIHOHAN

by 4
Llyl= j (% + Ay?) dx
]

M BHINIUIEM JJ5 HEro ypaBluenue DiJjepa

20y — -gx— (2y)=0 wm y” ~—Ay=0. (9)

XapakTepHCTHUECKOE YpaBHeHHe ri—A =0 mii ry, 9= * Va. Scuo,
uTO A KOJKHO 6LiTh MEHbUIE HYJS, TaK KaK €CAH 1OoNYCTHTb, 4TO
A >0, To ofuwee pewenne ypasueHus (9) Oyner HMeTb BHI Y ==

= C ew”‘+ C, eVhx 4 rpannusne  youoBHs gy {0) =y (n) =0
6}7113’ VAOBIETBOpATHCA TOAsKO NpH (=0, C,==0, T e. npu
y(x)=0. Ho B rakom cayuae ne OyneT BbINOJHATHCH YCIOBHE
k) 4

[yQ (¥) dx = 1. Aganoruyuo B ¢caydae A ==0 peuwienueM ypaBHEHNs

L

Ditaepa (9), YH,OBJIE!TBOpEIIOILLHM 3aaNHbLIM TPAHHUHBIM YCIOBHAM
6yner (byHKuHﬂ y (x)==0. TToatomy cuyntaem A< 0, Tag UTO ry,==

=+ )V —4i, n obuuM pemenuem ypasuenns (9) Oymer y==

= Cysin} — A x -+ C, cos} — A x. Yenosue y (0) = 0 naer Cy=0,

a yeaonne y (n) =0 gaer —A=£k? (k=1, 2, ...). Urag, y(x)=

== C,sinkx, rae C; Noka He onpejemeno. BoctMoab30BaBUIKHCh yCITO-
14

BHEM CBSI3H J y? (x) dx =1, noayyum

B}
JC? sin” kx dx = 1,

2 /
oTkyna Cy= il/% . 3uauut, y{x) = il/ %—sinkx. Ho cpegn

. 2 .
sKCTpeMageit y = & “/-E— sit kx, npoxoasiiuux yepes touku (0, 0)
u (m, 0), yeroBuio $lkoBH YAOBJETBOPSIOT TOJLKO JBe, a HMECHHO

2 :
y(x)== — sin x. Ha sTux skcTpemansnx

I

H)
J[y]=j y’g(x) dx=.[—52t—c052xdx=l.
0 0

[Ipumep 4. (3amava Keawsuua.) [lyets maockocts XOY no-
KPbITa Maccoit ¢ HelpepuBHON MIOTHOCThIO M (X, ¢) K OyCTh Ha ILIO-

%ocrx;) flaHa KYCcOUHo-Taankast Kpusast € R Ha mHelt 1Be TOYKA
L U

.
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Cpenu Beex KPHBBLIX 3aJaHHON JJKHB I, COENHUAIONIUX TOUKH
Py 1 P», nafitu Ty, Koropasi BMecre ¢ ayroii P1P, kpusoii C orpaa
pHuuBaer ofnactb D ¢ Makcumanbuo#i Maccoil, Toukn Py u Pz MoOX
I'YT COBII&aTh. '
Pewenue Beenem ¢ynkiHio

V(x, y)= f B (x y)dx.

Torna, cornacno ¢opmyne Ipuna

ffu(x, y) dxdy:f f%l;— dxdy:§5de,
D D T

rae KoHTyp I' cocTouT M3 KpusOo#t L u ydacrka P.P; panuofl Kpu-
Boii C. MHTerpan BAOJb 3TOro MOCJEAHEIO YUACTKa HMEET H3BECTHOe
3HaueHne, Kotopoe Mbl o6o3naudm uepe3 K, IlosroMy, cuurad, 4To
KpuBas L 3apaRa napaMmeTpHUeCKH

Xx=x (!

o <<,

y =y (),

NOJIy4aem

ffﬂ(x: y) dx dy = le(x, y) g dt + K.
D £y

3anaya cBeJgach, TakuMm o0pa3oM, K HaXOXAEHHIO MaKCHMyMa
P yHKIHOHAAA

npy yCiaoBud, uTo
t:

(VvEFama=,
£y '

BeeneM BCIOOMOrarteabHyi0 QYHKIHIO
F=Vj+rVie+j?

H BOcHoJb3yeMca BeftepuitpaccoBoii (OpMoi  ypaBHeHHs Ofiaepa,
Unmeem

oV F)Z:‘c A )
Fx9= (?x’ Fyit=0’ FI= gz = (g?_}_g?)%’

Tak 4r0 ypasHeune Jitnepa B ¢opme Beilepmrrpacca 6yier UMeT}
BHJL



{10 IKCTPEMYM OYHKUHMOHANOB {rjia 1

HJ/H, VUATBIBAs BhIpaxkenue nas Gpysnkuus V{x, y),

1l _pnxy
r A7

re r— panuyc KPEBH3HB HCKOMOH KPHBOAU.

B cayvae, Korxa U(x,y) == const, noayyaeMm, yTo KPHBH3UA HC-
KOMO KDHBOH [OCTOAHHA H, CJEIOBATENbHO, 3KCTpeMansIMH sB-
JIIOTCS OKPYXHOCTH. SICHO, 4TO OMK ROCTaBASIOT (PyHKUHOHAAY Jiz
MAKCHMYM.

H3aonepumerpureckumu 3ad04amu HA3BIBAIOT TAKXKe TaKue Bd-
pHAIMOHHBIE 3aKauyH, B KOTOPHIX Tpebyercss oOnpeneiuth 3KCTPEMyM
PyuKuHOHaNa

X
4 4
f[y]z J'F(x: yp y2a ¢ sy yna y;a ygx s ey yn)dx (IO)
Xo
[IpH HAMUYHK TaK Ha3bIBAEMBIX H30NEpUMETDUYECKHX YCJIOBHff'I ;
X1
4 ’
{‘G‘-()\f, y]’ yg, LN ) ,ijn, !/;» yz» ety !/n)dx=l,-: (Il)
Xg

([ﬁ l; 23 s0y m):'
rae [; — DOCTOSIHHBIE.

Jas moayueHust OCHOBHOTO HeOOXOXHUMOro YCJIOBHA B H30MEpPH-
MEeTPHUECKOH 3ajaue O HaXOXKJeHHH 3KcTpeMyMa dyHkuuonana (10)
npu nanduuy cpsize (11) Hamo cocTaBUTh BCAOMOTATE/AbHBIA (PYyHK-
HoOHaA

X m
@ [y} = f F+ 2 AiGy | dx, (12)
e i=1 /

rae A~ [DOCTOSIHHBI®, H HANHCATh AJAST HEro ypasueHuss Iitiepa.
ITpou3ssosoubie nocrosuusle Cr, Cs, ..., Can B 06LieM peUIEHHH CH-
creMbl ypaBUeHHH 2fTepa H DOCTOSHABLIE Ay, Ag, ..., Am oOpefe-
ASIOTCS W3 [PAHHYUBIX YCIOBHH

Yy (%) = Uy Up (%) = Upy (k=1,2 ..., n)

K K3 H3onepuMerpHyecknx ycaosuin (11):

X1
fmdm=u (i=1,2 ..., m)

Xo

ITpumep 5. Halitu skcTpeManab B HaonepumeTpHuyecKoil 3anaye
06 akcTpeMyMe QYHKUHOHAAR

[ .
Jy (x), 2(x)]= f (y’z 4+ 2% — 4xe — 42) dx,
0

y(0) =0, =2(0)=0, y()=1, =2()=1,
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IpH yCJAOBUH

1 -
((y’z— xy’ —2'2) dx ==2. (13)

0

Peweune, CocraBasieM BCOOMOTATEJNbHBLIA (DYHKIHOHAT
1
2 2 2 2
fbuf[y’ 42 —dx2 —dz Ay —xy — 2 Ndx
0

1 BBINHCHIBAEM I/ HEro CUCTeMY YpaBHeHHit Jiiepa

_ zf; 2y + 20y — hx) =0,

d f 7
—4-—-—5;(22 — 4x — 2A2') =0,

peiast KOTOpylo, NOJAYUHM
A+ 2Cx

z(x)=§T?%7+C4.

I'papuuHbIe YCJIOBHS JAIOT

N 3
C = A;—‘io Cyg=0, C3y=2(1—14), Cy=0,
TAaK 4TO N
A4 (3A -+ 4)x
z(x)=x.

st Haxoxaewuss A BOCOOJb3yeMcs H30NepHMEeTpHUSCKHM YCJao0-
2hx + 34+ 4

4(1+ 2)

, & 2 (x)=1, To no-

Brem (13). Tak xak gy’ (x)==

AyuaeM
i
(2Ax 4 32 -+ 4)? (27&x+3?t+4)x_ .
“ 6+~ 4(1LA) ‘]dx %

OTKY/ia [OCI€ IIPOCTHX, HO TI'POMO3AKHX BHIKIAZOK OyneM HMETh
yPABHEHHE A/t oOpefedeHus A:

'31*7 (2342 -+ 464 - 24) = 48 (A2 4+ 2A -} 1).
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Orcioga Ay = — —:—% " 7\,2=-—--¥1~. [Toncranoskoit 8 (13) yGes

12
KAAEMCS, YTO Ay == ~ —— H3ONEPHUMETPHUECKOMY VCJIOBHIO HE YA0-
1

10
BJIETBODSACT, a A = — T YAOBJCTBODALT.

Hcexoman sxerpemann onpeieaserTcss ypaBHEHHAMHE

- Tx~—5x?
”““J%TL’l

z (%) = x. ]

Npumep 6. Tyers crepkens amunsl ! zapgenan B Toukax
(X0, Yo) ®u (x4, y1). H3 Teopuu yupyrocty v3BecTHO, YTO NOTEHIHAJb-
Hasl SHEPTHA CTEpKHA B AcHOPMUPOBAHHOM COCTOAHHH IIPOTIOPUHO=
Ha/JbHa HHTErpaJy, B3sTOMY BAOJdbL CTEPKHsS, OT KBajJpara €ro KpHu-
BH3HB!. [IpHMeM 3a He3aBHCHMYIO OepeMeHHyIo AJHHY CTepXKHA §,
OTCYHTHIBAEMYIO OT TOYKW (Xo, Yo), M 06Go3pauum uepes O(s) yroa,
0Gpa3oBanHbIil KacaTesbHOl K CTEPXHIO C OCLIO Ox. Kpusuana 6y~
AeT Buipamatbea npoussoanoit 07 (s) M HHTerpan, KCTPEMyM KOTO-
POro HILETCH, HMECT BHI

!

— j [67 ()] ds.
0
Hapecrno, uto

dx = cos B ds, dy = sin 0 ds,

3HAYUT, Mbl HMeeM CJIeAYIolHe YPaBHEHHs CBA3M:
4 i
(cosﬁds=x,—xo, J.SinGds——-—yl-yo. (14)
) 0
KpoMe TOro, 3a1e1alHOCTb CTEpIKHS pasﬂocmbna sajatuo PyHKUHH
O(s) ipppus=0Hs =1
8 (0) = q, B(l)=b. (15)

Cocrapnm dyskuuwo Jlarpauxa

D (6, 0°) = [0 (s)]? -+ A cos B 4 A, sin 6.

Gyukiuusgs @ He COACPKHT He3aBHCHMOH NEPEeMEHHOH s, a HOTOMY
MOXKHO Cpa3y BLINHCaTb HEPBb HHTErpaa ypaBHeHHa J#jepa:

2= C 4 Ay c0s 0 -+ A, sin 6. (16)

Bregem unonpie nocrosinnble

2 Vai+al
C+ VaT+az

h=C+Vayal, #=
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u BmecTo O BBegeM HOBY NepeMeHHY

0 — 6, Ao
¢=—5— Tae 8, = arctg — 7

Teneps (16) npuBoautcs K BHAY

Vh V1i—k’sin2g,

ds
OTKYa noJayuaeMm

2 d
§ = ,_J P 1 sq.
} h V 1 — &%sin? ¢

Iocroannme A, k%, 6p H s; NO/KiBE ONpeReaUTHECA U3 YCIOBHH
(14) u (15).
JlekapToBbl KOOPAHHATH TOUEK CTEPIKHA HaX0/JATCS TuK:

dx==cosBds=cos (204 By)ds, dy=sinBds=sin(2¢ -} 8;) ds,
HIM B CHJY TOrO, 4TO
ds =

2do
VhY1—kisinfg’

IIOJIYYUM

dr — 2 cos (29 -+ 8) 2 sin (29 + 6p)

Vi (1 — k% sin? ¢) VA (1 — k% sinp)

OTKYAa X H Yy ONpeaeasioTCs Opu OOMOILM KBaapaTryp.

dep, dy= do,

Haiiti axcTpeMaju B CJA@LYIOWIHX H30MEpUMeTpHYUE-

CKHX 3ajavax.
166. 3adaua 0 noaoxmeruu pasHosecus TANCEAOU 00-

HOPOOHOU HUTU nOO OelicTeuem Cuabl TANCECTU.

Cpeau BCEX MJIOCKHUX JUHHUH AJAHHBI {, KOHIbI KOTOPLIX
gexar maajauHsixtoukax My (o, yo) u My (x4, y1),HajiTi
Ty, ¥ KOTOPOH OpIHHATA LEHTP2 TKECTH MHHHMAJbHA.

167. J [y (9] = fy (Bdx,  yO=1, y(1)=6,
[pU YCJIOBHU fy(x)dx=3.

168. 7 [y l—f(x2+y "(Ndx, y©)=0, y(l)=

-~

P YCJAOBUH f P (x)dx=2
0
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169. J [y (x)]:fy"*(x)dx, y (0) =0, y(1)=%,
0

I

OpH YyCaOBHH J [y (x)—y’2(x)] dx=7]-2—.

0

2°. Bap4aly¥oHHOK 3ajgauell Ha YCJAOBHBIA 3IKCTPEMYM SABASCTCHA
TakKXKe 3azaua JlarpaHxa HaXxOXKaCeHUA 3KcTpeMyMa @yHEUHOHA1a
Sy, «.., yn] npu yenosun, uto Ha GYHKIHH, OT KOTOPBIX 3aBHCHT
QyHKIMOH AN J, HANOKEHB HEKOTOPbLIE CBA3MA.

3anaya crapurca rtak. Halitu skerpemym ¢ynknxoHana

Xy

/= fF(x, G +eos o Yo - o» 2} Ay (17)

Xa

yj(x[)):y]'c,’ y](xl):yjl (j=1"'-: n):

NpH HaMHYUH YCJAOBUH
@ (% Yppoer Y)=0 (i=1, ..., m; m<n), (18)

KOTOPBIE CUXTAIOTCS HE3aBHCHMBIMHY.
Teopewma Dynkyuu yi, Yo, ..., Yn, PEQAUIYIOUUE IKCTPLMYMN
pynkyuonara (17) npu naruwuu ycaosui (18), J@OG’I&TBOP.Q:‘OT npu
COOTBETCTBYOWEM BbIGOpE MHOJMCUTeALH Ai (v) (i=12, ..., m)
YpasHeruaAM 3iirepa, COCTABACHHLIM 042 (PyHKYUOHA A

X1 m
* %
p= [ F+ Y e |

Xy i=1

m
OGoanaunm s kpatkoctin F 4 M A, =D (%, ¥, .., Y,)-
i=1
Torpa Qyuknus 2; (x) & y, (x) onpeneasiorca H3 ypaBuenxii Dii-
siepa

D! — =0, =0 =1, ..., n
T T ( )

®; (xa yl’ seey yn)=0 (i:], PR m).

YpaBHeHHA q> = () MOXKHO CUHTATh ypaBUEHHAMHU IJiJepa ANA (yHK-

nnoHana J» ecan aprymMesdTaMy (QyHKLHOHaJa CYUTATh HE TOJIBKO
$YHRIHA Y3, Y2, «.., Yn, HO B QYHKUUK A(x), Ra(x), ..., Am(X).

[Ipumep 7. HaiiTu Kparyafillee paccTofHue Memﬂy TOUKaM H
A(l, —1,0) u B(2, I, —1), nexauumMu Ha NoBEPXHOCTH 15X — Ty+-
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Peuredne. HsBecTHo, uTO paccTosiHUe MexXIy ABYMA TOUKAMH
A(xa, Yo, o) u B(xy, y1, 1) Ha nosepxHoctu @(x, y, 2) = 0 onpe-
jgeasiercs: no opmydhe

Xy
] = JV] 3y ¥ 27 dy,
Xa

rae y = y(x); z = z(x).
Hano Hafith muHuMyM [ npu yceaoBun ¢(x, y, 2} = 0. B Ha-
ImeM cryuae

xo=1, x=2, o(x, 4y 2)=16x—7y+2z—22,

CocraBuMm BenoMmoraresnbHult GyHKIHOHAA
2

J*=I[V1—I—y’2+z’2 +ﬂ.(x)(l5x—7y+z—-22)]dx
I

W BBINWIIEM ypaBHEHHS Diyiepa A9 Hero:

x(x).(_n-jx(l/l+z,2+z,2)=o, (19)
d 2’
}"(x)'l—"dx(V1+y'2+z'2)=0' (20)

J.
PemuM cucremy ypasHeHu#d (19) — (20), ucnoassys yc/oBHE CBSI3H
16x -~ 7y -+ 2 —22=0, (21)

HMcekoMute GpyHKuMA ¥ =y (x) U 2z =2 (%) VIOBJIETBOPAIOT CJILAVIO-
IHM TPaHHUHBIM YCJIOBHSIM:

y(l=—1, y(=1 =2(1)=0, 2(P=-—1. (22

YmHuoxkan ypaBHeHue (20) Ha 7 u ckumansiBas ¢ (19), nonayuum

d ( y' + 72’ )=0’

AV 14y +2°
OTKY XA 272
g =C,. (23)
VigyZte?
N3z (21) umeem
=7y — 15, ' (24)

IMoncrasnasg 3To 3HaueHue 2 B (23) W pelwras noaydyeHHoe audde-
pennuanbHoe ypasuenue, Haigem y(x) = Cix 4 Ca Tpanuynsie yc-
aoeust (22) nator €3 = 2, Cy = —3, vak uto

y{x) =2x ~ 3. (25)




T
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N3 (24) ¢ yuerom (25) naxoaum
z2{x)=1—~x (26)

(rpaHnunble ycaoBus A Gyuxiuu (26), oueBUIHO, BHIMOMHIIOTCS),
M3 (19) nan (20) noavyaem A(x)= 0. Mckomoe paccrosuue:

2

| = Vi -} y’2+ z’zdx-—-—]/g.
1

STOT pe3yIpbTaT (paszy NOAYYaeTCs #3 OUEBILINHX TeOMEeTpHue-
CXJiX coobpazKeHuil.
3°. Teonesanuecxne auanu. [lycTh MOBEPXHOCTL 33JaHa BEKTOP«

HBIM ypaBHeHkeM _
r=r(u, v). (27)

Feodesuteckoil aunueli HaspiBaeTcsl JWH{is HauMeHbUICR AMHHLL,
JeKallas Ha JAaHHOI MOBEPXHOCTH U COeAMHAIONIaa JBE JAaHHbE
TOUKIt TOBEPXHOCTH.

YpapHenua reoleanyeckiHX AWHHH MOKHO NOJAYYHThL KaK ypasHe-
15 Smepa COOTBETCTBYIOIINE BapUauMOHHOK 3alaue o Haxoxie-
HItH KpaTyafillero paccTOAHUA HA MNCBEPXHOCTH MEXJAy ee ABYMS 3a-
AAHHBIMH TOUKaMH.

Jinuna, nexamas na gosepxuocTh r = r(u, v), MoxeT OuiTh 3a-
Aana fgapamMeTpuycCKiMHi VpastCHASMHA

u=u(t}, v=u (/). (28)

JInea ce oTpe3ka MeXAY TOUKAMH, COOTBETCTBYIOIMMM  3HAYC-
nuay 1y H # napaxaerpa !, paBua

ilu, 0] = f VE«? + oFwe + Go'? dt, (29)

rre E, F, G — xoadduisienTs neproil XBaazpaTUUHOR (OPVE TOBEPX+
. ( dr Or

noctH (27), T. e.
or Or
—(6;' 3;;)’ Ik '55)- (30)

Or Or
E= S 500
ou’ du.
Brech (@, b) — Ckanapyoe TPoU3BeeHHe BEKTOROB a4 4 b.
Juasa dysruuonana (29) cucreMa ypaBHeuuit Jdijepa uMeeT BUL

Eu? 4 0F v + G d 2 (Eu’ + Fv’) —o )
V‘Eu’zi—l—QFu’v’ + Gv'’ dt VEu’2 -+ 2Fu’v" + Gov'* (31)
Eou" 4 2F i’ + G v _d Fu' -+ Gv’ —0

V’Eu’2 +2Fu'v" 4 Gv’* dt VEu’2 + OFu'v + Guv'® /

[Tpumep 8 Cpean scex KpuBHX Ha cQepe paamyca R, co-
CIAXHSOINIHX AadHble €6 JBE TOUYKH, HAUTH KPHBYK KpartuaiuleR gad-
HEl ({re0Jle34UeCKyi0 KPUBYIO).
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Peweunue. Ilycte ¢ — noarora, 6 — mupora Toukn Ha cdepe,
a ¢ = @(0) — ypaBHenue uckKoMOl KpuBoil. B naniom cayuae uMeem

r=r(,08)=x(g,0)i+y (9 0)j+z(p 0)&.
ITosromy
E“‘_“(’cp”qu):R?Sin?e; G=(rg rg)=R% F=(rg r,)=0

Orciona no dopmyae (29) nveem

5, 8,
J1g, 61 =R [ Va7 Fs5ime0der =R [ V14 sin20- ¢ (0) do.
B 0,

IMoapiHTerpanbuoe  BHIpaKenue Me COACPKHUT HCKOMOH  QyHKIUH
¢ (0), nosTOMy ypasHeHue Diinepa 6yner

d inZ6. ¢’ (0
—gle=0  rie o= Sin9:¢ ( )2 ,
V1 sin?8- 9% ()

TAK 4TO
sin® 0. ¢’ (0) —C
.0 2 o t
Vl + sin? 0+ ¢'~ (0)
Orcona
, C C
P (9) — 12 = == ! = —
sin® V sin 8 —Cy Cy
sin? 8 | — s
sin® 8
. C{ — C[d (C{g 6)
sin?0 V(1 — €7) — CZ ctg®0 V(i—c)=clag’o
Hurerpupys, noiyunym
- C{ Ctg 0
¢ (0) == arccos — 4 C»
1—C
HJTH
¢ (0) = arccos (C» cig 0) + C,, rae C= Cr .
Vi-c
Orcona
C-ctg 8= cos[p(6) — C,] "
w14 )
ctg 8= A cos ¢ (0) + B sin g (0), (32)
rie
__cos C, __sin Cy
A= c B = ik

YmHoxkasn obe wacty (32) Ha R sin 0, noayuum

R cos 8= AR cos ¢ sin B - BR sin ¢ sin O
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HJIH, nepexojd K jJeKapToBbiM KOOpAHHarTaM,

2= Ax + By.

3T0 — ypapHeHue TIIOCKOCTH, MPOXOojaaHiell uepe3 LeHTp cdepsl H
nepecexaiomeli chepy no Goapuiomy kpyry. Takum oOpasom, KpaT-
yaimaa JMHAA (reojaesuueckas) ecTh ayra 60JbINOIO Kpyra.

MDpuwmep 9. Mokaszatb, 9470 B KaKAOH TOYKe aI0G0H reonesn-
4eCKoil Ha TOBEpPXHOCTH BpallleHMs NpPOW3BEJAEHNe paauyca mnapaj-
Jeqd Ha CHHYC YyIia MexJy FeoJle3HdyecKoi H MepH1HaHOM eCTh Be-
JHUKHA NOCTOAHHAA (reopeMa
Knepo).

Pemenune  YpaBHenue no-
BEePXHOCTH BpalleHya B LHJRHADH=
JeCKHX KOOPAHHATAX MMeeT BHJ,

x=pcosqp, y=opsing, z=7(p).
Haiinem xoadpduumestsr E, F n G
E=1+7}> F=0, G=0p}

Tak uro aAxbPepeHunan AaAHH AY-
ru dS Ha nNOBEPXHOCTH BpalleHus
KWMeeT BHJL

as=V o +(1+5)0" do

['eonesnueckne auHUKM HA 0BEPXHO-
CTH BpalleHHs ARIAIOTCH IKCTPeMa-
AaMu GynKuKoHana

Puc. 18. (Vo + (147" de.

[NonuiHTerpanpHas QyHKUMA HE COAEPKHT SBHO ¢ M NOTOMY MBI
cpasy monyyaeM -

p?
= == const
Vot +(1+1)
WM p2—%= const. 3amenasn, yTo p jfg = sin ® (puc. 18), nonay-

MaeM p sin ® == const, 4T0 g TpeboBaOCL NOKa3aTh.

170. Halttu xparuaiiiuee paccTofiHie MexAy TOUKAMH
A(l, 0, —1) u B(0, —1, 1), sexamiuMy Ha IOBEPXHOCTH
X+ y+2z2=0.

171. Hailty reogeanueckHe JUHHH KPYIVIOLO HUAHHAPA

r =R.
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§ 10. BapuauuoHHble 3aJa4yu ¢ NOJABHUIKHBIMY IPAHHUAMH

1°. FHpocreitas 3ajgaua ¢ nROABHMXKHBIMA rpanunaMu. [IycTb
F = F(x, y, y') — tpux sl puddepennupyemas GyHKIHST CBOUX ap-
TYMEHTOB ® nycTh B ILOckocTH XOVY 3ananbl Ase KpuBble

y=o(x) H y=1(x), (1)

rae p(x) =C [a, bl u V(%) = Cy [a, b].
Paccemorpum ¢ynxunonan

Hgl= | F(x, 4.9 dx, (2)
¥

onpenesieHHbIl Ha IVIAAKKWX KPHBBIX ¢ == y(Xx), KoHUBI KOTOPBIX
A(xo, yo) H B(x1, Y1) nexkar Ha 3ajaHHBIX JauHHAX (1), Tak uTo
yo = @(%o0), Y1 = P (x1). TpeGyerca Halith 23KCTpeMyM GyHKUHO-
Ha1a (2).

Teopewma. llycrs kpusan y: y == y{(x) daer sxcrpemym QyHk-
yuoHaay

Ilvl= f F(x,y, y)dx
Y

cpedu acex kpusoix Kaacca Cy, coedunarowux 0se npoussoabuble
TO4KU 08YX OaHHbIX KpUBLIX Y = @(X), ¥ = ¢ (x). Tozda kpusas y
ABARETCA IKCTpemaavio u 8 kouyax A(xo, yo) u B(x), y1) kpusoi
Y BbINOAHAIOTCA YCAOBUR TPAHCBEPCANBHOCTY

[P+ (@ =) Py, =0 ]

r (3)
[P+ = 9) Fy ]|, =0

Taxum ofpasom, a/is pelieHHS NpPOCTEHUiefl 3axau¥ ¢ NOJBHXK-
HbIMH T'PaHUIAMHU HAL0!

1) Hamucats ¥ pemiuTb CoOTBeTCTBYwomiee ypappenue Iinepa.
B pesyabrare no/jiyduM CeMCHCTBO 3sKcTpemasell y == [(x, Ci, C»)
3aBucAmee oT geyx napamerpos Cy u Ce.

2) M3 ycnosmii TpaHcBepcansHocTH (3) # M3 ypasHeHHH

[ (x0, Cyy Cp) =@ (x0), }
f(x1, Cyy Co) = (xy)
onpeaeauTtb nocrosHibie C, Cy, Xo, X1
3) Beluucauts 3kcTpemMyM ¢yHxuuonana (2).

[Tpamep 1. Hafitu ycnosue tpancBepcanbHoctu aaa (yHK-
L HOHAIa

(4)

X1 ’ .
ol= [ Fee e Vigy? dx, (5)
Xo

f(x, y) + 0.
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Pewenne, Ilyers Jesnlfi KOHen 3KCTpeManaH 3akpellieH B TOY-
ke A(Xo, Yo), a npamwii KoHel B(Xi, y1) MOXKeT nepeMmeatbes M0
Kkpupoll y = P(x). Toraa noayunm

[F4+ (0 — o) Fyl =0.

[x-:"—xl
B nameM caysae

Fesf(x, )88 Vit y’, F,=f(x y)e?® y 1ty

Vidy®

YcnoBHe TPaHCBePCAJLHOCTH 3aMMUIETCH TAK:

[ oo VIFy +

+(xb’——y’)f(x,y)e*’“*g”']r-———]“z] = 0.
] + y, X=X
Orciona, B cuay yeaoBs [(x, y) 5= 0, noayyaeM

VY oy (6)

L+ 47y

l'comerpuuecku ycroBue (6) o3HawaeT, uTO 3KCTpeMatu y == y(x)
JOJXKHE [OepecexkaTh KPUBYID y == VP (x), 0O KOTOPOH CKOMAL3HT rpa-

41
HUUHAA Touka B (X1, y1), MO YTJIOM 3

gk

Pue, 19,

B camom pmeae, cooTHollenne (6) MOXKHO NpepcTaBHTh TaK: MO«
JOXKHM, YTO KacaTeMbHas K 3KCTpeMadn B Touke B(x1,yy), Jexa-
well Ha KpHBOH y == P(X), Nepecexaer ocb Ox non yraoMm o, a Ka-
caTenbHas K 2afaHHOi KpuBoll y = ¢ (x¥) — nox yraom P (pue. 19).
Torga tga =1y¢', tgf = ©u nesas uactb Qopmyan (6) naer

tg (f—a); HO—~1==fg —-% y NO3TOMY ﬁ—a=-——§:—, OTKYyJAa

n «
o=0 4 4 uTon TpeGoBaoCch T0Ka3aTh,

-
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[Tpumep 2. HafiTy paccrogHue MexAy napabosiof y == x? u
NpAMOH X ~— Yy =5,

Pemenue. 3anana cBOJATCS K HaXOXIEHHIO 3KCTPeMajibHOIO
3HayeHus: UHTerpaja

!=f]/1+y/2dx (7)

NpY YCJIOBHH, YTO JIEBHIi KOHEll 3KCTPeMaJH MOXeT NepeMelarbes

110 KPUBO#A y = x%, a3 NpaBblil — o npsmMod y = x — 5, Takum 06-

pasoM, B HauieM cayuae umeeM @(x) = x2%, ¢ (x) = x — 5. Obwee

pewedue ypasreuus Iiiepa Gyaer: y = Cix 4 Cp, rie Cy u Cy —

NPOX3BOJIbHEIE NOCTOSIHHbIE, KOTOPble NPEeACTOHT ONpeeHTb.
Ycenosus TpaHcBepcanbrocTd (3) MMelOT BHI

—— 4 ’1
Vit +@x — ) 7——=|| =0
[ Vity?® |,
Vidy? +(—y) ,_y:___ =,
[ "+ (l—y Vit Il

rae ¥y = Cy, Ypabuenus (4) B HAWeM cjyyae NPHHHMAIOT BHJ,

Cyxy+ Cy=x;, }
Clxl-l- C'2~——xl—-5.

MTak, ¥MeeM CHCTeMY YeThlpeX YpaBHeHHH OTHOCHTENLHO YETHIPEX
HenssecTHEX Cy, Cs, X0, X1:

Vi+e? 4+ (2, —C L_.—-o,
LT (5% ) V1+c‘f
V1+C‘3+ 1—C Cy =0, t 8

2
Cle+ 02 = X
Cixy+ Ca=x, —~ 5,

peulast KOTOpPYIO, NOJYuHM:

3 1
C,=—1, C2=‘—Z, Yo=",» H=-g
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3
3unauuT, ypaBHEHHEe 3KCTPeMaldH ecTh y == — x -} Y H paccrosHue

MEXAY 3aJaHHBIMH napaGoJoif U NPAMOH paBHO
2, 23
8

——

8
z=J. VIF (=) de=V2 x ___ﬁgj_.
1
5 2
172. Haiitn KpaTqamuee paccrosiune ot Touku A (1, 0)
a0 sanaunca 4x? -+ 9y* = 36.
173. Haiitm KpaTuaiimmee pacCTosHHe OT TOUKHU
A(—1,5) po napaboabl y? = x.
174. Haiitu kpartuafiiiee pacCTOsIHHE MEXKAY OKPYK-s
HOCTBIO X% - y? = | u npsmMol x 4 y =
175. Halitu kpaTualimiee paccTosiHue OT TOUKH
A(—1,3) no npamoit y = 1 — 3x.
176. [{oxka3aTh, uTo And dyHKIMOHANA BUJA

X1

Hgl= [ h(x, pV1i+y7 ax,

Xn
rne h(x, y) #0 B rpauMuHbIX TOYKAX, YCJAOBHS TPaHCBEp-
CaJIbHOCTH HMEWT BHJ

| |
7/
X)) = — —_—
T. €. YCJOBUA TPAHCBEPCATHHOCTH CBOAATCH K YCHOBUSIM
OPTOrOHAJIbLHOCTH.

H oy (x)=—

2°, 3ajaya ¢ NORBHKHULIMH FPAHHUAMH IaA (YHKIHOHAJOB BHAA
Iy zl= [ Fx g2 v, 2)dx (9)

Ipyu uccaezoBanuM Ha skcTpeMyM (yHKIHOHaAA (9) cunraeM, 4TO
XOT# OBl O/HA H3 IPaHHuYHLIX TOUEK A(xg, Yo, 20) umu B(xy, yi, 21)
nepeMeiaeTcs Mo 3aIaHHOR KpHBOLL.

IkcerpemyM J [y, z] Moxer HOCTHraThes JHIb HAa HHTErpasbHbiX
KPUBBIX CHCTEMbl ypaBueHuilt Dinepa

h— L, 0,}
dx
o« } (10)
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ITyers Touxa A (X, Yo, 20) 33KpenMAeHa, a ApPYras rpauuyiasg TOYKa
B(xi1, Y1, 21) MOXKET mepeMenlaThCst TO HEKOTOPOH KPUBOI, 3apmaBnoil
YPaBHeHUAMHU

—_ X s
y=9(x) } (11)
z =1 (x).
YcnoBue TpaHCBEpPCANBHOCTH B 3TOM CJyuae TPHHUMAaeT BHJA
[F+ (@ —¢) Fy+ (" —2) F ]|, _, =0 (12)

ABaNOTHYBO BHIIUCHIBAETCS YC/I0BHe TPAHCBEPCAJBHOCTH H AJd Je-
BOr0 KOHHA (€c/A¥ OB TOXe NepeMeillaeTcs BAOIb HeKOTOPOH KPHBOI

c= ey

~7 ’ T ’ _
[F+@ —y)Fy+ (W =2V, | _ =0
IMMTpumep 3. Haiite Kparyafiluee paccTosiiMe OT TOUKH
M(xg, yo, 25) KO npAMOK
y=mx -+ p, }
== nx - ¢.

Pemenue 3anaya CBOGHTCA K HaXOXKACHHIO 3SKCTPEMYMa
(MunuMyMa) unTerpana
X

Iy, z] = [ Vi1+oit22 de (13)

Xo

npu ycJOBHH, UTO IlpaBblﬁ KOHEL 3KCTpeMaJH MOXKeT NepeMEllaThCs

1o npAMOH
y=mx+p, }

z=nx-+ gq, ()

T. e. B HamweM cayvae QYHKUHH ¢ M P HMEIOT COOTBETCTBEHHO BH[
P (x) = mx + p, P (x)=nx+tq.

O6mee peluende COOTBETCTBYIOmeH CHCTeMbl ypaBheHHH Oiinepa

Oyner
Y= Cly + CZv }
2 == ng + C,,

rie C; (i = 1, 2, 3, 4) nonaexar onpeaeseHuUIO,
Yc/aoBse TpancsepcanbHOCTH (Ha NPABOM KOHIE) BBUVISAAHT Tak:

(15)

Vitv + 28 +(m—y) A
[ Vit g+ 27
zl
4 (n— 2') ] =0,
Vity?+2* [l
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OTKYRa, B cuy Toro, uro y = C,;, 2’ == C;, noayyum
l +mCy + nC3=0. (16)

Cooruotttenue (16) BbIpaxaer ycJoBME NEPNEeHAHKYJSAPHOCTH HCKO-
Mol npamolt (15) x sazanuoll npamoir (14).

Bocronp3yeMcs TeM, uTO Hckomas npsmas (15) mpoxomut uye-
pe3 Touky M (xo, Yo, 20):

Yo== C1xo + Cy, 2o = C3xo 1 Cy, (17)
a Takxe TeM, UTO NpaBbiil KOHen nepeMewaeTca Mo npamoi (14):
Cixy + Cy==mx, + p, } (13)
Csxy + Cy=nxy -+ q.
M3 naru ypasuenuit (16), (17) u (i18) nano onpeneauts Cy, Cs, Cs,

Ciu x1 (Xe, Yo, 20, M, 1, p, §— 3anagubie yncaa). Ang naxoxupe-
HAA HHTerpana (13) nmocraTouso 3HaTh Xy, {1 u Cs. HmeeM

_ xot+m(yo— p)+n(zo—gq)
1= | + n2 4+ m? ’
_ mxe+ mn(zo—q) — (1 4+ n%) (yo—p)
T om(yo—p)tu(zo—q)— (m?+n?)x’
nxy 4 mn (yo — p) — (1 4+ m?) (2o — q)
m(Yo—p)+n(zo—gq)— (m?+n*) x"

3=

IoncTtasnsiga 37 Beanunnbl B (13), noayyum
h=min/J [y, z] =

—_— 2
=V Bt o+ (o= 0 — oo (o] £ R o,

Ecan rpannusas Touka A (%o, Yo, 2Z0) HENOABUKHA, a Apyras rpa-
HHUHasl Touka B (X, Y1, 21) MOXKET [epeMeillaTbCsl [10 HEeKOTOpO# no-
BEPXHOCTH 2 == @ (X, Y), TO yC/AOBHS TpPAHCBEPCAJbHOCTH OyAYT:

[F _ yfpy, 4 (cp; — z/) Fz’] lxle = 0, ]

{ (19)
[F, + F.o)] =0. |

s,

Yeanosua (19) coBMecTHO ¢ ypaBHenlieM 2 == @(x,y), Boobuie ro-
Bopﬂ, naiOT BO3MOXKHOCTH onpejeJjinTb JBe HpOHSBOﬂbe[E NoCTOAH~-
Hbte B o0uieM pellleHUM CHCTeMBI ypaBiieHHil Disepa (aBe mgpyriie no-
CTOSIHHLIC ONpenensqloTes M3 YCJAOBUS I[IPOXOKIEeHHS SKCTPeManin ye-
pes menonsuKiyio Touxy A (Xo, Yo, 20)).

Ecau noaBuKiOf TOUKOH sBASETCA rpaHndnast touka A (X, Yo, 20),
TO NOPH X = Xp NMOJydYaeM YCAOBHS, COBEPIUEHHO aHAJOTHYHDLIe YCJ0-
Busim (19).

Npumep 4. Hafitn kparuaitizee paccroanne or touku A (1, 1, 1)

00 cQepbl
4yt 22=1, (20)



-
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Pewedune 3anauva CBOAHTCA K HCCACAOBAHHIO Ha 3KCTPEMYM
¢yHKIHOHANA

|
Iy, 2] = f Vit o+ 27 (x) ds, (21)
Xy

rae touka B(xy, yi, 21) nomxna maxomutses ma cdepe (20). Sxerpe-
Ma1aMi QyHKnHoHaaa (21) as.gioTes npsiMbe

= Cyx + C,,
Y 1 2 } (22)
2 == ng + C4.
Ma ycnoBus mpoxoxpeHis axcrpeMmanu (22) wepes rtouxky A(l, 1, 1)
noJay4aeM
Ci+C,=1,
1+ Cy } (23)
C3 + C4 == l‘
Yenorus tparcrepcanbHocTH (19) ¢ yueTom (22) umeor Bun
72
Y
Vity?+2° - = +
[ Vit g2’

— X 4 iy
+(V 2 2 B 2’) V ‘ 212 72 =0, f
| —x2—y L4y 4+ 2 3 gy

>

4 Z’ . ]
yz ) + 2 5 Lol =0,
Vity' 472 Vidy?s e Vl—xz—yz, x=%,
OTKyHa NOCJA€ HECJONKHBIX NpeobpasoBanyi OyleM HMETb
2y — Cyxy =0,
1 3X1 } (24)
Ci2 - Cay, =0,

FIe X1, Y1, 21 — KOOpPIHHATH HCKOMOH TOUKH f3.
M3 yci10Bus nOpoXOoXKAECHHS 3xcTpeMaaun (22) uepe3 TOuKY
B (%1, Y1, 21) HmeeM

= Cx C,,
Y1 X1+ G } (25)
21 =Csx; + Cu
Us (23), (24) u (25) naxopum
C1=1, C2==0, C3=l, C4='-0,
TaK YTO ypPaBHEHHE 3KCTPEMaaH
y==a } (25)
= x.

Tak kak Touka B (x, y1, 2;) Aomkna JAexkaTp Ha chepe (20), To

¢ yueroM (26) moayuaem, uto xf -+ x%—l— x?= I, T.e. ;=% Vi
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Takum oGpasom, moayuyaem fABe TOUKH

B ( 1 I ) « B (_ 1 | 1 )
3 Vg—’ '/--3— ’ _V-3— 2 V3_, l/-g-! V—3— »
Herpynro Buzerb u3 I‘EOMe’I/‘{JHHECKHX cooOpaKeHHH, uTo IKCTPEMAJb

(26), coemunstiomast Touky A ¢ rouxoir By, maer ¢yuxnuouaay (21)
MUHHMYM, DaBHBI#

|
I min = f;/1+1+1 dx=V3 -1,
1

Vs
a skcTpeMasb (26), coemunsiomas touky A ¢ roukoi B, paer max-

CHMYM
1

Jmax = f ﬁdsz‘g—'{" L.

f

Y

5

3ameuanue 1. Ilpu BLBOAE YCACBHH TpaHCBEpPCaabHOCTH
(24) mur 6pann @ (x, y) =V | — x* — y>. Herpyaso nposepHTb,
yro ycaosus (24) coxpansgiores, ecan @ (x, y) = — V1i—x2— 42,

Jameyaunte 2. Ma reomerpHueckux co0GpaKeHHH BHIHO,
yTo 3KcTpeMaab (26) oproronasbua chepe x? -y 4 2% = I,
ITpuMmep 5. PaccMmorpum Ty xKe 3amauy 06 3KcTpemMyme QyHK-
uuonana (21), Ho B KauecrBe A BO3bMeM ueutp cheprt G(0, 0, 0).

Pewenne IxkcTpeMansMu (GyHKnHOHAA SBAAIOTCS INPSAMble
(22), ¥ ycJaOBHe NPOXOXIeHHS 3KcTpeManx uepes Touxky (0, 0,0)
cpazy paet Co = C;, = 0.

YcnoBus TpaHCBEPCAJbHOCTH OYAYT NpeXKHUMHU:

2y — Cix; =0,
1 3%} } 27)
Ciz;— Cs3y, =0,
& yCAOBHUS Ha NOABUIKHOM KoHue OyayT
y1=Cixy, }
28
gy = C3X|. ( )
Haxoxnen,
iy i =1 (29)

Ana onpenenenust natu seapuud Ci, Cs, X1, Y1 ¥ 21 Mbl HMeeM
nath coornomenuit (27), (28), (29), H3 KOTOpBLIX HE3aBHCHMBIMH

ABJSIOTCH TOALKO TPH:
Y= Cixy,

2y = C;xy, (30)
Pt =1
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Hcnoasaya coornomenus (30), uaxoanm
I 1
==X 5 5 ? Yy == 3 5 ?
Vid+c+c? - Vikciycl
1
= - = »
Vi+cisc?

X

<1

rae Cy, Cp — NPOU3BOJLHLIEC ITIOCTOSIHHLIE.

DTOT TNPOH3BOJ SICEH H3 IEOMETPHUYECKHX cOOOpaXKEeHHi: pacs
ctostiue o1 ToukH O(0,0,0) po chepm (20) ogunakoBo no aW0GOMY
ManpapJeHuio, T. €. IpH a0bx aHauesusax C, u Ca.

3uauenue yuxuronana J [y, 2] #a sxcTpeMainx

y=Cyx, }
2=Cax
pasno , ’
V1+c‘f+c§
Iwma= [ Vitci+cla=.

0

IIpumep 6. Hafitu ycioBue TpaHCBepCaibHOCTH A8 (YHK-
1HOHaJ 4
X

Iy, 2]= [ Fo g 2) Vidy? + 27 dx, (31)

Xo

ecin Touka A(xo, Yo, 20) 3axpemnsiesa, a Touyka B(xi, Y1, 1) JNEKHUT
Ha IMOBEPXHOCTH 2 = @ (X, ¥).
Pewenue., B naunoM cJdyyae YCIOBHSE TPAHCBEPCANbHOCTH

oyayr
(1 + (p;o Z’) lx——-x. = 0’ W
{
(¢ + g, 2') Ix=x; =0
Hlu
1l ¥ =2
/ 7 — .
Px X=X, Py X=X —1 Ke=Xy

D710 ecTb yCJa0BHS Napa/liteqbHOCTH KacateabHoro sexropa {1, y’, 2}
K HCKOMOH 9KcTpeMaid B Touyke B(xy, y1,21) ¢ BEeKTOpoM

_ 4 4 o
n {(px, Py -—-l} HOpMaJH K INOBEPXHOCTH 2 = @(x, §) B TOH JKe TOH-

Ke. TagkuM o6pasoM, A1 QyHKIHOHAaNOB Buaa (31) ycaoBHS TpaHCs
BEPCANBHOCTH CBOAATCA K YCAOBHAM OPTOTrOHAJbHOCTH.
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177. TlokasaTb, UTO eCJH YC/JOBHe TPaHCBEpPCaAbHOCTH
coBIazaeT IIPH BCeX Haya/bHbIX HAHHBIX C YCJIOBHEM Op-
TOTOHAJNbHOCTH, TO MOAbIHTerpafbHas GyHxuus F umeer

caeayoulylo CTPyKTypY:
F=f(x, 5,2V14+y 427,

rze [(x, y, 2) ecth npomssoabuas anddepeHuppyemMa
dyuxunsa X, y, 2.

178. Hafitm xpatuailinee paccTtosipHeé OT TOUKH
M(0, 0, 3) no mosepxmoctu 2 = x? - 12,

179. Ha#itn kpaTyaiillee paccrosiiHe OT  TOUKH
M(2, 0, b) no nmoeepxnocTH 2 = x2 + 12

180. Haiitu kpartuafimiee paccTosiHMe MEKAY MOoBepX-
HOCTAMHU

.:ti .Eﬁ_{__zi-—-] 2+ 2_{__2__4
5 T Tg 1 B Yi+yrz=4=4

181. HMccnenoBate HA 3KCTPEMYM (YHKIHOHAN

Iy, 2l= [ (¢ + 2" + 2y2)dx
0

mpu yenoBusix: y(0) =0, 2(0) =0 u touka B(xy, 1, 21)
mepeMelaeTcsl 00 MJOCKOCTH X = Xy,

3°. leonesnueckoe paccrosuue, Beammunuy uurerpasna
B

Iyl= [ F (x99 dx, (32)
A

B34TOTO BIOJb NMHHHH y OT TOUKH A 10 Touku B, wasmsaioT J-0au-
rnofd nvnuu y. Ecau y — skerpemanb, 1o J [y] nasbiBaoT eeodesuue-
CKuM paccroaxuem mexncdy toukamu A u B, unu me J-paccroanuen,
a camy 3KcTpeMann — J-npasod.

[Ipumep 7. Ha#itn reogesnueckoe paccrosiyue 0T TOUKH
A(0, 0) mo Touxknn B(1, 1), ecau 370 paccTosmpe omnpenenseTcs ¢ IOs
MOILIbI0 (PYHKNUOHAAA .

B

Iy]== f y’y”’ dx.
A

Pemeune Teogesnueckoe pacctosHue 0T ToukM A Ao Touku B
ecTb 3HAaYeHHe AanHoro PyHKIUMOHAJA Ha SKCTPeMAaH, COeaHHAIUIEH
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3TH TOukW. ¥YpaBHeHHe Jiirepa
r2 d 9.7 ’ r2
2yy ua—x-(Zyy)==0 u gy’ -ty =0

Jlerko BHAETL, YTQ
” 2 d ’
yy” +y s (yy'),

Tak uto 2yy’ = C; u y® = C,x + C,. Hcnoaways rpanuunsie ycno-
BUA 4|,y =0, y|,—; = |, monyuaem C,=1, C, =0. Taxum 06-

pa3oM, axcTpemaJblo, coenudsomed Touku A u B, Gyaer mapaGoaa

y?==x.

1 1
Hanee, 2yy” =1, yy’ =37y U CIeN0BATENbHO, (yg’)'~’==?. l'eone-

3HuecKoe paccrosinne Mexay toukamn A u B, coriacuo onpepede-
HHIO, PaBHO

1
(4, B):-.f—l dx=—--:11~.
0

IycTh nana Juuus Z: ¢(x, y) = 0.

Feodesuueckum paccroanuesm Touxu B, nexamefi sie 2, no
STOH JHHUHU, HA3LIBAIOT reofle3UueCKOe pPaCcCTOAHUe TOUKM B a0 Touku
A = Z Ttaxoe, uto @yHruuoHas (32) BHUHCASETCS BAOAb 3KCTpe-
Maau y, coenuHsomeli touxn B u A, npuuem y nepecekaeTr JMHHIO
Z B touke A TpaHcBepcansHo.

J-0kpysHOCTIO  (2€00e3uueckoll OKpyMHOCTLIO) HA3BIBAWOT JH-
HHID, BCE TOUKU KOTOPOHA HAXOMATCA H4 ONMHAKOBOM Teoe3nueckoM
PACCTOSIHMK OT 3ajaHHOH TOuXkM. AHAJOTHUHO RBOASITCA IOHSTHR
J-3nnnnca, J-rumnep6o.b.

ITpumep 8 Haiity J-oxpyxHocth ¢ nentpoM B Touke O (0, 0)
paguyca R, eciH reoge3nHieCkoe pacCTOsIHNE ONpeAeaserTcsa ¢ Io-
MOIbI0 yHRUYOHANA

B

Jyl= f y2y’® dx.
A

Pemenue 3IkerpeManu (yHKIMOHana Nepecekaior reoaesuue-
CKyI0 OKpPYXHOCTb TpaHceepcadbHo. s 3KcTpema.elt uveeMm (CM,

npenbiayui npuMep ;
2==C;x, ny,=cl

H, c/Ief0BaTe bHo,

B M. . Kpacuos E AD.
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M3 ycaoBus TpaHCBEPCANbHOCTH
v’y (29" =y )=0

HaXONHM, Y10 YrioBoif kK03QGHUMEHT KacaTeJbHOH K J-OKPYXHOCTH
s

P = —%—- H, 3HAydT, auppepeHuHancHoe ypaBHEHHE J-OKPYKHOCTH
ecThb y’-——i, oTKyna ypasuende J-okpyxuoctd: y* = Cx. [Oas

4x
HaX0MeHHs Beqapuuupt C 3aMeTHM, YTO HA TeO0ge3HUECKOH OKDYyXK-
HocTH JeXHuT touka (C3 C), a ypaBHeHre reoac3HuecKoro paauyca

X
(r. e. 3KCTpeManu), NPOXOASALIEr0 Yepe3 3Ty TOUKY, €CThb y2==—6-.

Orciona yy’=?6 H, 3HAYHT,
C3 C:',
, 1 C
R=J (yy' ) dx = j Yol dx=—74—.
0 0

Caenosareapho, C = 4R u reojesnueckass OKpPYXKHOCTh paaxnyca R
C WeHTPOM B HavyaJie KOOpAHHAT HMeeT ypaBHeHHe y* == 4Rx.
[lpumep 9. Haifitn J-oxpyxkuocTe paadyca R ¢ UeHTPOM B
touke O(0,0), ecnn reomeanyeckoe paccTOsIHHE onpepeasercs (yHK-
LMOHANAOM -

B
Tl= [ V1i+y (0 dr.
A

Pewenue 3IxcTpeMmandMu CQyHKHHOHANA SBJFIOTCA INPAMBIE

y = Cix 4 C2. M3 yc10BHs NpoXoxkaeHHd SKcTpeManell uepes TOUKY
0(0, 0) naxoanM, uto Cy; == 0, Tak yto y == Cyx, 1 3Hayur, y’=%,
Ycgogne TpaHcBepcaIbHOCTH B JAHHOM CJyuae coBnajmaer ¢ yc-

JOBHEM OpTOrOHANBHOCTH, H TOTOMY VYrA0BOH KO3Gh(HUHEHT xacas

TeAbHOH K J-OKPYKIOCTH —— (p’=-—~—y7. Caenoarensno, aupdpe-

X
pennuanapioe ypasneude J-okpyKHOCTH: gy == = rk Orciona ypa-

BHenHe J-okpyxHocTH: x? 4 y2 = (2. Ha 3710ff OKPYKHOCTH JIEHKHT
Touka (C,0). ¥YpaBHeHHe re0le3HueCKOro paAuyca, NPOXOASILEro
yepes 3Ty TOYKY, ecThb ¥ == (0, Tak uto ¥’ =0 u

C
R=fdx=c.
Qg

Taxkum ob6paszoMm, C = R u ypaBHeHdHe McKOMOH reomesnyeckofi Ox-
pyXHOCTH paauyca R ectb 0oOHYHOe ypAaBHEHHE OKPYXHOCTH
x2 +yz _ th
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3aMevaunse DBpeledHble NOHATHS N03BOJAAIOT TOBODHTH O
HeeBK/AU0BOH reoMerput ¢ AxdgepeHusanom Ayry

ds=F(x, y, y’)dx.

Ecan F = Vl +y’2(x), TO, KakK Mbpl BHaead, J-npsmvbie npespa-
waTca B oObluHbie NpAMblE X Halld I'eOMeTPHs NEPEeXOJHT B OObIY-
HYIO eBKJMJA0BY reOMeTpHIO.

[Tpu nmpoussosabnod $ynruuy F, yaosaeTBopsiowes JAHMb 00bIY-
EbIM YCJI0BHAM HenpepolBHOCTH H  AnddepeHuHpyeMocTsd NQ BCEM
TPEeM aprymMeHTaM, BBeJeHHas FeOMETPHst Majo M0oXomxa Ha OObiyHYI0
reoMeTpPHiO: uepes fBe TOUKH HE BCErAa MOIKHO npoBecTH J-npaMyio,
H MOXKeT CJAYYUTBLCS, YTO yYepes JBe TOYKH [POXOAHUT HECKOJIbKO
J-npambiX H, caeposaresnno, J-paccTosine MeXAy JABYMS TOYKAMH
He ecTb OJHO3HAYHas QYHKIHA KOOPIHHAT.

182. Haditu reojledanueckoe pacCTOSIHHE OT TOUKH
A(0, 0) mo Touku B(l, 2), ec1u 3T0 paccrosiipe ompeje-
JAeTcA ¢ MoMOouibio (yHKIMOHAa

Jyl= f (2 + y")dx.

183. HaiiTn reopme3uuyeckoe paccTosiHHe OT TOUKH
A(0, 1) mo rouku B(l, 1), ecnu 370 paccrosiiue ompejie-
JeTcs QYHKIHOHAJIOM

Iyl = [ (1259 + v dx.

184. Hantu J-oxpyXkHoCTh pajHyca R = 8§ ¢ uHeHTpoM
B Touke O (0, 0), ecau reomesrueckoe pacCTOSIHHE oOlIpe-
aeasercst GyHKIHOHAA0M

Iyl= [ y”dx.

§ 11. PaspeiBupie 3anayu. OXHOCTOpOHHHE BapHALMHM

1°, PaspuiBuple 3amaud. OxcTpeMasas ¢ = y(x) dyuxnHoHana

Jyl= f Fx,y, y)dx (1)

X

ABASETCS NABAXKAbl Hewpepsizno auddepednupyemMofi QyHKIHEHR, ecaH
nponasoauas Fy.0 (x, y(%), ¥’ (¥)) we oOpamaercs 8 Hyab. Berpe-

YaTcd, OfNAaK0, BApPHAuMOHHBIE 33Jayd, B KOTOPHIX JKCTPEMYM J0-
CTHraeTCsi Ha KPUBOH, ABJAAIOMEHCA JHIIb KYCOYHOTAAAKOH,

5#
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a) Pasapweube 3apmpauu nepBoro popaa. Pacemo-
TPHUM 3aJauy O HaXOXKIeHHH 3KCTpeMyMa ¢hyHKiHoHana (1), cuurtas,
YTO RONYCTHMBIE KPHUBBIE YAOBAETBOPSIOT IPAHHYHBIM YCJOBHSIM

y(x) =14y . y(x))=1y, (2)

M MOIyT HMETb H3JIOM B HEKOTOPOH TouKe ¢ abcumuccoin ¢ {xo < ¢ <
< x1). DTOT H3INOM BO3MOMKeH JIMIIL TaM, TI€ Fy,y,:O. B Touke

13710Ma 3KCTPeMaJib AO0JKHa YAOBJETBODAThL ycaoBuaM BeiiepmTpac-
ca — JpaMana

— F ==
y, X=¢—0 y, x=¢+0 i

- (F_ y, .Fyl) |x=c+0=0.

3
(F—y'Fy)l @)

BMmecre ¢ ycioBHSIMU HenpepulBHOCTH HCKOMOH 3KCTpeMaiu OHH T110-
3BOJISIOT ONpeNesNHTh KOOPAHHATHL TOUKH H3JI0Ma.

Ha xamxpnom u3 asyx orpeskoB [xo, ¢] H [c, xi] sxcTpemais n0.1-
’KHa yAOBJAETBOPATbL ypaBHeHHI0 Jiiiepa, T. e. qudpepeHnuasbHoMY
ypaBHenHI0 2-ro nopsaaxa. [lpH peuteHHH 3THX ABYX ypaBHeHHH fo-
YUYRIOTCH 4eThipe NMpOU3BOJILHLIE NOCTOAHHLIE, KOTOphie, BooOile ro-
BOpS, HAXOAATCY H3 IPAHHYHLIX YCJOBHH (2) u ycaoBHit (3) B TOUKE
H3JoMa,

Mpumep 1. Halitu snomanbie sKcTpeMasd (ecad OHH cCymic-
CTBYIOT) (PyHKIHOHAaJa

x=c—0

Iyl = f (y'* — y2) dx.
0

Pewenue 3anuweM nepBoe H3 ycaoBUH (3), KOoropoe 10J-
#HO BBHIMOJNHATLECHA B TOUKE H3JIOMa:

F-’/' ’x=c-0 o

p ,x=c+0 '(0<c<a).

B naHHOM cayyae oHO HMeeT BHI
y(c—0)=y (c+0)

i O3mayaeT, YTO NpousBognad Yy (x) npu x = c¢ HenpepoiBHa. Crnepo-
BATENbHO, TOYUEK M3JIOMA HET. JTO BUAHO H M3 TOrO, 4TO B JaHHOM
cnyuae F, ,==2>0 Bscioay. HostoMy B paccmarpuaeMoli 3anavie

SKCTPEMYM MOIKeT HOCTUraThCs JHIIL Ha rJIaAKHX KPHBHIX.
[ITpumep 2. Halru noMaHbie 3KcTpeMandH (YyHKIHOHANA

2
I= [ (' ~6yds,  y(©=0 y@ =0,
0

gonyckas, yTo y° MOXeT HMeTb OJHY TOYKY pa3phiBa, OTBEUYZIOLUYIO
abcrucce x == ¢, L
Pemenue B nannom caynae F ., = 12y"° — 12 moxer oG-

pamiathCd B HyJb H NO3TOMY BO3MOXHO HaJHUYHE H3JOMOB 3KCTpE-
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maad. Tak Kak noapluterpanbran QyHKUUAR 3aBUCUT TOJLKO OT y’, TO
SKCTPEMAJIAIMHU ABJAIOTCA NPAMbIE

y= CIJC + CQ.
MNonoxum

y.=mx+n 0<x<c), y,=pr+q (e<<2KL2).
M3 rpandurbX yCaoBuit HaxoauMm n==0, § = -~ 2p, Tak 470
y_=mx, Yy =px—2) (4)
YcnoBiie HenpepHBHOCTH 3KCTPEMANH gaeT
me = p (¢ — 2). (3)
BunuuieM ycaosus Bei’iepmfrpacca — Ipamaua. Mmeem
3 ’
| F,=4y" —12¢, }
’ r4 r2
F—y +F,=—3y" 464"

' 4 '
IMockoaeky y_ =m, y, == p, noJysaem

4m® — 12m =4p® — 12p,
— 3m' 4 6m? = — 3pt 4 6p2

HIH
(m—p)(n12+mp+p'*’—3)=0,} (6)
(m? —~ p?) (m? 4- p* — 2) = 0.
Bropoe ypaBuenue B (6) cpazy Raetr m==p WiH m = —p HJ4

m? 4 p?—2=0,

Peinene m = p Q0MKHO OHITH 010pOUIEHO: NpH HeM 3KCTPEMalb
HMeeT HeNPEpPLIBHYIO NPOM3BOAHYIO, a U3 yCeaoBug (9) ronydyaem, 4To
m = 0, T. e. 3KCTpeMaJtb — 0Tpe30K ocu Ox.

Takum o6pasom, pelnenue cHcTeMbl (8) CBOAMTCHE K pelIeHHIo
CAeYIOIUX CHCTeM ypaBHEeHWH:

m=—p,
7
m’ + mp 4~ p? =3 } @
H
m* + p* =2,
m?3-mp + p? = 3. } (8)

Pewenne cucremu (7): m=V3, p=—V3u m=—V3, p=V3.
Pewende cucreMb (8) naer m = p H nomkH0 Ouitp oTGpolieno.
Urtak, m = —p u ycioBue HenpepuBaoctd (B) paer ¢ = L,
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CaenoBaTtesbHO, HCKOMbie 3KCTPEeMaJIH:

y_{ V3 x, 0<x< U,
—V3(x—2, 1<x<L2

——
———

{ — V3 s, 0<Cx <,
V3 (x—2), 1<x<2

185. Haiitu sxcrpemMany ¢ yrjoBoil TOYKOH 151 (DYHKA
nyoHaJa

2
Il= [y =1Pde yO=0, y@=L
0

186. Hafitu pelueHHe ¢ OAHOH yrJa0BOi TOYKOH B 3a-
Jaye O MUHHUMYMeE QyHKOHOHana

Hyl=[ (' = 1Py + 1Pdx,  y(O©=0, y(#)=2.

187. CyuilecTBylOT /i PCILICHHS C YIJIOBEIMK TOYKaMH
B 3azadyc o0 IKCTpeMyMe (YHKUHOHana

Xy

Iyl= [ "+ 22y — 1)dx, y()=g0 yx)=y.

Xo

188. Hatitn pelucHue ¢ yrioBoOii TOYKOH B 3ajaye ol
IKCTPEMYMEe (PyHKIUOHada

1
Iyl= [y —yMdx, g(=1)=0, y()=1.
-1

189. Hafitu pewenne ¢ yrioBOil TOYkolt B 3ajaye O
MHHUMYMC (PYHKUHOHa/a ,

%1
| (" —2y7)ax.
M1
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190. B 3amaue 06 skcTpeMyMe ¢yHKuHOHAMA

(xlvmyi)
J siny’ dx
(0, 0)

HAaHTH HeNpepbIBHOE DelleHHE, a TakKe pellleHpe ¢ yTJ10-
BOH TOYKO{l.

3aMevanue. Ycaosua (3) Beiiepurpacca — Spamana pony-
CKAKT CNELYIOYi0 reOMeTPUYECKYIO HHTEPIDETAITHIO.

Hocrpoum duryparpucy, 1. e. kpuByw Y = F(x,y,y") Kkak
pynrumio or y’.

Torna yenosus (3) o3nanawort, uro NPH 3HAUEHHUSX TNapaMeTpoB
* = C, § = €1, OTBEYAIOWHX YIVIOBOH TOYKe, (puryparpuca JI0/iKHa

7 /7
1MeTL O0LUYI0 KAaCaTeIbHYIO B TOYKaX C abeuuccaMu g =y (¢ —0)

’ 4
ny, =y {c40). .

OnnoBpeMenHo moayuaercs HarviAnHas MHTCPIPETAnUd YCIOBHS
Fp =0, uckIodaoluero BO3MOKMOCTD  H3/0Ma 3KCTPEeM ased.

Heficteuteaso, ecny, nanpusmep, F .. >0, TO ¢uryparpuca Bbi-

IyKJia, H KacaTte/bHble K HeH,
IpoBedelHble B ABYX pa3ibixX *Y
TOYK&X, HE MOTYT COBNaAATh.
Tak uro skerpemans B aToM 1
Cayyae HE MOMXKeT HUMeTb u3-

J0Ma,

Pacemorpum ongrs  sa-
Aauy 06 OTbiCKaHHH JOMa-
HBIX 3KcTpeManed oyurumo- -VE | -V7
nata (cMm. npumep 2 3Ttoro
naparpada). Umeem

2
J[y] = j (¢ — 6y dx,
0

N
<
Oy

— A e e e ————
A ——— o

y(0)=0, y(2)=0. ‘ -

IKCTPEeMaNIME  fBASIOT-

¢ npaAMble.  PHrypaTprca Puc. 20.
4 2

Y=y " — 6y B JaHHOM
Cjlydae Be€ 3aBUCHT OT TOYKH (X,y). Ona HMeer ofluyi0 Kacarenb-
HYI0 B TOuKax ¢ abenuccamu ¥ = £ '3 (puc. 20). [Mosromy yeao-
Bia Beliepwitpacca — Spamana GyAyT BHIIOAHEHH, €CAH B KauecTBe
JAOManblX SKcTpeMajed 6partb JoManble, 3BCHLS KOTOPHIX o6pasyioT

)/
yron =+ 3 C ocsio Ox.

Ha nomanoit yy ¢ oad0it yraosoit Toukoir (puc. 21} dyukunonan
umeer anadenne J[y1] = —18, To xe snavenne J [y] Gyzer wmers na
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JIOMAaHOH Y2 C ABYMA YIJIOBLIMH TOukKaMu (pHC. 22), HaA JOMaHOH Y3
C TPeMa yrioBbiMH TouKaMH (puc. 23) u 1. A.

g4
|
(
N\
|
{
|
! .
0 / Z I
Puc. 21.
K2
|
L\ Y2
i ' . o
] { | 2 A
§
:
Puc. 22,
yA
} 1\
| {
1 ) —p—
aJ 1 2 I
Puc. 23.

6) PaspuBHEe 3apauu BTOpOro poma Paspes-
HoLMu 3a0a4aru 6TOpoe0 poda Ha3HBAIOT 3a0aYd HA OTbICKAHHE HKCe
TpeMyMa (QYHKIHoHANa

I yl= IF(x, Yy, y')dx, (9)

‘ y(xy) =y, ¥ (X3) =y, (10)
B KOTOpOM NOABHTerpanbHast PYyHKUUS pa3pHBHA,
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Ilycts, Hanpumep, F(X,y,y’) Tepnur paspbolB BAOJb JHHHH
y = O(x) ¥ nycrs Ig(x,y, y’) paBHa Fi(X,y,Y’) no oaHy CIODOHY
aauud y = @ (x) u pasuna F2(x,y,y’) no apyrymo.

B cayuae cyllleCTBOBaHHA JIOMAHOH 3KCTpeMaJH NOC/eIHAA CO-
CTOMT H3 KYCKOB 3KCTpemanel Yy == y4(X) u Yy = pa(x), UMEOUHX
obuyo Touky (¢, M(c)) Ha JAUHHH paspeiBa, e ¢ € (X4, ¥2). dada
onpegeseHHs JIOMaHO# 3KCTpeManu nonayuyaeMm ABa gH¢depeHunanb-
HHX ypaBhends 3Jiiaepa, 0O6liHe DelICHHA KOTOpPHIX coaepHkar ue-
Thipe TNPOU3BOJbHBEIX NOcTosHHbIX C4, C2, Cs, Ci s HAX0mKJAeHHS
3TUX TNOCTOAHHBIX, a4 TAKXKe aOCUUCCRI ¢ TOYKH BCTPEUM 3KCTPEMad
c Kpmsoit y = ®(x) wumeeM: |) nBa rpandunnix ycaosdsa (10),
2) nBa ycaosus, Tpebyoinne, utoObl OpAMHATH KOHUOB 3KCTpeMadel
B TOHKe CThiKa OBIJIM paBHbB opauHate kKpuBoifl y = MO(x) H, HaKO-
Hel, 3) YC/A0BHE HA CTHKE

Fyv (O =) F ) o= F b (@ =gV Fyp] o (1D

STUX YCJI0BHH, BooOIle roBopsd, AOCTATOYNO AJNA HAXOWKAEHHS JO-
MaHOHl 3KCTpeMalH.

[lpumep 3. (3anaua o npesoMaeHUH ayua ceeta.) B cpene I
CBET DACNpoCTpaHAeTCd C NOCTOAHHON CKOpOCThIO Uy, B cpege If —
¢ nocroguiofi ckopocrbio vz, Cpexa I orgenena or cpeawm Il kpu-
Boii iy = O (x).

BbiBeCTH 3aKOH NpeJoMJEHUs Jyua CBeTa, HAyliero w3 Touku A
cpenst 1 B TOuky B cpeam II, 3nag, 4to /Ayy npOXOAHMT 3TOT NYTh
B HaUMEHbIIHH IIPOMEKYTOK BpeMeHH.

Pewenune 3amava CBOAHTCA K HAXO0XKAEHUIO MHHUMYMa UH-

Terpasia
VIE T
J-..zf L+ 4 dx+f Vity dx, (12)
U U
a c

TaK Kak nepBbifi 4 BTOpOil uuterpananl B (12) 1aioT Bpemsd, nyxnpoe
OAs [epexona Jyya a3 Toukd A o JdiH pasjena W OT JAMBUK pas-
nena 10 TOukH B.

HMmeem paspuiBiyio 3anauy BTOpPOro poja: 31ech

| 72 Tt
Fy— Vity . P, = Vl;i;y

= "

Haxomxnenue KYCKOB 3KCTpeMasveli CBOAHTCH K PAa3biCKAHHIO 3KCTpe-

MaJel (yHKuuoHasn a
[Vityta,

KOTOpBbi€, K&K H3BECTHO, ecTb npaMbie. CleaoBaTenbHo,

ni=mx-tn, Yy=px+4q.
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3anuwem ycioBHe (11). Mmeem ~
2 2
. y,af_lflwf o t
179 7 o Syl - 2’
%, “1 vy Vo1 v g l/l + )
F,— ’ 0F, 1 )

Y2 r S Y
Wy, ]/ 4 yzlz2

Honcrapasis o1 Bhipamenns B (11), nafinem

l+(D,, 1+(fo
by Yo (13)

oV 144 oV 144

[lycrs Yy — yroa, o0pa3oBaHHBEIM KacaTeJabHOH K JHHHK pasfesna B TOY-
Ke ¢ ¢ ochio Ox, oo — yroa Jesoro Jy4a ¢ ocbio Ox, f~ yroa npa-

Boro Jayua, Torpaa (D'=tg Y y: = tg q, yé:tgﬁ U ycnoBue (13)
NpUMET BUJ

| t+igatgy _ 1+tghigy
v V1+tg2a v, V14tg‘p

cos{(y—a) _ cos(y—P)
Uj T Uo ’

HNH

roe y—a H y— B — yriabl Mexay JaydaMd d KacaredabHON K JIHHHMH
paszneqaa. Beoas BMeCcTo HHX yrvibl @ U O mMeXAy HOpPMadbio K JQHHHH
pasnena v JyyaMd, [agawliUM Hd NPeJOMJIEHHBIM, NOJydaeM

sing U
sin 9 Uog

= const,

T. €. HU3BECTHBIl 3aKOH NpeJOMJeHHs syda CBeTa.

2°, Opnocropounue BapHauuMH. Ilmerca 3KCTpeMyM ¢yHKuio-
Hasia

Igl= | F x99 dx, (14)
yx)=uy, y(x2=1y (15)

IIpH YCJOBUH _
y—g¢(x)=0 (nan y — @ (x) < 0) (16)

(orpa”HuHBalON{He YCJAOBHS MOryT ObITh H GoJsiee CJAOMKHOTO BHUAA).

B 3ToM cayuae MCKOMasg 3KCTPeMaJb MOXKET COCTOATH W3 KYCKOB
3KCTpemaned, Jaexaummx B obgactd (16), M KYCKOB Fpandubl y =
= @(x) 3Toll 06aacTH, B TOYKAX CTHIKa YVKa3aHHBEIX KYCKOB HCKOMaf
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BKCTpeManb MOKeT ObiTh T 1aAKOH, HO MOMKET HMMETb H  YTIJOBLIE
TOYKH,
YC/J0BHE B TOYKE CTHIKA MMeEET BHI
[F ey y)—Fxy ¢)— (@ —y)F,(x,y, y)]] _. =0

x=x

Ecau Fy,y,‘#(), To B TouKe cThika M (X J) aKcTpemaap Ka-

caerca rpannum y = @(x) obaacru.
I[Tpumep 4. Hafitn gparuaimuit nyres u3 touku A(—2, 3) B
Toury B(2, 3), pacnonoKeHHbI B 06/aCTH Y < X2,
Pewense, 3afaya cBOguTCd K [AXOKAEHHIO 3IKCTpeMyMa
(pysRuionana
2

Ii= [ Vite'(ndx (17)

~2

NpH yCJI10BUAX

y<<x%,  y(=2)=3, y(2)=3.

JKeTpeMansaMi (ysruMonana (17) gBAAIOTCH NPAMLIE

y=Cy+ Cyx.
B pannom cayuae
H

TG

M HCKOMaf 3KCTpeMaJib GYyNeT COCTOATb H3 KYCKOB NpsaMbix AM
NB, kacatenbHbix K napatone y = x2, n kycka MON 3r10i1 napa-
G6oanl (puc. 24). O6o3unauum ab-
CUHCCEl TOUYEK Kacauusg uepes
X H —X (4CHOJb3yeM CHMMe- ol
TPpUO 3anauu). B touke kacanus S
COBNAJalOT OPAMHATBHI U YIVIOBbiE /
Ko3(pbHuHeHTH NpsSMOA H Kaca- A7) ! FB/23)
1enbioit napaGodsibl, Tak yro Gy- '

AEM HMETEL
Cl '_I" ng-' 22:
9% } (18)

Co

F .

¥y 0

£
T

l

Vil N

C apyroft cTOpOHE, KacareabHad . |
ROMKHA NPOXOAHTH Yepes TOu- ™ - >
Ky B (2, 3), ciefioBaTenbHo, Z 7 g i Z

Cy + 2C, = 3. (19)

Pue, 24.

Hckmouag C, u C, u3 (18), (19), naxoaum %2 —4i+4 3 =20, or-
Kyna x; = 1 u X3 = +3. Bropoe 3HaueHHe X He noaxonuT. Hrax,
=1 Orciona C; =-~—1, C2=2. Hckomas 3KCTpemaab
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(enuucTBeuuan) ectb

‘-—-2x~v1, ecar —2<<x<C— 1,
y={ x2, ecan — 1<<x< |,
2x — 1, ecau 1 << x L2

flcno, uto onHa pmocraBaser ¢yHKuuoHany (17) MHHHMYM.

191. Hafitn xpusble, Ha KOTOpPBHIX MOMKET JOCTUlaTh-
Cs 9KCTPEMYM (PYHKLHOHa A

10

— [ a5, yO=0, y(10=0
v

IpU YCAOBUH, YTO JOMNYCTHMbIEC KPUBBbI€ He MOIYT IpOXO-
JUTb  BHYTPH Kpyra, OrpaHHYEHHOIO0 OKPYXKHOCTLIO
(x—5)24 2 =0.

192, Cpenu kpuBbiX, coenuusomux touku A(a, y) H
B (b, y1), uaittu 1y, KOTOpas naeT 3KcTpeMaJbioe 3Haye-
HHUe PYHKUUOHATY

_/]*—f Vl-——j{/zdx

a

npu yeaosnsax y =0, 1 — y2y’2 = 0.

§ 12. Teopuss IamuabtoHa—SAko6u. BapuauunonHsle
NPUHUKNBT MEXAHHKH

1°. Kanounueckas (raMuabLTOHOBA) hopma ypaBHeHHH diaepa.
YpaBueunn 2fuepa nna GYyHKUHOHAAA

"[yl: Yoy v 00y yn]=

= f F(x: s Yor o0 0s Y y:’ !/g; e yf,l)dx (l)

HMEKWT BHA

F —w——(F ,)=0 k=1, 2, ..., n). (2)



§ 1]

B cayuae, korpa onpepeauTeb

F ..,
¥,4(

F, .
yzy[

F I's 7
¥

IOJIOKHM

Fr=pk

Yk

F.,.
Y199

F ..
Yollo
F . .

(

4

TEOPHUA TAMUIADLTORHA — HKODBH

F ..,
Y19,

F.,,
Hgyn

F ..
YnYn

1, 2,..., n)

141

== 0, (3)

(4)

- 4
M3 ypaBrenuit (4) MOXKIIO BHPASHTbL Y, UYEPE3 X, Y|, Yo +vvs Yy

Pu P2y ooy Pns

7
yk=(pk (x, yl’ yz, «e sy yn, pl, p2‘ ¢ ey pn)-

(5)

q)yI/IKLIPIﬂ H or NEPEMECHHBIX X, Y1, Y25 vy Yny P15 P2y «+vs Pis

onpepeJgeMas paneruCTBOM

7 7 4
H =[—F(xa yl, Yos o0 0y yn’ y[s Yos o« vy !jn)"l‘

n
/ 4 ’
"}'Ekuy/ (xs yp“-: yn’ ITRRRY yn):l ’ (6)
h=| k ’
Yp=0p
Ha3bIBAETCH 2aMUALTORUAHOM Oast pyuryuorara (1).
['aMuabTONMAH YOO0BJ/ETBOpPAET CJAeaylOMM COOTHOLUEHUAAM:
off d OH d
= yk; —— — Pk (k=1, 2,..., n) (7)
dp,, dx 0y, dx

Ypasueuus (7) HasbIBAOTCA KAHOHUYECKOUZ WIH 2aMUAbTOHOBOU
cucremoill ypaswenuil IJiaepa

P, P2,

3aMeuauuve I.

3aMeuarnue 2. VYpaBuenus (4) paspeluuMsl

YcaoBue

(2);

(3)

nepeMEHHble Yy, Y2, «».
+eey Pn HA3BIBAOICA KAHOHUYECKUMIU NEPpeMeHHbIMU,

3 yn:

a1t pyukudonata J[y] =

y')dx naer F, , <=0 na [ry, x].

OTHOCHUTEJBHO

/
Y, B UEJOM Ha OTpesKe [xy, X2], BooGme roBopst, He onHo3nauuo. [pn

BHITIOIHEHAH YCJIOBHH TeopeMbl CYMEeCTBOBAaHUA HeaBHOH (QyBKIHH
HMEET MECTO JIOKa/lbHas OMHO3HauHad paspelluMocTh ypapHeHHH (4).

[Tpumep 1.

Ofnepa pas hyHKIHOHANA

CocTaBUTb KAHOHUYECKYIO CHCTEMY ypaBHeHUH

-ﬂ‘ 2 2
I [y 9] = f (leyz — 2.1/21) + yi — ¥y ) dx.

0
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Pemenne, B namem cayuae

2

r 7 2
F=F (%, 95 43 41 ¥3) = 29,95 — 241 + 4] — 15 -

I[Tonaraem

Torna

3nech onpeaeanTenb

F ry’ F 1y1 0
Y4, ¥.Y9 2

F r 7 F AR 4 0 "'-2
Y94y Yolo

/ '4 o
Paspemas nolyueHHbie COOTHOWISHHST OTHOCHTEAbHO Yy, Yy, HAHIAEM

Haxonum ramuibronsan Aamgoro ¢yHKHHOHAJA:

H=(-F+y{F,+y§p ) ==
Y r P

! P
1=
’ Py
Hh=" %
2 2
2 ,0° 2 2 Pr Py
= (2wt 2w+ —0)|, o =22t~
he=)em
! P
o7 o

Hcnoabsyst coorgomenust (7), MOAYYHM KAHOHHUECKYIO CHCTEMY
ypaBHeHHH Ofinepa:

dyi _ pi, dy, ___ p2 |
dx 2 dx 2" l}
dpr _ . dpr __

dx == — 4y, + 2y W—*Q%- l

3neck Y=y (x), y2=y2(x), py=pi(x), pr==po(x) sABAROTCS
HCH3BECTHLIMH (PYHKLUHIMH OT X.

[Ipumep 2. CocraBHTb KAHOHHYECKYIO CHCTeMY ypaBHeHnui
OfAnepa a5t GpYHKIHOHANA

I o va] = | 033 (52 + o1 + 43) d.
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Pemenune, 31ech
""JIJQ(x +J1 +J2)

Haxoaum 9acTHbie NPOH3BOAHBIE

2 9
r=ylys F =y

Yy UQ
ITonaraey

2 2 292
P =YY P2 =Yg

7 ’
OTH COOTHOUIEHHS] HE COAEPKAT MNPOU3BOAHMIX Y[, Yy HEH3BECTHHIX

4 /
GYHKUHA Y| H y,, INOITOMY Yy H Y, HeJb3s BHPasHTb 4epes nepe-

MeHnHbie pp H p,. CiegoBaTennno, A1 3TOro (hYHKIHOHAJAA HE/h3s
cocTaBATb raMuJbToHHaHa. B atom npumepe ycaoBHe (3) He Bp-

IoJaAuALTCsHa
F r 7 F VA 4
¥v Y199 IO 0 — 0
F,, F,,!| loo|
Yol Yoo

IMMpumep 3. CocraBuTh KAaHOHHYUECKYIO CHCTEMY ypaBHeHR
Dftnepa past pyHKuHOHANA

Iyl = f xyy” dx.
Pemenue Humeem

F=uxyy™, F, =3y

[Tonoxkum p == 3xyy’’. Orciona

’ 4 ro FP
==m.l/3xy’ y=='|/ 3xy

Haunbft GynxuHoHan HMeeT ABa IaMuHJAbTOHHaHA!

= (= F+y'Fy)

24/

,3
= ’
(" p 3V 3 b
y= ‘/- 3xy V y

= (—F+yF,
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B cooTBeTCTBUH C STHM MH MOJAYYHIM JBE KaHOHHUECKHE CHCTEMbI
ypaBuennil ditnepa:

dy _ OHI____V’ p 1
dx op 3xy ’ L
dp __ o 1/
dx ~— 0Oy 3] 3xy3 !

dy P |

dx 3xy ’

s
dp __ 1 i
de 3 3xy® * |

CocraBuTth KaHOHUYECKHE CHCTEMHB YpaBHeHUH JDHJepa
AnA caeAynluuX (YyHKIIHOHAJIOB: -

193. J = [ xy V¢ dx.
194, J = | xyy” dx.
195. J = [ V24 2 V1+ g ax

2
196. /= [ (y7" + v2+y7) dx.

"-’L

197. 7= | (x2—i— g,r[y;2 - yngz) dx.

r ‘ 7
198, J = (Qxy[ — !+ %) dx.

2°. Ypasuenne Tamuabrona — flkoGu. Teopema Sko6u. Kano-
HHUecKaa CHcTeMa ypaeueHu# Jinepa (7) aBasgerTcd cacTeMoil ypa-
BHeHull Diiepa A1d ¢GyHKUHOHANA

X n )
~
. J= f [L pky;—ff(x, y[’ ooy yn, p], ve vy pn)] dx,

X1 k==1

€CTH Y1, vuny Yny Pty vevy Pn PACCMATPHBATL KAK HEH3BECTHHIE (hYHK-

LKA OT X,
Januuii ¢yskuuonat J gBasercs pelleHHeM ypasHeHHs B 4acTs

HbIX [POH3BOJAHLIX NEPBOIo HopsiiKa BH A4

oW o oW ow
Ox +H(x’ y.l’O"’ Yn, ayl; 6y2"'-| "a'!}';)aol

KOTOpOe Ha3biBaeT1ca ypasnenuem [anmusvrona — fxobu,
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Teopema SIko6u. llycte W A61ARETCA NOAHGIM UNTEZDAAOM
(ecM. [B]) ypasnenun TamuirdbTOHa — HKGOU, y00B.AETBOPAKOULUM

yCAOBUIO :
oW oW oW
0y, 0Cy 0y, 0C, "' By, 0C,
oW oW oW

8y, 0C, dy, 0C; """ 0y, 0C, % 0.

oW oW o’W
Oyn 0Cy  0yn dC; """ 0y, 6C,

ToeBa pasencrea

oW ow
=B ———— k= l’ 2, ey ]
oc, = B gy =P | ")

20e Cn u Bp— npoussosbubie nocroannsie, 00T peuierue KaHOKU
ueckot cuctemot (7), KOTOpPoe B3ABUCUT OT 21 NPOU3BUALHLIX HO-
CTOAHHOLX.

ITpumep 4 Haiity axcTpemanu GpyluKUHoHAIA

X3

J = f Vx2+ y? Vl-l—y’?dx

X3

fp1 NOMOLIH pellleHHs ypasHeHnus I'amunbToHa — Hko6n.
Pewenue. daa noayuenudss ypasuedus [amuabroua — Hxo6u
HaXOAUM TaMHILTOHMAH RaHHOTO (YHKUKOHasa, Mmeem

=—V ¥+ —p

¥pasHenre I'amunerona — $Iko6H umesr BUA

oW "/2 2 P.‘K)?._
Ox ¥y (ay =0

B e

HJIA

Ilepenuuiem ypaeHende (8) B BHAe

AN AN
(-Ox)-x—l—(af/)“y*

H NOpPHMEHHM MeTOn pasneleHUs mepeMeHHbX. Slcyo, uTo ecad no-
TpebGoBaTh, YTOOBL ‘

oW \? ow\?
(56) —w=—c (F)-v=c
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raie C — npow3BOJIbHAS [OCTOAHHAA, To ypasuenne (8) Gyner yno-
BJeTBOpsaThesa. Orciona HAXoasaM

__=Vx2— C, aauyy Vy + C.

[Toanni HuTerpan ypaBHenus (8) 6yner:

v=[VE—Cars+ [ VT cay=
===~;— x]fm—%m | x+Vm|+-é-yVm+
+ S mly+VPFCl+ o

rie C u Cy— npoH3BOJbEbEIE NMOCTOSHHLIE.
O6uice pemenve ypaBHeHHs Ofliepa paHgoro (QysxKLHOHAIA

A

" 74 ~
HAfileM H3 COOTHOWIEHHS —ar- ==——, THE A — npousBoabuHas IO-

croauHas, Mmeem

- X 1! TC
4V —¢C gl s HVe=Clt
C ] 1 7
+ 4 (x-i-}’rxz—C)Vx?—-C +4 )/y2+C+
! _A

.

4 (y+VyEFOVEFC 2

[Tocse HeCAOXKBHIX YNPOUIEHHH MOJYUHM

aw '/"‘“‘”“"‘2 ~
I l/-i—}y—i-Cl_ HJIHy+ “_/__i—f_-'——A (A==-teA),
x4+ Vx2—=C x+ViP—0C
OTKyAa OKOHYaTeabHO 6yJeM HMeTh
|l — A2 A2+ 1 )2
2 .. — 2 =
x A Wy =C ( 54 )"

¢

D10 — cemeficTBO rHIEepOOIL

Hafitu skcrpemanu ciaeiyoiiux GyHKIHOHAIOB!
X

199. J = f xyVy dx.

Xy
e

200, J=f xyy” dx; y(1)=0, y(e)=1.
1
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201. =[Gy V 1+ 4" dx.
X, .
202. Haiitu Muaumym ¢ydHKIHOHAaMA
1
L, ’ / '
J==f(-2~y2+yy + 4+ y)dx,
0

ec/iIi 3HAYEHHUS Ha KOHIIAX HHTepBasa He JIaHBHl,
203. Ha#tu ¢ysxruuo noJas p(x, y) u camMo mnoJe
sKCTpeManed, INPOXOAAUIHX UYepe3 HAUaJ 0 KOOPIHHAT,

dyHKHOHANA
(x. 9)

PRYE
[ — f V“;y dx  (y>0)

(0, 0)

204, Cpemu Jauuuil, coegudsomux npamyw x=0
¢ Toukod M, (x,, y), rxe x, > 0, y; > 0, HaTe TV, KOTO-
pasg HaeT MHHHMYM QYHKUHOHAJY

7
j.—:J V';’y dx  (y>0).

[lyctb umeeres ¢yHKLHOHA

Xy
Ily] = f F(x, 9 ¢)dx

X5

H JaHo ero noJe skcrpemaneit y = @(x,C). Toraa B KaXaoi Toyke
Moas ¥3BECTHO HallpaBJeHue TpaHCBepCaIH moJs, Npoxoasumied de-
pe3 3Ty Touky. Bce Tpauceepcaam moas nmoJydaroTCs Kak pelleHHA
AHddbepeniHabHOro ypaBHeHHa NMepBOrd nopsaika:

Fyln o (x 0, (x, ©)) L = Hx, 0(x, ©) 9 (v, C)]

rie BMecTO napamerpa C, OnNpefensioulero 3SKCTpeMadd IoJds, Halo
IIOICTABUTb €r0 BHIPAXKEHHE Hepe3 KOODIHHAThi TOueK moad. 31eCh
H(x y, p) — ramuabToHHaH.
[Ipumep 5 Haitrtu rtpancBepcany jas mHoas  KcTpeMaded
¥ = Cx (yukuuonana
%q

J = f y* dx.

X3

+
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Pemenue, Haxogum ramujgbroHHan ganHoro ¢yHRUIHOHAJIA,
HMeem

2 7 ’
F:y > Fyl=2y (Fylyl=2 ?&O)o

p

Moaaras p=F,, nailem y’=-:?—. Toraa

H=(—y"+2¢y)

Tpanceepcanan nojyunM, pemas aupdepeHyHaIbHOE ypaBHEHHE
d
- =--H) :

g p=2y'=2C .

Fy,

y=Cx

rjie BMecto C HAjAO MOACTABHTb €ro BhparieHHe uepe3 KOoOpAHHATH!

1
TOYEK MO C=-—i—. Hmeem

dy _p°
2y’ i —— S e—
y=Cx dx 4

HoH 20—41: C2,

dx

p=2C

1
-;—. Orcroma HaxOnHM,

dy dy
Tak xax C #% 0, T0 2—d~x—_C HJH 2-{5:—
YTO CceMeficTBO TpaHcsepcaaefi y? = Cx — napasodbl.

205. Haiith TpaHcBepcanu /s [0OJAS 3KcTpemadei
y = Cx dyHKIHOHaJA

J= f F(y’')dx.
Xy

206. Haiitu TpaHceepcadu M/ MOJS 3KCTpeMaJeil
y = x + C ¢GyHKIHOHAMA

X9

] = f (xy” —2gy")dx.

X1

207. Ha#itu Ttpaucsepcadu AJd [oJsl 3KCTpeMased
x2
Y= Xx—-F QyHKuHOHaIa

X3
I= [Vy(l—yD)dx  (€>0, x>0, y=0)
X1
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3uas ypasuedue 'amuabTona — Hxobu

ow oW
% +H(x, Y, 'Ty-)—o

aaa (pYHKILHOHAA

Xy
] = f Fx 4 4)dx,

X

MOXKHO BOCCTAHOBHTb NOIBIATErpadsHylo ¢ynkuuio F(x, ¢, y’). Tlo-
CAeHAST ABASETCA pelleHueM Aud¢epeHuuanbiHoro ypaBHEHHS Mnep-
BOT0O Nopsaka

F—2F,=—H(x,y, F)), (9)

rae H(x, y, p) — raMuaLTOHHAH HCKOMOTO (yHKnuoHana; F(x, y, z) —
uckoMass ¢yHKuua (x H Yy paccMaTPUBAIOTCA KaK napaMmerpbi).
ITocste naxoxpmerus F(x,y,2) B Hee Hamo NOACTABUTb BMeCTO 2
IIPpOU3BOAHYIO ¥,

3aMeuvanue YpaBuenue (9) sasagstca ypaBHenuem Kiepo.
Ofilee peienne ypasHenusa KJiepo, Kak npaBuio, o16pacbiBaertcs,
TaK KaK B 9TOM c¢ly4ae MojbiHTErpabHas QpyHKu#sa F(x, y, y’) Gyaer
JiHeHHa OTHOCHTC/IbHO ¥y’ ¥ BapHanloOHHas 3ajaua He Bcerga pas-
pewuama (cMm. § 4). ITostomy GepeTcsa TouibKO Ocofoe pelreHue ypas-
Henus Kiepo, koropoe 6yleT aBasAToca HCKOMOH ¢ynKuMei £(X, y, 2).

[Tpumep 6. ¥Ypapuenue T'amuabrona — fkofn mna sagaun 00

X3
SKcTpeMyMe ¢pyuknuoHana J == f F(x, y, y')dx umeer nua
X1
W \? ow \* ., 2
(6x ) +(6y)_x+y'

Hafitu ¢yskuvio F(x, y, y’).
Pemenue, PaspewHM panHOE ypaBueHHE OTHOCUTEIbHO

OpoH3BOANOHA -%Y- Hmeeum

X
oW

ox =]/x2+y2—(ay )2
BV e = (G) =0

ClejpoBaTenbHo, raMuLTOHHAH

E

D

B

E

H==} x4 y* — p2,
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Ypasnenrne (9) a1st HaXoKAeHHsT HCKOMOA (yukuHu F HMeerT

0%
_Z___.__]/2+y—- ——) (10)

i IpoaHdgeperapyemM no z ofe yactH ypasaenus (10):

dF &
dF dF . d*F dz dz?
dz  dz dz* ]/ 2 1 .2 (dF )2
x4y 12
. . d?F .
ItfpackHBas cayuafl, Korza = =0 (oH naer odiuee peUIEHH?),
FOIYUHM
dF
N dz
- dF \?
2 2 __ [ 8T
]/-x Ty ( dz )
. dF
Daszpewass 3TO COOTHOUIEHHE OTHOCHTE/JbHO IPOH3BOAHOA s
nanjpeM

dF_z]/x2+ y?
dz V1t 22

(11)

[Toxerasasst (11) B (10), 6yneMm HMETDb

2V 24 2 ]/ 2y 2 224y
F=
]/l+22 + o V14 22

=V¥+ VT4 22

Taxkum 06pazomM, HCKOMAST NMOJABLIHTETPA/IbH 25T (PYHKLHST HMEET BHJ

P Ve TR VTP

B caenywouux npHMmepax HaHTH (QYHKUHOHAJBI, €CJIH
H3BECTHBl HX ypaBHeHHs [amuabrona — fkobu:

208. (S} + (S ) =1.
w aw
dy

209, 4 -2 = x°y>.
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210. 4xy W ( ow )2 = Q.

‘5{_ 0y
211. (x %‘f—)2+(y %)22 X2 4 o2

3°. BapHanuodHble NPHHUMIL MEXAHUKH.

a) [Tpunyun Tamussvrona — Ocrpoepadckoeo. Tlyetb umeercs
CHCTEMa M MarepHanbHbiX TOueK My (Xa, yr,2:) (K=1, 2, ..., n),
Maccbl KOTOpBIX COOTBETCTBEHHO pashbl myx (k= 1, 2, ..., n}. TTo-
JOXKHM, 4TO IBHIKCHHE CHCTEMbl NOAYHHEHO CBS3SM

@ (x, 4,2 t)=0 (i=12 ... m)), rie m<<n, (12)

U NpONCXoauT noi gehicrsueM cuil Fu(Xe, Yo, Zp) (R=1,2, ..., n),
UMCIOUIAX  MoTenudas (cunosyio dyurumio) U = U(xe, Yr, 2, 1)
ou ou ou
Xe=—2—, Yi=——, Zr=—5—.
k dx, ay, dz,

Kunernueckas sHeprus s1oit CucrTeMbt 6y1eT pasHa

n

r=g ¥ m (4 53+ )

k=i

[Tyere 13 Hexkoroporo nogoxenus A, cOOTBEICTBYIOUIETO MOMEHTY
BpeMeHn ! == f;, 3Ta CHCTeMa [epeMeCcTH1aCb K MOMEHTY BpeMeHH
t = t; 3 nonoxkenne B. M3 pcex BO3MOKHBIX MepeMeLIeHHl CHCTEMbI
3 A B B BuOupaercs KJacc jONyCTHMBIX ABHXKEHHil, 4 HMEHHO TeX
ABHKEHHH, KOTOPHIE COBMECTHMbI ¢ 3a/aHHbIMM CBA3SMH U B 3amaH-
HbIll NPOMEKYTOK Bpemenu [fo, t4] nepesoasit cucremy us A B B.

HeficTBuTelbHOE IBHMKEHHE CHUCTEMbI u3 nojgoxewus A B nomo-
Kenne B yjposaersopsier neobxoiumomy yeaosuio 8/ = 0 3kcrpe-
MyMa HHETerpafa

t
J= f(T+U)df. (13)
t

KaxaoMy goMyCTHMOMY JBHXKEHHIO CHCTEMbl COOTBETCTBYeT 37
¢yurunil xx (1), ya(f), 2(t) (=1, 2, ..., n), onpencteHHHX
B npomexyTke [to, 1], ynoBnersopsiomlux ypasuenuam (12) u umero-
UIHX 3ajJaHHble 3HAyeHUHd Ha KOHUAX IpOMEXKyTKa [lo, f1). Takum
o6pa3om, HMeeM BapHauHOHHYIO 3agayy co cBs3sMH (12) u 3akpen-
JIEHHBIMH TpaHHIlaMH. :

Hng pewenuss 3roff 3agaun  CocTasafeTcsi BCHOMOraTesbHas

¢yukyns Jlarpanxka

m
F=T+U+ 2 4 ()
J==1
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W AAf Hee BHIOHCLIBAeTCHA cHcTema ypasiennit 3Jirepa — OCTpO-
FpascKoro:

m
. a(Pj
mkxk "'"'Xk --E }bj (f) -a‘;;=0,
=1

m
myi, =Y, — % A (t) =0, § (14)
k7R k ]éjl i Oyk

m

~ aq’

"
m i, =2, — ¥ A, () L= 0.

j=1

Ypasdenus (14) cosnagaior ¢ guddepeHnvajbHbIMU YPaBHEHHAMH
AEHCTBUTENLHOTO JBHKEHHS CUCTEMBI.

6) [lpunyun naumensweeo deidcreun 8 Gopme Jazpansca. ycrs
CHA3H ; W noTeHuuan U He 3aBucAT OTF Bpemerd ¢ B stom cayuae
uMeeT Mecto HHTerpan asueprum I — U = h = const. Hurerpax

8
1= |7 at
3
HaspiBaerca aeficreueM. M3 unrerpana (13) caeayer, uto
13 t h
f (T4 U)dt =2 J T dt — f h dt,
ts ty ty

Jaa pelcTBHTENbHOrO JABHXKEHHUA, no npuauuny [amunbrora —
Ocrporpaackoro, uHterpan AefcTBUA JONMKEH HMeTh MHHHMAJbHOE
3HayeHue:

f
I= [ 1 dt=~min.
t

ITpuHuMny HauMeHblLero pAeHCTBMA MOXKHO npuaath dopMmy
SIKoOH:

f]/z(u+h)ds=min ,
Y

(ds — nnpdepeHnranT Iyru y), B KOTOPOH HCKJIOYEHO BpeM4.
3ameyanne l. 3aech cuMTalOTCA AOMYCTHMBIMH ABHIKEHHAMH
Takue, KOTOPHE YJAOBJETBOPAIOT YpaBHeHHAM cBA3u ¢j{x,y,z) = 0
(=12 ..., m) u ypasaeunw I — U = h ¢ T€M XKe caMbiM 3Ha-
YeHueM A, YyTo B 1ad NeHCTBUTENBLHOIO IABHXKEHHS, U KOTOphle HMEIOT




§ 12 TEOPHSI TAMHJIbTOHA — SIKOBH 153

¢uKcupoBaHHOE HauaJbHOE W KOHEYHOe NOJOXKeHHs H (UKCHpOBali-
HBI HayaJibHHH MoMeHT BpeMeHH fo. KOHEUHEIY MOMCHT BpemenH
ANs HuX He PUKCHPOBAH.

GaMmeuvanue 2 IlorenumanbHas 5Heprusi BXOIHT He B HHre-
rpana, a B AonoaHuTenpHoe ycnosue T — U = A, CocrasiasieM scmo-
Moratenbuyw pyukuuo Jlarpanxa

m
! I 2
F=—2—T+—2—-(U+h)+ Aio;.
3areM nHileM ypaBHenus Oinepa — Octporpaackoro Haiueit 3a-
AduH, KOTOpHKIE SABJIAKTCH YyPABHEHUAMHU JeHCTBHTEIBHOTO ABUIKEHMS:

dcpj
m,x, -—————1—22 Aj 3%,
=1
aU I
.. i
m _——— ZEL-W
Y/ ST
my2, = 3 +22 Ag -a—k—'.
=1

[Tpumep 7. Mcxoas wu3 npuHnuMna HauUMeHbIIEro IelcTBHSA,
HavTH TPACKTOPHUIO MAaTepHa.I>HOH TOYKM (EeIMHMYHOH Macchl), ABH-
XKyledcs nox ZeHCTBUEM CHJbI TAKeCTH.

Pemwenne. Hanpasum ocb Oy BBepX, TOraa NOTEHRHAad CHJbI

TsiKecTH OyneT paseH

Corsiacio NpUHUMNY HaHMERbLIEro JeHCTBHS Ha UCKOMOIl Tpaek-
TOPHH Yy MHTErpas

=fV2 U7 ds (16)
Y

AO0NXKEH UMeTb MUHMMAaJbHOe 3HaueHne. CaenoBaTeabHO, TPAEKTOPHS
TOYKH OGyrer 3akcTpemansto ¢yHkuuonana (16). IToacrasass (15)
B (16), noayunm

Xq
— f Veth—gy) YV 1+ y?de. (17)
Xy

Vpapuenne Iamuabrona — fIxoGa umeer sugn

z
-V - () =0

(5r) + (5 ) =2—en.

M
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Ero noaHplil uurerpasa 6yner

leAx+j]-/2h—2gy—A2dyz

= Agx — '3Lg' (2h — 2gy — A% + B,

rie A H B — nponsBosbHbe MOCTOSIHHBIE.
Haxoaum 3kcrpemasnu ¢ynkumnodana (17):

£+ % (2h — 2gy — AY) = C

HJTH
h A?
y=—=—
g 22
B uacTHOCTH, 3KcTpemaJid, NMPoOXOAsiuiMe Yepe3 Hauajao KOOpIi-
Hat, HalizeM u3 ycnosusa y(0) = 0. ITonyuaeMm oanomapamerpuueckoe
ceMeiicTBO napado.

— 2i2 (x — O), A u C==const,

/S p)
g Vonh— A

212. HafiTi TpaeKTOpHIO ABHKEHUA TOUKU B MJIOCKOCTH
noj AefcTBHeM CH/IBI OTTaAKHBaHua oT ocu Ox, mpomnop-
HUOHAJNBHON PACCTOAHUIO TOYKH A0 3TOH mpaMod U Ha-
npaBJjeHHOH napasnenbHo ocu (Qy mpu ycaoBud, 4To HH-

o v? 2
TErpaj XUBOH CU/IBI UMECT BUX — — y2 =0,  ucxo-

s U3 UHTerpana AefcTBUA
I=[yVity ar  (g>0).

213. MaTepua/jbHan TOYKA ONUCHIBAET OKPYHKHOCTb
p=2Rcosq¢ (p, ¢ —uoaapHble KOOpPAUHATH) paguyca

R mox meficTBHeM UEHTPaNbHOH CHJIHI rek o6paTHO Mpo-

NOPLHOHANABHOH NATOH CTENEeHH pacCTOAHHS OT [EHTPA,
Haxogallerocs B Hadane kKoopauHar. Ilokasatb, yto Ha

JIOOO0# Ayre 3To# OKpPYyXKHOCTHU (—- —g— <K< -g-)
UHTerpaJg meHdCTBUs AOCTUraeT CUMBHOIO MHUHUMYMA.

214. M3yuuTh [BUKEeHHe MAaTepHUaJbHON TOUKH MO .
ACHCTBUEM MNPHUTArUBAOWIEH HEHTPAaJbHOH CHJBI, mporop-
IIHOHAJIDHOH PAaCCTOAHHUIO OT meHTpa O, HcXoAd H3 MpUH-
Huna HauMeHblIero JelcTBUS H NpHMeHas meTon [a-
MUJBTOHAZ — Y K0o6H.
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NPAMBIE METOA bl BAPHALLHOHHOI'O
UCYHUCNEHHUA

§ 13. Koneuno-pa3sHocTHbH MeTon 3dHaepa

[TyeTs pana npocreiiias BapyaludoHHAs 3a1aua; HAlTH 3KCTpe-
MyM (YyHKUBEOHAN3

My =[Fnyyds y@=a4 y®=8 O

B MeTone Diinepa 3HaveHus ¢yHkuuwonana (1) paccmarpusaiorcs
He Ha NPOU3BOJLHBIX, AONVCTUMBIX B I1aHHOM BapHauWoOHHOH 3anaue
KPHBBIX, a JUILUL Ha JIOMaHBLIX, COCTaBJEHHHX M3 3a/aHHOTO 4Mcida #
npAMONMHeHHbIX 3BeHLEB, ¢ 33AAHHLIMK acOumccamy BeplIKH

a+Adx a+2Ax ..., a4 (n—1)A% rae Ax::b',:a.

Ha stx aomausx ¢ysakumonan Jly(x)] npeepaltaerca B ($YHKIHIO
Dy, Y2 «., Yn—1) OPAHHET Y1, Y2, ..., Yn—t BEPLIH JIOMaHOHU.

pAMHATHl Y1, Y2, ..., Yn—1 BHIOHpAWOTCH TaK, yToOb PyHKIUS
@ (y\, Y2 ..., Yn—-1) AOCTHrAJA IKCTPEMYMA, T. € OHH ONpeNeasITCA
U3 CHCTEMB! ypaBHeHuH

o _, 00 oD
9y, Oy "7 Oyn-y

=0. (2)

[Toanyuennast nomaHast ABAAETCA NPUOIAHIKEHRHHIM peulleHHeM Ba-
puanuoHHod 3anaun (1).

I[Tpumep. Hailth npubnHxenHoe pelleHue 3afayd O MHHH-
MyMe (pyHKIHOHANA

Jy@l= [ +2)ds 5=y (1) =0
; |
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] —
Pemeunne. Boszsmem Ax = ——5—0— =(,2 B NOJOXHM

$=y(0)=0  y=y(02), y,=y(09,
y3=y(0v6)’ y4=y(0:8)- y5=y(l):0.

3HaueHus NPOU3BOAHWX NPHOIMKEHHO 3aMCHHM no dopMy.Te

r 7 Ypi1— e
V=Y (0) = —ag
Torna
y o 1 =10 , Y= , Y=Y
y (0) - 0’2 » y (0’2) - 0’2 ’ y (0’4) - 0’2 ’
’ — Ys = Ys ’ — 0 — Y,
Y (0’6) - 0’2 ’ y (0,8) - 0’2 *

Haununifi unrerpast saMensieM cyMmofl no $opmyJe npHMOYTONLHHKOB
[T de =17 @ 4+ 7 () + (e + vor 4+ [(xn) Ar.
&a

Bynem nverts
EYETRY yg-—-yx)z (ys—-ya)"’
D (g1 Y2 Yo yo) = [( 02) + ( 0.2 + 2y¢ + 0.2 +
20 + (LY oy, + (— &) +ou] 02
2 0’2 3 0’2 4 14 p
CocraBnsiem cucremy ypaBHeHHI xjst ONpeeNeHHst OPAMHAT Ui, Y2,

Y3, Ys WCKOMOH JIOM aHOI:

1 6¢‘ Y1 __ Y= Ys __
0,2 ayl 002 0,02 +2=0,

9D yo—yy  Ys— Y 2 9=

I

—

02 0y, 002 0,02 ’
1 0®_y3—y2 Yy — Y3 _
02 9y, 0,02 002 +2=0,
1 00 y,—uy, B
0,2 y4_ 002 +002+ =0

HJH
21—y, = — 0,04, |

— Y +2y2—y3=—0.04,

— Y 4 2y, — y, = — 0,04,
—y3+2y4 ‘ = — (0,04, )
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Pemenne 310R cHCeTeMHl ¥y == —0,08, y; = —0,12, y; = —0,12,
X2 — x

Yy = —0,08. 3HayeHuss TOYHOrO perieHHs y=—-—2——— B COOTBET-

CTBVIOIHX TOUKAX COBMAAAIOT €O 3HA4YEHHSIMH TPHOAHXKEHHOro pe-

IIEeHHA. ' ’

Hafith npubnanXkedHpie peliieHHd 3aja4 O MHHHMYyMeE
(QYHKIHOHAJOB:

215, J{y]= f (4" 4 2+ 2xy)dx;  y{0)=y(1)=0.
0

YKkaszauue. B3ste Ax = 0,2,
I

216. J [y]= [ (4" + 1)dx;
0

a) y(0)=0, y(1)=0,
6) y(0)=0, y(l)=1.

§ 14. Meron, Purua. Meron Kanrtoposuua

1°. Mevoa Purtua. Maest Merosa COCTOHT B TOM, YTO NPH pPasbl-
CKai¥H 3KcTpeMyMa ¢yHkuuoHana J[y{x)] paccmaTpuBaerca He Bce
NPOCTPAHCTBO JONYCTUMBbIX (DYHKIUHA, & AUIUE BCEBO3MOXKHBIE JHHCH-
Hble KOMOUHAUMY J0ONyCTUMBIX GYHKUHE BUjIA

yn(x) == 2 a,p, (%), (1

i=1

rie o; — NOCTOSIHHBIE, a cucreMa {@i(x)), HasmlBaeMas cucTeMmoi
KoopOunarHuix (PyuKyuil, Takosa, 4TO QYHKUHE @,;(x) JNHHEHAHO He-
3aBUCHME ¥ 00pasyldT B pacCMATPHBAEMOM TIPOCTPAHCTBE MOJHYIO
CHCTEMY (yHKUUH, |

Tpe6opauue, uTOGH Y, (x) 6blAH NONYCTUMBIMH ¢pYHKUHSIMH, BO-
ofiie rosops, HaknagbiBacT Ha KOOpAHHATHHE (yHKLHM @;(x) He-
KOTOpble AONOJHUTEJbUbIE YCJIOBHS THRA YCJIOBHH TIJIaJKOCTH HIIH
YAOBJETBOPEHHS TPARMUHBIM yci0BusM. Ha Takux nuHedHbIX KOMOGH-
Hauusx ¢yuxkuuonan J[y{(x)] obpawaerca B (yHKUHIO aprymeHntos
0, 02, «ovy Oal

JHyn (O] =0 (0, oy, ..., ap). (2)

HaxoauM Te aHaueHus o4, o2, ..., On, KOTOPHIE AOCTABJAIOT (yHK-
ol @(o4, o2, ..., Gn) SKCTPEMYM; I/A ITOro pellaeM CHCTEMY,
BOOOILE rOBOpS, HEJIMHEHHBIX OTHOCHTEABHO 1, 02, ..., &n YPAaB+
HeHuH

' o

"a_a';'=0 (ir—‘:l’ 2, se0y n)’ (3)
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M Hailennbie 3navenua o; noxacrasaseM s (1), Iloayuennasi Takum
o6pa3oM nocaemoBaTeNbHOCTh {Y, (X))} sABARETCA MUHMMH3HpYIOUIEH
NOCAE10BATEABHOCTLIO, T. €. TaKOH, A9 KOTOPOH NOC/JA€A0BaTeb-
HocTh 3HaueHwd ¢yHkuroHana {J [yn» (x)]} cxoauress K MHHUMYMY HJIH
K HUKHell rpanu snauedui ¢ynkuunonana Jfy]. Oaxnako u3 TOro, 4To

lim J{ys (x)] = minJ [y (x)},
n—-»o0

eme He caeayer, uto lim y.{(x) = y(x). MunuMmuszupywoumas nocie-
n-> o

ZOBATETHHOCTh MOXET H He CTPEMHTLCS K (QYHKIUHH, Peall3YILEeH
IKCTPEMYM B Kaacce ZONYCTUMbIX (YyHKILMH,

MoXHO YyKa3aTh ycJoBHA, ofecleunBalolie cymectsosanue ad-
COJIOTHOrO MHHAMYMa (VHKIHOHAJAA M €ro JHOCTHKCHHE Ha (YHK-
uusax {ya (x)}.

B cayudae, Koraa yiIeTcd 3KCTPEMYM (YHKIUHOHAA

X2

TN = [ Fz 0 ¢)dx

L

X1
y (x;) =1y, Y (x3) = y,,

9TH YCJ0BHSA TAKOBbI:

1. dynxubs F(x, y, 2) uenpephbiBHA 10 COBOKYINLOCTH CBOHX ap-
FYMEHTOB 1pH J1060oM 2 K npu (x,y) & D, rge D — 3amxuyrasg of-
aacth naockocry XOY, B KoTopoll AeXaT JHUHH Yn (X).

. 2. CymecTByloT KoHCTaHTH o >0, p > 1, B, ana KoTOphHIX

F(xr,y, 2) =alz|’ +8,

KakoBo OH HY Obl10 2 H aad 10600 ToukM (X, y) = D,

3. PyHruus F(x, y, 2) uMeeT HenpepwIBHYIO 4YACTHYIO NPOH3BOJ-
Hylo F:(x,y,z), npuueM 5Ta DOpOH3BOAHAA 1iR JIOOOH TOUKH
(x,¥) € D ect» neyOumBawomas GyHKUUS OT 2 (—oo < 2 << ~-00),

CopMynHpoBaHHEIE BRILEC YCJAOBHR BBINOJHANOTCH, B 4aCTHOCTH,
ans GYHKNMOHANO0B BHaa

’

Iyl = _f [p(x) 4" + g (x) ¥? + 2r (x) y] dx,

y(x)=a, Y(xg) =0, -

rae p(x), q(x), r{x) — 3agaHHbie HenpepmBHLie HA [Xy, x2] yHKuMH,
npuueM p(x) uMeeT HenpepbiBHYIO Npou3BoaHyio p'(x) u p(x}) >0,
q(x) = 0.

Ecan takum wmerogom onpegensercs aGCcoONOTHRIA 3KCTPEMYyM
(¢pyHKMOHAAa, TO NPHOAHKEHHOE 3HAYCHHE MHHHMyMa ¢yuKuHOiaxa
noayuaercs ¢ M30OLITKOM, a MaKCMMyMa — ¢ HegocraTkoM. Ot ynau-
HOTO BhIOOpA cHCTEMBI KOOPAMHATHBIX (yHKuui {p:(x}} B 3nauu-
TeAbHOH CTEMeHW 3aBHCHT VYCIeX NPHUMEHeHHs 3TOro MeTola.

Bo MHorux cayuyasix A0CTaToOYHO B3aTb JAMHEHHYI0 KOMOHHALHIO
ABYX-TPeX GYHKuMA @:(x) AJs1 TOro, 4roOn NOAYYHTH BIOJHE yI0-
BJIeTBOPHTEAbHOE NPHOAMIKEHHe K TOUHOMY pElUEHHIO,
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B cayuae, Koraa npHXOAWTCH HAXOAHTH NpHONHIKEHHO IKCTpe-
MyM yngunonanos J{z(x), Xz ..., X¥a)], saBHcaltHXx of ¢yHKLHI
HECKOJIbKHX HE3aBHCHMbIX mNepeMeHHHX, BbiOMpaeTcsi KOopauBaTHas
cucreMa (QyHKURM

L (xl’ Xy 000y xn)! (Pz (xl’ X2y 000y Xn), saey Pm (xh X2y oas, Xn), ¢ 0

B npubnukeHHOe PpellcHWE BapHalMOBMON 3ajaud MIIETCH B BUIE

m
= Z U@y (¥ Ko over %)
=1

rae Ko3pUuHeHTH oy — HEKOTOpHie nocTosHEHe uucaa. Hag onpe-
LEJ]eHusT MX aHaJOrMyHO NPEegbIAYIIEMY COCTaBJSIEM CHCTEMY ypaB-

., 00
HeniH -(?&-k—=0 (k: 17 2) seey ﬂ), rae (I)(C(,i, A2, ..., a'n) — pe&-
3y.JbTaT NOJACTAHOBKH Zm B ¢yHkunoHan J [2].

MMpumep 1. Hafiru npubankenuoe peiieHue 3apgayy O MHHH-
MyMe (pyHxnHoHnana

I

J{yl= f (y* — y? + 2xy) dx, (4)
0

y(O)=y(1)=0 (5)

H CPaBHHUTbL C TOYHBIM pELICHHEM.
Pewenue Cucremy KoopannaTHoX ¢ynguaii ¢x{x) BmbepeM
Tax:

P, (%) = (1 — x) x* (B=1, 2, ...).

Oyrxkuug @5 (x), OUYEBHMAHO, YIAOBJIETBOPAIOT KpaeBbIM YCAOBHAM
Pe{0) = @a(l) = 0, aBAKOTCH JAVHEHHO HE3ABUCHMBIMH M Hpex-
craasioT B npocrpadcree C [0, 1] nonHylo cucremy. :

[Ipu k=1 noanywaem yi(x) = ai(x — x?). Iloacrasnsis 3TO
Boipaienue Ans yi(x) B pyHKUMOHRAN (4}, nosyuyum

i
Iy, ()] = f [af (1 — 2x) — 0% (x — P+ 20,x (x — x2)] dx =
0

i
= I [a?(l - 4x - 4x2—x2+ 2x3—x4)+ 2a1(x2—x3)]dx=$
0

10

KospduuaenT a; HaX0AHM H3 ypaBHEHHS

oD 3 1
b —putg=0
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5
OTKyla o) = — —=, CJejoBaTejnlo,

18°
. . T
yi (x) = 18x+ 8

Touroe pewenHe Ypapuenie dinepa A1 AAHHOTO (PYHKS
LA OHaja:
y” + y = x.

Peiaa 3To HeOAHOPONHO® JHHEHHOE YpaBHEHHE, HAXOJUM
y (x)=Cycos x -+ Cysinx 4 x.

Hcrosmn3ya rpannunme ycjaosis y (0) =y (1) = 0, noJyynM OKOH-
yaTeaLHO:

sin x
sin1’

y(o)=x—

CpaBHiM TOUHOE peleHHe C NPHGJHKEHHBIM:

x ToyHoe penlexHue IMpubankendoe peie e
0,00 0 0
0,25 —0,044 ‘ —0,052
0,50 —~0,070 —0,069
0,75 —0,060 — 0,052
1,00 t] 0

ITpumep 2. HafATh npaGauikenHOe peiienue HeJHHEAHOTO
ypaBHeHHA
3
7
y =75 Y,

yaoBaeTBopamwee yexossaam y (0) =4, y(1)=1.
Pemeunune OIroit xpaeBol 3agave oTBeyYaeT BapHAUUMOHHASA
3a1aua

1
T = [+ dn y@ =1 y)=L
0

Bynrem uckarth pewenve B BHae
Yi(x)=4—3x+ o, (x — £%),

rae, OUeBHAHO, Yy (x) npn JoGoM 3HAYEHHH O Y/OBJIETBOPAET 3a-
JAHHBIM KDaeBbhlM YCJOBHAM. '
Vimeem :

1

Igi) = [ o (1= 26) = 3 + 4 — 3x + @ (x — )% dx,
0
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OTKYZ2

f
f—f;gﬂ-ij'{u--2x)-2[m<1-2x)-—'-31+

+3(x — x?)[4—3x+ o, (x — x9)]?) dx.

Verosne 2] — ¢ NPHHHMAET BUT
da;
9a; 4+ 4900, + 1407 =0,
TaK 4TO A Oy = — 3,0113 mosyyaeM BCOIY HOJOKHTENLHOE pe-

nIeHKHe 3aJ4uH
yq (x) = 3,0413x%2 — 6,0413x + 4.

Hafitn npubuauKeHHble peliedus CaelyWIMHX 3a1ay
o MHHUMYMe OYHKIHOHAJOB, CpaBHHTb C TOUHBIM pe-

IIEHHCM.
1

217. Iy (9] = [ (5" +29)dx; y(0)=y (1) =0.

0
2

218. J[y (0] = [ (2xy + ¢+ y")dx; g (O)=y (2)=0.

0

219. Hafitu npubauKenHoe pelleHue 3aJa4H O MHHH-
MyMe HHTerpaJsa
1

Iy @l= [*—ry)dy y(=1)=y(1)=0,

-]
1

NpH JONOJMHHTEIBHOM YCJIOBHH J‘y"’ (x) dx =1,
-1

ITpuwmep 3. HaliTe ‘npubanikenuoe peureude 3anaun o6 3KCT-
peMymMme (QyHKIHMOHANA

Iz (x, y)] = fof [(52) + (-3—5—)2 —~ 22| dx dy,

rae D — gBajgpam —a<{x<<a, —a<Ly<<a¥ ua rpaHdle xpajg-
pata z =10 \
Pewenue. INpubankennoe peuwenne O6yAeM HCKaTh B BHIE
zo (x, y) =0 (¥* = a?) (y* — a’).

6 M. J. Kpacuos ® AaD.
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QuesHaio, Tak nocrpoendass QYHRUHA 2p(x, y) YAOBJIETBOpAET
MOCTAaBAGHHHM FPAHMYHHM  ycaoBuaM. [loacraBass 2 (%, ¥),

zéx (%, y) u 26y (x, y) B ¢yuxknoyonan, MNOJYYBM NQCAE HHTErpHpO+
BAHHSA

256 9 32
I z) =" aga® — - aga” =@ (ag).
Hanee, o )
o® 512 g 82 6
dag 45 W% T g ¢ =0
Tag 4To 2o (X, y) = (x? — a?) (y? — a®).

OTKyJAa Oy ==

1602’ 16a2

220. Hafitu npuGauskeHHoe peuleHue 3afgayu o6 3KCT-
peMyMe (GyHKUHOHAIA

e o= [ [[(Z— o) + (3% + 2] dxay,

x2 2
rne D — o6JaacTh, OrpaHuyeHas 3JJHICOM e -+ —g? —

221, Hafitu npubsukeHHoe pelieHue 23 (X, y) 3ajavun
O MHHHMYMe (QYHKUHOHAJA

ets 1= | [[(22]+ (32 asa

rne o6aacte D: x>0, y>0, x+y<1, u Qynkuus
(x, y) ynosaetBopsier Ha rpanuue I x=0, y=0,

x+y—-l yecJaoBHIO 2 |, = x* 4y

2°. Meroa KaHTOopoBHuYa. DTOT MeTOA 3aHHMaeT NPOMEXYTOYHOe
NMOJIOMKEHIE MEMKAY TOYHbIM pelleHHeM 3ajayy ¥ MeTogoMm Purua
NpHMEHAeTCA VA HCCACAOBAlNA HA IKCTpeMyM (YHKIHOHAAOB

. J [2 (xh Xoy see xn)]) (6)

32BHCAIHX OT (VEKUHMA HCCKOJbKHX HE3aBHCHMbIX IepeMeHHBbIX
{(n = 2). Kak 1 B cayuae merona Purtua, Bel6upaeM KOOpPAHKHATHVIO
cucteMy QyHRUHA {Qk (%1, X2, ..., ¥n)} B NpuOAHKEHHOe pelleHHe
HUleM B BHAE
Z .
L = kZJI a, (xj) P (xI’ Xor «oes xn)’ (7)

HO Telepb KOBQJQJHHHGHTH ok (X;) ABAAIOTCA HEH3BECTHBHIMH (QYyHK-
HHIMH OJHOH H3 HE3aBHCHMDbIX EPEMEHHBbIX,
®ynkuuonan (6) sa Qyskuusax sana (7) npeBpamaeTca B QYHK-

unonan J [a(x;), Q2(X;)y «ov, Gm{x;)], 3aBucAmed or m QyHKUHA
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a1{x;), a2(x;), ..., &m(x7). 310 PyHKUHH BuIGUpAOTCA TaK, 4TOOH
¢ydKuMoHan J mocTHran 3KCTpeMyMa, U ONpeAensiioTcss H3 HeolXxo-

AHMBIX YCJOBHH 3KCTpeMyMa ¢yHkuuoHana J,

Hcnoabays Meroa KantopoBnua, noayuaeM npuGauiKeHHoe pe-
menune, Boofite roBopst, Gojee TouHoe, YeM B Meroae Purtua mnpu
TeX Xe KOOPAHHATHBIX (PYHKUHAX {(pk(xl, X3, ..., Xn)} U C TEM Xe
YUCAOM 7 YJleHOB MNpsAGJAHKEHHS.

[MIpumep 4. Halitu npubanxkenHoe pettiedne ypasHedud [lyac-
coHa

- a <
Az = — 1 B npamoyroasukxe D: { SrEsa, (8)
—b<<y<oh
npH ycaoBHu 2 =0 Ha koHTYpE,
Pemenne YpasHeHne Az = —I| sBasercs ypaBHeHHeM -
aepa — Ocrporpaackoro ans q)yHKuHOHaJIa
oz ) ]
——| —2z]|dx dy. 9) -
Iyl = ff ay y 9

Pelnenpe uIiLeM B BH/E
zi(x, y) = (b — y*) a (x);

OYHRKUHA 21(X, y), O4YEBHIHO, VAOBJAECTBODAET TPAHHYHBIM YCJAOBHAM
(8) Ha npaMuIx y = =£b.
[ToacraBasst 370 3HaueHHe 24y B (pyHkuuoHan (9), nHaxoaum

a
e 16 52, 8 3, 8, )
I [2;] = f(lsb +3ba—3ba dx. (10)
-
Ypanuenue Jfinepa aas dyuxkunonana (10)
” 5 5
a —-Wa-——-—“‘—"lbz . (”)

YpaBaedue (11) ecth auHefinoe onHOpOHOE ypaBHeHHE C ITOCTOSIH-
HBIMH Ko3p]HIIHEHTAMH H €ro oﬁm,ee peleHune:

a(x)=Cych +CgshV2 b+

IMocrosnnne Cy; u C; HAX0AUM H3 IPaHUYHBIX YCAOBHH
a(—a)=a(a)=0,
|

gT0 paeT C,=0, C;= — -, T4K YTO
achy/ 2L
: 2 b
' 5 x
! Ch]/'2'3'
a(x)=5|1— .
' ch Sa
L 2 b )

6
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Takum oGpasoym, nogy4yaeM

' Ch"/i_“.‘..1
2
ampy=22 |1~ Z0
2 h 5 a
| ) 57

Jlast noayuesust 6oJee TOYHOTO INMPHOAHXKEHHST MOMXKHO HCKATh PelIC4
HHe 3ajiaud B BHje

23 (%, y) = (b — ¢?) oy (x) + (b7 — y7)? az (x).

222. Hafitu npuGadxKeHnoe pelienue ypaBHenus [Tyac-
coHa A2 = —1 B o6sactu D, ABJIAIOIICHCS PaBHOCTOPOH-

V3

HUM TPEyTOJAbHHKOM, OT paHHIEHHBIM NPAMBIMHA y==£—7—X

H x = b, obpalnlawomeecs B HyJb Ha rpauudue 3T10H obJaa-
CTH.
223. Haiitu npub.nkedHOe petieHHe ypaBhens Az =

= —| B o01actu D, sBasiowefica paBHoOouHOH Tpame-
V3

upelf, OTPaHHUEHHON NMpAMBIME  y==X-——X n x=1,

x = 3, obpalaniieecs p HyJdb Ha TpaHulle 3TOH 06.aCTH.

§ 15. BapuaunoHHble MeTOABI HAXOKAECHHA
COOCTBEHRHbIX 3HAYEHHH H COOCTBEREBIX (YHKUNH

Ypasuenne lltypma — Jluysuang
d "
— 7 (P (D)t qg)y=2y, (1)

rae p(x) >0 uMeer HenpepbLIBHYIO IpPOH3BOIHYIO, §(x) — Henpe-
PBIBHE, NPH YCIOBHAX

y(a)=0, y(b)=0 (2)

nag 06070 AefACTBHTEIBEHOTO HJAM KOMILIEKCHOrO A Bcerza HMeeT
HyJaeBoe (TpMBHAJbHOe) pemenne y = 0.

CopoxynHocTh ypaBHennsi (1) H rpanHunbx ycnoBuil (2) Hasbl-
BalOT Kpaegod 3adayed rypma — Juysuran (1) — (2).

Te 3unavenna mnapamerpa A, INpH KOTOpPHIX KpaeBas 3ajmaua
(I) — (2) wmveer HeTpuBHalpHble pelerHa y(X) %= 0, HasbBawTcd
COOCTBENNbIMI 3HAYENUSMU, & CAMH 3TH pEIUEHHS — COGCT8eHHbIMU
hyrryuamu dannoll Kpaesoil 3adauu.

Ypasuewre (1) ects ypapHenne Jfinepa, OIBeuawollee CAeAyio-
el 3anaue Ha YCJOBHHIT 3KCTPeMyM: HafiTH MHHHMYM  (YHKIHO-
Hana

b
Iol= [ (py'* + q4?) dx ©



§ 15] COBCTBEHHBIE 3HAYENHA H COBCTBEHHLIE &YHKIIHHN 165

MpH ycaoBHaX (2) B yCnOBUH
b

fy? (¥) dx=1. (4)

Ecsan Hekotopas ¢yHKuus y(x) Oyuaer penlennem 3Tofi Bapua-
IHOHHOH 3apmaul, To oHa Oyaer M pemenueM 3azaun (1) — (2), or-
JHYHBIM OT TOXAECTBeHHOTO HyJas B cuiay ycaoBua (4). ITosromy
cOGCTBEHHBIE 3HaUeHHS H COOCTBeHHbie (YHKNMH Kpaesol 3anaud
HItypma — JIuyBu1,19 Ha3blBaloT TakXe cOOCTBCHHBIMM 3HIYEHHAMHU
3! C;)ﬁCTBE!HHb!MH pyukuuaMu (yEKUBOHaAa (3) npu ycaoBHsax (2)
H (4).

CobcrBenHasi (YHKUHA Y (X) Ha3BIBACTCH HOPMUPOBAHHOLU, eCJIH
b

fyz(x)dx=l.

~ Hpuwmep 1. Haiirn cobereennble 3mnauenus #  coOcTBEHIIbIE
GYHKIHA YHKIHOKAIA

3
1) = [ [@e+3)2 " — w7l ds (5)
0
MpH YCJOBHAX
yO=0, y(3)=0, (6)
3
fy’(x)dx=1. (7)
0

Pemenne ¥pasuenne lltypma — JIHYBHIIA MMEET BHI

d
~y— - @+ 32y =1y
HJH

Qe 432y + 42643y + (41D y=0. (8)

YpaBHenne (8) noacraHoBkoil 2x -+ 3 == e! CBOAWTCA K JAHHEHHOMY
ypasHeruo ([11], crp. 143) ¢ moctosilHEIMH K03bdHIHEHTaMH

e d
4+ 4= H (A + ) y=0. (9)

Ero X3APAKTEPHCTHUYCCKOE YpaBHEHHE

42 kA +1=0 (10)
| |
k1,2='—"2—ﬂ:—2"” — A,

HMEET KOpHH
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PacemoTpuM TpH caydvas.
1) A< 0. Torna ofumee pewenue ypaBuenus (9) 6yner
y(t) = Clek‘t + Czekzto

rae k) U k, — nefcTBUTENbHHE 4YHCAY, 4 3HAYUHT, oOlUee PElleHHe
ypasHedus (8):

y (x)=C; (25 + 3)" 4 C, (2x + 3)",
Fpannugme ycaosusa {6) pawoT
C;+ 3% 4 C,3% =0,
C,+9% 4 C,9% =0, }

orkyra C; =0, C,=0 1 y(x)= 0.
. 2) A=0. Torga ;
y ()= (Ci+ Cat)e ?,

a 31avir,
1

Vox+3°

y(x)= [Ci+ CpIn [(2x + 3)]

M3 rpannuyHbX yCAOBHH MOayuaeM
Ci+ CyIn3=0, }
C] + Cz In 9= 0,

otkyaa Cy=0, C, =0, a sHaunrt, y (x) =0,

3) &> 0. Toraa k1.2=“"-é-‘ti 1/22.

1 ofmiee peluesne ypas-

neuusa (9):
t

y (f) —e ° (C,cos Vo t + C,sin VA t).

2 2

IMepexons x nmepemensoll X, noAyuHM

oy cos[ ';A In (2x + 3)J + C, sin [KQ&: In (2x + 3)]
V2x 43

y (x) == (11)

I'pannanme ycaorusa (6) aawoT

Cl COS(VA

5 ln3)+023in(2 ln3)=0,

{Vx ) A
C;cos(lzh In 9)-[-02 sin(Vl In 9):0.

» (12)
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Cucrema (12) GymeT uMeTs HeTpHBHAnbuble pelieHHA, Korja ee
OMpe ACJAUTEeNb paBeH HYJHO!

cos ( VA In 3) sin (VA' 1n 3)
2 2 —0
& ey -
cos(‘ A In 9) sin(} A In 9)
2 2
— /A [V
uau sim (Vh imn3 — 'Ql in 3)=0, T. @, sin \ 23' In 3)-——-0. oT=
A
Kyha —5 In3 =nn. CobcTBEHULIE 3HAUECHHA GYAYT:
4n?n?
An— 11‘[23 (ﬂ=l, 2, ola)’

Beps moGoe ypasuenne cucremul (12), sanpumep neproe, u nox-
CTABJSSI B HEr0 A, BMECTO A, IOJAYUHM

Cicosnnt 4+ Cosin pg =0

HJIH Clﬁ(—-l)""-—“O, orkyna C,=0. Ilonoxus B (11) C;=0 nu
2
n=%%—-, NOJydHM CcOGCTBEHHBIE (PYHKIMH Nauuoil 3ajauu

n[nnln (2x+3)]

in3
x)=C n=1,2,...)
Yn (x) n Vor T3 (
Kosppuurentot Cp, naxoguM H3 yCHOBHST HOPMHUPOBKH
3
2 .
f B2 () dx =1,
0
4yTQ JaeT
C, = =+ 2
T Vins3 '
a4 3HayMrT,
n[nnln (2x+3)]
2 In 3

(n=1, 2,...).

Un (1) === Vox + 3

B chaegyiomux 3amgadax HaHTH COOCTBEHHBLIE 3HAUe-
HUS ¥ COOCTBEHHBIE (YHKUHHU:

|
224. J[yl= [ (> + y")dx,
0

I
yO=y()=0, [ydx=1.
J 0
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2

2
225. J[y]=fx2y’2dx, y(1)=y(2)=0, nydx=l.
) 1 1

226. J[y]={ (64> + £4")dx,

1

e
y()=y@E) =0, [y dx=1,
1

2n

227. J [yl = J (2~ y") dx,

n

2n
y=y@n)=0, [ yPdx=1.

1

228, 7[y]= | [3y* — (x+ 1)y |dx,

0

1
y(0)=y(1)=0, | y?ds=1.
0

CofcTBeHHbe 3HauU€HHss H COOCTBeHHbie (hyHKIMH BapHANUOHHOIL
sagaum (3), (2), (4) obnaparoT pAnOM Ba’KHBIX CBOJCTB,

Ecnu Am u A, — ABa pasanuyneix coGeTBEHHBIX 3Haueliiis
¢ynkiMoHaaa (3), npu ycaoruax (2) 1 (4), a Yym(X) H Ya (<) —
COOTBETCTBYIOILUE MM COOCTBEHHBIC (PYHKUHH, TO 3TH GYHKUHH Ym (X)
H Yn(X) OPTOronanbHH, T. €.

b
(i@ m@di—0  mrm

2) Bce cobGcerBeHHble 3HaueHHs Ap, pyHKuuoHada (3) Bele-
CTEEHHBI.

3) Ecan An ecThb coOcTBeHHOe 3HaueHne (yHKuHOHada (3), a
Y= (X¥) — COOTBETCTBYIOIAA HOPMHDOBAaHHAs COGCTBeHHAs (PYHKHA,
TO

I {yn (2)] = Aa.

4) Hanmenbluee n3 coGCTBEHHBIX 3HAaueHHH COpNanaeT ¢ MHUHH«
MyMOM QyHKNHOHaIa (3) npu yeaoeuax (2) u (4),
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IMpumep 2. JlokasaTh HepaBeicTso
m 7
f Y (x) de > f y (k) dx, y(0)=y (n)=0.
0 0

b4

o . 2
Pemenune, Halinem min f y " (x)dx npu ycaoBugX
0

T
fy2(x)dx=l, y(0)=y (a)=0.
0

YpagpHenue Diliepa 1ng ¢dpyHKiHOHANA

I
1ol= [ Lo (1) = 29? (1)) dx
0

HMeer BUHA
Y +Ay=0  y(0)=0  y(n)=0

- 169

Co6cTreHHbie QYHKIMKM TOCIenHedl 3amaud CyTh Y, (¥) = sinnx, a

coOCTBeHHbBIe 3HaUeHUd An == A2,

Haumensiiee cofcTBenHoe 3HaueHde ecTs Ay = 1, Ilo3tomy,

COrJIaCHO CBOJCTBY 4)
n
. 2
min ( o (x)dx=1.

v

¢

Carenorpareasno, paaa Jmoboft  dyuxuun  y(x), A1 KoTopoH

T
f y? (x) dx =1, umeem
; |

n n
[v'0de= [y ax
0 0

DTO HEpaBeHCTBO YAYYIIHTDL HEAb3d, Tak Kak npu Yy (x) =

HMeeM

n n
2
fyi (x)dx= J. y? (x) dx = 1.
O i)

sin x

V=
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n
3ameuanue. Ecm J y>(x)dx==Fk* 5~ 1, T0 3ajpaya CBO-
0
. _ y(x)
AATCA K nNpeAnaywef nyremM Bpeaesds GyHKUHH 2 (x) == P

[Toabaysick 3KCTpeMasbHbLIM ONpeneseHHeM COOCTBEHHHIX 3Haue-
HHH, yKaxeM cnocolbl X MpHOAHIKEHHOrO BBIYHC/JEHHSI C HCMOJAb30-
BanueM Metona Purga. [Mpu 3toM caegyer MMETbh B BHAY, HTO METOJL
Putina paet aas coGCTBEHHOro 3HaueHHs NMpHOAHIKeHHE ¢ H3OHLITKOM,

[Tpumep 3. Hailtu npubauxkenHo nepBoe COGCTBEHHOE 3HAUE-

HHE 3a]a4H
y” + kzy — 0,
y(—1)=y(1)=0.

Pewenue 3anaua o MuHHMyMe QyHKIHOHAAA

1
f y’gdx
-1

NpH YCJIOBHAX

1
y(~D=y()=0 = fyﬂ(x)dx:.-l
-1

ABJAIETCH H30MNEPHMOTPHUYECKOH 3ajauefl H CBOAHTCA K 3ajavye o0 M-
HuMyMe QYHKLHOHAaAA

1
J = I (y'2 — R2y2) dx,
~1

A7 KOTOpO#t ypaBHenHe Jfaepa coBmajgaer ¢ 3anaHHeiM guddepen-
nHanbHbIM ypaBHeHHeM Y7 + A%y = 0, y(—1) = y(1) = 0.

O6wee pewtenne ypasuenus ectb y(¥) = Cicos Ax -} Casin Ax.
U3 rpasAYHBIX YCAOBHH HAXOLHM

Cycos A — Cysin & =0, }

) 13
CicosAh -+ Cosind = 0, (13)
TAK 4YTO YCJOBHEM CYIUECTBOBAHHS HEHYJAEBOro pelueHHA CHCTEMbI

ni

(13) aBnsercs ycaosue sin 23 = 0 uan A== 5

Takum o6pasoM, aas mMepBoro COGCTBEHHOTO 3HAYEHHS HMEEM

2

. X )4 . :
Y == COS ——, A= 5 nepeuii o0epToH y == sin mx, A == 7, BTOPOH

2
2 n "
Al==( ) H OCHOBHOR TOH CTPYHBI TOYHO JAA€TCH pelleHHeM

0GEPTOH Y == COs B;x’ Z==-§3-ﬂ: H T, A




§ 151 COBCTBEHHBIE 3HAYEHMA M COBCTBEHHBIE ®YHKUNK 171

Dyaem Hckarh A9 CpaBHEHHS NpUOUIHKEHHO YETHbIE pelleHHS
'(ueTHBIE TOHA CTPYHBI) B BHAE MHOIOYiE€Ha, PACMOJIOMKEHHOTO IO HeT-
HbIM CTefleHaM X. Bo3pMeM KOoOpAuHaTHbIE qayx-zxu;m B BHIE @i (X) =
= Xh-2— 2k (k=1 2, ...) u OygeM MHHIMH3HPOBATL (VHK-

m
unoHat J Ha OQyHKOUEX Y (x)=;2| ¢, ¢, (x). Orpannunascs

k=1
8
y1(x) = cip1(x), 6ynem umern J =cf (—3— —_ % 12), TaK UTO A4
OnpezeneHus €4 noJyuaem
al 8 16 ,,
dcy 201 (—3——-—1-5—k)—-0.

M Tak xak n0.KHO GBITB ¢4 %= 0, To A2 = 2,5. Deps B KauecTpe ¥

y = ci¢1 (x) + c29, (x),

_Qg____z) (8 2) 88 16 2)
]'—"1(3 5 &) T2t |5 105’L + e (105—3157“ ‘

H 0J19 ONPEeAEJEHHS €1 H C» NOJyuaeM CUCTeMY |

ol _ (16 32, 16 32 2)_ )
de, ”’(3 | 15A)+"2(1—5' o5~ ) =% |
o] (16 3 2) 176 32 )__ i
002_01(15 ik "'"2(105 315 =0

VeaoBHeM CYILECTBOBAHHA HEHYJEBBIX pemeHull ¢; M ¢y mocaepnedl
CHCTEMb! SIBASETCS PABEHCTBO HYJMIO OMpEJeJHTEs] CHCTEMBI, UTO

naer A'— 2847 4 63=0, orkyma A]=2,46744, A3 = 2553256.

CpaBusMm galdgennbie NPHOAHXKEHHbIE 3HAUEHHS A% H ?Lg ¢ TOUHBIM,

’

2
9 A 2
Tounoe snauenne A; ecrp (?) ~ 2,46740, TouHoe 3HaAuUEHHE 3,2

3n\? 2
ecrb (T =~ 22,20661, Ttak 4ro no.nyqenﬂoe MPAGAHIKCHEHE Aaa A]
'Becwa TOYHO, B TO BpeMf KaK JAJs1 BTOPOro cCOGCTBEHHOTO 3Hauye-
HH$ T0JY4Y€eHO rpy6oe npuGJaHIKe e,

[Tpumep 4. Hajitu nepBoe cobGCTBeHHOE 3HAUEHHE 3aJa4H

'+ A1+ x)y=0, y(—~1)=y(l)=0.

Pemenne., BosbMeM B KayecTBe KOOPAMHATHLIX (QYHKIHH
dypruHE @a(X) =1 —x2* (R =1, 2, ...), oueBHJHO YJOBJETBO-
PSIOIME TPAaHHYHBIM YC10BHAM. llpubHnMan :

y{x)==c; ({1 — x?) 4 ¢y (1 — x'),
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[OCTAaBHM 33134y O MHHAMH3aUuH# (QYHKUHOHana
! -
= [l =201+ gl dx,
-1

AN KOTOPOro IAaHHOE ypaBHeHHe ecTb ypaBuenue Jidnepa. Dyaem
HMETb

_ o(8 128 ﬁ_ﬁ) 2(32_5888
]""(E T(ﬁk)"‘gcl“?(s % M)\ 3w )

Jlaa oupepeneuds ¢y H €, 10JyYaeM CHCTEMY

8 128 16 64 )
Gor=2a (3= *)+ 2 (5= 55 ) =0 |
of 16 64 32 5888 i
Be, T 0 (T“E")“Cz ( =~ 3465 ’“)—“ j
YenoBue CyHI€CTBOBAHHSA HEHYJEBOIO PELUSHHUA NOCACAHEH CHCTEMH

jaer
5242 — 10684 - 2079 =0,

OTKYHa, B3AB MeHBIIHH KOPEHh, HaxomuM A, = 2,1775.
Hpunyun Pasresa. Ilycte uMeeM 3ajauyy O COOCTBEHHEIX 3Ha-
YEHHAX

LW =— 4 (r@E)+e@y=2rme ()

oy (a)+ By (a)=0, of+p]>0, }

’ 2 2 (15)
ay (0) + Boy (0) =0, a5+B5 >0,
line bp (x), P’ (x), q(x), r(x) nenpepuBunl Ha [a, b); p(x) > 0 na
a,

@OynknHio y(x) nasoeeMm donycrumoi (y < D), ecaum oHa
NBa)Jbl HENPEepuIBHO JHpdepeHnspyeMa H yIAOBJCTBOPAET Kpaes
BbIM YCJOBHAM (13).

IlpeAnosoKuM, UTO A9 KaKAOH ZONYCTHMOH PyHRuUUHA y(Xx) BbI-
NOJIHAETCA yCJI0BHE: '

b

[ oL () ax>o0.

a

B 3toM canyuae kpaeBas 3ajawa (14) — 15) mmeer nuwb neficTBH-
TenhHbie COOCTBEHHLIC 3HAUCHHS A,

3anaue O COOCTBEHHBIX 3HAYEHHSAX MOMXKHO NOCTaBHTb B COOTBET-
CTBHE CAeAYIOULYIO BaPHAHOBHYIO 32N ayYy:
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Cpell BCeX AOMYCTHMEIX (QYHKUHA y(X) TakHX, 4TO
R .
f r(x) y2dx >0, (16)

a
b

[ oL@ ax
HafiTH Takyio, IJs KOTOPOH ab == Mmill,
[rxyay

a

Ilyets ¥ == P1(x) ecTb pemenne 5To# 3anauy,
Ecan Ay ecTb MHHHMAAbHOE 3HayeHHe, T. €. eCjH

b b
.
yL (y) dx f YL () dx
M =y1’1;_1_-1[}) ab = - b ’
r
r{x) y*dx fnp%dx
a a

TO Ay ABASETCS HAUMEHbIUHM MOJIOMKHTEAbHbIM COOCTBEHHBIM 3Hauye-
HueM, a Pi(X) — COOTEeTCTBYIOLLEH €My COOCTBEHHOI (YHKLHEH.
Ecau Ha pomycTHMBIC YHKUHH, KpoMe YCJIOBHs (16), HaI0XUTD

eule OJHO yCJOBHE
b

ff'lbﬂ/d:(::ﬂ

a

(yci0BHE OpPTOroHAJbLHOCTH), TO 3ajgaua
b

[ oL (g)ax

b
f ry? dx

a

==min

cnoBa 6yAET UMeTh HEKOTOpOe peuenue Pa(x).
Ecan Az — COOTBETCTBYIOIIEE MUHMMAAbHOE 3HaueHue, To Az Oy-

Jer caeayiouiuM no BedauuuHe (Ag 2= Ay) coOOGCTBeHHHIM 3HAYEHHEM,
a P2(x) — COOTBETCTByIOMEH eMy COOCTBEHROH (YHKuHER, OpTOro-
nHanbHoi K P1(x). Boobuie, ecau y¥xe H3BECTHH MEPBbic B MOJNOXKH«
TENbHbIX COGCTBCHHLIX 3HAUCHMH

ll\<~_x2< s e <3ﬂk



174 NMPSMBIE METOIAb! BAPHALUMOHHOrO HUCUYHCJ/IEHHS [TJ, (11

H COOTBETCTBYIOWAA HM OpTOrOHaabHas CHcTeMa coOCTBeHHBIX
b yHKILHH

b, (5), b, (%), -y By (%),

TO caeaymllee co6CTBEHHOE 3HAYEHHE PABHO

b
f yL (y) dx

. a
Z‘k'!“I == IMin
yED

b 4
f ry*dx \

a

NpUYEeM Tenepb paccMAaTPHBAIOTCS Te AonycTHMble OGyHKuHE y(x),
IuIst KOTOpHiX, Kpome ([6), Buimoasensl cneAyiouiHe AONOMHHTENLHbIE
yCAOBHSA:

b
J‘r(x)\pv(x)y(x)dx=0 (v=1, 2, ..., k).

a

Ecar B ypasueduu (14) dynxuma r{x) >0 ua [ae, b), T0 nas
OlLEHKH CBEPXY HAHMEHbILEro MOJOKHTENLHOr0 COGCTBEHHOTO 3HAUE-
HHS A; YacTo HCNOAL3YIOT CJAEAyIoUlee HEPABEHCTBO  (NPHHLHM
Psaes):

b
[ oL ax

b [
I ry?dx

a

A <

Mpumep 5 C nomoupio npuhudna Psaes ouenuts 2y Aas
caeaylouleli 'Kpaesoi 3anaui: .

—y'=1y, y(0)=0  y(1)=0

Pewenune B nawem cayuae L{y)=—y", 1. p(s)=
= 1>0, g(x)=0 8 r(x)=1>0 na [0, I]. O esaaHo, a; =0,
By=1 a,=1, B,=0, Tak uro a, + Bl =1>0, a'_§+13§=-- 1>0,
B kayectBe gouycTumoit $pyskiud Bo3bmeM y (x) = | — x¥; corJaacuHo



§ 15] COB‘CTBEHHbIE; SHAUEHHS U.COBCTBEHHDIE ®YHKLHI [75

npuHuuny ‘Pajesa 6ynemM uMmeTh
I I
fyL(y) dx f2(1-—x2) dx
0
< = =

‘f ry?dx J. (I — x2)dx 15
0

4
3
5 =

2
g
OTMETIIM, YTO TOUHOE 3HadeHpe A, =7~ 2,4674,

B crenyiouiux 3amavax OLUEHHTb HaHMeHblge coOCT-
BeHHble 3HAYCHHA:

229, — " =A(10—= %) y; y(—)=y(l)=
230. — y” =Ay; y(0)=y (1)==0.

Metoa Kanroposuya (MeTon IpUBEeNeHUS K OOHLIKHOBEHHEIM AU~
depenuHaNbHEM ypaBHeHHAM) TakKie MOKeT OBITL HCHOO/bL30BaH B
3ajave pashicKauus coOcTpeHdbix 3HaveHMH d ¢yHknuit. Ilycrn, na-
npuMep, UMeeM ypaBHeHHe

Az + Az=0
B obsiactH D u nycrb
2]11:0,

rae I' — rpaunpa o6nacta D.
bByneM nckath peiieHne B BHJAE

mﬂkg[ ay (x) Pp (x, ) + Po (%, ¥),

npHuYeM KoopauuaTHbie (QYHKIUH @x(X,Yy) H Heu3BeCTHHe ToKa
GyHKuHE @4 (X) Boibepem Tax, 4ToOLl 2, (X, Yy) ob6paliajinCh B HyAb
pcony Ha I, @yuxunu aq(x), 2(%), ..., &m(X) AOMKHL yaOBAE-
TBOPSITh CHCTEMe ypaBHeHHUH

I[Azm-[—kzm] O () dy=0 (k=12 ...,m) (I7)

Dy

U ofpaplatbCd B HY. b IIpA KPaHHHX 3HAUEHHAX aprymeHTta. 34€Chb
Dy — ceuenne oGaactu D upamoi x = const.

Te 3sHauenuss D,, npu xortopeix cucreMa (l17) umeeT HeTpH-
BHAJBHOP pellieHHe, AaAyT UPHUONHIKEHHYIO BENHYdHY COOGCTBEHHEIX
SHAYCHHH, a camMd pelleHdss ZaAYT npnﬁ.nn:xeﬂne K COOCTBEHHBIM

PYHRUHAM.



176  TIPSIMBIE METOIbl BAPHALMOHHOIO HCUHWUCIIEHHUS [TJI. I

Mpumep 6. Halltn npub.amxenno nepsoe cOGCTBeHHOE 3HAS
yeHHe H [1epBYIO COOGCTBEHHYIO (PYHKUHIO 3ajavuH

Az 4+ Az=10, zlp =0,

rae 06aactb D — npAMOYroabHUK: — a << x <<a, — b <y <o,
Pewenue, HMmem pewienue zapgayd B BHaE

21 (x, y) = (y* — b%) oy (x).

Ypaeuenue (17) B 3TOM cayuae npuMeTr BHA

b
“2al+(y — o) ai + A (y* —6%) 0, (4* — 6B dy =0
~b
HJIH
Ol + (30— g o) = (12

oy (— a)=a; (a)=0.

OGuiee pewenne (I8) ecTn
a(x)—CIS]n .l/-x ——;Ox-*-CzCOS]/.K—WQx.

YyureiBasi CHMMeTPHIO 3andaud H BuiOHPAas yacTHOE peweHHe, 0y

qaem
5
C,=0, Cgcos]/h——-wa=0,

OTKYa §CHO, 4YTO HETPHBHA/bHOE DellieHHe MNOJYYHTCsI TOJAbKO, ecaH

]/7‘“‘2_51;2" 0= (2k — 1)%;

(2k — 1) 512 5

A= (2a)? + 262 °

B yacrtyoctH, Ana & = 1 naxonum

10
(2a)2 T (2p)?

BMECTO TOYHOTO 3HAYEHH]
m?

2
A=Tayr T @y

Owubka menbime 1,3%,
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Anst nepBoéi cOGCTBEHHOR HYHKUMH 10ayyaeM MPHOAUIKEHHE

nx
2y (x, y) == (y* — b*) cos S5

¢ B cnempyownx sagmavax HaATH npubauxenHno nepBol
COOCTBCHHO@ 3HAYEHUE:

230, y”" 4 Ny=0, y(0)=y (1)=0.
232, y” -+ A(2-4cosx)y=0, y(0)=y (n)=0.

233. Hatitu npubauxxkeHHo nepBoe colcTeenHOe 3Haue-
HUe€ 3a1a4d

Az 4+ Arz=0, z2|.=0,

rie o6aactb D — Kpyr eHHUYHOrO pajuyca ¢ LEHTPOM B
Haya/Je KoopAHHar,



OTBETbl U YKA3AHWUA

1. a) fn=0 B Touke (0,0) 6) fmax=1 B TOuke (0,0);
B) sKcTpemyma Her. 2. DdkcTpemyma HeT. 3. finig = — 8 B Toukax

V2, —=V2) u (=V2, V2); B toure (0, 0) srCTpéMyMa HeT.
4. fmin=0 B Touke (0, 0); B TOURax OKpyxHOCTH x° 4 y* =1 nmeer

MECTO HECTPOrHi MaKCHMYM. 5. fmax=} '3 B Touxe (1, —1). 6. fmiq == 4
B TOUKE (-—;—, 1, 1). 7. fmin=—1 B Touke (I,0). 8. fpp=

3V3 o Q;n). 3V3 (n :m)
== g B Toqxe( 3 T3 ,' Fmax 3 B TOUKE 3 5
n?tn-4-2
I 2 : 2
9. fmax:(n2+rz+2) anx1=x2=...=xn=m.

11, Her. 13. Uncaa o, n B, A0MKHbH GbTh KOdpPALHEHTAMI Pypbe

(V% - 1/12") !
7 e et o (e )+

i 36 I8 12
— -—-—-_-..-) 15. fmm=—l—3- B TOYKE (——l-g, —H—-) 16. fmin=14 B TOU-

]
pyuxmmr f(x). 14 fmin= —-—5- B TOYKax

V2 1.3
kax (2,2, 1), (1,2,2) n (2, 1,2); fmax=4 -547 B To;max (%, ?4, -;—),
a
Gt d) o (5 e e
B TOYKE (-—g-, —g-), fmax == 11 B Touxe (- -g—-, —--g-) 19. fin=—9
B Touke (—1,2, —2); fmax=9 B Touke (I, —2, 2). 20. fmax=-§-
B TOUKE (-—é-, -g-, %) 21. Ykasanne, Hckarb MHHHMYM ¢YHKe

4V'5

5

IHH 2 = ?12- (x" + y") npu ycaoeur x 4+ y=3S, 22, ¢t 23.

| A

24,

19Y2

e+ 25. Kpagpar co croponoft a=RY 2. 26. Pamuyc
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OCHOBaHHSl UHIHHADA r = — ]/2-}-—-:::, BpicoTa A==R ]/2-—

27. TlepBniii. 28. BJII{30CTE> Jio6oro nopsaaka. 29. Bnuzoern J1}060I‘0
nopsinka. 30. p=e"l 31 p=1 82 p=e—1. 33 pj=e—1.

. 35. pjooy = e. 36 Hemnpepunen. 37. HenpepuiBen.

38. PaspelBeH (pPaccMOTPETb MOC/AEAOBATEMLHOCTD Yy (1) = —m nx).
39. a) PaspuBen; 6) Henpepmsen.240. a) PaspuiBen; 6) HempephiBeH.

41, Henpepugen. 45. AJ ==——°

7
48.
a Al b5/ a?
Al =0 -+ —
1 1,2 1 T
—01  —0,008 —0,1 5 —
0,01 0,01002 0,01 =&
2 3 2 .
. =2 Dats3—ga+ Ly =220,
a 5s AT

{ 47919  6,6821

0,1 04792  0,4963

0,01 00479  0,0481
50. 1) [a; 2) ma 3) aa; 4) mer. 51 &7 (4] =2/ [g] -8/ [4].
53, AS =3k + ef-x 12 8] = 3k

k Al b7

1 4,582 3
0,1 0,3158 0,3
0,01  0,03016 0,03

[ .—-.é.. _8..2~ —_5.
54, A!—~3 k+7k,6l—3k

k AT o7

1 9810 1,667
0,1 0,181 0,167
0,01 0,0168 00167

55. Af = = k2 8] = O;

3
k 8s Al
—1 0 13333
0.3 0 0,1200
003 0 00,0012
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b ~ b
57. OJ = I Oy dx. 88. §J=2 f (y 8y — y' by’ ) dx.
a a

, |
59. 7 =24 (0)-8y (0) + [ (xy + 29’ &y’) d.
0

n

60. 6J = [ (y' cos y &y + siny dy’) dx.

e

b

A 3 ’
61. 6] = (——f—- oy, + ———f-éyz-{- oo 0}’, éyn) dx.
J \ % 0y, Ay,

62. 8% [y, y] = 27 [8y, dyl.

63, 6%eF W) = oF W ((s5F)* + 8°F).
b

m
r.
20— | N __9F (k) 5 (D)
6.8 = | ¥ —x o v oy

prmo 0¥

Re

66. 87 = [ | [F;’z(az)“’Jr F” 82824 ...
v P44

G X
R N A (62:;)2] dx dy.

ZyZy

b n n
67. 82 = F” 8y, 8y, -+ EF” 8y, 8, -
) —' yp Vi Yk gy YO

a Li k=1 i, k=1 "Lk

(]
4 E F”, , Gyg éy;] dx.
= Vit

68. Beectn B paccMoTrpenHe ¢pyHKIHOHAJ
I [@+an] = (a)

M BOCNOJL30BAaTLCA BTOPHIM omnpeaenciuemM Bapuauuu. TpeGobanue
8J == 0 npUBOAUT K HHTErpanLHOMy VpaBHEHHIO

b
[KEene@as+em—fn=0

69. ITocTynass anaJOTHYUHO TOMY, KaK CAENano B lIpemnayilneM
DpPUMepe, HaXOgHM, YTO (YRKUHOHAJIbHOE ypaBHeHHe JHJepa, Bhipa«
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)aiouee obpamenre B HYJIb nepBofl BapHauuu, AMeeT cJepyoLlEh

BUA: _
(re’) —@(x+2)—@(x—2)+ @(x) +]{x)=0.

A10 — cmewannoe AH(GGEPEHINANLHO-PASHOCTHOS YPAaBHEHHE,

r\7’ sh (2 — x.
70, — (p@’) +go=[(x). Tl.y=—x% 72 y= (Shl )
73. JlBe s3xctpemann }

_ 14+(3%£2V72)(2x— 1)2
4(V2 = 1) oo

’i P —
74, Ine SKCTpemManH y—]/ (x4 1)2 y—]/ (3x — 1)2.
75. y = (C + x)sin x, rne C — npou3BoabHAA nocTosHHAsL. 76. y =

— Ly a B A R

—2[ + (1 4+ e) xe™ l].77.y——6x-6x.78.y—~6x
I

—~— %342, 79. y=Inx. 81, Hurerpaa ne 3aBuCHT OT NyTH HHTC=

6
TPHUpOBAMHS;, BapHaUHOHHAsA 3ajaya He HyeeT CmuIcaaA. 82, y==(,
ecii ¢=0; upu o« % 0 rnaakod SKCTpeManH He CYLECTBYeT.

83 y=cosx. 84, y=cosx-+ Csinx, rae C — UPOH3BOJbHASA MO-
croguHan, 85. y=x 4 1. 86, y == SET . 87 y-—ez(l"x’ 88. Her

SKcrpeuaneH ypaBHeHHe Jinepa ne uHmeer peweHnuil. 89, y = C, 4

-} ng-——4—— 90. Her skerpemadteit. 93. y=Ce 4 Coe™ J‘+—;—xe .

94. y=2chx. 96. y= Jisinx 97, y=2x. 98. ORKpyXHOCTb

sin x;
3
=K. 99. y= (1 — x) sh x. 100. y=-’-‘—.-(x3+6x+1) 101. dxctpe-

Myma mer, 102. BapnauwoHHam 3apa¥a He HMeeT CMbic/d, TaK Kak
M0J 3HAKOM HHTErpana CTOHT NONMHLIA Au(depenunan. 103. y (x)—sh X,

1 [ y (x) =sin 2x,

104, y=— x% 105. 3 32+u2
2 lz(x)""""" 2 +
P, :
X)==——\(x bx — 6), == sin x,
o0 | y (x) 3 (x> 45 ) 107, { y(x) '“
2 (%) = . 2 (x) ==sinx,
(1) =5 41
x) =-—"—4 1,
108. Y 3+
z(x)=1L

0z \? 9% o0z 0%z
110. (ax) 6x2+(6y) 557 =1 (. o). 1L dAr=o,
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n ,
o d 0z '
, 112. E._a?j—'(al (xly * vy xn)'é;;')'l'b'(xly..., lxn)z=
7=l \

=f(xls sy xﬂ)'
113. Pewen e 3azaua craBuTca Tak. Cpenu NOBepXHOCTEH
z = f(x,y), pacnonoxeHHbIX Haj obOnacteio D njockoctu xOy H
NpOXoAAIIUX Yepe3 3aMaHHYI 3aMKHYTYIO MNPOCTPaHCTBEHHYIO KpH-
BYIO, MMEIOWYIO CBOefl MpoeKkiHeil rpaHuunyio KpuByio I' obaactu D,
HaiTH TaKyio, MJI0aab KOTOpoi

S = ] fl/l-{-cpx-i-cp?dx y

MUHuMaJbHa (3amaua Ilnato). [das stoil 3apmaun guddepenunadb:
HOe ypaBueHHe JDHjepa ecThb

d Px d Ty

+ =0
dx 2 2 dx 2 2
Vitel+e Vitel+q?

HJdH B paSBepHyTOM BUL€E

Oy (1+ 02) — 20,00, + @, (1 + ¢2)=0.

D710 ¥ ecTb HCKOoMOe nuddepeHuHaMbHOe ypaBHeHHe MHHHMMAJbHbIX
noepxHocTeH. Pusnueckoe ocymecTBjIeHHe MHHUMAbHOH NOBEpX-
HOCTH JaeT, HaupHMep, MbilbHAas IIJIeHKA, HATAHYTas Ha NPOBOJOU-
HYIO TNIeTJIO. )

114. z(x,y) = y. 3anaua uMeeT eJHHCTBEeHHOe pelleHue, XOTS
FpaHHYHLIE YCJOBHS 3aNaHbl He Ha BCEH rpaHule.

115, rcoso+ Cy=C ]n‘rsincp-}- Vr:zsinzq)—-C%

117, x%cos Cy — y?cos Cy — 2xy sin Cy = C .

118, I_[eHTpa.anoe noae. 119. a) CobcTBeHHoe nogde; 6) nei-
TpaabHoe Mone; B) nonst He o6pasywr. 120. CoGcrBenHoe noie.
121, a) LledTtpansnoe nose; €6) noasi He ob6pasyioT, B)-COGCTBEHHOC
nose. 122, a) llerdrpanbroe nosne; 6) coGCTBeHHOe node; B) HOMg
He oGpasywT. 123. [Tona He 06pas3yioT, Tak Kak 3TO ceMelCTBO KpH-
BLIX NMOKphIBaeT He BCK o6nacth D. 124, y = C; ch x o6pasyoT cob-
CTBEHHOe noJe 3KcTpeMasneii; y == Cash x o06pa3syloT WeHTPaMbHOE
rose akcrpeMadnedi, 125, y = C cos x o6padymir co6GCTBeHHOe MNOJ€
kcTpeManet; y = Csinx 06pasylOT neHTpadbHOe INoJe 3KCTpeMma-

” X
aei. 126, dxcrpemans y = r3 (1 — x%) BKIOUaeTCs B WEHTPAAbHOE
3
X

noje 3KcrpeMmaJef y=C1x——-6— ¢ uentpom B Touke O(0,0).

127. IJKCTpeManb y = e¥ MOXKHO BK/IIOUYHTb B cOOCTBEHHOE MoJIe
skerpemaneil y = ex + C, 128. Ecnu a << @, TO IKCTpEMATb Y y =0
MOMHBO BKJAIOYHTL B LEHTPAJALHOE I[oJe S3KCTpeManedl y == C sin X




OTBEThI 1 YKA3AHHNY

¢ uentpoM B Ttouke O(0,0). Ilpy a > n ceMmelicTBO KpPUBHIX
y = Csin x nona ®e ofpasyer. 129, DxcrpeMans gy = x + | BKJ10-

yagrca B coGcrBeHHoe mone oy = x4 C. 130, y = — -%—

131. y (—i--— x) = 0.132. y2 — 1 = 0, 133. 0%(1,0), 134. Conps:keHnHok
ToukH HeT. 135. Buinonusercsa., 136. Bunonusercs npu awoGom a.
137, Ycnosue flkobu suonneno, IxcTpemanp y == 0 MOXHO BK/IO-

YHTb ¥ B LEHTpanbHOe H B CoGCTaeHHOe noJjie sKerpeMadned. 138. Yeao-
b—1

Bue fKoOH BHINOJHEHO. -IKCTPeManb g == ¥+ 1 ™MoxHO

BKJAIOYHTL B HEHTPaibHOe NOJe 3KCTpeMasnefdl ¢ pneHTPOM B TOyke
A(0,1). 139, VYcaosue fxo6H une Buminosaneno. 142, Ia. 143. [a.
144, Ia. 145. [a, 4wo ycaoBue JlekaHjpa BbINOJAHEHO JMAHIIb NPH

_c;< 1. 146. Ha oyHknuu y — ¥ 10CTHraeTCs CHIAbHBIM MUHHMYM.

147. Ha ¢ynxknun y = 21n (¥ + 1) nocruraercsl CUAbHLIA MHUUMYM.
148. Ha ¢yuruuu y == x2 pocrturaerca caabwifi mMunumym. 149. Ha

NpAMOH y=r-= * ROCTHraeTCs cnabuit MudumyM. 150. Ha xpuBoit

_In (1 4 x)
Y In 2
Y = COs X -~ sin x gocTHraercs CHJAbHHIA MakcuMyMm. 152, JKcTpeMyM
Ha uenpepuIBHLIX KpPHBbIX He jpocruraercd. 1583. Ha npamonr gy =
== 2x + 1 pocrturaerca cnalnifi MuHUMyM. CUJabHOTO 3KCTpeMyMa
nHer. 154. Ha skcrpemany gy = 2x — | pocTyraeTcs CHJIbHBII MHHH-
mym. 155, Ha skcrpemanu gy = ¥2 noCTHraeTCa CHJBHBIA MHHHMYM.
156. Ha skcrpemany gy = x-——1 pocturaerca cnadblii MHHHMYM.

JocTuraercss cuabuuifi MuHumym. 151 Ha xpuso#

157. Ilpu | b | < V‘% Ha 9KCTpeMaly y = -b—x pocturaetrcd caadsii
a
MHUHHMYM, a nipul b | >—(—1———- cnabuit MakcuMyM, IIpu |6 == a

V2 V2

sKcTpeMyM  He  pocruraercs. 158, Ha  skcrpeMann g =

3
= ]/[(cf"2 —p") x4+ p”]® npu p 7= ¢ nocturaercs ciaGuifi MUHH-

MYM; TIpH p == g 3KCTPeMa/bi0 ABJAeTCA NpaAMaf y¥ == p, AOCTABJIAIO-
1masg cnabbii MAHEMYM.

X
Sh—"*::‘

_Ve

Sh——!:::

Ve

1
HHOHAAY cHAbHBA MHuuMyM. 6) [Ipu €<0, |8i>-n—2 9:£CTpeMaib

159. a) [pu e>0 KCTPEMAJb Y == 10cTaBAseT pyHK-

X

E———

Le]
1

Viel

sin
= AOCTaBJAET GyHKUHOHAAY CHIABHBIA MaKCHMYM.

sin
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B) Ilpu e = ( peirenue 3KCTpeMasibUO# 3alaud B KJacCe HenpephiB<

HHX (PYHKOUH HR CYINeCTBYeT.
x-1

Pacemorpum pyHkumo gg (x)=e Ve (e >0), sBasomywocs
peinenyeM ypaBuenuss Jinepa ey” — y = 0 gaa pannoro (HyHKnHO-
Hana. PyHKnuA Ye(X) YAOBIAETBOPsieT rpaHHYHOMY ycaoBuio y(l) =1
TOYHO, 2 BTOPOMY rpaHHuHOMYy ycaoBuio y(0) = 0 oHa He yHOBJ€-
rBopsier. Opnako lim yg (0) = 0. Ilpu e—0 noayuaem u3 pg(x)

£->0

«lpeeabHoe pelieHye»

y(x)={

0, 0 x<l, \

l, x=1o
21n (1 + x)

n 2
HaMyM. 161, Ha akcTpemanu y(x) = | uMceM CHABHBIH MHHHMYM.

naeTt CUJbHBIH M-

160. Ixcrpemany y= —

b b 3
162, Ha skcTpemaan z (x) = — X npu .a_< V{? JOCTHraeTcsl C1a~

V3
2

b 3 .
-——=L lake cnabbli skcTpemyMm He jocturaercs. 163, Ha

a 2

b .
NpaAMOi y=— % npu b << a pnocturaetrcsa caalbiifi MHHHMYM; NpH

nocTyraeTcsd CaabHIil MaKCHMyM, npH

Gl MHHEMYM, TpH %>

b > a — caalwbiii MakCuMyM; IpH b = aV 3 — cunbHbIl  MaKCHMYM,

a npy b<al/'8 Her HM CHJABHOrO MHHHMYMa, HH CHJABHOrO MaKCH-
Myma, 164, Ha skcrpemanu y = 2x, 2 = 4x nocturaercs cnalwif

MUHEM VM.
y=x
165. DxcTpeMansio saBagercss MapaGoaa ) , Koropag
2=x"—x
BKJOU3eTCH B HERTPA4JbHOE IoJe SKCTPEMH.HEﬁ
y=ax
y (S)
z=x*+Bx

(¢, § — napamerpn), ¢ nenTpoM B Touxke (0,0, 0). Buimonnedue ycu-
adenubix ycaosuii Jlexanapa oueBuano. ITokamxem, uto Ha OTpeske
0<<x=<C1 He cOnmepXuTCs TOYKH Xx* CONpPSIKEHHOH ¢ TOUKOIL
x == 0. IIna sToro nocraTouno yGenuThes, 4TO 3KCTPeManu ceMeli-
crBa (S) He mepecekaioTcs ¢ JlaHHOB 3KCTpemadbio npu X [0, 1]
B camom gerne, nonyctiM, uto B Touke x™ & (0, 1] mepecexatorca
Kak#e-HuOynb aBe sKcrpemanu cemeiiectsa (S). Torma Oynem umerthb

oy x" = dpx”, 1
2 2
X7+ Piat = x" 4 Box™ i

OTciona BbiTeKaeT, YTO o4 == dl2 ¥ PB1 = P2. CaenoBareabno, Hu-
KaKuHe JBe pa3ubleé 3KCTpeMaluy He MOTyT nepecekarncs. Takum oG-
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Pa3oM, YCHIEHHOe ycnoBHe $IkoOH BuimosusieTcss HA orpeske [0, 1] u

Boo6ue na A1060M OTPe3Ke KOHEUHON [JIHHBI,
" . x—C
166. Cemeitctro skcTpemaneft y (x) == C,ch —-——C—,—?- — A. Ilpo-
1

H3Boablble mnocTosiineie Cy, Cz2 W mapaMerp A onperensiorcss H3
YCJIOBHIT

—~C x—C
yo=c,ch.§2?l__2__x, y,:clch_;é.;__z__;b,
Xt

2 L x['—Cz__ xo—cz)_
J‘Vl-}-y dx—~C,(sh————CI sh~————~01 = [.
X<

167, y(x) =3x?+2x+ 1. 168 y(x) =% 2sinnnx, rae n—

ne’soe uHcao. 169, y(x):i(2x—-—x2). 170. V6. 171. r=R,
) Y10

2= Ci + Cp. 172, ——. 173. V30. 174. 2T —1. 175. —2.
B V5 10

178, -‘%—L 179, V17 +4y6 (—g--VE‘I). 180. 1. 181, Ecun

cos x; # 0, TO B3KCTPEMyM MOXET nOCTHraTbest JHIIL Ha NPAMOH
y=20,

n
}- Ecmi ke cosx; =0, T. &, x;=—-nn, rpe n— uenoe

z2=0 2

yHeao, 1o y == Cysin x, 2= — Cysin x, rpe €y — npoH3BOJABHAS 1O~
2

crosinHas, 182, 7 (A, B) =4 cthi 1. 183.7 (4, B) =%§-. 184, y=2x°,

185. JloMaubie AHHHW, COCTABJIEHHLIE W3 OTPE3KOBR MPAMEIX Y ==X H
y=1 WJIH H3 OTpPe3KOoB npaMelX y=0H y=x—1, jpaior a6co-

JTHBIE MuHHMyM. [lpsmas y=-5 % naer caabuil MAKCHMYM.

186, y==—x npu 0Ty <L y=x—2 npt 1 <x<<4uy==xnpH
0Cx<<3; y=—x-16 npn 3<x<{4. Ha Toit u npyroit JomaHoi
GYHKUHOHAN JOCTHraeT abcosioTHOro MHHHMyMa. 187. IHe cymecr-

0, x<C0,
eyior. 188, y =—-—{ R 189, 3xcTpemaltH — nNpsAMbIC JIHHHH.
x, x>0,
Ecau —%3-:%‘— <1, TO CYmECTBYIOT IBa PA3pLIBHBLIX PEUICHHST —
27 X1 -

JAoMauble JIMHUH, napaijefibHule GUCCeKTPHCaM KOOPAHHATHHIX YIJOB.
190. IIpsimas y = xtg @, coenuHdAOmAas 3anaHHBIE TOYKH, JA3ET CIa-
GBIt MakKCHMYM, ecid 0 <tg @ < m, corabuil MUHEMYM, ecma R <tg @ <
< 2m, # 1. n. JloManas JHMHUS, COCTABJEHHAA U3 OTPE3KOB NPAMHX,

—

TQHFEHC YrJA0B HAakJOHa KOTOPHX paBeH 5

nt {n — nenoe
YHCJ0), AACT CHJALHBIH MUHHMYM,
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191,
| i%x’ 0\<\x\<~—1§-,
yly=) £V9I—(x—57 -%6—< x<—3-5-4-,
i
192, 3xcrpeMany — 3AAUNCH
(x -{(;;01)2 n Z; . 0

¢ neHTpamu Ha ocm Ox. I'panmna ponycTumoii ofnact# onpeac-
nseTcs ypaBHeHHsAMH y =0 H y? = £2(x— C;3) (nocaefHee ecrb
pewenue ypaBuenusa | —y?y'?=0). Ilapamerpm C; u Cp noabu-
paloTcsl Tak, yToOn 3/7adnc (1) mpoxoaus yepe3 3ajaHHbie TOukH A
u B. Ha pyre smaunca dyduknuoHan pocrdraet MakcuMyma. Ecad
nyTs oT Touky A Ho Touku B BHOparh no AyraM AByX napabon
(4, BO3MOKHO, N0 OTpe3Ky npamol y = 0), TO nmOJayuuM DasphbiBHOE
penleHue, Ha KOTOPOM (PYHKNHOHAJ ROCTHraeT MUHuMyMa (min J=0j.

193 By _ ®y* dp Xy . 8y _ p dp _ P
dx T 4p? dx T 27 7 dx o 2xy’ dx T 4xy?”

195. 24— p dp __ y _
de Ve g2— p? dx  VE+g¢y—p

dy, _p1 8pi _, dys _ py dpy _ dyi  p1

190 e =9 dx — 0y T o dx W WGy T 2y,

2 2
dy;  pp dpy  pr dpy Py

de 2, dx 4 dx 445

dyy Pi dy, S dp, . dp, —
198, e =—% gy = Ve g =% g =0
dy, _ _ pi dys dpy dpy __

de 2’ dg 'Pw dx =2% gy =0

199, y* = C1x* 4 C,. 200, y®=1In®x. 201. x=0C; X

—x—1

XJ‘ y + C,. 202, Ha sxcrpemany y= £ 2x '

V@i —-c;
AOCTHTAECTCH CHJAbHHA MAHuMyM: min J == — —i—. 203. p(x, y)=

’ —. ’
=¥ 2xyx2-. SKCTPpeMadH — NOAYOKPYHHOCTH y = ch —(x— 02)2
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¢ nenTpamMM Ha ocH Ox; y =V 2C x — x? — sKcTPeMasd, npoxons-
mue uepe3 - Hawado O (0, 0); none — BEPXHAA nNOJAYNAOCKOCTD.
204. Jlyra OKpYyXHOCTH C ueHTpoM B Touke O (0, 0), mpoxoxpswas

yepes touky M, {x;, y;) naer cunpHbfl MEEREMYM, 205, xF (?) = .
206. doumncnt 3x2 — 8xy + 6y% = C. 207. x* + 2y3—3xy?—2.t§y=C.

208, f= V144" 209. f = xy l/;_ 210, f= xyy’’
2ll f= V ( 2 + )(r y'© 4+ y2) 212. llennas nauuud.
213. Yxasaune, HHrerpan pefictBus J= J ’l/————l—‘zh)(
X V92 + 0’ dg.  214. TpaegTOPHHE — SJJIHICH Jg -+ QhQ-TC -
- VCQ(;;SE 5 Xy = -SESP— 215, ToyHoe peuieHHe y == E:: : —

216. Touure pemenns, a) y =0, 6) y=x. 217. Tounoe pemenue’

2shx — x. 219, ¥V k a-

y=-;- (x> — x). 218, TouHoe pelueHHe gy =

3aHHB e 7npulJHKEHHOE pelenHe uckaTh B BAle yp (x) ==

= (1 — x?) 2 akxzk. Tounce pewenune y= cos=- . 220, Yxa-

2
k=0

8aHHe B KaUueCTBE KOOPJHHATHOH (QYHKIUMH B3ATb Xy; TOrna
2, = TErE Xy, . ¥YKa3zau¥e B KaueCTBC KOOPAHHATHBHIX
$yHKu# Bamb ®o (X, ) = x2 + v ¢, y)=xy (1l —x—y),
(%, Y=xy(l—x—y), .. n (% yy=x"y (1 — x— y). Torne
23(x, y) = x + y: + xy —_ \f — ) [3,0401 — 0,0562 (x -} x?)].
222, Yk aszauue: neppoe npﬂﬁnm{(enﬂe uckaTh B Buae 2;(x, y)=

x? 3 X x2

2 e r e - — —_—— 2 -
:z( 3)a(x). Forna 2 (x, y) 4(1 6)( 3).

3 1 1 —3° 2.3
223, 2y {x, y)= T (y2 —3 xz) (—*1:—3—6 X~ mg‘x"5 - l)..

224, A,=1+ né:rr,ﬂ, Yn (%) = = V2 sinnne (n=1, 2,...).

: . ni '
9 0y® sm( [n x)
295, A = A2 i']*;fg“ , Yn(x) =% n 2 . 226, Ay =
Viyz Ve
_ Bdwen® V2 sin (nn In x)

‘ = n=1, 2, ...).
2 Ve ( )

2270 Lnsl _'n21 Yn (x) =i “/% Sinﬂx (ﬂ= l, 2, ...)-
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188
228.
sin[mln(l-{-x)]
13 In2 2 4 4n2n? In 2
Ap === n‘lln-t.Qnu sy Un(®)==x - —
- Vinyz vVifz

(n==1, 2,...)

929, Bepem y =1 — &7, nonyunv A; << —1%58—' Tounoe sHauenue

Ay == _cli- 230, Bepem y==x (1 = x), noayusm A; << 10. Tounoe 3ua-

ueHHe 2,]-—=ag. 231, A;=10; Tounoe 3waueHue L?-s-n?. 232, A;=0,493.
233, A;==6; 2z, (x, y) =a (x4 y*—1).
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