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TEOPUS BEPOATHOCTEM

Ilpy ¥M3y4yeHUH pa3/IMYHbIX SIBJIEHMI B NMIPUPOJE M OBLLECTBE MCCIEAOBATENb CTAIKHUBACTCH
C IBYMS BUAAMH 3KCIIEPUMEHTOB — TEMH, Pe3yNbTaThi KOTOPHIX ONHO3HAYHO MPOTHO3UpYe-
MBI B JAHHBIX YCJIOBUSIX, U TEMH, Pe3YJITaThi KOTOPLIX B YCIOBUSIX, KOHTPOXUPYEMBIX HCCJle-
JIOBaTeJIEM, OIHO3HAYHO CIIPOTHO3UPOBATh HENIb34, 2 MOXHO JIMLIb BbICKA3aTh IPeANOJIOXe -
HMe O CIEKTPe BO3MOXHBIX pe3yabTaToB. B mepBOoM ciryyae roBOpST O ieTepMUHUPOBAHHBIX
SIBJIEHUSAX, BO BTOPOM — O SIBJICHUSIX, HOCALIMX CIydaHHBIA xapaktep. Ilpu 3toM umelor
B BH]LY, UTO a priori (3apaHee, 10 NPOBEACH MU 3KCIIEPMMEHTA WIM 3aBEPLICHUSA HabmoneHUs
3a SIBJIEHMEM) B TIEPBOM CJIy4Ya€ Mbl B COCTOSSHMM NpeAcKa3aTh Pe3yibTaT, a BO BIOPOM —
Her. Jlng nanpHeinero HeCylleCTBEHHO, YEM BhI3BaHA NMOAOOHAsA HeNpenacKa3yeMOCTh —
3aKOHaMM MPUPOJbI, JIeXAlIMMH B OCHOBE M3y4YaeMOro SABJICHUS WIX HEMOJHOTON MHOp-
MalLIMH O IpoLeccax, 06ycaaBIMBaIOLIMX 3TO siBJieHUe. BaXHBIM OGCTOATEILCTBOM SABASAETCS
HaJIHYMe caMoro (pakTa HelmpeacKa3yeMOCTH.

Teopyst BepOSITHOCTEM, H3NIOXEHUIO OCHOB KOTOPOH IMOCBSLIIEH 3TOT pa3c)i, IpU3BaHa
JIaTh MCClIeI0oBaTeN 0 BO3MOXHOCTh OMUCHIBATL MOAOOGHOrO poja 3KCNEPUMEHTHI M SIBIEHUS
Y IIpeIOCTaBJIseT eMY HaleXXHbI MHCTPYMEHT ISl U3yYEHUSI PealIbHOCTH B CUTYaLIMAX, KOTIa
JeTEpPMUHHUCTHYECKOE ONUCAHHE HEBO3MOXHO.




nasa XXXVII
QJIEMEHTAPHbIE COOBPAXEHUA

Tlpexie yeM nepexoauTh K CTPOrMM OIpeaeeHUAM OCHOBHBIX MTOHATUH TEOpUM Be-
POSATHOCTEH, Mbl pACCMOTPUM HECKONBLKO NPOCTLIX U B TO Xe BPEMS TUITUYHBIX CUTYaLlUH,
NpU3BaHHBIX NPOUUIIOCTPUPOBATh UIEWHYIO CTOPOHY JaIbHEHLLIETO U3JIOXKEHUS.

§ 1. Cxema cnyyaes

IloTpe6HOCTh B TEOPETUKO-BEPOSITHOCTHBIX METOAAX, KAK IPaBUJIO, BO3HUKAET B CUTYaLIUH,
KOrja McXoJ M3yyaeMOro sIBJi€HUS MO TEM WIU UHBIM NPpHYMHAM HE MOXET ObIThb ONHO-
3HayHO CrporHo3upoBaH. OAHOM U3 MPOCTEULLIUX MOJeNeH TAKOro copra CUTyaluid MOXeT
CNYXHUTb cxema cayyaes. Ilon cxemoii cayyaeé Mbl MOHUMaeM TakKyiO CHMTyaUMIO, KOIaa,
BO-TIEPBbIX, MHOXECTBO BO3MOXHBIX UCXOJOB pPaCCMaTpMBaeMoOro 3KCriepyMeHTa obpa3sy-
€T KOHEYHYIO COBOKYIMHOCTb, @ BO-BTOPhIX, KaXIblii U3 UCXOL0B UMEET TaKUe XK€ WIaHChI
Ha OCYILECTBACHMUE, KaK U Mo6oi aApyroi. Ilpy 3TOM mpeanonaraercs, 4To UCCAeayeMOe

SIBJICHUE MOXET HabnoparbCs B UAEHTUYHBIX ycnommx’) HEOrpaHHM4Y€HHOE€ YHUCAO pa3 —
3KCIIepUMEHT 00J1aiaeT CBOMCTBOM MOBTOPSAEMOCTH. OyeBUIHO, YTO B 3TOM Clly4ae LIaHChl
Ha OCyHIECTBJIEHHE TOIr0O I HHOIO UCXOoZa B KaXIO0M OTAC/NBHO B3SATOM IKCIIEPUMEHTE TEM
MEHBIlie, YeM 060abllie CaMUX UCXOOO0B, a ILAHCHl Ha OCYIIECTBIIEHUE KaKOH-1U00 rpyIibl
MICXOAOB IPOIOpLMOHAIbHBI KOJIMYECTBY UCXOJ0B B paCCMaTpyBaeMOU rpyIine.
Npumep 1. PaccMOTpUM 3KCNEPUMEHT, cocTosiniA B noabpackiBaHun MoHeTl. MMpernebperasn «HetuTaTHb-
MU» BO3MOXHOCTSIMU — MOHeTa cTana Ha pebpo, 3akatunace B Wwienb, NpUAMNAa K NOTonky v T.n. — Gyaem
CYATaTb, HTO BO3MOXHbLIE UCXOAbI ATOrO IKCNEpUMEHTa — 3TO BbinageHue repba wnmu pelueTku (pewuku).
Ecnn npepnonoxutb AONONHUTENLHO, H4TO MOHETa ABNAETCS PU3NYECKU CUMMETPUYHON U 4TO IKCNEPUMEHT
NPON3BOJUTCA «4ECTHO», TO Mbl NONY4MM NPOCTENLLIMIA NPUMEP CXeMbl CNYHaeB C ABYMSA PaBHOBO3MOXHbLIMM
ncxopaMu. 3aMeTM, HTO €CRM MOHEeTa HECUMMETPUYHA, TO PACCMOTPEHHbLIA 3KCNepPUMEeHT CxeMon cny-
4aeB B HaweM NOHUMaHUM onucaH ObiTb He MOXET, Tak Kak ucxombl yxe He 6yayT obnapatb CBOWCTBOM
pPaBHOBO3MOXHOCTH,

Mpumep 2. Nyctb B ypHe nexnut N U3NHECcKn MAEHTUYHbIX WapoB, NPOHyMepoBaHHbIX oT 1 go N. 3kc-
NEPUMEHT COCTOMT B U3BNEHEHUM LIAPa U3 YPHbI, BOSMOXHBIA MCXOA, OQHOKPATHOro uasneueHns — nioboi
Homep ot 1 go N. Ecnu waps! TwWatenbHO NepemMellaHbl U U3BNEKAIOTCA U3 YPHbI Hayraa, TO Mbl UMEeMm
npuMep cxembl cnyyaes ¢ N paBHOBO3MOXHbIMU MCXOAaMN.

1.1. BepostHocTb ucxoga. CoGbitne. BeposTHOCTb COOLITUS

JInst onucaHus BO3MOXHOCTH OCYIIECTBAEHHUS TOTO UM HHOIO UCX0/1a B CXEMeE CJIyyaeB BBe-
JIeEM KOJHUYECTBEHHYIO XapaKTEPUCTHKY YKa3aHHOM BO3MOXHOCTU — 8epOsIMHOCMb Ucxooa,
KOTOPYIO ONpeNeauM KaK BENHUUHY, O6paTHO NPONOPLMOHANBHYIO 00111eMYy KONUYeCTBY IV
PaBHOBO3MOXHBIX ITPY ONHOKPAaTHOM IMPOBEICHUM IKCIIEPUMEHTA UCXOI0B:

k
rae k — HEeKOTOpPBIH KO3 GULIMEHT NMPONOPLHOHAIBHOCTH.

D o KpalHeH Mepe B MpUHLMIIE.
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115 TOro YToObI MOHAThL, KAKMM OH HOJIXXEH ObITh, BBEAEM ITOHATUE COOIMUA , KOTOPOE
MOXeT (MJIM HE MOXET) OCYLUECTBIATLCS B 3KCIIEPUMEHTE:

Coboimuem 6 3Kcnepumerme, OnUCHIBAEMOM CXeMOU cay4aeg, HA306emM Nl00YI0 cOBOKyn-
HOCMb UCX0008 pACCMAMPUBAEMO20 IKChepUMeRMA.

Mui Gydem eoeopumbs, umo cobbimue OCyusecmeunocs, ecau & pe3yabmame 00HOKPAMHO20
npoGedeHUs IKCNEePUMEHMA Peanu308aacs 00UH U3 COCMABARIOUUX SMO coObimue Ucxo008.

NMpumep 3. PaccMOTPUM 3KCNEPUMEHT, COCTOSLUIA B M3BNEHEHUM POBHO OAHOM KapThl U3 TLIATENbHO Ne-
petacosaHHOW KONOAb!, copepxaulein 36 kapT. ITOT akCnepumeHT MoxeT ObiTb ONUCaH CXeMOoi Cny4aes
¢ 36 paBHOBO3MOXHbIMU MCXOAAMMU.

MNpumepamn cobbiTWiA B pacCMaTPUBAEMO CUTYaLMIM MOTYT CNYXWTb Ceayiowme:

— & = {un3sneuenHan kapTa UMeeT MacCTb Nuk}. 3T0 COBLITME COCTOUT U3 BCEX (9) NUKOBLIX KapT.
OHoO ocywiecTensieTcs (NPOUCXOAMT) B 3KCNEPUMEHTE, ECNU Mbl 3BNEKNM U3 KONOA! 1/06y10 NUKOBYIO KapTy.

— JlecaTka = {U3BNE4eHHan KapTa — AecaTka}. ITo COGLITME COCTOMT 13 BCOX (4) kapT ¢ n3obpa-
xeHneM aecatkn. OHO NpoMCXoauUT, €CNM Mbl U3BNEKNU U3 KONOAL! #00YI0 RECATKY.

— Kaprunka = {ussneuenHas kapra — saneT, AaMa, KOPONb UM Ty3}.

Eciu y Hac ectb napa co6bITUii A U B, To MOXHO CKOHCTPYMPOBaTh U3 HUX HOBbIE
coObITHS, NONL3YACH CJEAYIOLIMMHU ITPOCTHIMU ITPaBUNAMU NEHCTBUH:

Cymmoii 1Byx cobbiTuit A U B Ha30BeM cOObITUE, ITPOUCXOAsIiee, €CU TPOMCXOAUT 60
cobbiTue A, NnMb60 cobbiTHe B, 1160 06a 3TH COObITHUS OIIHOBpCMCH}{Oz). Jlerko noHATH, 4YTO
cyMMa COOLITHIH COCTaBISIETCS U3 BCEX UCXON0B BXoAsiiMX 1160 B A, 1ubo B B, npu 3TOM
o61me ucxosl (T. €. BXOAA1ME OTHOBPEMEHHO U B A, U B B) BXOAAT B CyMMY OIHOKPAaTHO.

O6o3HayeHue s cyMMbl: A U B.

Npumep 4. B onucaHHOM Bbilie 3KCNEPUMEHTE C U3BNEHEHUEM OAHOM KapThl 13 36-NMCTOBOM KONOALI CYMMOM
cobbitnii A = {n3sneuexHan kapta MacTu nuk} = {6#, ..., T#} n B = {n3sneyeHHan kapra — KkOponb} =
{K&, KO, KO, K&} 6ynet cobbitne C = {6#, ..., Th, K&, K, KO}, cocronwee 8 3BNe4EHM KapTh!
MacTu NuK unm nboro kopons.

Coemewernuem (npoussedenuem) nByx cobbiTuii A 1 B Ha3oBeM cOObITHE, MPOUCXOISIIIEE,
eclv cobbiTiS A M B ocywiecTBASIOTCS ONHOBPEMEH HO.

CoBMenieHue coObITHI COCTOUT U3 BCex o01MX g cobbiTit A 1 B ucxonos.

O6o3HayeHue Lig coBMeiieHus: A N B. Yaiue Bcero 3HaK COBMEILEHKs M OMyCKaloT,
obo3Hayas copMeniene cobbiTuit A - B = AB.

Ecnu y cobbiTHit OTCYTCTBYIOT 001LIME UCXOJibl, TO TAKKE COOLITHSE BMECTE HE NMPOUCXO-
1aT. OHM Ha3bIBaloTCs Hecoemecmusimu. TIpy cCNOXEHHN HECOBMECTHBIX COOBITUM OOBIYHO
UCITONBb3YyeTCs 3HAYOK «+» BMECTO 3HayKa obbeAuHEeHUs U — CyMMa 00603HayaeTcs B 3TOM
chayyae Kak A + B.

Mpumep 5. B onucanHOM Bbilwe 3kCnepumeHTe cosmeleHnem cobuituin A n B Gypet cobbitue, cocrosuiee

B M3BNEYEHUN KOPONS NUK.
3pech xe cobbitva @ n U — HeCoBMeCTHbI.

Ompuyanuem cobbITU A MU COOLITUEM, NPOMUBONONONCHHM COOLITUIO A, HA30BEM COObI-
THE, Mpoucxoasiiee, Koraa cobuitue A He npoucxoaut. Otpuuanue (MPOTHBOMNONOXHOE
COBBITHE) COCTOMT M3 BCEX TEX UCXOIOB IKCIEPUMEHTA, KOTOPLIE HE BXOAAT B A.

?) B cooTBeTCTBUH C onpeaeeHueM co6bITHS, OHO FIPOMCXOAMUT B IKCNIEPUMEHTE, €CJTH OCYIECTRIAETCS I060H
13 61aronpUATCTBYIOIMX eMY UCX040B. OQHOBPEMEHHOE OCYILIECTBICHHE COOLITHH NMOHMMAETCH KaK peann3auus
B 9KCNEpUMEHTE MX o6L1Iero ucxoaa.
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OGo3HayeHue 11 OTpUL@HUSA (TPOTUBOMOIOXHOIO COOLITHS): A.

Npumep 6. B onucanHoM Bbile 3KCNepUMEHTe oTpuuaHueM cobbima B GypeT Cobbitve, COCTONAWEE B W3-
BneyeHun noboi KapTel, He ABNAIOWENCS KOPONeM.

PaccMoTpuM Tenepb COObITHE, KOTOPOE B fajibHelieM 6y1eM 0603Ha4aTh 6ykBoi 2, co-
CTaBJIEHHOE U3 8Cex UCXOOB pacCMaTpUBaeMOro 3KcriepuMerTa. O4eBUIHO, UTO MPU 410601
peanu3aluy 3KCIepUMeHTa Kakoi-HUOyab UCXo 0053aTesIbHO OCYILECTBUTCS, a ClIe0Ba-
TeJIbHO, OCYLECTBUTCSI COObITHE (2, YTO laeT OCHOBaHME Ha3BaTh 3TO COOLITHE docmosep-
HoiM. OHO MPOUCXONMUT BCEraa, KOraa MpoBOAUTCH IKCIepuMeHT. TlornonHuM MHOXECTBO
B03MONCHBIX B PACCMaTPUBAEMOM 3KCIEPUMEHTE COOBITHI COOBITUEM HEB0IMONCHBIM, KOTO-
poe B JaHHOM 3KCIepuMeHTe He npoucxoaut. HeBo3aMoxHoe cobuiTHe OyneM 0603HayaTh
CUMBOJIOM Q.

Jlerko MoHATb, YTO €CAU MBI UMEEM JAENO0 CO cxeMoM cayyaeB ¢ N paBHOBO3MOXHBbI-
MM HMCXOJaMH, TO obliee KOJUYECTBO BCEX COOBITUI B pacCMaTpUBAaeMOM IKCIIEPUMEHTE
pasHo 2V

< [JeiCTBUTENBbHO, COOBITUMA, COCTOSIL{MX POBHO U3 OXHOro Mcxoaa, 6yaer N, U3 AByX
HMCXOIOB — C%, , U BOOO11IE, COOLITUH, COCTOAIUX U3 S UCXONOB, OyaeT Cf, . TakuM o6pa3zoM,
YKCJI0 BO3MOXHBIX COOBITHIA paBHO

N+Cy+Ch+... +Cy+... +C¥;

ecv 106aBUTh TeNnephb K 3TOMY KOJIMYECTBY €111€ OHO — HEBO3MOXHOE — COOBITHE,, TONYYUM
MCKOMBIiA Pe3yJIbTaT, TAK KAK U3BECTHO ), YTO

1+ N+Cy+Ch+... +Cy+... +Cn =1+ 1) =2¥,

OTKYyJa U CleayeT UCKOMOE. P
OTMETUM HECKOJILKO OYEBUAHBIX COOTHOLLIEHUH:

VA AUA=Q, AA=0, A=A,
=0, =0
ECTCCTBCHHO oA BEpOATHOCTBIO co6umw1 MOHUMATh Bennqnny, HpOHOpuHOHaJIbHY!O
KOJIHUECTBY BXOAALLIX B HEIro UCXOONO0B — €CJIU HEKOTOpOE COOBITUE COCTABJICHO S UCXOona-

MU, TO €ro BEPOATHOCTD MOJOXUM paBHOM

k
S-P=3S N (2)
I1pu 3TOM SICHO, YTO 4eM GOJIbILIE UCXOOB BXOIAT B COOBITHE (TOBOPAT — 61arONPUSATCTBYIOT
OCYUIECTBJIEHUIO COOBITHS ), TEM GOJIbliie IIaHChl Ha €r0 OCYLLECTBIEHHE, KaK CNeCTBUE —
TEM 60JIbLLIE Er0 BEPOATHOCTb. BCe COOBITUSA, OCYLIECTBAAIONHECS B IKCTIEPUMEHTE, C TOYKH
3pE€HUs LUAHCOB Ha OCYIUECTBJIEHUE €CTECTBEHHO pacrosiaraloTcsi MeXIy HEBO3MOXHbIM
Y JOCTOBEPHLIM COOBITUSMHU.

BeposiTHOCTb HEBO3MOXHOIO COOBITUS MOJIOXUM PaBHOM HYJIIO, OTMeYas TeEM CaMbiM,
4TO 1IAHCOB Ha OCYIECTBIEHUE HEBO3MOXHOIO COOBITUS HET.

BepossiTHOCTL JOCTOBEPHOrO COOBITUSE MOXET ObITh MPUHATA PABHOM J1HI060MY MOJIOXM-
TENbHOMY YUCNY — HMKAKHUX 3allpeTOB MM OrpaHUYEeHMM Ha 3TO 3HaueHHUe HeT. Tak Kak
JIOCTOBEPHOE COOLITHE BKJII0YAeT BCE BO3MOXHBIE UCXO/IbI, TO €r0 BEPOSTHOCTh OOJIbILIE BE-
POSITHOCTH N11060r0 Ipyroro cOGbITHS B 3TOM 3KCIIEPUMEHTE U paBHa, B cuiy (2), cymme
BEPOSITHOCTEN BCeX UCX0NOB, T.€. P(Q) = N - k/N = k. TakuM 06pa3om, K03 GHLIHEHT
MPONOPLMOHATBHOCTH B COOTHOLIEHUM (1) paBeH BEpOSTHOCTH JOCTOBEPHOTO COOBITHS.

%) 3peck Hcnonb3oBaHa ¢opmyna HeloToHa g paznoxeHuss GuHoMa,
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ITockonbKy BbIOOp 3HaUY€HHUS! BEPOATHOCTH AOCTOBEPHOIO COOBITHUA HE BIMSAET Ha CO-
JNEPXKATENbHYIO CTOPOHY ONMUCAHMS BO3MOXHOCTH OCYIIECTBJIEHUS TOTO MJIM WHOTO UCXOza
B CXEME CJIYYaeB, a MEHSET TONBKO MaclITab LIKaIb U3MEPEHUS BEPOSITHOCTEN, MONTOXHAM

PQ)=k=1

Y, TEM CaMbIM, 3aBEpLIXM ONpeLieieHHe BEpOATHOCTEH MCXoa U COOLITHSA B CXEME CIIy4aeB.

CyMMHpy$ BbILLEU3NIOXEHHOE, ellie pa3 OTMEeTHM, YTO BCe COOBITUS, NMPOMCXONAILHE
B 3KCIIEPUMEHTE, MOTYT ObITh €CTECTBEHHBIM 06pa3oM paHXUPOBaHbl B COOTBETCTBUH C UX
IIaHCcaMM Ha OCYIIECTRJIEHHUE NPY OXHOKPATHOMN peaiu3alMM 3KCniepuMeHTa. B aTol paH-
XYPOBKE OHM PacCroaraioTcss MeXAy HeBO3MOXHBIM COOBITUEM, KOTOPOE He NPOMCXOAUT
HUKOTJA, U JOCTOBEPHBIM, KOTOPOE pealiu3yeTcs BCeraa, Koraa peaiu3yeTcsi 3KCIepPHMEHT.

Mepoii ocylecTBUMOCTH J1I060ro CoObITUS A BBICTYIIAET €ro 6epoAamHocms, onpene-
nsieMasl KaK OTHOIIEHHE KOJHYeCTBA S OGNaronpUATCTBYIOIMX OCYLIECTBIEHUIO COOBITUS
HCXOIOB K 0011eMy uuciy N Bcex BO3MOXHBIX MUCXOHOB:

S
VA P(4)=—.

OTMeTHM HEKOTOPBIE CBOACTBA BEPOATHOCTH COBLITHSA B CXEME CIydyaeB.
1. BeposaTHocTb n11060ro Co6bITHSA, MPOUCXOAAILETO B pACCMATPUBAEMOM 3KCIIEpUMEH -
Te, 3a/1aeTCs MONOXMUTEIbHBIM YMCIOM, 3aKJIIOUEHHBIM B Npeaeiax Mexmy 0 u 1

0=P(@)<P(AKP(Q)=1.

2. Ecavi cobbitig A v B — HECOBMECTHBI, TO BEPOSITHOCTb CYMMBI paBHa CyMMeé Bepo-

ATHOCTEH
P(A+ B)=P(A) + P(B),

B YaCTHOCTH, CIIPaBEIMB TaK Ha3bIBaEMBbIH npuryun donossumenvHocmu
P(A)=1- P(A).

PaccMOTpUM HECKOJIBKO NIPUMEPOB, MILUTIOCTPUPYIOUIMX TEXHUKY HAXOXAEHUS BEPOAT-
HOCTeM COObITUM B CXeMe ClyyaeB.
Mpumep 7. NycTb B ypHe NEXUT M-+ n GU3NYECKU MACHTUYHBIX LWAPOB, OKPALWEHHbIX COOTBETCTBEHHO B Genbiit

(n WwapoB) 1 YepHbLIV (M WapoB) LBeTa. IKCNEPUMEHT COCTONT B U3BNEYEHMU U3 YpHBI ORHOMO Wwapa. Hagem
BEPOATHOCTb M3BNe4eHus wapa 6enoro useta

<« Tockonbky BCEro BO3MOXHbIX UCx0aoB N = m + n, a 6haronpuaTCTBYIOWMX MaBneYeHnio 6enoro
wapa — n, TO UCKOMas BePOATHOCTb AAeTCs OTHOlWeHueM n/(m +n). »

Mpumep 8. B ycnosuax npeabioywero NnpuMepa NpoM3BoANUTCA U3BAEYeHne ABYX Wwapos. Kakosa BepoATHOCTbL
TOro, 4To 062 n3BneyeHHsix Wwapa — Genbie? U3BneyeHsbl pasHOLBETHLI® Wapbl?

<« OtBer Ha nepsbiit BONPOC 33234 MOXET ObiTh NONYYeH, HaNPUMEP, C NOMOLLBLIO CRBAYIOLIMX paCcCyX-
DEHWNIA.

Bcero paanuuubix nap WapoB 13 ypHbl, copepxauled m + n GU3NYECKN MOESHTUYHBIX LWAPOB, MOXHO
COCTaBUTL C,2,,+,,, TaK 4TO MOXHO CHUTaTb, YTO BCErO Pasd/MyHbIX MCXOAOB B PACCMaTPUBAEMOM 3KCNEpUMEeH-
Te C,2,,+,,. B 10 Xe Bpemsa konu4ecTBo nap Genbix WapoB AAETCH YUCNOM c?, OTKyA2 uCKOMan BEPOATHOCTL
paBHa

C? _ n{n — 1)
Chin (m+n)m+n—1)°
AHanoruuyxbie coobpaxeHnus Ans BTOPOro Bonpoca AaloT.

mn 2mn >
Chin (m4n)(m+n—1)

3amemum, ¥mo paccmampueaemlii IKCNEPUMeRm — u3gaexerue napsl Wapoe — IKEUeAreHMeN 08YKPAMHOMY
NocAe008ameabHOMY U3BACHEHUIO UIAPOS U3 YDHY.

P(6,6) =

N=Ck,,, S=mn, P(6u)=
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Npumep 9. B ycnosuax npeabiaywiero npuMepa NPovM3BOAUTCR NOCNEAOBATENbHOE M3BNEYEHUe OBYX LWapoB
C 8038pAUCHUEM KANCO020 U3BAEHEHH020 Wwapa 0bpamno 6 ypHy. KakoBa BEPOATHOCTL TOFO, 4TO 062 U3BREUEHHbIX
wapa — 6enbie? M3sneueHb pa3HoLBETHbIE LWapbl?

« B otnnuve ot npeauiayulei cutyauuu, obiuiee KONMHeCTBO BO3MOXHBIX UCXOA0B B paCCMaTpUMBaEMOM
akcnepumette bynet yxe pasHo N = (m + n)z, a Konn4ecTBo S ucxogos, 6nNaroNPUATCTBYIOWNX MHTEPECY-
owemy Hac cobuituio (06a wapa — Genvle) — n?, W, CneoBaTENLHO, MCKOMAs BEPOATHOCTL paBHa

2
P(6,6) = (min) .

AHanoru4Hble PaccyXneHus Ans BTOPOro Bonpoca AaloT:

2mn >
(m +n)?’

Mpumep 10. PeGeHok, urpas C 4eTbIpLMS KapTO4KaMu pa3pesHoin a3byku, Ha KOTOpbIX M306paxeHbl GyKBbl
A, A, M, M, cnyualiHbim 06pa3omM BbiknaabiBaeT ux B paa. KakoBa BEPOATHOCTb TOFO, 4TO Y HEFo NOAYMUTCR
cnoso MAMA?

« MNpepnonaran, 4To BCe BO3MOXHbIE PACCTAHOBKM YeTbipex KapTo4eK B PAf PaBHOBO3MOXHbI, NONYHaeM
cxeMy cnyvaeB C o6wumM konudecTsom mcxonos N = 4! = 24. Konn4ectBo MCXOA0B, GRaronpusaTCTBYIOWNX
MHTEpECYIOWEMY Hac CoBbITHIO, paBHO S = 4, OTKyAa UCKOMas BEPOATHOCTL pasHa 4/24 = 1/6. »

Npumep 11. Cryaent noarotoBun k ak3ameHy 40 u3 50 BONPOCOB, OXBATLIBAIOWMX NPOFPAMMY U3YHEHHOTO
Kypca. Ha ak3amexe eMy npeanaraercs AaTb OTBET Ha ABa CNy4aliHbiM 06pa3om BbiGpaHHbix U3 obuwero
cnucka Bonpoca. KakoBa BEpOATHOCTL TOFO, 4TO CTYAEHT 3HaeT OTBeT Ha 06a NpepsIoXeHHbIX eMy Bonpoca?

« Jlerko BUAEThL, HTO BCETO pa3nunuHbix BapuaHToB BbiGopa Napb! pas3nunyHbix BONPOCOB 13 obwero cnuc-
ka, cogepxauiero 50 BonpocoB, 6yner N = 0520. UHTepecyiouiee Hac cobbiTue COCTOUT U3 Tak1x Nap BONPoO-
coB, 062 13 KOTOPbIX M3BECTHBI CTYAEHTY. Mx konuuectBo § = C}o. Takum 06pa3om, UCKOMAN BEPOATHOCTbL
[aeTCs OTHOLIEHUEM

N:(m+n)2, S =2mn, P(6,4)=

CZ
P=-2x06 »

Cso
Npwumep 12, B ypHe nexuT Bcero 10 uepHbix U Genbix Wwapos. M3 ypHbl U3BNeKalOT 6€3 BO3BPAWEHNS Napy
wapoB. M3BECTHO, 4TO BEPOATHOCTU U3BREHEHUA OAHOUBETHLIX LLAPOB OTHOCATCA Kak 2 : 5. MOXHO nn No atum
[aHHbIM YCTAHOBMUTL COCTaB WApoB B ypHe?

« Nyctb B ypHe nexut n Genbix (4epHbix) (coorBeTctBeHHo, 10 — n uepHbix (6enbix)) wapos. Torpa

BEPOATHOCTb U3BREUEHWA U3 YpHLI Napbl 6enbix (yepHbix) wapos 6yaer paBHa

n(n —1)
P(69 6) - W1
aHANOrM4HO, NApbl 4epHbix (6enbix) wapos
(10 — n)(9 — n)
P =—,
(4, 4) 0.5
U3 ycnoBus 3apaum cnegyer
P(6,6) n(n—1) 2

P(,4) (10-m)9—n) 5’
OTKYAa AN N NOoAY4aeM ypaBHEeHUe
n’ +11n—-60=0,
€AVNHCTBEHHOE LeN0e NONOXUTENBHOE pelweHne (n = 4) KOToporo AaeT OTRET — B ypHe BO3MOXHO Hanuuue
4 Genbix n 6 yepHbix, NMb0 4 HepHbix 6 Genbix Wapos. »

Npumep 13. B ypHe nexuT HEKOTOPOE KOAMYECTBO GEnbiX M HYEPHBIX LAPOB, TaK 4TO BEPOATHOCTb M3BNIEHEHNS
napbl 6enbix wapos pasHa 0,5. Kakoe MMHUManbHO BO3MOXHOE KOAMHECTBO LLIAPOB HaxoaMTCs B ypHe? Kakos
npyu 3TOM COCTaB LWapoB B ypHe?

« Tyctb B ypHe nexut Bcero N wapos, U3 kotopbix n < N — 6enbie. BepoaTHOCTb n3Bne4eHns napbi
G6enbix Wapos (CM. NPeaAbIRYLWIA NpUMEpP) A2ETCA COOTHOLLEHNEM

n(n-1)
P(6,6) = ———,
(6,6) N(N -1)
1 yCnoBue 3aAayu NPUBOAUT K YPABHEHUIO, CBA3biBaoweMy N u n
n(n - 1) 1

N(N-1) 2
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YynthiBas, YTO BenMuMHb n 1 N — uenbie NonoxXuTenbHbie wncna, yAoBAETBopsiowmne ycnosmio n < N,
BLIPA3UM M3 JTOFO COOTHOWeHUA n uepe3 N

141+ 2N(N - 1)

n= 2

1, npuaasas sennunHe N nocnenoBaTenbHo 3HadeHus 1, 2, ..., HAaWOEM, YTO HaumeHbluee 3HaueHne N,
NpY KOTOPOM 1 — LIEN0E NONOXUTENLHOE, paBHAETCR 4. 3HaueHne n NPy ITOM pasHo 3. B

Npumep 14. Cpeau BuinyweHHbix N noTepeitHbix 6UneToB n — BLIMIPbIWHLIX. HekTo npuobpen r < N —n
notepeviHbix GuneTos. KakoBa BEPOATHOCTb TOrO, HTO CPEAM HWUX NO KpaHeh mepe OAMH BbIMIPhILHLIA?

<« 3ameTumM, uto cobbitne A = {cpean nprobBpeTeHHbix r GUAETOB NO KPAHEA Mepe OAMH BbIMIPbILL-
HBIi} NPOTMBONOROXHO CoBLITMIO A = {cpean NpUoBpETEHHbIX T GUNETOB BLIMIPLILHBLIX HET}. [s peleHus
330344 BOCNONb3YEMCs NpuHUMNOM aonoaxutenskoctn: P(A) =1 — P(4).

"Haiinem BeposTHoCTs P ( A ). Bcero BOSMOXHbIX UCXOAOB (T. €. pasnuuHbix HabopoB U3 T ROTEPEItHbIX
6unetos) Cy, Cpeau HUX TakWx, KOTOpbie HE COAEPXAT HW OAHOrO BBLIMIPBLILHOFO Guneta — Cy_,. Ana
sepostHoctu P ( A) nonyyaem

-1 _ Ch-n
P(A) ="M=
0TKyAa UCKOMan Beponmocn: AaeTCa COOTHOoWEeHuemM
Ch_
P(A) =1~ -2
Cy

Mpumep 15. Cpenwm BbinyweHHbix N notepediHbix 6uneToB n — BbIMFPbiWHbIX. HexTo npuobpen r <
min{n, N — n} notepeiiHbix 6uneToB. KakoBa BepoOATHOCTb TOFO, YTO CPEAM HUX POBHO K BbIUTPBILLHBLIX?

<4 Kak v Bblle, BCEro BO3MOXHbIX UCXOA0B (T.€. pa3nuuHbix HaGopoB U3 r notepeiHbix GuneTos)
6yner Cl . Habop, cogepxawmit poBHO k BbiMrpbiliHbix 6uneTos, o6pasyeTca B pesynstate obbeauHeHns
no6bix k BbIMIPbIWHbIX 6UNETOB C NIOGbIMU T — k HEBLIMIPbILWHLIMK. Konn4ecTBo pasnuuyHbix Habopos U3 k

BbIMTpbILLHbIX GUNETOB paBHO C,'f , KONUYECTBO Pas3nun4Hbix HabopoB U3 T — k HEBbIMIPbILLHLIX GuneToB paBHo

CiX . CnenosaTentHo, KONMHECTBO PasnMuHbiX KOMOMHALMIA U3 BLIMFPBILIHBIX W HEBLIMTPBILLHBIX G1AETOB

paercs umcnom CF - C}‘v*_",,. a UCKOMan BEPORTHOCTL paBHa
k r—k
Cn * CN._.n

P= cr,

§ 2. NeomeTpuyeckue BepOSTHOCTH

Jlpyrasi cxeMa ONUCaHUA IKCIIEPUMEHTOB C HEOAHO3HAYHO MMPOTrHO3MPYEMbIMU UCXOXAMH,
KOTOpasi MO3BOJISiET AOBOJIbHO MPOCTO BBECTU KOJMYECTBEHHYIO XapaKTePUCTHUKY ocylile-
CTBMMOCTH TOTO MJIM MHOTO COOBITHSA — 3TO CXEMaA 2eoMempu4ecKux 6epoamuocmei, KOTo-
pasi, KaK ¥ paCCMOTpPeHHas BbIllie CXeMa CJIy4yaeB, SKCILIYaTUPYET UAEIO O paBHOBOIMONCHOCU
HMCXOMIOB 3KCIIEPMMEHTA.

AHaIOTMYHO TOMY, KaK 3TO ObLJ10 IPOAENaHO B CXEME CiiydyaeB, KOJMYECTBEHHAs XapakK-
TEPUCTHKA OCYLIIECTBUMOCTU COOBITHS — €ro BEPOATHOCTb — OIpENeAsieTCss Kak HOpMUPO-
BaHHasi HEKOTOPbIM 00pa3oM BeJIMYMHA, MPOIOPILIMOHAIbHAs 3anacy UCXONoB, Gaaronpu-
SITCTBYIOLLIMX OCYILIECTBJIEHUIO COOBITUSA.

ITycTh MHOXECTBO MCXONOB HUCCIEXYEMOrO 3KCIEPUMEHTAa MOXET OBITh ONMUCAHO KakK
MHOXECTBO {) TOYeK HEKOTOPOTro «reOMETPUYECKOro KOHTUHYYMa» — KaXIOMY UCXOAY CO-
OTBETCTBYET HEKOTOpasi TOYKa M KaXIOW TOYKEe OTBEYaeT HEKOTOopwiii ucxon. B kayecTBe
«T€OMETPUYECKOT0 KOHTUHYYMa» {) MOXET BLICTYTaTh OTPE30K Ha NPSIMOM, Ayra cripamisie-
MO KpUBOW Ha IMJIOCKOCTH WJIM B MPOCTPAHCTBE, KBaAPUPYEMOE MHOXECTBO Ha MJIOCKOCTH
(TpeyronbHUK, MPSMOYTONbHUK, KPYT, 3JUIMIIC U T.1.) WIM 4aCThb KBaApUPYEMO# MOBEPX-
HOCTH, HEKOTOPHIN 00beM B MPOCTPaHCTBe (MHOTOrPaHHUK — IpU3Ma, nUpaMMia, luap,
QJUIATICOUI U T. 11.)
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Cobumuem nazosem n1060e Keadpupyemoe ROOMHONCecmeo mHoxcecmea 1.
Kak 4 B cxeMe ciy4yaeB, COOBLITHE COCTOMT U3 TOYEK-HMCXOAOB, ONHAKO YXe He Jobas
COBOKYITHOCTb MCXOZI0B 06pa3yeT cOObITHE, 2 TONBLKO TaKasi, MEPY KOTOPO# (I1IMHY, TUIOLIAb,

06beM) Mbl MOXEM H3MEPHTb.
[1pennonarasi paBHOBO3MOXHOCTb UCXOIOB, HA30BEM 8€pOAMHOCMbI0 COOBIMuUs A YUCIO,

MPOIOPLIMOHANIbHOE Mepe NMOAMHOXecTBa A MHOXecTBa {2:
P(A) =k-u(A).

Ecin @ — cobbiTHEe, HEBO3MOXHOE B JaHHOM 2KCTIEpUMEHTE, a {) — JOCTOBEPHOE, TO
nonoxum P(Q@) = 0, P(Q) = 1. BeposiTHOCTb M060ro coGbITUS A GymeT rpu 3TOM 3a-
KJIIOYEHa MEXY HYJIEM — BEPOSTHOCTBIO COOBITUSI HEBO3MOXHOTO, ¥ €AMHMLIEH — BEPOST-
HOCTBIO COOBITHA nOCTOBepHOI‘OO‘ YcnoBrue HOPMUPOBKM NO3BOJISET HAWTH KOHCTAHTY kK —
KO3 dHLMEHT NPONOPLHOHAIBHOCTH, 3aNal0lMi BEPOSTHOCTb. OH OKa3biBaeTCsi paBeH
1/p(S2).

TakuM 06pa3oM, B CXeMe reOMETPUYECKUX BEPOSATHOCTEH 6epoamHocmb 1106020 cobbimus
onpedensemcs Kak Omuouerue Mepol nodMHoxcecmeéa A, onucwiearouiezo cobumue, K mepe
MHoMcecmea (L, ONUCHIBAIOWe20 IKCNEePUMEHM 8 UEAOM:

n(4)
p(Q) G)

OTMeTHM HEKOTOPbIE CBOMCTBA TaK OINPENEICHHON BEPOATHOCTH:

1.VACQ 0K P4 <.

2. Ecnu A C B, 10 P(A) < P(B).

<« CBOIACTBO OYEBHUAHO CIEAYET U3 TOTO OOCTOATENBCTBA, YTO MHOXECTBO, COepXalie-
ecsi BHYTPM APYTOro, He MOXET OBbITh O0JIbLIE MOCTENHETO. P

Kak u B cxeMe ciyyaeB, COObITUS B CXeMe NreOMETPUYECKHX BEPOSAITHOCTEN MOXHO 00b-
€AVHATb, COBMELLIATh ¥ CTPOMTb Ha UX OCHOBE NPOTHBOTIOJOXHbIE — TNPH 3TOM OYAYT MOJy-
4yaThCs, BOOO11E TOBOPS, OTAWIHLIE OT UCXONHBIX cOObITHA. Crenyioliee CBOMCTBO BeCbMa
BaXHO.

3. Eciu cobbitist A u B — HecoBMecTHbI, T0 P(A U B) = P(A)+ P(B), B4YacTHOCTH,
CIIpaBeUIUB npuryun donoanumensnocmu:. P(A) =1 — P(A).

< 3T0 CBOWCTBO, Ha3bIBAEMOE OOLIYHO NPAGUAOM CAONCEHUA 6EPOSMHOCMeEll, OYEBUIHO
cleayeT U3 aiiMTUBHOCTH Mepbls). >

B 3akimoyeHne OTMETHM, YTO BEPOSTHOCTb OCYLIECTBJICHHS JIO60ro MCXoaa B CXeMe
TeOMETPUYECKHX BEPOATHOCTEH BCeraa paBHa HYMIO, paBHO KaK paBHa HYJIIO BEPOSITHOCTb
J1060ro cOOBITUS, ONMHUCHIBAEMOrO «TOLIMM» MHOXECTBOM TOYEK, T. €. MHOXECTBOM, Mepa
KOTOpPOTo (COOTBETCTBEHHO — IUIMHA, TUIOLAaab, 06bEM) paBHa HYIIIO.

PaccMOTpUM HECKOJIbKO TNPHMEPOB, HJUTIOCTPUPYIOILMX BBIYHCIEHHE BEPOATHOCTEM
B CXEME Fr€OMETPHYECKHX BEPOATHOCTEHN.

Mpumep 1. SxcnepumeHT COCTOMT B CnywaitHoM BbiGope TouKkM 13 oTpeaka [a, b]. Haittn BeposTHOCTL TOrO,

4TO Bbi6paHa TONKa, Nlexailas B JIeBOV MOMOBMHE PACCMATPMBABMOro OTPeska.

« Mo onpegeneHyio, BEPORTHOCTL BbiGopa Touku u3 nioboro MHOXecTea Ha otpeske [a, b] nponopumo-
HankHa AnvHe 3Toro MHoxecTsa. CnefoBarenbHo, MCKOMas BEPOATHOCTL pasHa 0,5:

P(zé N "_tf]) _i(la,@+0)/2) _ (b-a)2 1

2 I(a, b) "~ b-a 2
) OnHako, B OTIHYHE OT CXEMH Cy4yaeB, 30eChb YXE 803MOXNCHH COOBITUS, HMEIOLLHE HYNEBYIO BEPOATHOCTD,
H MOTYT He Gbimb docmogepruimu COOBITUA C BEPOATHOCTHIO EAHHHLA.

5) Mepa (anuHa, rowans, 06beM) CyMMBI HEMEPECEKAIOLIMXCA MHOXECTB PaBHA CyMME MX Mep.

P(4) =

- >
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Npumep 2. AxcnepuMeHT COCTOMT B Chy4aitHoM BuiGope Touku M (€, 1) na keagpara K = {~1 < ¢, n < 1}.
KakoBa BEpOATHOCTL TOrO, 4TO ypaBHEHUE

z2+2§-z+£-q=0
UMeeT AENUCTBUTENbHBIE KOPHU? PaBHble KOpHU?
<« XOpOouWo M3BECTHO, YTO Yy KBAAPATHOMO YPABHEHUS KOPHU AEHCTBUTENbHbI, BCAM €ro AUCKPUMUHAHT
HeoTpuuarteneH. B paccmaTprBaeMoM cnyyae puckpumuHaHt D paetcs COOTHOWEHUEeM
2
D=§~§n
u 6ynet HeotpuuateneH, ecnm (£, 1) yAOBRETBOPAIOT YCAOBMIO
>0 £<0
A: { E = Y { =Y
£21 U £<,
T e ecnu touka M (€, 1) Gyper suibpana u3 MHOXeCTBa A, aBAsiowLerocs nepeceyeHnem ksagparta K u mHo-
XECTBa TOMEK, ONUCHIBAEMOrO BblLUENPUBEAEHHbIMI YCioBUAMU (puc. 1).

A
1

-1
Puc. 1. CiayuaiHni#t BLIGOp TOUKHM U3 KBanpara K

CnenoBatenbHo, AN UCKOMOW BEPOATHOCTU Nonyyaem:
S(4) 1
P (KOpHH AEHCTBHTENbHBI) = —— = .
(iop ) =5 " 3

[anee, KopHM KBagpaTHOrO ypPaBHEHUA COBNAAAlOT, ecnn D = 0. 3ToMy 3HaA4EHUIO BNCKPUMMHAHTA
oreeuaer oTpesok ocu O€ ot —1 po +1 u 0Tpe3ok GUCCEKTPUCH NEPBOFrO U TPETLEro KOOPAUHATHOTO Yraa,
nexawmi BHyTpu kBaapata K (puc. 1). Jlerko noHsTb, 4TO NNOWaab 3TOr0 MHOXECTBa TOHEK paBHa HyMIo U,
CnefoBaTentbHo, BEPOSTHOCTL COBMNAAEHNS KOPHEH pacCMaTpusaeMoro yPaBHEHUA pasHa Hynlo. P

Cnenywoluiuii npuMep SABISETCS KJIACCUYECKH M® u Npu3BaH MPOWLIIOCTPUPOBATh TO
NPOCTOE COOOPaXeHUe, YTO NOHSTHE «CYYaHHOCTH» HE SABISAETCS OY4EBUAHBIM ¥ OAMHAKOBO
MMOHUMaeMbIM BCEMH, a TOTOMY HOJIKHO OBITh, BOOOI11IE TOBOPS, aKKYPaTHO (JOPMAIN30BAHO,
MHaye UCIO0b30BaHNE BEPOATHOCTHBIX COOOpaXeH it MOXET PUBECTH K HEAOPAa3yMEHMUSIM.

Npumep 3. B xpyre paamyca R cnyyaitHbiM 06pasom BbiGpaHa xopaa. ]
KakoBa BEpOATHOCTb TOrO, 4TO ANMHA 3TOW xopabl 6onblue paanyca?

<« B nepeylo ouepenb cnefyer NOHATH, YTO 3HAYUT xopda ewbpana
CAYYQIIHO.

1. Mockonbky AnvMHa Xxopabl OAHO3HAYHO ONPERENSeTCs PacCTOfHU- d R
€M 3T0i XOpAbl OT LIEHTPA KpYyra, TO OaHa M3 BO3MOXHbIX UHTEPNpeTaumii
CNyyaiiHoro BbIGOpa MOXET BbIrffAETL Tak:

Caynaiinbili 6bibop xopObi IKGUBAACHMEN CAYYAUNOMY 6ubOpy MO4KU
Ha Quamempe Kpyea.

OnvHa xopapl, Haxoasweincs Ha paccroaHum d OT LEeHTpa, paBHa

2VRZ — dZ, v pns TOrO 4TOGH ANMHA XOP/ibi NPEBBILANA AAUHY PAANYCa
Kpyra, HyXHo, 4ToGbl BbiOpaHHan Touka Gbina pacnonoxeHa OT UEHTpa \/
Kpyra Ha paccTosHuu, He npeablwaowem d = Rv/3/2 (puc.2)

MoaroMy Uckomasn BEPOATHOCTL paaHa Puc. 2. 3anaua Beprpana — nep-
_ RV3 V3 BhIif croco6

2R 2

6) BeposaTtHo Briepssie 3Ta 3anaya obcyxnanach B kuure X. JI. beprpana «UcuuncneHue BeposiTHOCTEH», BhIllIe-
urei B 1889 rony. 3ameTHM, YTO MOMHMO PACCMOTPEHHBIX HIXE, CYLIECTBYET €LIe 110 KpaiHel Mepe TpH PaIHUHbIX
BO3MOXHOCTH QOpMaNIH3alliM AaHHOH 3aauu.
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2 Bcsikas xoppa MoxeT 6biTb 3anaHa NApPoO TOYEK Ha OKPYXHOCTH, ABNAIOWMXCS ee KoHuamu. Moatomy
Apyran uHTepnpeTtauusa cnyyaiHoro Bbibopa xopabl MOXET ObiTb CHOPMYIMpoOBaHa Tak.
Cayuaunwiil 66i60p X0pobl IK6usasesmen CAy4aiHoMy esibopy napsl moyex Ha oyze OKPYNCHOCMU.

A B

/ \ sizn AT
; 3 [
0(27) b
\ i
\ :
N 0 |

Puc. 3. 3amaya beptpaHa — Bropoii cnoco6

- - - D - -

sY

Buibupas Ha OKPYXHOCTM Ha4ano orcueTa M 334asas Hanpasnexwue obxoaa (Hanpumep, NPOTUB 4aco-
BOW CTpenku), NoMeTuM nonoxeHue Ni0GOI TOHKU HA OKPYXHOCTU €€ KOOpAMHATON, MEHSIOWENCs B npeae-
nax ot 0 o 27. MHOXeCTBO xOpA MOXeT GbiTb ONMCAHO MHOXECTBOM YNOPRAO4EHHbIX nap uucen (z, y),
0 <z <y <2 — KOOpAUHAT Hauana v KOHUA KaXpoil M3 xopA (puc. 3, cnesa). IT0O MHOXECTBO Ha NNOC-
kocTu kooppnHat (z, y) usobpaxaetca TpeyronbHukoM OAB (puc. 3, cnpasa). MoOHATHO, 4TO AiMHa xopabl
Gyner Gonblue pagnyca, €Cm KOOpAMHATHE Havana U KOHLUA XOpAbl YAOBNETBOPAIOT YCAOBUAM

3 s
y—-z 2= 3 U2rn—-y+z2> 3
MNocnepnne MoryT 6biTb 3aNUCaHbl OAHUM ABOWHBIM HEPABEHCTBOM
™ Sr
T+ 3 <y<z+ 3

MHoXecTBo Touek (Z,y), YROBNETBOPSIOWIMX STOMY YCAOBUMIO, 3aWTPUXoBaHO Ha puc. 3 (cnpasa). Tenepb
nNerko Haxoaum
41!'2 2
Sunpnx = ’“3—7 Soap = 27",
n ncxomMman BepoOATHOCTL paBHa
p= Surrpux
Soan
HTO OTAUYAETCR OT pe3ynbTaTta, NOAYHEHHOTO Bbille. »

2
:5’

§ 3. YcnoBHbie BEPOSATHOCTH.
B3aumHoe BAusiHME U HE3aBUCUMOCTDb

HUHdopmaliusg o peain3alimy HEKOTOPOTO COGBITUS B 3KCIIEPUMEHTE MOXET MEHATh HAIIH
NPEACTABJIEHUS O lHaHCaX Ha OCYHIECTBJICHUE IPYIUX COObITHH.
Npumep 1. Nyctb B 3KkcnepumenTe ¢ 6pocaHUEM CUMMETPUYHOI MOHETbI PACcCMaTpUBaIOTCs CoBbiTUA I — Bbi-

napexne repba n P — sbinanenune pewkn. O4eBMAHO, 4TO 8CAN HAM M3BECTHO: Bbinan repb, T.e. ocyuiecTsu-
nock cobuitue I, To ocyuwiecTBneHne cobuitua P — BbinaaeHue pelk B 3TOM 3KCNepUMEHTE HEBO3IMOXHO.

Mpumep 2. Ecnu B aKcnepumeHTe C U3BNEHEHNEM KapThi M3BNREYeHa kapTa K #, TO O4eBUAHO, HTO OAHOBpE-

MEHHO OCYLLECTBUAUCHL CoBbITUS # = {u3BneueHa kapta macm nuk} u K = {uasneuex kopons}. Apyrumu

cnoBamu, ocyuiectenenme cobuitus K é snedet 3a coboit ocyulectsneHve v atnx cobbitmin.

Ho, kOHEeYHO, MOXET 0Ka3aThCH M TaK, YTO OCYLIECTBIEHHUE OTHOIO U3 COOLITUI B 3KC-
IMEPUMEHTE HUYETO HE TOBOPUT HaM 06 OCYLIECTBIEHUU MM HEOCYILECTBIEHUH JPYroro,
TOYHEEC, HC MCHSAET HALLUX npencraBneHuﬁ O IHaHCAX Ha €ro oCyui€CTBJICHHE.
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Npumep 3. PaccMOTPUM 3KCIEPUMEHT, COCTOALMIA B ABYKPAaTHOM M3BAEYEHWM LWAPOB U3 YPHBI C NOCAEAYIo-
MM BO3BpaLLEeHUeM M3BNeYeHHoro wapa obparHo B ypHy. fycTb B ypHe nexut N = m + n COOTBETCTBEHHO
YepHbix (M) 1 6enbix (n) wapos. PaccMotpum cobuiTna: A — wap, n3sne4eHHLIn nepebiM, 6enbii, B — wap,
M3BNeYEHHbIN BTOPLIM, Genbiii. MOCKoNbKy NOCAE KaXAoro U3BNeyeHus Wwap BO3BPALLAETCA B YPHY, TO ACHO,

YTO 3aBUCMMOCTM MeXAy 3TUmK COOLITUAMMU HeT.

M3 061ux coobpaxeHni MOHATHO, YTO MPH YCNIOBUM OCYLIECTBIEHUSA OOHOIO U3 CO-
OBbITU# 1LIAHCHI HA OCYLLECTBIECHHE APYroro NOJKHbI ObITH MPOMOPLUOHAILHBI 3aMacy UX
001X ucxonon7) — YeM 3HayHuTeJbHEe 00111as 4acTh paCCMaTpUBAEMbIX COOBITUI, TEM BBI-
11€ JOMKHBI ObITh LLIAHCHI Ha OCYHIECCTBJICHHUEC OTHOI'O U3 HUX, B ITPEAITIONOXKCHHUHU , UTO APYTO€C
MMPOU30LILIO.

BBenem coorBeTcTBYIONLIEE QOPMATIBHOE MTOHATHE.

Yenoeroii eposmHuocmbio ocyuecmenenus coosimun A omnocumenvio cobmua B nasoeem

HUCN0
S(AnN B)
s(B) '

20e S(A N B), S(B) — 3anac ucxo0o6 3xcnepumenma, 61a20npusmcmeyiouiux 0CyuiecmeseHuIo

coomeemcemeernno coboumuii AN B u B.
[ycTb cobbiTe B (GuKCHPOBaHO M TakoBo, yto P(B) > 0. Toraa ycnosHasi BEposiT-

HOCTb 06J1a1a€T CAeayIOILHMHA OYEBUAHBIMHY CBOMCTBAMM:

1. VA 0K P(A|B) < 1.

2. Ecnu cobuiTua A u B — HecosMecTHbl, TO P(A|B) = 0, ecnu xe co6biTust A 1 B
TaxoBbl, uto B coctasasier yacts AY 1o P(A|B) = 1, B yacrioctn P(B|B) = 1.

3. 115 yCNOBHBIX BEPOSITHOCTEM CIIPaBEIMBO MPABUJIO CIOXEHHSA

P(4, U 42| B) = P(4,|B) + P(4,]B),

€CJI¥ TOJIbKO COOBITUS A; W Ay HECOBMECTHBI.

TakuM 00pa3oM, yCNOBHasi BEPOSATHOCTb 00Ojajaer BCEMM CBOWCTBAMM BEPOSATHOCTH
M OITUCHIBAET LLIAHCHI Ha OCYLLIECTRIEHHE COOBITUSA A MPH yXe NpoUcileaieM cCoobTuY B.
OueBHIHO, 4yTO, BoobLIe roBops, P(A|B) # P(B|A).

Cpa3sy xe 3aMETUM, YTO YCJIOBHAsi BEPOSATHOCTb MOXET GBITh BBIYMC/IEHA KaK OTHOLLIE-
HHE BEPOATHOCTU COBMECTHOIO OCYLLIECTBACHUS COObITUH A U B K BEPOSITHOCTH COOBITHS -

ycaoBus B:

P(A|B) =

S(A N B)
_S(AnB) S(AnB) S(Q)  5(Q) _ P(AnB)
P(AIB) ==y = "5 50 S(B) ~ P(B)
5(Q)
U3 MOCNAECAHEIO COOTHOWCHUA CACAYET nPpasuno YMHONCEHUA Gepo}?””locmea
P(AﬂB)=P(AB)=P(A|B)P(B)=P(B|A)P(A), (4)

cripaBeUIMBOE U1 COOBITUH C MOJIOXHUTENbHOU BEPOITHOCTBIO.
Paccmm*pnm HECKONBKO ITPUMEPOB, HILUIIOCTPHPYIOLIHUX BBCACHHOC ITOHATHE.
Npumep 4. U3 ypHbl, conepxaweit n Genbix ¥ M YepHbiX WAPOB, U3BnekaloT 6e3 BO3BPaLeHUs Napy Wapos.
KakoBa BepOATHOCTb M3BNEYL BTOPbIM YEpHbIiA Wap, €CNU M3BECTHO, YTO nepsbiM Obin U3BNEYEH YepHbIN?

« O4eBUaHO, 4TO 6cnu nepBbiM GbiN M3BNEYEH YEPHDINA Wap, TO B ypHe OCTanoCh BCero n+m— 1 wapos,
m-—1

cpean Kotopbix YepHbix M — 1. Mo3ToMy MCkoMas BEPORTHOCTb paBHa porgenet
n+m-—

7) IMon 3anacom ucxodoe Mbl NOHUMAEM 3ECh KOAUYECMEO UCX006 B CXEME cnyyaeB TGO mMepy (OauHy, niouwads,
ofsem) coomeemcmeyiouie20 MHONCeCmea ucxodos B CXeMe NreOMETPUYECKUX BEPOATHOCTEMN.
8 B stom Ciyyae roBOPAT, YTO coGbITHE A nodyunero coGbITHIO B ¥ 3anuchiBaKOT 310 Tak: A D B.
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Mpumep 5. IKCNBPUMEHT COCTOUT B CAYHANHOM BLIGOPE TOMKM M3 KBa- YA
apata K = {(z,y): 0 < z,y < 1}. Haitm BepoATHOCTL TOroO, HTO
nepsas KOOpAUHaTa To4KU He npesbiwaet 0,5, ecnv U3BeCTHO, YTO Bbi- 1
6paxa To4Ka, nexauan Bbilwe 6UCCEKTPUCH NEePBOTo U TPETHEND KOOop- Seswunnw
BVHATHBLIX YrnoB (puc. 4). raaa—

A AN

<« V3 pu1cykka Nlerko yCMOTpeTb, YTO BEPOATHOCTL CoBbiTUA B = S

{Bbibpaxa To4Ka, nexausas suiwe GuccexTpucsi} pasxa 0,5, a BeposT- RS,
HOCTb COBMECTHOrO oCyuiecTenexns cobbituit B n A = {z < 0,5} — .
3/8. Orciona ans uckomon BepoaTHocTy nonyyaem: P(A|B) = 3/4.» N

A V.4
ITonsAiTHeE yCIOBHOM BEPOATHOCTH ITO3BOJISIET BBECTU TaK- =

X€ KOJIMYECTBEHHYIO MEPY, XapaKTePHU3YIOLLYIO CTENEHb BJIU- OT 0.5 1 =
?

SIHUSL OXHOTO U3 COOLITUM Ha pyTroe.
bydem 2oeopums, ymo cobsmue A ne 3aeucum om cobm- Puc.4. CnyyaitHbiit BHGOD TOUKH
mus B, ecau ocywiecmenenue cobomus A e meHsem eepo- M3XBaIpara
AMHOCMU Ocyuwecmenehus coomus B, m.e. ecau ycrosnas
eeposmnocms P (A|B) coenadaem c 6e3ycaosnoii P(A):

P(A|B)=P(4), P(B)#0.

B npomusnom cayuae 6ydem 206opums, ymo cobsxmue A 3agucum om B.

Cpa3sy Xe OTMETUM, YTO MOHATUSA 3aBUCHUMOCTU-HE3ABUCHMOCTU, HECMOTPS Ha SIBHYIO
HECUMMETPHYHOCTD OTIpeeIeHUs, HOCAT B3aUMHBIH XapaKTep — eCliv cOObITHE A 3aBHCUT
(He 3aBUcHT) OT cOGBITHS B, TO U cOObITHE B 3aBUCHT (He 3aBUCHT) OT COOBITHA A.

« [deicTBUTENBHO, ITYCTh COOBITHE A HE 3aBUCHUT OT coObiTHA B. PaccMoTpuM
P(AB) __ P(A|B)P(B)
P(4) P4
HO, B cii1y He3aBucumocTH, P(A | B) = P(A), oTKyna 1 cienyer He3aBUCHMOCTb B ot A.
B cnyyae He3aBUCHMBIX COOBITUHI NpaBUIO YMHOXEHMS BEPOATHOCTEH NMPHHHUMAET OCO-

©eHHO NMPOCTOM BUI: 8epOSMHOCMb COEMECMHO20 OCYUiecmeneHus 08yx coGumuii pasHa npous-
8edenuio ux eeposmuocmeii.

P(B|4) =

P(AB) = P(4)P(B). (5)

CoorHolueHue (5) MOXET GBITh IPHHATO B KAYECTBE ONPEAENEHHS HE3aBHCUMOCTH.

Huxecienyiomue npuMepbl HJUTIOCTPHPYIOT UCIONB30BaHUE MPaBUJIa YMHOXEHHUA MIPH
BBIYHUCICHHUH BEPOSITHOCTEN COOLITHHA.

Npumep 6. U3 ypHbi, cogepxaueit n 6enbix 1 M YEpHbIX WAPOB, U3BNEKAIOT TPU Wwapa. Kakosa BepOATHOCTL

TOrO, YTO CpPeAM U3BNEYEHHBIX €CTb XOTH Obl oauH Genbiit wap?

<« 3ameTnM, 4To nHTEpecylowee Hac CoObiTue A NPOTUBONONOXHO COOLITUIO — BCE U3B/IEYEHHBIE Wapbl
uepHbie. B cootBETCTBUM C NpUHLIMNOM AononwutenskocT P(4) = 1 — P(A). BepoatHocTb COGbLITUS A

HaiaeM, BOCMONL3OBABWMCH TéM, yto 4 = 1y N 2, N 3,, rae co6bLTUS £, 0IHAYAIOT, YTO Wwap, U3BNeYeH-
HbiA $-M — 4epHblil. B COOTBETCTBUM C NPABUNOM YMHOXEHUA NONyvaem

P(A)=P3,|14N2) P14 N2) = P(l4) P(2|14) P (3| 1y, N 2,).
Dna BepoATHOCTEI, YHaCTBYIOWUX B 3TOM COOTHOLWEHUM, NETKO NONy4aeM

m -1 m—2
lyy=——, P ly)=—, P(@3 N = —
P(l)=——0y PRIL)= =, POILN2)= ——

0TKypa oTBeT
m m-—1 m-—2

m+n man—-1 min-2

P(A)=1-

Mpumep 7. B kpyre paguyca R cnyuaiivbim 06pa3om HE3aBuCMMO APYr oT apyra Buibpano N Touek. Haiitn
BEPOATHOCTL TOrO, YTO PACCTORHUE OT UBHTpa kpyra Ao Gnavxaiwein u3 Hux 6yper He mexee r.

« %icHo, 41O €chn 6namuxaitiuan M3 To4eK HAaXOAUTCH OT LUEHTPA Ha PACCTOSHUM He MEeHbLLIEM T, TO U BCe
npoune GyayT HaxXOAUTLCR OT UEeHTPA H2 HE MEHbIUeM PACCTOAHWW.
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BepoaTHOCTL TOro, MTO CNy4aiHas B Kpyre TOYKA HAaXOLUTCH OT LeHTPA Ha PACCTORHUY HE MEHBLIEM T,
DAETCH OTHOLIEHUEM

TR? - nr? r?
P(d?f)=T=l—ﬁ.

B COOTBETCTBUM C NPABUNOM YMHOXEHUS (5), MCKOMan BEPOATHOCTL paBHa

2\ N
P(d,>rnd2>rn...dnzr)=P(d|Zr)...P(dN>r)=(l—%) >

Mpumep 8. Hekto 3a6bin nocnepHo0 Uudpy HoMepa TenedoHa u abupaer ee Hayran. KakoBa BEpOSTHOCTL
TOFO, YTO OH AO3BOHUTCH A0 HYXHOTO aboxexta He Gonee yem 3a TP NONLITKKU?

<« Bocnonb3ayeMcs nNpuHLMNOM [ONONHUTENLHOCTU —— NPOTUBONOJIOKHLIM paccMaTpusaeMoMy Cobui-
™mio A Gyper coGbite A, COCTOAUIEE B TOM, 4YTO NEPBLIE TPU NONBITKM AO3BOHUTECA N0 HYXHOTO aGoHeHTa
okazanucs GeaycnewHsiMu. MoCnenoBaTentHbIe NONbITKU A03A0HUTLEN [0 HYXHOro abowenTa Ay, A, A3 —
3aBUCUMbie COObITUA, Tak Kak ogHaxab HabpaHHan U He NpUHeCLLas ycnexa uMdpa B AanbHENLEM YXe HE Ha-
6upaetca. MpumexHnm Npaanno yMHOXEHUN (4):

P(A)=P(A -A)-A;)=P(A3|A,-A)P(A;-A)=P(A3|4A -A4)P(A|A)P(4).

Dna cOMHOXUTENen O4eBUAHO MEeeM

—_ 9 . 8 - 7

P(A]):-l-(—), P(A2‘Al):§, P(A},A]'A2)=§,
Orciona o s g
P(A)= —.—.-
(4) 10 9 8§’

W 'S NCKOMO# BEpOATHOCTM nonysaem P(4) =1—-P(4)=03. »

Mpumep 99, WUccneposars CBsidb Mexay TeMHbIM LBETOM a3 y otua (cobbitwe T, ) # coiHa (cobbitne T)

HA OCHOBaHUM CREeAYIOWNX AaHHBIX, NORYYEHHLIX NPY Nepenucu Hacenexus AWraum 1 Yansca 8 1891 roay.
TemHornasbie OTubl U TEeMHOINA3ble CbiHOBbS (ToTc) coctasnann 5% cpeav scex obcnepoBaHbix, TeM-

HOrnasbie oTubl U ceetnornasbie coioBbs (ToT.) — 7,9%, CBeTnornasbie OTUbI U TeMHOIa3bie ChIHOBLA

(ToT.) — 8,9%, ceeTnornasbie oTubl u ceetnornassie coinosba (ToTc) — 78,2%.

< [1n9 OUBHKM MCCNBAYEMOii CBsian Haliaem ycnosubie BepostHoc P(T, | To) u P(T.|T,) v cpasuum
ux ¢ cootsercrayloweit 6esycnosHoin P(T).

Mo onpepenexnio umeem
P(T,T.)
P(T.\T,) = ——.
( cI 0) P(To)
YcnoBus 3aaa4m paloT OCHOBaHUA AN CReaylowen OLeHKu Bepomﬂocreﬁ'o)

P(T,T.) =005, P(T,T.)=0079, P(T,T.)=0,089, P(T,T.)=0,782.
Nockonbky ouesnaro, 4to ToT, + ToT. = Ty, noctoneky P(T,) = P(ToT.) + P(T,T.) = 0,129. Otciona
P(T,) ~ 0,129
B 10 xe pems T,T. + ToTe = Te v P(T.) = P(ToT.) + P(T,T.) = 0,139. CpasHuBas 3HaueHns yCnoBHOM
1 Ge3yCcnoBHOW BEPOATHOCTEN, AENAEM 3aKNIOHeHNE O HaMM4UM CBA3U Mexny TeMHbIM LIBeTOM ria3 y oTua
" TEMHbIM LIBETOM Na3 Yy CbiHa — Yy TEMHOrNasbiX OTLOB TEMHOrNa3bie CbIHOBLA BCTPEHAIOTCR NOMTU BTPOE
auie, 4em Boobue cpepy o6cnenoBaHHbIX. 3aMETUM, MEXAY NPO4UM, HTO CBETAOFNA3bIe CHIHOBLA Y TEMHO-
rnasbiX OTLOB acTpedalorcs npumepHo a 6 cnywasx u3 10 (P(T.|T,) = 1 — P(T.|T,) = 0,6124).
Mopcuutaem Teneps BepoatHocTs P(T, lTo). Paccyxfiexns, aHanoru4Hbie BbiLLeNPUBEAECHHbIM, AAIOT:
P(TOTC)
P(T,)
3akniouaem, 4To ceTAOrNasbie OTubl, BooOWE roBOps, MOryT MMETb TEMHOT/IA3biX CHIHOBEM, OQHAKO 3HA4M-

TENbHO pexe, YeM CBETAOrNAa3bix — NPUMEPHO B OAHOM Cnydyae u3 10 y cBeTRornasbix OTUOB TEMHOFNasbie
CbIHOBbLA U, COOTBETCTBEHHO, B 9 cnyqasx u3 10 — ceeTnornasbie, »

P(T.|T,) = = 0,3876.

P(T.|T,) = =0,1022.

9 3anaua 3aMMcTBOBaHa U3 3agauHuKa JI. H. MelankuHa.
10) Kax 0ORIYHO, NoJIaraeM BEposTHOCTH NMPONOPLMOHANBHON 3anacy ciryuaes.
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§4. dopmyna nonHoi BEpPOATHOCTH

BeeneHHbie B NpeablyiileM pa3fiene MOHATUS YCAOBHOM BEPOSATHOCTH M HE3aBMCHMMOCTH
COOBITHI MO3BOJNAIOT MOJYYUTh NPOCTOE COOTHOLIEHUE, 06Ieryaloniee BLlYMCIeHUE BEPO-
ATHOCTEH B MHOrOQJIbTEPHATHBHBIX CUTYaLlUsIX — KOrza COObITHE, BEPOSATHOCTb KOTOPOro
OTBICKMBAETCH, MOXET MPOUCXOAUTh COBMECTHO C APYTMMHU COOBITUSIMU, OTHOCHTENBHO KO-
TOPBIX MOACYET BEPOSITHOCTEH MHTEPECYIOLIErO HAC COOBITUS OKa3blBaeTCsl MO KaKMM-TO
NpUYMHAaM Npouie. DTO COOTHOLUEHNE HOCUT Ha3BaHUE (opMynbi NONHOU 8ePOSMHOCMU.

[lyctbcobuitus Hy, Hj, ... , Hy UMEIOT HEHYJIEBYIO BEPOSATHOCTb, HECOBMECTHBI M BME-
CTE€ UCUYEPIILIBAIOT BCE BO3MOXHbIE UCXObl SKCIIEPUMEHTA!

HNH, =0, i#j H+H+..+Hy=Q.

COBOKYIMHOCTb COOBITHIA, 00N1aaIOUIUX ITEPEYUCIEH-
HBIMM CBOMCTBaMM, 3aJ1a€T aJlbTEPHATUBHOE pa3bue-
HHE MHOXECTBA BCEX UCXONIOB 3KCITEPUMEHTA ¥ OOBIY -
HO HAa3blBACTCH NOAHOU 2Pynnou HeCOBMEeCMmHHX CO-
buimuu.

Ecam A — Hekoropoe COObITHE, TO OYEBHMAHO,
YyTO pa3bveHue IKCNCPUMEHTA, 3a1aBacMOe TONHOM
rpynnoii cobuituiit H,, ¢ = 1, ..., N, 3anaer ¥ pas-
6ueHne MHOXeECTBa MCXOJ0B, 0Opasyiomux cobbi-
e A (puc. S):

A= AH, + AH, + ... + AHy,

(npu 3TOM, KOHEYHO, HEKOTOPbIE CIaracMbi€ B IPH-

Puc 5§ Pa3bueHune NOJTHOM CHCTEMOI He-

COBMECTHhIX COOBITHI 8
BEAEHHOW CyMM€ MOTYT OKa3aThbCs HEBO3MOXHBIMU
COOBITHAMH).
[Tockonbky cobuiTst H,, ¢ = |,..., N — HeCOBMeCTHBI, TO U cobbiThs AH,, i =
1, ..., N — TaKxe HeCOBMECTHBI, ¥ 10 MTPABUJIIY CIOXEHUS 3aKJIIoYyaeM, YT

P(A) = P(AH,) + P(AH,) + ...+ P(AHy).
MpaBuiio xe yMHOXeHus (4) MO3BoAseT BBIYNCTUTD KAXKAOE U3 CllaraeMbix
P(AH,) = P(A|H,)P(H,), i=12,...,N.
OO6benuHAs ABa MOCACAHMX COOTHOLIEHUS, ITOyYaeM UCKOMYIO opMYyJty
P(A)=P(A|H\)P(H)+P(A|H)P(H;) +...+ P(A|Hy)P(Hy).  (6)

Mpumep 1. Ha KkHUXHO NoNke CTOUT ABA AECATKA KHWT, M3 KOTOPbIX 4 YX€ NPOYUTAHbI XO3AMHOM, a OCTaBWK-
eca eule Het XossuH BbibupaeT cayvanHbiM 00pasoM KHUMY U YUTaeT (UM NepednTbIBaeT) ee, nocne Yero
craBuT o6paTHo Ha nonky flocne 3Toro oH BuibUpaeT Hayrap ouepeaHylo kHury. KakoBa BEpOATHOCTb TOro,
4TO BHOBb BblOpaHHasn kHUra ewe He Gbina npoyntaHa?

<« PaccyxgaeHus souirnagar cnepylowmm obpasoM nycte H; — cobuitne, COCTOAWEE B TOM, YTO nepBas
KHWra uiTanHan, Hy — HeunTaHHas, A — BHOBb BbiOpaHHan kKHUra ewe He Obina npounTaxa
Jlerxo ycraHoBUTb, YTO UMEIOT MECTO Cneaylowme COOTHOWEHNA

16 4 15 3
P(A|H1)=§5=§, P(AlH2)=ﬁ=z,
4 1 16 4
P(H|)=-2-6=§, P(H2)='2-6=‘5',

1 popmyna (6) ana nckomow BepoATHOCTU paeT
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Mpumep 2. Ha neperowe Mexay ABYMA ocTaHoBkamu B aBTobyce efyT 3 naccaxupa, Kaxabii 13 KOTOpbiX,
HE3aBUCUMO OT NpouMx, € BepoaTHocTbio 0,1 nokupaer aBTobyc Ha Gnuxaviwei octaHoBke. Ha artoi ocra-
HOBKE OXMAAIOT TPAHCNOPT 3 Naccaxupa, Kaxabiii 3 KOTOPLIX, HE3ABUCUMO OT NPOHMX OXMAAIOWMX, CAANTCS
B nopowenwnit astobyc ¢ BepoaTHocTHio 0,3. KakoBa BEpOATHOCTb TOrO, HTO NOCNAE OTNPABNEHUA C 3TOW
OCTaHOBKM KONMHECTBO NacCaxvpos B canoHe aBTobyca He uamMeHnTcs?

« OueBupHO, HTO KONMYECTBO flaCCaXUpoB B Canoxe aBToOyCa OCTAHETCA HEU3IMEHHbIM, €CNn Konnue-

CTBO BbilweAwunx Byaer paBHO KONMYECTBY BOLISALLIMX,
Mycts cobbitna Hy, Hy, Hy, H3 COCTOAT COOTBETCTBEHHO B TOM, 4TO B @BTOGYC He CeA HUKTO, Cen pOBHO
OOMH, AiBA UNU TpK Naccaxupa, cobbiTue A — KOAMHECTBO NACCaXvpos B canoxe asrobyca He U3MEHKNOCH.

Mo ¢popMyne NOAHON BEPOATHOCTU NOAYHaEM
P(A) = P(A|Ho) P(Hy) + P(A|H,)P(H,)+ P(A|Hy) P (H2) + P (A| H3) P(H3).
YuutbiBas He3aBMCUMOCTL NOCaaKu naccaxupos B aBTobyc, nerko Haxopum
P(Ho) = (1-03)>=(0,7)> =0,343,  P(H;) =3(1-0,3)%0,3 = 0,441,
P (Hy) = 3(1 — 0,3)0,3% = 0,189, P(H;) =0,3° = 0,027.
3ameTnM, HTO YCNIOBHbIE BEPOATHOCTH P(A|H;) ectb BeposTHOCTM TOrO, 4TO 13 aBTobyca BbILNO Ha OCTa-
HOBKEe POBHO ? nacca»mpoe.
P(A|Hp)=(1-01)°=09°=0,729, P(A|H;)=3(1-0,1)%0,1 = 0,243,
P(A|H,) = 3(1-0,1)0,1% = 0,027, P(A|H;) =0,1° = 0,001.

OxoHuatensHo
P(A) = 0,729 - 0,343 + 0,243 - 0,441 + 0,027 - 0,189 + 0,001 - 0,027 =~ 0,36. »

dopMyna rMoaHoU BEPOSATHOCTH BMECTE C POPMYJION YCIOBHOM BEPOSATHOCTH MO3BOJSIET
BBHIHOCHTb HEKHME CYXIEHHUS O «IPaBIONMOJOOHOCTH» TMNOTE3:

Ecau cobbiTHe A MOXET MPOUCXOMUTH B IKCIIEPUMEHTE COBMECTHO C OXHUM M3 ajib-
TepHaTUBHBIX COObITHI H;, © = 1,2, ..., n, U B pe3ylibTaTe 3KCMEPUMEHTA 3TO COOBITHE
OCYILIECTBUJIOCh, TO MOXHO IMONBITATbCH OTBETUTh HA BOIMPOC — C KaKUM UMEHHO U3 CO-
6biTHit H; oHO npou3souuio BMecTe. LISt 3TOro oLleHUM YCNOBHYIO BEPOSAITHOCTb COOBITUS
(runotesn) H; npM yCNOBUM, YTO COOBITHE A Peai30BalOCh:

P (A N H,‘)
P(4)
B COOTBETCTBMM C MPaBWIOM YMHOXEHMs, BEPOSATHOCTb, CTOSILASA B YMCIUTENE, NAETCS
BhipaxeuveM P(A N H;) = P(A|H;)P(H;), a cTosiuias B 3HaMeHaTelle MOXET OBITh
NOACYMTAHA C MOMOLLBIO GOPMYABI ONHOH BEpOSTHOCTH (6), YTo Haer
P(A|H;)P(H;)  P(A|H;)P(H;)
P(4) >_ P(A|H;)P(H;)

CpaBHuBas BeposTHocTH P (H;| A) 1nst pa3nuyHbIX 3HaYeH Wi £, 6y1eM CYUMTAThb TY U3 TH-
noTe3 Haubonee BepOATHOM, It KOTOPO# 3Ta BEPOSITHOCTh HaubGonbliias.

®opmyna (7) Ha3biBaetcsi popMynoii Beiieca, BepositHocTu P(H ;) — anpuopnoimu, T. €.

JOOMBITHBIMU BEPOSTHOCTAMM, BepositHocTi P (H ;| A) — anocmepuopnbimu, T. . mocneo-
MBITHBIMU BEPOSITHOCTSIMM.

P(H;|A) =

P(H;|A) = (7)

Mpumep 3. M3 ypHbl, B KOTopoi HaxoauTea 4 Genbix 1 6 4epHbIX GUINHECKN MAEHTUHHBIX LWAPOB, U3BNEKM
Hayrag OQMH WBP M NONOXKAN ero B ypHy, conepxautyio 5 6enbix n 4 4epHbix wapos. Cay4aitHo M3BNEYEeHHbIA
13 BTOPOW ypHbI Wap oka3ancs 4epHbiM. Hro Gonee BEPOATHO — U3 NEPBON YpHbI Obin U3BNIEUEH YePHBIW LIAp
wnu Genbin?

<« Myctb cobbitne Hg COCTOMT B TOM, 4TO U3 NepPBOi ypHbl uasneuen Genvid wap, H, — w3 nepBoi
YPHb! N3BNEYEH HEpHbIA Wwap, Y — 13 BTOPOA ypHbI M3BNEYEH YEePHbIW Wwap.

OueBnpHo, 4T0

5 6 46

P (4) = P(4|Hs)P (Hs) + P (4| H,)P (H.) = ;‘_0 . _145 LA s
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[na ouenkn anocrepuoptoit sepoatHoctu P (Hg|Y) socnonbayemes dpopmynomt (7):
P(4|Hg)P(Hs) 16
P(Hg|Y) = = —,
MonyuyeHHbI pe3ynbTaT NO3BONRET CHATATL MMNOTE3Y O TOM, YTO M3 NEPBOM YpHb Gbin u3BneyeH 6enbiit wap
MeHee NPeAnoYTUTENLHOW B CPAaBHEHUI C rMNOTE30i, NPEeANonaralowen u3BneYeHne n3 NepBO YpHbLI YHEPHOTO

wapa. »
Jnsi copepxkarteibHOro 3aKJ1I04YE€HHUS O MPaBAONOXOOHOCTH TOH MJIK MHOM I'MINOTe3bl BaX-

HO, YTOObI paccMaTpuBaeMble COOBITHS ObLIN AEHCTBUTENBHO CAYy4AlHHNMU B KOHTEKCTE pac-
cMarpuBaeMbIx pobdaeM. B NpOTUBHOM Cllyyae BHIBOALI MOTYT OKa3aTbCsl HealleKBaTHBIMM

p€ajibHOMY NOJOXECHHUIO JEJT.

Mpumep 4. B 0aHOM 13 TENEBUIUOHHBLIX LIOY Beaywnid npeanaraeTt urpoky BuibpaTh OAUH U3 CTOAWMX ne-
PeA HUM napuoe, NPeAYNPEexAas, 4To TONLKO B OQHOM U3 NAPLOB 3AK/NIOYEH LEHHbIA NPU3 (CKaXEM, KNIoYM
ot asToMo6unga). Mocne TOro Kak Urpok Nponasen BuiGop, BeAyW WA OTKPLIBAET OAUH U3 OCTABLUMXCS NApLOs
W, IEMOHCTPUPYA, YTO B HEM HUYEro HEeT, Npeanaraer Urpoky ewe pa3 NogymaTh U, ECAKU 3axo4eTcs, UaMe-
HUTL CEO€ pelseHne — BbibpaTb OCTaBWIMIACS Napel, BMECTO TOro, KOTOpbIA 6bin BbiGpaH nepBoHa4ansHo.
MmeeT nn CMBLICH MrpOKY MEeHATb CBoe peliexne?

<« OtBeT Ha BONPOC 3a4a4M 3aBUCUT OT TOFO, CIyHaeH uni HeT BbiGOp BeaywUM OAHOMO 13 NlapLuoB Ans
AEMOHCTPaLUM ero CoaepX1UMOoro.
i. Mycrs Buibop Beayuwiero cayvaex. O603Haumnm yepea H| cobuiTue, cocToswee B TOM, 4TO napel,
BbIOpaHHLI UIPOKOM, COAEPXUT Npu3, yepe3 Hy — 4TO OH Npu3a HE comepxuT, Yepe3 A — yTO napeu,
BbibpaHHbi BeaywuM, nyct. Toraa no ¢popmyne NOMHON BEpOATHOCTH 3aKNIOYaEM, HTO

P(A)=P(AIH)P(H) + PALB) P(Hy) =15 453 = 2.

A ¢opmyna Beiteca (7) gaet cneayloulyio oueHKy, Hanpumep, ana sepoatHoctw P (H;|A):

P(A|H))P(H) 1/3 1
P(HlfA)z ( ( ==~
P(4) 2/3 2
1, CepoBAaTENbHO, B 3TOM Cly4ae UrpoKy HET HYXAL MeHAThL CBOW BbIBOpP, Tak Kak LWAHCH €ro Ha nonyveHue
npu13a OAUHAKOBbLI, OCTAHOBMTCA N OH Ha CBOEM NepBOHAYaNbHOM BbIGOpE MNKM CMEHUT ero.

2. Myctb BLIGOp BeAywWero He CnyvaeH, U OH, 3Han rae NeXWUT Npua, BCeraa OTKpuLIBaeT ana Bceob-
wero 0603peHns napeu, npvla He coaepxXawui, T.€. cobbitTne A He ABNRETCR Ciy4aitHbiM U NPOMCXOBUT
C BEPOATHOCTLIO 1 B 3TOM cnydae no ¢popmyne YCROBHOW BEPORTHOCTU 3aKNIOYAEM, YTO
P(AH)) 1
<7 =PH) =73,

P(4) 3

1 B IBYX CRy¥asix 3 TPEX UIPOKY BLIFOAHEE M3MEHWUTL CBOM BbIGOP, 4eM HACTauBaT Ha nepeoHavansiom' . »

P(H,|A) =

) BnpoueM, dopmanbHoe ncnons3oBaHue hopmynbl beiteca naeT TOT Xe pe3ynbTar:

P(H,|A) = P(A'f&’;(”') =l{3 - %




nasa XXXVIII

CJ/TYYAMHBIE COBbITUS.
BEPOATHOCTb

§ 1. Oxcnepument. Ucxoasbl akcnepumenta. CobbiTus

1.1. xcnepuMeHT. JnemMeHTapHble UCXOAbI AKCNepUMeHTa

Bcsikoe u3yyaeMoe B JaibHeHIeM siBIcHUE OyaeM Ha3hBaThb akcnepumermom. ns nanb-
HEH1LIero He BaXHa €ro CojepXaTeJbHasi CTOpOHA 3KCIiepuMeHTa (NpeIMETOM pacCMOTpe-
HUS MOXET 6bITh (PU3NYECKOE, XMMUYECKOE, COLIMATBHOE MIA MHOE SBJICHKE), @ BAXHO TO
06CTOATENLCTBO, YTO KOMIUIEKC YCAOBHH, 00yclaBInBalOIIMA paccMaTpMBaeMoe SBIEHUE,
MOXeT 6bITb (IO KpaitHei Mepe, B IPMHLMIIE) BOCIIPOM3BE/IEH CKONBKO YTOIHO pa3. BaxHo
TaKKe, YTO a priori BO3MOXHO NepeYncIeHUe BCeX COOBITHI, KOTOPble MOTYT HaCTYIIUTh B
cydae OCyLIeCTBIEHUS YKa3aHHOTO BhIllle KOMILIEKCa yCNOBUHA. B OT/IeNbHBIX ClIyyasx 3TH
CcOGBLITHS MOTYT HAaCTYITaTh WIX HE HACTYIaTh B pa3HbIX KOMOMHaLUsAX. Bo MHOXeCTBO HCXO-
JIOB 3KCIIEPMMEHTA BKIIOYAIOTCSE BCe BOBMOXHBIE BAPUAHTHI MOSABICHUN WX HeNOABNEHUHA
paccMaTpuBaeMbIX CoObITUN. TakuM 06pa3oM, C KaXIbIM 3KCIIEPUMEHTOM MBI CB$i3bIBa€M
CITMCOK BCEX 3aBEIOMO BO3MOXHBIX B 3TOM 3KCIIEpUMEHTE COOLITHIA, YTO JIaeT OCHOBaHME

JUIst CReaylolIero onpeacicHus.

Onpepenexue. IIpocmpancmeom anemenmaphuix ucxodos sxkcnepumerma 6yaeM Ha3bpiBaTh Npo-
M3BOJILHOE MHOXECTBO {2:
Q = {w}.

DneMeHThI w MHOXecTB2 () GyeM Ha3bIBaTb 3AEMEHMAPHBIMU CAYHAUHBMU COOLMUAMU AT
NEMEHMAPHHIMU UCX00amMU, a CAMO () — NPOCMPAHCMEOM INEMEHMAPHBIX CAYHAUHBIX COOMUiL.

Ilpu moCTpOEHUH NMPOCTPAHCTBA 3JEMEHTAPHBIX COOBITUI, OMUCHIBAIOIIEN0O KOHKpPET-
HbI/ 3KCINIEPUMEHT, B CITUCOK 3JIEMEHTAPHBIX MCXO/IOB {2 BKIIOYAIOT 3JIEMEHTApHBIE MCXO-
JIbl W, YIOBJETBOPsIONINE TPeOOBAHUAM noaroms i Hecoemecmrocmu. TlepBoe u3 Tpe6oBa-
HMH 03HAYaeT, YTO UCXO/IbI, BKIIOYEHHBIE B CIIUCOK, 3aBEIOMO MCYEPITBLIBAIOT BCE BO3MOX-
Hble NIp¥ OJAHOKPAaTHOM MNpPOBEACHUM 3KCIEPUMEHTA COOBITHSA; BTOPOE — YTO NPH OIHO-
KPaTHOM IPOBEACHUH 3KCIICPUMEHTA MOXET MPOU3ONTHA OAUH U TONBKO OXUH M3 UCXOJOB,
BKJIIOYEHHBIX B criucoK. KOHEeYHO, npM cocTaBleHuM crucka () npuberaioT K pasyMHOR
CTENEHM UACAUTU3aLKM PCAIbHOTO 3KCIIEPUMEHTA.

Mpumep 1. Nycrb paccmatpueaembiii IKCMNEPUMEHT COCTOUT B NoaGpachiBaHum MoHeTw. pexebperas Bo3-
MOXHOCTBIO TOrO, 4TO B UTOre MOHETa 3aKaTUTCR 8 ULenb, BCTaHET Ha Pebpo 1 T.M., BbIAGNMM Cheaylowme
AB2 BO3MOXHbIX ucxopa: P — «moHeTa ynana seepx pewkoit», I' — «moHeTa ynana ssepx repGom». [Mpo-
CTP2HCTBO 3NEMEHTAPHLIX UCXOA0B PACCMaTPUBAEMOrO SKCNEPUMEHTa COCTOMT U3 ABYX 3NEMEHTOB,

Q = {I; P}.
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Mpumep 2. B ypHe HaxopuUTCs M YepHbix U 1 6enbix WapoB. SKCNEPUMEHT COCTOUT B U3BNIEHEHUN HAyAaYy OA-
HOro Lwapa 13 ypHbl. OauH U3 BapraHToOB NPOCTpaHCTBa ) AR 3TOro 3KCNEPUMEHTa MOXET GbiTb Cneayiownm:
B cnucok €1 BklouyeHb! ABa cobbita b — nasnevenHbiit wap 6enbii 1 Y — uaBneweHHbIN Wap YepHbiN,

Q = {b, 4}.
Mpumep 3. U3 xonoabl UrpanbHbix KapT (52 nuCTa 4YeTbipex mMacreit: @ — nukn, O — yepsun,  — GyGHbl
n & — Tpedbl, B kaxaon mactv 13 nucros — 1, 2, ..., Baner, [lama, Koponb, kapTa e AUHUYHOrO [OCTOUH-
CTBa HOCUT Ha3BaHue Ty3) N3BNEKAIOT OaHY kKapTy. BoamoxHbie cnucku 1 Npu oNMcaHnn 3TOro 3KCnepuMeHTa
MOFyT GbiTh CRenyIoWNMA:

Q) = {" 2, 0, ‘}a

QZ: {],2, 3)"‘1 107 Bvﬂ) K};
Q3 = {Kr, Hkt};

Q4 = {Kp, Yp};

Qs ={1#,..., K&, 19,..., KO, 10, ..., KO, I, ..., Kb}

3necb NpuHaTthl cneaylowme 06o03HaveHuns:

& — vn3BneyeHa KkapTa MacTu nuk; aHanornuHo 9O, O, &;

1, 2,...,10, B, A, K — u3aBneueHa kapra COOTBETCTBYIOLIEI O LOCTOMHCTBA; (CKaxem, 3 — n3Bne4eHa
Tpovika (nuk, yepeeun, 6yben nnu Tped));

Kt — un3sneyena kaptvuHka (k KapTUHKam OTHOCATCR kapTul Tys, Baner, flama, Koponb);

HKT — un3sneuena Hexaptunka (kapra poctomHcTeom ot 2 po 10);

Kp — usBneuyena kapta kpacHoi mactv (vepBu unm 6yGHb);

Yp — u3BneveHa xapta 4epHOW MacTv (NUkn nnm Tpedbl).

Mpumep 4. Mowxety nop6paceiBalOT B OQHUX U TEX Xe YCNoBUAX A0 TeX Nop, noka He nossutes rep6. Mpo-
CTPaHCTBO 3MIeMEHTAPHBIX UCXOMOB 3TOMO 3KCrepuMeHTa MoXeT ObiTb 3amaHo cnepylouwnm (6eCKOHe HbIM)
CIUCKOM:
Q={T; PI; PPI;...;PP...PT;... };
————
n—1

3nech ucxon, 0603HaNEHHbIA Kak

PP...PT,
[

n—1
ONUCLIBAET CUTYaLMIO, Koraa Bnepsbie repb NosBunca Npyu n-m 6pocaxlnm MOHeTHI.

Mpumep 5. SxcnepumenTt cocTout B HAGRIOAEHUN 32 BpeMeHem Ge30TkasHow paboTbi HEKOTOPOro arperara.
Wpeanuampys cutyauumio, NPEANONOXUM, NTO Mbl YMEEM U3MeEpaTb NioBbie, CKOMb YTOAHO Manbie NPOMEXYTKN
BpPeMEHU (B [eACTBUTENbHOCTUA, KOHEYHO, Mbl B COCTOSHUNA U3MEPATb ANMTENLHOCTA TONLKO C TOMHOCTLIO A0
HEKOTOPOro «kBaHTa» BpeMmexn At). Toraa npOCTPaHCTBO 3NEMEHTAPHbLIX UCXOAOB, OTBEYaOWee paccMaTpu-
BAEMOMY 3KCNEPUMEHTY, MOXET ObiTb, HANPUMEP, 334aH0 CNEAyILMM (KOHTUHYaNbHbIM!) CNMCKOM:

Q={w: 0 <w<+00}.
3pech ucxop w € [0, 400) ONUCHLIBAET CUTYauMIO, KOFAA arperaT BuilLen U3 CTPOa B MOMEHT to +w, rae tg —
Bpema Hauana HabniopeHus.

Kak noka3sblBaloT MpuUBeIeHHbIE TPUMEPDI, B 3aBUCUMOCTH OT MTOTPEOHOCTEN UCCaEN0-

BaTeNsl OAMH U TOT Xe 3KCIEPUMEHT MOXET ObITb ONMUCaH Pa3IMUHbIMU MPOCTPAHCTBAMM
371IEMEHTApHbIX UCXOJIOB.

anHHTaH BBILLIE CX€Ma OITUCAaHUS PCAJIBHOI'O 3KCIICPUMCEHTA ITO3BOJIACT OTOXIACCTBJIATDL

OJHOKpaTHOE NpOoBeJicHNe 3KCIIEPUMEHTA C BLIDOPOM OIHOTO U3 31EMEHTOB CITKcKa (2.

1.2. CobbiTHs

Crenylouiee NOHATHE, KOTOPOE Mbl PACCMOTPHUM, 3TO IMOHATHE COONMUAL.

Cobumuem Gynem Ha3bIBaTh J1l0O0E MOAMHOXECTBO A MHOXECTBA 31€eMEHTAPHBIX UCXO0-

noB ).

Mbi TOBOPHM, UTO B pe3ybTaTe ONHOKPATHOIO NMPOBEeAEHU 3KCNEPUMEHTA COObITHE A

OCYUIECTBMJIOCH, €ClX Obil BHIOpaH 37€MEHT w € A. JieMeHTapHbli ucxon w € A 6y-
IIEM Ha3blBaThb 06.1a20NpusmcmeyouuM OCyLLIECTBIEHUIO COObITUS A. Jocmoseproe coObITHE
NPOMCXOIMT IPU KAXAOM OCYILIECTBJIECHUH 3KCTIEPUMEHTA, a He803MONCHOE CODbITHE He MPOo-
MCXOIWUT HU TNPH KAKOM OCYIUECTBIEHMH 3KcnepuMeHTa. Bce ocrajibHble COOBITHS C 3TOM
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TOYKH 3PEHHs 3aHMMAIOT POMEXYTOYHOE NOJOXEHUE MEXAY HEBO3MOXHbBIM U IOCTOBEP-
HuIM. HeBo3MoxHoe cobbiTHe 6yieM 0603HayaTb CUMBOJIOM O .

Npumep 6. Onuwem akcnepuMeHT ), COCTOAWMUIA B N3BAEYEHNN OAHON KapTul M3 NonHol (52 ancra) Konoabl
UrpanbHbix KapT CNUCKOM

Qs ={1#,..., K&, 19, ... KO, 10,... , KO, 1#,..., Kd}

(cM. npumep 3). Cnepyloume NOAMHOXECTBA MHOXECTBa (25 06pasyloT coObiTUA B pacCMaTpuBaeMoM aKCne-
pumeHTe:

Kt = {«n3BneyeHa kapra-kapTmHka»} =

= {B#, BO, B, B&, 16, 10, 1, 1, Kb, KO, KO, Kb, T, TO, TO, T}
Kp = {«n3sneuena kapra kpacHoit macw»} = {19,...,KQ, 1,...,Ko};

# = {«n3sneuenHa kapra mactm nuk»} = {1é, ..., Ké}.

Mpumep 7. MycTb IKCNEPUMEHT 2 COCTOUT B TpEXKpaTHOM noabGpackiBaHuin MOHETH. OnuLLeM ero Creayiowmm
CNUCKOM
Q= {ITT, I'TP, TPT, PIT, TPP, PTP, PPT, PPP}.

MpumMepamu cobbiTvii B 3TOM 3KCNEpUMEHTE MOTYT GbiTb Crepyloume:
A3 = {«rep6 Buinan He mewee 2 pas»} = {I'TT, I'TP, PIT, TPT};

A—; = {«rep6 sbinan posHo 2 pasa»} = {ITP, PIT, I'PT'};
A—¢ = {«rep6 He Bbinan uu pasy»} = {PPP}.

Jlerko coo6pa3uTh, 4TO

8 cay4ae, K020a MHOXCeCmeo Ucxodoe sKkcnepumenma ) Koneuno u codepwcum N 31emermos,
MHONCECMEO GCEX GOIMONCHBIX COGBIMUII MaKHce KoHeuHo u codepacum 2V s1emenmos.

« leiicTBUTENBLHO, COOBITHI, COCTOSILLIMX POBHO U3 k «OJ1arornpUsiTCTBYIOLLIMX» 3JIEMEHTap-
HBIX UCXonoB Gyxer C,'ﬁ,, k=20,12,..., N. Ilo3romy o6uiee 41CJIO BCEX BO3MOXHBIX
CoObITHI KaeTcs paBEHCTBOM

Ch+Ch+...+CN=(0+1D)¥=2"»

Mpumep 8. Mowety 6pocaiot Ao Nepeoro noseneHus rep6a. MpPOCTPaHCTBO IneMeHTapHbIX CoBbLITHIA onuwemM
CNUCKOM (CM. npumep 4)

Q={r,Pr,...,PP...P[,... }.
B paccmarpvBaemMom akCrnepuMeHTe MOXHO HabnlopaTs, HanpuMep, cnepylowme cobbiTus:
Ao = {«repb nossuncs no opmHHapuatoro 6pockas} = {I, PI', PPI, ..., PP...PT};
9
A_yo = {«rep6 noseunca npu pecstom ucnbitauuns} = {PP...PT};
9

As o = {«rep6 He nossuncs paHee oauHHapguatoro ucnbitanms»} = {PP...PT,PP... P\ I,... };
10
10>4>4 = {«rep6 nNosBUNCH MEXAY HETBEPTLIM U AECATHIM UCNLITAHUAMMK»} =
= {PPPT, PPPPI,,... ,PP...PT}.
9
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Npumep 9. M3secTHo, 470 aBTOGYC NPUXOAUT K OCTAHOBKE B HEKOTOPLIA MOMEHT BPEMEHU ¢, 3aKNIOYEHHbIl
mexay 9 n 10 yacammn ytpa CryaeHT BbIXOAUT Ha OCTAHOBKY B TEYEHWE 3TOFO Xe NPOMEXYTKa BpemeHu.
OKCNEepUMEHT COoCTOUT B HabnogeHun 3a BpeMeHeM Npuxofa k octaHoBke aBTobyca v crypeHTta. Onuvwem
MHOXECTBO 3MeMeHTaPHbIX UCXOA0B CNEAYIOUWMM CIMCKOM

Q={(t,7): 9<t<10; 97 <10}

3necb t — MOMEHT NpubbiTus aBTOBYyCa K OCTAHOBKE, T — MOMEHT NpubbiTus cryaeHta. MHoxecTso (2
NPeacTasnaeT COBOKYNHOCTb BCEX YNOPAAO4YEHHbIX nap uucen (t, T), 3akniO4eHHbIX B NpoMexyTke ot 9 Ao
10 kaxpoe Ecnu otknagbiBate ¢ no ocu abcuuce, a T — No ocu oppuHart, To {2 6yaer COOTBETCTBOBATHL
MHOXECTBY TO4EK KBagparta Ha nnockocty (t, 7) (puc. 1a). PaccMoTpum cobbitne

A = {«CvypeHT npuwwen Ha O0CTaHOBKY He NO3aHee, Yem Typa npubbin aBtobyc»} = {(t, 7): 7 < t}.
3710 cobbiTne Moxet GbiTb ONMCAHO TeMU Toukamu kBagpara, B kotopbix T < ¢ (puc. 16).

Npumep 10. Mycte mHoxecTBO w — Bpems 6e30TkaaHoit paboTbl arperata ua npumepa 5. MHOXeCTBO
Q={w 0<w<+00}
MoxeT ObiTb OTOXAECTBNEHO C MHOXECTBOM TOYEK YMCNoBov nonynpamoit. Cobbitue
A = {«arperar sbliwen U3 cTpos B NPOMEXyTKe BpeMeHn ot T A0 T»} = {w: I < w < 1}
1306pa3nTca OTpe3kom 3ToIN NONYNPAMON

Jlna nanbHemnero BaXHbIM SIBISETCS TO OOCTOSATENBLCTBO, YTO YXKE B Cilyyae KOHTH-
HYaJIbHbIX MPOCTPAHCTB 3JIEMEHTAPHLIX COOBITUM 3anac BO3MOXHBIX COOBITUN CTAHOBUTCS
Heo603puMbIM. TIpuueM cpeau HUX MOTYT ObITh MU BECbMa 3K30THYECKHE.

Mpumep 11. Kantopoeo MHOXeCTBO. [MpuBeneM NpuMep 3K30TMHECKOTO MHOXECTBa, KOTOpoe o6napjaer Ha
NepBbik B3rNag NPOTMBOPEUMBLIMU CBOWCTBaMU PaccMoTpum otpesdok |0, 1] Paso6bem ero Ha Tpu paBHbie
4acTv 1 ynanum cpepHuii uxtepsan, T € uutepsan (1/3,2/3). Y vac ocranetce gsa otpeaka — [0, 1/3]
u [2/3,1] C kaxabiM U3 3TUX OTPE3KOB NOCTYMUM aHANOTMYHO: PAa3AeiM Ha TPU PaBHBIE 4acTU U YAANUM
cpenxuii uutepsan llocne aToro ocraHeTcs 4eTbipe oTpe3ka C kaxpbiM M3 HUX NOCTYNUM Tak Xe — no-
Ny4nTCR BOCEMb OTPE3KOB, U Tak ganee o 6eckoneuHocTu. To, YTO OCTaHeTcs nocne 6eCKOHEYHOro 4ucna
BbiIGpackiBaHuiA, U €CTb KaHTOPOBO MHOXECTBO (Ha puC. 2 Noka3aHa CxeMa ero NoCTpoexus). B Hero BxopsT
KOHUb! BbiGpaCHiBAEMbIX MHTEPBAsIOB, HO MHTEPECHD, YTO BXOOMT M ele MHOro ppyrux Touek MuoxecTtso
KOHUOB BbiGpaCcbiBaEMbiX MHTEPBANIOB CHETHO, B TO BPEMSA KaK KaHTOPOBO MHOXECTBO MMEET MOLHOCTb KOH-
TUHYYMa.
DeiicteutensHo, 3anuiwem ucna ua uurepsana [0, 1] B TponuHoi cucteme cuucnenus, T.€ B Buge

0,yay...an ..., (1)

rae umdpa a,, CToAwan B 1-i NO3ULMK NOCNe 3anaTon, MOXET ObiTb Hynem, eauHuLen unu ABoMKoi. BuiGpa-
CbiBa€Mble UHTEpBanbl COCTOAT M3 TO4EK, COOTBETCTBYIOLLMX YMCnam Buaa (1), B 3anMcu KOTOpbIX BCTpEYaeTcs
x0TA 66l 0aHa 1 CoOTBETCTBEHHO, KAHTOPOBO MHOXECTBO COCTOMUT U3 BCEX TOYEK, ONUCHIBAEMbIX YNCHAMU BU-
na (1), rae xaxpoe a, pasHo unum 0, unn 2. CnegosarensHo, ecnm Mbl conocrasum Touke 0, ajas ... aq ...
B TpoMuHOW cucteme To4ky 0, 5182 . . Bn ... B ABOM4HOW cucreme, rae G, = a,/2, T0 NONY4UM B3aUMHO
ORHO3HAuYHOE OTOGPaxXEHUe KaHTOpPOBA MHOXECTBA Ha Becb 0Tpe3ok [0, 1], u, 3HaumT, MOWHOCTL KAHTOPO-
Ba MHOXECTBA 0Ka3biBAETCA pAaBHOW KOHTUHYYMY Tem CambiM, B CMbICNE€ MOWHOCTV KaHTOPOBO MHOXECTBO
«Gonbwoe» OpaHako OHO «ManeHbkoe» B CMbiCNe «pa3Mepa» — ero mepa pasHa 0 JeicTBuTtensHo, noa-
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0 1
0 1
rm— —— ——
0 1
o — — — — — — —
0 1
- -- - == -—- .- - =
0 1
[T . e es e e . . o
0 1
Puc. 2
CYMTAEM CYMMy AnvH BbIGPOLEHHBIX WHTEPBANOB; OHA OKA3bIBAETCH PABHON €AMHUUE, T.€. [/MHe BCero
orpeska |0, 1]:
1 2 4 2! RV
3tgtg ot = =23 =k

HazoBem 4MCNOBO® MHOXECTBO HMIAe He NAOTHLIM, eCnin B NIKOOM uHTepBane MOXHO yKasaTb OTPEe30K,
He CoAePXAaLLMIA H ORHOM TOUKM AAHHOIO MHOXeCTBa. UHTYMTMBHO CBOMCTBO «HUrAG-HE-NIOTHOCTU» O3HauYa-
€T, YTO MHOXECTBO O4EHDb «xpa3pexeHo» (Takum Byaer, HanpuMep, MHOXECTBO, COCTOALLEE U3 N30NUPOBAHHbIX
To4ex). Hurae He nnotHbim ByAET Takke MHOXECTBO, COAEPXALUEe TONbKO KOHEYHOe YACNO HEN3ONMPOBAH-
HbiX TOYeK. Has3oBeM MHOXECTBO COBEpLEHHbIM, 8CNu y HEro BoOOLLE HET U3ONUPOBAHHLIX TOueK. Takoe
MHOXECTBO AIONXHO ObiTb «ryCTbiM», @ HE «Pa3peXEeHHbIM»; HanpuMep, OTPE30K eCTb COBEPLUEHHOe MHOXe-
c180. KaxeTcs HEeBEepOsTHbIM, YTOOL HEKOTOPOE MHOXECTBO Obin0 Obl HUrAE HE NAOTHLIM U COBEPLWEHHBIM
OQHOBPE@MEHHO, 1 TEM HE MEeHee KaHTOPOBO MHOXECTBO MMEHHO TakOBO: OHO HUFAE He NNOTHO, T.K. B Mo~
60M uHTEpBane HaWAETCA TOYKA, B TPOMYHOW 3annCu KOTOPOK €CTb 1, a 3HauuT, u uenviii BoibGpacsiBaeMbiv
MHTEPBAN, U OHO COBEPLIEHHO, T. K. B MOOOW OKPECTHOCTU TOUKM, B TPOUYHON 3anucy KOTOPOW eCcTb Tonbko 0
" 2, HAMAYTCA APYrve TO4YKM C TeM Xe CBOWCTBOM, T. €. 30NUPOBAHHBIX TOYEK B KAHTOPOBOM MHOXECTBE HeT.
MNepeuncnum ewe pas pacCMOTPEHHBIE CBOWCTBA KaHTOPOBa MHOXECTBA:

1. MOWHOCTL KaHTOPOBa MHOXECTBA PaBHa KOHTUHYYMY.

2. Mepa kaHTOpPOBa MHOXECTBa paBHa HyMIO.

3. KaHTOpOBO MHOXECTBO HUTA@ He NAOTHO.

4. KaHTOPOBO MHOXECTBO COBEPWEHHO.
MHTYWTUBHO KaXeTCR, YTO Kak NepBbie ABa CBOCTBA, TaK 1 NOCAEAHME ABa NPOTUBOPEYAT APYr APYrY.

§2. Anrebpa cobbiTuit

2.1. [Auwarpammbi Annepa—BenHa

ITycte {2 — NPOCTPaHCTBO 3J€MEHTAPHBIX UCXOJOB HEKOTOpPOro 3KCIEepUMeHTa, A, B,
C, ... — cobbITHs, cpean KOTOPBIX {2 — HOCTOBEpHOE COOBITHE U & — HEBO3MOXHOE CO-
ObiTHE. BhIllle MBI yX€ OTMEYaJIH, YTO KaXa0€e COObITHE SBIAETCS MOAMHOXECTBOM MHOXE-
ctBa {2, a ocylecTBiIeHUE COOBITHS A B 3KCIIEPUMEHTE Mbl TOHMMAaEM KaK NMPUHAIJIEXHOCTh
peaJu30BaBUIETOCs B JAHHOM MCNBITAHMU 3JIEMEHTAPHOIO MCX0J1a W MHOXECTBY A:

Qow J¥YE A — cobbiTHEe A NPOKU30LILIO,
" | w¢ A — cobbiTHe A HE MPOU3OILLLIO.

B manbHeieM 3T0 cornauleHue 6yneM HIUTIOCTPUPOBATD CEAYIOIIMM 06pa3oM: NpOCTPaH-
CTBO 3JIEMEHTAPHBIX UCXOHOB ) (HE3aBMCHMO OT NPUPOABI COCTABIAIOILMX €TO JEMEHTOB
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U MOLIHOCTH) OyaeM U300paxaTh MPSIMOYrOJbHUKOM; 3Jie-
MEHTapHbI€ C1y4Yyai Hbl€ COObITUS — TOYKAMH MTPSIMOYTOJIbHH -
Ka; COOBbITUS] — MOJMHOXECTBAMH NpIMOYrofibHuKa (puc. 3).
B 3T0it MOaeaU gocTOBEpHOE COOBLITME — MHOXECTBO BCeX
TOYEK NMPSAMOYIONbHHUKA, HEBO3ZMOXHOE COObITUE — IMYCTOE
MOIMHOXECTBO; MCMbITAHWE — BHIGOP OAHOM (POBHO oOf-
HO#!) TOUKM U3 NMPIMOYTONbHHUKA, TPECTABNKIOLIEN pealn-
30BaBllieecs] B JaHHOM HCITHITAHUU 31IeMEHTApHOE Cy4Yaik Hoe Puc 3
cobbiTue Takue MANIOCTpaLlMM HOCAT HazBaHUE OUAZPAMM

Siinepa— Benna.

2.2. Coemeluenune cobObiTui

Onpepenenme. Coemewjernuem nByx coobitnii A € Q n B € () HazoBeM coObITHE, COCTOsILLEE U3
TEX U TOJIbKO U3 TEX UCXOJ0B, KOTOPhLIE 61aronpusaTCTBYIOT COOLITHSM A U B 0JHOBPEMEHHO.

Ob6o3nauenme: A N B = AB (A «<w» B).

SIcHo, 4TO coBMelleHUE cOOLITHIT A U B uMeeT MecTo (IPOMCXOINT) TOJILKO TOTAa, KOraa
coObiTUSI A U1 B NpoucXoasT ONHOBPEMEHHO, T.€. 3JEMEHTapHbIN UCXoa w € (), peayiu-
30BaBLUUIiCS B JAHHOM UCITBITAHUM, PUHALJIEXUT ONHOBPEMEHHO U COOLITUIO A U COOBI-
THIO B. Ecnu y cobbiTuit A 1 B Her o0lUMX 31€MEHTAPHbIX UCXOJ0B, OHW Ha3bIBAIOTCSH
HecoeMecmusMu. D10 OOCTOATENLCTBO OyaeM 0003HayYaTh Tak:

AB=ANB=g.

CosMenieHre 1106010 Yucaa cobbITUI MOXHO pacCMaTpuBaTh aHAJIOTHYHO.

Mpumep 1. Q@ — 3kcnepuMeHT, COCTOALINIA B U3BNEYEHUU KApTbl U3 NONHOM Konopabl (52 nucra) urpanbHbix

Kapt
Q={ld, ..., K&, 19,... KO, 10, ...,KO, &, ..., Ké}:

A = {«u3Bneuex Tya»} = {1é, 10, 1, 1d},
B = {«u3Bneuexa kapra uepHoit Mactu»} = {14, ..., Ké, 1, ..., K&};
AB = {«u3BneueH 1y3 yepHoi Mactu»} = {1é, 1é}.

Mpumep 2. Nposepsercs napmsa TeneBusopos, copepxauias 10 o6pasuos CobbiTue
4, =1,..,10
COCTOUT B TOM, 4TO 2-i Tenesusop aedekter CobbiTue

10
ﬂ A =414 .. Ayp

1=]

— B TOM, 4TO BCe NpoBepeHHbie 06pasupbl aedekTHb o |

Npumep 3. Peneiinas cxeMa CoCTaBneHa n3 arperaToB A, | | | |
Aj, A3, A4 v yCTPOEHA Tak, kak Nnoka3aHo Ha puc.4 Cxe-
Ma BbIXOAUT U3 CTpos 3a Bpems 1' Npu OAHOBPEMEHHOM
BbIXOle U3 CTPOA 3a JTO Bpems BCex arperatos [ycm A, A, A, A,
A, 1 = 1,2,3,4, — cobbiTe, COCTOAWEE B TOM, HTO
i-i arperar Bblwen u3 ctpos Torpa cobbitne A — «cxe-
Ma BbilNa U3 CTPOS» — ABNAETCH COBMEleHneM Cobbi- L | | |
™it A, [

A= A1A A3 A, ©

Puc. 4
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Npumep 4. Peneitnan cxema coctaBneHa ua arperatos B,
B,, B3, By v ycTpoeHa, kak nokasaHo Ha puc.5. Cxema

paGoraet 6e3otkasHo B Teuenue Bpemenu T,

arperatbl B Te4e€HMe 3T0ro BpemeHu pabortaloT 6e30Tka3Ho.
Nycte B, 3 = 1,2, 3,4, — cobeithe, coctosuiee B TOM,

4TO 7-4 arperar B TeueHue BpemeHn T' He Buiwen

e °1 Bi [ By Bs ] By

13 cTpos.

Torpa cosmeuweHnem cobuituii B, Gynet cobbitve B — Puc. 5
«cxeMa pabotaet 6€30Tka3HO B TeueHne BpeMeHun T'».

CoBMecTHBIE COOBITUSA

HecoBMecTHBIE COOBITUSA

Q

Puc. 6

C ucnonb3oBaHueM quarpamMm Jitiepa— BeHHa onepauuio CoBMeLEeH U COOBLITUI MOX-
HO U300pa3uTh TaK, KaK [MOKa3aHo Ha puc. 6. OTMeTUM Ba OYEBUAHBIX CBOWCTBA ONepaluu

COBMELLIEHU:
1. ANQ =g;
2 ANQ=A.

2.3. NopunKeHHoCTb CobbITUIA

ByneM roBopuTh, 4T0 cobumue B noovuneno cobbimuio A v 3a-

MUCLIBATL 3TO OTHOLUECHUE KaK

ACB,

€CNY OCYyLLECTBIeHUE COOLTU A 6aevem 3a coboi ocylue-
CTBJIEHUE COOLITHA B, T.€. BCE UCXOAbl A SBIAIOTCS UCXO-

JaMu B, Ho y B BO3MOXHbI UCXOIbl, HE

xomamu A (puc.7). To onpeneneHuIo MONOXUM TAKXKE, YTO

@ C A nnsa moboro A.

OTMETUM, YTO COOLITHSA, TPOUCXOASAILNE B IKCIIEpUMeEHTE ), yropsiioYeHbI NHLIb Ya-
CTUYHO — OTHOLLEHUWE MOAYUHEHHOCTH ONpPEACICHO HE 15 11000# napbl COObITUH.

HMeloT MecTo cnenyionine COOTHOLEHUS:

.VA ACQ.

2. ANBCA,AnBCB.

3. CCAB& CCA, CCB.
4. ACB,BCC = ACC.

CsoiicTBa 1 ¥ 2 oueBUAHBIM 00pa3oM cienyioT u3 onpeneneHuit. Cpoicraa 3 u 4 nerko

YCMOTpPETb U3 fuarpamMm Jitnepa— BenHa,

NpHBENEHHbIX Ha puUc. 8.

Npumep 5. B akcnepumente C U3BNEYEHUEM KapThl U3 NONMHON KONOAB UrpanbHbix KapT (52 nucta) cobuitne
B = {«13BneueHa xapTa-kapTuHKa»} noa4uHeHo cobbitmio A = {«u3BneyeH kopone»}. A C B.

Mpumep 6. B atom xe akcnepumeHTe CobbiTus

B = {«u3BnevyeHa xapra-kaptuHka»} n C = {«u3pneyeHa

KapTa 4epHOn MacTu»} He COCTOAT APYr C APYrOM B OTHOLIEHUN NOAYUHEHHOCTY.
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CCAB«+ CCAuCCB (ACB)N(BCC) = ACC

Q : Q
O -
C

Puc. 8

2.4. Cymma colbitwii

Onpesenenne. Cymmoii deyx coobimuii A € Q u B € () Ha3zoBeM COObITHE, COCTOSLIEE M3
3JIEMEHTAPHBIX UCXONOB, BXOMAIIMX B A Wiu B B.

OGosxavenne: A U B (A «unu» B).

CobriTue, sBasiomeecs cyMMoi cobbiThit A U B, NIPOMCXOAUT, €CIK MPOM3OLIIO MO
KpaiiHeit Mepe OIHO M3 3THX COOBITHI — WM MPOU3OLLIO0 A, WIK npou3ouuio B, wiu oba
3THX COOBITUSI MPOM3OUUIK BMecTe. JMarpaMMbl, HUTIOCTPUPYIOLME 3Ty ONEepaLMio Haj
COOLITUSAMH, MIPUBEXECHBI Ha PUC. 9.

CyMMa npou3BOJILHOTO YKC/Ia COOBITUM ompenensieTcss aHaJiorHyHo. B ciyuae Heco-
BMECTHOCTH COObITHIt A U B BMecTO 3HaKa oObefMHEHHUS «U» 4acTo ynoTpebgioT 3HaK
CyMMBI «+» (puc. 10).

OTMeTHM ClleAyIOLIHE COOTHOINEHHUA:

1. Aug = A.

2. AUQ=0Q.

3.AN(BUC)=(ANnB)U(ANCQC).

4 AUBNC)=(AUB)N(AUC).

IlocnenHue ABa U3 HUX — CBOMCTBA JUCTPUOYTHBHOCTH YMHOXEHKSA OTHOCHTENBHO CJIO-
XEHHUS ¥ CNIOXECHHUSI OTHOCUTENbHO YMHOXEHHS — HYXIAIOTCS B I0OKa3aTeabcTBe. TToKkaxeM,
KakK 3TO JielaeTCs, Ha NpUMepe COOTHOWIECHHUA 4.

< CobbiTie A U (B N C) cOCTOUT U3 TEX 3TeMEHTaPHBIX HCXOXOB, KOTOPHIE BXONAT WK B A,
Wi B B N C, win B 06a 3TUX COGBITUsI ofHOBpeMeHHO (puc. 11). CienosarensHo, cobbiTHe
A U (B N C) NpoUCXORUT, KOIa MPOUCXORUT Jnbo cobeite A, n1mbo cobeitus B u C
onHoBpeMeHHO. Ho eciin nmpousowino A, To npousourion A U B u A U C, a, 3HAYUT, OHH
o6a, T.e. (AU B) N (A UC) 2D A. Eciu xe ocyuiectsunocs B N C, TO OCYIECTBUIUCH
AUBwu AU C Bmecre: (BNC)C (AU B) N (AU C). CrenoBatenbHo,

AU(BNC)C(AUB)N(AUQC).

C npyro# cropoHsi (puc. 12), cobbitis (A U B) 1 (A U C) npoucxonsT OqHOBPEMEHHO,
€CIM MIPOUCXOIHUT cobbiTHe A, 16O, ecii A He MPOU3OLLIO, TO OXHOBPEMEHHO AOKHBI
ripou3oiT B u C. CnexpoBarteybHO,

(AUB)N(AUC)CAU(BNCQ).

BMecre ¢ nonyyeHHBIM Bbillle OTHOLUEHUEM MOAYUHEHHOCTH 3TO HAET HCKOMOE YTBEPX-
JEHHue. p
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Puc. 9

Puc 11
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Mpumep 7. Mycts B aKCNEpUMEHTE C M3BNEYEHUEM KapTbl M3 NONHOW Kono-
Abl (52 nucta) urpanbhbix kapt cobbitue A = {«m3BneyeHa kapra YepHoM

MacTu»}, a cobbiTue B = {«u3BneyeHa KapTa-kapTuHKa»}, TOTAa UxX cymMMa 4
A U B — co6biTne, cocronuiee B TOM, YTO U3BNEYEHA KapTa YepHOW MacTu

NN KPaCHan KapTUHKA

Mpumep 8. Peneitnan cxema cocrasnexa u3 arperatos 4,, A, A3, By, B;,
Kak nokasavo Ha puc 13 [Mycte cobbitua 4,, B,, 3 = 1,2,3, 1+ = 1,2,
COCTOST B TOM, YTO OfHOMMEHHble arperartbl paboTtaior 6e30Tka3HO B Teue-

Hue Bpemenn T', a U — cobbitve, cocroswee B ToM, 41O cxema paboTaeT
6e3oTkasHo B Tevenune Bpemenn T Torpa
4y

U =BB(A; U AU A3).

2.5. Npotusononoxkbie cobbirus. Toxaectsa ae Mopraua Pue. 13

Onpepenenne. CoObiTeM, npomueonosoxcivim cobbiTUIO A, Ha30BeM COOBITHE, COCTOsALLIEE
M3 Te€X UCXOHOB {2, KOTOPhIE HE BXOUAT B A.

OGosnaenne: A («He A»).

CobbiTHE «He A» IIPOMCXOIMUT BCeraa, Koraa He npoucxoaut A (puc. 14).

Puc 14

SAcHo, uTo

Q=0, 5=Q, A=A

Kpowme Toro,

VAEQ: AnNA=92, AUA=Q.

HMeloT MecTo Ciieiylonine TOXAeCTBa (moxcdecmsa de Mopeana):

AUB=4AnB, ANB=A4UB,

KOTOpbI€ JIETKO 060611al0TCs Ha Clyyail KOHEYHOrO YUCa CnaraeMbiX (COMHOXHTENEH)

Qm=6£ 6A=QI

Jloka3aTeabCTBO TOXAECTB e MopraHa nerko ycMorperb U3 puc. 15 u 16 coorBeTCTBEHHO.
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Puc 15

Puc 16
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Mpumep 9. Penelivas cxema coctasnieHa M3 ane-
MeHTOB A, Ay, ..., A,, KaK Noka3aHo Ha puc. 17.
Cxema BbixopWT 13 cTpos 3a Bpema T, ecnm 3a A, H A, H A4, = — A o
370 BpPeMs BLIAAET M3 CTPOR MO KpaiiHeil Mepe 1 2 3 n

opuH M3 anementos A;, j =1,2,...,n.
O6o3Hauum Temmu xe Gyksamn A4;, j = 1,
2,...,n, cobbiTns, COCTOSWME B TOM, 4TO j-# Puc. 17

anemeHT cxembl 3a Bpems T' U3 CTPos HE Bbilwen.
Torpa cobbitne U, cocrosiuiee B TOM, 4TO Cxema He BbiAeT M3 cTpos 3a spemsa T', ONUCHIBRETCA COOTHOWe-

HUeM
U=4,4;... A,,
a cobbitne U — «Cxema BuiiineT ua cTpos 3a Bpems T'» — 6yner BuirnaneTb 1aK
U=4,UAU...U4, =4,4,... 4,.

Mpumep 10. Peneiinan cxema cocraeneHa ua anementoB A, Az, ..., A, TaK, KaK nokasa+o Ha puc. 18. Cxe-
Ma BbIXOAUT U3 CTPoA 3a Bpema T', eCnu 3a 310 BpeMs BuiAyT U3 CTPOS BCe anemeHTal A, 7 =1,2,...,n.
Mycts cobuitua U n A; — Te xe, kak u B npumepe 9. Torna umeem

U=A UAHUAU... UA,,
ﬁ"—‘AlAz...A—,‘=A;UA2U... U 4,.

> ]
I ] | 1
A, A, A, A,
L 1 1 ]
L 0
Puc. 18

2.6. PasxocTb coObiTHA

Onpepnenenne. Paznocmoio cobbiTUit A € } M B € () 6yneM Ha3biBaTh COOBITHE, COCTOALLEE
M3 BCEX TEX INIEMEHTapHBIX HCXOIOB, KOTOPbIE BXOIAT B A, HO He BXOAAT B B.

OGoaxayenne: A \ B (A4 «6e3» B).

310 COOBITHE MPOUCXOAUT TONBKO TOIA, KOrAa MPOHUCXOAUT A, HO He MMPOMCXOAMT B,

T.e. A\ B = AN B (puc.19). ScHo, uyro (puc. 20)

Q\A=4, A\Q=02,
A= (A\B)+ AN B,
(A\B)N AB = g,
AUB=(A\B)+(B\A)+ AB.
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Q

(>

Puc. 19

Puc. 20

B 3akimioyeHue 3Toro Kpatkoro o63opa rnpaBui XEUCTBUM HaZi COOBITUSIMU OTMETUM, UTO
ecnu
AiDAD...DA,D...

— OecKoHe4yHast IOCJAENOBAaTeNbHOCTh MOMYMHEHHBIX COOBITHI, TO CYIIECTBYET COOBI-
THE Apin, KOTOPOMY MONYMHEHH BCE A;

o0
Amin = n AJ‘
j=1
D10 COOBITHE MPOUCXOAMT TOIAA, KOTZIAa ONHOBPEMEHHO MPOUCXOAAT BCE COObITUS A;. ITOT
¢akT OyzeM 3anUCbIBaTh TaK

00
n—00 j=1

Ecau xe
A CAC...CA, C...,

TO CYILECTBYET COOBITHE Amax, KOTOPOE MOMYUHEHO BCEM A

o0
1

J=

B 3TOM ciyyae 6yneM UCIIONb30BaTh TAKXe ¥ CUMBOJ lim

00
n—00 J=I

§ 3. BeposiTHoCTb. CnyvaitHble coObITHS

ITycts (0 — NpOCTPaHCTBO 3MEMEHTAPHBIX UCXONOB HEKOTOPOrO 3KCIepUMEHTa n U A —
cobniTHe. B pe3ysibTaTe OAHOKPATHOTO UCTILITAHUS COObITHE A TTPOMCXOMUT MM HET B 3aBU -
CHMOCTH OT TOT'0, IPUHALIEXUT COOBITHIO A PEaIU30BaBLIUICS B 3TOM UCTIBITAHUMU HCXO W
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WU He npuHamiexut. Haiua 6auvxaias 3anaya COCTOMT B YKa3aHUM criocoba YucaoBoif
OLICHKH NMpaBaoNof00HOCTH OCYLUECTBICHUS UM HEOCYLIECTBIEHUS COObITUS A B 3Kcne-
puMeHTe 2. _

IMycts P{A} — BewiecTBeHHast yucaoBass QyHKLMSA, TPUNKCHIBAIOIIAS KAXIOMY COObI-
THIO A YMCJIO — CTENeHb €ro oCylieCTBUMOCTH B 3KcniepuMeHTe (2. OnuuieM rpeapapu-
TEbHO HEKOTOPbIE UHTYUTHUBHO sICHBIE CBOMCTBA Tako# ¢yHKUMU. Kak roBopusiocs Bhiilie,
ni060e cobbiTHE A (CTOYKH 3pEHMUS IIAHCOB Ha OCY1LIECTBUMOCTD) 3aHHUMAET IPOMEXYTOYHOE
MOJIOXEHUE MEXAY HEBO3MOXHBIM COOBITUEM & , KOTOPOE HE MMPOMCXONUT HUKOT1a, U IOCTO-
BEPHBIM COOBITHEM {2, KOTOpOE MPOUCXOAMUT Beerga. PasyMHO CUMTATD B CBSA3M C 3TUM, YTO

P{a} < P{A} < P{Q}.

IMpunuieM HEBOZMOXHOMY COGBITHIO OLIEHOYHOE HYJIEBOE 3HAYEHUE

P{o} =0,

d TOCTOBEPHOMY COOBLITHIO — 3HAYCHUE eAUHHLIA

P{Q} = 1.

CTonb Xe eCTECTBEHHO CYMTATh, YTO e€ClH CoObiTHE A BieyeT 3a coboii cobmTue B
(A C B), 10 P{A} < P{B}, TaK KaK OCYLIECTBJIEH!E COOLITHS A BCerna BbI3bIBAET OCYILE-
CTBJeHHe COOBITHS B B TO Xe BpeMsi BO3BMOXHO OcyllecTBIeHue B 6e3 ocyluecTBieHust A.

OTMeTUM, HaKOHELI, €lile OQHO eCTECTBEHHOe CBOMCTBO: ecnu A U B — napa Heco-
BMECTHBIX COOBITUH, TO CTENEHb JOCTOBEPHOCTH OCYILIECTBIEHHS cOObITUSA A + B nonxHa
OBITh paBHA CYMMeE COOTBETCTBYIOLIMX OLIEHOK U151 A ¥ g B

P{A + B} = P{A} + P{B}.

Ecnu 6b1 Takaa ¢pyHkuus P ObLUia 661 MOCTpOEHA, TO OHA AaBaja Obl HAM HEKOTOPYIO
“HGOpPMaLMIO 00 OCYLUECTBUMOCTH COOBITHM: anipiOpHOE OCYLUECTBIEHUE COOBITUA A TEM
6onee BEpoSITHO, YeM 60bLIE OLIEeHOYHOE 3HayeHue P{ A} eMy npunucaHo; U3 qBYX COOLITU
3aBEIOMO CKOpeE CIEAYET OXMAATh OCYLUECTBICHUS B 3KCIIEPUMEHTE TOTO, JJIsi KOTOPOTo
3HaueHUe P Gonbiie.

Huxe MbI yBUIMM, 4TO €CM (DYHKLIMIO C YKa3aHHBIMY CBOMCTBAMH YI3a€TCSI TOCTPOUTh,
TO OHa 06543aTeNIbLHO UMEET O4EHb POCTOI (4aCTOTHBIN) CMBICH (CM. 3aKOH G60NBLIMX YHCEN
B opme bepHymin).

3.1. BepostHOCTb COObITHS

Ilycts (} — 3kCcnepuMeHT U A — cOObITHE, KOTOPOE MOXET MPOUCXOAUTE B 3TOM 3KCIIEPH-
MeHTe. Beposmnocmoio cobmus A G6yneM Ha3biBaThb YichoBylo pyHKuuio P{A}, o6aanaio-
LYIO CAeAyIOUIMMH CBOMCTBAMMU:

1. P{A} >0, P{Q} =1 (cBOWCTBO HOPMHPOBKH); (1)

0 00
2 P{U A,,} =Y, P{A;}, ecnuronsko 4, N A; =& (CBOWCTBO (2)

=1 n=1

CYETHOM aAAUTUBHOCTH).

W3 onpeneneHyA HEMELIEHHO CNERYET, YTO ecau (GyHKUMs co cBoicTBaMu (1) U (2)
MOXET ObITb NTOCTPOEHA Ha MHOXECTBE COOBITUH, ITPOUCXONAIIUX B IKCIIEpUMEHTE {2, TO
OHa 06/1a/1aeT HOMONHHUTEBHO CIEAYIOLIUMHU CBOCTBAMM.
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1. KoHeyHas agANTHBHOCTL
Ecin AN B = @, o P(4A+ B) = P(4) + P(B).

2. MpaBUno BLIYHCNEHHA BEPOATHOCTH NPOTHUBONONOXHORO COOBITHSA

P(7) = 1 — P(4). 3)

< TTockoneky 2 = 4 + 4, T0
P{Q} = P{A}+P{4A}=1.»

3. MOHOTOHHOCTL BEPOSATHOCTH

Ecnu A C B, to P{4} < P{B}. (4)

<« JleiictButensHo, B = (B \ A) + A (puc.21), npuatom (B \ 4) N 4 = &. Tlo npasuny

cnoxeHus (2) umeeM
P(B) = P(B\ A) + P(4).

U3 Toro, uto P(B \ 4) > 0, cnenyer uckoMoe. »
Q v

Puc. 21 Puc. 22

Q

4. NpaBuno BLINUTAHKSA BEPOSTHOCTEH
Ecnu A C B, to P{B\ A} = P{B} - P{A}. (5)

5. Mpasuno cnoxexuns BeposTHoCTEH
P{A U B} = P{A} + P{B} - P{AB}. (6)

« J10Ka3aTenbCTBO CAEAYyeT U3 MPEACTABICHUSA
AUB= A+ (B\ AB)

(puc.22), e A N (B \ AB) = @, AB C B, K KOTOPOMY HYXHO TONbKO NMPUMEHHUTh

CBOMCTBO KOHEYHOM alAUTUBHOCTH | ¥ NpaBUIO BBIYUTAHUSA BEPOSAITHOCTE 4. B

6. HenpepbieHocTs BeposTHocTH. [lycTb

4CA4HC...CAC...

00
lim 4, =) 4, =92.

n—0o0 n=1

Torna

lim P{4,} = 0. (7)

n—00

2 3ax 244
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« Ionoxum Ay = {2 ¥ paCCMOTPUM OYEBUIHOE TOXIECTBO
(Ag\A) + (A \A) +...+(Ap 1\ Ap) +... =00
ITockonbKy, KaK JIerko NNpoOBEPHUTD,
(An-1\ 4p) N (451 \ 4) = 2,

TO, NIPUMEHUB IPaBUJIO CIOXEHUs (2) K yKa3aHHOMY TOXIECTBY, ITONyYHM

n-1
1=P{Q}=P{Q\Al}+~~+P{An—l\An)}+“° =ZP{A:\A:'+1}+R4H

1=0
roe

R, = P{ﬁ(!‘z \Ai+l)}'

i=n

B cuay cxonMMOCTH NpUBENEHHOTO BhILIE psifia

lim R, = 0.
n—00
Ho
o0
ﬂ (Ai \ As’+l) = Ay,
t=n
OTKYHa

lim P(4,) =0.»
1—00

OcraeTrc yCTaHOBUTh, MOXHO JIH TaKy10 GYHKLHKIO ONPENETUTh IS 6ceX BO3MOXHBIX B
3KcnepuMeHTe {2 COOLITUHA.

3.2. BeposTHOCTb B 3KCNEPUMEHTaX C AUCKPETHON CTPYKTYPOM

bynem Ha3biBaTh KCNEPUMEHT ) 3KCnepumeHmom ¢ OUCKpemHol cmpyKkmypoi Wi NPOCTO
OUCKPemHbHM IKCNepuMeHmoM, ECJIA MHOXECTBO ero UCXOI0B He 60jiee 4eM CUETHO,

Q={w,ws,...,Wn,... }.

st DUCKpeTHBIX 3KCIMEPUMEHTOB PAaCCMOTPEHHAs BBILLE CXeMa OIpelieieHUs] BEepOfT-
HOCTH, KakK OynmeT cefiyac nmoka3aHo, BCerja ocyiiecTBuma. [leicTBurenbHo, nycte F —
COBOKYITHOCTb BCEX BO3MOXHBIX B 3KCIIepUMeHTe {2 COObLITUM, B KOTOPYIO BKJIIOYEHBI, KO-
HEYHO, U HEBO3MOXHOE COObITHE &, U JOCTOBEpHOE {2,

F = {67 Qv {w|}7 {UJZ},... ’{wn})"‘ }

Ilycts py, P2, ..., Pn, ... — IPOU3BOJILHBIA CyeTHbIA HaboOp NENCTBUTENBHBIX ITONIO-
XHUTENbHBIX YKCEN, TAKKUX, YTO PSAL

nhh+P2+.. .+ Pt ...
CXOQHUTCA U ero cyMMa pasHa 1. IlonoxuM no onpeneneHuto
P{Wj}=pj, j=l,2,...,n,... . (8)

Bcsikoe cobbiTHe A M3 COBOKYITHOCTH F' COCTOUT M3 He 60Jiee YEM CYETHOTO YMCJIa 31EMEH-
TapHBIX HCXOOB W}, §=1,2,...,m, ...

Az{w{',wf,...,w#,,... }
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" OnpenenuM ero BeposiTHOCTL P{A} cienyiouieit hopMynoit

(o]

P{A} =) P(w;) =) P{w}}. 9)

Jlerko BUAETH, YTO MPU TAKOM CIIOCOOE 3aaHKs BEPOATHOCTHU KaxdoMy COOBITUIO OyneT
NpUITKCaHa BEPOSTHOCTb (Mpy MoMouy paBeHCTBa (9)), ynoBneTBopsiioniasi TpeboBaHM-
am (1) u (2).

OTMeTuM, YTO TEOPUS BEPOATHOCTEN KakK MaTeMaTHYecKas NUCLUIUIMHA HAYMHAIACh
C 3a]a4, ONMMUChIBAEMbIX KOHEYHBIMM MTPOCTPAHCTBAMM 3JIEMEHTAPHBIX KCXOJOB

Q={whw2)"’ ,wN}7

Y OTHMM M3 OCHOBHbIX NPEAIOJOXEeHUH, MOJOXEHHBIX B OCHOBaHKE TEOpUM, OBLIO npen-
IMOJIOKEHUE O PaBHOBO3MOXHOCTH BCEX 3JIEMCHTAPHLIX UCXOOOB:

Pwj)=p Vj=12,..., N.
YunTsiBasi Tpe6oBanus (1) u (2), npeabsiBasieMbie K BEPOATHOCTH, PABHOBO3MOXHOCTb 3J1e-

MEHTAPHBIX MCXOJIOB ¥ KOHEYHOCTb 3KCIIepUMeHTa, T.€. P{Q} = P(wj) =N-p=1,
MPUXOAUM K CJIEAYIOLLEMY NTPAaBUTY BEIYMCIEHUSI BEPOATHOCTEN!:
1

P(w])=p= N,

k

1 1 1
A={wf,...,wf}, P{A}=F+N+...+ﬁ N

Beposamuocmb s106020 cobimus A pasia omrouweruio Koausecmea ucxodog Ixcnepumenma S,
6aazonpuamcmeyiouux oCyuieCmenenuro coooimus A, K obuiemy wucay eécex 3/eMeHmapHbix
ucxodos 1.

DTO TaK Ha3bIBaeMOeE Kaaccuyeckoe onpedenenue sepoamrocmu. OIHAKO ellie pa3 IMoA-
YepKHEM, YTO NPHUBEIEeHHOE BhIllle IPaBUJIO BLIYKCIEHUS BEPOSITHOCTEN ClIpaBeIJIMBO JHUILb
B 3KCIIEPUMEHTAX C KOHEYHbIM YACTIOM PABHOBOIMOICHBIX NCXONOB.

B npunoXxeHUAX BaXXHEHLIIUM BOIIPOCOM ABNSAETCH BOIIPOC 00 MCTOYHHMKE «HaYaJIbHBIX»

BeposiTHOCTe pj, j = 1, 2, ... . Teopus HUKaKHMX yKa3aHW# MO 3TOMY MOBOAY He JaeT —
<«IIPaBUJIbHBIM» C TOYKH 3PEHNSI TEOPUH ABIAETCA JI060H criocob 3anaHus BEPOSITHOCTEH P ,
00

JTAILIB 6bI BHIMOJHSUIACH YCIOBHS MIOJIOXHTEIBHOCTH P; > 0  HOpMUPOBKYU Y, p; = 1. [ipy-
J=1
roe Nejio, HaCKOJIbKO XOPOLLO TOT WM MHOM CIOCO6 3aaHusi BEPOATHOCTEN COOTBETCTBYET

coliepXaHMIO KOHKPETHOM 3anayu. PacCMOTpUM HECKOJIbKMX MPUMEPOB.
Npumep 1. Nycts
Q={I,P}

— NPOCTPAHCTBO 3NEMEHTAPHLIX MCXOA0B IKCRIEPUMEHTA, CBAIAHHOIDO C 6POCaHUeM MOHETLI. MPUHATOe Bbilwe
onpepenexue noseonseT npunucate ucxopam I u P nobule sHavenms p = P{I'} n ¢ = P{P}, nuwb 6l
p+qg=1,p2>20, ¢ > 0. OgHako, koraa pedb MAET O KOHKPETHOM 3KCNEPUMEHTEe C KOHKPETHOW MOHETOM,
TO NPUHATOE pacnpefeneHne BePOATHOCTEH AOMKHO COOTBETCTBOBATH WHAMBMAYANbHBLIM XapaKTEpPUCTUKAM
MMEHHO 3TON MOHETHI M 3TOFrO IKCnepumenTa. Hanpumep, ecnu MoHeTa GUanYecKu CUMMETPUYHA, TO CneayeT
OXMAaTh, YTO B SKCNEPUMEHTe WaHCL! Ha nosenenue ucxopa I' u ucxona P ponxubl 6biTb OAMHAKOBS, T. €.

P{I'} = P{P},
a 310 HeMegieHHo BneyeT 3a cobon |
p =4q= 5,

2*
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T.K. p+ ¢ = 1. Echm xe MoHeTa HECMMMETPUYHA (HanpUMep, CMEeLEH LEHTP TRXeCTU), TO cneayet Oxw-
[aTh, 4TO OAWH U3 ABYX BO3MOXHbIX UCXOAOB 3KCNepuMeHTa OyfeT NOABNATLCA vaule APYroro (Ta CTOpOHa
MOHETBL!, K KOTOpOiA CMeLleH LeHTp TaxecTk, Gyaet Buinaaath pexe). B atom cnyyae p # ¢, u cnepyet Tak
3agath p U ¢, 4tobbl COOTHOLIEHUE WAHCOB Ha nosBnewue ucxona I' u ucxopa P cootBetcTBoBano o6Hapy-
XEHHOW acummeTpun. B npocTedumnx cuTyaumax BHEBEPOATHOCTHLIE COOOpaxenns (pusnyeckas cUMMeTpus
3KCNepuUMeHTa, paBHOBO3MOXHOCTb M T.M.) OObIMHO AAIOT yKa3aHWe Ha TO, Kak UMEHHO CneayeT 3anasaTb
BEPOATHOCTHbIE pacnpeaenexns p;. 3T CooBpaxeHns, KOHeYHO, He AAI0T OTBETA Ha BONPOC O COOTBETCTBUM
BbLIGPAHHLIX 3HAYEHWIA P; KOHKDETHOW CUTyauuW, a SBASIOTCA NULb HABOAAWMMK. [ins yCTaHoBneHus ape-
KBATHOCTU NPUHATON BEPOATHOCTHOW MOLENM peanbHOMY 3KCNepuUMeHTy cnepyet npuberkyTs K cneumanbHbim
CTaTMCTUHeCKMM NpoLiefiypaM, O KOTOpbIX GyReT Cka3aHo Huxe.

Mpumep 2. B ypHe nexut m + n wapoBs, M — 4epHbiX, n — 6Genbix. SKCNEPUMEHT COCTOUT B M3BNEYEHUN
OQHOO Wapa 13 ypHbl. HaitTu BepoaTHOCTL U3BNeYeHna YepHoro (6enoro) wapa.

<« 1. NMpegnonoxum, 4To BCE LWAPb! PU3UHECKN ASHTUYHLI, TWATENbHO NepeMeLLaHbl U 3BREKAIOTCS «Cily-
uaiHbiM 06pa3oM» (nocnegHee NPeaNoNoXeHUe ABNSETCA UHTYUTUMBHLIM NPEANONOKEHUEM O H8CTHOCTU 3KC-
nepuMeHTaTopa n OTCYTCTBMM 3aKOHOMEPHOCTER, NO KpaHeil Mepe OCO3HaHHbIX, B O4ePeAHOCTA U3BNEeYEeHUs
uepHbiX 1 Genbix Wwapos). Toraa pe3oHHO NpeanonaraTh, 4TO BEPOATHOCTL U3BNEHEHUN Wapa GUKCUPOBAHHOTO
uBeTa ponxHa GbiTb NPONOPUMOHANbHA KONUHECTBY WAPOB AAHHOTO LBETA U

P{«un3sneqex Genblit wap»} n

P{«n3Bneuen yepHuiit wap»} m’

Nockonbky cobbiTns
b = {«13Bneyex Genwiit wap»}

Y = {«u3BneueH uepHLIn wap»}
npoTusononoxtb (B = 4) u Hecosmectis (B N U = @), umeem
B+4=Q

P{B} + P{4} =1.
BMecTe C COOTHOLIEHUEM, NPUBEAGHHLIM Bbillie, 3TO JAET ANA UCKOMbIX BEPOATHOCTEN Cefyiouwmne 3Ha4eHmns
n
P{Bb} = =
(B} = 2, P{1}= "

2. MNpeanonoxum, 4T BCe Waphl GUNHECKU MAESHTUUHDI, TLLATENBHO NEePeMEeLLaHbl N M3BNEKAIOTCH «Cliy-
4anHbim 06pasom». MbICNeHHO NnepeHyMepyem BCE Waphi M ONULIEM PacCMaTpUMBAEMbiit 3KCNEepUMENT Cheay-
IOWUM CNUCKOM 3NeMEHTapHBIX MCXOA0B

B B 4 Y
Q={w|y"'7wnawlv"'wm}’

roe wf, w;! — COBLITUS, COCTORUIME B U3BNEYEHUN §-FO BEAOFO AN §-rO YEPHOrO LIAPA, COOTBETCTBEHHO.
MNpeanonoxenns 06 WAEHTUHHOCTU LIAPOB U YCMOBUSX UX M3BNEHEHUS AENAIOT PA3YMHbIM NPEAroNOXeHNe O
PaBHOBO3MOXHOCTU BCEX 3NIEMEHTapHbIX NCXOR0B B 3KCnepumeHTe S,

P{wf}:P{w:'}, Vi=142,...,n, i=12,...,m.

W3 ycnoBus HOPMUPOBKM
b Yy
E P{w,-}+§ P{w;'} =1

HeMeANeHHo cnegyer, 4To

P(wf) = P(w;') = i

Co6biwe b = {«13Bneyen Gensiit Wwap»} ONMCHLIBAETCA CREAYIOWNM CIIMCKOM GNaronpuUsiTCTBYIOWUX eMy
3NeMEeHTapHbIX MCXOA0B

b= {(J| y wz yoeny }
B coorBeTcTBuMM C COOTHOWEHMEM (9)

P{B}:wa:m:n, P{4} =1~ P{B} = ———

>

Mpumep 3. DkcnepuMeHT COCTOUT B OAHOBPEMEHHOM GPOCaHMN N CUMMETPUHLIX MOHET. HaiATh BepPOATHOCTL
TOrO, 4TO POBHO Ha k < n MOHeTax Buinaget repb.
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« OnuweM npocTpaHCTBO 3NEMEHTAPHBLIX UCXOQO0B PAacCMaTPUBAEMOr0O 3KCMePUMEHTa Criuckom £, cocra-
BNEHHLIM U3 BCEX YNOPAR04EHHbIX Habopoe cuMBonoB I' n P anunkbl n:
Q={rr...r,pr...1T,PPIT...T,...,PITPP...T,... PP...P}.
N N et N e Nt D
n n n n n

Kaxabiit 3nemMeHTapHbI UCX0A ONUCLIBAeT pe3ynbTar OAHOBPEMEHHOTO WUCMbITAHUA 1N MOHET, NPUYEM
Ha j-m mecte ctout I unu P (B 3aBUCMMOCTV OT TOrO, repGOM MNKU PELLKOt 3aBEPLIMNOCL UCTIbITaHNe j-i
MoHeTHl). Mpeanonaras, 4To UCNbITAHUA PAa3NNYHBIX MOHET HE 0Ka3biBAIOT BAMAHWUA APYr HA APYra, U YYUTbIBAR
CUMMETPUYHOCTb MOHET, ByfleM CuuTaTh BCE UCXOAbI PABHOBO3MOXHbIMU. Mockonbky ux Bcero N = 2", 10
13 NPaB1na CAOXEHUA 1 yCNOBUS HOPMUPOBKW BEPOARTHOCTA MONy4aeM

1
P(w) = 7 VweQ.
CobbiTne
A = {«poBHO Ha k MoneTax Bbinan rep6»}

OMUCLIBAETCR CNUCKOM, COCTABNEHHBIM M3 TEX ANEMEHTaPHbIX MCXOAOB, KOTOpble COAepXaT POBHO k CUMBO-
nos I' (u, cooTBercTBEHHO, n — k cumBonos P). Hanpumep, B 3xcnepuMeHTe C 4 MOHETamMu

A=, = {ITPP, I'PTP, I'PPT, PI'PT, PPIT, PITP}.
Yucno cnoco60oB, KOTOPLIMA MOXHO PacCTaBUTb k CUMBONOB MO N MO3NULMAM, C,’f = C,’,"". 1 eCTb KOANYECTBO
3NEeMEHTapHbIX UCXOR0B, COAEpXalmx poBHO k cumeonos I', NO3TOMY B COOTBETCTBUM C COOTHOWEHUEM (9)

1
P{A—} =c,’:-27. >

Mpumep 4. B ycnosusax npeabinyLLero 3KCNepMMeHTa HaikT BEPOATHOCTb TOro, 4TO He 6onee yem Ha k MoHe-
Tax Bbinager repb.

« lNyctb uckomoe cobbitne A . Toraa o4€BUAHO, 4TO
Agik = A0+ Ay +... + A,
¥ NO NPaBuUAy CROXEHNS

k k

|

P{Ask} = E P{A;-J} = E C,J, . i;" »
j=0 1 =0

3.3. BeposTHOCTb B 3KCNEPUMEHTaX C HEeAUCKPETHOW CTPYKTYPOi

B cnyyae 3KCIepMMEHTOB, MHOXECTBO MCXOXOB KOTOPBIX 60Nee YeM CYETHO, PEaTu30BaTh
PacCMOTPEHHYIO CXeMY TOCTPOEHHMSI BEPOSITHOCTEH B TOM BHJeE, KaK OHa 6GbLia onucaHa
B 11.3.1, yxe Heab3g. [leno B ToM, uyto TpeGoBaHue (2) — aIAUTUBHOCTH BEPOSTHOCTH —
Je1aeT HEBO3MOXHBIM ITPUITMCHIBAHUE BEPOATHOCTEMN abCOMOTHO BCEM COOBITUSAM, KOTOPBIE

MOTYT NPOUCXOAUTD B IKCIICPUMCEHTE.

Mpumep 1. 3xcnepuMeHT COCTOUT B CAy4aitHoM Bbibope Touku u3 oTpeska [a, b] C R. CnyuaiHocTs apech
NOHNMAETCR Kak paBHOBO3ZMOXHOCTb BbIGOpa ToukM w M3 nioboro nopotpeska |a, B], Hezasucumo ot Toro,
B KaKOM MecTe otpeaka [a, b] aToT nopoTpesok pacnonoxeH. B 3ITOM CUTYauUMMU eCTECTBEHHO CYWTaTb, 4TO
BEPOATHOCTL BLIGOPa TOukM M3 N06oro nopoTpeska [a, 8] nponopuuoransHa ero aanHe
B—a

Pl €, pl} = =—.
OkasbiBaeTcs, OQHAKO, YTO B PAaCCMaTPUBAEMOM CAy4ae CyulecTBylOT CobbiTUA (T. €. NOAMHOXeCTBa MHOXe-
crea |a, b}), koTopbIM He ypaeTcs pasyMHbiM 06PA3OM NPUNUCATL BEPOSTHOCTL Tak, 4ToGbl OHA Gbina corna-
coBaHa C ONpefeneHnem, NPuHATLIM Boilwe. BoabMeM Ans onpeneneHHoc™ @ = —1, b = 2, 1. e. paccMOTpuM
otpesok [—1, 2]. Ona no6oro z € [0, 1] yepes A, 0603Haunm mHoxecTso Takux ¥ € [0, 1], uto z—y € Q,
T.e. T —y — pauuoHansHoe Y1cno. Mony4aeM HEKOTOPYIO COBOKYMHOCTL MHOXecTB U3 [0, 1]. HAckHo, uto nlo-
6bie ABa MHOXECTBA Az n Ay MAn He UMEIOT O6WMX TOueK, UAK COBNAAAINT. [eCTBUTeNnbHO, ecnu 2 € A,
mze Ay, 0z-2€Quy—zeQ, orciopa cnepyer, uto z —y € Q, uam y € A;. CneposarensHo,
Ay = A;. 3uauur, otpesok [0, 1] pasbut Ha Henepecekalowmecs noagMHoxecTea. BuibepeM n3 kaxnoro
NOAMHOXECTBa pPazbueHns no 0OgHOMY 3neMeHTy U 0603HaunM yepe3 A COBOKYMHOCTb BCex BbiGpaHHbiX ane-
menToB. FyCTb cOBbiTMe A COCTOMT B BbiGOpe Toukn u3 MHoxecTea A € [—1, 2] u P{A} — BsepostHOCTL
atoro cobbitna. MycTb Ty, T2, ..., Tp, ... — PauNOHaNbHbIE unucna ua otpeska [0, 1]. 3ametum, uto ecan
t#j, 710 {A+r}Nn{A+r,}=a. MNoceoicray (2), KOTOpbiM AOAXHA 06NaAATL BEPOATHOCTb, UMEEM

P{ ﬁl{A + r,}} = f: P{A+1)}= fj P{A} = lim nP{4}.
= =1 1=l
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Ho atot npepen He cywectsyet, ecnu P{A} > 0, n pasex Hynio, ecru P{A} = 0. Mocneaxee, opHako,
HEBO3MOXHO, TaK KaK
o0
[0, 11c U{4a+r;3Cl-1,2],
i=1
¥ B CUNY MOHOTOHHOCTU BEPOSATHOCTM

3= PO < PIUZ, {4+ <PU-1L2 =1

O1cloaa CeAyeT, YTO MPUIKCATh COOLITUIO A BEPOSTHOCTb pa3yMHBIM 06pa3oM HEBO3-
MOXHO. IToaToMy, nu60 cieayeT oTKa3aTbesi OT TPeOGOBaHUS AANUTUBHOCTH, [IPEAbABJISIEMO-
ro K BEPOSITHOCTHON (DYHKUMU, TUOO0 Cy3UTh KJIACC COOBITUM ,, MOIIEXAUX PACCMOTPEHHIO
M3 YUCNa MPOMCXOASAILUX B 3KCIIEPUMEHTE, HO COXPaHUTb CBOHCTBO (2).

B coBpeMeHHO TeOpUM BEPOATHOCTEN MPUHAT NochaexHui noaxon. IlToMmumo yucro ma-
TeMaTUYECKUX COOOpaKeHU M, 3TO BbI3BAHO TEM OOCTOATENLCTBOM, YTO B pealibHOM CUTYallU U
BCAKMUI 3KCIEpUMEHT HONMYCKAET NUILb NUCKPeTHOe onucanue. HexuckpeTHule Momenu —
yno6Hasi MaTeMaTuyeckasi abCTpakuus, UaeaiM3anus CUTYallMd, HO X0Teloch Obl, YTOOBI
Uaealu3MpOBaHHask MOAEIb BEPOITHOCTHOrO ONMCAHHUs 3KCIIEPMMEHTA BKIIoYana B cebs
BaXHeMWIlIMe YepThl U XapaKTePUCTUKHU, IPUCYILUE peaIbHOMY 3KCIIEPUMEHTY, a MOCKOJIbKY
JUCKPETHbIE BEPOSITHOCTHBIE MOZEU, 06J1aAaloliue CBOMCTBOM aIMTUBHOCTH, Ha IPaKTH-
Ke cebsi 3apeKOMEHI0BaJIi KaK BeCbMa MoJie3Hble U 3(pHeKTUBHBIE ITPH MTPOTHO3UPOBAHUU
SIBIEHU#, MPUPOJIa KOTOPLIX ClyyaiiHa, TO p€30HHO CBOMCTBO alAUTUBHOCTH BEPOSATHOCT-
HOM (pyHKLIMU COXPAHUTDb U B MOZEJISIX, CTPYKTYpa KOTOPBIX 60J€€ CI0XHA, Y4EM NUCKPETHAA.

«IlognpaBieHHasi» B COOTBETCTBUM C NMPUBEACHHBLIMU BhIlllE COOOpaXEHUSIMU CXeMa
BEPOSTHOCTHOIO ONUCaHUS 3KCIIEPUMEHTOB BLIMJISLIMUT TaK.

IMycts @ = {w} — NpOCTPaHCTBO 371EMEHTAPHBIX HCXONOB 3KCMEpUMEHTA. Brizeaum
cpeny écex BO3MOXHBIX B 3KCIepuMeHTe {2 COOBITUII HEKOTOPYIO COBOKYITHOCTb COOBITHM 7/,
0061aaloLIUX ClIeAYIOLLIMMY CBOMCTBAMMU:

1.Qe,

2.V A€W = A€ 9;BuactHocT!, & € U;
(o o]
SVALA, ... A, ..., AEUS | AiE.

i=1

3aMeTUM, 4YTO U3 YKasaHHBbIX CBOWCTB COBOKYITHOCTU 7/ BbITEKAaeT, HalpUMeEp, YTO

VA, B €% = AN B € % (1.x. 3 paBeHCTB e Moprana cnexyer A N B = AU B),
atakxe A\B €% (r.x. A\B=ANB).

CoBOKYMHOCTB 7/ cOOBITHIA, 06nanaloLyio cBoicTBaMM 1-3, Ha3bIBAIOT ¢ -aneebpoil (cue-
Ma-anzebpoit) cobimuil.

BeposiTHOCTB, YAOBIETBOPSIOLIYIO TPEOOBaHUAM HEOTPULIATEIbHOCTH, HOPMUPOBKH U
CYETHOH aiAUTUBHOCTH, B COOTBETCTBUHU CO CXEMOI I1. 3.1 onpenenuM Ternepb He LIS BCeX
COOBLITUH B 3KCIIEPUMEHTE, a U1 BXOAALLMUX B CUTMa-airedpy /. 3Ty cOObITUS Ha3bIBAIOTCS
CAYMAUHBIMU COOBIMUAMU,, TPOUCXOASILIMMU B IKCTIEpUMeHTe (2.

IIpakTHyecKy NOCTpOeHUE O -anredphl CyyaHbIX COOBITUM OCYLIECTRIAETCA VIS KOH-
KPETHOro 3KCIepUMEHTA CAENYIOLIUM 00pa3oM:

B 3KCIIEPUMEHTE BHIAENSIETCH HEKOTOpPasi COBOKYITHOCTb COOBITUM, BaXXHasi C TOYKH 3pe-
HMS UMCCeNOBarTeiss U Ha3biBaeMas B JaibHEHlleM COBOKYITHOCTBIO «HabJionaeMbIX» CO-
ObITUIA;

MHOXECTBO «HabJII0AaeMbIX» COOBITUM pacluMpseTCs 3a CYeT NoOaBleHUs B HETO BCEX
OTPULIAHUMN U He 6oJiee YeM KOHEYHbIX 00beIMHEHUI COOBITH I M3 YKCIa «Ha6AI0naeMbIX»;

JUIS1 BCeX COOBITUIM K3 NMOJYYEHHON COBOKYITHOCTH OMNPENENSAIOT BEPOSATHOCTD, YAOBJE-
TBOPSIIOLIYIO TPEOOBaHUAM HEOTPHLIATENLHOCTH, HOPMUPOBKH (1) M CueTHOM annIMTHBHO-
ctu (2);
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CTPOHTCS ¥ — HaMMeHbllas o -ayirebpa, BKJIIOYaKolas B cebs Bce yKa3aHHble BhILLIE CO-
6bITHA (TaKast BCErsia CyIeCTBYET) U OTNPENesIOTCSA BEPOSTHOCTH BCEX COOBITHIA, BXOASAIIMX
B & , C COXpaHEHUEM OIlpeieNIeHUs1 BEPOSITHOCTH, YXe MPUHATOrO IS NMOpOXIaole &
COBOKYITHOCTH HabiofaeMbiX COOBITHI (3TO TaKXKe BCeraa BO3MOXHO, IIPHYEM EAUHCTBEH -
HbIM CHIOCOGOM).

Peanu3auus 3Toit NporpaMMbi VISt HEAUCKPETHBIX 3KCMIEPUMEHTOB IIPOM3BONILHOM ITpU -
POAbI JOCTATOYHO CJIOXHA M TPOMO3/IKa Kak ¢ HAEHHOM, TaK ¥ C TEXHUYECKOMN TOYKM 3peHUs,
4yTOOBI ObITH MPUBEAEHHOM B 3TOM KHUre. Mbl OCTAHOBMMCS 3[€Ch JIMIIbL Ha Clydae 3KC-
NEPUMEHTOB, MHOXECTBO 3JIEMEHTAPHBIX HCXONOB KOTOPHIX MOXET OBITh OMUCAHO TOYKaAMU

HeKoToporo noamMHoxecta R”.

3.4. Yucnosas npsmas

JIONMyCTHUM, YTO MHOXECTBO HCXOOB IKCIIepUMeHTa {2 MOXET OBITh ONTUCAHO MHOXECTBOM
TOYEK HEKOTOPOTro WHTepBaa (MoJTyHHTEpBaia, OTpe3Ka) (a, b) Ha yucaoBol npsmMoi R —
KaXIOMY MCXOAY w IOCTaBJieHa B COOTBETCTBHE TOuyka  Ha (a, b) U, HA060pOT, KAXKIOH
Touke & € (a, b) oTBeyaeT HEKOTOPbIH 3eMEHTapHbIN Ucxox w € Q (ciayyam @ = —00,
b = +00 He UCKIIIOYAIOTCS).

OnHOKpaTHOE NpoBeeHue IKcnepuMeHTa (2 6yneM UHTEPIIPETUPOBATh KaK BHIOOP TOY-
KM U3 npoMexyTka (a, b). «HaGmonaeMeiMu» B 3TOM 3KCIIepUMEHTE COOBITUAMHU GyneM
CYMTATh COBLITHS, COCTOSIIIME B BHIGOPE TOYKM M3 MHTepBaia (o, B) C (a, b). Pacuumpum
MHOXECTBO «HAa0MI0OnaeMbiX» COOBITUM (Tal(, Kak ObLIO yKa3aHo Bbmxe), 0O6aBUB K HEMY
COOBITHS, [TONYYAIOIIHECH U3 «HabMIoAaeMbIX» B pe3y/ibTaTe AOMYCTUMBIX AEHCTBH ! Haj MO-
CIENHUMM: TTOCTPOEHUS NMPOTUBOMNONOXHLIX COOBITUMN, a TAKXKe BCEBO3MOXHBIX He Goee
YyeM CYETHBIX OOBEAMHEHUHN U NTepeceyeHH .

ITycTs Tenepb $(x) — Npou3BoibHAsi MOHOTOHHO HEYOBIBAIOLIas OrpaHUYeHHAs HYHK-
LM, ollpelieieHHas Ha BCeil YMCIOBOM NPSIMOMN M Takas, 4To s moboro «HabioxaeMoro»

cobbitvst A = {w: a < w < B}
P{A} = Pla < w < B} = 3(8) - 3(a). (10)

JInsi BHINONHEHHS YCIOBHSE HODMHUPOBKHM BEPOSITHOCTH CJIEAYET MOTPe6oBaTh, YTOGLI
® () HONOIHUTENBHO YAOBIETBOPSIA YCIOBUIO

lim &(z)=0, lim &(z)=1 (11)

z—a+

B cuuty MOHOTOHHOCTH U orpaHHYeHHOcTH P () npenensi (11) cyiuecTsyiorT.

Jlanee, eciu
B = A + A,
me Ay ={w: ey Sw< B}, hh={w <w<Bh}, oy <p <<,
P{B} = P{A,} + P{A,}, (12)

rne P{A;} onpenenennl coorHoweHueM (10).

Takum 06pa3zoM, BEpOATHOCTD OIpeesieHa Ha KOHEYHOM O00beIMHEHUH ITPOMEXYTKOB
B (a, b). MoxHo NnokasaTb, YTO OHa GYAET YAOBJAETBOPATh TPEOOBAHUIO O -alAUTUBHOCTH.
Orclona clieayeT, YTO BEPOSATHOCTh OIpenesieHa Ha HauMeHblleH o -airebpe, conepXxaiuein

IIPOMEXYTKH.

Onpepnenenne. HaviMeHblIas o -anrebpa, conepXxaiuasi Bce MHTepBaibl u3 (a, b), Ha3biBaeT-
csl Gopeneeckoli o -anzebpoii NpOMeXyTKa (a, b), a MHOXeCTBa, BXOAsAIHE B 6OpEIEeBCKYIO
o -anrebpy — 6openescKumu.
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WTak, ¢ NoMollbIO OrpaHUYEeHHOM HeyOblBaoe (yHKIUU <I>(:c) Mbl OMPEAEIWUIH BE-
POSITHOCTb Ha 6openeBcKoii o -anrebpe (a, b). DToT cnocob 3anaHus BEPOSITHOCTH ABASETCS
YHUBEPCANBHBIM, TaK KaK eC¥ Ha 6opesieBCKOH o -anrebpe npomexyrka (a, b) 3anana npo-
U3BOJIbHAsA BEPOSITHOCTh, TO OHA ofpeaesieTcs no GyHKuumn

®(z) = P{w: e <w< z}

BbILLICYKa3aHHbBIM CITOCOOOM.
Mpumep 1. AuckpeTrbie BePOATHOCTHLIE MPOCTPaHCTBA. MycTs d(x) A

$|,32,...,£n,.. 1
— KOHeYyHoe N CHETHOE MHOXEeCTBO TO4YeK Ha NPAMOIA u B U R (ramn

Dy D2y -5 Py - -

— NOCNeaoBaTeNbHOCTL YUCEN TaKUX, YTO P3
jo @ “ *

0<p<ln Y opi=1. 2, 5
i=1 ____"____H

Onpepennum BepOSTHOCTb Npon3sonsHoro mHoxectsa A C R tak P

P{A}= ) p o)
z,€A
(CKNaABLIBAKOTCS YUCHA P; C TEMU Xe HOMEepaMu, C KOTOPbIMUA YNeHb!
nocnepoBaTensHocTM {Z,} BxoasT B A). SicHO, 4TO onpepeneHHan Puc. 23
Takum 06pa3om BepOsTHOCTb 32RAETCH C NOMOLLLIO (BYHKUMN

o(z) = Y pi

z,<z

Ecrm BCe TOYKM Z|, T2, ..., Tp,... — WN30NUPOBAHHLIE, TO O(x)

®(z) — crynenyatas yHKUMA C paspbiBamu B toukax {z,}, npu- *

do 1)
®(z, +0) — &(zi — 0) = p;i.

(puc. 23). Ecnn xe Touku nocnepoBatenbHoctTM {z,} He usonupo-

BaHbl, TO $(Z) MOXET UMETb QOBONLHO CNOXHYIO CTPYKTYpY M ee

rpaduk TaK NPpocTo n3o6pa3nTb HEBOSMOXHO.

Mpumep 2. PasHomepHoe pacnpepenenne Ha otpeske. Ecnu ¢ywk-
uns ®(z) nuuenna Ha orpeske [a,b], ®(z) = O npu z < a
u ®(z) =1 npn z > b, 10 TaKkoi cnocob onpepenexns Bepo-
ATHOCTV Ha3bIBAGTCH PABHOMEPHLIM PACTIPEAENeHeM BepOATHOCTY
Ha [a, b], 1. k. BeposTHOCTb OTpeska [a, B] nponopumonansbHa ero O
ANVHE W He 3aBUCUT OT ero pacnonoxeHus BHyTpu [a, b (puc. 24).

t
1
]
|
]
|
]
|
I
|
{
(
|
|
{

L T LT

o |

-

N~
P n] S
e |

Mpumep 3. MycTb cywectByeT HeoTpULATENbHAN MHTErpupyemas Puc. 24
dyHkums f(z) Takas, uto '

ox<
/ f(z)dz = 1.
-0
Dna no6oro z € R nonoxum

¥(z) = / 7(t) dt.

OnpepenexHoe Takum 06pa3om pacnpepeneHne BEPOATHOCTU HA3bIBAETCH aBCOMOTHO HENPEPHIBHLIM Pac-
npenenetvem, a GpyHkuma f(z) — nnotHocTLI0 aTOrO pacnpepenexus. Jlerko BUAETH, 4TO PACCMOTPEHHOR
B Npumepe 2 PaBHOMEPHOE pacnpeneneHne aBAseTCs aGCONIOTHO HenpepbBHBIM C NAOTHOCTBIO

: n € (a, b)
— MZzE(a
f(z) —_ b . p ? ?
0 npu z ¢ (a, b).
fAmckpeTHoe pacnpepenenne (CM. npumep 1) He ABARIETCH aGCONIOTHO HENPEPLIBHLIM, T. K. BEPOSTHOCTL Off-
HOTOYEYHOr0 MHOXeCTBa Npu abCONIOTHO HenpepbiBHOM pacnipepeneHun pasHa 0 (®(z) — HenpepbiBHan
yHKUMA), @ NPU AUCKPETHOM NONOXUTENbHA.
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3.5. KoopawnatHas nnockocts 8 R>
ITpeanonoXuM, 4TO MHOXECTBO UCXOAOB IKCNIEPUMEHTA () MOXET GbITb ONMMCAHO MHOXE-
crBoM D C ]Rz, T.€. CYUIECTBYET B3aUMHO OXHO3HAYHOE COOTBETCTBUE MEXIY TOYKAMU
MHoxXecTBa D 1 ucxogamu 3kcnepuMeHTa 2. «HabmonaeMbiMu» coObITHSAMYU OyaeM cuu-
TaTb COOLITHSA, COCTOsAIME B BbIOOpPE TOYKU M3 NMPAMOYrolbHMKA, NpuHamiexaiuero D,
C BKJIIOYEHHBIMM MJIM HET OTpe3KaMu rpaHuiibl. OnpenenuB BEPOSATHOCTL IS «HabIoAa-
eMbIX» COOBITHI, pacnpOCTPaHUM €€ BHayajie Ha KOHEYHbIE OOBEAMHEHUS U TNepeceyeHus
NPSIMOYTOJIbHUKOB, @ TOTOM Y Ha HAUMEH bLLYIO 0 -aAre6py, CoaepPXallyio NpsiMoyrojbHUKH
Y Ha3bIBaEMYIO, KaK U B OTHOMEPHOM Cllyyae, 6opelieBCKOM.

AHaNOrM4yHO OHOMEPHOMY CJIyyalo BEPOSITHOCTb MOXHO 3aaBaTh C NMOMOLbIO QyHK-

Lmn @(x,y)zP{(u,v)GD: u<z, v<y};
onHaKo 31ech (TeM Gosee npu nepexoge K R* st » > 2) 31a cxeMa BecbMa rpoMo3fka

M peIKO NMPUMEHSETCS Ha MPAKTHKE.

Npumep 1. Quckpetuwie pacnpegenexmd. flyCtb Z), Z2,...,Zp, ... — KOHEHYHOE MNU CHETHOE MHOXECTBO
Touex nnockocti [R2 (vnu D C }Rz) WPy, P2, ..y Pny... — NOCNEAOBATENLHOCTL HEOTPULATENLHBIX YUCEN

o
Takux, 410 Y. p, = 1. BepoarmHocts mHoxectBa A C R? onpepenmMM Tak

1=\
p{A} = Z P

Z,€A
3710 1 eCcTh AUCKPeTHOe pacnpeneneHne BepoATHOCTEN (NONHan aHanorus C OAHOMEpHLIM CayHaem).

Mpumep 2. AGCOMOTHO HenpepuiBible pacnpefeneuus. Tyctb f(T,y) — HeoTpuuaTenbHas MHTErpupyemas

dyHKUMA HA R? (mme D)n
[ 1@ dzay=1.

Tak xe, Kak 1 B OQHOMEPHOM Cy4ae npu abConioTHO HENPepPbIBHOM PacnpeneneHn, BePOSTHOCTLIO MHOXEe-
ctBa A Ha3biBaeM HUCNO
P{a} = [[ f(a,y) dz dy.
A

AHanornmuHbiM 06pa3oM ONpeensioTcs BEpOATHOCTU B NPOCTPAHCTBAX 3NEMEHTapHbIX MCXOAOB, PaBHO-
MOLLIHBIX HEKOTOPbIM KyGupyembiM noamHoxectsam B R”. «HabnogaembiMu» Gynem cumtath cobbiTus, CO-
croswme B BbIGOpEe CAYHaNHOW TOMKM U3 NPAMOYroNkHOrO Napannienenunena (C BKIIOYEHHLIMU UNK HET rpa-

HAMW — 3TO BONPOC COFNaWEHNN), U AEACTBYN NANee TOHHO Tak Xe, Kak B R2.

3.6. Meomerpuyeckne BepoOATHOCTH
BaxXHbIM 1151 TPUIOXEH UM YaCTHBIM CIIy4aeM M3JIOXEHHBIX BLILLE CXEM SIBASIOTCS TaK Ha-
3bIBaEMbIE 2e0MEMPUYECKUe 6EPOAMHOCMU.

Mycts 2 — Ky6upyemoe noaMHoxectBo R*, p(2) — ero mepa (npu n = 1 — -
Ha, IpM n = 2 — IUIOWIalb, MPU © = 3 — 06beM U T.M.). CobbiTusi — 6opeaeBckue
noaMHoxecTBa {2, T. €. HaUMeHbllas o -anrebpa, MOPOXAECHHas Napajuieenune aMu

I, = {w: a;, <w, <by, j=1,n}.
INo onpeneneHnIo, BEPOATHOCTb MPONOPLIMOHANbHA MEPE
p(Iln)
P{Il,} = —— (13)

1)
B yactHocTH:

ecay ) — xpuBasi Ha MJOCKOCTH, HauMHaoouasca B Touke M, U 3aKaH4YHBalolIasAcs
BTouKke M, , u ciyyailHoe coGbITHE — BLIGOP TOUKM U3 ayrH A (puc. 25), To BEpOSITHOCTD
3TOro CoObITUSA

I(A)

P{A} = -l_(ﬁ)’ (14)

roe 1(A) — nnuHa nyru A,
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Puc. 25 Puc. 26 Puc. 27

ecny £ — obnactb Ha MNOCKOCTH (pHUC. 26), TO
S(4)
P{A} = — 15
) =5 (15)
rae S(A) — rurowanb MHOXeCTBa A,
eciv §) — Teno B npocTpaHcTse (puc. 27), To
V(4)

o (16)

P{A} =

rne V(A) — ob6bem MHOXecTBa A.

Kak npaBuio, reoMeTpHYeCKH€e BEPOSATHOCTH BO3HUKAIOT B CUTYalliM, KOTIa MHOXECTBO
BCEX BO3MOXHBIX HCXOIOB 3KCINEPUMEHTA MOXHO HHTEPIPETUPOBaTh KaK «reoMeTpuye-
CKOE», a CaM 3KCHEPUMEHT obnanaer Gpusnyeckoit (WM reoMeTpUYecKo) cHMMETPHEH,
obecneyuBalolei «paBHOBO3MOXHOCTb» BCEX UCXONOB; NP 3TOM BEPOSATHOCTb PaBHOMEP-
HO pacrpenesieHa o BceMy MHOXECTBY.

PaccMOTpHUM HECKONBLKO IIPUMEPOB.

Mpumep 1. Touka cnywaitHbiM 06pa3om GpolleHa Ha OKPYXHOCTL paguyca 1. KakoBa BepOATHOCTb TOFO, HTO
AnvHA NPOeKLMK paaMyc-BeKTOpa 3TOW TO4KM Ha BbiGpaHHOe Hanpasnexue He npesbiwaert 0,57

<« flycts BbIGpaHHOe HanpasnexHue CoBNagaeT C HanpasneHnem ocu O, a LUEHTP OKPYXHOCTU NeXUT B TOUKE
z =0, y = 0 (puc. 28). CnyvaiiHocTb GpocaH1s NO3BONSET CYMTATL, HTO BEPOATHOCTL NONaJAHMA TOHKM HA
nioGyio Ayry npofopuMoHanHa anvHe 3ToW AYrv U He 3aBUCUT OT ee NONOXEeHUA Ha OKPYXHOCTU. Torpa ana
nio6oro cobbia A = {w: w € L} B cootBerCTBum C (14) uMeem

I(L)

P{A} = o
Ana Toro, 4to6b anvMHa nNpoexkumn He Npesbiwana 0,5, HyxHo, 4Tobbl TOuka 7
nonana nm6o Ha pyry MoM;, nu6o Ha pyry My M;. MNostomy B = {w: w €
S MyM, U~ MayM3} u M M,
! ]
p{B} = M = 1 > i L E /3
3 ! .
L ¥ -
Mpumep 2. Nycs (£, 7) — xoopanHaTL! TOuKM, BLIGPAHHON Cly4aHbIM 06pa- i E x
30M 13 eguumuHoro keagpata 0 < z,y < 1. Halitu BeposTHOCTL ToOro, 4To ! /
KOPHU YPaBHEHMA
2+ bz +n=0 M, M,
a) peicTeuTenbHb, 6) 062 NOAOKUTENLHDI
Puc. 28

« a) KopH# ypaBHeHUs NeNCTBMTENbHbI, 8CM BbINOAHAETCA COOTHOWEHNE
&-an>0
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Muoxectso {(£,7): 7 < €%/4;0 < € < 1;0 < 1 < 1} Ha puc. 29 3awTpu- 7\
xoBaHo. Monyyaem

)
P{«kopHu peiCTBATENbHBI» } = / §4— d¢ = 3"
0

6) Jlerko BUpETh, YTO UCKOMAs BEPOATHOCTb paBHAa HYNIO, TakK Kak no-
NOXUTENLHOCTL KOpHel TpebyeT otpuuatensHocTu § (no Tteopeme Buera 1 /4
z; +z3 = —€ > 0), 4T0 HEBO3MOXHO. P

Npumep 3 (3aaava Broddona). NMnockocts paarpacdneHa NapannenbHLIMKA NPs-
MbiMU, OTCTOAWUMIA OfiHa OT APYroi Ha paccrosHn L. HaliTu BEpOsSTHOCTL o
Toro, 4T0 Haypady GpowenHan urna pavkbl | < L nepece4et kakylo-Hubynp

13 3TUX NPSMbIX.

Puc. 29

L/2

* 4
X

-
-L/2 O x
Puc. 30

« Urna, 6poweHHan Haypavy Ha nNoCKOCTb, pasrpadneHHyio NapannenbHbiMyU NPAMbIMUA, OQHO3HAYHO UK-
CUpYeTCs CreayiowMmMmn KOOpAMHATaMK: NONOXEHNEM €€ CepeavHbl U YoM NOBOPOTa OTHOCUTENbHO HEKOTO-
poro PpUKCUPOBaAHHOIO HanpaBneHus. B cuny NepMoanMYHOCTU KapTuHbl AOCTATOYHO PacCMOTPETL OAHY NONOCY
wmpunHbt L. CucteMy KOOpAMHAT BBEAEM Tak: HauanbHylo Touky O BO3bMEM Ha CepefnHe Nonockl, ocb ab-
cuMCcC NPoBeAeM NapannencHo NPAMbIM, OFPaHUYUBAIOWMM NONOCY, a OCb OPAMHAT — NEePNeHANKYNAPHO.
Mycte y — opauHaTta cepeamHbl Urnbl, OPOWEHHOW Ha nonocy. CuuTad, YTO MOTOXeHUEe UMbl CRyyaiNo, no-
naraem BEpOSTHOCTb NONaZaHNs cepeamHbl B ni0Go npomexyTok sHytpu [—L/2; L/2] nponopumoHanbHOi
[NMHe NPoMeXyTka. Mraa nepecexkaeT rpaHuly NONOCH, 6CNKU BbINONHEHL CABaYIOWWe YCNOBuUS:
L Syl > L-1

2 7 W7

" YTOA @, COCTaBNEHHbIN UINOW C NONOXKUTENbHBIM HaNpaBneHnem ocu
OpOMHAT, He MEeHblle NPEAeNbHOro Yrna A9 3TOW OpAaUHaTHI,

L/2 -yl
1/2
(puc. 30). BO3MOXHbIE NONOXEHNUA UrAbI HA NAOCKOCTK (¢, ¥) ONUCHI-

BAIOTCR TO4KAMKU NPAMOYrONbHUKA

L L
n={(py): -3<p<} -5 <y< 3} —n/2

a MHOXECTBO M NONOXEHWUA Urnbl, NP KOTOPbLIX OHa NepeceKkaeT nps-
MYIO, ONUCLIBAETCH TaK

cos g 2> = COS g

sY

L-2 L-1 L
M={(¢,y)= cos p > LM B oyl < 5}-
Jna nckoMoi BEpOATHOCTY nonyvaem
M 2
P — i(—) -— _L. ’
S(I7) L=

§4. YcnosHbie BEPOSTHOCTU

IMycts Q — 3KCNEepUMEHT, % — COBOKYIHOCTb CIy4yaiHbIX CoObITHi, P{A} — npasuio
BBIYMCIIEHHSA BEPOSATHOCTE! i 11000ro cirydaifHoro cobbiTusi A € % . YacTto BO3HHKaET
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NMOTPEOHOCTb U3YYEHUS COBMECTHOIO OCYILECTBICHHUSA HECKOJNbKHUX CyYyalHbIX COOBITHMI
B CHEAYIOIEW NOCTAHOBKE: M3BECTHO, YTO B pE3yJibTaTe ONHOKPATHOIO OCYLUECTBIECHHS
3KcrnepuMenTa 1 peasiv3oBajloch caydyaitHoe cobbiThe B. YTO MOXHO CKa3aTh O CTENEHH
JIOCTOBEPHOCTH OcyiuecTBIeHUs coObiTHs 47 ScHo, 4To ecnm cobbiTH A 1 B HecoBMecCT-
Hbl, TO OCYHIECTBJIEHUE COObITHSI B 03HayaeT HEBO3MOXHOCTb OCYILLECTBJICHHS COOLITHA A
B TOM Xe ucnbiTaiud. Ecnu xe cobeiTe A nopyuHeHo cobuiThIo B (B Bieyer 3a coboii A,
B C 4), To ocywectsieHue B Bieyer 3a co6oit ocymecrsiedne A (puc. 32). OpHako 3tu
JIBE€ CUTYalluM B U3BECTHOM CMBICIE KpalHue, U IU1s 1106010 apyroro cobbiTHst A 1OCTOBEp-
HOCTb €r0 OCYlECTBACHUS BMecTe ¢ B nojxHa ObITh TEM Bbille, yeM 6osbliyio fonwo B B

COCTaBJIAIOT 3JleMeHTapHbIe ucxonbl 4 (puc. 33).

"

Puc 3

Puc. 33

Bbilien3noxeHHOE JaeT OCHOBaHUE U1 CACAYIOLUETO ONPEACICHHUA.

Onpepenetune. Ycr06HoU 6epoamHoOCmbio CYYaiiHOTO COOLITHS A OTHOCHTENbHO CIy4aiHOro
cobuitus B, P{B} > 0, Ha3biBaeTcs Yucio
P{AnN B}

P{4|B} =

OTMeTHM OYEBUIHbIE CBOMCTBA YCJIOBHOM BEPOSITHOCTH:
1. A: 0< P{A|B} < 1.
<4 P{AB} < P{B}, nockonsky AB C B. »
2. P{B|B} =1.
3. P{@ |B} =0, P{Q|B} =1.
4. Ecin AN A; = @, 10 P{A, U A;| B} = P{A,|B} + P{4,|B}.

< M3 cBoiicTBa AUCTPUOYTHBHOCTU CAOXEHUS COOBITHI

AU 4)B = 4,B U 4,B,
“ 11|ig|”1142};:=:g3 ? }' = P{A;BU A,B} = P{A,B} + P{A,B}.

Ortciona cnenyer HCKoOMoe. b
5. P{4|Q} = P{A}.
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VCNOBHBIE BEPOSATHOCTH MO3BOJSAIOT BBECTH B PACCMOTPEHME OIHY BaXHYIO TEOPETH-
KO-BEPOSITHOCTHYIO KOHCTPYKLIMIO, CBA3aHHYIO € OCYLUECTBUBILMMCS B 3KcrepuMeHTe {2
CNy4YaiHbIM cobbiTHEM B (HEHY/IEBOM BEPOSITHOCTH) — KOHCTPYKIIHIO CYXceHuUs, NI 0zpa-
Huyerus, dxcrnepuMenTa {2 Ha cobbiTue B.

PaccMoTpuM 3KkcriepaMeHT (g TaKoi, YTO

QBsz %z{QB)QBv"'1A37"'}1
P{AB}
P{B}

(cM. puc.34). (3amerum, 4T0 Fp — ABNAETCS CUrMa-a-

re6poii.) Puc. 34
OnpeneneHue 3KkcriepuMeHTa {2 g KOPPEKTHO B TOM CMbl-

cne, 4yto noboe cobbiTHE U3 o -anrebpbl clydyanHbIX COObI-

THIl Hg obnanaeT BEPOATHOCTbIO. JKCIEPUMEHT {2p Ha3bl-

BACTCH CyHceHuem IKCIepuMeHTa (1.

VACQ Ag=ANB, P{4p}= = P{A|B}

TMpumep 1. SxcnepumeHT §2 COCTOUT B OQHOBPEMEHHOM NOAGPACHIBAHAM ABYX UFPanbHbiX KyGuKoB Y ¢ nocne-
Ayowen pukcaumen 3HaueHWii, 0Kka3aBLWKMXC HA BEPXHUX rpaHax KyOGukoB. HailTu BEpOATHOCTb TOrO, 4YTO Ha
Kybukax BbINANM pa3Hble YACNA, CAM N3BECTHO, YTO CyMMa BbINABLLMX O4YKOB 0KA3anack pasHa 8.

< Onnwem NPoCTPAHCTBO INEMEHTAPHbIX UCXOA0B PACCMAaTPMBAEMOro 3KCNEPUMEHTa CrMcKoMm 1, anemeH-
TAMU KOTOPOFO SBNAIOTCA YNOpPAAOYeHHbie Habopul nap Yucen (i, 7), rAe i — 4Mcno, BuINABLIEE HA NEPBOM
Kybuke, j — Ha BTOpoM. meem

Q={¢7, i=1,2...,6 j=12,...,6}.
Yucno 8cex BO3MOXHbLIX UCXOA0B IQI =36.B cuny ¢M3MHGCKOﬁ CUMMeETPUU IKCnepuMeHTa NONoXUM
1 [
Pl iV = — = — e
{(21 ])} lQl 36’ vz,]
Caobbitne
A={(7) 1 #1}

cocTout 3 30 paBHOBO3MOXHbIX INEMEHTapHbIX UCXOAOB, NOITOMY

30 5§
P{A}=§g=g;

cobbitne
B={(i,j): i+j=8}
13 5 paBHOBO3MOXHbIX UCXOA0B —
5
B} = —.
CosmetleHne cobbituii A 1 B uMeeT caeayiowylo CTpykTypy:
AnB={(i,5): i#], i+j=8={(26);(3,5); (5 3);(62)}
®dopMyna YCNoBHOW BEPOATHOCTM naet
P{AB} 4/36 4
P{B} ~ 5/36 5

ToT Xe pesynkTat MOXHO NONY4UTb, PACCMOTPEB CyXEeHue akcnepumenTa 2, uHayumpoBaHHoe cobbiTv-
em B. B 3TOM KOHKPETHOM 3KCNEePUMEHTE UMEEM

Qp = {05, 3): i+7=8)={(2,6): (3,5 (5,3 (6, )},
A ={(,65 0,55 (5,3 (6,2}, PlAn}=7.

P{A|B} =

") MirpanbHbiit Ky6UK — CUMMETPHUHBIH OOHOPOLHBIN KyD, Ha KaXIyl0 TPaHb KOTOPOrO HaHECEHBI CHMBONBI
ot 1 10 6 ¢ co6MoneHHEM CEAYIOIEro NpaBuia; CyMMa 3HaueHH# Ha NPOTHBONONOXHBIX rpaHsiX paBHa 7. Takux
KyOHKOB CYLIECTBYET POBHO ABa, HO Uil AAlIbHENIEro HE BaXHO, O KAKOM U3 HHX HAET peyb.
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MpownnniocTprpyem NprBeAEHHBIe BbIWE paccyXaeHus Tabnuuein

(1,6) |(2,6)] (3,6) (4,6) (5,6) (6,6)
(,5) (2,5 (3,9 4,5 (55 (6,5
(1,4 (2,49 (3,9 |(4,9] (5,9 (6,4
(,3) (2,3) (3,3) (4,3 |523)] (6,3
(1,b2) (2,2) (3,20 (42 (52 (62
(L) (2,1 (3,1 &1 (5,1) (6,1 >

OTMETHM ellle HECKOMBbKO MOE3HbIX COOTHOLLEHUM, CBA3aHHBIX C TOHATHEM YCIOBHOM
BEPOSTHOCTH.

4.1. lpaBnno yMHOXEHUR BEPOATHOCTEH

P{AB} = P{A|B}P{B}, P{B}> 0. )

3TO COOTHOLLUEHHE OYEBUIHBIM 06pPa3oM cliedyeT u3 onpeneieHus (1) ¥ MOXET GbITh JIETKO
00600111eHO Ha cTyyai n COBMeELaeMbIX COOBITU M

P{A\Ay ... A} = P{A)| A A3 ... A }P{A;)|A3A, ... A} ... P{A,_ | A} P{A,}, (3)

ecm Tonbko P{AA; ... A,} > 0.

Mpumep 1. Cnucok 3k3aMeHaLMOHHBIX BONPOCOB COAGPXAT 25 BONPOCOB, U3 KOTOPLIX CTYAGHT NOArOTOBUN
Tonbko 20. Ok3ameHatop 3ajaeTt eMmy Asa BONpoca, BbiGMpas ux ua cnucka cnyvadubiM 0GpasoM. Hanm
BEPOATHOCTb TOrO, YTO CTYAGHT 3HAeT OTBET Ha 062 NPeAIOXeHHbIX My BONpoca.

< 1. Oavu 13 cnocoboB nonyueHus OTBeTa Ha NOCTABNGHHBIA BONPOC CAEAYIOLWMNA: NPOCTPAHCTBO ANEMEH-
TapHbIX MCXOA0B PACCMATPUBAEMOro 3KCriepuMeHTa §) COCTOMT M3 BCEBO3MOXHbIX (BoOOWe FoBOpS, Heynops-
pouenHbix) nap Homepos {(i,7), f# j, £,J = 1,25} BONPOCOB, KOTOPLIE MOXET NPEANOKUTL NPeNoAaBa-
tens. Beero ux |} = 0225. Cobuitve A, cocrosiee B TOM, 4TO CTYAEHT 3HAeT OTBET Ha 062 NPeaOXeHHbIX
BONpoca, COCToMT M3 Tex nap (f, j) BonpocoB, KoTopbie OH noarotosvn. Wx C%o. YuuteiBan cny4adHoCTL
BbIGOpa BONPOCOB NPEnoAaBaTeNneM MOXEeM CHMTaTh BCE UCXOAb! B {2 PABHOBO3MOXHLIMU, @ NOTOMY

ch 2019 19
P{A}= 5 = — = —.
4 C} 25-24 30

2. [ipyroii cnocob — Ucnonb3oBaHNe NOHATUN YCAOBHOW BEPOSTHOCTM: NYCTL COObTME B — «nepsbiii n3
NPEANOXEHHbIX CTYAGHTY BOMPOCOB €My U3BeCTeH», Cobbitne C' — «BTOPON U3 NPBANOXEHHBIX CTYAGHTY BO-
NpOCOB €My u3BecTeH». Toraa cobbiTne A — «CTyREeHT 3HaeT OTBeT Ha 00a NPeANIOXeHHbe eMy BONpoca» —
€CTb cosmelueHne cobuitnit B n C' 1 no npaBuny ymMHOXeHUA (2)

P{A} = P{BC} = P{C| B}P{B). (4)

Ho P{B} = 20/25 — BepOsTHOCTb M3B/e4L M3 COBOKYNHOCTM 25 paBHOBO3MOXHBIX BONPOCOB Al0GOW 13 20
U3BECTHbIX CTyAeHTY, Torpa BepoaTHOCT, P{C|B} u3sneub u3 ocraswmxcs 24 sonpocos nio6oit u3 ocras-
wnxca 19 n3BECTHLIX CTYAGHTY AAETCA COOTHOWEHUEeM

19

U TenepbL OCTanoCh NpUuMeHuTs GopMyny yMHOXeHus (4). »

4.2. Gopmyna NonHOK BEPOSTHOCTH

Ilyctb cny4aitibie cobuiTust Hy, H), ... H, nonapHo HecoBMecTHel, P{H,} > 0 u H; +
H, +... + H, = Q. CookynHoctb cobbiTnit {H;} GyneM Ha3biBaTb noaHol 2pynnoi
Hecoemecmubix cobemuii B 3kcriepuMenTe (2. Torma st mo6oro ciryyaiHoro cooeiTus A
CHpaBeIMBO PaBEHCTBO

P{A} = P{A|H,}P{H,} +... + P{A|H,}P{H,}. )
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« JleiicTBUTENBHO, U3

clenyer

¥l TIPM 3TOM
AH; N AHJ' =9.

To ripaBuiTy CIOXEHHS BEPOATHOCTEH OTCIOAA MOTyYaeM
P{A} = P{AH,} + P{AH,} +... + P{AH,}.
INpaBuio xe yMHOXeHus (3) naer
P{AH;} = P{A|H,;}P{H,},
OTKYH2 M cienyet Tpebyemoe. »

3aMeTUM, YTO B paMKaXx MPUHATON TEOPUM cooTHOLIEHHE (5) GOpMaTU3yeT eCTeCTBEH -
HbIl nepe6op anbrepHaTuB: eciv Hy, Hj, ..., H, — anbrepHaTUBHbiE COOBITUS, TO A
rpoMcxonuT jiubo BMecte ¢ H;, nmbo ¢ H,, ... , iubo ¢ H,. Crenyiommit HUXe IpuMep
WLITIOCTPUPYET 3Ty MBICIb.

Npumep. UasecTHo, Yto 5% MyxumH 1 0,25 % xeHwmH — pansToHnky. HalTn BEPOATHOCTL TOFO, YTO Hayrag

BbiGpaHHbI YeNoBEK — AANLTOHUK (NPEANONAraeTes, YTO YMCNO MyX4MH N, M 4UCNO XeHwMH Ny OfMHaKo-
Bbl, Ny, = Ny = N).

« BeposaTHOCTL TOrO, 4TO Hayrap BbiOpaHHbI YenoBeK — AANbTOHMK, AONXHA ObiTh, O4EBMAHO, NpONOp-
uMoHanbHa obuiemMy KonMYecTBy AanbTOHMKOB Ny, KOTOpOE B CBOIO Ouepeab ABNNETCH CYMMOW KonmM4ecTsa
AANLTOHUKOB-MYXUNH Ny, (5% OT KONMUYECTBA MYXUMH) ¥ KOAMHECTBA AANLTOHMKOB-XeHWwmH Nyy (0,25 % or
KONVMYECTBA XEHLLMH):

N; = 0,05N,, + 0,0025Ny = N(0,05 + 0,0025) = N(0,05 + 0,0025) = 0,0525 - N.
Dons panbToOHMKOB AAETCH COOTHOLLEHWEM

0,0525-N
N T 0,02625.

MpoBeneHHbie HaBoAAWME pacCyxaeHus GopManuayioTes cnepyiouwmm obpasom: nycte I — cobuitve,
COCTONLLEE B TOM, YTO Hayran BbiGpaHHbIA YenoBeK — AanbToHuk, M — yto oH MyxuuHa, XK — XeHuuHa.
3ametuM, uto cobbitma M u K B paccmatpuBaeMoM 3KCNEepuMeHTe (CydalHbiil BLIGOp uHAMBMAYYMa w3
copepxauiei 0aMHaAKOBO@ YUCNO MYXYMH K XEHLIUH COBOKYNHOCTV) 06Pa3syioT NOMHYIO rpyriny HECOBMECTHbIX
cobbitnid. B cuny Ny = Ny MOXHO CHMTaTbL 4TO

P{M} = P{X} = %

Dna seposTHocT! co6biTua 1 M3 (5) nonyqaem

pP{l} = P{IIM}P{M} + P{0| X} P{X}.
B kavectee P{I1|M} pasymHO, MCXOAs M3 yCNOBUA 3a0a4y, B3ATbL AONIO JANLTOHUKOB CPEAM MYXYMH —
P{|M} = 0,05. Auanoruuvo u ana P{I| X} = 0,0025. Noaromy

1 1
P{l1} = 0,05 5 +0,0025 - 5 = 0,02625. »

P{«yenoBek — fanbTOHMK»} =

4.3. ®opmyna Beiteca

®opMmyna ycaoBHOH BeposiTHOCTH (1) MOXeT ObiTh MPOYMTAHA M CNECAYIOIIUM 00pa3oMm:
nyctb A v H — pBa COOBITHS HEHYNEeBOMH BepOSTHOCTU. POpMaibHBIMH BbIKJIAAKAMHU

nonyyaeM,uto nockonsky P{AH} = P{HA} = P{A|H}P{H}, 10

P{AH} P{A|H}P{H}
P{A} P{A}

(6)

P{H|A} =
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MocnenHss hopMyna MHTEPNPETUPYETCS TAK: NYCTh a priori (10 NPOBeAeH!sI UCTIBITAHUS )
Mbi OLIEHUTIU BEPOSATHOCTH coObiTuii A U H . TlpoBeneM 3kcnepuMeHT 2 ¥, eciu cobbiTHE
A 0OCYHIECTBIIIOCH, ITEPECYNTaEM BEpOSTHOCTb coObITHst H B cootseTcTBUH € (6). ITomyuum
P{H| A} — anocmepuophyio (ocneonbITHYI0) BEpOSTHOCTb H , KOTOpas YTOYHSIET Hallle
3HaHUE O BO3MOXHOCTSX OCYLIECTBICHHUS cOObiTUg H B nMOCHenyloninX UCTBITAHUAX, ITa
MHTEPIpeTaLMs CTAHOBUTCSL 0CO60 MHTEPECHOM, eCliu MpUMEHUTB hopMyny (6) K nomHoM
CUCTEME HECOBMECTHBIX coObITHit H,y, H), ..., Hy:

P{A|H;}P(H;} __P{A|H;}P{H;)
P4} S P{A|H;}P{H;} )

i=1

P{H;|A} =

Vi=12...,n

CootHouenue (7) MO3BOMSAET NPU U3BECTHBIX AIPUOPHBIX BEPOSTHOCTSAX COOBITUI H s
n
P{H;}, Y P{H;}=1,
j=1

M CBEACHHUHU O TOM, KaKoe COObITHE A OCYLIECTBUIOCH B AAHHOM MCINBITAHUM, HAUTH amo-
CTEPUOPHOE pacripeeieHUe BEPOSITHOCTEH

P{H;|A}, Y P{H;|A}=1.
j=1

CobbitTsi H; B 3TOH TPaKTOBKE HOCSIT UMS «THNOTE3», @ CAMO COOTHOLIeHUE (7) cryXuT
OCHOBO# BeCbMa ITJIOAOTBOPHOTO ITOAX0/1a B COBPEMEHHOM CTaTUCTUKE, HOCSAILEM UM «Oeii-
ecoBckoro» nonxoaa. Popmyna (7) HaswiBaetcs gopmyaoi Beiieca unv gopmyaoit unomes.

Mpumep. Onepatop Ha MOHUTOpPE NOKaTOPa MOXET 3aduKCUPOBATh CUMHAN, ABNAIOWMIACR CheaoM nmbo o6b-
exta, nnbo ero umutauuu. Mpu 3TOM B OOHOM Cny4ae u3 natu onepatop owubaercs. U3sectHo, 4TO B none
HabnioaeHns oneparopa o6beKTbl NOABNNIOTCH BABOE pexe, Yem ux umutauun. Oneparop naeHTuduumposan
CUrHan Ha 3KpaHe MOHUTOpA Kak CurHan ot obvekta. KakoBa BEpORTHOCTb TOro, 4TO B none HabnioaeHns
HaXOAUTCR ABUCTBUTENBHO OOLEKT, @ He ero uMuTauma?

« Nycw H| (H,;) — runotesa, COCTOALAA B TOM, 4TO B none HabnioaeHna HaxoamTes o6bekT (MMutaumn).
CobbiTe O — «CuUrHan Ha 3KPaHe MOHUTOPA UAEHTMMLMPOBAH Kak curHan or obbexkTa». 3anada COCTOMT
B HaxoxaeHun BepoatHoctu P{H, |0}. No ¢opmyne (7) nonyyaem

P{O|H\}P{H,}
P{H,|0} =
Ycnosusa 3ana4n JaloT OCHOBAHUA ANA CNEAYIOLEH OUEHKM anpUOpPHbLIX BEPOSTHOCTEN:

P{H}= é; P{H)} =2

(rax KaK f—%ﬁ 2, P{H\} + P{H} = )

4 1
P{O|H\}=~; P{O|Hy}=
5 5

OkoH4aTenbHO nonyyaem
4/5-1/3

P{H\|0} = 4/5-1/3+1/5-2/3

=2 N
3
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4.4. He3aBMCUMOCTb CAY4aHbIX COOLITHIA

MdopMyna yCNoBHOM BEPOSTHOCTH MO3BOJISIET BBECTU B paCCMOTPEHUE €111e OHO BaXHOE 10-
HSITHE — TMOHSTHE 3aBUCUMOCTH U HE3aBUCUMOCTH CNy4YaHbIX COOBITUHA. Ecnu TpakToBaTh
HE3aBUCUMOCTb CIyYaiHBIX COOLITUI B HEKOTOPOM 3KCIIEPUMEHTE KaK OTCYTCTBUE BAUSHUS
OCYLLECTBJIEH M5l WM HEOCYIIIECTBIAEHUSA OHOIO WX HECKONLKUX COOBITHI Ha OCYILIECTBIIE-
HMe WU HEOCYIIECTBIEHME APYTOro WIK APYTUX COOLITUH, TO pa3yMHO OLIEHMBATh CTeleHb
TaKO# 3aBUCHMMOCTU U3MEHEHUEM BEPOSATHOCTH OCYLLECTBIECHUS COOBITHII BTOPO# IpyMnbi
rpu HaIMYMM MHopManuu 06 ocyluecTBieHuu cobpiTUii nepsoit rpynnel. IIpuBeneHHoe
coobpaxeHHe nacT OCHOBAHME VIS CNENYIOLIErO ONpeneNeHus.

Onpenenexune. byneM roBopuThb, 4To COObITUE A He 3agucum om cobwmus B, ecnu
P{A|B} = P{A}, P{B} > 0. (8)

Cpa3y Xe OTMETHM, YTO HECMOTPS HAa BHELLIHIOIO aCUMMETPHUIO JAHHOIO OINpeNeNeHUs,
[MOHATHE HE3AaBUCUMOCTH B3aUMHO: ecau A ne 3agucum om B, mo u B ne 3agucum om A.

« [leiicTBUTENBHO, eclu cOObITHE A HE 3aBUCUT OT COOLITUS B, TO NMpaBujio YMHOXEHUS
BepOSATHOCTEH (2) IPUHUMAET BUX

P{AB} = P{A|B}P{B} = P{A}P{B}. (9)
Orclona nerko nonyyaem
P{AB} P{A}P{B}
P{4A}  P{A4}
ecnv ronbko P{A} > 0. IlocnenHee COOTHOLUIEHKHE M O3HAaYaeT HE3aBUCUMOCTb B oT A
B CMbICJI€e omnpeneiieHud (8). »

JInst cOBLITHI MONOXHTENBHON BEPOSITHOCTH COOTHOLIeHUe (9) u onpenenerue (8) pas-
HOCHJIbHBI, ¥ JII060€ U3 HUX MOXeT ObITh IPUHATO B KAYECTBE OINPENENEeHUs HE3aBUCHMOCTH

rapbl CyyaiHbIX COOBITHIA.
Ecnu cobbiTvsas A M B He3aBUCHMBI, TO TaKXX€e HE3aBUCUMBI CIEAYIOIME NTapbl COOBITUH:

AuB, AuB, AuB,
YTO JIETKO MPOBEPUTH, BOCIIONb30BaBIIMCH onpeaeneHueM (8) U TeM 06CTOATENBLCTBOM, YTO

He3aBUCHMbI Napei cobbiTuil (4, Q) u (B, ).

Npumep 1. B akcnepumente ¢ Gpocatnem MoHeTsl cobbitus I (BuinageHue repba) v P (Bbinanexune pewku),
O4EBMAHO, 3aBUCUMbI, TaK KaK OCYLL{ECTBNEHNE OQHOrO U3 HMX BneyeT 3a CO60 HEBO3MOXHOCTb OCYLLeCTsNe-
Hua apyroro. GopmansHo

P{B|A} = = P{B},

1
P{T} = 2 P{T'|P} =0 = P{T'|P} # P{I'}.
[
Mpumep 2. Mo BEAOMOCTAM O PACXOAE 3aNaCHbIX HacTek GbiN0 YCTAHOBNEHO, YTO NPU PEMOHTE aBTOMOGMbHBIX
asurarteneit petans A Gbina 3ameHexa B cpepHem B 36 % cnyuaes, aetans B — B 42 % cny4aes, a obe amm
neTanM OAHOBPEMEHHO 3aMeHanuch B cpeaHem B 30 % cnyvaes. Csasanbl i mexay co6oit Bbixoa 13 CTpos

petanu A p peranm B?

« Myctb A — cobbiTve, cocToawee B TOM, YTO AeTanb A BbiNa U3 CTPOS U NOANexuT 3amexe; B —
BbilLNA #3 CTPOA 1 MOANEXUT 3ameHe aetans B. Ycnosue 3agaun AaeT OCHOBaHME QNS CHREAylowei OueHKU
BEpoaTHOCTe cobubitnin A, B v AN B:

P{A} =036, P{B}=042, P{ANnB}=03.
Mo ¢popMyne ycnoBHON BEPOATHOCTU NONYHaEM

0,3
P{A|B} = > ~ 0,71 # P{A} = 036.
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310 03HavaeT, yTo 3ameHa fetanu A Npu YyCnoBuM, YTO 3aMeHseTcs aetans B, npoucxoput noytv
BABOE vale, yem 6e3ycnoBHas 3ameHa 3TOW AeTanu, YT, KOHEYHO, CBUAETENLCTBYET O HAaNUYMK CBA3N MEXAY
BbIXOAOM U3 CTPOs petaneid A n B.

Onpenenenve. byneM roBoputs, YTo cobbiTHS A}, A, ..., A, He3asucumv 6 co6oKynHocmu,
ecav ans moboro 7, 1 < r < n, mobwix k,8, k+ s = r, ¥ MoObIX %y, %y, ..., i,
J1y 72y oy Jss tm F 4, Jm F# Ji, BHIIONHSIOTCS COOTHOLUEHHUS

P{A; A;, ... A, |Aj Aj, ... A;} = P{A; A;, ... Ay}, (10)

Hanpumep, He3aBUCMMOCTb B COBOKYNHOCTH coObiTvii A,, A>, A3 no onpepnenexnio (10) o3Hayaer, 4to OHU
HE3aBUCUMbI NOMApHO, T. €.
P{A1| A2} = P{A\}, P{A||4;} = P{Ai}, P{4:|4:}=P{A},
HO KpOME TOI 0, AO/XHB UMETb MECTO ele U COOTHOWEHNUA
P{A;| A A3} = P{A\}, P{A)|A\A3} = P{A)}, P{A;|A A} = P{4;3},
WM UM IKBMBANEHTHLIE, HANPUMEpP
P{A2A3]| A} = P{A,A3}, P{AA3] A2} = P{A\A3}, P{A 42| A3} = P{A 4}

[TpuBoAVMBIK HHUXE NPUMEP WLTIOCTPUPYET HEAOCTATOYHOCTD MONMAapHON He3aBUCUMO-
CTH 1 obecreyeHUst He3aBUCUMOCTH COOBITUM B COBOKYTTHOCTH. )

Mpumep 3. B ypHe nexar YeTuipe reoMEeTpUMECKM MAEHTUYHBIX LWapa, TP U3 KOTOPbIX OKpaleHbl COOTBET-
CTBEHHO B KPACHbLIA, CMHUIA U 3eNeHbl LBeTa, a OKpacka YeTBEepPTOro wapa COAEPXAT BCE 3TM TpU uBeTa.
OKCNEPUMEHT COCTOMT B U3BNEYEHNN LWAPA U3 YPHbI.

O603Haunum cobuitna cnegylowmm obpasom:

K — «n3BneyeHHbifk Wwap COREPXUT KPACHbIA LIBET»,

C — «n3BneYeHHbIH Wap COAEPXNT CUHUIA LBET»,

3 — «13BNEYEHHbI Wap COAEPXNT 36/EHDIA LIBET»,
MpoCTPaHCTBO 3NEMEHTapPHBIX UCXOAO0B ) ONUILIeM CMUCKOM PAaBHOBO3MOXHBIX MCXOR0B

{wk, We, W, Wiea },
03Ha4alownx COOTBETCTBEHHO, YTO W3BNE4EH KPACHbIA, CHHWIA, 3eNeHbliA UK TPexXuUBeTHbIA wap. Mpu atom
K= {wy, Wxcs}, C={we,wes}, 3= {“’3, Wiea}

Mony4aem
2 1
P{K} = P{C} = P{3} = 13

3ameTum, yro
KNC=KN3=CN3={wka},
noaromy
1
P{KNC}=P{KN3}=P{CN3}= 7
OTKyAa cnegyeT nonapHas He3asucumocTh cobbituit K, C n 3. B 1o xe Bpema K N C N 3 = {wye}
n P{KC3} = 1/4. Otciona, Hanpumep,
P{KC3} 025 1

P{KC|3} = P{3} 05 2’
B TO BpeMﬂ Kak
1 1
W3 onpenenenns (10) cnenyer, uto
cobomun Ay, Ay, ..., A, He3aeucuMb ¢ COBOKYNRHOCMU m020a U moabKo mozoa, Ko20a 0as

abozor, 1 < T < n,umobbixi;, i3, 1 <1, <4< ... <1 < N, 60N01HACMCA PAGEHCMEO

p{n 4.} -]

r

P{A;}. (11)
1
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3amevanne. OTMETHM, YTO HAJIMYHE «ITHHHOM» LIENOYKH COOTHOMIEH H (11) He rapaHTHpYeT CnpaBea M BOCTD
«6onee KOpOTKMX» LIENOYeK.

Mpumep 4. B ypHe nexut 8 GUINYECKN UAEGHTUYHBIX WAPOB — 2 KPACHbIX, 2 3eNEHbIX U NO OQHOMY CUHEMY,
KPaCHO-CMHEMY, CMHE-3ENEHOMY U TPEXLBETHOMY. DKCNEPUMEHT COCTOMT B M3BNEYEHUM LWapa U3 YpPHbI.
MPOCTPaHCTBO 3INEMEHTApHBIX UCXOAOB ONULEM CREeAYIOWMUM CNUCKOM:

1 2 1 2
Q= {“’xa Wy, W, Wiey Wezy Wiesy W3, Wy }

Mycts cobbitua K, C 1 3 Takue Xe, kak 1 B npeabiaywem npumepe. Toraa

4 1
K= {wllh “’ia Wxey Wyea} M P{K} = 3 = 3
4 1
C = {we, W, Wes, Wies} ¥ P{C} = 353
) 4 1
3 = {w;, W3, W3, Wyea} M P{3} = 3= 3
1
KC3 = {wyes} w P{KC3}= 3 = P{K}P{C}P{3}.

B 10 Xe Bpema
>

B

K3 = fuo}, PIK3} = ¢ # PIKIP(3) =

§5. CoBMelueHue aKCNEPUMEHTOB

YacTo BO3HUKAET MOTPEGHOCTh B COBMECTHOM PAaCCMOTPEHUM COOBITUM U3 pasHBIX 3KCIIe-
puMeHTOB. DopManbHas TeOpUsi, UINTOXEHHas Bbillle, BOOOILE roBops, He NMO3BONSET 3TOTO
clienarhb, TaK KaK BCe ONpenesIeHUS M YTBEPXIEHUS NpeAbLAYyLINX pa3aeJIOB OTHOCATCS K €U -
HOMY JUIsl pACCMaTpUBAEMbIX B HUX COOBITUH ITPOCTPAHCTBY 3JIEMEHTapHbIX UCXomoB. Huxe
OyzeT npemwioXeH crnocob nocrpoeHuss 06111ero MPOCTPaHCTBA 3JIEMEHTAPHBIX UCXONOB IS
KOHEYHOM COBOKYIHOCTH Pa3iMYHbIX 3KCIIEPUMEHTOB.

Iycts {Qy, Fy, P} v {, F5, P} — nBa BeposATHOCTHBIX MPOCTPAHCTBA, ONMUCHIBAIO-
LIMX JBa pa3/IMYHBIX IKCIIEPUMEHTA.

OTMETHUM, YTO COBMECTHOE PaCCMOTPEHMUE JOOBIX COOBITUM U3 3THUX 3KCIIEPUMEHTOB
JIOJIXXHO J1aBaTh, BO-IIEPBbIX, BO3MOXHOCTbh PACCMOTPEHUSA B paMKax ob1iei MoJieau Jobbix
COOBITHI KaXIoro U3 3KCIEPUMEHTOB B OTAEJNBHOCTH, a4 BO-BTOPBIX, B NMPEANONOXEHUMN
OTCYTCTBHMS Kakoro 6bl To HY 6bL10 B3aMMOAEHCTBUS MEXAY 3KCIIEPUMEHTAMHU, COOBITUS U3
pa3HbIX 3KCIIEPUMEHTOB B paMKax obuiei Moxenu JOJKHBI ObITh HE3aBUCUMBIMU. DTUM
TpeOOBaHUAM YIOBIETBOPSET KOHCTPYKLIUS COBMEUEHUA FIKCREPUMERMOE.

PaccMOTpUM 3KCIIEPUMEHT, COCTOSIIMA B COBMECTHOM OCYLUECTBIEHUM 3KCIIEPMMEH -
TOB, OIIMCHIBAEMBIX BEPOATHOCTHBIMU MpocTpancTBamu {2y, Fy, P} v {Q,, F5, P,}, nipu
YCJIOBUM OTCYTCTBMS B3aMMONEHCTBUSA MeXAy HUMHU. COBOKYIHOCTb 3JIEMEHTAPHBIX HUC-
XOIOB 3TOro 3KCIEpUMEHTA ONKLIEM MHOXECTBOM BCEX BO3ZMOXHBIX YITOPSROYEHHBIX NTap

(w'; w?), e w! € Qy, w? € Q.

Q= {Wv), v e, i=12}, (1)

WIN
Q =Ql X Qz.

CnyyaiiHbIMM COOBITUSIMU B 3TOM 3KCIIEPUMEHTE Ha30BeM J00bie MOAMHOXECTBA MHO-
xecTBa (1) Buna

A= (A, 4) = {(W; o) w' €4 €ER, W’ €4 €ER}, )
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T.€. JiobOble YOPSAAOUYEHHBIE NMAPhl CAYYalHbIX COOBITUI U3 pacCMaTpPUBAEMBIX 3KCITEPU-
MEHTOB, AOIONHUB UX BCEBO3MOXHBIMU He 60siee YEM CYETHBIMU OObEAMHEHUSIMH, ITepe-
CEYEHUSIMM U OTPULAHUSAMM U T.A. (T.€. TOCTPOUM 0 -anrebpy ciyyaHbIX COOBITUI —
HauMEHbLUYIO 0 -anre6py, BKIIIOYAIOLIYIO B ce6st COOnITHA Byna (2)).

BeposiTHOCTb Ha MHOXECTBE Cy4ahHbIX COOBITUM OIpeNeIuM COOTHOLIEHUEM

P{A} = P{(A, A2)} = P{A,} P {A,}. 3)

Onpepnenetne. BeposiTHocTHOe npoctpaHcTo {€2, F, P}, 3anaBaeMoe cooTHoLieHUsIMHM (1),
(2), (3), 6ynem HasbiBaTh coemeuyeruem sxcnepumenmog {2y, Fy, P} u {, >, P»}.

Takot#i criocob onpeaeneHUst BEPOSITHOCTHOIO NMPOCTPAHCTBA KOPPEKTEH B TOM CMBbICIIE,
YTO JMI060MY COOBITHIO (He TONBKO Buaa (2)) MpUNKUCaHa BEPOSTHOCTD, YAOBIETBOPSAIONIAs
BCEM IPEABIBIAEMbIM K Helt TpeOOBaHUSM.

Jlio60e cobbITHE A| U3 TEPBOTO 3KCITEPUMEHTA MOXET OBITh OTOXAECTBIEHO C COOBITHEM

A, = (4, ) 43 coBMenIeHNs 3KCTIEPUMEHTOB U ITPU 3TOM

P{A\} = Pi{A}P{} = Pi{A,}, (4)
aHanornyHo 4, = (1, A,) oroxuecTsisieTcsi ¢ Ay
P{4,} = P{Q,}P,{4,} = P,{4,}. (5)

OTMeTHM, YTO ONpeie/ieH ue (3) , MOTUBUPOBAHHOE OTCYTCTBUEM B3aUMOIEHCTBUSA MEX-
JIy 3KCITEPUMEHTAMHU,, NMOCTYTUPYET HE3ABUCUMOCTD B pAMKaX COBMELLIEHUS 3KCITEPUMEHTOB
JII06bIX COOBITUM M3 PA3IMYHBIX IKCIIEPUMEHTOB. [leCTBUTENBHO

P{A, 4} = P{(A;, %) N (S, A1)} = P{(A1, 42)} = P{A} P,{43} =
= P{4,}P{4,}.

Dr1a cxema 0YeBUAHBIM 00pa30M pacnpoCTpaHsAeTCs Ha ciy4yai 11060ro KOHEYHOro Yucia
COBME€111aEMbIX 3KCIEPUMEHTOB.
PaccMOTpUM HECKONBKO NPUMEPOB, MILTIOCTPUPYIOILMX PACCMOTPEHHYIO KOHCTPYKLIUIO.

Npumep 1. Nycts {§2;, F), P} — BEPOATHOCTHOE NPOCTPAHCTBO, ONUCLIBAIOLLEE IKCMEPUMEHT, CBASAHHLIN
¢ 6pocaHMemM CUMMETPUYHOrO UrpanbHoro Kybuka:

1 .
O = {w,’,wﬁ,w},w.},w},wg}, p(w,'-) = & i=12,...,6;

F|={Q,Q|,A|}, A|={w§]}, P{A}“—"E}ﬂ{(d,‘}-
BeposTHocTHoe npoctpaHcTeo {22, Fy, Py} onuchiBaeT aHanoruHbiii NPeabIayLeMy U HE3aBUCUMBIV OT
Hero akcnepument. Torpa §) = Q) x ) — aKCMIEPUMEHT, ONUCHIBAIOWLMIA ABYKpaTHOE 6POCAHNE UrpanbHOro

KyGuka (Mnm, 4To TO Xe, opHoBpEMeHHOe BpocaHne ABYX DUINHECKM MASHTUHHBIX CUMMETPUUHLIX UrPaNbHbIX
Ky6rkoB) — onucbiBaeTcs Tak (puc. 35):

Q={(w,w)i=1,2...,65=12,...,6}
1
36
A= {(w;', w,?): w! € Ay; w} € Ay}, P{A}= Z P{(w,-', wf)}.
Hanpumep, cobbiTue «Ha nepBom kybuke Bbinana ABOMKa» ONMCLIBAETCA BCeMn Toukamn ) Buaa

P{(w!,w)} = P{w}}Pr{w}} =

] 12 12 12 12
((dz, 02) = {((dz, wl)’ (“JZ’ w2)1 (Wz, (J3), ey (Wz, w6)})
cobbiTve «Ha 06onx ky6ukax BbiNanu OAMHaKoBbIE YMCna» — TouKkamu ) BUAa
{(Ully wlz)’ wl' =w’27 i=1,2,..->» 6}

nT.A.
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>
!
W, W, w; 0, w; 0 Q

Puc. 35

1 1 1 1 1

Npumep 2. BUHOMMANBHDIA AXCNEPUMENHT. B akcnepuMeHTe, ONUCAHHOM BEPOATHOCTHLIM NpoCTpaHcTeom {S2, F,
P}, paccmotpum HekoTopoe cobbitve Y, koTopoe B panbHeiiuem Gyaem HaabiBaTh «yCrex», 1 AN KOTOPOro
P{Y} =p> 0. Cobuitne Y Gyner pacuennsatbca kak «Heycnexs: P{Y } + P{Y} = 1.

CBsaxeMm C ONUCaHHLIM BbiLLIE IKCNEPUMEHTOM OUCKPETHLIA 3KCNEPUMEHT C ABYMS 3NEMEHTAPHLIMU UCXO-
hamu

0 ={v,Y}, F={2,9,Y,Y}, P{¥}=p P{¥}=¢=1-p,

KOTOpbiY GynemM Ha3biBaTb IKCNEPUMEHTOM BepHynnu ¢ napameTpoM p.

MNocnepoBaTenbHOCTL 7 HE3ABUCUMbIX UCNLITAHUIA, B KAXAO0M U3 KOTOpPbLIX cobbiTve Y npoucxoaur c He-
N3MEHHON BEPOSTHOCTLIO P, ABNSETCA N-KPaTHLIM COBMELIeHUeM IKcnepumenTa 1.

AneMeHTapHbIMKU MCXOAAMM, COCTABNAIOWMMU NPOCTPAHCTBO 3NEMEHTAPHBIX COObITUIA

a=0"x... x? = (@),
e
n

6yayT BCEBO3MOXHBIE YNOPAAOHEHHbIE HAGOPb ANNHBI N, COCTaBNEHHbIe u3 cumeonos Y wm Y. Jlerko nop-
cuuTaTh, 4TO obuiee YMCNO Takux HAGOPOB (3nemeHTapHbix Ucxonos) |2] = 2". Kaxaomy 3neMeHTapHOMy
MCXOAY B COOTBETCTBUM C NPaBUnom (3) npunuiieM BepOoATHOCTb p"q""" , 8CN TONbKO 3TOT UCXOR COAEPXKUAT
poBHO k cumBOnOB Y (onucCbiBaeT TaKoW pe3ynbTar IKCNEepuMEHTa, KOrfa B CEpUM U3 1 HE3ABUCHUMBIX UC-
nbitalnii Habniopanocs k ycnexoB n, COOTBETCTBEHHO, 1 — k Heyaady.) BBegem B paccmorpexue cnepyiouwme
cobbiTus:

A_; = {«pOBHO k ycnexoB B CEpv U3 n UCNbITAHUA»};

Az = {«He meHee k ycnexos B Cepun U3 n NCNbITaHWMA»};

Agj = {«He Gonee k ycnexos B CEPUM U3 1 UCTILITaHMIA»};

r<Agk = {«KONM4EeCTBO ycnexoB B CEpum U3 N UCTIbITAHUIA 3AKNIOYEHA B Npeaenax ot © o k»}.
Cpa3y 3ametum, 4TO NOCKONbKY A= N A=, = &, ecam TonbKO k # 1, 10

A¢p = A0+ Ao +... + A=

k
P{Ag} =D P{A}).
j=0

AHaNoOrMyHo .
n
P{Ax} =) P{4;}, PlrgAgs}=)_ P{4=}.
=k j=r
Ona cobbiTMA A_; umeem
Ay ={YYY...Y,YYY ...Y,...,YY ...YYY},
rAE KAXAbIA 3NEMEHTaPHbBIA MCXOA, COAEPXUT POBHO k cumBonoB Y . MockonbKy BCAro Takux UCXOA0B C,’f , TO
P{A_} = Cap*(1-p)" . (6)
SKCNEPUMEHT, ABNAIOIUIACA N-KPATHLIM COBMELLEHNEM GepHYINNEBCKOr0 IKCNEpUMEHTa C napamer-
pom p, 6ynem Ha3biBaTb GUHOMUAILHBIM IKCIEPUMEHTOM C napameTpamm (n, p).
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Cxema GUHOMUANBHOIO 3KCNEPUMEHTA HAXOAUT LIMPOKOE NPUMEHEHWUE B Pa3NMUYHbIX NPUKNAOHLIX 3ana-
yax. PaccMOTp1M ABa KOHKPETHbIX Npumepa.
Mpumep 1. TenesnanoHHbIM 3aBOA BbiNyCKaeT B CpeaHeM 2 % HekaveCTBEHHbIX kuHeckonoB. COopovHLIN Lex
nonyunn 10 kuHeckonoB. KakoBa BEPOATHOCTb TOMO, 4TO CPEAU NONY4EHHbIX He Bonee 2 HeKaYeCTBEHHbIX?

« Cobbitue Y — «COOTBETCTBYIOWIMIA KMHECKON Ka4eCTBEHHbIN», Y — «COOTBETCTBYIOWNIA KUHECKON He-
Ka4eCTBEHHbI». Konu4ecTBo ncnbitakmini n = 10. B xavecTBe BepOATHOCTU ycnexa yCnioBue 3afayn naer
OCHOBaHWe NpuHaTs BennunHy 0,98. Crenyet Haittn P{A>3}. Umeem

10
P{Ass} =Y P{A;} = C})(0,98) - (0,02)2 + +C}5(0,98)° - (0,02) + C1§(0,98)"° ~ 0,999. »
j=8

NMpumep 2. YpHosas cxema ¢ Bo3spaujeHueM. B ypHe nexur N = m + | reoMeTpu4eCcKn MOEHTUMHBIX LWapOB,
COOTBETCTBEHHO M YepHoro 1 I Genoro uBeTa. IKCNEPUMEHT COCTOUT B N-KPATHOM WU3BNEYEHUM Wapa 13 yp-
Hbl C NOCNERYIoWUM BO3BPALLIEHUEM U3BIEYEHHOTO Wapa (nocne pukcaummn ero useta). KakoBa BepoaTHOCTbL
TOrO, 4TO CPeau M3BMEUYEHHbIX LWAPOB YUCAO WapoB 6en0ro useTa okaxercs He meHee r?

<« Nycts Y — cobbiTne, COCTOAWIEE B TOM, YTO U3BAG4EHHbIN Wwap Genbiit, Y — uephbid. Torpa p{Y} =
; KONNMYECTBO UCNbITAHUIA — N. Cnenyer HaluTV P{A>,.}:

U
m4l’
J m \"7
P{Ay,} = P A=; C A — . >
CywiecTBeHHbIM 0BCTOATENLCTBOM, noaaonnsumm NPUMEHNTL KOHCTPYKLMIO COBMEULEHNS IKCTIEPUMEH-
TOB (B PACCMOTPEHHOM NPUMEPEe — COBMELLEHUN ONHOKPATHBIX U3BNEHEHUI Wapa U3 YpHb) ABNAETCH HEM3-
MEHHOCTbL BEPOATHOCTU MU3BNE4YEeHNA 6enoro Wwapa — cneacrsne npoueaypbl Bblﬁopa C BO3BpauwleHneMm.

Npumep 3. nonunouuansuuii axcnepument. NMycre Hy, H,, ... Hy — nonHas cuctema HeCOBMECTHbIX Cobbi-
i, P{H;} = p;, E p; = 1. Casixem C paCCMaTPMBaEMbIM 9KCNEPUMEHTOM ANCKPETHBINA 3KCNePUMEHT
0% = (H,, H,,... B}, P{H;}=p;

¥ paccMoTPUM NOCNEA0BATENbHOCTL Tt HE3ABUCUMbBIX UCNBITAHWIA, B KaXAOM M3 KOTOPbIX MOXET NPOUCXOAUTD
noGoe n3 cobuitnit H; C BEpPOATHOCTBIO p; — M-KPATHO® COBMEWEHWe IKCNepUMEHTa QF. Ero anemen-

TapHble MCXOAB — YNOPAAOUEHHbIE Habopbl ANMHL 1, COCTaBNeHHble U3 cumBonos {H; };‘_ — Ha niobom
mecTe Habopa MOXET CTOSTL MOGOM U3 CUMBONOB H;. 3ametum, uto |9} = I(QB )"| = k™. B coorseTCTBUM
C npasunom (2) xamomy ncxoay, COCTaBNEHHOMY ua r) cumeonos H,, ry cumeonos Hj, ..., Ty CUMBONOB

Hg, 1y + 72 4+ ...+ T = n, npunuem BeposSTHOCTL
p=p\ Py .. P
Beepem B paccmoTpenune cobbitue
A=p\r,...r, = {«poBHO T} OCywecTBnenuit Hy, ..., poBHO T ocywecTenennit Hi»},
rhe ri+T2+... +rp =r, 0 < r;. Bece ucxopw!, cocrasnaiowme cobbitne A—r r,...r , IMEIOT OAHY U Ty Xe

n!
Py ] (cm. Mpunoxetnue). Tem cambiM,

P{A=r| r2...Tk } =

BEPOATHOCTL PY', ... , Pi*, 1 BCero ux
n!

T| T2 Tk
rl!rz!...rk!pl p2 "'pk' (7)

STOT 3KCIEPUMEHT OyeM Ha3bIBaTh NOAUHOMUANBHOIM IKCREPUMEHMOM C RAPAMEMPaMu

P, P2 .- )pk)~
PaccMoTpUM KOHKpETHBIN MpHMED.

Mpumep. [goe apy3eit nOrOBOPUAMCH BCTPETUTLCR B ONpeaencHHoM mecrte B 10 wacos yTpa. M3BecTHo, 4To
Kaxabii 3 HUX NPUXOBMT K MECTY BCTpe4u Cny4aitibiM o6pasom B nioboit MomeHT Bpemenu ot 9.45 no 10.15
HE3aBUCUMO OT MOMEHTA NPUXOAA K MECTY BCTpeun apyroro. HaiTu BepOATHOCTL TOrO, 4TO OAHOMY U3 HUX
npuaeTcs oxuAaaTe apyroro He 6onee 10 MuHyT.

Mycts ) — NPOCTPaAHCTBO 3NEMEHTAPHBIX UCXOAO0B, ONUCHLIBAIOLLEE MOMEHTbI NPUXOAA K MECTY BCTpeuu

OAHOro n3 apysei, Sl — BTOpOro:
3
Q) =<t 9-<Kt<K
1 { 94 104}

3 1
Qz‘—‘{Ti 92 T < IOZ}.
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B kaxaoMm 13 yKas3aHHbIX IKCNIEPUMEHTOB @CTECTBEHHbIMU Habniopaembimu cobbiTuaMn GynyT cobbiTus, CO-
CTosWMe B NPUXOAE K MECTY BCTPE4M B HEKOTOPOM BpemeHHOM npomexyTke (a, B) C <9%, 10§>. EnvnHuuein
namepeHna BpemeHu BbibpaH yac.
BepostHocTs cobbiTua

A ={t: te(a,p)}
B CUNY CAY4YWHOCTU MOMEHTa NpUxoAa K MEeCTy BCTPEYU NepBoro U3 npysei pe3oHHO CHMTaTb Nponopumo-
HanLHOI AnnKe npomexytka (a, B):

P{A1} =k - a).
KoadduumeHT nponopumoHansHOCTH k onpepenim u3 yCnosus HOPMUPOBKU

1

1 3
=kl(10--9-}| = -k = k= 2.
P{} ( 04 94) 3 1, oTkypa 2

Ona Q) noctynaem aHanorvyHo. 3amMeTvM, YTO CAy4anHbiMK COOLITUAMU B paCCMAaTPUBAEeMbiX 3KCnepu-
MeHTax GynyT anemexTsl Gopenesckoi a-anrebpbl Ha NPOMEeXyTKe <9§, 10;').
CosmetueHnem akcnepumentos ) u 2y 6yaer IKCNEepUMEHT, NPOCTPAHCTBO INEMEHTAPHBIX MCXOAOB
KOTOPOro MOXHO ONUCAaThL TOYKAaMU KBafpara Ha nnockoctu (t, 7):
3 1
Q=Q| XQ) = {(t,T)I 92 St, T< 102}.
B cooTtBeTCTauM ¢ pacCMOTPEHHOW Bbilie KOHCTPYKUMEN BEPOATHOCTU nioGoro Cy4aiHoro cobuitus 3 cosme-
wexuna
(A, &) ={t, 7)oy Lt Pr;ara <7< o}
6ynyT onpeaenaTbCa COOTHOWEHUEM
P{(4), 42)} = 2(B1 — a1) - 2(B2 — a2) = 4(B) — a1 )(B2 — a2),

(B@POATHOCTL NONAAaHUA B NPAMOYTONBHUK NPONOPLU-
oHanbHa ero nnowaaun). Ortciona, ans moboro cobbi-
TS, ONUCLIBAEMOro KBaapPUPYeMbiM NOAMHOXECTBOM
MHOXECTBa ToueK kBagpata {1, BePOSTHOCTL Mponop-
UMoHanbHa naowamm

5(4)

P{A} ) 45(4A). (8)
UHrepecyiowee Hac cobbiTue — «Bpemsa OXuaaHWUs of-
HUM U3 apyaeit apyroro e npesbiwaer 10 MuHyT» —
ONUCLIBAETCH MHOXECTBOM TeX Touek {2, ana KOTOpbIX
[t - 7| < 1/6 (HanomuuMm, 4TO Bpems n3mepseTca B
yacax: 10 munyt = 1/6 yaca)

1
A={t7): t-TI< g (e

Moaromy, B cootBeTCTBUM C (8) UmMeem

5 5
= =4, — = —,
P{A} =45(4) 6= 90
CobcTBeHHO BbiuMcAeHME nnolaaen NpounanioCTpupo-
BaHo Ha puc. 36. * Puc. 36

§6. CyeTHble COBMELLEHMS

B npeabinyiieM naparpacge NnocTpoeHa KOHCTPYKUMS,, TO3BOJIAIOLas COBMECTHO pacCMaTpy -
BaTh COOBITHS M3 KOHEYHOIO YMCNIa Pa3HbIX 9KCNEPUMEHTOB. OIHAKO BO MHOTHX Cy4asix
BO3HHMKAET MOTpeGHOCTbh pacCCMaTPUBaTh COOLITHA M3 6€CKOHEYHOI0 MHOXECTBA pa3fInYHbIX
3KcnepuMMeHToB. HanpuMep, B TeopuH ClydyaiHbIX IPOLIECCOB M3Y4aeTCs CBSA3b MEXIY CITy-
YaHBIMU COOBITUSIMU, IPOUCXOASIIMMY B Pa3Hble MOMEHTHI BpEMEHH, M NpeArnonaraeTcs,
YTO IS MO6Oro MOMEHTAa BpeMEHH 3alaH CBOM 3KCNepuMeHT. B 3roif 3amaye MHOXeCTBO

3KCNEPUMEHTOB KOHTHHYaAIBHO.




56 Tnasa XXXV, Cnyuaiisie cobbitus. BeposTHOCTb

31€ch Mbl PACCMOTPMM CJlyyail CYETHOTO MHOXecTBa aKcnepuMeHToB. [lycts {Q;, Fj,
P}, ¢ = 1,2,..., — CYETHOE MHOXECTBO BEPOATHOCTHbIX MpoctpaHcTB. [lo aHano-
MM C KOHEYHbIM COBMEIICHHEM 3KCIIEPUMEHTOB COBOKYNTHOCTb 3JIEMEHTAapHbIX MCXOJO0B
CYETHOFO COBMELLIEHHS €CTECTBEHHO ONMMUCATh KaK MHOXECTBO BCEX MOCJEI0OBATENbHOCTEM

(W o, ..., 0" .. ),mew €Q,i=1,2,...,
Q={(w',w2,...,w"), w' €, i=1,2,... } (1)
78)0%
00
Q= X X... X X... =HQ,-.
i=I

OnHako ecnu Mbl 3aXOTUM NPOXOXKHUTb aHAJIOIMIO JajlbIC U HA3bIBATh CJI)"-laﬁHblMH CoObl-
THAMHU MHOXECTBA BUIA

A-"—‘(A|,A2,. )'—{(w w ))WEAEF}
d BCPOATHOCTDb ONPEACHAATD MO aHAJIOIHH KAaK MPOU3BEACHHEC, TO [TOYTH BCCraa
P{A} = P{A} {4} .

(3mech paccmaTpuBaeTcs 6eckoHeyHoe mpou3BeneHue). Ilostomy (a Takxe Moromy, 4TO
paccMOTpeHHast HHXe KOHCTPYKLHS IPUMEHAETCS BO MHOTMX 3a1a4yax) PaCCMOTPHM Cllexy-

IO1HUE MOCTPOCHHUA.

Onpepenenne. MHoxectBo A C ) Ha30BEM WUAUHOPUHECKUM, €CTU CYLLECTBYET KOHEYHOE
YMCJIO HOMEPOB %1, %2, ... , i, M COObITUI A;, € F; , A;, € F;,, ..., A;, € F;, Takux, yto

A={W' o} ...) W €4, .., 0" €A},

T.e. A COCTOMT M3 TaKMX MociaegoBaTenbHocTelt (w', w? ...) € Q, yro ToaBKO Ha Me-

CTax iy, 43, ..., ix JMEMEHTHI w'* COMEPKATCS B COOTBETCTBYIOLIEM A;,, a ocTanpHblE W'
IIpOHBBOJlebl

Kak jierko BuleTb, BEPOSITHOCTHbIE KOHEYHbIE OOBEAMHEHUS LIWIMHAPHYECKHUX MHO-
XecTB 06pa3yioT anrebpy cobbiTHit. OnpeleadM BEPOSITHOCTb Ha ajire6pandyeckoM MHOXe-
CTBE COOTHOLLIEH HEM

P{A} = -Pi1 {Ai| }Rz{Aiz} v I)in{Ain}a (2)

a Ha KOHEYHbIX O0BEAMHEHUSAX HENepeceKaloumMXcs HUIMHIPUYECKUX MHOXECTB — KakK
COOTBETCTBYIOLIYIO CyMMY. MOXHO 10Ka3aTb (XOTSl 3TO ZOBOJNILHO CIOXHO), YTO OMpene-
JieHHas B (2) BepoSTHOCTb 06/MaaeT CBOMCTBOM ¢ -aiIMTHBHOCTH, M, CIEJI0BATENbHO, €€
MOXHO MPOJOIKMUTL Ha HAUMEHBILYIO 0 -aIre6py, CoaepXailyio LMAMHAPUYECKUE MHOXE -
crBa. BepogrHoctHoe npoctpadcTso {Q, F, P}, 3anaBaemoe coorHowenusmu (1) u (2), rae
F — yaumensbluas o -anre6pa, cogepxaiias HHIMHIPUYECKME MHOXECTBA, OyieM Ha3biBaTh
coBMelieHUeM akcnepuMeHToB {Q;, F;, P}, i =1, 2,

Cny4yaiiHOMY COOBITHIO U3 ¢-T0 3KCiepUMeHTa A; € F; Tak Xe, KaKk M paHblile, COnocTa-

BJISIETCS C/Iy4aiiHoe coOBITHE Z ; EF,
= {(W', &’ ...), o' € 4}

3 (2) crienyer, uro BepositHocTH A; v A; pasub: P{4;} = P{A;}. B cueTHOM coBMmeliie-
HUM 3KCIIEPUMEHTOB COOLITUSI U3 Pa3HBLIX IKCIIEPUMEHTOB HE3ABUCHMBI B COBOKYITHOCTH,
yTO cpa3y caenyeT U3 (2). Hrak, Mbl BUIUM, YTO Halla KOHCTPYKIIMS, KaK U B KOHEYHOM

ciydae, 061aaeT BCeMM HYXHBIMH CBOMCTBAMH: B HOBOM 3kcnepumMente (2 = []i2, )
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BEPOSITHOCTH BCEX COOLITUIM HE UBMEHMJINCh M COOLITHS U3 Pa3HBIX 3KCIIEPUMEHTOB OCTAIUCH
HE€3aBHUCHUMbIMH.

Npumep 1. B npumepe 2 npeabiayuiero naparpada paccMoTpeH akcnepumMeHT BepHynau ¢ napameTpom p —
08 = {1,0} (anecb Mbl 0603HaunNn cobeine Y uepea 1, a cobuitwe Y uepes 0). Ha ocHose QF 6win
onpepenet 6UHOMMANbHBLIA AKCMEPUMEHT C NapameTpamu (n, p) Kak n-kpaTHoe coBmelieHne GepHynnmes-
CKOFO 3KcnepumMeHTa. PaccMOTpUM Tenepb CHETHoe CoBMeuwleHe GepHYNNMEBCKOTO IKCNepUMeHTa ¢ napa-
METPOM p.
B cooteeTcTBUM C (1) aneMeHTamMu
=08 xqf x... =g

ABNAIOTCA BCEBOIMOXHLI@ NOCNEA0BATENLHOCTU U3 Hyneli u epuHul. [OCTaBuMB B COOTBETCTBUE TAKOM MO-
CNenoBaTEeNLHOCTU AEUCTBUTENbHOE 4YMCNO, A8 KOTOPOrO OHB SBNSIETCA PasNOXeHUeM B ABOU4HYIO APOGb,
nonyurm Q = [0, 1]. Urak, Mbl BUAUM, 41O 2 KOHTUHYanLHO, AaXe HecMoTpsa Ha To, uto B NF scero aea
anemeHTa. flanee, B () 06a3aTentHO CyleCTByeT cobbiTUe, HE UMEIoLLee BEPOSATHOCTU, TaK KaK B OTAU4ME
OT GuHOMManLHoro akcnepumenta 5*® puckpetHbiM akcnepumeHTom e sensietca. Awanorus 2 u [0, 1]
WOET W [anbLie: 0Ka3biBaeTCs, YTo NPY ykasaHHoM otoxaectenexnn Q u [0, 1] o-anrebpa F, copepxawas
UMAMHAPUYECKUE MHOXECTBA B (), COOTBETCTBYET 0 -anrebpe Gopenesckux muoxects [0, 1]. Tak npoucxo-
LMT NOTOMY, YTO LIMIMHAPUHECKME MHOXECTBA COOTBETCTBYIOT OTPE3KAaM C KOHLAMU B ABOMYHO-PALIMOHANBbHBIX
TOYKAX, T. €. O-anre6pbi, COpEpXalume UMNMHAPDUYECKNE MHOXECTBA B §) 1 ABOVN4HO-PALMOHANbHBIE OTPE3KM
8 [0, 1], cosnapaior. Ouesunaro, uTo o-anrebpa Ha |0, 1], conepxauwian BCe ABOUYHO-PALMOHANLHBIE OTPE3-
Kk, coBnagaet ¢ o -anre6poii Gopenesckux MHoxects [0, 1]. UTak, coBnanaloT we Tonbko MHoxectsa 5*®
n |0, 1], Ho u o -anrebpbi CNy4aAHBIX MHOXECTB.

O6patumcst k BepositHocTv B 25*® 1 B [0, 1] npu p = 1/2 (B OCTaNbHBLIX CAy4asx 3TOT BONPOC 60-
nee cnoxeH). Oka3biBaeTCH, MTO B 3TOM Chyyae BEPOATHOCTb COOTBETCTBYET ANMHE; TONHEE, €CAU COBLITMIO
A C QB**® coorsercrayer npomexytok {(a; B) C [0, 1], o P{A} = 8 — a. Wrak, npu p = 1/2 cuetroe
cosmewerue Z*® nonHocteio conagaer ¢ otpeakom [0, 1] — 1 KaK MHOXECTBO, U B CMBICNE COBNAAEHMS
ChysaitHbix coBbbiTvil, a BeposTHOCTL B 22*® cosnapaer ¢ anunoi B |0, 1.

Npumep 2. Bpocanue MOHETH A0 NepBOro nosaneus repba. Mycms sepOATHOCTL Bbinagexus repba Npu oA-
HoMm GpocaHun paBHa p. JKCNEPUMEHT COCTOMT B TOM, YTO Mbli noabpachiBaeM MOHETY A0 Tex nop, noka
He noseuTCs repb. MHTYWTMBHO ACHO, KaK NOCTPOUTL NPOCTPAHCTBO 3neMEeHTapHbix COOLITMIA M Kak 3apathb
Ha HeM BEPOATHOCTb: ecnu 06o3HaunTL yeped | BbinapeHue repba, a yepes 0 — pewsku, TO BCE MUCXOAb!
3KCNEePUMEHTA NEepPedncnaiTCs Tak —
1,01,001,...,00...01,..., wp.
n
(wp — repb He Bbinan wukorpa). CnydariHbiMu COBLITUAMKN ABARIOTCH BCE NOAMHOXECTBA, U
P{00...01} =pg", P{w} =0,
n
4TO COOTBETCTBYET He3aBucumMocTu Gpocanni. OaHako C NOMOLIBIO HaLeA KOHCTPYKUMM CHETHOrO CoBMELLe-
HUA coBbITUIN Mbl MOXEM U3yunTb AaHHYI0 3apadvy Gonee ctporo. PaccMoTpum cyeTHoe cosMmeuleHue Bep-
HYNIMEBCKUX IKCNEPUMEHTOB QB> ¢ napametpom p. Cobbitne A,, COCTOAWEE B TOM, YTO N pa3 BbiNana
pewxa, a B (n + 1)-i pa3a — rep6, COOTBETCTBYET LUMNMHAPUYECKOMY MHOXECTBY
n={w, .. ) w=0 =0, .., " =0, "' =1}.
CreposarensHo, p{A,} = pq". Teneps Mbl Takke Moxem poxasats, yto P{wy} = 0. B camom pene,
1 2 o= —
wo={(w,w,...): ' =0,i=12,...}.
O71ciopa BUAHO, YTO Wy ABASETCA CHYETHLIM NepecedeHnem yObiBaloWnX UMAMHAPUNECKUX MHOXECTB. 3HauuT,
NO CBOWCTBY HENPEepLIBHOCTU BeposaTHOCTH, p{w} = 0. UTak, 32 NPOCTPAHCTBO INEMEHTAPHBIX UCXOA0B MNPU
6pocaHun MOHeTbl 0 NepBoro NosBNeHus rep6a BO3bMEM COBOKYNHOCTb UMAMHAPUYECKMX MHOXECTB A,
n=012,..., 1w u3 c-anebpu F 8 Q5** smecre ¢ npeanucantbimmn um B 5*® eposTHocTaMU. Mb)
nony4aeM QUCKPETHOE pacnpefeneHne BepOoATHOCTe!, Tak Kak

00
qu":l.
n=0

BepoaTHOCTL NPOU3BONLHOTO COOBLITUA B HALLIEM 3KCNEePUMEHTE HAaXOQMTCH, kak 0ObIYHO B AUCKPETHOM
pacnpepeneHn CyMMMUPOBaAHUEM BEPOSITHOCTEA ANEMEHTaPHbIX UCXOR0B, 6naronpuaTCTBYIOLIMX RAHHOMY CO-
6b6iTMI0. HBitaeM ans Npumepa BepOoATHOCTL TOrO, YTO 418 NepBoro nosenewus repba Hano caenats He Gonee
Tpex noabpackiBaHuii. Ecnan yepea A 06o3HaunTL MHTepecyiowee Hac cobuiTue, 10

A= {AOs Al) AZ} "

P{A} = P{A)} + P{A} + P{A)} =p+pg+pi’ =p(1 +q+¢)) =1-¢ .




naBa XXXIX

CJTYYAMHBIE BEMIMYUHDI
N 3AKOHbI PACTIPEAENEHUS

LleHTpanbHBIM MOHATHEM TEOPHH BEPOATHOCTEN SBIACTCH MOHATHE CAYYALHOU 8eAUMUHY,
dopMaIM3yIOLIce B paMKaxX IMPUHATHIX BbILLIE COrIalleHUN BO3MOXHOCTb YUCIEHHON PUK-
CalMM pe3yiabTaToB 3KcnepuMeHTa. Kak yXe oTMeyasoch, MPOCTPaHCTBO 3JIEMEHTAPHBIX
COOBITHH, ONTUCHIBAIOIIEE SKCIIEPUMEHT, OTOXAECTBAAETCH C COBOKYITHOCTBIO BCEX BO3ZMOX-
HbIX MCXOZIOB, CiyyaiHas Xe€ BeJIMYMHA NTPENCTABIACTCA KaK COBOKYITHOCTb YHCEN, KOTOpPbIE
3KCIIEPUMEHTATOP C TEM WM HHBIM MCXOIOM CBsA3bIBaeT. KaXaoMy UCXOMy 3KCIEpPUMEHTA
CTaBUTCA B COOTBETCTBHE YHUCHIO (WM HECKOJBKO YHMCEN), SIBIAIOIIEECS Pe3yNbTaTOM M3-
MepeHUst OYHOTO MoKa3aTeJsis (WM HECKONBKHX), ONMMCHIBAIOILETO TEYEHHE IKCIIEPUMEHTA.
I1py 3TOM ONHOKPaTHOE NMPOBEAEHHE IKCIIEPUMEHTA (MUCTIBITAHUS) Ja€T BO3MOXHOCTD IO-
JIYYUTb OTHO U3MEPEHME KaXIOoro U3 nokasarenei. OTMETHM, YTO 3HAYCHHUS U3MEPSIEMBIX
Noka3aTeicH ABIAIOTCH «CiydaHBIMH» B TOM CMBICJIE, YTO 3aBUCAT OT HCXOMa, PeaIi30BaB-
LIerocs B JaHHOM MCNBITaHUH. ECTb CMbICH HapsAay ¢ MHOXECTBOM BO3MOXHBIX 3HAYEHUM
«CNyYyaHOM» BETMYHHBI XapPaKTEePU30BaTh U3MEPSEMbIN NapaMeTp BEPOSTHOCTHIO, C KOTO-
poii MOXeT ObITb MMONYYEeHO TO WIK HHOE 3HAaYEHHUE B psiLy BCeX BoO3MOXHBIX. Jlio6as Takas
XapaKTepUCTHKA HOCUT Ha3BaHUE 3aK0OHA pacnpedensenus 6epOSMHOCMEN Ha MHOXCeCmee 3Hda-
Yerui cayqaiinoi eeaudunv. OOCYXIECHHIO 3TUX NOHATHIA U U3YYEHHIO CBOMCTB CBSA3aHHbIX
C HUMM KOHCTPYKLIMH NOCBSAIIeHa HACTOS11as IJ1aBa.

§ 1. CnyvaitHan BenuyuHa

INycts {QQ, F, P} — BeposATHOCTHOE MPOCTPAHCTBO HEKOTOPOTO 3KCIIEPUMEHTA, §) — CIHU-
COK 3JIEMEHTaPHBIX UCXOOB, F' — CIIUCOK Ciy4alHBIX COORITUM, P — MpaBUJIO BLIYUCTEHUS
BEpPOATHOCTEN s coObiTHi U3 criucka F'. TlycTh KaxaoMy 31eMEHTapHOMY UCXORy w €
TIOCTaBJICHO B COOTBETCTBHE NENHCTBUTENbHOE YMCHO £(w).

Onpepenenue. Bynem HasbiBaTh £(w) cayqatinoii eeauyunoii, ecu i Moboro NoJyMHTEpBaNa
[a, b) C R MHOXecTBO Tex w, 1isi KOTOpbIX £(w) € [a, b), ABNAETCS CydaHBIM COBBITHEM.

Mpumep 1. Urpok 6pocaet moHeTy — npu BbinageHun rep6a ox BuiUrpbiBaeT 1 pybnb, pewkn — NpourpLIBaeT
1 py6nb. Cnyuaiivan BenuumHa § — BbiMrpbiw urpoka Gyaet npuHuMaTs aHaueHns +1 um —1 8 aasucumoc

OT TOrO, YeM 3aKOHYUNICH IKCNEPUMEHT — repboM MK peLukoi.

Mpumep 2. Sxcnepument — aaHoBpeMeHHOe GpocaHue AByX UrpanbHbix KYGWKoB, Cyuaiinas senvyuHa —
CyMMa BbifiaBLUMX O4KOB, MOXET fpUHUMATL BCe Lenble 3Hayenus ot 2 o 12, B 3aBMCUMOCTU OT Bbinasiuen

KOMOuHauun.

Mpumep 3. 3xcnepumMeHT — n-kpaTHoe NOBTOPEHWE IKCNePUMEeHTa C GPOCaHMeM MOHeTHI, CAydanHas Benu-
YYHA — KONWYECTBO BbINABLINX repOOB — MOXET NPUHUMATL BCE Lenbie 3Havexus ot 0 go n.
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Npumep 4. IxkcnepuMeHT — u3BNEYEHME Lapa U3 YPHbI, COAEpXallei paBHOoe KONUYeCTBO Genblx n YepHbIX
WapoB, C BO3BpallEHUEM LIapa B YpHY NOCNe Kaxporo W3BNEHEHWA, CNy4aiHas BeNW4YMHA — KONMYECTBO
u3BneueHuin a0 nepeoro nossnexna Genoro wapa. 3Ta CAy4anHas BENMYMHA MOXET NPUHUMaTL BCe Lenbie
NonoXuTenbHble 3Havewus: 1,2,3,...,n,...

Npumep 5. SxcnepumeHT — CnyqaiiHbii BLIGOP TO4kn U3 otpeaka [0, 1]. CnyvaiiHas BennuuHa — koopanHaTta
TOukM. 3Ta cnyvaiHas BenuyuHa MOXeT NpuHumarb nioboie 3HaveHns or 0 po 1.

Npumep 6. SxcnepumeHT — HabntoaeHue 3a BpeMeHem 6e30Tka3Hol paboThl HEKOTOPOrO YCTPOMCTBA: OT MO-
MeHTa BKIIOYEHU] A0 NEpBOTO Bbixoaa M3 CTpos. Cnyvaitwas BenuumHa — Bpems Ge3orTkasHon pabotbl —
MOXET NPMHUMaTL BCE AEMCTBUTENbHbIE 3Ha4YeHna ot 0 po +0o.

INoguepkHeM, YTO eciiM 0603HAYMTH Ew) g |
yepes £~ ([a, b)) nonuwlit npoo6pas no- 1
nyuHrepsana [a, b) npu orobpakeHUH |
¢, to £(w) Gyner cyyaiHo# BeIMYMHOM bl
B TOM Ciiydae, Korna £ '([a, b)) € F u, E

|

CJienoBaTeNIbHO, MOXHO I'OBOPDUTH O BE- a
POATHOCTHU 3TOr0 Ciay4yaHHOro COOBITHS.
Jina mio6oro monyuHTepBana [a, b) uu-
CJIOBOM NMpAMOiA B 3TOM Ciiydae GyneT on-
peneneHa GyHKLUMSA O

®¢([a, b)) = P{¢"'([a, 1)) },

KOTOPYIO B fajibHeieM 6yneM Ha3biBaTh
aepoamuocmHoil Qynxyueii cayyainoiu eeauyunvl §. PuUC. | WUTIOCTpUMpYET AaHHBIC BbllLE
OTpeNeieHHs; XHpHas TTyHKTUPHasi KpuBasi H300paXxaeT ILUIOTHOCTb BEPOSATHOCTH, peYb
0 KOTOPOiA ITOHAET HUXE, B I1. 2.1; rOpU30OHTANIbHAS Pa3pbiBHAS TMHUS YCJIOBHO NOKa3biBaeT
npoo6pa3 £ ! ([a, b)); BeposTHOCTH P{f (s, b))} paBHa IUIOIIAAM 3aKpAIlIeHHOM! CephiM
¢urypsl.

Bo Bcex yKa3aHHBIX TIPUMEPAX JIETKO YCTaHOBUTb, uTo cobbitus £~ ([a, b)) sBasoTCH
CJly4alHbBIMH COOBITHAMM, T. €. 3NIEMEHTaMH cnucka F'.

3amertum, uto eciv £(w) — cayyaitHas BenuuuHa, 1o £ {(~00, z)}, £ {(z, +00)},
¢ H(a, b)}, £ {a, b]}, £ {(a, b]}, ¢ ' () aBnsioTCA CryyaiHBIMU COBBLITUSMMU H, Kak
cleACTBUE, TPOO6Pa3 M106GOro MHOXECTBA Ha YUCTOBOM NPSMOA, MOJy4eHHOTO U3 UHTepBa-
JIOB He 6onee yeM CYETHHIM YUCIOM ONepaL vl oObeqMHEHUS, TepeceYcHUs U OMONHEHUS
(6openeBckoe MHOXeECTBO), Oyner CayyaHbIM COObITHEM. JIOKa3aTenbCTBO HEMEMICHHO
CHIEAYET U3 OUEBUIAHBIX COOTHOIIEHU M

{w: €(w) < 2} = {w: —o0 < €(w) < z},
{w: €(w) > 2} = {w: ~00 <€(w) <z},

00

{w: €(w) € [a, b]} =N {w: ¢(w) € :a, b+ %)} :

k=1

(w:a<E@) <b} =£(a b))
Puc. 1

00

{w: {w)=e} = {“" £(w) € ra,a+%)}

k=1

UT. A

DTO NMO3BOJSET F'OBOPUTHL O BEPOATHOCTH NOMaAaHUs CIyyaHHOH BEIHMYUHBI B MONY-
npsMyio (—oo, =), uHTepBai (a, b), oTpe3ok [a, b}, Touky o u T.n. Boobue, ecnu M —
6opeieBcKkoe MHOXECTBO Ha NMPSAMOi{, TO OCMBbICJIEHHBIM SIBJISIETCS] BBICKA3bIBAHUE: «BEPOSIT-
HOCTb MOMNanaHus CyyailHoOM BeTMYMHBI £ B MHOXECTBO M paBHa p», TaK KAK MHOXECTBO
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Tex w, Ui KOTophix £ (w) € M, sBasieTcs cayyaliHbIM COOBITHEM, U, CNENOBATENBHO, MOXHO
rOBOPHUTBb O BEPOSITHOCTH 3TOTO CJIy4aiiHOTo COOBITUS

P{¢{(w) € M} = P{w: &(w) € M}. (1)

3axonom pacnpedenerus 8epoamHoOCmeli HA MHOXCeCmee 3HAYeHUl cayuatinoil eeaununsl £ (Ko-
POTKO — 3aKoHOM pacnpedenerus) GyneM Ha3bIBaTh 1060€ NPaBUIO, O3BOJSIOLIEE BbIYM-
cnsTh BeposTHocTH (1).

3akoH pacrnipeieneHuss MOXeT ObITh 3aJaH B MPOU3BOALHOH (hopMe, ogHaKO Hauboee
ynoTpeOUTENbHBIMHY SBISIIOTCS CleayIOIHe:

— (YHKUHMSA pacripeieicHUs1 BEPOSITHOCTEMN ;

— TUJIOTHOCTB pacnpeneieHUsI BEPOSITHOCTEN

— psAA paclnpeleieHUsI BEpOSTHOCTEN.

1.1. ®yHxuws pacnpegenexns

Dynxyueti pacnpedenenus seposmrHocmeii Ha MHoOXCecmeae 3HaueHul cayuainoi eesusunsl £ (Ko-
POTKO: ghynkyuei pacnpedenenun cayuaiiroii eesununs &) 6yneM Ha3piBaTh GyHKLHIO Fy(z)

TaKylo, 4To
VzeR Fe(z) = P{¢ < z}. (2)

OtMeruM, yto onpeneneHue (2) KkoppekTHo M F¢(x) NeCTBHTENBHO ONMpEAENeHa BO
BCEX TOYKAX YUCJIOBO# MPSIMO, TaK KaK MHOXeCTBO {w: £(w) < ¢} siBngeTcs CaydaiHbiM
COOLITHEM U MY MOXHO NIPUITHCATh BEPOSATHOCTD.

Ceoiicea dynKumn pacnpegeneHus
1. ®ynkuus Fi(z) orpaHuyeHa Ha Bcelt YUCIOBON MpsAMoi

0< Fg(:l!) < L (3)

P{a < £ < b} = Fg(b) = Fg(a).

< Ecin a < b, 10 cobbits {w: £(w) < a} u {w: a < {(w) < b} HecoBMeCTHBI U
{w: €(w) < a} + {w: a < €(w) < b} = {w: &(w) < b}

IloaTomy
P{¢ <a}+Pla << b} =P{£< b}

C yyetoM onpezeiienus (2) nocneaHee paBeHCTBO MOXHO IePENUCaTh TaK
F(a) + P{a < £ < b} = F(b), 4)
P{a < E<b} = Ff(b) o F{(a). > (5)

3. Oyukuus Fy (z) MOHOTOHHO He yObIBaeT Ha BCEM YUCJIOBOM MPSIMO

Va<bd Ff(a) < Ff(b). (6)

< C yyetoM HeoTpuuarenbHoctd BepositrHocTH P{a < £ < b} cnenyer M3 COOTHoIlE-
Hus (4). »
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4,

lim Fg(z) =0, liT Fe(z) = 1. (7)

T——00

< B ciu1y MOHOTOHHOCTH M OrpaHMYeHHOCTH GyHKUWM F¢(z) Ha R y Hee cymecTByioT
npeneabl npu & — +o00. Ilycrs

lim F(z)=m_->0, lim F(z)=m" <L
T—+00

T——00

3aMeTuM, YTO
P{¢ € R} = P{w: ~0 <<} =P{Q} =1

B cuily HENpepLIBHOCTH BEPOSAATHOCTH
1=P{-00< €< +00}= lim P{a<{<b}=
b—+o00

a——00
= li b) - L =m’ —m_
b—}Too Fﬁ( ) a-l—E‘Poo Ff (a) m m-,

YTO BO3MOXHO JMibeciu mT =1lum_ = 0. »

5. Oyukius F(x) uMeer He Goliee YeM CYETHOE YHUCIIO TOYEK Pa3phiBa, NIPH 3TOM B KaXIOH
TOYKE CYIIIECTBYIOT OJHOCTOPOHHHE IPEMEIbI

Fe(zo+) = lim Fe(z), Felzo=)= lim Fy(z)

3emeyshue. PyHKUHS pacTIpeAc/ICHHS HEMpePbIBHA C/IEBA B KAXIOHK TOYKE YHCJIOBOH npsMof
 im_ Fe(z) = Fe(2o)-

<« Kak 1 Bhiluie, B U1y MOHOTOHHOCTH 3TO YTBEPXAEHHE JIETKO MOJYYUTh U3 HENPEPHIBHOCTH
BEPOSATHOCTH

F£(30)=P{§<mo}=P{U (€<zo—;]l—>}=

n=1

1
= limP{§<:co-;b-}= lim P{{ <z} »
z

6. Ecnu xy — TOYKa HENpepbIBHOCTH F(x)
bynxkuwu Fe(z), 70 % _________ S
1 :‘/—.
o i )
€CJIM X€ T — TOYKa pa3phiBa, TO | =x
’ F(x,) = F(xo-) : -
PLE = 20} = Fe(aot) - Fy(wo) X
/ :
(puc. 2). ! -
O X x

Jina nanbHe1uero BaXXHbIM SBISETCSA
TO 06CTOATENBCTBO, YTO (DYHKILHS pacnpe-
NENEHUA eCTb yHusepcarvaa hopMa 3ana-
HMS 3aKOHa pacripeieNeHust — y nioboi

Puc. 2
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CNyyaiHoM BEJMYMHBI CYIIeCTBYET DYHKUMS pacnpeaeneHus. He MeHee BaxHO M To, 4TO
YHKLMSA pacIIpeneNeHus He 0aem ucuepnviéaiowen ungpopMayuu o CydaiiHo! BeNUYUHE —
pasHble cnyyaiHble BEIUYMHBI MOTYT 06NagaTh ONMHAKOBbBIMM 3aKOHAMH (B YaCTHOCTH,
bYHKLMAMU) pacmpeaesieH usl.

QDeitctButenbHo, NycTe § — CnyvaitHan BenuuMHa, ONUCHIBIOWAN BLIMIPbIL) NPU Urpe B OpNsiHKY (CM. Npu-
mep 1). Jlerko ycTaHoBUTL, YTO

07 T S ""l’
1

Ff(z)z '2'3 —l<2<1,
1, z>1.

Mycre 7 — cnyyaikan BenuuuHa, ONPOAGNEHHaN B BKCMEPUMEHTe CO ChyvyarHbiM BuiGOpPOM TOuKM M3
orpeaka [0, 1] Tak, uto

Nw)=-1, wEe [0, %), nw)y=1, wEe€ [%, l].

DyHKUMA pacnpeaeneHns ClyyaitHoi BenuMHb 1 TOXABCTBEHHa dyHkumn Fy(z):

0, z < —1,
1

F,,(Z): 51 1<z <1,
1, z>1.

Y 370i Cny4a#iHOK BenuuUHbl , ONPBAENEHHOH B TAKOM Xe IKCNEePUMEHTE, YTo 1 1, creaylowmm o6pazom

(W) =-1, WG[O,%)UE,I] n ((w)=1, we[%,%),

Ta Xe QyHKUNS pacnpefieneHus:

0, z <~
1

FC(3)= '2'1 —l<2<l,
1, z>1.

PaccMmoTtpeHHbie TPUMEPHI MOKA3bIBAIOT, 4TO Kaxaas GyHKIIMS pacnpeae e HUS OMKChI-
BaeT, BooOle roBopsA, MHOIO paziMyHbIX CiaydalHbIX BeluyuH. IlpaBaa, 3T ciydaiHble
BeJIMYUHBI, €CJIY TaK MOXHO BBIPAa3UTECH, «HE OUeHb pa3Hble» — B PeajibHOM KCIIEpHUMEHTE
Y Hac HeT HUKAKOW BO3MOXHOCTH PaIMYUTD CIyYaiHble BeNMHUMHE £, 1) ¥ {, TOTOMY 4YTO
peaIbHbI 3KCMEPUMEHT, KaK INMpaBMJIO, 1aeT HaM BO3MOXHOCTh NMPOM3BECTH U3MEPEHHSA
3Havenui cny4yaHoO! BEIMYHUHBI, HO HE IaeT BO3MOXHOCTH YCTAHOBUTD, KaK 3TH 3HaYEHUS
CBSI3aHbl C 31€MEHTAPHBIMU UCX00amu, KOTOpBIe B NMoAaBIfAoNEM OONbIIUHCTBE peaibHbIX
9KCNIEPHMEHTOB OCTAIOTCA «Bellibio B cebe». I103TOMyY Ha MpaKTHKeE 3KCIIEPUMEHTATOP UMEET
IEeNO0 C yHKyuel pacnpedenerus 8eposmHOCmell Ha MHOXCECMEe 3Ha4eHull CAY4QUHOU 8eAUHUHbL,
a He ¢ GyHKUMEN OT 31eMeHTapHbIX UCXOH0B Ha IMPOCTPAHCTBE 3JIEMEHTAPHBIX HCXOIOB.

HHTepecHO M02TOMY BHIACHUTD, KaKHe GYHKLMY MOTYT OBITh GYHKLIMSMHU pacrpeeie-
HHUSA U KakK, 3Hast QyHKIMIO pacripeeieHus, yKa3aTh 110 KpalHe# Mepe ONHY U3 CIy4aiHbIX
BEJMYUH, ONTUCHIBaeMbIX 3Toi pyHKuMeH. OKa3biBaeTcs, 4To 11062 MOHOTOHHO-HEyObIBa-
romiast Ha R ¢pyHkuus F(z), HenpepbIBHas clieBa B KaXA0# TOYKe ¥ TaKasi, 4TO

lim F(z)=0, lim F(z)=1,

T——00 T—+00

MOXeT CIYXUThb pyHKuHeN pacnipeneneuus. ToyHee, UMEET MECTO

Teopema. [Tycmb F(x) — ¢hynkyus, onpedesennasn na eceil 4ucao8oii npsamoii u 061a0aiouasn yka-
3aHHbIMU uie ceolicmeamu. Toeda cywecmeyem eeposmuocmuoe npocmpancmeo {S), F, P}



§ 1. Cnyvaitnas Benwumia 63

u cayuaiinan eeaununa £(w): Q@ — R makue, umo F(x) sesnemcs pynkyueil pacnpedesenus
cayuatinoi eeauyunsi €,

Fe(z) = F(z).

<« YKaxeM OIHY M3 BO3MOXHBIX KOHCTPYKLIM#H TpeGyeMoro nmpoctpancTsa. IlycTb akcne-
PMMEHT COCTOMT B CITy4aiiHOM BhIGope Touku U3 R Tak, uro @ = {w: w € R}. B kavectse
HabMoxaeMbIX cyyalHbIX COOBITUN PACCMOTPUM HAUMEHBILYIO 0 -arebpy, NOpOXAESHHYIO
nosyuMHTepBaiamu [a, b) (6openeBckylo o -anrebpy Ha NpsMON), T. €. COBOKYIIHOCTb BCeX
MHOXECTB, IMOTYYEHHBIX U3 MOJYMHTEPBAJIOB C MOMOLIIbIO He G0Jiee YeM CUeTHOro Konuye-
cTBa o6 beaMHEHU M, epeceyeHUM U nonoaHeHui. Onpeneaum BEPOSTHOCTH Ha MHOXECTBE
cly4aiHbIX COOBITUH ClleyIOIUM 00pa3oM:
1. Ectn A ={w: a<w<b}, 10

P{A} = F(b) - F(a), (8)

n
2EcmA=J A, Ai={w: a;<w<b}, e <<, <h<...<8, < b,, 10

1=1

P{a} = P{a} =Y (F(b:) - F(as)). 9)
i=I

MOXHO I10Ka3aTh, YTO OINpeaeNeHHOe COOTHOIEHUSMH (8) U (9) MpaBUIIO BLIYUCTIEHUS
BEPOSATHOCTEH YIOBJIETBOPSIET BCEM TPeOOBAaHUAM, MPEIBABISIEMBIM K BEPOATHOCTH: YCHIO-
BHI0 HeoTpuuarensHocTd (P 2> 0), Hopmuposku (P{Q} = 1) u cueTHON alIUTUBHOCTH.

B kayecTBe BEpOATHOCTHOTO MPOCTPAHCTBAa BO3bMeM mpoctpaHcTBO {Q, F, P}, rne
Q = {w: w € R}, F — g-anre6pa 6openeBCKMX MHOXECTB, P — INpaBWIO BLIYUCIEHUS
BEPOSATHOCTEM, NOPOXAEHHOE COOTHOIIEHUsIMH (8) U (9).

ITonoxum teneps Ha 2

{(w) =w.

Jlerko BUIETH, YTO
Fe(z) = P{w: é(w) < z} = F(z),

YEM M 3aBepLUAETCS H0KA3aTeAbCTBO. P

P aACCMOTPUM HECKOJIBKO NIPUMEPOB.

1. PasHomepHoe pacnpepenehue Ha orpeaxe [a, b]. Cnyuaiinyio BesnuuHy £ GyAem HasbiBaTb PaBHOMEPHO
pacnpegenexHoit Ha otpeske |a,b], ecnu BEPOATHOCTL NONAAAHWUA 3HAYEHWN ITOW CAYHAAHON BEAMYUHBI B
nio6oin noanpomexyTtok {a, B) otpeska [a, b] He 3aBucut ot ero nonoxexus Ha [a, b] n nponopunoHansHa

ANVMHe 3TOro NPOMeXyTKa:
Pla<t(<pr=Pla<{(<p}=Pla<f{<p}=k-(B-a) (10)

Ycnosue Hopmuposkn P{a < a < b} = 1 no3sonser nerko onpeaemmTs 3HaveHne k —

f—a

k=
b—a

.

DyHKUMA pacnpepeneHns NAeTC COOTHOWSHUEeM

0, z < a,

zT—a
F(z)=§ 35 @<z, (11)

1, z>b.

PasHoMepHyYI0 Ha oTpeske |a, b] cnywaiiHyio BeanunHy Gynem o6osHavam £ = Rla, b]. Yucna @ n b Hasbi-
BAIOTCA NapaMeTpaMy PaBHOMEPHOD pacrpeneneHms.
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Puc.3

2. Pacnpepnienetine apryMenTa u ANnHL pafiMyc-BeKTopa CnyyaiHoH TOYKM B KpYre paauyca r. Mycrb aKCrepuMeHT
COCTOMUT B M3BNEYEHUM CNY4AVHOM TOYKU U3 Kpyra paanyca T C UeHTPOM B Hayane KOOPAMHAT, Tak, YTO Bepo-
ATHOCTL TOuke GbiTb U3BNEUEHHON U3 HeKOTOpPOro Gopenesckoro mHoxectsa D nponopuroHansia Nnhowanm

3T0r0 MHOXeCTBa S(D)

Nycts € — yron, 06pa3oBaHHbIA paanyCc-BEKTOPOM TOYKM M C nonoxutentHbiM Hanpaenexnem ocu Oz,
7 — AhuMHa papuyc-sexTopa Toukn M. Otmetum, 4to € 1 1 B paccMaTpUBaeMOM IKCNEPUMEHTE ABNSIOTCA
CnyvariHbiMK BenuduHamu, u ans ux QyHKUKA pacnpepeneHus nony4yaem (cm. puc. 3)

_ __ S(cexropa) ¢
VOi<p<2r P{{((p}—P{MGAmBO}_——;z—_E;,
' p’
VOSp<r Pin<pt=P{MEKa,pp2}=—5 =17,
TaK, 4To
(0, ¢ <0,
J 4
\ 19 ¢>21r,
i3
(0, p<o, (13
o
F,,(p):< ;_1 0<p<R9
L1, p>R

3ametum, uto § — pasHomepHas Ha [0, 2] cnyuaiinas Bennuuna.

3. Pacnpesienenne Kowm. Nycts L — npamaau A — Tou-

Ka, pacnonoxexHas Ha paccrosHum a > 0 ot npamond L L O /A
(puc. 4) Buibepem Hauano orcyeta B8 Touke O, fBnAIOWEn- M §
Csl OCHOBaHMeM NepneHanKynsapa, onyweHHoro ua A wa L. :

Myce ¢, —7/2 < ¢ < T/2 — yron, OTCYUTHIBAEMbIA A

oT AO BNpaso UM BNEBO U COCTABNEHHbIA NPAMOIA, NpPO-
x0AsLIeR Yepe3 TouKy A, u oTpeakom AO. Puc. 4

3KCNepUMEHT COCTOMT B CREAyIOWeM: ChyyaHbim 06pa3oM BLIGUpaeTcs HanpaBnexe NpsSMOn, Npoxo-
AAulei Yepes TouKy A, n puKCUpyeTCa koopanHaTta Toukn M nepeceuenns npambix AM u L.

Cnyvaiivas BenuunHa { — xoopavHata Todkm M Ha npsmoit L — Ha3biBaeTcs CAYHaHHON BeNMYMHOHN,
pacnpegenenHoi no Kowm, n 0603navaetcs cneflyiouum obpasom: € = K|a].

No onpeaenexuio pyHkUMM pacnpeneneHns

Ff(z)=P{£<x}=P{atg<p<z}=P{-;stp<arctg—z}.

Mpeanonoxexne o0 cny4akHocTh BuiGOpa Hanpaenewus Npamon AM paer ocHoBakue ANs 3aKNOYEHUs O pas-
HOMEpPHOCTU pacnpefeneHnn yrna ¢ Ha NpoMexyTke [—1r/2, r/2], Npy 3TOM NocneaHan BepOoATHOCTL Gyper
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paBHa

T z arctgz/a+4+7m/2 1 1 z
P _“‘< t - = = - — —
{ 2\l,o<arcga} - 2-{-7rarctga.,
TaK 41O
1 1 z
Fe(z)= > + _arcig _, z€R. (14)

Yucno a HasbiBaeTcs napaMeTpoM pacnpegenenuns Kown.

4, xcnoHeHUyManbHOE pacnpefienchue. SxcnepumeHT cocTouT B HabniogeHnn 3a BpemeHem Ge3oTkasHol pa-
60Tbl HEKOTOpOro arperara. M3BeCTHO, YTO BEpPOATHOCTL BLIXOAA arperara u3 CTpos B nI060H NPOMEXYTOK
BpEMEHU ANMHbI £ OAHA U Ta X 1 He 3aBUCUT OT PACTONOXEHNA 3TOrO NPOMEXYTKa Ha BPeMEHHOW ocu. 310
CBOWCTBO HOCUT Ha3BaHUE CBOMCTBA OTCYTCTBMS NOCNGAEHCTBMA U O3HAYEET, YTO TOALKO YTO BKIIOYEHHBIV NPU-
60p 1 3TOT X€e Npubop, yxe npopaboTaBwmit Hexkotopoe Bpema T, UMEIOT OANHAKOBYIO BEPOATHOCTL BLINTU
13 cTpos B TeveHne Bpemenn ot 0 fo t nor T no T + ¢ COOTBETCTBEHHO.

Nycte ¢ — Bpems 6e3oTkasHon paboTbt arperata. Torna CBOMCTBO OTCYTCTBMA NOCNBASHCTBUA O3HAYAET,

Y10
P{(<T+t: €>Ty=P{E<t}, T>0,t>0.

Npeanonaras, 4o P{¢ > T} > 0, n ucnonb3ys Gopmyny yCIOBHO BEPOATHOCTU, NonyHaeM
P{T<¢E<T+1t}

PES T = P{¢ < t}. (15)

Ecnu BBecTn dyHxumio pacnpeaenerus Fe(t) Bpemenn GesoTxaskoii pabotsl arperara, To cootHowweHue (15)
npumMeT Bua,

F(T +1) - Fe(T) = [1 — F¢(T)| Fe (8). (16)

370 ypaBHEHUE OTHOCUTENBHO yHKUMKM pacnpenenennn Fe(t), kotopas aononxurenbHo k (16) obnanaer Tem
CBOVACTBOM, 4TO F¢(0) = 0.

Npeanonoxum, uto F¢(t) — Henpepuisnas ¢ywkums. Torpa ypasHenue (16) umeer cBouM pelueHnem
GyHkunio

0, t<o0,
F{(i):{ l_e—ld’ t;O. (17)

CnyuaiiHas BennuuHa €, umeowan pacnpenenexne (17), Ha3biBaeTCs SKCNOHEHUMANILHOW CyHaiHON Ben4M-
Ho# ¢ napameTpom i > 0 u Gyaert B panbHeiiwem oboaHavaTeca Tak — € = explp).

<« [Ona pokasatensctea dopmyns (17), 3ameTum, yto nobas HenpepbiBHan Ha ¢ > 0 yHkums Fe(t), yno-

BReTBOPAIOWan ypasHeHnio (16), sensetca auddeperumpyemoit. feiictaurensto, nyctb p(T) — npoussonk-
Has auddepeHurpyeman dyHkums, 06palLaloulancs B Hynb BHE HEKOTOPOrO NpoMexyTka (a, B), B > a > 0.
YmHOXan o6e 4actn cootHoweHus (16) Ha o(T) u uxterpupys Ha nonynpsMon ot 0 4o 400, nonyyaem

[e@E@+t)ar = [ pT)F@) a7+ [ p(T)F @) aT ~ [ oT)F(TIFW ar,
0 0 0 0
unun, nonarasn B nepeom u3 uxterpanoB T 4+t =u, —
/ o(u — t) Fe(u) du = A + BF(t), (18)
t

rae

A= [o@FT)dT, B= [ o)1 - F(@)] T
0 0

— NoCTORHHbIE. B cuny auddepeHumpyemocTi ¢ v HenpepbiBHOCTM Fy uHTerpan B cOOTHOWeHUn (18) —
anddepeHumpyemas no nepemerHoit ¢ GpyHkums. CneaosatensHo, Fy(t) — mmddeperumnpyemasn pyHkums.
Npoanddeperunpyem teneps (16), Hanpumep, no nepemexHon T'. Nonoxus T = 0, nony4um

F(t) = F¢(0)(1 - Fe(t))

— 06bikHOBEHHOE AMddepeHLMantHoe ypaBHeHUe NepBoro Nopsaka oTHocuTensHo Fy(t) ¢ HauansHbiM ycno-
Buem F¢(0) = 0. Ona sasepwenns aokasarensctsa popmynbi (17) 3ametum, uto F'(0) = p > 0 B cuny
HeyGbiBaHus yHkUMM pacnpenenexus Fe(t). »

3 3ak. 244
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1.2. MnotHoCTb pacnpepenexns

ITnomuocmuio pacnpedenenus seposmuocmeli Ha MHOXCeCmee 3HaYeruLi CAy4ainoll eeauduns §
(kopoTko: nsomnocmeio pacnpedesenus cayuaiinoi eauyuns) GyneM Has3biBaTh (GYHKIHIO

fe(x) > 0 Takyio, uto

b
Vie,b) e R P{a<{<b}= / Je(z) dz. (19)

He BCAKYIO cnyyaiiHylo BENMYMHY MOXHO OMUCATh IUIOTHOCTBIO — CYILECTBYIOT CAy-
yaifHble BEIMYMHBI, 151 KoTOpbIX GyHKUUS f¢(x), obnanaiowas ceoicTBoM (19), He MoXeT
6bITh onpeneneHa. TeM He MeHee, ECH TUIOTHOCTb Y Cly4ailHOM BeTMYMHBI CYLIECTBYET, TO

OHa 00/1anaeT ClleAyIoLMMU CBOMCTBAMMU:
1 .

Fe(z) = / fe(z) de. (20)

< Jlerko cnenyer u3 onpeneneHus (19). »

3ameyanne. OTmeTHM, 4TO B TeX TOYKax = € R, e f¢(z) — HenpepsiBHa, HMEET MECTO COOTHOUICHHE

2 < eto). @
BooGue xe, ¢ynkumns pacnpeneneHus Fi(r) HempepbiBHa Ha BCelf YHCIOBOH NpPAMOM, YTO HEMELICHHO
cnenyer u3 (20).
2. Ecmv 29 — TouKa HenpephBHOCTH f¢ (), TO
P{zy < { < g + Az} = fe(z9)Az + 0(Az), (22)
HJIN

. Plzo<€<z0+ Az}
fe(@o) = lim s : (23)

3amevanme. IMocnenHee COOTHOUIEHHE 03HAYAET, YTO «IUIOTHOCTb» PACTIPENENEHHSA BEPOATHOCTEH NeHCTBU-
TENbHO IVIOTHOCTb' «KOJIMYECTBO BEPOSATHOCTH», NPHUXOAsLLIEEcH HAa EAMHUILLY JUTHHBI.

<« 06a cootHowenwus (22) u (23) cnenyior u3 onpenenexus (19). »
3. Ycnosue HOpMHUPOBKK NNOTHOCTH

/ fe(z) dz = 1. (24)

<« Cnenyer u3 (20) ¥ COOTBETCTBYIOILETO CBOHCTBA QYHKLIMM paCnipeicIeHUs. b

Tax xe, kKak u GyHKUMs pacnpeneneHus (4 nobas apyras ¢opMma, B KOTOPOi MOXET
OBbITh 3aJaH 3aKOH pacnipefeNeHus), MIOTHOCTL He OMpeaeseT OAHO3HAYHO ClyyaiHyIo
BEIMYMHY — pa3Hble CliyyaiiHbIe BeIMYUHbBI MOTYT UMETDb OHY U TY Xe€ ILUIOTHOCTbD.

Jlio6as HeoTpuLiaTeNbHas HHTErpupyeMasi Ha R GyHK1MS, yIOBIE€TBOPAIOLLAs YCIOBUIO
HOPMUPOBKH (20), MOXeT 6bITh NJIOTHOCTLIO HEKOTOPOIA CilyyaiiHo# BenuuuHbl. [1puMepom
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TAKOW CYYailHOM BENMYMHBI CIYXMT clydaiHasi BeqMuMHa £, QYHKLMS pacnipefeNeHHus
KOTOpO#i Jaercs cooTHolueHueM (20),

.
|
|

« [leitcrBurenpHo, F¢(x) MOHOTOHHO He yObiBaeT fi(x) *
(B cuity HeoTpHuaTebHOCTH f(T)), HENpephIBHA Ha ¢
Bcey YMcN0BOM NpsAMON ¥ NPUHUMAET Ha KOHLAX 3Ha-
yeHust 0 u 1 coorsercrBeHHo. IloatoMy Fe(z), Kak
3TO CJIEAYeT U3 TEOPEMbI MPENbIAYILEro MYHKTAa, SIBJIs -
eTcst GyHKUMe#l pacripeaeieHUss HEKOTOPO# cilyyai-
HOM BEJIMYMHBI, s Kotopolt f¢(x) Oyner mioTHo-
CTBIO. P>

Npumep 1. HopMansHas (rayccoBa) cnyyaiiHaa senmymHa. Cny-
yaitHan BenuuuHa £ Ha3bIBABTCA HOPMANLHOW, Wnn rayccosoM

S R —

cny4ariHOA BeNMYMHOM, eCnn ee NNOTHOCTL pacnpeaeneHus 3a- -
paeTcs cootHowewuem (¢ > 0, m — npou3BOonbHOE Aei- x
CTBUTENBHOE 4UCNO)
1 (z —m)? Puc.5
Z) = ——= expy ~——5— z €R. 25
fé( ) ovan xP{ 202 }a ( )

<« Otmertum, uto Popmyna (25) AeiCTBUTENBHO 33AAET NNOTHOCTL PACNPeaeneHns npu NIOOLIX 3HaYeHUAX
napameTpa m u nioGbix NONOXUTENbHBIX 3HAYEHUAX NapaMeTpa &, TaK KaK
z—-m
T 1 (z - m)’ =y|_ T I ¥
3 exp ——2—2 dz = ag =/-‘/2_.——exp —-2— dy:l.b
“oo TV a dz=0dy| - 4
Fpaduk ¢ywkumu f¢(z), onucuiBaemoit cooTHowenuem (25), npusenen Ha puc.5. Mpu noGbix aHave-
HWUAX NapaMeTpoB M U 0 3T0 CUMMETPUYHAR (OTHOCMTeNbHO Z = m) konokonoobpa3Has kpusas, GbCTPO
y6biBalowas npu £ — o0o. Mcxoas u3 BEPOATHOCTHOTO CMLICNA NIOTHOCTW, CNyvaiiHas BeNMYMHA, NOAYW-
HEHHAs HOPManbHOMY 3aKOHY, C GONbILSH BEPOATHOCTHIO NPUHUMAGT 3HAYeHWA, Nexalue OKOno = = m,
U C MEHbLIEN BEPOSTHOCTBIO — 3HAYEHWUR, 3aMETHO oTmyalowmecs ot £ = m. fapameTp m nokasuisaer
pacnonoXeHne 0C CUMMETPUN pacnpeneneHns
1
a napameTp ¢ — CTeneHb «Pa3Ma3aHHOCTW» BEPORTHOCTM NO YMCIOBOV NpAMONA (puc. 6).

fi(x) A
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HopmanbHoe pacnpeaeneHne xapakrepnayer CNeaylowylo TeHASHUMIO B NOBEASHUN CNYHaNHON Benn4n-
Hbi: 8 3KCMIEPVMEHTe C BLICOKOR BEPOATHOCTHIO PEaNn3yloTCs 3HaYeHus, 6M3kme K m, NpUuYeM YeM MeHblue
3HAYEHME O, TEM MEHble MOTYT OTK/IOHATLCA HAONOAaeMble B KCNepuMeHTe 3HaueHus £ or m. 3Tomy
KQYeCTBEHHOMY YTBEPXAEHMIO MOXHO NPUAATL KONUYECTBEHHYIO GopMYy.

Mpasuno 30. B nopaensowem GONbWNHCTBE Cy4aeB 3HAYEHMS, NPUHAMACMBbIE CYHaRHOR BENUYUHOH, UMEIO-
wev HOpManbHOe pacnpeneneHne c NapaMeTpaMM m U o, OTAM4AIOTCA OT m He Bonee YeM Ha 3o . ToyHee

P{|¢ —m| < 3¢} = 0,9973. (26)

<« Paccmotpum
P{l¢ —m| <30} = P{m 30 < ¢ <30+ m} = F(30) — Fy(-30) =

3 -m
e e
ovor J 20 Yu=-3, Y =3
1 ’ y2
=7 /cxp{——i-}dy=F(3)—F(—3),

-3
rne

1 y2
F(z) = -—\/2—-;-£ exp{-—f} dy
— ¢yHKums Slannaca, Tabnuua sHaueHmit KoTopoit npuseaeHa Ha c. 69. B cuny cummetpum fe(z)
F(-z)=1- F(z),
u, TaK Kak F(3) = 0,99865, T0 ans “CKOMOIA BEPOATHOCTU NonyNaem
P{|¢ —m| < 30} =2F(3) - 1 =0,9973. »

Huxe Gyaer nokasaHo (CM. LieHTpanbHylo npeaensHyio Teopemy), YTOo Npu A0CTATOMHO WMPOKMX Npea-
MONOXEHUAX CNYYAAHBIe BEANUYMHDI, ABNAIOWMECH CYMMOR GONLIIOro 4MCna He3aBUCHMBIX CharaeMmbiX, GYRyT
¥“MeTb pacnpefeneHie, 6AM3K0e K HOPMANBHOMY.

HopmansHyo cnyusithyio senvuuiy C nBpsMeTpaMn m, o 6yaem o6o3navam tak: § = N[m, o].

B 3akioueHue OTMETHM, YTO PacCMOTPEHHbIE Bhillie pABHOMEPHast Ha IpOMeXyTKe [a, b]

CiayvaiiHasi BeTMYMHA, SKCIIOHEHIIMaJIbHas CiTyyaliHast BeIMYKMHA U BETHYNHA, pacnipeaesieH -

Hasi o Koiu, 061ana10T INOTHOCTSAMH, rpad) MKy KOTOpBIX H306paXeHH Ha puc. 7.
Pacnipenenenne, obnanaroliiee TUIOTHOCTBIO, GyieM Ha3hiBaTh a6COAOMHO HERPEPHIGHHIM

pacnpedenenuem, a COOTBETCTBYIOLLYIO CIydailHYIO BEIUYMHY — HenpepuieHoll cay4aiinoii ée-

AUYUROU.
f(x) % f(x) A fi(x)A
M
___________ .?__.—__?. S —
i i
] ]
! I
1 ]
! !
[} I
] |
| i
| ]
i !
P - <> e
x a b =x x
DKCIIOHEHIHAIBLHOE PaBHOMEpHOE pacrpeaeieHue Pacnpenenenue Koumn
pacrnipeneyieHue Ha npomMexyTke [a, b]

Puc. 7
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Ecnu ciyyaiiHas BenMuMHa HerpepbiBHA, TO KaXI0€ CBOe 3Hau€HUE OHa MPUHUMAET
C HYJIEBOH BEPOSITHOCTBIO,
VeeR P{{==z}=0.

3ro, oueBHAHO, craeayer U3 cootHoulenus (19). He cnenyer, onHako, cuuTarb, 4TO MO-
AO6HOE CBOMCTBO MPUCYILE JIMLIb HEMPEPHIBHLIM CIYJ4aiiHBIM BEIMUMHAM — CYIIECTBYIOT
(cM. m. 2.1.4, npumep 1) cnyyaitHble BeNMYMUHBI, HE ABNAIOLIMECS HENPEPHIBHBIMU, ONHAKO
TakKXe 00Jiaaiolue 3TUM CBOXCTBOM.

1 7 y?
Tab W F = — {———} d
abnuya snavennin Gynumn F () m_m exp 2 Yy

T 0 1 2 3 4 5 6 7 8 9
0,0 | 0,5000 { 5040 | 5080 [ 5120 | S5I59 5199 | 5239 5279 | 5319 5359
0,1 5398 | 5438 | 5478 | 5517 | 5557 5596 | 5636 5675 | 5714 5753
0,2 5793 | 5832 | 5871 | 5909 | 5948 5987 | 6026 6103 | 6064 6141
0,3 6179 | 6217 | 6255 | 6293 | 6331 6368 | 6406 6443 | 6480 6517
0,4 6554 | 6591 | 6628 | 6664 | 6700 6736 | 6772 6808 | 6844 6879
0,5 6915 | 6950 | 6985 | 7019 | 7054 7088 | 7123 7157 | 7190 7224
0,6 7257 | 7291 | 7324 | 7356 | 7389 7421 | 7454 7486 | 7517 7549
0,7 7580 | 7611 | 7642 | 7673 | 7703 7734 | 7764 7793 | 7823 7852
0,8 7881 | 7910 | 7939 | 7967 | 7995 8023 | 8051 8078 | 8106 8133
0,9 8159 | 8186 | 8212 | 8238 | 8264 8289 | 8315 8340 | 8365 8389
1,0 8413 | 8437 | 8461 | 8485 | 8508 8531 | 8554 8577 | 8599 8621
L1 8643 | 8665 | 8686 | 8708 | 8728 8749 | 8770 8790 | 8810 8830
1 1,2 8849 | 8869 | 8888 | 8906 | 8925 8943 | 8962 8980 | 8997 9015

P 9032 | 9049 | 9066 | 9082 | 9099 9115 | 9131 9147 | 9162 9177
1,4 9192 | 9207 | 9222 | 9236 | 9251 9265 | 9279 9292 | 9306 9319
1,5 9332 | 9345 | 9357 | 9370 | 9382 9394 | 9406 9418 | 9429 9441
1,6 9452 | 9463 | 9474 | 9484 | 9495 9505 | 9515 9525 | 9535 9545
1,7 9554 | 9564 | 9573 | 9582 | 9591 9599 | 9608 9616 | 9625 9633
1,8 9641 | 9648 | 9656 | 9664 | 9671 9678 | 9686 9692 | 9699 9706
1,9 9713 | 9719 | 9726 | 9732 | 9738 9744 | 9750 9756 | 9761 9767
2,0 9772 | 9778 | 9783 | 9788 | 9793 9798 | 9803 9808 | 9812 9817
2,1 9821 | 9826 | 9830 | 9834 | 9838 9842 | 9846 9850 | 9854 9857
2,2 9861 | 9864 | 9868 | 9871 | 9874 9878 | 9881 9884 | 9887 9890
2,3 9893 | 9896 | 9998 | 9901 | 9904 9906 | 9909 9911 | 9913 9916
2,4 9918 | 9920 | 9922 | 9924 | 9927 9929 | 9930 9932 | 9934 9936
2,5 9938 | 9940 | 9941 | 9943 | 9945 9946 | 9948 9949 | 9951 9952
2,6 9953 | 9955 | 9956 | 9957 | 9958 9960 | 9961 9962 | 9963 9964
2,7 9965 | 9966 | 9967 | 9968 | 9969 9970 | 9971 9972 | 9973 9974
2,8 9974 | 9975 | 9976 | 9977 | 9977 9978 | 9979 9979 | 9980 9981
2,9 9981 | 9982 | 9982 | 9983 | 9984 9984 | 9985 9985 | 9986 | 9986

3,0 | 0,9986 3,1 | 9990 3,2 | 99931 3,3 | 99952 3,4 | 99966
3,5 9998 3,6 | 9998 3,7 | 99989 3,8 | 99993 3,9 | 99995
4,0 999968
4,5 999997

5,0 99999997
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1.3. Pap pacnpepnenexus

Onpepenenne. Psadom pacnpedenenus cayvaiinoii seausunr € Ha3blBaeTCs Takasi popMa 3aaa-
HUS 3aKOHA pacripe/ieJIeHUs, KOrna MepeuymucisioTcsi Bce BO3MOXHbIE 3HAYEHUs CIy4anHOM
BETMUYMHBI C YKa3aHHEM MOJIOXUTENbHBIX BEPOSATHOCTEM, C KOTOPLIMHM CllyyaiHag BeJIMYMHA
3TU 3HAYCHUS IPUHUMAET.

Psn pacripe/iesieHHst MOXET ObITB 3aaaH Tabnmueit Buaa

f ayjfay})...{tQn | ... (*)
P{{}Ipr|p2|-- | Pn

rie BCE @, PasMyHbl, @, £ a,, 1 # J, U

p=1 (27)

Ipu nomMoum ogo6HOro psia MOXHO 3a1aTh 3aKOH pacrpeleNcHus TONbKO TAKOW Cay-
YyaiHOW BeJIMYMHBI, KOTOpasi IPUHUMAET C MOJOXHUTEIbHbIMU BEPOITHOCTSMMU He Bonee ueM
CYETHOE MHOXECTBO 3HaueHM M. Takue ciyyaitHble BEIMYMHBI HA3bIBAIOTCS OUCKPEeMmHbIMU.

OTMETHUM Cleayloliue OYEBUAHBIE COOTHOILIEHHS:

1. Vie,b)eR P{tcab)}= > pl¢=a}, (28)
1 6,€[a,d)
2. VeeR Fz)=P{¢<e}= Y pl¢=a}, (29)

epBOE M3 KOTOPhIX MOKAa3bIBAET, YTO PsiX (*) ABJseTCS 3aKOHOM pacrpeleleHHs, a BTopoe
JlaeT BhlpaxeHue s GyHKLUMU pacrpeacacHUsi AMCKPETHOW CllyyalWHOUN BEIUYUHHI.

Npumep 1. Pacnpepenetine Beprynau. CnyvaiiHas sBenuuvHa, NPUHUMAIOWAN 3Ha4YeHWe 1 C BEPOATHOCTLIO
P v 3Hauenne 0 c BepoATHOCTBEIO ¢ = 1 — p, HasbiBaeTcs GEpHY/IMEBOH Cy4aWHOM sennymHoW. Ee psp
pacnpeaenexus paetca Tabnuuein

2K Fy(x)4
Pilalr
DyHkumn pacnpepenedna 6epHyNNNeBo CAyHaHOW BENUYUHLI UMEET [ -
BUA =1 !
P=1-4g !
0, z <0, 9y ¢
F‘(x)z q, 0<z< 1, !
{
(puc 8). !
BepHynnuesa cnyyaiiHan BenMunHa OGLIMHO NONBNSAETCA B NpU- 0 . ol
NOXEHUAX KaK UHANKATOP (XapaKTepucTuyeckas CnyyainHan BenuunHa) 1 x
HEeKOTOpPOro co6uTUA ecnu B akcnepumerTe ) Bbiaenuts cobbitne Y,
UHTepecylowee uccnenosarens, a Bce npodne cobbitua obbeanHnTL Puc 8

B Y, 1ak, 4ro Y +Y = Q, 10 cryuaiinan Benvunka {(w) =1, w € Y,
é€(w) =0, w €Y, 6yner ungukatopom cobbitus Y




§ 1. Cayvaiiaq BennumMHa n

NMpumep 2. BuoMuansioe pacnpepeneine.

5

Onpeaenenne. CnydaniHan BesmuuHa § Ha3bIBABTCA GMHOMMANLHOW CTyHaHOW sesmynHoN ¢ napamerpamm
(n, p), ecnn oHa ONUCLIBAET KONU4YECTBO YCNEXOB B CEPUM M3 N HB3ABUCUMbIX UCNBITAHUN, B KAXOOM W3
KOTOpbIX BEPOATHOCTb YCNexa OAHA W Ta Xe U paBHa p.

O6osnauenne: ¢ = Bn; pl.

Pan pacnpeaeneHns GMHOMUaNbHOW CryHaHOM P{E _ k}
BEANYMHBI (CM. GUHOMWANBHBIA IKCNEPUMEHT) MOXET - *
ObiTb 3anaH COOTHOLIBHUEM

VEk=0,1,...,n P{¢=k}=Cip*(1-p)"*. (30)
DyHKUMA pacnpepeneHns GuHoMnansHOR Cry4ainHon
BE/MUMHbI UMEBT B,

k<z

F(z)=Y cip*a-p" ™ (31)
k=0

Otmetum, uto ecnu sepoatHocTe P{¢ = k} naobpa-
XaTb BEPTUKANbHbIM OTPE3IKOM C abCumCccon B TOUKE J
¢ = k, 10 pacnpepenexve GUHOMUANLHLIX BEPOAT- 0
HocTein Gynert n3obpaxaTthes rpadmyeckon CxeMow,
NpuUBeABHHOW Ha puC. S.

Ecnm M = argmax P{{ = k}, 10 nerko BugeT, Puc.9
0<k<n

PlE=M-1}<P{{=M} wn P{{=M+1} < P{{=M},

pn+1)—1<MLp(n+1). (32)
Orcioaa sicHo, 4To BeposTHocTH P {¢ = k} mMonoToHHO pacTyT ot k = 0 no k = M, a 3aTeM MOHOTOHHO YG6bi-
BaloT oT k = M po k = n. 3xavenne { = M Ha3biBaeTCH Haub0/1ee BEPOATHLIM. 3aMeTUM, 4To Hanbonee
BEPOATHLIX 3HAYEHUIH Y GUHOMUANEHOK CRy4YarHOW Bean4uHbl He 6onee AByx 1 NO kpanHew Mepe OQHO Beeraa
ecCTb.

Npumep 3. Pacnipepenenme Myaccona. PaccmatpuBaeTcsi NOCASA0BATENLHOCTD 1t HE3ABUCMBIX IKCNEPUMEH-
TOB §2 C NOCTONHHON BEPOSTHOCTLIO yCNexa p B KaXAoM ucnbiTakuv. ByaeM npeanonarars, YTO BEPOSATHOCTL
ycnexa p KpawuHe mana, TaK 4to ycnex — cobbiTve B OTAENbHOM WCNbITaHWW PEAKOe, OAHAKO KONMYeCTBO
UCNBITAHWIA N HACTOARLKO BEMMKO, YTO 1P = A — NOCTOSHHAA BeAnuuHa. Toraa Nnony4uMm

Chp (1~ gyt = MO BB D g gy
k

_(mp)* n o n-1 n-2 n—k -k A" A
== — (1-p) - = ..-—e A1+ o(1)).

Mocnepxee paet ocHOBaHUe AN CEeAYIOWero onpeaeneHus:

e
e

S fr—
Y

<

410

noaTomy

Onpenenetne. [yaccoHoBOW C/ry4aiHOA B€IMIMHONM C
napameTpom A Gynem Ha3biBaTb AUCKPETHYIO Cay4ait- P { E= k}
HYIO BEAMYUHY, PSA PAcPefeneHns KOTOpoi AaeTcs #

COOTHOLWWEeHUAMU
k

A
p{g:k}:f*-ﬁ, £=0,1,2,...,k.... (33 1

OGoanavenme: ¢ = II[A].

Onpep.eneune KOPPEKTHO, TaK KaK
A o ,\k
Zp{g_k}_e‘ Z——e =1 I
TamM o6pa3om, n accouoaa Chy4aiiHas BeNnYMHA B
P y Y 0] 12345 £

OnNncbiBaeT KONMYECTBO yCNexoB B ceprun n3 Heorpa-
HU4YEHHO GOABLLIOFO KONMYECTBA UCNBLITAHUWA B Npea-
NONOXEHWUN, YTO BEPORTHOCTL yCnexa B KaXaom OT- Puc. 10
[eNnbHOM UCNbiTaHun ucuelaowe mana. [lyaccoHo-

BbIM PACNpeaeneHMeM XOpOLLO ONUCLIBAIOTCS TaKMe CNyYailHbie BEMUMUHbI, KK KONM4ECTBO BbI30BOB, NOCTY-
naowmx Ha ATC B eauHMLy BpeMeHn, KONM4eCTBO 38e3f, Habnioaalimxes B 3anaHHoM o6seme Manaktvky;
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KONMUYECTBO AepeBbes, NPUXOARWNXCA Ha eAnHULY NNoWann Neca; KOM4eCTBO PaaMOBKTUBHLIX YacTny, pe-
rucTpupyembix cHeTinkom Meirepa 8 eguHuLy Bpemenn, u apyrve. Jlaxe takan 3K30THUHECKAN BeSiMYMHA, KaK
KOAWM4ECTBO NnLl, YOUTHIX yAApOM KONbiTa 8 NPYCCKOM apPMEHCKOM KOPNYce 8 TeyeHne roaa, — U Ta NOA4NHA-

©TCH NyaCCOHOBOMY PacnpeaneneHuIo.
I'paduyecxn pacnpeAeneH1e NyaCCOHOBLIX BEPOSTHOCTEH Ha MHOXECTBE LieNbiX HEOTPMLUATE/IbHLIX YMCeN

n3oGpaxeHo Ha puc. 10 (A = 2).
1.4. Teopema JleGera. OGobuwiennbie NNOTHOCTH

IMycte £ — cnyyaiiHas BenuyuHa, Fy (z) — ee dyHKuus pacnpeneneHus (sBIsOLIAAC,
HaNoMHUM, YHUBepcanbHOU opMoOM 3anaHUs 3aKOHA pacnpeneieHUs BEepPOATHOCTEH Ha
MHOXECTBE 3HaYEHH CIyJalHOM BeNTHYMHBI). B HEKOTOPBIX CyYasx, Hapsany ¢ pyHKIHeH
pacnpeneneH|si, MOXHO yKa3aTb ¥ Apyrue ¢opMbl 3aiaHUs 3aKOHa pacripeaeseHu s : TUIoT-
HOCTDb paclipefe/ieHUsi WM psill pacripeieieHusi. B nepBoM U3 yKa3aHHBIX CiIydyaeB (pyHKIMS
pacnpeneyeHus Fg (z) nomxHa 6bITH aGCONIOTHO HEMPEPHIBHOM, T. €.

3 fe(e): Rel@) = [ 1eo) as,

BO BTOpoM yHKuMs pacnipeneiieHus Fy (z) momxHa 6bITH KyCOYHO NOCTOSSHHOM. SICHO, 4TO
COBOKYMHOCTb QyHKUMI F¢(T), KOTOpBIE MOTYT CITYXHTb QYHKUMHSAMH pacnpencicHus 3TH-
MM JBYMS KJIacCaMM He UcuyeprnbiBaeTcs (CM. Teopemy paszena 2.1.1). Hanpumep, KycouHO
abcoMnoTHO HenpepbiBHBIE yHKUMH F (z) onuceiBalOT CIyYaiHbie BETHYMHBI, SBASAIOIIHK-
€CA CMEChIO JUCKPETHBIX ¥ HenpephiBHBIX. OAHAKO MOMKUMO JOBOJIBHO LIMPOKOro Kiacca
NONOGHRBIX CITyYyalHBIX BEJIMYHH (O HUX HUXE) CYLIECTBYIOT €lle CyJaHbie BETUYMHBI, He
SIBJIAIOIMECS HU JUCKPETHBIMUA, HU HENPEPhIBHBIMH, HU CMEIIaHHBIMH.

Mpumep 1 (Kanvoposa necrmua). Mycte C — kaHTOPOBO MHOXECTBO Ha otpeake [0, 1]. Onpeaenum ywk-
uwio Fg(z) cnepyowum obpasom: Fe(z) =0, z < 0, u Fe(z) =1, z > 1. Ha otpeake “, %] NONOXM1M

F¢(z) = 3, wa orpeskax [9, 5] “ [9, ] nonoxum cootsercteexno Fy(z) = v Fe(z) = - . Ha otpeaxax

[27, 2.,] [2,, 2.,] [g,f,’ [27, n] npunuwem F¢(z) 3naueHus %, %, % " % COOTBETCTBEHHO, W TaK

Aanee, no 6eckoHeyHoCTH (puc. 11).
OTtmetnm CeayoumMe CBOACTBA ONpeaeneHHo’ Takum oGpasom dyHkummu F(z):
1. F¢(z) moHOTOHHO He yOuiBaer,
2. F¢(z) npunumaet sce 3navenus ua npomexyka [0, 1],
3. F¢(z) wenpepuisHa va R,
4. F¢(z) nocTosHHa 8 OKPECTHOCTH NIOBOI TOUKW, He NpUHaANexalleil mHoxecTsy C.

A

0 1/3 2/3 1
Puc. 11
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Mycre Teneps § — cnyuaitHan BennumuHa, ana kotopoik Fe(z) — dyHkuma pacnpenenenus. € He sens-

eTCA avcKpeTHOM, Tak kak Fg(z) — wenpepbiBHa, u cneposarensHo, P{¢ = z} = 0 Vz € R. ¢ rakxe

He ABNAETCA HENpepbiBHOM, TaK Kak B 3Tom cnyuae ¢yHkuma Fe(z) ponxxa Gbina Gbl BOCCTaHABAMBATLCA

no cBOe# NPOV3BOAHOA, HO MO CBOWCTBY 4 NPOM3BOAHAR NO4TV BCOAY (BO BCex Toukax otpe3ka [0, 1] 3a
UCKNIOYEHMEM TOYEK KBHTOPOBa MHOXECTBA) PaBHa HYNIO.

DTOT npUMep ABAAETCA B HEKOTOPOM CMBIC/IE UCYEPITBIBAIOILIMM: OKa3biBaeTcs nobas

cyyaiHasi BEIMYMHA — 3TO «CMECh» TUCKPETHOH, HENMPEPHIBHON M CHHTYJIsIpHOH (rmox06-

HOM paccMOTpeHHOM B puMepe | ciyyaiHbIX BenMuuH. ToyHee, UMeeT MECTO ClieAyIoIast

Teopema.

Teopema Nlebera. Ecau £ — cayuaiinas eeaununa c Qynxyueii pacnpedenenus Fe¢(z), mo cywie-
cmeyiom @ynxyuu Fy(z), F,(z) u F.(x) maxue, ymo F¢(z) eduncmeennvim obpasom npedcma-

euma ¢ eude
Fe(z) = Fy(z) + Fy(z) + Fe(z) (34)
u npu 3mom
1.
310)>0, B@)= [ 1) da, [ @) de=q<1, (35)
2. - - |

3 {ai}??-:h {pi}:?ila pi > 0: E Pi=p= 1 - q, Fn(x) = Z Pi, (36)

i: 8;<z
3. F.(z) — nenpepwigna na R, monomonHo ne yboieaem u nocmosnna noymu ecrody, umeem
usmenenue, pasroe 0 < r < 1, makwmop +q+r=1.

EcJi4 CHHTy/IsipHast KOMIIOHEHTA OTCYTCTBYET, TO CiTydaiHast BeTMYMHA € SIBIAETCS «CMe-
ChblO» IUCKPETHON W HENPEPBIBHOX KOMIIOHEHT

Fe(a) = Fa(2) + Bo(a). (37)

B nanbHelieM B 3TOM ciaydyae HaMm Oyzet yao6HO MCIIOIB30BaTh CEAyIOLIee COTIallieHHe:
eca uyepe3 §(z) 0603HauMTh Aebra-GyHKUHIO [IHpaka, 061afalollyio TeM CBOKCTBOM, YTO

o0
L/ﬂ@M=L

-00

[0 o]

2. [ 8)1(a) do = 100)

-0

T0 0606werHoil naomnocmbio pactipenenenys (37) GyneM HasbiBaTh GOPMaIbHOE BBIPAXKEHUE
BMa

%(2) = f(z) + D _ 6(z — ai)p;, (38)

i=|

roe

/f(:v)dz=q; Y opi=p, p+g=1, (39)
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TaK 4TO

b
P{¢ € [a,b)} = / ge(2) dz

z

/ g¢(z) do = / f@)dz+ Y pi=Fu(@)+ Faz) = Fe(z).  (40)

0 i 6;<z

TlocnenHee COOTHOLIEHHE ABIAETCA (pOpMaJIbeIM aHaJo-

roM cootHoweHus (20), maiouero BhipaxkeHHe GYHKUMH
pacnpeneneHus yepe3 TUIOTHOCTb, B manbHeluieM Ml Oy-
fieM NIOHMMaTh 0606ILEHHYIO TIOTHOCTD g¢(Z) KaK ycioB-
Hy10 ()OpMY 3aITHCH MHTETPAIbHBIX COOTHOLIEHHUH (40).
Mpumep 2. Nycws ¢ = R[~-1, 1], n = max(¢, 0). Haiinem 3aKom
pacnpepeneHua CnydainHow BeNuunHbl 1.
Fe(z) = P{n < z} = P{max(¢£, 0) < z}.
Mo onpegenennio § He npuHuMaeT 3Hauvexni, Gonbwmx 1. FloaTomy
P{p<z}=1, z>1;
8 70 Xe Bpems max(£, 0) > 0, okyaa
P{p<z}=0, z<0.
Ana z € (0, 1) nonyunm Puc. 12

Fe(z) = P{max(,0) <z} =P{{ <z} = z; !

(puc. 12). 310 pacnpepeneHne ABNSETCH pacnpeneneHnem onuCaHHoro soiwe tna. O6obwenHas NAOTHOCTL
MoxeT 6biTb NpeacTasneHa 3aech B BUAe

=

z <0,

1
+56(0)a 0<z<],

N -

%(z) =
z> 1.

o

§2. CucteMbl cnyyaifHbiX BeNIMYMH — CRy4aiiHbie BEKTOPb

Iycte {2, F, P} — BepOSTHOCTHOE NMPOCTPAaHCTBO M KaXIOMY 3JEMEHTAPHOMY MCXOXY
w € ) nocraBjieHa BCOOTBETCTBHE YIOPSAAOUYEHHAS COBOKYITHOCTD 7 A€HCTBUTEIbHBIX YHCE

Ew) ={£i(W), ..., &a(w)}.

Onpepenenve. bBynem HaswiBath &(w) caywaiinbiM 6eKmopoM, WIN cucmeMoii T CAYHQUHBIX
geauyun, eciv ans moboro napauienenunena I1"
H"={XGR": a; < z; < by, i=l,2,...,n}

MHOXECTBO TeX w € €2, mnst KoTopeix &(w) € II", sBnsercs ciyyaHbIM COGBITHEM.

B aTOM ciyyae JieTKo NoKasaTh, YTO CIyYaHBIMM COOLITHSMM OYIYT ¥ BCE COOLITHUS
Buna {w: &(w) = A}, rme A — npousBonbHOe 60penieBckoe MHOXecTBO B R” 1 TeM caMbIM
MOXHO OINPENENUTD 8EPOTMHOCMHYIO PYHKLUIO

®5(4) = P{£7'(4)} = P{w: E(w) = 4},

onpeneieHHYIo Ha o -ajirebpe 6openeBckx MHOXeCTB B R” .
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IMouaTHe ciyyaitHoro BekTopa (hOPManU3yeT B TEOPUM BEPOSITHOCTEH BO3MOXHOCTD
B OIHOM 3KCTiepUMeHTE 3a(hMKCHUPOBaTh HECKOJIBKO Pa3IMYHbIX YMCIIOBBIX MOKa3aTesici.

Mpumep 1. 3xcnepumeHT coCTOUT B CriywaitHoM BbiBope Toukn M 3 A
3 kpyra K = {(z,y): z* + y* < 1} wa nnockoctu R%. Nycs 2
¢; — abcumcca, a £, — opauHata BbibpanHoi Toukn. Torpa € = B
{&1, &2} — cnyyanHbinn BexTop.

<« B cuny cnyuariHocm Boibopa Touku u3 kpyra K MOXHO cuuTtaTs, E
yto ana noboro Gopenesckoro mHoxectBa A C K BeposiTHOCTb
BbiGopa Touku M nponopuuoHanbHa NNOWAaaN 3Tor0 MHOXECTBa iy 0O 1 ?

1

P{MeA}z-S—(;—Q. (1)

Bextop § — paauyc-sexTop Touku M. [ins nioboro Gopenesckoro
B C R? nonyuaem

S(BNK)
P§ € B} = T Puc. 13
(puc. 13), u TeM caMbiM N9 NPOM3BONLHOrO BOPENneBcKoro MHOXe-
ctea B € R? onpenenena BEpOATHOCTHAS (yHKLMSA ®¢(B) =P{§ €B}. »

JIerko yCTaHOBUTh, YTO KOMIIOHEHTHI Cy4yaHOro BEKTOpa — Cly4aiHbie BETUYMHBI.
Heckonbko MeHee o4eBUHO, HO CTOJb Xe JIETKO ycTaHapavBaetcs, yroecnu €, &, ..., & —
cJIyyaitHble BEIMYMHBI B HEKOTOPOM 3KCIIepUMEHTe, 1 A — GopeneBckoe MHOXecTBO M3 R™,
10 cobbiThe {w: &(w) € A} — sBIsAeTCA CAy4aHHBIM COOBITUEM B 3TOM 3KCIICPUMEHTE U,
cnepoBatenbHo, & = {£,, ..., £} — ciyyaitHbIi BeKTOD.

C KOMIIOHEHTAaMM CJIy4aHOro BEKTOPa MOXHO IMPOU3BOAMUTh pa3IMuHbIe ONEPaALMM, U
B [ToaB/sAoLeM GOMBIIMHCTBE CIyYaeB pe3ybTaT 3TUX OTNlepaLivii ABJISETCA OCMBICIEHHBIM
C paccMaTpyUBaeMOil — BEPOSATHOCTHOW — TOYKHU 3pEHMSA, T.€. CIAYYaHHOM BEJIUYUHOM.
TouHee, UMeeT MeCTO CleAyIOLLas

Teopema, [lycmb & — cayuainvii 6exkmop, a ¢(X) = (x4, ..., Tn) — Oopesesckan Pynkyua
6 R". Toeda n = (&) seasemca cayuaiinoi eeauuunoil.

<« To obcrosATeNnbcTBO, YTO ¢ — OopeseBcKass (GyHKUMSA, O3HAa4YaeT, YTo npoobpas noiy-
untepsana ¢~ ' ([a, b)) sBaseTcs 60peneBckuM MHOoXecTBoM B R, a 310, B CBOIO OYepenp,
o3HayaeT, YTo (&) — ciyyaitHasi BeIMYMHA, TaK KaK

{w: (&) € [a,8)} = {w: ¢ '([a,b)) 2 E}. >

Oco60 OTMeTHM, YTO CYyMMa, pa3HOCTb, IIPOM3BENEHME, YACTHOE (€CM 3HAMEHATENb
«TIOYTH BCETga» He HYJb) Mapbl CAy4YalHBIX BEIWYMH OyAyT ClydaHHBIMU BeJWYMHAMM.
CnyyaiiHbIMU BeIMYMHAMU OYAYT TaKX€ pe3yNAbTaThl IPUMEHEHUS MIOObIX HEMPEPBIBHBIX,
KYCOYHO HETpPEPbIBHBIX WX MOHOTOHHBIX (PYHKLMH K CIyYaHHBIM BEIMYMHAM.

2.1. 3aKoHbl pacnpeaenexns cny4anHbix BEKTOPoB

Iyctes £{¢, ... , £&n } — cayuaiiHbli BeKTOp, 1 A — MPOU3BOIbHOE 6OPEIEBCKOE MHOXECTBO
B R". 3akonom pacnpedenenus & 6yneM Ha3biBaTh 1I000€ MPaBUIIO, TO3BOJSAIOLLEE BEIYUCIASATD

BEPOSITHOCTH
®;(A) = P{w: &(w) € A} (2)

Kak v B cllyyae ofHOMEPHBIX CJIy4ailHbIX BEIMYMUH, 3aKOH paclipefc/ieHUs cny4aiiHoro
BEKTOPa MOXET ObITh 3a/laH B MPou3BOaAbHOM Gopme. YHUBepcaibHoM GopMOii 3anaHus 3a-
KOHa pacrpeeieH s caydyaiiHoro BeKropa siBasieTcs ghyHKyus pacnpedesenus, onpenensieMas
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COOTHOLUIECHHEM
Fe(x) = Fg (@1, o, @) = P{& <2156 <225 ... 5 €n < Ty} (3)
Kak v Bbite (M. 1. 2.1.1), Ierko ycTaHaBIMBaIOTCS CEAyIolMe CBOHCTBA hyHK1MH (3).

1. OrpaHH4eHHOCTD

2. Fy(x) — 3aKOH pacnpeneneHus.

Y1o6b He 3arpOMOXAATb M3N0XEHWe BbiK/IaAKamu, NpuBefeM B Ka-
yecTse npumepa Gopmyny HaxoxpeHus sepostHoctern P{E € II"}
yepes sHadeHus Fy (x) ana n = 2 (puc. 14):

P{EcI’} =P{a, <& <b3a <& <) = |

__G‘L___ :
Ry

= Fe (b1, b2) — Fegp (@, b2) — O a, x
~ Fe ey (b1, 62) + Fggy (a1, @2). )
Puc. 14
3. «MowoTonnocTe» V X, y € R” Takux,ytoXx L y (T.e. ; < ¥,1=1,2,...,n)
Fy (x) < Fely).

4. CywecreosaH1e npesenos

lim Fe(x)=0, lim Fg(x)=1.

{xj——o00 min z;—00
5. HenpepsiaocTs cnesa
VXp =X, Xa <X, =12 ..., V lim Fg(x).
! Xp—X

AHaJior Teopemsl 1. 2.1.1 cnpaBeIUB ¥ B 3TON CUTYalIMH.
OtMeTuM, YTO 3HaHKe GYHKUMH pacripeeNeH s CIy4aiHOro BEKTopa NNO3BOJIAET oIpe-
nenuTh GyHKUMIO pacnpenesieH s 110060ro NoaBeKTOpa, B TOM YKCe K QYHKIMH pacripeae-

JIEHUs! OTAENBHBIX KOMIOHEHT. JleicTBuTeNbHO, NycTh {&;), &y, - - - , &, } = &i — momsek-
TOp cnyuaitHoro Bekropa § = {£;, &, ..., &q}. Torma
Ff.. (z"n Liyy ooy :D;'k) = {z,—'oo,j;&liilnzl,Z,...,k} Ff.(zla L2y ooy xn), (5)
B YaCTHOCTH,
Fe(zs)= lim _ Fe(x), z, ..., Tp).
{zj—00, j#i}

3HaHMe 3aKOHOB paclpeneieHUs KOMITOHEHT BeKTopa &, He MO3BOJISET, BOOOGILE rOBOps,
BOCCTAHOBHUTb QYHKIIMIO pacIipeie/ieHUs BeKTopa. BripoyeM, 3TO MOHATHO — WHIAMBMIY-
IbHBIC 3aKOHBI pacripecieHUst KOMITOHEHT HE YYUTHIBAIOT WH(POPMALKIO O BO3MOXHOM KX
B3auMopeicTBuM. IloapoGHee 3TOT BOnpoc Mbl 06CyIuM HUXE.

Onpepenenne. J1romuocmoio pacnpedenenus ClydaHOro BeKTOpa & Ha30BeM TaKylo PYHKLMIO
Je(x) > 0, x € R*, yro mna moboro 6openesckoro A C R”

P{§ € A}Z/fg(X) dx=//./fg(m,,...,zn) dz, ... dz,. (6)
A A
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Otciona Xe SICHO, YTO IIOTHOCTb [ (X) Yalle BCero NedCTBUTENbHO HMEET MEXaHHYe-
CKHiA CMBIC] «IUIOTHOCTH» — 3TO «KOJMYECTBO BEPOSITHOCTH», IPUXOMSIIEECS HA eqUHULLY
Mephl (IMHBI, TUTolaayu, o6beMa, n-MepHoro o6beMa). B camoM nente, B Kaxnoit Touke
HENpEpLIBHOCTH GYHKUMHU f¢ (X) moaydaeM, YTO CyLIeCTBYET nmpene

., P{te4
s “‘%@l =109 7
ScHo, uTo
[ 10 ax=1
R"
" X z Tn
Fe(x) = / fe(x) dx = // fe(z, 22, ..., @) doy ... dy,. (8)

Bo Bcex TOYKaX HeNMpPEPHBHOCTH TUIOTHOCTH MMeeM ubdepeHUNANBHBA aHANOT COOTHO-
wenus (7):

OF(x)  OFe()
9x - 831832-.-8zn -fz.(zl)"' )zﬂ)' (9)

CayuaitHnle BeKTOpH, o61anaiolie IIIOTHOCTBIO pacipeneieH!s1, Ha3kIBRIOTCA Hellpe-
PHIBHBIMU. Besikuit TOABEKTOP HENMpPEPLIBHOIO CIy4aHOrO BEKTOpa ABIACTCA HeNnpephiB-
HBEIM CTy4allHBIM BEKTOPOM, ILUIOTHOCTD paclipeneieHUsi KOTOpOro MOXHO HalTH U3 COoT-
HOLUEHUA

® o

f&l,,,,,&‘(z;,, ,a:,-,,) = // f;_(a:l, ceey a:,,) d:tjl d&j”_.. (10)

-0 -

B 4YaCTHOCTH, ILIOTHOCTD £-0if KOMITOHEHTHI faeTcsl PopMyaon

ft'.(m,-) = // fe(x) dzy ... dzi_1dziy ... dzp.

O6paTHOEe HEBEPHO, T.€. HENPEePhIBHOCTb KOMIIOHEHT HE FapaHTHPYET HEeNpPEephLIBHOCTH
cJIy4JalHoro BeKTopa.

Kak u B ciayyae ¢ pyHKuumed pacnpeneieHusi, HHOUBUIAYalbHbie IUIOTHOCTH He ITO-
3BOJISTIOT HAXOAMTh COBMECTHYIO TUIOTHOCTB pacrpeesieHus ciyyaiHoro BeKTopa, Tak Kak
B 0O1LEM cIy4yae He coaepxkar MHPOPMaLMH 0 BOSMOXHOM B3aUMOAECHCTBHH KOMITOHEHT.

Ecau ciy4aifHblif BeKTOp NMpUHUMAaeT He 6ojiee 4YeM CYETHOE MHOXECTBO 3HayeHHH,
TO €ro 3aKOoH pacrpeneNeHus MoXeT ObiTh 3a1aH B ¢popMe pada pacnpedenenus, B KOTOPOM
TepeyYyrCcIeHbl BO3MOXHbIE 3Ha4Y€HMs BEKTOPa € BEPOSITHOCTAMM, COOTBETCTBYIOLIIHMH 3TUM

3HAYCHHUSAM

Ellajlal...| an
PlE=a}||pi(p2|--- | Pn

o0

n \ _
Bce Touku a; € R* B 310 TabnKue pasnuyHb U E 1: pj= 1.
J."—‘
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OueBHIHBIM 06pa3oOM UMEEM:

P{Ec A} =) P{t=a} (11)

a,€A

s moboro 6openesckoro MHoxectBa A C R*,

2, Fr(x) =) P{E=a}. (12)

;<X

HepaBeHCTBO a; < X B [TOCHEAHEM COOTHOLIEHHH IOHUMAETCS KaK TOKOMHOHEHTHOE
% .
x<x&a;<z, j=12,...,n

Takue caydaiiHble BEKTOPH Ha3bIBAIOTCS JuckpemrsiMu. BCAKWMIA NOABEKTOP AMCKPETHOIO
BeKTopa TaKXe ABJsAETCH OUCKPETHBIM ClydyalfHeIM BeKTopoM. Ero psan pacnpeaeneHus
3anaercs Tabauuei

Eillbitbyl...!by|...
Pl&i=b}la |l ..-|a]...

roe b, = {a:l, N afk} — TIO[BEKTOp BeKTOpa a, = {a, @3, ... , Gy}, 8 BEPOSATHOCTH

¢ =P{E,=b,} =) P{t=a},

npu4YeM CyMMHPOBaHKE B NOCHEAHEN! CyMMe BeleTCs MO BCeM 3HAaYEHHSAM a, BeKropa &,

CollepXallliM B KadecTBe noasekTopa Bekrop b, = {af, af,, ..., af, }.
Psan pacnipeneneHus ¢-# KOMNOHEHTHI NPeACTaBlIeH B Tabnue
| 2
&illailajl...|af
P{ti=al}lla || .. |4

3nech @] — 3HaYeHMH §-X KOMIIOHEHT BEKTOPOB-3HaY€H M clyyaifHoro BeKTopa &, T. €. a,,

¢ = . P{{ = a,}, rie cyMMHpOBaHue BeIeTCH 110 BCEM T TAKMM, YTO BEKTOPHl a, HMEIOT
.
OIMHAKOBYIO -10 KOMIIOHEHTY @ .

OTHMU ABYMS KJIacCaMH CIyJailHbIX BeKTOPOB (T. €. HeTpepbIBHLIMU U IUCKPETHBIMH)
MHOroo6pa3sue BO3MOXHBIX CHCTEM ClIydyaWHBIX BETHYUH, KOHEYHO, He ucuepnbiBaeTcsd. Or-
METHM, B YaCTHOCTH, elle ABa BAXHBIX U1 NPUWIOXEHUN Klacca — 3TO, BO-NEPBhIX, «CMe-
CH» IUCKPETHBIX ¥ HeNpepbIBHBIX CIyYaHHBIX BEKTOPOB, B TOM YHCJIe ClIyyaiHble BEKTODHI,
Y KOTOPBIX YaCTb KOMIMIOHEHT AUCKPETHA, 2 YaCTb — HETpephIBHA; a2 BO-BTOPbIX, a6CONIOTHO
HENnpephIBHBIE pacripeieIeHUs, COCPeIOTOYEHHbIe Ha MHOXECTBAX, pa3MePHOCTh KOTOPBIX
MEHbIlle pa3sMepHOCTH 0ObeMiTioliero npocrpanHcTBa. CylIecTBYIOT M JpYyTue ciaydaiHbie
BEKTODBI, Ha OCO6EHHOCTSX pacnpeaeaeHUs KOTOPbIX Mbl OCTaHABJIUBATLCS He OyneM, BBH-
Iy ¥X «3K30THYHOCTU». B peaibHON CUTyalLlMy OHM, KaK NPaBWJIO, He BCTPEYaIOTCH.

Yro KacaeTcs mepeyrucaeHHbIX, TO A1 eIMHO00pa3sHOro ONMUCaHKUsA KX 3aKOHOB pacrpe-
AeNeHUsl BOCMIONIb3yeMCs, KaK H Bbiliie (M. 2.1.4), cHMBoJiuecKoi (OpMOik NpeacTaBIeHus
06001LEHHbIX IOTHOCTE, BbIPAa3UB MOC/eAHKE Yepe3 AeabTa-OYyHKLIMIO MHOXECTBA.

ITycrb ¥ — HekoTOopoe MHOXecTBO ToueK R" . Jeasma-gynxyueii mnoncecmea y HazoBeM
byHK1LMIO 87(x) , onipeesieHHyio B R" Bciomy, KpoMe TOUEK MHOXECTBA Y , 06palLaiolLyiocs
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B HYJlb BO BCEX TOYKaX X € < M 00J1aalolIyIo TEM CBOMCTBOM, UTO AJisi M0G0 HernpepbIBHON
dbyrkumm f(x)

/ F(x)8,(x) dx = / f(xy) dxy, x€ER’, x€7. (13)
R" 7
Onpepenenne. Obobuwennoii naomuocmosio pacnpeneineHus cayyaiHoro Bexropa & = {{,
&, ..., €} 6yneM Ha3bIBaTh (hopMaibHOE BhIpDAXEHHE BUA
gex = fa(X)+sz5a,(X)+Z<Pv, (x)85; (%), (14)
t=1
rac

1. dynkums fg(x) HeorpuuarensHa, fg(x) > 0, MHTErpUpyeMa U

ffe(X)dx=q, 0<q<l,

2. Z pi =p, 0 < p< 1, 1me 8,,(x) — nenbra-pyHKIHNs TOUKH a;,

3. Jum mo6oro j Q>ym<unn ; (X) HeOTpHLIATENLHE], HHTErPHPYEMBI Ha COOTBETCTBYIO-
mem MHoxecTse 7; C R* u

o0
/Sovj("i)d"j:”i’ Z"‘j=r, 0<r<l, p+qg+r=1
75 =

IMpu 3toM st no6oro 6openeBeckoro MHoxecTBa A C R" nmomyyaem, 4To

Pleeat=[a@ o= [ ot 3 nr T [ eyidx.| (9
A A

i 3;€A Ay

UMeHHO B cMbicne paBeHcTBa (15) Mbl u GyleM B HanbHeilLeM NMOHMMATh (GopMaibHOe

BhipaxeHue (14) 11s «06061eHHOM IUTOTHOCTH.
PaccMOTpHM HECKONBKO TPMMEPOB, MILTIOCTPUPYIOIIMX BBEACHHBIE OHATHS.

Mpumep 1 (noaunomuanbHoe pacnpepenesmne). Mycm B akcnepumente {1 BuiaeneHa MoNHas CUCTEMA HECO-
BMECTHbIX COBbITiA N, , 7 =1, 2, ..., k, Takux, 4to P{n;} = p;. Cnyuaiuuiit sextop £={m;,my,...,mi},
J - KOMNOHEHTa KOTOPOTO — KONIMHECTBO OCYLIECTBNeHNHA COObITUA nj B CEPUM M3 NI HE3ABUCHMBIX UCNLITA-
HWiA, HOCUT Ha3BaHWE MONMHOMUANBHOTO CNY4anHOro BekTOpa. Jlerko ybepmThCst B TOM, YTO NONMHOMUA NbHbIA
cnyvariHbii BEKTOp avckpeTeH. Ero paa pacnpeneneHus naeTca COOTHOWEeHNEM

n!

P =m,, =my, ..., =m =
{& 1, & 2 €x £} Tl

m| m) mg
JPU P2 P (16)
“nn, B BEKTOPHOA 3anucy,

P{E:m}:%Pm, dopi=1, ) mi=n

Mpumep 2 (pasHomepHoe pacnpefenehue 8 kpyre). Myctb (£, £2) — KOOpAUHATH CNyHaAHOW TO4KU B Kpyre
paguyca 1 Cc UEeHTpom B Havane koopamHat. «CnyqaliHOCTb» TOMKM B KPYre NOHUMAETCR Tak, YTO BEpOATHOCTL
ee nonapaHua B NO6YI0 06NaCTL BHYTPU KPyra NPOMOpUMOHanbHa Mnowaam atoi obnactm

VAEK P{¢cA}="" (‘4)
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3ameTmM, YTO B KaxXAoi Touke X € K cyuwecrsyeT npeaen (CM. cooTHowwenue (6))
P{§c A} 1
m ———=—
5(4x)—0 S(Ax) n
roe Ay — OKPeCTHOCTb TOYkM X. INo3Tomy onpeaeneHa QyHKums

1
0, x¢K,

)

ABNAIOLLANCH NNOTHOCTLIO pacnpeaeneHns cnydaiHoro Bextopa £, Tak uro gas nboro 6openesckoro B € R?

P{¢ € B} = / 7(x) dx.
B

Tem cambiM, Cny4aiiHbiil Bextop & ~— HenpepbiBeH.

Mipumep 3. Nycte € = {£;, {2} — CnyvaitHbiil BeXTOP BAMHUYHON AMMHLI. B AaHHOM Cnyvae CAy4aiHOCTL
NOHWMABTCA TaK: BEPOATHOCTb TOrO, YTo HanpesneHus § Ha NNOCKOCTW 38[8eTCH AMana3oMOM Yraos OT g
A0 {1, NPONOPUMOHANbHA STOMY AMaNasoHy:

P{Po$¢<¢1}=?127¢; 0< pp < ¢y <21, A

MHoxecTeo 3HayeHui BexTopa § COBNBAAET C MHOXECTBOM TOYEK
©AMHUYHOA OKPYXHOCTH z? + y’ = ]. CnefioBatencHo § He ABNA-
OTCR AUCKPOTHLIM, He ABARGTCR OH 1 HENPEPLIBHBIM, TaK KaK Nerko
YCTaHOBUTb, YTO Q1A BCOX TOMEK, NI@XALUMUX HA @DMHMYHOA OKpYX-
HOCTW, npeaen -
. Plge) 1 O| (g Tz
=0 S(4)
HO CYWIBCTBYET, 8 BO BCAX NPOYMX TOMKAX NNOCKOCTU PABeH HYM.
3ra cnywanHan BenuuuHa Moxet OuiTb onucaHa 0606LWeHHORA
NNOTHOCTLIO g¢ (%, ¥), 38A8BAGMONA COOTHOWEHIMEM

A

1
9(2,9) = 5= 052,22 (, 0), Puc. 15

roe d,zwz-,(z, y) — 6-¢ynxu.ua OKPYXHOCTH.
AeiicTeutensho, ana nwobBoro Bopenesckoro 4 C R? nonyyaem

1
P{¢c A} = / 9%(z,y)dz dy = f s dp = saxhwo
4

AN(z2+y=1)
(cM. puc. 15).

2.2, He3asucuMOCTb CRy4aiHbiX BENWUMH, YCNOBHbIE 3aKOHbI pacnpeaeneHns

Kak yxe 6610 OTME4€EHO Bhille, 3HaHHE HHAVMBUAYAAbHBIX 3aKOHOB pacnpeleNeHUsI KOM-
IMOHEHT CITy4YaHOrO BEKTOpa He AaeT NOJMHON HH(pOPMaLMi O COBMECTHOM HMX 3aKOHE pac-
npeneneHus. [leno B TOM, YTO HHAMBHUAYAJIbHbIE 3aKOHBI HE ITO3BOJNSAIOT YYECTh BO3MOXHOE
B3aUMOIENCTBHE KOMITOHEHT.

Mpumep 1. NMycry £, — pasHomepHas Ha [0, 1] cayyainas senmumna. Torpa ¢ = £ — TaKxe paBHOMepHa
Ha [0, 1], a coBmecTHoe pacnpepnenenne (£}, &) OOCpeAOTOHeHO Ha OTpeake

S={(z,y: z=y; 0 <1}
“ MoxeT BbiTb onvMcaHo 0600LLEeHHON NNOTHOCTLIO BUAA
0, (z,9) ¢ 8,
g z = 1 17
&&( ’ y) '\7—2— 68(3) y)y (.’B, y) € S. ( )

B 10 xe Bpema nBymepHan cnyuaiHas senuunHa £ = {£, {2}, paBHOoMepHO pacnpeaeneHHas Ha Kea-
apare K = {(z,y): 0 < z, y < 1} onmcuiBaeTcs NNOTHOCTLIO

96,6(2, y) ={ (1): gﬁ g§§§ (18)
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1 ee KOMNOHEHTBI, Kak CneayeT ua cooTHoweHns (10)
0 ]
%@ = [ sa@n = [ geedy+
—00 ~-00

1 o0
0, z<0uU
+/9§,£2($, y) dy+/9£152(za y) dy={ l, OS z
0 1

TaKkxe pasHomepHs Ha [0, 1]. Takum 06pa3om, NPy OAHOM M TOM Xe XapaKTepe PacnpenencHus KOMNOHEHT

coBmecTHble pacnpeaenenna (17) n (18) coepwieHHO pasnuiHbI.

OnHO M3 LIEHTPATbHBIX MOHATHH TEOPUH BEpOSTHOCTEN — HE3aBUCHUMOM CiydaiHOM
BCJIUYUHBI — IIPOJIUBACT CBET Ha OITHCAHHYIO BHILIC CHTYaLlHIO K IMO3BOJIACT BHECTH ICHOCTD
B pacCMaTpXBaeMblii BOIIPOC.

Onpepenexne. CiyualiHble BeMUYUHB §; U § Ha3LIBAIOTCHA HE3AGUCUMBIMU, €CITUA VIS JIIO-
6bix GopeneBCcKMX MHOXeCTB By 1 B; Ha npsaMoi ciyyaltHble cobuus 4, = {w: £, € B}
u 4A; = {w: & € B} He3aBUCHMBI.

Kak mu1 3HaeM (cM. rn. XXXVIII), nna HesaBucumocTy cobuTuit 4 1 A; Heobxonumo
M IOCTATOYHO, YTOGH BHIMOMHAIIOCH COOTHOLUCHHE

P{¢ € By; & € By} = P{¢ € B}P{&; € By} (19)

g mobuix B, B,, a 310, B CBOIO OYepelb, HMEET MECTO TOIa ¥ TOJBKO TOrAa, KOrna ajis
mo6biX ITOTYMHTepBaos [ay, B1) 4 [ay, B2) cnpaBemnus aHajor cooTHoweHus (19),

Pla) <& <P a2 <6 < P} = Play <& < Bi}P{a2 < & < B2} (20)

CooTHoweHue (19) nokassiBaeT, YToO B CIy4ae HE3aBUCHMOCTH ABYX CIIy4YatHLIX BejH-
YKWH COBMECTHBIN 3aKOH MX pacnpeneeHUA MONHOCTHIO ¥ OMHO3HAYHO BOCCTAHABIMBACTCA
110 MHAMBUOYAIbHEIM 3aKOHaM pacripeneNeHisl KOMITIOHEHT. B 4acTHOCTH, Jierko ycraHa-

BIMBaeTCA CAeAyIOuIas TeopeMa.

Teopema. Cayuaiinbie senuyunn £ u &2 He3a8UCUMY M020a U MOALKO M020a, K020a umMeem mMecmo

PAGeHcmeo
Fflﬁz(zz y) = FE](z)Féz(y)s (21)
m. e. coeMecmnan QYHKKUR pAcnpedenenus pasHa nPpou3ee0eHur0 UHOUBUGYANbHHIX.

< HeobxozumocTs HeMemieHHo cnenyeT u3 (19), ecnmu tonmsko By = {—o00, 2} u By =

{—m’ y}
JIns moKa3arenbcTBa JOCTATOYHOCTH Bocrionb3yemcs dopmynoit (4). Ilycts paBeH-

crBo (21) umeer Mecto. Torza
Pla; <& <P <L < B} =
= F6,(B1, B2) — Fepp (@1, B2) — Fyp(Br) + Fegp(an, @) =
Fy (rBl)Ffz (B2) - F, (al)Ffz (B2) - F, (ﬂl)F&(QZ) + F, (al)Ffz(GZ) =
= [F,(81) - Fe (a1)] [Fey(B2) — Fep(@2)] = P{lan < & < Bi} - Plaa < & < B2},
OTKYZa B CWJTy CAEJaHHOTO BhIllle 3aMeyaHusi o paBeHcTsax (19) u (20) caemyer uckomoe. »

AHaJIOrMYHbIE YTBEPXIECHHS MOXHO YCTAHOBUTD ¥ JUTS CTIELIMAJIbHBIX KJIACCOB pacmpe-
NENEHUIA: IMCKPETHBIX, OTIMCHIBAEMBIX PAAAMU paclipeeieHHs, HEMpepbIBHBIX, ONMUCHIBae-
MBIX IIJIOTHOCTSIMM, a TaKKe 6oee CIOXKHBIX, ONUCHIBAEMbIX 00061LIEHHBIMHU IUIOTHOCTSMHM.

A MMEHHO, MMEIOT MECTO CJIEAYIOLLIKHE YTBEPXKICHH.
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Yreepxpenne 1. Ecau & u & — Ouckpemubvie He3a8UCUMbIE CAYHAUHBE 8EAUMUHY C PAOAMU
pacnpedenenus coomeemcmeenno P{¢, = a;} = p,, i=1,...,n,... u P{& = b;} =
g, 7=12,...,m,..., modeymepnuii caynainsii eekmop & = {£1, &2} duckpemen u ezo
DPAO pacnpedeneHus 0aemcs COOMHOUeHUeM
P{¢ = ai; & = b} = pig;.
BepHo u obpamnoe: ecau KomMnonermuoi 08yMepHo20 OUCKPEMH020 6eKMOPA MAKOBH, YMO
P{& = a;; & = b;} = P{& = a;}P{& = aj},

mo OHU HE3ABUCUMDL.

<« [10Ka3aTeNbCTBO HEMEUIEHHO ClleyeT U3 ONpeleNeHHs He3aBUCUMOCTH M COOTHOLUe-
uug (20). »

Yrsepxaenue 2. Ecau cayuaiinvie eeaudunnl £ u & HenpepuieHbl U HE3aGUCUMbL, MO O8YMePHbiil
cayuaiinwit eekmop £ = {£,, &2} nenpepoigen u e20 naomuocms pasra npouzeederuro unoueudy-

QAbHBIX nAomHocmell
fflfz(zh T) = Je, (31).’62(32)' (22)

Bepro u obpamnoe: ecau ¥V ), T3 COBMECMHAR NOMHOCMb PACnpedenerus npedcmasuma 6 eu-
de (22), mo komnonenmu sexmopa § — He3a8uUCUMbBIE CAYHAUHBIE BENUYUHBL.

3ameyanme. Ecy KOMNOHEHTH CYYaHONO BEKTOPE HEMPEPLIBHEL, TO 3T0, KAK NMOKA3LBACT PACCMOTPEHHLIR
BbilLIE NPUMED, HE FApAHTUPYET HENPEPHIBHOCTH COOCTBEHHO BEKTOPA Kak ABYMEPHOH cityyaitHOR BEIMYMHEL.
[To3atomy yTBepXACHHE O HENPEPHIBHOCTH BeKTOpa (£, £2} ABAAETCA He MEHee BAXHEIM, YeM dopmya (22).
OG6a xe 3TH YTBEPXKACHHSA OKA3HBAIOTCA CNPABEATMBLIMY B CHIY He3aBUCHMOCTH ciyyatHbiX BeawumuH § u §7.

<« Tyers f¢, (21) — nIOTHOCTD pacipeneNeHHA CyyaiHOM! BenHUMHE £, 8 f¢, (22) — cnyyaitHOR BeIMUMHI
& . U3 HesaBucumocty €, M §7 3aKniouaeM, yto Va; < by, a3 < by

Play <& <b; aa <<} =Pla <& <} Plaa< &<y} =

b % b
=/fe.(2|)d=| '/.fez(-'cz) dz; =/7fe. (z1) fey(z2) dz) dzy.
aj a

a a2
3uayut, s moboro npaMoyroasHuka I = {a; < ) < by; ay < 22 < b2} dywxums fe (21, 22) =
ff[ (zl)ffz (32) TaKoBa, 4YTO

P{¢ €11} =ﬂ fe6 (21, 22) dz) dz,.
it

Orciona cneayeT cnpapeUTHBOCTb AHAJIOTMYHOTO COOTHOMIEHMSA U 1106010 60pesieBCKOTO A, YTO 4 3aBepiliaeT
JOKa3aTeAbCTBO Heo6X0NMMOCTH COOTHOWEH A (22).
Tax xe npocto yGexnaemcs B 06paTHOM

b b
P{¢cTl} = // feer(®1, 22) dzy dzy = [/ fe (21) ey (22) dzy = / dz, / Je, (1) fe, (22) dz2 =
11 4 ay a

by by
= [ fa@) da [ fo(@) dz2 = Plar < & < 0i}PLar < &2 <Ba).>
a az

Yreepxaenvwe 3. Ecau cayuaiinvie eenununsi £ u £ — nesasucumu u obaadarom obobueHHoimu
naomnocmamu ge, (1) u ge,(22) (em. coomnowenusn (18)), mo deymepruiii cayuaiinwii gexmop
§ = {1, &2} obradaem o6o6Guennoii nnomnocmeio (14) u umeem mecmo paéencmeo

96,6, (%1, T2) = g¢, (1) g¢, (22)-
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< JloKa3aTeabCTBO MOBTOPSET GopMajbHble BHIKJIAAKM M3 TMPEAbIAYLIETO YTBEPXACHUS
C Y4YETOM CHENYIOIMX TEXHUYECKMX 3aMEYaHMi:

6(z1 — a;)6(z2 ~ bj) = bap,) (21, T2),
6(z) — ai)ffz(-"’Z) = fez(m2)621=as($l, T3),
6(z2 — bj)f€| (1) = fe (m])632=bj (21, 2). »

CyMMHPpY$ BBILLIEU3IOXEHHOE, OTMETHM, 4YTO HE3aBUCHMOCTD IBYX CIyYailHbIX BEIMUMH
cojiepXaTeibHO 3KBUBAJICHTHA OTCYTCTBHUIO BIUAHMUSA OLHON U3 ClTyyaifH bIX BENUYUH Ha ApY-
Iy10: U3BMEHEHHE OJHOM U3 HUX HE BIMSET Ha 3aKOH pacripeieneHus Apyrot. Ecnu Xxe 3to
He Tak, T. €. HH(POpMallMs O 3HAYeHUSAX, IPUHATHIX ONHON U3 CIYyYalHBIX BENUYUH, MEHSET
Haly NpeacTaBIeHUs O 3aKOHE pacripe/ieNeHUst APYTo# ciiydaHON BeNHYHHBI, TO MBI TO-
BOPHM, YTO CJIydaiiHbie BENMYHHEI 3aBUCMMBbI. B 3TOM Cilyyae pa3yMHO ONUCHIBATh BIUSHHE
CydaHBIX BETHYUH JIPYT HA ApYyra CUCTEMOMN YCIOBHBIX BEPOATHOCTEHN, 0Opa3ylolKX TaK
Ha3hIBaeMbl€ YCA068Hbie pacnpedenerus, K paCCMOTPEHHIO KOTOPAIX MEI  TiepeitaeM.

PaccmoTpuM napy cnydaiHbix BenuuyuH (€, £2), COBMECTHRINM 3aKOH pacnpejeieHus
KOTOPBIX :

P{{] € Al) €2 € AZ} = ¢flfz(‘4h AZ)

Mycrs P{{; € 42} # 0.

Onpepenexne. Yero6rbiM 3akonom pacnpedenenus D¢, ¢, (A1 | A2) komnonenmut (cayuaiinoii ee-
Auyunwl) §; omnocumensro cobeimun £ € A, HasoBeM Mo6oe NPaBWiIo, NO3BONSIOLLEE BEIYU-
CNATH yeaoBHBIe BeposTHOCTH P{£, € A, |& € A,} s mpou3BobHBIX 60peneBCKuX 4 .

Mo onpeseneHno yCnoBHOK BepOSTHOCTH NONYYaeM, YTO

B¢ 16, (A1 | A7) = P{€1 € A | € Ay} =
= P{§i € 415 & € 4y} — D¢, (41, 42) (23)
P{; € 43} O, (42)

B yacrHocTH, ecmi P{& < 25} > 0 11t HEKOTOPOrO &3, TO MOXHO OTNPENETHTE YCAOBHYIO
2 2 B4 y
¢ynryuro pacnpedenenus £ OTHOCUTENBHO &»:

_ Pl <m; LG<3}  Fegl(a, 2)
Ffl |£2(zl 'mz) = P{£2 < 32} - Fzz(xz) s (24)

oHa Oy/ieT onpe/ieneHa npu Bcex ¢; € Ru z, > 5.
Ecnu £; u §& — He3aBUCHUMBI, TO

Fy (1] 22) = Fy ().

M3 cootHoLueHMs (23) MonyyaeM aHaIOT «IIpaBuia yMHOXeHUs» (21) GyHKLMiA pacripese-
NIEHUA U 3aBUCHMBIX C/TyYaHBIX BEJTUYHH

Fe (1, 22) = F 162 (211 22) Fey (22)- (25)

AHAJIOTUYHO OMNPEAENSIOTCH YCAOBHbIE 3aKOHBI U1 £ OTHOCUTENBHO | .
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Npumep 2. Nycts £, — pasHomepwan wa [—1, 1] cnyyainan senu- x,
umHa u £ = €. MHpmBuayansHble GyHKUmMM pacnpeaeneHms KOMno-
HEHT JAIOTCR B 3TOM CNYYae COOTHOWEHUAMM: ]
( Oy Ty <—l’ (xl’x
z;+1
Fo(@) =9 —5—, -1<z <],
\ l, ) 2 l; O
r 0, z; < -1,
7+ 1
Fo(m) =y —5— -1<n<],
1 )2 L.
CoBMECTHbIN 3aKOH pacnpeaeneHus MoxeT GbiTb onucan 0606- =1
WEHHOI NNOTHOCTLIO gg,¢,(2), Z2) = (1/4)V2 - 6,(z1, 22), rae ¥ =
{(z1, 22): —1 < z; = z3 < 1}. Pacnpenenexve sextopa €° ¢ Kom- Puc. 16

noHentamu (€1, £2) COCPEAOTO4EHO Ha OTpe3Ke NPAMOR T, = Z;
(pucC. 16). ®ynkunn pacnpenenex1s Bextopa £

Fe (21, 22) =

0

h
min(z,, 22) +1

(z1 < =) U(z2 < -1),

1,

’ (le[ S 1) u ('zZI S 1)1
(>N (2> 1).

2

YcnoBHbie 3aK0Hbl MM@IOT, O4eBUAHO, creayiowui Bua (puc. 17):

Fep e, (z2l21) = ¢

Fy (21 ]22) =

[ Gper 2<h
z:-H’ z <z,
], z; >,
r‘:)t'|-+-l z<=h
z3+1’ z) < 23,
L ], z > 2

Fe,;g,(lexl)*

1

j

b ———

® V—““““
S

I
|
2

Puc. 17

OTMeTHM, YTO HECMOTPS Ha HEMPEPLIBHOCTb KOMNOHEHT £; u §;, BekTop & = {£), &2}
HETpepLIBHLIM He SBISETCA, TAK KaK HEMPEPHIBHOCTh KOMITOHEHT CIy4aifHOro BeKTopa —
YCNIOBHE, UMb HEOOXOAMMOE Ui HENPEPLIBHOCTH BEKTOPA, OHO CTAHOBUTCS M JOCTaTOY-
HBIM TOJILKO MPH YCIOBUM HE3ABUCHMOCTH KOMITOHEHT.

IIpeanonoxuM Tenepb, YyTO CiayyaiHbii BekTOp (£, £2) HenpepoiBeH, T.e. o6GnamaeT
TUIOTHOCTBIO pacnpeneneus f¢ ¢, (T1, £2). B 3ToM cnyuae, Kak Mbl 3HaeM (cM. (10)), kom-
NMOHEHTHI §; U £, TaKXKe HENpepLIBHEI € IVIOTHOCTAMH

o0
fo (@) = / foo(@n ) dzj, i#4, Gj=12
—00
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Az)
Ecni B HEKOTOPO# OKPECTHOCTH Sz, - TOYKHU T2 BHIMONHAETCS HEPABEHCTBO f¢, (22) > 0,
TO MOXHO OINpPEAETUTD YCIIOBHbIN 3aKOH pacnpeAeIeHMs caydaifHol BEMMYUMHH §; OTHOCH -
TeNbHO COBLITHSA {£; = X, }:

B¢ 16,(Arlzy) = P{& € A& =22} = Alzi;n—l.o P{& e Al € SzA;’z} =

32+A3

dz, feer (21, @2) dz)
P{f] € A;, ﬁz € Sf;z} = 1 ;4{ 32!Az he

- Azy)—0 p{ £ € sz’z} Azy—0 z2t+Az
fer(x2) da
32!Az A :
[ fae(21, 22) dz fe o )
Ay &66\%1, T2
= | ==———dz,. 26
Faw) ) ey

1

ITocnenHee COOTHOLIEHME AET OCHOBAHUE ISl CIEAYIOLIErO OIIpEneNICHUA.

Onpepenenne. Ycao6Hoii naomHocmsio pacnpedenenus 6epoamuocmeti CAY4QiiHou eeausunl £
omuocumensho cobmus {£; = x,} HaspBaeTcs QyHKUMA f¢ ¢, (21 |22) Takas, yro mis
mo6oro 6opeeBckoro A; BHIITOJHAETCA COOTHOLIEHHE

P{é € A& €y} = / Je 16, (1 | 22) day. (27)
Ay

CpasuuBas (26) u (27), 3aK09aeM, YTO y KaX10H KOMIIOHEHTH! ABYMEPHOTO Hellpe-
PBIBHOI'O BEKTOPA CYLIECTBYET YCJIOBHAsl TUIOTHOCTh OTHOCUTENILHO 3HAYCHUM NPYro# KoM-
MOHEHTHI, IPUHMUMAEMOI C IONIOXHTENLHOM BEPOATHOCTBIO (HANpHMEp, OTHOCHTENIBHO TEX

3HaveHult & = x,, 1isi Kotopbix P{&; € S,A,"} > 0). OHa JaeTcsi paBEHCTBOM

faa(@i|22) = &;z:(”__;_z)mi) (28)

Or1cioa noayyaeM NpaBHIIO YMHOXEHHUA ILUTOTHOCTEH
feo (@1, ©2) = fo 1621 122) 16 (22) = fo 16 (22121) fe, (1) (29)
B ciyyae He3aBMCMMOCTH KOMNOHEHT &) M & u3 (28) caeayer

ffllfz(zl |2p) = ffl(‘”l))

T. €. MHPOPMALIMs O 3HAYEHHUSX, IPHHATHIX KOMITOHEHTOH £, , He MEHSeT 3aKOHa pacnpee-

JICHHUSI KOMIIOHEHTHI £ .
Onpenenetue (27) 4 cooTHoweHKe (28) MO3BOJIAIOT B PACCMATPHBAEMON CUTYaLIUH MO-
JY4UTh KOHTMHYaJIbHBIE aHaIOTH GOpMYN noNHOH BeposaTHOCTH U beiteca (cM. rin. XXXVIII).

Teopema (popmyna nonvoi sepostioct). ITycms (€1, £2) — nenpepbignbiii deyMeprbiii c/zy-caﬁn;l;
eekmop. Toeda

fe(z2) = / fole (x2]21) fe, (1) day. (30)
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« [leiicTBuTeNbHO, cooTHOWEHKe (10) naer
00
feo(x2) = / fae (21, ©2) dzy.
-00

OcTaeTcsi TONbKO BOCMOIb30BaThCSt BTOPO# YacThio MpaBuia yMHOXeHHUs (29). »

Teopema (popmyna Beweca). ITycmb (€1, &) — Henpepwenbiil deymepHblii cay4aiinbiii 6eKmop.
Toeoa

alg(e e = talaleimfa@) o1
_f Tert) (@2, 1) fe (21) dez,

<« JlokazatensCTBO cieayeT u3 (28) C HCMOIB30BaAHHEM X, A
npaBwia yMHOXeHus (29) u ¢opMy/bl NONTHOK BEPOSTHO- —N
ctu (30). » / \
PaccMOoTpUM npuMep, WUIIOCTpUPYIOIIMI BBeneHHbie K L
TOHATUA. / w
P
Mpumep 3. Nycre £ = {£;, &} ~— ABYMepHbLI BEKTOP, PaBHOMEPHO O X,
pacnpefeneHHbivi B kpyre K = {(z,, z3): :cf+z§ < l}. Ana nioboro
6openesckoro B C R?
S(B) _ S(B) |
P B} = —/—F% = ——, M
{§ € B} S(K) p
CnepoBatenbHO, NNOTHOCTL pacnpeAeneHns cnyvaHon sennuniel § Puc. 18

AaeTcy COOTHOWEHNeM.
01 (.’B], 3'2) ¢ K»

ff,&(m,z;):{ -;:, (%1, 22) CK.

MNOTHOCTU KOMNOHEHT COOTBETCTBEHHO paBHul (puc. 18)

‘/I-zf 2
/ ldzz—{ ;\/l~zf, Iz < 1,
L3

fe (z1) = / foe (%1, 22) dzy =

Ta@) = [ fa(e, =) do =

Ana ycnoeHbix NAoTHOCTeR 13 (28) nonyvaem

2 = z ? Izll < 11
ff;'f|(z2|z‘) = (2/1‘) l—xl 2
0, lzi] > 1,
roe Iz, = 24/1 — 22 — panva xopas M N,
1/x 1
=71 lz2| < 11
f{llfz(zl |32) = (2/1\’) ‘/l — z% lzz
0, 11"2! > 1,

rae Iz, =2y/1 — 23 — pavna xopast KL.
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3ameTvM, 4TO NPU PUKCMPOBAHHOM 3HAYEHUW T) KOMMNOHeHTa § paBHOMEpPHO pacnpeaeneHa Ha Xop-
ne M N, awanornuvo £, paBHOoMepHo pacnpepeneqa va KL npu ¢uxkcupoBaniom Z;. B 10 Xe Bpems,
4aCTHbIE pacnpeneneHnn PaBHOMEPHLIMU HE ABARKIOTCA.

QOueBuaHa 3aBMCUMOCTb KOMNOHEHT £ ¥ §» — W3MEHEHNE 3HAYEHUA O[HOW M3 KOMNOHEHT Bbi3bliBaET
M3MEeHeHWe AManas3oHa BOIMOXHbIX 3HAYEHNIt APYroi 1, CNenoBaTenbHO, €€ 3aKoHa pacnpenenexns: ecnm £,
NPMHUMAET 3HaueHne, ckaxem, 1, To £, MOXET NpPUHATL TONLKO HyNEeBOe 3Havexne, ecamn xe £ = 0, 1o §;
MOXET NpuHATL NoBoe 3HaveHne B auanasoxe ot —1 po +1.

Hakouneu, eciu € = {£;, &4} — DMCKpeTHBIN BEKTOP C PSIOM pacripeneieHus

Ella |ay]... | a
P{i{=a}|p|p2|-..| Pk
u a; = {a}, a2}, TO KOMNOHEHTHI £; TakKe TUCKPETHDI C PSUIOM PaCTIpeeNeHHUs
&Gillal || ... |a
P{e£ai} |l d |6 |- |4

ui=1,2; a}, a% — BO3MOXHbIC 3Haqeﬁux,gpome'rmylomeﬁ KOMITOHEHTHI (T. €. TIPOCTO

pa3NMYHbIE TIEPBLIE — @) — WIN BTOPbIE — ai — KOOPAMHAThI BEKTOPOB ag ). Ilpu 3ToM

@a=>_ P gG=) P,

re CYMMHMPOBaHHE BEIETCS IO BCEM TaKUM TOYKaM a,(a;), MepBble (BTOPbIE) KOOPAUHATHI
KOTOpRIX coBNazaior ¢ ay (az).

Ecnu P{{z = ai} > 0, TO yCNOBHBIA psiJl pacnpeneieHUss KOMIIOHEHTHI £ OTHOCH-
TebHO CO6bITUA {& = @} } MOXHO ONpeeNHTb TaK

L. g A2
P{ti=a;; & = a3}
— 2
P{&, =a}}
Kak u Bbille, u3 (32) MOXHO MOMYYMTh NMPABUIO YMHOXEHUS PSIOB pacrpeaeNeHus
IS 3aBMCHMBIX KOMIIOHEHT, a TakXkKe AMCKPETHhie aHaliord cooTHoweHu#t (30) u (31),

asisioniecs o6o61eHueM ¢GopMys NMONHON BepOsATHOCTH M beiteca Ha ciyyait He Gosee
YeM CYETHOro YMCJIa FTHINOTe3.

P{¢ =a,/6a=0}} = (32)




[ naBa XL
GYHKUUU CNYYAUHDBIX BETWYUH

B

3anaya ycTaHOBJIEHUS 3aKOHA pacnipeneNieHust GYHKLUMH OT CTy4aHHBIX BETMYMH 10 3a-
JAHHOMY 3aKOHY PacrpeneieH!s apTyMEHTOB ABNAETCS OCHOBHOM.
O61was cxeMa paccyxnueHu# 3nech crenyiomasi. Ilycts 9 = @(€), u ®¢(B) — 3aKkoH

pacnpeaeneHus {_ . Torya o4eBUAHO MMEEM
®,{[a, )} = P{n € [a, b)} = P{9(£) € [a, b)} = P{{ € 9" '([a, b))}, (*)

rae ¢~ {[a, b)} — TNONHBIA Npoo6pa3s nonyuHTepsana [a, b) B R*, T.e. coBokynmHOCTb Tex
3HayeHu# BekTopa £ u3 K", n1s Kotoprix a < ¢(§) < b. INlocnenHsas BEPOSATHOCTD JIETKO
MOXeT ObITh HalileHa, TaK KaK 3aKOH PacIpe/ieieHUs CIyJaiHbIX BEIMYMH £ U3BECTEH

P{fe ¢ ([a,0)} = D¢{p ' ([a, ))}. (**)
AHAJNIOIMYHO, B NPUHIIMITE, MOXET OBITh HalIeH 3aKOH pacrpeesieH|Us ¥ BeKTOpHOH pyHK-

LIMH CIy4aiHbIX aDTYMEHTOB.
ClOXHOCTb peann3auuy cxeMbl (*)—(**) 3aBUCHUT TONIBKO OT KOHKPETHOIO BUAA HyHK-

LIMH @ ¥ 3aKOHA pacripe/ieieH!s apryMeHTOB.
Hacrosiiuas raBa nocBsileHa peanu3auny cxeMsl (*)—(**) B KOHKPETHBIX, BAXHBIX I

MPUIOXEHUNA, CUTYRITUSIX.

§ 1. OyHKUMM OAHOTO NEpPEMEHHOro

[Mycte € — cyyaitHas BeJIMYKHA, 3aKOH pacripee/ieH!s Ko- o(8)
Iy

TOpO# 3amaH GyHKuMel pacnpenenenus Fe(z), n = ¢p(§).
Ecnu Fy(y) dysxuus pacnpenencHus ciy4aiHON Benndm-

HBI 1], TO IIPUBEACHHBIE BhIlE COOOPaXXEeHUS NaI0T f
F@)=Pln<y}=Ple@<s}= 7
=P{€ G‘P-'("OO, y)}, (1)
H . g

Ijle yepe3 @~ ! (—o00, y) 0603HaYEH MOAHbIN MPoOGpa3 mosny- -1
npsmoit (—oo, ). CoorHoleHue (1) ABNAETCS OYEBUAHBIM p (=, 9)
Cle/ICTBUEM (*) ¥ IS pACCMATPUBAEMOTO CIIydYasi IIPOUJLTIO- Puc. 1
CTPMpPOBAaHO Ha pHc. 1.

MoHoronHoe npeobpasoBanne cyuaiHON BEAWUHHYL

MycTs ¢(t) — HenpepbiBHast MOHOTOHHAs QYHKUHUA (115 ONPEIENEHHOCTH — MOHOTOHHO
HeBo3pacTaiowas) u 7 = ¢(£). [Ana dynkuuv pacnpeaencHus Fy(y) nonyyaem

Fy)=P{n<y}=Plo@) <y} =P{{>¢o '} =1-F(o'(v)
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(3neck ¢~ ' (y) — dyHkuus, o6paTHas K (t), CylLIECTBOBaHME KOTOPOH 06eCTIeyr BaeTCs MO-
HOTOHHOCTBIO M HEMPEPHIBHOCTD ¢(£)). Jlisi MOHOTOHHO HeybhiBaiowe ¢(t) aHanoruyHbIe
BBIKJIANKH JQIOT

Fo(y) = Fe (™' (v))- (3)
B yacTHOCTH, ecli¥ ¢ — JUHelHa, p(t) = at + b, To npu o(&)
a > 0 (puc.2) }
- b
Fy(y) = Faga(y) = Fy (y - ) ) (4) y
ampu a <0 o(&)=at+b,
y _ b / a>0
F,,(y)::l—Fg( - ) (5) 7 — £

JIuHelHble NMpeobpa3oBaHUA HEe MEHAIOT XapakTepa
pacnpeneseHUs , a CKa3hlBalOTCA JIUIIb Ha €ro napameTpax. Puc. 2
Nuneiivoe npeoGpasosanne pasromepHoil Ha [a, D] cnyyaiHO# BenwumMHb
Iycts ¢ = R|a, b). Torma § = (€ — a)/(b— a) = R|0, 1].
Nuneiinoe npeoBpasoBaHne HOPManbHOR (171, 07 ) CnyyaiklHOW BENHUMHbI
Iycts £ = N|m, o). Torma n = (¢ — m)/o = NI0, 1], u Boobue, ecnu = af + b,
107 = Nlam + b, |a| - o].

« Ilycts, HanpuMep, a > 0. U3 (4) 3akmoyaeM, uTo

(y-b)/a )
Fy(y) = P{n < y} =Fe(y - b) = a\;i? / exp{—(—z—;g—)—} dz.

ITonoxuM B rocaeIHEM MHTErpasie ¥ = ax + b. Ora 3ameHa paer

v

1 (u — am — b)?

By = aoV2m / exp{— 24202 } du = Nlam +5, ac]. >
-—00

BaxHoe TOXIECTBO, ABIAIOLIEECS UCTOYHUKOM MHOTHX HHTEPECHLIX PUIOXEHU M, MO-
XeT GBITh MoJy4eHo U3 cooTHOIEH s (3) npu (t) = F¢(t).

Nemma. Ecau &€ — cayuaiinan senununa c nenpepwienoii pynxyueii pacnpedenenusn Fe(x), mo cay-
Yaiinas eeaununa 7 = F(¢) — pasnomepna na [0, 1).

< UMeeMm
P{n < y} = P{F¢(§) < y}.

F¢(xz) — MoHOTOHHO He yObiBaeT u 3aKiiioueHa B npezenax ot 0 no 1. IToaromy

Pr@<n={ ] ¥}

Ha npomexytke xe 0 < y < | nomyyaem
P{n<y}=P{F() <y} =P{{<F ' ()} = F(F '()) =y.»
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OnHuM U3 BO3MOXHBIX IyTEH UCIIONB30BAHUS JOKA3aHHOM JIEMMBbI SABSIETCS, HANpU-
Mep, MpouLeaypa MONENUPOBAHUS Cy4ailHOM BETUYUHBI C TPOM3BOJIbHBIM 3aKOHOM paciipe-
nenenns Fe(x). Kak cnemyer U3 1eMMBl, U1 3TOTO JOCTATOYHO YMETh NMOJyYaTh 3HAYEHHs
paBHoMmepHo# Ha [0, 1] ciyyaiiHOl BeMYMHBI, TOraa 3HaYeHUS £ MOTYT GbITh MOJTYYEHBI
U3 TOXAECTBA

¢=F;'(n), n=R[0,1]. (6)

B zakiioyeHue 3aMeTHM, 4TO €CNU ClydyailHasi BelMYKMHA £ HeTpepbiBHA U QYHKUMSA
©(t) He TobKO MOHOTOHHA, HO U nuddepeHHpyeMa, TO 7) TakxXe HenpepbiBHa. IIpu aToM
TUIOTHOCTB CTyJaiHO# BETUYHMHBI 7] IETKO MOXET ObiTh nosyyeHa u3 (2) i (3):

d

o Tt (™' @) = £ (¢ W) [¢”' )] . )

5m=%&m=

Ecnu ¢(t) cBOMCTBOM MOHOTOHHOCTH He 00/1aflaeT, TO PE3YAbLTAT MOXET GbITh MONY4EH
CKpYNyJle3HbIM ClleIOBAHUEM JIOTHKE COOTHOLIEHHUs (1), KaK MOKa3biBAIOT NMPUBOAMMBIE
HUXE NTPUMEPHI.

Pacnpepenenne xsagpata pasiomephoi Ha [—1, l]' CAYMaWHON BENAHUHHBI
IMycts £ = R[~1, 1] un = €. Paccmorpum (puc.3) 0 < y < 1:

0, y<0,
Fy(y) =P{n <y} =P{&’ <y} = P{li¢| < v} = ;/37 y<:,
; y> L

Orciona /s IOTHOCTH fp(Y) Momyuum

0, y<0uy>l,

oY) =

0<y< L

Puc. 3 Puc. 4

Pacnpepienene cnyvaitHoi BenuunHbl, 06paTHOii K cnyvaitHoil BenuuMHe ¢ pacnpefienednem Kowm

Ilycets € = k[1] — cnyyaitHas Benvumua, nMeiowas pacnpenenenus Kouwmn (cm. n.2.1.1)
M F(z) =1/2+ 1/m arctg z, z € R. INonoxum 5 = 1/£ (puc.4). Cnenys (1), nonyyaem:
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Fq(y)=P{n<y}=P{é<y} =P{§>%u§<o}=

1 1 1 1 1 1 1
=PlE> -3+ P{E<0}=1-F| ~ —=]— = — —arctg -~ 4 — =
{6 y}+ €<0 ‘(y)+2 2 ramgy+2

1 larct1 1 L(™ t : : t
=1~-— ~=]1~-—| ——arc = -+ — .
73 gy w\ 2 4 2+7rarcgy

Takum obpaszom, eciu £ = k[1], Tou % = k[1].

§2. DyHKUUM ABYX NEPEMEHHDIX.
DleiAcTBuA HAA Cy4YaitHbIMU BENUHUHAMM

Iycts € = {£, £&,} — ABYMepHBIi Clyya HBIA BEKTOP C 3aKOHOM pacrpeeIeHUs <I>£-{B} =
‘I’&fz{B_} = P{¢ € B}, p(A) = ¢(t;,t;) — GopenepcKas QyHKUMS JBYX NMEPEMEHHBIX,
n = e(€) = (€1, &). Kak u Bblllle, 3a1a4y HaXOXACHHUS 3aKOHa pacripeeieHUs! Clyyail-
HO¥M BeJMYMHBI 7) peluaer cxema (*)—(**). B yacTHocTH, yMeHHWe pelllaTh 3Ty 3anady aa-

€T BO3MOXHOCTb npou3eodums apugmemuyecKkue Oelicmeus Haz CAydyaiiHbIMU BENUYMHAMMU:
CKJIafibIBaTh, BHIYMTATH, YMHOXATh, ACHUTh U T. 1. OCOGEHHO BaXHBIM I JaJlbHEHIIIEro

SABJIsiETCA CNyyail He3aBUCUMBIX KOMITOHEHT BekTopa £, Ha KOTOPOM MBI GyneM BCAKHIA pa3
OCTaHaBJIUBATLCA roxpobHee.

Pacnpenenexne MakcMMyMa ABYX CTyMaiHbiX BEIMYHH
Iycts n = max{{;, &2}, Fe(x) — dyHkums pacnpeneieHust BEKTOpa £.
F,(yy=P{n<y}=P{max(§, &) <y} =P{& <y L<yt=Fe(y, ). (1)

Ecau Bektop € HeMpepHIBEH H CYHIECTBYET ILIOTHOCTD pacnpeneieHus £ — Je(x), 10 N TAKXKE
HeIpepbiBHA U, OYEBHUAHO, €€ TUIOTHOCTD JAETCSA COOTHOLIEHUEM

dF OFf 0F
_{ (y, f (y’

y) +

f(y) = y) = /fg(zl,y) d$1+/f£(yh$z) de.  (2)

Ecnv nonomHUTENbHO KOMITOHEHTH §; U £, — HEe3aBUCHMBI, TO
Fy(y) = Fe, (v) Fu (v), (3)

a B CJlyyae HeNpepbIBHOCTU

(@) = fe W Fe,(y) + Fe, (1) fe, (). (4)

Pacnpegenenie MHHHMYMa ABYX CNY4aiHbIX BEAHYHH &
IMycts 7 = min{{;, 521, F¢(x) — dynkums pac- t
npeneaeHus BekTopa . &<y|E>)
F,(y) = P{min(§;, &) < y} = y
=1 - P{min(¢,, &) > y}-
JInsi mocexHe i BepoSTHOCTH Mojy4aeM (puc. 5). y -3
Pmin(6, &) >y} = P& > v &>yp=  EHEY | 7864

=1- Fg, (y) - F{;(y) + Fflfz(% y)' (5) Puc. 5
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JleACTBUTENBHO, U3
&>y &>+ <y &> +{a <y G<y+{& >y b<yr={fe R}
cnenyer
>y Goy+{a<y+{a<y}-{a <y L<yy={{ec R},
a U3 TOCJIeIHEro JIETKO noxy4aercs (5).

OkoHYaTeNbHO UMEEM
Fy(y) = F, (v) + F, (v) — Fee,(y, 9)- (6)
B ciiydae HeNpepBIBHOCTH £ C ILIOTHOCThIO f(x) momyuaem, 4To 7 TaKkKe HempepbIBHA
" y y
1) = 0@ + 1@ - [ fevdo- [ Ko dn )
Ecmu £, u §, — He3aBUCUMBI, TO
Fy(y) = Fe, (y) + Fep(y) — F, (9) - Foo () (8)
U JUISI HETIPEPBIBHBIX §
f2(¥) = fe,(¥) + o, (v) — fe, (W Fe, (¥) — fe, () Fer(9)- %)

OTMeTHUM BaXHYI0 0OCOOEHHOCTb 3KCITOHEHLIMAIBHOTO PaCIpeieIeHUs — eclu §) = e‘\‘

¢, = €™ ¥ OHM He3aBUCHMBIL, To min(¢), &) = eM+A2,
JeicTBuTensHo, (9) naer
Fo@) = e £ 20e™ — npe 1 - e M) - [1 - e ]N e =

— (A] + /\2)6-01*"\2)&'.

bonee toro, kak Gyaer nokasaHo HHXe, NNPH AOCTATOYHO IUMPOKUX NPEATNONOXEHUAX OT-
HOCUTENBHO pacripene/ieHHsA He3aBUCUMBIX CTydaHbIX BEJIUYUH &, &2, ... , €n, BEIMUMHA
n = min({,, ... , £,) UMeer pacrpenencHue, 6IM3Koe K IKCIIOHEHLIMATBHOMY.

2.1. Cnoxenue cnyvaifHbix Benuyun. Cseprka pacnpepenexui

Iyerb ) = £ +&; v Fg(x) — OyHKUMs pacnipe/ieIeHMs BeKTopa €. JIns yno6cTBa MAIOXEH S
6yleM npenmnonararh, 4To £ obnanaer 060611eHHOM IIOTHOCTHIO gg(x). Torna monyyaem

F(y)=P{p<y}=P{{i+& <yl = // 9¢,6, (21, 22) dz) dxp =

z14+22<y

= [[ twas X wtE [ e@a

z)4+27<y & “ +“ <y 7Nz 1+22<y)

(3meck fz(X) — abGCOMOTHO HeMpephBHAs COCTaBISIOLIAA DacrpeneneHus £, p; =
P{¢ = a;} nuckperHa, Pr; (x) — abcomoTHO HempephbiBHAs COCTABISAIOIIAs, COCPENOTO-
4eHHasl Ha IMIanKoi TuHuK 7; B R?).

B yacTHOCTH, eClii BEKTOp £ HEMpPEPHIBEH, TO CYMMa 7) TaKXKe HeNpephIBHA; COOTHOLLE-

uue (10) 3amicpiBaeTCs B BUIE
Y=z

Fy)=P{&6i+& <y} = // Jee, (21, 2) dz) dzp = / dz / fae (), 22) dz),

z)+2)<y
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H TUIOTHOCTD pacnipeA€NCHNUA 7) 1a€TCA COOTHOLUEHUEM

o0
f"(y)z f f{lfz(zl’y'—zl) dz]' (ll)
~00
Ecyu € nuckpeTHa ¢ psanoM pacnpejienedus p; = P{€ = a;}, To cyMMa TaKxe JIUCKpeT-
Ha M
P{&i+&=b}= Z pi=gqj (12)
i a:+a?=bj
— ee psill paciIpeieIeHUA.

PaccMoTpuM Tenephb NpoLEeRypPY CAOXKEHUSA He3a6UCUMBIX CTYYaiiHBIX BETHYMH. B 3ToM
ciyyae cooTHowleHus (10) u (12) npuobperaloT 6ojee KOMNAKTHBIN U 3aBepILEHHbIN BU,

Ilycts g¢,(x)) — TUIOTHOCTb pacnipeieNeHus cyyaiHo! BeruuuHsl &), M g, (22) —
IUIOTHOCTD paclipeeNieHUs CiydaiHOi BeTMYMHBI &,

96, (1) = fe,(@1) + D pib(z1 ~ a}), (13)
96(22) = fe(z2) + Y, ¢;6(x2 — a?). (14)

B cnyuae He3aBUCHMOCTH & U §; MoJy4aeM
96,6 (21, T2) = g5, (1) - 96,(22) = fy (31) - feo(22) +

+ ) gi6(z2 ~ a}) fe, (1) + > pib(z1 - ai) fey(m2) + D pig;6i62,
F i

u cooTHowleHue (10) MOXHO 3anKcaTh B BUIE

o Y-z y—-a
Fy(y) = / dz) / fe (z1) fe, (22) dz + Z q; / fe, (z1) dzy +

+Ep, / fer(z2) dzy + Z pigj-  (15)

a+a <y

06061ieHHasA TUIOTHOCTh CYMMbl HE3aBUCUMBIX CIIyYaHHbIX BEIMYHH JAE€TCS B 3TOM ClIy4yae
COOTHOILLUEHUEM

e+ (¥) = /ffx(z!)f& y- mn)dz1+2q, fo(y—a}) +

+) pi foly- )+Zp,q, —a} -d2). (16)
OtMeTHM Clielyiolie, BaXHble Uis NMPHIOXEHMH, YacTHbIe cyyau cooTHoleHu# (15)

u (16):
1. £ u £, HenpepbIBHbI ¥ HE3ABUCHMBI, TOIIa CyMMa HETIPEpPbIBHA U

fore® = [ fa®faw—1tat (17)
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2. &) u £, IMCKPETHBI MU HE3aBUCHMBI, TOTIa CYMMa JIMCKPETHA U
Plei+6=9}= D, Pl{&i=dal} -P{&=4dj}. (18)

o
8, +a;=y

3. £ HenpepbIBHA, ) Mobas

Foe) = [ fa®Paly-0 (19
4. £, nuckperHa, £, mobas -
Fusal®) =3 Pl6 =} Foly=al). )
5. £; HenpepbiBHA, §{; TUCKPETHA, B 3TOM ?nyqae CyMMa HeTpepbiBHA U
fere(¥) = f: P{t, =4aj} - fe, (v - 4j). (21)

j=1

3aKOH pacrpeieIeHHsI CyYMMbI He3a8ucUMbIX ClTydaitHbIX BEJIWYUH HA3bIBACTCS c8epmKOll
3aKOHOB pacrnpeaeieH|s ClaraeMaix.

Hanpumep, cootHowenue (17) naer dopmyny cBepTku ruiotHocteit, (18) — cBeprku
psioB pacnpeneieHus, (20) — cBepTKM IUIOTHOCTH C psiioM pacnpeseneHus. OGBIYHO
CBepTKa 0003HAYaEeTCH 3HAKOM «*». BT0 0003HaYeHHUE /1aeT BO3MOXHOCTh CUMBOJIMYECKH
MpencTaBUTh (hyHKLUIO pacnpeaeeHust CyMMbl He3aBUCUMBIX CJIaraeMbIX B BUlie

F gy = Fe * Fyy,
IMJAOTHOCTH pacnpeneneﬂml B BUIE
Jo+e = e, * T

M T. .

Kak npaBuio, npy CIOXeHUM HE3aBUCHMBIX CIy4ailHbIX BENWYMH XapakTep pacripe-
JENEHUS. MEHSIETCS, NaXe eCIM CKIaAbIBAIOTCH OJMHAKOBO paclipe/ie/ieHHBIE CaydaiiHhIe
BEJIUYHHBI.

Mpumep 1. £, &, — Heaasucumbie, pasHomepHbie Ha [0, 1] cnyyaiivbie Beanumntbl. B cootsercteum ¢ (15)

fo * fo, = fa+6(2) = / fe, (@) fey(z —t) dt =

; z

dt==z 0<z< 1,
0/ ’ ST 0, z<0UZ>2,
= ={z, 0z,
' 2z, 1<z<£2
/dt:Z—z, 1<z<2,

Takum 06pa3oM, CepTka AByX pasHOMEpHbX Ha |0, 1] cayualiHbix BENUYMH €CTb «TpeyronbHas» CRyvaiHas
BennuuHa (puc. 6).
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fe (01 fy,2,(0)

[UUP DT —— N
ot frererccenenaa

- x - x
0 0 2
Puc. 6
NMpumep 2. £; =exp [Ai]; & = exp [Az]. Torna
oC
forea@) = [ fa®f(e-tdt=
-00
z z
~ / e M a0 gt 23>0 _ A2 / edt 23>0 [ Neze™ 230
0 0 0, <0

0, z<0 0, z<0

CsepTka ABYX IKCTIOHEHLMANbHBLIX HE AB/INETCH IKCNOHEHUMANbHOW CriyyaitHOW BennunHOn (puc. 7).

]

f:(0f fy,+¢, ()

Puc. 7

OHa aBnseTcs NPeacTaBuTeneM CeMeincTBa raMma-3aKkoHOB PacrnpefeneHns (CM. Huxe).

YcToiuMBEIE OTHOCUTENBHO CBEPTKM paclpeneNeHusl UrpaloT BaXHYIO POib B TEOPHH
v npuioxeHusix. He xacasicb Bompoca o TOM, KaKMM YCJIOBHUSIM JOJXKHBI YIOBJIETBOPATD
M KaK OIKCHIBAIOTCS pacripeaeieHUs, HHBapUAHTHbIE OTHOCUTEJIHO CBEPTKHA, OTMETAM UH-
BapUaHTHOCTb CIEAYIOIIMX YaCTO BCTPEYAIOLMUXCS B MPHIOXEHHUAX paclpencieHUui: Hop-
MaJIbHOI'O, ITyacCOHOBa, raMMa-pacrpeneneHus, pacnpeneneHus Komu i pacnpeneineHus
bepnynnu.

ChopMynupyeM M JOKaXeM COOTBETCTBYIOLME YTBEPXAECHHS I HOPMAaJIbHOIO pac-
npeneneHus, pacnpenenenus [lyaccoxa u s raMMa-pacnpeneieHus.

Teopema 1. Ecau &) = N[my, 1) ué; = Nfmy, 03], mo &+ & = N[m1+m2, \/0,2 + cr%]:

N|m,, 0] ¥ N[m,, 0;] =N[m, + my, \/af+a§].
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<« o popmyne (15) umeem

T C-m)P) 1 C(r—t-m))
forta= [ o zw‘”“’{ 207 }am?e""{ 203 }‘“‘

—-00
F -1 —-my 1
=T ? 2 2
o2 1 / { (x — M - o,7) 1‘} .
=|t=2-my—0T | = exps — 3 —— 20 dT =
dt = o,dT 27I’0'|0'2 v 20'1 2
_M=m1+m2 i

1 f A 2_p
= — exp{-— (T-m) - }d'r.

2mo, 2
—00

DneMeHTapHLIH (HO HECKOJIBKO YTOMUTENbHBIMN ) TIOACYET AaeT

Bz(a: m; — mz)z; A_0'2+0'2
("l + "2) o
ITosToMy
(t1—n)VA=u
1 -B 7 A(T - To)z )
ffl * f& = € expy —mm dr = du =
- VA

2y 2
1‘¢1 (z—-m,-—mz) u
= exp4 — 3 3 exp ey du =
27 ¢4/ 02 + o2 2 (o} +03) e
1 1 {(m—m,—mz)z}
= - exp >
var | Jo? 4 o2 2 (of +3)

OTMeTHM, 4TO HOPMAILHOE pacipesie/ieHHe B HEKOTOPOM CMBICHE «YCTOHIMBO» OTHO-
CHUTEJIbHO CBEPTKM, 8 MMEHHO, €CJIM CYMMa JIBYX HE3aBUCHUMBIX CIy4aWHbIX BEIMYHH UMEET
HOpMaJIbHOE pacipeieJieHre, TO OKa3blBaeTcs cllaraeMble 0653aTe1bHO HOPMaJIbHBbI!

TeopeMa 2. Ecou & = II[A] u & = TI[A;], mo & + & = TI[A; + Az):
II[A ] * II[Ag] = TI[A; + Ao

r k—-r
—Xz AZ

—(Ay 4+ 1 - - (A] +A2)k
=e (i+d9) Z E‘;C{X;Ag "= e (i) . —'——’;'——' >
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FaMMa-nnoTHOCTH
Bynem roBoputh, 4TO CciyyaiiHas BeJUYUHa £ UMeEET raMMa-pacripeeJieH|e ¢ NapaMerpa-
MH (A, V), €CJIU €€ MIOTHOCTb paclipeeieHUs 3a1aeTCsl COOTHOLIEHUEM (A >0, v> 0)

1 v _v-1_-—
ff(a;)_—_m)\ e x>0 (22)
O6o3Hauenue: £ = y[A, v].

3neck I'(v) -ramma-dyHKuus Biinepa
o0

L'(v) = / ' 'e7? d.
0
OTMETUM ClIeAyIOlLHE, XOPOIIO U3BECTHBIE CBOCTBa raMMa-(hyHKLIMH:
1.T(n + 1) = n!, n — HaTypaibHOe.
2vol(v)=T(v +1).
B cripaBeaIMBOCTH 3THX CBOMCTB JIETKO YOenUThCS, UHTErpupys (22) Mo YacTsM.
OnpezeneHue IIOTHOCTH (22) KOPPEKTHO, TaK Kak Ju1st oGbIX A > 0uv > 0 fe(x) > 0

U BbIIIOAHEHO YCI0BUE€ HOPMUPOBKH
00

o 1 1 —x Az =1t
/ff(m)dazzfﬁx\”:c"' e_zdmz[dm:gt_]z
0

0

X tl/——}

1, - 1 [t - _ _
:!mA 'Ay_let'-x—mb/‘t 'etdt-—f‘(—l;s~1‘(v)—l.

HMeeT MecTo Teopema.

Teopema 3. Ecau & = v[A, vil, & = 7[A, va], mo & + & = 7[A, vi + 1]:
7[A, Vl] *7[’\1 V2] = 7{Aa v + V2]'

o *fu= / fa @) f,(xz—t)dt =

z

1 vi A~ =)t 1 v vy—1_-Xz-t)
= — AT e . ANz ~-t)? e dt =
[ v Ty @Y

z

1 All]-l-l/ze—/\:ﬂ / tll]-l R (w _ t)l/z—] dt.

L(1)T(v2)
B nocnenHeM uHTerpaie nonoxuM t = 7. Toraa

z 1
0 0

I
= gt /t""l(l -7y ! dr,
0
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OTKYyJa |

1
— A2 vi+vy—1 —Az./ v ~1 1 — vy—1 dr.
Te, * Tey ————I‘(v,)f‘(uz) z e 171 =7) T
0

TTockomeKy f¢, * f¢, — IUIOTHOCTb, TO ISt HEE AOKHO GBITh BHIIOJIHEHO YCI0BME HOPMH-

POBKH, ITO3TOMY
00 1

1
/ffl*fiz dm:/W/\V'+”zmy'+y2_le—'\z./7-”!—1(1_T)vz—l dr de =
VL2
0 0

0
— A(V;, Vz) / Atz mv1+v2—le-—/\z dr = A(l/}, Vz) . F(l/} + ,,2) =1,

roe

A, 1) = s o/ = ) =

Ortciona oKOHYaTENbHO 3aKII049aeM, YTO

1
v[A v} %92, ] = Jo ¥ fo = m

A2 | pva—l e —

= fo+e = 7N vi + 2] »
2.2. flpyrvie pencTeus Hag Cny4aiHbIMU BEAMYMHAMK

3anaya HaXOXNEHUS 3aKOHa pacripeiejieHUs pe3yabTaTa ApYrux apudMeTudecKux neucTBum
Haj Cay4yaHBIMY BeTMYMHAMM pellaeTcs aHaJiorHyHo. OTMETUM 31€Ch OCHOBHBIE COOTHO-
LIEHUs WISl CTy4asi He3aBUCHMBIX OTIEPaHIOB, cieayromue U3 (*)—(**).
Bbluuranue

n=pl, &) =6~ &, gqyu(@, 22) = g¢ (21)g(22)
(cM. cootHowenus (13)—(14)).

Fy(y) = P& — & < g} = // P

z)-22<y
0o -y
=[] su@sele doder= [ da [ o) seier) dea+
z)-72<y —-00 —00
/fe.(ml)dmx+§_:pz /fgz(mz) dz; + Z pigi-  (23)
a+y —a <y

O60611eHHas IIOTHOCTL Pa3HOCTH gy (Y) TIPM 3TOM UMEET BUJ

AR / fe, (1) fer (21 — 9) dmn+zq1fe. J+y)+

+ Z P:ffz Y —y) + Z p,q,é(y a; +a,J). (24)




§ 2. Qynxummu asyx nepementbix. [leHCTBUS HaQ CAYHARHBIMM BENNYHHAMM 99

YacTtHble cnyyau (24), COOTBETCTBEHHO, it HETIPEPBIBHBIX

1. f(,cz(!/)=/fe;(ml)fcz(mu—y) dz

1 BIUCKPETHBIX CIly4aHHBIX BEIUYUH

2. Pll-&=yt= y, Pla=dal}P{&=d}}

1,2
o;-a;=y

Amnanoru cooTHowenuit (19), (20) 1 (21) oueBuaHBI.
YmHoxenwe

n=4§"&, gtlfz(ml, 3‘2) =9 (m;)ggz(zz).

F,,(y) =P{np<y}= // 96.6,(21, 2) dz) dz; = // 9 (wl)gcz(zz) dz, dz, =

z)-2<y z-22<y
()} 00 y/z
/ dz) f 9, (21)gg, (2) dza + / dx) / 9, (21)g¢, (x2) dz, =
-—00 /z, 0 -0
0. 00
Y
=/g€l(ml)[l ‘Ffz('z_l)] dw1+/9£,($n)Fez( )dz, (25)
—00 0

BripaxeHue 1is 060011eHHOH! IUIOTHOCTH MMPOU3BEACHHU S

0 00
o)== [ suteion () en+ [ serne (F) o 0

-00
AHaioru cooTHoweHu# (17)—(21) oueBUAHDI.

Aenenne

n= g-, 96,6, (1, T2) = g¢,(21) ¢, (22)-

ByneM nornolHUTeNbHO NMpeanonarats, 4to P{§; = 0} = 0.
E@=Pl<p= [[ s@)(e) do iz @)
(z1/22)<y

s y < 0 momyyaeM (puc. 8)

0 2y /y 00 0
Fq(y)=/dmlge,($|)d$| /9&(502) dz, +/9e.($1) dz, /9{;(3’2) dz;, y<0.
-0 0 0 zi/y
AHanoruyHo s y > 0 umeeM
0 0 00 zi/y
E@W=1- [ g@) dn [ gole) dor- [ go@) i~ [ gu(e) dz, y>0
-0 zy/y 0 0

| 4% |
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Xa

Ob6aracmv unmezpupoeanus ~ Obaacmy unmezpuposanus
1,0,<y 0aa y<0 1,%,<y oan y>0

X,

Ob6racmy unmezpuposanus Ob6.aacmy unmezpuposanus
x,/x%,<y ona y<0 X,/ x,<y Ons y>0

Puc. 8

s nanpHeHIero HaM NOHagoOoMUTCS BblpaxeHue GYHKUMM ¥ TIOTHOCTH paciipeieNeHus
YaCTHOTO B MPEATIONOXEHUH, YTO 3HAMEHATEIb HEOTPUIIATENEH: g, (T,) =0, z; < 0.

YuutsiBasi BuI o6nactv MHTerpupoBanus (puc. 8, £, > 0), ynobHo B (27) paccraBuUTh
npenesbl UHTErpUPOBaHUsA TaK, YTOOB! BHELIHE MHTErPUPOBAHUE BENOCH I10 7, @ BHYTPEHHE
no &,

0 yz) 00
F,,(y)——-/da:z /gfl(ml)gfz(m2) dz, =/F£,(yw2)ggz(z2) dz;.
0 —00 0
O6061meHHast NOTHOCTb IMPY 3TOM JAETCS PABEHCTBOM
%
50 = [ 90m2)a (@) 22 dor (28

0

§3. DyHKUUKM HECKONBKMX NEPEMEHHbIX

B 3T0M paszesie Mbl OCTAHOBMMCS Ha HEKOTOPBIX CrieluduIecKUX HYHKLHSX 1 TepeMeHHBIX
Y MX 3aKOHaX pacrpeseeHUs, YaCTO BCTPEUAIOIIUXCS B IPUNOXEH USIX M UTPAIOILMX BAXHYIO
PONb B CTATUCTHUKE.
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3.1. OxcTpeMymbl M NOPRAKOBbIE CTATUCTHKM

Pacnpefenesye makcumyma 70 CryyaiHbiX BENMYHH
OueBuaHOe 0606lLIeHHE pacCyXIeHUH npeabilyiiero nyHkra (cM. (1)) maer: eciu 7 =

max {{;}, Fg(x) = P{£ < x} — dynkums pacnpeneneHus &, To
1<j<n

Fy(y) = P{m;lx{éj} < y} =P{&i<y; &<y 3 &<y} =Fg. 69, ..., ).

Ecnu BekTop £ HenpepbiBeH ¢ IIOTHOCTIO fz(X), TO IUIOTHOCTB 7) AAETCS COOTHOLLIEHHEM

1}
dF, ", OF n
fv(y) y Zéz—c-g_(y,yi""y)zz:/ff(yh'“amj,"')y)dmj-
i s

j=1

B cJyyae HE3aBUCHUMOCTHU KOMIIOHCHT BCKTOpa E B COBOKYNNHOCTH

Fy) =] F; @), (1)
j=1
a B NIPE/NOIOKEHNH HENPEPBIBHOCTH §;
£, =>" T fa W) F, (v)- (2)
i=1 j#i

Pacnpefienene MUHUMYMa 13 CNYYaiiHbiX BENUYMH
O6061as cootTHoeHue (8) 10CTOBHBIM MOBTOPEHUEM BHIKJIAAOK, MOJIyyaeM It BeKTopa &
C He3aBUCUMBIMU B COBOKYITHOCTH KOMIIOHEHTAMMU

Fy(y) = P{mm{f,} < y} =1~ P{mm{{J } ==1- H(l - F;(y). (3

j=1

JLnst HenpepbiBHbIX € 1) = min{¢;} Taxxe HenpepbIBHA U

£, =D T £, @) (1 - F; (). (4)

i=1 j#i

3aMeTHM, YTO 3/IECh, KaK M JUISl CJIy4asi ABYXKOMIIOHEHTHOro BexTopa ¢, M3 ycl10BuUS
3KCMOHEHLIMAILHOCTH KOMITOHEHT CJIeYEeT 3KCIOHEHIMaJIbHOCTb MUHMUMYMa.

Eciu n ZOCTaTOYHO BEAMKO, TO OKa3biBaeTCs, YTO 3TOT PE3YAbTAaT — 3KCNOHEHLUMHAb-
HOCTb MMHUMYMa — cJabo 3aBHCUT OT XapakTepa pacnpelefeHusi KOMMNOHEHT. ToyHee,

HMMEET MECTO CJICAYIOLCE YTBEPXKIACHUC.

Teopema. [Tycmb cayuaiinvie genuyunwt &, j = 1,2, ..., n, — He3asucumsl 8 cOB0KynHocmu,
Henpepwignst Ha [0, +00) u odunaxoeo pacnpedenens. Tozoa npu m — 00 pacnpedenerue
Munumyma §; 6AuU3K0 K IKCNOHEHYUANLHOMY:

0, y <0,
Fmin(y) = { 1 - e—#n-y, y >0,

30eco pp = np, = fE,(O)




102 Fnasa XL. Qynkummu cnyyaiHbix BENUYHH

<« CootHouieHue (3) B YCIOBHSX TEOPEMBI 1a€T

Frin(y) = { (l,,— H-F@l" g z 8’ (*)

B cuny HenpepbIBHOCTH §, B OKPECTHOCTH Hy.JIs (TOYHEe, B IPaBo# ITONYOKPECTHOCTH)
BBHIMTOJTHSIETCSI PABEHCTBO

F(y)=f(0)-y+o(y) =p-y+o(y).

U3 cooTHOIEHMS (%) SICHO, yTOTIpU 72 — 00 Frin(y) — 1, y # 0,4 Fin(y) = 0, y = 0,
T.e. BCS MH(OpPMALMUA O MOBEJACHWM MHUHMMYMa COCPENOTOYEHa B OKPECTHOCTH HYJS.

Ionoxum ¢t = nuy. Torna

n tn 1
Fpin(y) =1-[1-F(y)]" ~ 1 - [1—;] Sl-etp
YkazaHHOe 00CTOSATEALCTBO SABISECTCS TCOPETHYECCKHUM OCMBICIICHUEM T, H. «IIpUHLHUIIA
c1a6oro 3BeHa», LIMPOKO UCTIONB3YEMOTrO B TEOPHM HAZEXHOCTH — HaIeXHOCTb arperata,
(dYHKLOHMPOBaHKE KOTOPOI0 HEOGXOIMMO 3aBUCHUT OT HaIEXKHOCTH G0JIbILIONO KOJIMYECTBa
COCTABJAIOILHUX, OrpeaejsieTCss HaACXKHOCTbIO CaMOIro HEHAACKHOIO U3 HUX U ONMUCHIBACTCS
3KCNMOHCHUHVAJIIBHBIM pacrnipeacjCHUEM.

Pacnpefnenexye NOPAAKOBLIX CTATUCTHK

MNycts € = {£, ..., £} — chaydaiiHBIA BEKTOp C 3aKOHOM pacripeeieHUs F¢(x). Bexrop

7 = {m, m2, ..., Pu} HA30BEM BEKTOPOM NOPAOKOBHIX CMAMUCMUK, & €TO KOMIIOHEHTHl —

nopadkoesimu cmamucmukamu, ecn 7; = min {§;}; ;2 = min{é;; & #F My ..M =
ISj<n

max{§{;}. KoMnoHeHTH BEKTOpa 7 pacriONOXEHH! B NOPsSAKE HEYObIBaHUsI
MESMEMS ... <

HaiineM 3akoH pacnpeziesicHHst 1M - KOMIIOHEHTHI 7] B MPEANOA0XKEHUM HE3aBUCUMOCTH
¥ OHMHAKOBOM pacnpeneseHHOCTH KOMNOHEHT &, 1 < m < n. JIoruky paccyXxaeHui
paccMOTPUM Ha npuMepe n = 3, m = 2.

st Toro, 4roGel BTOpasi MOpPSAKOBasi CTATUCTUKA NMPUHSIA 3HAY€HMWE, MEHbILUEE ¥,
HY>XHO YTOObI HE MEHee IBYX M3 TPeX KOMIIOHEHT BeKTopa {£, &, £3} NpUHAIMN 3HAYEHUS,
MEHbLIKE Y. DTO 3HAYUT, YTO

Plm<yt=P{&i<y, &<y &>y} +

+P{6i <y, &>y, G <yt+ P>y L<y; G <yr+
3
+P{E <y &<y G<yr=> CF ([ - F@y)] ™
=2

AHaJIOTUYHO 115t MPOU3BOJBHBIX M U N

n

an(y)=ZP{£¢, <Y 3 6 <Pl 286, 2y} =

k=m
=N CEFF(1-F@)"" ()
k=m
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3.2. Kparthbie ceeptku. Hexotopbie cneluanblibie pacnpegeneHus

Crosb X€ 04EBUAHO 060611aeTcs Ha caydaif I pOM3BOJbHOIO KOHEYHOTO YMCIa CJIaraéMbIxX
TIOHATHE CBEPTKM CAYYAfHHIX BEIMYMH

Ffl *Ffz*"‘*an =Ffl * (Ffz *F'fii*"'*an) =F€I+£2+---+£n'

O61ue GOpMYJIbE IPH 3TOM YX€ JOCTATOYHO IPOMO3AKH X HEO603pHMBI, €C/TH TOJIBKO CBOpa-
Y1 BaeMBIE paclipeneieHus HE ABIAIOTCA YCTONYMBBIMHM OTHOCUTEIBHO CBEPTKM — B I10CAE-
HEM CJIydae CUTyallusl B TEXHUYECKOM TUTAHE HE CIOXHEE, YEM B CIyYae JBYX NEPEMEHHBIX.
Oco60 OTMETUM, YTO WIS HOPMAIbHLIX, HE3aBUCUMbIX B COBOKYIHOCTH CIy4YaiHBIX
BEJMYMH M3 CBOWMCTB JMHEHHOro Ipeobpa3oBaHMf M TeOpeMnl 1 ciaeayer, yro, ecau

n
= > &, & = N[my; gi], 09 = N[Z a;m;, Y. |a,~la,-] , T.€. JHHEHHas KOMOU-
i=1
HalMsg HE3aBUCUMBIX HOPMAIBHBIX CIY4aHbIX BEJIUYUH SABIAECTCH HOPMAIbHON ciaydyaifHoM

BEJIUYUHOHA.
Pacnpenenetme x> — Mupcoxa

Mycts X’ =& + & +... + &, e & = N|0, 1] He3aBUCHMH B COBOKYIHOCTH.
PacnipeiesieHue CyMMB KBaapaToB © HE3aBUCUMBIX HOPMaJibHBIX ¢ ntapamerpaMu (0, 1)
CIyYaiHBIX BEIMYUH Ha3bIBaeTCH x2 -pacnpedeneruem ITupcona ¢ n cmenenamu co600ui.

Yuraetcss — Xu-KBagpaT. O603Hayenne: 7 = x>[n]. Ycroinuusocts x2-pacnpeneneHus
OTHOCHTEJBHO CBEPTKM YCMAaTPMBAETCS HETNOCPEACTBEHHO M3 ONpeEACHH

X' [k] * x’[m] = x*[k + m]. (6)

JU1sl HAXOXIEHMS 3KOHA PACTIPEICICHMS CIYYaifHOM BEMYMHBI X , 3aMETUM, YTO €C/TH
¢ =N, 1], 70 £ =7[1/2,1/2].
« JIeHicCTBUTENABHO,

rO, y<07

f
Fa(y) = P{€" <y} = P{€] <V} = | / =P 4z, y>0,
0

ﬁl

\

OTKyIa

fa(y) = \/-— y eV = 7[; ;]

B cwty ycTOMUYMBOCTH raMMa-pacipe/ie/iEHUsi OTHOCUTENBHO CBEPTKH NMOJIY4aeM

foa=loxJgx--*J1g =7[§’ 5] T T(n/2)- 277"
t-pacnpepenexue Craionenra
Mycts 7, &, &2, ... , & — He3aBUCHMble HOpMaJibHbIE ¢ napamerpamu (0, 1) cayuyaiiHbie
BEJMYMHBI U NYCTh

nvn ®)

,/z'::e%

PacnipeneneHue ciy4aiiHON BeJWYMHBI ¢ HasbiBaeTcsl pacnpedenenuem Cmbiodenma

C N cmeneHAMU ce0600bl.
O6o3uauecHue: t = t[n].

(7)

t=
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Haiinem BbipaXeHue uig 3aKoHa pacnipenenedus t[n]. OTMeTum, 4To yucavMTeNb pac-
CMarpyBaeMOro OTHOUIEHUsi HopMmasieH ¢ napaMetpamu (0, /1), a 3HaMeHaTe)b HeoTpuLia-
TeJIEH M €T0 pacnpelie/ieHUue JaeTcs BhpaXXeHUeM

n

Po > <y =P{}:£?<y2}=P{x2[n]<y2}.

U3 (7) zakmoyaem, yTo §2
1
P{X2 < y2} — __n__ / z(n/2)-le-z/2 dz,
()

OTCIOza V1Sl TUIOTHOCTH 4/ > E,z UMeeM
2?] —2 —y2
n-2_-y /2.

!/ = —;‘)——' Y
(< )22
2
Ioatomy mwist yacTHoro t[n], cienys (28), nonyyaem

2
z 2z n-2,~z%/2

T o
ft{nl(y)=/ Wor CXP{-%QIZ}‘—T—‘;m
° (3)

{ = 2 2
/:c" exp{—-:-c— (l + y_) } dz.
2 n

f—mr(%)zm—wz /

Jenas B nocjienHeM MHTerpasie 3aMeHy

2 2
. ¥y
U= 5 (l+ n)’
n+1
1 F(T) ( y2>—-(n+l)/2
9)

2

rdr =

NpUXoanM K popmyiie

3amerum, yto npu n = 1 fy;)(y) = K[1] — nnotHocts pacnpeneneHus Koum.

Z -pacnpepenexne Ouwepa
Mycts &, &, ..., &ny M1y M2y -+, Mm — HE32BUCHUMBIE B COBOKYITHOCTH HOPMAbHKIE C Ma-
pametpamu (0, 1) ciyuaiinbie BeanuuHsl. [lonoxum

1 < 2
;Z&

1 mxz[n]
= . (10)
1 & ny*[m]
—~ ,§=|: e

Benuyuna Z HaseiBaeTcsi cayuaiinoi eeauyunoi Puuwepa-Chedexopa. O6Go3HayeHue Z =
Z[n, m].

Z =
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3aKoH pacnipeneneHus cnydaiiHoi BenuuuHbl Z HaiineM, ucriosib3ys (28) u (7). Umeem

fz-m)(y) = / Fn)(8Y) £ 2 pm) (D)t dt =
0

[e.@)

B (ty)(n/2)—le—ty/2 t t(m/2)—)e—t/2

*/ n m
r{— )22 r{— |2m/2
BHOEG

dt =

[t 1
U4y =u

(n/2)-1 2u
y ((n-+m)/2)-) ¢ _|¢= _
t exp 2(l-l-y) dt = T+ =

Sm+n)/2p ( E) r ( ﬂ)
2/ \2 2du

dt =

o0
0

A I+y |
y(n/2-1 [ omim/-t y(min/=t gy
- n\. . [m g ¢ Ty T
2(m+n)/2 —)F(——) (1+y) +y
2 2
(%) 1

— (n/2)-1 ) 11

W
2 2

W3 cootHowenus (4) ans nuHeiHoro npeobpasosanus 2 = = - (2 2Z) okonyaTenbHo

MOoJNy4yaeM

n ny

fz(y) = ;n“fZ(n/m)(’;n“)- (12)

3.3. MHoromepHoe HOpManbHOe pacnpeaeneHue

Iycts &), &, - .. , £&n — HE3aBUCHMBIE B COBOKYITHOCTH HOpMaJibHbie ¢ napameTpamu (0, 1)
cilyyaiiHble BETMYMHbI, A = (@) — HEeBBIPOXIEHHAs MaTPULA NOPANKa 7, m = ()i, —
cronbeul. PaccMoTpuM ciyyaiitblii BekTop 7] = (7;)i;, 3a1aBaeMbiii COOTHOILIEHHEM

7=A{+m. (13)
OTMETHM, YTO KaXzas KOMITOHEHTa 7); SBISETCS JUHEHHONH KOMOUHALMEH HOPMaTbHBIX
c mapameTpamu (0, 1) ciyyaitHbIX BeTMYUH

ni = ai&i +apbr+ ...+ ajnéa + My

W, B CHJIy CIEJIAHHOTO BBILLIE 3aMeYaHUs, ABIAETCS HOPMaJIbHOM CllyyailHOM BEJIMUMHOMN.
Haiinem 3akoH pacnipenenenus Bekropa (13). Ilycrs B C R — Gopenesckoe, Torna

P{fh € B} =P{Af+me€ B} = / (21:)"/2 exp{——;—z:tf} dx =

x€R™ Ax4+meB
] 1 1
= —__(21r)"/2 exp —Ex X ¢ dx.

x€R™ Ax+m€EB
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CrenaeMm B nocjaeqHEM MHTETpasie 3aMeHY NepeMeHHBIX, [TOJOXHKB
y =Ax 4+ m.

B cunty HEBBIPOXIEHHOCTH A 3Ta 3aMeHa HEBLIPOXIEHA U ee ssKobuaH paseH |A|™': dx =

[A]7" - dy. Momyaum

X= A”] (y - m)1
x' = (y-m)T(a7"),
T Tia-N\T /a1 T T\ !
X -x=(y-m) (A7) (A7) (y-m)=(y-m) (AA") (v - m),
noaTromy st Jitloboro 6opesiesckoro B C R" umeem

P{ﬁEB}=5;1535/exp{—%(y-m)T(AAT)_’(y—m)}-ﬁdy-
B

Monoxum AAT = K[7j], Torna det(AAT) = det K = A u Al = VIK].
Jlsi 3aKOHa pacnpeesieHUs: BEKTopa 7 MOJTyYuM

_ 1 ! -)
P{i€ B} = ry R B/ CXP{—E(N -m) K™ (y - m)} dy, (14)

oTcCloga CijleaAyeT, UTO ﬁ — HEeNpPepbIBHLIA BEKTOP, IVIOTHOCTh KOTOPOTI'o JA€TCSH paBEeHCTBOM

1 I »
7 = G exp{ 55 = Ky - m |, (15)

T. €. MOJIHOCTBIO onpeaesercsd Marpuliei K ¥ BeKTopom m.

Pacnpedenenue (14)—(15) Hazvieaemcs HeebipoNcOEHHBIM HOPMANLHBIM Tu-MEPHBIM pacnpe-
denenuem ¢ napamempamu (K, m). O603HaveHue 7 = N[m, K].

OtMetumM, urto 3neck K — cuMMeTpuyHas, MOJOXMUTENILHO ONpelenieHHas MaTpuua,
(det A # 0, K=AAT), m — npou3ssonsHwiit BekTop u3 R*.

KOMMOHEHTb HOPMAJIBLHOIO CAY4alHONO BEKTOpa — HOpPMaJbHblE CIyyaiiHblie Besu-
yyHel. OJHAKO HOPMAIbHOCTH KOMIIOHEHT HEJOCTATOYHO I TOro, YToObl BEKTOp OnLI
HOPMAJIbHBIM B CMBICJI€ OMpeieieHUs, JAHHOI'O BhILLIE.

Mpumep. Nycrs &, = N[O, 1], a & = ££, ¢ pasHLIMM BEPOATHOCTAMM

P{&r=4} =P{& =4} =05.
<« KomnonenTa £ Hopmanbha ¢ napametpamu (0, 1), 4T0 HemeaneHHo cneayet 3 BLIKAALOK
Fe,(z2) = P{§ < 23} = P{&; < 22/& < 22} P{§1 < 22} + P{&2 < 22/&1 > —z}P{&1 > —22} =
= %Fe. (z2) + %Il —F (-2)] = %Ff.(tz) + %Fk. (z2) = F,(22).

B 10 Xe Bpems, coBmecTHoe pacnpepenenne (£1£;) COCPEAOTONEHO Ha Nape NPAMBIX T; = +I;, TaK 4T0
0606ueHHan NNOTHOCTL pPacnpeaeneHns 3Toro BeKTOpa MOXeT GbiTb NpeAcTaBneHa B suae

1
9061, 22) = 5(8(22 — 21) + 8(z2 + 21)) fg, (1) (16)
1 He ABNAETCH NNOTHOCTLIO COBMECTHOrD HOPManeHOro pacnpeapenesmns (15). p

OTMeTHM ellle OIHO BaXHOE CBOHCTBO KOMITOHEHT HOPMAJIbHOIO BEKTOPA: OHU He3aeu-
Cumb moz2oa u moabko mozoa, kozoa mampuya K — ouazonansHa.

« [leiictBuTenbHO, ecnu &), £, ... , & HE3aBUCMMBI U HOpManbHul (m;, 0;), To Wid
COBMECTHOM TUIOTHOCTH IMOJIyYyaeM

- 1 i —m;)’
fflf2---fn(ml’ ,(Bn) = H \/2—“_0_. exP{—(_m—io%)—‘}- (17)

i=|
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Jlerko y6enuThesi B TOM, 4TO TUIOTHOCTL (17).umeet Bua (15) ¢ m = [m;] u K = (K;),
K,',' = 0’,2, k,'j =0.
O6parHo, nycts K = diag [A;]7;, A; > 0. Torma detK = Ay ... Ay, K7! =

n

diag [{7] ¥ TUIOTHOCTS (15) npuHUMaeT BUA
i=1

() = ! IS my2 LV
ff(x)—'(zﬂ.)]/Z /Al/\Z---_A—n CXP{ 2;(:”! mt) /\‘} -

M = 252)

T.€. TpeACTaBUMa B BUAE MMPOU3BEIEHUSI HOPMAJIbHBIX TUIOTHOCTEN, KaXaass U3 KOTOPbIX
ABJIAETCS MHAMBUIYaJIbHOM IUIOTHOCTBIO pacrpee/ieHUs & -if KOMITOHEHTBI, 4TO ¥ O3HaYaeT
HE3aBUCHMMOCTb KOMITOHEHT &;. P

[ycts Teneps & = N[0, 1] — HesaBucumbie, A — m X n-MaTpuila, paHI KOTOPOK
rang A = r. MOXHO NoKa3aTh, YTO BEKTOp 7§ = A + M MMeEET r-MEPHOE HOPMATLHOE
pacnpefejieHue, KOTOpoe B CIyyae r = m siBseTcs HeBbipoXnaeHHbM B R” ¢ nmapaMeTpa-
MU (K = AAT, m) , B cryyae Xe 7 < ™ 3TO pacrnpezelieHre BhipoxaeHo B R™ u cocpefo-
TOYEHO Ha HEKOTOpOM noanpoctpaHcTee L, dim L =r.

§4. He3aBucumMoCTb QYHKLUA HE3aBUCUMbIX apryMeHTOB

B 3akiioueHue 3TOM IiaBbl pACCMOTPUM OIHO BaXHOE CBOMCTBO (DYHKUMIA CITydaifHBIX ap-
TYMEHTOB.

Myers € = {&}L,, 7= {n; }j% — ciydaiiHbie BEKTOPbI, 3aKOHbI pacripezieieHUsl KOTO-
PbIX JAIOTCSI, COOTBETCTBEHHO, pyHKIMAMH P¢(A) u $5(B), A — 6openepckoe ua R" , B —
6openenckoe U3 R™. Iycts ¢ u ¥ — Gopenesckue pyHkumu B R* 1 R™ coorBeTcTBEHHO.
Torna umeeT MecTo

Teopema. Ecau eexmopu € u 7 He3asucumu, mo cayyainuie eeausuns (€ ) u V() — nesasu-
CuUmui.

<« W13 He3aBrcuMOCTH BEKTOPOB & M 7] MoTyyaem
®¢q(A, B) = ®z(A) - ®3(B), VAC R*, BCR". (18)
Paccmotpum
P{p(€) € [a,b]: ¥() € [c,dl} = P{Ec ¢ '(la,1)); 7€ ¢ (¢, )}
B cuty cooTHouteHust (18) nocnenHsis BeposSTHOCTb NPEACTaBUMA B BUE
P{fc ¢ \([a,0); 7€ ¥ ([c,d))} =
=P{fe ¢ (lo,t))}  P{T € ¥ (e, d)) } = P{p(§) € [a, 1)} - P{¥(7) € [c, 9) },

OTKYJZa M cjleayeT UCKOMOe. »



[naBa XLI

HYUCNOBbLIE XAPAKTEPUCTUKN
CNYYAUHBIX BEJTUYUH

Eciu € — cnyuaiiHas BeJMYMHA (MoxeT 6bITh, U BEeKTOpHasd), HabmonaemMasi B 9KC-
nepumMeHTe 2, TO, KaK Mbl BUJEHU Bbillle, UCYEPITLIBAIOIIYIO HHMOPMALIMIO O Hell JaeT ee
3aKOH pacnpeneyieHus P g{A}. OnHaKko NOBOJBHO YacTO MOXHO, OITUCHIBAS CIIY4alHYIO
BEJIUYUHY, OTPAaHUYUTLCS MeHee noapoOHOM, YeM 3aKOH pacripenesneHusi, UHpopMaLuei,
yKa3aB B KaKOM-TO CMBICJIE €€ XapakTepHbie 3HaUYeHHUs M OLEHUB, HACKOJIbKO HalJiofiae-
Mag ciydaifHasi BeIMYMHa MOXET OT 3TUX 3HaueHMWil ykioHsAThcs. Hanpumep, ecnu € —
pe3yabTaT U3MEPEHUS] HaNpPsDKEHUs B ObITOBOM 3JIEKTPOCETH, TO CKa3aB, YTO ITO Harps-
XeHue paBHO 220 B ¢ BO3MOXHBIMHY OTKJIOHEHUAMMU MII0C-MUHYC 40 B, MBI y10BIETBOPpUM
noaasasiioniee 6ONBLIMHCTBO 3aNIPOCOB IM0JIL30BATEJNEN 3TOI CETH.

JAns HeKOTOpBIX CAy4yadHBIX BEIMYUH MONOOHOE OMMCaHWE MOXET OKa3aThCcd M He-
uHpopmaTuBHbIM. Kak npaBujo, 3TO NMpPOMCXOAUT TOTIA, KOra BO3MOXHOE paccesHue
3HayeHUM ciIydyaHON BETUYMHBI OKa3bIBAE€TCS 3HAYMUTEIBbHBIM U COM3MEPHMBIM CO BCEM
OUarna3oHOM NPUHUMAEMBbIX €10 3HAYeH M.

Mbl paccMOTpUM 371eCh HEKOTOpPbIE YMCIIOBBIE IMTOKA3aTe/ W, Ha3bIBaeMbl€ YUCIOBBIMHU
XapaKTepUCTUKAMHU CIYyYalHOH BeTMYUHBI, KOTOPbIE OTPaXaloT XapakTepHbie ISl JaHHOMU
CIy4aiHOM BEJIWYMHbBI ACIIEKTDbI €€ ITOBEACHUSA Y NMO3BOJISIOT OMUCHIBATD CJIyYaitHYIO BETUYH -
HY B KOMITaKTHOM (popme. BaxxHel MMy cpeiy HUX ABNSIOTCS XapaKmepucmuKu NoN0NCeHUs,
XapaKmepucmuKu Paccesnua U XapaKmepucmuxu Céa3u.

§ 1. XapakrepucTuku noNOXeHUS

HecnyvaiiHble yucna, Aalouide npencTaBieHde O HaubGoliee XapaKTepHBIX 3HAYEHUSsIX,
NPUHUMAEMBbIX CJIy4aiiHOH BEIWYMHOM, OyneM Ha3biBaTb XapaKmepucmukamu NoN0HCeHUs.
K HUM oTHOCATCS MaTeMaTHyecKoe OXuaaHue (LEeHTp pacripenelieHus ), Mona (Haubonee
BEPOATHOE 3HaueHUe) U MenvaHa (cpeauHHoe 3HayeHUe). C TOYKM 3peHUS TEODUH U ee
NPUIOXEHWH, BaXXHeH1Iel Cpeiv epeyucieHHbIX XapaKTePUCTHK SBJISETCA MaTeMaTHyec-
KO€ OXMIaHUE, Ha U3YYEHUU CBOMCTB KOTOPOIO Mbl U OCTAHOBUMCS HUXE.

1.1. Maremarnyeckoe OXHAaHWe CNYMAXHOK BENYNHDI

IMycts g¢(z) — 0606IEHHAS MIIOTHOCTL pacnipeneneHus CaydaitHoi Beauuunsl £. Mame-
MamuvecKum oxcuoanuem, UiV cpedHum, CydaifHoil BeJIMYMHBI £ Ha30BeM YUciio, 0603Ha-
yaeMoe B najibHeieM M [£], onpenenseMoe COOTHOLIEHUEM:

o

Ml¢] = / 2g¢() d. (1)

-0
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Ecnv unrerpan (1) pacxonurcst, 6yeM roBOPUTb, YTO Y CIyYaliHOMH BeTUYUHBDI ¢ MaremaTu-
YeCKOE OXXUAaHUEe OTCYTCTBYET.

Jlns HeNPEPBHIBHBIX Clly4aidl HBIX BETUYMH C IJIOTHOCTHIO fg(:z:) MaTeMaTuyecKoe oXxuaa-
HUE NaeTcsl paBEeHCTBOM

o0
Mie) = [ of(o) da, )
-—00
IUISl IUCKPETHBIX, € paaoM pacnpenenedus P{{ = a;} = p;, 1 = 1,2,...,n,... paBeH-
CTBOM

o0
Mg] =) aip:. (3)

i=1

Ecnu MHTEpnpeTUpOBaTh pacnpeicieHUe BEPOSTHOCTEN g¢ () KaK pacnpeliesieHue eu-
HUYHOJ BEPOSTHOCTHOM Macchl IO BCeit YHCJI0BOM NMPsIMO#, To cooTHoueHus (1), (2) u (3)
cyTb QOpPMYJIbI A BBIYUCIEHUS LIEHTPA TAXKECTHU 3TOM eAMHUYHOM Maccel. UMeHHO 3TO U
VMEIOT B BUIY, KOIla FOBOPSAT, YTO MaTeMaTH4eCKOe OXUAAHHE — 3TO LIEHTP pacnpeleie-
HUSL.

l'lpuuep. Matematuyeckoe OXUAaHUE IKCMOHEHUUANBHOW Cy4YarnHOW BENUYUHLL,
Mycts € = exp|p]. Torpa
0, z<0,
Je(z) = {

peH, 2 >0,

u ana M[¢] nonyvaem
e 00 1
M[{]-—-—[o fg(z)-a:d.a:zbfp-ze”" dz = o

Mpumep. MaTemaTyeCcKoe OXNAAHUE HOPMANBHOW CAYYAHOA BENUYUHDI.

Mlyctk ¢ = Nm, 7], T.e.
1 (z — m)?
fe(=) = oV2n exp{-— 202 }

Dna M{£] umeem
z-m_
T = (z—m)? s
M[€]=/m/2——7rexv{-——5;——}dx= z=ou+m |
% dz =odu

%0 2
_/ au+m {_Ei} adu-\/ﬂ/uexp{ }du+\/%/exp{ }du m.

fipumep. Marematnyeckoe oxuaanue 6epPHYNNNEBOI CyYatHON BEAMYUHDI.
BepHynnuesasn cnyyanHas senMynMHa 3afaeTcs psaoM pacnpeneneHus

EfO0[1
pliaglp’
DOna Hee cootHoweHue (3) paer

p+g=1 p=20; ¢20.

M[{]=0-g+1-p=p.

Mpumep. Matematnyeckoe OXuAaHWE Cny4aitHOW BeNWYMHL! pacnpeaenexHoi no Koww.
fNnotHoCcTL pacnpegenenus Koww 3aaaetcs COOTHOWEHUEM

|

fe(z) = i) ° €R.




110 Fnasa XLI. Yucnosbie xapaKTepHCTHKK CyvuaiKbIX BENHYMH

M3 (2) nonyyaem, 4To
o0

1
M[f]z / zm dr.

Jlerxo ycTaHoBuUTb, YTO NOCNEAHUI MHTErpan pacxoauTcs. Y cnyyanHon BenuyuHbl, pacnpeaeneHHon no Kowwu,
MaTemMaTMyecKoe OXMAAHUE HE CYLLeCTBYeT.

1.2. Teopema 0 MaTeMaTH4eCKOM OXHAAHWUK QYHKUUM OT CRy4arHHbIX BENHYHH.
CBoiCTBa MaTEMaTHYECKOro OXHAAHMS.

BaxHeiiniye CBOHCTBAa MaTeMaTUYECKOTO OXMAAHHUS SIBJSIOTCS CIEACTBUSIMM CIIEAYIOILEH
dyHraMeHTaIbHOM TeOpeMbl, KOTOPYIO MBI IpUMeM 6€e3 10Ka3aTe IbCTBA.

Teopema. [lycms E_ — CAY4QIIHBIE 8eKMOP C 3aKOHOM pacnpedeneHus 'H (x)= 9¢.6.. £n(T1T2. .. Tp)
u pynxyus o(t) = o(ty, ta, ... , t,) maxoea, umo unmezpan

/ o0 - g (1) dt
Rn
cxodumca. Tozoa

M[p(E)] = [ vx)ge(x) ax. @

Rﬂ

OTMeTuM crieayiolye, BaxHble IS JalbHeIIero yacTHble caydau ¢popMyssl (4):
§ — HenpepbiBHAasA CKaIApHas CIyJaiHas BEJIMYMHA C IVIOTHOCTBIO f¢(Z)

(o ]

Mp(£)] = / o(2) f¢ () da; 5)

§ — NUCKpeTHasi CKalsipHasi Ciiy4aiiHasi BeIMUMHa C psfioM pacripesieneHus P{{ = a;} =
pi,1=12,..;

[e 0}

Mlp()] = p(a)pi; (6)

1=1

o0
§ — nucKpeTHO HenpepbiBHAs: g¢(x) = f(z) + > 6(x ~ a;)p;

M(o(6)] = / P(@)1(z) do+ S pio(as); (7)
oo i=1

£ = {£,, &} — HenpepbiBHasi C IIOTHOCTHIO fee (T, T2)

Mp(£)] =// p(x1, ©2) fe,6, (%1, T2) dz| d; (8)
R2

£ = {&, &} — muCKpeTHO HenpephiBHAs ¢ 0606LEHHOM TIIOTHOCTBIO g¢ (X1, )

Mlo(E)] = // o(21, ©2) g6y (21, 72) da . )
R2



§ 1. XapaxvepucTiku NONOXeHHs i1

W3 coorHoeHust (4) u ero BapuaHToB (5)—(9) Jierko rnonyyaem cienyiolme yTBepxie-

HUA.
1. MaTtemaTtuyeckoe oXXHaaHHUE IOCTOSHHON — IMOCTOSIHHAS

Mic] =<
2. Ecnu cymecrsyior M[¢,], M|¢,], a @ u B — npou3sBonbHbIe YiCaa, TO CYLIECTBYET

Mla + 6] u
Mg + &) = aM[§] + BM[&].
3. Ecau cymecrsyior M[£2] u M[£2], a cayuaittbie BenuunHB € U £ — HE3aBUCHMBI,

10 cymecTByeT M [€,€] u
M[§&) = M[§]- M[&]

4. Ecau cymectByer M[€], a € HeoTpuuaTesibHa, TO
M[¢] > 0.
5. Ecau cymectByior M[§,], M[&)u & > &, 10
M[¢ ] > M[&].
6. Ecnu cymectsyior M [¢]], M [€3], To cymectsyer M [£,£,] u

2 2 2
M*e&] < Mg M (€]
(uepaBercTBo Koum—ByHsiKoBCKOrO).
«¢ J1151 10Ka3aTeIbCTBA MTOCICAHEN0 COOTHOMEHHS 3AMETHM, YTO B CHITY CBOMCTBA 4 Jist

moboro A € R ,
MM+ &) > 0.

OtkypamnsiBcex A € R
MM (€] + 2M[¢,6] + M[€2] > 0,
a 3TO BO3BMOXHO JIMlllb, €CIIU JIHCKpPIMPIHaHT KBa.IIpaTHOI'O 'I‘pCX‘!JIeHa HEMNONOXHUTENECH
D = M6~ MM [€E] <o,
OTKYyZa CJIEAyeT UCKOMOE. »

Mpumep 1. Halpem matematuyeckoe oxupaHue GUHOMUANbLHON CRy4adHOW BEAUYUHBL. HaNOMHUM, 4TO
¢ = B[n; p] — xOnM4ecTBO yCnexos 8 CEpUM U3 1 HE3ABUCUMBIX UCMILITAHUA C HEUSMEHHOW BEPOATHOCTLIO
ycnexa p 8 kaxaom. Moatomy ¢ npeacrasuma 8 suae
=G+ +. ...+,
rae §; — He3aBMCMMbIe CRyyaiiHbie Benu4uHbL ¢ papom pacnpeaenenus P{{; =0} =¢=1-p, P{¢;=1}=p.
M3 cBoMCTBa 2 B9 MATEMATUYECKOro OXuaaHua cheayer
o o]
Mgl =) M¢; = np.
j=1

3amMeTnM, 4TO Mbi OIHOBPEMEHHO A0Ka3au KOMGUHATOPHOE TOXAEeCTBO
n

> Cap*q" *k = np.
k=0

Mpumep 2. [ns HaxOXOEHWUS MATEMATUYECKOrO OXMAAHUA CyYadHOW BEAUYMHLI, UMEIOLLeR pacnpeaene-
Hue X’ C n creneHsmu cBOGOAb!, BOCTONLIYEMCA TEM xe CBONCTEOM 2. Tak KaK no onpeeneHuio

2 2 2 2
X lﬂ.] =£l +§2 +"'+fm
rpe fj — He3sasucumbie (0,1)-HopmanbHbie cnyYanHbie BenuYUHb!, TO

Mix’] = fn‘_, Mg =nM[g]).
)=l

3 Toro, yto M [{,2] = 1, nonyyaem OKOH4YaTeNbHO

M[xz] =n.
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1.3. [lpyrue xapakrepucTUKu NONIOXEHHUS

KopoTKo ocTaHOBMMCH €lile Ha ABYX YMCIIOBBbIX XapaKTe pPUCTUKAX ITOJIOXEHHUSI, OIHUChIBaIO-
LIMX «XapaKTepHble» 3HaYEHUsI CIIyYyaifHON BEeMYMHBL.

Meduanoti cayuaiinotli enuvuns Ha3piBaeTCs YUCIo, 0603HaYaeMoe B JaibHenieM Me[¢]
Y obiagaioniee TeM CBOMCTBOM, 4YTO

Fe(Me[¢]) =0,5. (10)

MeavaHa MoXeT GbiTh OJHO3HAYHO olpenesieHa He Ais 6ol CliyyailHONM BeJIMYM-
Hel. (MenuaHna pacnpenenenusi Koy paBHa Hy/l0, B TO BpeMsi KaK €€ MaTeMaTHYeCKOe
OXMOaHWe He CYIIeCTBYeT; MeJuaHa HOPMAJIbHOTO paclipelie/ieHUs U ero MaTeMaTHyecKoe
OXMaHWe COBNAAAIOT, aHAJIOIHYHO [/Isi paBHOMEPHOIO Ha [a, b] u cumMmeTpuuHOro pac-
npeleieHus.) MeavaHa MOXET ¥ He GLITh OHUM U3 BO3MOXHBIX 3HaYeHHH caydyaiiHOM
BEJIMYMHBI.

Modoii cayuaiinoi eeauvunsr Ha3biBaeTcsl YMcao, obo3HayaeMoe B naibHeieM Mo[€]
1 obnaaalounee TeM CBOMCTBOM, YTO 3T0 HauboJiee BEPOITHOE 3HaYEHHE CPEld BCEX BO3-
MOXHBIX 3HaYeHU W CIYYaiiHOM BeJIMYHUHHBI.

JUIsi HeNpephIBHLIX CIYYaiHbIX BeJIMYUH Mo[£] — Touka MakCHMMaJbHOrO 3HaYeHHMs
IIOTHOCTH f¢ (),

Mol¢] = argmax fe(z), (11)

IS IMCKPETHBIX — 3HaYeHUe C HaubOoJIbIIEH BEPOSTHOCTHIO,
Mol¢] = a;, P{a;} > P{aj} Vj.

Ecnu TakoBbiX (HanboJiee BEPOSITHBIX 3HaYEHU ) y pacipefie/ieHUsi HECKOJIbKO, TO OHO Ha-
3LIBAETCS NOAUMOOANLHBIM, €CIIM OHO €AMHCTBEHHO, TO yHUModarbhbiM. Eciv HambGosbilee
3Ha4eHue IUIOTHOCTY JOCTUIaeTCs B KOHLAX IMPOMEXYTKa MHOXECTBA 3HaUYeHM ciryyaii-
HO# BEeIMYUHBI, @ BHYTPU 3TOTO MPOMEXYTKA UMEETCH eIUHCTBEHHBIII MUHUMYM, TO TaKO€
pacrnpefesieHue Ha3uBaeTCH GHMUMOOANbHBIM.

OTMETUM, YTO IS CUMMETPUYHBIX YHUMOJAJIbHBIX PacIpeleieHWii Mola, MeauaHa
¥ MareMaTHyeckoe OXHaaHue (eciu mocielHee CyIlecTByeT) CoBnagalT. B obieM ciy-
yae MeXJy repeyrcaeHHbIMU XapaKTepUCTUKaMH OIpeieIeHHBIX COOTHOLUEH U HET.

Mpumep 3. Nycte ¢ = B(n; p] — GuHommuansHaa cnyvaiivas senuyuua c napametpamu (n, p). Ecm m =
Mol¢], To no onpeaeneHnio AOMAXHLI BLINOAHATLCA COOTHOLIEHNS
P{=m—-1} <P{{=m} wn P{{=m+1} < P{{=m}.
Noatomy
C,f,n—'pm_lqn—mH < C,Tpmqn_m, C,?“pqun_m_‘ < C:,npmqn_m,
0TKYyAa
np—g<mnp+p.
Bcnomunas, yto M |[€] = np, nonyuaem:
M) - g < Mol€] < M[¢] +p

nnm

p(n+ 1) — 1 < Mo[€] < p(n +1). (12)
M3 (12) cnepyer, 4to mopa y GMHOMUANLHOK CAYYaitHOW BEAMYWHBI BCErAa €CTb U, NPU BHINOAHEHWM YCno-
Bua p(n + 1) — Heuenoe, oHa eauHcTeeHHa; ecnu xe p(n + 1) — uenoe, T0 Moaol GyayT ABa COCEAHMX
(paBHOBEPOATHLIX!) 3HaUEHUA Chy4aiiHoi Benmumkbl £ — a =p(n + 1) — 1 n b= p(n + 1).

Mpumep 4. AnanoruyHbie paccyxaeHWs ANA NyacCOHOBOMA C NAapaMeTpoM A cnyyaiHoi senuuyntbt £ = II[A]

NPUBERET K HEePaBEHCTBY
A-I<m<A (13)

BoiBOAL! M3 cooTHOWEHUA (13) aHanormuHb NPUBEAEHHBIM B BLILLEN3NOXEHHOM NpUMepe.
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§ 2. XapakTepucTMKu paccesiHus

XapaKTepuCTHKH NOJOXEHHUS NaloT yCpeIHEHHOE Npe/ICTaB/IeHNE O XapaKTePHBIX 3HAYEHH -
gX, IPUHUMAaEMBIX CyyailHbIMHU BeJinunMHamu. UHGOpMaLiuy B 3TUX XapaKTePUCTUKAX TEM
GoJiblIE, Y4eM MEHBILIME OTKIOHEHKS OT HUX MOTYT HaG.1I01IaThCsl B pEAIbHOM 3KCIIEPUMEHTE.

IToka3aTenu, ONMCHIBAIOLHE BO3MOXHbIE OTKJIOHE HUS 3HAYEHU i ClIydail HOM BeTUYMHbI
OT «CpEIHUX», Ha3bIBAIOTCH Xapaxmepucmuxamu paccesnus. K HUM OTHOCATCA Iucriepcus,
cpelIHEKBaJipaTUYHOE OTKJIOHEHME, CPeIMHHOE OTKJIOHeHHEe, KO3 ULMEHT Bapuauuy U

HEKOTOpbIE ApYTUeE.

2.1, ncnepcus u ee CBOWCTBA

BaxxHeliei U3 HUX ABNsETCA QUCnepcus.
Jlucnepcueii cnyyaitHoi BenuuuHb € (0603HaueHue D[¢]) Ha3biBaeTCs MaTeMaTdecKoe

OXWAaHWe KBafipaTa OTKJIOHEHHUS CIydyailHoW BeTMUMHEBI £ OT CBOErO CPEeIHETO
D[¢] = M[¢ - M¢). (1)
OTMeTHM HEKOTOPHIE CBOMCTBA TUCTIEPCUH.
1. D[¢] = M[¢*] - MP[¢].
< U3 Toro, uto (¢ — M[¢])? = €% — 26 M[¢] + M?[¢], ucnonb3ys ceoiicTBa MaTeMaTH-
YeCKOro OXHUIaHWs, IoTyYaeM

D[¢] = M[€2 - 26 M[¢] + MP[¢]] = M)+ 2M[¢]M[¢] + M*[¢] = M[¢7] - MP[¢]. »
2. D[¢] > 0.
3. D[c] =0.
4. D[cf] = ¢D[¢].
D[{?. D[¢ £&] = D[]+ D[&) £ 2M [(& — M) (& ~ ME&)], BuactHocTu D[E +- c] =
<« D6 + &)= M[(& + &~ Ml& +&)7] =M [(& - M&) + (& - M&)) =
= M§ - M& T + Ml - M&E) £2M [(6 - M&) (6 — M&)) »

OTMETHUM, UTO €CU CaydyaiiHble BeauuuHbl € U £ — HEe3aBUCUMBI, TO U3 CBOMCTBa 3 MaTe-
MaTHYeCKOro OXHIaHus CleayeT, YTo

M (& — M&)(& — M&)] = M[& ~ MEIM[& - M&] =0
U YKa3aHHOE CBOMCTBO BHIIMIANMT TaK:
D¢ £ &) = D[] + D[&]).

6. Ecau gf(a:) — 0060611eHHas TUIOTHOCTb pacrnpeiencHus CIIyyaiHOH BETUYMHMI €,
10 D[£] MOXET GBITh BHIYMCIIEHA U3 COOTHOMICHUSI

Dlel = [ (o - Mie) ge(o) da, @

B YaCTHOCTH, ecit § — HeNpephbIBHAA cyyaiHas BenTMYHHA C TIOTHOCTHIO f¢ (), TO

o0

Dlgl = [ (o~ MIE) fe(o) do = [ afe(a) da - M), G)

-0
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eciu xe £ — JIMCKpeTHas cnyqaﬁnaa BEJTMYMHAC psmom pacnpenenenus P{{ = a;} = p;, 0

Dm:Z(a. M) pi = Za.p, M[¢]. (4)

i=1
Mpumep 1 (ancnepcus 6epHynauesoit CayyaitHoMl senwmuu).
MNycrs & — GepHynnuesa cnyyaiHas senuuuHa, P{§ = 1} = p; p{¢ = 0} = ¢ = 1 — p. B coorsercTaue
¢ cooTHoweHuem (4), nonyyaem (M [¢] =
2 2
D)= p+0’-q-p' =p(1-p) =
Mpamep 2 (aucnepcus GUHOMUANLHOM CRYYAHHON BENUYUHDI).
Ecnu ¢ — GuHOMUAnNLHas ¢ napametpamu (n, p), 10, Kak 6610 OTMEYeHO suie, € npeacTasuma 8 Buge

=G +L+.. . +én,
roe £, -— He3aBMCUMbIE OAWHAKOBO pacrpefeneHHbie 6EpHYNNMEeBH C MapaMeTpoM P CAyNaNHBIE BEAUYUHBI.
Moatomy (csoiicTBO AUCnepcun 5)
D[¢] = D[&] + ... + D[¢,] = npg.
O/HOBPSMEHHO [0KAa3aHOo xom6uuaropuoe TOXAQECTBO

3" K- CEpH(1 — p)™™* = npg + np

n=0
Mpumep 3 (ancnepcus pasHomepHoit Ha [a, b] cnyyaitHoit BenuumuHb).

b
Nycrs ¢ = Rla, b], M£ = “—;L— Nveem

b 2 2
a+b 1 (b—a)
Di£| = - . dz = .
i€l /(“ 2 ) b—a 12

a

Mpumep 4 (amcnepcus HOpManbHOiA C napameTpamu (M, o) CAYYAIRHON BEAUYUHBI).
Nycts £ = N|m, o], M[{] = m. Torpa

) e e I b
e oV 20° dz =0 du

2 u2
d———/ ¥ gy =
a\/ﬁfauexp{ }au N uexp{ Z}ua

XapaKTepUCTHKO# paccesiHUsl, TECHO CBSI3aHHOM C AMCnepcuei, IBsIeTCs cpedree Kea-
dpamu4eckoe OMKAOHEHUE CAYHAUHOU BeAUHUHB:

al¢] = /DE. (%)

O6nanas TemM Xe KayeCTBEHHBLIM HaroJHEHHEM (coliepXa B cebe Ty Xe uud)opmaumo),
9TO U AUCIIEPCHUS], CpellHEE KBaApPaTUYECKOE OTKJIOHEHHUE UMEET TO NPEUMYLIECTBO, YTO
U3MepseTcs B TeX Xe eAMHMLIAX, YTO U pacCMaTpuBaeMas ciyyaiiHag BennunHa. OTMETUM,
YTO U3 CBOMCTB NIMCIHEPCUHU C OUEBUAHOCTBIO CIEAYET:

1.0(€] > 0.
2.0[c] =0.
3. olct] = Ieloé].

4.0(¢) + & = \V/o2[&] + 02[£,], ecnm TonbKO &) M £, — HE3ABUCHMBL
B 3akumioueH e 3aMeTHM, 9To €CJIM Y CiTyyaitHO# BelnyuHb ¢ cymiectylor M [€] u D[¢],

TO MOXHO IIOCTPOUTL CNYyYai HYI0 BENTUYMHY &, 06/1a1a10111yI0 TEMH X€ CBOMCTBAMH, YTO U &,
HO MMEIOILYIO CTaHapTHbIe YUCIIOBbIe XapakTepucTuku: M = 0w D = 1. JlocTtaTo4HO
MOJIOXHTh

f=t71 ©)

a
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Iepexon ot € K £ — m HOCUT Ha3BaHMeE Yermpuposearue ciiydailHo! BeJIMUMHEI €, a nepexof
ot &€ x ¢£/0 — nopmuposanue. Taxum ob6pasoM, cooTHoueHHe (6) omuchIBaeT npouexypy
HOPMMPOBAHUS U LIEH TPUPOBAHUSI CllyyalHOM BeIMYMHBI . OUYEBHIIHO, YTO LIEHTPUPOBAHHE
(6 — ¢ — m) He MeHseT DMCIEPCUH, B TO BpeMs KaK HOPMUPOBAHHME, HOCSILIIEE XapaKTep
MacutabHoro npeobpa3oBaHus, H3MEHSET MaTeMaTUYeCKOe OXUIAHUE B 0 pas.

2.2. HepasexcTao Yebbiésa

U3 onpenenenus pucnepcuu (1) sicHo, YTo oHa MpU3BaHa Ka4yeCTBEHHO OMMCHIBATh pacce-
sTHUe 3HAYeHHH CIIyyaiiHOM BeJMUMHBI OTHOCUTEJIBHO MaTeMaTHYeCKOro oxuaauusa. Tou-
HBIl BEepOSITHOCTHBIA CMBICJT 3TOTO ONMUCAHUA JaeTcs HepaBeHCTBOM YeOHépa, KOoTopoe

MH! 31€Ch paCCMOTPHUM.

Teopema.
Ilycmb cayuaiinas eéesununa £ obnradaem mamemamuyeckum oxcudarnuem M €] = m u duc-

nepcueii D[¢] = o?. To20a kax060 6t Hu 6ba0 € > 0
2

Pl -ml > e} < 5. 7)

« PaccMOTpUM BCTIOMOraTe ibHYIO CIIy4aifHYI0 BEJIMUMHY 7], 3aIaHHYI0 COOTHOHIEHUEM

__{ 0: |£—m|<e,
n= 2
€, lf—m|2€

3ameruM, uto 7 < [€ — m|?, u notomy
Mgl < M(¢§ - m)’ = o,
ITo TeopeMe 0 MaTEMaTHYECKOM OXMIAHUU DYHKIIUH OT CITyyaiHOIM BEIMYMHBI OAyYaeM
2
M[n]| = e"P{l¢ — m| > e},

OTKyza
e2P{l¢ —m| > €} < 0’

0,2
P{I£~m|25}<§’

YyeM M 3aBepiaeTcs JI0Ka3aTeibCTBO. b
OTMeTHM, YTO HepaBeHCTBO (7) 4acTo UCIONL3YeTCs B KBUBaJIEHTHOM dopme

0,2

P{Ié—m|<€}>1—;7, (8)

nosyyaromeiics u3 (7) npuMeHeHHeM O4eBUAHOTO COOTHOLIEHHS
P{l{ -m|<e}+P{{{-—m|>e} =1

HepaBeHcTBOo YeObIIEBa MOKa3biBAET, YTO YEM MEHDIIIE AUCIIEPCHS, TEM peXe 3HaYeH U
CTyyaiHOM BeNMuMHBI £ «cwibHO» (6oJbile YeM Ha €) OTKJIOHSIOTCS OT cpenHero m. [lpu
bHKCHPOBAHHOM TUCTIEPCUH BEPOSITHOCTY OTKJIOHEHU 1 Ha BENNYUHY, OOJILILIYIO, YEM €, TEM
MEHbliIe, yeM OobIle €.

HepaBenctBo (7) yHuBepcaiibHo. OHO HE NpenbaBiseT HUKAKMX TPEOOBaHMH K Xa-
paKTepy pacrpeefieHUs ClydaifHOU BeMUMHBI § — JOCTaTOYHO CYLUECTBOBAHUSA M U O.
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B cuny cBoeil yHuMBEPCaJIbHOCTU OHO MAJIOUH(POPMATUBHO KOMTUYECTBEHHO — Il Pa3yMHbIX
3Ha4YeHU £ olleHKU BeposTHocTel P{|§é — m| > €} u P{|{ — m| < €} xpaiine rpy0bi.

Mpumep. [ns HOpManbHOM CRyyaiHoM BennymHbl ¢ napametpamu (0, 1) umeem
1
P{l¢l < 1} l / z dz ~ 0,6827
= ——= [ exp{ —— ~ 0,6827,
V2T ’ P 2
8 TO BpeMs Kak HepaBeHCTBO Yebbiuesa paer
1
P{i¢l< 1} > I_TZO’
YTO BEPHO, HO TPUBMUANBHO.
[ns 310 xe CnyyaitHOW BenuumHbl Mpu € = 3 TouHoe 3Hauenue sepostHoc™M P{|¢] < 3} = 0,9973,

a cooTHoweHne (8) NpMBOAMT K OUEHKe

1 8
P{lgl < 3} z1- 5 = 6 =078889v

KOTOPas yXe 3HAYATENbHO AyYLe Mpeabiayuien.

HecMoTpsi Ha AOCTaTOYHO rpyoObliA XapakTep OLIEHOK (7)—(8), 0e3 JIONOJHUTENbHBIX
NpeanoNoXEeHUN 0 XapakTepe pacnpeleseH|s cayyailHO! BeaUduHbl £, HepaBeHCTBO Ye-
ObILIEBA, KAK MOKA3bIBAET CAEMYIOLIMMA NPUMED, YIYYLIUTh HEJIb3Sl — OHO Toynoe").

Mpumep. Nyctb § — auUCKpETHan CayvarHas BENUYMHA, NprHUMaowas 3Havyesmns —1, 0 u | ¢ BeposTHOCTAMMU

coorsercrenHo 1/4, 1/2, 1/4. ferko sugets, yto M{€] = 0 n D{¢] = 1/2. Monoxum £ = 1 un Haligem

3xHayeHne sepostHoct P{|£| > 1}. Umeem
2

1 1

1
P{¢ > 3 =P{E=-1}+P{g=1}= 7+ =5
HepaBeHCTBO (7) 8 3TOW CMTYauuu faet OUEHKY
Dig] 1 1 _1
P{|€|21}<E—2=§—1‘=5,

KOTOpas cosnagaeT ¢ TOYHbIM 3HaAYEeHUEeM OUEHMBaEMOr BEPOATHOCTH.

2.3. [pyrue xapakrepuCTUKU pacCesHus

W3 apyrux xapakTepuCTUK paccesiHWsl, 4acTO MCIIOb3YeMbIX B NPMUIOXEHUSX, OTMETUM
K03¢hhuyuenm eapuayuu ¥ cpedurnoe omkaorenue (Cpearee apuMeTHIECKOE OTKIOHEHUE).
IycTby cayyaitnoit Bennuunsl £ cymectyer M[€] = m u D[¢] = 0. Kosppuyuenmom
eapuayuu C1y4yaiHoit BeTUYUHBI € Ha3bIBa€TCs BENUYUHA
2

V] = % 100 %. 9)

U3 (9) nerko ycMoTpeTh, yTo V[£] onuceiBaeT paccesHue ciyyaitHON BETMYUHBI £ B IOMAX
[0 OTHOLUEHMIO K cpeaHeMy. Kak aGconioTHbI noxasarenn, paccesHUs KodPpOULUUEHT
BapyaliMy HE OYEHDb YI00€H , OJTHAKO 11 COBMECTHO LIEHTPUPOBAHHbIX CIyYyal HbIX BETUYUH
(T.e. WMeIOUIMX OJMHAKOBBIE MaTeMaTHYeCKUe OXUAAHUS) OH TMO3BONsET 3(D(HEKTHBHO
CpaBHUBATb IMANa30Hbl U3MEHEHMS.

MycTs y cnyyaitHoi Beuyunsl § cyuectsyeT M[£] = m.

Cpedunnbim omKaoHerueM CIIydaitHOM BeTMYMHbI £ HasbiBaeTcsl BeauuuHa U , 3amaBaeMast
COOTHOUWIEHHUEM

Ul¢] = Mg — m|. (10)

CpenunHoe otkinoHenue U[€] KauecTBEHHO MMEET TOT X€ CMBICH, YTO U CPeIHEKBa-
ApaTUYeCcKoe OTKIIOHEHUE — YyeM 6oblle CpeAUMHHOE OTKJIIOHEHKE, TeM 6oJiblLe paccessHUeE,
YeM MEHbILIE CPEAMHHOE OTKJIIOHEHUE — TEM MEHbIIIE PACCEsTHUE.,

') B rom cMbicate, uTO CYUIECTBYeET cilydaiiHas Be/IMYnHa ¢ , 11 KOTOpOii BHepaseHcTBax (7)—(8) npu HEKOTOPOM €
JIOCTUraeTcst 3HaK paBEeHCTBA.
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JInst KOHKPETHBIX KJIACCOB pacrpelejieHHi CBA3b MEXIY 3TUMH NMOKa3aTeJsIMH MOXET
OBITh YyCTAHOBJIEHA, OAHAKO B O01IEM ciyyae ynoOHbIX i MCNoJib30BaHUs Ha INpaKTHKeE
cooTHoweHuit Mexny U U o HeT.

Mpumep 1. Nycts £ = N[m, 0] — HopManbHO pacnpepenenHas cnyyaiinas senuyuna. Torpa U = a\/%— <go.

« B atom cnyvae

zT-m
(z m)2 o 1 u
U= /la: ml exp{ 202) dz = dz = odu =E/alul exp -5 du =
I-m=o0u B

fE Jroof- 2} a=eE Jonl-2} () o

Mpumep 2. Nycto € = R[—a, a] — pasHomepHo pacnpegenexHas cnyyainas senmyuna. Torpa U = a/2.
<« ME=0.

Fol fz a
U=/|$l£d2=2ofzd$=5.
~a

av3
OTMETUM, 4YTO U B 3TOM Chyyae 0 = = >U. »

3ameueHHOe cBOCTBO U < 0 He cllydailHO — OHO UMeET MeCTO 1S JIIOOBIX CoryyalHbIX
BeTMYMH (KOHEYHO, 06JIafaIONINX JUCHIEpCHei).

Teopema. Ecau y cayuaiinoii éeaunune & cywjecmeyem DE = o2, mo

U<Lo.

<« B HepapeHctBe Koumn—ByHsxoBckoro (cBoitcTBo 6 MaTeMaTHyecKoro OXHaaHus)
nonoxuM &, = |§ — m|, & = 1. Torna

M [§,6] = M*[I¢ — ml] < M[E]M[&] = o -

OTKyIa
U? < at»

§ 3. XapakrepucTuku CBSI3U

PaccMOTpHM Ternepb IBYMEPHYIO CITyyailHYIO BeiMuMHy & ¢ KOMIOHeHTamu € U 7: & =
{¢, n}. ScHo, yTO IS pelieHMs 3afayd KOMITaKTHOIO ONMCaHHMs INOBEJEHMs 3TOW napbl
CAy4yaHHBIX BEIMYMH YKa3aHHUA CPeHMX 3HAYCHUI KOMIIOHEHT U XapaKTepUCTUK MX pac-
CesIHUS HEOCTAaTOYHO — 311€Chb BAXHYIO pOJib MIPAIOT, BO-NEPBLIX, QaKT HAIMYUA WU
OTCYTCTBUS CBA3M MEXIY KOMIIOHEHTaMM, a BO-BTOPBIX, XapaKTep CBA3H.

AHa113 CBOICTB MATEMATHYECKOrO OXMIaHUS M IUCIIEPCUH [TI0KA3bIBAET, YTO ONIMCAHUE
B3aUMO/EHCTBIS KOMIIOHEHT CIIy4ailHOI BeMYMHBI £ B KaKOH-TO CTENEHHM MOXET OhiTh
NONY4EHO 3a cYeT U3ydeHUs BeMYuHbl M [(§ — M £)(n—~ Mn)). JeicTBUTENbHO, BCIOMHUM,
YTO AUCTIEPCHSA CYMMBI ABYX CY4aiiHbIX BEJIMUMH 1aeTCS COOTHOLUIEHUEM

D[¢ + ] = D[¢] + Dlnl + 2M[(§ — M&)(n — M)
B ciyyae Hesaeucumocmu £ U
M[(§ — M&)(n~ Mn)] =0
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AHaNol UYHOE MOJIOXEHHUE U C MAaTEMAaTHYECKUM OXUAAHUEM NPOU3BEICHUS: B Cllyyae He-

3aeucumocmu £ U 7 UMeeM
M[én] = MM [n],

B IIPOTMBHOM CJiyyae
M[én] = M[¢IM[n] + M[(§ — ME&)(n — Mn)].

Y BHoBb paBeHcTBO M [(€ ~ M€)(n— Mn)] = 0 BO3HMKAET KaK ClieACTBHE HE3aBUCUMOCTH §
U 7. OTU coobpaxeHUs: MOTUBUPYIOT OoJiee TIaTeIbHOE U3yyeHUe YKa3aHHOM BeIMYUHBI
C LIeJIbIO YCTAHOBJIEH U S CTENEHU €€ «OTBETCTBEHHOCTU» 32 HE3aBUCUMOCTb KOMIIOHEHTE U 7).
3.1. Koeapuauus u koppensiyus

Kosapuayueti cnydaitHbIX BeTMUUH £ U 7) HA3bIBAETCH YUCJIIO
K¢, 1l = Key = M[(§ — M&)(n — Mn)).

CBoiicTBa KOBapUaL UM:

1. K¢, n] = K|n, £]. _
2. Ecnu ggn(z, y) — 0606LIeHHBII 3aKOH pacnipeneNeHus caydaitHolt BenuyuHbl § =

{& a4,10
Kle,nl = [ @~ MIEN@ - Mlnger(z, v) da dy.
R?
3. Ecnu cayyaiiHble BeMUMHBI € ¥ 7) He3aBucuMbl, To K [&, 7] =
4. Ecnu o2[€], o*[n] — mucriepcuu corydaifHBIX BeTUHH £ U 7) COOTBETCTBEHHO, TO

K*[¢, ) < o*[€]o’ [n]. (1)

« [locnenHee HepaBeHCTBO cliieayeT U3 HepaBeHCTBa Kouiu— byHsikoBckoro (cBoi-
CTBO 6 MaTeMaTHYECKOro OXMAAHWS). P
Hopmupoeannoii koeapuayueti, Unu Ko3ghpuyuenmom Koppeasyuu, CrydaifHbIX BeJTUYUH &
W 7) Ha3bIBae€TCs YUCJIO
K[¢, ml
(2)

en = plE, ] = sielolnl

Hapsny ¢ oueBUAHOM nepeOopMyIMpOBKO OTMEYEHHBIX BhIllE CBOMCTB KOBapHalUMUH
OTMETUM ellIe Clienyoue:
5. —1<plé,n] <1

<« OueBuaHoO crenyet U3 cootHomeHus (1) u onpenenenus (2). »
6. |p[¢, n]| = 1 Torma u TonbKO TOrAA, KOrAa KOMIOHEHTHI £ M 7 IMHEWHO 3aBUCHMHI,

NPY 3TOM
[71]

rae [p| = 1.
<« YTBepXIEeHHE O JTMHEMHOM 3aBUCMOCTHU CIIyJaiHLIX BEJIMYMH & U 7) HEMELIEHHO
ClieiyeT U3 TOro, YTo 3HaK paBeHcTsa B (hopmyne (1) HOCTUraeTCs B TOM U TONLKO B TOM

cllyyae, KOTJia C BepPOSITHOCTBIO 1 ciyyaiiHble BeJTMYMHBI E = ¢ - M[¢] n N = n — M|n]

JIMHEHO CBSI3aHBbl, T. €. CYIIECTBYIOT IOCTOSSHHBIE & U # TaKue, YTO P{77 = af + ﬂ} = 1.
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B3gB MareMaTuyecKoe OXxuaaHue oT 06eHMX yacTeil nocjaeHero paBeHCTBa, 3aKI0YaeM,
yto # = 0. JIngd HaxoXOeHUs! IOCTOSHHON (@ NnepenuiieM yrioMsaHyTOe paBeHCTBO B BUIE

73—01{:0

¥ HaliieM gucrnepcuio or o6eux yacrei aToro coorHoueHusi, UMeem
D[ - af] = d*[n] + ’o’[¢] — 2aK[¢, 7] = 0.

° )
VuutsiBasi, uto 0[] = o?0?[€] (310 cnenyer u3 paBencTsa N = of ), 3aKJII0YaeM, YTO

Kignl _ _Klgnl ol _ olnl |
el olél-olnl ole] ~ Polel

CyMMHUpYs BHILIEUIOXKEHHOE, KOHCTATHpYeM, 4TO KoBapuauus (Ko3hduumeHT Kop-
peJIsilyM) napsl CTy4aiHBIX BEJINUMH SABIAETCS HaleXXHBIM UHAMKATOPOM HAIMYUS MEXIY
KOMITIOHEHTaMU & M 7) ocecmKoil nuHelinoll céa3u B ciydae |p| = 1. B To Xe BpeMsi y Hac
HeT OCHOBaHMM! pacCMaTpuBaTh KOBapuanuio (KoauIMeHT KOppeJisiliK) KaK MHAMKATOp
HaJIMYMS WIK OTCYTCTBUS KaKOM-HUOYnb (He 06A3aTeIbHO JMHEHHOIt ) 3aBUcUMOCTH. CBO# -
CTBO 3 MOKAa3BIBAET, YTO KOBapHaLMs o0pariaeTcsl B HyJib, €CJIM 3aBUCUMOCTb MeXIy & U 7
orcyrcTBYeT. Kaxk CBUAETELCTBYIOT IPUBOAMMBIE HUXE NPUMeEpHI, 00paTHOE yTBEpXIEHHE,
B0oOO111€ rOBOpA, HEBEPHO.

ac’l¢] = K[, 0] => a=

Mpumep 1. Nycts (¢, 7) = R[z? + y* < 1] — paBHOMepHO pacnpeaeneHHas 8 KPyre C LEHTPOM 8 Hayane
KoOpAMHaT u paguycom 1 nsyMepHas CnyyaiHaa senvyuna. Jlerko coo6pasuTtb, YTO KOMNOHEHTb! € U 1) 3TON
CRy4aviHOK BEAMYMHB 3aBUCUMDL. [IeACTBUTENbHO, 3aKOH pacnpefeneHus OAHOM U3 KOMNOHEHT (Hanpumep, )
33BUCUT OT 3HaYeHus, NpuHaToro apyrow: npu £ = 0 auanason uameHenus n ot —1 go I, npu § = 1 » npu-
HUMAET TONBKO Hynesoe 3wayenue. Kosapuaumsa xe Beamyun § 1 17, KaK NOKa3bLIBAIOT HECNHOXHLIE BLIKNAAKM,

pasHa Hyno: fAeACTBUTENbHO, M¢§ = Mn=0n

1
K¢ 0l = [/ z-y-—dzdy=0.
z22492K1
MoxeT nokasaTees, YTO 3a8UCMMOCTb Mexay § ¥ 1 B PaCCMOTPEHHOM NpUMepe He 3aMeyeHa KoBapuaume,

NOTOMY YTO OHa (3aBUCUMOCTb) B HEKOTOPOM CMBIC/IE «HeHacTonALan». OAHAKO Credylowuii NpuMep AEeMOH-
CTPUPYET HaM Mapy XeCTKO CBA3aHHBLIX YHKUMOHAIbHOA 33BUCUMOCTBLIO CRywaiHbIX BENWMYUH, KOBapvaums

KOTOPBIX TaKKe pasHa Hynio.
Mpumep 2. Nycts ¢ = R{—1, 1], 5 = £2. meem
M{=0;
K{& 9l = MI¢- (n— M)} = Mlén— & M) = M{¢ -] = M[£],
HO MO TEOpemMe 0 MaTeMaTUYeCKoM OXugaHuM QyHKUMIK OT CNyvaiHOR BeAnYUHbLL
i
1
M[f3]=/2:3- 5 dz =0,
-1
YT06b! MOHATH pOJib KOBapuanuu (KoadduieHTa KOppesiiuK) Kak MoKa3aTels 3aBu-
CUMOCTH MEXAY ClyyailHbIMU BeTUYMHaMU € ¥ 7, paCCMOTPUM CJIeAYIONIYIO 3a4a4y. cpeay
BCEX JIMHEMHBIX QYHKIIMI OT CiiyyaifHO! BeNUYMHB £ HAUTH Ty, KOTOpas HaUNy4IIuM obpa-
30M OMMCHIBAET CBA3b MeXIY BeJIMUMHaMM € U 7).
Hpyrumu cioBamu, cienyet Haith 1(§) = A€ + B Takylo, 4to

3neck ( — OCTAaTOK, o6Jiafarounit TeM cBoicTBoM, 4to M [(] = 0 u D[¢] — min.
HokaxeM ciienyiollee yTBepXIeHuUe.
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Teopema. FEcau cywecmeyiom DE = ag, Dy = a,f, M¢ = mg, Mn = m,, mo coomnoue-
Hue (4) npunumaem 8ud

n—mn=pz~;’(£—me)+(, (5)

npu 3mom
min D[¢] = (1 - *) 2. ©)

< B cuny M({ = 0 umeem
my, = Am; + B=> B =m, — Amy

U nanee )
D[] = Dl — A¢ - B] = D[n — A¢] = 0, + A’0¢ — 24K[¢, 7).

2TOoT KBaJIpaTHBIN (OTHOCHTGJIbHO A) TPEXWICH JOCTUIacT CBOCIro HAUMMEHBIIIEIO 3HAYCHUSA

B TOYKE
L Kl _ o
min = "5 =P -
0'£ O¢
IlocnenHee COOTHOLIEHME BMECTE C paHEE MONYYEHHBIM BbIpaXCHUEM I B ¥ nOKa3biBacT
3aBucuMocTh (5). PaBeHCTBO (6) HeMeWIEHHO TOlyYaeTcs TOICTaHOBKOM A iy B BbIpaXeHUe
g D[¢]. »
BepHemcs K 06CyXaeHUI0 poiid KO3 UIIMeHTa KOppesiliiM, KaK IoKa3areJsis 3aBUCH -
MOCTH MEXAY CTydya HbIMU BETMYUHAMM.
Coornouuenue (6) nokaswiBaer, yro ecid p = 0, To D[¢] = D[n], a dopmyna (5)
NMPUHUMAET BUJ
L/ my = C; 7
T.€. JHMHEHHOW cOCTaBaAIOWIECH & B ONMUCAHMM CllyyailHOM
BEJIMUUHBI 7) HET U BCA U3MEHYUBOCTD CIyYyailHOM BEJTUYUHBI
7) COCPeIOTOYEHA B «OCTaTKe» (.
Ecnu xe p # 0, To s nucnepcuu D[n] nonyuaem

Digl =03 = ploy + (1 - p) oy, (7)
IrZie EPBOE cliaraeMoe OTBEYaeT IMHEWHOM COCTaBIAIOLIEH 3a-
BUCUMOCTH (5), a BTopoe — «ocTarky» (. Yem 6auxe 3Ha-
YEHUE p K HYJIO, TEM XyXe JIMHeiHas YyacTb (S) OnuUchiBaeT Puc. 1
TEHIEHLIMH B U3BMEHEHUM BeaUYUHbI 7} (puc. 1).

Yem Onuxe 3HayeHue |p| K 1, TeM 6OnbLIas YacTb U3MEHYUBOCTH CAYYaiiHOM BeIUYU-
HB! 7] ONTUCHIBAETCS JIMHEWHOM CoCTaBisIoIEe cooTHolenus (5); pu |p| = 1 3aBUCUMOCTD

NMHeHas1, pa3bpoca y Touek (£, 7) OTHOCUTENBLHO NPsAMON (5) HeT, BennunuHa { C BEpOSAT-
HOCTbIO | paBHa HyJio (puc. 2).

B cayyae p > 0 roBopsiT 0 NMONOXWUTENbHOI KOPPEIUPOBAHHOCTU CIyJyaHBIX BEIM-
yuH £ ¥ 7): C POCTOM OZHOI U3 HUX MOYTU JUHEHHO pacTeT U npyras, B cayyae p < 0 —
06 orpuuarenabHoit (puc. 2a, b).

OxoHuaTenbHO 3aKJII0yaeM: Kosapuayus (Kospduyuenm Koppeasyuu) aasemca Mepuiom
cmeneHu JIMAHEHHOM 3asucumocmu Mexcoy cayvaiuHimu eeauqunamu. PaBeHCTBO KoBapua-
uMH (ko3 duLeHTa KOPpENALUH) HYIIO CBUIETENLCTBYET IULLIL 06 OTCYTCTBUM TUHEHHOM
CBAI3U Mexay HUMH. OTiauyue KoBapuauuy (KoagduumeHTa KOppesisiiui) OT HYJIsl CBU-
OETENBCTBYET O HAIMYUHU CBA3U MeXNy CAyYyailHbIMU BeIUYUHAMU, NPUYEM, YeM OnuxXe
KOo3dPUUHMEHT KOppeNuuM K eqUHULIE, TeEM 6JIMXe 3Ta CBA3b K TUHEHHOIA.
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n n
3
NOJIOXKUMEILHAS ompuyamerbHas JUHeuUMnas c8s3b
Koppeasyus p>0 Koppersyus p<0 p=1
a) 6) B)

Puc. 2

3.2. KoppensuuoHHoe oTHOWEHHe

IInst nojiydeHUs YUCIIOBOH XapaKTePUCTUKH, NMOA00HOM K03(PdUILIMEHTY KOppeisuum, HO
OXBaTBIBAIOIIEH yXe HE TOJBLKO JIMHEHHbIe, HO M JApyrue BUAbLL PYHKIIMOHAILHBLIX CBI3€H
MEXIy CJIyYyaiiHbIMM BEJIMYMHAMH, pACCMOTPMM aHAJIOT 33J1a4M O IPpeICTaBlIeHUU CIy4aiiHOM
BEJIMYUHLI 7) B BUAE (4): Halizem dyHKkumio r(£) Takyio, 4To

n=r()+¢ (8)

rnie M¢ =0, D[] — min.

MOXHO NOKa3aTh, YTO PellieHHE ITOM 3aa4M CYLIECTBYET M AAETCS TaK Ha3bIBaeMbIM
YCAOBHBIM MAMEMAMU4ECKUM OXCUOaHUEM 7) OTHOCHTENILHO £, €CIH TIOC/ieIHEE OIIPE/EIIEHO.,
JIns Hac Xe BaXHO, YTo npeacTaBieHue (8) COMPOBOXIAETCSH aHATONOM AUCIIEPCHOHHOTO
pasnoxenusi (7), a UMEHHO, TMCIIEPCHST BEJIMYMHMI 7) PACKJIAALIBAETCS B CYMMY ABYX JMC-

nepcui af«) 2 ag TaK, YTO BEJIMYMHA KaXIOH U3 HUX ONMCHIBAET BKJIAZ COOTBETCTBYIOIETO
cJlaraeMoro cooTHoueHus (8) B U3MEHYUBOCTS 7)

D[n] = o} = crf(e) +0¢. 9)
o aHanoruu ¢ cooTHoweHueM (6) BBeIEM B paccMOTpeHHe BelnunHy © > 0 Takylo, 4yto
min D[¢] = o} = (1 - 6%)0}. (10)
OTMETHM HEKOTOpbIE CBOKCTBA IMOKa3aTes ©.

1.0 6?1

<« CrnenyeT U3 HEOTPHLIATENILHOCTH CllaraeéMbIx B COOTHOWEHUH (9). »

2. afm = 620,27.

3. Ecim © = 0, To naMeHeHue cnyyaiiHON BEJIMYUHBI 77 HE CBA3aHO C UBMEHEHUEM £.
(3ameTHM, 4TO 3TO HE 03HAYAET CTOXACTHYECKON HE3aBUCHMOCTH CTYYaiHBIX BEJIMYUH 7 U £
(cM. mpuMep 2), a rOBOPHT JIMUIb 06 OTCYTCTBMM TEHAEHLIMH K 3aKOHOMEPHOMY (OmMChIBa-
eMOMY QYHKIIMOHATbHON 32aBUCHMOCTBIO) M3MEHEHHMIO 7) C UBMEHEHUEM &,

4. Ecim © = 1, To Mexnay ciay4yaHbBIMU BEIMUMHAMM £ U 7) CYNIECTBYET XecCTKas
GYHKLMOHAIbHAS CBA3b, ONUChiBaeMas GyHKuMei r(£).

IMpomexyToyHbie 3HauYeHMsE oKa3aTesis © (Mexay HyAeM U efMHHLICH) 1al0T Tpe/cTa-
BJICHME O IUMPUHE KOPPEISALIMOHHOTO IToJis pa3bpoca Toyek (£, 7) OTHOCUTEIbHO IMHMH T(£)

(puc. 3).
5. Eciu p — K03 duumeHT Koppensuuu napsi (£, 7), 70

0< IO, |pl=0% () =1().
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7 01<02 7

Puc. 3

« /1151 I0Ka3aTesibCTBa IOCTAaTOYHO CpaBHMTh AUciepcuio octatka ¢ i r(€) = argmin D{(]

u nuneitHok dyrkunu I(€). Ecnn r(€) nuneitna, 1o r(€) = 1(¢) n ©% = p? ey (6). Ecin
xe r(§) nuHeliHoi QYHKIUEH He ABNSETCSA, TO

D¢l = (1-p*)a; > (1 ~ ©%)0; = min D[(]

B CHJIy ONITUMaJIBHOCTH 7(§), OTKYAa CEAYET UCKOMOE. b

BenunHa © Ha3bIBaeTCs KoppensyuonHsim omuoueruem, a ynkuus r(§) = argmin D[(]
AuHuell pezpeccuu 1 Ha §.

3aMeTHM, 4YTO perpeccust 77 Ha £ U € Ha ) — 3TO, BOOGILlEe rOBOps, pa3IMYHbIE IUHUK!
W KoppensiumoHHOe OTHOLIEHME © HECMMMETPUYHO OTHOCHTEIbHO KOMIIOHEHT & U 7).
BesiunHa, KOTOPYIO MBI OMPEAEIMIIM BhILLIE, ABIAETCA KOPPEIALIMOHHBIM OTHOLIICHUEM Be-
JIMYMHBI 7) OTHOCUTENIBHO BEJUYHUHBI € U, YTOOB! TOAYEPKHYTH 3TO 06CTOATENLCTBO, OOBIYHO
HUCMONb3YIOT Cheaymoliee 0603HauyeHUE

2

2_ a2 1 Tk,
O =0y =1-"35

AHAJIOrM4YHO I KOPPEJISIUOHHOIO OTHOLICHUSI OTHOCHUTEIBHO 7]

)
2 Iern
Ot =1~ 4"

Yxe B cimydyae TMHEHHOM perpeccuy MOXHO ObLIO 3aMETUTB, YTO perpeccus 7) Ha &, 3aiaBa-
eMasi COOTHOUIE HUEM

n@=p%«-m»

v perpeccud € Ha 7), 3alaBaeMasi aHAIOTHYHbIM YPaBHEHNEM

g
Ln)=p U—e (n = my),
n

3TO pPa3jinyHbie MpsAMbIE, COBNAaNalOLue JMLIb B ciiyyae |p| = 1.
OrnpeJenieHHBIX COOTHOLICHMI MeXny O, /¢ 1 B¢/, B 00l1eM ciydae HET. Kak nokasbi-
BaeT paCCMOTPEHHbIH Bbillie IPUMeEp 2, U O¢/p, = 0 BO3MOXHO Jaxe O,/ = 1.
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§4. Crapwue MOMeHTbl. ACUMMETpUS 1 3KcLece

HavanbHbim MoMeHmom caydaiiHOM BeJIMYUHBI £ nopadka s Ha3bIBAETCH YUC/IO

M 53 = m;, (1)
UEHMPANbHBIM MOMEHMOM CIydaifHOM BETMYUMHBL £ nopadka S Ha3bIBAETCH YHUCJIO
M -my)’ = a,. (2)

®opmyasi (1)—(2) UMEIOT CMBICI, €CITH COOTBETCTBYIOLINE MHTETPabl cxoisTcs. B npo-
TUBHOM CJIy4ae roBOPSIT, YTO MOMEHTHI HE CYLLIECTBYIOT.

HayvaibHbie ¥ IEHTPaJIbHBIE MOMEHThI CBS - t A=0

3aHBI MEXAY Co00i ITPOCTHIMU COOTHOMIEHU- ;
AMU A>0 : A<0

o = 0; m; = M[¢],

a2=02=m2—mf,

a3 = m3 — 3mym,; + 2mf,

oy = my — dmym, + 6m2mf - 3m?, :

.................................. MIE]
Co cTapLIMMH MOMEHTaMH (TTOPSIOK KOTOPIX Prc. 4

BBILIE BTOPOr0) CBSI3aHbI IBE XapaKTePUCTUKH
pacnpenesicHHs, 4aCTO UCTIONB3YIOIUECS B IIPHIOXEHUSIX — aCUMMETPUS U 3KCLIeCC.
Acummempueii pacTipeieJieHUsE CTy4aliHOH BeTMYMHBI § Ha3bIBAETCs YUCIIO

Afg] = 33- (3)

CMBICST aCUMMETPHH JIETKO YCMaTpu- A
paeTcs U3 dopMynl (3): ecmu A[E] < 0 —
pacrnpelie/ieHUEe MMEET TNPaByl0 acMMMe-
tpulo, eciu A[f] > 0 — nesywo, npu
A[¢] = 0 — pacnipeeieHE CUMMETPUYHO
OTHOCUTeJIbHO NpsiMolt T = M [€] (puc. 4).

YeTeepThifi LIEHTPAJLHbLIA MOMEHT,
HOPMHMPOBAHHBIA YETBEPTON CTEMEHBIO
CPeIHEKBAJPAaTUYHOTO OTKJIOHEHMS, Ha-
3LIBAETCS 3KCYLCCOM PACTIDEACTICHUSI : -

Ef¢] = =

4
- 3. (4)
0'£ Puc. 5

DKCUECC XapaKTepU3yeT CIIaXEHHOCTh KPUBOM TUIOTHOCTH Pacrpele/ieHusi B CPaBHE-
HUM CO CTaHIAPTHLIM HOPMAJIbHEIM pacnipeaesieHreM (1t Hero E[¢] = 0) (puc. 5).

OnHaKo 3To yTBEPXACHUE CIPaBeIMBO JIMIIL [Isi PACTIPEACICHUM, IMOXOXHMX Ha HOP-
MaJIbHBIE.

E{E1>0

—— El£]=0

— E[§]<0
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3AKOHbI bOJIbLUUX YUCEN
U NMPEAEJIbHBIE TEOPEMDI

BaxHylo poJjib B TCOPMM BEPOSITHOCTEH M NMPUIOXKECHUAX MIPAIOT YTBEPXACHMS, yCTa-
HaBJIMBAIOLI M€ XapaKTep NMOBEACHUs OOBILIMX COBOKYITHOCTEM CIIyyaHbIX BEJIMUMH. [leno
B TOM, YTO OTAEJILHO B3siTasi BEJIMYMHA IJIOXO [MPOrHO3MPyEMa — 3HAYECHUS , IPUHUMAEMbIE
€10 B KOHKPETHOM 3KCITEPUMEHTE, CJYYalHhI, 1, JaXe 3Hasi €€ 3aKOH pacnpeaeieHUs, Mbl He
B COCTOSIHMM IpeJlyrafarh pe3yiabTaT. 3aMedare/ibHbIM CBOMCTBOM OOJILILIMX COBOKYTTHOCTEH
ABJISIETCS TO UX CBOMCTBO, YTO MPH BECbMa HEOTPAHUYUTEILHBIX YCAOBUSX OHH, B OTIMUMUE
OT COUHUYHOM CIIyYaHHOM BEJIMUMHBI, BEAYT CEOs MOYTH NETEPMUHUPOBAHO: C y8eauveHu-
eM YUCAQ PACCMampUeaemMbiX CAyHaliHbX hakmopoe cymmapHoe 6o3delicmeéue, obycaoenerHoe
3MuMu paKkmopamu, CmaHo8umMca 6ce MeHee CAy4alHbIM.

BaxHei iiuMu 13 yTBepXAeHUM, GOpMaU3yIOIMMHU NTOAOOHBIE, IaBHO MOJIMEYEHHbIE
MpaKTUKaMy 3aKOHOMEPHOCTH, ABJIAIOTCH 3aKOHBI DOIBIIMX YKCEN U MTPEACIBHBIC TEOPEMBI.
HX 06cyXIeHHUIO Mbl 4 ITOCBATHM HAaCTOSLIYIO [JiaBy.

§ 1. 3axoHbl OonbLUMX Yucen

Iycrs &4, &, ..., &, ... — TIONAPHO HE3aBUCUMBIE CJIyyaiiHbIe BEIMUMHMI, Obanaoniue
MaTeMaTHYECKMMM OXUIaHuAMU M§; = m; v mucnepcuamu D¢ = o?.

Teopema (3akox Gonblumx uncen B popme Hebbiwesa).
Ecau ducnepcuu a,-z PaeHoOMepHo o2paHu4erv, m.e. 3 c. Vi Iafl <c,moVe>0

{’g,+...+£n mi+myt... +my >E}=0. (1)

n n

lim P

n—00

< 1151 1oKa3aTenbCTBA MpeAeNLHOrO cooTHoLeHus (1) 3amMeTuM, UTO CllyyaiiHas B -
YHUHA T], 3aJaBaceMasi COOTHOILICHUEM
1"
n= ; § : ft' )

=]

n
obJlanaeT MaTeMaTuyeckuM oxunanneM M[n] = 1 3~ m;, aucnepcueit D[n] = ;‘; 3 a?

i=l i=1
Y, CJICOBATENILHO, YIOBIETBOPAET HEpaBeHCTBY YeOnIlEBa
Din]

P{ln—Mn| > €} < e
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M3 ycJioBUS TEOPEMBbI CJIENYET, YTO

n

1
D[’?]=;§ZC’.’2<

i=1

)

S|la

MO3TOMY I JI060T0 GUKCHPOBAaHHOTO 3HaYeHus € > 0 uMeeM

C
P{ln— Mn| 2> €} < —

Ilepexons B nocjieqHeM COOTHOILIEHUH K NPeiely MPU n — OO, MOJIyyaeM UCKOMOE. b

JloxkazaHHasi TeopemMa YCTaHaBJIUBAET, YTO C POCTOM KOJIMYECTBA CIyYaiHBIX BEJIMYUH UX
cpelnHee apudMeETUYECKOE CKOJIb YTOOHO MaJIo OTIMYAeTCsl OT JAeTEPMUHUPOBAHHOTO, He-
CIYYailHOro BO3IEUCTBUS, 06YCIOBJIEHHOTO CPpEeHUM apuPMETUYECKUM MaTEMaTUYECKUX
OXUJaHUM.

Bruto 6b1 HEBEPHO MOHUMATL cooTHOMIeHUE (1) 6yKBaJbHO, KaK yTBepXIeHue o 6Jiu-
30CTH CpeHEero apuMeTHYECKOTO CyyailHbIX BEJIMYUH U cpenHero apupMeTHYeCKOoro ux
MaTeMaTH4ecKux oxunanuii. Kakoe 6l (MOXET ObITb, O4€Hb MAJIEHbKOE ) YHUCIIO £ MbI HU
B35UIU, 6 nodaensiouiem GonbuuHcmee 3KCIIEPUMEHTOB pasHuLa Mexay 7 U M[n] Gyner He
Oonbilie £, NpUYEM NOJSI TAKMX ciyyaeB TeM Oojbliie, yeMm Gonblie n. B npuBeneHHOM
dopMyMpoBKe 3aKOH BONLHIMX YUCET OCTABJISIET BO3MOXHOCTL TAKOTO «IUIOXOTO» 3KCIe-
pHMEHTa, KOTIa pa3HuL@a Mexay 1 1 M |[n] 6yzaer 60ab1uoii (Gonslie ), 0qHAKO 101 TAKKX,
«IUJIOXMX» 3KCIIEPUMEHTOB TEM MeHbille, yeM OoJibiiie 7.

B npunoxeHusx (0COGEHHO B CTAaTUCTH4YECKOM (GM3MKe) BAXHYIO POJib MrPaeT YacT-
HBIM cliyyail TPUBEJEHHOM BhIllle TeOPEMbl, OTHOCSIIMICS K OIMHAKOBO pacnpeneie HHbIM
HE3aBHCHMBbIM CIaraeMbiM.

Cnepcreme 1 (3akon Gonbmx yncen B popme YeOMWIIEBa AN OAMHAKOBO PacNpeseneHHbX Charaembix).

Ilyems &1, &, ..., &, ... — HE3aBUCUMbBIE, OOUHAKOBO PACNPedeneHHbIE CAYHAUHbNE 8eAUHUHb
¢ M[¢&] = m u D[&;] = o?. Toeda
1 n
i - ;- Z = 0.
Jlim P{ - E & ml ,s} 0 (2)

3ameyanue. YcioBHe CyLIECTBOBAHHMA AMCTIepCHiA MOXeT GBITh onylieHo (3aKOH 6oblIMX yucen B GpopMe
XuH4KHa).

JIpyruM BaXHBIM clieIcTBUEM TeopeMbl UeOnliEBa ssBisieTcsi TeopeMa . beprynnu.

Cnepncreue 2 (3akon Gonblumx yucen B Gopme Beprynnu).

Ilycmb S, — uucno ycnexoé 6 cepuu U3 n He3a8UCUMBIX UCNBIMAHUL C NOCMOAHHOU 6eposam-
HOCMbIO ycnexa P 6 KaucooM UCNimaHuu U Vy, = Sp/n — OMHOCUMEAbHAR 4acmoma Yucaa
ycnexo6. Toeoda ¢ yeenuvenuem Koau4ecmea 3KCNEPUMERMo8 n 6 nodaensiouiemM GonviiuHcmee
cay4aee yacmoma vy, 6ydem Manso omauwamucs om eepoamuocmu. Tounee

lim P{lv, —p| > €} =0. (3)
n—00




126 Fnasa XLil. 3axoxbt 6onbiumux Yucen u npeaensibie TeopeMbl

« Jloka3atenscTBo cienyet u3 (2), ecu B3ams &, ¢ = 1, 2, ..., n, Takue, yro P{§, =
1} = p, P{& = 0} = q. Torna M¢§, = p, nucriepcusi BeIM4UHBI £, CyILIECTBYET, paBHa pq
¥ NpuMeHUuMa TeopeMa YebbiliéBa, NpU 3TOM

1
;Z & = m =V U m=ME=p.»

Teopema YeOnili€Ba M ee CIEICTBUS TO3BOJAIOT IejiaTh 10 pe3yiabraTaM HabnioaeHui
3a 3KCIEPUMEHTOM JOCTATOYHO HAAEXHBIE 3aKJII0YEHU A O MOBEIEHHUY CJIyYalHbIX BETUYMH:
JIEJIO B TOM, YTO OTHOCUTEJIbHASA 4acToTa (v, = S,/n) cobHTUS — Bellb, ONpeaesemMas
3KCNIEPUMEHTANBHO, a yTBepXaeHue (3) CBA3bIBAET ee C BEPOATHOCTBIO COOLITUA M, TEM
caMbIM, JaeT IyTh OnpeneieHus nocjieaHei no pedyiabTaraM HabnoneHUM.

Ilpu vcnosib30BaHUM 3aKOHOB BOJIBLIIUX YK CENI TT0JIE3HO KMETH B BHIY ClIenyIollee BaxX-
HOe OGCTOSITEILCTBO: OHU YCTaHABIUBAIOT OIM30CTh OTHOCUTENBHOM YacToThl (V) ¥ Bepo-
ATHOCTY (P), HO OHYM HE YTBEPXAAIOT, YTO CPeqHee YUCIIO YCIEXOB (pn) MaIo oT/IMYaeTcs
ot HabmonaeMoro yucia ycnexos (S, )! TTosgcHUM 3Ty MBICITb ClleAYIOLIUM IPUMEPOM.

Mpumep 1. Myctb NPOU3BOAUTCA IKCNEPUMEHT C HU3UYECKU CUMMETPUYHON MOHETOM, TaK YTO BEPOATHOCTU
BbinaneHus rep6a U pPeLLKU MOXHO CHUTATL OAMHAKOBLIMU, P = ¢ = 1/2.

MOXHO 51 yTBEpPXAATb, CCbUNAACh HA 3aKOH GONLLKX YUCEeN, YTO NPU AOCTATOYHO ANMUTENBHOM 3IKCre-
PUMEHTUPOBaHUM Yucno Buinaswux rep6os (M) u pewex (P) 6ynet npumepHo oamnakossiM, T.e. |Sy(T) —
Sn(P)] — 0 npu n — 00?

Myctb ¢ — HUKCMPOBAHHOS MONOXUTENLHO® YMCNO0. 3aKOH GONbLIMX YUCEeN MO3BONRET 3aKMOYUTL, YTO
fpY HEKOTOPOM, MOXET ObiTb, A0CTAaTOYHO 60NBLLLOM T, BHINOAHAETCS (8 NoAasnsioWem GONbIUMHCTBE Cny4a-

€8) HepaBeHCTBO
Sa(T) _ Sa(P)

n, e

< 2. )

Otciopa
|Sn(T) — Sa(P)| < 2¢n,.
Ho, kaK Mbt ysupnm Huxe (n. 5.2.1), senuyuna en, sefer cebs kak ¢/M,, raeé ¢ — rocTORHHaR, U CNeaosa-
TeNbHO, B AOCTATOYHO AMMHHOW Cepuu Opocanui pa3HOCTb KONMYECTBa BbiNasluux repbos U pellex cumme-
TPUYHOW MOHETBI MOXET CTaTb CKONb YroaHo 60nbLuoi!
38KOH 60MbLIKUX YUCEN B ITOW CUTYAUMU MO3BOASET TONbKO YTBEPXAATH, YTO OTHOWEHME KOAUYECTB Bbi-
naswux repbos u pewek 6an3KO K eaunuue,

Sa(T)
Sa(P)

Mpumep 2. Mycto monery G6pocunu 100 pas u 100 pa3 suinan rep6. KakoW pesynbTat cnepyetr oxuaath
npu 101-m ucnsitanuu?

Teopetuyecku BO3MOXHL Cneaylouwue Tpu cnocoba paccyXaeHus B 3TON CUTyaumu:

1. Moneta cummeTpuyna, ORHAKO CaywasHO TaK nony4unocs, 4yto swinano 100 rep6os noppsa. B cuny
HesasucumocTn ucnutanui 8 101 pas cnepyet oxXunaTs ¢ pasHbiMU BEPOATHOCTAMU repb unu peLuxy.

2. Yacvora suinanenus rep6a okasanach pasHoi 1. Mo3TOMy (3aKOH GONLLUKMX YMCEN) MOHETa CKopee
scero Hecummetpuyna u P{I'} > P{P}. B cuny HeszasucumocT ucnbitanuii 8 101 pas ckopee scero ssina-
Aer repb.

3. MoneTa cumMMeTpUYHa, ORHAKO C/TyYaiHO TaK MoNYYMROCh, yTo Buinano 100 rep6os noapsag. Mockone-
Ky 38KOH GONbLUIMX YUCeN YTBEPXAAer, YTO YacTOThi AOMKHL ObiTb 6AM3KM K BEPORTHOCTAM, 8 BEPOATHOCTb
BbiNaneHUa peiku, 8 cuny NPeANOROXEeHUs 0 CUMMETPUYHOCTH, pasHa 0,5, TO u yacTota fonxHa 6uiTe 63~
ka K 0,5. Noaromy Y4em 6onblue repbos BLINANO, TEM BEPORTHEE, YTO (ANS UCNPABAEHUS UCKAXKEHUS B 4acTOTe
BbinageHun pewek!) nossuTca peLka.

« BHumatenbHbiid ananud 3akoxa 6onbLUUX YMCeNR MO3BOASET B PAaCCMATPUBAEMON CUTYyauuu cCaenats
cheayloLiue suIBOALL

— Mepsoe yMo3aKnioyeHue TeopetMyecku 6e3ynpeyHo, ORHAKO runoTes3a 0 CUMMETPUYHOCTU Manonpas-
ponofobHa — ytobbt CUMMETPUYHAA MOHETa CTO pas MOAPAA B HE3aBUCUMBIX UCTILITAHUSX Buinana repObom,
Heo6xoaMMo YyToOH OCYLEeCTBUNOCH COOLITHE C BEPORTHOCTBIO 27100, Moatomy cxopee Bcero cneayet pesynb-
TaT OGbACHUTL HECUMMETPUYHOCTBIO MOHETDY;

— BTOPOE YMO33KNIOYeHUe Teopetuyecku 6esynpeyHo U NPaKTUYECKU MPUeMNEeMo;

— TpeTbe YMO3aKMOYeHUe MPOCTO HEeBEPHO, TaK KaK HEABHO MPeANnONaraeT HanMuUe Y MOHeTH! «rama-
TU» — BEPOATHOCTL BLINAREHUA PELLKYU CBSI3bIBACTCA C KOAMYECTBOM pPeLleK, BbiNasLlinX A0 paccMaTpusaemoro
ucnuitaHua. p

~ L
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3aBepluas o6CyXIeHUe 3aKOHOB OOJIbIIUX YHMCEN, PACCMOTPUM eille OAKH TipuMep,
Ka4eCTBEHHO WJUTIOCTPUPYIOLLUHA JIOTUKY UX IPUMEHEHUA.

Mpumep 3 (npasuno cpeprero apHGMeETHYECKoro).

Myctb @ — HekoTopas BenuvuHa, onpegensemas B8 IKCNepUMeHTe nytem usmMepexnnin. Kaxaoe namepexne

Xi,t=1,2,...,n, CKNanbiBaeTCA U3 3HAYECHUS G U3MEPSEMON BEAUYUHLI N NOFPELLHOCTN M3MepeHns &;

Xi=a+§&, i=12,...,n
fpakTukamu 4aBHO YCTAHOBAGHO, 4TO ANA OMPEAENEeHUS 3MEPSEMON BeANUYUHL! G CReZRYeT HalTh cpea-
Hee apudmeTuyeckoe U3MepeHui
n
> X (5)
i=1

« O6bsicHeHue aTomy npasuny gaert 3akoH 6onblmMx yucen. Ecnu npeanonoxutb, Y10 CUCTEMATUYECKAN
owubka usmepenui orcyrcreyer, T.e. M§; = 0, 10 U3 cooTHowweHus (5) cneayer

_ l n l n
Z==) (a+&)=a+-) &, (6)

gt gy
“ Ana NochegHero charaemoro M3 3aKkoHa 60ﬂhll.MX yucen nonyqaeM

S{Epr

n
Tem cambim, B NOAABASIOWEM GONBLIMHCTBE IKCNEPUMEHTOB OwKnbKka usmepeHuin A = |2 —a| = % IZ

ART=

S| -

>€}-—>0, n — o0.

MOXeT ObiTb HEOrPaHUYEHO YMEHbLUEHA 33 cHeT QyOAMPOBAHUS M3MEPEHUNA.

Huxe (n. 5.2.2) Mbi YTOUHUM 3TOT KaueCTBEHHbIA PE3ynbTat KOAUYECTBEHHO. b

3aMeTUM B 3aKJIIOYEHME, YTO 3aKOHBI GONBIUMX 4uces (B MPUBEAEHHBIX Bbillie (op-
MYJIMPOBKAX) YTBEPXIAIOT YCTOWYMBOCTh CpENHHX apuPMeTUdecKux GOJIbLINX COBOKYTI-
HOCTe# CIyYaifHBIX BEJIMYMH, B YaCTHOCTH (B opMynupoBke bepHyiiw), ycroiuuBocTb
YaCcTOT. DTO TEOPETUYECKUE YTBEPXICHUS SIBJSIOTCS CICACTBUEM ITOCTYJIATOB, MONOXEH-
HBIX B OCHOBaHM e Teopru. OUeBUIHO, YTO B peaibHOU NMPaKTHYECKO! CUTYaIIMM Mono6Has
yCTOMYUBOCTh He 00s13aHa uUMeTh MecTo! TIpMeHMMOCTE X€e TEOpUH BEPOSTHOCTEH K OIMU-
CaHMIO pa3IuYHbIX ABJICHU ! B IpUpoe U 0611eCcTBE 6a3UpyeTCs UMEHHO Ha HAJIMYUU B 3TUX
SIBJICHUSIX CTATUCTUYECKON YCTOMYMBOCTH.

BaxHo MOHUMaThb, YTO Nofxo6HasA yCTOHYMBOCTD HOJ/KHA OBITh YCTAHOBJIEHA UCCJIS0Ba-
TesieM (WNM, 1o KpaitHel Mepe, MponeKJapupoBaHa) VISt TOro, YTOGhl TEOPETUKO-BEPOST-
HOCTHBI€ BHIBO/IbI UMEJIM cMblIc/i. Hainuue TeopeM TUMna 3aKOHOB 00JIbLIMX YUCENT HE MOXET
CIIYXXWUTh OCHOBAHUEM JIJIS] YTBEPXACHUN O HAIMYUM CTATUCTUYECKONA YCTOMYMBOCTYU B TOM
WJIM UHOMK KOHKPETHOMU CUTYallu M.

§2. NpepenbHble TeOpeMbl

Kak cienyer u3 pe3yabTaTOB MpeabAYILEro MyHKTa, cpeaHee apudmeTnyeckoe GOMbLIOH
COBOKYITHOCTHU CJlyYailHBIX BEJIMYUH IMPU ONpPEAEICHHBIX YCIOBUSAX BEIET cebs MoYTH ae-
TEPMUHUPOBAHO — MAaJIO OTJIMYAETCS OT CpeaHero apudMeTYECKOro ux MaTeMaTU4eCKUX
OXHIaHUU. DTO yTBEpXIACHNE HOCUT KaY€CTBEHHBIN XapaKTep U B MPaKTUYECKOMA CUTyaLluU
He Bceraa conepxarenbHo. TouHblit oTBeT Ha Bonpock! «I1pu Kakux n...?» u «Hackonbko
U KaK YacCTO OTJINYAETCS COBOKYITHOE CAy4aiiHoe CPETHEE OT HecAy4atno20 CpeaHEro MaTeMa-
THYECKUX OXUIaHUK?» B paMKaxX 3aKOHOB GOJIbILMX YKce (B MPUBEACHHBIX GOPMYIHPOS-

Kax) MOJYYUTh HENb34.
Pa3Buras Bbite Teopusi (ri. XL, m. 3.2) roBopurt, Yyro Heo6XOAMMO 3HaHUE pacnpene-

n n
JIEHUS CYMMBI ( > 5,-) WJIM, 4YTO TO X€, CPEAHEN CYMMBI (% > f,-). OnHako, KaK yxe

i=1 i=1
OTMEYAJIOCh, 3aJa4a HAXOXIACHU S 3aKOHa pacrpeacjiCcHUss CYMMBI cnyqailebe BEJIMYUH B 00-
IIEM CJiyya€ — 3TO NOBOJIBHO CJIOXHAsA B TECOPCTUYECKOM ILIaHE U rpoMoO3aKasl B IUIaHE
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TEXHWYECKOM peanu3aiiuy 3aaya, Tpedylonias 3HaHUs 3aKOHOB pacrpeieleHUs cliaraeMuix.
Tax 4yTo s cayyadHbIX BENTWYMH, 3aKOHbI paclpeesicCHH KOTOPbIX «ILJIOX0» CBOpaYyuBa-
I0TCS1, MONYYEHUE pacripenejeHU UX CyMM IS 1OCTaToOYHO O0JibLIMX 3HAaYeHUM n 3a1aya,
CKOpee BCero, MpakTUYeCKU Hepeain3yeMas. BnpodeM, U IS «XOpoLI0» CBOPaYHBaAIOLLMX~
co pacnpeneneHui pabora ¢ pacnpeneneHueM CyMMbl 601bLIOrO YUCIa CnaraeMbiX MOXeT
0Ka3aTbCsl TEXHUYECKH 3aTPYAHUTE/IbHOH.

CnacTy CUTYalMI0O MOXET TOJIbKO Yy/JI0, U TAKUM YYJIOM B TEOPHU BEPOATHOCTEM KaK pa3
U ABJSIOTCS NpPeEaeabHbIE TEOPEMBL.

2.1. Teopema Myaspa—Jlannaca

Mpbl HaUHEM U3ydyeHHUE CUTYALIUHM C JIOBOJIbHO IIPOCTOIO Ha NEPBbIN B3IJIs, HO BAXHOro s

MPUJIOXEHUH Ciryyasi, Korna Bce §; — He3aBUCUMbIe, OIMHAKOBO pacrpeiesieHHbIe CIIyJaii-

Hble BEIMUMHb, NpUHUMalonve 3HayeHus 1 u 0 ¢ BeposSITHOCTSIMM P U ¢ COOTBETCTBEHHO,
n

p+q=1. Baromciyyae Y § = S, — GuHOMMaIbHAA CTyyailHas BeTMYMHA C apame-
i=1
Tpamu (n, p), pacnpeneieHue KOTOPOH HaM XOPOLIO U3BECTHO
k<z

F(z) = P{S, <z} = Z o " (1)

BeposATHOCTH, CBSA3aHHBIE C CYMMOIi Sy, B nppmuune JIErKO MOTYT ObITh HAMAEHbI ISt

P{a b} Z k k n k (2)
k=a
OnHako yXe [Uist HeGONbIIMX 3HaYEHU M 1 BOCIIOJIB30BATLCS COOTHOLIEHHEM (2) 10BOb-
HO TPYAHO — BBIYUCJICHHA OKA3bIBAlOTCA OY€HDb 'POMO3IAKUMMU.

Mpumep 1. Cronbko pa3 cnepyet NoaGpPOCUTL CUMMETPUUHYIO MOHETY, 4TOOB C HAfIeXHOCTBLIO X, He Xyfuwen
yem 0,99, yactora nossnenus repba otnuyanace OT BEpPORTHOCTM He Gonbiue, yem Ha 0,017

« [ns nonyyeHus OTBETa Ha BOMPOC 33034y CNEAYeT PeLnTb HePABEHCTBO

5 _os <oo:} > 0,99

{2

(p=0,5; ¢ =0,01) otHocurenbHo n. Mcronb3osaHue COOTHOLIEHUS (2) NPUBOAUT K HEPABEHCTBY

0,51n
( . c:) (0,5" > 0,99, 3)

0,49n
ANs KOTOPOro nposepka, yAOBAETBOPSET nu emy, K npumepy, wucno n = 100, — A0BOALHO yTOMUTENLHAS
BBIYUCAUTENbHAS 3apaya. b

K cuactbio, mis 60JbIIMX 3HAYEHUH N MOXET ObITb YKAa3aHO CPaBHUTEAbHO IPOCTOE
NpaBMIO BelYMCneHUs BepositHocTel (1)—(2).

CHayana 3aMeTUM, 4YTO eCJIi 7 — 00, TO BhIpaXeHHUe IS UHAUBUAYAIbHbIX BEPOSATHO-
creit P{S, = k} MoxeT GbITb yNpOLIEHO 3a cYeT 3aMeHbl (PaKTOpPUATOB NMPUGTUKEHHBIM
BbIpaXXEHWEM 110 U3BECTHOM U3 aHanu3a popMmyie CTUpIUHTa

nl=v2rn-n"e " (1 +86,), (4)

rae 6, — 0 npu n — 00. [deidcTBUTENBHO, 1ETKO YOETUTHCS B TOM, UYTO

n!

= \/% k(nn— ) (Ekg)k(nn—qk) Caren,

rne O, — 0 npu n — oo.

(5)
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Huxe 3anuch
A(z) & B(z)

OyneT o603HayaTh, yto lim A/B = | Wi, YTo TO Xe,

-2
A(z) = B(z)(1 + ©),
roe © — 0 npu z — .

B cuny 3akoHa OGOJBIIMX YUCE), NTPU OOAbIUUX 3HAYECHUAX N CyMMa S, C 3aMETHOH
BEPOSITHOCTBIO MPUHUMAET TOJIBKO Te 3HaYeHUs k, KOTOpbie YIOBJIETBOPSIOT YCIOBHIO |k —
np| < ne. [Nonaras

Ar =k — np, (6)
3aKJII0YaeM, YTO . — OO BJieyeT 3a coboit k — oo u Ax/n — 0. IlogcraBuM BhIpaXeHUs
manp =k — Arung =n — k + Ag Bdopmyiy (5) v nonyyum, 4ro

1 7 Ar\F A \"7F
P{S, =k} = 1 ~— 1 .
{Sa =k} = 5= k(n—-k)( k) ( +n-k) ()
Orciona
n _(np)'/z( nq )'/2 1
k(n—k)  \ k n—k N TN T
Ap\* Ag ~ 1 A?
(1——k—- —exp{kln(l—?)}_exp{—Ak—E—’;-},
Ar \"* A 1 A?
= —k)In(14+—2 )} — = .
(l+n_ exp{(n )n( +n—k) exp{Ak 5 n—k}
C yyeTOM NMOJTYy4EHHBIX COOTHOLIEHUH PaBeHCTBO (7) MPUMET BUI
1 1 1 n
P{S, =k} = — expd —= A2 ———
=82 7 Vam -3 "k<n—k)}
unu,nocnesamenuﬂf;g)nan—;zuAk Ha k — np,
P{S —k}’—!L : exp{ 1(k np)* : } (8)
" "~ V2r /npg 2 P e

[TocnenHee coOTHOLUEHUE MNMpencTaBisieT coboi npubiIvXeHHy0 GopMmyny nis noucyeTa
WHIUBYAYAIbHBIX OMHOMUAIBbHBIX BEPOSATHOCTEH U COCTABIISET CONEPXaHUE A0KANbHOU npe-
Oenvrot meopemw Myaepa—Jlansaca. OHa NpUronHa B CUTyauusx, KOria p ¥ ¢ He CIMIIKOM
MaJibl ¥ He CIMIIKOM GJIM3KHU K envHULE (B 3TOM CiTydae, KakK Mbl 3HaeM, MOXHO MCTIOJIb30-
BaTh npubnuxenue [yaccona), a n nocratouHo Beauko. [IpakTuuecku xe, ecnv np > 10,
0,1 < p < 0,9, To BHIYUCAEHUE UHAUBULYTbHbIX GUHOMUABHBIX BeposiTHOCTel P{S, = k}
no popmysie (8) naer BHONHE MPUEMIIEMBIE PE3YIbTaThI.

Mpumep 1. CummeTpuuHyio MoHeTy 6pocunn 20 pa3. Kakosa BEPOATHOCTb TOFO, 4TO rep6 MoRBUTCA POBHO

7 pas?

4 Sy — xonnuectso nossneHwii repba 8 paccmarpusaemom akcnepumente, Sy = B[20; 0,5].
Moaromy
P{Sy =7} = CH(0,5)* = 0,074.
dopmyna (8) paer: np = 20-0,5 = 10; npg =5; /npq = 2,236

1 ]
P{Sy =T} = *5(7 - 10)2- 5} =0,0727,

1
V2r 2,236 7 {

YTO MNPAKTUYECKU HeOTINYMMO OT TOYHOro peaynbrara. p

B ke TR % T T
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JUist penieHMs 3aa4y NPUGIMXEHHOr0 BHYUC/IEHUS COBOKYIIHBIX OMHOMMAILHBIX Be-
poarHnocreii (1)—(2) paccMoTpuM cooTHoLIeHHE (2) C yyeToM BhIpaxeHus (8) 11 MHAWBU-
AyaibHbIX 6UHOMUANBHBIX BeposTHocTtei P{S, = k}:

P{a< S <b}=ip{sn=k}gi—l— : exp{—(—k:—l)z}. (9)
IO k=a\/2_7f\/ﬁﬁ Inpq

k=a

TMosoxum
k—np 1 a—np b—np

i ATy =T — T = X = Ty =
NGO, ¥

T =

’ a > b *
NI T Vpq Vpq

3aMeTHM, YTO NIPY HEOrPAHUYEHHOM YBEJIMYEHUM 1 TIPOMEXYTOK [Z,, Tp] M3MeHeHUS ITe-
PEMEHHOM T MepeBUraeTCs BAOJIb YUCIIOBOM MPSIMOIA HeorpaHUYEHHO BIIPAaBO, MPH 3TOM

eroymMHal, = xp — x4 = % HeorpaHu4eHHo ymMeHbuiaercs. IloatoMy, BooGuie rosops,

HET CMBICJIA MBITATHCH BLIYUCIATH CYMMY (9) Npu GUKCHPOBaHHBIX @ M b — ¢ yBeluyeHueM

T 3Ta CyMMa CTPEMUTCH K HYJIIO.
IycTs T, ¥ Ty GuKcupoBaHbl. Toraa B NPUHATHIX 0603HaYEHUSAX cyMMa (9) 3amuuieTcs

B BHJIE
P{a<S$ <b}~i : ex{ mi}Am
1As FPRES = — Py — < k-
Pt V2T 2

ITpu n — 00 BeIpaXeHue CrIpaBa MOXHO WHTEPNPETUPOBATh KaK UHTErpaIbHYIO CyMMY ISt

WHTErpaia
Zp 2
1 T
I = —— expy —— ¢ dz,
/ Vorm p{ 2 }
Za

YTO MPUBOIMT K CJIEYIOLIEMY YTBEPXIECHUIO, BIIEPBbie yCTAHOBIEHHOMY MyaBpoM ms p =
g = 1/2 v 0606u1eHHOMY JlarutacoM Ha cirydait MpOU3BOJILHBIX P.

Teopema (uHTerpanstas reopema Myaspa—/lannaca).
Ilycmpy S,, — 6unomuanvras cayuatinas eeauyuna ¢ napamempamu nup (p # 0, p # 1). Toeda
npu n — 00 PAGHOMEPHO OMHOCUMENbHO —00 < Tq < Tp < +00 CNPAgecauso coomuouleHue

Ty
S, —np 1 / { mz}
P < F—=K —— | expd —— b dz. 10
{m“ Vo] w"} ~ Var ] P12 (10)
Za

IlpenenbHoe cootHouteHue (10) sBasteTCst MCTOYHUKOM (hopMYJT TPUGTHKEHHOTO Bbi-

YUCJICHUS COBOKYITHBIX OMHOMUAJILHBIX BEPOSATHOCTEH.
B camoM JeJie, nycTh 7 JOCTaTOYHO BeJIUKO, TaK 4to (10) umeer Mecto. Toraa

a—np Sp—-np b-np b—~mnp a—np
P{la< S, <b}=P < < ~F —-F ,
vnpq vnpq vpq ALZ AL ‘I( )
11

T
rne F(z) = 7'5; J exp{-3 z*} dz — dynkuus Jlannaca.
—00

Yxe Nnpu OTHOCUTENIbHO HeOOJNbIIMX 3HAYEHUSAX 1 Wi cpelHuX (matekux ot 0 u 1)
3HaYeHUM P ¥ ¢ TOYHOCTb MPUGIUXEHHOro cooTHoueHUs (11) nocratouHo Bricoka. Ipu-
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BeJle HHbIE€ HUX€ JaHHbIE WUTIOCTPUPYIOT MOPSAOK TOUHOCTH IMPH 3aMeHE COBOKYITHBIX 6UHO-
MHUAJTLHBIX BEPOSTHOCTEH Mo opmyse (11) wis pa3nuuHbix 3HaueHuit n, p u k. B xaxaoi
syeiike TabNMiLl B YMCIUTENIe IPUBEAEHO TOYHOE 3HayeHHe BeposTtHoctH P{S, < k},
a B 3HaMeHareJie — ee PUOJHXEHHOE 3HayeHHe Ik COOTBETCTBYIONIMX 1, p U K.

Tenepb Mbl MOXXEM YTOYHHUTL 3aKOH GOJIbILMX yKces B PopMe BepHyLTH ¥ mOJlyyuTs He
TOJILKO KaYyeCTBEHHBIE, HO M COJEPXKATEJIbHbIE KOJIMYECTBEHHBIE 3aKJIIOUEH M.

TTockonbky
S Sp —
P{ L <€} ___P{I n — np| < 6\/5}’
n Vvipg  /Pq
T0, MpUMeHss cooTHoiueHue (11) K mocienHel BEPOSITHOCTH, MOJNyYyaeM

Sn

P{‘——p <5}z2F<8—\/—ﬁ>—1. (12)
n vPq

®opmyna (12) mo3BoiAeT MOMYYaTh KOHKPETHBIE OTBETHl Ha KOHKpeTHBIe Bonpockl «Kak
yacro?», «C xakom TouHocThI0?», «[1pKn KakoM n?».

n |k p n |k P
02 Jo4 J07 02 o4 o7
20 | 10 | 0,804 | 0,126 | 0,000043 [ 25 |5 | 0,617 | 0,029 [ 0
0,711 | 0,085 | 0 0,5 | 0,021 | 0,0005
15 [ 0,999 | 0,872 | 0,048 10 | 0,994 | 0,586 | 0,0078
0,999 | 0,819 | 0,0255 0,994 | 0,5 | 0,137
20 [ 1,0 ] 0,999 | 0,762 20 [ 1,0 [ 0,999 | 0,909
1,0 | 0999 | 0,687 1,0 | 0,999 | 0,862
50 | 20 [ 0,999 | 0,561 | 0,0 100 | 40 | 0,999 | 0,543 | 0,0
0999 [ 0,5 |00 10 |05 |00
350 1,0 |0999 | 0,553 60 | 1,0 | 0,999 | 0,021
1,0 | 0999 | 0,5 1,0 |0999 | 0,015
40 11,0 [1,0 0,960 80 [ 1,0 [ 1,0 [0,991
1,0 | 1,0 |0939 1,0 | 1,0 098

Npumep 1. Cummerpuuryio Morery Gpocunn 100 pas. Kax yacro yucno uinaswumx repGoB 6yaer oTauyaTLes
or cpenHero He Gonee yem Ha 107

<« 310 NpAMOI BONPOC O BeNUuUHE BEPOATHOCTH
P{|Sn — np| < 10}
ana n =100 u p = 0,5. B cootsetcteuu C (12) umeem
P{|S, —np| < 10} = 2F(2) — 1 = 0,9545
— B nopasnsiowem GonblumHcTBe cnyyaes npu 100 Gpocaxnax CUMMETPUYHOW MOHETHI CNeayeT OXuAaTh,

YTO YUC/IO BbinaBlumx repGoB He meHblwe 40 u He Gonbwe 60. OTMEeTUM, YTO TOYHOE 3HAYEeHMe MCKOMOA
BepoaTHOCTU paBHo 0,9540. »

Mpumep 2. Hackonbko GonbiliMe OTKNOHEHMR YacTOTH MOSBNEHUA repba (B IKCEPUMEHTE C CHMMETPUYHOM
moHetoi) ot 0,5 MOXHO oxunate B nogasnaioweM 60nblUMHCTBE cnyvaes, ecnn moHety Gpocunu 50 paa?
100 pas?

<« Bonpoc 3apauu, 370 BONPOC O BennyuHe £, YROBNETBOPAIOWEA YCIOBUIO

S
P{ n" <e}2x,

— =P
roe 0 < ¥ < 1 — BenuyuHa BEPOATHOCTH, OTBEYAIOWAA HALLMM NPEACTABNEeHUAM O TOM, KaK MOHUMaTb
«B nopgasnsiowem 6onblmHCTBE CnyyaeB». KoHeyHO, xotenoch 6t MONOXuTL ¥ = 1, OQHAKO B 3TOM Chyyae
OTBET Ha BOMPOC TpusManeH: € — noboe uucno, He merbiee 1. [ing NONY4EHUA HETPUBUANLHON UHBOPMA-
LUMU O TOYHOCTU MOCTYNUMCA HAMEXHOCTHIO. Bo3bMeM ¥ 6nuskoe K eauHUUe HAcTonbKo, YToObl COBLTUAMM
C BEPOATHOCTbIO, MeHblLelh | — x, MOXHO 6bino npeHebpeyb. 370, Npasaa, AACT Ham BO3MOXHOCTb MOAYYUTHL

| OR% |
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OUEHKY ANa €, CNPABEeR/IMBYIO YXE HE AN BCEX IKCMEPUMEHTOB, @ TONLKO AN X-A0AU U3 HuX. HO NMOCKOALKY
Takue IKCMEePUMEHTH AOCTATOYHO YaCTbi (X B3sTa 6AKU3KON K eguHMue!), nocTonbKy noayyeHHas uHdopma-
UMs O BEAMUMHE € OKa3biBaeTcs uHpopmartusHoi. Bass, Hanpumep, x = 0,9, nonywum ans onpepenexus €
HEePaBeHCTBO

S,
=05

|

C yyetom (12) 370 NpUBOAUT K COOTHOLLEHUIO

2F(€‘/~) 1309
VP9

F(Ej‘g-) > 0,95.

Monaras n = 50, 100, p=gq = 0,5 u y4yuTsiBan MOHOTOHHOE HeybuiBanue ¢yHkuum Jlannaca, nonyyaem

<e}>09.

nnu

E\/— -1
> F(0,95) = 1,6449,
ke (0,95) =
oTKyaa \
_F'(095) VA
X Tn . (13)

A n =50 ¢ He menbwe 0,126, pna n = 100 — 0,082. U3 (13) oyeBuagHO, YTO C POCTOM 11 OXnAaEeMbie

OTKNOHEHUS (NPY GUKCUPOBAHHOK HAMEXHOCTU X ) YOLIBAIOT MPONOPUMOHANLHO /7.
Ons 3ananHoi HagexHocTu npu n = 100 ToyHoe peleHue nocTaBneHHon 3anauu € ~ 0,080. »

Mpumep 3. Cxoubko pas cnegyer 6pocutsb MoHeTy, YyToGb He meHee yem 8 99 cayyasx u3 100 Habniopaemas
yacrora suinaneHua repba otnauyanach or BeposTHOCTU He Bonee yem wa 0,017

<« 3T0T BONPOC 0 KOAMYECTBE IKCMEPUMEHTOB, HEOOXOAUMBIX AN OLCHUBAHUS HEU3BECTHON BEPOSTHO-
ctv Buinanexvs repba U3 HepaseHCTBa

-
n

F(%_‘g) — 13099 = F(f—\/\{;j) > 0,995.

3ametum, yTo 8 CUNY HepaBeHCTBa

< e} > 0,99,

CootHowenue (12) gaer

Ptq
Z

3

2
MOXHO 33aKMoYUTh, YTO
I_ 25\/_

B cuny MOHOTOHHOCTM yHKUmMK Jlannaca ans niobuix p 1 ¢

eVvn
F > F(2ev/n).
( VP4 ) (
Moaromy, ecnu n yaosneTBOPSET yCNosuio
F(2ev/n) > 0,995,

TO MOAABHO
(E‘/-) > F(2ev/m) > 0,995.
VvPq

Onpegenus n U3 NOCNEOHEr0 HEPABEHCTBA, Mbl 3aBE40MO PELLUM NOCTABAGHHYIO 3aAaYy, MOXeT ObiTb,
¥ HECKONLKO 33BLICUB HEOOXOQUMOE YUCNO IKCMEePUMEHTOB.
HeCnoxHuie BuiKNaAKU A3I0T OLEHKY

F(2ev/n) > 0,995 = 2ev/n > F~1(0,995) = 2,5758,

oTKyAa AN 1 rnony4yaem
2
7
n> (ﬁi") — 16586.

2¢
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Cronb 601bLLOE KONMYECTBO IKCTIEPUMEHTOB 06LACHAETCS BLICOKUMM TPEGOBAHMAMM K HAAEXHOCTH, 32R3HHbI-
MW YCNoBUaMM 333un. ECan TpeBOBaHME K HAEXHOCTN HECKOABLKO CHU3UTL, TO U OUEHKA 4NN 1 YMEHbLLLNTCS.
Takana x = 0,9 n ~6764,a pna x = 0,8 n ~ 4106.

B 3aknio4eHne 0TMETUM, YTO B PEanbHbIX SKCMEPUMEHTAX NO OUEHKE CAMMETPUYHOCTA MOHEeTH Habnio-
0aNVCb CREAYIOWNE pPe3ynbTaTh:

akcriepumeHT Blopdona — 4040 6pocanunin, S, = 2048, P = 0,5069;
akcnepumeHT Mupcona | — 12000 6pocannin, S, = 6019, p = 0,5016;
akcnepumenT Mupcona i — 24000 G6pocawnit, S, = 12012, p = 0,5005. »

2.2. Teopema JlsanyHoBa

Teopema MyaBpa—Jlamiaca moMUMO BO3MOXHOCTH BHIYMCIIEHUS UHIUBHAYAIbHBIX U COBO-
KYTTHBIX OMHOMUAILHBIX BEPOSITHOCTEM MMPEAOCTaBNsIET HaM €l11le BO3MOXHOCTL [0 HOBOMY
B3IVISSHYTh Ha «B3aMMOOTHONIEHUE» PAa3IMYHBLIX KJIACCOB CIyYalHBIX BEJIMUUH U UX pacripe-
neneHui. JleiicTBuTebHO, cooTHOMmeHHUe (10) mpeabiayuero nyHKTa B popme

P{u < :c} ~ F(z) (14)
vpq

MOXET ObITh IPOYUTAHO KAK NOX0XNCeCmdb pacnpedeserus YeHmpupo8arHol u HOPMUPOBAHHOU
CYMMbl HE3QeUCUMbBIX OepHYAAUeBHX CAYHAUHBX 6eAUMUH HA HOpMAAbHOe pacnpedeneHue, YTO
NIOCTaTOYHO YAUBUTEJILHO.

Eule 6osee ynuBUTEIbHBIM M HEOXUAAHHBIM OKa3bIBaeTCs TOT (aKT, YTO €CJIU B3STh He
6epHyJUIMEBBI, a JI00bIe APYrHe CiyyaiHble BEIMYUHBI, TO TIPYU BeCbMa HEOOpeMEHHUTENb-
HBIX TpeOOBaHUAX LIEHTPUPOBAHHAsI U HOPMUPOBaHHAas UX cyMMa OyneT UMeTh pacripezeie-
HUe, 6JIM3Koe K HopMaJibHoMYy!

TouHbie yTBepXaeHus, opMaausylounive 31o HabioneHue, HOCAT B TCOPUY BEPOSITHO-
cTeil Ha3BaHHUE HEHTPAJbHbIX NpefesbHbIX TeopeM, GopMyIMpOBKE ONHON U3 KOTOPBIX
MBI ITIOCBSITUM 3TOT ITYHKT.

Moxer ObITh fOKa3aHa clieayloias

Teopema. Ilycmv &, &, ..., &n — HE3aeuCUMbIE CAYHAUHBIE 6EAUHUHBE C KOHEYHBIMU Mame-

mamuveckumu oxcudanusmu M§E; = m;, oucnepcuamu DE; = a,-z, mpembumu MoMenmamu

M|& — m;|* = 1} u evinoaneno ycaosue

. 1 4
lim ———p 2 W =0 (15)
(Z 0,;) =1

i=|

P{Z&—me <m}—>F(m) (16)

/=

OTMETHUM, UTO TEOpeMa He NPeIbABASET HUKAaKUX TPeOOBaHU I K 3aKOHaM pacnpejeie-
nua ciaaraembix! Baxnoe ycinosue (15) MoxeT ObITh MHTEPIIPETUPOBAHO KaK TPEGOBaHME
«npnﬁnuam‘enwoﬁ OAUHAKOBOCTHU» Cjiara€MbiX.

IMoHsTHO, YTo 6€3 3Toro (Wi APYroro MmofoGHOI0) YCAOBUS TeOpeMa MEPecTaeT ObiTh
BEPHOI, OO NIOMUHUPYIOLLIEE ClaTaeMOe MOXET MTOaBUTh IPOYUE CllaraeMule B CyMMe U TEM
caMbIM OyIeT onpenessaTh ee pacnpeaeaeHUe.

JIns mpakTHYEeCKUX NMPUJIOKEHUHA BeCbMa BaXeH Cayyail ONMHAKOBO pacrpeneieHHBIX
BEJIMUUH. B 3TOM Cilyyae yClOBUS TEOpeMbl YNPOILAIOTCH — MOXHO JI0Ka3aTh, YTO eCJin

Toz0a

PAaéHOMEPHO OMHOCUMENLHO T .
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Bee §, — He3aBMCHMbIC OMHIAKOBO pacnpejaec/ieHnbie eay4aiHbie BEJIHYMHbI ¢ KOHeY-
HbIMH MATEMATHYCCKHM OKHIaHHeM M H JUcnepcHeit o, 10 (16) cnpaseniuBo Gea
JAONOJIHUTEILHOro yejioua (15).

Teopema JlanyHoBa yka3niBaeT Ha Ty 0cO6yI0 ponb, KOTOPYIO B TEOPUM BEPOSTHOCTEH
U e€ NPUIOXEHUAX UrpaeT 3aKOH HOPMaJIbHOTO paclpeAeneH!s — cymMmMa 60bIIOro Yucia
[IPUMEPHO OIMHAKOBbIX CIyJaii HbIX ClaraeMbIX UMeET [IOYTH HOPMAJILHOE paclipeie/ieHUe.
[ToaToMy Ha MpakTHKe, KOT/Ia IPUXOOUTCS U3Y4aTh BO3ACHCTBUS, 00YCIOBIIEH HbIE 60NBUINM
yuciaoM GakTopoB, MPUHUMAIOT OOBIYHO TMIIOTE3y O HOPMAJILHOM XapaKTepe CyMMapHOTro
Boanei’icmna‘).

Kakx u Teopema Myaspa—Jlamnaca, Teopema JIssmyHOBa MOXET CAYXHUTh UCTOYHUKOM
dopmya g npubIMXKEeHHOrO BLIYUCIEHUS BEPOITHOCTEN , CBSI3aHHBIX C 00NbIIMMU CyMMa-
MM CIy4aif HbIX BEJIMYMH.

Mpumep 1. Monyunm axanor cootHoweHus (12) npeapiaywiero nyHKTa Ans 3akoHa 6onblmx ynucen 8 ¢opme
<£}:P{IZ€z—Em:I En }

YeOuiwesa.
P{ ! Zf 1 Zm <
n ! n ! /Z ‘7:2 /2 03

<« Vimeem
B cuny cootHowenus (16) ana nocnegHen BepoAaTHOCTU nMpu AOCTaTOYHO BONbLIMX N MOAYYUM

p{'Z"‘Z”‘*'< & }zZF(—ne——)—l. (17)

VT o2 Vol VT o?

310 ¥ €CTb UCKOMOE COOTHOLLEHUE AN BLIYACNIEHUA BEPOATHOCTEN YKNOHEHWUIA CAYYaiHBIX CDBAHNUX OT CPeAHUX

MateMaTU4YecKux OXuaawuii. B cnyyae oamHakoso pacnpepeneHHbix cnaraembix C KOHeuHbiMu M§, = m
n pucnepcuamn DE, = o2 cootHowetve (17) nNpUHAMaeT BUg,

P{% Y e-m <e}z2F(€—an-)—l.> (18)

Mpumep 2 (MeToa MoHTe-Kapno BuYMCNEHHS MHTErpanos).
Mycte Tpebyetca BuYNCAUTL UHTErpan

1
1= [ f(z)dz. (19)
/

Paccmotpum cnyuaitHyio sennyuny £ = R([0, 1] u 3ametum, 4to uxterpan (17) Moxet GbiTb NpeacTasneH
kak M f(¢). Noatomy, ecnm Xy, X5, ..., X, — peanusaummn cnyyaiiHoi sennunke §, T0, 8 CUAY 3aKoHa
60onbLLNX yucen

l n
I~ — > A(X,). (20)
1=1
Jna OUEHKU TOYHOCTU MPUBAUXEHHOrO COOTHOWEHUA (20) HYXHO YMeTb OUEHUBATL BEANYUHY
l n
Ap=1- ; Zf(xt)a
1=1

a Ang 3Toro, 8 CBOIO OYepesb, cneayeT ymMeTb pelaTb HepaBeHCTBO
P{lAqs| <€} 2« (21)
OTHOCUTENLHO € > (0 NP 3aaaHHLIX 3HAYEHUAX ¥ U 1. Ecnn n AOCTAaTOYHO BEAUKO, TO B OCHOBY (21) MOXeT
6biTb MONOXEHO COOTHOWweHue (18).
Deitcteutensho, f(X,), 2 = 1,2,...,n, — HE3aBMCUMbIe, OFMHAKOBO PacrpeneneHHbe cnyyaiHbie
BeAMYMHLI, Ana kotopbix M f(X,) = I. MNoaromy

P{|On] < €} ~ 2F(¥) -1, (22)

) Yacro u TOrAa, KOraa Wisi 3TOr0 HeT HUKaKMX OCHOBaHWN. OTMeTHM, YTO KakK W BHIlIE, B C/Iy4ae C yCTOH-
YUBOCTBIO YacCTOT, TEOpeTHYECKUH (haKT — B AaHHOM ciiydae TeopeMa JIsnyHoBa — MOXET MOCIYXHUTb TOJIBKO
HaBoOJAIIMM cOO6paXeHHUEM O BO3MOXHON HOpMalbHOCTH, HO HE MOXET CIYXWHTb JOKa3aTeJIbCTBOM HAJIWYus
HOPMaJIbHOCTH.
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roe o = Df(€).
IINS OUEHKM BENUM4UHB 07> 33METUM, 4TO B CUTY UHTErpupyemocT dyHkuus f(z) orpaHuueHa —
|f(z)] < a@ — u noatomy o* = Df(€) = MIf(X:) — I]* < 4a?. Orciopa, Kak u B npumepe 3 npeabi-

AylWero NyHKTa,
o) +(5)

o 2a

n
“ u3 ZF(%) — 1 2> x cnepyet, 4T0 3aBEJOMO U

Eyn
2F(—£) —1>x
o
Mpu PukcuposaHHOM (1 6NIU3KOM K BAVHULE) X ANA € UMEeM

14+x\ 2a
~ F! —
) ( 2 ) Vi

Takum 06pa3om, yBenuyusaa n, Mol B NOABARAIOLLEM BONLLIMHCTBE CNy4aes rapaHTMpyeMm (C HaLeXHOCTBLIO X )
TOYHOCTb € B BbluMCneHuu uuterpana (19) no popmyne (20). »




3ajauu K pasgeny

1. ITocTpouTh NPOCTPAHCTBO 3IEMEHTAPHLIX COOLITHI JUISi 3KCTIEPHMEHTA: OJHOBpPEMEHHOE 6po-
CaHue TpeX UrpajibHbIX KocTei. Onucath B TEpMUHAX 3TEMEHTaPHbBIX HCXONOB CJIEAYIOIIME CTydaiHbIe

coObITUSA:

A = {cymma ouKkoB paBHa 9}.
B = {Bbinanu onuHaxkoBbie IMGPLI Ha BCEX KOCTSX } .
C = {xoTs 6bI Ha OIHO# KOCTH BbINaJia eIMHKIIA} .

CoBmecTHBI 1M coObITHA A M B? AuC? Bu C? A, B uC? 3asrcuMbl T cobbitis A u B? Au C?
B u C? HaiiT BEpoSTHOCTb TOTO, YTO IO KpaliiHeil Mepe Ha OOHOM KOCTH Bbinalia 3, eClIi U3BECTHO,
YTO CyMMa BbINaBILIMX OYKOB paBHa 9.

2. BeposaTHoCTb BbIOOpa TOYKHM M3 ILUIOCKO# 06J1acTH, JiexXalleil BHYTpu Kpyra paauyca 1 ¢ ueH-
TPOM B Hayajie KOOPAMHAT, IPUHUMAETCS IIPONOPIMOHATILHOM KyOy JIMHbI MPOEKIIMU 3Toi obaacTh
Ha ocb abcuucc. Cornacyercst 4 Takoe IpaBMJIO MOJACYeTa BEPOSTHOCTEH ¢ TpeOboBaHUAMMU, TIpedb-
SABJISIEMBIMM K BEPOSTHOCTH?

3. M3 MHOXecTBa TOYEK, PacroNiOXEHHBIX Ha oTpe3ke [0, 1], cayyailHBIM 06pa3oM BHIGHpaIOT
O[IHY, TIpHYEM TONAraloT BEPOATHOCThL BhibOpa M3 nopotpeska [a, 8] nponopunoHanbHoit sin § —
sin a. CornacyeTcs Jin Takoi Crocob nojcyera BeposiTHOCTEH ¢ TPeOOBAHUAMU, NPEAbABIACMbBIMHU
K BEPOSITHOCTH?

4. BeposTHOCTb BLIOOPA TOYKM M3 IYTH NOJYOKPYXHOCTH paamyca 1, ¢ LeHTPOM B Hayajie Koop-
IHHAT, paclojioXXCHHOM B BEPXHEH IOJYIUTOCKOCTH, TPUHUMAETCSA IPONOPLUHOHATIBHON JJIMHE ITPOEK-
1uM 3T0i Ayry Ha ock OY . Coracyercst iv Takoe NPaBuJIo NOICYETA BEPOSATHOCTEN C TPEOOBaHUSIMH,

NPEABbABISIEMBIMM K BEPOSITHOCTH?

5. U3 MHOXecTBa TOYEK, PacroioXeHHbX Ha oTpe3ke [0, 1], caydaiiHbiM 06pa3oM BLIGHpaAIOT
OIIHY, TIPHYEM TOJIAraloT BEPOATHOCTL BbIGOpa M3 nogorpeska [a, B] nponopunoHansHo# arctg 8 —
arctg a. Coracyercs Jiu Takoi croco6 rnoacuera BEPosTHOCTEN ¢ TPeOOBAHUAMM, NPEAbABISIEMbIMH
K BEPOSTHOCTH?

6. BeposiTHOCTb BbIOOpa TOYKM M3 Ayrd TNOJYOKPYXHOCTH paauyca 1, ¢ LEHTPOM B Hayaje KO-
OPAMHAT, PAcNoJOXEHHOM B BEPXHEH INOJYTUIOCKOCTH, NPUHUMAETCS NPONOPLUMOHAILHONH CHHYCY
JUIMHBI NIPOEKLMHU 3TO# Ayru Ha ocb OX. Cornacyercs iy Takoe NpaBWiIo MOACYETA BEPOSATHOCTEH
¢ TpeOOBaHUSAMH, NPEABABISIEMbIMHK K BEPOSTHOCTH?

7. BeposTHOCTb BHIGOpA TOUKM M3 AYTH NMONYOKPYXKHOCTH panuyca 1, ¢ IEHTpOM B Hayasie Ko-
OPAMHAT, PacrONOXECHHONH B BEPXHE! NOJYMJIOCKOCTH, IPUHUMAETCS NPONOPUMOHATbHOK CUHYCY
JUIMHB NPOEKIIMU 3TOi nyru Ha ocb OX . Cornacyercs M TaKoe NMpaBWIO NMOACYETa BEPOATHOCTEH
C TPe6OBaHUSIMU, NIPENBSBIAEMBIMM K BEPOATHOCTH?

8. VYkasatb omMOGKY B pacCyXIEHMsAX: arperaT BHIXOAMT M3 CTPOS, €CJIM BLIXOOMT M3 CTpOS
Nno KpaiHei Mepe OaMH U3 ero y3nos A win B. VYien A BHXOIUT M3 CTpOsi C BEPOSITHO-
CTbiO p;, B — c BeposTHOCTbIO p;. HaiineM BeposiTHOCTL BbixoAa M3 CTposi arperata. CobOniThe
U = { arperar BbilleN U3 CTPOs } ABAsETCSH 0ObeAMHEHHEM cOoObITHI A = { y3ea A Bbluien u3 cTpos}
v B = { y3en B Buiien u3 ctposi}, U = A U B. [losromy: P(U) = P(A) + P(B) = p, + p,. IlycTs,
K npumepy, P(4) = p, = 0,4, P(B) = p, = 0,6, torna P(U) = 1, T.e. arperat HaBepHsKa He
paboraer.

9. BeposTtHocTb nonaganus Touku M(z, y) B obnacts D, nexamyro B kBanpare K = {(z, y) :
Izl < 1, ly| < 1}, nponopumoHanbHa ruowanu 3toi obnactu: P(M € D) = }S(D). Haiitu
P{lz—yl <1/2}.
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10. BeposiTHocTh nonananus Touku M (z, y) B obnacts D, nexauyio B kBagpare K = {|z| < 1,
lyl < 1}, nponopuyoHanbHa mowanu 1ot obnacru P{M € D} = 1S(D). Haittu P {min(z, y) <
1/2}.

11. BeposiTHOCTb nonanauus Touxu M (z, y) B obmacts D, nexamyio B kpagpare K = {|z| < 1,
ly| < 1}, nponopuronaibHa nomanu 7oi obnacru P{M € D} = ;S(D). Haittn P{zy < 0,5}.

12. BeposTHOCTb nonananus Touku M(z, y) B o6nacts D, nexautyio B kBagpare K = {(z, y):
lz| < 1, lyl < 1}, nponopunonanbha rniomany 31oit obnactu P{D 3 M} = ;S(D). Haiitu
P {max(z, y) < 1/2}.

13. Tycrs (@, b) — KoopanHark cayyaiiHoit Touky B kBanpare K = {(a, b): la] < 1, |b] < 1}
HaiiTu BeposiTHOCTB TOTO, YTO KOPHHU YpaBHEHMS 2% + az + b = 0 Je/iCTBUTEIBHEL

14. Iycts a, b KoopauHaTH ciyyaiiHoit ToukH B kBanpare K = {(a, b): |a] < I, |b] < 1}. Haii-
TH BEPOSTHOCTb TOTO, 4TO KOPHHU YpaBHEHHS T + az + b = 0 MONOXHTENbHBI.

15. BeposTHOCTL NONanaHUs TOYKHU Ha YTY OKPYXHOCTH z? + y2 = | nponopiMoHaibHa UIMHE
nyru D: P{M € D} = 1/(2x)L(D). Iycrs (z, y) — xoopauHars Touku. Haittn P{|x + y| < 1}.

16. B ypHe HaxoauTCA HEKOTOPOE KOTHYECTBO WAPOB, NIPHYEM U3BECTHO, YTO OeNIbIX BABOE O0JIb-
e, yeM YepHbiX. M3 ypHB M3BlekaloT napy wapoB. Ilpu arom 7P {u3BneYeHb! OHOLBETHBIE
wapei} = 8P {u3BneyeHbi pa3HOLBETHBIE Wapbl}. MOXHO JIX 1O 3THM JIaHHBIM YCTAHOBUTh KOJTHYE-
CTBO 1UApOB, JieXallux B ypHe?

17. U3BecTHO, 4TO NPH ABYKPaTHOM OpOCaH UM MOHETB! BEPOATHOCTb HAbOIIONEHHS OTHOMMEHHBIX
CTOPOH 60JbllIE BEPOSTHOCTH HAOMIONEHHSI Pa3HOMMEHHBIX CTOPOH 3TOH MOHETHI. YCTAaHOBUTb, HE
MIPOTHBOPEYAT JIX 3TH JaHHbIE NPEATONIOXEHHIO 0 CHMMETPHYHOCTH MOHETHI.

18. B ypHy, B KOTOPOIt ObUIO OAMHAKOBOE KOJTHUYECTBO OE/bIX H YEPHBIX WIAPOB, 100aBUIH OAMH

wap. TIpx 3T0M BEPOATHOCTb U3BNEYEHMS U3 YPHBI NTaphl Pa3HOLIBETHBIX LIaPOB U3MEHHMIIACh Ha 1/48.
BLISCHMTb, yMEHBLIWIACh WIH YBETMYWIACH 3Ta BEPOSITHOCTD, ¥ YCTAHOBUTD, KAKOE KOJTHYECTBO HIa-

poB GbUI0 B yPHE.

19. B ypne nexur 4 wapa. MasecTHo, 4T0 NPH U3BNEYEHUH U3 YPHBI IBYX 1IapOB (6e3 Bo3Bpauie-
HMS1) BEPOSITHOCTb M3B/IEYEHUS JIBYX OJHOLBETHBIX IIAPOB BABOE MEHbILIe BEPOATHOCTH U3BJICHEHUS
pa3HOLBETHO! napbl. MOXHO JIM 110 3THM JaHHBIM YCTAHOBUTb COCTaB 1IapoB B ypHe?

20. B ypHy, B KoTOpO# 6bUIO ONMHAKOBOE KOJTHYECTBO GEIbIX ¥ YEPHBIX LIAPOB, J00aBWIN OAHH
wap. Ilpu 3ToM BepOATHOCTb U3BJIEYEHHUS U3 YPHBI Naphl Pa3HOIBETHLIX LIAPOB U3MEHHUACh Ha 1/15.
BLIsSICHUTD, YMEHbIIHWIACh HIM YBETHYMIACH 3Ta BEPOSATHOCTD, H YCTAHOBUTH, KAKOE KOJIMYECTBO 1A~
poB ObUIO B YPHE.

21. U3 ypHH, colepXaiiiei Bcero 6 Gebix U YePHBIX 11apOB, H3BJIEKAIOT O/IHOBPEMEHHO /1Ba 111apa.
M3BECTHO, YTO BEPOSTHOCTH U3BJIEUE€H s OIHOLIBETHBIX M Pa3HOLIBETHBIX LIAPOB OTHOCATCS KakK 7 : 8.
MOXHO JIX 1O 3THM [IaHHbIM YCTAHOBMTb COCTAB 1apoB B ypHe?

22, HanexHoctb (T.€. BEPOATHOCTb 6e30TKa3HOM paboThl B TeueHHe HeKoToporo BpemeHu T)
KaXXIOro M3 aneMeHToB 4;, i = 1,2, 3, 4, 06beqMHEHHBIX B pesieiHyIo cXeMy (CM. DHC.), paBHa p,.
Haiiti HaieXXHOCTb CXEMBI.

A,

A,

23. HanexHocTs (1.€. BepoATHOCTb Ge30TKa3HOM paboThl B TedeHHME HEKoTOporo BpeMeHHu T)
KaX0To M3 3MeMeHTOB 4;, i = 1, 2, 3, 4, 5, 06beAMHEHHbIX B peNefHYI0 CXeMy (CM. PHC.), paBHa p;.
HaiiTh HaeXHOCTb CXEMBI.
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A, A,

24. CnyuyaiiHag BelnunHa £ ¥MeeT IyaCCOHOBCKOE pacrpeneNeHue U U3BECTHO, YTO ee MaTeMa-
THYECKOE OXMAAHUE M 1 aucrepcus D cA3aHbl cooTHomeHneM D? — m = 2. HailTh BepoATHOCTD

P(¢ > 3).

25. CnyyaitHas BemduHa £ MMeeET MMyaCCOHOBCKOE paclipeieieHHue U W3BECTHO, 4To P{§ = 0} =
e~2. HaifTu MaTeMaTHyeCKOe OXHUIAHHE CITY4AHHON BETHIHHBI §3 +€.

26. CnyuaitHas BenuyuHa £ MeeT MyaCCOHOBCKOE paclpeieieHHe W U3BECTHO, yTo P(§ > 0) =
0,8. HaiiTi MaTeMaTiuecKoe OXMIAHHE CITydaiHOM BeunHbl 262 — 3¢ 3,

27. CnyyaitHas BeMuMHA § MMEET SKCIOHEHLHAILHOE PAaCIIpeNeiEHHE C MATEMAaTUYECKMM OXHM -
naHnueM m uaucnepcueit D. U3sectHo, yto 2D —3m = 2. Haiitu BeposTHOCTb TOro, uto —2 £ £ < 2.

28. CnyyaitnHast BenmuuHa § SKCNOHEHUMAIBHO PACIpefeNieHa W M3BEeCTHO, uyto P(§ > 1) =
0,3679. HaifTi MaTeMaTH4eCKOE OXHMIAHHE CITydaitHOI BETVYMHBI 4€% + 4€ + 4.

29, CnyyaitHas BeiMuuHa £ PaBHOMEPHO paclipeiefieHa Ha TIPOMEXYTKE C LIEHTpOM B —3
M M3BeCTHO, uto P(§ > —2) = 0,25. HailTu MaTeMaTuyeckoe OXHAAHUE CITYyYaitHOW BETMUMHBI

n =2 -4 — 15¢%.
30. CnyuaitHas BenuuMHa £ paBHOMEPHO pacripeiefeHa Ha NPOMEXYTKE M M3BECTHO, 4YTO ee
MAaTEMATHYE€CKOC OXHIAaHUE M U CPEIHEKBAAPATUYHOEC OTKIIOHEHHE O CBsA3aHbl COOTHOUICHUEM

3m + 2v30 =4,
m =30 - 2.

Haiitu BeposTHocTh P{¢ > 1}.
31. ®yuxums pacnpeneneHus caydaiiHoit BenuuuHel § HenpephiBHA B R M 1aHa COOTHOIEHHEM

0, < -2,
ﬁz
Fe(z) = az2+,3a:+a, -2z,
1, z 21
HaitTi napameTphl a, 3, NIOTHOCTL CIy4aitHOM BETMYMHE § , MATEMATUYECKOE OXHMIAHHE CITy4Yaif HOM
BeJWYMHBI Y = 2§ 4 1, Aucnepcuio ciydyaiHOi BennuuHbl Y) = —3§ — 4 v BepOATHOCTB TOTO, YTO
£>0,5.

32. IL1oTHOCTD pacnipeeNeHus CIydaitHOM BETMYMHL § 1aHa COOTHOMIEHHEM

fe(t) = exp{at’ + Bt + 7}

M M3BECTHO, yTo M{ = —4, D = 9. Haitti napamerphb a, 8 ¥ v, a TAKXe BEPOATHOCTb TOTO, 4TO
{36 + 4] < 11.
33. ILnoTHOCTH pacnipeneneHus ClydaitHOM BeTMuMHb § HETIpepBIBHA Ha BCeit npsiMoii U naercst
COOTHOLUEHHEM:
fo(t) = at’ +pt+v, -1<t<],
¢ 0, t<-1Ut>1.
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Haiitu napamertpnl a, 3, 7, GyHKUMIO pacnpedeneHus ciaydaitHO! BeJIMYMHBI £, MaTeMaTHYeckoe
oXHJaHHe cnyyaiiHoi BeMuMHbB 1, = 3§ — 1, Aucnepcuio 1, = —§ — 1 ¥ BEPOATHOCTH TOrO, YTO §
He MeHblue 1/2.

34. MOyHKIMA pacnpene/ieHHS Cy4ailHO# BeJMuMHb £ HenpepbiBHA B R ¥ naHa cOOTHOIEHHEM
0, z < -1,
ﬂZ
F(z) = 7z2+2ﬁm+7, -1z

1, z 2 L

HaitTu 3HayeHHs NMOCTOAHHLIX B M 7, TUVIOTHOCTb paclipeliefieHUsl CIy4aitHO! BEJIMYMHH £, MaTe-
MaTHYyecKoe OXMAaHHE cNydaitHoil BelMUMHH Y; = —3§ 4 4, nucnepcuio ciydaitHOi BeJTMYMHBI
Y; = —2¢ — 8 u BepoATHOCTb TOro, YTO Ciy4aHasd BeNMYMHA Y3 = —4£ 3aKmouyeHa B npejesnax

or —8 1o 2.
35. TlnoTHOCTb pacnpeaeneHus Cyd4ailHoi BeTMuMHb X JaHa COOTHOLIEHHEM

f=(t) = exp{at2 + Bt + ¢}

M u3BecTHO, yto M X = 2, DX = 9. HaiiTh 3HaueHue napameTpoB a, b U ¢, a TakKKe BEpPOATHOCTh
Toro, 4ro |2€ + 4] < 6.

36. IIpu6op npoxonuT HCTIKITAHUS Ha HAleXXHOCTh, pHUYEM BpeMs 6e30TKa3HOi paboThi mpubo-
pa — 3KCNOHeHLMaIbHas ClIyyaifHas BeJIMuMHa, ¢ mapaMeTpoM p = 0,5. Cxonbko npu6opos ciemyer
MCIIBITATh, YTOObI C BEPOATHOCTHIO, He MeHbllei 0,9, 0oTo6paTh Cpeiv HUX He MeHee TpeX, NPollealuX
ucnbitaHug 6e3 orka3os? M3BecTHO, YTO MCIIBITAHMA OAHOro NpU6Gopa npoxoaAr 1,5 yaca.

37. ®DyukuMs pacnpeaeneHus caydaitHoit BeuuuHbl € HenpepbiBHa B R 1 1aHa cOOTHOILIEHHEM

0, z <3
ﬁZ
Fe(t) = 3;/w2+ﬂx+7, 3z <4,
1, z =>4
Haittu napametpsl § M -y, IUIOTHOCTb paclipejieieHUs1 cIy4aiHOH BeJWYMHBI £, MaTeMaTH4ecKoe
OXHIaHHWe CITyd4aiHOM BeJMuMHb Y, = 8¢ — 3, nucnepcuio ciy4aifHOi BeMUYMHH Y, = —4§ + 2
¥ BEPOSTHOCTb TOTO, YUTO C/IydaitHas BelMuuHa Y3 = — 3¢ 3akmoyeHa B npeaenax ot —11 go —10.

38. CnyuaitHas BeuumHa £ uMeeT ITyacCOHOBCKOE pacnpenesieHue ¢ napameTpoM A = 2,5, Haii-
TH 3aKOH pacripefie/IeHUsl, MaTEMaTHYEeCKOoe OXUAAHHE U JIMCIIEPCUIO CITYYaifHOM BEJTMYUHHI 1), 3aaH-

HOM COOTHOLICHUEM
n=(-1)".

39. MyHkuKWA pacnpe/ieNeHAs Cy4aiHOM BeTMYMHLI £ HenpephiBHa Ha R ¥ naHa cOOTHOIIEHUEM

0, r< -1,

g, )
Fi(z) = 7° +Pz+7y, -1z,
I, z 22
Haiit 3HaYeHMs NOCTOAHHBIX B M 7, TUIOTHOCTb Pacnipeie/IeHHs CliydalHOM BEJTMYMHBI €, MaTeMaTH-
YyecKoe OXHUAaHue CIydaifHoi BeTHUKHLL Y, = 2§ — 3, aMcnepeuio CiryyaiftHoi BeJIMUMHH Y; = —3£ 45
¥ BEPOATHOCTb TOTO, YTO CIIydaifHasa BenMHYMHa Yy = — 2§ 3aKinioyeHa B npeaenax ot —35 o 1,

40. I1n0THOCTB pacnpeieIeHHA CITy4ailHOH BEIMYMHBI § /1aHA COOTHOLIEHHEM

fe(t) = exp{at’ + pt + 7}

¥ u3BeCTHO, yTo M{ = —4, D{ = 9. Haiitu napamerphl @, 8 u 7, a TakKKe BEPOSTHOCTb TOrO, YTO
3¢ + 4| < 11.
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41. DyHKuuUA pacnipeaeneHus ciydaiHol BeTUYrHbl £ NaHa COOTHOIIEHUEM

d

Fe(z) = / exp{at’ + bt + c} dt

—0C

¥ u3BecTHO, yTo M = -2, P{|¢ + 2| < 1} = 0,668. Haiitu napametps! a, b, c.
42. OyHKuws pacnpeneseHus cay4aiHoi BeNMYrHb € 1aHa COOTHOIIEHUEM

F

Fe(z) = / exp{at’ + Bt + c} dt

-0

M M3BeCTHO, yTo M¢ = —4, P{|£ + 4] < 3} = 0,758. Haiiti napamerpsi a, b 1 c.

43. Bpewms 6e30TKa3HOM pabOTE! 3NEKTPOHHOMN NaMITbl — 3KCNOHEHLMANbHas CllyyailHas BeIu-
YuHa co cpeaHuM 5. [Ing yBennueHwWs HaleXXHOCTH arperata CTapAT NapalieNibHO HECKONBKO NaMIT,
CKONBKO 1aMIl cellyeT 3anapauiennTh, YTo0bl ¢ BEPOSATHOCTHIO, He MeHbllel 0,99, no kpaitHe#t Mepe,
OHa M3 HUX He BbluNa u3 cTpos 32 10 yacos?

44, [Mpubop NPoXoAUT UCTIBITAHHUS HAa HaIeXHOCTh, NpUYeM BpeMs 6e30TKa3Ho# paboTsl nprbo-
pa — 3KCNOHEHUHaAIbHAsA ciyyaiHas BenuuyuHa, ¢ mapamerpoM u = 0,5. Ckonbko npubopos cienyer
UCTBITaTh, YTOOB C BEPOATHOCTHIO, HE MeHbLIel 0,9, 0ToOpaTh cpenn HUX HE MEHEE TPeX, MPOLUEeAINX
ucnpiTaHUs 6€3 oTkazoB? M3BecTHO, 4TO HCNIBITaHUA OAHOro npubopa npoxoasr 1,5 yaca.

45. CnyyaiiHoe OTKJIIOHEHHE pa3Mepa JETAIM OT 3aJaHHOIO SB/IAETCH HOPMAIbHOW ClyyailHOM
BeMYUHOI ¢ nmapameTpaMu m = 0, ¢ = SMK. CKoJbKO HE0OXONMMO U3TOTOBUTH AeTaIEH, YTOOL
C BEPOATHOCTHIO, He MeHbuel 0,99, cpeau HUX ObLIa XOTs ObI OJHA IOAHASA, €CJIH )15 TONHOM AeTAIU
JOMYCTUMO OTKJIOHEHHUE OT 3alaHHOTIo pa3Mepa He 6onee, yeM Ha 2 MK?

46. Wanenue cuuraerca usnenueM 1-ro copra, echv OTKJIOHEHHE €ro pa3MepoB OT HOMHHaa
He npeBbIaeT 3,45 MM. OTH OTKJIOHEHMS CITY4aiHBbl U NOJYUHAIOTCS HOPMAIIBHOMY 3aKOHY, MPUYEM
CUCTEMaTHYECKHE OTKJIIOHEHHS OTCYTCTBYIOT, @ CPEAHEKBAIpaTHYHOE OTKJIOHEHHE paBHO 3 MM. HaiiTu
CcpelHee Y1 Co NMEPBOCOPTHBIX U3AETHIA, €CM ObLIO U3rOTOBIEHO 4 U3IeNUs.

47. CayuyaiiHoe OTKIIOHEHHE pa3Mepa AEeTaU OT 3alaHHOro — HOpMaJibHas clyJyaiiHas BeTMYMHa
¢ napametpaMd m, o. U3nenue nomnexur nepenenke, eciu oTkioHeHue npessiaer 10 Mm. Haiitu
GyHKUHMIO pacTipeneieHUA OTKIOHEHW I WIS U3neNu, NMoMIEXalIUX NIepeaesKe.

48. CnyuaiiHas BenMurHa £ UMEET MyaCCOHOBCKOE pacnpeneneHue ¢ napaMerpom A = 1. Haiitu
3aKOH paclipeie/IeHHUs , MaTeMaTH4YECKOe OXHMIaHUE U AUCTIEPCHIO CITYYaHHOM BETUYUHBI 1], C pABHBIMU
BEpOATHOCTAMU NpHHUMalomei 3HaueHus (—1)¢ u (—1)¢*.

49. Bpewms 6e30TKa3HOM paboThl ABUraTeNsd — 3KCIIOHEHLIMAIbHAA CTydaiHasd BEIMYMHA CO Cpell~
HuM 1000 yacoB. Haiitu cpenHee yMcno aBurareneit, Bplieaux U3 crpos 3a 2000 yacos, ecnu B 3anace
ux 6su10 10.

50. Bpewms t 6e30TKa3HOM paboTel DBM pacnipeneneHo 1o 3KCIOHEHHATBHOMY 3aKOHY C napa-
Metpom 1. PeuieHue onpeneneHHOM 3anayu TpedyeT 6€30TKa3HOo! paboThl MAIIMHBI B TCYEHUE 2 MUHYT.
Ecnu 3a 310 Bpemsa npoucxoauT cOoi, To 3anayy NpuxoauTcsa pewats 3aHoBo. C60#t MOXHO OOHa-
PYXHUTb TONBKO NOCJe OKOHYaHuA peuieHusa. HaliTu 3aKoH pacnpeneneHus BpeMEHH, HEOOX0AMMOro
IS pellIeHUs 3a0auu.

51. BpakoBka 1apuKOB il MOAIUKITHUKOB IPOU3BOAMTCA CIEAYIONIMM 0OPa3oM: €CNU LIapuK
He ITPOXOJUT Yepe3 OTBepcTHE fuaMeTpoM 10 MM, HO IPOXOAHUT Yepe3 OTBEPCTHE AMaMETPOM 12 MM, TO
€ro pa3Mep CUYMTaTh pueMIeMbiM. Ecnu He BbINONTHEHO NepBoe ycloBHEe — HIapHK OpakyeTcs, ECu
BTOpOE — UIET B nepenenky. U3BecTHo, yTo nMaMeTp iapukKa — HOPMasibHas ciydyaiHas BENMYUHa C
napametpamu (11 Mm; 0,5 Mm). Haittu pacnipeneneHue yncina WapuKoB, MAYLIMX B [IEPEAENKY, €CU
6bU10 U3rotoBaeHo 10 mapuKos.

- o

52. /lByMepHas cnydyaitHaa BenwuuHa (€, 1) 3anand cBoell ¢yHKUMeH pacnipeseneHus
Fe,(z,y). Haittn BepoATHOCTb NMoNanaHusi 3TOM ClyyaiiHON BENMYHHBI B YKa3aHHYI0 Ha PHCYHKE
obnacTte’




3apauu x pasgeny 141

53. Ilapa ciayyaiiHbix BeiMuuH X ¥ Y ¥imeeT COBMECTHOE HOPMAIbHOE pacnpesieIeHHe C BEKTO-
pOM MaTeMmaTHyecKux oxunanuit {2, 1} u koBapnauuoHHoit marpuueit K

L1
KIX,Y]—U[I 4].

UssectHo, yto P{X + Y < 3} = 0,65. Haiitu DX, DY.

54. Haitth KoBapManMIio OpAMHATH ¥ abcuucchl To4KM M, pABHOMEPHO pacrnpe/ie/IeHHOM B Tpe-
yronbHuke ¢ BepmuHamu A(1, 1), B(0, 1) u C(1, 0). 3aBMcHMBI JIK 3TH ClydaifHbIE BETHYUHBI?

55. Haiiti KoBapHanuio opaMHaThLI ¥ abcuucchl ToukKu M, paBHOMEPHO pacnpenejeHHoOM! B Tpe-
yronshuke ¢ BepunHamu A(-2, 0), B(0, 1) u C(1, 0). 3aBucuMBI TH 3TH CiyyaltHbBIe BETMYMHBI?

56. Cnyuaiinble BenyuHbI £, 7 ¥ { HE3aBUCHUMB! ¥ pacnpeneNeHsl HOpMAJTbHO C MapaMeTpamMu
cooTBeTcTBeHHO M§ = Mn = M({ = 5.

10D¢ = 2Dy = 5D¢ = 100°.

HaiiTi micnepcuio ciydaitHoit BenmuumHbl 2§ — 3¢, eciim u3BecTHo, yto P{2€ + n < 20} = 0,9973.

57. Cnyuaituuie Betmuutbl X, Y U Z cBs3aHbl cooTHowieHueM 4X —2Y + +3Z = 0. U3BecTHo,
yro MX =0, MY =0, MZ =0, DX = DY = DZ = = 1. HaliTh KOBapHallMOHHYIO MATPHILY
3THX CIIYYaWHBIX BEJIUMYHH.

58. CiyyaiiHsle BenuuuHH &), £ ¥ §3 UMEIOT COBMECTHOE HOPMAJILHOE pacnpeNieieHHe C KOBa-
pUalMOHHON MaTpulEel

367 0 0
2
Kg]=) 0 o 0
0 0 *2’ 0‘2

¥ BEKTOPOM MaTeMaTH4eCK1X oxuaanmii (2, 2, 1). Haitru aMcnepcuio cryyaiiHo# BeTuauH b §; , €CITH
M3BECTHO, uTo cyMMa §; + & + €3 B 99 ciyyasx u3 100 npuHuMaeT 3HaUYeHHS He MeHbIue 3,4,

59. Ciyyaitnbie BeMuuHbL §, ¥ { HE3aBUCUMBI M pacnpeneNeHbl HOPMAIbHO ¢ NMapaMeTpaMu
COOTBETCTBEHHO M§ = Mn = M( =5.

10D¢ = 2Dy = 5D¢ = 100°.

HaiiTu aucnepcuio cirydaiiHo# Benuuntbl € — ¢, eciu u3BecTHo, yto P{2§ + n < 20} = 0,9973.

60. CnyuaiiHbie BeIMYMHB &), §; ¥ §3 HE3aBUCUMBI U HOPMATIbHBI C OJIMHAKOBBIM CPEIHMM,
paBHbIM 3. M3BECTHO, YTO MX AKCIIEPCUH OTHOCATCS COOTBETCTBEHHO Kak | : 3 : 2. Haiitu xoBapua-
LIMOHHYIO MaTPHILy 3THX CTydaiHbBIX BEJIMYMH, €CTH U3BECTHO, YTO

P{2£, — & + 3& > 15} = 0,001.
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61. JBymepHas cnyyaitHas BennuyuHa (X,Y) HMeeT BEKTOpP MareMaTH4YeCKOIO OXHIAHMs
(7, —1) ¥ xoBapHaLIHOHHYIO MaTPULYY

K[X,Y]z(g j)

JIOCTAaTOYHO JIX 3THX JAHHBIX, YTOGBI CIIPOrHO3HPOBATh 3HAYEHHUSI KOMITIOHEHTH Y TpH W3BECTHBIX
3HaYyeHUAX KOMIMOHEHTH X ?

62. Cnyuaiinbie BennuuHbl €, 7 ¥ ( HE3aBUCHMBI U pacripenesieHbl HOPMAIBHO C NTapaMeTpaMu
cooTBeTcTBeHHO M§ = Mn = M( = 6,

10D¢ = 2Dn = 5D¢ = 100°.
HajiTi aMcnepcuio cirydaitHol BenMYUHB § — 4¢, €CIi U3BECTHO, 9TO

P{2¢ + n < 20} = 0,9973.

63. Ilpu npoBeneHMH TENENaTHYECKOro ONBITa HHAYKTOP HE3aBUCHMO OT NPEALIECTBYIOIIMX OIThI~
TOB BbIOMpaeT ¢ p = 0,5 onuH U3 ABYX NPEIMETOB M QyMaeT 0 HEM, a PELUMITMEHT yraJbiBaeT, O KaKOM
npeaMere aymaeT uHAYKTop. OnbiT 6601 nosTopeH 100 pa3 u npu 3ToM 66U10 nosryyeHo 60 npaBwib-
HbIX oTBeTOB. KakoBa BepOSATHOCTb NMPaBWIBHOIO OTBETA B ONHOM OINLITE, B NPEANONOXEHUH, UTO
TeJNenaruyeckKoi CBA3M MEeXIy HHAYKTOPOM U pelunueHToM HeT? MoXHo 1 npunucars HabmioneH-
HbIA pe3ynbTar clydalHOMY COBNAAE€HKIO WIK OH MOBOPHUT O HATMYHH TEJIENIaTHYECKON CBA3M MEXIY
VHIYKTOPOM ¥ pelIMITHeHTOM?

64. Ins nnua, noxusuiero o 20-1eTHero Bo3pacTa, BEPOSTHOCTh HECYACTHOTO Cirydast Ha 21-oM
roay paBHa 0,006. 3actpaxoBaHa rpynmna B 10000 yenoBex 20-JieTHEro Bo3pacra, npuyeM CTpaxoBoit
B3HOC cocraBisier 1,2 py6na. B ciyyae HecyacTbsi CTPaXOBOE are HTCTBO BHILIAYMBAET 3aCTPAXOBaHHO-
My 100 py6. KakoBa BeposiTHOCTb TOTO, 4TO K KOHLY I'ozia CTpaxoBoe€ areHTcTBo pazopurca? Ero noxon
npeBbIcHT 4000 pybneit?

65. Tearp, sMemiarommii 1000 yenosex, ¥Meer 2 pasHbIX BXoaa. OK0JI0 KaXA0ro U3 BXO40B CBOM
rapaepo6. 3puTenu NPUXoAT NapaMy U Kaxaas napa, He3aBUCUMO OT ITPOYHMX, BEIOGKpaeT crydaitHbIM
06pa3oM onuH U3 BXoaoB. CKOJIbKO MECT CJICAYET HMETh B KaXAOM M3 rapaepoboB, 4robbl HE MeHee
yeM B 99 ciayyasax u3 100 3puren Morau pasperbes B rapaepo6e Toro Bxoja, yepe3 KOTOPbIf OHM
Bouu?

66. [1ns npoBepkH BIMSHUA HOBOIO JIEKApCTBa Ha KPoBsHOe naBieHue y 100 nauueHToB 6bU10
U3MepEHO NaBjieHue 10 M nocjie npuemMa nekapersa. Ilpu aTom okaszanocsk, yro B 32 cayyadx naineHue
rnocjie npyeMa JeKapcTBa IMOBBICWIOCH, a B 68 ciyyasix — noHusmioch. KakoBa BEpOSATHOCTB TOTO,
4YTO cny4yaiHbie KonebaHusa JaBIeHUS BbI30BYT HE MeHbIlee OTKIIOHEHME OT 50? MoXHO M cYHTaTh
YCTAaHOBJIEHHBIM, YTO JIEKAPCTBO BIIMAET Ha NaBjieHUe?

67. Tlpu cocTaBieHMHM CTaTHCTHUECKOTO oTdeTa Hamo 6buto cnoxuts 10* wucen, xaxmoe u3 xo-
TOPBIX OKpyIJIeHo ¢ ToyHocThio Ao 1074, Tlpeanonaras, 4to oluu6KM OKPYIIEHMS YHCeN B3aMMHO-
He3aBUCHMbI ¥ PAaBHOMEPHO pacnpeniesieHs Ha (~1/2 - 1074, 172 10'4), HaiiTh nipenensl, B KOTOPhIX
C BEpoATHOCTbIO, 6onbiueit 0,997, Gynet nexarb cyMmmapHas omubxka,

68. DBM umeer 24-pa3paaHyIo ABOUYHYIO CETKY, T. €. OTIEPHPYET ¢ YHCIIAMH C TOYHOCTHIO 10 1078,
Ipu BBOZE YKCIIa OKPYTNAIOTCS, IPHYEM OIIMOKH OKPYIJICHUS — HE3aBHCHMBI, paBHOMEPHO pacrpe-
neneHHble Ha mpomexytke (—1/2 - 107%; 1/2 - 1078) cyvaiineie Benmunnbl. Haxopurest cpenHee
apudpmernyeckoe 10000 uncen. B kakux npenenax JexXuT CyMMapHas oliubka He MeHee yeM B 99 ciy-
yasax u3 100?

69. Ilpu BerMMCIIEHMH TUTOLIAAH TUTOCKOM buryps D MeronoM Monre-Kapiio noctynaior cieay-
oMM o6pa3om: 6pocaloT n Toyek BHYTph KBaapaTa K, MOTHOCTHIO coaepXaiiero hburypy, Iwiolans
koropo# umyr. IlycTh mwiollans KBanpara u3secTHa u pasHa S(K). Torna BeposSTHOCTb TOTO, 4TO
TOYKa, paBHOMEPHO pacripeneneHHas Ha Ksanpare K, nonanaer B o6nacts D, paBHa

S(D)

P{M € D} = )"
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ITo Teopeme BepHyuiu npu noctatoyHo 6ombiIoM yuciae n BeposTHocth P{M € D} moxer 6bITh
nNpUGIU3UTENBHO 3aMEHeHa YyacToToit V, = m/n, roe m — 4Yucno Todex, nonasmux B oo6nacte D.
Torna uCKoMyIo Ijiolans onpenesior ro popmyne S(D) = V,5(K).

a) IMycts S(K) = 1 m>. CKoNbKO TOYEK CJeayeT HCMONb30BATh M1 HAXOXAECHMS TUIOMIANH,
yTO6BI HE MeHee YeM B 99 ciyyasx u3 100 TouHocTb 6blia He Xyxe 1 am??

6) Mycrs S(K) = 100 cm?. Bouto 6pomeHo 1000 Touex. Kaxyio TOYHOCTh MOXHO rapaHTHPOBaTh
He MeHee yeM B 99 ciyyasx u3 100?

70. Hrpanbuylo Koctb 6pocanu 1000 pa3. Haiitu npenensi, B KOTOPbIX ¢ BeposiTHOCTHIO 0,99 GyneT
JIeXaTh CyMMa BhITTaBIIMX OYKOB.

71. Cxonbko pa3 cienyeT 6pOCHTh UIPaIbHYIO KOCTh, 4T0ObI HE MeHee yeM B 9 ciryyaax u3 10
CyMMa BBIMTaBIIMX OYKOB OTJIMYAJIAch OT cpenHeit He Oosee yeM Ha 10?

72. Crpenok rnomnanaeT Npu BeICTpeJie Mo MULIEHU B IECATKY — C BepoATHOCTHIO 0,5; B IEBATKY —
0,3; B BocbMepKy — 0,1; B ceMepky — 0,05; B wwectepky — 0,05. Crpenok npoussoaut 100 BeicTpenos.
KakoBa BeposTHOCTB TOrO, YTO OH Habpai 6onee 920 ouxkon?



Mpumepsbl pelleHns 3apau

1. Bepoamuocmb ebib6opa mouku u3 oyzu noayoKpydcHocmu paouyca 1, ¢ yeHmpom 6 Hayaie Koop-
duHam, pacnoAONCeHHOU 8 npaeoil NOAYNAOCKOCMU, NPUHUMAEMCS NPONOPYUOHANbHOU ONUHe NPOeKyuu
amoi dyeu Ha ocb OX. Coeracyemcs au makoe npaguno nodcuema eeposmHocmeli ¢ mpebo8aHuUAMU,
npedssgasembiMu K éeposmHocmu?

Pewenwne. Her, He cornacyeTcs. HapyuieHo npaBuiio ciioxeHus — g J0ObIX IByX HECOBMECT-
HbIX COOBITHIt A U B nomxHo hinonusatecs P{A + B} = P{A} + P{B}. Ilyctb A — cobbiTue,
COCTOsi11Ie€e B BBIOOPE TOYKM K3 IyTH, NPEeACTaBIAIONIENA COOOMA YETBEPTh OKPYXXHOCTH, JIeXKanei B rep-
BOit yeTBepTH, B — coObITHE, COCTOAIEE B BLIOOPE TOYKH U3 CHMMETPHUYHOM e#l IyTu, JIeXalei B ye-
TBEPTOM YeTBEPTH. 3ameTuM, 4yTo A + B — noctosepHoe cobbiTHeE U, cnenosatensHo, P{4A+ B} = 1.
B cooTseTcTBHU ¢ npeiaraeMbiM onipenenenneM, P{A} = P{B} = P{A + B}, 4T0 BO3MOXHO JH11ib
€CJIY 3TH BEPOSTHOCTH PaBHBI HYJIO, HO MOCJIeAHEE TPOTHBOPEY UT OTMEYEHHOI BBILLE JOCTOBEPHOCTH

cobmiTis 4 + B.
2. U3 mHoxmcecmea mouek, pacnonoxcertsix Ha ompeske |—2, 1| cayuaiinoim obpasom evibuparom

mouKy u noaazalom eepoamrocms 6vi6opa us nodompesxa |, ] € [—2, 1] nponopyuonassroi B° — o’.
Coznacyemcs au makoii cnoco6 nodcuema eeposmuocmeil ¢ mpe6o6anuamu, npedsaerAeMbiMU K 8EPOAM-

Hocmu ?
Pewenwe. [la, cornacyercs. Jle#cTBUTENBHO, U3 YCIOBHA 3a0a4U

P{M €[o,pl} =k- (8’ - 2’).

YcnoBue HOPMHUPOBKM BEPOSATHOCTH O3BOJISAET ONPEACTUTH 3HaYeHHE KO3(dDUIIMEHTa MPONOPIHO-
HaJIbHOCTH k: ]

PMe[-21]}=k-(P-(-2)=k-9=1 = k=g

Mycts |a, B] ¥ [B, 7] — cMexHbIE NOANPOMEXYTKH OCHOBHOrO npoMexyTka. Toraa
1
P{M € o, BlU[B,7]} = PIM € [a, 7]} = 5(v’ — @),
B To Xe Bpems
1 1
P{M € o, fl} = 5(8’ - 2’), P{M€p, 7]} = 56" - ),

M B ClTydae CMEXHbIX IPOMEXYTKOB NPAaBHJIO CIIOXeHMs BbinonHsaeTcs. Eciau xe [a, 8] u [y, 6] —
NPOU3BOJIBHBIE HETIEPECceKaloUIMeCs IPOMEXYTKH (T. €. — HECOBMECTHBIE COOBITHS ), TO BBINOIHEHHE
NpaBuIa CIOXKEHHS CIEAYET U3 COOTHOIECHUsA

P{M € [, BlU[B, 7] U 7, 8]} = P{M € [e, B} + P{M € [B, 7]} + P{M € [, 6]}
M CJIEIYIOLIErO U3 HEro PaBeHCTBa
P{M € [a, ] Uy, 6]} = P{M € [, 8]} - P{M € [B,7]}.

ITpouue TpeboBaHus, NpeabABIAEMbIE K BEPOATHOCTH, JIETKO YCTAHABIMBAIOTCH.

3. Beposmuocms nonadanus mouxu M(p, q) 6 o6racme F, nexcawyio @ keadpame K = {(p, q):
Il < 1, lq| < 1}, nponopyuonansha naowadu smoii o6aacmu: P(M € F) = S(F)/4. Haimu eepoam-
HOCMb mo2o, 4mo y YpaeHeHus p.'v2 — 2qx + | = 0 Hem deilicmeumensHbix KopHell.

Pewenue. KBanpaTHoe ypaBHEHHE HE HMEET NEHCTBUTEIBbHBIX KOPHEH, €CJTH €ro AMCKPUMHHAHT

OTPUIIATENECH:
D=¢"-p<O.
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CnenoBarenbHO aA

P{ner kopueit} = P{D < 0} = P{p > 7'},

a MoCJIeIHAsA BEPOSTHOCTb, B COOTBETCTBUHY C YCIIO-
BMEM 3a/1a4H, NPONOPUHOHAIbHA ILIOWAIM MHOXE-

. 2
crea F = {(p,q) : IpI <1, lgf <1, p> ¢ Oma
UTowans paBHa (puc. 1)

<Y

S(F)=z/¢,3dp=§
0

~

M, CJIEIOBATEJIbHO, UCKOMas BEPOSATHOCTh MOXET
OBITh HalileHa U3 COOTHOIIEHHUSA

S(F) 1 Prc. |

P{uer xopHeii} = 7 3

4. U3 ypHwi, codepxcaiyeii 6ceco 8 Oenvix u YepHuIX WAPOB, U3BNEKAIOM OOHOBPEMEHHO 08a wapa.
H3zgecmuo, umo 6eposmuocmy u36neeHus napbt benvix wiapos 6 15 pa3s boavue 6eposmHocmu u3ene4erus
napot yeproix. ModcHo Au no 3mum OGHHBIM YCMaKoBUMb COCMAs Wapos 8 ypHe?

Pewerune. [1a, MOXHO — B ypHe JiexXar 6 6e/TbIX ¥ 2 YepHBIX Luapa.

JleiCTBUTENIBHO, TYCTh B ypHEe m 6ebIX U 8 — m yepHHIX WwapoB. BeposiTHOCTh M3BNEYEHUS Naph

6enbiX wapoB 6yneT paBHa
2

C
P{66} = —.
AHaJIOrHYHO, BEPOATHOCTD U3BJICUCHHUS Napbl YEPHbBIX
2
} _— Cl?—m
C?

P{uy

M3 ycnoBus 3aKkaioyaeM, YTo, Nockoibky P{66} = 15P{uu}, mocTonbKy
Ca=15-Ch_m,

OTKY/Ia TTOJIydaeM 1l m ypaBHEHuUe

Tm? — 112m + 420 = 0,

MMeloLIee Napy ACUCTBUTENLHBIX KOpHEH m, = 6 u m; = 10. Bropoit KopeHbs He ynoBneTBOpseT
YCJIOBHIO, ITOCKOJIBKY B YpHE Bcero 8 1apos.

5. Cayuaiinas éenuvurna § umeem nyaccoHo8cKoe pacnpedenerue u u3geCmuo, 4mo ee Mamemamu-
ueckoe oxcudarue m u ducnepcus D ceszanst coomuowernuem 6 — m*> = 5 - D. Haimu seposmuocmb
P(¢ < 3).

Pewenye. M3BecTHO, YTO MareMaTHYeCKoe OXHMIAHUE U AUCTIEPCHs ITyaCCOHOBCKOIO pacripee-
JIEHHs COBMAJAlOT ¥ PaBHbl 3HAYEHMIO ero rnapamerpa A. YcioBue 3afayd NMPUBOAMT K YPAaBHEHMIO
OTHOCHUTEJIBHO A:

2
A+5A-6=0,
pelieHHAMM KOTOPOro ABIAIOTCA Yuchaa Ay = | u Ay = —6. TlocnenHee 3HaY€HUE HE MOXET OBITh
napaMeTpoM ITyacCOHOBCKOro pacripeiesieH|s B CHIy NMOJIOXHMTEIEHOCTH TapaMeTpa. Takum o6pasomM,
ciyyaiiHas BeTMYMHA § UMEET PSill paciipeieieHus

1
P{{=n}=e¢'—, n=012,....

n!’
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JIns uckeMoit Beposi rTHOCTH NojaydaeM

P(E<3)=PEl=0+Pt=1)+P(=2)=¢" +e"% +e"—2-1—' ~ 0,9197.

6. /Liomnocms pacnpedenenus cay4aitnoii 6eauquns € HenpepuieHa Ha 6Ceii NPAMOU U daemca coom-

HouweHuem.
at’ + Bt ++, 2<t<3,

t) =
fe®) { 0, t<2Ut >3

Haiimu napamemper a, B, vy, yrkyuio pacnpedenenun cayuaiinoii éenuyunvl £, Mamemamu4ecKoe oxncu-
danue cayuaiinoli geauyunst 1), = 3§ ~ 1, ducnepcuro 1y = —2§ + 5 u seposmuocms moeo, 4mo §
He menvue 2.7.

Peweinne. HenpepbiBHOCTh MIOTHOCTH Ha BCEH NPAMON MO3BOJISET CAENATh 3aKIIOYEHHE O ee
RETIPepbIBHOCTH B Toykax ¢ = 2 M = = 3, otkyma f¢(2) = f¢(3) = 0. YcnoBue HopMupoBKH
TUIOTHOCTH J@€T €lle OHO COOTHOLUEHHE

3
[ ey ae=1,
2

a BMECTE OHM NIPUBOJIST K CUCTEME YPABHEHHMH OTHOCUTENIbHO HEU3BECTHBIX TAPaMETPOB a, B, 7v:
da+24+9=0,
9a + 3+ =0,
3

[t v ptrmat=1,
2

pelIeHue KOTOpPOi
a=-6, f=30, y=-36.

DyHKI1MS pacnpeneneHus crydyaHoi BeTuuUuHb £ naercs COOTHOHIEHHEM

t 0, z < 2,
Fg(t):/fg(x) de =4{ =263+ 158 —36t+28, 2< =<3,
-%0 1, Tz 23

3aMeTuM, YTO MaTEMaTHYeCKOE OXUIAHHE CTy4afHOM BETHYHUHBI § , B CWITy CHMMETPHUM IUIOTHOCTH
OTHOCHTENBHO TOYKHK ¢t = 2,5, paBHO 2,5. [loaToMy mis MareMaTH4ecKOro OXHAAHMUS CaydyaiHoi

BENHYMHD 7, = 3§ — 1 nonyyaem
Mnp =3M¢(~-1=3-25-1=6,5.
Hna aucniepeuy cry4atHOM BENIMYMHBI 1, = —2€ + 5 uMeeM

3
I
Dy = D(~2€ + 5) = 4DE = 4 / (¢ = 2,5)(~6¢ + 30t = 36) dt = .
2

HakoHe1, BEPOATHOCTD TOTrO, YTO £ HE MeHblle 2,7 paBHa

P{€>27}=1-F(2,7) =1— (=2t> + 15t* - 36t + 28)L=27 = 0,216.

1. Dyurxyus pacnpedenenus cayuaiinoii eauunv £ nenpepsiera é R u dana coomnowenuem
0, z < -2,

F(z)={ ax’+pBx+7v, -2<z<]1,
1, z>1.
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H36ecmHo, umo cayuaitnas eeauqurna £ HeompuyamensvHa ¢ geposmuocmoio 1/9. Haiimu 3nauenus no-
CcmosiHHbIX @, B u 7y, HA0mHOCMb pacnpedeneHus cay4aiiHoil eauduts £, Mamemamu1eckoe oxcudarue
cay4aiinoli genunutsl ) = —2£°, u 6epoamHocms mozo, ¥mo 3ma CAy4QUHAR geAUuUHa 3aKAI04eHa 6 npe-

deaax om —1 0o 0.
Pewenue. Yciosue HenpepsIBHOCTH DYHKIIMY pacripefieJieHUs B TOUKax £ = —~2 ¥ z = | ;maer

azz+ﬁz+7l,=_2=4a—2ﬂ+7=0

az2+ﬂz+7lz=1 =a+pf+y=1L
IIpucoenuHss K HUM YCIIOBHE

1
PE>0}=1-F(0)=1-7=3,

Haxonuum

1 2 8
aQ=—- = - = -
9’ g 9’ 7 9
IInotHOCTH, O4EBHAHO, PaBHA:
fe(z) = —Fe(w) 0, z<-2uUz>l,
2:: + 2 2<z<1
- — - z .
9 9’
MaroxunaHue cirydatHO! BEJIHYMHBI 1) = —2{2 TIOJTYYHM, UCTIOJIb3Ysl TEOpEMY O MaTeMaTH4ec-

KOM OXHIaHUM QYHKUMHK OT CITy4aifHOM BEIMYUMHBL:

1
2 2 17
M =/—2 2 (—— —)d =——,
" _2( #N~52+5) % ="3
OTtBeT Ha nocJeAHUI BONpocC 3aayy JaloT CleAyIOlHe pacCyXAeHUA

P{—-l<17<O}=P{—l<—2£2<0}=P{—%<—-§2<O}=

P{O<£< {f<c<[} F;([) (_ %):
:(—-91—3:2-{.--;-2:-}-9) i1y (—--9-3: +§:c+9) % 0,3143,

8. Dynxyus pacnpedenerus cayuaiinoii seaunuHs: £ daHa coomHoueHuem

z=—-1/V2 = 5:/_"

z

Fi(z) = / exp{az’ + bz + ¢} dz

—-00

u uzgecmro, ymo D§ = 2, P{¢ < 2} = 0,9207. Haiimu napamempet a, b u c.

Pewexune. Boinessia noMHbI KBaApaT B IIOKa3aTelle CTENEHH 3KCIIOHEHTHI, IIpeobpasyeM Bblpa-
XeHue A GyHKUMHM pacnipeneieHus Cilenylolnm obpasom

: By 7 b)?
Fe(z) = / exp{az’ + bz +c} dz = exp{C" 4__2} / exp{a(z+ 55) }dz'

—-00 00
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b2 00 b 2
im F = - —_ -
Jlim ¢ () exp{c 402} /exp{a(z+ Za) }d:z: 1,

ITockonbky

NOCTONbKY HECOOCTBEHHBIH WHTErpal CXOMUTCHA, YTO BO3MOXHO nuilpb eciv a < 0. Tlonaras a =
—1/a?, nponomxum npeobpa3oBaHus, CAENaB B MHTETPaJie 3aMeHy IIepeMEHHBIX

IMonyuum
b\? a u?
/ exp{a(x+ Z) } dx = 7 exp{—7} du,
- -0
OTKYZa, YYUTHIBasdA, YTO
X 2
L /ex {_u }du—l
27 P172 !

3aKJII04YacM

a\/1—rex{c b—2}~l = ex{c bz}— 1
P 4a2f P 4a]  aym

DyHKuMsA pacnpeneNeHus pacCMaTPpUBaeMOM CIyYaiiHOM BeJIMMMHBI MOXET ObITh, CJIEAOBATENbHO,

NpeACTaBNEHA B BUIE
1 f 1 a’b\?
F = — — — e d
(@) a\/?_l exp{ a? (a: 2 ) } ©

M 3HAYWT, pacCMaTpuBaeMas cayJyaifHasi BeJIMUMHA ABISETCA HOPMAAbHOU C TIapAMETPaMHU

a’b b %
Me=22-_2 pe=2.
{ 2 2a’ ¢

W5 ycnoBus 3a1a4yu 1noy4yaem:

1 1
DE=2 = o'=4 = a=-—=—-.

P{¢ <2} =F()= F(z —aMg) - F(z 721“) = 0,9207,

rae F(z) — byHKuus cTraHaapTHOro HopmansHoro pacnpenesneHus ¢ napamerpamu (0, 1). Orciona

2 - M¢
V2

Jnsi HaxoXACHUA BETUYMHBI ¢ UCIIOb3YEM MOy4EHHOE BhIILE COOTHOIIEHHE

=F'09207)~ 141 = M¢{~0 = b=0.

b? 1
exp{c—m}=m = c¢=- In2vr =~ —1,266.

9. Bpems 6ezomka3snoli pabombl HEKOMOPO20O Y3NA CAONCHO20 A2pe2ama — IKCHOHEHYUANbHAR CAYHAl~
Has eeauquna co cpednum M = 2. Jlaa yseawvernus nadexcHocmu azpezama y3en dybaupyemca — cmaeam
napanienbHo HeCKoAbKo 00UHAK08HIX, HO PYHKYUOHUDYIOWUX He3agucumo Y3108. CkoabKo Y3108 credyem
3anapasseaums, ¥mobbi ¢ 6epoamHocmolo He Merbvuiei yem 0,9 no Kpairei mepe 00uH U3 HUX He bluen
u3 cmpos 3a 10 yacoe pabome: ?
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Pewenwe. T — cnyyaiiHoe BpeMs 6€30TKa3HOU paboThl yaiia — MMEET 3KCNOHEHLIMaIbHOE pac-
npeneneHe. JTo 03HAYAET, YTO

o 0 <o,
P{T<t}-—FT(t)_{ l_exp{—p~t}, t>0.

H3BecTHO, YTO MaTeMaTMyecKoe OXHMAAHUE SKCIIOHCHLMANbHOU cayYyatHON BeTMYMHE! €CTh BEJIM-
ynHa, obparnasa napamerpy: M = 1/p = p = 0,5. CnenosaresbHo, BEPOSTHOCTh OTKa3a yaja
B TeyeHue 10 yacos Gyaer paBHa

P{T < 10} = Fp(10) = 1 — exp{~0,5 - 10} ~ 0,9933.

Ecnu 3anapaineneHo N uaeHTHYHBIX y310B, TO cobbiTHe A = {10 KpaiiHeil Mepe OIMH U3 y3J10B
He BBIIIEN M3 CTposi 3a 10 yacoB} sIBJISETCSE MPOTHBOMOMOXHBIM COOBITHIO A = {BCE Y3IbI BHILUINA
u3 crpos 3a 10 yaco}. IMostomy P{A} = | — P{A}. [lna nocienHei BepPOATHOCTH (B Cuiy
HE3aBHCHMOCTH OTKA30B 3anapajUleJIeHHBIX y3I0B) NojTydaeM

'y N
P{A}=(P{T < 10})".
Hckomoe konuyecTBo N MOXeT Tenepb 6bITh HakIEHO KaK HaWMEHbIIEE 11€J10€ PeLIeHHE HEPaBEHCTBa

P{A}=1~P{A}=1-(P{T < 10" =1-(0,9933)" > 0,9 = N > 343.

10. Cayuaiinoe omxaoHernue pazmepa demanu 0m HOMUHAABHO20 — HOPMANbHAR CAY4QUHAR 6EAUMUHA
c napamempamu m = 0, o = 1. Todnbimu seasiomea me demanu, 013 KOMOPHIX OMKAOHEHUE 3aKAHHEHO
6 npedeaax om —1 do | mm. Haiimu ¢pyrxyuro pacnpedenerus omxaoneruii ona 200Hb5X u3denui.

Pewenve. IlycTs § — ciayyaitHoe OTKIOHEHHE pasmepa AeTann oT HoMHHanbHoro: & = N0, 1],
1) — OTKJIOHEHHE Pa3mMepa 200Hoil IETANIH OT HOMMHANBHOTO:

mA

.

Puc. 2

JUis GyHKUMHM pacnipe/iesieHus CTydaifHOoi BeJTMIMHBI 7) TIOJIy4aeM Mo onpeaeseHuio (puc. 2)

0, z < ~1,
Fi(z)=P{n<z}={ P{{<z|-1<{<1}, -1<z<],
1, z>1
Beposarnocts xe P{£ < z| ~ 1 < £ < 1} paBna
_ P{-1<£< )

Pig<zl-1<E< =5 2oy
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B COOTBETCTBHM ¢ HOPMYIOii yCIOBHOM BepossTHOCTH. TakuM obpa3oM, uckomas pyHKIUs pacnpeie-
JIEHUS 1aeTcsl COOTHOUIEHUEM

0, z < -1,
F(z) - F(-1)

F(1) - F(-1)’
1, z > 1,

Fy(z) =

-1z <,

rne F(z) — @YHKUMS CTaHIAPTHOrO HOPMAaTbHOrO pacripeneneHus ¢ napamerpamu 0 u 1. Haxons
3HayeHns F(-1) = 0,1587 u F(1) = 0,8413, okonyarenbHo noayyaem (puc. 3)

0, z < -1,
F(z) — 0,1587
F’)(z) = O 6826 ) _1 < T g 11
1
1, z> 1.
F ()4

—

s

8

Puc.3

1. ITpu croxcenuu moicauu yucen kaxncdoe uz nux 6uino okpyeaeno ¢ moyrocmoio 0o 10>, Ilpedno-
2a2as, 4¥mo OUWUOKU OKPY2NeHUA CAA2AeMBX 83QUMHO~HE3A8UCUMbB U PAGHOMEPHO pachpedeneHsl Ha npo-
mexcymie [—1/2 - 1073, 1/2 - 107°], naiimu npedeavt, & komopsix 6ydem Aexwcams cymMmapras owubxa
¢ Hadexcrocmeoio, He xXyduel 0,997.

Pewenue. Ilycts §,, i = 1,2,..., 1000 — B3auMHO He3aBUCHMBbIe CITy4yaliHbie ciaraeMbie, peyb
0 KOTOPBIX MIET B YCIIOBUHM 3a0a4M. 3aaya COCTOUT B OTHICKAHMM TaKMX 3HAYEHHUH £, U €7, UTO

Pley <&+ 6+ + € < €2} 2 0,997,

VyUTHIBasi CHMMETPHIO PACCMATPUBAaEMO CyMMBbI OTHOCHTETBHO HYJISI, MOXHO IMOJIOXUTD —€; = €; =
¢ > 0. Takum oOpa3oM, NPUXOAUM K cieayioliei 3anaye:
Halitu 3Ha4yeHuWe € TaKoe, 4TO

P{& + &+ -+ + €0l < €} > 0,997.

JIns BBIYMC/IEHUSI BEPOATHOCTH BJIEBOM YaCTH HEPaBEHCTBA BOCIIOJIb3yeMCsl LIEHTPaJIbHOM NpeiebHON
TEOPEMOii 11l ONMHAKOBO paclipe/leJIeHHbIX ClaraeMbIX

N
ng.—N°M€
ovVN

roe F(z) — cranpaprHas dbyHKuus HopMalbHOro pacnpeaenenus ¢ napamerpamu (0, 1), N — no-

cTaTouHO 60MBIIOE YHCITO2 .

P <z ) =~ F(z),

%) WaBectHo, yTo wis paBHOMEPHO pacnpeAcNeHHBIX cJlaraéMbiX YKa3aHHOe IPUOJIHXEHHE CIIPaBEAIUBO C Bbl-
COKO# CTENEHDbIO TOYHOCTH yXe npu N > 12.
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ITockonbKy Kaxnas u3 §; paBHOMEPHa Ha 3aaHHOM npoMexyTtke [—-1/2-107%,1/2- 1073 ], To

—Mt—0. D _(b=a) 107 I
M{.-—Mg— ) gi*‘“ 12 - ]2a 06‘0_2\/3',
E"m “ ! € £

P{ i=1 . <€} =P{ < 0'\/_—} 2F (UﬁOW) -

Ilocnennee cootHowIeHHE NPUBOAHUT K HECPABCHCTBY OTHOCHTEJIBHO €

) > 0,9985,

£
—13>0997 = F(
) Z7 ov/1000

€
2F
(m/lOOO

YTO B CWJTy MOHOTOHHOCTH byHKIMH F(z) naeT

€ 1073
> F'(0,9985) ~ 2,96 = 2,96 - —= - V1000 = 0,027.
/1000 ( ) ) »9 €2 W3
12. Ipu evuucneruu naowadu naockoii uezypor D memodom Morme-Kapao nocmynaiom caedyrougum

obpasom:
Bpocarom caywaiino N mouex enympb keadpama K, noanocmvio codepicawezo gueypy, niowado

Komopou uugym.
Bepoamuocmb mozo, umo mouxa, paséHoMepro pachpedenernras Ha Keadpame K, nonadaem e 06-

aacms D, pasna

8(D)
8(K)

U, credo8amenbHo, UCKOMAR NA0WAdb Modcem Obimb HAIOEHA U3 COOMHOWEHUR

S(D) = P{M € D} - 5(K).

P{M €D} =

ITo meopeme Bepryanu, npu docmamouno 6oavuiom wucae N eeposmuocms P{M € D} moocem 6ums
npubnu3umensro 3aMeHera yacmomou

m
P{MeD}zszﬁ,

20e m — yucao movex, nonaswux 8 obaacme D. [rs naowsadu omcroda nonyuaem npubnudicerryio gpopmyay
S(D) ~ SN(D) =VN" S(K).

Ckoabko moek caedyem ucnons3o8ams 043 HAXONCOCHUR mou;adu umobb He MeHee yem 8 9 cayyanx
u3 10 mounocmo Ay = |S(D) — Sy(D)| 6bisa ne xyance 1 OM?, ecau uzsecmuo, wmo S(K) = 1 m*?

Pewenwne. 3agaya cBonuTCA K ONpeAENEHHMIO 3HaYeHus N Takoro, 4To
P{|S(D) - Sy(D)| < 1} > 0,9
3ameTHM, uTo (HIXe ITOJOXEHO LI coxpamueHns 3anucu P{M € D} = p)
P{IS(D) - Sn(D)| < 1} = P{lp- S(K) — vy - S(K)| < 1} =
= P{lp - vn|- S(K) < 1} = P{|p - vn| < 0,01}.
Teopema BepHysuin 1A nocaeaHeR BEPOATHOCTH NMpH OONbIIMX 3HAYCHHUSAX [V [1AET OLIEHKY

0,01~\/J_v)_

P{lp- vyl <0,01} » 2F(_———
Vp(1-p)
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TakuM 006pa3zoM, OTpeneneHHIo NOWIEXUT BeauuuHa N (noctaTtouno 6onbluas, yTobbl NocuenHee
npubaxeHHe 6bUIO0 CIIPaBeUINBO), YAOBJIETBOPSIOILAS HEPABEHCTBY

0,01-vN
ZF(_:/____

yp(l —p)

B TakoM BHZ€E 3TO HEPaBEHCTBO [UI CBOETO PeLieHUsI OTHOCUTENbHO N TpebOyeT 3HaHMs BETHYUHB]
p = P{M € D}, xortopas Heu3BecTHa, ub0 paau ee onpeneieHus u 6bUI 3a{yMaH pacCMaTpUBaeMbiit

3KCNepUMEHT!
MBI npe/iaraeM HMXe aBa criocoba OLeHKHM 3HadeHus N cepxy’), He sBIAIOMMECH, KOHEUHO,

TOYHBIMH, OIHAKO JOCTATOYHO YNOOHBIE C BBIYMCIUTETBHON TOYKH 3pEHUSA.
1. IMepBhrit cioco6 cBsi3aH ¢ yCHIEHHEM OCHOBHOIO HEPaBEHCTBA B COOTBETCTBUM C HUXECIELY-

IOLIMMM PaCCYXIECHUSMU:
Mockombky p + (1 — p) = 1, 10 1/p(1 — p) < 0,5 4, cnenoparenbHo,

0,01-vVN

VP(1-p)

Dynkuus F(-) MOHOTOHHO BO3pacTaeT, MO3TOMY
0,01- VN

2F (’—_

Vp(1-p)

Orcrona, BcaKoe 3HaueHue N, ynoBIETBOpsIONIee HEPaBEHCTBY

2F(2-0,01- VN) -13>0,9,

)-1;0,9.

>2-0,01-VN.

) > 2F(2-0,01-VN).

1O aBHKO YAOBJETBOPAET ¥ HEPABEHCTBY
0,01 -vN
2F ( B e

vP(1-p)

Ilpeibiayniee xe HepaBeHCTBO JIETKO pa3peuiuMO OTHOCUTENBHO IV :
F(2-0,01-VN)>095 = 2-001-VN>F'(0,95)~ 1645 =

1,645
2-001

)-13 0.

= VN>

~8225 = N >6766.

I1. Bropoii cnocob cBf3aH ¢ 3aMEHO# HEU3BECTHOH BETMYUHBI p €€ OLEHKOU vy. OCHOBHOE
HEpaBEeHCTBO MNP 3TOM IIPUHUMAET BUA

Y JIETKO pa3peuiaercs
1-vN 0,01-vN
F(._O_’O___._._) =095 = -
VVN“—VN) \/VN(I—VN)
1,645 \Jun(1 —v
VN > vl = vw)

0,01 ’

>F 095~ 1,645 =

=

3) To ectb, MBI npejuiaraeM crocoObl onpeneneHus yucna Ny, Takoro, Yto uckomoe N 3aBe1OMO He MpeBbilaeT
€ero M, cl1e0BaTe/IbHO, KOJIMYECTBO 3KCIIEPUMEHTOB Gobliee 4eM Ny rapaHTHPYeT HaM TpebyeMylo TOYHOCTb.
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M OKOHYATENIbHBIN OTBET 3aBUCUT OT aIIPHOPHOTO (MOXeET 6BITh M MPUGTN3UTENLHOTrO) 3HAHHUS BEJTH-
YK HBI UCKOMOM IJIOMIANH

Tak, ecJiy MCKOMasl IUIoLIab NOPSAAKa MONOBUHBI IUIOILAIM KBaaparTa, TO vy & 0,5, u OTBeT TaKOM
e, KaK Y Bbllle.

Ecu vickomasi TuTouans 61M3Ka K TUIOIIANN KBalpara, TO Yy X 1 u BennuuHa vy (1 — vy ) marna,
a BMecTe ¢ Heil Mao u TpebGyeMoe YyMCiIo 3KcnepuMeHToB. Tak, ecnu, Hanpumep vy =~ 0,9, To

vn(l = vy) = 0,09 u nns N nonyyaem

1,645 - /0,09
VN » 2o Y7

~4935 = N >2436.
X 9,35 > 243

Boo6uie, npuBeneHHbIE BhIllIE BBIKJIANKM N10Ka3biBalOT, YTO Noao6Has Npolledypa HaX0XIAEHHUs TL10-
manei rwiockux Guryp tem addexrupHee, yeM 60bLIYIO YaCTh OOGBEMIIIOIIErO KBAIpaTa 3aHUMaeT
MHoxecTBo D wiau ero nonojivenue D = K — D,

13. 7Ipu nposedenuu menenamuueckozo onbima UHOYKMOP HE3ABUCUMO OM NPeOUIeCmEYIoUUX ONbi-
moe evibupaem ¢ p = 0,5 00ur u3 08yx npedmemog u dymaem o HeM, a peyunuenm yzaovigaem, 0 KAKOM
npedmeme dymaem undykmop. Onvim 6bin nosmopen 100 pa3 u npu 3mom 6610 noay4eHo S8 npagunbHuX
omeemos. Kakxosa eepoamnocmb npasunbioco omeema 6 00HOM onvime, 6 NPeONOAONCEHUU, ¥mo me-
NeNamu4ecKoll C8A3U Mexdy UHOYKmopom u peyunuermom Hem? Modcno au npunucame Habarodenuwiii
Pe3yabmam CAY4QiUHOMY COBNAOCHUIO UNU OH 2080pUM O HAAUYUU MEAeNnAMU4ECcKOU C8A3U MeHCDY UHOYK~
mopoM u peyunuermom ?

Pewenne. ITycts cobuite H, cOCTOUT B TOM, YTO MHAYKTOP BHIGpasi npeaMeT A, cobuitie Hp —
oH BbiOpan npeamer B. Ilycrth, nanee, co6biTvst A U B 03HayaloT, YTO pelMIIMEHT BLIOpaA COOTBET-

CTBYIOIIMH NIPEAMET
Ecnu Tenenatruueckoit CBA3M MeXIYy WHIYKTOPOM ¥ PELUMITMEHTOM HET, TO B KAXIOM M3 OILITOB

1
P{A|H,} = P{A|Hp} = P{B|H,} = P{B|Hp} = 7
IMpu 5TOM BeposiTHoCTs P{Y'} yranbiBaHusl peLIMITUEHTOM NIPeAMETa, BEIOPAHHOrO HHAYKTOPOM paB-
Ha 0,5. [leficTBUTEIbLHO, 110 (hOPMYJIE NTOTHON BEPOATHOCTH JIETKO MOJYYUTD:

P{Y} = P{A|H,}P{H,} + P{B|Hp}P{Hp} = %

Ecnu xe Tenenaruyeckas CBS3b MEXAY WHAOYKTOPOM W DPELIMIIMEHTOM €CTh, TO BEPOATHOCTH
P{A|H,} v P{B|Hg} nonxunl 6biTb 60161 0,5 (coorBercTBenHo, P{B|H,} v P{A|Hg} MeHb-
we 0,5), pu 3TOM U BEPOATHOCTB yraabiBaHua Gyner 6onbiue 0,5.

CrienoBaresibHO, €CJTU TENENaTHYECKOM CBA3U MEXIY UHAYKTOPOM U PELIMIIMEHTOM HET, TO KO-
NUYECTBO Sipp NPaBWIBHO YraJlaHHbIX OTBETOB AOJLKHO ObITH 6;m3ko K 50. Ecnu Xe KonauyecTso
PaBWIBHO YralaHHBIX OTBETOB GyeT cuibHO oTanyaThes ot S0 (B 100 onbiTax), To cKopee Bcero BCero
3TO IOJDXKHO 03HAuaTh, YTO TeJenaTHYecKas CBA3b MeXIY UHIYKTOPOM U PEIIMITHEHTOM eCTh

IMycts 0 < a < 1 HekoTOpas BEpPOSATHOCTb, HACTONBLKO Majiast, YTO COOBITHAMM, BEPOATHOCTD
KOTOPBIX MEHbIlle &, MOXHO NpeHebpedb KaK NpaKTHuecku HeBosMoxHbMu . TMpeamonaras, yto
TeNenaTHYecKoi CBA3M MeX1y HHIYKTOPOM U PEIIUITUEHTOM HET, ONpPEAETUM, CKONBLKO Xe NPaBUIbHO
yralaHHbIX OTBETOB Mbl NOJKHBI B 3TOM cliydae Habmonate. M XoTs noryecku rnoHsiTHO, YTO 3TO
MOXeT O6bITb N11060€e yucno ot 0 no 100, ckopee Bcero Bce-Taku 370 6yayT uMcna, 6auskue K 50. ycts
0 < k < 50 yucno, Takoe, 4To

P{SO—k<S|m<50+k}> l-a.

Torzna noyTH HaBepHsKa (C BEPOATHOCTBIO, HE MeHblueH yeM 1 — a, T.e. B (1 — a) - 100 % cnyyaes)
Mbl 6yneM Habmionath B aKCIIepMMeEHTe He MeHee YyeM 50 — k u He Gonee yeM 50 + k mpaBWIBHBIX

yraabiBaHUM.

4) O6LIHO B KayecTBe @ GepyT onHO U3 3Hayenuii 0,001, 0,005, 0,01, 0,05, 0,1.
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Ecnu HabmioneHHOe KOJTHYECTBO yraaplBaHHii Oy/IeT BBIXOAUTH 32 3TH Npe/iesibl, TO OOBACHEHUH
3TOMY MOXET OBIThH J1BA:

— TeJNenaTHH HeT, HO CIyYalWHOCTh Mpollecca yraibiBaHUs NpUBENa K TaKOMY 3HaYUTEJIBHOMY
OTKJIOHEHHIO OT CPE/IHETO 0XHAEMOT0 YHUCJIa yrablBaHHUiA;

— TaKoe 3HaYUTEIbHOE OTKJIOHEHHE OT CPEHEro OXHAAEMOT0 YMCJIa YTaablBaHUM €CTh CIIEJICTBYE
HTHYUA TeJeNaTHYeCKoi CBA3M MEeXIY UHAYKTOPOM M PELIMIIMEHTOM.

U xota noruyecku oba paccyxmeHus 6e3ynpeynnl, Mbl, TeM He MeHee, BbiOepeM BTOpOeE, TTOTOMY
4TO BBIOOP NEPBOIO 03HAYAET, YTO MBI IPU3HAEM BO3MOXHOCTb OCYLIECTBICHHA COOBITHSA C BEPOATHO-
CTbIO &, @ 3TO NPOTHUBOPEYHT HALIMUM MCXOHBIM nochUIKam! BCDOHTHOCTB olIMOKHU 3/1ECHh B TOYHOCTH
paBHa a.

Ecnu xe HabmoaeHHOe KOJTHYECTBO YraAblBaHU Oy/1eT BXONMTh B HailieHHble NPe/IeSThl, TO K 3TOMY
MOXET OBITh JaHO [1Ba pa3fIHYHLIX OOBACHEHUA:

— TenenaTuy HeT, ¥ UMEHHO NMO3TOMY MBI NOJIYYWIU HE3HAYUTEIbHOE OTKIOHEHHe HabMIoaeH-
HOTO YU CJia YraibiBaHU OT 0XXUAAeMOro,
— Tenenatrus €Ctb, HO CHy‘laﬁHO TakK NOJIYYHIOCh.

U 3peck 06a paccyXmeHus JIoTUYeCKH Oe3ynpeyHbl, HO MBI BEIGepeM nepBoe, W60 eciM Haule
npenmnonoxXeHue 06 OTCYTCTBHY TeJlenaTHH CIipaBelIMBO, TO HAOMIOACHHBIA pe3yabTaT AOJDKEH Ha-
6oaaThes MouTH Beeraa (¢ BepositHocThio 1 — a, T.e. B (1 — a) - 100 % ciy4aes). Hamra BeposiTHOCTB
omIMOHKTBCA Oy/1eT 3aBUCETh B 3TOM CJIydae OoT TOr0, HAaCKOJIbKO CHWIEH INpe/riojlaraeMblii Tenenaruyec-
Kkui abdexr. YeM oH cunbHee, TeM pexe Mbl OyieM omiubaThbcs.

TakuM o6pa3om, wist Toro 4roObl NOJYYHUTh OTBET HA BONIPOC 3aJIa4H, CJIEYeT ONpeesUTh Norpa-
HUYHOE 3HaYeHHe kK, onyChIBalollee BO3MOXHEIE B I10/1aBJsA0IEM O0NpLIMHCTBE CTY4aeB B 3KCIepU-
MEHTIbHOM CUTYalliU OTKIIOHEHUS HabJIIOIEHHOIO YK CJla yrablBaHHM OT NpeariosaraeMoro B cirydae
OTCYTCTBHS TeJlenlaTUYeCKOM CBA3U MEXIy MHIYKTOPOM M pelnineHToM. s 3Toro Heo6xoaumMo s
3aJaHHOTO 3HAYEeHUS1 ( PEUIMTh OTHOCUTEIBHO kK HepaBeHCTBO

P{0~-k<S0<0+k}>1~a.

3aMeTUM, YTO TNOCKONBKY ONBITH IPOBOAATCS HE3aBUCHMO IPYT OT Jpyra U BEpOSATHOCTH ycIrexa
(yraobiBaHust) B KaXIOM OTIBITE OJIHA U Ta Xe, TO KOJUYECTBO YCIIEX0B Sygo ABJISETCA GUHOMHAIbHOM
ciay4yaiiHoil BeJIMYMHOM ¢ napamerpamu n = 100, p = 0,5 ¥ BepOATHOCTH, CTOAMIASA B JICBOK YacTH

HEepaBEeHCTBA, paBHa
504k

P{S0~k<Sn<S0+k= 3 Cin-(05).
1=50-k

ITpumenss reopeMy Myappa—Jlamiaca, noxyyaem

k -k
+/100-0,5-0,5 \/100-0,5-0,5
k
~2¢( )
\/100-0,5-0,5

ITocnenHee cooTHOLIeHUE NMO3BOJISAET 3al1MCaTh OCHOBHOE HEPAaBEHCTBO B BUE

k
2F( )-—l)l—-a

\/100-0,5-0,5

U peUIUTb €ro OTHOCUTEIIBHO k

- -2 —_— kZ2S5-F '|1—-—].
F(s)2 2 T 52F ( ) - RZ 2
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Ipanu4HbIe 3HaYeHUA k., COOTBETCTBYIOLUIME PAIMYHBIM 3HAYCHUSAM Q, IIPUBEICHB] HUXE

—1 __g
a F 1 5 k

0,1 1,645 9
0,01 2,576 13
0,001 3,29 17

TakuM 06pa3oM, eCiiu TeJIeNaTHYeCKOM CBSA3H MEXIY HHIYKTOPOM Y PELIMIIMEHTOM HET, TO KOJIM-
YeCTBO CJHY4aiHBIX yraabiBaHui OyaeT B npeaeiax ot 41 no 59 ¢ HagexHocTslo He xyawe# 0,9, or 37
110 63 ¢ HaleXHOCThIO He Xyauleit 0,99 u or 33 s10 67 ¢ HaneXHocThIO He Xyame# 0,999.

Ha6mozneHHHe B 3KcriepuMeHTe 58 yraabiBaHWR He /1aloT OCHOBaHMIA Uit BHIBOAR O HAIMYUM
TeAenaTHYeCKO! CBA3K — pe3yJIbTaT MOXET ObITh OOBACHEH CTydaitHbIM COBIIaICHHEM.




MATEMATUYECKAS CTATUCTUKA

IMpuctynas K M3y4eHMIO JIEMEHTOB CTATUCTMKHM, OTMETMM HECKOJBKO OCOOEHHOCTEN B mocTa-
HOBKE U pellleHUH ee 3a1a4 B CPABHEHMM C 337]a4aMH TEOPETUKO-BEPOATHOCTHBIMMU.

Teopust BepOATHOCTEM, UCXOAA N3 U3BECTHBIX XapaKTEPHUCTUK COBOKYITHOCTH ClTyJaifHBIX BEIMYHH,
OTBEYaeT Ha BONPOC O BO3MOXHOCTH OCYLUECTBJIEHHS TOrO WIM MHOIO COOBITHS, OOYCIOBIEHHOTO
paccMaTpUBaeMbIMH CITy4aitHbIMM BETHYMHAMM:

3HAEM 3aKOH pacnpedenerus COBOKynHocmu cayqaunvix seaunun §€ = {£; ... €} — xomum ymems
Haxodumo 8epoamHocmu cobbimuii, KOMopbie IMUMU CAYHQUHBMU BeNUHUHAMU ONPeOeNIIomCA.

B cTaTHCTHKE MBI peliaeM 3a1adu, B HEKOTOPOM CMbIC/ie 06paTHBIe, @ UMEHHO: Habmionas HeKo-
TOpbIE COOBITHS, O KOTOPHIX M3BECTHO, YTO BO3MOXHOCTb MX OCYLUECTBIEHHUS WIM HEOCYIIECTRICHHUS
06ycI0BIMBaETCSl KOMIUIEKCOM CITyYaitHBIX BEJIMYMH, XOTHM ONPENETUTh 3TH (HEU3BECTHHIE) Crydait-
Hble BEJIMYMHBI, KX BEPOATHOCTHDIC XapaKTCPUCTHKM:

3HaeM pe3yrbmamul Habaroder uil (KoHKpemHble 3HaUeHUs, NPUHAMbIE CAYHQUHOU 8eAUHUHOI ) — XOMUM
clenamb Kaxue-rubyob 3aKa104eRUA 0 3aKOHe pacnpedenerus (6 4HaCMHOCMU 0 NGPAMEMPAX U HUCAOBbIX
Xapakmepucmukax ) Habnodaemol cAy4aiHou BeaUUH b,

SIcHO, 4TO B CWIIY NPUHIIMITHANBHON Henpedckasyemocmu pe3ybTaToB HAOMIOACHHUS 32 CAyHQUHOU
BEJTMYMMHOM, BBIBOABI, CAEJAHHBIC Ha OCHOBE pe3YJIbTaTOB 3KCIIEPUMEHTA, 6yayT HH(HOPMAaTUBHBIMHU
TONIBKO B TOM CJIy4Yae, Koraa 3TH HaOmoaeHUs «Xopoluue» — T.€. Te 3HauyeHus £, KOTOphIE UMEIOT
O6MB1IYIO BEPOATHOCTb, OYAYT HAOMIOAATHCA B AKCIIEPUMEHTE Yallie, @ UMEIOLLME MEHBUIYIO BEPOST-
HOCTb — pexe. 3aKoHbl 0ONbILIMX YMCES YTBEPXIAIOT, YTO B NOAaBnslonieM GOJBIIHHCTBE 3KCIe-
p¥MeHTOB TaK M Oyner. OnHaKo, 3TO HE rapaHTUPYET HAM, YTO OQHHbII KOHKpPemHbiii 3KCIIEPUMEHT
OKaXeTcsl UMEHHO TaKUM.

IloaroMy BcsiKoE CTaTUCTHYECKOE 3aK/TI04EHHE HEAOCTOBEPHO: €CITH OCHOBA 3aKJIIOYEHUS «XOPO-
LWHA» IKCIIEPUMEHT, TO 3aKJIIOYEHUE AOCTATOYHO OJIM3KO K UCTHUHE, ECIU «TUIOXOMH», TO OILIUOOYHO.
ITpH 3TOM «X0pOIL» 3KCNIEPUMEHT WIH «IL10X» ONPEAENAETCS He HAMM, HE Haluel 100pOCOBECTHOCTHIO
HaboAaTeNs U TIHATEAbHOCTBIO IKCIIEPUMEHTATOPA, @ UCKIIOYUTEIBHO CITy4aeM — TPUPOROH.

CkaszaHHOe XOpoIlo WIIIOCTPUPYETC CIeAyIOLIUM NPUMEPOM: MYyCTh HAbII0AAIOTCS pe3ynbTa-
THI n-KpaTtHoro 6pocanus MoHethl. Eciin 6pocarh MOHETY AOCTATOYHO 10JITO, TO YACTOTA NMOSIBIECHUS,
HarnpuMep, repba, Kak ITacUT 3aKOH OOoNbILIMX yucen B ¢opme bepHymwnu, 6yner 6;113Ka K BEpOSTHO-
ctu. ITo3toMmy no yacToTe (HabmOAAEMOI U BHYMCIAEMON BEIMIMHE) MOXHO CAENaTh 3aK/IOYeHHE
0 BEpPOATHOCTH (HeM3BecTHOM BeTMuMHe). HacKombKo 3T0 3aK/II0YEHHE COOTBETCTBYET HCTHHE?

IMycts MoHeTa cuMMeTpHuuHa, T.e. P(I) = P(P) = 0,5 (4T0 TeM He MEeHEe He NPensATCTBYeT
ACHMMETPUH B KOJTMYECTBE NOSIBIEHMH rep6a v pellikK¥ B KOHKPETHOM 3KCIIEPUMEHTE)!

Moxer cratbed, uTo B cepuM U3 100 6pocaHuit repb nossutcs 45 pa3, a pemka 55, a MOXET
CTaTthcd ¥ Tak, yTo repd nossutca 20 pa3, a pewika — 80. ScHO, 4TO nepBas c€pusA MOXET OBITh
NPU3HAHA «XOpOIleii» C TOYKHU 3PEHMS pacCMaTpUBaeMoOM 3alayH, a BTopas — «IUIoXoi». B mobom
cIy4ae MbI caelaeM 3aKkilodeHHe O HEM3BECTHON BEPOATHOCTHM BhbillaneHHs repba 1o HabnmoaeHHOM
B 3KCTIEPMMEHTE YaCTOTE ¥ B epBOM ciyyae nosioxum P(I') = 0,45, a Bo sBropoM — 0,2. OcHoBaHueM
JUIS ONITUMMU3MA SIBNSAETCH TO BaXHOE 0OCTOATENBCTBO, YTO «UIOXHE» CEpUM OYAYT BCTPEYAThCs TEM
pexe, YeM JIMHHEE cepua! 3HAYMT, NIPU NOCTATOYHO ATUHHOR cepuur OpocaHH il IKCIIEPUMEHT CKO-
pee GYNET «XOpOILMM» YeM «IUIOXMM», M ONpeacieHHas 1o pe3yabrataM takoro akcnepumenTa P(T)
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OyneT «noxoxa» Ha UCTHHHYI0. [10CTOBEPHOCTbh CTATUCTHYECKOTO BBIBOAA OYyAET ONpelensiTeCa TeM,
HAaCKOJIbKO «pPeNKH» UIOXUE IKCIICPUMEHTHI.

ITpakTHKa MCMONBb30BaHUA CTAaTUCTHUYECKHMX NMPOLEAYP MOKa3hiBaeT, YTO Yale BCEro pellieHMs,
MPUHATHIE HA OCHOBaHMM MONOOHBIX BHIBOMOB, OKa3blBalOTCH BepHbIMM. M MMeHHO 3710 06CTOS -
TEJIbCTBO (COIrMAacOBAHHOCTh CTATUCTHYECKHUX BBIBOZOB C 3KCMEPUMEHTOM) [elaeT MaTeMaTHYECKYIO
CTaTUCTHKY He becrione3Hoif B npakKTH4YeCKOM OTHOLLIEH UK HayKOo#.

B nanpHeiieM Mbl HEOZIHOKpaATHO OyieM ynoTpeonsaTh TEPMUHBI «MaJIEHbKasi BEPOATHOCTb» , «Ma-
JoBeposiTHOE coObITHe» U T. 1. Kakas xe BepOATHOCTb MOXET CYMTATBhCA MaJIeHbKOM, a Kakas Her?
He Bnasasice moapoOHO B 06CyXIeHHE 3TOr0 BONPOCa, 3aMETHUM TOJILKO, YTO abCONIOTHAS BENIMYHHA
BEPOSITHOCTH BHE CBSA3U C KOHKPETHOM 06CTaHOBKOM He a€T HaM HMKaKMX CBEJACHUH O €€ MaJIOCTH
win HemanocTu. CkaxeM, eCny HaM U3BECTHO, YTO BEPOATHOCTh OCYLIECTBIEHUS HEKOTOPOTO COBBI-
Tud pasHa 0,01, To 3Ta BepoATHOCTD Oy/IeT MJIEHbKOM, €C/IM KOMIVIEKC YCJIOBHMIA, 00y CIOBIHMBAIOILU A
paccMaTpuBaeMoe COOBITHE, CKJIaZbIBaeTCs OJMH pa3 3a CTO JieT. ECHM Xe KOMIUIEKC YCIOBMii, NpH
KOTOpPOM HabJioiaercsi paccCMaTpuBaeMoe COObITHE, CKIAAbIBACTCA KaX/bIE NSTh MMHYT, TO 3Ta Xe
BEPOSTHOCTb AOJDKHA PaCCMAaTPUBAThCA KaK 3HaYuTeNbHas. JpyruMu ciioBaMu, noja MajieHbKo# Bepo-
SATHOCTBIO Mb] Oy1€M TOHUMATh BEPOSTHOCTb TAKOIO COOBITHSI, KOTOPOE NPAKTHYECKHU HE HabMonaeTcs,
BHE 3aBUCUMOCTH OT €€ YUCIICHHOTr0 3HaYeHUsI.
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OLLEHKHU

§ 1. BbiOOpku 1 BbIOOPOUHDBIE XapaKTePUCTUKH

PaccMoTpuM 3KCNiepUMEHT {2, ONKMcaHUe KOTOPOro CTPOUTCS NPH NOMOLLM CITy9aitHOH BEJIMYUHBI £,
WM, YTO TO X€ CaMoe, PACCMOTPHUM CiIydaitHyIo BETMUMHY £, KOTOPYIO Mbl MOXEM HaOMIOAATh B 3KC-
nepuMeHTe 2. DT0 03HAYAET, YTO ONHOKPATHbIH IKCIIEPUMEHT §2 JaeT HaM BO3MOXHOCTb ONPEAEIHTD
ONHO M3 BO3MOXHAIX 3HaYeHHUH ciTyqaitHO! BeJIMIUHBHI €.

IycTs B pe3yabTaTe n IKCNEPUMEHTOB 2 noyyeH Habop 3HaYeHUH ciTydaitHOM BenYMHBI §

X, Xy, ..., Xn. (1)

Ecnu cnyyaitHas pesiMuMHA § B NPOLIECCE 3KCNEPUMEHTUPOBAHHUA HE MEHSUIACh, €ClIM HE MEHSUIUCH
YCOBHS NMPOBeNECHUs SKcnepuMeHTa (2 M BCE U3MEPEHHA 3HaYCHUH CTydaltHON BeIMuMHE £ NMPOBO-
IWIKCH HE3aBUCHMO APYT OT APYyTa, TO TOBOPAT, YTo Habop (1) o6pasyem ewbopKy obsema 1 u3 pacnpe-
Oenerus cayuaiinoil eeauqunvi §.

3ameTuM, YTO ec/iM CKa3aHO: HEKOTOpasdA COBOKYMHOCTb M3 n Yuces obpasyeT BHOOPKY, TO NP

3TOM NPpEeAnosaracTcsa CJIeayrollece:

a) 3KCHEPHUMEHT {2 MOXET GBITh POBEACH NNPH HEM3MEHHBIX YCIOBUAX CKOIBKO YTONHO Pas;

6) MMeeT MECTO YCTOIYMBOCTD YACTOT, T.€. MMEET CMBIC/ TOBOPHTh O BEPOATHOCTH NONaJaHHs
sextopa X = {X), X3, ..., X,} B HEekoTOpOE Hanepen 3alaHHOE MHOXECTBO A M3 MHOXECTBa BCEX
BO3MOXHKIX coBoKynHocreit (1) (o6braHo 4 C R").

Tpeanonoxexue a) 03HayaeT, 4To, rOBops 0 BHIGOPKE 06bEMa N, Mbl TOBOPHUM HE O n KOHKPETHRIX
Yyuciax, a o LeJoi MaTpulie Yucen

X x) ... X
X x ... X
Xt x5 ... Xk

rie 3neMeHT X] — 3TO 3HAYEHME CAYYaitHON BETMYMHBLI £, MOMYYEHHOE B §-M KCNEepuMeHTe (2,
KOTOpBIit IpoBoAWICA B j-i cepun, | < j < k. Takum 06pa3oM, MOXHO HaTh ciieaylowee (YTO4HsA-
jolLiee) onpeneneHue BLIGOPKU: 6w60pkoil 06semMa n u3 3aKoHa pacnpedenenus cay4aiinol eeaudunvi §
HA3b/8A€MCA COBOKYNHOCMb N WMYK He3a8UCUMBIX 00UHAKOB0 PACNPEOeNeHHbX CAYHAUHbBIX BeAUHUH, CO8-

nadarougux c £.

Mpumep 1. MamepsieTca 1 OAHOTUNHLIX AETaNeN, U3roTOBNEHHBIX HA OBHOM CTanke. B pesynbtate nonyyexa
cosokynHocTb yucen Xy, Xo, ..., Xn, KOTOpBie 06pa3yior 8ubopKy U3 pacrnpeneneHus CryyanHoi seauyu-
Hbt § — pasmep U3roToBNAemMOi Ha AAHHOM CTaHKe getanu.

MpuMep 2. M3mepseTcR n OOHOTMMHLIX AETanei, M3rOTOBMIBHHBIX HA Pa3nUyHbIX CTakkax. llonywaetcs co-
BokynHocT umucen X, Xo, ..., Xp. 3™ uucna, Boobwe rosops, suiGopky He 06pasyloT, TaK KaK Moxer,
Hanpumep, 0Ka3aTbCR, YTO TOYHOCTb U3rOTOBAGHUA AETANM HA Pa3NMYHLIX CTaHKaxX PasnuyHa u, cnesosartent-
HO, yucna X; KRBNKIOTCR PEanM3aumamm PasnUuHbIX CIY4aiHbIX BENUYUH.
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OTMETUM HEKOTOPYIO HEOIHO3HAYHOCTL TEPMUHA «BhIOOpKa». UHOFAA nioa BeiGOpKOM
0o0beMa 1 MOHUMAIOT ¥ KOHKDETHBIA Habop m Yucel, MOJYYEHHBIX B Pe3ybTaTe CEpUM
U3 n aKcrepuMeHTOB. Ho 0ObIHO ObIBACT SICHO, B KAKOM CMBICJIE TOBOPUTCS O BbLIOOpDKE.
CkaxeM, ecJIv HaiIeHO cperHee apudMeTUYecKOoe 1o BbIOOPKE U OHO PABHO 5,

5:%2(8,‘:5,

TO 3/IECh IO BHIOOPKOI MOHKWMaeTCsi KOHKpeTHbIM Habop Yucen. Ecnu xe obcyxnaiorcs
CBOMCTBA BEJIUYUHBI
I |
= — E T,
n

TO 1oz BLIOOPKOM NMoHUMaeTcs 1000 BO3MOXHBIK Ha0op 3HaYeHUH CYYaliHON BEIUYU-
HBI £, T. €. COBOKYITHOCTb 7 HITYK HE3aBUCUMBIX CIIyYai HbIX BEJIMYUH.

[lepBoii cTaTMCcTUYECKOM 3aa4yeif, KOTOPYIO MBI PACCMOTPUM, OyIeT 3aiay¥ya HaXOXACHHS
(byHKIIMY paciipeneeHUst U YUCIIOBBIX XapaKTe pUCTUK CIyya HOM BeJIMUM HbI € 110 BLIGOPKE,
NMOJIydYe HHOH B pe3yJIbTare 3KCNepUMEHTA.

Ilycrs nana BbiGopka (1) U3 3aKoHa pacnpeneneHust F¢(z) cayyaitHOM BerUduHBI §.
TpebyeTcs onpeleanuTh QYHKIIUIO pacnpeneacHus Ff(a;) CIyYyaiiHOW BEIUUMHBI £ ¥ €€ MO-
MEHTBHI.

PaccMOTpUM AMCKPETHYIO CIIYYaiHYIO BETUYUHY &, , TIPUHUMAaIOIY10 3HaYyeHust X, X,
..., Xn, K&XIO€ C BepOSITHOCTBIO 1 /7.

Imnupuueckoli ynkyuel pacnpedesenus cay4aiinoll eesuunsl £ Ha3biBaeTcs QyHKIMS
pacripenesieHust CIy4aitHOi BeJIMYUHBI &,

KonmuyecTBO X; Takux, uto X; <
Fo(z) = : " : . (2)

Dmnupudeckas (wixk BHGOpouHast) GyHKUMUs pacripefeseH st siBasieTcs cayyaitHO! BeJu-
YUHOM, TaK KaK OHa ONPEAesieTCs 110 BhIOGOpKe (1) M 3aBUCHUT OT TOTO, KakKO# KOHKPELTHO
Habop uyuce) MoJyyeH B JaHHOMK cepuu u3 n 3KcnepuMeHTOB (). Oxa3skiBaercs, 9TO €Cnu
nocienoBarenbHOCTh Xy, X, ..., X, HOCTaTOYHO JUIMHHAA, TO 3MrUupHyeckas pyHKuUUA
pacnpeeneHust GyIeT oYeHb NOXOXEH Ha TeopeTUYecKylo QyHKuMIO F¢(z) i 6ONbIMH-
CTBa U3 BO3MOXHbIX HabopoB uncen X, X, ..., X,. ToyHee, uMeeT MecTo

Teopema (Tnusenxo—Kantennm). /Iycmo Fi(x) — meopemuueckan gynxyus pacnpedenerus cay-
uaiinou eerununvt €, a Fp(x) — amnupuueckan. Tozda 0an npouseonvHozo 3nauenus € > 0

JL%{an(z) — Fe(z)] > e} =0.

<4 QuxcupyeM HEKOTOPOE YHUCIIO T ¥ PACCMOTPUM CIIyYaiiHble BETUYUHDI
§@={ ) Y24
' I, Xi<ez.
3aMeTUM, YTO psill pacrpeneieH|s CllydaiHbIX BEJIMYMH §; UMeeT BUI

P{¢ =0} = P{X; > z} = 1 - F¢(z),
P{& =1y =P{X;<z}= Ff(.’l)).
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Bce €, — onuHakoBO pacnpenesieHHbIE CllyyaiiHble BEJIMMUHBI C YKa3aHHBIM PANIOM pacripe-
OENIeHUs] ¥ KOHEYHbIM MaTeMaTHYECKUM OXHUIaHUEM

ME,(:E)-:P{& :O}'0+P{£t =1}-1 =F£(.’E).

IpuMeHsisi K NOCeI0BaTeIbHOCTH CIyyaHBIX BeTUYMH £ (Z) 3akoH GonbLumnx yucen B popme
XWHYMHA, OoJIyyaeM

E+6+.. +&
n

—M5|>s}=0,

lim P {
n—00
OTKY/a CJIelyeT YTBEPXICHHE TEOPEMBI. P
Teopema 1Mo3BoJisieT caeiaTh BHIBOA: IMITUpHUYecKas QyHKIUUS pacripeneseHus, ocTpo-
eHHas 1o BbiGopke o6beMa n, TeM Gonee noxoxa Ha Fg(z), yeM Gonblue n — o6beM
BLIOOpKM.
3TOT BBIBOA HE SBISETCS NOCTOBEPHBIM, @, KaK YTBEPXNAET TEOpPEMa, HOCUT BEPOSIT-
HOCTHBII XapaKTep — 6epoamHocme oTKIoHeHUH F¢(x) ot F,(z) npu n — 00 oYeHb Ma-
na — xak Obl HY ObUIa BeIWKa BIOOPKa, BCera CYLUECTBYET BO3MOXHOCTD NONYYUTh Fp (),
3HaYMTEIbHO omiyaloylocst oT Fy(z). OnHako Npu HOCTaTOYHO GONBUIMX 7 3TOM BO3-
MOXHOCTBIO MOXHO npeHebpeub. O6paTUMC K NOSICHSIOIEMY NTPUMEDY.
Mpumep 1. Paccmotpum MaccoBoe NPOU3BOACTBO HEKOTOPLIX OAHOTUMHLIX U3AENNA, N3rOTaBAMBAEMbIX B HE-
M3MEHHbIX ycnosuax. Mycte cnywaimas Benuumua § NPUHMMAaeT 3HayeHue 1, ecnu marotoBneHHoe nagenun

pobpokavectserHo, # 0 8 npotueHoM cnyvae. OTobpano n U3nenuii n Cpean HMX OKa3anoch ny AePEeKTHbIX.
Ouennte GyHKUMIO pacnpesenenns CRy4aiHon sennymnst §.

« CnyuvaiiHas Benvumna § aMcKpeTHa v 3afaya oueHky ee GyHKuMM pacnpeaenexsns ecrtb nonpocry 3a-
Bava oueHkn sepostHocv P {¢ = 0}, 1. e. BeposTHoCTM NonyuuTs AedekTHoe nanenue. Teopema Musenko—
Kautennu B 3TOM CRywae rosopuT, YT0 oueHKon sepostHocTy P{¢ = 0} MoxeT cnyxutb yactota rnossnesus
pedexTHbiX u3nenuin 8 paccmatpueaemoit soibopke

0, <0,
L3

Fn(z):" ';{7 0<3<l,
1, z> L.

CosepiueHHO RCHO, YTO €CNM HaM Nomnanach «xopowan» sulbopka (KOTOpas COAEPXUT TaKoH Xe NpoueHT 6pa-
Ka, KaK ¥ BCA KOHTPOAMPYemas Maptus), TO 3aMeHan Heu3secTHyio BepostHocTe P{§ = 0} vactoroit n;/n,
mbl owmnBemen mano. Ecnm nonyweHa «nnoxaa» suibopka, T0 Npu nogobHOR 3aMeHe MOXHO AONYCTUTL Own6-
Ky. OpHako «nnoxue» suibopku GyayT nonapnaTLea Tem pexe, yem Gonbiue 06bem paccmartpusaemoit 8ui6opkM
n, cneposarensHo, owmbatbes mu Takxe 6yaem peaxo. flyctb n = 10, ny = 2 1 UCTUHHAR BEPORTHOCTL
P{¢ =0} = 0,4 Ms! xe, u3yvan nawy suibopky, nonoxum P{{ = 0} = n;/n = 0,2. BepoatHoCTb BCTPETUTL
8u60PKy, AaBLWYIO OCHOBaHne Ang noaobHON ouerkn, bynet
2 2 8
P{S‘O = 2} = C10(0’4) (0s6) ~ 0,12l’

T.e. npumepHo 12 suibopok u3 100 B8 panHoi cutyaummn Gyayr naoxumu Ecam xe zaknoyeHue o0 ToM, YTo
P = 0,2, Mot caenanm no suibopke rn = 25, n»| = 5, TO BEPOATHOCTb BCTPETUTL NNOXYIO BIGOPKY

P{Sys =5} ~ 0,002.
Ona suibopkn n = 100, n; = 20 3ra sBepOATHOCTL

P{S100 = 20} =~ 0,00002,

T.e. nuib B8 ABYX cnywasx m3 100 000 mut nonyvaem 8 3kcriepumente BuiBOPKyY, AAIOWLYI0 OCHOBaHWEe Ans
NOXHOW OLEHKM MCKOMOW BEPOATHOCTH. B

IMockonbKy Bes yHdopMaLus o ciyyailHoM BeiuuHe § MOXeT ObITh MojyyeHa Npu
W3y4yeHHH ee QYHKLIMM pacrpeleieHust, a QyHKUWHU pacrpelie/ieHUsi CllyyaHbIX BETUYUH §
v £, OKa3aJMCh ITOXOXHU, TO CJIEAYET OXHMAATh, YTO aHAJIOTMYHAsA KapTHHa OyleT UMETh Me-
CTO Y 1S IPOYMX XapaKTepUCTUK ciyyaiiHou BenyuHbl €. TakuM obpa3oM, HablonaeMas
B 3KCIIEpUMEHTE CliyyaiiHas BeJIMYMHa &, CIYXXHUT CBOEI0 PO/ia «T€HbIO» U3y4yaeMOM cilyyan-
HoM BeMYKHBI £. B nanbHeiiieM Mbi OyieM Ha3bIBATDb €€ IMNUPUHECKUM, UL B6160POHHBIM,
aHanoeom CIy4aiHOM BeIUYMHEI £, a BCe XapaKTepUCTUKU BelUduHbI &, 6yneM HMeHOBaTh
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IMNUPUHECKUMU, UNU BLI60POHHBIMU, XaPAKTEPUCTUKAMU CTydyaliHOM BeTMYUHH! £. Tak QyHK-
LM pacnipefiesieHus cayYaiHoMN BeJMYUHBI §, Ha3bIBaeTCH AMNUPUYECcKO (BbIGOPOYHOM)
dyHKUuHMeil pacripeiesieHUA CIy4aiiHOM BeJIMYMHBI £, MaTeMaTH4ecKoe OXuaaHue £, — 3M-
MUPHYECKUM MaTeMaTUYeCKUM OXMaaHueM &, nucnepcus &, — 3MINUPUYECKON TucnepcH-
eit & u Boob1ie: smnupuueckumu (560pOUHBIMU) MOMEHMAMU CAYHALIHOU Geaudunbl & Gydem
HA3bi6aMb COOMEEMCMEEHHO MOMeHMYl CAYYAliHOU eauyunsl §,.

SMIupudeckue MOMeHTH 6yaeM 0603HayaTh TO¥ xXe OYKBOI, 4TO U COOTBETCTBYIOILME
TeOpeTHYecKue ¢ 100aBneHHEM BBEpXy 3Be3104KH. Toraa sMnuUpHyYecKue HayajbHble MO-
MEHTHI CIy4aifHOH BeJMuuHBI £ onpeaensitorcs popmynon

1 n
mp = M(&)" =— > Xi, (3)

$=1
a AMNUpUYECKHeE LIeHTpaJIbHble MOMEHTHI —
IR R _
ah=ME -2 =— > (Xi-5)". (4)
i=1

JL1s nepBOro 3MNMPHYECKOr0 HauaJIbHOroO MOMeHTa (CpeaHero 3HayeHus ) OGBIYHO HCITOMb-
3yeTcst 0003HaYeHUE

1
= — o — .
T = m, nz X;, (5

a U1 BTOPOIo SMITMPHYECKOro LEHTPAAIbHOIO MOMEHTA U cpelHeKBaApaTHIHOIO OTKJIOHE-
HHUs OOBIYHO MCITONBL3YIOT 0003HAYeHUA

o1 -
S?=a} = - Z(X; - m)z, (6)

s=\/§3=\/;1- > (X - 3)% (7)

HMH MBI ¥ OyAEM NMONB30BAaTHCS B AAILHEHALLEM.
HMeloT MeCTO Ciieayloiime YTBEpXACHUS.

Teopema 1. Ecau n docmamoyro 6eauxo, mo HA4QnbHbie IMNUPUYECKUE MOMEHMbB MAN0 OMAU-
YQIOMCA OM COOMEEMCMBYIOUUX MEOPEIMUHECKUX, mOoYHee

lingoP{lmk —my| >e}=0 Ve>0.
n—

« Ilycts k — puxcupoBaHo. PaccMOTPUM NMOC/IEAOBATENBHOCTD CTYYaHHBIX BETHYHH
k k k
€I=Xh £2=X21 cer €R=Xn°

ITockonpKy Bce §; — ONMHAKOBbie HE3aBHCHMbIE ClyyaiiHble BEJIMYMHBI, COBMAAaloLIue
o cyyaiiHoi BenuunHol £5, o

k .
Mé§E =M =m;, t=12,...,n.
Orciona 1 U3 cootHoueHus (3) cienyer paBeHCTBO

S+t +én
n

P{Imz*mkl>e}=P{ —M£’>e}.
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ITpuMeHss K mocjienoBaTeIbHOCTU CIY4aiHBIX BEJIMYUH &; 3aKOH O0NbLIMX YUucest B popMe
XHWHYKUHA, ToJIydaeM, YTo

LE+&+...+ &
n

P{|m2—mk|>6}=limP{ —M{’>e}=0,

YTO U TpeOOBAJIOChL. P

B TeopeMe, KOHEYHO, MPeANONaraeTCs, YTO COOTBETCTBYIOIME TEOPETUYECKUE MOMEHTHI
CYLLIECTBYIOT.

CTob Xe 1IerKo MOXeT OBITh JOKa3aHa U TeopeMa 0 6JIM30CTH SMITUPHYECKUX LIEHTPATh-
HbIX MOMEHTOB K COOTBETCTBYIOILIMM TEOPETUYECKUM.

TeopeMma 2. FEcau m docmamo4Ho 6eauxo, mo yeHmpanbHue IMNUPUecKue MOMeHmuvl Mano
OMAUHQIOMCA Om COOMEEemCmeyIOUiUX meopemu4ecKux, mo4Hee

lim P{lax—ai|>€} =0 Ve>O.
n—oo

ITycTth Tenmeps B 3KcniepuMeHTe HabJIIoaaeTcss HECKOJIBKO Cy4aiHbIX BeJTMYUH (Ciiyyaid-

Hetit Bextop) € = {€1,&, ..., &} )
Buiboproii obsema n u3 3akona pacnpedenenus cay4aiinozo éexkmopa £ GyneM HasblBaTh n
peanu3auuit (usmMepeHuit) cydaifHoli BEMYMHBE &

Xl) X2, v ,xna

NMOJIYYEHHBIX B . He3aBUCHUMBIX S3KCNIEPUMEHTAX.
Kax ¥ 15 cryyass OfHOMEPHOM caydyaiHON BEAWYMHBI, BBIOOpKAa — 3TO 1 LITYK HE3a-

BUCHMBIX OAMHAKOBO pacnpeneieHHbIX BeKTopoB. OTMETHM, YTO peaiu3auueit crydaitHoro

BeKkTOpa OyneT ynopsinoueHHBIA Habop [ yucen

N

Xj‘—"{ ?, j=1,2,...,n.

J
Xi | :
M3BecTHO, YTO BaXHOI XapaKTepHUCTHKOM BEKTOPHOM cay4alfHOM BeIMYMHBI ABISETCS
ee KoBapualMOHHas MaTpuua

K[€] = M[£ - ME)" [ - ME] = (M(& - mi)(& - m)); ._,,

3/IeMEHTbI KOTOpO# — KoBapHauuu KomnoHeHT & M ;. Ee ammupuueckuit anaior (T. e.
KOBapHallMOHHasi MaTpH1a BHIGOPOUHOro BeKTOpa &, , NPMHUMAIONIETO 3HayeHue X; ¢ Be-

POSAITHOCTBIO 1/n) Ha3bIBaeTCA IMIUPUYECKOA KOBapHalIMOHHOM MaTpu1ie#t BeKTopa 5_ .
Kak cnenyer U3 BhILIEHUIIOXKEHHOIO, €€ KOMITOHEHThI MOTrYT ObITh HANAEHBI 11O GOpMY-

JaM
ki; = K[&h, €] = M (&, — M&,) (& — M&) =

;& . lnx‘ i 1Z”:Xj)_
23( P> (-2 x) -

s=I r=1

1 ] — -
~ Xix/—- - X - X7, 8
n; P.¢ nZ ; n;; ! (8)

s=|
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B yacTHOCTH, U3 coOTHOWEHUS (8) C y4eTOM BbIPAXEHMS LIS IMITUPUYECKOTO CPeIHEKBA-
ApaTUYHOro OTKJIOHEeHUs (7) MoslyyaeM COOTHOILEHME Ul pacyeTa SMITUPUYECKOro Koad-
dULIMEHTa KOPPESLIMY Maphl CJlydyaidl HhIX BEJTMUUH € U 7

f\i:](xs - E)(Ys - 37)

K([£n, 7n)
rn = Tfnﬂn = - - = ) (9)
0¢, 0, n _ n _
2 (X, —z) 3 (Y, - §)°
s=1 §=]
anecs (X,, Y;), s = 1,2, ..., n, — BbI6OpKa U3 IBYMEPHOIO pacripesieieHus CITy4yaiHbIX Be-

avuuH (€, ), Z, § — SMIIUPHYECKHE CPeIHHUE CIlyYalHbIX BEIMYMH € U 7) COOTBETCTBEHHO.
CootHolueHHe (9) MOXeT GbITh NEPENHCaHO B 3KBUBAIEHTHOH (opMe

n
Y XY, - &7
= = : (10)

(Se-a) (See-9)

§=]

Tn

Kak u BbIlLIe, MOXHO J0Ka3aTh TEOPEMBI 0 61M30CTH B IToJaBasIolIEM O0NBILIHMHCTBE CITy4yaeB
3MITUPHYECKHX XapaKTEPUCTUK MHOTOMEPHOMH CilyyaHOM BEJIMYUHBI K COOTBETCTBYIOLIMM
XapaKTepUCTHKaM BeKTopa £. DTHU TEOPEMBI II03BOJIAIOT BLICKA3aTh OoJiee MU MEHEE paB-
NOTOA0OHOE CYXIEeHNE O YHCIIOBBIX XapaKTepUCTHKaX ciydyalHOU BeJMYMHbI £ o BEIGOp-
Ke (1). KoHeuHo, 3aMeHsIst HCTUHHBIE YHCIIOBBIX XapaKTe pUCTHKH 3MITUPHYECKUMHU, MOXHO
olnbuThcsi. OHaKoO, KaK U B cliydae ¢ GYHKIIMENA paclipeieieHHUsl, Mbl XOTHUM HalesaThCs,
YTO «IUIOXHE» BRIOOPKM OYAYT BCTPEYAThCS PEJKO M YTO B MOJABJIAIOLIEM OOJILILIMHCTBE CITy-
yaeB 3MIIHPUYECKHE MOMEHTHI OYIYT MaJIO OTJIMYATLCA OT TeOpeTHYeCKUX. XOoTesoch Obl
Hay4YMThCA OLIEHMBATh JOCTOBEPHOCTb HALUMX CYXIEHUN O PaCCMOTPEHHBIX BhILlIE Xapak-
TepUCTUKAX CydaHOU BelMYMHBI § MOTOYHee. DTHM MBI 3aiiMeMcs IO3/IHee, a celyac
nornpo6yeM HECKOJILKO PaCUIMPHTh HALlIM MPEICTaBJIeHHUs O CITy4aifHO# BeJInyuHe £, cocTa-
BJIEHHBIE 10 BEIOOPKE.

§ 2. Mapametpbl pacnpeneneHuii. ToueyHoe OLEHUBaHME

Iycts B 3KchepumeHTe §) M3ydaeTcs cyyaitHas BenuynHa & = {§, ..., &} ¢ 3akoHOM
pacripelieieHHusi Qg(x; @) = Py (21, T2y .00, Ths @), @, ..., @), 3ABUCAILMM OT He-
KOTOpbIX [TapaMeTPoB Q;, Oy, ... , Q.

Hanpumep, ecnu cinyqaifHasi BeinuMHa § — HOpMaJibHasi, TO ee 3aKOH pacrnpeneneHHus
3aBHCHT OT JIBYX NapaMeTpoB — M M 0, eCli § — paBHOMEpHas Ha npoMexyTke [a, b], To
napaMeTpaMH 3aKOoHa pacrpeieieHUs ABIAIOTCS KOHLIb a U b, U T. 1.

ITycts # — onuH M3 nmomo6HbIX napaMeTpoB. Ilonpobyem ro BhIGOpKE, MONY4YeHHOMH
B pe3yJibTaTe 3KCIIEPUMEHTAa, BbICKa3aTb HEKOTOPOE CYXIEHHE O BO3MOXHBIX 3HAYEHMSIX

napameTpa 3.
JIns1 3TOro CHavajia cleayeT yKa3aTh Criocob BhIYMCIeHHUs BEIMYMHBI [F 110 BhiOOpKe
X, X5, ..., X, (11)
T.e. GYHKUMIO b OT . BEKTOPHBIX MTepeMEHHBIX TaKylO, YTO
B~ bX, X, ..., Xp), (12)

a rIOTOM NOSICHUTH, KaK B COOTHOIIeHUM (12) noHuMars 3HaK NpubivXeHHOro paBe HCTBA.

6*
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Iycth, K npuMepy, § — 3T0 MaTeMaTHYECKOE OXUAaHUe ciiyyaitHo! BennuuHsl €. To-
ria, Kak Noxas3aHo B npeabiayLieM naparpage, B KayecTse QyHKIMU b MOXHO B3STh CpeliHee
apudpmMeTHYecKoe HabIOIeHHBIX 3HAaYEHMH K IPX 3TOM NOHMMATh PaBEHCTBO B COOTHOIIE-
HuH (12) KaKk «paBeHCTBO B GOJBUIMHCTBE CIIy4aeB», T. €. BEPOSTHOCTb GONBIUMX OTIHYMIA
NeBO# YacTH OT NpaBoi Maa.

QopmManu3ays BHIILIECUINOKEHHOES, CKAXKEM, YTO OUEHKOIl Heuseecmrozo napamempa 3 6y-
dem nazweamo gynxyuio b(X,, Xo, ... , X, ) om nabarodennvix 3nauenuii maxyio, ymo b = f3.

ScHo, yTO Hac OyayT HHTEpecOBaTh He JIIOOBIE OLIEHKH NapaMeTpa 3, a TOJILKO Te, KOTO-
phi€ B HEKOTOPOM CMEICJIe Ha HETO NOXOXHW. KpUTepues «TOX0XeCTH», T. €. MHTepIpeTauuii
npubAKXEHHOro paBeHCTBa B COOTHomeHnu (12), cymecrsyer MHOro. Mbl paccMOTpUM
anech Hauboee ynoTpeOUTENbHbBIE,

Ouenka b(X;, X,, ... , X;;) Ha3pIBaeTCHA coCmoamenbHoll oyeHKoll HEU3BECTHOIO napa-
MeTpa B, ecu BepoATHOCTL oTKIoHeHuH B ot b(X;, X;, ..., X,) cranoBUTCs MaJioii ¢ po-

CTOM N
lim P{|8-b(X;, Xz, ..., Xa)| > €} =0. (13)

n—00
B cooTBeTCTBMM C 3THM ornpeaenieHHeM (Kak CieyeT u3 TeopeM | u 2) sMmupuyec-
KHe MOMEHTH] ABIAIOTCH COCTOSATENLHBIMM OLEHKAMHM COOTBETCTBYIOIMX TEOPETHYECKMX
MOMEHTOB. COCTOATEILHOCTD — 3ITO «n0xXoxcecmo 6 60AbUIUHCMEBE CAY4Aee».
Ouenka b(X;, ... , X;) Ha3bIBaeTCA HecMeweHHol OLIEHKOM napameTpa 3, eciu

Mb(X;, X, ..., Xa) = 6. (14)

HecMelleHHOCTb OLEHKH ECTh €€ NOXONCECMb HQ OUeHUBAEMbI Nnapamemp <8 CpedHem»,
T. €., €CJIK MBI obJ1alaeM HeCKOJILKMMH BeIOOpKaMu

1yl .
Xl Xz .o xn,
2 2 2,
X2 X2 ... X
SPRTITTRE 3
xt xt .. xt
M N0 Kaxuo# M3 Hux HaitneM ouenxy b(X}, X3, ..., X},), To a1v uncna GyayT onuHaKoBo

4acTO KaK NpeBhIIIAaTh HCTUHHOE 3HAYCHUE OLICHMBACMOI'0 TApaMETPa ﬁ , TAK 1 HE IpE€BOCXO0-
IMTb €10, T. €. OTKJIOHCHHE OLICHKH OT OH€HUBAEMOI'0 MapaMeTpa B Ci1y4ya€ HECMEIIEHHOCTH
OLIEHKHM HOCHT HECHCTEMAaTHYECKU I XapakKTep.

Mipssssp 1. IMNUPUYECKaR OUSHKA MaTEMaTUYECKOrO OXMAAHUA ABNAETCS HECMELUOHHON OLEHKOV

<4 Mbl XOTMM QOKa3arth, YTO
Mz = ME.

n n
Mz =M(—l- Zx,) =1 Y MX,.

gy Ly
Tax xak X, — HE338MCUMbLIE@ B COBOKYNHOCTM CNyHaiHbie@ BONUYMHB, KaXAAs U3 KOTOpbIX cosnagaer ¢ £, 10
MX, = M{ n Mb nonyqaem

PaccMoTpum

n

Y. M¢{=M¢»

Mz = l
n
Npusep 2. IMnnpuyeckan OUeHKa AUCNePCHU
l n
n
He 00nanaeT CBOWCTBOM HECMELEHHOCTH,
4 [leiicrBurensHo,

[

) 1 n _l n n 2
S _gg(x.—f)’-zgxf—(;z:x,).




§2. Mapametphl pacnpeneneuuii. TO4EUHOE OLEHUBAKHE Pitgs

MNoaromy

= (ij’)—l2 (Zx) M{z—-%Mfz—”—;]-(Mg)2=

1
n 1=]
n-

=— (Mf - M%) =

HecMeeHHYIO OLEHKY TMCIIEPCHHM MOXHO JIErKo NnocTpouTh. Kak noka3aHo Bhillie,

~1
Ms?="""pe¢.
n

M(-—’l— 32) = D¢
n~1

H, Caca0BaTeJAbHO, UCTIPpABJICHHAA BEJIMYHHA 32, ornpeaeaseMasi COOTHOUICHHMEM

&= —-——Z(X—:c),

n—1 rr

ITosTomy

€CTh HECMEILIEHHasA OLIEHKa IUCIIEPCUH.

C npakKTHyeCKOM TOUKH 3peHHsI CBOMCTBO COCTOATENBLHOCTH OYEHb BAXHO — €10 HAJIM-
YHe MOo3BOJISET HANEATHCS, YTO C YBeTMUeHUEM 00beMa BbIOOPKY TOYHOCTD OLieHMBaHHU A OY-
AeT pacT (KOHEYHO, TOJIBKO B OAABAIOILEM OONBIIMHCTBE CilyYaeB). HecMeleHHOCTD Xe
HUrpacT MeHee BaxHylo poib. EcaM oueHka siBisieTcss HECMEIEHHOM, TO 3TO CBUIETEb-
CTBYET 00 OTCYTCTBUM cucmemamu4eckoi OIN0KH! B OLleHHBAHUY HEU3BECTHOIO NapaMeTpa.
Yka3zaHHOe 06CTOATENbCTBO CTAHOBHUTCS BaXHbBIM B Cly4ae MaIbIX BBIOOPOK, KOTa OLEHKH
MOTYT ObITh JaJleKH OT OLIEHUBAEMOr0 MTapaMeTpa ¥ HaTHYne CUCTEMAaTHYEeCKOM norpeniHo-
CTH OLIEHHMBAHMsl TOJILKO YXYAILAEeT TOYHOCTh OLUEHUBaHUA. B ciyyae Gonbuiux BhIGOPOK
CMelleHHe OUECHKH (NpH HAIWYUM COCTOATENBHOCTH!) Ha TOYHOCTb OLEHMBAHHMS CylIe-
CTBEHHOIO BIMSIHUSA HE OKA3bIBaET.

BaxXH0 TaKkXe NTOHMMATh, YTO BHIILIEHU3NIOXEHHOE HMEET CMBICH TOJILKO €CJIH BhIMOJIHE-
HBl YCJIOBH S IPUMEHMMOCTH 3aKOHOB GOJIbIINX YHCEJI, Ha BRIBOJIAX M3 KOTOPLIX 6a3upyloTcs
HallY 3aKiIovyeHus. BaxHeluM U3 nogoOHLIX yCIOBUM SBIISETCA CYLLEeCTBOBaAaHME MaTe-
MaTHYeCKOTI0 OXHIAAHUA UCCaelyeMOoH CryyaifHOi BeTMYUHBL €.

PaccMOTpMM HEKOTOpbIE METOIbl HAXOXAEHHUA OLIeHOK HEM3BEeCTHERIX NapaMeTpoB pac-
npeneieHus, caenap AOMOJTHUTENABHOE MPENNONoXEHHE, @ UMEHHO: NMYCTh BUA QYHKUHH
pacrnpeneneHnsi cay4aiiHoi BeNMYMHBI § U3BECTEH

F(z) = Fe(; b1, Bay - -, Br)-

Hrak, B pe3yspTare 3KClepdMeHTa rnojilyyeHa Beibopka oobeMa n. TpeGyercsa no Bbi-
60opKe HaUTH OLIEHKM HEW3BECTHhLIX NapaMeTpoB By, B2, ... , Pa.

2.1. MeTto MOMEHTOB

Wnest MeTona MOMEHTOB COCTOMT B MPUPABHUBAHUM 3MITUPHUYECKUX MOMEHTOB, HaileH-
HBIX 10 BbIOUpPKE, COOTBETCTBYIOILIAM TEOPETHYECKHM, KOTOPHIE 3aBUCAT OT HEM3BECTHBIX

napameTpoB 3, B, - - -, Pr:



166 Tnasa XLIil. Ouenxu

1
m;‘ = ;ZXi=Ml(ﬁhﬁ2, --wﬁk)a

1
4 m;=;ZX;'2:M2(ﬁl’ﬁ21"')ﬁk)’ (15)

......................................

1
mi= ;; ngk —_‘Mk(ﬁl’ﬁZ) 7ﬁk)’

Cucrema (15) mo3BonsieT Boipa3uTh HEU3BeCTHBIE MapaMeTpsl By, B, ... , Br Yepe3 BbIGO-
pouHble 3HayeHust X, X,, ..., X,

ﬁ|=b|(X|,...,Xn), ,52=—‘b2(X|,...,Xn), cee o ﬁk=bk(X|,...,Xn).
®yukuuy b; (X, ..., X;) ¥4 cyMTalOTCA OLECHKaMHU MapaMeTpoB G;. BIM30CTh OLEHOK,

HalJeHHBIX [0 METOXY MOMEHTOB, K UCTUHHBIM 3HAYCHUAM OLECHUBAEMbIX [MapaMeTpOB
OIMUCHIBAETCA CHEAYIOLEH TEOpe MOU.

Teopema. [Tycmb pewenue cucmemsi (15) cywecmeyem, npusem gynxyuu
bj(X], caey Xn) = EJ(mT, ceey m,‘,)

HenpepuieHbl 6 moyke m = (my, my, ..., my). Toe0a oueHku, noay4erHvie no Memody MoMeH-
moe, coCmoAmenbHui.

OueHKHM, MoTyYeHHBIE [T0 METOLY MOMEHTOB, HEO0A3aTeIbHO ABRNIAIOTCA HECMELIEHHbI-
MuU. OZIHAKO, eCliM HAJIOXHUTb Ha QyHKUMH bj(m, ... , Ty) HEKOTOpBIE JOMONIHUTEIbHBIE
OrpaHUYeHUsl, TO MOXHO IMONY4YUTh YTBEPXIAEHUE, Kacalollleecs: aACUMNTOTUYECKON HecMe-
LIEHHOCTH OLIeHOK, HAaWAEHHBIX METOZIOM MOMEHTOB

1
Mb](Xh)Xn)zﬁJ'*'O(;)a i=1 ...k, (16)

T. €. CMeILleHHE OLIEHKH C pOCTOM 00beMa BIOOPKH yObIBaeT.

Ha npakThxke MeTOl MOMEHTOB NMPHUBOAMUT K OTHOCHUTEJIbHO IMPOCTHIM BBIYUCICHUAM
¥, KaK CJieayeT U3 TEOpEMBl, MO3BOJIAET HaXOAUTh COCTOATENbHBIE OLIEHKHA MapaMeTpoB.
CMeLeHHe 3THX OLIEHOK JUIst 60JibIIUMX BLIGOPOK HecylecTBeHHO (16). Kpome Toro, Bo Beex
NpakKTUYeCKH BAXHBIX ClydasgX 3TO CMECIUECHHE JICIKO YCTPAHAETCA C NOMOILUBIO IIPOCTHIX
[OIpPaBOK.

Mpumep 1. UsBecTHo, 4TO cnyuaiiHas BenuynHa £ PaBHOMEPHO pacnpeneneHa Ha otpeske [a, B]. Nonyuena

Buibopka obvema n U3 pacnpepeneHns cny4anHon BeauunHb §. OueHnTs BeAnYMHL a 1 G.

« Npousseaem oueHKy HEeM3BECTHLIX NapPaMeTpoB a U 3, NONAL3YSCh METOAOM MOMEHTOB. iMeem

2 zdz a+f

M= s
¢ -a 2
M{z _ 2 cldz _ a? +aﬁ+ﬂ2.
-a 3
Cucrema (15) B paHHOM cayyae npuHUMaeT Bug
1 a+pf
2 Xi=—

1 -
n 2 Xi= 3
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Pewuas ee OTHOCUTENBLHO @ U B, nonyvaem
B =z + V35,
a* =z - /38
Yuutbisan, 410 a < [, 3aKMIO43EM, YTO HaWa CUCTEMA BCErfa UMeeT pellieHne U MPUTOM EAMHCTBEHHOe.
NonyyeHHble OUEHKU COCTOSTENbHB, OAHAKO CBOMCTBOM HECMELLEHHOCTU He o6napalot. b
Mpumep 2. OuenuTb NO BLIGOPKE MAPaMETP /i BKCMIOHEHUMANLHO PACPESeNeHHON CRyYaiHOA BenuYuHbl §.
« DyHKUus pacnpefieneHus ChyqanHon senuuuHsl § umeer sug
1—ef, >0
F{ (z) - 3 = )
0, z<0.

CnepnosartentHo,

7 1
M¢ =/ pe P dr = —.
0 s

Cucrtema (15) csoautcs K OQHOMY ypaBHEHUIO
1 1
_ Z X, =,
n M
oTKyAa
1

b= (17)

NonyyeHHasn OUEHKA COCTONTeNbHA. YTO KacaeTCs HECMELLEHHOCTH, TO MOCKONbKY X; 3KCMOHEHUMaNbHO pac-
npegenexsbl, T0 nT = Y. Z; UMEET raMMa-pacrnpeaeneHue C MnoTHOCTLIO

pntn—l —t
—_— t>0
fur®)={ m-p® > 25
0, t<o0,

M2 —7'; ) dt = £
nZ/| 4 ¢t Tn-1
CnefiosarensHo, oueHka (17) cBOWCTBOM HECMELLLEHHOCTY He ob6agaer, Tak Kak
5 1 n
M(p')=nM| — )= B # b (18)

OpHako, ucnonb3ys cooTHoweHue (18), Nnerko MOXHO NOAYYMTL HECMELLEHHYIO OLEHKY napamertpa p
« =1 , n-=1

# = n ”=EX,-

U MO3TOMY

n-—1

- >

2.2. Meroa MakcuMansHOro npasaonoaobus
Ilycts £ — HenpepbIBHAs ciryyailHasl BeJIMUMHA C TUIOTHOCTBIO

f{(w) = ff(m9 ,Bh 1627 ’ﬁk)’

Bua rioTHoCTH M3BeCTeH, HO HEM3BECTHLI 3HAYEHUs] TApaMeTPoB ;.
Dynkyueii npasdonodobus HazbiBaeTcsd QyHKIUUS

n
L(Xh XZ) crey X, :317 ﬁ27 AR ﬂk) = H fﬁ(Xh ,Bla ﬁZv srey ﬂk)*

t=|
(smecb Xj, ..., X, — BbiGopka o6beMa n M3 pacrpeleneHus cayyaiHoli BEIUYMHEI £).
Jlerko BUAETh, YTO GYHKLUMH MPaBIONOAOOHA MOXHO NMPUIATb BEPOATHOCTHLIA CMBICH,
a MMEHHO: pacCMOTpUM ciyyaiiHblif BekTop E = {§, ..., &,}, KOMIIOHEHTH KOTOPOIo
He3aBHCHUMbIe B COBOKYITHOCTM OIMHAaKOBO pacnpeie/icHHbIe CTyyaliHbie BeJJMUMHBI C 3aKO0-
HoM f¢(z). Torna 31eMEHT BEPOSITHOCTH BEKTOpa E UMEET BU

PEC AV} =L(X,, ..., Xu; B1, ..., Be)AX, ... AX,
AV = {E: X,’Q&'(X,‘-I—AX,'} i=12,...,mn,
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T.e. PYHKLMSA NPaBAONOAOGHS CBSi3aHa C BEPOSATHOCTLIO NOJYyYeHUsI GUKCUPOBAHHOM BbI-
GOpKH B I0CJIEI0BATEIbHOCTH 3KCIIEPUMEHTOB 2.

OcHoBHas uaesi MeTo[a NpaBAONONOOUsI COCTOMT B TOM, YTO B KAyeCTBE OLIEHOK Na-
paMeTpoB (; npennaraeTcs B3siTh TaKuWe 3HAUYEHUs ,BJ*-, KOTOphie HOCTAaBJISIOT MAaKCUMYM
dyHKUMM NpaBAONIOROOUS NPU JAHHOK GUKCUPOBAHHOM BLIOODKE, T. €. NIpeIaraeTcs Cum-
TaTb BRIOOPKY, NOJIyYEHHYIO B 3KCIIEpUMEHTE, Haubosnee BeposaTHOR. HaxoxmeHue olieHOK
napaMeTpoB [; CBOAMTCA K PELICHHUIO CUCTEMbl k ypaBHeHHU# (K — 4MCJIO HEM3BECTHBIX

napameTpoB):
OL(Xy, ..., Xu; B, .., Br) _
90;
HNockonbky pyHkuma log I uMeeT MakCUMYM B TOi Xe TOYKe, 4TO U GYHKLMUS NPaBaOIo-
n06MsA, TO YACTO CHCTEMY YPaBHeHUil paBronoao6us (19) 3anmuceBaloT B BUIE

0 ogL_ . 8fE(X9 ﬁh-")ﬂk). 1 _
. Z 8; fe(X55 By, Br) =0 @)

0, i=12, ...,k (19)

1
0B 4

B KayecTBe OLICHOK HEU3BECTHRIX TapaMeTpoB [; ciienyeT 6parh peieHusi cucteMsl (19) wiu
(20), meiticTBuTENBHO 3aBUCSALIME OT BHIOOPKH U HE ABJISAIOLIMECS MOCTOTHHBIMM.

B ciyyae, korna £ mMckpeTtHa ¢ paaom pacnpegenenusi P{¢{ = X;} = P{X;; Bi,.--, B},
i=1,...,n, pyHkuue#h npaBaonoAo61s Ha3bIBAIOT PYHKLUIO

L(Xy, ..., Xu; Br,-.., B) = [[ P{é=Xi; B, ..., Bi} (21)

i=1
M OLIEHKH MILYT KaK pelieHHs CUCTEMBI

8L(X|,---,Xn; ﬁla"' :ﬁk) —

95 0, i1=12,...,k, (22)
WIK 3KBHBAJICHTHOH el
dlog L <~ OP{¢=X;; By, ..., B} 1
gL _ : =0. (23
opl' Z 6ﬂl P{§=X]’ ﬂla"')ﬂk} ( )

j=1

MOoXHo noka3sarhb, YTO OLIEHKM MaKCHMAaJILHOTO NpaBaONoAo6us 06/1a1al0T CBOHCTBOM
COCTOATENLHOCTH. CleyeT OTMETUTh, YTO METOH MAaKCHMAaJILHOIO MpaBIoNofo6Ms Nnpu-
BOAMT K Gosiee CIOXHBIM BBIYMCICHUSAM, HEXEIN METOJ MOMEHTOB, HO TEOPETUYECKH OH
6onee 3¢ peKTHBEH, TaK KaK OLIEHKM MaKCUMaJIbHOT'O NPaBAONoa06Ms MEHbILE YKIIOHAIOTCS
OT MCTHMHHBIX 3HaYeHHH OLIeHMBaeMBbIX IAPAMETPOB, YeM OLIEHKH, MOJIyYeHHbIE [I0 METOAY
MOMEHTOB.

Jns Haubonee 4acTo BCTPEYAIOILMXCS B IIPUIOXKEHUAX pacnpelesieHUif OLIeHKH rnapa-
METPOB, NONTY4EHHBIE 110 METOLY MOMEHTOB M 10 METOY MAaKCUMANLHOIO NpapIonoao6us,

B GonbUIMHCTBE CIy4yaeB COBMANAIOT.

Npusmep 1. OTxnoxenue § pa3mepa AeTanu OT HOMMHANA ABNNETCA HOPMAMLHO PACPefeNeHHOA CRyHarHON
senusuHoR. TpelbyeTtca no Bubopke onpeaennTs cUcTemMaTMyeckyio owmnbKy U AUCNEepPCUIo OTKIOHEHWS.

« Mo ycnosuwo § — HopManbHo pacnpefaeneHHan ChyyalHasn BeiMyMHa C MaTeMaTUYeCKUM OXMRaHNeM

(oucremaTniecxan owmbka) M aucnepcuent, nognexawmmu oueHke no suibopke obvema n: Xy,..., X,.
B avom cnyvae )
1 (z - m)
fe(z) = o exp{ a7 } = fe(z; m, o).
Oynxuma npasgonoaobus

_ 2
L(Xh . ,Xn; m, a') = ;—"-(_Zlﬂ;ﬁ Cxp{—;(%_'zl)}.
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Cucrema (19) umeer sug

N2
211 —-—-———-l CW{‘z%ﬁﬂ‘}(“% E(X,~m)) =0,

om o™(2m)ni?
oL t T(X, —m)? t
30 = oI °""{‘T}(‘"+ 72 L& ‘”"2) e

Ortcioaa, ucknioyan pelserus, He sasucswue ot X,, nonyyaem
1 & 1 &
m* =~ Y. X =% ()= - Y (X, - m)? =82,
1=1 1=1
T €. OLUEHKM MaKCUManbHOro NPaBaonoAobus B 3TOM Cnyyae COBMNAAAIOT C YXEe M3BECTHLIMM HaM IMNMpUUe-
CKUMU CPeaHUM U gucnepcuein p
Mipumep 2. OuexuTb NO BHIGOPKE NAPaMETP 4 3KCMIOHEHUMANBHO PACTIPEAENEHHON CNYHAAHON BONUYHHML,
<« OyHkuma npaeaonoaobus umeeTt sug,
L(Xh SRR Xn; #) = I‘ne-“zx"
YpaeHenue npasgonogobus
oL n—1_—u E X, n -i E X,
-‘E—np e —p (ZX,)e =0
NPUBOAUT HAc K PELLEHUIO
«_ B 1
” - z x‘ f,
COBManaloLEeMy C OLEHKOW 3TOrO Xe napametpa, Nony4yeHHOW N0 MeTony MOMEHTOB, cM. (17). »

NMpumep 3. Nonb3yscb METOAOM MAKCMManbHOrO NPaBAONOAO6MA, OUBHWUTL BEPOSTHOCTL NOABNGHWA repGa,
echu npu pecst 6pocaHMAx moHeTs: repb nossunca 8 pas.

<« TyCTh noAnexaiuan OLUeHKe BEePOSTHOCTL pasHa P. PacCMOTPUM CAyMaitHyl0 senuunHy ¢ ¢ PROOM
peCnpeneneHun
P{{=0p}=p; P{{=1p}l=1~p.
DyHkuua npaeaonofobus (21) umeer sua, ‘
L(Xy,..., X p) = P'(1 - p)%,

TakK KakK

Cv.a_Jp ecu X, =0,
P{f“'xnp}—{]_p’ ecnv X;=l.

YpasHeHue npasaononobus
8p'(1-p)* - 2°(1 - p) =0
[36eT B Ka4ecTBe OUEHKU HEM3BECTHOW BEPORATHOCTN P 4aCTOTy roABneHWA repla B SKCrepuMeHTe
¥
p =08 »

3akaHyuBas 00CyXIeHUE METOIOB HAXOXIEHUsI OLLEHOK, ITOAYEPKHEM, YTO, AaXe HMESA
0o4yeHb 60J1b1LIOH 06BEM IKCIEPUMEHTANIbHBIX AAHHBIX, MBI BCE PABHO HE MOXEM YKa3aTh TOY -
HOTO 3HaYeHUs OLIeHUBaeMOro rapaMeTpa, 6oJee Toro, Kaxk yxe HCOXTHOKPaTHO OTMEYaJIoCh,
NojlyyaeMble HaMU OLIEHKM OJIM3KM K UCTUHHBIM 3HAYCHMSIM OLICHHBaeMBIX IapaMeTpoB
TOJIBKO «B CpefHEM» WJIH «B OOJBHIMHCTBE cay4yaeB». Ilo3ToMy BaXHOM craTHCTH4YECKOM
3anayeit, KOTOpyIO Mbl pacCMOTPUM Jiajiee, SIBISIETCS 3aflaya OonpeaeeHUsl TOYHOCTH U o~
CTOBEPHOCTU NMPOBOJAUMOIro HaMU OLIeHUBaHMUS.

§ 3. UntepsanbHoe oLeHUBaHUE

Pe3syJibTaThl npeabinyLero naparpaga mo3BojisiioT Mo BLIGOPKE OIpelenTh OLIEHKY HEn3-
BeCTHOro napametpa (-pacnpenenerusi F;(x). DTy oLeHKH HOCST TOYeUHBIH XapaKTep —
OHM YKa3bIBalOT YK CJIO, BHEKOTOPOM CMBICJIE ITOX0XEEe Ha OlleHUBAaeMbIil nNapaMeTp, ApYrMMHU
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CIOBaMM, OHHU TO3BOJISIOT ONpENesIUTh TOUKY (*, Haxoasuylocs B 60Jiblliei WM MeHbLIEH
61M30CTH K UCTUHHOMY 3HAYEHUIO OLIeHHMBaeMoro napamMerpa (puc. 1).

2 Y, [lycTp HaM ynanoch NOCTPOUTD iBe QYHKIIUU
} | } } 11(X1y ..., Xn) v (X, ..., X,), ynoBrerso-
g g pAIOLIME YCIOBHIO
Puc. 1 7l(xh"'7Xn)<72(xl)"'7xn)
wig mobbix 3Havenuit X, X5, ..., X,. PaccMOTpuM Ha YUCIOBOI OCH TNPOMEXYTOK

(71, v2). Ero XoHU®I 7y U 7y, 3aBUCAT OT BBIGOPOYHBIX 3HAYEHWIA Y, CIIeIOBaTEbHO, ABJIS-
I0TCs CTyJaifHBIMH BeTuuMHaMu. BcrencTBue 3Toro npoMexyTox (7, y2) Takxe siBlsieTCS
CyYaiiHbIM B TOM CMBbIC/IE, YTO €r0 JJHa M TNOJIOXEHHE Ha YUCJIOBOH NpaMOi 3aBUCAT
oT Bbi6OpKHM X |, X», ..., X,. McTMHHOe 3HayeHue napaMeTpa § — HeciaydaiHOe YUCIO
M €T0 TMOJIOXeHUe Ha YUCIOBOM ocu ¢uxcupoBaHo. [loaToMy misi HEKOTOPBIX BBIGOPOK
cay4aifHblii KHTepBa (7, 72) OyAeT HaKpbIBaTh YKUCO B, a st HeKOTopbIX He 6yaeT. Ecnu
HaM ynaercs nonobpars dyHkuuu v, (X, ..., Xp) v v2(X,, ..., X,) TaK, yro cnyyahHbIH
MHTepBaI (7, 72) «4acTo» HaKphIBaeT KCTHHHOE 3HaYeHKe HEU3BECTHOTO MapaMeTpa [, To
MbI MOXEM B KayeCTBE OLIEHKU 3TOro nmapaMeTpa B3siTh JI06YI0 TOYKY WHTepBana (7, 72).
Ilpu 3TOM MOXHO yTBEPXaTh, YTO «HOBOJIBHO YacTO» Hallla OlleHKa OTJIHYaeTCs OT OLEHU-
BaeMOro napameTpa He Gosiee YeM Ha [IIMHy WHTepBania (7, 72).

BBeneM HOBOE NoHATHE, PopMaIn3yloniee Bbilile NPUBEIEHHbIE PACCYXAECHHUS.

JloeepumenvroiM unmepéarom 0ia napamempa (3 HasbIBaeTCs CyYyaiHbI WHTepBas
(711, 72) TaKoi, yto

P{(11,7:) > B} > =. (24)

YucJio ¥ Tipu 3TOM Ha3bIBAETCS YpOBHEM Q06€pUA UITU 006EPUMENbHOL 6€POSMHOCTMbIO.
Boi60p yKcna ¥ — YpOBHS IOBEPUSA — 3aBUCHUT OT TOTO, YTO Mbl IOHKMMaEM Mo CJIOBa-

MU «JOBOJILHO YacTO», ¥ OT TOTO, KaKOi TOYHOCTH B OnpenesicHUU napamerpa 3 Mbl XOTUM

noctuyb. [1ockoibKy n06UTbCst 46COMOTHOM HOCTOBEpHOCTU (YTOOBI OlIMGKa He MpeBhi-

1Iajia JyIMHbI MHTEpBaJia BCeTa) Mbl He MoxeM"), To nocTyrmuMcst JOCTOBEPHOCTDIO, YTOGHI
NOJIYYUTh HETPUBUAJIbHYIO MH(POPMALIMIO O TOYHOCTH. Bribupasi ¥ 0O4eHb MaJeHbKHM, MBI,
KOHEYHO, MOXeM IOGMThCA TOTO, YTOObI [IMHA MHTepBana (i, ¥2) ObUia CKOAb YrOOHO
MaJioif, OHAKO B 3TOM ciyyae (M3-3a MaJOCTH ¥ M HepaBeHCTBa (24)) Mbl KpaiiHe peaxo
6yneM rosydyaTh JOBEPUTEIbHBIN MHTEPBAJ, HAKPBHIBAIOINMIA UICTUHHOE 3HaYeHue rnapamMe-
Tpa [, T.€. HailieHHble HAMU 1O KOHKPETHHIM BbIOOPKaM WHTEPBAIbl 6YAYyT HEHANEXHBI.
Br160p Xe % o4eHb 6IM3KOro K eMHU1IE, HEONPaBIaHHO PaCHIUPSIET IPaHULIbI JOBEPUTEb-
HOro VHTEPBaJa U TeM CaMbIM NIOHUXAET TOYHOCTD onpeneneHus napamerpa 5. IlockonbKy
Yaie BCEro Hac MHTEPECYET BONPOC, KaK CUIbHO Mbl MOXEM OMIMOMTECS, 3aMEHsAA UCTHH-
HOe 3HauyeHue napamerpa [ ero oueHkoi B*, To 06BIYHO JOBEPUTEIIBHYIO BEPOSITHOCTD X
BRIOMPAIOT HACTONBKO GIU3KOH K €auHU1lIe, YTOOBI C COOBITUSIMU, BEPOSITHOCTh KOTOPBIX
MeHblle, YeM 1 — %, MOXHO ObUIO NMpakKTUYeCKu He cyuTaTbesi. COOTBETCTBYIOLIMI ITOH
BEPOSTHOCTU IOBEPUTEJIbHBIA MHTEPBAJ JAeT HANEXHYIO (C BEPOATHOCTBIO X ) OLIEHKY OTJIU -
yus npubAMXeHHOro 3HayeHus B* or HeuasecTHoro ToyHoro 3. Ha npakTuke B kayecTse »
B 3aBUCHUMOCTH OT KOHKPETHOM CUTyaLuu BeiOupaloT onHo uad yucer — 0,9; 0,95; 0,99; 0,999.
Bo3Bpaiascs K 3aaye onpeaeieHust TOUHOCTH M IOCTOBEPHOCTH OLIeHKH (' HeuspecT-
HOTO napaMeTpa (3, OTMETUM, YTO ONpPeNeIUTh TOYHOCTb OLleHKU — 3HAYMT yKa3aTh, KaK

BeJIMKa MOXeT ObITh pa3sHulia
-8 (25)

') Y3 nepasencTBa (24) cnemyet, 4TO npy 3TOM (71, 72) PaCON3AETCS Ha BCIO YHCOBYIO MPSIMYIO H MBI IOTY4aeM
TPUBHAIBHBINA pe3ynbTaT: omMbKa y2 — <) B pacnpeaeieHH napaMeTpa MoxXet GbITh 060,
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Ho B cuity Toro, uro #* — ciydaiiHasi BeIM4MHa, pasHOCTh (25) — Takxe cliydaiiHas Be-
JAMYMHA U MOXET MPUHMMATh JII00bIe 3HAYeHU s, [IpUYEM OIHM Yalle, Apyrue pexe. [Toatomy
TECHO CBSI3aHHOM C onpe/ie/ieHNeM TOYHOCTH ABJISETCS 3aa4a OIpeAeeHUs JOCTOBEPHOCTU
OLIEHKH, T. €. yKa3aHusi TOM JIOJiM ClTydaeB, Korna pe/iMunHa 3 — B* He npeBocXoouT He-
KOTOpoit BeJiMynHb €. CYMMUPYs, ITOJY4aeM, YTO ONPENETUTh TOYHOCTb ¥ IOCTOBEPHOCTD
OLEeHKH §' — 3HAUMT YKa3aTh YMCHA €}, €, U X TaKHe, YTO

Ple,<B-p0"<a}2x (26)

T. €. 3aJa4a onpeneieHust TOYHOCTHU ¥ IOCTOBEPHOCTH OLIEHKH ﬁ‘ — 39TO 3a1a4a MOCTPOCHUSA

JOBEpUTEILHOIO MHTEPBaJia A)1st NapameTpa .
3aMeTHM, 4YTO MpU € = —&, JOBEPUTENIbHBIA HHTEPBaJl OKa3bIBAETCS CHMMETPUYHBIM

OTHOCHTEJILHO TOYEYHOM oLeHkH §*.

3.1. ToyHOCTb M HAAEXHOCTL OLEHUBAHMA MATEeMaTHYECKOr0 OXUAAHUA
HOPManbHOM CYYanHOH BENHYMHDI

IMycts ¢ — HOpManbHas cydaiiHasi BeIMYMHa ¢ mapametpamu (m, o), T — aMIupuyecKas

oueHKa mapaMetrpa m = M§. CyluecTBEHHBIM JUIS JaJIbHERIIEro siBJIseTCs BOIPOC O TOM,

M3BECTHA WIX HET ANCIIEPCHUA.

1. IlycTb 0 n3BeCcTHa.
B cuily HOpManbHOCTH § OTKJIOHEHHUE OLIEHKM T oT M§ TakXe AB/IsAeTCs HOPMaJIbHOM
clydJaHOM BeJIMYMHOM C mapaMeTpaMHu
D¢ o 1«
MZ-M{) =0, DEZ-M{)=—=—; T=-— X;.
(& - M) &-Mo=— = -3 X

=1

Ipu —¢; = €3 = € > 0 cooTHoLIeHHUE (26) mpUMeT BUA

(27)

g

£
vn /‘ /207 (6\/5)
XS P{IT-M{|<ep=—= [ e dt = 2F -~ 1.
{l £l < ¢} >
—£

T
1 )
3nech F(z) = ——ﬁ_—- / e 1 dg — dyukuus Jlarmnaca. Takum o6pa3oM, 3agaya cBenach
w

K pellieHU IO ypaBHeH'hofi
evn
2F(—-—£) —1=x (28)
o
OTHOCHUTEJILHO € IIPH 3a[1aHHOM YpOBHE 10BepHst ¥. O603HAYMM pellleHHe ypaBHEHMSI
2F(z) — 1 =x
yepe3 z,,. Toraa -
€y = Ty —= 29
® ® \/ﬁ ( )
— peuleHue ypaBHeHust (28). MickoMbli JOBEpUTENBHEIA MHTEPBAI —
o o
T-z,—=<M{ST+ 20— 30
Xﬁ < £ < hd Jﬁ) ( )

TaKkyTto B % - 100 % ciyyaeB Hen3BecTHOe 3HaueHUe M ¢ HakpbiBaeTcsi uHTepBanoM (30),T. e.
TOYHOCTb B OnpeliesiecHn M¢ He MpeBbILIaeT [0 MOAYIIO BEJIMYMHH Z,0/+/n B % - 100 %
ciyyaes. [lpaBna, B (1 — x) - 100 % cnyyaes HalineHHOe HaMU cpeHee apudMeTHIecKoe T




1™ Tnasa XLl Ouenxn

MOXET oTainyarbes oT ME Ha CKob YrogHo GOJiblIYIO BEIMYUHY, OHAKO 3a CYET TOro, YTO
COOBITUS C BEpOSITHOCTbIO | — ¥ MpaKTUYEeCKH HEBO3MOXHbI, 3TUM MOXHO NpeHe0peyb.

OrMeTum, yto cootHomeHue (30) — TouyHoe, T.e. crpaBeIIMBO IS JIOGLIX 06BEMOB
SKCNEPUMEHTANbHBIX JaHHBIX, B TOM YHCJIE M JUIS MAJIBIX BLIGOPOK.

2. Ilyctb Teneps 0 HEM3BECTHA.

B 3TOM ciyyae paccyXIEHMS NMpEeAbIAYLIEro MyHKTa Mbl IPUMEHUTH HE MOXEM, TakK
Kak B COOTHouleHuH (27) 3HayeHHE MapaMeTpa o HaM HEU3BECTHO, M MBI IIONYYUM OIHO
YpaBHEHMUE C IByMsI HEU3BECTHBIMU € U 0.

PaccMmoTpum BETMYURY
T-M
t= _S_-é\/ﬁ (31)

311er 8 — UCNpaBJICHHas OLICHKa CPEAHEKBaAPATUYHOTO OTKIIOHECHU S
1 n
=—> (X:i-3). (32)
n-143

OrMeTHM crienyolliee, BaXHoe VTS JalbHEHILEro, 0OCTOSTENBCTBO: CAYYAiHbIe BEAURUHB
T u 82 — cmamucmuecKu He3a8UCUMbL.
o leiicTBUTENILHO, CIyYaHBIN BEKTOD

-z
X=| 7% | —z-M¢
zn_ﬁ

MMEET HQPMaNbHOe pacnpelieIeHHe, IPU 3TOM

Vi: M{(z; ~2)(@~ Mg)] = M(X; ~m) = S (X =m) ~ M(X ~m)? =
i=1
=M(Xj—m)%§j(zi_m)+%M(XJ"'m)2"%°'2=
1, 1

=—0 -——0'2=0.
n n

OTKyla u CledyeT McKOMoe, TaK KaK HEe3aBUCHMOCTb Ciy4aiHoro Bektopa X M pa3sHo-
CTH T — m BJIEYET HE3aBUCUMOCTD C/Iy4aHBIX BEJIMUUH, ABJIAIOLINXCSA UX HENPEPLIBHbIMH
byuxumamu. »

Jnsa BennyuHE ¢, 3a1aBaeMoit cooTHoleHueM (31), 1oKaXeM Tenepb ClieyIoUIyIo Teo-

peMy.

Teopema. Cayuaiinas éeauyuna
- M
t= —E—éﬁ

noduunsemcsa pacnpedesenuro Cmoroderma c n — 1 cmenenvio c80600bi.




§3. MwrepBancHoe OueHusaumne 173

« 3aMeTuM, 4TO

SN2 = ST - MeY — (3 — Mgy
n—1§(x‘ z)un_IZ(x, ME)' ~ —(z - M¢),

(% - M&)vn = Z(x Mg).

i=1

IToaTomMy
M{\/_
_T—-M¢ - M¢ vn o =
t=—7% vn= S \/_\/—0' S\/m -
o
1 X; — M¢ 1
AE(F5 )V (FXw)v o

A o) e (e

B cooTHowmeHuu (33) uepes Y; 0603Haquu HE3aBHCUMbIE HOPMAJIBHO paclipeie/leHHNEe
cllyqaiiHble BeJIMyuHH ¢ mapamerpaMu MY; =0u DY; = |
X — M¢
Y = ———.
o
PaccMOTpUM B .-MepHOM KoopxHaTHoM npoctpadcTBe R* runepruiockocrs «, 3ana-

BaeMYIO YpaBHEHUEM
i+Y24+...+Y, =0. (34)

Cnenaem nosopor oceit B R" Takum 06pa3om, yToObl O1HA U3 HOBBIX KOOPAMHATHRIX OCeH
(a1 ompeeieHHOCTH Mocliefikss) GbUta 6kl OpTOroHanbHa IWIockocTy . IIpu 3ToM KOOp-

JWHATHl Y, nepeiayT B Z; ¥
Z Y = E z}. (35)
1=1
INockonbKy Y; — He3aBUCUMBIE HOPMAJILHO pacnpenencnﬂme cay4yalHble BETHYMHBI C na-
pamerpamu 0 u 1, To ¥ Z; Takxe GyayT HE3aBUCHMbIMM HOPDMAJILHO PacrpefeNeHHBIMH
cllyJaiHbIMM BeMyuHaMU ¢ mapameTrpamu O u 1. M3 ycioBusi opTOroHaIbHOCTH OZHOR
M3 HOBBIX OCEif TUIOCKOCTM T BBITEKAET, YTO COOTBETCTBYIOILAS € HOBas KOOpAWHaTa Z,

Oyner UMEeTb BUI
f Z Y; (36)

=1

b= — 20 aT, (37)

n~1

1=]

;:;Y,?—( ;y)zzgz{

YuuTbiBas HE3aBUCUMOCTD Z;, 3aKNK04aeM, 41o t umeet pacnpeneneHune CroioneHTac n — |
CTerneHblo cBoboabl. P

TakK KaK
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Bo3BpaTuUMCs K onpeesieHUI0 IOBEPUTENbLHOIO MHTepBaia g M £,

P{I:E—M£|<s}=P{I_ B- M < E‘r} sn_,(—ﬁ)—sn_.(—i‘s/—ﬁ).

3nech Sp_(t) — dyHkuus pacripenenerus Croionenta. IociienHee ypaBHeHUeE, UCTIONb3YS
CBOMCTBO QYHKUMHU Sy
Sn-1(=t) =1 = Sp(t),

NepenuiieMm B BUIE

P{|Z — M¢| < €} = 25, ,(s‘r) -1

S
3amaBasi ypoBeHb oBepUs ¥ U 0603HaYas peilieHue ypaBHEHUS

yepe3 t, , noJyyaeM J0BepUTEIbHbIE IPAHULIBI

a-;-tx

—<M§<§+t,,i. (38)
vn vn

3aMeTHM, YTO NOBEPUTEJIbHLIE IPAHMIILI IJISI MaTeMaTUYECKOro OXHMAAHUS B Clyyae
W3BECTHOM JMCNIEPCHHU 02 UMEIOT TaKoit Xe BUA. B cooTHomeHuy (38) BMecTo CpelHeKBa-
IPAaTUYECKOro OTKJIOHEHUSI 0 CTOMT oueHKa (32) cpelHeKBalpaTU4eCKOro OTKJIOHEHUS S,
BMECTO T, — pellieHus ypaBHeHus 2F(x) — 1 = x — crour ¢, — pellieHHe ypaBHEHUS
2S,-1(t) — 1 = x%. ]loBeputennHuie rpanuusl (38), BooGuie roBops, vpe JOBEPUTENb-
Hbix rpaHul (30), uto oObsACHAETCS GoNbLIeH N0JEl HeonpeeieHHOCTH NIPY HaXOXIeHNUH
Z no BbIOOpKE B CiTyyae, Koraa JUcnepcus HEM3BECTHA, 10 CPAaBHEHUIO CO CilyyaeM, Korja
JMCriepCcUs U3BECTHA.

Kak u B ciyyae u3BectHoit o, uHrepBai (38) — TOYHbIA ¥ MOXET OKITH MCIONIB30BaH
JUISI OLIEHWBAHUS MaTeMaTHYECKOTO OXUAAHUS 10 BLIGOpKaM Jil060ro 06ema, B TOM YUCIIe
U 1O MaJibIM BbIOOpKaM.

3.2. To4HOCTL M HAREXHOCTL OUEHNBAHMS AUCNEPCHM
HOpPMasibHOW CNYYanHOW BeNNYMHDI

Iycts £ — HOpMasbHAsA CllyyailHas BeJIMUMHA C NapaMeTpamu (m, ), KOTOpbie OLleHUBa-
I0TCs 1o BhIOOpKE 0O6beMa n

_ _
mNT=— Z X, oPms= — zl:(x.- - z)% (39)
1=
BenvyuHa Z; = #n;j v/n HopManbHa ¢ napamerpamu (0,1). [eiictButeinsHo, Z;
SABJISIETCS IMHEHHOM KoMOMHaued HOpMaibHbIX BeiMuuH X;, s=1,..., n,
£ (158 -5 (a2 T
Z; = —=——0n X; X;—-— X;
’ n— ; —1o\ n 7 n Z—; '

¢ napamerpamMu M X, = m, DX, = o2,

MZJ‘:OPI

n n— 1 n-—1
DZ; = ( DX; +— S DX; ~ =1
I (n—l)az[ n ) + ; ] n

a MoToMy Z; — HopMainbHa. [lanee, oueBUIHO,
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VicnipaB/ieHHas OLiEHKa AMCTIEPCHH 8° TIENCTABIAETCS B BUE
2 n
o
s =— E Z} .
n “4
J=l

n
MOXHO yCTaHOBMTD, YTO BeTMuMHa 22 3 Z 12 uMeeT pacnipeziesieHse x° ¢ n — 1 cTene-
j=t
HbIO CBOOOMMI, T. €. pacnpelieJieHa Kak CyMMa KBaJIpaToB 7 — | He3aBUCHMBIX HOPMaJIbHBIX
(0,1) cnyyaifHbIX BEJIMYMH, YTO Ja€T BO3MOXHOCTb BHIYUCIATH BEPOSITHOCTH

2
P{i—z(n ~1)< t} = Gp_i(t). (40)

AGn-a(f") 3aganyM HEKOTOPYIO BEPOSATHOCTb ¥, OJIM3KYIO K
CIUHULIE, U HAIEM YHUCHIA Ynp K Ynes TAKHE, YTO

st 1—%
P ;(n—1)<7ncn < 7

p 8 1 <
Ynes Yap T ?;z_(n - ) > Top ¢ & )
Puc. 2 (puc. 2). Ilpu 3ToM LIS HEM3BECTHOMH JUCTIEPCHU o’
MONYy4UM
n — 1)s? n —1)s?
b LA Y Cind) L} (41)
Ynp Ynes
Yncna Ypp ¥ Ypes JIETKO ONPEENAIOTCS KAK PEIIeHUs ypaBHEHUH
1 —-% 14+%
Gn—|(7nes) - 2 > Gn-l(')'np) - 5

Tenepb B KayecTBe TOUEYHON OLIEHKU HEU3BECTHOMN AUCNEPCUU MOXHO B3ATb Jilo6oe Yyu-

2
cio o' w3 npomexyTtka (41) ¥ ¢ HaIEXHOCTBIO ¥ TOYHOCTb TAKOIO OLICHUBAHUS GyAET

HE XyXe, 4eM

(n — 1)s? _ a,zl (n - 1)s? 8

min{ o
Yrp Ynes
JI1s cuMMeTpUYHOM OLIEHKM,
o = l(n — )s2 e + Taes
2 YrpYnes
TOYHOCTb € = —(n — 1)s” Yup — Yaes
2 YnpYnes

OTMeTHUM, YTO €CJIY B Ka4eCTBE TOYEYHOH OLEHKH B3STh UCTIPABIEHHYIO OLIeHKY AUCTEp-
cuu 8%, To uHTEpBaN (41) OTHOCHTENBHO 3TOM OLIEHKH CHMMETPHYHBIM He GyJIeT.

3.3. ToNHOCTb M HAREXHOCTL OLEHUBAHNS ANS HErayCCOBCKMX pacnpeaeneHui

Pe3ynbTaThl npeaniayiero maparpada mo3BoasioT HaWTH TOYHbBIC JOBEPUTEIbHBIE UHTED-
BaJTbl IJIE MAaTEMaTUYECKOTO OXMAAHUA U AUCTIEPCHM HOPMAILHOM Cy4aitHOM BeIMYUHBEI,
NpU YCJIOBUM €€ HOPMaIbHOCTH. EciM Xe ciydaitHas BeanunHa { MMeET NPOU3BOJIbHYIO
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$yHKUHMIO pacripeiesieHUs], TO 3TO yaeTcs yXe He Bceraa. OnHako, eciiv 06beM BbIOOpDKH 10-
CTaTOYHO BEJIMK, TO MOXHO yKa3aTh rpuOJMXKEeHHBIE NOBEpUTEIbHBIE UHTEPBaNbl IPaHHIIbI
IUISE MOMEHTOB CIy4alHOM! BeJIMUMHEI £, UCTIOB3YS CleayloLlee YyTBepXIEeHHE.

Teopema. IIycmpb
l n
m=—3" X
n -
=]
— 3IMNUPUHECKAR OUEHKA MOMEHMQ 8-20 NOPAOKA CAy4aiiHol eeauyunsl £, Cyuiecmeosanue

Komopoeo npeonosazaemca. Toeda cay4aiinas eesuquna
*
m, - m,

/D&

pacnpedenena acumnmomu4ecku HopmanvHo c napamempamu 0 u 1,
lim P{n, < z} = F(z). (43)
11—00

Orclona cnemyer, 4To

P{lm} - m,| <}~ 2F(—€‘/—ﬁ) -1

v D¢*
3anaBasi ypOBeHb JOBEPUS ¥ U pelliast ypaBHEHUeE
2F(z) — 1 =%,

noJriyyaeM 3HayeHue r,, TaKoe€, YTo

. v D¢’ v D¢’ (44)

m: — 2, ~— < my < M} + T,

8 X Jﬁ N 8§ R 8 ® \/ﬁ
C BepoAaTHOCTBIO ¥, U, ecnu usBectHa DE°, To cooTHOLIEHKE (44) HaeT UCKOMBIH 10BEpU-
TeJIbHBIA UHTEpBAJI.

3ameuanne. HopmanbHoe pacnpeleieHHE JaeT FUI0X0oe NPHOIMKEHHE K HCTUHHOMY PACTIPEAEICHHIO CyM-
MH §; B 06J1aCTH BEPOSATHOCTEH OYEHb MAILIX WIH OYeHb Oiu3KMX K enHuue. Ilo3ToMy nosepurensHue
nHTepBantl (44) oueHs rpybu yxe npu p > 0,999. B HEKOTOPHIX CAYYAsiX YAAETCS OLEHUTh OTHOCHTEMLHYIO
OMMOKY, KOTOpas NnoJy4yacercs Npy 3aMEeHEe HCTHHHONO pPacnpeleicHUA CYMMBI GOLLIONO YMCaa Cayq4alHBIX
BEJIHYWH HOPMANLHBLIM PAacCnpeeficHHEM, H NIOCTPOUTD 60J1ee TOYHHE HHTEPBANh.

Ecnu xe D¢ HeusBecTHaA, TO OOBIYHO ee 3aMEHSIOT OLEHKOM
* 08 * 2
D 5 =m28—(ma) ’
ele 6oiee CHUXast TOYHOCTH JOBEPUTEILHOTO MHTEpBaa (44).

Mpwmep 1. MocTpouTb ROBEPUTENbHBIA MHTEPBAN AN MATEMATU4YECKOTO OXMAAHUS HOPMANbHOW Cy4aliHON
BEIMYMHLL, ecnv No BuiGopke obvema n = 21 NOCTPOeHB! OUEHKN T = 5 u 8 = 1,21. Yposexb posepus
x = 0,999.

« TouyHbil QOBEPUTENLHBIA MHTEPBAN UMEeT BUf,

_ s s
(z_txt/_;’ «"3+tx7—5),

28p-1(t) — 1 =0,999.
B vawem cnyvae n — 1 = 20, x = 0,999. Mo Tabanue pacnpeaeneqns CreiogeHTa (CM. HUXe) onpeaensem
t, = 3,85. Vickombiii QOBEPUTENBHLIA MHTEPBAN UMEEeT rPaHnLb!

4,053 < M¢ < 5,947,

rae t, — pelueHve ypasHeHUs
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§ 3. Murepsanniioe oueHusaine
Pacnpeaenenue CroiogeHTa
X
n—1
0,90 0,95 0,975 0,980 0,990 0,995 0,997 0,998 0,999

1| 6,314 12,706 25,452 31,821 63,657 | 1273 212,2 318,3 636,6

2 | 2,920 4,303 6,205 6,965 9,925 14,089 18,216 22,327 31,598

3| 2,353 3,182 4,177 4,541 5,841 7,453 8,891 10,214 12,941

4 | 2,132 2,776 3,495 3,747 4,604 5,597 6,435 7,173 8,610

5 | 2,015 2,571 3,163 3,365 4,032 4,773 5,376 5,893 6,859

6 | 1,943 2,447 2,969 3,143 3,707 4,317 4,800 5,208 5,959

7 | 1,895 2,365 2,841 2,998 3,499 4,029 4,442 4,785 5,405

8 | 1,860 2,306 2,752 2,896 3,355 3,833 4,199 4,501 5,041

9 | 1,833 2,262 2,685 2,821 3,250 3,690 4,024 4,297 4,781
10 | 1,812 2,228 2,634 2,764 3,169 3,581 3,892 4,144 4,587
12 | 1,782 2,179 2,560 2,681 3,055 3,428 3,706 3,930 4,318
14 | 1,761 2,145 2,510 2,624 2,977 3,326 3,583 3,787 4,140
16 | 1,746 2,120 2,473 2,583 2,921 3,252 3,494 3,686 4,015
18 | 1,734 2,101 2,445 2,552 2,878 3,193 3,428 3,610 3,922
20 | 1,725 2,086 2,423 2,528 2,845 3,153 3,376 3,552 3,849
22 | 1,717 2,074 2,405 2,508 2,819 3,119 3,335 3,505 3,792
24 | 1,711 2,064 2,391 2,492 2,797 3,092 3,302 3,467 3,745
26 | 1,706 2,056 2,379 2,479 2,779 3,067 3,274 3,435 3,707
28 | 1,701 2,048 2,369 2,467 2,763 3,047 3,250 3,408 3,674
30 | 1,697 2,042 2,360 2,457 2,750 3,030 3,230 3,386 3,646
o | 1,645 1,960 2,241 2,326 2,576 2,807 2,968 3,090 3,291

MprGAMXEHHbIA ROBEPUTENBHBIN MHTEPBAN C TEM XEe YPOBHEM JOBEPUS BHIrNAAMT Tak:

s s
(5—-’1&%, f‘*‘zxﬁ)s

2F(z) —1=10,999.
No Tabnuue HopmansbHoro pacnpepenenus (cM. . 69) onpepensiem T, = 3,3 U UCKOMBIA ROBEPUTENbHLINA
uHTEpBan

FAe T, — peleHre ypasHeHus

419 < ME < 5,81 »

3aMeTuM, YTO TOUHBLINA NOBEPUTEIbHBLIA MHTEPBaAX oKa3aics 6ojiee OCTOPOXHBIM, YeM
NpUOIMXEHHBIN. DTOro M CIeA0BAIO OXUIATD.

C yBenimyeHUEM Xe 06’ beMa BHIOOPKHU NpUGIMXEe HH I 1I0BEPUTEIIbHBIA HHTEPBAJI CTAHO-
BUTCS Ooiee 6JM30K K TOUHOMY. JIeACTBUTENBHO, ITyCTh NaHHBIE HallIeH 33Ja4M MOJIyYyeHbI
o Buibopke ooveMa n = 50. Torma t, = 3,5 m 4,45 < M¢ < 5 < 55. B 10 Xe Bpems,
z, = 3,31 4,48 < M¢ < 5,52 v pasHUL@ MEXIY TOYHBLIM U MPUGIHMXKEHHBIM 10BEPUTE/b-
HBLIMM MHTEPBaJlaM¥ YMEHbIIHJIACh.

3.4. 3ddexruHocTs ouenmsanus. Hepasencrso Pao—Kpamepa

Ipy OLIeHMBAHUM €CTECTBEHHO CYUTATH AMCIEPCHIO OLIEHOK MEPHIIOM TOTO, HACKOILKO XO-
POIIIa MJIM TLIOXa IPUHATas nipoueaypa. Ecayn § — corydaifHasi BeiMUMHA C 3aKOHOM pacripe-
nenenns ®¢(x; ) ¥ ns OLlEHNBaHNS TapaMeTpa 3 Mbl MMEEM JIBE Pa3TUUHBbIE [IPOLIEAYDHI
BB (Xy ... Xp)up=p(X, X, ... X,) cancnepcuamu af,] = Dp} u op, = Dp;
COOTBETCTBEHHO, TO IpU 0 < 07, OieHKa 3] cumTaeTcA yyille OLUeHKH B3 . [L1st GoNbInx
BHIGOPOK 3TOT MOKa3aTe/b He OYEHb CYLIECTBEH, 60, KaK CEAYeT U3 IMONYIEHHBIX BbIllIe

cootHoenu#t (30), (38) u (44), npu n — 00 TOYHOCTL OLEHMBaHMA yOuIBaeT Kak 1/v/n
Y CTPEMMTCS K HYJTIO HE3aBUCHMO OT 0, .
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OpaHaxo 115 ManbiX BbIOOpOK BOMPOC 0 BIOOpE HaWJIyylliei B yKa3aHHOM CMbICJIE OLIEH -
KM npuobperaer BaXHOe 3HayeHue. Mbl ONyYuM OTBET Ha HEro Npu JONOJHUTEIbHOM
IIPEANOJOXEHUM O HECMELLIEHHOCTH PaCCMaTPUBaeMbIX OL{€HOK.

[Tycts § — cnyuaitHas BeIMYMHA, IUIOTHOCTb PacnipesieieHus KoTopoit fe(x; () 3aBucuT
oT onHoro napametpa B. Ilyctb, nanee, 3 oueHUBaeTCs MO BbIOOpKe 0ObeMa 1 HECMELLEH -

HbIM 0Opa3oM
ﬁ’fb'ﬂ‘(Xth,...,Xn), Mﬂ*=ﬁ (45)

U (cm. m. 1.2.2.) ¢yHkuus npasronono6us suibopku L = L(X, ... X,; () onpene-
JIieTCsi COOTHOLIEHUEM

L(X,, ..., Xz B) = [ fe(Xi; B).
=1

t=

Torna uMeeT MecTo yrBepXaeHue

Teopema (Hepasexcteo Pao—Kpamepa)
1

2
Ops 2 . 46
oz [ 2 (4e)
L 8p
<« 1151 cokpauleHvsi 3aMCH NOJIOXUM
X=(X,...,X,); // o(X,, ..., X,) dX, ... dX, = / p(X) dX.
‘V-/ R"
n
H c yyeToM 3TUX 00603HAYECHU A MOTYYUM
/ L(X;8)dX =1 u / g (X)L(X; ) dX = p.
R™ R"
[lepBoe U3 COOTHOWIEHUH ClIeAyET U3 TOTO, YTO DYHKIMA NMPABAONOA00US eCTh IUIOTHOCTD
pacrnipeneneHus Bektopa X BbIGOpoYHbIX 3HayeHuit (X, ..., X;), BTopoe — U3 HecMe-

weHHocTy oueHku A*. NuddepeHUMPYsi 3TH COOTHOLIEHUS O [ U BLIYUTAsI PE3YbTAThHI
aMbdepeHUUPOBAHUSA, TIONyYaeM
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HepaBeHCTBO (46) Npy NOMOLIN HECTOXHBIX BBIKJIAIOK MOXET ObITh NEPENMUCAHO B He-
CKOJILKO GoJiee ynoOHOM LISl MPAaKTHYECKOrO UCTONb30BaHUs BHAE. A UMEHHO, IOCKOJIbKY

L(X; p) = [1 £(X;; B), 10
j=1

1 0L & 1 8f "\ 9 1n fi(Xj; B)
D55~ 2 id o5 0P T T op

9 In fe(X;; B)
ap

i)
IMostomy M (a—ﬂ- In fe(X;; B) a—ﬁ- In fe(X;; ﬁ)) = 0. C yyeToM 3TOro 3aMeyaHus

M[% g_g_] =M[2“:(amf;g’j;ﬂ)) 22(61111‘:%;&,,3) alnfg(ﬁz\’-;ﬁ))]z

j=1 i£]
" /§In f,z(x :6)\ 2 d1n f2i(¢; )\

M HEpaBEHCTBO (46) NpUHUMaET BUA

HE3aBHCHMBbI B CUJTY HE3aBUCHMOCTHU BbIOOPOYHBIX 3HaUeHMH X ;.

DyHKUIMH

2 1
O'pt ? e 7.
e (L6 1))

Mipumep 1. B BaXHOM ANA MPUNOXEHUIA ChyYae OLEHUBAHWUA MATEMATUYECKOrO OXWAAHUA HOPMANLHOW Chny-
YarkHOW BeAUuUHbl § nonyyaem
(¢ ~m)’ }

I
sittim) = = ow| -0

o2

> 7

m b n b

roe 0% = DE¢. 3ameTim, 4TO ANS SMIUPUYECKON OLIGHKU MATemMaTnyeckoro oxugamms m =~z =n"' ¥ X,
BLINONHAETCA

1= 2D(Y X)) = — nDX i

Oz = — il =—n = —

2T 2 ') 7 n? T on

1, ChenosartenbHo, C pacCMaTpUBaEMOi TOYKM 3peHUa 9Ta OUeHKa Haunyyag.

(48)

u (48) 3anuceisaerca 8 suae

Takue oLleHKH B CTaTUCTUKE Ha3bIBAIOTCS 3)peKmusHoMuU.

AHaJloruyHasi TeopeMa MOXeT ObITh JoKa3aHa M IS cJiydast COBMECTHOrO OLleHWBaH U
HECKOJIbKMX HEU3BECTHBIX NMapaMeTpoOB pacripeliefieHus. 3Jech Mbl OTPaHUYUMCS TOJILKO
(HopMyYNIMPOBKOIA yKa3aHHOM TEOPEMBI.

Ilycts, KaK ¥ Bplllle, { — HENpepbIBHAs CydaiiHas BEIM4YMHa ¢ INIOTHOCTBIO f¢ (X5 By,
..., Bx), 3aBHCAWE# OT BekTOpa napamerpoB 8 = (B, ..., Br), HecMellleHHas OLICHKa
KOTOpOrO JAaeTCsi COOTHOHIEHUSIMH

Bi~ B =p;(x), MB;=p, j=1,...,k

nL = L(X; B) — dynxuns npasaononotus sui6opku X .
Ilycth nanee

K[3'] = M(8" - B)(B* - B)"
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dinL dinL [8InL\T
I:K[ 89 ]zM[ 85 ( 86 ) J

— KOppeNALMOHHbIE MATPUIILI BEKTOpa OLIeHOK 3* v rpaauenTa iorapudma GyHKUUH NpaB-
nornonodusi, COOTBETCTBEHHO:

K[p'] = (K5); -, = M(8i - B)(8; - B}),
—x [amL] (KD - (M(amgg‘,ﬁ).ang,ﬁ“))).

Torpa, B npeanonoxeHuu, 4ro Matpuua I o6paTuMa, UMeET MECTO HEpaBEHCTBO
K[g'] >17, (49)

KOTOopoe cnenyeT MMOHUMATh KaK HEOTpULIATENILHYIO ONpeieIeHHOCTL MaTpunbl S = K — ! ,
T.e. VX = (:c.),_, , X # 0, BHITOJIHSETCS HEPABEHCTBO

Z S,-j:c.-a:j > 0. (50)

5




[nasa XLIV

CTATUCTUHECKAS
NMPOBEPKA I'MMNOTES3

B 3T0i1 riaBe Mbl ITO3HAKOMHMCS C 3JIEMEHTAMH CTaTUCTHYECKOM MPOBEPKHU TMIIOTE3,
T. €. C IPOLEAYPOil MOCTPOEHHSI HEKOTOPBIX MPaBW, MTO3BOJSIONIMX 0 Pe3yJibTaTaM 3KC-
NepUMEHTa BbICKA3bIBaTh CyXJEHHE O MpUpoIe ABRIEHNH, 00YCIOBINBAIOUINX U3ydYaeMblii

9KCIIEpHUMCHT.

§ 1. OOwue ceepeHus

TlycTh BEICKa3aHO HEKOTOpoe npeanonoxenue (runoresa) H o npupone ABIEHHUs, KOTOPOE
MBI HabiiogaeM B 3kcnepumeHTe. UYTo6bl npoBepuTh cnpaBemnuBocth H, caeayet aubo
M3Y4YHUTh BCIO COBOKYNHOCThb CEJACTBUH, KOTOPhIE JOXHBI HMETh MECTO, eClM runorteda H
BepHa, 160 yKa3aTbh HeKoTopoe coOhITHE S, HeBO3MOXHOE npH BepHoM runorede H. B nep-
BOM cJyyae (eciy Bce 3TH CleACTBHA Habnionalorcs) runoTedy H MOXHO CYMTaTh BEPHOH,
BO BTopoM (eciiv cobbiTHe HabaonaeTcs B 3KCnepuMeHTe) runore3a H HesepHa. 310 caMas
NpocTas CUTyalMsl U PacCyXAeHMs 30eChb IIPOBOIATCA IO caelyloliel cxeme: runore3a H
3KBHBaJICHTHA [TOJTHOMY Habopy CleACTBUHA, TO3TOMY

éce credcmaus umeiom mecmo =» H eepna (D)
unu: ecan H BepHa, To cCOObITHE S HEBO3MOXHO; [TO3TOMY

S umeem mecmo => H nesepna. (2)

IMpoBepka runore3 noxoOHOro pona He NMPeACTaBAACT IS UCCNEe0BaTe/il HUKaKUX 33~
TpYAHEeHHUH, HO Ha paKTUKE TaKasg CUTYaLIMsl BCTpEYaeTcs peako.

IMepBast cNOXHOCTb, C KOTOPO# NPUXOAUTCH CTATKHBATLCS, COCTOUT B TOM, YTO B 60J1b-
IIIMHCTBE JEHCTBUTENIBHO MHTEPECHBIX [UIA UCCAENOBATENA ClIyYaeB IPOBEPUTH BCe CJel-
CTBMA M3 runote3bl H He npeAcTaBafeTCsi BO3MOXHBIM U MPHXOAUTCS OrPaHUYHBATHCH
NpPOBEPKO# TONLKO YacTH ciencTsMid. Ho 3akiioyeHHe o crpaBeyIMBOCTH THIIOTE3B, CAC-
JIaHHOE [10 HeNoJTHOMY Habopy cienCcTBHiA U3 Hee Mo cxeMe (1), yXe He sIBIsieTCA JOCTOBEP-
HbiM. B TO Xe BpeMs 3axkJIlOUeHHe O HeCIpaBeLIMBOCTH runote3nl H , caeaHHoe no cxe-
me (2), Bce ewe nocroBepHo. [103ToMy, HaxomsCh B YKa3aHHOW BRHILLIE CHTYaliMH, MOXHO
TOJILKO OTBEPTHYTh TMIIOTe3y 110 cXxeme (2), Habmonas cobbiTHe S, HEBO3MOXHOE B ClIyyae
ee CIpaBeI/IMBOCTH, HO HeJlb3sl TMIIOTe3Y NOATBEPANTb. MOXHO JIMIIL BHICK23aTh CyXXIEHHE
o npaaononoouu runotessl. [IpuyeM creneHp Hauied YBEpeHHOCTH B CIIPaBEIMBOCTH
BBICKa3aHHOTIO CYXIeHUs OyneT TeM Bhillie, YeM 60abIuM i Habop ciiencTBuit 3 runore3st H
yAaJ0Ch [IPOBEPUTD.
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Kanaccuyeckum npumepoM Nono6HbIX TUNOTE3 SABNAIOTCS €CTECTBEHHO-HaYYHbIE THIIO-
T€3bl, KOTOPbIE BCEIIa NOABEPraloTCsl YKa3aHHO# BbILIE TPOBEPKE 1 IGO0 CTAHOBATCA TEOPU -
sIMM (€C/TM HeT NPOTHBOpEYalMX pacCMaTPUBaEMOli rUNoTe3e IBIEHUI ), W60 oTBepraloTcst
(ecnu TakOBBIE €CTB).

Xotenoch 661 MOTYEPKHYTH BOT KaKoe OOCTOSITENILCTBO: IO TeX MOP, NMoOKa He OGHapy-
XEHO sIBJIEHHE, TPOTUBOpEYalliee MPoOBepPsieMOi TMIIOTE3€e, €€ OTBEPTHYTh Helibasl. I1oaToMy
€CJIM MBI pacriojlaraeM JAByMsl TUNOTE3aMM, OAMHAKOBO NMOJATBEPXIAIOIIMMUCS B IKCIEPU-
MEHTE, TO Y HaC HET HUKAKUX OCHOBaHWM IS NMpENNOoYTEHUS OJHOMA U3 TUINOTE3 APYIoH,
M B TO X€ BPEMS Mbl HE B COCTOSIHUM (MOCKOJILKY pacrnojiaraeM HenoJHbIM HaGopoM cliefi-
CTBUI1) YTBEpXIaTh, 4YTO 00 FUIIOTE3BI CIIPABELIUBbI!

JlanbHeiiee yCIOXHEHUE CBSI3aHO C T€M, YTO B OCHOBE MU3ydyaeMbIX HaMU SIBJICHUH
MOTYT JieXaThb cJiydaiiHble BO3ACHCTBUS, U MaNo TOTO, YTO MbI pacrojiaracM HEroJIHbIM Ha-
OOpoM CReICTBMM U HE MOXEM JIOCTOBEPHO NMOATBEPAUTL TMIIOTE3Y, MBI TENEPh HE MOXEM
€€ ¥ OTBEPrHyThb, K00 JOBOJILHO TPYAHO yKa3aTh COObITHE S, HEBO3MOXHOE B Cllyyae Cripa-
BELTMBOCTU runore3bl H. MoXHo Julllb yKa3arh COObITUE S TaKoe, KOTOpOe NMPOUCXOAUT
penxo, ecu runotesa H BepHa. Cxema (2) B 3TOM ciiyyae yXe HenpuMeHnAMa, U60 U3 Toro,
yro rurnore3za H BepHa, Mbl MOXEM clejaTh 3aKIOYeHUWE JULIL O PEJIKOCTU COOLITHA S,
HO Hc 0 ero Bo3MOXHOCTU. [loaToMy HabatoneHue cobuITUS S B 3KcIiepuMeHTe runoresy H
HE OTIPOBEPraeT.

Paccmo1pum npumep. IlycTh MPpOU3BOAUTCSH KOHTPOJIL KaYyecTBa NapTUU NMPOAYKUWH,
MIpUYEM XapakTep NpOAYKUUH TaKOB, YTO CIUIOLIHOW KOHTPOJIb HEBO3MOXEH WU Hepa-
yMoHaneH Jlns peuleHUst BONpoca O KayecTBe BCell MmapTuu, coaepxaueid N u3aenuii,
orbepem n < N u3neNMii U TLAaTEeNbHO MccaeayeM ux kadectBo. IlycTh B BbIOOpKe OKa-
3aJ10ch M OeeKTHBIX u3lenui. Kakoe 3akiloyeHue MOXHO CHenaTh IO 3Toi BhIOOpKe
0 KayecTBe Bcell uccnenyeMoi naptuu? BuavMmo, eqTMHCTBEHHOE, YTO MOXHO CKa3aTh Ha-
BEPHSKa, TaK 3TO TO, YTO UCCIIeAyeMas NapTUs COAEPXUT HE MEHEe, YeM N, U He boltee, YeM
N — n + n,, nedeKTHBIX U3aeauii. Pe3yarTaThl Npou3BeIeHHOIO UCCieIOBaHUSI BLIOOPKH,
OIIHaKo, NO3BOJIAIOT HAAEATHCS, YTO A0S Ae(DEKTHLIX U3ENUH B NMAPTUU 6JIM3Ka K n;/n.
YTBepXIaTh Xe 3TO HaBepHSKA Helb3sl, 00 COBEPILIEHHO SICHO, YTO U Jilob6oe Ipyroe Jo-
nyctumoe (He MeHbilee 1, U He Goiibliee N — n + m|) KOIMYeCTBO AeeKTHBIX U3eNuii
B NTApTUU MOXET MPUBECTH K MojiyyeHHOM Hamu BbiGopke. Ilycth rumnore3a Hy cocTout
B TOM, YTO McCiiellyeMasl NapTvsl COIEPXUT J0M0 ¢ = M /n AebeKTHBIX uanenuit. s
NIPOBEPKHU 3TOM MMITOTE3bI PACCMOTPUM €11€ OJHY BhIGOPKY U3 COBOKYNTHOCTU B N U3aenuiA.
IycTs nons nedeKTHLIX U3eauii B 3ToM BhIOOpKe OKa3anach paBHOH ¢q; # ¢qo. Ecau pa3Huua
MEXIY Qo U ¢; He OYeHb BeJIuKa, TO OTCIO[a elle He CAEeNyeT, YTO NpoBepsieMas THoTe3a
BEpHA, XOTSI MOXHO OXHIaTh, YTO B OONBLIIMHCTBE CllyyaeB Tak OHO U OyneT. ToyHo Takxe,
3HAYUTENIBHOE pa3IMyue ¢g ¥ q; He 00yCIOBIMBaeT HEBEPHOCTH FMITOTE3bl Hy, HO NPUBOJUT
Hac K MbICJIY, 4TO runore3a Hy Bce Xe MajonpasaonoaobHa. DTo cBA3aHO C TeM, YTO TNpu
BepHO# runote3e Hy Mbl JONXKHBI Yallle NoJiy4aTh BIOOPKH, 1075 Ae(eKTHBIX U3AeNU B KO-
TOPBIX 61M3Ka K §g, HEXeJIX BoIOOPKH, 10/ Ae(PEKTHBIX U3NENUN B KOTOPLIX 3HAYUTENBHO
OTJinYyaeTrcs OT ¢g.

BoaBpalnasch K 06cyxaeHu10 o611el CUTYauH, HeCKOJILKO BHIOM3MeHMM npaBuia (1)
¥ (2) npuHATHS peLIEHUH, NpeBapUTeJbHO (POpMATN30BaB pacCMaTPUBAEMbIE TOHATHS.

[lycTs B 3KCMEpUMeHTe HabolaeTcs caydaiHas BeTMuMHa € (UM HECKOJILKO Cydaii-
HBIX BEJIMYHUH &, ..., &)

JTo6oii nenpomueopeuueniii Habop cyxncOerull 0 3aKoHe pacnpedenerus cAy4aiinol eeausunsl §
(usru cosoxynnocmu &, ... , &) Oydem Hazweéamv 2unomesoi. ITunome3sy Gydem Hasviéamo
npocmoil, ecau OHQ OGHO3HAUHO YKA3bleaem 3aKOH pacnpedenenus cay4aiinoi eeauyuns & (uau
cosoxynnocmu £, . .. , &,). B npomuenom cayuae 2unome3a Ha3ui6aemMcs CAONCHOL.
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Mpumep 1. Nycts cayvaitHas senuyuHa § — KonMYeCTso fedexTHLIX uanenun 8 naptuu. Munotesa Hy cocrout
B TOM, YTO Aons AedeKTHbIX U3Lenui 8 nNapTuM pasHa ¢p. 3TO npocras runotesa. Mpumepom CROXHOW
rUNOTe3bl B AHHOK CUTYaLMKM MOXET CAYXKUTL runoTesa O TOM, YTO Aons 6paka B NapTUM HEe NPEBLILAeT gp.

Mpumep 2. MNo suibopke X, ..., X, nonyyeHa OLEHKA HEU3BECTHOrO MaTEMaTUYECKOro OXUABHUS CAYYARHON
senuyuHbl €. MMnotesa o paseHcTse M HEKOTOPOMY YUCNY a SBNSETCH NPOCTOW.

Mpumep 3. MycTb 8 3KCEPUMEHTE PAcCMaTPMBAETCH napa HE3aBUCUMBLIX CRYYaiHLIX BeAMuuH. unoTesa
0 PaBeHCTBE UX MATEeMATUYECKNX OXUOAHUIA SBNSETCA CROXHOM.

Mpumep 4. Myctb 3aKOH pacrnpeneneHus CAy4aiHoOW BenuyuHbl  U3BECTEH, HO HEU3BECTHbI 3HAYeHus na~

pametpos, ero onpeaensiowux, Fe(z) = Fe(z; B, ..., 0:). Torna runotesa Hy 0 Tom, 4To napametpst
NPUHUMAIOT U3BECTHBIE 3HAYEHUS
Pr=bi; Ba=by ...; Pr=0bs,
SIBNSETCA NPOCTON. MMNOTE3a Xe, YKa3bisaiowan TONbKO BO3MOXHYI0 061aCTb 3HAYeHUIA napameTpos
! /
b <P <l vy b <O < by

6yaer CROXHOM.

Kpumepuem nposepxu zunome3sw 6yoem Hazoieamb 21060€e npasuno, no3eosioulee no evibopke
denamb 3aKAIOYEHUE 0 CNPABedAUBOCMU UAU HECNPABEOAUEOCU NPOGEPAEMOIl 2unome3n..

Kak yxe ObL1I0 OTMEYeHO Bbillle, Mbl HE MOXEM ITOCTPOUTH JOTHYeCKH Oe3ynpeyHoro
KpUTEpUS B Cllyyae TMIIOTe3hb!, CBI3aHHOM C 3aKOHOM paclpe/ieieHus ciay4aifHoi BeaAHYH-
Hu. [IloctymaTts B 3TOM ciiyyae Oynem ciaenyiomum obpa3om: mnyctb M — MHOXECTBO
coOBITU I HabmogaeMoro akcrnepuMeHTa. Boizeaum B M MHOXeCTBO S COOBITUI, MPOUCXO~
JSIMX pEIKO B Clly4yae CrpaBeLIMBOCTU NMpoBepsieMoii runoresbl H . IlycTs w — pesynbrar
a3kcnepuMeHTa. Toraa

eciu w € S, cuumaem 2unomesy MaronpaeoonodobHoi,
ecau w & S, cuumaem 2unomesy npagdonodo6Hoil.

MHOXeCTBO S Ha3BIBAETCS KPUMUYECKUM MHOMNCECME0M KPUTEPHUS. 3[eCh BO3MOXHBL
yeThipe Ciiyyasi.

I. Tunomesa H eepHa u npuznaHna co2aacHo Kpumepuio npagaono0obHoli.
II. Tunomesa H Heeepna u npusnana coenacHo Kpumepuio HenpaedonodobHoil.
II1. Tunomesa H éepna, Ho co2aacHo Kpumepuro npu3HaHa HenpasdonodobHoi.
IV. Tunomesa H Hegepra, HO cO21aCHO KpUmMepuUIO npu3Hana npaso0onodobHol.

Cnyyau III u IV ormuchiBaloT olin6KK, BO3MOXHEIE ITpY MPOBEPKE I’MNOTe3kl CTaTUCTH~
yecKMMHU KpuTepusiMi. OHU HOCAT Ha3BaHM e COOTBETCTBEHHO owiubok 1 u 2-20 pooa.

Xorenock 6bl, 4TOOB NpUMEHsEMble HAMU KPUTEPUHM KaK MOXHO yYallle NpUBOIWIN
K ciayyasm I wiu I1 m xak MoxHo pexe k om6kam (ciyyau ITT v IV). IToatomy kpuTnueckoe
MHOXeCTBO S OOBIYHO BLIOMpPAIOT TaK, YTOOH! NPH MpaBUJIbHOM IrHiore3e H BepoATHOCTh
TNIOJTyYEHHS B 3KCIIepUMEHTe ucxoa w € S 6bLUTa KaK MOXHO MeHbllEe. DTa BEpOSITHOCTS (Be-
POATHOCTH OLUMGKHM 1-T0 poa) HOCUT Ha3BaHHE yPOGHA 3Havumocmu Kputepus. Kak cienyer
M3 BHIIIEN3JIOXEHHOTO, Mbl HE MOXEM yKa3aTb MHOXECTBO S, COOTBETCTBYIOIlEE HY/IEBOMY
ypoBHIO 3HauuMocTd. IloaTomy 6yneM I0BOJLCTBOBATHCA KPUTHUYECKMMU MHOXECTBaMH,
COOTBETCTBYIOII{MMH XOTh U HE HYJIEBOMY, HO JOBOJILHO 6M3KOMY K HYJ/IIO YPOBHIO 3Ha4M-
MocTH. OOLIYHO B KayecTBe YPOBHA 3HauMMocCTH GepyT 3Havyenns 0,05; 0,01; 0,001, xors
B 3aBHCUMOCTH OT KOHKPETHOW CUTYallud MOFYT YTIOTPeOIATLCA M Ipyrue OJIM3Kue K HYJIO
BEpOSITHOCTH.

JLtg Toro 4to6bl CBECTH K MUHUMYMY OLUMOKU 2-r0 poja, ClieAyeT, Hapsoy ¢ Uccaenye-
Mo rumnoTe30ii H , paccMOTpeTb KOHKYPHUPYIOLIKE C HeH THIToTe3hl. [IeifCTBUTEIbHO, NYCTh
BepHa Kakasi-1100 U3 anbTepHaTUBHLIX IPOCThIX rurnore3 Hy. Torna HeBepHas runoreza H
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OyneT npu3HaHa BEepHOI B TOM Cllyyae, KOria MHOXECTBO COOLITHI , UMEIOLLIKUX MECTO B ClTy-
Yae cipaBeJIMBOCTH rMnoTe3nt H |, nepeceKaeTcs ¢ MHOXECTBOM COOBITHI, YaCTBIX B cyyae
CNpaBeIMBOCTH NpoBEpseMoii Turiore3sl H .

Beposmuocms npuname eunomesy H e cayuae, kozda eepra 2unomesa H,
Ha3weaemca onepamueHoll XxapaxmepucmuKoii Kpumepus omHocumensto cunomesw H .

Bepoamuocms omeeperyms 2unome3y H e cayuae, koz0a eéepra eunomesa H,,
Ha3u16aemcsa MOUWHOCMbIO Kpumepus omrHocumenbHo 2unomesst H .

TakuM 06pa3om, BbIOOp KpUTUYECKOM 00nacTH S OUKTyeTCss MUHMMU3alMei BeposT-
HocTe# onboK nepBoro ¥ Broporo poaa. Ecnu ynaeTcst mocTpouTbh KpUTHYECKYIO 00J1acTh
TaK, YTO MOILLHOCTb KpUTEPUSI NTPUHUMaET Haubonbllee 3HayeHUe 11t AAHHOM MPOCTOi ajib-
TEPHAaTUBHOW runoTe3b!l H;, TO COOTBETCTBYIOILMA Kpumepuii Hazsieaemcs Haubonee MOUHHIM
npu OaHHOM YPOGHE 3HAYUMOCMU.

Paeromepro naubonee mouiHsiM KpUTEPUEM Ha3bIBaeTCs KpUTEpUil, Hauboree MOIHbINA
OTHOCUTENbHO BCEX NOMYCTUMBIX aJbTEPHATHBHLIX TUMOTE3 NPU AAHHOM YPOBHE 3HauyM-
MOCTH.

PaccMoTpuM npuMep, WUTIOCTPUPYIOIMIA BBEIEHHbIE BbILIE TOHATHS.

[lycts € — ciuyyaitHas BenWyWHa, ONMUCHIBAaIOINAs YUCIAO NOsIBACHUNA repba B n
MOCNEeNOBaTeILHBIX HE3aBUCHMMBbIX MCIBITAHUSX, BEPOSITHOCTbL TOSBJIEHMs repba B Ka-
XAOM M3 KOTOPHIX HEHM3MeHHa. Iumnotesa, KOTOpyid MBbl XOTMM NpPOBEPHTb, COCTO-
UT B TOM, YTO BEpOATHOCTb IOsiBJiIeHus repba B OTAENbHOM McnbiTaHUM paBHa 0,5.
AnvTepHaTHBHbIE THNOTe3bl Hp, — BepOATHOCTb BbINANeHUsi repba B OTHENBHOM MC-
NbITaHMM paBHa p # 0,5. Jlerko BMAeTb, YTO KaK MNpoBepseMasi, TaK H ajnbTep-
HaTUBHble THIIOTe3bl SIBIAIOTCA NMpocThiMM. Jlnd mpoBepku rumoressl Hys nposelne-
HO m 3KCNEPUMEHTOB M OTMEYeHo, yto repd mosiBuiacsa n, pa3. MHoxecTBo M uc-
XOIOB 3KCIIEDHMEHTa COCTOMT M3 BCeX BO3MOXHLIX HabopoB {m;, n; < n}, ONUCH-
BAIOLIMX YMCNO MosBleHust repba n;, n; = 0,1,2,3,...,n. KpHuTuyeckoe MHOXe-
CTBO S, onpenensioliee Kputepuit, OyaeT NoAMHOXECTBOM MHOXeCTBa ucxonos M. 3a-
HalMM YpoBeHb 3HAYMMOCTHM @ M onpeneauM S Tak, YTo eCiu rumoresa Hys BepHa,

TO
Po,s{f € S} < a, (3)

HIU

> Ca(09)" <

CyMMHpOBaHMe BelleTCo 3[eCh 110 BCeM k TaKMM, 4TO 3HayeHHne § = k NpHUHaLIEXUT KpH-
THYECKOMY MHOXeCTBY S. Jlerko BUaeTh, YTo Npu 3allaHHOM YPOBHE 3HAYMMOCTH MOXHO
yKa3aTh JOBOJILHO MHOTO pa3IMYHLIX MHOXECTB S, yIOBIETBOPSIIOUIMX COOTHOLIEHHIO (3).
Kaxoe B3 3THX MHOXeCTB OyZIeT onpeaensitb KpUTepHuid [Uisi MpOBepKH Hallle# runoTes3kl.
Bo3bMeM, K npuMepy, B KayecTBe S MHoxecTBo S| = {n;: n; < kg}, rue ko omHo3HayHO
onpenensieTcsi U3 COOTHOLIEHUS

ko
> CH0S)" < (4)

Kak Haubonbliee U3 Bo3MOXHBIX kg. Kputepuii K|, nocTpoeHHbI! Ha OCHOBaHUM S, 6yner
npu3HaBats runore3y Hy s HeBepHO#, eciu § < ko, ¥ BepHO# B IPOTUBHOM ciyyae. SIcHo,
YTO 3TO HOJIXEH OLITh He 04eHb Xopoliuii Kputepuit. Kputepuit K, nocTpouM Ha OCHOBa-
HuM MHoxectBa S; = {n;: n; < k; wid n; > n—k;}. DroT Kputepui OyaeT npusHaBaTh
runore3y Hy s BepHO#, ecny ky < € < n — Ky, ¥ HEBEpHO# B poTUBHOM ciiyyae. OH yxe
KaXxeTcst Ty4Iium, yeM K.
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JIeCTBUTENBLHO, PaCCMOTPUM MoOIHOCTU KpuTepueB K| U K7 OTHOCUTEILHO KaKoH-
60 U3 abTepHaTUBHBIX runore3 Hy, p # 0,5. TlycTs Bepna runoresa H,. MowmHOCTb
kpurepus K| oTHOCUTeIbHO runore3sl Hy

ko
P{¢eS}=>Y cipt(l-p)" " (5)
=0
Hnsa xpurepust K,
P{eS}=> Cmp*(1-p)" " (6)
keS,

B 3TOM paBeHCTBE k; onpeneasercs u3
COOTHOUIEHUS

4 P{Enesl}

k

D> G5 <a

k=ﬂ—k|

KaK HauboJibiliee U3 BOBMOXHBLIX k.

3asucumocts MouHoct (5) u (6)
KkputepueB K; u K; COOTBETCTBEHHO OT
aJbTepHATUBHOM runore3sl Hy, cxeMaTU4YHO NpecTaBieHa Ha puc. 1. Orciona jierko ycmo-
TPeThb, YTO KpuTepuit K; GydeT HEMIOX, eC/iv ajlbTepHaTUBHAsA runoresa H, Takopa, 4To
p < 0,5. Ecnuxe p > 0,5, To cortacHo Kputepuio K| Mbl 6yeM [MOYTH BCera IpOBEPSIEMYIO
runiote3y Hy s cuuraTb BepHOi. BripoueMm, 3T0 6bijio OYEBHIHO C CAMOro Hayaja: BbIGpaH-
Hasi HaMM KpuTHYecKas 00JiacTh S| COBepILIEHHO HEYYBCTBUTEIbHA K OTKJIOHEHUSM YK Clia
TIOSIBUBILHMXCS B 3KCIIEpPUMEHTE rephoB B CTOPOHY uucen, 66abiiux 0,5n. Kpurepuit xe K,
CTPOWJICA HAa OCHOBaHUM OTKJIOHEHUH KaK B Ty, TaK U B JIpYTYIO CTOPOHY OT HauboJiee Bepo-
SITHOTO NPy BepHOi runotese Hy s yicna 0,51 u noToMy oKa3azicsi 4yBCTBUTEILHBIM KO BCEM
aTbTEPHATHBHBIM rMMOTe3aM. ONHAKO ¥ OH He JIMILieH HENOCTaTKOB. Ero 4yyBCTBUTENBLHOCTD
naaaer ¢ npubauxenuieM p K 0,5 (cM. puc. 1). Ho (sicHO 3 MOCTaHOBKM 3aja4H) 3TO BIIOJIHE
€CTECTBEHHO, ¥ HUYETO JIyYllIero B JaHHOW CUTYaLluu MPEMIOXKUTD HeJb3sl.

Jlerxo nmposepuTh, YyTO KpuTepuit K, Oynet Oonee MowmHbIM, YeM Kputepuit K, mis
mo6oi anbTepHaTUBHOM runore3sl H, Takoi, 4ro p > 0,5.

B nanbHeieM Mbl He 6yeM OCTAHABAWBATLCS HA WCCIEIOBAHUM MOLIHOCTU TOIO WU
MHOIo KpUTepus, H60 caMa MOCTaHOBKA 33a4M 0ObIYHO OTpenensieT, Kakas U3 BO3MOXHbIX
NPy JAaHHOM YPOBHE 3HAYUMOCTU KpUTUYECKUX obnacTeit S 6yaeT Hauiyyuie.

B 3akiioueHe OTMETHM BaXHOE OOCTOSITENILCTBO: MpOBepsieMast HAMY MTPY MOMOLLY CTa-
TUCTHYECKUX KPUTEPUEB FUIIOTE3a He nodaexcum eéepoamuocmuoll oyerke. TlockonbKy oHa
ONMUCHLIBAET HEKOTOPbie OOBEKTUBHBLIE CTOPOHBI UCCJIEAYEMOro MpoLiecca, TO MOXET ObITh
m60 BepHOi, 1M60 HeBepHOM, U BbICKa3biBaHUe TUNA: «/unomesa eepHa ¢ 6epoAMHOCMbIO
makoti-mo» 6€CCMBICJIEHHO. B CBA3U € 3TUM M0J1I€3HO UMETH B BULLY, YTO YPOBEHEL 3HAYUMO-
CTH KpUTEPHS, MOILIHOCTL KPUTEPUS, ONIepaTUBHAA XapaKTEPUCTHKa KpUTEPUSI He ABISIOTCS
YCJIOBHBIMU BEPOSITHOCTSIMU ONMMCAHHBIX BhIIlE COOBITUH enpu ycaouu, ymo eéepHa 2uno-
me3a Hy». Imu xapakmepucmuxu Kpumepus onucbieaom 6epoamHocms écrmpemums 6 sKcne-
puMernme my unu UHyl0 8u060pKy 6 npeononoxceruu, ¥mo UCMUKHAR npupooa AereHutl, Habniooa-
eMbX HaMu, onuckieaemcs 2unomesoi Hy unu xakou-nubyos aromeprnamueHoii 2unomesoi H .
MB&I He MOXeM roBOpUTH 06 yciioBHOM BeposaTHocTH P{¢ € S | Hy}, Tak KaK He B COCTOSTHUU
OCMBICJIEHHO MPUIKCATh KaKylo-11ub0 BEPOITHOCTL runorese Hy.

Puc. 1
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§ 2. MapameTpuyeckue runoTesbl.
Jlemma Helimana—Iupcona

IlycTb ciyyaiiHas BenvMuMHa £ UMeET paclpeaeieHue Ff(m; Bi, B2y - .., Br), N3BECTHOE
C TOYHOCTBIO JI0 BeKTopa mapamerpoB 8 = {fi, ..., Br}. Ha3sosem rumoresy H, napa-
Mempu4eckoi, €CJIi OHa COCTOUT B IIPEANOJOXEHUM, YTO BEKTOp [ MpUHUMAET 3HAYEHUs
13 HEKOTOporo MHoxectBa W,

Hy: B € W C R

I1pu mocTpoeHnu KpUTEPUEB MPOBEPKH MapaMeTPUYECKHUX THITOTES BAXHYIO POJIb UTPaeT
NPUHYUN OMHOWEHUA NPaeoonododus , MO3BONSIOILMHA B MOAaBJIAIONIEM 6ONBIIMHCTBE BAXHBIX
LTSI MIPWIOXEHU I CUTYallMiA CTPOUTh KpUTUUYECKUEe 001acT KpUTEPUEB.

Jns ynpouieHus nanbHeitero uanoxeHusi OyaeM cuurarh € HerpephiBHOM C [JIOTHO-
cThio fe(z; B).

HanoMBruM, 4TO npoueaypa MNpOBEpKH MNoAoOHOM TMNoTe3bl MPOTUB aNbTEPHATHBbI
H: B ¢ W TpebyeT yKa3aHUsi KDUTHUECKOIO MHOXECTBa S TaKoro, Yyroeciu & € § —
TUroTe3a MpUHUMAETCs1, B MPOTUBHOM Xe Cllyyae — OTBEPraercs.

TTonoxum
L(W)=sup L(X;B), L=supL(X;}3),
BEW B

rne L = H fe (X,, ,6) — (YHKUMSA NpaBAONON0oOUs BHIGOPKM X , ¥ PaCCMOTPUM OTHOLLIE-
HME =
L(W)
Ay = 5, ™)

KOTOpOE Ha3bIBAETCS OMHOUieHUeM npagdonodobus. SICHO, YTO Ag, HaXooUTCs B Mpeaenax

or 0 o 1. [lanee 3aMeTuM, 4To npu PUKCUpOBaHHOH BbIGOpKe X MpPEANOYTHTENLHBIMH
SBJISIIOTCS Te 3HAUYEeHUsI TapaMeTPoB 3, A1 KOTOPhIX L(X 8 ) OoJibllIe; MO3TOMY yeM O1Xxe
BEJIMYMHA Ap, K €[IMHULIE, TeM «6oJiee paBaoNono6HO», yTo runoresa Hy BepHa, eCiiM Xe
3HaYeHMs Ag, — MaJieHbKMe, TO CKopee BCero rumoresa Hy HeBepHa, Tak Kak 6oJiee «Be-
COMOIA» mpeaCTaBisieTCsi OfIHA U3 AJIbTEPHATUBHbLIX THIIOTE3, 3HAYUTEIbHO YBeJIMYUBAIOLIas
3HaMeHaTeIb OTHOlIeH U TPaBAoIoNo0Us B CpaBHEH MU C YUCIUTENIEM.

IlpuBeneHHbIE BhILIE HHTYMTUBHBIE COOOpaXeHMs yIAeTCsi aKKypaTHO GopMasii30BaTh
B BUJE CJIEAYIOLETO YTBEPXKICHMS.

Teopema (npuHuMn oTHoweKus npasaononobus Heitmana—Nupcona). Jas arbozo 0 < a < 1 kpumu-
YecKoe MHOXCeCmeo S Kkpumepus npogepku napamempuyeckou cunomeswi Hy: B € W cyposnem
3HayuUMocmu o 0aemcs COOMHOUWEeHUEM

S={X eR" : g, < Ca}, (8)
20e C, — nocmosHHaA, onpedensiemMan ycAoguem

PHO{EES} < a. (9)
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MOXHO 10Ka3aTh, YTO TaK NMOCTPOEHHBIN KpUTEpUil obagaer onpeaejicHHbIMU OITU-
MaJIbHbIMU CBOMCTBaMU, B YACTHOCTH, €CJIM TUrore3a Hy — npocTasi ¥ CTPOUTCH KPUTEPUH
NPOBEPKM NPOTUB runote3sl H — Takke NPoOCToii, TO KPUTEPUit OTHOLLIEHHUS MPaBAOIOA0-
6us oka3piBaeTCsd paBHOMEPHO Haubojiee MOLIHBIM KPUTEPUEM.

B kayecTBe npuMepa UCIob30BaHUS CHOPMYIIMPOBAHHOIO Bbillie MPUHLUIIA PACCMO-
TPUM TpOLIEAYPHl ITOCTPOEHUS] KPUTUYECKOro MHOXecCTBa S 1Sl MPOBEPKHU PAa3UYHbIX,
4YacCTO BCTPEYaloluxcs rMnores.

2.1. Nposepka runoTesbli 0 paBeHCTBE MaTEMATHYECKOr0 0XMAAHMS
HOPMAasbHOM C/TYYaHHOM BeNIMYMHDI YUCNTY G
ITocmanoexa 3a0ayu. B 3xcniepuMmeHTe Habionaercs ciayyadHasi BenvuyuHa £, pacnpele-
JieHHasd Nno HOpMaJIbHOMY 3aKOHY C Heu3BeCTHbIMM mnapamerpaMud ME u DE. IlonyyeHa
BLIOOPKaA U3 pacripeiefieHus ciiyyaitHoi BesiuuuHbl £. TpeGyeTcs BLISICHUTL, CIIpaBeLIv -
Ba JIM TUIOTE3a 0 paBeHCcTBe M€ = a.
BexTop napameTpoB (3 B 3TOif 3aaye AByMEpEH

B = (m, o),
Hysesas runore3a Hy cocrout B ToM, 4ro 3 € W, rne W = {(m, 0): m =a, 0 > 0} — no-

JNyTpsiMast Ha ionyriockoctu RS = {(m, 0): o > 0}. OyHkuus npapaONoL06M1s BHIGOPKH
X = (X, ... X,) 6yner uMeThb BUA

L(X,B) =L(X,m, o) =Z2_"$;/_2“?'1_" exP[-i%:f E(X,--—m)z]. (10)
i=1

s L(W) 1 L nojyduM COOTBETCTBEHHO

LW)= sup L(X,m,o0),
(m, o)eW

L= sup L(f, m, a).
(m, 0)eR?

(11)

HecoxHbie BHIKJIAIKHU 110 HAXOXAEHHUIO 3KcTpeMyMoB (11) npusoasr K Gopmynam

] n
argextr L(W) = — > (X - a)’,
i=1

1 1
argextr £ = {msxctp =~ Y Xi=%, oo = =D (Xi- 5)2}-
i=l
OrtHoureHHe npasaonoao6us (7) npuHUMaeT BUL

e (BE=)

3aMeTHM, 4YTO TaK Kak
(X;-z)=(X;—a+a—3%) =(X; - a)’ + (a - £)’ + 2(X, - 3)(a - ),

TO

i(x,- -z’ =) (X;—a) +n(Z—a)’ - 2u(Z —a)’ = an(x,- —a)? - n(z - a)*.
=1 i=|
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OTCIOlla, pas3/icIMB NOCIEAHEE COOTHOIWEHHUE Ha €ro JIEBYIO YaCTh, MOJIYYUM

()"
B )(Ho n—l’

roe t,—) = 5;—‘—'\/5 — cnyyaiiHas BeJIMYMHa, UMelollas pacrpeneieHue CtoioneHTac n — 1
CTeNEeHBIO CBOOOIHI.
[Noatomy KpuTHyeckas obnacts (8) B paccMaTpuBaeMOM CiTyyae UMeeT BHI

S={XeR" Mg, <Co} ={tas1 ER |ta1] > ta}, (12)
rie 3HayeHue £, NaeTcsi COOTHOUIEHUEM
P{lta-1l > ta} < @

MEI UK K XOPOLIO U3BeCTHOMY KpuTe puio CThIOeHTa pOBE KK pacCMaTpUBaeMOit
TUINOTE3bl, KOTOPhIi, BIIpOYeEM, Jierko Mor 6bl ObITh MOJyYeH MPAMBIMM pacCyXIeHUSIMH,
He CBSI3aHHBIMM C WCIOJIb30BaHWEM OTHOUIEHUS NpaBaonoaodus.

Jle¥icTBUTENIbHO, N0 BLIOOpKE, NMONYyYeHHOM B pe3yjibTaTe 3KCNEPUMEHTa, Mbl MOXEM
MOCTPOUTh TOYEYHYIO OLIEHKY £ HEM3BECTHOro napamerpa M§

=—Zx (13)

i=1

Pe3ynbTaThl NpeAbIAYLIEH [IaBbl IO3BOJISIOT YTBEPXAATh, YTO oueHkKa (13) moxoxa Ha uc-
TUHHOE 3HayeHue M €, Ho He 06s13aTesIbHO ¢ HUM coBMagaer. IToaTomy U3 Toro, 4yto T # a,
MBI €lll€ HE MOXEM ClIeiaTh 3aKloyeHus, 410 M€ # a. Eciiu BCNOMHUTD aHAJIOrUIO ¢ Ie-
IIepHbIM yesioBeKoM IliaToHa, To0 Z — 310 HabnlonaeMasi HAMU «TeHb» ME ¥ Mbl JOJDKHHBI,
CpaBHUBasA «T€Hb» U U3BECTHOE HaM YU CJIO @, BRICKA3aTh CyXIeHue, BepHarunoresa M§ = a
WJIM HeBepHa.

Eciu npuHATL, YTO runore3a M§{ = a BepHa, TO BEJIMYMHA

I vm (14)

S

OKa3bIBaeTcs pacnpefie/ieHHOM no 3akoHy CTbiofIeHTa ¢ . — | cTeneHbIo CBOGOIBI.
3agagvuM HEKOTOPH YPOBEHb 3HAaUMMOCTH @ U OTIpe/IeIMM KpUTHYECKOe MHOXECTBO S
KaK MHOXECTBO TaKMX OTKJIOHEHUI Z OT @, BepOSITHOCTb BCTPETUTL KOTOpbIi€ B 3KCIEPU-
MeHTe (B cllyyae CrpaBeUTMBOCTH rMnore3bl M£ = a) He NpeBbilliaeT . 31ech 3a10XeHa
cledyiollass MAes: €clid TMnoTe3a BepHa, TO OTKJIOHEHMS vallle OYXYyT MalbiMU, a pexe
6onbuMH. [Toamomy mansimu cyumaem me omkAOHeHUA, Komopuie 6cmpesaiomcea yacmo!

S={z-a: P{T-a|>A}<a}.

t =

IlockonbKy
A
P{|z —a] < A} = P{It 41l < "‘/_} = 28, (—"s‘/j) -1,

rae S,-1(7) — dynkuus pacnpenenenus CTeioieHTa ¢ 1 — 1 creneHsio ceoboml, To norpa-
HUYHas BeJIMYuHa A, MOXeET ObITh OnpelieicHa U3 COOTHOLIEHUS

A
25“_1(_%\/_'_’7) “1>l-a

JIJ1si NpoBEpKHM rMIIOTE3HI 0 KOHKpeTHOMY Habopy X, X», ..., X, , mojiyyeHHOMY B 3KcIle-
pUMMeHTe, BLIYMCIIMM OLIEHKY T U HailieM OTKJIOHeHUe T —a. Eciiv oHo nonajgaeT Bo MHOXe-
cTBO S, TO rMIIOTE3a O paBeHCTBe M § = a CYUMTAETCsl HECOrIAcyIolleiics C IKCIepUMEHTOM
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W OTBEPraeTcsi Ha ypoBHE 3Ha4YUMOCTH a, B INPOTUBHOM ClIy4a€ runore3a nNpuHUMaeTcs
Ha YpOBHEC 3HAYUMOCTH a@.
Mpumep. CraHok HACTPOEH Ha BLIMYCK Aeraned pasmepom d. Pasmepsl fetanei, U3rotasimeaembix Ha AaH-
HOM CTaHke, He OyalyT B TO4HOCTU pasHbl d, a 6yayT umeTs pasmep
d=d+¢,
rne € MOXHO CuMTaTh HOPMANbHOW CNY4aAHON BEAMYMHON C MaTemartnyeckum oxmuaaHuem 0 M HexoTopon

aucnepcuen o?. Detanb cuntaeTc 63AeeKTHON, ECaN OTKIOHEHNE e pasmepa OT 3aaHHOTO 3aK/HOYeHb!

8 npeaenax
—h<{<h.

Takum 06pa3oM, XOPOLIO HACTPOEHHLIA CTaHoK GyaeT 8 CpeaHem AasaTb AOn0 ¢ Ge3nedexTHbIX U3Aenui,

rne
h
q—2@(; - l).

B npouecce U3roToBREHWUS AeTaneil CTaHOK MOXET PasnapyTbes — LEeHTP HAaCTPONKU d MOXET CMeCcTUTLCS,
npy 3TOM pasmep aetanu Gyner sbipaxaTbCs COOTHOLWEHUEM

d=d+a+¢=d+¢§.
3pech @ — CMelleHne UeHTpa HacTpoitku craxka. OTxnoxewne §; pa3mepa geTtanu OT 3aAaHHoro Gymer

B 3TOM Clyyae CRyyaifHON BENMYMHON C HOPManbHLIM 3aKOHOM PAacnpeneneHns M C MaTeMaT4eckum oxuaa-
Huem M§, = M(é+a) = a. Donsa 6eanedexTHbix U3nenuii, N3roTOBAEHHLIX Ha CTaHKe, NPU 3TOM YMEHbLUNTCA

0=e(15%)+(=)

1.€. yBenmuutcs aona Gpaka (puc.2). Baxwas 3apava — CBOEBPEMEHHO YCTAHOBUTL MOMEHT CMeLLeHMs
UeHTpa HaCTPONKM.

Puc. 2

Bepetca HEKOTOpoe KOAM4ECTBO AeTanei (00bi4HO 3—4) U HaxoaMTCA cpeaHnid pa3Mep, a 3aTeM OTKNo-
HeHue 3TOro CpeaHero pasmepa or npeanonaraemoro d. CpasHUB MONYYEHHOE OTKIOHEHUE C rpaHnuamm ansa
OTK/IOHEHUS, KOTOPLIe JONKHLI UMETL MECTO B CAy4ae, eCnu CMeLlleHue LieHTpa HacTPOWKMU He NMPOMU3OLLNO,
MOXHO BLISCHUTb, CrIPABEAAMBA M rMMOTe3a O CMELLEeHUM LEHTPa HAaCTPOWKKM CTaHKa.

2.2. Mposepka runoTesbl 0 paBeHCTBE AUCTEPCHU
HOPManbHOM Cy4aiHoi Bennununl & wucny b

ITocmanoéxa 3adayu. B akcneprmeHTe HabnonaeTcs caydyaHas BeJiMuMHa £, pacnpelieicH-
Has 110 HOpMaJILHOMY 3aKOHY ¢ napameTpamMu M§{ = m u D§ = o? , KOTOpble HEU3BECTHHBI.
ITonyyeHa BhIGOPKa U3 pacnpeaejeHus ciydaiHoi BeauuuHnnl §: X, X,, ..., X,. Tpeby-
eTCs1 BLIACHUTD, paBHO JIK yucao D€ HekOTOpoMy Harepea 3afaHHoOMY yuciy b?
AHAaJIOTHYHO TOMY, KaK 3T0 ObLIO CIeJIaHO B peAbIAYLIIEM ITYHKTE, MOXHO [10Ka3ath, YTO
NPUHLIMIT OTHOILEHWsI PaBAONOAOGUS NPUBOAUT K KPHTHYECKOMY MHOXeECTBY S, onpee-

JIIEMOMY CTaTUCTUKOM
2

Xao1 = _b—(n - 1), (15)

rie 32 — HecMeleHHAs OLEHKa JUcTepcuu. A MIMEHHO, €CJIM 'MIIoTe3a 0> = bcrpaselL 18a,
To BeMuuHa (15) uMeer pacnpeaeneHuUst x? ¢ n — 1 cTeneHbI0 cBOGOMbI ¥ IS Y"
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3HaYUMOCTH @ KPUTHYECKOE MHOXECTBO S MOXET OBITH ONIPeAe/iEHO KaK MHOXECTBO TaKMUX
3HaYeHU it 8%, BEPOATHOCTb BCTPETUTH KOTOPBIE B 3KCIepUMEHTE He OoJiblile a,

S = {sz: P{s2 € S} < a}.

B culy HeCMMMETPUYHOCTH pacipeie/ieHUs X Mbl HCITONb3yeM ISl [IOCTpoeHus obnactu S
HECUMMETPUYHbBIE TOBEPUTENbHbIE PAHULIBL.
IMonyyaem

P{ss< A} = P{«S < %(n- 1)} u P{s’> Az} = P{(S > %2-(1; - 1)}.

3nech P{6 < } — pyHkuus xz-pacnpeneneuuﬂ ¢ n — 1 creneHslo cBOOOADI.
Peiag ypaBHeHUs

a a
Gri®) =5 u 1-Guna(t)= 7,
HaXoIuM 4ucia t, u ty TaKkue, 4To
b a b a
P{82<t:~, 'n—':}-‘—"-z* /| P{82>tzm}=5’ (16)

OTKYyJa KPUTUYECKOE MHOXECTBO S umeeT BUl

b b
ty ——, th —— ).
(“n—l’ “n-l)

JInsi mpoBepPKU rMIIOTE3bl [0 KOHKpEeTHOMY Habopy X, X, ..., X, 3HadueHu# caydaitHOMI
BEJIMUMHBI &, MOJydeHHOMY B 3KCIIEPUMEHTE, BbIYUCIUM OLIEHKY s? nucnepcuu. Ecinm
[IOJIy4eHHOE YU CJIO NMOoMnaaaeT B KPUTUYECKYIO 00/1acTh S, TMIIOTe3a OTBEpraeTcs Ha ypoOBHE
3HaYUMOCTHU Q, B IIPOTUBHOM CJIy4ac runiore3a npuHUuMaeTcs.

Mpumep. CraHoK HACTPOEH Ha BLINYCK AETanNei HeKOTOPOro Hanepepa 3aAaHHOro pasmepa d, NPU4EM TOYHOCTL

paboTwl CTaHka onucbiBaetcs aucnepcueid DE cnyyaitHoin senuuukbl § — OTKNOHeHUA pa3mepa d peTanu
OT 3aaHHOro cpeaHero d: _
d—-d=¢
rne £ — HOPManbHO pacnpepeneHHas cnysaiHas senmuuHa ¢ M§{ = 0 u D¢ = a?. Detanb cuutaetcs
6e3nedexTHON, ecnu OTKNOHeHUWe § ynoBRETBOPAET YCNOsUIo
-h<{<h
Ecnu cMellieHUe LieHTPa HacTpoiku He HabnlopaeTes, T B cpepHem mul Gyaem nonyyars aonio ¢ 6eanedext-

HbiX U3penui
h
qg= 2@(;) -1

B npouecce u3rotoBneHus Oetaned TOYHOCTb MOXET CHUBUTBLCH, T.e. MOXET yBenuyuTbCR aMcnepcus
HabnoaaemMbix OTKIOHeHU & OT 3afaHHoro pasmepa d. Ecnv cmellieHre UeHTpa npu 3TOM He NPoM3oWno, To
OTKIOHeHUe GyAeT ONUCHIBATLCS CAyYaniHOW BenuyuHon ), amcnepcus kotopon D§; > DE. Dona nedexTHbix
v3nenuii Npu 3ToM YBeAMYUTCR (puc. 3).
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[ns Toro uto6bi BoBpems 06HAPYXUTb Pasnanky CTaHka, B0O3bMEM HEKOTOPOe KONN4YecTso gertaneit (3—4)

W HalieM OUEHKY $°. CpPaBHUB MONYMEHHYIO OLIEHKY C TPAaHMLEMM, KOTOPHIE AOMXHL UMETb MecTo, ecau
pasnagku HeT, Mbl CMOXEM BBISICHUTb CrPaseMBoCTb HALWMX MOLO3PEHUN OTHOCUTENBHO CHUXEHWUSI TOYHOCTH
U3roTOBNEeHUs AeTaneit Ha AaHHOM CTaHKe.

B 3akii0ueHue 3TOro NyHKTa OTMETUM, YTO NIPU NMPOBEPKE F'MITOTE3bI O PAaBEHCTBE AMUC-
nepcum af = crg napbl He3aBUCHUMbIX HOPMAJIbHBIX CJIyYaiiHBIX BEJIMUMH 1O HE3aBUCUMBIM
BbIOOpKaM 0OBEMOB 1L U T COOTBETCTBEHHO, MPUHLIMIT OTHOLLIEHUS PaBoONoAo6us B Kaye-
CTBE CTATUCTHUKHM ISl MOCTPOEHUSI KPUTHUYECKOM 00JIacTy 1aeT BEJIMUMHY Z — OTHOILCHUE
Pumepa—CHenexkepa

(n—1)s}

(m—1)s;
MMEIOLIYIO, B CIy4ae CIPaBETMBOCTH THIIOTE3bl O PABEHCTBe AMUCTIEPCUH, pacnipeneieHHe
duuepac (n ~ 1, m ~ 1) crenmeHsIMH CBOGOABI.

3amaguM ypoBeHb 3HaYMMOCTH O M ONPeNe/iuM KPUTHYECKOe MHOXECTBO S KaK MHO-
XECTBO TAKNX 3HaYeHUHi S° /83, BEPOSTHOCT BCTPETUTh KOTOpbIE B 3KCTIEPUMEHTE He GOlb-

e a,
2
3
P{7 € S} < Q.
3

HanoMHuM, yto pacnpenenieHrue Ouiiepa aCUMMETPUYHO U NTPU N > 2 YHUMOAAIbHO.

EciM Haula rUIioTe3a CTIpaBe/UIMBa, TO B GOBIIMHCTBE CITydaeB OTHOLIEHUE 8} /83 MoMX-
HO GBITH GJIM3KO K eUHMLE, T. €. oTHomeHHe (17) ZoKHO GiTh 6iM3Kko K (1 — 1)/(m — 1).
YuuTHIBast aCHMMETPHIO, BRIOEPEM YHCIIA ¥; U ¥ TaK, YTOOHI

P sf <x x P 8% > x
—— —_— H ——— =_.
g 72 g7 2

Eciu Fyy— ) ;-1 (x) — PyHkums pacnpeeeHus cIy4aiiHON BEIMYMHBI Z , TO YUCHA ¥ U X)
ABNAIOTCA PEIICHUSIMU YPaBHEeHUH

n—1 a n—1 «
Fo i, m-1 —— k)=5 H 1= Fopt,m-i —1)=7

JUi poBEPKH TUIOTE3bl MO BHIOOpKAaM, MOJYyYEeHHLIM B pe3ysbTaTe 3KCIEpUMEHTa,
HaxoAWM OTHOLIEHUE sf /s%. Ecnu oHO nonagaeTr B KpUTUYECKYIO 001acTh, r'MINOTE3a O pa-
BEHCTBE JMCTIEPCH CYMTAETCA HECOIIACYIOIEHCS C ONMBITHLIMHM JaHHBIMU Ha ypOBHE 3Ha-
YMMOCTH &, B IPOTHBHOM CJIyyae rMIore3a NpuHHUMaeTCs.

zZ =2Z[n~-1;m~1}, (17)

2.3. Mposepka runoressl 0 paBeHCTBE CPeAHNUX HOPMASIbHBIX CNYYAMHbIX BENWYUH

Ilocmanosexa 3adayu. PaccMOTpUM napy He3aBUCHMbIX HOpMAJIbHO pacnpelie/IeHHBIX Clly-
yaifHBIX BeIMUMH &) ¥ &, c napametpaMu M¢&,, D& v M&,, D§, cootBeTcTBeHHO. B pesyinb-
TaTe 3KCNEpUMEHTA NOJIyYyeHb! JIBE€ HEe3aBUCUMbIE BLIOOPKM M3 pacnpeliesieHusi CaydaiHbix
BeMYUH & U &

XI,X2,...,X" 51 Yl,Yz,--.,Yn.

TpebyeTcs BBISCHUTb, COBNANAIOT JiM MaTeMaTHyecKue oXunauus M§&; n M¢&,.

1. Ilo BHIGOpPKaM CTPOUM OLIEHKHU sf U s% nucniepcuit D& u D€, M, KaK 3T0 yKa3aHo
B NpeAblOyLIeM NMyHKTe, NpoBepsieM rumnoresy o paBeHcTBe DE; = DE;. Tlyctb runoresa
O paBeHCTBE NUCTIEPCUI COracyeTcsi C AKCIIEPUMEHTAIbHBIMH JaHHbIMU: a,z = a%.
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Nemma. Cayuaiinas eeausuna

S(X; - w)2+Z(Y 7)

-5'3 — =1
' n+m—2 (18)

Aensemca HecmeuerHoll oyerKoll obwell Heusgecmroil ducnepcuu cayuainvix geauqun €y u &, .

<« 3aMeTuM, 4TO
(n —1)si + (m - l)-‘32
n+m-—2

2

Sn,m

INToaToMy , ,
n— m—

— M&+ ——— M3}

n+m-—2 n+m-—2

Ho s? u s3 — HecMellleHHbIe OLleHKH D ;= 02,
1 1.8

MS* = 02,

MS? =

a NMoToMy Ms% =olu Ms% = g2, OTKyjJa

YTO U TpeOOBaJNOChH 10Ka3aTh. b

Teopema. Cayyaiinas eeauquta

-9
t" -9 = —
T Sam

umeem pacnpedenerue Cmoloderma ¢ n + m — 2 cmeneHamu ce0600ui, ecau MoabKo éepHa
eunome3sa o mom, ymo M &, = M§,.

Y;, a $* — HecMeleHHas oueHka (18) obiei nucnep-

[V]s

n
3recbZ == > Xi, =2
t—l =1
CHHU D&] = sz = 0’
« [Tockonbky Buﬁopxn X, Xy ..., XpuY, Y, ..., Y, U3 HOpMAILHBIX 3aKOHOB,
TO pa3HOCTh T — § pacmpe/esieHa no HopMaibHoMY 3akoHy ¢ M(Z — 7) = 0 (B ciyyae
BepHoii runore3sl M ¢, = M§&,;). [oaromy BennumHa (Z — §)/o pacnipenesieHa HOPMAILHO

cniapametpaMi 01 {/ ; + o . CllydaitHbie Beunuet (n—1)s7/o” u (n—1)s3/0” He 3apucst

OT £ ¥ § M pacnpefeieHbl Kaxnas rno 3aKOHy x2 cn—1um— 1 creneHsasMu cBob6onbl
cooTBeTcTBEHHO. [To3TOMY BenMuMHa
2 52 52
— (n+tm=-2)= (n—l)+ (m-1)

UMeeT pacrnpeneiieHue xz C N 4+ m — 2 CTENeHsAMHU cnoGonm ¥ He 3aBUCMT OT Z — . O1clona
OTHOLIEHHE _

zT—-Y
_ —— ymn
Nl Y- ov/m+n (19)

Svn+m wm S/o
nMeeT pacripeneneHue CTbIoJIEHTa C © + m — 2 CTeneHsAMH CBOGOIH. b

Kak u Boille, MOXHO NTOKa3aTh, YTO NPUHIUIT OTHOHIEHUS NpaBaoNoao6usi NpUBOAUT
K KpMTHYECKOM 06J1acTu, onpeneliseMoi cratuctikoit (19) (st GuxcupoBaHHOTO YPOBHS
3HAaYMMOCTH @ 06JiacTh S onpeneisierca U3 yCiaoBUA

P{lz - gl > A} < o).
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2. Ecniu xe runore3a o paBeHcTBe nucnepcuit D€, = D§; He MoATBEpXAaercsi, TO
Cly4YailHY10 BeJIMYUHY, OMMMCHIBAIOLLYIO OTKJIOHEHUA T U ¥, 3aKOH pacripeiejieHusi KOTopoi
He 3aBUCHUT OT NapaMeTpoB paclipe/ieieHus ClyyaHbIX BeiMuuH &€ U £, MOCTPOUTH yXe
HE yaaercs.

[1poBepKy runmore3nl 0 paBeHCTBE CPEAHMX ABYX HE3aBUCHMbBIX HOPMaJIbHBIX COBOKYITHO-
CTe¥ NPOBOJSIT B 3TOM CJlyyae ClleAyIoLMM 00pa3oM: pacCMaTpyUBaeTCs ClyyailHas BeiMYMHa

r—Yy

T = ,
D& D&
n m

KOTOpasi UMeeT HopMaJibHOoe pacrnpeseieHue ¢c mapamerpamu 0 v 1. Eciu n u m gocraroyno
BEJIMKM, TO 3aMeHa TOYHBIX 3HaueHuit DE, u D&, ux olleHKaMu sf U s% He OYeHb HapyLiaer
pacripeieieHus CiayyailHO! BeJIMYUHBI U MOXHO CYUTATD, YTO CllyyailHas BeJIMYUHa

5@
= y vVnm

\/ms? +ns?

vMeeT NpUOIN3UTEILHO HOPMalbHOE pacnpeneneHue ¢ mapamerpamu 0 u 1 (mpu BepHoiA
runioreze M§&, = M&,). BTuM yao6HO BOCIONL30BAThCS IPU MOCTPOEHUM KPUTHYECKOM
obsacTu S, onuchiBalOWENd peiKUe OTKIIOHEHUS T U §.

§ 3. Kpurepuu cornacus

Jpyryio BaXXHYIO rpyIiIy rurnore3 o6pa3yior HerapaMeTpU4eCKUe rurmoTe3bl, U3 KOTOPhIX Mbl
OCTAHOBUMCH 3/1€Cb Ha TMITOTE3aX O 3aKOHaX pacripeejieHus.

OuyeHb YacTO U3 TeX WKW UHBIX coOOpaXeHUuH MoXeT OBbITh BHICKa3aHa rMIioTe3a o Xa-
paKTepe 3aKOHa pacrnipelesieHus HabiionaemMon ciyyaidHoi BenuduHbl. K npumepy, eciu
ciyyaiiHas BeituuHa £ 00ycloB/IeHa CYMMapHbIM BO3/IeHcTBHEM GOJILIIOrO YK Clia IPUoIIu-
3UTENLHO OJUHAKOBLIX aKTOPOB, TO, PYKOBOACTBYSIChH LIEHTPAIbHOM NpeesibHOM Teope-
MO¥, pa3yMHO npeanoiararh, 4To £ UMeeT HOpMaJIbHOE pacripeesieHue.

Kak MbI yXxe 3HaeM, npeacTaBieHue 00 UCTUHHOM QYHKIMY pacnipeaesieHus cilyyalHou
BEJIMYUHBI £ MOXHO COCTaBUTb O 3MNUpUYecKoid GyHKIUU pacnpeneieHus. Iloaromy
€CJIY BhICKa3aHa TMroTre3a o TOM, YTO UCTUHHasA QYHKLUUS pacnpeaeeHus CiydyaiiHON Be-
nuyuHH € ecTb F¢(T), TO ecTeCTBEHHO U3yyaTh MOBEACHUE OTKIOHEHMs Ipe/rnoiaraeMoi
dyHkuyu F(z) or HabnogaeMol aMnupuyeckoit Fp(z). Eciv otkionenue Fe(x) ot F(x)
OKaXeTCsi 3HaYUTENIbHBIM, TO F¢(x) He MoxeT 6bITh DYHKLMEH pacnipeie/ieHUsI CIydai HoM
BesiuyuHb €. [Ipuyem 3HaYUTENLHBIMU OyIeM CYUTATh TAKHUE OTKJIOHEHUS, BEPOSTHOCTD
Ha0NI0AeHUA KOTOPLIX B 3KCIIEPUMEHTE IPU BEPHOM rdnore3e o4eHb Mana.

[MocTpouM ciyyaiinyio Benuyuny d = d{F¢(x), F,()}, omuchiBaIOLLYO paziuyye MeX-
Jy TUroreTuyecko QPyHkuuen Ff(m) 1 Habmoaaemoit F,(x). 3anaBas ypoBeHb 3HaUMMO-
CTU Q, OTIpeaesieM Yucio d, Takoe, YTo

P{d > d,} < a.

Toraa runore3a o BUAe 3aKOHa pacripelieJieHUsl CYUTAeTCs corlacylolleics ¢ IKCrnepuMeH -
TalbHbBIMM JaHHBIMM, eciu d < d,. B NpoTHUBHOM ciyyae runoTesa CUMTaercs IUIOXO
COIJIacyloLleiics C 3KCIIepUMEHTOM U OTBEPraeTcs Ha YpoBHE 3HAYUMOCTH o

Bri6ypasi Ty Wiy UHYIO Mepy d{ Fe(z), Fa(x) } ommmyus F () or Fr(x), 6yaeM noayyats
IUIS IPOBEPKY M3y4YaeMOoM IMIoTe3bl pa3inyHble KpUTEPHU.

7 3an 244
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3.1. Kpurepuit Konmoroposa—CmupHoBa
IlycThb B KayecTBe d B3siTa BEAMYHUHA
D, = sup|F,(z) — F¢()|. (20)
z

TeopeMma InuBeHko— KaHTesuy yrBepxaaer, yto D, — 0, ecnn 06beM BHIGOPKH HEOTPAHH-
YyeHHo Bo3pacraer. PaccMoTpuM
Ap = VnD,.

HmMeeT MecTo ciieaylomas

Teopema. /Tycmv eunomemuyuecxan ¢ynkyus F;(x) nenpepuena. Toeda dynxuyus pacnpedesenus
cayuaiinol eenuyunbl A, He 3aéucum om euda Fy(z).

« [lycms X, X;, ..., X, — Bribopka o6beMa n 13 3aKOHa pacnpeneneHus caydatHoi
BeIMYMHBI . PaccMoTpuM Habop cnyyaitHeix BennyuH ¥; = Fe(X;), i = 1,2, ..., n.

Nemma. Ecau £ — cayuaiinas eeaununa c 3axonom pacnpedesenusn Fe(x), npuvem F¢(x) nenpe-
pyiera, mo cay4atinas eenusuna 1 = Fg(§) paenomepro pacnpedesena na [0,1], m. e.

0, y <0,
F,(y)=P{n<y}=4q ¥ 0<y<l],
I, y21L

<« P{n <y} = P{F(¢) <y}
Tak KaK QyHKUMs pacnpeneneHus F;(x) MmoHoToHHO BospactaeT ¥ 0 < Fe(x) < 1,10

0, y<0,
P{n<y}={ I y>1

Haorpeske 0 < ¥y < |1

P{F(&) <y} =P{¢<F' ()} = F(F,'(¥)) =vy-»

Ha ocHoBaHuM leMMBI, HaGop ciny4aiHuIX BennuuH Y;, © = 1,2, ..., n, obpa3syer Bhi-
60opKy o6beMa n U3 paBHOMepHoro pacrnipeaeneHus. Ilycts F(y) — dyHkuus paBHoMep-
HOro pacrnpeleiacHus, F,;‘(y) — 3MnMUpuyeckas GyHKLMA paBHOMEPHOIO pacnpeaeneHus,

riocTpoeHHas Ha Bribopke ¥; = Fp(X;),

KOJINYECTBO Y;, KOTOpbie MEHbLIE Y

Fl(y) = - ,

M T TaKoBo, 4To F¢(x) = y. PaccMorpum

KOJNMYECTBO Y;, KOTOpHIE MEHBLIE ¥

F(y) - Fy(y) = - -y =

konuyectBo Fg(X;), KoTophle MeHbILE ¥
= =Y.
n

BcniencrBre MOHOTOHHOCTH QYHKUMH Fi (<)

{KOJIP['-ICCTBO F¢(X;), xoTopnie MeHbLIe y} = {xo.uuqecmo X;, xoropbie MeHbllle :c}
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YuuTsiBas 310, nNojiyyaeM
KoJinyecTBO X;, KOTOpbie MEHbIIIE T
n _ i)
£y (y) — Fy(y) =

Orclona

- - F(z) = Fu(@) - Fy(a).

Sl;plFr?(y) — Fy(y)| = sgpIF»(w) - Fe(z)|.

Ho sieBasi 4acTh MOC/EAHETO COOTHOLIEHUS He 3aBUCUT OT Buaa GyHkumu Fe(x), cnenopa-
TeJIbHO, He 3aBUCHUT U NpaBas. »

TakuM o6pa3oM, BBellcHHasi HAMU Mepa A,, ONMMCHIBAIOLIas Pa3Iuyus SIMIIUPUYECKOH
Y TUMOTeTHYECKON DYHKIIMIA pacripenesieHusl, HE 3aBUCUT OT BHa TMNOTETUYECKON DYHK-
LM pacripefie/icHus1, a ONpeaeasieTcs Juiiib 06beMOM BbIOOPKH 7.

Ecau o6beM BHIOOpDKM HEOrpaHMYEHHO BO3pacTaeT, TO QPYHKIUMA pacnpeneeHus ciy-
YyaifHOM BEJIMYMHBI A,, MAJIO OTJINYAETCS OT HEKOTOPOH PUKCUpOBaHHON QYHKLIMU. A UMEH-
HO, UMeeT MeCTO meopema Koamozoposa

o0
12,2
K(z) = lim P{A\, <z} =1-2 E (—1)"+1e %2z >0.
n—00
k=1
He3aBucHMMOCTD IpeesibHOIO pacrpeneieius A, OT rMIoTeTHYecKoi QyHKIIUM Ff(m)
[TO3BOJIAET MOCTPOUTHL KPUTEPUH ISt TIPOBEPKU I'MITOTE3BI O COMNIACOBAHHOCTH 3MITUpUYEC-

KHMX JaHHBIX C TUITOTETHYECKUM PACIIPEACTICHUEM.
IycTs runoTesa BepHa, Tora (ecjii 7 JOCTATOYHO BeJUKO, 1 > 50)

P{\, 2z} =~ 1 - K(z).
3amaBast ypoBeHb 3HAYMMOCTH @, OTIPE/IEIIAEM A, U3 YPaBHEHUS
P{An 2 Ao} =

B cooTtBeTcTBMM € 0011i€# YCTAHOBKOM IMIIOTE3Y CYUTAEM COTJIACYIOILEHCS C AMITUPUYECKUMU
NAHHBIMU, ECJIU MTOJIy4eHHOE 110 KOHKPETHBIM JaHHBIM 3HaueHue

An = V1 sup| Fy(x) — Fe(z)|
HE NPEBbILAET A, B IPOTHBHOM CJIyyae rMIIOTE3Y OTBEPraeM.

3.2. Kpurepuit x* Mupcona
OnHuM U3 HauboJlee YacTo YNOTpeOasieMbIX Ha NMPaKTUKE KPUTEPUEB COrIacusl SIBJSETCS
KpUTEpUi xz IMupcona. B kayecTBe Mepbl HECOIJIACOBAHHOCTH THNOTETUYECKOIO ¥ 3MITU -
PUYECKOTO pacnpeacieHui paCCMOTPUM CIICAYIOILYIO BETUYUHY.
Mycts X, X3, ..., X, — BoIOOpKa U3 3aKOHa pacnpeneeHusi ciydaitHoli BeIMuMHbI €.
Pa3o6beM UMCIOBYIO NPSIMYIO Ha 8 pa3psiioB M HalIEM YacTOTY ¥; NONaaaHus ciiyyalHou
BEJIMYUMHBI € B ¢-# paspsn pasoueHus A;:

KonuyecTBO X, NpUHaIIeXalux 4;  n; )
v; = =—, t=12,...,s.
n n

Mycrs F¢(x) — runoTeTHyecKoe pacrpe- A, A, A
nenenue cnydyaiHoit BeauuuHsl £. Torpa b > -
BEPOSATHOCTD TOIO, YTO CIyyaiHasd BEJIUYH -
Ha { MpUHUMaET 3Ha4YeHUs B 2-M pas3psine

pa36uenus A;, paBHa Puc. 4
pi = Fe(a;) — Fe(ai—y).
3nmech a;, @;_, — KOHUMI i-ro pa3pana pasbuenus(ap = —o0o, a; = oo) (puc. 4).

a a, a; a,

7*
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PaccMOTpHUM BeIMYUHY

Z(Vt pz Z(nt npz 21)

=1 =1

Ecnu Hama runore3a BepHa, TO OTKJIOHEHUs V; — p; B OOJILLIMHCTBE Ciy4yaeB JOJIXK-
Hbl OBITHL Majibl, MO3TOMY B KaueCTBE MEphl pas3jIMyMsi IMIUPHUYECKOro U TEOPETHYECKOIO
3aKOHOB pacnpeesieHHsi 11e1ecoo6pasHo B3sTh BennuuHy (21).

HNmeer MecTo TeopeMa 0 HE3aBUCUMOCTH NPeAe/IbHOro pacnpeaese Hust st xf_, OT BUJia
TUNOTeTHYECKOMN (GYHKIIMU pacnipeaesieHUsl.

Teopema lMupcona.
lim P{x;_, <z} =G,i(z), z3>0.

n—oo

3nech G,—1(x) — xz -pacnipeliefieHUE ¢ § — 1 cTeneHblo CBOOOARI.
I1pu nocraroyHo GonpiioM YKciie HabnoaeHMHA 3Ta TeopeMa MOXeT ObITh UCIIOJIb30BaHa
IUTSE NOCTPOEeHMs Kputepusi cornacusi. IlycTs @ — ypoBeHb 3HaYMMOCTH. PeimB ypaBHeHne

P{Xi—] ? m} = aQ,

HaleM NorpaHu4YHoe 3HayeHue xﬁ, CpaBHMBasi C KOTOPLIM 3KCNEPUMEHTaNbHOE 3Haye-
uue (21), 6yneM menarth 3aKI04YeHHE O COIIaCOBAHHOCTH WM HeCOrIaCOBaHHOCTH Hallei
TFUNOTE3hbI C IKCIICPHMEHTOM.

OcTaHOBUMCSI Ha YYBCTBUTEJIbHOCTH KPUTEPUSI x2 HecKoJibKo nonpobHee. Ilycrb Ha-
111a rMnoTe3a olub0oYHa U UCTUHHbIE 3HAYEHHUSI ¢; BEPOSITHOCTEH nmonanaHusi B - pa3psa
pa3bMeHHUs OTIIMYHBI OT HalIeHHbIX HAMM BeposiTHocTed p;. Torma ciydaiiHas BelvvM-
Ha (21) yxe He GyneT cieloBaTh pacrpeleeHnIo x2 c s — 1 crenexnio cBOGOABI U LIS
MaTeMaTH4YeCKOro OXNIaHUsI BeMYUHHI (21) monyyum

’ . —m.\2 s . — . — a.)2
Mxi_l__:nz M(Vz pt) ___nz M(Vz Pi + g qz) _

i Pi Py Pi
_nZM(th' g)* 1 on ZM(’ g) Z(% i)’

=1 =1 i=1

Ho M(v; — ¢;)* = gi(1— ¢;), M(v; — ¢;) = 0, M HOCKOJILKY XOTsi GBI OHa 3 BEPOSITHOCTEH
g #pi, 10 > (¢ — Pi)2/pi # 0. Iloaromy

st ] Z (qz pa

=1

Tem caMbiM, ¢ pocTOM 06beMa BLIOOPKH yKa3aHHasi BeJIM4MHA HEOrpaHUYeHHO BO3PacTaerT,
ecJI4 TOJILKO Hailla TMNoTe3a HeBepHa. TakuM 0o6pa3oM, Ha NMPAKTHKeE, ECIH YUCIIO HabJlo-
JIEHAM 1IOCTATOYHO BEJIMKO, HEBepHAas runoTre3a OyAeT OTBepruyTa.

IlpakTHyeckue peKoMeHAauMM K npuMeHeHn1o Kputepusi [1upcoHa cnenyiomne: xe-
JiareJIbHO, YT0Ob!I pa36UeHUst Ha pa3psibl IPOBOAMIMCH TAKMM 06pa3oM, utobul np; > 10.
Yucno pa3psinoB pa3bHeHN st TPU 3TOM JIOJIXHO ObITh He MeHee 7 —8. Eciin Xe aMnupuyeckKux
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IaHHbIX OYEHb MHOTO (CKaXeM, YMCJIO pa3psiioB npesbiliaeT 8 = 30), To uenecoobpasHo
BOCTIOJIL30BaThCA AJIS IOCTPOEHUS1 KPUTEPUS He pacripefie/ieHueM xi_, , @ IpeIe/IbHbIM TSI
HEro Mpu § — 00 HOPMAJIbHBIM.

CpaBHuras kputepuit KonMoroposa v kputepuii [TupcoHa, 3aMeTuM, 4To nepBblii 60j1ee
TOYEH U MPUBOJUT Ha MPAKTUKE K MEHEE IPOMO3IKUM BbIYUCIIEHUSIM, YEM BTOPOM.

Cnenyer, ofHaKo, OTMETUTb, YTO B MPAKTUYECKOM CUTYaLUM FUNOTETUYECKUMN 3aKOH
pacnpeneneHusi F; () Moxer 6bITh TOYHO yKa3aH KpaiiHe peako. Bonee peanbHoi saBasercs
TaKasi CUTyallusl, KOraa MOXHO JIN1llb BBICKA3aTh MPEANOJIOXEHUE O LI€JION IPYIIie rMnoTeTU-

YECKUX 3aKOHOB Fy(x; By, ..., Br), KaXIblii U3 KOTOPBIX OnpedensieTcsi GUKCUPOBAHHbIM
HabopoM napaMeTpoB By, ..., Bx. B3aTOM cnyyae runoresa BbIMISAUT ClleqYIOILUM O6pa3oMm:
pacnpedenerue cayuatinoli senumunst & onucoiéaemes sakonom Fe(x; By, ..., Br)

npu Hexomopom Habope napamempos (3, .

[1pu 3aMeHe HEU3BECTHBIX NTaPaMETPOB UX OLICHKAMU, HalICHHBIMM 1O BhIOOpKE, clie-
JyeT UMeTb B BUIY, YTO VIS OAHOIO U TOro Xe napaMeTpa MOXHO yKa3aTb OYeHb MHOTO
pa3nuyHbIX olleHOK. [To3ToMy, 3aMeHss UCTUHHbBIE 3HAYECHUS] HEU3BECTHBIX 1apaMETPOB UX
OLIEHKaMHU, Mbl MTOPTUM IpeieJIbHbIE pacnipeie/ieHUsl PACCMOTPEHHbIX HAMU MeP OTJIIUYUS —
OCHOBHbI€ TE€OPeMbI MpeabIAYILEro U HacTosero naparpadoB CTaHOBSTCS HEBEPHBIMU.

B 3TOM cilyyae onucaHHBLIMU KPUTEPUSIMU T0JIb30BATLCS, BOOOILE rOBOPS, YXKe HENb3S.
Tak, HanpuMep, NPUMEHEHUE B YKa3aHHON cUTyauuu KpuTepus Konamoroposa npuBOgUT
K TOMY, 4YTO HEM 6onble napaMeETpoB Mbl OLICHHUJIU TTO BblﬁOpKC, TEM JIYYIIE€EC COINTaCu€ OH
NOKaXeT JaXxe NPy HeBEpHOM runorese, Torna Kak kpurepuit [IupcoxHa nonyckaer HEKoOTo-
po€e BUIOU3MEHEHUE TaKUM 00pa3oM, YTO OH OCTAETCS NMPUTOAHLIM U B ONUCAHHOH BbIlile
CUTYalMH.

Teopema. ITycms 3, B3, ... , Br — OUEHKU MAKCUMANbHO20 npaeédonodobus usu oueHKu, no-

aAy4ernsie no memody momenmos. Toeda cayuatinas eéenuuuna (21) umeem pacnpedenenue x?
¢ s — k — 1 cmenenusimu c60600bi, m. e. 4yucio cmenereli c60600u pacnpedenenus CAy4aiuHoU

seauqunnt (21) yMenouiaemcsa na wuca0 OyeHUBAEMbIX NO 8K60PKe Napamempos.

Npumep. Mycts 8 akcnepumenTe nonyyexa sbibopka obvema n M3 pacnpegenexus Cny4aiHoOW sennunHbl §
X',X2,.-.,‘Xn
1 BbiCKa3aHa rmnote3a 0 HOPManbHOCTU PacnpefeneHns CAy4anHoON BeNnYnHbl §.

MNpymMeHnm kpuTepnid x2 Mpoussoas pasbuerHue YUCNOBOW NPSMOA Ha Paspsfbl, BLIYUCASEM 3HaYe-
HUS AMMMPUYECKMX YaCTOT Y, fonaaaHvs cnwaﬁuoﬁ sennunkbl § B i-W pa3paa pasbuenus. [ing noacuerva
TEOpeTMYeCKMX BepOSTHOCTEA NOnanaHus B - paspsa pasbuerHns HeoGXOAMMO 3HaTb MapaMeTpbl m U o
HOPManbHOFO pacnpepeneHns. 3aMeHnM ux oLeHKamu

=\2
,—I)

“ BbIYUCIUM BEPOATHOCTU

(4]

2
xp{ (z f) }da:.

s

(2 —pi)2
vy T

1=|

-]

Haxoaum

[ns Toro 4robbl onpeaenvUTb MorpalnYHoe 3HaveHne xf,, 3aMeTnMm, 4TO YMCNO cTenexen csoboabl CnyvaiHon
BENNYUHBI x2 PaBHO 8 — 3, TaK KaK Mbl OUEHUM NO BLIOOPKE AB8a HEM3BECTHLIX NapaMeTpa pacnpeaeneHus:
mu ol Moaromy x;ﬁ uweM 13 ypasHeHns

1- 03_3(2) =aqa.

3necs G,-3(z) — x*-pacnpegenenue ¢ s — 3 creneHsMu cBO60/bI.
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B 3axkiioyeHne oTMETUM, 4TO €CJH IO BHIOOPKE OLIEHEHO 3HAYUTEIBLHOE KOJHMYECTBO
HEU3BECTHBIX MapaMETPOB, TO TEM CaMbIM IMMIOTeTUYeCKass QYHKIIMS pacrnpeaeieHusa uc-
KYCCTBEHHO MPUOAMXEHA K IMITUPHYECKOM Y KDUTEPUM B ITUX CJlyyasX JaeT HeoMpaBIaaHHO
BBICOKYIO CTEIEHb COIIaCOBaHHOCTU. [103TOMYy, eciiv Yuco creneHei cBo6oIbl OKa3bIBaeT-
cs MaJibIM (3—4 ¥ MeHBbliIE), TO JUIS IIOBLILIEHHS] YPOBHS JOCTOBEPHOCTH JOITYCKAEMBIX HAMM

BBIBOJIOB HApsIy C KPUTEPHEM X CJIENYET HCIIONb30BaTh U JPYTHe KPUTEPUH 1 OLIEHKH.




[naBa XLV

CTATUCTUHECKOE MCCNEQOBAHUE
SABUCUMOCTEMN

B 3701 r1aBe Mbl pacCCMOTPUM HECKOJNBKO YacTO BCTPEYaIOLIMXCS B MPUIOXKEHUSIX 3a1ay,
CBSI3aHHBIX C BOCCTAHOBJICHUEM 3aBUCMMOCTEN MeXIy HabnMoaacMbIMU B 3KCIIEpUMEHTE
repeMeHHBbIMU.

O6uias CTPYKTypa 3aJa4, O KOTOPLIX MOMAET peyb HUXE, TaKoBa: Habnionalorcs nBe
IpyTINLI MepeMeHHbIX — o0bAcHsIoas (MKW MCXONHAsA), ONMchiBaeMast BEKTODOM X =
(x,)7-, 4 uToroBasi (MM BbIXOIQHast), omuchiBaeMasi cKansgpoM y. Clielyer naTh OTBEThI
Ha BOTPOCHI:

— €CTb JIM CBSI3b MEXITY NEPEMEHHBIMU X U y?

— €CJIM CBSI3b €CTh, TO KaKOBa BO3MOXHas ¢opMa 3Toi cBsizu?

— KaKOBbl Ka4€CTBEHHBIC XapaAKTCPUCTHKH 31O} CBA3UN?

OTBETHI Ha [TepEYMCIIEHHBIE BOTIPOCHI (12 M CAMU BOIIPOCHI) MOT'YT BHIIVISLAETD [10 Pa3HOMY
B 3aBMCHMOCTH KaK OT NPUPOIbI NEPEMEHHBIX X U y, HabMonaeMbIX B 3KCIIEPUMEHTE, TaK
¥ OT YCJIOBU i IIPOBEACHUS UBMEPECHUM.

Pasnuualor cnenyloliie Tpyu OCHOBHLIE MOJEJIH.

1. [lepeMeHHbBIE X — demepMuHuUpOBaHHbie, a IEPEMEHHAS Y = 1) — CAY4AIHAA 8€AUMUHA.

Mpbi GyaeM roBOpUTb YTO y 3aBUCHT OT X, €CIU H3MEHEHME INEPEMEHHBbIX X BJIeYeT
3a co60# U3MeHEHUE 3aKoHa pacnpedeseHus ClIyYaitHOW BETUYUHDL y = 7)

3,(4) = P{n € A} = P,(x). (1)

Ecnv npu 3TOM MateMaTU4yecKoe OXHUAaHUE CITyYaiHOM BETUYUHBI 7) MOXET ObITh ONMMCaHO
HeKOTOpOH (pyHKUHMEH nNepeMEHHBIX X

M(’?) - (p(X) = (P(ﬂ:l, L2, ..., :Bn), (2)
TO Mbl, CEAYS CAOXUBLIEHCS TpamuLiK, 6yIeM Ha3plBaTh TAKYIO 3aBUCUMOCTD Pe2peccuoH-

HOll.
ITupokuii Kacc perpecCCUHOHHBIX MOZIENIEH ONUCHIBAETCS CEAYIOILMM ITPUMEPOM.

Mpumep. Mycts x = (z,)j; — HechyuaiHbIA BexTOP, §¥ = f(X). B aKCepUMeHTe M3MEpRIOTCA 3HaveHUs Y

TaK, 4To
1=y +§{=f(x)+¢§ (3)
3pech 7 — U3MEPEHHOe 3HaYeHne nepemeHHon y, £ — owunbka uamepenus ¢ M¢ = 0 (nocnepHee o3Havaer

OTCYTCTBME CUCTEMATUYECKUX OLIMOOK U3MepeHus).
CootHolueHne (3) — Moaenb U3MEPEHNH — A0CTasngeT HaM NpUMep PerpecCUoHHON 3aBUCUMOCTH, Tak

Kak U3 caenaHHbix Bbilie ﬂp&p.ﬂOﬂOX(eHMVI cnegyert, 4o
My = f(x). 4
Kak npasuno, 8 pacCMaTpMBaeMon cuTyaumu sug nukum perpeccun f(x) = f(x; @) GuiBaeT ussecteH
€ TOYHOCTBLIO [0 BEKTOpa napamMeTpos a = (a,)fz, ¥ 334343 YCTAHOBNEHUNA HAAUYUA 3A8UCUMOCMU MEXAY X
U y He ctont. Tpebyerca TONLKO ONpeAennTb BO3MOXHLIE 3HAYEHNA NapameTpoB @ U YCTAHOBUTL «KayeCTBO»
ONUCaHUa BenMuMHbI y nocpeactsom dyHkumm f(x, &)
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2. TlepeMenHble X = £ M y = N — cayuaiinbie 6enuyunbl, COBMECTHBII 3aKOH pac-
npejeieHUs KOTopbIX aaetca ynkuueit @z (4, B) = P{E € 4,9 € B}. H3BecTHO,
YTO CJlyyaitHble BETMYMHBI € ¥ 7) HE3aBUCHMBI TOrIA ¥ TOILKO TOrna, KOTMIA BHITIONHSETCS
COOTHOUIEHUE

@z (4, B) = @ (4) - ©y(B). (5)

Ecnv Xe paBeHCTBO (5) He MMeeT MecTa, To CTydaitHbie BeInU MHbI 3aBUcHMBL. T1pH 3TOM, KaK
¥ BbILIE, BBIIEIUM CIIELMAILHBIN Cllyyal, KOria W3MEHEHHE MaTeMaTH4eCKOro OXUaaHus
CJlyyaifHOM BEIMYUHDI 7) ONIUCHIBAETCA HEKOTOpO# pyHKIMel ot &,

M(n/€] = f(&) # const, (6)

u 6yneM roBopHTb, YTO COOTHOLIEHUE (6) onuchiBaeT perpeccuto 7 Ha §. (EcrtectBeHHo,
MperoiaraeTcs, YTO YCJIOBHbIE cpeHUe (6) CyILecTBYIOT. )

WUnentuduxauus Haiuyus Wid omcymcemeus 3aBUCUMOCTY MeXAY 7 ¥ & NpencTaBiseT
B pacCMaTpyBaeMOM CJlyyae ColepXaTeJibHYIO 3a/iayy, paBHO Kax v rpo6JieMa yCTaHOBJIEH U

opMbi perpecCUOHHOI cBsi3H (6).
BaxXHbIM LISt NPUIOXEHU YaCTHBIM CJIyyaeM PaCCMOTPEHHOI CUTYalIU U SIBJISIETCS CITy-
yait coBMecTHOI# HOpMaibHOCTY £ U 7). B 3TOM cinyyae npobnema onpeneneHus ghopmul

cBsI3U (6) HE CTOUT — perpeccus 7 Ha £ ABJseTcs JIMHEHHOM M 1aeTCsI COOTHOLIEHUEM
_ e = irE s1/% —
Mn/€] =K' [n,&] -K'[£, €] (£ -~ ME) + M. (7)
- - - -_— - -— T -—
3nech K[¢, €] = M(& - ME) (& — ME)" — xoapuauvoHHas Matpuua Bektopa &,
- - - T -
a K[n, 5] = M(n - Mn)(§ -~ M{) — KOBapuayMOHHas Matpulia  u §.

Kak cnemyer u3 coorHomeHus (7), perpeccust M [n / ¢ ] MOJIHOCTBIO ONpeneisseTcs Kop-
peJNISLMOHHBIMU XapaKTEPUCTUKAMU COBMECTHOTO pacrpeie/IeHUs BETUYUH 1) U .

KoHeuHo, perpeccusi MOXET 0Ka3aThCsl IMHEMHO#M HE TOJILKO IS COBMECTHO HOPMaJib-
HBIX CTyYyaitHbIX BeJIMYKH. B mo6oM ciayyae Mbl GylieM Ha3bIBaTh COOTBETCTBYIOILYIO CBA3b
MeXIIy NepeMeHHbIMU KOPPeAsUUOHHOU.

3. IlepeMeHHbIE X M y — demepMunuposarnbie, HeCAy4alinble TIepEMEHHbIE U B 3KCTIEPU -
MEHTe U3MepsIoTcs abcomoTHO ToyHO. [Ipu 3TOM yXe dakT HabaoneHUs rmap KOHKPETHbBIX
3HayeHu# (X, Y') B OTHOM U TOM Xe OIbITE ONpENeiseT MOOXUTEXbHbIH OTBET Ha MepPBbIit
BOIMPOC, ¥ pe4Yb MOXET UATH TONLKO 00 yCTaHOBJIEHUU (POPMBI 3aBUCUMOCTH Y U X.

31ech BO3MOXHbI pa3jIMYHBIE MOCTAHOBKH U CIIOCOOBI peLIEHUS] — WHTEPTIOJSAL s, CIJIa-
XVBaHHWE U T. . DTO 3aa4M KJIACCUYECKOIo aHAJIM3a U Mbl HA HUX OCTAHABJIMBAThLCA He Oy-

IEM.

Huxe OynyT paccCMOTpeHbl CTAaTUCTHYECKME TpOLEAYpPbl, UCCIeaylouiue cutyauuu 1
¥ 2. YUuThIBasi BAXHOCTb IS NIPWIOXEHUH Cllyyass COBMECTHOH HOPMaJIbHOCTH U3yyae-
MBIX CJIyYaifHbIX BeJIMYUH U UX TUHEHHBIX ONMCaHUi, OCHOBHOE BHUMaHHeE OYIET yaenaeHo

UCCIEA0BAHUIO KOPPEISHUOHHBIX CBSI3€H.

§ 1. CnyyaitHble nepemeHHble. KoppensiuMoHHbIe CBS3M

Iycts B 3KcriepumeHTe {2 HabmiopaloTcs ciyyailHpie nepeMeHHble € = (&, & ... &)
u 7. IlposengeHo N ONbITOB U MOJiydeHa BLIOOPKA M3 COBMECTHOI'O 3aKOHA pacripeaesie Hus

ermuuH (&, 1),
(Xl’ Yl)y ooy (XNx YN)) (1)

spech X; = (X[ )i=1,...N, s=1,..n-
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Tpebyercst no Buibopke (1) coenars 3aKiiOYeHHE O HAIMMUU WIK OTCYTCTBMM 3aBMCH-
MOCTH MEXIY NePEMEHHBIMHU £ U 1) ¥ OLIEHUTb ITY 3aBUCMOCTb.

1.1, 3HaunumocTb K03PPUUMEHTa KOppeNsLun

HUccnenoBanye Bonpoca 0 HaIMUMH CBA3EH MeXAY 7) U € Mbl HAaYHEM C NPOCTEHILIETO CTyyas
n = |. Torma £ = § u ) — CKaIsApHBIE CIyYaiiHbie BEIMYMHBI, a BbIOOpKa (1) — 310 BhIGOpKa
(X1, Y7), ..., (Xn, Yy) U3 coBMecTHOrO 3aKOHa pacnpeaeieHus napsl (€, 7).

OTimyue OT HyIs K03GULMEHTa KOPPENSILIMM pe, Taphi (€, 7) sBAAETCS LOCTATOYHO
HAEXHBIM TOKA3aTesIeM HAAU4UA 3aBUCUMOCTH Mexay & U 7. OTa 3aBUCMMOCTb HOCUT
KOPPESLLMOHHBIA XapaKTep, T.€. MOXET ObITh YAOBJIETBOPUTENLHO ONMCaHa JIMHEHHON
¢dyHKLIMeH B TOM CMBICIIE, YTO MMEETCS YETKO BbipaXK€HHAs TEHICHLIMS K IMHEHHOMY M3Me-
HEHMIO 7) oTHOCUTeNbHO £. TouHee, B 3TOM Cilyyae BeJIMYMHA 7) TIpe/IcCTaBMMa B BUIE

'I=M7I+P5n%(§“M€)+C, 2)

M BKNIAJ OCTaTKa { B PaccesiHMe 7) TeM MeHblle, YeM 6lMXe |pg,| K 1. B cayuae |pgy| = 1
Mexay & ¥ 1) UMeeTCs XeCTKasl JIMHeHast CBsi3b, MO3BOJIAIONIas C BEPOSTHOCTbIO 1 BOoccTa-
HaBJIMBaTh HEU3BECTHbIE 3HAYEHHS 1) TIO U3MEPEHHBIM 3HAYEHUM §.

Eciu pgy, = 0, To 310, BoOGLIE rOBOpS, €llie HE CBUNETENLCTBYET 06 OTCYTCTBMM 3a-
BUCUMOCTH MeXny £ M 7), HO SBJSIETCS HaZeXHbIM CBUICTENLCTBOM B MOJIb3Y OTCYTCTBHS
AUHEeHOU 3aBUCUMOCTH.

3HayuT, Wi UAEHTUH(PUKALIMY HAJTUUUS WU OTCYTCTBUS AUHEIHOU C6A3U MEXAY CKalsp-
HBIMM CITydaiiHBIMM BEJTMYMHAMU JOCTATOYHO YMEThb O BHIGOpKe (1) mesnaTh 3aKioyeHHue
0 PaBeHCTBE HJIX HEPABEHCTBE HYJIO KoadduLIMEHTa KOPPeSILMH pg, Tapsl (€, 7).

[lycTs 7y — BHIGOPOUHLIHA (3MIMpHYECKHit) KoadduneHT Koppensuuu naps (€, 1)

SS(X, - Z)(Y: - )
‘ €)

N = ~ ~ .
‘/2(1(. - Z) ElJ(Y, -9)

OH sBigeTcss OUEHKONW UCTHHHOIO, HO HEU3BECTHOIO KO3(DHULUEHTAa KOPPENSALMH fyy.
Ecnu pgny = 0, TO yMCTO ClyyaiHble KoneGaHUs Ty MOTYT PUBECTH K 3HayeHuio Ty # 0.
Kak Xe BbISICHUTD, PaBEH WJIM He paBeH HYJII0 KO3(DDULIMEHT KOppeisiiMU p 110 HaGIoAe HUIO
3a 3HAYEHUEM T , BBIYUCIIEHHOMY 110 hopMmyiie (3)?

Teopema. ITycms (¢, 1)) — deymepran opmansras cayuaiinas éenuuuna, (X,, Y,) V., — ewbopra
snauenui (£, 1), noayuennas e sxcnepumernme, U vy — 6bib0pounbiil Ko3hduyuenm Koppes-
yuu (3). Tozoa, ecau p = 0, mo eauuuna ty_,, 0asaemas coomHoueHuem

T
tfv -2 = = N -2, (4)

2

umeem pacnpedenerue Cmoroderma ¢ N — 2 cmenenamu c60600bi.
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3rta TeopeMa AaeT BO3MOXHOCTh NOCTPOUTDL NPOLIEAYPY CTATUCTUYECKON NPOBEPKYU TU-
TNOTE3H 0 3HAYUMOCTH KO3 PULIMEHTa KOPPENSLMH (T. €. TUIIOTe3bl 00 OTIMYUM p OT HYJIS)
cnemyioinm obpasoM. Tak kak npu puKcUpoBaHHOM 3HayeHUU N > 2 BeauunHa (4) MoHoO-
TOHHO Bo3pacTaeT (puc. 1), TO «MaeHbKUM» 3HaYEHUSIM T OTBEYAIOT «MaJIEHbKHE» 3Haye-
Hus ¢7. Ecnv MCTUHHBIN KO3 OULMEHT KOPPENSINY p PaBEH HYJIO, TO €r0 SMITUPUYECKUIA
£A aHaJIor Ty B NoAaBsAioLieM OOBLIMHCTBE
ciyyaeB Oyner «MajleHbKUM», a, CJIeJo-
BaTeJIbHO, B NOAaBAAI0LLEM DONBIIMHCTBE
CJy4yaeB 10JIXXHa OBITh MaJICHBKOM U BEJIU -
-1 ynHa ¢’. 3amanuM HexkoTOpbli (GnM3KUiA
K HYJIIO) ypOBEHb 3HaYMMOCTH ¥ U HaiileM
t 3HayeHuUe ¢, TaKoe, YTo

1 TN P{|ty-a| <t} 21—

I1pu aToM i 7 OyaeT UMeTh MECTO CO-
OTHOLIEHHKE

A
y

- o e e e e S e e o e e o e o e e
X

Ex
P< ryl < 2> 1—x.
Puc. 1 N—2+t3 z

Ecnm okaxercs, uTo |rx| > ¢, /+/N — 2 + t2, To rUnoTe3a o paBeHCTBE HYIIO KO3 dhu-
LIMEHTA KOPPeJSILIMH J10JIKHA OBITh NPU3HAHA HE COINAacyIoLIeicsl ¢ 3KCEPUMEHTaIbHBIMU
naHHEIMU. Ecimxe |ry| < t,/+/N — 2 + 2, TO MOXHO CUMTaTh, yTO p = 0 M, CIEOBATEND-
HO, BEJIMYUHHEI £ U 1) HE3aBUCUMBI (HATIOMHUM, YTO MBI PACCMaTPUBaeM CIy4ail COBMECTHOIA
HOpPMaNBHOCTH £ M 7, KOTJa PaBEHCTBO HYJIO KO3 PHLMEeHTa KOPpeIsiLMK 3KBUBAJICHTHO
HE3aBUCUMOCTH).

Ecnu coBmecTHOe pacnipenenerue (£, 1) He SBisieTCs HOPMaNbHbIM, TO OCHOBHas T€O-
peMa, 103BOJIMBILAsA MOCTPOUTb KPUTEPUIM 3HAYUMOCTH VISl KOI(PPULIMEHTa KOPPEISLINH,
yXe OKa3blBaeTcsl HeBepHOUl. B 3TOM ciiyyae peKOMEHJIyeTcs UCINOJIb30BaThb CTATUCTUKY
duniepa Z, onpeneysieMylo COOTHOIIEHUEM

2=t (5)
2 1-— Y
YcTaHOBIEHO, YTO yX€ NPH JOCTATOYHO HeOoNbIINX 3HaYeHUsIX N BeJUyYuHa Z TIpU-
O11XXeHHO HopMaJibHa C MapaMeTpaMu
Mz=im*P, P pra 1
2 1—-p 2(N-1) N -3
e p — UCTMHHBIA K03 dULHEHT Koppensuuy BeauyuH € U 7). YYUTbIBasi MOHOTOHHOCTD
byukuuu Z = Z(r) Ha npomexytke (—1, 1), MbI MOXeM, KaK U Bbilile, TOCTPOUTH TPoOLe-
OypY CTAaTUCTUYECKOM NPOBEPKU I'MITOTE3bl O 3HAYUMOCTH KOIPPULINEHTA KOPPENs LU M.

Mycts p = 0. Torma £ = N[0; 1/(VN =3)]. Idns » < 1 onpenenum Z, > 0 Tax,

4TO

P{lz| < 2} > 1 -x.

Ilpu atom")
P{lr|<th Z,} > 1 - x.

D Ecmu (1/2) In(147)/(1—1) = z, 10 = (¢ —€ ") /(e* +€ ) = th z — TamreHc runepGonuueckmi z. B cury
HEYETHOCTH M MOHOTOHHOCTH GYHKIMH th z HepaBeHCTBO |z| < 2, IKBUBAIEHTHO HepaBeHCTBY |ry| < th Z,.
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Tunore3a p = 0 npuHUMaeTcs Ha ypoBHE 3HAYMMOCTU ¥, €CIH BBIMOJHSAETCS HepaBeH-
ctBO |ry| < th Z,; B NIpOTMBHOM Cllyyae NPU3HAETCsl 3HAYUMBIM OTJIHYMKe KOdbduLMeHTa
KOppESLIMY OT HYJIA.

Takum 06pa3oM, eCiy MpeAJTOXEeHHbIE BbILIE KDUTEPUH IIPH3HAIU KOSDDUITUEHT KOp-
pensiiyUy 3HaYMMO OTIIMYHBIM OT HYJISI, TO MOXHO C/leJIaTh BbIBOJ O HAJIMYMMU 3aBUCUMOCTH
MeXIy Cay4yaWHbIMM BeJITMYMHAMU 7) ¥ §, ¥ yeM OaMXe 3HaueHUs KodgduieHTa Xoppe-~
JSILMY K €THHHLIE, TeM JTydllle MAeHTHhUIMpYeMas 3aBHCUMOCTb OITHChIBAETCsl IMHEHHBIM
COOTHOMIEHHUEM (2).

Ecnu otnyue ot Hyns Ko3dduiueHTa KOppeasiliuy MpU3HaHO He3HAaYUMBbIM, TO B CITy-
yae COBMECTHOM HOPMalbHOCTH 3T0, KaK Y€ OTMeYalocCh Bbillle, CBUAETEILCTBYET O He3a-
BUCHUMOCTH HabIIOnaeMbiX CTyyaifHbiX BeTMYMH. B ciydyae Xe, Xorna COBMeCTHOE paciipe-
NeJIEHHe OTJIMYAETCS OT HOPMAJIBHOIO, MeXAy HabJII01aeMbIMU CTy4aiHbIMU BeJIMYMHAMHU
BO3MOXHO HaJIM4YMe 3aBUCUMOCTH, NTPUYEM HE UCKIIOYAeTCs axe XecTKasd (PyHKIIMOHaIb-
Has CBA3b.

1.2. MuHoxecrTaeHHas perpeccus. MeToa HauMeHbIIMX KBAAPATOB

Mycts Teneps € = (€))7, — BEKTOpHaA CyyaiiHas BeTMYMHA.
Ecnu f( ) — HexoTopas HecyyaitHast pyHKUMS 7 TiepeMeHHBIX, OITMCHIBAIOLIAsi CBA3b
Mexay f 4 € TaK, 4To 7 MPeACTABUMA B BUJE

n=r(£)+¢ M¢=0, (6)

TO €CTECTBEHHO OIICHWBATb KaYeCTBO OMMCAHUA CIy4yalHON BeIMYMHBI 17 QyHKUMeR f ( E )
C MOMOIIBIO «OCTaTKa» { — YyeM MeHblie (B TOYHO OMNpenesieHHOM CMbIcie) {, TeM Jyylle
f ( 13 ) ONMMCHLIBAET BeJIMYMHY 7). Eciu B KauecTBe KpUTEpUS MAJIOCTH ¢ B3ATh €€ JUCIIEPCHIO,

To HaunyyIeit u3 Bcex Gynkumit f(£) Gyner ynonersopsiiomas yciIoBUio
min D¢ = min M (- £(£))".

Oka3bIBaeTcs, YyTo MPY JOCTATOYHO ECTECTBEHHBIX MPEATIONOXKEHHSAX O 3aKOHE pacrpe-
JieJIeHUS] COBOKYITHOCTH (ry, '3 ) , Haunyywas (B cMbicie MUHMMYMa QUCIIEPCHH OCTATKa)
dbynxuus f (f) CYLIECTBYET M, KaK ¥ B OMHOMEPHOM CJIy4yae, COBITalaeT C YCJIOBHBIM Cpell-

HUM CNy4yaiHOM BeJUYMHBI 1) OTHOCHTENBHO §.

Teopema. Ecau cywecmeyem ycaosHoe cpedHee 90( E ) =M [q / f ] , mo

argmin M[n - £(£)]* = M[n/ €] = ¢(£).

< Paccmotpum
Mn-(8)) =Mn- (&) +¢(£) - £()]’ =
=M[n-¢)+2m-e)p-+e-1)}]=
=M(n-¢) +M(p - §)' +2M(n - 9)(p - ). (7)

IMocnennee cnaraemoe paBHO HymO. UYTOObI He 3arpoMOXAaThb M3JOXEHHE BBIKIAJKAMH,
NOKaX€eM 3TO Ui YaCTHOTO Ciyyas, koraa n = 1 u (£, ) HenpepbIBHa.
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[lyctb g¢y(z, y) — cOBMeCTHas IUIOTHOCTb BeNWYMH & U 7) U gy/e(y/z) — ycnoBHas
MJIOTHOCTD 7) OTHOCUTENBHO €. Toraa

o(€) = Min/el = [ aetw/Oy ay ®)

R
C yyetoM g¢y (2, y) = gn/e(y/z)ge(x) nonyyaem, yto

M- p @O - 1) = [[ gea(a D - p@)(p(e) - 1)) do dy =
RZ

- // 9n/e(W/z)ge(z)(y — 9(2)) (p(2) - f(2)) dz dy =
R2

I

/ 9e(x)(p — f) dz / 9n/e(y/2)(y — @) dy.

R R

Ho B cuy cootHomeHust (8) BHYTpeHHMIA MHTErpa paBEH HYJIIO, OTKYIA U CIEAYET HCKOMOE.
Tenepsb coorHoweHue (7) MPUHUMAET BUI

Mln - fEP =M[n- (&))" +M[p(E) - £(§)]’, (9)

otkyna ( crny Heotpuuarenshoctu M [¢(£) — £(€)]°) nememnenno sakmouaewm, uto

Mn-F(£)]">Mn-e(8)]"»

Takum 06pa3oM, C TOUKM 3peHUs] KPUTEPUS MUHUMYMa IUCIIEPCUM ocTaTKa (, HauwIy4-
11Iee ONMCaHUe 3aBUCUMOCTH 7) OT £ JaeTcsl IMHUEN perpeccun 7 Ha §

n=9(&)+¢=M(n/€)+¢. (10)

OtmeTHM, yTO cootHoleHMio (10) oTBeyaeT NUCNIEPCHOHHOE COOTHOLIIEHHE, TIO3BOJISIOLIEE
OLIEHUBATh CTETIEHb TECHOTHI CBAA3U MexXay 77 U €. UMeeT MecTo cneaylouiee yrBepXiaeHHe.

Teopema (0 paanoxenuu aucnepeun). B ycaoeusnx npedsidyuieis meopemol
Dn = Dy + D, (11)

20e Dy = My - My)*; Do =M|[p(&) - M7)’; D¢ =M[n-¢()]’.

« /lns noxasarensctBa coorHoweHus (11) moacrasum B Toxaectso (9) f(§) = My
¥ 3aMETUM, YTO

Mo(©) = [ plo)ae(a) o = [ 0@ de [ gyeturary ay =

R R

R
= // 9en(T, ¥)y dz dy = M. »
R2

Pasnenum obe yactu coorHowmenus (11) Ha Dy
Dy D¢

l= —

_Dn+Dn
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W BBE€IEM BECINYHHY 9'27/5- — KOPPEeAAUUOHHOE OMHOWEeHUe BCAUHUHb. T) OMHOCUMENbHO g -
PaBEHCTBOM
D{ D
62,E=1———<=—‘3. (12)
" Dn  Dp

Torna cooTHoulenue (11) 3anuuiercs B Bune
2 2
Dn =6, Dn+ (1 -6,)Dn, (13)

OTKyJZla BUIIHO, UTO €CJIU 1tokasareib (12) 61130k K e1MHMLIE — CBsI3b MeXIY 7) ¥ £ 10CTaTOY-
HO TECHAas B TOM CMBICJIE, UTO CPe/iHee 3HAUeHUE 7) 3aKOHOMEPHO MEHSETCS C UBMeHEHUEM &,
€CJIU Xe 6,2, /E 6IM3KO K HYJIIO, TO TAKOM TEHJIEHLIMU HET — OCHOBHOM BKJIaJl B UBMEHEHHUE 7)

BHOCHT CJIy4aiiHbI# OCTATOK (.
BaXHBIM CiTyyaeM perpecCHOHHBIX CBsideit (10) sBASIOTCS MHEHHbIE 3aBUCUMOCTH

1(€) = ar(&r = M) + ar(§a = ME) + ... + ap(én — MEp) + M. (14)

Kak yxe oTMeyanocs Bbilile (CM. cooTHoeHHe (7)), B cliydae COBMECTHOM HOPMAILHOCTH
(€, ) perpeccus Bcerna nuHeiiHa. OHa MOXET OKA3aThCsl TAKOBOM M B APYTHX CITydasiX.

TMockonbky mobGasi perpeccust ¢(€), He3aBUCHMMO OT TOro, NMHEHHA OHA WIM HeT,

JIOJDKHA YIOBJIETBOPATH YCJIOBUIO <p(£ ) = argmin M [n - f(f )]2, TO KO3(PPUILIMEHTDI
a=(a, ay, ..., a,) IMHekHO perpeccuu (14) MoryT 6bITh HaliIeHbl ClIeyIOLIUM 0Opa-

n 2
30M. [1oJIOXHMB & = argmin M[n -Mn - Si(& - M{,-)] , 3AMETHM, YTO
Sy

M[n-Mn-3 56~ M&)] =Mln-Mal'~23 S:M(n~Mr)(6 ~ M) +

+ ) SiSiM(& — ME&) (5 — ME) =M(S), ..., Sn).
HeobxonuMoe yciioBue 3KCTpeMyMa ONMUChIBaeTCst HAOOPOM yC/IOBUMA

BM(S,, ..., S)
3s;

j=1

Eciv Bocnonb30BaTbcsl MAaTpUYHBIMM 0003HAYEHUSIMHM, TO CUCTEMA JIMHEMHBIX ypaBHe-
Hui (15) MoXeT OBITb peACTaB/leHa B BUIE

K[ ]S =K[n, ], (16)
rue I_([f- , €] — xoBapuaumnonHas Matpuua sextopa ¢, a K[n, £| — marpuna kosapuanuit
nué.

Nlemma. ITycme Komnonenmol sekmopa £ auneiino nezagucumsl. Toeda KoeapuayuonHas mam-
puya K [ £ € ] HeabipoxcoeHa U 6ekmaop Kodpguyuenmoe rurelinoil peepeccuu daemcs COOMHO-

wenuem o B
a=K"'[£¢]K[n, £]. (17)
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| [chn: KOMIIOHEHTHI BeKTopa § JTMHEIHHO 3aBUCUMBI, TOIZIa CYNIECTBYET HEHYJIEBOM
BekTop A~ = (A7), TaKoii, uTo

Mo+ ...+ A6 =0.

ITpu sTOM
D[Z A;-’s,-] ZAA K[&, &1 = (X")" K[£E]X" =0. (18)

i=|
3ameruM, yto dyHkumss D(A, ..., Ay) = D[} A\i¢&] neorpuuarensha u (s cuny (18))

JIOCTHTaeT B HEHYJIEBOM TOUKE A CBOEIO HAMMEHbILETO 3HadeHus1. [103TOMY oflHOpOIHAs
cucrema (HeobxoaMMoe yCIOBHE 3KCTpeMyMa!)

8D e
A=0 19
i K[¢, €] (19)
MMeeT HEHYJIEBOE pellieHHE, a OTCIOAA CNEAYET BHIPOXACHHOCTb KOBApDHALIMOHHOM MaTpHLIbI

ITyctb Tenepb MaTpuua K[f , € ] BbipoxzaeHa. Torma cucrema (19) umeer HeHyneBoe
peleHue A ® . YMHOXasl COOTHOLIEHHE (19) Ha (X O)T, 3aKJII0YaeM, YTo

(X)'K[£ E]X° =0,

otkyna (cM. cooTHouleHue (18))

D(Z ,\;-’g,-) =0

M 3HAYUT C BEPOATHOCTHIO EAMHHULIA KOMITOHEHTHI &; IMHENHO 3aBUCUMBL. b

Eilie pa3 oTMETHM, YTO HE3aBUCUMO OT TOrO, JIMHEHHA PETPECCHS WM HET, Mbl MOXEM
TONBITATbCS ONMMCAThb CBA3b BEJMYMHBI 7) C BennuuHamu {€;}}-, IMHEHHBIM COOTHOILE-
Huem (14), xoaddunmeHTs KoToporo maiTcsi paBeHCTBoM (17). Brto Gyner Hawayduiee
C paccMaTpMBaEMOil TOYKM 3pEHMS JIMHEHHOe NPUBIIIKEHUE K IMHUM Perpeccuy 7 Ha &,
COBMNajalollee C HEH B ciyyae, KOraa perpeccus JUHeHHa.

IMyctb <p(€ ) — perpeccus ) Ha €, l(f ) — nuHeiHas GyHkums (14) ¢ koadduumenra-
mu (17). Paccmorpum koppensiumio n U ¢ ( € ). OxasbiBaercs, dyHkuus perpeceuu ¢ ( € )
AaeT HaWIy4yllee OnucaHue CAydyaidHoM BeJIMYMHBI 7) HE TOJBKO C TOYKH 3peHUs] MUHUMYyMa
AUCTIEPCUU OCTaTKa, HO ¥ UMeEET HaubonbLIMit KO3(hOULIMEHT KOPPENSLIUM C 7).

Teopema. [Tycms f (&) — npouseosvnas dyuxuus, (&) — peepeccus n na €. Tozda

|p.,¢| 2 |pvf|

npu smom pW = 6'7 /¢ (em. coomnowenue (12)).
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PaccMOTpMM KOPPESLHIO CydaiiHoM BeIMYMHBL 7) v nHelHo# dynkumu I( £ ) (coor-
Howenue (14)) 1 3ameTHM, uTo eciu perpeccus ¢ (€ ) — mueiina, T.e. (€) =1(€), 10
D¢ K'[n, €] -K[{ €] -Kn, &]
2 2 ? ) ?
93)/6 =pop =P =1~ = [ . (20)

Dn Dy

Ecu xe perpeccust (€ ) MHeRHO#M He sIBIIsSIETCS, TO, KaK YXe ObUIO OTMEUEHO Bhillie,
p,zn, P pf,,. BenuyuHa pf,,, onpenesisieMas 1IpaBoi YyacTbio cooTHouleHus (20), B 3TOM
CJIydae OMKUChIBAaeT KayeCTBO NPEACTaBICHUS CydaiiHON BETUYUHBI 7) IMHEHHON QyHKuUMEH
NepeMEHHBIX £ Y Ha3bIBAETCSI MHONCECMEEHHHIM KOIPPUYUEHMOM KOPPeAIYuu.

TakuM 06pa3oM, MHOXECTBEHHBIH KO3 ULHEHT KOpPEJSLIHH p,zﬂ B CJTyyae JIMHEHHOH
perpeccun (p(€) = 1(€)) coBnamaeT c KOPPENALUMOHHBIM OTHOIICHHEM 6,2’ /¢~ Ecnm xe
perpeccus HeJiMHe#Ha, TO OH OTIMYEH OT Gf’ /> 3akmoueH Mexay 0 u 1 u xapakrepn-
3yeT CTeneHb NPeICTABUMOCTH 7) JMHEHHON KomOuHaumed BenyuH § — npu ply =

KOppENSIIIMOHHAsA CBSI3b MEXIY 7) M JIMHEHHBIMM KOMOMHauMAMH § OTCYTCTBYET, NpH
pf,, = | — uMeeTcs XecTKast GYHKIMOHANbHAS CBSA3b MEXIY 7) U KOMIIOHEHTaMH §: C Bepo-

ATHOCTBIO 1 7 ABNAETCSA MMHEHHOK KOMOUMHALMENH KOMITOHEHT .

1.3. 3HaYMMOCTb MHOXECTBEHHOr0 K03 PULUEHTa KOPpPensiiuu

B npaxkTHyeckoi CHTyauuu, UMesi 1eJ0 C BHIGOPOYHBIMY 3HAYEHUSIMU U3 3aKOHA pacripe-

neJeHUsi COBOKYITHOCTH (1), € ), MBI He IMeeM BO3MOXHOCTH OIPENCAHTh TOYHOE 3HAYEHHE

MHOXECTBEHHOI0 Koa(hdHLHEeHTa KOPPEIALUH p,z, {» @ MOXEM JIMLIb HaWTH €ro BLIOOPOYHBIA

aHajor. IIpu »ToM, KaK M B ciydyae C MapHbIM KO3GOUUMEHTOM KOPPENsSLUU, BO3HUKAET

3afaya yCTAHOBJIEHHUA 3HAYMMOCTH BhIGOpOYHOro KoadduumeHTa MHOXECTBEHHON Koppe-

JSAUMM, 118 peLIeHUsS KOTOPOi HeoOXOAMMO 3HaHHe 3aKOHa pacnpeie/IeHUs MOCIeAHeTo.
IMycTs B 3KcnepuMeHTe MojydyeHa BoIOOpKa U3 3aKOHA pacripefeieHusi COBOKYITHOCTH

(7]’ E) = (77, (hfZ, ,fn)
", X)), (12, X2), ..., (Yw,Xn). (21)

DOMNupHYECcKHit aHANOT 75y MHOXECTBEHHOTO KO3 @HLIUEHTA KOPPENSALUMM Py MOXET
6LITh TOCTPOEH Ha OCHOBE COOTHoLeHMUs (20) 3aMeHOH DUTyPUPYIOIUMX TaM AUCTIEPCHI UX
BHIGOPOYHBIMM aHANIOTaMU, HaiiIeHHBIMH 110 BhiGopKe (21)

1 N

>(6-7- L a(X;- X))

N -n j=1
] o 0
5 2% -Y)
i=l

N
rie Y = J'V > Y; u a; — ouexku (17) xoadbduuueHToB perpeccun (14), nonyyeHHsble
Jj=1
MeTOIOM HauMEHbIINX KBaApaToOB.
B npefnonoxeHuu COBMECTHON HOPMANBHOCTH (), £) YCTAHOBNEHO, YTO €CJI MHOXe-
CTBEHHBIH K03(hdHULMEHT KOPPENALIMHU paBeH HYJII0, TO KBaZApaT €ro SMIMpPUYECKOro aHa-
JIOTa MMeEeT M3BECTHOE pachpeelieHe. DTUM MOXHO BOCIMOJIb30BAaThCs sl MOCTPOEHMS]

NpOLIEAYPHI TPOBEPKY 3HAYUMOCTH Ty .
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Ha MpaKTHKeE Uigd YCTaHOBJIEH U 3HAYUMOCTH OTIIMYMS SMITUPUYECKOTO KO3 DULIMeHTa
MHOXECTBEHHOM KOppeEJIsILUM OT HYJIA MOJIb3YIOTCA TEM, UYTO BEJIMUHHA

B r’(N —n—1)
B = (1=72)n

uMeert pacnipenenetue Puutepa c (n, N — n — 1) creneHssMu cBO6OAbI NIPH YCIIOBUM CIIpa-
BEJIMBOCTH C/IEJIAHHBIX BbILIE MPENNOJOXEHHMA O paBEHCTBE HYJIIO Py ¥ COBMECTHOM HOp-

ManbHocTH (7, £ ).

ITo 3aaHHOMY YPOBHIO 3HAYUMOCTH ¥ ONpenensior BeauuuHy F, takyio, uto P{F, <
F.} > 1 —x. Ecnu pacyetHoe 3HaueHue F, oka3sbiBaeTcsd MeHbllle TabiuyHoro F, —
TMIIOTe3a O HE3HAYMMOM OTJMYHMH Ty OT HYNS CUMTAETCS COMIACYIOLIEHCS C pe3yJIbTaTaMu
3KCTIEpUMEHTA U py; TIONATaeTCs paBHBIM HyMO. B NMpoTMBHOM cilyyae cuuTaercsi, YyTo
KO3(OULMEHT Py OTIHYEH OT HYJI U MHOXECTBEHHas perpeccus (14) naeT npeacrabieHue

0 XapaKTepe W3MeHEHHUS BEJIMYMHBI 7) C U3BMEHEHHEM &.

§ 2. CnyyaiHbie nepemMeHHble. HennHeiHble 3aBUCUMOCTH

IMycTb (77, £ ) — HabonaeMble B 3KCIIepUMeEHTE caydaiiHble nepemeHHbie. [Tpennonoxum,
YTO Ha OCHOBE PaCCMOTPEHMIM NPeNbLIYLLMX ITYHKTOB CEJIaH BbIBOJ O HE3HA4UMOM OTIMYUU
OT HYJIS1 BBIOOPOYHOTO K03 dUMeHTa Koppensiuuu (TlapHOro WM MHOXecTBeHHOro0). Kak
yXe HeoqHOKpaTHO ObUIO OTMEYEHO, 3TO €T OCHOBaHME VISl BbIBOJA 00 OTCYTCTBHH AU~
HelHol 3aBUCUMOCTH MeXIY 7) ¥ £, HO HE UCKIIIOYAET BO3MOXH OTO HaJIMUMsl 3aBUCUMOCTEMH
HEJIMHENHBIX (B TOM YUCJIE ¥ XeCTKUX (YHKIMOHANBHBIX) MEXIY HUMH.

Jnst KIEHTU(DUKALMH ITUX 3aBUCUMOCTEH U3YYUM KOppeNsLIMOHHOE OTHOLIEHHE ej; JE
BBeNIeHHOe cooTHoweHMeM (12). OHo obnanaeT cieayoIUMy CBOUCTBAMM:

1. BeauunHa KOppECAAUHOHHOIO OTHOLUCHHUA 6,2,/5 3aKJIIO4Y€HAa MEXAY HYJIEM K COUHH -

uei. Ecnu oTHollleHue 9,2’ /¢ GJIM3KO K HYJII0 — 3aKOHOMEPHOE U3MEHEHHE IEPEMEHHOM 7)

B 3aBUCMMOCTH OT £ OTCyTcTBYeT. Ecmm Xe 9,2) JE 6JM3Ko K | — cpenHue 3HauyeHUA 7

C BBICOKO#M CTENEeHbIO HaIEeXXHOCTH MOT'YT ObITh HaIEHBI 1O U3BECTHBIM 3HaAYEHUSIM £.
2. KoppensiumoHHoe oTHOIIEHKE 6,2J /£ He MeHbllIe KBajipaTa Ko3(ppuMeHTa Koppensi-

uuu (TeopeMa nyHkTa 3.1.2)
2 2
O/e 2 Pt
3HaK paBeHCTBAa JOCTUTAETCS TOTAA M TONbKO TOTAA, KOTNA MEXIy NepeMEHHBIMU 7) ¥ €
MMeeTCsl KOppelasiuMoHHas (T.€. XOpOLUO OmuchiBaeMasi JTMHEHHBIMU COOTHOLIEHUSIMHU)
CBS3b.

Kax u npu aHanuze JIMHENHHbIX 3aBUCUMOCTEH , NOCTATOYHO YMETb CTPOUTD SMIIMpUYEC-

Ku# aHanor H 3/‘5 BEJIMYMHBI 8,2, /¢ Mo BbIGOpKe (21) ¥ oueHMBaTb 3HAYMMOCTDb OTJIMYHS ITOTO

BbIOOpOYHOro aHasnora ot Hyjas. O6e 3aaum OKa3bIBAIOTCS TEXHUUYECKH Ooiee CIOXHBIMM,
YyeM aHaJIOrMyHble I MapHOIO0 ¥ MHOXECTBEHHOro K03h(dULIUEHTOB KOppensuuu. Yxe
npoueaypa nocTpoeHUs SMIUPHUECKOro aHaiora 93 /£ TIPENBSBIIAET CIEUUaNbHbIE Tpebo-

BaHuUsi K Bbibopke (21) — B cooTBeTcTBMM C (12) MBI 1OMIXHBI OBITH B COCTOSSHUU BBIYMCIINTD
3MITU pUYECKHU# aHANOT (OLEHKY) BeIMUMHBL Dy, OMUCHIBAIOLLEH paccestHUe 1) OTHOCUTEb-

HOIMHUH perpeccu ¢ (€ ) . A LISl 5TOro Heo6XONUMO, YTOGI SKCTIEPUMEHTAIbHbIE JAHHbIE
TO3BOJISUIM CTPOMTD JIMHMIO YCIIOBHBIX cpenuX Y (€ ). BO3MOXHOCTb OCTPOEHMS THHUK
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YCJIOBHBIX CPEIHMX MOXET ObiTh obecrnieueHa, HanpuMep, HaiMuueM B Bbhibopke (21) mo-
BTOPHBIX H3MEPEHU I BETMUMHEI 7): KAXIOMY M3 HaOMONEHHBbIX 3HaueHuM £ = X; oTBevaer
HECKOJIbKO U3MEPEHUH 7

] ]
(le Yl])v R (Xl, Y]rl)) (X2a Y; )a AR (X?.y Y-2r2), sy (XN, YN), MR (XN’ Y]C'N)
JIn60 BbIOOpOYHbIE NaHHbIE NOJDKHBI NONYCKarh oObenquHEeHUE HaOMIOAECHHbIX 3HAYECHHUM

nepeMeHH oM E = X; B Ipynnsl TaK, YToObl Ka&XIOMY IPYNIIOBOMY BbIOOPOYHOMY CPEHEMY
OTBEYAJIO HECKOJIBKO 3HAYEHU M NMEPEMEHHOM 7).

B n1060M U3 yKazaHHBIX Clly4aeB 3MITMPHYECKOE KOPPENSILIMOHHOE OTHOLLIEHHE MOXET
OBITh MOACYUTAHO NTO (hopMyJie

N = =\
2 ri(Yi-Y)
2 i=]

Hype = )

2 (¥ - Y)’

rae Y; — cpenHee HabNIONEHHBIX B i -1 TOYKE 3HAYEHU N 7 (1160 rpynnoBoe cpeqHee Urpe-

KOB),
F-lyw,
l ]——l

Y — cpenHee Bcex Hab0JEHHBIX 3HaYEHHUH Y-’
N,r;

s 2 ¥

't]-l

J1nst NpoBePKM TMNIOTE3bI O 3HAYUMOM OTJIMYMH OT HYJISI BEJIMYMHBI H? n/¢ BOCTIONB3yEMCS]
teM akToM, 4yTO cTaTucTuka Fg , 3anaBaeMasi COOTHOLIEHHEM

H?
_ g(z ri — N)
(l n/E J(N - 1)
uMeet npubnuxcernno pacrnipeaeneHre Ouiepac (N -1, =N ) CTeneHsIMU CBoOOIbI NpH

YCIOBMH, YTO BCE CeyeHMs (rpynmoBble NaHHbIE) HOPMANbHbI C OIMHAKOBOM JUCHepcHeit,
¥ B TPEANONOXEHUH, YTO 6,2, /e = 0. B cuiy MoHoToHHOCTH Fp Kak DyHKLMM NepeMeH-

HOW H,’ /¢ 9TO OBCTOSATENILCTBO NAeT BO3MOXHOCTb OObIYHBIM 06Pa3oM CTPOUTB NPOLIERYPY
NpPOBEPKH UHTEPECYIOILEH HAC TUIIOTE3bI.
Mo 3amaHHOMY YPOBHIO 3HAYUMOCTH ¥ onpenensieM F,, Tak, uro

P{Fy > F,} <

Ilpu atom

Fx(N“l)
P! H? >1 -2,
{ = Z"‘i~N+Fx(N*1)} Ho

Y TUII0TE3a O 3HAYUMOM OTJIMYHUH OT HYJId SMITUPUUECKOTO KOPPENALIUMOHHOIO OTHOLLICHU S
MPHU3HAETCS COMacyloLencs C ONbITHBIMY NAHHBIMM, €CJTH

o2 Fu(N - 1)
WP S TN RN = 1)
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B 3TOM ciiyyae MOXHO CYMTATh, YTO NMEPEMEHHbIE 1) U £ CBSI3aHLI HEKOTOPO 3aBUCHMO-
CTblO, BoOO111e roBopsi, HenuHeHOM. TIpencraBieHue o HEH MOXeT NaTh IMHHUA YCIOBHBIX
CpeAHUX, MOCTPOCHHAs MO 3KCINEPUMEHTANbHBIM TOYKAM

(X1, Y1), (X3,Y2), ..., (Xv,¥w).

B npOTHBHOM CJTydae KOppeNsiHOHHOE OTHOILICHHE TPU3HAETCs: paBHBIM HYJIIO M, CJle-
JOBATENbHO, MOXHO CYUTATh, YTO 3aKOHOMEPHOTO U3MEHEHMS CPeHEro 3HaUYeHHUs nepe-
MEHHOIA 7) B CBA3M C UBMCHEHUEM 3HAYECHHU I MepeMEHHBIX £ HET.

§ 3. HecnyuaitHble nepemMeHHbie.
JinHelitble NO nNapaMeTpam perpeccUoHHbie Moaenu

3.1. OcHoBHbie gonyuieHuUs

Ilyctb Tenepp zy, Z3, ... , T, — HeclyyalHbi€ NepEMEHHbIE, CBI3aHHBLIE C HeCTyyalHoM!
rnepeMeHHON y COOTHOLIEHHEM

y=f(z1,Z2,...,%n; a1, 2, ..., ), (1)

rae GyHKuus f(X, &) M3BECTHA C TOYHOCTBIO JO NMapaMeTpoB. B 3KCrEpUMEHTE MOIy-
yeHsl 3HayeHus (Y, X) nepemeHHbix (y, X). [IIpeanonaraercs, yro Monenb U3MEpPeHUMH
alIUTHBHA OTHOCHTEIbHO OLIMOKM M3MEPEHHM € M KaXIOoe U3MepeHHe Y CKIIaabiBaeTCs
u3 3HaueHus f(X) u oIuOKM U3MepEeHHS €

Y = f(X; @) +e. Q)

Ipu 3TOM JONycKaeTcs NPOBEAEHHE HECKOJBKHUX U3MEPEHUH B OHOM M TOM Xe Touke X,
TaK 4YTO BHIOOpKA H3MepPEeHHbIX 3HAYeHU N UMEET BUJ

Y = f(Xi; &) +€. (3)

3nech HUXHUI HHIEKC TOKA3bIBAET TOUKY, B KOTOPO# poBeneHo uaMepeHue (i=1,2,...,N),

N
BEPXHUI — HOMeD U3MEPEHHUsI B 1-# TOuKe (j =1,2,...,7 Y= m) .
i=1
Tpebyercs HalTH OLIEHKH HEM3BECTHLIX MapaMeTpoB a,, § = 1, 2,..., k, H BbiCcKa-
3aTh HEKOTOpOe 000CHOBAHHOE CYXIEHHE O KaYeCTBE HAaNJACHHOrO ONMUCaHUs1 3aBUCUMOCTH
BEJIMYUHBI Y OT NEPEMEHHBIX Ty, ... , Tp.

IMocaenHss 3agaya HUXe 6yaeT yToYHeHa, OMHAKO Cpa3y 3aMETHM, YTO NpobieMy noubo-
pa HaWIyq1Iero Kaacca napamempuyeckux @yuxyuii f(X; &), BIOGHPAEMbIX M5l TOCTPOEHHS
3aBucuMocTH (1), Mbl 31ech He obcyxnaeM. Ilpennonaraetcs, 4To 3TOT KJIACC ONpencieH

U3 BHECTATHCTHYECKUX COOOpaXeHHUH.
B nanpHe#ilieM orpaHU4YUMCS, YTOOB! H36€XaTh TEXHHYECKUX OCJIIOXKHEHHUHN B BhIKIa-

Kax, TMHeHHBIMH 1O napaMerpaM GyHKuMaMH f(X; @) = ayp1(X) + .. . + appi(x). OyHk-

LMK @,(X), s =1, 2, ..., k, OyAeM npeanonaratb JMHeiHO He3aBUCHMBIMH. Torna monenb
u3MepeHHMii (3) 3anuiercs B Bue
k
Y/ =) aupi(Xi) +€]. @)
s=1

Cuyuras omMbKku ef NONapHO HEKOPPETUPOBAHHBLIMH CIy4aHHBIMHU BEJIHYHHAMHU (YTO Co-

OTBETCTBYET MNPEATNIONOXEHHIO O HE3ABUCUMOCTH M3MepeHHMH) C HyJIeBHIM MaTeMaTHyec-
KHM OXMUIaHHeM (OTCYTCTBHE CHCTEMATHYECKHX OLIMOOK) M ONMHAKOBOH AUCTIepCHei o’
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(paBHOTOYHOCTb M3MepeHHit), OyneM McKaTh HEM3BECTHbIE MapaMeTphl {a,}5_,, ncxonms
M3 NPHHLIMIIA MUHMMH3aIIMH CYMMBI KBapaToB olin6ok 2

7§
1

N .k 2
& = argmin Z Z (Y,-’ - Z a,¢,) . (5)
s=1

i=l j=

3aMeTHM, 4TO B Ty NIPEATIONOXEHHS 06 OTCYTCTBUM CHCTEMATHUECKHX OLIMBOK H3Me-
pernsi (Me! = 0) u3 coorHouleHHs (2) cnenyeT

MY = f(X; &). (6)

B COOTBETCTBHM C MPUHATON TepPMHHOJOIHeN cooTHouleHHe (6) mo3BossieT Ha3BaTh
dynxunio f(X; @) dyHkuueit perpeccu, napameTpsl & — napaMeTpaMH perpecCHH; B
YaCTHOCTH, IS JIMHEHHOM no napameTpaM Moneiu (4), napameTpbl & GyaeM Ha3bIBaTh
K03(duiLIMEeHTaMU PErPecCUH.

3.2. Ouenusanue k03apPuUMEHTOB perpeccun MeToS0M HaUMEHbILKMX KBapPaTos

J1nst yno6¢TBa nanbHeR111ero U3JIoXKEeHUs ¥ 0603pMMOCTY BHIKJIANIOK NepeiiieM OT CKISpHOK
dbopmbi 3anucy 3a1a4H (5) K BEKTOPHO-MaTPUYHOM, VIS YET0 BBeAEM crieaytoiue 06o3Haye-
HHUs: Y — BEKTOp u3MepeHui 3HaYCHHU M NepeMeHHOH! ¢, € — BEKTOP OLIMOOK U3MEPEH Ui,
©(x) — BexTOp NapameTpoB. Bce BEKTOPBI — MATPUIIBI-CTONGL I,

(Y (4
lflfl E’l'l
Y, £ p1(x) o
. . ‘Pz(x) an
Y= : ;. E= : ; p(x) = . ;o a= .
) r) .
Yz €2 * *
Pr(x) ag
Yy En
\ v~ ) e /

Torna uccaeayemas 3aBucMMocTb (1) npeacraBuMa B BHzIe

y=9p"(x)- & (7)

rne cumsonoM AT o6o3naueHa MaTPHLIa, TPAHCITIOHHPOBaHHAs 10 OTHOLIEHHIO K A (B AaH-
HOM CJTyyae ng — MaTpHLa-CTPOKa).
Mopnens uaMepenwii (4) sanuuercs Tak

Y=F-a+§, 8

2 B npeanonoxeHHn COBMECTHON HOPMATLHOCTH OWIHGOK ¢] METON HAMMEHBIUMX KBAJPATOB (5) aBnserca
€CTECTBEHHBIM C/IENCTBHEM METOAA MaKCHMAaIbHOIO NPaBAONIOAOOMA.
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N
rone F — marpuua dopmata m X k (m =) r;) , UMeloLas ClieIyouyio CTPYKTYpy

p1(X)) Pr(X1)
...................... 7, — CTPOK
e1(X1) e (X1)
v1(X2) P (X2)
F — | e ‘r2 — c’]’poK
P1(X2) Pr(X2)
ei(Xn) ... ee(Xw)
...................... TN — CTPOK
©1(Xw) ¢e(Xn) )
MeTon HauMeHbIIKX KBafpaToB (5) B MaTpHyYHO# (hOpMe NMPUMET BUL
el E=(Y-F-a)"(Y-F-a)— min, (9)
a HeobxoauMoe yCJIOBHE 3KCTPEMyMa
grad € T.§=0
N10CJIE€ HECJIOXKHBIX BBIK/IAIOK MPUBOAMT K COOTHOLLEHHU IO
FIF.a=FT.Y. (10)

OtMeTnM, uTo PyHKUMA 1 & KaK (yHKIHs NapaMeTpoB {as} saBnseTcs HeoTpULATENb-
HO omnpeneNeHHONW KBaJApaTUYHON (YHKIIMENH, a MOTOMY NOCTHUIAeT CBOEro HaMMEHbUIETo
sHauenms. Iloatomy argmin €7 & conepxurca cpeny pemennii cucrems (10). Cucrema
JIMHe HHBIX OTHOCUTENIBHO & ypaBHeHMI (10) HOCUT Ha3BaHHUE CUCMeMbl HOPMANbHBIX ypasHe-

Huii MeTONa HauMeHbLINX kBanparoB. Ecnu matpuua F7F okasbiBaeTcsi HEBBIPOXIEHHOM,
10 (10) IMeeT eNMHCTBEHHOE PELIEHHE, 331aBaEMOE COOTHOLICHUEM

a=(FTF)'FTy, (11)

KOTOpOE OmpeieisieT OLEHKHM METOIa HAUMEHBLIMX KBaApaTOB KO3(PPHUIIUEHTOB pETPECCUH.
OTMeTHM, 4YTO JIMHEHAs He3aBUCUMOCTb (PYHKUHMHN goj(x) HE rapaHTHUpYET HEBLIPO-

xnenHocti matpunbl FX F, B To Bpems Kak MX JuHeHHas 3aBUCUMOCTDb MIPUBOAMT K Bbl-
POXIEHHOCTH yKa3aHHO#M Matpuubl. CBS3aHO 3TO C TeM, YTO BbIPOXKIEHHOCTb MM HEBhI-
POXIEHHOCTb FTF onpenensiercss HannuMeM WiM OTCYTCTBHEM JIMHEHWHOM 3aBUCHMOCTH
cucTeMbl cton610B MaTpunbl F, KoTopele npeacTaBasior cob0ii yrnopsiiouye HHble 3HaYeHUs
6a3ucHbIX GYHKUMI @;(X) B TOYKaX, I TPOBOAATCS U3MEPEHHMS, C YYETOM MX KPaTHOCTH

e\ V(Y Y, ey
e1(x1) p2(x1) vr(x1)

) 901(X2) ) saz(Xz) ) Pr(x2)

= ¢1(X2) Poh= 902(X2) SRR ‘Pk(xz) ’
‘PI(XN) Soz(XN) Sok(XN) }
\ @1 (XN) / w \902("1\!) ), v \ m(xzv) v
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Marpuua FT F asnsercs Marpuueii Ipama BextopoB f j — €€ dJIeMeHTaMU SIBJISTIOTCS CKa-
JISpHBbI€ NPOU3BENECHHUS ( s f j). OHa HeBbIPOXIEHA TOr1a ¥ TOJIbKO TOra, KOIa BEKTO-

pbl f; JIMHEHHO HE3aBHCHMBL.
SIcHO, YTO 1S IMHENHO 3aBUCUMBIX QYHKUMH ;(X) BekTOpHI f j IMHENHO 3aBUCHMBI.
JIvHeiHast He3aBUCUMOCTD ¢ ;(X), KaK M0Ka3biBaeT CIEAYIOIH I IPOCTOH NIPUMED
. — 2. 3
pi(@) =z, @(z) =2 @) =2,
=0, =1, m=r=r=2

0 0 0
- 0 - 0 - 0
fi= 1 S P 1 s fh= 1 )
] 1 1

JIMHEHOM HE3aBUCHMOCTH BEKTOPOB f; He rapaHTHpYeT.

OnHako, naxe eciu matpuua FTF — BbIpoXIeHa, CUCTEMa HOPMaNbHBIX YpaBHE-
Hu# (10) Bce paBHO paspeliiMa, U ee pellieHHe (T. e. OLUEHKU KO3(D(PULIHUEHTOB PErpeccuu)
MOTrYT ObITh HaWIEHBbI ¢ MOMOILLbIO 060011IeHHOrO 00pailieH Ui MAaTPULLI FTF.

3.3. CaoiicTaa oueHoK k03P PULUNEHTOB perpeccy

TTycTb OILMOKM U3MepeHNUit € COBMECTHO HOpMaJbHBI C HYJIEBBIM CDEHUM M KOBapHaLIMOH-

i
Hoit matpuueit K|&, £] = 0?1, rae 0 — BennunHa, XapaKTepH3ylOIas TOYHOCTH KaXIOTO
N
OTAENBHOTO M3MepeHMs, | — elMHMyHasg maTpHMua rmopsaka m = ) r;. Torma craTH-
1=1

cTMyeckue cBoicTBa oueHoK (11) koahdHUMEHTOB perpecCH ONUCHIBAIOTCS CIEIYIOLIMM
YTBEPXKIACHHUEM.

Teopema. Ouenku (11) Koaghghuyuenmos peepeccuu coemecmno HOpManbHbl ¢ 6eKMOPOM CPeOHUX
- . ¢ gl = = -1
Ma = & u xosapuayuonroii mMampuyeii K| a, a] = o? (FT F) .

« B cuny monenw (8) u3 popmyasi (11) nonyyaem, uto
_ - -1 o - -1 -
a=(FTF) " F'y=(FTF) F'(Fa+ée)=a+ (F'F) F’.¢
OTKyZa CJIEAYET COBMECTHasi HOPMaJbHOCTh KOMITOHEHT BEKTOPA OLEHOK &, TaK KaK OHH
SIBJSIIOTCS IMHEHHBIMY KOMOMHALM MU HOPMaJIbHBIX BeJInyMH. [lanee

Ma=a+(FTF) 'FT-Mé=g,
K(a,al=M[a-Ma]la-Ma|"=M[(FTF)'FT.][(FTF)'FT¢]" =
= (F7F) "FTM[e-e7 JF(FTF) =02 (FTF) FTR(FTF) =2 (FTF) " >

3ameTHM, YTO YTBEPXICHHUS TEOPEMHl O HeCMeLIeHHOCTH olleHoK (11) M o xoppensuu-
OHHOI{ MaTpULIE HE 3aBUCUT OT IPEANOJIOXEHHUsI O HOPMAIBHOCTH olMboK. TOYHO Tak Xe
He 3aBUCHT OT 3TOr0 MpeanoyoXeHUss HEKOTOpOoe CBOHCTBO ONTHMANBHOCTH OLEHOK (4),
onuchkiBaeMoe TeopeMoii Taycca—Mapkosa.

Teopema (Faycca—Mapkosa). Cpedu écex nuHelIHbIX HeCMEUEHHHX OYeHOK Koapguuuenmoe pe-
2peccuu oyenku (11) — naunyqwuue 6 mom cmvicae, ¥mo 062a0aOM HAUMEHbUIUM PACCERHUEM.
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3.4. OuenuBanue napamerpa o>

Kak npasunio, napameTp 02, XapaKTepH3yIOLIHii TOYHOCTb KAXIOT0 OTENBHOTO H3MEPEH I
MIpY NOCTPOEHHUM PETPECCHOHHBIX 3aBUCUMOCTEN HE M3BECTEH M IMOMIEXHT OLIEHUBAHMIO
110 TeM Xe UCXOAHBIM JaHHbIM, 10 KOTOPhIM ObLIa NOCTPoeHa MoleIb. 3TO MOXHO CAeNaTh
pa3MYHbIMH criocobaMu. HekoTopbie M3 HUX MBI TIDUBEIEM HUXE.

Ecau @ — BexTtop oueHok (11), To Mofenb MpUHMMaET BUA

T -
_ y=¢ (x)a, (12)
TpY 3TOM CyMMa KBaJlpaToB OLUIMOO0K, JIOMYLIEHHbIX [IPH 3aMEHEe 9KCIIEPUMEHTANbHBIX IaH-
HBIX Y,-’ , JAHHBIMM, PACCYUTAHHBIMH IO MOJENbHOMY COOTHOUIeHHIO (7), aeTcst COOTHO-

wenueM (Y —Fa )T(Y —F @) — MMHUMabHBIM 3HaYeHHEM CYMMBI KBaZIPaTOB OTKJIOHEHHH
MOZIEJIM OT pacyeTHbIX NaHHBIX. IMeeT MecTo caeayioiias Teopema.

Teopema (06 ouexusanun o). Besuuuna
,  (Y-Fa)'(Y-Fa)
&= m-—k

(13)

A613emcsA HeCMeweHHOU OYeHKOoU Heu3eecmHou ducnepcuu a2,

4 Bcuny
Y=Fa+¢

H
a-a=FFTF)'FTz

yucauTeNb cooTHomieHus (13) MoXeT ObITb PeCTaRIeH B BUIE
(Y-Fa)'(Y-Fa)=(e-F(FTF)'FT&)" (6 - F(FTF)'FT &) =
‘ =T (1-F(FTF)'FT)" (1- F(FTF)"'FT)g,

N
rne I — ennHnynas Matpuua popmatam x m, m = Yy r;.
i=l1
Jlanee
(1-F(FTF)'FT) =1-F(FTF)"'F’

IFT=

(1 -FFTF)'F7) =1-2F(FTF)'F* + F(F"F) ' F"F(F'F)~
=1-F(FTF)"'F7,
M103TOMY
(Y-Fa)'(Y-Fa)=&e"(1-F(FTF)'FT) &
BuiyMcasiss MaTeMaTUYeCcKOe OXMAAHHe 00eHX yacTel nmocaeIHero COOTHOIEHUS U YYUThI~
Basi HEKOPPEJIMPOBAHHOCTb KOMITOHEHT BEKTOpa OILUUOOK &, MONYYHUM, YTO

M(Y-Fa)(Y-Fa)=c*Tr(I- F(FTF)"'F7),
rae Tr A — cnex MaTpuubl A, obiafaomuii ciaeayioimHMH CBOACTBAMH
TT(A+B)=Tr A+ TrB, Tr(AB)=Tr(BA)

nociensee — (I COMAacOBaHHBIX OTHOCHTENIHO YMHOXEHHsI MaTPHII).
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OTciona HEMeVIEHHO ClIeAYET, YTO

N
T(1-F(FTF)'FT) = n-Tr(FE'F)'F) =
i‘l
N

—Zr, Tr((FTF) ' FTF) =Y ri-k»

=1

Ecnu JONMOJHUTENbHO BEKTOP OIIMOOK M3MEPEHUH CUYUTATh HOPMAIBHBIM C HYJIEBHIM
BEKTOPOM CPENHMX M KOBApMALIMOHHON MaTpULIEeH o2 1, TO, UCTIONB3Ysl METO MAKCHMATb-
HOT'O NpaBaONoaodus, MOXHO MOJYYHTh OTIIMYHYIO OT (13) oHeHKy napaMeTpa o’
(Y -Fa)’(Y - Fa)

- .

(14)

Ouenka (14) cBOICTBOM HECMEIIEHHOCTH 06/1a1aTh YXXe He 6yeT, 0IHaKO MOXHO [T0Ka3aTh,
YTO OHA HECMEIIEHA aCUMITTOTHYECKH.

§? =

3.5. ApexsaTHOCTb MOAENH

IycTs @ — ouenku koadduumeHToB perpeccuu (11), a 3aBUCUMOCTb NEPEMEHHO Y OT Ie-
PEMEHHBIX X MPUHUMAETCA B BUIE

y=¢" (3)a. (15)

BaxHblii Bonpoc (O COOTBETCTBMM NOCTPOEHHOM HaMu Mozenu (15) uccieayemomy npo-
1IECCY) — HACKOJbKO YAa4yHO cooTHouleHue (15) mo3sossieT MPOrHo3upoBaTh 3HaYCHMUs
NEPEMEHHOM Y MO U3BECTHBIM 3HAYEHUAM NTEPEMEHHBIX X ?

MHE1 He 3aaeMcs LeNbIO YCTaHOBUTD, SABJISETCA JIM HaWIeHHAss HAMM 3aBUCHMOCTD «MC-
THHHOMN» WM «JIPaBWIbHON» — MCCAEAOBAHME 3TOT0 BONPOCA JIEXHUT BHE IUTOCKOCTH HALLIMX
PacCMOTPEHHIA, @ MBI IIPOCTO XOMUM NOAYYUMb 0MEem Ha 60nNPOC 0 MOM, HACKOAbKO XOPOWio
HQUOeHHAR HAMU 3Q8UCUMOCTMb 3AMEHAEM PEanbHblil IKCNEPUMERM.

YTo4yHMM NOCTaHOBKY 3anauM. Bynem Ha3bIBaTh ocrmamourol owubKoii Money BeTuIy -
uy (Y —Fa)T(Y - Fa), . e. cyMMy KBa[paToB OTK/IOHEHH# HabII0IEHHBIX B 3KCTIEPUMEHTE
3HayeHui Y nepeMeHHON y OT MPOrHO3UPYEMbIX B } 9TUX XK€ TOYKax 3HaAYEeHMU, MOJyYeH~
HBIX C oMomgbio cootHolneus (15). Ecnu yepe3 Y 0603HaUUTL BEKTOp, COCTAB/IEHHbII
U3 CpeIHUX 3HAYCHHU A U3MEPEHU M EPEMEHHOMN ¥ B TOUKAX Xj, KOMIIOHEHTBHI KOTOPOIO

rio
Y
j=1

Ty

MOBTOPSIOTCSA CTOJILKO Pa3, KaKOBa KPaTHOCTb ('r. €. KOJIMYECTBO r,-) U3MEPEHUH B - TOYKE,
TO OCTaTOYHas olIMOKa MOXeT ObITh IPEACTaBJICHA B BUAE

(Y - Fa)*(Y - Fa) = (Y-Fa)" (Y-Fa) + (Y-Y)"(Y-Y).  (16)
< Tonoxnm Y — Fa =Y - Y + Y — Fa u paccMoTpum
(Y-Fa)"(Y-Fa) = [(Y-Fa)+(Y-Y) [(Y-Fa) + (Y-¥)] =
= (Y-Fa)"(Y-Fa) +(Y-Y)" (Y-Y) +(Y-Y)" (Y-Fa) + (Y-Fa) " (Y-Y).
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Jlerko Y6CJIHTbCﬂ B TOM, 4YTO IBa MOCJICAHUX CJlIara€MbIX paBHbI HYJIIO. HaanMep,
N,r;

(Y-¥)"(Y-Fa) =3 (¥ - ) (7,- _ zj: algal(X,-)) -

i,8=1

= :Zl:;(f,- - ,z:,: al(pz(xi)) zr‘:(Y.' -Y;)=0»

B nony4eHHOM pa3jioXXeHUM OCTATOYHOM OLIMOKY MOZIeJ U ITEPBOE CIaraéMoe OMUChIBAET
OTJIMYME HANNCHHON HAMU 3aBUCUMOCTH OT SMITKPUYECKOM PErpecCuu, BTOpoe — pacces-
HME SKCNEPUMEHTANIbHBIX JAHHBIX OTHOCUTENLHO 3MITUPUYECKOI PETPECCUH, T. €. OLIMOKY
aKcnepuMeHTa. SICHO, YTO MoneNb TeM JIyyllie, YeM MEHbIIIe IEPBOE CllaraeMoe ¥ yeM Ouxe
ocraToyHasi ombka Monenu Ko Bropomy cnaraemoMmy. OcrtaroyHas oumimbKa, onmuchIBaer
paccessHUE SKCIMEPUMEHTANbHBIX JAHHBIX OTHOCUTE/IbHO MOEJIM U He MOXeT ObITh MEeHbllie
BTOpPOI'o CjlaraeMoro — OLUMOKHM 3KcrnepuMeHTa. YeM MeHbllle pasHMIIa MEXIY OCTaTOY-
HOU oLIMOKOI U pacCessHUEM SKCIIEPUMEHTAIbHBIX JAHHBIX OTHOCUTENIBHO 3MITUPUYECKOH
perpeccuu, TeM Jiyyiie Moaenb MpeacTapisier HabnoaeHHbIE B OKCIIEPUMEHTE 3HAYCHMS Y.

ByneM roBopMTb YTO MONENb A0eK8amHO OMUCHIBAET Pe3YJbTaThl SKCHEPUMEHTA, WU
NIPOCTO, YTO MOAENIb adeKeéamHa, ECI B NMOAABJsIomEeM 6oNbLIIMHCTBE CJIyYyaeB OCTaTOYHAs!
omnbka Monenu 61M3Ka K olIMOKe 3KCIIepUMeHTA.

CraTHcTHYeCKHE CBOICTBA CllaraeMbIX M3 cooTHoLIeH ! (16) onmuceiBaloTCs cienyiomei

TEOPEMOH.

Teopema. [Tycmb owubKu usMepeHuii COBMECMHO HOPMANbHY C HYNCELIM BEKMOPOM CPEOHUX
u kosapuayuonnoi mampuyeii K[ €, ] = o*1.

Toeda
— cmamucmuicu (Y - Y)" (Y- Y) u (Y - Fa)" (Y - F&) nesasucums;
Y-¥)'(Y-T N
— cmamucmuka ( Y)az( ¥) umeem pacnpedenenue x° ¢ f =Y r; — N cmene-
i=1

HAMU c60000bi, npU 3MOM 6eAUMUHA

83KCI’I = ( 1 7)

Aenaemca HecCMeu|eHHoU OYeHKOU napamempa ol

Ecau zunomesa 06 adexeamnocmu modeau (15) cnpasedsusa, mo donoanumenvrno cmamu-

cmuka T
(Y -Fa) (Y- Fa)
o2

umeem x*-pacnpedenenue c N — k cmenensmu c60600u.

ChopmMynnpoBaHHasi TeopeMa Mo3BOJSIET YCTAHOBUTD, YTO BeIMUMHA Fyy, onuchiBaeMas
OTHOLIEHUEM
— r{ N
( Y — Fa ) E rs — N

i=]

(45)

Fao = Y-T)(Y-F)(V - k)’
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8 cay4ae cnpaeeaﬂueocmu 2unome3ssl 06 adexeamuocmu umeem pacnpeae/zenue ¢uwepa c

N
(N -k, Y r—N ) cmeneHaMU c60600b!.
=1

3anaBasi ypOBeHb 3HAYMMOCTH ¥, onipenensieM BeqnunHy F,, Tak, uro P{F,; > F,} < .
Eciu paccuuTaHHasi 1Mo pe3yjibTaTaM 3KCIepuMeHTa BeinunHa (18) okaxercs MeHblle,
yem F,, To runore3dy 00 aA€KBaTHOCTU CJ€AyeT NMPU3HATh COMACYIOUIEHCH C ONBITHBIMM
NaHHBIMHM, TaK KaK B 3TOM Cjyyae C HaJleXHOCTbIO, He Xyauei yem 1 — ¥, ocraToyHas
omnbKa MoeN HEHaMHOTO NPeBbILLIAET OLIUOKY 3KCniep¥MeHTa. B NpoTUBHOM ciiyyae ru-
noTe3y o0 al€KBAaTHOCTH CJCAYET NPU3HATD ILJIOXO COFJIaCYIOUICﬁCH C ONNBITHBIMU IAHHBIMH,

a B MMOCTYJIMPYEMYIO MOAECJIb BHECTH U3MCHEHMUS.

3.6. ToYHOCTb M HAAEXHOCTL OLEHHBAHHA KOIDPHLUMEHTOB perpeccHn

JUIsL alleXBaTHBIX MoJieJieil NpeCTaBNsieT MHTEpPEC BONPOC O KavyecTBe oueHoK (11) koad-
(DMLIMEHTOB PErPECCHM: KaK BEJMK MOXET GbiTh QMana3oH UX HanexHoro (1isi 3ajaHHOM
cTerneHM HamexXHocTH) BapbupoBaHus? ITockonbky oLeHKH K03(hhHLIMEHTOB perpecCuu
SIBASIIOTCS, BOOO11IE TOBOPS, 3aBUCHMbIMH CITy4YaifHBIMU BEJIMYUHAMM, TO XKeJIaTeIbHO YMETh
NoJyyaTb HHPOPMALIMIO HE TOJIbKO 00 MHAVUBULYANbHOW, HO U O COBMECMHOU MOYHOCMU UX

OILICHHWBAHHA.

MBI pacCMOTPUM HHUXe MpoLEeAyphl OnpeejieHHss TOYHOCTH OleHUBaHUs Ko3hduum-
€HTOB PErPECCHH KaK B TIPEANOIOXEHHUH, YTO IapaMeTp 0> M3BeCTEH TOYHO, TaK U CUMTas,

YTO OH OLIEHEH MO pe3yJibTaTaM 3KCNepUMEHTa.
1. 3 pe3ynbraroB 1. 3.2.3 cieayeT, YTO BEKTOP OLIEHOK & HOpPMaJieH C BEKTOPOM Cpell-

_ ~ -1
HUX & ¥ KoBapHaunoHHo# Marpuueii K[a, @] = o2 (FT F) . Ilpu To4yHO U3BECTHON BeN-

yuHe 02 3ToM HHGOPMALMK JOCTATOYHO /IS TIOCTPOCHUS JOBEPUTEIBHBIX MHTEPBAJIOB IS
Kaxaoro u3 ko3¢ ¢HLHEeHTOB perpecCuy B OTACHAbHOCTH U I COBMECTHOTO OMpeeIeHUs
TOYHOCTH MX OLIEHUBaHMUS.

Kugusuayanshbie A0BEPUTENbHbIC HHTEPBABI
Kax/ast U3 KOMITOHEHT @; BEKTOpa @ HOPMAJbHA CO CPENHUM @; W AMCIepcHeil o7 =

-1 ~1 R " -1
o*(F'F), , e (F'F), — i-il amaronanbbiil anement Matpuusl (FYF) ™. 3anasas
YPOBeHb IOBEPHS ¥, JIETKO HaxoAuM (cM. 1. 1.3.1) noBepuTesbHbie rPaHULbI Wi KO3 du-

LIMEHTOB PErPECCHH O
a; — 6; < a; < a; + 6;;

BEJIMYMHBI §; onpenensiiorcs U3 yenosus P{|a; — a;| < 6;} = » v 3anal0TCs paBEHCTBOM

6; = x4/ (FTF) (19)

rae =, — peuieHue ypaBHeHusi F(z) = (1 + »)/2, F(z) — byHKuus cTaHNapTHOTO HOp-~
MaJibHoro ¢ napamerpamu (0,1) pacnipenenexus.
CosmecTHbie JoBEpUTENbHBIE MPaHHLbI
-1
Boobuie roBops (ecau MaTpuua (FT F) He ABJISeTCS AMaroHANbHOM), OUeHKH K03bdu-
LIMEHTOB PErpecCUM 3aBUCUMBI.
HazoBeM 21a6nbim snauncoudom pacceanus CIyd4aiHOTO BEKTOPA @ OTHOCUTENIBHO & 31~
auncoun E, , 3ajaBaeMblif HEpaBEHCTBOM
E.={a ek, (a-a) (FTF)@-a) <} (20)
BenvuuHa € Ha3bIBaeTCsA paduycom JUIMIICOMIA. 3aMETHM, YTO YpaBHEHHE
P{a € E.}=x (21)
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MpH 3aTaHHON ¥ OHO3HAYHO pa3pellIMMO OTHOCHUTENIBHO €.
<« B cuny coBMecTHO# HOpMaNbHOCTH KOMITIOHEHT BEeKTOpa @, ypaBHeHHe (21) umeer

e (FTF /exp{——(a a)’ (¢ F)(a-—a)} da =x

CnenaeM B MHTErpase 3aMeHy lepeMeHHbIX, TPUBONALIYIO KBapaTUYHYIO (JOPMY, CTOSILLIYIO

B TOKAa3aTeJle CTeNEHH Y 3KCIIOHEHTHI, K CyMMe KBanpaTOB3). IMocnenHee cooTHolleHHE

NIpUMET BUJ
1 X

1
(2r)*2 / CXP(‘E D ) dyidy; ... dye = x. (22)

k =1
> e
1=l

IMepexons K chepuueckuM koopauHatam B R¥ u nonaras
Yi = T SIn @g_; Sin @g_3 ... Sin @3 sin @y,
Yy =7 Sin Pr_; Sin @i—3 ... Sin ¢, cos ¢y,
Y3 = T SIn @Y, Sin Y3 ... COS P,

..........................................

Yk—1 = 7 Sin @g_; COS Yy,
Yr = T COS Qk—i,
med <r<e, 0Ky <27, 0K @; <™, j=23,...,k, us coorHowenus (22)

MOJIYYUM

2x e x €
......_l.._.. d : d . k=2 d k-1 _ r2 d _
r)2 @1 | singyayp; ... | SIN " Qg1 APy [ T €Xp 3 T =X.
0 0 0

0
YuuteiBas, 4tTo

x
/ sin'™ @, dp, = —mﬁ,
0 T

rae I'(8) — ramma-¢dyHKuMst Ditnepa, 1S OnpeneaeHUs paguyca IIaBHOTO 3JUIMTICOUNA
paccessHMs € MOJyyaeM COOTHOLLIEHHE

k2§ 2

T
2——k——/rk 'exp( TZ) dr = x, (23)
(3)

KOTOpOE JOKa3biBaeT YTBEpXAECHHE. b

EcaM 3a1aTh 1OBEPUTEIbHYIO BEPOSATHOCTD ¥ (% GIM3Ka K e JMHHUIIE) M U3 ypaBHeHMs (23)
HalTH COOTBETCTBYIOLUMH €1 palluyC €, TO COBMECTHOE paccesiHUe OLIEHOK a KoaddHunmeH-
TOB perpeccu OyneT onUchiBaThCS IJIaBHBIM JUIHIICOUNOM E.

3) 910 Beerna BO3MOXHO B CHIy cMMeTpHuHocTH Matpuusl FTF.
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2

2. Eciv BenuyuHa napaMerpa o HeM3BeCTHA, TO, 3aMEHHUB B NMOJMYYEHHBIX BHIIE CO-
OTHOLUEHUSX Mg UHIAMBUIYAIbHbBIX HJIM COBMECTHBIX JOBEPUTENbHBIX o6nacTeil 3HaYeH e
napameTpa o2 Kakoi-HuOyIb ero OLieHKO, Mbl TIOJIYYUM HpubaudceHHsie UHAWBUIYaNbHbBIE

WJIM COBMECTHBIE IOBEpUTEIbHbIE 001aCTH.
ITocTpoeHue moynbuix JOBEPUTENbHBIX 061aCTE B 3TOM CIIy4ae MOXET ObITh OCYILIECTBIIE-

HO clieayIoIuM obpa3om.

Unamsupyanchbie aosepurenbibie rpalnLbl

PaccMorpum BesmuuHel £, _;, ¢ = 1, 2, ... , k, onpegensieMbie OTHOLLICHUEM
a; — Q;

£ =
m—k — 1’
AY} (FTF i

Ie 8 — OLEHKA MapaMeTpa o2, 1aBacMast COOTHOLICHUEM (13). Tak xe, kak 4 B 1. 1.3.1,
MOXHO YCTAHOBUTb, UTO KANCOAA U3 3MuX eéeaudur umeem pacnpedeserue Cmovrodenma c

N
(E r — k) cmenenamu ceobodn. OTcioga Ui 3alaHHOU JOBEPHTENLHON BEPOSITHOCTH
i=|

® OOBIYHBIM 06pa30oM MoJIyyaeM, YTO TOYHOCTb OLICHUBaHUA $-10 K03 PHLIMeHTa perpec-
CHUM Q; OMUCHIBAETCs JBOHHBIM HEPABEHCTBOM

a; — 30,/ (FTF);' < a; < a; +3A0,y/ (FTF);. (24)

BennyuHa Ax HaxoauTcs 1o 3alaHHOMY 3HAYECHUIO ¥ U3 YCI10BUA
i
P{Itm_kl < Ax} =¥X.

CosmecTHbie fOBEPUTENIbHbIC rPaHHLbI
WHIMBUyaIbHBIE TOBEPUTEIbHBIE MHTEPBAIH (24) He maloT ucyepnbiBapomei nHGopMa-
LMH 0 co8MeCmHOl oyexnKe moyHocmu ornpeneeHUus Ko3pPUuMeHTOB perpeccuy u3-3a Bo3-

MOXHOM 3aBUCUMOCTH MOCJIEAHHUX.
Jlng nonyyeHus JOBEPUTEIBHOM 00J1aCTH B 3TOM CJTyyae 3aMETUM, YTO B CHJIY COBMECT-

HOI HOPMAJILHOCTH KOMITOHEHT @; BEKTOpA OLICHOK @ BEJIHYMHA
(@ —a)"FTF(a - a)
o2
UMEET pacnpeiejicHue x2 ¢ k crenensiMu cBo6onbl. 1o Teopeme M3 npeabIxyiIero MyHKTa
BeJIMUMHA r
(Y - Fa)" (Y - Fa)
o2

(25)

N
HMeeT pacrpeleneHue x> ¢ ( Sor— k) CTeMeHsAMM CBOGOIbI M HE 3aBMCMT OT BENMYUHHI,
i=1
naBaeMoi opMynoit (25).
CnenoBaTeNbHO KX OTHOLIEHHE

N
(@-&)TFTF(a - &)(E ri— k)
F = 1=]
kM (Y - Fa)T(Y - Fa)k
N
uMeeT pacripeneneHue Puinepa ¢ (k, Yori— k) CTETNICHSAMM CBOOOABI. 3agaiiM IOBEpU-

i=1
TeJIbHYIO BEPOSAATHOCTb ¥ W ONpeleIMM BeuuuHy F), Tak, uyto

P{Fi m-k < F.} > x. (27)

(26)
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TlepenmeM HepaBeHCTBO (27) ¢ yyeToM (26)

P{Fyu-x<F}=P{(@-a)'F'Fa-a&) <s’kF,} =P{acE}>x
(3mech s* — ouenka (13) napamerpa 0?). MckoMoil COBMECTHO NOBEPHUTENbHOM 061a-
CcTbio JUISl KO3(DDULIMEHTOB perpeccun & GyneT MIaBHbIN 3IMIIcon paccesHust B, panuyca

€ = SVEkF,.
3.7. Mporno3uposanue pe3ynbTaros IKCNepUMEHTa. TOYHOCTb U HAAGXKHOCTb NPOrHO3a

B npeabiryluMx pa3nenax Mbl 10Kas3aaM, Kak 10 pe3yabTataM 3KCIepUMEHTa MOXHO HalTH
3aBucuMocTb (1) Mexmy nmepeMeHHbIMM ¥ ¥ X = (&;)iL;, ¥ onucanu 3Ty 3aBUCUMOCTb
cootHoweHueM (12)

k
T _
y=¢ (X)G.: Z aiwi(ml’a’b v ,:L'n),
=1

e @;(x) — usBectHbie GYHKUMH, 2 OLIEHKM a; Aalotcs popmysoit (11)

- T\~ 1T

a=(F F) FY.
D11 GOPMYJIBI MOTYT GBITH UCTIOIL30BaHbl TEMEPD ISk TPOTHO3UPOBAHUS PE3Y/ILTATOB 3KC-
nepuMenTa. Ilpy 3TOM, KOHEYHO, MPEATIONATAETCS, YTO HOBbIE U3MEPEHUSI NONUNHSIIOTCS

TEM Xe 3aKOHOMEPHOCTSIM U CTPYKTYpa B3aUMOEIHCTBHS TIEPEMEHHBIX B HOBBIX 3KCIIEPHU -
MEHTAX TaKasl Xe, Kakoi oHa Obljia B 3KCIIepUMEHTAX, MOCHYXHUBILIKX UCTOYHUKOM HHOP-

MAaLMH JUIS TOCTPOEHUST MOZIEJTH.
IlycTb X9 — TOYKA, B KOTOPO¥H MBI XOTMM CNPOTHO3MPOBATh 3HaYEHHE NMEPEMEHHON
y(xg). OtMeTnm, yTo ¥ — mNpenckKasbiBaeMoe Monenbio (12) 3HayeHue nepeMeHHOH Y

B TOYKE Xg,
- T _—
Y(xo) = ¢ (x0)a,
SIBJISIETCSl HECMEILEHHOH OLEHKOH MaTeMAaTHYeCKOTO OXXHUAAHMsI IPOrHO3UPYEMOro u3Me-
peuns Y (xo). [Aucnepcus 3To# OLIEHKM JIETKO HAXOQUTCS

D[F(x0)] = M[¢" (x0)@ " p(x0)] = ¢” (xo)M [T " | p(x0),
oTKyna, yauteisas paseHcrso K[, @] o (FT F) = sakmiouaem, 4o

D[F(x0)] = 00" (x0) (FT F) ™ (x0).

B COOTBETCTBUY C IPUHATHIMHU NONYLIEHUSIMH NIPOTHO3MpYeMoe uaMepeHue Y (xg) ckianbi-
BaeTCs U3 3HayeHus Y(Xo) ¥ olMOKY u3MepeHus €

Y(xo) = y(xo) + &

PasHuLIa MeX/Ty NPOTHO3UPYEMbIM 3HAYEHUEM U NPEJCKAa3aHHBIM C TOMOLbio Mozieny (12)
SIBJIsIETCS HOPMAJIBHOM Cly4yaiHOM! BETMUUHOM C HYJIEBBIM CPEIHUM

M|[AY] = M[Y (xo) — ¥(x0)] = y(xo) — M[¥(x0)] =0
U aucnepcuen
D[AY] = D[¥(xp)] + D[F(x0)] = (1 + 9" (x0) (FT F) ' p(x))-
Orciona, KaK Y BHILLE, 3aKTI0YAEM, YTO OTHOUICHHE
Y (x0) — §(xo0)

5/1+ 97 (x0) (FTF) "' (x0)

tay =
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N
uMeeT pacripeaenctue CToloneHTa ¢ ) | r; — k cTeneHsAMu cBOGOABI. 3TO MO3BONSET HaM
=1
OLIEHUBaTb TOYHOCTb NPOrHO3a CTaHAAPTHBIM 00pPAa30M — 3alaeM HalleXHOCTb ¥, 0JIM3KYIO0
K €IMHMUIIE, U HAXOOAUM 3HauyeHMe i, Takoe, YTo P{ItAyl < tx} = . C BepOSATHOCTBIO,

HE MEHBbLIEH ¥, TPH 3TOM BbIITIOTHAETCA COOTHOLICHUE

¢" (x0) @ — t,D < Y (xp) < ¢” (X0)@ + t,.D,

YKa3hIBaIOLIee rPaHMIIbl, B KOTOPHIX C HANEXHOCTBIO, HE XYALIEH ¢, HAXOAMUTCA MPOrHO3H-
pyeMoe 3HayeHHe Y(Xg) nepeMeHHOM Y.

3necs D = s\ﬁ + @7 (xo) (FTF) ™' p(xg) — omenka mcnepcun D[AY].




3aknio4yeHue

3aBepinas o0cyXaeHHE MPOCTEHIIIUX 3a1a4 CTaTUCTUYECKOro aHaIM3a IKCNepUMEHTab-
HbIX JaHHBIX OTMETHUM, YTO PaCCMOTPEHHbIe HaMu NpobiaeMbl AOMYCKAIOT IUPOKoe 0606-
lIeHUE, KaK C TOYKH 3PEHMA MOCTAHOBOK, TaK U C TOYKM 3pEHHSA UCIONb3yeMBIX METONOB
uccaenoBaHus. OIHUM U3 BaXHEHLIMX OOCTOATENLCTB, ONpPEAENAIOMIMX YCIEX B MOCTAHOB-
Ke U pelIeHUH CTaTUCTUYECKUX 3al1ay, ABISETCH YETKOE OCO3HAHHUE UMCClleIoBaTeIeM TOro,
KaKMM (pakTHYECKHM MCXOOHBIM MaTepualioM OH ofnajfiaeT, KaKue Lesiv OH nepen coboit
CTaBUT U YE€ro B KOHEYHOM MTore XoyeT gobuthcsi. TlocTaHOBKaA 3amayu omnpejaensier, Kax
NpaBWJIO, HE TOJBLKO anmnapar, HeoOXoaMMBbIA IS ee pellieHUs, HO, 3a4acTyl0, U CIOCOOkI
NoJIyYeHHs IKCNEPUMEHTANILHOIO MaTepHuaa.

He MeHee cyniecTBeHHOM ABIAECTCA U MHTEPNPETAIIUA PE3YILTATOB NPUMEHEHHS TEX WU
HHBIX CTAaTUCTUYECKHX MPOLICAYD.

TonbKo KOMIETEHTHOCTD MCCJIEAOBATENS U KOPPEKTHOCTh CTaTUCTHKA ABJIAIOTCS rapaH-
THel comepXaTtenbHOM U Oe3o1nboyHoit MHTepnpeTanuu. CaMu no cebe cTaTUCTUYECKHE
MpoLeAyphl He pellIaloT peaNbHbIX MPUKIARHBIX MPOOJIEM, OAHAKO MPAaBHJIbHO MMOHSATHIE
¥ 00BSICHEHHBIE Pe3YJIbTATHI UX NPUMEHEHUS ABIAIOTCH HalleXXHBIM OPUEHTHPOM IS ITpU-
KJIaiHMKa.



Mpumepsl pelueHua 3apay

1. Cayvaiinwie genununoi &y, &, u €3 He3aBUCUMBI U HOPMAAbHY C OOUHAKOBHIM CPEOHUM, PABHBIM 2.
H3secmno, ymo ux ducnepcuu omrocamca coomeemcmeerto kax 3 : 4 : 2. Haiimu xo6apuayuonryio
Mampuyy 3mux CAy4QUHBIX 8EAUHUH, CAU U3BECMHO, YMO

P{2%, — & + 363 > 5} = 0,95.

Pewenne. IMockonbKy ciyyalHbie BeMYMHN £, §; ¥ §3 — HE3RBHCHUMbI, TO OHM HEKOPpPeJIH-
poBaHel. CieaoBare/ibHO, HCKOMass KOBapMAaLMOHHAsA MaTpHIa AMArOHalbHA M €€ HUaroHAILHBIC

3JIEMEHTH — AMCNEPCHUM CIyYalHbIX BeIMYHUH §), €2 U §3 COOTBETCTBEHHO!

D, 0 0
K[§, &, 6] = ( 0 D, 0 ) .
0 0 D

Hanee, U3 HE3aBUCUMOCTH M HOPMAaJIBHOCTH 3aKJiOYyaeM, 4YTo jiobas JHHEeHHas KOMOHHALHA 3THX
caydaiHBIX BEJIMUMH — HOpMaJibHaA ciyyaliHas BeTWYMHa. B yacTHOCTH

2% — & + 36 = N[m, D],

rae
m = M(2% ~ & + 36) = 2M§ - MG +3M6 =

D = D(2§, — & + 3£3) = 4D§, + Dé; + 9DE;.

Iycms zmcnepcm cnyqaﬁnoﬁ BeJIMYMHK §; paBHa o’.

D¢, = 40?/3, D¢ = 20%/3, mxynaD 340%/3.
JIis HAXOXIEHHS BEIMYHHEL 0> UCTIONB3YEM MOCAEIHEE YCIOBHE 3a1a4H

5—-8
P{2€|—£2+3£3>5}=1—F(0\/§47§) =0,95.

Torna u3 YCIIOBHA 3aa4YM IMOIYYHM, 4YTO

Orciona

=-1,645 = o~0,542.

-8
):o,os =

5
F(a\/34/3

HckoMas KoBapHaUMOHHas MaTpHLia

0293 0 0 )

K[&h &2, 63] = 0 0,391 0
0 0 0,195

2. Ilapa cayuaiinbix éesuqun £ u 1) umeem coeMeCmHoe HOPMAnbHoe pacnpedeserue ¢ 6eKMopoM
Mamemamuyeckux oxcudanuii {—2, —1} u kosapuayuonroii mampuyeii K

K=o | 3 7],

Hzeecmuo, umo P{¢ ~ 29 < 3} = 0,65. Haiimu D¢, D).
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Pewweune. CoBMecTHasi HOPMaIbHOCTD Maphbl CIYYaHbIX BENWYMH § ¥ 1) ofecneynBaeT HOpMaib-
HOCTb KaXIoM M3 HUX M NI060i WX TMHEHHONH KOMOGMHAUMM, B YaCTHOCTH BENIMYMHA ( = § — 29
HOpMaJlbHa C MapaMeTpaMu

M{=M¢{-2Mn=-2~2(-1)=0, D(=D¢+4Dn—4cov(¢,n).
IMoncrasnss B nocieaHee COOTHOLIEHHE JIEMEHTbI KOBAPHALIMOHHON MaTPHLIBL:

D¢ =20°, Dnp=17d% cov(t,n) =30,

NoJyYuM
DC=20’2+4'70'2-4'30'2 = 180°.

Ilo ycnosuio P{¢ < 3} = 0,65, oTKyza, ncnob3yst HOPMalbHOCTb (,

3 3
F —065 = ——=0385 = o=~ 1837
(a 18) ’ o/18 T

HckoMble aucnepcu paBHbI, COOTBETCTBEHHO,
D¢ = 207 ~ 6,747, Dy =To" ~ 23,622.
3. Haiimu xoeapuayuro opourams: u abeyuccesl mouku M (€, n), pasHomepHo pacnpedenertoii 6 Kéa-
dpame K c sepuunamu A(—1,0), B(0,1), C(1,0) u D(0, —1). 3agucume: au 3mu cay4aiinsie genu-
YuHu?

Pewetue. IMapa (¢, 7) paBHOMEpHO pacnpeeneHa B KBagpare, 3HaYMT, €€ IUIOTHOCTb 3alaeTcst
COOTHOILIEHHEM

1
L ANl -
0, B NPOTHBHOM Clyyae.

1 KoBapuaL MK nojyyaem

cov(e, n) = [[ feale, v) (2 — Me)(y — M) de dy.
K

IMockonexky
M=M= [[ fo(e, ) - ME) dz = [[ (@, )y~ Mn) dy =0,
K K

MOCTONBKY

cov(é, ) = // Jen(®, y)oy dx dy = [/ %zy dz dy = 0.
K X

TeMm He MeHee citydaiiHbie BeTHYMHB (£, 17) 3aBHCHMBI, TaK KaK H3MEHEHHE 3HAYEHMS OIHOMN M3 HUX
BBI3LIBAET W3MEHEHHE IUana30Ha 3HaYeHu i apyroi ¥,
4. Jeymepnas cayqainas eeauwuna (€, 1) umeem eexmop mamemamuyeckux oxcudanuii {0, —1}
U KOBAPUAUUOHHYIO MAMPUKY
2 —4
Kl nl=( 3 75 )-

Locmamoyro au 3mux danHbIX, ¥Mobbl CPO2HO3UPOBAMb 3HAUEHUS KOMNOHEHMbL 1) nPU U36ECMHBIX 3HAYE -
Huax komnonenmot £ ?

Peweune. 3ameTHm, 4yTO
covig, n) =p- oo, = —4=p-VI- V8

Y Bripouem, MOXHO 4MCTO ()OPMIBHO YCTAHOBHTbL WHTETPHPOBAHHMEM, YTO 3aKOH pachpeneNeHus OnHOH
M3 KOMIIOHEHT 3aBHCHUT OT 3HaYE€HHS, IPHHATOIO APYTro#i KOMIOHEHTOMH.
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Orcoga p = —1, ¥ 3TO 3HAYUT, YTO MEXIY CIy4yalHbLIMM BeNMYMHAMU § M 1) UMeeTcsa NMHehHas
¢dyrKuMOHaNbHAS 3aBUCHMOCTb, ONMCHIBaeMasi COOTHOLIEHHEM

_ % _ V8. ¢
n~Mn—pa£(£ M¢) = np+l= 7=y

CrnenoBateNbHO, NMPH M3BECTHLHIX 3HAYEHUSAX KOMITOHEHTH §{ 3HAYeHHS! KOMIIOHEHTH 1) MOTYT OBITh
CIIPOTHO3MPOBAHH C BEPOSATHOCTDBIO 1.

5. Cayuaiinvie senununti £, 1) u { c6A3aHu COOMHOUCHUEM
2% ~3n+¢=0.

Hzeecmuo, wmo M¢ =0, My =0, M{ =0, D¢ = 2, Dp =1, D{ = 5. Haiimu xosapuayuomuyio
Mampuyy smux cAy4aliHoX eeAUYUH.

Pewenne. YMHOXas JaHHOE B YCIOBMHM JMHEHHOE COOTHOLIEHHE NOCTeI0BaTeNbHO Ha €, ) ¥
¥ HaxoJs MaTeMaTHYECKHE OXHAAHUA OT 06eHX YyacTeit NoNyqyalouXcs paBeHCTB, NOTYYHM

2 -3¢ +¢6=0 IME? ~ 3Mné + M(E =0,
U -3’ +({p=0 = 2Mén ~ 3Mn? + M{p =0,
2 -3¢ +¢*=0 2MEC —3Mn¢ + M¢? = 0.

B cuity paBeHCTBa HY/TIO MaTEMaTHYECKHX OXUIAHHHA CydaliHBIX BENMYUH, MaTeMaTHYECKHE OXHUAA-
HMS KBaApaToB OyAYyT paBHH ANCTNIEPCUAM, a MaTEMAaTHYECKME OXUIAHHA NPOY3BENeHHIT — KOBapHa-
uuam. JIna aneMeHTOB KOBapMAaLlMOHHOM MaTpHIIb! ITPUXOINM K CHCTEME

2D; — 3 cov(n€) + cov((€) = 0,
2 cov(én) — 3D, + cov({n) =0,
2 cov(€¢) - 3 cov(ng) + D¢ = 0,

WIH, NOACTABIISIAA N3BECTHHIC ANCIIEPCHH pPaCCMaTPHBAEMBIX CTydalHEX BEJTHYHH

4= 3cov(nf) — cov(¢¢),
3=2cov(¢n) + cov(¢n),
5 = 2 cov(£C) + 3 cov(n?),

Peuras 31y cucTeMy, NONYYHM HCKOMYIO KOBapHAILIMOHHYIO MAaTPHLLY

( 8 4

23 3
8 11
K[f: ”)C]= § 1 "é‘
4 1
\"3 3 )




BBEAEHUE B TEOPUIO UIP

B npaktuuyecko# AeATeNbHOCTH BeCbMa 4acTO NPUXOOUTCS PaCCMaTpUBaTh SBJICHUS U CU-
Tyalluu, B KOTOPbIX YYACTBYIOT iBe Ul OoJiee CTOPOHBI, UMEIOLLIMe pa3IMYHbie HHTEPECHI
¥ oOragajoime BO3MOXHOCTSMM NPUMEHSATD I JOCTHXEHHUSA CBOMX Liejied pa3HooOpas-
Hble neicTBus. [lonoOHbie sABIEHNS U CUTYyalUM TIPUHATO HA3bIBaTb KOHGAUKMHBIMU, UIH
MPOCTO KOHGAUKMAMU.

TunuyHbI KOHPIMKT XapaKTepU3yeTcs: TPeMsI OCHOBHBIMY COCTABJISIOLIUMHU:

1) 3aMHTEpecOBaHHBIMM CTOPOHAMM,
2) BO3MOXHBIMM JeHCTBUSIMHU 3THX CTOPOH,
3) uHTEpecamu CTOPOH.

KoH@auKTHasg cuTyaums, B3sitasd U3 peajbHOM XU3HH, KaK 1PaBUlo, JOBOJBHO CIOX-
Ha. K ToMy Xe ee u3yyeHue 3aTpyAHEHO HaJIUYUEM MHOTMX pa3HbIX OOCTOSTENBCTB, YacThb
M3 KOTOPbIX He OKa3biBaeT CKOJIb-IHD00 Cy1IeCTBEHHOTO BIUSHUS HY Ha pa3BUTHE KOHDINK-
Ta, HU Ha ero ucxon. [loaTomy mig Toro, 4To6bl aHAIU3 KOHGDAUKTHON CUTyallMM OKa3aJCs
BO3MOXHBIM, HeoOXOONMMO OTBJIEYEHHE OT ITHUX BTOPOCTEINEHHBIX (haKTOpOB, MPU yaay-
HOM CTE€YE€HHUM OOCTOSATENLCTB MO3BOJIAIOLIEE TOCTPOUTH YIIPOIIEHHYIO GOPMaIM30BaHHYIO
Mojenb KOH(PNIMKTA, KOTOPYIO U NMPUHATO Ha3biBaTh uepoi. Ot peaibHOM KOHGOIMKTHOR
CUTYalIMH UTPa OTJIMYAETCS €1LI€ ¥ TEM, YTO BENETCS MO BMOJIHE ONpeneIeHHbIM NIpaBUiiaM.

Heob6xonuMocTb H3yyeHUs M aHaIK3a KOH(MIUKTOB, ITPEACTABISIEMbIX B BUE YIIPOILEH -
HBIX MaTeMaTH4YecKuX Moneneil (Mrp), Bbi3Bala K XU3HM ClIEeLMANIbHBIA MaTeMaTHYeCKU
annapar — meopuro uep.

OnuiiieM HEKOTOpPbie OCHOBHbIE ITOHATHS , UCITOJIb3YEMbBIE B 3TOM TEOPUMH.

3anHTEpecOBaHHbBIE CTOPOHBI Ha3biBaloTC uepokamu. Jli060e BO3MOXHOE Ui UTpOKa
neicrBue (B paMKax 3allaHHBIX Mpaeua Uzpbl) Ha3bIBAeTCS €ro cmpamezuei. B ycnoBusx
KOH(JIMKTa KaxIbli UTPOK BbIOMpPAET CBOIO CTPaTervio, B pe3yjbTaTe YEro CKialbiBaeTcs
Habop cTparerwii, HaspiBaeMblii cumyayueli. 3aMHTEPECOBAHHOCTb UTPOKOB B CUTYaLIMH
MPOSIBJISIETCSI B TOM, YTO KaXJIOMY MIpOKYy B KaXIOM CUTyaUMH NMPUIHKCBHIBAETCS YMCIO,
BbIpaxaloiliee CTeneHb yaoBJIeTBOPEHUSI €10 HHTEPECOB B 3TOM CUTYyaLlMM M Ha3biBaeMoOe €10
éblucpbiliemM B HEN.

B 3THX yCnoBHSX NMpoTeKaHue KOH(MIMKTa COCTOMT B BbIOOpE KaXIbIM UTPOKOM CBO-
€l CTpaTer¥y U B MONYYEHUU UM B CIIOXUBILICHCS CUTyallUU BBIMIpHILIA U3 HEKOTOPOTO
uctoyHuKa. Ha 3TOM nyTH CO31aeTCs1 meopus uep ¢ biuzpbillamu.

OpHako OLIEHKa UTPOKOM CUTYallMY MyTeM yKa3aHWs €ro BhIMIphilla, BooOilie roBops,
He Bcerna BO3MOXHA MPaKTUYECKM U laXe He Bcerna umeer cMbicl. B moaobHbiX ciayyasx
HWHOTIJA yNaeTcsl BMECTO NMPSIMBbIX YMCIIEHHBIX OLICHOK CUTYallMH yKa3biBaTb Ha UX CPaBHM-
TEJILHYIO NMPEeANOYTUTENBHOCTD TS OTAEAbHBIX MrpokoB. Ha 3tom nyTtu coznaercst meopus
uep ¢ npednoymerusmu, BKirodaionias B ce0a Kak YaCTHbIM Cay4yail ¥ TEOPHIO U C BLIUTPbI-
waMu. B panpHelieM Mbl OrpaHUYHMMCSE PACCMOTPEHUEM TOJIBKO MIP C BbIMIPbILLIAMH.
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U3yyeHune Urp MOXHO MPOBOAUTD C pa3InYHBIX TOYEK 3peHHUsI. Mbl Oy1eM CTpeMHUTBLCS K

— BbIpabOTKE MPUHLMIIOB ONTUMAJIBHOCTH, TO €CTh TOr0O, KaKoe TOBeIEHHE UIPOKOB
CIIEAYET CYATATh ONITUMAJIBHBIM (Pa3yMHbBIM, LI€1€CO06Pa3HBIM),

— BBISICHEHMIO PEaIM3yeMOCTH 3TUX NMPUHLMIIOB, TO €CTh YCTAHOBJIEHUIO CYHIECTBOBa-
HUS ONTHMAJIbHBIX B BbIpabOTAHHOM CMBICJIE CHTYaLIMiA,

1
— OTBICKaHMIO 3TUX peayin3almi.

OnHO U3 NI0AOTBOPHBIX HOPM peaiu3aliuu NPEeACTaBICHU It 00 ONTUMAJIBHOCTH MOXHO
CYUTATh NOHSATHE pagHOBecUs,, TIPY KOTOPOM CKJIafbiBaeTCsl TaKasi (paBHOBECHasl) CHTYaLIMs,
B HapYyLIEHHWU KOTOPOi He 3aHHTEepeCcCOBaH HY OUH U3 UTPOKOB.

MMeHHO cUTyallu¥ paBHOBECHSI MOTYT OBITh MPEIMETOM YCTOMYUBbBIX 1OTOBOPOB MEXAY
MIpOKaMH (HM Y OHOTO M3 UTPOKOB He OyneT MOTMBOB K HapylLleHHIo gorosopa). Kpome
TOro, CUTYallu¥ paBHOBECHS SIBJISIOTCS BBHIFOJHBIMHU JUISI KaXIOTO UTPOKa: B paBHOBECHOW
CUTYalMM KaXIbili UIPOK MoyyaeT HaubonbLMi BHMIpbIL (pa3ymeercs, B TOi Mepe, B Ka-
KO# 3TO OT HErO 3aBUCHT).

Ecnu B Urpe CUTYaLny paBHOBECHS (B IIpe/esiax OTIYIIEHHBIX BOBMOXHOCTE) HET, TO,
OCTaBasiCh B YCJIOBMSIX CTpPaTErMi, MUMEIOIIMXCS Y UTPOKOB, MbI CTAJIKMBAeMCsl ¢ Hepaspe-
urumoit 3anaveid. [lpy BOZGHMKHOBEHHMM MOAOOHBIX CIy4yaeB €CTECTBEHHO CTaBUTh BONPOC
O TAaKOM pacIIMpPeHUM NEPBOHAYAJILHOrO NMOHATUS CTPAaTEruu, YTOObI CPEAU CUTYALIUM, CO-
CTaBJI€HHBIX M3 HOBBIX, 0000IIEHHBIX CTpAaTeruii, 3aBeAOMO HAUUIUCh Obl PaBHOBECHHIE.
Eciau Takue 0600111eHHBIE CTPAaTErHK CYLIECTBYIOT, TO OOBIYHO OHM NMPEACTABIAIOTCS HEKO-
TOPbIMH KOMOMWHALMAMYM UCXOMHBIX CTPaTerui (Mpu 3TOM, ECTECTBEHHO, TIPEATIONAraeTcs,
YTO Wrpa MOBTOpsieTCSs MHOrokpatHo). JLis Toro, 4To6bl OTIMYATh NMPEXHUE CTPATeruu
OT HOBBIX, NIEPBBI€ HAa3bIBAIOT YUCMBIMU, A BTOPBIE — CMeUaHHBMU CTPATETUSIMU.

BecbMa nIogOTBOPHBIM SIBJISIETCS MPEACTaBICHUE CMELIAHHOM CTpaTerMy Kak cirydai-
HOro BbIOOpa UIPOKaMM UX YMCTBIX CTPATErMii, IpU KOTOPOM CilyyailHblie BbIOOpHI pa3iny-
HBIX UTPOKOB HE3aBUCHUMBI B COBOKYIHOCTH, @ BBIMIPBILI KAXIOT0 U3 HUX onpenensercs
KaK MaTeMaTHYecKoe OXHIaHue cayyaHoro BeiMrpbiia. Mrpa, npeobpa3zoBaHHasi TAKUM
00pa3oM, 0OBIYHO HA3BIBACTCS CMEUAHHBIM pacuupeHuem UCXOOHON UIPhbl.

IIpounniocTpypyeM cka3aHHOE Ha NMPUMEPE OOHOTO U3 CaMbIX MPOCTHIX, HO OMHOBpE-
MEHHO ¥ HauboJiee 3yyeHHbIX KJIAaCCOB TP, Ha TaK Ha3bIBaeMbIX MampuuHeix uzpax. ccne-
IOBaHHE MAaTPUYHBIX UTP UHTEPECHO €11€ U TTOTOMY, YTO K HUM MOrYT ObITb NPUBINXKEHHO
cBelleHbl MHOTHE UTpHI HoJiee ob1iero Buaa.

3aTeM MBI KpaTKO OCTaHOBUMCS Ha BOMPOCE KJIacCU(PUKALIMU UTp U PACCMOTPUM ellie
[IBa BUIIa UTP — NO3ULUOHHBIE USDbl U buMampuuHbsie Uzpe.
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MATPU4HbBIE UIPbl

PaccMOTpUM UTpy, B KOTOPO# Y4YacTBYIOT JBa MIpoKa, NMPHYEM KaXAbIA U3 UTPOKOB
HMeeT KOHEYHOoe YU C0 cTpateruit. O6o3HauyuM s yno6CTBa OMHOIO M3 UIPOKOB Yepes A,
B Ipyroro — yepe3 B.

Ipeanonoxum, 4To Urpok A umeer m crparermii — Ay, Ay, ..., A, a urpok B
uMmeer n crpareruii By, B,, ..., By,.

Ilyctb urpok A Beibpan crpareruio 4;, a urpox B ctpareruio Bi. bynem cuuTarh, 4TO
BbIOOp UrpOKaMM cTpaTeruii A; U By ONHO3HAYHO ONPENESIET UCXO UTPhl — BBIMTPhILI &%
urpoxka A u BeiMrpsbiul by Mrpoka B, npuyeM 3TH BHIMTPBIIIKM CBSI3aHbI PAaBEHCTBOM

bir = —a;

(oTpunaTeNbHBIM BHIMTPHILI Ha GBITOBOM si3bIK€ OOBIYHO Ha3bIBAIOT IPOMIPHILIEM).

IMocnensee ycaoBHe NMOKa3bIBAaEeT, YTO B PACCMATPHUBAEMBIX OOCTOSITENILCTBAX BHIMTPHILI
OIHOT'O M3 UTPOKOB PaBeH BBIMTPHIILY JIPYTOro, B3STOMY C IIPOTHBOIOJIOXHBIM 3HakoM. Ilo-
3TOMY NPH aHANIM3€ TaKOM UTPhl MOXHO PaCCMaTPHBATh BHIMTPHILLIH TOJILKO OJHOTO M3 UTPO-
koB. Ilyctb 310 6yIyT, HAaNpHMeEp, BHIMIPBILIH UTPOKa A.

Ecny HaMm U3BeCTHBI 3HAYEHM @;; BHIMIPHILLA NIPH KAXION Mape cTpareryii (B Kaxmoi
cutyaunn) {4;, By}, i = 1,2,...,m, k = 1,2, ..., n, TO X y106HO 3amuchiBaTh WIH
B BUIE NPIMOYTOJIbHOM TabNMIIbI, CTPOKM KOTOPOM COOTBETCTBYIOT CTPATETHsIM MIpoKa A,
a cToNbubl — cTpaTerusiM urpoka B:

BI B2 v eos Bn
A ey eap ... ap
Az s ajzr .o (1 5
Am At Qp2 ... GOpp
WIHX B BUOC MATPULIbI
ay  ap Qin
a a . a
A= 21 22 2n
aml am2 .« e amn

IonyyerHasi MaTpyia UMEET pasMep m X n W Ha3bIBAETCS Mampuyel uzpvl, U1 naa-
mexcroii Mampuyeii (0TCIONA U Ha3BaHHUE UTPBHl — MAMPUYHAR).
PaccMaTpuBaeMylo HIPY YacCTO Ha3bIBAIOT Uepoll m X 1 WIH M X N U2pou.

3amevanne. MaTpHuMBie MIPhl OTHOCATCS K pa3pAAy TaK Ha3biBaeMbiX aHTAFrOHUCTHYECKHX HIP, TO €CThb MIP,
B KOTOPKIX MHTEPECH HIPOKOB MPAMO MPOTHBOMONOXHBI.

Mipwmep 1. Kaxawii M3 asyx mrpokos A v B OQHOBPEMEHHO W HE3aBUCWMO LIPYr OT [pyra 3sMWCbiBaer
HB nucte Gymarn moGoe uenoe Yncno. ECnun BbiNMCaHHbIe YvMcna NMeIT OAMHAKOBYIO HYeTHOCTb, TO Urpok A
nonyyaet ot urpoka B 1 pyGnb, a ecnu pasHyo, To HaobopoT — urpok A nnamt 1 pybnb urpoky B.
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Y urpoka A pse ctpatermm: A; — 3aMuCaTh 4ETHOe YMCNO U Ay — 3aMUCaTb HEHETHOe uucno. Y urpo-
ka B Takue xe nBe ctpartervu. B| — 3anucaTtb 4eTHOE uicno u B; — 3anucartb HewyeTHoe yucno. Buibop
MUrpokamu COOTBETCTBEHHO CtpaTteru A, u Br 0aHO3HAYHO ONPenensieT UCXop, Urpsl — BLINFPLIL Urpoka A.

Matpuua 31oi 2 X 2 urpbl UMeeT Cneayoiui Bus

()

(3necb CTPOKYM COOTBETCTBYIOT CTpaTerusm urpoka A, a cronbup — crpaterusm urpoka B).

§ 1. PaBHOoBeCcHas cuTyauus

PaccmoTpuM caenyonmi npumep.

Npumep 2. isa urpoka A v B, He rnsas APYr Ha ApYra, KNAAYT Ha CTON MO KAPTOHHOMY KPYXKY kpacHoro (r),
3eneHoro (g) unm cunero (b) useTos, CPABHUBAIOT LBETA KPYXKOB U PACNNAYUBAIOTCR APYr C APYroM Tak, KakK

NOKa3aHO B MaTPULIE UrPb
-2 2 -1
2 1 1
3 -3 1

(HanoMHUM, 41O Yy 310 3 X 3-mMaTPUUBI CTPOKU COOTBETCTBYIOT CTpaTteruam urpoka A, a cronbus — crpare-
rvam urpoka B).

Cuuras, yto 212 3 X 3 Urpa NOBTOPAETCA MHOFOKPaTHO, NONPOBYeM onpeRenvTb ONTUManbHbIe CTpaTaruv
KaXxaoro U3 Urpokos.

Haunem ¢ nocnegosatensHoro aHanuaa cTparervii urpoka A, He 3abniBan 0 ToMm, 410, BuiOupas crpare-
FUI0 Urpoka A, ROMKHO NPUHUMATL B PacHeT, YTO ero NPOTMBHMK B MOXeT OTBeTUTb Ha Hee TOW U3 CBOUX

cTpaTeruii, npyu KOTOPOW BLIUIPbIL Urpoka A GyaeT MUHUMANbHBIM.

Tak, Ha crpatervio A, oH OTBETUT cTpaTerueid B, (MUHUMANbHLIA abiMrpbi PaBeH —2, 4TO HA CAMOM
Aene 03HavaeT npourpbill urpoka A, pasHbii 2), Ha ctpatermio Ag — crpateruedt By nnu By (MuHuMansHbiit
BbIMIPbIW Urpoka A paseH 1), a Ha ctpateruio A, — cTpaterveilt By (MMHUMAanbHbIA BLivrpoiw Urpoka A
pasen ~3).

3anuiwem 3T MUHUManbHbie BLIMIPLILWK B npasoM ctonbue tabnuubi:

[ B, By By ’
4 | -2 2 -1 | -2

A | 2 1 1]
A | 3 -3 1] -3

maxmin. HeyamsurenbHo, 4To Urpok A oCTaHasnuBaeT CBOV BLIGOpP Ha crpaterun Ag, Npu KOTOPOW ero
MUHUMATbHbIA BHIMIPbIW MakcuManeh (U3 Tpex uucen —2, 1 u —3 MakcumanbHbiM ssnsieTcs 1)

A | =2 2 -1 -2

A0 2 1 1| [1]

A | 3 -3 1| -3

maxmin = l.]

Ecnv urpok A Gynet npuaepxvsartbCs TOM CTpateruu, To eMy rapaHTupoBaH BLIIPLIL, HEe MEHLWWA |, Npn
mobom noseeHUU NPOTUBHUKA B Urpe.

AHaNoOrMYHLIE PACCYXAEHUA MOXHO NPOBECTU U 3a urpoka B. Tak kak urpok B 3aunTepecoBaH B TOM,
4To6bl 0OPaTUTL BLIUIPLILL UFPOKa A B MUHUMYM, TO €MY HYXHO NPOAHANM3UPOBaTb Kaxayld CBOIO CTRATervuio
C TOYKN 3PEHUA MAKCUMANbHOMO BLIMIPHILA urpoka A.

BuwiBupas cBoI0 cTparervio, urpok B fonkeH y4uTuiBaTb, 4TO NpU 3TOM CTpatervel ero npotveHuka A
MOXeT 0Ka3aTbCs Ta, NPU KOTOPOIA BhiMrpbitl urpoka A Gynet makcumanbHbiM. Tak, Ha cTpaternio B, oH orse-
TUT CTpaterueit Ay, (MakcumanbHbivi BLIMIpbils urpoka A paseH 3), Ha crpatervio B, — crpaterven A, (mak-
CAManbHbIA BRUMPLIW Urpoka A paseH 2), a Ha ctpaterwio By — cTpaterneit A; uam Ay, (MakCUmManbHbii
BbUrpbIl Urpoka A paseH 1). 3TM MakcumanbHblie BHMIPLILLM 3aNUCaHbl B HUXKHE CTpoke Tabnuubl
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A | -2 2 -1 | =2
A, 2 1 1 1
Ay 3 -3 1 -3
3 2 1

minmax. HeyausutenbHo, €cnu urpok B 0CTaHOBUT CBOM BLIGOP Ha CTpateruu By, Npu KOTOPOI MaKCu-
ManbHbiit BLIUFPLIL Urpoka A MUHMManeH (U3 Tpex uyucen 3, 2 U | MURUManbHLIM aBnseTcs 1):

A | -2 2 -1 -2

Ag 2 1 1 1

Ap 3 =3 1 -3
3 2 [1]

minmax = u

Ecnu urpok B Gynet npuaepXusaTtbCs 3TOM CTpareruu, To npu Mo6oM NOBEAEHUU NPOTUBHUKA OH NpovurpaeT

He OGonbwe 1.
B paccmatpusaemoit Urpe Yucna maxmin v minmax Cosnanu:

maxmin = minmax = |1
(cooTBeTCTBYIOWME aneMeHTH B Tabnuue

A | -2 2 -1
41 2 1 [
Ay 3 -3 1

8bAENEHbI XUPHBIM WPUPTOM).
BoineneHHble cTpaTeruu Ag U By ABIAIOTCS ONTHMANbHBIMHU CTPATErHSAMMU UIPOKoB A M B,

Ag = Aopt; By = Bopt:

B CJICAYIOLIEM CMBICJIE!

npu MHOZOKpAMHOM ROGMOpEHU U2pbi OMKA3 om 6bi6panHoii cmpamezuu AH06BIM U3 UZPOKOE
yMeHbUiaem e20 WaHCh HA eviuzpbiu (Yeeauuueaem WaHCs Ha NPOUZPyIL).

B camom gene, ecnv urpok A Gynet npuaepxusaTeCs He cTpaterun Ao, @ BbibGeper UHYI0 cTpatervio, Ha-
npumep, A;, TO BPAA NN CTOUT PacCyvMTLiBATbL HA TO, YTO Urpok B atoro He zameTut. KoHeuHo, 3ameTut
U He NpeMUHeT BOCNONL30BATLCR CBOUM HabmoaexueM. $ICHO, YTO B 3TOM Cnyyae OH OTAACT npeanoyTeHve
crparerum B;. A Ha BoiGop A, vrpok B oTsetwr, Hanpumep, tak — Bg. B peaynbtare orkasa ot crparte-

rn Ag BHIUIPLIL Urpoka A yMeHbWUTCA.
Ecnu xe ot ctparerun By, 0TKaabisaetcs urpok B, sbibupasn, Hanpumep, ctpatervio By, 10 urpok A
MOXEeT OTBETUTb Ha aF0 CTpaTterveit A, U, TeM CaMbiM, YBENM4UTL CBOI BLIUrPLIW. B cnyvae ctpaterun B,

otser urpoka A — A;.
Tem cambiM, cutyauma {Ag, B,} 0kasbiBaeTcs paBHOBECHOM.

Euie pa3 nonyepkHeM, YTO 3JIEMEHTAMU MATPULIbl UIPH SIBASAIOTCS YMCA, OTIUChIBAIOLIHE
BHIMTpBIlI Urpoka A. bosiee TOYHO, BHIMIPBILI COOTBETCTBYET MOJOXHUTENILHOMY 3JIEMEHTY
IIATEXHOM MAaTPUIILI, 2 OTPMLIATENbHBINA yKa3hiBaeT Ha MPOMIPLILI UIrpoKa A.

Marpuua BHILIaT MrpoKy B nosyyaeTcsi U3 MAaTpHLbI UIPhl 3aMEHOM KaXIoro ee 3Jj1e-
MEHTA Ha NPOTUBOIOIOXHbIH 1O 3HAKY.

PaccMoTpuM Tenepb NPOU3BONIbHYIO MATPUYHYIO HIDY

a;; ap Q1n

a a a
A= 21 22 2n

Ay Am2 Qmn
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(cTpoku 3amaHHOK ™ X M-MaTPULIbI COOTBETCTBYIOT CTPAaTErMsiM Urpoka A, a cronbubl —
CTpaTerusiM Urpoka B) u onuiileM oOLIMIi ATOPUTM, TTIOCPEACTBOM KOTOPOTO MOXHO Onpe-
OEJUTh, €CTh JIK B 3TOM UIPE CUTYyalIUsi PABHOBECHS MJTH €€ HET.

Bmeopuu uzp npednonazaemcs, wmo 06a uzpoxa deiicmeyiom pazyMHo, mo ecmv cCmpemMamcs K no-
JYHEHUIO MAKCUMAABHO20 BbIUZPHIUA, CHUMAR, MO CONEpHUK Oeticmeyem naunyquum (0 ce6s)
06pasom.

Hleiictaus urpoka A

1-# war. B kaxo# crpoke MaTpulibl A MIETC MUHUMAJIbHBIN 3JIEMEHT

a,—=mina,-k, i=1,2,...,m.
k

IMTonyyeHHble Yucia
ap, 02, ..., 0y

MPUITUCHIBAIOTCA K 3alaHHOM Tabaunue B BUIE [TPaBoro f06aBoYyHOro cronbua

ajy ap ... Qp |
a; a2 ... G | 2
Api  Om2 Amn | Am

Noscuenme. BriGupast cTpareruio A;, HIpOK A BNpaBe pacCYHTHBATh Ha TO, YTO B pe3y/lbTaTe pa3yMHBIX
nedcTBHiA NPOTUBHMKA (MrPoKa B) OH BHIMTPAET HE MEHBLUE YEM Q.

2-# war. Cpeny yucen
Qjp, @2y ..., @y

BbiOMpaeTCss MaKCUMaJIbHOE YUCJIO

a = max o;

1]

WK, nonpobHee,

a = max min a;.
ik

CnenuraibHO OTMETUM, YTO BEIOpAHHOE YHUC/IO (@ ABASETCS OHUM M3 3JIEMEHTOB 3alaHHOM
MaTpulbl A.

MNoscxenme. [eiicTBys HanGonee OCTOPOXHO U paccYMThIBas Ha Hanbonee pasyMHOE NOBEACHHE NPOTHBHHAKA,
HIPOK A JOJDKEH OCTAHOBHTHCSA HA TOU CTPATErHn A, , U1 KOTOPO# YHCIIO @ ABNSCTCS MAKCUMALHBIM.

Eciv urpok A 6ynet npuaepXMBaTbCs CTPATErMU, BHIOpAaHHOW ONMMCAHHBIM BBILIE CIOCO-
6oM, TO npH MoOOM MOBeeHUM UrpoKa B Urpoky A rapaHTMpOBaH BLIMIPHIll, HE MEHb-
LUK a.

YKc10 a Ha3bIBAETCS HUNCHEU YEHOU Uzpbi.

IIpyHUMN MOCTPOEHMUS CTPaTeTUU UrpokKa A, OCHOBARHHBINA HAa MaKCUMU3ALMU MUHH-
MaJIbHBIX BBIUIPBILLIEH, HA3bIBACTCS NPUHYUNOM MAKCUMUHA, A BbIOWPaeMasi B COOTBETCTBUHU
C 3TUM NPUHILUIIOM CTpaTerusi A;0 — MAKCUMUHHOI cmpamezuei Urpoka A.
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Hevicreus nrpoxa B

1-# war. B xaxnom cronbue MaTpHubl A MHIETCA MAKCUMAaNbHbBIN 3JIEMEHT

IMonyyeHHnle yucna

Pr=maxax, k=12,...,n
]
ﬂhﬁ21 ?ﬁn
MPUITUCHIBAIOTCA K 3alaHHOM TabnulLie B BUAe HUXHEH 106aBOYHO! CTPOKH
Q2 ... Qqn (83]
@y ... Q) aj
am2 LR amn am
P2 ... Pn

Noncxenne. Bubupas ctparermio By, Hrpok B no/keH pacCYMTHIBATH Ha TO, YTO B PE3y/bTATe pasyMHBIX
neHcTBuit NPOTHBHYKA (MrpoKa A) OH NpOHrpaeT He 6onbiue yem Fy .

2-it war. Cpeay uncen

BhIOMpaeTcd MMHMMAIIBHOE YHCJIO

WM, noapobuee,

pl)ﬁ21"' rﬂn

B = min Sy
k

B = min max a;.
ki

BriGparHoe unciio § TaKkKe ABIAETCA OXHUM K3 EMEHTOB 33JaHHOM MaTPULIb A,

Moncnenme. deAcTys Haubonee OCTOPOXHO M PacCYMTHBAS Ha Haubonee pa3yMHOE NoBENEHHE NPOTHBHHKA,
HIpOK B nomkeH OCTAHOBHUTBLCA HA TO# CTpaTeruu By, Ans KOTOPOH YHCNO By ABNAETCA MUHUMANbHBIM.

Ecau nrpok B 6yzner npuaepXUBaTbCA CTpaTerMu, BolOpaHHOM OMUCAHHBIM BHILLIE CIIOCO-
6oM, TO nipu N1060M MOBEAEHHH UrpoOKa A UrpokKy B rapaHTHpoBaH NMpourphill, He 60Mb-

wunit 8.

Yucno B Ha3bIBaCTCA 8epXHell YeHOU uzpyi.

IpyHIMN NOCTPOGHHUSA CTpaTerHM UrpokKa B, OCHOBAHHKI Ha MMHUMH3AIIMU MAaKCHU-
MaJIbHBIX MOTE€Pb, Ha3bIBAETCHA NPUHYUNOM MURUMAKCA, a BbIOMPaeMasi B COOTBETCTBHH C 3TUM
MPUHIUITOM CTpaTerusl Byo — MuHumakcHoi cmpamezueii urpoxa B.

HuXHSA 1eHa urpbl a v BepXHss [ieHa urpbl § Bceria CBA3aHbi HEPaBEHCTBOM

a<gp.

Samevanne. Peanuzaums onMcaHHoro aropuT™a Tpebyer 2mn — 1 cpaBHEHHH 31EMEHTOB MAaTPULILL A:

CpaBHEHHH IS ONpeneIeHHs a,

mR-Im+m-—-1=mn-1

m-1)m+m-1=mn-1

CpaBHEHHH s onpenesieHHs 8 M OlHO CPaBHEHHE MOIYYECHHBIX YuCesl a U J.

Ecau

WM, noapobHee,

a=p,

max min @;x = ;0,0 = mMin max a;z,

k H
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TO CUTYyaUUs { Ap, Bko} OKa3blBaeTCsi PaBHOBECHOI, M HY ONMH M3 UTPOKOB He 3awfre-
pEcOBaH B TOM, YTOOBI €€ HApyLIMTb (B 3TOM HETPYAHO YOENUTbCA MyTeM PacCyXACHHH,
NONOGHBIX MPOBENEHHBIM NIPU aHAJIU3E UTPHI B TIpUMepe 2)

B ToM ciryyae, Korna HUXKHSS LIeHa UTPbl paBHA BEPXHEH LieHE HIPbl, UX O0lLLiee 3HaYeHUE
HasbIBaeTcs NPOCTO YeHou uzpsl U 0003HaYaeTcs yepes v

IleHa urpbl COBNaiaeT c 3IeMEHTOM @,0,0 MATPULLBI UTPBI A, paciioIOXEHHBIM Ha Niepece-
genvn ¢°-i crpoku (crpaterus A,o urpoxa A) u k°-ro cron6ua (crpaterust Byo urpoka B) —
MUHUMAaJIbHBIM B CBOEH CTPOKE U MAaKCUMaJIbHBIM B CBOEM CTOJIOLIE

OTOT 271eMEHT Ha3bIBAIOT Ce010608 Mo4Kod Mampuysli A, WU mo4Koi paéHoeecus, a npo
WUTPY TOBOPST, YTO OHA UMeem Ce0N08YH0 MOYKY

Crpaterun 4,0 u Bjo, COOTBETCTBYIOLIME CEIOBOM TOYKE, Ha3bIBAIOTCS ONMUMANbHYI-
MU, a COBOKYITHOCTb ONITUMAaJIbHbIX CUTYalIM! U LIEHA UIPbl — peleHUEM MAMPUYHOU uzpbl
C ce010801 mo4Koli

3amevanne CemioBbX TOYEK B MATPHYHOR MIPe MOXeET GbiTh HECKOJIBKO, HO BCE OHM MMEIOT OHO M TO XK€

3HaYeHHUEe
MarpuuyHbie UTPBbI C CEJIOBOM TOYKOH BaXHbl U MHTEPECHbI, ONHAKO Oonee TUMUYHBIM
SABJSAETCA C/y4yaii, Korna NpUMeHEHUE ONTUCAaHHOTO aJITOPUTMA NMPUBOIUT K HEPaBEHCTBY

a<p

Kak rnokasbiBaer cjieayloLui npMMep, B 3TOM CJiy4yae npeUioXeHHbIN BLIOOp CTpaTerui
yXe, BooOuie roBopsi, K paBHOBECHOI CUTYaLlMM HeE NMPUBOAMUT, U NP MHOTOKPATHOM €€
MOBTOPEHUHU Y UTPOKOB BI1OJIHE MOTYT BO3HUKHYTb MOTUBbI K HApYILUEHUIO PEKOMEHIAUHUH,
OCHOBaHHBIX Ha ONMMMCAHHOM AJITOpPUTMeE NeCTBUIT UTPOKOB A u B

Npumep 3 Paccmotpum 3 x 3 urpy, 3anaHHyio matpuueit

4 -1 -3
A= -2 1 3
0 2 -3

MprMEHnB NPERNOXERNbI aNrOpUT™M

4 1 =3]-3

~2] 1 3| -2
0 3 -3
4 2 3|

HaXO4UM HUXHIOIO LIEHY UrPbl @ = —2 U COOTBETCTBYIOULYIO €/ CTpateruio A;, U BepxHIoio ueHy urpsl f = 2
U COOTBETCTBYIOWYIO € cTpateruio B;

HetpyaHo y6eauTLCR B TOM 4TO NOKA UrPOKU NPUAEPXUBAIOTCH ITUX CTPaTeruii, CPeaHUMA BhiUrpbill NPy
MHOTOKPaTHOM NOBTOPEHUU Urpbl pasex | OH Gonblue HUXHeR UueHbl Urpbl, HO MeHblle BepxHei UeHb

Onxako ecnu urpoky B CtaHeT U3BECTHO, YTO UrPoK A NpUAEPXUBAeTCA CTpateruu A;, OH HeMepleHHo
OTBETUT Ctpaterveit B, v CBeper ero BbUrpbity kK npourpeily —2 B ceoio ovepeaps, Ha crparervio B
y urpoka A umeercs oTBeTHan CTpaTerus A), Aawan eMy Buurpbiw 4

Tem cambim, cutyaums {4z, B;} paBHoBeCHO! He RBnseTcH

§2. CmeluaHHble cTpaTeruu

B ciyyae, Korna HUXHSS LIEHA UTpbl & ¥ BePXHSis LI€HA UTpbl § He COBNAaAaloT,
a < p,

UrpokK A MoxeT obecreyuTh cebe BbIMIphlll, He MEHBLIUIA &, a UTPOK B UMEET BO3MOXHOCTDb
He naTth emy Oonbiue, yeM B Bo3HMKaeT BOMpoc — a KakK pasfeiuTh MEXIY WIrpOKaMH
pPa3sHOCTh

p-a?
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IIpenbiayiuye NOCTPOCHUS] HA 3TOT BOIMPOC OTBETA HE NAIOT — TECHBI PaMKM BO3MOXHBIX
neucTBuii urpokoB. [103TOMY NOBOJNBHO SICHO, YTO MEXaHU3M, oOecreYnBaloOLIMiA MOMy-
YeHHe KaXIbIM U3 UTPOKOB KaK MOXHO OonblLI€i noau 3TOH PasHOCTH, CIEAYET UCKATb
B OIpENEJICHHOM PAacCLIMPEHUM CTPATEIMYECKUX BO3MOXHOCTEH, UMEIOLIUXCS Y UTPOKOB
U3HAYaJIbHO.

Oka3bIBaeTcs, YTO KOMIIPOMUCCHOTO paclpeneeHus pa3HOCTH [ — & MEXY UTPOKAMU
¥ YBEPEHHOTO IMOJYYEHHUA KaXIbIM UTPOKOM CBOEH N0JIM IIPH MHOTOKPATHOM MMOBTOPCHHUH
UTPbl MOXXHO JOCTHYb MYTEM CHYYAaHHOTO NPUMEHEHUS MMU CBOUX NMEPBOHAYAIbHbBIX, Y-
cThiX cTpareruii. IIpu Takux neicTBUsX

— BO-TIEPBBIX, 06ecrieynBaeTCsi HanboJIbILIAsA CKPBITHOCTB BbIGOPa CTpaTernu (pe3ybTar
BbIOOpA HE MOXET CTaTb U3BECTHBIM ITPOTUBHUKY, NOCKOJIbLKY OH HEU3BECTEH CAMOMY
WIPOKY),

— BO-BTOpBIX, [IPU Pa3yMHOM MMOCTPOEHUY MEXaHU3Ma Cly4yaiiHoro Beibopa crparerui,
NOCJIENIHUE OKa3bIBAIOTCSI ONTTUMAJIbHBIMHU.

CnyyaiiHasi BeIMYMHA, 3HAYCHUSAM Y KOTOPO# SBJISIIOTCS CTPATery UTPOKa, Ha3biBaeTCs

€TI0 CMEeWaHHol cmpamezuell.
TeM cambiM, 3alaHH€ CMELIAHHOM CTPaTETUH UTPOKA COCTOMUT B YKa3aHUM TeX BEPOSAT-
HOCTE, C KOTOpBIMM BbIOMPAIOTCS €T0 NePBOHAYaIbHBIE CTPATETHM.

2.1. OcHoBHble onpeaenexns
PaccMOTpUM NpOoU3BOJIBHYIO M X 7 UIPY, 3aIaHHYIO M X n-MaTpULICH

a;; a2 Qn

a a a
A= 21 22 2n

Am| Am2 ... Qpg

Taxk xak Urpox A MMeeT M YMUCTBIX CTPATEIMM, TO €ro CMELIAHHASA CTPATerUs MOXET
ObITb ONMKMCaHa HabopoOM M HEOTPHLIATEIbHBIX YHCE

piZO) p2202 ey Pm?O,

CYMMa KOTOpbIX paBHa 1,

CmelLnaHHas cTpaTerusi BTOporo urpoka B, UMEIOLIEero 1 YMCThIX CTpaTeruii, onuchbiBa-
eTcsl HabOpOM 1 HEOTpHLIATENIbHBIX YUCEJl

ql?o) 42?0; ceey qn>0)

CyMMa KOTOpPbIX paBHa 1,

ZQk-_-l-

k=1

3amevanue. Kaxpas yucTasi CTpaTerusi SBISETCS YACTHBIM CNY4aeM CMELIAHHOH CTPaTernu: B YaCTHOCTH,
yucTas cTpareris A; ABASETCS CMEWIaHHOK cTpaTerseif, onuchiBaeMOi HabOpPOM YMCEN Py, P2, ..., Pm>

B KOTOPOM
pi=1, pj=0 (j#i).

IMonuepkHeM, yTo Wi COOMIONEHUS CEKPETHOCTH KaXIbiii U3 UTPOKOB IPUMEHSET CBOM
CTpaTeruy HE3aBUCUMO OT APYroro Uurpoka.




§2. CMeluanuble cTparernm 235

Takum obpa3oM, 3anaB aBa Habopa

P={php2:"')pm}: Q'—'{anz,---,qn},

Mbl OKa3bIBAEMCS 8 CUMYAyUU 6 CMelanHbix cmpamezusx. B 3TX ycnoBusix kaxzaas oObiyHas
cutyaums (B YUCTHIX cTpaterusx) {4;, By} 1o onpeneneHMIo siBsiercs cydaiiHbiM COGbI-
TMEM M, BBUJIy HE3aBUCUMOCTH HabopoB P v ), pealu3yeTrcs C BEPOATHOCTHIO P;qk. B 3ToM
cutyauuu {4;, By} Urpok A noyiyyaer BLIUTPHILL @;;. TeM CaMbIM, MATEMATHYECKOE OXH-
AaHWe BLIMIPhILIA UTPOKA A B YCJIOBMSIX CUTYaLIUM B CMeLIaHHbIX cTpaterusix (P, Q) paBHO

HaP,Q) =)D aanige

i=1 k=]

310 YUCNI0 U IPUMHUMAETCA 32 CPedHUll biu2pbill UTPOKA A MPU CMELIAHHBIX CTPATErusax

P={p,py---,m}, Q@={aq,q,.-.., ¢}

Onpepnenenne. Ctpateruu

Poz{p?,pg,... ,pg,} u Qo= {‘I?,qga--',qg}’

Ha3bIBAIOTCS ONMUMANbHHUMU CMEWUAHHBIMU cmpame2usiMu UITPOKOB AunB COOTBETCTBEHHO,
€CJIY BBIMTOJIHEHO CJCAYIOCEC COOTHOLLICHHUE

Hu(P, Q) < Hy(P", Q") < H4(P, Q).

NoscHexme. BrinucaHHble HEPaBEHCTBA O3HAYAIOT CleAYIOIIee:

NeBoe HEPaBEHCTBO — OTKJIOHEHHE UIPOKa A OT oNnTUMaNbHOU CTpaTernu P npu yenosun, yto urpox B
NPHUAEPXHBAETCA CTPATETHH Qo , IPMBOIMT K TOMY, YTO BHIMIPHILLI OTKIOHHMBILENOCS HIPOKAa A MOXET TOJIBKO
YMEHBUIWTLCH,

NpaBoe HEPaBEeHCTBO — OTKJIOHEHME MTpoKa B oT onTHManbHOM cTpareruu Q° NpH YCIIOBHH, YTO
MIPOK A NPpHAEPXHMBAETCH CTPATETHH P, NPUBOIMT K TOMY, YTO BRIUIPHIII HIPOKa A MOXET TOJILKO BO3PACTH,
M 3HAYMT, BHIMTPHIII HTPOKA B — TONBKO YMEHbIIUTHCS.

IIpuBeneHHOE YCIOBHE ONTUMAIBHOCTH PABHOCWILHO TOMY, yro"

max min Hy(P, Q) = Hy (Po, QO) = min max Hy(P, Q).
P Q Q P

BennuyunHa

V_——HA(Po) Qo);

onpenensiemas nociaeaHe Gopmynoil, Ha3bIBaeTCs yeHoU Uzpsl.
Hab6op (P°, QO, V) , COCTOSILLIMH U3 ONTUMANBHBIX CMELLIAHHBIX CTPAaTErMii UTPOKOB A4

v B ¥ ueHbl UTphl, Ha3bIBAETCS peluerueM Mampu4yHou uzpol.
Npumep 4. PaccMoTpuM 2 X 2 MaTpUMHYIO Urpy M3 npumepa 1. Matpuua aT10i Urpsl MMeeT cneayloumin sBua

(4 1)

Kak HeTpyaHo y6eamTees, CeanoBoi TOMKU y Hee Her.

') DkcTpemaibHble BETHYMHbI m}z:x ngn Hy(P,Q)u mén mgx H 4 (P, Q) Bcerna CymwecTBYIOT BCIEJCTBHE TOTO,

yr1o pyrkuusa Hy (P, Q) apnsercs HeNpepHBHOMK Ha 3aMKHYTOM MHOXECTBE
220, Y pi=1, @20, > g=1
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CMmeluanubie cTpaterun urpokos A u B MoryT 6birb onucaHsi napamu yucen
Pz{pvl_p} H Q={q,'_Q}

COOTBETCTBEHHO.
Cpeaxuit BuiMrpbill Urpoka A BbYMCARETCH Tak:

Hpa(P,Q)=1-p-g+(-1)-p-(1-@+(-Dp-(1-p)-g+2-(1-p)(1-9),
OTKyAa nerko CNeayer, Yro
Hy(P,Q)=4pg—2p—29+1=(2p-1)(2¢- ).
Mocnearee ypnobHo 3anucarts Tak

Hy(P,Q)=4(p-3) (1-3)-

h A MonyyeHHan GopMyna nokasbisaer, YTo ecnu Urpok A
"""""""""" 8 MONOBUHE CNyYaes 3anucbiBaeT Ha nucte Gymare ueTHoe
(HeueTHOE) uucno (BbiGupaer p = 1/2), TO0 He3asBMCUMO
OT TOro, YTO Aenaet wurpok B, oxvpaembiii (CpeaHui) Bbi-
Vrpbilll Urpoka A 8 kaxgoi naptuu Gyner Hynesbim.

Ecnu xe urpok 4 swibeper p > 1/2 (tak uro passocT
p—1/2 6ypeT nonoxutensHow), TO y3Hss 06 aToMm, urpok B
Maxert sbibpats ¢ < 1/2 (Tak uto pasnocTs ¢ — 1/2 Gyner
0TPULATENbHOW) U, TeM CaMbiM, CAeNBTb CPEAHNA BbIUIPbILL
urpoka A otpuuartensHbiM, TO €CTb 3aCTasuT o NpoUrpaThb.
Ecnu xe urpox A sbibeper p < 1/2 (rak 4yt0 pasHOCTL
p—1/2 Gyper orpuuatensHoii) U urpok B yaHaet 06 aTom,
TO OH MOXeT BbiGpaTb ¢ > 1/2 (Tak 4to paaHocTs ¢—1/2 Gy-
[T NMONOXUTENbHOM) U BHOBb CAenaTb BhIUMPbIL Urpoka A
oTpuyLaTenbHbiM, TO €CTb ONATL 3aCTaBUT ero NPourpaThb.

Wccnepyem Tenepb aTy Gopmyny C TOUKU 3pEHUR Urpo-
ka B.

Ecnu urpok A swibupaer p = 1/2, 10 oxugaembiit
Puc. 1 (cpeaHuii) BbiUrpbill urpoka B He3asucumo OT ero pei-
cteuit Gynet HynesbiM B KaX[oW naptuun. Ho ecau urpok B
swbepet ¢ > 1/2 (tak 4r0 pasHocTs ¢ — 1/2 Gyper nono-
XUTeNbHOR), TO, y3HaB 06 aToM, urpok A Moxert BbiGpaTh p < 1/2 (TaKk 4t0 pasHocTs p — 1/2 Gyner otpu-
uaTensHoit), u Toraa urpok B Gyaet npovrpbiBaTth 8 KaxaoW naptuu. Ecnv xe urpok B sbibeper ¢ < 1/2
(Tak 4To pa3sHocTe ¢ — 1/2 Gyner oTpUuaTensHom) U Urpok A yaHaet 06 3TOM, TO OM MoXeT 8uiGpats p > 1/2

(TaK 4TO pasHocTe p — 1/2 GyneT nonoxXmrensHon) M BHOBL 3acTasuT urpoka B npourpare.

Tem cambim, HaBGOpB
P={L), @={b

RBARIOTCR ONTUMASIbHBIMK, 8 UCXOA UrPbl HUYEAHbIM:

- - -

| JEPSNON DN

v=0.

Sameuanme. Ha pucyHKe | MOKa3aHO, KaK YCTPOEHA MOBEPXHOCTDb, ONUChiBacMast hyHKUHeEH
h(p,gq)=4pg—2p—29+1=(2p—1)(2¢ - 1).

1
(3 19)
SIRNSETCA CEANOBOH TOYKOH (TOYKOl mepeBana) 3Toi MOBEPXHOCTH. MIMEHHO 3Ta TOYKA M [aeT pelieHHe
paccMaTpHBaeMOlit MAaTPUYHOH UIPHL.

Touka

EcTecTBEHHO BO3HHKAIOT JIBA KAMOHEabiX 6oNpoca.
1-#t — KaKue MaTpHYHBIC UIPHl UMEIOT PELLICHHWE B CMEIIAaHHbIX CTpaTerusx?
2-if — KaK HaXONHUTb pelICHHe MaTPUYHOMN UTPhI, €CJIU OHO CYLLIECTBYET?
Omeemu Ha 3T BOTIPOCHI AAIOT CAEAYIOLIME ABE TEOPEMBDI.
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2.2. OcHOBHas TEOpEMa TEOPUW MaTPUYHbIX Urp

Teopema 1 (Bx. dox Heitman). Jns mampuunoii uepsi ¢ awoboii mampuyeii A eeautumvl
max min Hy(P, Q), min max H,(P, Q)
P Q Q P

pasrvl Mexcdy coboil,
max min H4(P, @) = min max H,(P, Q).
P Q Q P

Bonee moeo, cywecmeyem xoms 6t 00Ha cumyayus 6 CMEUAHHHX CMPaAMecusx (P°, Q°) ,
011 KOMOPOU 8bINOAHAEMCSA COOMHOUleHUEe

H4(P°, Q°) = max min H(P, Q) = min max Hu(P, Q).
P Q Q P

MHBIMU c10BaMHU, 1062 MaTpuyHas Urpa MMeeT pellleHHe B CMeLIaHHEIX cTpaTterusx. [To-
MCK 3TOTO pellleHHs ONHpaeTcs Ha CJIeAYIOLIHe YCTAHOBJICHHbIE (DaKTHI.

2.3. OcHOBHbIE CBOWCTBA ONTUMANbHBIX CMELLAHHBIX CTPaTermi

Teopema 2. IIycmp
= {p‘l),Pg, ap?n} H Qo= {q(l)i 9(2)1 SR qg}

— ONMUMAanbHble CMewarble cmpamezuu u u — YeHa uzpol.

OnmumanvHan CMeWanHaa cmpamezusn P° uzspoka A cmeuiueaemca moabKo u3 mex yucmuix
cmpamezuii A;, 1 =1, 2, ..., m, mo ecmb omauvHoIMu om HyAR MO2ym bbinb 6epORAMHOCMU D;
MOAbKO ¢ meMu Homepamu i = 1, 2, ... , ™, 0418 KOMOPHIX 66iN0AHEHB pageHCmea

n

0
E , QikQy = V-
k=1

DTO 03HAYAET, YTO CMELIMBAIOTCS HE BCE YHCThIE CTPaTerHH. AHAJIOTHYHO,

6 ONMUMANbHOU CMEUaHHOU cmpame2uy Q° uzpoxa B omauvroix om Hyas mozym Goimb moavko
me 6eposmHocmu qy, 043 Homeposé k =1, 2, ... | n, KOMOPbIX 8biNAAHEHY PageHCeMea

m

0
E Aikpi = V.
i=1

KpoMe Toro, uMeloT MECTO COOTHOLLUEHHUA

v = min E a.kp,—max min E ik i =
I<k<n 2] 1<k<n

= min max _5_ @ik Qr = max _S_:a;ka—V
Q I<i<m k=1 1<i<m k=1

B 3TOM nocjieiHeM CKOIJIEHUM PABEHCTB, MO CYIIECTBY, M JieXaT UCTOKM, NMUTAIOLIHUE
METO/IbI TOCTPOEHUS PelIEHUH MATPUYHBIX UIp. OnuileM NpocTedIIne U3 HUX.
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§ 3. Metoabl pelweHns MaTpUYHbIX Urp

Hamm PacCMOTPEHHUS MBI HaYHEM C MAaTPUYHBIX UTp, YUCJIO CTpaTErMHd XOoTs OBl OAHOTO

U3 UTPOKOB B KOTOPBIX PaBHO IBYM.
J1nst MOCTpOeHUs peleHUi 2 X n U m X 2 Urp cyuiecTByeT 3(p@eKTUBHbIN METO, OCHO-
BaHHbI! Ha MPOCTBIX TEOMETPUYECKMX COODPAXEHUAX. ITOT METOI HA3bIBAIOT 2paduuecKuM.

3.1. 2 X n wrpsl
IMycTs
a;y G ... Gy
ay Qa»p ... Qy
— MUIaTeXHas MaTpulia 2 X n Urphl.

CorlacHO TeopeMe O JBOMHOM ONMMCAHUM UTPHI (TeopeMa 2) HaXOXIEHUE LIE€HbI UIPhI
Y ONITHMAJIBHOTO 3HaueHus p° VI UrpoKa A PaBHOCWIBHO Pa3pellleHHIO YPaBHEHHS

v = min (app’ + ax (1 —po)) = max min (a;xp + ax(1 — p)).

ISk<n 0<p<! 1Kk
OnuuieM 0011yI0 CXEMY, TPUBOAALLYIO K HCKOMOMY pe3yJIbTaTty.
MaxkcuMyM byHKUMH
min (ayp + ax(1 — p)) (*)
I1<k<n

MpoIle BCero HaTH, NOCTPOUB ee rpaduk. I 3TOro nOCTynaloT CleAyiomumM o6pa3omM.

IMpennonoxuM, y1o Urpox A BeiGpan cMeliaHHylo ctpaterdio P = {p, 1 — p}, a urpok
B — k-10 yuctywo crparernio, k£ = 1,2, ..., n. Toraa cpeaHuii BHIMIpbIlL Urpoka A
B cutyauuu { P, k} oka3bIBaeTcsi paBHBIM

(k):  w=anp+ ax(l-p).

Ha rockocty (p, w) ypaBHeHue (k) onuchkiBaeT npsimyio. TeM caMbiM, KaxX10# YNCTOM
CTpaTerMy Urpoka B Ha 3TOM IIOCKOCTH COOTBETCTBYET CBOSI NPpsiMas.

[To3ToMy CHayasia Ha TUIOCKOCTH (w, p) TMOC/ENOBATENbHO U aKKYPaTHO PUCYIOTCS BCe
NIpsAAMbIe

(k) w=a‘lkp+a2k(l_p)a k=l)21"'an

(puc.2). 3arem mis xaxnoro 3HadeHusi p, 0 < p < 1, NMyTeM BU3YaJIbHOTO CPaBHEHMS
COOTBETCTBYIOLIMX €My 3HAaYCHUH w Ha KaXIOW M3 MOCTPOEHHBIX MPAMBIX ONpeneser-
CS M OTMeYaeTcs MUHUMaIbHOEe U3 HUX (puc.3). B pe3ynbrare onucaHHOW MpPOLEAYPHI

noJiy4aeTcs JIoMaHast, KOTopasi ¥ siBisieTcs rpadukoM GYHKuuM (%) (BblzeseHa XUPHBIM
Ha puc.4). OTta JoMaHast Kak Obl orubaeT CHU3y BCe CEMEWCTBO NMOCTPOCHHbIX NMPSMBIX,

wh
“1 / oo -
— — A
0 5 0 Ip 0 3

Puc. 2 Puc. 3 Puc. 4
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M 110 3TOM NPUYMHE €€ MPUHATO Ha3bIBaTh HUXNCHe o2ubaiowell 3Toro cemeicTBa. BepxHssd
TOYKA MOCTPOCHHON HUXHEW orubarouieii onpenensieT ¥ LEHYy Urpbl — V U ONTUMAaJIbHYIO
crparermio urpoka A — P* = {p°, 1 - p°} (puc. 5).

Sameyanue. OnucanHasg npouenypa MOXET pacCCMaTPUBATLCA KaK HEKOTOPhIA aHAIOT MAKCUMMUHHOTO NNOAX0Aa
MPH OTCYTCTBUHU CEANOBON TOYKH.

OnpoGyeM ONMUCAHHYIO CXeMy pellieHUs1 2 X 7. UTPbl Ha KOHKPETHOM IIpUMeEDE.
Npumep 5. Paccmotpum urpy, 3aaanHyio 2 X 6 marpuueit

6 4 3 1 -1 0
-2 -1 1 0 5 4 /"
Pelwenune.

1< war. AHanua urpbi Ha Hanusme CeanoBoi TOYKH.

HUXHAR LeHa Urpbl paBHa —1, BepXHAR LieHa urpb pasHa 1. Ceanosoi To4KM Het. PelleHne Urpbi HYXHO
UCKaTb B CMEWaHHbIX CTpaTerunx.

2-# War. BuYMCNEHNE CPEAHNX BLIMIPLILLENA Nrpoka A (NMPOBOAUTCR NpU YCNOBUK, 4To Urpok B suibupaer
TONbKO YUCTbIE CTpareruu).

3 tabnuubi
P 6 4 3 i -1 0

l-p|-2 -1 1 0 5 4
(l): w= 6?"2(1—?)’
(2 w= 4p- (1-p),
(3: w= 3p+ (1-p),

1erKo nonyyaem:

@4 w= p,
(5 w= —-p+5(1-p),
6);: w= 4(1 —p).

3-# war. lMoctpoenne HuxHeNd ormbaLes.

AKKYpaTHO CTPOUM Ha KOOPAMHATHO! MNOCKOCTH (P, W) BCE WECTL NPAMBIX, YPABHEHUA KOTOPLIX nony-
yeHbi Ha 2-m ware (pUC. 6), 1 HAXOAUM KX HUXHIOIO OrvGaloLLyI0.

4-1 War. OrsicKaHMe LieHbl UIPbi M ONTMMANbHOM CMELLaHHOM CcTpaTermn nrpoka A.

Mpu akKypaTHOM MOCTPOSHUU HUXHEN orubaowlen, HETPYRHO OMPEAenUTb, TOYKON NepPece4eHnn Kakx
ABYX U3 NOCTPOSHHLIX LIECTU MPAMbLIX ABARETCH 6e HauBLICWan TouKa. B paHHOM cnyyae ato npambie (4)
v (5), 3anannbie ypaBHeHuaMuM w = p n w = —p + 5(1 — p) cooreercTBeHHo. Pewas cucTeMy ypasHeHui

w= p,
w=-p+5(1-p),

nonyyaem
pO = ;’ wO = ;
(puc. 7).
\ (2)
wh N 4
- (3)
A — (4) 0
1 > @ 1'4 .y
0 % N ? 0 PN\t p
; N (5)

Puc. 5 Puc. 6 Puc.7
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«Tem CambiM, UEHA UrPbl ¥ U onTuMansHas ctpatervss PO urpoka A cOOTBETCTBEHHO paBHbi

3 0_ [5 2
V=3, P—{7,7 ;

Co6CTBEHHO, 3TUM ¥ 3aKAHYMBAETCS PELICHUE UTPHI IS UTPOKA A, NOCKOJBKY €r0 B Iep-
BYIO OYepelb MHTEPECYET OTHICKaHKe COOCTBEHHOM ONITUMAJIbHOM CTPATETHH M OXXHAAEMOTO
HaWIy4l1ero rapaHTUPOBAHHOIO Pe3yJIbTaTa.
3amevanne. Peinaouinit MAaTPHYHYIO HTPY OGBIYHO OTOXAECTRAISAET Ce6si C ONHHM M3 HTPOKOB (KaK MPaBuio,
3TO HIPOK A), CYMTas APYTrOro CBOMM MPOTUBHMKOM. DTO CBSA3aHO ellle U C TEM, YTO B HEKOTOPBIX CAy4asx

OCHOBHO€ BHUMAHHE YIEAAETCA MOUCKY ONMTUMAJIbHbIX CTPATEruii TOABKO HIPOKa A , 4 CTPATErUn NpOTUBHHUKA
MOTryT poobie He HHTEpPECOBATh UCCJIEAOBATENA.

OnHako B LIEIOM psijie CllyyaeB OKa3bIBaeTCsl BAXHBIM 3HATh ONTUMaJIbHbIE CMELLIAHHbie
cTpareriu o60ux UTPOKOB.

Kak uueTcs ontTuManbHas CMelllaHHasi CTpaTerus urpoka A4, Mul yxe onucaiu. Iloka-
XEM TENEPb, KAK OTHICKATh ONTUMAaIbHYIO CMELIAHHYIO CTPAaTeruio Urpoka B.

3nechb, B 3aBUCHMOCTH OT (DOpMBI HIXKHEH Ornbalonieit, MOXeT NpeacTaBUThCS HECKOJIb-
KO CJIy4yaeB.

A. HuxHssa ornbaiouniasi uMeeT pOBHO ONHY HaUBBICLLIYIO TOYKY (po, wo):

1) Ecau po = 0 (onTUMasbHas cTpaTerus Urpoka A — 4ucras ctparerus 4;), To Urpo-
Ky B BBITOOHO NpUMEHSITb YUCTYIO CTPATETUIO, COOTBETCTBYIOLLYIO HOMEPY TNpPSMOIA, Tpo-
xonsiuei yepe3s Touky (0, wo) ¥ MMelo e HauboJbIIKI OTPULATENbHBIN HAKJIOH (puc. 8).

wA w A w%

/ /é)

\ /
C ) | @ o
[~
N w0y | N

) >
0 1 p /[ 1 p 1p

Puc. 8 Puc.9 Puc. 10

2) Ecup’ = 1 (onTumanbHas cTparerus Urpoka A — uucras ctparerusi 4, ), TOo ONTH-
MaJIbHOM JUIS UTpoKa B gBisieTCS YUCTas CTpATerusi, COOTBETCTBYIOLIAsS HOMEpY MpSIMOI,

npoxonsuei yepes Touxy (1, w’) u uMelomei HaMMeHbLIMIA w A

MOJIOXHUTEIbHBIN HAaKJIOH (pHc. 9). Pz
3) Eciu 0 < p° < 1, TO B HauBbICLIIEl TOYKE HUXHEN OrM- N

Galolleil nepecekaioTcsi, MO MEHbLUIEH Mepe, IBE NPsIMbIE, OHA

13 KOTOpbIX (k-51) MMEET MONOXMTENbHBI HAKIOH, a Apyras (K%

(I-s1) — orpuuarenbHblii (puc. 10), ¥ onTUManbHas cMeLIaH- Ve ™~

Hasl CTpaTerus Urpoka B monyyaertcs, eCiiy OJOXUThb /O ! I N

=g a=1-9 ¢;=0j#k]1, Tp

rae ¢ — pelieHue ypaBHEeHUs
a1xg + an(l — ) = azg + ax(l — g). Puc. 11

B. HuxHss ornbaroiias conepXuT ropu3OHTaIbHBIM Y4aCTOK, COOTBETCTBYIOILIMI YH-
CTOM CTpareruum K° Urpoka B, xoTopas u sBjiseTcs OnTUMabHO# uist Hero (puc. 11).
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Npumep 5 (npogomxexue). Mokaxem Tenepb, Kak HaWTU NONHOE PeLeHUe UIPbi, TO 6CTH ellle U ONTUMANLHYIO
CMelaHHyl CTpaTervio
0 0
Q" ={dl, 03,63, i, 43, 08}

urpoka B.

Ana atoro NOCTyNaioT 1ak:

1) nonaraotr

gi=0, ¢§=0, ¢3=0, gl=¢q, ¢i=1t-g, ¢=0

(Bbigenss Tem CaMbiM U3 WBCTH YNCTLIX CTpaTervit urpoka B ctpatermu Bg v Bs, kOTOPbIM COOTBETCTBYIOT
npambie (4) v (5), onPeaenAIOUMEe HAUBLICLLYIO TONKY HUXHe#H orubalowen),

2) npvpasHuBaIOT MOGOK U3 ABYX CPEAHUX Boirpoilwed urpoka B (urpok A snibupaeT TONbKO YNCThie
CTpareruu), oTBeyalouiMx NPeanoXeHHoW CMeWaHHON CcTpaTteruv

0 0 0 q iI-¢ 0

6 4 3 1 -1 0
-2 -1 1 0 5 4

K UGHe Wrpbi
g-(1-¢)=3, S(1-¢)=3

3) nonyyalor (8 0Goux chydasx), uTo

qO

Monxoe pewenne Urpbi UMEBT CNEAYIOLIVIA BUA
5 2 6 1 i
P={32, @={0,00%10}, v=3

_6
=3

Sameyanne. CuTyaLsi C HATHYHEM JMIUD IBYX KOHKYPMPYIOIUIMX CTpaTeruit Hrpoka A Hesb3s CUMTATh Ha-
IymaHHo#. OHa BO3HMKAET CpaBHHTENbHO YacTo. Hanpumep, B ciydae, ec/IM HYXHO CPABHHTB ABa 06pasua
HEKOTOPOTo H3zenHs (CKaXeM, CTaporo ¥ MOAEPHU3HPOBaHHOTO) C LIE/IbIO BHACHEHHA BO3MOXHOCTH 38MEHH,
370 BechbMa YIOGHO CAENATh NPH MOMOLIM IUTATEXHOMU MaTPHUL 2 X n.

3.2. m X 2 wrpbi

IMycTh Tenepb B MAaTPHYHOM UTPE ABe YHCThIE CTPAaTETMH UMeET UIPOK B, a YuclIO YHCTHIX
CTpaTeryii y urpoka A npoM3BojibHO (paBHO m). 3TO 03HaYaeT, YTO MIaTeXHas MaTpHLa

TaKOU Urpbl HMEET BUJ

any ap
a a»
Ay A2

AHaJIH3 Takoi UIPhl BO MHOIOM HarOMHHAET pacCyXAeHHs, ONMCaHHble VI HIPH 2 X 7.
IMycts @ = {q, 1 — ¢} — npousBoNbHAas cMeLIaHHAas cTpaTerus Urpoka B. Ecaun urpok A

BHIOMpaeT -10 YUCTYIO CTpaTeruio, ¢ = 1,2,...,m, TO CpeAHUN BBIMIPHILI Urpoka B
B cutyanuH {2, Q} Oyner paBHbIM
w (2):  w=ayq9+ap(l-g), i=12...,m. (*)
\ 3aBUCUMOCTDb 3TOIO BHIMIPbILLIA OT NEpEeMEHHOMN ¢ ONUCHIBAETCSA
NMPSAMOMH.
\J IpadpukoM pyHKUMU
max (a;1q + ai2(1 - g))
I<i<m
e ABJISIETCA BEPXHSAA orubaloias ceMecTBa NpsMbiX (%), cooOT-
-0 BETCTBYIOLIMX YHCTHIM CTpaTerusm urpoka A (puc. 12).
AGCIIMCCOM HUXHEH TOYKM TONy4YeHHOU nomaHo¥ Oyaer

3HaueHHe ¢° , onpenensAllee ONTUMATLHYIO CMEIaHHYIO CTpa-

Puc. 12 0
Tervio urpoxka B, a opayHaTod w~ — 1ieHa UTpPHI.
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Jameyanne. OTHICKAHME ONTHMANBHON CMELIAHHON CTpaTerHM MIpoKa A NPOBOMMTCH MO TOH Xe cxeMe,
KOTOpas NO3BOJIAET HAXOMUTh ONITHMANbHYIO CMelIaHHYIO CTpaTeruio urpoka B B urpe 2 x n.

3 -1
-1 3.
1 0
Pelenne.

1-A War. AHanu3a urpsl Ha Hanuyne CeAN0BOMA TOYKH.
HuxHan ueHa urpsl pasHa 0, BepxHanr LeHa urpsl pasHa 3. Cennosoit TOUKU HeT. Pewenne Urpbli HyXHO
UCKaTb B CMEWaHHbIX CTpaTterunx.

PaccMOTpUM KOHKPETHBIN npuMep.

Npumep 6. 3 x 2 urpa 3apana matpuuein

2-R War. BulyucneHne cpegHux suimrpbiwed urpoka B (nposogutcs w
npu ycnosuu, 4to urpok A sbibupaer TONbKO YUCTbIE CTpateruu). ?
W3 tabnuubi \ /
g I-q 1)
-1
-1 3
1 0
/
nony4aem: 3)
(1): w= 3¢g- (1-9), —
(2: w= —-¢g+3(1-9), / \ 9
(3): w= g¢ / Xz)
3-# war. MMocrpoeHne BepxHeh ornGaloLwen.

MocTpouM Ha KOOPAUHATHOM NNOCKOCTN (g, W) BCE TP NPAMBbIX, a 3a-

TeM U ux BepxHioio orubaowyio (puc. 13). Puc. 13
4-1 war. OrsickaHue UeHb! UrPbi ¥ ONTUMANLHON CMEWaHHON CTparerum
urpoka B.
HuxHAR To4Ka BepxHeit orubarwiei ABARETCH TouKoN nepeceyenun npambix (1) v (2). Pewan cucremy
ypasHeHuu
w= 3q - (1 - Q)9
w=—-¢+3(1-9),
nonyyaem

=3 v=L

5-# war, Orsickanmne oNTUManLHOM CMeLWwaHHOR cTparerum nrpoka A.
Monaras o o o
pi=p m=1l-p p3=0,
NpUpaBHUBAEM CpeaHUe BLIMIPLIW Urpoka A, COOTBETCTBYIOWME YUCTHIM BHIUIPLILIAM Urpoka B,
3p—(1-p)=-p+3(1-p),

u naxopum p° = 1/2.
Takum 06pasom, LgHa Urpbl U ONTUManbHLIE CMewaHHbIe CTpaTterum UrpokoB A U B COOTBETCTBEHHO

pasHbl
v=1, P°={3,1,0}, @={33}.

3.3. m X mn wrpsl

B npuHuune peiesue 10060l MaTpUUHON! UTrpbl CBOAUTCS K PEILIEHUIO CTAHAAPTHOM 3alauy
JIMHEHAHOro NporpaMMHpOBaHUS U, TEM CaMbIM, MOXET ObITb HalIEHO METONAMM JIMHEN -
Horo nporpaMMupoBaHus. Ilpu 3ToMm Tpebyemblit 06beM BBIYMCICHUIA HATIPIMYIO 3aBUCHUT
OT YMCJIa YUCTBIX CTPATETHit MTPOKOB (pacTeT € ero yBeIMYeHUEM U, 3HAUUT, C yBeJIHYEHUEM
pa3MepoB MaTpuubl Urpsl). [loaTomy o6ble MpUeMbl TIpeABaPUTENBHOTO aHANIU3a UTPHI,
MTO3BOJISIIOLIME YMEHBIIATh Pa3MeEpPhI €€ IUIaTeXHOMU MaTpHLIbl MJTH e€1lie KaK-TO YIPOoIAaTh 3Ty
MaTpuuy, He HaHOCs yuepba pelleH U0, UrpaloT Ha ITpakTUKe BECbMa BaXHYIO POJib.
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MpaBuno AOMUHUPOBAHHS
B uLenoM psine ciaydyaeB aHaU3 TUIATEXHOM MaTpUllbl OOHApYXMBAET, YTO HEKOTOPbIE YH-
CTBHIE CTPAaTErMK HE MOTYT BHECTH HUKAKOTO BKJIaZia B MICKOMBIE ONITUMaJIbHbIe CMeLlIaHHbIe
crparerun. OtOpacbiBaHHE NMONOOHBIX CTPATErUi MO3BOJSET 3aMEHUTb NTePBOHAYaAJIbHYIO
MaTpULy Ha MaTPUILy BbIMTPLILLEN MEHBLUINX Pa3MEpOB.

OnuiieM ogHYy ¥3 TaKUX BO3MOXHOCTE# 6osiee moapobHO.

[TycTb
ayy a2 ‘e Qn
a a “ae Q
A= 21 22 2n
Ami Am2 --- Gmgp
— NPOU3BOJIbHAA M X n-MaTpulia. ByaeM roBopuTh, YTO ¢-5 CTPOKA MaTpuubl A
a1 Q2 ... G

He boabue j - CTPOKH 3TOM MATPULIBI
@;1 Q2 ... GQjg,

€CJIM ONHOBPEMEHHO BBINOJIHEHBI CJICAYIONIUE 7 HEPABEHCTB

ai; < @jy, @282, ..., G <X Qj,.

[Tpu 3TOM roBOpPST TaKXe, YTO0 j -5l CTPOKa doMuHupyem t-10 CTPOKY, WIM 4TO CTpaTerus A4;
Urpoka A domunupyem cTpaTeruio A;.

3amevanne. Urpok A nocTynuT pasyMHO, eCliM 6yneT u3berarh CTpaTervit, KOTOPBIM B MATPHLIE HTPH OTBEYAIOT
JOMHHMPYEMbI€ CTPOKH.

Ecnu B MaTpuue A onHa u3 cTpoK (7 -s1) IOMMHHUPYET OPYTYIO CTPOKY (%-10), TO YHUCIIO CTPOK
B MaTpuLie A MOXHO yMEHBLUUTH NyTeEM OTOPACHIBAHUST IOMUHUPYEMOIt CTPOKH (i-i1).
Nanee, 6ymeM roBopHUTh, 4TO k- cronbeu MaTpuubt A

Qi
A%

Amk
He MeHbwe [-10 CToJIOLa 3TOW MaTpULIbI

aj
ay

aml’
€CJIK OMHOBPEMEHHO BBINNOJIHEHBI ClIEAYIOLIUE ™M HEPABCHCTB

Qi 2 Gy, Gy =ax, ..., Omp 2 Am.

ITpu 3TOM roBopAT TaKXe, 4To l-if cronbeu domunupyem k-i cronbewr, unu 4yto crparerus By
urpoka B domurupyem ctpateruio By.

3amevanue. Urpok B nocTynmuT pa3yMHo, eciiv 6yaeT uaberatb cTpaTeruit, KOTOphIM BMaTPHLIe MIPhI OTBEYAIOT
JOMHHHMpYEMBbIE CTOOLBL.

Ecau B MaTpuue A onvH u3 cron6uos (1-it) nomuHupyer apyroi cronbelr (k-i), To 9ucio
cTON6110B B MaTpylie A MOXHO YMEHBLIXTD ITyTeM OTOpachiBaHN S NOMUHUPYEMOTO cTOJIOLA

(k-ro).
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BaxHoe 3ameyanne. OnTHMaibHBIE CMEUIAHHBIE CTPATErHH B MIPE C MaTpHLEl, NOJTyYyeHHOU yceueHHeM
MCXONHOM 33 CYET AOMHHHMPYEMBIX CTPOK M CTONGIIOB, aAyT ONTHMANBHOE pellieHHe B MCXONHOM Hrpe: no-
MHHHMPYEMbIE YHCTbIE CTPATETHH MIPOKOB B CMELIEHMH HE YYACTBYIOT — COOTBETCTBYIOLLIME UM BEPOATHOCTH
CllelyeT B3ATh paBHBIMH HYJIIO.

Npumep 7. PaccmoTpum Urpy C MaTpuLieit

-0 2 1
-2 0 1 0

2 1 -1 =2
-1 0 2 1

CpaBHvBan CTPOKY MaTpuubl, BUAMM, 4TO 1-R CTPOKa coBnagaet C 4-it CTPOKOiA, UNuU, YTO TO Xe, CTpate-
run A4 ay6nupyet crpateruio A;. Tem caMbiM, OQHY U3 3TUX CTPOK MOXHO BbIYEpPKHYTb, He HaHOCH yuiepba

peluexvo
-1 0 2 1

( -2 0 1 0].
2 1 -1 =2

MNoanemMeHTHO CPaBHUBAR 1-10 U 2-10 CTPOKM, 3aMeyaeM, YTo 1-R CTpOKa AOMUHUPYET 2-10 CTPOKY, UK, 4TO
TO Xe, CTPBTErMR A; NOMUHUPYeT cTpateruio A;. 370 BHOBb NO3BOMRET YMEHbLUUTL YUCNO CTPOK MATPULLbI

( -1 0 2 1
2 1 -1 =2 ) ’
3ameuan, uTo 4-i cronbely NONYYEHHOR MaTPULLI SOMUHUPYET ee 3-i cTonbew, NpUXoaUM K urpe ¢ 2 X 3-
marpuuen
( -1 0 1
2 1 -2)

Pewsn a1y 2 X 3 urpy rpapM4eckMM MeTOOM, HAaXOAUM €€ pewieHue — LeHy Urpbi U ONTUMAsbHLIe
CMeluaHHble cTpareruv urpokos A u B:

_ 0__J2 1 0o_J! 1
v =0, P’ = 5,3}3 Q —{f$0a§}'
Bo3Bpallanch K UCXOAHOK 4 X 4 Urpe, NONYYaeM OKOHYaTeNbHbIl OTBET:
2 1 1 1
V=0’ {§a0a§’0}, {f,oa(),i}'

3ameuanne. [pu oTOpackiBaHMM JOMHHHPYEMBIX CTPOK M CTOJIGLIOB HEKOTOPHE W3 ONTHMAIbHBIX CTPATETHH
MOTyT 6bITh MoTepsiHbl. ONHAKO IEHa HIPhl HE H3MEHHTCS, M MO YCEYEHHOI MaTpHIIe MOXET BhITh HaliieHa
XOT$ OBl OHA NMapa ONTUMAaNbHBIX CMELUAHHbIX CTPaTETHiA.

Addunuoe npasuno
npld MMOUCKE PCHICHUA MATPUYHBIX UTP YACTO OKa3bIBACTCsA NOJIE3HBIM CJIEAYIOLLCE CBOMCTBO.

Aonyctumbie npeobpa3oBakus MaTpuLbl UIPbl U ee ueHa. OnmumanbHble cmpamezuu y MAMPUYHbIX
uep, anemenmoi mampuy, A u C Kkomopwuix céa3ansl paéeHcmeamu

Cr=Aap+u, 1=12 ..., m; =12, ...,n,

20e A > 0, a g — npou3eo1bHO, umeiom 00UHAKOBbie paBHOBecHble cumyayuu (1ubo é yucmoix
U0 8 CMEWARHBIX CMPamezusx), a ux yeHvl y0o6emeopsiom cAeOyoueMmy YCA0BUI0

Ve = Avp + p.

Npumep 8. SnemenT MaTpuL
_f -1 0 1 _ (2 5 8
A‘( 2 1 —2) " C‘(n 8 —1)

cixr=3-a;+5, 1=12, k=123
MoatoMy uexa urpsl ¢ MaTpuueit C nerko BHMUCARETCS
vg=3-vp+5=3-0+5=5

CBR3aHbl PAaBEHCTBOM

(c™m. npumep 7).
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OcCHOBHbiE 3Tanbi NOUCKA PELIEHN MATPHYHON Urpbi

1-# stan — mpoBepka Hanuuus (MAM OTCYTCTBMsI) paBHOBECHS B YMCTHIX CTpaTeru-
X (Npy HATWYUU paBHOBECHOM CUTYallMM YKa3bIBAIOTCSI COOTBETCTBYIOILME ONTHUMA/IbHbIC
CTPaTer¥y UTPOKOB U LIEHA UTPbI).

2-# 3Tan — MOMCK JOMUHUPYIOLIMX CTpaTerui (B cayyae ycriexa 3Toro noucka — oropa-
ChIBaHKE JIOMHHUPYEMBIX CTPOK M CTO/IGLIOB B MCXONHOM MATPULIE UTDBI).

3-# 3Tan — 3aMeHa MIpbl Ha €e CMELIaHHOE PacClUMpPeHHE U OTHICKAHWE ONTUMAJIBHBIX
CMELIAHHBIX CTPATETUHA U LEHBI UIPHI.

3.4. WUrepauvoHHblit METOA PELICHNS MaTPHYHDBIX Urp

OnuueM MeTon OTBICKAaHMS pellieHUs] MAaTPUYHON UIphl — UEHB! UTPhl ¥ ONTUMAIBHBIX
CMEILIaHHBIX CTPaTerui, B U3BECTHOM CTEMEHHU BEPHO OTPAXAIOIIUIA HEKOTOPYIO peaibHYIO
CUTYal M0 HAKOTIIEHUS OTIBITA TOCTENIeHHOM BIpabOTKH UTPOKAMU XOpouUX CTpaTerui B pe-
3yJbTaTeé MHOTUX MOBTOPEHUN KOHMAMUKTHHIX cuTyauuit. OCHOBHasg ulesi 3Toro Merona
3aKJiloyaercss B TOM, YTOOB! MBICICHHO KaK Obl cMONENUPOBATh pEAJIbHOE MPaKTUYECKOE
«0byueHHe» UTPOKOB B XOJ1€ CaMOii UIpbl, KOrJa KaXIbI# U3 UTPOKOB Ha CODCTBEHHOM OIbI-
Te NPOIYTIbiBaeT cnocob NOBEACHHUsI MPOTUBHUKA U CTapaeTcsl OTBeYaTh Ha Hero Haubosee
BHIrOAHBIM I cebg obpazoM. MHBIMM clIOBaMHM, BCAKMM pa3 NMpu BO30OHOBICHUU HIPHI
UTPOK BbIOMpaeT Haubosee BHIFOAHYIO s ce0s cTpaTeruio, onupasch Ha rpeablayiuuin
BbIOOp NMPOTHUBHUKA.

MpounniocTpupyem 3TOT METOA Ha NMpUMepe Urpkl, 32AaHHOW MartpuLen

2 0 3
I 3 -3
(3pecb maxmin = 0, minmax = 2 = Com10BOIl TOYKU HET).
Onuiwem npasuna Bu160pa X0A0B UrPOKaMU,-NPEANONOXUB, ANR ONPOAENEHHOCTU, YTO HA4YUHAeT Urpok A:
xoa urpoka A — crparerma 4y — (2 0 3);
urpok B Bbibupaer CBOIO CTpaTeruio Tak, 4To6bl BbIUIPLI urpoka A Gbii MUHUMANEH (OTMEYEH NONYXUPHBIM
WpUPTOM):
xo4 urpoka B — crparervs By — (g)
urpok A ebibupaer CBOIO CTpaTteruio Tak, YTobb ero BbMrpbi Npu cTpateruu B; urpoka B 6bin MakcumaneH
(oTMeHeH NOoAYXUPHLIM WPUHTOM):
xon nrpoka A — crparerns Ay — (I 3 —3),

urpok B Bbibupaer CBOIO CTpateruio Tak, 4Tobbl «HakonneHHbivi» BuMIpbill Utpoka A npu ctpateruax A,

u 4,
2 0 3)+(1 3-3)=(3 3 0),

6bin MUHUMANEH:
xo8 nrpoka B — ctparerna B3 — ( _:; );

urpok A sbiGupaer CBOIO CTpaTerwio Tak, 4To6bl ero «HakONMeHHbI» BLIUIPbIW NP CTpaTervsx B, v Bj

o . (9)+(3)=(3).

xon nrpoka A — crparerma Ay — (2 0 3),

urpox B sbibupaet CBOIO CTpaTeruio Tak, 4To6b «HakONNeHHbI» BuIMIPLIW Urpoka A npu ctparerusix 4, A;
" Al ’

6bin MakcuManes:

3 3 0)+(2 0 3)=(5 3 3),
6bin MUHUManeH:

xon wrpoka B — crparerus B, — ((3))

v T.A.
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Pa3obbem nocnenoBartenibHbie XoAb UrpokoB A u B Ha napwl
(xog nrpoka A, xog wrpoka B)
¥ 3anuwem peaynbratel B Tabnuue

n{i| B | By Bs{wn)| k| A4 | 4 {| v'(n) | v(n)
| S O 0 3 0,00 210 3 3,00 1,50
2121330 o0001i[3]3]o] 1501075
3115 3 3 1,00 | 2| 3 3 1,00 1,00
4 | 1] 7 3|6 0,75 || 21 3 6 1,50 1,12
512 8 6 { 3 060 |[3] 6| 3 1,20 0,90
6 (1]10] 6 6 1,00 | 2| 6 6 1,00 1,00
71111269 086 || 2| 6 9 1,44 1,15
g 2|13 9|61 0753|9161 1.3 093
9 |1 I5(9 ]9 100 |2 9 9 1,00 1,00
1011 (1719 |12 09 (| 2f 9 |12 1,20 1,05
iml2{18|12]9 1 o8 ||3[12] 9 | 109 || 096
121112 }12) 12 1,00 )| 2|12} 12 1,00 1,00

Tpebyloueit HeKOTOPbIX NORCHEHWIA.

Onucanue Tabnuun
1-# cronfey ~- HoMep n Wara (napst NocnegoBaTenbHbiX XON08 Urpokos A u B),
2-i4 cTonbey — HomEp ¢ cTpareruu, suibpaHHon urpokom A4,
3-# cTonbely — «HaKoNNEHHbIM» CYMMapHbIiA BLIMTPBIW Urpoka A

3a nepsble N wWaros npu crpareruu B, wrpo-
xa B,

4-1% cTONGeY, -—— «HAKONAEHHbI» CyMMapPHbIi BHIMPLIW Urpoka A | MUHUMANbHLIA U3 3TUX
33 NepBbie M Waros Npu cTpateruu B) Wrpo- ) BbIUMPLIWEN BbiAenreTca

ka B, NOAYXUPHBIM WPUHTOM,

5-# cronbey — «HaKonneHHbI» CyMMapHbIit BbIMIPLIW urpoka A
3a nepsbie N wWwaros Npu crparerun B3 wrpo-
ka B, )

6-11 cTonbel — MUHUMANLHLIG CPeAHUl BHIUIPLILW Urpoka A, paBHbii MUHUMAaNLHOMY HaKONAEHHOMY
WM BbiUTPbILWY 3a NepBbie N Waros, AefeHHOMY Ha YvCho 3THX Waros,

7-i cTtonbey, — Homep k crpaTerun, suibpanHon urpokom B,

8 1t cTonbey — «HaKoNNEeHHbIN» CYMMAapHbIA BbIUIPLILW urpoka A

32 repBblie N Waros npu crpareruu 4, MaKcManbHbiv U3 3TUX

BbIUIPLILIEN BblaenReTca
9-7 cronbel| -~ «HaKONIEHHbI» CYMMapHLIl BLIMIPLIW UIPOKa A | noayXupHLIM WPUGTOM,
3a NepBble N Waros npu crpateruu 4;,
10-i cTonbeu -—— MakCumasbHbI CPeaHU BbiMrpuill urpoka A, paBHbiii MakCUManbHOMY HakonneHHoMY
MM BBIMTDLIWY 32 NEPBbie N Laros, AeNeHHOMY Ha YUCAO 3TUX Waros,

11-#1 cronbeu — cpenHee apuPMETUYECKOE MUHUMANBHOTO CPEAHEro BbIUMPLILLA
1 MAKCUMANBLHOrO CPeaHero BhIUMpbIlwa urpoka A.

Pewexue urpbl onpeaenneTca NpusnnxeHHo No OKOHYaHUU MoSoro U3 waros.

Hanpumep, 3a NDMBIMKEHHYIO UEHY UIPbl MOXHO B3ATL CpeaHee apudmetuyeckoe v(n), nonyyesHoe
Ha n-m ware. CMelwaHHble CTpaTerMn NPOTUBHUKOB ONPEAENAIOTCA 4aCTOTaMu NORBAEGHURA YUCTLIX CTpaTervun.

NMocne 9-ro wara nmeem

©(9) = 1,00.

Mpu atom urpox A 6 pa3 ucnonb3osan crparernio A, u 3 pasa crpaterwio A;. B cBoio ouepens urpok B
6 pa3 npumensn ctpatervio B,, 3 pasa ctparernio Bj, a crpaterueit B, He nonb3osancs soobwe. Orciona
nony4aem, 4ro

6
Py={5, 3}~ (067033}, Qo=1{0,3,3}~ (0067033}

CootBercTBeHHO, nocne 10-ro wara nonyyaem —
7 3 . 7 3Y_ o
v(10) = 1,05, Py = {Té’ m} ={0.7:03}, Quo={0, 1, m} = {0; 0,7; 0,3}.
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DanxHas urpa nerxo pewaetcs rpagpuuecku. Bot TouHbiIN OTBET:
2 2
v=1, P={33}, @={03 3}
CpasuuBan pesynbrarhl, NoAyyeHHbie Ha 9-M, 10-m, a Takxe 11-M v 12-m warax:
v(11) = 0,96, v(12) = 1,00,

7 4 8 4
Py = {ﬁ, ﬁ} ~ {0,64; 0,36}, Py = {']—27 ]—2} ~ {0,67; 0,33},

7 4 8 4
Qu={0, 7, F}~{0;064036},  Qu={0, 5, 53} ~{0;067;033},
3amMeuaem, 410 Mo Mepe yBenunyennuna Yucna Waros 3Ha4eHUn BCe MeHblle OTAUHAIDTCR OT TO4YHbLIX.

CnenaeM HeCKOJILKO 3aMeYaHUIA.

3amevanwe 1. TIpyn yBeaHYeHHM YKCIIA LLIATOB BCe TPH BENHUHMHMBL v, (n), v*(n) u v(n) GyayT npubnuxarsbes
K UEHE MIPhl ¥, HO cpeaHee apudMeTHieckoe v(n) 6ymeT NpHGANXATHCA K ¥ CPaBHATENbHO GRICTpEE.

3amevaune 2. X0t CXOMHMOCTD HTEPALIMK BechMa MeJIeHHa, TEM He MeHee, aXe Takoi HeGonpLIOH pacyer
BCEra JaeT BO3MOXHOCTH HAXOMMTb OPUEHTHPOBOYHOE 3HAYEHHE LIEHB! HIPHI M IOIM YHCTHIX CTPATErHH.

3amevanue 3. CpaBHMTENBHO MEIIEHHAsA CKOPOCTh CXOAMMOCTH MOXHO OOBACHHTD UENBIM PAIOM IPHYHH.
YKaxeM oIHy M3 HHX, IICHXONOTMYeCKH Hanbonee HHTepecHylo. Eciau, X npuMepy, HIpoK A yXe Noaydui
ONTHMANbHYIO CMELIAHHYIO CTPATerio, TO OH HE CKJIOHEH OCTaHaBIMBATLCA HAa Hed. OTHIOOb HET — OH
MPOJO/DKUT MOMBITKM BHIMIPaTh y NPOTHBHHKA B mobonbiue, 0COGEHHO eCH NOCNeAHUH ele He HOCTHT
ONITUMANBHOM cMelIaHHOMN cTpaTeruu. TeM caMbIM, HIPOK A MOXET HEBOJNBLHO YXYAIIMTE CBOE NMOJIOXEHHE.
3amevanne 4. OTMeTHM IBa OCHOBHBIX TPEUMYLIECTBA ONTMCAHHOIO METOAA:

1) MTepauUMOHHBIN METOI MPOCT ¥ ONHOBPEMEHHO YHHBEPCAIEH (NPH €ro MOMOLIM MOXHO JIETKO HAHTH

nprbarXeHHoe pelieH e 1060% MaTPHYHOH UIPbI),
2) 06BEM M CIOXHOCTb BHYMCIEHHH CPABHUTENBHO €1a60 pacTyT No Mepe YBENHYEHNA YUCNa CTPaTeruif

HTPOKOB (Pa3MepOB MaTPUIIK UIPHI).
3.5. Csenenvie MaTpHyHOiA MIpbi K 3a5a4e MHEAHOTO NPOrPaMMUPOBaHNS
PaccMoTpuM m X n Urpy ¢ I1aTeXHOM MaTpuLien
A = (air)-

be3 orpaHuueHust o6HOCTH OyneM CYUTATh, UTO BCE 3JIEMEHTHI MATPUIIBI A TNOJIOXU-
TeJIbHBI (3TOro Beeraa MOXHO NOOUTHCS, NoIb3ysch ahdUHHBIM NTPaBUIOM, Npeobpa3yio-
LM 33JaHHYIO MAaTPUILY UTPBI, HO HE U3MEHS IOLLIMM OTNI TUMAJIbHBIX CMELIaHHbIX CTpaTerui
UrpokoB). TeM caMbiM, HICKOMast LieHa UTPBI ¥ — TIOJIOXUTEIbHOE YUCJIO.

MuTepecnt urpoxa A

M3 TeopeMbl 0 CBOMCTBAX ONTUMAJIbHBIX CMELIAHHBIX CTPATErHi UIPOKOB BBITEKAET, YTO
npy n1060# uucroit crparerun By urpoka B, k = 1,2, ..., n, onTuMalbHas cMelIaH-
Has crpareruss P = {p;, p2, ..., Pm} Mrpoka A obecneynBaer ero cpeHWi BHIMIPHILL,
He MeHblIHi ¥. MHBIMM CJTOBaMM, BBITTONHSAIOTCS COOTHOLLIEHUS

m m
Zaikpi>y, k:‘l’z)“‘)n) Zpi:ly pi>01 i=1121"':m,

KOTOpBIE C yY4eTOM 0003HaUeHU i

pi
mt:';; 2—’:1,2, , m,
MOXHO 3anucartb TaKk
m m 1
_S_ aipz; 2 1, k=1, 2, , n, m,=;,m,20, i1=1,2, ,m
1=1 1=1
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INockonbKy Mrpok A cTpeMMTCH cIenaTh CBOW TrapaHTHPOBAHHBIW BHIUTPHILI MaKCH-
MaJIbHO BO3MOXHBIM, TO 331aya OTbICKAHUS PEIICHUSI MATPUYHOM UTPbl CBONUTCS K ClENY~

IoHIey 3anaue:

Halimu HeompuyamenbHole 6eAUNUHB X1, T3, . . . , Ty, YO0BACMEOPAIOUUE HEPABEHCMEAM

m
Zaikxizly k=1,2,...,n,
i=]

u maxKue, 4ymo uUX CYMma MUuHumManbHa

m
E Ty — min.
=1

Wurepecw urpoxa B
AHanornyHbsIM 06pa3oM 3aKJII04aeM, YTo ONTUMaNbHas cMellaHHas cTparerds Q = {q,, ¢,
..+, Qn} Wrpoka B nipu mo6o#t yucroit ctpateruu A4; urpoka 4, i =1, 2, ..., m, obecne-

YHBaET €ro CpeIHMUH MpPoUrpslill, He 6onbumi ¥, UHBIMU CIOBaMH, BBIMTOIHSIOTCS COOTHO-
1IeHUSA

n n
Eaiqusu) 1=12,...,m, ZQk=l1 qk>0) k=1,2,...,n,
k=1 k=1

KOTOpbIe ¢ yyeToM 0003HaYeHU !

Gk
yk=7, k=12,...,n,
MOXHO 3amUcaTh TaK
n n l
zaikykél, i=12,...,m, Ye = > w20 k=12 ...,n

IMockonbky urpok B cTpeMUTCSi cAeNaTb CBOM rapaHTUPOBAHHBIA MPOUTPHILI MUHH-~
MaJIbHO BO3MOXHBIM, TO 3a/ia4ya OTbICKAHUS PELICHUSI MATPUYHOW UTPBI CBOAUTCA K ClEOy-

IOLIEH 3anaye:

Haimu HeompuyameabHbie eAUHUHB Yy, Y2, - - - 5 Yn, YO06IEMBOPAIOUUE HEPABEHCMBAM

n
Zaikykgla i=])2)"',m7

U makue, 4ymo ux CyMma MaKCUManbHa

n
E Yr — max.
k=1
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TeMm cambiM, MbI [TOJTyYaeM CEAYIOLIMI BaXHbIH pe3y/bTarT.

Teopema 3. Pewerue Mampuuroii u2psi ¢ nOAONCUMENbHOL naamedxcHoi mampuyeil (a;x) pagHo-
CUNbHO PellieHUuI0 080UCMEEHHbIX 3a0aY NUHEIH020 NPO2PAMMUPOBAHUSA

m m

(A) Zm,-—-»min, Za;km,-?,l,k:l,Z,...,n, z; 20,1=1,2,...,m,
i=1 i=1
n n

(B) Zyk—ﬂmax, Za;kykgl,izl,z...,m, >0 k=12, ...,n
k=1 k=1

[1py 2TOM LIEHA UIpHI

V= 6,
rae 6 — BeaMYMHA, ob6paTHas 001IEMY 3HAYEHUIO ONITUMANIbHBIX CYMM,
m n
0 _ 0
6 = E 93; = E :Z/k,
1=) k=1

a onTUMaJIbHbIC BHAYCHUA p? n qg CBsi3aHbI C ONTUMAJIBHBIMH (L'? n y,? NnnocpeaCcTBOM PABCHCTB

0 0
0 __ T . 0 Yk
i =, z=1,2,...,m, = —

4 =) gk o)

ANropuTM peLLeHUS MaTPUYHOK UIPbl

1-# war. Ko BceM 3/1eMEHTaM UCXOAHOW MaTpUUbl UIPbl NMPUOABIAETCS ONHO U TO X€
MOJIOXUTEJIBHOE YUCIIO Y TaK, YTOOLI BCE 3JIEMEHThI HOBOM MaTpUUbl ObUIH CTPOIO MOJIOXH -
TeJIbHBI.

2-i war. PeluaioTcs ABOMCTBEHHbBIE 3a1a4yM IMHeHOro nporpammuposanus (4) u (B)
(HanpuMep, CHMILIEKC-METONOM, MM KakK-HuOyns uHaye). Haxomsrcs HaGophl m?, y,‘:
M yucio 6.

3-nwar. CtposATcs ONTUMAJIBHBIE CMELLIAHHBIC CTPATErMU UTPOKOB A U B COOTBETCTBEH-

HO

o

4-% war. Beruucasgercs ueHa urpbl

Npumep 9. Paccmorpum 2 X 2 urpy ¢ matpuueit
(3 4)
3 4)/°
CoorsercrByioime el 3anayn NMHERHOro NPOrPaMMNpPOBaHUS UMEIOT BUA
T + T3 — min Y1 + Y — max

S5z + 3z > 1, 20, S+ <, 20,
T +4r 21, x>0, 3y +4 <1, 20




250 Fnasa XLVI. Marpuuhbie urpsi

Peiuenue.

1-# war. Bce anemeHrTb NNATeXHOM MATPULLI NONOXUTENbHDI.

2-# war. CrpouM petuerun o6enx 3aAa4 TMHEAHOrO NPOrPaMMUPOBAKURA, NONMB3IYRCh rPadUYECKUM Me-
Topom. B peaynbtarte nony4aem, 4ro

0o_ 1 0 _ 0_3 0_ 2 _ 3
Ty =3, B7= 1=7 N2=17, O=77.

Sl

Y

3-# war.

3
—
I
Wl -
3

4-% war.

§4. Mpumepsl 3aaa4, CBOAUMBIX K MATPUYHbIM Urpam

B uncroM suae aHTaroHucTHYeckue KOHGIUKTHI BCTpeyaloTcst penxo (passe ToNbKO B 60-
€BBIX NCHCTBUSAX M B CIIOPTUBHBIX COCTA3aHMAX). ONHAKO NOBOJIBHO YacTO KOH(IMKTHI,
B KOTOPBIX HHTEPECH] CTOPOH NMPOTUBOMONOXHBI, MPH JONYIUEHUH, YTO MHOXECTBO CITOCO-
6O0B 1eCTBUSI CTOPOH KOHEYHO, MOXXHO MOJIEJIMPOBATh MAaTPUYHBIMHU UTPaMH.

PaccMOTpUM HECKOJIBKO KOHKPETHBIX CUTYaLM .

Npumep 10. «Mnanuposanue nocesar. CenbCKOXO3RUCTBEHHOE NPEANpUATUE UMeeT BO3MOXHOCTb BbipalvuBaTh
ABe KynbTypbl — A; u A;. Heobxogumo onpegenvurs, Kak CeRTb 3TV KyNbTypbl, 8CAU TIPU NPOYUX PaBHbBIX
YCROBURAX UX YPOXau 3aBUCHAT OT NOroAabl, @ NNax nocesa aonxeH obecneunts Haubonbwuin goxop, (NPUbLING
OT peanu3auuu BbipalleHHon KynbTypbi OnpeaenseTcs nonyYesHsiM obbeMom). B 30He pUcCkoBaHHOro 3emne-
nenuvn (a Takoson asaReTCA Gonbluan yacTb POCCuK) NhaHMpoBaKUe NOCEBA JOMKHO OCYULECTBRTLCR C yHeTOM
HaumeHee BRaroNPUATHOrO COCTORHUA NOTOAbI.

Takum 06pasom, 0gHON U3 CTOPOH BLICTYNAeT CENbCKOXO3RNCTBEHHOE NpeaAnpUATUe, 3aUHTEPECOBaHHOE
B TOM, 4T06bI NONy4UTL Haubonbwuii noxos (Urpok A), a Apyroi cropoHoin — npupoga, cnocobHan Haspe-
ONTb CeNbCKOXO3ANCTBEHHOMY NPEANpPUATUIO B MAKCUManbHOM CTeneHu (0T Hee 3aBUCAT Norofxbie yCnosus)
" Npecneayowan TeM CaMbiM NPAMO NPOTUBONONOXHbIE Uuenu (urpok B).

MpuUHATME NPUPOALI 33 NPOTUBHWUKA PABHOCUIIBHO NNAHUPOBAHUIO NOCEBA C yyeTom Haubonee Hebna-
TONPUATHLIX YCIOBUI; €CNU Xe TNOoroaHbie YCROBUR OKaXyTcs GnaronpuatHbiMU, TO BoibpaHHbIA nnaH pact
BO3MOXHOCTb YBENU4YUTL A0X0A,

Hanuuo aHTaroHUCTUYECKUn KOHGNUKT, B KOTOPOM Y Urpoka A ase ctpareruv — A, u Ay, ay urpoka B
Ton — B (32cywnusoe neto), By (KopmanbHoe neto) u B3 (noxanusoe neto).

8 KayecCTBe BbUrpbiwa urpoka A Bo3bMeM npubbinb OT peanu3aumun U Bygem cuutaTtb, YTO pacuerb
NpuEbINY: CeNLCKOXO3RNCTBEHHOTO NPEeAnpUATMA (B MapA PY6.) B 3aBUCUMOCTU OT COCTORHUIA NOToAb! CBeAEHDI

B CNEAyWYI0 MaTpuLy
8§ 5 3
2 3 6)°

HeTpyaHo 3aMeTUTb, YTO CEANOBOW TOMKU Y 3TON MaTpUubl HeT. 103ToOMy ONTUManbHan CTparerus Urpo-
ka A Byner cMetlarHOK. MNpUMeHAR rpaduyeckuin MeToa, nony4aem

_ 3 2 4!
P-—{g,g ’ V—4§.

3ameyanue. 31ech MBI CTONKHYIWCh CO CPABHUTENBHO PEOKO CHTyalMeil, KOIrna ONTHMalbHas CMELIaH-
Has CTpaTerns OMHOrO U3 MIPOKOB JOMYCKAaeT TaK Ha3biBaeMylo «pusnyecKyio» peannsaunio. [loryyennoe
pelLeHKe CeNbLCKOXO3AUCTBEHHOE NPEANPHUATHE MOXET KCMOJIL30BATh TaK:

Ha t BCex JUToIajedl BhIpalnuBaTh KyIbTYpy 4,

Ha © BceX JUIoLiaieii BHpAaLINBaTh KYNbTYPY 4>

Wi wnliw

I
U noay4arh npuGbUIb B pa3Mepe, HE MEHbLIEM 43 MJIpa pyo.
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Npumep 11. «[leperosopbl 0 3aKMIOYEHH KOHTPAKTA MEXAY NPOGCOIOIOM H aAMUHMCTPaUMeH». PaccMOTpuM Gup-
My, aAMUHUCTPaUMA KOTOPOW BeAeT neperosopsl C NPodCo30M pabounx u CryXauwmx 0 3aKNOHEeHUU KOH-
TpakTa.

Mpeanonoxum, 4TO nnaTtexHas MaTpuua, OTpaXaoluias UHTepech AOroBapUBAIOWMXCA CTOPOH, MMeeT
chepyowun sug

75 105 65 45
70 60 55 40
80 90 35 50
95 100 50 55

BbinnaTtbl yka3aHbi B LIGHTaX B 4aC U NPEACTaBNAoT Co60i CPeAHIoo 3apnnaTy cnyxawero GpupMbl BMECTe
€0 Bcemu no6askamu. Tem CaMbiM, 3a3aHHan MaTpuua onncuisaeT nprbuiab npodCcoaa (Urpok A) v 3atpars
aamuHucTpaumn Gupmbl (Urpok B).

FicHo, 4TO NPOGCOI3 CTPEMUTCA MaKCUMU3UPOBaThL AOXOAb pabouux U Chyxalux, B TO BpeMsa Kak aj-
MMHUCTPAUMKU XOTENOCh Obl MUHUMU3UPOBaTL COBCTBERHBIE NOTEPU.

HeTpyaHO 3aMeTuTb, YTO CEeI0BOI TOMKU y NnaTtexHoW matpuub HetT. Kpome T10ro, ans panbHeiiuero
aHann3a CyuiecTeeHHbIMM ABNAIOTCA Nulb cTpaTterum A; v A4 wrpoka A v crparerum B3 n By vwrpoka B
(8 3TOM HeTpyaHo ybeaMTsCs, BOCNONL30BABWUCH NPaBUIOM AOMUHUPOBANUSA CTpateruit). B pesynetate co-
OTBETCTBYIOULEr0 YCeYeHURA NMOJIyYUM MaTpULy

( 65 45 )
50 55)°

4 0
1 2/
CBA3aHbl C ANeMeNTaMu Npeabiayuien MaTpuLbi COOTHOIEHUAMU
65=5-4+45, 45=5-4445 S0=5-1+45 55=5.2+45.

Bocnonb3o8aswnch rpadpuyeckum MeToaoMm, B UTore rnonyuum
1 4 ' 2 3
P={§$010a§}a Q={010’§1§ ’ v =353.
Tem cambiM, npodcoi03y chneayeT suibupartb ctpateruio A; 8 20 % cnyyaes u crpateruio A4 8 80 %.
Y10 kacaeTcs aagMUHUCTPaLMK, TO et cineayer Bwbupars crpatervio Bz ¢ sepostHocTsio 0,4 v ctpateruio By
¢ sepoatHocTsio 0,6. Mpu 3TOM OXupaemas LeHa urpb pasHa 53.

OneMeHTH MaTpULibl

3amevanme. Cnexyer OTMETHTD, YTO €CIIH NIPOLIECC NIEPETOBOPOB GyNeT NOBTOPATHCS MHOTO Pa3, TO cpeoHeMy
JOJDKHO CXOIMTRCS K OXuaaeMoMy 3HadeHHo 53. Ecau Xe neperosophl NpOAIYT AMiIb €AMHOXABI, TO pe-
anbHEINA Pe3yALTaT NOJIYYUTCS NIPH BBIGOPE KAXIBLIM BIPOKOM HEKOTOPOH cBoel yucToH cTparernu. [loaromy
OIMH M3 HTPOKOB, Npo(COI03 WIK AAIMHUHHCTPALMS, OYAET HEYNOBIETBOPEH.

Mpumep 12. «Jloxanshbiit KoHGAMKT». PaccMOTPUM BOAHY MeXAy ABYMA He6OnbIMMKU rocyaapcTeamu A u B,
KOTOpas Beperca B Tedenve 30 aHeit.

Lns 6oM6apanpoBku HEGONBIOrO MOCTa — BAXHOr0 BOEHHOFO 06bekTa CTpansl B — ctpana A ucnonb-
3yer 063 MMEIOWUXCA y Hee camoneta. PaspyluieHHbii MOCT BOCCTaHaBNMBAETCA B TEYEHUE CYTOK, a KaXAbli
camoner cosepluaeT OauH NONeT 8 icHb NO OAHOMY U3 ABYX BO3AYylUHbIX MAPLWPYTOB, COSAMHAIOWMUX 3TW CTPa-
Hbl. Y CTpaHbl B eCTb ABa 3eHMTHbIX OPYyAMS, NPU NOMOLIM KOTOPbIX MOXHO COUBATL CaMoneThl Crpalbi A.
Ecnu camoner cobbioT, TO Hekan TPeTbR CTPaHa B TeyeHue CYTOK NOCTasuT CtpaHe A HOBbI camoner.

Cipana A moxer nocnarb camoneTsl amMb0 N0 OAHOMY MapwipyTy, MMB0 nO pasubiM. Ctpasa B moxer
nomecTuts 6o obe 3eHnUTKU Ha OAHOM MaplpyTe, MBO NO OAHOW 3eHUTKE Ha KaXALIW MapLlwpyT.

Ecnv onuH caMoner netuTt no MaplupyTy, Ha KOTOPOM pacrionoXeHa OAHA 3eHWUTKa, TO 3TOT camoner Gy-
ger cour. Ecnu gBa camoneta neTaT no MaplipyTy, Ha KOTOPOM PacnoNoXeHb ABe 3eHUTKu, To 06a camonera
6ynyr cbuthl. Ecnu gBa caMmonerta netiT o MaplupyTy, Ha KOTOPOM PacnonioxeHa OfHa 3eHUTKa, T0 couT
6yneT TonbkO 0AMK camonet. Ecamn camoneT nobeperca A0 wenm, T0 MOCT ByaeT YHUUTOXeH.

Y crpaHbl A ecTb ase ctpateruu:

nocnaTth CamMoneTLl N0 pa3HbiM MaplipyTam — A4,
nocnaTb CaMoneThi N0 OJHOMY MaplipyTy — Aj.

Y ctpaibl B — Takxe gge Crpareruu:

NOMEeCTUTb 3eHUTKU Ha pasHbiX Maplupytax — B,
NOMeCTUTb 36HUTKN Ha OAHOM Maplupyte — B,.

Ecnm cTpana A sbibeper ctpatervio A, a CTpaka B — crpatervio B, 70 CTpaHa A nonyuuT Hynesoi
BLIUFPbLILL, TaK KaK HM OAMH U3 CaMONIeTOB He IOCTUIHET Lenu.

Ecnmn crpana A soibeper crpaternio A;, a ctpava B — crparernio B, T0 xota 6bl 0aMH camoner
AOCTUrHeT Lenu U BeposTHOCTb paspyluieHns MocTa byner pasua 1.

Ecnu ctpana A4 sbibeper crpateruio 4, a ctpada B — crpateruio By, T0 8BHOBb X0T9 66l OAUH camoner
LAOCTUIHET Lienu U BepOATHOCTL paspyluexus Mocta 6yaer pasuxa 1.
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Ecnu ctpana A sbibepert crpaternio Az, a crpada B — crparermio B, 1o ctpada A C BEpOATHO-
cTbi0 1/2 sbibeper MapuwpyT, Ha KOTOPOM YCTAHOB@HbI 38HMTKM, W, CNEA0BATENbHO, Lenb GyaeT yHUYTOXeHa

C BEPOATHOCTLIO 1/2.
O¢opmum peaynbraTthl NPOBEAEHHOrO aHaM3a B CTANAAPTHOIt UrpoBoit GopMe:

0 1
(1 1/2)'

Mpn nomowmn rpagryeckoro MeToaa Mnony4aem ONnTManbHbie CMelwaHHbie CTparterun Mrpokos u ueny

nrpb!
12 12 2
P={§, E}a Q={§)§}a V=§'
3J710 03Hayaer, YTo ecnu CTpaHa A Gyaer nocsinate CamoneThl Mo PasHbiM MapLIpyTam B TEYeHne AecH T
AHeit U3 TPUALATH, OTNYLWEHHBIX Ha BOMHY (1, 3HAuMT, MO0 OAHOMY MapLIpYTY B TeyeHue ABaAUATH AHeN), TO
B cpepHeM crpana A OGyner umersb 66,7 % ynaunbix cnyvaes (MoCT Gynem HaxogMThes 8 Hepabouem cocTo-
AHMKM). BOCNOAL30BABILUCL ANR CBOMX 3E@HMTOK NPEANOXEHHbIM BbiOOpoM, CTpana B He no3sonut 6o0MGuTh

MOCT vate, Yem 8 66,7 % cnyyaes.

§5. Heckonbko cnoB B 3aKknioyeHue

MartpuyHble UrpHl MOIENUPYIOT KOH(MIUKTHHIE CUTYallUM, B KOTOPBIX KaXIasi U3 CTOPOH-
YYaCTHHUII JIeJ1aeT CBOM XOI ONHOBPEMEHHO CO BTOpoii ctopoHoil. IIpu 3ToM HaubGonbuInui
MHTEPEC MPENCTaBJSET C/yYyail, KOrla urpa He 3aKaHYMBAeTCs Cpa3y Xe IocJie COBepLeHU
UrPOKaMU OTHOM TaKOM napbl OMHOBPEMEHHBIX XOIOB, a MOBTOPSAETCS MHOrokparHo. [Ipu-
YeM CYMTAETCH, YTO Nnepel KaXAbiM BO30OHOBIEHUEM UTPhl MTPOKM He MOJIYYaloT HUKAKUX
HOBbIX CBEIEHU M HU O KOH(PIUKTE, HY O BO3MOXHBIX IEHCTBUSIX TPOTUBHOM CTOPOHKI. U HBI-
MM CJIOBaMU, NPU MHOTOKPATHOM IMOBTOPEHUU MATPUYHOM UTPHI KaX]1asl U3 CTOPOH BCAKUM
pa3 OKa3bliBaeTCs rnepeld BhiOOpOM HEKOTOPOM CTpAaTerMu M3 ONHONO M TOINO XE& MHOXECTBA
CTpaTerui, HEM3MEHHOIO Y KaXI0Tr0 U3 UIPOKOB.

Tem He MeHee, B TaKUX MHOTMOKPAaTHO MOBTOPSIONIMXCSA 00CTOSITENILCTBAX O0NBLIYIO POb
UIPAET aHAJIU3 UTPHI, KaK NPeABAPUTENIbHBIN, TAK U IMTPOMEXYTOYHBIMN.

B pesynbTate pa3syMHO NPOBEeACHHOTO NMPEABAPUTENIbHOIO aHAIM3a MAaTPUYHOM UTPhI 3a-
MHTEPECOBaHHAsA B aHAJIM3e CTOPOHA MOXET ONpeeJIUTh CBOIO IMHUIO NOBexeHUs (paBuIoO
BhIOOpa cTpareruii) Ha Bcio cepuio Urp. Pasymeercs, onMcaHHbIK HaMU Bbillle MAKCUMMH-
HBIM noaxon ABJASETCA NaJIEKO HE €AMHCTBEHHbIM cpenctBoM. OnHako He cielyet 3a0bi-
BaTh, YTO NMPUHLUMHATIBHOM OCOOEHHOCTBIO 3TOTO NMOAX0Ha ABASETCA TO 00CTOATENBCTBO,
YTO UIPOK, NPHUAEPXKUBAIOLIUICS BHIBONIMMOro Ha ero oOCHOBE NpaBuJia Bbibopa cTpaTerui,
3apaHee MOXET JOBOJbHO TOYHO OLIEHUTb HETPUBUATbHBIE Pa3MepPhl CBOETO FrAPaHTUPOBAH -
Horo Beiurpbiiia. Kpome Toro, MAaKCUMMHHBIHM NOAXO0A MO3BOJISIET CBOAUTD 33/1aYy NOUCKaA
PeIICHUS UTPbl K PACCMOTPEHMIO CPABHUTEJIbHO HECJIOXHBIX 33/1ay JIMHENHHOrO nporpaM-
MHUPOBaHHUSA U, TEM CaAMbIM, Nnoyy4aTh 3¢¢heKTUBHbIE PpEKOMEHAALMH 110 TOMY, KaK Jiyylle
BbIOMpATh CTPATETHU B KOHKPETHOM UIPe NTPU MHOTOKPAaTHOM €€ TTOBTOPECHUMU.

Ecnu urpa noBropsiercsi MHOTO pa3, TO HEKOTOpPbIE HOTOMHUTEbHbIE CBEleHUS — KaKue
MMEHHO CTpaTeruy BbIOMpaeT npoTuBHAsA CTOpPOHA M KaAKMMM NnpaBujiaMu Beibopa cTpaTterum
OHa PYKOBOJICTBYETCSI — MIPOK Bce Xe noayyaer. Ha ocHoBaHuM 3TUX CBeNeHUM U pe3yJib-
TaTOB MPEABAPUTEIIBHOTO aHAJIM3a UTPbl OH MOXET I0OBOJIBHO TOYHO OLEHUTb IIPOTUBHUKA
U, €CJIM TOT He NMPUACPKHUBAETCSH KOMIIPOMUCCHOTO MaKCUMUHHOTIO MOAX0[a, BHECTU COOT-
BETCTBYIOLLME H3MEHEHHUS B COOCTBEHHYIO IMHMIO NMOBEACHUS Y YBEIUYUTD BHIMTPHILLL

§6. O knaccudpuxauum urp

Peanbhble KOHQIUKTHBIE CUTYalLIMU MPUBOAAT K Pa3iMyHBIM BuAaM urp. K Hacrosiiemy
BpeMeHH 001enTpU3HaHHOM KacCUUKAILMM UTP TTOKA HE CJIOXHIIOCH. TeM He MeHee, JIETKO
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3aMETHUTD, YTO MIPbl Pa3IMyaIOTCs MO HEJAOMY PsSAYy NPU3HAKOB: MO KOJMWYECTBY Y4acTBY-
IOIIMX B HUX MIPOKOB, MO KOJIUYECTBY BO3MOXHBIX CTpaTeruif, No XapakTepy B3auMOOT-
HOLIEHU I MEXIY UrpOKaMH, 10 XapakKTepy BbIMIpbilliel, MO BUIY PYHKIIMI BbIMTpHILLEH,
10 KOJIMYECTBY XONOB, MO XapakTepy HHPOpMALIMOHHOK 00eCTIeYEHHOCTH UTPOKOB U T. 1.

OcTaHOBMMCS Ha 3THX Pa3IMyUsIX YyTh ogpodHee.

B 3aBMCHMOCTH OT KOJIMYECTBA UTPOKOB ONPEAENSIOT UIPHl TPEX THIIOB. UIPHI 00H020
ucpoxa (B TEOPMM MIP, KaK NMPaBUIIO, HE PaCCMaTPUBAIOTCSA ), HIPbl 08YX Uepokoe (Haubonee
M3y4EHHBbIN KJIACC UTP) U MIPbl N UZpoKoe (YCTIEXOB B U3YyYEHUH KOTOPHIX CPaBHUTENBLHO
HEMHOTO BCJIEACTBME BOZHUKAIOMMX NPHHIMTUATBHBIX TPYAHOCTEH ).

1o XoNMYecTBy CTpaTeruii UTPOKOB UIPHI JEJATCS Ha KoHeynbie (KAXKAbIA M3 UTPOKOB
MMeeT KOHEYHOE YMCA0 BOBMOXHAIX CTpaTeruit) u 6eckornedrnbie (rae XoTsi Gl ONMH U3 UTPO-
KOB MMeeT 6ECKOHEYHOE KOMTUYECTBO BO3MOXHBIX CTPATEIHiA ).

ITo xapaxTepy B3aMMOOTHOLIEHUM MEX Yy UTPOKAMU UTPBI AENATCS Ha beckoaruyuonHbie
(B KOTOPBIX UTPOKH He MMEIOT MPaBa BCTYMNAaTh B COMIAMICHUS 1 06Pa30BbIBaTh KOAIULIUH),
Koanuyuorrsie (B KOTOPBIX UTPOKH MOTYT BCTYNaTh B COMIALIEHHS U 0Opa3oBbIBATH KOa-
JMLUMK) ¥ Koonepamusrsie (B KOTOPBIX COIJIALLIEHNS, CBA3BIBAIOLIME HTPOKOB, OMpeaeNeHbI
Hanepen ¥ 06s13aTeNbHBI).

ITo xapaKTepy BLIMTPBILIEH PA3IMYAIOT UTPbI ¢ HYA€60ii cyMMoii (OBLLIMIA KalTuTal UTPOKOB
HE U3MEHSETCH, a POCTO NnepepacnpeneiseTcss MeXI1y UTPOKaMy B 3aBUCHMOCTH OT Moy~
YAIOLIMXCH UCXONOB) U UTPHI C HEHYN€eB0il CYMMOU.

Hrpy aByx UTrpOKOB C HYJIEBOH CYMMO#M 4YacTO Ha3biBAlOT AHMA2OHUCMUYECKOU, BCIE~
CTBME TOTO, YTO LIEAU UTPOKOB B HUX NPSMO IMPOTHBOIMOJIOXHBI: BRIMIPhILL OHOTO U3 UIPO-
KOB IIPOMCXOAUT TOJbKO 32 CYET NPOUTPHILIIA APYToro.

Mo Buay GpyHKUMIt BBIUIPHILLIEN MTPbI DENSATCS HAa: MampuuHbsie UTPbl (PaCCMOTPEHHBIE
BhbllIIE), 6uMampuy4Hbie UTPbl, UTPbl muna Oyaaeii, HenpepuigHbie UTPh, 6bINYKAble UTDBI U JID.

Mo KOMMYECTBY XOHOB UIPHI AENATCSA Ha 00Homazovie (3aBeplialomecs Mocjie ONHOro
X0Na KaXa0ro U3 UTPOKOB) ¥ MHO20WA206bie, KOTOPhIE, B CBOIO OYepeb, AETISATCSA Ha No3uyl -
oxHbie VTPhI (KaXIbIi M3 UTPOKOB MOXET NOCJIEJOBAaTENbHO BO BpEMEHH IEaTh HECKOBKO
X0NOB), cmoxacmuyeckue Urpbi (rae Npy BbIGOpe HOBBIX MO3ULIUI UMEETCS OrpeneaeHHas
BEPOSITHOCTb BO3BPaTa Ha MPeAIIeCTBYIOLLYIO O3ULHUIO), duggheperyuanbibie Urphl (B KOTO-
PbIX JOIMYCKAETCs AeJiaTh XOAbl HEMPEPLIBHO U MOAYUHSATDL NOBEACHUE UTPOKOB YCIOBHSIMH,
onucbiBaeMbiMu I depeHUMATBHBIMU YPAaBHEHUSIMU), UTPbI muna dyaneii (XapakTepusy-
Jolrecss MOMEHTOM BbiOOpa Xona 1 BEpOATHOCTSIMU NMOJyYE€HU BIUTPHILLIEH B 3aBUCHMOCTH
OT BPEMEHH, MTPOLUEKLIEN0 OT Hayajla UTPbi 10 MOMEHTA BbIGOpa).

Ilo xapakTepy nHdOpMaLMOHHOM o6ecneYeHHOCTH UTPOKOB Pa3InyaloT UIPhI ¢ HOAHOIE
ungpopmayueii (Ha KaXIOM XONE UIPhl KaXIOMY UIPOKY M3BECTHO, KaKue BbIOOpbI GbuIn
chenaHbi paHee BCEMH MIPOKaMH) M MIDPbI ¢ HenoaHoll ungopmayueli (eChu B Urpe He Bce
M3BECTHO O MPEAbIAYILMX BHIOOpaAX).

CyniecTByioT, pasyMeeTcs, 1 1pyriue BUABI UTP.

B 3aBMCHMOCTH OT BUJ1a UTPbI pa3pabaThiBacTCA U METO €€ pelieHHsl. OIHAKO YUTATEND,
BHIMMO, YXe 3aMETWJI, YTO CTPYKTYpa NPEIIOKEHHOTO BbIllI€ OMTUCAHWUS OCHOBHBIX Harpa-
BJICHU# pa3inyeHus UTP He SBASCTCA NPEBOBUAHON: ONHU M T€ X€ BHALI UTP OKa3bIBAIOTCS
B pa3HbIX KJ1accax.

BripoyeM, BO3MOXHbI ¥ MHbBIE NMOAXOAB K Pa3OMEHUIO UTP.

Jlajsiee MBI pACCMOTPXM HEKOTOpPBIE U3 YKa3aHHbIX BUAOB UTP, 8 UMEHHO MTO3UIIMOHHbIE
11 GMUMATPUYHBIE UTPHI.




[naBa XLVII

NO3ULLIMOHHBIE UTPbI

Bo MHOrMX NpakTHYECKU BaXHbIX KOH(MJIMKTHBIX CUTyaLIUsIX, pacrojiarasi ToOM WiIA UHOH
uHpopmauuei 06 UX NMPOLLUIOM Pa3BUTUU, CTOPOHBI-YYAaCTHHULIBI COBEPLLIAIOT CBOK BbIOOP
He pa3 ¥ HaBcerga, a NoCJeNoBaTebHO BO BPEMEHM, LLar 3a 1aroM. 1eM caMbiM, OHHU
MCIIOJIb3YIOT CTPaTeTHH, OTpaXalollue KaK AMHaAMUKY KOH(GIMKTA, TaK U CTeNeHb COOCTBEH-
HOM MHHOPMUPOBAHHOCTH O (PaKTUYECKHU CKIIAAbIBAIOLIEHCS] 00CTaHOBKE B Pa3BUTHH 3TOTO
KOH(}MMKTA.

§ 1. CTpykTypa NO3ULMOHHOMK UrpbI

OJIHUM M3 KJIACCOB MTP, ONMUCHIBAIOIIMX KOHMAUKTHI, AMHAMUKA KOTOPhIX OKa3bIBaeT BJIU-
sTHUE Ha MOBeIeHUE YYAaCTHUKOB, ABIAIOTCS TaK Ha3blBaeMble MO3ULIMOHHBIE UTPHI.

Iosuyuonnas uepa — 310 GECKOANUIIMOHHASA UT-
pa, MOAEIUPYIOLIas MPOLIECCH NMOCIEI0BATEIbHOTO
MIPUHSATUSA PELICHUH UTPOKAMHU B YCIIOBUSIX MEHS10-
LeHCs BO BpEMEHH M, BOOOLLE MOBOpsi, HEMOJIHOH
UHPOPMaLIMHU.

IMpouecc camoit Urpbl COCTOMUT B [TOCIEA0BATENb-
HOM II€peXole OT OJHOIo COCTOSAHUS MUIPhbI K ApY-
roMy COCTOSIHUIO, KOTOpbIH OCYWIECTBisAETCS JIN60
nyreM BbibOopa UIpoKaMH OQHOTO M3 BO3MOXHBIX
NEeUCTBUM B COOTBETCTBUM C IPaBUJIAMU UTPHI, JIK-
60 ciydaiiHBIM 06pa3oM (cayuaiinbiii x00).

Puc. 1 B KayecTBe npUMepOB MO3ULIMOHHBIX UTP MOX-

HO NPUBECTH KPECTUKU-HONUKMU, LIALUKH, IIAXMATHI,

KapTOYHbIE UIPbI, IOMUHO ¥ Jp. UHTEepecHO, YTO NpaBo BbIOOPa NEPBOrO X01a B 3THX Urpax
YacTo onpeaenseTcs Cay4aiHbIM 00pa3oM.

CoCTOSIHUSI UTPBI IPUHSATO Ha3bIBaTh nosuyusmu (OTCI0Na ¥ Ha3BaHME — MO3ULIMOHHBIE
MTPbI), 2 BO3MOXHBIC BbIGOPBI B KAXII0i NO3ULIMK — a1bMepHamueamu.

XapaKTepHoi 0CO0€HHOCTBIO MO3ULMOHHON UTPbI ABJISETCS BO3MOXHOCTb IIpeACTaBJIE -
HMS MHOXECTBA NMO3ULMHM B BUIE IPEBOBUIHOIO yropsaOYEHHOI0 MHOXECTBa, KOTOpoe
Ha3biBaeTcs depeeom uzpui (puc. 1).

Jins onpeneneHHOCTH Mbl 6yeM paccMaTpUBaTh MO3MLIMOHHbIE UTPBI, B KaXIOK MO3u-
LM KOTOPBIX, KPOME OKOHYATEJbHBIX, POBHO JIBE aIbTEPHATUBBI — I€pBas ¥ BTOpas.

3amevanue. Cumeon O, A unu B B KpyXKe yKa3nlBaeT, KTo U3 urpokos (O, A win B) nenaet oyepenHoi
XOI B 3aJaHHOI no3uuuu. [lpu 3TOoM cuMBoIoM O OOBIYHO 0603HAYAETCS XOO B MIPE, OCYUIECTBIISAEMbIN
He WIPOKOM, a KaKMM-HUOYOb ClTydadHBIM MEXaHM3MOM (MHOTAA €ro Ha3miBaloT npupodoi). Hanpumep,
B MO3ULMOHHOI UIpe, MPENCTABNEHHOI Ha pUC. | CBOMM 1epeBOM, NEPBLIA XOR NMPOU3BOAUTCS ClyYaitHO.
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ITonb3ysck rpadUYECKUM ONMUCAHUEM UTPbl, MOXHO CKa3aTh, YTO MPOLIECC UTPHl COCTOUT
B Mepexole OT HayaJibHOW MO3ULIMU K OKOHYATEIbHOI Yepe3 HEMOCPEACTBEHHO CIeayioliye
OllHa 3a APYTroif MPOMEXYTOYHbIE TO3ULIUH.

Kaxnas okoHyaTesbHasl BEpUIMHA OMpenenseT eAMHCTBEHHYIO Henb (roclenoBaTe ib-
HOCTb MAYUIMX APYT 3a APYIOM 3BEHbEB), CBA3BIBAIOLIYI0 HAYAIbHYIO BEPIIMHY C JaHHOM
(puc. 2). Takas uenb HasbiBaeTcst napmuei. Ha puc. 2 onHa u3 mapTuii BblIeleHa XUPHBIMUA
AMHUAMK. YMCI0 pasMyHBIX IAPTHIA paBHO YHUCITY OKOHYATENbHBIX BePILUUH (11031LIMA).

B kaxnmoii okoHYaTe/IbHOW MO3ULIMM 3allaH YU-
CNIOBOM BBIMIPBILL UTpOKa A.

3ameuanue. Mul 6yneM paccMaTpHBAaTh 34€Ch TONBKO aHTa-
FOHHCTHYECKME NO3HUMOHHBIE MIPhI.

B maxMatax ¢yHKUuMsI BeIMrpbilieil urpoka A (Ge-
NBIX) OnpenenseTcs Tak:
+1 Ha BbIMIpbIBa€MbIX MapTHSX,
0 Ha HAYEHHBIX NapTUsX,
—1 Ha npourpeiBaéMBIX MapTUsX.

®yHKUMSA BHIUTPbILIEN Urpoka B (4epHbIX) oTnya- Puc. 2
eTcsl OT (PYHKLIMU BBIUTPBILICHA GebiX TONBKO 3Ha-
KOM.

Pa3nuyaioT no3aMuMOHHBIE UTPbI C HOAHOU UHGOpMayUell K TTO3ULIMOHHBIE UTPbI C HeNOAHOl
uxgopmayueil.

B MMO3MLIMOHHBIX Urpax ¢ MONHOM MH(opMauuei (MpuMep — IIALIKKY, LIAXMAaThi) Ka-
Xl UTPOK NMPU CBOEM XOII€ 3HAET TY MO3ULIMIO IEPEBA UTPHI, B KOTOPOMU OH HAXOIMUTCH.

B MoO3MLMOHHBIX Mrpax ¢ HeMONHOM MHGopMauuen (MpuMep — NOMHHO) MIpPOK, Je-
DAoL XON, HE 3HAET TOYHO, B KAKO MMEHHO MO3ULIMU IepeBa UTPbl OH (DaKTHYECKH
HaXxoouTCsA. DTOMY HIPOKY U3BECTHO JIMILIb HEKOTOPOE MHOXECTBO MO3ULINIA, BKIIOYAlO1IEe
B cebs1 ero GaKTHYECKY10 NO3uLHI0. Takoe MHOXECTBO NMO3ULIVIA Ha3biBaeTCs uHpopmayu-
OHHBIM MHOMCECTBOM.

TakuM obpa3zoM, B urpe ¢ HemolHOH uHbOpMaliMell UrpOK NMPH CBOEM XONE 3HAET,
B KaxoM HHGOPMaLlMOHHOM MHOXECTBE OH HaXOIUTCsl, HO €MY HEU3BECTHO, B KaKOM KMEHHO
MO3UILIUU 3TOrO MHOXECTBA.

Mo3numu, npuHamIeXalume OAHOMY U TOMY Xe HHGOPMALIMOHHOMY MHOXECTBY, 00b-
CNUHSAIOTCA MYHKTUPHBIMU JIMHUAMM.

PaccMOTpUM npuMeEphi IBYX UTp, COCTOSILUMX M3 IBYX XOOB, KOTOPHIE NOC/IEN0BaTEbHO
AeNaloT y4acTByoLlMe B Heil urpoku A 1 B. HaunHaeT urpok A: oH BHIOMpAET O1HY U3 ABYX
BO3MOXHbBIX allbTepHaTMB — YMCJIO &, paBHoe 1460 1 (mepBas anbrepHatusa), au60 2
(Bropasi anbTepHaTBa). Ha xon urpoxka A Urpok B oTBeyaeT CBOMM XOIOM, BbIGHpasi ONHY
M3 JBYX BO3MOXHbIX aIbTEPHATHB — YUCIIO Y, paBHOE 1160 ] (nepBas ajibTepHaTHBa), 1160
2 (Bropas anbTepHaTHBA).

U B pe3ynbTaTe UrpoK A nojyyaeT BO3HarpaxaeHHe WK BHIHYXAEH TIaTUTh LITpad.

Npumep 13.

1-i xog. Wrpok A Bbibupaer 4uCno T U3 MHOXecTBa asyx yucen {1, 2}.
2-# x0p. Virpok B BbiGUpaer uicno y M3 MHOXectsa Asyx uucen {1, 2}, anas Bui6op uicna x urpe-

Kom A.
®yukuma W (z, y) suinnar urpoky A 3a cuet urpoka B 3apaertcs Tak
w(, )= |1, W(2,1)=-2,
w(,2) =1, wW(2,2)= 2.

Ha puc. 3 nokasaHbi aepeBo Urptl M UHPOPMALUMOHHBIE MHOXECTBA.
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Puc. 3 Puc. 4

Npumep 14. B cnyyae, ecny BbINONHEHB BCE YCNOBUA NpeabiAyW(ero NpuMepa, KPOMe OHOr0 — XOAA Urpo-
ka B,

2-# xop — wrpok B sbiGupaet uicno y ua MHoxectsa asyx umcen {1, 2}, He 3Han sbibopa uwicna z
UrpokoM A, nHbOPMaLMOHHbIe MHOXECTBA BLIFNRART TaK, KaK NokasaNo Ha puc. 4.

§2. Hopmanusauua nO3ULMOHHOW UrpbI

3apaHee onpeneIeHHYIO 1oCae10BaTENbHOCTh X0 0B UTPOKA, BHIOpaHHYIO UM B 3aBUCHUMOCTH
oT MHGOpPMaLIMHK O X0Hax APYroro Urpoka u xomax urpoka O (npuponsl), Gynem Ha3bBaTh
yucmou cmpamezuei 3Toro Urpoka.

B ToMm ciyyae, eciu B Mrpe HeT ciy4ailHbIX XomoB (Mrpok O B UIpe HE Y4aCTBYET),
BbIOOp UTPOKOM A U UTPOKOM B YUCTBIX CTpAaTeruii ONHO3HAYHO ONIPENESICT UCXOA UTPH —
MPUBOAUT K OKOHYATEJIBbHOM MO3ULIUMA, TOE UTPOK A M IOJYYaeT CBOM BBIATpBIIL. ITO
06CTOSATENBCTBO NO3BOJISIET CBOAUTD MO3ULIMOHHYIO UTPY K MATPUYHOM UTDE.

Tlpouecc cBeneHUs MO3ULMOHHON UTPHl K MAaTPUYHOM HA3LIBACTCS HopMaau3ayueu no-
3UYUOHHOU UZDbI.

TlokaxeM Ha HECKOJILKUX NTPUMEpPAX, KAK 3TO JENaeTCs.

Npumep 13 (npogonxenne). Onuiiem cTpaTerum Urpokos.
Crparternio urpoka A MOXHO 33aTb OQHWUM YMCNOM Z, NOKA3LIBAIOWMM, KaKyl0 anbTepHaTuBy, Nepayio

Unu BTOPYIO, BbIOPan Urpox.
Tem cambiM, y urpoka A fABe YMACTbIX CTpateruu:

A; — 8soibpatb £ =1, A; — Bbibpats T = 2.

Crpatervio urpoka B, npulvMan 80O BHMMaHune, 4To 8uibop urpoka A Ha 1-M Xoae eMy uasecteH, yao6Ho
ONUCHIBaTL YNOPRAOYEHHON Napow

[y Iy 92'
3pecs ¥ (¥ = 1, 2) — anvrepHaTuBa, BoiGupaeMan urpokoM B npu ycnosuu, 4To urpok A sbibpan nepsyio
anctepHammsy, ¢ = 1, a ¥ (¥2 = 1, 2) — anbTepHatMBa, Buibupaeman urpokom B npu ycnosuu, 4yTo urpok A

BbiGpan BTOpYIO anbrepHatuey, T = 2.

Hanpumep, sbi6op wurpokom B crpaterwu [2, 1] oswayaet, 4to ecnm Ha 1-m xofe wrpok A BbiGpan
x =1, To urpok B Ha cBoeM xopae AonxeH Buibpath ¥y = 2. Ecnu xe Ha 1-M xoae urpok A sbibpan T = 2,
TO COrNacHo 3Toi cTpaTerm urpok B Ha cBOeM xoae AonxeH Buibpath ¥y = 1.

Takum o6pa3om, y urpoka B 4eTbipe YiCThiX CTpaTeruv:

By —|[1,1}, y=1 npu no6om suibope T;
By —[1,2], y=z npv mobom suibope T;
By —[2,1], y# z npw mo6om Buibope ;
By —12,2], y=2 npu mobom sbibope z.

MokaxeM Tenepb, KaKk PaccYvTbiBAIOTCH BHIMIPbLILIM UIPpOKa A B 3aBUCHMOCTU OT NPUMEHEHHbIX CTpaTe-

VN,
Mycts, Hanpumep, urpok A soibpan crpaternio A; — (1), a urpok B — crparerwio B; — |1, 2]. Torga

r = 1, a 3 crpatermu |1, 2| sbitekaert, yro y = 1. Otciopa
W(z,y)=W(,1)=1.
OCTanbKbie BhIMIPLILLY PACCYNTHIBAIOTCA COBEPLIEHHO aHANOTNYHO.
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Pe3ynbTaThl pac4eToB 3anuUCbiBaloTCH 06LIMHO UAKU B BUAE Tabnuubl BoiUrpbilweid urpoka A

B, B, Bs B,
(L (L2l |21 | [2,2]
Alz=1{wa,n | wa,n | w2 | way,?2)
Alz=2{wWE) | w22 | wE | w2
WUnu B BUAE MaTpUubl Uirpbl 1 1 =1 =1
( -2 2 =2 2) ,
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rae, Kak obbi4HO, CTPOKU COOTBETCTBYIOT CTparerusm urpoka A, a ctonbusl — crpavervusm urpoka B.
MonyueHHas MaTpUua UMeeT Ceanosyio Touky. Onmumanbhuie crpatermu urpokos: A; — (1) u By —
{2, 1]. Tem cambim, urpok A Ha 1-m xoge snibupaer = = 1, a urpok B Ha 2-M x0a@ Buibupaet y = 2. Liena
urpbt ¥ = —1.
Mpumep 14 (npoponxenne). Onuwem crpaterny Urpokos.
Y urpoka A oHu Te Xe, YTO ¥ B NpeAbAyLIeM NpuMepe:
A; — sbibpats 2 =1, A; — sbifpate 2 = 2.
Tak kak urpoky B snifop urpoka A Heu3sected, To €CTb urpok B He 3HaeT, B kakoW UMEHHO M3 ABYX
NO3ULMIA OH HAaxXoaMTCR (CM. pucC. 4), TO y Hero Te Xe Ase cTpareryu:
By —euibpate y =1, B; — sbibpat ¥y = 2.
Coorsetcrayiowume Tabnuua Boivrphilieid urpoka A 1 MaTpyuua nrpbl UMEIOT cheayiowivit Bua

B, B
y=1 y=2 1 -1
_ (-2 2)'
A lz=1]|W({,1) | W(1,2
Ay lz=2|wW(@ 1) | wW(E2)

MonyyeHHas MATPULA COANOBON TOMKU He UMeeT. ONTMMANbHLIe CMOWAHHLIe CTpaTeruu urpokos: P =
{2/3,1/3} v Q = {1/2, 1/2}. Uena urpat ¥ = 0.

3amevanne 1. Ha 3tux aAByx NpMMeEpax XOPOLIO BHAHO, YTO PE3YALTAT CBEACHHS NOZMUMOHHON UIphl K Ma-
TPHYHOHU HANPAMYIO 3ABUCUT OT CTENEHU HHPOPMUPOBAHHOCTH HIPOKOB. B HACTHOCTH, OTCYTCTBHE Y HIpPO-
Xxa B cpeaennti o BHbOpe, CAeNaHHOM UTPOKOM A, NPHBOANUT X YMEHBLUCHHIO KOJHYECTBA €10 BOIMOXHBIX
ctpareruil. CpaBHMBast OTBETH, NNONYYEHHBIE B npuMepax 13 1 14, 3ameuaeM, YTO CHUXeHHE YPOBHA HHGOD-
MHPOBRHHOCTH HTPOKa (B AAHHOM C1yyae — MIrpoKa B) aenaeT anst HEro UCXOR HIPH MeHee 61aronpuATHLIM.
3amevanwne 2. [MpuBeneHHBIE BHILE NPUMEPH He MCYEPNBLIBAIOT BCEX BO3MOXHBIX BADMAHTOB A&XKE B 3TOM,

CaMOM IpOCTOM, C/Iy4de ABYXXOAO8bIX [TO3UUUHOHHBIX HTP.

PaccMoTpUM Tenephb HECKOJILKO MPUMEPOB CBEAEHUS K MATPHYHBIM MIPaM MO3ULHOHHBIX
MIP, COCTOSIILIMX M3 TPEX XOAOB, COCPEAOTOUMB NPH 3TOM OCHOBHOE BHMMaHME Ha OJHOM

13 HauboJsiee OTBETCTBEHHBIX 11AaroB HOPMaNIU3aALUM — ONHCAHUH crpa'renm HUI'DOKOB.

Npumep 15.

1-# X0 penaer urpok A: oH BLIGUPaET YUCNO T U3 MHO-

xectsa asyx uucen {1, 2}.

2-i X0 Aenaet vrpok B: 3xas BbiGpaHHoe Urpokom A
YUCNO Z, OH BLIGUPAET YUCNO Y U3 MHOXECTBA ABYX YUCen

{1, 2}.

3-# xop nenaet urpok A: He 3Has O BbIOPAHHOM Urpo-
ke B uucne y Ha 2-m xone u 3a6bi8 BbiGpaHHoe UM camum
Ha 1-m xozme 4Mcno z, OH BuIBMpPaeT YUCAO Z U3 MHOXECTBa

aByx uucen {1, 2}.

MNocne 3Toro Wrpok A nonyyaer BO3HArpaxaeHue
W(z,y, z) 3a cyet urpoka B, Hanpumep, Takoe:

w(,1,1)==2, W, 1L,1)= 3
w(l,1,2)= 4, W(2,1,2)= 0.
wa,2, )= 1, W(2,2,1)=-3,
W(l,2,2)=-4, W(2,2,2)= 5

Ha puc. 5 noka3aHbl Aepeso Urpbl U UHGOPMALMOHHBIE MHOXECTBa.
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Hopmanuayem arty urpy.
Mockonbky urpoky B Buibop urpoka A Ha 1-M xope u3secten, To y urpoka B Te Xe uetbipe crparteruu,
410 U B Npumepe 13:

Bl —[l’l]- B4_[2a 2]

WUrpok A Ha 3-m xope He 3HaeT npeabiayuux Bbi6opos — HU 3HAYEHUR Z, HU 3Ha4eHun Y. MoaTomy Ka-
X[an ero cTpaterva COCTOMT NPOCTO U3 Napwl wucen (z, z), rae z (z = 1, 2) — anbTepHaTMea, BbiGupaeman
urpokoM A Ha 1-m xope, a z (2 = 1, 2) — anbTepHaTUBa, BoibUpaeman Urpokom A Ha 3-m xope.

Hanpumep, sbiGop urpokom A crpateruu (2, 1) oauauaer, 4to Ha 1-M xofe oH BbiGUpaeT £ = 2, a Ha 3-M
xone — 2z = 1.

Takum obpasom, y urpoka A uetwipe crpareruu:

A4 — (1, 1), 4, —(1,2),

Mokaxem Tenepb, KaK paCCYUTHIBAIOTCS BLIUIPLILW UrPOKa A B 38BUCUMOCTM OT CTpaTteruit, NpUMeHa-
embix B fanHoi urpe. Mycty, Hanpumep, urpok A BoiGpan crpaterwio A; — (1, 2), a urpok B — ctpa-
tervio By — (2, 1]. Torpa z = 1, otkyna suitekaer, 4t0 y = 2. 3HaueHMe z = 2 BbiIGpaHO UrpokoM A
He3asucuMo OT BbiGopa urpoka B. Boiuucnas aHauyeHne QyHKUMM Boirpbituei Ana 31oro Habopa, nonyyaem

W(Z‘, Y, z) = W(l, 2, 2) = -4.

B, —[1,2], B;—|[2,1],

A3 —(2,1), 44— (2,2).

B peaynbrate nopoGHLIX paccyXAeHuit NONyHaloTCs U OCTabHbie NATHAAUATL BLIMFpbiWwen. 3T0 No3Bo-
NReT NOCTpoUTL Tabnuuy sbiurpoiweit urpoka A. Vimeem

B, B, B3 By
(1, 1 [1, 2] 2, 1] 2, 2]
4 (ly l) W(11 11 l) W(l’ 11 l) W(l) 2y 1) W(ly 2’ l)
A (la 2) W(l, l, 2) W(lv 1, 2) W(l) 2, 2) W(l’ 2, 2)
A3 | () | WQR LY | W(2,2,1) (W2 L) | W22
Ay | (2,2) | W(2,1,2) | W(2,2,2) | W(2,1,2) | W(2,2,2)
unu
-2 =2 1 1
4 4 -4 -4
3 -3 3 -3
0o 5 0 5
Npumep 16.

1-# X0 nenaet Urpok A: oH BbIGUPABT YUCNO T U3 MHO-
xectsa apyx uucen {1, 2}.

2-H xop pnenaet urpok B: He 3Han 0 sbibope urpoka A
Ha 1-M xopae, OH BbIGUpaeT YUCN0 Y U3 MHOXECTBa ABYX 4u-
cen {1, 2}.

3-# X0R fenaet uUrpok A: OH BbiGUPAET YUCNO Z U3 MHO-
xectsa asyx uucen {1, 2}, He 3Han HU 3HAYEHUR T, HW 3Ha-
YEHURA Y.

Mocne 3TOr0 WrpokM pacnnaYvMsaloTCA NO Npasuny,
yka3anHoMy 8 npumepe 15.

Mpaduueckoe npepacrasnexne 3TOA Urpbl NOKA3aHO Ha
puc. 6.

ficHo, 4TO y Urpoka A Te xe ueTbipe cTpateruu, 4To
v 8 npumepe 15:

Puc. 6

4 — (l’ l)- A3 — (2’ 1), Ay — (2, 2)'

Y urpoka B scero nse crparervu:

4, —(1,2),
B, — BbiGpats y =1, B; — sbifpats y = 2.

B atom cnyyae (secbMa cnaboit UHGOPMUPOBAHHOCTU Urpokos) Tabnula sLMrpbiwen urpoka A v coor-
BETCTBYIOLAR MaTPULIA CTPORTCH COBCEM NPoCTo. Vimeem



§ 2. Hopmanusaums NO3UUMOHHOK HMrpbi 259

B, B,
y=1 y=2
AL (LD [ wa, L) | w(,2,1)
A | (1L,2) | W(L,1,2) | W(1,2,2)
Ayl (2, ) W, L) W(R,2,10)
Ay | (2,2) | W(2,1,2) | W(2,2,2)
OnTumanbHbie CMeLlaHHbIe CTpateruu UrpokoBs U LieHa Urpbl COOTBETCTBEHHO PDavHbl.

P={0,%05} @={ms} =i

SWh N
(I
N W B
N

B crenyomem npuMepe nHGOPMALIMOHHbIE MHOXECTBA BBITVIAIAT HEMHOIO HAYe.

Npumep 17.

1-# xoft nenaet urpok A: oH BLIGUPAET YUCNO T U3 MHO-
xectsa asyx uucen {1, 2}.

2-i xop nenaet urpok B: e 3Han O BubOpe urpoka A
Ha 1-M xope, OH BLIGUPAGT YMCNO Y U3 MHOXECTBA ABYX Yu-
cen {1, 2}.

3-it X0p nenaet urpok A: oH BHIGUPAET YUCNO 2 U3 MHO-
xecTBa Asyx uucen {1, 2}, aHan 8ui60p y urpoka B Ha 2-m
X0A4e, HO He NOMHA COGCTBEHHOro BbiGopa T Ha 1-M xope.

Nocne 3TOro WrpokM pacnfayvBalOTCR NO npasuny,
yka3aHHOMY 8 npumepe 15.

Ipaduueckoe npeacrasnesue aTol Urpbl NOKa3aHo Ha
puc. 7.

Mockonbky urpoky B HeuasecTen BbIOOp urpoka 4 Ha
1-M xope, TO, BLINONHAA CBOX XOA, OH HE 3HAGT, B KAKOW
WMEHHO U3 [OBYX BO3MOXHbLIX NO3ULMIA OH Haxoputcs. [Mo-
3TOMYy y urpoka B scero aBe CTparteruu:

B, — sbibpate y =1, B; — sbibpats y = 2.

Mpu onucanuum crpateruin Urpoka A HYXHO UCXORMTL U3 TOrO, YTO K 3-My XO4y Mrpok A yTpsTWN ceefe-
HuR 0 coBeTBeHHOM BhIGOpe Ha 1-M X0Ae, HO eMy u3secTeH Bbibop urpoka B Ha 2-m xoae. Moatomy abibop
yucna z urpoky A cnepyert cBS3aTth ¢ U3BECTHLIM eMY K 3-My Xxoay 3HauenueM y. Yaobxee Bcero 3ro caenatb
No aHanorum ¢ pacyeTom crpateruii urpoka B 8 npumepax 13 u 15, 1. e. npu NOMOWM yNnOPRZ04EHHOR Napbl

[Z], z2]‘
3nech 2; (21 = 1, 2) — anbrepHaTuBa, BoiGUpaeMan UrpOKOM A Npu YCNoBuM, 4TO urpok B BbiGpan nepsyio
anbrepHatvaey, y = 1, a 23 (z; = 1, 2) — anbTepHatuBa, 8uibupaeman UrpokoM A npu ycnosuu, 4to urpok B

BbiGpan 8TOpY0 anbTepHatusy, y = 2.

HucTtyio cTpateruio urpoka A B8 AaHHOK Urpe MOXHO 3anucaTth Tak

(Z, [Z], 22])'

3neck z (z = 1, 2) — anbrepHaTuBa, KOTOpYIO UrpoKk A BbiBupaer Ha 1-m xope, z; (2; = 1,2) — ane-
TepHaTuBa, KOTOpPYIO Urpok A Buibupaet Ha 3-M xope, ecnu Ha 2-m xope urpok B BwiGpan ewibpan nepsyio
anctepHatusy (y = 1) v 23 (22 = 1,2) — anbTepHatusa, kOTOpyi0 Urpok A suibupaer Ha 3-m xope, ecnu
Ha 2-M xope urpok B swibpan BTOPYIO anbTepHatusy (y = 2).

Hanpumep, BoiGop urpokom A crpaterum (2, [2, 1]) oanauaer, 4to Ha 1-M xope urpok A BuiSupaer
z=2,aHa 3-m z=2, ecm urpok B suibpan y =1, u z =1, ecom urpok B sbibpan y = 2.

Tem cambiM, y urpoka A BOCEMb YUCTLIX CTPATeruit:

AI - (la []9 ”)- AZ - (l’ [l, 2])' A3 - (l, I2a l])- A4 - (l’ [2’ 2])-
As — (2a [la l]). As — (2a ll) 2])' A7 — (2a l2a 1])' Ag — (2, [2’ 2])

MNokaxeM Tenepb, kak 8 3aBUCUMOCTY OT NPUMEHREMbIX CTPATErUik ONPenensoTCs 3NeMeHTsl Tabnuus:
Bbrpbilledt urpoka A.

Mycts, Hanpumep, urpok A BuiGpan crpateruio A3 — (1, [2, 1]), a urpok B — crpateruio By — (2)
Torpa z =1, y = 2, a w3 |2, 1] sbiTexaer, yr0 z = 1. Otciopa

W(z,y,z)=W(l,2,1)=1.
Mo 31O Xe Cxeme BbiYUCNRIOTCH UM OCTaNbHbLIe ANeMeHThl Tabnuubl.
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B pesynbrate nonyyaem

B, B
(1) ©
Al oLy | wa, | wa, 2, S
A L2 | wa, | wi,2,2) (2 _4)
A [ 2,0 | wa,,2) | wi,2,0) T 4
A | (1L12,2]) | w(,1,2) | W(1,2,2) ;)
As [ L) [ we L [ we2,) L0 3
A6 | (2,11,2) | w2, 1, 1) | w2,2,2)
A | @021 | W2 1L,2) | we 2,
A | @ 12,2) | w(2,1,2) | w(2,2,2)

OnTumanbHbie CMelanHbie CTpaTterun UrpokKoB n LeHa nipbl COOTBETCTBEHKHO paBHbI.
2 3 4 1 17
P={0,0,3,0,0,§,0,0}, Q={§s§}a v=-+<.

PaccMOTpHMM MO3UMLIMOHHYIO MIPY CO CJIy4aii HbIM XONOM.

Npumep 18.

1-# X084 npou3BoanTCH cnyyaitHo: urpok O Bbibupaer
4ncno T, pasHoe 1, ¢ BeposTHOCTHIO 0,5 1 pasHoe 2 C Ta-
KOt Xe BePORTHOCTHIO.

2-# XOf nenaet nrpok A: OH BLIGUPAET YUCAO Y U3 MHO-
xecTsa asyx ynucen {1, 2}, He 3Han pe3ynbTaToB CAYYANHOro
sbibopa Ha 1-M xope.

3-# xof nenaer urpok B: oH BbIGMpaeT wCNO 2 U3 MHO-
xectsa Asyx uucen {1, 2}, 3Haa O TOM, Kakoe UMEHHO 4u-
Cno T cny4aiHo BbiGpaHo urpokom O Ha 1-m xope un He 3Has
BbiGopa y urpoka A Ha 2-m xoge.

Mocne 3T0ro nrpoOKu PacryiaymMBaloTCs, UCNONb3YR (yH-
xunio W(z, y, z), Ty Xe, 470 U B NPSABIAYLUMX NPUMeEpaX.

padmyeckoe npencrasnexve 3TOM urpbl NOKa3aHO Ha
puc. 8.

Onuwem crparernu Urpoxos

Mockonbky urpoky A ucxop Cny4aHoro ucnbiTaknn He-
M3BECTEH, TO OH MMEeT BCero ase crparerum:

Ay — (1), A2—(2).
Mpu nOCTPOEKUU CBOMX CTpaTeruii urpoky B ecteCTBeHHO BOCNONL30BaTLCH MMEIoWENCs y Hero uHGOop-
mauueli o0 peaynsrate 1-ro xoaa. A0 NO3BOAMT @MY ONnCaTh CBOID CTpaTernio YNnOpPRAOYEHHOW Napon
[ZI 3 22]'
3pech z; (2; = 1, 2) — anbrepHatmsa, sbibupaeman urpokom B npuycnosum, ytoz = 1,2 2 (22 =1, 2) —
anbTepHaTtnea, sbibupaemas urpokoM B npu ycnosuwm, 4o T = 2.
Tem cambiM, y urpoka B yetbipe crpareruu:

B, — [la Il' B, — “’ 2]’ By — [2’ l]s By — [2a 2]-
Mokaxem Tenepb, kak ONPEAeNnAoTCH 31eMeHTH Tabnuubl Bbinrpbiluen urpoka A.
MycTs, Hanpumep, urpok A suibpan ctpaternio A, — (1), a urpok B — cripaternio B — [2, 1].

Paanuyatorca gsa cnyyan
1) z=1 “ 2) =2
Ecnm ¢ = 1, 10 ctparerna B; ykaauiBaeT urpoky B ero BbiGop 2z = 2. A tak kak y = 1, 10 B peaynbrare
nMeeM
W(z,y,z)=W(,1,2)=4.
Ecan ¢ = 2, 10 crpaterus B3 ykasbisaeT urpoky B ero suibop z = 1. A Tak kak y = 1, T0 B pe3ynbrare

nMeemM
W(,y,2) =W(2,1,1)=3.
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Mockonbky nepsas v BTOpas anbTepHatuebl Ha 1-M xone BuibupanTcs ¢ sepoatHocTamu 0,5 u 0.5, 10
V1 BbilEYKA3aHHbIe BbHIUIPbILLW MOABASIOTCA C TEMU X€ BEPOATHOCTAMU U, CNEA0BaTenbHO, CPeAHUM BbIUIPbILl

urpoka A npu 3TMX CTpaTermsx onpeaenseTcs Taxk
4.-05+3-0,5=3,5.
AHanoruyxbiM 06pa3oM paccunTLIBas OCTANbHLI® CPEAHUE BHIUMPLILLK, NOAYyYaem

npuz =1
By B, Bs By
1, 1] (1, 2] (2, 1] (2,2]
A (l) W(]» 1? l) W(l) l’ l) W(ls 17 2) W(l9 l, 2)
4 (2) W(la 2, l) W(l) 2, 1) W(lv 2, 2) W(l; 2, 2)
unu
-2 =2 4 4
( 11 -4 —4) ’
npu z =2
B, B2 B; By
L1 (1, 2] (2, 1] [2,2]
4 (l) W(Za la l) W(za 1, 2) W(zv 19 l) W(2v 1, 2)
A (2) W(27 2, l) W(zv 2, 2) W(21 2, l) W(21 2, 2)
wmun

( 3 0 3 0
-3 5 =3 5)°
Mckoman MaTpuua Urpbi UMeeT CReRyIoLuin sua,

0,5 -1
-1 3

Hakoneu, paccMOTpMM NpUMeED MTO3HLIHOHHOM UTPHI CO CIYYaHBIM Pa3bIrPhIBAHUEM ITPaBa
MEPBOTO XOJa.

Mpumep 19.

1-# xof pnenaet urpok O, suibupas uicno z, pasHoe 1
C BEpOATHOCTHIO 2/3 v pasHoe 2 ¢ BeposTHOCTHIO 1/3.

Ecru z = 1, 10 Ha 2-M Xofe urpok A BbiOupaeTt uu-
Cno y w3 MMoxectsa asyx uucen {1, 2}, axan pesynbrar
cnysaitnoro ssibopa Ha 1-m xoge, a Ha 3-M XOAe vrpok B
BLI6MpaeT YMCA0 2 13 MHOXeCTBa AByx uucen {1, 2}, auas
T, HO He 3Hasi Y.

Ecam z = 2, TO Ha 2-M Xofié urpok B sbibupaer uu-
CNno y W3 MHOXecTBa AByx uucen {1, 2}, 3uas pesynbrar
Cny4aitHoro snibopa Ha 1-m xope, a Ha 3-M XOAe urpok A
sbibupaeT YUCNO z U3 MHOXecTsa Apyx uucen {1, 2}, 3nan
T, HO He 3Has Y.

MNocne 3T0ro Urpoku pacrnnaYuBaioTCs, UCNONb3yR QyH-

35 0
35 05"

kumio W(z,y, z), Ty Xe, 4TO U 8 NpeabAYLLUX NPUMepaX. Puc. 9
pagduueckoe npeacrasnexue 3ToOM Urpbl NMoKasaHo Ha

puc. 9.
Yucryio crparteruio urpoka A 8 AaHHOW UrPe MOXHO ONUCaTh YNOPSAOHEHHOW NapoWn

ly, zl,
rae y (y = 1, 2) — Buibop urpoka A Ha 2-m xoge, ecnu Ha 1-m xope Buibpado z =1, a 2 (2 = 1,2) —
8biGop urpoka A Ha 3-M xoge, ecau Ha 1-m xoge swbpano z = 2.
Hanpumep, ctpaterus |1, 2| o3nayaer, 4to Ha 2-M Xx0Re Urpok A swmbupaer y = 1, a Ha 3-m xope —

2'|:9M CaMbiM, Y Urpoka A yetsipe crpartermu:

A — L1, A4 —|1,2], A3 —|2,1], 44—]2,2|.
Y urpoka B Te Xe 4eTtbipe crpateruu:

B, — |1}, B,— |2, Bi—|2,1], Bs—|2,2.
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IMokaxem Tenepb, Kak HaXoaaTCAR ANEeMEHTH MATPUub BhITPbiweit urpoka A.
Myctb, Hanpumep, Urpok A npumeHser crpatervio 4; — |1, 2|, a urpok B — crpareruio B3 — |2, 1].
Pasnuyaiotcs asa cnydas

1) z=1

] ) z=2.

Mo ycnoswio npu £ = 1 urpok A UMeeT BO3MOXHOCTb CAenaTtb TOoNbko 2-i XoA (BbiGpartb y), a Urpok
B — 1onbko 3-it (BbiGpath z). Mpu z = 2 UX BO3MOXHOCTA MEHRIOTCA MeCTamu: urpoky B npepocrasnexo

npaso 2-ro xoaa (8bibpats y), a urpoky A — 3-ro (BwGpats z).
Ecnm z = 1, 1o cTparerus A, yka3biBaer urpoky A npu 2-m xope B3aTh y =
ykaabiBaer urpoky B npu 3-m xope B3sm z = 1. B peaynbrate

W(z,y,z)=W(1,1,1)=-2
Ecnm z = 2, 10 crpaterus B3 yka3wiBaer urpoky B npu 2-m xope B3Rt ¥ =
ykasbisaet urpoky 4 npu 3-m xopge 83sTb z = 2. B peaynstate
W(z,y,2)=W(22,2) =5.
Mockonbky nepsas v BTOpas anbTepHaTUBbl Ha 1-M Xoae BLGUPAIOTCA COOTBETCTBEHHO C BEPOATHOCTIMU

2/3 v 1/3, T0 ¥ HalpEeHHbIe BLIUrPLILW NOKBAKIOTCA C TEMU Xe BepoaTHOCTSIMU. Cnenosatenbio, MatemaTu-
4ECKOe OXUAZHWE BLIUIPLIWA UrpoKa A NPU TakUX CTPaTerusX PaccyUTHIBAeTCs Tak

2 1 1
-2. 3 + 5. 3 = 3-
Wrak,
npu z = 1
Bl B2 B3 B4
11,1 1, 2| 2, 1 12,2
Al “7 ll W(la lv l) W(Iv 11 2) W(l? 11 I) W(l7 l72)
AZ “1 2! W(11 l,l) W(la 112) W(la ], 1) W(lvla2)
A3 |27 ll W(1727 l) W(la2’ 2) W(l,2a 1) W(l72a 2)
ac 2,2 [ wo, 2,0 [ wa,2,2) [ wa, 2, [ wo,2,2)
wnn
-2 4 -2 4
-2 4 -2 4
1 —4 1 —4]°
| -4 1 -4
npu z =2
B, B, B3 By
1,1 1, 2| 12, 1] 2, 2|
AI “7 ” W(2s la l) W(2a la l) W(2a 21 l) W(2a 21 ])
AZ “9 2| W(Z, l? 2) W(21 la 2) W(Q’ 2a 2) W(2, 21 2)
A3 '2a ]I W(2s 19 1) W(z’ la l) W(2a 21 l) W(Qa 2a 1)
A4 112,20 | W(2,1,2) | W(2,1,2) | W(2,2,2) | W(2,2,2)
unu
3 3 -3 -3
0 0 5 5
3 3 -3 -3
0 0 5 5
Otciopa nony4aem UCKOMYIO MaTpuULly Urpbl
-1 11 -7 5
I't—-4 8 1 11
3l 5 =5 -1 -1t
2 -8 7 -5

1, a ctparerun B3

2, a ctpaterus 4,
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3ameyanne. Ipaduyeckoe npeactanieHne ¥ PYHKUUS BbI-
UIpbILUEH MOJIHOCTHIO ONPeneNaioT NO3UUNOHHYIO Urpy. B
PacCMOTPEHHbIX Bbillle npuMepax 16-19 MBI MOJB30BAIUCH
OnHOA ¥ TOH Xe PYHKUMEH ¥ OIHUM U TEM Xe ACPEBOM.
Otinyue OGbUIO TOJNILKO B MAPKUPOBKE BEPIIMH JepeBa ¥ MH-
(opMmanoHHbiIX MHOXecTBaX. [1py nOCTPOEHUHM NMOCNERHHX
Heob6xoaMMoO cobionaTh ABa NpaBHIA:

1) B onHO MHGOPMALIMOHHOE MHOXECTBO MOTYT BXO-
IMTB MO3KLKY TONIBKO OIHOTO UrpoKa,

2) uens, onpeaesiolias MApTHIO UIrPhbl, MOXET UMETh
¢ UHPOPMALMOHHBIM MHOXECTBOM He 6oJiee OxHOI obwIeH
NO3KLKH.

Kax nokasniBaer puc. 10, ¥ npM TaKux OrpaHUUeHHUAX
yHPOpMALIMOHHBIE MHOXECTBAa MOTYT BHIITIAAETH HOBOABHO
HeOOBIYHO.

§ 3. Mo3nLMOHHbIE Urpbl C NOAHOK UHOPMaLMEN

IMo3uumoHHass Mrpa Ha3bIBACTCSl w2poil ¢ NOAHOU uHpOpmayuel, €CIA B KaAXION TMO3ULUHNHU
000l ee mapTMU UrpoK, AENAIOIUUM XOH, 3HAeT, KaKue ajJbTepPHATUBbI ObLIX BHIOpAHbI
Ha MpeabIAYyIMX Xonax. B rpaguuyeckoM onucaHuu Kaxzas BepluMHa JepeBa TaKO UIphbl
NIpeAcTaBaseT co00i oTneabHOe UHPOPMALIMOHHOE MHOXECTBO.

IMpuMepaMy NMO3UIIMOHHBIX UTP C MOJHOK UHPOPMaLIME MOTYT CIYXHUTb KPECTUKU-
HOJIMKM, IIALLKY U L1aXMaThl.

OcHoBHasg 0COOeHHOCTb MO3ULIMOHHOM UrpHl C MONMHON UHpOpPMaUHEH COCTOUT B TOM,
YTO COOTBETCTBYIOLIAA €M MaTpULa BbIUIpbIILEH BCEraa UMEET CEUTIOBYIO TOYKY, TO €CThb
B UIpe C NONMHON MHPOpMaLME CYLLIECTBYIOT ONITUMAJIbHbIC YUCTBIE CTPATETHH U, 3HAYUT,
PaBHOBECHAsi CUTYaLUS.

Cka3aHHOE 03HAYaeT, YTO B IIaxMaTax (KpecTMKax-HOMMKaX, LHAIIKaX) yXe B Ha4albHOM
MO3MLMH THO0 UMeeTCs crocod BuIMIpbILLA 32 6ebiX, JIM60 Cnocod BeIMIPHILIA 32 YEPHBIX,
Jub0 KaK Ta, Tak M Apyrasi CTopoHa crnocooHa opcrpoBaTh HUYbIO.

OnHako M3BECTHOE AOKAa3aTe/]bCTBO CYHIECTBOBAHWUS PAaBHOBECHOW CUTYalIMM HEKOH-
CTPYKTHBHO M He naeT 3¢ deKTUBHBIX TPUEMOB (PaKTHUECKOTO HAXOXIEHUS PELLICHUS UTpbl.

U Takue crioco6bl (CTpaterny) B liaxMaTtax He HaiIEH bl 10 CUX [TOP, M 1aXe HEU3BECTHO,
KaKasi U3 NepeyMuCIeHHbBIX BO3MOXHOCTEH UMEET MECTO Ha CaMOM JIeJI€.

HUHoe neno ¢ urpoil KpeCTUKU-HOJMUMKM: CTpaTerdii B HE HEMHOro u oHa pa3obpa-
Ha 10 CAaMOTrO KOHILIA — CYILECTBYIOT ONITUMAJIbHEIE YUCTHIE CTPATErMH, BEAYIUME UTPOKOB
K HUYbCH.

PaccMOTpUM HECKOIBKO NPUMEPOB.

1. Kak HeTpyaHo 3ameTuTh, ABYXXOAOBAR Wrpa U3 npumepa 11 aBnseTCs Urpoi C NonHoi UHdopmaumeis. Ee
HOPManu3aura NPUBOAUT K MATpULE C CeA/i0BOI TOYKOK (CM. Npumep 13).

2. «BuiknaapiBanue MOKET Ha CTON», []Ba Urpoka NOOYEPEAHO KNaayT MOHETHI OAUHAKOBBIX Pa3Mepos Ha Obbik-
HOBEHHbI CTOM, BCAKWIA pa3 BbiSUpas NPOU3BONLHOE ROCTYNHOE MECTO AR MOHeTHl (B3aUMHOe HaKpbiBaHve
MOHeT He nonyckaercs). TOT U3 UrpokoB, KTO NOMOXUT MOHETY, He OCTaBARIOWYIO MeCTa AR HOBBIX MOHET,
8bIUrpbLIBaeT.

310 wrpa c nonKon uxdopmaumein. Cyuwiecrsyer snonke onpepgeneHHas crparerus, obecneyusaowan
BLIUIPLILL TOMY M3 UIPOKOB, KTO HAauyMHaeT Urpy. A UMEHHO, HaYMHAIOWLUIA Urpy BOMKEH NOMOXUTL NEpsyio
MOHETY TOYHO B LIGHTD CTOMA U Ha KaX[biit XOA NPOTMBHUKA O0TBE4YATb CUMMETPUYHLIM XOA0M. Mcxopn urpsl
OT CTpaTeruv BTOpOro MrpoKa He 3aBUCHUT.

3. «[leperosopbi». B neperoBopax y4aCrsyioT Ase CTOpoHbi A U B. B cnerka uaeanuamposaHHOM BapuaHTe
370 MOXeT BbirNsfeTs, HanpuMep, Tak.
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Chauana cropoHa A BbiCKa3biBaeT OQHO U3 HECKONbKUX NPeaNoXeHuit, CnocobHbiX 3auHTepecosartk CTo-
poHy B. 3atem ctopoHa B, 03HakOMUBILUCH C NPEANOXeHUeM CTOPOHb A, BbiCKA3biBAET OAHO U3 HECKONBKUX
BCTPE4HbIX NPeAnoxeHui, cnocobHbiX, N0 ee MHeHUI0, 3auHTepecosath CTOPOHy A. B csOIO ouepeap, cTO-
poHa A, 03HaKOMUBWIUCL C peakuuei CTopoHbl B Ha cpenaHHbie NMPepioXeHun, BbiCKasbiBaeT e HOBOe
npeanoxXexue, BHECA OAHY U3 HECKONMbKUX BO3MOXHbIX KOPPEKTUPOBOK B CBOE NepBOHaYanbHoe npegioxeHue
C y4eTOM MHEHUR CTOpOHb B u 1.4,

Ecnu npegmert neperosopos CNoXeH, TO NopobHbiA 06MeH X0n08 MOXeT 3amaHyThes. OpHako niobbie
neperoBopbi HeNpeMeHHo 3akaHuusaloTea. U tam, Ha dunuwe, Xaet GyHKUMS BHIUTPbILLENd.

MonpoGyem cmoaenvupoBaTh KOPOTKUIA NMEPeroBopHbiA NPOLECC TPEXXOAO0BOK MO3ULMOHHON UrpON.

MpeanonoxumM, 4To neperosopbl 3aKaHYUBAIOTCA Yepe3 TPU XOAA, Ha KaxAoM U3 KOTOpbiX COOTBETCTBYIO-
LWan CTOpOHa UMEeT BO3MOXHOCTb BbiOOpa U3 IBYX anbTepHaTUB, U ONULLIEM COOTBETCTBYIOLYIO MO3ULMOHHYIO
urpy.

1-# X0A nenaet cTopoHa A. oHa BbOMpaeT OAHO U3 ABYX BO3MOXHbBIX NMPEANIOXEHUA — YUCNO T U3 MHO-
xecrtea agyx uucen {1, 2}.

2-# xoA nenaet cropoMa B: oHa sbiGupaert yucno y U3 MHoXecTsa asyx wucen {1, 2}, 3Has wucno z,
npenNoXeHHoe CTOPOHOK A.

3-it xon nenaer cropoHa A: oHa snibuvpaet YCno z M3 MHOXecCTBa asyx uucen {1, 2}, auan o npeano-
XeHUU CTOpoHbl B Ha 2-m xoae v nomMHa cobecTeenHoe npeanoxexue Ha 1-M xoge.

Mocne atoro ctoposa A nubo nonyyaert so3HarpaxaeHue (Hanpumep, B BUAe KPeAMTa OT CTOPOHb B),
nubo sbinnauvsaer ctopoHe B wrpad.

Bce 3T BO3MOXHOCTU ONUCHIBAIOTCR PyHKLUMENR BHIUIPbI-
weit W(z,y, z), 3apanHoi cnepyouiei tabnuuen

w(,1,1)=a, W(,1,1)=¢,
w(,1,2)=b, W(2,1,2)=f.
w(l,2,)=¢, W(2,2,1)=g,
W(l1,2,2) =d, W(2,2,2)=h.

paduueckoe npeacrasnexHne 3T0A Urpbi NOKasaHo Ha
puc. 11.

ACHO, YTO ONUCaHHan MO3ULMOHHAR Urpa RABNRETCA WUr-
poW ¢ nonHou uxdopmaume.

HauHem C ONUCaHWR BO3MOXHbIX CTparervii urpoka B.

Mockonbky urpoky B 8bibop urpoka 4 Ha 1-m xope us-
BECTEH, TO y Urpoka B Te Xe YeTbipe CTpateruu, 410 v B npu- Puc. 11
mepe 13.

By, — lla l]- B; — “’ 2]' B; — [2’ 1]- By — [29 2]

C onucaHua BO3MOXHBIX CTpatervit urpoka A aeno 06CTOUT HEMHOrO MOCNOXHEe — UX BOCEMb.
Yucran cTpaterMa urpoka A B BaHHOW Urpe onuChHIBAETCR YNOPSAOHEHHON TPOMKON

(z’ lzlv 22])'

3pecv z (z = 1,2) — anbTepHaTvea, KOTOPYI0 Urpok A sbibupaer Ha 1-m xope, 2; (z; = 1,2) — anb-
TepHaTusa, KOTOpylo urpok A smbupaet Ha 3-m xoae, ecnu Ha 2-m xope urpok B suibpan sbibpan nepsyo
anbtepHaTusy (y = 1) u 23 (2 = 1, 2) — anbTepHaTmea, KOTOPyI0 Urpok A BuiGupaet Ha 3-M xope, ecnu
Ha 2-m xopne urpok B sbibpan sTOpYi0 anbtepHaTusy (y = 2).

Hanpumep, sbibop urpokom A crparermm (1, [2, 1]) osxauaer, 4T0 Ha 1-m xome wrpok A smGupaert
z=1,aHa3m 2z =2, ecnv urpok B Buibpan y =1, u z = 1, ecnu urpok B suibpan y = 2.

Tem cambiM, y Urpoka A 8OCEMb YUCTLIX CTPATervia:
Ay — (l’ [l’ ll)' A; — (l, Ila 2})' A3 — (l’ [21 l])' Ay — (l’ [2’ 2])'
AS - (2’ [l’ ll)' As — (2' [l’ 2])' A7 — (2’ I29 l]), Ag — (2’ [29 2])
Mokaxem Tenepb, Kak B 3aBUCUMOCTM OT NPUMEHREMbIX CTPATeruiA ONMPeaenfoTCA aNeMeHTH Tabnuubl
BbMrpbiei urpoka A.
MycTs, Hanpumep, urpok A swibpan crpaternio 4¢ — (2, [1, 2]), a urpox B — crpareruo B; — |2, 1].
Torpa z = 2. U3 |2, 1] swirexaer, uto y = 1, aus (2, [1, 2]), uto 2 = 1. Orcopa

W(z,y,z) =W(2,1,1)=e.

PaccuutbiBan no aTOW Xe CxeMe BCE OCTanbHbie 3nemMeHTh Tabnuub BLUrpbituei, 8 UTore NoayYum




§ 4. Hecxonsxo Cnos B 3axnioueHne

B, B, B; B,

(1, 1] (1, 2] (2, 1] (2, 2]
AL wa, Ly | wa, L | wa,2,1) | wa, 2, )
AL, ,2) | wa, ) | wa, 1,1 | wa,2,2) | w(l,2,2) (a0 a d a)
2
Al a2 | wan) w2 | w2, | wa, 2, b
Ag | (L,12,2) | w(1,1,2) | W(1,1,2) | W(1,2,2) | W(1,2,2) A S |
As | 1L 1) | we, L) | we,2, 1) | w1, 1) | wiz,2,1) \; g ; g )
As | (2,[L,2) | w1, 1) | w2,2,2) | w(2,1,1) | W(2,2,2)
A @RI | WE L2 | we2,) | we,,2) | w2,
As | (2, 12,2) | w(2,1,2) | W(2,2,2) | W(2,1,2) | W(2,2,2)

Bcnepcraue 10ro, 4TO paccMatpuBaemMas no3vUMOHHAs MIPa SIBARETCA MIPOW € NOANHOK MHPOpMaLen,
NOMy4eHHan MATPULIA MMeeT CeAnoBYyI0 TOKY NpU MI0GOA QyHKUMW BuiMrpbitied. B atom nerko ybGeauTues,
NPOU3BOALHO BLOMpan 3HaueHus napametpos &, b, ¢, d, e, f, g u h.

TIpu yBeMuYeHHMH YKCIIa XOOOB CTPATErMy B ITO3MIIMOHHOM MIPe C MOJIHON UHGOPManUen
CTPOSATCS MO aHANIOTUYHOM CXEME.

PacCMOTpUM, HanNpUMep, YeTHIPEXXOAOBYIO MO3ULIMOHHYIO WUIpY.
1-# XOR aenaet urpok A: oH snibupaer yiCno U3 MHoXecTsa asyx uucen {1, 2}.
2-# xop penaet urpok B: oH sbibupaer wMcno y U3 mHoxecTsa asyx uucen {1, 2}, 3Has wicno z,

suibpaHHoe urpokom A Ha 1-m xoge.

3-# xon penaet urpok A: OH BubMpaeTr wMCNO z U3 MHOXecTBa AByx uucen {1, 2}, 3xas uucno y,
snGpanHoe urpokoM B Ha 2-M XOfe, U NMOMHS CBOW BHIOOP 4Mcna x Ha 1-M xoge.

4-# xof nenaet urpok B: oW BuibMpaeT uwicno u M3 MHOXecTBa AByx uucen {1, 2}, anas uucno z,
suibpanHoe UrpokoM A Ha 3-m xofie, NOMHS CBOW BLIOOp uMCna y Ha 2-m XxoAe u 3xas suibop urpoka A

Ha 1-m xope — umcno z.
Nocne aroro urpoku A v B pacnnayvsaoTcR B COOTBETCTBMU C 33QAHHOW (QYHKUMEW BbIMIPLILLeA

W(z, y? z) u)‘

B atoit urpe crpatermu y urpoka A Te Xe, yTO U 8 3aa4e, PACCMOTPEHHOW BbilO: KaXAas M3 HUX

33/186TCR TPOAKOW BMAR
(=, [21, 22]),
u ofwee “x YUCNO PABHO BOCLMMU.

Y70 kacaeTCs cTparervii urpoka B, TO B 3TOR urpe Mx WeCTHAAUATL M KaXAas M3 HUX 3a1aeTCA yeTBep-

KO BnAaa

([, %2}, [w1, w2}).
Marpuua sbiMrpoieil urpoka A 8 panHoi urpe umeet paamep 8 x 16. Moxaxem, kak onpeaensoTcs ee
SN16MEHTHI B 3aBMCUMOCTU OT NMPUMEHSIEMbIX CTpaTerin rpoKkosa.

MNycts, Kanpumep, urpok A suibpan crpatermo A’ — (2, [2, 1]), a urpox B crparervio B' — ({2, 1],
(1,2]). Torpa z = 1, y = 2, a z = 1. U3 Toro, ut0 [8), uz] = [1, 2], nonyyaem, yto 4 = 1. Otciopa
cneayer, YTO UCKOMbLIR INeMeHT MaTpUUbl BuiNNAT paseH

w(l1,2,1,1).
OcTanbHbie SNeMeHTH MaTPULILI BLIMUCNAIOTCA aHANOFUYHO.

Tak xak 378 NOMLMOHHAR Urpa TAKXE SBNRETCA MIPOI C NONHOA MHpOpMauMeRt, TO nonyyaemas MaTpuua

GyneT MMeTL CeAN0BYI0 TOHKY.

§4. Hecxonbko CnoBs B 3aKnioyeHue

B paccMOTpPEHHBIX NIpMMepax OCHOBHOE BHMMaHMe ObUIO yaeleHO ONMMCAHMIO TNpolecca
HOpMAIH3aUUK MO3UILIMOHHOK MUIPH — IMOCTPOCHMIO AepeBa UIphl U MHGOPMAIIMOHHBIX
MHOXECTB, BHpaboTKe CTpareruit MrpoOKOB ¥ BEIYHCIIEHHIO 3JIEMEHTOB IUIATEXHOM MAaTPHIIbI.
Chenyomui eCTeCTBEHHbIH 11ar — OTBHICKAHME 1ICHBI MIPhl M ONITUMANbLHLIX CTPAaTerui
HIPOKOB — MPOBOJMTCS METONAMH, O KOTOPBbIX PaccKa3hbiBaJIOCh B IVIaBe, MOCBSIICHHOMK
MaTPHYHBIM MUIPaM.
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Mpbi 1O0CTaTOYHO NOAPOOHO OCTAHOBUJIMCH Ha NMO3ULIMOHHBIX UTPaXxX IBYX JHLL, e ObUTH
SIBHO BbIpaXeHbl MHTEPECHI OIHOTO U3 UrpokoB (urpoka 4). Cneayer, oiHaKo, UMETh B BUTY,
4YTO B ONHHX Cly4yasX MHTEpPECHl UIpOKa B MOIyT ObITh MOJHOCTBIO NMPOTUBOITOJIOXKHBIMHU
MHTEpecaM Urpoka A, B TO BpeMs KaK B APYTMX BIIOJIHE MOXET OKa3aTbCsl, YTO TO, YTO
XOPOLLIO JUIsi OAHOTO UIPOKa, He 00s13are/ibHO Moxo uid apyroro. [IpuBenem nsa npocThix
npuMepa.

Npwumep A.

1-# xo. Yirpox A sbiGupaet YuCno T u3 MHOXeCTBa asyx uucen {1, 2}.

2-it Xof. Urpok B sbibupaet 4ucno y u3 MHOXeCTsa asyx uucen {1, 2}, 3Han BbiGOp YUCNa Z UrpoKOM A.
®yHKuMK BbiNAaT urpokam A u B — Wy(z,y) v Wg(z, y) COOTBETCTBEHHO — 3aJal0TCH Tak:

Wa,)=1, Wa(l,2)=-1,  Wy(2,1)=-2, Wu(2,2)=2,
Wa(l,1)=2, Wg(1,2)=1, Ws(2,1) =1, Wg(2,2) = 2.

Jepeso urpbi NOKa3aHo Ha puc. 12. Mcxoa urpbl 3aBUCUT OT TOr0, KakOBbi HAMEPEHUR urpoka B —

MaKCHUMMH3NpOBaTh CBOM BLIMMPBILLY
WB(z’ y) — max,

U MaKCUMMU3VPOBATL CBOH OTHOCUTENbHBINA BHIAIPLILL:
Wg(z,y) — Wy(z,y) — max.
B nepsoM cny4ae 310 AOCTUraeTcs Tak.
npuz=1 y=1 u Wp(l,1) =2(Wu(,1)=1)
npMz=2 y=2 u Wg(2,2) =2(W4(2,2) =2).
Bo 8TOpOM cnyvae:
npu z =1 y=2 u Wp(1,2) —Wu(l,2)=1-(=1)=2)
npuz =2 y=1 un Wp(2,1) —Wu(2,1) =1-(-2)=3).

1,2 (-L1) (=2,1) (2,2 (L4 G3
(J

Puc. 12 Puc. 13

Mpumep B. Vrpa 3apnaetcs nepesom (CM. puc. 13).

1-it xof1. Urpok A sbiGupaer uucNO Z U3 MHOXecTsa Asyx uucen {1, 2}.

Ecnn z = 1, T0 kaxabiit U3 UrPOKOB NOAYYAET CBO BLHIUIPbIl, PaBHLIA 2.

Ecnm z = 2, 70 npaso 2-ro Xopa nony4aeT urpok B, rae OH v Bbibupaer suibupaer 4ucno y U3 MHOXe-
cTsa asyx uucen {1, 2}.

Mpu y = 1 sbiurpbiw urpoka A pasex 1, a urpoka B — 4, Mpu y = 2 062 urpoka nony4aioT noposHy —
no 3.

B cnyuae, koraa kaxAabii U3 UrpoKoOB CTPEMUTCH K NOMYYEHUIO MaKCUMabHOro BHMIPbILa U niobbie Buab
Koonepauuu 3anpeuienbl, UCX0A Urpbl ACEH — urpok A Buibupaet z = 1, u urpa 3akanumsaetcs. Ho npwu
T =2 u y = 2 Kaxapit U3 Urpokos NoAYy4aeT no 3 (Takoi UCXOA npeanoyTuTensHee npocreiwero (1, 1)), u,
eCnu AOoNyCTUTL Cornaillenre MexXay UrpokaMu, 310 OGCTORTeNLCTBO BNONHE MOXET U3MEHUTL UCXOL WUrpPbi.
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BUMATPUYHDBIE UIPbI

Ipensinynme pacCMOTPEHUS KacalucCb UIP IBYX JIKL, B KOTOPbIX WHTEPECH UTPOKOB
ObUIM TPSIMO TPOTHBOINOJIOXHB (AHTATOHUCTHYECKME, WM MAaTPHYHLIE UIPHI), a TaKKe
MO3ULMOHHBIX UTP, CBOAMMBIX K MaTpUuHbIM. OIHaKO CUTyalM¥, B KOTOPbIX MHTEpPECHI
WUTPOKOB XOTS W He COBMAaAaloT, HO yXe He 0053aTeNbHO SABISIOTCS MPOTUBOMONOXHBIMY,
BCTPEYAIOTCS 3HAYUTENILHO Yallle.

PaccMmorpuM, HanpuMep, KOHPIMKTHYIO CUTYaHUIO, B KOTOPOM KaX b W3 NBYX y4acT-
HUKOB MMEET CIEAYIOIHE BO3MOXHOCTH VIS BbiOOpa CBOeH TMHUU MOBEICHUSA:

UIpOK A — MOXeT BhIOpaTh JII06YIO U3 CTparervt Ay, ..., 4n,

urpok B — mobyio u3 crpateruit By, ..., By,.

ITpu 3TOM BCAKMIt pa3 MX COBMECTHBIN BhIOOD OLIEHUBAETCA BIOJHE ONPEAESIEHHO:

€CJI¥ UTPOK A BHIOpan ¢-10 cTpaTeruio A;, a urpok B — k-1o cTpareruio By, TO B UTOre
BBIMTPBIIL UTpoka A GyeT paBeH HEKOTOPOMY YUCHY @k , 2 BBIUTPHILI UTPOKa B HEKOTOPOMY,
BOODI11IE roBOp#A, APYTroMY uuchy b;x.

N HbIMU cioBaMu, BCAKHMHR pa3 KaXabii U3 UTPOKOB NOJYYAET CBOM NPHU3.

IMocnenosatensHo nepe6upas BCe CTPaTerny Urpoka A U Bce CTpaTeruu Urpoka B, Mbl
CMOXEM 3amnoJIHUTh UX BHIUTPbILIIAMH JBe TaONU LB

B, ... B, ... B, B, ... By ... B,
A | ap a1k Gin A [ by ... bk ... bin
A; | a, a,x Qip A; | by bik . bin
An | Gmy Ak Amn Am | by . bk bmn

IlepBast u3 TabGnuil ONUCHIBACT BHIMTPLILIN UTPOKa A, a Bropast — BbLIMIPbIILIY UTPoKa B.
OObIYHO 3TU TaGJUIIbI 3aIMCHIBAIOT B BUJIC MaTpULl

a a Qi bu ... bi bin
A= a; Ak Qin ) B= b1 bix bm
am] PRI amk vee amn bml “ee bmk e bmn

3necb A — naamexcran mampuya uepoka A, a B — naamexcras mampuya uzpoxa B.

ITpu BoiGOpe UrpokoM A %-i cTpaTeruu, a MrpokoM B — k-if cTpaTeruy uX BHIMTPBILIN
HaXONATCS] B MaTPULIaX BHITUIAT Ha MEePeceyeHUH 1-X CTPOK U k-X cronbioB: B MaTpuue A
3TO JIEMEHT @, a B MaTpuLie B — ayieMeHT b;; .

Takum 06pa3oM, B Cily4yae, KOraa MHTepechl UIPOKOB pazivnyHbl (HO He 06sA3aTeib-
HO TIPOTHBOITOJIOXHBI), MOAYYAIOTCS B MIaTeXHbIe MATPULIBI: OHA — MaTPHULA BBITLJIAT

9*
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UrpoKy A, npyras — MaTpuua BbifuiaT urpoky B. [lo3ToMy coBepuieHHO eCTeCTBEHHO
3BYYUT Ha3BaHHE, KOTOpOoe OOBLIYHO NpUcBanBaeTcd NonoOHOM UTpe — OGuMampuyHas.
3amevyanne. PaccMmaTpuBaeMBle paHee MaTpHYHBIE MIPhl, Pa3yMeeTCs, MOXHO pacCMaTpHBaTh M KaK 6uMa-
TPHYHBIE, Ile MATPHUIIA BHIUIAT UTPOKY B npomueonoaoxcka MaTpulie BHITUIAT HTPOKY A:
by = —a4

iy +.. Qg =Q1] . —Q)n
A= .iieiannne, y, B==A=| ciiiiiiiiiiii .
am] e am“ _am] “ee _'amn
Tem He MeHee, B o6meM ciryyae GUMaTPHYHAs HIPa — 3TO UTPA C HEHY/IEBOM CYMMOIA.

HaM kaxeTcs BIIoJIHe eCTECTBEHHBIM BPEMsI OT BPEMEHH CONOCTaBJIATh Hallli PACCMOTPEHHUSA
C pPacCyXAeHHAMH, NPOBEICHHBIMM paHee Wil MaTPHYHKIX Urp (OCOGEHHO NPHU MOMBITKaX
pa3peilieHHs] CXOXHX npobiem). [MonoGHbIE COMOCTaBIEHHMS YAaCTO OKa3bIB3IOTCA OAHO-
BPEMEHHO U YNOOHBIMHU M Nonie3HbkiIMU. KoHeuHO, Klacc GUMATPUUYHBIX MID 3HAUMTENbHO
HIMpe KJlacca MaTPUYHBIX (pa3HooOpa3ue HOBBIX MOIENUPYEMBIX KOHGIMKTHBIX CUTYaLUi
BECbMa 3aMETHO), a, 3HAUMT, HEM36eXHO YBEIUYUBAIOTCA Y TPYAHOCTH, BCTAIOLME HA ITYTH
MX yclelHoro paspeuieHusa. BripoueM, Mbl HazeeMcs, YTO YacTb U3 3THUX TPYAHOCTEH Mbl
cyMeeM NpPeoNoJIETh YXXe B HAaCTOsIEM U3JaHUU.

Wi

§ 1. Mpumepbl OUMATPUYHBIX M

IIpumepsl 3TOrO pasnesa OMMCHIBAIOT HEKOTOPbIE TUIMYECKUE KOH(MIUKTHBIE CUTYalUH,
npuBoAsiiMe K 6uMaTpuuHbIM urpaM. CHayana Mol 0OcyauM BOTIpPOChI, CBsI3aHHbIE ¢ dop-
Malu3aiel pacCMaTpHBaeMBIX KOH(GIMKTOB (MIOCTPOeHHe IIaTEXHBIX MATPHII), a TO3NHEE
CBSI3aHHbIE C PEKOMEHIAIMSAMU 110 UX pa3pelieHUIO.

Mpumep 20. «Bopsba 3a puinion. HeGonbwas ¢ypma (Mrpok A) HamepeHa CObiTb NAPTMIO TOBapa Ha ORHOM
U3 ABYX PbiHKOB, KOHTPONMPYeMbIX Apyrod, 6onee kpynHoW ¢upmoit (urpok B). ns atoro ¢upma A4 rotosa
NPeANpPUHNATL Ha OQHOM U3 PbiHKOB COOTBETCTBYIOWUE NPUrOTOBAGHUS (Hanpumep, paasepHyTb peKiaMHylo
KOMNanuio). FOCNOACTBYIOWIAN Ha phiHKax pupma B mOXeT NONLITATLCA BOCNPENSTCTBOBATL 3TOMY, NPUHAB
Ha OHOM U3 pPbiHKOB NpEeRYTPeaAnTeNbHbIe MEpb (Pa3yMeeTCR, B pemkax 3akoHa). He scrpevas npOTMBOASHA-
CTBUSI HA PbiNKe, PupmMa A 3axsaTthiBaer €r0; NPU HaNUYUKU NPENsITCTBUIR — TEePNUT NMOpPaXeHus,
Bynem cuutaTe Ans ONPERENOHHOCTH, YTO NPOHUKHOBEHNE GUPMbI A Ha NOPBbLIA PHHOK 6ONSe BLIFORHO
LNSl Hee, HOXeNnu NPOHUKHOBEOHUE Ha BTOPOM. ECTECTBEHHO Takxe C4uTath, 4To UM Gopbba 3a Nepsbid PHHOK
notpebyer snoxenus 66nbwux cpeacts. Hanpumep, nobena pupmb A Ha NOPBOM pbiHKe NPUHECET eit BABoe
Gonblunii BuUrpbill, Yem no6Geaa Ha BTOPOM, HO 3aTO U NOPaXeHUe NPU NONbITke OCBOUTLC Ha NEPBOM pbiHKe
NONHOCTLIO 86 pPasopuT, a Gupmy B n3baBut OT KOHKYpPeHTa.
Y70 Xe KacaeTCs BTOPOro pbiiKa, TO NpU NopaxeHun Gpupmbl A ee notepu GyayT He CTONb Pa3OPUTENbHBI,
HO 1 NOGeAA NPUHBCeT HEMHOTO.
Takum 06pa3om, y pupmb A ase crpatervu:
A) — 8bi60p nepsoro puiHka, A; — BbiGOpP BTOPOrO pbiHKa.
Takue xe crparernv u y pupmn B:
B; — 8bi60p nepsoro poiHka, B, — BLIGOP BTOPOro phiHKa.
Ans Toro, 4Tob COCTRBUTL NNATEXHLIE MATPULLI UMPOKOB, HYXHbI PacYeTHbe KONMYeCTBOHHLI® NoKasa-
Tenu, KOTOpbie Mbl NPUBEASM 3AECh B YCNOBHLIX 8OUHULIAX:

_(-10 2 (5 -2
A“( 1 -1)' B={ -1 1)'

B3arnsHeM Ha BLiNMCaHHbie MaTPUULl BLINNaT. W3 CKA3aHHOIO Bbillle ACHO, YTO ecim 06a urpoxa suifepyr
OMH U TOT Xe pPbiHOK, TO noBena ocraHeTca 3a 6onee cunvHolW dhupmoi B.

To, ut0 8 cutyaumu (4, B)) sbimrpbis urpoka B paseH 5, a 8 cutyaunu (Az, By) — 1, nonyepku-
BaeT, 4TO NepBbii PHIHOK 6onee BLIropeH (yRoGHO pPacnoNOXeH, XOPOWO NOCeIaeM W T.1.), YeM BTOpPOR.
Bomrpbits (—10) urpoxa A 8 cutyauuu (4, B)) (a TouHee, NPoUrpbill) 8 CONOCTABAEHUN C €r0 BhIUIPbi-
wem (—1) 8 curyaumu (A;, B;) sbirnaamt, pasyMeercs, BNonHe COKPYIIMTENBHO. HTO Xe KacaeTen CuTyaumu,
KOraa GyvpMbl yAENAIOT OCHOBHOE BHUMaHue pa3HbiM pbikkam (A4, By) v (42, B)), 10 3nece upmy A xaer
HACTOAWMIA BHUrpbiw, 66nbIwuA Ha Gonee BLIrOAHOM pbiMke. MoTepu, KoTopbie Npu 3ToM Hecet ¢upma B,
0Ka3biBaKOTCA NPAMO NPOTUBONONOKHBIMM.
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3ameuanme. SIcHO, YTO TOYHO PAacCYMTATh BBHITOAY M yiuep6 CTOpPOH B 3TOM KOHGQIIMKTE 3apaHee JOBOJILHO
TPYOHO. A BOT B ClieRyioufed KOHONUKTHOR CHTYyallMH pa3Mephl BRIMIPHILIECH MIPOKOB H3BECTHHI CO BCEH
onpenesieHHOCTHIO.

Mpumep 21. «flunesma ysHuxoB». Wrpoxkamu RBARAIOTCH AB2 Y3HUKA, HAXOASWMWXCA B NPEABAPUTENbHOM 3a-
KNIOYEHUM MO NOAO3PEHUI0 B COBEpLUeHUU NpecTynnexvn. MMpu OTCYTCTBUM MPAMBIX YUK BO3MOXHOCTb UX
ocyxaeHusi B 60NbUIOH CTENEeHU 3aBUCUT OT TOro, 3ar0BOPAT OHU WM ByayT Monuath.

Ecnu 06a Gyayr Monuarth, TO Haka3aHuem Gyner nuilb CPOK MPEeABaPUTENbHOrO 3aKNIOYEHWR (notepu
KaXA0ro U3 yaHukos coctasaT (—1)). Ecnu cosHalotes, TO nonyyaT CpOK, y4UTHIBAOWMIA NpU3Hakue Kak
CMRMHaoiLee 06CTORTeNbCTBO (MOTepU KaXA0ro U3 Y3HUKOB COCTaBAT B 3TOM cnyyae (—6)). Ecam xe 3aro-
BOPUT TONBKO OfMH U3 Y3HUKOB, 2 APYroi OyaeT Monuats, TO 8 3TOM Cnyyae 3aroBopusilUMi Gyaer BbinyuieH
Ha cBoboay (ero notepu pasHbl 0), a COXpaHAIOLWMIA MONMYAHWUE NOAYYUT MaKCUMalibHO BOBMOXHOE Haka3aHue
(ero notepu GyayT pasHb (—9)).

31a KOHPAUKTHAR CUTYaLMA NPUBOAAT K GUMATPUUHOMN UrPe, B KOTOPOI KaXabiit U3 UrPOKOB UMeeT Mo ABe
crparervu — mon4atb (M) unu rosoputs ().

Boiurpbitun urpokos A u B COOTBETCTBEHHO ONUCHLIBAIOTCH Tak:

RO | ™ (N

M| -1 -9 M| -1 -9
(N 0 -6 (N 0 -6

Mpumep 22. «Cenedtnmit cnop». [Ba napTHepa nOroBapusaloTCs O COBMECTHOM NPOBEAGHWUM OAHOFO U3 ABYX
nencteun, (1) u (2), kaxaoe U3 KOTOPbIX TPEGYET UX COBMECTHOFO Y4acCTus.

B cnyvae OCyWEeCTBNEHUR NepBOro U3 STUX ABYX AeHCTBUM BLIUIPLILL NePBOro naptHepa (urpok A) 6yaer
8A806 BbilUe BLIMIPLILLA BTOPOro napTHepa (urpok B). Hanpotus, B Cny4ae OCyWeCTBAGHUR BTOPOro U3 aTux
ABYX ASACTBUA BHIMIPLILL Urpoka A Gyner BABOe MeHsile BLIMIpLIlLa urpoka B. Ecav xe napTHeps! BLINOAHAT
pa3nuuHbie AeRCTBUA, TO BHIMIPLIL KAXA0rO U3 HUX OyAeT paseH Hymo.

O1a KOHPAUKTHAR CUTYAUMA NPUBOANT K BUMATPUYHON Urpe, B KOTOPO KaX/abii U3 UrPOKOB UMeeT Mo Ase
cTpateruv. Bomrpbilun urpokos A n B COOTBETCTBEHHO ONUCHLIBAIOTCA Tabnuuamu cneayowero suaa:

[ (1) () | () ()
ml2 o mi1r o
@0 1 10 2

floackenne. {oBONBHO NOHATHO, YTO PAVIHYHAIE KOH(IUKTHBIE CHTYaltMH MOTYT MMETh OXHY H Ty Xe HpopMa-
AH38UHIO. B4aCTHOCTH, paCCMOTPEeHHAA GHMATPHYHAR HIPA YaCTHO HHTEPIIPETHPYETCS, KaK OAHOBPEMEHHbIH
BLIGOP CYNpPYraMK COBMECTHOTIO Pa3B/IeYEHHA: 1TOCELICHHE ONIEPHOIO CIEKTak/IsA WK XOKKeHOro matya. Ilpn
3TOM B NNOCEICHHH ONEPHONO TEATPA XeHa 3aHHTEPECOBaHA B 60/IblIeR CTEIEHH, YeM MYXK, & IPU MTOCCIUCHHH
cranMoHa HaGmonaercs obpaTHas xapTuHa. B ciyyae Xe HenpeonoNeHUs pa3sHOrNacuit, BOSHUKIIMX NPH
BrIGOpE, IeHb OKA3BIBAETCsi BOOOLIE HCIIOPYCHHBIM.

Orcioaa ¥ HasBaHKeE, BHIHECEHHOE B 3ar0JI0BOK.

Npuuep 23. «Cryaeut — Npenosasarenss. PAcCMOTPUM CEAYIOWLYI0 CUTYaumIO. CTYAEHT (Mrpok A) rotosuTes
K 3a4eTy, KOTOpLI npuinmaeT Mpenoaasatens (urpok B). MoxHO cunTtath, uto y CTyaexTa ABe CcTpaternu —
NOArOTOBUTLCR K Cpaue 3ayeTa (+) v He noarotosutsea (—). Y Mpenopasartens Takke ABe CTpaterMm —
nocTasuts 3a4et [+] u He nocrasuts aaveta [—|.

B 0CcHOBY 3HaYeHn QyHKUWIA BLINIPLILLA WIPOKOB NONOXUM Cheaylouve CooGpaxeHus:

Bomrpois Ctypenta
[+] (-]
(+) | ouenka sacnyxeHs oNeHb 06MaHO
(=) | ymanocs oBmaHy™s  ouewka 3acnyxena
Buivrpuiw Mpenogasarens

[+] (-1

(+) | sce Hopmanbko Gbin Henpas
(=) | man ceba obmaryTs OnATL npupert

Konu4ecTseHHO 3T0 MOXHO BbIpa3uTb, HanpuMep, Tak
[+ -] | -]

(1 2 -1 (+) 1 -3
(=)} 1 0 =1 -2 -1
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§2. CMmeluaHHble cTpaTerum

B npuBeneHHbIX npuMepax (Mo3xe Mbl BEPHEMCS K TOAPOGHOMY PaCCMOTPEHHIO KaXIO0T0)
OMMCAaHbl CUTYalluM, B KOTOPBIX UHTEPEChl UTPOKOB He COBManaioT. ECTECTBEHHO BCTaeT
BOIIPOC O TOM, KAKME€ PEKOMEHAALMH He0OXOAUMO 1aTh UTPOKaM JUIS TOTO, YTOOLI Moaeu-
pyeMas KOH(IUKTHAs cuTyauus paspeiuunacb. MHBIMU C10BaMHU, YyTO Mbl 6yneM NOHUMAaTh
noj pelieHueM OUMMaTpuyHOR Urphi?

TlonpobyeM OTBETUTH HA 3TO BONPOC TaK:

écaedcmeue mozo, ¥mo UHMepecyl U2poK08 He CO8nadaiom, Ham HYXCHO nocmpoums makxoe (Kom-
NPOMUCCHOE) pewerue, Komopoe Gbl 8 mOM UAU UHOM, HO 8 OOUHAKOBOM CMbICAE YOO0BAEME0PAN0
060uUx UzpoKos.

He neiTasick cpa3y BeIpaXaTh 3TY MBICJIb COBCEM TOYHO, CKaXeM — NonpodyeM HaiTH HEKYIO
PaBHOBECHYIO CUTYaLMI0, IBHOE OTKJIOHEHHUE OT KOTOPOi ONHOTO M3 HTPOKOB YMEHbIIAJIO GBI
€0 BBIMTIPBILIL

IMono6Hbli BOPOC MBI CTABWIIM M ITPU PACCMOTPEHUM MaTpUyHBIX urp. HanoMHuMm, uto
BO3HHUKalo1Iee NMPH pa3paboTke MMHMMAKCHOIO MOIX0Na MOHITHE PABHOBECHOM CUTYalIMU
MPUBOAMJIO HAC K MOMCKY CEIIOBOM TOYKM, KOTOPasi, KaK 0Ka3ajloCh, CYLIECTBYeT JaleKO
He BCcera — KOHEeYHO, eCJIM OTPaH MU UBATHLCS TOJILKO YMCTBIMM CTpaTerusIMU UTPOKOB A U B,

T. €. CTPaTerusiMu
Ay, ..., Am, B, ..., B,.

EctecTBeHHO OXMIATh, YTO B O0JIee CI0XXHOM cityyae OMMaTpUYHOM UTphl €10 BPsAJ JIU
obcTouT npoue.

OnHako npM paciiMpeHUU MaTPUYHOMK MTPBI MYTEM MEPEXoa K CMelIaHHBIM CTPaTeru-
SIM, T. €. K TAKOMY NOBEICHUIO MTPOKOB, IIPU KOTOPOM OHM YepeayloT (YMCThie) CTpaTeruu

C onpeneieHHbIMY 4YacTOTaMM: MIpoK A — cTpaTeruu 4,, ..., 4,, CYacTOTaMH py, ..., Pm,
rae
m
pl?oi"'apm>07 Zpi:ls
i=1
a urpok B — crparteruu By, ..., B, c yacrotamu qi, ..., gy, TO€
n
q|20,...,qn?0, quzl’

k=
BBISICHWIOCH, YTO B CMEIIAHHBIX CTPAaTerusiX paBHOBECHas CUTyallMsi BCETAa CyLUECTBYET.
UHBIMU CJIOBaMU, JiioOasi MaTpMyHasi Mrpa B CMELIAHHBIX CTPATErMsX pa3pelinma.

[ToaroMy, paccMaTpuBag 31ech OUMaTpUYHBIE UTphl, Pa3yMHO nonpoboBarth cpasy xe
nepeiTH K CMEIaHHBIM CTPaTerusiM UTPOKOB (TEM CaMBIM, Mbl TIPEAINOJAraeM, YTO KaxXaas
UIpa MOXeT 6bITh MHOTOKPATHO NMOBTOPEHA B HEU3MEHHBIX 0OCTOSATENILCTBAX).

B MaTpuuyHOM ciyyae CMEUIMBAHUME CTpATErUid MPUBOAMUIIO K PACLIMPEHHUIO BO3MOXHO-
CTH BBIIUIAT B TOM CMBICJIE, YTO PacyeT CTPOMJICS M3 BBHIYMCICHHS CPEIHMX BBIMIPHILLEH
UrpokoB A u B, KOTOphie ONpenesuIMCh MO 3JIEMEHTaM IUIAaTeXHOH MaTpulibl A ¥ BepoAT-
HOCTSIM P; M Gk

Ha=)_ oapiqr, Hp=-) aapigs.
ik i,k

IIpu cMelIaHHBIX CTpaTerMsXx B OMMATPUUHBIX Mrpax TakXke €CTeCTBEHHO BO3HMKAIOT

CpeHHE BLIMTPHILIM UTPOKOB A M B, omnpenensieMbie MO NpaBHJiaM, B KOTOPbIX yX€ HET
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HUKaKOM JMCKPMMMHALIMK UTPOKa B

Hy=)  aupgr, Hp=)  bupge.
s, k 1, k

§3. 2 X 2 Gumarpuunble urpbl. Cutyauus paBHoBeCHS

Mbl npeanonaraeM yaejdudTb OCHOBHOE BHHMAaHHe CIy4dalo, KOraa y Kaxaoro U3 MrpokoBs
MMEETCsI POBHO JIBE CTPATEruH, T. €. ciiydaio m = n = 2. [103TOMy HaM KaXeTcsi yMECTHBIM
BBINMCATh NPUBeAEHHBIE Bhille (POPMYJIbI HMEHHO JUISI TAKOTO Clyyas.

B 2 X 2 GuMaTpU4HOM Urpe MIATEXHbIE MATPHLIbl UTPOKOB UMEIOT CEAYIOWUN BUI

aj;;  ap bn bz
= B =
A ( ay Gy ) ’ ( by b ) ’

n=p p=1l-p ¢a=¢, @=1-g,

BEPOATHOCTH

a CpeIHKE BHIMTPHIILY BEIYUCISIOTCA 110 popMyaM

Hy(p, q) = a11pg + apnnp(l — @) + a(1 — p) g+ axn(1 — p)(1 - g),
Hg(p, q) =biupg+biap(1 — q) + by (1 —p)g + bxa(1 = p)(1 - ¢),

roe
0<p<], 0<g<L

CdopMynupyeM OCHOBHOE OMpeeieHHUE.

Onpepenenne. byneM roBopuTh, YTO Napa 4ucen
(p',¢), 0<p"<1,0<4 <},

ONnpeNesieT PAGHOBECHYIO CUMYAyUio, eCA IS MOOBIX P U ¢, MOTYMHEHHBIX YCIIOBUAM
0<p< 1, 0<q< |, onHOBpEMEHHO BHINOJIHEHH! ClIeAYyIOLLHE HEPABEHCTBA

Hu(p, ¢") < Ha(p', ¢"), Hp(p', 9) <Hs(p', ¢"). (*)

MoscHenne. BrimucaHHbie HepaBeHCTBA (%) 03HAYAIOT CEAYIONEe: CHTYalMsl, onpeneiseMas cMelmlaHHOH
crparervedt (p*, ¢*), ABnseTca paBHOBECHOMN, €CIH OTKIOHEHHE OT Hee OQHOTO M3 MTPOKOB MNPH YCIOBHH,
YTO ApYyro# coXpaHseT CBO# BLIBGOP, MPUBOAKT K TOMY, YTO BHHTIPBILL OTK/IOHMBIIETOCS HIPOKa MOXET TOJIBKO
yMEHbIIUTHCA. TeM caMbiM, MOJTYYAETCs, YTO €CJIM PABHOBECHAs CHTYaLMs CYLIECTBYET, TO OTKIOHEHHME OT Hee
HEBBITOZHO CAMOMY HTPOKY.

Ho MoxeT 1 66ITh NOq0OHAsA CHTYalLlMd paBHOBeCHA B OMMaTpuyHO# urpe? OTBeT Ha 1no-
CTaBJIEHHBIN BOMPOC HaeT CAeaylollee YTBEPXIECHHE.

Teopema 4 (Ax. Haw). Bcakas bumampuunas uepa umeem xoms bbi 00HY paGHOBECHYIO CUMYAYUI0
(mouxy pasroeecus) 6 cmewannbix cmpamezusx.
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3aMeTUM, YTO BeCbMa IOXOXEE YTBEPXKIECHUE MbI YX€ BCTpeYalu Nnpu M3ydyeHUM BOTMPO-
ca pa3peliMMOCTH MaTpuyHbiX urp. HanoMHuM Takke, 4TO B COOTBETCTBYIOWIEM pas3jiesie
nocJjie GopMyJIUPOBKY aHAJIOTUYHOTO YTBEPXIEHMS O CYLIECTBOBAH UM PaBHOBECHOM CHUTY-
alMy OMUChIBaJICAd M cniocob OTICKAHUSI TOYKHU paBHOBecHs. Ta e npobieMa BcTaeT nepen
HAaMH 4 3[€eCbh.

Hrak, paBHOBecHast cuTyauus cymectByeT. Ho kak ee HaliTu?

Ecnu Hexoropas mapa uucen (p*, ¢*) npereHayer Ha To, YTOGbI ONpENeNsiTh CUTya-
LIMIO paBHOBECH S, TO VIS TOTO, YTOOB! YOeAMTHCS B 000OCHOBAHHOCTH 3TUX NMPETEH3UN, WIH,
HaobopoT, 10Ka3aTh UX HEOOOCHOBAHHOCTb, HEOOXOAWMO NMPOBEPUTDH CITPABEIMBOCTb HE~
paBeHCTB (*) st o6oro p B npenenax ot 0 no 1 1 pig moGoro ¢ B npenenax or 0 no 1.

B o611eM ciryyae YUMCJIo TaKU X MPOBepoK beckoHeyHo. U, ciaenoBarenbHO, NeHCTBEHHB M
criocob onpelesieHUsi paBHOBECHOM CUTYyallMU HYXXHO MCKaTh IIe~TO B UHOM MECTE.

Hns 3roro Mbi o6onpemcsi Ha CIeAYIOIIMI TEOPETHYECKU I pe3yJIbTarT.

Teopema 5. Bunosnenue nepasercme
Hu(p, ") < Ha(p', ¢"), Ha(p, 9) < Hp(p", ¢) (%)

DPABHOCUNBHO BbINONHEHUIO HEPABeHCmE
HA(O: q*) < HA(p., qt)a HB(pta 0) HB(p', q*):

<
. *x)
Hu(1, ¢") < Hu(p', ¢'),  Hp(p', 1) < Hp(p', ). (

WHBIMU CTOBaMM, LIS TOTO, YTo6bI y6eIMThCs BOGOCHOBAHHOCTH NpeTeH3uii napw (p*, ¢*)
Ha TO, YTO6bI ONpeNeIATh PABHOBECHYIO CUTYAIIMIO, IOCTATOYHO TPOBEPUTD CIIPaBEUTMBOCTD

HepaBeHCTBa
HA(p) q‘) g HA(p‘a q*)

TOJIbKO JUIS1 IBYX YMCTBIX cTpaTernii urpoxa A (p =0 U p = 1) ¥ HepaBeHcTBa
HB(p" q) < HB(p*) q.)

TOJILKO JUIsl ABYX YMCTBIX cTpaTeTuit urpoka B (¢ =0 u ¢ =1).
YeToipe HepaBeHCTBa (%) TO3BOJISIOT IIPOBECTH IIOUCK TOYKH PAaBHOBECHS YXe BIOJIHE

KOHCTPYKTMBHO.
3anulueM cpeHHE BLIMIPLILIM UTpokoB A u B B 60j1ee ynobHoi opme. UmeeM

H(p, @) = (811 = a2 — a1 + an)pg + (212 — an)p + (821 — a)g + ax,
Hp(p, @) = (byn — bz — by +bn)pg+ (b2 —by)p + (b2 — b2)q + bya.

O6paruMc4 K nepBoit U3 nosydeHHbIX dopmyst. Ilosaras B Heli cHayana p = 1, a NOTOM
p = 0, nonyyaeM, yto

Hy(1, ) = (an — a2 — 621 + an)q + a2 + (a2 — ax)g,
Hy(0, q) = (@21 — a22)q + ax.
PaccmoTpuM pasHocTH
Hy(p, 9) — Ha(l, g) = (an — 612 — 821 + 62)pg + (612 — 622)p —
—(an — a2 — a1 + an)q +axn — a,
Hy(p, q) — Ha(0, q) = (a1; — 612 — a3 + a2)pq + (a12 — an)p.

IMonaras
C=ay —ap—-ay+an, a=ay-a)p;,
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NOJIYYUM IJid HUX CIICAYIOLHUE BBIPAXCHUA
Hu(p,q)—Hu(l,9)=Cpg—ap—-Cq+a=Cq(p—1)—a(p-1)=(p-1)(Cq - a),

Hu(p,q) —H4(0,9) =Cpg—ap=p(Cq—a).
B ciyyae, eciu napa (p, q) onpeesnsieT TOYKY paBHOBECHS, 3TH Pa3HOCTH HEOTpHLa-

TeJIbHBI
HA(pa q) - HA(I: q) ; 0: HA(p7 q) - HA(O) Q) ? 0.
TToaToMy OKOHYaTeNbHO MOJy4aem
(p-1)(Cq-a)20,
p(Cqg—a)20.

W3 ¢popmyn st dyukuun Hp(p, g) npu ¢ = 1 ¥ ¢ = 0 COOTBETCTBEHHO HMEEM

Hp(p, 1) = (by; — biz — by + bao)p + (bi2 — ba2)p + by,

Hp(p, 0) = (b2 — ba2)p + bn.

PasHocTu
HB(I’: Q) - HB(p1 l) H HB(pa q) - HB(?) 0)

¢ yyeToM 0003HaYeHU K
D=by—-bp—by+bn, B=bn-by
TPUBOASATCS K BUIY
Hy(p, q) = Hp(p, 1) = (¢ - 1)(Dp - f),
Hp(p, q) = Hp(p, 0) = ¢(Dq — B)

COBEpILEHHO TaK Xe, Kak COOTBETCTBYIOLIME pa3HOCTH Uist hyHKumu H .
Ecnu napa (p, ¢) onpenensieT TOYKy paBHOBECHS], TO 3TH Pa3HOCTH HEOTPULIATENbHBI

Hp(p, q) — Hp(p, 1) 20, Hp(p, q) — He(p, 0) > 0.

IMoaTomy
(g— 1)(Dp-p) 20,
q(Dp - B) 2 0.
Tpexze yeM MpUCTYNATh K MOCAEAYIOIMM LIIaraM, MoaBeeM HEKOTOpbie UTOTH.
Jlist Toro, yro6bl B OMMATPHUYHOM UTIpe

ay; Gy biy b2
A = ——
(azn 022)’ B (bZI bzz) ’

napa (p, ¢) onpeneisia paBHOBECHYIO CUTYaLIMIO, HEOOXOIMMO M TOCTATOYHO OHOBPEMEH -
HO€ BBINIOTHEHHE CAEAYIOIMX HEPABEHCTB

- 1)(Cq—a) 20,
(p-1)(Cqg-a) 2 0<p<l,
p(Cq—-a) 20, )
(*
- 1Dp-p8) 20,
(g—1)(Dp-p) 2 0<q<l,
q(Dp - ) 2 0,
rae
C=ay —ap—ay+ay, Qa = ay — ayy, (%)
D = by — byy — by + by, B = by — by.
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§4. Mouck paBHOBECHbIX CUTYaLINA

TeoMeTpruecKuii CMBICH yCIOBUM (%) PaCCMOTPUM Ha NMPHUMeEpPax ONMMCAHHBIX Bbillle 61Ma-
TPUYHBIX UTP.

Npumep 20. «Bopbba 32 pbiHkW» (NPOAO/XEHME). HanNOMHUM, YTO CUTYaUMs, CROXWBLLARCS B 3TOW 3anave,
3apaeTcsd nnarexHsiMi MaTpuuamMu cnepyioulero suaa

- -2
(0 2). e=(4 D)
3amennn 8 HepaseHcTse (¥) senuuunbl C, a, D U B UX KOHKPETHBIMU 3HAYEHUAMU
==-10-2-1-1=-14, a=-1-2=-3
D= 5+4+2+141= 9, p= 1+1= 2,
nony4yaem
o PTDEM-ENS0 L @-DoP-2) 20,
p(-14g - (-3)) 2 0, q(%p-2) 2 0.
PaccMoTpum cHayana nesyio napy Hepasexcts (I)
(p—1)(~14g+3) >0,
p(—14 +3) > 0.
Bo3MOxHbi cnepywowve Tpu cny4as
)p=1, 2)p=0, 3)0<p<lL
Pa3bepem kaxawi#h U3 aTUX Chyvaes NoAPOGHO.
1. Monaras p = 1, nonyyaem
020, —-14¢g+320.

Omxyna
14 —3<0
U, 3Ha4UT,
7> =
2, Monaras p = 0, nonyyaem

0>0, —(-14¢+3)>0, 030.

Omkyna
14¢-3>0
W, 3HauUT,
3
9< 17
3. Hakonew, nonoxwus 0 < p < 1, nonyyum
-14¢+3 20,
_l4q +3<0,
4YTO BO3MOXHO NULWb B Cryvae, ecnu
—-14¢+3=0,
T.e. s
9=
Coopmynmpyem pesynbTaT HalwuX PaCCMOTPEHWIA:
° 3
1. p= la q S 14
3
20 pP= Oa q 2 14
. 0<p<l, g=3.

Mepexecem Tenepb NONY4YEHHLIE CBOAEHURA HA YEPTEX.
BseneM Ha nnoCKOCTU NPAMOYTONbHYI0 CUCTEMY KOOPAVHAT (P, ¢) U BbAGNUM Ha Hel eAUHUYHLIA KBa-
ApaT, COOTBETCTBYIOWUI HepaBeHCTBaM

0<p<l, 0<g<l
(puc. 1).
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§ 4. Nouck paBHOBECHBIX CHTYaUNH

Puc. 1 Puc. 2 Puc.3

HaHeceM Ha 3TOT YepTex TO MHOXECTBO TOMeKk, KOTopoe onuckisaercs ycnosuamu 1°, 2° u 3°. 310
MHOXECTBO (Ha pUC. 2 ero TO4KU BbieneHbl XUPHOA NMHUER) COCTOMT U3 TPexX NPAMONUHEeRHBIX YHaCcTKoB —
[BYX BEPTUKANbHbIX Ny4eld U OQHOrO FOPU3OHTANLHOTO OTPe3Ka — W NpeacTasnaeT Co0ow «auraar». Hac Gyaer
UHTEpecosaTb TONLKO Ta ero 4aCTb, KOTOPaR nonana B 3alUTPUXOBAHHLIK HA PUC. 2 eAMHUYHDIA KBaaparT.

OcrasuB Ka Bpems NONy4eHHbie peaynbTaTsl B Nokoe, 06patuMcs K NPaBoi YacT¥ HepaBeHCTs (T):

(g=1)(©%p-2) 20,
g% —2) 2 0.

Tpu uHTepeCHbiX AN HacC Cny4an
1)g=1, 2)¢=0, 3)0<g<l,

NPUBOAAT HaC K CreAyoWeMy peaynstaty

2
lo'q=la p>§)
2
2°. ¢=0, P< 5
. 0<g<l, p=4.

MepeHOCcs ero Ha YepTex, NoNy4YuM BTOPOW «3Uraar», HO YXe FOpu30HTanbHbii (puc. 3).
Tenepb OCTaeTCA TONLKO 06bEAUHUTL NONYYEeHHOe Ha puC. 4.

O6uian TOMKa NOCTPOEHHBIX 3Ur3aros — TOYKa PaBHOBECUR — UMeeT
KOOpAUHaTHY q
(5. 7)
1)
CoOTBETCTBYIOWME CMELaHHbIe CTPpaTeruu UrPpoKOB UMEIOT CNeAYyIoWuiA BUS, 1

P={5.5} e={amu}

a cpemme BblepbllLM VlprKOB TaKoOBbI
2 3y _ _4 2 3y _
HA(@»Tz)~*7’ HB(g’ 14)—

o -
.

0 1
Jamevanne. ITonpobyem pa36uTh pacCMOTPEHHYIO OHMATPUYHYIO MIpY % P
Ha JBE MAaTpHWUHBIE UIPH C HYJIEBOIH CYMMOM.
1. Hepa c mampuyeii A. Puc. 4

_(-10 2
a=(92).
Peuas a1y urpy rpapuyecKuM MeToI0M, HallieM ONITUMAIbHYIO CMELIAHHYIO CTPATeTHIO 11 UrpoKa A
16
{7}
4
v g =7
a 3aTeM ¥ ONTUMAJTBHYIO CMELIAHHYIO CTPATErHIo IS Urpoka B

3 N
{73’ 1_4} '
(5 =2
B“(—l 1)'
Pelnasi 3Ty Hrpy rpad)HYeCKMM METOIOM, HaiieM ONTUMANBHYIO CMELLIAHHYIO CTPATETHIO JUTs Urpoxka B

12
330

LieHy 9TOX Urpsl

2. Hepa c mampuyei B
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LEHY 3TOH UTpHI
B = 3 )
a 3aTeM ¥ ONTHMAIBHYIO CMEINaHHYIO CTPATETHIO VIS UIrpoKa A

{9’9

CpaBHuBas noMy4eHHHE pe3y/IbTaThi C perieHHeM GMMATPHYHON HIPhl, MOXHO 338METHTD ClICAYIONIee:
ecau Kkaxcoui uzpox Gydem npumeHsms céou cmpamezul 6 IMoi uzpe, UCX003 MOALKO U3 MAMPULB COOUX 6bi-
uzpblueli, mo €20 ONMUMANbHBIU CPEORUL BbiUZDIU COBNAOEM C €20 GbluzpbilieM NpU PAGHOBECHOU CUMYAyuu;
zcc'ram, 10 CBOCH MAaTpHLie MIPOK MOXET HalTH M ONTHMANbHYIO CMEIDAHHYIO CTPATETHIO JPYTOro Mrpoka

HO He CBOIOY).

Mpumep 21. «unemma y3nukos» (NpoAOIXeHHe). Buinrpbitun UrPoKOB A U B ONUCHIBAIOTCA COOTBETCTBYIOWN-

MU MATPUUAMKU BoNAAaT:
(-1 -9 (-1 0
A‘( 0 —6)’ B‘(—9 —6)'
MNposenem HeobxoauMbie BhiuMcneHus. Mmeem
C=-1-(-9) -0+ (-6) =2, a=-6-(-9)=3,
D=-1-0-(-9)+(-6)=2, B=-6-(-9)=3.

Ortciopa
W (p—-1)(2¢-3) 20, ) (g—1D(2p-3)20
p(2¢-3) >0, q2p-3) 20,
nony4aem, 4to
1 p=1,¢>3, 2.p=0,¢<3 ¥ 0<p<lg=3.
g=1,p>3, 2°.¢=0,p<3, F.0<q¢<l, p=3.

Monyyenubie auraard usobpaxenb Ha puc. 5.

Eamncreennas pasxosecHas cutyaums — (0, 0). 3to cutyaums, B Ko-
TOPOW KaXabik U3 UrPoKOB BLIOUpAeT BTOPYID YUCTYIO CTpateruio — Co-
3HaTCR — U Tepsiet 6.

Kak Mbi yxe otMeyanu pasee, oTK/IoHeHUe OT CMTyaumu paBHOBeCHS
OfIHOTO U3 UIPOKOB HEe faet eMy HuKakvux npevmyuiects. OgHako npu oa-
HOBPEMEHHOM OTKNOHEeHUU 000MX KaxAabliA U3 HUX MOXeT nonyuutb Gonb-
WKW BHIMIPbIL, HeXenu B PaBHOBECHOW cuTyaumu. Hanpumep, B Cutya-
wm (1, 1), xorpa 06a urpoka BHIGUPAIOT NEPBYI0 YUCTYIO CTpareruio —
MOM4aTh, — KaXAbiA U3 HUX TepsieT nulb 1.

Hanomuum, 4TO No ycnoswuiI0 3aaauv crosop (co3paxve Koanuumu)
MeXay UrpoKkaMu HeponNyCTUM.

CoBeplueHHO SICHO OAHAKO, YTO B pacCMaTpusaeMbix 06CTOATeNbCTBAX
cutyaums (0, 0) HeycTouMBa — MIOGOIA M3 Y3HWUKOB, U3MEHSI CBOIO CTpa- Puc. 5
TEervio, ysenuuusaer CBoW BuUIpbill (u3beraet Haka3anus).

Mpumep 22, «Cemeltnbiit cnop» (npoonxenne). Bumrpoiluu urpokos A u B 8 3toi GumaTtpuuHoi urpe 3ana-

10TCR TaK:
(20 (10
A‘(o 1)’ B‘(o 2)'

Mposoas HEOOXOAUMbLI® BLIYUCAEHUS
C=2-0-0+1=3, a=1-0=1,
D=1-0-0+2=3, B=2-0=2,
U paccyxaesus

4

- 1)(3¢ - , - 2
0 (p—1)(3Bg-1 ) (- 13- ;

)20 >0
p(3g—-1) 20, q(3p~-2) 20

nony4yaem, 4170
2. p=0,¢<3, 3.0<p<l, g=

2°.q=0,p<§, 3°. 0<g<l, p=

lo-p=la g2
1. ¢g=1,p>3

IM W =
-

WHN W e
. .

eomeTpuyecky nonyyeHHbid pesynbrart suirnaamT Tak (puc. 6).




§ 4. NMomck pasHOBECHBIX CHTYAUMH 2n

[axHan urpa uMeeT Tpu TOYKU pasHOBeCUs. [lBe U3 HUX OTBEYAIoT
YUCTBIM CTPATeruaM Urpokos, q

p=1,q=1: Hp(1,))=2, Hp(l, ) =1,
p=0,¢=0: HA(O»O)-—- I, HB(0a0)=21
OofHa — CMmellaHHas,
2 1, 2 1) _2 2 1y _ 2
P=349=3: Ha (3’3)‘3’ Hp (3’3)"3"

MNpuaHaTben, NoNyYeHHbie pe3ynbTaThl CTaBaT 60Mbile BONPOCOB, Yem
RAIOT OTBETOB.

Curyaumm (1, 1) u (0, 0) coorsetcTayioT oaHOapeMeHHOMY BbGOPY
UrpoKaMu CBOUX NepBbIX Unn, COOTBETCTBEHHO, BTOPBIX CTPaterui, To ectb
onpeneneHHon ROrOBOPEHHOCTY O COBMECTHLIX AEWCTBURX. Prc. 6

OpHako B faHHOM Cny4ae eCTb elle OaHa CUTyaums paBHOBECUS, CO- c.

CTORLaR 8 BLIGOPE UFPOKaMU BNONHE ONPefeneHHbX CMEeLlaHHbIX cTpaTe-
ri. B Heldi 06a urpoka nony4alT OAMHAKOBLHIE BLIMIPLILLM, NPaBAA, MEHbIIMEe TeX, KOTOpbie faaanu ase

Apyrve pasHOBECHbIe CUTyaumu.

Kaxoii xe 13 3Tux Tpex cuTyaumit pasHoBeCUs cneflyet oTaaTh npeanoutesue? Kaxylo snibparh urpokam?

Ecnm Gbi urpokn SOrosopunuch urpats 06a, Ckaxem, Nepeylo YUCTYI0 CTpaTeruio, Nnpuyem urpok A 3a no-
nyseHve 6onbluero Bhirpbitla, Yem urpok B, aannartin Gbt emy 1/2, TO BhMIpHIlL KaXAbiM NONYTOPa AMHUL,
MOXHO Obifl0 Bbi CYUTATb W BLIrOAHBIM U cnpaseanvsbiM. OaHako B8 pamkax Teopuu GEeCKOaNMUMOHHBIX Urp
TaKkoro pofia nenexu He paccMaTpusaloTCA.

BronHe ficHO, 4T0 ANA sbi60pa KaXAbiM U3 UFPOKOB CBOEW NMHUW NOBEAEHWS (HANOMHUM, YTO NOAOGHas
CUTYaLMa MOXET NOBTOPATLCA, U NOBTOPRETCH, MHOTOKPaTHO) HEoBXoaMMbl IMOO0 paclmpeHe BO3MOXHOCTEN,
UMEIOLWUXCR Y UrpoKoB, NMOO0 UHbIe, U3MEHEHHbIE KPUTEPUU.

Hakonen, o6paTuMca K TOCJeIHEMY U3 IPHBEAECHHBIX Bblllie NPUMEPOB GHUMATPUYHBIX
urp — «CryaeHT — IIpenoaaBaresb».

flpumep 23. «Crypent — fpenopasarens» (npogonxenue). BneuatneHus y Kaxaoro U3 HUX OTHOCUTENBHO pe-
3ynbTartos o6LUeHUs B MATPUYHOM BUAE BLirNAAAT cneayowmm o6pasom

_(2 -1 _( 1t =3
a=(1 %) e=(2 1)
Mposoas Heobxoaumbie BLUCNEHUs

C=2+1-140=2, a= 0+1=1,
D=1+3+2-1=35, B=-1+2=1,

U pPaccyxaeHus

0 (p—1)(2q-1) 20, ") (g-D(5p-1) >0,
p(2¢-1) >0, q(5p-1) >0,
nony4aem, 41o
P.op=1¢21  2.p=0,¢<i, 3.0<p<l, g=1,
1 g=1p>3, 2.¢=0,p<:, 3. 0<g<l,p=3
{puc. 7). q

HUCNO TOMEK NEepecedeHun y auraaros (pasHOBECHbBIX CUTyaumid) pas-
HO TpeMm. [lBe u3 HUX OTBEYAIOT YUCTbIM CTpaTeruam Urpokos,

p=1¢qg=1: Hu(1,1)=2, Hg(l,1)= 1,
p=0,¢=0: HA(OyO)zo’ HB(0,0)=—I,
OAHa — CMellaHHas,
] 1. 11y _ 1 11y _ 7
P=35494=73" Hﬁ(bi)—i’ﬂﬁ(bi)—'?
B naHHOK 3apave, a OTAMuue OT Npeabiayuein, BCe A0BONbHO ACHO:
HauNyYiIUM ABNAETCA BLIOOP KaxabiM U3 UrPOKOB NEPBO YUCTOW CTpate-
MM — XOpOLWIO NOJArOTOBUTLCH K 3a4eTy U NOCTaBUTL 3aver.
Kak HeTpyaHO 3amMet"Th, TeM CaMbiM B 3TOW 3afaye peanusyerce Prc. 7
BEeCbMa peaKas BO3MOXHOCTD, KOrAa GyHKUMY BLUTPLILLA KBXA0r0 U3 Urpo- c.
KOB OCTUraI0T CBOMX MaKCUMYMOB OAHOBPEMEHHO. BuiroaHoCTs Takoi cu-

Tyauuu coseplueHHO acHa. Ee ycToiuMBOCTb Takxe BnonHe oueBuaHa: moboe oTknoHerue ot cutyauum (1, 1)
ONHWUM U3 UrPOKOB UM OBOMMU UTPOKAMK MOXET NPUBECTU Pa3Be YTO K YMEHbBIUEHUIO VX BhiUrPbilLei.
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§5. OntumansHocTb no Mapeto

ConepxarejibHbie NpeACTaBJieHUA 00 yCTONYMBOCTH, BHITOJHOCTH ¥ CIIPaBe/UIMBOCTH MHO-
roobpa3Hbl. Beile MBI paccMaTpyBaiy NMPOSBIEHHE YCTONYMBOCTH Yepe3 paBHoBecue. Cy-
LIECTBYET ¥ MHOM BapUAHT YCTOHYMBOCTH CUTYALIMH, B OOJbLIEH CTENEHH, YeM paBHOBeC-
HOCTb, OTPAXaloLHUii YePThI €€ BHITONHOCTH. DTO onTUMalbHOCTD 1o [1apero.

5.1. Muoxecteo Mapero

PaccmorpuMm Ha miockocti (U, V) mHoxectBo 2 (puc.8). Kaxnas ero tToyka obnana-
eT OAHMM M3 CIEHYIOIMX CBOMCTB: b0 BCe TOUKM, OnMXKaiiluue K Hei, MpuHaLIexXar
MHOXecTBY {2 (Takasi TOYKa Ha3bIBAETCS 6HympeHHeil TOUKOW MHOXecTBa 2), nbo cKosb
yroaHo 6JIM3KO OT Hee PacroNoXeHbl KaK TOYKM MHOXeCTBa {2, TaK ¥ TOYKH, MHOXECTBY 2
He NIPUHaUIeXauMe (TaKue TOYKY HA3bIBAIOTCS SpAHUYHbBIMU TOYKaMKu MHOXecTBa (2). Ipa-
HUYHas TOYKA MOXET KaK NMPUHALIEXATh MHOXECTBY ), TaK ¥ He NpPUHAIIEXaTb. 31€ech
MBI OyIeM paccMaTpUBATh TOJBKO TaKMe MHOXECTBA, KOTOPbIM NMPUHAMIEXAT BCE TOYKM
rpaHuubl. MHOXeCTBO BCceX rpaHMYHbBIX TOYEK MHOXECTBA Ha3biBaeTcs ero gparnuyei. O6o-
3HayeHue: 9(2.

Vv
Vv
P Q Q
B
Mz
A
U
O U
O
Puc. 8 Puc. 9
IMycte M — npousBosbHass ToYka MHoXecTBa (), BHYTPEHHSAS WAV TpaHUyHas,

u (U, V) — ee koopauHartsl. [locraBuM cieayrouuii Bonpoc: MOXHO JI1, OCTaBasiCh BO MHO-
XecTBe {2, nepeMecTUThCH U3 TOYKHM M B 61M3KYIO TOYKY TaK, YTOOBI IPU 3TOM YBEINYNITHCH
06e ee xoopauHatel. Eciu M — BHYTpeHHSS TOYKa, TO 310 6eccriopHO Bo3MOoXHOo. Ecnu
Xe M — rpaHuyHasi TOYKa, TO TaKOe BO3MOXHO He Bceraa (puc. 9). U3 touek M, M,, M,
3TO CAENIATh MOXHO, HO YXXe U3 TOYEK BEPTUKANBbHOIO 0Tpe3ka A B MOXHO nepeMecTUTLC,
yBeJIM4YMBas Nuib KoopauHaty V (xoopamuara U nipu 3ToM ocTaetcs HeuaMmeHHoi). Ile-
peMelas TOYKY NrOpU3OHTabHOTrO OoTpe3ka P() BnpaBo, MbI yBeJiMuuBaeM KoopauHaty U
(mpu aToM XoopauHara V coxpaHsieT cBoe 3HayeHue). Yo xe Kacaercs nyru B@, To nepe-
MeuIEHUE BOJIb Hee CITOCOOHO yBETUYUTD IMIID ONHY U3 KOOPAMHAT NMPH ONHOBPEMEHHOM
YMeHbLIEH WU NPYTOiA.

TeM caMbIM, TOYKM MHOXeCTBA {2 MOXHO pa3buTh Ha TPH KJlacca:

® B MNepBbII KNacC OTHOCATCS TOYKH, KOTOpbi€, OCTaBasgCh BO MHOXecCTBe {2, MOXHO
COBHHYTH TaK, YToObl ONHOBPEMEHHO YBEIMYMIMCH 00€ KOOPAMHATEI (B 3TOT KJjacc
TNONaAaloT BCe BHYTPEHHUE TOYKM MHOXeECTBA {2} ¥ YacTb €ro rpaHUYHbBIX TOYEK),

e BTOpOM Kiacc o6pa3yioT TOYKM, NepeMelieHUeM KOTOPbIX 10 MHOXECTBY {2 MOXHO
YBEJIMYUTD TONBKO ONHY M3 KOOPAMHAT NPU COXpaHEeHUM 3HAYeHMsl BTOPOii (BepTH-
KaJIbHBIA O0Tpe30K A B v ropu3oHTalbHbIil 0TPe30K PQ) Ha rpaHuue MHOXecTBa (1),
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e B TPETUM Kiacc MOManyT TOYKH, NEpEMELIEHHE KO- |/
TOpBIX 1O MHOXeCTBY {) CIOCOOHO JIMLIb YMEHBIINUTD p

nubo OfHY M3 KoopauHar, ubo obe (nyra BQ rpaHu- Q
ust Q) (puc. 10).

MHOXeCTBO TOYEK TPETHETO KJlacca Ha3hIBAETCH MHO-
acecmeom Ilapemo, wnv epanuyeii Ilapemo 1aHHOTO MHOXE-

crBa () (BbigeneHo Ha puc. 10). U
. O
5.2. MeToa naeanLHOM TOYKK Puc. 10
IMycTs Ha MIOCKOCTH (&, Y) 3a1aHO MHOXECTBO w (puc. 11)
¥ B KaXIOH TOYKE 3TOr0O MHOXECTBA ONpeAe/iCHb! IBE He-
NpepuiBHbIE HYHKUMHU
U=8(x,y) n V=1Ug,y).
PaccMoTpuM ciienyioillyio 3anavy. Y
Bo MHOX€CTBE W HAWTH TOUKY (&4, ¥s), B KOTOPOH
(2., ys) = max B(z,y) n VU(z,y¥) = max U(z,y).
{z, y)€Ew (z, y)Ew
O6BIYHO 3TO 3aMMUCHIBAETCS TaK
x

®(z,y) - max u Y(z, y) — max
(my y) €w. Puc. 11

Cpa3sy Xe OTMETHM, 4TO B 0011IeM Cilydae NOCTaB/IeHHas 3aaya pelieHUus He HMeeT.
B camoM nene, HapucyeM Ha miockoctd (U, V) Bce TOUKM, KOOPAMHATHI KOTOPBIX Bbl-

YUCHAAIOTCA No hopMynamM
U=3d(z,y), V=Y(7vy), (9 cw

U3 puc. 12 BuaHo, yro Haubonbuiee 3HayeHUe U — Upnay — W HaubGonbllie 3HayeHHe
V — Viax — JAOCTUTAIOTCS B Pa3HBIX TOYKAX, @ TOYKA C KOOpAWHATaAMHU

(Umaxa Vmax)

JIEXMT BHEe MHOXecTBa {).

TeMm caMbIM, B UCXOIHOI NMOCTAaHOBKE 3a/iaya, BOOD11i€ NoBOPs, Hepa3peLiiMa — yaoBJie-
TBOPUTbH 0OOUM TpeGOBaHMAMM OMHOBPEMEHHO HEBO3MOXHO. W, cnemoBaTenbHO, HYXHO
HCKATh KaKOe-TO KOMIIPOMUCCHOE pellieHuE.

OnuieM OOUH U3 NyTei, ucrmonb3ylouinit MHoxectBo [TapeTo.

| % mouxa | %4 udeanvnas
ymonuu mouxd

Puc 12 Puc. 13
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Cnavana Ha ruiockoctv (U, V') 3agaercs ueneBast TOYKa, B Ka4eCTB KOOPAMHAT KOTOPOM
4acTO BbIOMpaeTcs coyeTaHue HaWyd1IuX 3HayeHUt oboux xpurepueB U u V.

B nanHoM ciryyae 310 T04Ka (Upax, Vinax)-

Bcnencreue Toro, 4ro o6bIYHO TaKas TOYKA MpY 3aJaHHBIX OTPAHUYEHUAX HE peanusy-

€TCsl, €€ Ha3bIBaIOT MO4KOL ymonuu.
3aTeM CTpOMTCS MHOXecCTBO IlapeTo M Ha HeM MIETCH TOYKa, OnMXaiiiasgs K TOYKe

yTomuu — udeansnan mouka (puc. 13).

5.3. OntumanbHocTb no Mapeto B GumaTpuyHON nrpe
PaccMoTpuM GMMaTpUYHYIO Mrpy ¢ 2 X 2-MaTpMLaMH

A= |1 2| . g_|bn b2}
ay an b21 b22
Nycte Hy(p, q) v Hp(p, ) — cpeaHue BHIUIPHILIN UTPOKOB A u B.

Cumyayus (p., g.) B 6GumaTpuyHo# urpe A u B HakasbiBaeTcs onmumanvroii no Ilapemo,
€CJIM U3 TOro, YTO

Hy(pv, 9) < Ha(p,9) u Hp(ps, ¢.) < Hp(P, ),
BBITEKAIOT PaBEHCTBA
D = Pu, q = Gx.
HMHbiMU cioBaMu, B onTUMaibHOM 1o IlapeTro CUTyanMyu UrpoOXM He MOT'YT COBMECTHBIMM
YCUJIMSIMM YBEJIUYMTD BHIMTPBILI OXHOTO U3 UrPOKOB, HE YMEHBIIWB IIPY 3TOM BBIMIPHILI

ApYTOro.
Paznuuue cCUTYallMM paBHOBECHS OT CUTYaLIMH4, ONTUMAaJIbHOI 1o [TapeTo, cocTrouTBChe-

AyIolIeM:

® B CUTYallM4 PaBHOBECHS HY OOMH U3 UI'POKOB, IeiCTBYsI B ONMHOYKY, He MOXET YBe-
JIMYUTDH CBOETO COOCTBEHHOIO BHIMIPBILLA;

® B CHTyalMM, ofiTuMaibHO# o Ilapeto, urpoku, necTBys COBMECTHO, HE MOTYT (Iaxe
HECTPOro) YBEIUYUTh BHIMTPhILI KaXIO0TO.

OO6paruBLIMCH K Urpe «InieMMa Y3HMKOB», TOKaXeM, KaK NPaKTUYeCKH OThICKUBAIOTCH

onTtuMaibHbie 1o [lapeTo cutyauuu.
HamoMHUM, YTO COOTBETCTBYIOLIME IUIaTeXHble MAaTpULBl g
B 3TOM UIpe UMEJU CIAeayIoIUN BUI

1
-1 -9 _[-1 o
A‘[ 0 -6]’ B—[—9 -6]‘ 3oon

Tem CaMbIM, Ha € IMHHUYHOM KBaJparTe
0<p<l, 0<g<!

(puc. 14) BO3MOXHBIX 3Ha4eHUIA BEPOSTHOCTEH P M ¢ 3aJaHBI 1BE
byHKUMH

0

Puc. 14

U = Ha(p, q9) = —pg —9p(1 — ) — 6(1 — p)(1 — g),
V = Hg(p, 9) = —pg — (1 - p)g — 6(1 — p)(1 - 9).
Touxu ¢ xoopauHaramu (U, V), BbIMMCIEHHBIMM 1O NPUBENeHHBIM dopMynaM, Ha

wiockocty (U, V) 3anonHsioT 4eTbipeXyronbHUK ¢ BepmmHamu K (-1, —1), L(-9,0),
M (-6, —6) u N(0, —9) (puc. 15). Ipanuua INapero 3roro MHOXecTBa — noMaHast NK L.
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Puc. 15 Puc. 16

Kaxapl#t M3 HTpOKOB 3aMHTEPECOBaH B HauOGOJIbILIEM 3HAYEHUM CBOETO CpeJHEro Bbl-

Urphbiuia
U=Hy(p,q) »max u V =Hy(p,q)— max.

HeTpyaHo 3aMeTHTh, YTO B JTaHHOM Cllyyae

Tem caMbiM, TOYKO! YTOIMHMH B 3ToM 3aiaye sBsAeTcA HayanbHas Touka O(0, 0). bmuxaituias

K Heit Touka MHoXectBa [Tapeto — K (~1, —1) (puc. 16).

HneansHas Toyka K(—1, —1) — Touka ¢ HaUGONBILIMMH BHIMIPHILIAMH U1 KAXAOTrO
M3 UTPOKOB — OKa3blBaeTcs Jyyllie, yeM paBHOBecHas To4ka M (—6, —6), u e#t cooTBer-
CTBYIOT YHCThI€ CTPAaTErH# 0OOMX HIPOKOB

r=1 g¢q=1L1

§6. Heckonbko cnoBs B 3aKnioyeHue

Ha ananu3e nojlydeHHHIX pe3yJbTaTOB CTOUT OCTAHOBHTBLCA UYTh [MOAPOOHEE.

M3 npuBeIcHHBIX TPUMEPOB BUAHO, 4TO yKchna C ¥ D M3 COOTHOLIeHHUH (**) Ha c. 273
MOTYT OBITh KaK MOJOXHUTEAbHBIMM, TaK U OTPHLIATENbHBIMA. OHHU MOTYT, B YaCTHOCTH,
Jnaxe obpararbCca B HyIb.

PaccMoTpuM oaHaKo Haubosiee HHTepeCHBIH B MPUIOXEHUAX cayyaid, Korga HU C Hu D
HYJIIO HE PaBHb, T. €.

CD #0.
Toraa, KaK HETPYAHO BUAETb, TOYKa paBHOBECHS OMpeAeAeTCs napou
B a
p= D’ 9= ok

DTH GopMyIbl ABIFIOTCA BeCbMa MpUMedaTesIbHbIMH: B PABHOBECHOM CUTYaI[MH BhIGOD
MIPOKa A MOJIHOCTBIO OMpeIENAeTCs NeMEHTaMM IUIaTeXHON MaTpHIIbl UIPOKa B,

b2 — by
11 — b2 — by + b

(4 He 3aBMCHUT OT 3JIEMEHTOB €ro COGCTBEHHON ILNaTEXHOM MaTpHIibl), a BHIGOp Urpoka B
B PaBHOBECHOM CHMTYallMM IMONHOCTBIO OMpEReNsieTcs 3JEMEHTAMH TUIATEXHON MaTpHIIbI

sz
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urpoka A,
a — a2

a1y —ap — a4+ axp

(v He 3aBUCHT OT 2JIEMEHTOB €ro COOCTBEHHOI TIATEXHOU MaTPULIBI).

HMubiMMu cnoBaMU, paBHOBECHAs! CUTYalUst OOOUX UTPOKOB ONpeNeNsieTCss He CTONbKO
CTPEMJIEHUEM YBEJIHYUTb COOCTBEHHDBI! BBIMIPBILI, CKONbKO XEJaHUEM NepXaTh 0] KOH-
TPO./1EM BHIUTPLILI APYrOro Urpoka (MMHUMU3NPOBATH 3TOT Beiurpbill). U ecnu, Hanpumep,
3aMEHMUTb B OMMaTPUYHOM Urpe MaTpULLy BHIILIAT UTPOKY A, a MaTpULy BbIIUIAaT UTPoKy B
OCTaBMUTb IIPpEKHEN, TO UTPOK A HUKAK HE U3MEHUT CBOEr0 «paBHOBECHOr0» MOBEACHUSA
(mpocTo He 0OpaTUT BHMMaHUA Ha 3TY 3aMeHY), B TO BpeMsl KaK UIpOK B U3MEHMT CBOIO
CTpaTeruio Ha HOBYIO, PABHOBECHYIO.

Takum obpa3oMm, B OuMaTpuuHOMR (neamarouncmqecxoﬁ) WUI'pe Mbl BHOBb BCTpEYaeM-
cs ¢ aHTaronu3MoM. [lpaBna, Tenepb 3TO yXe He awmazonuam unmepecog (Kak 3T0 6bUIO
B @aHTarOHUCTHYECKOM, MATPUYHOM UTDPE), 8 GHMA20HUIM noGedeHUs.

OTMmeTHM, YyTO B GMMATPUYHBIMU UTPax (B OTJIMYME OT MATPUYHBIX) NPH HATMYMU He-
CKOJIBKUX CUTYallii paBHOBECHS CPENHM I BLIMTPbILL UIPOKA B Pa3HbIX PABHOBECHBIX CUTY -
aUuMAX pa3inyeH (HAaITOMHUMM, YTO B MATPHYHOM UIPe BHIMTPHILI UTPOKA ONUH U TOT X€ BHE
3aBUCUMOCTH OT KONIMYECTBA TOYEK PaBHOBECHST).

Ho eciu cpenHue BLIMIPHILIM Pa3HATCSA, TO KaKyl0 paBHOBECHYIO CUTYalIUIO CJEAyeT
CYMTATh ONTUMAJIbLHOM?

Haxonel, eiue onHo, He MeHee UHTepECHOe. BCOMHUM, ¢ KAKMMH TPYAHOCTSIMU MhI
CTOJIKHYJIUCh, MBITAsACh NEPEBECTH IMOLMOHANBHBIE OLICHKU PE3YJbTaTOB OOLEHUS CTY-
NeHT-1IperofaBaTesb B KOJIMYECTBECHHbIE NMOKa3aTeNau. B 11eJIoM coXpaHss OCHOBHBIE CO-
OTHOMIEHHUSA, 3TH KOJIMYECTBEHHbIE OLICHKHU MOTYT, KOHEYHO, U3MEHSATBLCS KaK OT CTYAECHTa
K CTYAEHTY, TaK M OT mnpenoaaBarens K npenonasateno. OQHAKO, €ClIK 3TH U3MEHEHUS
6yayT HE CAUILIKOM 3HAYMTEIBHBIMU — 3JIEMEHTDBI IUIATEXHON MAaTpULbl MOIIEBENbHYTCS
«CJierKa» — TO cJierKa NOUIEBENsATCS U 3Ur3arv, He U3MeHss HU cBoeil obuiedt dopMbi,
HY B3aMMHOTrO pacnojioOXeHUs, a, 3HAYUT, YUCJIO PaBHOBECHBIX CUTYalLIUif HE U3MEHMTCH.
BrnipoyeM, cKazaHHOe OTHOCUTCS JIMLIB K Cy4yae, KOTrJla MHOXECTBO CUTyalluii paBHOBECUS
KOHEYHO M COCTOUT U3 HEYETHOTO YKCJa TOYeK (oaHOM uiu Tpex). Kak npuHATO roBOpUTH
B MONOOHBIX ClydasX, 3TO YUCIIO YCmou4U80 OMHOCUMENbHO MANBIX WleBeneHUll.

KoHe4HOo, B HEKOTOpbIX OMMaTPUYHbIX UTPaX PABHOBECHBIEC CUTYALIM U CIYYAIOTCS U BUM -
CThIX CTDATerusx (B mociaenHeM U3 pa3obpaHHBIX MPUMEPOB TAKUX CUTYaLUMH naxe nse).
M (B MPUHUMIIC 3TO COBCEM HETPYAHO) MOXHO JaTh OMNpeleieHUe CUTYalu PaBHOBECHS
B YUCTBIX cTparerusix. Haiith ee (ecnv OHa, KOHEYHO, CYHIECTBYET) — €O IOBOJBHO
npoctoe. Ho, Kak noka3piBaloT NPUBEACHHBIC MPUMEPDI, BO-NIEPBbIX, YACTOM CUTYALIUH
paBHOBECHSI MOXET BOBCE He ObITb, a, BO-BTOPBIX, 1aXe NMPHU €€ HAJTUYUU HE UCKIIIOYEHO
Cyl1€CTBOBaHME PaBHOBECHBIX CUTYallM B CMelLlIaHHBIX cTpaTerusix. Y Xenas HaiiTh ux Bce,
Heu30eXHO NpUXoauTcs 0bpaliaTbCs K OITUCAHHOMY BbILIE MOLXONY.




3aKoyeHme

PeanbHble KOHPIMKTHBIE CUTYallMU TPUBOASAT K Pa3HbIM BUAAM UTp. Pa3inyHbl ¥ CriocoObl
MX aHAIK3a ¥ paspeLIeHUsI.

Mbi OCTaHOBUIIMCH JIMLIb HA TPEX BUAAX UTP — MATPUYHBIX, MO3ULIMOHHBIX ¥ OUMa-
TpruHbiX. CnenaHHbIi BbIOOP 0OYCIOBJIEH TEM, YTO YXE 31ECh MOXHO HaIJISAHO [TOKA3aTh,
KaKo# CMBICJI BKJIAJIBIBAETCSA B TEPMUH U2pa ¥ YeM UMEHHO 3aHUMAETCS meopus uzp, a Takxe
TIO3HAKOMUTb C OTHOCUTEJIbHO HECIIOXHBIM MaTeMaTUYECKUM UHCMpyMeHmapuem, Orupa-
IOLLIMMCS Ha KJII0YEBbI€ TTOHSATHUS BEPOSITHOCTA, MATPULIbl U KOOPAMHATHI ¥ MO3BOJISIIOIIUM
pa3peniaTh NpocTeine U3 3TUX BUIOB UTP.

BMmecTe ¢ TeM, HaM He XOTeNIoCh Obl, YTOOBI Y YUTATENIS CIOXHUIIOCH BeYaT/ieHUe, YTO 10~
CTYITHBIMM aHaJIN3y MOTYT OBITh TOJILKO UTpbl, ONTUCAHHBIE Bhillie. CyliecTByeT OOLIMPHBIH,
colepXaTeJbHbIH U UHTEPECHBIN, MPUBJIEKAIOUIUI HeocabeBaloiliee BHUMaHUe UCCIIEN0-
BaTeJiell KJjlacC Urp, B KOTOpbIX XOTS1 Obl OZJMH U3 UTPOKOB MMeET BeCKOHEYHOEe MHOXECTBO
BO3MOXHBIX CTpaTETUil — beckoHeyHble UTPhI.

B 3TOM — 3aKJIIOYMTEIbHOM — pa3jieie Mbl TPUBENEM TPU NpUMepa OECKOHEYHBIX UTIp:
HENpePHIBHOM UIrphbl Ha eIMHUYHOM KBanparte (HenpepbiGHbimMU Ha3bIBAaIOTcsl GECKOHEYHBIE
WUTPHI, B KOTOPbIX QYHKIIMH BHIUTPBILLIEH HEMPEPBIBHO 3aBUCAT OT CTPAaTETUii, BLIOMpaeMbIX
UTpoKaM# ), oyanu (MrpaMu ¢ 6n60pom Momerma épemeru, Wi UrpaMyu muna Oy3au, Ha3bi-
BalOTCSl MIphl, XapaKTepU3YIOLIMeCs] MOMEHTOM BbIOOPa X0/1a U BEPOATHOCTAMM TONYYEHUS
BBIMIpbILIIa B 3aBUCMMOCTH OT BPEMEHH, TPOLLIEALIETO OT Hayajla Urpbl 10 MOMEHTA BbIGO-
pa) u aubdepeHuHanbHOM UIPHl MoucKa (B dugdeperyuansroix UITpax 1OMyCKaeTcsl AeNaTh
XOJlbl HEMPEPbIBHO U CBA3bIBAaTh MOBENEHUE UTPOKOB YCJIOBUSIMM, OTTUCbIBaeMbiMU 1Hdde-
peHUMaNbHbIMU ypaBHeHUsIMH). TIpu 3TOM MBI OrpaHMYMMCS, KaK U paHee, UTpaMH ABYX
JIALL ¥ TPOBeeM JIM b ITOCTAHOBKY 3a/1ay4 (OnmucaHue BOZMOXHOCTEH B MOBEeHHH UTPOKOB
¥ nocTpoeHue GYHKLUI BHIUTPBILIEH ), XOTS ISt KAXI0M U3 MPHBOAMMBIX UTp pa3paboTaHbl
JOCTAaTOYHO 3(P(PeKTUBHBIE ITOAXOAbI K TOCTPOEHUIO UX PELICHUS.

Bopb6a 3a pbinku (Mrpa Ha eAMHUYHOM KBagpare)

OnHa U3 KOHKYpUpYIoMX GupM (Urpok A4 ) biTaeTcs BHITECHUTb APYTYIo GupMy (Mrpoka B)
C OTHOTO W3 ABYX pLIHKOB cObiTa. [lpeanonoxum, uyro obiias cyMMa CpeicTB, BbiieNeHHAs
Ha 3TO UrpoKkoM A, paBHa 1. TunuyHo# crparerueil urpoka A sBiseTcs pasneleHue
BBLIENICHHO! cyMMBI Ha iBe yacTh: Z (0 < z < 1) a4 nepBoro pbiHKa U 1 — & 11st BTOporo.
IMono6HbIM 06pa3oM BBIIISAAT U CTPaTerny Urpoka B: BolaeneHue MM dactTM ¥ (0 < ¥y < 1)
CBOEH CyMMBbl Ha NnepBblif pplHOK U 1 — ¥ Ha BTOpO#.

byneM cuuTatb, YTO €ClIM UTPOK A NOOMJICS NMPeBOCXOACTBA HAa OJNHOM M3 PHIHKOB
(Ha npyroM npeBocxocTBa aBTOMATHYECKU 106UBaeTcst UTPOK B), TO OH BBITECHSIET MPO-
TUBHMKA C 3TOTO PbIHKA U MOJYyYaeT BHIMIPbILL, MPONOPLHOHANBHBIN H30BITKY BIOXEHHBIX
cpeacTB ¢ KO3hOULIMEHTOM, XapaKTepU3YIOLIUM BAXXHOCTb PhIiHKa (3TOT KoadduiiMeHT pa-
BeH k; g epBOro peiHKa U k; 11 Broporo). Torna dyukuws Bemrpsiia H (z, y) urpoka A
onpenensiercss GopMynoun

ki(z—vy), ecnu 0<y<z <],
H(z,y)=1¢ 0, eciIu T =1y,
kiy—z), ecmm 0<z<y<l

SIcHo, 4TO pyHKLHS BBIMIpbILIA HTpoKa B paBHa —H (z, y).
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Ayans

JlBa nyansiHTa (Mrpoku A v B) HaYMHAIOT CXOAUTBCS B MOMEHT BpeMeHH ¢ = (). Y Kaxnoro
MUCTOJIET 3apsDKeH OaHOM mynedl. OHU BCTPETATCS B MOMEHT BpeMeHH ¢ = 1 (eciM ToNbKO
HU OJIMH W3 HUX He 3aCTPEJIUT Apyroro paHblie). Kaxabiii u3 Kya/iiHTOB MOXET BBICTPEIUTD,
Koraa noxenaer. ECiv npu 3ToM oqHOMY M3 HUX YAaCTCs TOPa3uTh MPOTUBHKKA, a CAMOMY
OCTaTbCsi HEBPEAUMBIM, TO OH CTAHOBUTCS NMobeaUTENIEM (€10 BRIMIPHILL paBeH 1) u ay3inb
TYT Xe npekpamaercs. Ecinu o6a npoMaxHyTCsl, ny3Jib 3aKOHYUTCS BHUYBIO (BBIMIPHILI
Kaxzaoro u3 urpokos paseH (). Ecnu oba BRICTPENST OXHOBPEMEHHO M KaXIblif MOPa3UT
MPOTUBHUKA, TO AYy3J1b TAKXKE CYUTAETCA OKOHYUBLIEHCS BHUYBIO.

Ecnu urpok 4 npowu3sBezet BoicTpes B MoMeHT BpeMer Z (0 < z < 1), To ero BeicTpen
Gyzmer ycnemHbM ¢ BeposiTHocThio p(z). IlomobHbiM Xe obpa3oM, BhicTpen urpoka B
B MoMeHT BpeMenn ¥ (0 < y < 1) Gyzaer ycnelHbiM ¢ BepositHOCTbIO ¢(y). Tlpu ycaoBuu
& < Y MIrpoK A BBEIUTPAET C BEPOATHOCTBIO p(Z), a mpourpaer ¢ BepositHocThio (1—p(z))q(y).
Tem caMbIM, ero cpeqHMi BBIMIphIll IpU & < y Oyner paBeH

H(z,y) = 1-p(@)+ (-1) - (1 - p(2))q(y) = p(z) — 9(y) + p(z)q(y)-
C npyro# CTOpoHbl, €CJIK & > Y, €70 CPeAHUN BHIMIPBILL OyaeT paBeH
H(z,y) =1-(1 - p(x))q(y) + (~1) - p(z) = p(z) - ¢(y) — P(z)q(y)-
IIpu & = y cpenHuii BoIMrphILL
H(z, z) =1 p(z) + (=1) - 9(y) = p(®) — ¢(=).
Takum o6paszoM, pyHKums Beiurpeilia H (z, y) urpoka 4 uMeeT BHA
p(z) — q(y) + p(z)g(y), ecmm 0<z<y<l,
H(z,y) = p(z) — q(z), ecem T =y, _
| p(z) — q(y) — p(z)q(y), ecm 0<y<z <],
M aHTarOHMCTMYECKasl Urpa 3ajgaHa. B yacTHOCTH, €CIU UIpPOKM CTpesioT 6e3 nmpoMaxa,
p(z) =4qly) =1,

I, eetm 0<z<y<],
H(z,y) = 0, ectm z =y,
—1, ecnru 0<y<z<K L.

Onddepenunanvian wrpa nowcka

Mymmii (urpok A ) crpeMutcst o6HapyXHTb YKIIOHsTiolIerocst (Mrpoka B). O6a urpoka rne-
PEMEIIAIOTCS C TOCTOSHHBIMM CKaJIIPHBIMM CKOPOCTAMHU (@ U 3 COOTBETCTBEHHO) 10 IUIOC-
KOCTH BHYTPM HEKOTOpOM noumckoBoi obnactu (2. B 060l MOMEHT BpeMeHH KaXIbli

M3 MUIPOKOB YNpaBJisieT CBOUM IepeMelleHeM, 3a1aBasi HanpaB/ieHHEe BEKTOpa CKOPOCTH.
Iycts (4, ya) ¥ (B, yB) — KoOpAMHATH MrpoKoB. Torna uMeeM
da:A diBB

—= = —— = f cos 9,

d d
—gTAzasingo, %:ﬂsinw.

Urpa noucka 3akaHYMBaeTCs B TOT MOMEHT, KOT/1a UrpoKu cbnussrcs Ha paccrosiuue | > 0,
MHBIMH CJIOBaMH, Koraa OyaeT BbINOJHEHO HEPAaBEHCTBO

2 2
(x4 — mB)z + (ya—yB) <.
B cayyae ycrieLiHOro 0OHapyXeHus BLIMTPhILI UTPOKAa A CYUTAETCs PaBHBIM |.
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[TocTpoeHue penieHUs B 3TON UIpE CYLIECTBEHHO 3aBUCHMT OT XapakKTepa M CTENEHHU
WHPOPMHUPOBAHHOCTH UIPOKOB.

* * %

Bce, 0 yeM roBopuJioch B 3TOH KHHMIE, — NMPUMEPHl 6ecKoaruyuoRHbIX UTP, Koraa nobhie
cornaiieHus, ooMeH nHGopMalKeH, NO6GOYHbIE IIATEXH, COBMECTHBIH BBHIOOP CTpaTeruis
3arnpeleHHI.

Jpyroi BaXHBIH KJ1acC COCTABISIIOT Koonepamuerbie NIphl, B KOTOPBIX pa3peLieHkbl ca-
Mble pa3HooOpa3Hbie opMbl cOTpyAHUYeCTBA. BO3MOXHOCTb corialieHHH MeXIy Mrpo-
KaM¥ OKAa3BbIBaeT CyleCTBEHHOE BIMSAHME Ha ucxon Mrpul. Eciu ponycTuth, Hanpumep,
B Urpe «/InaeMMa y3HUKOB» COBMECTHBIN BHIOOp cTpaTerMii, TO MCXOR MIPhl MOXET OKa3aTh-
cA coBceM MHBIM. TIpM Hanuymy NOOOYHBIX MuaTeXeh No-MHOMY OKOHYMTCA U «CeMeii-
HbIH criop».

BHe nossi HalMX PaCCMOTPEHU OCTAJIMCh UIPBl C OAHUM YYACTHHMKOM, a TaKKe UIphl
C y4acTHEM TpeX U 6oJiee UTPOKOB; NOCAEIHUE OCOOEHHO MHTEPECHBI, HO OHU M TPYIHBI.



3anauum K paspeny

1. Hahiaure HMXHIOI LIEHY MIPBI, BEPXHIOIO LEHY MIPHl, ONPENEINTE CEUIOBLIE TOYKH, ONTH-
ManbHbIC YMCTHIE CTPATErHHU M LIEHY MIPHI (€C/IM OHHM CYLIECTBYIOT):

-1 3 -2 1 1 2 1 3 7
2 3 4 — 3 -5 -1 6 -2
Al 7 1 s 2|9 3 3 1 4 2
8 4 3 -1 17 -2 -3 4

2. Haiizute penleHns CIeaylouMX MaTpHYHEIX MIp:

D (5 8) e (3 e [

1 4
l') (3 -2) ) n)
0 5

3. HaiinvTe TOYHbIe ¥ MPUGIYKEHHBIE pEIIEeHHA CIEAYIOIIMX MATPUYHBIX MID:

4 -2 0 1 0 -1
a)(o 1 2),6) 1 -1 2.
-3 3 -1 0 2 -4

4. Jlaitte rpaduueckoe npencTapieHue, NMPUBEINTE K HOpMANbHON (HOpME M HAWIANTE TOYHOE
pellieHre NO3MLIMOHHOM UIPHI CO creaylollei ¢pyHKuueii Boiurpeimein W(z, y, z):

Lo A
WWwWwwNN
NNN - N SN

w(i,1,)= 2, W(21,1)=-1,
w1, 1,2)=-2, W, 1,2)= 3.
w1,2,)= 1, W(22,1)= 0,
W(1,2,2)= 0, W(,2,2)=-3.

a) I-ii x00 nenaet Urpok A: oH BHIGMpaeT YKMCIIO T M3 MHOXECTBA ABYX umcen {1, 2}. 2-i xo0
DenaeT UrpoK B: He 3Hasg o BhiGope urpoka A Ha 1-M xoze, OH BBIGMpPAET YMC/IO ¥ M3 MHOXECTBA JBYX
yucen {1, 2}. 3-ii xo0 nenaet urpox A: oH BIGMpPAET YHCIIO 2 M3 MHOXECTBA ABYX yucen {1, 2}, 3Has
3Ha4YeHHe Y, BIGpaHHOe MTpoKoM B Ha 2-M Xozie, HO He TOMHs COGCTBEHHOTO BbIGopa = Ha 1-m xoze.

6) 7-ii xo0 nenaeT urpox A: OH BHIGMpPAET YHCIIO T U3 MHOXeCTBa ABYX uncen {1, 2}. 2-i xod nenaer
UrpoK B: 3Has BbIGOp MrpoKa A Ha 1-M XoJie, OH BEIGMpAET YHC/IO Yy M3 MHOXeCTBa iByX yucen {1, 2}.
3-ii x00 nenaet Urpox A: oH BHIGMpAET YNCIIO 2 M3 MHOXECTBA ABYX uncen {1, 2}, He 3Has 3HAYEHHA Y,
BbIOpaHHOTO HrpoKoM B Ha 2-M xoe, HO NoMHS cob6CTBEHHDbIN BHIGOp T Ha 1-M Xoxe.

B) /-ii x00 ipoM3BOANTCA CIyyaitHO: MrpoK O BbIGHpaeT Yucio Z, paBHoe 1 ¢ BeposaTHOCTHIO 0,3
M paBHoe 2 ¢ BepoATHOCThIO 0,7. 2-i x00 nenaeT Urpok A: oOH BHIGHMpAeT YMCJIO Y M3 MHOXECTBa
nByx uncen {1, 2}, 3Has pe3ynbTaT cAyyaifHoro BeiGopa Ha 1-m xone. J3-i xo0 nenaer urpox B: oH
BBIOMpAET YMCII0 2 M3 MHOXeCTBa BYX uncen {1, 2}, 3Has BiGOp y urpoka A Ha 2-M Xozie, HO He 3Hasi
ciyyaifHoro BelGopa = Ha 1-M xozne.
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5. Haiinure peineHne 6HMaTpHYHOM UIPBI:

(6 2 (2 6

3) A*(z 4)’ B“‘(s 2)'
(40 (10

% 4=(3 1), 3=(o 3)
(50 (5 10

6) A—<10 1)’ B‘(o 1)'
-b -

a 0 a-b .

r) «acrpe6—roayob» A= 2 a | B= 2 a

¢ 3 3

Hajinure cuTyauny paBHOBECHSA B K&XIOM M3 IBYX ciyyaes: 1) a > b,2) a < b.

Orsern!
l.a) a=-~2,8=26) v=1,{4, B} n{4;B:}. 2a) P= {4, £}, @={} {}.v=-L
6) P={§ %} Q={§’0’0!§ ’”=—'%;B, P={1—61"1—51'}’
{$, 10 @={}i}v=1a P={00,%,§,0},Q= :
{0,14; 0,86; 0}, Q@ =~ {0,43; 0,57; 0} v~046 6) P ~ {0,05;0,62; 0,33}, Q ~ {0;0,67; 0,33},
v = 1,00. 5.a) p= 5,q-—— g=1: Hy(1,1) =4,
Hp(1,1) = 1; p =0, ¢ = 0: Hy(0,0) = l,HB(O,O) =4p=14g=4% H (41 =4
Hy (L,4) =-48) p=0,g=0: H0,00 =1, Hz(0,0) = ;) ) a>b: p=1,¢=1,
2) a<b:ip=1,g=0;p=0,g=1;p=3,9=73.
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[TpunoxeHne

NOACYET YUCNEHHOCTEW
BbIBOPOYHbIX COBOKYMHOCTEW.
NPUHLUN YMHOXXEHUS.
KOMBUHATOPUKA

B Teopuu BepoATHOCTEN YaCTO BO3HUKAET 3a/1aya O MOACYETE KOJHYECTBA HEKOTOPhIX KOM-
ouHauumii. Hanbonee ecrecTBeHHO K 3TOM 3ana4ye MPUBOAMUT CITyYyail KOHEYHBIX WJIM CYETHBIX
MPOCTPAHCTB 3JIeMEHTAPHbIX cOObITMI. PaccMOTpHMM MOCTAHOBKY, KOTOpasi OXBaThiBaeT
Haunbosee BaXHBIE C TOYKM 3peHUs IPUIIOXKEHHUH Cilyyau.

HMeeTcs1 HEKOTOPOEe KOHEYHOEe MHOXECTBO 0OHEKTOB ITPOU3BOJILHON NMPHPOALI

ay, Ay, ..., QN.

Ipoussoautcs BoiGop n < N 00BEKTOB IO 3apaHee PUKCHMpoBaHHOMY npaBuiy. TpeOy-
eTCsl OMpeNeIUTb KOJHYECTBO PA3NIUUYHBIX CIIOCOO0B, KOTOPHIMU 3TOT BRIOOP MOXHO OCy-
wecTBUTh. JIISl pellleHUs MOCTaBIeHHOM 3a1ayy¥ NMPUMEHUM TaK Ha3biBaeMbl¥ TIPUHLIMII
ymHOXeHHus1. Eciy BoiGupaemasi COBOKYITHOCTb

Qi s Qiyy - - Q4 (1)

TaKOBa, YTO CUMBOJI, CTOSIIIMI Ha MepBOM MecTe, MOXET ObIThb BbIOpaH m; criocobaMy,
rocje ero BeIOOpa CHMMBOJI, CTOALIMM HAa BTOPOM MecTe — M, crnocobamu M, BooOiue,

M Mm LA R

CHMBOJI, CTOSILIIMM Ha J -M MecTe MoXeT ObITb BhIOpaH m; criocobamu, nocae suibopa npe-
JBIOYLIMX CUMBOJIOB, TO O0lilee KOJIHUYECTBO COCOO0B, KOTOPHIMU MOXeT OLITh BhIOpaHa
nocnenoBareabHocTh (1), paBHoO

k:ml-mz-...-m,,. (2)

CrnipaBe UIMBOCTb 3TOTO MIPUHIIUIIA JIETKO YCMOTPETh U3 pHC. 1.
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3apaua 1. MepecranoBku. MyCTb SNEMEHTHI G, , G,,, ... , G, Pa3NN4HbI. [1EPECTaHOBKO/A N3 3TUX 3NEMEHNTOB
Ha3biBaeTCA ux nioGor ynopagoyeHHbi Habop. TpebyeTca onpenenvTh KOMMHECTBO BCEX PA3/IMUHbLIX nepecTa-

HOBOK Py u3 panubix N 3neMeHTos.

MNockonbKy 8Ce 3nemMeNTL B NepecTaHoBKe Pas3NuyHbl, TO NepBbid 31eMeHT MoxeT 6biTb Buibpan N paaHbiMu
cnocobamu. NMocne 3T0ro 3NeMeHT, CTOAWUIA Ha BTOPOM MecTe, MoXeT ObiTb Buibpas N — 1 paanuuHbiMu
cnoco6amu u 1. A. U3 NpuHUMNG YMHOXEHUR HEMESIeHHO CneayeT COOTHOWeHue

Py=N-(N-1)-(N=2)...2-1=N! 3)

3apava 2. Pasmetienns. Pasmeiyenmem fivbl 7 3 N 3nNeMeHTOB G, Ha3biBAETCA YNOPRAOYEHHaR COBOKYN-
HOCTb 7t Pa3NU4HbIX 3MEMEHTOB @,. 3aMETUM, 4TO 183 PA3MELLENNR CYUTAIOTCH PA3HLIMU, BCAIM OHW OT/U4a-
0TcA MO0 BXOAAWMUMU B HUX anemeHTamu, nubo noprRaxoM anemexTos, nubo ux konuyecreom. Tpebyercs
ONpeaenUT: KONMYECTBO Pa3MELLIeHUII AIUHB 12, KOTOPLIe MOXHO 00pa3o8aTth U3 AanHbix N 371eMeHToB a,.

Paccyxaaem aHanoruyHo petuenuio 3anayum 1. MNepsbiit anemenT MoxeT GuiTb BuiOpas [N pasnuynbiMu CNOCo-
6amu, stopoit — (N — 1) cnoco6amu v 1. a. Monysaem dopmyny

N=NN-=-1)-... (N-n+1). 4
3amertum, 4to Popmyna (3) aBnReTCs YacTHbiM cnyyaem Gopmynbl (4) npu n = N.

3anava 3. Coveraums. Coveranmem Anunb 1 U3 N 3NeMEHTOB Ha3bLiBAeTCH HeYNOPAAOYEHHAR COBOKYMHOCTL
Pa3NUYHbIX N 3NeMEHTOB U3 AaHHbiX N. CoyeTaHun OAMHAKOBOW AIUHLI OTAUYAIOTCS APYF OT Apyra TONbKO
BXOAALMUMU B HUX 3NEMEHTaMU (B TO BPEMA KaK Pa3MewieHun OTAUMAIoTCS ewle U ux nopsaxkom). Tpebyerca
onpesienUTs KONUYECTBO Pa3NMuHbIX coueTanuit Cl aavHbl 1, KOTopbie MOXHO 00pa3oBaTh U3 AaHHbIX N
3NeMeHTos a; .

Jlerko suaeTs, 4TO KAXAOMY COMETAHMIO OTBEYAeT n! Pas3nuuHbiX Pa3MEeLLeNUiA, COCTaBNEHHbIX U3 Te Xe ane-
MEHTOB, HO OTAIMMAIOLLMXCS APYr OT Apyra NopRAKOM anemenTos. Orcopa

C;z(N)zﬁzN(N-l)-...-(N-n+1)__ N! (5)

n n! n! T N =n)!’

3amevanne. B pairMuHBIX 3a0a4aX OKA3KIBAIOTCA NONE3HBIMH CSAYIOIME COOTHOLIEHUS M8 uncen Chy:
N N
LCh=C¥™ 2 L Ch=2". 3 T(-1ycy=0.
j=0 1=0

3apaya 4. HaAT! XONM4ECTBO PB3NUYHBIX «CNOB», KOTOPbI@ MOXHO 00pasosaTts U3 Gyks n, e, p, €, C, T, &, H, O,
B, X, 8.

«Cnosom» Gynem HasbisaTh NOCNEAOBATENLHOCTL BCOX NEPEUUCNeHHbIX Bbille GyKB, B3ATYIO B NPOU3BONLHOM

nopaake. Cuutan sce Oyksbi pasnuyHbiMu, Monydum 12! «cnos». OAHaKo He BCE U3 3TUX «CNOB» Pa3nuyHbl —

OyKBbi «@» 1 «f» MOBTOPRIOTCA U OT UX NEPECTAHOBKU APYF C APYrOM NOCTPOEHHOE CNOBO He MeHAeTcs. Bykay

«&» MOXHO NEPecTaBuThL 8 yxe CHOPMUPOBAKHOM Cnose 2! cnocobamu, aHanoruyHo 4enc o6cTouT u ¢ Gykeoi

«@» ~— CNOBa NpU 3TOM He MeHRIOTCH. [o3TOMY KOAM4ECTBO pasnu4HbiX «Cnos» K RaeTcs COOTHOWEeHUBM
12!

T

3anava 5. Bubop Ges moaspawenus. B ypre comepxutcs (M + n) Wapos: M — KPaCHLIX U N — YEpPHBIX.
CnyyaiHoiM 06pa3om BuiGupaloT k wapos. CxonbkvuMu pasnuyHbiMu Cnoco6amMu MOXHO OCYLLECTBUTL 3TOT
BuiBop? Cxonbko pasnuuHbix Habopos copepxut posHo r < & kpacHbix Wwapos? (r < m, NOPARAOK Wapos
8 HaBope HecyuiecTeeH).

AR nepeoit yacTv 3aaauv uset wapos 6espasznuueH: y Hac 6CTL M + n wWapos U TpebGyeTcs onpeneMmTy,
CXONbkMMU Cnocobamu M3 HUX MOXHO BbiOpatsb k wapos. Mcnonb3ys pesynbTaT 3anauu 3, nonyuaem, 4to
HYXHO@ 4YWCno Crioco6os pasko CX,, ..

Ana Toro, 4To6bl NONY4UTL COBOKYNHOCTL WAP0B, COASPXALLYIO T KPACHBIX LWAPOB, NOCTYNUM Cheay!o-
wumM o6pasom: snifepem NPou3sonbibiM 00PA3OM T LWAPOB U3 AAHHBIX M KPACHBIX — 3TOT BLIGOP MOXHO
ocywecTButs Cy, CNOCOGaMU, aHaNOrMMKO k — I YepHbIX LAPOB U3 1 YepHbIX MOXHO BbibpaTy Ck=" cnoco-
6amu. Mockonbky noGoit HAboP U3 ' KPACHbIX WaPOB MOXHO 00beAMHUTL C MoGbIM HABOPOM k — I uYepHbIX
WapoB, TO U3 NMPUHUMMA YMHOXEHUR CeayeT, YTO KOAWYeCTBO Pa3nuiHbix Habopoe K Wwapos, copepXawiux

POBHO T KPACHBIX paetcs dopmynon Co, - CE7.
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Npunoxexne

3apaua 6. Buibop C 803spBUleHHEM. B ypHe COAGPXMTCA M + N WAPOB: M — KPACHBLIX U 1 — YepHbIX. Mpo-
n3BOAMTCS cneayowmin 8oibop k Wapos: cnyvatHbiM 00pa3oM BbIHUMAIOT LWAp, OTME4aloT ero LUBerT u Bo3-
BPawaloT B ypHy. CkOnbko pasnvuHbix k-HabopoB MOXHO NOAyuntb Takum 0Bpa3oM? Ckonbko k-Habopos
coaepxar poBHo r < k kpacHbix wapos? (Mopsaok Wwapos CywecTseH. )

3aMeTnM, 4TO M3BNEKaeMbIit LWap MOXeT 0ka3aThes MobbiIM M3 m + 1 Wapos, coaepxawmxca 8 ypHe. Mo-
3TOMY, B COOTBETCTBMW C NPUHLMNOM YMHOXEHUR, UCKOMOE KOnuwecTso k-Habopos NaeTCR COOTHOWEHM-
eM (m+n)" . lanee, paccyxnas aHafnorv4yHo 3agaye 5, NoNyMaeM, 4To r KPACHBIX Wapos MOXHO BbiGpaTh m”
pa3nmuHbiMu criocoGamu, k — r uepHbix — n¥ " cnocoBamu. Tenepb, Tak kak 3AECh Y4MTLIBABTCS NOPSAOK
wapo., Hafo M ™" yMHOXWTb Ha YMCIO BHIGOPOB T MECT B K-31eMEHTHOM MHOXECTB®, T. 8. Ha Cf. B utore

nonyaum Cim ™ n*".

3ameuanme. Crneayet o6paTMTh BHUMaHME Ha Pa3/IMYHbIE BEPOSTHOCTHbIE CUTYallMH, OMTUCHIBaeMBIe BHIGOpOM
€ BO3BpaleHHeM 1 Bbi6opoM 6¢3 Bo3BpalieHHs. B ciyyae BbibOpa ¢ BO3BpallieHUEM, BEPOSITHOCTh H3RICYEHUSA
uIapa OCTaeTcsl HeM3MEHHOM B TEYEHHE BCEro IKCIIEPUMEHTA, B TO BPEMS Kak Npy BbiGope 6e3 BO3BpalieHUs
3Ta BEPOSATHOCTb H3MEHSETCS C KAXIBIM M3BJIEYEHHBIM LIAPOM.

3apaya 7. B suuke HaxopuTcs 2n Wapos, NOMEYEHHbIX HOMepaMu OT 1 0 N Tak, YTO OAVH M TOT Xe HOMep
MMeIoT ABa wapa. W3 fumka n3snekaioT cy4aitHbiM 00pa3oM 7 Wapos, T < 1. HaitT KOAMYECTBO pasAnYHbIX
HabopoB U3 r WapoB C Pa3HbiMK HOMEpPaMK.

OcyutecTsnsercs 8bl00p r 971EMEHTOB M3 AaHHbIX 2n. 3aMeTtnM, 4T0 ecnv BuiOpaH Wwap C HOMepoM j, To
npouve wapbl 8 Habope yxe He MOryT MMeTb 3TOoro HoMepa w NOTOMY BGOp NocneaylUivX Wapos QOMKeH
ocywecTaTbes u3 Habopa 2n— 2 wapos. Takum 06pa3om, nepsbiit Wwap MoxeT ObiTb Bbibpan 2n cnocobamu,
gTopont — (2n — 2) cnocobamu, Tpetwitn — (2n — 4) cnocobamu n, Boobiye, k-it wap Moxer ObiTb BuiGpaH
2n — 2(k — 1) cnocobamu. Beero ynopspoueHHbix Habopos u3 r wapos Gyner
S=W(2n-2):... - (2n—-2(r = 1)).

Ho c Touku 3peHus ycnosus 3anauv He Bce 9Tn Habopbl Pa3nuuKbl, Tak kak ONM OTAMYAIOTCH HE TOMbKO BXOAA-
WWMK B HUX 21EMEHTaMU (T. 8. HOMepaMu LIapoB), HO U MOPRAKOM, B KOTOPOM 3M@MEHTHI CTORT B BbIOpaHHOn
COBOKYNHOCTH. MOCKONbKY NOPAAOK Wapos Ham 6e3pa3nuyel, To Yucno S crnepyer yMeHblumts 8 7! pa3 —
POBHO CTOMbKO Pa3/M4AIOWMXCA NOPRAKOM HabopoB MoxHO 00pa3oBath M3 r WapoB C GUKCMPOBAHHBIMU
HoMepamu. B pesynbrate noayyvmm

2n(2n—2)-... -(2n-2(r-1))  2'n!
r! T orli(n—r)!

pa3nuuHbix Habopos.

3apaya 8. B ycnosuax npeabinyieil 3aaaum cnyyaitibiM 06pa3om n3snekalot 2r < 2n wapos. Haitv konu-
4ecTBO pa3nuuHbix HabopoB, coaepXauwx PoBHO M < T NApHbIX LWapoB (2r < m + n).

OuesmpaHo, 4To Habop u3 2r wWapos, CopepXatlinit pOBHO M nap Wapos, COAGPXMT elie 2r — 2m pasfuuHbiX
1apOB (T. €. HENapPHbIX) M3 OCTABLUMXCH 21 — 2M Wapos. 3aMeTUM, YTO BCEro cywecTsyet Cy' pasiuyHbX m
nap wapos 13 BaxHbiX n nap. Ocraswwuecs 2r — 2m WapoB MOXHO BbIOpaTh (CM. 3aaaudy 7)

(2n-2m)-(2n~2m—-2)-... -(m+2m—4r +2) _ 27r-2m (0 — m)!

(2r - 2m)! T (2r - 2m)!/(m 4+ n — 2r)!

cnocobamu. CneposartenbHo, MCKOMOE KONMYecTso cnocobos aaerca Gopmynoi
B IO (0 — m)!
T @2r=2m)i(m+n—2r)"

S




MpeameTHbIA yKasaTtenb

A

o -anre6pa 38

— Gopenenckas 39

ankrepHaTHBa 254

aHaJIoT IMNHUPHYECKHUH (BHIGOPOYHBIH) 160
AHTaroHU3M HHTEpecoB 282

— niopeneHMs 282

acUMMeTpuA pacnpenencHus 123
adbduHHOE npaBwio 244

beiieca ¢popmyna 17, 48, 86
biopdona 3amaya 43

BEPOSATHOCTD anocTeprHopHas 17, 48

— anpuopHas 17

— ucxona 4

— cobuiTig 6, 7, 10, 32

— ycnoBHas 13, 44

Boibopka 158, 162

BBIMIPHILI HTPOKA B AAHHOH! CHTYalluH 226
— — cpenHuii 235

r

ramMMa-pacnpeneneHue 97
ramMMa-gyHKuua Sitnepa 97
Taycca—Mapkosa reopema 213
reOMETpHYECKHE BEPOSTHOCTH 9, 41
runore3a 182

TIaBHBIA JUTUIICOMA paccenBaHus 217
Insenko—KaHTe/wn Teopema 159
rpaHMua MHOXecTBa 278

A

neasra-GyHKuus 78

IepeBO UIPH 254

JuarpaMmal diliepa— BeHHa 24

JUCKPETHRIA IKCIIEPUMENHT 34

oucnepcus 113

IoBepUTENbHEINA HHTEpBaa 170

IOMMWHMPOBaAHWE OXHOU cTpaTeruu apyro# ctpare-
rueii 243

3

3anavya bioddona 43

3aKOH GonbuInX yuces B popme bepuymiu 125
— — — B opme YeOriuéna 124

— pacnpenenexus 58, 60, 75

— — ycjioBHHI# 83

3amac ucxomos 13

urpa 226, 283

—mxn 228

Urpa n Urpokos 253

Urpa aHTaroHucTnyeckas 253

— BeckoannuronHas 253, 285

— Beckoneynas 253, 283

— 6umarpuyuHag 227, 253, 268

— BRINyKJIas 253

— IBYX HTPOKOB 253

— nuddeperumnansHas 253, 283

~— KOanMUHOHHas 253

— KOHeuHas 253

— KoonepaTupHas 253, 285

— MaTpuyHas 227, 228, 253

— — c ceanoBo# Toukoit 233

— MHorouiarosas 253

— HenpephiBHasg 253, 283

— omHoro urpoka 253

— OOHoluarosas 253

— MO3UUMUOHHaga 227, 253, 254

~—~ — aHTaroHucTu4eckas 255

— — ¢ HenonHoH nHdopMauueit 255

— — cnonHo# uHdopmauueh 255, 263

— — CO CNy4ailHbiM pa3mrpbIBAHUCM IpaBa Mep-
Boro xona 261

~—~ — CO cAy4aiHBIM X0noM 260

— C HeMyJneBoil cymMMoii 253

— ¢ HenonHo# nHbopMauueit 253

— C Hy/leBO# cymMMoit 253

— ¢ nonHo# nHpopMauuei 253

—, CMELIaHHOe paclinpenue 227

— cToxacTtvueckas 253

— Tvna ny3am 253, 283

HTIpoKH 226

HHIHKaTOp cobbiTHA 70

K

KaHTOPOBO MHOXECTBO 22
KJIaCCHYECKOE OnpenesieHue BEpOATHOCTH 35
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KJIacc nmapaMeTpudeckuit pyHkumif 210
KoBapuauud 118

Konmoroposa reopema 195
koHGIUKT 226

KOPPEeNALHOHHOE OTHOLIEHHe 122
ko3¢ duumeHT BapuaLuu 116

— xoppensiumny 118

— — MHOXeCTBeHHHIH 207
KpUTepuif npoBepKy runore3w 183
— — — Haubonee momHLIH 184
————— paBHOMepHO 184

Jlannaca dynkimsa 68
JleGera reopema 73

JUHNA perpeccuu 122
JIanyHoBa Teopema 133

MakCHMHHa npyHuun 231
MaTeMaTHYecKoe oxuaanue 108

— — ycaosHoe 121

MaTpHIIa UTpH 228

— TuIaTeXHas 228, 267

MeHaHa CiTydaitHol BeMauHb! 112

METOX PelCHHA MATPHYHON MTPH CBEACHHEM K 38~
Jaye THHeRHOro nporpaMMUpoBaHus 247250

— — MAaTpHYHBIX Hrp rpaduuecKuit 238242
— — — — WTepauMoHHNH] 245-247
MHMHHMMAaKCca MPHHUMN 232

MHOXecTBa 6openieBckue 39

MHOXECTBO HHOpMaLHOHHOE 255

— KaHTOpOBO 22

— Ilapero 279

— LUMAMHAPHYecKOoe 56

MOJIA Cry4aHOR BETWYMHR 112

MOMEHT HayalbHu#A 123

— LeHTpanbHu}A 123

— amnupHyecKuft (BubopoyHnift) 161
Myaspa—Jlaruraca HHTerpanbHas Teopema 130
— JIOKAJIbHAA NpeneiibHag TeopeMa 129

He#tmana—Ilupcona Teopema 186
HepaBeHcTBo Pao—Kpamepa 178

— Yebueéna 115

HOPMAJIH3ALMA MOSHLUMOHHO! HIpH 256
H31ma reopema 271

0

orubaioLas ceMeicTBa NPAMLIX BepxHas 242
— — — HUXHAA 239

ocTaToyHas ounbka 215

oTHOLIEHHe npaBrononobusa 186

oueHka 164

— HecMellleHHas 164

— cocrodTeNbHas 164

napTus 255
nepecTaHoBka 289

ITupcona Teopema 196

IU1aTeXHasa MaTpulia 228

TUIOTHOCTD pacnpeneneuus 40, 66, 76
— — obobumennas 73, 79

— — ychoBHas 85

no3uumsa 254

NOJIHaA rpynna HECOBMECTHHIX CoORTHI 16, 46
TOPAAKOBbI€ CTATHCTHKH 102
NIpaBWIa UIpH 226

npapuino apdunHoe 244

— ROMHMHUPOBaHUSA 243-244

— CJIOXeHHA BeposiTHOCTEH 10

— YMHOXeHHA BepoATHOCTeH 13
MPHHLIMI AOMONHUTENBHOCTH 7, 10
— MakcumuHa 231

— MHHMMaKca 232

— OTHOILEHHNA npasrononotus 186
NpHpPoRa UIpsl 254

P

pasHoBecue 227
PaBHOBO3MOXHOCTb HCXOI0B 9
pagmyc suunconaa 217
pa3meuieHue 289

Pao—Kpamepa nepaseHcrso 178
pacnpenenexue xz 103

— abcomoTHo HenpepuBHOe 40, 68
— aHTHMoZabHOE 112

— Bepuynnu 70

— GuHoMMansHOE 71

— BUcKpeTHoe 41

— Kouu 64

— HopMabHOe 68

~— HeBHIpoXAeHHOE 106

~— noaumoaansHoe 112

— NOMHHOMHUaANBHOE 79

~= [TyaccoHoBo 71

- paBHoMepHoe 40, 63

— —BKpyre 79

— CrbionenTa 103

— yHuMoaansHoe 112

— ycJioBHOe 83

— Quuepa 104

— 3KcNoHeHUHaNbHOoe 65
paclIMpeHue UIrpH cMelnanxoe 227
perpeccHoHHas 38BHCUMOCT 199
peleHne MaTpuuHo# UrpH 235
— — — c cemioBo#t Touxo#t 233
pax pacnpeneacHua 70, 77

C

cBepTKa 94

CBOYUCTB2 ONTHMANIBHBIX CMEIIIAHHKIX CTPaTerui
OCHOBHHIE 237
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