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385.386

——ckopocts 331, 337, 340, 353, 372,
373,377, 378, 399—402

— — KBa3unuHenHas 326, 383

— tenzop 377—379

— ypaBHeHue 291, 319—321

— 9acTuI] B JoBymIke 386

30510TO0€ CeueHue cm. Yucno BpaleHus

Hepapxus unsapuanros 110, 111

— pe3oHaHcoB 62, 203, 204




HBapuaHT cu. HTerpan 1BMxeHus

HMuBapuantHasi KpuBas (IIOBEPXHOCTH)
17, 18, 33, 60—69, 72, 102, 103,
178, 185—200, 215, 231, 232, 247,
248,272,273, 279—281, 350

HNuBapuanTHOE pacnpenienenne (Mepa)
291, 444—448, 466

— — Ha aTTpakTope 444—448, 466

HNurerpan aeiicreusg 13, 20, 31

Hurterpans! aswxenns 33, 34, 48, 55,
60, 98, 176, 203

— — aJIMa0aTHYIECKHE CM.
AabaTuIeCKuii MHBapUAHT

— — rnobaneHeIe 38, 47, 52, 60, 98.
143—146

— — u3onupyromme 348, 487

— — UHBOIIOIMA 38

— — nokanesHele 124, 200

K-cucremsl 300, 301, 303, 305

KaHTopoBO MHOXKECTBO 76, 422—424

KacarensHbiid BeKTOp 295, 296

Krazunepuoguueckue komebanus 35,
49, 74, 178, 294, 305

Komnonenra aBuxenus 232, 292, 294,
301,311,312,314

Koppenanuu 332

— CBA3b ¢ KO3 PuueHTaMu nepeHoca

321, 325, 326

— yOrIanue 244, 332

Koo dumuentsr nepenoca 291, 319,
321, 325

KpynHocTpykTypHOE pa3bueHue
(“orpybnenue™) 97, 299, 300

Jlanynoea mnokaszarenu 244, 294, 301,

442— 444,448

— — BeIuucieHue 310

— — 00o6menHsle 297

Marnutaeie nosymku 110, 111, 386,
490

Masnsie 3HaMeHaTenu cm. Pe3oHaHCHEIE
3HaMEHaTeNnn

Mapkoeckuii rmporecc 318

Marpuns 207—209, 214—220. 296

— cuMILIeKTueckue 209—212

Masrauk 39, 42, 93, 95, 152—154 237
238, 263—269

— Kak MoJienb pe3oHanca 42, 127, 236,
255

— TO4YHOE pemenue 39—42, 267

Menvnuxosa—Apnonvoa unTerpan
239—241, 465

Meron Benyens —Kpamepca—
Bpunniosna (BKbB) 13

— I'puna 247, 248, 269

— Jlynnema—/leunza— Tetunopa
(JIJIT) 142—146

— KacarensHeIX Heiomona 163, 181,
213

— Yummexepa xosCcTpyHUpOBaHUs
WHTETPUPYEMBIX CHCTEM 55, 58

— ycpennenus cm. Teopus
BO3MYIIICHUN aCUMIITOTUYECKASA

— Dypbe-Tpaekropuid 326—332

Meroas! BapuanmoHseie 287

— — @ TeopuH Bo3MyIeHui 168—374

Mogaens Konmonynoca 316, 317

— Jlennapoa-/Jorconca 408

— Jlopenya 20, 57,76, 717, 475—477.
484

— Depmu— llacma,— Ynama 14,
405—407

— Xenona—Xeuneca 16, 54, 58, 59,
63— 67,171-174, 313

HenuneiinocTs xonebanuii 86,187—
191

— — napamerp 127, 189

— — ymepenHas 194, 195

Henoapuxubie (IEPHOAUICCKHUE) TOUKH
125, 127, 130, 195, 214, 215, 228,
229, 232— 234, 242, 250—253,
276,277,430

Henpepsisuas apobds 271—273, 277

Oxpyrnenus ommubku 290, 308, 309,
335




Orobpaxenue Apnonvoa 302, 305

— Boeenapa 500, 501

— B ceaenuu Ilyankape 79, 179, 180,

238,241,242,411

— ramunbTOHUaH 183, 184, 235.
236,255,256

— puaccunatusHoe 464, 465, 468

— 3acnasckozo 425

— unBomonuu 181, 213, 214, 233, 242

— kaHoHudeckoe 179—182, 184. 228

— Kannana— Hopxe 425

— KBajipatugHoe 204, 427—429

—nuHeapuszoBanHoe 207, 214—220,

229, 296, 298. 321

— noructuaeckoe 428, 429, 447, 448

— Heobpatumoe 76, 426

— obparumoe 411

—oaaomMepHoe 76, 79, 80, 233, 234,
426,

— noBopota 179—182. 195, 204, 293,
333, 382

— Ilyanxape 79, 179. 235, 238, 298,

348,411, 453

— cenapatpHcHoe 241, 250

— craggaptHoe 181, 331,338, 382

— Vnama 222—224, 227, 242, 249,
250, 321, 325, 334, 468

[Tapamerpsr momobus 433—438, 451,
456, 457, 497—503

Ilennege cBoicTBO 47—59

[TepexppiTne pesonancoB 71, 257,
367—369, 405

— — kputepuu 17, 68, 246, 247, 289,
367

— — npoctoe 257

— — ynydieHHoe 258—262

[TepemexaemocTs 484, 485

[Tepemennsle aeiictBue — yrou (¢aza)
31, 34, 36, 37, 41, 90, 95, 107, 342,
361, 389

— npeiidoreie 99, 100

— kanonuueckue 107, 178, 222, 223,
300. 323, 324

— 0000mennsIe 22, 148. 154

— pasznenenue 38. 115

— cMemaHHbe 147

Ilepemermusanne 17, 70, 298—300,
305, 448

Ilepexon kK cToXxacTUIHOCTH 245

— — TypOyneHTHocTH 478

ITepuoavwueckas O-dbynkmnus 184, 235

Ilepuoauveckue Tpackropuu 60, 74,
125, 167, 178, 179, 207

IIpaBuno aByx Tpereit 256, 288

ITpenensueiii iukn 74, 416, 464, 480—
482

IIpeoGpazoBanue kanoaUgeckoe 95,
107, 123, 148, 149, 162, 354, 362,
378, 389

—riekaps (orobpaxenue) 71, 299, 305

IIpousBoasmas pyukmus 90, 182, 362,
378

— —JIu 25, 148. 180, 259

— — CMEIIaHHBIX NTepeMeHHbIX 90, 123

— — Dypre-pasnoxenue 92, 95—98,
101, 109, 259, 369

IIpocTpancTBO nevictBui 344—347

Ilyanrape ceuenue 15, 31—34. 53, 60,
61, 65—67, 69, 102, 103, 140, 141,
177,411

Pe3onanc Bomna—vuactuna 98—104,
135, 144—146, 161, 162, 280

— BTOpUUHLIN 61, 62, 130, 138, 139,
192, 202, 203, 205, 237, 263, 281

— BBICIIIUX rapMOHUK 125, 269—274,
365

— — nopsakos 109

— npeidoBeiit 394—397

— MHOroMepHbIi 341

— niepBUYHEIA 61, 62, 126—130, 146,
186, 195, 200—205, 225, 228, 236,
237, 257— 260

— npoxoxaenue 112, 113, 367




— cBsa3u 359, 375, 379, 390

—ientp 127—129, 132, 134, 263, 397

Pe3onanca gBa 279—281

Pe3onancHrle 3HamMeHarenu 83, 87, 89,
96, 98, 109, 187

— — ycrpanenue 123, 160

— — — rnobansHOoe 142

— noBepxHocTy 343—346, 379

Peszonancos B3aumoeiicreue 360, 364

— ypoBam 139, 168

Penopmammzanus 135, 248, 277—279,
433— 438, 455—457, 501—503

— B CTOXACTUYECKOM cJioe 257, 269

— I puna 269—277

— JIJISL IBYX pe30HaHCOB 248, 279—287

— touHas teopus 433—435, 440, 453,

497

Pones— Benapa xonsexius 20, 67,
475, 476

CrepxagmnabaTuaHocTh 491

Cexyisipabie 4ieHs! 82, 85

Cenaparpuca 39, 41, 42, 49, 61—64,
67, 73, 128, 191, 197—200, 206,
234,237, 267

CumBonudeckas Tpaekropus 304

Cucremsl, OTM3KHE K MHTETPUPYEMBIM
24,36, 42, 59, 62, 89, 90, 180, 305,
310

— uHTerpupyemsie 38, 51, 54, 55, 70,
125, 176—180, 310, 315

— — KOHCTpPYUpPOBaHUE 55

— — npumepsl 39, 51, 177

— kBaHToBkIe 307, 309, 495

Cnoxnocts anmropurmudeckas 306, 307

Cryqaitnocts 290, 294. 299, 305, 307

— CBS3b CO CIOXKHOCTBIO 306, 307

Cnyuaiinsie nocnegoarenbaocty 306,
307

— (azsl (mpubmmxenne) 70, 71, 291,
322

Cob6c¢cTBennsie BekTophl 207, 215—220,
296, 297, 303

— 3nauenus 207, 215—220, 230, 297,
303

Cnextp momuocta 79, 438—440,
449—453

CroxacTuueckas Hakauka 353

Croxactuueckuii cinoit 61—63, 65,
71—7T3 237, 238, 242, 243, 261—
263, 347

— — MOJYIAIHOHHBIN 366—371

— — ToncTei 349—352, 354

— — toukuu 350—352, 357

CroxactuuHocTh rinodansHas 70 71
194 245, 246, 248, 249, 254, 290

— rpanuna 226, 231, 242, 246, 253—
256

— kpurepuu 200, 241, 246, 257, 291
310,312, 315

— nokanbHas 69, 245, 246, 254

—obmactu 74, 201—206,245

— napameTtp 181, 249

— cBo¥icTBa 291, 298, 442, 449

Teopema Anexceeea— bpyono 307

— Juyeunna 27, 412

— Ilyankape— benouxcona 413, 416

— Ilyanukape— bupreoga 195

Teopus BO3MYIIIEHUN aCUMIITOTHYECKAs
13, 87,104, 105, 114—118, 203,
235, 236

— — BapHUaIMOHHASA CM.
BapuanuonHsie METOIBI

— — kanonnueckas 81, 107, 369

— — Kiaccudeckas 89

— — JIu 145

— — HekanoHu4deckas 1!4

— — pe3oHancHan 17, 43, 121, 203
235 262, 263, 390

— — cBepxcxoasamasicsa 82, 162

— Koamozoposa— Apnonvoa—
Moszepa (KAM) 38, 60, 68, 1635,
184, 185, 203, 224

Toowt 1ienouxka 47, 51—54, 57

Top cm. UnBapuanTHas IOBEPXHOCTh




TypOyneHTHOCTE TUIpOIUHAMHYECKAS
474

— XuMHuIeckas 494

Y aBoenue nepuosaa 76, 430—432,
453—457, 498

Ypasuenue JJiogpgpunza 461—465

— Doxkepa—IInanka—Konmozopoea
(®@IIK) 318, 468—472

Y-cucteMsl cm. Anocosa CUCTEMBI

Yckopenune @epmu 59, 68, 69, 220, 262,
263, 468

Y CTOMYIMBOCTD JABUIKCHUS, TPAHHUIIA
231, 245

— — nmuueinas 127—130, 207, 215,
228, 242, 247, 252, 253

— — OCTpOBKHU 224, 225, 232, 245,
251— 254, 469

— cTpykrypHas 302, 308,

dazoras TpaexTopus 128, 129, 131,
178, 254, 414, 462

da3zoBoe npocTpancTBo 18, 19, 25—
27,32, 58, 254, 255, 299, 307, 458

— — pa3buenue 245, 246, 951, 300

— — pacuapennoe 28—30, 95, 223

— — COKpamreHHoe 29, 33

dazosrie konedanus 130, 134, 226, 236

— —yacrota 136, 130, 236, 384

Doxkyc 74, 414—416, 463, 464, 468

dpakTanpHas pa3MEpHOCTh CM.
ATTpakTOpsI

®pakTabHBIC AUarpamMmmsl 277—279

Xaoc em. CTOXaCTUIHOCTb,
Cny4aliHOCTB

Yucno spamenusa 179, 180, 241, 256,
281

— — 30J10TOE ceueHue 194, 272, 275—
277

— — uppanuoHansHoe 185

— — panuoHaneHoe 195, 272, 279

ONIUNTHYECKUE TOYKH (TpaeKTOpHUH)
39, 42, 197, 201, 204, 216—218,
224 232,254

OHepreTHyecKas TMOBEPXHOCTh 292,
297, 343—346, 375, 376, 379, 385

Outpormus (KC-oarpormms) 244, 300,
301, 303—305, 307, 513

— seaucnenue 301, 311, 315

— CBSI3b C IOKa3arelsiMu Jlanynoea
301

OproauuHocts 14, 17, 70, 291, 299,

305 487




NPEAUCIIOBUME PELQAKTOPA TNEPEBOLA

Kunra, mnepeBoj KOTOPOH IMpeasiaraercsi YHTaTealo, HallHCaHa W3-
BECTHBLIMH aMepUKaHCKUMH $usukamu, npodeccopamu KanudopHuii-
ckoro yHuBepcuteta (Depkiau) A. Jluxrter6eprom u M. JlnGepmaHom.
Oua noceBsilileHa BecbMa HeOOLIYHOH OOJIACTH KJ/acCHYeCKOH MeXaHHKH,
KOTOpasi MOJYUHJa Ha3BaHHe CTOXACTHYECKOHM, WAH XaoTHUeCKOH, AU-
HAMMKH.

dyHaaMeHTaEHOE 3HaueHHe HCCJIeJlOBAHHMH B 3TOH ob6sacTH, OVPHO
PAa3BHUBAKLIHXCH OCODEHHO B NOCAC/Hee JNeCATHJ/eTHe, COCTOUT B TOM,
YTO OHH BCKPBLIBAIOT AHHAMUYECKYI) HPHUPOAY CAY4YaHHOCTH H CTaTH-
CTHUECKUX 3aKOHOB, npeoOpa3ys UYaCTHYIO THIIOTe3y «MOJIeKYJAHAPHOTO
xaocar, BEIIBHHYTYIO DosbuManoM OoJiee €Ta JieT TOMy Hasaj, B o0LlYIo
TEOPHI0 IHHAMHYECKOI'0 Xaoca.

MyoroyucaeHHble NPHIOKEHHA XaOTHYECKOH JHHAMHKH B CAaMbiX
pa3HbiX 00MacTsx (U3HKH M TeXHUKH, a TakXKe JPYLHX HaykK 06s3aHbl
TOMY CYH{eCTBEHHO HOBOMY H TNPHHIIHMIHAJIBHO BaXXHOMY OOGCTOSITE/b-
CTBY, 4TO CTATHCTHYECKHE 3aKOHbI, 4 BMCCTE¢ C HHMH MPOCTOE CTATHCTH-
YeCKoe onucapue 6ojiee He OTPAHWYEHBI (HAUIHM He3HaHHeM!) TOALKO
OYeHb CJIOXKHBIMH CHCTeMaMH ¢ OOJIbUIMM YHCJAOM CTelleHeH cBOOOIb!.
HanpotHs, npu onpele/IeHHbIX YCJAOBHSIN, KOTOPBIE CBOASATCS B OCHOB-
HOM K CHJBHOH (3KCHOHEHUHaJAbHOH) JOKaAbHOW HEYCTOWYHBOCTH JRH-
JKeHHS B HEKOTOpo# o0sactH (a30BOro fpPOCTPAHCTBA, JUHAMUUECKHH
XaoC BO3MOXKeH, HalpUMep, BCEero NpH JIBYX cTeneHAX CBoOOOABI KOH-
CepBATUBHOH raMUJILTOHOBOH CHCTeMbl. MICTOUHHK ype3BLUaHHOH C/I0XK-
HOCTH, XapaKTepHo#H A1 HHAMBH]Y &JbHOH peanaudaldyd cay4aiHoro
npouecca, OKasa/iCsi COBCeM He Tawm, e ero HCKaJau ¢o BpeMmed bBoablt-
mMata! Jdelo BoBce He B CJI0KHOM YCTPOHCTBe KOHKPETHOH JHHaMHUYe-
CKOI cHCTeMbl (H ) 2K Ten Go/lee He B uHc/Ie ee crenenelt cROBO/bI) U Jlaxke
HE BO BHELlleM «iyve» (YTO €CTh TOJIbLKO HHOE BLIpaXKeHHe CJI0NHOCTH
JIPYTOH CHCTeMBI — OKPY#KAIOLIEH Cpebl), a B Mo4HO 3a0AHHbIX HAYa b-
HbIX YCJOBHAX JABHKeHHs. B cu.a1y HenpepbiBHOCTH (ha30BOIo IPOCTPAaH-
CTBA B K.JAaCCHUYECKOH MexaHHMKe 3TH HaYa/bHbie YCJAOBHS COAEPKAT
0eCKOHEUHOe KOJIHYeCTBO HHGOpMAUHH, KOTOPOe IIpH Ha/JUYHH CHJIb-
HOH HeyCTOHYMBOCTH H omnpejessieT NPeAeJbHO CJI0XKHYIO, Henpeacka-
3YeMYI0 H HEBOCIPOH3BOIMMYK KapTHHY Xd0THUECKOTO JBUKeHHS.
Takast cucremMa He «3a0biBaeT» CBOM HayasibHBle YCJOBHS, a HaoOOpoT,
clAeyeT UM BO BCeX MeJhYaHlIUX JleTadaX H UMEeHHO 3TO U TIPUBOAUT
K Xaocy, KOTOPBIA C caMOro HayvaJia 3a/oeH B 3THX JleTansaX. KoHedHo,
C TOUKH 3peHHs1 PH3HKH BCe 3TO — BeCcbMa CYLIEeCTBEHHAst HjeasH3a-
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1Husl, HO B TO XKe BPEMs 3TG KaK pa3 TOT CaMblH TNpejesbHBIH cayuai,
KOTOPLIH OTKpLIBaeT HOBYK MEpPCHeKTHBY peadbHOH IHHAMHKH H He
TOJBKO KJIaCCHYECKOH, HO W KBaHTOBOH.
IlpensiaraeMas yuTaTesilo KHHra sBJSIEICsl NOUYTH €JMHCTBEHHOH ')
¢u3nyecKod (HecMoTpsi HA oGHJuHe ¢GOpMyJ) MOHOrpadHel B paccmar-
pHBaeMoOif 006/1aCTH; OHA mpejCTaBAAeT COOOH OIHY M3 NePBLIX NOMLITOK
1aTh 1eJBHYIO KapTHHY MO CYyLLeCcTBY HOBoro pasjpena ¢pH3uku. Ee aB-
TOPbl B TeYeHHe MHOTHX JieT yclewHo padoTarT B 3TOH 00JaCTH, HM
NPHHALTIEKHT 3]eCh PsJl HHTEPeCHBIX K BaKHLIX DEe3y/IbTaToB, OCHII
XODOIIO H3BECTHBLI CPEIH CIIeHAIRCTOB KaK 3a pyfGexKonsM, Tak W B Ha-
et crpane. Oxun 43 aBTopoB, npod. A, JInxrendepr, 3HakoM Takxe i Go-
Jee MHPOKOMY KPYTIy COBETCKHX YHTaTeseH 1Mo nepeBojy ero KHUrH |3 ].
HoBasd KHMra paccyuTaHa Ha IIHPOKMK Kpyr cnenua/qauctoB. O71-
HAKO OHA He SBJSETCS NONyJsAPHOH H INpH AKTHBHOM YTeHHK Tpel)eT
3HauUNTeJIbHOH pPadOThl, 11epPeOCMBIC/IEHUST MHOTHMX TNPUBLIYHBIX TOHSATHII.
ABTOpBL CTABAT CBORH 3ajauell He TOJBLKO pacckasaTh O HOBOH 00:1acTi
MM JaTh 0030p HOBLIX Pe3YJbTATOR, HO W HAYUHThL uHTatelds (2KeTato-
ulero!) paborarb B 3T0H 00J1aCTH U MOMOYb €MV OBJIaJIETb METOJaMH Teo-
pPETHYECKOTO aHalM3a H HpakTHyecKHX pacueroB. OcHOBHONH Hanpasn-
JSI0IeH HUTDIO U3J0KEHUS SBJAAETCH JeTalbHOC M BCECTOPOHHee OO-
CYIKJeHHe TlepeXoja OT NPOCTbIX H XOPOUIO H3BECTHLIX PeryJsipliblx
HeJHHEeHHbIX KolleGaHUH K PasJ HYHBIM peKUMaM XaoTHUeCKOTO JBHihe-
Hus (r1. 3—95), BRIOYAs TakHe ToHKHe a(hPeKTsl, Kak augdysus Ap-
HO.IB1a (11, 6). ABTOPBI NOA06padn HeGOJIbIIOe YHCTIO JOCTATOUHO TipG-
CTBIX M XapaKTepHBIX IPHMEPOB, K KOTOPBIM OHH MHOTOKpalHO
BO3BPAHIAOTCSA TIPH ONMKCAHWHK Pa3anuHbIX 3DGbeKTOB HW/IH MeTOAOB aHa-
JM3a. IJTO cyulecTseHno ofjeryaer, Ha Haul B3IJIsJ, NOHHMaHHe H OC-
BOEHHe OCHOBHOI'O MaTepHa/jJa. KHHra XOpOLUO H/IIIOCTPUPOBAHA; OHi
BKJIIOUAET pPa3HooGpa3Hble pe3yJbTaTbl UYHCJIEHHOTO MOIEJIXPOBaHIis,
YTO 3HAYUTEJHHO CIOCOOCTBYeT HAIVIAJHOCTH H3JIOXKeHHd.

B kunure paccMarpHBaeTcsi B OCHOBHOM TaMHJBLTOHOBA JMHAMHKA.
JIHCcCUMaTHBHRIM CHCTeMaM TOCBAUIeHAa TONLKO 1. 7. Majokenue 3jech
6oJiee KOHCIEKTHBHO, OCOOEHHO 3TO KacaeTcsi Haubojee HHTEPeCHOro
§ 7.4 «IIpobaema TypOyJieHTHOCTH». TeM He MeHee MaTepHaJs 3TOH IVIaBhbL
CJAYKHT XOPOIUHM BBeJeHHEM B COBPEMEHHYIO TEOPHIO JMCCHUIIATHBHbIX
JUHAMHYECKHX CHCTeM.

B ocHOBY aHa/¥3a raMuJIbTOHOBOH JHHAMHKH NO/IOXKeHA pPe30HaHC-
Hasi Teopusi Boamyllenud (§ 2.4), onupaioiasicss Ha sicuble PH3HUECKHE
NpeACTaBJeHHA M MO3BOJAKILAA KOJHYECTBEHHO HCCJAel0BaTh TaKHe
CJOXKHBle 3aJlauM, KaK, Halpumep, CTOXAaCTHYECKHH CJOH BOKpPYr
cemapaTpuchl HeJIUHeHHOro pe3oHaHca. OCHOBHaA Haed 34eCh 3aKJI0-
Yyaercsi B TOM, YTO INepeXoj C POCTOM BO3MYIIEHHS OT PeryJisipHOTO JBH-
JKeHHS1 K Xaocy NPOHCXOAHT yepe3 H3MeHEHHE TOIOJIOIHHM HWHBAPHAHT-

1) CoBceMm HejlaRHO W3 TeYaTH BbILIIA MOHOrpapus 3aenasckoro [1], moces-
1meHHas TOH Xe npobJjeme C OILHHM, OQHAKO, CYIIECTBEHHHLIM NOGAB/JCHHEM: B
Heée BKJIOUEHB! BONPOCH KBAHTOBOH TEOPHH AMHAMHUECKOTo xaoca. MaTemaruue-
CKHe MoHorpadHu TaxkKe HeMHOrouucJeHHH (cM., Hampumep, [2]).
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HBIX KPHBBIX B OKPECTHOCTH HeJHHeHHBIX pe3oHaHcoB. CHeTema peso-
HAHCOB siBJfAeTCA, BoOOLle rOBOpPS, BCIOLAY INJVIOTHOH B (a3oBOM Ipo-
CTPaHCTBE U HMeeT HepapXdUeCKyl0 CTPYKTYpy, KOTOpas XapaKTepu-
3yeTcd OeCKOHeUHOH NOoCAe/0BATELHOCTBIO YPOBHeH: [lepBHUUHbIE
pe30HAHCH MeXKY HeBO3MYyUleHHBIMH KoseGaHHSIMH, BTOPHYHLIE pe30-
HaHChl ¢ KoJsieOaHHsAMH Ha NePBHYHBIX pe3OHaHcaX M T. A.

Hapsiay ¢ sTHM ONKCAHH U ApPYrHe HOBbie METOAL B TEOPUU HEJIH-
HeHHBIX KoJslefaHUH, B TOM YHCJe W MaJIOM3BEeCTHLle HallleMy YHTaTeNio.
DTO OTHOCHTCS NpeXKJe BCEro K HCIOJAb30BaHHIO MpeobpasoBaHuil Jlu
(§ 2.5), meropy dyunrera—/leinra—Telaopa (. 2.4r) ¥ peHopMaJIH-
zanuu (§ 4.4 u,4.5).

Hapaay ¢ 4MCTO AMHAMHYECKHMMH 3aJa4aMH PacCMOTPEHO TakxKe
COBMECTHOe BJIHSIHHE pe30HaHcoB K BHemiHero wmyma (§ 6.3). I[lpun-
IMIHAJBHO BaKHO, YTO JUHAMUUeCKHH XaoC BO3MOXKeH B OTCYTCTBHe
KaKoro-iub6o BHeIUHero cJAy4adHOro Bo3MylleHHA. OXHAKO He MeHee
CYHIeCTBEHHO K TO, 4TO B YyCJAOBUAX rjoGaihbuHoro Xxaoca Bcerja IpH-
CYTCTBYIOIHH PeabHO C1abblll myM He U3MeHsieT cTaTHCTHYeCKHE CBOM-
ctBa cucTeMbl. C Apyroil cTOpOHBI, NPH HEKOTOPHIX YCJIOBHAX, HANpH-
Mep BOJIHM3U rpaHunsl fepexofa K AMHAMHUECKOMY XaoCy, COBMeCTHOe
JeHCTBUe 1IyMa H Pe30HAHCOB MOKeT ObITb COBCeM HHEIM, HeXKeaH Kax-
NOT0 H3 3THX (PAKTOPOB B OTAEIBHOCTH.

OanH M3 HEAOCTATKOB KHUIH — HEKOTOPAas Ieperpy:KeHHOCTb pas-
JIMYHBIMH, HHOTJA OYeHb chnelUHaJbHBIMH MeTogaMH H 3agadamu. Or-
YaCTd 3TO CHeJaHO aBTOpaMH CO3HareJbHO B pacyeTe Ha TO, YTO KHHTra
MOZKET CJAYXHTH CBOErc poja CHPaBOYHHKOM JJIA TeX, KTO yzKe OCBOWJ
OCHOBbl Xa0THYeCKOH AMHAMHKH. Y1oObI MOMOYL HAYWHAIOUIUM, OCHOB-
Hble pas3fe/ibl KHUTH OTMeueHbl 3Be3A0UKOH.

Jpyro# HedOCTaTOK CBSI3aH C HEYCTAHOBHMBUIEHCH TePMHMHOJIOTHeH
H KaK CJeJCTBHE 3HAUHTENbHOW JOJel CrellMalJbHOTO «KaproHas. B Ka-
yecTBE NpUMepa MOMXKHO YKas3alb Ha He pasrpaHuyeHHbie YeTKO MOHS-
THA «XaOTHUeCKHM#H» H «CTOXaCTHUecKHi» (CM. MpuUMedaHHe aBTOPOB Ha
c. 74). TlpexcraBJsiercsi, 4TO NepBLIH TepMHUH siBJisieTcsl BooOule Godee
NPeATIOYTHTEILHBIM, TOCKOMBKY BTOPOH HMeeT M COBCeM HHOH CMbIC.
Tak, cvulectByer ofumMpHas 0067acTb UCC/IEAOBAHUN «CTOXACTHUECKHUX
npoueccoB» NMOA JeHCTBHeM BHEUIHHX CJydYalHbXx BoamyiieRuid. Ilpu
1IepeBojie Mbl CTAPaJUCh BHECTH B TEPMHHOJIOTHIO elHHOOOpa3ue, B He-
KOTOPHIX CAY4YasiXx 3TO OTMeueHO B MPUMedaHUsX pefakrtopa WAH nepe-
BOAYUKOB.

B KHHMre HMEIOTCA MNOBTOPEHHS, 4aCTh KOTOPHIX ¢ pas3pelieHHsi aB-
TOPOB Oblla COKpalleHa NpH neperoje. BHIIH HMcnpaBeHsl Takxe ode-
BHJIHBI@ OlIEYAaTKU W HeTOYHOCTH. CropHble IIOJOXKEHHA, a TakkKe He-
KOTODBle CReXHe HJIM NoueMy-J460 He OTpaXeHHble B KHHIe HHTepec-
HBIe pe3yJbTaThl OTMeYeHb! B NPUMEUAHUSX PeAaKTOpa. TaM XKe AaHbi
HOSICHEHHST K OCHOBHOMY TEKCTY.

PaccmaTpuBaemble B KHHIe NPHJIOXKEHHS HOCAT B OCHOBHOM HJIIIO-
CTPATUBHLIM, nefaroruueckuii XxapakTep. KpaTkasi CBogKa HEKOTOPBIX
APYruX OPWJIOKeHUH jnaHa B aonosHeHMH A. Kakx oTMeuaioT aBTOpBI,
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HeT HUKAKOH BO3MOXKHOCTH CKOJbKO-HHOYIb MOJHO OCBETHTEL BCe pPa3Ho-
ofpa3Hble MPHJIOXKEHHS! TeopHHM JuHaMHuyeckoro xaoca. Bce ke xo-
yeTcsa JOOABHTb K HX CHHCKY JBa 060.ee (QYyHIaMeHTAJIbHBIX NPHJIOXKe-
HUA B HeJHHeHHOH Teopuu 1noJs. OJHO M3 HUX CBS3aHO C OTKPHITHIMH
B pabore [4] (cM. Takxke [5, 6]) XaoTHUYECKUMH KOMeGAHUSIMA IPaBHTA-
LHOHHOTO NOAS1 B OJHOPOJHbLIX AHH3OTPOIHBLIX KOCMOJOIHYECKHX MO-
JedIsiXx oOuied TeopHH OTHOCHTeIbHOCTH BOJIM3H ocobeHHocTH. HMHTe-
pecHO OTMETHTb, YTO CJAOKHYI0 HCXOIHYK CHCTEMY YpaBHeHMH Iiiu-
iiTedHa yJaeTcs CBECTH B KOHEUHOM cyYeTe K IPOCTOMY OJHOMepPHOMY

oTobpaxeHHio x — 1 x (mod 1), KoTopoe H onpenensieT XaOTHYECKVIO
AMHAMHKY KOCMOJIOTHYeCKOH MOjeqh. 3JT0 OTOOpaXkKeHHe JaeT TakxkKe
IpuMep NpOoCTeRiled JUHAMHYECKOH CHCTEeMbLI C XaoTHYeCKHM JBUKe-

HueM. Elle oauH aHaJoOruyHblii 0Opumep — oToOpaxKeHHe X — R
(mod 1), tae uenoe £>1 (cm. 1. 5.2r).

JIpyroe NpHJIOMKeHHe OTHOCHTCH K KaJduOPOBOYHBLIM HOJASM SIHra—
Muanca, OTBeTCTBEHHBIM 3a B3aMMOJEMCTBHE 3JIeMEHTAPHBbIX YacTHII.
KiaccHyeckHe OJHODPOAHbLIE MOJEJIH TaKOTO HOJIS OMUCHIBAIOT B OT.IH-
yHe OT NpeAbLIYIiero npuMepa JOKaJdbHYIO (BHYTPEHHIOK) JIMHAMHKY
o/, KOTOpas TaKiKe OKasblBaeTcs, BoOOL{e TIOBOPsH, XaOTHYECKON
[7—9]. B upocrefiiiem coayuae Takad OJHOPOIHAS MOJETh CBOAMUTCS
K OObIYHOH aMHJABTOHOBOH CHCTEME C JABYMSI CTEIEHAMH CBOOO/bI U 110-
TeHllMaAbHOH 3HepTHel U = (xy)®

OTMmeTuM Tak:Ke KpacHBoe siBJeHHe IeHepalHH MAarHMTHOIO 110.14
3a CYeT Pa3BHUTHA JOKAJAbHOH HeyCTOHUHBOCTH ABHKEHHS 3aMarHHuYek-
Ho# miasmbr [10].

EctecTBeHHO, UYTO B Takoil OOWHPHON M OBICTPO pasBHBaoIefics
00J1aCTH, KaK AKHAMHYeCKHMH Xaoc, JlaXKe caMasi «cBexkas» MOHOIpadus
He yCIleBaeT OTPA3UTh HEKOTOPbIE HOBBIE Pe3yJ/IbTAThbI, C OJHOR CTOPOHSI,
U He B COCTOSIHHH BMECTHTh BCE€ 4CHeKThl 3TOH MHOIOrpaHHOi 1ipo-
6/1eMBI, C APYTOH CTOpoHbl. HHKe Mbl KOCHEMCS TPeX TAKHX BOIPOCOB,
KOTOpHIe YKa3hIBAIOT TakzKe Ha IpanHibl NIPHMEHHMOCTH CYU{eCTBYIOLIEH
TEOPHH JIMHAMHYECKOIO Xaoca.

IlepBbili BOIPOC OTHOCHTCH K «aHOMAJIbHBIM» (AHOMAa/JbHO CAOKHBIN)
CTATHCTHYECKKM CBOHCTBAM AHHAMHYeCKoro xaoca. B oriivMyude OT cTa-
THCTHUECKHX THIOTe3, B KayeCTBe KOTOPbIX €CTEeCTBEHHO BHIGHPATH
NpOCTeHINEe NPeAIoIoXKeHHsI, CTaTHCTHYeCKHe CBOHCTBA ONPeAEeTA0TCA
3/1eCh JMHAMKKOI CHUCTEMBl H MOI'YT OKAa3aThbCHA BeCbMa CJAOXKHBIMH. Ta-
KOBa, HanpHumep, TrHUjpoaHHaMuyecKasi TypOyJentnocTs. HMcecaenopa-
HUST MOC/IEIHHX JIeT MOKAa3aJsH, YTO CTAaTHCTHUeCKHe «aHOMAJWH» JMHa-
MHMYEeCKOI'0 Xaoca — BeChMa paclpoCcTpaHeHHoe SIBJIeHHe, CBA3aHHoe,
B YACTHOCTH, CO CJIOKHOH HepapXWuecKoi (MacliTaOHO-WHBApHaHTHOM)
CTPYKTYPOIl rpasHdilkl Xaoca B ¢a3oBoM npocrpancTBe [11—14] (cm.
Tak:ke xouell § 5.4). Hecmorpsi Ha 3KCIOHEHLHATLHYH JIOKAJBHYIO
HEeyCTORYHBOCTb ABHXKeHHS, 3TO INPHBOAHT K CTEIEHHOMY 3aTryXaHHIo

koppeasniit: C (7) o< T 7; p<<1. Jndapy3ioHHOe oONMHCaHHE MOXKET
OK43aThCsl B TAKHX YCJOBHAX COBEPLUEHHO MenpHMeHWMbIM.
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Jpyroit MHTepecHBI BOMPOC: K 4eMY BejeT JMHAMHUECKHH Xaoc?
Kak Mbl Tenepb 3HaeM MM, Jy4lile CKa3aTb, HaKouell, NMOHAJAH, KOHeY-
HBIM [POJAYKTOM Xaoca COBCeM He 00A3aTebHO SBJSETCA YHBIJIOE CTa-
THCTHYECKOE pPaBHOBecHe, KOTOPOE MOXCT 0Ka3arbed IPOCTO HeYCTOH-
yuBbIM. Kaaccuyeckuii npuMep 3TOTO — TKHMHCOBCKAs HeYyCTOHYHUBOCTh
IPABUTHPYIOIIErO Ta3a, KOTOPOH B KOHEUHOM cueTe Bce Mbl 00SI3aHbI
KA4K CBOMM CYLIeCTBOBAHHEM, TaK M HeHCYeprnaeMeIM paszHoolpasHeM
OKPYKarulero Hac Mupa. AHalloTHYHBle KO.LTeKTUBHbIE (KOrepeHTHbIe)
Tponecchl JABHO H IIHPOKO u3ydaloTces B IL1asme. Ciona ke OTHOCHTCS
H TAK HasblBaeMas «XUMHYeCKas AMHAMKKa» (oM. jgonosaHenwe A.DH).
Henapno BCe 3TO TNOJYYHJAO 1IPHB/JIEKATEIbHOE Ha3BaHHe «CUHepTe-
TUKa». C TOUKH 3peHUs (PUIHKH TaKHe NPOLecChl eCTeCTBEHHO HA3bIBaTh
smopuuHot Juramurod. K Hell OTHOCHTCH [0 CYHIECTBY BCS K.acci-
yecKafd MeXaHHKa MaKpPOCKOMHMYECKHX Tesa, B YACTHOCTH, H BcA Hebec-
Hasi MeXaHHMKa (nepBHYHOH SABJSETCS B 3TOM CJAydae MOJEKYJIsipHas
AuHamuka). OnHa M3 XapakTePHbIX O0COBeHHOCTeH BTOPHYHOH JHHa-
MHKH — HHYTOXKHOC YHCJIO ee CTeleHel CBOOO/b! 110 CPABHEHHIO C I1ep-
BHYHOH cHCTeMO#. OjHakO HMMEHHO 3TH KOJJeKTHBHbIE CTerneHH CBO-
00Abl H OllpefeadoT HauboJee CYLIeCTBEHHVIO T.100aMbHYI CTPYKTYDPY
CHCTEMBb! M €¢ 3BOJIOIHIO, TOIAa KaK BCE OCTaTbHOC €CThb JHIlb He-
KOTOpbIH OOWHH TepMojHHaMu4ecKui «pou». B 3TOM e cocToMT, MMO-
BHJAMUMOMY, U OTBET Ha BOIpPOC O [peIeJbHOM [OBEJeHHH JHHAMHYg-
CKOH CHCTeMbl ¢ O4eHb OOJIBIIMM YHCJOM CTeneHel CBOOO/Ibl, KOTOPIH
KpaTko obcyxiaercsi B Konue § 6.5. [leo 31ech He CTOIBKO B pasMepe
coXpaHsouxca obaactell pery.IpHOTO ABHXKeHHS, CKOJbKO B BO3-
MOXKHOCTH BO3HHKHOBEHHSA BTOPHUYHOH JHHAMUKH.

HaxkoHel, emie OXHH odenb Ba)KHBIH BOOpoc: B KaKoH Mepe TakoH
CBOoe0Opa3HLlid peROMeH, Kak AUHAMHYeCKHH Xaoc, coxpaHsercsa B (60-
Jee (hyHJAMERTaNbHOH) KBAHTOBOH MeXxaHuke? B orauuMe or K.accu-
YEeCKOIo Xaoca, NpHPojJa H MeXaHHu3M KOTOPOro B OCHOBHOM BBISCHEHHI,
1iCCIe/(OBAHHE KBAHTOBOH JHHAMMKH COOTBETCTBVIOU{HX CHCTEM TOJbLKQ
HauuHaeTcs (cM. gonoduenue A.6). TeM He MeHee yKe ceHuac fCHO,
YTO KBAHTOBbIE 3(peKThl KapAHHAJBbHO H3MEHSIOT XapaKTep 3TOro siB-
JeHHS M NPHTOM BechbMa HeoXKHMAaHHbIM 00pa3zoM. ITOCKONBKY 3To Ka-
CcaeTCsi BPEMeHHOW 3BOJIOIMH CHCTeMbl, B KBAHTOBOK MeXaHWKe BO3-
MOXKHA (M, 10 NPHHIHWIY COOTBETCTBHSA, HeoOX0JHMa) JHIIb 8PEMEHHAsA
umumayua TeX WIK HHLIX CBOHCTB KaaccH4yecKoro xaoca [15] (ca. rtakxe
1, 16, 17]). B jeficTBUTETLHOCTH Ke KBaHTOBOE ABHIKEeHHe SBISIETCH
NOUTH MEePHOLHYCCKHUM H3-3a JKCKPETHOCTH cilieKTpa Jio0OH OrpaRH-
YeHHOH B ()a30BOM NPOCTPAHCTBE CHCTEMBI, a TakMXKe JHUCKPETHOCTH Ca-
MOro (asoBoro HpoCTpaHCTBA B KBAHTOBOH MexaHuke. BpeMeHHOM
KJ14CCHYECKHH XA0C ycTyINaeT MeCTO MPOCTPAHCTBEHHOMY XaoCy KBaH-
TOBBIX CTALHOHAPHBIX cocTtosiHui [18, 19].

[lepeBon kuMIrH BhImoMHeH KaHA. ¢u3.-mar. nayk B. B. Beuecnaso-
BbIM (mpejrcoBue, ri. 2, gonoiaHenus), B. . /lapunosckum (ra. 3, 6),
KanJ. gu3.-mar. Hayk @. M, Mapaiinesesiv (r1. 4, 7) v Kaug. ¢u3.-Mar.
Hayk [. JI. WWeneasuckum (ra. 1, 5).
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Jan3ader u Mapaen

NPEAMCIIOBME

B nacrosueil Monorpaduu paccMarpuBaeTCs CTOXacTHUECKOE, HJW XAOTH=
YeckKoe, JABHXKCHHWE HeJHHEHHBIX KoJebaTesNbHBIX CHCTeM. IDTo — OHCTpopasBi-
Bawoulascsa obsacTk HeJuHeHHON MeXaHHKH C NPUJOXKEHHEMH BO MHOTHX o6ja-
CTSIX HAYKH M TeXHHKH, BKJIOYAss acTPOHOMHIO, DH3HKY mJasMpl, CTATHCTHUE-
CKVH) MEXaHHKY W TrujapojHHaMuKy. OCHOBHOe BHMMaHue yjeaseTcs AMHaAMMHYE-
CKOIf CTOXaCTHUYHOCTH B I'aMHJIbTOHOBBIX CHCTEMAaX, KOTrAa XaoTHUYECKoe JBHIKeHuUe
O6YCII0BMIeHO caMoH AMHAMUKOH, a He BHeIUHHM IIYMoM. BmecTe ¢ Tem paccmat-
PHBAeTCs TaK»Ke ¥ BJAMSHHE NIYMa Ha JIBHUKEHME AMHaMHuecKolt cucrembl. B no-
ciaeaHedl rmase noapo6uo o6CYXKAAKOTCH OCHOBHBIE OCOOEHHOCTH XaOTHYeCKOTro
ABUKEHHA JHCCHMATHBHBIX CHCTEM.

UMcenegopanus B 3ToH obiacty nHayaJauch elle B NpoultoM Bexke, kKoraa Ily-
AHKApe W JApYyTHe NBITAJUCh TOCTPOMTHL TEOPHIO HeJNHEHHBIX BO3MYUIEHHH n.a -
HeTHRIX ABHXKeHMiA. OAHAKO TOJNLKO HOBbHIE MaTeMaTHYeCKHe pe3yJsbTarhl, NMOJY~
YeHHble B 60-X TT., BMeCTe ¢ pe3yJbTaTaMH YHCJAEHHOTO MojeaupoBaHug Ha Obl-
crpojeiiersyomux IBM nocayXuau oCHOBOW COBpeMEHHOro MOAX0Ja K 3TOH
npobaeme. Tax Kak HOBple METOIbl YACTAYHO 0Os3aHLI MATEMATHYECKHM JOCTHKE-
HHAM, MOSBHJAKCH ViKE€ JBe HJAH TPH MaTeMaTHuecKue MOHOrpaduu, oTpaxaioulie
3TH pe3yabTatel. OJHAKO WX A3BIK M W3JA0XKEHHE TPYAHOZOCTYMHB CreHaaHCcTaM
JAPYTHX HAYK H MHKeHepaM, He roBopd yxXKe O TOM, UTO B HHX He cojepKarcd
KOBKpeTHble MeTO/bl /I MPOBEJEHHS MPAKTHUECKHX PACUYELTOB.

B vawell xaure raaBHoe BHUMAaHUE V/1€J5€TCs BHISICHEHHI0O PH3UUECKOHR CVIill-
HOCTH HBJEHHH, 4 He MareMatHyeckod cTporocts. Mbl MpHBOAKHM MPAKTHUECKHE
METOABl ONKHCAHUST JBUIKEHUH, ONpeleseHus Mepexofa OT peryJfgpHoro K croxa-
C THUECKOMY IOBEJEHHUID, a TaKXXe HAXOXKAEHHH OCHOBHHIX XapaKTEPHCTHK CTOXA-
CTHYHOCTH. [Ipu 3TOM MEI CYHIECTBEHHO ONHPAEMCH HA YUCJICHHOE MOJAEAHPOBRA-
Hile JJf HJIJOCTpAauMH H NOATBEPKICHHUST 3TUX METOJOB.

Mownorpadus 3agymana Kak nocoGue nasi tex QH3UKOB ¥ HHKEHEPOB, KO-
TOPHIE 34XOTAT NMO3HAKOMHTBLCH € 3TOH 0O6JACTLI0O MEXAaHUKH, H KaK CIPaBOUHHK
A8 uccaeaoBatened, y:xe 3HAKOMBIX € TaKuMH MeTojAaMu. KHUI'Y MOXHO HC-
NOAL30BATL TaKXKe KaK ydyeOHOe mocofue Mo MeXaHHKe A acnupaHToB. Mu
npeanoJgaraeM, YTO UYHUTATe]lb MMeeT OOBbIUHYI0O BY30OBCKYIO MOATOTOBKY TO MaTe -
MaTuke u ¢u3uke, BK/HUAsE OCHOBLI TaMH/JbTOHOBOK MeXxaHHKH. 311aKoMCTZ2 O
C aHAJUTHUECKOH MEXAHUKOH XKejlaTeJbHo, HO He 0043aTesibno. [TogpoGusiii 06 -
30p neobxoaumoro matepuana jgaercs B § 1.2 u 1.3,

OcHoBHBIE UTeN JHHAMHUYECKOHK CTOXACTHUYHOCTH B FAMHJILTOHOBBIX CHCTEMaX
BBoaATcs B § 1.4. B ra. 2—6 Mu nocJieoBaTeNbpHO MEPEXOZHM OT PeryasapHOro
K CTOXACTHYECKOMY JBuikKeHH!0. UToOB MOMOYL YUHTATENI0, MBl OTMeuaeM 3Be3 -
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poukoil (*) Te maparpadsr H NMYHKTH (I1.), B KOTOPHX COLEDKUTCH OCHOBHON Ma-
Tepuasa. OHH M COCTARJAMIOT HAPO Haulero HadoxKeHHS. OcoleHHO BasKHBIM SB-
iseTest 1. 2.4a 0 Pe3OHaHCHOIl TeopuH Bo3vymerui. Martepuas xHuru Gwma ye-
MEeUIHO HCNoNb30BaH B 30-yacoBoM Kypce JeKUHH AJA aCHHPAHTOB B Depkuu.

B AonosHeHHe XK OCHOBHOMY MaTepuasNy PAcCMOTPEHBl TaKiKe W APyrue Bax-
Hble BoTipoce. BiusfHWe BHelunero mryMa Ha IHHAMHKY CHCTEMBl C JABVMs CTere-
HAMM CBOOOAL npelcTaBieHo B § 3.5 (¢ ucnosbp3oBanueM pe3yabTaToB n. 5.41),
ang Oonpumiero uncaa creneHeil ¢Boboinl — B § 6.3, 2 HEKOTOPBIE TIPHJIOKEHHS
paceMoTpedsl B § 6.4. Onucanne AUCCHNATHBHLIX CUCTEM B rJ. 7 sBnsgercs 6oJjee
WJAH MEHee He3aBHCHMbBIM OT 00CVKIeHHS raMHAbLTOHOBLIX CHcTeM. [Ipu usyueuuu
MarepuaJga TJa. 7 ciaeiyer ob6pauaThes X psegenuto B § 1.5, a vakxe k onica-
HUAM MeToja ceyenud [lyankape B 0. 1.26 n noxasarenefl JIsnyuosa B . 5.20
u § 5.3. budypkauun yasoenus nepuona paccmoTpeHnn B n. 7.26, 7.3a u B 10-
nonHenun b (cM. Taxkxke 1. 3.4r). /Ipyrue crneuuanbHble BONPOCH, Takue, Kak
Teopust Boamymenuit Jiu (§ 2.5), meronn yvckopenHod cxoanmMocTH (§ 2.6), Hexo-
TOpble ACNeKThl TeOPHH peHopMmanusanuu (§ 4.3 u 4.5), HeKAHOHUUECKHE METO1bI
(n. 2.3r), raoGaabHoe ycTpaHeHie pe30HAHCHBIX 3HameHatesel (n. 2.4r u, ua-
CcTHYHO, 2.DB), BapHauHoOHHble MeTOIs (. 2.66 u § 4.6) 4 MOAYIAUHOHRASA AN~
dy3ust (n. 6.2r), MOXKHO OTJOXKHUTHL 10 03HAKOMJEHHS C OCHOBHBIM M3TEepPHAMOM.

JlanHast MoHoTpadud NOAroTaBJAHBAJIAChk B TeUEHHE TpeX C NOJORHHOI eT.
Muorue APY3bst H KOJUJIETH IIO,I,ELEP}KPIBZJII*I HaC B 3TOM. Mu XOTHM BBIPDA3HTH 3,1eCh
NPpU3HATENbHOCTb BCCM TEM, KTO IIPOCMOTDPE] OCHOBHBIE Pa371€/bl DYKOIHCH 1 YbH
3aMeUYaHNS CYUIECTBEHHO YJAVYIUMNIH OKOHuatelbHBLI BapuauT Texcra. Mp 6aa-
rodapasl X. A6ap6anenio, Jixx. Kapu, b. B. Hupuxosy, P. Kosny, JI. Dckanle,
dx. Popay, Ax. I'puny, P. Xeaaemany, Il. Xoamcy, Hx. XoBapay, O. Jlsn-
dbopay, J. Jluxrenbepry, P. JJurauxkony, b. Mak-Hamape, I'. Motuy, K. Cnap-
poy, Jox. JI. Tennucony u A. Bafincreliny. [loge3nsle 3ameuants Oplsin cienaiint
rakxe JIx. Kasatu, A. Kavdbmanom, H. Ilepcusasem u I'. Cvutom. Ham rtakxe
[IPUATHO OTMETHTH 3HAUHTENbHOE BJIHSAHHE MHOTHX ONYOAMKOBAHHLIX pPalbor
b. B. Unpuxosa B 370it 00aacTH. HeKoTopeie H3/J0KeHHBIE B KHHTE uj1ed ObLTH
pa3BuTHl apTopaMu Bo BpeMsl paGoTh 1o KoHTpakTaM ¢ HaunuMoHanpHBIM HayUHBIM
boHAOM, MHHHCTEPCTBOM 3HEPTeTHKH H HAaYYHO-HCC/AEJOBATEJIBCKHM Yyrpan.e-
HUeM BOEHHO-MOpCKMX cud. Oaun w3 astopos (A. JI.) Giarogapur 3a rocTenpi-
HIMCTBO KoJJenXk ¢B. Exatepunsl B Oxcdopae, a apyroit (M. JI.) ctoab ke npuaua-
reqer Mmnepckomy koaeaxy B JloHjode, rie Omia MOArotos/jeHa 3HAYHTEb-
Hag 4YaCTb PYKOIHCH.

A. Jduxmenbepe,
M. Jlubepnan
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OBLLUN OB30OP M OCHOBHBIE
MNPEACTABJIEHUA

§ 1.1. BeoaHble 3amMeyanus

DTa KHUTa I[OABHJIACh B Pe3VJ/bTATe HCCIEJOBAHHN MO HEJUHEHHOMH
JUHaMuKe. llesabto Hcc/ielOBaHUH OBLLTO BLISICHEHHE NMOBEAEHHST OT/Je/b-
HOTO OCUMJJASATOPA MPH MEAJEHHOM H3MeHeHHH €ro napaMerpoB, C O/-
HOU CTOPOHBI, H TOBEJEHHS HeCKOJbKHX c1ab0 B3aUMOAEHCTBYIOIIUX
OCUHJAAATOPOB — € APYTOH. ITH JABe NpobJaeMbl, KOTOpbie TepBOHa-
yaJdbHO paccMaTpPHUBAJHUCh He3aBHUCUMO, 0Kal3aJHChb TECHO CBSI3aHHBLIMH
MexK 1y COO0H B CJydyae MHOTOMEDHBLIX CHCTEM.

CylllecTBeHHBEIH TpOTpecc B MOHUMAHHH 3(hdeKTa MeIJeHHOTO H3-
MEHeHHs IapaMeTpoB Oblt AOCTHTHYT Ha CosbBeeBCKOH KOH(epeHUHH
1911 r. 6aarogapsi diumTediHy, KOTOPLIH yKasaJ Ha 3HauYeHUE HHTEr-
paja jgedcTtBHs B pusuke. OH OTMeTHJ, UTO «ajHabaTHUYeCKoe» MOCTO-
STHCTBO ~ JCHCTBHA, TMPOAEMOHCTPUPOBAHHOE  BHepBule JIHYBH/IEM
u ['puHOM 3a TpH ueTBEPTH BeKa A0 3TOTO, NMPAMO CBA3aHO ¢ (hH3HUe-
CKMM IIpeJCTaB/IeHHEM O TOM, YTO UYHUC/JQ KBAHTOB B MEAJEHHO MEHSIIO-
LedcA CHCTeMe JOJXKHO OCTaBaThCcA NOCTOAHHLIM. [loABHBILHiCA B pe-
3yqabrare mMetod Benpeas—Kpamepca —Bpuaiosna (metoq BKB 1427,
23D, 41]) cTaa oCHOBOH BOJTHOBOH MeXAaHHKH, a TaKxKe TEOPHH Paclpo-
CTpaHeHHsI BOJH B HEOZHOPOAHLIX cpeAaX. COOTBETCTBYIOLLYIO MaTe-
MATHUYECKYIO TeopHio pasBuId boroawo6or uw Murtponoasckuin [33 ]
H Kpyckan [239]. Cefiuac ona mMpoxo HM3BecTHa KakK MeTOJ ycpel-
Henusa 1).

Jpyroe HanpaBJjeHHe HCC/JIe10BaHUH, Kacalouieecsl CBA3aHHbLIX He-
JUHEHHBIX OCHHUJIJATOPOB, HAYAJAOCH C [ONLITOK PELIUTh 33J4ady Tpex
TeJ B HeOeCHOH MeXaHHKe, KOTOpasd CJAYXKUT yNPOUEHHOH MOJE/IbIO
Cosineunolt cucrembl. Pannue pa6otel 10 3TOH npobsaeMe BOCXOAAT K
TpyaaM ['amuabToHa W JIMyBHAJAS cepeaunbi XIX B., KOTOpHIE CTHMY-
JUDPOBa/AU pa3BUTHe TaMHALTOHOBOH MeXaHHUKH, Jexalleld B OCHOBe
OOMBIIMHCTBA COBpeMeHHBIX HccaenaoBannid. K kouny XI1X B. mHorue
HAeH, KacaiolllHecsl YCTOHYHMBOCTH HeJHHEHHBIX CHCTeM, ObLIM PacCMOT-
pennl [Tyankape [337] u mpumeHensl M X mpo6ieMaM HeGeCHOH Me-
xaHuKd. Mmenno B storT nepuon Ilyankape, Ueitnenr (4191 u apyrue
pa3paboTaad MeTOAbl TeOPUH BO3MYLUEHHH, KOTOpble OKa3adHcCb CTOJb
NJOJOTBOPHLIMH 1IPH ONMCAHHM TOBEJEHHS HEJHHEHHBIX CHCTEeM Ha

1) AcCHMNITOTHYECKHE MeTO]H HCMOJb30Baauch yxe [lyankape ([337],rn. 8)
M OLITH pa3BHTH AJfA pellleHHs WIHPOKOro Kpyra 3ajay HeJJHHeHHOH MeXaHHKH
H. M. KpwaosuM, H. H. BoroaoGoBuim # HX wKoJoK (cM., Hanpumep, [242]
v [447, 1. 1]).— Hpum. ped.
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KOPOTKOM HHTepBaJie BpeMeHH. [losiBjlenHe KBaHTOBOH TeOPHH 3HA-
YUTEALHO CTHMYAKPOBAAO 3TH HcC/AeqoBaHMA. Tak, pe3oHaHCHas Teo-
pHs BO3MYIIEHHH, NO3BOMAIOILAS YYeCTb JOKa/AbHOE pe3OHaHCHOe
B3aHMOJAEHCTBHe MEXIy ABYMs CTeleHAMH CBOOOABI, Gbia chopmysu-
poBaHa y¥e Ha 3ape KpanToBoi MexaHuxu [34]. Krnaccuueckas teo-
pHS BO3MYILEHHHA, a Tak¥Xe Oosee coBpeMeHHBIH (popMaausm Jin (cM.,
wanpumep, [(102]) 6yayr paccMoTpeHH B 1. 2,

Baxubiii Bonpoc, Ha KOTODBIH He CMOI/Ia OTBETHTL PaHHSSI TEOPUS
BO3MYIIeHHH, 6Bl BONPOC O AJHTeNbHOH ycroiuuBocTH Co/IHEYHOH
cucrembl. IIpeo6i1anaio MHeHHe, UTO JABH’KEHHe TAHeT ABJASAETCS «pe-
ryJsipHbIMY (KBasHIIePHOJHYECKHM) M B KOHEYHOM cyeTe MOXKeT OblTb
BBIYHCJIEHO IIPH ITOMOLIM HOBBIX MaTeMaTHYeCKUX MeTOAOB. DTO MHeHHe
NOAKPeIVIAN0Ch H3BEeCTHLIMH PelleHHUAMH 3alaud ABYX Tesd H JPYTrHX
NPOCTHIX MeXaHHUYeCKHMX 33jady, a TakikKe HHTeplperallied NaJIeOHTOJIO-
THYECKMX JaHHBIX, KOTOpble HaBOAMJIHU Ha MBICJAbL O PEryJIsApHOCTH JBHU-
skeHUs1 3eMiid BOKpyr CoJHUA B TedeHHe COTeH MUJJHOHOB JIeT.

[IpoTuBONMONOKHLIN BIVIfL] Ha MeXaHUYeCKHE CHCTEMbl CO MHOTHUMH
cTerneHsAMH CBOOOAH Obll BbIIBUHYT DOJbIMAaHOM ITPH IMONBITKE MOHSTE
noBeJeHHe pa3peXkeHHBIX Ta30B. OH CYHTad, YTO JBHKEHHME MOJIEKYJI
cjeyeT pacCMaTpHBaThb Kak cJaydaliHoe, Npu4eM Ka)XJoi MoOJeKyJe
JOCTYIHA BCA 3HEPreTHYeCKHM pa3pelieHHad o0vacTh (Ha3oBOro Mpo-
CTPAHCTBA. DTa TOUKA 3peHHs M3BeCTHA KaK 3proguyeckasl THIOTe3a,
cTaBulasi OCHOBOM KJIACCHYECKOH CTAaTHCTHUECKOH MeXaHHUKH. OHa Oblia
C yClleXOM HCMOAb30BaHa NpPH OOBSCHEHMH MHOrMX Hab/IogaeMbiX
CBOUCTB BelleCTBa.

ITepByi0 MONBITKY YUCAEHHOH TPOBEPKH 3IProgHUeCKOf T'HIIOTE3bf
BoabumaHa AAS1 CHCTeMbl ¢ yMePeHHBIM HYHCJOM CTelleHed CBOGOJBI
npepnpunsnu ®epmu, [lacta U Yaam (127 ], KoTopble HCIOJIb30BaJH
Mojedb B BHJE LENOYKH HeMHHeHHO B3aHMOJEUCTBYIOIUHX COCPELOTO-
YeHHBIX MacC. K UX yJUBAEHUIO, YUC/IEHHble KCIepUMEHTH! He [10ATBeD -
JHIH 0XKHJIAaeMOe CTOXACTHUECKOe JBMXKeHHe MOAeTH.

Jto rayboKoe MPOTHBOPeYHe MEXKJY CYLIEeCTBOBAHHeM HHTErpupye-
MBIX CHCTeM, C OJHOH CTOPOHBI, H 3ProgHyYecKHX, ¢ Apyroi, ObLIO CUMII-
TOMOM HEKOTOPOM (yHIaMEHTaJIbHOH HepelleHHoH TipobJeMbl KJacCu-
UeCKOH MeXaHUKH. OnpenefNeHHbIH BK/a] B paspelieHde 3T0ro poTHBO-
peunss BHec IlyaHkape: OH mpOIeMOHCTPHPOBAJT, YTO B OKPECTHOCTH He-
YCTOHYHBLIX HENOABUXKHEIX TOYEK JABH)KEHHe HMeeT YPe3BbiYaiHO CJI0XK-
HBIH XapaKTep. 3TO ObLT MepBbIH HaMeK Ha TO, UTO PeryJspHble CHIBI
MOTYT MOPOXKJaTb CTOXacTHUECKOe JBH)KEHHe B HeJHHeHHBIX KoJgeba-
TeAbHBLIX CHCTeMaX. Bnocieacreuu Bupxrodp [29] nmokasana, uTo npu
pauroHaJbHOM OTHOLWEHHH YacToT A JBYX cTenenefi cBoOoibl (pe-
30HaHC) BCerja cCyIleCcTBYIOT KaK YCTOHYMBBIE, Tak H HeyCTOHUHBLIE
HellOABHKHbIe TOYKH. Pe3oHaHcH Bce 6ojiee BLICOKOIO Mopsaka u 6o-
Jlee MeJIKOrO MaciuTaba mocsegoBaTe/lbHO H3MEHSIOT TOMOJIOTHIO (ha3o-
BblX TPaeKTOPHH H TIPUBOAAT K 0O6PA30BAHHIO «UEHOUKU OCTPOBOBY.
Bbl10 yCcTaHOBJEHO, YTO psAAbl TeOPUH BO3MYIIEHUH He OMHCHIBAIOT Ta-
KHe Pe30HAHCHL.
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Xorsa padorbl IlyaHkape u bupkrogpa npojeMOHCTPHPOBAAH upe3-
BLIYAHVIO CJOXKHOCTb TOMNOJOTHH (Ha3oBOro npocTpaHcTBa, BOMPOC
00 5ProgW4YHOCTH ABHIKEHHUS, T. €. O TOM, IOKphiBaeT JIH TPaeKTOpHS
BCIO SHepPreTHYeCcKH JOCTYIMHYIO 06JacTh (Pa30BOrC MPOCTPAHCTBA HJIH
’Ke OHa OrpaHHYeHa KaKHMH-TO UHTerpa/jdaMd JBUXKeHHs, OCTaBa.Cs
J0 HenaBHero BpeMenll 6Ge3 orBera. Teopema Koamoroposa [229],
JOKaszaHHasi [pH pa3IHUHLIX  OrpaHHdeHusiX  Aphoapiom  [10]
H Mozepont [308] (reopema KAM), vyTBep:kaaer, dTO I[pPH BO3-
MYLIEHHH HHTETPHPyeMbIX  CUCTEM  HHBapHaHTHBEIE  IOBEPXHOCTH
COXpaHsIlOTCSI  AAs  GOJBIIMHCTBA  HayaJbHRIX  yCOI0BHH.  XoTd
JBHXKeHUe BOJU3U celMmapaTpPHUchl KaXKJAOr0 pe3oHaHCa H SABJIAETCH
CTOXAaCTUYeCKUM, OHO OrpaHH4YeHO COCeJHHMH HHBApHaHTHLIMH IIO-
BEpPXHOCTAMH H He $BJsieTcs 3progudyeckumM. B rmi. 3 Mbl pac-
cMotpuMm Teoputo KAM w cBsizanHbie ¢ HEI TOMNONOTHYECKHe pe-
3yJbTaThi, KOTOpbIE CJYyKaT OOOCHOBAHHEeM MHOIKX MeTOJAOB, OICaH-
HbIX B 3TOH KHHTe.

Hapsay ¢ AOCTHXKEHHSIMH TEOPHH BO3MYLIeHHH H APYTHMH MaTe-
MaTHYeCKHMH pe3yJbTaTaMH, OJHOH H3 OCHOBHBIX MOGYIUTENIbHBIX MPH-
YUH BO3POXKJEHUS HHTepeca K HeJHHeHHOH MexaHHKe ObLIO H3o6pere-
HHe nupposor IBM. Yike ¢ camoro Hauajda HcnoJdn3oBaHHe IBM 115
HHTETPUPOBAHHS YypaBHeHHH JBHXKeHHS ObLIO COEIHHEHO C MeTOAO0M
ceueHus IlyaHkape, TMpuH KOTOpOM TaKoe HHTerpHpoBaHHe N-MepHBIX
ypaBHEHHH 3aMeHsieTcsl HTepalueld coorBercTBYollero (N—I)-MepHoro
oToOpaxKeHHsi. B pesyJjbTaTe 0Ka3aloCh BO3MOMXHBIM HabaogaTh 3a
JBHXKEHHEM CHCTeMb! B (ha30BOM NpPOCTPAHCTBE B Te€YeHHE COTEH ThiCHAY
KoneGanuil. OCHapykeHHble yXKe B IepBbIX 3KCIepHMEHTAaX YAHBH-
TeJbHO TOHKHE IIPOCTPAHCTBEHHBIE CTPYKTYPHI JBHXKeHHsI OLICTPO IpH-
BJIEKJIH BHUMaHHe KaK TEOPETHKOB, TaK H 3KcnepHMeHTaTOpoB. Orcrona
JIB€ OCHOBHBIE OCOOEHHOCTH Halllero H3J0KeHHsi MaTepHasa: Mbl CyLecT-
BEeHHO OMHpaeMCs Ha pPe3yJ bTaThi YHCJIEHHOTO MOJeNHPOBaHHA, C Of-
HOH CTOPOHBI, H Ha COOTBETCTBHE MEXKJAYy HENMPepPBIBHLIM JBHIKeHHEeM
(N-MepHBIM MOTOKOM) U €ro JUCKPeTHbIM (N—I)-MepHbBIM 0TOGpaKe-
nuem [lyankape — ¢ apyroit (cm. ra. 3). lleHTpaJbHBIM MOMEHTOM
Hallero ONHCaHHs AMHAMUKH SIBASETCA YUC/AEHHBIH SKCIepHMEHT, KO-
TOPLIX CUHTaeTCsA, KaK I[IPaBHJIO, OKOHYATeJNbHOH HPOBEPKOH TeOpeTH-
yeckKoro aHasusa. IIpuMepbl yHC/AeHHOTO MOJAENMPOBAHHA MPHBOAATCSH
B KaXkKA0{ TIViaBe TaKxke A8 MJMOCTPAIMH H TOACHEHUs (PU3HUeCKOH
CYLIHOCTH SIBJAEHHN.

M3 jeranbHbIX YHCAEHHBIX 5KCNEPUMEHTOB H  COOTBETCTBYIOLIHX
TEOpeTHYeCKHX HCC/e0BaHUH BO3HHKJAA BecbMa HeoOblYHAdA KapTHHA
(pazoBoro mpocTpaHcTBa €1a60 BO3MYLIEHHBIX CHCTeM. BGJIH3H peso-
HAaHCOB TOIIOJIOTHSI HEBO3MYIIEHHBIX MHBAapHAHTHLIX NOBEPXHOCTEH
H3MEeHsIeTCsT H o0pasyeTcs XapakKTepHas pe3oHaHCHas CTPYKTypa, Mo-
X0XKasl Ha «1eMOYKYy OCTPOBOB». BHYTPH OCTPOBOB TOMOJIOIHS TaKXKe
H3MeHseTcs, MPHBOASA K elle Godee MEIKOH pe30HAHCHOH CTPYKType
H T. 1. OnHako BCsl 3Ta CTPYKTypPa — TOJbKO 4acTh I[IOJHOH KapTHHBI
ABHZKeHHs, KOTOpas BKJIOYaeT TaKiKe IJIOTHYIO CHCTeMy TOHKHX CJ0eB
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CO CTOXACTHUECKUM JBHKEHHEM. AHaMH3y 3TOH CTPYKTYPhl NOCBAIENA
GoJiblllaf 4acTb IJ. 3.

st cnabo BO3MYULEHHBIX CHCTeM C ABYMS CTEICHAMH CBOGO/bI TOH-
KHE CTOXacTUYeCKHe CJOH oTiaeseHbl APyl OT JPYra HHBAPHAHTHLIMU
IMOBEPXHOCTAMH, & CTOXaCTHuecKHe KoJeOaHHsA IlepeMeHHbIX AeHCTBHUS
BRYTPH CJOAl OKa3LIBAIICA 3KCINOHEHIIHAAbHO Ma/biMH ([0 BO3MYylje-
HHIO). C yBeMHUeHHeM BO3MyLieHHST BO3MOMKeH MePeXof, NPH KOTOpoM
U30JTHPYIOUIHe HHBApUaHTHbLIE NOBEPXHOCTH paspyuialoTcsi ¥ CToXa-
CTHUECKHE CJIOH CJIMBAIOTCs, TIPHBOAA K TrA00aJbHOMY CTOXAacTHYe-
CKOMY JABHKeHHIO. DPa3oBoe MPOCTPAHCTBO MOXKHO pa3fielIUTh HPH 3TOM
Ha TpH obaactu. OgHa M3 HHX COAEPXKHUT B OCHOBHOM CTOXACTHYECKHE
TpaeKkTopuu. Ouna cBsizana ') co BTOpo# 06.1aCThiO, 3HAUYHTENLHYIO 9aCTh
KOTOPOH COCTABJSET TNMO-NpeXXKHeMY CTOXacTHYeCKasd KOMIIOHEHTa IBH-
JKCHHSI, HO BHYTPHU ee€ yxKe HMelOTCs 00JbLIHE OCTPOBa pPeryJisipHOro
JBHKeHHA. Tperbsi o6oacTh COAEPHHUT TJIABHLIM 00pa3om peryJsipHble
TPACKTOPHH W OTjJe/]eHa OT IMepBbIX JABYX HHBAPHAHTHBHIMH TMOBEPXHO-
cranmH. Kuiaccuveckuil npumep, HIIIOCTPHPYIONME Nepexojy OT MOUTH
PEry.IgpHOTO K CYIECTBEHHO CTOXaCTHYECKOMY ABHIKCHHIO, OblT npen-
Joxen XeHonom M Xefiecom [1881 a5 MogenuwpoBanus AMHAMHKH
B 3ajade Tpex Ten®). UucaeHHbe 3KCIEPUMEHTH M CBA3aHHBIE C HHMH
3BPHUCTHYECKHEe TCOPHH, pa3BHUTble 3a I0CAeqHMEC JABaAlaTh JeT, IIpo-
SICHHJIM OCHOBHBIe IPOUECCHI H [IO3BOJHJH ONpele]HTh BeJHYHHY BO3-
MYILEHHsI, NIPH KOTOPOH IPOUCXOAHT TAKOH MepeXOl. IDTH pe3y.abTaThi
HUTIOCTPHPYIOTCH B I1. 3 Ha npuUMepe yckopenust Pepmu, IepBOHa-
YaslbHO TMPEVIOKEHHOro JJIs1 oObACHeHHS IMPOHCXOXKIeHHMsI KOCMHuYe-
CKHX Jaydel. PaccMmarpuBaercst Mojgeab, B KOTOPOH YNPYIHH IMapHK
K0J1e0/1eTCsl MexXKJy HENOJBHAKHOH U BHOPUpYIOWeH creHKamu. [adee,
B IVI. 4, onpee/siiOoTCsl YCJAOBHA Iepexoga OT JOKalH30BaHHOH CTOXa-
CTHYUHOCTH K ryo6anbHoi. [Ipu 3T0M HCNOAB3YIOTCS pas3aHuHble MOJ-
X0l K 3ajave (cM., Haupumep, [70, 1651).

Bce ynomsinyThie MeTOALI MPHMEHSIJIHCh NPH HCCJEI0BAHHH IHPO-
KOIr'0 XKpyra 3ajad KakK Ha HadaJbHOM 3Talle pa3BHTHS TeOpHH, Tak
M B TOCJTCAYIOUIMX npuaoxkerusax. [lpuaoxende K 3ajgaye Tpex Tedl
H €e MHOTOYHCJEeHHBbIM BApHAHTaAM O3HAMEHOBAJO IO CYILECTBY HAyaso
INMPOKHX HCCJAEeJOBAHHK B JaHHOW obJsacTtw®). BO3HMKAOT W HOBble 3a-
XBaTHiBalOlllHe I[IPUJOXKEeHHS B acCTPOHOMHH, HanpuUMep CTPYKTYpa
KoJgel, CarypHa wan nosica acrepoujos. KauecTBeHHO 3TO yjaaercs Mno-
HATb Ha OCHOBe MPeACTaBJeHRA O pe3oHaHcax ¢ DOJLBUMH BO3MYULA-
WHMH  tesiaMd. OAHaKO KOJHYeCTBeHHble jJanHble O ILIHPHHE KOJelLl
CaTypHa W JIIOKOB B paciipeJe/cHUH 4aCTePOMAOB, a TaKkike HEAaBHO
HabMI0JaBIIYIOCST ¢ KOCMHYeCKHX Kopalbjed CJ0XKHYI0O CTPYKTYDPY KO-
qery CaTypHa ellle NPeicTOUT OOBACHHTD.

1) TpaekTopusaMH ABHXKEHHUA.—— [Ipum. ped.

%) J1oT npumMep BO3INUK W3 3ajauMd O ABHKEHHH 3BE3]bl B NONE TANAKTHKH. —
fpum. ped.

3) Jro, moxaayil, npeysennueHne, BCIOMHHUM XOTSH Obf KaaccH4ecKHe TPYIHl
Ilyankape no HeGecHoit mexaumke.— [Tpum. peod.
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ApyriM BamHbBIM MPHJIOXKCHHEM SIBJAAETCS JBHXKeHHe 3ap s»KeHHOI
YACTHIB! B MAarHUTHOM H 3JeKTpHueckoM noasx. llpexkze Bcero Obi10
VCTAHOB/IEHO, YTO MATHUTHLIA MOMEHT ABJIseTcsd aaHabaTHyecKUM HMHBA-
pPHAHTOM, CBSI3AHHBIM C JAPMOPOBCKHUM BpaileHueM 3apsi’KeHHOH ua-
cruusl [7]. B 1aipBeiimem OblIM paccMOTpeHbl alHadaTHyecKue HH-
BapHAHTbLl H 114 IPVTHX CcTereHeH CBOOOABI 4acTHUbl. JTa 3a71a4a CTH-
MYJIHPOBA1a pas3BliTHe ACHMIITOTHYECKUX PAa3/OKEHWH H TEeXHHKH \VC-
peTHeHHs, a Takxe Heetenopannsd Uupukosa |67 ], B KOTOPHIX OH H3Y -
yal nepexop MeIAV pPEryJIsipHEIM H CTOXACTHYeCKHM [BUXKEHHEM W
VCTAHOBH.I NEPBbIH KPHTEPHH TaKoTo nepexona (KpHTEpHH NEPEKPbI-
Tiisl pe3oHaHcoB). B nanavueitiniem Opl1 5IpoBeieH V4T BJIHAHHA BBICOKO-
4aCTOTHOTO NOJAs BCICACTBHC €r0 pe3oHaHca ¢ JapMOPOBCKHMM Bpaiie-
HHem. B pesy.ibrate ObLT HaljeH mpefes AJ5 BBICOKOYACTOTHOTO HA-
rpeBa, CBA3aHHBLIH C CYIIECTBOBAHHEM MHBAPUAHTHLIX KPHBLIX. Poj-
CTBEHHAsl 3ajda4a O JBHKCHUH YACTHIIB! B HAMATHHYeHHOH I1/14a3ME [0
ACHCTBHEM BOJTHBI, HJIMIOCTPHPYIOmMAS MHOTHME M3 BHIIEYTIOMARVTHIX
OCOOeHHOCTefI IABMKEHMS, HCIOAb3VeTcsl B KauecTse npuMepa st pe-
30HAHCHOH TEOPHH BO3MVIIEHHH (1v1. 2) U AJSA onpejeleHHs nepexoid
OT a7uabarHyeCKOro MOBeICHHSI K cToXdacTHuyeckoMy (rva. 4). JIpyrum
HHTePEeCHBIM MPHJIOKEHHEM TEOPUH ABJSETCs ABVXKEHHUE YaCTHIL B Y CKO-
putessix. FimeHHO B 31Ol ofniacTi OblK [POBELEeHb! HEKOTOpbie paHHue
HCCJIEIOBAHUA MOBEACHHA MHOIOMEPHBLIX HEJHHEHHBLIX CHCTeM. Y paB-
HeHMs ['aMu.1bTOHA MOTYT OBITh HCMOJAB30BAHBI TAKKC U A9 ONHCAHHS
APYTHX THIIOB TPaeKTOpPWH, TAKMX, KAaK MarHuTHbIE JHHHH WIH JYUH
B IeoMeTpUYecKOod onTvke. B cayuae akcualnbHO CHMMETPHYHOH TO-
POHAANLHOH TEOMETPHM TaMWJIbTOHHAH, OMNUCHIBAIOWKA MarHHTHBIE
JIMHHH, OKa3sbiBaercsl MHTeTpHPyeMbiM. K HacrosuleMy BpPeMEHH YiKe
NpoBeaer pAlL HCCIeTOBaHUA 110 paspylleHHI0 TOPOHIadbHLIX MarHHT-
HBlX MOBepPXHOCTeH BO3MyIeHHMSMH, BO3HHKAIOIMMI KakK OT BHELIHHX
TOKOB, TdK H OT CAMOCOTJIACOBAHHBLIX TOKOB VACPKUBAEMOH IJId3MBbl.
ITogo6uble npu1okeHUs: MCNOAB3VIOTCH HUxe B KAYeCTpe PHMEPOB, a
TaAKXKe KPATKO O0CYKJIalTcad B JJONOJHEHHH A.

Cy11ecTBOBaHHE ABHKEHHH, KOTOPLIE MPOABJISIOTCA NMPU YHCIEHHOM
MORENUPOBAHWI KaK CaydaidHble, HAJeXKHO ycraHoBAeHo. OnHAKO Ma-
TEMATHYECCKIHE MOMBbITKH OXapaKTePH30BaATh CTOXACTHYHOCTH C NOMOLLbIO
TAKHX [TOHSITHII, KaK 3PIojMYHOCTD, NepeMeluMBaine U TOMY NMoJ06HOe,
JlaTeK0 He Bceria oKasblBaluch yenewHbimu Y). Cunai [377 ] nokasaa
3TH CBOHCTBA /714 rasa TBepiblX IIApHKOB. DBIJIO NMOKasaHo Takxke,
UTO HEKOTOPBhIE MOZeIbHbIE dMHJALTOHOBLL CHCTEMbl 001aJal0T JaKe
GoJslee CUABHLIMH CTOXACTHYECKHMH CBOHCTBAMH. DTH PE3YJLTATHI, OIH-
CAHHLIE B II. 5, AAI0T OCHOBAHHE CUUTATh, UTO CJVUAHHOCTH JIBHXKEHHUSI
HMeeT MECTO M 18 THIHYHOH TaMMJILTOHOBOH CHCTEMBI B TOM c.JIyuae,
Korja oHa o0.Jajaer TOBeeHHEM, XapaKTepHbiM ATl HealH3HpoBaH-
HBIX MOJeJIel.

1) 3aecs, mo-BHAMMOMY, HMEIOTCS B BHAY TPYLHOCTH 2HAJMTHUECKOTO BHIAB-
ﬂeguﬂ YKa3dHHBIX CBOHCTB B KOHKDPETHBIX [HHaMu4eCKUX CHCTeMax. — [Tpun.
pPeg.
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Kaxyiascsd CToXacTHUHOCTL ') NBUXKEHUH B NOTOOHBIX CAOKHBIX
cHcTeMax JdeT OCHOBaHHe TOBODHTb O MPHHIUMIINAIBHO HOBOM [0JIXO01€
K CTATHCTHUECKOH MeXaHUKe M I103TOMY TIPHBJeKaeT,.K cefe Bce 0o.ed
HIMPOKHH Kpyr HccjegoBatesed B 31od obaacTH. CI0MHOCTb IBHKE-
HUsT BOJH3H HeYCTOHUUBHLIX MEepPHORMYECKUX pPelieHHIl U TOT (akT, 4To
3TH HeyCTOHYHBbLIe TpaeKTOpUH o00pa3yioT B (az0BOM NOPOCTPAHCTBE
BCIOAY TJIOTHOE MHOMECTBO, CJYyKaT CepPbe3HbIN JOBOIOM B I0Jb3Y
TaKOH TOUKM 3peHHUs. B moc/seqHee BpeMs 3HauHTeIbHble VCHAHS OBLTH
HallpaBJ/eHbl HA BbiCHEHHME CBs31t CTOXACTHUYECKOI'O BHMKEHHA C fO-
KazaTeasiMHd JIAnyuoBa, KOTOpble OHPeAedstoT CKOPOCTh 3KCIIOHEeHLLH-
aJbHOH PACXOIUMOCTH OJH3KHX TPaeKTOPHil. DTO BakKHO TakXKe H C
[IpaKTHYECKOH TOYKHM 3peHusl a5 BBIYUCJAEHHA  VCPEIHEHHOH 1o
dasam CKOpocTH judpys3un Mo mepeMeHHbIM JeHcTBHS. B npouwiom
TaKWe BBIYUCJIEHHS TMPOBOJUANCH B TPEINOJOXKEeHHH O CaydyalHOCTH
¢a3. SIcHO, YTO 3TO NpPEANoJoKeHHEe HeClpaBeJHBO IIPH HAJUYHU IH-
BapHAHTHBIX KPHBLIX, OrpasuuHBaroiux o6.1actbh H3MeHeHHs (as3.
~laxe B cjaydae IIOJHOH 3PTOJUYHOCTH, KOrja ABH:KeHHe OXBAaThiBaeT
BCIO 3HEPTeTHUYeCKYIO NOBEPXHOCTb, HEOOXONMO ellle ONpeaeadThb Mac-
mTtab BpeMeHH, Ha KoTOpoM (a3bl CTaHOBATCH ciayuaduabiMH. [Ipose-
JeHHble UHCIeHHble H aHaJUTUUYECKHUE HCCAeI0BaHus HO3BOTHIU Ty 6:Ke
MOHATHL NpobieMy yObiBaHusA $a3zoBHIX KOppelduni BOIH3H UHBApUAHT-
HBIX IOBepXHOCTeH. ITH BONPOCH OYIYT PacCMOTpeHbl B TUI. J.

CymiecTByeT 3HaYHTeAbHOE Pa3auyHe MeKAY CTOXACTHYHOCTBLIO B CH-
creMaX C JBYMA H OOJbUIHM YHCJAOM CTelleHed cBoGoabl. Flcnoab3ye
TOIOIOTHYECKHe coobparxkenusi, Apunoapa [12] mokasan?), uto aasa cu-
cTeM c Gojiee yeM JABYMsl CTeNeHSAMU CBOOOJB! CTOXaCTHUeCKHE CJI0U CBS-
3aBbl MeXK1y co0oi H 06pa3yiorT B (a3oBOM NPOCTPAHCTBE MJOTHYIO
«NayTHHY». [1J1g HavaJbHBIX YCJOBHMI Ha 3TOH NayTHHE CTOXAacTHYe-
CKOe JBHXKeHHe HAer BJOJAb CJA0eB, NPHUBOAA K TV00abHOH au(pDV3HH,
He OrpaHUYCHHOH HHBAPHAHTHLIMU TIOBEPXHOCTSIMH. IJTOT MeXaHH3M
NPUHATO Hasbieath auddysnedt Apuonpaa. OHa MoxeT ObiTh OGblcTpoOi
WK MeJIJeHHOH B 3aBHCHMOCTH OT TOJUMHBLI CTOXACTHUECKHX CJA0EeB.
Takasa augdyausi cymecTByer (B MPUHLIHNIE) A/ CKOJAb YTOZHO MaJihiX
BO3SMYINEHHH HHTErpHPyeMbIX cHcTeM. Eme oanH uHTepecHbilt adpexT
B MHOTOMEpPHBLIX CHCTEMAax CBSI3aH C MelJeHHOH MOAVJISIIHEH OAHOro
H3 Tlepuoaudeckux npixeHui®). B 370M cayuae cToXacTHyeckoe JBHIKe-
HHe BJAOJb [AayTHHLI MOXeT 3HAUHTENbHO VCHJIMBATLCH 34 CYeT Tak
Ha3biBaeMOH MOAY.ISIUMOHHOH AH(pY3HH. DTOT MEXaHH3N MpOTHBOpe-
YHT UHTYUTHBHOMY TPEACTABJACHHIO O TOM, UTO MelJeHHasd MOAYJIALMS
JOMKHA NPUBOAUTH K aaHabaTHdeCKOMY MOBeJieHHI0!). B MHOTOMepHLIX
CUCTEMaX Pe30HAHCHI MOTYT 3HAUYUTEALHO BAUATL Ha Auddysuio Taxkke

1) D10T OCcTOpOMKHBI TEpMHMH ceilyac yyKe He omnpaplaH (CM., HaipHMep,
[448] n mouynspuue cratou {61, 449—452)).— Hpun. peo.

%) Cm. Takxe [462].— Ipun. ped.

3} MimewoTcs B BV HeBO3MYyIlEeHHbIE KOae0aHHs 110 OJHON M3 He3aBHCHMDLIX
creneHeldt ceobonbl.— fIpum. ped.

1) Cs. npumeuanne pepakTopa Ha c. 367.— IHpum. ped.
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W Omarofaps BHEWHeH cTOXaCTHUHOCTH (wyMmy). [ss cucrem ¢ aByms
cTeneHAMU CBOOOALI JeHCTBHE LuyMa 3KBHBAJEHTHO, BOOOUle TOBOps,
Ha/IUYHIO TpeTbeH CTerneHH CBOGOABI U MPUBOAUT K AHGDY3uH BIO/Ib
pe3oHancoB. [IpH 3TOM pe3oHaHCH MOrYT 3HAUUTENbHO YBEJHYHMBATDL
ckopocTb gudppy3uu. CynuTaercst, YTO 3TH I[POLECCHl MOTYT OrpaHH4H-
BaTh BpeMs >KU3HH YaCTHLl U HHTEHCHBHOCTH IMyYKOB B HAKOMUTEe/NbHbIX
KoJbuax. B r1. 6 Mel paccMoTpuM Auddys3HOHHbIE IIPOLECCH B MHOTO-
MepPHBIX CHCTeMaX, Bk/ouas Audpysuio ApHonbia U MOAYJISLHOHHYIO
auddy3uio, a TakKe COBMeCTHOe NeHCTBHe BHewiHero IiyMa W pe3oHaH-
COB.

Hogas o6nacts siBiendH BO3HHKaeT B JHCCHINATUBHBIX CHCTeMax,
ha30Bblli 00beM KOTOPhIX He OCTaeTcsi TMOCTOAHHLIM, a CoKpallaercs
co BpeMeHeM. KoHeuHoe COCTOSIHHe B 3TOM cC/yd4ae IIpejicraBJaseT CO-
6oy JBUKeHHe Ha HEeKOTOPOM IMOAIIPOCTPAHCTBe, Ha3piBaeMOM arrpak-
TOPOM, pasMepHOCTb KOTOPOrO MeHbllle pasMepHOCTH HCXOAHOIO da-
30BOro npocrtpanctsa. lsyuenue pery/aspHoro JABHKeHHMsI B TaKHX
clcTeMax BOCXOauT K HblOTOHY U B jgafibHeHuueM GbLIO CBSI3aHO ¢ pas-
BHTHeM TeOpHH OOLIKHOBeHHBIX gU(xpepeHUHATbHBIX ypaBHeHHH. Ha
3TOU paHHedl cTajuu ObLIO BBIACHEHO, YTO TPAEGKTODHA MOMKeT IPHUTH-
FHBATbCA K TaKHM MPOCTHLIM aTTPAKTOPaM, Kak HENOABHKHLIE TOUKH,
3aMKHYTble TPAaeKTOPHH W TOPbl, Ha KOTOPHIX YyCTaHaBJAUBaeTCH, CO-
OTBETCTBEHHO COCTOsSIHHE pPaBHOBeCHs, NepHOgHYecKOe H KBa3HIIePHOILH-
yeckoe ABHKeHHe. M TOJMBKO cpaBHUTeNbHO HeNaBHO, B IHOHEPCKOH
pabote Jlopenua [2831, 6b10 MoKasaHo, YTO ¥ B JUCCHNATHBHLIX CH-
creMaxX BCTpeyaeTcsl XaoThyeckoe aBUiKeHHe. JlopeHL Oo0Hapy»kHJ Ta-
KO aTTpakTop B MOJelH, ONHCHIBAEMOH CHCTEeMOH OGLIKHOBEHHLIX He-
JuHeHHbIX aupdepeHUHaIbUbIX YVpaBHEeHHH. Pioaab u Takenc [355]
UCcnoJb30Bas M 11 aTTpakTopa ¢ XaOTHYeCKHM JBHXKeHHeNM TepMUH
«cTpanHbiil arrpaktopsy!). Tononorus cTpanHBIX ATTPAKTOPOB BecbMa
npHumeyaTearna. OHa  XapaKTepH3yercsi MacluTabHOH HHBapHAHT-
HOCTbIO®), NPH KOTOPOH CTPYKTypa aTTPakTopa NOBTOPSIETCH Ha Bce
6o/1ee MeIKHX MPOCTPAHCTBEeHHBIX MacwTtabax. TakHe CTPYKTYpH, Ha-
3piBaeMble (pakTajaMmH, o00JanaoT JOOOMBITHBIM CBOHCTBOM JPOGHOMH
PasMepHOCTH, MPOMEKYTOUHOR MEXAY Pa3MEpPHOCTHIO TOYUKU M JIHHIM,
JHHHUHU M TTOCKOCTH U T. [.

Korna reoMerpHueckas CTpyKTypa CTPaHHBIX arTpakTopoB ObL13
BBEIAAICHCHA, BO3HHKJIA KayeCTBCHHAdA KapTHHA JBHKCHHSI, BaxKHOH 0CO-
OEHHOCTBIO KOTOPOH sBJsieTcs GAU3KOe COOTBETCTBHE MeXIY JBHXKe-

1) B nutepatype yxe ormedanach CTPaHHOCTL 3Toro TepMuna [74]. das cos-
peMeHHoH 3projiuyeckoil TEOPHH MNOAOCGHBIH arrpakrop SBJAsSeTCs, HanpoTun,
ecTeCTBeHHbIM. Ero cyulecTsopaHue BHITEKAeT, B YaCTHOCTH, W3 Teopembl AHocoBa
[81 o ctpyxrTypHOil ycTofiuMBoCTH Xaoca AJA AHHAMHUYECKHX CHCTEM OnpeileneH-
HOTO Kaacca, KOTOPBEE NOAYYHUIY 03] Hee Ha3paHue cuctem AHocomsa. C apyroid
CTOPOHBI, YNOoMMHaeMasi HuXKe (pakransHass CTPVKTYpa XAaOoTHUYECKOro arTpak-
TOP& He ABJSIETCH YHHBEPCAJAbHOH, 3TO MOXeT ObITb, HAaNpHMeD, H IPOCTO TOP.—
lpum. peo.

) B opurunane — geometric invariance (reoMeTpHuYecKas WHBAPHAHT-
HOCTb).— [Ipum. nepes. '
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HieM Ha CTPAHHOM aTTPaKTope H JBHKCHHUCM, OIIHCHIBAEMbIM HEKOTO-
PBIM OJHOMEPHBIN HeoOpaTHMbBIM OTOOpakeHHeM. Takue OTOOpaXKeHHsI
He BO3HHMKAIOT HeNOCPeJACTBEHHO H3 JUCCHIIATHBHBIX MOTOKOB'), HO SB-
JASI0TCH BaKHBIMM NPHUMepPaMH MPOCTBIX CHCTEM C XAO0THYECKHM II0Be-
JeHHeM H HaxXxOAT NPHJIOKEeHHe B TaKUX Pas3HbiX 06.1acTsiX, KaK 3KO-
HOMHKa M 3Koaorud. [lpu u3MeHeHUH mnapamerpa 3TH 0TOOpParKeHHs!
HCILITHIBAIOT 110C/Je10Barteblible Ou(pypKalKu, Takde, 4TO NMepHO Npe-
NeJbHOTO HHKJA4 KaXabld pas yJABauBaeTcsi. budypkauuu Hakamiu-
BAIOTCsI [IPH HEKOTOPOM KPHTHYeCKOM 3HaUYeHWH TapaMeTpa, BhIllie KO-
TOPOTO JBHXKEHHE cTaHOBHTCH XxaoTHueckuM., Geirendaym [122 | noka-
3a/1, 4TO 3TOT NMPONECC SABJAAETCS B HEKOTOPOM CMbIC/1e YHHBEPCAIbHBIM.

Onunako GakTHYeCcKd CTpaHHble aTTPAKTOPB! TMOABUJIHCHL BIepBLIe
B TpeXMepHbIX JIOTOKAX M CBA3@HHbLIX C HHMH JABYMEPHHIX OToOGpake-
HUAX. B 3TOM cayvae TakKxke HMeeT MeCTO MoCJ1e10BaTe/ IbHOCT OUYp-
Kallui ¢ yJaBOeHHeM MNepHoda. /LI NOHHMaHUs MOBejeHHT TaKHUX CH-
CTEeM Ba)KHO 3HATb JBH)KeHHe BOJIH3H CelapaTpHCHbIX CJI0EB U HHBa-
pHaHTHBIE pacnpejieldenda®). HecMOTpsi Ha COOTBETCTBHE MeK1y OAHO-
MepHbIMH M JABYMEpPHBLIMH OTOOpakeHHAMH, Halle 3HaHHe MOCJIeIHUX
HepocTatouHo. Hanpumep, B Hacrodiiee BpeMs HeT HUKaKOro MeTo/a
A5 OTbhiICKanHdA nepexoja K CTPAHHOMY aTTPAKTOPY B MHOTOMePHbIX
CHCTEMAaXx.

[losiBAeHHe CTPAHHBLIX ATTPAKTOPOB B TPEXMEPHLIX IIOTOKAX, Ta-
KHX, Kak MoJelb JlopeHua, yKasblBaeT Ha OJWH H3 BO3MOMKHBIX MeXa-
HHU3MOB BO3HHUKHOBEHMH THAPOAMHAMUYECKOH TYPOV.IEHTHOCTH. 3TO
CTUMYJIHPOBAJIO HUCKJIIOUHTEIBLHO TOUHble 3KCMepUMeHTa bHbie H3Me-
peHHusa BOJH3H [epexoja OT JdaMHHAPHOIO K TYPOYIeHTHOMY TeYeHHUIO
B peadbHbIX KUAKOCTAX. Mojear JlopeHua 6bi1a nonyvena haKTHUECKH
13 3a44auH O KoHBekuHH Paness—Dbenapa B noporpeBaeMon CHH3Y ¢.10e
AHJAKOCTH C YUIETOM TOJIBKO TPeX MOJ ABHKEHHA. XaO0THUECKOe JBHKe-
HHe B TPexMepHoM Mojedu v]openua NpeACTaBasdeT BO3MOXKHYIO Kap-
TUHY TypOYJeHTHOCTH M B HeKOTOPbIX peatbHBIX FHAPOJAHHAMHUeCKHX
cHCcTeMax, KOoTopasi OKa3bIBaeTCsl Mpoile, 4eM IepBoHadadbHble npei-
crasJenus Jlanwgay 1251}, JluHamMuKa JUCCHNIATHBHBLIX CHCTEM paccMar-
puBaercss B IJI. 7, BKJIOUasi OJHOMEPHbLIE H JIBYMepHbIe OTOOPAXECHHS,
a TakmKe THAPOAUHAMHYECKHE NPHIOKEHHS.

*§1.2. Teopusa npeob6pa3oBaHUi B MEXaAHHKe

B »ToM naparpage aaercss KpaTKHH 0630p OCHOBHBLIX TNOHSITHH T'aMHJb-
TOHOBOH MeXaHWUKH, HeoOXOAUMBIX AJ/5 aHadu3a JAUHAMHKH B (ha3zoBOM
npoctpancTBe. Msaokenne matepHana Oau3Ko K Kuure Iogacreifina
[156] (o1 8 ¥ 9) M cylllecTBeHHO OMHpaercst HAa Kype Yurtekepa [430].
BoALMHBHCTBO AJMHHHBIX J0KAa3aTeAbCTR ONYILEHO.

1) 310 He coBceM Tax, NepBHI MPHMEp Takoro ortobpaxennsi Oblji NOCTPOEH
eme Jlopenuem {283] (cm. taxxe [210] u n. 1.56).— [Mpum. ped.
2) To ecTb MHBAPHAHTHYIO Mepy Ha aTrpakTope.— [lpum. ped.
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* 1.2a. Kanonnueckue npeoGpazoBanus

Pasanunble 3KBHBaJeHTHble (hOpPMbl ypaBHeHHH JABHAKCHHA MOMXHO I10-
JAYYHTbL APYT M3 Apyra nyreM rnpeoGpasoBaHust NMepeMeHHbIX. OgHa H3
Takux QOpM noJsydaercsl B pe3y.bTaTe BBeAeHHs1 (yHKuHMM Jlarpadika

/

L(g.q t)=Tlqd )—Ula, ), (1.2.1)

rjle ¢ 1 g —— BeKTOpbl KOODJAMHAT M CKOPOCTeH IO BCeM CTelIeHSIM CBO-
6oanl, T — KuHerHYecKas 3Heprus, {/ — noreHuHasdbHas 3Heprud H Bce
CBSI3U [1PEAN01araloTCs He3aBHCANIMMH OT BpPEMEHH. YpaBHeHHHA ABH-
XKenud Jlarpamzka Qa8 KakjoH M3 KOopAWHaT (; UMeT BHI

d__oL at__o. (1.2.2)
dt (761.' dg;
t
ITH yPABHEHHH MOMKHO NOAYYMTH Ju60 H3 BapHALMONHOTO NpHHLHNA

(6 y Ldt — 0), aubo myTeM MpsIMOro CpaBHEeHHWA C 3aKOHAMH JBHIKe-
Hus1 HbloroHa. OnpemequM TraMU/JIbLTOHHAH [IOCPEACTBOM COOTHOLIEHHS

Hip. g, =2 qini—L (g, 4, 1), (1.2.3)

rie g paccMaTpHBaercsl Kak QyHKUMS ¢ ¥ HOBOH nepemeHHOH p. Bot-
yuCaaa THG(epeHiman H, noaydaem

o \ Y oH oH
IH = dg; 2- dp; + -—— dt =

d
A oL N ;
- V( i“"_‘_.") dq; +- ; qidpi—
d oL » dL
_ — 2 Ydg; — —dt, 2.
() e

e Mbl noxcTaBHan (1.2.2) B Tperbio cymmy cnpaBa. YpaBHende (1.2.4)
MOAET ObiThb YAOBJICTBOPEHO TOJIBKO, eCJAU OfipeleduTbh p; Kak

pi=-2 (1.2.5)
aq;
[lpu stom nepsas cymma cnpaBa B (1.2.4) TokzectBenno ofpariaercs
B Hynab. [lpupaBuuBas xoaddunuentsi npu auddepernuanax, noay-
qaeM ypaBHeHHsI JBHKEHUs, COAepxKallue TOJbKO MepPBhle NMPOU3BOJ-
HbIE,

py= — 2 (1.2.6a)
dq;
gi=-2H (1.2.66)
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H

oL _ o (1.2.7)

ot ot

TlepeMeHHbIE P, § HA3BIBAIOTCH 0000UEHHOIMUL  uMnYy.lbcamu U KOOp-
Juramamu, a cootHoweHus (1.2.6) u (1.2.7) ectb  ypaBHeHHUsn
TamuanToHa. HceclenoBanne XxapakTepa pellleHUE 3THX ypaBHeHHH
COCTaB/feT OCHOBHOE coOjeprKaHHe HacTosiiied MoHorpabuu. Jlo6oi
Habop IlepeMeHHbIX p, ¢, BpEeMeHHAs 3BOJIIOLUS KOTOPLIX JaeTcd ypas-
HeHusAMH BUga (1.2.6), Ha3biBaeTcHd KAHOHudecKum, a caMu p; U §; —
CONPA>KEHHBIMH TlepeMeHHBIMH.

Hpouseoaﬂtque pyHkyuu om cmewanHblx nepemernolx. 1lycTb Mbl XO-
THM NepeliTH OT KaHOHHYeCKHX IePeMEHHBIX ¢, p K HOBHIM TepeMeH-
HBIM ¢, . VX MOXHO cBsi3aTh mpu INOMOIIH HEKOTOPOH (YHKUHH OT
OJIHOH CTapOH H OJHOH HOBOH NepeMeHHBIX CJeAYIOILHMM oGpa3oM. Tak
KaK Jarpaizuan 1noJiyyaercsi M3 BapHalLlMOHHOTO MPHHIMIIA, TO, HC-
moab3ys (1.2.3), naxoaum

f.? -
8 L\ (E pigi—H(p, q, z‘)) dz]:o. (1.2.8)

i

JTo ypaBHeHHe CIIpaBeJJIMBO KaK [/t CTapblX, TaK U JJAS HOBbIX Ka-
HOHHYeCKHX nepeMeHHblX. [lostonmy HHTerpad B (1.2.8) 115 pasHbIX
MepeMeHHBIX MOXKET OTJHYaThCsl TOJAbKO Ha NOJHBIA AudXpepennua.l:

2 pigi—H(p, q. )= Zpai—H(p. 4. ) +—-Filq, ¢, 1,
(1.2.9)

rie Mbl BHIGpadH GyHKUHIO F == F,, 3aBUCsIlel oT ¢ W g. PackpbiBas
IOJIHYIO TPOU3BOAHYIO OT /7y, IoJyvaeMm

dF,{q. q. 1) v aF, '.__-_ oFy -.r oty 1.2.10
Ty T Xg W (1210

i
Cuyuras nepeMennble B (1.2.10) ne3aBHCHMBIMH, H3 (l 2.9) (cpaBnuBas

COOTBETCTBYIOILHE YleHbl U TPeOys, YTOOBI WICHLI C ¢; H §; 10 OTIeTb-
HOCTH PaBHSJIHUCHL HY.IO) HaXOAUM

pi— 2L, (1.2.11a)
0q;

- a-FI -

R s S 1.2.116

P 0qi ( )

H(p, q,t)=H(p, q, t)-- —-F1 g, 9, 1). (1.2.11B)
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MoxHO onpenesuTh pou3BoOAAIHe (DYHKIMH U OT APYyTHX Nap cMeulad-
HbIX (CTapod H HOBOH) KaHOHHYECKHX ICPEMCHHbIX:

F2lq9 E’ fl’ F3(p’ 71—9 f)r F4[p’ p—, l‘ﬁJ,
Ecmir, nanpusep, BBecTH F, NpU MOMOIM npeobpas3oBanus Jlexannpa
Foig, p, tI="F1lq, g, 1)+ Xqups, (1.2.19)

rie g— (VHKUHA ¢ U p, TO TNOJIYUHM KAHOHUHECKOE NpeodpasosaHue
B BWIC

pre= 2 (1.2.13a)
()(]L'

gt (1.2.136)
op;

Hip, g t1=H(p, ¢, ) =-——Falq, p, 11 (12.135)

T1pousBoasimue pyHKuud Fy 0 F, ONpegesitoTcsl COOTHOLUEHUSIMH, aHa-
JorudHeiMU (1.2.12), ¥ NpUBOAAT K COOTBETCTBYIOIIHM KAHOHUUECKUM
npeo6pa3oBaHHAM.

KaHonuueckue Mnpeo6pa3ocBaHUsA TO3BOJSAIOT, 1O KpalHeH Mepe
(bopmaNpbHO, peluTh YpaBHEHHST JBHKeHUs] JUHAMHYECKOH CHUCTEMbI
clenyionuM obpaszoM. PaccMOTpUM OTAe/ibHO cayuyall raMU/JIbTOHHAHA,
3aBHCALLETO SIBHO OT BPEMEHH, H CJAydYal A8mOHOMHO020 TaMUJIbTOHHAHA,

He 3aBHCHAIIETO OT BpeMeHH. B nepBom cayuae noaoxuM H = 0. Torna
INMPOHU3BOAHLIE IO BPeMeHH OT HOBLIX IlepeMeHHBIX PaBHbI HYJIIO B CH.IY
vpaBHeHult 'amuabTona. [1osToMy HOBble NepeMeHHble He 3aBHCIT OT
BpeMeHH W HX MOMKHO HHTEpPTIpeTHPOBaTh KaK Hava/jbHble 3HAYCHHS
HCXOAHLIX (HempeoOpa3oBaHHbLIX) TMepeMeHHbIX. TakuM ofpasoM, Ka-
HOHHYeCKoe TIpeofpa3oBanie (QaKTHUYeCKH OKAa3bIBAaeTCs pelleHHeM,
OTIpefe/sIIONUM 3HayeHHsI KOOPAUHAT H MMIIYJbCOB B [1POH3BOJbLHBILI
MOMeHT BpeMeHH B 3aBHUCHMOCTH OT WX HaYaJbHBIX 3HaueHui. [loacra-

BB (1.2.13a) B (1.2.138) ¢ H = 0, noJyuyuMm ypaBHeHHe B YacTHbIX
NPOM3BOAHBIX AMA NPOU3BOAAINeH (PYHKUHU [,:

an - an
-~ 1 )t =0, riei
H( e )+ a; (1.2.14)

KOTOpOe Ha3sbiBaetcs ypasueruem [amuabmona—frkobu. Bo BTOpOM
cIydvae, Koraa [ He 3aBUCHUT OT BpeMeHH SIBHO, AOCTATOMHO IOJOXKHTH

H paeubiM goncrante. Torma npeobpasoBanne (1.2.13B) npuBoguT X
ypaBuenuw I amuavrona—SAKobH B BUe

H( oy | ?1):5. (1.2.15)
0q
Ecau nepeMennsie B ypaBHenusix (1.2.14) u (1.2.13) ne pasde.aswmes,
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TO PeIlUTb UX CTOJb Ke TPYJHO, KaK U HCXOAHble KAHOHHYeCKue ypaB-
Henusl. Oxnako Merod [amuabrona—SIkoOH odedb yao6eH A1 MOJTY-
YeHHS] NPUOJMKEHHLIX pelleHUd B BUJAe PANOB Adst cHCTEM, GIH3KHX
K CHCTEMAM C pas3feTsAolHNMUCA repeMeHHbIMH, WIH, KaK HX Yaile Ha-
3BIBAKOT, IS CUCMEM, BGAUSKUN K UHMEPUPYEMBIM.

Crobru  [lyaccona. Baknoft junHaMuuecKoll BeJ HUHHON SIBJISIOTCS
ckobku [1yaccora:

‘d( e Ok dq.  Opg

k

rie u ¥ U — [POU3BOJIbHbIE (YHKIUU KAHOHHYECKHX IleDeMeHHbIX.
YpaBHeHUs JBHXKEHUS MOXKHO 3dIUcaThb ¢ NMOMOIbH ckoboK [Tyaccona
cJenyromuM obpasom. BeibpaB B KauecTBe ¢ KOOP,IMHATY, a B KauecTBE v
TaMUJIbTOHHAH CHUCTEMbl, HOJYYHM

ou ao oo ou _) , (1 91 6)

[ql_ H] _ v 0(]5 oH . oH 0(,75 ) oH
’ dp;

‘-kJ( dgr 9Pk dpr  Opg

CpaBHHBAsI ¢ ypaBHeHUsAMH [ aMH.JIbTOHA, HMeEeM

éi:[qi, H] (1.2.17)
M aHaJl0THUHO
pi=Ipi, HI. (1.2.18)
CKo6ku [lyaccoHa yaOBJIeTBOPAIOT MpaBHAY AHTHKOMMYTAIlHH
[u, v] = —I|v, u] (1.2.19)
U TOXKAECTBY $S1KoOH
[[«, ©], @] —[lw, ], o] v, @], u]=0, (1.2.20)

Hcnoap3ys ypaBHeHHA ['aMHJAbTOHA, MOXKHO 3amucaTh MOJIHYIO NPO-
H3BOJAHYIO TO BPEMeHH OT IIPOH3BOJIBHONH (PYHKUMH ¥ =% (g, p, 1)
B BHJC

day dy oH dy OdH _@(__ﬁ H . O% 1 99]
dt _E(aQi i Opi aql-)‘ o 0 Ml (122D

t

[Ipu OTCYTCTBUHM sBHOH 3aBHCHMMOCTH oOT Bpemenn dy df = (. Ecuan
K TOMY 2Ke M cKOOKM [lyaccoHa paBHBI HYJ/IIO, TO TOBOPAT, YTO (PYyHK-
UMA y KOMMYTHPYET ¢ TaMHJAbTOHHAHOM H ABJIsieTcd HHTerpasjoM JIBH-
JKeHUdA. $IcHO, YTOo ec/iH TaMHJbTOHHAH HE 3aBHCHT OT BpeMeHH sIBHO,
TO U OH siBAseTC HUHTErpaJoM. TakHe TaMU/JALTOHHaHLI Ha3biBaloTCs
aeMoHOMHbIMU . BribepeM B KauecTBe QYHKLMH ¥ OAHH M3 UMIIVJbLCOB P;
U NycTb OH He sIBAsIeTCS] SIBHOH (pyHKIHeHl BpeMmenH f. Eciau NpPH 3TOM
TaMHJILTOHHAH He 3aBHCHT OT COIIPSIKEHHOH KOOpAMHATHl (T. e.
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dH/0g; = 0), To u3z (1.2.21) BuiTekaer, uto dp; di = O H, caeioBa-
TeJNbHO, p; SABASETCH HHTErpajoM JBHKEHHS

pi—;a;:const, (1222)

E]z——— o — m; = const. (1.2.23)
aaf

HMurerpupys (1.2.23), nosyyaeM pelieHHe B BHIe
gi = w;t - B (1.2.24)

Ecan mokHO HaliTu Takoe KaHOHHYecKOe npeoOpa3oBaHHe, YTO BCe
HOBble HMIYJbChl OKa3blBAalOTCA I[IOCTOSAHHLIMHM, TO pelleHHe B HOBLIX
KaHOHHYECKHX IepeMeHHBbIX OnUchiBaeTcst cooTHoureHuamH (1.2.22)
u (1.2.24). O6parnoe npeoOpa3oBaHHe B 3TOM CJydae jJaeT IIOJHOe pe-
IIeHHe B HCXOAHBIX TepeMeHHbIX. [IpousBoxsiedl ¢dyHKuMeH TakKoro
npeoOpa3oBaHusi CJAVKUT pellleHHe ypaBHeHHA [aMuabToHa— $SKOOH
(1.2.195).

Apyroid MeTog HHTerpUpPOBaHHsA ypaBHEHHH JBUXKEHHs CBSI3aH C HC-
N0JIb30BaHueM TNpoHU3BoadAllled pyHKIUA @ (p, g, S), 3ajanmeid KaHo-
HHYecKOe [peofpasoBatie (OT CTapblX NepeMeHHbLIX p, ¢ K HOBHIM Ile-

peMeHHBIM P, ¢) B BHJe ypaBHeHHH I'aMusibTOHA:
dpi  _ _ 0w = dqi . 0w (1.2.25)

= e ’ == )

as 0g; ds op;

rie s — Mpou3BOALHLIA NapaMerp. [IpH 3TOM CBsI3L HOBBIX H CTapbiX
nepeMeHHbIX AdeTcsl COOTHOLIeHHAMH

p=pG), qg=q0). (1.2.26)
DyHKUHA @ Ha3biBaeTcsi npoussodauiet: Qyrkyued JTu U 3aBUCUT TOJILKO
OT CcTapblXx nepeMeHHbIX. Mcnosb3oBanne Tako# (YHKUMM YHpOILaeT
BhIUMC/JEHHe BBICIIHX MOPAJKOB TeOpUH Bo3MyuleHHH. Mol o6cyaum
3TOT Metoxa B § 2.9.

B 3ak/iouenHe 3aMeTHM, YTO ycleX MeToJa KaHOHHYECKHX Npeodpa-
30BaHHM oOllpeJensieTcs Pa3yMHBbIM BbIOOpOM mnpeo6pasoBanusi. Camu
110 cebe 3TH npeobpa3oBaHusi He NPUBOAAT K HOBOH (DM3UKe, HO MOTYT
[IOMOYb IIPH aHalu3e WU (PU3HUECKOH HHTEePINpeTalldd TOro WJIH HHOTO
JABHKEHHUsI, CBOUCTBA KOTOPOTO OCTalOTCSl, OAHAKO, HEU3MeHHbIMH KakK
B CTapbIX, TaK H B HOBBLIX NepeMeHHbIX.

* 1.26. Jdsuxenve B (a30BOM NPOCTPAHCTBE

PaccmorpuM ypasuenuss [amuabrTona (1.2.6) B ofmem caysae N cre-
nmeHeld cBoGOAbI, Korjga uHAeKc i npoberaer 3Havenust or 1 go N.
Penierue ypaBuenuii (1.2.6) comepxkut 2N NOCTOAHHBIX, COOTBETCT-
BYIOUIMX HayaJbHbIM 3HAYEHUAM KOOpPAMHAT M UMMyJbcoB. OHH oxHO-
3HAUHO ONpede]silOT 3BOJIOUHIO CUCTEMbl, KOTOPYIO MOXKHO IIpeACTaB-
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JATb cebe KakK ABHKeHHe Toukd B 2N-MepuHoM npocrpancrse. [Ipeano-
JOYKHM, YTO MbI PellinH ypaBHenusi (1.2.6) u Haulid 3aBHCUMOCTL P
M g OT BpeMenH. Torga Mbl MOKeM IPOC/JAENHTb TPAEKTOPHIO JABHXKEHUs
B 2N-MepHOM NpPOCTPAHCTBE ¢ KOOPAHHATAMH ) H ¢ OT HEKOTOPOTO MO-
MEHTa BpeMeHU f,, COOTBETCTBYIOILErO HaualbHbIM 3HAUeHHAM Py U ¢,
00 OoJsiee IIO3HETO MOMEHTa f,. Takoe oO6befHHEHHOE I1POCTPAHCTBO
(p, q) HasviBaercst azosem npcecmparcmeom cuctembl. [Ipumepst Tpex
(ba30BLIX TpPaeKTOpHil nokKal3aHbl Ha puc. 1.1, rae pazoBoe npocTpaHcTBO
PeJCTaB/AeHo B ABYyX HM3MepeHHAX, TaK 4TO abcuucca xapakTepH3yeT
N xoopaunar ¢, a oparuuara — N uMny/abcoB p. PaccMOTpHM TpH Baxk-
HHIX CBOHCTBA (Pa3oBOro npocTpaHCTBA.

P

Ca(t=t2)

Ci(t=1ty)

Puc. 1.1. TpaexkTopuu B (ha30BOM MPOCTPAHCTBRE.

}. B mo6oit 3agaHHbII MOMEHT BpeMeHH TPaeKTOPHH B (a3oBOM
IPOCTPAHCTBe He IIepeceKaioTcsi. ATO O4eBHAHO H3 TOrO (akra,
YTO HavyaslbHble YCAOBUSI OZHO3HAYHO ONPEJeNsIOT Iocaefyiolee
aBuxkenue. [lostoMy ecqau Obl JBe TPaeKTOpHH COBIAJMH, T. €.
B KaKOH-TO MOMEHT BpPeMeHHM WX 3HauyeHUs] p U ¢ 0XasaJdHucb Obl
OJHMHAKOBBIMH, TO U NOCJAeayiolliee HX ABHKeHHEe Obl1o Obl OH-
HaKoBbIM. Ec/jd ramuJbLTOHHAH He 3aBHCHUT OT BPeMeHM, TO Tpa-
eKTOpHH B (a30BOM [IPOCTPAHCTBE TaK¥Ke He 3aBHCAT OT BpeMeHH
H, cJeaoBarefblo, BooOle He MOUYT mepecekaTbcsi. OueBHAHO,
YTO B pacUIMPeHHOM ¢a30BOM MPOCTpaHCTBE ¢ 106aBOYHOH Bpe-
MEHHOH KOOPAMHATOH TPaeKTOPHH He OYAYT mepeceKkarhest, jaxke
eC/IM TaMWJILTOHHAH MepHUOJHUECKH 3aBHCHT OT BpeMeHH 1).

2. Jlio6as rpanuiia C, B hazoBoM NpPOCTPAHCTBe, OXBaTbIBalOLLas
HEKOTOpPOE MHOXKECTBO Haua/ bHBIX YCJIOBHU B MOMENT BpeMeHH {,
TpancopMUPYETCsT K MOMEHTY BpeMeHH [, BrpaHuuny C,, 0XBa-
THIBAIOUIYIO TPAEKTOPHH TOTO Ke MHOXKeCTBAa. JTO CBOHCTBO Bbl-

1) TlepuoRuyecKkas 3aBUCHMOCTL 3jeChb HECYIECTBEHHA H YNOMAHYTa, Oue-
RHAHO, TOJNBKO s TOro, 4rodul paciiupentoe Ga3oBoe NPOCTPAHCTBO ObIJIO KOM-
NakTHbIM (OorpanHyesHbIM).— [Tpum. ped.
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TeKaeT HENMoCpeACTBEHHO H3 IMpPEAbIAYLLEro, I1OCKOJbKY J1106as
TPaeKTOpHUsA B MOMEHT IMepecedyeHHs TpPaHHILI COBNagaeT C OJ-
HOH W3 TPAHUYHLIX TPAEKTOPHH, a 3HAYUT, U JBHXKETCH BMecCTe
¢ Hed. Orcioga MOXHO TNOJAYYHTb OTPaHHYEeHHs] Ha ABHIKeHHe
OOJILIIOH TPyNMnbl TPaeKTOPHH, OlpeAeasid JABHXKeHHe Topasio
6oJiee y3KOro KJacca TpaeKTOpHH, MpHHafdeXamKux rpaHule.

3. PaccMOTpHM HeKoTopblii aHcamOb Ha4aJbHbIX YCJAOBHH, KaxK-
J0e U3 KOTOPBIX TNpPeaCTaBJAsieT BO3MOXKHOe COCTOSHHe CHCTeMbl.
[IpeacraBuM BepOATHOCTL aHcaMmOufA, HJAH ero IJIOTHOCTb pac-
npejfeseHdst B (ha30BOM MpPOCTPAHCTBe, B BHjE

T:‘T(p, q, t)
Ecau HOpMHpOBAaTh T T4k, YTOObI BBITIOJIHAJIOCH YCJAO0BHEC
(e T dpidg; =1, (1.2.27)
i

.

TJle HUHTeTPHpPOBaHHe pacnpocTpaHdAeTcd Ha Bce (a3oBoe MPO-
CTPAHCTBO'), TO U3 ypaBHEHHS HeIlpepbIBHOCTH

a—:+ 2 (% ('c p;) + (Tfhl) =0 (1.2.28)
i

HaXxOqUuM

i

v " 3 pi 0T 2 qi )=0
+‘_‘(p: dpi Tt Gl + 4 o dqi - (1.2.29)

COI‘JIaCHO ypaBHeHusAM [amuasToHa (1.2.6), BTOpOH H YeTBep-
TBIM YJeHbl CYMMbl COKPALIaiOTCsi, H Mbl IOJyYacM ypaBHEHHe

E( —-%+ q— )+—é;——o (1.2.30)
i

BLIPaKAIOLLee Hecocumaemocms nomoxa B Ga3oBoM 1POCTPAHCTBE.
DTOT pe3yJbTaT U3BeCTeH KakK TeopeMa JIMyBH/IR, KOTOpas OKa-
3BIBaETCSi MOIIHEBIM HHCTPYMEHTOM aHalu3a T'aMHJAbTOHOBOH AH-
HaMHKH (IOApOBKHOe 06GCyKAECHHE H IIPUMEpHI ¢M. B pabote [265 ]).

Humeepaavroie urnsapuatme. Baaropaps BbllenepeuydcaIeHHbIM CBOM-
CTBAM aHalH3 JBHXeHHA B,(a30BOM IIPOCTPAHCTBE NMPUBOAMT K 3HAUH-
TeJAbHLIM YIPOLIeHHAM NPH HCCAeA0BaHHU AUHAMHUeCKHX 3afad. B ua-
ctHocTH, u3 (1.2.30) HeMeaneHHO cJjieayer, 4To 2N-MepHBIH HHTerpan

f I dpidgs, (1.2.31)

BHIUKCJIEHHBIH B oOmpelesleHHHHI MOMEHT BpeMeHH f, sBJjsiercd HHBa-
pHaHTOM JABMXKeHHfl. HepapXus TakUX HHBApHaHTOB Pa3HOH pa3Mmep-

1) Takass HOPMHPOBKa OGHYHO HEBHIIONHHMA H3-32 HeOTPAHHYEHHOCTH da-
B80BOTO NPOCTPAHCTBA M HeCYlleCTBeHHA Aas AanbHeiimero.— [Tpum. ped.
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HOCTH BriepBhie u3ydanach [lyankape [337). Onu Obiin HasBaHbl HM
HHTerpasbHbIMH HHBapHaHTamMu. OOGLIHH BbIBOA TaKHX HHBapUaHTOR
Jaetrcst B paGore [430]'). Murerpajbible HHBAPHAHTLI HMEIOT (yHAa-
MeHTa/llbHOe 3HaueHHe [ TEOPHH TaMHJIbTOHOBBIX CHCTEM H MOTYT
ObITh NMPUHATHL B KauecTBe ee ocHOBb [13]. Mbl paccMoTpuM mepBhiit
yjeH 3TOoH Hepapxuu [aas koropo#t (1.2.31) amasercs N-m U nocien-
HHM YJeHOM ]

s“ g‘;dpqui = const, (1.2.32)

rje unrerpaJs Gepercsa B onpejeseHHbiil MOMEHT BpeMeHH 10 HEKOTOPOH
JBYMEpPHOM NOBEPXHOCTH B (pa3sOBOM IPOCTPAHCTBe.
[1pumenuB teopemy Crokca K (1.2.32), nosyuuM HHBapUaHT

J > pidg; = const, (1.2.33)
i

rje HHTEerpHpOBaNHe NPOU3BOAUTCA Telepb [0 3aMKHYTOH B (asoBoM
NPOCTPAHCTBe KPHBOH NpH (UKCHPOBAHHOM 3HaueHMH [. Besanuuua
(1.2.33) Ha3bBaeTCqd OTHOCHTEJIbHLIM HHTerpaJbHbIM HHBApPHAHTOM
cuctembl. B ofumem ciyvae npuMeHenHe Teopembl CToKca MoHUXKaer
pasMepHOCTh 006JacTH HHTErPUPOBAHHUA Ha eAWHULY H npeobpasyer
MHTerpaJbHbld MHBAPUAHT, B3SITBIM [10 [POU3BOJABHOMY TIHIepobbeMy,
B OTHOCHTEJbHBIH WHBApHAHT, B3ATHIH MO 3aMKHYTOH TCHIEpPrioBepx-
HocTH. OTHOCHTEIbHBIE HHTErpa/jdbHble HHBAPHAHTHI OCOOEHHO BaXKHb
Aa9 KouebaTeTbHBIX CHCTEM (CM. HUXKe).

Pacuiupennoe pazosoe npocmparcmso. PaccMOTpUM  Tenepb TraMHJb-
Tofian H, SIBHO 3aBUCSIHHA OT BpeMeHH. BapHallMOHNIBIA MpHHUMN
(1.2.8), U3 KOTOPOro foJyyarTcd ypaBHeHHs [aMHJbTOHA, ClipaBej-
JIUB MPH UHTErpHPOBAHUH 110 TOOOMY fapamMeTpy, He 3aBHCAILeMy OT
Bapuauud. O603HaYuM TakKod napasmetp uepe3 { U nepenuuiem (1.2.8)
B BHjJE

‘e s N
5 | [ N\ Vo %MH j‘ dr =0, (1.2.34)
[ N i%l ) )
[To.10:xuB ~ _
pi=p: qi=qi» =1, N,
Puii= —H, gyua—1, (1.2.35)
[IOJYYUM HOBVIO hopMmy BapHauHOHHOTO ypaBHeHHS
N _
N dgi
0 "Pi—dq: df =0,
e/, (=]

rjie —H wu t MoxHO paccMarpuBaTth Kak JIOHNOJHHTE/IbHBIE HMIYJILC

1Y Cm. rmakxke [13].— [Mpum. nepes.
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H KOOPAHHATY B HEKOTOPOM HOBOM pACUUUPEHHOM (PA3080M NpOCmpaH-
cmee pasmepHoctu (2N -+ 2). Ilotok napamerpuayercs Tenepb HOBLIM
«BpemMeHeM» (.

HoBslli ramuabtonuan H aas paclumpedHoro Habopa KaHonHye-
CKHX TepeMeHHLIX (p, —H, g, ) MOXKHO MOJYYHThL C TOMOIILIO [1PO-
H3BOAALLeH (PYHKUHU

N
Fo= g pigi+ py il (1.2.36)

Hcnoassys (1.2.13s), naxonum H (p, ¢q, 1) = H (p, q, t) — H, u xa-
HOHHYECKHE YpaBHeHHs NPHHHMAaT BHJ
dpi _ _OH - dgi _ 9H (1.2.37)
dz dg; d< api
HoBblii raMuibTOHHAH, OmNpeledsiollHil IOTOK B pactuMpennoM ¢aso-
BOM NpPOCTpaHCTBe, He 3aBUCHT SIBHO OT «BpeMenH» L. Kpoae Toro ypas-
Henust (1.2.37) ¢ i = N +— 1 paor: ¢t (§) = L u H = const. Takum
oOpa3oM, JBHXKEHHE CHCTEMbl C TaMHMJbTOHHAHOM, 3aBHCHIHM OT Bpe-
MEHH, 3KBHBAJIEHTHO IBHXKEHHIO C JIONOJHHTENbLHOH CTENeHblo CBOOOIH
H TaMHJIbTOHHAHOM, He 3aBUCSIILHM OT BpeMeHH!).
CnpaBe1.1MBO M o6paTHoe. PacCMOTpHM He3aBUCAIIMH OT BpeMEHH

FraMHJIbTOHMAH H aus cuctembl ¢ N cTeneHsiMH CBOOOAbI B 2N -MepHOM
(ha30BON NpOCTpaHcTBe. Brifepem oGy H3 0000uIeHHBIX KOOpHHAT
B KauyecTBe HOBOIo «BpeMeHH» (. Torga KaHOHHYeCKH COMNPSIZKEeHHbIH
el HMIY.TbC MpeACTABJSIET HOBBIH TaMW/JIbTOHHaH [/, 3aBHCAMHUH OT
«BpeMeliH» W ONHUChIBAIOILME JABHKeHHE cHcTeMbl ¢ (N-—1) crenedHsamu
CBOGOIb B COKPALCHHOM (PA30BOM NpOocmparcmee passvepHocTy (2N—2).
[Tycrs, nanpuvep,

H(p, q)=H,. (1.2.38)

[Tonoxum
pi=pi qi—q, i=1, N—I (1.2.39)
H pasper (1.2.38) OTHOCHTETBHO py = py (p, q, qy). BuGupas
H = - py 1 = gy, Mbl noa1y4aeM ypapHenus [amuibrona (1.2.37)

B COKpalleHHOA (ha30BOM NpOCTpalcTBe (P, ), TJe HOBbLli TaMHAbTO-
HUAH OKa3blBaeTcs SIBHOH (yHKuHEH «BpeMeHH» { (MOAPOGHOCTH CAL
B pabore [430[, § 141).

Takun o0pason, TeOpHs, pa3BHTAA A/ HE3ABUCSLIETO OT BPEMeHIl
raMuabTOHHaHg ¢ N cTemeHsaMH cBOOOZBI, MpHMeHHMa TakKe W K Ta-
MH/JABTOHHAHY, 3aBUCSILEMY OT BpeMeHH, HO ¢ N—1 cTeneHsiMH ¢BOOODI.
B uacTHocTH, He3aBHCAIlMH OT BpeMeHH TaMH.JIbTOHHAH C JABYMsi CTe-

1) OTtH paccyxieHnss HeCKOJAbKo (opmaabHbl: bBoJee cyuecTReHHO TO, HTO
ABHXKEHHE MO JONOMHHTEJbHOM KOOpAHHaTe 3ajaHo, Hanpumep, I (L) = L.
B 3TOM COCTOHT TdaK¥Ke OTAMYHE OT PaccMarTpUBaeMOro JAajee J.IBH}KGHHSI B COKpa-
ueHHoM (Ga3oBoM npocTtpaHcTBe.— [Tpum. ped. :
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NeHstMH  ¢BOOOAB! JHHAMHYECKH 3KBHUBAEHTEH raMHJIbTOHHQHY C OJ-
HOH CTelleHbIO CBOGO}.UJI, 3aBHUCAleMYy OT BPCMEHH.

Humeepanr Oeticmeus. PaccMOTpHM CBSI3b MeXKAy OTHOCHTE/LHBIM HH-
Terpa/jbHbiM HHBapuantoM (1.2.33), M1 KOTOporo HHTErpUpPOBaHHE
IIPOBOAIUTCA B HEKOTOPbIH onpeneJeHHBIH MOMEHT BpeMeHH {, H HHTCI-
paioM JeHCTBUA A5 OJHOMEPHOH KoJebaTeJbHOH CHCTEMbl C He3aBl-
CAIHM OT BpPEMeHH TraMHJIbTOHHaHOM. Muterpaa jeifictBusi olnpee-
JAsIeTCA KakK

| n X
J=———‘ ; d ’ 1.2.40
- $pdg ( .)
p A
\ N
\
\ \ i
| X
G \\ l
AP /
\, & A\ \
q
0 T

Puc, 1.2. KoHTYp MHTerpHpORaHust AJsi BEIYHCJE-
HUSA TiepeMeHHOH AeHCTBUS.

rje HMHTErpHpPOBAaHHE IPOU3BOJUTCH MO OLHOMY [epHOxYy Ko.JeOaHHii,
TepPMHHAX pacillipeHHOro (a3oBoro MPOCTpaHCTBa BhIpaxkeHue
(1.2.33) ans1 OHOMEPHOrO OCUMJJISITOPAa MOXKHO [epelnucatbh B BHE

§ (pdg— H dt)= const,

Npu4YeM HHTerpHpOBaHHe NpoH3BOAHTCA IpH § = const. [lockoabky
BbIGOp { mpoU3BOJIEH, TO HOBBIH IIYTh HHTErPUPOBAHHS, KOTOPBIH BKJIIO-
yaeT U H3MeHeHHe BpPeMeHH, MoKeT OLITb BbIOpaH Tak, YTO 4acCThb €ro
O6VIeT NpPOXOAUTh BJOJb JEeHCTBUTeJBHOH TPAEKTOPHHM CHCTeMbI B ha-
30BOM npocrpancTBe. [asi crnienuasdbHoro ciayuasi H = const BTopoe
csiaraemoe obpamaercs B HyJb [pH UHTETPHPOBAHUHM NO JIIOGOMY 3aMm-
KHYTOMY KOHTYPY, U MBI IOJy4YaeM

¢ p dg=const, (1.2.41)

Ecau renepp BHOpATh MYYOK TPaeKTOPHH, BOKPYT KOTOPOTO IpoO-
M3BOAUTCS MHTETPHPOBaHHE, KaK 5TO MOKa3aHo Ha pHc. 1.2, To moaHbIH
NyTh UHTErpHpOBaHHsA OyJeT COCTOATh U3 JBYX 4HacTel
45pd4= (pdg+ | pdg, (1.2.42)
c, Co
rie nytb C, oXBaTbiBaeT OAHH nepHol Koaebanui. Ilpu atoM Koneunbie
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TOYKH KplIBOH Cl HMEOT OJHHAKOBbIe 3HAYEHHUA ¢, H NMO3TOMY NVTH C,

MOKHO BLIOpPaTh Tak, 4To ¢ — const. Beaexctsue sroro us (1.2.40)
H (1.2.42) nonyuaem

| pdg= const =2nJ, (1.2.43)
C'l

OTcioga BHITeKaeT 3KBHBAJEHTHOCTb HHTerpaJsia JeHCTBHS W OTHOCH-
TeJbHOrO HHTErpaJbHOrO HHBAPHAHTA B paccMaTpHBaeMOM ciyuael),
3Hauende HHTerpasga AeHCTBUS OIIpelensieTcsl IIpeikJIe BCEIO TEM, 4YTO
OH fABJIAETCS KaHOHMYECKHUM HMIYJALCOM B MNEpeMeHHBX JeHCTBHEe —
yroa (cm. § 1.2B). [Tomumo 3TOrO, OH OKa3bIBaeTcsl aduafamuyecKkum
HWHBapHAHTOM ABHKEHHUS, T. €. OCTaeTcsi NPHUOJH3HTENLHO IOCTOSHHBIM
B CJyuYae MeJI1eHHOrO, Mo CPaBHEHHUIO C NepHoAOoM KojebaHHM, H3Me-
HEHUSl TaMUJAbTOHHAHA CcO BpeMmeHeM. AjaunabaTHUeCKOe ITOCTOSHCTBO
AeACTBUSA NOAPOGHO paccmaTpHBaeTcss B § 2.3 U uMeeT yHIaMeHTaJIb-
HOE€ 3HaueHHe /8 TOHUMAHHUA PeTYJSIPHOrO JABHXKEHHSI B cHUCTeMax
C TAMUJbLTOHUAHOM, 3aBHCALLUM OT BPeMEHH, H B CHCTEMaX ¢ HEeCKOJb-
KHWMH CTelleHSIMH CBOGOJHI.

Cevenue [Tyanrape. Metoa ceuenusi IlyaHkape siBsisieTCsi OJHHM H3 OC-
HOBHBLIX MeTOJOB aHa/W3a TaMHJIbTOHOBOH AMHAaMHUKU. /1S aBTOHOM-
HbIX CHCTEeM C JBYMs CTerneHIMU CBOGOAB (pa3oBoe MPOCTPAHCTBO ye-
THipexMepHO. BbiflepeM B (pa30BOM NMpOCTPAHCTBE HEKOTOPYIiO ABYyMep-
HYIO [I0BEPXHOCTb D,p (CM. puc. 1.3, @) U paccMOTpPUM I0CJeq0BaTe/lb-
Hbie NepeceueHust ee TpaeKTopHel. [lepeceuenre NPOUCXOAUT KarKabii
pa3, Korja TPaeKTOPUS NPOXOAUT CKBO3b IOBEPXHOCTh B HEKOTOPOM
onpeleJeHHOM Hanpab/deHHH (HampuMmep, cjeBa Hanpaso).

YacTHOCTH, YyA06HO BHIGpDATL MOBEPXHOCTH CEUEHHH ). 5 CAEAYIO-
UM 06DPasoM. 3a1\1e'mM Mpexje BCETO, YTO TPAGKTOPHA JIEKHMT Ha
TpeXMepHOH 3Hepretuueckofl mosepxHoct™ H (p,, pa g1, G2y = H,
B yeTblpexmepHoM (asoBom npoctpanctse [em. puc. 1.3, 6 (1)]. 3ro
ypaBHeHHe onpejelser JoOyIo H3 UYeTblpeX MePeMEHHBIX, CKaKeM p,,
KaK (QyHKIHIO TpeX OCTalbHbIX

pa=Pa(P1y G1> Qo). (1.2.44)

PaccMoTpiiv npoeKIHIO TpaeKTOPHH Ha TPexMepHbBd o0beM (Pq, §q, J)
Ha puc. 1.3, 6 (2). Ecian pBH:KeHHe OorpaHHueHO, TO TpPaeKTOPHA Oy-
JIET BCe BpeMs llepeceKaTtb Olpeie/IeHHYI0 IIOCKOCTh ¢, = const BHy-
TPHU 3TOTO 00BEMA. ITy NJAOCKOCTh, 3aJaHHYIO KOOpPAMHATOH §, W co-
NpsA2KeHHbIM HMIYJAbCOM py, YA00HO BbLIOpPaTh B KauecTBe IIOBepXHOCTH
ceyeHHUs ), n. B ofilem ciyuae moc/enoBare/bHble IMepeceyeHUst TPaek-
TOPHU C MOBEPXHOCTBIO ) o OYVAYT NPOU3BOJABHO pacrpejgeieHbl B He-

1) 3T10oT pesysabTaT MOMKHO NOJYYHTH W MpouLe, 3aMeTHB, YyTo npu I = const
CMelileHHe BJOJb ($a30BOH TPAeKTOPHH 3KBHBAJIEHTHO H3MEHEHHIO HayalbHbIX
ycnoBuil.— Hpums. ped.
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~

/
Xoay & . B Xpa2

6 P, P

M = const

Puc. 1.3. Ceuenune Ilyankape B (asoBOM NpocTPaHCTBe.

@ — 1lepeceyeHHsl TPAeKTOPHH ¢ NOBEPXHOCTHIO ER; 6 — ABE CTeneHn CBOGOAN:

CKTOpHH B yeTblpeXMepHOM (a30BOM TpocTpaHCTBe, JgeXamass Ha TPeXMepHOH sHepreTude-
CKOIt 1TOBEpXHOCTH; 2 — €€ NPOeKUHs Ha NOBEePXHOCTb (P1, §1. §3); 3 — nocliefloBaTe/NbHbie
nepeceyeHHs TpaeKTODHH C ABYMEPHOM IIOBEPXHOCTBIO g = const (KpecTHKH); € — TpH cTe-
IleHH CBOGOAbB: { — TpPaeKkTOPusi B LiecTHMEpHOM (a30BOM NPOCTpaHCTBE, JIeKAaH[ad Ha NA=

TUMEPHOH 3Hepre"rw{ecxoi’a NOBepXHOCTH; 2 — TPH nNOCAEACBATENbHLIX MNepeceyeHHsT Tpaek-

TOPHH ¢ YeThpeXMEPHOH MOBEPXHOCTBIO ¢3 == const; J§ — NpoeKkUu¥s 3THX nepecedeHHH Ha

MJOCKOCTH (p,, 41) H (pg, @i).

! — Tpa-
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KOTOpPOH orpanunyeHHOH ofiaactd .. B cayuae cyuiecTBoBaHMsl J0-
NOJHATeNLHOTO (MoMAMO [ ) uHTerpajga ABUKeHUA

I'(p1, P2, 91, go)= const (1.2.45)
us (1.2.44) u (1.2.45) caenyer
Pr=P1(G1, F2)- (1.2.46)

TlosTtoMy nocaenoBaTebHble IepecedeHUs] MOKHBI 1€KaTb HA HEKO-
TOPOl WHBApPUAHTHOH KpPWUBOH, onpejpensieMoffl ypasHenuem (1.2.46)
c ¢, = const. Takum 06pa3oM, CVIIECTBOBARHE HHTETPAJOB NBHKE-
HUSI MOXKHO OIIpeleJHTb M3 aHaJu3a llepecedeHHH TpPaeKTOpHH ¢ IMo-
BEPXHOCTBIO . 1loc/Ie TOro Kak CyIuecTBOBaHHe HHTerpasa yCTaHOB-
JeHO, MOXKHO HCCAeN0BaTh JIOKAJbLHYIO YCTOHUHMBOCTb U JApYTHE HHTe-
pecHble CBOHCTBA MHBAPHAHTHBIX KPHBHIX.

OrmeTHM, YTO paccMaTpHBaeMasl IIOBEPXHOCTb ceueHHsl (P, ¢,)
KaK pas W SIBASETCS COKPAUCHHbIM (DA308LIM NpOCPAHCIMBOM HCXOXHOH
raMHJbTOHOBOH CHCTeMbl, @ M0CJeJ0BATeILHblE HepeceyeHHsT MoJy-
yaroTcsl APYT W3 ApyTa MyTeM KaHOHHUECKOTo NpeobpasoBaHus, Onpee-
1seMoro ypaBHeHUsMH [amuabrona. TlostoMy naowmagb, OrpaHuYeH-
Hasl 3aMKHYTOH KDHBOH, Ha NOBEPXHOCTH CEUEHWs COXpaHsercs, ITo
BaxXKHOe CBOHCTBO MOKHO IOJYYHTb H HENOCPEICTBEHHO CJeLYIOLHM
obpasoM, 3anuiiieM oOiHe aubdpepeHnalbHble COOTHOIEHUS]

oA Oh
dh =—"dqg - dn
aq dq ‘ au “’
] (1.2.47)
T 9

rie A M P MOXXHO paccMaTpHUBaTb KaK HadyalbHble KOOPAUHATY U HA-
MyJbC HA NMOBEPXHOCTH cedveHHdA. BripasuB yacTHEIE NPOU3BOJHBIE Ye-
pe3 mpousBomsinyo pyHkuuo Fy (A, p) ¥ paspemnB (1.2.47) ornocu-
TeNbHO dp U dq, 1I0JYyYUM

dg— (F,»p—_FﬂF'fl’L) dh + Ler gy,

Ap Fap

(1.2.48)

dp— — I gy gy,

Fap Fap
TIe BBeleHBl o603HaueHus 0F,/0h = F, u 1. A. JleTepMuHanT Ko3ddu-
uuenToB (1.2.48), sxBHBaJeHTHHIH AKOOWaHY npeoOpa3oBaHUS OT Ile-
peMeHHBIX (A, (1) K (g, p), PaBeH eMHHIe, YTO U JOKA3BIBAET COXPAaHEHHe
MJIOIaAH NpH npeoGpasoBaHuu ). D10 CBOHCTBO JABYMEPHOU IOBEPXHO-
CTH CEYeHHS B YeThpeXMepHOM (a30BOM NDOCTPAHCTBe B AajbHellleM

1) B ofmeM cayvae HCXOJHbIC NepEMEHHBIE P, § He SBJASIOTCS KAHOHHUECKHMH
HAa NOBEPXHOCTH CeueHus ¥ CoXpaHsercsd HexoTtopas ux ¢pyuvruusa A (p, gy —
«HaBejeHHas» Mepa.
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OyeT HIrparb BaxXKHyIO DOJb KaK IIPH YHCJEHHOM [OHCKE HHTerpaJos
aBuxenusa (§ 1.4), Tak M npu BosICHEHHMH YCTOHYHBOCTH JIWHeapH30-
BAHHOTO [BIKeHHST BOMH3H TlepHojuueckoro peweHds (§ 3.3).

Meton cevenns Ilyankape MOxHO OCOGILUTHE H HA CHCTeMBI C YHC-
AoM creneHedt csoboapt N >2, las He3aBHCANIErO OT BpeMEHH TaMHJb-
TOHHAHA CHCTeMbl ¢ N crelleHAMH CBOOOJAb!I Pa3MepHOCTL SHEpPreTHYe-
CKOH NMOBEPXHOCTH B ¢a3oBoM npoctpaHcTBe paBHa 2N—1 [puc. 1.3, 8
(1) |. Uckarouum, Kak ¥ paHbule, OHY H3 NepeMeHHBIX, HampuMep py,
M PACCMOTPUM roc/JeoBaTendbHble IepecedeHHsi TPaeKTopuHu ¢ (2N —2)-
MEpHOU TMOBEPXHOCThIO ¢y = comnst ¢ KoopjauHATaMH Py, . . ., PA—1s
1y - - - Gy—1lpuc. 1.3, 8 (2)]. Ilpu 3TOM NOBEPXHOCTb CEYEHHSA MO~
npexHeMy IpeiCTaBJgseT coOod cokpalleHHoe $a3oBoe NIPOCTPAHCTBO
¢ coxpaHswlHMCA of6beMoM. B cilyuae CymiecTBOBAHHSA OJHOTO H.IHU
fosiee MHTEIPATOB JBHKEHHsS Bce IepeceyeHHUs OynyT JekaTb Ha Of-
HOIl IIOBEPXHOCTH, PasMepHOCTh KOTOpod Menbuie 2N—2. B mporus-
HOM cJyuyae OHHM OVIAyT 3anonHATb HeKoTopuiH (2N—2)-MepHBIH 06beM,

Ecay JaBHXKeHHEe 1O pa3HbIM CTelleHAM CBOOOJAb MHOTOMePHOH CH-
CTeMbl TIOUTH He3aBHCHMO, TO VAOOHBLIM ClOCOOOM HAIVISAHOTO IIpel-
CTaBJEHHA JMBHKEeHHS CJay»KaT TPOeKUUH TOBEPXHOCTH CeYeHHsl Ha
IJIOCKOCTH (p;, ¢;), Kak MoKasaHo Ha puc. 1.3, 8 (3). das peryaspHoro
JABUWIKEHUS C TOUHO Paz/esiomUMUcs TepeMeHusiMu (p;, ¢;) maomanb
cOXpaHsieTcAd B KaXIoH NJIocKocTH (p;, ¢;). Ilpu sroM aaa Kaxk71o#
CTEIIeHH CBOBOMBI CYIECTBYET CBOH UHTErpas ABUXKEHHS U BCE [IPOEKIHH
JexKaT Ha HeKOTOPOH KPHUBOH B KaxkKJo¥ M3 naockocred (p;, q;). OnHako
B ofmeM ciaydae npy N >>2 naxke aast peryJsipHOd TPaeKTOPHHU nepe-
ceueHUs, CNPOEKTHPOBAHHBIe HA IPOU3BOJBHVIO IJIOCKOCTh (P¢, (i),
He JIeXKAaT Ha KPUBOH, a 3allOIHAIOT HEeKOTOPhIH KOHEUHbIH CJI0H, pasmep
KOTOPOro 3aBHCHT OT Bblfopa nepeMeHHbIX (p¢, ). B paccmarpusae-
MOM CJyuae nepeceyeHust JexarT ¢akrHyeckd Ha (N —1)-mepHol 1no-
BEPXHOCTH, HPOEKLHSI KOTOPOH Ha ModyIo U3 miaockocred (p;, ¢;) 3a-
HUMaeT 00.]1aCTh KOHEUHOH Tiouiaau. [IpuMepbl MHOrOMepHOIO JABHIKe-
HHSI OllUCaubl KPaTtko B 11. 1.4B W 110ApO6HO — B II. ©

* 1.2B. IlepemeHHble ReHCTBHE — yroJ

JIJs1 cueTeMBl ¢ OJHOH CTelneHbId CBODOIB H TaMHJLTOHHAHOM, He 3a-
BHUCSLIKM OT BPEMEHH, BCErja CYUWECTBYeT UHTerpa/l ABHKeHUsA. B MHO-
rOMepHOM ¢/ydae, ecu NepeMeHHble B ypaBHeHHH ["amMuabToHa— k061
NOJNIHOCTLIO PA3ACIAITCHA, MOXKHO HaWUTH N HHTErpajoB JBHIKeHHUA,
KOTOphle «pa3Bs3niBaioTy Bce N creneneit cBobonnl. Obo3nayuM npouns-
BOJAAMYIO PYHKUHUIW [y yepe3 S M mpHMeM, UTO B Cay4ae II0JHOTO pas-
JeJIeHHs NepeMeHHBIX pelleHHe HUMeeT BHJ

S=X8:G» 2 . . . ay), (1.2.49)

rje «; — HOBbLic MMIY/AbCLI, CBiA3aHHLIEC C N HHTErpaJdaMi JIBH2KeHUSI.
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Ecay, xpoMe TOro, raMuJbTOHMAH MOXKHO 3aNucaTh B BHAE CYMMbl ')

08;
H“ZH" (5. %)

TO H3-3a4 ME3aBHCHUMOCTH IlepeMeHHBIX ¢; ypaBHeHUe [ aMHJIbTOHA—
Axobu (1.2.15) pacnagaercsi Ha N ypaBHeHHH

H, (3:9— qf) ~ . (1.2.50)
dqi
Pewming ux, Ha#ijeM 3aBHCHMOCTL S; 0T ¢;. HOBBble UMOYIbLCH @; OKa-
3BLIBAIOTCSl TPH STOM [IOCTOSTHHBLIME Pasje/enHs AJA ypaBHeHus [ aMHJ/Ib-
TOHA— HKOOH M VAOBIETBOPSIOT COOTHOLIEHHUIO
N o= H,. (1.2.51)

i

CBA3b MeXKJy CTapbIMM W HOBBLIMH KAHOHWUYECKHMH IlepeMeHHBIMH

naetcsi cootHomedneM (1.2.13). HoBblif ramMmibToHHaH H 3aBHCHT
TOJIbKO OT HMNVJbCOB @;, H ypaBHeHHs [ aMH/IbTOHa pellarTCcs TPHU-
BHAJMBLHO.

Bri60p MOCTOAHHBIX ¢; B KaYecTBe HOBBIX MMIYJbCOB SIBJISETCSH
IIPOU3BOJBHBIM. BMecTo 3TOr0 MOXKHO BBIGpaTh TOOble N BeJHUKH
Ji, ABJAKIOIUXCH He3aBUCUMBIMU (QYHKUUAMU ;'

Ecan sty N ypaBHenu#l oOpaTuUTh,
o =i (J), (1.2.53)

u ponctaButh B (1.2.49), TO pDoayuMM HPOH3BOASILYIO (PYHKUHIO A.15
npeodpa3s0OBaHUA K HOBbIM HMIyIbcaMm J:

,, S(g. =S (g, () (1.2.54)
¥ HOBBIKM TaMW/JIbTOHHAaH

H(J) =2 a{J). (1.2.55)

Pelnende ypaBHeHu#l ['aMu/IbTOHa ¥ B 3TOM cJydae TPUBHAIBHO.

Jast NepHOAHYeCKHUX CHCTeM € MOJHOCTBIO pPal3e]sioliHMHCS  Tle-
PEMEHHLIMH OYeHb yA0OHO BbIOpaTh PyHKuuu J (o) creunaJbHbIM 06-
pazoMm. Ilpu 3TOM NOA [ePHOAMUECKUMH Mbl UOApa3yMeBaeM TaKHe
CHCTEeMbI, B KOTOPLIX 110 KaXKa0# cTellend cBOOoabl JAub0 p; U ¢; SB-
JASIOTCA NePHOAHYECKUMH (YHKUMSAMH BPeMeHH OJHOTrO IlepHOfa, JHOGO
p: NepHOAMYECKH 3aBHCUT OT ¢;. B 1mepBOM cayuae roBopAaT O Ko4eba-
HUAX, a BO BTOPOM — O gpauieruu. TlepHonnt ABHKEHUS TIO KaxKAOMH
CTeIeHH CBOGOMBI He 0083aTe/IbHO OJHHAKOBEI, LECJIH oUW He HaXQMaTest
B PAaiHOHaIbLHOM OTHOUEHHH, TO BH)KEHHEe HAa3bIBACTCS KBA3UNEepUo-
Ouneckum?). J1isi onpeiesteHnst epeMeHHBIX e HcTBUS J, Kak PYHRUMH «

') Dro ycamoBue, Boobine roBopsi, H3JUINHE H TNPHUBEIEHO, BUIUMO, TOJABKO
AJIS1 YIpoUleHus nadoxeHus (cM., vanpumep, [453]).— Hpum. nepes.

%) B opurunane — conditionally periodic (ycaoBHO nmepuoanyeckoe) — Me-
Hee pacHpOCTpPAHEHHBIH CHHOHUM KBa3HuMepuoandeckoro.— lpum. nepes.
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3anuuieM unrerpad (1.2.40), ucnoansys aasa p; Buipaxenue (1.2.13a),

! 1 3S; (g:, o)
Jl-__d’) dg; = é‘) ig: .
on pidq o ” dg;, (1.2.56)
rie Jq, ..., Jy — HOBHe COXPaHSIOULMECS HUMIIYJbChHI. ngamemie

3TOTO BbIDAXKEHHS JaeT HOBYKO NPOU3BOASAmYI0 (yHKuHw S (¢, J).
Coryacuo (1.2.24), conpsikeHHble KOOPAHHATBI HMEIOT BHJ

0; — wi - P, (1.2.57)

re o; U f; — nocrosiunele. MHTerpupys 6; nmo noaHomy Inepuomy
Kosebannit T, noayuaem

t4-T
;
Ho, ¢ apyroit croponbr, us (1.2.136) crenyer
o a8
do; = — —— dq;. 1.2.59
PR ( )

[loacraBiss 3to BelpakeHne B (1.2.58), MeHsis 1OpAROK auddepen-
LHPOBAHUS U HHTETPHPYS 110 IIEPHOAY, HAXOIHUM

0 oS 0
AB; — i:*-_@ dg; =27, (1.2.60)

CpaBuenne (1.2.58) ¢ (1.2.60) naer
w;T =2, (1.2.61)

T. €. IIOCTOSIHHBIE ®; €CTh MPOCTO uacmoms. KonebaHuil. Taxkum obpa-
30M, HCIIO/b30BaHHe IllepeMeHHBbIX JelicTBHe — yroa IHpeacTaB/sier
co6o¥l yIOOHBIA Crnocob MoayueHHs 4YacToT KoJebaHUH, He TpeOyIOuiHM
BBISICHEHUS! feTaJjleil BMxKeHusi. [Ipu uccienoBaHWHN JABUXKEHHS CHCTEM,
OMU3KUX K HHTErPUPYEMbIM, YI0OHO NpEeABAPUTENLHO IepedTH K Iie-
peMeHHBIM JeHCTBHEC —— Yroj B HHTerPHPYEeMOH 4acTH CHCTEMBI, a yXKe
3aTeM HCMOJAb30BaTh TEOPHIO BO3MYINEHHH HJIH JIPYTHE METOMbl.

Tapmoruveckudd ocyuaramop. [IponamocTpupyem JTOCTOHHCTBA Iepe-
MEHHBIX JeHCTBHe — YroJ Ha [pHUMepe TapMOHHYECKOro (JIHIeHHOro)
OCLUNIATOPA, TaMILIbTOHHWAH KOTODPOTO HMeeT BHI

H—G- FL g, (1.2.62)
2 2
rpe G, F 1 a — noctrosHHble. Onpejgeaus p (¢, 0) ¥ BHIYHCJIUB UHTETrPaJl
9 Imake 9 F U2
_ £ L 2 d 1.2.63
J . S ( - o4 ) g, ( )

0

1} Bupaxenue (1.2.60) cpasy nosyuaercs 43 onpegenedus (1.2.56) ana J
upu p = J, g = 0.— llpum. ped.
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e Guaxe = (20/F)'%, momyunm

J=a (FG) Y2 (1.2.64)
Otcrona u u3 (1.2.55) raMHIbTOHHAH DaBeH
H=(FG)"?J (1.2.65)

M He 3aBHCHT OT yIVIOBOH mnepemenHoi. Yacrora xoJjebandil paBHa

w, = 0H/dJ = (FG)'*. Tlogcraasis a u3 (1.2.64) B (1.2.62), nouay-
yaeM OXHO M3 YpaBHEHH{i KaHOHMUECKOrQ Npeo6pa3oBaHHs

p=p(g, J)=(2RJ—R¢|"?, (1.2.66)
rae R = (F/G)'*. Uz (1.2.13a)

et q- DA ¢
S .—_d) (2RJ —R%¢*)*dq
n us (1.2,136) HaxoauM BTOpOE ypaBHeHUE
q
06=R | (2RJ—R%"~"dq, (1.2.67)
0

KOTOpOe I0CJe HHTerPHPOBAHMS NaeT

g=(2J/R)"*sin . (1.2.68a)
C yuetom (1.2.66) umeem

p=(2JR)"* cos 0. (1.2.686)

Ypasuenus (1.2.68) onpeneasior npeoSpasoBanHe OT NepeMeHHBIX
JIEeHCTBHE — YroJ XK UCXOAHBIM ITepEMEHHbIM p, ¢. DTO npeobpa3oBaHue
OOBIYHO TMOJYYAeTCs MPH IOMOIM MNPOU3BOAAIIEH (QYHKUIMH THIIA

F, (g, g), xoTopasi nMeeT BUJ

Fy— % Rg?ctg 0. (1,2.69)

OTMeTHM TaKiKe, YTO 3JVIHIC, OmNpejeisiembiil ypaBHeHuem (1.2.62),
MOXKHO KaHOHHYECKH I11Peo0pa3oBaTb B KPYT, U3MeHsist Macwurab: p =
. »\/T?p’; qg = q’/'\/R. Orcrona, SiCHO, YTO B IlePeMEeHHBIX JeHCTBHE —
yroa (J, 6) puxkeHHe INpeacrasiaser co60d BpaueHHe HEKOTOPOro BeK-
TOpa HOCTOSIHHOH AJIHHBL J. 3TO HeMeJ1eHHO NMPUBOJAUT K YPaBHEHHSIM
npeobpaszoBanus (1.2.68), H3 KOTOPHIX BHIHO TaKxKe, YTO BeJHUHHA R
paBHA OTHOIIEHHIO IONYOCEH HCXOAHOTO 3JJIHIICA.

Huxe MBI yBUAUM, UTO NMEPeXOx K IMePEMeHHBbIM JeHCTBHE — YTOJ
ocobeHHO 3(pdeKTHBEeH B Cilyyae MeIJIeHHOTr0 H3MEHEHHsS BeJHYHH F
M G cO BpeMeHeM WM B 3aBHCHMOCTH OT KOODAMHATHL IO ApPYyTroil CTe-
e cBoGosibl. B 310M cayuae J siBasiercs aduabamudecKum uHeapuaH-
MoM [BHXKEHHS, T. €. MaJO H3MEHAETCH JAaxKe INPH 3HAYUTEJbHOM U3-

MECHEeHHH ®, B H (cM. Takke [265], ror. 2). JIasi neqHHeHHBIX KojeBa-
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uud npeobpasoBanve (1.2.68) He NMPUBOAUT K MEPEMEHHBIM JeHcTBHE—
yroJ. TeMm He MeHee, KaK Mbl YBHJHM B 1. 2, €TO MOKHO HCIIOJNb30BATh
HPYH IIOCTPOCHHU DSIAOB TeOpHH BO3MyieHHH. OOIHii »Ke MeToj BBe-
JleHHS ITIepeMeHHBIX AeHCTBHE — VIOJ, Pa3BHTHI B 3TOM naparpade,
IIPUMEHHM, KaK OyleT BHJAHO HHKe, M K HeJIHHEeHHOMY OCHHJISITOPY.

§ 1.3. UnTerpupyembie CUHCTEMbI

PaccMoTpuM raMuJIbTOHOBY cHcreMy ¢ N crenensimu ¢BoGoanl. Ecau
ypaBHeHKe [ aMuIbTOHA—$1KOOH pasiensieTcd Ha N He3aBUCHMBIX VpaB-
HeHHH, 110 OfHOMY Ha KaXKAyiO cTelleHb €BOOOAbI, TO TaMUJIbTOHHAH

U ABUYKEHHE CHCTEMbl Ha3bIBAXOTCH UHmMezpupyemvimi (AHOTAA HCHOMb-
3VIOTCS TEPMHHBI 1OAHOCMbIO WHMEpUPYeMbill U NOAHOCMbIO pasde-
asowgutics). Tlocrosinnble pasjaesaendsi o; Ha3bIBAIOTCH U30AUPYIOUUMU
WIH 2200Q46HbMU URMeepaiamu 08uiceHual), MoCKOIbKY KaXJbld Ta-
KO HHTerpas «orjesaser» OAHy creneHb cBoboabt. CucteMa ¢ N crene-
HSAMH cBOOOJbI HMHTErpHpyeMa Torja H TOJbKO TOrja, KOTjia CVLIECT-
ByeT N He3aBHCUMbIX M3OJMPYIOLUIUX WHTErPaJloB.
DTH UHTErPajbl A0JKHBI ObITh 8 uHeoaoyuil, T. e. uX cKOGKH I1yac-
COHa APYT € APYIOM NOKHBI oOpamarbess B HYJIb: la,, ;] = 0. Iro
rapaHTHPyeT, YTO [lepeMeHHble ¢; 00pa3yioT NOJAHbIH HAa60p HOBBIX HM-
nyJabcoB. Jlobas nonHas cucreMa N (YHKUME OT a, HanpuMep mnepe-
MeHHble MeHCTBUA J;, TaKkKe olpeaenseT nHabop H30JAHPYIOUIUX HHTEr-
panoB, ckobku [lyaccona KOTOPHIX aBTOMaTHyeckH oOpallamrcs B
HyJ b (moapoGHOCTH cM. B padore [430], § 147).

* 1.3a. QpHa cTeneHb CBOOOMbI

CorJsiacHo cootHomeHH (1.2.21), 114 cUCTeMbl ¢ OHOH CTeneHbi CBO-
60Jbl U He3aBHCSILLHUM OT BPEMEHM FaMHAbTOHHaHoM H BeauuHHa

H{p, §)=E (1.3.1)

ABJseTCd UHTerpajoM ABHxKeHHsi. [Josromy Bce Takue cHCTEMbl HHTET-
pupyeMmbl. [IpH 3TOM HMIIYJbC p 3aBHCHT TOJLKO OT KOOPJIHHATbLl ¢
(Ho He ot Bpemenu). Paszpewmus (1.3.1), noayunm

p=plg, E). (1.3.2)

1) B oreuectBeHHON JHTEpATYPE HCIOJIb3YETCS TAKIKE HE COBCEM YIa4HDIH
TePMHH -— OJHO3HAYHBIH (KOHeyHOo3HAUHLIH) HHTerpaJ. 3aMeTuM, 49TO TNOHATHHA
M30JHDYIOUWHI W TJ00aAbHbIl XapakTepusyioT, Boollle roBops, pasHble CBOM-
CTBA MHTErpaJia JIBHXKEHUA, MOCKOMBLKY «H30JTHUA» MOXKeT OblTh U JNOKAJLHOM
Kak, Hanpumep, B Teopun KAM (cm. n. 3.2a nuwxe). VickimwodeHue ¢ 11omoubio
Kam/J0T0 HHTerpaJga oanoi creneHu c¢BoOOfALl, T. €. ABYX AMHAMMUECKHX IepeMeH-
HbIX, BO3MOXKHO TOJALKO MPH VCJIOBHU 06CYXKIAEMON HHUMKE HHBOJIOLHE, HJIH KOM-
MYTHPOBAHHS, HHTErPagoB, uTO O3HAYydeT COBMECTHMOCTb COOTBETCTBYIOLHX HM
LHKJHUECKHX KOOpAHHAT. B MpoTUBHOM cayyae HHTerpa.T mo3soasieT HCKAIUHTD
JIHUWIb OAHY AHHAMHUECKYIO ITepeMeHHVIo (cM., Hanpumep, [3371], n. 14).— [pun.
ed.
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3aBUCHMOCTb TepeMeHHBIX p M ¢ OT BPEeMeHH MOXKHO OIIPEeNHTL H3
sroporo ypasHenus [amuabtona (1.2.66), KoTopoe naer

dt — “75,}%,— (1.3.3)

WJIH, II0CJ€ HHTErpHpOBaHUA,
q

dq

[= \ —L ., 1.3.4
S affjap ( 3 )
q.

Tax xax 0H/0p 3aBUCHT TOJBKO OT TIEPEMEHHBbIX p U ¢, KOTOPHE CBA-
3aHbl coorHoweHueM (1.3.2), TO HMHTeIrpHPOBaHHe YPaBHEHUH JBHKe-
HHA CBOJAUTCH K KBajparype. OgHaKO HHTerpan MOXKHO Ha#TH, BooOiIe
TOBOPSI, TOJBKO UYHCJIEHHO.

Modeav masmruxa. TIponyrocTpupyeM OIHCAHHYIO BbilUe IPOUEAYPY
Ha IIPOCTOM IpWMepe MadTHHUKA. JlogcOHBINI raMuibTOHHAH BO3HHKAET
10 CyIIeCTBY BO BCeX 3ajauax ¢ HeJHHeHHBIMH pe30HaHCaMH, H 37a
MOJeNb JEXUT B OCHOBE HALIErO IOJXOJa K HeJuHeHHOH JuHaMHKe,
pPaccMaTpUBAEMOH B TIOCTEAYIOUMIMX TIJaBax. Y PaBHEHUS JBHMKEHUS
MasiTHHKa HMeI0T BHJ

p=—Fsing, ¢=0p, (1.3.5)

rne F = mgh, G = l/(mh?*; mg — cuaa TsiKecTH, AeHCTBYHOIAA Ha
Maccy m; A — QJUHa MasTHHKA. YI10J OTKJIOHEHHS OT BEPTHKAJH ¢
H MOMEHT HMNYJbCa p, COTPSIKEHHBLIH ¢, VAOBJETBOPSIIOT VPABHEHHSM
lamujybrona. I'amMuabTOHHAH €CThb  CyMMa KHHETHUYECKOH — SHEPTHH

—%— Gp® u noTeHuHa bHOH sHeprun U = — F cos ¢:
H— %GpL—Fcoscp::E. (1.3.6)

Coornowmense (1.3.4) cBoauT 3ajgauy K KBafpaType H I103BOJSET BHI-
pa3uThb pellieHHe Yepe3 3JIHNTHYecKHe HHTerpatbl. OpHako MHOroe
MOXKHO y3HaTb U UPSMO M3 aHauu3a cooTHouleHus (1.3.6) npu pasmauy-
HbIX 3HA4YeHHSIX 3Heprud £, KakK 3TO mokazaHo ma puc. 1.4. SHayenue
raMuIbToHMaHa £ COOTBETCTBYET IMOJIHOK 3HeprHH cHCTeMbl. Ecmi E
60/Ib1IE MaKCUMAJbHOTO 3HAUCHHS NMOTeHUHAJABHOH 3Hepruu F, TO UM-
[yNbC p BCEerAa OTJIHYEH OT HyJst. JTO NPUBOAHT K HEOrPAHHUEHHOMY
M3MEHEHHIO @, T. e. X Bpaitenuo. [Ipu stom aas p >0 npikeHue npo-
HUCXOJIUT c/eBa Hanpaso c¢ 3Hepruein L,. [Aag £ <CF pBMKkeHHe orpa-
HHYEHO (BHYTPHM HOTEHUHMAJIBLHOH $IMBI) M COOTBETCTBYET KOJIeGaHHSM
MasiTHUKa. Ecau ke £ = F = £, T0 JBM:KeHHe NPOHCXOMUT 110 Cce-
napaTpuce, a nepuoj Koaefauni CTAHOBHTCS OecKoHeUHBM. JIBIXKeHHe
HMeEET Z(Be 0colbie TOYKM npH p == (: OfHA HAaXOAUTCA B Hauaje Koop-
JAUHAT 1pH @ = 0 u aBjaseTcs VCTOHUMBOH, HJU 3AAUNMU4CKOL, OCO-
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fo¥ TOUKOH, Apyras (B MeCTe COeJHHCHHSI ABYX BeTBeH CeHapaTpHchl
MpH @ = -4 M) sABJAAETCH HeyCTOHYHBOH, HWJH 2unepboauveckol, oco-
Goii Toukod. PasoBas TpaekTopus BOJH3W LIUITHYECKOH TOUKH BCd
BpeMsi OCTaeTCsl B ee OKPECTHOCTH, TOIJa KaK TPAeKTOPHsSI BOJIH3H T'H-
MepOOIHIECKOH TOYKH YAaldseTcs OT Hee.

£

on

Puc. 1.4. JIunampxa MasgTHHKA.
a — rpaduk noreguHalbHOll 3HepruH; 6 — (azoBble TPAEKTODHH,

[z (1.3.4) caenyer, uto B ofuieM Ciaydae Iepuoj KoJeGaHHH 3aBH-
CHT OT 3Hepruy ocum/iasitopa. IloacTaBass 3umauenue H u3 (1.3.6) B
(1.3.4), nna nepuoxa KojeOaHHH TOJTYyYaeM COOTHOILEHHE

T— ! S?J 4v : (1.3.7)
@262 J (E+Fcosq)?
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KOTOpPOe MOXHO BbIPA3UTh Yepe3 3JJUNTHYECKHe HHTerpaibl. B yact-
imocTH, H3 (1.3.9) BUAHO, UTO Ha cenapaTpHce KaK BO3BDallawLlad cuaa,
TaK ¥ CKOPOCTb 00pallaioTest B HYJAb MPH @ == I, U N03TOMY Iepuop T
CTAHOBUTCH OeCKOHEYHBIM.

YUTo6b! 3amucaTh raMHJIbTOHHAH MAaATHUKA B MlepEeMEHHbIX eHcTBHe—

yroa (J, 0), BeuHcaum nelcTBHe anHajgornyuo (1.2.63). B pesyabtate
TOJTYYHM

Pmaxe
J(E) = —i~ g {—é— (E--F cos cpl)]lz do,, (1.3.8)
0
¢
0(p, E)= (G%)_lg A —, (139
[(2/G) (E -I- F cos @y)]
TAC Quaxe = /2 mas Bpawenus (E>>F) U cos Quaxe = — H/F ansa

kosebanuit (E<<F). Hopulil raMHU/JIbTOHHAH INTOJyYaeTCs IMyTeM MOJCTa-

nopxku H = E B (1.3.8) u ofpamennss bynxuun J (H). Bupakenus
(1.3.8) u (1.3.9) npuUBOAATCS K 9NJUNTHYECKHUM HHTETPaJaM U HX MOXKHO
NPeACTaBUTL B Buje [383, 3441

[EC—A—m)H 6 <l

l —%—ué" (%), w>1,
. f [H () F (0, =), n<_l,
7[ 2K () F (% P, x—l), x> 1.

J=—R_ S (1.3.10)
J

pum—

(1.3.11)

3neck R = (FI@'?, a K(%) u & (%) — noJHbIE 3NJIHITHYECKHE HUH-
TerpaJ/ibl NepBOrO ¥ BTOPOTO PoAa:

T2

H () = S il

(1 — x2sin2g)! 2 -

(1.3.12)

w2

EM= | (1—x2sint)' 2 dE,

;
. . l ! o

rae % sinn = sin — g, 2x* =1 - E/F, a & — 3J0JUNTHYeCKHH WH-

Terpaa IepBor0 pojga. BelnyvHa x XapakTepH3yeT OTHOCHTEALHYIO

HEPTHI0 MasiTHWKA, TaK 4TO Ha cenapaTpuce »x = l; and xoneGaHui
w<Z1, a pas BpameHus x>1.

Coornowenusi dJ/dE = 1/w u (1.3.10) onpepeadior yactory
®(®) _ =« [ [ (%)]7E, w<l1,
0 2 | 2 (Y,  w>1, (1.3.13)
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rie wy= (FG)'® (1.3.14)

— YJaCTOTa MaJblX KOJICOAHUEH BOJU3U IJIAUNTHUCCKOH TOUYKH. ACHMIIL-
TOTHYeCKOe BBIpaKeHHMe Aad & 1npH % —> 1 paeT yactory BOIH3H Ce-

ITapaTpHCHl
2 In : y w1,
o 2 (1—x2)!2
~ ) (1.3.19)
@o ztfln ’ %> 1,
(2 — 112
[Tpu % — | yacrora aorapupmuveckn ofpaiiaercst B HyJb. ¥ paBHCHHE

CelfapaTpPUCHLl MOXKHO NOJAy4YMTh U3 (1.3.6) ¥ yeaoBus £ = F:

Py ;’Lg?_ (1 cos g)' 2, (1.3.16)

1€ HHJEKC S OTBeyaeT 3HaYeHUAM repeMetHbIX Ha cellapaTpHce. Orciona

= o 20 cos s, (1.3.17)
G )

Tje IVIOC H MHHYC COOTBETCTBYIOT BeDXHeH M HMKHelt BeTBAM cenapar-
puce. YpaBHenue [ aMHIbTOHA

@s = Gps (1.3.18)
¢ yuerom (1.3.17) maer

d I ‘
;';‘ = 4 2m4COS (25 - (1.3.19)

Paspeluast 3170 ypaBHeHHe OTHOCUTENBHO di H HHTETPHPYS C HAYa/AbHbIM
yenosuem ¢ = O nupu £ = 0, noayyaem
@y

dg/2 $s T
/ h AL - , .3.20
o, S —— [n tg( T ) (1.3.20)

HJIM, woche obpaieHus,
s == 4arctg [exp (wqf)] —m. (1.3.21)

TpaeKkTOopHK BOJU3H cellapaTPUChl OYeHb NIOXOXKH Ha CaMy cernaparpucy,
34 WCKJIOYeHHEM TOro, UTO TepHoj JBHKEeHHSI CTPeMHUTCHd K OecKoHed-
HOCTH 1pH NpUGIHKeHHH K cemapartpuce (1.3.13).

FCamuapronuan (1.3.6) Ob1 nosayyen s MOfesnd MasitHHKa. On-
HAaX0 OKasLBaeTrcsl, YTO TAKOTO BHUjAa TaMW/ILTOHHAH I10Jy4YaeTcs MOYTH
BO BCeX OJH3KHX K HHTEIDHPYEMBIM CUCTeMaX, B KOTOPLIX HMeEeT MeCTO
PE30HAHC MEXAY CTeleHsIMH CBOOOAbI. B OKPeCTHOCTH 3HaueHHi nepe-
MeHHBIX JeHCTBHSA, COOTBETCTBYIOWMX TOYHOMY pe30HAHCYy, PasjioxKe-
HHe HeUHTerPHPYEMOil YaCcTH TaMUJIbTOHHAHA B psiji Pypbe LaeT YJIeHk,
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KOTOpbLIE BHI3BIBAIOT MeJIEHHble U3MEHEHHS, OIIHCHIBAaeMble TaMHJIbTO-
HuaHoM Buaa (1.3.6). Ilpeanouioxkum, YTO YIVIOBbie MEPEMEHHLIE @
1 P, COOTBETCTBYIOUiHE DAa3HBEIM CTeIleHAM CBOOOMBI, HAXOAATCS B pe-
30HAHCe, TAK YTO OTHOLIEHHE MX YACTOT ©,/®y J/Is1 KAKHX-TO 3HaUeHHH
IIePEMEHHBIX JIeHcTBHS OJIM3KO K pauuoHaabHomy uucay r/l. Toraa
MOKHO TIPOU3BECTH KaHOHHYECKOe IpeoOpa30BaHHe XK HOBOH MeJJeH-
HOH nepeMeHHOH

0— lp—ry (1.3.29)

¥ MCKJIOUHTL OJHY H3 ObICTPHIX VIVIOBLIX IlepEeMeHHbIX, HalpHMep ¢.
KanoHuuecku conpsikeuHblii 0 UMIYJIbC CBA3aH C OTKJOHEHHEM JeHCT-
BHsi, Hanpumep J, OT TOYHOIO Pe3OHAHCHOTO 3HauenHs J,. Ecaw re-
1epb NPOU3BECTH yCpeaHeHHe IO ObICTPOH YIVIOBOH INepeMeHHOH 1P,
TO MONYYUTCS TAMHJIbTOHHAH C-OJHOH CTENeHbK CBOOO/BI, COBAIAOMLIU I
no ¢opme ¢ ramuiasrounaHoM MasgtHuka (1.3.6). Ilockosbky Takod ra-
MHBLTOHUAH BCerJa BO3HUKaeT NPU ¢pypbe-npeobpa3oBaHHH BO3MYyILe-
HUS ¢ TOCJAEAVIOUINM NMpHMEeHEeHUEM Pe3CHAHCHOH TeOpHH BO3MyLeHHH
M yepeaHeHHsT, oH Obl1 HasBaH YupuxoBoiM |70] «yHuBepca/sbHOe onu-
caHle HeJqHHeHHOTo pe3onaHca». Mbl 6yjeM Ha3bBaTh ero cmaxdapm-
Hom eamuaomonuadom. OH UrpaerT PpyHAaMEHTATbHYX poJb BO BCeM
HalleM W3J0XKeHHM Mmarepuasna. COOTBETCTBYIOULAA TEOPHST BO3MYILIEHHH
paccMatpuBaercst B § 2.4 M WHPOKO HCNOJB3Yercss B IOCACAYIOLIHX
TViaBax.

1.36. JIuHeliHble puddepeHuUHaNbHbIE YPABHEHHS

[Ipexkae uem mepedTH K anaju3y HeJHHeHHOU CHCTEeMEHI C ABYMS CTelle-
HAMH CBOOOJBI, PAaCCMOTPUM XOPOILIO H3yYeHHOE MareMaTHUeCKH JH-
HeiiHoe jpudepeHuHaTbHOe YpaBHeHHe BTOPOrO IOPSiiKa C IepeMeH-
HBIMH Kos(ppuuneHTaMH. Kak H3BeCcTHO, pellleHHe T4KOrO ypaBHEHUS
CYUWIECTBYET ¥ COOTBETCTBYeT DeryJasipHOMY aBHxkKeHuw !). PaccMoTpum
JuppepenunaibHOe YpaBHeHHe

(O x+gt) x=0, (1.3.23)

rae f (f) u g (¢) cunrawTes MOKa NPOU3BOJABLHBIMU (BYyHKHHSIMA BPEMEHH.
Tak kak 3T0 ypaBHeHUe SABJSETCS JHHEHHBIM ypaBHEHHEM BTOPOTO
nopsigka, ero obillee peleHHe MOKHO IOCTPOUTL HPU HOMOWM JBYX
JHHEeHHO He3aBUCHMBIX peuleHHH X U X,. BakHoe cBOHCTBO 5TOTO ypaB-
HEHHMS II0/1yYaeTcst M3 aHa/i3a BPOHCKHAHA

X1 X
W= L. (1.3.24)
X1 X

') Bro 3aBucut ot Buna dpvuruni f () w g () B (1.3.23).— Mpum. ped.
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Jdudppepentiupys obe yacTH paBeHcTBa 110 I, HAXOAHM

% £ X X X
7anil AU b ol I B (1.3.25)
X X X X

rjie BTOpOIl onpefefHTeNb oGpalllaeTcst B Hy/Ab, TaK KaK OH HMeeT OJH-

HaKoBble CTPOKH. IlopctaBias BelpaxeHue aaa x; U x, u3 (1.3.23)
H pacKphiBas ONpejiesuTeNlb, HaXoAUM

W = — xy(fxa - gxa) + xa (Foxy 4 gx1)-
[Tocse cokpallleHHs UeHOB gx,X, HMeeM

W= —fW.
MHTerpypoBaHie 3TOTO BbIpa:KeHHs Jaer
4
W ()= Wyexp [_Sf(t) dt]. (1.3.26)
to :

Ecau f (f) = 0, T0 auccunauyst B CHCTeMe OTCYTCTBYeT ') M nogay-
yawllleecsi ypaBHeHHe

Xt g)x=0 (1.3.27)
COOTBECTCTBYET IaMHJLTOHHAHY
1

H=—p*+g ()¢ (1.3.28)

cg=xHup=x B stom cayuae (1.3.26) cBORHTCA K
W = const. (1.3.29)

DTO COOTHOLUEHHE CHIpaBeUINBO He3aBUCHMO OT TOrO, SIBJAETCS JH
g (f) nepHOjHYECKOH QYHKIMell HJIH HeT.
Petnenue /mo6oro audrpepeHaJbHOro ypaBHeHHsT BTOPOro NopsijiKa
OTHO3HAYHO OlpeesieTcsl HayadbHbIMM 3HaueHHsSIMH (YHKLHM KN ee
npousBogHoN. [ToaTOMy A1 Kax0ro W3 He3aBUCHMBIX pelleHHH MOXKHO
HalMcath npeoOpas3oBan¥ie OT HA4yaJdbHOro MOMeHTa BpemeHH ! = 0
K JIOOOMY JAPYyrOMy MOMEHTY BpeMeHU B Bljie

Xy (£) = myyx0 (0) + mm;ﬁ (0),

Xy (£)="mig1xy (0) -- mag x4 (0),
rje Ko3(QQUIHEHTH 72;; 3aBHCAT OT BPeMeHH, HO He OT Haya/JbHHIX YC-
nosuii. U3 (1.3.29) BriTeKaeT, 4TO ZETepMUHAHT MaTpPHIbL

My My
Mgy Mgy

1y dynkuus f (£) MoXKeT XapaxTepu30BaTh TakXKe H3MEHEHHE INapamMeTpos
CHCTeMbl, HanpuMep Macchl.— [l pum. pead.
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JTOT pe3yabTaT IOJydaeTcsl, ecJH 3alHcarb MaTpHIY npeoGpa30BaHHA
JABYX pelleHHUH B BHJE

()  x() ) _ ( My My ) ( (0 1% (0)

) %@ )\ my ome %0 x(0)

Bpiuucass geTepMHHAHT B 00€UX 4YACTSIX PABEHCTBA M HUCIIOAb3ys TOT
GaKT, UTO JEeTEPMHHAHT INPOM3BEJAEHHS MAaTpPHIL paBeH MPOU3BEIEHHIO
X JeTePMUHAHTOB, IIOJYyYHUM MpeoGpa3oBaHHe A1 BPOHCKHaHA

W ({) = W (0) det M.

Ilockombxy W (f) = W (0), to det M = 1, yro 3KBHUBaTEHTHO YCJO-
BUKO COXpaHeHUsT MJuoiaad. B panabuediineM Mbl OyjieM paccMaTpHuBarh
TONLKO TakKHe KOHCepBaTHBHEIC ') CHCTeMBL.

Iepuoduueckue kosppuyuermot. Ecnu g (1) umeer nepuon T, 10 (1.3.27)
UMeeT JBAa HE3aBHCUMBIX peleHUsi BUAA

()= w (O exp lip (1)), (1.3.31)
rae w (f) — nepuoaHyeckas (PyHKUUSA BpeMeHH
w (f) = w (f - 1).
[Ipu atom

exp i [Y (¢ 1) —p ()} =exp (i0),

Ijie 0 He 3aBUCHT OT BpeMeHHd. [losToMy 1 TOxke NepuoauyecKass ¢QyHK-
uust BpeMeHnu. YpaBHeHHe (1.3.3l) npencraBasieT coGoii ofiee pelie-
uue DjoKe Q158 JHHEHHOTO ypaBHEHHSI ¢ NEePHOAMUYECKHUMH KO3(pdUIH-
entamu. Huddepenuupys (1.3.31) aBa pasda, noxacTaBasisi pe3yJabTar

B (1.3.27) u cokpamas et MOJyYaeM M5 AeHCTBUTEJRHOH W MHUMOH
yacTen:

w—w? 4 g () w=0, (1.3.32a)
Qwp - wnp = 0, (1.3.326)
[lepenumem BTOpoe ypaBHeHHEe B BHJE
%8,
? !

') MmeeTcs B BHJAY cOXpaHeHHe HE SHEPTHH, a MuaoWaju Ha ($a30Boil NJo-

CKOCTH CHCTeMHl (X, X). 3aMeTuM, 4To nocJjefiHee cpa3y CJAEAYET U3 TOro, YTO NMPH
] = 0 paccMatpuBaemas cHcTeMa SIBJSETCS TaMHJAbTOHOBofl (1.3.28) B nepemen-

HpIX x, x.— [lpus. peo.
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W, TIOCJIEe HHTeIPHPOBAHUS,

1

" .

P = (1.3.33)})

w

[Toacrapaas 310 cootnowenye B (1.3.31) U nepexoast K QeHCTBUTEIb-
HBIM PYHKUHAM, HaXOaHM

x(f)=w (1) cosp (), (1.3.34)
t
rae ¥ = | dt w® Mcnoabsyst cootrHolienye
£,

cos? - sin®y =1 (1.3.35)
M Bbipawas sin ¢ u cos Y ¢ momouisio (1.3.34), noayuaem HHBapHauT %)
I(x, x, {)= [ 242~ (Wt —wx)]. (1.3.36)

Xors siBHBIH BHI GyHKIHE @ (/) B o0lleM cJiydae HEU3BeCTeH, HO U3
CYLLECTBOBAHUS peLUeHUS cJ/deayeT, 4TO st ramMulbroHuana (1.3.28)
Bcerga cyiuectsyer uiusapuant /. IloacraBasis (1.3.33) B (1.3.32a),
noJAyyaeM ypapHeude 1/ @:

w+g(t)w—

= = 0. (1.3.37)
Peujente 3T0ro ypaBHeHHst He Ipoule, 4eM uexoaHoro (1.3.27). Opnaxo
JleBuc [259] sameria, uto a060e pemnenne (1.3.37) onpenensier uepes
cooTHOweHKe (1.3.36) petenue (1.3.27) x5 BCeX HAYaAbHbIX YCJIOBHY.
MuBapuant (1.3.36) moJe3eH NMPH H3VYEHHU ABHKEHHUS YacTHIl B YCKO-
puteasix ¢ xkecTKo# orycupopkoit (94 |, korna dyukuus g (f) KycouHo
MOCTOAAHHA W MOXKHO sIBHO HaiTH w (¢). Tounoe pelleHHe H3BECTHO
Takwke U B caydae g (¢} = a - b cos f, KoTopbll MPUBOANT K ypaBHe-
Hmo Matbe. JleBuc [259] nokasat, yto A% NPOU3BOJILHON (GyHKIMU
niusapuadT (1.3.36) MOXKHO NOCTPOHTH HPH TMOMOLIH TEOPHU BO3MYLie-
HHII.

OTmeTuM, 4TO JIPOBEIEHHLIH BLIMIC aHAJMM3 HPHUMEHHM K JHWHEHHBIM
HEaBTOHOMHBIM CHCTeMaM C OJHOH CTeneHbly CBOOOABI, KOTOphie COOT-
BETCTBYIOT HEKOTOPOMY CIeUHaIbHOMY KJ4acCy raMiJIbTOHHAHOB € IBYMs
cTeneHsiMH cBoOOabl. Tak KaK HeaBTOHOMHbIE JIMHEHHBIE CHUCTEMbl BTO-
pOro nOpsiika HHTETPUPYeMbl, TO HEYAUBHUTENIbHO, YTO BCerjla MOXKHO
HAalTH COOTBeTCTBYIOWMH uHBapHaHT. Iloneitkn Caiimona 13971 u JleA
Brca W JInua [260] oBoBIUTL 3TH MeTOAbl HA HeMHHEHHble CHCTEeMb
He NMPUBEJH NOKa K HOBLIM ITOJE3HBIM Pe3y/bTaTaM.

1} B oGumenm cayuae (1.3.33) comepmKHT NPOU3BONLHYIO NOCTOAHHYIO: Y ==
= C/w?; cootBercTBeBHO H3Mensotes U (1.3.36), (1.3.37).— IMpuan. ped.

¥y DToT uHBapuaHT, noJyueHHul BrepBhie Kypautom u Cralfimepom [94],
iMeeT HPOCTOH (i3HUeCKH# CMBICA COXPAaHEHHS «IHEPTHHW» B TNepeMeHHbIX:
o> x/0; f = (moapo6HocTH M., HanpuMep, B pabore [232]).-— [lpum. ped.
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1.3B. Heckosbko creneHed cBoOOAbI

JJis1 cHCTeM ¢ HEeCKOJbKHMH CTENeHsSIMH CBOOOAB! coorHowenue (1.3.3)
HNPHHHUMAET BHJ

df— S0 . de o _d4v (] 33g)
0H;"()p1 ()H/apg OH/GPN

Toasko B TOM cayuwae, Korma npousBomnas 0f/0p, == f (g;) 3aBucHT
JIMIIb OT ¢,, NMePBOe ypaBHeHHe pelnaeTcs B KBajapaTypax. AHaqoruy-
HOe yTBep:KACHUE MMeeT MeCTO H /s IOCAeYIOWHX ypaBHeHUH. B 006-
LeM cJaydae HeoOXOMUMO peluaTh BCIO cucTeMy auddbepeHUHaNbHBIX
ypaBHeHUH coBMecTHO. OQHAKO, eCJH B JIONOJHEHHe K IaMHJbTOHHAHY
HUMeIoTCH JPYyTHe WHTerpajbl JBHIKEHHUSI, TOrAA YHCJAO COBMECTHO pe-
[UaeMbIX YpaBHEHHH MOKeT ObITh YMEHBIIEHO Ha eIUHULLY /ST KaXKAOIo
JIONIOTHUTENBHOIO  U30AUPYOLe20 uHmezpara Osuxcerus. W3oaupyio-
MM $IBJISeTCS TAKOH HMHTerpas, KOTOPbhIH B HEKOTOPHIX KAHOHHYECKHUX
rnepeMeHHbIX TIPHBOAMTCS K ypaBHeHuw: dH/dp; = [ (g;). Tlpeobpaso-
BaHHe K I[IepeMeHHbIM JeHCTBUEe — yroJa yAOBJeTBOpsieT faaxke Oollee
KEeCTKOMy yeaoBuio OH: dp; = const. Onnako camo npeo6pa3oBaHHE
3aBHCHT OT CYIIECTBOBAHMSI H30JHpYiollero Hurerpana. [locaepnuil ke
MOKET OBITh JIOCTATOUHO IJIYGOKO CKPBIT B JHHAMHKE CUCTEMBI, TaK UTO
OOHapVKUTh €ro He Tak-TO JerkKo. M3ouupyiomue wHTErpadibl CBsi3anbl
C CUMMETPHSIMH JHHAMHYECKOH CHUCTEMBI. JTH CHMMETPUH MOTYT OKa-
34TbCS OYEBHJHBIMU, U TOrAAa HeOOXOAHMOe npeoOpasoBaHHe IepeMeH-
HBIX, OO0ecClleUHBawiilee pelieHUe B KBajparypax, Ollpeflesisiercsi He-
MOCPEJICTBEHHO. IDTO CIPABEAIMBO, HAlpUMep, /s YacTHUBl B I10.]1e
IEHTpaJlbHbIX CHUM (cM. HHxKe). Korma npucyTCTBHe CHMMETPUU B CH-
cTeMe He OYCBWJIHO, KaK, HallpuMep, B cJjayuyde paccMarpuBaeMOH HHKe
ienouku Toawl, HalTH H30JUPYIOLUH HHTerpas He npocto. B nacros-
fee BpeMs He CYIIeCTBYET KaKOoro-iufo MeTojaa, MO3BOJSIOWErO Olpe-
JeJUTh BCe W30JUPYIOLIME WHTErpasbl IIPOU3BONBLHOH TaMHJILTOHOBOM
cHCTeMbl MJIM XOTS Obl YCTAHOBUTH WX IIOJHOe uyucao. [lostomy Re cy-
ECTBYET ¥ HHKAKoro ofuiero cnocoba NpoBePKH HA HHTEIPHPYEMOCTH
(N M30aUpyIOWKX HHTErpanoB) ais cucrembl ¢ N crenenaMu ¢cBOOOJHI.
Ecau B cucTeMe HeT OUEeBHJIHOH CHMMETPHUM, TO OTANAThCst O CVIECTBO-
BaHUU CKPLITOTQ H30JIUPYIOLLEr0 UHTEerpassa W OOHApyKHMTL €ro 4acTo
YAAeTCs JIHIIbL IIPH ITOMOLWM YHCJAEHHBIX 3KCTEPHUMEHTOB.

Llermparvavie cuapi. TIponamocTpupyeM HAXOXKACHHE H30JIUDYIOLLero
WHTerpaJsa (IIOMUMO IOJHOH 3HepTHH) H CBeleHHe pelleHUsT K KBajpa-
TypaM Ha IIPOCTOM IIpUMepe ABHMYKEeHHsi YacTHUbI B I10JC LEHTPaJbHbIX
cu/1. XOpOIIO H3BeCTHO, YTO 3Ta 3afaya HHTerpupyema. be3 norepn
OOWHOCTH 3aJaya CBOJUTCH K JBYMEDHOMY [BHXKEHHIO B IIOCKOCTH,
onpefensieMON Ha4YadbHOH CKOPOCTBIO YacTHUBl U MOJOXKEHHEM CHJIO-
BOr0 1eHTpa. Tperks cTeneHb CBOOOABI TPHBHAJBHO OTAEASETCSI IIPH
IIOMOLIH H30JHDPYIOUEro Hurerpaia p, = 0. B noasipubIX KOOpIHHATAX
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(r, 8) raMHJIbTOHHAH HMeeT BHJ,
2

1 p
H:-(ﬁ+ ’

2m re

)+ U (r), (1.3.39)

rne p, = mr, py = mr*0, m — Macca yactuum, U/ — noreHuuasa ne-
TpadbHOH cHabl {F — — dU/0r). Tlockosabky cHCTeMa KOHCepBaTHBHA,
TO ee ramuabroHUaH H = E coxpausiercsi. Y paBHEHUs JBHXKEHHS B
cdopnie (1.3.38) unerorT BHA

at = & __ &
oHlopg OH{dp,

. (r)

| - pr E,

\ 2mre

\
o\ Es

\\ Eu
N £

T N :

Puc. 1.5. [OBuxeHue B LEHTPAJbHOM I0Je€.

a — 3¢PeKTHBEBIH OfHOMepHNIH NoTeHUuasda; 6 — ¢a3zosble Tpa-
CKTOPHUH.

Boiuncsisg yacTybie NPOH3BOJHBIE H UCKJIIOYAs p, IIPH IIOMOINH FaMH/Ib-
TOHHaHa, I0JTyyaeM

dt = B _ ar . (1.3.40)
p,\:,/mr2 2m(E —U (r))-—-pg/rzl/m

OTH ypaBHEHWsl HeAb3s pElINTh, HOKa HEeH3BeCTHA 3aBHCHMOCTb pg
or @ u r. MMenno orciona BUIHO CyIIecTBeHHOe 3HaYeHHe BTOPOTO HH-
Terpana JBuxKenys. B naHHOM cJiydae TAKHM HHTerpajioM JBHXKEHUSA
BJSIETCH Pg. DTO CJIEAyeT M3 TOro, u4TO cuaa dpg/df OTCYTCTBYET U ra-
MHJILTOHHAH He 3aBucur ot 6. Otcioja

po =1 ==const. (1.3.41)

IToacraBnsis 70 Bhipaxenue BO Bropoe ypaseenue (1.3.40), cogun
K KBajJpaTypaMm cHauaJa pellende A1s 7 (f), a3atem u a8 0 (f). 3Iro
MOXHO VBHIeTb Y npsimo M3 (1.3.39), BBOas 5hdeKTHBHbLIH MOTeHIHAN

Uir = "2mr? - U ({r). O6a caaraeMbiX NOTeHuHaTa M HX CyMMa,
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U 30hdeKTHBHBIN [OTeHuWad, NOKazann! Ha puc. 1.0,a U (r) =
— — k/r* npn 2<<Pp<c0; sapaua Kemnepa coorBerctByer P = I.
YKa3aHbl TaK:Ke TpH 3HaueHH MOJHOH 3HepPTHH cucreMbl £y, Esu E,,
COOTBETCTBYIOIIHEe (HHHTHOMY, CenapaTpUCHOMY H HHMHHUTHOMY JBH-
xeHdsiM. PasoBbie KPUBLIE npeAcTaBaeHbt Ha puc. 1.5, 6. JlpuKeHue
3/ieCh aHAJOTHYHO CJIyYal OHOH cTeneHH ¢BOGoab! (puc. 1.4), 3a HCKJIIO-
yeHUEM TOro, YTO cellapaTpuca Tellepb 3aMbiKaercsi Ha OeCKOHEeYHOCTH.

Puc. 1.6. TIpuMep orpaHHuyeHHOH TpPaeKTOPHH JJs
B =~ 1 (HeKyJ0HOBCcKOe B3aHMoJeiicTBHE).

DuHUTHOE JBHKEHHE Ha IJIOCKOCTH (7, 0), orpaHHYeHHOe OKPYMHHO-
CTAMH pafuyca ry 4 r,, noxkasano Ha puc. 1.6 paa f == 1. I'lpoctpancr-
BeHHas TPAaeKTOPHS He 3aMKHYTA4, TaK KaK OTHOIUIEHHe HMePHONOB MO 7
u 0 He paBHO nestomy uyHcay!). 3to — IpHMep KBA3UIIEPHOIHYECKOTO
nsukendsi. TeM He MeHee IepecedeHHsT TPaeKTOPHH C IVIOCKOCThHIO
6 = const o6pasyoT B 3TOM ¢J1yyae 3aMKHYTYIO KDUBYIO B KOOPAHHATAX
I, Pr BCJECTBHe CYLeCTBOBAHMS ABYX H30JUPYIOUHX HHTETPAJIOB Dy —
=lu H=E. Jlna =1 (3agaua Keniepa) 4acToThl ABH:KeHHS IO 7
v 6 oaMHAKOBBI H TpaeKTOpHsl o0pasyeT 3aMKHYTYIO KPHUBYKO (3J/IHIIC)
B MJOCKOCTH (r, 6).

') Touuee, paumonanbuomy uucav.— fpus. ped.
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PaccMoTpuM Telleph Npeobpa3oBaHHe K IepeMeHHbIM JeHCTBHe —
yroa. Iloacrasisisn npoussossiyto byHxuuio B (1.3.39), noayuaem ypas-
Henue I'amusbroHa—$Ko6u (1.2.15) B BHAe

21m [( 65; )2+ ,lg ( 0;9 )2]+U(r)=E, (1.3.42)

Ile Mbl HCTONB30BaIH NpeoBpas’oBaHue p; = 05/0¢g; W yWIH, UYTO Te-
peMeHHble pasgesstiorcs. [locae YVMHOXKEHHST Ha 2mr® raMuJIbTOHHAH
npunumaer Bup (1.2.50):

(ﬁe_)z___gm,z[g_ : ( 95, )2—-U(r)] — 12, (1.3.43)

00 2m or

H MBI CHOBA IIPHXOIUM K COXPaHEHHIO MOMEHTa UMITyJ/JIbCa. JT0, KOHEUHO,
NpsMO CJelyeT U3 TOTO, 4yto O sBJAsSeTCl UUKJIWYECKOH MNepeMeHHOH,
T. e. TaMWJIbTOHHAH OT Hee He 3aBHCHUT. Btopoe ypaBuenue B (1.3.43)
Jnaet

12

3S, \* B B
( = ) —2m(E—U () ——, (1.3.44)
3anuiieM rnepeMeHHBIe AefiCTBHS B BHJE
2lg= ) padd = ) ";66 o, (1.3.45)
o), — ga)p,dr—:.gﬁ 0(;5: dr. (1.3.46)

[Topcrasasia (1.3.43) u (1.3.44) B (1.3.45) u (1.3.46), cOOTBETCTBEHHO
1o ydaem

21
Jo— —— (1do=1, (1.3.47)
2n ¢
J, e S[Qm(E——U(r))_i—]lzdr. (1.3.48)
2n r?
[Tycts, nanpumep, U (r) = — R/r. Ilpoctoe unterpupoBanue ([156],
§ 9.7) nmaer
.k 2m \ 12 .
Il = ( ) — const. (1.3.49)
Otciona HOBBIH raMWJIHLTOHHAH
HeEFe— — " (1.3.50)
2(J,+ Jo)?

rlie Mbl 3aMeHusu [ Ha Jg. 3aMeTHM, UTO IlepeMeHHble JeUCTBHA BXOJAT
TOJALKO B BHJe cyMMBbl. CiepoBarejbHO, B CHCTeMe HMEETCSi BBIDOIKIle-
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Huel). 3T0 3HAUMT, YTO IBUKEHHUS KaK 10 7, TaK ¥ 110 O HMET 0aHy M Ty
e 4acTory 2

aJ, dJg (Jr = Jo)®

YTO NPUBOAHT K 3aMKHYTOH TpaeKTOpWH. LCJaH ueHTpaabHas cuJIa 3a-
BHCHT OT 7 IIO-APYIOMY, TO TPACKTOPUSA yiKe He OyaeT 3aMKHVYTOH, Kak
I[I0Ka3aHo Ha puc. 1.6

I[enouxa Toost. B KauecTBe BTOPOro nmpumMepa HHTeTPHPYEMOro TaMHIIb-
TOHHAHA PAacCMOTPHUM TpexuacTHuHyio uenouky Tombr [408] *), ramuib-

y

Puc. 1.7. Tpexuactuynasi uenoyxka Tojbl.

TOHHAH KOTODOH WMeeT BUJI
1 ¢ 2, o 2 | .
H = ——(pi+ pz -+ ps) - expl— (@1— o)l -+ exp [ —(Pa—p1)] -

-+ €Xp [ — (@3 — p2)] — 3. (1.3.52)

CHcTeMa COCTOMT M3 TPeX YacTHU, ABHXKYIIHXCS IO Koibuy (puc. 1.7);
MEeXKJy HHMH JACHCTBYIOT OTTAJKHBAIOWIHE CHJbI, YMeHbIUAWWHECT [0

') B opurunane — intrinsic degeneracy (BHYTpenHee BHIpOKIeHHE).—
[Ipum. nepea.

?) B apyrux KaHOHHYeCKHX I€peMeHHBIX (Hanpumep, p; = J, + Jo, )
BHIPOXKAEHHE 03HAYAET, YTO OAHA H3 OCHOBHBIX UaCTOT cucTeMmbl (W, = dH/dp,)
pasua aynwo.— ffpum. peo.

3) Cm. rakxe [454]).— Mpumn. peo.
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3KCMOHEHUHAJLHOMY 3aKOHY. [IOoMHMO 3HepruH, HMeercs, OYEBHJHO,
JApyrofl M30JHPYIOIMHUH HHTerpaj — IOJHBIH MOMEHT

Py = py - ps -+ ps = const. (1.3.53)

I10 C/IefyeT H3 MHBApHAHTHOCTH TaMH/bTOHHAHA NPH BpalleHHW CH-
CTeMbl KaK 1eaIoro (¢; — @; - @,), a Tak¥kKe HellOCPeACTBEHHO H3 ypaB-
Henn#i ['amusbrona. Yrto6el yyecTh 3TO SIBHO, NepeiieM K HOBBIM MO-

y

V& ey BN

Puc. 1.8. DkBunorenunanuiple KpHUBble A5 TaMHJAbTOHHAHA
Togwl.
Crpesxka noxa3biBaeT HanmpaBJeHHe POCTa IOTeHIMaJa.

MenTaM P, = p,, P, = p, u Py, omnpepeasieMoMmy ¢opmyaoit (1.3.53).
Hcnoasaysi npousBoasiyr $yHKIHIO

Fo= P19 - Pagpz + (P3— P;— P5) ps, (1.3.54)
Oy MHM

= —— [P PR (Py— Py~ Po)*] - exp (— D) +

-+ exp [—(Dy— Dy)] -+ exp (@) — 3, (1.3.55)

rae koopauHarkl @D; KaHOHHYECKH CONpsAXKeHbl ¢ P;. Tak Kak raMuib-
ToHHaH He 3asHcuT oT Dy, TO, KaK HENOCpPeICTBEHHO BURHO, Py —
— const. Bes morepu obmiHocTH MOXKHO nosoxutb Pg = 0, uyrto co-
OTBETCTBYeT BBIOOPY TaKOH Bpamlarouleicsi CUCTeMBI OTCYera, B KOTO-
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POl HOJIHBLIA MOMEHT paBeH HY/0. HpyrHX H30JHPYVIOWHMX HHTErpaJsioB

Kak O6yATO He BHIHO.
PaccMaTpuBaeMylo cHCTeMy MOXHO NPeJCTaBHTb KaK YacTHILY B

JBYMePHOH NOTeHUHAJbHOH siMe. [Jjst 3TOro BOCIIONB3yeMCs [POH3BO-
Jslield pyHKIiHek

Fy=(44/3)7" [(p—+/3 p,) @1+ (ps++/8 p,) @] (1.3.56)

Puc. 1.9. IloBepxHocTp ceveHHst [lyankape ans raMHabToHHaha Topel NpH pas-
HBIX sHepruax E (no nannuM patotm [1361]).
a) E =1, 6) E = 256.

H Nnoc/je HeKaHOHHYeCKOro, HO TPHBHAJBLHOI'O Hp€06p830BaHHH

p;¢=8'\/3_pxs x' =x, P!’;=8'\/~—3_Py, y,:y’ H:H(/'\/a_
6yJeM HMMeTb TaMHJIbTOHHAH Tojbl

H= _;_(P?c—}'Pf') + 714- {eXP (2y+2+/3x) +

Lexp (2y— 24/3x )+ exp (—4y)] ._%. (1.3.57)

OKBHIOTeHIHAJbHble KDHBBIE 3TOH CHCTEMbl, CXeMaTHYeCKH H3o0pa-
JKeHHble Ha pHc. 1.8, niaaBHO H3MeHSAIOTCA NPH yAaJeHHH OT LEHTpa
H 00/1aJlaloT CHMMeTpHell II0 OTHOLIEHHIO K IMOBOPOTY Ha yroJa 2m/3.
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Ecan pas3ioxuTe raMuiabTOHHAH H 1mMo X MU y 10 KyOHUYECKHX YJEHOB,
NOJYYUM TaMuWiIbToHHaH XenoHa— Xeiijeca

H':l

2

T2, 2 2, 9y, 2 !

Pyt Xy XY — (1.3.58)
/IBHXeHHe, ONHCHIBAEMOe 3THM TraMWIbTOHHAHOM, paccMaTpHBaercs
B cirefyiouieM naparpade. Mssectno, 4to 5ta cucreMa HEHHTErpupyema:
Xenon n Xeisec [188] ob6HapyXHAH B YHCJAEHHBIX 3JKCHepPHMEHTaX,

UTO NpPH yBeJH4yeHHH 3Heprud H' = E npoHcXoauT repexol OTr pery-
JASPHOro JBHXKenHs K croxacruueckomy. [Ipw 3stom okaszanoch, uto
CTOXACTHYHOCThL [IPHCYTCTBYeT B KaKOH-TO Mepe MpH JMI000H 3HEPTHH.
Bce 570 ykasniBaer Ha OTCyTCTBHE B CHCTeMe H30JAMPYIOIIET0 HHTerpaia.

Gopxn n ap. [136] ucenepoBanu 4HCAeHHO raMHJAbTOHWAH Toabt H,
OXHIasd 1OJAYUHTh TakKoH ke pe3yabTaT. KakoBo Xe ObLIO HX yJAHBJE-
HHE, KOIA OHH OCHAPY2KHWJH, 4YTO TPACKTOPHH OCTalOTCA peryJasip-

HBIMH Uil NPOHU3BO/BHOH 3Heprud H = E, T. e. Bce mepeceyeHHs Tpa-
eKTOPHH C NOBEPXHOCThIO X = () Joxkarcd Ha IvafKHe HHBApHAHTHbIE
kpuBble. Ha puc. 1.9 KpuBbie nokaszanbl A5 3HaueHud £ = 1 u £ =
= 2566. DTH pe3yJbTaTHl PE3KO PACXOAATCS C AAHHBIMH CJEXYIOMEro
naparpaga, cOrIiacHO KOTODhIM B MojeddH XeHoHa—XeHJseca TPaekro-
DHM, 3alOJIHAIOIIHE 3HAUHTEALHYIO 4acTh IVIOWaAH, ABHO BHIHEI BIJIOTh
A0 TAako#W HH3KO¥ 3HepruM, kak E = 1/8. D10 pasnuuue cBsA3aHO, KO-
HEYHO, C TeM, 4YTO y 1eno4kH Toabl ecTh CKpLITasi CUMMETPHS H COOT-
BeTCTBYIOILHMH el H30JHPYIOUHH MHTerpas. BooayieB/JeHHBIH YHC/IeH-
HbIMH pesyabTaramd dopaa, Xenou [186] nawen sBHOe anajuTHYe-
CKOE BBIpaKeHHe JJ/Isl 9TOr0 HHTerpaJa

[ =8p,(pi—3p;) +(p. +4/3 p,lexp[(2y—24/3x)]

—2p.exp (—4y) = (p,— /3 p,)exp [(2y +24/3 x)| = const.
(1.3.59)

HMuBapuanTHbie ¥puBbie Ha pHC. .9 MOXHO HENOCPEACTBEHHO BBIYHC-
JIUTb, €CJAH NOJOXKHTb X = () W HckJAouHTh p, H3 (1.3.57) ¢ nomoubio
(1.3.59). CymecrBoBanue Tpex H30JHPYIOIMX HHTerpanoB H, Pg v [
obecneydBaeT WHTEFPHPYeMocTh raMuabToHHaHa Toxwl !) (1.3.52). Ogn-
HAKO Jaxe B HCXOAHBLIX IlepeMeHHbIX HHTerpas / Heé COOTBEICTBYET
KaKOMYy-11060 OUeBHAHOMY 3aKOHY COXpaHeHus HJIM CUMMETPHH.

HaxoocOenue unmeepupyemorx eamurvmoruaros. CyuieCTBYIOT JIH Ka-
KHe-/1H00 o0uihe MeToxbl NMPOBEPKH HA HHTErPHPYEMOCTb KOHKpPETHOIO
raMiJIbTOHHaHa? Ha ceroausiniHuil jeHb OTBeT Ha 3TOT BONPOC OTPHIA-
TeJbHBIH. MOXKHO, 0OIHAaKO, MOCTAaBUTh BONPOC MO-PYIOMY: CYLIECTBYIOT

1) Boo6ie ropopsi, He0BX01HMO enie NPOBEPHTL KOMMYTHPYEMOCTh HHTerpa-
N0B, 4TO GBIIO CHEJN2HO LJifi [IPOH3BOJILHOIO YHC/AA cTeleHell cBoGoAn B pabore
[455]).— Hpum. peod.
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j T

JIM MeTOAbl KOHCTPYMPOBAHHS NOTEHUMAJOB, INPHBOAAIIMX K HHTErpH-
pyeMbIM TaMIJbTOBHaHaM? Takoi MeTonx AeHCTBHTENbHO CYLLECTBYET
o KpaiHe#d Mepe JAJs1 OTpaHHYEHHOrO Kpyra 3ajad4. BrepBhie 3TOT Me-
ToA Obln npuMeHeH YHTTekepoMm ([4301]1, § 152) x Hccleq0BaHHIO JBH-
KEHHS 4YacTHUIbl, KOTOpPOe OIIUChIBAeTCH TaMHJIbTOHUAHOM

| o
H= —Q‘P%ﬁ" *‘Q—Pg“i-v(‘h, Ga)- (1.3.60)

YurTekep MOCTaBHJ BOMPOC: CYLIeCTBYIOT JHM TakHe QyHKUHH V, a4
KOTOPbIX CHCTeMd HMEET WHTerpas He Bhlllle BTOPOH cTelleHH 110 p:

I(p, Q)=00%+bpg - Cpypa-epy - ps + &, (1.3.61)
rae kosgduuHenThl 3aBHCAT 0T g? HUToObl Takas GyHKuUUA Oblia WHTer-
pajoM JBHKeHHSl, HeOOXOQHMO BBUIOJHEHHE YCJIOBHS

[/, H]=0. (1.3.62)

Ioxcrapasisi (1.3.60) u (1.3.61) B (1.3.62) u npupaBuuBas Koahdu-
LMeHTH NpH p)'py, MOJydaeM CHCTEMY ypaBHeHHH B 4aCTHBIX IIPOH3-
BOAHLIX AJIs1 3THX KO3(pHUHEHTOB, BbIpaXKeHHLIX 4Yepe3 moreHIHatd V
H ero mepBHIE IIPOHM3BOJHBIE. JIHHEHHBIe MO p YjeHBl NPHBOAAT K He3a-
BUCHMbIM ypaBHEHHAM

oe of of de
—0, —0, —0, 1.3.63
eV OV _p, (1.3.64)
091 g2

J1J11 ocTaAbHBIX YJEHOB:

da ob

P =0, 3 =O, P —J:f' 3 = Oa
51 2 751 72
o, (1.3.65)
o 992 ’
og 9 av _ ¢ 1514 —0,
99, 04, 042

(1.3.66)
%_ _9p v —c oV =0,

0gs 992 091

Tark kax ypaBHenusi (1.3.63) u (1.3.64) nesaBucumbl or (1.3.63) u
(1.3.66), TO mepBHle MOKHO PEWHTL OTAENbHO, YTO MPHBOAHT K JHHEH-
HOMY TIO p WHBapHaHTY:

I =q1ps—qup1,
KOTOPbIH CYWeCTBYeT A aKCHaJbHO CHMMETPHYHOIO NoTenuuasa

V=V(gi+q5). (1.3.67)
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OTO He YTO HHOE, KaK COXPaHSIOWMHCA MOMEHT HMIYJbCa, C KOTOPLIM
Mbl HO3HAKOMHJIMCh B 3ajiaye O LeHTPa/lbHbIX cHiaX, IToHlleM pelweHHs,

He CBsI3aHHBle C 3TOH cuMMmerpueil. IlonoxuB e = f = 0, nmoay4yum
u3 (1.3.65) u (1.3.66):

c( >V _ o0*V )_,{_2(1)_&) azljw+

a9y g3 04,00,
oc oa oV ob oc oV
) )
+( aq; 0g2 04, - dq1 992 092
(1.3.68)

rae a, b u ¢ onpeaenstores u3 qudepeHuHaNbHBIX ypaBHeHHH (1.3.65).
YHuTTeKep nokasad, yro ypaBHeHHe (1.3.68) HMeeT XapaxkTepHCTHKH
BHAa
X2 2
Y 1,

+ =

a2 a2 — A\;‘Z

TAe X U Y CBA3AHH C ¢, U ¢, IIPOCTHIM Npeo0pasoBaHHeM KOOPAMHAT,
a 0. U Y — MOCTOAHHbIe HHTerpHpoBanus. Ecau BHIGpaTh 3a HOBbIe Ile-
peMeHHble NapaMeTpbl 3THX KOH(OKaJbLHBLIX 3JWIMICOB H THIIep0oJ

_. of — b a2 a2y (a2 R2N 2
X .Y ‘v[(a ) (y*— B9,

10 auddepeHuuaibHoe ypaeHeHHe s V, (1.3.68), Gyaer umerb pe-
IIeHHe

V= p@—e®) (1.3.69)

a‘.’x,_, 62

rae ¢ H @ — IPOU3BOJIbHbIE QYHKIIHH.

ITOT HHTePECHBIH pe3yJabTar, OJHAKO, He MPHBEI IOKa K HOBBIM pe-
lIeHHsIM (PU3HUeCKHX 3amay. TeM He MeHee B IIOC/efHee BPeMs [POHUC-
XOAHT BO3POXKIEHHC HHTEpPeca K KOHCTPYHPOBAHHMIO HHTETPHDPYEMBIX
ramMuabToHHaHoB Y). Xoan [174 ] npuMeHna TakoH MeTOX K ABHKEHHIO
JaCTHIbI B CTATHYECKHX 3JICKTPHYECKOM H MAarHUTHOM IOJsAX, SIBHO
BBelisl B 3alauy BeKTOpHHIH norenuual. IIpu stoM on obmapyxkuJi, uto
pelleHHe YHTTeKepa He SIBJAAETCH I[OJAHbIM, TAK KaK B HEM He YYHTHI-
BAlOTCSl OTPaHHMYEHHsI, CBSI3aHHBlE C cOXpaneHHeM sHepruH %). Vm OblIH
paccMOTPeHBl TakXKe U JpYyTI'He KJacchl HHBapDHAHTOB, He KBaJpaTHYHBIX

1) HauGoapluee BjAHAHHE HA 3TO OKa3aja pabora [456] (cTuMysiupoBaHHad
B CBOIO O4epelb 3HaMenHuToi npobiaemoit PepMmu—Ilacta—¥Yaama [127]), B Ko-
TOpo# Ol NMpefsoxeH MOUIHBIH MeToX oOpaTHO! 3ajauH paccedanHsd, MO3BOJAI0-
MY KOHCTPYHPOBATL ledble ceMeicTBAa HHTErpHPYeMbIX raMuJabToHHAaHOB. COB-
peMeHHOe COCTOSTHHE BOMpOCca cM., HAnpumep, B kuHre [457).— Hpum. peo.

%) Peub HIET O TOM, YTO H3-3a COXPAHEHUS] SHEPTHH W3MEHEHHS p; H Py B
(1.3.61) He aABAsIOTCH He3aBHCHUMBIMH. [l103TOMY YCJIOBHS HHTEIPHPYEMOCTH

Yutrekepa (1.3.63) — (1.3.66) pocraTouHbl, HO He HeoGXoauWMbl (CM. TaKXke
[458]).— Ipun. peo.
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no ummyJbcaM. Llespio 3THX Hcc/enoBaHHH ObLIO HAaHTH CaMOCOIJIAco-
BalHOE pelleHHe /I TOKOB B I1a3Me, OOeCleYuBalOIHX ee yjaepiKa-
nHe. OnHako BCeACTBHE YYBCTBHTEIbHOCTH HMHTErPHPYEMOCTH K He-
GOJLIIMM M3MEHEHHSIM MOTeHLHana, O 4eM CBUAETeIbCTBYeT CpaBHEHHE
notenuuana Togasl ¢ ero npuOaMKeHHeM B (opMe noTeHnua a XeHOHa
n Xeiileca, KaxXeTCsi MaJOBeDOATHBIM, YTO JJA pealbHBLIX IIOTEHIHa-
JOB TAKHM NyTeM YJAcTCH JOCTHYb MOJHOH HMHTErPHPYEMOCTH NBHIKe-
HUA. B cBA3U C 3TUM NpejcTaBgasgeT HHTepeC BOIPOC: HACKOJAbKO CHJb-
HbIM MOXKeT ObITh BO3MyLIeHHe HHTeTpHPYEMOH CHCTeMEBI, YTOOHI
6OJblIAA YacTh TPAEKTOPHH ocTastach PeryJasapHOH? ITOT BONPOC MOA-
poOHO paccMOTpeH B Iv1. 2 U 4.

Jpyro# moaxon passuBaercsi Xoastom [198]. On pacemorpen ra-
MHJIbTOHUAH

H=H, eV (1.3.70)

H norpeGoBaJ, YTOOb! NOTeHUMaaA V' OblT BelOpaH Tak, YTOObl BCE YWJIEHHI
psjla TeOpPHH BO3MVIIEeHWH CO CTeNeHbK &€, Bhillle 3aJaHHOH, ObLTH OBl
TOXAECTBEHHO paBHbI Hy/to. [IpH noMouwin Taxkoi mpoueaypsl eMy yaa-
Joch nocTpouTh wWuBapuHadHT (1.3.59) ansi ramuabronHana Toawl. Own
MOKa3asJ TaKKe, YTO 3TOT MHBAPHAHT MOXKHO IOJYYUTb H METOJOM
Yurrekepa, ecJH BKJIIOYHThL KyOHueckHe 1m0 p ujaeHbl. Ilpoueaypa
OCTaeTCsl IIPH 3TOM IpPeXHeH, Kak OMHCHIBAJIOCh JJIsT KBaJpPaTHYHBIX
0 p UHBAPHUAHTOB, HO CTAHOBUTCA ropasio Gosee ciaoxkHod. B obuiem
caydyae TakKoOiH MeTOx He crnocobeH onpeieddTh, CVINeCTByeT JH HHBa-
pHaHT AJjsi ramuJabToHHaHa BHaa (1.3.70), MOCKO/JIbKY HEBO3MOXKHO
paccMOTpeTh BCe THITbl UHBaPHaHTOB. C Apyroif CTOPOHbI, eCcaH CYIecT-
BYET HHBAapHAHT HEBHICOKOH CTelleHU no p (kak, Hanpumep, p*® nJs ue-
nmouku Tojawl), TO ero MOXKHO HAUTH M, TaKHM 00pa3oM, J0Ka3aTb HH-
TerpUPYEMOCTb HCXOAHOrO raMuibToHHaHa. OJHaKo 18 cHereM ¢ 6oO-
Jlee yeM JBYMS CTelleHAMH CBoOOAbl mMOojo0Has TeXHUKa He [IPOXOJUT
Jaxe JJiS OPAHHUYEHHOrO KJjacca WHBAPHAHTOB.

HenaBno ObL1 npensioked ellle OAHH MeTOA IIPOBEPKH JHHAMHYe-
CKOH CHUCTeMbl Ha HHTETPHPYEMOCThb, MCMOJb3VIOIMH TaK Ha3bBaeMoe
ceofictBo Ilendese. [locenHee o3HauaeT, YTO BCe MOABHXKHBIE OCOGEH-
HOCTH pelleHHs B IVIOCKOCTH KOMIJIEKCHOTI'O BPeMeHH SIBJISIOTCS TOJbKO
MMPOCTBLIMH  NotocamM¥. [TOABHKHBIMH Ha3bIBAlOTCS OCOOEHHOCTH, 3a-
BHCHILHE OT HayaJbHbIX yc/ia0BHH. AGmoBHU H aAp. [4] mokasamu, yto
CyWIecTBYeT TecHas CBSI3b MEXAY ypaBHEHHAMH B YaCTHBIX MPOU3BOJ-
HbIX, HMEIOUIUMH COJUTOHHbBIE (HHTerpHpyeMble ') pellieHusi, W COOT-
BETCTBYIOLIMMH MM OOBIKHOBEHHBIMH Ju(xpepeHLHaNbHBIMH YypaBHe-
HHSIMH, obsazarouiimu cBoicrBoM [leHuaeBe. Ceryp (3661 nmpomomxua
9TH UCCJIELOBAHHUSA W MOKasal, UTO MoJedlb JIopeHLa a8 JUCCUITaTHBHOR
cucreMbl (cM. § 1.5), obnaparomas B obIeM caydae XaoTHUECKHM [10-

1y CyuiecTBOBaHHS COJUTOHOB, BOOOLLE TOBOPS, HEJOCTATOYHO AJSI HHTErpH-
yeMocTH (cM., Hanpuwmep, [459]).— Hpum. ped.




58 Taasa 1

BeJleHHeM, OKasbiBaeTcs MHTerpHpyeMof') Kak pas Al1sl TeX 3HadeHWH
napamerpoB, NPH KOTOPbIX ypaBHeHHs objanaior csoicTtsoM [lensese.
Psig XOpolO H3BeCcTHLIX NPUMEPOB TaMH/JIBTOHOBBbIX CHCTeM Obll pac-
cMorpeH bayHtucom M ap. [37]. TosyuyeHHble pe3yJsbTaThl OMAThL-TAKH
NOATBEPKAAIOT TOYHOE COOTBETCTBHE MEKAY HHTerPHPYEMOCTBIO U
cBoicTBOM IlensieBe. XoTs 310 M He JOKa3aHO CTPOTO, OAHAKO, 1O KpaH-
HeH Mepe I CHCTEM pPacCMOTPEHHOrO KJacca (ABe cTermeHH CBOGOJBI
H KBaJpaTHYHLIH 10 UMIYJbCaM IaMHJbTOHHAH), HAKOIUWJIOCh YyXKe J0-
CTaTOYHO MHOrO JZaHHBIX B MOJBL3Y TAKOT'O COOTBeTCTBHS %), B npunuumne
TOT METOA MPHUMEHHM H K CHCTeMaM DoJiee BHICOKOH pasMepHOCTH, XOTH
A5t HUX 3TO COOTBETCTBHE ellle He NPOBEPEeHO.

OnvH U3 MeTOIOB HaXOXJeHHS CrelUHaJbHBX WHTerPHPYeMbIX Tra-
MH.IbTOHHAHOB COCTOMT B Bhi0ope TraMHUJbTOHHaHA OllpeleieHHOI0
BH14, 3aBHCHANIEIO OT HEKOTOPHIX MPOHU3BOJLHLIX [1apaMeTpPoB, H MOL-
Oope TakHX 3HaueHUH 3THX MapaMerpoB, MPH KOTOPLIX MMEeT MeCTOo
csoiicteo [lennere. Hampumep, pas8 0606LIEHHOrO FaMU/JIbTOHHAHA
Xenona—Xelseca (1.3.58)

H o —— (85 A By) + 2y - g,

M3 ITOTO YCJIOBHS YAaeTcss OnpelesquTth napaMerpsl p, A u B [37].
Takasti e 3amaua Obiia pemena Xoaiaom [174] ¢ nomowbio Metoxa
Yurrekepa (C HHBapHaHTaMHu A0 4-ro nopsiika) B NPHMeHEeHUH K 0006-
ILeHHOMY raMusbToHHary XeHoHa—Xellileca. Oba moaxopa JarT cie-
AVIOU{HE YCJIOBHS MHTEIPUPYEMOCTH:

a) u=1, A=B8,
6) u=6, A u B mobule,
B) u=16, B=164,

KOTOpble OBIIM IIPOBepeHbl NpSIMBIM BbiUHCAeHHeM. HeusBecTHO, of-
HAKO, CYLIECTBYeT JH Kaxaf-nu6o (yHAaMeHTaJbHaf CBfA3bL MEXAY
vetogamu [leHsaeBe U YutTekepa.

Kak H3BecTHO, CHCTeMbl ¢ OIHOH CTeleHbIO ¢BOOOAbL BCErja MHTET-
pHPYyeMbl, a CHCTeMbl C JABYMS CTeNeHAMH CBOOOJB — KaK HCKJOYe-
Hrie. Hrto ke npouzoier NpH AajdbHefilieM YBeJHYCHUH YHCJaa cTerle-
He# cBoGoabl? Kak yKe oTMeuasoch BhIlle, JazkKe HaXOXKJeHHe OTaeb-
HBIX HHTeTPHPYEMBIX MOTEHIHAJOB CTAHOBHTCH B 3TOM ciyyae OdeHb
TPYAHBIM, 4YTOOBI He CKa3aTh HeBO3MOXHLIM. OJHAKO, KaK IIOKa3aHo
B § 6.5, o6sacTk (Ha30BOro MPOCTPAHCTBA, 3aHATOFO PeryAAPHLIMH TP&-

1) Tlog MHTerpHPYyeMOCTLIO JUCCHIIATHBHOH CHCTEMBl 34eCh MOHHMAaeTrcs, ToO-
BHIHMOMY, CYILLeCTBOBaHHE IIPOCTOr0 AaTTPAaKTOPa — YyCTOHUMBOTrO $oKyca HAH
npeaeabHOr0 IHKAA.— [lpum. ped.

2) CMm., ofHaKo, pabory (460], rie noxasaHo, 4To 1% COXpaHeHH s COOTBETCT-
BHA C HHTETpHUpYeMoCThio cBOHcTBO [ledseBe HeoOXOAHMO MOAHPHUHPOBATH.
Jlaanbﬁeﬁmne HCCJelOBAHUA 3TOTO BONpoca ¢M. Takxe B pabore [461).— MTpuas.

0.
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eKTOPHSIMH, MOXKeT KakK BO3pacTarbl), Tak H YMEHbLUATHCS MPH yBeJH-
YeHHH YHCAa cTermeHeH cBoboapl. [IpHMeuarennno, 4To NPU NEpPexofe
K CHCTeMaM, OINHChIBaeMbIM Anu(pepeHIHaMbHLIMH YPABHEHHSIMH B 4a-
CTHBIX MPOHM3BOAHKLIX, KOTOpble HMEIOT B HEKOTOPOM CMbicsie OecKoHeu-
HOEe YMCJO cTelleHeH c¢BOGOALI, CHOBa OOHapy’>KUBAlOTCA  OOJIBILHE
KJ1acChl HHTerpHpyeMbIX cHcTeM. [IpH 3ToM, kKak 06CyXKaaJoch BHILIE,
ypaBHEHHS B YAaCTHHIX [IPOU3BOJAHBIX, HMEIOLIHE COJHTOHHBIC (MHTCT-
pHPYEMbIe) pelleHHs, MOXKHO CBeCTH K OObIKHOBEHHBIM JH(pdEPeHIIH-
albHBIM ypaBHeHHAM, obdaanaroluM cporctBoM [lensiese. las nanb-
HeHluero o0CyxKJIeHHUS METOJAOB pelIeHHS H COOTHOLUCHHS MeXIY JHG-
depeHUHaAbHBIMH YPAaBHEHUSIMH B YAacTHBIX M OOBIKHOBEHHBIX TIPOH3-
BOJIHLIX MBI OTChITaeM UHTaTelsi K CIelna bHOoH auTepatype [249, 366 |.

*§ 1.4. Cucrembl, 6J1M3KMe K HHTErpUpPyeMbIM

O6paruMca Tenepb K KaYeCTBEHHOMY ONHCAHHIO THIIHUHOTO Caydas
TaKHX TaMHJbTOHOBBIX CHCTEM, KOTOPhle MOMKHO pacCcMaTpHBaTh Kak
BO3MYIIEHUS] HHTETPHPYEMBIX cHcTeM. Mbl 6yaeM Ha3bBaTh TakHe CH-
CTeMbl OAu3KUMU K UuHmezpupyemoim. PaccMOTPHM cHavaJjga HPOCTOH
caydall aBTOHOMHOIO FaMHJIBTOHHAHA C JIBYMSA CTeneHAMH CBOGOAHI,
UJAH, YTO 3KBHBAJEHTHO, HEaBTOHCMHOT'O (3aBUCHLLETO OT BPEMEHH)
raMHABTOHHAHA ¢ OAHOH crencHbio cBoboanl. Kax Mbl BHgeaHu B . 1.26,
HeaBTOHOMHBIC CHCTEMBI MOXKHO CBECTH K aBTOHOMHBIM IIyTEM YyBesHue-
HUA YHCAa cTelleHeldl CBOOOABI Ha e€XUMHHLY. OTJHYHTEJILHOH YepTOH
cUCTeM, OJU3KHX K HHTETPHPYEMBIM, SIBJASETCS] NPHUCYTCTBHE NPHUYI-
JIUBO TIePeMeINaHHbIX APYT ¢ APYroM obJsacTeil Kak peryiaspHOro, Tak
H CTOXAaCTHUECKOro JABH:KeHHs. IIpH 31OM croxacTHyeckue 00J1acTH OT-
JeJeHbl APYr OoT Apyra o6JacTsIMH ¢ peryJsipHbIMH TPAaeKTOPHAMH,
CToxacTHUYecKHe TPAeKTOPHUH eCTeCTBEHHO BO3HUKAIOT B pe3yJbTare
JIBHYKEHHSI, 331aBAeMOr0 JCTePMHHHPOBAHHBIMH ypaBHeHHAMY [ aMuib-
TOHA, KOTOPhIe HE COAEPKAT HHKAKHX ClelHaJbHBbIX «CTOXACTHUECKHX»
cia1. Mpl npousaoCcTpUpPYEM 3TO Ha ABYX NpPHMepax, LWHPOKO 06CyxK-
NaBUIMXCST B JjdTeparype: Mojeab XeHnoma—Xelleca H VCKOpeHHe
®epmu. JIast aBTOHOMHBIX cHCTeM ¢ 0oJiee ueM JBYMSA CTEMEHSIMH CBO-
foabl 06JaCTH CTOXACTHUHOCTH ViK€ He pasfelsioTes pPeryJisipHbIMH
TPAEKTOPHSIMH, a 06Pa3yIoT CTOXACTHYEeCKYIO «MayTHHY», YTO IPHBO-
TUT K Tak Ha3wiBaeMo# audxpysuH ApHOJIbAA, KOTOPast KauyeCTBEHHO
ONHCaHa B KOHIle 3Toro naparpada.

*1.4a. Jige cTemeHH cBOGOJKDI

PaccMOTPHM aBTOHOMHYIO CHCTEMY C ABYMSI CTEIEHSIMH ¢BOOOAb!, GJH3-
KYK K HHTETPDHPYEMO#, T. €. CHCTeMY ¢ raMHJbTOHHAHOM BHJa

H(Jy, Jo, 8y, 0)=Ho(Jy, Jo) el (Jy, Jo 0y, 05), (1.4.1)
rae J, 0 — nepeMeHHble ACGHCTBHE — YroJl HEBO3MYLICHHOTO JBHXKe-

1) D10 yrTBepKIEeHHE CNOpHO, CM. MpHMeuaHHe Ha c. 409.— Ipum. ped.
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HHUSl, 4 & -— Ma/Jbld napamerp Bo3myuienusi. Oyuknusa H, saBucur
TOJAbKO OT INepeMeHHbIX AeHcTBHSA, a 3aBHcuMocTb M, or yrjoB O sB-
JISIeTCs NePHOJHYECKOH.

THOVYHBIA XapaKTep JBH)KEHHsI B TaKHUX CHCTeMaX celyac BIIOJIHE
MOHsiTeH, TpaekTOpUH JieXKaT Ha TPEXMepHOH MmoBepxHocTH A == const
B "eTbIpeXMepHOM (a3oBoM npocTpaHncTee. [IpH 3TOM, corsiacHo teopuH
KAM (ra. 3), peryasipHbie TPAaeKTOPHUH 3alONHSIOT KOHEUHVIO OO
¢asosoro mnpocrpaHersa. (cranbHble TPAeKTOPHU XapaKTepU3YIOTCH
CTOXACTHUYECKHM, HJIM XaOTHUeCKUM, noBeleHHeM. CToXxacTHUecKHe
U peryJjsipHble TPAaeKTOPHH OueHb CJOXKHO NepelsieTeHbl APYT ¢ APYIoM,
IPUYEM CTOXACTHYeCKass TPAEKTOPHS NOAXOJUT CKOJdb YTONHO OJH3KO
K Kaxjao# Touke (ha3oBOTO NpOCTpAHCTBA '), Noxo6HO TOMYy Kak Jroboe
PP AalHOBaTbHOE YHCAO MOXKET ObiTh CKOJIb YIOAHO TOYHO ANNPOKCHMH-
pPOBaHO PAUMOHAJNbHBIMU YHCJIAMH.

Pezcyasproie mpaekmopuu. VI3-3a TOro 4T0 3aBHCHMOCTB PeryJsipHbIX
TPAGKTOPHH OT HadyaJbHBIX YCJOBHH OKa3blBaeTcs pPa3pbIBHOH, HX
IIPHCYTCTBHeE ellle He O3Ha4yaeT HaJIMUUA B CHCTeMe H3OJHPYIOLIEero (r/jo-
06alpbHOro) HHTerpalla HJIH onpeje/leHHOH cHMMeTpuH. OABaKO TaMm,
IJle TaKHe TPAaeKTOPHH CYIeCTBYIOT, HM COOTBETCTBYIOT TOUHble HHTET-
pannl aBHxKeHHMsl. /51 pery/JsipHbIX TPaeKTOPHH YIVIOBble IepeMeHHble
3aBHCAT OT BpeMeHM JHOO KBa3HIIepDHOAMYECKH (THNHUHBIH cJydail),
An60 nepuHoAHuecKH. B nepBOM ciydyae HacTOTHI JBHXKEHHS HeCOH3Me-
PHMbBI, H TPAEKTOPHSA INIOTHO IOKPbIBaeT IIOBEPXHOCTb HWHBAPHAHTHOIO
TOpa, 3aJaHHOTO COXPaHAIUHMHCH 3HAUEHHUSIMH NepeMeHHBIX JeHCT-
BUSA. B nocienHeM ciayyae TPAeKTOPHA 3aMBIKAETCs Uepe3 Uejioe YUCJIO
060poTOB BOKPYT Topa (0ofee nosHOe NPeACTaBieHne 00 WHBApHAHTHHIX
Topax gaHo B ri. 3). HauGosee ynoOHBIMH MeTOgaMH HCCJeZOBaHUs
peryJsipHBLIX TPaeKTOPHH ABJAIOTICS TEOPHA BO3IMYIUEHHH H MeTos Ce-
yenus IlyaHkape, paccmorpennnii B § 1.2

PasJuyHble TUNBH Pery/AApPHBIX TPaeKTOPHH ¥ HX nepeceyeHus ¢ I0-
BEPXHOCTBIO ) p (04 == const) 17151 cucteMBl ¢ AByMS CTelleHsiMA CBOOOAb!
npeacrabiensl Ha puc. 1.10. Cayyaét @ coorTBercTByer THNHUYHOR Tpa-
eKTOPHH, NOKPHIBAWOIleH MOBEpPXHOCTb TOpAa. [IBUiKeHHe BOKPYT IJlaB-
HOH ocH Topa mepuonauuHo mo 0, ¢ mepuogoMm 2x. [Ipu atom nocieno-
BaTesbible IMepeceyetnsi NMOBEPXHOCTH ».p NpH By= 0,,, B4y, O3 . .
JOXKATCA Ha 3aMKHYTYIO UHBAPUAHMHYIO KPUBY0 W TUIOTHO NOKPHIBAIOT
ce 3a GOJBbLWIOH MpoMe:kyTOK BpeMeHH. Ciayualt 6 COOTBETCTBYET pe3o-
HaHCy

kg (J) = Loy (J) =0, (1.4.2)

e @, = 0,, @, = 0,, £ u [ — leanle ydcaa. PesoHancHas TpaekTo-
pusi 3amkuyta. [Ipy k& = 5, [ = 2 oHa nepecekaeT IMOBepPXHOCTb ) .p
B IATH TOYKaX, KOTOpble Ha3blBAIOTCH HEeNOOBUNCHbIMU, UK Nepuoou-

1) B ofmeM cJayude 5To CIPABEAJHBO JHWb B IIpefesiaX ONHOH Xa0THYECKOH
KOMNOHEHTH JABHXXEHHA, KOoTOopas Aas cHCTeMnl BHAa (1.4.1) MoxXeT OXBATHIBATH
MAKCHMYM BCI0 3HepTreTHUYeCKYIO TOoBepXHOCTb.— Ilpum. ped.
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Puc. 1.10. [loBepXHOCTH cedeHHA ZR (8, = const) anst 2BTOHOMHOH CHCTEMB]

C IBYMSI CTeleHsIMH CBOGOJbI.

a — MHBapHaHTHAf KPHBaa (KpecTHKH — nocjefoBaTesibHble TiepeceYeHHs] TPAGKTOPHH ¢ ITO-
BEDXHOCTHIO 2 )i 6 — nepHoauuecKash TPaeKTOpusl B LeMTPE MEepPBHYHOTrO pe3oHauca kR = 5,

{ = 2 (noxa3zalibl NepBble ceML nepeceyeHuil); § — HHBaPHAUTHbIE KPHBHE BOKPYr NEPHOAH-
YeCKHX Touek (kB = 5, I = 2); & — nepuojuyeckas TPAaeKTOPHA BTOPHYHOIO pe3oHaHca (me-
pHON 3) BHYTDH NepBHYHOTO Pe3oHaHca (6) (noxa3aHul nepsbie |7 mepeceueHuit); d — croxa-
CTHYECKass 06JacTh, Or'paHHYeHHass HHBAPDHAHTHRIMH KDPHBBIMH H OXBaTpBAKOIAs HECKOJbKO
MEPBHUYHBIX PE30UAHCOB, € — CTOXACTHUYECKHH cJ0fi B OKPECTHOCTH cenapaTpuchl NepBHYHOTO
Pe30Hauca R =5, [ =2
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qecKuMiL, moukamu ABHxKeHUd. IIOCKOJBKY NpPH TaKOM JABHXKEHUH TpAd-
eKTOPHS HEeBO3MYILIEHHOT0 TaMHJALTOHHAHA 3aMKHYTA W NEepPHOAKYHA,
TO Mbl Ha3bIBaeM T4KOH pe30HAHC nepeutHeim. Pe3oHaHc 6 —- ciellk-
aJbHbIH CJIyYyad HHBApMaHTHOH KPHBOH, KOTJa 4HCJIO BpaileHuss k[
palnHOoHAIbBHO. Pe3onanchl U MX B3aUMOAEHCTBHE MIPAlOT BAXKHYIO POJIb
B BO3HMKHOBEHHH CTOXACTHYECKOTO MABHXKeHHsI B CHCTeMax, OJU3KHX
K HHTerpupyeMbiM.

Cryuali 8 cooTBeTCTBYET THIIMYHOH TPaeKTOPHH B OKPECTHOCTH Nep-
BHuHOrO pesoHanca (puc. 1.10, 6). IlepeceyeHust TpaeKTOpHH ¢ MoOBEPX-
HOCTBLIO ) p OOpPa3yloT IAThL IVIdAKHX 3aMKHYTbIX KPHUBBIX (nepeuummx
0cmpoeog), OKPYXKAIUUX HeNOABHKHLIE TOUkX (Cayuad 6). Hakoueu,
ciayuyall ¢ WLTIOCTPHPYeT elllec 6oJee CJI0XKHOE ABHIKCHHE: 3aMKHYTVIO
IepHOAHYCCKYIO TPaeKTOPHUIO, KoTopasi 3a 15 oboporos 10 0, Tpu pasa
OGXOJIUT IePBUYHBIA pe3oHaHc k — 5; [ = 2; DT0T ciayuali npeacras-
JAseT TIPHMED BrMoputH020 Pe3OHAHCA MEXAY KojcOaHUAMH Ha NepBHY-
HOM pe30Halce U HEBO3MVIICHHLIM JIBHKEHHEM. BTOpHUHBIE PEe30HaHCh
BO3HHKAIOT MOJ jAeHCTBHeM BO3MYIIEHHS H; H B CBOIO ouepeab OKpy-
JKeHbl pe3oHaHcaMu elle 6oJee BHICOKOIO ITOPHAAKA.

Tenepe SICHO, HACKOJABKO CJIQXKHA CTPYKTYpPa Pery.IfpHbLIX TPaeKkTO-
puil. [lepBHuHble pe30HAHCHl TNPHUBOAAT K BO3HHKHOBEHHIO BTOPHUHBIX
PEe30HAHCOB H TaK 00 Oeckoreurocrmut. Pacuer peryasipHbIX TPaeKTOpHH
(MHBApHAHTHBIX KPUBBIX M DPE30OHAHCOB) paccMarpuBaercst B 1. 2 u 3.

Obaacmu cmoxacmuyrocmu. Vl3BecTHO, UTO CTOXACTUYECKHE TPAEKTO-
PHH 3aHHMAlOT KOHeUHyl0 06/1aCThb 3HEPTeTHUECKOH NOBEPXHOCTH B (a-
30BOM I1POCTPAHCTBE, a HX HOCTEAOBATEbHbIE IEPECEUEHHST 3aIIOAHSIOT
KOHEYHYIO ILI0Ia/b MOBepXHOCTH ceueHus. [IpHMep ABYX CTOXacTH-
yeCKHX Tpaektopuil npusejger Ha puc. {.10. B cayvae ¢ tpaexropus
3anoJMNgeT KOJAbLeoOpasHbiH CTOXACTHYECKUH CJOH, 3aKJIOYEHHBIH Me-
KAy ABYMS HHBADUMAHTHBIMH KPHUBBLIMH, NMOJOOHLIMH TEeM, YTO H300pa-
JKeHbl B ciydae a. B 370d 001aCTH CYILECTBYIOT TAKXKe H PeryJaspHble
TPaeKTOPHH, HO COOTBETCTBYIOILME MM OCTPOBKH YCTOHYMBOCTH, OKpY-
JKalollHe HenoABHKHBle TOYKH (cM. § 3.3), qub0o 00XOASATCS CTOXACTH-
yeCcKOH TpaeKTopue#, JHO0 HX pasMep CJAHIIKOM MaJd M HX MPOCTO He
yaaercqa pastiasaieTh. B ciayuae e 1oKasan CcTOXacTHUECKHH ¢0d BOMM3H
OCTPOBKOB CJ/Iyyas 8, 3ar0JIHeHHbIA OJHOH CTOXACTHYECKOH TPaeKTOPHEeH.

CroxacTuueckoe JIBHKeHHe BCerJla BO3HUKAeT BO3Je cellapatpHc,
KOTOpble PasfesiioT HHBAPUAHTHLIE KPHBble Pa3IH4YHOH TOMOJOTHH.
Jle#cTBUTEABbHO, BOIU3H cemapaTPHChl YacToTa KoJdeGaHHH O CTPEMHUTCS
K Hy/o, cM. (1.3.15). Tlostromy ycsaoBHe pesonanca ¢ 4acTOTOH HeBO3-
MYIULEHHbBIX Kosebauui g:

ko — @y =0 (1.4.3)

MPUBOANT K TOMY, 4TO NpH NPHOGIHMKEHHH K cemaparpuce paccrosiiie
10 MepeMeHHON JeHCTBHA MeKAY COCeIHHMH pe3oHancamMu (B v & - 1)
Takxe cTpeMuTcst K nymo. O6jacTh CcTOXacTHYHOCTH BOJH3W cenapar-
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puchl OyJleM HasblBaTh cmoxacmutdeckum caoem '). B chHereMax ¢ aByMs
CTENEHSIMA CBOOOABI NPH MaJjJoOM BO3MYIIEHHH € 3TH CJOH OKa3hIBAalOTCS
OYeHb TOHKHMH W OTJeJeHBl APYT OT APYra HHBAPHAHTHLIMH KPHBBIMH,
BBHAY UYEro Iepexo]l TPAaeKTOPHH H3 OJHOIO CJ0of B APYFOH HEBO3MO-
bkeH. C yBeMUeHHEM & HHBAPHAHTHBIE KPHBhIE, Pa3fessiioliHe cocel-
HHE pe30HaHChl H HX CTOXaCTUUECKHE CJIOH, CHJABHO HCKaXKaloTcs H
B KOHLE KOHILOB paspyiuaiorca. B peayabraTe NPOHCXOINT CJAHSHHE
CTOXACTHYECKHX CJA0eB ¥ BO3HMKAET 2400QAbHAA, WIH CUALHAS, CMOXQ-
crmudHocme. ¥ CJIOBHE TAKOrO Iepexoia PaccMOTPeHo B Ivl. 4, a xapak-
TEep XaOTHYEeCKOI'o ABHIKEHHUSI — B IVI. O.

Hekoropoe yKasaHHe Ha NPHUHHY BO3HHKHOBEHHS CTOXaCTHUHOCTH
BOJIH3H cenapaTpHChl MOMKHO NOJMYYHTh H3 KapTHHBI EPEKPLITHA pe-
30HAHCOB, KOTOpPOE MPHBOAMT K UPE3BHUAHHO 3aNyTaHHOMY JBHIKEHHIO,
B OCOOEHHOCTH € YUE€TOM PE30HAHCOB BLICOKHX INOPSAKOB. K TakoMmy
2KE 3aKJIOYEHHIO MOXKHO INPHHTH U ¢ APYFOH TOYKH 3PEHUS, PacCMOTPEB
TPaeKTOPHI caMoi cenapatpichl. Kak H3 TeopeTHYecKOro aHaJH3a,
TaK H H3 YHCJACHHBLIX 3KCIIEPHMEHTOB CJAEAYET, YTO C YYCTOM BO3MYILe-
HUS cenmaparpuca He ABJSETCS ViKe TAKOH TNajikol KPHBOU, KAK B HH-
TerpupyeModl cHcreme (puc. 1.4), a HanpoTHB, TaKXKe OKashiBaeTcH
Upe3BbIYAaHHO CJA0KHOH. [BHikeHHe BOJIM3H cellapaTpPHChl IOAPOOHO
obcyxaaerca B m. 3.26. Ilpum jgocTtatouHo Majg oM BO3MYILEHHH HHBa-
PHAHTHBIE NTOBEPXHOCTH OrpaHHUYHBAIOT 00/1AaCTh CTOXACTHYECKOI'O JBH-
KeHus (eM. 3.2a), OTHAKO ¢ YBETIHUEHHEM BO3MVIIEHHSI pe30HaHchl 60-
Jlee BBLICOKHX TMOPSAJAKOB OTOABHTAIOT HHBAPDHAHTHbLIE MOBEPXHOCTH OT
cernapaTpuchl U TEM CAMbIM paclIUPSIIOT 00IaCTh CJA0KHOIO JABHKEHHSI.

Mbrl BHaesnH, 4yTOo BOMM3Y pe3oHaHca (as30oBbie TPaeKTOPHH CHJBHO
BO3MYLIEHbI. TeM He MeHee BHYTPH pPE30HAHCA CYIIECTBYIOT 3aMKHY-
Thle NMEePHOAHYECKHEe TPAEKTOPHH (HeNnoJABHKHble TOUKH Ha puc. 1.10, 6
U 2). Yemonuueocms AuHeQPU308AHH020 @OAU3U HUX OBUJNCeHUS TAKXKe
CBfI3aHa €O CTOXACTHUHOCTHIO. JIHHeHHas yCTOHUMBOCTL —pellieHH
B OKPECTHOCTH NEepHOAUUYeCKOH TPAEKTOPHH IPHBOLMT K DPEeryJsipPHOMY
JABHZKEHHIO, KOTOpPOe MozKeT ObIth pa3pyiieHo cJ1abbiM HeJTHHEHHBIM BO3-
MylleHHeM TOJbKO 3a O0JbILIOH NPOMEXKYTOK BpeMeHH. IHeycroiluuBble
pelIeHHsT NPUBOASIT K 3KCHOHEHUIHAJLHOH PACXOAUMOCTH TPAEKTOPHH,
CKOpPOCTh KOTOPOH MOMKHO TIPHHATh 3a Mepy CTOXACTHUHOCTH (CM.
ria. 0). MoxKHO 0:KHIATh, UTO B TOH 06;acTH $azoBOro npocTpancTsa,
TJle BCe HJIM TMOUTH BCE MEPHOJAHYECKHE PelleHUs JHHeHHO HEYCTOWUHBHI,
JBHXKEHHe OyJeT XaOTHYECKHM.

Modeav Xenmona—Xetireca. PaccMOTPUM B KauecTBe W/IIIOCTPAUHH XO-
POUIO M3BECTHBIH NMpHMepP ABHXKeHHS B JBYMEPHOM IOTEHIIHAJe

Ulx, y)= -;—(x2+y2+2x‘zy———§—y3), (1.4.4)

1) B opurunase — resonance layer (pe3oHaHCHBIH cyoil). B mepeBoae HcH
novib3yercss GoJiee pacnpoOCTpaHeHHBIE B OTeUECTBEHHOH H 3apyGexHOH JIHTepa-
TYype TepMHH CTOXaCTHUeCKMH caoii. — [Tpun. nepes.
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nokasaHHoM Ha puc. 1.11. Bnepsbie 3Ta MOojeanb HccseloBasnach YHC-
-TerHo XenoHom M Xeitaecom [188] B KauecTBe mpocToro nmpuMepa He-
JMUHeHHOH CHCTeMbl € HECKOJMBKHMH (IBYMS) CTeleHAMH CBOGOJbL
B nanbHe#leM 3Ta cHCTeMa JeTallbHO H3yuasach MHOTHMH aBTOpDaMH.
K coxkajenuio, B 3TOM [PHMepPe BCTPEYAIOTCH HEKOTODhle TPYAHOCTH,

})

U- 10,167

.
Al

-0,85

/ —0,5 K

Puc. 1.11. 3aMkuyTble 3KBUNOTeHLHAJdbHble KpHBHE (U =
= const << 1/6) gas mozenu XeHoma—Xefineca (1.4.4) (o
pauspM paborur [291]).

KOTOpble He ABJSKTCH TUNHYHLIMA JJI5 HeJHHeHBX CHCTeM H TPelyion
0cob0To NMoAXoJa. TeM He MeHee 3TOT UHCJAeHHbIH IPUMep XOPOIIO HIlJH0-
CTPUPYET HHTepecylol(He Hac BOMPOCHL. X oA noreHuHana B JAeKapTo-
BhIX KOOpAMHATaX X, Y IMOKa3aH Ha PHC. 1.11. F'aMuJibTOHHAH YACTHILbI
B TakoM MOTeHIHaJe MOXKHO 3amucaTb B BHie H = H, +eH,=E,
rae

Ho= ——(pi+ri) + - & +4), (1.453)

eH, = x%y — »;— . (1.4.56)

Jlnst yao6cTBa Macca YACTHIbBI NMPHHsATA DaBHOH elHHHLE, a MaJbif
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napaMeTp € ollpefesiercss BbIOOPOM 3HepPTHH: g~ FE'% Ecmm E
MeHbIlle TPAaHMYHOH NOTeHUHalAbHOH 3HepruH U = 1/6, To uacruua
OyleT YAepKHBaTbCA BHYTPH MNoTeHUHadbHOH sMbl. CylnecTBoBaHHe
MHBAPHAHTHBIX KPHUBLIX B TOM Cjydae MOXHO ONpEIeNHTh 110 KapTHHe
Ha MOBEPXHOCTH CedeHus (y, p,). B mpeaene Manabix kojgebGaHuH raMHIb-
TOHHAH MOXKHO 3allicaTb B IIePEMEHHBbIX JleHCTBHE — YyIoJa B BHJE
(eM. 1. 1.2B):

H0:m1J1+ (’)2]2. (1.4.6)

B manuno: caydae 4acToThl KoJeGaHUH ®; H ®, paBHbI eAuHHuE. Ecau
yyecTh Teneph ciaaboe BosmyuienHe (1.4.56), TO HOJHBIA raMHJALTOHHAH
NPUMET BUJI

H =], -} wgJy+eH  (J1, Ja 01, 0). (1.4.7)

[Ipr pocTaToO4HO MaJsoil HEPTHH TPAEKTOPHH Ha IIOBEPXHOCTH CeYyeHUn
OKa3bIBAIOTCSl 3aMKHYTbIMH KPDHBBIMH IIOYTH JJsl BCeX HavyaldbHHX yc-
JIOBHH, 3a HCKJIOYeHHeM oyeHb OJHU3KHUX K Pe30HaHCHBIM. DTH KDPHBhle
MOXKHO HaHTH JHOO UHCJIeHHO, pelliasd ypPaBHEHHs JBUKEHHS, JUOC
IyTeM BBIYKCJAEHHS UHTErpasia ABHKEHHS N0 TeOpHUM BO3MYIIEHHH C yde-
TOM 4JIEHOB JOCTATOYHO BHICOKOIO mopsaaka mo € (cM. ra. 2). Ecau B pas-
JIOXKEHHH B3ATb MaJjl0 UJIEHOB, TO 3aMKHYThle KpHBble ellle 6yAyT IO-
JIYYeHbl, HO OHH He OyAYT NMOXOXKH Ha 4HcJaeHHble. C Apyrof CTOPOHLI,
e€CJIH B pas3JjoKeHHH B3ATh CJAHUIIKOM MHOTO 4JeHOB, TO OTBeT GyJIeT
OTJINYATbCH OT MPAaBHJABHOTO PELICHHUS, TaK KaK PHAJ aCHMNTOTHYCCKHIA.
Max-Hamapa u Vaiitmen [291] BubigHCAHIH J 5 ¢ TOYHOCTBLIO JO BTOPOTO
U TPETbero MopsAAKOB 110 & i HauaJdbHOH 3Hepruu £ = 0,01 u pasauy-
HbIX Haya/JbHbIX YCJIOBHH. MX pesyabraThl mokasaHbel Ha puc. 1.12, a
H 6. Bugno, 4To B 1aHHOM npHMepe WieHbl BHICOKOTO MOPSIAKa OKasbl-
BAlOICs OUYeHb CYNIECTBEHHBLIMH M JlayKe H3MEHAIT XapaKTep ABUXKEHHSA.
Tak, HaOmonaeMmbie B YHCJICHHOM 3KcnepuMeHTe (puc. 1.12, ¢) Tpaex-
TOPHH, 3aMKHYTble BOKPYT Touek A W B, MOSIBASIOTCS JIMUIL B 4eTBep-
TOM TIOpsiike TeOpHH Bo3MyuieHHil. Heo6xoauMocTs HCMOJMBL30BATh
BLICOKHe IOPSIAKH TEOPHH BO3MYILEHHH BO3HHKAET jJajJeKko He BO BceX
cucteMax, GJIM3KHX K MHTerpuUpyembiM. B nannom ciyuae 310 asasiercst
CJIeJICTBHEM ABYX ocoGeHHocTell Mojenu XeHoHa—Xefineca: 1) HeBos-
MyILleHHble KOoJdeOaHHs JHHEHHB! W 2) YacTOThl 3THX KoJeGaHHil COBIa-
jparoT. CpaBHHM YHC/EHHbIe Pe3yJbTaThl X eHOHa H Xekleca ¢ TeopHeH
Bo3MylleHHH I'ycraBcoHa [171] Bockmoro nopsinka (puc. 1.13). Has
sueprHi £ = 0,042 (1/24) v £ = 0,083 (1/12) BO3HKKaeT BIeuate-
HHe, YTO HHBADHAHTHLIe KDHBBHIE CYUIECTBYIOT Be3jle, a psia TeOpHH
BO3MYIIEHHH CXOAMTCH K IIpaBHJAbHOMY upeneny. OxHako HH TO HH
APyroe, CTpOro TrOBOpPS, He HABJSETCA BEPHBEIM, MOCKOJNLKY Hapiaiy
C MHBAPHAHTHBIMH KDPHBLIMH HMEKOTCA OYeHb TOHKHE CTOXACTHYECKHE
CJIOH, pacnpejeleHHbE MO BCeH NOBEPXHOCTH CEUEHHS] W CBA3AHHBIE
C Pe3OHaHCaMH MeX1y JABYMs CTelleHSIMH cBOGoAbl. ToOJmHHA 3THX
CJI0eB 3KCIOHEHIHaJbHO Masta no napamerpy £-1'. Ilostomy nig Ma-
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MbIX 3HaYeHUil £ CIOH 3aHHMAIOT HHYTOXKHYIO YacTh NOJHOH MAOMALH
MOBEPXHOCTH CeUeHHS M HePasIHYHMbl HA KapPTHHKAX, [0JYyYaeMbiX

SPUIPER |

B UYHCJIEHHBIX 3KCIIEPHMEHTaX.

/lasi  Goaee BBLICOKOH Ha-
YaabHOH 3Hepruu FE = 0,125
HabJaopaercss TPH THIIA Tpaek-
TOPUIL: MpOCTa? MHBADHAHTHAaSA
KpuBasi Xa¥k ¥ IPH HU3KOH
SHEPTUH; MHOTOIeTJdeBas Tpa-
CKTOpHA, HalPHMep IIPejicTaB-
JALAs  HelNoYKy  H3  NSTH
MaJleHbKHX OCTPOBOB, HON00HAS
u3o0paxennoi na puc. 1.10, g,
VI KOTOpPOH  HepecedyeHus
«[IEPECKAKHBAIOT»  OT  OJHOH
neTJad K JApyro#l, H, TI[O-BHIH-
MOMY, 3PTrojH4YecKas TpaeKTo-
pHA (aHasloruyHasg HU300parkeH-
HOH mna puc. 1.10, e} ¢ nepe-
CEeUEHHSIMH B CJHyYalHBIX TOY-
Kax. Jas nocaennell Tpaex-
TOPUH TMepPeMeHHble JeHCTBUSA
He TOJIbKO He ABJAAITCH UHTe-
rpajaMy JBHXKEHH$, HO H He
MOLYT ObITH MOJAYYeHbl H3 pPa3s-
JIOXKEHHII TEOPHH BO3MYIIEHHSI.
C Jpyrod CTOpPOHBI, JaxKe AJas
rpaHuyHOR sxepruu (£ = 1/6)
HHTerpaJ/bl COXPaHAOTCH B Ma-
JBIX HM30/JMPOBaHHBIX 001acTsaX
¢azoBoit mwiaockoctH. [lpucyT-
CTBHE TaKHX OCTPOBOB YCTOH-
YHBOCTH 03Hayaer CylIleCTBO-
BaHHe HHTerpana JABHIXKEHHsI
BOIM3H [1IePBHYHOIO pE30HAHCA,
CBA3AHHOTO C uacToTaMy He-
BOSMYIIEHHbIX KOJie0aHHH 10 X
H Y. MeTo/bl BhIUHC/JEHH A TaKHX
WHTerpajoB, a TakMKe pasme-

Puc. 1.12. MuBapunanTHble KpPHBBIE
HA IMOBEPXHOCTH CeueHHs MOJeJu
XenHona—Xesineca; E == 0,01 (mo
jAauHbiM paboter [291]).

@ — BO BTOPOM 1OpsiiKe (mo g); 6 —
B TDEThEM MOPsAKEe;, & — YHCAeUnoe MO-
JeIHpoBaHHe.
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Puc. 1.13. CpaBuenue aHaJHUTHYeCKOH (cjeBa) W HaliieHHOH uYMcleHHO (CrpaBa)

%prxﬁgxixl)noaepxuocm ceuenns Mmojenn XeHoHa—Xeftjeca (M0 RaHHBIM pa-
OTHI :
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POB OCTPOBKOB YyCTOHYHBOCTH npuBeleHbl B § 2.4 BMecTe ¢ noapos-
HBINMI [TPUNMEpaMH.

XoTsl CylUlecTBYeT HECOMHEHHOe COOTBETCTBHE MeXIV pacueraii
VyCTOHYUBBIX 001acTed MO TEOPUH BO3MYILUeHHH H pe3yJabTaTaNH YHCIeH-
HOTO MOJeJTHDOBAHHSA, 3TO ellle He 03HAYAET, YTO YCTOHYHBOCTb COXpa-
HAeTCs B M000H MOMEHT BPeMeHH, KaK 3TO NpeIcKa3biBaeT TeOpUS BO3-
MVILEHHH, NOCKO.IbKY cJjabble Pe30HaHChl BLICOKOIQ MNOPSIKa MOTyT
pPaspywHTh 3Ty yCeTOHYHBOCTL. OJHAKO HA IOMOWIb NMPHXOIUT TEOpHUS
KAM, xoropas rapantupyer, UTO, BO BCSKOM C.Jayuae, A5 JOCTATOYHO
MAJOr0 BO3MYUCHHSI HHBAPHAHTHLIC KPHUBLIC CVIIECTBYIOT H OJH3KH
K HEBO3MYILEHHBIM. 2DTO JaeT OCHOBAHHE MPEANOJONKHTL, UTO Te KpPH-
Bble, KOTOpbIE BRIMNISAAT IJIAAKHMH U YCTOHYHBBIMH, HABEDHOE, O.TH3KH
K XODOILUHM HHBApUAHTHBIM KPHBLIM, XOTS, BO3MOXKHO, H MMEKT Ka-
KVIO-TO HEeBHAMMYI0 CTPYKTYpYy. OmnHpasick Ha 3T0 HpeinoJoxkeHue,
Mbl pasBUBAaeM 3BPHCTHYECKHH KPHTEPHH paspylieHHsT HHTErpa.JoB
JIBU/KEHHS, CBA3AHHLIH C KPUTEPHEM NEePeKpuimus COCeORUY Pe3OHAHCO8,
KOTOPBI ObLT Npeanoxken HupukoBuiM [67]. CpaBuHBast 314 KpUTEpHH
C UHCJIeHHBIMH 3KCNepHMeHTaMU, MOXHO MOJYUYHTh JOCTATOUYHO HalerK-
HBle KOJAHYECTBEHHLIE OLEHKH PaspyIUeHHs HHTerpa/ioB ABHXKEHHH. ITU
BBIUHC/ACHUS — OcHOBHAs TeMa IvI. 4.

Yexoperue Pepmu. Kag yrxe Obl1o ot™Meueno B § 1.2, cyuiectByer rec-
Hasi CBS3b MEXKIY TaMU/JIbTOHOBBIMH CHCTEMAMH € JABYMSI CTelEHSIMH
cBOOOABI H COXpaHSKIHMHE [JI0MaAb OTOOpaKEeHHAMH ABYMEPHOH IIo-
BepXHocTH Ha cebd. [IpeoGpasosanue, 3ajaroimee NoCaAe0BATEAbHBIC
repeceueHy A TPAeKTOPUH C BEKOTOPOH [IOBEPXHOCTLIO, ABAACTCA HMEHHO
TakuM ortoGparkenueM. M ofpaTHo, NHHAMHUECKYIO CHCTEMY, 34XaHHYIO
oTOGPaXKeHHEM, MOXKHO OIHCAaTh W I'aMHUJbTOHHAHOM, KOTOPBIH MOTYy-
yaercsl pasfoxeHueM oToGpaxeHusi B psig Pypbe ).

PaccMoTpuM nipuMep JMHAMHYECKOH CHCTEeMBbl, KOTOPYIO MOMKHO
OMHCAThb COXPAHSIIOUWHM IJIoMaAb OTOOpaXKeHHeM; OH HJLTIOCTPHPYET
XapakKTep CTOXacTHYECKHX TPAEKTOPHH B CHCTEMax ¢ ABYMSfA CTeleHAMH
¢Bo6oIL. OTOOpaXKeHHe OIMChIBAeT JABHXKEHHE 1IapHKa MEXIy HeNoa-
BHXKHOH H KOJeOrolefics cTeHKaMi. DToT npumep YJaama [415] moze-
JIMPYeT MEXaHu3M YCKOPEHHS KOCMHUYECKUX JYy4eH, HPEIJ0MKEHHbIH
Qepmu [126].06030a4uM uepes u, CKOPOCTh WapHKa (B eIHHHIIAX Y/ BOEH-
HOH aMILTHTY /bl CKOPOCTH CTCHKH), IEPEA €I0 7-M CTOJKHOBEHHEM C KO-
JeOTIoUeACsT CTeHKOH, a uepes ¢, — a3y KoaeOaHUHd CTeHKH B MO-
MEHT cto/KHOBeHHsi. Torjga orobpakeHHe HMeeT BH/J

Unoy = |Un- -sinPy L, (1.4.8a)
Py =y — (1.4.86)
n+1

1) Unmeetcss B BH1Y (yphe-pasiomeHHe MO BpeMeHu, cm. M. 3.1B.— [Tpun,
peao.
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rac M — HEKOTOpPOe NpHBeIeHHOE pacCTOAHHE MeXIy CTeHKaMH, a
CKOPOCTh LapuKa u, Oepercs 1o abcoJOTHOH BeJHUYHHE,

JAuHamMuKa Takoro otofpaxKkeHHs MOKeT ObITh IIPOC/EKEHA Ha MHO-
rHe THICAUH HTepalkii, 4To NO3BOASET MOJYUYUTh JeTalbHOE NPEACTAaB-

JiokanuiobauHos
CITiOXacmuUYHoCMb

Tnobansraos
CMOXACMUYHOCME
¢ _ocmpobxamu
yemodyubocmu

CnrnowHas
cmoxacmuyHocmy

Pric. 1.14. [TopepxHOCTL ceueHust 1as 3alauyd Pepmiu (N0 1aHHbM padotel [274]).

[loxazaHo 3amondeiie @azoroil MIOCKOCTH OAHOI TpdexTopueil 3a 6§23 000 urepaunit. IIyHk-
THPHBIE KPHBbIe PACCUNTAHL 110 Pe30HAHCHOI! TCOPHUIL BO3IMYI[CHHIT.

JIEHHE O TMOBEJEHHH CHCTEMbl H, B YaCcTHOCTH, HCCJIEA0BATE €€ CTATHCTH-
yeckue csorcrtea. Ha pue. 1.14 H3o6pamkeHa niocxocts (u, ) moc.ae
623 000 wurepauufi g1t M = 100 uw HauaJbHOW CKOPOCTH U, =~ 1.
[Tnockoers paspetena na 200 > 100 syeex '), nmpuyeM B HEOTMEUeH-
Hble AUeHKH TpaekTopHd He nonajanta. Buano, uto na $azosoé mio-
CKOCTH HMewTCsi TPH obJgaacti: 1) o61acth G60AbUIHX 3HAYEHHH i, B KO-
TOPOH 11Pe0bMajal0T UHBAPUAHTHBIE KPHBLIE, a Y3KHe W OTpaHUYeHHbie
CTOXACTHYECKHE CJIOM pacioIOXKeHbl TOJILKO BO.IH3H Pe30HAHCHBIX Ce-

) Has w25, cM. 1. 3.46.— Mpum. ped.
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naparpHc; 2) eauHasi croxacTHyeckass 00JacTb TNMPH IPOMEXYTOUHDIX
3HaYeHHsX «, B KOTOPOH ellle OCTAOTCH OCTPOBKH YCTOHUHBOCTH BO-
KPYT MePHOJHYECKHX TpaekKTopHH, U 3) 0061acTh CTOXACTHUHOCTH /151
MaJblX #, B KOTOPOW BCe NepBHYHbLIE NMepHOfHYeCKHe TpaeKTOPHU, TMo-
BHIHMOMY, HEVCTOHUHBBL. B 061acTsiX 2 1 3 WMeeT MeCTO CUAbHas, 1IN
2.100aabHas, cmoxacmudHocms JABHKeHUs1. B nocienHel H3 HHX, He-
CMOTPSI Ha CyLLecTBOBaHlie HEKOTO-
pPHIX KOppeTslHH Mexay I10c1e10-
BaTe 1bHBIMI  3HAYEHHAMHU dasnul |,
MOMHO HCIO1b30BaTh NPUOIUMCHUC
xaomuueckux ¢az u jpupdyznonnoe
ypaBHeHHe 151 CKOpOCTH u. boaee
noApo6HO 3TOT Bonpoc OyjaeT pac-
CMOTPEH B TJI.

Ipeoduneckue cucmemor. Tlogobuo
IIOJIHOCTbIO HHTETPHPYEMBIM  CHCTe-
MaM, 5PTOAHYCCKHE CHCTEMbl, B KO-
TOPLIX  OTCYTCTBYIOT — peryJ/siphbie
TpaeKTOPHH, OKAasbIBATCA B HEKO-
TOPbIX OTHOLUEHHAX 00JIee TIPOCThINH,

Tpaexmopus

'y ¥,

I“ ]n

| . < |
0 P — 0

0 1 5 0 !

L

Puc. 1.15. ra upumepa cucrtem, 06aa7ai0MHX 3PTOAHUTOCTLIO H fepeMemHBa-
HHeM (mo JanduM paborter [14]).

@ — pasBepika TOpa, IO KOTOPOMY ABHAKYTCH TBEpIAbie AMCKH, % = f}; 6 — npeobpasoBatite
nekaps, nepeMeitnBaHHe MNPOHUCXOAHT B Pes3y bTaTe DacKaTLikaHIls, Pa3pC3aHHA H CKJAUAbI-
BaHHJ.

yeM CHCTeNbl, OJIM3KHe K HHTerpupyeMbiM. XOTS B 3PrOIHYECKHX Cli-
creMax M Hedb3s MO.Jb30BaThCH IOHSTHEM OTAETbHBIX TPAEKTODPHIL,
HO 3aTO MOXKHO YCTaHOBHTb P#J OOIMX CTATHCTHUECKHX CBOHCTB. IIpi-
MEPOM TaKOH CHCTEMBI MOXKET CJIYXKHTh ABHXKeHHe GHJbSAPAHOIO I1apa,
CTATKHBAIOIIETOCS C HEMOABHXKHBIM AHCKOM (puc. 1.15, a). Tpaekro-
pusl mapa u3obpakena CIJIOWIHOH JHHHEA CO CTPe/KaMH, YKasbBalo-
LHMH HalipaBjehHe JBHKeHHA. OTpaxeHHs OT AUCKa NPOHCXOANAT 110
OOLIYHOMY 3aKOHY: yIoJ HaeHUsl @ paBeH yray orpaxenus . IBuiKe-
HHE CYUMTaeTCs MPOCTPAHCTBEHHO MePUOAHYECKHM MO OGOHM HampaBJe-
HHAM. IIpH 3TOM MOMKHO CUHTaTh, YTO TPAEKTOPHSA, NMPOXOASAILAS Ue-
e3 OJHY CTOPOHY fAueHKH I[IEPHOAHYHOCTH, BO3BpAllaeTcsl C TPOTHBO-
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NOJOKHOH CTOpPOHK MOX TeM ke yraoMm. Curait [377] noxasas, 4To 3T1a
crhcreMa 006/1a1aeT U 3PrOJAHYHOCTBIO H llepeMeuidBaHHeM. OHa mpej-
CTaB.IfleT HHTepeC W A5 CTaTHCTHYeCKOH Mexanuk# [133].

ApyruM Xpomo H3BECTHLIM [IPUMEPOM 3PTOAHUECKOH CHCTEMbl SIB-
JSeTC  «Npeodpasosanue nekapa», KOTopoe OoToOpaykaeT eIHHHYHBbIN
KBajpaTr Ha cebs:

: 2x
( v ) 0 < xo<< L
.?Cl ' .l/O"Q 2
( )7 ; 1 (1.4.9)
Jl ( ’Hx(}—].‘ )’ *____\<\x0<1.
(o 1)'2 2

"

SL19 HATASHOCTH HCTOB3Y ST 3HAMEHHTOTO apHOJLAOBCKOro Korta |14 |-
HAaXOJHM, UTO 3TO npeodpasoBanue moxoxe, cM, puc. 1.15, 6, Ha neficr,
BHe MeKapPsl, pacKaTbiBAIOUIETO, Pa3pe3alollero H CKJ/abIBAIOUIEI0 CBOE
TeCTO. BM:KeHHE 3TOH CHCTEMBI ABJAETCH HEYCTOHUHBBLIM H 06.1a7aeT
CBOICTBOM I1epeMellIHBaHHS.

Takum o6pasoM, HMeIOTCA sIBHble CBHUIAETENbLCTBA B TMOJb3y CTaTH-
CTHYECKHX CBOHUCTB OTOOPaXEeHHH B 00/1aCTAX HEYCTOHYHBOIO JBHXKE-
Hud. Uto Ke Kacaercsi 60/ee CHIBHOIO MPEANOAOXKEHHS O BO3MOMXKHO-
CTH UCIIOJNbL30BaTh NPUOIHKEHHE XaoTHYeCKHX (a3, Korja ABHIKEHHE
CHCTeMbl HaNOMHHaeT c¢Jay4alHoe OJyxKIaHHe B HUMOYJIBCHOM MPOCT-
PaHCTBe, TO 3TO 34BHCHT TaKXKe OT HAJHYHS CYHIECTBEHHO Pa3JHUHbIX
BPeMeHHBIX MacmTaboB JJisl NepeMelidBanud 110 ¢ase H Mo HMNYJbCY.
JIast MHOTHX JHHAMHUeCKHX CHCTEM repeMelllMBaHHe mo (dase npoucxo-
OHT ropasfo ObicTpee, UeM IO HMMIIYJLCY, YTO H I103BOASET BBECTH Das-
Hble Macuwtabbl BPeMeHH.

*1.46. boaee uyeM aBe cTeneHH CBOOOIbE

Bce Bblneonucanubie 3hdeKTH Ja51 aBTOHOMHBLIX CHCTEM C JBYMdA CTe-
NeHAMH CBOGOALI HMEIOT MECTO H JJISl CHCTEM ¢ 0oJtee UeM JABYMsl CTeNeH SIMH
cBOOOABI. B THIHYHOM ¢jyuae CTOXacTHYeCKHe H peryJ/spHble TPaeKTo-
pHIl TECHO COCYLIeCTBYIOT B 2N -MepHOM (a30BOM OPOCTPAHCTBE H H4
(2N-—2)-MepHOll TOBEPXHOCTH CEYEHHs, a CTOXACTHYECKHE CJOH pac-
IT0JI02KeHB! BOJH3H pPe30HaHCcoB. ToJmHHA €J10eB pacTeT C yBeJIHYeHHEM
BO3MVLLUEHHS, YTO MPHUBOJUT B KOHLE KOHLOB K IIEPEKPHITHIO [epBHY-
HbIX PE30HAHCOB, ABHKEHHIO MOMEpeK CA0eB H CUALHOU CrmoXacmiuyHo-
cmu. OAHAKO IIPH JOCTATOYHO MasJOM BO3MVIICHHH IIePBHYHbBIE Pe30-
HaHChl He NepexphbiBaioTcsi. B 3TOoM cillyyae BO3HHKaeT HOBOe (H3UUe-
CKOe sIBJIeHHe —— JBH2KEHHEe BAOJIbL CJOEeB, MJH TaK HasbiBaemasi odug-
$ysus Aproavoa.

Huppysun Aprosvda. J1asi AByX creneHeil cBoGoAbl AByMePHbie HHBA-
PHAHTHEIE TIOBEPXHOCTH (TOPHI) Pa3feqdarT TPeXMePHBbIH 3IHepreTHYe-
CKHH «06beM» B (Da30BOM NpPOCTPAHCTBE Ha H3OJHPOBAHHBIE CJOH, ITO-
A00HO TOMY KaK JIMHMH Ha ILUIOCKOCTH BhIAEJSIOT H30JHPOBaHHbiE 06-
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JgacTH (puc. 1.16, a). Ho vxke 1ast Tpex crenenelt cBo60bI TpeXMepHbIe
TOPhI He PasjieqsitoT MATHMepHbId 3HePreTHYeCKHH «006beM», KaK JHHUH
He MOTLYT H30/1MpoBaTh TpexmepHyw obgaactk (puc. 1.16, 6). Taxum
obpaszoM, npu N>>2 uHBapHahTHble N-MepHbBle TOPhl He pasae/sioT
(2N —1)-MepHVIO SHepTeTHUECKVIO MOBEPXHOCTh Ha OTiesbHble c6.1a-
ctd. Ilosromy npu N >>2 B THIUUNHOM C/yvUae BCE CTOXACTHYECKHE CJIOH
Ha 3HEPTETHYECKOH MOBEPXHOCTH CBSI3aHbl B €IHHVIO CJOXKHYIO CeTh ~—
mayTHHY ApHOabJa. Dta nayTuHa NpoHU3bBaeT Bee HasoBoe NPOCTpa-
CTBO, HOIXOAA CKOJIb YTOAHO 6JIH3KO K .TioDo#H ero Touke. Jaa Hada.1h-

Lw&?\aité:gﬁb"e Mubapuc=mree
ne xpubse

(e g}

Prc. 1.16. Tonogsorus sHepreTHueckoil moBepXxHOCTH (Mo AaHHEBM padoTel [273]).

a — ABYMepHafA 3HEPTETHYECKAS NoBEPXHOCTh (MJIOCKOCTL) Pa3iefsiercss HHBaPHANTHLIMH KDH-
BBIMH Ha H30JHpoBaHHBIe OGMACTH; & — TpexmepHas SHEPreTHUECKAsT «IIOBEP XHOCThY (COheMm)

He pasgensgercsa OoglioMePHbiMH KDHBHIMH,

HBIX YCJIOBHH Ha MayTHHE CTOXacTHuecKas TPaeKTOpHsA TepeceKkaer
B KOHIIEe KOHIOB JH00YI0 067acTh 3HEPreTHYeCKOH NOBEPXHOCTH, daxKe
Korja Bo3mylenue € — 0. 310 U ectb augdysus ApHoabaa.

CJUsTHUE CTOXACTHYECKHX TPAeKTOPHH B eUHYI0 ceThb ObIIO J0Ka-
sano [12] nas cnenmanabuoft HeHHeHHOH cHcTeMbl. B obieM ciydae
TAaKOI0 J0Ka3arejLCTBa J0 CHX 10D HeTr, HO H3BeCTHO HeCKOJbKO YHC-
JeHHbIX nmpHMepoB AHGdy3un ApHoabga. C npakTHYeCKOH TOYKH 3pe-
HUS BO3HHKAIOT jBa OCHOBHLIX Borpoca: l) KakoBa OTHOCHTeALHAS
Mepa CTOXacTHYeCKOH KOMIIOHEHTHI B MHTepecyrollled Hac obnactu da-
30BOr0 TIPOCTPaNCTBa U 2) KaKoBa CKOpOCTh AHGDY3MH ApHodabia Jas
TeX HJIH HHBIX HavyaidbHbIX ycaA0BHH. OUEHKY pa3MepoB CTOXacTHYe-
CKOH KOMIIOHEHTBl MOXKHO IOJYYHTh W3 KPUTEPHS MEePeKPLITHS pe3o-
HaHcoB (cM. Iv1. 6).

Tak XKe Kak H B cHCTeMdX ¢ JBYMS CTeNeHsIMH CBOGO/bI, IepeKphi-
THE DPe30H4HCOB MPHBOAUT K 00pasoBaHHIO CTOXACTHUECKOTO CJIOS KO-
HeYHOH INHPWHLI ¥ BhI3bIBaeT JABWXKeHUe nonepex cjaos. Hoso#l ocoben-
HOCThIO Auddy3un ApHosabla sBJAseTcs JABHXKeHHe 6004b CTOXacTHYe-
CKOro ¢J0s1, KOTOPOe BO3HHKAeT IIpH B3aUMOJSHCTBHH TI0 KpaitHeir
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Mepe mpex pe3oHaHcoB. (CxemMa TakKoro [IBHXKeHHH H300paxeHa Ha
puc. 1.17. B naockoctu (J4, 0,) nmokasana mpoekUHsi pe3oHAHCa H €ro
croxactHyeckoro csos. Ochb mnepeMeHHOH JeHCTBHA J, MeplleHJHKY -
JApHA 3TOH TJIOCKOCTH. /A KOHCepBATHBHOH CHCTeMBI C JBYMSI CTe-
MeHsAMH CBOGO/IBI COXpaHeHHe 3HeprHH M H3MeHeHHe J, TOIbKO B IIpe-
JeJax CTOXacTHYeCKOro CJ0f OrpaHMYMBAIOT H3MeHeHHe J,. Onuaxo
NpH HaJHYUH elle OJHOH cTeleHH CBOOOALI WJH B C/ydae 3aBHCHMOCTH
raMH/JbTOHMAHA OT BpeMeHH MocJdeAHee OTpaHHyYeHHe OTMaaaeT, H CcTa-
HOBHUTCSI BO3MOMKHBIM JIBHXKEHHE BJIOJIb CTOXAaCTHYECKOro ¢1od 10 J .

/.
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Puc. 1.17. Beicrpast auddy3ns HaeT Mnoilepes CTOXACTHUYECKOTO CJ0sl, & MelJeH’
Has 1updy3ust ApHoibla—B0db C/0.

[Tpu B3aumoAeHCTBHH TPeX PE30HAHCOB CKopocTh AH(pdy3ud Ap-
HOJbjAa Oblia HaiieHa Unpuxose [70] u Tennuconom u ap. [406 1 ).
I10 paccMarpuBaercd B 1. 6. B ofuieM ciaydae B3aHMMOAEHCTBHA MHO-
I'HX pEe30HAHCOB CTporasi olleHKa c¢BepXy Oblia mnodydeHa Hexopouwe-
BbiM [314]. Onnako, BooGule roBopsi, oHa 3HAYUTEIBLHO 3aBblllaeT CKO-
pocte qudgdysun. O630p YHCIEHHBIX SKCMepHUMeHTOB Mo AH(dY3HH Ap-
HOJbAAa B 06/JacTH B3aUMOJeHCTBHSL MHOTHX pe3oHaHcoB [72] jaH
B . b.

§ 1.5. JluccunaTHBHbIe CHCTEMbI

B oTsiMyHe OT raMH/JBTOHOBBIX CHCTEM C HX (YHJaMeHTaJbHbM 3aKOHOM
coxpanenusi GasoBoro ob6beMa AJdsT JHCCHIATHBHBIX CHCTEM Xapakx-
TepHO €ro MOCTOSTHHOE VMeHbllleHHe CO BpeMeHeM. ITO MPHBOJHT K
TOMY, 4TO BCe TPAeKTOPHH JBHXEHHUS IPHTATHBAIOTCS K HEKOTOPOH
MOBePXHOCTH (aTTPakTOpy), pPasMepHOCTb KOTOPON MeHbIle, UeM Yy HC-
XoAHOTO (a3oBoro mnpocrpascrBa. JIpH 3TOM ypaBHeHHA JIBHXKCHHSA
yKe He ABJSIIOTCS KAHOHMYECKHMH, HO HX MOXHO 3anucarb, BooOule

1) [TepBHie OLEHKH AJS CKOPOCTH AH(hy3uyu Apuoanna npusenens B {146]. —
Hpus. ped.




74 Trasa 1

rosopsd, B BHJe CHCTeMbl jHb¢epeHlIHaJbHbIX YpaBHeHHH I[1epBOTO TO-
psiKa:
X _ v (x), (1.5.1)
dt
rie aus N-mepuoro $asoBoro NpocTpaHCTBA BeKTOpPbl X MV ieror
N KompoHeHT. TpaekTopHsi X (f) Ha3blBaeTcsl B 3TOM c/1ydae N-MepHbIM
MOTOKOM. B cayuyae peryJsipHoro MoTOKa ABHXKeHHe Ha aTTPakTope
ABJASACTCH [POCTBIM. JTO MOXKeT ObiTh, HAlNPHMEp, HENoABMKHAA TOYKa
(pokyc) MAM TepHOpHYecKasi TPACKTOPHs (npenedbHBIH UMKJ). s
JBYMepHBIX MOTOKOB CYHIECTBVIOT (PaKTHUECKH TOJIBKO 3Ti JBe BO3MOK-
HOCTH.
111 TpeXMepHbIX HOTOKOB, TOMHMO (DOKYCOB Y TIpeeabHbIX LHK-
JIOB, BO3MOXHBI H KBasWMepHoJHUeCKHEe TPAaeKTOPUH C JBYMS OCHOB-
HBLIMH YyacToTaMHi. I1o aHagIoTHH MOXKHO 6610 6bl 0XKHUAATL, YTO 3TO I €CTh
e/IMHCTBEHHO BO3MOXKHBIE aTTPakTophl. OnHako 370 He Tak. DBLIO Mo-
Ka3aHo, 4YTO B TpexMepHHX (H 6oJbiiefl pasMepPHOCTU) AHCCHUMATHBHLIX
CHCTEMaX CYUIECTBYIOT aTTPaKTOPbl C O4eHb CJAOKHOH I'€OMETPHYECKOH
CTPYKTYpOH. B uyacTHoCcTH, OHH HMeIOT JPOOGHVIO PasdMepHOCTH (CM.
1. 7.18) ¥ HasbiBaloTCA OOBLIUHO CPAHHLIMU ammpakmopamii. [IBuke-
HHe Ha CTPAHHBIX aTTPAKTOPaX fABJAETCH XaOTHYEeCKHM 1).

1.5a. CrpaHHble aTTPaKTOPbI

['py60o roBops, CTPaHHBIH ATTPAKTOP —3TO TAaKOH aTTPaKToOp, Ha KOTO-
poa 6aHM3KHe TPaeKTOPHH pacXOIATCsl 3KCIOHeHLIHalabHO. B KauecTBe
npHmMepa MNpeacTaBuUM cefe TPexMepHBLIH MOTOK B BHJE CJ0s U3 Hecko-
HEYHOTO 4HCsga ABYMepHbLIX JHCTOB. CJOH pPacTAruBaeTcs BJOJb OTHOTO
W3 HamnpaBJeHHH H CKJIaJbBaeTCs, KaK 1noxKasaHno Ha puc. 1.18, a. Ilpu
sToM Kpas caosl (AB u A'B’) rinajxo coellHens Mexay coboil. Tak kak
Ha Kpaio A’B’ umeloTcs JBa OTJEJLHbIX JHCTa, a HAa Kpaw A B To/IbKo
OJIMH, TO JJA TJaJKOCTH UX COeIHHeHHs HeOOXOJUMO OeCKOoHeuHoe
YUCJI0 JHCTOB. B IPOTUBHOM CJ/lyuyae BO3HHKJ/JAM Obl PaspbiBbl, Belyiuike
K HeoOpaTHMOCTH IIOTOKA. JCKH3 OKOHYATeJbHOH CTPYKTYPbl Takoro
aTTpaKTopa npejcTaB’en Ha puc. 1.18, 6.

M3 cxeMbt atTpakTopa BHAHO, UTO, HECMOTPST Ha 3KCIOHEHIHATbHYIO
PAaCXOJIMMOCTb, TpPaeKTOPHUH OrpaHHYeHnl ?). [la/jee, oOKasbiBaeTcs, uTO

1) TepMuH «Xa0THYECKHH» OOBIYHO HCNOJAB3YeTCs! AJsl ONMUCAHHSA CAYyYaliHOro
ABHXKEHUSA B AUCCUMATHBHBIX CHCTEMAaxX, TOT i@ Kak TEPMHH «CTOXACTHUYECKHII»
yale OTHOCHTCS K TAMH/JAbTOHOBHIM CHCTeMaM. XOTH Mbl U NMbITAAHCH IPHIEPKH-
BAThCs TAKOTO COT/IAMEHMS, HE CAEAYET AYMAaTh, UTO 3TH j1Ba T€PMHHA COOTBETCT-
BVIOT Pas3JHuUHOM «CcTeleHnH C/ay4yaHHOCTH»;, 110 CYLLECTBY Mbl paAcCMATpHBAEeM HX
KaK CHHOHUMBL.

%) Ilpo6niema corsaacoBanus pacxoauMocTd GAM3KHX TPAaeKTopri Ha arTpak-
TOpe ¢ er0 OTPAHHUEHHACTHI0 BOSHUKACT TOJLKO TIPH MHHHMAJNBHOU pPa3MepHOCTH
aTTPAKTOpa, pPaBHOH ABYM (HMeeTcst B BHAY oOblyHAas, LeJas pasMepHOCThb, Cp.
n. 7.18). IIp¥ GSnpiiell pa3aMepHOCTY PACXOAUMOCTh B JMHEHHOM IIPUCANKEHHH
CMEHsIeTCA IepeMelrHBaHieM TPAaeKTOPHIH; XaOoTHUeCKHH aTTPAKTOD MOXKET IMeTh
Npu 3ToM npoctvio dopmy, wanpumep, topa.— Hpum. peo.
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Hynebas
monuwiuHG

Puc. 1.18. Cxemarnyueckoe wn3oOpaKenHe CTPAHHOIO arrpakropa (Mo JaHHBIM
paborn [368]).

Q == cJIOH H3 GECKOHEYHOTO YHCJa JHCTOB PacTArMBaercs H CcKJagplBaeTcs; O —BUA arTpak-
TOpa 1ocde coeflHHeHH st KaxKJoro JicTa no JHHHH AP ¢ COCCAHHM no JUHHH A'B’.
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CTPYKTypa arTpakropa NOoBTOpseTcA Ha Bce Oojec H Oojec MedKHX
NPOCTPAHCTBEHHBIX Macmurabax. Takasf MacmurabHas HHBAPHAHTHOCT,
XapakTepHas TakKxke H s CTPYKTYPhl PE30HAHCOB B TaMHJLTOHOBBIX
cUCTEeMaXx, CJAYXKHT OCHOBOH aHa/lM3a JUHAMHMKH KaK TaMUJbTOHOBBLIX,
TaKk M jauccHnartuBHbIX cHereM. [lopo6nast MHOrOCTOHHASI CTPYKTVpa,
KOTOPYIKO MOXKHO OMUCaTb MaTeMaTHYeCKH KaK HeKOTOpOe KUaHIOpOBo
MHOMecmeo, pacemarpuBaercsd B § 7.1,

YpaBuenns (1.5.1), mpuBoafilime K BO3HUKHOBEHHID CTPaHHOI'O
aTTPaKTopa, 3aBUCAT OOBIYHO OT HEKOTOPOro napamerpa (aHaAJOTHUHOTO
BCJIMYHMHE BO3MYIIEHUS B [aMUJbTOHOBLIX CHCTeMaXx), H3MeHeHHe KOTO-
poro MeHsieT Xapaktep ABHxKeHHS. Ha npumepax mojpenn Xenona—
Xefineca 1 yckopeHHst ®epMH MBI BHJI€AH, 4TO B I'aMH/JbTOHOBBIX CH-
cTeMaxX MPH YBeJHYeHHH BO3MVILEHHSA TPAcKTOPHH M3 peryJspHbIX CT4-
HOBATCSI CTOXAcTHYeCKHUMH. [logo6HO 3TOMY, H B JUCCHIIQTHBHLIX CH-
cTeMax TNpPH H3MEHeHHH napanerpa BO3MOXKeH IepeXoy OT nepHopHue-
CKOTO JIBUKEHHS] K XAOTHYeCKOMy Ha CTPaHHOM arTpakTope. Bo aHo-
THX CJydasdx TaKOH Nepexoi NPOUCXOAHT IYTeM II0C/IeI0BaTe 1bHOIO
VABOEHHA Iepuoja JBHKEHHs BILIOTH JO HEKOTOPOro KPHTHUYECKOTO
3HauYeHUs I1apaMeTpa, 3a KOTOPBLIM CTPYKTYpa aTTPaKTOpa H3MeHSeTCH
H JABH:KCHHe CTAHOBHUTCSI XaoTHdecKHMM. JladbHeliliee yBe/MueHHe Ia-
paMeTpa MOXKeT NMPHUBECTH K 00OPaTHOMY NpPoUeccy HJIH K MOSBJIEHHIO
MPOCTOro aTTpakTopa APYroi cHMMeTpHUH. Ele oHa HHTepecHas 0OCO-
OCHHOCTB TAKMX CHCTEM 3aKJK4YaeTCA B TOM, YTO OOLIYHO MOXKHO HAHTH
1IOBEpXHOCTh CeUeHMsl, Ha KOTOPOH jBHXKeHHe CBOZHUTCS NPHOJIHIKEHHO
K HeoOpaTMMOMY OJIHOMEDHOMY OToOpaeHHlo. HeoOparumocrh o3Ha-
yaeT 3JeCh MHOI'O3HaYHOCTL oGpaTHOro orobpaxkenusi. Taxkue oTobpa-
YKEHHUsI BO3HUKAKT BO MHOTHX (pHM3HueCKHX 3a3jauax U OYAYT NOAPOGHO
paccMOTpeHs B § 7.2,

He Bce M3 mepeyuc/IeHHBIX CBOHCTB JIEI'KO YBHAETH M3 OJHOTO NPH-
Mepa. Cefiyac Mbpl pACCMOTPHM NEPBHIH NPHMEpP CTPAHHOTO aTTPaKTopa—
mone b Jlopenna (283). B § 7.4 Mbl cHOBa BepHeMCst K 3TOMY NIpUMepy
A7 TOro, 4ToObl U3YUYHTL PH3UUECKYH) CHCTeMY, U3 KOTOPOH OH BO3-
HHKaeT. B § 7.1 paccmorpeHn Apyrue IpHMepbl, [03BOJSAKOUIHE LIMpE
B3IVISIHYTh Ha pasyiuyHble SBJIeHHs, CBsA3aHHble C Xa0THYeCKHM ABHzKe-
HHeM B JIUCCHMATHUBHBIX CHCTEMAaX.

1.56. Mopeab Jlopenua

ITOT IMOYYHTEJNbLHBIH NMPUMep XaOTHYEeCKOro IMOTOKa BO3HHK U3 THAPO-
NMHAMHYeCKHX YpaBHeHHH, ONUCHIBAOIWUX KOHBeKUHIO Pajaea—Dbe-
napa. Cjoi KHAKOCTH KOHEUHOH TOJILLMHBI NOJOrPeBaercd CHHU3Y Ta-
KUM 06pa3oM, 4TO MeXKAy BepXHeH XOJOAHOH H HHMKHeH ropsiuei 1o-
BeP XHOCTSIMH NOAJEPKUBALTCS [TOCTOSIHHAA PA3HOCTb TeMneparyp. Bu-
JKeHHe KUAKOCTH onucbiBaercs ypasHenneMm HaBwe—Crokca. !lpeano-
Jarasi IOTOK JIBYMEPHBIM, ero MOMKHO OXaPaKTePH30BATb ABYMS Iepe-
MEHHBIMH: QYHKIHeH TOKa P U OTKJoHeHHeM () pacnpeieTeHHs Tene-

pDATYPbl OT CTAUHOHAPHOIO ((TMHEHHOro 1Mo BepTHKAJH).
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YpaBHeHHS B 4YaCTHbIX NMPOM3BOJHBIX A BO3MYLIEHHOTO [0TOKA
MOYKHO TPeo06pa3oBaTh K CHUCTeMe OObIKHOBeHHbIX JuddepenuHatbHbIX
ypasHeHHl. [{J1s 3TOrO cienyer pasaokuTh GyHKUMH P U © B 1BOHHOH
psag Oypbe 0 X U 2 C aMIUVIHTYIaMH, 3aBHCAIIMMH TOJILKO OT BpeMeHH .
OcTaBUB OrpaHUYEHHOE YHCJAO YJeHOB, MOJYYHM JIBHXKEHHE B KOHEYHO-
MEpPHOM (Pa3oBOM NPOCTPAHCTBe. BBIBOJ 3THX ypaBHeHWH JBHXKeHHH
u3 ypaBHenuss Hapre—CTOKCca npuBeyen B § 7.4.

Jlopenn [283] mccaenoBas ynpomeHHYK MOjedb, B KOTOPOH GbLIO
OCTaBJEHO TOJBLKO TPH «HaHbosee BaxKHBIX» Pypbe-aMIUINTYABl. B 3TOM
NpUOIHKEHUH ypaBHEeHHS TPHHHUMAIOT BHJL

X=—6X-gY,
Y= —XZ_ rX—Y, (1.5.2)
Z=XY —bZ,

re X — aMILIUTYJa KOHBEKTHBHOI'O JIBHXKEHHH; Y — pPasHOCTh TeM-
nepaTyp LIS TedeHHH BBePX M BHH3; Z — OTKJOHEHHE BePTHKAJBLHOLO
TeMIeparypHoro npodH/sa or JuHeliHoro, a o, r, b — OGe3pasMepHble
rmapaMeTphl, (PU3HYECKHH CMBICJA KOTOPBIX oOCyxjaercst B § 7.4.
Mopneab JlopeHlla HATEHCHBHO HCCJIe0BaJjJach BO MHOTHX padorax
(cM. auTeparypy B pabore [1801]). Snauenuss napamerpo o U b 06bIMHO
(huKcHpoBaHbl (0 = 10, b = 8/3), u nosegeHHe CHCTEMBI HCCJENYeTCH
B 3aBHCHMOCTH OT 7. IlepeuucsuM HeKoTOphble 3JeMeHTapHBIC CBOHCTBA
mMogenun Jlopenma [252, 283, 411].
1. ¥YpaBHeHHS  MHMBapHaHTHLl OTHOCHTEJLHO TNpeoOpasoBaHHs:
X—>—X, Y—>—Y, Z>2Z
2. d)as:}osblﬁ o0beM COKpalaercs C IOCTOSIHHOH CKOpPOCTBIO — (CM.
n. 7.1a)

ox oY 87
A= - 4 = —(0--b-4 1),
éx ' o9y ' oz (06 1)

KOTOpas BechMa BeJHKa /51 OOLIYHO HCIOJb3yeMblX 3HaUeHHH
napamerpos: ¢ = 10, b == 8/3, A &~ — 13,7. 3a ejiuHHuUy Bpe-
MeHH 06beM cokpaiaercs B e * & 10° paa.

3. Ilpu r == 0 u ¢>0 pemenue orpanndero U X, Y, Z— 0 114
I — oo.

C pocroM 7 xapakrep pelicHHH MeHSIETCSl CJeIyHouHM 06pa3oM.

I. Tas O<Cr<C1 enMHCTBOHHLIM aTTPAKTOPOM SBJsIETCA HeENoj-
BUKHAf TOYKA B Haya/le KOOPJHHAT. JTO COOTBETCTBYET CTALHO-
HapHOH Ten/JOmpoBOJHOCTA B 3ajgaye Pajses—Dbenapa.

2. Hasa r>1 arTpakTop TepdAeT YCTOHYMBOCTL H BO3HHKANOT JIBE
HOBBIC HeMoOJBHXKHbIE TOYKH

X1,2:(j:[b(r— ])112, :}:[b(rdl)lla r_'“le
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KOTOPBle SIBJSIIOTCA aTTpakropaMu Ags1 1<Tr<Cr,, Tie
ro=0(0 + b-+3){c—b—1)=470/19 =~ 24,74.

D10 COOTBETCTBYeT CTallUOHApHOHR KOHBEKUWH B 3anave Pajes—
Benapa. -

3. Jlas r>>r, He CYLIECTBYeT ATTPAKTOPOB THIMA HEMOJNBHKHBIX
TOUEK.

4, Oast r>>ry = 24,06 BO3HHKaeT CTpaHHBIH aTTPaKTOP C XaOTH-
YeCKHM JABHXKEHHeM. 3aMeTHM, Y4TO B Y3KOH 06/1acTH

24,06 <r<724,74

VA

Puc. 1.19. Xaotuueckas tpaekTopust Ha arrpakrtope JlopeHua npu r = 28 (mo
AaHueIM patotel [253]).

Iaockocre (X, Y) cooTsercreyer Z = 27,

CyUleCTBYIOT TPH aTTpakTopa. /[[Ba H3 HHX COOTBETCTBYIOT CTa-
UHOHAPHOH KOHBeKUHH, a TpPeTHH — XaoTHYeCKOMY TMOTOKY.
[Tpu 3TOM B CHCTeMe HMeeT MEeCTO THCTePe3HC: eCJH r pacleT, TO
peryJ/sipHas KOHBeKUHUS [epCXOAUT B TYPOYJEHTHOCThH IIPH
r = 24,74; ecau Xe r yMeHbIlIAeTCd, TYPOYJIEHTHOe JABHMKeHHe
[IEPEXOAUT B PeryJspHYIO KOHBEKLHIO NpH r =— 24,06.

JlopeH1l HcedefoBad YHCAeHHo cnyyail r = 28. Ha puc. 1.19 [253]
NpHBeJAeH INPHMEP XaOTHUUECKOH TpPaeKTOPHUH, BBIXOAslIeH H3 Hadajla
KOODAHHAT H TepeCeKatouied MJa0ckoCcTb Z == 27. BHayda/ie TPaeKTOpHsI
NoAXOAHT K Xy, a 3areM pacKpyyHBaeTcd H IpHTSATHBaercsl K X,;
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MIoCJe 3TOTO OHA YXOAUT O crnupanau oT X, H CHOBA IIPHUTATHBAETCH K
X, u 1. A Ilepuop obpamenns okoao X;, pasen 0,62, a paguyc cnu-
paJqu uaMeHsiercs npuGAH3UTENTbHO Ha 6 % 3a obopor. Uucao o6opo-

!
0,1 d,2 0,3 0.4 8,5

Puc. 1.20. Cniexrp nmougioctd P () nnst X (f) na arrpaxktope Jlopeunua npu r = 28
(no paHHpIM paGotel [121]).
HeanprB]lOCTh CIIEKTpa oTpazkacT X4a0THYHOCTL ABHWKEHHs.,

TOB B Ka)KJOH CEpHH MeHSIeTCH B IUHPOKHX IIpeJenax NMpaKTHYeCKH He-
NPeJCKa3yeMo, TaK KaK OHO CHJIBHO 3aBHCHT OT HaYaJbHBIX YCJAOBHH.

Xaoruyeckoe JBHKeHHE Ha aTTPAKTOPe MOXKHO HM3y4aTb IIpH IIO-
Mo orobpaxenuss  [lyanxape

mtockocte Z = 27. B pabore [46] A

7TOKa3aHo, 4TO 3TO OTOOpa)KeHHe

SIBJASETCS [lepeMeIUMBAIOLIHM K 3pro- 450( :

audeckuM. CrieKTp MomHOCTH X (7) Lo X

npuBeaed Ha puc. 1.20. Ero ue- ;

NpepLIBHOCTL OTpaXkaeT Henepuonu- <%0 s

yecKoe, XaOTHUeCKoe JBHXKEHHe Ha n it

aTTpaKTope. e .
3aMeTHB, YTO 3aBHCHUMOCTL Z OT Y[ s .

[ BBIIVISJIUT XaOTHYECKOH, JlopeHil .

(283] npuayma.s caenywownii spder- | ool

THBHBLIH MeTOJ, aHaJu3a JBHMKeHHsI. s J 1 | .

On  3aduKcHpoOBal 10CHe10BaTeNb- 300 350 400 450 Z,

Hble MakKCHMYMbl Z,, Zg, . .. H II0O-

CTPOMJ 3aBHCUMOCTb Z.y OT Z,, Puc. 1.21. OnHomepuoe oroGpaxe-
KOTOpas npuBedeHa Ha puc. 1.21. ;“fi ;g ?;gp;axHT:gi pg%gigu[a%g )n
gﬂeBa OT IIHKa 0T06pa}KeHHe COgT- Z, -—noclieflopaTelbHbie MAKCAMYMbE Z ({).
e€TCTBYeT 110C¢/e10BareJbHEIM  000-
poram Bokpyr X; uan X, O6macTb cnpasa OT [THKA OMHCHIBaeT mepe-

X0abl Mexay X; U X,. 3TO OfHOMepHOe oTOOpaxKeHHe COOTBETCTBYET
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IIpHOJHIKEHHIO, TIPH KOTOPOM OeCKOHeYHO MHOIO JHCTOB aTTPakTopa
COCJIHHATCA B OMH. OHO OKa3blBaeTCs BeCcbMa XOPOWWMM H3-32 00Jib-
1IOH CKOPOCTH COKpallleHHsi (pa3oBoro odbeMa.

ITO OJHOMepPHOe OTOoOpayKeHHe TO03BOJIAET HElOCPeACTBEHHO NOHATH
XaoTH4YecKUHd Xapakrep JABHXKeHHs Ha arTpakTtope JlopeHua. edcr-
BUTEJILHO, TPOH3BOAHAS 3aBHCHMOCTH Z,.q (Zn) Besge OoJblue eJu-
HH1bl, 4 TO, KaK JerkKo nokasatb (CM. 1. 7.2B), Cpa3y IPHUBOJUT K IKC-
[IOHeHUHAJbHOH pacXoAUMOCTH OAH3KHX Tpaektopuii. CooTBeTCTBHE
MeX1y CTPAHHBIMH aTTpPakTOpaMd H OAHOMEDHBIMH OTOOpa’KeHHsIMY
6yaer UCNOJAbL30BAaHO B IV, 7
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KAHOHWYECHAA TEOPUA
BO3MYLLEHUI

§ 2.1. Beepenue

Ilpn aHasu3e HeJMHEHHBIX 3a/1aY IUHPOKO HCIIOAB3YIOTCHA METOJBl Teo-
PHH BO3MYILEHHI: BMECTO HCXOJHOH JHHAMHYECKOH CHCTeMHI M3yuaeTcs
O/M3Kas K Hell HHTerpupyeMasd CHCTeMa, Ha KOTOPVIO JeHUCTBYeT «BO3-
MylieHHe». XapaKTepHU3yd pasjiuude MeXAY 3THMH CHCTeMaMH MaJibIM
llapaMeTpoM € H pacliosiarasi HeBO3MyLUeHHBIM pelleHHeM, Mbl HilleM BO3-
MYUIeHHOe pelileHHe B BHJIe pa3fioXKeHHs M0 crelleHsiMm €. HanpuMep,
B CJyy4ae cJabod HeJMHeHHOCTH JIMHeHHasd CcUcTeMa HHTerpHpyercs
HEIoCpeACTBeHHO, a BO3MYLUCHHOe pelueHHe MOXKHO NMOJYYHTbL B BHJE
paja.

B 3T0il cXeMe HeABHO IIpeAlloJaraercs, 4To HccleayeMad cHCTeMa
ABJSIETCH HHTErpupyemoi. Kak Mbl Buaeau B 1. 1, oObIYHO 3TO He Tak,
H OOJBILIMHCTBO MHOTOMEPHBIX AMHAMHUUYeCKHX CHCTEM He HHTerpHpYeMHl.
B rakux cHcreMax XaoTHUeCKHe TPaeKTOPHH, CBSI3aHHble C Pe3OHaH-
CaMH MeXJV pas3/IMYHBIMHU CrerfleHsIMH CBOOO/Ibl, 33aHMUMAIOT KOHEUHBIH
$a30BEIH 00beM, a HX paclpejieleHde Cpeil peryJAspPHBIX TPaeKTOPHH
OKasblBaeTcsl BCIOAY IJOTHBIM. TeopHst BO3MYIlleHHH He B COCTOSIHUH
OfHCaTh BCK CJOXKHOCTh TAKOT'O XAOTHYECKOrO JBHXKeHHA, 4TO ¢op-
MaJbHO BBIPAXKAeTCHA B PACXOJIUMOCTH COOTBETCTBYIOIIHMX PANOB.

Jlaxke B Cjaydyae Ha4aJbHBIX YCJAOBHI, NPU KOTOPEIX TPAEKTOPHH
ABJAIOTCH pery/JApHBIMH, HMEIOTCS TPYAHOCTH NPH TNPHMEHeHHH Teo-
pun Bo3MymenHH. [Toa jgeiicTBHeM BO3MYylieHHsI peryJ/isipHble TPaeKTo-
PHH B HEKOTOPOH OKPECTHOCTH pPe30HAHCOB HM3MeHAKT CBOK TOIMOJO-
ruo. BosHUKaeT XxapakTepHafl pe30HaHCHAsi CTPYKTypa, HallOMHHAIO-
11as «ocTpoBa», onucaHfple B § 1.4, npudyem uUX ¢as3oBhIil 00beM TaKke
KOHedeH. 2DTH OCTPOBa ABJAKTCH «MHKpPOMHpaMH» HCXOAHOH BO3MYV-
LICHHOH CUCTEMbI, COEPKaUMU COOGCTBeHHbIe Xa0THUeCKHe U PeryJasp-
Hble Tpaektopuu. OO6blYHAs TeoOpUst BO3MYIIeHUH He OTpaXkaeT HM3MeHe-
HHA TOMO.JOrHH $a30BOro NMpOCTPAHCTBA H AJS ONMCAHHUA PETYJIAPHOro
ABHXKeHHs BO/JIH3HM OIpeJe/eHHOrO pe3oHaHca HJAHM OrpaHHYeHHOH CH-
CTeMBl pPe30HaHCOB Oblia pa3padoTaHa clelHalbHAs PE30HAHCHAS meo-
pus eosmyuieruli. B nactodiee BpeMsi He CYUIECTBYeT MeToj0B, KOTO-
Pble MO3BOJSAJIH Obl HAXOAUTHL PeryJasipHble TPAeKTOPHH C ydeTroM BeCel
HepapXUH pe3oHaHcoB 1).

1) 310 He coBceM Ttak. Bo-nepBnix, CyuwlecTBYeT TeXHHKA MOCTPOEHHS CXOaf-
ImHXCcst psajoB, Hanpumep, B teopun KAM [11, 310, 463]. Kpome roro, B nocnea-
Hee BpemMs pPAa3BUBAIOTCA MeTolbl MAcTaGHO-HHBAPHAHTHOTO OMHCAHHA pe3o-
Ha(};wox?l CTPYKTypbl (cM., Hanpuwmep, [117, 165, 369] u § 4.4, 4.5).— [pun.
peo.
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H3MeHeHHe TOMONOTHHM (ha30BOTO IIPOCTPAHCTBA BOJMH3M Pe30HaH-
COB, XaoTddecKHe 00JAaCTH W XapaKTep JABHKeHHMsI B HHUX COCTaBJIAIOT
OCHOBHOE COjiep’kaHHe NOCAeAYIOLHX IVIaB 3TOM KHHTH. B jpanHO#
I'1aB€ MBI PAcCMOTPHM METOJbl TeOPHH BO3MYIIECHHH, KOTOPble HCIIOJMb-
3VIOTCA IS NOJAyYeHHUs] pellleHHH, «anmpOKCHMHPYIOLUHX» B HEKOTOPOM
CMbIC/Ie peallbHOe JIBHXKEHHe B MHOTOMEPHBIX HeJIHHEHHBIX CHCTeMax.
Peutenne B cdopme psga MoXeT NPHOJIHKEHHO [PABHABLHO OTpPa)KaTb
rpy6ble 4epThl HCTHHHOTO ABHIKEHHS JAaxKe TOIJa, KOTJa peajbHasi Tpa-
eKTOPHUSI SABJSETCH XAaOTHUECKOH HJIH M3MCHSET CYHIECTBEHHO CBOK
TOINOJIOTHIO, HO IIPH 3TOM LEJHKOM COJepPIKHTCA B Y3KOM cJ10e BOJII3H
cemapaTpUCHl W OKpYKeHa peryJasApHBIMH TpaektopusamH. C jppyroi
CTOPOHBI, TEOPHA BO3MYIIEHHH He B COCTOAHHH JAaTh XOTsI Ob! KauecT-
BCHHOE OIIMCaHHe XA0TUUECKOTO ABHXKEHHS B TeX o6JacTdax (asoBoro
TPOCTPAHCTBA, /e NepPeKpbiBalOTCA OCHOBHBIE PE30HAHCHI.

Ecau geficTBUTeNbHASI TPAaeKTOPHUS peryJspHa, TO, Ka3aJdoch Obl,
MOXKHO HaLeAThCA TMOJAYUYHThL pellleHHe B BHJIE PABHOMePHO CXOJsiLle-
rocsi pana. ONHAKO ONMChIBaeMble B 3TOH IJIaBe K.aaQccuteckue psiibl,
OyAy4YH BeCcbMa TMOJE3HbIMH IIPH HEKOTOPBIX TeOPeTHYeCKHX BBIYHMC-
JeHUAX, OKAa3bIBAKTCSI pacxodauumucs. B KIacCHYeCKHX MeTOjaX aM-
IVIMTYJla H 4actoTa KovieQaHHH DPeACTaBlAIOTCA psAjaMu 10 crene-
HAM € NpH (PUKCHPOBAHHBLIX HadaJbHBIX YCJI0BUAX. [lockonbKy peso-
HAHCBl paclpeje/edbl B [IPOCTPAHCTBE YACTOT BCIOJy T[JIOTHO, TO [10
Mepe H3MeHeHHsI YacTOThl B BLICIUMX [OpAaKax TEOPUHU BO3MYIICHHH
B JIeJI0 BCTYIIAKOT BCe HOBble U HOBBIE PE30HAHCHl. ITO 0OCTOSITE]LCTBO
[IPUBOJUT K PACXOJUMOCTH PAJOB, KOTOPble B JyullleM CJjydyae OKasbl-
BAIOTCHA aCHMITOTHYECKHMH.

[Tonck cxopamuxcs peuleHuil npuses KosMoroposa K paspaboTke
METOJIOB (8epxcxodaujuxcs padioxkeHni [229]. MM ke Gbuta npeito-
JKeHa TeXHHKa, NPH KOTOPOH 4acTOTd Yyaep:KHBaeTCsl NOCTOAHHOH, a
HayaJbHBIe YCIOBHS B I1POLIECCE BHIIIOJIHEHHSA Pa3/jiokKeHHs H3MeHsIOTCS.
DTO MO3BOJIWJIO TOCTPOUTL CXOAALUIMECH PAABL A4 «OCTATOYHO MaAbLIX»
BO3MYIIEHHH H «IOCTATOYHO JasleKo» OT pe3oHaHcoB (meopus KAM).

PaccmoTpeHte TeopHH BO3MYILEHHH MBI HauHeM C KpPaTKOro onuca-
HHSl HEKOTOPLIX €e METOJOB, MCIOJb3ysl NPOCTbe NPUMEpPbl AUHAMHYE-
CKHX CHCTEM H HCCJeLyS ABHXKEHHe HeloCPe/CTBEHHO II0 ONpee/sio-
WHM ero jguddepenunanoibiM ypaBHenuaM. [lake aad HeJqHHeHHOTO
OCUHJNATOPA C OAHOH CTelleHbKO CBOGOALI (HHTerpHpyeMasi CHCTEMa)
pPa3JJoKeHHEe TOJbKO aMIIMTYAbl KoJcOaHui B CTelleHHOH psAA IPHBO-
JUT K TOSABJICHHIO HEOTpAHHYEHHO PaCTYUIMX BO BPEMEHH CeKYAAPHbLY
42eH08 M PacxoiuMocTH. Pelllasi cOBMeCTHBIC ypaBHeHHS IS aAMIIJIH-
TVAbl U 4actorsl Konebanuii, Jlunawredar {278 | u Tlyaukape [337 ] npeo-
J0J1eJIH CeKYJAAPHOCTh H TOJYYH/IH CXoAsdliMecd psiapl. WX TexHHKa
onucana B 1. 2.1a u npeacrasiJeHa B o0Ouled KaHOHHYECKOH ¢opme
B . 2.2a. DTOT MaTepHaJs COCTaBJsieT OCHOBY JalibHeHIlero H3J0XKeHHs
TCOPHHU BO3MYLIEHHH.

B cayuae AByx M OoJiee cTeneHeH CBOOGOJALI Pe30HAHCHI MeX1y OC-
HOBHLIMM 4aCTOTaMH M HX TapPMOHHKAMY BBISbIBAIOT JOIOJIHUTENbHbIE
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CHHTYJ/IAPHOCTH, CBA3aHHble C TAK HAa3biBAeMbIMH MAALIMU 3HAMEHQe-
AAMU, YTO TIPHBOJAHMT K PacXOAMMOCTH KJ/JACCHYECKHX DPAJOB AaxKe J1d
peryJsipHbelX peweHui. [ad GopMasbHOrO NoJaBJIeHHs 3TOH pacXoau-
MOCTH ') OBLTH TpenTOKeHbl HCKOTOPLIE METOABI, B YaCTHOCTH Mernod
YcpeoHeHus. ITOT MEeTO)| JJaeT BO3MOMKHOCTb HelOoCpPeJCTBEHHO BBIYHC-
JAATh a0uabamu4ecKue URSapuarmel, KOTOPLIC SABJSIOTCH NPUOTHIKCH-
HbIMH HMHTEerpanaMu JBHMKeHHsl U TMOJYydaroTcsl IIyTeM YCpPeIHEeHHA 1o
ObICTPOI YIJIOBOH NepeMeHHOf cucTeMbl. AanabaTHyecKHe MHBApHAHTHL
onpefendroTess GopMajJbHO ¢ IOMOUILIO ACHMITOTHYeCKHX pPAJOB 1O
napaMerpy Bo3MyuleHHs €. OTHoCsuiMecs Ccroojga IpHeMbl ONHCaHbl B
n. 2.16, a UX TpejcTaBJenre B Kaunouudeckoi dopme jgaHo B § 2.3.

Caeayer, O7HaKO, HMeTh B BHJIY, YTO METOJ YCPEIHEHUS NPUBOJIUT
K HeBepHOMY BBIBOJY O TOM, YTO BO3MYIleHHas CHCTeMa BCIOAY HHTer-
pipyeMa. HcTuHHOe nBuXKeHHe, KOTOPDOMY OTBedaeT CTPYKTypa ¢a3zo-
BOIO IIPOCTPANCTBA C IepeMeKaUMUCA 00JacTAMU XAOTHYHOCTH M
OCTPOBAMH YCTOHYHBOCTH, NOAMeHsIeTCsl BCIOJY HHTeTPHPYEeMbIM JIBH-
KeHHeM, BbITeKalouldM H3 CYleCTBOBAHHA aAuabaTHYeCKHX HHBapH-
antoB *). Byaer Takoe onucan#e «crnpaseJIiBoO» HAH HET, ONpeaessieTca
BeJJHUMHOH BO3MYUIEHHS U TOH CTeNeHbI JeTaJbHOCTH, ¢ KOTOPOH cpas-
HHBAIOTCS MeXy OO0 peasbHOe ABMKEHHE U TNpeicKasaHus ajguaba-
THYECKOH TeOpHU. ITO OOGCTOSATENBCTBO MNOJYepKHBaJOCH B 1. 1.4a,
rae Aad 3aga4d XenoHa U Xefseca (cM. puc. 1.13 u nocreayouiee 06-
CYIK/eHHe) COMOCTaBJeHbl HCTHHHBIE TPAEKTOPHH K pe3y/bTaThl BbIYHKC-
JeHHH ¢ TnoMolIblo agnabaTHUeCKHX HHBapuaHTOB. dopmasnbHas pac-
XoauMocTb 3) (15 MI060ro KOHeYHOro €) aCHMIITOTHYEeCKOro psiia, npej-
CTaBJSALErO aguabaTUYECKUii HHBApHAHT, AB/deTCH ellle OAHUM CBH-
JleTeJIbCTBOM TOTO, YTO METOJA YCPeJHEHUS HcKaXKaerT JEHCTBUTEJIbHVIO
CTPYKTYPY (a3soBOro NpocTpaHcTBa. TeM He MeHee 9TOT METOJ BecbMa
noJjes3en IPH HU3ydYeHHH ABHKEHHs B HeJHHEHHbIX cHCTeMax.

B6au3H pe30HAHCOB peryJaspHble peIleHHs CHABHO BO3MYLIEHbI
H TIpeTepreBatOT TONOJAOTHYECKHe H3MeHeHHs. B Takoil cHTyauuu KJac-
CHYeCKasd TeOpUs BO3MYILEHHH NPHBOAHT K IMOSB/JAEHHIO MaJblX 3HaMe-
HaTeJled U PAacXOAHMOCTH PsAOB, KaK 3TO nokasaHo B 1. 2.1B. Hexo-
TOPOH crenvasbHOH 3aMeHOH IlepeMeHHBIX 3Ta pe30OHaHCHAdA CHHIY-
JASPHOCTb YCTPAHACTCH, UTO JIes1aeT BO3MOXKHBIM HCIIOJIb30BanHe 0O0LIY-
HOTO MeTojia ycpenHenus. MMeHHO Takasi pe3oHAHCHAs meopust 603MY-
weHud, onucannast B § 2.4, cocrap/aseT OCHOBY Haulero Meroja H3y-

1) IpaBuastnee Gblio 6bl CKa3aTh — AJs1 NOCTPOEHHT (QOPMAdbHBIX PSII0B,
KOoTophie, BooOue rosops, pacxoasarcst.— flpunm. ped.

%) B o6ueMm cayuae Gojee ecreCTBEHHO Obl10 Gbl TOBOPHTL O I€peMEHHbBIX
JeHCTBUSL, KOTOphle SBAATCA NpuGJIHKEHHBIMH pHTETpajJaMu ABHKEHHS He
TOJNILKO AJas1 anqHadaTHueckoro (MeAJIeHHOTO) BO3MVIIEHHS, HO H IIPOCTO AJST Ma-
Joro Boamymenus. KMcrnoabzyeMmele B TeKCre TepMHHBL «ajuabaTuyeckas TEOPHd»-
«apnabatyyeckoe npHOJMKEHHe» U T. M. CJAeLYeT IIOHHMATh HMEHHO B TAKOM pac-
L¥peHHoM cMeicae.— [Hpux. ped.

3) Mmeercss B BuAY, YTO ACHMITOTHYECKHE Psifbl MOTYT C VCMEXOM IIpHMe-
HATLCA 1JF aHaau3a JBUKEHHUs!, XOTs OHH H SBJAIOTCS PACXOAAHMHCH. —
[pum. ped.
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YeHHA XaO0THUeCKOro JBHKeHus. Ee JeTa’tbHOMY pPaccMOTpPeHHIO IO-
cBAuleHsl 1. 2.4a U 6. B KadecTBe mpUMepa nojipo6HO HccaeayeTcsl ABU-
KeHHe B MarHHTHOM I0Jle 3apAKeHHOH YacTHIbl, B3aUMOJAeHCTBYOUIEH
C 3JIeKTpOCTaTHYeCKOoH BosHOH (cM. . 2.4B). [lpensioxkennoe B padore
[111] oBo6luenne storo meroma, RO3BOJsIOHIee OJHOBPeMeHHO H36aB-
JISITBCSI OT MaJIbIX 3HAMeHaTedsell [e/Jod TpPynnel pe3cHaHCOB, OMHCAHO
B II. 2.4r,

A8 1pocToThl H3J0KEHHS BCe METOAbl pacCMaTPHUBAIOTCA JHIIb
B NePBOM IIOPA/Ke 110 €, a KAHOHHYeCKHe npeolpa3oBaHi s BINOJHAIOTCH
C TOMOLLbIO 3aBUCALICH OT CMeWaHHOro Habopa nepeMeHHbIX NPOU3BO-
ndnleil GyHKUHMH. JTH MeTOJbl MOXKHO TepeHecTH W Ha 60/ee BblCOKHe
nopsAaku [34], no nociepopaTesbHOe pacnyThiBaHHe CTapblX W HOBBIX
IePeMeHHBIX CTAHOBHUTCH aJreOpanyecKH CITOXKHBIM, a COOTBETCTBYIO-
LIMe pAAbl OKa3bBAKOTCA TIPOMO3AKHMH. OHAKO BbICIHe NpUbAHKe-
HHA 4acTo HeoOXOJMMBI, KaK, HallpuMep, B 3ajade XeHoHa ¥ XeiJseca,
rje IepBblH NMOPSAJ0K TEOPHH BO3MYLIEHHH 1naeT HeBePHbIH pe3yJbTaT
Jaxe B NpeleJbHOM Cayyae o4eHb HH3KOH sHepruu. B § 2.5 Mbl 3HAKO-
MUM 4YHuTaTe/ss C TeopHei TpeobGpa3oBaHMH <Iu, KoTOpasi npHiljga Ha
CMeHY CTaphiM crocofaM MOJMYYeHHs! KJAaCCHYeCKHX PAJOB B BLICOKHX
nopaakax no e. Meroasl JIM HAMIOCTPUPYIOTCA HA INpUMepax 3ajad
C OJHOH CTelleHbK) CBOGObl H BbIYHC/AeHHUSA ajuabaTHYeCKHX HHBapHaH-
TOB BBICILIHX ITOPSAIKOB.

B § 2.6 paccmarpHBaroTCs CBepXCXOAAIIMecH PAAbl M NPOBOJHTCS
COMOCTaBJdeHHe HX ¢ KJIacCHYeCKHMMH psjgamu (1. 2.6a). Cnendanabhoe
NMpHMeHeHHe 3THX METOAOB K BBLIYMCJCHHIO IePHOJHYECKUX TPaeKTOpHI
B HeJUHEHHBIX CHCTeMaxX onucaHo B m. 2.66.

2.1a. CreneHHble pPslibl

[IpousmocTpUpyeM HCIOAL30BAHHE CTENeHHLIX PSAOB HAa NPHMEpe HH-
TerpupyemMoro ¢jaabo HeJTHHEHHOTO OCUMIJISATOpa C OJHOH CTeleHbIo
CBOGOJIBI. ITO MOXeT ObITh NMOKa3aHHbM Ha puc. 2.1, @ MagTHUK, KO-
JeOMIOHACH ¢ HeOOMBbLIOH aMIVIHTYACH M ONHUCHBaeMblH TaMHJILTO-
uuanoM (1.3.6). Pasnaras nepBoe u3 ypaBHeHu# (1.3.5) Ao Tperbero
nopAjKa 1o @, 3anuiueM qugdepeHUHaTbHOe ypaBHCHHe IBHXKeHH T B BHIe

Yool — —é—swg 3 2.1.1)

rie X = ¢ — YroJ OTKJOHEHHUA OT BepTHKaJH, ©, = ('FG)m ~— 4ya-
CTOTa MaJblX KonebGanui, € — Manabld Oe3pasMepHbI llapaMmeTp, BBe-
JEHHBIH B KyOUYeCKHH uJieH, 4yTOObl ABHO BHIIEJHTL €r0 KakK BO3Myiiie-
HHe, B KOHLE BBIUHCAEHHH MBI NMOJOXKHUM & = | 1),

Ecau npeiactaBuTh X B BHUAE psja

1) 310 ¢cnpaBelaHBO, KOHEYHO, TOJLKO NpH VCJIOBHH, YTO B CHCTEME OCTAETCH
ApVroil (HesBHBbI) Majplli nmapaMerp, HAmpUMep aMIAXTYJla KojaebaHuit B pac-
cMaTpuBaeMoM cayuae.— [Tpus. peo.
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W NPUPABHATH KO3(dhUIMeHThl 1P OJAHHAKOBLIX CTeleHsX €, TO B HY-
JCBOM TIOpsLIKe I0JIYYHM ypaBHeHHe IapMOHHYECKOrO OCUHMJ/IATOPA

Xo= A cos w. (2.1.3)
YpaBHeHHe JBUKEHUS] B I[IEPBOM IOPAJIKe MO & HMeeT BHJL

LR

Xy - Opx, = —:3— @i A% cos® . (2.1.4)

[IpexcraBiass cos’w,? B 3TOM ypaBHeHHH B BHJe CYMMBl JBYX d.ICHOB

Cos 3wyt = ——}— (oS 3wyl + 308 yf),

AS

\\“\\ RN SN, N Y '\'\‘ R
L '\\\X&\X \ \\\\\\\\ \\‘\\ \

N

— — — gy

a

Puc. 2.1. HeauHeliHble xoJebanusd.
a — MasTHHK; 6 — aaHabGaTHyeckoe BO3MYIleHHe, 8 — NPHMep Pe3oHaRca.

HaxoJHM, 4YTO NepBbHIA H3 HHUX JaeT «XOpoillee» YacTHOe pellieHHe

—

cos 3wy, (2.1.5)

xla -

B TO BpeMsl KaK BTODOH OKa3hiBaeTCsl Pe3OHAHCHBIM H eMy OTBeyaer
YACTHOe pellleHHe

Xy — _fbi (@l Sin 0yt - 2 cos o). 2.1.6)

BujHo, 4ro mepBoe cjaraeMoe pacTeT JHHEHHO CO BpeMeHeM — 3TO
H eCTh cexyasapHoul 4jaeH. B paccMaTpUBacMOM cCJyyae CEeKY/IAPHOCTH
BO3HHKaeT BCJeACTBHe BbIOOpa HCNOAXOAAILEIO pasJoXKeHHdA, NPH KO-
TOPOM He NPHHHUMAaeTCs BO BHHMaHHe 3aBHCHMOCTh YacCTOTHl KoJeGaHHH
OT HX aMILVIKTY]IbL

Koppekrnwiii noxxoj, paspaboravuoii JInpawrearom [278], co-
CTOHT B OJHOBPEMEHHOM pa3JIOXKeHHH IO CTelleHAM & Kak aMIVIHTV /b,
TaK M 4acTOThl KoJacbauui. Ilpenmosozkum, 4to X = X (/) ABASETCSA
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MepHOJIHYeCKOH PyHKIHed ! ¢ NMepHOAOM 27, H Pas3J0okUM X U O MO
CTeleHAM &, TaK 4To Hapsiay ¢ {(2.1.2) nMmeeM

=00, 2Wa+ . . .. (2.1.7)
IToncTaHOBKA 5THX pasioxKeHUHE B ypaBHeHHe (2.1.1) naer
\2 . r , o AN "
((00";‘280)0(01—"{‘ o« s e )lx()—r'ax[“lf‘ « e e J"T‘
( Q | I . 2 ] 1 3
4o (xg4-ex-- L. -)——GHE(DO(XO'TEXI+ ..y =0,

2.1.8)

rje UITPHXH 03HAyaioT IIPOM3BOJIHbIe 1O aprvMeHTy ®f. B Hy.JeBOM
nopsiike UMeeM

Xg— Xo=0, (2.1.9)
H pelllenue x, == A cos wf. YpaBHeHHe TIepBOTO TNOPSIKA
r ’” 1 3
X -2 2 x4 X — —— X =0 (2.1.10)
Wy 6

rocJe IMOJCTAHOBKH B Hero BhIpaxKeHHH JJIA X, NpHOOpeTaer BHJ

%

" 1
Xi—- X =2 A cos @f - —é—— A3 cos®t - o A?cos 3!,

Wy
(2.1.11)

YciaoBue TNepHOAMYHOCTH X (wf) Tpebyer, 4YTOObl KO3(PPHUHEHT MNpH
cos ! paBHAJCH HYJ/IO, TaK KakK B IPOTHBHOM CJyyde BO3HHKAIOT
ceKyJ/isipHble 4ieHsl. CheJoBaTeabHO, Mbl BHIOHpaeM BEJIHYHHY ®©, Tak,
4TOOLI HCKITIOUHThL CEKYJAsPHOCTH

|
0, = — —— A%w,, (2.1.12)
16
H [0/yyaeM XapakTepHOe JJS MasgTHHKA yMeHblleHHe YacTOThl Kovie-
OaHHUl C Bo3pacTaHueM aMILIHTyAbl. [Ipd TakoM BeIOOpe ®, pellleHHe
ypaBHeHHs (2.1.11) ecth

<

Xy = A, cos ot -+ B, sin of — cos 3w/, (2.1.13)
B uacTHocTH, A1 HayaJbHBIX YCJOBHH
x; (0)=x, (0)=0 (2.1.14)
noJyvyaeM BbipazKeHHe
Xy= (cos wf— cos 3wl), (2.1.15)

192

KOTOpOe OIIMChIBaeT H3MeHeHHe x (®f), BbhI3BaHHOe HeJUHeHHOCTHIO.
PaccMOTpeHHYIO [IpONeIyPY MOXKHO BbLIIOJHHTL U B GoJsee BBICOKHX
nopsiakax nmo e. OCHOBY MeTOAa COCTaBJAET NPeAiIoaoKeHHe O MepHo-
JMYHOCTH X C YaCTOTOH ®, OTJAUYHOH OT YACTOTHl MaJblX KOJIeOaHHH 0.
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~ono/sHuTeIbHAA CcBOOOAA, BO3HMKAKIIAS BCJACACTBHE PAa3/IOXKeHUS ©,
[103BOJIAET HUCKJIUYATL CEeKV/JAAPHOCTL B KaXKJOM IOpdaJKe [0 €, 4eM
H JOCTHI'aeTCs paBHOMEpHAs CXOJHUMOCThb pellleHus. KaHoHHYecKasl
dopya Merona JIuHpuTeTA, TpejcTaBIeHHas B 1. 2.2a, Gblla paspa-
Gorana lyankape [337] u Heiinenen {4191,

2.16. AcuMnTOoTHYeckde PAAbl M Majble 3HAMEHATEeNH

Paccvorpunm  KoseGaHHsI TapMOHHYECKOIO OCUMIASATOPAa C MEIJIEeHHO
H3MeHAIeHCs Bo3Bpalamwiliell cHJIOH (MM dYactoroif). IJta 3ajaua
CVILIECTBEHHO OTJHYaeTCAd OT NpeablAyiied HandyHeM ABHOH 3aBUCHMO-
CTH OT BPEMeHH, TaK 4YTO PaKTHYECKH Mbl MMeeM JIesI0 C JBYMs cTelle-
HSIMH CBOGOJABI. 3amuileM ypaBHeHHe ABUKEHHS T4AKOTO OCLMJIIATOpA
(puc. 2.1, 6) B BUjle -

X0 () x =0, (2.1.16)

rjie Masibiii Oe3pasMepHbill mapaMeTp € BBEJICH OIATh-TAKH /i ABROTO
BhlleJeHUS BO3MYLICHHMSI M 10 OKOHYAHWH BBEIYUCJACHHH I10Jaraercd
paBHBIM eAuHHLe. MCTHHHBIM MajbIM MmapaMeTpOM pas/oXkKeHHS B pac-
CMaTPHBaeMOM cJ/yyae ABJAeTCA OTHOLLeHHE [lepHona KoJebaHHH K Xa-
pPakTepHOMY BpeMeHHOMY Maciutaly H3MeHeHHs! Bo3Bpallarolleid CHIIbL

] o

@ O]

(2.1.17)

Huxke Hcnoab3yercsl pas/joxKeHHEe He HeNOCPEICTBEHHO A X, a
JIA HEeKOTOPOH BCIIOMOI'aTe/ILHOH IlePeMeHHOH I, CKOPOCTbL H3MeHEeHHS$
YJIeHOB pa3/IOXKeHUHA KOTOPOH TeM MeHbIle, YeM Bhllle HX IOPSJIOK.

ITpexne Bcero, nepexois K HOBOH HE3aBUCHMOH MNepeMeHHOH T = &f,
3anuulem ypaBHenue (2.1.16) B Buze
d?x 1 \2 .
- ——)mqnxza (2.1.18)
dt? g

BBenen Teneph HOBYIO IepeMeHHYIO § MOCPEJICTBOM pPaBeHCTBA
x=exp [ | ydt]. (2.1.19)

O6osnayaa dx/'dt Kak X', HaXOAUM

x' = yx, X' =1rPxy'x.

IlogcTaHoBKa mocaenHUX COOTHONIeHHIT B ypaBHeHue (2.1.18) mpuBo-
JIUT K ypaBHeHHIO PHKKarH

ey +y)+wr=0, (2.1.20)

[IpencraBuM ¢ B BHJIE CTEIIEHHOTO pPsAia
Y= yy--tyy + €Yag - . . . (2.1.21)
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H HNOACTaBUM 3TO pasnoxeHue B (2.1.20). B Hu3wem nopsiike mno &
HaXO UM
Yo= * 0,

4 B CjelViomeM Hnopagke
24y - y& =q, (2.1.22

McnoaesoBanue (2.1.21) u (2.1.22) coBmectHo ¢ (2.1.19) nmaer

X == exp U (e“lyo- %;- ’ZO )dr
0 -

HHuTerpupys BTOpoe ciaraemMoe H YUHTHIBasi PaBeHCTBO Y, — 4 i®,
IoJsyyaem

A L
X = exp [+ i [ wdt]. (2.1.23)
(1)1 2 :
PaCCMOTpHM MegJ/IeHHoe H3MeHeHHe YaCTOoThl OT 3HAYEHHA W, [IpH
i<ty RO 3HAYCHHA W, NPH {>>!, U BLIYUCJHM HHTErpasl JAcHCTBHA

J = (2.1.24)

B KaKJIOH U3 3THX JBYX ofuactell (<, 4 {>>1,), rae @ 1o apeqno-
JOXKeHHIO He H3MeHsAeTCH.

[Torarasa p = mx u nepexonsd B (2.1.23) K JeHCTBUTeJBLHOMY pe-
IIEHHIO

x = Ao~ *cos (of -+ 8),

Haxoaum, yto J = (1/2) mA*?* B obeux oG.nacmx HECMOTPSi Ha TO 4TO

KaK 4acToTa ®, Tak W sHeprHsa £ = (1/2) MXyaxe — ®J MOTJIH H3Me-
HUTLCA CKOJIb YTOAHO CHJbHO. [leficTBHe J ABJfercs, TaKUM 00pa3oM,
aanabarTudyeCKUM HHBAPHAHTOM ABHIKCHMS, T. €. COXpaHsdercss B Ipe-
JeslaX TOYHOCTH HCHOJAb3yeMBIX pas3JoKeHHH, MOJYUYeHHLIX B MDeAIo-
JIOXKEHHH MEJVIEHHOCTH H3MeHeHHs napameTpoB. CyuieCTBOBaHHe HH-
BapHaHTa [03BOJSET JEerKo [0JAy4YHTL pellleHHe, XOTA TraMHJIbTOHHAH
U He COXpaHseTcs.

Beuucaenue pgefictBus B 00JaCTH ¢,<Tf<l,, TJe MIPOUCXOIUT
MeJ/IeHHOe H3MeHeHHe nmapaMeTPOB, NMPHUBOIUT K TOMY *Ke pe3y/brarty.
Bosnee Toro, onncanHoe pas/okeHHe MOMHO BLIMOJHHTL BO BCeX I1O-
psAKax 1o MajoMy nmapamerpy. 3to Obbio cietano Kyacpyaom (244 ]
NS JTHHeHHOTO OCUMAJSATOpPa H 3areM o6obwedo Kpyckaiaom [239]
u apyrumu (cM. {260 v § 2.3) na Gosee cioxuble cucTeMbl. [Toquepk-
HeM ellle pa3 CYUIeCTBEHHOE OTJHYHe 3TOro Pas/oxKeHHs OT pasiioxe-
HHA, omucanHoro B 1. 2.la. Hanuune AABHOH 3aBHCHMOCTH OT BpeMeHH
3KBHBAJIEHTHO JABHXKeHHIO C ABYMS CTelleHsIMH cBofojbl. [Ipu 3TOM pe-
IlIeHHsT B BUJe PAAOB, KaK [IPaBUJI0, He CXOIATCS K TOUHBIM DellleHH M,
a OKa3hBAIOTCA aCHMIITOTHYECKHMH, JTO NOHATHE GYyaeT MOAPOOHO pac-
CMOTpPEeHO B Hayamae § 2.3.
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2.1B. BausiHWe pe3oHaHcoB

Eciau paccMoTpeHHBIH B 1. 2.1a OCUHJANATOP MOABEpPraercst TepHoId-
YCCKOMY BO BpeMeHH BHeWHeMY BO3MVIIEHHUI) WJH eCJH MeJsleHHble
H3MeHeHHsl NTapaMeTpoB OCLM/IATOpPA, ONUCaHHbe B 1. 2.16, ABJASIOTCA
NepHOAMYeCKHMH, TO pe30HaHChl MeXAY KoJebaHHAMH OCIHIIATOPA
H BHELIHHM BO3MYIIeHHeM paspyllaloT CXOAHMOCTh PA3JIOMKeHHH 1 H3-
MCHSAXT MJAM pa3pywarT HHTerpasabl JNBHMKeHHA. [IpounsrocTpupyem
BO3HHKAIOLIHE IIPH 3TOM TPYAHOCTH HA HIPOCTOM IIPHMepe.

PaccMOTpUM BbIHYXKIeHHble KoJeGanus JUHeHHOTO OCHUIIATOpA

X+ oix =g (1), (2.1.25)

TJle BHelIHsAs cuiaa g (f) siBAsieTcs NepHOANYeCKOH (yHKUHEeH BpeMeHH
c nepuogoM 2m/€). PemeHue OAHOPOAHOTO ypaBHeHHsT (2.1.25) ecTb

X, = A cos 0y -+ B sin wef. (2.1.26)
[IpeacraBun BHeluHIOKO cuay g (f) B Buae psiga Pypwe

g(f)= Z" -+ nzz:l (an cos n€2t - by sin n Q) (2.1.27)

U IIOCTABUM 5TO BhIpakeHHe B ypaBHeHHe (2.1.20). Passaras 4actHoe
pellleHHe X, (f) B pajg ®ypbe, 114 n-TO yJeHa NojaydaeM

an cos n Qf -~ by, sin nQ (2.1.28)

X — .
pt P
mg — n2Q?

Bujno, yto npu @} & n*Q* HMeeT MeCTO pe30HaHC, NPHBOIAIMIT K pac-
Kauke KoJebauui. Hawr npumep umamoctpupyercsd Ha puc. 2.1, 8, Ha
KOTOPOM MNoOKazaH peGeHOK, paCKayMBalOLIMH KauyeJH.

Ecan ocuuanaTop HeawHeHHbIH, KaK, HanpHMep, pPacCMOTPeHHBIH
B 1. 2.1a, TO B OAHOPOJAHOM pellleHHH I[IPUCYTCTBYIOT BCE TAPMOHHKH
C YacroraMH, KPaTHBbIMH OCHOBHOH 4YacToTe ®, B 3TOM cniyyae peso-
HaHChl BO3HHKAIOT BCAKHH pa3, KOTJA OTHOIIEHWEe YacToT ®,/'€} sB-
JAETCS pallOHAaJbHLIM YHCJAOM, T. €. UMeeT MeCTO BCIOAY IIJIOTHAH CH-
cTreMa pesoHaHcoB. Ho, xak Mbl yiKe 3HaeM, yacrTora KoJeGaHHii siB-
asiercst pyHKIMeH WX aMIJIHTYJbRl. Pe3onaHChl Xe U3MeHAOT aMIJIH-
TYAY, @ 3HauyMT, U 4acTOTy KoJeOaHHH, Hapyluag TeM caMblM TOYHOe
BbIIOJIHEHHE De30HAHCHbIX ycaopuit. Takum obpasoM, MaJjble 3HaMe-
HaTeJH, NPEMsTCTBYIOIHE CXOAHMMOCTH KJACCHYECKHX PSII0B B OKpeCT-
HOCTH pe30HaHCOB, OTpaXkaloT olpeJleienHoe (u3ndecKoe fABJIEHHUE,
KOTOPOe NPHUBOAMUT K JIOKaJbHOMY M3MeHeHHUI0 Xapakrepa (a3oBblX Tpa-
eKTOPHH.

*§ 2.2. Knaccunueckas Teopusi BO3MYLIEHHH

BoMbUIMHCTBO MHOTOMEPHBEIX HJM MOABEPIKEHHBIX BHEIIHUM BO3jefCT-
BUSM JHHAMHYECKHX CHCTeM SIBJASIIOTCA HeHHTerpHpyeMbiMH (cM. § 1.3).
Onnako asis Tex cHcTeM, KOTopble GJIH3KH K HHTeIPUPYEMLIM, MOXXHO




90 TCaasa 2

MOTBITATHCA TOAYYHTE PelileHHe C XKeJIdeMOH TOUHOCTBIO, eCJIM NpeJIcTa
BUTb MPOH3BOAAILYIO QYHKIHIO B BHAC PAJA NO CTElleHSAM MaJoro Iad
pameTpa M 3arteMm pewarb ypasHenue [amuabropa—S$kofu nocieso
BaTe/bHO B KaXJoM rnopsiike. Kax yke oTMedanoch, Mallbie 3HaMeHa-
TeJMH TPEINATCTBYIOT CXOJUMOCTH 3THX PAJOB. TeM He MeHee NOJYUEH-
Hble TAKHM IIYTeM pe3yJ bTaThl MOXHO HUCIOJb30BATh JI/IA BIIOJHE Y OB-
JETBOPHUTEIBHOTO OIIMCAHHSA I[10OBEJEHHA CHCTEMbl B HEKOTOpbIX ©6.a-
cTaX (asoBoro mnpocrpaHctBa. bogee TOro, 3TOT METOA OKAa3bLiBAeTCH
BeCbMa I10JI@3HBIM TIPH 1OCTPOeHHH NPHOMMMKEHHbLIX pemieHHH ¥ J14
CHUCTEM C OIHOH CTeNeHblO cBOOO/Ibl, KOTJA IBHOe HHTErpUPOBaHHE YpaB-
HeHHH JBWKEHHsI 3aTPYJHUTEJNLHO, a TaKXe JUIA [peABapHTeNbHOID
nepexojia K IePEeMCHHBLIM JeHCTBHe — yI0J B HeBO3MYUIEHHBIX CHCTe-
MaxX C HeCKOJbKHMH CTEIIeHSIMH CBOOOIbI.

* 2.2a. OnHa cTenedp CBOOOIDI

paCCMOTpHM IraMiJIbTOHH aH CACeAVIOUICro Bujia:
H=H,(J)+eH,(J, 0O)-e2Hy(J, O) 4+ . . ..  (2.2.1)

3zech HCMOJMb30BAHBL [lepeMeHHble AeHCTBHe — YTOoa A MepBOro C.jid-
raeMoro H,, 1no3TomMy eMy OTBedaeT pelUeHHe

J = Jo, (22.2&)
0= ot B, (2.2.26)
® = 0H,dJ, (2.2.28)

rie Jo, ®, B — locrossHHble, He 3asHcsaue ot f. Craeays Ilyankape
13371 u leiinemo [419], Mbl uueM npeofpa3oBaHHe K TaKHM HOBbBIM|

nepeMeHHbIM J, 8, A% KOTOPHIX HOBbI raMu/IbTORHaH H ecTh dynkuus
TOJILKO MepeMeHHO AeficTBust J. Hcnonb3ys NPpoH3BOASILYO QyHKUHIO
S (.7, 8), npeacrasuM S 1 H B Bujle CTeleHHLIX PAJOB 1O €

S=J0-+eSy-+ . . ., (2.2.3)
H=H,+eH, - . . ., (2.2.4)

MpUYeM WiIeH HHU3UIEero mopsjka B S BHOpaH Tak, 4TOObI MOPOXKAAThH

TOXK/eCTBeHHOe Npeobpa3oBanHe J == J H 0 = 8. Crapas nepemeHHas
nefiCTBHST M HOBAg yrjoBas MnepeMeHHasi ONPEle/NAIOTCS H3 BblpamkeHHH
(1.2.13a) u (1.2.136) cOOTBETCTBEHHO

— esi (7. 0
J—=T-Le S‘ge ) . (2.2 5a)
G0 990 (2.2.56)
oJ

7150 nojyyeHHss HOBOI'O raMMJIbTOHHAHA HeoOXOMMO BEIPA3UTh CTa-
pble IepeMeHHble Yepe3 HOBbie C MOMOLLbI COOTHowenH# (2.2.5) u 3a
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TeM Hcnonb3oBaTh ¢opmyay (1.2.13B). B nepBom nopsake mo & 370
clesaTh HEeTPYIHO

J—Tig 05l 0 (2.2.6a)
o0

0=0_¢ 0500 . (2.2.66)
oJ

Toraa u3 (1.2.13B) umeem
H{J, 0l=H(J(J, 6], 00J, 0)). (2.2.7)

Passnaras npaByw YacTb TOCJA€JAHEr0 pPABEHCTBA B CTelleHHOH pPsif
110 € H Hcnoab3ysa (2.2.6), noayyaeMm

Ho(J(T,8)) = H, (T)pe-2o 25 | (228a)
aJ o0
el (J(J, 01, 01710, =¢H,(J, 8] . . .. (2.2.86)

IlogcTranoBka 3THX BuIpaxKenHi B (2.2.7) nmo3BoasieT HaAHTH 4jeHbl HO-
BOro raMHJIbTOHHaHa HyJeBoro (f,) u nepsoro (/,) nopsajgxos

ﬁozﬁo{j), (2'2'9)
Ay=o(7) 2500 4 #, (7, B, (22.10)
3t

Tak Kak Mpl HIeM HOBBLIH FaMHJABTOHHAH, KOTOPbIH 3aBHCHT TCJALKO
OT NepeMeHHOI JeficTeuA J, TO HecOXOAUMO nyTeM Bhi€opa GYHKIHH Sy

B (2.2.10) xomneHcupoBarb 3aBucAwlyl or 6 wacts ;. Onpegesnnm
cpearo (H,) u nepemennywo (H,} yactH H, NcCpejcTBOM Bbip&Xe-
HUH

27t _ =
(Hy = [ H,(7, 8)d0, (2.2.11)
2n 0
(M) = H,—{Hy). (2.2.12)
N3 paBencrBa (2.2.10) maxoauM JBa COOTHOILUEHHSI
Hy=(Hy), (2.2.13)
05— _(H,). (2.2.14)
00

O6veanuas (2.2.9) u (2.2.13), monyyaeM npeo6pasoBaHHbLIA TI'aMHJb-
TOHHAH ¢ TOYHOCTBIO JO YJICHOB MePBOI'0 IOPSIAKA

H=Hy(J)+elH (], B) (2.2.15)
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¢ HOBOH 4YacToroii o = dH dJ/. Ilpn sTOM mpejpnoaaraercs, yTo ypas-
neuue (2.2.14) MOXKHO paspellMTh OTHOCHTEJBHO GYHKUMH S, € [0
MOLILIO KOTOpOH HCK.Ioyaetcst {H;}. Bujgno, yro HOBLII raMHILTO-
HHaHl B NEPBOM MOPSJKe M0.ydaeTcs MyTeM YycpeaHeHIs CTaporo ra-
MH.JIbTOHHAHa No ¢ase.

Yrobbl Hafith ¢yHKkuuo S, mpercrtaBun [H,} u S; B BUIe PAIOB
Ovpre

e N H U ) eind) (2.2.162)

n =0

Sy = X8t eind, (2.2.160)

11

M3 (2.2.14) nementento caeayer, uto S, = const ?), a

Sp—= — Lhn_, n =0, (2.2.17)

nw

Ecan o (7) # 0, 10 pagx ®ypbe g8 S CXOIUTCSH H [O3BOJSCT BbIIO.I-
HUTL 1IpeoOpa3oBaHue nepeneHHbIX (2.2.6).

Pas.aoncerus soicuiux nopaokos. Muorpa neo6XoJHMO MPOBECTH PasJio-
KeHHs 10 60J1ee BEICOKOTO IOpsIKa 1o € JUb0 H3-3a TOTO, YTO [OMPaBKH
MepBOTO MOpPsAKa paBHBl HYJK, JHOO H3-33 KeJaHUS MOBBICHTh TOU-
HOCTE BeMHCAeHHH. [Ipouenypy [lyankape-—Ileiinenst MOXHO BbINO.I-
HUTL B JIOOOM [OpPAJIKe NO €, HO pacNyThiBaAHHE CTAphiX M HOBHIX 11 €
peMeHHBIX, Beayiuee oT (2.2.5) k (2.2.8), tpebyeT yTOMHTEILHBIX aJjre-
OpaH4yeCKUX BBHIKJ3J0K. Lcau noaHoro ob6pauleHHust MepeMeHHLIX He
TpeOyeTcsl, TO BbIYHCJIEHHe HOBOTO TaMHJAbTOHMAHA, a CJeI0BaTeNbHO,
H BO3MYIUIEHHOH YacTOThl KOJdeGaHMH CTAHOBUTCA OTHOCHTEABHO I1PO-
CTBIM.

[TonpoOHoe paccMOTpeHHe BBIYMCJAEHHH B BBICUIMX [OPS1Kax Co-
JepxUTCH B § 2.5, Iyle NMpeacTaB/JeHbl COBpeMeHHbIe MeTOAbl C HCIIOIb-
30BaHHeM MpeoOpas3oBandii JIM. 31ech MBI OrpaHUYUMCH TEM, UTO Bhi-
IHIIEM B SIBHOM BHJAe COOTHOIUIEHHdA, HeOOXOJUMBble )T OIpe/es]eHUs
HOBOI'O I'aMHJbTOHHAHA C TOYHOCTBLIO JIO BTOPOTO NOPsSiaKa no &. Bovee
jgeTanbHoe o0cyxjneHHe psajnoB I[lyanxkape-—lledineas MoKHO HalTH
B padorax Bopua [34] u Txkaxaabst [153].
IIpennosoximM, yto B cooTHoweHud (2.2.1) toabko Hy, u H, or-

UYHB OT Hyas. [Tyers S u H mpeacTaBJeHbl CTeNleHHBIMH PATaMHA MO &
Buia (2.2.3) u (2.2.4), torma BeipaxkeHus (2.2.8a) u (2.2.86) MOXKHO
BBITTHCATh SIBHO

1) dynxumwo Sy veabsst maiity u3 (2.2.14), HO MOXKHO NPOCTO MOJOKHUTS
S 16 = 0, He Hapywas 3Toro ycJaoBusi.— [Hpum. peo.
Py
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Ho(J (T, 0))= H, (D)~ N1 9"Ha fon 0Sq \m
o (J(J, 8)) (/) )2 (e )

ml 63"1 ae
(2.2.18a)
7 : T l d"H n 0S m
= H,(J, 0 ’ L :
Hl (‘/(‘lv 9)' H) 1( ’ )+ E ! ajm (8 30 )
(2.2.186)

Tonarast H ¢yuKieii T0A6K0 NepeMeHHOit eficTBHs J U IpupaBHHUBas
H = H ¢ nononisio Buipaxenus (2.2.18), nosyyaem B HYJeBOM H nep-
BOM TOp#ike o & coorHowenust (2.2.9) u (2.2.10) cOOTBETCTBEHHO.
Bo BTOpOM nopsike no & nHaxoaum (6e3 obpauieHus 6):

L]

I

. — oy 98y | 0*H g ( a5, )2 o, 95,
) a7 00 2 972 a8 aJ ab
(2.2.19a)

[Tockoabky H, siBasiercsi GyHKIHEH TOAbKO J, TO HMeeM

R e e R
N2 a2 a8 67 98 o .

a lepuogvueckas no 0 ¢yukuua S, onpenesercs H3 yCJI0BHSA

oMy 0S: (L o, ( 8S, )2+ oH, S, | |

o7 @9 | 2 o7 00 a7 08 }B’
(2.2.198)
CKOOKH ( ) M | |, KaK H paHbllle, COOTBETCTBYIOT YCPeJHEHHO H oc-

NHATHPYIONel yacTanM Bbipamenusi. Yacrora KoneGaHME BLIUMCISETCS
OOBIUHBIM 0O6pa3oM Kak o = 0H/0J.

Maamuuk. Jast wamocTpauii OMHCAHHOIO BbIUIE METOJA PasioMKeHUs
PacCMOTPHUM HeJHHeHHble KodebaHHST MasATHHKA, IaMHJIbTOHHAH KO-
Toporo umeer BMI [cnm. (1.3.6)]:

H, = mé—cp‘z—f‘coscp-_— E. (2.2.20)

B kayecTBe HEeBO3MYIIEHHOH cHCTeMbl f1,, BblfepeM KBajpaTHUHVIO
YaCTb TaMHJIBTOHHAHA, KOTOPAasA COOTBETCTBYET JHUHEHHBIM KOJebaHUAM,
a ocTaBluHecs 4jJeHsl OyJeM CUHTaTb Bo3MyuleHHeM. PackaaneiBast H
B pajy Telsopa U onyckasi NOCTOAHHYIO, NOJdyuaeM
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rjle nepBble JBa cJaraeMblX NpeicTaBiasior Hg,. Maawlii mapamerp e
OTMeYaeT, KaK H paHblle, NOPAJOK WIECHOB BO3MYIieHHSA. HMCTHHHBLIM
napaMeTpPOM pasJioKeHHS HABJAAETCA OTHOILeHHe 3HepPTrHH KovlebaHuH
K SHepruH Ha cenaparpuce. Jl1s NDHMeHeHHS MeTO0B TEOPHH BO3-
MYLIeHHH ya00HO nepedTH npeaBapHTeabHO ¢ nomoubio (1.2.69) x ne-
pemMeHHBIM JleficTBHEe — yroJ HEBO3MYILIeHHOH cHcTeMbl f1,,. Howii
raMuJIbTOHHAH H=E-*-F
IIPUHHMaeT BUJ

szoJﬁ—Z—Gstin‘lB%—

g G . .
sinf9— . ..
- 90 [OM ’

(2.2.21)

‘ 2
rie  ®, = (FG)' > — uactora
HeBO3MYIIEHHBIX  KoJeDaHHi.
[IpeoGpasyss cremenn sin 6,

HaxXxoaHMm
04 | I S S ! ! | .
¥ 08-06~04-02 0 02 04 06 08 ! Ho=wo/,  (2.2.222)
E/F
H1=

Puc. 2.2. 3aBHCHMOCTL 44CTOTHl KoJieba- )
HUH MasTHUKA (2.2.20) OT 3Hepryu. — GJ? (3—4 cos 28 - cos 40),
I — Tovras  doepmyaa  (1.3.13); 2 — 1ecpus 48
BOAMVI(HE B llEpBOM nopsiike; J — 7eGpHs
BO3MY WeHit{l 5O BTOpOM nopsake (m. 2.5G). (22226)

G2J3 (10— 15 c0s 26 - 6cos 46 —cos 68).  (2.2.22B)

2T T 28800,

[MpuMeHsis 1oayYeHHble Bbille pe3yabTaTbl H ycpelnas (2.2.226)
no 0, noaydaeM, coriaacHo (2.2.15), HOBBIH raMWJIbTOHHAH 0 NePBOTO

nopsjka mno &

H=w¢ — —1%(372 (2.2.23)
H HCBYIO 4acToTy KoJeGaHui
o=-2_ _ o,— L aGlJ. (2.2.24)
a7 8

[Tccaeanee cOOTHOLICHHE [OKa3biBaeT, UTO YacTOTa KoJdeOGaHHH YMEHb-
IaeTcd ¢ POCTCM HUX aMIVIUTYABI; 3TO COIVIACyeTcss € pasdioXeHHeM

(1.3.13) ¢ TouHOCTRIO A0 NepBoro nopsAaxa no %. Mekaouas J ns (2.2.23)
¥ (2.2.24), nonyuaem zaBucHMOCTb o (f), Xotopasi u3obpaxKkeHa Ha
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pHc. 2.2 KPHBOi 2; ee MOXKHO CONOCTABHTh C TOUHBIM pPe3yJabTaTOM
(1.3.13), npeacraBiaeHubiM Ha puc. 2.2 KpUBOH /.

Ilpou3BoAsALly0 (PYyHKUMIO S; MOXHO HaHTH IyTeM HHTErPHPOBAHHSA
vpaBHeHHA (2.2.14):

S;— — 97 (8sin 26— sin 46). (2.2.95)
192w4

Hcnonbays 310 BobipaxeHnue, HeTPYAHO NOJAYUHTL mNpeofpasoBaHue
(2.2.6) or crapbX nepeMeHHBIX K HOBBIM.

* 2.20. Heckoabko creneHed cBoOOJbl

Ecau BO3MYIIeHHBIH TaMHJIBLTOHHAH OIHCHIBA€T aBTOHOMHYIO CHCTEMY
C HECKOJbKHMH CTeNneHsAIMH CBOOO/Ibl HJIH SBHO 3aBUCHT OT BPEMEHH jae
IJIS OJHOH cTelleHH CBOOOALI, TO PacCMOTPEHHBbIE BBILIE DPa3JIOXeHHSs
OKa3bIBalOTCS pacXoasuuMucs. Htobbl yOegduThbCA B 3TOM, OOOOHIHM
MeTos [lyankape—Lleine1s Ha cay4yait aBTOHOMHOIO TaMHJIbTOHHAHA
¢ N crenensiMmu cBoGOJH. SIBHYIO 3aBHCHMOCTH OT BPEMEHH MOXHO
VYECTb ¢ [OMOLUBIO JONOJHHTEAbHOI CTeleHH CBOOOABI B PacLIHPeHHOM
(a30BOM TPOCTPaHCTBe. 3anuiieM

H(J, 0)==Hy(J) -eH,(J, 9), (2.2.26)

rie J u 0 — N-MepHble BeKTOPBI IIepeMeHHbIX JCHCTBHA H YIVIOB He-
BO3MyLIeHHOH cucTembl f1,, a H, — nepuoandeckasa (QyHKHHSI Bcex
VIJVIOBBIX IlepeMeHHbIX

H =3H,, (J)em8, (2.2.27)

B IHocJieJHeM BbipaKE€HUH HCIIOJIb30BaHO ofo3HadyeHue
m'e:mlel - m292+ . . . +ﬂ2’N6N’ (2.2.28)

rae m; — lleJble YUcaa, N0 KOTOPLIM NPOU3BOAHTCSH N-KpaTHOe CyMMH-
poBanue B (2.2.27). Dyaem cHoBa HcKaThb npeoOpasoBaHHe K TaKHM

nepeMeHHbIM J, 0, 11 KOTOPEIX HOBBIH raMH/IbLTOHUAH H 3aBUCHT TOJILKO

or J. BBeaem npousBoaauyio pyHKIHIO
S=J-0+e S, (J)em9, (2.2.29)

KOTOpasl B HYJIEBOM MNOPsJKe MO € OTBeUaeT TOXKJeCTBeHHOMY Ipeodpa-
30BaHHIO, a B MePBOM COJAepKUT N-KPaTHYIO CyMMYy, NEepHOAHYECKYIO
no 6. Kak u B oaiHOMepHOM cJ/yuae, BbIPa3HM CTapble NepeMeHHbIe Ye-
pe3 HOBble C IIOMOIIBIO 3TOH NPOU3BOAsILEH QYHKIMH U NOACTaBHM HX
B (1.2.138). IpupaBHUBas Ko3hdHIIHEHTH! TPH OJAHHAKOBBIX CTEleHsIX €,
HaXOJAHM B HYJEeBOM MNOpsJKe

Hy(J)= HolJ), (2.2.30)
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H B TNepBOM MNOPSIKe
Hi=o(J) 9500 . 4.5 6 (2.2.31)
a0
3/1eCb BEKTOP dYacTOT ® HEBO3MYIUIEHHOTO IBHAEHHS Onpeleasdercs
¢opmy IOl

0 J) = 2Hl) (2.2.32)
aJ
YCpeaHss [o 4cem yIVIOBBIM TiepeMeHHbIM, HMeeM
H=H,(J) e(H, (], B) (2.2.33)
U
o 220 — . (2.2.34)
06

Pemenrie S, noc/leaHero ypaBHeHHsI MOXHO MOJYUHTb NYyTE€M HHTErpPH-
POBaHHA BAOJL TPAeKTOPUH BO3MYLIEHHOTO JBHXKeHHA. [JeHCTBHTENBHO,
TaK KaK B BbIPaXKeHHU

dS, 38, 08 _d0 | 9S, _dJ (2.2.35)

i e T 56 Py dt
B HYJIeBOM IIODsIAKe NEPBHIH H TpPeTHIl YJeHbl NpPaBOM YacTH pPaBHbI
HYJI0, TO NpouaBojHast dS,/dt pasHa JeBoil wactH (2.2.34) H MOXKHO
HaTlHcaTh

Si=— j‘ (Hy(J, 0(0)))dt. (2.2.36)
Huterpupys psin @ypbe A1 H,, OKOHYATEJALHO [OJYYAEM
— = H (J) .8
SIJSF0)=J -0 ¢l E ——“ﬁ ¢ 9+ Cee (2.2.37)
m+0 m-m(J)

Mp1 cpasy ke cTankHuBaeMcsl ¢ npc@JemMoit MasiplX 3HaMeHaTeneH, Tak

KaK jais aoboro J peersa naiifieTcsl Taxoe m, uto m - (J) okaxercs
CKOJIb YIOJHO GJH3KO K HYJIIO, H CXOJUMOCTb pPsijIoB IBHO HapyilaeTcsl.
INonuepkHeM elle pa3, YTO 3TO OCCTOATENBCTBO OTPAKaeT B pPaBHOH
Mepe TPYAHOCTH KaK MaTeMaTHueCcKoro, Tak H QU3HUECKOro xXapakTepa.
OHO BO3HHMKaeT H3-32 (PaKTHUeCKOTO JeHCTBHS pPe30HAHCOB, KOTOPOe,
Kak OyJAeT NMoKas3aHo B § 2.4, U3MeHsieT TONOJAOTHI0 $asoBbIX TPaeKTo-
puii. HecMoTpss Ha 3To, 3HauuTe/nbHble YCHJIHS ObWIM NOTpPauyeHbl Ha
NONBITKH [0 KpaiiHeH Mepe «OTOABUHYTHY CeKYyJAPHOCTL B G0Jiee BLICO-
KHe NOPANKH pasnoxeHHs. B saluuTy 3THX, Kaszanocb Obl Geclieperek-
THBHBIX, METOJOB 3aMeTHM, UTO OHH AAIOT PelleHHs, CXONAlHecd K HC-
THHHBIM DellleHHSIM B ONpeje/JeHHbIX 00/1acTAX (a3oBOrc NpPOCTpaHCTBa
J/1 KOHEUHBIX, HO GOJBIIMX HHTepBaJOB BpeMeHH. Dosee Toro, B He-
KOTOPHIX CJyuasiX TakKde pelleHHs XOPOLIO AaNIPOKCHMHDYVIOT JBHIKE-
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HHe B TeueHHe JII0OOIro BPEMEeHH, eCAH HCNONb3YeTCH KPYRHOCMpYKmyp-
Hoe pasOueHue (pasoBoro npoctpaHcrBa ). [locienuuii pesysbrar cBf-
3aH ¢ (dakTHYeCKo# cXomuMocThbio (corsacHo Teopuu KAM) onpepenen-
HbIX pelleHHH MM Hekomopolx 3HaueHHi J. Kak Mbl yBHAHM HHXKe, B
caydyae ABYX CTeleHeH CBOOOABI 3TH pellleHHSA JKECTKO OTpaHHuMBAIOT
PEe30HaHCHbLIE TPaeKTOPHH, KOTOpble BBIHYXKJeHbl, TaKHM 00pa3oM,
OCTaBaTbCsl BOIM3H HePe3OHAHCHBIX TPAaeKTOPHH.

Slerasn 3asucumocmo om epemenu. JIas CHCTEMDBl C OJIHOH CTelleHbl0 CBO-
0o/ibl 1 ABHOH 3aBHCHMOCThIO TaMHJILTOHHAHA OT BPEMEHH Mbl NOJYYHM
B I[IePBOM IMOpPsAKe MO & HEeKOTOpPble COOTHOUIEHHS, KOTopble MOHajao0-
0ATCA HaM B jlajdbHelnlen. HauHeM ¢ raMu/JabLTOHHaHa

H=H,y(J)--eH,(J, 0, 1), (2.2.38)

B KOTOPOM BO3MYII€HHe NeprHoAuuHo no 6 ¢ nepuoaoMm 2m 4 110 BpeMeHH
C mepuojgoM 2m/Q, a

Hy = Hyp () ©OTme0 (2.2.39)

L, m
Kaxk u B n. 2.2a, BuifpaeM NpoH3BOAALIYIO PYHKLMIO S B BUjE
S=706-eS,(J, 8, 1). (2.2.40)

[Ipu 3TOM nepexon oT cTapuiX NepeMeHHbIX K HOBBIM BHIIOJHSAETCH C NO-
Mombio (2.2.6). M3-3a siBHoH 3aBHcuMocTH H; OT BpeMeHH COOTHOIIE-
HHe (2.2.7) H3MeHseTCH:

H(T, 8 ti—=H(, 6, )+e "’31% 0.0 (2241
PasnoXeHune 1o € jaaer

Hy=H,(J), (2.2.42)

H, — —‘%- 1o ‘3:61 1 H,. (2.2.43)

Ilon6upasi, Kak U npexpe, S, TakuMm 00pas3oM, YTOOBI YHHUTOXKHTD
IlepeMeHHYIO YacThb /7, HaXoAHUM B IepPBOM IOPsAKe IO €

H=Hy+¢(H)), (2.2.44)
rJle ycpeAHeHHe NTPOU3BOAUTCH KakK 1o 0, Tak ¥ no 7, a
05 199 . (H 2.9.45
dt | W a.é { 1}' ( e )
Jlnst naxoxpenus S, npousBeieM dypbe-pasioKeHHe
Sy=i 2 : Hum(J) _ f (tmar) (2.2.46)
z lo (J) + mQ
rm =0

1) To ecTb MpH KoHEUHOH TOYHOCTH onucanud.— Ipum. ped.
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Mbl BHOBb CTaTKHBaeMCs ¢ MaJbIMH 3HaMeHaTe IAMH, MPenATCTBYIONIMH
CXOJAUMOCTH PSHJIO0B.

KiaccHueckasd KaHOHHuecKasi TeOPHUS BO3MVIIEHHIT MOXKeT ObITh
BecbMa IOJie3Ha IPH OlpeleJeHHH HHTerpasoB JBUMKEHHSA, €CJAH CH-
cTeMa HaXOAUTCS JOCTaTOYHO JaJjeKo OT NePBHUHBIX (T. €. INPOSIBJISIO-
IMHUXCH B HH3IIeM MNOPAZKe TeOPHH BO3MYIIEHHH) pe30HaHCOB. Jlag
HAMIOCTPalHH BhiGepem QYHKIHIO f{, COepXKalivio TOIbKO OIHY Tap-
MOHHMKY 110 O:

H=U(J, H-+V(J, )cosO. (2.2.47)

Urolbbl Halith S, sBHO, npejactaBuM H, n S, pazamu @ypoe
H (T, 8, t)= 3 by (J)cos ({0— mQt 1, (2.2.48)
S, (7, 8, t) =X au,(/)sin (10 —mQi|, (2.2.49)

rjie CyMMHpOBaHKe IpoU3BoauTes 1o BceM m st [ = 0 u [ = 1. Ilog-
crtaB.Iad (2.2.49) B (2.2.45), onpenenseM KoxpPUIHEHTH Qi TPH I,
m == (:

b

im___ (2.2.50)
mQ— lw (J)
B o6Gaactd TakuX 3HaueHHi J, NPH KOTOPHIX 3HaMeHATeJH He MaJibl,
dOYHKUHMH @, He HMeloT ocobeHnocTel. B mepBoM mopsike MO & HOBBIN
raMHJbLTOHHAH, KaK H B OJJHOMEDHOM C/Jyuae, HMeeT, COrviacHO (2.2.44),
BHJ,

azm —

H=Hy(J)--ebylJ]. (2.2.51)
HoBasi nepervennas jeicTBHSI paBHa
T, 6, H=J ¢ 051(;; 0.0 (2.2.52)

Jl1o6as dyukuus Buaa [ (J), Tak XKe Kak H J, AB/IsSeTCA HHTErPaJjoM
ABuxkeHus. Huxe (1. 2.4r) Mbl HCIIOJb3YyeM 3TOT PaKT 418 HNOCTPOEHUS
r100ajbHBIX MHTErPasioB JBHXKEHHS.

Baaumodeiicmsue wacmuyst ¢ 80arod. 1IpousamnioctpupyeM MeToabl H Or-
paHHYeHHsT KAaHOHWYeCKOW TeOPHH BO3MYLIEHHH B CJyuyae HeCKOJbKHX
cTeneHell cBOOOB HA MPAKTUYECKH HHTEPECHOM INpHMepe B3aUMOJEHCT-
BHSI 3apsiKeHHOH YacCTHIBl C 3JeKTPOCTaTHYeCKOH BOJHOR B OJAHO-
poaHoM MarHuTHoM nose (pHc. 2.3). Takad 3anaua Obl1a paccMOTpPeHa
Cumurtom u Kaydmanom [385, 386 ] past cayuas BOJIHBI, paclpocTpaHsio-
Hieficsl HAaK/JOHHO K MATHUTHOMY NOJI0, a JJIs claydyas NeprneHAUKYJIsIp-
HOTO paclpocTpaHenusi 310 cienasan KapHu m Bepc [222], a Takke
dykysama u ap. [145].

BBefieM npexnae BCero IepeMenHLIe JCHCTBHE — yroJd AJdf HeBO3-
MYIIEHHON CHUCTEMbl, FaMUJILTOHHAH KOTODOH HMeeT BH[J

| 2
T [p—- -i—A] : (2.2.53)
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3nech M — wmacca yvacTuubl, € — ee 3apsi, ¢ — CcKopocrb cBeTa. O60-
3Hayasl uepe3 X, ¥, & OPThl KOOPIHHATHLIX OCeH, 3alHulileM BEKTOPHBIH
NOTeHIHAaA O HOPOHOrO MarHuTHOro noJs B, B BH/e

A(x)= — Byx. (2.2.54)

Mvnyase

p=Muv | LA (2.2.55)
c

KallOHHYECKH COMpsiZKeH PaflyCy-BeKTOPY YaCTHLbI X == Y X — Yyy--2Z.
C nomouiblo MPoU3BOISILIEH QYHKIHH

o .
Fy=MQ|—(y—Y) ctgcp-—xﬂ (2.2.56)
H coorHowendi (1.2.11) mepexoauM K HOBLIM Opetihosbim nepeMeHHbim:
tgp = %, (2.2.57a) 2
Yy 1\
3}
Mc | Mey
Py, = u = — = BOT
e 9 Q
I
=—— MQp?, (2.2.570) kgfm~—~=
2 k |
Y=y-'osing,  (2.2.578) k)
X=x—opcosg, (2.2.57r)
e x
eB
— Vi HC. 3. dCKTODHA YaACTHIIBI
Q 2 (2.2.58) Puc. 2.3. Tp p
Me B ONHOPOAHOM MarHMTHOM TIOJi€
B,.
_ JIapMOI)OBCKaH IIBCTOTH, ” -— Mar- kB -~ BOJHOBOIL BEKTOD FJNEKTPOCTATH-
v o 9 o YEeCKOM BOJND,
HUTHbIH MOMEHT, v U U

p = v /8 — napmopoBckuil paguye, X H Y — apeiihoBble KOOPAH-

HaTHl TAPMOPOBCKOTO LEHTPA, £, M ¢ — MOMEHT HMIY/JAbC4a H YIVIOBas

KOOpJiHHaTa. HOBBIMH HMMyJbCaMH SBJASIOTCH BeJTHYHHBI P, MQX

U P,; UM OTBeualeT KOOPAHHATH ¢, Y H z COOTBETCTBEHHO. [Ipeobpaso-
BaNHBLIH TaMUJAbTOHUAH HMeEeT BHUJI

2

- 2M

H, ~PQ. (2.2.59)

[lpeamonoxun, uyro BO3MYyINIEHHEM SBJIsdeTcA 3JeKTPOCTATHYECKAS]
BOTHA C 3JeKTpHYecKHM Mnojem E = — 7®d, rae

M = MO,sin (k2 4k y— o). (2.2.60)
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B 1pelipoBLIX nepeMeHHBIX UMeeM

Hy=eDysin (kzz—[—kLY—klp sinp— of), (2.2.61)
rie
__ [ 2Pgp 12
P (P = (7 ) (2.2.62)
Tak Kak BO3MylLIeHHBIH TraMHJIBTOHHAH
H = Hy-+eH, (2.2.63)

He 3aBUCHT OT umnyabca MQX, 1o Y = const u, caBuuyB z unu ¢
Ha TOCTOSIHHYIO BeJWYHHY, MOMKHO HCKJIOUHTb NOCTOSHHYIO ¢dasy £, Y
U3 (2.2.61). HeauneliHocTs KoOJeOGaHHH BO3HHKaeT Ojarojapsi 3aBUCH-
MocTH da3bl R,z-—£k 0 sin ¢g—wi ot sin @ u p. [lockoabKy ramu/JabTO-
HHaH 3aBHCHT TOJMLKO OT JWHeHHOH KOMOHHAIHH KR,z— ®Wf, TO MOXKHO
HCKJIIOYHTL 3aBUCUMOCTL OT BpeMeHH, IlepeHisi B CHUCTEMY OTCYeTa
BOJIHBbI. DTO OCYUIECTBJASETCA C MOMOLULIBI NPOH3BOAAMIeH GYHKIUHH

Fy=(kz— o) Py+ P 0. (2.2.64)

Hcnonbsysa coornowennsi (1.2,13), noiyurm HoBele nepeMentele Py,
{ M HOBBLIH TaMHJbTOHHAH H:

p,=- _p.p, (2.2.65a)
0z
= _pa e, (2.2.656)
0Py
k2P, : :
H= ol — Py - P,Q |- ee@q sin (Y —4k ., p sin ) = E = const.

(2.2.66)

31ech, Kak U npexje, € — MaJjoe BO3MYIIleHHe (B KOHIle BbIYHCICHHH
moJiaralot, uto € = 1). Pe3oHaHCHble rapDMOHHKH BO3MYIIIEHHS MOXKHO
BBISIBUTb C IIOMOIIBIO Pa3/oXKeHUs1 B PsIA 110 PyHKUHAM Deccess

k2P ,
Y. P+ P,Q-f eed, ; 7 m (k 0} sin (—m).

2M
(2.2.67)

Mpbl yxe BEEMH, YTO HeOOXOAHUMO OCTaBaThCH JOCTATOUHO AaJeKO
OT MepPBHYHHIX PE30HAHCOB AJA TCrO, YTOOLI aMIVIUTYAbl Pyphe yObI-
Baau OBICTpee pPe3OHAHCHBLIX 3HaMeHaTesed. B namem cayuae yGuiBaHue
ammiiutyy ®ypoe ompejeisiercs QyHkuusamu beccens 7, (k. p). He-
BO3MVIIIeHHbIE YaCTOTHl KoJdeOanui HaxoaaTcs U3 (2.2.67):

H:

— 9 _g 9.2
Wy oby , (2.2.68a)
0H, 5
— - z P — :k . . 2.2c
@y Py o Lo @=k:—0 (2.2.680)
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BosmymieHue Bo36yKaaeT TOABKO PE30HAHCHI MeX]y OCHOBHOM 4yacTo-
TOH ®, ¥ TapMOHMKaMH YaCTOThl @, MO3ITOMy YCJIOBHe pe30OHaHCa

uMeeT BH, v
—mQ =0, (2.2.69)
Has k, = 0 u3 (2.2.686) nonyuaem
o +m& =0, (2.2.70)
Jlna k, == 0, paspeman (2.2.69), naxoauM pe3oHaHcHble 3Ha4eHHST P!
Py = (o + m2). (2.2.71)

4

Mbl HcclenyeM 3TH Pe3OHAHCHI C IOMOLIbID PEe30HAHCHOM TEeOpPUH BO3-
MylleHHH B 1. 2.4B.

[Tocko/bKy P, sBJs€TCS TNepeMeHHOH IEHCTBHSA, TO A5 KOCOH
BOJMHH pe3oHaHChl (2.2.71) Hemsbexxknel. PaccMOTpuM mosToMy neplleH-
JUKYJAsapHYI0 BOMHY (B, = 0) B npeanonoxeHHH, YTO YCJIOBHE pe30-
HaHca (2.2.70) He BbiMoJHeHO. B 3ToM cayuae, Kax OyjgeT NOKa3aHO
HUXe, NPH JOCTaTOYHO MaJjIoOM BO3MYIIEHHH NepBUYHLIE Pe30HAHCHI
otcytctByoT. M3 (2.2.34) u (2.2.67) Haxoaum

a8 AT ot
— Q = m k — ]
T2 5 e®o2, 7 m (k) sin (p—me)
B B (2.2.72)
rae 0 = p (P,). Peulense 3T0ro ypaBHeHHS HMeeT BUJ
— ) _cos (p— my)
S, = —e®, 2 7m (o) == o (2.2.73)

C MOMOLIBIO TIOC/AEAHEro BHIPAXKEHHsT MOXKHO CBSI3aTh cTapble IlepeMeH-
Hble JeHCTBHUSA P,p, Pq, C HOBLIMH:

P’tp—P'lP_l—S aSl .

Py -+ e®027m Lp) Sin (p — m)__ (2.2.74)
® + mQ

Od0pamas, B nepBoM MNOpsKe NOJyHaeM

-P¢=P¢—se®027m(km) I =79 _ const, (2.2.75)

o 4+ mQ

Iono6ubM ke  06pa3oM HaXOHM

D | r sin (Y — mo)
Po=P,-+ eeCDOElmy'm (% ..0) o Lm0 = const,

(2.2.76)
nmpuyeM p (P) onpenensiercs BrpaxeHHeM (2.2.62).
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Hcnoap3ys cootHomenue {(2.2.76) u GUKCHpPYA OJHY 13 (Pa30BHIX
nepeMeHHLIX, MOMKHO IIOJIYYHTh TpauKH 3aBHCUMOCTH P, OT APYToi

(pasoBOll mepeMeHHOH AJs1 pasIHUHLIX 3HAYeHHH uHBapuanta P,. Ta-
KHe MHBAPHAHTHBIE KPHBLIE S5KBHBAJICHTHLI KapTHHE Ha MNMOBEDPXHOCTH

k p

Puc. 2.4. MlHBapuHaHTHbLIE KPHBEIE HA NOBEPXHOCTH CeUYeHHA @ = T AAA cayuad
HePEe3OHAHCHOTO B3aHMMOJEeHCTBHA YacTHIB C BOJHOH npu k; = 0 n o/Q =
== ~—~ 30,11 (teopus) (no paHHsiM paGotul [219}).

a — MaJasi aMIJIMTYJa BOJIHBI, PE30HAHCH! OTCYTCTBYKWT; 6 — CGoapluasi aMnuHTyza BOJHDI,
BHAHbLI PE30HAHCH.
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ceuenust [Tyaukape. Ha puc. 2.4, @ 1 6 nokasaHu KpHUBbIe 32aBHCHMOCTH
k_p (P,) ot npu ¢ = 7, nonyuennnle Kapuu [219]. Xora pu £ p
He SIBJAAITCA KAHOHUYECKH COTPSIKEHHBIMU INepeMeHHBIMH, TEM He Me-
Hee OCHOBHBIE UepThl (PAa30BOTO NPOCTPAHCTBA CHCTEMBI NPENCTaBJ/IEHbI
IpaBu/abHO. 1151 cCpaBHeHHUs Ha pHC. 2.5, @ U 6 MOKa3aHbl (PasoBble TPa-

50

ane
---------- P e Y L Ll G

ey i, S — T80 CawAETy 44 bty Sarrpa Sabug y e e vy gt ——

Puc. 2.5. To xe, uro # Ha pHC. 2.4 (unclIeHHOe MOpedHpoBaHue) (M0 AAHHBIM
paGotbl [219]).

KpecTHKaMH OTMedeHbl HadaJjbHbie YCJIOBHA,

eKTOpHUH, nojyuyeHuole Kapuu unciaeHHo. Tak Kak /1 HCBO3MYLIEHHOH
CHCTeMBI ¢ = — 30,11 Q ¥ mpu Majofl aMNNIUTYAe BO3MVLIEHHS BCe
MHBAPHAHTHbIE KPHBHE JIeXKAT JOCTATOYHO JjajieKo OT NePBUHYHOTO pe-
30HAHCA, TO aHAJUTHUYECKHE M UYHUCIEHHBIE PE3YJbTaThl XOPOMIO COIVIa-
cyloresi. C poCcTOM BO3MYIIEHHSI UacToTa KOJeOaHUi H3MeHSAeTCH H CH-
cTeMa MOxKeT nonacrb B pesonanc. OaHako npoudpojsmiasi GyHKIHS
IIEpBOTO MOpsAKa, HMEow@as MOJCH Ha HEeBO3MYUIEHHLIX pPe30HaH-
Cax, OCTaeTcsi NPU 3TOM KOHEUHOH M BOCIPOM3BOJUT TPYOHE YepPThi IO-
BEJleHHSl cUCTeMbl BOIH3H pesoHaHca. Pe3oHaHchl BBHICIIUMX [1OPA/1KOB
TaKuUM MeTOJOM HaHTH He/b3s; AJ5 3TOro TpebyeTcs IIPOBECTH BHIYHC/IE-
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HHA BO BTOPOM IOpfAJKEe DPe30HAHCHOH TeOpHH BO3MyLIleHHH (§ 2.4).
O6/m1acTd Xa0THUECKOTO [BHKEHHS BOOOIe He ONMUCHBAIOTCS PacCMaTH
puUBaeMOi TeopHed BO3MYLIEHUH, OJJHAKO HX PasMep MOXKHO OLEHHTD,
KakK 3To OyjeT moKasaHo B I.J. 4.

§ 2.3. Apnabaruyeckas HHBAPUAHTHOCTD

* 2.3a. Beenenre H OCHOBHDIC NMOHATHA

B n. 2.16 Mu BuaeaH, uto A5 OCUHHJJSTOpa € MEJLJIEHHO U alepHo-
JUUECKI H3MEHSIOUMMCSH IapaMeTPOM MOXKHO NIOCTPOHTL PasJiokKeHHe,
KOTopoe JaeT aduabamuuecKuli WHBApHAHT JABHXKeHHd. Ilapamerpom
pasJoKeHHs SIBAS/IOCh OTHOLIeHHe NepHoja ObICTPHIX KoJAeGaHHH oc-
IWIIATOPA K XapaKTepHOMY BpPeMeHH MeNJeHHOTOo HM3MEeHEHHs Iapa-
meTpa. Takylo e NPOIeAypY MOMXKHO HCIIO/Ib30BaTh ¥ B MHOTOMEPHBIX
cHcTeMax AJs1 IIOCTPOEHHS Psi0B, HE COflepKalMX SIBHO MaJibiX 3HaMme-
HaTesed., DTOT MeTofl, BnepBble npeatoxenHuit [lyankape [337], Gout
3ateM Gosee cTporo obocHoBaH bBupkrodgom [29].

CucTemMaTHYecKasi TexXHHKAa TaKHX pas/oXkKeHHH, paspaboTaHHas
Boroao6osuiM # cotp. [242, 33, 321, noayuuna HasBaHWe mermoda
ycpedrenun ). Heckonbko uHad ¢opma storo meroja, 6osee moaxofsi-
mas JJIs KaHOHHYECKOTO MpeNcTaBaeHHs, Grina npejanoxeHa Kpycka-
aom [239] (em. n. 2.3r). Kpyckan nokasas, uro aguabarHyecKue HH-
BAPHAHTHI MOXHO INOCTPOUTH B JIIOGOM MOpAJKe 1O [apaMeTrpy pasJo-
JKEHHST H 4TO MOJYYalolyecs NPH 3TOM PAAbl OKa3hBAIOTCS aCHMIITO-
THuecKuMH. B paborax DBoroaw6opa u Kpyckana paccmaTpHBaercs
INMPOKHH KJsacc cucTeM AuddepeHIHAIbHEIX YpaBHeHUH, He o00s3a-
TeJbHO raMuiabTOHOBLIX. Ilosie3Hble KaHOHHUeCKHe (POPMBI METOJIOB Bbl-
yKcJAeHn GuMH BBENeHH Maxk-Hawmapoit n Yairmenom [292] u Illtep-
Hom [391, 392]. Onnako B Gosee BHICOKHMX MOPAAKAX pasiOKeHUS Ha
CMEHY uM INpHLLIa TeXHHKa npeoOpasoBanuit JIm [290] (em. § 2.5).
CBsi3p MexAYy pas/iuyHLIMH MeToJaMi paccMmaTpuBaeTcs B 0030pax
Mak-Hawmapwsl u Yalitvena [292] u Ixakanou [153 ].

Acumnmomuueckue pader. Bupxrodp [29] BmepBme nokasan, yro oc-
[HJISATOP € MENIEHHO, H3MEHAIOUIEHCST 4acTOTOH

XL o’(et)r=0

1) B opurusxaige — multiple scale method of averaging [meron ycpennenns
C HeCKOJbKHMH MacwiTabamu (BpeMeHH)]| — TepMHH, KOTOpPHIH B OTEueCTBEHHOIi
nuTepatype He ynoTpebasieTcsi. 3aMeTHM, UTO IOHATHe yCpeaHeHHs (KakK NpH-
O/MHKEHHOTO MeToJia) yXe nojpasyMeBaeT HaJHyue B 3ajade MO KpalHeH mepe
NBYX pas3JHuHBIX macmTaboB BpeMenu. Ilo moBoay cnenuainpHeIX METOJ0B TEOPHH
BO3MYIlEHHH, B KOTOPHX 3TH MacmTabbl BBOAATCA fABHO, CM., HApHMep, paloTy

[313]).— Ipum. ped.
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JIOTIYCKAEeT peuieHne B BHIE QCUMNIMOMUYecK020 PAJA. DTO 3HAYMT, 4TO
1ocyaeoBaTeIbHble NIPHOIHKEHHS

Xa(t, €)= éo "% ()

TOUHOro peueHuss x (¢, €)
MOXHO NOCTPOHUThL TAKHM 00~
pasoMm, 4YTO AJA JI0OBIX (PHK-
CHPOBAHHLIX N H |

lime™"[x (¢, e)—
e->0

HanoMrumM HekoTopble Bax-
HDb® CBOHCTBAZ aCHMIITOTH-
YeCKHX pajaoB. Bo-nepshX,
JABE pasyiuyHble (QYHKUUH
MOTYT COOTBETCTBOBATh OJ-
HOMY H TOMY e aCHMIITO-
THYeCKOMY psany. [loatomy
IOCTPOEHHE  ACHMIITOTHUYE-
CKOro pfja eume He OIpeje-
JISleT OJHO3HAYHO NpPEeJCTaB-
JAeMylo UM (QYHKIHIO.
IlpegnonoxuM, uto JBe
GYHKUHH X4 H X, OTJHUA-
I0TCS HA 3KCIOHEHIHAJIBHO
MaJayo BeJHYHHY npu &—>0:

Ax=a(t)exp [—b(t)/e].

(2.3.9)

(2.3.3)
Tak kak
lime™exp (—b/e) =0,
€E—=(
(2.3.49)

TO QCHMIITOTHYECKOE PasJio-
XKeHHe OGYHKIUH Ax ecib
Xon =0 pas Bcex n (cM.
puc. 2.6, a). Caenosatenb-
HO, QYHKIHH X; U X, Npel-
CTaBJIAIOTCH OJJTHUM H TEeM JKe
ACHMNTOTHYECKHM  PSIOM.
PaKTHYECKU TNpsAMblE BhI-

2.3.1)

0,1
0,01
0,001
0,0001
a
1X, —xI
o
o ®
® ®
NmoKe
° l .
® ° ®
I U (RO NSRS SRS N NN NS BN H
0 5 10
b
Puc. 2.6. CpolicTRA aCHMNTOTHYECKOTO psjaa.
a — bynkuus Ax = exp (— 1/g), aAAd KoTOpO#H

ACHMIITOTHYECKOE pPa3JioXKeHHe eCThb TOXESCTBeHHBIH
HyJb; 6 — PacXOAAMOCTb aCHMNOTOTHYECKOLQ Ppsfa
npu ¢uKcHpopaHHoM &. TlocnenoBaresnbEbie annmpo-
KCHMALHYU Xn BHadane npHOMHKAKTCA K HCTHHHOMY

3HA4YEeHHIO X, a4 3aTeM YyAaJgrTcad or Hero. «Hau-
Jgyulllasi» anppOKCHMAauWs oTBEYaeT HoOMepy n —

= lpqake:

HHCJIeHUu s O6H3py)KHJIH TaKHe 3KCIIOHEeHUHAJIbHO MaJdble H3MEHeHHU S
aJuabaTuyecKux HHBapHAHTOB B KonebarebHLIX CHUCTEMAaX ¢ MECJVICHHO
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H3MEHSAIOMHMIICH napamerpaMy 1) (cM., Hanpuwmep, [81, 191, 2001}).
/L1 MHOTOMepHEBIX cHcTeM %) 3TH HKCNOHEHLHAAbHO MaJible M3MCHCHHUA
HHBAPHAHTOB ABJSIOTCA CJEJACTBHEM Pe30HAHCOB, BLI3BIBAKLIIX TOA
IIOJIOTHYECKYI0 NEPECTPOHKY (Aa30BOTO JIPOCTPAHCTBA, a npu JocTa-
TOYHO CHJIDHOM BO3MYIIEHHH W paspylUIeHHe HHBAPHAHTOB. TaKnM 00-
pasoM, «aanabaTHUYeCKHil» HHBapHAHT, NPEACTaBJASEMblH acHMATOTH~
YeCKIIM PsJIOM, fIBIsiercsd B npezese e — 0 npubmuikeHueM MOp LKA
exp (— b/e) TouHOro pelueHHs], TPAEKTOPHSI KOTOPOrO MOXKET JeKaTb:
a) Ha TJIaJKOH HHBapHAHTHOH TNOBEPXHOCTH, 6) HA HHBAPHAHTHOH I10-
BEPXHOCTU Pe30HAHCA, B) B TOHKOM CTOXACTHUECKOM CJoe.

Bropoe cBolicTBO acHMNTOTHYECKHX DSAJIOB 3ak/iodaeTcs B 1X ¢op-

Ma.TbHOH PACXOJIHMOCTH: AJsi JI00OBIX (DHKCHPOBAHHBIX & H [ IIMeeM )

lx(t, e)— X, (I, )| >0, n—oo, (2.3.5)
Obee nosetenne X, ¢ pOoCTOM 7 IPH (UKCHPOBAHHOM & MJ/IIOCTPH-
pvercsd Ha puc. 2.6, 6. Brauane ypennueHue n yJAyuliaeT anlIpoKCHMa-
HHIO, HO JId #1, OOJNBIIMX HEKOTOPOTO Hyaxe (E), NMOCJCAYIOUIME IIPM-
OnMKEeHHs CTAHOBATCS BCE XYIKE U XYiKE U PACXOAATCH NPH N—> 0.
IToaToMy ciaeiayer BBIUHCAATH JIULIb My.xke TEPBHIX WIEHOB pasJoxe-
HHA, CYMMa KOTOPbIX OYJAET OTJIMYATbCA OT TOYHOIO pelleHus, Ipyodo
TOBOpS, HA BeJHYHUHY NOCAENHEro (C HOMEPOM fyake) YJ€HA.

HakoHel, oTMeTuM, 4TO aCHMNTOTHYECKOE pas3JioKeHHe AJIs ajlua-
faTHyeCcKHX MHBADHAHTOB HECNpaBENIHBO Ha WHTepBa/jaxX BPEMEHH,
3HAYHTETLHO NPEBLINIAIIHX BPeMS «ME/IJCHHLIXY H3MEHEHHH B CHCTEME,
HHLIMH CJOBAaMH, ajvabaTHuecKHi HHBApHAHT He MOXKeT Jaxke INpH-
OAMIKEHHO COXPaHATbCS Npu f - oo. Takoe HecoxpaneHHe ajnaba-
THUECKHX HHBapHAHTOB, W3BECTHOE KakK dughdpysus ApHoas0a, BO3HH-
KaeT B CHCTeMax C mpemsa u 0oJiee CTENCHSIMU CBOOOJLI M SIBJIAETCHA
OCHOBHBIM COJlep:KAHUEM IJI. O.

Medaenrnoe 6o3mywjenue. PaccMOTpUM OTJAMUME B NOPSAKAX U/JIEHOB
pasJOoXKeHHA A/ caydyad, KOTAa BO3MYIIEHHE Man0o H KOTJa OHO Me/-
JIEHHOe, WM «anuabarnueckoey. J1Js1 M@r020 BO3MYLIEHHS TI'&MHJIbTO-

HUAH HMEeT BHJ
H=Hy{J, )-+eH,(J, 8, O+ . . .,

rie H, ONOHCEIBaeT MOJHOCTbIO HMHTEIPUPYeMOe ABHKeHHe, a & — Ma-
JIBIH NapaMeTp, XapaKTePH3VIOIUE BeJHUYHHY HEHHTeIPHPYEeMOH YacTH
H. J/insg maJoro BO3MVILIGHHMSI NPOHU3BOAHKE OT f, u H; noaarawtcs
BeJHYHHAMH TOTO XKe NOopsiiKa, uto U camMu Hy u 14, . e.

aH() NH aH1 "\’H
Do\~ 1Hl, Ly H, L

1y Magd 3KCHOHeBUMAJbHOH MaJOCTH CYLI€CTBEHHA aHaAMTHYeCKass 3aBHCH-
MOCTb NmapaMeTpoB OT BpemeHH (cM., Hanpuwmep, [11, 244, 464]).— Ilpum. ped.

2) A TakXe B cayuae ABHOH NEpPHOAHYECKOH 3aBHCUMOCTH MapameTpos OT
BpeMeHu. — llpun. ped.

3) D10 He Brcerja Tak, KaK NMOKAa3bBae€T TOJbKO YTO PACCMOTPEHHBIH IPUMeED
byuxuun Ax (), onpenensieMmoir gopmynon (2.3.3) {cM. TakKe F465], § 1.3).—
Tpum. ped.




Karnonuveckan reopun 803Myuenul 107

s MeJIVIEHHOI'O BO3MVIIIEeHHS ITIPOHU3BOJHBIE IIO BpeMeHH IIDHHH-
MaloTCd 110 MOPAJAKY BeJHYHHBI B € pa3 MeHblle TeX U/JeHOB, H3 KOTOPBLIX
OHH IIOJdYUYeHDbI, T. €.

15”° ~e|Hyl, . .. .

ot

Yrobrl IBHO BHIAEIUTH 3TH MOPAAKH BeJHYUH, 3alHileM

H0= HO (St),
TakK 4TO
_0fy =8Hé,
ot

rje uITpuX o3HadaeT AuddepeHIlHpOBaHHE 1O apryMeHTy T == &f.

B stom naparpage Hac 6yayT MHTepecoBaTb TakHe CHCTeMbl, 1714
KOTODBIX H3MeHeHHsI BO BPeMeHH U JBHXKeHHe O BCEM CTelleHSM CBO-
O0/bl, KPOMe OJHOM, ABJASIOTCA MeleHHbIMH, C yUeTOM 3TOrO 3anuuieM
raMHJIBTOHHAH B BMJle

H—=Hy(J, e9, ef)+eHy(J, 6, ey, sh)+ . . ., (2.3.6)

rie J, O — nepeMeHHble JAEHCTBHE — Yrod s HEBO3MYLLEHHOI'O
(¢ = 0) aABHKeHUHA 110 eJUHCTBEHHOH «OBLICTPOH® CTelmeHH cBOGOAbI, a
y = (p, q) — «MelJleHHBle» KaHOHHYeCKHe IepeMeHHble (He 06dA3a-
Te/1bHO JeHUCTBHe—YT0J) M0 OCTaJbHBEIM CTeNeHsIM CBOOOAb. Tak Kak
npu & = 0 cucrema HMeeT (PaKTHUECKH OJHY CTelleHb CBOOOJbI, OHa
BCerja $BJASeTCS WHTerpHpyeMoifi W MOXKHO BBecTH NepeMeHnuble J, 0.
IIpu 3TtoMm MaJsblil napamerp € B (2.3.6) Oyzer «aBTOMaTH4YeCKH» JaBaTh
NpaBUJIbHbIe MOPSAAKH Beauyun npu auddepennupoBauu f/ B pAnax
TEOPHH BO3MYIIEHHII.

® 2.36. KaHoHnueckasi afjuaGaTHyeckass TEOpHS

[TocrporM KJaccH4YeCKHE anHabaTHUECKHH HHBAPHAHT C TOYHOCTBIO
Jl0 MepBOro nopsjaka jiasi raMHabTOHHaHa (2.3.6). B myneron nopsjke
TAKUM HHBApHAHTOM SIBJSETCS AeHcTBHe J, CBfi3aHHOe C OHICTPOM CTe-
neubio cBoOOsibl. UTOGK yuecTb 3dgbeKT BO3MYIleHNS €F {, TPOU3BEIEM,

Kak H B 1. 2.26, npeo6pasoBanueor J, 0, y x J, 0, y, Takoe, 4TO HO-
BblH TaMHJILTOHHAH

H=Hy+eHy-- ., . . (2.3.7)

He Oyaer 3aBHCEeThb OT «ObicTpoi» ¢aszbl 8. Beojst npouspojsiulyo ¢byHK-
ILHIO

S=J8Lp-qi-eS:(7, 0, p.g, i)+ ..., (238
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[noJayd4aeM B II€PBOM IIOpALKe IIO €

J=T+e ";1 , (2.3.92)
0=0-—¢ 3:; , (2.3.96)
p=p-+ a;;, (2.3.98)
qg=q—e a;; : (2.3.9r)

[ToncraBasia stu BripaxkeHus B f, B yjaepxuBas wienbl Nopsika_e,
HaxoauM

Ho(J, ey, &)= H, (7, &y, of) -+ e ‘9561 : (2.3.10)
0

rie ® = 0H,/0J — GbicTpas uwactora. 3aMeTHM, YTO UJIEHHI
J
_ O % 0, | 95 (2.3.11)
dq ap op 0q
HMEIOT BTOPOH MOPSILOK MAJIOCTH IO € H TIOTOMY OnyleHkl. C TOMOIIbIo
Boipaxkenus: (1.2.13B) nonyyaem

H(J, 6, ey, et)=H(J, 6, ey, ef)+e

aS (7) 9’ ei;$ 8(1, 8t)
0 (et) |

(2.3.12)

Passaras H, H u S, ucnonnays (2.3.9) u npupasuuBast KosdwpH-
LLHeHTLl [IPH OJMHAKOBLIX CTEIIEHSIX €&, HaXOJAMM B HYJ/JEBOM INOpAAKe
Ho(J, ey, et) = H, (I, ey, &f) (2.3.13)

H B NEPBOM IIOpsIKe

A.(7, 0, ey, et)=0 222 1 H,(7,8,ey, e), (2.3.14)
00

e S, =S, (J, 0, ey, €f), a uten 9S,/0f B (2.3.12) umeer BTOPOIX

NOPSAIOK MaJOCTH H TI03TOMY He Bowend B (2.3.14).
Bri6epeM Tellepb S, TakHM 00pa3oM, 4YTOObl HCKJIOUHTbH NepeMel-
1

Hylo 1o 8 uvacre H;. Cudrasi MejieHHble (asbl NOCTOSIHHBIMH, BBeleM
cpefHee TOJABKO o O

25

(Hy)g= ,__,_\ H,d® (2.3.15)

H IepeMeHHYIO YacThb
{1} = H,— (Hy)y, (2.3.16)
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Pasnenenne (2.3.14) Ha cpeiHiol0 H MepeMeHHYIO uacTH Jaer Aas H
B MepBOM IOpAlKe

H{T, ey, et)=Hy+ e(H)s, (2.3.17)
npuyeMm Sl JEerk0 HaxOJJUTCA N3 YDaBHEHUS
9% [Hyg. (2.3.18)
0o

AjnabaTuyecKHM HHBADHAHTOM HYJIEBOTO INODfAJKA fABJAercss HeBO3-
MyLleHHOe JefictBHe J. B nepBoM mopsjke HOBbLIM HHBapHaHTOM G6y-

aet J, AJs1 KOTOPOro B CTaphlX NepeMeHHbX H3 (2.3.9a) HMeem 1)

J(J, 8, ey, ef)=J—¢ ‘;Se . (2.3.19)

HIH ¢ yuetoM (2.3.18)

J=J+ —Z_ (Hi)g. (2.3.20)

dakTuyeckH J0OOYI0 PYHKUIUIO OT J MOXHO B35iThb B KauecTBe ajuaba-
THYECKOI'0 HHBapHaHTa.

Mansie swameramean. I'ie xKe CHHI'YIAAPHOCTH, C KOTOPHIMH MBI CTOJK-
HYJHCL B 1. 2.26 H XOTOpble NPEensiTCTBOBAJH CXOQMMOCTH PSIOB?
MX npome BCero o6HapyKHTh, €CJIH NPHHATH, UTO B MEPBOM IOPAJKE
II0 & BEJHYHHBL y SIBJSIIOTCA IIepEMEeHHBIMH JEHCTBHE — YIOd: y =
= (J,, 6,). B 3rom caydae, He onyckas ujenoB (2.3.11) u 0S,/0¢,
BMeCTO BhipaxeHHs (2.3.18) moayyaeMm

F0S, 38, S,
0 — e, ——— ¢ = —|H,l5. (2.3.21)
B Y o(eby) 3 (et) H1)s

Tak kaxk ¢ysxunu S; u [H,}; NepHOAHYHBI [0 BCeM YIVIOBBIM MNepe-
MeHHBIM ¥ I0 $2f, HX MOXKHO pasJoXuTh B pajx Oypbe

. 1y, (7, 79) i (kB4-m-evy+1Qet)
= ; ‘ . (2.3.22
Sl H km+em-my -} slQ ¢ ( )

n=(k, !, m)
k=0

A

O1rcloga BUAHO, UTO MaJjble 3HaMeHaTeJd BO3HHKAIOT BC/eNCTBHE pe-
30H2HCOB BBICOKOTO NopfAaka (mt, [ — Oojblie 4MC/Ia) MeXAY MelJeH-
HBIMA ¥ OBLICTPBIMH KojebanuaMu. BOJIH3H 3THX pe30HaHCOB HeNb3f
npeHeOperath uJjeHaMH nopsigka € B (2.3.21). [lostomy HeT HHYero

1) HuxecaeayoniHe COOTHOLIEHHSA CIpABeAJHBH, B0oOOIle TroBOPsS, TONBKO
B TOM (peiKoM) CJyuae, XOrja HeBo3MylleHnHas cucreMa I, (g) uaTerpH-
pyema kax npu € = 0, tak u npu € 7= 0, HeCMOTPA Ha SBHYIO 3aBUCHMOCThL OT
BPeMEEH H MHOromepHocTb. HMHaue NONpaBKH K aavabaTHyecKOMY HMHBAPHAHTY
6yayT 3aBuCeTb M OT GyHkuuu Hy (€).— [ pum. ped.
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VAHBUTEJABHOTO B TOM, 4YTO anradaTvueckde psiipi, B KOTOPbLIX pPe3o-
HaHcHble 3PPEeKTH! He YUHTLIBAIOTCH, OKA3LIBAIOTCH aCHMITOTHUECKHMH,
T. €. (POPMATBHO PACXOAALMAMHUCS H CIIPaBeAIUBLIMU THUIL JJIsE HHATEp-
BaJIOB BPeMeHH, MeHBbIUMX HJAH NOpPsijKa XapaKTepHOrO BpeMeHH Mej-
JIeHHBIX H3MeHeHHH 1),

OndcaHHoe Bbillle afHadaTHUYECKOe pas/oXkKelHe MOXKHO BBINOJAHHTD
4 B 00Jlee BLICOKHX Nopaakax. B kaxjoMm nopsike Heo0XOAHMO pelliaTh
ypaBHeHHe aias S, nojoduoe ypasHenHio (2.3.18) pass §4. IIpH sTOM
pPe30HAHCHBIE 3HaMeHaTeNH HHKOIAAa He MOABISIOTCH, a HUX JeHCTBHE
BCE BPeMs OTOJIBUTaeTcsl BO BCe §oJiee BBHICOKHe NMopsAKU. BblpaxkeHnus
JJT51 aS,uua(’)a'ml{ecxnx MHBAPDHAHTOB BRICLIHX TOPSIKOB IpPHBEIEHDI
B § 2.5.

Hepapxusa unsapuarmos. TlocTpoenre ajgHabarHueckoro HHBApHAaHTA,
ec/IH OH JeHCTBHTEeJIbHO CYUIECTBYeT, (haKTHYeCKH CHHXKaeT YHCJIO CTe-
neHeil cBoGoIbl ¢ N jgo N—1 (B npeienax TOYHOCTH aAHadATHYECKOTO
NPHOINKEHHSA), DTO NPOHCXOAUT MOTOMY, UTO 3aJaBaeMblil aCHMIITOTH-
YECKHM PSIZIOM II0 CTENeHAM & npeoOpas3oBaHHLIM raMUJIbTOHMAH

H=HIJ, ey, ¢, &)

He 3aBucuT or 0, a J — KoHctaHTa. Ecnu cpeny OCTaBUIMXCA CTeNeHel
cBOOOJIbI HaHjeTcs enie OJHa, KoaebaHUA [0 KOTOPOH ABJAANTCA Obl-
CTPLIMH [0 CPAaBHEHHIO C JPYTHMH, TO MOXKHO BBECTH BTOPOH MaJblil
napaMeTp €,, mnepeliTH K NepeMeHHBIM JeHCTBHe — YroJ MO 3TOMY Obl-
CTPOMY IBHXKEHHIO 1/ HEeBO3MYIlUEeHHOH (€, ==0) cuHcTeMbl ¥ HaiTH
BTOPOH aauMadaTHuecKuli HHBAPUAHT. ITOT NPOLECC MOXKHO IIPOJOJI-
KHTh, YTO TNIPHBEICT K BO3HMKHOBEHHIO HepapXHH HHBAPHAHTOB H 3(-
(heKTUBHOMY CHHKEHHIO YHCJIa cTeneHel CBOOOAB! BILTOTH A0 €IHHHILLI.
Taxast cutyauus Xopollo H3BeCTHA B (U3HKe 111a3Mbl IS JABHKEHHA
3apsKEeHHOH YacTHURI B MarHHTHOH JoBYUiKe. BHauanme onpepetsercs
MHBapHaHT, CBA3aHHDIA C OBICTPLIM JapMOPOBCKHM BpauieHHeM, — Mar-
HUTHBIH MOMEHT U, 3aTeM -— NPOj0JdbHbLIH HHBAapHaHT J |, OTBedaloumui
bosee MeLJeHHbIM KoaeOaHWSAM MeXKAy MarHUTHBIMH NpoOKaMH, H,
HaKOHel[,— MOTOKOBbIH WHBapHaHT (P, cBA3annblil ¢ ApeH(POBBIM JBM-
XKeHHeM. DTH TPH CTelleHH cBOGOJB TOKa3aHbl Ha puc. 2.7 (6osee noj-
pobHoe OOCy»KjIeHUe AaHHOR 3aja4d MOXHO HalTH B pabore [175]).
B paccmaTpHBaeyon cayuyae TpeMsi MaJbIMH TapaMeTpaMH fABJSIOTCA:
1) & — oTHOWeHNe uacTOTH NPOJOJIbHBIX KOJeDaHHH K J1apMOPOBCKOH
yactore; 2) €, — OTHOUIEHHe 4YaCTOTHI JAPeH(OBOro nBUMKEHHS XK ya-
CTOTe NPOAOJIbLHBIX KoJebaunui U 3) &, — OTHOILUEHHUE YacTOThl U3MeHe-
HHS BO BPEMEHM MarHHTHOTO ToJsl K ApeHdoBOH yacToTe.

Besa uepapxus HHBapHaHTOB OTpaHUHYeHa YCJIOBHSIMH CIpaBeJTH-
BOCTH ajzradaTHyecKOH TeOpMH, H pe30HaHChl MOI'YT [PUBECTH K H3Me-

1) TlockoneKy pesoHaHCHble 3bdeKTs, BooOUle roBOPS, KCTOHEHIHAJIbHO
MaJibl, UX BAHsHWe, HanpuMep B Buje Audbdy3un ApHosbnna, nposiBiasgeTcda Ha
3HauuTeAbHO Goapliey macmTale Bpevenu (cM. § 6.2).— Hpuwn. ped.
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HEHHIO IJH PaspyINeHHI0 3THX MHBAPHAHTOB. [lis 4acTHLbl, JBHXKY-
IeHcA B CTATHYECKOH MArHHTHOH JIOBYLUKe, TaKHe TPOIECChl ObIH
HeedemoBadHbl YHpHKoBBIM |67, 70]. Anatoruuinlie HccIeq0BaHus A5
YaCTHILl, HAXOASLICHCH B JIOBYLIKE H B3aWMOAEHCTBVIOMIEH ¢ llepeMeH-
IBIM 3JIeKTPHYeCKHM 11ogdeM, ObLTH MpoBeleHbl Lrepom w ap. [212],
a takxke JInbGepymanom u JluxreuGeproa [274]. B cayuae Goiee uem
ABYX cTenenefl cBOOOIbI YACTHLBI MOjBePXKeHbl Ju(Gpy3ud ApHoibla
Jaxke MPH OTCYTCTBHII TePeKpPLITHS IepBHYHBIX pesoHancoB. OaHaxo,
KaK I10Ka3aHo B 1. 6, npu € — 0 Kak ckopocTh auddy3nid ApHoabaa,

Puc. 2.7. Hepapxust annabatiiecKuX HHBAPHAHTOB 115 3apsi2KeHHON HacCTHILbI
B MarHHTHOM JIOBYIUKe! MATHUTHBLIL MOMEHT W, NPOAOALHEIl HHBADHAHT J y, ilO-

TOKORLIl nusapuaiutr @,

TaKk H OOmHA (a3oBbIl 00BEM CTOXAaCTHYECKHX CJ10eB, N0 KOTOPhIM
aeT AHGDY3Hs, cTpeMATcs K Hya0. [103ToMy B NpakTHYeCKUX HPUJIO-
KeHHAX HepapXHf afualaTHUECKHX HHBApPHAHTOB COOTBETCTBYET HC-
THHHOMY JIBHXKEHHIO C OueHb XOpoluell TOuHOCTbIO. AjuabaTHuecKas
TEOPHHA ABJAATCA 11 OCTaHeTCs BNPelb OJHHM H3 ILJIOJJOTBOPHBLIX HOA-
XO/I0OB K NOHMMAHHIO JBUXEHUA B JHHAMHUYECKHX CHCTeMax.

“ 2.3B. MeJlJieHHO H3MEHSAIMUHCA TapMOHHYECKHUH OCLHJIATOP

C ueblo WAIOCTpauHH OOLIero MeToga M pe3oHaHCHBLIX 3P¢)eKTOB Bbl-
MUCJAUM ajHabaTHYeCKU MHBAPHUAHT MNEePBOro nopaaka jAl1s Mej1eHHO
H3MeHAIOLEerocs JHHEHHOT0 OCHMJIIATOpA

Ho= -G P+ —F [, (2.3.23)

rAe MaJbiH napamerp BBeleH ITOCPEACTBOM nepemMeHHoll T — &f. BHa-
yase IepefijeM K IllepeMeHHbIM JeHcTBHe — yroa J, 0 niasi HeBO3My-
[IEHHOTO TaMHJIbTOHHAHA Hio = H; (e = 0) ¢ noMompo IpoOH3BOJS-
e QyuxIiHu

Fi(q, 0, )= —;*qu ctgd, (2.3.24)
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rie R (1) = (F/G)'*%. Us (1.2.11) monyyaem ypaBHeHHsI Mpeobpa3’oOBa-
Huii (1.2.68) ¥ nHoBHIE ramMU/JILTOHHaH

H=o0, ¢ —;— ’;’ J sin 2. (2.3.25)

37echk ®, (1) = (FG)1 ° a UITPHX o3HauaeT AubbepeHIHpPOBaHHe 1O T.
Hama cucrema npHBeneHa Tenepb K BHAY (2.3.6) U Jomyckaer mpHMe-
Hende Meroga Ilyankape—Ileiimensi.B HymeBoM mnopsinke anuaGaru-
YeCKHM MHBApHAHTOM SIBJIAETCSA

J= o _ const, (2.3.26)

Wo

T. €. YUCJO KBAHTOB A, COXPaHAETCA NPHU MeAJEHHOM M3MEHEeHMU 4a-
cToThl ocumsiaaropa [114]. Jas onpeneleHuss WHBapHaHTa MepBOro
mopsAnaxa NpHMeHHM BhipameHHe (2.3.20) K ramuiabroHHany (2.3.20),
YTO Cpas3y HacT

J = J (1 4¢P sin 26) = const, (2.3.27)

rie P (ef) = R'/20,R. BupHo, 4r0 B NepBOM MOpsAjAKe BeluymHa J
HCIIBITHIBAEeT Heboqbllive KoJebGaHHS ¢ YacTOTOH, B 2 pasa IpeBbiLalo-

e wacTory ocuuiiiaTopa. IlocrosncTBO J MOXKHO NpOBEpPHTH, B3SB
TIPOM3BOAHYIO 10 BpeMeHH (0603HaueHa Toukoi) or (2.3.27),

J=J+ePJsin20 4 2w/ P cos28 - O (&?). (2.3.28)

B cuay KanonWdecKHX ypaBHeHMH J/is ramuibToHHana (2.3.25) mep-
BblH M TPETHH 4JieHbl COKPalalTCs H B [I€PBOM NOpsAKe 110 & OCTaeTcs

.
peme .

J=¢ePJ sin 26, (2.3.29)

Ecin MensieHHOe BO3MylleHHe HMeeT OOBIYHBIN [IOPSI0K MaJIOCTH, T. €.

P~ eP, 10 J ~ &* u, clenoBarenbio, J sBJASETCH HHBAPUAHTOM Nep-
BOTO MOpAAKA.

IIpoxosxdenue uepes pesosanc. PaccMoTpUM Tenepb H3MeHeHHe afuaba-
THUECKOro HHBapuaHTa, OOYCJOBRJIEHHOe pe30HaHCaMH MeXJy KoJseba-
HHAMH OCHMAJASTOPA H MEJ/JIeHHBIMH TNepHOAHUYECKHMH H3MeHeHHSMHU

ero napamerpoB. Pasnoxum P B psan dypbe

p =3 e, (2.3.30)

n+0

glech €, — HacToTa MeAJdeHHBIX HBME‘:HEHI-Ifi, NpH4YeM OTHOIueHHe
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./, nopsigka eiuHuubl. [loacTaBisisi BulpaKeHHe A Ps (popmy1y
2.3.29), nosyyaeMm

> 2 — R .
J _ ;L J EO a_n [el (n0)18f+26) . el (n(ﬂ],Sf—Qe)] , (2.3.31)1)
n

rie Mol 3aMedHaH J nHa J C TOYHOCTBIO 0 BETHUHH TNEpBOro MOPAAKa
no e. HdrerpupoBauue (2.3.31) mo nmepHOAY MeAJeHHBHIX KoJedaHHH
Aaer AJ/J ~ &2, ecy 4acTOTH €0, H ®, HECOU3MEPHUMEL. B mpoTHBHOM
clydyae, T. €. IpPH

Do L, (2.3.32)

e, 2

rie s — ueJaQe 4YucJo HOpHﬂKa 8-1, YJIeHbI CYMMBI C n— - S He 33-
BHCAT OT BPEMEHH U MHTErpas Mo NepHOAY MeATeHHbIX KosieOaHHH AaeT
AT 27g~1
—— ~ g2 | as [ — 7, (2.3.33)
@,

Taxum ofpasom, ec/IH pe3oHaHC NOJAAepKHBaeTCsl B TeuehHe BPeMeHH
{, ~ 2ne~l/w,, TO HHBapHaHT NepBOro MOPsJAKAa paspyliaeTcs, YTO
CBHAETEJNBCTBYET O CWIBHOM HapyllleHHHW aauabaTHUHOCTH ). 310 He
O3HaYaeT, OJIHAKO, YTO MHTerpad JBHKEHHs BooOule He CyHIeCTBYeT,
Npocre OH uMeeT Apyroil sui. leilcTBUTesnbHO, B 1. 1.30 Mbl BHjeNH,
UTO JIHHeHHBIH ocUHAIATOp (2.3.23) ¢ nepHOAHYECKH U3MEHSIOUIMMHCH
BO BpeMeHU KO3(ppHUHeHTAMH SBJASETCA HUHTEerPHPYEMOM CHCTEMOH,
OTKYJAa H CJeAyeT CYIIeCTBOBaHHe HEKOTOPOro HHTerpasa ABHIKEHHS.
C JApyrof cTopoHsl, AJs1 HEJHHEHHOTO OCHUM/IATOPA BO3MOKHO Kak
COXpaHeHHe HeBO3MYIUEHHOrOo HHTerpasjia ABUXKeHHsl, TaK H €ro Tolo-
JIOTHYeCKOe H3MeHeHHe MJIH NMOJHOe paspyiueHde. XOTS HeJHHeHHBIH

1} CooTHouwleHne (2.3.3]) cnpaBejJiuBO TOALKO MO TMOPAAKY BEJIHYHMHBI, TakK

Kak ypaBHeHme (2.3.29) coflepXKHT eme oaHo cnaraemoe &P Jsin 20 =
= g2P%J wqsin 40 {cm. (2.3.27)]. das HUXKECAEAVIOUHX OUEHOK 3TO, OJLHAKO,
HecyuiecTBeHHo. — [lpuxn. ped.

?) CBsA3b paccMOTPEHHOH 3aJaud ¢ NPOXOXKJeHHeM pe3oHanca tpebyer no-

scHenud. Ilycrs, Hanpumep, P (t) = Pycos (Qot ~|—i-sin (Tw,) | — 9acroTHO-
®

1
MOAYJHPOBaHHOE BO3MYyILeHHe ¢ yacToTod Q (1) = £y - A cos (tw,). Pe3oHanc
NIPOXOJHTCS, €CJH IIPH HEKOTOPOM T = Tp uacToTa £ (Tp) = ®,. B 31OM cayuae

aMnauTyAa |ag| ~ e'? n AJ/J ~ /e, uto yrouuser ouerky (2.3.33). Bpsaa
JH MOXKHO TOBOPHMTH O CHJBHOM HADYVIJEHHH ajnuabaTuuHocTH [HA WH-
TepBaJe BpeMeHH ~ (e®;)~ 1], Ttak kar AJ « J. Oanaxo naxke mepsag nonpaska
K J (2.3.27) yxe Ttepsier cmpici. Ecam XKe pe30HaHC He NPOXOAHTCS, T. €.
Q (1) # @p AN AW06OTO T, TO AMIJIUTYAR Q¢ 3KCMOHEHUManbHO Mana u apnaba-
THYHOCTH HMeeT MecTO B MmoaHOH Mepe. PazjiuuHble peXHMBl NMPOXOMXAEHHS pe-
30HaHC4, B TOM YHCJE U NJs HeJHHEHHOro OCUHAJATOpPA, HCCAEAOBaHBl, HANPH-
mep, B paborax [466, 68, 467].— [Ipum. peod.
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OCLIMJIISITOP 1IpeACTaB.IsieT GOJMbLIMHA UHTepec, Mbl OIPAHHYHJIHCH 37eCh
JHHEHHOH CUCTeMOH B LeMSIX WJIOCTPAIHN MeTO/10B IIOCTPOEHUs pas-
JTOXKEHUH.

2.3r. HekaHOHHY€ECKHE METOMbl

JL151 HEKOTOpBIX THIOB 3af44 H3JIOMKEHHDLIe BBILE KJIacCHYeCKHe Me-
TOABI HellpUMeHUMLI. B I1epByI0 ouepeab peub HAeT 00 yXKe YyHNOMHHAB-
ledcss 3ajave o Apei(oBOM ABHXKEHHM 3apsiZKeHHOH YaCTHLBI B Mar-
HUTHOM IIoJe (cM. puc. 2.7). I'aMUJIbTOHHAH B 3TOM C/Jayyae HMeeT BHR

H= L [p-—~ £ A, z')r, (2.3.34)
2m c

riae
p=mv-| — A(q, 1) (2.3.35)
C

—— KAHOHHYCCKUH HMIIYJIbC, a BEKTODHBIH norteHiuan A cmsizan ¢ Mar-
HHTHBIM 1I0JIeM cooTHoweHdHeM B = ¢ X A. ]IpuiKeHUe 3apsizKeHHOH
YacTHUbLI B OAHOPOAHOM MarHHTHOM loJe B, X0pouwo H3BeCTHO H CBO-
JAUTCS K JIAPMOPOBCKOMY BpaIl€HHIO M paBHOMEPHOMY TepeMelleHH o
BAOIb 1n0JsA. HeGoobline HeOAHOPOAHOCTH IOJASE MOI'YT 3aMETHO H3Me-
HHUTbL XapakTep ABHXKeHHSA, MPHBOAS KakK K KojeOGaHHSIM BJOJb [OJS,
Tak H K TOIepeyHoMy ApeHdy (cM. puc. 2.7). OueBHAHO, YTO NPH Ma-
JIOH HEeOXHOPOAHOCTH INOJSI YacToTa JIaPMOPOBCKOrO BpalleHHsI BeJIHKA
10 CPaBHEHMIO ¢ YacTOTaMH KoJebaHHl U Apefida. B KauecTBe Ma/JoTo
napaMeTpa B ypaBHEHHSIX JBHIKEHHWSI MOXKHO IIPHUHSATH OTHOIUeHHe ')
m/e ~ €, UTO TapaHTHpyeT OOJbIIOEe 3HaYeHHe YacTOTLI BpPaulEHHS
§ = eB/mc ~ ¢~'. OpHako B raMH/JbTOHOBOK GopmyaupoBke (2.3.34)
IJIaBHble YeHb Kak 10 p, Tak U no A uMeloT nopsiiox Be/me ~ &1
M II04YTH COKpAULAIOTCs, YTO 3aTPYAHSET OLEHKY NOPSAKOB BeJUUHH
10 €. DTa TPYAHOCTH CBfI3aHa He C CaMHUM ApeH(OBBIM NpPHOIHIKEHHEM,
a JIHIb ¢ ero raMMJIbTOHOBBIM onHcanuem °). TlogoGupie 3ajauu nooy-
aumn Kpewtosa u BoromoGosa [242], Boromo6osa u 3yGapesa [32],
borosmobosa 1 Murponosasckoro [33| 1 Kpyckaia [239] chopmy.au-
poBath annabaTHUECKYX0 TEeOPHK BO3MVIIEHHE Mg CHCTeMbl aHbde-
peHIHaJNbHBIX ypaBHeHUH ofilero BHAa, HeoGs3aTeIbHO FaMHJIbLTOHO-

1} 2toT napamerp SABJSETCS (POPMaJNbLHEIM, IIOCKOJbKY OH HHKaK He CBSI34H
¢ peailbLHBIM BO3MYIleHHEeM B 3aflaue — ¢ HEOAHOPOAROCTbI moasi.— [Ipum. ped.

2) 310 yTBEpKJEHHE CIOPHO, cM., Hanpumep, [468]. OrmeuenHBEe TPYAHOCTH
CBA3aHBl OTYACTH C TeM, uTO0 OOBIUHO HEBO3MYIIEHHBIM CUMTAETCS JBHIKEHHE ua-
CTHIBI B OJHOPOAHOM MarHHTHOM IIOJe, KOTOpoe SIBJsercs HHOMHHTHBIM, T. e.
KaueCcTBEHHO OTVIMMAeTCS OT (PMHHTHOTO BO3MVUIEHHOTrO ABHXKEHHS YACTHIUH B Mdr-
BuTHOH JoBywKe. [Jo noBoay Apyroro puGopa HeBO3MYILEHHOH CHCTEMBI B 3TOMH
3agaue oM. [464]).— Hpum. peo.
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BbIX HJIH Heo0s3aTeJbHO B KAHOHUYECKUX mepeMenHbix '). Kak u B Ka-
HOHUYECKOM CJy4Yae, 3TH MeTOAB IIPeAroaraloT HaJTUUHe ObICTPOil ne-
peMeHHOH N0 OJHOH CTelleHH CBOOGOALI H MeJJIeHHLIX N0 0CTaJbHBLIM CTe-
NeHsIM  cBOOOALI W copep:kaT ycpefHeHHe Ha KOPOTKOM Macurade
BpeMeHH. Byayun s¢rpeKTUBHBIMH U OUeHb OOLIHMH, 3TH METOAbl He-
H36€XHO OKa3blBalOTCA H OUYeHb TPOMO3JKHMH, OCOOEHHO B BBICIUHX
nopsajakax. B xaHouHuecko# ¢GopMyJHpOBKe AuddepeHnHasbHble YPaB-
HEHHUS NOJYUAKTCS U3 CKaJISpHOH QyHKIHH H; 3T0 XKe Kacaercsl H npe-
o0pa30oBaHHs epeMeHHbIX, KOTOPOe Olpepe]sercs CKaJIspHOH IIPOU3-
BOJANIeH pyHKUKHeH. B cayuae obiiero Merosa ycpelHeRus ®) 3TH yIpo-
iarle 00CTOATEIbCTBA OTCYTCTBYIOT.

Pacemorpum BHavane merod Kpyckana u NpoHJAIOCTPHPYEM €ro
Ha NpHMepe BBIYHCJIEHHS afuabaTHIeCKOTO0 HHBApHaHTa IepBOro I0-
psAKa a8 MeJJIeHHO HU3MeHSIONIerocs rapMOHUYEeCKOr0 OCHU/IATOpA.
Mul BeiGpaan pabory Kpyckaaa, a ne Kpsutosa m Boromwe6osa, mo-
cKoMbKy Kpyckan 1oKasbiBaeT, KaK HeKaHOHHUeCKHe BO3MYIIeHHBIE
pPEIUEHUS] CBSI3aHLI C TepeMEeHHLIMHU JeHCTBHSI B TeX cJyyasx, KOria
JvddepeHiiHadbHble YDaBHEHUS MOXKHO MOJYYUTh H3 TaMHJILTOHHAHA.

O6pamaeM BHHMaHHe YHTAaTeJs] HAa HEJNaBHO paspaboTaHHBLIH JIWT.I-
JukonoM [281] meronm, B KOTOpOM HCHOJL3YIOTCS HEKAaHOHUYECKHE Ile-
peMeHHBble, HO jH(xbepeHuHaTpHBIe YpaBHeHHS U NpeoOpa3oBaHHUs Ie-
PEMEHHBLIX ONpeledstoTcs, Kak U B Merole Ilyankape—Ileiinens, cka-
JApHBIMH pyakuusvd. IToaxon JIMT12KoHa eCTh HEYTO CpeHee MeKIy
KJacCHYeCKOH KAHOHHUeCKOHX TeOpHeH M OOUIMMH MeTOAaMH ycpelHe-
nus KpeitoBa 1 Kpyckana (mojpo6uee cM. B [2811) 3).

Memod ycpednetus Kpyckasra. Crepysi Kpyckany, pacCMOTpPHM aBTO-
HOMHYIO cHCTeMy AH(bdepeHIHa IbHbIX YpaBHeHHH

x = f(x, &), (2.3.36)

ofmajaromyio TeM csokictBoM, 4To npu &€ =0 (f = f, (X)) TpaekTopus
x (1) aBnasercs 3aMKHyToH («ieTJist»). [Ipexkae Bcero npeobGpasyeM ie-
peMeHHble, 4TOOB! pasieJUTh JBHKEeHHe Ha ObICTPYI H MeLTeHHVIO
yacti. Ecan x — N-KOMIOHeHTHBIH BeKTOp, TO AOMAKHO ObiTb N—1
«MEJJIEHHBIX® IIepeMeHHLIX y = ¥ (X), OHHUCLIBAIOLIMX JBHXKeHWe Ca-
MOH TeTJIH H YJIOB.JIETBOPSIONNX YCJIOBHIO

o — (iy_) = fo v,y =0. (2.3.37)
dt [e=0

y

1y Tlockonnky 310 Kacaeres paGotr DoroJwbosa K ero MKOJH, CAelyeT 3aMe-
THTB, YTO HX OCHOBHOH MOTHBHDOBKOH ObIJIH NPHJOMKEHHs K IIHPOKOMY KpVIY
3ajay, B KOTOPLIX He ab3d lpeHefpeub AMCCHMAaUHeH M FaMHJIbTOHOB (POPMaJIH3M
HellpHMeHHM. — [Tpum. ped.

2) Cm. mpumeuanne pejgaxropa na c. 104. Mcnmonnayemniil 31ech u Huxke Tep-
MHH «OOUHH MeTOJ ycCpelHeHHs» NIOJYepKHBAET, 4TO TAKOIl METOI He OrpaHMueH
TaMHJbLTOHOBLIMH CHCTeMaMu.— [Tpus. ped.

3} OGo6urenue Metoxa JIMTVKOHA BHR PENSTHRUCTCKHUH caAyYa# coaepKUTCs
B pabore [472].— ITpum. ped.
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[TIpu 3tom ocraBuasics «GwicTpasi» mepeMeHnass 0 = 0 (x), nepHoau-
yecKasi B HyJeBoM nopsiake (& = (), olpejensier ABUKeHHe BAOJb
nersiH. B HOBBIX nmepeMeHHbIX ypaBhenus (2.3.36) npHHHMAIOT BMJ

y=eg(y, 0),

é:(‘) (ys B)’

rie OvlcTpast pa3a 0 cBsizana C OFHOH M3 MeA/IeHHBIX MePeMEHHBIX Y;
KOTOpPass B KaHOHHUeCKOM cjydae Oblia Obl mepeMeHHOH AeHCTBHA ANA
OBICTPOH cTeneHH cBoboAbl. I1peoOpasoBaHus NepeMeHHLIX MOXKHO NPe -
CTaBHTh, KaK H B KAHOHUYECKOM CJyvae, B BHJe PasJokKeHUs 110 MajJIoMy
napamerpy e.

O6mui MeToA ycpelHEeHHS 3aKJyaercs B TOM, 4TOObl HalTH Ta-
KHe «XOpolIHe» IepeMeHHble 2 U 1, 3BOJIOIHA KOTOPLIX HE 3aBHCHT

OT -

(2.3.38)

2 =ch(2),

Pp=1L0(2),
npuueM 2, P, £ 4 Q MOXHO ONpeReIuTb HE3aBHCHMO B KaXAOM IIO-
psake no €. Heobxomumo, TakuM o6pa3oM, HaHTH YeTblpe ypaBHEHHH,
yCTaHaBJUBAIOHIHE CBSI3b BeJUUUH 71-TO NOPSAKA C TeMH e BeTHUHHAMH
(m—1)-ro nopsaka. [ToCKOJBKY BeJHUHHBI HYJIEBOrO NOPSiAKA MOXKHO
onpejeNUTh HENOCPeACTBEHHO, TO IIOJHOe pelleHHe HaXOAMTCH MO HH-
AyKUMH. {79 nonmydeHUst 3TUX COOTHOLIEHHH BHIpa3UM TOJIHBIE TPOHU3-
BoaHBle (2.3.39) uepe3 nepeMmeHuble ¥ H 0 C NOMOIIBIO BBIpaXKeHHH
(2.3.38) u ypaBHeHH# mpeofpasoBanHa 2 = 2 (y, 0), v = ¢ (y, 0):

(2.3.39)

. d
2=V, eg+ —%a)=eh(z),

(2.3.40)
._ ] a\P _ .
V=V p-eg- _a_e_(o Q(2)
JlomoauurenbHo noTpebyeM NEPHOAHYHOCTH 2 H !
2(y, 0+-2n)=2(y, 9), (2.3.41)

P (y, 04-2n) =P (y, 0)--2mx.

M3 nocnepnero BpipaxkeHHs BUAHO, YTO P Urpaer pojb YIJIOBOH nepe-
MeHHOH. [I/151 olipelesieBusi 2 U P KaK QYHKIHHE y H O, BBeieM IIPOH3-
BOJIbHO CJIeAYIOL(HE HayaJbHble YCJOBUS:

, 0)=y,
fp((’; | 0)) 4 (2.3-42)

Bosmoxen 1 Apyro#i BHGOpP HadaJbHBIX YCJIOBHH, O1HAKO BEIGOD (2.3.42)
yupoulaer npeobpasoBanHe NepeMeHHbIX. [lo1yusM Tellepb BhIp axKeHHS,
MO3BOJSIIOLLHE onpeleasThb 2, ¥, £, B aoboM nopsiake no e. Ilpexano-
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JIOXKHM NOKa, YTO Mbl CyMe/JqH KaKHUM-To0 00pa3oM HaHTH BeJHYHHBI V),
0, g ¥ ® TOUHO, XOTH B AEHCTBHTENBLHOCTH UX MONKHO NPEACTaBHTL U
B BHJe pa3aoxenud. Pasnenus (2.3.40) Ha w, HHTErPUPYSA H OnpeneIss
HOCTOSIHHEIE M3 HadaJbHBIX YCJOBHH, MoJyyaeMm

0

e=ytef(n@)-v,2 g L (2.3.43a)
J 0 -
0
] a0
P = S (Q2)—evy b g)— (2.3.436)
0
Ycs0BHA NEPUOIUYHOCTH JAKOT
25 de
j (h(2)—V,2-g)~— =0, (2.3.44a)
0
27 40
| (@@—cv,e-g) - =2n. (2.3.446)

0

YpaBuenns (2.3.43) v (2.3.44) ABAAIOTCH TEMH YeTBLIPbMS yPaBHEHHAMH,
KOTOpbIe MO3BOJISIIOT HAXOAUTL HEU3BECTHBIE BEJHUYHHBI 2, P, f, Q B .110-
6oM mopsigKe no €. B KanoHHYeCKO# TEOPHH OHM COOTBETCTBYIOT pasje-
JIeHH10 YpaBHeHUs (2.3.14) ans npousBoasiliedi GYHKIMH S, Ha CPeIHIOID
M NepeMeHHYIO 4YacTH ).

CJleyIOIIUM 1UAroM siBJASIETCSl pasJoxeHHe & H Y B psij N0 cTere-
HSIM €, HamnpUMep:

2= 2 2.&", (2.3.45)
nocsae 4ero £ U 0 TakxkKe MOXKHO INpPEACTaBHTL PsijlaMH, HallpHMep:
| , |
eh (2) = ehy (20) - ez[hz (20)+ 21—~ b (%)}r .

(2.3.46)

B HysneBoM mnopsiike no & umeeM 2, = y. B InepBoM nopsjxe 3TH
llepeMEHHBIe OlpeJensioTest U3 BhlpaxkeHH# (2.3.43) u (2.3.44) npu
2 =y uh = h, cregyomum obpasom. M3 (2.3.432) Haxoaum

d do
=\ (m()—v,y-g) =" (2.3.47)

0

1) Cm. vpabHenus (2.3.49) — (2.3.52).— Hpum. peo.
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a M3 YCJAOBHS NePHOIHUHOCTH (2.3.44a)

27

{ (t@—v,ye)L-=0. (2.3.48)

0

Henonbsy4a V,y-g = g 1 onpeenss CPeHIOn YacTb COOTHOIICHHEM

a0 C a0
<g>=:g g T/S = (2.3.49)
0 0
a4 UHTEerpas ot HGPEMGHHOﬁ JacTH g oCPEICTBOM
0
— ) . de
g= 5 (g— (&N~ (2.3.50)
noayuaem U3 (2.3.48) u (2.3.47)
hy (z2) ={g), (2.3.51)
2,=—g. (2.3.52)

AHaNorHuHble BLUHCJAEHHS C HCIIOJIb30BaHUeM ypaBHeHHH (2.3.436)
U (2.3.440) onpeneadior P B NepBoM NOPSIKE 110 €. 3aMeTUM, 4TO u-
3UYECKHH CMBIC]T 3THX IPE0oOPAa30BaHHK 3aKJIKOUAETCH B TOM, UTO B KaX-
JOM IOpAAKE TepeMEHHBIE ONPENeTsAIOTCs TaKuM 00pa3oM, 4TOOLI HX
CpeAHsist yacTb Obuia paBHA HYJIO H UHTETPHPOBAHHE 1O YIJIY He MNpH-
BOAMJIO OBl K TOSIBIEHHIO CEKYJISAPHBIX WIeHOB. CaMH MmepeMeHHBiE MO-
TYT UMETh HPH 3TOM pasiIuyHylo npupody. Has ocudaiasitopa ¢ on-
HOW CTeneHbId CBOOOALI H MEIJIEHHO H3MEHSIOUEHCsT uUacTOTOH BEJIH-
YHHA Y MOXKCT ObIThb FaMHJIbTOHHAHOM. B c/Jydae HECKOJBKHX CTelleHeH
CBOGOALI ¢ He 3aBUCSIUMM OT BpeMEeHW TaMH/AbTOHMAHOM BeJHUHHA Y
MOXKeT IIpeJCTaBIsIThL BEKTOP NepeMEHHBIX JeHcTBus. B /1rob6oM cayuae,
corjiacHo ¢gopma.abHOi cxeme Kpyckaga, MHBApUaHT JOTKEH Omnpeje-
JSATBECA OOBIUHBIN OOPA30M:

/s

Dy ‘;‘35 . dp, (2.3.53)

J:

O e IS

=
I

LI Pr, §r MOTYT OBITH JAUO0 KOMIIOHEHTAMH 2, nubo B 6oJee obmiem
ciayyae pyHKUMAMH OT 2. Kpyckas AeMOHCTPHPVET KAHOHHUECKYHO IIpH-
poay J u ¢, BLMHCIAA A8 HUX cKoOKd [lyaccona

[, J]=1. (2.3.54)

DakTHyecKoe BLIYHCICHHE SIBJSAETCA JOBOJILHO CMOXKHBIM, HO yXKe CaM
BHA BolpaxkeHHs (2.3.093) ans J MoKaswlBaer, 4To 3TO AE€HCTBHTEILHO
niepeMenHas aedcTBHS,




KaHORUMCCRAA TEOPUA 803N Y1CHILI 119
iy

Medaenno usmensoujutics ocyuaramop. TlpouamocTpupyem metox Kpy-
CKajla Ha IIpuMepe H3MEHSIOLErocsl BO BpeMeHM FapMOHHUYECKOIro OC-
nuansgTopa. Xord 3TOT MeTod Obl1 pa3paboTaH AJds MpHMeHeHHIs B
MHOTOMEPDHBIX CHCTeMAax, €ro OCHOBHLIe YepThl MOMKHO NOKa3arbh H Ha
ojxHOMepHOH Moneau. Mmeeum

d
d_!t) = —F (el)q, )
(2.3.55)
dq
.—..-..._:Gp,
dt
IpHYEM /A ynponieHus npuasato G = const. Urobwl npiisectd (2.3.55)
K CTaHAApTHOMY BHJY AaBTOHOMHOH CHCTEMBI \’paBHeHliﬁ IepBOro TO-
PAAKA, BBEIEM HOBYIO HE3aBHCHMYIO ilepeMeHHyio T == ef. O6o3nauast
TOYKOH NPOU3BOAHYIO 110 BPEMEHH, IMOJyYaeA

p=—F(1)q, (2.3.56)

(}ZGP,

T ==

B nysesom mopsiike no & umeem T = const H, caexoparesnbHo, F =
= const. IlycTe BekTOpHasi mepemeHnas y paBHa

y=(H, 1), (2.3.57)
T, €. HMeeT KoMmItoueHTsl H u t. 3dech H — raMuJabTOHHAH CUCTEMbI
F
H——— ¢*+ —;L 2, 2.3.58)

KOTOpBIH B HY/IEBOM MNOPSIAKE coxpansiercs. Beauyunst /1 0 T ABIAIOTCH
(C TOYHOCTBIO IO 3HAKA) KAHOHWUECKHMH MEePEMCHHBIMH PACIUHPEHHOro
dasoBoro mnpocTpancTBa. Pewienne HyJ€BOro nopsixa €cTb MPOCTO
rapMoOHHYecKHe KoJebaHus

g=qosin (0l 4 ),

2.3.59
P= Riows o+ 2359
rie, Kak u npexue, R = (F/G)'* u (FG)]~ Onpegensia yr.o-
BYIO IIEPEMEHHYIO TOCpeACTBoM 0 = (oo { - B, wmaxomin u3 (2.3.59)
Bzarctg( Rq ) (2.3.60)

p

Mpl XOTHM 1€pPeHTH K HOBBIM «XOpPOIUHM» lepeMeHHBIM, HE 3aBUCANIMM
OoT ObICTpol (asbl. s 3TOro Hajc HCNOJAL30BaTh 11peobpa3oBaHHSA
(2.3.43) u (2.3.44) I0CJIEOBATENILHO B KAXAOM MOPAJIKE TI0 €. Yro6wl

Ha#TH HeOGXOAUMBIE TTPOU3BOHBIE Hu 9 npoaudpepenurpyem (2.3.58),
mojicTaBasgeM B Hero (2.3.96) u nosyuaem

H = — Fgt, (2.3.61)
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rae I’ — npousBoanast no 1. U3z (2.3.68) u (2.3.60) MOKHO BRIpa3HTb
g u p uepes H u 0:

gt = ——QFH sin?0,

(2.3.62)

pt= —2~g— cos? 0,

TloacraBnsig ¢> B Buipaxenue Ajsi H U yuuThIBasi paBeHcTBO R'/R =
= F'/2F, umeen

H:Qe( ’;’ )Hsinze, (2.3.63)

HJIHU
y=(H, 1)=¢g (H, T, 9). (2.3.64)

AnanormunbiM nytem, guddepenumpys (2.3.60) u mcnonssys (2.3.96),
OTpeJieNIsieM MPOH3BOAHYIO JJIsl YIVIOBOH NepeMeHHO:

TR )i
0 = 1 —— ) 1},
[ (_Rz_)2 {8 R p +m°[ +( p
| p
(2.3.65)
Beipaxkasa R¢/p us (2.3.60) u npeobpasys, noayyaem
0 —wp-te ’;; sin20 = (H, 1, 0). (2.3.66)

YpasHenusa (2.3.63) u (2.3.66) M0OxKHO Tenmepb KCIIONL30OBaTh AJ1s1 IO-
JIVUEHHS «XOPOIIMX» nepemennbiXx 2 u Y. Ilpumensia (2.3.63), (2.3.64)
H (2.3.66) npu BblUMCJAEHUU BbIpaxkeHUs (2.3.49), B nepBOM NOPSIIKE
Haxo UM

<g>=( e 1) (2.3.67)

u, coraacHo (2.3.51), h, = (g). Ilonaras 2 = (H, ), BLUHCJSS UHs
rTerpan (2.3.50) u ucnoan3dys (2.3.51), noayuaem

B:H[1+e( R’ )sin?ﬁ]. (2.3.68)

20yR

AHayroruyHble BBIYUCTEHMS] TPUBOAST K TPHUBHANBHOMY pe3YJbTATy
T == T, 4T0_BMecTe ¢ (2.3.68) mo3BossieT ONpeaeTuTb B IePBOM NOPSAAKE

«XOopomHe» nepemMesHbie 2 = (H, 1), Tak 410 2 He 3aBHCHT OT . [1og06-
HBIM 2Ke 06pasoM CTpoATCsl U Npeo0pasoBaHHsl AJA YIJIOBOH lepeMeH-
HOH 1.
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[TonyyuB Xxopowxe nepeMeHHBI®, MOMKHO BbIPAa3UTh 4epe3 HHX HiH-
Terpaj JBUIKeHHA

2x

1 l dq
= dg = —— 4 i, 2.3.69
g”)pq Sp p" P ( )

2mn 27
)

e~

rie p U g — pyHKuud H u . B mepBoM nopsiike Mo € JOCTATOUHO
BBIIIOJTHHTb HHTETPHpPOBaHUe 1o 0 BMECTO 1: 3TO YIIPOLLEHHE HCIIOIb-
3opano B pabGore Hoprpona u ap. [321]. Hcnoawsysi BripaxeHus
(2.3.62) M BLIYHCJISASI NPOU3BOAHYIO OT ¢, LIOJydaeM

J= cos? 0d0.

27

27
1 S 2H
®y
0

C nomompsto (2.3.68) B nmepBoM mopsiike MO & HAXOANM

on _
J— j 2H (1__ e K sin29)cos28d6.
2 R
0

27 Wy ®p

[TpousBoAsi MHTErpUpPOBAHME, MOJyYaeM Bbipaxenue AJIsi agHadaTuye-
CKOTO HHBapUAaHTA

7= _f (1+—%—R:—sin28)- (2.3.70)

[ON O 20R

D10 BhHIpaXkKeHHe COBNajaeT ¢ BulpaxkeHdeM (2.3.27), MOayUeHHBIM, B, Ka-
HOHHYeCcKOll Teopuu Bo3MmyieHHi#. Ecau H Bbluucasercs B 00J1acTH,
rie napaMmeTpnl He H3MeHsitorcsi, To R’ = 0 ¥ MBl IpUXOAUM K OOBIY-
HOMY BBbIparKeHHIO

= const, (2.3.71)

Wg

KOTOpOe, Kak 3To BujaHo u3 (2.3.70), cnpapeisiHBO TOJBKO B HV.IEBOM
IIOpSIAKE.

§ 2.4. Pe3onancHas reopus Bo3mMyuieHui

B6au3u pesonanca HeBO3MYIIEHHOH CHCTEMbl MaJjble 3HaMeHaTeld
MOSIBJISIIOTCS YK€ IIPH  BbIYHCJACHMH ajnabaTHiyeCKHMX HHBAapPHAHTOB
nepBoro mnopsiika (cM. § 2.3). Dtu 3HaAMeHaTeJH MOKHO. YVCTPAHHUTb

1) B opurunane — secular perturbation theory (cexynspHag Teopus BO3-
MymeHud). [IpUHSATEIA B nepesojge TepMHH GoJiee HENMOCPEJCTBEHHO OTpaxKaer
Ha3HaucHHE TEOPHH, TOrJa KaK ceKYASPHOH B MPSMOM CMBIC/JE SABJIAETCS KJIACCH-
YyeCcKas HePe30HAHCHASl TeopHUs BOo3MyuieHHH (cMm. § 2.2).— I pum. ped.




122 {ra6a 2

IVTEeM KaHOHHMYECKOrO npeobpasoBabHHs K CHEUHaNbHBIM (pe30HaHC-
HbIM) IHepeMeHHBIM. Tagoe mnpeoOpasoBanue MOXKHO HaLVISIAHO ITPej-
CTaBHTb Cefe KaK mepexoj BO «BPAlLAIOILYIOCA» B (PA3oBOM IIpocTpad-
cTBe cHcTeMy orcyera. [Ipu 3ToM HOBLie NepeMeHHBlE ONUCHIBAIOT MeJ-
Jentbie Ga3oBble Ko1eDaHMs Ha Pe30HaHCe, IEHTP KOTOPOTO COOTBETCTBY-
€T HEMOABHKHOM 3/TIHIITHYECKOH TOUKE Ha HOBOH ()a30BOH ITOCKOCTH 1).
Takas TexHuKa NpPUMEHSIACH paHee B HEJIMHEHHOH TeOPHH JBUKCHHS
qacTHI[ B yckoputedsix (cM. [2651, rae npubeneHa Taxmxe JOIMOTHH-
TeJIbHas JHTeparypa) M IPH H3YYEHHH 3JeKTPOHHOTO IHKJIOTPOHHOIO
pe3oHaHca B MarHuTHOH soBywke (367 |. D1oT MeTO GIH30K K MCHOMb-
soBanHoMy UYmppuxosbnM B padore [67]2). Tlocae yerpanenus peso-
HAHCHBIX 3HAMeHaresed NMPHMCHSIOTCA ONHCaHHbIe Bblue (§ 2.3) MeToJb!
ycpeaHeHusa 1o 6uicTpol ase. B nanbHelmeM pacCMaTpUBaeTcsi aBTO-
HOMHAf raMil.TbTOHOBA CHCTeMa C JABYMS CTeneHsAMH cBoboabl. (O0o0ie-
HHEe HA HeaBTOHOMHbIE CHCTEMbl HE NpeJCTAaBJsieT TPyJa NyTeM BBejle-
HHUsl pacwmpenHoro $asosoro npocrpancrsa (e, § 1.2).

Ecan Bo3MymeHHE JOCTATOYHO BEJINKO, TO [OSIBJSIOTCS BTOPHUHBIE
PE30HAHCHI, KOTOPBIE MOTYT B CBOIO Ouepeab H3MEHHTL HJH Pa3pyIIUThb
UHTErpajbl MePBHUYHBLIX PE30HAHCOB, BHUUCIEHHBE B 0. 2.4a. Masnbe
3HaMeHaresq I BTOPUYHLIX PE30HAHCOB MOXKHO YCTPAHUTh aHAJOTHYHO
TOMY, KaK 9TO JenaeTcs JJs NepBHYHBIX pe3oHaHcoB (m. 2.46). Mexa-
HH3M, C IIOMOLI[bIO KOTOPOrO BTOPHYHBLIE PE3OHAHCH! PaA3PyaldT HHTET-
paJ bl MEPBHYHBIX PE30HAHCOB, NMOBTOPSET MeXaHU3M paspyuIeHHS He-
BO3MYIIIEHHBIX HHTErpaoB MepBHYHLIMH pPe30HAHCAMH; OH COCTAaBJsieT
OCHOBY METOJ0B aHa/iM3a rnepexoja OT PeryaspHOrO ABHXKEHHS K Xao-
THYECKOMY B TaMUJILTOHOBLIX cHcTeMaX (n1. 4).

B kauectBe uamocTpauuu B 1. 2.4B pacCMOTPEH PE30HAHC MEXY
BOJIHOH H yacTHied, KOTOPbIH oncaH panee B n. 2.26. OrpickuBaercs
PE3OHAHCHBIH HHTErpas JBHMXKEHWUSI W AEMOHCTPUPYETCS BJHSIHHE BTO-
PHUYHBIX pe30oHaHCoB. Bce 310 nosicHsieTcsi ¢ MOMOIIBI0O HEKOTOPLIX pe-
3yJ/1bTaTOB YHCJEHHOIO MOJACIHPOBAHHA.

[IpeoGpa3oBaHue K Pe3OHAHCHHIM TNEPEMEHHBLIM — HE €IWHCTBEeH-
HbIH CHOCOO OIUCAHHS TOIMOJOTHUECKHX H3MEHEHWH ajdabaTHUeCKOro
HHBapHaHta BOGIM3H pe3onanca. Mmeerca onpejieieHHas cBOGOAA BhbI-
60pa HHBapHaHTa, TAK KaK eCJH J — HHBAPHAHT HEBO3MYUIEHHOH CH-
CTeMBI, TO  J106ast pynkuus / (J) Toxke nHBapuant. Bribupas df/dJ =0
BOJU3H pEe30HAHCHBIX 3HAUEHHH J, MOXKHO yuecTb H3MEHEHHsI B TOIO-
JOIHH BO3MYILUEHHO! CHCTEMBI. DTOT METOA, pa3paboTaHubiil J{yHHeToM
u ap. (111 ] (verog JIJIT), onucan B n. 2.47 ¥ WITIOCTPHPYETCS HA TOM
JK€ INpHUMepe pes3oHaHCa BOJHA-—YacTHIIA.

1) Bo3MoXHOCTL VCTPAHEHHSA PE30HAHCHBIX 3HaMeHaTellell CBsI3aHa C Y4eToM
HeAUHEHHOCTH, TOuHee, HEHM30XPOHHOCTH KoJeOaHHil (3aBHCHMOCTH HX HacCTOThH
OT aMTIJUTVIH); CM. HHXe B 3ToM maparpade u n. 3.2a.— [Tpus. ped.

%) TlogoGHbie MeTOAL HCIIOAB30BAJHCHL BO MHOrHX paboTax (CM., HampuMef,
133, 232, 469)).— Hpum. peo.
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* 2.4a. ¥YcTpaneHHe pe30HAHCHBIX 3HaMeHaTeJeH

PaccmotpuM ramuibToHHAH
H=H,(J)+eH,(J, 0), (2.4.1)

rne M, onuceiBaeT MHTErpupyeMyro cucreMy, a f, sBIsieTcs nepuou-
yecKo# ¢yuxnuei 0:

H1: ;Z Hl,m (j)eiﬂ-(). (242)
,m

31ech n = (I, m) — ueJouucJeHHbIH BeKTop. Lcam mexkTy HeBO3Ay -
IMEHHBIMU YacTOTAMK HMEeTCsi Pe30HAHCHOE COOTHOIIeHHE

w2 — r ’ (2.4.3)
a0y S
rane r, s — lneJgble 4ucJa H
0H oH
(0] vI — g 3 OF J — i 24:4
W)= 0= 2.4.4)

TO IOILITKA HAHTH pelleHHe ¢ IOMONILIO TEOPHH BO3MYULCHIH, ONHCAH-
HOH B § 2.2 u 2.3, mpuBOAMT K MaTbiM Pe30HAHCHLIM 3HAMEHATESIM.
Byaem cuutarh, uTOo ycaosue (2.4.3) oTHocures Jaub0 K [I€PBHYHOMY
pe30HaHCYy B CHCTeMe, JHOO KO BTOPHUHOMY PE30HAHCY C (PasOBBIMH
KoJsebanHsIMH Ha NEPBUYHOM pe3oHance. B 060HX Ciyyasix pe3OHAHCHBIE
3HAMEHATEJH MOXKHO YCTPAHHThL C NOMOIIBIO Npeobpa3oBaHus, KOTopoe
HCKJIOYaeT OHY H3 mepeMeHHBIX AeicTBHA J, Ha J,. Brubepem npo-
H3BOAAUIVIO (PYHKIHIO

Fy=(r8;—505) J1 -+ 057, (2.4.5)
KOTOpasi 3ajaeT KaHOHHYecKoe npeobGpasoBanue oTJ, 8 k Jjﬁﬁ:
6F2 5
J1 . rdq, (2.4.6a)
Jo— O _F T (2.4.66)
06,
61 = af2 = f@l—Seg, (2.4.68)
0J1
§,— -9 _g, (2.4.67)
0J2
CKopocTh H3MeHEHHSI HOBOH DE30HAHCHOH I1epeMeHHOH
- . g‘.-a .
0, = r0; — s, (2.4.7)

XapaxkTepHu3yeT MeAJIeHHblE OTKJOHEHUSA OT DE30HAHCA.
Ilpy ucnosb3oBaHuu NPOU3BOASILIEH PYHKIHH Buaa (2.4.5) uMeercs:
IIDOM3BOJI B TOM, KaKyIO H3 HCXOJAHLIX (ha30BBIX IEpPeMEHHBIX OCTABHTb.
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nensMennoH. IlpeanomoxuM, yro 0, — HaHMeHbIIasi M3 ABYX YacTOT,

u npuMeMm 0, = 0,, TOorga ycpeiHeHHE TaMHJAbTOHHAaHA MO OBICTPOH
(Ga30BOil NepeMeHHOH mnocJe npeobpasoBaHusi 6yieT NPOBOAHUTLCS 110
6oJee MeAJEHHOH M3 HCXOAHBIX (pas0BBIX NepeMeHHBIX. TakoH BhIGOD
0CO0EeHHO YAOOeH, €CIH TPEACTONT YCTDAHATb 3HaMeHaTeIH pe30HaH-
COB BBICIIHX MOPAAKOB, TAK KaK B MOC/JAEIHMX OCTaeTCs NMpU 3TOM GoJiee
HU3Kas rapMoOHHKa !).

[Ipumensisi npeo6pasoBanne (2.4.6) x ramusibronuany (2.4.1) ¥ uc-
moab3ya (1.2.138), naxogum

H=H,(J)+eH,(J, 6), (2.4.8)
Hy= Z Hym (.7) exp {{— [ 0, -{~(ls+mr)0§]}- (2.4.9)
L, m

Haa nosyyennsi npeo6pa3zoBaHHOTO TaMHJIbTOHHAHA MEPBOrO MOPsaKa

MOXKHO, KaK ¥ B § 2.3, ycpeannts no nepemensoit 8, [cp. (2.3.17)],
4TO JaeT

H=H,(J)+eH, (J, §), (2.4.10)
Hy=TH,y(J), (2.4.11)

— - ~ o~ 0 ~ __."é'l

= (B, (J, )= 2 HoppsJ)e 4
DT0 ycpepHenHe CHpaBeAJIHBO BOJIM3H pe3OHaHca, rie 0,5 0,. Tak
kak H ne 3asmcut ot 0,, TO

J 5= 1= const. (2.4.13)

DT0 — nepBLIH . WieH psjga, NOpeACTaBISIONero agdaGaTHUeCKHH HH-

BapHaHT sl ramusabronuana (2.4.8). Mz (2.4.66) Bumno, uto J, fAB-
JIsieTcsl KOMOHHauMed MHBApHAHTOB HEBO3MYILEHHOH CHCTEMBL:

Jo=Jy+ —j- J = const. (2.4.14)

Takum oOpasoM, BBesenHe pe3oHAHCHBIX NMEpeMeHHBIX [NO3BOJHJO B SB-
HOM BHJIE HaWTH HOBBIH MHBapHaHT CHCTeMbl BOMM3H pesonanca. On-
HAaKo IJIS pe30HaHCca BLICOKOrO NOpsaKa, Korja s > 7, HOBBIH HHBa-

pHAHT J, MPOCTO MPONOPLHOHANEH HMCXOAHOMY HHBapuaury J,. Cue-

1) 3ro 3ameyanue HEMOHSTHO M HECYWIECTBEHHO Aas AajbHeiimero. Kowneu-

HBIH Pe3yJbTAT He JOJKeH 3aBHCeTh OT BHOOpa NMepeMeHHOH 0,, B KadecTBe Ko-
TOpOH, KCTATH, MOXKHO B34Th ¥ Jw06yio KomGuuauuw 0., 9,, muHefiko neaasucu-

Myio oT 04.— [Tpum. peo.
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JOBATEbHO, CYIUECTBEHHbl TOJBKO DPE3OHAHCHl HM3KHX TapMOHHK Y).
TTockobky J, = const, TO ABHMKEHHE, OlpelensieMoe [aMHJbTOA

nuanoM (2.4.10) B mepeMenubx J 4, 81, HMeeT (AKTHUECKH OJHY CTe
IIeHb CBOGOABI H, CJelJ0BaTe/bHO, HHTerpUpyemo. HenoasuKHbIE TOUKH

J10» 9,0 HA dazoBoii niockocty J,, 0,, COOTBETCTBYIOLIHE MNEPHOAHA
YeCKUM peIleHHsIM JJ5 BOSMYLIEHHOIO TI'aMHJIbTOHHAHA, HAXOASITCS
13 YCJIOBHS

L o _o. (2.4.15)

8J1 aé-;

J19 HeBO3MYLIEHHOrO TaMHJAbTOHHAHA TNEePHOAUUECKHE pelleHHsl IIPH

pesonancHoMm snauenun J (2.4.3) BuIpoxkJeHBI 110 B, T. €. CYLIECTBYIOT

Aa8 Bcex B. BosMymenue cHUMaeT BLIDOXKAEHHE H OCTABASET TOJBKO

ICPHOJHYECKHe pelreHusi, yaoBJjaeTBopsitomue (2.4.15) (cM. Takxke 06-
cyxjlenue TeopeMsl Ilyankape — Bupxropa B n. 3.20).

O6oiuno amnautyast ®ypee H_,, ,s GHICTPO YOBIBAIOT € POCTOM p.

[TosTOMy HHTErpHpyeMOe [IBUKEHHE B MepeMeHHBIX J,, 0; MOKHO

OMHCaTh C XOPoiled TOUHOCThIO, yAepKUBasK JHIIb WieHb ¢ p = (), 4= 1:

H=H,(J)+eHyy(J)+2eH,,_(J) cos by, (2.4.16)

TJe NIPHHATO H_,, = H,, _s, UTO BCerja MOXHO ofecneyWTb TPHUBH-
aJ1bHOH 3aMeHOH 8 — 0 -+ const.

[Ipurenss (2.4.15) K I‘aMHJTbTOHHaHy (2.4.16), noayuaem

0o | ¢ oo | gg Mlrs (45, —0, (2.4.17)

81 0J1 dJ1

—2eH,, _ssin0, =0, (2.4.18)

M3 (2.4.18) crenyer cyluecTBOBaHHE ABYX HENOABHMKHBIX TOYEK 610 = 0
u 0,y = . I'lpu TouHOM pesoHaHce 2)

Ofo _, Oy ¢ Oy 1 s0y=0 (2.4.19)
aJ]. 6.!1 an
H ypaBuenue (2.4.17), onpeaensitoniee J 14, TpHHUMaET BHJ
ﬁ_fé& ig_af{fi;s_ = 0, (2.4.20)
dJ1 0J1

rJle NOJOXKUTENbHBI 3HaK cOOTBeTCTBYeT 0, = 0, a oTpruATeNbHBIR —
810 = §T.

1} D10 3aMeuaHue CIpaBeAIUBO, HO MO APYro# NpHYHHE: OOLIYHO, XOTHA H HE
BCEr]a, pe30HAHCHl BLICIIHX TapPMOHHK OYeHL cnalnie U COOTBETCTBEHHO 06J1ACThb
pesoHaHca ¢ H3MEHeHHOH TONoJOrHeH MHBADHAHTHRIX MOBEPXHOCTeH OKA3HBACTCS
V3KOH nMo nepeMeHHBIM Jeifictsus [cm. (2.4.31)}.— [Tpun. peo.

2) OTMeTHM, YTO YCJOBHE TOYHOTO PE30HaHCA MO HEBO3MVIEHHBIM 4acTOTaM
(2.4.19) cosmecTumo ¢ (2.4.15), BooGUle rOBOPS, NHIIL B HYJEBOM NMOPSAKe MO &
[em. (2.4.17)].— Hpum. peo.
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Pacemorpnm 1Ba ciayuas.

1. Pe3onanc B neBo3myuieHHOH CHCTeMe HMEET MeCTO TOJIbKO IpH
HEKOTOPBIX 3HaueHHax J, u J,. Takasa cucrema (H €€ raMHJbTOHHAH
H,) nasviBaercst wegoipoxcoenror t). dro Haubo1ee THIHYHBLL CJyyai,
NnpH KOTOPOM HEBO3MYHIEHHBIH TaMH/JIBTOHHAH Mocie rpeobpasoBaHus
3aBHCHT OT 00eHX MepeMeHHbIX AEHCTBHUA

Ho=Ho(Jy, 1)). (2.4.21})

2. YcioBue pesonanca (2.4.3) BhnogHserca LIs J00bIX Jq, Js.
Taxas cucrenia HasbiBaeTcsi suposcdensoin *). OUeBHIHO, YTO B 3TOM
cayyae

H0:H0 (SJI '%r;’g), (2.4.22)
u 1oc.1e npeodpasopauusa (2.4.6a), (2.4.66)
Ho=Hy (5], (2.4.23)

T. e. H, He 3aBUCHT OT J,. BrIpoxKJIeHHE 110 OTHOIUEHHIO K OAHOMY H3
epBUYHBIX DPE30HAHCOB JOBOJNBHO YacTo BCTpeyaercss B (PH3HYECKHX
cHcTeMax °), npejctaB/sonux HHTepec. OIHAKO 3TOr0 MOYTH HUKOIAA
He IIPOMCXOIUT 110 OTHOILUEHHIO KO BTODHUHBIM pPE30HAHCAM B CHJY
OYEHb C/IOXKHOH 34BHCHMOCTH HX YacTOT OT MEPEMEHHBIX JEHCTBUSI.
Oco6eHHOCTH BHIPOXK/JICHHBIX CHUCTEM paccMmaTpuBaiuch Lrepom u Jlux-
tenb6eprom (2121 u Hapaitesein {207 ]4).

Heeviposcdennaiil cayyari. V13 raMuabsToHHaRa (2.4.16) ¢ yuerom (2.4.21)
[OJyyaeM OLEHKH

»
~

J T~ SHr’ — Sy

~

0 ~1,

OTKyZ#a caenyer, yro (2.4.16) MOXHO pasjOXHTb B OKPECTHOCTH He-
TIOJIBHKHOI TOUKM MO rniepeMendoli J, (uo He no 0,). O6osnauas

(2.4.24)

AT, =T, —J10, (2.4.25)
HMecM
7 (7 T 0y aﬁo o S i RHy o~ 2
— l"‘“ e -— A _%‘ . . - .
Ho(J) h’ol-]o T 071 AJy - S GJI) ‘ Jl}
(2.4.26)

1) B opurunnage — accidentally degenerate (cayuafino BBIpOXKAeHHAH).
DTOT TePMMH HCIOJb3VETCS] B OTEUECTBEHHOM JInTepaType B COBEPUIEHHO HHOM
CMBICNIe, COOTBETCTBYIONIEM CJAYUAK 2, paccMOTpeHHOMY Humke.— [Ipum. nepes.

2} B opurnnane — intrinsically degenerate (BHyTpenHe BLIpOXKZeHHas).—
Hpum. nepes.

3) Hanpumep, B csyuae JHHEHHBIX HEBO3MYIleHHBIX KoneGanuii. Knaccuyge-
CKHM NpHMeDPOM BHIPOXKACHHS AJs HeaHHeHHON cuCcTeMnl aBasercs 3ajnaua Ken-
gepa (cM. 1. 1.3s).— [lpum. ped.

) JliobonnitHeie 3(pheKTH BLIPOXKIEHHsT PACCMOTPeHBl TakKxe B paforax
1134, 470).— Hpun. peo.
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Bropein usneHom B 1paBoi yactH (2.4.26) MOXKHO npenedpeun B CHIY
(2.4.19). oacrapass (2.4.26) B (2.4.16), omyckas IOCTOSHRYKO i yaep-

KiBasl JIMUIb YJjeHbl HHU3LIErc nopsaaka no € H AJ 1, HAXOAHUM ramuJb-
TOHHAH, OHHCbIBalOIILHﬁ JBHKEHHE BOJIH3H pe3oHatca

NH = —~G(AT\)’—F cos G, (2.4.27)
31 b G — napamentp HeAUHeIROCHU
G Jo)= ~LHo | (2.4.28)
941
a ) o~ —
F(Jol— — 2H, _\J,. (2.4.29)

ITOT NPHMEUATETbHBIE Pe3y./bTat IIOKa3blBaeT, 4To deudcerue 6dau3u
2106020 pesorarca t) noCobHo CeudiceHuI0 MAAMKUKA C €r0 KOTeOaHHIMH
BpanienueM M cenaparpucoil. [Tpubanmxenne (2.4.27) HCIOIbH30BaIOCh
YUupukosoiM [70] ® ApyTHNE aBTOpaAMH /15 OIIHCAHMUA THUIHYHOTO IO-
BeJIEHUS TaMHJILTOHOBBIX CHCTEM BOJIH3H pe3onanca; OHO XKe fABJIseTcs
OCHOBOH HAWIero II0X0Ja NpH H3YUYeHUH XAOTHYECKOTO JBHXKEHHS
B OKPECTHOCTH celapaTpHchl pe3onaHca. ['amuuabTonnan (2.4.27) aaetr
B HEKOTOPOM CMbIC.T€ YHHBEpCaJbHOE OMUCAHHe ABHXKEHHS BOJH3H pe-

30HaHca, MO3TOMY Mbl OyAeM uHOrja HaspiBatb AH cmandapmroim
eAMUNBIMOHUAHOM,

[TepecTpofika ABHIKEHHs IOJ AeHCTBHEM BO3MYylleHHs BOIM3H pe-
30HaHCa MJocTpupyerca na puc. 2.8, a. Ilpy GF >0 ycrojiuusas

H HEYCTOHUHBAS HENOBIXHblE TOUKH PacrogoxeHsl nmpH 0, = 0 u

B,-= @ cooTBercTBenHO. HacTtoTa KoJeGaHHi BOJIHM3H YCTOHYHBOH He-
MOJABUKHOM TOUKH (IlEHTP pe30HaHca) maJja:

= (FG)/s ~ (eH,,_J)"2. (2.4.30)

DTa ywacTora yMeHbuiaeTcs BIVIOTh A0 HYJA IPH PUOIMKEHHH K cela-

parpuce, oCraBasiCh BCE€ BpemMsa MHOI0 MEHbIIE 4YaCTOThI 82, KOoTopast
IIG TIOpPAJKY BEJIHYHHBI paBHa e€AHHHIE. MakcumanpHOEe OTKJIOHEeHHEe

AJlmaKc MaJIO, TPOHCXOAMT Ha cenapatpuce (Ipu 9 0) u paBHO
MOJOBHHE €€ UIHPHHBI

AJmaKC“Q( G )1/2 ~ (eH,, s (2.4.31)

1y TMpaBuabHee Obl10 Obl CKAa3aTh— THIIHYHOIO Pe30HAHCA, MOCKOJBKY «NpU-
O/11XKeHHe MafgTHHKa» (2.4.27) cnpaBeJJIHBO BCe XKe JIHIUbL NMPH ONpeleJeHHBIX
VCJIORHSX — TAK Ha3pBAeMOH VMepeHHOW HeJHHeHHOCTH, BO-MEPBHX [CM.
(3.2.36) ], u MajocTH KPaTHBIX rapMOHHK, BO-BTOPHIX (IIPOTHBONOJOXKHBIA MpPH-
mep cM. B paGote [471], § 4.2).— [Tpun. ped.
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LLeHmMp De3oHaHca
I KognedaHug qa3ssl

gencoampuca

Bpawlexue §ass!

bl

Puc. 2.8. ®a3oBbie TpaekTopud BOJU3H DE30HAHCA.
o~
a — HEBRBIPOXKASHHBIH caydgall; nonyuwiHpuHa pesoManca AJIM&KC ¥ uvacTtoTa ($aszosbiX KoJe-

Gauuit ©, Mass (~ el 2}, 5 — pupoxmenubiil cayuall; wuMpHHa PesoHanca NOPsAKA ETHHH LB »
a yacToTa NOpsAKa &E.
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BOnu3H LeHTpa pe3oHaHca (as3oBble TPAEKTOPUH SIBIAIOTCA 3/IHIICAMH
C OTHOIUEHHEM MOJyoceH

a ‘:( g ) (e, ), (2.4.32)
AD; G

[l mOJIHOrO peiuenust 3a7aud CJaef0BaJjJo Obl BBITOJHHTH Npeobpaso-
BaHHE K IepPeMEHHLIM JEHCTBHEe — YFoJ MeAJeHHBIX KosieGaHHi (MJIH
Bpauienusi), Oauako Takoe rpeoGpa3oBaHie HEOGXOAMMO HO CYHIECTBY
JTHILb TIPH yYeTe BTOPHUHBIX DPE30HAHCOB M Mbl OTVIOKHM €ro o 1. 2.46.

Botposcderiue. JIedcTBY S, KaK U B NPEAbIAYILEM CJAyuae, HO YUHTbIBas

He3aBHCHMOCTb raMusibTonHana Ay ot J 4 [eM. (2.4.23) |, BMecro (2.4.24)
MOyuaeM OUEHKH

71~8[_1,'_5, é-l’_‘-’ SHOyON SH,-‘._s, (2.4’.33)

g

H3 KOTOPBIX cJejgyer, 4TO OTKJAOHeHHe Mo J,; H 0,; oaHOro nopsjka,

[I03TOMY HeJb3si pasJaratb ramuibTOHHaH (2.4.16) Toabko mo /.,
KaK 3TO ObLIO CAesaHO Bblue. B ofuieM caydae AJIs1 aHaJH3a ABHKEHHUS
cucteMbl (2.4.16) MOXKHO mMepeliTH K HOBBIM MepeMeHHBIM JeficTBMe—
yroit (cM. . 1.3a). BuisichuMm cHavala ofumMil xapakTep JBHKEHHS,
pasnaras raMusibTOHHaH (2.4.16) B OKPECTHOCTH LEHTPA pesoHaHca

0, =10 no cremensivy AJ, u AG, = 0, 70 KBagpaTHUHBIX UJIEHOB.
HmeeM
Hoo\J) = Hoo (Fo) + 2000 (A7) - -T2 (AT P4 . L o
a7, 2 972
(2.4.34)
Hrw—s (‘7)=Hh~s (,70)-{———?—1-’1%([371)—{— 1 azH“r:.—s (A71)2+ v e ey
aJ, 2 97
(2.4.35)
cosﬁlzl—%(A51,|2+. . (2.4.36)

Jlunefinbie mo AJ; u/ensl BbIaAaloT B cHay (2.4.20); onyckasi nocTosH-
Hble, Mbl NIPHXOAMM K TaMHJIbTOHHAHY FapMOHHYECKOrO OCIHJJISATOPA

AH =—- G(AT\)*+ — F (AT, (2.4.37)
rue
G 9Ho 02, OHo 62[:1-0,0 P OZH;,-,_S , 1 (2.4.38)
a3 Zh 373

F=-—-2¢H,_.. (2.4.39)
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Ho npu Buipoxaenus mepsbii uteH B (2.4.38) pasen HYJIO, TO3TOMY
Kak (7, Tak ¥ F oKaspBalOTCH BEJIHUHHAMH Mopsijika €. JacTtora MaJjibixX
KoJiebanuil BOIM3H HeHTpa pe3oHaHCa paBHa

@, = (GF)' *~c¢, (2.4.40)
d OTHOUICHHE HOJI}'OCGI:'I AJTJIHNCAE —
3 12
;ggz(iq ~ 1. (2.4.41)
A B¢ G

B6uu3u neHTpa pe3oHaHca BBIPOXKACHHE ONPEIetsieTCd COOTHOWIEHHEM
(2.4.38) ¥ MPOHUCXOIUT NPH YMEHLIIEHHH IIePBOro C.TAraeMoro 10 HYJs.
Ananoruysein 06pasom BOJIW3H HEYCTOHYNBOI HENMOJBUAKHOM TOUKU

0, = = n noayuaiorcs runepGoIHUecKHe (Aa30BEIE TPAEKTOPHH C
ACUMNTOTAMH, HAKJIOHEHHBLIMH K OCH O, Iojx vriaamu -- y, Tiae

tg%:({;y2. (2.4.42)

[ToBefeHue BHIPOMKIEHHOH CHCTEMbI H/LTIOCTPUpPyeTcs Ha puc. 2.8, 0.
['py6o roBopsi, OHO NOXOKe Ha HEBBIPOKIEHHOE, €CJAH TOJAbKO (U == 0.
Pasanyng MeXAy HUMH, CYMIECTBEHHBIC A OTOOPAXMEHHH ¥ TEOPHH
KAM, o6cywxuatores B 1. 3.2a; TaM K€ KPaTKO PacCMOTPeH OCOObIH CJy-
yail G = 0. BooGule rosopsi, xapakTepHas AJs1 BbIpOXKJeHHA ciabas
HEJHHEHHOCTb NMPHBOAHT K CJOXKHOMY TOBEICHHIC CHUCTEMbI, TOTJA KakK
HEBBIPOXACHHBI C/yyall okasbiBaeTcs OObMHO 0o0s€e MPOCTHIM 15
aHa/Iu3a.

* 2.46. BropuuHbie pe30HAHCHI

Ecau Bo3sMylienue € He OYe€Hb Majso0, TO CYIIECTBEHHYIO POJIb HIPaoT
BTOPHUHBIE pe3oHaHch [cm. (2.4.9) ], KoTOpBIC HM3MEHANOT HJIH Pazpy-

1aI0T aauabaTHUeCKHH UHBApPUaHT J,. ITO PE30HAHCHl MEXKAY TapMo-
HUKaMHU (a3oBwX KoJeGanu¥ Ha nNepBUYHOM pe3onance (n. 2.4a) u ue-
BO3MYIIEHHBIMU KOJIeDaHHSMH OCHOBHOH 4acToThl ©,. B aanabatuue-
CKOM IIpejejie HX CTPYKTypa IokKaszaHa Ha puc. 2.9, a. YcrpaHeHue
MaJIbIX 3HaMmenaresJel BTOPHUYHBIX PE30HAHCOB MOXKHO ITPOBECTH 1O 06-
me#d cxeMme m. 2.4a, XoTs 37eChb HMEIOTCH, KaK OyAeT BHJIHO HHXKe, He-
KOTOpLIE JONOJHUTeNbHble OcobeHHOCTH. Haunem ¢ yepejneHHoro ra-
musbToHHana (2.4.10), B KoTOphI HEOOXOAHMO BBECTH HOBBIE IepeMeH-
Hble jefictBie — yroa (/,, @,) A1 daszoBbix Kosaebauuii. Bmecto pe-
imeHns ypaBHeHHs [amuabTona-—$ko0ou (1.2.50) wuccieayem, Kak H
B . 2.2a, ABHXKEHHEe B OKPECTHOCTH IIEHTPa pe30HaHCa C TOMOUIbIO
TEOPHH BO3MYLIeHHH. O003HauuM uepe3 K, npeofpasoBannbli [aMHJ/Ib
TOHHAH M, CJIEAys JOTMKEe NPUHATLIX obo3nayenuit, Oynem nucarep /[,
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BMECTO J o. B npuGamkerun (2.4.16) us (2.2.23) cpasy xe mosyyaem

Ko\ I1,15) = Hol 1w, Io) + 5111—-1%01% e, (2443

4 \ 4 »‘4’1

B
Puc. 2.9. ®azossle TpaekTopunit BOJIN3H BTOPHUYHOIO pe30HAHCA.

. _~ e~ TR - ~ Ll
@ — BTOPHUYHBIH pe30HAHC H®W, = (W, B NepeMeHHLX J,, 0,;; 6 — npeocGpa3oBaHHe K NepeMeH-

HBIM peiicTBHe — yroa /4, ©; HeBo3MYIeHHB X a30BuX KoJeOanHil Ha nepBHYHOM PE30HaHCE;
¢ — npeobpasopaHue X pe30HalicHBIM TNepeMeHHBIM BTOPHYHOrO pe3oHaHca,
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rae G 1 ®, — byHKuun /I, ompedensieMble BbIPAKEHHAMH (2.4.38)

H (2.4.40). Ecau ycpeanenue no 0, ciipaBefyIMBO, TO pasJoXKeHHe
(2.4.43) apnasierca QopmanbHuIM pemueHHeM 3agayd. OHO He 3aBHCHT
OT YIVIOBBIX TepeMEHHBIX, H, CJIeJ0BaTeJbHO, CYHISCTBYIOT B4 HHTET-

pana asuxenusa: I, = J, u [,. Ilpeobpasopague K nepeMeHHbIM [,
¢, nokKasauo Ha puc. 2.9, 0.
Urobpl yuectt 3hdeKT BTOpHUHOrO pe3oHAHCa, BOCCTAHOBHM YJI€H

H), oTGpouleHHbBl! NIPH YCpeiHEHHH 1O 0,:

Hy(J8) = 11, (7.8) — T, (J,9). (2.4.44)

ITpencraBum ero B Buje pajga ®ypobe
= / - Ll s =
- pl i L8 i1 L 0.], (2.4,
i, 2{ : H,,m(J)exp[L ~ 84 z( r +m) ] (2.4.45)

rjie WTPHX O3HayaeT, 410 4jeH ¢ [S + mr = 0 U3 CyMMBI HCKJIOUEH.
B okpecrHoctH nenrpa pesonanca (0, = 0)

g - 2 "H, ( T+ ATy Ts) exp [z 71 AD, + i(l S m) 52}.
l.m

(2.4.46)

Ilpeobpasys 3T0 Bo3MyumieHue K HE€pPeMeHHLIM JAeHCTBUe — YroJ
HU3LIEro mopsifika, T. e. AJAsl JHHeHHBIX KoaebGauuil mepeMeHHbIX AJ,
A0, [cm. (1.2.68) ], u o6osnauasi 6, uepe3 ¢y, HAXOTHM

K, — ;:J Hyl Ti0, 1) €xp [i (l —f- +m) q;z} eXp[i 1 ( 21:‘ )Uzsin @1].

r

(2.4.47)

rae R = (F/G)'®. Mul paccMarpuBaeM HEBBIPOXKIEHHBIH cJayuail ¥ 10.

TOMY TNpeHeGperaeM OTKIOHeHHsAMH AJ;, cuMTas MX MaJbIMH B CHJY-
(2.4.32). Pasnaras BTOpYIO 3KCHOHEHTY, IIOJyuaeM

Ky = 3 Tina (Tuod exp [in ey 415 m) @s]s - (2.4.48)

L.m,n

rje

R

a 7, — dyuguus Beccenst, M3 (2.4.48) [BugsOo, YTO BO3MOXKHEI pe-

Timn= Hi,m (J1072) 7[—:—( 2/y )1'2], (2.4.49)
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30HAHCHl MEXKAY P, U ¢y, NOSTOMY yCpeJHEHHE MO ¢, MOMKET NPUBECTH
K OTIMYHOMY OT HYJs1 pe3yabTaTy. UToOnl NOJYUHTH HOBHIEE HHBApHAHT,
3anyuleM NOJIHBIA FaMHJbTOHHAH, HCMOAb3Ys (2.4.43) u (2.4.48) B BHJe

K =Ko (I1,]5)+ &Ky (11,15,91,92), (2.4.50)

AHAJIOTMYHOM raMHJbTOHHAHY (2.4.1) ¢ HEKOTOPHIM HOBBIM MapaMeTPOM
BO3MVIIEHUS €,. DTa aHAJOTHS NMO3BOJSET A5 YCTPAHEHHS CHHIYJSP-
HOCTH BTOPHMUYHLIX PE30HAHCOB CHOBA HCIIONbL30BaTh METOJ, ONMCAHHHbII
B n. 2.4a. PaccMoTpum pes3oHaHc

o _p, (2.4.51)
ol q
rjie
~ 0
- aﬁ‘* — oy~ 1, (2.4.52)
~ 0K, _el2
1= & (2.4.53)

corjacHo (2.4.4) u (2 4. 30) Anasornuno (2.4.6) nepeiiieM K HOBBIM
nepeMeHHbIM 11, 1o, ¢y, Py C MEVICHHOH (hazoil

Pr=pP1—q Ps. (2.4.54)
CooTBeTcTBYyOIAA NPOU3BOAALIAsT QYHKIHS HMEET BHJ
Fo= (p 91— q @) Ty + @3 1. (2.4.55)

Ycpennenne (2.4.48) o Owictpoit dase ¢, ¢ yuetoM (2.4.51) npusoaur
K COOTHOIIEHHIO

nq+(i%+m)p=0.

rae [s/r — uejoe yHCAO. DTO COOTHOILICHHE Y/IOBJETBOPSIETCS, €CJH
B (2.4.48) OoCTaBHTBH TOJBKO ¢J1araeMsie C

n=-—jp, l=kr, m=jqg—Eks, (2.4.56)
rae j, & — mobuie uensle yucaa. [Ipu j = 4 1, Hanpumep, p-s rapmo-
HiKa (Da3oBBIX KoJeGaHHI Mo @; HAXOJHTCA B pe3OHaHCe ¢ ¢-H rapmo-

HHKOH KosebaHuil no @, = 0,; pesoHancam Gosee BHICOKHX IapMOHHK

OTBeYawT 3HayeHHs |j| >1. BromoaHsas ycpenHeHue AjasA TaMHALTO-
HHaHa K, nosayuaem

K

=Ko (11, 15) + &K, (1, T, 1), (2.4.57)
Ko (T)= K, (1, (1),1,(T)), (2.4.58)
K= ; K_,, e (2.4.59)




134 Trasa 2

B nocaenseM soipaxkenuy aMnIuTyna @ypbe j-i rapMOHHKH KosebGaHiit

10 (p, paBHa
K'—ip.fq - ;Fkr,jq—ks,—jp . (2.4.60)

[Tockonbky K He 3aBUCHUT OT (g, MBI CPA3y 2Ke NOJAyyaeM anuabariide-
CKHIl HHBAPHAHT ($a30BHIX KoJeGaHHH

72-_—124——;} [, =const (2.4.61})

(TakuM 06pasomM, (pa3oBLie KoaeGaHIs 0KA3LIBAIOTCS HHTEIPHPYEMBIMH).,
CpasuuBasi BuipareHus (2.4.57) u (2.4.59) ¢ (2.4.10) u (2.4.12), Bu-
JIMM, YTO BCE pe3yibTaThl 1. 2.4a NPUMEHHMBI H B OTHOIIEHHH BTOpPHU-

HOro pe3oHaHca (cMm. Takxe puc. 2.9, 6).

Annaumyda ¢asosserx Korebaruil, 151 ONEHKH BeJHYHMHEI BTOPHUYHOIO
pe3oHaHca Bo3bMeM Hauboabnmi 4neH B (2.4.60) clji=1u [ k]| = 1,
a TaKxe IOJOXHIM ¢ = |, 4TO OTBEYaeT PE30HAHCY C OCHOBHOH 4acTO-
TOH HEBO3MYIUEHHLIX KojebGanu# mo 6, —= ¢,. M3 (2.4.49) cneaver,
yTO OH NponopuyoHaseH GyHkHH Beccens

?p [(QIIIR)IM]’

npHYeM HHIEKC p — [LeJIoe YUCA0 U B cuny (2.4.51) uMeeT nopaloK &
Tak Kak [quaxc MOpALKA R, TO makcHManbdoe 3HAYeHHE apryMeHTa

(21,/R)' * nopsinka enuanner. OTcioga opH 60JIBIIOM p (ManoM &) GyHK-
uuio bBeccellss MOXHO OLEHHTH Kak

70(/\/ 2;‘ )N'é!_(g_]é)ws(_gi%?)‘;" (2.4.62)

M3 3TOro BhIpaxEHHs ciaenyer, 4yTo aMmauTyaa Pypee pesoHaHC-

HOTO YJeHa NPoNopupoHaibHa /{ °, TaK 4T0 pasMephl Pe30HAHCA GbICTPO
majgawT ¢ yoseanuem [ . 3amensisg B dopmyaax (2.4.30), (2.4.31) H_,
Ha K_, , 1 yunTbiBasg OneHKy (2.4.62), mpHXOQHM K 3aK.TIOUEHHIO,
YTO AMILTHTYJA U YacToTa KonebGaHwuil [, MeHbile, yeM 15 J, 1o Kpaii-
HEH Mepe B [(8""’2)!]”2 pas. SIBHOe BrIpaxKeHue AJIs TFAMUJILTOHHAHA
BTOPUYHOrO pe3oHanca GyAeT NoJiydeHO B I. 2.4B.

XoTs aHanu3 BTOPHYHBIX PE30HAHCOB IPOBOAMTCS AHAJOTHYHO aHAa-
JU3y TEepBUUYHBIX pPEe30HAHCOB, MOJVUEHHBIE pe3yabTaTnl 00,1a1a107
HEKOTOPhIMH OCOOEHHOCTAAMM. Tak, pasmep BTOPHYHOI'O pe30HaHca 3a-
BHCHT OT & 3HAUMTENLHO CHJbHee, ueM nepaiunoro (~ &%), nostomy
MPU AOCTATOYHO MaJOM & BTOPHUYHBIE PE3OHAHCH HECYIECTBEHHbI !).
C Apyroii CTOPOHbLI, NPH OTHOCHTEIBLHO GOJBINKHX & AJASl ONpele/eHUsd
rPaHHLUbI CIIPaBeAIUBOCTH aia0aTHYECKOH HHBAPHAHTHOCTH BTOPUYHLIE

12

1y HanoMHHM, 4TO 3TOT BBLIBOJA, KaK H BLIIUENPHBEleHHBIE OLEHKH IJsT BTO-
PHYHBIX PE30HAHCOB, CpaBENINAB JUIUL 1A MaJdblX (a3oBuIX KoaebaHuH Ha nep-
BUUHOM pe3oHance. BOan3u cemapaTpuchl pe30HaHCa I10JI0XKEHHE CYIECTBeHHO
uamenserca (cM. n. 4.36).— [lpum. ped.
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PE30HAHCHI MOTYT OBITh CTO.IbL K€ BaxKHbl, KaK W NepBIiYHbBE pe3o-
HAHCHI .

BricTpoe ymeHbuieHHe pasMepa BTOPHYHBIX PE30HAHCOB C BO3MYyIlle-
HyeM TIPUBOAKMT K YCTONUHUBOCTH JABHXKEHUS BHYTPH pPe30HAHCOB (B «OCT-
pOBax») MPH YMepeHHOH BesnyMHe BO3MYylueHHs1. BoJee Toro, aaxe npu
pecbMa O0OJBLIIMX BO3MVIIEHUSIX, Kak, HamnpHMep, B Civyae Ha
puc. 1.13, 8, HHTEerpaibl JBIKEHHA COXPAHAXOTCA HE TOIbKO BHYTPH
MepBHYHBIX, HO M BHYTPH BTOPHYHBIX pe3oHancos. CI1eICTBHSA 3ITOM
\CTOHUHBOCTH OyIyT 00.ee noxpo6HO PacCMOTPEHBI HHZKE.
Onucannasi npoueaypa vVCTpaHeHHs MaJ/lblX 3HaMeHarteTIedl BTOpHY-
HbIX PE30HAaHCOB B OKPECTHOCTH UEHTpaA NepBHUHOTO pesoHanca [213]
SIBISIETCS] OJHHM M3 BapMaHTOB MEMooa PeHopiaiudayui, B KOTOPOM
nmpeoOpasoBaHie OT Pe30HAHCAa N-TO NOpfAAKa K pesonancy (n - 1)-ro
nopsiikKa CTPOHTCS TakuMm 00pasoM, yToObl COXPAaHHTH (POPMY raMu/ib-
TOHHAHA, U3MEHHAS JHIUb ero NapameTphl. JTa Haesl ABJAAeTCS OCHOBOMH
HEKOTOPHIX METOJOB aHa/ M3a Nepexoja OT peryiasipHOro ABHKCHHS
K XaOTHUeCKOMY; 3TH MeTOAhl aHaausza OyAyT paccMOTpeHbl B .. 4,

R e —

2.48. Pe3oHaHCcHOe B3aMMOAEHCTBHUE BOJHBI H YACTHLbI

BepuenMcss k npumepy (B II. 2.26 — BIHSHHIO 3.JE€KTPOCTATHUECKO
BOJTHBEl Ha [ABI:KEHHE 3apsiKeHHOH YacTHIlpl B MAarHUTHOM nioge. Pac-
CMOTPHM CJaAyuaii pe30HaHCA MeXK/1y HEBO3MYIIEHHBEIM JapMOPOBCKUM
BpallleHHeM YacTUNbl U KoneGaHMSIMH BOJHBIL. Kaxk Mbl BUAE/AH BbllLE,
B 3TOM CJyyae He.1b351 HAUTH HHTErpa/bl ABHXKEHHS C IIOMOIUbIO KJIdCCU-
UeCKOH TeOpHHU BO3MYINEHHH M3-3a NOSIBJAEHHUS PEe30HAHCHBIX 3HAMEHA-
recreii. Oanako pe3onancHasi TeopHs BO3MYIUEHHH JaeT BO3MOMKHOCTh
YCTPaHHTh 3TH 3HaMeHaTe/H JokaiabHo. Creays pabore [267], pac-
CMOTPHM JBe 3ajayy: 1) BoHa pacrnpocTpaHsieTcss moj yIiaoM K Mar-
HUTHOMY 1010 (2, 5= (J), 4TO COOTBETCTBYET HEBBHIPOKACHHOMY C/aV4al0;
2) BOJHA pacIpOCTPaHseTCs] NepHneHAHKY/ASPHO MATHUTHOMY MOJIO
(k, = 0), YTO COOTBETCTBYET BHIPOKIEHHIO.

Hegoipoocdenroui cayvai. Ilpu k, 5= 0 ycaosue pesoHanca (2.2.71])
BHIMOJIHSIETCH AJAS1 pas/HYHLIX 3HAUEHWH M W MMIYJbCa 4acTHULI P,.
BribepeM omnpeaeneHHHH pe30oHAHC M = [ U nepeHjieM K Pe30HAHCHBM
epeMeHHbIM C HNOMOLIbI0 npousBoasmed ¢ynkuuu (2.4.5), koropas
AJd51 raMuabToHHana (2.2.67) npuHUMaeT BHMJ

Fy=(y—1g) Pyt P, (2.4.63)
Nmeem
2 . I ~ ~ K
B = ’ﬁ; Py-+Q(Py—1Pg)— Pyo -+ 2e® X, 7k p) X
2, m
X sin [$—(m—1) ¢, (2.4.64)

rae p — QyHKNUS nepeMeHHBIX JedcTBusl. [locraroyno OJH3KO OT pe-
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30HaHCa MepeMeHHas1 P H3MeHfeTCHd MENJIEHHO H MOXKHO ITpOBECTH YC-

peaHenne no GhiCTpoii ¢ase ¢. B pesyibrare ocraercsi eIHHCTBEHHLI
ydeH ¢ m = [ U ycpejHeHHBIl raMU/JIbTOHHAH paBeH

2 ~ ~ ~ ~ ~
He X2 P21 Q(By—IBy)—Byo-+ee®o7; (k.p)sind. (2.4.65)
2M
Ecanu nmpoussectn sameny P — 11_7_—}- /2, tak 410 sin P — cos |, To
A npumert Bupx (2.4.16). Tak xak H He 3aBUCHUT OT ¢, UMEEM

Po=Pq--1Py=D. (2.4.66)
Coraacso (2.4.18) u (2.4.20), nenoABHxKHblEe TOYKU COOTBETCTBYIOT
Po=0; 7 (2.4.67a)
. 2
K Py 19— 0= 2 ee®_ 2 7, (k.p), (2.4.676)
M dPy
rje
9 \12,~ ~
0= (m) (P,—1By)"2. (2.4.68)

¥YpaBueHue (2.4.676) HesIBHO onpene/sieT BeJHYHHY ﬁwo. JInneapusys
mo Py (Ho He 1o ), nosyyaeM TaMH/ILTOHHAH MasTHHKA (2.4.27) ¢ na-
pamerpamu [cMm. (2.4.28) u (2.4.29)]

&z
G=-"/"'/1_, (2.4.69)
F= —ee®07 (k. 00). (2.4.70)
Corsacto (2.4.30), wacrota Manwix]Ko/jebaHHII paBHa

o = "1,951_ (2.4.71)

MakcuManbnas amminTy/ja (Ha cenaparpuce) noayqaercs us (2.4.31)

- 20

APp maxe = “;“’ . (2.4.72)

Kak wy, Taxk U AP, yaxec TPONOPUHOHAIBHEL g2, OnpeneauMm ¢ no-
Molubio (2.2.71) paccrosiHpe MeXay COCeIHHMH DPE30HAHCAMU

~ MQ
5Py =2
P k§

(2.4.73)

OTHolleHHe YABOEGHHOH aMIMIHTYABl KoJeGaHHH HMIyJabca K pacCro-
SHHI0 MEXNY pe30HaHCaMH DPaBHO

QAﬁ\bmaxc _ oy . (2.4.74}

6T9¢ Q
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Boipoxcoeriue, CpaBHHM 1OJTyYeHHBIE Pe3YJbTaThl C BBIPOXKAECHHBIM CJIY-
qaeM, KOraa B ramusbronuane (2.4.65) k, = 0. IlpoBoas pasnoxenue

B OKDECTHOCTH LEHTpA pe3oHaHca Kak 10 APy, Tak u no Ay, npuxo-
JIUM K TaMHJbTOHHAHY rapMOHHUECKOIro OCHMJIISITOpA C

02
G=sgedy = 71 (k. o), (2.4.75)
F=—ee®y7;(k.po). (2.4.76)

Hacrora MajbiX KoseGaHHE H MakCHMa/JbHOE OTKJ/JOHEHHE HMIIY./bCa
PaBHBI

~ 2 1/2
Gy = | eoFi — — 7, (2.4.77)
6P¢ ’
AP g wae = 2“;* , (2.4.78)

3aech ®, UMeeT MOpsloK €, a A~15¢ maxe MOPsiIKA equHUUbl. CpaBHUBAs
(2.4.77) ¢ (2.4.71) u (2.4.78) c (2.4.72), MBI BUJMM, YTO NPH BHIPOXKIEHUH

YacToTa MajblX KojeGauuil B € /2 pa3 MeHblle, a MaKCHMajlbHOE OT-
K/JOHEHHE HMITYJIbca BO CTOJBLKO e pa3 6oJblue, YeM NPH OTCYTCTBHH
BLIPOXKAECHHUS .

B orauvuyme or ciyyas BOJIHBI, PAacnpoCTpaHAMIIeHCss M0X YI/IoM
K MAarHHTHOMY IIOJIIO, 4acToTa BO3MYLIEHHA Tenepb (PUKCHpPOBaHA H
paBHa ©, NO3TOMY DE3OHAHC BO3MOXKeH C OXHOK H3 TapMOHHMK YacTOTHI

2, XoTAA M NpH PAa3HbIX 3HAYEHHAX HMIYJabca Py. JleficTBuTeNBHO,
noncraBuB k, == 0 B (2.4.676), nosnyyaem ypaBHeHUE

@+ 1Q & ee®; —2— 7, (k.p) =0, (2.4.79)

9Py

onpepesiomee 3Hadende Py, 115 HeNOABHKHLIX TodeK. Kopnu 3rtoro
ypaBHEHUSI JieXaT B  HEKOTOPOM HHTepBaJje 3HAaueHud k& p.
st o 4 2 = 0, HanpuMep, X MOXKHO HAHTH H3 YCJOBHS

9 7,(kp)=0. (2.4.80)

oP,,
Ecau xe o + IQ = §w, 10, cornacuo (2.4.79), pesonanc HMeeT MeCTo
IIDH YCJOBHH

(2.4.81)

eeD, .? F1 (klp)
aPﬂ,

B paCCManHBaeMOﬁ 3aaauye BhHIPOXAEHHE BO3HHWKAeT, KOIJlJa HAIlpaB+
JIEHHE€ DpPaCrnpoCTpaHeH¥sT BOJIHbI CTAHOBMTCSI HOPMAJLHBIM K MArHHT-

=~60)
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HOMY 1nog1o. YToObl yBHAETb, KakK HPOUCXOJUT Nepexoi, ydTeM U.IeHb]
nopsifka & B Bhipaxenuu (2.4.38) mias napamerpa G:
2

kz a2 ,
G=—2-1 ce®y —2— F,(k_p). (2.4.82)
M apfp ‘

BripoxaeHue Hactynaer npu

kg ' 52 ; .

—Z <eey — 71 (k. pll. (2.4.83)
M | 0P

Bmopuunvie pezonarcet. JIisi noayyeHus raMuJIbTOHMAHa BTOPHUHOTLG
pe3oHasca, Kak U B n. 2.40, nepeiinem K nepemennniM [, 8 /g Maibix
(pasosnix xonebauuit. Ilpu k, = 0 Haxonum

Ko(f,ﬁw):'{owlw—% GI24- . . ., (2.4.84)

F=fot () sm0+0@, (2.4.85)

roe G u ‘;m onpeieasioTcsa BhIpaxeHusMH (2.4.69), (2.4.71), a R =

' D] o
— (F/G)"*. Husumi NOPAAOK BO3MYIIEHHS BBIPAXKAETCS B INEPEMEH-
Heix /, 0 awasoruuno (2.4.47)

Kl-:eCDOEym (k_p) sin H;O+ (\%)l"‘gsinem(m——l) ﬂ _

m+#l

=e(DoE Fm(R.0) Fn [(—%—)' 2] sin [\Fo+ nd — (m—1) 5]-

n,m#l

(2.4.86)

OcTaBasis rJ1aBHBIH UJeH CyMMBI ¢ m = [ -+ 1, pJd pe3onaHca rapmo-
HHUKH N1 MoJydaeM

K, = K, sin ({, -+ nd— ), (2.4.87)
rae

K, =e®y7,11(k.0) ?ﬂH_Q}é_)}l,z.

TIepei’uLeM K HOBBIM MeJJIEHHBIM II€PEMEHHBIM

§ = nb—g +1~p0——4’2‘—, (2.4.882)

[ =nl. (2.4.886)
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Yepeanssa (2.4.86) no GeicTpoil ase ¢, HaXOJAHM TdMHJIBTOHHAH BTO-
PUUYHOTO pes3oHanca

AK — _;_ G.(AT)*— F,cos@, (2.4.89)

rae anst Gy u £ ¢ nomompbio opmya (2.4.84) u (2.4.87) npu & =
HNEeeM

G, = _% ne, (2.4.90a)
F,——K, (2.4.906)

Hacrora MagablX Ko/eOaHHH M MakCHMaJbHOE€ OTKJ/JIOHEHWE HMITyJ/bCa
AHAJOTMUHO TPeAbIYiIEMY PaBHLI

o, =(F.G)"?% (2.4.91)
AT yane — _‘%;’s . (2.4.92)

Paccrosinne 61 Mexay COCEAHHMH BTOPWUHLIMH De3OHaHCaMH (rap-
NMOHMKH 1 U 11+ 1) MOKHO Ha#iTH, Hcnosb3ys (2.4.886) U cooTHOUIEHHS

NGy —Q =0, (n+1)(€5.¢+ Gs:’ )rsz:o, (2.4.93)

OoTKYJaa (npu n > 1)

8T = ‘?‘b , (2.4.94)

C nomomipbto Buipawkenust (2.4.92) nast Aly.xe nojdydaem A1 BTOPHU-
HOI'O pe30HaHca .

2A Ijjanc — 4;?.)5 , (2495)
61 wﬂ,

YTO COBMajaer no (opMe ¢ anaJOTHMUHBLIM COOTHomeHueM (2.4.74) pus
MepBHYHOrO pe3oHanca. Ilo MHAYKUUM 3aK/ai04uaeM, YTO ITO OTHOLIEHHE
COXpaHseT CBOH BHA M A/ Pe30HAHCOB 0o0.ee BHICOKHMX YPOBHeEH (Tpe-
THUHBIX M TaK Aajee), T. €. OHO SABJISIETCS YHHUBEPCAJbHBIM. 3aMeTHM,
YTO BTOPHYHBIM K 60Jlee BBICOKOTO YPOBHSI pe30HAHCAM OTBeYaroT He-
BBHIPOXKJEHHLIE TaMHJILTOHHAHEI,

Hucaenrnoie sxcnepumermer. [lerajbHpie YHCIeHHbIE HCCAe10BaHUs ObLIH
BoInoaHeHbl Cuutom H Kaydmanom [385, 386 ] ansl HEBHIPOXKAECHHOTO
cayuvast (Kocast BosiHa) H Kapuu, Bepcom, dykysmoft u ap. 1222, 220,
1451 nasi BeIpOAKIEHHOrO cayuasi (MepHeHgHKyJ/spHAs BOJHA).

~Las koco# Boausl Cvut 1 Kaydman HecienoBaiu ABvzxenHe BOJAU3H
pesonaHcoB ¢ [ = k,0,/Q = —1; 0; 1 B cHcreMe OTCYeTA BOJIHKI

{0 = 0). Onu BuGpatu k£, (2E/M)'?/Q -=1,48, rage E naercst Bupae-
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TPH peaOHaHca.

—_——— m — e e - —

Kr2
nz

Puc. 2.10. [ToBepXHOCTE CeUEHKS B NEpeMeHHbiX R0,/ o Py u k2 = ¢ B cay.-
yae B3aHMONEHCTBHA YacTHIB ¢ Koco#l (k; = 0) BonHOH (unciennoe MoZeJHpO-
BaHne) (MO AaHHbLIM paGorel [385]).

a — caaloe BosMylleHHe (5 = kge ¢0/M02 = 0.025); 6 — CHNBHOE BO3MYIIeHuEe (5 = 0,1).

YycaeHHbe pesyabTaTsl NPefcTARAEHbL! TOUKAMH, KOTODHE CO@NHHEHB! OT PYKH CIJOWHbIMH
MIHHHRMH (W18 peryiaspHbX TpaeKTopnil), HaualbHeie YyCAORBHA OTMedeHb KpecTHKaMu, BHAHB)
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Huem (2.2.66) npu o =0, e= 1 u k, = k,, uTo obecneyusaeT GJIH3-

KO€ K MAakKCHMa/jbHOMy 3HaueHue (yHknuud bBecceas 7; (k. p). HUx pe-
3yAbTAThl IJI 3aBUCUMOCTH U, (o< Py) oT ¢ npuBenens Ha puc. 2.10, a

kp

\ ....."-"'x"""‘“.. _J\ . ...
- o vesenn » -‘-‘. T bvase e e
*: et 0 Lo et es

¢ /ﬂ".q..__,.. ' ‘.-......_.“. \

'
/ - g D gy S W e A "
y - X
~ "~

- —
e,

anst®
.y -
P
bl TR TR TP d st
. .. s ane?*
-eet st neunarin 4 Ae B Sray
-

-
.~
-
L
...I.

a s = 4 =
- VD Mg 28 uprn  Srrmeme  § WS Telae e

.. . N

. _G. resamt & o
el *a - .ot s
L3 - . '

[P R ——— )

——— s @t 8 42 A GO
e ma A
(AL .
PR
“we .

Puc. 2.11. To xe, uto ¥ Ha puc. 2.10 pgast k; = 0 u ©/Q = — 30 (10 JaHHKM
pabote [219]).

a — cJgafoe BoaMylleBHe; 0 — GoJlee CHJAbHOE BO3IMYylleHHE,

u 6 npu k2e®y/MQ? = 0,025 n 0,1 coorsercrenro. Ha puc. 2.10, a
BHJHLI NEPBHYHBIE DE30HAHCHl, OTHOCHTEJIbHAs YacTora MajibX (aso-

BBIX KOJleGaHMil KOTOpPHIX paBHa /L = 1/10, uro cornacyercs ¢ ¢op-
MmyJiolt (2.4.71). BropruHble pe30HAHCHI B ITOM CJaydae C/JAMIIKOM MaJbl
M nosToMy Hepasdiauuumibl. Ha puc. 2.10, 6 BHIHBI BTODHYHBIE DE30-
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HAHCHl NATOH TapMOHHUKH, T. e. € 4yactoToil wy'Q2 = 15, uro onars
corjacyercs ¢ (2.4.71). Pasmepbl BTODHYHBIX Pe30HAHCOB MOXKHO [IPH-
OJU3UTETBHO BBIMMCINTL M3 cooTHomneHusa (2.4.92). Pas6pocanHble
B OKDPECTHOCTH cenapartpHuc pesoHaHcos { = — [ u [ = 0 Touxku npea-
CTaBJSIIOT CTOXAacTHyecKHe TpaekTopuu (cMm. § 1.4). Pemenus, noay-
yeHHble B JAHHOH T1aBe C MOMOIIbI0 METOAa YCPEIHEHHS, COBEPIIEHHO
HEe OTPaXKarT CToxacTuueckoe mnosejenue. OOpaTHM TaKXKe BHUMAHHE
HA PE30HAHCHI BTOPOH TapMOHUKH, PACIOJOXKEHHBIE MEXAY 0071aCTSINMH
IVIaBHEIX pE30HAHCOB; 3TO sBJEHHE OOCYXKIAeTCs B TMOCAeqYIOLUX
rjlapax.

ConocraByM 3TH pe3yJbTaTbl C TeM, 4TO MOJyyYaeTcs B ciaydae mnep-
NEHAHKYJIsIPHOH BOJHEI, KOTOPHI 4HCAeHHO HccaenoBan Kapuu (219 ).
Ha puc. 2.11, o u 6 npuBeeHbl ero pe3yabTaThi A/ [NOBEPXHOCTH Ce-
yeHusl ¢ = 1 1pu ! = — 30. OTHOCHTE/ILHAS YaCTOTa MaALIX (Pa30BhbIX

KoleGaHHfi MepBHUHOrO pe3oHaHCa o —= /2 & 1/9 aaa meHbllero
BO3MYLIEHUs U o =~ 1/d ans Gouabwero. B nepsoMm ci1ydyae HHBapHaHT-
HBle KPUBbLie MOYTH COBMAAAIOT C IIOJYYEHHBIMH H3 yCPEJHEHHOro ra-
muJabTOHMaHa (2.4.65) ')} npu k&, = 0. Ilpu GoablueM BO3MYIlleHHH BO3-
HHMKaeT, KaK H OXKHJaJOoCh, LIeNoYKa U3 IISITH OCTPOBOB H APYTHE YiKe
NPUBBIUHEIE HAM JeradH. Pa3mep TepBHYHbIX DE30HAHCOB IPHMEPHO
OJMHAKOBHIl B 060HX C/Iyyasx, MOCKOJNbKY, KakK ObLIO [OKa3ano BhILIE,
3TOT pa3Mep HE 3aBHUCHT OT Bo3MyiueHusi. Kak H 1/s1 KOCOH BOJHBI, HC-
cJIefioBaHHe TIPOBOAMJIOCH NPH 3HAYEHHAX R, 0, OJIU3KHX K MaKCHMyMYy
Fi (k. p). Anajornunsle pe3y/abTarhl st APYToil 3agayd ObLIM MOJY*
yeHbl Popaom H Jlanchopaom [134 ].

2.4r. TaobGasbHOe ycTpaHeHWe pPe30HAHCHBLIX 3HaMeHaTeqeH

Tenepn Mol onumen meron, JIJIT (ynnera—Jlefinra-—Tednopa) [1111,
NO3BONAIUMNA B HEKOTOPLIX CaydasiX YCTPaHATh 3HAMEHATENH Cpasy
BCEX IIEPBHUYHBLIX PE30HAHCOB. DTOT MeToj Obl1 BHAyale HCUOMbL30BaH
NpH H3YYEHHH JABHKEHHsI 3apsIKeHHOH YaCTHUILI B [POCTPAHCTBEHHO
nepHoAMyecKoM MarHuTHOM noJe [111], a nosxe npumenen aias aHa-
JIH3a PE30HAHCHOTO B3aHUMOJEHCTBHS BOJHBLI H dacTuiibl (1. 2.4B); mno-
CleIHHH CJayyaH paccMOTpeH Huxe. OfoblueHHe 3toro merona Ha 6o-
JIee BLICOKHMe I[IOPSAKM 0 NapaMeTpy pasJjoxeHHss BoinoaHeno Mak-
Hamaponi [290 | 1 Gyget onucano B KOHUE CJAEAYIOMEro naparpada.
Meron JIJIT 6w paspaGoran A5l H3yYeHHsS] aBTOHOMHBIX CHCTEM
C ABYMS CTefeHsIMU CBOOOABI M HEBO3MYIEHHbIM raMH/JbTOHHaHoOM M
CNEeNHaMbHOTO BUAA
Ho () =a () + 04/, (2.4.96)

rje @, — IOCTOsIHHAA 4acToT4d, TadK YTO 06€ YaCTOTHI W; U W, HEC 3a-

1) Toavko ans onvoft (Mo-BULUMOMY, TNpaBol) MONOBHHB TMOBEPXHOCTH Ce-
uyennsi ta puc. 2.11. Aas apyroit nosoBunbl dasopsle kKoseGanys CBI3aHbL C WJje-
HOM m = | B ramunbToHnate (2.4.64) (| m-—IL|{= 1). To XKe Kacaercs H yacTOThl
Majablx KonebGaHuil, HampuMep, 3HauveiHe & = 1/5 OTHOCHTCA TOJIBKO K HPaBOMY
pesoHaHcy Ha puc. 2.11, 6.— Hpum. ped.
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BHCAT OT OAHOH H3 TepeMeHHHIX AeHCTBHS (B HameM cjayuae oT J,).
Takag ¢opma raMu/1bTOHHAHA He ABJSIETCS HCKJIOUMTE/ABHOH H JaxKe
THIIHYHA AJ5 HEAaBTOHOMHBLIX CHCTEM ¢ OJHOH CTelleHbid CBOGOALI, KO-
TOpbie MOXKHO H3yyaTh B paciudpeHHOM (Ha30BOM NPOCTPAHCTBE (CM.
n. 1.20) 1.

Meron JJIT ucnonnsyer onpenesneHHyio c¢BoGoay B BbOOpe MTEr-
paJjios aBHxKeHHA. Ia nosBepxHocTH ceyeHuss 0, = const MHBapHaHTHLIE
JHHHU SIBJASIOTCS NPAMLIMH J, = const. Ho u mwo6as dynxuusa [y (/1)
TAKXKe TIPHBOAHUT K 3THM K€ IIPSIMbIM

I4(J4) = const. (2.4.97)

[lostomy [, TOoxe MOXKHO paccMAaTPHBAaTh KaK HHTErpaJ HEBO3MYLIEH-
HOTO ABHXEHHA H BbIOMpATh €ro KOHKPETHYIO GOopMY 10 CBOEMY YCMOT-
PEHHIO.

HenpurogHocthk KiaccHyecKod TeOpHH BO3MVIIEHHH 171 ONHCAHHA
ABHXKEHHs1 BO/M3M pe3oHaHca o6cyxpastach B n. 2.20; TaM ke U B
1. 2.4B GBIIH pAacCMOTPeHBLI KOHKPETHLIE NPUMEDBI Pe3OHAHCHBIX 3HaMe-
nareseil. Heynaua xuaccuueckoro mopxoga uMeeT NMPOCTOE (PH3HYECKOE
oObsICHEHHE: TOIOJIOTHSI MCTUHHLIX HHBApHaHTHBIX KpusbiXx / = const
OTJIHYaeTcss BO.TH3H pe3oHaHca OT TOIOJOIMH HeBO3SMYIIEHHBIX HHBa-
DHAHTHBIX KPHUBEIX [, = const. Boo6ie roBopsi, mpy Ma/JoM € JIHHUH
Iy el = const MOryT TOIIOJIOTHYECKH OTJHYATbCS OT JUHUH [y =
= const, TonbKo ecau /[ Beauxo. [TosToMy mosiBienye COMLIIMX 3HA-
4eHHH [ eCTb IIPOCTO OTpakeHHe TOMOJMOrHIeCKUX U3MEHEHHH B TeOpHH
BO3MYLIEHHH. DTO HABOAUT HA MbICJL O TOM, UYTO MOXKHO YJYUIIHTh
TCOPHIO BO3MYILEHUH, €caH BbIOpaTh TaKHe HEBO3MVIIEHHbIC HHTETpAaJIbI
JIBH2KEHHs1, 4TOOBI OTJIHYHMe B TOINOJOTHH 00ecClie4MBajoch LPH MaJbiX
/,. Tak 6yner B ToM cayuae, Koraa df,/dJ, obpaliaercs B Hy/b, T. €.
UHBapUanTHBIE KpuBbie [, = consl cOOTBETCTBYIOT MAKCHUMyMy WHJH
MHHAMYMY NO HEBO3MVIIEHHOMY IEHCTBHIO J ;.

Teopus eosmyuequii. [l NOCTPOEHMST pasJyOXkKeHHs HOBOIO HHBAapH-
auta [ 3amerum, urto, coriacHo (1.2.21), mo6ofi uHTerpat ABHXKEHHS
YIOBJIETBOPSIET YCJOBHIO

[/, H1=0. (2.4.98)

Pasnarag H u [, noilyuyaem
H(J,0)=H,(J)+eH J, )+ . . ., (2.4.99)
I(J, 0)=1,(J)+el,(J, )+ . . ., (2.4.100)

rae [, BeIGpaHO Tak, uTo siBasiercsi GyHKLHEH Tosbko J,. [IpHpaBHH-
Bass KO(MPHUIUEHTHl NPH OJUHAKOBBIX CTENEeHsX &, HaxoAuM, 4TO B HY-

JEBOM TIOPpAaKe YCJIOBHQ
(lo, Hol=0 (2.4.101)

1y Metox AJIT npuMeHHEM H HEMOCPEACTBEHHO K HEABTOHOMHBIM CHCTEMAM
C OZHO} CTeleHplo cBoGOabl, npuuyeM 6e3 orpaHMyeHHli Ha Buj HEBO3MYLIEIHOTrO
ramuabtTounana Hy (J).— pum. ped.
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BCErja YyIOBJeTBOpAeTcH, W60 no nocTpoeHuto {, 1 f, He 3aBHCAT OT
YIVIOBLIX I€peMeHHBX. B mepBoM nopsinke uMeeM

[11’ H0]+[10o Hl]=0’ (2°4102)
HIIH
ol o/, _ dly dH,
W, 2, + 0, 0, — s do, " (2.4.103)
Pasnaras H, n I, B pax ®ypoe
Hy =X H,, (J) e WOt (2.4.104a)
lLm
Iy=Y [ (J) ¢ 00tme (2.4.1046)
lm
noaydaeM u3 (2.4.103)
(o1 - moy) 1), =1 ZS Hip. (2.4.105)
1
UTob6b! HAHTH WHBAPUAHT, TOJOXKHM
dly _:lIrIn’Cl,,m,(ml[’—J-mgm’)’ (2.4.106)

dJy

rae Cy,m' — HeKoTOphle KO3(pbHULIMEHTH, a Npou3BejeHHe Oepercs o
BCEM TEM 3HAYEHMAM HHJAEKCOB {', m’, JAAf KOTOPHX aMILIUTYAH Pyphe
Hy, e otnuanel ot nyasi. [To nocrpoenuto dfy/dJ obpauiaercss B HyJIb
Ha KaXkJIOM pe30HaHCe, M BEJIHYHHLI [, coriacHo (2.4.109), okasbl-
BaloTCsA KOHEYHLIMH. HOBBIH HHBAPHAHT UMEET BUJ

I =1,+¢el,=const, (2.4.107)

rie /, naxonurcs wHterpupoBanueM (2.4.106), a /, onpenensiercs pa-
BeHcTBaMHu (2.4.105) u (2.4.10406).

Pesonanc 6oana — wacmuya. asi MaMOCTPaUHH MeTofa PacCMOTPHM
raMuJbToHHAH (2.2.67) nJs BOJHBI, PacnpoCTPaHSIOWEHCS NON YIVIOM
45° k MaruutTHomy nosio [403 ). Tlepefinem B cucremy oTcueTa BOJIHEL
(0 == 0) u BBeneM GeapasMepHLIE NMepeMeHHwe: R, =k, =1, Q =1
M =1, e®y =1, p = (2P,)""*. Hneewm

H=-LPitPote 3 Tn@sin(h—my).  (24.109

11 =—00

B coorserctun ¢ (2.4.106) nosaraem

ale & .
dPy m-_lloo Cn Bymm)=
x PQ
=ap, [1{1— —‘g_) —sin Py, (2.4.109)
m

m=1
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C noMoinuplo Buipaxenust (2.4.108) naxogum

[n=sinmp,Zme) (2.4.110)

Py —m

HMurerpan aBuxeHMsl nepBOTo nopsiika paBeH

[ =-L cosPy—esinnPy Y 7.m(0) Si“}f‘" —m9) . (2.4.111)
T m

2
Kz Uz

2

——— ..,

, <
0 %‘kzz
, :

Puc. 2.12. To xe, uto u Ha puc. 2.10 coraacHo teopuu HAJIT mepBoro nopsuxa
(o aasHBIM pabotel [403]).

3aMeTHM, 4YTO BTOPOH UJ€H 3TOr0 BBIPAMXKEHHS OCTAaeTcsl MajbiM Jaxe
NnpH pe3oHaHCAX.

Ha puc. 2.12 nokasannl WHBapHaHTHBIe KpHBLIe / = const na mo-
BEPXHOCTH CeyeHusi ¢ = 1t J/1s Te€X XK€ 3HaYeHHH napaMeTpoB, YTO
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H pe3yabTaThl YHC/JAeHHOro MopeaupoBaHus Ha puc. 2.10. Corsacue
MEXYy 3THMH DHCYHKAaMH Xopolllee, XOTs, KOHeUHO, 00/acTH XaoTH4e-
CKOTO [BMXKEHHS, KOTOpble HaGIiAaloTC MPUH CHILBHOM BO3MVILEHHH
Ha puc. 2.10, 6, Hesb3s MOMYYHTL U3 UHBAPHAHTHBIX KPHBBIX.

Omdeasroul pesonarnc. CpaBHAM HHTerpan asuxends [ B meroge LJIT
¢ WHTErpanoM pe30HaHCHOH TEOPHH BO3MVIUIEHHWH B c/ydae ONHOrO pe-
30HaHca. J[1s raMuJbTOHHAHA

H=a(J))+ 0,J5-}- A sin (10, —mb,) (2.4.112)
npeobpasoBaHie (2.4.6) K pe30oHAHCHLIM NEPEMEeHHRIM AaeT
H=a(l]))+o:(Jo—mJ,)+-eAsin 0, (2.4.113)
Tak kax H wHe 3aBHCHT oT 0,, TO J, = const. [Tockoneky H = const,
TO
I=a (17))—mwyJ; +eAsin B, (2.4.114)

TaKxkKe spiasiercss uurerpasom asu:xkenusi. Ilpumensia merox HJIT, mo-
aydaem u3 (2.4.106) ypaszenune

al, da m g
e —— (l)'.‘. 2.4‘11'5 l
dl,  dJ, e ( )

B pesyabrate npHXOJMM K HHTErpasy -ABHKeHHSA [, KOTOPLHIH TOYO

coBnazgaer c¢ /.

Pacnpocrpanenue metoga AJIT Ha Gosee obuge, ueMm (2.4.96), ra-
MUJIBTOHUAHBI O CHX NOp He cAenano. HesCHO Tak:ke, KaK BLIOMpATh
[, B TeX cayyasix, Korja amIVIMTYAbl fj, BCeX TapMOHHK OTJIHYHBL OT
HyJ5l, TaK KakK NpH 3ToM Tpou3BojpHas dly/dJ; noxxHa obpauiarhes
B HYJb JJ/5 BCeX palHOHAJbHBIX 3HAUEHHH OTHOIUEHMS 4YacTOT. 1eM
He MeHee B npejetax 3THx orpanvuenuil merox IJIT Becbma noJeseH
1751 I106aNbHOTO YCTPAHEHUsT PE30HAHCHBIX 3HaMeHaresaed ).

§ 2.5. Meroa npeoG6pasoBanuit Jiu

IIpH HCIOJIL30BAHMM TEODHH BO3MYIIEHHIH 4acTo HEOGXOAUMO HMeTb
pasJioxkenHe BHIIE TE€PBOro: nopsiaika. Tak Onl10 B 3ajgade XeHOHA U
Xefeca (cM. n. 1.4a), rae{s cuny BoipoxaeHus norpe6oBajoch Mpo-
BECTH BBLIMHMCJIEHHSI 110 KpalHell Mepe BO BTOPOM MOPsIAKe, YTOOBI I10-
JYHUTh XOTh KaKOE-10 MpejrTaB/ienHe 00 HUCTUHHBIX (PA30BBIX TPAEKTO-
PHSIX #axKe IIPH HH3KOH 3Heprud. kmerorcs W apyrue ciaydad (cum.,
nanpumep, n. 2.58), Korga B NepBOM MOPSIIKE NOJIYyYaeTCsl HYJEBOI
pesyJbTar, a OTJMUHBEIE OT HYJS WJIEHB BOHUKAIOT TOJILKO BO BTOPOM
WAl 60Jilee BBICOKHX IOpsaKax.

1) Otmernm, yto npeumymectso Meroga HJIT peasibHo mposBafeTcs] TONLKO
B TOM ([O-BHAHMOMY, PEIKOM) cayuae, Koria noadopom xospduunedtos Cym npo-
usseneuue (2.4.1006) MOXHO mNpejACTaBHTb KaK AOCTATOYHO NPOCTYI0 (DYHKIHIO
— Hpum. pead.
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[Ipumenenne kaaccuuecknx wmeromoB [lvankape—lleitneas ana
Pa3JIOKEHHS BBIIE [EPBOTO NOpsiJKa CTAHOBUTCA Bce Oosee U Gosiee
yToMuTesnbHbM. [Tpu kiaccHueckom moaxoge st 1peoOpasoBanuil OT

CTapLix mepemeHHbIX J, @ K HOBHM J, O HCTO/NB3yeTcss MPOH3BOAAIIAS

¢YHKIUS CMelaHHoro Hafopa nepeMeHHbIX, Hanpumep S (0, J, 1).
B pesyjibrare U camo npeobpa3oBaHUe TAKKE I10JAYYAETCST B CMEILIAHHbIX
[ICPEeMEHHBIX

8(0,7, )= 25 (6, 4 1) . (2.5.1)

B TO BpeMst KaK JKelaTeJbHO OBLIO ORI ONPeAENHTH HOBbIE MepeMeHHble

KaK ¢GyHKUHH ctapeix O (0, J, f), nan naobopor. To e camoe crpa-
BEVIMBO H [JJ/Is COOTHOIUEHHS MEXAY HOBBIM H CTapbiM I'aMHJ/bLTOHHA-
HaMH

H@O,7,0)=H@,J, 1)+ 23 ("é;” ). (2.5.2)

Ecau H, H u § M0X#10 TIpeICTaBUTh B BHJE PSJOB MO CTENEHSIM &, TO
OTHOCHTEJbHO HETPYAHO NOJVYHTE pasfJoxKeHHe B Mo6oM nopsake (34 ].
Oxanako yxe BO BTOPOM NODPAJKE MO € MOSABJSIOTCA I'DOMO3JAKHE BhIpa-
AKenust [eM., nanpumep, (2.2.19)] Ges xakofi-1uB0 SABHOH CHCTEMBI B
HHX. B 6oJiee BHICOKHMX NOpSAKAX KOJAHUECTBO aarefpaHyeckux BbIKJa-
JIOK CTAHOBUTCSI yjapydalouie BeqUKo, a (pU3HUecKHe 3aKOHOMEPHOCTH
OKAa3bIBAKOTCS TVIYOOKO CKPBITBIMH.

3HAYUTENbHBIM 11aTOM B PasBUTHH IaMHJIbTOHOBOH TEOpHM BO3MY-
LEeHUi IBUJIOCh BBejerne npeobpasopauuii JIu B paGorax Xopu [199]
u Tappugo [150]. Ilpu HcrnoJs30BaHUM 3THX NpeobpasoBaHHi He BO3-
HUKaOT QYHKIHH ¢MELIaHHOTO Habopa mepeMeHHbIX, a BCe uJjeHHl psi-
JIOB TI0JY4YaroTCs B pe3yJbTaTe MOCAeI0BATENBbHOIO NPUMEHEHHSI CKO-
6ox [lyaccoma, 4To jge/saer TeopUI0 KAHOHMYECKH HHBApHAHTHOH.
Jlenpu [102] ycosepiieHCTBOBAT 3TOT METOA H MOJYVYUI COOTHOLIEHHE
N/51 OTIpele/eHHs 71-T0 uYjieHa pa3vioxeHus NpeobpaszoBaHusl B CTeNeH-
Holt psig no €. bwap [105 ]| pagpaboran BapuaHT MeToAa, TPHTOMHBI
151 M3YYEHHUS CHCTeM, He JONYCKAWLIMX: NpejacTaBleHusa mnpeobpaso-
BanMsl B Buge crenennoro psima. parr uj @unn [107 | ucnosnb3oBanu
MeToa JIM TpPH H3yueHHH COXPAHEHHS MATHHTHOT'O MOMEHTAa B JMTIOJNb-
HoM nogne. Xaynasug (203 | npuMeHH 3TOT METOJ B CBepXCXOAsLIencs
Teopuu BoaMyiueHuit Komamoroposa. CymecTseHHBI BKJag B paspa-
6oTky Meroga BHecan Kaydman u corp. (214, 51, 52, 224, 225], a Takxe
Max-Hamapa (290 Hopas Texnuxa nocTpoeHHMs pasJoKeHui, 0cCo-
6tHHO 3(eKkTHBHAs B BHICOKMX mnopsiakax, onucaHa Kapu [50], ko-
Topulil caenoBan paGore dparta u dunna [108]. Manoxkenue merona
JIn coaepixntes B momorpadusix Hafipe [313) u [xaxanes [183 ],
a Takxe B MeToguyeckux cratbsix Kapu [49, 501 u Jlutamxona [280 ]
Hame m3J103KeHHe 0CHOBaHO IJ1aBHBIM 06pa3oM Ha NMOCJCNBHX CTAaTbhiX.
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B n. 2.5a omucanst ocHOBBI MeToja JIH, KOTOpPBIA 3aTeM HCIOJb-
3yercsi 47151 MOJIyUeHHs CTENMEeHHBIX pasJdoxkeHud Jlenpu (m. 2.56). B xa-
YyecTBe WJJIOCTPAIMU MOJYUEHB] [TONIPABKH BTOPOTrO MOPAAKA K TaMH/b-
TOHHaHy MaATHHKa. C noMomiplo Moaudukanuu Meroga Jlu B n. 2.58
paccMOTpeHLl psaabl Aaa anuabarHyecKux WHBAPHAHTOB M HX NpHJOXKe-
HHE€ K BbIUMCJEHHIO WHBApHaHTa BTOPOTO MOPAAKd H3MEHSIONErocs BO
BPEeMEHH T'ADMOHHYECKOr0 OCLMWJ/LISITOPA, a TaK:Ke CPeAHEH CHJB, JAeH-
CTBVIOIIEH HAa 3apsiKEHHYI0 YacCTHIY B TMOJe 3JeKTPOCTATHYECKOH
Bo/HbL. B 3ak/ouenye KpaTko onucara meroguka Mak-Hamaper [290 ]
noJyueHus: aguabaTHYeCKHX HMHBApPHAHTOB BLICIIHX MOPAAKOB. B Ka-
4yecTBe MpHMepa PacCMOTPEH PE30HAHC BOJHA—YyaCTHLA.

2.5a. O0mas Teopus

HauneM ¢ paccMoTpeH#isi aBTOHOMHBIX CHCTeM; CAyyad sIBHOH 3aBHCH-
MOCTH FaMUTbTOHHAHA OT BpemeHu nccneayeM nosxe. [lyers x=(p, q) —
BEKTOp O000OUIEHHBIX HMIYJLCOB M KOODAHMHAT, NPeACTaBJASIONIHH
NOJIO}KEHHE CHCTEMBI B (Pa30BOM IPOCTPAHCTBe. BBeAeM npou3goosiuyro

Gyurxyuro Jlu w (X, €) ¢ TOMOUIbIO YPaBHEHH]
-‘;i =[x, w(x, ), (2.5.3)
e

KOTOpOE MOXKHO paccMaTpHBaTh XaK ypaBHeHHe ['aMuabTOHa C «ra-
MU/JILTOHHAHOM» W H «BpPeMeHeM» €, 3alHCAHHOE MOCPEeACTBOM CKOOOK
ITyaccona. Ero peiueHue npu Jao6oM € U HaYalbHOM YCJAOBHH X!

x=x(x, ¢ (2.5.4)

IpeacraB/ideT coboit KaHOHHUeCKoe npeoOpa3oBaHue OT X K X, A8 KO-
TOPOIO BHLINOQJHSIOTCS COOTHOLUEHHSA

@, 9] = [P, pil =05 lqs, pi] = 84 (2.5.5)

Bseznem orBeyarouiui npeo6pa3oBanuio (2.5.4) 380404uoRKbIL onepamop
T, KOTOpDHII MepeBOAUT JI0OYI0 DYyHKIMIO ¢ B Npeo6pa3oBAHHOH TOYKe

X (X, €) B COOTBETCTBYIOIIYIO PYHKNMIO [ B HAyaabHOH TOYKe, T. €. pa®
BEHCTBO

f=Tg (2.5.6)
03HadaceT
F(x)=gl|x(x, ¢). (2.5.7)
B wacrHOCTH, ecan g (X) = X, TO
x=Tx. (2.5.8)

o~

s siBHOTO ompeneneHust npeoGpasosanust 7 BBexeM onepamop Jlu L
L=lw, I (2.5.9)
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M3 (2.5.3) u (2.5.8) nonyuaeM onepaTopHOe ypaBHEHHE
T

— —TL, (2.5.10)
€
KOTOpOe AO0NyCKaeT QOopMalbHOE peneHue

T =exp [—uff, (e) de]. (2.5.11)

Jl1s1 11060ro KaHOHHYECKOro npeo0pasoBaHusi, B TOM UHCJIE W AJis

nopoxaaemoro ¢yHKuHei w, HOBBIH FaMuJbTOHUAH /1 CBS3aH CO CTa-
PBIM raMHJIbTOHHAHOM H COOTHOIIEHHEM

H(x(x, &) =H(x), (2.5.12)

T. €. HOBBIA raMuW/IbTOHHAH B HOBOH TOUKE paBen CTapoOMy raMHIbTO-
HUAaHY B crapoll Touxe. B cuay (2.5.6) u (2.5.7) noayuaem

H=T"'H. (2.5.13)

JI/151 HeaBTOHOMHBIX cuCTeM w, L, 7T SABJIAIOTCA SABHBIMH QYHKIHAMU
BpEMEHHU t KOTOpOE CYHTaeTcs1 (PMKCHPOBAHHBIM IIPH BLIBOAE IpeoGpa-

sopanns 1. [lo 371off NpUYMHE BCE IOJYYEHHBIE BHIIE COOTHOUIEHHS
no (2.5.11) Bx/IouuTEeNbHO OCTAIOTCST ClIpaBelyIUBLIMU. OQHAKO cTaphlit
¥ HOBBIH raMH/IBTOHHAHBI HE COBNAAAlOT, U paBeHCTBO (2.5.13) He BHI-
nosnnstercsi. IlpaBusibhoe coorHomeHue (49 |

ﬁ:T-1H+T—’S?(a') iwiflde’ (2.5.14)

0
[ep. ¢ (1.2.11B) mm (1.2.138)] 6ruto BHepBeie nomyueno [Iproapom
[105]. Bumectre ¢ BoipaxenusiMu (2.5.9) u (2.5.11) pna oneparopos L

u 1T OHO faeT IOJIHOE ONHCaHHe KAHOHMUEeCKHX peoOpa3oBaHUH ¢ NO-
MOIIBI0 NIPOM3BOAAINUX (DYHKIMH JId.

2.50. Paasl denpu

Pasioxum w, L, T, H w H no crenensim & [102, 49

W= 2 &" Wi, (2.5.15)
n=0

L= 2 Snf'n-}—l ’ (2.5.16)
n =

T =3 T, (2.5.17)
n=0

H= > e"H,, (2.5.18)

=]
I
o




150 Taasa 2

H= Y &"H,, (2.5.19)
n=>0
Tie [em. (2.5.9)]
L, = [wy). (2.5.20)

[Toncrasaasa (2.5.16) u (2.5.17) B (2.5.10) u npHpaBHuBasg KO3pPHIH-
€HTHI NIPH OJHHAKOBBLIX CTElEHAX €, NOJAydaeM pPEKYpPpPeHTHOe COOTHO-

utenue past T, (n>0):

A~ l n_l ~

Tn . _‘T mZ:D Tmﬁn—-ms (2521)

A

KOTOpOe BMecTe ¢ ycJ10BHeM 7'y — | [03BOJISIET onpeaeuTb 7, 4yepes
L, BO BeexX nopajikax. 3aMeTuu, 470 B OGIIEM CAyuae 5TH OMepaTopsl
HE KOMMYTHPYVIOT, T. €. L; L, 4 L L T. 1.

Ham notpe6yiorcss ofpaThble omepatopsl 1|, AN ONpeleaeHHs
KOTOphiX npoaudpdepenunpyem paBercrso 77— = | no nepemeHno# e,
OTKYJla

a7}

— = LT (2.5.29)
&

[Tocnennee ypasHeHue 1NO3BOJSIET HANHCATh PEKYPPEHTHOE COOTHOLIE-
nue pas 771 (n>0, T4 = 1):

RN S o 2.5.23
n — . Z n—mt m . (_-. . )
B nepsoix Tpex nopsaakax HaxoguM
Ty=—1L,, (2.5.24a)
Ty— —*2'- Lot —:‘2- i2 (2.5.246)
- 1 of P P I 73
y L SR Y SN ) SR 2.5.2
3 g Ls+ oLy g Libe—— Ly, ( 4B)
T =L, (2.5.25a)
Iy =—;_£2 o —;—ﬁi (2.5.256)
ST i s oa P .
73 ‘=?L3 Ll — Ll ,-—é— i3, (2.5.258)

{OCcHOBHOe NMpaBH/JI0 OTHICKAHHA T, ' 1o 3alaHHOMY 7, TAKOBO: BMECTO
L, noacrasaseM — L, W u3MeHsieM HAa o6pATHBIH NOPSAI0K 3alHCH BCeX
UPOH3BEACHUH HEKOMMYTHPYIOmMHUX L-onepaTopos.
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UTo6Ll HOMY4HTh VPABHEHUS 1S W,, ymuoxuM (2.5.14) na T caesa
H npogupepeniupyeM 1o e
al’ & & dH _ dH | 5 0w

HyT 22 = 47
de de de ot

, (2.5.26)

Wckmouan dT/de ¢ nomousio (2.5.10) u ymHoxas caeBa Ha T-1, Ha-
XOJIUM

do _ A _ g pr4H 2.5.27)
ot de de
Mcnoan3ys cTeneHHble pas/okKeHHs, B /A-M NOpsAaKe (n =4 0) umeeMm
am’rg 7] n-l. T7 nj —1 ™o«
:an——' E Ln_._mH;n— \AJ an_mH;n- (2.\).28)'
ot m=>0 m =1

[lepenuceiBasi mepBblil 4JeH NepBOH CYMMEI B BHJE L.Hy = [,H, =
= |w,, Hy!, npuxoguM K OKOHYUATEJILHOMY DPEe3yJbTaTy
~ R \ ﬂ—‘l " \
DOWn =N (Hn—‘Hn ) — Zl ( l’;n_;nﬁm + f’zT;_l.)nH,n], (2.529)
m—=
rjie yuTeHo, 4To B HyJeBoM nopsake H, = H,, 1 BBeIeHO 0G03HAUEHHe
TI0/IHOH NPOM3BOJHOH 110 BPeMEHH BJOJb HEBO3MVINEHHBIX TPAeKTOPHI

DOE-—(fT+[ . Hyl. (2.5.30)
YpaBrenust (2.5.29) n0 TpeThEro nopsijka TakoBHI
Dow, = H,— H,, (2.5.31a)
Dgwy =2 (Hy— Hy) — L, (H,+ H}), (2.5.316)
Doy =3 ({Hs— Hy)— Ly (Hy -+ 2H,) —
—1, (ﬁ1+ ’;1 )_% P2H,. (2.5.318)

YpaBHenue (2.5.31a) ciaenyer CpaBHHTbL C 3KBMBAJEHTHBIM €My ypaB-
HeHHeM riepBoro nopsiaka (2.2.10), nonyuenusiM no Metony [lyankape—
Llefineass. B o6oux cayuasx no 3agaHHoMy /H, MBI BBIOMDaeM HEKOTO-

— E——r

poe f, 0OLIYHO TAK, YTOOB! YCTPAHHUTL CEKYJ/SPHOCTH B MPOU3BOASILIEIT
$yHKIMH w, Wan S;, a 3aTeM oNpenejseM caMy NPOH3BOASLLYIO QyHK-
nuio. IlonyuenHoe w, HCHOOAB3yeTCsl B INPaBOH YacTH YPaBHEHHS

(2.5.316), rme H, BriOMpaercs TakuM o0pa3oM, uyTOOBI YCTPaHUTL Ce-
KVJSIPHOCTD B W, U T. A. BIUIOTh A0 JHOOOrO Ke/1aeMOro IOpsIaKa.
Xors cucreMa ypaBHeHW# BHja (2.5.31) dopmanbHO cnpaBeAdBa
npu J060M uucae crenened CBoOOABl, HO €cJU HX OOJbiie OAHOH, TO
BO3HUKAIOT DE30HAHCHREIE 3HAMEHaTe/IH, TaK Xe KAaK U NPH HCNOoJb30-
BaHUU NPOH3BOAALIMX (YHKUMH OT cMeniaHHoro Habopa lepeMeHHBIX.
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DopMaJbHBIH cIOCO6 WX YCTPaHEHHs [0 JIO00r0 INOPsiAKa OIIHCaH
B n. 2.58.

Maamuuk. JIas1 wUTIOCTPAUUK PUMeHeHus: psigoB JlenpH NpoJosKUM
paccMOTpeHHe INpHMepa B M. 2.2a ¥ MOJYYHM ONHCAHHE HEJHHEHHLIX
KoJebaHui MadATHHKa BO BTOpoM mnopsijake. Crapuifl raMHJbTOHHAH
(2.2.22) 6bl1 3anucan B NepeMeHHLIX JeHACTBHe — YTIoJ HEBO3MYLIEHHOH
{/1MHelHoH) cucTemst J, 0. B HysneBom mopsizke U3 (2.2.22a) uMeem

Ho(J)=0,J. (2.5.32)
B nepBom nopsizke (2.5.31a) naer
0,20 — T, —H,, (2.5.33)
00
rae H, onpepensierca Bruipaxenuem (2.2.226)
Hy=— 04182 (3 —4 cos 20 - cos 49).

Bri6upas H, Tak, 4To6bl HCKJOUYHTH NOPOMKAAOLIEe CEKYJsPHOCThH
cpejHee or 1, umeeM

H (J)=(Hy) = _——116— GJ?, (2.5.34)

rae ckob6ku ( ) osHavawoT cpeamee mo 0. YpaBHeHue (2.5.33) upu-
HUMaeT BHJ
0w,

00

©o — —[H,), (2.5.35)

TAe cKkoOKaMH || obo3naueHa mepemenHast yactb. MuTerpupys (2.5.35),
HaXOJUM BHIpAXKeHUe IJs W,:
1 GJ2

Wy = (sin 40— 8sin 20). (2.5.36)
192 w,

3aMeTHM, 4TO B IepBOM nopsike H, B (2.5.34) u w, B (2.5.36) coBna-
JIAl0T ¢ [OJYUEHHLIMH paHee Buipamenusivi (2.2.23) u (2.2.25), rae

BvecTo J Gurypupyer J. Ilepexoxs kKo BTOpOMY MOPSIKY, NEPENHCH-
BaeM ypaBuenue (2.5.316)

00222 =9 (Hy— Hy) — Ly (Fy+ H) (2.5.37)

4yepe3 CpeiHHe U MepPeMesHble 4aCTH B BUIE

g aa‘gz — 9 (Hy— (H)— | Hy}) — 2wy, (H)—[wy, [Hy)].  (2.5.38)

CHoBa BriGepeM H, tax, uro6bl Oo6paTHTL B HYJb CPEAHEE OT NPaBOi
yacTu 3toro ypasHeHusl. CpeiHee oT mepBeiXx CKOGOK IlyaccoHa yike
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PaBHO HYJIO, TAK KaK W, COAEPKHT TOJbKO NepeMeHHyIo uactb. Broprie
ckoOku Ilyaccona ectb npouspenenne AByX GyHKUHH H HX CpejHEe OT-
JHYHO OT HyJd. Iloaoxum

=7 1
Hy=(Hy) -+ (@r, (Hi]). (25.39)
Brlpaxasi BTOpoii ujieH ¢ nomoubio (2.2.226) u (2.5.36), HaxoauM
[wy, [Hill=— L ¢S (17 —9cos 20 4~ cos 68). (2.5.40)
1152 w,
Hcnoabsysi 370 cootHowenne u (2.2.228), nosayvaem
ﬁ2 o 1 G2J3 '
256

3ameruM, 4To H, He ecTb npocTo cpeaHee OT H,, a COAEPKUT JOINOJ-
HUTeJbHOE cJaraemMoe, KBaJpaTHYHOe 10 BeJHYHHAM NEPBOro NopsajiKa,

[ns momydyeruss H, J0CTaTOUHO 3HATh W, H BOOOILE AIs OnpeleseHus
H, Heo6X0ANMO UMEeThb W BILIOTH JO nopsiaka (n—1). UTo6bl HalTH @,
HaJ0 NIPOMHTErpPHPOBATh ypasHenue (2.5.38), koTopoe ¢ yueroMm (2.5.39)
IPHHHMAET BHJ

00222 = —2 [Hy} —2 [y, () —[lwy, [Hi)l}.  (25.41)

Pernenne 3Toro YPdBHEHUA HE IIPEACTABJAECT 60J1bIIOTO HHTepeca H 34€Ch.

He npusoautcs. Cymmupyss H,, H, u H,, mosyyaeMm BO BTOpPOM noO-
psifike (e = 1

H=wp ———GJ2—_1_@° (2.5.42)
16 256  w,

IHa nepsbiii B3IV KaxKeTCs CTPAHHBIM, YTO HOBBIH TaMHJIBTOHHAH SiB-
JsieTcA (PYHKUHEH TosbKO craporo JeuctBus J. ITocsegnee craHoBHTCH,.
OJHAKO, TIOHATHBIM, €CJH YYeCTb, 4TO B MeToje JIM onpejensiouluMH
SIBASIOTCA onepauud Haj QyHKIHSIMH, 8 HE HajJ UX apryMeHTaMH. ITo
BHJIHO YK€ U3 BbIBoJa TpeobpasoBanus (2.5.8) ¢ nomorpio npeobpasosa-
Hug ¢ynkuui (2.5.6). Aprymentnl ke ¢yukumi [manpumep, J B
(2.5.42) ] aBasiiorcs ¢GopMaJdbHBIMH TNEPEMEHHBIMH H JOJMKHDLL OBITh
3aMeHeHbl B KOHIEe BbIUHCJIEHHH Ha Npeo6pa3oBaHHLIE [I€peMeHHbIe

(J =17 (e)].

Tak kak H 3aBHCHT TOJBKO OT J, TO HOBAsl 4acToTa C TOYHOCTHIO
710 BTOPOT'O MOPsiika paBHA

- 3, T 272
o= |1 - LG 3 GF\  (9543a)
d 8 ® 256 @y

1} OrmeueHHoe BLille HeJopa3yMeHHe CBA3aHO NPOCTO ¢ HeyAauHuiM 0603HAa-
UeHHeM; TaMHJbTOHHAH (2.5.42) 3aBHCHT He OT CcTapoi, a oT GopManbHOH nepe-
MEHHOH, KOTOpYK caefonaso Gbl 0603HAYHTbL Apyroit OYKBo#.— [Tpusm. ped.
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DTO BRIPAXKCHHE CJAefyeT CPABHUTH C pesyapTartoM (2.2.24) meproro
nopsiaka. Mcekmouas aeicrsue J 13 (2.5.43a), ¢ NIOMOIIBLIO COOTHOTIE-
nug H (J) E -~ F, rie H (J) naerca dopaysoi (2.5.42) ¢ samenof
J na J, a wy = FG, nonydyaeM 3aBHCHMOCTb YacCTOTBI KOJeGaHUiH OT

SHepruu
~ ' | /| E-F 5 [ E-LF \2
=wy|l ———= - : 5.4
Q) (00{ < ( ; ) " ( - )} (2.5.4306)

JTa 3@BUCHMOCTL [IOKa3aHa Ha puc. 2.2 B BUAE KPHBOH J.

2.58. AmaGaTH4yecKne MHBAPHUAHTDI

HecaoTpst HA BansgHue PE30HAHCOB, KOTOPOE 1ak€ B INEPBOM INOPSIKE
10 & MPUBOIHUT K JOKAJbHOMY H3MEHEHHIO HJH PaspyIueHHI0 ajuada-
THUECKHX WHBAPHAHTOB, YaCTO BO3HHKAET HEOOXOAUMOCTb B TMOJVYEHHU
ACHMIITOTHYECKHX pasJoKeHHH OoJee BBICOKHX MNOPSAKOB. Takue BbI-
YHC.TEHHS OKa3hBalOTCA OUEHb T'POMO3JAKHMH, €CJH HCNOJb3YeTCs
nmpoueaypa ycpennenns Kpyckagaa nau borosao6oBa, OTOMY 4TO Bhl-
[I0.1HEHHE COBMECTHLIX OOpPAaTHBIX NpeoOpasoBaHMil II€PEMEHHLIX 6bl-
CTPO VCJAOKHAETCH. SIBHbIC BbIpAKEHHS A/ npeobpasoBalui O BTO-
poro nopsAka Obliid noayueHot B padore Maxk-Hamapor u Yafitvena
[292 |; KOHKpeTHBIH NPUMEP, HCNOJb3YIINHE HEKOTOPLIE VIIPOLIEHHS,
pacemorpen Hoprponom u ap. 1321 ).

Jpyroii, Gosee npocTOd MeTOA, HCIOJb3yIOUMA cKOOKH Ilyaccona,
OLLT NpeoxeH eue YHTTekepoM [430] u passur B paforax Mak-
Hamvapot 1 Yaiirmena [292] n Txakaiest [153 ). O6a meroga mno cy-
IIECTBY 3KBHUBAJEHTHHI O BTOPOTO NMOpAJAKa, Kak ObLIO 1oKazano Mak-
Hawmapoit u Yafitmenom [292], a ans HEKOTOpOro Kjacca 3afad H BO
Bcex nopsixax, coraactno Ulrepny [391 1. Ilozanee Mak-Hawmapa ycra-
nosua [290 ], uro ucnoas3oranue cKOO6oK Ilyaccona sBASETCs YACTHBIM
cayyaeM Meronaa npeodpasosanui Jlu. Ilociefnuit mMeron cMeHua cra-
pYl0 TEXHHKY, B TOM YHCJE M C HCNOJAb3oBaHHeM ckoGok Ilyaccona;
OH TNOJIOXKEH B OCHOBY HAlllero OIHMCaHHs anuabaTHyecKuX HHBapHal-
'TOB BBHICIIHX MopsAjakoB. [1oApoOHOCTH CTapbiX METOJAOB MOXKHO HaHTH
B ILHTHPOBAHHLIX BHIE padoTax.

[Topsadku seaudun npu aduadamuueckom sosmywjerun. Ypu medienrom
BO3MVIIEHHH T'aMH/JIbTOHHAH HMMeeT BHJ (cM. 1. 2.3a)

H=Hy(J, 0, ey, ety -—eH, (], 0, ey, ef)-+ . . .. (2.5.44)

3xech J, 0 nepemenHsiec NeHCTBHE — YIOJ A1 €IUHCTBEHHOH OLICTPOM
CTENeHH CBOOOALI H y == (p, q) — OO0OIEHHLIE TepeMeHHbIE OCTAAbHbBIX
MEJIeHHBIX cTeneHel ¢BoOoanl. ITopslOK INpPOH3BOAHBIX MO § H IIO
BpEeMeHH ! Ha eJMHHUWY BbIIE NMOPAAKA TeX WIEHOB, H3 KOTOPBIX OHH
noayuyensl. Iloctpoennsie B n. 2.56 psibl He OTPAXKAOT 3TON0 H3MEHe-
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HHH NOPHJKOB H IIOTOMY JO/RKHBI IIPHMEHSTBCH C OCTOPOXKHOCTLIO..
s Mejn/ieHHBIX BO3MYINEHHI onepaTop JIH HMeeT BHJ

A ~ A

L=L;+¢L (2.5.45)
rje ObiCTpasi 4acThb
2 ow 0 ow 0
= —_— ’ 5.4 ¢
L ( 0 as o a0 ) (2.5.46a)

d MEIJICHHAad

, ( 0w g ___ow 9 ) (2.5.466)
/-£4 d(eqi) 9 (epy) d(ep;) d(gqy)
Hw=w(J, 0, ey, ef). 3 Bripaxkenus (2.5.23) BuaHo, uTO T3 onpe-
jJensieTcst uepes KOI(hMHUHEHTbl CTENEHHbIX pAsOKeHHi Lj u L, kak
NOJIHHOM 7-r0 mnopsiika 1o €. Iaxkowen, unen Jw,/df B ypaBHEHHH
(2.5.29) umeer nopsigoK &: 0w,/0t — e0w,/0 (ef). Jas pelweHuss 3TOre
ypaBHEHHS MOMKHO PasJOXHTb W, H H, MO CTemeHsM &, HampUMep:

N eFwn, (2.5.47)

Wy = i)

k=0
H npupaBusTh B (2.5.29) ko3pdHLUUEHTH IPH OJHHAKOBLIX CTEIEHAX &.
B pesysbraTe noJsy4aercsi Lenouyka ypaBHEHHI, H3 KOTOPOH MOXKHO.

OC/EeJOBATeIbHO HAUTH W, Wpy . . .. Ha KaxiaoMm ware H,, BbiOH-
paeTcsl Tak, YTOOB! YCTPAHUTh CEKYJISIPHOCTD 10 OBICTPOIl nepeMeHHO# 0.
DakTHUECCKH B 7-M NOPSAAKe TEOPUH BO3MYUIEHH}I HEOOXOQHMO HAHTH
YIEHbl Wme TOABKO VIS M -+ R < n. Jra npouelypa 35KBHBAJEHTHA
B JIOOOM Nopsike onucanHomy B § 2.3 mertony ycpeiHenus. Ona aB-
asiercsi Gojiee yAOOHOH, ITOCKOJBKY B NOpSAKax BedHYHH OLICTPBIX H
MeJJIEHHBIX INE€PeMeHHLIX AaBTOMATHYECKH YyCTaHaB/JIHBaeTcs pasHHNA
Ha e/IMHHILLY; 3TO I103BOJIAET IPOBOJAUTL yCpeJHeHue 1o ObICTPOH Ilepe-
MEHHOH B JI0OOM MOPsiKe TEOPHH BO3MYLIEHHH H HCKJIOUaTh BO3HHK-
HOBEHHE CEKV/APHBIX wieHOB. OJHAKO BCe NpPHCYUiHe METOAY ycpel-
HeHUA orpaHuyenus (cM. § 2.3) NposABALAIOTCS H 371€Ch.
[lepBoe ypasHerue 1enoyku (£ == 0) ecThb

n-—t ,

g a::gﬂ fl,(HHO‘“H — v (Lf n—m rrzo‘}“mTf, n_mHmj’ (2548)*

—l

PHYEM BBIPAKEHHSl VISt it NOJAYYalOTCs U3 BhIpaxKeHui (2.5.20)
sameHofl [ Ha L;. Kaxoe ypaBHeHHe LENOUKH HMEET BHJL

- % - nH - O, (2.5.49)

rae @ — u3BecTHasd (YHKUHA MELTeHHBIX IePeMeHHLIX H BPEMEHH,
B npouecce pemeHHA 3TOH LENOYKH YPABHEHUH pe3OHaHCHLIE 3HAMe-
HaTeJIJM HHKOrJa He BO3HUKAKT, HO0 JeBas uacTb (2.5.49) spiasdercs
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TIPOM3BONHON TOJLKO OT ObICTpOil (ha3oBoH nepemeHHoH. OjgHako, Kak
MBIl y7K€ 3HaeM, pe30HAHCh! MeXAy OBbICTPLIMH H MEIJIEeHHbIMH KoJieba-
HUSIMH [IDUBOJAT K TOMY, 4TO PsJI, NpeACTaB/IAIIHN W,, OKa3biBaeTCs
ACHMITTOTHYECKHM,

[Tpoueaypy MoJsyueHHsi HHBapHaHTa BblIIe [1ePBOro MOPsAJAKa Jyyile
BCEro I[IPOAEMOHCTPHPOBATL Ha KOHKpeTHOM InpuMmepe. BHauane Ml
NPOAOKHAM BBIYUCJAEHHA 1. 2. 3B M NOJAYYHM afHabaTuyecKHH HHBa-
PHAHT BTOPOTrO MOPsiiKa /IS8 MENJEHHO WU3MEHHIOULerocsi rapMOHHYe-
CKOro OCUMIIATOpaA. B KayecTee BTOPOro NPHJIOKEHHSI TEOPHH HaHJeM
CpeJHIOI CWIY, AeHCTBYIOULYIO HA 3apsiKEHHYI0 4acTHHY B 110J€ BhLI-
COKOYACTOTHOH 3/eKTPOCTATHYECKOH BOJIHBI.

Mednenno usmensiowuiica eapmonuneckull ocyurasmop. Vs Boipaxe-
Hus (2.3.20), o6o3Hauasi mWITpUXOM Au(xpepeHHHPOBaHHEe O apPTyMEHTY
€/ W 3alUChiBas 751 IPOCTOTHl ® BMECTO (g, [1OJy4aeM raMHJbTOHHAH

H==mJ+@-%-g'Jan2Q (2.5.50)
rjec
© = (¢f). 2.551)

[Ipumem B BoIpaKenun (2.3.23) G = I, F = w? (¢f). B HyneBoM no-
pagke Hy= H,, B mepBoM mnopsjike ypasHenue (2.5.31a) umMeer BHJI

6w1 0w1 —H
o — +e~———a(8t) = H,—H,. (2.5.52)

UToOb! peuiuTs 3TO YpaBHEHHE € TOUHOCTLIO J0 €, NoJaraeM

Wy = Wy + EWyy, Hy=H\ —+ Sﬁn, (2.5.53)
YTO [IPHBOJIHT K CHCTEME -
%1 Hy— 1 2 Jsin 26
Q) % 10 > o sin ’ (25548)
awu :ﬁ l»_ 6w10
o —* ey (2.5.546)

UToOb! 130eXKaTh CEKYJSiPHOCTH B Wiy H Wy, CIefyeT Buibpath H =0
v H,, = 0, nostomy

—Hl = HIO + E.HH_ = 0. (2.5.55)

Hurerpupys (2.5.54a) 1 noacrasiisisi MOTyYeHHOE BbIpaXKeHHE JJIA Wyq
B (2.5.546), HaxoauMm '

|

Wy = Wip+ Wy, = J cos 20 — 823 ( 2; ) J sin 20. (2.5.56)
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Bo BTopoM mnopsiike ypasHenHe (2.5.316) npuHHMaeT BHJ
s 1 e % _o(H,— Hy)—L,(H+ H). (2.5.57)
a9 3 (et) ‘
IlockoaBKY 3TO ypaBHeHHe CJAeJYyeT pelluTb B HYJEBOM MNOPSAKe IO
€, ONYCTHM BTOPOH U/JieH B JIEBOH YAacTH, @ BO BTOPOM UJIeHE IIPaBOH

yacti noaoxuM L,= L;y = [w,, |, ¢ yuetom H, = 0, corsacho
(2.5.50), momyuum

5;)20 = 9Hg0— @10, H]. (2.5.58)
Cko6ku Ilyaccona
l "2
(@10, Hil=——- (";3) J (2.5.59)

ge coepxar nepeMeHHOH wyactd. UYrtoObl H36e€xKaTh CeKyJ/asdPHOCTH,
noJiaraem

HQO___._.;_ @) 7, (2.5.60)

OTKyla wsy = 0.
IloncraBasis sBmecto GopManbHOH nepeMeHHOR J nepeMmeHHylo J,
JJIs1 HOBOT'O TaMHJIbTOHHA@HA BTOPOTO IMOPAJAKA HAaXOAHM '

H=ol—1 77 (2.5.61)

8 3
TTudxpepeHIHpya 5TO BLIpaKeHHe Mo J, OnpefessieM HOBYK 4acTOTy
o= m[l_ L( o’ )] (2.5.62)

8 w2

Corgacho (2.5.8), MOKHO BLIpasHTb HOBOe AeHCTBHE J uepes cTapnle
fiepeMeHHbIe

J=TJ. (2.5.63)
Vcnoanays (2.5.24a) u (2.5.246), Bo BTOpOM TOpSAJAKE HMeeM
J=J—elw, J] —f—i; [Wyqy (W10, L] (2.5.64)

B 3Ty 3aBHCHMOCTb BXOAHT (PYHKIUHR IepBOro nopsagka @,. Mcnonssys
onpeleasioulee ee Bbipaxenue (2.5.56), momyuaem

JomJL® 9 g ,sz_(m’)z e? (“’) 2.
J J—!—Q m2J51n28, o J+ o |\ o J cos 26
(2.5.65)

B cuay (2.5.61) J = const, u cootHomenue (2.5.65) onuchBaeT WHBa-
pHaHTHBIE KpHBhie Ha mitockoctH (J, 0). 3TOoT pesyabTaT coBNagaeT
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C TNOJYYeHHHIM B paborax [282, 391, 4291), oagHakO HCHOJB3OBaHHE
npeobpasoBaHuil JIu Mo3BOJAHIO CYULECTBEHHO YIIPOCTHTH BBIUHCIEHUS,

Jleuncerue 6 Obicmpo ocyuasupyrowesm nose. B KauecTBe BTOPOro rnpu-
Mepa HaiijieM cpedHwow cuay, AEHCTBYIOUIYIO HA 3apSIXKEHHYIO YacTHIY
B MOJI€ 3JeKTPOCTATHUECKOH BOJIHBI ¢ MEAJIEHHO H3MEHALEHCH aMITTH-
tyno#i ). Xopoulo U3BECTHO, UTO CPeAHssl cHJIa TNPornopuHonaiba
KBaJpary aMIlTATY/bl BOJHbBI, NMO3TOMY NOTpeOyeTcs IPOBECTH BBIUHC-
JieHus BO BTOpOM Nopsiake. [lpunmemM raMu/AbTOHHAH B BUAE

Hy(p, x, )= 2—,17; Pt ee® (ekx) cos (kx —of),  (2.5.66)

rjle mapamMeTp € COOTBETCTBYET anHa0aTHYeCKOMY BO3MYyUIeHHIO. Bpoas
pacrudpeHHoe asoBoe NPOCTPAHCTBO H cuuTas £ — — Hy uMmoyab-
COM, KaHOHHUCCKH COIIPAKEHHBIM BpemenH !, HaXOIHM

H,(p, E, x, )= —27171— p? = E - ee® (ekx) cos (kx— wl). (2.5.67)

C noMmoisio npousBoAsuLiel QyHKiIHU

Fo=(—kx-Lwt)Jo--kxd (2.5.68)
HMeeM
0F, oF s
b by J s == —— k ’,
b= =0l ¢ oy
5F 5F (2.5.69)
=2 =k(J,—J 0= —2 — of —kx.
p Ox (J(p 9)7 270 ® kx
Hogwi# ramuasronuan H 3aBHCHT OT ObicTpoli 6 U mefneHHOH e@ (a3:
H = H - ee® (ep) cos 0, (2.5.70)
a raMWJLTOHHAH HEBO3MYUIEHHOTO JBHIKEHHS
Ho=—(J,—Jof +0J, 2.5.71)
2m
ONMpefeaseT 4acToTol KodebaHuH
b2
@y =— (Jo—J o) =Fu,, (2.5.72y
W, = @—- i (Jo— gy =0—Fkv,. (2.5.73)
m

1) 310 HeynauHblH NpHMep A8 AeMOHCTPALHH NPeHMVILecTBa MerToAa rpeol-
pasoBaHHsa JIu, NOCKOALKY paccMatTpHBaeMas 3ajaya ropasjo npome H B 6oJee
ofieM BHJe pelllaeTcsl C NMOMOILBLI0 KJAacCHYeCKOro MeToja ycpeiHeHus (cM.,
nanpumep, (4531, § 30).— Hpum. peo.
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YcooBue anabaTHuHOCTH (0, < @g; € == 1) Tpebyer, 4TOOB! yacTHUA
Obl1a aJeKO OT pe3oHaHca ¢ BOJHOH '

2o (2.5.74)

Bsenem Tenepb npeoOpasoBanus Jlu. B HysneBoM mnopaAake 10 e
ranugbToHuan Hy, = H,, a B nepBomM nopsjake

dwy 1 £w,, _a_wl_ o 7771 —e® cos 9, (2'5-75)
0o d (e9)

DOVHKUHIO W, HEOOXOAUMO HAHTH C TOUHOCTBIO [0 €, IIO3TOMY IoJIaraeM

@p

Wy == Wy - €Wy,

(2.5.76)
Hy=Hyy-+ eHy
i1 HAXOJHM
0 ‘9;”50 — Hyy e cos 0, (2.5.772)
awll T7 awlo
= Hy— o, —0 2.5.77
0o Hy— o, 3 0] ( 0)
Tak kak cpefree or e® cos 0 paBHO HyMO, TO BhiGHpaeM H,, = 0
u uHTerpupyem (2.5.77a)
wo= — <L _sino. (2.5.782)
we

Hcnosbayst 370 Buipaxenwe B (2.5.776) u nomaras ff,, = 0, noc’ae
{HTErPHPOBAHHS HaXOAUM
W e’

Wy == — cos 0. (2.5.786)

o Wg

[lepexoas Ko BTOPOMY NOPSAKY TEOPHH, Mbl JOKHBI HAWTH @,
B HYJEBOM TOPs/IKEe MO €, MOITOMY ONMyCcKaeM B ypaBHeHHH (2.5.310)
yjieHbl BLICUTHX MOPALKOB, yuuThiBaeM, uto H, =0, H, =0, 0H /0] =
= 0, 1 noayyaem

aw20 7 aZFJ]D 0H1
® =2H : 2.5.79
550 20 I~ 30 o8 ( )
BuiGeper H,y Tak, 4TOGLl HCKJIIOUHTD CEKYJsIPHOCTb 1o 0:
Hayp = —— (o 0f, (2.5.80)

2 dJe M /o

Bblunc/asisi 3TO BhIpaKeHHe ¢ MoMouUlbio (2.5.78a), IpUXOJHUM K KBajpa-
THUYHOH 3aBHCHMOCTH IaMHJIBTOHHAHA OT aMIIMTY/bl BOJIHH

— 1 22 (¢
g e o 29 (;“’) 9v0 (2.5.81)
4 0g Sy
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BosBpauiasice B ycpelHeHHOM raMuabTonHane H = Hgy -+ eH, + ¢*H,
K HCXOJHBIM NEPEMEeHHLIM, TOJyuaeM BbipaKeHHe B BHAE CYMMHl KHHe-
TUUECKOH W 3(EKTHBHOH NOTEHIIHAABHOH 9HepIHH (¢ = 1):

7 . k? e2 @2 (kx) p?
Hy =-"Lt— 1 = U () =const. (2.5.82
Wl SO~ T Uy (9 = const. (25.89)
Cpennsisi cuia parHa
Fo_ OUsep €& OO (2.5.83)
ox 2m (@ — kuy)? e

BuJHO, yTO 5Ta CHJa oOpaulaeTcs B HyJb BOAH3M MAKCHMyMa HJIU MH-
HHMyMa aMIJIHTY/Abl BOJIHLI, NPHYEM MHHUMYM OTBEYAeT YCTOHYUBEBINM
KosnebaHuAM 4acTHURI.

flpu npubAHXKeHHH K pe30HaHCY CpeAHssl CHaa, corjacHo (2.5.83),
HEOrpaHUYEHHO BO3pacTaeT, HO NPH ITOM HAPYLIAETCH YCJOBHE ajHa-
GaTHIHOCTH (0, < Wg). DTOT CJIyual MOXKHO HCCIAEJI0BATh B paMKax
PE30HAHCHOH TEOPHHM BOSMYINEHHH, WJIH B 060/€€ BLICOKOM ITOpAJKe,
¢ nomoubio kKomMOHHauvH meroja JIJIT u npeo6pasosanuii JIu, Kak 3710

OyJeT OMHCAaHO HHXKE.

YcempaneHue pesoHaHcHolX 3Hamerarmeneii. AgunabaTHuecKHe HHBapH-
aHTbl, KaK 3TO ObIO N0Ka3aHo B § 2.4, B OKpecTHOCTH PE30HAHCOB TIpe-
TepreBalOT TOIOJOTHUECKHe H3MeHeHHs. [ljs1 OTAeJbHOrO pe3oHaHca
3amMeHa IepeMeHHbX BHAa (2.4.6) (pe3oHaHCHBIE TIepEMEHHBIE) I03BO-
JAeT YuecTb H3MEHEHHS TOIMOJOTHH U COCTaBJfAE€T OCHOBY Pe30HaHC-
HOH# TeOpUH BO3MYIUEHHH, H3J0KeHHOH B m. 2.4a B NnepBOM MOpPsIAKE
no e. Ilockoabky A1 JABYX CTerneHed CBOGOABI JABHXKEHHE MOJHOCTBLIO
pasjensiercss Ha OLICTPOE M MeEJJEHHOE, TO MeTOAbl 3TOro Iaparpada
IPUMEHUMBbL U I HAXOXKJEHUS WHTErpa/oB ABHIKEHUS 00Ji€e BhICOKHX
MOpSIIKOB BOJU3H PE30HAHCOB.

B pa6ore [290] Mak-Hamapa coeiuHHa TeXHUKY I1peoOpasoBaHUil
JIu ¢ meropom JJIT (m. 2.4r). HamnoMHHM, YTO C NOMOLbIO 3TOrO Me-
TOJa JJIs1 ONpPeJeJeHHOro KJjacca 3aaau yAaercs NOCTPOHTb HHTErpai
JBHXKEHHS [MepBOro MOPsiJKa C y4eTOM BJHSIHUS CPa3y BCeX IMePBHY-
HbIX pe3oHaHncoB. Metoj ocHoBaH Ha ToMm (axTe, 4TOo ecau J — HHTer-
pajJl HEBO3MYLIEHHOH CHCTeMbl, TO K Jiobass ¢yHruus [, (J) Takxe
ABJsIeTC HHTerpaioM. Bmibupas [, (J) Tak, d4ToGbl IpPOU3BOAHAS
dly/dJ obpamanach B HyJb IIPH PE3OHAHCHbHIX 3HAUCHHAX J, MOXHO

yuecTb TOIOJIOTHYECKHE H3MEHEeHHUA HHTerpasa [ BO3MYUIEHHOH CH-
creMel. Texnuka npeobGpasosanuii JIM no3Bodsier JierkO BBECTH (PYHK-
nu I, BM?CTO’JEC.HEJLyIOmHM oOpasoM. B cooTBeTCTBHH C METOAOM
5TOoro mnaparpada SBOJIOLHOHHBIA Onepatop 7 BLIMHCISETCH € TOYU-
HOCTBIO JIO KeJlaeMOoro Mopsijika n. 3areM, BMeCTO 3alHCH HHTerpaJa
B ¢opme (2.5.63), T. e.

J=TJ =const, (2.5.84)
ITOJIO2ZKHM - .
I =T 'I,=const (2.5.85)
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u BoiOepeM [/, (J) Tak, 4T00BI YCTPAHUTH NOIKOCH pyHKUHKH [ (/). Mak-
Hamapa nokasan, 4to HeoOXOAHMOCTb BbiGOpa /4 (/) BO3HHKAET TO.ILKO
[10cJd€e TOro, Kak OyaeT AOCTHTHYT f1-H TOPANOK pPasioxkeHuH, U jgan
pasuJia Takoro BbiboOpa.

Pesonarcroe 83aumodericmeue 8oanol u 4acmuyst. [IpuMennM nocaeHui
METOJ K pelIeHHI0 PacCMOTPEHHOH paHee B II. 2.20 3ajayu AJ8 BOJHDI,
pacnpocTpaHsioWencs noj yraom 45° K MarHHTHOMY I10O/I0, € TaMHJIb-

tonnanoM (2.4.108). B nepsom mnopsznxke ypasHenue (2.5.31a) npunu-
MaeT BMJ

d du - . _
Pyt S > Fm(p) sin(p— meg). (2.5.86)
ap 14 m =0
3anuieM peleHHe 3TOro ypaBHCHHSA:
o= ¥ T (p) =" (2.5.87)
m =0 L

C nomourbto (2.5.25a) HaXOOHM HHTErpaj ABHIKEHHUSI

[=1,(Py)+elw, 1, (2.5.88)
HJOH
- . ow dl
[=1y+e— —.
0T Tapg (2.5.89)

Ecau Bubpars dly/dP,, coraacno (2.4.109), 10 Bce pesoHaHCHEHE 3Ha-

MeHaTeJad B (2.5.87) coxpawarorca U Aas [ TONyuaeTcsi BLIpaXKeHHe
(2.4.111). IlepBuynnie pesonanckt npu Py = + 1, 0, — I xopouo
ONHUCBHIBAIOTCA MOJYYeHHBIM UHTETPAJOM JABHXKeHHs1 (cM. mn. 2.4r).

[Tlepexoass KO BTOPOMY TMOPAAKY, CJedyeT pelMTh YypaBHEHHE

(2.5.316) u HaiiTH w,. C nomourpio (2.5.25) noayyaem HHTErpas JABHKe-
HUS B BHJE

T =1y ew, 10]+-f2i[w2,10]+ ‘; [y, @y, Tl (2.5.90)

Jta (GYHKUMSA HMEET IOJIOChI BTOPOIO MOpsAAKa NpPH neawx P, H mo-

TIOCHI NEPBOTO MOpPsiiKA NpH noayneasix Py. HUToOb yCcTpaHUTh Bce
3TU I10JIIOCK!, BblOEpeM

dl
dPy

= sin®* Py sin 27 P, (2.5.91)

VuBapuantueie kpubnle (/ = const) nokasanwl Ha puc. 2.13; ux cie-
JAVET CpPaBHHTh C MHHBAPHAHTHLIMH KDHBBIMH TIepBOrO  MOpsiiKa
(puc. 2.12, 6) u ¢ yHcaennbivu pesyapratami (puc. 2.10, 6).ITonyne-
bl PE30HAHCBHl, KaK M HEPE3OHAHCHbIE 06JacTH, XOPOILIO BOCHPOHS3-
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Puc. 2.13. To ke, yro n na puc. 2.10, 6 Bo Bropon nopsike no & = 0,1 (no Aan-
HeiM paboter [290]).

BoasATcA Ha puc. 2.13. OjHako ue/ble Pe3OHAHCbl CUJIBHO HCKaXKEeHHI,
XOTSl AJS1 MEHbIUEH BeTHUYHHbI BO3MVIIEHHS CONAcHe Topasjo Jyuile
[290 ]. 31ech ocraercs enie MHOTO HESCHBIX BOMNPOCOB ).

§ 2.6. CBepxcxoauMoCTh

PaccymoTpuM Tenepb HEKOTOPBIH KJI4cC METOJOB TEOPHHM BO3MYINEHHH,
npepnoxennslx Koamoroposbnt [229] u urpatoouinx, Kak TOKa3aHo
B IJI. 3, pyHIAMEHTANBHVIO POJIb NPH J0KaszarteibcTBe TeopeMbl KAM.
X oOCHOBHOH 4epTOH sABJISIETCS 4YPe3BbIUAHHO OblcTpas CXOJHMOCTD
nocae/oBaresbubiXx npubGaImKeHuk. Bo Bcex 0 ¢HX nop pacemorpen-
HbIX B 3TOH rJsiaBe MeTojJax ramuiabronuan H = H, - ¢H, nojasep-
rajsicd TaKHM I0C/e0BaTe/AbHBIM KAHOHHYECKHUM Ipeo0pa3oBaHUM,
[IPH KOTOPBLIX NOPSAJOK BO3MYLIEHHS IO &€ H3MeHAJICd Ha eIuMHHLIY Ha
KakJION 11are:

2 2
EH]_—*S Hg **85H3‘—)' . e e '“*San.

1}y 1o 3ameuanne OTHOCUTCA, TO-BUIHMOMY, He CTOALKO K CaMmoil 3ajaue,
CKOJILKO K BO3MOKHOCTAM M npegenam Npumedumocts meroia HJIT.— Hpum.
ed.
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OTO ACHO BHJHO, HanpHMep, H3 CUCTeMbl ypaBHeHul (2.5.31). Bribupas
NpousBoAAmyio GyHKnHuw JIu w,, Mbl HCKJouaeM |eff ||, HO ocTaercs
e*H ,; Bolbupas w,, Hckawouaem {e*H,), Ho ocraercsa €*H, u 1. 4. Koa-
MOIOPOB II0Ka3a.1, 4YTO TMOCJeA0BATEJIBHOCTh KAHOHUYECKHX 3aMeH ne-
pPEMEHHBIX MOXKHO OpraHH3oBaTb TAKHM 006pasoM, 4TOOLI OCTaBUIEECH
Ha KaxK/JOM Iu1are BO3nmyvieHHe OblL10 NOpsjKa KBajapara NpeibllyLiero:

2 ofi—1
e, —¢ H2—+&-4H3w>. e

BbIIOIHHB 71 IpeoOpa3oBaHUN, MOXKHO IOJAYYHTb TAKHUM IyTeM peLie-

oft—
lMe 3ajmaul ¢ TOYHOCTBIO [IOpPsJKa &) Takan NpouEeAypa HOCHT
Ha3BAHUE (8epXCxNOuUMOCHL WK UHOTAA KBaapPaTHYHOH CXOAMMOCTH 1),
[IpoxenoHcTpupyen oba obCyXKaaeMblXx MOAXOAA HA HMEIOIIEH CaMo-
CTOATEJbHDLIH NPAKTHUCCKHI HHTEPEC 3ajaue OTbICKAHHA KOPHHA ypaB-
HEeHHU S

f{x)=0. (2.6.1)

Caenys Mozepv |310] u Beppu [26 ], npeanogo»un, uro HanM H3BECTHO
HEKOTOPOE 3Ha4yeHHE X, (OOBLIYHO 3TO pelleHHe HeBO3MYIIEeHHOH 3a1auH),
KOTOPO€ MOZKHO INPHHSITh B KauyecTBe HAUadbHOrO NPUOJAMIKEHUS JJIs
kopHsa. Caenywuiee NpUOIHMKEHHEe X, HaHIeM H3 NepBbIX JBYX UWJIEHOB
pasqaoxkenunsi Telaopa BOKPYT Xg:

[ (xo) — ] (xg) (xy — Xo) = 0. (2.6.2)

g nosyueHus nNpubIMHKEHHS X, Ha 71-M Lare HeoOXOoIHMO onpeje-
JHTH KOPEeHb IOJIHHOMA 711-H CTelleHH

n

] mi m
2 m F () (X —— x9)™ =0, (2.6.3)
=0

Broibepem Maablit napaMeTp € == X-—X, U I[PEACTaBH) yHKuHIO f ()
PSIOM MO cTeneusiM €. Bbiuuras M3 3TOro psifa Buipaxenue (2.6.3),
nogyvaeM, uTo omubKa €, —= x— X, 110C]e /1-T0 NPHOAUKEeHHS ABISETCs

BeJIMYMHOM nopsaaka &'~

(n+1)

PSP B A RS (2.6.4)

{(n — 1! 1" (xo)
Takas AHHEHHAas CXOIMMOCTh XapakTepHa Ias OObIUHLIX METOJOB TEO-
PHH BO3MYLIEHHH.
Utobsl NpoAEMOHCTPHPOBATL KBAAPATHUHVIO CXOABMOCTb,  BOC-
01b3yeMCs MeTOJ0M KacareabibiX [IbloTona. [leprmuiii war storo me-
ToAa npejicTaBieH ypaBhHeHuem (2.6.2). Owmubka e, nepsoro miara

1) B oreuecTBeHHOH JUTepaType YNoTpeligeTcs Takke TePMHH «YCKOpEH-
Has cXOAHUMoCTb» [463].— HHpum. nepes.
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OLIEHHBAETCS C IOMOIIbI PAas3/JIOXKEHHSA [ (¥) OTHOCHTEJIBHO TOUKH X
10 €2
ey ~ o (Xo) (¥ —xo)* = ate?, (2.6.5)

rae
 (xg) = —— I (5o (x0). (2.6.6)

Taxum obpasomM, cmHOGKa e, HMeeT HOpAAOK &% Ha caeaywouem ware
[IOBTOPHM NpONEAYPY pa3/oxeHus [ (x) BOKPYr TOUKH X, (4 HE X,)
H Haugem

[ (%)
Xg— Xy = — 1. 2.6.7
2 [" (1) ( )
Owmnbka 3TOro mara ¢ yyerom (2.6.5) paBHa
ey ~ O (X1) (X—2x,)% ~ o (x) &2 (%) & (2.6.8)

M SIBJIAETCS BEJHYHHOH mopsiika €. DBhlcTpasi cXoAHMOCTh obecrieuu-
BaeTcsl 3a CUeT TOro, YTO 3HAUeHHe NepeMeHHOH, BOKPYr KOTOPOro Bbi-
NOJIHAETCH pPas/ioKeHHe, ¢ KaxKJOH UTepanHed npuo/IdxKaeTrcad K TOU-
HoMY 3nauenHio. Ilo HHAYKUHMM ANA OWKOKY [0C/Ie n HTepauHH uMmeeMm

n

(r—x) ~ e TT @™ (xe_). (2.6.9)

—

Boo6ine rosops, f''/f' ~ 1, Tak uTO olIMGKa yMeHbIIAeTCs KBajapa-
TUYHO HA KaykaoMm mare. OfHaKo, eclH

[T ~e, (2.6.10)

[3TO COOTBETCTBYET pe30HaHCy BOJH3U pPa3blCKUBAEMOTO 3HAYEHUS
KopHs, [ (x) ~ (x—x,)71; x,~ x,], TO M Torja KBagpaTHUYHAsA CXOIU-
MOCTb OKAa3bIBaeTcsi cHJbHee !). AHaNOTHYHO CBepXcXojsineecs pas-
noxkeHHe B Teopun KAM rakake mojiaB/isieT elCTBHE MaJibiX pe30HaHC-
HbiX 3HAMCHATENIeH.

CBepXCXO[sivecs pasJjo:KeHHusi He HAULIH [10Ka LIHPOKOro NpHMe-
HEHHS B NpPAKTHUCCKHX pacueraX. Kaxk Mbl yBHIUM HHKE, COOTBETCT-
BYIOIHE BHIYUCAEHHSI OKa3bIBAIOTCS MPH 3TOM CJAHIIKOM TI'DOMO3JKHMH,
YupuroB [70] neMoHCTpHpYeT CBepXCXOJAMMOCTL Ha MpUMepe MasT-
HUKA, UCIOJAb3Ysl NPOU3BOMSILLYI0 (PYHKIMIO OT CMelaHHoro HaGopa
nepeMeHHbIX. OnHAKO 6o/Tee ecTeCTBEHHO NMPUMEHHTh CBEPXCXOJHMOCTH
B COYETaHHH ¢ nipeobGpasoBanusMyu JIH. 151 aBTOHOMHBIX CHCTEM 3TO
BOepBele ObT0 caedano XayasaaoM [203]. Mer paccMOTpUM 3Ty Tex-
HUKY B I1. 2.6a, caeayss Kapu [49], MeTox KOTOpOro npHMEHHM TaKiKe
H /I HeaBTOHOMHBIX cHcTeM. B pabore Mak-Hamapm [290 ] kpatko
00CYKIAeTCs1 BO3MOKHOCTb HCIOJb30BAHHS CBEPXCXOAAMMUXCA Mpeod-

1) @akTHUECKH A5 CXOAUMOCTH Tpebyercd, utodnl f//f ~ e % 1 << 1 (e — 0);
NOXOXKee YC/AOBHE BO3HWKAET M NMpH AokKaszaTesnbcTBe TeopeMbl KAM (cM. n. 3.2a).
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pazoBaHuid JIu s BLIYHC/ACHHS HHTErPajJoB JABHXKEHHA BOJH3H PE30-
HAHCOB.

Ilonyyenne npHOMHIKEHHBIX DELUEHHH AJs CHCTeM, OJM3KHX K HH-
TETPHPYEMBIM, TECHO CBSI3AHO C OTLICKAHHEM NEepUOOUHECKUX peuleH L
B Takux cHcreMax. [locsieHne BamHbl, IIOCKOJALKY OHH 00pasyor
ILIOTHOE MHOXKECTBO H I103BOJIAIOT dHAJH3UPOBATL OMH3KHE peleHHS
C NOMOILIbI0 JHHEHHOH TeopuH (cM. § 3.3). XemsiemaHn, DMHHHIED H Ap.
[116 ] paspaGorann B nocieiHee Bpemsi BecbMa 3(XpeKTHBHblE CBEPX-
CXOMSIIHECS METOAbl HAaXOXK/JEHHS NepPUOJAHYECKUX pelneHHH. ITH
METOJbl OIHMCLIBAIOTCA B II. 2.66 M HJTIOCTPUPYIOTCS HA TNpuUMeEpe 3a-
paun XenoHa—Xeieca.

2.6a. Merox Koamoroposa

Caenvs Kapu [49 ], paccMorpuM raMW/JIbBTOHHAH

oC
H= Y e"H,(x, 1), (2.6.11)
n=>0
rpe H, — uHTerpupyemass 4actb, a BekTop X = (J, 0) osHauaer Ie-
peMeHHble JeHCTBHA — yroa ansa H,. Bsejiem nocaejnosaresbHble TIpe-
oOpa3oBaHus JIu, NPUBOAsAUINE K I110CTeA0BATEJIbHOCTH HOBLIX TaMHJIb-
TOHHANOB, 3aHYMEPOBAHHBLIX C NOMOIIbIO BepXHero uHaexca. Hcnods-
svs Meroj [enpu (1. 2.56), HaudeM ¢ ypaBHeHHH (2.5.31) agasi nepBoH

npousBoAsied GyHkuuu Ju @'

HV =H,, (2.6.12a)
DgoV = H{" —H,, (2.6.126)
Dol =2 (H — Hy) — [wf”, ("~ H,)].  (2.6.128)

O6bIMHO 3TH ypaBHEHHS HHTel‘pHpV}O’I‘CH OJlHO 3a japyruM. B kaxaom

MOPsiAKe HOBBI FAMHJILTOHHAH H;  BLIGHPAETCH TAK, YTOGHl HCK/IO-

YHTb CEKY/ISPHOCTD B @, TI0CJIE 4ero Onmpefesercs cama QyHKLuHs @) -

3atem @) nofcTaB/JeTcs B CAEAyOUlee YpaBHEHHE U BeCh TpPOLECC
NMOBTOPSAETCS. WMHuTerpupoBaHue KakKJO0TO H3 ypaBHEHUH ecCThb eIHHHY-

HbIH «ars npouenypbl H I[I0CJI€ 71 TAKHX IUAroB MbI HOJIyanM HOBBIH
raxMuJbTOHHAH H BaBHCﬂLLIHH ¢ TOUYHOCTBIO IMOPSHAAKA e" TOJbKO OT Ie-

pexeHHOf aeficTBHSA J.

B meroge Ko/MoropoBa raMHJAbBTOHHAHLI H ITPOU3BOAsILIHE PYyHKUHH
BbIOUpawT uHaye. (OCHOBHOE MNPAaBHJAO COCTOHT B TOM, 4YTO OJHOBpe-
MEHHO peLIdloTCsl BCE T€ YPaBHEHHUs, NpPaBLle YAaCTH KOTOPHIX He Comep-
xar w;. Ilpn stom, Kak W npexie, H; BblOHpaeTcs TakhM 00pasoMm,
4YTOOBl YCTPAHUTHL CEKYJASPHOCTH B w;. BO BCEX OCTaBINUXCS YpaBHe-
HusiX W; (j>>i) nosaraiTcsi PaBHLIMH HYJIIO, TOCJE Yero W3 HUX orpe-
aensoress H;. Brmonnenwe Bcell 5TOH NPOLEAYPH SIBASIETCS €AHHHY,
HbIM «ILIATOM» Pas3/IOKEeHHSA.




166 Faasa 2

Ha NEPBOM I1Iare Mbl MOXKEM «OJHOBPEMEHHO» PELIHTb TOJBKO OJHO

ypaBHeHHe, a nveHHO (2.6.126). Ionaras H\’ = (H ), naxomum w)’
M3 ypaBHeHUH

Do = — {H,). (2.6.13)

(!
I'amuasronnan HS' onpegensercst ua (2.6.128) npun wy’ = 0 u 1. A

Heansst oneospemenno Y) ¢ w@i’ wafiti, HanpuMep, @), Tak Kak B

yvpaBnenne (2.6.12B) BXOAUT HeH3BecTHAA eule yHKIHsA wi”.
[Ipucrynas KO BTOPOMY 1uary, BBOAMM HOBHIll «CTapbili raMiuib-

TOHHAHY»

H" = Y "HY, (2.6.14)
n==0
B KOTOpOM
HY = B s e b, (2.6.152)
HY =0, (2.6.150)
HY=H", j>1. (2.6.158)

Takum oGpa3oM, B HOBOM HEBO3MYVIIIEHHOM TaMHJbTOHHAHE IMOJHOCTHIO
VUTEHO pelleHHe, NOJYUeHHOe Ha npeabiayiieM mare. [TockoabKy Bos-

1t
MyLIeHHE He COAEPIKHT Telephb wieHa IepBoro nopsaka, to H{” = 0;
2 e ! ,
= 0 u HY = Hy’. Cucrema ypasuenuii [lenpH nNpHHHMaeT BuJ

Dl =2 (HP — H), (2.6.16a)
D <= 3(HY — H{)y, (2.6.166)

DYy = 4 (P — 1) — [, TP+ 1), (26160

rjie
b E—gt—Jr [, =Y (2.6.17)

— I10/1Hasl TPOH3BOAHAs 110 BPEMEHH BIOJb TPaeKTOPUH nepsoeo no-
paoka UCXOAHOH cHucreMbl. Temeps Mbl MOKEM OJHOBPEMEHHO PELUUTD
déa nepBblX ypaBHeHus (2.6.16a) u (2.6.166), ycTpaHas CeKyAPHOCTH

o (2
B wy U wy Beibopom HY u HY' COOTBETCTBEHHO. B OCTAMbHEIX ypas-

1) To ecTb Ha 2TOM »Ke LIare; ecjaH XKe Mbl CHAuaJ a HauleM w{” u3 (2.6.13),

a 3aTeM TloAcTaBuM ero B (2.6.12B), To BepHeMcH K OOGHYHOH TeOpHH Bo3Mylie-
HHH.— [pum. ped.
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HeHHAX noJjaraeM @’ = 0 H HCHOIB3YeM HX AJs onpenetenns HY,

j>3. B peayabTare HaXOAHUM HOBLIH TAMUJIbTOHUAH

HP = HP —'HP 1 P . (2.6.18)

rae
HY =HY 0 1" HYY, (2.6.19)
HY = HY, >3, (2.6.20)

npruem H§' apaseTcs GyHKuHell TOILKO NepeMeHHbX AEHCTBHSA, a
BO3MYVILEHHE He COJEePKUT YJIeHOB NopsaKa &* u &’

FHa rtperbem wiare MOXHO cpasy yCTPAHUTh UJ€Hbl BO3MYIUEHUS
MOPAIKA C UETBEPTOTO 10 CEAbMOH. ITO CJAeAyeT IO MHAYKIHH H3 06-

imero ypasHenns Jdenpu (2.5.29). Iycrs Bosmymenne B H™ umeer no-
.)n)

A

pAI0K el uau Bolme. Mcenoasavsa npeofpasoBaHue ¢ npoU3BOAsS IEH
dynkunein @Y, nomyume @Y 0, LD — 0, (Tyth—0
n H" = 0 qs j<< 2" Orcioga maxoguM, uto aia m<<2"! ypag-
Herue (2.5.29) 3anuchiBaeTCs B BUE

Dl = m (HETD — HP), (2.6.21)
C/1e10BaTe/IbHO, YPAaBHEHHA C HOMEpaMH OT m == 2" J0 m = ontt
MO/KHO PEIUHTb OJHOBPEMEHHO.

OrneTnM, uTO KaxIblll wiar B MeTofle KoJaMoropora OKasbIBaeTCs
HAMHOTO CJIOXKHee, ueM B OOBIUHOH TEOPHUH BO3MylleHHK. DBogee Toro,
Ha KaxXJIOoM ware TpebyeTcs NPOBOAUTL UHTErPHPOBAHUE BJOb HOBBLIX
TPAEKTOPHUM CHCTEMbl. B0O3MOXKHO, YTO 3TO €CTh BbIpaxKeHue BCeoOLIero
«3aKOHA COXPaHEHHSA»: Ha OAHY M TY Ke BBHICOTY MOMKHO B306paThCH
Au60 32 MHOTO MeJKHX Inarop, JHO0 3a HECKOJBKO KpynHbIX! Mbl 1y-
naen, uto Metoj] Kovsimoroposa He JyYIIHI CHOCOG BBINOJHEHUA Npak-
THUeCKHX Bhluncjaenuid ), C apyrof CTOpOHBI, OH COBEpIUEHHO HEOGXO-
auM B Teopun KAM 17191 nonyuenus CcXofsimuXxcs PSJOB BHE Pe3oHaH-
COB.

2.60. Ileproauyeckue TPAEKTOPHM

J1J11 3aMKHYTBLIX NEPHOAHYECKHX TPAEKTOPHH B CHUCTEMAaX C HECKOJb-
KUMU CTeNeHsIMH CBOOOJLI VJIAeTcs INOCTPOHTL CXOAALIHECS pPeLIeHHS.
ITO CTAHOBUTCSI BO3MOXKHBIM MOTOMY, UTO YCJOBHE TOUHOW NEpHOIWY-
HOCTH TNO3BOJIsIeT NPEICTABHTL TPAEKTOPHIO IPOCTBIM psJoM Dyphe
U H30exaTb, TakuM 00pa30M, MOABJIEHUH PE30OHAHCHBLIX 3HAMEHATEIeMH

') 310 BaKJOYeHHE ABTOPOB NpPEeACTaBJsAETCH MpexAeBPEMEHHbIM, TaK Kak
elle He HAKOMJeH JOCTATOUHBLIM OMBIT MPAKTHYECKHX PacueToB € HCMAOJMb30BAHHEM
CBEPXCXOASIMHUXCA MeToJgoB. MoxkHO, Hanpumep, OTMeTHTb, 4TO ecaH TpelyercH
yMepeHHass TOYHOCTB, CKaxeM, 10 ~ £% BKJIOUUTEJbHO, TO CBEpXCXOAMMOCTH
3apeloMo yipouiaer suuncaenus (em. [70], § 2.2; 5.1).— IIpum. ped.
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(. 2.26). Onnaxo, yToOb! OGECIeYHTb MEPHOJAHUHOCTH B pAMKaxX TeOpHH
BO3MYVILEHUH, HeOOXOAMMO HM3MEHSATb HauajibHble YCJIOBHS B KaxKJIOM
H3 MOCaeloBaTe/bHEIX MPHOJHKEHUHA, NoAJep:KHBAs 4acToTy HEeH3MeH-
HOi1 *). D10 OoTIMYaeTcsi OT OGBIUHOM CXEMbl TEOPHH BO3MYIIEHHH, B KO-
TOPOH A1 33JaHHbLIX HAYaJAbHBIX YCJIOBHH TOYHOCTb IOC/IE0BATeNbHBIX
NpUOIMKEHHI TOBBILIAETCSI 34 CYET IepeonpejeseHHss YacTOThl.

Meron nocTpoeHHsl epHOAMYECKUX perleHHi ¢ PUKCHPOBAHHON 4a-
CTOTOH H ¢asoii Ol paspaboran XedJeMaHOM, DMHHHIEDOM H COTP.
IJTOT METOI HCIIOTH30BaACsA BO MHOTHX 3ajadax, HalpHMep BBIHYXK/IEH-
Hble KoJeGaHHs anrapMoHH4eckoro ociuiaastopa (1161, mogeanr Xe-
HoHa u Xeiaeca [183] (em. n. 1.4a) w oroGpaxenue Xenona [178]
(cM. 1. 3.2r). ABTOpBLI HA3bIBAIOT CBOH METON «0O0pATHBLIM® BBHAY OTMe-
yeHHOW Bblllleé HEOOBIYHOH I10CAe]0BATeNbHOCTH AEHCTBHH — OT Ya-
CTOTHl K HauaJbHBIM YCJOBHSM.

Xora Mepa BceX NEpPHOAMUECKUX TPAeKTOPHH paBHa HYJIO, OHH
SIBJISIIOTCS BCIOAY IVIOTHLIMH B (a3oBoM npocrpaHcTse. Harasiqno ne-
pHOAHUECKHE TPAEKTOPHH COOTBETCTRVIOT payHOHAIbHBIM UYHCJIaM Ha
OTpe3Ke, Mepa KOTOpLIX paBHa HYJ0, HO KOTOpble TEM HE MeHee CKOJb
YTrOJIHO XOpOomO npuOAHKAlOT Mi060e HppainHoHaabHoe uHcao. [los-
TOMY Ha INEpPBBIH B3IVIfAAJ MOMKET MOKA3aThCHA, YTO OTHLICKAHHE IEpPHOAM-
UeCKHX TPaeKTOpHil 3KBUBAJEHTHO INOJyYeHHIO BOOOLIE BCEeX TPAeKTo-
puit. Ha camoMm fese 570 He Tak, NOCKOJLKY IepHOAHYECKH e TPaeKTC-
pHH, BOOOUie TOBOPS, HE OrpaHHUYMBAIOT AMCPHOMHUCCKHE TP aeKTOPHH,
Jlaxke ecti B HAyaJIbHLIH MOMEHT OHM OJIM3KH, TO I03K€ MOI'YT OKa-
3aThCsA NPOMU3BOJLHO JlajieKo APYT OT Apyra B (azoBOM NPOCTPAHCTBE.
B orauune OT 3TOrO HPH ABYX CTEII€HsIX CBOOOJAbI HHBAPHAHTHBLIE TOPhI
OTPaHHUYHBAKT OJH3KHE TPAGKTOPHUH H MO3TOMY ABJIAIOTCH 3HAUUTENILHO
OoJsiee¢ Ba:KHBIMH 1 OMHCAHHA JAMHAMHKH CHCTeMbl. TeMm He MeHee H
B 00LIEM cJiy4ae NepHOojHYeCKHe TPAEKTOPHH MOryT OKas3aThCsi BeChMa
MOJE3HBbIMU 110 ABYM IpHYUHAM. BO-IepBBIX, OHH MOTYT BbIABJATL lie-
KOTOPble OCOOEHHOCTH oOlIeH CTPYKTYPbl ABHMKEHHs, HalpuMmep pe-
30HAHCHI PA3/HYHOTO YPOBHSA C ONpeJeTelHbIM UHCJAOM Bpanienud. Bo-
BTOPBIX, MOKHO HCCJA€J0BAaTh HX YCTOHYHBOCTL, YTO OVAeT HCIIOJb30-
Bano B § 4.4 npu onpegeseHHH ri00ajlbHON YCTOHUYHBOCTH JBHIKEHHSA.

Bapuayuonuwoil memo0. PaccMOTpUM 3aMKHYTYIO TPa€KTOPHIO B aBTO-
1HoMHOY cucreMe ¢ N cTeneHssMH cBO6GOAEI. JIBHKEHHE IIPH 3TOM ABJSETCH
MepHOAHUECKIM, T. €. cyuectsyer N-—I1 pe3onaHcHBIX VCJIOBHH BH/1a

Ik'(!)zo, (2.6.‘22

rjae Bce N-MepHble LEIOUHCAeHHbIe BEKTOPH [ JIHHEHHO HE3aBUCHMBI 7).

1) Dror npueM, cayxawuil hbakrTHuecKu ocHoBo# Teopun KAM, Gein npeno-
xeH Koamoroposbim [229] (cm. Ttakxe [11]).— Tpun. ped.
%) BeXTOp OCHOBHBIX YaCTOT ® He WMeeT B JAHHOM cJyuae ompeje enloro
cmbicaa [cp. (2.6.24) u (3.1.5)], nosnas Xe cucTeMa 4acTOT ONpejesieTcss Co-
otHomenueM (2.6.23).— Ipum. peo.
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Bce vactoTel ABJATCA UENbIMH KPAaTHBIMU OCHOBHOH YacTOThl obpa-
LEeH U

©i = M, (2.6.23)

ITO I1103BOJISIET NPEACTABUTL KOOPAHMHATHL §j U CKOPOCTH §; C MMOMOIIBIO
psiioB @ypbe

> Qe (2.6.24a)
gi=io, X mQume™er, (2.6.246)
m=-—00

BapunauuoHHoe ypaBHEHHe /s 3aMKHYTOH TPAEKTOPHH YyJ00HEe
BCEro 3alucaTh ¢ noMoibio JarpaHxuada (1.2.1). M3 npunpkna [a-
MH.IbTOHA I0Jy4aeMm

s 14, g) dt=8(Ly =0, (2.6.25)

rae (L) — umHTerpaa mo nepuoay obpauieHud 2m/w,. Cuuras ¢; U g;
$yHKHUSAMH KO3duiueHToB dypbe Qpy U BapbHPYs 3TH KOIDPHIH-
€HTBI, HaXOJHM

5 (Ly= 2L 50, (2.6.26)
aQ;'m
3 BapuamHOHHOIO HCUHUCJAEHHS] H3BECTHO, YTO
9L _o, (2.6.27)
3Qjm
€M V/IOBJETBOPAIOTCH ypaBHeHHs JlarpaHxKa
d oLy a{L) _ 0 (2.6.28)
dt a'_ dg;
q;

3aveTtum, uto (L) — uncro aareGpauyeckass GyHKuus Qjn (M ©,).
Ecan zagano (L), T0 Qj, HAaXOZATCS KaK KOPHH CHCTEMbl ypaBHeHHH
(2.6.27), KOTOpble ONPENENAOT CTALMOHAPHYID TOYKY GyHKuuH (L).
TpVAHOCTb BLIYHC/IEHHS 3THX KOPHEH CBfI3aHa C TeM, YTO B O6ILEM CJY-

yae CTauHOHapHas TOUuKa @ He OTBEuaeT HU MAKCHMYMV, HH MHHUMYMY
(Ly, a aBasiercst ceq1oBoit (cm. puc. 2.14). Tun 310oro cefza paspbiBHO
3aBHCHUT OT HaMeHenus Qj, (a TakxKe, cJeJ0BaTEALHO, H OT HaYaIbHBIX

sHayeHuil ¢g; U ¢g;). Mcnonb3yeMm 119 BbIYUC/IEHUS KOPHEH MPOCTOH Me-
TOJ KacateibHbIX HbloTona. BBelem BeKkTOpHYIO nepemenuyio Q, co-
CTaBJEHHVIO U3 KO3(hdHIHEHTOB Qjn, U Noaoxum [ == d(L)/0Q, rorja
U3 (2.6.27)

J(Qy)-AQ- ai)fn =0, (2.6.29)

rie Qo — HauaJibHoe NpuOAHKeHHe KopHel, a AQ — nepBas NnonpaBka.
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[Togcrasuisist Beipakenue Jis f, HMEEM
AQ.- Fb . oLy (2.6.30)

0Q; 0Q,
JuaroHanu3ys wmaTpuuny Kpususnel 0% (L)'0Q2 (cm. puc. 2.14),

MPHXOMUM K CJAeAVIOUIHM 3aMeHaM:
Q—c,
AQ— Ac,

L ey, (2.6.31)
0Q;
g (L)

— (LY (Cy).

dQy

(L

Puc. 2.14. JIByMepHoe Cenno.

Q — CTalMOHapHAasl TOYKa YCPeAHEHHOro Jlarpanxkuata (L), Qy, Q, — HCXOZHBIe MepeMeHHlE)
Ciy Cp —— HOBBIC IIEDEMEHHDBIE, B KOTOPHIX MaTpHUa KPHBHMAHH uarouvanbHa,

YpaBuenue (2.6.30) npunHMaeT BHA
D (€0} Al = — (L) (o), (2.6.32)

rjpe n Hymepver KOMIIOHEHTBHI BEKTOPA C B JHArOHANH30BAHHOH CHCTEME.

Cpelld 3HAUEHUH KPHUBH3HHI A, (C) HMEIOTCS KakK IOJOXKHTEIbHbIC, TAK
i oTpunare/nbHble. [IpoHyMepyeM HX B NOpPS/JKe BO3pacTaHUS OT OTH

PULIATETbHBIX K [10I0KHTEIBHLIM, [IPU 3TOM OJZHO U3 3HAUEHHH Am (€) =
= 0 (cm. [1791]). Oanako B npouecce HTepauHit 5Ta YHOPSIA0UEHHOCTD,
BOOOIIIE TOBOPH, He coxpaHseTcd. [loJokeHne MOXKHO HCIIPABHTb, BBEISs
8 MeroJ HbloTOHA KOPPEKTHPYIOULYIO MTONPAaBKy

(P —2) Ay = —{Lyn, (2.6.33)

rie A BHIGMpaeTcs Tak, YTOOhI 3HAK A,—A [PH HTEPALHAX HE H3Me-
naacsi. Takod mpueM o6ecrneuuBaerT JHHEHHYIO CXOAUMOCTb K C4. bBo-
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Jee TOr0, KOTja pPelleHHe ¢ NOAXOJHT J0CTaTOYHO GJIH3KO K €, MOXKHO

yOparthb A H BOCCTAHOBHTb KBanpaquyro cXoIUMOCThb. B kKauecTBe A
yJ106H0 BBRIGPATh Ay (€), TAK K&K IIPH 11 = M pasHoCTb A, (€) — Ap(c) =0

H An — 0 npu ¢ — ¢, Kak H Tpebyercss Aasi cXoAuMocTH B (2.6.33).
Taxun 06pa3oM, BMECTO OObIYHBIX HayasbHBIX YC/JAOBHH

qi (0) = S Qjm, (26343)
m
g;(0) = iw, Y Y MmQjm, (2.6.346)

MbI 3ajJlaeM Tenepb 3Haue€HHE 1 = m, AJd KOTOpOro KpHBH3Ha paBHA
HY. 110, HJIH

LY (€) =0 (2.6.35)

15 T000ro BeKTOpa €, YTO rapaHTupyer An= 0 B MepPBOM IOPSJKE
no Acp,.

B npakTHuecKHX pacueTax HCIMOJ1b3VIOTCH UCXOoAHbIE (@), a ne aHa-
roHa.IM30BaHHble (€) nepemMeHHbie H KOHeuHble psiabl Pypbe. bouid npu-
JAVMaHBl H pasJHUHbIE JpPYyTrHe TPHEMbl A8 COKpPaIlCHUA BbIYHCIEHHH
H YCKOpEHHA CXOAUMOCTH; NOAPOOHOCTH MOMHO HAUTH B LLHTHPOBAHHBIX
BBILIE OPHTHHAJIBHBIX CTAThAX.

Sadaya Xernoda u Xetireca. llponeMoHcTprpyeM npHMeHEHHE H3JI0XKEH-
HOrO OOLLero MeTo/a K CHCTeMaM C ABYMA CTelleHAMH CBOOOAbI, CJAeAys
padoram Baynmruca [35] n Xemtemana u Baynrtuca [183]. YeioBue
pPe30HaHCa MMEET BUJ

Sy — rog — 0, (2.6.36)
rje

o — — (2.6.37)

7

— HEKOTOpas NOCTOsIHHAs, a r U § — B3aUMHO IIPOCTbIE Lie/ble YuC1a.
HactoTol @, 1 @, Tenepb yiKe He SABASIOTCH HE3aBHCHMBIMH, 4 KPATHDI
obert yactore obpareHus

©,=—2_ = Y2 (2.6.38)

r S

[leprnoi o6paiuienusi pasen T, — 21 ®,. O6o3HavYass COOTBETCTBYIOLLIHE
4acToTaM ®, H ®, KOOPAHHATHl uepe3 X U Y, MOXKHO IIPeJCTaBUTb pe-
meHne B Bujae psaaoB dypee (2.6.24a) no KaxJo# CTeNeHH CBOOOIBL:

x(h= X A", y®)= X B."r . (2.6.39)

M= -— o0 n— —oc
B paccmarpuBaeMoM MeTOle MOXKHO ObL10 Obl 33JaTh ®, H JBa U3
UeThIpeX HauadbHBIX VCAOBH X, y, X, y, a Kosdpuuuentsr Gypre A,,
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B, v ocTaBlIMecs JBA YCJOBUA HAUTH IyTEM IIOCJCAOBATEJbHLIX I1PH-
6ikedui. [IocKOogbKy, OAHAKO, JAJId O0ecnedyeHus MNepHOAHYHOCTH
TPaeKTOPHH JOCTATOYHO 33/aTh TOJbKO 7 H §, TO MOXKHO (PHKCHPOBATH
TPH HaA4Ya/JbHBIX YCJAOBHS, @& 4acTOTy ®, H YeTBEpTOe yC/JIOBHE HAHTH
C noMombio psifoB. Tak KaK rjaBHLIMH 4acToTami B (2.6.39) aBasiorcs,
KOHEeYHO, HCXOJHbIe 4acToTbl (2.6.36), TO MOXKHO OXUJATb, YTO IVaB-
HBIMH B (ypbe-passoxeHHH (2.6.39) OyAyT u/JeHbl ¢ aMIVIMTyAaMH A -,
H B.;. Bbiiesenne 3THX 4JIGHOB I110MOTaeT JOCTHXKEHHIO OBICTPOH CXO-
JIMMOCTH pelleHus .

Jlns wamoctpaqud MeTofa paccMOTpHM, caeayst bayurtucy (351,
oTeHInad XeHoHa M XeHJaeca, 3ajaHHbIH BoblpaxkenueMm (1.4.4) (cm.
Takxke puc. 1.11). ¥YpaBHenus Jlarpanxka HMelOT BUJ

X = —x—2xy, (2.6.40a)
§=—y-Lty?—x (2.6.406)

Yrobel siBHO BBecTH Gurypupytomue B (2.6.36) yacToThl, IepenHieM
3TH ypaBHeHHH B ¢opme

X+ oix=¢ [(eff—— 1) x—2xy] , (2.6.41a)
yoy=cel(o;-1)y -y —x7]. (2.6.416)

[TpaBble yacTH 3THX YPaBHEHHIH CUHTAIOTCH B HEKOTOPOM CMbIC/IE Ma-
JbIMH, Ha YTO YKa3blBaeT BBeJEHHBIH Madblil lapamerp €. Y paBHEHHS
(2.6.41) skBuBanenthnl (2.6.33) [183]. Pasnoxum tenepb Koapduuu-
eHThl Pypbe B (2.6.39) no crenenam &:

m - m -
x ()= E e/ E Anfemm’t ’

j=0 f==—00

(2.6.42)

H=—00

y@)=2 ¢ D B, .
=0

IMToacraBnsas 3tH BoipaxeHuda B (2.6.41), nosyvyaeM cHCTEMY PEKYpPpPeHT-
HBbIX COOTHOLLUEHHH

(F—nYor A, jp=FPeoi—1) Aj—2 X AyBa_s;, (2.6.43a)

—— 00

o0

(32—112) mEBn. 1= (52(0;‘2— 1) Bnj -+ k—>1 BiBn_t, j— k_{?-l ArjAn—r. j»
(2.6.430)

U3 KOTOPLIX MOKHO HaHTH BCe KO(PPULUHEHTH, KDOME TJIaBHBIX 11 = == 7
H 1 = 4 s, Tak KaK s OOCJAeAHHX JieBasi 4acTb ypasHeHHI obpa-
Ufaercst B HyJb. IJTH KO3(PHIHEHTH INPOIIE BCero IOJYYHTh, 3a1aB
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B JIOTIOJIHEHHE K r ¥ S TPH Hauya/bHBIX yC10BUs. Bribepewm, HanpHuMep,
X = xo npu { = 0 u 6ygeM cUHTaTbh KO3(PPHUUHEHTH PDypbe NEHCTBH-

teabHbIMU (A, = A_,, B, = B_,), otkyzaa caeayeT x (0) =y (0) = 0.
Torpa ammuidtyga A, onpefenasieTcsi HeMmOcpencTBeHHO u3 (2.6.42) ¢ no-
MOILBIO PEKYPPEHTHOTO COOTHOLIEHHS
1 ] bt
Ar,f+1 =“2—x0_'“?2—A0i“_ Anj, (2-6-44)

n=1

n—r

Puc. 2.15. HavyanoHbie VCIOBHS Xy, Yo MEPHOAHUECKHX pelleHHH cucTeMbl Xe-

HoHa — Xeijijeca npu x, == Yo = 0 ANs pasIuyHbIX 3HAYEHHH o0 —s/r, e S, r-—
B34a¥MHO MPOCTHe Yucaa (no JaHHpiM padorsl [183]).

a yacTtoTa HaxXOAHTCA M3 ypaBHeHHA (2.6.43a) npH HyJ/IeBOH JIeBOH
YaCTHU:

(1);2', j1== 1 [Arf + 2 E Akl’Br—-k. J'J' (2.645)
)"244,—]' k

Bmecto Toro urobnl Haxonute By, U B M3 ypaBHeHus (2.6.436) mpu
n =0 1 n =S COOTBETCTBEHHO, OOPATHM NPONEAYPY /I YCKOPEHHS

cxoaumocTH. Ecan Hcnosb3oBaTh ypaBHenue (2.6.436) ¢ HyJeBo# Je-
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BOH YacCTbl0 H €AMHCTBEHHbIMY OTJIHUHBIMH OT HY. 1 KO3(PdHLHeHTaMH
Boo, Biso# As,p, TO B IEPBOM NPHUOIHKEHHH HMECN

(s’0;—1) - 2B,,, =0, (2.6.46)

1O 1aeT BO3MOKHOCTH HaHTH Bs H3 PeKyppeHTHOTO COOTHOLUEHHS,
KOTOpOe mnoJyyaercs ¢ nomoilslo (2.6.436) npu n = 0:
)

2B; ) = Bj— Z+ Bi +§k‘_ Ao (2.6.47)

Bxoaauine ciona Beuynnbl By onpeleasdoTcess B TOOOM MOpsiiKe H3
TOTO XK€ CaMOTO YPaBHEHHUS NPU 1 — §:

] I’ 2 2 \1 ‘\‘
=== (1—50) By—, X BuBosi~ 3 AwAss i),
BO, /+1 QBF,‘ ‘( r)B B OsBk! S—R&, J P Ri‘“1s—Fk, ]

’

(2.6.48)

CootHoluenne (2.6.47) skBuBaJeHTHO yca0BuI0 (2.6.35). Bcee ocTanib-
Hble Kos(puuuentsl 4, u B, nojayuamoTca peKypPPEeHTHO M3 ypaBHe-
Huil (2.6.43) ¢ HEKOTOPBIM pa3yMHBIM MAaKCUMAaJbHBIM 3HaueHHeM /1.
flocae 3TOoro HavyaiibHOE 3HA4YeHHe Yy Onpeaeasercss B TI000M Mopsake
npsyMo u3 {(2.6.39).

C nomotbto 310# npoueayphl bayatuc [35 ] nocTpou KpuBbie 3a-
BHCHMOCTH Haya.IbHLIX KOOPAHUHAT X, Yo MPH MOCTOAHHOM 3HAYEHHU
OTHOLUEHHSI @ - $'/ W HeNpephLIBHO H3MEHAoIIeHCa vacrore o,. Be-
JAAUUHBL €& BbIOpatbl Tak, yTOObl HAWJYUIIMM OOpa3oM allllpOKCHMHPO-
BaTh 3HAyeHHC « = | (OTHOWEeHHe uyacToT Madmix KoaebGanuil). [loay-
yeHHble pe3yabraThi NpuBeAeHs Ha puc. 2.15. Kaxpass KpuBag 1nocro-
AHHOIO @ COOTBETCTBYET OIPELeJeHHOMY JAHAMA30HY HeNPepbIBHOIO
u3MeHenusa ,. OjHako 3aBHCHMOCTH peleHust OT o PaspblBHA, T. €,
MaJsible U3MEeHeHHA ¢ NPUBOASIT K COBEPIIEHHO APYTUAM 3HAYEHUAM ©,,
r U s.

C.1eaya nmoaxo1y cos3jareqnei METOAa, Mbl HCHOJb30BATH yPABHEHUS
ABHzKeHHsT B copme Jlarpamxka. OaHaAKO BCe 3TO MOKHO ObL10 Obl 11PO-

JeJaTh U B KAHOHHUECKOH dopme C MTOMOILLLIO MOACTAHOBKH X — p, XOTH
JUI MePHOJNUECKHX TpaeKTOpHH Takas QOpMyT1HPOBKA He jaeT KaKHuX-
nu6o OYeBHAHBLIX npeumyiecTs. UTo Ha camom jene KegartelbHo, Tak
3TO HUMeTbh JIeJ10 ¢ JarpaHKHaHaMy, COAeprKaliHMHM HEeBBLICOKHEe CTeleHH
KoopAHHaT. B npoTHBHOM Cilyyae METOJ CTAHOBUTCA CJIHIIKOM TPOMO3/I-
KHM H3-3a HEOOXOJIMMOCTH nepeMHOXaTb cpasy MHOro pajo Pypoe,
YTO TIPUBOAMT K [OSAB/AEHHIO MHOIOKPATHBIX CYMM B PEKypPPEHTHBIX CO-
OTHOUIEHUAX AT KOoahduiHeHTos ).

1) B paGore [473] npeinoxen apyroil Merol HaxoXIeHHsT NMEPHOAHYECKHX
TPAeKTOPILH, CROOOIHLIL OT 3THX HeR0CTATKOB.— [Tpum. ped.
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OTOBPAH{EHUA U JIMHEWHARA
YCTOUUYMBOCTb

Hexoropbie tono.joriyeckue coodpazkKeHHs NOMOTalT HaIJISLAHO Dpel-
CTABHTb, 4 3aTeM U IOHATH MHOrOMepHoe ABHXKeHHe. (OHU eCcTeCcTBEHHO
PUBOAAT K PAa3HOCTHBIN ypaBHEHHAM, T. €. K OM00PAdMeHuio JHHaMU-
YeCKOH TPAeKTOPUH CHCTEMBl HA HEKOTOpOe IOANPOCTPAHCTBO eé
¢asoBOro npocTpaHcTea. B cayuae ABYX CTeleHeH CBOOOAb TaxHe
oToOpaxKeHHs AaloT NMPOCTyl0 H HAIJASAAHVIO KapTHHY ABHXKenusi. bo-
.1e€ TOTO, HCIO0.JIb30BaHHe OTOOpaAXKKEeHH{ — 0ObiyHO Haubonee yA0OHBIH
IyTh 1POBEACHUS KaK AHANHTHYECKHX WU YHCJIEHHBIX PacueToB CTOXa-
CTHUYECKOTO ABMXKEHHS, TaK H MaTeMaTHYeCKHUX J0Ka3aTeabCTB CYyLLecT-
BOBAHHSA pPa3JIHUYHBIX THIIOB TPaeKTopuil. Bmectre ¢ Tem peryasipHoe
JIBU;KEHHE, KaK Mbl BHAead B IJ. 2, yacto ObiBaeT yI0OHO ONHUCHIBATD
jJugdepennnaabubiME ypaBHenusivy. Tlepexoa or auddepennganbHbiX
ypaBHeHH# (I'aMuabTOHa) K orobpakeHusiM ¥ oOpamHo LIWPOKO HC-
NoJAb3yeTCs MNPH aHafMH3e JBHXKEHHS OO0JbIUHHCTBA HENHHEHHBIX JH-
HaMU4eCKUX CHCTeM.
Mbl paccMOTPHUM TPH Cjyyas BO3HHKHOBEHHS OTOOparkeHHH:

a) HeMmOCpelaCTBeHHO H3 (H3UYECKOH MNOCTAaHOBKH 3ajadyH, HAMpH-
Mep, AJ8 Mojeau yckopenus Pepmu, Koropasi obcyxaanach
B IJl. 1 n noapo6Ho paccmorpena B § 3.4;

6) Kak pe3y. bTar M0CJAeJ0BaTeNbHbIX IepeceueHdll JHHAMHYECKOH
TPAEKTOPHH C HEKOTOPOH NOBEPXHOCThIO '), Hanpumep, B 3ajaue
Xenona — Xeidsieca (ra. 1);

B) KaK pe3y.bTaT anlpoOKCHMaUUMW JABUXKEHWS, CNPaBelJIHBOH Ha
HEKOTOPOM Or'PaHUUEHHOM HHTEpBaJ/e BPEMEHH H.IH TOJIbKO B He-
KoTopolt obsacty $a3oBOro mpocTpaHCTBa, HallpuMep, B 3aaaye
O JABHXKEHHUH B OKPECTHOCTH CelapaTpuchl MasTHHKA IO JeHcT-
BHEM [1€pHOHUECKOI0 BO3MVYHIeHHA (§ 3.9).

B 3Toit raaBe Mbl paccMOTPHM KAHOHHUECKME OTOOPAXKEHHS JJIsl CBA-
3aHHBIX HEJHHEHHBIX OCUMJNATOPOB € [IPOU3BOILHBLIM yuciaom N cre-
neHeld croboABl, HO ocofenHO nOApobHO AaIst N = 2.

B § 3.1 ycranaBamuBaeTcst CBSi3b MeXKJAY TaMUJLTOHOBLIMH CHCTe-
MaMH U KaHOHHYECKHMH OTOOPaXKEHHSAMH IIYyTeM HCIIONL30BAHHST Me-
Tojla ceuenus [lyankape B ¢asoBoM mnpoctpancree. Ha npumepe oro-
OpaKeHHsl TOBOPOTA MOKA3bIBAETCA, KAK MOCTPOHTH OTODPAKEHHE 10

1) Taxk naswBaennii Merol ceuenusi [Myankape (cMm. 1. 1.26).— IMpun. peo.
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NaHHOMY TaMHJbTOHHAHY ¥ KaK MO OTOOpa)KeHHI0 BOCCTAHOBHTBH TIa-
MH/JIbTOHHAH. JTU Pe3y/abTaThl MPHMEHHMbI, BOOOWIE TOBOPs, K CHCTe-
MaM Kak C ABYMsi, TaK H ¢ OOJIBIIHM YHCIOM CTeleHel cBoOOIH.

B § 3.2 ofcyxpaorca cTporue MaTeMaTHUecKHe De3yJbTaThl, Ka-
CalolMecst BAXKHLIX 0COOEHHOCTEH TNOBENEeHHS CHCTEMbI, BKJOYAHd TEO-
pemy KAM, xoropass ycranap/jiHBaeT YCTOHUYHMBOCTH KBa3zuIlepHoIHUe-
CKHX Kogebanuit 1oy AelcTBHEM JOCTATOYHO MajAOro BO3MYUIEHHUA.
[Ipoananu3upoBaHpl YCJIOBUS «YMEPEHHOH» HEJIMHEHHOCTH, KOTOpas
HeoOXOAHMA A5 TEOPeTHUECKOro aHaluia peryJ/sapHOro JABHIKEHUA.
Ha ocnHoBanuun teopemnl [lyankape—Dupxropa o HenoasHkKHON TOUKE
paccMaTpuUBaeTcs CTPYKTypa $ha3oBOro NpPoOCTpaHCTBa BOAU3H YCTOH-
YYBBIX W HEYCTOHUHBBIX NePUHOAHYECKHX TPAeKTOPHH, B TOM HHC.1€
U cToXxactuyeckue cyaou. Magarasa marematuueckue pe3yJbTaThl, Mbl
HE CTPEMHUMCSA K CTPOrocTH. HuraTenadanm, HHTepecylowuMcsl MaTeMatl-
YeCKHMH acheKTaMHd TeOpUH, CJelyer o0paTuThcst K o63opamM ApHOILIY
u Ape3a [14] n Mosepa [3]10], B KoTOpBIX NpuBeAEHHl MHOTHE MaTeMa-
TUYeCKUe J0Ka3aTenbCTBA.

B § 3.3 Mbl paccMOTpHM JHHEApH30BAHHOE ABHKEHUE U €ro YCTOH-
UHBOCTb B OKPECTHOCTH HEMOJBHAKHBIX TOYeK. [lJs1 WIJIOCTPAUMH MPH-
MEHEHHS 3THX METOJOB K CHCTeéMaM C JIBYMs cTerneHaMu cBoOojsl B § 3.4
paccmaTpuBaercs MoAeNib ycKopeHust depmu, OlHChIBaeMas € TIOMOLLbIO
orobpaxenusi. HenoaBuxkHble TOUKY (MepHOJAHUECKHE pelleHus) H HX
YCTOHUHBOCTL HCCAEIYIOTCH aHAJHTHUECKH M CPABHHBAIOTCS C YHCJIEH-
HbIMH pesyJaesTaramu. llosyyena Takike ramuJbTOHOBa (popMa OTOOpa-
euus. Hakonen, B § 3.5 paccmarpviBaercs: 3a,1a4a O ABHXKEHUU MasAT-
HUKa NOJA JeHCTBHEM MEPUOMUYECKOr0 BO3MYIIEHUS B OKPECTHOCTH Ce-
napatrpucel. I1pou3BOAUTCS Nepexon oT ypaBHeHHi [aMHJbTOHA K OTO-
OpaxkeHHi0 M PacCMOTpPeH XapaKTep JHHeapH30BaHHOrO [BHKEHHS.
Takoi nopxon Obl1 Henodab3oBaH UupukoBniM {70 ] npH aunanause ne-
pexoza OT peryJgpHOTO K CTOXACTHUECKOMY JABHXKEHUIO. IJTOT MeToj
oyaer H3gokeH B 1. 4. OH NpHUMEHSeTCs TakzKe MPU OIleHKEe CKOPOCTH
audbdysuu ApHonsaa B . 6.

* § 3.1. TaMUABTOHOBH CUCTEMbl KAK KAHOHHYECKHUE
0TOOpaKeHHS

* 3.1a. HHTerpupyembie CHCTEMBI

PaccMOTpUM OCHMIJATOP C JABYMA CTENEHSMH CBOOObI, TAMHIBTOHHAH
Kotoporo H He 3aBHCHT OT BpeMeHH. Tak kKax cucrema npemlosaaraercs
MHTErpUpyeMoll, TO MOXKHO BBeCTH HepeMeHHble JeACTBHe — yIroJ (CML.

n. 1.2B) u
H{Jy, Jo)=E, (3.1.1)

rae E — coxpausiiowasicst 3Heprust cucreMbl, a J,, J, — HHTEIpPaiIbl
nBHKeHHA. CoxpaHeHHe 3HEPTHH [103BOJISAET YMEHbUIHTh Pa3MepHOCTH
o0nacTy ABHxKeHHsl B (pa3oBOM MPOCTPAHCTBE € yerblpex a0 Tpex. Co-
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XpaHeHUe JI0O0H M3 NEpeMeHHLIX AEHCTBUSA [O3BOJAET MPUBECTH 3TV
06.;1aCTh K JBYMEPHOH TOBEPXHOCTH B TPEXMEDHOM IIPOCTPAHCTBE [10-
CTOAHHOH 3Hepruy. JIpu:KeHue Mo 3TOH MOBEPXHOCTH MOXHO IlapaMer-
pH30BAaTh C IIOMOIIbLIO YACTOT, COOTBETCTBYIOIUMX KaXK/J0# H3 IBYX CTe-
nmeHeld CBOOOALL:

Gl-——-(l)lf‘-}l‘el{), 62:(,02f "i; 820, (31,2)
rjie yrJjoBbi€ [IEPCMEHHbLIC OIIPEACIACHbLI 1O MOAYJIIO 2m.
Tpoexkmopus
/ //
/ //
/

Zbe
nepuoduueckue
mMpagxkmopuu
(&, ) ——

0t~ UPPOLLUORAIL HOR
4UC0
b

Puc. 3.1. Murterpupyemasi cucTeMa ¢ AByMsi CTEIEHSIMH CBOOOJHI.

a — ABuxKeHue Ha Tope J, = const, J, = const; 6 — nosepxHocTb ceucHud [Iyaurape 0, ==
= const, TPCYTrOJABHHKM H KPVAHKKH — JABe NNepHOAUYECKHe TpaekTopuH (s = €) ¢ pasHbIMH
HAYaTbHLIMH yedoBUAMH, CnJoWHble JHHHE NOKa3biBaloT GoJablloe YHCJAO [epeceyeHH il KBa3H -
nepHoguyecKoil TPAaekTODPHH,

/lsuocenue Ha mope. IBuiKeHHe ONMHCAHHOH cHCTeMBl yA0OHO INpeicTa-
BUTb KaK JIBH)KeHHe Ha Tope B (a30BOM IpoOCTpaHCTBE. Takoe mpei-
CTaB/JIEHHE MOXKHO ODOOIIHTL M HA CHUCTeMBL C OONBIUHM UYHCAOM CTere-
HeH CBOGOABL. 32jJa1HM HEKOTOpylo 3HeprHio E M paccMOTpHM OIHY
U3 JBYX cTeneHeit cBo6Goabl, CkaxeM nepsylo. Toraa J, nmapameTpusyer
WHBApPHAHTHBIE IIOBEPXHOCTH, T. €. 3aJ]aeT «PajHychl OKpYXKHOCTE»,
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a yroa 0; xapaxkrepusyer HOJOXEHHE CHCTEMbI Ha OKPY:KHOCTH. Jas
JIOJTHOTO OMNHUCAHHS HeoOXOAUMO yYecTh yroa 0, TaK 4TO HUHBapHaHT-
Hast MOBEPXHOCTb OKAa3bIBAeTCH TOPOM, KaK [0Ka3zaHo Ha puc. 3.1, a.

3apanue J, u £ onpeneser Takxke J 5, a BMeCTe C HUM U OTHOLIEHHE

=1 (3.1.3)

(0P

MOCKOIBKY W, = wy (J) 4 w, = 0, (J). Ilpy a = r's, tae r, s —
B3dUMHO I[IPOCTHIE IeNble YHCAa, YACTOThl COM3MEPHMBI, H JABHIKEHHE
Ha Tope BBIPOKJAETCS B [€PUOJUYECKYI0 TPAeKTOPHIO, KOTOpas 3aMbl-
Kaercs 1ocae r obopotoB no 9, u s oboporos no 0,. B obmen cayyae
0 — UPpAaIHOHAJbHOE YHCJIO0, M TPAEKTOPHUs IOKPBIBAET BCIO NOBEpPX-
Hocth TOpa. IlockonbKy 7 M s MOryT OHITH OUeHb GOJIBIIMMH, NEPHONH-
JeCKHEe TPAaeKTOPUH pacnooXkeHbl B (ha30BOM [POCTPAHCTBE BCIOAY
MJI0THO.,

IlpeacraBaente O JBUXKEHHH Ha Tope OCOOEHHO MOJe3HO, MOTOMY
UTO ero MOXKHO OOCOOIINTL M HA CUCTeMBI ¢ 6onee yeM JBYMS CTelleHSIMH
cBoOoabl. CoxpaneHue KaKJOH U3 IllepeMEHHBIX ACHCTBHUS YMEHbIIAeT
Pa3sMepHOCTb WHBApHAHTHOH MOBEPXHOCTH HA €IuHuNy. Tak, ecad vy
cHcreMsl ¢ N cTenensivd cBoGoAbl B 2N-MepHOM (a30BOM IPOCTPAHCTBE
Bce N IlepeMeHHbIX JeHCTBHS COXPAHSOTCH, JABHKEHUE IMPOUCXOIUT
no N-MepHOH NOBEePXHOCTH, HJA#W MHOrooOpasHio, H oNHChiBaeTcst N
yIVIOBBIMH IfepeMeHHbIMH. TONOJOTHUYEeCKH 3Ta IOBEPXHOCTb SABJAAETCH
N-meproim mopom, t. €. no aHaitorud ¢ puc. 3.1,a N daszopwslx nepe-
MEHHBIX B3aHMHO OPTOIOHAJbLHBI H OIpejeNeHsl 110 MOAyao 2m, a no-
JOXKEHHE IMOBEPXHOCTH 3aJaeTcst NepeMeHHBIMH JAeilCTBHA.

BaKHBIM ClleACTBHEM 3THX MNpeAcTaBJeHHi SBJIAETCA TO, UTO B NPO-
M3BOJBLHBIX KAHOHHYECKHUX IIePEeMEHHBIX

JABHKEeHHE l/IHTerppreMOﬁ CUCTEMBI MO2KHO 3ariucatet B BH]JE
p () = g P (J) € T OtTmB (3.1.5a)
g(t) =2 gqm(Jye "R, (3.1.56)

rje m — LEJOUHCNeHHBIH, a [} — nocrosHHbH N-MepHBEIE BEKTODHI,
VYpasuenust (3.1.5) caegyior uz Qyphe-pasyokKeHus 10 YIVIOBBIM Mepe-
MEHHBIM H B OOLUeM cJayuae OIHCLIBAIOT KBa3HIEPHOAHUECKHE Ko.1eHa-
HUA p H (.

st noJyuenusi nepyoiHYecKoro pelueHus [1010XHM 1)

m-o=0, (3.1.6)

Tak kax BEKTOp m uMeEeT LEJOUHCTICHRBIE KOMIIOHCHThI, TO OTHOLIECHHEC
qacCToT ®; ABAACTCA palniHOHAJBHBIM YHCJIOM, T .€. W; — M;0,, TIAE 11e-

1) Mmeetcst B Buny, uro N = 2.— [lpum. ped.
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Jble UHCAA 11; He HMET OOUIero MHOXKHUTeAS. TpaeKTOpHsl 3aMbIKAETCs
yepes MnepHojI

21 2nn;
T — == : s (3.1.7)
(!)0 (JJ[
rJe 1; — 4ucao oboporoB MO [-# CTeNeHH CBOOOABI € YACTOTOU ;.

Omobpancerue nosopoma. 1lpu usyueHnu ¢as3oBbIX TPaeKTOPHi, OCO-
OeHHO B cjayyae ABYX cTelleHed cBOGO/bl, YVA0OHO HCIIOJb30BaTb METO
ceyenust [lyankape, noapo6uHo onucaHubii B 1. 1.26. Jdas ramunbto-
HHaHa (3.1.1) B KauecTBe MOBEPXHOCTH CeUeHHS MOXKHO BHIOpaTh JHOO
71ocKocets (J 4, 0,) (8, —= const), 1ubo niaockoerb (/ o, 05) (0,— const).
B nepeom cayuae nociegoBareIbHbie  IepeceyeHust ¢ IJOCKOCTBIO
(/1, 0,) oTaeneHnl Apyr OT Apyra uHTepBasoM BpeMeHH Af = 2m/w,,
npuyeMm J, = const (cMm. puc. 3.1, @). 3a ato Bpems 0, yBe/quuHBaeTCs
Ha w,;Af = 2na (J,), rie o — uyucio ppamenus. Tak kKak J, =
= Jy (J1, E), TO npu 3aaaHnHoM L BeJIHUHHY ¢ MOXKHO CuuTaTh QyHK-
ILHeH ToabKO J,. Onyckas s yIPOUeHUs 3allUCH HHIEKC 1, 1moJy-
yaeM ypaBHeHMSsI, ONMCHIBaOIIUe Nepexoj oT n-ro K (n -+ 1)-my nepe-
CEUEHHIO:

Jn-{-lan, (3188)
On1="0n-1-2a0 (S0 41), (3.1.86)

rjie 1715 AajJbHEHILIero Mbl 3anucaly o KaKk QyHKIHIO J,.0q, @ He J,. OTO-
Opakenue (3.1.8) naseiBaetrcs omobpanceruem nosopoma ). Ilpu ra-
KOM OTOOpaxKeHHH OKPYKHOCTH NepexoidT B cebs, HO UHCJIO BpalleHHs
3aBUCHT, BOOOLIE TIoBOpsi, OT paauyca OKpyxkHoctd. [Ipu uppaiyo-
HaAbHOM @ Jo0ast TPaeKTOpHS PABHOMEPHO 3alOJHseT OKPYIKHOCThb
npH n — oo, Ilpu panuoHasbHOM @ -= r/S, TJ€ r U S — B3aHUMHO NIPO-
CThle U{eaa, [10JYyYarTcsl [MePHOJAUYECKHE TPAeKTOPUH C HEPUOJOM S
urepaudi. JIBe TakHe TpaeKTOpHUH ¢ $ = 6 mMOKas3aHw Ha puc. 3.1, 0.

Orobpaxenne 1noBopoTa He 06513aTENbLHO 3aMUCHLIBATL B llePeMEHHBIX
nerictBHe — yroa. Hanpumep, ypaBHeHH$ -

X1 = Xp COSP—y, sinp, (3.1.9a)

Yns1= Xn simp+y,1c051p, (3196)

rje P — napameTrp, onpeaenfloT JHHelHoe orobpaKeHHe OBOPOTA.
Bosmyuenue storo orobpaxenust 6vaer onucano B m. 3.2r.

Kak ormeuanocs B m. 1.26, aByMepHoe oTo6paxXeHHe II0OBOPOTA
NOJTKHO COXPAHATh MNJONAlb:

0 (Jnt1 Ont1) __ g — 3.1.10
9 (Jr 8n) =11, Jnqal= 1. (3.1.10)

AHaJorHynoe cooTHOLIEHHe BhIoaHsercs u aas (3.1.9).

1) B opurunane —twist mapping (3saxpyuunamwouiee otobp axetnne).— [Hpun.
nepes.
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ITH pe3yJ bTaThl 0006IAOTCS M HA HHTEIpHDPyeMble CHCTeMBE! ¢ N
crenensivg coGopel (H = const). BriGupas, ckaxem, Qy = const
B KayecTBE MOBEPXHOCTH CEUeHHsl, Toayuaem oOToOpaxKeHHe NOBOPOTa
At N—1 ocraBmuxcs nap nepeMeHHbIX JeHCTBHE — Yrod:

J!l+1:‘,ﬂ, (3.1.116)
B,H_l == Bfl + QJTC( (Jn+1), (3. 1 . 1 16)

rle o; = 0;/®0y — YHCJIO Bpamenuss 418 i-i Napwl. YcJaI0BUA HA
ck00Ku Ilyaccona, 3KkpHBaJ/IeHTHBIE COXPAHEHHIO MJOMAAY JABYMEPHOIO
OTODOPaKeHHS, OUEBHJHO BBITOJHSIOTCS.

* 3.16. CucTemsl, OJM3KHE K WHTEFPHPYEMbIM

Omobpasicerus, coxpansroujue naoujads. PaccMoTpuM Masoe BO3MYyliie-
HHEe WHTErpPUpPYeMOH CHCTeMbl C JByMSA cTeneHsMH cBoboibl. IlpH 3TOM
raMUJIbTOHHAH 3aBHCHT OT YIVIOBBIX II€peMeHHLIX

H(J, 8)=H,(J)--eH,(J, 6). (3.1.12)

Ha mnosepxnoctn ceyewus 0, = const (mod 2n) orobpaxenue noso-
pora (3.1.8) mepefiier Tenepnh B GO3MYUIEHHOE OMOOpaNCeHUe NOBOPOMA

Jnwr=Jn+ef (Jnt1, On), (3.1.13a)
Onp1 =0, -+ 250 (/1 44) - 28 (Jn+1, 0,), (3.1. 136)

rie [ u g-— nepuoguueckue PpynkuuH 0. Tax kKax 3T0 oTOOpaxkeHHE
NOJAYy4aeTCA W3 TAMUILTOHOBLIX YPaBHEHHH, OHO AOMKHO COXpPaHATh
miomanb. Mel BeIOpaau ¢yHKUMH f U g 3aBHCAIMMU OT J,.y, a He
oT J,, TaKk UTO COXpaHeHHe JIOMAaAH NPHHHMAET OCOOEHHO MPOCTYHO
dopmy. B camom nene, coornommenus (3.1.13) M0OXHO OMYYHTb H3 NPO-
usBoaAned QyHKIHH

Fo=Jpn110n + 20 (Juy1) + 89 (ny1, 00), (3.1.14)
IIp HYEeM
o =dst/d] .y, (3.1.15a)
f— —03%/00,, (3.1.156)
g=0%/0J0.1, (3.1.158)
OTKY 14
d og
OJ:.H + =0, (3.1.16)

H Iomank coxpansiercsi. Meron npeoGpasoBanui JIu ([1081], ¢
TakXKe § 2.0) mO3BOAseT MOAYUHTh OTOGpa)KeHHs, B KOTOPHIX J,.
H 0,,, ABHO Bhipaxkawtcs yepe3 J, H 0,. OxHaKO OHH Hey OOHBI a5
HAIIHUX Lieseil.

Ecau f saBucur or J,.,, TO J,., 3a@BHCHT OT J, HEABHO [CM.
(3.1.13a)]. Umucienno BeqHuHHy J,.; JETKO HAHTH, HCIIOAB3YSI METOX
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KacaTenbHbiXx HbIOTOHA MM MeTOJ 10CJeN0BaTeNbHBIX MPHOIHKEHHH,
B KOTOPOM HOBOE MPHO/HxKeHBe Jy; HAXOAMTCS MYTeM MOJCTAHOBKH

npeabayiero J i,jrll B pynkuuio f. Ob6a Merona 06eCreuuBaOT OBICTPYIO
cxogumocTb (cMm. § 2.6) 1).

Bo MHOrHX HHTepecHHIX cayuasix f He 3aBucuT oT J U g = 0. Toraa
(3.1.13) npHHHMAIOT BHI A6K020 omobpascenus nogopoma ©):

Jopr=Jn4¢f (0,), (3.1.17a)
6’!+1= 8n+2ﬂaf (Jn+1)- (3.1. 176

B nanbHeiinzeM Mbl NOAPOOGHO pPACCMOTPHM JABa TaKHX OTOOpaKeHUSI:
VIpolIeHHOe oToOpaxkeHHe Yiaama (§ 3.4) u cenapaTpucHoe otobpaxe:
nue (§ 3.5).

Ecan auneapwsonats (3.1.176) B OKpeCcTHOCTH HENOABHAKHOH TOUYKH
Jnia = o = Jg, 118 Kotopolt a (/o) — nenoe 4HcaIO, TO

Jo=Jo+AJ,. (3.1.18)
Beoasi HOBYylO NepeMeHHy JelCTBUSA

I, =2na'AJ,, (3.1.19)

NMPUXOAUM K 000OUWEHHOMY CMAHOAPMHOMY OmOOPANCEHIIO
Inia=1,- K[*(0,), (3.1.202)
0,.9=08,11,4, mod2m, (3.1.206)

31nech

K = 2na/efyuxe (3.1.21)

— napamemp cmoxacmudrocmu, a [* == [/fyaxe — MPUBEJEHHOE H3-
MEHEHHEe IepeMeHHOH JeHCTBHsI, HOPMHPOBAHHOE Ha efuHHny. Takum
o6pasoM, o0000ieHHOe CTaHAapTHOe OTOOpa)KeHHe JOKalbHO (110 J)
H 3KBHBaJEHTHO MPOH3BOJBHOMY BO3MVIIEHHOMY OTOOpaKeHHIO [OBO-
pora. B ciayuae f* = sin 6, oHo nepexoaHT B cmaxdapmiHoe omodpa-
gcerue (M3BeCTHOe TaKrKe, Kak oTobOpaxkenne Hupukoea — Teduopa)

Inii=1I,-+Ksino,, (3.1.22a)
Opss = O - s (3.1.226)

OroGpaxenne (3.1.22) ucnoaszosasocs YupukoesM [70] u Tpunom
[165] nna omeHkw nepexoga OT PeryJasipHOrO ABHXKEHHS K XaOoTHUeE-
CKOMY. 2TH BONPOCH paccMOTpeHHl B TIil. 4

JlocTaTouHo CHMMETpUYHBIE OTOOpaKEHHST MOXKHO TPEACTaBUTL B
BHJle NpousBelieHns 6oJiee NpocThiX oToOpamenui. Ilpeacrapnenne siB-
HOT'O OTOGPaXKeHHS! MOBOPOTA KAaK NPOH3BEIEHUS IBYX UHRGOAOYULL U HC-

1) O6GcyxaeHue BaXKHOTO BONPOCa O CYILLECTBOBAHHH MW eJHHCTBEHHOCTH pe-
IeHHd RJS HesIBHOro OTOOparKeHHs, a TAKXKe YCJAOBHH CXOAHMOCTH MOCJe]0Ba-
TeNbHbIX NpuGMuxkeHuit cogepxutcst B pabore [474).— Mpum. ped.

2) B opurunane —radial twist mapping (paguanbHoe 3aXpyuHBawpliee OTO-
Gpaxenue).— IIpum. nepes.
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10.1b30BAHHE TAKOTO MPENCTABJAECHUS I HAXOXKIEHHS HENOABHXKHBIX
TOUeK onucaHo B 11. 3.36 u 3.4r.

O6o6mieHHe BO3MYIUEHHOTO OTOOpa)KeHWsl IIOBOpoTa Ha Cayuaf
60.Ibilero 4ucaa creneHel cpoGoanl npu fI —= const moayuaercd ¢ no-
MOILbIO [POH3BOAsIIICH (DYHKLHH

Fz — Jrz+1' en + 2rof (Jn+1) =+ &9 (J!‘l+1! On) (3 1 23)

Orcioga HaxoauM (N-—1) napy kaHOHHYeCKHX (IO NOCTPOEHHIO U3 F,)
oTOOpaXKeHU M

Jrz—§~1:tln“'ﬁ 8f(J,;+1, 9!1); (31248.)
9}1+1 - en + 2mor (Jrz-{-l) +- g (']n +1» Bn) (3 1. 246)

Ecoin & ue 3aBucuT OT Jp.,, noayuaercs (2N—2)-mMepHoe siBHOE OTO-
Opazkenue nosopora. [IpumMepoM TakKoOro OTOOpA)KEHHS MOTYT CAYXKHTh
Pa3sHOCTHBIC ypaBHEeHHs B 3a3jaue o OuUJabApAe. IJTa 3d]aua YIOMHUHA-
Jdach B 11. 1.46 # noapo6uo paccmoTpeéHa B ri. 6.

Beoasg x —= (J/, €), MOXKHO CHMBOJHYECKH 3alkcaTh BCE TaKHE OTO-
OpaxeHlifs B BUJIE

x,1+1::Txn. (3.1.25)

“ 3.1B. YpaBHeuus lamuabToHa U 0TOOpAKEHUS

Kax vxke oTrmeuanoch, nepexoj OT ypaBHeHMH l'amuibToHa K 0TOOpa-
JKeHII0 M 00paTHO HCHOJAb3YeTCs [PH aHaJu3e ABUAKEHHS JHHaMHue-
CKHX cHereM. Kak Mbl yBHAHM B cjieaywoleMm rnaparpade, THIHUHOE
IHOBCACHHE TaMHJIbTOHOBBIX CHCTEM OIHCbIBAeTCH OObIYHO B TEPMHUHAX
orobpaxkenuil. Menoaw3ysi otobpakeHue, JErko HPOBECTH Tak:Ke UYHC-
JEeHHOEC MOJASJIHPOBAHUE HEeJHHEHHBX KoJeGaHUil Ha BpemMeHH NOpAAKa
MU THOHOB NeprojoB. Hakoren, aHaJuTHYeCKHH BbIBOJ AHMDY3HOH-
HBIX VPaBHEHHH 5 Xa0TUUECKOTO ABHIYKEHUS I[OAVUAeTCsi, ONATh-TAKH
HeXoa U3 oToOpaxkeHHd. Bmecte ¢ TeM peryaspHble cBoicTBa 0Tofpa-
»KeHII yacTo Jerde noJyuuTh W3 ypaBHennii ['amuiabrona. Kak Mbr yBH-
JAMM HIDKe, OTOOPaXK€HHA MOWKHO TPEACTABUTbL B BH/E HEKOTOPBIX Clie-
uHaIbHbLIX ypaBHeHH# [aMuibToHa. 2TO 103BOjAfeT CBA34Tbh AHANUS3
oroOpaxKeHul ¢ obweil TeopuHel TraMH/JIbTOHOBBIX cHCeTeM. [TokazKenm
cHavata, Kak [epeiiti or ypaBHeHHH IamunbTOHa K OTOOpaxKeHHio,
U HaobopoT.

[lepexod « omobpagiceruro. s nByX creyieHell cBoGoibt GyHKuun f
M g BO3MYULEHHOro otofpakeHust nnopopota (3.1.13) MoxHO HalTH B nep-
BOM IOpsifke Mo & caeayouaMm odpasoM. Muarerpupys ypaBnenue I a-
M U TbTOHA

dy _ o (3.1.26)
dt 39, '
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Ha OAHOM IIePHOJE ABHXKEHUA Mo 0,, Ioayuaem
TZ
A, — —-eS dt

0

aﬁl

(Jn+1» Jo, By oqf, B+ wat), (3.1.27)

riae (HanoMHuM) J,, ©; B @y — PYHKUUH J,,;, H HCIOJNB3NBAHBl He-
BO3MYIUEHHbIe NepeMeHnbe J, 8, 1. e. HHTerpupoBaHue IIPOU3BOIHUTCS
10 HEBO3MYIIEHHOH TpaeKTopuH. M3menenne nepereHHofi jpeficTBus J
onpenessieTcss COOTHOWEHHEM

gf(Jn-}-lv en):AJl( n-4-1s 6,). (3‘1'28)1)

CoorsetcTByOLIce H3MeHenue ¢a3bl Haubojee yI06HO OMpeNeTHTD
H3 YCJIOBHA coxpanenust niowain (3.1.16). [daa Bo3nMymieHHOro oTo-
OpaKeHHs I10BOPOTA 370 JaeT

N Y 319
g/, 6)— S oL ap. (3.1.29)

B cayuae siBHoro oroGpaxenusi nosopora g == 0.

Ilpn BeUHC.I€HMH H3MeHEHHST OJHOH H3 [epeMeHHBIX AEHCTBHA HE
00f3aTe/IbHO BbIPAXKATb HEBO3MYIIEHHOE JBHKEHHE 0 OCTAJbHBIM CTe-
MmeHsiM CBOOOJALI B NepPeMeHHbIX AeHCTBHe— yroJ. AJsi raMusibroliana

H=Hy(Jy, ps, §o)-— €l (Jy, 01, po, Qo). (3.1.30)

YpaBuenne (3.1.26) ocraercss npexHHM, OTKyJa C TOYHOCTBIO [0 &
HMeeM

Ty
Ale—ej" dt

0

0y

Uy

(Jn-l-lv Bn +(ﬂ1tv pZ(t)’ q2(t))' (3131)

MBI BepHeMCsl K 3TOMY BbIpaKeHHIO IIPH pPacCMOTPEHHH Cenaparphc-
Horo orobpaxenus B § 3.5.
Onucannas npouefypa obobuiaercss u Ha caydyail N crerneHei CBo-
0OAbl, YTO MPHBOAHT K H3MeHeHHI0 N—I1 nepemeHHOH JeficTBHSA

N

AJz—ej dtﬂﬁ_ Fnrss Iy O, 0f, Oy 0pf) (3.1.32)

0

uef = AJ. Kak n B (3.1.18), dpyukiust ¢ B (3.1.23) HaxoauTcst myTeM

uuterpupopauus f no 6,, orkyna g = 09/0J,.,, M OTOGPANKEHHUE
(3.1.24) moJHOCTBIO O peNieseHo.

ITepexod k ypasuenusm Iamuremona. PaccMOTPHM siIBHOE OTOOpaxKeHHe
noeopoTta (3.1.17). Hacto OpBaeT »KeJaTelbHO NPEACTABHTBE OTOOpaXKe-

1) B atoM cooTHOweHHH J g BEIPA2KEHO C TOYHOCTBIO A0 € uepes J; H3 raMiJb-
Tounana Hg (J4, Jo) = const.— ITpum. peod.
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HHe B ¢popMe ypaBHeHuH ['aMHNbTOHA, NPHYEM POJIb «BPEMEHH» UIDaeT
HOMEP HTepauuu n !). dro MoxHO caenathb, BBoasA B (3.1.17a) nepuonu-
YECKYI0 JeJIbTa-QyHKLHUIO:

6;(n)= > d(n—m)=1-22 coslmngn, (3.1.33)
I ==em00 qg=1
rJle 1ocjelHee BhIpaKeHHe eCTh pasJjgoxkeHue Pypwe. Torga (3.1.17)
IPHHAMAET BH/]L
dJ

AL —ef (0)8, (), (3.1.342)
-gf’n- — et (J), (3.1.346)

rae J (n), 6 (n) — sHaueHUs BeMUUYUH J,, 0, KaK pas nepes MOMEHTOM
«BpeMeHu» n. YpaBHeHus (3.1.34) umelOT ramMuIbTOHOBY (OPMYy H CO-
OTBETCTBYIOT TaMUJIbTOHHAHY

H(J, 8, n)=2n (a(J) dJ —ed, (n) \ f(0) d6. (3.1.35)

OrMeTHM, 4TO raMHJIbTOHHAH f1 3Tofi CHCTEMBI ¢ OJHOH CTEEeHBIO CBO-
00/ABl SBHO 3aBHUCHT OT BpemenHd ?). OnucanHblii MeTo] JNerxo o0606-
ulaeTcss M Ha cJaydyad ABHOTO OTOOpa)KeHHs moBopora ¢ N CTeneHAMH
cBo0o/ibl. Mbl Hcnoab3yeM ramuabrondan (3.1.35) mast otobpakenust
Yiaama B § 3.4.

*§ 3.2. TunHYHOe MOBeAeHHE KAHOHHYECKHX
0TOOpaXKeHHUH

PaccmorpuM ofiee noBefeHHe CHCTeMbl CBA3AHHBIX HEJHMHEHHLIX OC-
HUJVIITOPOB M CTPYKTYPY HX hasoBoro mpocrpancrsa. OCHOBHBIM pe-
3yJIbTATOM 37ieCh siBjsteTcst TeopeMa KAM, rapaHTHpyiomasi CyHecTBO-
BaHHe WHBAPHAHTHHIX TOPOB JJIsl CHCTEM KaK C IByMsl, TdK H C 6OJb-
WHM YUCJOM CTereHed cBOOoAbt. OXHAKO HEKOTOpLIE CJENCTBHSI Teo-
pemMel KAM cyllecTBeHHO pasaHualOTCs I8 3THX JByX cayyaeB. Tak,
aupdy3ns ApHoanja BO3MOXKHA JHIIL B TNoc]eaHeM cayuae. Myl or-
J0XKHUM 006CYy2KAEeHHEe 3TOro Bompoca Jo Id. 6. 31eck ke Jas HIJCTpa-
uun teopeMbl KAM u xapaxTepHO# CTPYKTYpPHl $a30BOTO MPOCTPAHCTBA
Mbl OTPAHHYHMCS PACCMOTPEHHEM JBYMEPHBLIX (COXPaHAOWUX ILIOWAb)
oTo0OpaxKeHHH C HEKOTOPHIMH eCTeCTBeHHLIMH O0OOIIeHHSIMH HA Cayuan
6OJBIIETO UHCAA CTerneHeH CBOOOJHI.

1) TIpH 3TOM CYHTAeTCs, YTO 7 U3MeHsieTcs HenpephlBHO. HanmoMHuUM Takxe,
YTO «BpeMsA» 7 He coBmajnaeT ¢ (pu3MyeCKHM BpeMeHeM ! (dn/dt ~ wp/27), npu-
yemM 3aBHCHMOCTL f{n) MoxeT OHITL OUeHb CJHOXKHOM, Tak Kak Wy = oy (Jy),
a J, — MOXeT M3MeHSITbcHA XaoTuueckKu.— Illpum. ped.

2) 1 KoHeuHO, COBEpUIEHHO He NOXOXK HA HCXOAHBIH (DU3HYECKHH TaMHJbLTO-
Hua#d ff ¢ gByMs creneHsaMu cpoboppi. Tem He MeHee TpaeKTopHu oBeuX cHCTEM
COBIIaAAAT AN IeJOUHCACHHBIX MOMEHTOB «BPEMEHH» An. O}LHaKO Aad IIPHBA3KH
K (usnueckoMy BpeMeHH ¢ HeoOXOAWMO 3HAaThb 3aBHCUMOCTh O, (Jq) =
0, (J1, Jo (He, J1)), nau ucxonuntit ramuavrounad Hg ([, Jo).— [Tpus. ped.




Orobpanceruns @ AUHCUHAR YCTOLUUBOCTDL 185

* 3.2a. UppauHoHanabHbie YHca Bpamenus M Teopuss KAM

C yuyeroM BO3MYHIEHHSI T'aMWJIbTOHHAH CHCTE€Mbl 3aBHCHT OT YIJIOBBIX
nepemeHHuX (3.1.12) H, xak Mbl BHAeJH B IVI. 2, Pe30HAHChI MEXKLY
CTETIEHAMH CBOOOJABI MOTYT HAPVIIUTH CXOIUMOCTb PSIAOB TEOPHH BO3-
MyLieHHH. TeM He MeHee MOXKHO JNOKa3aTb Teopemy (reopema KAM),
COTJIaCHO KOTOPOH [1pH BBINOJHEHHH ONpeleJeHHBIX (IepeuHciaeHHbIX
HY2K€e) YCJOBHH CYIIECTBYIOT HHBAPHAHTHLIE TOPBI

J=Jy v (&, e), (3.2.1a)
0=5+uc(, ¢. (3.2.16)

3/ech # M U NEePUOAMYHHI 0 § M paBHBI HYJIO IpH & = 0, aBekTOp §
CBSI3aH C HEBO3MYIUIEHHBIMH Yacroramu ') Ha TOpe COOTHOWUEHHEeM

o

£ = ©. YcaoBusg npuMenuMoctH Teopembl KAM caenyiomve:
1) yacToTsl AOJKHBI ObITH JIHHEHHO HE3aBHCHMBI B HEKOTOPOH 00-
Jacti J (yCJOBHE HENHHEHHOCTH HEBO3MYIUCHHBIX KOJIeDaHHH 7))

Zmi(gi_ (J)#O, (322)

rae o; —— KOMIIOHEHTBI BeKTOopa @ = M /0J, a m; — KomIo-
HEHTH LE&JIOUUCJCHHOTO BEKTODPa M,

2) BO3MYIICHHE AOKHO HMETH AOCTATOYHO OOJBLIOE YUC/IO Henpe-
PBIBHBLIX ITPOM3BOJHBIX (YC/IOBHE IJAJAKOCTH BO3MYLIEHHS);

3) cucTeMa J0J>KHA HAXOJUTbCH AOCTATOUHO JajleKO OT BCeX De3o-
HAHCOB, TaK YTO

m-ol =y|lm|—T (3.2.3)

AJ15 BceX me. 34eCh T 3aBHCHT OT YHCJA CTereHed CBOOOAR H rJja/l-

KOCTH BO3MYIUeHHSA H;, a ¢ 3aBHCUT OT BEJIHUHHBI BO3MYIIEHHSA

gH, n HenHHefiHOCTH G HEBO3MYIIEHHOIO raMuJbTOHHAHA H,.
[MockoibKy HepaBeHCTBO (3.2.3) He MOXKET BBINOJHATHCS MPU CIHLIKOM
GOJILIIOM 3HAaUeHHH Yy, Kotopoe pacreT ¢ |eH | u 1/G, MHBAPHAHTHBIE
TOPBHI CVIIECTBYIOT JHUHIb IIPH JOCTATOUHO MAaJIOH BeJU4YHHe BO3MYILe-
Hus. M3 ycaoBuii 1 1 3 ciaeayer TakxKe H yCJIOBHE YMepeHHOL HEAUHEU-
Hocrmu 3). Ecau ycaoBHSA TeOpeMbl BbIOJIHEHBI, TO, HAlpHMep, OKPYiK-
HOCTH 0TOOpaKeHUs 10BOpPoTa CJjaerka jaedopMHPYOTCS 110 AeHCTBHEM
BO3MYVLUEHHSI, HE H3MeHSsl TOMOJOTHH, KaK 3TO NMOKAa3aHO JJIsi CeueHus
MHBAPHAHTHOTO TOpa Ha puc. 3.2, a.

1y Jlyuwe Onlj10 6Bl CKa3aThL CpPeiHHMH YAaCTOTAMH, NOCKOJBLKY yCIeX TeOpHH
KAM cps3an npexpe Bcero ¢ gukcaiyedl cpelHHX YacTOT, a He HAYAJbHBIX YC-
AOBHI, KaK 3TO OOhI4HO esaeTcs (CM. IpHMeyaHue peflaktopa Ea c. 168). HmeHHO
A 3THX GHKCHPOBAHHBIX YACTOT M clpaBelsunbl yeaoensa (3.2.2) u (3.2.3), npu-
pelennbie nuxe.— [pum. peo.

2) 370 nocnennee ycaosue umeer euy: det (0w;/0Jg) =0 fem. (3.2.10)];
ycaosue xe (3.2.2) caenyer us (3.2.3).— Hpun. peo.

3) Cwm. (3.2.36).— Hpum. nepes.
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Jra teopeMa Obla JokasaHa ApuosabioMm [10] ansg anaauTHueckoro
Bo3MyIueHHst H; nHa ocxose pa6orel Koamoroposa [229] u Mosepom
[308 ] npu ycnoBum CyIecTBOBaHHS JOCTATOUHO GOJBILOTO YHCAa HE-

UrbopuaHmMHGA
xpubag
1y

OKPYXKHOCTTS

aJ

X

| -
T I P
— m I
)
4V 2eGH, | 4V2eGH,, 4V2eGH,,
—h— ~ —A .
\\\\}\\\\‘ 'L\ g‘\ ;\\;\‘ \[\ 4\ \\\\f\\\‘_
0 /4 1/3 1/2 2/3 34 I plg
8 Aw,jw,
Puc. 3.2. K teopun KAM.
. — B LCANNEeRnOl cHeTeMe BO3IMYLULEHBAas |ITHBAPHAHTHAas KpPHBasg JackKuT BOAM3R HCBO3MY-
UIEHH O (OKPYIKHOCTD); & — nedbic pPe30HAHCbl; 6 — APOGHBLIE PC30HANCHl MEXKAY ABYMS -
KB PesoHaHcaMu 6; oONaCcTH DO30HANCOR 3IalITPHXCBaubp; Aw, — GAJ. A®w, @, =

— {0y W) — 8.

IIPePLIBHBIX NPOH3BOAHBIX. Teopema ycTaHaBAHBaeT CYILECTBOBAHHE
HHTErPaNMoOB ABHKEHWS AJIS MHOIOMEpPHBIX HEeJNHWHEHHBIX KoJeGaHHil.
Kak npH3HaHMe BaXHOCTH PaboT YKa3aHHLIX aBTOPOB €€ IPHHATO Ha-
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3biBaTh TeopeMoil KAM. Hiuke Mbl 0O6CYJHM CMBIC] TEOPEMBI, HJEKD 10-
KAa3aTeJbCTBA ¥ 3HAaueHHe YCJIOBUH ee IMPHMEHHMOCTH.

[IponaaocTpipyeM TPYAHOCTH [JOKa3aTeJbCTBA TeOPeMbl Ha TMpH-
Mepe ABYMepHOro orobpaxkenusi nopopora (3.1.13). IlocaenosareibHbie
liepecedyeHHs] BO3MYIEHHOH TPAeKTOPHH C IOBEPXHOCTBIO O, = const
(cM. pue. 3.1, @) onHCHIBAalOTCS Pa3HOCTHBIMH yPaBHEHHSMH, KOTOpPBIe
ONIPENie/IAIOT HOBbIE 3HAUEHHS NepeMeHHbIX J,, €, Ha noBepxHOCTH cCe-
JeHHs1 yepe3 HX NpeApiAyuiue 3HaueHusi. [IpearnonoxuM, 4TOo HMHBaApU-
aHTHas KpuBasi Buaa (3.2.1a) yaoBIeTBOpSET YpPaBHEHUIO

T3 (0 -~ 2aa) = J, (B)) + 0 (8), (3.2.4)

rae v (0,) — HekoTopas M3BecTHAs mnepuoanyveckas ¢yuknus. Ilonpo-
OyeM pemMTL 3TO ypaBHeHHe NyTeM passoxenus B pajg @ypbe mo 0:

tmwzgmmg u@=§mm. (3.2.3)

Torna
J1 (0 - 2nc)— J1 (8y) = — X ap [1—exp (ik2m)] exp (ik6y),
k

(3.2.6)
OTKYJa

= — L3 . (3.2.7)
1 —exp(ik2aa)

Koapduunenrst a, yObBalOT MeaneHHee, ueM by, a IpH pauHOHAJbHBIX
0. HEKOTOPhIE M3 HMX He onpeaenenbl. B 3ToM M cocrout mpob.aema Ma-
JBIX 3HAMeHaTesell, NPenfTCTBYIONHX CXOAUMOCTH PSAOB TEOpPHUH BO3-
MmynieHdid. Ecan o 3aBucur or J,, 10 BeJHYHHY J, HYXKHO BHICHpaTh
Tak, uyToOhl HH OAMH 3HaMeHaTelb He OKasaJjCsl Pe30HAHCHBIM. /111
3TOr0 He0oOXOAUMO COOTBETCTBYIOIIHM 00pa3oM H3MEHHTb IPOLERYPY
pa3joxeHHsi, a TakKxke MNoTpefoBaTb AOCTATOYHO OLICTPOro yOGhIBaHHUSA
Kosppunuentor by. JlokazateancTBa TeopeMbl KAM upe3BhuaiiHO
CNOXHBI M Mbl He OyjaeM ux 3jech uanaratb. OcHOBHast Hjies JOKasa-
TENbCTBA COCTOWT B H3MEHEHUH HAYaJbHHIX YCJOBHI Ha KaXJOM Miare
pasJIoKeHHs TaKHuM o0pazoM, 4ToObl BCe BpeMs OCTaBaTbCs JOCTATOYHO
JaJeKO OT BCeX Pe30HAHCOB H TeM CaMbIM HMETh BO3MOXKHOCTH NMPOJO.I-
»KaTb pa3fozKeHHeE.

Heaunetinocme '). Mbl yxke 3HaeM, YTO IIPW HaJHUYMM PE3OHAHCA MEXIY
cTeneHsIMH CBOOOALI HEBO3MYILEeHHOH CHCTeMul (ha3oBble TPaeKTOpPHH

1) B opurunane — linear independence or sufficient nonlinearity (anneii-
Hasl HE3aBHCHMOCTBL, HJH AOCTATOYHAA HEJHMHEHHOCTh). TepMHH «/JHHeHHas He-
3aBHCHMOCTBL YacTOT» OOBIYHO CBA3KIBAETCH TOJNBLKO € ycjaoBreM Buaa (3.2.2), ko-
TOPOE MOKET BRINOJHATLCS H IJA JHHEHHOTO OCUHJJAATOPA C NOCTOAHHBIMH Ya-
crotTamMu. [To3ToMy B NepeRofge HCIHOML3YETCS B 3TOM CJyuae TepMHH «HeJHHed-
HOCTL (KoseGaHmuil)», noHumaeMuiii B cMuicsie ycaosus (3.2.10), npruseieHHOro
Huxe.— Ipum. ped.
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CVUIECTBEHHO HCKaMKalOTCsl NOJ JAeHCTBHeM Bo3MylleHHs. Ecau HeBos-
MVIUeHHBIE YaCTOThl 3aBUCSIT OT MepPeMeHHBIX JeHCTBHSl, TO W3MEHEHUA
NOCJEIHHX BHIBOAAT CHCTEMY M3 Pe30HAHCA H TeM CaMbIM OTPAaHUYHBAIOT
3TH H3MeHeHusA. Eciau MakcuMasnbHble KonefaHust J MHOTO MEHbIIE He-
BO3MYILEHHOTO 3HAYeHHs J 5, TO BO3MOMKHO CYIIECTBOBAHHE WHBAPHAHT-
HbIX KDHBBIX, PACIOJOMXEHHBIX «BOJH3W» HEBO3MYUIEHHBIX J = J,.
B 3TOM H COCTOMT CMBICJ yCJOBHSI HeJHHEHHOCTH HeBO3MYIUEHHHEIX Ko-
neGaruil. DTO ycAoB