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BBEIXAEHHE

Teopusi rpaBuTalluy DiiHiTeiHa — 006L1as TEOPUS OTHOCHTEJb-
Hoctn (OTO), npuaaBliasg reoMeTPHUECKHH CMBICJ TIpaBHTAlMH,
CBSI3aB €€ C DUMAHOBOIl KPHUBHM3HOH IIPOCTPAHCTBA-BPEMEHH,  3a
70 ;e nocsie cBoero ycraHosJenus (B kKouiue 1915 r.) crana Gason
AOHUMAaHHUA [POCTPAHCTBA-BPEMEHH, IO/ TATOTEHHS H «OOBIUHOI»
matepuu. HecmoTpa Ha Hasuude B Hell paja TPyAHOCTEH, IPH3HA-
BaeMBbIX TaK MJH HHaue NPAaKTHUECKH BCEMH aBTOpamu (CUHIy.JIsp-
HOCTH, OTCYTCTBHE OOLUENPH3HAHHOH TPAKTOBKH 3HEPTHH, HEBO3-
MOXKHOCTb yuecTh «DoJgabiuue uuciaa» IAjHHrTtoHa—Jlupaka, cBs-
3bIBAIOUIHE KOCMOJOTHUCCKHE H KBAHTOBHIE AaATOMHBIE BEJHYHMBI
H 1p.), JIOOLIC UHBIE BApPHAHTBHl MO/EJCH TATOTEHHS TAK HJH HHAue
yuutbiBaloT OTO u cpaBHuBawoT cBod pesyabrarsl ¢ OTO, obmbsc-
HUBIIeH M mnpeackasaBlueil psa 3¢@ekroB B JabopaTopHLIX, NJa-
HETAPHBIX, 3BE3JHLIX H KOCMOJOTHYECKHX YCJIOBHAX BILIOTH [0
pacuiupenus Habmozaemoir Bceenennoit. Bwmecrte ¢ Tem naauuue
VOOMSAHYTBIX TPYAHOCTEH M psja HEBBIICHCHHBIX HNYHKTOB, a TakKKe
HeOOXOAUMOCTh NOCTPOCHHS KBAHTOBOH T'DaHJ-€IHMHOH TEOPHH BCEX
B3auMOAeHCTBUI ¥ moseli noOyxaalT K 0oJee UAH MEeHee CYIHeCT-
BCHHOMY BBIXOAy 3a paMku crtaHaaptHoili OTO; cioga oTHocsitcst
TCHAEHUHH BO3BpaTa B OCHOBHOM K MNPOCTpailcTBY MHHKOBCKOTO
(A. A. JloryHoB ¥ Jp.) HJH, HaUPOTHB, MCCJIEAOBAHHE pajAHKa/lb-
HbiX H3MCHCHHI ypaBHeHu# IDiHWTehHa—[HAbOEPTa U caMHX KO-
IENUHUH HpOCTPAHCTBA-BPEMEHHU-TATOTEHHSE M Psijla OCHOBHBIX 3aKoO-
HOB (H3HKH B 3KCTPEMAaJbHBIX I[JAHKOBCKMX H 3alJIaHKOBCKHX
YCJAOBHAX CBEPXBHICOKHX 3Hepruii =~ 10" I'sB, MUHUMAJBHBEIX AJHH
~ 10798 ¢M, peasiu3yeMblXx 00 BCEH BHAUMOCTH B ofiiacTH Boablioro
B3pbIBA, AaBLUEro HavyaJjo HbIHe HaOJo0iacMoMy pacwupenunio Bee-
JICHHOH IpaKTHuecKH oluienpusHaHHoro PpuaMaHoBCKOTo obulepe-
JATHBUCTCKOTO THIIA; IKCTPEMaJjbHbie YCJIOBHS BE€POATHO HUMEIOT
MECTO BHYTDHM 3J€MEHTAPHBbIX YACTHI M KBApKOB (KpyueHue, AUCK-
PETHOCTbL HPOCTPAHCTBA, AONOJHUTE/NbHLIC H3MEPEHHs, CyNeprpaBu-
TAalusA W Ap.. Yuaep, beprorru, Pexamu, diwopp, Beluzexkep, [lex-
poys, rpynna Tpeaepa, rpynna lsanenko, rpynna Tpayrmana,
rpynna Xejs # Ap.).

Ifenecoofpa3Ho MO3TOMY TOBOPHTb, YTO BCJed 3a HLIOTOHOBBIM
TANOM KJacCH4yecKoH rpaBuTauud 17—19 BB. H KpaTKOCPOUHBIM
NEPHOAOM CHELPEeJSITUBHCTCKON TpaBUTAlMH, NPEAJOKCHHOH, [ly-
ankape (B crarbax 1905—1906 rr., rae OH mapajjenbHo ¢ DiH-
LITEHHOM YCTAaHABJHBAJ CICHHANLHYIO TCOPHUIO OTHOCHTEJIbHOCTH
(CTO), ocHOBaHHYIO Ha NCEBAO3IBKJIHAOBOM MPOCTPAHCTBE-BpeMe-
HH, paszpaloraHHOM 3ateM MHHKOBCKHM); 1OCJIe 3TOrO [OCJEeA0BaM
stan OTO, noarorosaapwuiics diuwreiinom ¢ 1907 r. (B gaabpHel-
leM COTpyAHHuecTBe ¢ MapceaeMm I'poccMaHOM H y4eTOM BKJajna
['unbGepra). Helne MBI BCTYNHJIH, TPHMEPHO ¢ cepefuHbl 60-X ro-
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ROB, B cBoero . pojaa ocofblfi mocT-aifHwTeAiHOBCKHE nepuolA. Ero
riIaBHEHALUHM NPH3HAKOM siBJsAeTca cOAMXKEeHHe TpaBHTAUHH C- APY-
FHMH MOJSIMH M TNOCTPOSHHE eAWHBbIX TeOopHH. MareMaTHuecKHM
(opMaaH3MOM, fIeXKaliUM B OCHOBE COBPEMEHHBIX KBAHTOBBIX TEO-
PHH TO/A, ABJSETCS HX TPAKTOBKA. KaK KaiuGDOBOYHBIX, KOMIIEH-
CHPYIOLUHX TNoJeli. EcTecTBeHHO MO3TOMY INPHMEHHTH TOT XKe MOJ-
X0I M K I'paBHTAlMH, YEMY MOCBfLEHA HACTOSLlAad KHHra, AeJaro-
ulag yAapeHHe Ha yueT KpYueHusi Hapsdy ¢ KPUBM3HOI. 3a noa-
pooHoctamu ucropuy CTO u OTO ortcwiiaem k Jaurepartype [, 2
275, 277, 281283, 286, 293—296, 298---300] u TOABKO KOPOTKO
oTMeuaeM apyrue BugousMmenenuss w pacmupenus OTO u ypasue-
HHR noas 'napbepra — DiiHWwTelHA.

Vike Bckope nociae cosgaHus OTO 6blaH NpemloKeHb BapH-
aHTHl €JWHBIX TEOPHH, NBITABIIMXCH BCJAEL 3a TCOMETPH3AUHEH
rPaBUTALMH HMHTEPIPETHPOBATH TIEOMETPHUCCKH  TaKKe 3JeKTpPOo-
MAarHyTHOE MoJie ¥ TAKUM AyTeM TOCTPOHTH Te€OMECTPHYECKYIO Kap-
THHY Bcefl H3BECTHOH TOrjga (hpu3HUECKOH peaqbHOCTH. Has aToro
notpefoBasock 0606muTh pumManoBy TreoMerpuio, OTO, 1. e. ewe
jaJgblile OTOHTH OT MJOCKOro O€CKOHEUHOrO IICEBAOEBKJIHMAOBA IPO-
CTPAHCTBA CHeUHaJbHOH TeopHM OTHOCHTeabHocTH. [lepBolii Bapu-
aut npeaaoxua Beiap B 1918 r., caenaBmHii  yaapeHue Ha KOH-
(POPMHOH CHMMETPHH M NPHLICAUIHA K H3MCHCHHIO JNJIMHBI BEKTOpa
IIPH NapaajejbHOM MepeHoce. DAJHHITOH paccMoTpea fogee ofLiHe
HEe PUMAaH-3HHIITCHHOBCKHE CBA3HOCTH U KBaJApPaTHUHLIEC JIO KPHBH3HE
garpanxuansl. Kapran B 1922 r., napgay ¢ puMaHoOBOH KDLBHU3-
HOM, BBesa KpydeHue. Kaayua B 1921 r. BnepBnle npeasioxus ne-
pefiTd K O-MEpPHOMY IPOCTPAHCTBY, YTOOBl [MOJYYHTL VPABHECHHSA
JiiHwreina 1 Makcgeda.

OUHIITeHH, OTHOCUBLUKIICA cHadasa K Bapuadty Beins orpuua-
TeNbHO, 3aTeM NPUHAJ yuacTue B pas3paboTke BCeX.YVKa3aHHBIX Ba-
PHAHTOB €IWHBIX TeOpHH, npeanoxus B 1928 r. Teopuio Telenapa.i-
Jgenusma. [lozzHee oH Hauan pa3paboTKy Mojeseidt TNPOCTPAHCTB
C HeCHMMETPHUHOH MeTPHKOI H BCe MOCJ€jJHHEe TOABl CBOCH jed-
TE€JbHOCTH INOCBATUA MNOCTPOCHUIO C€AUHBIX TEOMETPU3OBAHHBIX TEO-
puil. B cBoeft pabore 1505 r., 3a aBe HexeqH J0 KOHUHHE, OIfiH-
WTEHH MOJYEePKHY.] BaXKHOE 3HaueHHe KO3(D(DUUHEHTOB CBI3HOCTH,,
He BbplparkaemblX yepe3 MeTpuky, Kak B OTO.

Enunnte Teopuu 20-x TOj0B He- JOCTHIJIM [OCTABJICHHON 11€aH M -
OTOLUIJIY JaJieKO Ha BTOPOH NJAH B TOABI NOCTPOCHHS KBAaHTOBOH
MEXAHHKH H AACPHOH (H3HKH.

B mnacrosuiee Bpemss mnpo6Jema CBSI3H TEOPHH TPABUTALHH M
TEOPHH 3/EMEHTAPHHX YaCTHL BHOBb CTaja aKTyaabHOH, CTHMY-
JHpyemasi BCEH COBDEMEHHOW TpOrpaMmoil 00beaUHEHHS 3JeMeH-
TapHBIX YacTHU 4 (QYHAAMEHTANAbHBIX B3auMojeicTBuil. basy Bcex
MojedeH Boabworo o6beJHHEHHA COCTABAACT TEOPHUA KaauOpPOBOU-
finix noJeit [3, 4]. Ee ycnexu of6uiensBectHbl. K HHM oTHOCATCSA
npexjae BCEro MoJAeNb 37ieKTpochaabnix B3auMoAcHcTBUH BeilnbGep-
ra — Canama, NOATBEPXKAEHHAR, OTKPHITHAMH NpPeACKAa3aHHBIX €l
VIJla CMELIHBaHHA, HeHTPaabHBIX TOKOR M HakoHel B 1982 r. mpome-
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KyTouHEIX W*-, Z-6030HOB; IVIIOOHHAs MOJAeJb B3aHMOZEHCTBHSA
KBADKOB — KBaHTOBasi XPOMOJHHaMHMKa. B Teopus nons BBeaeHHe
KaJHOPOBOUHBIX NoJiell B KauecTBe NMEpPEHOCYHKOB B3aUMOJEHCTBHS,
OTBEYAIOIHX NAHHOH rpyHne CHMMeTPHH, CTaJO YHHBEPCaabHBIM
crnocofoM ONUCAaHHA B3aHMOAEHCTBHS C CAMBIMH DA3HBIMH CHMMET-
pusimMd. TTosTOMY HEOGXOAHMBIM LIATOM Ha NYTH BKJIIOYEHHA rpapy-
TAHM B €QWHYI0 KapTHHY _(YyHAaMEHTaJbHBLIX B3auMOMAelCTBHH
IBJSCTCA TIOCTPOEHHE e¢ KaJuGpOBOUHON TEOPHH, ¢ KOTOpOii cBf:
3BIBAIOT HAJAEXJbl HA NPEOJOJIEHHe U HEKOTOPhbIX BHYTPEHHHX TPVI-
HOCTeH TEOpHH I'paBHTAIMH.

Kaaubposounas teopus B popmanauszme paccnoeruit [5, 6] Pax-
THYECKH peasu3oBaja HAelo TeOMeTPH3alHU¥ B3aUMOIAEHCTBHH, 1O-
JIOKEHHYI0O B OCHOBY eauHBIX Teopuil 20-x ronos. IlpHunMHO# HX He-
yaauy Obl10 TO, YTO, KaK H TPaBHUTALMIO, B3aAUMOAEHCTBUSI C BHYT-
PCHHHMH — He TPOCTPAHCTBEHHO-BPEMEHHBIMM — XapaKTepPHUCTHKA-
MH 3TH TEOPHH HBITAJHCh ONHCATh TOXKE B paMKax T'€OMeTPHH Ipo-
CTPaHCTBa-BpEMECHH, HAM, npuberas K TEPMHHOJOTHH pacCaOeHHi,
TeOMETPHH KacaTeJbHOr0 paccaOCHHss  Haa IPOCTPaHCTBOM-Bpe-
meneM, Torma kKak B KaJdHOpOBOUHOH TEOPUH AJS ONHCAHUS 3ITHX
B3aHMOJAEHCTBHA NPHMEHSIOTCH pPACCJOEHHs], CJOSMH KOTOPBLIX $IB-
NAIOTCA He KacaTesbHble TIPOCTPAHCTBA, a TPOCTPAHCTBA COOTBET-
CTBYIOIIHX BHYTPEHHHX XapaKTEePHCTHK foJdell M YacTHL -— H30-
ClMHA, THnep3apsiza, «uBeta» W Ap. HanpoTHB, HUMEHHO TeOPHSK
TPaBUTALHH JAOJTOe BpeMsl HE Nojaxabatach KaaubOpoBoyHOI Tpak-
TOBKEe, XOTd nepBble paloThl MO KaauOPOBOUYHOI TEOPUH TpaBHTa-
IIHH NOABHJHCH CPa3y BCJeX 3a pOXKJAEHHEM caMOH KaaubpoBOUYHOH
teopun B 1954 r. [7].

I'naBHas TpYAHOCTb, KOTOpasi Ha TMPOTAXKEHUH HoJiee UETBEPTH
BeKa IPensTCTBOBAJa MOCTPOEHHIO KaJuOpPOBOUHOH TEODHH TPABH-
TAUHH, COCTOAJa B TOM, 4TO KaJHOPOBOUHLIE MOJA — 3TO CBS3HOC-
TH, a SUHIUTeHHOBCKOE IPABHTALHOHHOE HOJe SIBJAACTCA MeTpuuec-
KUM (TETpalleIM)

B nepso# KanuGPOBOUHON MOACIH rpasmaunu Yrusmer 1956 r.
[8], ocHOBaHHOIN Ha KaJHOPOBOUYHON TeOpHH Tpynnsl JlopeHna,
TeTpajHoe TPABUTALIMOHHOE I10Jie BBOAMJIOCh AOMOJHHTENBHO K Ka-
AHOPOBOYHLIM I10JSIM TpyHnbl JlopeHua (CBA3HOCTAM TE€OMETPHH
Pumana—Kaprasa) Aas KOMNeHCAlHH OOCILEKOBADHAHTHBIX NPEo6-
Da30BaHHil, OJHAKO ‘KaJHOPOBOUHLIN CTATyC 3TOTO NOJS OCTaBaJjco
JesCHBIM. JTOT HEOCTATOK NHITAJHCh YCTPAHHTh B paMKax KaJaub-
pOBOYHOH reopud rpynnbl [Tyankape, TpakTysi TerpaaHoe rpaBura-
MHOHHO® MoJie KaK KaJauGpoBOUHOE NOJe TPYINB  TpaHCAsuHi.
Tako# moaxon moaroe BpeMs NOMHHHPOBAJN B KaJHGPOBOYHOMN TE€O-
PuH FPABHTALMH, HO NMONHOCTHIO YAOBJETBOPHTENBHOLO DE3yJIbTaTa
He JaJi.

B T0 xKe BpemMs B TNONHKTKax IMpPelCTaBHTh I'PABHTALHOHHOE
noje KakK KaJlHGPOBOYHOe VIYCKaJoChb H3 BHAY, YTO B KaJu6pOBOY-
HOH TEOPHH, NOMHUMO KaJHGpPOBOYHLIX NOJeH, B CJydae CIOHTaH-
HOTO HAapyMEHHs CHMMETPHH BO3SHHKAIOT . TAKXE " XUITC-TOJACTOY-
HOBCKHe noJist. TloieM MMeHHO TakKOro THNa H  OKas3biBAETCs] 3MHH-
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wITeAHOBCKOS IPaBHTAIMOHHOE 110]€ B KaJIHGPOBOYHOX TeopHM rpa-
BMTALlMH, €CNH €€ CTPOHTh HEeNoCpPeACTBEHHG H3 NMPHHUHNA OTHOCH-
TEIBLHOCTH KAaK KaJuOPOBOYHOTO NPHHIKIA M TIDHHUMIZ 3KBUBA-
"JIEHTHOCTH, pedOpMyNHPYEMOro B AyXe TeOMETPHH HHBAaPHAHTOB
®. Krnefina ¥ npHBOASILLIET0 K CHTYALHH CIOHTAaHHOIO HapyLIeHHH
cummerpun [9-—12]. Droit Teopuell aBJAsgeTcH KaauOpoBOYHAsA TEO-
pus rpynnsl Jlopenua, B koropoii rpynna JlopeHua TOYHHIX CHM-
MeTpuil pacwupena fo.rpyunsl GL (4, R) cnoHTaHHO HapylIEHHBIX
CUMMETDHH. ) .

Yro maer KaJu6poBOuYHasi TpakTOBKa rpaBHrtanuu?, [Ipexje
BCcero ucuesaer 060c00JE€HHOCTH TEOPHH TPaBHTAHHMH, KOTopas Kak
KaauOpoBOUHAS TEOPHSI MPOCTPAHCTBEHHO-BPEMEHHBIX® CHMMETDHH,
MMeIas CBOI BechbMa CYUIECTBEHHYIK CrHelH(pHKY, AONOJHAET
H3BECTHYIO CXeMY KaJuOpOBOUHOH TEOPHH BHYTPEHHHX CHMMETDHH
M T03BOJISIET BKJIOUHTL TPABHTAUUHI0O B OObeIHHEHHYIO KapTHHY
(pyHZaMEHTAaJbHbIX B3aUMOJEHCTBHUH. .

Bkrnan rpaBurandu B HabJogaeMble NPOLECCH B3aHMOAEHCTBHSA
3J€MEHTAPHBIX YACTHII HEe3HAUMTEJEH H3-3a Ype3BHIYAHOH MaJOCTH
rpaBUTALlHOHHON KOHCTAHTH, OJAHAKO HE CJEAVEeT HFHOPHPOBATD
BO3MOJKHOCTb  y7eTa e€lle CafaMOBCKOM <«THJBHOA» T'DaBHTAlHH
[13], «cuapHOro» KpyueHus, cyneprpaButauuud [14]. Onpenesen-
Hble BO3MOXHOCTH CBSI3M TPABUTALHUH H. 3JEMEHTAPHBbIX UAaCTHIL
NpenocTaBJ/sieT BHOBb BO3POAWBILAACH B MOJEPHH3HPOBAHHOM MHO-
roMepHoM BapuauTe teopus Kanyua—Kuaeiina [15, 16]. B nocaen-
Hee BpPEeMsl BBHISIBHJACH CYUIECTBEHHAs CBfA3b MeEXAY KOCMOJIOTHEH
u MozeasaMu DBoapworo o6beaunenus [17]. Tlpumepom 3toro dB-
ASI€TCA 3aBUCUMOCTh TPAaBHTAIMOHHOH  KOHCTAHTH OT  KOHCTAHT
B MOJACASIX €IHHBIX TCOPHH B IMOAXOAEC HHAYUHPOBAHHOH TpaBHTa-
uuyu [18, 286].

Urto kacaercsa cOGCTBEHHO TpaBHTAllHH, TO €€ KaJHOPOBOUHAS -
TEOpus B HEPBYIO Ouepeib MPHBOJMT K a(pHUHHO-METPHUECKOMY
0606mennio aiHTeRHOBCKOR OTO, IHHAMHUECKHMH NEPEMEHHEIMH
B KOTOPOM HABJSIOTCS MeTPHKA M CBA3HOCTb. [IpHyeM CBSI3HOCTH,
B orauyne 0T OTO, Bkawuaer B ce68 H AHTHCHMMETPHUHYIO KOM-
TOHEHTY — I0Je Kpy4YeHHs.

Teopusi rpaBurTallyd ¢ KPyuyeHHEM Hauaja pasBUBATbCs Kak
6auxaimee o6obuenne OTO ¢ pabor Kaprana 1922 r., Ho 3ateMm
Oblia OCTaB/iCHA, IJ1aBHLIM 006pas3oM’ MOTOMY, YTO HCTOYHHK Kpy-
YeHUs] — CIIHH — TOrAa He Onia eme oTKpHT. OHa cTaja BO3POXK-
nartbcsd B KoHIe 40-x TofoB, HO OKOHYATEJbHOE TPH3HAHHE TOJYYH-
Na ¢ pasBHTHEM KaaHGPOBOUHON TCODPHHM rpaBHTALMH, KOTAa Kpyuye-
HHe OKa3aJioCh HEeOThLEMJIEMOH YacThio 3TOH TEOPHH, TPHYEM BO
BCceX e¢ BApHAHTaX.

Kak u OTO, TeopHs TpaBHTAaUHH C KPYUYCHHEM MOXeT GHITh
NOCTPOEHa HENOCPEACTBEHHO H3 NPHHUHKIOB OTHOCHTEJBHOCTH H 3K-
BHBAJICHTHOCTH, @ TO, YTO HCTOYHHKOM IIOJNS KPYYEHHS SIBJSIETCS
cnup (Bropas, HapAAy ¢ TEH30POM ISHEPTHH-HMIIy/Abca, NOPOCTPAH-
CTBEHHO-BpEMEHHAsl XapakKTepHCTHKa MAaTepuH), AejaeT CYIIECTBO-
BaHHe KpyueHHs OcO6eHHO npaBaonofobHbIM, - B Makpompepene
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npu ycpelHEeHHH CMHH M3-3a CBOEro-AHMIOJbHOIO XapakTepa Hcdesa-
eT M MAacca OCTaeTcsl eJHHCTBEHHHIM HCTOYHHKOM FPaBUTALHOHHOTO.
noast B OTO. Muast cuTyamms MOXKeT CKIaiblBAaThCAA MPH IKCTPE-
Ma/JIbHOM COCTOSIHHH MAaTepHH, HanpuMep B ~nepuoa bBoabmoro
B3PHIBA, KOTAA CNUHOBHIMH d(¢peKkramMu npenebpeub HeJb3d W CIUH
TaKXe CTAaHOBHTCS JAHHAMHYCCKHM HCTOUHHKOM TPaBHMTaIlHOHHOrO
noasg — KpyueHus. Teopus rpaBHTalldH C KPYYEHHEM He TNPOTHBO-
pPEeUYHT HH OZHOMY 43 Kaaccyueckux adpdexkros OTO u B Bapuaure:
Teopun DiHIITeliHa—Kapraka mnoaHocteio cosmajaer ¢ OTO
B nycrtote. BMecTe ¢ TeM oHa NpUBJEKAA B noclegHee BpeMs (0Jb-
II0€ BHAMAHHE, TAK KakK B pPaMKax 3TOH TEOPHUH OTKPLIBaeTCs mep-
CNeKTHBA NPeOJoJMeHHA HeKoTophix TpyaHocteit OTO, manpumep
VCTPAHEHHUS CHHTYJSIPHOCTEH.

K HacrodguieMmy BpeMEHH B LEJIOM NOCTPOCHEI KHHEMATHIECKAS]
H IHHAMHueCKas CXeMBl TCODHH TDABHTAUHH C KPYydeHHeM [19].
OnHAKO OHa OCTAETCS MOKAa MOJEABHOH TeOopHeH, MOCKOJIBbKY mpo-
JO0JIXKAaeT CTOSITh BONPOC O CYINEeCTBOBaHHHM KpyueHus. OTBer Ha
Hero AOMKEH [arTh 3KCHePUMeHT. BO3MOXKHBIM 3KCIEpHMEHTOM 110
H3MEDEeHHIO KPYUeHHS| MOTYT CTarth, HAalpuMep, ONbITHI 10 JBHXKE-
HHIO CHHHMPYIOWIMX YacTHI, AJS KOTOPHIX IIpeAcKa3biBaercs s@-
(pexT npeueccHu crnuua [20, 211, nubo ONBITH 10 HAPYIIECHHIO
CP-yHBAPHAHTHOCTH B pacnajax UYacCTHIL 33 CYeT KPYuUeHHs: NpocT-
paHcTBa-BpeMeHH [22, 23]. 2OkcnepuMeEHTaJsbHble IPeACKA3aHHS
KPYUEHHSI OCJOXKHSAIOTCA TEM, UTO HEH3BeCTHa KOHCTAaHTa B3aHMO-
JEHCTBHA ¢ NOJeM KpY4YeHHSI, KOTopas, ecJdH CJjejoBarb Kaauobpo-
BOYHOH TEOpPHH, MOXKeT OBiTh OTJHUYHA OT I'DaBHTAIMOHHOH, HAaNpH-
Mep Gosablie ee.

BaxHo panpHeHuiee BBISICHEHHEe (H3HUYCCKOH .IPUPOABI TOJSA
KpyueHuss [24]. B 4acTHOCTH, KaK MBbl IIOKa3biBaeM, OHO MOXET
NpeaAcTaBAsiTh CO60M KOJNJEKTHBHOE 110Je (PepMHOHHBIX 1nap. B atom
caydae Tnovsie KpYUeHHs SIBJSETCA TOJbKO KBAHTOBBLIM.

3aMeTHM, UTO H3YUCHHE PEJATHBHCTCKHX 060OIICHHI COQTHOIIC-
HHH HeonpeneneHHoctH  [efizenbepra (cm. A. A. CokosoB H
J. JI. UBanenko, KpautoBasi teopus nouasi, 1952) u mcciegoBanue
Bopa—Po3zeddpenpaa uaMepuMoCTH 3JEKTPOMATHHTHOrO I0JA CO-
JeHCTBOBAJMH JyullleMy MOHMMAaHHIO KBAHTOBOH MeXaHHKH H TEOpPHH
noasd. Crnepyer OXHAaTh, UTO NOCTPOECHHE KBAHTOBOH TEOPHH rpa-
BHTALUHN ¢ HEOOXOAMMOCTBIO MAOJIKHO BKJIKYATH M AaJbHeHInHil
ananus npobiaemn usMmeperu#t (I'.-1O. Tpemep, X. BopueckoBckH
[276, 281] wu pap.; o paHHux paborax M. Il. BpoHwreiina
em. I'. E. Topeank [280]). HMccaegoBaHue ypaBHEHHH ABHIKEHHS,
NPOBHBIX YaCTHI C KJAaCCHYECKHM KaﬂﬂﬁpOBO'-IHbIM 3apaaoM, ¢ yue-
TOM KBaHTOBOMEXAaHHYECKHX COOTHOUIEHHH HeOoNpeaesJeHHOCTH, IO-
Ka3biBaeT, 4YTO KJAaccHueckoe HeabesaeBo KaauOpoOBOYHOE ToOJe
MOXHO B NpHHIHIIE H3MEPHTb TOYHO, €ClH KaJuOpOBOUHHIH 3apsaj
npo6HBIX Tes BeJAuK [279]. B 4acTHOCTH, OTCIOAA ‘MOXHO CH€JaTh
BLIBOA 00 M3MEPHMOCTH TNOJS KPyUeHWS NPH HCHOJb30BAHHH IPOO-
HBIX TeJ C 6obiiEM cnHHOM [275, 279].

Onnmem BKparie cofepKaHHE KHHUTH.



I'maBa 1 nocBsileHa KaJAu6pOBOYHOH TEOPHM BHYTPEHHHX CHM-
meTpufi. Hanaraercs TpagWUHOHHASA SAHT-MHJJCOBCKass (opmyiu-
poBKa KaJiOPOBOYHOA TEOpHH, MCCIERYCTCH CHTYALHs CIOHTaHHOTO
HapyILeHHs cuMMerpuil B KaaubGpoBOYHBIX Mozeasx. IIpuBoauTed
pedopMy. THPOBKA TEOPHH KanHOPOBOYHBIX IMovieil Ha A3LIKE paccJio-
eHHIT, onmupasich Ha KOTOPYIO B CJeAyIoUeH riaBe CTPOUTCH KaJHb-
pPOBOYHAs TEOPHUS IpaBUTALUHU.

B rsaase Il rpaButrauuonHoe 10J€  ONHCHIBAeTCH B TepMHHAX
PAcCCJOEHHH M, MCXOAS M3 aHAJM3a NPUHLHUNOB OTHOCUTEJbHOCTH H
3KBHBAJEHTHOCTH U HX peOpPMYJIHPOBKH Ha SI3LIKE pacCjOeHHH,
CTPOHTCS KaauOpGBOYHASI TEOPUsl I'paBHTALHH, B KOTOPOH METPH-
YeCcKOEe TPaBUTAIHOHHOE MOJe [0JyYaeT TPAKTOBKY Kak [oJie XHITC-
TOJIACTOYHOBCKOTO THIA, OTBeYalonlee CNOHTAHHOMY —HapyWIEHHIO
IPOCTPAHCTBEHHO-BPEMEHHBIX CHMMETPHI.

I'nasa IIl nocBguiena aHaJu3y OCHOBHBIX Kaméposoqﬂm MO-
jeJelfl Tpynm NpOCTPAHCTBEHHO-BPEMEHHBIX CHMMeETpHi. YlaperHe
jenaercss Ha KaJauOpoBOYHBIX Mojensx rpynnel IlyaHkape, Kak
aJbTePHATHBHBIX XHITC-TOJACTOYHOBCKOMY B3rJigily Ha TpaBHTALM-
OHHOE T10JIE.

B rnase IV npuBoautca 0030p KJaCCHYECKOH TEOPUH I'paBH-
Tauuu ¢ Kpyuenuem B dopme DiiHuirelina—Kaprana. OnuceiBaercs
reomerpusi Pumana—Kaprana rpaButaunuy ¢ kpyueHueMm. Paccmar-
pPUBACTCH B3aUMOAEHCTBHE KPYUCHHSI CO CKaJAspPHBIM, 3JEKTpoMmar-
HUTHBIM 1I CIIMHOPHBIM KJACCHUCCKHUMH  [NOJSMH, KOTOPOE IPHBO-
JHT, B YACTHOCTH, K TOABJCHHUIO HCJHHCIHHOCTEH B YPaBHCHHAX 3THX
nmojeff, B TOM uHcJe CHUHOPHOH HeauHeHHoctH MBanenko—Ieli-
3eHbepra B vpaBHenun J[dupaxa. Ilomumo marepuasbHBX 10J€H,
B KA4YeCTBE HCTOUHHKA KPYUYEHHS BO MHOTHX MOJAENSX HUCIOJL3YeTcH
CIIHHOBAA XXHAKOCTh., OnuchiBaeTcs ee rupoiuHaAMUKA B IIPOCTPAH-
CTBE C KpyueHueMm. B mesom psazae cayuaeB yuer KpPy4eHHS CKa-
3bIBAETCS B MOSBJEHHH JIONOJHHTEIbHBIX WIEHOB B NpaBOil  YacTH
ypaBHeHHH OfHWITeHHA JaF METPHUECKOro IpaBUTAILHOHHOTO HOJS.
Onn, B 4aCTHOCTH, cHOCOOHBl HAPYIIATh SHEPrOAOMHHAHTHOCTD TEH-
30pa 3HEPTUH-HMIY/JAbCA MaTePHH M IPEHsATCTBOBATH (OPMHpPOBA-
HHIO TPaBHTALMOHHOH CHHTYJASIPHOCTH. B KHHre NpPUBOIHTCA KOC-
MOJIOrHUeCKast MOZe b TAKOro THiA.-

B raase V uccieayercs B3auMOJCHCTBHE KBaHTOBBLIX MaTepH-
aJIbHBIX 1osell ¢ KiacCHUYecKHM noJeM KpyueHusi. OCHOBHOe BHH-
MaHue yueaserca s@dexkraMm pOKAECHHUA YaCTHU H [OJAAPHU3ALHUH
BAKyyMa B IPOCTPAHCTBE ¢ KPYUYCHHEM. YUeT MOJAspH3alUHU BakKy-
‘yMa H YCJOBHE MEPEHOPMHPYEMOCTH TEOPHHU CYLUICCTBEHHO CYXKaloT
HEO/lHO3HAYHOCThL B Bblbope JjarpaHxuaHa noas -kpyuenus. CBo-
ero poja NPOAOJIKEHHEM CBSI3H KPYYEHHSI CO CIIHHOPHONU HeJHHEH-
HOCTbIO fIBJASIETCS OMHCAHHE KPyUYeHHS KaK KOJJEKTHBHOrO TMoJs
(PepMHOHHBIX I1ap, NPUBOAAHICEe K PAAY BaXXHBIX cneﬂcrsuﬁ, Kaca-
OLLEXCA (PH3HYECKONR NPHPOJL MO KPYYEHHUS.

3akawuuTteabHas raaBa VI mocpsuieHa HEKOTOpb{M acneKTam
TEOPHUH C JHHAMHYECKHM KpydeHHEM, JarpaHKHaH KOTOPOH OTJIH-
yaercd OT TuHAbOGepT-3iHIITeAHOBCKOro JarpahxkuaHa  OTO wu
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‘teopun ODfnmrefina—KapraHa W YIHTHBAeT HYMKIM KBaHTOBaHHA
NOJIsT KPYUEHHS].

TTockobKy B KHHIe MOBCEMECTHO l’lpHMeHﬂeTCi{ A3BIK pacesoe-
HUH, MBI COUTH HeOOXOAMMBIM cHAbGAHTHL ee TIJOoCcCapHeM  OCHOB-
HbBIX TEPMHHOB H (DAKTOB H3 TEODHH PACCAOEHHBIX MPOCTPAHCTB H
nuddeperinaspHOil reoMeTpHH. HekoTopbie BOQNpPOCHl  BHIHECEHH
B NpUJOXKEHHs. B 3TOH CBSAA3M OTMETHM, 4TO HMEIOILHECs B TEKCTE
ccoliki tuna (I.9) oTHocsaTcd K rooccapuio, a  CChLIKH  THIA
(ITI.7) K COOTBETCTBYIOLIEMY NPHJIONKEHHUIO,




Frasa I
TEOPHSI KAJIHBPOBOYHBIX MOJIEW

B st1ofi rnaBe paccmarpuBaercss KaJuOpoBouyHAs TEOPHS [PYI
» TOJIBKO BHYTPEHHHUX CHMMETPHH, T. €. He CcOojepXKaulux MNpOCTpaH-
CTBEHHO-BPeMEHIBIX Npeobpa3oBaHui.

B § 1 wusnaraercd TPaAHIHOHHAS SHT-MHJJICOBCKas (KOMIIEH-
CallHOHHAES ) (bOpMyJIHpOBKa KaauOpoOBOUHOH TEOPHH, OCHOBAHHASA
Ha NPHHUHNE JOKaJ bHOH MHBapuanTHocTH. B § 2 ofcyxinaercd cH-
TYAUKUsl CIOHTAHHOrO HapyIIeHWs] CHUMMETPHH B KaJHOPOBOUHBIX
MOJEJSX, HCHHBADHAHTHOCTh BAKyyMa B KOTOpPHIX OIHCBLIBAETCSH IO-
CPEACTBOM KJAaCCHYECKHX XHUIIC-TOJIACTOYHOBCKHX MOJEH.

MaremaTtnueck Hanbo/ee KOPPEKTHYIO (DOPMYJHPOBKY TEOpUS
KaAuOpOBOUHBIX 1oJefi NOoJAyuaeT, OZHAKO, B TEPMHHAX PaCCJOCHHH.
B § 3 nokasniBaercs, 4To KaJHOpOBOYHAsE TEOPHS HEMOCPEACTBEH-
HO caeayer u3 dopmadu3allid  TOJEBLIX .CHCTEM  PacCJOEHHSIMH.
I¥Pu sTOM 0CO60EC BHHMaHHE VIEJNSeTcs aHANM3Y PasJHUHBIX THIIOB
KaJauOpOBOUHBEIX npeo0pa3oBaHUi ¥ ONUCAHMIO XHUITC-TO/ACTOYHOB-
CKuX mofeli B Gpopmanusme pacCaoeHHH.

§ 1. TEOPHS AHTA—-MHUJJICA

VICXONHBIM NMPHHILKIOM TEOPHH KaluOpPOBOUHBIX IOJEH B ee Tpa-
. AMILHOHHOH dopMyJaHpoBKe, KoTopad 6blia paHa B paborax HHra—
Muaaca u Yruame {7, 8] (cm. pycckuit nepesoa B [25]) u KOTO-
pas HCHoJAb3yercss GOJBWHHCTBOM AaBTOPOB, HE HHTEPECYIOIIHXCH
TeOMeTPUUYLCKON Tpamom\oﬁ KanuOpOBOUHOH  TeOpuH, ABAAETCHA
NPHHIMI JOKAJAbHOH MHBAPUAHTHOCTH, HA3bIBaeMblil TakXke KaJaubH-
pOBOYHLIM mnpHHIHIOM. OH Tpebyer HIIBAPHAHTHOCTH (bYHKIIHOHA-
Jla pelfiCTBUA TeOpPHH (AJAsl BHYTPEHHUX CHMMETPHH — JarpaHxHa-
Ha) OTHOCHMTEJBHO JIOKAJbHBIX, T. €. 3aBHCALIMX OT NPOCTPAHCTBEH-
HO-BPeMEHHOI TO4YKH, npeobpa3oBaHHit CHMMeTpHii.

3axoaro go fAura m Muaica KaﬂHGpOBqublfr NPUHUMN (PAKTH-
YECKH NpHMEHHI Beiinp B 1918 r. B cBOe#t éauHOH TEOPHH rpaBHTA-
UHK ¥ 3JekTpomarHeTuama [26], kKorja, 1no aHajJOTHH C BBEJAEHHEM
‘TPABUTAIHOHHOrO TOJAS A8 00eCHCeYeHHs HHBAPHAHTHOCTH TEOPHH
OTHOCHTEJbHO OOLIEKOBAPHAHTHBIX 1peoOpa3oBaHHll, BBEACHHE
3JEKTPOMArHUTHOTO HOJS CBA3BIBANOCH ¢ oObeclneueHHEM HHBapH-
AHTHOCTH OTHOCHTEJIbBHO MacWITAaOHLIX Npeo6pas3oBaHuil (yMHOXKe-
HUH Ha JAeficTBHTeNnbHOE uHcao) [27, 28]. Omuako teopust Bejins
1918 r. npuBena He K ONHCAHHIO 3JEKTPOMarHeTH3Ma, a K KOH-
(OpPMHON TeopHH IpaBHTALlHH U reoMmerpHu Beiaa [28, 29}, korto-
pble B COBPEMEHHOM KaJHOpPOBOUHOM MNOAXOJAe NOJyHaloTcsi B paM-
Kax Kannépoaoqnoﬁ mojaeau rpynnel GL (4, R) (cm. § 9).
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pynnofi CHMMETDPHH 3JIEKTPOMATHHTHOTO B3aUMOMAEMCTBHS SIB-
JgeTcsl Tpymra JoKagbHBIX ($a30BuiX fipeobpaseBanuil [30].

[Tycts @(x) — BosiHOBasg (YHKLUMS HEKOTOPOro KJACCHYECKOTO
noJIg, JarpaHXHaH KOTOPOrO HHBAPHAHTEH OTHOCHUTEJIBHO TpyNmbl
U(1) dasoBrix ppeobpasoBaHHil

U(lyDg:p(x)—(expia)p(x).

[Ipeanonoxxum Tenepb, 4TO HapaMmMeTp 3THX npeobpasoBaHuii o
siBasieTcss HeKOTOpoil (GyHKuHell TOUKH x&X, T. e. PacCMOTPUM JIO-
KaJ/pHble (pasoBbie npeobpa3oBaHug

¢ (%) 1 p(x)—(exp ia(x))o(x). (L1)

Jlarpanxuan L noas ¢ B ofmeM cayuae yxe He Oyaer MHBApHaH-
T€H OTHOCHTEJNbHO TaKuX mnpeoOpa3oBanuil, TMOCKOJEKY ONEpPaTop
g(x), B oTaMuHe OT omnepatopa rJjobanbHOro npeobpazoBaHus g,
He KOMMYTHDYET ¢ OmepatopamMid YacTHBIX MPOU3IBOAHBIX Oy

aug(x) —& (X) au=an(g (JC) ) :

MuBapuantHocth L mo g(x) MoxeT OHTH obecrneueHa nyrteMm
BBEJICHHSI JOMOJHHTEABLHOrO BekTOpHOro noas A, uurepnperupye-
MOTO KaK 3JIeKTPOMArHUTHBIH MNOTEHUHAJ, ¢ 32aKOHOM JOKaJbHBIX
npeoGpas3oBaHuil

o(x) A At da(x) (1.2)

¥ 3aMeHbl B L onepaTopoB 4YacTHBIX HNPOU3BOAHBIX J, Ha 00oOuUieH-
kble (KOBapHAHTHBIC, HJIH KOMIECHCHPVIOLHE) MNPOH3BOIAHLIE

D,=0,—iA,. (1.3)

Takofi sarpaHxuaH yxe OyIeT KOBApHAHTEH KaK JarpaHXKHaH no-
aeil {¢} ¥ uHBapuaHTeH Kak narpawmxuad noseil {p, A} oTHOCH-
TeJbpHO mpeobpa3oBanuit (1.1), (1.2), KoTOpnpie NmpencTaBsgIOT CO-
GO ‘H3BECTHBIE Kanuéposoqume npeo6pa3oBaHus  3AEKTPORHHA-
MHKH. .

dast 37eKTpoAHHAMHUKH Takoi crnocol BBeAEHUS  3JeKTpoMar-
HHMTHOTO 10Jd, OJHAKO, HHYEero CYLUIeCTBEHHO HOBOro He JaBaJ, H
eMY He npuzaan ocoboro 3HaueHud.

Pemanomuil war B CTaHOBJEHHUE KaJHOPOBOUHOH TEOPHH CHea-
Jd SIur 1 Muaac B 1954 r. [7]. OHu anaau3upoBasu HHBapHaHI-
HOCTb B3aHMOJICHCTBHS HYKJOHOB OTHOCHTEJNbHO BpPall€HHH H30-
CrMHA, KOTOpas NPUBOJAUT K 3aKOHY COXPaHEHHS H30CIHHA U O3HAa:
YaeT, YTO OPHEHTALUS H30CIHHA He HMeeT (PU3HYECKOro CMbIC]a H
N0J1KHa OBITH MPOn3BOJIBHON. OJHAKO, €CAH HUCXOAUTH W3 OOBIYHOH
(rnobanbHON) CHMMETPHH, 3TOT NPOH3BOJA OrPAaHHYEH TeM, UTO,
€C/IM OPHEHTAUHs MBOCMHHA 3ajJaHa B OJHOH TOYKe NPOCTPaHCTBA-
BpeMeHH, CBOGOAa BbI6Opa ee B APYTHX NPOCTPAHCTBEHHO-BPEMEH-
HbIX TOYKax cpasdy mponmagaer. Ho Takoe NOJ0XKEHHE He COBMecC-
THMO XOTA OBl ¢ OCHOBHBIMH NPHHIMNAMH peAdTHBH3MA. ITO Mo-
OyXnaer paccMOTpPETb HE3ABHCHMble BpalleHHs H30CNHHA  BO
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BcéX TOYKAX HPOCTPAHCTBA-BPEeMEHH H NOTpefoBaTh MHBapHaHi-
. HOCTh TEOPHH OTHOCHTEJBHO TAKHX BPALICHUH.

AHaJloTHuHble PACCYXACHHST NMPUMEHUMBl K /Ji00bIM BHYTPEHHIM
CHMMETDHSM, H YiKe B cJeAyiomel 3a [7], a Takxe [31] pabote
Yrusambl 1956 r. [8] Oblia u3noxena obuiasi cxema KaJjauOpOBOUHOM
TCOPHH AJS Tpynn BHyTpeHHHx cuMmerpHii. Crartbn Canama
Yopapa, Caxypan, I'nmswoy u leasn-Manna, 0. Heemana B 1959-—
1961 rr. [33—36] (cM. pycckuii mepeBoA B [25]) WOMOKHAM HAYAJIO
NPUMEHEHHIO KaTHODOBOYHOH TEOPHHM K NOCTPOEHHIO MOJe.ell B3a-
UMO/IeIICTBUA 3;1CMEHTAPHbIX YaCTHIL.

[Tycts {¢?(x)} — MyJbTHILIET KJ4CCHYECKHX MOJIEH Ha MPOCT-
paucrBe-BpeMend X ¢ rpynno#d Jlu G BHYTPEHHHX CHMMETPHH,
onHchiBaeMblii sarpaHxuaHom L(g; «¢,,). [lpuMeHss KaaudpoBou-
Hbli npunnuil, norpebyem, 4robul L OLLT WHBADHAHTEH OTHOCHTE]b-
HO JOKaJbHBIX Npeo0lpa3oBaHHH CHMMETPHH, NapaMeTpbl KOTOPBIX
3aBUCAT OT TOoukH x&X. IDTH npeobpasoBanis o0pasyiorT rpynmy
(G (X), xoTopas HasblBaeTcs JOKa/J bHOH, WIH KaJHOPOBOYHOH IpyII-
101, .

Caenpyer, OJHAKO, pa3JuyaTb ABa poja KaauOpOBOUHLIX NpPeos-
pasoBanuii: npeobpa3oBaHHs CHCTEMBI oTcuera (BpalleHus 6a3suca
HpOCTpaHcTBA) H lIpeodpasoBalyus CaMHUX NOJEH NPH (PHKCHPOBAH-
HOHM cucreme oTcueTd. KakK BHAHO M3 NPHBEJIEHHOTO BhIEe 000CHO-
Bauus flurom u MusaiicoMm npuHUHMIA J10KaJibHOH HHBAPHAHTHOCTH,
NOCJeIHUH TpebyeT MHBAPHAHTHOCTH OTHOCHTENBHO KaaubpOBOu-
HbIX 11peoOpa3oBaHuil uMeHHo mepBoro poja. OxHako B caydae
BHYTPEHHUX CHUMMETDHH /sl BCAKOTO NpeoOpasoBaHUA MHOJAEH ¢—-
—g’ MOXHO HalTH lipeobpa3oBaHHe cuCcTeMbl orcuera YW—Y’, Ta-
KO€, YTO ¢ BHITJISIAHT OTHOCHTEJbHO W' Tak XKe, Kak ¢’ BHITJAAIAHT
oTHocuteabHo YW, T. e. Wg=Wgq’'. Ob6paTHoe, BooOLle roBoOps, He-
BepHO. [losTomy, Oyayunm HHBapHaHTHBIMH OTHOCHTE/NbLHO npeobpa-
30BaHUH 11€PBOr0 poja, JlarpaHXKHaH W ypaBHEHHUs 104 Kajaubpo-
BOYHOH TEOPHH OKA3bIBAIOTCA HHBADHAHTHBHIMH U OTHOCHTE/IbLHO
HMEIWHUX TOT K€ BHJ KaJdHOPOBOYHBIX NpeoOpa3oBaHUH BTOPOro
popa. MimeHHo npeobpasoBaHusi BTOPOro poja OObIYHO NOHHMA-
10TCA 10J KaJauOPOBOUHBIMH Ipeo0Opas3oBaHHUSIMH B SHI-MHJJICOB-
CKOi opMy/IHpOBKe KaJuOPOBOUHOH TEOPUH.

YAOOHO OrpaHH4YUTbCA HHUGDUHHTE3UMAJNbHBIMH KaJdHOPOBOUHDI-
MH npcobpa3oBaHUsIMH :

g (%) : 9% (x) = 92 (x) + 692 (x), P2 () == Imp@? (x) dw™ (x), (1.4)

'tpe I, — redepaTtopnl rpynmbl G, o6pasywouine 6a3uc ee aaredpl
JIu @, Sw™(x) —— MaJble JOKaJbHBe mapamerpsl rpymnsi G.

TpeboBanHe HHBapUAHTHOCTH Jarpauxuana L{g; ¢,) OTHOCH-

TeJabHO npeoGpasoBanuil (1.4) 8L=0 Bhipaxaercs TOXKAECTBaMH

(I1L.7) (9?=gq2 bm™=0) BTOpO# Teopemn Herep (cm. Ilpuiaoxe-

Hue 1). [lpu yc/ioBHH BBUKJAHEHUS YPABHEHHH [IOJISI OHH MMEIOT BHL

Ouf m* =0, . (1.5)
Jmu=0, (1-6)
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rae _
Jh = Ok e o (1.7)
0Py

ToK cummerpun ([11.3) noneidt ¢. ToxpmectBo (1.5) coBnagaer
C. TOXJECTBOM IepBOH TeopeMmbl HeTep, BhIpakaloumuM HHBapHAHT-
HOCTh L OTHOCHTe/bHO rpynnbl riobanbHBIX cUMMETpHH G, a cme-
"UH(HKA HHBAPHAHTHOCTH L OTHOCHTENBHO JOKaJAbHBIX Npeobpaszo--
BaHUil 3aKjawoueHa B toxjecrse (1.6). '

Toxaecrsa Herep (1.5), (1.6) BMecTe c ypaBHeHHSIMH [OJS

5L oL _ 4 L _g

P —

b 0g” 0%

L

MOKHO paccMaTpuBaTh KakK (yHKUHOHAJbHblE YPaBHEHHs Ha Jar-
paHxuan L, peiwieHHe KOTODPBIX, OAHaKO, u3-3a ToxzpecrBa (1.6)
BCErja TPHBHAJBHO. ’
HerpuBnanbHoe pellerue ajds L nosaydyaercsi, ec/H NPEANOJI0-
KHTh, YTO JlaTPAHKHAH 3aBHCHT OT IIOJIeH, 3aKOH JIOKAJbHBIX IIpe-
0o0pa3oBaHNil KOTOPHIX BKJIOYAET IPOH3BOAHBIE OT IapameTpoB
npeodpa3oBanuii. MoxHO nokasath |36, 5], 4yr0o TAKHMH IOJsIMH

¢ HEOGXOAMMOCTBIO SBJASIOTCH BEKTOpHHe mosst Ap, npuHHMaio-
liHe 3Hayenusi B ajdrebpe Jlu &, ¢ 3aKoHOM JIOKaAbHBIX npeodpa-

30BaAHHH

G(X) > g: Ajly— gAll g™ — gdug™", (1.8)
HJIH B HHQHHHTE3HMAJbHOM BHJAE ’
. I8 (x) : Ap— cfnkAﬁ(Sm’" (%) + Oudo" (x), (1.9
TAC Cme” — CTPYKTYPHBIE KOHCTAaHTH anre6pbl Jlu . B marpan-

XHaH L 3TH mosad JOJIKHBI BXOJAHUTb B cocTaBe oneparopa 00606-
L1CHHOH NPOU3BOIHOH

D=0, —A," 1y, (1.10)

HJH TEeH3o0pa \
Fiis, = 0uAy — 0vAY — ciiARAS, o (L1

Ha3bIBAEMOr0 TEH30POM HanpsKeHHOCcTH noas Ay™.

B cayyae abesaepoil rpynnbi G=U (1), uMeuel egnHCTBEHHbIH
resepatop =i u cme"=0, Boipaxenus (1.4), (1.9), (1,10) mnoa- -
HOCTBIO coBnazaror ¢ Buipaxenusmu (1.1), (1.2), (1.3), a (1.11) —
C TEH30POM HanpsKEHHOCTH 3JEKTPOMArHHTHOIO NOJS. IDTO JaeT
OCHOBaHHe paccmaTpuBarth npeobpasoBanns (1.4), (1.9) Kak 0606-
menne Kaaubposounbix npeobpasosanuii (1.1), (1.2) B 2J¢KTPOAH-
HaMHKe Ha HeabejeBbl rpynnbl cuMMerpuil. IlosTomy oOHH . TOXe
6BTH HA3BaHB KaJuODPOBOYHHIMH nNpeoOpa3OBaHHAMH, 2 IOJA

A,/ — KaJHOpPOBOYHBIMH. NIOJIAMH.
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"Boaee TOAXOASIINM, XOTA M NOJYuMBIIHM MEeHbLIee pacHpocT-
paHeHue, Ha3BaHueM mnojelt A" sABidercs, IO HalleMy MHEHHO,
«KOMMEHCHPYIOLLHE TMOJaAY. Ono MPAMO  YKa3biBaeT Ha QYHKUK,
KOTOPYIO 3TH TOJI BHIIOJHAIOT B cOcTaBe 060OLICHHOH NPOH3BOAHOH
D, — KOMNEHCHPOBaTh uJeHbl BHAa Ju(g (X)), gEG(X BO3HHUKA-
IOLHe NPH JA0KaJdbHBIX npeoﬁpaaoaanmx 11016l MOJ 3HAKOM IIpO-
H3BOJHBIX

@' =89, 0.9 =g0p+0,(g)¢.

B pesyabrare ana D, 3aKOH JOKaJdbHbix 1npeoOpa3oBaHUH HMeeET
BH /I

Dy = 0,9" — A" = goup + 0u(g) ¢ — gAR .9 — 0 (8) @ = gDy

(cpaBHuTe ¢ 0,9 =g0., Korga geG). OTcioga caeldyer, YTO
G (X)-uHBapuauTHBI JarpaHXkuaH L MOJKHO TOCTPOHTb HEHocpen-
CTBEHHO H3 OObluyHOro (-HHBAPHAHTHOrO JarpaHxuaHa [OpPOCTOM
3aMEHOIl B HeM ONEPaTOpPOB YACTHBIX IPOH3BOAHBIX O, HAa 0GOGLICH-
uele D,. ITlocnepHue mosToMy HHOTHA Ha3bIBAIOT  KOMIEHCHPYIO-
IIHMMH, a NPUBEACHHBIE NOAXOM K IOCTPOCHHIO KaJHOPOBOUHOH TEO-
pHM — KOMIMeHCAaUHOHHBIM. OH aHaJ/JOrHYEH IMOCTPOEHHIO 3IJEKTpPO-
JUHAMHKH, HCXOAA H3 YCJIOBHSA €€ HHBAPDHAHTHOCTH OTHOCHTEALHO
JIOKaJAbHBIX (ha30BbiX npeobpasoBanuil [30]. -

KanubpoBouHasi Teopusi CO31aBalach €e dBTOPAMM MMEHHO Kak
obobuleHne 3JeKTPOJAHMHAMHKH Ha HealecneBbl CHMMETPHH, Tak
yToOBl B yacTHOM cayuae G=U(l) oHa NOJHOCTHIO BOCIPOH3IBOLU-
Jla 3JeKTPOJHHAMHKY.

Taxum o6pasoM, pis TMOCTPOCHUA JIOKANLHO HHBApPHAHTHOH TeO-
pHM MyJAbTHIJIET MCXOAHbIX noseil {¢?), Ha3bIBaeMBIX OGBIYHO Ma-
TEPUANbHBIMH TOJSIMH, CJI€JyeT AOMOJHHTH KaaHOPOBOUHBIMH MO-
aamu {A,™}, oTBevalOmMMH JAaHHOH rpynme cummerpuil G, ¢ 3ako-
HoM KanubpoBouHbplx npeoGpasoBaHuit (1.8). [lonnas cucrema no-
aeit {¢?, A"} onucwiBaercd JarpaHKHaHOM

L=L@((P, Du(P)+LA’ ‘ (1'12)

rje JarpaHxHaH MarepHaJbHHX nojged L, CTpPOHTCS YKA3aHHOH
Bbille 3amMeHOH J,—>D, 3 narpaHxuaHa cBoOoAHBIX moJell {g2}, a
La — narpamxuaH KaJuOpPOBOYHRIX IOJIEH.

[Tocneaunt, no aHaJOTHH C JarpaHXKHaHOM 3/1€KTPOMAarHHTHOTO
10/1 BHIOHpPaeTcs B BHUIE

LA=—-F W o (1.13)

FAE cBepTka 1O MHAeKcaM M ocymecmmemﬁ DTHOCHTENBHO HEKO-
TOPOH HEBBIPONAEHHOH G-HHBADHAHTHOH OH/HHEHHOH QOPMBI gmn
Ha aare6pe JIu-@. Hanpumep, ecnu G moaynpocta, Takoit popmou
BeiGHpaercad ¢popma Kuuinura g, =cb,ck. Ecau rpynna G xowm-
naxkrHa, ¢opma Kuinuura sBisiercss OTPHUATENBHO ONfeae/eHHOH
H cyliecTByer 6a3nc anre6pel JIH @, B KOTOpPOM OHa npnuumaer
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BHL gma=—28mn KOHCTAHTY @ B 3TOM cayuae BHIOHPAOT B BHIe
a=8e? B KanHOPOBOYHOIH TEOPHH BHYTPEHHHX CHMMETPHH OGBLIUHO
OTPAHHYHBAIOTCSH MOAEJSMH C KOMIAKTHBLIMH TPYHIIAMH CHMMETPHH,
IOCKOJIbKY OTpHUaTesabHass onpcaeteHHocTh ¢opMbl Kuaaunra ra-
PAHTHPYET NOJOXKHTEJbHYIO ONpPEAeNeHHOCTh TaMHJbTOHHAHA Ka-
AUOPOBOYHBIX T10J1€H B TAKHX MOJEJSX.

Bapuauusa aarpanxnada (1.12) no noasam ¢ u A,™ PUBOANT
K CJEIVIOUIHM ypaBHEHHAM 105 . .

oL dL
aDu(p“ op? D,,¢“=const
LD I, = 0. (1.15)
a

Jlarpamxuan (1.12) w ypasuenuss noqas (1.14), (1.15) umewor
BUJ JarpaHxuaka U YPaBHCHHUI MOJsi MaTepHabHBIX [NoJied @Y,
B3aHMOAeHCTBYIOIIMX NOCPEACTBOM KaquOpOBOUHBIX moJeid A",
HCTOYHHKOM KOTOPBIX, COrJIacHO ypaBHeHHaAM (1.15), (HaswiBaeMBIM
ypaBHeHHsIMH SlHra-—Mumica), SBAAIOTCS TOKH CHMMETPHI [
nogiedt @“ D10 MO3BOJACT HHTEPHIPETHPOBATH KAJHOPOBOUHBIC N0
A" KaK MOTEHIHAaJbI HeKOToporo B3aUMOAEHCTBUA C TPYNIOH CHM-
meTpuii G M KOHCTaHTOH B3auMoJeiicTBua & (e=|a|), Koropas

nepcobo3HayeHHeM KaJHOPOBOYHHIX — NOJeH Al — — A7 moxer
& .

ObiTh yOpaHa BHYTPb KOMNEHCHpYIOILeH mpou3BogHoH Dy = 0up—

—eAy,  Ilpuuem, ecau aarebpa JIm @ pasGuBaercs Ha NpPAMYO
CYMMY ABYX nmopaJare0p, KOHCTAHTA B3aHMOJACHCTBHS & MOXKeET ObTh
Bbl0paHa pa3fauyHOH AJA Ka/aHOPOBOYHHIX = TMOJieH, OTBEUYAIOULIHX
pasHbBIM mogaJjrebpam. :

BsaumogeiicTBHe, HOTeHUHaJaMH KOTOPOTO CJayXaT Kaaubpo-
BOYHBIEC TOJIA, OTHOCHTCA K TaK HA3bIBAEMOMY MHHHMAJbHOMY THITY
B3aUMOAEHCTBUS, TOCKOAbKY A, BXOAHT B JarpaHxKHaH MaTepH-
aJbHBIX NOJEH TOJBKO B COCTaB€ KOMICHCHPYIOUIHX MMPOH3BOAHBIX.

OTrmeTtuM, 4TO, B OTJHYHME OT. 3AEKTPOAUHAMHKM, YPaBHEHHUS
Heabe/sieBblx KaauOpoBOuHbIX noded (1.15) u B oTcyTCTBHE HCTOY-
HUKOB HE€ CTAHOBATCH YypaBHEHHUAMM CBOOOJHBIX TOJEH, a cojaep-
KaT HeqauHeliHocTH Thna 0A-A uw A3 1. e, Ka/HGpOBOUHEIE 10,
MOAOGHO TPABHTALHOHHOMY IOJIO, SABJSIOTCH CaMOACHCTBYIOLIHMH.

CorsacHo BTOpOi Teopeme Hertep kanu6poBouHasi MHBApHaHT-
HOCTb (PYHKUHOHaAa JACHCTBHA KaJauOpOBOUHOH TEOpHH PHBOAUT
K ycaosusim cBsizu (111.6)

Dy (DyFS + Je) =0 (1.16)

Ha ypasuenusi noas (1.14), (1.15) xaauOpoBOYHOH TEOPHH, KOTO-
pbie TeM CcaMbIM HE SIBJAIOTCA HE3aBUCUMBIMH, H HX DELUICHHE NpH
3a/laHHBIX HayaJdbHBIX M IPAHHYHBIX YCJOBHAX HEOJHO3HAyHO. OHO
- BKJIOYaeT B cebs Kaacc mogell (¢, A), cBA3aHHBIX MEXKAY co60i
KaJAHOPOBOUHBIMH NpeoOpasoOBAHHSIMM H ONHCBHIBAIOILMX, KaK moJja-:
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raoT, OAHO H TO XKe (PH3NUECKOe COCTOSIHHe cucTeMbl. UTtoOel npak-
THUeCKH paloTaTb ¢ TaKHMH K/jaccaMd, B HHX Bol6HpaloT npef-
cTaBHTEJEH, HAJOXHUB Ha noas A JONOJHHUTENbHOE KanHOPOBOUHOE
ycaoBue. [IpuMepbl 3THX yc/aO0BHIT M3BECTHB U3 3JEKTPOJHHAMHKH.

Takum«006pasoMm, KaauOpoBOUHAS TEOPHA OTHOCHTCH K TEOPHAM
co cBa3gMu |37, 38]. OnucaHue TakWX TEOPHI B raMHJALTOHOBOH
popMynupoBke Obl1o aano Jupakom [39—41]. Hamuuue cBa3eil
CYUIECTIBEHHO CKa3LIBaeTCsd Ha MNpolelype KBauUTOBAHHS KajuOGpoO-
BouHblX mnoJgef. Ona OCHOBbIBaeTcs Ha (PYHKUHOHAJLHBIX HHTErpa-
Jax, H HHTErPHPOBAHHEC B NPOH3BOAALIEM (PYHKIHOHAJE KBAHTOBOH
KaJduOpPOBOUHON TEOPHH OCYLIECTBJASETCS MO TNPEACTABUHTENSM KJac-
COB KaauOpPOBOYHO 3KBUBAJEHTHBIX NoJeH [42].

KanubposouHasi HHBApHaHTHOCTbL JarpaHxuana (1.12) npuso-
JAUT K CJOCAYIOUIHM 3aKOHAM COXPAaHEHHSl —— TOXKIECTBAM BTOPOH
teopembl Herep (I11.7):

Jho+ Tha+ 2 0, (1.18)
AT :
oL oL

— =0, (1.19)
6ALN aA;’fu

rae  Jmg, Jma— TOKH cuMmmerTpHii moseit {g*} u {4,m}. Tomgect-
Ba (1.18), (1.19), aBasgoTcs CHUJALHBIMH, TOrJa KaK TOXJIECTBO
(1.17) — caaboe, 1. e. BHIOJHAKLIEECH TOJNLKO Ha 3KCTpeMaNsAX —
MOJsiX, SIBASIOUIHXCS PEIUCHHSIMH TOJAEBLIX YpaBHEHHH. 3aKOHb
coxpaHenusa (1.17)—(1.19) He pesaBucumbl, W ToXxaectso (1.17)
MOXKeT OBITh [OJYUEHO B3SiTHEM JUBEPreHUHH OT TOXJIECTBA
(1.18) ¢ yuerom ypaBHeHu# moas u toxnaectna (1.19).
ToxpecrBa (1.17) — (1.19) uHBApHAHTHBE OTHOCHTEJHLHO KaJHO-
POBOYHBIX npeolpa3oBaHHH
o= Con g™,
1,80™ :
n R ou oL b
JnA **CankA dwm -+ ——Ie— cnmavém”’. (1.20)
oAk |
IlpuueM, xoTa 3akoH coxpaHenusa (1.17) cam mo cee He HOpM-HH-
BapHAHTEH, OH CTAHOBHTCA TAKOBBIM C yueroMm ToxzaecrBa (1.18).
3aMeTdM, UTO €C/1H MaTepHajbHble MOJAS ¢ paccMaTPHBAIOTCS
BO BHEUIHEM KaJHOPOBOYHOM I0J€, TO 3aKOHb coxpaHeHus (1.17)—
(1.19) cBomsiTcsi K BHIpAXKEHHIO

Dyt = 0 (1.21)-

YcnoBue KaguGpoOBOYHOH WHBAaPUAHTHOCTH IPHBOJHT K TOMY,
NTO KalHOPOBOUHBIE MOJsA, KaK W 3JMEKTPOMArHATHOE TOJE, He

N
»
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JOJIXHB HMETb MacCy, MOCKOJBKY BKJIIOUEHHE MacCOBOr0 4J/ieHa
B JarpaHxuaH Li Hapywaso Ob ero KaJaubpOBOYHYIQ HHBapHAHT-
HocTh., BeamaccoBocTh KasnuOGpOBOYHOro noast 0wl nepBoHaYa/bHO
Cepbe3HLIM MPENATCTBHEM JJIA MOCTPOEHHS peaJMCTHYHBIX KaJub-
POBOUHBIX MOJeJieH, TOCKOJbKY B3aHMOJEHCTBHS  3JIeMEHTaPHBIX
YACTHI, KPOME 3JeKTPOMArHHTHOrO H TPaBHTALHOHHOTO, KOPOTKO-
JNEeHCTBYIONIHE, T. €. AOJKHBl NEePEHOCHTCSI MACCHBHBIMH YacTHUAMH.
[IpaBjga, B cCOBpEM@HHOH MOJAENH CHJBHBIX B3aUMOACHCTBHHE — XPO-

MOAMHAMHKe — B3aHMOAEICTBHE MEXAY KBAPKAMH OCYLIECTBJIS-
eTcsl  TOXe  TNOoCpeacTBOM  0€3MaccoBbhix  YacTtuly — [JK-
OHOB ~— KaJHOpPOBOYHBIX MoJjell «uBeTHOH» rpymnel SU(3), Ho

npolJsieMa, noyeMmy, HeCMOTPA Ha 3TO, CHJIbLHOE B3auMOmeHCTBHE
MMeeT KOHEYHbIH pajMyc, a Takxke nouemy He Habawgaiorcs CBO-
O6onHble KBAPKH, OCTAaeTCs J0 KOHIA ellle He BHIACHEHHOH.

B 1964 r. Xurrcom [43] 6bln1 nmpeasiokeH MeXaHH3M CHOHTAH-
HOro HAapylIeHHA CHMMETPUH, INO3BOJUBUIMH CHabxKath Kaaubpo-
BOUHBIE MOJAS MacCcOod H moJgyuaTbhb HalJiogaemoe paculemyieHHe mace
B MyJbTHIJIETAX YacTHI, 0e3 HapyuleHHs KaJHOPOBOUHOH HHBapH-
AHTHOCTH TECOPHH H COXpaHfifd ee peHopMupyemoctb [44, 45} (cM.
pycckuil nmepeBoi B [46]). B Hacrosiliee BpeMs B O0OJbLIHHCTBE
KaMuOPOBOYHBIX MOZeJeH CHMMETPHS CYMTAETCS CHNOHTAHHO Hapy-
UIeHHOH.

§ 2. CHOHTAHHOE HAPYHWIEHHE CMMMETP“PI

CoraacHo Teopeme Koyamena, A0Ka3bBaeMOH B paMKax akcCH-
OMATHYECKOH KBAHTOBOH TEOPHH, HAPYLICHHE CHMMETPHH B KBAHTO-
BOH MOJIEBOH CHCTEME BCerja COMPOBOXKAeTcsl HAPYIICHHEM CHM-
MeTpuu ee Bakyyma [47—49]. [locnennee naspiBaeTcst CIOHTAH-
HBIM, €CJAH INPH 3TOM COXpaHsercs UHBAPHAHTHOCTH (KOBapHaHT-
HOCTb) JarpaHxuaHa (TaMHJILTOHHAHA) CHCTEMBl OTHOCHTEJBHO
npeo0pa3oBaHUi HApPYLWEHHBIX CHMMETPHH.

[0 HegaBHEro BpeMEHH AOMHHHPOBAJNO NPEACTABJACHHE O BAKy-
yMe, KaK 0 HeKOTOPOM 0€3YaCTHYHOM COCTOSIHHH C HyJeBbimMu ¢H-
3HYECKHMH XapaKTepHCTHKaMH. B KBaHTOBOH TeopuH noJas Tako-
BHIM siBJsieTcs (QOKOBCKHEA BakyyM. OIHAKO 0Ka3aaoch, uTO (POKOB-
CKOE MpeAcTaBieHHe aare6p KAHOHHYCCKHX [EPECTaHOBOYHBIX H
AHTHIIEPECTAHOBOYHBIX COOTHOIIEHHH OIMCBHIBAET TJIABHHIM 00pas3oMm
cBoboaHble yacTHubl [50, 51]. B cBAsM ¢ 3THM BO3HHKJIO Mpej-
cTaBJeHHe O «(H3HYECKOM» BakyyMme, OAH3KOe K NOHATHIO OCHOB-
HOro COCTOsIHHA. B oTiHuue oT «rosoro» (GOKOBCKOrO BaKyyMma,
busHyecKui BAKYyM HMECT HeHyJeBhble XapaKTepPHCTHKH, TeM ca-
MbIM OH HEHHBADHAHTCH OTHOCHTEJBLHO COOTBETCTBYIOLIHX npeoGpa-
30BaHHil CHMMETPHH M C HAM MOTYT B3aHMOJEHCTBOBATH NONs. H
YACTHILH.

HeHHBapHaHTHOCTb BaKyyMa HMeeT MeCTO BO ‘' MHOTHX ‘Mozensx
KBaHTOBOM Teopuu mons u cratHctuku [50, 51}."Ona sBasgercs
CKOpee NpaBHJAOM [ CHCTeM C GeCKOHEUHBIM YHC/IOM CTeneHeh
csoﬁonu anre6pm HabogaeMbIx Koropmx AOTYCKAIOT HEIKBHBA-
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JeHTHbie HellpUBOAKHMbBIE TMpeACTaBJEHHS, a 3HAYHT, H He:-)KBHBa-
JEHTHbie BaKyyMmel [51].

B kKaaubpoBOYHBIX MOJEASAX CIOHTAHHOE HAPYyIUCHHE CHMMETPHH
, 00BIYHO MOJAENHPYETCS] BBEAECHHEM TAK HA3BIBAEMBIX XHITC-IOJACTO-
YHOBCKHX MOJICH, B3aUMOICHCTBHE ¢ KOTOPBHIMH MaTepHAJbHBIX H
KaJHOPOBOYHBIX MOJEH HHTEPHIPETHPYETCS KAK HX B3aHMOJEHCTBHE
¢ CaMHM HEHHBapHaHTHHM Bakyymom [46]. Llear manHoro napars-
paga — mnokasarb, TOUEMy HapylUIeHHe CHMMCTPHHM BaKyyMmd
B KBAHTOBBIX MOJEJSIX MOMKET ONUCHIBATHCHA KJACCHYECKHMH IOJs-
MH,-a TaKXe [aThb XapPaKTEPHCTHKH STHX TOJel, HMeS B BHIY
CONOCTaBA€HHE ¢ HHUMH CBOHCTB FPAaBUTALMOHHOrO MOJIA KakK XHUITC-
FOJACTOYHOBCKOIO [0Jsi B KaJuOPOBOUHOH TEOPHH INPOCTPAHCT-
BEHHO-BDEMEHHBIX CHMMETPHH.

Xota o0ulenpUHATOTO KOPPEKTHOTO MaTeMaTHUeCKOro onpeje-
JCHHUS HCHHBAPHAHTHOrO BaKyyMa [0 CHUX MOP He AAHO, MOXKHO, O-
HAKO, YCTAHOBHTb OCHOBHbl€ NPHU3HAKH HEHHBAPHAHTHOCTH BAaKy-
yma. [lTocrapaemca 310 cjpenaTbh NpH MHIIMMaJabHbIX OrpAHHYCHHAX
Ha& onepaTepHble asirebpbl KBAHTOBBIX CHCTEM,

Bcakaa rakas ameépa ABAACTCA HHBOJIOTHBHOH KOMIJIEKCHOM
anrebpoi, a obuMM AJs BCcex ONpEeAEJCHHH BakKyyMma sB/sercs 10O,
4TO OH AOJXKeH OblTh LUHMKJIMUECKUM (TOTAJHIHPYIOLIHM) BEKTOPOM
.£€ IpeACTaBJIeHH.

[lycth B — uHBoMOTHBHAA aJjreGpa ¢ eaunuueil ¥ G — rpyuna
ce aBToMop¢gusmoB (cM. IIpunoxenue Il). Bocnoabsyemcs Tewm,
4TO BCSIKO€ NpeiacTaBjeHHe anrebpol B ¢ TOTAJU3HPYIOULHM BEKTO-
pOM MOXeT ObITh ONpeJeNeHO 3afaHUEM HEKOTOPOH TMNOJOXKHTENb:
HOH (opMBl HA B. IT0 COOTBETCTBYET 3aJaHUI0 MATPUUH IJOTHOC-
TH KBAHTOBOI CHCTEMBl M IIOCTPOEHHIO TpEACTaBJCHHS ee aarebphl
nabawgaemblx MerogoMm l'eabdanga, Hailimapka, Curana [51, 49].
Tako#n merox 103BoJidgeT KU30exarTh SAIBHOTO ONHCAHUA THALOEPTOBA
NPOCTPAHCTBA MNPEACTABACHHA H  OTPAHHUYUTBLC  PACCMOTPEHUEM
TOJMBKO H3MEDPUMBIX BEJHUHH — ONEPATOPHBIX CPEIHHX.

[Tyets | — nodoxuteabHas dopma Ha B. Onpepeseno AGHCT-
Bye rpynnsl G Ha gopmy [:
G=2g:[(B)~>[e(B)=[{g~(B)), (2.1)

lepeBOAALIEE €€ B HEKOTOPYIO APYIYIO IOJOXKHTEAbHYI0O (opMy fg
Ha B. ®opMmul [ U [, onpedesasioT NPEeACTABJCHHS Tt H Mg aATeGphl
C TOTAJH3HPYIOUIMMH BEKTOPAMH |) H |)g H NpOCTPaHCTBAMH
npeacraiacHuit H = B/N u H, = B/g (N).
Paccmorpim oro6pa>KeHHe

g Hon (b)) =b/N—g(b)ig(N) =ne(g(b))=H,.  (22)

Ono noJTyuaeTcs dakropusauueint aBromMoppuimMa g aJarebpu B,
KOTOpBIH corvyiacyeTcs ¢ ¢akropusauueid B mo uaecanam N u g(N).
D10 oTo6paxKeHHe NEPEBOAHT BEKTOD |» B BeKTOp |)g, onpemenser
H30MOpP$H3IM THALOEPTOBLIX npoctpancts H u Hg u Mopdusm

npeacTaBAeHHA
x(B)—>7ig (g (B)). 23
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Bo3MOXHE IBa Caydas.

1) ®opmbl | u fg Ans Aw06oro g&G onpenensioT IKBHBAJEHT-
Hble npejacTaBiaeHHs aarebpbl B. Torza, mockoabky g — aBTOMop
¢usm B, 10 f=fg, T. €. popma [ saBaserca G-unBapuaHTHOH. Ecim
B — C*-anreﬁpa, 3TO HMEET MeCTO TOrAa H TOJBKO TOrja, Koria
ge=G ABAATCH annpOKCHMATHBHO BHYTPEHHUMH aBTOMOpP(pH3Ma-
MHu aarebpbl B. B 3ToM cayuae otoOpaKeHue Tg peanmusyer Hemnpe-
PHIBHOE YHHTApHOE NpeicTaBiaeHue 1g=p(g) rpynnsl G B M, taxoe,
ato (g (b)) =p(g)n(b) u n(g(b))=p(g)a(b)o'(g).

2) ®opma [ He sBaserca (-HHBapHAHTHOH, T. €. CYIECTBYIOT
Takue aeMenTH be=B u g=G, uto [(b)Ffe (b)) =f(g~1(b)), unm,
yuuThiBasg, uTo ¢opma [ auHehHa Ha B, [(b)7~0 ang HekoToporo
ajeMenTa b=%=g(b). B arom cayuae npeiacraBieHuss s ¥ Jg HEIKBH-
BaJICHTHH M orobpaxkeuuss (2.2), (2.3) ecth onepartopnl nepexona
OT OAHOTO HEIKBHBAJNEHTHOTO NpejCTaBJACHUA K JApyromy. B To XKe

BpeM#a - ob6paTHble 0TOOpaXKenus 'c;lzrg-l O3BOJIAIOT BCe Ipel-

CTaBJICHHA Tig, NOJYYacMble M3 AAHHOTO NPEJCTABAEHHS m anrebpbl
B B pesyabrate ee aBTOMOD(H3MOB, pEajH30BLIBATL KaK mg(B) =
=n{(g'(B)) B OAHOM U TOM XK€ TdIAb0EPTOBOM MPOCTPAHCTBE
npeacraBiaeHus . Mo cama rpynnma G He peannsyercs KaKHMH-
JHO0 onepaTopamHu B H.

B peanpHbix MoAeasx B adareGpe B geficTBYywT, Kak IIPaBHJIO,
JB€ TPyIIlbl aBTOMOP()HU3MOB — TIpPyIlNa HPOCTPAHCTBEHHO-BPEMEH-
HBIX CUMMeTpHH Gex W Tpynma BHYTPeHHHX cuMMerpuit G, Ecnw
popma [ Gex-uHBapuautHa, HO Gip-HeuHBapuaHTHa H Gex H Gin
KOMMYTHDPYIOT, TO ¢opMa [g, =G, Takke Gx-HHBapHAHTHA.
STO He TaK, €CJAH 3TH TPYyNnbl HE KOMMYTHPYIOT MeXAy COOOH.

BaxXHBIM NpHMEPOM TAaKHX TPYNIN ABJSIOTCHS TPyNila TPaHCJIsi-
uuit Gex=T u xanuOpoBounas rpynna Gi,=G(T). Ilyctb dopma |
TPAHCJASI{MOHHO HHBAPHAHTHZ, HO HEHHBAPHAHTHA  OTHOCHTEJBHO
anemenra g G(T), rakoro, uto dg—gd=d(g)=~0, rue d — rene-
parop I. Torna (I)opma [¢ OKasbiBaercs yKe I1-HeHMHBapHaHTHOI,
T. €. CYILeCTBYeT TaKoil 3/eMeHT b&B, uto

fe(db) =f(g~'(db)) =f(dg='(b)) —[(d(g™") (b)) =
=—](d(g™") (0))70.
Bmecto 3Toro ¢opMa f; MHBapHaHTHA OTHOCHTEJbHO MpeoGpaszoBa-
HUH ¢ reneparopom D=d—g~ldg. B obuiem cayyae, koraa [ toxe

T-veunBapuantna, D=d—A, rae A npeofpasyercsi OTHOCHTEABHO
g Kak KaJubpoBounoe noJe. [leficTBUTE/IBHO, :

0=/ ({d—A") (b)) =] (g~! (d—A") ()
=[((d—g~'A’g+g~'dg) (g71(b))) =[((d—A) (g7'))),

OoTKyga, Kak u B (1.8), A’=gAg~'+dgg=!, 1. e. A umeer cmuica
KaJHuGPOBOYHOTO [10/IH. :

Cuoepyoolas Teopema JNOKa3plBaeT, 4TO CTENEHb HAapYLUCHHUA
CHMMETPHH HHKOrJa He OblBaér MaJsoh [52].
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Teopema. [Iycte B — C*-aare6pa ¢ eaunuue#t, f u f* — cocro-
gaHus B, ompepessiiolilde ee HENPHBOJAHWMbIE MPEACTaBJIEHHA 7T H 7.
EcaH 1t H ' HESKBHBAJCHTHH, TO CYHIECTBYeT TaRol anemenr bes
B, uro |f(b*b)—[" (b*b) | >2. ‘

DTO YKasbiBaeT.Ha TO, YTO B (DU3HUECKHX CHCTEMAX HapylUeHHe
CHMMETPHH 1O CBOEMY XapakTepy NOJKHO ObiThb aHAMNOTHYHO (a3o-
BOMY IEpPEeXOny.

B 3akimwouenue akCHOMATHYECKOIO pacCMOTPEHHs CBOHCTB HEHH-
BAPHAHTHOIO BaKyyMa NPHUBEIEM H3BeCTHYIO Teopemy | OJACTOYHA,
KOTOpass B OAHOM H3 BapHaHTOB (opMmyampyercs tak {113}

Teopema. B nokaabHOH TpaHCASUHIOHHO-HHBAPHAHTHOI TEODHH
noJs (¢ wBasujaokaabueiMu C*-anarebpamu HabawaaeMbX) ¢ coxpa-
HAIOILUMCS JTOKAJIhHBIM PEJATHBHCTCKHM 4-BeKTOpOM TOKa Jn*(X)
H BaKyyMOM, HEMHBAPHAHTHLIM OTHOCHTE/NbHO HEeNpepbIBHOW TIpyil-
bl CAMMETDHH, TE€HepaTtopaMu KOTOPOil ABasiorcd 3apainl @, =

)
:SJm(x) d’x,  00f3aTeJbHO HMEIOTCA COCTOSIHUSI, XapaKTepH3y-

eMble HyJeBo#i maccoi. OHM NOJY4YHIHM HAa3BaHHE TrOJMACTOYHOBCKHX,

B KBaHTOBBIX MONEBLIX MOAEJsX B KadecTBe (GOPMBl [ Ha anred-
pe KBAHTOBAHHBIX 110J€H B eCTeCTBeHHO B35ITh CBA3HLIC TOJHBIE (DYHK-
uud I'puna A, a TOTaJAu3HPYIOIIUHA BEKTOpP |) HHTEPUPETHPOBATH
KaKk BakKyym. [leso, 0JHAKO, B TOM, UTO PacCMOTPEeHHE peanbHBIX
KBAHTOBBLIX IOJIEBLIX MOZeJeH LPHUXOAUTCS BECTH, KaK TOBOPHTCH,
Ha (pU3UYECKOM YPOBHE CTPOrOCTH, NOCKOJbKY yiKe asredpy onepa-
TOpOoB B Takux Mojgedel KOPPEKTHO ONpeleauThb He YyAaercd, a
¢dopma [, 3agasaemast na B ¢yukuusmu I'puna, cuuryispHa. Tem
HE MeHee IMOJYUYeHIpl€ Bblille CBOICTBA HEWHBAPHAHTHOIO BaKyyMa
(kpoMme ruJAbLGEPTOBOMl CTPYKTYPBI HO IHDPOCTPAHCTBE [IpeiCTaBJe-
HHUSI) OCTAIOTCS chpaBeJIUBBIMM W JJsl 3THX MoAaeaed. B uwacrHoc-
TH, KOPPEKTHO ONpedeJeH BAKYYMHBIH BEKTOpP |D, M NIPHMEHHM
KPHTEPHH, YTO BAKYYM |) KBAHTOBOH MOJEBOH MOZENM HEHWHBAPH-
aHTEeH OTHOCHTEJIbHO KakKoro-nudo npeobpaszoBaHus g, €CaAd cylle-
CTByeT OTJHuHas ot Hyast ¢ynkuus I'puna A(b)=%0 rtakoro sxe-
Menta b B, uro gb+#b.

Hcenenyem 310 yeaoBHE, BOCHOAb30BABIUKHCH TOJYUHBIUHM CeH-
Yac WHPOKOE pacnpocTpaHeHHe (0COOEHHO B KaJHOGPOBOYHBIX MO:
nensx) npeicraBaeHueM GyHKIHH T'pUHa B BHJIE KOHTHHYaJbHBIX
uurerpaJgoB [53, 54, 42]. KoppekTHoe mareMaTHueckoe 0GOCHOBA-
HHE TaKoro IpPeACTaBJAEHUA [0 CHX MOP OTCYTCTBYeT [55—-57],
HO Ha (H3MYECKOM YPOBHE CTPOrOCTH KOHTHHYaJhHbIE HHTErpaJibl
UCIIONB3YIOTCH KaK YAOOHHH cnocol 3anuMcH TEOPHH BO3MYLICHHH
[58}. O ocHOBBIBaeTcs Ha TOM, YTO BAKYyMHBIC CPeAHHE T-IIPOH3-
BeJeHHH KBAHTOBBIX IOJEH MOTYT OBITh BbIPAXKEHBl Yepe3 clapH-
BaHHsl 3THX IMOJCH, paccMaTpHBaeMbX KakK TOYHO KOMMYTHDYIOLLHE
HJIH aHTHKOMMYTHPYIOILHE, T. €. KJjaccuueckue, noas [H9].

B rakom moaxoae oneparopHas ajre6pa KBaHTOBOH MOJEBOH
CHCTeMh MoxeT OBITh 3aMCHEHa TeH30pHOH anrebpoii, B =

o n
=€OB(® Q)/J, rae Q — BEKTOPHOE NPOCTPAHCTBO COOTBETCTBYIO-
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INHX KJIACCHYECKHX nosed, a J — vjean, MOPOXKACHHHA S/eMeH-
TaMH BHAa §®q'Fq¢’®q u3 6030HHBIX/DepMHOHHBX nojedl. MHBo-
nonuAs B B — 310 onepanus 3pMHTOBAa CONPSIXKEHHS, a TPYINOA
aBTOMOp(H3MOB B siBisiercs rpynna G npeo6pasosanuii Q. |

B KOHTHHYaJIbHBIX HHTErpasax ¢yukunn I'pyHa A H uX HpOH3-

BOASLIH (pynkuuona.n Z uwmeoT BHA A(qy...qn) =8Z[n]/én: ...
-vannln::O,

Zln)=—iln[fdpexpiS(q, )], (2.4)
rae S(g, n) — dynkugonan aeiictBua S(¢) KIacCHYeCKHX mnojed

g ¢ HCTOUHUKAMU Lycr=ng+gn, a dp — HeKotopas Mepa Ha Q.

[lpeo6pasosanne (2.1) dopmm f, 1. e. ¢yukuuit TIpuna A,
nol gedicreueMm rpynnst G sanucuiBaerca G g—q¢', A—>Ag,
rae NpousBOAfUIM GYHKUHOHAAOM i Ag aBasercs

ZInl=—in[fdy’ expiS’(¢', n]=Zfn]. (2.5)

3710 paBeHcTBO, BOOOGIIE TOBOPS, HeTpuBnaﬂbHo W IOpOXJAaer onpe-
JleJIeHHbIe COOTHONIeHus Mmexay ¢ynkuusmu Ipuna A. Tak, B ka-
JHOPOBOYHON TEOpPHKU, OYAYYH 3aIHCAHHBIM A1 PCryaspH30BaHHBIX
HeMepeHOPMHUPOBAHHBIX pynkuuit Ipuna, (2.5) RPHBOAMT K 0606-
INEHHBIM ~ TOXJAecTBaM Yopaa [42]. Jlna pepedopMHPOBaHHBIX
Gynruuit I'puna, ecan He cymecTByer HABAPHAHTHOR IIPOMEKYTOU-
HOR peryaspusailuu, aja BbinoaHenas (2.5) moryt mnonagoOuTbhes
HEHHBAPUAHTHLEIC KOHTPUJICHBI, Hapylalollne NepBOHAYaJJbIYIO Ka-
JHOPOBOUHYIO MHBAPHAHTROCTL gelerBus S(¢) (aHoMalbibsie TOX-
peersa Yopaa). Ha npaktuke 3To mponcxoinT, Koraa B npouenype
PEHOPMHBPOBKH yuyacCTBYIOT MarTpuusl ys [42].

B xanuOpoBouHOIl TeOPUH BO3MOMHBI Hapyuwerus KanundpoBou-
HON MHBAPHAHTHOCTH TOJBKO }3-3a JOKaJbHOTO Xapakrepa Kaaub-
pOBOUHBIX npeobpaszosBannil. Uro6wl MX oTaHuaTbh, Mbl OyaeM pac-
CMaTpUBaTh HapylieHMsi HWHBAPHAHTHOCTH, BLI3BaHHBIE TOALKO Mpe-
obpaszoBaHuaAMH rno0anbubIX Tpynn cummeTpuit G.

YcaoBue wHBapHaHTHOCTH ®OyHKiMA [puHa A oTHOCITEABHO
rpynnsl G 3anumercs B BHAE

Zlg(m)l=—iln[fdpexpiS(q, g(n))] =Z(n). (2.6)

Ecau pefictBue S(g) g-uHBapHantHO (Mepa dp CYHTACTCA HH-
BapHaHTHOH OTHOCHTEJbHO rnobanabHBIX npeoépasoBaHHﬁ),
Z[g(n)] wmoxno npusectu kK BHLY Z[g(M)] = Z,-1[N], u ycioBHE
UHBAPHAHTHOCTH (2.6) BHLINOJHAETCA B CHJIY 'IomneCTBa (2.5). Ot
clofa caeayer, UTo HapyIleHHe HHBAapHAHTHOCTH QYHKIHHA I“ppma
Bosmomno TOJABKO TPW HApPYUIEHHH HHBAPHAHTHOCTH  JACHCTBHA

S(q).

BoaMoxHB 1Ba TaKHX CIy4as. ‘
1) JdrHaMuueckoe HapyLIEHKC CHMMCTDHH, KOI'Ad G- HHBapHaHT-

HOCTb KJIQCCHUYECKOTO ILG'PICTBHH S HapymaeTCﬂ 34 CUeT IIOABJECHHSA
G-HeHHBAPHAHTHLIX KOHTPYJEHOB B HEKOTOPOM NOPAAKE TEOPHH
BO3MYUIEHHHA. : ‘
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- . .
2) CnoHTaHnHOe HapyuwenHe CHMMeTPHHM, Koraa pelictBue S(g)
G-KOBapHaHTHO, HO (-HeMHBAapHAHTHO KaK (QYHKIHOHaJ noJel gq.

ITockoabKy nepBwii cayya#, No-BHAMMOMY, OrpaHH4YeH B OCHOB-
HOM HapylIe€HHWeM KHPaJbHOH YP5-CHMMETPHH, COCPEJOTOYHM BHUMA-
HHe 'Ha BTOPOM Bapuante. [Ipumep Takoro HapylleHus CHMMETPHH
faeT B3aUMOJEHCTBHE KBAHTOBBIX MNMOJEH ¢ BHEIHHEM KIACCHUECKHM -
10J€M. ITO MO3BOJASET MOACJTHPOBaThH HEHHBAPHAHTHOCTL BaKyyMa
B KBAHTOBHIX INOJIEBLIX MOJEJISIX BBEJIEHHEM COOTBETCTBYIOUIETO
KJ1aCCHYeCKOr0 XMITC-TOJJACTOYHOBCKOrO TMNOJAS O Takoro, 4ro
Go=+0, npuueM yjraercsa 3anaBaTh W YUHTBIBATh TaKyld HeWHBa-
PHAHTHOCTD YK€ Ha YPOBHE KJACCHUECKON MOJIEJNH.

Jas storo B gefictBue S(g) BKJIIOYAIOT COOTBETCTBYIOUIHE uJe-
Hbl §—0-B3aUMOJEHCTBHSA, HO B HPOHM3BOAAILeM ¢yHKHHOHaJ e Z
nast gynkuuit I'ppHa A uHATErpHpoBaHHE [0 IOJSIM 6 He NPOH3BO-
JHTCA.

[lpusenem mnpocroii npumep. Ilycts {@p?} — Ay6JeT cKagaspHBIX
noJel, peanuzymoumx AeHcTBHEe HEKOTOpo# rpynnsl G BHYTPEHHHX
CHMMETPHH H ONHCHIBAEMbIX JarpaHxHaHoM CBOOGOLHBLIX NOJeH

L="3(3.9°%)".

CunraeM, 4ro G oCTaBJACT WHBApHAHTHON CBepTKy @lo!+ @p?
IMponssogsuinit ¢ynknuosan Z aaa ¢yHKuu# IpuHa Takod
CHCTEeMBbl HMEET BHJ

Z[n] =—iin[f[do]expif (‘0% (p) p*p*(p") +
+n(p)o(p’))d(p+p)dpdp'],
n hyukuun puna .

(9 (p) ¢ (p)) = =5~ 828 (p - p') (2.7)

-

MHBAPHUAHTHB OTHOCHTENBLHO npeo6paSOBaHHi’i rpynnsl G.
Hapywnm cummerpuio L, BBeass B Hero MOCTOSHHOE XHUITC-TOJ[-

CTOVHORBCKOe [IoJie 0 B COCTaBeE MAaTDHIBI g = O o , BXOoAA-
g0

weff B yjgeH B3auMOmeHcTBHs !/o@po@. IIponsBoasimpit (QyHKUHOHAJ
Z[n, o] cucreMbl ¢ HapyIIEeHHOR CHMMETPHEH HMEeT BHI

Z[w, ol =—iin[f[dolexpif (oo (p) (p>+0)9(p’) +
+n{pre(p’))o(p4-p')dpdp’].

Torpa, ncnomssys cmoficTsa rayccopsix uurerpa’os (cm. IIpuio-
~Kenue 1V), noayunm ¢ynknuu I'puna

a af{n\y —_ — p* U '
(e (" () =—— 8 +r). -+ 28

(@) == +p). @9

Kak BuauM, oHn otnmuaiorcs or ¢yHkmui [puua (2.7) cummer-
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PHYHOH CHCTEMBl KAaK H3MCHEHHEM BHIA HOPMAJbHBIX (QYHKIIHI
I'puna (2.8), Tak H NMOSIBJEHHEM HEHYJIEBBIX AHOMAJbHHIX (DYHKLHH
I'puna (2.9), B pesyiabraTe uHero OHM RepectarT OulTh HHBapPHAHT-
HBIMH OTHOCHTeJIbHO rpynubl G.

Bpenenne Kaaccuyeckoro mojs ¢ B QYHKUHOHAJ peiictBusg S
¥ NPOM3BOASIMA GyHKUROHAA Z Rak Obl mapamerpusyer Z, QyHK-
uus [pHHa A, W HEC2KBHBAJIEHTHBIE BAKyyMbl Mojean |, [60].

3TO nojAcKaabiBaer GoJsee 0OiiHi cHOCOO ONMCAHUR CHOHTAHHO-
r0 HapyuIeHWS CHMMCTPUH OTHOCHTEAbHO Tpynnel G, BKJIioYalouIeH
NOATPYNNBE TOYHBIX cUMMeTPHH M, Korxa noJds g CTPOKTCS peaJu-
3VIOLMMH HEKOTOPOe HHAYUHPOBaHHOC upeacrasiaenne 4G rpyin-
upl G (cm. [Ipuaoxenne [11). B 3tom cayuae oHW npeacTaBiasiorTes
OYHKUHMAMHE HE TOJBLKO HA KOOPAMHATHOM npoctpaHcTBe X, HO H HA
daktoprpocrpaHcTBe G/H co 3HaueHUsiMH B HEKOTOPOM [POCTPaH-
crBe V npeacraBaenus rpynun f, 1. e.

g=q(x, o), x&X, o=G/H,

H HX 3HaYeHHs 3aBHCAT OT Bakyyma |).. OfHAKO B peasbHBIX MO-
neaax OH NOYTH He npaxrtukyercsa (cm. § 10).

IlpucyrcrBue BHemHero noJds ¢ nopoxnpaer (-HeHMHBapHaHT-
HOCTb neiicTBrg S (g, 0) Kak QyHKiHoHada moJeil g, KOTOpHIl, oA-
Hako, Oynyun G-HHBapHaHTHBLIM N0 ¢ u o, ABagerca G-KOBapHaHT-
HBIM 10 g. [Tpu 3TOM BO3MOXKHBI ABa BapuaHTa.

1) Tlone ¢ wuapymaer nepBoHauaJbHyi0 G-HHBAPUAHTHOCTDb
S no G-KoBapHawTHOCTH, HANpHMEp, KOrfa o BHAEJAETCS Kak
HEKOTOPas KJjacCHuecKas COCTaBJSIOLas caMux noJeft g¢g. ITOT
npueM Haubosee yacro ynorpedisercs B KajuOpOBOUHBIX MOAEAAX
146, 42]. pounmioctpupyemM ero.

[lycts G=8SU(n), u noas ¢ peanusyior GQyHLaAMEHTAAbHOE
npeacTapleHye 3TOH rpynnsl, T. €. ¢=(qg1..¢n). Bujaeaum B ¢
coctaBagomyw o= (0..0), Tak urto g¢g=ge+¢’, u DepenuiieM
SU (n)-uuBapuantHoe neiicrsue S(g) xax aeficrsue S(g’), npuaas
Qo CMBICJ BHEUIHEr0 XHITC-TOJACTOYHOBCKOro nodas. JledcTBue
S(q’) no noasm ¢ 6yner yxe tonbko SU(n—1)-uHBapHAHTHO, IJe
SU(n—1)qo=q, Ho SU(n)-koBapuantio 3a cuer SU(n)-npeobpa-
30BaHHH ¢ ~—»qq¢ ..

2) Ilone o nopHumaer H-unBapraHTHOCTb aelctBust S(gq), rae
H — monrpynna to4Heix cuMMeTpuii rpynnsl G o ero G-KoBapH-
a"HTHocTH. IlpuMepoM TakMx HoJeH SABJAAIOTCA TaK Has3plBaeMble
KJaCCHYECKHE TOJACTOYyHOBCKHEe Toas [61, 62]. OHn Obliin BBeAEHHI
B paMKaX MeTOoLa HEeJHHEHHbIX peaausauuit rpynmn (cm. Ilpuaoxe-
Hue III), xorpma npexncrassaenune rpynnsl G CTpouTcss Ha mnapax
(v, o) snementoB v npocrpanctsa V, peanusyoluero JHHERHOE
npeactaBaeHHe noarpynnbl H rpynnsl G, U 37€MEHTOB ¢ akTop-
npocrpaictBa G/H. TlpencraBaenme (I1111.8) rpynnmi G Ha o
HeJHHEHHO. DTO WCKII0YaeT NOSBJAEHHE MaccoBoro dwiexa m2g?
B G-HHBapHaHTHOM dbyHKUHOHAJe AeHCTBHS AJd NOoJeH o, W HX
6esmaccoBocTh NmoOyjauia aBTOPOB 3TOFO  HOAXOJA - HA3BaTh  HX
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rOJAACTOYHOBCKHMH 110 aHAJOTHH ¢ ~6€3MacCOBBLIMH FOACTOYHOB-
CKHMH COCTOAHHSIMH B aKCHOMATHYECKOH TEOPHH NOJA.

HecMOTpS Ha pasiuuHOe NPOMCXOXKAEHHE, KapTHHA CHOHTAHHO-
ro HapyuweHHsi CHMMETpPHH B OOOMX BapHaHTax TEM He MeHee ONH-
naxosa. B 3Tofi KapTHHe XUITC-TOJJACTOYHOBCKHE NOJS ¢ NpHHHMA-
JOT 3HAYEHHS B HEKOTOPOM MNPOCTPAHCTBE X, peasH3yIOLLEM Helpe-
peiBHOe neiictBue rpynnsl U u comepxaiueM [-HHBapHaHTHbLIE, HO
G-HeHHBAPHAITHBIE TOYKH, KOTOpble 00pa3yloT HOLTPOCTPAHCTBO
Yy Takoe, uto 2 =G (Zy), T. €. BCAKAA TOUKAa 02X MOXKET OblTh
MOJy4YeHAa U3 HEKOTOPOH TOUKH Op€E2Xy HCHCTBHEM 3JeMeHTa rpyn-
nol G. IlpumepoM TaAKOro mpocTpaHcTBa X siBJAsCTCH (HaKTOpPNpoCT-
pauctBo G/H, rae Ty CBOAHTCA K OOHOH Touke —— UeHTpY lo/H
3Toro GakTopnpoCTpPAHCTBA.

B kanuOpoBouHOH TEOPHH BHYTIPEHHHX CHMMETPHH CyllecTBYeT
Becerga KajaubpoBKa, B KOTOPOM  XUITC-TOJIACTOYHOBCKOE - J10J€ g
IPHHUMAeT 3HaueHHs TOJAbKO B NoAnpoctpaHcrBe Xy OHa yacto
Ha3bIBACTCS YHHTAPHOH KaJHGPOBKOH, HOCKOJALKY B Hell S-marpuua
ABHO YHHTapHa (XOTA M OTCYTCTBYET €e fBHAf IepeHOpMHpye-
MocTh). B atolt kanubposke jeiictBue S(g, o) no noasMm ¢ cia-
HOBHUTCS [-UHBapHAHTHBIM. -

B OKpecTHOCTH BCSIKOH TOUKH 0¢o&ZXy RPOCTPAHCTBO 2 MOXKeET
ObITL MPEACTABICHO KaK npsiMmoe npousBenense X=3yXG/H ¢ Ko-
opAnHaTtaMu (oy, 0’). O6GbBUHO paccCMaTPHBAIOT Majble OTKJIOHCHHUS
0 OT Op, NO3TOMY MOXKHO 3allHCaTh

6=09+0n+0’, (2.10)

rae (0’0+O’H)ES‘H, a (co+0'yesG/H. H-uusapuaHTHas cocrasaa-
omas (oo+0y) NOJAA 0 HA3BIBACTCH XUITCOBCKUM TNoJgeMm, a ¢ —
rOJIACTOYHOBCKHM MoJaeM. IlpuueM nmo cBoemy mocTpoeHHio u aefict-
BHIO Ha Hero rpynnbl G nose ¢’ coBnagaer ¢ YNOMHHaBIIHMHCS
BB KAACCHYECKHUMH TOJACTOYHOBCKEMH TNOJSAMH MeTONa  Heju-
HelHpIX peanusauuii. OAHAKO B YRHUTAPHOH KaaubpoBKe TrOJACTO-
VHOBCKHE MOJ o' HCUE3al0T W XHITC-TOJIACTOYHOBCKOE [0OJe O
CBOJIHUTCH TOJbKO K CBOEH XHITCOBCKOH KOMIOHEHTE.

s MoAe/upOBAHHA CROHTAHHOTO  HApPYHICHUS CHMMETDHH
XHIPC-TOMACTOYHOBCKOE HOJ€ LOCTaTOYHO BBECTH KaK BHeUIHee
nose. ONHAKO eCTeCTBEHHO MPEANOJNOXKHUTb, UTO HEHHBAPHAHTHOCTD
BaKyyMa IOJeBOH CHCTEeMH €CTh CJEACTBHE KaKWX-TO CBOHCTB ca-
MOH cucreMbl. HToObl BX yuecTb, NOJE ¢ BBOASAT B CXeMY KaJauOpo-
BOYHOH TEOPHH KaK KHHEMATHUYECKYIO TEPEMEHHYIO HapaBHe ¢ Ma-
TEPHANLHBIME B KaJHOPOBOUHBIMH TOASMH, RO0ABAAS K JArpaHixH-
any L{¢, A, o) narpauxuad L, nojsi 0 M CBA3bIBas C BaKYYMOM
KJaCCHYECKYID KOMIOHEHTY Go 110/ O, OUPENEeNseMylo KakK pele-
HHe ypaBHeHus nosas O6L,/80=0, oTBeuaouee MHHUMYMY 3HEPTHH.

B knaccuueckom npnﬁ,ﬂnme}mn B KauectBe L, oObiuHo OepyT
TAaK Ha3blBAaeMBbIH JarpaHxuay Xurrca

_ L,="/(D,0)2—A?(0%—p?)?, bo(2.11)
BAaKyYMHBLIM DPeLU€HHEM KOTOPOro B YHHUTapPHOIM Kz{JmGpOBKe SIBJIS-
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eTcs mocrogHHoe moge oo (ao’=p2, (d—A¢)oy=0), B3aumoneiict-
BHE ¢ KOTOPbIM NPHBOAKT K NOfBJEHKUIO B narpanxuare L(g, A, o)
MAacCoOBbHIX UJCHOB MaTepHasibHBIX H KaJaubpoBouHbiX TnoJje#i [40,
42]. Onnako garpaHxkuad XHITCA He YYHTHIBACT HHAMBUIAYAJAbHBIX
oco6eHHOCTel KOHKPETHOI CHCTeMBl, B KOTOpOH paccMaTpHBAeTCs |
CTIOHTAaHHOE HapylueHHe CHMMeTpPHH.

Takoro yuera MOXHO R0OHTbCS, €CMH NPHHSATH BO BHHUMAHHE
B3aUMOAENCTBHE 110/ ¢ ¢ KBAHTOBHIMM MaTepHa/bHBIMY NOJSIMH .
Cnenarb 370 MO3BOJISIET METOJ AHHAMHUECKOTO CIIOHTAHHOTO Hapy-
uleHus cumMetpuu [63—65]. [das storo k peiictBuio S{¢, A, o)
N06aBJSIOT HEKOTOpPOE 3aTPaBOYHOE MElCTBHE S, MOJAS ¢ H BKJIO-
YaloT B NPOM3BOASINME ¢YHKUHOHaJ Z WHTErpupoBaHpe no KJac-
CaMm KaJHOPOBOUHO CONPSAXKEHHBIX NOJIeH 0, TaK 4TO ~

Z=N-1fdu(p, A, o)expi(S(yp, 4, 6)+S.). (2.12)

WUnrerpupoBanue Z no MaTepHadbHBIM HOJSM ¢, B pesyabraTte Ko-
TOPOTO NPOH3BOASINHI (DYHKIIHOHAN NPUHHMAET BUA

Z=N"]fdg,t(0', A)exp iSert (0, 4),

MPHBOUMT K 3 PeXKTHBHOMY_JeHcTBHIO Serr AAsi mojeid o u A. 310
HHTErPHPOBAHUE COOTBETCTBYET CYMMHPOBAHHW JHarpaMM o—d,
0—A, A—A no BHYTpPeHHHM JIHHHAM MaTepHa/JbHBIX ROJEH.

Kaaccyyeckne KOMNOHEHTH moJeii ¢ U A OTOXAECTBJISIOTCSH
C PEIICHUSIMH ypaBHEHUH

dSett/80=0, 8Sett/0A =0,

KOTOpble B JEHCTBHTEJIbHOCTH HMEIOT CMBICJA TOJBKO B paMKax
NPOLEAYPH PEryasipU3aluil ¥ NePEHOPMHPOBKH.

3aMeTuM, 470 B HPHOAHKEHUH MaJbiX MMIYJAbCOB MOJS ¢ Jar-
paHXKH&H Ler; BOCTPOH3BOAMT Jarpanxuan Xurrca (2.11) c pery-
JASPH30BAHHBIMH KOHCTAHTAaMH, 34BUCAIIUMH OT NapaMeTpoB ¢—@
H (—0C B3aUMO/EICTBHA HCXOAHOH cuereMb [66, 67].

Metonx noctpoenust 3HDEKTHBHOTO AEHCTBUS HCTOJAbL3YETCHS HE
TOJILKO B MOJAEJSAX CO CHOHTAHHBIM HapyuleHHeM cuMMeTpHH. OH
XOpOIIO H3BecTeH B KBAHTOBOH 3JIEKTPOAHHAMHKE, rjJe T03BOJseT
BOCNIPOM3BOARTL AMHAMHUECKHM TIYTEM JIgTpaHKuaH 3JaeKTpomar-
HUTHOI'O f0J11 U HeJIMHeHHble fo0aBku K wemy (68}, B Kanubposou-
HO#l Teopuu (69, B Teopum rpaBurauuu [18]. B ra. V on Oyger
npuMeHeH AJ5 JIOCTPOEHHA HHAYUHPOBAMHOIO JarpaHxuaHa noJd
KpVUeHHUS.

MogaenupoBatue HEWHBAPHAHTHOCTH BAKyyMa XBAaHTOBbIX [0J€-
BBIX CHCTEM BBelieHHeM B3aHMOAEHCTBHUSI C KJACCHYCCKHM  XHITC-
FOJACTOYHORCKHM NOJIEM O OCTaBJSeT OTKPHITHIM  BOmpoc. 00 ue-
THHHOR (U3UYECKOH NPUPOAE KAK CAMOTO TaKOro BakKyyma, Tak H
noJis g. A ,

B uacTtHOCTH, ObLIM NPEANPHHATHI MOINLITKH CBA3aTh IOJLCTO-
VHOBCKHE KOMIOHEHTBI NOJS O C FOJACTOYHOBCKHMH COCTOSIHHAMH
3 reopemb loamcroyna [46—49]. KoppekTHocTb HX, OAHAKO, He
coBceM ybeauteqavbHa. OgHOH W3 TpynHOCTef, He NO3BOJSIOULEH
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_npuMeHHTb TeopeMmy [osfcroysa K KaiuGpPOBOUHBLIM TEOPHAM CO
CMOHTAHHLIM HapyUWleHHEM CHMMETDHH, SBJAAETCR TPaHCASALHOHHAS
HEHHBaPHAHTHOCTb BAKYyyMa B TaKHX TEOPHAX, B pe3ylbTare Hero
COCTOSIHHA B HHUX BoOOLie He MOT'YT XapaKTepH30BaTbCs ONpeLesieH-
HEIM HMnyJabcoM. CJ0XKHOCTb BO3HHKAeT TakKe C OlipefelieHHeM
3apsafoB Qm ¥ KaK HHTerpajioB OT JOKaJbHHX TOKOB (cM. § 3), u
KaK reHepaTtopoB rpynnul npeobpasopanuii. Mmeorca u  Apyrue
TPYZRHOCTH.

Hanbosee nepcneKTHCHBIMH Ha CETOAHAWHHA ACHL, ¢ Hailled
TOUKH 3DeHHsl, HPEeACTABJAIOTCA NONBITKH ONWCATh XHITC-TOALCTO-
VHOBCKOE I0JIe- KAK KOJJIEKTHBHOE I10Je CBA3AHUBIX Map MaTepH-
aJbHbIX NoJed (Tuna KynepoBCKHX Iap), a HeHHBAaPHAHTHOCTL Ba-
KyyMa cBsizaThb ¢ o6pas3oBaHWeM KoHAeHcara Takux nap [70—74].
Buj BsauMopeficTBus MaTepHAJbIBLIX [OJEH, NPHBOUAUErO K obpa-
30BaHHIO TAKOFO KOHAEHCATA, MOXKET ObiTb BOCCTAHOBJCH HHTCTPH-
poBaHmeM npousBoasguero dynkuuoraaa (2.12) no noasm o. Kak
npasuao, 310 4-PepMHOHIIOE KOUTAKTHOE  B3aHMOLEHCTBHE THRA
(pTp)?, rae T — HEKOTOpble MATPHIBL. IJTOT UOAXOA BOCXOIHT
K paboram Hamoy wu Howna-Jlacunuo [75), Bakca wu Jlapkuna
[76], Dwepkena [77], Canama [78, 79], Eryun (80}, Ewurnepra
{81] m ocHoBBIBaeTcs Ha OJH30CTH JarpaHKkaHOB, OLUCHIBAIOUIKX
KOJIJIEKTUBHbI® [10Jii, XHITCOBCKOE M0Jie H [0JIe KYNCPOBCKHX [1ap
B Teopun ['HH3O6ypra—Jlanpay. B Teopun 3JeMEHTApPHBIX YacTHI
OH, B YaCTHOCTH, peasu3yercs B MOACJH «Texuuusera» [82].

B ri. V Mbl ero {ipuMeHHM K [IOJIIO KPYYECHHUS.

§ 3. KAJIUBPOBOYHAS TEOPUS
B ®OPMAJIUIME PACCJIOEHUH

O6o6uleHnas  npouspojgnas Dy = 0y — ALl,,, 3amensionias 8
jJarpaHxuase M ypaBHEHHAX IOJA KaJaubpoBOUHON Teopur dact-
HYK MPOH3BOAHYK O, HO CBOEll CTPYKType HAmOMWHAeT KOoBapH-
4HTHYIO HPOH3BOAHYIO B TEOPHM IpaBHTALuUM, a B TeopHH Beilia
OHa TpaKTOBaJach HMeHHO KaK KOBapHaHTHasi IPOH3BOAHAS B TeO-
METPHH, B KOTOPOIl POAb CBA3SHOCTH, Kak posarasa Beitab, ucnos-
HAJ 3/eKTPOMAarHuTHeil noreHunan A, B Takoit wuHTepnperauuu
narpanxuad (1.12) wu ypaBuenus noas (1.14), (1.15) sBHrasgar
raK ONHKCHIBalOUlHe cBOGOAHBIE MaTepuadbHble moas {¢°} B reomer-
DHH ¢ KOBapHAHTHbIMH NPOW3BOAHBIMHM [, (3a HHUMH 3aKPENHIOCh
5TO Ha3BaHHE, KOTOpPOe MBI B JaJibHeHuieM H OyaeM* HCHOJb30-
BaTh). JToH reoMeTpuell SABJISETCS FEOMETPHA PacCJOCHHOrO TPO-
CTpaHCTBA, 3afaBaemas KajuOpOBOYHBIMH nonsmMu A Kak Ko3d-
QuuHeHTaMH GOpPMBl CBA3HOCTH Ha paccaoennu [83—85]. Taxas
uurepnperanns D, u A" npuBoAHT K ¢>opMy_.anoa,Ke kanubpoBou-
HOH Teopuu B TepMuHax paccaoenni [5, 86, 6, 87].

AlpumeHeHue anmapata paccJoeHud (cwm. I“Jloccap}m) B TE€OPUH
NOJIsi OCHOBBIBACTCS Ha MATEMAaTHYECKOM ONpPeAeJeHHU KaaccHuec-
KHX NOJieH KaK ceYeHHH BEKTOPHBIX PacCJOeHHH.
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Tlycts {9?(x)} — HEKOTOPHIH MYJIbTHMJET KJIACCHYECKHX MoJel
Ha MHOroo6pasuu X cO 3Ha4YeHHSIMH B BEKTODHOM RPOCTPAHCTBE
V, peanusyiomiuM npejactassiedye rpynnbi JIn BHYTPEHHHUX CHMMET-
puit G )

B dopmanusame paccaoesuit MatepHaJdbHble Mods {@} onHCHIBA-
10TCH Kak raofajbHbie ceueHus AnPOepeHuUpyemMoro BeKTOPHOro
paccnoenus A= (V' X, G, ¥} (kotopoe mbl 6yneM Ha3blBaTb pac-
CJOGHHEM MaTepHadbHBIX moJjeil) ¢ 6a3oil X, THnuuHbM cjoem V,
CTPYKTYpHO#H rpynno#i G u atnacom paccaoenuss W={U,, ¥},
rae U,, Y — obagacth u MOpbH3IMBI TPHBHAJNH3AIUKK PacCIOCHHSA
A. Arnac paccaocenus W u artnac MHoroobpasus Wy  (QHKCHPYIOT
CHCTEMY OTcueTa H cucteMy KoopauHar. -[lo OTHOWEHHKIO K HUM
nose @ npexacraBasiercs HabopoMm V-sHaunbix GYHKHHA {@, (x) =
=P, p(x), x&U.} na obaactax TPHBHAJIM3AUUH PacCJTOCHHA A,
a npecOpasoBanus arsacoB W u Wy WHAYHHPYIOT COOTBETCTBCHHO
KaJuOpoBOYHble (MepBOro poja) H KoOpAHHaTHbIE Rpeobpa3oBaHus
noJeBbix QyHKUHA @ (X).

IlpeoGpasopanue ariaca paccaocenus W={U,, .} — 370 ne:
pexol K skBupaseHtHomy emy araacy ¥' = {U, ¥ = g} nyrem
YMHOKEHUST MopdusmoB TpuBHanusauuu ¢, (x), x=U,, Ha HEKOTO-
poie ajgeMeHTol g, (x), x&U,, rpynn G(U ) HenpepbIBHBIX ¢yHK-
unit na U, co snavennsmu 8 G, n {g.} — 370 QyHKuHK nepexoia
mexay kapramu (Uy, ¢.) v (U, ) arnacos W n ¥ (em. Taoc-
capuil. Paccaoeunue). :

Kanu6porounsie npeobpaszopatus nojeBbix YHKUHE ¢, HULY-
unpyemnie npeobpasoBanusMu ataaca W, HMeT BUA

|

g0 =0 ¢ =P o =g%¢ =g, x=U,. (3.1)
Oun ue npeobpasylor caMO CeYCHHE ¢, HO MEHSIOT €ro  3amnHch
¢yuxuuamu {¢, }. IlpeoOpasoBanuss ariaca paccJaoeHuss A — Ka-

anGpoBounbie npeofpaszoBanusg nepsoro poxa — oOpasyloT rpynny,
Koropass usomophua rpymnme G(X) ceuenn#i acCOUHMHPOBAHHOTO
C A I'VIaBHOI'O PaccJgoO€HHS As.

[Tockoabky npeoOpasoBanusi ataaca paccaoenuss ¥ mpencras-
JAS10T CcOO0H tpeoOpa3oBavHg  KBUBAJCHTHOCTH  pPAacCJOCHHS A,
TpeOOBaHKe HHBAPHAHTHOCTH CHCTEMB Nojdel {¢} OTHOCHTEABHO Ta-
KHX npeoOpazoBaHu$i fABJAACTCA BNOJHE ECTECTBCHHBIM. Takuwm
o0pa3oM, onucaHue noJjei B GopMaNu3Me paccJoeHUH BelLeT Heno-
CPEACTBEHHO K KaJUOpOBOHOH TEOPHH, a NPHHUHMIN JOKAJAbHOH HH-
BAPHAHTHOCTH DBHICTYHACT KAaK CBOEro poJa MPHHUHI OTHOCHTEb-
HOCTH. :

Tak »xe ecTecTBCHHO B TAKOM ONHCAHHWH BO3HHUKAIT M KaJdRO-
poBouHble noss. OHHM OTOXKAECTBAAIOTCA ¢ Ko3pduumeHramu A,m
A0KadbHOM 1-popMbl cBasHoctu A, = Ayl dx*, x =U,, wna paccno-
CHHH A, 3allHCAHHOH OTHOCHTEJNLHO HekoToporo atiaca Y. Beepe-
HHE CBSA3HOCTH Ha BeKTOPHOM aupdepeHuupyeMomM pacCI0eHHH
HeOOXOAUMO 145 onpenesieHHs onepauud gubdepeHIHPOBaHUS Ha
CEYEHHSIX paccJJoeHus, NMOCKOJLKY CpaBHeHHe BEKTOpPOB, NpPHHaue-
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JKAUIKX COSM HaJ Pa3HLIMH TOUKAMH 6a3bl paccaoenusi,” BOIMOMK-
. HO TOJIbKO NOCJ€ NapaJejbHOro MepeHoca OLHOro ¢J/I0A B ApPYrodH.
3aKOH KaJHOpOBOUHBIX NpeoOpasoBaHHi

G(X)2g:A—>gAg—+dgg!

dopmbl ces3nocty A (cMm. noccapuit. CBsi3HOCTL Ha TJaBHOM pac-
CJOCHHH) COBMaZLaeT ¢ 3aKOHOM KaJHOpOBOUYHBLIX NpeobpazoBaHH
(1.8), a B unudunutTeanMaabioii ¢popme ¢ (1.9).

Onepanusi auddepeHnupoBaHHs CEUCHHIH paccjJOeHHs 3agaercs
BHCIIHHM KOBapHaHTHBIM auddepenunanom D, KOTOpLIl B JOKadb-
HOfi 3allUCH OTHOCHTEJBHO artjaca paccjaoeHns W Hmeer BuJ

D, = WD = d— A, = Dydx* = (8 — Apl,) dx*,

rae oneparop D, HaeHTHYeH KOMIEHCHpylowulell nipoussoanoil (1.10)
B KaJHOpPOBOUHOH TEOPHH.
B c¢Bowo ouepens, koahpduuneHTs 2-GopMbl KPUBHIHBI

F = DD = Fll [, dx* N\ dxv

COBNANAIOT ¢ TeH3opom HamnpsxenHoctd (1.11) KamuSposouyHOro
OJIS.

Marepuaabhble noas @ U KajagOpoBodHble 1105 A COCTABJSIOT
Habop KHHEMATHUECKHX TMepeMeHHBIX cucTeMbl noJeil {¢} ¢ rpynnoi
cuMMeTpuil (HeHapymeHHbIX) G B ONHCAHHW €€ pacC/OCHHSIMH,
@yHkUHOHAA AEACTBHUA S 3TOH CHCTEMbl MOKeT ObITh 3aiaH Ha JIo-
60H OTHOCHUTEJbHO KOMHaKTHOH obgactu U mwuorooGpazus X. [lpu
3TOM KaJauOpoBOUHO HHBapHaHTHBLIH Jarpauxiaw L (1.12), Bwipa-
XKeHHblt uepes dopmbl ¢, Do, F u apasowuiics BellecTBEHHOI
4-dpopmoit Ha X*, MoKeT OBLITL 3anHCaH O€30THOCHTEJbHO K KaKOii-
Anbo cucreme orcyera. OQHAKO IIPHMCHEHHE BapPHALHOHHOTO IPHI-
LMa, Korja oneparop BapHalHH § NEPEeCTaHCBOYEH ¢ oliepatopa-
MH YacCTHBIX [POK3BOAHbIX O, HO HE KOBAPHRHTHBIX HDOHIBOJLLIX
D,, Tpebyer yxe BBIGOpPA CHCTEMbI OTCYETA -~— HEKOTUPOIC aT..: 4
W, n KaJuOpPOBOYHO HMHBAPHAHTHAA CHCTEMA IIOJICBBIX YypaBHeruil
(1.14), (1.15), noayuaemas Bapmammeli .L, 3aitucuBactcsd OTACILUIO
la Kax ok kapre atnaca . '

- Kak ykaspiBadoch B § 1, HHBapmaHTHOCTh Jarpatikuana L u
YPaBHEHHHA [OJS OTHOCHTEJbHO KaJHOpPOBOUNBIX npcodpazoBanuii
nepBoro poja OOYCJOBIHBAET HMX HHBAPHAHTHOCTL  OTHOCHTEJAbHO
KaauOpoBouHeIX npeobpasoBauuil BTOporo poxa. K nocjeiHum or-
_HOCATCA TakHe MOpGHU3IMBI 3KBHBaJeHTHocTH (F, f=/dX) paccio-
eHusl A, 4TO AAg Bcagkoro ero atnaca W={U,, ¥} nocaoiinoe oro-
Opaxenne F TOTaAbHOrO NpPOCTPaHCTBA (/A pacciioeHHs 2 YJHOB-
JerBopser ycaosuw P =g, Y. Ha a ' (U.), rne g, =G(L,). 310
03Hayaer, uro B aryace W orobpamenue F BHIIVIAAHT Kak KalHO-
poBoyHOe hpeoOpa3oBaHue NEpPBOro poja, 4To obecneuuBaeT HHBA-
DHAHTHOCTb OTHOCHTEJbHO Hero JarpaHxuara L u ypaBHeHHfi no-

. Takoe orobpaxenune F MOXHO 3aJaTb CJOEAYIOLIEM 0Gpa3oM.
. Ilyets A — rsaBHOe paccioeHHe, acCOHHPOBAHHOE ¢ A, H

AY
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F — nocnotiHoe oTo6paxenue TOTaJbHOTO npoctpaHcrsa tlie pac-
C/IOBHHA Ag, TOXIecTBeHHOoe Ha 6asze X H coxpaHfAouUlee Mnpasoe
gefictBue G Ha tlis. OHO JMO/KXHO  YZOBJAETBOPSATE  YCJOBHIO
~F(pg)=F(p)g, p=tlis, # MoXeT ObITb MNpPEACTAaBJECHO B BHJIE
F(p)=py(p), roe y — Hekoropas G-3nauHas ¢GYHKuMst Ha tldg
TaKkas, uro y(pg) =g v (p)g. Bocnoawdyemess ornpeneneHueMm To-
TaJqbHOro npocrpanctBa tl A paccaoedns A Kak (pakrop-npocTpaH-
ctBa (t175XV)/G  ortnocuresvHo  aedctBas  Gg: (p, v)—
—(pg, g7 'v) (cMm. Taoccapnii. PaccioeHne  acconmHupoBaHHOE).
Orobpaxenue F uHaynupyer noc/oiiHoe oToOpaxkeHnHe

Fi(p, v)/G~(py, v)[CG=(p, yv)/G

totaawnoro npocrpadersa tl . Ilyers W={U, .} — HeKkoropbiii
atJaac paccjJOcHHs A, KOTOPOMY OTBeuaeT cemeHcTBO {2, } ceueHuid
paccjaoeHus 7g, Takux, 4to ¢, = [2,]~". Torna npu orpaHuyeHuH

Ha = (Uv) 0T@6pa>KeHue F nmeer Bua F=|[z2,v(2,)] |2, ]7} nau
Y F=y~ (2}, na U,.

Takuv obpa3oM, B 3apzannom araace W orodpaxenue F npu-
HUMaeT BHA [epexoAa K HoBoMy aTsacy W' ¢ mopdusmamu TpH-
BHanu3auun Y, =y~ ' (2) Y. B, B cray cBolictBa GYHKuUHM 7y, C Te-
MH ke ¢yHkuumaMmu nepexoaa, uro u ¥. CoorsercTBylolee npeos-
pasosanne [ 1104eBbIX GYHKUHI ¢, 4 GOpMbl CBA3HOCTH A CBOJAHT-
¢l K KaJauOpoBoyHOMY npeoOpa3oBaHUI MEePBOro poaa

=P ¢ — P ¢ = Ve =y (&) Yo =y~ (2). %,
A= oT (2)—> A" = oT (F(2)) = oT (2y(.))

(cm. aoccapuii. CBA3HOCTD Ha I1aBHOM PacCJOEHHH), HO KOTOPOe,
B orouube or (3.1), BbI3BAHO H3MeHEHHEM He CHCTEMBbI OTCYeTa, a
CaMHX noNeBbIX ¢GyHkuuil. JlarpaHxuan L H ypaBHEHHS 1NoJd, 3a-
nucanuule B ataace W, WHBapHaUTHBI OTHOCHTEJNbHO F, W OHO npej-
crapasier cobol KaaubpoBOYHOE NpeobpasoBaHHe BTOPOro poja.
CyulecTByeT B3aBMHO  OJHO3HAYHOC COOTBETCTBHE  MEXKAY
G-snaunbiMH GyHKuuSME v Ha tl Ag, samawomwumu otofpaxenue F,

-~

H r100adbHEIME CCUEHHSMH acCCOLMHPOBAHHOTO € A H Ac paccaoe-

HHSl Ag, THIHYHBIM CJOEM KOTOPOro ABJAETCS TOxe rpynna G, HO
B KOTODOM, B OTJHYHME OT TVIaBHOTO pPacCJOeHHsI, OHa JREHCTBYeT
He JIeBLIMH CABHIAaMH, a [10 I[PHCOeJHHEHHOMY IIpeACTaBJIEeHHIO
g:G—gGg~l. D10 onpenensier rpymmy kKaJiu6poBOuUHHIX mnpeobpa-
30BaHKH BTOPOTrO pofa KAk rpynny rio0ajibHbix CeueHHH paccioe-

HUA Ao. Kak Buaum, oHa oramyHa or rpynne G(X) xkaaubpoBou-
HBIX npeo0OpasoBaHuii mepBoro poaa, Ho g AaHHOro aryaca ¥
nsomopdua noprpynne G (X), BKIouaouLed npeoGpaaoaaHﬂa aT-
naca W, coxpaHsIOUlKe ero (YHKUHH Tepexoja.

B sHr-MHAJACOBCKOH (GOopMYJHPOBKe KaJauOGpOBOYHOH Teopnu
KaaubpoBouHbie npeobpas3oBaBusi NEPBOro H BTOPOrO POAa, Kak
npaBuJIO, He pasiuualoT, a npu GopMaJH3allHH €e- PacCAOCHHS MH
- YaCTO ONpejeJsiloT B KadecTBe KaJquOpOBOUHBIX IpeoOpa3oBaHui
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- M KaaubpoBouHble NpeoOpas3oBaHHA TOJBKO MEPBOro pona [87] ‘
Al TOJIBKO BTOporo poxa [6f.

Kaau6poBouHasi MHBAapMaHTHOCTb JarpauxXuaHa L CHCTEMB no-
aeit {9, A} mpuBoaur K 3akoHam coxpaHeHus (1.17)—(1.19),
MMCAaHHBIM B HekKoTtopoM atnace W. B oOGBYHOH TEOPHH IIOJIH H3
anddepennnanbHoro 3akona coxpanenus (1.17) caenmyer, kKak H3-
BECTHO, MHTErpajibiblil 3aKOH coxpaHeHHst 3apaga Qm=[Jmd3x,
B HeaOeseBoil KaquOPOBOUHOH TEOPHH peIICHHE BONpOCa, IMPHBO-
AWT HJIW He NPUBOZUT paBcHeTBo (1.17) K uiTerpajdvHOMy 3aKOHY
coXpaHeHus, SIBJSETCS CBOEro poja BOAOPA3JeJ0M MEXKAY ABYMS
TOYKAMH 3peHHs Ha KaJuOpOBOYHYIO TCOPHIO H TeOMETPH30BAHHbBIE
TEOPHH BOOOIILE.

Ecan crporo npHaep:KuBaTbCcs  TEOMETPHYECKOH  TPAKTOBKH
KaauOpoBOUHOH TeopHH, TO OTBET Ha 3TOT BONpoc Oyaer oTpHila-
TeJbHbIM, IOCKOJbKY HHTerpupoBanue LHPPepeHuHaJbHBIX  QOpM
CO 3HAYCHHAMH B PacCCJOEHHSAX, HMEIOUUX HEIJIOCKYI0 CBSI3HOCTD,
He HMeeT cMblcsa 0€3 Napa/anelbHOToO IepeHoca BCeX 3THX 3Ha-
UeHHH B OZHY TOUKY, KOTOpPBIH, OJHAKO, 3aBHCAT OT NYTH H TeM
caMblM HEGOZHO3HAYEH, T. €. y*e caM 3apall (m Kak HHTErpan
OT JIOKaJbHOTO TOKA HC MOXKeT ObITh ONpeleJieH.

Ecau paccmartpuBaTh KaauOpOBOUHLIE H APYIHE IeOMETPH30BAil-
HBle T0J8 Kak OObIYHBIE NOJAS B OJOCKOM MNPOCTPaHCTBE, KakK 3TO
H JeJaJyd Mepsble aBTOPbl KaJUuOPOBOUHOH TEOPHH, TO RHTErpanb-
HBI€ 3aKOHbI COXpaHeHHs MOryt ObIThb OpMYTHPOBAHHI. OnHako
IPH 3TOM TPHXOLHTCS OTKa3aThCs OT reOMEeTPUUECKOH TPAKTOBKH
KaJuGpoBOYHBIX MMOJEH, a CJACZOBATEJbHO, H OT KOPPEKTHOrO BBEJE-
HUS YW MOJHOH KJAAaCCH(PUKALHWH BCeX TONOJOIHUECKHBX UHCEJT H 3a-
pAKOB B KaJauOpoBouHO#l Teopun [87—90], KoTOpbIX MBI B ZaHHCII
pabore ro4ytH He Kacaemcss (cM. § 4), HO KoTopbie Yixe Mpouto
BOLUJIH HE TOJbLKO B KJACCHYECKYIO (COJHTOHBI, MOHONO.IH, HHCTAi-
TOHbI), HO H B KBAaHTOBYIO KaaubpoBouHyio Teopuio [91].

PaccmoTpuM Tenepb CHTYyaLHIO CNOHTAHHOTO HAPYHICHIS CHM-
MeTpHH B OPMATHIME PACCAOCHHI. B srom cayuae sarpaiisHain
L. MatepnaJsbHBIX MoJdeil ¢ B KanuOpOBOUHLIX Norenunatos A G-ue-
HHBapuaHTeH, HO G(X)-koBapuaHren H, HOMHMO noacih ¢ u A, B
KaJuOpOBOYHOH TEOPHH TNPHCYTCTBYIO XHITC-FOJACTOYHOBCKHE
noJis g.

G (X)-xk0oBapHaHTHOCTb JarpaHxkHaHa L o0ecneuHBaer €ro cy-
LUIECTBOBAHUE KaK BEUIECTBEHHON 4-popmMbl Ha BceM MHOroodpa-
aun X4

XUITC-TONACTOYHOBCKHE NOJST B dopMaiu3me paccJoeHuil npes-
CTaBJASAIOTCSA IM0OAJbHBIMH CeUeHHAMH aCCOLHMMPOBAHHOTO C A pac-
CJIOEHHS A:x Ha npocTpaHcTBa X (onpepeseHunie B § 2), opOHTH
rpynnbel G B KOTOPHIX NPeACTaBJsIOT coboit ONHOPOAHbIE NPOCTPAH-
crBa G/H, rpe H — noarpynna TOYHbIX CUMMETPHIL.

B orauune oT BeKTOPHOro paccsoeHus A, riobajbHoOe cedeHHe
O pacc/JOeHHsi A MOXKET CyllecTBOBaTb He Bcerpga. JLOCTaTOYHBIM,
a ecaiw H — 3aMmkeyTas noarpynna rpymnsl JIg G, 10 H Heo6Xo-
AHMBIM YCJIOBHEM 3TOTO SIBJASETCH PEAYKUHS CTPYKTYPHOH TPYNIEI
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G paccnoenus As (A) k nmoarpynne H (cm. I‘noccapnﬁ Paccaoe-
HHe). DTO O3HAUaeT CYLLeCTBOBaHHE Takolo aTsaca W paccrioeHust
A, Bce QYHKUHH Tepexofia KOTOPOro CBOAATCS K 3JeMeHTaM KaJub-
poBouHo# rpynnbl /{(X), a nose ¢ npuHHMaeT 3HAUEHUS B NOANPO-
cTpaHcTBE f/-WHBapHAHTHHIX TOUEK Xy npocTpancTBe X (B UEHTpe
dakrop-npocrpancts G/H). B ataace W° aarpamxkuan L crado-
BuTCH H (X)-HHBapHaH1LbIM. .

Tarkum oOpasom, peLyKUHA CTPYKTYPHOH TIpylNbl: PacCJOeHH:
MATepHa iLHBIX MOJICH SABJSAETCR HCIPEMEHHBIM YCJOBHEM OTHCAHHS
CTIOHTAHHOTO Hapyillenus cuMMeTprd B QopmaandMe pacCaoeHHH
[92—94]. CyulecTByeT COOTBETCTBHE MEKIY Pa3HYHBIMU  TAKHMH
PEAYKLLSIMHE H CeUYCHUsIMH 0 aKTOp-paccaoeHds igsn |95].

Peny:unss CTpYKTYpilOH TpyMilbl PaccJOCHHS A He NPHBOLUT
K OrpPaHHYCHHSIM Ha CDH3HOCTb A Ha 7. B 10O Xe Bpems ecan cBaA3-
HoCTh A HAa A M ACCOUHMHPOBAHHOM C HHM TJaBHOM  pPACCJOCHWH
cBOAMTCst K noarpynne Hc G, t.-e. ee rpynna rojgonomun K=H,
TO cTpykiypHada rpymna G sTux paccioeHmi penyuupoBava Kk H
(cm. Tnoccaprii. CsidHOCTL Ha paccaoeHuu). Ilpu atoMm ecan o —
ceyeHHe (axTOp-pacciaoeHuss Acs/p (X), openeasieMoe 3TOH penykK-
uuell, TO ¢ [E€PEHOCHTCS CBA3HOCTbIO A mapaJdjeabHo camomy cebe,
T. e. 0 » A cBszanbl ycaosuem Do=0, u B atnace W° jokaJjbHas
l-dopma cpasHocT#H A TpuHEMaeT 3HadeHHs B aJqarebpe .HH oK~
rpyvnmsl H.

[ipuBegem TemepL NPUMEP XHUITC-FOJACTOYHOBCKHX NOJeEH, KOTO-
pble TPHCYTCTBYIOT NOYTH BO BCEX KaJHOPOBOUHBIX MOJAENSX BHYT-
peHHHX CHMMeTpuil. ITO 3PMHTOBbl METPHKH. [leficTBHTEIbLHO,
OOJILIUKHCTBO TPYNI BHYTPEHHHX CHMMETPUH SABJSIOTCH YHHUTApHBI-
Mu noxrpynnamu rpynn GL(n, C). CiaenoBareabHO, paccJOeHHe A
MaTepPHIIbHLIX MOJEH € TakKoW Ipynnod CHMMETpPRH HMeeT CTpPYK-
TYPHYIO Tpymily GL(n, C), KoTopas Bcerga peayiudpoBaHa K CBOeH
Makcumaabro!li KoMmnaxktHod noxrpynme U(n). Torma B Taxkoél Ka-
JHOPOBOUHOH MOJE/IH, NOMHMO MATE€PHAJbHBIX H KaJdHOpPOBOYHBIX
noJiedl, . HOJXKHO  NPUCYTCTBOBATL  XHITC-TOMACTOYHOBCKOE  MOJIE,
npejcrasisoilee ¢oboii raobajbHOe cedeHHe  ACCOLHHPOBAHHOIO
C ) paccJOeHHss ¢ THIHYHLIM CJ0eM — GaKTOP-NPOCTPAHCTBOM
GL(n, C)/U(n), kotopoe n30MOPHHO MPOCTPAHCTBY 3IPMHTOBHLIX
meTpuk B C". Takum 0oO6pa3om, ITHM XHITC-TOJACTOYHOBCKHM T0JIEM
ABJSIETCS 3PMHTOBA METPHKA, ¢ NOMOILLID KOTOPOH OCYULeCTBJfieT-
csl CBEpPTKa BHYTPCHHHX HHJEKCOB noseit {¢p°} npH MOCTPOEHHH Jar-
paHxuana L. XHITCOBCKOH KOMIOHEHTOH 3pPMHTOBOH METPHKH fB-
JseTcsl eHHRYHas MaTpHua, a OTKJIOHEHHS OT Hee HrpaiT poib
FrONACTOYHOBCKUX 1logel. OaHako 3pMMTOBa MeTpHKa He obpasyer
KaKoro-iu60 NHHAMHYECKOro NoJsi B KaJHOPOBOYHOH TEOPHM BHYT-
pPeHHHX CHMMETpPHH, MOCKOJIbKY BCETAla MOMKET OblTh NpHUBEJEHA Ka-
JHOPOBKOH K NOCTOSTHHOH €JMHHMYHOH MaTpHIUe.

CosceM apyrasi CHTyallisi BO3HHKAeT B KaJHOPOBOUHOM TeopHH
_IPOCTPAHCTBEHHO-BPEMEHHBIX CHMMETPH# W TrpaBHTallMH, K pac-
CMOTPEHHIO KOTOPOH Mbl [epeXOAUM B CJAeAYIolled riase. .
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l“.napa Il
KAJTUBPOBOYHASA TEOPUSA FP?\BHTAHHH

Kak yxe 0TMeuaJoch, NOCTPOeHHe KajJHOGPOBOYHON TEOpPHH rpa-
BUTAUKM B pPaMKax KOMIICHCAIMOHHOTO  [OAXOAAa  CTOJKHYJOCH
¢ 6OABWIKHMYM TPYAHOCTAMH. B TO ke BpeMsi Ha npuMepe moJel
¢ BHYTPEHHHMH CHMMETPHIMH RHMJIHO, YTO KaJaHOpOBOUYRAS TEOPHS
eCTECTBCHHO BO3HHKAEeT NPH HX ONHCaHUK paccaoeHusMu. [Toatomy,
YUUTLIBAS, UTO KaanOpoBounasi TeopHst FPaBHTAUHH JOJXKHA COmep-
x)aTb B cebe 3iHWTedHOBCKYI0O OTO, MOXKHO OBITATLCS CTPOMTDL €€
Kak 1 OTO, HCXOAA M3 UPHIUHIOB OTHOCHTEJIBHOCTH M JIKBHBA-
JIEHTHOCTH, pedopMyJHPYS HX B TepMHHax paccaoeHuii [12].

HeoOxoaumoe ass1 3TOr0  ONHCaHHE TI'PAaBUTANHOHHOTO  ITOJS
B dopmasinsme paccjoeHud paercs B § 4. Ha copepxkaiinecs B HeM
Onpele eHUs METPHYECKOIr0 W TEeTPafHOTO IpaBHTALMOHHBLIX MHoJeH,
YCJAOBHS KX CYLIECTBOBAlUS W JIPYrne MartremaTtvdeckue (hakThl Mbi
OyneM HeOILHOKPATHO ONHPAaTbCS NPH KajaHOpPoBOUHOH pedOpMYJIH-
POBKE TEOPHH IPaBHTAIlWM M aHAJWU3C €e pa3MuHblX BApPHAHTOB.
Mpl coYsTH TaKXKe MOJe3HBHM NPMBECTH TOHOJOrHUECKHE Xapakre-
PHUCTHKH MHOTQOGpa3uil, AONYCKAKUIHX I'pPaBHTALHOHHOE NOJe, KO-
TOpble XOTH NaBHO YCTAaHOBJEHB!, HO MaJO H3BEeCTHBHI.

B § 5 nmokaspiBaercsi, 40 NPHUHIAN OTHOCHTETbHOCTH dbopMyH-
pyercss B TepMHHAX PAacC/JOCHHH KaK KanHOPOBOUHBIA NPHHILHI.
[Tpn atoM ocofoe BHHMAaHHE YIEJASiCTCS OMPEAEJCHHIO H aHAJMH3Y
pasyIHyHBIX THIIOB KaJHOPOBOUHLIX 11peoOpa3oBaHUil B TEOPUH Tpa-
BHTauud. KMmenno HesicHocTh B 3TOM  Bonpoce Obljla NPHYREOM
HEYJa4yH KOMIEHCAIHOHHOTO JIOAXOAA K HOCTPOEHHIO KaJaubpoBoy-
HO#H Teopuu rpasuraini. OKasbiBaerTcs, YTo B cJaydae NpOCTPaHCT-
BEHHO-BPEMEHHBIX CHMMETPHIl Kamfépoaoqubm npuHUun  tpebyer
BBEJCHHS HE TOJbKO KaJHOPOBOUHbIX ROJEH, HO H METPHYECKOro
noJs. '

[TpuHunn sKkBHBaJCHTHOCTH, dopMmyaupyemuit B8 § 6 B TepMu-
Hax reOMeTPHH MHBAapPHAHTOB, YCTAHABJAHBACT, 4YTO BBOAHMEIE
NPHHIIHIOM OTHOCHTEJNbHOCTH KajJdHOPOBOUHBIG MOJS JOJKHB OBITH
JIOPEHUEBCKHMH, a MEeTpHKAa — HMEThb MHHKOBCKYIO curuarypy. Kak
obcyxpaaercss B § 7, OH NPUBOAMT B T€ODHH TpaBHTALUHU K CHTya-
LM THNA CINOHTAHHOTO HADYLUICHHS - CAMMETPHH, POJb XHITC-TOJIA-
CTOYHOBCKOrO NOJIS B KOTOpOH HrpaeT MeTpuieckoe rpaBHTaLHOH-
HOe HoJie.

§ 4 TPABUTALUOHHOE NOJIE
0 B ®OPMAJIU3ME PACCJIOEHUNA

B Teopuu rpaBHTauHH HPOCTPAHCTBO-BpeMsi OOBIYHO mpeanoJia-
raercsi 4-MepHHIM NAaPaKOMNAKTHBIM AHdPepeHuHpPYeMBIM OpHEH-
.THPyeMHnM MHOroo6pasuem. X* 6e3 rpanuus (96, 975).
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B ¢opmanname paccJOeHHH 3HHIITEHHOBCKOE TI'paBHTaLHOHHOE
noJe Ha X* onpeaensieTcs Kak raobajpHoe cedelne g paccgOCHHA
B nceBAOeBKJAHAOBBIX OHAMHEHHLIX (OPM B KacaTeJNbHBIX - NPOCT-
pancrsax Hajx X* Paccioenne B acCOUMBPOBAHO ¢ KacaTelbHbIM
paccaoendeM T (X*), CTPYKTYpHOH TpYHHod KOTOPOTO  sIBJsIETCS
rpymia GL*(4, R), n u3omopdHo paccioeHu1o X Ha GakTop-npoct-
paictBa GL*(4, R)/L, rne L=380(3, 1) — rpynna Jlopenua. Ot-
crojga caenyer (cm. I'moccapuil. PaccioeHne), uro HeoOXOAHMbBIM H
JOCTATOUHBLIM YCJOBHEM CYIIECTBOBaHHS TJ00aJbHOTO CeYeiiHs pac-
ciaoenuss B (T. e IpaBHTALMOBHOTO Ndas na X*) ABJAAETCH PeAyK-
1HsT CTPyKTypHOH rpynnbl GL* (4, R) KacaTeqbHOro paccJoeHHs!
T(X*) k rpynne Jlopedua L. ITo 03Hayaer, 4o HMECTCS TAKOH

atmac We={U,, ¥i} paccaoenns 7 (X*), Bce (yHKUHH mepexoia
KoTOporo —— ajieMeHTsl rpynnsl L (X*), a dyukumuu g, =y, g MeTpH-
YECKOTO NOJsT g CBOAATCA K MeTpHKe MHHKOBCKOro g (x)=const=
=1 BO Bcex Kaprax atiaaca W¢ Artaac W¢ onmpezaenen HeoQHO3HaU-
HO, C TOUHOCTBIO A0 KaAHOPOBOUHLIX NpeoOpa3oBaHUli H3 TPYHIb
L(X*). ‘
Fno6anbhoe cevyenne /1 dakrop-paccaoerus %, n3omopoHOoe g,
ONUCLIB2CT rpaBUTAUMOHHOE Rosie B Tterpaidoil dopme. HMsomop-
bu3M g u K BHIpaxaercss B TOM, 4To B arvgace W¢ dynkuuum b, =
=1, A TerpajHOro noJas I MPpUHEUMAIKT 3HaueHusi B UEeHTpe (akTop-
npoctpancrea GL*T(4, R)/L. Orciona terpanioe noje H MOXHO
3allath  CeMEUCTBOM  JIOKANbHBIX  CEUYEHHH  aCCOUHHMPOBAHHOIO
¢ T(X*) ruaaBuoro GL*(4, R)-paccioeHusi, onpeaejJeHHBX C TOY-
HOCTBIO 10 HX YMHOJXECHHS CIpaBa Ha 3J€MEeHTH KaJuOGpOBOUYHOH
rpynnsl Jlopenna L (X*). ITa HEOZHO3HAUHOCTh CBS3aHA C HEOJHO-
3HayHocThio atiaca W€ (cMm. Taoccapuii. PaccaoeHue fuaBHoe).
B atsnace W¢ ¢pyuruuu noasa h, =y, h NpHHUMAIOT 3HAYEHHUS B €JIH-
Huue rpynnpt GL+(4, R). Torza B npoussosbHoM ataace W Tter-
pazHbie GyHKUuH A, HMEIOT BHJ htzw.,(\p%)—l ¥ MOryr ObTb
peACTaBJdeHbl KakK MaTpHubble (YHKUMH, AEHCTBYIOUIHE B THIKY-
HOM' €J10e KacaTeJbHOro M acCOUMHPOBAHHOTO ¢ HHM pacCJOeHHH H
OCYLIeCTBJAIOUIHe KaJuOpoBouHele npeobpaszoBands OT arjaca
We x atnacy W={U,, y,=h ). OTclona, B YacTHOCTH, CJeAyeT

H3BECTHOE BBIpAXKEHHE
g =h (n) | (4.1)

GYHKUHK MeTpHUYecKoro moJsi g, B ataace W yepes meTpHKy Mun-
KOBCKOTO K TeTpafHbie GYHKIHR i,

Terpazubie GyHKUHH A, MOTYT OBITb NIPENCTABJAEHH TaK Xe,
Kak MaTpuuiibie QYHKUWH, LEHCTBYICIIMC B KaCaTedbHBIX NpoOCT-
pPaHCTBAX H ocCylUlecTBJASOWHE nepexon or OGasmca {ff(x)}=
= (p¥)~!(x){f}, oupenensieMoro atmacom W¢ (cM. [noccapmii.
Paccnoenne kacarteabHoe) K 6asucy {fu(x)}=v. 7 '(x){¢}, onpene-
asemMomy atnacom W (B uHaekcHoi dopme 1, (x) =h2(x)la(x)).
B uacrHocTH, cooTHoumlenne (4.1) mpHHUMaeT NPHBBIYHBIA BHA

Guy (X) = A (%) Y (%) M- (4.2)
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OO6LIUHO aTylac KacaTeJblOro pacciOeHHs BbLIGHPAeTCi TIoJOHOM-
upiM _H {6} ={0,} (cM. Tioccapuit. Paccnoenne kacaresbroe).

HMwMmeer mecto caeaywoulas auarpamMma peayKIHH CTPYKTYPHbIX
rpynn KacaredpHoro paccioenuss I(X*) map muorooGpasmem X4,
NOMYCKAIOUWIMM I'PaBHTALLHOHHO® [OJIe:

l—-——-——--» SO(4), I
GL* (4, R) . 0@ (4.3)
503, 1)1

Ee nopanarpamma ,
GL"(4, R)—~S0(3, 1}, (4.4)

KaK OTMeuaaoeh, Onpejedsetr HCKOTOpoe TPaBHTaUHOHHOE noJde g
Ha X4 CyllecTByer B3aWMIO OAHO3HAYHOE COOTBETCTBHE MEXAY IO-
ASMu g Ha X* ¥ pasjnuuUHBIMM BapHaHTaMu peiykuun (4.4).

M3 penykuun CTPYKTYPHOH TPYMIbI KacaTeabHOro paccOeHHs
K rpynine JlopeHna cjacAyer ee PeayKIWs M K Ipynie npocTpaHcT-
BeHHBIX BpalleHuil O(3) Kak MaKCHMaJbHOH KOMAAKTHOH HOArpyIIe
rpyrnet Jlopenna (cM. I'moccapuii. Paccaoenne). Penykitus

SO (3, 1)-> O(3) (4.5)
00yCcJaOBJAKBAET CyUlecTBOBaHHe Ha X* Heoco0Oro  KOBEKTOPHOTO
noas (l-dopmbi} o Kak rao6anpbHOr0 CeYeHHS aCCOUHMHPOBAHHOTO

¢ T(X*') paccJoeHHS ¢ THNHYHBIM CJOCM — (PAaKTOP-NPOCTPAHCTBOM
SO(3, 1)/0(3), xotopoe romeomopdro rumepogouny {v?=1, v4>
>0} B npoctpanctse MHHKOBCKOTO M. '

Bcerna umeer mecro peaykuus {(cm. I'moccapuil. PumanoBsl n
NCEeBJOPHMAHOBB! IPOCTPAHCTBA)

GL* (4, R)—SO(4). (4.6)

Ona onpenensier HeKOTOPY!O PUMaHOBY MeTpHKy gR na X4
O6vbeannenune auarpamm (4.4)—(4.6) B nuarpammy (4.3) yc-
TaHABJIMBAET CBfI3b MEXAY NOJAAMH £, o, g¢R ua X!, Beipaxaemywo
CJAENYIOUIelt TEOPEMOH.
Teopema. 1) Ilyctb ¢ — rpaBuTamuonHoe noJse #sa X* Cyuecrt-
BYIOT Heocobaa l-dopma o u puMaHoBa MeTpuka gR Ha X* rakwue,
yTO g :

g=—gR+20Q0/|n]?% | ' (4.7)
re |0]?=g*(0, 0) =g (0, ). |
2) O6partno, nycte gk — puMaHOBA MeTpHKa, H w — HEOCOo-

Gast 1-popma BHa MHoroobpasun X% Torga cyuecTByeT NCeBAOPH-
MaHOBa MeTpHKa g TaKas, 4To BeJH4YHHH (g, w, gR) ymoBJeTBOpA-
JOT cooTHOoWeHHO (4.7).

3) Hnas Bcsikoro HaGopa nojeit (g, o, gR) Ha X*, yaoBiaerBopsa-
Iolux cootHomeHuio (4.7), cyujecrsyer artaac Wé Takoll, 4TO HX

nosesbie GYHKUMH g, g% o./|w| MOCTOSIHHBI H NPHHAMAIOT BHL,
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COOTBeTCTBEHHO, METPHKH MHHKOBCKOTO 1), €BKJHAOBOR METPHKU
nE, 1-popmui ¢ koopnrunatamu (!, 0, 0, 0) orHocureanno We.

W3 nocaeanero ciaexyer, uro ¢opma o/|e| coBnagaer ¢ Ter-
pamHo# dopmoil A, ompegensemMoii B roAOHOMHOM atjgace Kak

ht = hpds*. Tem cambiM GOpMbl © M ©, CBf3aHHBE ¢ AAHHEIM
rPaBUTANMOHHBIM TIOJIeM g TOCPEICTBOM COOTHOWeHusa (4.7), orsu-
4a10TCa APYr OT APYra KajJuOPOBOUHBIMH TpeobpazoBaHuaMmy Jlo-
peHuia 1 pacrsxkennii. CleaoBaTeablo, OHM HE MOTYT OblTL NPOTH-
BOMOJOMKHO HAHPABJACHHBIMI, T, €. w(Xiz—o {¥) HH B Oxu0ill TOY-
ke x=X' H ABAKIOTCS 1OMOTONHBIMH Kdk CEHCHHSE aCCOUMIPOBAH-
Horo ¢ T(X*) paccaoenns na 3-chepni S {98]. [pu srom coorser-
CTBYIOILHE PHMAHOBbLl METpHKH g% W g MoryT -ObiTh  HE’KBHBA-
JEHTHB (€CJIH CeCTh TCuKH, rae fit u Y ortnumaotes ma  cKoaw
YrogHo OOJbLIOH JOPEeHUeBCKHH LIOBGPOT). HO 0upcadasioT OJHY H
Ty K€ MeTPHUECKYIO TOHOJOTHK Ha A* COrJIacoBaHHYIO €O CTPYK-
Typo#t MHOTOOGpa3us Ha X* '

To, 4r0 ¢ TPaBHTEAUMOEHBIM HOJEM MOKHO CBSI3d4Tb HEKOTOPYIO
PHMAHOBY METPHKY 12 HNPOCTPANHCIRE-BDEMCHH, YacTe YHYCKaT
u3 Buay. B pesysbtarte ¢TPYKTypa CTAHXAPTHOrO MHOTOOOpasus,
NpHINCHIBAEMAas IPOCTPAHCTBY-BPeMEHH, KaxKeTCst HHRAK He CBH-
3aHHOM ¢ NCEeBAOPHMAHOROI METpixCil Ha HeM. DTO CTHMY.JIHPOBI-
JIO, B YaCTHOCTH, NORNBLITKH 3aMCHUTH JIOKAJbHO CBKJHIOBY TOMOJIO-
THIO TPOCTPAHCTEA-BPEMCHHU TONOJA0THCH AJAEKCAHAPOBA, TONOJOTH-
el nyrte#, o0COLIAIHVMH  TONOJOTHI0O 3HMana B IPOCTPAHCTBE
MuHaKoBCKOro (0asic KOTOpOH €OCTABASIIOT BHYTDPEHHOCTH CBCTO-
BHIX KouycoB) {99—101}. B rnpocrpancTBe-BpeMeHH ¢ CHJIBHOH
NPRUUHHOCTBIO |97] 3TH TOMGJAOTHE COBIFIAAIOT ¢ JOKANLHO EBKJIU-
JoBOH tonmosorueii. OnHako B odiieM ciyuae oHH 001a1a10T HETbiM
PSANOM HEAOCTATKOB, B HHX ECib34 HOCTPOHTb  COAEPKATENBHYIO
IRPODEpPeHIBANBHYIO TEOMETPHIO.

[Mapa (w, g7?), cBA3cHIas ¢ AAHHBIM FPABUTAUHOHHBIM [OJEM
g coortHowenuem (4.7), cupencaser (34 1)-pasgokenne Kacaredib-
Horo paccioeuns T (X*) B cymmy Vutau T(X4) =TH(X)DTL(X4)
3-MepHoro mnoapacciaoenus I''(X?), onpegeasemoro’ ypaBHEHHEM
®=0, 1 ero opTOroHa bHOrO (OTHOCHTEJILHO PHMAHOROH METPUKH
gR) monoanenust 7+(X*). Merpukn g # gR coBmamaT APyr ¢ Apy-
roMm Ha noapacchacenuw 7V(X*) u HHAVUHPYIOT HA HEM pPHMAHOBY
NpPOCTPAHCTBEHHYID MCTPHKY y TakK, UTo '

g=—y+h*@nt, gR=y+hl @hlL. (4.8)

Onpeneseno takxe ayajsHoe At (OTHOCHTENBHO R W g) BpeMeHH-
nogo6Hoe (OTHOCHTENbHO &) Heocofoe BEKTOpHOEe ToJie Tt Ha X*
KOTOpoe NpeacTaBasieT coG0H [100e HanpapJeHHH ¢JI0eB PACCHOSHHS
T+(X*). Otu nanpap/enus MOXKHO HHTEPIPETHPOBATh KAK HampaB-
JEHHS JIOKAJBHOTO BpeMEHH B Kaxkaoh Touke xe&X?, a camo
(3+1)-pasnoxkenne — Kak 3ajavhe Ha MHorooGpasuu X* onpene-
JIEHHOH NPOCTPAHCTBEHHO-BPEMEHHOH CTPYKTYPHI, * COIVIaCOBAHHOM
C HaHHBIM TPABUTAUHOHHBIM I10JIEM g. :

<,

36" .




- B tepmunax (3-+1)-pasioxkenufi npusegeHHasi Bblllie TeopeMa
MOXet ObiThb nepedopmyanposana caefylouumM o6pasom.

JIJisi BCAKOro rpaBHTALHOHHOTO NOJsi Ha MHorooGpasun X* cy-
ECTBYeT COraaceBannoe ¢ uuM (3+1)-pasiaoxenue KacaTesbLHOro
pactioenuss T (X'). COparno, ecam paccaoende T (X') monyckaer
(3+1)-pasnoxenne, T0 Ha A? cymecTByeT TrpaBHTALHOHHOE 110J1€,
¢ KOTOpbIM OHO corgacopano [102, 103}. '

B otintme oT puMaloBOfl METPHKH., UCCBAOPHMAaHOBA METpH-
Ka — TpPaBUTALHOHHOE [071€ — MOMXKet Obirb 34IaHo 1e 11a BCAKOM
MHOroO6pasun X*. _

I'nagkoe opuentupyemoe muorootpasne X* xapakrepusyercs
CJAEAYIOUIUMH XapaKTePHCTHUECKHMH KJaccawl CBOEro  KacarTesb-
HOTO paccaocHusi: kiaaccoMm IloHTparuna py um kaaccom Jiaepa e,
ABJSIOIMMHACS 3JeMeHTaMH rpynnsl xoromodoruit H* (X% Z) wmHo-
roobpasus X4 wu kaaccamu lrudeas—Yurnn w,eH (X4, Z)),
i=1, ..., 4 [104, 87, 103}. Ilpn stom w,=0 B cuay opueHTRpyeMOC-
TR X4, '

ITockoabKy HMeeT MeCTo BiOmKEeHHEe (110 MOAYJII0 KPYyueHHH)
rpynn koromousoruin H* (X% Z) B rpynnel  xoromogoruit ge Pama
BeIECTBEHHLIX AH(hepennnaabipix popm Ha X! kmaccol py 4 e
MOTYT OBITh HPEACTABJAEHBl KOLOMCJIOTHYECKHMHE K1accaMB Xapak-
TepucTrYeckux ¢opm Diinepa u Hourparuna

pr=—( 1/822)tr RAR, e=(1/32r?)eapcaR®® AR,  (4.9)

rpe R — 2-popma kpususnbl cps3nocty Ha T (X?). DTu KJaccel He
3aBHCAT OT BbIOOpa CBsI3ROCTH, HO (opmy Dilaepa (4.9) caenyer
BBIUHCJ/ATDL, HCMOAL3YS R, NPHHUMAIOUIKE 3HAUCHHS TOJILKO B aJ-
rebpe so(4—~k, k), B dacTHocTH Korma R —— KpHBH3HA rpaBHTalld-
OHHOTO TOAS WJAH TPABHTALKOHHOTO 5OJS ¢ KpyueHuem. Ecam X*
KOMNAKTHO, onpeiejensl uncaa Hontparuna » dilnepa

- P, = (pl, 1= (e (4.10)

,x* X1 )
[Ipuuem nocieaHee, comacno teopeMe ['aycca — DBonne, cosmna-
paer ¢ 31epoBoH  xapaktepHcTHKOH y(X') MHoroobpasus X4

(105, 98].

‘HeofOxogumbiM U JOCTATOUHBIM YCJOBHEM CYLIECTBOBAHHSI Tpa-
BHTQIHOHHOTO 10JsT Ha Munrocbpasmn X* sBJAsSeTCS PaBEHCTBO
HYJ0 KJacca Oilepa ero sacaresabHoro paccaoenus 7 (X*) [98].
K rtaxkoBeiM  oTHOCSTCA  BCe HEKOMIAKTHLIE MHOTO0Gpas3Hust
(H* (X%, Z)=0) u Kovnakruele MHOrooOpasus ¢ HyJeBOH 3HJepo-
BOI XapaKTePHCTHROH, -

ITockoabky B TEOpHH IDaBUTAUMH [OMHMO TIpPaBHTAUHOHHOTO
NOJIsT PACCMATPHBAIOTCA TaKKe K- MaTepHaJbHble N0Js, HeOGXOAUMO
ydecTb ygaoBus, obecneunBajoulue 3afanve Hajgy X* COOTBETCTBYIO-
IIHX paccJOeHnil. ITO OTHOCHTCS, B YAaCTHOCTH, K CHUHOPHHIM pac-
CJOEHHSIM, CTPYKTYpHas rpynna sotopuix SL(2, C)} sBaserca ABy-
JUCTHBIM HakpwuiThem rpynnel JlopeHua SO(3, 1), u ux cyiuecrso-
Banne 0OyCJ0OBJEHO BO3MOXIOCTBLIO paciiupenus SO (3, 1)-paccdo-

-
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eHust, accounnpoBaHuoro ¢ 1 (X*), mo SL(2, C)-paccnoenus. Ta-
KOe pacliHpeHHe HMCET MECTO, T. €. MHoroo6pasue X* nonyckaer
CHHHOPHYIO CTPYKTYpPY, ecau kiaace Ilrtudens—YutHr wp MHOro-
o6pasus X* paBen nwymo [106, 107].

EcrecTBeHHO TaxkXe Tpe6OBAThL BHINOJHEHHS TeX WJH HHBIX YC-
JIOBHH  NPUYMHHOCTH  [RPOCTPAHCTBEHHO-BPEMEHHOH CTPYKTYpHI
((3+1)-pazmoxenna T (X*) =T+(XY)DT"(X*)), onpeneasevoi
rPAaBUTAUHOHHLIM T0JIEM Ha MHOrooGpasu X% MuHHMaJbHEM H3
HHX sIBJSETCS OPHEHTHPYeMOCTh JHHeHHoro paccaoerHs T-+(XY),
a caepoBateabHo, ¥ T"(X*), 7. e. CTPYKTypHasi rpynna KacarteJbHo-
IO paccJOeHHs] A0JXKHa ObiTh PEAYHHPOBaHa K OPTOXPOHHOI rpynie
Jlopenua SO+ (3, 1). Taxoe MHoroo6pasue Has3blBAeTCS NPOCTPaH-
CTBEHHO OPHEHTHPYEMbIM.

YCI0BUSL CYIIECTBOBAHHA T'PABHTALKOHHOrO [0JA, CIHHOPHON
CTPYKTYPBl Ha MHoroo6pasup X* ero HpOCTPAHCTBCHHOH OpHEHTH-
PYEMOCTH HaKJIAQbIBAIOT XXeCTKHEe OTPAHHYEHHS HaA TonoJoruio X4
a umenro [l07]: BcAkoe Takoe HEKOMNAKTHOE MHOrooOpasue a0J-
JKHO HMeTb TpPHBHaJbHOe KacaTeldbHoe paccioenue [108], a kowm-
NaKTHOE MHOroob6pasue — ObliThb NMOYTH Napajieausyembim [109].
[Tocnennee o3HayaeT, uTO ecyu paccMaTpuBaTh X*  BJOKEHHBIM
B npocTtpascTBo R™T* naasg poctatoyHo 6GoJabluoro LeJOro M, HOp-
mMasbHoe pacciaoenne N (X*—x) k X*—x pasd HpOH3BOJVILHOH TOUKH
x&X* tpuBuaapno. Takoe KoMMakTHO€ MHoroo6pasue xapakTep-
syercss yucaom ITonrpsiruna Py, pensmmumcs ua 48 [103, 107].

ITockoapky umnciao Ilontparuna P, coraacuo (4.9) moxer 6GbITh
BBIDAXKCHO 4epe3 KPHUBU3HY TPaBUTAUHOHHOTO T10JSI, JOMYCTAMO
paccMOTpeTh KJacCHPHKANKIO IPaBUTALHOHHBIX NOJAEH 110 3Haue-
HHAM 4ucsa ), KOTopoe B ITOM CJyyae Hrpaer poJb, aHAJOTHUHYIO
«TONOJIOTHYECKHM>» YHCJIaM B KaJduOpPOBOYHOI TCOPHH BHYTPEHHHX
cummerpuii. Hanpumep, ©Owbino noxazano (A. Ases, 1964 r.), uto
AJ8 CTATHUECKUX TPABHTAUHOHHBIX 1OJEH W TpaBHTAUHOHHbLIX 110-
Jeli Tperbero tuna no kJjaaccuukauuu A. ITerposa P, =0 [103].

3ameruM, 4TO ropasno GoJgee 60Oraryi KIacCHOHKAUHK A0Myc-
KaeT pUMaHoOBa TpaBHTauusl, WHCTAHTOHHLIE pPEIICHHS B KOTOPOIi
MOTYT paccMaTpHBATLCS KakK (OH B KBAHTOBO-TPABUTAIMOHHBIX
mojensx. [losesofl ¢yHkumed masi Takold rpaBHTaUnI CAYXKHT He
MCeBAOPUMAHOBA, a PUMAHOBa MeTpHKa. Ecan J0KaJAbHO 1Hepexof
OT TEOPUM TPABHTALUHH K TEOPHH DPHUMAHOBOIl rpaBUTALHH CBOAKTCS
K oObluHbiM npuemam esrkaumausaunud {110}, vo raobanbHble ¢BOIl-
CTBA PYMAHOBOK H [CEBJAOPUMAHOBOH MeTpHK MOIYT ObiTh CyulecT-
BCHHO pasiuuHbiMU. [Tpumepom siBasieTcs 10O, UTO PHMAHOBA METPH-
Ka cylleeTByeT Ha J00OOM MHorooOpasun, u yucno 2ijaepa, HyJe-
BOe JJi3 MCEBJOPHMAHOBOI TPAaBUTALMH, CYHIECTBEHHO — yUaCTBYeT
B KJIACCHOHKAIHM HHCTAHTOHHBIX pCLIEHHIT B pHMaHOBOH IpaBH-
trauan [111, 112, 87]. :




§ 5. MTPUHUHUN OTHOCHUTEJNIBHOCTH |

Ipuruun othocnteandoctH B OTO dopmyupyercn kak TpeGo-
BaHHE 3KBUBAJICHTHOCTH CHUCTEM OTCYETa H, CJCAOBATENLHO, WHBA-
PUAHTHOCTH TeOpHH (dbyHKuUMOHANA AEHCTBHS, YPaBHEHHH HIBHKe-
HUS, YP4BHEHHH TNOJs1) OTHOCHTEAbHO MNpeoOpasoBaHuil  cucTeM
orcueTa. Pas3Hble aBTOpbl NO-Pa3HOMYy OLEHHBAIOT €r0 3HAUEHHE KakK
OJHOTO W3 OCHOBOMNOJATalOUMX TPHHUHIOB TEOPHH T[PaBHTAUHH
[113] BmJOTH 4O TOrO, YTO OH «HE BO3MOMKCH H He HyxeH» [l14]
HJAM SBJASICTCA CJeJCTBHEM NpuHUMNA 3KBHBaJeHTHOCTH [115]. Mp
e oyaeM yraybasiTbess 3Jechb B 3Ty AMcKyccuio. M3 padawnneiuiero
CTAHET $fiCHA POJb NPUHHUHNA OTHOCHTEJIBHOCTH M MNPHHIHIA 3KBH-
BANEHTHOCTH KaK MNPUHLUHENOB KaJluGpPOBOYHONH TCOPHH TpaBHTAIKU.

GopMyJTHpPOBKAa RPHHUKNZ OTHOCHTEJBHOCTH HEINOCPEACTBEHHO
CBSI3aHa C TIOHSITHEM CHCTEM OTCYeTa, ollpejesieHHe KOTOPhIX Camo
no cefe MPOAOJIKACT OCTaBAThCsl OAHOH H3 TPYJAHOCTEH TEOpHH
rpaBHTAaLHH.

DiinuTefiH nepBOHAYAJBHO NOAYEPKHBAJ BaXKHYIO POJb CHCTEM
orcuera. B guckyccun ¢ Abparamom eue 1o ycraxordaenus OTO
OH PasBHJ HAEI0, UYTO TPABHTALHIO C/JICIYeT ONHCLHIBATL KakK HeoO-
XOLZHMBIH Nepexos OT MHEPUHAJBHBIX CHCTEM OTCYeTa K HeHHTErpH-
PYeMBbIM HEHHEepLKaAbHbIM cucremaMm otcyeta. DakrTyuecku 3Ta
Haes peanuayercs B TeTpajHOl (OpMyJNHPOBKE TCOPHH TpaBUTa-
nuu., Oxnako cam DUHWTEHH Kakoro-iuGo ONpeje/eHHA CHCTeM
oTcuera He gad, u Ao cepeanHsl 50-x ronoB npodJseMe CHCTEM OT-
cuera He YHeISJ0Ch J0CTAaTOUHOrO BHHMAaHKA. Muorue asTOpHl H
ceffyac NPOAOJKAKT OTOXKAECTBASATD CHCTEMBI OTCYeTa ¢ CHCTeMa-
MH KOOPJHHAT.

Haun6oaee rayboxkuii anaan3 npobjema CHCTEM OTCYETA ROJAYYH-
Ja B pamkax terpanHoii dopmyauposkn OTO, meroza (3+1)-pas-
JOXeHuss u ero Bapuauros [116—118]. B sroii  dopmyaupoke
TeTPaAbl, BOCCTaHABJHBaeMble B KaXJA0H TOuKe NpocTpaHcTBa-Bpe-
MEHH, PaccMaTpHBAKTCS KaK ONpeRe/sioulde JOKAaJbHbie CHCTEMBI
orcuera. Opnaxko npobGsiema peaju3aldd 3THX CHCTEM OTCUeTa
TEMH WJIH HHbIMH PU3HUYECKUMH BEJAHUYHHAMH HAW Npubopamu ewe
JLajeka oT OKOHYaTeJbHOTO PEIIeHHA.

Cuaenys obuled cxeme (oOpMaNH3aAUUMU NOJEBBIX CHCTEM PAacCJo-
CHHAMH, CUCTEMA OTCYETA B TEOPHH IPABHTAILMM MOXKET OHITh Onpe-
nenéna xkax ¢ukcauus araaca ¥={U,, ¥} KacateJbHOTO H acco-
LMHPOBAHHBIX C HMM pPaccJoeHnd Haj MHoroobpasuem X* a rpynna
npeodpa30BAHHN CHCTEM OTCHYeTa COBMAAAaeT ¢  KaJHOPOBOUHOH
rpyanoi GL* (4, R) (X*). '

IT10 onpeencuxe OIHSKO K ONPEAENCHHIO CHCTEM OTCYeTa
B Terpannoit Popmyanposre OTO. Ecan arnac W= {UL, Y; } Kaca-

TEALHOTO paccioeHuss  3agau, pemep {4 (x)}=vy: '(x){f}, rie
{f} — ©Gasuc tunuyHoro cjos R* paccaoenus T (X?), moxeT OHITbH
BOCCTaHOBJEH B J1060i Touke muOroob6pasusi X% Penep {ff(x)}
ob6pasyer 0Oa3uc KacaTeqLHOTO mpocTpaHcTBa Tx K X* B - TOuKe
xeX%, a dyukuuu {¢, (x)}, x&U , npeacranasior co6oit ceMeHCTBO™
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JIOKaJbHHX cedeHMA acconuHpoBaHHora ¢ 7 (X*) penepuoro pac-
cnoeunsi LX4, orseuvatomux pamnomy atnacy W (cm. Tmoccaprfi.
Paccaoenne penepoB). O6patno, ecan {U.} — nokpuTHe MHOroo6-
pasusa X% TO 3ajaHue ceMeiicTBa pemepHbx nojeit {¢ (x)}, xeU,,
Takoe, 4TO tl: (x) zt*(x)pxl (.’C), xEUann 4! plxgus"-:pll Ha Ul-
NUNU;, duxkcupyer armac W kacareabHoro pacciaoenuds 7 (X*).
HaMeHeHHe aTJsaca pacCJOeHHs
V= {U, $p)—>T = {Uh"l;';: gl'lp;}

COMPOBOXKaeTCs NPeoGpasoBaHHEM pellePoB
b ()= (V)1 (&) = v (&7 2 ty) = (g77')3t, (%), xE UL,

OtMeruM, ut0, ecad paccraoenue T (X*) HeTpHBHAJBHO, He Cy-
IHeCTBYeT HEIpPepLIBHOrO penepHOro Nogas, rJobansHO onpeneseH-
Horo Ha X* OpgHako gns mHorooGpasuit X4, nomyckamouux rpabu-
TAUHOHHOE NOJIe, 338 HCKJAIOYEHHEM HEeKOTOPOro Kjacca KOMIAKTHBIX
npocTpadeTB (cM. § 4), Takoe mose CyHiecTBYET, T. €. JIOKAJbHLIE
CHCTEMBL OTcueTa MOryT OBITh 3aJaHbl BO BCEX TOYKax NPOCTpaH-
CTBA“BPEMCHH. ’

Oo6blunass oGwexkoBapuautHas ¢opmyanpoBka OTO coorBerer-
ByeT CNeNHaJbHOMY CJYUYal TOJOHOMHBIX CHCTEM OTCU€Td, KOIAa
-BHOOp aTtnaca ¥ KacaTeTbHOrO paccloeHHs KoppenHpyer ¢ Bbibo-
poM koopauHatHoro ataaca Wx={U., y.} muoroo6pasua X% 7. e.

P = {wp = T(0)} (5.1)

(eM. Toccapuil. PaccaoeHue  KacaTeabHOC), M TaKue KODPPEJTSIHH
NOAAEPKHUBAIOTCH TPH BCeX NpeoOpasoBaHHAX CHCTeM OTCYera |
chcteM KoopauHat. B wacrHoctH, Gasuchbie penepht {f,(x)}, onpe-
AeJsieMble TaKKM aT/JacoM B KacaTeJbHbIX IPOCTpaHCTBAXx K X
06pa3oBaHbl KacaTeJbHBIMH BEKTOpaMH {0,}° K KOOpPAHHATHHIM JH-
HHAM %' (x*) B X%, a corvacoBaHible mpeo6pa3oBaHUsl  KOOPAH-
HAaTHOrQ H TOJOHOMHOTO ATJacOB HMEIOT NPHBBLIYHLIA BHA OO0UIEKO-

BapHAHTHLIX NMpeolOpas3oBaHuil

Ao B (X)) £ () = f () = 6":, o (). (5.2)
ox

[lepexoabl MeXAYy TFOJOHOMHBIMRK arjacamMd 006pasyloT NOArpyn-
My  TOJOHOMHBIX  1peobpaszoBanuil  KaJauOpOBOYHOH  TPYyNRbl
GL*+(4, R) (X*).

Takum 06pa3oM, Ha S3BIKE PACCJIOCHHHE NPHHLIKI OTHOCHTE/b-
HOCTH B TEOPHH TPABHTAUUH MOXKeT ObiTh CHopMyJHPOBaH Kak
TpeGoBaHHe HHBAPHAHTHOCTH TEOPHHM OTHOCHTEJNbHO Kaaubposou-
Ho#i rpynunt GL*(4, R)(X'), 1 B TakoM- BHAe OH HJCHTHYEH Ka-
JUOPOBOYHOMY NPHHBUHUIY B KaJuOPOBOUHOH TEOPHH, TPYIIIbI NPOCT-
PAHCTBEHHO-BPEMEHHBIX - cKMMeTpuit GL*(4, R). CaenoBareibHo,
TEeOPHS I'PABUTAIIMH MOXKET CTPOHMTLCH H3 IPHHIHIA OTHOCHTE/b-
HOCTH HEMOCPEeACTBeHHO Kak KasuOpoBounas Teopus.
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I'Ipeoﬁpaaonaﬂnﬂ aTsaca PaccJOeHH OTHOCHTCH K Kanu6posoq-‘
HeM npeopa3opaHusM nepBoro poxa. Onmako, B OTIHUME OT Ka-
AuOPOBOUHOA TEOPHYM BHYTPEHHWX CHMMETpPHH, B C/Iyuae NPOCTPaH-
CTBEHHO-BPEMEHHHX CHMMETPHH CyIecTBYyeT ABa THNA TakKuX Ipe-
o6pasoBaHH#, a HMeHHO: nNpeo6pa3oBaHHs aTslaca pacCJOeHHs Ma-
TepHAJbHBIX NoJel A (KaK U B cJydae BHYTPEHHHX CHMMETpHit)
M npeo6pa3oBaHuA aTJjgaca KacaTeJbHOro paccaoesus 7 (XY), nelt-
CTBYIOLHE HA ONEPATOPHl YACTHBIX NPOU3BOJHBLIX O, KAK Ba BEKTO-
pa KacaTedbHbIX HPoCTpPaHCTB. ATsaackl 060HX paccsloeHHil SKBHBA-
JEHTHBI, HO MOTYT He COBNaaaTh, a uXx lpeobpasoBaHusi He obs3a-
Hbl KoppeaupoBaTb. Hanpumep, cTpyKTYpHOH rpynno#i CNHHOPHOTO
pacciaoeHHs A MOxeT ObTb TOJbKO rpynna JlopeHila, Ho He
GL*(4, R), u )\ IORyCKaeT aTsachl JHUIb ¢ JOPEHUEBCKHMH (yHK-
IHAMHE Hepexojaa H TOJbKO JOpeHleBckKHe KaauOpoBouyHbie npeod-
pasoBanus. B To ke Bpems Oasuchble BEKTOPbI KacaTeJbHBIX Mpo-
cTpaHcTB {0, HMEIOT CMbLICJI ONEpPaTtopoB YacTHBIX NPOH3BOAHBIX
TOJBKO B rOoJOHOMHOM atJjace (korpa [0, d,] =0), kotopeiii B 06-
uieM . ¢Jayuae He SBJAETCS JIOPEHUEBCKHM, a €ro TOJOHOMHBIE
npeoOpaszoBaHus — JOPEHUEBCKUMH KajuOpoBoyHbiMU Npeobpaso-
BaHUSIMU.

llo-pasnomy ofecneunBaeTcss H HHBAPHAHTHOCTbL TEOPHH OTHO-
CHTCABHO pasHbIX THNOB KaanOpoBodHbIX npeobpazoBanuii. OTHO-
CHT@JbHO KaJHOPOBOYHBIX Npeobpa3oBanHi NMepBOro THNA, KAK H
B CJyyae BHYTDEHHHX CHMMETpPHil, BBeJeHHEeM KaJuOpOBOYHBIX NO-
JeH — CBSA3HOCTH A Ha PaccJOeHWH A; OTHOCHTEJbHO RpeofpaszoBa-
HHH BTOPOrO THIA BBEUEHHEM METpHUecKoro noJus g (6es duxca-
LLHH €ro CHTrHatypbl) HJAH H30MOPGHOro emy TerpajHoro mnoas h
(kak 3710 ©6blI0 OTMEUEHO eule B nepsoﬁ paBore VYrtuamn [8])
Ilpu atom ataac paccaoenuii B 0 X, CeyeHHSIMK KOTODBIX SIBJSIOT-
ca g u h, BoiGHpaerca o0LIYHO COBNAZAIOIIHM C TOJOHOMHBLIM  arT-
JacoM KacaTeAbHOro paccjgoesus, JOCKOJAbKY (PYHKUHOHAJT AEefi-
CTBHSI TPABUTAIKOHHOIO [IOJS WHBApHAHTEH TOJAbLKO OTHOCHTEJbHO
OJIHOBPEMEHHBIX npeobpasosanuil ataacos paccaoenuid T(X) u B
(uam ¥). Ha paccaoenusax B u X TakkKe 3ajana cBsi3HOCTb A.

B pesyabrate dyHKUHOHAJ neHcTBHS S B KaJHGPOBOYHOH TEO--
pHH TPAaBHTALWWU 33BHCHT OT CJAENYIOIIHX BEJHYHH: MaTepHaJJbHBIX
noJiefi ¢, cBA3HOCTH A, METPHUECKOTO NoJs g WK TEeTPagHOTO NO-
as h. KaguGpoBounsie npeofpaszoBanus HepBOTO THMA ACHCTBYIOT
Ha noJjesbie QYHKIHK MaTtepHaabHBIX 10J€H ¢, CBR3HOCTh
A Ha paccJoeHun A, cnpasa Ha A (nIpeobpasyrT HHAEKCH 4
TerpaAHbix  (QyHKuui N1,%,  oTBeyaiolmue ataacy, B KOTOPOM
3allHcaHbl  maTepHaabHble noasf). Ilpeo6pas3oBanuss  BTOPOTO
THTIA, JAeHCTBYIOT Ha g, cjJeBa Ha h  (npeo6pasyioT HHIEKCHI
p TeTpafHBIX OGYHKUHI /,% OTBEYAIMHX T'OJOHOMHOMY  AaTJacy
KacaTeJbHOro paccaoeﬂnﬂ), Ha CBI3HOCTb A Ha paccaoenusix B H
"2, Ha HHIEKCHl p ONepaTopoB KOBAPHAHTHHIX MPOH3BOMHBIX.

OtmeruM, 4YTO0 KaJIUOPOBOUHBIC Tpeo0pa3oBaHUS NEPBOr0 H
'BTOPOFO THNa TeTPaAHBIX GyHKuuR# — 370 W3BecTHble B- u A-rpa-
LIYMPOBKH B TeTpaigHOH TeopHM rpaBHTauuu [116].
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'cbynxliiaouan nefictBust S HI{BapHaHTQH NOPO3Hb OTHOCHUTEMBHO
KanuBpoBoYHbIX NpeoOpa3oBaHHil NMepBOro H BTOPOro THIIA. B pe-
sysbTaTe pasHble THIB KaauOPOBOYHBIX NpeoOpa3oBaHHH MepBOro
poAa MPUBOASAT TaKXKe W K PA3HHIM 3aKOHaM coxpaHenus (cm. §8).

B kanuOpOBOYHO# TEOpPHH BHYTPEHHUX CUMMETPHH HHBAPHAHT-
HOCTb (PYHKIIHOHAaJa JAefiCTBHS OTHOCHTEJNbHO KaJHOpOBOYHBIX Mpe-
ofpa3opanuii nepBoro pojsa oBYyCAOBAMBAET CYHIECTBOBaHue Kajinb-
pOBOuUHBIX npeobpasoBauuii Broporo poaa (cM. § 3). B kanubpo:
BOUHON TEOPHH MPOCTPAHCTBEHHO-BPEMEHHBIX CUMMeTPuili TaKHMHU
npeobpa3oBaHUsIMH JOJMKHB ObITb NOCJAOHHBIE OTOOpa)KeHHs  TO-
TaJbHOTO NMPOCTPAHCTBA PACCACEHHST MaTepuaJbHblx NoJjeil A. OuHu
npeobpasyloT MarepHadbHble 10as ¢ H KaaubpoBouHblie nojs A,
NeHCTRYIOLLME Ha ¢, YTO, B CBOIO OdYepedb, AOJKHO COMPOBOKAATH-
csi mpeoOGpa3oBanneM KaJaubpoBouHBIX noJdeil A, AeHCTBYIOWMX Ha
MeTPpHUYeCKoe foJie g, H, CJeAOBaTeJbHO, npeodpa3oBaHHEM CaMoro
g. Ho, nockoapky OyHKLHOHAN AEACTBHS TPAaBHTAIIHOHHOIO MOJA
HHBAPHAHTEH TOJbKO OTHOCHTE/JIbHO OLHOBPEMEHHLIX MNpeobpasoBa-
HHH TrPaBHTAILHOHHOTO MMOJIST W ONEePaTOpPOB YACTHBIX MPOH3BOAHBIX
0, TOCJHeIHHe TOMKe AOJKHbI MEHSIThCSI KaK BEKTOpa KacaTeJbHLIX
POCTPAHCTB.

Opuako {0,} He aABJAAIOTCS KAKUMH-JB00 DUKCHPOBAHHBIMH BeK-
Topamu npoctpaHctB Tx(X*), a npeacraBasior coboit npooGpasbl
O,=vy.~!(f,) 6a3nHcHBIX BEKTOPOB THIMYHOrO cJjaosi R* KacaTeapHOTO
pacc/aoeHnst OTHOCHTENBbHO MOP(U3IMOB TPHUBHAJH3AUMH ¢, HEKO-
TOPOTO TOJOHOMHOTO atjaca . paccaoenus T (X*). Tlostomy npeoG-
pazoBanusd {0,} He MOTyT OBITL NOPOXKJACHB KAKHM-JIH00 MOCJIOH-
HBIM OTOOpa)KeHHeM KacaTeJbHOTO PacClOeHHs, T. €. KaaubpoBou-
HbiM Tnpeo0paloBaHueM BTOPOrO pojaa, a TOJbKO npeoOpa30BaHHU-
eM atsaca pacciaoeHus 7 (X*), t. e. aBaswoTCsa Bcerga npeo6paso-
BAHUAMH [1€PBOTO pOJAA.

He#ictBurenwno, aawxe ecau 7T (f) — nocnolinoe ortobpazkenue
KacaTeapHoro pacciaoenusi 7 (X*), mugyumpoBanHoe Judbdeomop-
¢usmom [ mroroo6Gpasus X% cooTBercTByMOIIEe npeoGpazoBaHue
penepa {{(x)}={0,} BbI3BaHO He oTOGpaxeHUsIMH cy0eB Tx—>Tjy),
a nepexoaoM OT cHCTeMbl oTcuera ¢, ~'{x){{} B caoe T, X cucreme
otcuera ¥, ~'(f(x)){f} B croe Tjn. B wacTHOCTH, Beerga MOMKHO
TaK 1nogobpath CHCTEMBl KOOPAMHAT B OKPECTHOCTSAX ¥ M [(x), 4TO
npeo6pazosanre {0} 6YAET TOXKAECTBEHHBIM.

" Bosspamasice Tenepp, OT npeo6pajoBanuil {0} Hazam K mnpeob-
pPasoBaHHAM g W MaTepUaJIbHBIX NOJEH ¢, MB NOJY4YHM, YTO KaJHO-
pOBOUHAS TEOPHS NPOCTPAHCTBEHHO-BPEMEHHBIX CHMMETPpHUil B ofLieM
Cllydae He Jonyckaer KanuOpOBOUHBIX Mpeo6pasoBaHHil BTOPOrQ
pona. ‘ _ :

[TpuHuun OTHOCHTENBHOCTH KakK KaauOGpOBOUHBIH NPHHLUMKI OKa- .
3BIBAETCS, OAHAKO, HEAOCTATOUHBIM JJsi MOCTPOEHHS KaJuOpoBOY-
HOH Teopuu rpaeutaunu. OH gonyckaer obwyo adbpuuHy cBsi3-
HOCTb, He (PHKCHPYET MHHKOBCKYIO CHIHATYDPY METPHUECKOro NOJs
g, a TeM caMbiM He MOXeT OunTb onpejaeneHa HPOCTPAHCTBEHHO-
BpeMeHHass CTPYKTypa Ha MHorooOpasuu X% Ocraercs HegcHBIM
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CTAaTyC MeTPHYecKOro MoJjst B paMKaxXx TakoH KaJauOpOBOYHOH Teo-
puii. XOTs OHO W BBOAMTCR ANA  o6ecneveHHss HHBAPHAHTHOCTH
OTHOCHTEJILHO OJHOrG H3 THIOB -IPOCTPAHCTBEHHO-BPEMEHHBLIX Ka-
JAGPOBOYHEIX npeofpa3oBaHHH, HO He SBJAETCS CBSI3HOCTBIO H HE
MOXeT TpPaKTOBaTbCs Kak KaKoe-JH60 KanubpoBOYHOE HoJeE.

Bce 310 penaer HeoOXOAMMBIM NpHBJeYEHHA AJs1  JIOCTPOEHHUS
KaJuOpOBOYHOI TEOpHHM TpaBHTALHH IPHHLHKNA 3KBHBAJCHTHOCTH.

§ 6. MPUHUNN 3KBUBAJEHTHOCTH

Kak M fpHHUUN OTHOCHTEJILHOCTH, IPHHIHN 3KBHBAJEHTHOCTH
IIPOJOJXKAeT OCTaBaThCs npeAMeToM auckyccuit [113—115]. Ha-
IPUMeD, paszjH4yaloT «caadplil» W «CHJAbHBII» [PHHUMNB 3KBHBA-
JEHTHOCTH, npejgaralotrcsi H OoJee TOHKHe ero rpagauuu [113].
O6mum aas Bcex (POPMYJUPOBOK H OLEHOK POJIM IIPUHLKIIA IKBH-
BAJIEHTHOCTH B TEOPHH TPABHTAUMH SIBJAAETCH OAHO -— OH IIPU3BaH
rapanrtupoBath nepexox or OTO K crmeuuasbHOH TEOPHH OTHOCH-
TesibHOCTH {CTO) B HeKOTOpPOH cHcTeMe oTcyeTa. TpyaHOCTb BO3-
HHKaeT C TeM, UTO CJejyeT noHumars nop nepexogom k CTO.

[Tpunsito cumtath, YTO (pu3HUECKHH 33KOH HJM ypaBHeHHe npu-
BeJleHpl K CHeUPEeAATHBHCTCKON (opMe, ecan OHM HMET TaKoi ixe
BHA, KaK U B OTCYTCTBHH TPABHTALMOHHOTO IOJSK, T. €. KPUTEPUEM
nepexoga kK CTO B HeKOTOpO# CHCTEME OTCYETa CYHTAeTCs yCTpa-
HeHHe B HeH TpaBUTAHHOHHOrO noJas. OgHako, BO-NepBBIX, TakKoi
KPHTEPHH He NPUMEHHM K TEOPHHM CaMOr0 TPAaBHTALHOHHOTO MOJIA,
KOTOPYIO HYXXHO YMeTh CTPOHUTH HE3aBHCHMO OT TOr0, paccMaTpuBa-
IOTCS JM B HEH Kakue-a1u00 Martepuatbiple 00beKTol. Bo-BTOpBHIX,
HHKaKHM BBIOODOM CHCTEMBI OTCYETA HeJsb3sl OOpPaTHTh B HYJb TeH-
30D KPUBH3HLI PaBHTAUHOHHOTO TNOJA HaXe B OJHOH TOYKe.

[To 3Toil npuHunHe TpeboBaHMA NPHHUUNAE 3KBHBAJEHTHOCTH,
KaK Mpasuio, 0ca1abis0T B pacCMaTPHBAIT TOJBKO 3dKOHbBI, KOTO-
pble He CopepIKaT BTOpble W BhblUlE€ IIPOH3BOAHBIE I'PABHTAIMOHHOTO
noJst («cpejHeCHJbHBIH» NPHHUHMI 3KBHBaJjenTHocTd [115]). Ta-
KOBBIM, B Y4CTHOCTH, ABJSETCA 3aKOH ABHXKEHUS NPOOHBIX TeJ
(xapakTepu3yeMbIX TOJIbKO Maccoil), At KOTOpOro (opmyJaupyer-
Csi«caalbplii» NMPUHIIHI KBHBAJEHTHOCTH, Tpebyloluuii cyluecTBoBa-
HHSL TaKON. CHCTEMbBI OTCYETA (HA3BIBAGMON JOKAMbLHO-HHEPIHAlb-
HOf), B KOTOpOfl B AaHHOH TOuKe ypaBHeHHe ABHKEeHHs NPOGHBIX
T€J NMPUHHMAET CHEUPEJATHBHCTCKHH BHA. «Cualbplity  npuHIHAN
5KBUBAJEHTHOCTH CUHTAeTCss MNOATBCPIKACHHLIM HKCIEPHMEHTAJIbHO
(npoBepkoil paBeHCTBA HHEPTHOH H rPaBHTALMOHHON Macc).

H3 «caaboro» OpHHUHNG 3KBHBAJEHTHOCTH OOBIYHO  BBIBOAT
NPUHILET TOXISCTBEHHOCTH T'PABHTALHOHHOIO M METPHYECKOrO
0JieH, XOTH TaKOM BLIBOJL IPH3HAEICSH HE BCEMH, a PsiJI aBTOPOB
CYUTAIOT JNOCJACIHUI INPHHLHUI CcaMOCTOSATeNbHLIM (€cjaHu He rJiaB-
HpiM) npuHuunoM OTO [114]. «CaaGelit» npuHuEn  3KBHBAJIEHT-
HOCTH (HKCHDPYeT MHMHKOBCKYIO CHPHATYPY MeETpHUECKOro TI'pPaBH-
TAallHOHHOro f0Jist, HO JOIYCKAeT IPOHU3BOJIbHYIO ahPHHHYK CBA3-
HOCTD, IIOCKOJIBKY HpOOHBIE Teja, XapaKTepHayeMble TOJbKO Mac-
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cofi, B TMPOM3BOJIbLHOM adduuHoil rEOMETPHH ABHXKYTCS He 1O I'eo-
fe3MYecKHM, a Mo HaHKpaTYafIliM — I'€OJle3HYeCKHM B IICeBM0-
pHMaHOEOH reoMEeTPHH, OIPEAC/HAEMBIM TOJbKO COBCTBEHHO TpaBi-
TalHOHHOH cocrapastoileli (cumBosamu Kpucrodpdenna) noano#
CBAI3HOCTH. - , .

M He CTaBMM 3ech UEIbI0 JAaTh HCYEPUIBIBAIONIHI aHAJIH3
NPUHIKME 3KBHBAJEHTHOCTH, A0 XOTHM 06paTHTh BHHManHe Ha
TPYJHOCTH, ¢ KOTOPBIMH CTANKHUBZIOTCS €ro CyiecTBylomiHe (Hopmy-
aupoBki. He mpuroauwsl oHd W anasa ueneil KaauOpoBOYHOH (opMy-
JUPOBKH Teopuu rpasurauuu. [lostomy BepHeMmcst K 6eccnopHOH
yacTH NPUHLUHIA 3KBHBAJEHTHOCTH — OH MPH3BAH rapaHTHPOBATh
nepexol K CTO B HeKOTOPO#H cHCTEME OTCYETa.

B reomerpuueckom acnekte CTO MoxHO XapakKTepH30BaTh KakK
TreOMEeTpHIO MHBAPHAHTOB rpynnel JlopeHua (B Ayxe 3pJaHreHCKOH.
nporpammer @. Kaehna). Torapa npuHUnn 3KBHBaJEHTHOCTH MOMKET
ObITh CHOPMYJUPOBAH B paMKax KaiuOpPOBOUHON TEOPHH KaK . Tpe-
6oBaHKe CYIIECTBOBaHHS JOPEHIEBCKHX HHBApPHAHTOB H HX COXpa-
HeHHUs OTHOCHTEJIbHO IapauTeIbHbIX NMEePeHOCOB B HEKOTOPOH CHC-
TeMe OTCYeTa. ‘

Maremartnueckn 310 TpeboBaHWe 03HAYaeT, YTO CBS3HOCTL HA
KacaTeJbHOM DacC/OeHHH T(X*) nap MHOI‘OOGpa3Hel\/{ X* ponxua
6BITH JOPEHUEBCKOH, T. e. cylecTByeT Takoi atiac W, Kacareiib-
HOTO pacc/oeHHs, 4To (opMa CBA3HOCTH IIPHHHMAET 3HadyeHHs
B aarebpe Jlu rpynnel JlopeHua, u rpynnof roJOHCMHH 3TOH CBSI3-
HOCTH siBAsieTca rpynna Jlopenua. DTo BejaeT, B CBOK  Ouepesb,
K peAyKUHMH CTPYKTYpHOH rpynnnl GL*(4, R) KacateabHOro pac-
caoenuss K rpynne JlopeHua (cMm. I'moccapuii. CBsizHoCTh Ha pac-
CJOeHHH), T. . (QYHKIMH Tepexoga atiaca W, ABASIIOTCS  JIOpEH-
IeBCKHMH (3s1eMeHTaMH Kaaubposounoit rpynnet L(X*)), u na X*
MOFTYyT ObIThb TJoBGalibHO Onpefc/eHbl JOPEHUEeBCKHE HHBapHAHTHL.
B' yacTHOCTH, HeNnoCpeACTBEHHLIM CAEICTBHEM 3TOTO NMPHHIHNA K-
BABAJICHTHOCTH ABJACTCH CYLIECTBOBAHHE MCEBAOPHMAHOBA METpPH-
Y4eCKOro noas Ha X Kak rJ1006ajibHOro cedeHHs g paccjoeHus B,
noJieBble QPYyHKUHH KOTOporo B atyace W, CBOASTCS K JOPEHIEB-
CKOMY HMHBapHaHTy — MeTpuke MunkoBckoro mn, T. e. W, =W¢
(cm. § 4). ‘

paMKax KajJuOpOBOYHOH TeOPHM, ONpeAeSsieMOH MPHHUHIOM
OTHOCHTEJIBHOCTH KaK KaJAHOpDOBOUHBIM NMPHHIHIIOM, [PUHIHI 3KBHU-
BAaJIEHTHOCTH OOYCJIOBJUBAeT CBeJCHHE KaJauOpPOBOUHBIX noJgeld A
NPOCTPAHCTBEHHO-BPEMEHHHEIX CHMMeETpHA K KaJIH6POBO‘1HHM MONSAM
TpyINb JIopeHua M CYWIeCTBOBAHHE IICEBOPUMAHOBOK METPHKH
£ ¢ MHHKOBCKOH curHatypoil. Ilpn 3tom xanubpoBouHoe nose A u
MeTPHKa g OKA43hIBAIOTCH CBA3aHHBIMH YCJIOBHEM  METPHUHOCTH

(al*/'l)gr 0. f (6.1) -

[TOCKOJIBKY HMYTO He Tpeﬁye"r CHMMET])H‘{I{O(TH KO3(pHuIlleHTOB
GopMBl CBA3HOCTH A, OHa He CBOAMTCH K cuMBoJaM Kpucroddens

METPHKH g, 4 BKJIOUAET TAKKe KOMIOHEHTHI TCH30P2 KDyYeHHS
(cM. [noccapuit. CBA3HOCTH: B ncesﬂopnmauonom POCTPAHCTBE).
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MHrepnpeéTHpya Tenepb NoJie € B IOJOHOMHOH CHcTEME 0TCYera
KaK TPaBHTAIHOHHOE TMoJe, MojydyaeM OOBIYHbIE IOCTYJAThI IPHH-
uuna 3kBuBaJeHTHocTH B OTO. CyulectByer roJlOHOMHAas CHCTEMA
OoTCY€Td, B KOTOPOH MeTpHYECKOe TpaBHTALHOHHOE MoJe g CTaHO-
BHTCS MHHKOBCKHM, a €ro CHMBOMH KpucTohdens wucuesaior
B JaHHOI NPOCTPaHCTBEHHO-BpeMeHHO! ToOuke. OJHAKO NOJHAasI
CBSI3HOCTh, COAEpKalllass KOMIOHCHTBI KpyueHHs1 He oOpauaercs
B Hysab. CylUlecTBYeT, OLHAKO, FOJOHOMHAaf CcHCTeMa oTcdera (Hop-
MaJibHbie KOOpAHHATLI), B KOTOPOH 1 BCA CBH3HOCTL H(Ye3deT, HO
METPHUKA OCTAETCH HEeMHHKOBCKOII B AAHHOIN TOUKC. -

CropaBeauBbl TaKxkKe PaBeHcTBA HHEPTHOR MacChl, [aCCHBHOTO
M 4KTHBHOTO TPABUTAILHOHHOro 3apsanoB Teld. OHH CAeAyiOT H3 TOro,
YyTO W JieBasi W NpaBasi 4acTd YypaBHEHHH JBHXKCHHS M INpasasd
YacTh YVPaBHCHHI JiHUITeiliHA NOJy4aloTcsd BapHalnued OLHOTO
M TOTO e (yHKuMoHajda AelcTBusi npobuoro tena S=-—mcfds.

[TpyuHUHDI 3KBUBaJEHTHOCTH B Ka/JHOPOBCUHOH TEOPHH IpaBHUTa-
UMM 3asnaer cBoero poja reomerpuio Kueiina-—Uxens [98] aopen-
IeBCKHX HHBAPHAHTOB Ha MHoroodpasmu X* Ilpu 3TOM, NOCKOJDb-
Ky pedyKuusi CTpyKTypHo# rpynnel GL*(4, R) kacartenpHOro pac-
CJOCHHA K Tpynne JlopeHna NPHBOAMT Takxke K ec peLyKUuH
kK rpynne O (3), Ha mMuoroo6pasuu X* moryt 6uiTh 3azanbl u O(3)-
UHBapHaHThl. lenyJepnle BpemeHunogobible HaNpaB/flOlUlHe Bek-
TOpht noapaccaoexuss T+(X*) mpocTpaHCTBEHHO-BpeMeHHOro (3-
+1)-passnoxennss paior npumep takux O(3)-unpapuanron. Takuw
00pa3oM, cylLiecTBOBaHHE® MPOCTPAHCTBEHHO-BPEMEHHOII CTPYKTY bl
Ha MHOroo6pasun X* toxe 0OyCJOBJEHO MNPHIILHIOM 3KBHBAJIEHT-
HOCTH. _

Ilas uened nompoemm KaJHOpPOBOUHON TROPHH  I'PaBHTAUHH
0COOEHHO Ba’KHO OTMETHTb, UTO NPHHIHH 3KBIBAJEHTHOCTH MPHBO-
JUT B TEOPHH TPABHTAUUK K CHTyallHH CNOHTAHHOTO HapyLICHHS
CHMMETPHH M ONUCAHHIO TPaBHTAUHOHHOTO MNJAH K&k XiiC-i G 4-
CTOYHOBCKOFO.

——

§ 7. TPABUTALLHSA KAK NOJIE
XUITC-TOJIACTOYHOBCKOI'O THNA

B § 3 6blu BHAenenbl CAeAYIONIHE NPHIHAKH CIIOHTAHHOTO Ha-"
pYLIEHHS] CHMMETPHH B KaJdHOPOBOUHOI TEOPHH B ONHCAHUM €ro
PacCJOEHHSIMH:

a) pelyKIHs CTPYKTypHOX rpynnsl G pacc/IOeHust MaTepHalb-
HBIX MOJieid H acCOUMHPOBAHHBIX ¢ HHM pacc/ioeHHH K NOATpymIe
H To4HBIX CHMMETpHI; .

0) HaJuYHR XHITC-TOJLACTOYHOBCKOTO I10Jisi KaK IJ100aJIbHOrO
CEYeHHs] aCCOUHHPOBAHHOIO (paKToppacc.noeHHﬂ AG/n € THNHYHBIM
~ cloeM — ¢akrop-npocrpancTsoM G/

B) G-neunpapHaHTHOCTb, G (X)-KOBapHAHTHOCTH JarpaHxkHaHa

‘MaTepHAJIbHBIX NOJEH U CYILECTBOBaHHE CHCTEM OTCYeTa, B KOTOprX
OH H{X)-uuBapuaHTeH.

-

—
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B Teopuu rpaBHTaUHHM PAaCCJOEHHE MaTE€pPHAJbHBIX IIOJEH acco-
LHUPOBAHO ¢ KacaTenbHbiM paccrnoeHueM T (X?') unap MuorooGpaszu-
em X! IlpuHuun 3KBHBAJIEHTHOCTH, KaK NMOKA3aHO B INpeabIAYHIEM
naparpacde, Tpefyer cBejeHus cBasxocTH I' ma paccadennn T (X4)
K rpynne Jlopenua u yc‘?a}zammsae'r (B COTJIaCHM C NYHKTOM (a))
PEAYKLHIO CTPYKTYPHOH TPYIIbI GL*(4, R) 3storo m accouuupo-
BaHHBIX C HUM paccJCeHHH K rpymnne JlopeHua.:

370 BeJeT K CyUeCTBOBAHWIO J0GAJbHOTO CeUeHHst f, aCCOUH-
upopaunoro ¢ 7 (X) dakrop-paccaoenus I ¢ THOHYHBIM  CJIOEM
GL+(4, R)/L (terpamHOro rpaBHTALMOHHOrO MOJS) H T106aJLHOTO
ceueHud g uH3oMopdhHoro X pacciaoennss B ncepaoeBKAHAOBLIX OH-
JIHHE{HbIX (GOpM (METPHUYECKOrO IpaBHTAUHOHHOIO nodas) (cm. §4).
[Tpuuem, NOCKOJILKY peAVKLHS CTPYKTYPHOH rpynmbl 06YyCJOBJeHA
ceegenrem ceasuoctd I' wa T(X*) k rpynme Jlopenma, CBSI3HOCTH
I' v noae g cBAs3aunsl yeaopueM (3.2)

(d—I') g =0,

KOTOpOC fipeicTaB/sieT coboi ycaoBue meTpuuHOocTH (6.1).

IlpucyTcTEse rpaBUTAUMOHHOTO Mo B (yHKUHOHAJNE JeUCTBHS
MaTeprzabibiX nojei S Hapyuiaer ero L-HHBAPHAHTHOCTh, HO obec-
neuusaer GL' (4, R)(X)-koBapuaHTHocTh geiictBus S. Ilpm 3tom
S, Oyayud 3anuHCaHHBIM B ariacax W& ocraeTcsi MHBapHAHTHBLIM
OTHOLHTeABHO NpeobpasoBanHil KaaubOpoBOUHOH rpyinbsl Jlopeuua
L(X), ocywecTBAsilOIIUX NEpexXoAbl MEXAY 3THMH  arjacaMu
(yuuThiBas, uto h=hL(X)).

Takum ofpa3om, HAJNUIO BO3HUKHOBeHHEe B KaaHOPOBOUHOH TeO-
PHH TrpaBHTalMH CHTYallHH COOHTAHHOTO HapyLIEHHS CHMMETpPHH,
B KOTOPOH pOJb XHUITC-TONACTOYHOBCKHX MOJIeH HIrpaer MeTpHyec-
Koe (TeTpaausoe) rpaBUTANMOHHOE TNoje. DTO HapYuUICHHE CHMMET-
PHH OTHOCHTCS KO BTOPOMY CJY4alO CIIOHTAHHOTO HapyUIEHHA CHUM-
merpuu (cMm. § 2), Koraa L-HHBapHaHTHOCTb AeiicTBHS S BoOcCTa-
HapauBaercs Ao ero GL*(4, R} (X)-KoBapuaHTHOCTH, a rpaBura-
LHOHHGE 10J1€ MOXKET OwTh NOCTPOEHO METOAOM HeJHHEHHBIX pea-
ausauuit rpynner GL+(4, R) (cm. §9).

Kak u B cryyae BHYTPEHHHX CHMMETPHH, B XHITC-TOJILCTOYHOB-
CKOM ToJie @ MOKeT OBITb BblJleJleHa XHITCOBCKAasi KOMIIOHEHTa —
MeTpHKa MHHKOBCKOTIO, ABJAKOWLASACA L-HeNOABHXKHOH TOYKOH ¢ak-
iTop-npoctpanctsa GL7(4, R)/L; a OTKJOHEHHS OT Hee WUIpaloT
pOJib TOJACTOYHOBCKHX TOJIeH. DTH OTKJIOHEHHS OTOXKJAECTBJSAITCSA
C TPABHTALlMOHHBLIM II0JIeM, KOTOpOe TeM CaMbiM BHICTYyHAeT Kak
noJjie rOJACTOYHOBCKOFO THIIA. ‘

AHasloroM MeTpHYECKOTO NoJisi & KakK XHITC-TOJACTOYHOBCKOIO
NoJsl B Cjyyae BHYTPEHHHX CHMMETPHH SBJSAIOTCH 3PMHTOBHl MeT-
puku (cMm. § 3). Oanako, B OT/AMYME OT TOAACTOYHOBCKHX TnoJelt
BHYTPEHHHX cummerpnu TPaBUTALHOHHOE M0Je He MOXKeT OHTb
y6pafio kKakoH-nu60 kanubposkoil. IlpHunHa cOCTOHT B TOM, 4TO
Ka.nuéposormbxe _ 1peofpa3oBaHH  NPOCTPAHCTBEHHO-BPEMEHHBIX
CHMMETPHI AEHCTBYIOT TaK Xe Ha OnepaTophl YacTHHIX IPOH3BOA-
HHX d,, KAK HA BEKTOpa KAacaTeJbHHIX. NPOCTPAHCTB O,+>T,=
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=y, ', (cm. § 4). Onnako, o6patHo, BekTopa t=1 T!f HMelOT
CMbICJl YACTHBIX NPOM3BOAHBIX TOJBKO B ToJOHOMHOM artjace W.
B HeroJOHOMHOII cHCTeMe OTcueTd, KOorjia MeTpHKa £ CTaHOBHTCH
METPHKOH MHUHKOBCKOTO g,=."'g =1, BeKkTOpa T.=hd'0, cofepxar
teTpaAHbie (QYHKUHH hg*, ONHCBHIBAlOUlMEe TPABHTALHOHHOE  MoOje
B TeTpajgHo# ¢opme, T. e. rpaBHTAUHOHHOE II0Jie B TAKOH Kaaub-
pOBKEe He Hcue3aeT, a NepeXOAuT H3 «METPHUECKOH» B «T€TPaJHYIO»
bopmy. | ~

D710, B YACTHOCTH, O3HAUaeT, UTO TPaBHTAllHOHHOe INoJje B 006-
IeM cIyyae He CBOAMMO K XUITCOBCKOMY IOJKO HH B KAKOH CHCTEME
OTCYeTA H XHTTCOBCKHM BaKyyMOM B TEODHW TpaBHTALlMK MOXKET
6biTh B ACHCTBHTEALHOCTH HeMMHKOBCKas Merpuxa. Ilocaepnee mo-
THUBHPYET TPaKTOBKY 3SHHIITEHHOBCKOTO rPaBHTALMOHHOTO  [0JA
KaK II0Js He TOJbKO TOJACTOYHOBCKOrO, HO H XUITC-TOJACTOYHOB-
CKOTO THIIA.

BrepBble Haes O TOM, 4TO HapyluleHHe JICPEHIEBCKOH CHMMET-
PHH H3-33 HCKPHBJICHHA TIPOCTPAHCTEA-BPEMCHM BEAET K KOHIENUMH
rpaBUTOHA KaK TOJACTOHA, Oblla BbicKaszaHa B cepejauue 60-x ro-
n0B HMBanenko u ['efizenbeproM npu oOCYKAEHHH BO3MOKHOH CBA-
3M KOCMOJIOTHYECKMX H BaKyyMHBIX acummerpuil [119].

Ona 6b1a Bo3poxkieHna B 70-e roabl B CBSI3H ¢ NpPHMeHEHHEM
MeTola HeJHHeHHLIX peanusauuii rpynn [61, 120] B kauectBe Ha-
uboJsiee MOAXOJSANIEr0 annaparta AJs ONUCaHHsi CIIOHTAHHOTO Hapy-
weHusi cuMmMmeTpuil. To oO6CTOATENBCTBO, UTO METpHYECKOe TPaBH-
TALUHOHHOE 1I0Je BOZHHKAET IPH MOCTPOEHHM HEJHHENHbIX peasinia-
uui rpynnet GL (4, R), 6uii0 BiepRule oTMeucHo B padorax [i2l,
122). B nnaHe crMOHTaHHOrO HApylWIeHHA CUMMETPHH  TPVIIIL
GL(4, R) w TpPakTOBKH TIPABHTALIHOHHOIO I10J51 KaK TOJdA TOYHOB-
CKOr0 3TOT BOnpoc nojpoOHO ucciienosadcs 1O, Heemanom ¢ coas-
Topamu [123—125]. Opnako 3Ta TpaKTOBKA OCHOBBIBAAAChL TOJLKO
Ha u30MOpQH3ME NPOCTPAHCTBA UHCEBAOPHMAHOBBLIX  OMIHIIEHEBLIX
¢opm B R* 1 daxrop-npoctpancrBa GL(4, R)/L, uruopupya reo-
METpHUYECKHEe ACHEeKTbl MPaBUTAHHUH.

C nosuuuit reoMeTpHYCCKOH (POPMY.IHPOBFH  Ka HODOBOUH I
TEOPHH HA XHUITC-TOAACTOYHOBCKYIO TPHPOLY T[PABUTGILHOHLOTO LO-
Js 6pl10  yka3aHo Hamu [126, 9—12] u A. Tpayrmanom [1271.
IIpn 3TOM MBI HCXOQHM HENOCPEACTBEHIO H3 NPHIIHIOB OTHO. H-
TEJbHOCTH H 2KBUBAJEHTHOCTH, pedOpPMYJIHPYCMBIX B TEPMHIAX Ka-
JHOPOBOUHOH TEOPHH H PACCIOEHHIR.

B03MOXKHOCTb TPAKTOBKH IPaBHTALHOHHOTO MNOgs KaK  XHITC-
TOJACTOYHOBCKOIO ¢ TOYKH 3DEHHS KBAHTOBOH TEOPHM MNOACKA3bI-
BaeTcsi Takxke paforamMu 10 HHAYHHPOBaHHOI rpaBuTaumu [18],
MpUBOASILIEH K NOCTPOEHHIO 2 PeKTHBHOrO (yHKIHOHA A AEHCTBHSA
TPABHTAUHOHHOIO MNOJIS, KaK CJEeACTBHE MOJNSIPH3ALHH BaKyyMa Mma-
TepHanbHbix MoJeil. "[IpeaAnpUHUMalOTCS  MOMBITKM  NPeACTABHTH
'TP2BHTAUHOHHOE NOJIe H KAaK KOJJIeKTHBHoe [128], HO oHM HocAT
Moka fpexBapHTesabHbIA xapakrtep. Ilostomy 3pmech Mbi He Oyaem
NoRpo6HO *Ha HHX OCTAaHABJHBATBCA, JHIUIL KOPOTKO 3aTPOHYB He-
KOTOpBIe K3 3THX BOIIPOCOB B NOCJEAYIOIIHX I'I1aBax.
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F'masa I

KAJIUBPOBOYHbIE MOAEJH
TEOPUH IT'PABUTAILIUHU

-
~

ﬂaaum B 3TOH IJaBe 0030p HEKOTOPHIX OCHOBHHIX Kannﬁporsoq-
HBIX MozeJeii rpaButaluH. [IpuBeaem tabauuy npocTpaHCTBeHHO-
BPEMEHHBbIX TPyNIl, YbH KadHO6pPOBOUHBlE TEOPHH NPETEeHAyIOT Ha
ONHCAHHE I'PABHTANLHH,

50(3,1) : > 50(4,1)

ed
—
\ g
—

P

}

GL(4,R) — GA(4,R)—~—bL(5,R)
Puc. 1 i

P o6osuauaer rpynny I[lyankape.

Kanunbposounsie momeau aunefinpix rpynn SO(3,1), GL(4,R)

OCHOBHIBAIOTCSl Ha MX peajiH3allip  Kak CprKTyprIX Tpynn H
PPYNI TOJOHOMHH CBSI3HOCTH Ha KacaTe/IbHOM pacCJIOeHHH T (X).
B u4HCI0 CBOMX KHHEMATHYECKHX NePEeMEHHBIX BCE OHH BKJIOUAIOT
[ICEBAOPHMAHOBY METPHKY, HO pPa3/HyYaloTCsi CBSI3HOCTAMH, IIPH-
BOASA COOTBETCTBEHHO K reometrpuHd Pumana —-—Kap‘TaHa u Befiaa —
-onaudrroda (§ 9).
. KaaubpoBouuble mozean adhdunubix rpynn P, GA(4,R) npea-
[10]1araloT paccMoTrpeHne apPuHHBIX pacciaoeHuil. Or xaaubpobou-
HBIX MOAEJEH JIMHEHHBIX TPYNIl OHHM OTJIHYAlOTCHd TEeM, YTO TpaBH-
TallUOHHOE TETPafHOE IoJle B HHX CTPOHTCS KaK KajHOpoBOYHOE
noje rpynnnsl tpancasuud (§ 10). Bapuanramu adduHHBX Kaau6-
POBOYHBIX TEOPHH TpaBHTALMM SIBJSIOTCA ¥ KanHOPOBOYHbBIE MOJeE-
au Jguanefinbix rpynn SO(4,1), GL(5,R) Ha BEeKTOpHHX paccJaoe-
HHAX, HO CBeJleHHe KOTOPHIX K KaJuODOBOUHOH TEOpHH TIpYyINH
[Iyankape tpebyeT COOTBETCTBYIOHIHX YCJOBHH pEeAYKIHH H NPHBO-
JIAT K [OsIBJIEHHI0 A06aBOUYHBIX MOJIEeH. -

B 3Toji riaBe OCHOBHOe BHMMAHHe yAeJsieTc] KHHeMAaTHKe Ka-
JUOPOBOYHBIX TEOPHH INPOCTPAHCTBEHHO-BPEMEHHBIX .CHMMETpHH.
Hexoropbie auHaMHueCKHe KOHCTPYKHHM B KajauOpoBOUHOH - Moje-
aun rpynnst [lyankape 6yayTt paccMoTpers B ra. VI

§ 8. KANUBPOBOUYHASA TEOPHS
rPYNNbl JIOPEHUA

[TepBasi kanubGpoBOYHAss TPAKTOBKA TI'DABHTALIHK, NPEIJIONKEH-
Has Yrtuamo# [8]  (cpasy Beaex 3a paGoroi fnra m Maaica)
u . HMBanenko ¢ corpyauukamu [129], ocHoBHBajsachr Ha Ka-
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AubpoBounoii tTeopuu rpynnsl Jlopenua. Ilpu strom B [129], B OT-
JHYHE OT CTaHAApPTHOIH cXeMbl KaJHOpPOBOYHOH TEOpHH, pacCMaTpH-
paJUCh HeHH(QHHHTE3WMAaJbHble JOPECHIUEBCKHe [peobpa3oBaHus, a
KaJHO6pOBOYHBIE MOTEHUHAJAB QpaJjHchb B ClenHaJbHOM BHIAe Kap-
TAHOBCKHX CBfI3HOCTel ['= —gdg—1, MMelumHX HYJeBYI0 KPHBH3HY.

OkasaJjioch, UYTO KaJuOpPOBOUHAs TeopHs Trpynnsl JlopeHua
[130—133] onuceiBaer reomerpuio Pumana — Kaprana u I1pHBO-
AUT K TEOPHH TpaBHTAUHU C KPYYEHHEM, KOTOPOH I[OCBALIEHH
ci1. IV—VI xuuru. [Tosatomy B 3TOM naparpage Mbl OCTaHOBHMCS
JAHUWB H4 cnemHdHYECKHX acnexrax 3ToH TEOpHH Kak KaJaubpo-
BOYHOH.

B xaaubpoBouHO# Teopuum rpynnsl JlopeHma, Kak H BO BCSKOH
KaJH6POBOYHON TEOPUH MPOCTPAHCTBEHHO-BPEMEHHBIX CHMMeETpHH,
CYLIeCTBYIOT JABa THNA KaauOpOBOYHBIX NpeobpaszoBaHUH -— KaJlH-
OpoBOUHble mpeobpa3oBaHWs TPYNNel JlopeHua atiacoB paccaoe-
HHsE MarepHa/JbHbIX 1noJjell U KanubpoBouHble: npeobpasoBaHust
rpynnet GL(4,R) artnacoB KacareiabHoro paccjoenuss (cM. § 5).

Ytusima nepBblfi OTMeTHJI 3TOT (aKT H BBOAMJ TeTpPajgbl Kak
onepaTopbl KaJuOpoBOYHBLIX NpeobOpa3oBaHHH aTaaca KacaTelbHO-
Horo paccaoenusi. OHu Xe ofecrneynBaJH B ero KaJuOpPOBOYHOM
cXeMe HHBApHAHTHOCTHL (PYHKIIHOHANA JAEHCTBHS  OTHOCHTEJbHO
3TuX npeobpasoBanuil. VHBapHaHTHOCTh OTHOCHTENLHO Kajaubpo-
BOYHBIX (peo0pasoBaHuii aT/jaca paccAOeHHs MaTepHaJbHHX {10~
Jgeit obecrieynBanach, Kak 0ObIUHO B KaJHOPOBOYHON TEOPHH, BBE-
JACHHEeM KaaubposouyHblX noded rpynnol Jlopenua. Tem He Menee B
paboTe YTHSMBI OCTaBaJCsi OTKPBITHIM BONPOC O KaJdHOPOBOYHOM
cratyce 3iHIITEIHOBCKOro TIpaBHTAallMOHHOTO mnojs. Hemo B TowM,
YTO KOMIleHCAllHOHHaa (POpMYIHPOBKA KaJHOPOBOUHOH TEOPHH, H3
KOTOPOIT HCXOAMJIM YTHSIMA H 1OCJeAYIOHIHe aBTOpHl, He NpejcKa-
3blBaeT u 1e OODACHSAET HAJHYMST ABYX THIIOB NPOCTPAHCTBEHHO-
BPEMCHHBIX KaJsHuOpOBOUHBLIX NpcoOpasoBaHuii, OHH ecTecTBeHHBIM
o06pas3oM BO3HHKAKIOT B KaJauOpOBOYUHOH TEODHH B (popMaJsuaMe pac-
CJOCHHI, B KOTOPOH 3HHINTEHHOBCKOE TPABUTANHOHHOE MOJe, KakK
Mpl [0OKa3aJju, NpHoOperaeT CMBICA XHITC-TOJACTOYHOBCKOTO IIOJ.

B kaan6poBouHoii Teopuu rpynnsl JlopeHua npeobpazoBaHHus
MaTepHaJbHBIX NOJeH NPUBOAAT K OOLIMHOMY AJs1 KaJuOpPOBOUHBIX
TEOPHIl THNY 3aKOHOB coxpaHeHus (1.17)--(1.19), rae ponp Here-
pockoro Toka (1.7) J," urpaer CnHHOBLIL TOK MaTepHaJbHBIX
fiosicit (KaHOHWUYeCKHit TeH3op cnuHa (cMm. § 12)). I1OoT TOK, KaK
M B Cllyyae BHYTPEHHMX CAMMETpHil B ypaBueHusax (1.14), (1.15),
AABJSAETCA MCTOYHHKOM, HO HC BCell CBSI3HOCTH, 4 TOJbKO €€ KOMIO-
HEHTBl — TEH30pa KOHTOPCHH.

‘B To ke BpeMs HHBAPHAHTHOCTb J1AarPatKHAHA MaTepHaJbHbIX
nojei OTHOCHTEJbHO KaJHOPOBOUHLIX Ipeobpa3oBaHHit aTyaca Ka-
CaTe/lbHOro DACCJOCHHsi BEeT K H3BECTHOMY 3aKOHY COXPaHeHHS
"D, T*"=0 Tensopa 3HepTUH-UMIIyJibca 3THX ToJed (cm. § 12), ko-
TOPHIi ABJSIeTCS C/abbiM OTHOCHTEJNBHO MaTepHAJBHEIX NOJef, HO
CHJIbHBIM OTHOCHTEJbHO IpaBHTALlHOHHOrO nonsi. Takum o6pazowm,
TeH30D 3HeprHH-UMIlyJbCa MAaTepHH MOXKHO paeCMaTpPHUBAaTh Kak
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TGK, COOTBETCTBYIOUIMI CHMMETpPHH, onpefessemofi rpynnofl ‘Kaau-
OpoBounblX npeobpasoBauuit GL (4, R) (X*) rerpan u merpuuecko-
ro noJsi, Yo6UM HCTOYHHKOM 3TOT TE€H30p SABJSAETCH.

Heo6xo,uumo yKa3aTh, UYTO JIOpEHUEBCKas CBSA3ZHOCTh I’ BHITJISA-
IUT KakK KaaubpoBouHoe noJsie rpynnsl GL(4, R) B Nmpou3BoJbHOH
CHCTEME OTCYeTa, Hanpumep, B TOJOHOMHOM aTjace, H NPHHUMAeET
BHJ[ Kanu6poaoqﬂoro noas rpynnsl JlopeHua ToJbKo B aryace W#
KacaTeJbHOro pacc/JOeHMs, re MeTpHYecKoe MoJje g, TaKoe YTO
napa (I',g) yaposjcTBOpsier yeaoBHIO MeTpHuHOoCTH (6.1), npunu-
MaeT BHA NOCTOAHHOH MeTpHKH Munkosckoro g, =1. B obmem
clyuyae 3TOT 4TJac He SBJASETCs TOJOHOMHBIM, T. €. CBSI3aHHBIM. C
Kaxoi-iubo cucremoll” KoopauHat na X TeM ne MeHee paccMoOT-
peHHe TAKHX CHCTeM OTCYeTa B KaJUGPOBOYHOH TEOPHH TpPYNIbI
Jlopenua Heo6XOAUMO, INOCKOJBKY CYLIECTBYIOT ACCONHHPOBAHHBIE
¢ T(X*) paccnoenusi, HanpuMep CIHHODHBIE PacCJOEHHS, KOTOpble
© JONMYCKAIOT aTqaachi, QYHKUHSAMH [ePeXonoB KOTOPLIX SABJSIOTCS
TOJbKO ONeparopbl JOKadbHO# rpynne JlopeHua H TOJBKO JIOpEH-
IleBCKHE CBA3HOCTH.

®ox, VpaHenko, Bellsib Oblid MmepBbIMH, KTO (baxmtlecxu pac-
¢cMoTped cnuHopible paccioenus B OTO, m cerogusuHHe JOpeH-
HeBCKHe KaJauOpoBOYHBIE IIOJIA, €C/H OHH 0e3 KpydeHHs, B HeHcCT-
. BUT€JBHOCTH BOCHPOH3BOAAT H3BeCTHHEe KO3dduuuentn @oxa —
Hpanenko 1929 r. [134, 135], KoToprle onuchBaJH NapajebHBIH
nepenoc cnudopoB B OTO.

B roaonoMHoM ataace Ko3Q@PHUKEHTH JAOPEHIEBCKOH CBS3HOC-
TH aawTcs BuipaxenueMm (I.9), ecau B HeM NOJOXMTH paBHOH
HYJII0O KOMIIOHEHTY HeMeTPHUYeCKOro nepeHoca B. .

OTMeTHM, 4TO Bbifie/IeHHe B CBSI3HOCTH — KaJdubOpoBOYHOM IIO-
Jie ~— KOMIIOHEHTBbl KpyudeHHs SIBJseTcs CHeUH(HUHBIM TOJBKO JJf
KaJHOPOBOYHBIX TEOPHH TpPYNI NPOCTPAHCTBEHHO-BPEMEHHBIX CHM-
METPHil, reHepaTopsl KOTOPHIX MOTYT AeHCTBOBAaTh HA BeKTOpa Ka-
caTeJbHBIX M KOKAcaTeJbHBIX MPOCTPAHCTB, KAKOBLIMH  SIBJSIOTCS
U oneparopul d, H dx*, B pesyabrare Moxer ObITb OIlpeleneHa
dopma kpyuenusi (cM. [moccapuil. Ces3HOCT HAa  KacaTeJbHOM
paccJoeHHu) H CJAeRyIOlHe CBePTKH K03 HIHeHTOB (DOpMBI KpH-
BH3HDI

Ru=Rul0p’s,  R=R,I (8.1)

Boipaxenuss (8.1) npexacrtaBasior cobo#l H3BeCTHble TeH30p Pruyn
H CKajsp KPHBH3HH. [Tonobubie CBEPTKH HCBO3MOXHBI B KasnuGpo-
BOYHON TEOPHH.BHYTPEHHHX CHMMETPHH.

.Beanuunnl R,, u R, naBaeMmble BhipaxeHuem (8.1), BeayT cels
COGTBETCTBEHHO KaK TEH30p H CKaJsp OTHOCHTEJbHO TFOJOHOMHBIX
KaJaubpoBouHLIX Npeobpa3oBaHMil, U OHH OOECIEYHBAIOT MOMNOJNHHU-
TeqbHYI0 cBOGONY Bhi6Opa JarpaHiKHaHa B KaJIHO6POBOYHOH TEOPHH
rpaBHTAUMH, B CpaBHeHHH ¢ Teopueil SlHra — Muasica, B KoTOpoi
Jlarpamxnan KaJHGpPOBOYHOrO IOJSI MOXKET WMeTb  TOJBKO MaK-
CBEJJIOBCKHH BHA. - :

3aMeTHM TakKxe, uTO, B OTIHYHE OT aummenumacxou Teopnu
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‘HYIb KPHBHM3HBI He O3HAUY4ET TPHBHATBHOCTh reoMeTpuu PHMaHna —
KapTaHa, NOCKOJIbKY, YTOObl IJIOCKOE€ NO KPHBH3He MNPOCTPAHCTBO ~
cOBNAAajo c NpPOCTpancTBOM MHHKOBCKOro, Heo6xoaumo obpalue-
HHe B HYJIb TaKXe TEH30pa KpYy4YeHH:. 10 yCJIOBHE — HYJIeBHIE
3HAYEHUsn KPHBHM3HbI M KPYUEHHs — SBJAETCH TaKkKe HOCTATOY-
gbiM. Takass CMTyaunss KOHTPACTHPYCT €O CJy4yaeM BHYTPEHHHX
cuMMeTpuii ¥ 0OyCJOBJCHA T€M, YTO IJIOCKOE lIpOCTPpaHCTBO MHH-
KOBCKOro siBasercs adguuubiM npocrpaicrsom. Ero  adounnas
KpUBH3HA npexactasdaser coO0H CyMMy JHHEHHOH KPDHBU3HBL H (op-
MBI KpyueHud, # ofa 3TH 4jieHa HoJXKHbl oOpawaTthcsd B HYJb B
npoctpanctee MunkoBckoro (cM. § 10). Hanpumep, moxHO pac-
CMOTpeTh IPOCTPAHCTBO € METPHKOH MHHKOBCKOro, HO C HeHyJIe-
BbIM KPYUEHHEM; C HeMMHKOBCKOH METPHKOIl M HEHY/eBLIM Kpyue-
HHeM, HG HyJeBo# Kpususnofi [136, 137].

Cesizp npocrpadcra Pumana — Kapranwa U* co cBouMu npe-
JEJNBHBIMH CJAydasiMd MoXKeT ObIThL NPOHMJIIOCTPHPOBAHA JAHArpam-
MO

A
&’Q /P‘\()
u* M
P
N0
Puc. 2
rare T* -— nmpocTpaHcTBO TesenapadJenusma, V4 — npocrpaHcT-

BO- 3iiHITeiHOBCcKOoro OTO, M* — qipocrpanctBo MHHKOBCKOTrO.

B xaaubpoBouHoit Teopun rpynnel’ JiopeHua HuYTO He 3aCTaB-
ASIeT TEH30p KpydeHus oOpauiatbcs B HyJb. TeM He MeHee TOT
bakr, yTo IUHIUTEAHOBCKAsl I'PAaBUTAlUUsl B KaJWOPOBOUHOM IOA-
X0[4€e He BO3HHKaeT B OAMHOYKY JOJITO€ BpeMsi He YAOBJIETBOPSAJ
psiA aBTopoB. B mepBo# cBoeit pabore no KajiuOPOBOUHOH TEOPHH
YTHsiMa, HampuMep, (pPOCTO IOJOMXKHJA pPABHBIMH HYJK aHTHCHM-
METPHYHBIE KOMIIOHEHTH CBSI3HOCTH (B OTJH4YHe OT paboThl
M. UBanenko [129]). M no3nHee YTHAMA H HEKOTOpHIE €r0 MoOCJHE-
JoBaTeNd NPEeANPUHSTIH PAL MONBITOK MOCTPOeHHS KaJuOpOBOYHOM
TEOPUH TOMbKO TPABHTAUHMH HA OCHOBE KaMHOPOBOWHBIX MOAeJedt
PPYIIBl TPAHCJASIKHA, HO BCe OlIM B TOH WM HHOH (opMe comepxka-
JH CHMMETDPH3AaLHI0 CBA3HOCTH. .

Kaaubposounas teopust rpynnsl JlopeHua npeicrasisier co6of
MHHHMAaJbHYI0O KaJHODOBOYHYIO MOJAeNb, BKJIIOYalOlyl0 B cebs
SHHUITeHHOBCKYI0 TEOPHIO I'paBHTAllMH. DTa MQAEJb NaeT ajeKBaT-
Hy10 KaJuOpOBOUHYI0 KapPTHHY TEOPHH TPABHTALHU C KPY4eHHeM.

Ha SIBJsieTCS AOCTAaTOYHOH [Js1 ONHCaHUS KaK TEOpHH TI'DaBHTa-
IHH, TaK H NPOCTPAHCTBEHHO-BPEMEeHHbIX CHMMETPHH YacTHll, MO-
CKOJIbKY YYHTBIBa2eT 00e 'MX IIPOCTPaHCTBEHHO-BPEMEHHKIX XapaKTe-
PHCTUKH — CHHH H TEH30p 3HEpTHH-UMMyJbca. Ee nepBoHauasbHas
Heynaya OblIa CJA€ACTBHEM HEAOCTATOYHOCTH CaMOro KOMIleHCa-
THOHHOrO NOAXOAAa B IpPHMEHEHHH K KaJHOGPOBOYHHIM  TEOPHSAM
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NPOCTPAHCTBEHHO-BPEMEHHHX CHMMETpPHH. 3Ta Heymaua craJsa IpH-
“YHHOH BO3HHKHOBEHHSI a/JbTCPHATHBHLIX BapHaHTOB KaJuOpOBOYHOH
TEOPHH TPABHTAUMH, Ga3WPYIOIHXCH B OCHOBHOM Ha KaJHGPOBOY-
HbIX Mogeasx rpynnst, GL(4, R) u rpynnut [lyaukape.

.
AN

§ 9. KATUBPOBOUHAS TEOPHA
OBLUEW JIMHEWHOW TPYIIbI

Ipynna GL(4,R) sBasictea uaubodee ofuiefl JuHEHHON Tpym-
I0M CHMMETPH{i B TeODHHW IDaBHTAIlMH, a ee KaJHOPOBOUHBIE MOJSA
mpeacrasasiiotT co0oii cambiif o0UIMd BHA CBS3ROCTH B KacaTelib-
HOM paccjoeHHd. OgHako B GOJbIIHHCTBE ClyYaeB KaauGpPOBOUHYIO
molenn rpynnel GL(4,R) MOXKHO BCTPETHTb B JHTepaTtype Kak
COCTaBHyl0 uyacTb KanubpoBounolli Mogeaum adGHHHOR Tpynnm
GA(4,R) [138—141, 125]. )

Hacro xaauOpoBounbie npeobpasoBanua rpynnsl  GL (4, R)
OHOOYHO OTOXKACCTBAAIOT ¢ KOOPAHHATHLIMH NPeoOpasoBaHHSIMH,
4TO AaJ0 NOBOJ HEKOTOPHIM aBTopam HaswBaTh GL (4, R) naccus-
HbIMH CHMMETPHSMH, JIOKA/JH33aUHsi KOTOPBIX HE HMEeT HHKaKOro
OTHOLIEHHs] K OO1eNpHHATOH cxeMe KaJauOGpoOBOUHOH TeOpHH. IDTH
Bonpocel o06cyxaananch, Hanpumep, O. Xenem, Yo u ap. [142],
HCUepIbIBAIOLIHIl OTBeT JaeT HX pacCMOTpPeHHe B TePMHHax pac-
CJIIOCHHH.

I'pynna GL(4,R) sBasieTcs CTPYKTYPHOH Trpynno#l KacaTelb-
HOTO pacCAOCHHS HajJ NPOCTPAHCTBEHHO-BPEMEHHBIM  MHOroobpa-
3ueM X% H B KaauOpPOBOYHONl TEOPHH I'PaBHTALHU KaJHOPOBOUHBIE
npeobpasosanus rpyuunt GL(4,R) umeloT OOGBUHBIA KaluOpoBou-
HBIH CMBIC npeo6paaoaaﬂnﬁ atnaca W KacaTeabHOr0 M aCCOUHHPO-
BAHHBIX C HHM paccjoeHuil, TOraa Kak o0uiHe KOOpAMHATHHE Ipe-
o6pasoBaHus MeHsOT ataac Wy MHorooGpasusi X: Takum o6pa-
30M, KOODAMHATHBIC M KaJHOpoBouHble npeoOpas3oBaHUA He KOp-
peaupyor Mexay cobofi. Takast KoppeJasillHs, OJHAKO, MOXeT
OBITh OCYILECTBJIENA ClIEIHanbHO, ecdd OTPAHUUUTLCS pacCMoTpe-
HHEM TOJbKO TOJIOHOMHBIX CHCTeM oOTcyeta. B 3TOM cilyuyae Koop-
AuHaTHRIA ataac Wy ®m argac paccioedHus W cBf3aHbl COIVIZCHO
(6.1) m mpeoBpasylorcs OAHOBPEMEHHO TakKuM 06pasoM, uYTO KOOP-
JQMHaTHHEe npeobpasopaHus x*—x* (x) conpoBOXAAOTCA  KaJH-
6poBOUHBIMHE npeoOpaszoBaHusaiMu  (5.2) Op— Oy = (0x¥/0x*") 0y Ka-
CaTeJIbHOTO paccioeHusi, DTH npeodpa3oBaHuss o0pas3ylOT TOJOHOM-
HYI0 noArpynny KanaudpoBounoii rpynnu GL (4, R) (X%).

Mul 1104p0O6HO OCTaHOBHJIHCL Ha 3TOM BOIpOCE, MOCKOJbBKY aHa-
JIOTHYHOE CMeEIIHBAaHHE KOOPAMHATHBIX H KaJHOPOBouHBIX npeobpa-
30BaHWH BcTpeuaeTcsi H B KaJauOpoBOYHOH rteopuu rpynns [lyaH-
kape (cm. § 10). ‘

['pynna GL (4, R) moxer ObITh PasjioXeHa Ha OAHONapaMeTpH-
YeCKYI0 IpYNIy pacTAXeHHH D u rpynny SL(4,R) mnpeobGpasosa-
HHH, COXpaHSIOWHUX BeauunHy obbema. [ocneanss mmeer MOArpY1I-
ny Jloperua SO(3, 1) npeo6pa303anun YyIAOBOTO MOMEHTa H CHH-
ua ¢ remeparopaMu Lgp, a, 6=0,..,3, rae Lep= —Lp,, H eme
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7IeBSTh CHMMETPHUHBIX TreHepaTtopoB {pq, a, b=0,..,3, T. e. Top="Iyq
p tr/=0. KoMMmyTaunonHoie  COOTHOLIEHHS ameﬁpm si(4,R)
AAIOTCS M3BECTHHIMH KOMMYTAlHOHHBIMH COOTHOLICHHSIMU aare6phi
JlopeHlla H CJaeYIUHUMH BblpaXKeHHSIMH :

[Lab, Lca]l =Naddbe+MNoclaa—Nacl ba—~Nsdl ac, 1)

[131), 1('(1] = Ta LI;.I - 'l]mth:' -I- nb(‘[lud -+ 1 b(![_/m‘.-

[Tpumenumocrts kaaubpoBouHoit tcopuu rpynnua  GL(4,R) K
OMHCAHHIO TPABUTAIHH OCHOBHIBAETCA HA TOM (hakTe, 4TO MHPOBhE
BEKTOpPbl H TEH30phl — CeUeHHs accoluupoBaHupix ¢ T(X%) pac-
croeHuii tensopos (cMm. Tsoccapuil) — KaacCH(pHUHMPYIOTCS IO
KOHEYHOMEPHbIM JHHeiHbIM TNpeACTaBJIeHHAM >5TOH rpynnsl. TpyA-
HOCTh, OJHAKO, COCTOUT B (DU3HYECKON HHTepPNpPeTaluH CIHHOPHBIX
npeacrtasiaendii rpynnel GL(4, R), Kotopbie cBOASiTCS K GeCcKOHEY-
HolM  MyabTHivieTam 06bubbX SO (3)-cnunopos [143—145, 125]
(cBai3b ¢ dn3ukon agponos cM. B [141, 123, 146]).

B 10 ke Bpems oOulensBecTHa (PU3HUECKAT PoJdb CIHHOPHBIX
npeacTaBJeHuit noarpynns Jlopenua rpynne GL(4,R). dro no-
OyAHI0 PSAA aBTOPOB HCKATh (DU3WUECKH NpHEMJEMble CIHHODHBIE
npeacraBiaenuss GL(4,R) B Kjacce HCJHHeHHBIX NPEACTABICHHH
stoit rpynnsl (cM. Ilpunoxeunne III), muAyuUHpYEMBIX CIHHOPHBIMU
JUHellbIMH npejacTaBieHusiMu rpynnsl Jlopenua [144, 125], Koto-
pas sABJSAETCS KapTaHOBCKON NOATrpynnoil, Kak 3TO BHAHO H3 KOM-
MYTAUHOHHBIX cooTHoweHuit (9.1). OtMeTHm, 4YTO TNpeACTaBJIEHHSA
GL(4,R) coBmagamT (MOCKONLKY reHepatop Auaatauuii D KoM-
MYTHpPYeT €O BCCMH APYrHMH TeHepaTopaMH) € INpPeacTaB/eHHsIMH
rpynnel SL (4, R), H34 KOTOPBIX AeliCTBHE TreHepaTopa paCTsKeHUH
MOKeT ObITb 3a4aHG NMPOUIBOJILHO.

Henuneiinvie npeacrapiacuust SL(4, R) B HHGOHHHTE3UMAJTbHOH
popme ctpositest cormacHo obuweit cxembl  [lpuioxenus I11. O6o-
3Hayas mapaMeTpsl TeHepaTopoB rpynnsl Jloperna L ¥ ocTaBHIHX-
cst renepatopos [ rpymnnl SL(4, R) cootBetcTBeHHO {Ugn} ™ {0ap),
MBI MOXKeM 34aMMCaTh BCAKII 3/J1eMeHT g M3 OKPECTHOCTH eIHHHILHI
rpynnsl SL(4, R) B BHIe

g=cxp(ol)exp(ul). (9.2)

Bygem crpours Hesuuefinoe npeacrasiedue SL(4,R) Ha npoct-
panctee npousBesenust V=VpyXSL(4,RY/L, rae Vy. — npocr-
PaHCTBO HEKOTOPOTO JIWHEHHOro, HanpHMep CIHHOPHOro, npeacras-
JeHus rpynne JlopeHua. Maabie saemeHTH V MOTYT 6bITh Npen-
CTaBnennl napoft (o, v), rae o o603HayaeT JeBHI CMEXKHBIH KJacce
SL(4,R) no Moayiw L, Tak 4ro rpynmoBoit saemeHT exp (o) H3
Bolparkenuss (9.2) siBasiercs NpeNCTaBATENeM B CMEXHOM KJacce .

Jleppie casurn rpynmsl SL(4, R), AeficTByiomue B NPOCTPAHCT-
Be CMeXKHBIX KJjiaccoB, MOryT ObITh NepeHeCeHbl Ha HX IpejcTa-
BHTEJIH;

go=a’', gexp(ol)=exp(c’f)exp(u’L), (9.3)
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rde L-smaunmiii ocratok exp(«’'L), HeHyXHBI A5 3aKOoHa mpeol-
pas3oBaHHs 0, MOXeT ObiTb HCNOJIb30BaH AJst OnpeleseHusi aelcr-
BHSL Ha NPOCTPAHCTBE IpeAcTaBjeHus rpynnbi Jlopenna V. Takum
06pasom, NOJHOe MpeACTaB/CHUe rpyrmbx SL(4,R) na npocTpan-
crBe V npunuMaer BHJ :

g: (o, v)—>(¢, v —e\p(u L)U) ‘ (9.4)

rge ¢’ U W’ onpenensioTcs u3 ypaBHEHHS (9 3). ~
Ilockoabky  ¢akrop-npoctpanctee SL{(4,R)/L- usomopbdHo
IIPOCTPAHCTBY TNCEBJAOPHMAHOBHX OWJIMHEHHHIX hopM ge» Ha RS
(¢ det g= —1), mpocrpaHcTBO npencTaBiennss V' MoxeT ObThb
MpeACTaBIeH0 KaK MPOCTPAHCTBO CIHH-METPHUECKHX HJH CIHH-TPa-
BHTAUHOHHBIX KOMILJIEKCOB, OOGPA30BAHHBIX 3JeMeHTaMH (Zqb, U),

rae
Zav=(exp (al)n) an,

a onepatopw exp{(o/) npeactasasioT coboit TeTpamHbe KO3bhPH-
UMeHTH A.

BnepBble noAOGHLIH CNHH-TPABHTAUHOHHLIA KOMILIEKC  OBLI
CKOHCTPYHpOBaH B pabote [122], W MBI ero yxe 06CyKAaJH B
MJaaHe ONMCAHHS CIIOHTAHHOTO HapYILIEHHsl NPOCTPaHCTBEHHO-Bpe-
MEHHLIX CHMMETpPHIl M TPakTOBKH IpPaBHTALHM KaK TOJACTOYHOB-
CKOTO I10JI51.

OpnuHako Takce npencraBaenne rpynnsl SL{4, R) B dopme (9.4)
[IOCTPOEHO TOJbKO A5t WHHU(PHHMTE3UMaJbHHIX ONEPaToOpoB 3TOMH
rpyunel, T. e. paxruuecku ans aarebpwst Jlu sl(4,R) u npepena
c1aboro rpaBHTauHOHHOrO noasd. O6bYHO HHGDHHUTE3HMAJbHBIA
npefes HeJHHeHHBLIX INpeACTaBJeHHH BceX BIIOJHE YJOBJIETBOPSET,
HO B JaHHOM ¢jlyyae OH HeJOCTATOYeH, MOCKOJbKY TpPaBHTAlHOH-
HOe noJsie, OY1yYH TeOMeTpPHYeCKHM, 3aBHCHT OT rio6aslbHOH CTPYK-
TYpH NPOCTPAHCTBA-BpeMeHH H He 00513aHO OBITb MaJibHIM.

[TosToMy HeoOXOAMMO HCIOJIb30BaTh r06aJbHYIO CXeMy I
MOCTPOEHHSI WHAYUMPOBAHHBIX TpPeACTaBNeHHH, TNPUBOAAIIHX K
CIIMH-TPABUTALMOHHOMY KOMILIeKCY. ITta npolefypa yCTaHABJH-
BaeT, yTo mnpeacTapJenuss rpynnel SL(4, R), uHAyuHpyeMble HeKo-
TOPBLIM IpeACTaB/JeHHeM ee JIOPEHUEBCKOH NOArPyIib, HUYTCA Ha
npocTpaHcTBe Vp-3HauHbIX (DYHKUMEI Ha CpPYNNOBOM NpPOCTPAHCTBE
SL (4, R), KoTopble YXOBJCTBOPSIOT YCJIOBHIO

o(g. =l9(g), I=L.

A1o ycnoBue (aKTHYECKH CBOAMT (PYHKUMH ¢(g) Ha rpynno-
BOM [pocTpaHcTBe K QyHKUHAM ¢@(c) Ha (bakrop-npocTpancTse
SL(4,R)/L wnu Ha MHOMXKeCTBe NpPeACTABHTCJCH CMEXHBIX Kjac-
coB {o,}, nockoabky ¢(o)=¢(c;). Torna uHAyuHpoBaHHOE Npen-
crapnenue rpymnsl SL (4, R). Ha 3Tux QYyHKUHAX MMeCT BHI

(g9) (0,) = (g='0o)" 1 (g~"a,) ¢ (g~ "0,), (9.5)

U KOHKperHass (opMma npexpcraBaecuus (9.5) 3aBUCUT OT KOHKpeT-
HOTo-BLIOOpa npeficTaBuTenell KnaccoB cmexxnocta (em, Ilpuaoxe-

»
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uue II1). Buipaxenue (9.2) maer npumep takoro BHOOpa B OK-
PECTHOCTH eAMHuUB rpynnsl. B ofuem ciayyae ceMeHCTBO TNpen-
CTaBuTeJell o, ONpefRJsercss KakK HeKoTOpoe rJofalibHOe CeyeHHe
raapHoro paccaoennss SL(4,R)—>SL({4,R}/L co .cTpykTypHOH
rpvianoil Jlopenua. [lockoabKy 3TO paccjoeHHe TPHBHANLHO, OHO
uMecT riobalibHoe CeueHHue.

B cBoto ouepenb, Vi-3nautbie pynknuu {¢} npeacrasisior coboi
ranobadblible ceueHUsA paccaoednst Han 6a3oi SL(4 R)/L ¢ THNIUYHBIM
ciroem V. Ecan Takoe pacclOCHHC TOXKC TPHBHAJABHO, MOXKHO BHI+
6paTh mocTOAHHbIE (PYHKUHH ¢, T. €. 3a1aTh napy (o, @), Kak U B

cayyae HHOHHHTC3UMAJLHOrO npencraBaenus (9.4).

Takum 06pa3oM, CNEH-TPABUTALHOHHOE TNpEACTaBIeHHE (Zar. ¢)
rpyunsl SL (4, R) moxer ObITh paclipOCTpaHeHo Ha BCe npeoﬁpasosa
HESl TPYTINL M Ha BCE NCEBAOPHMAHOBBI METPHKH Lop.

MHpoBbIE TEH3ODHI TOKE MOTYT GbITh 3anHCalibi B BHAE HIAYIHPO-
BauuwX npejcrasienuii rpyunsl SL{4, R). B uactroctH, MHpPOBOH
BEKTOp @, OTOxAccTBasercsa ¢ napoi (A2 a.) TeTpaaHoOro Kosod-
uunenta h,% 1 JOPEHIEBCKOTO BEKTOPA Oq =o'~

Ief#icteue resepatopa pactsixenuil D rpynnel GL(4, R) Ha npea-
craBjeHusx rpynnsl SL (4, R) moxer 6bITh 3a71aH0 NPOH3BOJIBLHO, Ha-
NpuMep HA MUPOBBIX BEKTOPAX WM KaK pacTsiKeHue, COXpansiouleg
INTVHY BEKTOpa:

D:a*—ka*, a,~kla,
MM KaX KOH(hOpMHOoe npeobpazoBaHue
‘ D:a"—ka*, a,~ka, a*>—>ka*

[Tocnennuii cay4ail, ogHaKo, CBOAUTCS K NpEeABAYILEMY YMHOKEHHEM
@, Ha CKaJISIpHYIO IJIOTHOCTD §:

a'—a*, a,—~s"la,,

KOTOpasl MOAYHMHsIeTCsl 3aKoHY npeobpasoBanuit D ; s — k2s.

Kak caenyer U3 NpHUBeJeHHOro 3JeCh pacCMOTPEHHS NpeacTaBJie-
Hull rpynnsl GL (4, R), uMeHHO HHAYLUHPOBAHHbIE MPEACTABJICHUS H
NpeacTaBJeHHs] Ha MHDOBBLIX TEH30paX COCTABJSIOT OCHOBHYIO UacThb
(H3UYEeCKH 3HAYMMBIX TIPEACTaBJEHHUI 3TO# rpynnsl. Takum o6pasom,
paccJoeHusa, KOTOpble MOTYT (PUrypHpoOBaTh B KaJHOPOBOYHOH TeOPHH
rpynnst GL (4, R), npeacraBasiior co60i WAH BCEBO3MOXHBIE TEH30P-
Hble IPOM3BeJeHHS KacaTeJbHOro M KOKacaTeJbHOro paccjoeHHuH,
WM paccaoeHHa Ha npoctpaHctBa Vi X GL (4, R)/L nuayuupoBaH-
HbIX npexactaBiaeHuii GL(4,R). Ho B nocnennem ciaydae aas
CyuieCTBOBaHMs TrA06aJbHOrO CeueHHs TaKOro  pacCJoeHus, a
HMEHHO [Jig CYLIeCTBOBAHHUSI TPABHTALUMOHHOH YacTH CHHH-TPABH-
TaHHOHHOTO KOMILIeKCa, JOJKHa MMETh MEeCTO DeAyKIHA CTPYK-
Typroft rpynnel GL(4,R) »Toro pacciaoeHusi K rpynne JlopeHiua.
370 BOCHPOH3BOAHMT CHTYyallHlo, KOTOpas BO3HHKaerT OJuaroaaps
NPUHLUHNY 2KBHBAJEHTHOCTH B JIOPEHUEBCKOH KaJub6pOBOYHON TeO-
pun rpasurtauun. Ho sner oHa obycyosiaeHa TpeboBaHHeMm, 4TOOH
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CNMHODHBEIE NOJS MOIJIH OBITh ONpENeseHh B IMPOH3BOJLHON CHC-
TeMe OTCYera, B YACTHOCTH B FOJQHOMHOH CHCTEME oTcYeTa.

Takum o6pasowm, TPaBHTAlHs paCUIHPAET JIOPEHIEBCKYIO CHM-
MeTPHIO CIIMHOPHBIX MNOJeli Xo CNoHTaHHO HapyuleHHoW GL (4, R)
CHMMETPHH.,

Pacemorpum tenepb cBsisuoctH GL (4, R) -reomerpun. KaJmGpo-
BOYHble flosis rpynnel GL (4, R) copepixat KOMIOHEHTHI, OTBevalo-
uide redeparopaM L, I, D stofi rpynnsl. B cpaBHeHuH ¢ Kaau6po-
BOYHBIMH TIOJIAMH rpynnel JlopeHila, KOTopble COfepkKaT CHMBOJBI
Kpucropdenss u tensop koutopcun, GL(4, R)-CBA3HOCTH BKJIIO-
YalT Takxke KO3((HuHeHTH HeMeTpHuYeCKoro mepeHoca B, oTse-
yaiouiue reseparopam /, D rpynne GL(4,R). Ha xacareibHoM
pacCJOCHHH NnoJje B onpeaeaseTcss W3 BhIpasKeHus

ngvc QBvam SB‘
u noasas GL (4, R)-cegznocte npuuumaer Bux (I.9). Dra ceas-
HOCTbL NpeAcraBaser colfoll Hauboaee oOULHA TUI CBS3HOCTH HA Ka-
CaT&JIbHOM PACCJOCHHH H ONHCHIBACT TeOMETPHIO IJAAHHTTOHA Ha
IPOCTPAHCTBE-BPEMEHH.

Beitib Gpin mepsbiv [26], KTO MpeAnpHHAN NONBITKY O0GOGIIHTD
IPaBHTAIlHOHHYIO TEOPHIO YYeTOM HeMeTPHUHOCTH B YacTHOM CJAy-
yae, Korja

Bvu_u = Bugvu

ABJsieTCa KaanOpOBOUHLIM ToJeM auaarauuii D.

B 1o xe Bpewms, HecmoTps Ha OoJee ueMm 60-7€THIOW HCTOPHIO,
HeMeTpHyeckoe 0600uleHHEe IUHLITEHHOBCKON TI'paBHTaUMHM He II0JTy-
YHJIO CTOJL LUHPOKOrO pacnpocTpaHeHHusi, Kak, HalpuMmep, TeOpHus
rpasuTanuu ¢ Kpyyenuesm. Ilo HalleMy MHCHHIO, TJiaBHAasi IPHYMHA
TOTO COCTOHT B TOM, YTO OTCYTCTBYIOT KaKHC-1H60 HalawogaeMbie
¢u3HYeCKHe HCTOUHHKH, KOTOpble MOrJM Obl OLITH OTOXXACCTBJICHDI
C HeTEePOBCKHMH TOKAMH, COOTBETCTBYIOUlMMH reHepatopam [ u D
(oHn momyuusM Ha3BaHHe TOKOB runepMomenta [140, 141]),
KOTOpble MOTJH Obl NOPOXKAATb COOTBETCTBYIOIIME KaJHOPOBOUHBHIE
noJist, nofno6HO TOMY KaK CIIMHOBBIH TOK TIOpOXKJAdaeT KpyuyeHHe.
K ToMy ke Takde Ka/JUGDPOBOUHbIE MONS HE COXPAHAIOT JOpPEHIEeB-
CKHE WHBapHaHTHI W TeM caMblM B GL(4, R)-kaanbpoBouHoii Teo-
pHH Hapyilaercs NPUHUUI 3KBHBaJEHTHOCTH.

§ 10. AG®UHHBIE KATTUBPOBOYHbIE MOAENN
TEOPHH ITPABHTAILUHU

IlpyruMm ectecTBeHHBIM OGo6menneM rpynnbl JliopeHua npocr-
paHCTBEeHHO-BPEMEHHBIX THMMETpHH sBaserca rpynna I[lvasdkape.
Ho moayuunock Tak, 4ro KaauOpoBouHasi Teopust rpynnsl Ilyanka-
pe crajsa He o6o0lleHHeM, a KOHKYPEHTOM KaJuOpOBOYHOH TEOPHH
rpynnet JlopeHua.

KanubpoBoyHasi Teopusi TpaBHTAllHH, OCHOBAHHAsA Ha rpynmne
Ilyankape, BosHHKJA cpa3y 3a paboroil YTHsIMBI C LeAbI0 yCTpa-
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HHTh HEeSCHOCTb B KaJHOPOBOUHON HHTEprpeTanHy TIpaBHTALHOH-
HOTO OIS, KOTOPOMY HE€ HaXOAHJ0Ch MeCTa BHYTPH CTaHXapTHOH
Kann6posoqnon cxembl [147, 148, 36]. ITogxoa, OCHOBAHHHH Ha
rpynne ITyankape, craBus CBOefl Le/NbI0 NpPEACTaBHTL TeTpafHOE
noJie KakK KajJub6poBOYHOe IM0Jie TPaHCJASHHHA, HCXOAS M3 COBNajfe-
HHA TEH30PHDLIX DaHrOB TeTpa,uHoro nonst h,® M.TpPaHCASUHOHHOrQ
xanubpoBoyroro noas A2 Ho uuTepec K Ka.nuépoaoqnou MO/
rpynnol ITyankape 6bL1 BLI3BAH He TOJAbKO STHM.

[TpoctpancrBoM-Bpemerem CTO siBasercs adduHHOE NpOCT-
paHcTBO MuuKoBcKoro, u rpynna [lyaukape, Oyayunm Tpynnoi
JABHK€HUSI 3TOr0 MNPOCTPAHCTBA, NpeAcTaBasgeT coboll QyHAaMeH-
TaJabHI0 JuHaMHueckyo rpynny CTO, ybn yHHTapHblEe NPEACTAB-
JeHHst onuchiBaOT cBoOonHble uacTHuwl B CTO. [Ilostomy, naJs
TOro 4YtoObl KaJduOpOBOUHAS TEOPHs 3IJIEMEHTApHbIX 4YacTHL OblIa
NOJHOH, Ka3aJoch HeOOXOAUMBIM MAOMOJHUTH KaJHOPOBOUHYIO Teo-
pPUI0 BHYTPEHHHUX CHUMMETPHH M CIIHHA KaJauOpoBOYHOH TeopHen
rpynnet Ilyankape. -

OnxHaxko Ha 3TOM NYTH BO3HHKJAH TPYAHOCTH, KOTOpBHIE OBLIH
BbHI3BAHBI HMMEHHO AMHAMHUECKMM XapakTepoM rpynne IlyaHkape,
JluHamuuecKue CHUMMETPHH MOMKHO XapaKTepPH30BaTh KaK  OIH-
CHIBAIOLIHE NPOCTPAHCTBEHHOE paclipeiesieHie ¥ BPeMEHHYIO 3BO-
JIOUHIO CHCTEMBbI H KOTOpbi€. peanu3ylorcss AnddepeHIHATBHBIMY
oflepaTopaMHu, AEHCTBYIOUIUMH B (DYHKUHOHAJBHOM MpOCTPaHCTBE.
BoaHoBule (hYHKUMM UYACTHIL JAIOT NPHMep peau3auud NpeacTas-
nenusi rpynnel [lyankape 8 CTO kax auuHaMHyeckod TpPyHnel C re-
HiepaTopaMH, BuIpAaXXeHHbIMH AH(PepeHLHanabHBIMH  OnepaTopamu

Py =0y, Luy = L3Y + L. (10-1)

[Tpuyem umenHo op6urtanbHass uwactb Lo reHepaTopoB rpynnsl
ﬂopeﬂua L. UpUBOAHT K BLIMOJHEHHIO KOMMYTAUHOHHBIX COOTHO-
wenuii rpynne [lyankape Kak NOJYNPsiMOTO 1pOU3BEJEHHS TPaHC-
JAUMA u rpynnsl Jlopenua

[Lllv, Po] = IL?LI’\?, POJ == T]\'Gpu—nuopv-"

B oTauune OT BHYTpeHHHX CHMMETPHH H JOPEHUEBCKHX lpe-
006pa30BaHHN CIIHHA, KOTOpble MEHSIOT BOJIHOBYIO  (PpYHKUIHIO B
TouyKe, npeobpasoBanus Tpynnsl Ilyankape ¢ auddepennuasbHbHI-
mMHu reHepatopaMu (10.1) MOTyT wHTEpPIpETHPOBAThLCH, C OLHON CTO-
POHBI, KaK KOOpAHHATHbE Npeo6pa3oBaHusl, a C APYrod — Kak
nepexoAbl OT TOYKH K Touke, O6e 3TH HHTEPNpPeTALHH COBIAAAIOT
B IIJIOCKOM NPOCTPAHCTBE, HO PAa3jIHYyaloTCd B NPOCTPAHCTBE CO
CBSI3HOCTBIO. ,

ABTOpBH mepBHIX paboT mo KaJuGPOBOUHON TEODHH TIPYIIBI
ITyankape [147, 36, 149] cjemoBaJH KOOPAHHATHOH HHTEpIpeTa-
UMK OnepaTropos (10 1). Orn 0ObeaHHANH JIOKAJH34AHH CIHHOBHIX -
JIOPEHUEBCKHX NpeobpasoBaHuii ¥ npeobpa3oBaHHH KOOPAHHATHBIX
TpaHcasauuil x*—x*+a". Ilpu 3ToM (akTHUECKH paccMaTpHBajach
ue rpynna JlyaHkape, a mpsiMOe npoH3BeleHue rpynns JlopeHiia

;
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L wu rpynnwt tpaucasunii 7. JloKalH3auusl JOPEHUEBCKHX CIHHO-
BhiXx npeoOpasoBaHHi NPHBOAHT X CTaHJAPTHOH cXxeMe KaJauOpo-
BOYHOR TeopuH rpynnb  Jlopenua. JlokanHW3auusi KOOPAWHATHBIX
TPAHCAAUME x'—x*+a*(X) BOCHPOH3BOAMT Tpynmy OO6ILHX KOOp-
AHHaTHBIX MpeoOpasoBaHWi, KOTOpas HHAYUHpYeT, B CBOIO oue-
peab, TOJOHOMHYIO  NOATPYNNy KaJHOPOBOYHOM TPYNNEl
GL(4,R) (X) npeo6pasoBaHuif aTiaca KacaTeJbHOTO DPacCHOeHH,
KaK 3TO YyXe HeOZHOKpaTHO obcyxmxanocb. ['eHeparopamu Takux
corjlacoBaHHbBIX npeobpasoBanuit koopaunHat H (L (4, R)-kanubpo-
BOYHBIX npeofpa3oBaKHil ABAAIOTCH INPOH3BOJAHHIE JIW, a HWHBapH-
AHTHOCTb JarpaHxHaHa MaTepPHAJbHBIX TOJeH OTHOCHTEAbHO 3THX
npeobpasoBaHHi, KaK B B MOJENH YTHSIMBI, SIBASETCH YCJOBHEM
BBeAeHHsi TeTpaiHblX nogsed. [locjaeanue TeM caMblM  HE MOTYT
paccMaTpPHBATLCA HH KaK HMEIOUIHe KakKoe-a1H060 OTHOLICHHe K
rpynne Ilyankape, HH TeM Oojlee Kak KaauHOPOBOYHBIE IIOJIST 3TOH
IpyNIbL.

Ilpouenypa Jokanusauun npeobpa3oauuit rpynnbl [lyaHkape,
OCHOBaHHast Ha MHTepnperauwn rexeparopoB (10.1) kak mnepexo-
OB MeXJAy TOuKaMH Obisia npeasoxena @. Xeaem u ap. {150, 19].
JTa npoueaypa He OrpaHHYMBAEeTC JOKaJH3auueH TpyNNoBbHIX MNa-
paMeTpoB, Kak OOBIYRO, a BKJIOUAeT MOAH(MHKAIIHIO CaMHX reHe-
PaTOPOB TPYNNbl TPAHCAALUMH IyTeM 3aMeHB OOBIUHBIX NPOH3BOJ-
ubix B (10.1) Ha KoBapuaHTHble

0,D,=0,—T\,, " (10.2)

rae [y =T,*PL,g — HekoTOpas JopeHueBckas CBsi3HOCTh. Torza
JIoKajsusauus npeobpaszoBaHud rpynnsl IlyaHkape

P = exp[otdu + o™ (L3 + L)
NPHHAMAET HeTPAAMIHOHHBIH BuJ

P (x) = exp[o* (x) Dy + 0% (x) (L3 + L)), (10.3)

rae [°" poayuarres u3 LOTP moacraHoBKOH (10.2).

3amena. (10.2) xaxerca BINOJHe CTECTBEHHOH Kak o6o6meHue
Tpascasanuii B MJAOCKOM IPOCTPAHCTBE Ha TPaHCJAIHM B UCKPHB-
JeHHOM mpoctpaHcTBe. Ho B To Xe BpeMs OHa HapyllaeT KOMMY-
TALHOHHBlE COOTHOWIeHHd rpynnbl [lyaHkape: Hanpumep, reHepa-
TOPbL TPAHCASALHY NepecTaloT KOMMYTHPOBATh

"[Dy D)) =R%Lag, ™

u npeobpaszosannsi (10.3) He obpasyloT KaauOpPOBOUHYIO TIpVIIY
TPAaHCASAUHA B 00BIYHOM CMBICJIE,

K TOMy e MHBApHAHTHOCTb JarpaH:KHaHa MaTepHa/JbLHBLIX NO-
A€l OTHOCHTeJbHO WpeoOpasosaHHWit Buma (10.3) cBoauTCs - Ha
3KCTpPEMANAX K OOBLIYHOH HHBAaPHAHTHOCTH OTHOCHTE/JbHO JIOpEH-
LEBCKHX CIIMHOBBLIX Npeo6pa3oBaHHi H TOJOHOMHBIX Ipeofpas3oBa-
HUE u3 KanubpoBouHoit rpynnst GL(4,R), uto Mbl yxXe -Habmona-
A B NpeALAYLIHX KaJHOPOBOYUHBIX MOAENSIX, U OHHM BEAYT K TeM
e JOPEHLEeBCKHM KajHOPOBOYHBIM "NOJSAM H TETPajHOMY NOJI.
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Takum, o6paszom, okasniBaercsl, uto ofe oOcyxgaembie KaJanb-
pPOBOYHBIE MoJeq# rpynnu [lyaskape Jear BHe TpaiHUHOHHOH
KaJuOpPOBOYHOH cxeMbl M He ofecneyHBalT TeTpajHoe TIDAaBHTa-
LIHOHHOE MOoJIe CTaTycoM KaJHOGpPOBOYHOrO MNOJIA IPYNNBl TPaHC/sA-
IH{ BOMpEKH NepBOHAuYaNbHbIM AeknapauusaM. C Hamel TOUKH
3DEHHUsA, 3TO ABJAETC CJAeACTBHEM OO6HIEro NOJOXKEHHs, 4TO MNpH-
MEHeHHe KaJHOpDOBOYHOW TEOPHH K [AHHAMHYECKMM .TpyHIaM He
UMeeT cmbicia. [lunamuueckHe CUMMETPHM  XapaKTepH3YIOT KOH-
KPeTHYI0O JAHHAMHMKY CHCTeMBbl, SBJSIONIYIOCA CAeACTBHEM  YXKe
MMEIOLIErocsi B CUCTeMe “B3aHMOAEHCTBHSA, B TOM UYHCIe MOpOXKAae-
MOIO TeMH WJIW HHBIMH KaJau6poBOUHLIMM noasmu. Hanpumep,
rpynna [lyankape B TeopuHM moJs — 3TO rpynna JAHHAMHYECKHX
CUMMeTpHil, KakK NpaBWJIO, CBOGOAHBIX CHCTeM, KOTAa B3aMMOJEH-
CTBile B cHcTeMe BooOuie oTc¢yTcTByeT. B Teopuwm rpaBHTauH4 INpH-
MEPOM JAHHAMHUECKHX TPYHIl CAYXKAT IPYNbl ABHXKEHHH.

CraHpapTHaa TeXHHKa KaduOpOBOYHOH TeOpHH  MOXKeT OblThb
NpHMeHeHa K Jokajausauuu rpynnsl Ilyankape, ecim Ha Bpemd
3a0blTh O ee pOJM KaK AMHAMHYECKOl Tpynilbl H paccMaTPHUBATh
€e KaK HeKOTOpyr abCTPaKTHYIO CTPYKTYpHYIO Tpyllly M rpyilny
roJJOHOMMHM Ha paccioennu [151, 139, 152—155]. .

CrpykrypHas rpynna I[lyankape - P-pacciaoeHus (Hapn - napa-
KOMINAaKTHOH Ga3oll) Bceraa peayuupoBaHa x rpynne JlopeHuna. 3to
SIBJISIETCS. CIEACTBHEM TOro, UTO acCOnmHHPoBaHHOH (akrToppaccioe-
HUe Ap;r, THIHMYHBIA CJOH  KOTOPOro — (hpakTop-NpoOCTPAHCTBO
P/L — romeomopden T=R* Bcerga gonyckaer rjobajbHoe ceye-
"HHe ¢. B KamuOpOBOYHOH TEOpPHH IPOCTPAHCTBEHHO-BPEMEHHBIX
CHMMETDPHH eCTeCTBEHHO MpealoJOKHTL Torjpa, 4TO paccMaTpHBae-
MOE€ . paccjloeHHe acCOLHHPOBAHO C KacaTeJdbHbIM PacCaOeHHEM
T(X*) man mHoroo6pasuem X* TakKoBbIMH ABJSIIOTCS T/1aBHOE pac-
caoenne AX abdunHbix penepoB H ad¢uHHOe KacaTelbHOe pac-
caoenne AT (X%, KoTOpLIMH Mbl 6€3 MOTepH OGUIHOCTH B AaJb-
HeHIIHM # OTPaHHYUMCH.

Paccaoenns AX u AT (X*) orsMuamTCs OT JHHEHHBIX paccioe-
uuit LX u T(X%) ad¢unseim TunuueeiM ciaoem VXT, rae V obo-
3HayaeT THNHYHBLIH cJioft paccaoenuss T(X) wau L(X). HeficTBue
rpynnbl [lyankape na VXT umeeT BHA

Pog= (gL gr): (v, 1)—>(gwv, gLt+gr).

Paccaoenns AT (X)) u AX accounupoBanbl ¢ T(X*) wu LX, n
cTpyKTypHas adpbunnas rpynna GA(4, R) .aTuX pacciaoeHnii peny-
IlHpoBaHa K JuHelHol rpynne GL (4, R).

Jlokanpsaa 1-dopma cBasHoctd A rpynnm  IlyaHkape Ha
P-paccaoesuu paculenisercs Ha ABe KOMIOHeHTH A=Arp+Ar, rae
Ap o6osnauaer JOpEeHUEBCKYl0  cBs3HocTh, a Ar = ApuT  dx*

npexacrapiser coboit R4-3HauHyo (GOpMY CBSI3HOCTH, 4bM KO3(-
(HIUEHTH UrpaloT “poJib KaJUOPOBOYHLIX NOJEH NOATPYNNbl TPaHC-
asiuuii. CBA3HOCTb Ay, HOCKOJNbKY CYILECTByeT rjobajibHoe ceye-
HHe ¢ (QaKTOPPACC/AOeHHSA ApsL, MOMXHO, B CBOI ouYepelb, pasjo-

A

) 59




}KH.Tb Ha ,ﬂ.Be COCTaBJIﬂiOHLHe
Ar=A,+0, (10.4)

rae A, onpenensieTcs M3 yc.noamr |
(D+A)o=0, D=d—A,
u umeer BAR (A,)°=(Do)® tak yro (10.4) nepenuchBaercs B

dopme :
Ar= (Do) +6°T,. ‘ (10.5)

Jlerko.y6eanTbcs, YTO HMMEHHO KomnoHeHTa A, OTBeTCTBEHHA
32 HEeONHODOJHBIN 3aKOH npeo6pa3oBaHuil CBA3HOCTH Ar OTHOCH-
TEJbHO JIOKAJH30BaHHHX TpaHCAAUUU, TOnga Kak © ocraercst HH-
BAPHAHTHOIl OTHOCHTEJbHO 3THX npeobpasoBaHuii U npeobpasyercs
no JiHHeHHOMY 3aKOHY OTHOCHTEJNbHO KaaubpoBouHO#H rpynmst Jlo-
peniua. Bcerpa uMeeTcsl TpaHCASUMOHHAs KaJluOpoBKa, B KOTODOH
HeoOHOpodHass uacTh A, CBS3HOCTH rIpynnel TpaHcasuu#i Ar cra-
HOBHTC paBHOH Hyawo ¥ Ar coBnajaer ¢ ©. Hanpumep, MOXHO
OCYIeCTBUThL cBepiedne Ar—0 Bo Bcex atnacax W' adduuHOre
paccaoeHds, (YHKUHH 1epeXoAa KOTOPBIX MNPHHAAJERKAT TOJbBKO
JHHEHHOH KanuOpPOBOUHOH TPYNNEe H OTHOCHTENBLHO KOTOPHIX C
coBnajaeT ¢ HyJAeBOH GyHKUMEH. _

[Tycrs takas TtpascasuuonHasi Kaaubpopka Buibpana. Toraa
BO3Bpallasick K paccMmoTpenHio paccaoenuit AT (X4) u AX, Mmul
MOXKEM WHMCI0Jb30BaTh H3BECTHBIE TEOPEMbI,  YCTaHaBJHBAIOIHE
B3aHMHO OJHO3HAYHOE COOTBETCTBHE MeXAy obuieid adduHRON
cBsisHocThI0O A Ha AX w mapamu (Ap, ©) saunedinoli cBszHocTH A
Ha LX u R*3nauynoir 1-dopmbr ©® na tl (LX), koropas Ha X mpea-
CTaBJISIETCS TEH30DHBIM, OIHH PA3 KOBAPHAHTHBIM H OJHH Pa3 KOHT-

paBapHaHTHHEIM nogaem 8. CieacTBue uMeeT BHA

A:(ng),Fz(§Lg@), (10.6)

rie obmas addunnag cBssHocTh A u ce QopmMa KpPHBH3HH F
MpefeTaBasiorTest (5X9)-MaTpuaMy, AefCTBYIOWIMMH Ha CTON6IEI

\

(rl)’ reRY a D u.Ry 0o00o3HaualoT KoBapHaHTHHIA AupepeHunan
" GOpPMY KPHBH3HH JHHEHHOH cBa3HocTH Ap.

B paMxax oOcyxjpaeMoii Kanuéposoqﬂon TEOPHH TPYIIbI ]'Iy
ankape A sBAsSeTCA JOPEHUEBCKOH CBA3HOCTbIO, UbH KO3((HUIlHEH-
Tl NPEeACTaBAAIT COO0H JOpeHLUeBCKHE KaJauOpoBOUYHBIE NOJA, a

/\ .

KOMAOHEHTHl MOJsi O SBASIOTCS OXHOPOAHBIMH  COCTaBJAOUIMMH
KaJHOPOBOYHOTO NOJA TPYNNbl TPaHCAALHUH.
3aMeTHO CXOACTBO TEH3OPHBIX PAHIOB KaJqHODPOBOUHBIX MoJeH

TpaHCAALHS 0,Y H TeTpaiHBX (QYHKIU h,. OgHaxo ecTh W pasiu-
yHe, KOTOPOe COCTOMT B TOM, YTO y noas O o6a HHAeKCa, YyTo Ha-
3hIBAETCHA, KOODAHHATHHIE, a ¥ A ONHH KOOPAHHATHHIH, a Apyrod
TeTpaanbiil. OnuieM 3To pasiiuuue CTPOrot _

*

<
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- HamomuuM, 4TO TeTpalHoe rpaBHTallHOHHOER Nose h “onpene-
JIﬂeTCH KaK rno6anbHoe ceyeHHe accouuHposannoro c T (X4) pac-
ciabenuss T Ha dakropapocrpaictBa GL*(4, R)/L (cm. § 4). Oan-
HaKo h, Oyayuu [pPEACTaBJEHHBIM CEMEHCTBOM JIOKaJbHHX ceye-
uuit {h.} raaBHoro GL(4, R)-pacciioeHHsi, KOTOpHe paccMaTpH-
BalOTCs ¢ TOYHOCTHIO A0 [AeHCTBYIOINMX Ha HHUX CIpaBa JIOpEHLEeB-
CKUX KaauOpoBOUHBLIX Npeobpa3oBaHHi, MoxeT ObITb ONHCAHO Kak
ceMeliCTBO MaTpuuHbIX Toaelt {h,%(x)}, AeACTBYIOLIHX B THIHYHOM
caoe -paccaoenuss T(X*). Onu npeacrasasiior cobofi  onepatopsl
KaJuOpoBOUYHLIX npeobpa3oBaHuii MeXAy AaHHHM aTtjacom W Ka-
CaTeJbHOTO paccjoeHuss H ataacom Wé, B KOTOPOM MeTpHUEeCKOe
TpaBUTALHOHHOE IoJe g, H30MOpdHOe A, BBHIIISAMT KaK [OCTOSIH-
Hasg MeTpHKa MHHKOBCKoro, 1. e. Y,=h; ¥ 3xpech P& 0 §; —
Mopdu3Mbl TpUBHAAU3aUuU aTJacoB W& u W. [Ipeob6pasoBanus ar-
daca W oBelyT K KaJHOpPOBOYHBIM nNpeoOpas3oBaHUSIM  TETPaaHOTO
noas

h— gh (h% — h3). (10.7)

Tenzopnoe mnoJse 9, OTBEYalollee OAHOPOAHOH COCTaBJsIONIEH
CBSIBHOCTH Tpymmsl Tpaucasuu#i T, onpexenser JinHeiiHoe oTobpa-

Kenne Ha cebs 0 To—>T, KacaTeabHBIX HpOCTpaHCTB B KaXJoi
Touke xe&X* OTHOCHTeNbHO aTjaca KacaTeJbHOTO paccioeHHs W

~~

roJie O TOXKe MpPeACTaB/adAeTCss CeMeHCTBOM MAaTPHYHBIX (YHKIHH
{0:=y0}, neficteylowrx B R* Ho npu kanubGpoounoM npeobpa-
s3oBauun ¥ 3aKoH npeodpasoBaHus mons 6

_~ —~ —l /\V A‘,I " ~

0,—>gbg, (6p— Op (10.8)
OTJIHUAeTCs OT 3akoHa npeobpaszoBanuit (10.7) TerpamHoro no.s
f;; MMEHHO 3TO OT/JHYHe [AeNlaeT HEBO3MOMXHBIM OTOXKACCTB/ICHHE
THX [0J€H.

B camowm aedsie, IMpeanoJJOKHM, q-TO TeTpaaHoe rpasuTanyHoOHHOE
[10Jig, KOTOpoOe IIPpeACTABJACTCA OTHOCHTEJILHO HCKOTOPOro arJjaca

Y MaTpuuynbiMu OyHKnusmu h,%(x) cosnagaer c noaem 6, Ilycts
Y — arnac We. Torma Bcerma MoxxHO Haltu kapty (Ug, i), 4TO
ha (), xeU;, 6yAyT MATPHIIAMH TOXKACCTBEHHOrO MnpeodpasoBa-

Huss R* B 3TOM ciydae TpaHCASSUMOHHOe IoJe O;, coBmajalollee
no npeanoJoXeHHo ¢ h, DOJXKHO CBOAUTCH K KaHOHWUYeCKOH ¢op-
Me 0 (cM. [aoccapuii. Brewnnne audodepenunanbubie popmbl) Ha
X% Ho Ttoraa B cuay 3aKoHa KaJuOpOBOUYHbBIX Il1peobpa3oBaHHi
(10.8) Takoe mose Oyaer coBmajaTh C KaHOHHUECKOH ¢opMoil BO
BCeX JAPYTHX KapTax, T. €. Ha BceM MHOroo6pasuu X" M BO Bcex
atyacax ¥, yero Henb3s1 cKasaTh 00 Al - :

Wnorna xanu6poBounble npeobpa3oBaus noas @ comocras-
JSI0T C JOPEHUEBCKYMH Npeo6pa3oBaHHAMH TeTPaiHHX GYHKUHA A
cpaBa. OHH HHTEpPNPETHPYIOTCS KaK KaJH6pOBOYHHIE npeoGpaso-
BaHua BTOporo poxa. B § 5 Gwio .mokasano, 4ro KanuGpOBOWHbIE
npeo6pa3oBaHus BTOPOro pPofia B TeepuUM T'PABHTALHA HE MOLYT
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CYUIECTBOBATh K3-3a YCIOBHR HHBAapHARTHOCTH (yHKIHOHANa Hek-
CTBHA rpaamauuounoro Hons (MX cjaeayeT oT/aHYATHL OT Hpeobpa-
3oBaHui atnaca W¢). Ho ecnu npenebpeub 3THM yC/NOBHEM M pac-
CMOTpeTb TaKue npeoOpa3oBaHusi, OHM OYAYT TOKE HMETL DPa3HBIi

BHA Ans noneit B u h. Kanubposounsie npeo6pas3oBaHus BTOPOro
polla, sanHCaHHbie B aTjace, AOJKHbI HMeTb TOT K€ BHJI, YTO H
Kaau6poBoyHble npeéoGpa3oBaHHa nepBoro poAa. [lostomy y mous

0; npu 1akux npeoGpas3oBaHuAX OYAYT MeHsATbes oba MHACKCA,
TOTAA kak y h; TOJNbKO OAHH — TeTPaAHbIH.
OToxaecTBAEHHIO TPaBUTAIHOHHOTO T&Tpa}lHOI‘O nonsgs h u ka-

AHOPOBOYHOTO NOJS TPAHC/ALHIL 0 NpensTCTBYeT TaKxke TO, YTO

nosie 0 Moxer oOpallaTbCs B Hyab, a i Her; 0 onpejeneHo OLHO-
3HAyHO, A -—-C TOYHOCTBK JO JOPEHLUEBCKHX NpeoOpas3oBaHuil.

HeBosMOAKHOCTD HCNONL30BaHHA TPAHCAALHOHHBIX KaJlHOpOBOY-
HBIX IoJleii JiJiss ONHCaHUSA rpaBmaum{ CTaBUT Bonpoc 06 HX ¢H-
3HUECKOH HHTeprnpeTalHHy.

B acpcanbex KacaTeJbHOM W pefepHOM -PACCAOCHUAX HOArpyn-
na Tpa”casund rpynnsl Ilyankape peaﬂusveTcs{ CABUTAMH Kaca-
‘TeJIbHblAx BEKTOPOB

T, :t,—>tV+ 8a,, t,eT,.

Hexotopuie astopn {156, 152, 159] paccmaTtpuBanu uHAYLUHPOBAH-
Hble npeActaBJeHds rtpymnel [Iyaskape Ha QYHKUHAX, KOTOpHe
3aBHCAT He TOJBKO OT TIPOCTPAHCTBEHHO-BPEMEHHOH TOYKH X, HO
TaKXKe OT KacaTeJbHOro BekTopa f, T. €. 00JajalT CBOero poaa
a®duUHHLIMH BHYTDCHHHMH CHMMETDHSIMH, H, Hamnpumep, npenjara-
JIOCh CBAI3aTh 3TH CHMMETPHH C CHMMeTPHUAMHU aJpPOHOB.

YacTHbIM c/AyYyaeM TaKoro NOAXOAAa SABASETCH pPacCMOTpPeHHe
BOJHOBHIX (YHKUHH, KOTOpble NPHHHMAKT 3HAayeHHs B INPOCTPaH-
crBe Vi XT, HEKOTOPOrO HEJHHEHHOrO NPeNCTaBJeHHUS TIPYMNIH
[lyauxape, rae Vi ABASeTC NPOCTPAHCTBOM NPEACTABACHUS Tpym-
nu JlopeHua, a kacatedbHoe aPuHHOE NMPOCTpAHCTBO T, Hrpaer
poJib TPOCTpPAHCTBA 3HAYeHHH TOJACTOYHOBCKHX NOJIeH, oTBedaio-
Iux noArpynmne tpancasuuit. TorZa rpynna TpaHcAsiUHH  AeHCT-
BYET TOJbKO Ha rOJACTOYHOBCKHE. [0S, KOTOpbie MOryT OHiTh y0-
paHbl KaJtMOPOBKOH, HO TPAaHC/AALHOHHAH CBA3HOCTH IIPH  3TOM
‘ocTaHercs, XOTs ee (PH3WYECKUH H reoMeTpHYeCKHH (B paMKax Ju-
HeMlHON reOMeTPHH) CMBIC/I HESICEH.

HefictBurenbno, oboduennass ad¢uHHas CBSI3HOCTH A HaA pac-
croedun adouuunix pernepoB AX ~onpémensier JHHEeHHYI0 CBf3-
Hocte Ap M R*3nHaunyw ¢opMy O Ha PacCNOeHHOM IPOCTPAHCTBE
JMHEHHBIX penepoB, a ap@HHHAs KPHBH3HA CBA3HOCTH A mpex-
craager coboi CyMMy JHHeHHOH KPHBH3HBI H JHHEHHOA KoBa-
puanTHON npousBoanoi DO dopmmt 8. Oxsako TONBKO B cayyae,
KOrJia CBfI3HOCTb 8@ cBoAHTCS Ha X* K KaHoHHueckoit ¢opme 8, KO-
BapHaHTHAas Npou3BoAHAs B yMeeT H3BECTHHII reoMeTPHUYECKHH
CMBICH 2-POPMBI KpYUYEHHS B JIHHEHHOH M€OMETDHH. s

Aror dakr nobyaua paa -aBTOPOB OFPAHHUHTL PACCMOTPEHHe
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‘AU apHHHBIMM CBHSHOCTSMH, COBMAAOWIUMH C KAHOMUUECKOH
dopmoit 6 [157, 133]. Onnako Takoe coBNAafeHWe HMeeT MecCTo
TOJIBKO, €C/M [JaBHOe TNOAPACC/IOeHHe JIHHEAHOH rpynns adduH-

HOTO PAaCC/JOCHHS COBMAajaeT C paccnoeHHeM--Ha JIHHEHAHbie penepsl,
HO B 3TOM CJydae KaHOHHYeckas dopma npe,nCTaaneT coboii
craﬂnapmbm atpubyr Bcex JIHHEHHBIX PacCNOeHHH H He Hecer
KaKoH-1u60 HHPOpMaLMH, HHAUBHAYATUIHDPYIOILEH HX.

OTmMeTHM, YTO, HCHOJbL3YS pe3yabTaThl KaJHOPOBOUHOH TEQPHH
rpynnbl- GL(4, R), kanubpoBounasi Mojenp rpynnsl Ilyankape Jer-
kK0 obobuaercs Ao KaJHOPOBOYHOH TeopHu aOuUHHOH Trpynnet
GA (4, R), [151, 159, 149, 152, 153]. ,

[Ipn noctpoeHuH AMHAMHKH KaNHOPOBOUHBIX TeopHi adduH-
HBIX TPYNN CTAJKHBAIOTCH, OAHAKO, C TPYAHOCTBIO 3aJaHHA HHBA-
puaHTHOH Ousuuelinok Qopmbl Ha ux aarebpax Jlu [160]. 3ro, a
TaKKe pAN APYTHX cooOpaxeHul MOOYAHIO PACCMOTPETh BJAOXKE-
HHe P B JuHeliHble TPYNHAB, B YacTHoctH B rpynny fAe Currepa
SO (4, 1), eBkAuAY3auusg KOTOPOH NPH MNOCTPOEHHH KBAHTOBOH
TEODHH NPHBOAHT K KoMmmakTtHoi rpynme SO(5) [161—165, 159].
Onvako peAykuusi 3ToH Irpyunsl K rpynmne Ilyankape conpoBox-
naercd TOABJIeHHEM elie HOBBIX NOMOJHHTEAbHLHIX mnosell @7, qmsn-
JeCKHH CMBIC/I KOTOPHIX TOXKe OCTAETCH HesCHBLIM.

<
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Cwetes 0 TaasatVe

MATEMATH‘IECKHE H CDHBH‘IECKPIE
OCHOBbI TEOPHH F'PABHTALLUHU
C KPYYEHHUEM -

Teopust rpaBUTaluK C KpyueHHeM B NOC/JeAHee BpeMs LpHBJe-
Kaet 06oJiblloe BHHMaHHE, XOTA M OCTaercs I0Ka MOAeNblo, He
AOCTYMHOH COBpeMeHHOMY 3KCIEePHMEHTY. ITO MOXKHO OOBICHHTH
pPAAOM NOCTOHHCTB ITOH TEOPHH MO CPAaBHEHHIO C JHHIUTEHHOBCKOH
TEOpHEH rpaBUTAILHMU.

Bo-nepBbix, TeOpHs I'DABHTAUMH C KpyyeHHeM ¢ HeoOXOAH-
MOCTbI) CJel eT M3 KaJauOpOBOUHOH TeopHH TpaBHTAlHH, YTO IO-
3BOJISET HAACATLCS HA BO3MOXKHOCTb BKJIOYEHHS €€ B eAMHYIO
TeOpHI0 OYHJAMEHTANbHbIX (U3HUCCKUX Bsanmoneﬁcmnﬁ oObeu-
HSIOULYI0O Ha OCHOBe KaJHOPOBOYHOTO NPHHLHNA BCe 4YeThlPe THNA
B3aHMOJEHCTBHSA.

Bo-sropbix, oHa yuuThiBaeT o6e He3aBUCHMble IPOCTPAHCTBEH-
HO-BpeMEHHbIe XapaKTEePHCTHKH MaTepHH -— Maccy (TeH30p 3Hep-
FHH-UMNYJbCA) H CNHH B KayecTBe HCTOYHHKOB TONAS TATOTEHHSA.
Ilpu 3TOM y4eT CHNHHOBBLIX CBOHCTB MaTepHH MPUBOIHT K He06XO-
AHMOCTH BB€JE€HHSI JONOJHHTENbHOH, [0 CPaBHEHHIO C -fICEBLOPH-
MaHOBOH, CTPYKTYpPbl Ha MPOCTPAHCTBEHHO-BPEMEHHOM MHOroofbpa-
3HA — KPYYeHHS.

B-Tperbux, Teopus rpaBHTalHMH C KpydyeHHeM, Kak u OTO,
yAOBJETBOPSeT NPHHIIHIY OTHOCHTENLHOCTH M 1O KpaiHeid  Mepe
«caabomy» (a2 B Hawe# GOpMYJHPOBKE MOJHOMY) NPUHLHIY 3IKBH-
BasenTHoCTH. [IpuBenennoe B pabore [166] nokasaTenbCcTBO -0600-
lieHuoit Teopembl bupxroda o eapurcrBeHHocTH pewenus IllBapu-
WHIbAa B cJaydae chepHYeCKOH CHMMETPHH AJS TEOPHH IpaBHTa-
UMM ¢ KpyueHueM u KBaAPATHYHBIMH [0 KPHBH3HE JarpaHxuaHa-
MH YKasblBaeT Takxe Ha TO, YTO TakKas TEOpHS He JOJNXKHa I[po-
THBOPEYHTb HH OJHOMY H3 KJaccHyeckKux s¢pdektos OTO.

Takum o6paszoM, TeopHIO TIpaBUTALHH C KpYy4YeHHEM MOXKHO
paccMaTpuBaTh KaK HenocpeAcTBeHHoe obolbinenue  3iiHINTEHHOB-
CKOHl TeOpHUH TATOTEHHUs, 4 HAa MHUKDOYPOBHE H B 3KCTPeMaJsbHBIX
COCTOSIHHSIX MaTepHM, Hanpumep NpH KoJaJsance Jaub0 Ha pPaHHHX
cragusix 3BoJlonuH BcenenHo#t, rae BospacraeT posib CNHHOBBIX
3 dexToB, U KaK KOHKypeHTa 0TO.

Teopust rpaBuTalliH C KPyyeHHEM HMeeT IJIHMTEJbHYI0 HCTOPHIO
pasputusi. OgHAXO anmapaT TEOPHH H €e OCHOBHBIE IOJIOXKCHHS
npeTeprieBaldT B HacTosimee Bpems CyluecTBeHHble = H3MEHEHHS.
[TepecMaTpHBAaOTCH KHHEMATHYeCKas W AMHAMHYECKast CXEMbI Teo-
pun [167—169], paspaﬁarbmaercx KBaHTOBasi TEOPHA KpYUYeHHH,
Ha OCHOBe KOTOPOW MpejiCKasblBaloTCst HOBble 3doekrs [22],
NpeJNPRHHMAIOTCS MONBITKH HHBIM 00pasoM  TPaKTOBaTh CaMo
nojsie KpyueHuss — Kak KOHJeHCAaT nap (EepMHOHOB, YTO MO3BOJSET
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‘saunuTenbHO NpUGAUIHTD aTy TEOPHI0 K (H3HKe 3JeMeHTapHHX
qacThl [171, 172].

T OJTH H ApyrHue nepcnexmBbee CTOPOHB TEOPHH rpaBHTALHH C
KPYYEHHEM, a TaKkKe ee NPOHHKHOBEHHE.B ApyrHe 06JacTH Teope-
THYECKON (uU3UKKM (TEOPHIO CUNbHHX B3auMojedicrsuit [173], cra-
THCTHUECKYIO (H3nky |[174], (pnanxy TBEPAOro Teaa {175]) moby-
JAWJO0 Hac yIeJHTL ed B KHHre ocoboe BHHMaHHe. lieHTpaJbHoe
MECTO B HalCM H3J0XEeHHH 3aHuMaeT Haubosee pa3padoTaHHBIN
BAPHAHT TEOPHM TPABHTALHH C KpyyeHHEM — TeOpHS OJHHIITEH-
pra — Kaptana (1K) u 0CO0CHHO -ee KBaHTOBbIE ACHeKTH.

TOK navana paspuBatbes ¢ paborel J: Kaprana 1922 r. [176],
rie OH IpPEAJIOXKHJI paccMaTPUBaTh B KayeCTBE MOJEJH IIPOCTPaH-
CiBa-BpeMEHH 4YeThlpexmepHoe aH(¢epeHuupyemoe MHoroobpasue
¢ METPHYECKHM II0JIEM H HECHMMETPHUHOH MEeTPHYCCKOH CBA3-

poetbio  Ilyz=1%.. B s10il Xe pabore, yToGbl 000CHOBaTbL Tep-
MAH «KpyuyeHHe», KapraH NpHBeJ I[pHMep TPEXMEPHOro IpoCTpaH-
¢TBAa, B KOTOPOM PacCMOTpPeJ BHHTCBOE [BHXKEHHE B BbIOPAHHOM
HaMpaBJeHHH KaK ABHKEHHC IO Ie0Je3H4YCCKOH, 3aJaBaeMoe Mert-
PHYECKOH CBSI3HOCTbIO, He cojepxauled B ccOe cumBojoB Kpuc-
jopdens (paBHBIX HYJ/IO), T. €. 3aBHCALUEH TOJBKO OT MoJsA Kpy-
YCHHS.

llpogomxkas HcciiegoBanus, Hauatble B 1922 r., Kaprad B 1o-
ciefyrwnx paborax [177—179] npeano/oxus, 4To TEH30P Kpy-
LCHKSI CBA3aH € IJIOTHOCTBK BHYTPEHHEro yIJoBOro MOMGHTa Ma-
TepHaJIbHOK cpebl.

Onnako ujgen KapraHa He NOJYUYMJIH B Te TOAbl JOJAHOFO IO-
JIMMaHHA K PasBHTHA. JTO, BEPOATHO, 00baACHseICa TeM, YTO B TO
ppeMs emie He Obli M3BeCTEH CIIHH, OTKPbITHIH M BBEACHHbIA B (pH3U-
Ky Yaenb6ekom H ['oyuemurom B 1925 r.

Macen Kaprana cradu Bo3poxAaTbCd B KOHLE COPOKOBBLIX FOHOB.
CHauadga Ilrtykeaebepr [18U] asist corziacoBaHHMS  TeOPETHUECKHX
pacyeToB C IKCHEPUMEHTAMH 10 H3YYEHHIO CBEPXTOHKOH CTPYKTY-
Pl aTOMOB BCAUPOAA M ACHTEDUS NPEAJOKHJ BBECTH KDYYEHHE
fpocTpaHcTBa-BpeMeny, obecneyuBalolllee CIHH-CIHHOBOES B3aHMO-
ACUCTBHE 3JeMEHTapHbIX 4YacTHL. 3ateM OJfiHurelH B cBouX pabo-
TdX 110 CAHHOH TEOPHK IIOJA HCNOJb30BAT HECHMMETPHUHYIO CBSA3-
HOCIb, lioJarasi, 4To OHA CBA3aha C 3JCKTPOMATCHHTHLIMH CBOHCT-
BaMx Martepun [181]. [lapas.iespHo Takast ke TeopHs Oblla pas-
pa6orana Ulpenuurepom |[182]. YpaBueuuss Teopun JHHIITEHHA —
tHlpeauHrepa, MoJaydyeHHble ¢ [OMOLUbIO BAPHAUMOHHOIO IDHHIHIA
[Mlasiaruan [183], B nepBoM NPHO/IUKCHHH NPHBOILHJIH K ypaBHe-
HuaM Makcpesiia B -O10, a B nocjedyromux NpHOIHKEHHAX —
K HeJHHEHHbIM 3JIeKTPOMAarHMTiHpiM 3akoiaM. Ha cerogHsmuui
JeHb HMeeTcs psii paboT, HAMHCaHHLIX B caMoe MoCJeAHee BpeMs,
B KOTOPHIX 3T&  INporpamMMa  NpooJixKaer paspabaThiBaThCs
[184, 185].

BaxHblM 3TanoM CTaHOBJIEHHSI TE€ODHHM [I'PaBHTAUHH C Kpyde-
HMeM CTa/lla KaJHOpOBOYHAs TPAKTOBKa TIPaBHTALHOHHOIO IMOJIA
Yruamo#n [8], [uamoit [148], HMpanenko — Bpoackum — Coxkoiin-
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kom [129], Ku66aom [147], B. ®posoBbiM [36] u passurue Ter-
pannoro ¢opmaausma Befizem [186], B. PoguueBnim [136],
A. Hsanenxo [187]. KanubpoBoukas TeopHsi.HE TONBKO 0OOCHOBA-
Jla HeoOXOAHMMOCTh KpYuUeHHsi, HO H CTPOro AoKa3saJla, YTO HCTOYHHU-
KOM N0Jisi KPYYe€HHMsl ABJASETCH CIHH MaTePHaJbHbIX I10JeH.

MareMaTnyeckuii annapat TEOPHH NPOCTPAHCTB C KpydeHHeM
Oblll B 3HAYMUTEbHOIl CTEMEHH CO3JaB UMeHyo B paborax camoro
Kaprana [177—179, 188]. B § 11 wmbi.npuBeseM OCHOBHBIE CBele-
HHS O FeOMETPHH NPOCTPAHCTB C KpPYYEHHEM, COCPeJOTOYHB OCHOB-
HOe BHHMaHHe Ha pasJHYUAX MeXJy MNCeBAOPHMAHOBBLIMH IPOCT-
paHcTBaMu M upocrpancrsaMi Pumana -— Kaprana U4 -

BaxdHoe mecto B TIK 3aHuMaer ucciegoBanue €aMCrpaBuTu-
PYIOUMX BOJIHOBBIX M0J€Hl CO CIIMHOM B IPOCTPaHCTBAX C Kpyue-
HHeM, NpUBoOJAULEe, B UYACTHOCTH, K I'€OMETPHYECKCH HHTepIpeTa-
UMM HeJHHEHHBIX TeOpHH M0Jd. DTHM BolpocaM nocssieH § 12
JIAHHOH TJiaBHL.

B § 13 uccieayeress Tak Ha3piBaeMas CIHHOBa® JKHIKOCTb B
TCOPHH TPABUTALMH € KDYUEHHEM, KOTOpas HCIOJAb3yeTCa 4acTo B
KayecTBe HCTOYHHKA TIPaBHTAUHOHHOrO MoJsi C KPyyeHUeM B KOC-
MOJIOTHYECKUX MOJeJsiX.

Kocmoaorus co cnHHOM M KPyYeHHEM 0Ka3aJjach HMEHHO TOH
Mozeabto Beenennoil, B xoTopod BrepBble Obljia pelueHa npobaeMa
NpeAOTBpAIleHHs  CHHIYJASPHOCTH U [peiAcKa3aHa BO3MOMKHOCTH
HapylICHHsT TEOPEM O CHHTYJASAPHOCTAX KakK B oOLieM cJayyae, Tak
M AJ8 pajga 4YaCTHbIX BapHaHTOB. PaccMOTPECHHIO 3THX BONPOCOB
nocBsuled § 14 gaHHOH TJ1aBbI.

. § 11, TEOMETPHUSA IIPOCTPAHCTB
PUMAHA—KAPTAHA

“ITpoctpanctBom Pumana — Kaprawa wuan U%npocTpaHCTBOM,
Ha3biBaerCst deTopexMepuoe MHorooOpasye X%, He3aBHCHMBIMEH Xxa-
PAKTEPHUCTHKAMH KOTOPOIO ABJSIOTCS INCEBJOPHMAHOBA  METPHKA
guw(X) H KpyueHue Q%,, paBHOe AHTHCHMMETPHYHOH 4aCTH 06beK-
Ta CBS3HOCTH

quk= 1/2 (I‘uvl“"rvul) . (,l L. 1)

B UtupoctpancrBax Bblioadsercs yciaoBue wmerpuuHoctd (6.1),
rae nohHas cBA3HOCTH 1'%, ectb cymma cuMBOa0B Kpucrodbens
1 TeHzopa KoHropcuu K*,, (cM. I'moccapuit. CeasHocts B nceso-
PHMAHOBOM HpOCTpaHCTBe)

uv = {Auv} + K Lw’
(11.2)
. Kk.uvz Qx;w+ Qu.vh'*‘ Qvul-
Kpime&me, coriacio dopmyae (l1.1), aBaserca TE€H30poOM OT-

HOCHTeJbHO OOIeKOBapHaHTHLX mnpeobpasoBanuil. TeH3op kpyue-
HHSL HMeeT 24 He3aBHCHMble KOMIIOHEHTHI H MOXKeT ObITb paaJo-
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fieH Ha CYMMy TPeX HeNpPHBOAHMLIX YacTeH

- Q=@M+ /3(8,Qv 8. Q) + ecnag™ Q% (11.3)
rie Q — GeccaenoBas uyacTh TeH3opa KpyueHus, Q, — cuen
T€H30Pa KpYyUYeHHS |
Qv=Q, (11.4)
a Q, — TICEeBAOCAEN TeH30pa KPYUEHHS
Qo= (1/3!) €auvsQ"*. . (11.5)

C noMombio ¢opmya (11.2)—(11.5) TeH30p KOHTOPCHH TOXKE

MOXKHO NpPeACTaBHTb B BHI€ CYMMbl aHAJOCHYHBIX HENPHBOLUMBIX
yacten

~ l ~
Kby = Kiiy + ~ (OhKy — 85Ky} + Eouva@®K,

rae Khy=Q",+Q%,+ @, — Geccienosas dactb TEH30pa KOHTOP-
cuu, K,=2Q, — cJen TeH3opa KOHTOpPCHH U K*= Q>
PaccmoTpuM TeH30p KpHBH3HBI npoctpanctBa U4 M3 onpepe-

JeHHA TeH3opa KpuBusHblL (['.6) u BolpaxeHuna A1 KO3(DPHIIMEHTOB
ceA3HocTH (11.2) noayyaem

Raﬁuv (F) = Raﬁuv ({}) + Kmﬂv;u“Ka.ﬁu;v+ KauvKanuKachUﬂw
(11.6)

Touka ¢ 3ansaTolt 31ech H B JajbHefllleM 03HA4YaeT WHBAPHAHTHYIO
NMPOH3BOAHYIO MO CHMBosaM Kpucroddens

A%y=0,A% 4 {%,}A".

CeepThiBasi TeH30p KpuBu3HBl (11.6) mo uHageKcaM o H p, MHOJY-
YHM TeH30p PHYyH

Rﬁv ( F) = RBV ({}) + KpﬁV;u"_Kupu;v‘E‘ KumKoav__KuvoKoﬂm ' ( 1 17)

KOTODbIH, B OTJHYHE OT ciayyas TNCeBAOPHMAaHOBA NpPOCTPAHCTBA,
HeCHMMeTpPHYEH

Ren () %=R (I).

Toxpectea Duawxku B reomerpun Pumana — Kaprtana umewor
BUJ]

R gpvia+ R puagu+ R pagy =

= 2{Q°%R %o+ QPaR%pput QPR %0}, (11.8)
Qapv;k'i' Qav}.;p+ anu;v"i' 1/2 (Rau%_}_ Raﬂu+
+ Ramw) = 2 (quanpA + vakQapp. + Qpl.u.Qapv) . ( 1 1 9)

[IpoBoas B HHX CyMMHMpOBAHHE 110 HHAEKCAM o M |4, TOJYYHM CJie-
AYIOLIHEe CBEPHYTHIe TOXAECTBA DHaHKH:

RBv;}.“"RBl;v 'i" Rapw\;a = Q{QpavRaﬂpx_Raprv?. + QpAa,Raﬂpv}, s -
| ‘ ~{11.10)
5 - 67



Q%0 =2(QoQ% + Q2 Qi+ Q%0 Q%); {1111

Kotopsie B § 12 6yAyT HCMOAb3OBAHLL A/ BHIBOJAZ 3aKOHOB COXpa-
HeHMs SHePTrUH-UMMYAbCA H CHAHA. :

PacemoTpum Tenepb 0COGEHHOCTH Napas/esibHOrO MepeHoca B
Ut. B tepMuHax KoBapHaHTHOro JupdepeHUUpOBaKHA 2-DOPMDI
KpyyeHuss Q M KpHBH3HBl R MOTYT OBITb Bbipa¥KeHbI TaK:

. Q(t, ¥') = D¥’ — Dyt — [x, v'], (11.12)
R(v, V)7 =Dy, D] v — Dpr 1y v/, (11.13)

rie 1, v, v — BeKTOpHBIE MoAs Ha X%

B JjoKa/qbHOH cHCcTeMe KOODAHHAT INapaliedbHBld MHepeHoc B
U* moxer ObiTh NpejcTaBjaeH Kak ltapaJjilefbHbIH nepeHoc B Ré=
=y . (U%). lycre 1, ¥ — 110413 BLOIb KOODAHHATHHIX JHHUA (ps-
MeIX B RY), 1. e. [1, 7}=0. Torma, cormacko (11.12), mnepenoc
BekTopa tv(A4) BAoAb> noas v M3 ToukKH A B TOUKY E, H mepeHoc
v (A) Broib T u3 TOUKH A B Touky B (cM. puc. 3) NpPHBOAAT K

TOMY, 4YTO KOHILibl NOJYYEHHBIX B pe3yJbTaTe€ 3ITHUX IepEeHOCOB BEK-

TOPOB T M T He COBNAAAIOT, KaK 310 HMeJ0 Obl MecTo B IIPOCT-
paHcTBe 0Oe3 KpydeHust (oTMeUeHO NYHKTHPOM), H BO3HHKaeT pas-
MBlKanue  deToipexyroibuuka DEAB,  006s3anHoe KpYyeHHIO

A=Q(t, 1').

Kpyuenne maer BKJaj ¥ B napajjensHul NMepeHOC IO 3aMKHY-
TOMy KOHTYypy. IlpouaaiocTpupyeM 3To BHIBOAOM  COOTHOLICHHUS
(11.13) B unnekcHoit ¢opme. [lJass 3Toro BHYHCAHM NapaJesbHblil
nepeHoc -t BAOMb NoJS T, a4 3aTeM BRoAb noas t'. Pesyabrat Gyner
CACAYIOLIHM: :

' D, D = (VaVsty) dv%dt® = d (Dy1y) — 1 ivDetadt ™,
Ecny nomensats mectamu D, 1 Dy, TO NOIYYUM
” R " - a n ')-

D«[D‘[’ = (VBVG'TV) dT adTﬁ = d(D[’Tv) _ I‘u'\;Dt'TQ’dT .
Kommyratop [Dyir, Di]T, mnocie u3MmeHeHH# NOPANKAa CYyMMHpO-
BaHHUsI BO BTOPOM 4YJjeHe OyAeT paBeH

+ Doy D] = {T%ap1 + Dhugal “nip1} 7 47 %P +

+ 2QapyaT, AT %dTP,




3xech . .
| _ R0 =F'OV[a.ﬁ]+Pav[dlI:cMﬁ1
TCH30p KPHBH3HBI npocTtpaHcTBa U, u Toraa

[Dt’, DT] T: = {RovﬁaT; -+ QQﬁ'af}Vi,T:} dT'ad‘Fq.

Hanuvue Kpvuerus OpPHBOAHT K TOMY, UTO B reoMerpwu Puma-
Ha — Kaprana reopeauuveckue KpuBole (B TOK ux naseBawor
aBTONApAaJdAeNaMH) HE COBMAZAT C HAHKpaTUaHuIHMH.

HaukpaTvafimwumy, WA 3KCTpeMassiMH, HAa3LBAIOTC KPHBLIE,
UMEIOLIHe 3KCTPEeMANbHYI0 IJHHY OTHOCHTENBHO METPHKH NCeBHOo-
DHM3ZHOBA TNPOCTPAHCTBA, T. €. MHHUMH3HDVIOUWlHe GYHKIHOHAN

S=—[ds,
rne ds?=g,.(x)dxtdx”. Taxkue KpuBwe CBMajaloT C reojle3HuecKH-
MH TICEBJIOPHMAHOBA NPOCTPAHCTRA V4 M NOAUHESIOTCS YPABHEHHIO

N R
ds? wvj o ods  ds

3To ypapHeHne OTJIHYAeTCHd OT YpPaBHeHHs aBTomapaenH, Ko-
Topoe IpH ToM xe BmOope addunHOro napamerpa ds HMeeT BHJA

d2x% gt diY
o + rou\3
ds? ds ds
"Toacrasasia Bmpaxente aia cesgsrocrn (11.2) B (11.14), moayuuwm

d2x06 A - o d,\u' d{ .
e +”Mv}+(qu Q\u)] ~—=0, (115

OTKYJa OUYeBHAHO, YTO KPYUEHHe CYLIeCTBEHHbHIM 00pas3oM BJHSET
na BHA aBtronapajsenu B U, Koropas orsHuaercs OT 3KCTpeMa-
el ¥ coBMajaeT C HHMH, TOJbKO €CJH KpyueHHe BLIpaKaeTcs
uepes NnceBAOCaAe].

B obuiem cayuae, mocie HCKJAIOYEHHST W3 PacCMOTpEHUs nceano-
crema, OCTaeTcs JBajllaTb KOMHNOHEHT TeH3opa Kpvuenwus. - [Ipo-
HHTErpUpPOBaThH cucTeMy vpasHeHuHi (11.15) B obuiem BuIe He
VIaeTcs y»Xe B TNCeBJOPHUMAHOBOM INpocCTpaHcTBe, TeM OoJee 3Ta
3ajava ycJdoxHsercsa AJkd npocrpaHcts Pumana — Kaprawa. Ox-
HaKO ypaBHeHHsl CHJIBHO YIPOIIAIOTCS, eC/TM NPOCTPAHCTBO AOTYyC-
Kaer TPYNIy JBHKEHHH, uTO 3a4aeT mepBbie MHTErpajbl YpaBHEHHH
apronapaiJenefi B MPOCTPAHCTBAX C Kpyuewwem. [ pvnna JaBuHXKe-
Huit mpocrpadctea U onpenensiercs kKak rpvnna anddeomopdus-
MOoB X5 coXpaHSIOUWMX MeTPHKY H KpyyeHHe. ITockogbKy Hac HHTe-
pecyer mpexjae Bcero caM (akT OTJHUHA aBTOmapaJnaeedl OoT 3K-
cTpemaJtefi, Mol OyfeM cu#tatb, uTO BexkTopbl Kuaaunra g,
(BEKTOPH (yHAaMEHTATbHBIX noJed, omnpeneasieMblx AH(DeoMOp-
dbusMamu rpynnel asuxenuit (cMm. [occapufi. BextopHble noss))
nceBJOPUMAaHOBa NpocTPaHcTBA OvayT Takxke Bekropamn Kna-
n4yHra npocipaHcrea . Pumana — Kaprana. 310 o3Hauaer,. 4TO

— 0. (11.14)
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paBHbI HYJ10 nponsaonnue Jlu

gQw=o | (11.17)

OTHOCHTEJ/ILHO BEKTODOB §a, YAOBJAETBOPAIIINX COOTHOIHEHHAM

Evia—Eaw=0.

PaccmoTpuM noapoGHee Hanbosice MPOCTOH CJaydail LeHTPaJib-
HO-CHMMeTPHYHOro CTaTHueckoro npocrpanctBa U4 [as Hero Bek-
TopaMHu KW/IMHHra fBASIOTCS

={1, 0, 0, 0}, §*{O 0, — cos x?, ctgxesinﬁ}
©)
(11.18)
& = {0, 0, sin x7, ctg x* cos x%}, g = {0, 0, 0, — 1}.
(M

Ycaosuio (11.16) c Bexropamu (11.18) YJOBJeTBOPSET CTaTH-
yeckass cgepuyeckass MeTpHka (B obosHauenuax x%={ xl=r,
x2=0, x3=0¢)

ds*=exp (—A(r))dt*—exp (A (r))dr—r2(d06* + sin?0d¢?).

IOas teH3opa kpyueHHs HeTpyaHo noayuuth u3 (11.17) caeavio-
LHe OrpaHHYeHHSA:

0Q%/0p=0, 0Q%,/0f=0,
3 3 : J —2 2 2
Q%0 — Qopdy — Q0% + sIn™" 0 [Qa,05 — Q%0 — Q%p3dy] = 0,
3 3 ,
0Q%py/00 — ctg 0 (Q%sydp — Qps™dy — Qpyd%) =0.
[Toce yyeTa 3THX COOTHOLIEHHE OCTAKOTCs JMlIb BOCeMb He3aBH-
CHMBIX KOMIIOHEHT TEH30pa KpyueHHs, a WMeHHO: Qio, Qoo Qoot,
Qats, Qosz, Quzs, Qas, Qs Ecam orpaHuyuTbess  paccMOTpeHHeM
MJIOCKOCTH O=mn/2, To NpuAeM eule K CAeAYIOLLEMY COOTHOLICHHIO:

dQ% /36 =0.

Torpga nepeyuc/ieHnble He3aBHCHMLIE KOMIOHEHTH OYyAYT ¢yHK-
LHAMH TOJIbKO PACCTOSIHHS OT HayaJa CHCTeMbl KOOPAHKHAT.

B paGorax [189, 190] 6wy paccmMoTpennl aBTONapasiedH B
CTaTHYECKHX CQEepHUYEeCKH CHMMETPHYHBIX IIPOCTPAHCTBAX C Kpyye-
HHEM, TA€ BCe BO3MOXKHBIE KOMNOHEHTH KDYYEHHH, 3a HCKJI0Ye-
HaeM Qsis=4q(r), paBHbl HYJIO. B 31OM cnyuae nepBBIMH mnerpa-
JlaMu aBTonapaJdJenei 6yayr

exp (~—A+2%/3q(r))dtlds=1],, r2exp(2/3ql\(r))dcp/ds=12.
‘. . (11.19)
Hanee cnocobom, aHaNOTHYHBIM H3J0xKeHHoMYy B [191], noaywgaer-
Cs ypaBHEHHE aBTONapaJJiesy

(dﬂu/dtp )2=Ti/l2+ (2mu+1) (exp (*/sq (4) )/J2+u2) “u =(f1‘1‘-20)
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Pewrnm ypaBuenue (11.20) npubanKeHHO, NpPeACTaBJads U B
BHIE U=Uo+V; TAe Uo= (l+ecCOsQ)/p — 3AJMUNC; € — DKCLEHTPH-

CHTET 3JJHNCA; v —— MaJjasi [onpaBKa, KoTopas B cJaydyae pHMa-
HOBOH TeOMeTPHH TPHBOAHT K PasMBIKAHHIO 3JTHICA HA BEJHUHHY
dp=17:/p,

a B JJaHHOM CJyyae Ha BeJIHUHHY
Sdo=1Jo/p+na,ple,

rjie a; 3aBHCHT OT KOHKDETHOro BHA& ¢(r) W mas cayuasi g(r)=
9
=In(14+p/r) 6yaer a, = 2Be/3pJs.
PaccMOTpHM Temepb H3OTPOIHbBIC apronapas’efiy, YJOBJIeTBO-
psitouie ypaBHenuto (11.14) ¢ JOMOMHHTEAbHBIM yCJI0BHEM

dx d®

{r4

dh  dAr

ric 4 —uapameTp BAOJb KPHBOI,

HerpyaHo yBuaeTb, uTo TOJbKO OeccaegoBas yYacTb TeH3opa
KPydeHusi BJIHsieT Ha H30TponHple KpuBble B U JlefiCTBUTENBHO,
ectu Q¢,=0, 1o, nepeonpeneass napamerp At=Ari(X), MOXKHO
nprsectu ypassenue (11.15) K VpaBHEHHIO s reoAe3MYeCcKOH
NCceBACPUMAHOBa npocrpanctsa. [losToMy MBI mccaeayeM  JIHIIb
BAPHAHT CTATHYECKUX CHEepPUUYECKH-CHMMETPHUYHBIX MPOCTPAHCTB C
KPy4YcHHeM, npeactasientibiv OeccaegoBoil yacTtbio. B 3TOoM cay-
yae Ttakxe OyayT JABa TepBBIX HMHTerpaJa YpPaBHEHHH aBTromapaJ-
Jaeden

r2 d(P/dS =J,, Qus® (r)  dt
T Qi) ds
YTO HakJaJAblBA€T ONPEIeJeHHYX CB3b Ha KOMIIOHCHTh KPYUeHHS
H o JesiaeT HX 3aBHCHMBIMH. B noJsgipHpix KoopauHaTax asTolapal-
Jeab OyjeT 3axaBaThes ypaBHEeHHEM 7= B/¢.

Takum obpasom, apronapagneau B U*- -IPOCTPAHCTBAX cymiect-
BCHHBIM 00pa30M OTJIHYAKTCHS OT HAWKPATYARLIHX, KOTODPbIE, OJHA-
KO, KaK ¥ B INCeBJOPHMAHOBBIX NPOCTPAHCTBAX, SABJAAKTCA Tpaek-
TOPUSIMH ABHIKENHS OeccrnuuOBHIX Npobubix yactun, B Ut [192].

=/,

§ 12. BBAHMOIAEWUCTBHE FPABHTAHMOHHOFO
U MATEPHUAJIbHBIX NOJNEN
B TEOPUH 3WHIUTEMHA—KAPTAHA

OIlHUM K3 TAABHBIX CJeACTBHA KaJHOGPOBOYHOrO MOAX0/Aa K Ipa-
BHTAUMOHHOMY MOJIIO, KaK Mbl YCTaHOBUJIM B ri. II, sasnasiercs Boi-
XCln 32 paMKM 3SHHLWITEHHOBCKOH TrpaBUTAUWH H J0Ka3aTedbCTBO
TOTO, YTO TPaBHTALUOHHOE B3aUMOJAEHCTBHE OINHUCHIBAETCS ABYMSA
HE3aBHCHMBIMH JHHAMUYECKHMH  TEPEMEeHHBIMH — MeTpHKOH |
CBA3HOCTBIO. TaKasi TeopHs IoJayyuJa Has3BaHHe a(pOdHHHO-METpPH-
YeCKOH TEeOPHHM IPABHTALMWH, YACTHBIM CJAYYaeM KOTOPOH SBJISIETCSH
TEOPHA TPaBUTALHH C KpyUYeHHEM,
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VICTOUHHKOM MeTPHYeCKOTO TpABHTAIHOHHOrO [OAA H TOJS
KPYYEHHsT CJOYXMMT MaTepus, KOTOpasg XapaKTepH3yercs TEeH30pOM
SHEPTUH-UMIYJIbCA W CIOHHOM. B  DNJOCKOM  INIDOCTpaHCTBe-Bpe-
MEeHH JarpaHXHaH MaTeDUH 3aBHCHT OT MOJIEBBIX HEPEMEHHBIX H HX
npou3BoAnHX L, (¢, 0w). [Ipu nepexoae x adPuHHO-METPHYECKO-
MY .IPOCTPAHCTBY HeoOXOAKMO COIJIACHO  TPUHIHNY  MHHUMAajb-
HOCTH B3aUMOJEHCTBUA, CrenyoileMy #u3. KaluGpoBOYHOTO MPHH-
uuna (cM. § 1), coxpawes ¢opMy narpankuaHa MaTePHH. 3aMe-
HUTb OOLIUibIe TIDOM3BOHBIE KOBAPHAUTHEIMH

aa;“‘*vu a Tuq
a MeTpHkY MUHKOBCKOro Ha HCERANDUMAHOBY M~>T,.. 1Orzaa
dtx—V — gdix,

T
Lo (9, 09)— L(9, v, ). (12.1)

Moauw#t narpamxpar GyaeT cyMmoli MaTepHaJ bHOTO Jarpau-
KHAHA H MArDAMKUAHA IPABHTAUNROHHOTO noas. B kagectse mno-
crengero B TRK Buifupaercs ckaasp kpususus adhdbuuzO-MeTDH-
YOCKOTO TPOCTPAHCTBA

=R(g, 1. (12.2)

[Toruepkuem, uTo rPapuTaNPANYHIY MACPAHIKHAH B BHIE THIb-
fienTORCKOTO CKAaASPA KDHRU2HK R 63 TiuaTelhHOro  vuera rpa-
mmpuy Braanor (cv, C. Xowxmur, JI. M. Cenon [2771, A. 1lefitann
¥ In.), KAk BRISCIIIOCH, MEVAOBJETBODHTENEH N0 PIAV TPUUHH!
CONTBOTCTBVIOMIAS BADHANMONHAA 337aya SIBIACTCH HEeKODPDEKTHOH;
HEeROIVOXHO CTDOTO ONPeNeSHTL  NPOH3IBOATIMHII ™ hyHKUHOHAT B
ERAHTOBON TEODHH; He TOBOPS VIKE 0O TOM, UYTO peIleHHS yDaBHe-
HEH TOMg CONEDPIKAT CHHTYJSADHOCTH, YTO ABJIAETCS IJIaBHHM He-
nocratkoM OTO (cm. crarteio . Ueanenko B ¢6. «IIpobaeMmbr ¢u-
AUKK: KacCcHKa W conneMmennocTsy {2751).

Hevons nz xaan6poRounoll KOUIMENHHMY, HAWJAYUUIHM  BHIBOPOM
JarpankKuana rParUTANHOHHON TEOPHH ABIAETCS

L =A"]' (!RS—}‘ Bﬁaﬁwﬁaﬁ‘w»

ITJIIOC, BORIMOXKHO, VBarlpaTHqHHe BKIaldht OT RDVYEHUA U HEMET-
PHYHOCTH (o6cykaerne atoft Teopun oM. B [275]1). Vxaxkewm, uto
B 3TOH MOMENW  CVHIECTBVIOT HECHHTVIAPHBLIE © KOCMOJOTHUSCKHE
petzenus (A, B, Muukerwy w 1p.}), oHa UePeHOPMHPVEMA Ha DH-
marnosoM tone (XO. H. O6vxor u E. A. Hazanosckuit, 1984}, no-
MYCKaeT WHCTAHTOHHKE KOHGHUTYnaumu (CM. Te3uCH . VI COBeTCKOH
rpaRuTallHOHHOA KoHMepernuu) [2791.

ITpocrpancrea Pumana — KapraHa, pacCMOTpeHHbBle B NMPEABIIY-
wewm mnaparpade, nNpHHaaAexaT K CueltHalbHOMy BHAY adbuHHO-
METPUYECKHX TIPOCTPAHCTB, B KOTOPHIX BLITIOJIHAAETCS VCJIOBHE MeT-

puunoctn (6.1) vaguy =0.. DTO yClOBHE MOXHO pa3pelwuTb 3a-
paHee, N0 BHIBORA YpaBHeHH{l ToJs, W, NOACTaBUB BhipaXeHHe 174
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casgoctu (11.2) B (12.1) m (12.2). onmuceBaTh rpaBATALHOHHOE
noJjie ABYMS TEH30PHBIMH IOJSIMH — MeTpHKoH ¥ KpydeHHeM.
Torza He3aBHCHMbLIMH TOJEBLIMH lepeMeHHBIMH, 1O KOTOPHIM Cile-
JIVeT BAapbHPOBATh TOJHBIA JarpaHxKuaH, OyayT MeTana prqe-
HHe W MaTepHaJbHBIE MOJS.
JIpyrofi noaxoa mpeanogaraer BBeleHHe YCA0BHS MeTDHUHOCTH
R narpaHXMaH ¢ HeoNpeneNeHHHIMH MHOXHTe gMu Jlarpanxka
r168, 193]. Paccworpuy o6a 3THX cJydas, TaK Kak B 11€PBOM H3
HUX OKOHUATEIhHR'e VDABHEHHs NOJs IMOJYYaloTCs Cpa3y., OJHAKO
N9 BHIBOJA 32KCHOB COXpaHeHHs Tpebyercs JIOMOJHHTENBHO HC-
NOJKROBATE ToXKAecTBa Duanku [194]; BTGPOH BaweH, MOCKOJBbKY
ABisieTcs cfunv A adhdHHHO-METPUUECKUX TEOPHH TpaBHTAallHH,
npxm6nermm B TocCJdenHHe ToAbl GoJblIOoe 3HaueHwe B CBJ3H C -
npcrnamwov OOBCIHHCHHS TEOPHH OTHOCHTENBHOCTH ¢ KBAaHTOBOM
GODHQH
. OYHKUHOHA JEHCTBHSA, ONHCHIBAIOWIHA B3aUMOJEHCTBHE MEeTDH-
Yyecxoro, TOPCHOHHOrC (MoJast KPpVYeHHs) H MaTeDHAALHHIX MoJel C
vuyetoMm (11.2), nocrme or6pacwiBavusg MONHOW AUBepreHunu Oviaer

S = [ drV = g(R (g) —[4QuQ* + 2QupQ""™ —

— Qups @] — 2L (9, V. ©)). (12.3)

TIpoBapeHPORAB 3TOT GVHKIMOHAT [0 1€3aBHCHMLIM JHHAMHYE-
CKMM NepeMCHHBIM, HOJAYUHM CAelYIolHe YpPaBHEHHs MOJS:

+ 8¢ R g R+ 4By B+ 2B4e, B —Bye B —

_I/Qg;n'(4BaD[ABalﬂ]+B¢¢,578a’m) '—_KT;,W, (124)
§Q: Byt B%«:L Bho= w(sht Sut+5h).  (12.5)
aL
891 2L (yy — 2Q) —— = 0, . (12.6)
P aV;ﬁ

rae Ty = ; ?h, (V—Tg L,,,).—— TCH30P suepruxi-umnynbga Mare-
puH, -sﬁ\, e (')L,,,/(SQ';f‘?— KAHOIHYCCKUI TEH30p clHHa,

Bkuv = Qluv + éule_ﬁvLQu-
Ypasnenne (12.5) mMoxuo npeobpasoBath K Bﬁ,ﬂ}f

Qe+ 8,1Qv—8. Qu=nsMs. . (12.7)

N3 ypasuenusi (12.4) — (12.6) w toxnmects bBuaunku (11.8),
(11.9) nmoayuarwTtcst caeaylouue 3aKOHB COXpaHeHH TeH30pa
3Hepmm-nmnynbca ¥ TEH30pa CIHHa:

(Vu — QQu) te — Q’“uotx + S"upR”“’m () = (12.8)

(V? —2Q5) $Muy — 2fruyy = 0, (1‘2.9‘)
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rae lo = 8gLy— (0L,/094) Va® —KAHOHHYECKHIT TEH30D 3HEPrHH-
HMIAVJbCA.

PaccMoTpuM BTOpofi ¢noco6 BapbHPOBAHHS — BapbUPOBAHHE
no Ilanarunn [168]. 3anuwem JeficTBue B BHAE

T
S = [V =g(R(@ 1) + A% (vog™) — 24Ln (9, v, £))- (12.10)

YpaBHeHHs [oJs, HojyyaeMple BapbHpoBaHHeM aeiictBus (12.10)
N0 METpDHKE, CBA3HOCTH, MaTepHa/JbHbIM TOJSIM H HeONpejesieH-
HbIM MHOXHTENAM, OyayT

- r , A ‘
3g™ : Ruy(I') — 1/2g,« R(T') — [Va"—' (\Fx&;‘v* { OL?\,} )] A" wy = ATy}
_ (12.11)

6r&” : Aa“\‘ T 6253“ + Aauv + Aa\'u T 6L/6rall.v =0,

Aa“v — guvr’pap - I‘vaBgcu __ I‘udagcv /____ (]/ _— ggm) (12 ]Q

B" — fl"g V—gg"), + gh T,
=

r { r
8¢ : OL/0g — [w—-— (T, — ["M} } OL/A (Vug) — 0;  (12.13)

OA%: Vgt =0. (12.14)

Ypasuenue (12.12) c. yuverom (12.13) pacnagawooTess Ha aBa.
OaHo u3 HuX 310 (12.7), a BTOpOE '

8§V gL
0T, (nv)

KpoMe rtoro, u3 (12.13) HenocpeacTBeHHO CJAEAYET BbipaXXeHue
nas ceasuoctd (11.2). [locse moxcranosku (12.15) B (12.11) npu-
neM K ypasHerusm nonas (12.4)—(12.6).

VYpasneune (12.7) peaausyer ocHoBHyw uiero Kaprana o cnu-
HC KaK HCTOYHWKE MOJSl KDPYUeHHS. B BeiOpannoM Hamu Jarpas-

MI'aHe TPaBUTALMUOHHOTO IOt OTCYTCTBYIOT KHHETHYECKUE UJIeHD
11019 KpydyeHus. Bceuaenctsue 3toro ypasuenue (12.7), xortopoc
Mbl Oynaem HasbiBaTh ypaBHeHHeM [lasnaTHHH, ocyuiectBaser aJ-
re6pAHUYECKYI0 CBSA3b MeEXJAY CNHHOM MaTrepHaJbHOro INOJsT U KpYy-
JeHHEM IPOCTPAHCTBA-BPEMEHH.

[Tocae TOro KakK NOCTPpOeHbl 00UlHe AHHAMHYECKHE YpaBHEHHSA
TEOPHH, .pACCMOTPHM OCHOBHBIE THIbl KJ4CCHYECKHMX TOJeH -— CKa-
JAIPHOE, VIeKTPOMAarHHTHOe, CAHHOPHOE — B TEOPHH TpaBHTAlUH
¢ Kpyyennem JSiHwreidina — Kaprasa.

(12.15)

- .
A uv::——‘x

Cka/isipHOe moJe.

ITosrle HyJeBoro cnuHa — CKaJspHOE 10J€ — CO  CBSI3HOCTBHIO,
a TeM CaMblM H C Kpyu€HHeM IIpOCTPAHCTBA-BPEMEHH He B3aHUMO-
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AefictByer. OAHAKO BKJIOUEHHE B €ro J1arpaHxHuaH HEMHHHM aJbHO-
ro B3aUMOAEHCTBUS Q—¢ NPHBOJUT K HHTEPECHBIM pe3y/bTaTaM.

PaccMOTpUM  «CKaJSPHO-METPHKO-TOPCHOHHYIO®  TEOpHIO, OIH-
CbiBaeMylo (DYHKIHOHAJOM AelCTBHS

So = jdw —¢ |5 due0*e —ER(g, Q¥ —~U(o)]. (12.16)

rae U(g) =0 aas aw06bix 3uavedutr ¢. Hanpumep, BuibupaeMm
v 2 }\,
U —_— -L?l.—. 2 --L‘ _'_r 4 4
(@) = =~ @ + - —¢

(B qrcyrerBue KpyueHus, ecin m=0 u £=1/6, ¢yHKuHoHa1 So
OyxeT KoHGOPMHO HHBAPHAHTHBIM).

JunaMHueCKHMH IepeMEHHbIMH B TAKOH TEODHH HABJSIOTCA (,
v, Q. Boinuumem toabko ypaBrenHe IlanaTiHu

) Q wy + o ulQy — 5qu el [6;;6\‘ — & du(p]
OTkyna HeMeLJeHHO c.nenyer
Qu= (2¢) ! [gwOrp—g:.0,0] . (12.17)

[Mocse nopcranosxku (12.17) 8 (12.16) u #HekoTOopwIX npeobpasosa-
HHH moJsiyyaem

S=id'x(—g)"*{(1/2—27&/4) 0.@0"0—ER () ¢*—U(¢) }.
T (12.18)

[TepeobosHauum (p——>(l-—-—-—27§/’2)“”2(5. Torpa (12.18) NPHMET BHL

S=[d'x(—g) {20,900 —ER()P*—0(g)},
riae "‘
) S L
e % { :__ -2 L —_—
s1 2 — 27 U@ ¢ 4! (P’

S dmt o 4 (12.19)

m ,
. 2. 97t (2 — 27E)?

Ocobblit HHTEpEC lpeAcTaBaseT cayuait §>2/27, korna B peHop-
MHPOBAHHOH 3a cueT Q-—@-B3aHMOIEfICTBHA TEOPHH IPH =1
BO3HHKACT YCJOBKe JJISi CIIOHTAHHOTO HAPYIICHHS CHMMETPHH, TaK

Kak B 9TOM cayyae m*<l4, a } >0, u U(g) Gyaer o6aanars aByMs
HEHYJeBbIMH YCTOHUYHBLIMH MHHHMYMAaMH.

JNEeKTPOMATHUTHOE T0Ji€.

Ha B3auMopeHcTBHE TpaBHTAUHOHHOIO H 3JEKTPOMATHUTHOTO
noneff B agpPHAHO-METPHYECKOH TEOPHH CYUIECTBYIOT [BE TOUYKH
3penusi. eno B ToM, uTo 3aMeHa oOBIYHOH NMPOM3BOJHOH HA KOBa-

r

PHaHTHY10 J,— Yy IPHBEAET B JaHHOM (Jydae K NOfBJIEHHIO B BhI-
paXeHHH O HaNpAXKEHHOCTH 3IJEKTPOMArHHUTHOrO MOJS YJEHOB

7% -



B3auMoaeficTBUA

r r 7
Fyuy = vudy — vudu = 0,4, ‘—‘"avAu -+ 2QMi Ay, (12.20)

Hapywaowux U(l)-kaau6poBouynyio HHBAPHAHTHOCTbL JarpaHikKHa-
Ha 3JIEKTPOMATHHTHOTO MOJSI.

ITockoMbKY NpHHUMI KaJuOPOBOYHOH HHBAPHAHTHOCTH SIBJSET-
Cs OAHHM H3 OCHOBHBIX B TEOPHH moJs, pal aBTopos [195, 19, 196],
XKejdass COXPaHHTb €ro, NPeANOJOXKHJIM, YTO KpyueHHe He B3aHMO-
AefiCTByeT ¢ KaauOpoOBOUHBIMH TOJSIMH THNA  3JEKTPOMATHHTHOTO
H SIHT-MH/JICOBCKOTO M IOITOMY CJe/lyeT CUHTaTh, 4TO B3aMMOAeH-
CTBHE «KpydYeHHe — BEKTOP-NOTEHLHAN» OTCYTCTBYeT. JTO XKe cie-
ayer u3 ompenenerus Fy,=[d,—TI,—A, 9,—T—A,] KaK Tensopa
KPHBH3HBl, B KOTOPOM CBSI3HOCTb He NeHCTBYeT Ha CBOH KOOpPAH-
HaTHBlE HHAEKCHI. :

C APYTOH CTOPOHBI, HMEET CMBICI 00Cy IUTH BO3MOXKHOCTE OAHO-
BPCMEHHOH MOAMGHKAUMH MPHHIHIA MHHHMA/JbHOCTH B3aHMOjeli-
CTBHA ¥ NPUKIENG KaanGPOBOYHON MHBAPWAHTHOCTH TaKuM O6pa-
30M, 4TOOR B 3TOi HOBOH CXeMe COXpaHHJaach KaJuOpoBOuHasl
uupapuantHocts M Q—A-szaumonedictBue, Takas  nporpamMmma
Obla peannsoBaHa B paborax [197—199]. B srom cayuae oOblu-
Hble KaJaubpoBounbie r1peofpaszoBaHHs (1.2) BeKTOp-moTeHnHamla
3aMEeHSIOTCS Ha

A—>A =A,+exp(D(x))A,,
a TeH30p KpyyeHus U nosie (O CBS3aHBI COOTHOUIEHHEM
Q m—-aq)u 6 u® g ’ (12.21)

Kpome 3toro, B yJeHe B3anMoaelicTBHS 3JIEKTPOMATrHUTHOIO 1O-
J7 A, HanpHMep, ¢ 3apsiKeHHBIM CKAaJSIPHBIM I0JIeM, HOSIBJSeTCs
ACMOJHUTENAbHBHE MHOXHUTEIb :

(0u—iqA,) g~ (Ou—ig exp (— @ (x) ) Ay) ¢. (12.22).

ITOT NoAXO0HA 0CoBeHHO WHTEpeceH, NMOCKOJIbKY B HeM PacKphl-
BacTCs ellle OOHH aclexkT NpHpoAbl Kpyuenust. M3 (12.21) caenyer

O - —’37 gg‘) Qudx™.

Torpa "BHAHO, YTO B 3aJaHHOM NPOCTPAHCTBE C KPyYeHHEM 3KCIO-
HeHTa B dopMysie (12.22) Oynmer npeacraBasitb coboi 0ObeKT THIA
BH/IbCOHOBCKOH ITeT.IH

W [c] = exp [ @Qudxu}

ITpn onpenenennom BhiGope Q, sHauenne W[c] MOXET 6bITb KOHey-
HbIM, ¥ TOTAA, NepeHOPMHpOBaB 3apsid ¢—q =W][c]g, Mbl Gyaem
B COCTOSHHH OHEHHTh He TOJbKO BJHSHHEe KPYYEHHS Ha 3JeKIPo-
MAarHHTHOe B3aHMOJEHCTBHE, HO H palHyC, Ha KOTOPOM 3TO BJHA-
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HHé CYyUIeCTBEHHO. M KOTODHH, q)ax'rnqecxn 6yfeT paBeH AuaMert-
py UeTJIH.

B o6cyxnaemom nmopxone 3JEeKTPOMATHHTHOE NOJie B3aHMOAeH-
CTBYET C KpPYUeHHEM, OAHAKO He ABJAAETCA €ro MCTOYHHKOM. Omno
CTAHOBHTCS HCTOYHHKOM N0 KPYYeHMs, €C/IH MOXKepTBOBaTh Ka-
JHOPOBOYHOH HHBapuaHTHOCTbIO [200].

@yHKuUWOHAN [eHCTBHSA, OIMCHIBAKOILMH  B3auMmoaelicTBue ad-
GHHHO-METPHYECKOr0 TPAaBHTALMOHHOIO M 3JeKTPOMACHHTHOTO I0-
JeH, MOXKHO BHOpaTh CJIe;LyromHM'

S = 5 e (— @)V |

1166

R(g, Q) — = Fu F“‘], (12.23)

rne F,., onpenensiercss dopmyaoi (12.20). BapoupoBatue QyHKIIHO-
nata (12.23) no He3aBHCHUMBLIM IepPeMEeHHLIM INDPHBOLHUT K CHCTeMe
VpaBHEHHH

8g™ : Ruy (g, Q) — —;— guR (g, Q) = 8nGT uy;

3
: 3A" : yu P + 2Q"spF™ = 0,

a d : »
V“F“B + VaFpu + VaFua — 2Q s = 0;
WY Qruy + 6“Q\’ - éhQu = 8nGS* uv,

rae Ty == FuaFy — ’Q—gquaﬁ FO‘B,

] .
Sy = e [AuFy — APt
41

- TeH30p CHIHHA 2JeKTPOMATHHTHOIO MOJIS.
Paspewny 3Ty CHCTEMY OTHOCHTEJLHO TEH30pa KPyYeHHS

Qv =20"Qu+ 2CGALL W+ 4GAALQu, (12.24)
ric -
Q.= GF,A%2(1+ GA?), A2=A,4" QA*=0, Fo=0,A4,—0,4,.

[MoacraBasg (12.24), nmonyuum CHCTeMy, ONHCHBAIOLLYI0 B3aHMO-
JelicTBHe TPaBHTAIHOHHOIO NO0J8 € HeJHHEHHbIM BEKTOPHBIM B
paMKax pHMaHOBOK FGOMGTpHH ;

Ruy (g) — — guvR (g) = 8aGTyy, (12.25)

(—e)” — g2 F®) = —GFFIAY (12.26)
wen 2GA [ F 7 A, -

Fuy = Fuy + Lt Al (1.2‘27)

N = g (@ Lun, - (12.28)
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Luen = — - A F“" + —F"“‘ Fi% 4,4 (12.29)

TakuM 06pa3oM, HCXOJAHAs CHCTEMA ypaBHEHHH B NMpPOCTPAHCT-
Be U* moxer ObITh CBeJeHa K CHCTeMe ypaBHEeHHH JIDHHUITEHHA H
HEJIHHEHHOr0 BeKTOPHOro noJisi. PenleHus TakuX ypaBHeHHH B Ipo-
CTpaHCTBe Muznkosckoro usyyanuch B pabore [200] u B cayuae

Av={g(r, t), 0,0,0} npuBOAHIHCL K pPeLIEHHIO YPABHEHHS - CHHYC-
1"0p;10ﬂa A5 cpym(mm ¢(r, t).

CnunopHo€ noie.

Cnunopusle nojas B U* BBOAATCA TOYHO TakHM Ke 00pasoM,
KaK W B puMaHoBoii reomerpuu [201, 202].

ITycte B Touke peU* omnpejeier OpTroroHadbpHBIl Gasuc {f,}
TAaKOH, YTO MCEeBAOPHMAHOBA METPHKA Zap=Nas. B TaKoM OpPTOro-
HaJbHOM Oasuce 3anaauM cnunop P(p) u y-Marpeuw Jupaka

Yafyb_}_\.b,ya_gnab
OnpegenuM Apyrow, rononomumu Basuc {f{,} B Touke p=UL Ile-
pexon ot {f,} k {f.} ocyuecrsasercs ¢ NMOMOLIbIO HErOJOHOMHbBIX
npeobpasopaHuit t,=hy*t,, 3alaBaeMblX TeTpPagHBIMH (YHKIHUSIMH
hott (cM. § 4).

[lyctb p u p” — xBe TOYKH, HaxoasmHecs Ha HHOUHHTE3IH-
MaJbHOM pacCTOfiHuM APYT ot Apyra B U4 Ilpu mapanneabHoM
nepeHoce oproronaJjpHoro 6asuca U3 p B p’ BROJb HEKOTOPOH JIH-
HHHM TeTpajhble KO3(QPHUNUEHTH H 3a/laHHOE CIIHHOPHOE I0Jie H3Me-
HAKOTCS HAa BEAUUHHY

6}1": - dy'thvha dx r ﬁhﬁa,

def .
- Op = ' (p') — P (p) = dx¥ Vv ¥,

TIe Vy— KOBapHaHTHAs IPOM3BOJAHAsA OT cOHHOpa. B Tom cayudae,
eCaH p'—p, 3TH DPUpALIeHHS MOXKHO I[10JYYHTb C NOMOIIbIO Iipe-
ob6pazoBanuil JlopeHua ¢ 3aBUCAILMMH  OT KOOPAMHAT KO3 hH-
IIHeHTaMH .

dh%s = do® %, dy = do™ ey
Otkyjna cpasy cielnyer |
dwes=—dxT 4py.

TMockonbky ' (p’)~—¢(p) =dx%0,p+6¢p, rae Oy — npHpaileHHe
YHKIKH, He 3aBHcsllee OT fpeoOpasoBaHuss —KOOPIAHHAT, Mbi
MOKeM INMPHPABHATL

Sy = dmagc““q)—udx Fopya®Py. _
Takum o6pa3zom, KoBapHaHTHasi MNpou3BOAHAas OT CHHHOpA

Vol NPpUHHMAeT BHA

r

Vo = (0o - abad®®) $.
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s conpsizkeHHOro CrHHopa

r _ -
Vo ¥ = (O + Tapa@™®) .
CssizHocTh I' onpeaensiercs opmynon

Iabo = 0abo~+ Kabas (12.30)

®Wate =12 (Cavc+ Coca—Crcas), (12.31)

Cooe = P e (Payy — hav.n)- o (12.32)

B orcyTcTBHE KpPy4YeHHS 3TH BbIpayKeHHs BOCIPOH3BOAST H3BeCT-
Hbie  CNHHOpHBIE  KOIPPHUUHEHTH ®oka — MBaneHko — Belas

[134, 203, 204].
BsaumojeiicTBHe CHUHOPHOTO M rpaBUTatlMoHHOro noseit B TAK
OMHCBLIBAGTCST ¢ MOMOWBIO (YHKIHOHAAA AeHCTBUS

] [ _ r r _ ’
S = [ax (=0 {5 RiE Q= v — vy 9} (1239
NOCTPOEHHOI 0 B COOTBETCTBHM C TIPUHLIHIIOM MHMHHMAaJAbHOIO
B3aUMOJAEHCTBHA. YpaBHEHHs HOJA, foJyyaemble U3 Hero ¢ Io-
MOULIbI0 BaPHAIKOHHOI NMPOUEAVPDI, HMEIOT BHJ

Ru(g Q)—'28R(g, Q)=8aGT,, (12.34)
Qv + Qv — 85Qu = 8rGPY "yuyvib, (12.35)
{Y“ [OM" “(')abuO'ab] —f_ Kabp * Y[aybyu]},q: = 0, ( 1236)

)

rae

i r _ r _ . IS . s
Tuv = —AVapyb = Yoyl — Yy Vo — $ye V).

Hcenonpsyem usBectnoe cooTHoumeHHe

- ,
YuYs = e BuaBi-.Y?YﬁY;'-

L VPP B

Ypapuneuns (12.34) — (12.36) nerxo npeobpasylorcs K BuAy
Qlwx = 8141\'Q\‘m sz = QJTG’(—PYaYs'lP: ( 1237)

,Y“(d!»l+[('Jabugab"f’QuYs) 117:0 (1238)

Takum 006pasoM, CHMHCOPHOE 10Jle B3AHMOJEHCTBYET TONbKO €
nceBjocae oM TeH3opa KpyudeHHst Q,. IToAcraBisis Belpa)KeHHe AJS
nceppocaena (12.37), nNOpPoXAEHHOLO CIHHOPHBIMH  MOJMSMH, B
ypaBHeuuss (12.34), (12.35) u B .BblpakeHHe IJSI TEH30pa 3Hep-
THH-UMIYJAbCa CHHHOPHOrO mnosasa B U4 MBI [OAYYHM CHCTeEMY
B3aHMO/eHACTBYIOUIHX TpaBUTALWOHHOIO H HEeJIHHEHHOro CNHHOPHO-
ro nosiefi B paMKax TeopHH rpaBHTaUMH DHHIITeHHA

VVip—3aG ($v*ys) vaysp=0, (12.39)
Ry (&) —'/28wR(g) =8nG{V Py} + Vpyp— ‘
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— BV Vo By Vb (— 8,80+ GSas™) ),
Sa = PYaysP-

Ypapuenne (12.40) soepsuie Gbino moaydeno B. . PoauueBmm
[136] B npocTpaHcTBe MHHKOBCKOTO C KPYYEHHEM, a 3aT€M PSAOM
aBTOPOB 00OOUIEHO Ha CJyYyad NMPOH3BOUBHOTO NPOCTPAHCTB4A PH-
Mana — Kaprana [205, 206). IToT pesyabratr NO3BOJASiET HPHAATDH
reOMeTPHYEeCKHH CMbICJ] HM3BECTHOH CHHHODHOH HenHHelHocTH MBa-
HeHKO — [ ensenbepra, a C Apyroil CTOpOHBI, NO3BOJSET Pas3BHTDL
CTATHCTHYECKY 10 HHTEPUPETALHIO NOAA KPYUEHMS MU sBJEHHS CIOH-
TAHHOI'0 HCKPHBJEHHsA npocrpadcrBa-speMend |207, 208].

CopMyanpyeM TeopeMy, KOoTopas fABJSETCS NPAMBIM  CJAeACT-
BHEM ChiTeMDl ypaBreHHH (12.38), (12.39) [206].

1copemMa. B3auMOJeHCTBHE AHPAKOBCKOrO HEHTPHHO ¢ I'paBHTa-
IMOHHBIM I110JIeM B TNPOCTPAHCTBE C KPYYEHHEM IIOJHOCTBIO OIHCHI-
BaeTcs JHHAMUKOH CaMOIPABHTUPYIOLLEr0 HEJIMHEHHOro CHHHOPHO-
ro noiss Tuina lBaHenKo — ['enseHfepra B PHMaHCBOM [pOCT-
paHcTBe. _

Pemenus ypaBHenusa [lupaka B npocTpaHCcTBE ¢  KpYUeHHEM
UMEIOT Pl ocobedHocTed. 1ak, B KauecTBe (yHIZAMEHTAIbHOIO
BOJIHOBOTO YPaBHeHHs] CIIHHOPDHOrO NoJs, KaK yKa3bBaJjaoch, cle-
Ayer NPUHATbL ypaBHeHHe MBanenko — [‘eiisenbepra, W JHHAMHKA
KJiaCCHUYECKOTO CIIMHOPHOTO NoJs OyJeT OnpeAessiTbCi  pelleHHeM
3TO10 YpaBHeHHA. Brnepsble pelleHHs] COJIHTCHHOrO THNA AJsf Ta-
KOro ypaBHeHHst ObIIM NOJyUeHbl B cjydae CpepHUecKoil CHMMeT-
puu |2U9}. 3areM B JABYMepDHOM cJayuae LEJbIM pPSAOM aBTOPOB
Lz1u, 211|. Taxoif noAxox NUPHBOJAHT K CYLIECTBOBAHHIO YaCTHILC-
1UACOHBIX KOH(QHIypauui OOJayneJoro ClKHa. .

kl3yueHue JHHAMMKH CIIHHODHOTO IOJf B 3aJaHHOM fIPoCT-
pancise U% (HecamocorgacoBaHHasi 3afaya) TakxKe  HHTepecHo,
IIOGCKONbKY MNPHBOAHT K TNpeAcKasaHuio 3(QeKToB, Ha OCHOBAaHHH
KOTOpPLIX BO3HHKAeT BO3MOMKHOCTH HM3MepeHHA  Kpyduepusi. Tak, B
paoortax {212, 215] 6pla4 HahkJeHbl D[JOCKOBOJIHOBBIE pelleHHd
ypaBHenun  lupaka B npoctpaHcTBe MuukosckKoro — Kaprana c¢
HOCTOSIHHBIM kpyueHHeM. BJlHsiHMe KpY4YeHHS [OJIKHO INPHBOAHTD
K CMEILEHHIO JIMHHN 2JeKTPOHa B aTOMe M JOIOJHUTEJIbHOMY pac-
WeHVICHHI0 HX 1i0 CPaBLCHHIO C 2j€KTpoMaryuTHBIM. OAQHaKo npen-
CKA3aHHs TEOPHH JEXaT II0Ka 3a MpellelaMH 2KCIepHMEeHTaJbHbIX
BO3MOXKHOCTEH. . :

Heauneiinocty B ypaBHeHuw [Hpaka, nojo0HO JApyruM ypas-
HeHHSAM, BO3HHKAalOT OJarojaps KBaHTOBLIM 3ddextaM, oAHAKO
uesecoabpasHo pacCMOTpeTh CIKHOPHOE ypaBHEHHe C 3aTPAaBOYHOH,
AJA Hayajda Ifpocredumiedl KyOHYeCKOH HeJHHEHHOU A06aBKOH H
NpPEeAJOXKHTh €ro, B -YaCTHOCTH, B KayeCTBe YpaBHEHHS Ipa-MaTe-
puua (HCT), n3 Koropo# CTpOSITCA pealibHble YaCTHIbI H KBapKH,
Clell;si- B HEKOTODOM CMBICJE HAEAM <«CIAHfHHS»  Ae Dpoias.
CumBosuveckn 3anumem Dyp+i(¢®) =0. 10 ypaBHeHHe H npo-
rpaMMa HenuHedHo# eauHoii Teopuu (MBamenko, 1938 - [288]
6blau pasBuTel [efisenbeprom [290, 291), npokBaHTOBaBIIMM Npa-

(12.40)
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MAaTepHIO, BBeAs BLIPOKAEHHHII BaKyyM, 4YTO MPHBEJIO ero,
Jroppa u Jpyrux K AOBOJLHO YIOBNETBOPHTENLHOMY CIIEKTPY
MAacC agpOHOB M KOHCTAHTaM CBsi3H, B psijie NYHKTOB YJyYUII€HHBIX
HAMH, B YaCTHOCTH, YUeTOM YHHTApHOH, a He H30CIIHHOBOH CHM-
merpun (Kypareraunase, Haymos, Hryexn 3ao, [Hauuilok), Hanpu-
mep, a==1/115—1/120, uto 6ausko k 1/137 [275, 289].

C.nellylomm‘& mar CBsi3aH C TeOMeTPUYEeCKOH HHTepnpeTaiHel
HeJIMHEHHOro IICeBJOBEKTOPHOrO Y/eHa, BO3HHKaloumero ¢ Heodxo- -
JHMOCTBIO B NPOCTPAHCTBE SiinwTelna — KapraHa ¢ kpyueHueM
(Ponuues, 1961; Tlepec, Xens, Kpeuer, Ilonomapes [285] u uip.).
Jdunatauuu BeHJm HHAYUHPYIOT HEJIHHEeHHOCTb, HO BEKTOPHOIO
THna (HawH BbBoAH ¢ CapAaHalUBHJIH H erqerom) [Topuepk-
HeM, YTO Yy4YeT Kpyuyerus (d AniaTauui) Tpe6yeTcsr KaauOpOBOUHON
rpaBHTAllMM,” TAK Ke Kak cyneprpasuTauHeil. Hcrnoas3oBaHue
«CHJABHOH» TPaBHTALHH NPHUBOAHUT JIOOONBITHLIM 06pPA3OM K HeEJH-
HEHHOH KOHCTaHTe TpeOyeMOro 3MIHPHUECKH HOPsSAKa, COMACHO
pacueram eauHoll teopHu (Cunxa — CuBapawm, lBanenko). Cuib-
Hast TPABHTALUs, BO3DOKAAN HepapxXHUeCKHe MOJENH, IOACKa3bi-
BaeT TPAKTOBKY YacTHl Kak MHKpo-Bcesennbnix (Pexkammr (275),
Hawn ¢ Amanom, Powmana v ap. runoresas, M. A. Mapkos,
K. I1. Crantokosuny, B. H. Meabnuxos) [281].

HCT  npuBogur K pelleHHssM THNA 00JHTOHOB (THppwur,
P. ®unxenpcreiin, Panvaga, Cmetanun B Hallefl rpynne H Ap.).
MuTtepecHo, 4ro rpynna CUMMeTDHH HeJUHEHHBIX CNHHOPHBIX YpaB-
HCHUH MeHsieTcssi npH KsaHroBaduu (JKemnopoBuu [287, 292]).

YuureiBass Heo6X0AMMOCTb OODBEeIHHEHHsI BCeX IOJeH, NMPHTOM
BO3MOXHOCTb TaKXe€ C caMUM 4-npOCTPAaHCTBOM B (3a)-MJaHKOB-
CKOif 06JacTH JHJAHMH,  CBEPXBBICOKMX® 3sHepru#t  (=10-% cum;
~]10¥ I'3B) u 1. 1., Korna MHOrHe OOblYHble KOHUENLHH; NO-BHAH-
MOMY, IOTePSIOT CMBbICJ {BBHAY HUTCHCHBHBIX (DJYKTYaLHil MeTpH-
KH M B3aUMHBIX TpeBpalleHHH uacTUll — TI'PaBHTOHOB-TOPAHOHOB-
JAHJATOHOB M T. 1.), MOXKHO NONBITATLCH YUECTh AJist OMUCAHHUS H0-
B3PBIBHOIO COCTOAHMSA (npa-MaTepus -+ npa-reoMeTpust) HeJHHeH-
HbIH Tpa-CIHHOpP (KakK NpocTeHuIMH (H3HYEeCKHH, MaTeMaTHYECKHH
M JIOTHYECKHiI B CMDLICJie BbICKA3bIBaHHII «fa-HeT» oObeKT), Hc-
noJb3ys, HanpuMmep BMmecre ¢ CapAaaHaufBHAM, CHMMETPHIO TPYINIBI
Kokcrepa, ¢asosble nepexoAbl OT KOTOPOH HOJIKHB IPHBECTH K
Ha6/i04aeMbiM CHMMETPHAM  XPOMO-3/1EKTPO-aCTEHOAHHAMHUKHY; B
pAfe OoTHOUIeHHH 3To OJH3KO K IporpamMMmam Yuiepa, Henpoyaa
H. dunxenvcreiina, npeacranisisi coboil NepcrneKTHBHOE HanpasJe-
HHe B JyXe Hajex; efHHbIX Teopud DHruIteiina, [ensenbepra. He
OCTaHaB/JAUBasACh Ha MNOAPOOHOCTAX YCHJACHHO pa3pabaTHBaeMoi
Hblle CYNeprpaBHTaUHy, ABJASIOUICHCs NOKaau3auMed rpynnel cy-
nepCUMMETpHH, o6 bepuHsomel 6030Hb U (GepMHOHE, BAXHO NOJ-
YEPKHYTb HX MpPeJCKa3aHde 3J1eChk” HapAAY C TPaBHTOHOM .CUHA 2
cynepnapTHepa — <«TPABHTHHO» CHHHA 3/2; BO3MOXKHO MTPAIOUIErO
posb TaKXe H B HoBelilledl KocMosorud [297].




§ 13. THAPOOUHAMUKA B TEOPUHU
OMHUWTENHA—-KAPTAHA

Onucanne 3BOJIOLMH CaMOIDABHTHPYIOIIMX OOGBEKTOB Ha OCHO-
Be pelieHns ypaBienuii JDfinuiTefiHa BCTpeuaeT psA  TPYAHOCTEH.
Oznoit w3 Takux TPYRHOCTel sBJseTcss npobgeMa ONUCAHHsS CO-
CTOSIHHSI MaTepHM TIpaBHTHpyloulero obbekra. Ileno 3akamouaercs
B TOM, 4TO J00as 3Be3ja COCTOMT W3 TPOMAJHOTO YHCIA YACTHIL,
Y4acTBYIOUIHX, KpPOME€ TIpPaBHTallMOHHOIO, B CHJbHOM, CJa6oM H
3JIEKTPOMATHHTHOM B3auMOAeHCTBUAX. IIOHATHO, YTO TOYHO OIH-
CaTb JABHXKEHHe YaCTHI, MAaTePHHd B 3TOM Cjayuae HEBO3MOXKHO.
IToaToMy BMECTO peasbHOro BellecTBa 3Be3[bl HIH Bcenennoli pac-
CMATpHUBALTCH HeKas MOJeJbHas cpeda, oOnajzamouias B MHKpO-
npejese HYXHBIMH CBOHCTBaMH. -

Muorue (H3HYeCKHE MOJEJIM MOIYT paccMaTpHBaThCs Kak
Hlea/bHas HeCKUMaeMasi KHAKOCTh. [loj Takoll IKHAKOCTBIO NO-
HHMAT 00bIYHO CIVIOLIHYIO CPEAY, KaXKABl 3JeMeHT KOTOPOH 06-
Jajaer uMIyJbLCcoM p U 3Heprued e. [Ipm 3Tom nabawparenb, ABU-
KYIWIMHCS BMECTE € MKHAKOCThIO, BOCOPHHHMAeT €e KaK H303HTpO-
nHYeckyio. MaeasbHas 2KHAKOCTb KaK HCTOYHHK T'DaBHTALHOHHOIO
NOJISE K KaK MOJSJb BeUleCTBa, 3anoJausioulero Beenennyio; urpaer
KJIOUEBYIO POJb B KOCMOJIOTHYECKHX MoAensax [214].

IlpumepoM, HOATBEPKAAIOUIEM MOJACJHUPOBAHHE peasJbHOM Ma-
TePHH HJACAJbLHOH KHIKOCTBIO, SBJSETCA aNNpoKCHMalusi GeCKOo-
HEUHO NPOTSAXKEHHOH AAEPHOH MAaTepPHH, y4YaCTBYWIIEH B 3JeKTpPo-
MArHHTHOM M OKaBCKOM B3aUMOAENCTBHUSIX, BeLUECTBEHHOH H30-
TponHo# XKuAKoCTbIO [215]. HeobxoauMbiM yclioBHeM AJIS TaKOro
MOJAEJHPOBAHUS OKAa3blBAeTCA AOCTATOYHO BHICOKAS IIOTHOCTH Oa-
puoHoB. Torpga ynpaercsi HAWTH COOTBETCTBHE MeXAY MJIOTHOCTHIO
6apHOHOB p, MJOTHOCTBIO SIAEPHOrO KOHJAEHCATa O, CpeAHed Mac-
coil 6apuonoB M. H MaxkpOCKONHYECKHMH XapaKTePHCTHKaMH XHJ-
KOCTH — 3Heprueci e u pasjenuem P, Boipasus P=P(p, o, M.) u
e=e(p, o, Ms), a CKOPOCTb XKHIKOCTH 4, CBA3aTh C TOKOM 6apHo-
HOB J,, nonoxus J,=¢eu,/c* [216].

B uuci0 xapakTepHCTHK 0apHOHOB, KaK H3BECTHO, BXOAHT CHHH.
[ToaToMy, uT0oGbI NOCTPOMUTH TIHAPOAHMHAMHYECKYIO MOJENb ANEpHO-
ro BellleCTBA € YYETOM CIHHOBBIX CBOWCTB, HEOOXOAUMO BBECTH B
paccMOTpeHHE TaK HaspBaeMylo CIIHHOBYIO KHAKOCTb BeficeHKO®-
¢pa — Paabe [217]. S

-Tlox cnHHOBOH JKHAKOCTbIO Mbl IIOAPA3yMeBaeM XHAKOCTh,
KaxKablll 3JeMeHT KoTopoi objajaer, KpoMme MMIOYJabca, TaKxe
ONpele/eHHbM BHYTPEHHHM YIVIOBHIM MOMEHTOM  (OTJMYHBIM OT
HYJS B CHCTEME. OTCYeTa, B KOTOPOH AAHHDLIH 3JIEMEHT MXHIAKOCTH
IOKOHTCS), NPOHOPIHOHANBHBIM 0o6Bemy aJemeHTa. IIaoTHOCTH
TEH30pa ClWHA TAaKOH XKUAKOCTH Oyner

Sape = UnSi (13.1)

roe gepes u, 0603HaueHa 4-CKOPOCTb YaCTHLEl KHAKOCTH H 1Hepes3

§,, —— BHYTPEHHHIl YIJIOBOH MOMEHT 3TOH XHAKOCTH. KOMIOHEHTH
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6HBeKTOpa CIHHA \ » -
Spv=1{523, S13, S21}, Spv=—"S5;> |

A€ HCYe3aioT B CHCTEMe OTCYeTa, B KOTOpOH BHIOpPaHHKIN HaMH 3Je-
MEHT KHIKOCTH NOKOHTCH. [IpocTpancTBEHHO-BPEMEHHHE KOMIIO-
HeHTHl B CHCTEMe IOKOS "4acTHUbI 3aHyJasiorcs. OO0beAHHHTb 3TH
JABa YCJOBHS MOXHO C INOMOLIbIO BBEJACHHsS] AOMOJHHTEJbHOHX CBA3M

s =0, " (13.2)

CooTBeTCTBHE MEXKJY TakKOH XKHAKOCTbIO H fAepHOH MaTepHed
MOXKHO YCTaHOBHTDb, IOJOXHUB BEKTOP

Sy=1/o8rwall"s"®

pdaBHLIM CpepieeTaTdCTHHeCKOMY CIHHY  2JACMEHTa AAEPHOro Be-

LieCTBa,

SA:('T’YL'YE’)’QJ),
KOTOPBIH MOXKHO €Bs13aTh ¢ MAaKPOCKONHYECKHMH XapaKTepUCTHKa-
MU SAGPHLIX CHCTCM — TeMMepaTypoH, IWIOTHOCTHIO p H XHUMHYe-

CKuM noteunag oM. [oapobuo 3ro 6yaer obcyxnaeHo B § 18.

Hnst Hamux ueneil noka AOCTATOYHO MAKPOCKOIHYECKOro IIQHf-
THSl IJIOTHOCTH CIHHA S, BBeAEHHOro BhepBhle B pabore {217] wu
AeTa/bHO OMHCanHOro B [218]. .

Jnst onpeaeseHHA KJIACCHYECKOrO CIIHHA BBeAeM OPTOHOPMHPO-
BaHHBIl pemep ¥, TAe | — KOHTPABApHAHTHHIH TEH3ODHHIH HH-
JeKC, a { — HoMep, pasjHyalluHd BeKTopa OPTOHOPMHPOBAHHOIO
penepa. Tpu BekTOpa 2TOr0 penepa NPOCTPAHCTBEHHONOAOGHHI,
YeTBepPTHIH — BpeMeHHNoAo0eH. Mul BuOepeM ero ciaelyouuM of-
pasoM:

ayt = u¥.

OnuceBaTh KJA2CCHYECKHH CIHH YACTHIB XKHAKOCTH yaoOHO C Mo-
MOUIbI0O METOAHKH, npepjgoxennod TyabuueBniM [219]. Tensop
SHEpTHH-UMIYJbCAa YAaCTHLUB pasjnaraercs N0 MYJbTHUIOJBHBIM MoO-
MEHTaM, Ka;KABH H3 KOTOPHIX XapaKTepH3yeT CTeNeHb OTKJIOHEHHS
yacTHUB! OT NPpOOHOH TOYEYHOH

T j {taﬂa(x;y)+vv(xwﬁa4(x-y))+

-—00

o G (TR 88— ) e,

OueBuano, uto f{’= —p(x¥) — NJOTHOCTH XHAKOCTH. B BH-
6paHHOIl HaMH CUCTeMe OTCYeTa
T = yTs%P, 4 (13.3)
Kpome Toro, eciiu norpe6oBaTh, 4TOOH BeK'rop CIHHA
Sa="/2€apnT™ (13.4)
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Gel1 CBA32H ¢ OPTOHOPMHPOBAHHON TETPAAOH COOTHOLIEHHEM
-—-pka,,(g), - _ | (135)

TO HauboJee y)106}ion M ajeKBaTHO# (OpMOH TeH3Opa CHHHA
Oyner caeaywomas -

s¥* = pk(a}, a%, — a(Q)ag)) - (13.6)
Beenenubiit Takum 00pasoM BEKTOP CHHHA YAOBJAETBOPSieT YCJO-
Buam (13.2)—(13.5).

Haubosee ypobuniM 415 0NHCAHHA (pnanqecxm TEOpHH 4AB-
JaseTcsl JarpaHxkeB ¢opMmannaM. MoXKHO HOCTPOHTb JarpaHKuaH H
AJIst CIHHOBOH HAeaNbHOH KHAKOCTH. OfHAKO, MOCKOJBKY CYULECT-
ByeT pAJ 3aKOHOB, HanpHMep COXPaHeHHS TOKA XKHAKOCTH, KOTO-
pbie He MOryT OblThb BLIBEJCHBI H3 NOJICBOTO Jial pAHXKHAHA, Mbi BBE-
A€M HX B TOJIHBIH JarpaH:KHaH B KaUeCTBE CBA3CH.
~ Bmepsnle sarpaHXKes MoAaXoX K ONHCAHWIO AHHAMHKH COHHOBOI
KHAKOCTH OBl paspaboTan Psitem u Cmouaan B cratee [220], Ko-
TOPO# MBI OyaeM CcJeH0BaTh B JaJbHeHlleM U3JTOKCHHH.

JlarpaHxuan CUHHOBOH XKHAKOCTH OOBIYHO 3anHCLIBACTCH B
dopme [218, 220]

L= (—g)"%F(p, e, s)—Te}, . (13.7)

rae F(p, &, $)=—p(l4e(p)); p— WIOTHOCTL KUAKOCTH, &— BHY-
TPEHHsIST SHEPTHST MaJgoro obGbeMa KUIKOCTH, T cp=S,0H'/2— KH-
HeTHYeCcKast sneprmx CIIFHOBOTO JBHXKEHHS YaCTHI[ KHAKOCTH,

| 1
’ e
0 = — (aly @0 — af @), aly = Vaalh 1.

Kpome toro, cnemyer pomoauuts narpanxuad (13.7) 3axkoHamu
COXPaHCHHs, KOTOpPble BBOJIATCS (EHOMeHOoJOTHYeCKH [214],
HMEHHO:

YC/IOBHEM HENDPEPHIBHOCTH JIHHHH TOKa XUAKOCTH (pu?);.=0,

3aKOHOM COXpaHeHUs IHTPOMHH S,,uv=0,

YCJOBHEM Ha BpauleHue auHull Toka X ,u'=0,

HOPMHPOBKOH YETHIPEXBEKTOPA CKOPOCTH Ugu™=1,

YCJIOBUEM OPTOHOPMHPOBRHHOCTH BEKTOPOB COOCTBEHHON CHCTe-
MBI OTCYera gwa(l:) a(‘;.) = Myj.

Torpa mosubifi JarpaHkuan NPUMET BHJI

L= {—g)"*{F (p, & S) +h(guu''—1) +ha(pt*) o+
"f— 7&3X.gltq+ lés’auu"‘-pkgpva(l)ua(g)v_i"’ All (guva(})ua(l)v_
—1 ) + 7\‘22 (gwa(i.’)va(Q)u___ 1 ) - 2x12gma(l )ua(l)v -+

+ 2014 g pa (R84 2324 g, Dy, (13.8)

He3aBuCHMbIME BapHALHOHHBIMHM TNepeMeRHBIMH OYyAYT o, alu, U,
A%, g, 3a. mcKAOUEHHEM a(®® @ A% NMOCKOJBbKY BapbHpOBaHHe IO
STHM MepeMERILM NPHBEACT K YIKe HIBECTHHM TOXAECTBAM u?=1
nAM=0. -

-~
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CnunoBas MHAKOCTb SBAAETCS HCTOYHHKOM T'PABHTALHOHHOIO
noJs B Teopun Jimwrefina—Kaprana [19]. Cucremy ypasnenuii
Siinureina—Kaprana nosyuaior, 43 JlarpanXuana

!
L-—-( g)\? oG R(g, )+L B (13.10)

BI)II'IHIHGM TOJBKO T€ M3 HHX, KOTOprG HOH&,ZIOﬁHTCH HaM B AadJib-
HeyleM:

8D — pka ] 4 2011 a(l)u + 2Aag + 2 uy =0, (13.11)
daM" ; pka Y- kpal) + 2024 + 20 2agy -1 2A%uy, =0, (13.12)

8Q™ : Qv = 8nGwSyun, (13.13)
Ot Mup — Ao up + hok'un, + AgXop -+ Msu"— % Supapi? abyy = 0,
(13.14)

Bappupys (13.11) no 8a;@, a (13.12) mo 6a,(1’, nosiyuum cienyo
UHe BBLIpaXKEHHUS AJS HEONpeeaeHHbIX MHO}KHTeneﬁ Jlarpamxa:

Al ka(Q) ‘u/2 A1l pka(')” (2)/2
DA% = — pkaPut2, M2 =0, k = const.

Cpopauupag (13.11) ¢ o, a (13.12) ¢ a,® w ckaagsBas,
MOJIYYHM ypaBHeHHe IBHAKEHHS CIHHA YaCTHIbl KHIKOCTH

uy ko :
Ds%¥ + Ds ud'uv _|_ Ds"* uauu — 0, (13-15)

ds ds ds

KOTOpoe coBrmamaer ¢ obollieHnblM yparHenuem Maruccona—Ila-
nanerpy [221, 222].

ITO ypaBHEHHE MPHBOAHT K HHTEDECHOMY 3(D(exkTy npeleccuu
CMtHHA BOKPYT HaNpaBJ/JeHHUS BEKTOpPA KPYUYEHHS, BIepBbie NMpeicKa-
3anHoMy B pabore [223]. IeficTBUTEJbHO, B nperenie gw=Nuw,
ceopauuBas (13.15) ¢ equsttP, moayuum

x § . :
Ddss + uits, = 0, (13.16)

KOTOpOE MpH BuinogHeHuyu yeaoBrs (13.1) B coGCTBEHMON cHCTeMeE
orcuera u*={1, 0, 0, 0}, ds= dt 6y ReT

- — = [Q x s, (13.17)
rae §={Sss, Ssi, S12), Q= {Qz, Q2 Qs).

[TomuepkneMm, 4yto 510T 3¢ QeKT mosgyuyeH aJs NPOOHOI qacm-
Ubl CO CITMHOM. :

BapeupoBanue moJHOTO JarpaHsKHaHa 00 gGw H K*y IPHBO-
nuT K ypasHeHusaM noas TOK [194], a uMeHHO:

1 r .
Ruv (& Q)_"T gumkR (g, Q) —Va (Bavu + B%wv + Buy') = 8aGTpy,
g '(13.18)
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. Qzuv*‘:ST\iGsuv“a, ' (13.19)

rae S onpenedsieres u3 (13.6), a Bay=Quvit £avQu—2auQv-

C yueroM BTOpOTO 3aKOHa TePMOAMHAMHKH, 10CJE MOACTAHOB-
ku (13.19) B (13.18), Ml noayuum ypaBHenHe OiHuITEHHA, B
NpaBoit 4aCTH KOTOPOro GyZer cTosTh TCH30D IHEDrHH- HMITYJTbCa
CNHHOBOH mmxocm HMEIOUWIHA BHA

TR — uuty (p + P — 95%) — gy (P —s), © (13.20)

rae s%?=s,,s"v. BnepBble 3TO BHIpaxKeHHe OBLIO MOJYUYECHO IBPH-

crauecknM nyrem Xeaem [221] u Tpayrmanom [222].
PaccmoTpeHHass HaMH MOJAEJb CIHHOBOH MKWAKOCTH HMEET BaxkK-

HOe 3HAyeHHE AJs HCCJAEeNOBAHHS KOCMOJOIHYECKHX MOAelded co

CIIHHOM H KPYUeHHEM.

§ 14. KOCMOJIOTHUS C YYETOM
CIIHHA W KPYHEHHUA

ITpo6nema KoCMOJOTHUECKOH CHHIYJIAPHOCTH M HaYaJLHOTO
cocrossHns BceseHHON siBasieTcsy OOHON M3 LEHTPAJbHHIX B COBpe-
MEHHOH acTpodusuke ¥ BOoOOlLle B TeOpHH IpaBHTaiuH. Bomnpoc o
IIPHYHHAX TOSBJEHUS CHHIYJASPHOCTH CTOHT AAaBHO, M cHavajla Ka-
3aJ10Ch, YTO CHHIYJAPHOCThL 0O0ycJOBJeHa BHIGOPOM CHMMETDHH
npoctpaHcTBa-BpeMend. CorsiacHo COBPEMEHHBIM NpeICTaB/eHUsIM
Hama BcedaeHHas pacWIKpsAeTcd OJHOPOAHLIM H H30TPONHBIM 006-
pasoM H ¢ O0JblIOH CTENEHLIO BEPOSATHOCTH OIMMCHIBAETCH  MO-
peqplo ©pupmana. Panom aBTopoB ObliH NPEANPHHATH MONBITKH
Halitu Hauboaee ofllee pelueHMe YpaBHeHHH DiHITeHHa, CBOOOA-
HO® OT CHHryJAsipHOCTH [224—226]. OgHako OHH OKas3aJHCh He-
VAawHHMH (TEOPHIO NyJbCHpyiowero xoggaanca cM. y M. E. Tep-
neHurreiina [299]).

Boaee Toro, B 60-x romax [lenmpoysom, Xoxkuarom, ['epouem
O6piid  chopMysHpoBaHE TeopeMbl [97}, KoTOpBle COCTABJASIOT
MaJjgo BO3MOXKHOCTEH A/l CYILECTBOBAHHA HECHHTYJSAPHBIX (QH3H-
YeCKH COJep!KATENBHBIX pelleHHWH B SUHINTEHHOBCKO# TEOPHH rpa-
puTanuu. OHH OCHOBHIBAIOTCS Ha 00g3aTeNbHOM  CYILECTBOBAHHH
CONPSMKEHHBIX TOYEK BPEMEHH — NOAQOGHBIX TeOJe3MYECKUX, €CJH
TeH30p KpuBH3HB U*-nipocTpaHcTBa Y0BJAETBOPSET YCJAOBHIO

R, <0, . (14.1)

rae M* — HanpapJAOIIUEe BEKTOPL reoje3nyeckux (rpedyerca Bbi-
NOJHEeHHe TaKXKe ONpPeAeJNEHHOTO YCJAOBUSA HpHYMHHOCTH). s
rpaBUTAUHOHHBIX TOJICH — pellleHuil YpaBHeHHi OIitHIUITeHHA — yC-
gopue (14.1) npuBOAUT K CHJALHOMY 3HEDPTETHUECKOMY YCJIOBHIO

Twa'n® <YoT) : (14.2)

st JI060r0 BpeMeHu10f00HOr0 BeKTOpa n®.
[Toncku peureHuii, cBOBOXHBIX OT CHHIYJSAPIOCTEH, KakK IIpaBH-
JIO, CBAI3LIBAIOT ¢ HapylIGHHEM TeM HJH HHHIM crnocofoM yCioBHA
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3HeprofoMuHaHTHOCTH (14.2). B paMmkax 3HHIITeHHOBCKOH TEOPHH
CH€JaTh 3TO TPYAHO, YTO CTa/O OLHHM H3 rJTaBHBIX CTHMYJIOB 06+
pallieHHs] K HesHHUITEHHOBCKMM TEOPHSiM TpPaBHTALMH, a C Apyro#
CTOPOHBI, NPHBEJIO- K PAAY NONBITOK MOIU(DHIUPOBATH HUCTOYHHKH'
IPABHTALHOHHOTO M0JIS.

Tak, B Teopuyu rpaBHTALHM C KBAJAPATHYHBIMH [0 KPHBU3HE IO-
0aBKaMu K TruabOepT-3AHIITeAHOBCKOMY MeHCTBHIO (KOT4a CBHA3b
mexay (14.1) u (14.2) nepecraer ObTL UPAMOH) OBLLIO MOJYUYEHO
ILeJIOC CEMEHCTBO peryaspHeix pemreHusi [227]. Ilossaenue Takux
WIeHOB B Jarpatkuane 0o0ycJoBJ/IEHO, B YAaCTHOCTH, KBAHTOBBIMH
MONMpaBKaMHK NOAAPH3AUMH BAKYYMA MaTePHANbHLIX NoJeH U pOXK-
ACHHUSA YacTHIl BHEUIHMM TrpaBUTauHOHHbBIM noJgem B pamkax OTO
[60, 228, 229].

B cppmmaHOchoﬁ KOCMOJIOTHH, pAaccMaTpuBasi  HAeaJbHYIO
XRBAKOCTb, aBTOPH padorsl [230] moxaszanu, uto B psaAje cJaydaes
MOXKHO u3bexaTth CHHTyJAspHocTH. OpHako BO3HHKAKWIIHE IMPH
3TOM THUIOTETHYCCKHE CHABI OTTaJKHBaHHUS MHOIHMH CYHTAIOTCHA
HEJOCTaTOYHO (hU3HUECKH 060CHOBAHHBIMHU.

Mopudukanus ypaBueHHi DHHIITeHHa BBEJCHHEM Tak HAa3bl-
BAEMOTO KOCMOJIOTHYECKOro A-uJjiena, ‘

Riv(g) —'1281wR (&) + guA=8rGT,,

TAKXKE MOXKET TPHBOJUTb K HECHHTYJAPHLIM pelueHusaM. [elcTsu-
Te/bHO, HETPYAHO 3aMETHThb, YTO NPH JOCTATOYHO OOJbLIOM IOJO-
XKHTEJbHOM \-ujleHe 3Hepreruyeckoe ycaosue teopem [lenpoysa—
XokuHra Moxer Hapywatbesd. ITockonbky Beanuuna A=~10757 cM~2
OKasplBaeTCsl HEAOCTATOUHON [AJASf 3TOro, TO MAEJAJUCh IIOMBITKH
JOCTUTHYTh HeOOXOAMMOro 3HadeHuas A Jnbo 3a CU€T CHJABHOU
rpaBuTauuu [13], aubo yuwthiBag crpbiThie Macchl (231]. B To
e BpEMsI KOCMOJIOIHYECKHIH YJACH C HeOoOXOJHMOCThIO BO3HHKAeT
B KBAHTOBOH IpPaBUTALHH H CYLIECTBEH IPH IOCTPOCHHH CAHHDLIX
TEOPUH M CYNEprpaBWTAlUK; HMEITCS OCHOBAHMA CYMTATb, 4YTO
A B Hayase pacmupeHHsa MMmes Oogblioe 3HayeHue, Tak, pelue-
HHEM YpaBHeHHH DHHIITEHHA ¢ A-41eHOM B OTCYTCTBHE MAaTepuH
apiasietcsas meTpuka jge Currepa, nmpeoGperinas B HOC/AeAHee BpeMs
BAXHOE 3HAYEHHE B CBSA3H ¢ MOJNEJASIMH TakK ‘Ha3piBaeMod HHPs-
uxoHHoi Beeaennon [232, 233].

[Toguepkuem, uto Kocmosioruveckui ujen (KY) A 06w cmep-
Ba OWHGOUHO ONylieH Kak [HabOepToM, Tak H IDHHIITEHAHOM IpH
YCTAHOBJIEHHH  YPAaBHEHHH  TIPaBHTANMOHHOTO  noast  (HOAODH
1915 r.), HO 3arem BBeACH DUHIUTEHHOM MOPH NOCTPOCHUU IIE€PBOM
kocmosorun  OTO — 3amkuyToil crartuyeckoit Bcesennoir (1917),
a Tak¥ke mucnoabzoBaH pge Currepom (1917) B xocmoJioruu «pas-
ayBalouteiica» BceaeHno#l npu OTCYTCTBHH OOBIYHOH  MaTepUH.
KocMmostorust ubHellHe# pacinupsiomefics BcenenHolt ®puamana
(1922) wme tpeboBana naamuua KU, uro pano moson DiHIuTEHRY
H BCJEX 33 HHM PSRy aBTOPOB (YHJlep, Jlanpay—J/Iudumu) or-
6pocutb s10T ueH. Co CBOeH CTOPOHbI KBAHTOBAsg TEODHS TPaBH-
TAlHH, KaK H BapHaHT HHAYIUHPOBAHHOH rpaBHTaLHE ¢ HeoGXoxH-
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MocThbio BBoAAT KUY, KOTOpHIH npHoGpes HHHE CMBICA SHEPruH Ba-
kyyma. TlpaBaonopo6Hasi ¢ HBHEUIHHX NO3HUMN «WH S LHOHHAN»
ne CurrepoBckasi npex-¢puamanosckas ¢Gasa -Beenennoil weno-
CPEACTBEHHO ONnMpaercs Ha Haauyue 3¢pdexktuBHoro KU B ypas-
HeHHsAX M JarpaHxuane. O6bscHenue manoro sHavenns KUY wu ero
COMNOCTAaBJEHUS C TVIAHKOBCKOH IJHHOK SBJSETCHA HbIHE OJHOH U3
riasHEX npobieM DppaHx-exmHoli  Teopun [1, 2, 275, 278, 285,
294]. [Ing NPOCTOTH 3anHCH MBI ONYCKaeM B psije CJAydaeB MpHH-
UMMHaNbHO, KOHEeYHO, HeoOxoauMmbii KY B ypaBHeHuAX noas M.
Jarpadxuasax, NOCKOJbKY 3TO He HapyllaeT CMBbiC/1d J0Ka3a-
T€JBbCTB.

Co cBoell CTOpOMBI Mbl HEONHOKPATHO YKa3blBaJu Ha TO, YTO
BOJM3H TPABHTAILHOHHOW  CHHIYJSIDHOCTH MarTepHsi HaXxOAHMTCH B
3KCTPEMAJbHOM COCTOAHHH, XapakrepusywomuMcs OOAbWIOH [J0T-
HOCTDK) 4acTHL, M IIOTOMY BeCbMa BaXHbIM CTAHOBHTCH  YuyeT
CTIMH-CHHHOBOI'O I'PaBHTAILMOHHOIO B3aHMOJAEICTBHS, KOTOpOe IOo-
CJACOBATENHHO ONHCHIBACTCH B PAaMKAX TEOPHH TpPaBMTALUH C KPY-
yenueMm. OKaspiBaercs, UTO YUeT CHOHH-TOPCHOHHOTO ‘B3aHMOAEHCT-

. BUA NPHBOLHUT K HPEAOTBPALLIEHHIO CHUTVISPHOCTH H - BO3MOKHOCTH
MOCTPOUTHL peryjsipHbie pelleHns ypasnens#i Diinuirefina—Kapra-
Ha. DTO fIBJSETCH CJACJACTBHEM HAPYUIEHUS SHEPreTHUECKOro yCJo-
Bua teopem Ilenpoysa—Xokmira 3a cder KpyuyeHus. B recopun
OiHwreiina—KapraHa napylieHHe 9HeProJAOMHHAHTHOCTH HPOHC-
XOQUT MOBOJBHO eCTeCTBeHHBIM nNyreMm. PaccmMoTpum  3TOT BONpPOC
noapobHee.

YpaBuenns TIK (12.11)—(12.13) nepenuiiem B BHIE

R (g) —'/28wR (g) =8 G+ KKy + Kuap K™ + K K* o+
+ KasnKF =28 (K + Koo K™ ' (14.3)
[ToacraBum B (<14.3) BBIpaXKEeHHUe 8 TeH30pa KOHTOPCHH
Kiap == Syap + Supn+ Span+ GraSu—LupSu.
Torga ypasuenue (14.3) npuMer Buj

Ru (8) — =GR (8) = 8aGT 4. (14.4)

-

TeH30p 3HePrHH-HMIYSAbCA, CTOSILIKMA B ApaBoii 4acTH ypaBHEHHSA
(14.3), Bruatoyaer pomosauutesbHble, no cpasHenuwo < OTO, caa-
raeMble THna s?, Bxonasiuime 7,,°®% ¢ OTpMUATENBHBIM  3HAKOM.
OueBuaHO, 4TO GYAYT HMETb MECTO CJay4yau, [IPH KOTOPLIX YCJOBHE
IHEProAOMHHAHTHOCTH Hapyluaercs, T. €.

T uy>dneny > —]é- Todd b, o (14.5)

[TycTb B KauecTB€ HCTOYHHMKA TPaBHTAIMOHHOIO NOJA Bhibpa-
Ha CHOHHOBasl XHAKOCTh, 3anoJHswouias Bcenennyio. Bocnoanay-
eMcsl pesyJabTaTaMH Npeapigyulero naparpada, nojloXuB AONOJHH-
TeqbHO Vs,P=0. U3 (13.20) HeMenJeHHO clenyeT, 9TQ

-~
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.rfie P, KaK yXe YKa3hBaJoCh, NJAOTHOCTb XKHAKOCcTH, P — paBae-
‘AHe U SI=spSh, Sp=gn "S". HeTpyHO 3aMeTHTb, Y4TO eCAH AaB-
aeHHe P=0, to ycroshe (14.5) OyAer BHLINOJAHATBCH Bceraa.
HMeHnHO TnpH Taxux mnpeanoJoXXeHHAX B pabore [234] 6wao mo-
JAYYEHO HECHHIYJSIPHOE pelleHue AAf KOCMOJIOTHYECKOH MOJeJaH ¢
MeTDHKOH

gw=diag{l, —a?(t), —b%(#), c*(1)}.
B sTtoM cayyae ypaBHeHHs TNOJS CBOLSITCA K OJHOMY YPaBHEHHIO

L (ARAE M e g
e ) TR s (14

rae Mo=4/3npR®— Macca peulectBa Bcenennoii, R®= (abc), po—
QYHKUHA OT §2. BceeseHHas ocTaeTcs PeryJagpHOHNpH JIOObIX KO-
HeUHLIX BpeMeHax, Kak 3TO CJeayeT HU3 peilleHuss YpaBHEHMSA
(14.6)

R3=p/3Mo-+ co exp (3Mot)

PH YCJOBHH KOHEUHOCTH Macchl BellecTBa BO Bceesnennoi. [Ipenor-
BpaUl€HHE CHHIYJAPHOCTH B JAHHOM CJyyae sBJSETCH CJISACTBHEM
BO3HHKHOBEHHA OTpPHLATEJbHOrO0 3(PdeKTUBHOrO AaBJeHHsl 3a
CYET CIIHH-CIIHHOBOTO B3AaHMOJEHCTBHS.

Kyxopuuem 6b1 ZaH NOJMbIA aHAJM3 KOCMOJOTHYECKHX MOJE-
JeH CO CIIMHOM M KpY4YeHHeM, 3aNOJHEHHBIX CIHHUPYIOWeH KHJ-
KOCTbIO, OCHOBAHHBIH Ha Kaaccudurauuu buanku npocTpancrpeH-
HO-OJHOPOAHBIX reoMerpuit [235, 236]. -

Xopouruii MPHMEP HECHHTYJISAPHOH KOCMOJIOTHH, CIPaBEJIHBBIH
B KBAa3WKJacCHUECKOM NPHOJIHNKEHUM B OCHOBAHHbIH HA THAPOAH-
HaMHYECKOH aHaJoruH MexJy SAEpPHbIM BELIECTBOM M CIHHOBOH
KHUIKOCTBIO, IPHBOAHTCA B paborax [237, 238].




Faasa V

) - KBAHTOBAS TEOPHS 10JS .
' B IPOCTPAHCTBE PUMAHA—KAPTAHA

OpnHo#t M3 BaxHeHRUIMX 3aau COBPEMEHHOH Teopernuecxofi ¢u-
3UKH ABJAETCH MOCTPOEHHE KBAHTOBOI TEOPHH TPABUTAUHU H
BKJIIOUEHHE TATOTEHMSI B CXeMY €NHHOH TeopHH GyHZaMeHTaJbHbIX
¢dusuuecknx msauMozefictBuii. Onnako 3Ta mpobijema upezBuiyaii-
HO CJIOXKHA B CHJY HEJHHEHHOCTH TEOPHH H.TEOMETPHYECKOH MpPH-
poabl mosf TAroTeHHsi. MMelollvecs Ha CeromHAIUIHHA J€Hb BapH-
aHTBl KBAHTOBOHM Teopud TAroreHus [239—242] naneku ot coBep-
ueHcTBa. B HacTosmee Bpemsi Haubosjee NepCHeKTHBHON  CUH-
TAeTCs TEOPHS CYNEePrpaBHTANHH, TPOCTEHIUIHH BAPHAHT KOTOPOH
0Ka3aJicsl MePeHOPMHpPYEMBIM B ABYXMETIeBOM Npubinmxenunu [243,
244] 3a cuer B3aHMHOTO COKpallleHHsT BKJAAAOB B PaCXOIMMOCTH OT
6o30H0B # (epmuoHoB. OaHako o0beIuHEHHe CYNeprpaBHTallHH C
CHJBHBIM M 3JIEKTPOCTabblM B3aHMOJEHCTBHIMH (TaK Ha3blBaeMasg
N=8 cyneprpaBHTauHsi) B €AHHYIO [EPEHOPMHUPYEMYIO TEOPHIO
norpebyer elle MHOTO YCHJHH, NOCKOJABLKY B HEH [PHCYTCTBYET
GOJBIIOE YHCJAO AOMOJHUTEJBHBIX MOJel, He NOJYYUBIIHX IOKA
dusuyeckoro uCTONKOBaHuA. K TOMy Xe cam amnapar KBaHTOBOM
TEOPHUH JIOJISl B NPUJOKEHHH K I'PDABHTALMOHHOMY B3aHMOAEHCT-
BUIO Tpebyer, MO-BHAUMOMY, cepbe3HOH wmonupukauuu. OTBeT Ha
BONPOC — KaKOW HMMEHHO MOJHPHKALWHA — BO3MOXKHO yjpacres No-
JYYHUTh IIOCJ€ TULATeABHOro H3y4eHHs ocOOeHHOCTeH KBaHTOBOH
TeOpHH B NPOCTPAHCTBAX, OTJAWYAIOLIHXCA OT npocTpanctsa Mun-
KOBCKOr0o, — B NpOCTpaHcTBaX adPHHHOH CBA3HOCTH C HCERAOPH-
MaHOBOH METPUKOIi. ‘ '

Takas sapava sBAsieTCsi NepBHIM NPHO/HXKEHHEM K paspeuie-
HHIO IIpofJieM KBAHTOBOH TPaBHTAIlHH M OPENNOJAaraeT, 4To Marte-
pusl KBaHTOBaHa, a IrPaBHTALHOHHOE MNOJe KJACCHUeCKOe M MOXKeT
OHITh PAaCCMOTPEHO KakK BHemHee (OHOBOE [oJe. YKe Ha 3TOM
3Tane BBIABAACTCA PAA NMPHHUHIHAABHO HOBHIX Y4€PT KaK B CaMOM
anmnapate KBAaHTOBOM TEOPHH TIOJS B KCKPHBJICHHOM TNpPOCTPAHCTBE
[245], Tak u B 3BOJIIOUUH I'PABHTUPYIOIUMX OO6BEKTOB ¢ KBAHTOBOH
MarepHel B KauyecTBe HCTOYHHKA TAroTenus. IlpeackazaHsbie Ha
atoM Tyt 3ddexTn poxuenus uvactuy [60, 228, 229] u wucnape-
HUA YepHBIX Abp [246, 247] 1mO3BOJHJW C HOBHIX [O3HIIMIA pac-
CMOTPETb Psiji BONPOCOB aCTPOOUIUKH H KOocmoJsorup [248, 249].

B srofi rnaBe mp ofcynum 3¢dekTh, xapaxTepHbie IS B3aH-
MOASHCTBUSA KPYUEHHMS ¢ KBAHTOBLIMM MAaTEPHAJBHBIMH  TIOJSMH.
Hceneposanne B3auMOAEHCTBHS TeOMETPHYECKOTrO IIOJAA KPYHeHHA
C KBaHTOBOW MaTepueil He CBOAHTCA K NPOCTOMY OOGOOILIEHHIO CAY-
yasl NCeBAOPHMAHOBOH reoMeTpnH. BosnukaeT paj cielH(uyecKHx
sbdexroB (cM. § 16, 17), a TakxKe ynaercs NPOABHHYTHCS B IIO-
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HUMaHHH TIPHPOMALI NOJISI KPYYEHHS B TEOPHH ditHmrefina—Kapra-
Ha M rpaBHTALHOHHOrO B3aHMOAEHCTBHA B LEJOM.

[TocKonbKy Hac nHTepecyer BKJIAA COGCTBEHHO IIOAA KpYyue-
HHSl, MBI HCCJIEAyeM 3JieCb MOZeaH ¢ (QHKCUPOBAHHOH METPHKOM.

nepBbIH naparpad rnaBbH NOCBALIGH U3JOXKEHHIO OCHOB KBaH-
TOBOH TEOPHH 11011 B KPHBOM NMPOCTPAHCTBE. y

B § 16 uccreposana mpobnema pOXKAEHHS CKAISIPHbIX M CIIH-
HOPHBIX YacTHU moJeM KpydeHus, a B § 17 nmpomoautcsi mocrpoe-
Hue 3¢ GheKTHBHONO JarpaH:KHaHa N0JS KPYYEHHH, YUHTHIBAWOLIETO
NOJITPU3ATIHIO BAKyyMa MaTepPHAJLHBIX MOJEeH.

Hocaeaun#t nmaparpad riaBbl MOCBAIIGH "BAXXKHOMY BONPOCY -—
YCTAHOBJIEHHIO MAaTepHasibHOi MPHPOALI TEeOMETPUYECKOro moJA
KPYYeHHs KaK KOJJIEKTHBHOTO mnoJisg (epMHOHHBIX mnap. [lokasamo,
UTO B TaKO# MOJE/NH cpeljHee [OCTOAHHOE INoJe KPYueHHs paBHO
HYJ10 (T. e. OTCYTCTBYET KOCMOJIOTHUECKOE KDYuEHME), HO OTJIHY-
HO OT HyJd CpeJjHee KBajapara NoJg KpYYeHHs, namouiee BKJIaJA B
ypaBHeHUs] DHHIMTEeHHA. .

§ 15. KBAHTOBASA TEOPHSA NOJA
B UCKPHBJIEHHOM ITPOCTPAHCTBE

[TocTpoeHne KBAHTOBOH TEOPHH MO0JA B HCKDHBIGHHOM TIpO-
CTPAHCTBE BKJIWOUAET B ce0s1 3afayu ONpeAeJeHHS BAKYYMHOIO CO-
CTOSIHHSA, KOPNYCKYJADHOH HMHTEPNpEeTaluH 1O0JA H BbIYHCICHUH
(Hu3UUeCKHX HAOIIONAEMBbIX, TAaKHX KAK TEH30p 3SHEepPrHH-HMMYJbCa
H NJAOTHOCTb YHCJAA YACTHIL, POXKIACMBIX I'DABHTAUHOHHHIM I[IOJIEM.
Crnenuduxa KBaHTOBAHHA MoJell Ha (OHE HCKPUBJAEHHOIO TMpO-
CTPAHCTBa 3ak/Jouaercs B TOM, 4TO ypaBHeHHA noJs, 0600uleH-
Hbl€ KOBapHAaHTHBIM 06pa3oM, HMEWT nepeMeHHble KO3(hQUIHEHTH
MPH CTapIIHX NPOU3BOJHLIX, KOTOPbIE CYTb KOMIOHEHTHl —MNCEBJO-
PUMAHOBOH MeTPHKH, & B NPOCTPaHCTRE Pumana—Kaprana mnoss-
JSeTCa HOBBIH THI B3aKMOAEHCTBHS — «CNIIMH—CBA3HOCTL». [IpH
3TOM TE€OPHA BO3MYUIEHUH NPHMEHHMA JHIIb B ACHMITOTHYECKH
IVIOCKHX INIpOCTpaHcTBax. Briuucienne ¢uaugeckux HablogaeMbIX
CBSI3aHO ¢ PACYeTOM CPEAHHX N0 BaKyyMy OT OHJHHEHHBIX KOMOH-
Hallgii NOJIeBBIX OMEeparTopoB, KOTOphle Bceraa OyAyT conepxartb
pacxoguMocTH. Has NpHAaHHA CMBICJA TAKHM BEJHUYHHAM OOBITHO
HCIOAB3YIOT NPONEAYPY peryiAsipu3aluuH (HaAd BbluHTaHHT). B mc-
KPUBJEHHOM MPOCTPAHCTBE NOCAEHAHAA MNPHBOLUT K TNOABJICHUIO B
stpdekTUBHOM JeficTBUH JONOJHHTENLHBIX cjaaraeMblX, Yto Ofpas-
NLIBAETCSi C MOMOWIBIO TNPOUEAYPH NEPEHOPMHUPOBKH  KOHCTAHT
B3auMOAeHcTBUA B 0OlLUeM JarpaHskKMaHe. NOJsA, BKJIIOUYAOUIEM B
cebst rpasutanunonnsie yactu. Crporoe onucaHhe METOJ0B PeryJs-
pU3alliH ¥ KOHCTPYKILHH KOHTPWJICHOB MOXKHO HaWTu B paborax .
[60, 228, 239, 245].

B mamy 3ajady He BXOAHT aliajii3 HMEIOUIMXCH CcrnocoGoB pe-
IYJASIPU3aLHH H TNOCTPOEHHSE BAKYYMHODMO COCTOSIHHA B HCKDHBJIEH-
HoM npocrpancrBe. IToaroMy B 3TOM naparpade MH JHIbL KParko
HANOMHHM OCHOBHLIE [OJIOXKEHHSA KBAHTOBOI TEOPHH NOJA B HC-
KpHBJIeHHOM nmpocTpaHcre [60, 245].
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B HCKPHBJEHHOM NPOCTPAHCTBE JlarpaHXHaH cBOGOAHBIX -MaTe:
pPHaJBHEIX JI0JIe# BHISHPAETCH B COOTBETCTBHH C IMPHHUHIIOM MH-
HHMaJBHOCTH B3aHMOXeicTBust B Buae L(gp, V.p, R, g)... Hanou-
HHM, UTO /Il CKa/liDHHIX NOJEA JONOJHHTENbHO BBOIUTCH uJIeH
R(g, Q)9? KOTOpHH) HeoOXOHMM NS KOH(POPMHOH HHBapHaHTHO-
CTH JarpaHXHaHa 6e3MaccoBOTO CKaJAPHOTO NOJS B OTCYTCTBHE
Kpyuenus. M3 narpaHxuaHa L BapbHPOBAHHEM N0 ¢ mosyvaoTes
YPaBHEHHS] NOJISI

y

Po=0, (15.1)

rae FwHeKOToprH nHHeiHbl  AHdepeHLHaNb b onepaTop.

TVIOCKOM TNPOCTPAHCTBE-BPEMEHH YypPaBHEHHS CBOOOIHOTO
Mo MHBAPHAHTHH OTHOCHTENLHO NpPeoOpa30BaHMH M3 Trpynnbl
llyankape, u peweHus ypaBHeHus (15.1) Moryr ObITb npefcras-
JeHbl B BHAE CYMMB IOJOXHTEJbBHO YacTOTHOLO M OTPULATEIBHO
yacrotHoro peweHuit f; ® f;*. Ilpu 3ToM Takoe pasGuenHue Ha 1o-
JIOXKHTEIBbHO- H OTPHULATENLHO-YACTOTHHE YaCTH COXPAHAETCH BO
BpeMeHH. PelneHue f; NMpOMOPUHOHANLHO MJIOCKOBOJHOBOMY peLie-
Huto exp {i(kx — wf)}, rge m—(kz—l—m?)'/"-, WAH PaBHO CyNEpPno3H-
LHH TaKuX pewennit. MHOKecTBO {1} obpasyer nmoanslii 0p-
TOHOPMHPOBANHLIl HAaBOp KNAacCHYECKHX pelleHHH /s AAHHOIO
BOJIHOBOTO T10JIS:

G £) = 80 (P ) = 8510 (o ) = 0.

3necy (,) O3HaYaeT COOTBETCTBYyIOUIEE CKaJspPHOE NPOH3BEJEHHE.
Taxum o6pasom, qa0boe peiienne ypaBHeHusa (15.1) B nJaoc-
KOM TIPOCTPAHCTBE NPEACTaBHMO B BHJE Pa3JIOKEHHS

¢ = Y (@ +ai"f),

rae MpH nepexoje K KBaHTOBOMY NOJAK ¢ KOIQQPUUHEHTH @i u
a;™") nprHOOpeTanT CMBICJ ONEepPAaTOPOB YHHUTOKEHHS H POKAEHHUS,
He 3aBHCAILMX OT BPEMEHH U MPOCTPAHCTBEHHBIX KOOPAMHAT H
NOAYMHAKIIAXCSH CASAYIOIHM KOMMYTAUHOHHBIM  (aHTHKOMMYTa-
HHOHHbBIM HJ4A Q)epMHOHOB) COOTHOUWICHHUAM :

= = 1
[a; a1y =[ai”, a;"]x = 8.
Baxkyymuoe cocrosHue |0> onpepensercss Kak OCHOBHOE COCTOS-
Hue, ynosaersopsioilee ypasuenuno ay|0) =0 mas Bseex j.
BoiGpaB nepuoinueckue rpaHuyHbBe YCJIOBUSA B Kybe ¢ pebpoMm

L, tak uto k;=2an;L~', rie n;~— uesivle uyucia, nepefigeM B UM-

yJbCHOE MPejACTaBJeHHE K Oneparopam at, af” POMICHUS U

VHHUTOXKEHHS YacTHIL UMnyJabca K. B aTom npexncraBaenunu ome-
parop '

Ny =aPa O (15.9)
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3TO ONEPaTOP UYHCAA YACTHI[ C HMI‘Iy.HbCOM k B ofveme L3, a

ﬁ: za) (6P al + af Py - (15.3)

oneparop IaMwibTOHA ' B MPEeACTABJEHHH BTOPUYHOIO KBAHTO-
BaHHA.

B oranume ot niockoro npocrpaHcTBa, B HCKPHBJIEHHOM IIPO-
CTPAHCTBE-BPEMEHH HEBO3MOXHO HHBAPHAHTHBIM 00pasoM pa3GHThb
pewenne ypaBHeHuss (15.1) Ha MOJIOXKHTENBHO- ¥ OTPHIATEILHO-
yacTOTHble yacTH. [laxe ecaum 3T0 H_cAenartb B KakoH-1u60 = MO-
MEHT BPEMEHH, TO B MOCJACAYKILIHE MOMEHTHl BPEMEHH 3TH YacTo-
Thl NepeMelluBaioTesa [245], 4TO MHTEpUPEeTHPYeTCS Kak POXKAEHHE
yactyy, [60].

[0BOpHTL O POXKAEHHW UACTHII HMEET CMBICJA MOCJAE TOro, Kak
CTPOTO BBEJEHO NMOHATHE YACTHILI BO BHeillHeM noJe. Mbl 6yjem
31€eCh CJAEAOBATHL METOAY, BIepBble NPENJIOKEHHOMY B pabore
[249] 1 ocHOBaHHOMY Ha mnpoueaype [AHArOHAJH3alHH MTHOBEH-
HOro raMuabToHHaHa H (f). OH npRMEHHM, €CJH NPOCTPAHCTBO [I0-
nyckaeT BpeMeHunoxoOHbIil BekTop Kusiuura.

SagaauM TaMHJAbTOHHAH, COOTBETCTBYIOIIHH gaHHOMY  1oJIIO,
onuceiBaemMoMy Jaarpanxuanom L (g, V¢, R, g), B dopme

H = S TuEldav, (15.4)

2 , '

rae
2 =4
Ty = —==—57 (V—2L(9, Vo, R g) (15.5¢
V —g 0

Merpmecmﬁ TEH30p 3JHEPrHH-HMINYJbCa pPACCMATPHBAEMOrO 0.,
£ —nosae BpeMeHHnogoOHoro BexTopa Kuaaunra, do-—3jaemeHT
rnnepnosepxnocm Q, neprneHauKyJasipHo#t §. B atom cayvyae H Oy-
AET OIepaTopOM 3SHEPrHH, eCJH -BpeMs 3ajaercss Kax Lapaverp
BAOJAL TPaEKTOpuit mons §. . . .
[lpeanosaraercs, YToO B HEKOTOPHIH MOMEHT BpeMmeHn [=l;
MOXKHO BBECTH HE 3aBHCSIUIHE OT NPOCTPAHCTBEHHLIX KOOPAHHAT H
BpPEMEHH ONEepaTopbl POXKIOEGHUS W YHHUTOXKeHus af’ H af) u

crauypoHapHeli BakyyM |[0>,a{7{0) =0. B rtep¥unax 3rux

onepaTopoB ramMuiabToHHad (15.4) Oyaer amarona’eH, T. e. OyJner
uMerb BHA (15.3), CpEeIHEe A0 BAKYYMY OT Hero siBJNETCH 3Hep-
rueli cHCTeMBl B JAHHHE MOMEHT BpeMeiH, a onepaTtop uuciaa yua-
ctui 6yner jakuM ke, Kak (15.2).

B npyro#t MoMeHT BpeMeHU [55f; raMH/JbTOHHAH yXe He 6yner
Juaroxajied B 1epMHHax onepatopoB a™ u a). OpHaKo €ro MoOX-
HO AMArOHAaJH30BaTh C nomomb}o npeo6paszoBanus Boromo608a

. ‘ ak = °A(|;H + ﬂ-At:i:, -

(15.6)
o = o A‘ - pA(-H

x
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B tepmurax omepatopoB AC) uy A®). Tlpeobpaszosanns Borosmobo-
‘Ba (15.6) cOXpaHAOT KOMMYTAUHOHHBIE W dHTHKOMMYTALHOHHbIC
COOTHOWIEHHUS, U onepatopu A u A® Moryr paccmarpuBathes
KaK OnepaTopbl POXJEHHS H YHHUTOXEHHs HEeKOTOPBIX KBasHua-
CTHL, C HOBHIM BakyyMmoM |[07>, AC)|(0’> =0, xotopnl, BoOGIIE
roBOps, HE 3KBMBAJEHTE€H Bakyymy |[0>. VciaoBHe guaroHa musa-
LUHH TaMuJIbTOHHAHa ONpeje/sieT 3aBHCHMOCTb KO3(DPHIHEHTOB
npeo6pasoBanusa (15.6) oT KoopAuHaT, KOTOpHEe B MOMEHT [=/,
noJaralorcs

a=1, =0.

Taxoii NMOAXOM IO3BOJAECT BBIYHCASATL YHCAO UACTHL, TEH3OP
3HEPTHH-HMIY/1bCA, HX 3aBHCHMOCTL OT BPEMEHH B TEpMHHAX Of-
HaXIbl 3a[aHHOTO (POKOBCKOTO npocrpadcra. Hampumep, unciao
4aCTHhil, POXAEHHbIX B KaxXAOH MOAe 3a BpeMs, Npoulefilee C Mo-
MeHTa fp, OonpeensieTcs Kaxk cpeldHee OT onepartopa uYucaa KBasH-

qactuu 72 (k, £) = APAT 1o HayaJpHOMy Bakyymy |[0>. B pe-
3yJibTaTe MOJYTHM

nk, 1)=|pk #)]|% (15.7)°

Ananordynply 00pa3oM BHIYMCASETCS TEH30D  SHEPrUH-HMIYJAbca
POXAEHHBIX YaCTHIL. ,

OTMeTHM, 4TO BHIIIEH3JOXKEHHAs cXeMa ocobeHHO ymobHa AJA
HCCJAEN0BaHHs KOCMOJIOTHUECKHX MOZeJeH, TaK KaK OHa He Tpe-
Oyer, utofBl IPOCTPAHCTBO OBLIO AaCHMITOTHYECKH MJIOCKHM.
B 370 cxeme KOpNYCKyJisipHas HHTEpINpPeTALUs NMPOBOJUTCH B TEP-
MHHAX KBa3HYyacTHI, T. €. YaCTHIl, [AJf KOTOPBIX TaMHUJIbTOHHAH
npuobperaer AHAroHAJ bHYIO- GOpMY B JAHHBIH MOMEHT BpeMeHHU.
OrmerdaM, yTO B 1000 MOMEHT BpPEeMeHH MOXKHO YyKa3aTh TaKOH
Habop onepaTopoB. NOJA, KOTOPHH OyLeT COOTBETCTBOBATL CBO-
6oaHBIM KBA3WYACTHLIAM, H TOJBKO NEepecyeT K HadaJdbHOMY CO-
CTOSHMIO I03BOJIAET YCTAHOBHTH (PAKT POXKACHHS HOBBIX YacCTHL.
[TpeuMyulecTBO HasaraeMoro Meroja, NO CPaBHEHHIO € JADYTHMH,
HanpHMep S-MaTpPHYHBIM, 3aKJIOUaeTcs B BO3MOXKHOCTH BuibpaTb
HauaJbHOE COCTOSSHHE OE30THOCHTEJbHO K ACHMIITOTHKE NpPOCTpaH-
CTBA-BpEMEHH. B aCHMNTOTHYECKH NJOCKOM IIPOCTDAaHCTBE-BPEMEHH
pesyJbTaTthl, MOJYYEHHbIE METOAOM AHATOHAJH33LMH MIHOBEHHOTO
raMuJbTOHHAHA, COBMNAAAIOT C PE3YAbTAaTaMH NOJYYEHHBIMH B paM-
Kax aauabarudeckol peryaspusamuu [lapxepa [229] u ¢ mo-
MOULLIO BhiUMCAHTENpHOA npouenyps 3enpaosuua—CrapoburcKo-
ro [228].

§ 16. POOKAEHHME YACTHY NOJEM KPYYEHHA

Uccaeayem npobaeMmy poXaeHHs (6e3MacCOBBIX YacCTHIL TIeoMerT-
PHHECKHM TI0/IeM KPYUeHHS. Xopolo H3BecTed (aKT, YTO B IICEB-
' JOPHMaHOBLIX TPOCTPAHCTBAX ¢ KOH(POPMHO-IIIOCKOA MeTpHKO#
GeaMaccOBHe UACTHIE He poxpaiorcs [60]. 3to oTHocHTCS KO-

“




TOHAM, HEHTDHHO - M CKaJfDHOMY IOJIIO ¢ KOHQOPMHOH CBA3BIO.
“VHas ciityalns CKNaABIBAETCA TIPH HANHYHH NOAS KPYUCHHH. .

[lycrs sarpanxuan GesMaccOBOTro CKaAspHOro NoJf BHOGpaH B
BHJE -

L=(—g)" {—;—-g"vawavw " -1—12— R(g, Q) qﬁ} . (16.1)

roe R (g, Q) onpenensierca (11.7). :
- YpaBHeHHusi moJis, nosyyaemble Bapbuposanuem (16.1) no modaiwo
¢, HMCIOT BHJ, S

(— g2

(—&)"/2 g3 — —{R(g) +

axM

+ 2K d® + K" aK"" — KanoK™} o = 0. (16.2)

IJas ynpoueHus Mbl He OyAeM paccMaTpHBaTb KpYUEHHE, npel-
CTABJCHHO® CBOHM CJe/lOM, HCTOUHHKH KOTODOTO K TOMY K€ He
AOCTATOYHO XOopomo u3yyeHw. Toraa K%,=K#°=0. Merpuue-
CKHH TEH30pD SHEpPTHH-HMIY./bCA CKaAsfpHOrO MNoJas GyHeT

1
Tuy = TpdY + ry {Kp,)w](o‘v;V + Kocp.oKoay -+

1
+ KK — — guvKawKﬁ“"} 7, (16.3)
rAe .

R
T?w = 0p@0y® — guy (aa(pa“q) + '-g;‘,“)‘ (92) +

+ ‘"é" (Ruv (&) + g (1 —Vuvy) ¢° (16.4)

HVu=0,— {'~u}: O =gwV,V,.

Tenepp nepeineM K KBAaHTOBAHHI CKaJSPHOTO [0JS, ONUCHI-
BaeMoro ypasHenueM (16.2), Bo BHewIHeM TIPABHTALHOHHOM H0Je€
ONHOPOJHOH KOH(POPMHO-IIOCKOH MoJAeu Bceeaenuoit ¢ Kpyue-
nueM. MeTpuka TakoH MOAeIH 3aAaeTca B BHAE

ds?=R2(n) (dn>—dx*—dy*—dz?), (16.5)

.

rae 1 CBA3aHO ¢ (H3HYECKHM BpeMeHeM COOTHOlleHHeM dI=
=R (n)dy. Ecmn HCTOYHMKAMH TOAA KpyuyeHus spaswoorcad dep-
MHOHBI JH0O HpealbHad <cnuHOBasg Xuakocts (eMm. § 13), 10
CBEPTKA TEH30Pa KOHTOPCHH B 000OMX cJaydadax OyAer 3a8BHCETH
TOJIbKO OT BPEMEHH.

HanmomMHHM, 4TO AJf CIMHOBOH-XHAKOCTH

H COOTBETCTBEHHO

Q@™ = (8nG (—g)~?)2s2R% (), . (16.6)
rae s?—KBafpaT CNHMHA €AHHHYHOTO 3/eMEHTa IKHAKOCTH [235] . .
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Kpyuenue, unayuEpOBaHHOE cnnuopmma NOJSIMHY, ' 6un0, novy-
yeno B pabore [251] . (Gosee moxpoGHO MBI OGCYMHM 5TOT BONPOC

B § 17),
Qauv=8x,.an"' Q“={0 Of 0 (“g')~1/25},

§'= IGnGNp, Np — IVIOTHOCTb CITHHOPHOH MaTepHH.
B cuay BbijesIeHHOH 3aBHCHMOCTH OT BpPEMEHH onepamp BTO-

OHYHO KBAHTOBAHHOTO nOJA OO30HOB NPEACTABHM B aune pas.uo
xXeHHa B paa Pypoe

P (x, f) =

—

W j B (1 (M) @ (k, ) exp (ikx) +
g (M) @ (k, ) exp (— ik}, |
rac GyvKuHe ux(n) ¢ yuetom (16.5) YAOBIETBOPSIOT ypaBHEHHIO

d*uy T) — :
a1 SR (W] () =0, (16.7)
Ypapuenwe (16.7) ¢ mepemenHo#i Maccofi wy (1) CyLUIECTBEHHO
33aBHCHT OT Bhi0Opa GyHKUWH Kpydenus. [lycTb Kpyyenmwe 3apaHo
Kak B padore [252], Q¥*(n)=—s%/R%(n). Torma Mbl NOJYYUM
ypaBHeHHe BTOPOro nopsigka a1s uk (n), B KOTOpoM

ok (n) =E2+5%/R*(n).

TaxuM 00pazoM, BO3MOXKHH ABa cayuas: a) npu |k|2<se?R~4(n)
ypaBHeHHe (16.7) mnpeBpallaercs B ypaBHeHHe JAJs 3aryxalotueil
BOJIHBl M POXJCHHSI YacTHU He 6yjaer; 6) npH |k|2>sp°R-4(n) B
Kax(I0H# MOfe B NAHHBUT MOMEHT BPEMEHH OYAYT DOKAAThbest 4a-
CTHUM NHUb ONPEAEJEHHOI 3HEPrHH (MacChl), a WMEHHO: M=
=5oR2(n). Orciofa BHAHO, YTO YaCTHIBl ¢ HauOOJbIIEH Maccofl
POXKAAIOTCA HAa PAHHHX CTAAMAX pa3BuTHA BceseHHoH, ¢ MeHb-
ek — Ha 0oJiee MMO3THHX.

Ha ¢yHRUHIO #x (1) HaJA0XUM CAEAYIOUIHE YCAOBHA B HEKOTO-
bl MOM@HT BPEMEHH 1= 1o

Gx(no) =i (0x (M0)/2)172,  t(mo) = (20x(ny)) 72, (16.8)

KOTOpble TIPUBOAAT K AHArOHAJLHOCTH FaMUJIBTOHHAHA B 3TOT MO-
MEHT BPEeMEeHH.

HUcnonways coornowenus (16.3), (16.7), (16.8), szanuiuem BH-
pameHHe I/ TaMUJIbTOHHAHA B TEePMHHAX ONepaTopoB DPOXKIEHHUHA
H YHHYTOXEHHS CKaJAPHOFO MoJd

H (n) = fd*%kox () {[a(k, n) a (k, n) + :
+a(k, n)a D (k, n)JE(k, n) +aP (k, 1) aD(—k, q)F(k, 1)+
+a) (k, n)a™ (—k, n) F*(—k, n)}, - (16.9)
rjae ‘ : o . .
E (k, 1) = [20n (W] [l + ok] ],
F(k, 1) = [20x (] [ 1 |* — ook | s J*].
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Taunnbronnan (16.9) HenuaroHaleH B NPOHSBOALHEIA MOMEHT
BPEMEHH II0 ONEPaTOpaM pOXKACHHA H YHHUTOXKEHHS,” YTO AOJKHO
PHBECTH K POXKJACHHIO YACTHU H3 BAKYYMa (cm. § 15).

TlpeanonoxuM, 4T0 B MOMEHT BPEMEHH M=mo CKaJfpHOE noJje
HaXOJQHJIOCh B BaKyYYMHOM COCTOSiHWH, TOraa ux(ne) #@ ix (no)
onpegensitorcsi, ¢dopmynamu (16.8) u HexmaroHasbuble uJeHBl B
raMHJbTOHHAHE B 3TOT MOMEHT BPEMEHH OTCYTCTBYIOT, MOCKOJABKY

F(ny) = F (M) =0, Ex(Mg) =1, wx (M) =&+ S%R_4 (ﬂo)o

Mbl He MOXeM B KaueCcTBC Hauya/JabHOMO MOMEHTA BpPeMEHH Bbi-
6paTh TOUKY Mo=0, Tak Kak, BO-TePBLIX, OHA — CHHTYJSIpHAS TOY-
Ka npoctpaHcrBa @PpupMaHa (KOHQOPMHO-IIOCKOIO), BO-BTOPBHIX,
OHa — CHHIyJsipHad Touka ypasHeHus (16.8) (aas cdusuueckn uH-
TepecHbix cayuaeB R(n) ~n?, rue 0<p<1). Ilostomy OyneM BH-
6HpaTh Mo CKOJb YrogHo OJH3KO K HYJIIO, HO HE B CaAMOM HYV.Je.

[Tpeo6pasyem onepatopnt at)(k, n), a=)(k, n) rakum obpa-
3oM (cMm. § 15), uToOn rammiabToHHad (16.9) cran auaroHaabHBIM
B HOBHIX oneparopax A (k), A (k). [Tosmoxum

att(k, n) =a*(k, n) A (k) +B* (k, n) A (—k),

a (K, 1) =a(k 1) A (K) +B (K, 1) AP (—k).

Tlopcrapus (16.10) B ramuavronuan (16.9) w norpebGoBaB pa-
BEHCTBO HYJII0 KO(QGUIHEHTOB NPH HeJHAroHaJbHBIX u/eHax, Oy-
JEM HMETb CJEAYIOIlHe COOTHOIEHHS:

E*(k, n)—F%(k, n)=1/4, B/a=(E—1/2)/F,

(16.10)

(16.11)
1B]2= (1/20) [#2+ 0?t?—a], |a[2— (1/20) [4°+ 0242+ 0] .

ITocne pmaroHadmsauuu ramuabroHan (16.9) 6yaer ramuib-
TOHHAHOM aHcaMOJs KBAa3WuYacTHL, B KaxAoOH Moae obJamarouiux

9HEpPrHeH
-0 (n) =k%*R (). ,
Tenzop sHepruu-UMIyJabca HEOOXOAUMO B35iThb B HOPMAJbHO YIIO-
psifoueHHO# (opMe, T. €. BblYeCTb 0eCKOHEYHbIe YacTH BaKYYMHDLIX
CpeaHHX
NT»(x) =T, (x)—<0] 77| 0g).

dTa npoueaypa ynopsuouuBanusg Owul1a mnpeasoxena B [253] m
JaeT NPU BHYUCIEHWH KOHEUHBIE BHipaxeHus uas T,V

[110THOCTD YHMCIa YacTHL, POXKAECHHBIX OT MOMCHTA Mo A0 MO-
MEHTa 1) HaXOAHUTCH Mo (popmyﬂe (15.7)

= 2 2 6.
A () = o AR LB G WP (16.12)
Dueéprus H AaBJeHHe pO,lLPIfBlIlHXCH yacTHl 6yayT
e —_ 2 2
g = n“R‘( ; jdkk o (M [B (k, n)l (16.13a).
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Pm=wsdkkzmk (n){lﬁ(k 71)] ‘6":@}' O.‘= 1.’-2,’ (16136)

-1
Py = 1202R4 (1) j dkkPox (M) { | BTk, M) |* — §k, + 8¢}, (16.138)
rae :

i) — 3k2 -
o = O (4 () — on (), = 1,2,
= 3Q? (@ (M)~ {(x (M)* — (o (M)~}
YpaBHEeHHe COCTOSHHS POXAEHHBIX YACTHI, HMEET BHL
g=P\+4Py+Ps.

J11 KOHKPETHBIX YHCJICHHBIX OUECHOK HaiZeM pelleHHe ypaB

Hegua (16.7) ¢ HavampHbiMu  ganHbiME (16.8). Ilpeicrasum  ero
B BHJIE

P00 e ) e () = (0° (1) — @00 s

Taxkoe ypaBHeHHe MOXKHO 3amMUCcaTb B 3KBHUBAJEHTHOI eMy Qopme
HHTErpaJbHOMO ypaBHEHHS THIA BoJbsTeppa

e (M) = 2ok (o))~ exp (=L foy (1 — M) +
M
+ o' (1) j [Q* (o) — Q* ()] sin o (o) (N — &) 4 (8)

KOTOpOe pellaercsd MEeToAOM HTepaum{ NpH PasJOKeHUH uki(n)
B PSiJL 110 CTEMEHSIM ManOCTH

‘ (n)t
uic Q) -::uk (n) 4w -
rae
0, . \ :
ug ()= (200)~ " exp { = iy (T — M)}, @ = Ok (M),

- )y -0 , ’ (n—1)
uiE () = -(;j [@%(n) — Q2 (®)] simw, M—E) ?E (§) dE.
Mo

Hns OneHKH IpenesoB NDPHMEHHMOCTH pa3joxeHus u4F (1) B

pAA ydTeM, UTO Halle npubAHKEeHHOe pa3J10>KeHHe CTpaBeATHBO B
nHTEpBANE

N — 1oK@ (1) - | (16.14)

Ecnn N™Nnnank, TO TPH CTENEHHONH 3aBHCHMOCTH R(n) ~n?®, rie
0<p<l, (y—1o) —mnopsifka suepHeix Bpemen 10-'%¢; B Hame
BpeMsA IpH TOH XK€ CTeNeHHOH 3aBHCHMOCTH (1N — mMo) — NOpPAAKA
KOCMOJIOTHU@CKOTO BPEMEHH CyllecTBOBaHHA BceqeHHOM.
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B6nM3H CHHryJNSpDHOCTH MOXHO IIPEANOJIOXKHTH c'renenuoﬁ 3a-
KoH usMeHeHHs R (1) =apl?, rae 0<g<1. Toraa B cuny 3aBHCHMO-
CTH dt=R (n)dn caenyer, 49TO

R(m) = alnc/(l—tn a, = al/(l-a) (1 — q)q/(l-q)

B BrpaxeHusx AIST 9HCJA YacTHL, aHeprnH-,HMHynbca..MH coxpa-
HHM TOJbKO NEpBble [Ba YJeHa PAja, BKAAJ KOTOPHIX B HHTEpBa-
ne (N —mo) OyAeT 3HauHTeNbHO OOJbIIE BCEX OCTAJBHBIX YJEHOB
paga. Beegem oGosnavenuss B=ay/s, p=¢g(l —g)~'. Torna saBu-
CUMOCTH TJIOTHOCTH YHCJA YacTMI, 3HCPTHH H JAaBJeHHSI OT Bpe-
MEHH OYAyT CJACAYIOLMHUMH:

n(n) >~ (dnalB?)=1 N3 (03P — N)? (M +- ),
e (M) (32:;1251‘582)"1 (In (M¥Pa2B—2)) n—=** (ng? — n'#),
Py = Py =P (1) 2 (96a%aB ™ {(In (n’a "B~ " (ne” — n*) —
—1%a B~ In (N/My)},
Py (n) = (96°aiB) ™ 07 {In (nt’ar°B;”) (ng” — ™) +
| + 20% (2B In (/) ™).

M3 BoipaxeHuii pjisi Prp3 ciedyer aHH3OTPONHSA AABJEHHS pO-
AMBIUHMXCA YacTHL, NIPHYHHOH KOTOPOH ABJSETCA BbIAEICHHOCTD
nanpasjeHus cnuHa. OfHaKo Hago NOJYEPKHYTb, YTO HA KJaCCH-
4eCKOM YpOBHe ACHMMETPHsI MPOCTPAHCTBA HE ckasbiBaercs, Heob-
XOAMM KBAHTOBHA 3(Q®EKT pOXJeHMA HacTHU, YTO6H CKpLITas
acHMMeTPHS cTaja fBHOHW. B 3TOM cCMmMBICJe €ro MOXKHO TpaKTo-
BaTh KakK 3(Q(eKT CIOHTAHHOTO HAapyLIEHHS NPOCTPAHCTBEHHO-BpeE-
MEHHOH CHMMETPHH.

-TakuM o0pas3oM, B KOH(POPMHO-IJIOCKOH Mojead BceeneHHOR ¢
KpDYYeHHeM NIPOMCXOAHT POXKAEHHE CKa/dApHBIX O6€3MaccoBhIX ua-
CTHIl, H MAaKCHMYM DOXJAEHHA JOCTHraeTCsi BO BPEeMeHa nopsijika
niraHkoBcKux 10—% ¢,

Hpyroit npumep poxAeHHUs HACTHIL MOJEM KpyuyeHusi GBI pac-
cMOTpeH B paborax [2564—256], B KOTOpHIX H3yd4ajoch poXCHHE
MaCCHBHBEIX CHHMHOPHBIX YAaCTHU B MPOCTPAHCTBE C METPHKOH MuH-
KOBCKOIrO H KpydeHueMm. KpyueHue, npeacraB/ieHHOE CBOHM ICEB-

JocAefioM, B LAHHOM cJayyae BbolOupaeTcsi B BHAE CTYNEHbKH, a
HMEHHO:

5 zlo, B8<0,.
Qu £ >0,

rae Qb = {0, 0,0, —n}. Torpa ypaBuenue Jlupaka B ob6sacTi
x3>0 Gyner uMeTh BUA S

[iy"&u-—n (O _2 ) m] P (x, ¥) -—-0




Ero pelwenue, _COOTBETCTBYIOLIeE ONMpPENENSHHBIM 3HAYCHHAM Hep:
THH M NPOSKUMH uMmiyabsca £, Ry, ks, uulercs B Buae ‘ '

VVE k8, (X, ) = (2m)%2exp (— i [Ef — Ryxt — Rpi®]) x T (2°) +
+ HPMHTOBO CONPSLAKEHHOE CJATAEMOe.

3apaya poOXKIEHHS 4YacTHL peiraercd B S-MATPHYHOM TNOJXOJE.
[TokasaHo, 4TO NJIOTHOCTH POXKJEHHBIX UYaCTHLU BO BCeX MOJAAxX B
eAHHHULLy BPEMCHH
N==n3
AAst 60ABUINX 3HaueHui 1.
Moxuo noka3atb, 4To 0€3MacCOBble CHHHOPHbLIC YaCTHIBI TOXKeE
OYAYT POXKAATbCSA BHELIHHM II0JIEM KPYUeHHS )

§ 17. NOJISIPU3ALLHS BAKYYMA
MATEPHAJIbHBIX TNOJIEH
B ITPOCTPAHCTBE C KPYYEHHEM

[Tpofo/XKUM paccMOTpPEHHE CHCTEMBl «KBAHTOBBIE MaTEpHAb-
Hble 1074 — KJAaCCHYeCKoe 1oJe KpyueHusa». B § 16 Ow1io0 npoue-
MOHCTPHPOBAHO, KAaK [PHCYTCTBHE KJAaCCHYECKOTO II0JsI KpyYeHHS
CKa3blBAeTCsd Ha KBAHTOBHIX MarepHaJ/bHHX nogasgx. B atom mnapa-
rpade MBI paccMOTpuM oOpaTHOe ACHCTBHE KBAHTOBBIX IIOJEH HA
KJaaccHueckoe Kpyuenwe, OHo cBfI3aHO ¢ modsipH3auuedf Bakyyma
MaTepUaJbHbIX IOJeH, KOTopass HIPUBOAWT K JAONOAHHTEJNBLHOMY,
BKJIaly B JarpaHAxHaH cucrembl, AHaQIH3 JOMOJHUTEJIBHBIX CJda-
FaeMblX YKa3bplBa€T Ha HHTEPECHYI0 BO3MOXKHOCTb MOJAYUYHUTH JACH-
CTBHEC TPABHTAUMOHHONQ MNOJAA C KPYYEHHEM 32 CUeT [QJdpH3alHH
BakyyMa. AHajorudubie pacuersl OblJIH CAeMaHbl AJS 3JIeKTpoMar-
HUTHOTO NoasA (BrepBeie Jiiepom u lefizendeprom  [68]), aas
STHT-MHJIICOBCKOTO foas [258].

B pamkax 3AHIITEHHOBCKOIl TeOpHH Takoll cnoco® nocTpoeHus
JCHCTBUS [PaBUTALHOHHOrO Nosd ([ONy4YUBLWIHI Ha3BaHUe HHAY-
HHPOBAHHONH rpaBuTanuu) OLIT  BlepBLHE NOpEMEeHeH B palboTe
Yrusimbl u fe Butrra [259] (cm. o63op [18]). Oamako 310 He
NpHBEJO K KakuM-au060 KaveCTBEHHO HOBBLIM  pegyJbTaram, INo-
CKOJBLKY Habop TeoOMETPHUYECKMX HHBAPHAHTOB HE BLILIE BTOPOTO
nopAAKa N0 KPHBH3HE, M3 KOTOPBIX KOHCTPyHpyeTcsd JeHCTBHE, B
ICeBJOPHMAHROBON '€OMETPHH CBOJHTCH K UETHIPEM.

MHasi cuTyaumss cKJajapiBaeTcss B TEOPHH TpaBHTAUMH C Kpyue-
HHeM, T YHUCJO TAaKHX HHBADHAHTOB NPEBLIILAET CTO NATLAECHT.
ITosatomy BHI6Op TOro HJH HHOIO Habopa TaKHX HHBAPDHAHTOB B
KayecTBe JeHCTBHS MOXKHO TIONLITATbCsl 0OOCHOBATh, HCXOAA H3
MEeTO/a, aHaJOTHUHOrO METOAY HMHAYLUHPOBAHHOH rpatsm“auuﬁ.

Mbi cHauana pacCMOTPHM Caydali 6€3MacCoBBIX CHHHOPHBIX
noJiell B NPOCTPAaHCTBE ¢ MeTpukoii MHHKOBCKOrO W KpyueHHeM, a
3areM IpHBe/eM 06001IeHHe 3THX DPe3yJabTaToB JJs CJAydyas TCes-
LOPHMaHOBOH METPHKH.

JlarpanxuaH B3aHMOJeHCTBHSA o KPYYeHHS C (pepMHOHaMn

100 . _ ’ ) .




3

. B METpHKe MunxoBckoro umeer BH L
L= (:/2) {$y"0,p—0upy* b} + Gopyuysh Q*. (17.1)

PaccmorpuM  nipomsBopsliufi  QyHKIHOHAA  CBS3HBIX  (YHKLHMET
I'puna | '

Z(n, n, @) =N[D{Dy explifdis[L+qp+yniL  (17.2)

[Tocne uuterpupoBanus no.depMHOHHHIM noasm B (17.2) moay-
yaeTcsl 3¢ PeKTHBHOC ZEHCTBUE AJIS N0JA KPYUCHHS

S=[d*xLets (Q) = fd'x [—itr In (y*0,—goy,vs@")].  (17.3)

OTAHYHBIH OT HyJS BKJAax B Bbipaxkeuue (17.3) npawoT ToabKO pua-
rpaMMbl nmopsiika go?". Bo BTOpOM qopsAfKe nocjae B3ATUA (eil-
MAaHOBCKHX HHTETPANOB € TOMOLIbIO pasMEPHOH TEeXHHKH TIOJYYHUM

Leff =—2 l/4 (auQv"'"anp) (6‘”@”~—0” Qu) ) ( 1 74)

rae 2= {2n)-2{(n—4)-'—In(p*/p2)—c+1). Tlocne peHopMHPOBKH
2'2Q,—>Q,, go—>g2~Y? nosHu JarpaHKuai NpHMeT BUA

Lyon= (i/2) (ﬁv“aulp—éuifv"ib) + gﬁ%ﬂ’slb Q'—1/4 (auQv_"‘auQu) 2,
K (17.5)

B cpasuennn ¢ narpamxkuasom (17.1), B (17.5) npucyrctByer
JarpaHKHaH cBOOOAHOIO [0 KPYUeHHS

1 - -
L(Q) = e GuyG"Y, Gy = OuQy — 3yQus

00y CJIOBJIEHHBIH NOJAAPU3AlLHel BakyyMa MaTepUa/blbIX loJded H
HMeIOUWH#, B oraHude o1 Jaarpamxkuana TIK, gHr-MuiIcOBCKHH
BHI. 3aMeTHM, uTo NOXOOHBIN JarpaHXuaH yKe Ipexaara’cs B
“TROPHH TPaBHUTAIIMK € KPYYEHHEM HEKOTOPLIMH aBTOPaVH.

PaccmoTpum Tenepb noasipu3auHoHBbBe  3(Q(DEKTHl MACCHBHbBIX
CIIMHOPHBIX OJeH B IPOH3BOJBHOM TIpaBHTAIHOHHOM I0JC ¢ KpYy-
yeaueM [258]-—[260]. DpdekTuBHBLA narpanxuHaH noJas Kpyue-
HUsd B (opManuame COOCTBGHHOTO BpPEMEHM BbLIDaXKaeTcss HHTe-
rpaJom

00

L::h-—[—tryﬁ—(x,slx,O),
S

2
-0

rjpe s— napamerp cobcrBeHHoro Bpemenu Isunrepa-— pe Burtra,
a <x, s|x, 0> — aMnIuTyAa nepexona «BAKYYyM—BAKYyM», CBf-~
3auHasa ¢ GyHkuueil ['puHa COOTHOUIEHHEM

G &) =i [ [—g (Al (x, 5|, 0) [— g (&) Wids.  (17.6)

Ypasuenue aag ¢yHkunn I'puHa cnuHOpHOrO noJs moJyyaercs
00061IeHHeM YpaBHEOHHS B IIJIOCKOM NpPOCTPAaHCTBe Ha cayuah U4,
a UMEHHO:

(iv“éu —m)S(x, x') =[—g (x)]~1/4 8% (x, x) [f gxI=ve, (17.7)
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r ‘ ' ' A
rae V,— xoBapHaHTHas npousBoiHas p Ut fem. § 12). Ksaapu-
pyem {17.7), npencraBnB (epMuoHHyw Oynkuuio I pura B dopme

) r . ‘ .
' S (%, %) = (iY*vu + m) G (x, ),
rae G(x, x’) 6yner umerb Bux (17.6) B noAYHHSeTCH YpaBHEHHIO
(8"VuVv + G*Qp + X) G (x, £") = - |
= [— g ()]~ 8(x, &) [— g ()74, (17.8)

1 T r
X = G™G* Ruguy (g, Q) — G*yaQp — vuQ* + QuQ* + m2.

AMnnutyna nepexofa  «BaKyyM—BaKyyM»  yAOBJETBOPSET
ypaBHenuo THna Illpexunrepa

» 03 r g r’
P ——(x s]4", 0) = (g"vuvy + G*®Qap + X) (. s| %', 0y,  (17.9)

peleHHe KOTOporo yAOOGHO HCKarb B BUje
(x,8]%x",0) = — i (4nis)~2 D (x, x") [— im3®s —

—lio (v, x)/2s) %X ¥ @, (x, x) (is)", (17.10)
=0
rie " .
r r r ’
D(x,x’) = —det[— yayvo (x, x)]
rerepmunanr  Ban-®neka—Moperra, o(x, x’) — mMHpoBas GyHK-
unss Cunra. Ilocne moacramosru (17.10) B (17.9) nodyunm cie-

RyioLIHe BhIpaXKeHHUs AN KOIDPHIHEHTOB PasJokKeHu s
a4 =1, ,
a, = '_—'I—R + iéa‘éa + —]—Vaa“,
12 2 4

,

1
g = ——R*—
2 144

- 1 7 1 .
i —é'a'RuvRuv - 7??6 RocﬁuvRaBMv'"‘ —Z‘;Guvgm’,. (17. l l)

OxoxudrenbHoe BhIpaxKenue A% 3bGEKTHBHOrO JarpaHxyuaxa

. Letr=tr[loao+11a1+12(az+ear?) ],
rae

J; = (32n%)~ 5 dt ti-3exp (— m?t)
- 0

pacxojsliuecs HHTerpaJbl, f=-—is.

OTH pPacXOZUMOCTH MOXKHO YCTPaHHTb BKJAKOYeHHEM B 3aTpa-
BOYHBIA JIarPaHXHAH TeOPHH cadraeMuix Buza (17.11) u# nepeHop-
MHPOBKOH COOTBETCTBYIOLIHUX KOHCTAHT, YTO, C APYTOH CTOPOHHI,
HaKJIaAbhBaeT HCKOMOe orpanHyeHue Ha BbIOOp JarpaHxKuaHa rpa-
BHTAUHOHHOTQ [ONA ¢ KPYUEHHEM. ,
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.§ 18. KPYYEHHE KAK KOJJIEKTHBHOE TOJIE -

B pamgkax kaacchyeckoil Teopun JiinHwmreina—Kaprawa B § 12
MBI TIDHBEJH TEOPEeMY, YCTaHaB/IHBAIOMIYIO COGTBETCTBHE =~ MeX1y
T3OK u HenuHe#HON CMTHHOPHOH TeopHeH B NCEBAOPUMAHOBHIX MHPO-
ctpaicTBax. CornacHO 3TOil TeopeMe TFeOMeTpHYECKoe M0Jie — Kpy-
YeHHe — NPeJACTaBsAeTCs 1apoH CNHHOPHBIX ‘MarepHaJdbHBIX NoOvIeH
(ypaBuenne Ilanarnun (12.37)) u MOXKeT ObITb HCKJIIOUEHO H3
pPacCMOTpEHHS NepexXoAOoM K-AarpaHXHaHy, BKJIOYAKOIIEMy HeTH-
Hel{HOe UeThipeXx(PepMHOHHOE B3aHMOAeHCTBHe. ITO yKa3blBaeT Hae
BO3MOKHYIO MaTepHaJbHyl0 NpPHMPOLYy KpYYeHHsT IPOCTpaHCTBa-
BPEMEHH KaK KOJJIEKTHBHOTO TIOJIA. _

Hccnenyem 3T0T BONpOC Ha KBaHTOBOM YPOBHe.

PaccMoTpHM cHCTEMY, ONMHCHIBAEMYIO JarpaHkXuaHoM

D= - Ao = |
Ly = — (165G)™" R(g)+ — (¥ ¥*Vud —Vaby" )+ " (byuvs)*
(18.1)
[Tponssoasunii GyHKUMOHaa cBsA3HBIX QyHKUMHA [puna 6yner

Z(n, n, tw) =NfDg=DpDy expfifd*x(—g) ‘/2(Lo+n¢+¢n+
+twg*) }-

Jluneapusyem uerblpexepMHOHHOE B3aHMOJeHCTBHE ¢ [O-
MOIIbIO JOMOJHHTEALHOTO HHTETPHPOBAHHS IO 1ICEBAOBEKTODHOMY
noJan Q,:

Lo -

§ DD exp fiatx (—g)e 22 (wvwsw)z] - *

=-fDTIJD\PD§u exp {i j.d"x (—g)'? (goéufbv*;v“w~ g QuQu)}.

rae A, = gi/ms?. Taxkas nuneapusauus (CompoBOXKZAAOUIAACH
nepeonpeneteHHeM HODMHPOBOUWHOH KoHCcraHTel N—N’) aBasercs
yA00HBIM crmoco6OM pas3BuTh NpHOMHKEHHYIO cXxeMy xaprpH-¢o-
KOBCKOMO THha JJs KBAaHTOBAaHHSA 4YeThIpeXthepMHOHHOIO B3aHMO-
aeificrBis. Tlose Q, Ha3BIBAETCS KOJJEKTHBHBIM I10JIEM.

B pesyavrrarte JNHHeapH3auuu MNpOH3BOAAUME (DYHKIHOHAJ, B
KOTOPOM BBEIEHLI HCTOYHHKH MO Q,, OyaeT VKe OIHChIBaTh
cBsi3Hble GyHKIWM [pHHA B3aUMOZEHCTBYIOUIMX T'DaBHTALMOHHOTO,
GEePMHOHHOI0 H KOJIJIEKTHBHOIO IOJEH

Z(0 M, L ju) =N'fDg,DE¥DyDQ explifdix (—g) 2 [ L1+
P+ g+ o+ L+ L]}, (18.2)

rae Ly, Lz— narpaHxHansl KaauGpPOBOYHBIX M JYXOBHIX MOJVIEH.
Jlarpanxuan ' ‘

*—(lﬁnG) 1R(g) + — (th“va VnW"‘P)-I—
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n

- + o (Vyuysy) 5”-—

2 v - : :

2" QuQ* (18.3)
oTIMYaercss OT JnarpanHxuana TIOK KoHcTanramMu go # Mg, He cO-
BIAZAIOUWHMMU C TPABUTALHOHHOHN.

Bri60op KOHCTAaHTH B3aHMOZEHCTBHA (DEPMHOHHOTO HOJS C Kpy-
YeHHEeM, PaBHOH HbIOTOHOBCKOH I'PABHUTALHOHHOH, SIBJSETCH JAOMNOJ-
HUTENTbHBIM OrpaHHYeHUeM, AJs KOTOPOTO HeT amPHOPHLIX OCHOBA-
HUH, IOCKOJBKY INOCJHefoBaTe]bHas 'KaiuOpoBOYHAS TPaKTOBKA
TPAaBUTAUHOHHOTO NOJAA Kak apOUHHO-METPHUECKOTO IMO3BOJISET
BBECTH B TEODHIO [gBa HC3ABHCHUMBIX 3apsiia — HbXOTOHOBCKYIO I10-
CTOSIHHY!0 TSATOTeHHs ( ¥ HEeH3BECTHYI0 NOKA KOHCTAHTY B3aHMO-
JCHCTBHSA «COIHH—KpPYUYeHHe» Jo.

Cuenytouece u3 aarpanxuana (18.3) ypasnenue

élt = £ ’I’YW&‘P

2
Mg

SIBJSICTCH KBAHTOBBIM anasoroMm ypasHeuuss [lamatunm (cMm. § 12)
‘M BbIpaxaer OCHOBHYIO HJAEI0 O CIOMHE KakK HCTOYHHKE NOAA KPpy-
ueliHs. B 31OM ypaBHeHHM HeoOXOZHMO pa3feauThb KJACCHUECKOE
KpyYeHHe H KBaHTOBble GJYKTYaUHH, NpeacTaBagiollue coboil Ba-
3UCHBIE COCTOSIHHS, BO3HHKAIOUIHE B TEODHH C YeThIpeX{epMHOH-
HBIM B3aHMOAEHCTBHEM, M YYeCTb AJ% KJIACCHYECKOr0o KpYy4eHHd
3¢ ekt noasApu3aluy BaKyyMa MarepuaJbHbIX MOJeH.
ITpeacraBuM KOJIEKTHBHOE fosie Q, B BHIE

Q=0+ 4§, (18.4)

rae Q0 — KJACCHUECKNE TOJe  KPYUeHws, §, — KBAHTOBBE  (ayk-
TY UK. :
Besuunny Q0 MOXHO IOJYUMTh METOAOM CpPEIHEro0 IoJsi, B
OCHOBE KOTOPOTO JIEXKHT Waest O KBAHTOBAHHHM B3aHMOJeHCTBYIO-
X moneil Ha GoHe HEKOTOPOro pellieHHs CcaMOCON1acOBaHHbIX
VpaBHEHHl, ONHCHIBAIONIHX CpPeLHEe COCTOSIHHE KOJJEeKTHBHOTO
nods (B HalleMm caydae Q,) M OJHOBPEMEHHO NOJSPH3AUHIO Ba-
Kyyma [71]. Yder BAMAHMA TAKOrO CpelHEro INOAS Ha 3BO.JIONHIO
CHCTeMB TIOJel aABAsiercst HenepTypOaTuBHbIM 3(pdeKToM TeopHH
camogedicTByOIMX noaed. TakuM MeTOIOM B KBaHTOBOH TEOPHH
nons GbI paccMOTpeH Lefweil psa mopened [69, 74—80].
YpaBHenne ansi cpepHero moas Q0 moJsyyaercs U3 YCJIOBHSA
MUHUMH3AULHH 3¢ (eKTHUBHOTO NOTEHIHAaNa  NoAsfd KPYdeHHsS, YYHTbI-
BAIOLIEro NONSPH3ALHI0 BaKyyMa MarepHasbHBIX nogaeil. OH Haxo-
JUTCA MHTerpuposandeMm ¢ynruuoHana (18.2) mo GepMHOHHBIM
MONSIM. Pe3ynbTaToM TaKorO HHTETpHpOBaHus OyaeT .

exp (iW (1.7, gy, Q)= { DDy exp  (idts (—g)!"*
X {—(167G) R (g) — TGN — i (—g)™* r In (—)" {1y Vi~
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. 2\ - ~
— Yuy:Q"g,)) —( "2"’ ) QuQh+ i Q¥ + Luygh™ }} (18.5)

”

-OTKy 12
Veit Qu. gu,v)% [ dtx (—g)\/2 { — (167G)—! R(g) — i (—g)~"/? x

N

o s PERY my = %
X trIn ((— @2 (iv'Vu — ZovuysQ*)i— —22' QuQ“}

M ypaBHEHHe L/Isi CpejHero nons Qf, MMeeT BHI

: miGh = —itr | dixG (x, x') 8G— /805,
. (18.6)

G (x —g) = (iy'vVi — Zo¥*¥°Qu) 8* (x — y).

IlpH 3TOM, MOCKOABLKY Hac I10KA He HHTEpPeCcyeT KBAHTOBAHHE
METPHYECKOTO MOJAS H AAS% TOro 4YTOOBl BHIAEJHTH COOCTBEHHO 3(-
(beKTBl KPYUEHHS, TOJOKUM Ly =Ty

PaccMoTpuM mocTosiHnoe pelwenHe ypaBHeHHss (18.6), kortopoe
IIPH 3TOM CBOAUTCS K YPABHEHHIO

2 70 2 dsk
m = — (2n)—4 try - ) 18.7

Huterpan s npasoit vactu (18.7) mMoxeT 6bITb BBIUHC/AEH C [iO-
MOIIBIO Pa3MepHOH TEXHHKH.

OxkasblBaeTcsi, 4TO eJHHCTBEHHbIM pellenueM ypapHenusi (18.7)
spasiercd Q=0 H 3TOT pe3yJbTaT pacnpocTpaHseTcs # Ha Cay-
yall HeMHHKOBCKOH BHeIUHEH METPHKH.

TakuM o06pa3oM, KBAHTOBOE PacCMOTpeHUe B3aUMOAEHCTBHSA
KpyueHus ¢ (PepMHOHAMH TPUBOLUT 'K TOMY, YTO KOJJIEKTHBHOC
noJe KpPy4YeHHS NpeAcTaBjasieT COOOH YHCTO KBAaHTOBBIC (JYKTya-
UHHA HaJ HYJEBHM (GOHOM.

IToctpouM 3G(eKTHBHHA JMarpaHKUaH TaKoTO [0JS KPY4YeHHH,
JIsl 4ero HalJaeM BCe OZHOIIETJ/IeBble BKJAAAb B AEHCTBHE

2
. . ~ m i
Sert = fdtx [—itrIn (i(y'0u — goV'¥s ) + ——qugq*  (18.8)
H MOJYYHM B NEPBOM TOPSANKE MO KOHCTaHTE g7

m
2

2
Ser= [ ats | = Guy— gl — - qug . (189
Jlarpanxuan (18.9) ormuuaercs or 3(pPekTUBHOrO JarpamxuaHa
(17.4), asndlounlerocs caeiCTBHEM MNOJAPH3allH BakyyMa mare-
praabHHX nojef B U4, HannuneM MaccoBOTO ujena.

-~
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[Tponaratop KOJITEKTHBHOTO TOJS KPYYEHHS HMeeT BHI

T
[T 3
B () =

H COJEPXHT 4JeH MNOopAxKa go?, OTCYTCTBYIOUHME B mnponararope
(HepMHOHROTO MOJA. ITO. ABAAETCA CASACTBHEM TOrO, 4TO B 3aTpa-
BOYHOM JIarpaHXHaHe HeT KHUHETHUECKHX UJIEHOB KPYUYEHHS H
CBSI3b_«CITHH—KpYydeHHne» — ajrebpaudeckas.

Hannuue TOJNBKO KyJEBOr0 NOCTOSIHHOTO pEHIEHHS -ypaBHEHUS
(18.6) mpemcraBasiercs (PHIHYECKH BHOJHE ONPaBAAHHBIM, IIO-
CKOJIbKY OTJIHYHOE OT HyJs TOCTOSHHOE KJACCHYECKOEe NoJie Kpy-
YeHHs 03HayaJjo Obl CYyLIeCTBOBAHHE BbIAEJEHHOr0 HaNpaBJjeHHS B
NPOCTpAHCTBe-BpeMeHH. BMecTe ¢ TeM B TeODUM BO3MOMKHBI HEHy-
JieBple pewenus ypasuenuss (18.6) Tuma yeamHeHHO#H BOJXHB. MBI
HX He OyaeM 3xech IPHBOFHTD.

3HauHTeNbHO 6OJiee BajKHBIM TNPEACTABAAETCS TOT (PAKT, uTO,
XOTA CpeAHee TOJe KDYYeHMS DPaBHO HYJIO, cpealiee KBajparta
noss Kpyyenus {Q.Q*) moxer ObITb OTIMYHO OT mWyJad. Mmenno
yieH (Q.Q") BXOAHT B CKaJisfp KPHBH3HB T'DABHTALUOHHOIO MOJS
H [faeT TVIaBHBIH BKJAJ B YpaBHeHHe JfHWITEHHA

6 N~
o (=€) QuQ), (18.10)
vV
nonyyaemoe u3 3dpdekruBHoro aeiicrsus (18.5) B mpenene Hy.Je-
BOTO KJACCHUQCKOTO (POHa H B IpeHeOpeKEeHHH 4Y/eHaMH NOpAAKa
"(? o1 moNApH3aAUMH BaKyyMa CHHHODHBIX MOJied. Yuer 3TOro BKJja-
Ja MOo3BOJIAET OLEHHTb BJAUSHHE HenepTypOaTuBHBIX 3(DPeKTOB Ha
IBOJIIONUIO TPABHTHPYIOILHX OOBEKTOB B TEODUH TpaBHTALHH: C
KPYYEeHHEM. ) ,
HUa Buza addexruBHoro maarpanxuana (18.5) MoxHO = JjnuIb
[IPeANONOKUTb, YTO CPeoHee KBaApara Iojasl KPYYEHHA OTJIMUYHO
OT HYJf, OJHAKO AaTh €r0 TOYHOE PpEHOpMHPOBAHHOE 3HaYeHWE
yaobHee, nepedas K APYTrOd 3KBHUBANEHTHOR CHCTEME B3aHMOAEH-
creylomiux nosiet. Takasgs BO3MOXKHOCTL NOSABASETCS BCJAEGACTBUE
TOTO, UTO YeThipex(depMHOHHOE AaKCHAaJbHO-BEKTOPHOE B3aHMOJEH-
CTBHE C JNoMollblo npeoOpazoBanuil [laymu—®Pupua pasnaraercs
Ha CYMMY TpeX THNOB dYeTblpeX{pepMHOHHBIX B3aUMOAEHCTBHH, KO-
TOPHIE, C YYETOM AHTUEPECTaHOBOYHOCTH MOJIEH P HMEIT BHA

(Pyuvst) 2= 2[ (@) 2+ (Divsh) ?] + (byap)”.
I/ICXO,ZUI H3 3TOr0 pPasjoXKeHHd, JHHedpHUu3yeM HUCXOAHO€ YEThI-

pexdepMHOHHOe B3aHMOJEHCTBHE NOCPENCTBOM BBENEHHS HHTErpH-
POBAHHSA IO TPEM BCIOMOTaTEAbHBIM NOJAAM 0, Tt H Wy

fD$D¢exp { i S-’-‘Q"— [2 @\19)2 2 (piysH)* + (@vmb)z} dhx =
= [ DEDDoDDunexp (i [ty [ #o -+ Bivetm + 4 prgwm*‘ —

1
Ryv— o> guR = mi4nG (—g)~'7
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2

<f—-—(0" + :_t' tw*‘)]}

B musmeM JnpeBecHOM NPHOIMKEHHH MOXHO MOJOMKHTD
. (G@) = (2(0?+n?) + 0,6%). © o (18.11)
[TpeacraBum noig o, m, w, B BHAEe, aHajsoruyHoM (18.4):
o=00+0", oo={0),
n=m+n, m=I{n),
ou=0+0,/, 0l={ (0,

-

rae og, Mo H 0, — cpeanne moJsi, YpaBHeHHs /sl HaX0XKJeHHsS KO-
TOPbIX HMEIOT BUA, NOA06HBIH (18.7):

2
04 y dt (18.12a)

42 Af—(k—n)? "’
2 o
. & AR ((k—n) vy — Ag)Yy
miny, =i P trj‘ Ag_(k“__n)z , (18.126)

rae Af = gg(ofj+ nip), = goon! V2 .
PewennemM ypaBHenuss (18.126), xak u (18.7), saBaserca
0,'=0. B to xe ppems n3z (18.12a) mocne BLUMCHEHHS HHTErpa-
Ja ¢ TMOMOUIbIO pa3MePHOH TEXHHKH NONYYHM YypapHeHHe AJs

2 2 '
my A 2 AG
e == —In —c 1],
€0 4n? \ n—4 u? )

KOTOpOo€ uMeerT HeHyJeBoe pellenne. [loacTaBuB 3TO pelueHHe B
Bbhipaxenue (18.11), naiizem

(QuQ") = 2A} + pazuaunonnEle NONPAaBKH,

T. €. CpeJHee KBaapaTa NoJisd KPydeHHs OTJIHYHO OT HYJIA. ‘
aHHUHBAfACh 4Je€HOM 2A¢%, NOJCTAaBHM IONYy4deHHOe 3Haye-
Hue <5 Q*) B ypasuenne dfinwreiina (18.10). Ero peuwenue 6y-
JeT ONuCHBaTbh npocTpaHcTBo jae CHTTEpa ¢ MOCTOAHHON IMOJMOKH-
TeJipHOH KpHBH3HOH R=2mmy?A?G, Koropas onpehe/sieTcds Cpea-
HHUM 3HaueHHeM KBaJApara HOJS KpYdeHH§. DTO TOBOPHT O TOM,
UTO HAPH HU3KHX JHEPTHAX TEOpHS TPaBHUTAUUH C KpyueHueM BOJH-
3H TOYKM MUHHMyMa 3SHEPrHH CHCTeMBl 3KBHBAaJEHTHA 3HHIITEH-
HOBCKOH TEOPHH T'PaBHTALUMH C KOCMOJIOTHYECKHM YJIE€HOM, KOTO-
Dbt €CTb CJEeACTBHE <CHHH-CIHHOBOrO TIPaBHTAIlHOHHOTO B3aHMO-
pefictBusi. B 06,1aCTH BBICOKMX 3HePrHi HAUYUHAIOT -MOSABJATHCH
BOJIHbI KpPydeHHsl, u 3(pdeKkTHBHOH TeoMeTpHelt Oymer reoMerpus
Pumana—Kaprana.
B 3akjiouenHe OTMETHM, YTO, ONHUCHIBAs KPYYEHHE KaK KOJJIEK-
THBHOE NO0Ji¢; HeOOXOAHMMO BBISCHHTb, K KAKOMY H3 JABYX THIIOB
KOJJIEKTHBHBIX  KB43HYaCTHL — M1a3MOHAM HJAH KYNEepOBCKHM' ma-
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paM — NPHHALJEXKAT KBAHTH NOJAA KPyueHHS — TOPAHOHLL. XOTH
IPOCJAeNHTh SIBHO AHHAMHRY 00pas’oBaHHf CBSi3aHHbIX COCTOSHUII
He yHaercd, &8 UMEHHO NOCTPOEHHe TaKO#l [AMHAMUKM MU ObLIO Obl
OTBETOM Ha MOCTaBJAEHHbLIH BOFIPOC, MOXKHO KOCBEHHBIMH METOAaMH
YCTaHOBHTb N0 HaNMHYHIO (a3oBOro nepexoxa BTOPOro poja B Ha-
uleft MOJEJH, YTO KOJIJIEKTHBHOE nNoJie KpydeHue 6yner 06pasoBbl-
BaTb KOHJEHCAT THIMA KOHIEHCATa KYNepOBCKHX map. IJTO MO3BO-
JIfeT HaAesTbCHA, YTO- B TEOPHH B3aHMOIEHCTBHS KpyueHus ¢ ¢dep-
MHOHaMH MOXKHO OXHAATb NOABJIEHHS BHXpeH KpYyueHus, SABJCHUS
THIA CBepPXNPOBOAHMOCTH H aHazaora sddekra MeificHepa, uTo
yKe KayecTBeHHO ofcyxaanoch B paborax [24, 238].



‘Tanasa VI - N . j _ |
MOJEJH C IMHAMHYECKHM KPYYEHHEM

.

Ha npumepe nosisipusanuu Baxyyma CHWHOPHOTO [OJS B fipo-
crpancTBe Ut Mbl ybeaunnch, 4to HamboJiee OOLIMi TpAaBHTAIMOH-
HBI{ JlarpaHXkMaH AOJIKeH BK/AIYAaTb YJeHbl, KBaAPATHUHbIE IO
KPDHBHU3HE M YeTBEPTOH cTemeHH 1o Kpyuyenuio. CooTBeTCTBYIOILME
yDaBHeHHs moas OyAYT YpaBHEHMSAMH UYETBepPTOro Nopsiika AaJjs
KOMIIOHEHT METPHYECKOro TeH30pa M, B OTJHYHE OT TeOpHH IHH-
mwreidna—Kaprana, auddepeHHaTbHBIME YpPaBHEHUSIMH BTOPOTO
nopsigka AN KOMIOHEHT TeH30pa KpPy4eHHs, T. €. B3aUMOJEHUCTBHUE
«CITHH—KPYUYeHHEe» — THHAMHYECKOe.

Mopean Teopuu TATOTEHHS, JMATPAHKUAH KOTOPHIX COAEPIKHT
KBaApaT TEH30pa KDPUBH3Hb, B paMKax 3HHIUTEHHOBCKOH TEODHH
MOSBHJIHCh BNEPBbIe ANS pasdpelueHHst npodaeMbl CHHIYJASIPHOCTEH
[223—225}, nmockoabKy psgoMm asTopos [248, 227, 226] 6blia Bhi-
CKazaHna T'HIOTe3a, YTO Takoro poja 4YJeHbl MOTYT Aath YCJIOBHS
pEeryJspHOro mepexoja OT CXKAaTHSA. K paclUHpPeHHI0. YKa3aHHbe A0-
0aBKH K TruabOepT-sHHWTEHHOBCKOMY JEHCTBHIO MOXKHO TaKXe
000cHOBAThL 33 CUeT KBaHTOBOTO 3ddexkTa noispH3AUHK BaKkyyma -
gal GoHe KJTaCCHUYEeCKOH METPHKH, KakK Mbl yKe NOJYEepPKHBAIH B

7.

B kaguGpoBOUHOH TpakTOBKE T'PaBHTAUUOHHOTO MOJf IOABJC-
HHe JarpaHXKHAHOB, KBAaAPATHYHBIX 10 KDHBH3HE, BIOJHE €CTeCT-
BEHHO, TOCKOJBbKY HE€3aBHCHMBIMH JHHAMHUYECKHMH MepeMEHHLIMI
B TAKOH TEOPHH, KaK Mbl YK€ OTMeHdajH, ABASAITCA TeTpaabl H KO-
3O PuLHeHTH CBA3HOCTH. HanpskKeHHOCTAMH 3THX noJeil  6yayr
2-(hopma KpHBH3HBL

prab = aprvab—avruab _{" Puac I‘vcb_]‘va(‘rp(:b (VI . ] )
u 2-gopMa KpyueHud o
Qany = Ovhpg — Opfiyg ruabhf, — T vab h;; . (VI.Q)

[TosToMy noHsTHO, 470 B (popManH3Me [epBoro nopsajaka (T. €.
ecan /1,° u Tuep HE3aBHCHMBI) AWHAMHYECKHE ypaBHeHMs NS Te-
Tpaj H CBA3HOCTH 'MOXKHO MOJYYHTh TOJBKO M3 JarpaHXHaHOB
Tuna F? u Q2 Teopus JiHwTelHa—Kaprana, B KOTOpO# B Kauye-
CTBe TPaBHTANHOHHOIO JIarpaHXXHaHa BHIOPAaH CKanfdp KPUBH3HBI
npocrpadcrsa. U4, aBisieTc® B 3TOM CMEICJE BHIPOXKIEHHOH Teo-
pUeil M B KauecTBe MHHHMAJbHOrO KaJuOPOBOYHONO pAaCIUHpEHHs
OTO uHeymoBieTBOpPHTEJbHA C TOYKH 3peHHsA NOAX04a K CBA3HO-
CTHM TPABHTALHOHHOTO MNOJII KAaK K SHI-MHJIJICOBCKOMY 'NOTEHIHATY
[165}. Onnako ckansp KpHBH3HB HeOBXOAMMO BK/IOUATh B OONULMA
JarpaHXXHaH AJS; TOro, 4roBsl  ofecneudtb - COOTBETCTBHE C IAH-
IITeHHOBCKOH rpaBuTanHef,

~een
-
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Hanugue pasmuunbx MoAXofoB 8 KanHOpOBOYHOA TeopHH rpa-
saTauud (cM. . II1), a Takke HEOXHO3HAYHOCTL B BHIOOpe Ja-
rpamxnuana (mocaefpas cesi3aHa ¢ GOJbLIAM HaboOpOM CKaJSAPHBIX
Besuuud THna F?, Q? u Q*) TpebGyOT CONOCTaBMEHHS Pa3IM4HBIX
BapHaHTOB TEOPHH M OTHICKAHMA TAKOH TEOpMH, KOTOpasi’ TNpPHBO-
Auaa Obi K Haubosee YAOBAETBOPHTENbHHIM GH3HYECKUM  CJIef-
CTBHSAM.

Bo rniaBy yraa ananu3a DAasJHYHBIX BaPHAHTOB  HeOOXOAHMMO,
110 HauleMy MHEHHIO, NOCTABHTh CJAeXYIOUHe NPHHIKIIb. _

l. B oTcyrcTBue HaCTHIL CO CIHHOM TeOPUS HOJIXKHA COOTBET-
creoBaTh OTO, mo KpaiHedt Mepe B HEKOTOPOM TOPSAAKE MNOCTHBIO-
TOHOBCKOI0O IIpUOJIHKEHHS.

2. B Teopuu QOJIKHBI OTCYTCTBOBATb CHHIYJSIPHOCTH HJAH CY-
I1eCTBOBATh YCJAOBHSI AJSl OCTAHOBKH KOJLIaMNCa.

3. Teopust nonXKHa ObITh PEHOPMHPYEMOH H YHHTAPHOI.

3apanee ckKaeM, YTO HaM nokKa He H3BECTHa Kakasl-JHOO Mo-
leNtb, KOTOpas NOJHOCTHIO YAOBJAETBOPAJAA 6l 3THM TpPEGOBAHUAM.

3pech Mbl OBCYXHM TOUHble peIIeHHS B MOAENAX ¢ AHHAMHuYe-
CKMM KpyU€HHeM M ChneKTp 4acTHU B HHX. [locnefiHee Ba)KHO AJs
HaXOXAeHUS KaJaubpoBOMHBIX ycnoama KOTOpble NMpPHUBOAMAM OH K
OTCYTCTBHIO HE(PU3HUECKUX COCTOSIHHA B TEODHH.

PaCCMO‘TpHM TOYHO® BAKYYMHOE pellleHHe [1yankape-Kaau6po-
BOUHOII TEOPHH IpPaBHTAUHH NPeRJOXKeHHOH XeJieM C COTPYIHHKA-
mu {146]. Jlarpanxnan Tako# Teopur Owl1 BHIOpaH B BHAE

Ly=h A+ o |5 F o - Qo (@™ 4 dyQo87 4
+ dugPQ) |+ = Fappo [0 4 [0 4 fyfviat

-+ fag“GFﬁ”" -+ ngmSFxﬂu + fagaégﬁvapuv] ] i (VI.B)

rae h=det (h2), F=hWAOF yap; % I, A, k, d; m [;— npoussosb-
Hble KOHCTAHThl. DTOT JarpaHxXKHaH B TNPOCTPAHCTBE abCOJIOTHOMO
napamle.nnsma 3KBMBAJIEHTeH DMWJibOepT-3RHIITeRHOBCKOMYy €CAH
d=1/2, dy=-—1, d3=2, A u Bce [; paBHLl HYJIO, H NPHBOAUT C
TOYHOCTBIO JI0 YETBEPTOTO NOPAAKA B NOCTHBIOTOHOBCKOM NpHGIH-
JKEeHUH K pe3yJbTaraM 3SUHINTeHHOBCKOH TeOpHH, ecqH dy=0, a
BCE OCTajJbHble KOHCTAHTH TaKuWe Xe, KaKk M B TNpEeAbAYUIEM
caydae.

' Bumuiuem JarpaHHaH, COOTBETCTBYIOIHH nocaefHeMy Cay-
yal, NOCKOJbKY OH Hanbouee 6Jmsox K SIHT-MHJAJICOBCKOMY BHRY

— __FMF B ,& — Qupy @ + 2Q4,Q2%].  (VL4)

Tipu paBHOM HYJTO prqemm 30T . JIArpaAHKHAN nepexonm‘ B Jia-
TpaHXHaH C KBaJpaTHYHBIMH NO KPHBH3HEe npocrpaHcTBa V4 uje-
HaMH, KOTOPHH B KBaHTOBOH T'PAaBHTAUWH OKa3LIBAeTCs PeHOPMH-
PyeMbIM, HO He yHATapHHM [241]. : . :
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}’_péb_saeann .WOJIs, MoayuaeMuie” BapbupoBanuem’ (VIi4) no 're '
TpajaM H KpydeHuio ¢ yietom (VI.2), umerorBugyr -~ - e

| ; |
T [Vanm‘ + VaQM8 4 T QBLchz,ufv — QVMBQypp —

' | 1
— Q wQa — 88y yQMY + T 8PQOM Qo + Y 3BQVA QM +

1

. o+ — (_,i_ 8B FIVOYFyygy ~—'F°x’fBFdx‘u;x )} =0, (VLY

2 o -
Tk (VoFap? — Y QPuvFapgh? — QMyFop?™) +

2112 Qa¥p — Qp¥e — Qkahég + Q"'J»B(Sg) =0, (V1.6)

rpe V=0—{}. N '

Ecan nowoxuts B (VI.4)—(VI.6) KpyueHHe paBHBIM HYJAIO,
To narpamxuad (VI.4) coBnager ¢ 3AAHHITOHOBCKHM JarpaHXua-
HoM [261], mo ypasuenua (VI.5, 6) He O6yAyT TOXKIECTBEHHDI

YpPaBHEHHSAM, HOJIYUSHHBIM H3 3AKMHITOHOBCKOTO JlarpaHXkHaHa, a
HMEHHO: '

Jranve (g) Fauv). (g) ~_I/46onauvﬂ (g) F.auvs'(g.) = 0, vvFaaTv == ),

Cnenyer moguyepKHYTb, 4YTO pelleHuss 9STHX ypaBHeHui [262]
NONafgaloT B KJNACC pelleHHH OAf 3ALHHTTOHOBCKOTO BapUaHTa
rpaButanun [261], Ho ne HaobopoT. Tak uTo yKe HA 3TOM MpPH-
Mepe BHAHO CYILECTBEHHOE pasjHyHe B NpeAcKaszanusix apouHHo-
METPHYECKOH -H MeTpHyeckoi Teopu#d rpaburauuu. [loanas kJac-
cuHKauMg TAaKHX pelleHHi Obia cjaesnaHa B pabore [262].

PaccMoTpuM  Temepb  CTaTHYECKHE  DELIEHHs  ypaBHeHHIl.
(VL5,6) B cayuae chepuueckolt cuMMerpuun. Merpuka cdepuye-.
CKM CHUMMETDHUHOMNO ApOcTpaHcTBa Obiia npuBenena s § 1l Tawm
e Mbl onpefequad Habop AONYCTHMBIX KOMIIOHEGHT TeH30pa Kpy-
yeHua. Dexknepom [262] Obiio HafizeHo peuieHue ypaBHCHH
(VI. 5,6) B 3TOM C/iyuae npu yCJAOBHU

Qo1 = Qoo1 = —Q303=—~Q202= Q210=—Qa13=D (r).
Brnuwem stu pewenus. Ilocne uurerpaunu (VI0.5,6) naiigem

- a .
)= (1 —2ajr 4 kr¥j4R)2

rie o — NOCTOSIHHA# MUHTETPHPOBAHHS, 2 KOMIOHEHTH Me'rimmil
- HMEIOT BHJ : '

+

exp A(r) = (1—2a/r + kr?/4l2).

Halinensoe pelleHne ONHCHBAeT NPOCTPAaHCTBO U* mocTosinnoh
KpUBH3HE ¢ R=-—3k[[?, merpiKa Koroporo ects merpuka IIsapu-
wanbxa—ne Currepa. Taxum o6pasoM, MOXHO= CKa3aTh, 4TO 374
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TEODHS SKBWBANERTHA TOOPWN OWHMmTE!iHa ¢ KOCMOMOTHYSCKHM
uieHoM A= 3k/4/%. HeoToHoBCKYE noTeHUMAN :
' a

] ko

= r N 82 d

ABJASAETCA 3aNHPAIOUIHM, YTO MOJMXHO HCIOJB30BaTh B TEOPHH 3J€- -

MeHTapHbX yactuy [146]. On cosmamaer c¢ notennuanom OTO,

ecau k=0.

HecratuyeckHe KOCMOJIONHUECKHE pelUeHHs HecJedoBalHch Ky-

AHHBIM ‘M MuHKeBHueM [263, 264]. B onHopoaHO#t H30TpOMHON
KOCMOJIOTHH, 3aNlOJHEHHROH HACaJbHOH KUAKOCTHIO, C METPHKOH

ds® = df* — R® () { —l——i-’—i;,— -+ r*d%0 + r? sin?® 6d%g }

H KPYyueHHeM
Qlio=Q%0=Q%0=q:1(¢), Qi2s=Q231=Qa12=
=qo (L)R3({)r?(1—~kr?)2sin @
NMOKA3aHO, YTO MPH BHIMIOVIHEHHH YCIOBUH
2fi+4fs+fat+fs=0, 2fi—fa=0, gs(£)=0

CyLleCTBYIOT npedenbHass MJIOTHOCTb MAaTepHH H PperyaspHoe IO
MeTpHKe pelleHHe.

Takim 06pa3oM, BHAHO, YTO MOJeTH C AHHAMHUECKHM Kpyuye-’
HUEM JIPUBOANAT K HHTEDECHHM KJACCHYECKHM pelleHHAM.

PaccMoTpum 3TH MOJENH ¢ KBAaHTOBOH TOYKH 3pewus. B orcyr-
CTBHE KPYYCHHS MOJEJH C KBAaAPATHUHBIMU JarpaHXKHaHAMH OKa-
3alTCb, KAaK MH YXe€ OTMeYaJjHd, peHODMUPYEMBIMH, XOTS H He
yHUTapHuiMM. [IpHuKHa HX MEePEeHOPMUDPYEMOCTH, MNO-BHAHUMOMY,
KpoeTcs B MeHbllef CTelleHH pPacXOMUMOCTH Mponararopa MeTpH-
KH 110 CPaBHCHHIO C TEOPUSIMH, BKJIIOYAKOUWHMH B cebd TOJBKO Npo-
H3BOAHbBIE NepBOro nopsfka. IleACTBHTENbHO, CPABHHM, HalpHMEp,
pPacXxoAMMOCTH ONHOMETJEeBbIX  AHArpaMM, KOTOPHIM OTBEYaloT
[Da2(p?)]%2 u [D4(p?)]? rae nepBuLA npomaratop MNORYHHSIETCSH
YPaBHEHHIO BTOpPOro TOpPAZKA, a BTOpoi — derBeproro. OueBHAHO,
YTO B NEPBOM CJydYae pacxoauMoCTh Oyjaer JiorapHpMHUeCKOH, BO
BTOpOM ee He Oyner BooOule B yabTpaduoseroBol 06/aCTH.

IpuBenemM npocroii npuMep CKaJSAPHOTO TMOJA B MIAOCKOM TPO-
cTpaHcTBe-BpeMeHH. [lycTh cKaasipHOe Tofe MNOAYMHAETCS ypas-
HEHUIO . -

(0,0*+m?)p=0.

O6plutbifi CKaNsipHBI# TIPONAraToOp B HMNYJbCHOM IIPeICTaBJCHUH
Oy aer -

D, (p%) = ———.

2 2
. p—m?,

CkaJfpHOe movie BMeeT OAHY CTelledb ¢BOGOJH H ONMHCHIBACT B
JAHHOM CJIy4ae YACTHIK ONHOTO COPTa— CKANSPOHBL MaCCH M.
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I‘chrb ‘renepb oxampnoe noJie NOAYHHSIETCS ypaBHeHmo
~— {(6u6“)3+a6u6“ +eh =0,

KOTOpPO€ BBIBOQUTCH H3 JleHCTBHﬂ
S = [ a5 {0000 — 2 (0ue)* + co.

Herpynuo yGepurbest, uto, ecmi b =mi—m?2, a=mi+4+m: ¥ c=
= mim?2, ypaBHEHHE, KOTOPOMY NOJUHHSETCA MPONAaraTop CKaJspHOrO
noast, 6yner

1
—5—— {Ou0" — m3}{0,0” + mZ} D, (x, y) = 8 (x, y).

mg—-m;
CootBercTBeHHO 3TOMy D4(p?) MOXKHO NpenCTaBHTb B BHAE
. -
D, () = g — e = DI () — DY ().
PrAmy p—m

Takasi TeopHs COAEPMHT ABa COPTA CKAJSPHHX YaCTHIL — Macchl
1, X MHUMOH Macchi iMms.
H3yuuM cTpyKTypy pacxoAuMOCTeH B 3THX ABYX IpHMepax.’

Dy — ) = (2)= [atp SRR

p? — m?
=5 (=9 Hprfo— S in (e — 1)) | ¥

23122 L

o | L m=y Voo L me—y) /5
A_[Q-} T ‘J m[4+ 3 (2+>“

Ha cBeroBoM KOHyce X—y 3TOT IIPONAararop pacxXoguTcs KBajgpa-
THYHO H Jorapudmuyecku. B 10 xe Bpems nponararop

Dy (x — y) = Dyl (x — y) — Dy (x — y))
Oyner pacXoAUTbCs TOJABKO JOTAapUPMHUECKH, TaK KAK C Y4YeToM
BoIpaXkKeHusa aas Dy (x — y)
Dy (x — y) = D, (x — y) — D, "’""( —y) =

i
—m? [c +——;—ln (-—i—mf(x~y)2 + . [-;—+ ”J.

a B cJyuae m;=rmy 6yaer Boollie CBOGOAEH OT pacxonmwoc*reﬁ
Takam 06pa3om, TCOPUH C BHICIUMMH NPOU3BOAHBIMH 0O0JaRaI0T
JAyullell CXOAMMOCTBIO B YiabTpaduoseTroBod obaactn (uaxm Ha Ma-
JbIX paccTosanuAx).” OxHakC B mpomaratope 4eTBEPTOrO MHOPAAKa,
ABJSIOMUMCS Pa3HOCTBIO ‘ABYX I[PONAaraTopos BTOPOTO MNOPSAAKA,

- {m?[c%——ln(—}—m (x—y)*

22
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OLMH COOTBETCTBYET (bnamet;hoﬁ yacTHIle, a BTOPOH onucmpact
TaxHOH (aHaJH3 TaXHOHOB .y SL 1. Tepueuroro, 3. Pekamu
u ap. {281]). B reopusx c HpOHSBO,EUIbIVIH 00JICe BBICOKHX HOPHA-
KOB, HalpUMEp 415

(Ou0* — m3) (0y0Y — m3) (Og, o — m3) ¢ =0,

OyaeT aBa PH3UUECKUX COCTOSTHUA H o;mo TAXHOHHOC.

3HauyuTe bHO OcJee CJ0KHas KapTHHa HalJ10aeTcs, eciH
N01€ @ ABIACTCH TCH3OPHBIM HIM BEKTOPHDIM. Kpove uwactHl pas-
JUYHOH MacChl B TakOi Teoplu OyAyT NUPUCYTCTBOBATh €Lle W ya-
CTHUBl Pa3jIHIHBIX CHHHOB M CHHPAJBHOCTH. 3Ta npobiema eule
fojsee yCJIOXKHSETCS B TEOPHHM TpPaBHTAUMM ¢ KPYUCHHEM IIPHCYT-
CTBHCM JBYX TCH3OPHBIX II0JI€II: TEH30PHOTO 1OJSI BTOPOrO  paH-
ra— METPUKH— M TEH30PHOrO IO TPETHhEro paHnra-— KpyueHusd.
Hsyuenne stolt npodaeMbl BazKHO A58 KBAaHTOBCH TCOPHH M Iipa-
BH.IBHOTO Bbi0Opa KaJduOPOBOYHBIX YCJAOBHH ¢ LENBIO HCKIAMOUICHUT
H3 paccMOTpeHus He(PH3UUECKHX CTelleHel CBGOOAbI.

Hannque Hedusuyeckux crencHed c¢BoOOAb, BepPOATHO, AB-
JAETCSE HEOTDEMJAEMBLIM CBOMCTBOM KaaubpoBOuUHBIX TeopHil. B xa-
YEGCTBE NPOCTEHIIECrO NPUMEePA MOXKHO MPHBECTH 3JeKTPOLHHAMH-
Ky, KOTOpas ONHCHIBAETCS BEKTOP-NOTEHHHAJOoM A, HMeouM de-
TbIpe KOMIIOHEHTDBI; Ha caMOoM Jese (PH3UUECKHX CTelleHeH CB0OO-
Abl TOIBKO jABe. AHAJOTHUHO &, HMEeT JeCAThL KOMIOUSHT.
TOJbKO ABE M3 HUX JHHAMHYECCKHE.

Tensop KpyueHust MOXKHO pas3GuUThb Ha CyMMY TpCX uacreil -
caeoBylo, OeccaefoByio i ncespocaes (em. (11.3)):

Ohw=(PQ)w, Qv=(PQ)}y, Qu=(PQ)a,

rae P, P u P - CHHHOBBIE NPOEKIMOHHBIC OIEPaTOPBl C.ieyI0ILETV
 BHJA:

~ iRt 1 -
Pgﬁa Mo “6“ {QI]aoc’an&"']M' — MaaNap M/ ,— Npa’ Nap Nan: —

— (NaaNgp’ — 'ﬂaﬁnkﬁ’) Norar — (B’ - A")}’

. , I ’ ’
ah, " = = {(Tapp’ = Tlap™hp) Marar — (&, B)}s

Pgégw = *é—' {nam'“ﬁﬁ Naar -+ MaaNpaNap + MNseNar Magr — (oL ﬁ)}

TeTpafHoE NOJE MOKHO THUKKE NpefcTasiTL B Buie caesa H
Hede1eloBOR yacTu

hab"*: (ﬁh) abT Yab (ph)s
rae

At ot I I : .
,Pgbb = -—2—-(7]a'b Moo’ — Naaov)s  Pap = Ngo

PaccMoTpuM cleKTP dacThll, ONACHBAOWUX —DA3AHuUHbIE CO-
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créanmomue noJst Kpy4eHus, ANl 4Yero BBeJAeM TNPOEKIHOHHbLIE
ONMepaTopbl CAEAVIOUIEro BHAA (B HMIYJILCHOM NpoCTpaHCTBe) !

O =mw—RL[R2,  un=Lkk/R?,

rae 0,, coorBercTByeT uacTtHue cnHHa 1t aubo 1, @, — gacTuue
couia Ot gu6o 0-. B P saMenuM m. Ha (B4 0un) U Nea Ha (Oae’ -+
+ Oaq’). Torna HeTpyaHO NPOBEPHTH, YTO

P=P(1-) +P(0%)

IBJASETCS ONepaTOpOM BbIAEJEHHS H3 CJA€AOBOH YaCTH COCTOAHHH
CliHHa eXHHHIA H HOJb. JDTO MOATBEDPKIAETCH BHLINOJNHEHHEM YC-
JIOBHUS

2 syt 2 ! ’
'E'(P(l-) + P(O+) ggf;g\,?' ( grQ;‘,/ - 6%IQBI)= '5_(606 Q;,""(S% Qﬁ)

IlceBioBeKTOpHAS YacTb KPYueHHs] TaKxkKe CONEpKHT ABa COp-
ta gactun — cnuHa 1+ u 0-. CoOoTBeTCTBYIOLUHMH TPOEKUHOHHbBIMH
onepatepamu 6yayT

P (1P)E™ = — {80 4 88 oY + 880y — (@ =B

P(0t)as, = 95078 PIA.

[IpoBepHTb TO, YTO TCEBAOBEKTOpHAs d9acTh OMHCHBAET YACTHI(H
HMEHHO TaKoro co'pra MOXHO NPAMBIM BBIUHCJIEHHEM

A

[P (0@ + P(19)5R0 12 P2V Qyr = e Q.

Hakonen 6ecciaefoBas 4acTb KPYYeHHS COREPIKHT YaCTHIH
cuyna 2+, 2=, 1+, 1—. CooTBeTCTBYIOMUMH NPOEKIHOHHBIMH ollepa-
Topa.\m 6y,u,y1"

I o I
g 0700}, — —8,,, 60p,

IﬁIA' (2 — 8(2 eg GA, _"j 0"3'

PR, (2F) = — {6“ 6 y 4 8%,08, 6% + 62,68 0F, + 62,680k},
Pl (14) = % (000)rarp + (BB arp — (860)5 17 —
— (008)prarar + 2 (@60)5q/p),
P, (1) = (080 -+ w0y + -;- 01706108, + —;— 6,468 62
TerpagHoe noJje OnuCHIBaeT YacTHUbl cnuuwpl 2+, 1+, 1-, 01, O-

hop = {p (2F) + p(I1) + p(1) + p(01) + P(O)}5" Bypps

rae p( ) NOCTPOeHBl H3 TPOEKIHOHHHIX.ONEpaTopoB; KaK OOHIYHO,
© 3aME@HOH TMao’ HA (Oaa’ 4 Oagr) M MNep HA (Ogpt0gp).
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‘

Ha BoiluensjoxeHHOM aHa/if3e He 3aKaHuMBaercs pelleHHe 3a.
AAYH O CHEeKTpe YacTHL, BO3HHKAWWIHX B Teopuu. Caeayioumiuw
3TanoM SB/SIETCH HCCJAEJOBAHHE KOHKPETHBIX JarpayKHaroB C
IeJbI0 IIOCTPOEHHA TaKHX, KOTopble Oblinm Obl CBOOOAHBL OT. TAXHO-
HOB, a TakKKe BbIABJEHHUS BCEX YACTHI, SBJISKOUILAXCH  NepeHOCUH-
KAMd TPaBHTAUMOHHOTO B3aHMOJCHCTBHS B TEODHH TPABHTAUHH C
KpyuyeHHeM. B 3aBMCHMOCTH OT TOro, OyAYT YacCTHUbI — MEPEHOC-
YHKH B3a¥MOJECHCTBUSA — MACCHBHBIMH HAH 0e3MacCOBBIMH, B3aH-
MOJIEfiCTBHE COOTBETCTBEHHO- OyJAeT NajbHOACHCTBYIOLHM, JHOO
KOPOTKOAeHCTBYOWMM. C Apyroit CTOPOHBI, CYLIECTBYET Hamexaa
Ha TO, YTO M3 NOAOOHBIX CcOOOpaKeHHil H M3BeCTHBIX 3IMOMpPHYC-
CKHX OILEHOK, BO3MOXKHO, yaacTcsi OmpejenuTb o006/acTb, B KOTO-
PO IPaBHTALMOHHBIC CHJABI HAYAHAIOT HTpaTh POJb B MHKPOMHPE.

M3yueHte CIeKTPOB YaCTHI B KBAAPATHUYHBIX TEOPHUAX H3.10-
HKOHHBIM MeTonoM Obl10  NpoBejeHo B psae pabor  [266--270].
Beun noayuyenbl orpaHHYeHHs HA KOHCTAHTHl AOMYCTHMBIX Jarpat-
XKUAHOB M3 YCJAOBHS OTCYTCTBHS He(PH3IHUYECKHX II0OJIOCOB B mpona-
ratopax uyacTHll. B wacTHocTH, 0Kas3anoch, YTO paccMOTpPeHHAaR
HaMH MOjesb ¢ Jarpamxuapom (VI4), mpuoasiias K Hecuury-/
JSPHBIM PCHICHUSIM W YAOBJAETBOPSIOULIAST NPHHLMIY COOTBETCTBUS
¢ OTO B upefene manoi . NJIOTHOCTH BeLIECTBA, HEYAOBJAETBOPH-
TeJbHA ¢ KBAHTOBOH TOYKH 3PEHHS, TAK KakK COACPKHT He]uauue-
CKHMIl nc.1toc B nponaratope [269].

K ducay NepcrnexTUBHBIX B CMbICJie KBAaHUTGBAHUA OBUIM OTHOCC-
HBl NATH Mojedeil [269), xoropwie noayuatorcs u3 (VI1.3) cneun-
aJbHbIM BHIOOPDOM KOHCTAHT W He CoxepXKar HeMU3UYECKHX NOJI0-
coB B nponaratrope. OgHaxo 3To eille He Tapa”HTHPYET, UTO OHHU
OyAyT peHOPMHPYEMBIMH TCopHsiMH. HccaegoBanue yantpaduoe-
TOBOH CXOZHMOCTH TakWX MOAEJEH OCTAeTCs BaXHOH, HO HOKa He
peUIeHHOI 3ajayel.

[Ipo6iieMaTHUHBIM B KaJdHOPOBOYHOH TEOPHH TPABUTAUHH AB-
JISIeTCS BONPOC W O TOM, KakHe JHHAMHUCCKHE [I€PCMEHHDLIE CJje-
AyeT KBaHTOBaTb. Ecau He HaKJaAblBaTb YCJIOBHE METPHYHOCTH,
TO TaKHMH NepeMEHHBIMH OyAYT METPHKA H CBH3HOCTb, €C/lH pas-
PEUIHTb YCJIOBHE METPHUHOCTH 3apaHee, T0-— MeTpukKa M Kpyue-
Hue. BO3MOXKHO, UTO B CHJAY TPAKTOBKH METPHUECKOro NOJasl KaK
XUITC-TOJMACTOYHOBCKOro (cM. § 7) rpaButaunorsoe noae OTO
BOOOIIE He CJIeAYyeT KBAHTOBATh, a paccMarpuBaTbh KAaK KJaccuue-
CKuil (KOHAeHCATHBI?) (DOH.
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. FTJTOCCAPHH . -

e

PekoMmenayemas aureparypa [95, 98, 271, 105, 90].

B kHure Bce TomeJoryueckue NpoOCTPAHCTBA CUHTAOTCH napa-
KOMIaKTHBIMH TOMOJOTHYECKHMH MHOTOOO6pa3HsIMIL.

- Bexropubple nmoas. BexropHoe none tv na muoroodpasun X omnpe-
JeasieTcsl Kak rJodaJpHoe CeueHHe KacaTteabHoro paccJOeHufs
7(X) mam X. BekrtopHOe I10Ji¢ HA3BIBAETCH  HEOCOOBIM, €CJH OHO
purae ne ofdpattaercs B8 0.

HeocoBoe BexkTopHOe mone T=t4f, Ha X, rae f, — xacaresbHbie
BeKTOPH K KOOPAMHATHBIM JTHHHSIM xM B X, ompeaelsier ojHOma-
paMerpuueckyio rpynny Jiu G, -otobpaxeHuit g{s) :x—x(s, x),
rae x(s, x) —peweHue cucTeMbl AuDGdepeHIHa bibX VPaBHEHUH

. dxtlds=1"(x)
¢ HayaapHuM yciaosueM x(0, x) =x. Oro6paskenne g(s) spisercs
auppeomopduavom muoroob6pasus X, a T(g(s)) — KacarebHoe
oroOpaxenue x g£(S) — u30MOpPHIMOM KaCaTCJLHOIO0 H AacCOUH-

HPOBAHHEIX C IHM TeH3OpPHBEIX pacchoenuii. [Ipeactasaenue rene-
paTopa 0. rpynnbr G. na ceyenusix THX pAaccJoeHHii HMeeT BHJ

T (1) TR0 T e Q) To e
— (arﬂ,' 7} T‘t (a\,‘ta) Tz'\ e S (a\-p’C“) T‘\Il:q (1., 1)
e p o

I Ha3blBaeTcH ﬂHd)d)epeHquOBaHIieM, WJIH  IPOH3BOAHON  JIH
B10J1b BEKTOPHOTO TOJS T.

Paccvorpuw rp}nny Ju G, 3¢pdexTHBHO aeificTBYIOUYIO Clpa-
pa B MHOoroo6pasun X (1. c. Aas Jwoboro siaementa g=G uveercs
yveX Takoe, uTo gx=s~x). Besikovy ee -reneparopy [ MOXKHO - IO-
CTABHTH B COOTBETCTBHE BEKTOPHOE IOJIe '

~, d .
7 (x) = ——= exp (s]) (x) ls-o,
ds
HasblBaeMoOe (pyﬂﬂ,a‘vleHTHJIbeIV[ BEKT ()prI\f [1oJIeM, TakoeC, 4To
8~ =],

Conocras/iegHe T<>d, NMPHBOAKT K OTOXKAECTBJEHHIO BEKTOp-
HBIX moJell u AudbepeHIHpOBAHUH, W HEPEAKO BEKTOpHBEIE [OJIA
ompeiendioTcs HMeHHO KaK Anpdepenuuporanus. B uacTHOCTH,
fy+> Oy

O6o3snaunm uepes D, (X) aunefiHoe HpOCTpaHCTBO BCEX BEXK-
TOPHBIX noJjielt kmaacca C® wa MHorooOpasuu X. Onepamm (I'.1)
Ha D (X) cBoauTcs K KOVI’MYTaTOpy BEKTOPHBIX 110Jel]

[T, T] = (?* O T — %" Ou 1Y) Oy,
KOTOPBI TakKe ABJAETCA BEKTOPHHIM TI0JeM H 3ajaeT Ha Dwo(X)
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cTpYKTYpy anrebpu Jlu. B wactumocrn, ecan G — rpynna Jlu, neit-
crByiollas apdexTuBHO cnpaBa B X, comocraBieHHe /> Tj—>0; =
- | onpegenser usoMoppusm aarebps JIu ® na noganredpy

Buewnue nnddepenunanpubie gopmb. Ilycrs Q¢ exktoproe
MPOCTPAHCTBO ¢ Pa3 KOBAPHAHTHHIX KOCOCHMMMETPHUHBIX TEH3DPOB
Ha R (Qe>n=(J). Paccmorpum accounupoBarnoe c¢ 7 (X) pac-
choenne Ao? ¢ TunHusbiM caoem Q9. Ero auddepenunpyemoie ce-
YEeHHs] Ha3biBAlOTCA BHEIUHHMH JAHdepeHIHANbHBIME  QOpMavH
crenedd ¢ Ha X; O-popMaMu CUHMTAIOTCA BelleCTBEHHbIE (DYHKIUH
Ha X.

O6o3naunM uepes Q9(X) BeKTOpHO® MPOCTPAHCTBO BHCUIHHX
audohepeHuHaNbHbLIX ¢-bopM Ha X W ONpefenuM HOPAMYI0 CYMMY
q . .

Q(X) =P (X). Ha Q(X) moxer 6niTb 3azaHa CTpykTypa
rPanyupoBaHHON aareOpbl BBEACHHEM OmepaunuH /\ BHEUIHEro mnpo-
u3BeReHus: GopM, KOTOpas YIOBJIETBOPSIET CJAEAYIOUIHM YCJAOBHTM:

a) ecau o=Qr, ¢'&Q9, 0 o Ao’ =QPH;

6) oAo'=(—1)P%’' A\o;

B) (C+C,)/\G,,=G/\GI,+G’/\C,,.

Besikoe npoctpancrBo Q9(X) MOXKHO npeacTaBHTh KaK BHell-

q

Hee NPOH3BeleHHE INpOCTpaHCTB  l-dopm QIX)= N Q1(X).
ITycty {o%} — Gasuc Q'(X), Hanpumep, or=dx*. Torga €a3suc
npoctpancTBa Q¢ Moxer G6bTh 06pasoBan dopmamu {0 A ... A

A"}, rne BH6pano Kkakoe-1HG6O OJHO YhOpsaoYeHHe HaGopa
UHIEKCOB (i, ..., Mg). Omepauus /\ B TakoM 6as3uce HMeeT BHJI

oN\d = (au‘...uqo”‘/\ VANE ) W @y, 0N o N GP) =

e
‘ R | RO P )
2 sgn (Ml He¥s p)aul...uqav,...wp X % AN ... N 0%,

i

Oy «v o Oyt

(1., ) ' e

(v,..,,vp)
rie CyMMHDOBaHHE IIPOH3BOAHTCA NO YIOPSZOYEHHbBIM HabopaM
(1, oo Kg)s (V1,..,vp); SgN( ) =0, ecry HMXKHAA CTPOKa B CKOO-
K€ He sAB/sETCS NEePEeCTAHOBKOH BepxHeii CTPOKH; sgn(’) =1, ecan
nepecTaHoOBKa ueTHA; sgn( )=-—1, ecam mnepecranHoBKa HeuYeTHaA.

B rpaayupoBanHoii aarebpe Q(X") omnpegenen omneparop Xon-
Ka * mepexoja K ConpsaXeHHod Gopme

a(o’“’/\.../\oﬂﬂ)zsgn(l"'n ja"‘/\.../\a”"fq.

By oo thgVy oot Vag
9ToT oneparop 061aaaeT CAEAYIOUIHMU CBOHCTBAMHU:
xo=QvP,  o=QP,; ' ‘
¥po = (1)P"=Plg, =¥,
oA\x0’=0"Ax0, o0, o'sQP.
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B aare6pe Q(X) onpenenena otepaldsi BHEIIHEro aud hepen-
HHPOBaHHUS
: d:Qr—»-Qptl /

CO CJAEeAYIOLUMMH CBOHCTBAMH:
dd=0,
d(aA\o’)=doAo’+ (—1)PoAda’, oc=Qr.

dopma ¢ HaszwlBaeTcss 3aMkHyToll, ecin do=0, u TouHOl, ecan cy-
1ecTByer dopma o', uto o’ =do’.

dopma de™ A ... Adx"r onpeneaser Mepy Ha NOAMHOTO0G-
pasuu Y MHOroo6paszus X" ¢ MOKa IbHBIMH KOOPAHIATAMYU

w p
Xpit— = x 1 =0,

i, eciu ¥ ODHCHTHPYeMO H KOMIIAKTHO, CYUICCTBYeT HHTerpa.
p-popmbl no noamuoroobpasuio Y. Ilpu stoM cnpaseasusa ¢op-

vy.1a Crokca
j g = fda,
3y Y

riae 9Y obosznayaer rpanuny Y B X.

Onpeneasiercs Takxe BHeluHHe auddepeniinaabubie GOpPMLI CO
3HQYeHHSMH B BeKTOPHOM paccloeHuH A. OHH ONHCHIBAKOTCS Kak
ceyeHust pacc1oeHus ho®@*i; O-popMamu cuurarorcs CeUcHHs ca-
MOTQ paccsaoeHus A.

B uwacrnoctH, ompeAesum ira MHOroofpasuu X KaHOHHYECKVIO
l-popmy O co smavenusiat B xacateabHoM paccioennn T{X), 3a-
JaBas c©e€ B TOJOHOMHOM ataace kKak 0=0d,dx". Oua cooTBeT-
CTBYEeT TOXKJECTBEHHOMY OTODDAXKEHHIO KacaTelbHbIX IIPOCTPAHCTB
T. B ce0st B Kax0i Touke xe=X.

KacateabHoe mpocrpancrso. Ilycre X — n-mepnoe wmuoroodpa-
sue, 0 x-—rouka B X. Pacemorpum napwt (¢, v), rae ¢= (U, %) —
kapra ua X, HakpeBamuas x, u v-—31eMeHT R*. JIBe Takue
nmapel (¢, v) m (¢’, v') Has3bBAIOTCA 3IKBHUBAJEHTHLIMH, €CJH MaT-
puia dkobu d(y¥’yx~') orobpaxenust (y'x~') B Touke y(x) npeod-
pasyer v 8 @’ Iloayyaem, TakuMm 0O6pasoM, OTHOINEHHC 3KBURA-
JeHTHOCTH MeXAy napaMu (¢, v). Knacc 3KkBMBaJeHTHBHIX nap
(c, v) nassiBaeTcsl KacaTeJbHbIM BeKTOpoM K X B TOouke x. Muo-
JKECTBO KacaTeabHbIX BEXTOPoB K X B TOuke x o6pasyer xacaTedib-
HOe TPOCTPaHCTBO T, KOTOpPOE HAARIGHO CTPYKTYpO# NpoCTpau-
crea R nocpenctBoM oTtoOpaxenus 6, u3 Rn B T, craBsimero B
COOTBETCTBHE BEKTOPY UE&R™ KkacaTesbHBII BEKTOp, NpeacTaBJse-
MBIt mapo#t (c, v).

Mopodusmbel MHoOrooOpasuii HHAYLHPYIOT MOPDU3MBI KacaTesb-
HbIX mpocTpaHcTB K HUM. Ilyets [: X—X’, u x—touka B X. Pac-
cMorpuM kapty c¢= (U, ) Ha X, Takymwo, uto x&U, u xapry ¢'=
=(U’, ¥/) na X’, takywo, uro [(U)=U’. Oto6paxenne yfy! ss-
asierc andodepeHuupyemMbm, u ero aubdepenunan d(x’fx"!) B
Touke % (x) omnpexensier HEMpephIBHOE JinHeiiHoe pnTOOpaXKeHHe
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B d(X'fX-1)0u3 T.(X) B Tyx(X"). Ono He 3aBucur or smbopa
KapT, o6osHayaerca T (f) w HasnwBaercs KacaTeJbHHM ©0TO6paxe-
nueM K f. B wacruocry, 67 = T (X). ,

Paccaoenue. PaccnoenneM HaswiBaercs Tpoika A= (Q, =, X)
TONIONOTHYECKUX NPOCTPAHCTB Q, X ¥ HenpepblBHOH NPOEKUHHU
n: Q—X. IlpoctpanctBo @ HaspiBaeTcs TOTANBHBLIM ~ (Pacc/o€H-
HBIM) npocrpamctBoM tlA paccnoenns A, a X —ero 6asoii bs,
KoTopast Oymer mpeamoJararbesi cBsisHoM. [lopnpocrpanctso V.=
=n"!(x) TOTanbHOro NPOCTPAHCTBA HABLIBAETCH CHOEM pacc/ace-
HHUSl HAJ TOUKOH xe=X.

Mopduam paccnoenns A= (Q, m, X) B paccaoenme A = (Q’, o/,
X’) samaercs mapoii HenpephBHBIX oToOGpaxenuii F:Q—Q’, f:

’

: X—X’ ragux, uro F: V,;*V,m, T. e, F gBasercss MTOCJAONHBIM

orobpaxenueM. Orobpaxenue (F, [) masbBaeres H30MODP(HIMOM
paccaoenuti, ecitu F u f roMeomMop®HsMbl, 1  IKBHBaJCHTHOCTHIO,
ecau f=I1d X,

Ceuennem ¢ paccnoenuss A= (Q, s, X) HaZ OTKPHITHIM MHO-
xectsoM UcX HaspiBaercs HempepuiBHOe Biaoxkenue U B Q, Ta-
koe, ytr0 me=Id U —ToxxpecrBennoe mpeobpasosanue U, T. e.
Besikad Touka x&=U orobpakaercss B HEKOTOPYI Touky ¢{x)eV,
cnoa Hag x. Ceyenme, 3amaHHoe Hajl Bcefl 0Oasofl X, HaswiBaercd
r106a1bHBIM. . :

Paccaoenne A= (Q, mt, X) cuuTaercs -TPHUBHAJBHBIM, €CJAH CY-
HIeCTBYET TONOAOTHUECKOe NpocTpaHcTBo V Takoe, 4T0 Q TroMeo-
MophHO npaMoMy npoussegenno X X V.

Paccnoenne L= (Q, =, X) HasbiBaeTcsd JOKAJIbHO TPHBUAJb-
HBIM, €CJH CYUIECTBYIOT Takoe OTKpbIToe nokpmitue {U;} Gasmr X
H Takoe npocrpanctso V, yro gas Beskoro U; Halgercs romeo-
mopdpuam P (U)=—>VXU; u pi=v:¢."! ectb romeomop-
¢usm V na cebs aas scex x=U; (U, Hubimu caosamu, cymect-
ByeT TAKoe OTKPbiTOe NOKpbiTHE 6asbl X, UTO CyXKeHHe PACCJIOeHHS
A na BcaAkoe MHOXeCTBO U; H3 3TOr0 NMOKPHITHA OKa3blBAETCS TPU-
BHanbHBIM paccroenneM vyi(a~'(U;), =, U;), a pacciaoenne A B
1eIOM OKasplBaeTcd KakK Obl CKJAeeHHBIM 13 TPHBHAJbHBIX pac-
cl0eHul A: mocpeAcTBOM GQYHKIUHH nepexona pi .

Besikuit cno#t Viex JOKaJbHO TPHBHAJBHOTO pacCaO€HUS  To-
meoMopden V, HazpiBaeMOMY TUNHUYHBIM CJOE€M PACCHOSHHS A.

[lapa (Ui, Y¢) obaactu U; u mopdu3Ma {i TpPHBHAJIMIALHH
paccioeHusas A HA3bpIBAeTCS KAPTOH PaccjOeHHsi, a COBOKYIHOCTD
kapr ¥o={U; ¥} — atnacoMm paccsoeHust A ¢ PYHKUHSIMH Iepe-
XQHA Pix, KOTOPHIE YAOBJIETBOPAIOT yCaoBusSM pi =Id V. pipw=
=Pl

- JIoKaJbHO TPHBHAJbHOE DPacCJOeHHe OJHO3HAUHO ONnperensieTcH
wabopom (V, X, ¥). Ipu arom (V, X, ¥) & (V, X, ¥') onpene-
JSI0T 3KBUBAJNEHTHBIEe paccaoeHust, ectu ataacel ¥ u W skpupa-
JICHTHBI, T. €. HX O0beFHHEHHE TOXKe SIBJISEPCA arnacoM (4TO O3HA-
yaeT cyHlecTBOBaHHe (PYHKIMHA nepexona MeXJAy KaptaMu H3 ar-
aacoB ¥ u W), - ’
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JlokanBHO TpHBHANLHOE PAacCiOeHHE Haj CTATHBaeMoi 6aaofi
TPUBHAJBHO. '

OTO NMO3BOJIAET aT/1aChl BCeX PACCJAOCHUI Hal OAHON W Tol e
6230k X 3ajaBaThb Ha OXHOM H TOM Ke nokputuu {U:}, asasio-
LHMCS  TOKPHITHEM amiaca Wy TONOJOrHMYecKoro MHOroo6pa-
3usa X.

JlokanbHO TpHBHAJbHOE paccaoeHHe Bcerga o6Jajgaer ceue-
HHeM. Bcsikoe ceyeHHe ¢ JIOKQJAbHO TPHBHAJIBLHOTO PAaCC/OEHHS A
MOMKeT OBITb 1IpeACTaBJeHo ceMelcTBOM  V-3HauHBIX  GYHKLHA
{oi(x)=v¢:(x)qp(x), x&€U;} B arnace paccnoennﬂ V={U;, ¢i)
H@(x)= pm(x)cpx(x) xeU; NU..

[Tycrs A -—\goxanbho TPHBHA/ILHOE DPACCIOCHHE, H G — TOmoJ0-
ruueckasi rpynna, koropas JefctByer 3¢pQexkTupHO cjeBa B Npo-
CTPaHCTBe THIIMUHOTO cJ0s V pacciroeHus A.

[Tycrs cyuecrByer araac W paccaoennst i, (GyHKuHH nepexojna
KOTOpOI‘O pix(x), x&=U:NU, ABASIOTCH 3J€MEHTAMH [IPYINH

G(UiNU,) HenpephIBHBIX oroépamennn U: NU. 8 G. Torga rpyu-
na G HasbiBaeTcs CTPYKTYPHOH TPYNIOH pPacCaoeHus A.

FoBopsit, uro crpykryphaf rpynma G paccjaoenuss 2 peayLu-
poBaHa K cBoeill moarpynme f1, ecau cyulectByer ataac W pac-
ciaoenust A, (YHKUMHM repexofa KOTOPOrO IPUHHMAIOT 3HAUGHHS B
noarpynne f1.

CprKTypHaﬂ rpynna Jlu G pacciaoeHuss j peayuupyeMa x
3aMkHyTofl noarpynme A Torza w TOJbKO TOTAA, KOTAA aCCOLHH-
poBaHHOe ¢ ) paccloeHHe Ha (axrtop-npoctpancTBa G'H Aomye-
KaeT ryaobanbHoe ceueHue.

CprKTypHaH rpymna Jlu BCerna peAyunpoBana K cBoefl Mak-
CUMaJbHOH KOMIIAXKTHOH MOArpynime.

B kHure Bce paccJOeHHs] CUHTAKTCH JIOKAAbHO TPHUBUAJBHBIMH
PACCIOSHUSI MU CO CTPYKTYpHOIt rpymnmol JIu,

PaccnoeHue accouumposanHoe. Paccaoenuss 7. 1 X ¢ OAHHMH
M TEMH XKe CTPYKTYpHOI rpymnoit G u 6asoit X Ha3biBAIOTCH acco-
IHUPOBAHHbIMH, €cJU CcyurectBYIOT arnac W paccioenuss A H ar-
nac W’ paccaoenuss A ¢ ofHuUM H TeM Xe nHabopom ¢ynruuii mne-
pexoga {p:i»=G(U;NU,)}. AccolunposaHHble pacCJOeHHs C OJH-:
HAaKOBBLIMH THNHYHBLIMH CJAOSMH 3KBHBAJEHTHDLL.

Ilns Beskoro  paccaoenust A= (V, G, X, W) Moxer ObiTb [10-
CTPOEHO ACCOLMHPOBAHHOE C HHUM TIJaBHOE pacClOeHHe Ag.

PaccJiicende J ¢ THNUUHBIM cJoeM V, acColHMpOoBaHHOE ¢ IJidB-
HBIM DacCJOEHHEM Ag, MOXHO 3a[aTb, ONPEACJHB €ro TOTaJbHOE
npocrpanctBo tlA xaxk dakrop-npocrpancTeo (tiAeXV)/G ¢ aed-
creueM G2g: (p, v)—>(pg, g7'v). '

Hasa kaxabix petliic uw veV obosnauum uepes [p] (v) obpas
saxementa (p, v) B tlh Torma [p], p<tlic, ecrn orobpaxkenue
3 V-na Ve—np n [pg] (v) = [p] (gv) i petl g, veV, ge=a0.
B wacrnoctu, ecan W — atyiac pacestoeBHd Ag, H {2; (x)}— cemeii-
CTBO CeYeHHH Ag, oTBeuvaloumx ¥, to orobGpaxenus [z:(x)]:
: V-V, x=U;, onpenenstior atiac Ha A, KBuBajeHTHbid V.

CyiecTByeT B3aHMHO OJHO3HAUHOE COOTBETCTBHE MEXJAY MHO-
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XECTBOM CeUEHHH (p aCCOUWHPOBAHHOTO PAacC/JOeHHS A C THIHYHLIM
cnoeM V u mHoXxectBoMm V-3naunmix oynyguuit [ na tlig, Taxux,
410 f(pg) =g '[(p). Ono sanaerca ¢(n(p)) ={p] (f(p)).

Paccaoenue BexTopHOoe. Paccioenne, THIHYHBLIM CJ0OEM  KOTO-
poro SABASETCH TOMOJOIHYECKOE BEKTOPHOE NMPOCTpaHCTBO V, Hasbi-
BaeTCsi BEKTOPHBIM pacc/jioeHHeM. Ero cTpykTypHas rpynnma —
rpymna GL(V) ofmux JguHelHbiXx mnpeoOpasosanuii mnpocTpau-
ctea V.

BexTopHoe paccsoenue Bcerna umMeer raofasbHOE cEYeHHe.

Mycts W={U;, ¥:}—- araac BeKTOpHOro pacclroexus, u {f} —
Gasuc ero TumuuHoro caos V. Onpegeaum B Kaxnaom ciaoe Vi,
xeX, 6azuc {f(x0)} = {¥;!1(¥) ¢}, orBenatouinit kapre (U; ) ar-
daca W. Torna Beskoe mnpeoOpaszoBanue g TunuuHoro cios V u
HIAYHHpYyeMOe UM IpeopasoBanue g, = Y, '@y cios V. wnaa

TOUKOH x&X OyAyT HMETh OAWH M TOT K€ MATPHUHBIH BUjJ OTHO-
cutenpHo 6azucos {f} u {$;~'f}. Ecan g:(x) — dyukuun nepexona
K Hogomy atdacy W={U;, ¢."=g: }, 9107 mnepexox TakmKc
MOXKHO TNDPEeACTaBHTh Kak npeobpasoBanie Oa3ucoB {{(x)}—
—{ ()} ={(pi~'g: i) 8},

YKaxeM CJexylouie onepauluH Haj BEKTOPHBIMH P acCJOCHHs -
MH llag ogHoH u 1o ke ©Gasofi X: gyvaspnoe K A paccaoenue A*
C THNHYHBIM cJioem V¥; cymma Yutnu LA paccnoennit » n 27 ¢
THNHYHBIM cioem V@V’ rtensopuoe npomsseacune AR A pac-
ciaoenuil A u X ¢ THOWuHBIM caoem VRV,

Paccaoenne rnasnoe. Paccrnoenue Ag ¢O CTPYKTypHoO¥H Tpymnmnois
(, THNUYHBIM CJOEM KOTOPOTO SBJISETCH cama TONMOJOTHYECKas
rpynna G, pelicTBytomias Ha cebs JesbiMu casuravu Lg: G->gG,
g=G, na3siBaeTcs rJaBsHbIM.

Ha TtoranbHom mpocrpanctse tlls riaaBHOro paccjoeHus Mo-
et ObITh 3ajano geficTeue Tpyinbl G NpaBBIMU CABHIaMH

Rg:Uk; 2p—4. (V' (p) g) = pg.

OHo siBAsieTcss TOCHOWHLIM, €ro BMI He 3aBHCHT OT Kaprtu (1o-
CKOJBKY (DYHKIIMM nepexoaa AeHCTBYIOT cieBa), W OHO sBjAeTCH
TPAH3UTUBHBIM, T. €. ecau pg=p RJisi nexoroporo p&tlig, 10 g=
= {; — eIMHHYHBIH 3jaemenrT. Dasa rJaBHOrO paccAoeHHss npef-
crasasier coboll daxrop-npocrpanctBo tlAs/G opbur rpynnet G B
tl2;, a mpoexyus' ;-— KaHouKrueckoe otobpaxenue tlig—tlig/G.
Mop}pu3MBl TPUBHANUIAUUYK TIABHOTO PACCJOeHHS YAOBICTBOPSIOT
yeiaosuio Pi(pg) =v: (p)g, u seskomy ataacy W={U;, ¢¥; } raas-
HOTO 'PACCIOCHHS MOXHO conoctaButh Habop ceuenuit {U:i, z:=
=y; (lg)=pWi(p))~!, zi=2.0.} ortBevaomnux ¥ u oxHo-
3HAYHO ONPEeAeVIAIOUIEX 3TOT aTJac. :

[no6anpHOE CceyeHue IVIABHOTG pPAaCCJAOEHHA CYLIECTBYET TOrjAa
H TOJBKO TOTa, KOTAa Pacc/JOoeHHe TPHUBHAJbHO. ’ \

[Tpasoe neiicreue G B tlhg nopoxpgaer @yugaMeHnTagbHbIC

noas 1 Ha tlhg, KoTopuie, nocKONbLKY neMtBHe G oTOGpaxaer
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KaXAblf cioit B ce6s, KacaloTcs ¢J10f B KaIok rouke. Tak KaK
G Aeﬁcmye*r TPAH3HTUBHO Ha tlAg, T1 HUKOrma wWe ecth mMyab w

orobpaxkeHue I—»r;(p) u3 aiare6pnl Jlu @ B T, ectb JHHENHBbIH
u3oMopbhuam @ ma kacartenpHoe mpocTpaHerBo B petlig kK caoiw

uepe3 p. Ecau 11— GyHgameHTasbHOE BEKTOPHOE NOJg€, COOTBET-
creyoltee /=@, ro-nna kaxporo g&G KaeaTeJbHoe orobpaxe-

nue T (Rz) npeoBpasyer 11 B Q)YHﬂaMEHTaJIbIHOG BEKTOpHOE mo.1e,
- coorBeTcrByolliee aneventy Ad(g—')I, rxe Ad(g-!) obosHauaer
npucoearHeHHoe npeacrasJesne G B @

Paccaoenne  guddepenumpyemoe. Pacciaoenne  nasnBaercs
“anddepeHnupYeMbIM, eCJH  TONOJOTHYeCKHe  TNPOCTPaHCTBA, BXO-
JAUIHE B KOHCTPYKUHIO PACCJOEHHSA, SABAAIOTCH  KOHEYHOMEPHLIMU
IADPepeHIHPYeMBIME MHOTOOOPa3uaMH, uX MOp(H3IMBl — JHbDe-
PeHUHPYEMBIMH OTOOpaXKeHUAMH, a CTPYKTYpHas Tpylllla paccioe-
aust — rpynnoit Jlu. Knace npuddepeHuupyeMocTy MBI KaXKabiif
pas HE KOHKDPCTH3WDYeM, moJgarasi ero aocraTouysbM. Kak npasu-
N0, OH MoXeT ObITh poseneH 10 Co

Paccnoenne kacarenbnoe. KacareabnblM pacciloenuem T (X)
Han MHoroo6paswem X Ha3bBaeTCH paccnoe}me CJIOAMH KOTOPOI'O
AIBJAIOTCA KacareapHble npocrpaHcTBa T, xX. T(X) oupene-
JASIeTCS KaK BeKTOpHOe auddepeHnupyemoe pacciaoeHue Hag X ¢
THOHYHBIM ciaoem R4™X y crpykrypuoit rpynnoft GL(n=dim X,
R), atnace KOTOPOTO 3KBHBAJCHTHEI TIOJOHOMHOMY aTJacy W=
={U,;, i =T (x:)}, rne Wx={U;, v} — HexkoTopwlji araac MHOro-
obpasus X

‘Oukcupyem 6asuc {{,} THnuuHoro caos RIMX gacareabHOro
paccnoennsi. Torma BekTopol fo(x) =v9:,~'(x)ls o6pasyior Gasuch
KacaTenbdbIx npoctpaHcTs Ty (X), x=X, orTBeuaoux paHHOMY
araacy W. Ecau W — rontonoMHbBIE aTnac, To BeKTopu f,(x) Kaca-
TeJbHBl K KOODAMHATHHIM JTuHusiM ¥:~'(x¥*) B Tmouke xe=X wu
Li(x) =0,

MopdusmoM KacarteabHoro paccJgoenuss 71 (A) B KacaresJbHoC
paccaoenue T (X’) smasercs napa wmopdusmos [f:X—X' u F=
=T(f) : Tx (X)»T,(\)(X). Eciau | — gpuddeomoppusm X ua cebds,
ro orobpaxenue (f, T(f)) xacareavnoro paccioenus T (X) — uzo-
MODP U3 M.

Paccnoenne kKokacareiabHoe, KoxacaTeJbHBIM — PaccJOeHUCM
T#(X) naz mHoroo6pasuem X Ha3bIBaercsl Aya/bHOe paccJocHue
K KacaTesbpHOMY paccroenuto 7(X). B rojonomMHOM aTrace paccioe-
uust T*(X) 6a3icaMu KOKacaTeJbHBIX NPOCTPAHCTB Th* SBAAIOTCH
{dx*} — pyavibHble K 6asucam {0"} KacaTesJbHbBIX NPOCTPAHCTB.

Paccioenne penepos. bBasuc {f(x)} KacaresbHOro npocrpaH-
ctBa T, HasmiBaetcs penepom. Accoumnposanuoe ¢ T(X) paccaoe-
nue LX; croem KOTOPOro B TOYKe XX SBJSETCS MHOXKECTBO pe-
Nepos {t(x)} B NPOCTPAaHCTBE Ty, HA3bIBAETCS pPacCjOeHHeM JnHedH-
HHIX penepos. THNHYHBLIM cjd0eM Vipy 3TOr0 paccjOeHusi sBJASETCS
MHOXKeCTBO penepos {f}-B npocrpanctBe R™. CTpykrtypHas rpynna
GL(n, R) mefictByer B NpPOCTPAHCTBE THUNMHUYHOTIO ¢/0S TPAH3IHTHB-
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no u cBoGogmo. HeficTBuTe bHO, ISt BCAKHX msyx penepos {{} w
{t'} cywecrsyer agemeHt g rpynnsl GL(n, R), uto {t'}={gt}.
Puxrcupyem penep {{} n Kamnomy penepy {t'}= Vix CONOCTABAM
ssneMenT g Takofi, uro {t'}={gt}. D10 ompexeiser romeomophHIM
Vix na GL{n, R), a paccioenue LX xak rJasHOe pacc/oeHHe.

- Paccioense TeH30poB. MoryT OmTh 06pa3zoBalbl  PasIHUHBIC
TCH3OpHbIE NPOHIBEACHHT KacCATeJbHBIX M KOKAcaTeabHbiX — pac-

CJOOCHHU ®T(X))® ®T (X)) wanm wmsorco6pasuem X. "3T10
pPacC/oeHusl n-KOBAPHAHTHBIX ¥ M-KOHTPABAPHAHTHLIX TEH30POB,

PAMaHOBBL H NMCEBIOPUMAHOBBIL poctTpancTea. [lycts By — npo-
CTPAQHCTBO HEBHIPOXKICHHBIX CHMMETPHYHLIX - OHJAMHCHHBIX QOpM
HHIekca k B mpocrpanctBe R™. Ono wusomopdHO akrop-npo-
crpasctBy GL(n, R)/O(n—*k, k). Paccworpum paccioenne ’pp
Ha TIPOCTPAHCTBa By, acCONMHPOBAHHOE C KacaTeJbHbIM paccaoe-
uuem T(X) nag mHoroo6paszmem X7. Ero ceuenue ¢ onpenensier B
KacateNbHOM mnpoctpanctBe T, x&X, CUMMETPHUHVIO HEBHIPOXK-
neHHyio Ouammednyro dopmy g(x)({, ), t,{’=T., uHzmexca
Muoroo6pasue X" ¢ 3agaHHBIM Ha HeM rJacOajbHblM cedeHueMm g
PACCJ0eHHSI Ap, Ha3HBaeTCss HCEBIOPHMAHOBLIM MPOCTPAHCTBOM
uHIeKca R, a g — nceBaopuManoBoit merpuxoit Ha X". Ecaun k=0,
TO FOBOPAT O PHMAHOBOM NIPOCTPAHCTBE.

MHuoroo6pasne X" MOMXKET AOMNYCKaTb HE BCSEVIO TICEBHOpPHMa-
HOBY CTPYKTYpPY. HeoOXOQuMBIM H IOCTAaTOUHLIM YCJICBHEM ee Cy-
LIeCTBOBAHHA, T. €. CyLIeCTBOBaHUS T.100aJbHOrO CEYEeHHS  CO-
OTBCTCTBYIOIIETO  PacCJOEHUS  Zze  HMJIH  (DAKTOP-pacc.IOCHHS
YGL(n. R)/O(n—R, iy ABASETCH PEAYKIHA CTpYKTYypHO#i rpynnbs GL(n,
R) xacareaphoro pacciaoennss T (X) x noxrpvnue O(n—£k, k)
(cm. Penyruusi crpykTypHO# rpynnsl). Ilpu aTOM cyuiecTByer Ta-
Koft arnac Wé kacaTeJnHOTrO paccJoeHus, B KOoTOpoM OWIvHeHHad
dopma g(x) npHHEMaeT BHA TCEBAOEBKJIHAOBON OuAHHEHHON (Gop-
"MBl | MHIEKCa R BO Bcex Toukax xe&X. '

MHoroo6pa3ue Bcerza IONYCKaeT pPUMaHOBY CTPYKTYpY, NO-
CKOAIBLKY cTpykTtypHas rpynna GL(n, R) KacaTeJbHOro paccioe-
HHS HajJ HHUM Bcerga peAyLUHPOBaHa K CBO€H MAKCHMAJIbHOH KOM-
naxkTHo# noarpynne O (7).

Ecan MHOroo6pa3We ODHEHTHPYEMO, TO CTPYKTYpHAs —Fpymiia
ero _KacaTeJbHOTO PacC/OCHHS CBOXHTCH K TIpymie GL+(n, R).

PyMaHoBa MeTpHKa £(x) CIYXHT HOPMOH B KaCaTeJbHBIX IpO-
crpanctBax. OHa 3ajaer CTPYKTYPY METPHUECKOTO MPOCTPAHCTBA
Ha Muoroo6pasuu X. TomnoJorus, onpexpeisieMas 3TOH METPHKOH,
COBITajzaeT C TOTOJOTHEH MHOroo6pa3ud. _

CBsI3HOCTb Ha paccapeHHH. BBeaeHue CTPYKTYpPLI CBASHOCTH Ha
paccaoenun A= (Q, m, X) Heo6X0IUMO JJsi ONHCAHHS Tapaenb-
IOr0 NIEPEHOCa CJ0eB PACCHOeHHs BAOJIb HEKOTOPOTO nyTH B 0ase.
CBA3HOCTD OMpefiensieTcs CONOCTaBACHHEM BesikoMy nyta t( [a,
b]) B 6ase X cemeiictBa orobpaxennit Kus,.sy, S, s:[a, ],
cnoes  Vasy—>Vis,) Hag ToukKaMH 3Toro nyTH. EcTecTBeHHSHI
TpebOBaHus! , :

b
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Ki(s,.s;) ‘HeTIpepEIBHO MO- S|, Sz # He 3aBMCHT OT napaMerpuaaiiui
nyTH;

Kt(sl,s,) Kt(82,53) = K'c(sl,ss) s
Kr(s,_s,) = K1 Kr(s,s) =Id V‘r(s)-

T(S2951) L
OtobpaxeHust Kt(a s SE[a, b], nHasnBawTCH mMapageSbHBIM Me-
peHocoM cJ10st Vo BROJID MYTH T.

CBSI3HOCTh Ha3bIBAeTCH MJIOCKOH, ) eCIH nd J00BIX  TOYEK X,
x" n3 0asnl X orobpaxenue K, HE3aBUCHT OT NYTH T, HX COCIH-
HSIOLLETO.

[lycts v — HexkoTOopast TOUKa cJ0 Vg, TOrma MHOMKECTBO 00-
pasoB U(S) TOUKH U IIPH NapaiajeJbHOM I[epeHoce BAOJbL NYTH T
oOpasyeT HEKOTOPBIH TNyTh Ti={Kyq {(V)} B TOTaaBHOM [pO-
. crpanctBe. Q, u wt(tx)=rt. IlyT6 1x HaspiBaercs HaKpHLIBAXLWHKM
nyTh T B 6a3e X. Taxue Xe NyTH, HaKpblBalOUlHEe T, BBHIXOAAT M3
Kax Ao Toyku ciaosa V. ,

Ha nuddepenuupyemMoM paccOeHHH  CBS3HOCTL MOMKET OBITh
olpeaeneHa B HHOHUHHTE3UMAJIbHOH (QopMe 3ajnaHueM HAA KaXKAGH
TOYKH ¢&( npocTpaHCTBA HalpaBJeHHMH, B KOTOPbBIX OHa MNEpeHo-
cuTes B (), ecaw (g) NMEPEHOCHTCSE B TeX HJAM MHBIX HamnpasJe-
HHUAX B

ITyCTb Ha pacCJOCHHH k==(V,'G,.A) 3agaHa CBSI3HOCTb. s
KaXaoil 1ouky xe=X paccMOTPUM MHOMKECTBO {T,} BCEX 3aMKHYy-
TEIX OyTeil B X ¢ HayaJoM M KOHLOM B TOYKe x. 1Orma MHOXKEeCTBO
orobpaxenuii {K;} caosn Vi, nOPOKAACMBIX [apaiIedbHbiMi
MepeHoCaMu BAOJIb IIYTel T., OOPasyioT HEKOTOpPYIO TIPYyNny H30-
MOphu3MOB -cl0s1 Vi, KoTOpas Ha3blBaeTCsl FPYNNOHA rosioHoMun K,
npabHoll ¢BsizHocTu B Touke xe=X. lloarpynna K,.° rpynobl Ky, co-
OTBETCTBYIOILAS NYTAM, CTATMBACMBIM B TOYKY X, Ha3bBacics
OF pAHHYEHHOI [PYNIOH ITOJNOHOMHH.

Has cBsizHoi 6asnt X rpynnbl ronoHovuun K, u K B pasauy-
HBIX TOYKaX HM30OMOPOHBI, H MOXHO TIOBOPHTb 006 aOCTPAKTHOH
rpynne roJoHoMHu K naHHoﬁ CBSI3HOCTH H& pacC/JOeHHUH, KOTOPOH
nzomopdunl  Bce rpynnel K. Torga cnpaBeffuBbl  CaeRylolIue
YyTBEPAKACHHA.

Orpanxyennas rpynna rojoHoMun K¢ ecth CBsI3HA# -NOATPYIl-
na Jlu crpykrypHofi rpynnbl G W HHBapMauTHaf noxrpynna B K,
a pakroprpynmna K, K° cuerHa.

Ecnv ma pacciaoenuu 3ajaHa CBA3HOCTb, IPYINOA rOJOHOMHH
KOTOpOH sBasiercss K, TO cTpykTypHas rpynna G paccJocHus pe-
aynuposaHa K moarpynne K. B wactrocTH, oTcloma. clelpyer, uTto,
€C/TH PacC/OeHHE HONYCKAeT MIOCKYIO CBASHOCTb, OHO TPHBUAIBLHO.

[lyctr L (F) — nuuefinoe noanpocrpaHeTso B aarebpe  Jlu
@, saraHyTOE Ha BCe 3HauyeHHA (QopMbl KpuBmwsHH F(f, '), [, e
Ty, csizHocTH B Hekoropoi Touke x&X. Toria L(F) usomopq)
Ho aarebpe Jlu @ rpynnsl Tononomun K%

"CBA3HOCTb HA TIJIaBHOM paccnoennn.l]ycrb AG—~rﬂaBHoe pac-
cioeHue co cTpyktypeo#t rpymmo#i Jlu G. BmpeanM B xacareab-
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HoM mpoctrpaHcrse T, K ToTadnHOMy npocTpaHetBy tlig B Touke
p BepTHKAAbHOE NOMIPOCTPAHCTBO [ pY, KacaTelbHOe K CJ0I0, Ipo-

xoasauemy yepes p. CBA3HOCTb Ha Ag ONPEASASIETCS BHIAEJICHHEM -

B KaxaoM T, Takoro noanpocrpancrsa I, uto:
— T k.

a) Tz-_Te®Tp,h

0) Tpg = YD(RR) Tp;

B) Tp" 3aBucHT quddepeHuupyemMo oT p.

T'p" HasbiBaeTcss FOPH3OHTAJBHLIM TMOAIPOCTPAHCTBOM I p H SAB-
JIeTCA NMPOCTPAHCTBOM TEX HaNPaBACHHH, N0 KOTOPHIM  OCYWECT-
BJAsIETCA TIepeHoc p. Besakui BekTop fe&T7, 0OAHO3HAYHO  34TIHCbI-
BaeTcsl KakK (=41 rpe tveT,0, thesT ).

I'opusonraapHoe mnoampoctpaHcTBo 1'p" MoxKer OblTh 3a4alo
ypasHenueM =0, rae o — !-popma Ha llAs co 3HayeHuAMH B
aarebpe Jlu @ raxas, uto T =1". Popma o HaswmBaercss l-pop-
MOH CBA3HOCTH M YAOBJETBOPSAET CJACAYIOIIHM YCAOBHSIM:

=l T(Rgo=Ad(g)o.

Ha obnacrtax TpHBHAAH3ALHM paccloeHHS Ag (OpMy CBsI3HO-
CTH ® MOXHO BHPAasuUTb uepe3 ¢OpPMy CBSI3HOCTH Ha 6asze X
[lyers W={U,, %} —araac rg, u Tp(P. ) —XacareqbHoe X 1,
o106 paxKeHHe T, (tthg) = Ty p) (X X G). Onpegenum dopmy
o =oT (7)) na XXG. IllpeacrasuM o, =0—A,, rae 0=
=w,(T(G)) xanonnueckas ¢opma 8 (71) =/=@ Ha rpynne G, a

A = —oT ($7! (16)) Ha3bBaeTca  JIOKaabHOH  l-dopwmoil
cBA3iocTH Ha Oase X. Ilpu nepexone ¢ KapThl Ha KapTy
A =Ad (p7}) A — T (pux) 6. (r.2)

[Tockosbky 8 — KaHoHWYecKass ¢opMa, T0 uMeHHo ¢dopma A,
ompejessier CReUHdPUKY HQaHHOH CBA3HOCTH, 4 COOTBETCTBYIOUIHE
efi TOPH3OHTa/bHbie MOANPOCTPAHCTBA COCTOAT H3 BEKTOPOB [
T (XXG) c nmpoexuueii £, ma T(X) v w4y Ha T(Q).

Eciin 3anana cBsI3HOCTb Ha rJ1aBHOM pacC/OeHHU Ag, OHA MO-
xer ObiTb ONpeneseHa Ha dCCOLHHPOBAHHOM PACCJOCHHH A C TH-
NUYHbIM cioem V. Beprukadbioe nogupocTpanctBo 14° B T4 (tlA),
getlA, ecTh N0 ompene/eHUIO KacateJbHoe NPOCTPAHCTBO K CJI0I0
u3 tI1A B ¢, a ropusoHTasbHOe nomupocrpancTBo 7t 3amaercs
KaK 00pa3 ropusoHTanbHOro .aognpocrpancrsa I"<Tp(tlAg) npw
.oto6paxenun tl Ag X V—tlA. Cesi3HOCTb Ha ) OnuchHiBaeTcd TOH Ke
JokKaabHO# 1-opmoil cBsisHOCTH A, YTO W Ha IJaBHOM paccioe-
HUH, KoTopasd B Oasucax {dx*} paccaoenuss T*(X) wu {I[m} anreo-
pbt Jlu @ umeer Bug A= (A,)"[mdx*. Ecan A— BekTOpHOE pac-
cnoenne, @<gl(V), u sakon (I'.2) npeobpasoBanus A, npu ne-
pexoie ¢ KapTh Ha KapTy NPUHHUMAeT BHI |

o

A, = puhp7! — pudpy . (r.3)

ITpu 3ajaHuH CBA3HOCTH Ha DPAacCAOeHHH (QOPMOH CBS3HOCTH
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MOXKeT 6bnb BBEJAEH reHeparop napaJJeJbHOrO IepeHoca. Unm sta-
JIS€TCA KOBapuaHTHas npoussofHass D, Blonp noas T Ha 6ase X,
KOTOpasi onpejeastercss Kak NpousBoAHas JI Oy BAOJIB. TOJS

Tk — FOPU30OHTAJIBHOTO JUPTE (HOﬂHHTHH)MH T. )

CoOTBETCTBEHHO 0ilpeAensiercs BHEIUHUN KOBAPHAHTHBIH Jup-
deperunan D, pedcTByOIIHA B HPOCTPAHCTBE BHEIUHHX gHPpe-
peHIHaJ bHbIX QopM €2, CO 3HAUYEHHSMH B ACCOLHHPOBAHHOM BEK-
TOPHOM DacCJOeHHH Ay. ITH POpMBI MOTyT OBITh HpeACTABJEHbI
Kak V-3”audele QOpMBl HA TOTAJAbHOM 1HpocTpaHcTBe tlAg, yaoB-
JeTBOPsAIOLIHE YCI0BHIO ¢ (gg) =g '¢(g), u mo onpexeaennto Dg=
= (dg)h, rae h o3Hauaer NPOCKTHPOBAHHE HA [OPH3OHTAJBHOC
oA POCTpakcTBO. CHpaBeAMHBLL CBOHCTBA:

D(g+¢")y=Dg+Dq’,
Do) = (Do) \@'+ (—1)Pp A\Dg’, g&t?.

B jgokaavuoii 3amucu D, =d — A, rae d-— sHewnull gudde-
pernuxan Ha Oase X, A-—JjoxkanpHas 1-¢popma cBasHocTH Ha X,
DlpLx—pLuD
“ Onpe,r_xenﬂercsi 2. dopma gpusnsuel DD=F, rpe D — BHewHuil
KoBapuadrublit auddepennnan. B qokaabHod 3anucu

F, = (d“_Al) (d'_At) =—dA +ANA, I, =an[:m

wiy, OYAYYH BLIpaKeHHO# 4yepe3 KO3(uuueHTh  HOpPMDI  CBAs-
HOCTH,

Fo=Fm [ dx? N\ dxv,
o= a Am — 9 Am Ao AnAL (1‘4)

Ly nke T y?

rae [, — 0asuc, a ¢",), — CTPYKTYPHbIC KOHCTAHTH ajaredpnl
Jn G. '

Cnpaseaquso BTOpoe ToxAecTBO Duanku DF =0.

CBa3HOCTh Ha KacatejbHOM paccaoenud. [lyets I'— l-popma
CBSI3HOCTH Ha KacareJdbHOM paccioeHuu 71 (X). B rosoHoMHOM at-
jgace ee Ko PUIMEHTH MET BHA 1'%, M HA IepeceyeHHr KOoOp-
AuHaTHBIX cHcreM {x} m {x'}

axt Ay ax'* 249 gx “
ox B 0x"?  9x® dx Pox™  9x°

[y = I8y . (F.5)

Kospduunentsl dopmbl KpubBusHei R cpssHoctd I' B rosoHoM-
HOM aTyiace UMeEIOT BHA R%, H ciaeaymomuM -o6pasoM Bbipaxa-
I0TCS Yepe3 KOMIOHEHTH! CBASHOCTH I'%;:

Rp10= 011550l *1p+ gl “1e— 1" 151 * g,
Raﬂ'{cd__ ‘__‘Raﬁg‘p

Hdas cBiasHo¢TH HA KacaTeJbHOM pacejoeHHH, noMumo 2-¢dop-
Mbl KPHBH3HBI, onpepensiercsi 2-popma kpyuenusi D8=Q, rae 0 —
kKaHowuyeckas 1-dopma. B ronosoMHoM ataace Ko3((HUHEHTH

(I.6)
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dopmbl @ BHIpaxaloTcs uepe3 KOMMOHEHTH CBsiaHOCTH 1'%, xak
Q%y=T"%; — ['%,. : -
* CnpaseanuBo nepsoe ToxKAeCTBO buauku DQ=RAH.

Hpyrass koHcTpykuusi, cnenHdwuHas 174 CBI3HOCTH HA Kaca-
TEJbHOM PACCOeHHH, — 3TO Teojeaudeckne. Kpusas tv={x(s),
s& (a, b) —oo<a< oo} B MHoroo6pasun X co cBA3HOCTBIO [’ Ha
T(X) HaspiBaeTcsl reofie3HUeCKOH, ecau I0Je KacaTeJbHBIX BEKTO-
poB f,=iW(s)0,, onpeneseHHOe BAOJAb T, NapasjeJbHO BAOJb T,
1. e. D.f. cymecrsyer u pasHo 0. Kpusas t={x"(s)} saBasercs
reoe3HYeckKol TOTAa H TOJLKO TOTA, KOTJa ‘

dx*  dib

I+ = 0.
T 1B ds ds

+

Has nwo6oi Toukn xe&X u awboro Bexkropa fe=T, cymecTsyer
eAHHCTBeHHasi reoje3nueckas {r(S)} ¢ HaYaJbHBIME YCJOBHAMH
Xo=x, Xo=L, )

B onpegenensH reofe3nyeckoid Mrpaer pPoJib TapaMeTPH3allUs
kpusoi. Eciu v-—reogesnyeckasd, To mapamerp S, npeBpaliany-
INMH T B TEOJe3HYeCKyl0, HasbiBaercsl a(@OHHHBIM [apaMeTpoM.
On onpepened ¢ TOYHOCTBIO JO a(puHHOTO HpeobpaszoBaHus S—»-
—s"=as-+b, rae a%=0 U b — KOHCTAHTHL. '

Ilycte I' —cBgsnocts Ha 7 (X) ¢ xommoneHramu [I'%, Jlas
KaxjJaoro (QHKCHpoBaHHOrO @, 0s<a<l, MHOXecTBO QyHKLHIl
I'%=al%+ (1 —a)l'%, onpegensior cesasHocts I na T (X),
HMEIOILYIO Te XKe reoaesndeckue, uro u I.

Cssi3HOCTH B NCeBAOpMMAaHOBOM nmpoctpaHcrse. [lyctp X7 -—
NCeBA0EBKAHA0BO TIPOCTPAaHCTBO HHAeKca k2, u I'— l-popma cBd3-
Hoctd Ha T (X). CnpaBeaJHBO C/AeRYyIOLIEE, ,

CssigHoers I' Torpa m rtoapko Ttorga csoguma K O(n—4k&, k),
T. €. cymecTsyeT arjac paccnoennss T(X), B kotopom I' mpunu-
MaeT 3HaueHHs B aJirebpe o(n—~k, k), a rpynna roJOHOMUH CBA3-
Hoctu I' cBomutes k O(n—Fk, £), Korpa CyliecTByeT INCeBROpHUMA-
HOBa METpWKa g Takas, 4TO BBINOJHAETCS YCIOBHE MeTPHUHOCTH

Dg=0. (r'.7)

JIJIst nauHOH MeTpHKH g CYIIECTBYET €AMHCTBCHHas cBAsHOCTL I
yaOBJCTBOpAOIIAaA ycaoBHIO MeTpHyHoctH (I.7) w umeomas Hy-
JeBoe KpyueHHe. Ee KOMMOHEHTHl BLIPaxKalTCsi B TOJOHOMHOM aT-
Jlace uepe3 KOMIIOHEHThl METPDUKH g: ‘

‘FGVI*: {qvll} = !/2gae (augve+ avg,.w_azgvy) ’ (F.S)

H HasbiBawTca cumBonamu Kpucroddens. )

Ecau cBsi3HocTh cBoauma K O(n—£k, k), KOMNOHEHTH €€ TeH-
30pa KPUBHM3HBl yJOBJETBOPSIOT YCAOBHIO Ruwe=Riayo.

B cayuae obuej cassoctd I ma T (X) ycnosue (T.7) He BH-
nonHsercs, a ko duuuentsl I' mpeacTasIsioTes B BUIE

Favu"‘: {avu}+ Ka.Vp'“}: (Bavu"*‘B;wa_"Bua\}') ’ L
Ka\mz (Qav;x+ Qum+ Qvua) ’ (F.9)
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' Q¢m= l/2 (FGW_I‘G;&W) » Dugav = """2Buvm

rae K HasnBaercs TteHsopoM KoHTOpcHU (Kaw=—Kia), 8 B—
K09 puLHeHTaMi HEMeTPHYHOCTH (Bow= Byay). .

dakrop-paccaoenue. I[lycts G —rpynna Jlu, a H —ee 3aMkHy-
tas nogrpynna. Ilycrs H pesictByer ua G cuopasa. Torza moay-
yaem IVIaBHOe paceaoeHue Ay Hajy ¢axrop-mpoctpanctBoM G/H co
CTPYKTYpHO# rpynno# H. |

Ilycts Ag —TJIaBHOe paccsioenue, a H — 3amxHyras noarpyn-
na B rpynne Jlu G. Ecrecrsennsim o6pasom G pefictsyer Ha G/H
caesa. [lyers  Ag/m aCCOUMHPOBAHHOE PACCAOEHHE C THIHYHBIM
cioeM G/H. Toraa tlAg/m MoXer ObITH OTOXKAECTBAeHO ¢ tlAg/H
(rme H peficrByer Ha tlhc cmpaBa) u tlAg mMoxer ObiTb mpen-
CTaBJIEHO KaK TOTaJbHOE HPOCTPAHCTBO TVIAaBHOTO PaccC/JOeHHs C*
6asol tl Aq/H u cTpyKTypHOH rpynmoi H.

NMpuaoxenue . TEOPEMbI HETEP °

3aecp TIpUBOAMTCA dacTHas GopMyJauHpoBKa TeopeM Herep
[272, 5], mocratouyHasi st MX [PHJIOKEHHS B TEOPHM KaJaubpo-
BOYHHIX IIOJIEH.

Teopembl Hetep ycranaB/iuBalOT 3aKOHBI COXpAHEHHSI H YCJAO-

BUSl CBA3H, KOTOPLIE CJAENYIOT ‘W3 HHBADHAHTHOCTH (QYHKUHOHAJa
JEeHCTBHUS

S=fL(g; g,)dx

cacrembl nosielt {g%(x)} OTHOCHTENBHO r-mapaMeTPHYECKOH IpyINbi
Jlu BHyTpeHHHX cuMmMeTpHii G u n0KaabHOR rpynobl G(X), moay-
yaemol u3 G 3ameHoli napamerpoB @™ rpynnsl U QyHKUHSIMH KO-
opauHar o™ (x), xeX.

lepBass Teopema Herep. [lycts ¢yHkuuonan S uHBapuanTeH
oTHOCHTeJ bHO rpynnst G. Jlocratouno paccMmMoTpeTb HHHpHHHTE-
3umaJnbHble npeobpasoBaHust ¢g= (lg+/mbw™) u3 G, rae I,,—re-
HepaTopsl, a o™ — MaJble napameTpsi rpyninsl G u

Imbo™: q°—>08g%=172q?d0™. © (TT1.1)
Torza u3 ycuoBusa 8S=0 H npou3BOJBHOCTH mapaMeTpoB Sw™ mo-

JAyuyaeM, UTO I JinHeHHO He3aBHCHMBIX KOMOHHANHWH JarpaHXeBbIX .
ITPOH3BOAHBIX

8L _ 0L _ 5 OL"
8  9g° * gt
ofpalljaioTCsl B JUBEPreHINH, a HMEHHO:
oL
gaqa; [m_abqb:':-'_'auj,'i’ (HI.Q)
y. (2 A
oL , :
It = g I (M1.3)
9 Bax. 4% ‘




Ha3LIBAETCA TOKOM CHMMETpHH moJie#t q°, o'raeqaromnm reHeparopy
I rpymmn G. ,

“Ha skcrpeMansix, T. e. peleHHsX ypaa*ne:mnn Jilnepa—Jla--
rpamxa

5L

—0 =
W 0%
toxgectsa (I11.2) nmpunumalor Bun
a“./g; = 0 (I—II.4)

JOKAJbHOTO 33aKOHA COXPAHEHHA TOKA CUMMETPHH IoJieil g“.

Bropas teopema Herep [lycts ¢dyskumonan S HHBApHAHTEH
OTHOCHTEJbHO JoKanbHOH rpynnsl G(X) ¢ 3akoHom mpeobpaso-
BaHUH

. Imdo™ (x) : q*—>1n%q°80™ + bn®0,00™,
rae b,%* He 3aBHCHT OT X. Torga HMEIT MECTO 7 TOXJAeCTBEHHLIX

COOTHOILIEHHH MeXAYy JdarpaHaKEBbIMHU HpOHBBOILIHblMH OT HUX.
U3 ycaosust 65=0 cne}lyer

oL a b alL m —— 0 [ aL} bl '
[ dq* Insq OH( _8¢¢ b )} 00 "1 a7, Infeq B0
a m 6 apl 1
-} aq b Va M0 6q b J (T1L.5)

Ecan teneps npounterpuposats (II1.5) mo xakoit-anbo obaactw,
Ha rpanuue Kotopo# dw™, 0,00™ wmCUe3aloT, MHTerpaJ or MNpaBoH
yactu (I11.5) o6parurca B HyJb, M_B CHJAY IPOK3BOLHOCTH dw™
10J1yuyaeM HCKOMble COOTHOLUEHHUA
SL

6 a [mabq =aH' (bzlu 84° ) (HI6)
OHH npeAcTaBJsfior co6oil ycaoBHA CBS3W HA ypaBHeHus JHaepa—
Jlarpanxa, KOTOpble TeM CaMblM He SBJIAIOTCA He3aBHCHMBIMH.
. C px yuerom ofpamiaercss B HyJsb M VIeBas UYacTb YypaBHEHWH
(I11.5)

661; [mab qb> 6mm;+ (J};;—{‘

(003, + o ) dudamt
+aa bauavémm:O“

OTkyna, B CHIYy TPOH3BOJBHOCTH 8™, MpHpaBHHBas B 3TOM ypaB-
HEHUH K03 pHIHEHTH NpH Gm 060) 0,0,00™ HyJI0, noJydaem

ap,J”‘ + an mabqb=03

bau O’ ’ m.7
= L (0

e 4
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oL °*

SO peviy O Vpan =,
aqa,,,. ‘+ aqa'vi ,

5TH ToXAecTBa HA3MWBAIOTCA TOXAECTBaMH BTOpoOl Teopemn He-

tep. ITepBoe u3 HuX coBmagaer ¢ toxiaectsoM (I11.2) mepo#t Teo-
peMer Herep.

Hpnnoxeﬂue 11. HHBOJIIOTUBHBIE AJITEBPDI.
NOAOXHTEJIbHBIE #OPMbl H NPEJCTABJIEHHS

PekomenayeMas aureparypa [5l1, 52].

Anre6pa B uap nojem KoMmjeKkcHblx uyHcenl C HasblBaeTcs HH-
BOJIIOTHBHOH, €CJH CYILIEeCTBYET Takoe omﬁpa)xeﬂne b—b* anreb-
pH B B ceﬁﬂ, Ha3bBaeMOe HHBOJIOIHEH, uTo Ajst J06bIX a, b B,

reC
(b*)* =b; (a+b)*=a*+b*,
(AD)*=Ab*, ~ (ab)*=b*a*;
6%l =Ibll, ecain B —mHopMupoBanHas aaredpa. DjeMeHT b*

Ha3bIBAeTCA CONpPAXKEHHBIM K b. DJjemeHT be&B HasmiBaercst 3p-
MHTOBHIM, €CJIH b*=Db.

C*-anre6poii Ha3bplBaeTCss TakKas HWYBOJIOTHBHAs OaHaxoBa aJi-
re6pa B, uro ||bl12={|6%b]].

B ,ua.ﬂbneﬁmem npepnonaraercs, yro B — HHBOJIOTHBHAA aJ-
reGpa c enuHulled U ecan B Hopmuposana, 1o |[1sll=1.

Jluneitnas Qopma [ Ha B HasHBacTCs [OJOXKHTEBHON, ec/JH
[(b*b) =0 pmas mwboro besB. OHa onpeneasier Ha B CcTPyKTypy
npearuab0eproBa npocTpaHCcTBa:

(a, b)=f(b*a), f(b*a)=f(a*b), |[(b*a)|*<f(b*D)(a*a)..

Ecau B — C*-anrebpa, takag Gopma HenpepbiBHa Ha B, |Ifll=1,
H OHA Ha3bIBAETCH COCTOAHHEM B.

[Iycts H —ruasbeproBo npoctpancrso. [lpenacrasienuem . B B
H nasmiBaercss romomopduam nt aarebpnl B B aare6py B(H) ne-
npepuBHBIX 3HEOMOpdu3mMoB H. IlpocrpanctBo H masbiBaercs
MPOCTPAHCTEOM TNPEACTABJICHHS . [oBopsaT, 4t0 gBa npeacras-
JeHHA n M 7' aare6ps 8 B H u H’ 3KBHBaJeHTHBI, €CJH CYyILeCT-
Byer H3omopcduam U ruanbeproBa pOCTPAHCTBA H na THABGeP-
};OB% npocrpaHC'rBo H’, nepeao;mmnn n(b) B 7/(b) mns mwboro

= .

Ilycts n—npe,nCTaBJleHHe B B H u heH. 3ambikanue n(B)h
eCTb 3aMKHYTO€ BeKTODHOe HOANPOCTpaHCTBO [, HHBapHaHTHOE
orHocuTe bHO m(B). Ecan 3to moanpocrpancrso ects H, To 10BO- -
PAT, 4TO A — TOTANU3UPYOMK: (UHKIHYECKHH) BeKTOp AJA .

[Ipexcrasnenue n anre6pni B B H naspiBaercsi HeBHIPOXKIEH- -
HHM, €CJH HE CYILIeCTBYeT -TaKoTo 3ieMmenTa heH, KOTOpHII mepe-
Boauicd O6H B Hy b BceMu omepatopamu x(b). Jo6oe HEBH POXK-
AeHHOe npejcraBjeHdHe B ecTh rmab6eproBa cyMMa npe.u.c'raane-
HHA, ZONYCKaOURX TOTAJIH3HPYIOUIHA BEKTOP.

: HeHleesBoe NpeACTaBIeHHEe T aare6pH B B rmmdep'ronou
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npocrpancTBe [ Ha3nBAETCH TONOJIOTHYECKM HENPHBOAHMBIM, €CJIU
¢AUHCTBEHHBIMH 3aMKHYTHIMH BE€KTOPHBIMH noxnpocrpaﬁcq*aam'n H,
MHBADHAHTHHIMH OTHOCHTEJbHO n(B) spasiiorcst {0} u H, wmiu, k-
BHBAJICHTHO, €CJH J000i Heuynesou BekTOp H @BIfeTcs TOTAIH-
3HPYIOILHM AJi 1.

Ecnu n — npencrasnenne B 8 H uw heH, o b—(n(b)h|h) —
noJioxurenbHass (popma Ha B, Koropas Ha3bBaeTcs oRpejelse-
Mo#t wv W h. das (pnxcnposafm@ O 7 W NepeMeHHOro A moayuaem
(OPMBI, KOTOPBIE Ha3bIBAIOTC CBA3AHHBIMH ¢ . [lycth ;t u o/ —
npeacTasjenus B s H u H’, ahnl/—nrora AUSUPYIOLLHC BEKTOpa
COOTBETCTBeHHO Aas 7t u 7. Ecaum n(b)h]h)— (7' (YW |H') nas
BCSIKOrO beB, To CyL1ecTByer eAHHCTBeHHbI u3oMopdhusM H Ha
H’, mepesonsimuit w8 n’ u h B K.

O6patHo, nycTh [ — nogao:kuresbHas (opma Ha B, N;— nesbiii
uaeas B B, o0pa3oBaHHbII TakuMH 3J1eMeHTamu b B, urto
f(b*b)=0, u Hf — I'uJIb0EepTOBO  NPOCTPAHCTBO ~— HONOJHEHHE
¢axrop-npocrpancrsa B/N;. Hna Juwoboro be&B  onpemeanm

n(b) —oneparop B Hf——B/Nf, ABJSIIOIMACS DPOJLOJKEHHEM olle-
patopa B B/Ny;, BO3HHKAIOWEro NpH Depexoge K (akTopy H3 ofie-
paropa JeBoro ymHoxeHHs Ha b B B. llycts h — kanonuueckuii
obpas3 1 B Hy. Torga:

oro6paxenue b—n(b) ectb nmpeacrasnenune B B Hy,

h — Toranusupyoui sektop Aas n(B);

f(b) = (n(bYh|h) anst mobGoro bB.

Taxkoe mpeacTaBJeHHe 71 M BEKTOP A HasbBalTCs OnNpeaesse-
MBIMH hopmoi f.

Ilycts [ —moaoxureapHass ¢opma Ha B, m u h-—upeiacras-
JeHue W BCKTop, onpexeasieMbie f. Torma noJioxureabHass Qopwma,
onpenenseMas nt u i, ecth [. O6paTHO, BO3bMEM 7 — NpenCcTaBJe-
Hue B B runp6epToBoM INpoCTpaHCcTBe f-—H BeKTOp A, TOTaJH3H-
pylournii  ans n. Ilycre [-— nodoxurenpHas dopwma, onpenense-
masg n B h. Ilyere m” W h’ — npejicTaB/eHHe M TOTAJH3HPYIOLLHIT
BEKTOp, onpeaensemble f. Torga cyliecTsyer eXMHCTBEHHBINl ~H30-
mopdusm H, Ha H,', nepesoasiiunii n B n’ u A B A/,

Npuanoxenue III. HEIHHEWUHDBIE
NMPEACTABJIEHUSt TPYHII

M3naraemblli MeTOH MOCTPOEHHSI HEJUHEHHBIX MNpeacTaBJeHHH
rpyni 6b1 Apefdoxed B paborax [61, 120] u geasercd wacTHHIM
cJAyyaem MeTOZa HHAYIMDOBAHHBIX mpeacranieHuil [273]. .

MHnyunpoBanHoe npeactaBneHue rpynnsl G, umeoued nox-
rpynny. H, ctpourcd Ha MHOXeCTBe (DYHKUHH [ (a) onpeaeJeHHbIX
Ha (pamop npocrpaHcrse G/H v NpUHHMAKIHX 3HaYeHHS B HEKO-
TOPOM HpocTpancTse V npeAcTasienuss noarpynmel H. ,U,eucmne

HA TaKUX (YHKUHAX HMeeT BH]

Gog:f(o)=f (') =h-'f(g(0)),  (TIILI)
tae Hoh= 85' 8" goH go» 5'— GUKCHPOBAHHEE IPEACTABHTENH
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KJ1accoB cMexHocTH 0, o'=G/H. Tlpu stoM BUA /1 H TeM CaMbIM
- pgeficrBua (ITII1.]) cymecTBeHHO 3aBHCHT OT KOHKpEeTHOro Bbibopa
(DUKOHPOBAHHBIX TIpexCTaBHTENEH Lo

[Iycte G — rpynna JIu, 1 H — ee xapTaHOBcKas MOArpymna,
T. e. reneparopsl /o, Fo rpynns G, rae I, — reHeparopsl NOATpyn-
nel H, yZOB/JETBOPAIOT KOMMYTAUHOHHBIM COOTHOIIEHHSIM =

Up L) =l [FaFal =il [Fo» 1] =l Fy. (TNIL2)

B HekoTOpO#i OKpecTHOCTH eXHHHUB l; rpynubl G BesKHI ee 3Je-
MEHT MOXET ObITb OJHO3HAYHO NPeJCcTaBJdeH B BHJE

exp (0°Fa) exp (hel,). (ITIIL3)

O npuHanJeXUuT Kiaccy cMeXHocTH o= (0%)=G/H, npeacranu-
T€JIeM KOTOpOTro BLIbUpaeTcs 3JeMeHT

gs=exp (0%F,).
Pacemorpum nefictBrue G Ha g MEBBLIMH CABHIaMH
gexp(o®F,) =exp(0’*F,) exp (hel,) (TTI11.4)

M TIOCTPOMM WMHAYUMPOBAaHHOE npexcTaBieHHe ( Ha IPOCTPaHCTBE
G/H XV 1o dopmyae

g: (o, v)=(0’, (exph®ls)v), | (TTII1.5)

rae ¢’ u hly onpepensitorcss w3 (I11I11.4). KonkperHwe Bhipaxke-
uust past (I1111.4), (TIII1.5) MOXKHO MmOAY4UTDb, €CJAH Or'paHUUHTLCS
B (TIII1.4), (ITII1.5) wunduHHTE3UMaJbHBIMH 3JeMeHTaMu g=U H
nepeiTH K npencrasaeHuio aare6pst JIn @ rpynns G:

Fy:0%Fq—>0'%Fg = Fy+ ¥ an[... [Fy, 0%Fo], ...
s 2k

. 0%Fy) —_2 a,[...[0%Fq, hel], ... kol ],  (IIIL.6)

n=1\

hala:£ (ng..1[.-- [FvsdaFa]a---:UaFa];
-t 2k—1

[,:0%F,— o'% Fy == 22 Aok [ [l 0%Fgl, ..., 0%Fa], (II.7)
k=1
rre Ko3(G(UUHEHTH @, HAXQIATCA NO PeKypPeHTHo# dopmyJe

n a;
(n+ga.)1 =2(n+1——£)l ‘

B ¢usnueckux NpHAOKEHHSX O O6BLIYHO CUMTAIOTCA MAJdBIMH H
B sorpaxenusx (IT111.6), (T1I1.7) orpaHuuHBaOTCH BTOPHIM 0O-
paakoM no o. [Ipeacrabienne @ Ha (o, v) B 3TOM CJaydyae HMeEeT
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~ B‘HA "
vy 1
% = % i (e — By ) 0%
F,:
vF v’k = —;-cga ol F o,
(TTIIL8).
[ 0% g'% = % o®, N

ae
Uk __)_v’k —_ Iaklvz'

OHO HeJAHHeHHO N0 3JeMeHTaMm 0.

a

Mpunoxenue IV. TAYCCOBbl HHTEIrPAJIBI

FayccoamM Ha3bBAE€TCA HHTErpana BHAA
I=[[d¢]lexp{—"1> (. M)+ (n, ¢)}, (MTIV.1)

rie ¢, 1— JeMEHTE HEKOTOPOro BEKTOPHOro mpocrpaHcTBa @,
M — auHefinnlii onepatop B Q, (, ) — Ouiunefinas dopma B Q,
[dg] — mepa Ha Q. Ecoiu M HeBHpOXKpeH,

I=(det M)-12exp{l/s(n, M~In)}. (TTIV.2)
Yacto ynobho HCTOAB30BATh npeACTaBJIeHUe '
det M=exp (tr In M),
rre tr osmauaer caen oneparopa. Torma (I1IV.2) npunumaer BHA
T=exp{—lfstrIn M+1/3(n, M~y)}. - (T11V.3)

Pacemorpum rayccos wunrerpasa (I1IV.1) kak 3aBucsaiuiuii or
napamerpa 7 M, aupdepeHuUHpys ero no KOMIOHEHTaM BeKTopa 1,
noJay4um ¢opMyay ajs HHTerpasaon OGoJee obuiero BHia

j[drp} @i, - .. i, €XP {—~-§-(q>, Mq))+(n,|<p)] = -

0 d 1 ]

- cm—exp [— - Ar InM - = (1, M~ } V.4

ony, M p{ 2 N M- )

[Ipn kBanTOBaHHM (GepMU-TIONEH HCIOAB3YIOTCH HHTErpassl IO

AHTHKOMMYTHPYIOUIHM TepeMeHHBIM 1, P — 3JeMeHTaM  aJjareSphl
['paccmana. B stom cayuae

1= [d] [d] expf—pMy +mp+pn) =
= (det M)exp{nM~n}. ' (TTIV.5)
[logpobHo cBOHCTBa rayCcoOBBIX HHTErpaJjoB, MeTOXBI byHKIHO-

HaJbHOrO HHTErpHPOBAHMS ¥ MX IpHMeHEeHHe B KBAHTOBOH TEOPHH
“u3Joxedsl B [b3, 274, 54, 57, 42].
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