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— CTaTUCTHYIECKas (statistical
hypothesis) [I/10

I'morroxpononorusa (glottochronology)
I/8

I'omocosanue (voting) I11/73

I'pad (graph) IV/5

— cBa3HBIA (connected graph) IV/5

— cnydaiHbii (random) graph) IV/5

— yHHUBepcalbHBIA (universal graph)

IV/5

I'padber  u3somopdueie  (isomorthic
graphs) IV/5

Henurens BEPOATHOCTHOTQ

pacnpenenenus (factor of a
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Jlemma bopens—Kaumennu (Borel—
Cantelli lemma) III/76
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Ommibku 1-ro u 2-ro poxa (type I and 2
errors) 11/10

ITapamokc heppu (Berry's paradox) IV/4

ITepuon nmomypacnana (half-life) 1/2, 8
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I1/10

—  HE3aBHUCHUMOCTH
testing) I1/13n

IIpogomxurensHoCcTh X u3HU (life span)
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/10, 1I/2 u np.
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8
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/11,111, 5, TIV/1 u np.
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/12
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Pacrnipenienienus B3auMHO IIPOCTHIE
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IV/12

— (pysxkmus (distribution function) 1/4

— — cuHryngpHas (singular
distribution function) IV/136

— — coBMecTHas (joint distribution
function) 1/4

Perpeccus (regression) II/5, 6

— nuHelHas (linear regression) II/13u

Pynerka (roulette) I/5

Cseptka (convolution) IV/9

— MyIbTUIUIMKaTHBHasA (multiplicative
convolution) IV/9

Cennoras Touka urpsl (saddle point of
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Cepun u3 tepboB wiau pemek (run of
heads or tails) 1/9, 138

Curma-anrebpa (sigma-algebra) IV/
/Beej.

Crnyuqaiinas BenuauHa (random variable)
/2

CrnyugaiiHoe anreOpandeckoe ypaBHEHHE
(random algebraic equation) IV/5

— omyxpanue (random walk) I11/5

— none (random field) I11/73

Cny4aiiHOCTh M cnoXHOCTH (random-
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variable) cm. Maremaruueckoe
OKHJIaHUE

CranmaptHoe oTkinoHeHue (standard
deviation) 1/4, 1I/2 u np.

Cratuctuueckoe obmectBo B JIoHI0HE
(London Statistical Society) II/13a

Croxactuueckuii rTeisep (stochastic
geyser) 1V/13x

— uHTerpan (stochastic integral) I11/3

Croxactuueckoe mud@epeHIUATBEHOE
ypaBHeHUE (stochastic differential
equation) II1/3

Crparerus (strategy) 1/12

— ontuMansHas (optimal strategy) /12

— cMmemaHHas (mixed strategy) 1/12

— gucrad (pure strategy) 1/12

CxoauMoCTh O BepOATHOCTH (conver
gence in probability) 1/9

— ¢ BepoATHOCTEIO 1 (convergence
with probability 1) 1/9

Tabmunel cMepTHOCTH (mortality tables)
I/8 Teopema baiieca (Bayes'
theorem) II/1, 9

— banaxa— Tapcrozo (Banach—
Tarski theorem) IV/2

— bonvymana (Boltzmann theorem)
IM1/2

— Bonvoa (Wold's theorem) III/7x

— Hapmya— Crxumoeuya (Darmois—
Skitovic theorem) IV/10



— Jupuxne (Dirichlet's theorem) IV/1

— Koamoeopoea (Kolmogorov's
theorem) 1/9

— Kpamepa (Cramer's theorem) [V/11

— Jleeu— Xunuuna (Levy—Hincin's
theorem) IV/9

— Mapyunresuua (Marcinkiewicz
theorem) IV/10

— Heitimana o muaumaxkce (Neumann's
minimax theorem) /12

— Hoiia (Polya's theorem) III/5

— upenensHas Myasepa—Jlannaca de
Moivre—Laplace limit theorem)
I/10, 13u

— — 1eHTpansHas (central limit
theorem) I/10

— Depma (Fermat—conjecture) IV/4

— Yrncyna— @yxca (Chung—Fuchs
theorem) I1/13n, I11/76

—  Ounwmeiina (Einstein's theorem)
II1/3

Teopuss Konmozoposa (Kolmogorov's
theory) IV/Bge.

— Pobuncona (Robinson's theory) IV/8

dazoBoe upocTpaHCTBO (phase space)

IV/Bgep.
dakropuzanus (factorization) IV/11
dopmyna Cmupnunea (Stirling's

formula) I/10
— Illennona (Shannon's formula) II/11
®paxkransl (fractals) III/3
DYHKIUAS THIIEPTEOMETPHUISCKAS
(hyper-geometric function) II/5

— murae He guddeperupyemas
(nowhere differentiable function)
/3

— noteps (loss function) /12

— — KkBaApatu4dHas (quadratic loss
function) 1/12

— upousBoAAnIas (generating function)
/1, 2

— pucka (risk function) 1I/12

— Xapakrepuctuaeckas (characteristic
function) TV/11

Ilens Mapxoea (Markov chain) III/2
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MPEAMCNOBUE PEOAKTOPA TEPEBOLA U NMEPEBOAYMKA

JII0GONMBITHHI OTHLICKHBAET DEAKOCTH TOJb-
KO 3aTteM, 4YTOOBl MM VIHBJATLCA; J060-
3HATEJBHRIA e — 3aTeM, UTO6bl V3HATh IiX

H nepecraTb YAUBJIATHCA.
P. [exapr

Hacroamaa knura npeacrasiser coGoft 3aMmeuarTenbHoe cobpa-
HAC HEOXHAAHHEBIX, NIPOTHBOPEYANINX «3APaBOMY CMBICJAY» BHIBOJOB
H YTBEpXKIEeHHH, KOTOPBIX HEMAJO B TEOPHH BEpPOATHOCTEH, MaTeMa-
THYECKOH CTAaTHCTHKE, TEODHUH CJAyYaHHBIX IPOLECCOB, U aHAJH3 KO-
TOPHIX BejleT K OoJiee Tiy6OKOMY NMOHHMAHHIO 3THX NIPEAMeTOB. AB-
TOp TOKa3bIBa€T, KaK paspeuleHHe pasJHYHBIX NapajoKCoB, CBHA-
3aHHBIX CO CJYYaHHOCTBLIO, CIOCOOGCTBOBAJO BO3HHKHOBEHHIO H
Pa3sBUTHIO TE€OPHH BEPOATHOCTEH M ee INpHJOKeHHH. B KHure pac-
CMATPHUBAIOTCA KakK NapajJoKChl, CTABINHE YyXKe KJACCHUYCCKHUMH, TaK
H HEOXHAAHHBIC DE3YJbTAThl HOCJEJHHX JeT, pa3bpocaHHbIe 10 XKYP-
HaJbHEIM cTaThsaM. [letanbHo pasbupaercd okosao 50 mapagoKkcos.
Jli1si KaXk/10ro npHBOJHTCS HCTODHS €r0 BO3HUKHOBEHHS H PAacCKa-
3bIBACTCSL O NEpBLIX, He BCErjJa YAaYHBIX TIONBLITKAX €ro paspelle-
HUsS, 3aTeM (POPMYJNHPYETCA caM NapajoKC U JAeTCs ero o6bsicHe-
HHe C TOYKH 3peHHs COBPEMEHHEIX IIpeldcTaBJeHH#, paccMaTpH-
BAaIOTCS pasanyHble 000OLIEHHS TapajioKca, Ba)KHeHInHe MOHSTHS U
(bakTH M3 TEOPHH BEpOATHOCTEH W ee NPHMEHEHHMI, HA YCTAHOBJE-
HHe KOTODBIX IIOBJHSIJIO paspellleHHe AaHHOro mnapajaoxkca. Kpome
JeTaNbHO pa3oOpaHHBIX B KHHTe NPHBOAATCS Takxke Gosee 50 mapa-
JIOKCOB, MOAPOOHHIA aHa/JM3 KOTODHIX TIpejaJaraercss IpOBeCTH YH-
TaTeJssiM,

Inasa I «Knaccuyeckne mapamokcel TeOpHH BEPOSITHOCTEN» CO-
JIEPIKHUT pa3dop TaKHX UIMPOKO M3BECTHHIX 3a/ay, KaK NapajiokC Je
Mepe, 3afiaua o cnpaBeAJHBOM pa3sjiesie CTABKH, NapaioKc bBepTpa-
Ha, merepOyprckas urpa M T. I. Has uutatenelf, KOTOpHE TOJDBKO
HaYHHAKOT H3y4YeHHe TeOpUH BepOSTHOCTeH, 3Ta TIJaBa HHTEpecHa
TEM, YTO B HEH B YB/JEKATCIbHOH JOCTYNHOH (GopMe H3J1araiorcs
(GbyHIaMeHTa/bHble MNOHATHS TCOPHH BePOSITHOCTEH: KJI4CCHUECKAs
H T€OMETpHYCCKas BEePOATHOCTH, YCJOBHBIC BEPOSTHOCTH, PYHKIUS
pacnpenejaenus, IJI0THOCTb, MOMEHTHble XapaKTEePHCTHKH, Nyacco-
HOBCKO€ M HOpMaJbHOe pacnpeie/ICHUudA, 3aKOH OOJBIINX YHCEeJ U
EHTpaJbHast npefcabnas Teopema. OCHOBHAS uwacTh RIaBhl NpocTa
A TIOHUMaHHSA U MOXKET OLITh HCIOJAb30BaHa B paBoTC MIKOJbLHBIX
MaTCMAaTHUYCCKUX KDPVIKKOB. s Tex, KTO yKe 3HAKOM ¢ Teopuel
BCPOSITHOCTCH, OVACT HHTEpPeCHA HCTOPHA BO3HHUKHOBCHHS H DOHIC-
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HEST KJAACCHYECKHX mapajlokcoB. JIWOOONBITHB TakXKe 3aaayl, IMOA-
po6HbI aHaJH3 KOTOPBIX OCTaBJIE€H UMTATEJsIM, HAPHMED Lapalokc
DBopeas o ciayualiHOH TOUKe Ha MOBEPXHOCTH Ilapd, 3ajlaia o CTpa-
XOBAHHH HMYILECTBA M Ap. 3aKAHUMBAETCA IMlaBa ABYMsi COQU3IMaMH
JIbtonca Kappoa/aa, CBA3AHHBIMH ¢ MOHATHEM BEPOSTHOCTH.

B riaaBe Il «[lapajokchl B MaTeMaTHUYECKOH CTAaTHCTHKE» pac-
CMATPHBAIOTCS BOMNPOCH], KacalollHecs OLEHOK MO METoAaM Hal-
MeHbIIHX KBaJpaTOB M MAaKCHMaJbHOIO NpPaBAONORO0HS, DErpeccHH,
JOCTATOYHBIX CTATHCTHK, JOBEPHTE/JAbHLIX HHTEPBaJIOB, NIPOBEPKH TH-
mores U T. A VHBIME CJOBaMu, OHa COLEPKHT Ooratrbld MaTepHuad,
KOTOPBIE MOXKHO HCIOJb30BaTh B KypcCax JEKUHH IO MaTcMaTHue-
CKOH CTAaTHCTHKE, HJAJIOCTPUPYS TPAHHLULI NPHMEHHMOCTH CTATHUCTH-
yeCKHX MeTOJOB M ofpalilasi BHUMaHWe Ha TO, UTO CTATHCTHUECKHE
BBIBOJABI CINpaBeAJHBHl JHIIb [PH BHINOJHEHHH ONpEeJCHHBIX BEpO-
SITHOCTHBIX ycJioBHH. HekoTopwie yTBepXKAEHHS NPOCTHI, HAlpHMeEp:
He Bce cJyuyafiHble BeJUUHHB C HYJEBBIM KO2(PPHUIHEHTOM KOppEIs-
uuu HeszaBHcHUMBbL. OnHako 6oJblras 4acTbh [apajoKcOB MeHee Oye-
BHJHA, HANpHUMep IapagoKC O CYIIeCTBOBAHHH OLEHOK Oosee Q-
(G EKTHBHBIX, YeM OLEHKH MaKCHMAaJbHOTO NpaBAoNofobus.

Famasor 111 u IV nocesilieHsl nmapagokcaM, OOHAPYKEHHBIM CpaB-
HUTEIbHO HeJaBHO, HaNpHUMep MapafokcaM CJydaHHBIX MPOIECCCOB,
MOZEJHPYIONX OGPOYHOBCKOE ABUXKeHHe, H30HpaTe/bHble KaMIaHHH,
AesTeqbHOCTb GoHmoBol Oupxu u T. 0. B raase IV wmupe, uem B
APYTHX TIJaBax, NpeACTaBJeHbl CBA3H TEOPHH BEPOSTHOCTEH C JApY-
FHMH HayKaMmu. 3[4ech U TEOPUS UUCeJ, U KBaHTOBas (PU3HKaA, H MOJe-
JAUpOBaHHe IICeBAOCJAyuYaHHBIX uyHcel Ha IBM, n HecTaHAapTHBHIA
ananus, u kpunrorpadpus. O6cyKAAOTCA U UHCTO BEPOATHOCTHBIC HE-
OKHUAaHube QakTh, TakHe, KakK CyllecTBOBaHHe HeOe3rpaHHyHO Je-
JUMBIX KOMIIOHEHT y Ge3rpaHuuHO JeJHMBIX pacnpeleseHun.

B nocaeaHell raaBe Ha HECKOJBbKHX INMPHUMEpax HJAJIOCTPHPYETCH
MBICJIb aBTOpa O TOM, YTO MaTeMAaTHKa, KaK H OOJBbIIMHCTBO pasjie-
JJOB HayKH,— 3TO HCTOPHUS NapamOKCOB.

KHura HanucaHa XHBO H YBJIeKaTesJbHO. Ee Marepuals MOXKHO
HCII01b30BAaTh B BY30BCKHUX KypcCax JEKIUHH 10 BEPOSITHOCTH W CTa-
THCTHKE ¥ NPH CAMOCTOATEJbHOM H3YUCHHH 3THX AHCUUIJIHH 4
6oJiee rMyBOKOTO H AKTUBHOrO OBJAAECHHUSI NIPEAMETOM.

[Ipu pabote Hajg mepeBOAOM ¢ aBTOPOM MOJAEPKHBAJCT IMOCTO-
JHHBIH KOHTAakT, 4YTO cnocoOcTBOBAJO OBLICTPOMY peELIeHHIO BO3HU-
KaBIIHX BONpocOB. Pycckuii mnepeBoJ HECKOJbKO OTJAHYACTCA OT
AHTJUHCKOIO OpHMruHaJfJa, B HEro BHECEHBI M3MEHEHHMs U YTOUHEHHUS,
NpeaJOXKEHHbIE ABTOPOM IJISI PYCCKOTO M3 aHHUS.

MockBa, despannr 1989 r. B. Ca3onos
B. ¥avanos



APEANCINOBHME K PYCCKOMY MU3OAHMIO

7l oucHb pan mepeBOAY MOEH KHUTH Ha DYCCKHH SI3BIK, 3TO 60JIb-
rast 4eCTh JJisl MeHsl, TAK KaK Ha MOH HCCJACAOBAHHS N0 TEOPHUH Be-
POSITHOCTCH OKaszaJsd BJHAHUE pabOTBl MHOTHX COBETCKHX MaTeMa-
THKOB. OTMmeuy, uto coBMecTHasa ¢ M. Pyxelh monorpacdus no anare-
OpanyeckKod Teopun BeposAtHocTed (Wiley, 1988) 6nlia BIOXHOB.Ie-
Ha B OcHOBHOM TtpydaMu A. §I. XunuunHa, [O. B. Jlungmka wu
M. B. Octposckoro. § Hukorna ne Bujgesa XunHuuda u OCTPOBCKOIO,
HO Berpeuadcd ¢ 0. B. JInnnukowm, a takxke ¢ A. H. Koamoroposeim
u b. B. I'nelledko. Bce OHHM CTHMYJHPOBaJH MOH jaJbHeHIIHE HC-
CACA0BAHHUS H OOelladu COLeHCTBHE B NMyO6JMKANMN KHHIH 110 Iapa-
JOKCaM Teopun BepoATHocTed. K coxanenuio, Hu JInHHUKY, HH KoJ-
MOTOPOBY H€ IIpHULJIOCH IPOYUTATHL 3TY KHHIY, HO B 1987 r. B Mo-
CKBE€ sl CMOI' NOJAapHTh 3K3CMIJAAp KHHI'H Ha AaHIJIMHCKOM S3BLIKe
npogeccopy I'HegeHKo, KOTOpBIH OblL1 €O MHOH OueHb JIOGE3EH.
3/ecb A elle pa3 xouy 1o6.1aroJapuTh ero 3a roCTeIPHHMCTBO.

Hageroch, 4To MOsI KHHTa NOHPABUTCS COBETCKUM YMTATEJaSM, H

OHH INIPOYTYT €€ C UHTEPECOM.

Bynanewrr, maii 1988 r. ['abop Ceckeli



NMPEANCNOBUME PEOAKTOPA CEPHMA

[Ipucrynaii Kk petlenutdo cBOHX npodaeM
npasMJbHO H HauuHail ¢ oTBeTOB. TOrjAa,
BO3MOXKHO, OJHax»Abl Tbl HaHAeWb [JaB-
HBIH BOHpPOC.
«OTWEADHUK G MNCYPABAUHLIX NEpPbh-
ax» 6 kuuee P, san I'yaura «Youi-
CT8A 8 KUTQICKOM AQOUPUHTE>

Jleno He B TOM, 4TO OHH He BHAAT pelle-
nua. Jlesio B TOM, YTO OHH He BHAAT IpO-

OJ1eMbl.
I'. K. Yecrepron. «Uctpue 6yaas-
ku» u3z c6opuuka «Crandaabroe
npoucuiectgue ¢ otyom bpayrom»

Bce Bospacraiolilasl CllelHaju3alis H pacrylllee MHOroodpasue
HanpaBJcHull B MaTeMaTHKE NPUBEJNH K MOABJICHHIO MHOXKECTBA MO-
Horpadguii ¥ y4eOHHKOB IO pa3/jHUYHLIM CIELHHAJbHBEIM BONMPOCAM,
YHCJIO KOTOPHIX NOCTOSTHHO yBesnunBaercs. OAHAKO «AepeBO» MaTe-
MATHUECKHX 3HaHMH W CBA3aHHBIX C MaTeMaTHKOH HayK pacTeT He
TOJIbKO OJarojapsi MOsIBJIEHHIO HOBHIX BeTBel. [l0CTaTOUHO 4acTo
cayyaercs TaK, YTO HalpaBJjieHHs, CUMTaBLIMeCs COBEPIUEHHO pas-
JAYHBIMH, OKa3bIBAIOTCS BJAPYT CBsi3aHHBIMU.

MarteMmaTHuecKkie 3HAHHSI U YpOBeHb HX NPHMEHEHHS B pa3JiHhu-
HBEIX HayKax 3a NOCJAeJHHE IOkl B 3HAUUTEIbHOH CTENEHH H3MEH:-
JHUCh: TeOpUsi Mepbl (HEeTPUBHAJIbHO) HCHOOJb3yeTCss B 3IKOHOMHUe-
ckofl reorpad)uu W TEOPETHUECCKOH 3KOHOMHUKe; aJjredpanueckas reo-
MeTpus B3auMojeficTByer ¢ (U3UKOH; JeMMa MUHKOBCKOrO, TEOPHS
KOJAHUPOBAHHS U CTPYKTypa BOJABI BCTPEYAIOTCA B TEOPHUH YIIAKOBKH H
MOKPLITHS, TeOpHsl FOMOTONHH OKa3bIBA€TCsl NMOJEe3HOW B MaTeMaTH-
yecKOM IPOrpaMMHPOBAHHHM, IIPH H3YUYCHHHM KBAHTOBBIX IIOJIEH H Jie-
GeKTOB KpHCTaMIoB; aareGpel JIn cBA3aHBl ¢ QuabTpalHed; IpH
IIPOTHO3HPOBAHHKM H B 3JEKTPOTEXHHKE NPHMEHHMBI IIPOCTPAHCTBA
[Ltefina. M1 B LOIOJHEHHE K TOMY BO3HHKJH TaKHe HOBBble NHCLIHII-
JUHBI, KdK <3KCIEepUMECHTA/JbHAass MaTeMaTHKa», <«BBIYHCJAHTEJNbHAS
THAPOJAMHAMUKA», <BIIOJHEe HHTErpHpyeMble CHCTCMBI», «Xaoc, CH-
HepreTHkKa W AaJbHUH HOPAAOK», KOTOPble HOUTH HEBO3MOXKHO TOJA0-
FHATL NMOJ ye CYLIECTBYIOLIHE CXeMbl KJacCHpHUKAlLHH. IDTH JAHC-
IHOJMHE ONMHPAIOTCA Ha pas/JuuHble pasjenb MartemaTHkd. Hama
nporpamMmma «MareMatuka M ee NPHMEHCHUs» IIOCBSALIEHA HOBBIM Ha-
MpaBJEHUSIM U TAKHUM (HOBBIM) B3aHUMOCBSI3SIM, KaK:

— LeHTpaJbHOE TOHATHE, HIpalollee BAaXHYK POJb B HECKOJb-
KHX Pas3JHYHHX 06JacTSX MaTeMaTHKH H/HJM JADYTHX HayKax;

— HOBBIe NPHMEHEHHWs! pe3yJdbTaTOB M WAEH M3 OJHOH o00JiacTH
Hay4YHBIX HCCJAENOBAHUH B ApPYron 06.acTH,

— BJIMSIHHE, KOTOPO€ OKAa3hIBalOT pe3yJ/bTaThl, NPOOJEMBl H MO-
HATHST OJHOH 006J1acTH HCCJeJOBaHHH Ha pas3BUTHe APYrou obJacri.
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B pamkax nporpamMmn «MareMaTuka H ee NMPHMEHEHUS» Je-
JaeTCsl MONBITKA U3AAaHUS KHUT, TLIIATEJbHO OTOODAHHBIX B COOTBET-
CTBUM C H3JOXKEHHHIMH BHINe NpHHHUNAMU. C NOMOMBLIO TaKHX
KHUT, KOTOpHBIe CKOpee 3aUHTEPCCOBBIBAIOT UHUTATeNell, ueM [aloT
MOJIHYI0 HMHOOpMALHIO O IHpelMeTe, U ABJATCS 60Jiee HHTPUTYIO-
IMUMH, YeM SHUIHUKJIONEeIHYCCKUMH, MBI HaleeMcs Cnoco6CTBOBATH
JyuyllleMy B3aUMOIIOHHMAHHUI CHOEHHAJNHUCTOB B pasHbX 00JacTax
HayKH.

[Tockonbky o6beM HayuHBIX HCCJAeIOBaHHH, MpoBOAHMBIX B Co-
BeTckoM Coro3ze, Bocrounoft EBpome u $InoHuu, oyenb BeaHK, OBLIO
peuieHo o6paTuTh o0cof0e BHHUMaHUe HA pPabOThl, BHINOJHEHHBLIE B
3THX pernonax. Takum o6pas3oMm, OBJIO pelleHO HayaTh H3JaHHe
TpeX pEeruoHaJJbHBIX CepHH B paMKax IJaBHOH mnporpaMmbl «Mare-
MaTHKa W €e NPHMEHEHUST>.

[Iporpecc B mMatemartnke, Kak U B APYTHX HayKaX, BO MHOTOM
onpenessiercss TaKUMM BOINpOCaMH H/HJM pe3yJbTaTaMH, KOTODHIE
3aCTaBJISIIOT, TAK CKa3aTh, BCTPSAXHYTh HAalUW MpPEXHHE TNpelcTaBJe-
HUS H YBHAETb, YTO HOBHIE pelIeHHS W eCTECTBEHHBbI, U MPEKpPacCHHL.
[Tapanokcel, T. e. MpOTHBOpevallHe WHTYHIHH, HO BepPHHE Pe3yJb-
TaThl, BO3MOXHO, SBJAAIOTCA JYULIHM TpHMepoM npobJieM TaKOTo
BHAA. Teopus BepoOsATHOCTEH — HAyKa O CJAYYAHHBIX COOBITHSIX —
Bcerna Onla oco6eHHo Gorata mapajJoKcaMH, MHOrO HX M ceffuac.

M3yuenre n nonumanne Kako#-1u60 06J4CTH HAVKH C TOMONIBIO
MapagoKCoB €CTb, BHJAMMO, OJWH H3 JYUIHLHUX CMOCOGOB Pa3BUTL B
cebe Hacrosmyo uHTynuuwo. Ias Teopuu BeposTHOCTeH NopoGHas
KHUra Obl1a 6B uaea bHOM.

Hpuuem He oO0bgcHuMas 3ddekTurHOCTS
MaTeMaTHKH B HayKax...
Jyzen Buenep

HTo K, ecaw BaM H3BeCTHA JAydlIas PoOJb,
3aHMHTECh €I0.
bprwoc Beiiptcgparep

To, uro cefivac mOKAa3aHO, KOraa-tTo CyIIe-
CTBOBAJIO JHIL B BOOOpAXKEHHH.

Yuream Baeiix

o Tex nop, noka aJarefpa U reoMerpusi
JBHTAJHCb PAas3JUUYHBIMH IIVISIMH, HUX pas-
BHTHe OblJIO MeaJeHHLIM, a TpPUMEHeHHe
OrpalnueHHEbIM.

Ho xorpa »Td nayku oOOBeAHHHJHCH,
OHH HOUEPNHYJIH JPYr Yy JaApyra CBexKHe
CHJABI U B pe3yabTate ObICTPO ABHHYJIHCH
BIIepe] K COBEPIIEeHCTBY.

XKozedh JTyu Jlaepans

baccam, mapr 1956 ¢ Muxeas Xazesunreao



BBEAEHME

CamMoe npexkpacHoe H raybokoe nepexkHBa-
HHe, BHINAjalLlee Ha J0JI0 YeJoBeKa, —
5TO OUIYyIIeHHe TaHHCTBeHHocTH. OHO Je-
JKUT B OCHOBe pEJHTHH H Bcex Haubomee
rIVOOKHX TEHJIGHLHH B HCKYCCTBE H HAVKe.
Tor, KTO He HCOBITAJA 3TOrc OINYIIEHHS,
KaKeTest MHE, eCJIH He MepTBeloOM, TO, BO
BCAKOM CJIVHaAcg, CJIEIIbIM.

Aavbepr IAdnwrelin. Moe kpedo,
1934 1)

3aMeuaTeNLbHO, YTO Hayke, HAayHHaBuUIeicA

C PacCMOTpPEHHS a3apTHHEIX UrP, CYXKJAEHO
OBLJIO CTATH BaXKHEHIIHM 00BEKTOM UesoBe-

JeCKOro 3Hanus...

Ilvep Cumon Jlanaac. Auaautuus-
ckaa reopus sepoarnocred, 1812

Kak u awobas apyras obJactb HayKH, MaTeMaTHKa OTpaxaer
OpOTHBOPEUHs] OKpyxkawulero Hac Mupa. Ilostomy ucropust mare-
MaTUKHU, €CTeCTBEHHO, NMOJHA HHTEpEeCHBIX MapaloKCoB, H HEKOTODHIE
M3 HHX CJAYKHJIY OTIPABHOH TOUKOH OOJBIIHX H3MeHeHHH. OCOOEHHO
Gorara mapajokcaMu MaTeMaTHka caydaunoro. Ilo mHenuio Kapna
[Tupcona, B MaTeMaTHKe HET APYroro Taxkoro pasfnesna, B KOTOPOM
CTOJIb e Jerko JMONYCTHTh OLIUOKY, KaK B TEOPUH BepOsTHOCTEH.
[les» faHHOH KHHTH — MOKa3aTb, KaKUM 00pas3oM 3Ta CTPEMHUTEJNbLHO
Mporpeccupyloniass M WHPOKO NpuMeHseMast o00/acThb 3HAHHH pas-
BUBaJach H3 InapaJokcoB. B KHure clesaHa IONBITKA OCTaHOBHTLCS
Ha TexX BOJIHYIOIHX MOMEHTAax, KOTOpble NpeJmecTBOBaJH HJIH Cpasy
cJellOBaJH 3a pellleHdeM psAAa 3HaMEHHTHX INapaJoKCOB, pPEAKO
YIIOMHHaeMbIX B MOHOrpagHusx. B kKHHre paccMaTpHUBaIOTCS He TOJIb-
KO HHTepecHble, HO He OuUeHb 3HAYHUTE/JbHBIE «KEMUYKHHBI» TEOpHH
BepOSITHOCTEH, JeXalllie B CTOpOHE OT IVIaBHBIX HalpaBJIeHHH ee
pPa3BUTHSA, HAINPOTHB, LEHTpaAJbHOEC MECTO B KHHUTE 3aHHMAalOT IIpO-
THBOpEYHsl, paspellleHHe KOTOPHIX B HAUOOJbLICH CTeneHH CrocobCT-
BOBAJIO MpeONOJeHHI0 (YHIaMCHTAJbHOIO KpH3HCA B MaTeMaTHKE
cayuaiHoro. B KHHTe H3JIOKEHBl TakKikKe Npod/eMbl, KOTOphIe MepBo-
HayaJbHO He paccMaTpHBa/JUCh KakK Napajlokchl. B kHure o mapa-
JOKCax, OYEBHJHO, MOJI)KHA OTPaXKXaTbCAd HCTOPUS DPA3BHTHSI TEOPHH
BepOSITHOCTeH, W MO3TOMY B HayaJe pas3bupalmTcs crapediide Ia-
panoKChl 3TON HAVKH.

Baxxno pasanuaTb mapalokchl U co¢pusMmul. IlepBbie — 310 clipa-
BeJUIHBBIE, XOTSI K HEOXHAAHHLIE YTBCPXKAEHHS, B TO BpPeMsl Kak
BTOpPble— JIOXKHBle pe3yJbTaThl, NMOJYYEHHBIE C IIOMOIILIO paccyxKe-
HUH, ¢dopMaabHO KaXYHIMXCcS NpaBUAbHBIMH. W mapagokch, H co-

"y Ofinnirefin A. Co6panve wHayunnix TpyRoB. DB 4-x Tovax. Maoe kpeno,
T. 4. — M.: Hayka, 1967,
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(H3Mbl OYCHb HHTEPECHBI H INOYUHTEJIbHBI, HO 3Ta KHHIA IVIABHBIM
0o0pasom 1IocBsdllleHa MNapajokcaM (3a HCK/JIIOUYEHHEM, Hanpumep,
«napapokcos» B 1V/1)!). Ilpu ¢opmyJiupoBKe mapaloOKcos s cTpe-
MHUJCSA K TOMY, 4yTOOBl KaxXXABIH Iapaiokc OB siceH caM 1o ceGe.
XOT, OUeBHIHO, YHTATEIIO, He UTpalonieMy B OpHAXK HJIH HE3HAKO-
MOMY C HOpMaJIbHBIMH pacnpefesieHusiMH, OyAeT TpyAHee B TeX CJIy-
HasiX, KOrJAa 3TH ClIeUHaJbHBIe HOHATHA JeXKaT B OCHOBE [apafok-
coB. OQHAKO, uHTasd KHHUTY [OCJEN0OBATEJNbHO ¢ CAMOrO HauaJja, YH-
TaTesdb HaHAer onpejeseHHs BaxKHeHAIIHX NoHATUH. ([IpaBuja urpw
B OpHAXK B KHHIe He H3Jaraiorcs, OLHAKO BCe HeOOXOAHMOE Jf
MOHHMAHHs COOTBETCTBYIOIIETO MapajdoKca B HeH MOXKHO HAMTH.)

KHHra COCTOHT H3 yeTblpex OCHOBHBIX rJaB. OOcyxkKIcHHE KaxK-
JA0ro mapajokca [pPOXOAUT IO CXeMe, COCTOSIeH M3 MATH yacrei:
HCTOPHS, (POPMYJAUPOBKA, 0ObsICHEHHE MapajOKca, 3aMeuyaHns H, Ha-
KOHell, CIMCOK JHUTepaTyphl. B KOHIE KaxXAOH TJaBhl COAEPIKHTCS
elle HeCKOJbKO mapajaokcoB. Onu pa3buparmrcst KpaTKO, HO He IIO-
TOMY, YTO OHH MeHee Ba)KHbl U HHTEPECHBl, a NOTOMY, 4TO JeXar
HECKOJbKO B CTOPOHE OT IVIaBHOI'O HallpaBJIEHUSI KHHTH.

[lepBuifi, KTO BAOXHOBHJ MEHS Ha CO3JaHHe KHHIH O NMapajoKcax
TEOPUH BEPOSITHOCTEH, OLLT MOH I[IOKOHHBIH yuuTedb npodeccop
Anpppen Peubu. D1y uaeo nonzepxana A. H. Koamoropos Bo Bpe-
Ms1 Hallled BcTpeuyu B bypanemrte B 1972 r. B 1976 r. B TeueHue ce-
Mecrpa s1 paboraj B YHHBepcureTe AMcTepAama, rie npodeccop
A. bajkeMa npHBJeK MOoe BHHMaHHe K HECKOJbKHM HHTEPeCHBIM
mapajokcaM. BIOXHOBAAWOMUMU ObIIK U OOCYKACHHS MOHUX JEKUHH
B yHuBepcurere [lxonca XonkuHca, B Koaym6uiickom H Vleabckom
yHUBepCcHUTeTax, B MaccauyyCceTcKOM TeXHOJOTHUECKOM MHCTHTYTE.
MHe 110CYaCT/IHBHJIOCL TAKXKe BCTPEUAThCS H O6CYXAaTh BEPOSTHO-
cTHele mpobueMbl ¢ Jxkopaxem [lo#ia B CraH(OpPACKOM YHHBEPCH-
Tere ¥ B Dypanemrre. fI npusHateneH emy 3a ero coBerh. Ocobyio
0J1aroAapHOCTb HeOOXOAUMO BHIPA3HTL HEKOTOPHIM MOHM KOJJeram
H3 bynmamemTckoro yHusepcurera uM. Jlopanga DTsemia U MaTteMa-
THYECKOTO HHCTHTYTa BeHrepckoil akagemMun Hayk. Mx umeHa ua-
CTO BCTPEUAIOTCS B KHUTE.

Haxkonen, ciegyer OTMeTHTb, YTO AaHTJHACKOE H3JaHHE KHUTH
ABJNACTCSI NepepabOTAHHBIM M JAONOJHEHHBIM BapUaHTOM BeHTep-
CKOIO H3JaHusl.

') To ects mapamokcoB B 1. 1 ra1. IV,
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KNACCHYECKME NAPAAQOKCbl TEOPMM BEPOATHOCTEM

Kuaaccuka — 3To TO, UTO BCe XOTeJqH Obl
NPOYHTATh, HO HHKTO YHTAThL HE XOUeT.

Mapx Teen

OnbITOM KaXKABI HA3BIBAeT CBOH OUIMOKIL
Ockap Vatand

...MCTHHHOH JOTHKOH J[Js 3TOr0 MHpa sB-
JSIeTCs MCUHCJEeHHE BepOSITHOCTEH, 3aHH-
Mampuleecs HaxoxJIeHHeM BeJdHYHH BEepOSsiT-

HOCTei, KOTOpbie VUYHTLIBAET HJIII JOJ2KeH
VUUTBIBATE JOO00H 3APaBOMEICASIIIHE ye-
JIOREK.

Hoe. Kaepk Markcsean

PasMBILIJMEHUS O CJAYYaHHOM (HalpuMmep, 30J10Tble NIpaBHJa M-
POKOB B 43dpTHble HUTPhbI) OBUIM yxXKe B ApeBHEHIIHe BpeMeHa, HO
MaTeMaThuecKHe BBIYHCJAEHUSI BepOATHOCTEH H BEPOATHOCTHBIC IIa-
PaJOKCHl IOSIBJASIOTCH B NHCbMEHHBIX HCTOYHHKAX HAaYHHAA JHIDb C
XV Beka. XOTs1 cerojiHd TeOpHsI BCPOSTHOCTEH HMEET CTOJBKO XK€
001ero ¢ a3apTHEIMH UIrPaMu, KakK H IeOMETpPUst — ¢ H3MEpPCHUAMH
nJoiaiell Mpy 3eMJAsiHbIX padoTax, TCM HE McHee NCpBble napamok-
Chbl BO3HHUKJH W3 TMOMYJAAPHBIX a3apTHBIX HT.

1. MNapapgoKkc urpbl B KOCTU. «A3apPTHbIE MIPbI»
B MHUpe PHUIHUUECKKX HACTHL,

a) Hceropusa napadokca

HMrpa B koctu Oblla CcaMOH HONYJIAPHOH a3apTHOHM HUIPOH A0
KOHIla cpeAnux BexkoB. CaMo CJ0BO «a3apTy TaklKe OTHOCHTCH K
urpe B KOCTH, TaK KakK OHO NPOHCXOAUT OT apabckoro cjaosa “al-
zar", nepeBOJUMOTO KaK «HUrpaJbHas KOCTby». KapTounble Hrpbl CTa-
JU monyaspusl B EBpomne Julib B XIV Beke, B TO BpeMsi KaK HIpa
B KOCTH I[I0Jb30BaJjJach ycnexom enle B [pesnem Erunte Bo Bpeme-
Ha 1-H AMHacTUHW U 1Mo3AHee B I'peuuu, a TakxKe B [ HMCKOH HMIIe-
puu. (CorJacHo rpeueckoil JercHne, Urpy B KOCTH NpeAJoxXua [la-
aamedell AJs1 paspiedeHUd rpedeckKHX COJIAAT, CKY4aroUluX B OXKH-
naaud OuTBHE nipu Tpoe. [lascanud, nucatenb, KUBIIHH BO Il Beke,
yIIOMHHaeT HanMCaHHyio B V BeKe [0 HalleH 3pbl KapTuHy [loaue-
HOTQ, Ha KOTOpoH u3obpaxxennol [lanamencn n PepcuT, UTpalOILUE B
koctH.) CaMo# paHHeH KHUIOH IO TEOPHH BEPOSTHOCTEH SIBJSETCS
«Kuura o6 urpe B xoctuy (“‘De Ludo Alcae™) Hoceporamo Kapdano
(1501—1576 rr.), KoTopasi B OCHOBHOM [OCBSILICHA HIPe B KOCTH.
dta HeboJbllas KHUKKaA Obliia onyOJauKoBaHa Juub B 1663 r., cny-
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cta mouty 100 et Kax Oblva wamicada. Buanmo, nostomy ["aau-
Ael ¢TaJ 3aHHUMATbCA TOH KC caMoll 3apauecill O KOCTSX, XOTS OHA
Obl1a yxKe pelleHa B pabore Kapnaso. Iaauieil Taxk:ke Hamnucad
TpakKTaT Ha 3Ty TeMy riae-to Mexay 1613 n 1624 rr. IlepBonauadn-
HO OH HashIBaJjacst «O0 OTKPHTIISX, COBEPUICHHBIX MPH IITPE B KOCTHY
(“Sopra le Scoperte dei Dadi®), no B coGpanun counnennii Tau-
Jed, u3naHHoMm B 1718 r., Ha3BaHiC HM3MEHIUII Ha caeAVIOIlee:
«O BBIXOMe oOukoB npi Hrpce B KoctH» (“Consideratione sopra il

Giuoco dei Dadi").

6) Ilapadoxc

[lpaBuabnas MrpasbHas KOCTb IpH GPOCAHHH ¢ PABHLIMH LIAH-
caMy najaer Ha JmoOyio U3 rpanei I, 2, 3, 4, 5 uau 61!). B cayuae
OpOcaHHsl JBYX KOCTeH CyMMa BBHINABUIMX YHCEJ 3aK/JI0YeHa MexLy
2u 12 Kak 9, tak u 10 u3 unucen 1, 2, ..., 6 MOXKHO IOJYUYHUTE
ABYMsi pa3HbiMH crnocobamu: 9=3-+6=44+5 5 10=44 6=
=0 -+ 5. B 3azmaue ¢ Tpems koctsmu U 9, u 10 mosyyaioTCs LIECTHIO
conocobamu. ITouemy toraa 9 nosasercs yamnie, Koraa GpocaioT ABe
KoctH, a 10, korpa 6pocawoT Tpu?

8) ObwsacHenue napadokca

3aZiaua HAaCTOJbKO MPOCTA, YTO KAXKETCS CTPAHHBIM, YTO B CBOE
BpeMst e¢ CuHTaJd CTpallHo TpyAHou. U Kapoawo, u Iasusedi or-
Meuasn HeOOXOAMMOCTb yueTa NOpsAAKa BhINAAaHHs uuces. (B mpo-
TUBHOM CJyd4ac HE BCe HCXOABl OblIH 6Ll PaBHOBO3MOXKHBIMH.)
B cayuae aByx koctefl 9 u 10 MOryT mosyyaThbes COeAYIOUHM obpa-
3oM: 9=34+6=64+3=4+5=544u 10=4+-6—=61-4 —
= D -+ 5. ITO 03HauaeT, yTo B 3ajaye ¢ IBYMS KOCTIMH 9 MOXKHO
«BBIOPOCHTD» YeTHIpbMs cnocoGamu, a 10 — juib tpems. Cienosa-
TETbHO, WIaHCHl NOJAYyUuTh 9 npeanoututesabHed. (ITockoabky iBe
KOCTH JalT 6 X 6 = 36 pasiMuHBIX pAaBHOBO3MOXKHBIX INap YHCeJ,
IHAHCHl ITOTY4HTh 9 paBHH 4/36, a nasa 10 — suwp 3/36.) B cayuae
TPEX KOCTeH CHTyalHus MeHseTcs Ha HNPOTHBONOJIOKHYIO: 9 MOKHO
«BBIOpOCHTB» 25 cnocofamu, a 10— yxke 26 cmnocoGamu. Tak yTo
10 Gojee BeposTHO, yeMm 9.

2) Jameuanus

(i) HecmoTps Ha npocroty 3agaunm 0 Kocrsx, HEKOTOPBIM BeJH-
KHM MaTeMaTHKaM He ylIaBaJocCh ¢e pellHTh, TAK KdK OHHU 3a06bIBaJH
O HEOOXOAMMOCTH yueTa MOPSAK2 BHNajeHHH Kocrel. (DTY OMIUOKY

1) Ha oO6buHOR HrpadbHOH KOCTH CyMMa OUKOB Ha HPOTHBONOJOXKHBIX rpa-

HAX paBHa 7, T.e. majleHHe KOCTH Ha rpaHb | o6o3nauaer BHNMadeHke 6 o T. JI. —
[Ipum. nepes.
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JaCcTO AONYCKAIOT JlazKe B Hawn auu.) Ouwubaaiuce o JlefiOHuL,
OAUH H3 co3fate/ed AHPPepeHuHaJbHOIO H HHTErpaJJbHOrO HCUHC-
Jenus, n Hamambep, OAHH H3 BEIHYAHUIMX aBTOPOB 3HAMCHHTOH
Dpanuysckoit sHunkgoneauu. Oanaxasl HanamOepy sagaau cJje-
AVIOLLHA BONPOC: ¢ KAKOIHl BCPOSITHOCTBbID MOHeTa, OpolleHHasi ABaXK-
Abl, Mo KpaiiHell mMepc OJAHMH pai3 BoageT repbom? OTBET yUYEHOTO
Obl1 2/3, TaK Kak OH CUMTAJ, YTO CCTh JHIUb TPH BO3MOXKHBIX HC-
xoga (rep6-rep0, rep0-pelika, pellka-peHika) H CPeAH HHX TOJAbLKO
OJHH HeOJaronpusATHLIH, T. €. KOrJa BLIIAAAIOT ABC pelliKd. Jlajgam-
Oep mpeHeGpera/ TeM, YTO TPH BO3MOXHBIX HCXOAA HE paBHOBEpPO-
ATHH. llpaBuibHBEIM OTBETOM siBJsieTcd 3/4, NOTOMY 4TO H3 DPaBHO-
BO3MOXKHBIX HCXO0A0B repd-repl, replb-pelika, peulka-repd u pelrxa-
peuika TOJbKO HOCJCAHUN dABJACTCS HeOaaronpusatHbiM. Touka
speHus HanamOcpa Oblia jpaxe onyOJHUKOBaHAa B DHUHUKJIOMICLHH B
1754 r. B crathe «I'ep6 u pewerkas (“Croix on pile”).

(ii) 3amauya 0 KOCTAX HCKOTOPBIM 00pasoM cBsi3aHa ¢ Hampas-
JeHussMu  ¢u3Mku XIX u XX BekoB. [lpeanosoxum, 4yto BMecTo
HIpaJibHOH KOCTH MBI UMeeM Ae/0 ¢ (U3UYCCKUMH yacTHUaMH., Kax-
Jasi TpaHb KOCTH COOTBETCTBYeT Telepb (PasoBoil suckike, B KOTOPOH
JAaCTHL A OKa3biBaeTcs cAyYanHbIM 00pa3sOM W KOTOpasg XapakxkTepH-
3yeT COCTOsIHHE 4YacTHUB. B 3TOM cJyuae urpa B KOCTH 3KBHBAJEHT-
Ha Mmojenu Maxkcseara — boasymana Aasi  DU3HUCCKUX  UYACTHLL.
B stoil Mogenau, ucnonb3dyeMod OOBIUHO A0S MOJEKYJ rasa, Kaxmaas
qJacTHIIa ¢ PaBHBIMH LIaHCAMU NoNajaer B JIOOYIO sTUeHKY, TaK YTO
MpH OMHCAHHH MHOXKeCTBA DABHOBO3MOXKHBIX UCXOAOB CJEAYET YUH-
ThIBaThb NOPSIAOK TaK XKe, Kak 4 B 3ajgaue 0 Koctax. CyllecTByeT
Apyras Mo/le/lb, B KOTOPOH YaCTHILLI HCPA3JHUHUMBL, U [IO3TOMY MpH
MoJcueTe PABHOBO3MOXKHBIX HCXOJOB MOPAJNOK He HAaJLO NPHHUMATh
BO BHHMaHHe. JTa MOJEJb Ha3BaHa uMeHaMH boze n IJirnwrerina.
Mcnonbsys 3Ty TepMHHOJOIHIO, MOXKHO €KasaTh, YTO CYTh Hallero
napajgokca B TOM, UYTO HIpa B KOCTH OIHCBIBaeTrcs Mojenbio Mak-
cBeJIs1a — boJabumaHa, a He Bose — QiHuitelina. Clelyer OTMETHTD,
YTO HH OJIHA H3 3THX MOJEJIeHl He KOppEeKTHa AJs CBSI3aHHBIX 3JIE€KT-
POHOB, TaK KakK B 3TOM CJiyuae B KaxKJIOH siueHKe MOXKeT 0Ka3aThCs
He OoJsiee oxHOH wacTHLB. Mcnonb3yss TEpMHHOJOIHIO HIPHl B KOCTH,
MOZKHO CKa3aTb, YTO €CJH HA OJXHOH KOCTH BHIIajda 6, TO HY Ha Ka-
KOH Jpyrofi KocTu 6 yXke BBIDACTb He MOXKeT. DT0 Mojenb Pepmu —
[upaxa. BosHHKaeT BONpoc, MpUMEHeHHe KaKOH MOJIENH KOPPEKTHO
B KOHKpeTHOW cuTyauuu. (Kpome ykazaHHBIX Tpex MojejeH, cylie-
CTBYeT MHOXKeCTBO JApyrux.) Boobile roBopsi, ML He MOXKEeM BbI-
6partb Kakyr-aubo MOJe/b, HCXOAs JHUIIb M3 JOTHYECKHX COOOpaKe-
HUH. B GoJIbIUMHCTBE CAyYaeB PeHIuTb 3TOT BOMPOC MO3BOJSIOT ONBIT
anbo Habmogenus. OOHAKO B cJyude ¢ HIPaJbHOH KOCTbIO OYEBH/I-
HO, 4YTO KODpeKTHa MojAeb Makcsenaa — boJdbliMaHa, a B JaHHBIH
MOMEHT 3TO BCE, YTO HAM HYIKHO.
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0) Jlureparypa

Ksaccuyecko#f MoHOrpagHeil Mo HCTODPHH KJ/1acCHUECKOIl TEOPHH BEPOSTHOCTEH
SIBJIAETCA KHHTa

Todhunter 1. History of the Mathematical Theory of Probability, xortopas
nepBoHavyaabHO Oblyia onmyo6sankoBana B 1865 r. u mepeuszana B 1949 r. wanartesn-
ctBoMm «Publishing House Chelseas.

Onucanye NpenbICTOPHH H PAHHHX HEPHOLOB DA3BHTHSA TEOPHH BepPOATHOCTeH
MOXKIO HaUTH B KHure 1)

David F. N. Games, Gods and Gambling. Griffin, London, 1962.

CrellyiolliHe KHUIH TOCBSIIEHE HCTOPHUECKAM H (BHIOCODCKHM acleKTaM paH-
Hell TEOPHH BepPOSITHOCTEH:

Hacking 1. The Emergence of Probability. Cambridge University Press,
1973.

Maiictpos JI. E. Pasputue noustus seposthocTn. M.: Hayka, 1980.

HnTaTenn, KOTOpBIX HHTepecyeT HauyaNbHAs HCTOPHS TCOPHH BepOSTHOCTEN,
MOTYT HAHTH HNONOJHHUTEAbHYI0O HHOOPMAUHWI0 B XypHanax Biomelrica u Archive
for the History of Exact Sciences.

AHrnuifickuil mepeBof NepBOR MoHorpadHH O 3afauax, CBS3AHHHEIX C Urpo#u
B KOCTH, a Taxkxe NoApoOHYw Oxorpaguio aBtopa moHorpaduu Jxeponamo Kap-
JAaHO MOXHO HAUTH B KHUTE

Ore @. Cardano, the Gambling Scholar. Princeton University Press, Prin-
ceton, 1953,

2. Tapagokc ne Mepe

a) Hcropus napadokca

CyiecTByer crapast UCTOpHs, BIEpBble PACCKA3aHHAS, BHANMO,
Jlefibnuniem, 0 TOM, KaK M3BECTHHIH (PpaHIy3CKUl urpok XVII Beka
WeBajbe e Mepe mo jgopore B cBoe HuMeHHe B Ilyaty BCTPETHJI
baesa Mackaas, ogHOTO M3 3HaMeHHTEHMIMX yueHHx XVII Beka.
Ile Mepe noctaBun mepen ITackanem nBe 3amaud, 06e CBS3AHHBC
C asapTHRIMU Urpamu. IlepBo# 3amauefi 6buT paccMaTpHBaeMblil ma-
panokc (BTopasi— pasbupaercsa B cJaedyioliem naparpade). O6e
safnauu Ilackanp ob6cyxkpan B 1654 r. B cBoel mepenucke ¢ [Hoepom
de Pepma, APYTHM BBICOKOOJAPEHHBIM VUEHBIM, JKHUBIIUM B Tynyae.
O6a yuyeHBIX NPHLLIH K OAMHAKOBOMY pe3yJbTaTy, 4To BecbMa 006-
panosasno Ilackaas. B csoeM mnuceme on ormeuan: «§5I BHKY, 4TO
HCTHHA OJMHaKoBa H B Tynayse, n B Ilapuxes. Jduwireiin Ope, mpo-
(peccop Menbckoro yHuBepcuTeTa, yTBEpKAAM, UTO MapafoKCH, pH-
nmuceiBaeMble ae Mepe, na camoM fese GbIIH LIXPOKO H3BECTHHI 3HA-
YUTEJbHO paHbllle, AeJO JHIIL B TOM, uTo [lackaab 0 HHX He 3HAJ.
Hepepno Taxie, uTo meBajbe GBI CTPACTHLIM HrpokoM. ITapanok-
Cbl €r0 HHTCPECOBAJHU CKOPEe TeOPETHUCCKH, UeM HPAaKTHUYECKH, H IO~
3TOMY €ro He YMOBJCTBOPHJIO, uTo [Tackasab «Bcero JUUIb» peLIuJ

') Tlonczno  Taxkke NPOYHTATEH «OuepK HCTOPHH TCOPHH BEPOATHOCTEH»

B kunre b. B. Tnezenxo «Kypc teopuu BepositrocTeliy, M.: Hayka, 1988, —
[Tpum. nepes.
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sajauy, MOATBEPJHB MPABHJIbHBIH OTBET, KOTOpHIH e Mepe yxe
span. 1lleBajbe He CMOT IOHSITb, KakuM 00pasoM paspellacrcd ma-
pajloKc.

6) Iapadoxc

[Tpu uyerblpex OpOCAHHUAX OJHOI HrpaJbHOH KOCTH BEPOSITHOCTD
TOTO, 4TO MO KpaliHei Mepe OJHH pa3 BHIIANET 1, 6oabuie 1/2. B 10
Ke BpeMs npu 24 Opocamusx IBYX KOCTeH BepOSITHOCTb BbINAACHHS
nByx 1 omHOBpeMeHHO (IO KpaHHeH Mepe odHAXKAB) MeHblue 1/2.
D10 Kaercss YAUBHTEJIbHBIM, TaK KaK IMAHCH NMOJYHHTDL OAHY 1 B
recThb pas Gouspllle, 4eM IIAHCH BBINALCHHA ABYX 1, a 24 Kak pas
B 6 pa3 Goabile 4.

8) Obwsacnenue napadoxca

Ecau mpaBUJbHYIO HI'DaJdbHYIO KOCTh 6pocaloT k pas, TO UHCIO
BO3MOXHBIX (M paBHOBEPOATHBIX) HCXOAO0B PABHO 6%, B 5% cayuasx
3 9THX 6% KOCTb He JIs:KeT Ha IlecTepky, H, CJACI0BaTeJbHO, BEPO-
aTHOCTb BHIIAJEHHS 0 KpaiiHeil Mepe OAMH pas 1 mpu R GpocaHHsAX
paBHa

(6% — 5/6* =1 — (5/6)",

yro 6oJapme 1/2, ecau k=4. C [Apyron CTOPOHH, BEJHIHHA
| — (35/36)*%, koropas noJydyaercs aHaJOrM4YHO, BCe eIle MCHbUIC
1/2 ansi k=24 n npesocxoiur 1/2, HaumHas ¢ k= 25. Tak uTtoO
«KpUTHUCCKOE 3HaueHHe» s OJAHOH KOCTH PaBHO 4, a JaJs maphl
xoctell paBHo 25. ITo 6e3yCJOBHO NpaBHIbHOE DEIICHHE Ha CAMOM
nese He yAOBJETBOPHJIO de Mepe, Tak KaK CaM OTBET OH yiKe 3Hal,
HO M3 pelleHHsi TAaK M He MOHAJ, MOUeMy OTBeT He COrJacyercs C
«IIPaBUJOM TPONOPUHOHAJTbHOCTH KPHTHUECKHUX 3HAUCHHHY, YTBEpXK-
1AI0IIUM, YTO eCJdK BEepPOSTHOCTL yMeHbIIaeTCs B IMeCTb pas, TO KPH-
THYECKOe 3HaueHMe BO3pacTaer B LiecTb pas (4:6=24:36). Abpa-
xam de Myasp (1667—1754 rr.) B cBoel kHHre «[lOKTpUHA II2HCOB»
(“Doctrine of Chances™), ony6aukoBanuoil B 1718 r., noxasas, 4ToO
«IPABHJIO TPONOPIHOHATBHOCTH KPHTHUECKAX 3HAYCHHH» HELAJEKO
OT WCTUHH, TaK K4k, €cJi p— BEPOSITHOCTb HEKOTOPOTO COOBITHS
(HanpuMmep, BepOATHOCTb «BHIGPOCHTb» €IHHHIY €CTb p = 1/6), TO
KPUTHYECKOE 3HaveHue kB MOXKHO HaHTH, penias ypaBHCHHC

(1 —p)Y=1/2

(3TO ypaBHEHHe HMeeT pelleHHe, ecld p 3aK/JIHUEHO CTPOTO MEXKAY
0 u 1). Kpurnueckoe 3HaueHHe Rk CCTh HauMeHbllee IeJNoe 9HCIIO,

npeBocxojsilee x. PellleHHe NPHBELEHHOrO BhHIIE YPABHCHUA AAETCH
dbopmyIon

y=—1n2/In(l —p)=2/(p+ 2+ ...), (*)
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rae In osHauaer HaTypasbHBI JorapudM (M0 OCHOBAHMIO e —
== 2.71...). U3 Buja peIICHHS SCHO, YTO ecaH p2 [IpeHebpeKUMO
Mano, TO p yOBIBACT MOYTH NMPONMOPUHOHAJILHO BO3PACTAHHIO KPHTH-
JE€CKOro 3HaveHus, Kak Ae Mepe u npeanonaran. Je MyaBp HCmodb-
30BaJ1 NPHOMHKEHHYIO QopMyay x =~ In2/p ~ 0.69/p nis uccseno-
BaHHS BONPOCOB, CBA3AHHBIX ¢ JIOHIOHCKOH JoTrepeeii. B atoM cuy-
“ae 3HaueHHe p Obio 1/32, a ana p = 1/32 ToyHoe 3HAYCHHE x —
== 22.135..., B TO BpeMsi KaK TpHBeJeHHAs BbILIe dopMyaa maer
npubanxkenne 22.08, uto H0CTATOYHO GJAHZKO K HCTHHHOMY 3Haue-
Huo. ITapanoke ne Mepe BO3HHKaeT NMOTOMY, uTO AJS p=1/6 Be-
Jauuna p*/2 (1 Apyrue ciaraeMble 3HameHatess B (GOpMyJe (%))
HE HACTOJIbKO MaJa, YTOOB €0 MOXKHO OBUIO TpeHeOpeub. TakuMm
00pa3oM, «NpaBu/I0 IIPONOPLUHOHATLHOCTH KPHTHUECKHX 3HAUCHH»
ABJIJCTCA NPABHJIOM ACHMITOTHYECKH BEPHBIM, OIIMGKA OT €ro mpu-
MCHEHHS pacTeT ¢ pOCTOM p. ITO M eCThb HACTOsIIee pellleHHe aH-
HOT0 napajoxca.

2) Sameuanus

(i) TunuyHO HeBepHOe pelleHHe 3a4aud me Mepe Bocxoaut x
Kapnano. On paccyxman ciaenyiommm 00pasoM: BepoOSATHOCTHL IO-
JAYHCHHA I1apbl eMHHL paBHa 1/36, ciaemoBarenbHO, AJS TOTO, YTO-
6bI ¢ BEpOATHOCTHIO 1/2 NOJSYYUTH napy eIHHHIl IO KpaHHell Mepe
OAHH pas, HyXKHO OPOCHTb KOCTb POBHO I8 pas. Paccyxnass Takum
00pasoM, MBI IpPHAEM K TOMY, UTO eCJH KOCTE 6pocaiot GoJiee
36 pas, TO BepOSATHOCTbL BBHIIALCHUS napel eIuHuL OoJblle 1, uro,
KOHEYHO, HEBO3MOXKHO.

(ii) CymectByior HekoTopbie «CJyyalHble BCJIHYHHBI», KOTOpPHIE
NOLTHHAIOTCS  «NIPABHJY TIPONMOPIHOHAIBHOCTHY. (Mpl pPaccMOTpUM
9TH CIyYaHHBlE BEJMUMHH B Napafiokce 8.) HekoTopsle H3 31HX cay-
HaHHBIX BEJHUHH HUIPAIOT BAXKHYIO DOJIb B SAepHOH (HU3HKE, B KOTO-
POH KPHTHYECKOE 3HAYeHHe HAa3bIRACTCH NMepHOAOM HoJdypacrana.
[Tepuon noaypacnana 00pATHO MNpPONOPIHOHANEH MOCTOSHHOM pac-
Talla, KOTOpast COOTBETCTBYET p.

(iii) Yucao 6pocanuit IPABHJABHOH HIPaJbHOH KOCTH JIO IEpPBOTO
BBIIAJICHUS €IHHUIB €CTh BEJHYHHA, 3aBHCSINAS OT C/Iyuyas, UHbIMH
CIOBaMU cayuannas seautuna. OBO3HAUUM ITY CAYUAHHYIO BeJIHUH-
Hy ucpe3 v. BO3MOXKHBIMH 3HAUCHHAMH ¥ SIBASIOTES 1, 2, 3, 4, ....
BepositHocery TOro, 4T0 v =k (rae k — NpoOH3BOJbHOE IOJOKHTED-
HOC 1lesloe uneno), pasua (5/6)%-1/6. Tax uto cpeduee win mare-
MATURECKOe oxCi0an e BeMUHHEL U (ONpeLeasieMoe KaK B3BCIleHHOe

CPEIHeE eec 3HAYEHHH ¢ BecaMH, paBHBIMH COOTBETCTBYIOILIHM Be-
POSITHOCTSIM) paBHO

L-1/64-2-5/6. 1/6 - 3(5/6)2/6 -+ 4 (5/6)*/6 + ... —6.
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B 6oJee obiieM cayuae, €cJH p — BEPOSTHOCTh NOSABJAEHUS HEKOTO-
poTo coOnITHSI A H MBI MOBTOPSAEM HE3aBHCHMBIE HCIBITAHHA A0 TeX
nop, noka A He NMPOU30HAET, MaTeMaTHUYECKOe OXHUIAHUE YHCJIa He-
06XO0AMMBIX UcnblTaHUHA paBHo 1/p. TakuM obpasoM, 3TH MaTeMartu-
yeCKHe OXKHUAAHUS NOAUHHSIOTCS <«IPABHJAY MNPONOPIHOHAJBHOCTHY:
1JIST OJIYUeHHs napbl eAHHHIL B CpCHHeM norpebyeTcd B IIECTh pas3
Gosbllle 6pocaHuil, ueM AJd MOJYUeHHd OLHOH eIHHHIILL.

(iv) o cuX mop Mbl HCIOJb30BANH HHTYUTHBHOE NpEJCTaBJCHUE
O BepOsITHOCTHOH He3aBlcUMOCTH. K 3TOMYy MBI BepHeMcd MNO3JHee.

(v) O6bsicHeHHe mapajokca ae Mepe He cTaJjo WIHPOKO H3BECT-
HBEIM. B 1693 r., ciycTs MouTH COPOK JieT NTOCJe TOro, Kak npobJema

Puc. 1. I'paHn oOfHOH HrpaJibHOH KOCTH, pasMeueHHOH OOBIYHHIM cHnocofoM, H
rpaHy JBYX KOCTeH, pa3MeuyeHHEIX HecranzapthHo. Ilpu 6pocanHunm ABYX CHMMeT-
PUYHBIX KOCTEH, Da3MEUEHHBIX HeCTaHAapTHEIM o6pa3zoMm (6, U 8), BEpOSTHOCTH
TOrO, U4TO B CyMMe noJaydumrtest 2, 3, ..., 12, cOBHajalT ¢ COOTBETCTBYIOIIMMH
BepOATHOCTAMH TPH OpOCAaHUH ABYX OOBIYHBIX HrpaJibHEIX KOCTCH.

6pl1a pellleHa [lackanem, Camorosa [lenuc (npesugent KopoJes-
ckoro obuecrea ¢ 1684 r.) npeanoxua HblOTOHY NMOYTH TOYHO Ta-
KYIO KC 3ajauy. HbIOTOH TakiKe HalueJ NpaBUJAbHBIH OTBET, KOTO-
PBIH B CBOIO ouepelb He yAoBJaerBopua Ilenuca.

(vi}) Hpeiigens (“Dreydel” unmu “draydl”) — 310 apeBHSst urpa,
noxoxasi Ha Urpy B KOCTH. (OHa TakiKe HalOMHHAET aHTJIHHCKYIO
HTPY <«IIOJIOXKU-H-BO3bMHs.) B Apelifess HrpalT €BpeHn BO BpeMd
npasjanrka XaHyka. CpaBHUTeIbHO HeldaBHO PefiHEpMaH OGHAPYXKHI
(CM. CCBIIKY HHMXKe), UTO 3Ta UIDa HeCcpaBeAIHBa, eCJH UHCJIO HI-
palomux 60Jblle ABYX, XOTd, KaK 3TO HH NapajOKCaJbHO, HHKTO
9TOI'0 He 3aMeTus B TeueHue 6omaee 2000 net!

Hpeillelb — 3TO UYCTBIPEXCTOPOHHUH BOJUYOK, CTOPOHBI KOTOPOIO
o6osHauarrcsa 6ykBamMu N, G, H u S (COOTBETCTBYIOIIUMH OYKBaM
UBpHTA: HYH, ruMmes, xedl H mWuH). B urpe yuactByeT NpoH3BOJBHOE
YUCJO0 UIPOKOB, KaXKABIH M3 KOTOPBIX AelaeT CTaBKY, paBHYIO HEKO-
TOpOH JIeHEeXHOH eAMHUIE, uToOB HauaTth urpy. MIrpoku no ouepe-
AH 3alyCKalOT BOJIUOK JO TexX MOp, INOKa II0 B3aUMHOMY COTIJIACHIO
He mpekpariatotT urpy. BrinaaTel (HFPOKY, KOTOPBIH 3amycKaJ BOJI-
YOK) COOTBETCTBVIOT KaX{JOMy H3 UeThpeX BO3MOMKHBIX HCXOJIO0B:
NV -~ HIrpOK HHUEro He TMoJyuaer, [/ —moayuaer MNOJOBHHY o0OIued
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CTaBkH, G — sablipaer Belo 06Wyo CTaBRy, S -— AeJaeT elle OAHY
CTaBKy. B ToM ciywae, Korfa npu 3anycke BOJYKa HoJyuaercs G
H UrPOK 3abupaer BCio OOUIYIO CTaBKY, BCe HIPOKH BHOBb HeJ1AIOT
CTABKH J/1s1 NPOAOJIZKEHHS HIPBIL. Ecjn 0603HAYHTL YMCIO HIPOKOB
dCpes m, TO MaTeMaTHYeCKOe OXKHAAHHE BBIUIPHINA NPH A-M 34-
MyCKe BOJIYKA paBHO L,==m/4+ (5/8)"1(mm — 2)/8. Takum obpa-
3OM, ecliu m > 2, T0 £, -— cTporo yOblBalOIIast NOCaCHAOBATENBHOCTD.
CilepoBarenbno, mepBeifl HIpoK (KOTOpBIH 3amyckKaer BOJYOK TpH

=1, m++1, 2m-4-1, ...) Beskuii pa3 uMeer OOJbIIHH OXKHIae-
MBIH BBIHTDLILI, YeM BTOPOH HIPOK...

d) Jlureparypa

Ore ©. “Pascal and the invention of probability theory”, The American
Math. Monthly, 67, 409—419, (1960). B sTofi craThe cmeaan 0030p pe3yabTaToB
HCLEBHUX HCCICHOBAHUI, CBA3AHHBIX C DOJbI0 Ae Mepe u IMackass.

Renyi A. Letters on Probabilily, Akadémiai Kiado, Budapest, 1972. [Mwmeer-
€A NepeBOoA B KHure Penbn A. Tpuaorus o maTematuke, — M.- Mup. 1980.] ra
KHHTa SHAKOMHT 4HTaTeNsl ¢ DaHHMM INEPHOAOM PA3BHTHS TEODHH BEDOSATHOCTEH
B (pOpMe dYeThlpex BBIAYMAHHHX MHCEM (ax06n HanucaHHBX [lackagewm Depma).

Schunell E. D. “Sammuel Pepys, Isaac Newton and the Probability”, The

American Statistician, 14, 27—30, (1960). D10 cTatea o mepenucke Mexkay Helo-
TOHOM 1 Ilemncowm.

3a HCKJIIOYeHHeM IepBOro nHchbma Ilackas (KoTOpOe HCue3Ji0), mepenHcKa
mexny Ilackanem u @epma onyGiukoBana B kmure Smith D. E. A Source Book
in Mathematics, McGraw-Hill, New York, 1929, 546—565 (ecThb HOBOe H3HaHHE
1959 r.).

Feinerman R. “An ancient unfair game”, The American Math. Monthly, 83,
623—625 (1976).

3. MNapapokc paspena crasku
a) Hceropus napadokca

DTOT MapafoKc Gbl1 BHEPBhIe ONYBJHKOBAH B Beneuuu B 1494 r.
B 0030pe CPeAHEBEKOBOH MaTeMaTHKH. ABTOp DPpa Jlyxka Havoru
(1445—1509 rr.) HazBaa cBowO KHUTYy «CymMma 3HaHH# no apudpme-
THKE, TCOMCTPHH, OTHOLICHHSIM W NPONOPLHUOHAJbHOCTHY (“Summa
de arithmetica, geometria, proportioni et proportionalita”). B stofi
KHUT'C BIIE€PBH€ HCNOJB30BAJIOCh CJIOBO «MHJJHOHY H OODBSICHSI-
J1acb ABOHHAasi Oyxranatepusi. MHTepecHO OTMeTHTb, 4To B MusaHe
Gpa Jlyka 6iuzko moApyKHACH C Jleonapdo da Bunuu, u 6aaro-
Aaps 3TOH ApyxGe JleoHapro u/OCTpHPOBAJ pabory ®pa Jlyka
«O 6oxecTBeHHBIX mponopnusax» (“De Divina Proportione”), ony-
6rukoBannyro B Bemenun B 1509 r. Hemarmo SiwmrTeln Ope ob6Ha-
PYZKUJI HTAJbAHCKYIO PYKOIHCL, AaTupoBaHHyI0 1380 r., B KOTOpOH
TARKE YIOMHHACTCS MapajoKe pasfesna CTaBKH. MHoOroe ykasbiBaer
Ha apalCKOe NPOHCXOXKAEHHe 3a7aud HJH IO KpailHeH Mepe Ha ToO,
4TO B Mranuio 3afava nonana smecre ¢ apaOckuM yuenneM. Kak 6ul
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HU cTapa Obuia npoodaema, PAKTOM OCTAECT s, UrQ AJgA €€ NpaBHJb-
HOIO pelIeHHs noTpefoBaJoCh OYCHb MHOro Bpemenu, Cam [laudoJu
Jaxe He BHACJA CBsI3M 3TOH 3ajauyd ¢ TEOpPHEH BepOsITHOCTEH; OH
paccMaTpHBaJ €e Kak 3ajaudy o nponopuusx. HesepHoe pelleHue
nan Huxkoao Tapraavs (1499—1557 rr.), XxoTa OH 6L AOCTATOUY-
HO TeHHaJleH, 4ToOb B MaTeMaTHYeCKOH JAYy3JH 3a OAHY HOYb OT-
KPHITb GOPMYyJy KOpHeH KyOHUeCKOro ypaBHeHHd. llocse HecKoJb-
KHX HeyddyHbIX nonblToK Ilackaias u depma B KOHIE KOHIOB B
1654 r. HeszaBUCHMO APYr OT JApyra HAlLJIH NpaBHJIbHBIH OTBET 3a-
Aa4l. ITO OTKPLITHE OBLJIO HACTOJNBKO BasKHbIM, UTO MHOTHE CUHTAIOT
3TOT I'OJ BpeMeHeM pOXKACHUS TEOPHH BEPOSITHOCTEH, a BCE Hpenlle-
CTBYIWOUIHE PEC3YJAbTATHl OTHOCAT K €C NPEABICTOPHH,

6) [apadoxkc

JIBa urpoka urpaioT B 6e¢300UAHYI0 UIPY (T. ¢. Y OOOHX IIaHCHI
no0eJuTb OJAMHAKOBBI), H OHM JAOTOBOPHJHChH, UTG TOT, KTO IE€PBBLIM
BBIMTpaeT 6 nmapTHH, MOJYYHUT Bech lpu3. [Ipeanonoxkum, uTo Ha ca-
MOM JeJie HTpa OCTaHOBHJIACL JO TOro, Kax OJUH H3 HUX BBIUIpaJ
[IpU3 (HalpuMep, NepBBIH MUIPOK BHIUIpaJ b NapThHi, a BTOpoH — 3).
Kak cnpasegsnBo cjejyer pasaesuTb npus? XoTs B JeHCTBHTENb-
HOCTH 3Ta mnpobJieMa He 4dABJsdeTcd DapalaokcoM, Oe3ychnellHble
MOMNBITKH HEKOTOPLIX BeJHYAHIIMX YUEHBIX DEIUHTbh ee, a TakK¥Ke He-
BEpHbIe INPOTHBOPEUHWBLIE OTBETH CO3JaJu JIEr¢HAY O Iapajokce.
CorJlacHO OJHOMY OTBeTy, NpPHU3 cJeJOBaJO pPasAeJUuTh HPONOPIHO-
HaJbHO BBIUIPAHHBIM napTHsiM, T. €. 5:3 1. Tapranbd npelaoKuJI
Ae/uTh B oTHouIeHUH 2: 1. (IlauboJsice BepOsATHO, UTO OH paccyxpaaJs
CJAeNYIIHM 006pa3oM: Tak Kak MepBLIH UrPOK BbIMTpaJ HaA ABE lap-
THX OOJIblIe, YTO COCTABJSET TPEThIO YACTh OT HEOOXOAMMBIX JJIsI
nobeAnl 6 mapTud, TO MepBLIH UTPOK JOJKeH NOJYUHTh OAHY TPETh
OT TIpH3a, a OCTaBIIYIOCs] 4aCTb CJAEAVCT pasieluTth InornoJsam.) Ha
caMoOM JeJie COPaBe/JIUBLIM ABJSETCH pasje] B OTHOUIEHHH 7 : 1, 4TO
CHJIbHO OTJIHYAeTCst OT NPEeAbLAYUIHX Pe3yJbTaToB.

8) QbwsacHenue napadokca

M llackanb, u ®epma paccMmaTpuBanu 31y npodjaeMy Kak 3ala-
4y O BEPOITHOCTAX. Tak yTo cnpaBeAJuBHIM Oy/aeT pasjes, OpoIop-
IIMOHAJIbHBIH 1IaHCaM [1€pBOr0 HrpoKa BLIMrpaTh npus. ITokaxewm,
UTO B cJlydae, Korja [EePBOMY HIPOKY OCTaJ/J0Ch BHHUIPATh TOJBKO
OAHY MapTHIO, a BTOPOMY HUIPOKYy i nobeabl TpebyeTcsl BhHIUTPAaTh
TpH, CHOpaBeiJHBoe OTHOUIeHHe paBHO 7:1. Cuenyda ujgee Depma,
[IPONOJIZKHUM HIPYy TpeMsl (GUKTHBHBLIMH NMapTHUSIMH, JaXe ec/JIH HEeKO-
TOpble M3 HHX OKa)XyTcsd JHUIIHHMH (T. € KOrja OAUH H3 HIPOKOB

') Kax yreepxgaer B. B. I'memeuko, 3TOoT OTBer npeaqoxen I[lauonn. —
[Tpum. nepeas.



3. Ilapadokc pazdeaa crasku 21

yKe BbiMrpaa npus). Takoe mpojpoJekcHie Acdact Bee 2-2.2 =28
BO3MOXHBIX HCXOJOB pPaBHOBEPOATHBIMU. [lOCKOJIBKY TOJBKO IIpH
OJIHOM HCXOJA€ BTOPOH HUIPOK NOAVYaeT Ipu3 (T. ¢. KOrJa OH BBHIHMI-
pbIBaeT BCe TpH NaPTHH), a B OCTAJbHBIX cJayuasix nobexjaer nep-
BB HTPOK, CHPaBE/JIBBIM ABJASETCH OTHOUICHHC 7 : 1,

2) JameuaHus

(i) Obuiee pewieHHe aa4a c/ayuasi, KOIJd ICPBOMY HIPOKY A/
MOJYUYEHHsT NpH3a Tpebyercs BBIMIPATL €lle # NapTHH, a BTOPOMY —
m napTHH, Takxe Obl10 HaudeHo [lackaaem 11 @epma. das nepsoro
UIpOKa UIAaHCHl NOJYUYHUTh NPH3 PaBHbI

fi-Fri—1

Q_n—m—l—l Z (n'}—}?l"—- 1)

i=n

(34ech uHcaA0 (PUKTHBHBIX MapTHH pAaBHO # -+ M — 1 H BCC BO3MOXK-
Hble 277"l Hexomos paBHOBeposiTHBL) B 1654 r. Bech Ilapuxk roso-
PUI O BO3HHKHOBEIHH HOBOH HAYKH— TeOpHUM BepositHOcTed. Cmy-
CTs HECKOJbKO Mecdaues B llapux mu3 Todsauauu npuexasa MoJogoH
reHud Xpucruan I'rodieenc, ytobel 06cyauth ¢ Ilackaaem uaun ®epma
BEPOATHOCTHbIe NMPOOGJeMbl, KOTOPBIMU OH TOXKe HHTepecoBagacs. Of-
HaKO CJAYYHJIOCh TaK, YTO OH HC BCTPETHJACS HH € OJAHHM H3 HHX.
(ITackasp Obl1 morsonien pesauruefl H He nmpuUHUMaJa rocrelt, a Pep-
Ma KuJa BAaan ot llapuxka.) TeMm He MeHee 0 Haubojiee HHTepec-
HBIX pesyabrarax lMwiirenc ysuana. Bckope oH BepHyscs B [ToJnaH-
AUI0 H HayaJs NHCATb KHHUIY IO TCOPHUH BepOsdTHOCTCH. JTa 3aMmeua-
TedbHas paboTa, KOTopasi, B YACTHOCTH, COACDKHUT pCeLIeHHEe 3alauH
O pasicie CTaBKH AJd TPCX HMIPOKOB, Oblia onyO.auxkoBaHa B 1657 r.
noa nazpaHeM «O pacuere B azaprtubeix urpaxs (“De Ratiociniis in
Aleae Ludo”) B Buae wacru (nsitoit kuuru) tpyaa Cxoyrena «Ma-
TeMatuueckue 3TOAb» (“Exercitationes Mathematicarum”). B pa-
6ore Itoiirenca 16 cTpaHHI; OHa HaYMHAETCH C NPEAHCAOBHS H CO-
JACpPXKUT peuicHUss 14 3afad, CBA3AHHBIX C a3aPTHBIMH HIpaMH.

(ii) Ilpekpacuyio uieio ®epma o npogoKCHMH HIpsl B 1977 T.
(!) wcmosansoBan AujaepcoH (cM. cebiaky Huxe). OH J0Kazaqa cie-
AYIOLLYIO NOP&3HUTEAbHYIO TeOpeMYy: UI'POK, KOTOPbIH MOJAEeT MEPBHIM,
MMECET OLMHAKOBHIE WIAHCLI BHIUTpaTh B N NapTUSX paHblie CBOEro
COIIEPHHK@ HE3aBHCHMO OT TOrO, IOAAIOT JIH HIPOKH NoouepeaHO HJH
MOJLaeT TOT, KTO BHIMTPHIBACT NPCABIAYILYIO IapTHIO '),

') Oty Teopemy KOMOGHHATODHBIMH METOHAMH pamublle fAokazaa Kuurcron (cm.
Kingston J. G. Comparison of Scoring systems in two-sided competitions,
J. Comb. Theory (A), 20, 357—362, (1976)). Anjepcony npHHAIMEKHT MIPOCTOE
A0Ka3aTe/JAbCTBO TEOpeMbl ¢ HCHofAb3oBanHem upen Pepma. — [Hpum. nepes.
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0) Jlureparypa

Anderson C. L. "Note on the advaniage of the firsit serve”, J. Combinato-
rical Theory (A) 23, 363, (1977).

Jordan K. Chapters on the Classical Calculus of Probabilities, Akadémiai
Kiado, Budapest, 1972.

4. Tlapagokc He3aBMCUMOCTH

a) Hcropus napadoxca

CHayajla OnpeleanM NOHSTHE HE3ABUCHMOCTH AJs ABYX CJAyyail-
HbIX COOBITHH A u B. O603HauuM HX BeposiTHOCTH uepe3 P(A) u
P(B), u nycrb P(AB) — BeposTHOCTb TOrO, UTO HACTyIAT U A, U B.
(CuMBOJI P WIMPOKO HCNOJb3YyeTcsi JJsi 0603HAUYEHHSI BEpOSTHOCTH
COOBITHS, IOCKOJIbKY He TOJbKO B aHMVIMHCKOM, HO H BO MHOIHX ApY-
FHX sA3bIKaX HayvaJbHOH OYKBOH €JO0BA «BEPOSTHOCTb» sBJSeTCH P —
probabilitas B asarurckoM, probabilité Bo ¢pannysckom, probabi-
lidad B ucnamcxom, probabilita B uraabsinckom ssbike u T. 4.) [Tycrs
A — npousBosibHOE COGHTHE U B — COOEITHE, HMEIOHIee I10J10KH-
TeJbHYI0 BCPOATHOCTb. BeposaTHOCTL COOBITHST A MpPH YCJAOBHH, YTO
COOBITHE B MpOHM30LLIO, MHBIMH CJ0BAMH, YCJOBHYIO BEPOSITHOCTD

A otHOcuTesbHO B, Gynem 060snauath P(A|B) u olpenessiTb OTHO-
IIEHHEM

P(A|B)= P (AB)JP (B).

HBa coGeitust A 1 B Ha3BBAKOTCS HE3aBHCHMBIMH, €CJH CIpaBej-
JIHBO PaBEHCTBO

P(A|B)=P(4),

T. €. €CJH YyCJOBHAsl BEPOSATHOCTb paBHAa 0e3ycsoBHOH. EcJau 3amnu-
caTb IpeAbIAyLIee COOTHOUIEHHE B BHJIE

P(AB)=P(A)- P(B), (*)

TO Mbl IIOJy4deM LPOCTOE PaBEHCTBO, CHMMeTPHuUHoe 1o A u B, B
KOTOPOM JaxKe He BaAO NPeAnoarartb, YTO BepoATHOCTb P (B) mno-
JOoXuTeJbHa. CllelloBaTeJbHO, NPEANOYTHTEJNbHEee HavyaTb CO CJe-
AYIOLLETO onpedeneHusi: ABa coObitust A 1 B He3aBHCHMBL, €CJAH BhI-
[IOJIHEHO PaBEHCTBO ().

MaremaTHueckoe onpejle/ieHie HE3aBHCHMOCTH, KaK IIPaBHJIO, CO-
rJacyercsi ¢ HalluM OObIYHBIM TNpeACTaBJCHHEM O He3aBHCHMOCTH.
Hanpuwmep, ecin mbl 6pocaeM ABe KOCTH, TO COBHITHS «IIecTepKa Ha
IIEPBOH KOCTH» H <«IIeCTepKa Ha BTOPOH KOCTHY», OUEBHIHO, He3aBH-
CHMBI KaK B OOILIENPHHATOM CMEICJE, TAK M MaTeMaTHYeCKOM. STO
corjlacopaHnue, OgHaKo, HaOgwraercs He Bcerza. C. H. Bepumrefin
o6paTuj BHHMAaHHE Ha CleJyIOMHA napamokc.



4. Napadokc nesasucumocru 23

6) [lapadokc

[Ipeanosoxum, yTo OpocalT ABe IIpaBHAbHBIE MOHETH. [lyeTb
coObiTHe A — «Ha NEPBOH MOHeTe BHBINAJ repb», cobbTHe B — «Ha
BTOPOH MOHeTe BHINaJ rep6» u cobuitHe C— «Ha OJHOH (M TOJBKO
Ha OAHOH) MoOHeTe Bhnaja rep6». Torma cobuituga A, B u C MOMAPHO
HEe3aBHCHMBI, HO JIOOBIE JBA M3 HHX OJHO3HAUHO ONPEAEesIOT TPEThE.

8) Obzacuenue napadokca

Bo-nepBbix, A u B, OueBHJHO, HE3aBHCHMBHI, MOCKOJbKY Pe3Y.lb-
TaThl I€PBOI'0 OpOCaHus He 3aBUCAT OT Pe3yabTaToB BToporo. C apy-
roit cropoHsl, cobmitusg A u C (a takxke B u C) Ha NepBHIH B3rIsA/l
KaxXyTcss 3aBHCHMBIMH, HO Tak Kak P(AC)= P(A)-P(C)=1/4
u ananornuno P{BC) = P(B)-P(C), oHH Ha caMOM Jele He3aBH-
cuMbl. CInpaBellyIuBO TaKXKe, UTO JIOGHE 1Ba COGHLITHA ONpEAeNTioT
TpeTbe, MOCKOJBbKY Kaxjaoe coOuitue (A, B u C) NpOUCXOIUT TOrAa
H TOJABKO TOr'Jla, KOrjla MPOHCXOAUT POBHO OAHO M3 ABYX JAPYIHX CO-
OBITHH. DTOT MapafoKcasNbHB# (heHOMEH NOKa3HBaeT, 4To MOoNapHas
He3aBHUCHMOCTb COORITHH HEe O3HAauaeT UX He3aBHCHMOCTh B COBOKYVII-
HOCTH. EC/TH MBI XOTHM BHIPa3uTh MOCJAERHEE, TO ROJKHELI NpeAnoJia-
rath OoJblile, YeM MNONAapHYK He3aBUCHMOCTb, COGBITHH U3 HEKOTO-
POH COBOKYNHOCTH HAa3blBAIOTCS B3aHMHO HE3aBUCHMBIMH, €CJIH
A5t J110060ro KOHeuHOro Habopa cOGBITHH M3 3TOH COBOKYNHOCTH
Ay, As, ..., A, BHIOJHECTCS CBOHCTBO MYJBTHINKATHBHOCTH

P(AAy... A)=P(A)-P(A)- ... P(A), (%)

T. €. €CJH BEPOSTHOCTh COBMECTHOIO COOBITHS paBHA NPOH3BEACHUIO
WHINBHAYAJbHBIX (MapriHaJbHBEIX) BEpOSTHOCTEH.

2) Jamevanus

(i) Ecnu cobritusa Ay, Ay, ..., A, He He34aBUCHMbI, TO MOKHO
YTBEPXKIATb JHUUIb, UTO

—(1—1/m) "< P(AAs ... A) —
—P(A)P(As)-...-P(A,) < (n— 1)p—rltn—1),

(ii) Hecxoabko mpocTHIX MapaoKCOB MOXKHO pPaspetuTb TOJBKO
C MOMOILLIO NMOHATHA NME3aBUCHMOCTH. PaccMoTpuM ciaeayomyno 3a-
nayvy. HOHoma co6GupacTes curpaTh TPH TEHHHCHBLIX MaTya cO CBOH-
MH DOAHUTEISIMH, H OH JOJXKeH NobeiuTh aBa pasa noapsig. Ilops-
JOK MaTueil MOxKeT OBLITb CHEeAVIONIHM: «OTell— MaTh — OTEIl» HJIHU
«MaTb — oTel — Marb». HOHOWmE HYKHO peluTh, KakoH MNOpSIOK
AJIST HETO TNpPeANOYTHTEeNbHee, YYHTHLIBASA, UTO OTel Hrpaer Jyulle
matepu. C nepBOro B3NISA2 KaxKeTCs, YTO BTOPOH MNOPSAOK MpE-
MOYTHTEJbHEE NIJs1 IOHOWUIM, Tak KakK B 3TOM CJyyae OH JBaK/IH
HrpaeT co cpoefi matepblo. OOHAKO NPH 3TOM IOHOUIA AOJKEH IO-
6CUTL B €AMHCTBEHHOM MaTue, KOTOPHII OH HIpaer IIPOTHB OTILA,
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B IIPOTHBHOM cJlyyae y Hero He Oyaer ABYX nmoben moapsan. Moxer
OHITH, JIydllle BHIGpaTh MNepBbIi BapHaHT? Ec/au 10HOMmMA BHIUTPH-
BAaeT y OTIA C BEPOSATHOCTHIO P H C BEPOATHOCTHIO ¢ — Y MaTepH, TO
p << ¢, TaK Kaxk oTel Mrpaer Jy4ile Matepd. Bribpams nepBuiii Ba-
pHAHT, I0OHOWIA JOJIXEH BBIUTPATb JUOO MEPBHIA H BTOPOH MaTUH —
H BEPOSATHOCTb 3TOrO pg, JUOO BTOPOH M TPETHH MAaTHH — H BEPOSIT-
HOCTBh TaKOro Hucxoza gp. Takum o06pasoM, BEpOSTHOCTBH TOTO, 4TO
MIPOH3OHAET ONHO M3 ITHX JHABYX cOOHITHH, paBHa pg -+ gp— pgp
(pgp neobxomMMo BBIUECTh, TAK KAK B HNPOTHBHOM CJyyYae ABaXKABI
YUUTBIBA€TCS BEPOATHOCTH BHIUIPHIIIA IOHOMHK B TPEeX MaTyax).
AHaJIOTHYHO ecqi IOHOMmIa BHIGHpaeT BTOPOH BO3MOXKHEIN BapHANT,
TO BEPOSTHOCTb TOro, UYTO OH MNoOeAuT JABa pasa MOAPSAJA, paBHa
qp + pg— qpq. Ilockomeky p < g, noayyaem pg--gp—pgp >
= gp -+ pq—qpqg, OTKYyma cieayer, uTO MAJs IOHOWIH Jydlle BHI-
6paTb BapHaHT <«OTel -— MaTb — OTel»!

(iii) MoOXHO TaKXe ONDPEAENHTh HE3aBUCHMOCTh CJAYYAHHHIX Be-
auuuH. Ilycets Xi, X, ...— npousBoJibHBlE cayuafinble BeJHUMHH,
MpHHUMAlOLIHE JEHCTBUTEJIbHBIE 3HAYEHUS. IDTH BeJHUYHHB Ha3bl-
BAalOTCs 83QAUMHO Hesasucumsimu (UM, KpPaTKO, HE3aBHCHMBIMHU),
€CJIM  JIJIST TNPOH3BOJILHBEIX [JeHCTBHUTENbHBIX 3HAYeHHH X, X,
cobmITHS

Ae =X <xp), Ap=X< %), ... ,

B3aUMHO Hes3aBHCUMHL. Dyurnus F(x)=P(X << x) unassBaercs
pynkyueil pacnpedesenus cayuyafinod BeauuymHnl X, W (DYHKIUS
Flx,y, ..., w)=P(X <<x, Y<<y, ..., W< w) HasbBaeTcs o8-
MeCcTHOU ynkyueld pacnpedesenus cayuyalinmx peauuud X, Y, ...,
W. Tenepp MBI MOXKEM ONpPEAEJHUTh COBMECTHYIO He3aBHCHMOCTD
JJIsT TIPOHU3BOJILHOTO (KOHEYHOTO HJAH OeCKOHEeYHOro) MHOXKeCTBa
CHYYaHHbIX BEJHUMH CJIAeAYIOWHM 00pa3oM: MHOXKECTBO CJAyYaHHBIX
BEMUYUH HaA3bIBAaeTCsl HE3ABUCHMBLIM, €CJH AJI NPOH3BOJLHONO KO-
HEYHOT0 MOJAMHOXKeCTBa S 3TOr0 MHOXKECTBA coBMecTHAst (GYHKIHSA
pacnpeneseHnus CAyYaHHBIX BeJUUHH H3 S paBHsETCA TPOH3Befe-
HHI0O HUX MHAHBHAYAJbHBIX (MapruHaJbHbX) GYHKUUH pacnpene-
nenus. Ecanm dyuxuus pacnpenenenuss F(x) W cosmecTHast (yHK-

OusA pacnpepenenus [ (x, y, ...) MOTyT ObITh 3aMHCAHBl B BUAE
X

F (%) = Sf(fc)dﬁz

W)

H
b i i/ )
F(x,y,...,w)zg Sf(ﬁ?,g,...,z@)dfdg...d@,
—00 — 0o — 00
To Qyuruun [(¥) u [(x, 7, ..., @) HA3LIBAIOTCA AAOTHOCTAMU Be-

POATHOCTU. Fcan naoTHOCTH BCPOATHOCTH CYUICCTBYIOT, TO HE3aBH-
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CHMOCTDL O3HAUACT, YTO COBMCCTHAS ILIOTHOCTL PaBHA HPOHIBCACHHIO
HHAHBIIAYaJdblibIX NJAQTHOCTEH.

(iii) Ecau mNJ0THOCTb BEPOATHOCTH [(X) caydyaiiHoil BeJHUUHDI
X cyugecTByeT, TO MaTeMaTH4yeckoe oXHAauHe X paBHO

o0

E(X)= S xf(x)dx.

MartemaTHueckoe OXHUfaHHe cJaydadHoi BeauuuHn (X — L£(X))?
HasbiBaerca ducnepcuell peanuddbl X. [loJ0XuTenbHOEe 3HaueHHe
KBAJPAaTHOrO KODHSI M3 AHCIEPCHH Ha3blBaeTCsi CTAHZAPTHBIM OT-
KJIOHCHHEM H SBJseTcs Mepoil paszfpoca CaAyyalHOH BEJIHYHHBL A
BOKPYT ee cpeiHero 3HaueHusd. (CyLIeCTBYIOT H ApyrHe Mephbl pas-
6poca, HOo Haubo/jee BaxXKHOU O€3YyCJOBHO SBJAETCA CTaHAapTHOE
OTKJOHeHHe. DBrepBble TepMHUHBl <«CTAHAAPTHOE OTKJIOHEHHE» H
«aucnepcusi» HcnoabszoBanuchk K. ITupconom (1895 r.) u P. @u-
mepoMm (1920 r.) coorBercTBeHHO.) Ecau f[(¥)— IJIOTHOCThL Cay-
yafHOH BeJHUYHHBI X, TO ee JAHCHepCUs

oo

D(X)=\ (x — EX)P] () dx.

- 00

Ecnu X u Y wesaBucumnl, 1o E(XY)=E(X)-E(Y) un D*(X+ Y)==
= D2(X)+ D?(Y) (upu ycaoBumH, uTo y X M Y jucnepcuu cylie-
creytor). PasencrBo E(X+ Y)=E(X)+ E(Y) umeer MecTO 0e3
MPEeANoNOXKEeHHS] O He3aBHCHMOCTH X U V.

ad) Jlureparypa

Joffe A. “On a set of almost deterministic k-dependent random variables”,
Annals of Prob. 2, 161—162, (1974).

Wang Y. H. “Dependent random variables with independent subsets”, The
American Math. Monthly, 86, 290—292, (1979).

Chenyoumas cTaTbs MOCBsIleHa [JOBOJbHO JIHOOONLITHOMY COOTHOLIEHHIO Me-

KAy He3aBUCHMOCTBIO H KpHBLHIMH [leaHo:
Holbrook J. A. R. “Stochastic independence and space-filling curves”, The
American Math. Monthly, 88, 426—432, (1981).

5. Mapapokcel 6puarka u norepen

a) Hcropus napadokca

HMcropusi azapTHbX HIDp HauyHHAeTCcsd C JAPEBHEHIIHX BpPEMEH.
OHHM NOJYYHJIH HACTOJBKO ILIHPOKOE PAaclpoCTpaHeHHe, YTO HEKOTO-
phl€ TOCYZapCcTBa H peJUrHH CUHUTAJU CBOUM JIOJIFOM a3apTHHIE
HIpHI 3anpetuTb. Ppudpux 11, umnepatop CaslleHHOH PHMCKON HM-
nepud, B 1232 r. zanperusn urpy B xKocTH. (B 1O Bpems 31O OBlIA,
BHAMNMO, eAHHCTBEHHas mNoONyJasipHass asaprtHas wurpa.) Jyu IX,
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Kopoab Ppanuud, B 1200 r. M3Aa/] 3aKOH, 10 KOTOPOMY WIpOBHIE
KOCTH HeJb3sl OBbIIO fAake H3TOTaBJaHBaTb. B eppeiickom Tanmyge
HI'POKOB CUMTAJIH BOPaMH, NPEC/]e]0Bala HIPOKOB H XPHCTHAHCKas
ILEPKOBb.

Cpean COBpeMeHHBIX a3apTHBIX HID HauGoJiee pacnpocTpaHEHH,
HECOMHEHHO, KapTo4yHble Hrpbl. CJIOBO «KapTa» HPOHCXORHT OT Ipe-
4ECKOro cJ/oBa yoptnt— Oymara, OAHAKO KapTOUHble HI'Pbl OBbLIH
H3BECTHLI €llle A0 NOosABJeHHA Oymaru. XOTsi HEH3BECTHO, I'/le BO3-
HHKJ/JH KapTOYHble HrPH, B EBpony oHH, BHAMMO, mOMa/jdu uyepes
Beneuuio Bo Bpemsa KpecToBblx noxoaos B XIII Beke, a B BeHeunwo —
yepes Kuraii—Ilepcuio—Cupuw-—Ilaaectuny. ®arrbl cocroar B
caeaytomwem. CorsacHo KHTaHCKON suuukaoucaun XVII Beka urphi,
[I0XOKHe Ha KapToyHble, OblJIH H3BecTHbl B Kurae yxe B 1120 r.
A0 Hawed spbl. Ocratku apadckoii kapthl XIII Bena MOXKHO yBH-
AcTb BO ABOopue My3ee Tonkanbl B CramOyJe. PuopeHTUHCKUE yKa3
1376 r. sampewian kapTOuHyl Hrpy «HauOu». COrJIaCHO PYKONHUCH
1377 r., Xxpanauwefica B BputanckoM My3ee, TPHOJH3UTENBHO B 3TO
BpeMs KapTOYHBle HIrpHl crtaJju nonyiaspHel B LIBefinapuu. B Ha-
HHOHaJMbHOH OHnOMMoTeKe B [lapuxe Haxomstcs 17 kapr Tapo, us-
roroByaeHHbix B 1392 r. pua Kapaa VI. Horasu I'yrenbepr orneua-
Tajd Kaptel Tapo B TOM e roiy, 4TO H CBOIO 3HAMEHHTYIO DBu6-
auio V. CoBpeMeHHass KoJ0Ja BO3HHKAA u3 KapT Tapo ['yrenGepra.
B konone Tapo Obio 78 kapt; 22 rJiaBHble KapThl, H3BECTHBIE MO
HasBaHueM “atouts’ (T. e. «rjaBHee Bcex»; mo3djgHee 3tH “atouts”
Ha3BaJ/Jid KO3bIpAMH). CIycTd HECKOJbKO AeCATHJIETHH (paHIly3Hl
yopaan 22 kapte “atouts” u 4 pumapei (“Knights”). OcraBsinecs
52 KapThl H 00pa3yioT CoBpeMeHHYX KoJoay. C TOro BpeMeHH
YHCJAO NOMYJAPHBIX KapPTOYHLIX MIP JAOCTHIVIO HECKOJBKHX COTEH,
HO BO3POCJIO TaK¥ke H YHCJO LUiyJaepoB. IJTOT (hakKT OTpaxkKaeT 3HA-
MeHUTasli KapTuHa Kapasadwo «KapTouHwle wynephs», HanucaHHasd
B 15093 r. Uro6bl OrpaHHYHTL BJHSIHHE WIYJepoB, B 1765 r. JeliTe-
HaHT (QpaHUY3CKOH moJHUMH [abpuess Oe CapTuHn BBeN pPYJETKY.
Ona crajla caMOH yBJIeKATEJNbHOA H caMOH cTapolil Hrpoil B KasHHO
H cyuectByer xo cux mop. C XVII Beka urpo tuma Jioreped, opra-
HU3yeMble TOCYyJapCcTBOM, CTAaHOBATCA BCe OoJiee MONYyJASIPHBIMHU.
[lepBas nyOsHuHas JoTepes ¢ JAeHEKHBIMH mpusamu, Lotto de
Firenze, cocrossiace Bo ®uopenuun B 1530 r. [pyroii Bapuant
Jotepen nogsmiica B 1620 r., xorga B Coser )KeneBh norpeboBa-
JIOCh BHIOpATL NATh HOBHIX UYJIEHOB JUISi 3alOJHEHHS] BaKaHTHBIX
MeCT. ITU WieHH BhIOHpaauch cpean 90 rpaxiaad, 3anHcKH ¢ ¢a-
MHJIHAMH KOTOPBIX OBUIM IIOJIOKEHBI B YPHY H 3aTeM BbITACKHBA-
JOCh NATh 3anucoK. JKurtensam )KeHeBbl paspeliajoch CTaBUTH HA

') 42-crpounas <«bBubaust» neuaranace npumepso B 1450—1455 rr. — [Tpun.
nepes.
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NSATh CYACTJNBUNKOB. JlaxKe CcerofHs KapTOYHBIE HUIPHl, PYJIETKA,
JoTepen H APYrve asapTHble Urpbl OUeHb NonyaspHbl. MHorga ue-
KOTOpble CTpaTerud, MNPHUBOASIIIHE K BBIUIPHINY, OO6BSIBAAITCA
«aBCOJIIOTHO HANEeXHBIMU», HO B JCUCTBHTEJBHOCTH TakK¥ke YTBEpPXK-
J€HUS OKAa3bIBalOTCS HAYYHO HEOOOCHOBAHHEIMH. C APYrofl CTOPOHHI,
TOUHBIC HAYUHbIE TCOPHH U3BECTHHI JHUIIbL KPaHHe HEeOOJBIIOMY UHCIY
MaTCMATHKOB. DTH TeOPHH OOBIYHO NMOATBEPKAAIOT HNPaBH/IA, HCIIOJb-
3yeMble HAa npakTHke. OAHAKO MAaTeMaTHUECKHE TEOPEMBI MOTYT IpPO-
THBOPEUUTL 3APABOMY CMBLICAY U CTAHOBHUTHCA HCTOYHHKOM MapagoK-
COB. 3/leCb Mbl PACCMOTPHUM JHUIb ABa U3 HUX,

8) Ilapadokcei

(i) [Tapamokc 6puaxa

[IpennosoxumM, 4TO B KOAJHUUHUM [ABYX HIPOKOB Ha pykax 26
KapT, cpein KOTOpHX 6 Kosbpeid. Torma HauboJiee BePOATHOE pac-
IpejesjeHne KO3blped cJaeaywollee: 4 — Ha OAHOH pyKe u 2— Ha
Apyrod. BeposiTHOCTL TaKOro pacnpefejeHdss B TOYHOCTH pAaBHA
78/161, uto HeMHOro MeHblle 1/2, a BepOATHOCTb pacCHpeAeSeHUs
3—3 HeckoJqBbKO Ooablie 1/3, ee TouHoe 3HaueHue paBHO 286/805.
Teneps npeanoao:KuM, YTo ABAXKAbBl XOLUJA C KO3EIpeH U 06a Ur-
pPOKa B KOAQJIHUIHH JBaXKAH I[OJOXKHJIH KO3BIpHEE KapTel. B 3Tom
cjlyyae y KOAJHIHMH OCTAJOCh JHIIbL 2 KO3bIpsA, npuueM Jjaubo obe
KapTel Ha OJZHOH pyke, JubOO y KaXJAOro Hrpoka IO OJHOMY KO-
spIpto. Econ Mexay JABYMsI HCPOKaMH pacnpeiensiorcss 2 KO3bipd
n 20 Apyrux KapTt, TO WAHCBl TOro, 4TO y OJHOr0 H3 HIPOKOB OKa-
KyTcst 06a kKo3wipsi, paBuel 10/21, BEepOSTHOCTHL BTOPOro BapHAHTA
pasua [1/21. Urak, BTopo#i BapuaHT 06o0Jieec BeposiTeH, T. e. Hoaee
geposiTHoe pacnpenesienue |—I1 nojydaercss U3 meHee 8eposTHO20
pacnpenejenus 3—3. Her sau 37ech NpoTHBOpeyHd?

(ii) [MTapagoxc snorepen

boapuinHCTBO yUaCTHHKOB JOTepelt OOGBIUHO He CTABAT Ha «CJIHII-
KOM CHMMeTPHUHBIe®» KOMOWHALUH, XOTH BCe KOMOHHAIMH pPaBHO-
BO3MOKHbI. [Ipuunga »3Toro ouenb npocra. Hrpoku mno oneiry
3HAIOT, YTO, KAaK TNpPaBHJO, BBIUTPLIBAIOT HECHMMETPUUHBIE KOMOH-
HAaOuU. B AeHCTBUTEJBLHOCTH BBITOJAHEE CTAaBUThL Ha HaHOoJee CHM-
MeTpHUHble KOMOHWHAUMH UMEHHO MOTOMY, YTO OGOJBIUHHCTBO HUIPO-
KOB UX usberaer.

8) ObovacHexnue napadoxcos
(i) Hlaucel nonmyuuts pacnpeaeneHue Kosplpe#t 3—3 paBHBI

)3/ ()2
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Anajsoruyno aas pacnpegenenuii 2—4 u 4—2 umeen
6 (20 /26 6\ (20Y /(26 75
(2) (i) () + () () ()=
o/\11//\13 4J\ 9 )/ 13 161

[T03TOMY BTOpOe pacnpenesieHdHe OoJjiee BeposiTHO. sl ABYX KO3bI-
per u 20 Apyrux KapT pacrpemeseHne Kosblpe | — 1 HMecT mIaHCHI

(2) 20) / 22) [

1 (10 /(11 T

BeposTHOCTL NPOTHBOMOMOXKHOTO COOHITHSA, OUeBHAHO, paBHa 10/21,
4TO M yTBepKAanochb Bellle. Ho Ttorma rme xe owmubra? Ilpexpe
BCEro MoKaxeM, rjie ee ObITb He MoxeT. EcTecTBeHHO cuuTaTh, uTO
ocse 3axola € KO3BIpEH ABAXKAbI (M Moc/ae TOro, Kak ofa HMrpoxa
MOJIOKHUAH TO 2 KO3bIPsI) B CHJAY IOJYUYEHHOH B PE3yJbTaTe 3TOTO
HHpOPMAUHH BEPOSTHOCTH H3MeHHJIHCh. eHCTBHTEJBLHO, VCAOBHbBIE
BEPOSITHOCTH (HPH YCJAOBHH, UTO 06a HrPOKa HMEIOT 1O MeHbIleH
Mepe 1o 2 KO3BIPsl) OTJAHYAIOTCH OT 0e3YCJOBHLIX BEPOATHOCTEH, HO
[I0JIy4alOTCs1 M3 HUX NMYyTeM YMHOMKEHHS Ha OAHO M TO 2Ke YHCJO.
CaleloBaTeNbHO, WX OTHOLUEHHe He HM3MEHUTCS, TaK UYTO TAKHM
IyTeM Napajokc He paspewutsb. (286/805 4+ 78/105 = 676/805, u
[IO3TOMY YCJOBHBIE BepoATHOCTH B 805/676 pa3 Oousblile COOTBET-
CTBYIOIIHX Oe3yc/JoBHBIX.) McTuHHAs nmpuunHa OMIMGKH B CJeAYIO-
meM. Ecan ucxogHoe pacmpenenenne ko3bpefi 610 3—3, TO KaxK-
AbI HIPOK MOT COPOCHTb CBOH KO3BIPH 32 =6 pas/MUHBIMH CIIO-
cobamiu, uto Bcero Aaer 6-6 =36 BO3MOXKHBIX BapHaHTOB. Ecin
pacnpenenenue OblI0 4—2 uan 2—4, To OHH MOrJH c6POCHTHL CBOM
KO3BIDH JinuIb 4-3-2-1 = 24 cnoco6amu. Temeps MBI BHAHM, UTO
OYCHb BaXKHO 3HaTb, KAKHM OBIJIO HCXOAHOE pacipefeseHHe KO3bI-
pel mepel 3aXONOM C KO3LIpell. YUHTHIBas HauyaJbHYIO CHUTYAIHIO,
MOJIYUHM OTHOIIEHHE, cocTaBJasaloulee auub 24/36 = 2/3 orHouenus,
BLIYMCJCHHOrO Bhllle. [deficTBuTenbuo, 286/805:78/161 = 11/15 co-
craBaser 2/3 or ornomenus 11/21:10/21 =11/10. Tenepsn napa-
JOKC ITOJIHOCTBIO paspellleH.

(i) CoBcem HEyIHBHTENBHO, YTO CHMMETPHUHLIE HJIH PEryJsp-
HBle KOMOWNALIMH BBIUIPBIBAIOT Kpafine peako. Ecau craBsT Ha
ghces u3 90, To obuiee uHUCAO BO3ZMOMKHBIX KOMOHHALMH NpHOIH3H-
TCJIbHO COCTARJsIET 44 MHJIJIHOHA (M B TOUHOCTH paBHO 43 929 268),
CpeIH KOTOPLIX DPEryysipHbIX NATEPOK BCEro JHIIL HECKOJILKO THI-
cAY. B cayyae BHIMIpHIIA pery/sipHOd MATEPKH, HA KOTOPYIO OYEHb
peaKo CTaBAT APYrue Hrpoku (XOTsI LIAHCHI BBHIUIPHIIA OCTAlOTCH
TeMH K€ CaMbIMi), BeJHYHHA INpH3a HeHCTBHUTENBLHO BO3pacTaer.
Ecau urpok 6yaer yuacTBoBaTh B J10Tepee MHOTOKPATHO, TO CNYCTS
HEKOTODOEe BPeMst OH B 3TOM yOe UTCH.
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e) JameuaHus

(i) Ilartepru uymHces, Ha KOTOpHlE CTaBAT penko, OGHADYKHTH
pOCTO, TaK KAaK B raserax Bcerjga coobuiaercs, CKOJbBKO Y4YaCTHH-
KOB JIOTepeH yrazanau 2, 3, 4 1win O uuces U CKOJBKO COCTaBUJ
BRIUIPBIN. ([l nATEepox 4Hces, Ha KOTOpPBIE CTaBAT yalle, BBIUI-
pHIII MeHbIIe.) B caywae nporHosa pes3yabTatoB (DYTOOJBHBIX MaT-
JeH MaTeMaTHUYeCKMH aHaJJu3 HEMHOI'0 CJOXKHCE, NOTOMY 4YTO 34€Ch
HeT (DPHKCHPOBAHHBIX KOMOMHauHui. BblulicjieHdss MOTYT OCHOBBI-
BaTbCsl Ha HPOrHo3axX, NyO/JHKYyeMBIX B HEKOTOPHIX raserax, H Ha
ypcJae JIIoJeH, NPUHUMAWKMX BO BHHMAaHHe 3TH NPOTHO3HL

(ii) Ily6aumkauuu mo asapTHBIM urpam (OT pYJAETKH, TAe pe-
3yJbTaThl [1eH30€XKHO cJaydafinbl, A0 OpujaXKa, IAe BJHSIHHE CJaY-
YAaHHOCTH CBEJAEHO N0 MHHHMYMAa) MOIJH Obl 3aI0JHHTL HECKOJIbKO
6ubanorck. B XX Bcke, BO MHOTOM GJaarogapss Tpyaam [ocona
¢on Heiimana, Obiiia paspabotaHa obuiass Teopus urp. Mbl Bep-
HEMCs K HeH Mo3JaHee.

(iii) Cuoenyromuii napajgokc nosiBuaca B 1693 r.(!) B «@ujo-
copckux Tpynrax Koposceckoro ob6uuectsay (Philosophical Tran-
saction of the Royal Society, 17,677—681) B pabore «Apudmeru-
YECKHH NapajgoKC, KaCarllUicsAd LIaHCOB BLIUTPHILA B JOTEPEIX>»
useHa Koposesckoro obuiecrsa, noutendoro ®psucuca Pobeprea,
3CKBaupa.

«B TO BpemMs Kak HEKOTOpBIC HCTHHBI (IOJ0OHO aKCHOMaM B
reOMeTpPHH HJAH MeTa(H3UKe) CAMOOUEBHUAHBI C MEPBOrO B3TJIAIA,
JpyrHe, He MEHeEe clIpaBeAJHuBbLIE B CBOHX OCHOBaXx, 06JaaaioT co-
BEPUIEHHO APYTUMH 4yepramMu H 06e3 CTPOroro H TUlaTeJbHOTO aHa-
JIH3a KaxXyTcsd HeBepHLIMH. Ilpumepbl DOAZOOHBIX HCTHH MOXKHO
HaATH B OOJIBIIMHCTBE HAyK.. $1 HPeAJIOXKYy elle OAWH MpHMEep H3
ApUPMETHKH, KOTOPHIH, BUAKMO, NOKAXKETCH CTOJb Ke BeJUKUM [a-
panokcoMm, Kak M JIOOOH H3 M3BECTHHIX paHee.

B kaxpoit u3 AByX JoTepefl HIPOK IJIATHT IIMJJIMHT 34 MPaBo
TAHYTb XKpeOu#l wiu caesnatb Opocok. BepHuble HCUUCAEHHST HOKA3BI-
BAIOT, UTO LIAHCHl HA BBIUTPHIN Y HrpOKa B NEPBOH J0OTEpee paBHDI
] Kk 3 BO BTOpO# J0Tepee — 1 K 2, TeM He MEHEE HTPOKY OJHHAKOBO
HEBHITOJHO (U He 00JblIe) y4acTBOBATh HM B IEPBOH JoTepee, HH
BO BTOPOU».

[IpuMmep, npuBoaumBIl nOoCJe 3TOH HpoOGJeMBl, COCTOUT B cJe-
ayouweMm (O6yaeM HCMOJAbL30BATHL COBPEMEHHYI0O TEPMHHOJOTHIO).
Ilycre X o6o3nauaeT naml BBIUTPBHIII B Hrpe, 3aBHCALLEH OT CJay-
yad. (IIpu npourpeiiie Bennunna X orpuunartenssa.) Iycrs X+ =X,
ecin X noJgoxureasna, 4 0 B npotuBHoMm cayuae; X~ =X, ecau X
orpunaresnna, n 0 B nporuBnom cayuae. Obosunaunm uepes Y,
Y*, Y~ te xKe cayuafinble BeJHUHHB AJS Apyroi urpel. Kak moka-
3pIBaeT NpPHMep, XOTS MaTeMaTHUecKHe OHAaHHA BeJanudH X u Y
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COBIIAAAIOT, OTHOLIEHHS MaTeMaTHYeCKHX OXUIAHHHA BeJHUHH X+
H X7 MOrYyT OTJIHYaTbCS OT COOTBETCTBYIOMETO OTHOLICHHS JUIS
Y* u Y=, 310 o3nauaer, uTo H3 paBeHcCTBa E(X)=FE(Y) He cue-
Ayer paBeHcTBO L(X*)/E(X~)=E(Y*)/E(Y~). Bpsg Jau koro-
HUOY b YAHBHT 3TOT pesynbrar. (OUeBHIHO, €CJAH MAaTeMaTHUECKHE
oxuaauHsg ¥ X, u ¥V paBubl 0, To 06a NUpeibAyINUX OTHOICHHS
paBHbl 1). Ec/iin Bce-TakH paccMaTpuBaTh 5Ty npobJjeMy Kak napa-
AOKC, TO €e CKOpee CJAeAyeT Ha3BaTh NapajoKCOM MAaTeMaTHYECKOIo
OXHIAQHHA, & HE «apHPMeTHUECKHM NapafoKCcoM».

0) Jlureparypa

B caenyomux KEMrax pacckasaHo O MaTeMAaTHKE OpupxKa:

Borel E., Cheron A. Théorie mathématique du bridge, Gauthier-Villars,
Paris, 1940,

Jacoby O. How to Figure the Odds? Doubleday, New York, 1947.

ABTOp CHEAYIOMMX CTATbH H KHHI'H 3apaGoTaj MUJIHOHBI NPH HIPE B OUKO
H 3aCTaBUJ H3MEHHTh MPABHJAA 3TOH HIPHL.

Thorp E. O. “A favourable stralegy for twenty-one”, Proc. Nat. Acad. Sci.,
47, 110—112, (1961).

Thorp E. O. Beat the Dealer: A Winning Strategy of the Game Twenty-
one, Blaisdell, New York, 1962,

Jns mobutenaell nokepa:

Findler N. V. “Computer poker”, Sci. Amer., 239, 112—119, (July, 1978).

PaloThl M0 HCTOPHM KapTOYHBIX HIP:
Beal G. Playing cards and Their Story, London, 1975,
Schreiber W. L. Die altesten Spielkarten, Stutigart, 1937.

6. Napanokc pasgaum nogapkos;
TPaBMbl, NPHUUMHEHHLIE NTOLLAAbMM;
TeNle(pOHHbIE BbI3OBbI; ONEYATKM

a) Hcropus napadokca

Knaccuueckast Teopusi BeposiTHOCTEH 3aHHMAeTCss B OCHOBHOM
KOMOHHATODHEIMH 3a/auaMi (CBSI3aHHLIMH C a3apTHBIMH HIPaAMH).
B s1ux 3aiauax cayuafinele cOBLITHS OBBIYHO COCTOSIT H3 KOHCUHOTO
THCJIa BO3MOXKHBIX 3JIeMEHTapHBIX HCXOJOB M BCE 3JeMeHTapHbe
HCXOABI DPABHOBEPOATHHL. B TakoM NpoCTOM ciyuae BepOSITHOCTEL CO-
6nitu (A) paBHa OTHOWIEHHIO YHC/IA «BJArONPHATHEIX> HCXOAOB K
«O0lIeMy uHCITy HCXOZOB». B mepBofi moapo6mnofi MoHorpaduu no
TEOPDUM BEPOSATHOCTEH TaK¥Ke paccMAaTpUBAJINCh TaKHe BEePOSATHOCTH.
D10 Oblia xHura Pemona e Monmopa, ony6nukoBansas B [Tapuske
B 1708 r. «Ilapamokc pasjgaunm mogapkoBs — 3TO BApHAHT 3aauH,
o6cyxaaeMol B KHHre MOHMOpa Ha nmpHMepe KapTOYHEIX Hrp.

6) Iapadoxc

Heckosbko uenoBek pelnin ciacaath APYT APYry MOAApKH CJe-
AyIOIWHUM obpasoM. Kaxabii mpuHOCHT noaapok. Ilogapku ckiaamw-
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BAlOTCs BMECTeE, llepeMELHBAOT s 1 CJIYUallHO  pPaClHpefessoTcs
Cpell YUaCTHHKOB. JTOT ClpaBeUINBBIH Ci10CO0 pasfayH NOAdpKOB
IpUMEHsIeTCsl YacTo, TaK KaK CHYUTAIOT, 4TO JUIst OOJbUIMX IPYyIn JIo-
ACH BEPOATHOCTb COBINAJAEHUS, T. €. HOJYUEHHST KeM-TO COOCTBEHHOIO
nojapka, oueHb MaJga. [lapanaokcasbHo, HO BEPOSATHOCTb MO KpaHHEH
Mepe OAHOrO COBMAAEHHST HAMHOIO OO0JbIIC BEPOSATIOCTH TOTO, YTO
COBNaleHUH HeT (KpoMe cJayddsi, KOIA4 rpynna COCTOMT H3 ABYX
yeJIOBEK, TOMa BepOsATHOCThL OTCYTCTBHs coBlajeHuii pasuHa 50 %).

6) Obwsacherue napadokca

PaccMOTpHM KOMIAHHIO K3 71 4YeJOBEK, TOrjJa UHCJIO MNOAApKOB
TaKKe paBHO n. [logapku MoryT OBITL paclipeaesetbl ! pasjHUYHBI-
MU crnocobamu. (1o obuiee uHCJAO0 HCXOHOB.) HHCA0 HCXOMOB, B KO-
TOPBLIX HHKTO He IOJYYHUT CBOH COOCTBEHHBIH NOAAPOK, PaBHO

(g)nlﬂ-(t:)(n—— l)l—i—(g)(n-—Q)lm

—_ (g)(nw—3)! -+ oo (=D,

TaK YTO OTHOLIeHHe uYHcaa OJaaronpHATHBIX HCXOLOB K OOLIEMY 4YHC-
JY UCXOJOB BBIUHCJAACTCA 10 GOpMYyJIe

p,=1/20 — 1/31+F ... -+ (—1)"nl

H p, NelCcTBUTEeJIbHO MeHblle 1/2 npu n > 2.

Korpa colupaercs, K INpUMepy, MO KpaHHEH Mepe b U€JOBEK
(n = 6), umeeM p, =~ 1/e =~ 0.3679 ¢ ToyHOCTBHIO M0 4 3HAKOB MOCJE
3ansatod. BeposATHOCT, OmpeLe]eHHOro COBHNaAeHHA, T. €. BEPOAT-
HOCTh TOTQ, YTO KOHKPETHBIH UeJOBeK MOJYUYHT CBOH COOCTBCHHBIH
NOAAapoOK, OUeBHAHO, paBHa 1/n, u 1/n crpemutrca x 0 npu yBeJu-
YeHHH n. IDTOT [1apaZOKC HOKA3hIBaeT «II0 KalleJbKe — Mope, N0 Obi-
JINHKE — CTOI'»: HECMOTPS Ha MaJocTb BepodTHocTe#d (1/n) onpene-
JIeHHBIX COBNAaJeHHH, BEPOSATHOCTb TOrO, YTO NPOU3OHAET MO KpanHeH
Mepe OJIHO COBIaJAcHHe, NPUOJIN3UTENLHO paBHa 2/3.

2) Jameuanus

(i) BepoarHocTtb p, cxoAutcss K e~ ! ¢ poctoM n. LEciaH n He
MeHblle 6, TO P, ==e~! ¢ TOYHOCTBIO [0 UeThIpeX 3HAKOB I0CJe 3a-
natod. B 6ogee obuieM cayyae BEPOATHOCTb POBHO £ COBNAJEHHH
paBHa e~!/k! (B yKa3aHHOM BbIlle CMBICJE).

(ii) Hccaenyem apyrywo npobJaeMy, CBS3aHHYIO C IapaJOKCOM
paspauu noAapkoB. OnsaTh PacCMOTPHUM COBOKYHNHOCTb U3 £ 4eJIOBEK
H n nojapkoB. Tenepnr mojapku pacnpefefsilorcss TakuM o0OpasoM,
UTO KaXXJBIH YeJO0BeK MOXET IOJYyYHUTh JIOOOH MOJAPOK C OJHHAKO-
BOH BEPOATHOCTBIO HE32aBHCHMO OT pacIpeleseHus ApPyrux noxap-
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KoB. CJleOBATe¢/IbHO, MOXKCT TaK CJAYUHTbCS, UTO KTO-TO [OJYUYHT
6oJiee oAHOrO noAapka, a APYyrue HeE NOoJydyaT [OLAPKOB COBCEM.
Toraa nomapku MoOryTt ObiThb pacupejeeHbl 7" pasJHUHBIMH CIIOCO-
6amu (1" — obilee uncao ucxonoB).lIycts cobnitue A 3akniouaercs
B TOM, 4TO ONpeleJIeHHBbIH YeJJOBEK He MOJYUHT nmopapka. Torga Bce
n NOLAPKOB paclpelelisiloTcs Cpeld OCTalJibHbiX (n— 1) uenoBek, H
3TO MOXKHO caesatb (n— 1)” pazubnMu cnocobamu. Takum obpasom,
BEPOSITHOCThL cOObTHA A paBHA

9, = (n— 1)"/n"* = (1 — 1/n)".
[locaenoBaTeAbHOCTh (, TAK XKe, KaK U P, cTpeMurcsd K e, O606-

lasi HaW pesyabraTr, HOJYYHM: BEPOATHOCTL TOrO, UTO ONpelesaeH-
HBIH 4YeJOBEeK NOJYYHT POBHO k moxapkos, cxoautcss k e '/R! mpu

rkA rkA

A=z A=5

04 |- 04 |
a3 |- a3 -
02 0z
.,
l 5 ! B \ l» [~
I 2 3 4 & 6 7 8k 1 2 8 4 6 6 7 8k
Puc. 2. Pacnpenenenue Ilyaccona c¢ napamerpamp A = 2 g A = 5.

n—oo, PaccmoTpuM Temepb cJayuaM, Korjga uncJao Jgioged (n) He
06s13aTeJbHO COBMAJaeT ¢ YHCJOM NOJApKOB (m). B 2TOM cayuae
HCKOMas BEPOATHOCTL paBHa ¢, =(1—1/n)". Ecau oTHOlIecHHE
m/n CTpeMHTCA K mapaMmerpy A (T. e. ecau cpCAHee UYHCIO MOAAD-
KOB, IpUXOJsLIEeCsT Ha OJHOrO UCJOBEKa, pPABHO A HJH CTPEMHTCS K
A), TO g, cxoguTcs K e » (rpe A MoxKeT ObITb JIOOBIM MOJOXKHTEIb-
HBIM uHcsaoM). Hakonenw, BeposITHOCTb TOro, uTo ONpele/ieHHBIA ue-
JIOBEK TIOJIYYHUT POBHO 2 TOAApPKOB, CXOAHUTCS K

g = Kke“l/k!.

['oBopsT, uTO cayuaiiHas BeJHUHHA, IPUHHMAKOLIAS JHIIb HEOTPHILA-
TeJbHbIe [EJNOUYUCJIEeHHbie 3HAUYEeHUN, uMeeT pacnpedesernue Ilyacco-
Ha, €cJil OHa NMPHHHMAaeT 3HAaU€HHe R ¢ BEPOSITHOCTLIO r.. Bhllle MH
BUAEJH, YTO CJyuyalHOe YHUCJIO MOAAPKOB, KOTOpBie NMOJYYHT OMpeje-
JIEHHBIH UYeJIOBeK, MNPUOIU3UTENbHO NOAUUHSETCH paclipeleseHHIo
[lyaccona ¢ mapamerpoM A, ec/iu cpefHee YHCJIO (MaTeMaTHUECKOe
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OXHAAHMC YHC/Ia) NOAAPKOB, MPUXOASIIINCS Ha OJHOTO 4YeJOBeK4,
paBHO A. BosBpawasch K «napajoOKCy pasjauu MOAAPKOB®, MOJY-
yaeM, U4TO UYHCJO JIOACH, KOTOPBIM JOCTAHYTCH UX COOCTBEHHBIE I10-
AApKH, Takxe NOAUUHAETCS pacuperpenenuro [lyaccoHa ¢ napamer-
poM A == 1. DTO AOCTATOYHO €CTECTBEHHO, TaK KAaK B CPejHeM cyllle-
CTBYET TOJIbKO OJUH 4Y€JOBEK, [OJNYUYHBIUHH CBOH COOCTBEHHBIH I10-
Japok. (Bepodtnocts TOro, uro olipedesieHHBIH UYEJOBEK IMMOJYUYHUT
CBOH COOCTBEHHBIH MOLApPOK, paBHa 1/n, W AJdAd n 4eJ0OBEK cyMmMMa
TAKHX BEPOATHOCTCI facT 1, KaKoBO OBl HH OBLIO 11.)

(iii) Ilonsitue pacmpenesenus llyaccoHa BIepBBIC NOSABHJIOCH B
KHHIC (ppaHiysckoro yuenoro Cumeona ernuca [lyaccona (1781—
1840 rr.). (B pa6ote «HccaenoBanusi 0 BepOATHOCTH CcyeOHBIX HpH-
rOBOPORB MO YIOJIOBHBIM H IpaxKaaHCKuM gedam>» (“Recherches sur la
Frobabilité des Jugements en Matiére Criminelle et en Matiére
Civile, Précédées des Gégles Génerales du Calcul des Probabili-
tés”), onybGaukoBaHHOH B 1837 r., pasa. 81 nOcBsIEH MpUIOXKe-
HASIM TEOpHH BepPOsSITHOCTEH K cyaeOunod npakrtuke.) Ilyaccon o6-
CYXKAaeT cJaeAymllylo npobieMy. PaccMOTpUM 3KCIIEPHMEHT, B KO-
TOPOM OJAHUH H TOT Ke (PeHoMeH Habmawmpaercs moBTOpHO. I[lpenrno-
jJaraercsl, YTO HUCOBITAHHA B 3TOM SKCICPUMEHTEe HE3aBHCHMBI, AJIs
KaXJI0ro HCHBITAHHS €CTh TOJIbKO JBa BO3MOXHBIX HCX0Ja H HX
BEPOATHOCTH OCTAIOTCS HEU3MEHHBIMH JJ5 BCeX HCIBITAHHH. (DKCIle-
PHMEHT TAKOrQ THIA Ha3bIBAeTCs NOCJeJ0BATEJbHOCTBLIO HCIBITAHUH
bepuyanu.) Kak npasuso, ucxol, NPOUCXOAAIIUHA C BEPOSATHOCTHIO
p, Ha3BIBAIOT «YCIEXOM», a JAPYrou HUCXOL — «Heypauedl». [Ipumep
HCIILITAHUH DepHydaad naioT nocjiejgoBaTesbHble OpocaHus HecOa-
JAHCHPDOBAHHOH MOHeTH. [lycTb b — BepOATHOCTL TOrO, YTO UpPH
n ucnbitaHusax bepHydaau O6yaer k£ ycnexoB (HanmpuMep, BEpOSITHOCTD
TOTO, UTO BBIHAJET POBHO % repOoB HpH n OpocaHHsiXx HECUMMETpPHUU-
HOH MoHeThl). Toraa

Y :
bk:(k)pk(l_-p)n_ks kzoa 1: ey I

Takum o6pa3oM, UHCIO YCIIEXOB S, B 1 HCIBITAHUAX DepHYJIH eCcTh
cJydyadHasi BeJUYMHa, KOTOpas IHPUHHUMAeT 3HAaueHHe kB C BeposiT-
HOCTBIO bp. I'OBOpsT, uTO cayuailiHasi BeJHUYHHA C BO3MOXKHBIMH 3Ha-
ueHHAMH 0, 1, 2, ..., n uMeer GUHOMHAJbHOE pacClpelescHHe, ecJH
OHa IIpHHHUMAaeT 3HaucHHe kB C BepOSITHOCTBIO bp. IlpusararenbHoe
«OHHOMHAJIbHOE» YKa3hiBaeT Ha TOT (aKT, UTO bp Kak pa3 SBJSETCS
k-M uJieHOM B passoxeHuu OuHOMa (p + (1-— p))”, HOCKOJBLKY HO
6uHoMHaJabHOK ¢opmyne (p+ (1—p))*=bo+ b1+ b2+ ...+ b,.
[lyaccon oOHapyxuj, uTo eciy JAejiaTh p BCe MeHbIle U MeHbIe U B
TO K€ BpeMsd VyBeJHYMBaTb M Tak, UYTO IIPOH3BeleHHe np = A
OCTaeTcsl NOCTOAHHBIM, TO by cTpeMHTCS K rp. CJeloBaTtelibHO, pac-
npeneaedue [lyaccona gpiasiercs NpubauKeHHeM Qs OGUHOMUAJIbLHO-
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ro pacnpefenenus. Bo3aMOXKHOCTD IWHPOKOIO IPUMEHEHUS 1l HOJbliIas
BaXKHOCTh IIY4CCOHOBCKOIO paclnpene/eHHA He OBLIH NOHSITHL B cepe-
AHHE MpOLUJOro Beka; 00Jee TOro, 0 HEM IOYTH IOJHOCTHIO 3a0BIJIH.
Oarako nociae 1894 r. 370 pacrnpelelleHHe HCHO/Ab30BaJH IIPH H3Y-
yeHHU CTpaHHOro peHoMeHa. 3a 20 Jger Mexnay 1875 u 1894 rogamu
B 14 pasiuyHBIX KaBaJCePHHCKHX KOpIycax repMaHCKO#d apMuu Oblia
cobpaHa CTATHCTHKA TparHyeCcKHX CJyYaeB, KOTAA COJAAT OBl YOHT
yaapoM komnbiTa. CorsacHo 280 Habawonenusam '), 196 coapart norubiu
TakuM oOpasoMm, T. €. B cpelHeM 3a rox A =0,7. Ecau 6B uyHcJI0
TparudeCKUX HMCXOAOB MOAUUHAJIOCHL pacnpejeneHuio Ilyaccona ¢ ma-
pamerpom A =0.7, To MOXHO OBLIO OB OXKUAATb, 4TO Ipu 280 Ha-
omogedudax B 139 cayuasx cMmeprted Het, B 97 cayuasax — 1 cMepTh,
B 34 cayuaax —2 cMepTH H T. 4. A UTO I[OKasaja CTAaTHCTHKA?
B jgeldCTBHTENBHOCTH [JaHHBIe OBJH cooTBercTBenHOo 140, 91, 32
H T. [.; IPAKTHKA U TEOpPHSA OKa3aJHCh B CTOJb XOpOILIeM COIJIACHH,
YTO BPSA JIM MOXKHO OBLJIO OXKHAATL OOJLUIETO.

JTO cpaBHEHHe IOABUJOCh B 1898 r. B 3HaMeHuTo# MoHOTrpadHH
JI. boprxesu4a. Ha3BaHne ero KHUTH «3aKOH MaJbiX 4HCEJ» OTpa-
)KaeT TOT (hakT, 4TO HPHU I[YACCOHOBCKOH annpoOKCHMAaIHH p CTpe-
murcd K 0 npu yBeaudeHud n. (HasBanue pocTaToyHO ABYCMBIC-
JICHHO, TaK KaK OHO HAaBOJAHT Ha OLIMOOYHYI0 MEICJAb O TOM, YTO
IIyaCCOHOBCKOe NpUOJIHXKEeHHe B KAKOM-TO CMBICJAE NPOTHBOIOJOMKHO
3aKOHY OOJIbLIMX YHCEJ, KOTOPBIH 00cyX)aaerTcs HHXKe.) [IyaccoHOB-
CKO€ pacnpejesjieHue CTaJdo HIUPOKO NPUMEHSTbCA JHUIbL B XX BeEKe.
Hanpumep, nmyaccOHOBCKUM paclipeaesieHdeM NpUOJIHKEHHO OIHCHI-
BACTCS KOJIMYECTBO OIpeJeeHHOTO BHAAa TOBAapoB, IIPOLAHHOe B
TeUeHHe KOHKPETHOro JHs, YHUCJIO MOJICKYJ TeMOrJoOHHa, BHAHUMOE
MoJ, MHKDPOCKOIIOM, 4MCJO 3a0aCTOBOK M BOWH B I'OJY, UHCJO Olleua-
TOK B TEKCTe MJIH YHCJ0 TeJe(OHHLIX COeAUHEHHH C OlpelelIeHHBIM
HOMEPOM B TeudeHHe (PUKCHPOBAHHOTO AHSA. Ec/H cpelHee YHCJIO MO-
JIEKYJI reMmorJio0MHa HJIM OICYATOK, HJAH TEJCPOHHBIX COeLHHEHHH
paBHO A, TO HMX UYHCJ0 UMeeT pacrnpenenenne IlyaccoHa c mapamer-
poMm A. Eciu N —uncao TejleQOHHEIX JHHHH, AOCTYIHBIX AJS TeJe-
(QOHHOTO OOMEHA, TO UYHCJAO 3aHATHIX JUHHH NPUOJIH3HTEIHBHO HMEET
pacnpepenenue Ilyaccona. Ilpob6aeMbl Takoro BHAA H3yuyaJHCh AAT-
ckuM marematukom A. K. 3paaneom (1878—1929 rr.). B 1906 r. oH
YCTaHOBHJ, 4YTO Jyulllee NpubJaNKeHHe MOMKHO MOJYYHTh, €CJH HC-
OJb30BAaTh CJAeAYIOllee YCeUueHHOe IyaCCOHOBCKOE pacipeje/eHue:

ek=clk/k!, rne R=0,1,..., N

—1

¢ = (iolk/kl)

1) 280 nabmoaenuit = 20 ner X 14 xkopnycos. — [Ipum. nepes.
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C Tex nop 3To pacnpejieieHHe Ha3bIBAeTCs paclnpelejeHueM Jp-
JIaHra,
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7. CaHkr-netepbyprckuii napanokc

a) Hcropus napadokca

Teopyst BepOATHOCTEH, KOTOpasi HAUMHAJACH C UCCJAENOBaHHS pe-
3yJbTATOB a3apTHHIX UID, pa3BUJach B YHHUBEpPCAJbHYIO TEOPHIO, Ha-
IIeJIIYI0 IPUMEHEHHSI BO MHOTUX 00JacTaX KuU3HU. [ToaToMy coBceM
HEYAHBHTEJAbHO, YTO HOYTH BCe KPYIHBIC Hay4YHble XKYPHaJbl MOCHIe-
AOBaJM NpHMEPY aHIJIUHCKOTO XKypHada «Ipyawl no dbuisocobuu» u
peryjsipguo ny0JUKOBaJu CTaTbH 110 TEOPHH BeposiTHoCcTed. Bcee
6oJibllle W OOJbIIEC YUYCHBIX CUHMTAJIH, UTO TEOPHS BEPOSITHOCTEH —
TO He YTO HWHOE, KaK [IYTeBOAHUTeJb MO XKHU3HH, 3APaBHIH CMBICJ, BHI-
paxeHHBH B uncaax. Opnako B Havase XVII Beka AkageMusi Hayk
B Cankr-Ilerepb6ypre ony6auKOBada cTaTblo, MaTeMaTHYeCKHE BhbI-
YHCJAEHUsST B KOTOPOM Ka3aJoCh HNPOTHBOPEUUJH 3APABOMY CMBICTY.
Crareto nanucaa [Januus Bepryaaru, n G6aaromapsi emy nerepOypr-
CKHH napajokc cras u3secteH. OAHAKO BIEpBLIE NPOGAeMY MOLHSI
€ro JBOKOPOXHBH OpaT Huxkorad BepHyasu v yIOMSHYJ O napajaok-
ce B nucbMe X Monmopy B ceHTsibpe 1713 r. (BepHyaaun — sHaMeHH-
Tasi CEMbsI MaTEeMaTHKOB, HCCKOJLKO UJEHOB KOTOpPOH 3aHHUMAaJHCh
Teopuelt BeposATHOCTeH, oco6eHHO S1k06 DBepHyaau, o KotropoMm elle
MOHAET peub HHXKe B CBA3H ¢ 3aKOHAMH GOJbUIHX YHCEJ.)

6) Iapadokc

EnvHHunOe HenbiTaHHe B meTepGYprcKOH Hrpe COCTOMT B Gpoca-
HHU IIPaBUJBHOM MOHETH [0 TeX MOp, NMOKa He BHINANeT pelIka;
€CJU 3TO MNPOHU3OUJAET IpU r-M OpOCAHUHU, UTPOK MOJyUaeT 27 H0J-
JapoB u3 Oanka. TakuMm 06pasoM, ¢ KaxKALIM OPOCAHHEM BHIUTPLILI
yaABauBaercs. Bomnpoc B ciaeAyomeM: CKOJbKO CJEAyeT 3alaTHTb
UrpoKy 3a ydyacTHe B Hrpe, utobm urpa craaa Oesobuanoii? Bes-
OOHIIHOCTL MeTepOlYypPrcKOH HrpLl paccMaTpHBAeTCs B KIACCHUYECKOM
CMBIC/IC: cpellHee 3HaueHHe (MMM MaTeMaTHYeCKOe OXHIaHue)
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YHCTOrO BBHIMIpPHILIA J0JKHO OBITh paBHO 0. OXHAKO, KaK HU YJAHBH-
TeJbHO, 3TO ECTECTBEHHOe TpeOOBaHHE HEBBHIIOJHUMO, Kakyw Obl

(KOHEUHYI0) CyMMYy JeHer HIPOK HH 3amJaTHJI.

8) Obwacnenue napadoxca

ITorepu Ganka HMelOT GECKOHEYHOC MaTeMAaTHYECKOe OXKHAaHHe,
TAK KaK BepPOSITHOCTb OKOHUAHHs HUIpbl IpuH k-M OpocaHuM paBHA
/2%, nu B 3TOM cJyyae UTpOK TNoayuacT 2* no.napos. Torga OaHk
B Cpe/lHeM J0JKeH 3aTJjaTUThb

1 1 1
52+ g 44+g5-8+ ... =14-14+14 ...

N0J71apOB, UTO COCTABJAACT OECKOHEUHO GOJIBbIIYIO CyMMY JEHeEr, TdK
yTo Hrpa craja 6Gel 6e300HAHOH IIpH GECKOHEYHOM B3HOCE. XOTs BCe
MaTeMaTHUeCKHe BBIUHCJICHHS KOPPEKTHBI, Pe3yJbTaT HENPHEMJIEM,
[I03TOMY HEKOTOpble MaTeMaTHKH MPEAIONOXKHIN peanu3yeMble MO-
AnUuKanmu.

(i) Broghgorn, Kpamep n Apyrue OpesIOKHIH HCXOAUTH U3 €CTe-
CTBEHHOIO NPEANOJOXKEHHss 00 OrpPaHHUCHHOCTH pecypcos (T. e
6aHK MMeeT JIHIIL OrpaHHUeHHOe KoJHuecTBO AeHer). Ilycrb B GaHke
eCTb MUWJIJIMOH JAoJajaapoB. Torja mareMaTHueCKOe OXHIAAHHE BBIUI-
pHIllia [J5 UTPOKaA PABHO

i 1 1 I 1
a2 A e 204 (g + o+ -0 ) 100 =

=19+ 1.90... = 21

(MBI yuau, uto 22° > 10%). CJaexoBaTcibHO, HPH BCTYIIHTCJILHOM
B3HOCE HMIpOKa, paBHOM 21 noJjapy, Urpa CTaHET B HEKOTOPOH cTe-
MeHU BHITOAHON il GaHKa.

(ii) B. Peasrep oTMeTHJ, YyToO MOKHO TaK OINPEACJUTbH BCTYNH-
TeJbHBI B3HOC, uTo mertepOyprckas urpa craner 6ezobuanoi. O6o-
3HAUMM Uepe3 A YHCJO HIP, B KOTOPHIX ydacTBOBaa HUrpok. Hrpy
MOXHO CcuuTaTh 0e300HAHOH, ecAH OTHOWEeHHE CYMMAapHOTO BBIHI-
poimia N, K CyMMapHOMY BCTYIHTEJbHOMY B3HOCY R, cxomurcs K 1
[IpH #7, CTpeMslleMcs K OCCKOHEUHOCTH, TOuHee, €CJH JAJAs JI60ro
e >0 J

P{IN/R,—11<e}—1 mpn n—>oo. (+)

dennep HoKasad, yto nerepbyprekas urpa cTaHoBHTCS 0Ge306HAHOH,
ecJH NOJIOXKHUTh R, =rnlogsn. Kak cjaeayer H3 nmapaaokca, Urpa He
MOKeT OBITh Oe3zobunHoil ansg R, =cn, rgje ¢ — IpPOU3BOJIbHAA KO-
HeuHas nocrosunas. OAHAKO, eCJH BCTYNMHUTE/AbHLIM B3HOC MOXKET 3a-
BUCETb OT UHCJAA HIP, B KOTOPBIX yYacTBOBAJ HIPOK, TO (COTJIACHO
teopeMe Dennepa) merepOyprekuil mapajoxkce paspelraercs.



7. CanKr-nerepbypeckuii napacdorc 37

2) JameuaHus

(i) CootHolucHHe (#) BBHIpaxaeT CBOHCTBO YCTOHYHBOCTH BCJIH-
yuupl N,. AHajgoruuHble cBoiicTBa HabJawAawTCA U NpH R, = cn B
«[Tapagokce BepHyaau Ads 3aKOHA OOJBILIHX UHCE».

(ii) Ilo pesyabrtatam 2084 urp broggorn obOHapyxuJa, UTO Hrpa
cTaHOBHTCS 6e300UAHON NPU BCTYMHUTCJABHOM B3HOCE, NPHOJAHIKEHHO
pasHoMm 10 nonaapaw.

(iii) Caeayromuit napagokc OJH30K CAHKT-1ETepOyprcKOMYy Iia-
pajgokcy. (91 yeawmimana o nem or Csma I'yTmana mocje MOEro BbI-
cTynJjenusi Ha ceMuHape [Haanum B MaccauycerckoM TEXHOJIOTH-
yeckoM HHcTHTYTe B 1983 r.) IlpeanonozkuMm, 4TO Bam IpegoCTaB-
JeHa BO3MOXHOCTb BHHUrpatb (—2)" HOJJapOB ¢ BEPOATHOCTBHIO
2-n n=1, 2, 3, .... 910 Bac panyer uju oropuaer? OTBeT: BB H
0O6paloBaHbBl, H OropyeHnsl. Brl 00panoBaHLl IOTOMY, YTO Takas JO-
Tepesi SKBHUBaJieHTHA [ABYXCTYIEHUATOH JOTepee, B KOTOPOH Ha Iep-
BOM 1Iare onpefesercs, B KaKOH H3 JOTepeH, KaxJaas U3 KOTODHIX
IJisl Bac BHIrOJHA (MaTeMaTHuecKOoe OXKUIAHHWEC BHIUTPHIILA ITOJOXKH-
Te/JbHO), BB ydacTByeTe Ha BTOpOM Iuare. TouHee, ¢ BEPOSTHOCTBIO
(2-14-2-2 -} 2-%) BB yuacTByeTe B JOTepee, B KOTOPOH BLIUTPHI-
BaeTe (—2)/ 10A1apOB C BEPOATHOCTDLIO

o f(27 27227 (i=1, 2, 4),

HJIH C BeposATHOcThbIO (23 4 2-% - 2-8) BHI yuacTByeTe B JOTEpee,
B KOTOPOH BHIMTpHIBAaeTe (—2)% H0/J1apOB ¢ BepOSITHOCTLIO

27 (2724274 27%) (k=3, 6, 8),

n T. 4. B kaxXpaoi u3 JoTeped Ha BTOPOM LIArC BO3MOXKHBI TPH BHI-
HTPBILIA, W MaTeMaTHUYECKOe OXKHAAHUWe BBLIUIPHIIA NOJOXKHTEJbHO.
Tak uyto BHW panbl. OAHAKO UCXOJAHYIO JOTEPEIO MOXKHO IepefesaTh
H B JIOTCPECH C TPEMS BBIUTPHILIAMH, B KaXKJAOH U3 KOTOPLIX MaTeMa-
TUYECKOe OXKHIAAHWEe OTPUIATEJbHO. BEIUrpHIIAMHU B IEPBOH JOTEpee
apasitorest  (—2)1, (—2)2, (—2)3, Bo BTOpOH — (—2)*%, (—2)5%,
(—2)7 u 1. 1. Tak uTO BHl OJHOBpPEMEHHO OropueHnl. [[luas Tex, KTO
SHAKOM C MOHSATHEM YCJOBHOILO MaTEMaTHYECKOro OXKHUAdaHus, Iepe-
dopmyJsHpyem mapagokc uHaue. IIpeactaBum cebe, UTO YCJOOBHOE
MaTeMaTHueckoe oxnianue E(X|Y) ompeleneHo He Kak OOBIUHO,

a Kak SxP(dx|Y), rie P(dx|Y) onpepencHo o6bIYHBIM 0OpasoM.

Torpa cymectByior cay4yadHbie BeauuuHol X, Y U Z, TakHe, UTO
E(X|Y) > 0> E(X|Z) c Bepoarnoctbio 1! JleHCTBUTENBHO, NYCTh
X — KOHEYHBIH BBIUCPHII B JioTepee, T. e. X = (—2)" c BepoAT-
HoCThIO 25, Tlosoxkum Y = 1, ecan Ham JocraJgach nepBast «I0Jo-
XUTeabHass» jgotepes (r. e. X = (—2), (—2)2 uau (—2)*), noJo-
KHUM Y = 2, ecan HaM Joctajachk Bropas jgotepesl (T. e. X = (—2)°
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(—2)8 nan (—2)%) u 1. 4. [lyets Z == 1, ecan Ham jocranach Iep-
Basi «oTpHUaTeabnas» JjoTepest (1. e X =(—2), (—2)3 (—8)°),
n Z==29 ecJu HaM jocTaJjacb Bropas JoTepess (T. e. X = (—2)4,
(—2)%, (—2)7) u 1. Al
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8. MNapagoKkc CMEPTHOCTU HaCEeNneHUs.
be3Bo3pacTHbIX MUP AaTOMOB MU CJIOB

a) Hcropus napadokca

MarteMaTtiyeckie HCCAEJ0BAHHA 10 CMEPTHOCTH HAaCeJeHHS H
MPOAOJKHTEABHOCTH KHM3HH HayaJUChb Ha paHHeM 3Tane pasBH-
TUA KaluTaauama 6jaarogaps MOTpeGHOCTSAM CTPAaXOBBIX KOMIIaHHH.
Beanen sa pesyabratamu, noaydeHHbiMu  [oxwonom  Ipaynrom
(1662 1.), san Xyddernom u [Qocornom de Yurrom (1671 r.), dmynd
laansed (OTKPHIBIIHH KOMETY, Ha3BAHHYK ero HMeHeM) oIyO0JHKO-
BaJ B 1693 r. ctaThio o TabJuIax CMEPTHOCTH, KOTOpasli MOJOXHJIa
HayaJo MareMaTH4YecKOH TeOpHUH CcTpaxoBaHHd KH3HH. Cuenylolui
napajaokc (3ameueuHnii /lamambGepoMm) MOKas3eBaeT OAHY H3 «3y0O-
ApOOUALHBIX» MPpoOJeM HOBOH TEOpHH.

0) llapadoxc

[To tabaune lanness cpeaHdas HPOAOJAXKHUTENLHOCThL KHU3HU paBHA
26 roflaM W BMecTe ¢ TeéM C PABHBIMU IIAHCAMH MOXKHO yMepeTh [0
8 JIeT ¥ NpoxKUTh O0oJbllle 8 JerT.

8) Ob6vacHerue napadokca

HelcTBUTEIbHO, corJgacHo Ttabauue [anagesi, ¢ paBHHMH IIaH-
CAMH MOXKHO HNpOXKHTL OoJibllle 8 JeT U yMepeTbh B Bo3pacte J0
8 JIeT, HO eCJIH 4eJOBeK JOXKHJ A0 8 JeT, TO OH MOXKeT IIPOXKHTb
eIlle HeCKOJbKO necATHaeTUd. CiaeloBaTesbHO, HEYAHBHTENRbHO, UTO
CpeHssd NPOJOIKHUTEJNBbHOCTh ¥KHU3HH HaMHOro GoJpluie 3 JerT.

[Tpeanosoxum, yTo cpead THICSUH YeJOBEK JHIIb OAWH AOCTH-
raer Bo3pacra Madycauna D). Torma cpefHufi BO3pacT 3HAUHUTEILHO

') Madycaun — B BeTx03aBeTHHIX IPeJaHHAX OJIHH M3 INPAOTIOB dYeJoBCuC-
CTBa, MNPOCHABHBIUHACH CBOHM JoJarojetHeM («MadyCaugoB BCK»), OH TNPOKHJI

969 ner. — Ipum. nepes.
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YBEJUUUTCS, HO HX BEpOsITHAST MNPOJOJAKHTENLHOCTh KH3HH (BO3-
PACT, A0 KOTOPOro OHH AOXKHBAIOT ¢ BeposaTHocThbio D0 %) cylecrt-
BEHHO HE H3MEHHTCS.

2) Jameyarnus

(i) Ilycrp F(x) o603HauaeT BEpPOSATHOCTb TOTO, UTO INPOJLOJNKH-
TEJbHOCTh KH3HH UeJOBeKa, CJAyualHO BBIOPAHHOTO H3 HEKOTOPOH
TpYNNBE  HaceJdeHHsl, MeHblle, uYeM X e€AUHUL BpeMeHH. (F(x) —
GyHKUHA pacnpelesieHns] HPOAOJKHUTEJIBHOCTH KH3HKH.) [IpeamnoJo-
KUM, uTo F{x) HMeeT MJOTHOCTb [(x). CpedHsisT NPOLOTKUTEb-

oo

HOCTb XXH3HH BLIUHC/sICTCST HO dopMyae M :S xf (x)dx. C apyroi
{

CTOPOHEl, BEPOSTHASI MPOAOJKHTEJNBHOCTh KH3HU # OHpeIessieTcs
U3 ypaBHeHusi F(m) = 1/2. JIpyrumu cjioBami, 3a NepHOJ BpeMeHH
m BBIMHpAaeT MOJOBUHA HaceJeHusi. M3 3THX (opMyJ SICHO, YTO, BO-
oduie rosops, M u m HPHHUMAIOT COBEpPLUICHHO pasHbIC 3HAYCHUA.
M ecTp MareMaTHueckoe OXKHAAHHE MNPOAOJKHUTEILHOCTH KH3HH, a
M HA3bIBAETCA MeAHaHOH 3TOH NPOLOJKHUTEIbHOCTH.

(ii) IToHsiTHe cMepTHOCTH HETPYAHO pacWIHpUTh. Lcau paccmar-
pHBATh aMOPTH3ALHIO NIPOMBIIILICHHBIX H3ACJAUN HJH pacHal aTOMOB
KaK CMepTh, TO IMoJiyyaeM LIUPOKO NPHUMEHHMYI0O MaTeMaTHYECKYIO
TEOPHIO, BO3MHKAIOUIYI0O H3 HCCJICLOBAHHH CMEPTHOCTH HaceJeHUS.
OdHako B 3TOH OOJlee WIHPOKOH 06JIaCTH TaKKe MOTryT HalbJil04aThbcs
AOCTATOUYHO NMapajoKcaJbHble SIBJEHUsl. B TO BpeMs Kak UeJOBeK He
ObeccMepreln, He BEUHO MOJIOA, B HPUPOJe H OOLIECTBE MOXKHO HAHTH
TaK HasbBaeMbic 6e3Bo3pacTHble OO0BCKTH. OHpeneJUM I[OHSTHE
0esBospacrtHocT. CuntaeM OOBEeKT O€3BO3PACTHLIM, €CJIH BEpOsT-
HOCTL CYUIECTBOBAHHA OOBEKTa B TCUCHHE ONPELeJCHHOIO UHTEepBa-
Jla BpeMEHHU He 3aBUCHT OT BPEMEHH, KOTODOe O0OBEeKT yiKe CYLIecT-
BoBaJl. U4eBUAHO, UeJOBEK TAKHM CBOHCTBOM He oOJsajaeT, TaK Kak,
ueM OH CTaplle, TeM ¢ OOJLIIEH BEPOATHOCTHLIO OH YMpET B TEUEHHUE
3aJaHHOr0 INpoOMexKyTKa BpeMeHH. MHTepecHO, uTO He BCe OOBEKTHI
nmogoo6uel HaM. Hanpumep, paauoakTHBHble aTOMBI 6e3BO3PAaCTHHL
Ecau cpeansas NpOAOAKUTENbHOCTh CYIIECTBOBAHHUST 0e3BO3PACTHOTO
ob6beKkTa paBHa I, TO BEPOSATHOCTb TOTO, UTO OH He NPEKPATHT CBOe-
ro CyLUleCTBOBAHMS 3a CJAeNYIOUHH NepUo] BPEMEHH X, paBHa e—*/T,
re x — INOJOXKHTeNbHOE 4nca0. CBOHCTBO 6e3BO3PACTHOCTH PajHoO-
AKTHBHBIX YAaCTHI| BBITeKaeT U3 TOro (pakra, u4To UX CKOPOCTL pac-
Majga NpONOpHHOHAJAbHA UYHCJAY HepacnasBlIUXcd uactuu. Koaddu-
LLHCHT INPONOPLHOHAJAbLHOCTH Ha3bIBaeTcsl MNOCTOSHHOH pacnaja U
o6osnauaercsa A. Ecau B MoMeHT BpeMenu { =0 6buio No Hepacnag-
IUXCsl YacTHIl, To (TaK KaK CKOPOCTh pacmaja paBHa MOCTOSHHOH,
IIOJTyyaeMoH NIyTeM HHTETPHUPOBAHHS) B MOMEHT BPEMEHH X UHCJO
HeépacnaslUIMXCS 4YacTHl cocTasJsger N, = Nge *, 210 o03Hauaer,
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4TO BepPOSATHOCTb BHIKHBAHHA A0 MOMeHTa x paBHa e~ Cjenosa-
TeJbHO, PAJAHOAKTHBHBIC UYACTHLbI JAEHCTBHTEIbHO O€3BO3PACTHBH, H
HX CpeJHsisl IIPOAOJKHTENbHOCTb CYLLECTBOBaHHA paBHa T = l/A.
JIpyruMHu CJOBaMH, HPOAOJIKHTENbHOCTb CYLIECTBOBAHHS PaAHOAK-
THBHHIX UYA4CTHI[ OIIHCHIBAETCS HOKA3ATEAbHbIM pacnpedesenuem
C napaMmeTrpoM A, T. €. HMeeT IIOTHOCTb BEPOATHOCTH re—2x 1) Tle-
pHOA NoJypacnaga 06e3BO3pacTHBIX OOBEKTOB (MEPHOL, B TEUeHHE
KOTOPOrO MOJIOBHHAa OGBEKTOB IpEKPaillaeT CYLIECTBOBAHHE) eCTb
KOpeHb CJAeAYILLero ypaBHeHHs

e M=1/2, 1. e. x=In2/A.

(iii) TloHsATHe nepHoja moJypacnaja 06e3BO3pacTHBHIX OOBEKTOB
crajo (pyHAaMEHTaJbHBIM B HEKOTODPbIX 06JacTdax Hayku. Paguoyr-
JepOJHEIH Merod, pa3paboTaHHBIH aMEPHKaHCKHM XHMHKOM &UA-
aapdom Ppankom Jubbu, [0 CUX MOp ABJSETCS CAMBIM PacClpOCT-
paHEHHBIM METOAOM JaTHPOBAHHsI B 0OJACTH apXeOJOTHYECKOH XPOo-
gojoruu. (B 1960 r. 3a 3T0 OTKphiTHe eMy Oblja npucyxaeHa Ho-
Gesesckasd npemust.) B 1950 r., caenys upeam JIu6o6u, M. Csadew
IPUMEHHJ ero MeTOJ, B JIMHTBHCTHKe, IIPEANoJiaras, 4YTO HE TOJbKO
pajHOAKTHBHbIE aTOMBI, HO H aTOMHl pDE€YH, T. €. CJOBA, MOXKHO CYH-
TaTb Oe3Bo3pacTHBRIMM. [IpeamnoJsaraercs, YTo HepHOJ MHOJypacnaia
ApeBHero 6asoBoro cjaosaps si3ablkoB coctaBader 2000 Jser. Mcrnosas-
3ys 3Ty HJE0, MOXKHO OIpele/HTb ATy, KOrjia ABa pPOACTBEHHBIX
A3blKa (HalpuMep, JATHHCKUH SI3BIK H CAHCKDHT) Da3AesuaHcCh. LJis
HAaXO0XK/JEHHSI NAThl pasfielieHus ABYX SI3BIKOB HYXKHO TOJIBKC 3HATh,
Kakass 4yacTh 06a30BOro cjoBapsi A0 CHUX [Op CyUIeCTBYeT B OOOHX
sapikax. A. Payw u E. Kanecmaa-Munn CpABHMJIHM BEHTE€PCKHH H
GUHCKUA 513bIKH. OHH 0OHApYXKHUJH, YTO HAEHTHUYHBIC 3JE€MEHTHl B
9THX SI3BIKAX COCTABJASIOT coorBercTBeHHO 21 % u 27 9. (Briunciae-
HHS [POBOAUJHCH Pa3HBIMH MeToZaMu.) Orciofia Obll cleslaH BHI-
BOJ, UTO BEHrepcKudM M (PUHCKHH $3bIKH pPas3ieJqHaHChb HNPpHOJIH3H-
TeJbHO 4—5 THIcAy Jer Haszax. Meron Csajellla, pa3pabGoTaHHBIA
30 JeT Hasaj, IIpUMEHSETCH OYEHb UYACTO U HU3BECTEH KaK JEKCHKO-
CTATHUCTHKA MJHM rJjoTrToxponosorus. (OpuruHanpHasd cratbs CBa-
femra onyGjuKOBaHa B «MeXAYHApPOAHOM XKypHaJjle aMepHKaHCKOH
JIHHTBUCTHKU».)

(iv) IlpeamojoxuM, uto A — IOCTOSHHAS pacnajga. Torjaa Bepo-
ATHOCTb pacnaja poOBHO k& yacTul, 3a BpeMms [ paBHa

(A1)F e=M/R.

STO 03HayaeT, YTO YHCJO PacCHaBIUMXCS YACTHI, €CTb CJAydYalHasi Be-
JuuyuHa, uMmewmas pacnpeienenue [IyaccoHa, KOToOpoe HaM yiKe H3-

1) Hno?:rHOCTb BEPOSITHOCTH NTOKa3aTeJLHOTO pacnpefenieHus ¢ rmapaMeTpoM A
pasHa Ae~ ", ecam x > 0, u 0 B npoTtusHOM cayuae. — [Ipum. nepes.
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BECTHO W3 mapajioKca pasfayu nojapkoB. MaTeMaTnueckoe 0Kuia-
HUue 3TOr0 paclnpefeseHUss paBHO Af, UTO JNOBOJIbHO €CTECTBEHHO.
(V) Mul yBumenu, uTo CYLIECTBYIOT 6€3BO3pacTHBIE O6BHEKTHL.
Hto eme 6Gosnee yIHBUTENBHO, CYILECTBYIOT OOGBHEKTHI, KOTOpHIE CO
BPEMEHEM CTAHOBATCS «MOJIOXKE», HallpUMED MeXaHU3MBl, y KOTODPBIX
B MepHOJ UX YHKIMOHHPOBAHUSI €CTh MHTEPBAJ, KOTLa BEPOSTHOCTD
Ge3oTkasHO! pabOTH B TeueHHe ONpPeNeJeHHOIO IPOMEXKYTKa CO Bpe-
MeHeM pacTeT. JIerko BuAeTh, 4TO MaTeMaTHYeCKH B 0BO3HAUCHHAX
nmyHkra (i) 3To osnauaer y6uBanue f(x)/(1 — F(x)) (MHTEHCUBHO-
CTH BBIXOJA M3 CTPOsA) Kak HYHKHHUH oT X. M3yueHHe 3TOH HHTEHCHB-
HOCTH OUEHb BaXHO B TEOPHH HAMEKHOCTH M mpobjeMax XpaHCHHS.
(vi) Haxkowneu, ocranoBuMcst Ha OAHOM JIIOGONMBITHOM BOMPOCE,
CBSI3aHHOM CO CMEPTHOCTBIO HaceJeHHsI. MOXKHO JH ¢ MOMONIBIO Be-
DOSITHOCTHBIX METOJOB OIICHUTL OOliee YHCJAO JIOAeH, KOrmpa-Jubo
KUBWHX Ha 3emae? OOGOCHOBaHHe CJEAVIOIETO VAHBUTEJBbHOTO
YTBepXKJAEHHS AaHO B KHure I'omabepra (cM. cchlUIKy HEHKe): «9 mpo-
IEHTOB KOTA2-MH00 KHBIIMX Ha 3eMJie J0fell XKUBYT ceftuacs. Dro

yTBepIKJeHHe OblJI0 BHIHECEHO B 3aroJioBok crated B «Hpio-Plopx
Tafime» (6 oxta6ps 1981 r., c. 61).
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9. Mapapokc 3akoHa Gonbwux umcen BepHynnu

a) Hcropus napadoxca

B MareMaTHKe HafiieTcsi HEMHOTO 3aKOHOB, KOTOphIE CTOJMb Ke
4aCTO INOHHMAJIHChL INPeBPaTHO, KAaK 3aKOHB OOJBIIUX uHuceJ.
(He cammkoM mHpOKO H3BECTHO AaXKe TO, 4UTO CYLIECTBYeT He-
CKOJIbKO 3aKOHOB Oousbliux unces.) TlepBHI 3ak0oH 6GOJBIIHX uyHCEJ
6b1 nokasaH fIxko6om Bepuyanu (1654—1705 rr.) B ero xHure,
HazpaHHOH «Ars conjectandi» («UckycerBo npemnosoxeHuiis),



42 Ta. 1. Kaaccureckue napadokcoel Teopuil 8ePOATHOCTE

KOTopasl 6blaa ONyGJIMKOBaHA TOJNBKO IOC/Te cMepTH aBTopaB 1713
Cam BepHya/in He HCIOJIb30BAJ NOHATHS «32KOH OOJDBIINX YHCEJ;
510 Ha3Banue BBeJ Ilyaccod jauiib B 1837 r. Ilo sakony bepuynaw,
ecJid IPABHJBLHYIO Monery 6pocaloT n pas ¥ HpPH TOM k pas BHI-
magaer rep6, To MpH YBeJIHUeHHH yucaa Opocandil (n) OTHOLIEHHE
E/n (oTHoCHTenbNAs YACTOTA BbNaJeHus rep6a) crpemurcs K 1/2.
Tounee, A5 NPOU3BOJBHBIX NOJOXKHUTEJIbHBIX UHCET & H O H J0CTA-
TO4HO GoJbIIOro n (3aBucsimero ot & u ) Benmuuna |k/n— 1/2]

MeHbIle & ¢ BEPOSITHOCTBbIO, mpeBocxoasmed 1 —06. IDra Teopema
BOBCE HE CTOJb CJOXKHA, KaKk MOXHO Obljio OBl OXHAaTb H3-32

GOJIBILIOrO HUHCJA €€ HeNpaBHJbHBIX TPAaKTOBOK H MapaloKCOB,
K KOTOpHM oHa npHuBesna. Haubosee THUNHYHBIH MapagokC MPHBE-

JAE€H HHZKeE.

6) Ilapadoxkc

Urpoky uyacro yBepeHbl, YTO €CJH INpPaBH/JIbHAA MOHETa MHOIO
pa3 najaer rep6oM, TO, COTJIaCHO 3aKOHY OOJBIINX YHCEJ, BEpOsT-
HOCTb BBHIIAJEHHS PElIKH ¢ Heo6xoxuMocTbio Bo3pacraer. (B mpo-
THBHOM cJlyyae HapyuIajoch Gl TO, UTO IPH OYeHb OOJBIIOM UTHC/IE
6pocanuil Bunanenus rep6a H PEUIKH NPOHCXOAAT NPHONIH3HTENbHO
onuHakoBo uacro.) C gpyro#i CTOPOHH, y MOHET, OYEBHAHO, IIET
DaMsaTH, [IO3TOMY OHH He 3HAIOT, CKOJIbKO pas OHH YyXKe BblIajaju
rep6oM uay peuikoii. [To 3TOH mpUuWHe MIANCHI BBLINAJEHHSA rep0a
IpH KaxjaoM OpocaHuu paBHH 1/2, naxe ecam MOHETa Y¥XKe BBI-
mana rep6oM Thicsuy pas3 noipsaia. He MPOTHBOPEUHT JIH 3TO 3aKO-

ny bepnyniau?
8) ObwacHerue napadokca

[lo 3akony DBepuynnu npu oyeHb GOJNBIIOM uHCJae OpOCaHHH

rep6 BeIMagaer NPUOJH3UTENBHO CTOJNBLKO Xe Pas, CKOJAbKO H pell-
Ka, HO BCSI CYThb B TOM, UTO O3HayaeT <«IPHOAU3HTeNbHO». KIpok,
KOTODHIHl IOJ4raer, 4To pa3HOCTbs MEXKJY UMC/IOM BhilajeHuil repba
H YHCJOM IOABJEHHH pellKd [AOJXKHA OBITL OYEHb MaJja, OUIH-
GaeTcs, TaK KaK 3akoH DepHyaJaH yTBepXKiaaer JIUIIb, UTO OTHOIIE-
HHe uhcaa BhNajgenuit rep6a K ofiieMy uucay 6pocanufi mpuO/IH-
’KeHHO paBHO 1/2 (c BeposATHOCTBIO, OJHM3KOH K 1) uiau, 4TO TO XK€
caMoe, OTHOIIeHHWe 4HCJIa Bhimajgenuii rep6a K YHCAY IOSBJICHUH
pellKH NpHOAn3uTeabHO pasHo 1. JlpyruMu cloBaMH, pa3HOCTb A0-
capugmos atux wucea crpemurest K 0 (npu yBeJquueHHH uncia 6po-
canu#t). Ecau 6B pasHOCTh CaMHX uHhces Oblj1a MaJja, TO 3TO MPOTH-
BOpeunJio 66l OTCYTCTBHIO MaMSITH Yy MOHET.

2} Jameuanus

(i) Tenepb sicHo, uTo, Kak Gbl JOJATO MBI HH HabGJaOLanH nocnae-
JIOBATeJbll0e BHITageHHe rep6oB, BepPOSTHOCTb TMOABJIEHHSA PEIIKH
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NpH cjeayroleM 6pOCaHHN BCE XKe He CTaHOBUTCA Oogbuie. Ho BO3-
HHKaeT cjenayouuii Borpoc. Ilpeprnonoxum, uto moHery 6pocaioT
n pai3. Kakxoli MakcUMaJbHOH JJIHHBI CEpHUI0 U3 repBOB MBI MOXKeEM
oxujpate? Ilpm n Opocanusax, eciau n == 100, MOKHO OXHIATb Ce-
puio B 6—7 repbos noapsan, ecad n = 1000, moxkiuo oxuparp 9—
10 repboB moapan, u 19—20 aaa n =105 Cuaenymwouyo Tteopemy
aokazaau [laya Ipdew n Aavhped Pexsu. Tlpu 6GpocaHuH MOHETH
n pas cepuss Hu3 repOoB miauHbL logyn 11a0Ja10gaeTCsi ¢ BEPOST-
HOCTbIO, cTpeMsuleiics K | npH ##— oo, ITOT (PAKT OUeHb IIOJE3EH,
KOTAa HYXKHO pelUlHTb, OUUCLIBACT JIH I10CJIELOBATEJbHOCTh, COCTAB-
JEHHAast W3 JBYX CHMBOJIOB, pe3yJabTaThl Opocands MOHETH HJH
KTO-TO €e NpUAYMaJ, «TUaTeJbHO» H30eras BKJIOYEHHUS JIHHHBIX
cepuil. M3-3a HIMpOKO pacHpOCTPAHEHHOIO HEHPABUJLHOIO MOHHUMA-
HUA 3aKoHa OoJbIUMX YHcea Depuyanun MHOrue Jwoad He OyAyT IIO-
BTOPSATH OJAHWH H TOT XKe 3HAK 7 WJu O6ojee pasz MOAPAA B HOCJAEHO-
BaTesabHoCcTH U3 100 3HaKoB.

(ii) B cuay npeablAyuiero saMe4aHusl 4YHCThle CEpPHH (COCTOA-
I[He TOJILKO H3 rep0O0oB HWJAH PEHICK) MOTYT OLITh AOCTATOYHO IJIHH-
HeiMu. C  ApPYrofl CTOPOHBI, JIErKO HOCYUTATh, UTO OXHAaeMas
pauna 1-fi, 2-fi, 3-1 u T. A. YHCTOH cepHHU Bcerjaa pasHa 2. Ecau xe
MOHETa HECHMMETPHYHA M BEPOSTHOCTb BHINIaAeHUs repba paBHa
0 <<p<<l, 10 oxkugaemast aausHa l-ii, 3-#,... (KaxXj0f HedyeTHOI)
cepud paBHa p/q -+ g/p, a oxugaemasa AauHa 2-i, 4-#A,.. (Kaxpo#
YeTHOH) UYHUCTOH cepud Bcerga paBHa 2 (HesaBuCUMO OT p(l)).
Cymma p/q + g/p He Momxer OBITH MeHbIIe 2; 3TO O3HAyaeT, uToO
HEYETHBIE CEPUH HO KpaliHed Mepe He KOpOUYe YEeTHBbIX. IDTOT (PaKT
BOBCE HEYAHUBHTEJEH, MIOTOMY YTO IIPH INepBOM OpOCAaHUH MOHETA
CKOpee BCero Bhbinajaer OoJiee BepOATHOH cTOpoHOH. Takum obpa-
30M, IepBas cepusdg uUMeeT OOJIblle LIAHCOB OBITL AJUHHOH, YeM KO-
POTKO#, TakK 4TO OHA B cpeiHeM OyJaeT MAJHHHOH HJH 110 KpalHeH
Mepe AJIHHHee BTOPOH CEpHH, oOXKHUgaemas JAJHHA KOTOPOH paBHa
BCEro JHIUb 2. YAUBHTEJBHO XK€ TO, UTO OKHAaeMas AJWHA YETHHIX
CCPHH HEe 3aBHUCUT OT P.

(iii) 3akon OGoJbliUX yucea DepHyJagu MOMXKHO KpaTKO BbIpa-
3UTH C TOMOLIBIO IOHSTHS CXOOUMOCTU MO 8ePOATHOCTU. [ 0OBOPAT,
YTO HOCJENOBATEJbHOCTh CAYUAHHBIX BEJAUUYUH X, Xg, ... CXOLHTCH
10 BEPOSITHOCTHU K CJAYUYalHOH BeJIMUuMHe X, €CJH BEPOATHOCTL CO-
ObiTust | X, — X|> & cXoOuTCAd K HYJIO 1asi Ji060r0 MOJM0XKHTENb-
HOTO ¢, T. €. ecaud P(|X,— X|> ¢)—0. ([lapagokcaibHo, HO MoO-
KeT CJAYYUTBLCH Tak, UYTO HOCJAELOBATENbHOCTb CJAYYaHHBIX BEJHYHH
Xy, X9, ... cxoauTcsa 1o BeposTHocTH K 0, a 1ocjaenoBartedib-
HOocThb (X; + Xg+...+X.)/n Her.) 3akon DepHyJau YyTBepKAaerT,
YTO OTHOCHUTEJAbHAs yacToTa k/n coOBITHS CXOAUTCH IO BEPOSITHOCTH
K BEPOATHOCTH 3TOro coOHTHsd. [as [AoxkaszaTejbeTBa CXOJAHMOCTH
MO BEPOATHOCTH OOBIYHO HCHOOJIB3YIOT HepaBeHCTBO UYeloimeBa—
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BoeneMe, COrJAacHO KOTOPOMY, ecau £ — MaTeMaTHYeCKOe OxKHAA-
Hue caydaiiHoii Beauuunbsl X n D?—ee jqucnepcus, TO

P(|X — E|> ) < DYet

UurepecHo, 4T0 pyccku#t yuenwmdt [1. JI. Yeboiuiea 1 HpaHLy3CKHH
yuennii JK. Boereme onyGJIuKOBa/IN CBOH HEPABEHCTBA, KOTOPhIE OHH
OTKPHIIM HE3aBHCHMO ApYT OT Apyra, B OAHOM H TOM Xe HOMEpe
dbpannysckoro xypuamaa (J. Math. Pures et Appl. XII. 1867).
13 sToro HepaBeHCTBa cpasy cJeAyer, 4YTO ecJau paclpeie/enii
HE3aBHCUMBIX cayuaiinbix BeJaHuuH X, Xg, ... OAHHAKOBbl H HX
nucrepcua D? KoHeyHa, TO apH(MeTHUeCKOe CpeAHee

X+ X+ ... +X)in

CXOJUTCSL 110 BEPOSITHOCTH K 00uieMy MaTeMaTHYeCKOMY OXKHAaHHIO
pejuunH X; (Auclepcuss apHpMeTHYeCKOro CpPeaHEero pasBHA D?/n
u crpemurcst K 0 mpu n-—-o00). IT0 eCTh OMHH H3 o6mux (caabbix)
3aKOHOB GOJDBIIMX uUHceJ. B ciaabblx 3aKOHAX OOJBIIHX YHCEJ peyb
HIET O CXOAMMOCTH IO BEpPOSTHOCTH, a B CHJBHBIX 3aKOHAaX OOJb-
MHX YMCeJ YCTAHABJIHUBAETCH CXOAHMOCTL € BEPOATHOCTBHIO . Cne-
AyIollee 3aMeuanHe OTHOCHTCSl K CHJIbHEIM 3aKOHAM 6OJbUINX YHCE.

(iv) Cpeas CHIbHBIX 34KOHOB OOJBIIMX HYHCEJ nauboJsiee H3-
BecTHa TeopemMa Koamoropopa: ecau Xp, Xp,...—B32aUMHO HE3a-
BHCHMBble CJyuYaiiHble BEJHUHHbI C OJHHAKOBOH dbyHKIHeH pacrnpe-
nejenns, uMeomei (obllee) KOHEUHOE MaTEeMATHYECKOE OXHAAHHC

E, to apupmerHyeckoe cpejpHee
(Xl _I_X2_|_ ° o +Xn)/n

cxomuTesi K E npu n—-oco ¢ BeposTHocThio 1. Ecuin cayyaiHbpe Be-

k )
JUUHHBI TOJIOXKHUTEJbHBl H S%¥  oBosmauaer 3JeMEHTApHBI CHM-
MEeTPHUUHBIA MHOTOYJIEH

leXj2 .. ka’
1<f <fp<or - <<t

k
Vs /(3)
[ \ &

rakke cxoautcs kK E (c BeposrHocThio 1), riae k= k(n)— naty-
paJbpHOE YHCJIO Takoe, uTo k/n—-0 mpH n — oo, C BepOSITHOCTBIO
TakxKe CyLIECTBYeT TpeAes jaxe B TOM c/y4yae, KOria k/n crtpe-
MHTCSI K HEKOTOPOMY IIOJIOXKHTEJbHOMY HHCIY C. Torpa npenesom
6ymerT mocrosHHas, saBucsimas o1 ¢ (ecan 0 <Tc¢ << 1, To nmocra-
TOUHO TNPEeANOJAararb, YTO KOHEYHO MaTeMaTHYeCKoe OXKHIAHHE BE-

anuuns log (1 -+ X;), # TO XKe camoe mpeinojaraeM OTHOCHTEJIBHO
llog X;|, ecau c¢=1, cM. crarbio Xosnaca u Cexes). IIpobaema

TO
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3HAUHTEJbHO YCJAOMXKHSETCS, eCl CJyuaiHble BeIHYUHBl MOI'YT i1pH-
HHUMAThL KaK OTpHUATeJbHbie, TaK H MOJOXKHTCJbHbLIC 3HAaYyeHHS.

(v) «3akon O6OJbLUIHX YHCEJ» HEBEPEH B CMBICJE KaTelrOpHH
(cMm. craTtbhlio Menjaesa).

e) Jlureparypa
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10. lNMapapnokc ne MyaBpa; 3KOHOMMUSA dHEPruu

a) Hcropus napadokca

OpHolt ¥3 BBIAAIOIIUXCS (UTYP B TCOPHH BEPOSATHOCTEH SABJSIETCS
Abpaxam de Myasp (1667—1754 rr.). DTOT MaTeMaTHK, POAHBLIHH-
cs1 Bo @panuun, nocyae orMedbl HaHntckoro saukra (KOTOPHIH Ipe-
JOCTABJAJ TyreHoTaM cBoGOAY BepOMCHOBeAHHS) Mepeexas B AHT-
auio. Tam B 1718 r. Gnuia onyGJHKOBaHA €ero OCHOBHass paboTa
«JIokrtputa mancos» («The Doctrine of Chances»). B 3-M H3iaHHH
sToi KHuru (1756 r.) ne MyaBp Tak mucaJsg 0 CBO€M OTKPHITHH MH-
DOBOrO 3HaUeHHS (O KOTOPOM OH COOOIIHJI HEKOTOPHIM JADPY3bSAM eule
B 1733 r.), comepxanieM B cebe HaMHOro 6OJbllle, YeM 3aKOH 00Jb-
IHx yuces bepuyaau: «...Bo3dpMy Ha cebs CMeJOCTb YTBEPKAATh,
4TO 3TO TPYAHCHIIas npobieMa O CJAYYaWHOM...». bes cCOMHeHHS, OT-
KpeIToe e MyaBpoM HOpMaJabHOE pachnpefesieHde, CTajlo Kpae-
YVrOJbHEIM KaMHeM Haykd o cayyaiHom. (e MyaBp, Kak 3TO HH
CTDAHHO, HE BKJIOUMJ CBOE€ OTKPHITHE BO 2-€ H3JaHHE KHHIH B

1738 r.).

6) Ilapadokc

CorJsiacHO 3aKOoHY Goabinx uyucesa bepHy/JH, BepOSITHOCTb TOrO,
4yTO NPH GPOCAHHH MOHETH UMCJIO BBIAJeHHH repba MPHOTH3UTEIb-
HO PABHO YHCJY MOSIBUBINMXCH peEUIEK, CTPEMHTCS K 1 Mpu yBeauye-
HUM uyuciaa Opocanuil (mpuOJIHIKEHHOE paBeHCTBO YHCes] O3Hauaer,
yto HX oTHoleHHe crpemurcsa K 1). C apyro# CTOpOHH, BepOAT-
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HOCTb TOI'O, YUTO YHCJ0 repb6oB OyAeT B TOYHOCTH PAaBHO UYHCIY pe-
ek, cTpeMutces K nmynato., Hampumep, npu 6 OpocanHHsix MOIETH Be-
POSITHOCTBL BHINajeHust 3 repboB pasHa 5/16; npu 100 Opocanusx
BEpOSITHOCTh BhliageHusi b0 rep6os pasHa 8 % ; npu 1000 Opocanui
BEPOSATHOCTL BhinageHust 500 rep6oB cocrasaser MeHee 2 Y. B 00-

HieM cjydae, Korja MoHeTy OpocaroT 27 pas, BEpOsITHOCTb TOT'O, UTO
2n

l

TOYHO OOJIbIIKX 7 BEPOSITHOCTL p NPUOIHKEHHO PaBHIETCS 1/«/:rm,
YTO JEHCTBHTEJBHO CTPEMHUTCA K HYJIO ¢ pocToM 7. CyMMHUDPYEM CKa-
3aHHOE: BEPOSTHOCTh TOrO, YTO YHCJAO repO0oB IPHOJIHNKEHHO PAaBHO
UHCJY pellek, CTpeMUuTcsa K 1: B TO Ke BpeMs BEPOATHOCTb TOrO, UTO
ypcJo repboOB B TOUHOCTH COBHALAET C YUCJAOM pEHIEK, CTPEMHTCA
K 0. PaspbiB Mexay 3THMH ABYyMs (PakTaMu OB OKPYXKEH «aTMO-
cepoii mapagoKcaJpHOCTH» A0 TeX INOop, Ioka Ae MyaBp He mo-
CTPOHJ HaJ HUM MAaTeMATHUCCKHH MOCT.

rep0O BLINAjaeT POBHO 7 pas3, paBHA p =( )2"2”, U AJs1 A0CTa-

8) ObwacHenue napadokca

[Iyets H, u T, 00603HauaOT YUCJO BHNAAeHUH repba U peLIKH
COOTBETCTBEHHO NpH n Opocanusix MoHeTH. CorJacHo 3aKoHy 60Jb-
IHX ykcesa DepHyJaH, BepOSATHOCThL TOFO, uTo pa3Hocts H, — T, cTa-
HOBHTCSI NpeHeOpeXKUMO MaJoH 10 CPaBHEHHIO ¢ M, CTpeMHTCHa K 1
(uTo coBceM HeyauBHUTeNbHO). OpHako ae MyaBp 3aMeTuJ, 4TO Be-
auuuna |H,—T.| He sBasiercss npeHeOpeKHMO MaJoll O CPaBHEe-

HHIO ¢ A/n. OH BBUHCJAHJ, HAanpuMep, uTo AJas n = 3600 BeposiT-
HocTh Toro, uto |H,— T,| ne npesBocxoaut 60, pasna 0.682688... .
[TycTh ¥ — MPOU3BOJILHOE TMOJIOKHTEAbHOE 4YHCa0, ¥ NycTb A, (x)

ofo3HauaeT BepPOSTHOCTBL TOrO, UTO |Hn——Tn|<x1/n. CorJiacHo
ne Myaspy, A,(x) cTpeMHUTCS ¢ POCTOM A K BeauuuHe A (x), 3aK/Io-
geuyo# Mexay O u 1. Ilpu yBesudeHHH x OT HyJAd OO0 OECKOHEUHO-
cti A(x) Taxkxke MOCTOAHHO BO3pacTaer OT HyJasd A0 eIUHHIUB (CM.
sameyanue (i)). Ira dyHkuusg A(x) 4 ecTb TOT MaTeMaTHYECKHUH
MOCT, O KOTOpPOM TroBOpuJoch Bbuille. [las HaxoxaeHuss A(x) ne
MyaBp ucrnogab3oBaa opmyay CTHPJAHHTA, KOTOPYIO OH OTKPHLI He-
sapucumo ot Crupaunra. (Qopmyna [awedmca Crupaurea OvLIA
nokazada B 1730 r., oHa yTBepxknaaert, uto n! npubJIU3UTEIbHO paB-

nsiercst A/ 2mn (n/e)”.)

2) 3ameuanus
(i) Tounni#t Bug QyHKUHH A (X) CIeAYIOUWMUH:

X

A(x) = A/ 9/n S e~ 12 dy.

0
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—

Hcnonbsyst a1y Qopmyay, TeopeMmy MyaBpa MOXKHO 3alHCaTh B CJl€-
JVIOIIIEM BHAE
lim P(|H, —T,|<xA/n)=A(x), eciu x>0,

n—=> 0o
HJTH B
lim P(H,—T,< x4/n)= D (x),

fL—»r cO
rage
X

S e~wl2dy.

—Q0

D (x) = ——
'\/231;
['oBOpsiT, uTO CiayyailHas BeJUUMHA, KOTOpAasi NPHHUMaeT 3HaueHMUs,
He IPeBOCXOoAslINe ¥, ¢ BeposiTHOCTbI0O M (x) (rae x— IpOH3BOJIL-
HOe JEHCTBHTEJNbHOE YHCJO), NMOAUHHAETCS CTAaHAAPTHOMY HOPMAaJb-
HOMY pacnpeiesyeHuo. B cuny pesyabrara jge MyasBpa BeJHUHHA

A

0.9

0- 1 | T ! | -
-3 -2 -1 0 7 Z 3 x
Puc. 3. CrannaprHas HopmajbHas GYHKIHA pacipereseHus.

(H, — T,)/ A/n  NpHOIHSHTENbHO NOMYHHAETCS CTaHIapPTHOMY
HOPMaJIbHOMY pacrnpefeneHuo (€Cau 7 JOCTATOYHO BEJHKO).

[B tabsi. 1 B KOHUEe KHHI'M TIpHBE/EHB 3HAYEHHS (DYHKIHH
D (x).]

(ii) ITockonbky H, -+ T,==n, yKazaHHb# BbHIIE Pe3yabTaT MO-
KHO C(POPMYJNHPOBATHL CJEAYIOMUM 00pa3oM:

lim (H, <n/2 + xA/n/2) =D (x).
1L—=» 00
Jle MyaBp Tak:ke HccaeloBaJ ciayudal, Kormaa V MOHETHl CMelleH

eHTp (MOHeTa HeCHMMeTPHYHA) M repl BHINALAET C BEPOSATHOCTHLIO P,

a pellleTKa — C BEpPOATHOCThIO | — p. Torma chopaBeasuBO COOTHOIIIE-
HHe

lim P(H, <np +x4/np (1 —p)) =D (x),

1=->» O
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M3BECTHOE IOJ Ha3BaHHEM «IIpejesbHasg TeopeMa Myaspa — Jlan-
naca». DTy TeopeMy MOMKHO LIHPOKO HCIOJNb30BATbL B PASJIHAEHLIX
o6nacTsiX NpH IJAHMPOBAHHH, HampuMep NpH IJAHHPOBAaHHH pat-
X0/la SHEPrHH.

ITpumep. Paccmorpum 300 onxHHAKOBbIX CTaHKOB Ha ¢abpuxe.
Ecau B cpeaneM 70 % craskoB paboraioT u 30 O HaXOZATCH B pe-
MOHTE, TO HYXKHO 00eCIeuHTb SHepruen B CPeAHEM 210 crankoB. On-

MQMEMATIUHECKOE
oHCLIAHUE
cmaHOQDITIHOE CITIQHOQ PITTHOE

OmMKJTIOHGHUE v OIMIK/TOHEHUE
|
I

Y

| e N — ——

1
L
l | : '
7359% | 34,13%, 34,13% 13,597 \
! | ! L - T
68,26 Yo ] |
- 95, 4% %o |
99,75 %o -

Puc. 4. HopMmasbHas OJOTHOCTb BepOATHOCTH.

nako uHorna Moryr paborate Bce 300 cTaHKOB. KakuM KOJHYECT-
BOM 3HEPrHHM HYXKHO OOECIHeUHTbH pabpuKy, 4TOOBI C BEPOATHOCTDHIO
99.9 9, BCce HCIpaBHbBIe CTAHKH MOTJIH paborath? (IIpeanosaraercs,
YTO CTAHKH BBIXOISIT U3 CTPOs HE3aBHCHMO Apyr OT apyra.) B npu-
penendol Boime dopmydne fl, Tenepp o3HauaeT YHCAO paboTalolux
craukos, n=2300 u p=0.7. Ilo Tabx. 1 pasg x =3 HAXOAHM

O (xr) &~ 0999, Jlna 3TuxX 3HAUCHUH HMEEM np + x4/np(1 —p) =

— 910 4+ 34/63, Tak YTO AOCTATOYHO NPHHHMATL BO BHHMAHHC
934 crtanka. (OJHaKo HA NPaKTHKe YYHTHIBAIOT NPAKTHUECKH BCE
300 cTaHKOB, NPOABJSAA TEM CAMBIM H3JHITHIOW OCTOPOXKHOCTb. )

(iii) Teopemy Myaspa — Jlansaca, KOTOPYXO Mbl obcyxKaaau
BBILIE, MOKHO 006061laTh B Pas/JMUHbIX HaNpPaBJICHHSX. IIpencraBu-
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TCJIH MareMarHueckod miKoJbl CaHkr-Iletrepbypra Bo rJaase c
I1. JI. Yeboiuesoim (1821—1894 rr.), B ocoGennoctu A. M. Jlany-
nog (1807—1918 rr.) u A. A. Maproes (1856—1922 rr.), nonyuuau
BceoOlee NMpU3HAHHE 3a CBOH paboThl Mo 06GOGUIEHHIO TEeopeMHhl
Myaspa — Jlannaca. Ilycts X|, Xy, ...—B3aHMHO HE3aBHCHMBIE
CAyyaHHBle BEeJIUUHHBI C OAHHUM U TEM XKe pacnpeipeseHueM (T. €. C
oOmed ¢QyHkuued pacnpenenenus). [Ipeanonoxum, uro y caydai-
HBIX BEJIMYHUH CYINECTBYIOT KOHEUHble MaTeMAaTHUYECKHE OKHUAAHHUS H
CTaHJaPTHBIE OTKJIOHEHHS].

[Tycts M o603Hayaer obliee MaTreMaTuueckoe oXunauue u D —
CTAHAAPTHOE OTKJOHEHHE CJAyUaHHHIX BeJU4HH X, Xo, ..., H OYCTh
Sn=X1+X2+...+Xn. TOI‘,H,&

lim P(S, <nM <+ xD 1/;1_)=CI>(x).

n=>o0

ITO — YEHTParbHas npedesvras Teopema, Haubosee BayKHAST U3
BCEX NMpeleJbHBIX TeopeM (H3-3a cBOeH 3HAUMMOCTH OHA M OblJIa Ha-
3BaHa <«IEHTpaJbHOH», TaK ee BIepBHle HaszBaa J[xopmx Ilo#a).
B mpenenbHBIX TeopeMax, Kak MpPaBH/JI0, PAaCcCMaTPHBAIOTCS ACHM-
NTOTHUECKHE pacnpejeseHus Pas/JUYHBIX PYHKUUE (HanpuMep, CyM-
MBI, IPOH3BEJEHHS, MAKCHMYyMa U T. A.) OT CJAy4aHHBLIX apryMeHTOB.
LlenTpancHaa npeaenbHast Teopema H ee 0606LIeHHST OOBSICHSIOT,
noueMy B IIPHPOJAE HOPMa/JbHOE pachnpeneseHHe BCTPEUAETCH Tak
Yyacto, oco0eHHO, B CBSI3H C BEJHYHHAMH, KOTODBHIE COCTABJIEHH U3
MHOTHX («IIOYTH») OJHHAKOBO paclpeNesNeHNbIX («MOYTH») HEe3aBH-
CUMBIX CJaOyYadHbIX KoMnoHeHT. Cjenyer NOAYEpPKHYThb, UTO B IIPH-
pole Takue «KOMIIO3HIIHM» H3 CJAYyYaHHBIX BeJHYHH He Bcerjia obpa-
30BaHBI HX CYMMOH, [I03TOMY H3y4YeHHE NOBeAEHHST APYrUX (YHKIUH
OYeHb BaxKHO. [TyanKkape Kak-To 3aMeTHJ C capKa3MoOM, YTO BCe Be-
PAT B YHHBEPCAJbHOCTH HOPMAJBHOrO paclpejpesneHust: (GpU3HKH BE-
pAT NMOTOMY, YTO AYMAalOT, YTO MATEeMATHKH AOKAas3aJiu ero Joruue-
CKYI0O HEOOXOIHMOCTb, a MaTEMaTHKH BEPST, TaK KAaK CUMTAIOT, YUTO
GH3UKH MPOBEPHJIH 3TO Ja00PATOPHBIMH SKCIEPHMEHTAMH.
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11. NMapagokc beptpaHa

a) Hcropus napadoxca

JKopoe DLrogppon  (1707—1788 1r.), 3HaAMEHHTHH (DpaHLy3CKHH
yueHBIH, B paboTe, HamucanHoH B 1733 r. (HO OMyOJHKOBAaHHOH B
1777 r.), MOJOXKUJI HAuaJo HOBOMY HaIpaBJEHUIO B TEOPHU BEpOSAT-
HocTell. PelllcHHe 3HaMeHHTOH «3agaud 00 urjae», obCcyxaaemoe B
3TOH cTaThbe, NOTpefoBasO HCIOJb30BAHUA CKOpee IreOMEeTPHUECKOIo
(a He KOMOHHATOPHOrO) Meroja. B sajauyax Takoro THMa MpEANo-
jJaraetrcs, 4To CJAyuaHHble TOUKH paBHOMEPHO paclpelesieHbl B He-
KOTOpoH obaactu. (Hanpumep, momafaHus IyJib B MHIIEHB.) Bepo-
STHOCTb IMONAJAHHS B IPOM3BOJBHYIO uUacTh NAaHHOH OO0JIACTH TIPO-
NOpLHOHAJbHA ee TIOMmAa H (AJ1HHe i o6beMy). TakuMm obpasow,
AJS1 BBHUMCJEHHS BEpOSITHOCTH HAM JIHIIL HYXHO HAHTH OTHOIIEHHE
«BaaroNpHsTHON» TJIOMIAAH KO «BCel» MIOW@AAH (AJnHe HIH 00D-
eMy). BepofITHOCTH Takoro THOa IPHUBOAST K PALY MapalOKCOB.
Hanpumep, 1WaHc MOpasuTh LEHTP (MM JIO0YI0 APYTyI0 3aJaHHYIO
TOUKY) MHIIeHH paBeH, oueBuaHO, 0. C Apyro# CTOpPOHEI, NOMacTb
B 9Ty TOUKY MOXKHO H, CJ€I0BATeJbHO, MBI JOJXKHBI Pa3JjHuaTh CO-
OBITHSL. IIPOHCXOAAIIHE ¢ BeposiTHOCTBX 0, H HEBO3MOXKHBIE COOH-
TUsi (BepOsITHOCTL HEBO3MOXKHOro co6uiTus pasHa 0, Ho oOparHoe
HeBepHO). JIOBOJbHO CTPAHHO BBIMSAUT TakXKe CAeAVIOMMH (DakKT:
COOBITHSI «MOPA3UTh TMO KpalHe#d Mepe OAHY TOYKY H3 KOHEUHOIO
MHOXEeCTBA TOUEK®» H «IOPAa3UTh JHIIL OJAHY TOUKY» HUMEIT OJHHA-
koshle BeposiTHocTH. (OGe BeposTHocTH paBHB 0. CM. mapalokc o
HyJeBOH BeposTHOCTH.) pyrasg cTpaHHOCTL: B3aHMHO OJHO3HAUHOE
HpeoOpas3oBaHHe MOXKeT COBEpLIeHHO H3MeHuTb WaHcH. Hamnpumep,
ecJIM MBI cayualiHBEIM 006pasoM BeIGHpaeM TOuyKy Ha uHTepBase (0, 1),
TO MIAHCH BHIGpAaThL uucja0, KoTopoe MmeHbine 1/2, pasun 50 %. On-
HaKo ecJd Bce uncia u3 (0, 1) BO3BecTH B KBaApaT H pPAaBHOMEPHO
BHIGHpATh M3 STHX KBaJApaToB, TO UIaHCH yBejauuatcs A0 65,6 %.
Koneuyno, nepBuiii oteer, T. €. 50 %, Gosee ecrectBeHHeH. OXHAKO
B JAPYTrHX 3ajadax BLIOOp MeXJAY €eCTCeCTBCHHBIM H HeeCTEeCTBEH-
HHIM OTBETAMH MOXKeT oKasaTbcs O6ojee caoXKHBIM. Brie yixe
oTMeuaJJock (B MOCJeIHEM 3aMeuaHHH K MepBOMY Mapalokcy), 4To
TAKOH BLIOOpP He Bcerga BO3MOXKEH Ha OCHOBE JHIIbL JOTHUECKHX
paccyXJeHu# 6e3 yuyera AaHHBIX NPaKTUKW. FMIMEHHO B 3TOM CYTh
caeyIolero mapamokca, ONyGJHKOBAaHHOrO B KHHTe «Hcunciaenue
pepositHocTed» (“Calcul des probabilites™) (1889 r.) JKosega JIyu
beprpana.

6) Iapadokc

s HEKOTOPOH OKPYXKHOCTH cAyuallHBIM 00pasoMm BhIOHpaeTcd
xopaa. Haiti BepOsaTHOCTBL TOro, UTO 3Ta XOpAa JJHHHEEe CTOPOHHI
[IpaBUJALHOIO TPEYrOJbHHKA, BIHCAHHOIO B JAAHHYI0O OKPYXKHOCTD.
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[Tapapokc yTBep:KAaeT, YTO 9Ta BEPOSITHOCTb OHPELEsIETCs] HEOIHO-
3HAYHO, T. €. Pas3JuuHble METOABl NMPUBOAAT K Pa3HLIM pe3yJbTaTtaM.

ITepsolii merod:

ChyyaiiipiMm o0Opa3oM (paBHOMepHO) B JaHHOM Kpyre BhHIOU-
paeTcsi Touka. DTa CJAyuadHass ToOukKa OIpele/isieT eIUHCTBEHHYIO
XOpAY, CepesUHON KOTOPOH OHa fABJSIETCHA. Jta Xopla AJUHHEe CTO-
pPOHBI HAlIero INPaBHJABHOTO TPeyroJibHHKa TOrja WU TOJbKO TOTJA,
KOrjla ee cepellHa JIEKUT BHYTPH Kpyra, BIHCAHHOIO B TPeyroJb-
HUK. Paguyc 3Toro xpyra paBeH NIOJIOBHHE pajuyca HCXOAHOI'O Kpy-
ra, cjejoBarejqbHO IUIOLLAAbL BIIMCAHHOTO Kpyra cocraBasger 1/4
maomagn ucxogHoro. Takum oO6pa3oM, BEpOSTHOCTbL TOrO, UTO CJY-
yalHO BBIOpaHHas TOYKa JIEXKUT BHYTPH BIHCAHHOTO Kpyra, paBHA
1/4. Tak uto sator MetTon jgaer oTser /4.

Bropoti merood:

Mcexonst U3 coobpazkeHHH CUMMETPHH, MOXKEM CYHTATh, YTO OJ-
HHM KOHIOM XOpAHBl SIBJSETCS NPOH3BOJBLHAS (PUKCUPOBAHHAS TOUKA
Ha OKpyxXKHOCTH. [lycTh 3TOR TOUKOH sIBJIsSIETCS BeplUMHa BOUCAHHOIO

Puc. 5. Tpu cnocoba BriGopa cayga#Hod XOpEHL

TpeyroJibHuKa. BribepeM Jpyroil kKoHel cJAy4YalHO C PaBHOMEPHBIM
pacnpeiesieHneM. BepIIMHBI TpeyroJbHHUKa JedsiT OKPYXKHOCTb Ha
TPH paBHHIC AYIH, H cJyya¥Has XopJAa JJMHHEe CTOPOHHI NpPaBHJIb-
HOrO TPEYroJbHHKA, €CJAH OHa IepeceKaeT 3TOT TPEYroJbHHK. Tak
4YTO UCKOMast BepOSITHOCTh Tenepb paBHa 1/3.

Tperuti merod:

BriGepeMm TOUKy cJayyadiHbIM 00pasoM paBHOMEPHO Ha pajuyce
OKPYXHOCTH W BO3bMe&M XOpAy, KOTOpas MNepHeHAHKYJspHa 3TOMY
pajguycy M HPOXOAUT uepe3 BHIOPAHHYIO TOUYKy. Toraa cayyadHas
Xoplla JAJIHHHee CTOPOHH BIHCAHHOTO NPAaBHJABHOTO TPeYroJbHHKA,
eca cayyaHHast TOUKa JIEXKHT Ha TOH NOJOBHHe paAuyca, KOTOpas
Onuxe kK neHrpy. Mcxoas M3  coobpaxKeHUB CHMMETPHUH, HeBaXKHO
KaKoH pajuyc Obl1 BHIOpaH AJsI MOCTPOEHHs], MOSTOMY HCKOMasl Be-
posATHOCTB paBHa 1/2.
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8) Q0®BacHerue napadoxkcu

[lonyueHne pasHblX pe3yJbTaTOB KaXKeTCsd [1apajoOKCaJbHBIM, TAK
KaKk OblJI0 yOexJeHHe, 4YTO CJOBa «PaBHOMEPHBIH CJOYYaHHBIH BBHI-
60p» ONHO3HAYHO ONpEeAessiiOT HCKOMYIO BepodATHOCTL. llapamokc
I0Kas3blBaeT, YTO BO3MOXKHEI pa3J/HuHble criocoOH BuOOpa paBHOMEp-
HBIM 00pa3oM, IIpHYeM KaxXKAblH CIOCO0 BHITVIAAUT HMO-CBOEMY «ecTe-
CTBEHHBIM». Kamkabli U3 Tpex YKAa3aHHLIX BHIIE METOAOB HCHOJb-
3yeT paBHOMepHoe pachpejeneHde (B Kpyre, Ha OKPYXKHOCTH H
paauyce kpyra). Ilo mHenuwo IllyaHkape («McuucsneHue BepOATHO-
crefdi» («Calcul des probabilites»). Ilapux, 1912 r.), ecnan y Hac
HeT HHUKaKOH AONOJHUTEJABHON HHpOpMauuu, T0 cledyeT BOCIIOJAb30-
BaTbCsl TPeTbUM MeTOoAOM (rAe orBer Obl1 1/2), Tak Kak B 3TOM
cJyuae HMeeM: €CJAM JABAa MHOXKeCTBa XOpPA IeOMETPHUECKH KOHIPY-
SHTHBl, TO C PAaBHBIMH BEPOATHOCTAMH CJAYYaHHO BbIOpaHHas xopla
Oyler npuHaaJex)aTb JIOOOMY U3 3THX MHOXKeCTB. M3yueHnue HHBa-
PUAHTHOCTH TAaKOro THNA MNPHUBEJO K OUCHb HHTEPECHOMY pasfeny
MaTeMaTHKH, KOTOPHIH Ha3bBAECTCH HHTETpaJbHOH reoMeTpHew.
(3toT TepMuH OBl BBeAeH Buaseesomom basuike B 1934 r.)

Cuoepylomte TpeboBaHHsI HHBAPHAHTHOCTH TaKXKe NPUBOASAT K Be-
postHocTtH 1/2 (cMm. Janes E. T. «The Well-posed problem», Foun-
dations of Physics, 3, 477—493, (1973)). Ilycte R — pajauyc kpyra.
[Tosoxenue xopAbl olpeAe/sieTcss 3aZaHueM MHOJSIPHBIX KOOpAWHAT
(r, 6) ec uentpa. Haiimem oTBeT Ha GoJee CJHOXKHBIA, yeM y bepr-
paHa, BOIpPOC: KAKOBA JOJKHA OBbITh IJIOTHOCTH BEPOSATHOCTH
[(r, 0)dA =] (r, 6) rdr® BHyTpu Kpyra? [lockoJbKy paclpeieseHue
JUIMHBI  XOpJABl 3aBHCUT TOJIBKO OT pPajHaJbHOH KOMIIOHEHTHI,
[(r, 0) =[(r). HUraxk, npobsemMa cBeJjeHa K HaXOXICHHIO (VHKIIHU
[ (r), HOpMHPOBAHHOM COrJIACHO PABEHCTBY

2t R

S Sf(r)rdrdezl, T, €. 231:§f(r)rdr:1.

o0 0

Hnsapuantrocte macuiradba (T. €. HHBAPMAHTHOCTb MPH H3MeHEHHH
mMacuitaba) NPUBOANT K ypaBHEHHIO

akR
agf(ar)=2:n:f(r)s fyudu, 0<a<l, 0 r<<R.

0

Hduhdepennupys no a, noJsarass @ =1, u pemwadg noJydeHHoe Iud-
depeHuHaNbHOE YpABHEHHE, HAXOAHM, UTO o0uiee peuleHue (yrOBJE-
TBOPSIONIEE NePEYHCIeHHBIM BhILIE YCJAOBUIM HOPMHUPOBKH) 3aMHUCHI-

BAETCA B BUIE
f(ry=qri=*/(2aR?,
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rjpe ¢ —— IPOH3BOJIbHAS IIOCTOAHHAM, KOTOPAS 1€ ONPCALJIsICTCs TOU-
HO yCJOBHEM HHBapHaHTHOCTH Macwtaba. HakoHew, eciu Mbl CABH-
HeM Kpyr Ha paccrosinie b, 1o npeo6pasoBanue (r, 6) = (r/, )

3ajaeTcsa COOTHOIIeNUsMu r’ = |r—bcos@| u
" 0, ecJqu r > bcos?o,
U104 m, ecau r < bcos?.

HusapuantHocrs oTHOCUTeAbHO cD8le08 RaeT g = 1.
Takum 06pasoM, B COOTBETCTBHH C TPETbHUM METOJ0M MBI IOJY-
yaeM

F(r, 0)=(2aRr)™", 0<r<R, 0<<O<2m.

[TocKOJIBKY XOpja, KOOpJAHHATBl cepeJuHBl KoTopou (r,0), uMeer
aauny L = 2(R? — r*)/2, QyHKUHA NJOTHOCTH BEPOATHOCTH BEJH-
ynuel X = L/(2R) pasua x/(1 —x%)'/2, 0 << x <C 1, uTto coryacyer-
csi ¢ noraakoli Bopens («Elements de la théorie des probabilitésy,
[Tapux, 1909 r.).

2) Sameuarus

(i) TIlpu obcyxneHun napajokca beprpaHa Mbl pacCMOTPENH
TPH MeToja BeIOopa CJAyYaWHOH XOPAbl, OJHAKO CYIIeCTBYET MHOXKE-
CTBO JPYIHX CTOJb K€ €CTeCTBCHHBIX MeTOAOB. Hampumep, ec1u MbI
cjay4daldHo BbiOepeM TOUKY B 3aJaHHOM Kpyre, 3aTeM INPOBEAEM He-
pe3 3Ty TOUKY XOPAY B IIPOH3BOJABHOM HanpasJ/jeHuu (yroJ, onpene-
JSAOUIHA HanpapJeHde, paBHOMEPHO paclipele/neH BO Bcel 00/1acTH
M3MEHEHHH yr/ja U He 3aBHCHT OT BBIOOPA TOUKH), TO HCKOMas Be-
pPOSITHOCTL PaBHA

1/3 4+ 4/3/(2n) =0.609. . . .

HeyausureabHo, 4To MOJy4YeHHBI pesyabTar GoJsbiie 1/2, Tak Kak
TakoH crocob BbIGopa uyaule jAaer xopAbl Gosabwied AauHb. Eie
6oapiiyio BeposTHOCTh (0.7449) MBI TNOAyuHM, €CAH CJaydanHas
XOpAa MoJIydaercsl COCIHHEHHEM ABYX CJAyYaHHBIX TOUEK Ha OKPY¥K-
HOCTH. JIpyroil, MeHee ecTeCTBEHHBbIH, METOJ BbIOOpa 3aKII0YaeTCs
B caeayioleM. [TpoBeaeM OKPYXKHOCTh (pajHyca r) ¢ TeM XKe LeH-
TPOM, YTO M HCXOjHAst OKPY:KHOCTb (paaHyca R), H BbiOepeM ciy-
yafiHylo TOUKy (paBHOMEPHO pacHnpefeleHHYyl0) B Kpyre paguyca f.
[IpoeeneM HpAMYyI0 uepe3 3Ty TOUKY B HalpaBJeHHH, PABHOMEPHO
paclnpeaeeHHOM BO BceH 00.1aCTH M HE 3aBHCSILEM OT BbIOpaHHOH
TOUKH, Bonpoc 3agjawouaercs B caeldymouieM. Ecian npamasi mepece-
KaeT Kpyr pajguyca R, To ueMy paBHA BEPOSITHOCTH TOrO, UTO XOPAA,
ob6pasoBanHas TIpu IIepeCEYEHHH IPSMOH C KPYroM pajauyca R,
AJUHHee yxKe He pa3 yHNOMHHaBIIEHCA CTOPOHBI MPABHJIBHOTO BIIH-
canHoro tpeyroasHuka? OTBeT mnojgydaercs Opocto. Ecau r Bospa-
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cTaeT ot r = R/2 fo r = oo, TO HCKOMAasi BEPOATHOCTb yOBIBAET OT
1 no 1/2.

(ii)) HMHTerpanbhHasi reoMeTpusi, BO3HHKILIAS B CBA3U C I'€OMETPH-
UECKHMMH BEPOATHOCTSIMH, IPHOOPETAET BCE BO3pacTalolliee 3HaUEHHE
BO MHOTHX 00s1aCTAX HAayKH, Hanpumep, AJAs BOCCTAHOBJEHHS TpeX-
MEepPHBIX (PUTYD MO HX ABYMEDPHBIM CEUEHHSAM HJU NMPOCKUHAM, a TaK-
K€ B MHHEpAaJorHH, MeTaJJypruu U Ouonorun (0coOGeHHO B TOMO-
rpaduy AJs TPeXMepHOH PEKOHCTPYKUHH OIYXOJeH).
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12. Napagoke n3 teopun urp. MNapagokc rnagmatopa

a) Hcropus napadokrca

XOTHA a3apTHLIE UTPHl B PA3JHUHBIX (POopMax CYIIECTBYIOT CO Bpe-
MEH MaJeo/JuTa U MaTeMaTHUYeCKHe HCC/AEL0BAHHUS Pa3HbIX HI'D BOC-
XOAAT K 3n0xe Bospoxjaenus, obilass TEOPHUHA HTP BO3HHKJA JHIIb
B XX Beke (¥ JHIIb Toraa ObijJia yCTAHOBJEHA €€ CBA3b C APYTHMH
HAayKaMH, HalIpHMep, TAKMMH, KakK 3KoHOMHKA). B 1921 r. Imuas
bopeay momwiTasCs CO3A4Th MATECMATHUYCCKYID TEOPHIO UTPOBHIX
CTpATerufl, OAHAKO NPUHUUN MUHUMAKCQ, QYHIAMEHTAJbHYIO TEO-
peMy B TEOPHH UI'p, B 1928 r. moKaszaa OCHOBOMIOJ/JOXKHUK TEOPHH HIP
Hocon on Heiiman. (Panee naxe bopeas coMHeBascs B ee copa-
BEIJIMBOCTH. )

CaeaymoIIHi Napajoke MOMOXKET NOHATb CYTb TEOPEMBI O MHHH-

MAdKCeE.

6) Ilapadokc

JIBoe metedh R u @ HrpaloT B H3BECTHYK HIPY, KOTOpasg COCTOUT
B caenyiouieM. O6a OfHOBpEMEHHO MOAHHMAIOT OJHH HMJHU 1Ba 11aJb-
a, ecau obliee YHCJAO MOMHSITBIX MaJdblieB UETHO, TO @ maaTHT R,
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U eCJid OHO HeueTHO, To K miaTuT Q cymMMy, pPaBHYIO O0LIEMY YHCITY
MOAHSTHIX HaJnblleB. Huxe B Tabanue (Martpuue BHIJIAT) YKa3aHbI
JeHeXKHbBle CYMMBI, KOTOophie @ HoJIKEH 3amnnaaTurb R. XOTs MHOTHE
CUMTAlOT 3Ty HUIPYy CHPAaBeAJHBOH (BHAUMO IOTOMY, 4TO YHCJA B

Q ! V4
R noJsrey sl
! $ 2 $-3
naney
Z
$-3 $ 4
nansi
Puc. 6.

rabiuie TpH chaoxkenud pawor 0, aeficrBuresbHO, 2 4 (—3) -
- (—3) +4=0), ona Takoli BOBCEe He SBJSETCS: 3TA HIPa BHI-
ropgHa aas Q.

8) Ob6wacHeHnue napadokca

OueBHAHO, €CJH OAHH H3 HIPOKOB BCE BpeMs MOAHUMAET OIHH
naJel WJAH BCerjla HOAHHMAeT j(Ba, TO BTOPOH HUTPOK, 3aMETHUB 3TO,
6yner BecTH cebs Tak, 4roObl Bce BpeMs BuUrphiBaTh. (CienoBa-
TE€JbHO, BBITOJHBIMH MOT'YT OBITh TOJBKO «CMEUIAHHBIE CTPATETHUY,
T. €. [IDH KaXKJOM HUCIBITAHUU UTPOK CJAYyUdauHO, HO ¢ (PUKCHPOBAaH-
HbBIMH BEPOSTHOCTSIMH, BRIOHpaeT OJAHY U3 JABYX BO3MOKHOCTEH (ITOXL-
HATb OAUH WUJW ABa naJjasua). IIpeamosoxum, 4to 1A 0060UX HTPO-
KOB Mbl VK€ HalllJIH OUTHMAaJbHBIC CTPATeruu, T. € MBI 3HaeM, 4TO
JYUILICH CTpaTerued /s urpoka R ABJIAETCH TO, UYTO HYXHO HOXA-
HSThb OJIHH MaJiell ¢ BEPOSITHOCTBIO p; W NOAHATH ABA MNaJjblia C Be-
POSATHOCTBIO po (OUEBHAHO, P -+ pe = 1), ¥ anasoruuno aasa Q Hau-
6oJiee BBLIFOJIHO MOAHSATH OJAMH IaJiell ¢ BEPOATHOCTLIO §; U JBa
naJjblla C BEPOSITHOCTBIO §2(g; -+ go = 1). Ilockonbky o6a Hrpoxa
INPHHEMAIOT PEIIeHHs He3aBHUCHMO APYT OT Apyra, cymMmMma JaeHer, Ko-
Topyio @ B cpeaneMm BHINATUT R (eciau o6a UrpoKa NMPHUMEHSAIOT OI-
TUMaJIbHbIE CTPATEruN), PaBHA

V =2p,g, — 3p192 — 3p2q:1 -+ 4p2q-. (#)

HUrpa Onia 6w crnpaBefauBol, ecaun Ob1 V = 0. OaHako MBl MNoKa-
KeM, 4t0 p;=q,=71/12, ps=¢g,=>5/12, u Tornpa V =-—1/12,
yTo O3HawaeT, yto ) BHHUrpeEIBaeT B cpeaneM 1/12 poanapa nocie
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KaXXJOH MIpH JaxKe B TOM cJayuae, Korga R NpHMEHSAET CBOIO OITH-
MAaJIbHYIO CTPATETHIO,

[TopcraBuM g, =1, g =0 B (%). Torma V=Q, =2p;— 3p..
Anamsoruuno, ecad go=1 u g =0, 10 V=Qy=—3p1 + 4p-.
B stux o6osnavenusix uMeem V =g,Q; + g:Q.. Tak kak V —3t10
CPCAHHUH NPOUTPHILI HIPOKa (, €ClH OH HCMNOJBb3YET CBOK ONTHMAJb-
Hywo crpateruio, Qi =V u Q= V, o V=g1Q1+ ¢:Q2: = q:V +
+ @V=(1+q)V=V.

[IOCKOJBKY HH i, HH §o HE MOT'YT ObITh PABHB HYJIIO, H3 NPEAH-
IVIIEr0 COOTHOLIEHHs BHITEKaeT, uTo V=0Q,=Q, T. e. 2p;, —
— 3p; = —3p; + 4pe, mnosToMy (BCroMHHAS, UYTO pP;+ pe=1)
umMeeM p; =7/12, po=>5/12 u V =—1/12. Amnanoruuno, 2¢q, —
— 36]2 = —36]1 —l— 46]2 (C]l —l— (o — 1) H, CJEeAOB4TE/JbHO, {; — 7/12,
gs =>5/12. Takum o6pa3oMm, JOKa3aHO, UTO HTpa CIpaBedJIHBOH HE
SIBJASIETCS], U HaHWJeHbl ONTHMAJbHBLIE cTpaTerud. s 0o60HX HI'POKOB
BHITOJAHO INOAHHMAaTh OAHWH IaJjel C BEPOSITHOCTbIO 7/12.

IToacraBasigs B dopMyne (%) 1— p; BMecTto ps u 1 — g; BMecTo
gs, nonyuaeM V =12p,qy —7p,— 7q; + 4. HezaBucumo ot 3Haue-
HHA gy ipu p; = 7/12 umeem V = —1/12, Ananoruuso, He3aBUCHMO
OT 3HAUeHHs1 p; Npu q; =7/12 umeem V= —1/12, Takum obpaszom,
HTPOKY BCe pPaBHO, KaK HrpaTh, €CJAH OH 3HAET, UTO €ro HPOTHBHUK
HCITOJIb3YeT ONTHMAJbHYIO CTPATETHIO.

2) 3ameuanus

(i) 'naBHO# Henwio HcenenoBaHud HefimMana B TeopuH Hrp Obla
IIOUCK ONTHMAaJIbHOH CcTpaTeruu B urpe ¢ m urporamu. Hxag mnpo-
CTOTHI MBI NpeanoJaraeMm, uto m =2 (T. e. APYT NPOTHB APYra BHI-
CTYNIAIOT TOJbKO JBA HIPOKAa), H HUI'Pa SBJSETCS HIPOH € HyNeBoiH
cyMMO# (T. €. TPOHTPHII NEePBOr0 HrPOKA pPaBeH BHIHTPHIIY BTO-
poro). Ilyets 8 u Sy 0003HAYAIOT MHOMKECTBA YHCTBIX CTPATETHH
JJIsT TIEPBOT'O H BTOPOrO HI'POKOB COOTBETCTBEHHO (YHCTAsT CTpaTe-
I'HS — 3TO MPAaBHJIO, KOTODOE 3ajaeT TEePBHA lLIar INepBOro Hrpoka,
a TakXe OTBETH Ha BCEBO3MOXKHBIE XOABl BTOporo urpoka). ITycTs
L(s;, So) — byHKIIHS ABYX NMEPEMCHHBIX, KOTOpAs omNpenesser npo-
HTPBIII BTOPOTO HIPOKA, KOTJAa OH HCIOJb3yeT UYHCTYIO CTPATEruio
Sy & Sy, W NepBHI HIrPOK NMPHMEHSIET CTpaTeruio §; & S, (rabiauua
Ha C¢Tp. bD naer nmpuMep Tako# ¢yHKIMH). a9 OCTOPOKHOrO HIrpo-
Ka Jyudliel SIBJSETCS CTpaTerus, KOTOpas MHHUMHU3UDYET ero Mak-
CUMAJNBHHH NPOUTrpHIN (UTO MPOUCXOAHUT TMPH ONTHMAJbHOH 3a-
mure). ITepBulll HTpOK Bcerxa MoKeT AOOGHTHCS BHIMFPHINIA

V,=max (min L (s, s,)),

| Sa

a BTOPOH HMI'DOK TIPOHTPHIINA

V,=min (max L (s;, S,)).
& S
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(EcrecTtBenHo, BeqnuuHel V; u Ve Moryt ObiTb OTPHULATEJbHBLIMH.)
B toM cayuae, korga V; = Vo U MHOXKECTBO BO3MOXKHBIX CTPATErHH
KOHEUHO, 000HM MI'POKaM BBIIOJHO NPHMEHSTb TaKHE CTPaTer’u
® % % ® )
S, Sy IaA Kotopux V =V,=1L(s|, $,). Takas napa cTpaTerdH
(si, 83)  sIBJASETCA CEAJIOBOH TOUKOM WIpBI, HO OHA He BCErja Cye-

ctByeT. Oanako y Heilimana Obli1a 3aMeuaTesibHast HAES PacCIIHPHTD
MHOXKECTBO BO3MOKHHBIX CTpaTeruil, OH BBEJ «CMellaHHBIE cTparTe-
THHU», KOTOPBlEe COOTBETCTBYIOT CJAYYAaHHOMY BHIOODY U3 MHOXKECTBA
UHCTBIX crpaTteruil. TakuMm oOpasoM, cMellaHHAasl CTpaTerHs €ecTb
BEPOSITHOCTHOE paclpelejeHHe HAa MHOXKECTBE UHCTBIX CTPAaTerHH.
(B npuMepe ¢ mrpoi aeteil CMELIAHHBIMHU CTPATErHAMU OBIJIM I1&PHI
Pi1, P2 H g1, g2 COOTBETCTBEHHO.) [Ipu cMelIaHHBIX CTpaTerusix Hr-
DOK HE MOXKeT «BHJAeTb IPOTHBHHKA HACKBO3b», HO 3aTO IOSBJSET-
csl CJYU4alHOCTD, JaXe B TeX HIpax, KOTOpbie CaMH OT cjyuyasl He 3a-
BHCAT. EcJaH MBI XOTHM HaHTH ONTHMAaJbHYIO CMEUWaHHYI0 CTpaTeruio,
TO MBI, €CTECTBEHHO, JOJJKHBl OllpeAeJuTh PYHKUHIO NOTEPh HA MHO-
KecTBe nmap (m, mp) cMemanHblx crpaterui. [lycrs L (my, mg) — 10-
TepH B CpeAHEM, KOTOpHIE BTOPOH WIPOK BBIJIAYHBACT NEPBOMY,
KOTJld HMIPOKH I[PUMEHSIOT cMeIlaHHbIe cTpaTerun n; & Py umg & Po.
Teopema HeliMana o muHHMakce (dpyHAaMeHTaJbHasi TeOpeMa Teo-
PHH WTP) YTBEpPKAAET, UTO e€CJH MHOXKecTBa S; U S KOHEUHHl, TO
max min L (i, my) = min max L (m,, 7y),

me PP, mePome P
T. €. B KJacce CMeUIaHHbIX cTpaTernd BCerja CyUleCcTBYeT CeAJIOBas
ToYKa. HMHBIMH caoBamu, A O000OHX HIPOKOB CYLIECTBYIOT OITH-
MaJbHble CMellIaHHble CTPAaTertH.

O6u1yio MoJejb TEOPDHH HI'D MOXKHO TaK:Ke HCIOJb30BATb AJISA
HCCAeJ0BAHUST KOH(DJIHKTOB, BO3HHKAIOIUX B APYIUX cpepax KHU3HH.
Hanpumep, ¢ mareMaTHUeCKOH TOUKH 3PEHHA KOMMEPUECKYIO KOHKY-
pPEHIIHIO MOXKHO pacCMaTpHBaThb KAK «HUTPy», B KOTOpo# o6a uUrpoka
XOTAT HAWTH CBOH ONTHMaJbHble cTpaTeruu. I1OCKOJBKY Bce MeHee
H MeHee BepOsSTHO, YTO KOHKYPEHTbl MOTYT IOCTOSIHHO HaAyBaTh
ApPyr Apyra, KOMIPOMHUCCH (COOTBETCTBYIOIIHE CEAJOBBIM TOUKaM)
CTAHOBATCS Bce OoJiee H OoJsiee HEOOXOAMMHEIMH BO MHOrux o0Ja-
cTsX. Teopus Urp BHecJa HOBbIE ACIEKThHl H B MAaTEMATHYECKYIO CTa-
THCTHKY, 6sarogapsi B OCHOBHOM Tpyaam Abpaxama Baasda. Huxe
HJJIOCTPUPYIOTCS HEKOTOPHIE IPUMEHEHHS TEOPHUH UI'D B CTATHUCTHKE.

(ii) TunwuHOH 3ajmadell CTATHUCTHKHU SIBJAETCH OLECHKA HEU3BECT-
HOro nmapamerpa 6 © BepOATHOCTHOrO pacupeneneHus Fg, HCXOAA
u3 "Habgogenudt X, Xs, ..., X,, HMeWIIHX pacnpenejeHue Fy (u
0OLIUHO HE3aBUCHMBIX), T, €. HCXOAs H3 BBIOOPKH. (OO6bIYHO, O —
IIPOU3BOJBHOE MHOXKECTBO YHCeJ HJH BeKTopoB.) PaccMmotrpum
(¢ YHKIHIO ABYX nepeMeHHbX L (0, ¢), 3HaueHUSIMH KOTOPOH SBJSIOT-
Cs HAlIH MOTEPH, KOrJa B KaYeCTBE OIEHKH AJS HEH3BECTHOTO IMa-
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paMmerpa € Oepercs c¢. EcTecTBeHHO npearionarath, YTo NOTEPH TeM
6oJbllle, ueM GoJblie oTKAoHeHHe |6 — ¢|. Takum obpasom, L (0, ¢),
KaK IIPaBH/IO, SBJSETCS MOHOTOHHO BO3pacTamouled (QyHKLMEH OT
BequunHbl |0 — c¢|, Hampumep, L(9, ¢)= |0 —c|4 rme d=>0.
Ounenka 0 =f(X;, Xg, ..., X;) Xopolla, eClId cpefHHE IOTEPH Ma-

Jbl, T. e. ecau ¢yHkuus pucka R(6,0)=E(L(0,0)) mana. Oxnako
[IPH CPAaBHEHHH JABYX OILEHOK MOKET 0Ka3aThCsl, YTO 3HAYEHHE (PYHK-
IIHH DHCKAa JAJsI TMepBOH OIIEHKH MPU HEKOTOPBHIX 3HAYEHHSAX Iapa-
Merpa  MeHbIUe, YeM IJIsI BTOPOH OLI€HKH, a I[IPH JAPYIrHX 3HAUEHHAX
0 cuTyal#si HPOTHBOMNOJOKHAs. L nocTaToyHo 60JBIIOTO KJjacca
OllEHOK CYHIeCTBYIOT (PYHKLHH PHCKA, KOTOPble YOBIBAIOT IPH OAHHX
3HAUEHHAX O TOJbKO TOTA4, KOTJa IpH APYTHX 3HAYEHUAX O OHH BO3-
pacraor. OUEHKH TAaKOro THIA Ha3bBAIOTCH donycTumoeimu OLECH-

KAMH, T. €. Oll€HKAa Oy ABJsieTcs JOMNYCTHMOH, €CJH HEPaBEHCTBO
R(6, 8) << R(0, Bg) cmpaBeauBO AJs Bcex 0 & O Toraa U TOMbLKO

Torga, Korga R(0, 0) =R (6, 09) aasa Bcex 0 0. HMMeeT cCMEICI
HCIIOb30BATh TOJBKO AONYCTUMBIE OIleHKH, TAK KakK JAJs OLEHKH, KO-
TOpasi He SIBJASETCS AONYCTHMOM, MBI BCErJa MOXKEM HAHTH APYIyio
OLEHKY, (OYHKIHA PHUCKA KOTOPOH HUrae He 00JbUIE, & B HEKOTOPBIX
TOYKAX CTPOTO MeHblle (GYHKIIHHA PHCKa HeA0NyCTHMOH OlleHKH. Ecun
Mbl XOTHM HaHTH AONYCTHMYIO OLEHKY, KOTOpas MHHHMH3HPYET
cpejfiHHe MOTEePH NMPH «HAUXYALIEeM» JACHCTBHUTEJbHOM 3HAYEHHWH Ia-
pamerpa (T. e. Korga (QyHKIHS pHCKA JOCTHTaeT MakKCUMyMa), TO
Mbl NIOJYYAM MHHUMAKCHYIO OI€HKY. DTa «OCTOPOXKHAA» OLEHKA OII-
pejgensgercsa caeaylomiuM oOpasoM: olleHKa 0% Ha3biBaeTcs MHHH-
MAaKCHOH, eCJlH

sup R (8, 6*) = inf sup R (6, 0),

D=0 H 600
rre O npoderaer MHOXKECTBO BCEX BO3MOXKHBIX OLieHOK. « MHHHUMAaKC-
HbIHl acleKkT» MaTeMaTHUeCKOH CTATHCTHKH paccMaTpuBaeT MOHCK
OIl€HKH KAaK HUrpy, B KOIOPOI:’I [Ipupona «BoiOupaer» mapamerp 0, a

MBI BbIOHpaeM OleHKY 0. Lleab uUrpbl — AOOUTBCA HAMMEHBUINX BO3-
MOXKHBIX CpeIHUX moTepb. CpeAHHe MOTEePH MOXKHO YMEHbIIHTDL, JO-
MMyCTHB CMellaHHble cTparterun, Korga llpupona BeIOMpaer mapa-
MeTp 6 cayualHO H3 MHOXecTBa ® ¢ paclpeieaeHHeM 1, U MBI Bbl-
bupaeM OUEHKY CJAy4YaHHO ¢ paclpelejeHHeM o, H3 MHOXKeCTBa Bce-
BO3MOXKHBIX OIIEHOK. B 3ToM ciay4dae (QyHKUIHCH pHUCKA ABJIETCS
byukuusa r(v, o) =E(R(T, A)), rae T — ciayuarHass BeJHYHHA C
pacnpejejseHHeM T Ha MHOXecTBe napaMmerpoB ©, u A umeer pac-
npejejeHHe o Ha MHOXeCTBe BCEBO3MOKHBEIX crTparerud. Teopema
O MHHHMMAaKCe OCTaercs CIpPaBelJUBOH AJNA (YHKUHH DPHCKA TaKOro
BUAA IIPH JOCTATOYHO OOUIUX YCIOBHSIX:

sup infr (v, o) = infsupr (t, o).
T (93 £ T
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[TockonbKy pacnpefesneHie T HEH3BECTHO, I10JI€3HO BHIGHPATh MHHHU-
MaKCHYIO CTPATETHIO a* KaK OLeHKY, yAOBJETBOPSIOMIYIO YPaBHEHHIO
supr(t, o)== infsupr (v, a).

T & T

(1ii) Caeaymouuii nmapafokc raaguatopa ucxoiut or K. Ka-
murckoeo, E. Jlakca v I1. Heacona. Ilpeanonoxkum, 4T0 B HEKOTO-
pPOM COpeBHOBAHHMH, HA3LIBAEMOM HIPOH TIJaAHAaTOPOB, Y4aCTBYIOT
ABE KOMaHIABl IVIaZHATOPOB, KOTOpPLIE Ha apeHe ycTpanBaloT OOH.
B nmocsenoBartesabHbx Typax u3 xomauawl A = (A, A., ..., A.) BH-
OupaeTcs TJiaguartop sl BCTPEUH C rJaajHaTopoM W3 KOMaHAe B =
= (B1, By, ..., B,). lloGeautesns Bo3Bpamaercss B CBOK KOMAHAY
C HeocJJaGEBIIUM KEJaHHEM CPasUThCA BHOBB, €CJAH HOTpedyercs.
[Ipeanonaraercss, 4TO NPOUIPABIUHE TepsieT BO3MOKHOCTL cpa-
XKaTtbhcs U BHIOBIBAeT U3 TypHHpa. [Ipeanmosnaraercss Takxke, YTo HH-
AHBUAYAJbHBIE BCTPEUH HOCIAT CTOXACTHYCCKHH XapakTep H Tpen-
CTaBJSAIOT CO0OH He3aBHCHMBlE HCHBITaHHSA, B KoTophix 0 << P (A,
B;) << 1 o6o3HauaeT BepOSATHOCTH TOrO, 4TO TJagHatop A; HaHecer
nopaxedue raaguaropy B;. TypHup npoaonxaercs 10 Tex MOp, Io-
Ka He YHHYTOXKAeTcs ofHa M3 KoMaHuA. PaccMoTpum Bompoc o cyie-
CTBOBAHHH CTPATCTHU S, KOTOpPAs ONTHMAJbHA B TOM CMBICJE, UTO
OoHa MakcuMusupyer Ps(A, B), BeposiTHOCTb BBHIMTpHIIIA KOManab A
Yy KoMaHAH B, Korjga ucnogan3dyercs crpaterus S. [loj cTparernefi
34€ech NMOHHUMAETCS 1IPaBHJIO, OIpeAessionlee MHOPSAOK BHIXOLA Ha
apeny rJaajanaropop obeux komaHA. (IIpu ykasaHHH cTpaTerun Mo-
’)KHO HCXOJAUTbH TOJBKO H3 TEKYLIEro COCTOSIHHS KOMAaH] Ha KaXKAOM
3Tane Urpel.) B oJHOM H3 BapHAHTOB HTPHI IVIAZMATOPOB HMPEANoJia-
raercs, uto urpokam A,, Ay, ..., An, By, By, ..., B, cTaBsiTCcs B CO-
OTBETCTBHE IOJOKHTEJNbHbBIE UHCAA Ay, Ao, ..., Qn, b1, bs, ..., b, Ta-
KHM 00pasoM, 4YTo BO Bcex BcTpeuax A; npotuB B; umeem P (A4,
B;) =a;/(a;+ b;). Torna BepositHocts Ps(A, B) oauHakoBa AJd
Bcex S! B 3ToM cyth mapajokca raaamatopos. JIpyrof mapajokc
3TOH K€ HIpPbl COCTOUT B CiaeAyonieM. byaem roBopurth, 4T0 KOMAaH-
Aa A npeBocxoaut koMmaHay B, ecau P (A, B) > 1/2. Jauee, ecau
A npepocxoaut B u B npeocxoaut C, To A He 0653aTeqbHO Ipe-
BocxoAuT C. CyLecTBYIOT MPHMEpBI, MNOKAa3bIBAOLIHE, UTO Ml =
= min {P(A4, B), P(B,C), P(C,A)} > 1/2. XoTsi OTKPHTHEIM 0OCTa-
€TCsl HHTPHUTYIOUHA BOIIPOC O TOYHOM BepxHeM mnpenene aast m. (Ana-
JIOTHYHYIO CHTyaUHIO CM. B napajnokce 1/13e).

(iv) Eme ogHuM nmapagokcoM H3 TEOPHH MLPH ABJASETCsS 3HaMe-
HuTas «/lnmeMMa 3aK/JIIOYEHHOTO». 34eCh MBI JHIIb COLLJIEMCS Ha pa-
6ory bpemca, lllrpaduna u Xodirraarepa.
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13. EuLe HECKONbKO NapafoKCOoB

a) Ilapadokc cobeirutl, nPoucxO0suyux NO4TU HABEPHO

PaccMOTpHM COGHITHS, Mpoucxofasiiue ¢ BepostHocTAMH 0.99 A
0.9999 cooTBeTcTBeHHO. MOXKHO cKasaThb, YTo 00e BEPOSITHOCTH IIPAK-
THUECKH OJHHAKOBH, 06a COGLITHS IPOHMCXOAAT TMOUTH HaBepHO.TeM
He MeHee B HEKOTODHIX CJydYasiX pasHulla CTAaHOBHTCH 3aMETHOH.
PaccMoTpHM, HanpuMmep, He3aBHCHMBIE COOBITHSA, KOTODbI€ MOTYT
[IPOUCXOAHUTL B JIOG0OH JeHb rofa ¢ BeposTHocTbio p = 0.99; Toraa
BEPOSITHOCTL TOFO, YTO OHH GYIyT NPOHCXOAUTh KAMKIBLIH NEHb B Te-
yenpe roma, MeHoure, yeM P =0.03, B TO Xe BpeMs, €CIH p =
= (.9999, o P = 0.97.

6) ITapadokc 8epOATHOCTU 1 OTHOCUTEABHOU 4ACTOTOL

Caenyrolias HCTOpUs, IpHHAAJeXKamad Hocoponcy Ioda, noka-
3HIBAET, KAK He CJelyeT HHTCPIPETHPOBATH YACTOTHYK KOHIEIIIHIO
BepossTHocTH. JI-p Ten (moKTOp TesenarTHu), 3aKOHYHB OCMOTP ma-
MeHTA, NoKauaJ roJoBol. «Bbl odeHb cepbe3Ho OOJbHBIY, — CKa3all
OH, — «M3 JeCATH YeJOBEK C TaKoH O00JIe3HbIO BBIXKHBAET TOJbLKO
ofuHy». Ilanmenta sTa HHbOPMANHS H3PAAHO Mcnyrana, H A-p Ten
nauaJs ero ycrokampatb: «Ho Bam oueHb moBessio, UTo Bbl NPHIIJIH
KO MHe, ¢3p. ¥ MeHs yxKe yMepJH OT 3TOH 60JIe3HH [eBAThL NallMeH-

TOB, TaK YTO BB BLIXKHBETEY.

(Jlut.: Polya G. Patterns of Plausible Inference, vol. II, Princeton Univ. Press,
1954, p. 101. [Umeercs mepeson: Ilota JI. Martematuka u npasaomnonot-
Hele paccyxkienus. — M.: Hayxka, 1975.])

8) Ilapadoxkcot, caasanHble ¢ OpOCAHLEM MOHETbL

(i) IIpeanosoxkum, 4TO MBI O6pocaeM MOPaBHJAbHYIO MOHETY IO
Tex 1Op, MOKa Iie BEIIAAYT MOC/ICHAOBATENBHO ABa repba (I'T) nnu
rep6 u pemka (IP). OueBuaHo, BeposrHocTb TOro, uto (I'T) no-
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aBUTCs1 OblcTpee, uem (I'P), paBua Beposatrnoctu toro, uro (I'P)
IOSIBUTCS OLICTpee, Tak KaK nocJe BhimaaeHuss I MOHera BHIaJer
Ha ' unmu P ¢ paBHol BeposiTHOCThIO. HecMoTpss HA 3TO, AJAA MOSIB-
penua (I'I') nmorpebyercs B cpennem OGoJblne OpocaHuil, 4eM s
nosgsaennss (I'P). Cepusi (I'T') nosiButcst B cpeanem uepe3s 6 Gpo-
canuit, a cepus (I'P) uepes 4, [IIycte M o6o3nHayaer MaTteMaTtHue-
CKO€ OXupaHue uucaa Opocanuini go nospjaeHus (I'T) B npenmnoJio-
YKeHHH, UTO 1pu neprom Opocaiiun Beinaa I', u Mp ofosnauaer ma-
TeMaTHyeckoe oxunange ynciaa O6pocauunil no noseiaeHusa (I'T) mpn
VCJOBHH, 4TO NpH LepBoM Opocanuu Bbinaaa P. Torpa Mr =14
+ (1 4+Mp)/2 u Mp=1+4 (Mr 4+ Mp)/2. Orcioga cjaeayeT, UTO
(Mr -+ Mp)/2=06, 1. €. cpealnee uucao OpocaHH# A0 MNOABJICHHS
(I'T") me#ictBuresbno pasno 6.] Ecaum cpaBuuth cepuu ([PLP)
(PI'PP), Tto pasauune O6ymer 6Goablie. BeposTHOCTs TOro, 4TO
(FPT'P) nosiBurca 6wictpee, uem (PI'PP), pasna 9/14 > 1/2, Ho
cpeaHee uucao OpocaHui, KoTopoe norpebyercs AJS MOJYYEHHSs ce-
pun (I'PT'P) Bce ke 6oabuie, uem cpeaHee uucjao 6pocaduél o IO-
asiaenus cepuu (PI'PP). (Ilepoe pasno 20, a nocneinee JHIIb
18.) CnenoBaTenbHO, AaxKe €CJAH BEPOSITHOCThL TOro, uTO cobbiTHE A
MOSIBUTCA ObicTpee, ueM coObiTHe B, 60Jblie BEPOSITHOCTH TOro, YTo
B nosBuTca OBICTpee; MOMKET TaK CJAYUHTbCS, UTO JO NOsIBJEHHSA A
MPUACTCS ¥KAAaTh AO0JblIe, UeM A0 INOSBJEHHUSA B,

MoxHo nokasartb, uYTo cpeau Bcex cepuit I' — P naufoabuiee
cpelHee BpeMs OXKHAAHUSA HMECIOT YHCTHle CEpHH, T. €. Te, KOTOPhHIE
COCTOAT TOJABKO U3 I' mau toabko u3 P. B atoMm cayuae cpennee uHc-
10 Opocanuil paBHo 27! — 2. HauMeHblllee BO3MOXKHOe (cpennee)
yHesa0 OpocaHuil paBHO 27, UTO COOTBETCTBYEr CEPHH, COCTOSIIEH H3
n—1 rep6a u 3akanyuBamwuledcss OAHON pelmKoH HJAH H3 1 — ]
peliku ¢ oaHuM repbom B koHue. (Takum ob6pa3oM, A0 MOSBJIEHHS
CEPUH, COCTOALleH U3 OAHHUX repOOB, HYXKHO XKAAaTb IOYTH BJABOE
OoJibllle BpEeMeHH, UeM 10 nosBJaeHHs cepud u3 n— 1 I' u oxnoii P,
XOTSl BEPOATHOCTh TOTO, UTO NEpBasi MOABHUTCH OblcTpee, paBHA Be-
DOSITHOCTH TOT'O, UTO pPaHbIle MOSBUTCA MOCJEAHSIS.)

HaxoxaeHue BPEMCHH, KOTODOE€ HYXKHO 3KAATh A0 IMOSIBJAEHHA
sapaHHoO# cepuu I' — P nnunbl 7, npu Goasliux # 06bIUYHO Tpebyer
YTOMUTEIbLHLIX BBLIUYHCJACHHH (pellleHHsT MHOTOMEPHOH CHCTEMBI JIH-
HEHHbIX ypaBHEHHI). BrUHCAEHHST MOYKHO B 3HAYHTEJbHOH CTENEeHH
YIPOCTUTh, I[OJb3YACh «MaruueckKum» aaroputMom Kouses, KoTo-
peIl o6Ccy:Kpaercss B craTtbe JIu, ¢M, CCBIIKY HHXKe. [IpuBeseM 3TOT
aJITOPUTM A9 cayyass 6osee obuiero, yem cepuu I' — P npum 6poca-
HUH npaBuabHOH MoHeTH. [lycth X, Xy, X, ... — He3aBHCHMBIE OJH-
HAaKOBO paclpefeseHHble CAyYalHble BeJHUHHBI, IIPHHHMAIONIHE KO-
HEYHOE HJH CUETHOE YHCJO 3HAUEHHH C NMOJOKHTEIbHBIMH BEPOSITHO-
crsiMu. O6o3HauuM MHOXKECTBO STHX 3HaueHuii gepes V, ¥ nycrsb
A= (ai, as, ..., @m) u B= (by, by, ..., by) —nBe (KoHeuHble)
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mocJel0BaTeJbHOCTH 3JeMeHTOB H3 V. BBepem cueaymoulne 000-
3HAYEHHS:

p {I/P(X:.:bf), ecin l<<isKm, 1<<j<<n, ai=20,
i =

0 B IIPOTHBHOM cJayyae

51 A B = dndgz C . dmm —I— d21d32 ... dmm_1 —I— . —I— dmi. HYCTB TJ,
u Tp 06o3navaoT yucJo X-BeJUUYHWH A0 HMEPBOro IMOSIBJACHHUA MOC/IE-
noBaTteqpHocTell A u B B X, Xo, ... cOOTBETCTBeHHO. Torma mare-
MaTHUECKOC OXKHAaHHe BeJauunnbl 14 pasHo A-A, a BepOATHOCTb TO-
ro, uto T, MeHblne, yem 'z (B mpeanosoxenuu, uro Hu A, nn B He
cojep:KaT B cebe APYroi IOc/eL0BaTeJbHOCTH) BBIUHCASAETCS 10

dhopmy.ie
(B-B—A-ANA-A+B-B—A-B—B- A).

Hanpumep, aust cepun I'— P npu OpocaHud NpaBUJIbLHOH MOHETH
umeeM d;; =0 wan di;; = 2. Ecau A= (FPI'P) u B= (PI'PP), 10
A-A=20, B-B=18, A-B=10 u B-A =0, Tak 4T0 BepOSTHOCTH
Toro, uto A npowusoifiger OwicTpee B, pasHa 18/28 = 9/14, uto u yT-
BEPIK/JaJ0Ch BHILIE.

ChopmyaupyeM Tenepb 0oJjiee H30IPEHHYIO TeopeMy (A0 CHX HOP
ge omny6iukoBaHHYW0). [Ipeanosnoxum, UYTO MBI KAEM MOSiB/AEHUA
BCeX BO3MOKHBIX cepuil ' — P a/auHBL #, KOTOpPHE MOTYT NOSABUTHCH
mpu OGpOCAHHHM I[IPaBHJAbHOH MOHeTH (Takux cepuii Bcero 27), H
nycTh T, o3dHauaeT 370 (cayuafinoe) Bpems oxupanus. Toraa

lim P (z,/2" — log 2" < x) =exp (— e~¥).

H—=> o0

(ii) Ecsau npu OpocaHHH NIPaBH/JAbHOH MOHETH MBI XOTHM IIOJIY-
GHTh 34AAHHVIO MOCJAELOBATENbHOCTb AJMUHBL 3 (Hanpumep, I'TP),
MBI JOJIKHBI OpocaTh MOHETY B cpeiHeM He MeHee 8 pas. Huciso
HeoOXOAUMBIX OpocaHuil OVIeT HAUMEHBUIHM IS TOJyYeHHs JI000H
caeayiomell nocaeposatenphocru: (LTP), (PIT), (PPT), (I'PP).
(B Kax/10M TaKOM CJydae cpeiHee 4uca0 HEOOXOAMMBIX OpOCaHUH
paBHO 8, a BO BCex JPYrux cayuasx oHO Ooubine 8.) CpaBHHM 3TH
CepHHU CJeAYIOIUM 06pa3oM: _

o) BeposTHOCTh Toro, uto cepusa (I'T'P) nossurcsa GuicTpee, 4eM
(PTT), paBua 1/4.

B) (PIT) mossurcst pansbuie, ueM (PPT), ¢ BepositHoctbio 1/3,

v) (PPT) npousoiiner 6uictpee, yem (I'PP), ¢ BeposiTHOCTbIO
1/4, nu HakoHel,

§) BeposiTHOCTB Toro, uto (ICPP) macrynur panbue, yem (I'[P)
pasHa 1/3.
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TakuM ob6pasom, HauaB c¢ cepun ([''P), MBI onaTh BepHyJIHCh K
HEH, XOTs Ha KaXJOoM luare BePOSATHOCTH CPaBHEHHS OBIIH CTPOrO
MeHbuIe 1/2,

(/Iat.: Li Shou-Yen R. “A martingale approach to the study of occurrence of

sequence patterns in repeated experiments”. Annals of Probability, 8,
1171—1176, (1980).)

e) Ilapadokc ycaosnoli sepoaTrocTu

CymectByiot co0bitust A, B u C Takue, 4To

¢t) YCJOBHAas BePOSITHOCTb COOBITHSI A IpPH YCJIOBHH, YTO COObBI-
THe B I[POH30IIJI0, MeHbUIE, YeM YCJAOBHAS BEPOSITHOCTH COOBITHS
A TpH yCJa0BHH, UTO B He MPoH3011I0;

B) ycaoBHas BeposiTHOCTb A NpPH YCAOBHH, YTO IPOH3OUIIH 064
coOuTHA B n C, GoJblle YCJOBHOH BEPOSITHOCTH A MHpU YCAOBHH,
yro C HactynuJio, a B Her;

¥) yCJOBHAsA BEPOSATHOCTh A OTHOCHTEJABHO B M AONOJHEHHA K
C GoJblie YCAOBHOH BEPOATHOCTH A IpH ycaoBuH, 4to HH B, un C
He NPOU3OLIJIH.

CHMBOJIHYUECKH 3TH TPH YTBEPKAEHHS MOXKHO 3aIHCaTh CIEAVIO-
UM 00pasoM:

P(A|B) < P(A|B), P(A|BC)> P(A|BC)
H

P(A|BC) > P(A|BC).

ITO NpeACTaBAsieTCs NMapajoKCaJbHBIM, IIOTOMY YTO MOIKHO IIO-
nymatb, uto P(A|B) ectb cpennee Beauund P(A|BC) u P(A|BC)
H, aHajoruuno, P(A|B)— cpeanee Beauuun P(A|BC) u P(A|BC),
a cpefHec JABYX MEHbLIMX BEJHYHH JOJIKHO ObITh MeHbIIe Cpej-
Hero JABYX OOJbWIHX BeJUYHH. O6BsICHEHHE 3TOro OIHOOUYHOLO 34-
KJIIOYEHHsI COCTOUT B TOM, ut0 P(A|B) u P(A|B) sBasiorcss B3Be-
LIEHHBIMH CPEJIHMMH YKa3aHHBIX BBILLE BEPOSATHOCTeH, IIPHUEM COOT-
BETCTBYIOIHE Beca B OOOUX CAydyasiX pPa3JHUHBI:

P(A|B)=P(C|B)P(A|BC)+ P(C|B)P(A]|BC),
B TO BpeMsl, Kak
P(A|B)=P(C|B)P(A|BC)+ P(C|B) P(A}:BC).

Tem ne meHee, ecau cobeituss B u C HezaBucuMbl, 10 P(C|B) =
=P(C|B) u P(C|B) = P(C|B), Tak 4T0 B 3TOM cJydae mapajioK-
COB He BO3HHKAET.

(/Int.r Blyth C. R “On Simpson’s paradox and the sure thing principle”.
I. Amer. Statist. Assoc., 67, 364—366, (1972).)

0) Ilapadoxc cayuaiinelx gpemen owudaHs

[Ipeanosoxum, uTo ABa CAyYaHHBIX COOBITHS MPOHCXOAAT Yepes
(cayuaiinoe) BpeMst X u Y. [lapanokcajbHO, HO MOXKET TdK Cay-



64 Ia. 1. Kaaccuueckue napadorcst Teopuil 8epoaTHOCTLI

quTbest, yto X > Y ¢ BeposiTHOCTBbIO 1io Kpaiunedl mepe 0.99, OAHAKO
X croxacTuyeckd MeHblue, yem Y !), T. e. BEpPOATHOCTb TOrO, 9TO
X <, Goablue BEPOSITHOCTH cobbitusi ¥ < { mpu J1060M (PHKCHPO-
BAHHOM BpeMeHH ! (MJH, APYTHMH CJI0BaMH, QyHKUHs paclipeinesc
Husl CJydaiiHO# BequuuMHbl X BCclofy GoJblue, 4eM QYHKUHAS paclipe-
neaeunst Y). Hanpumep, 370 TaK, ecid Y paBHOMEDHO pacHpeAe-
nena na uureppage [0, 1], X =Y 4 (1 —Y)/1000 ¢ BepoATHOCTHIO
0.99 u X = Y/1000 ¢ sepositnoctbio 0.01. [Takas mapaaoxca/bHasd
CHTyallMsl HEBO3MOXKHA, ecan X ¥ Y HE3aBHCHMBL: IIYCTh F u G o6o-
3HAYAIT HX (YHKIHH paclnpeieseHns; AJf HPOCTOTH IIPEAIOJIO-
UM, uTO (OYHKIHsS G HempephiBHA H cyniecTByeT obpaTHas K HeH
dyuxius G- Torpa QyHKUHs pacHpeieseHns CJIy4aiiHOH BEJIH-
upnbl Z = G-'(F(X)) cosnagaer ¢ G. Ilockoabky F > G, nMeeM
7 > X. CuenoBateabto, P(X > Y) << P(Z>Y) =1/2, rax KaK Z
i Y He3aBHCHMBIE OJMHAKOBO pachpejesieHHble ClIyJalHBIEC BEJIH-
unnb, T. e. P(X > Y) nosxuo 6bITb HAMHOrO MeHbIiue, ueM 0.99. Ha
caMOM AeJe 5Ta BepOosiTHOCTL He npesocxoduT 0.5.]

Caenyioluii TapajoKCc aHajorHueH IMPpeAbAyIeMYy. [Tyctb X H
Y n1Be He3aBHCHMBlE Cjydaiinble BeTHYHHBI, NpHYeM X CTOXACTHYE-
cku menbime Y. Toraa MoxkHO Noaymarb, uto max (X, X -+ Y) rak-
ke croxacTHueckn Membure max(Y, X 4 Y), Ho sto Hemepuo. Ha-
npumep, B cayiae, koraa X U Y HPHHUMAIOT TOJAbKO 3HAYEHHA —1,
0, 1 ¢ Bepoarnoctamu 1/4, 1/2, 1/4 u 1/4, 1/4, 1/2 cooTBeTCTBEHHO.

(JIut.: Blyth C. R. “Some probability paradoxes in choice from among random
alfernatives” (¢ kommenrapusivu JI. Juwmmu, WM. T'yna, P. Ynuknepa H
k. Ilparra), J. Amer. Stat. Assoc., 67, 366388, (1972). Cm. Takxke
SIAM Rev., April 1970.)

e) Ilapadoxc TpanauTuUBHOCTU

JlBa urpoka A u B urpaioT B cieAyiomyio urpy. Ha mepsoM
mare urpok A paccTaB/sieT UHCJIa IO CBOEMY BKyCy Ha 3-X UTpaJb-
HBIX KOCTSIX, 3aIlHChiBasi 10 OAHOMY uHcay u3 HaGopa 1,2, 3, ...,18
Ha Kaxao# rpaHH Kocrefl (Ka)aoe YHC/IO JOJKHO OBITh HCIOJB30-
BaHO TOJLKO OJUH Pas).

Ha BropoM mare B, BHHMAaTeJbHO H3YYHB 3TH 3 KOCTH (3anyme-
poBaHHbBIe HI'POKOM A), BHIOHpaeT OAHY H3 HHX.

Ha tperbeM mare A BbIOHpaeT OAHY H3 OCTABUINXCH 2-X urpaJb-
ubix xocreli. Ha nocaennem mare u A, 1 B OpocaioT CBOH HIpaJib-
HEle KOCTH M mobexkjaaeT TOT, y KOTO BHIIAJMO OoJjblIiee YHCIO.

MoXHO TOAYMaTh, UTO 3Ta Urpa Gojiee BHITOAHA HIPOKY B, mo-
CKOJIbKY HE3aBHCHMO OT TOTO, Kak A 3aHyMepyer 3 KoctH, B Bceraa

1) JInsi orpaHMYeHHHIX CAyYaHHBIX BEJHYHH X, Y cunraeM, uto X CTOXacCTH-
geckd MeHpure Y, ecam F(f), OYHKIHS pacnpejiesieHus BenuuuHsl X, BCIOAY He
Menbiie G (f), QyHKUHH pacnpeleseHunsd Y, u nafimercs 3HaueHHe fop TakKoe, 4YTO
F(to) > G(fo). — Illpun. nepes.
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MO2KeT BblIOpaThb Jy4YHlyl0o M3 HHUX (WJIH OAHY H3 Jayuwiux). Caeno-
BATCJbHO, HIAHC NOoOeAUTh vy B cocTaBasgeT uo kpakhHed mepe 50 Y.
OaHako cHpaBeAJMBO HMEHHO MPOTHBOMOJOXKHOE: A MOMKET Tak 3a-
HyMepPOBaTb KOCTH, UTO OH nobexpaeT ¢ BeposiTHoCThio 21/36 (4to
OoJsbure 50 Y ), HE3aBUCUMO OT TOTO, KAKVIO KOCTb BblOHpaeT B. 910
MPOHCXOAHT H3-3a CHCTEMBLI HYMEPAIUH «IIOPaKEeHUs o KPYTy>», TIPH
KOTOPOH KaxKaad KOCTb NMoJeXAaeT POBHO OAHY H3 APYIHX ABYX KO-
CTE€H, YTO O3Hauaer, yTo cpead kKocred HeT «ayumeds. [lyers I, 11
H 1II oBo3naualor TpU KOCTH, U TIPEAIOJOKHM, HTO UTPoK A 3aHy-
MepOoBaJ KOCTH CJeAYIOLUM 06pa3oM: OH 3alikcaJ YHC/a

[8, 10, 9, 8, 7, b Ha rpaHsax KocTH |
17, 16, 15, 4, 3, 2 Ha rpausx koctH I
14, 13, 12, 11, 6, | na rpausx xkoctu II1

HerpynHo Bblyucauth, uTo Ha KocTH | mosiBUTCSl yucso, OoJabliee,
yeM Ha kKoCTH I, ¢ BeposATtHocThio 21/36. AHasoruyno Ha KoctH Il
BBIMTAET YHCI0, Ooabliee, yeM Ha kKoctH 11, ¢ BepositHocThIO 21/36.
M BepoAaTHOCTb HOsABJACHHS O0JbLIEro 4Yucaa NpH GPOCAHHH KOCTH
[1I, uem npu 6pocanuu kocru I, Takxke pasua 21/36. CnegoBarensb-
HO, BEPOATHOCTb «MopaxKeHus 1o Kpyrys pasHa 21/36. HUrak, ecau
A 3aHyMepoBaJ KOCTH TakuMm 006pasoM, TO €ro MO3HUHS NMPeAToUTH-
T€JbHEeH 110 cpaBHenuio ¢ B. (Ecau B Bubeper koctb I, 11 mau 111,
H A Bo3dbMeT coorBercTBeHHO kKocth [II, I wau II, To y A Goublie
IIaHCOB MOOeAnTh.) MOXKHO Tak:ke JA0Ka3aTh, YTO BEPOSTHOCThL «IIO-
paxKeHus1 O Kpyry» He MOxKeT O6HITh Ooabuie 21/36. CyTs 3TOro
napajokca 3akKJmuyaeTcsi B TOM, YTO CJAyUalHble BEJHUHHB He BCEr-
Ja MOXKHO YIOPAAOYHTL TakuM obpasoM, uto oaHa OyaeT 0GoJblue
APYTOH € BE€POATHOCTBIO, npeBocxoasmedn 50 Y%, nmotomy uro Her
TPAH3UTHBHOCTH. B cayuae, Korjga oaHo H TO K€ UHCJAO MOYKHO 3a-
THCATh 1d HECKOJBKHX TPaHsX, HAIIpUMED,

1, 4, 4, 4, 4, 4 1ua koctu |
2,2, 2,5,5, b Ha kKoctu 1]
3, 3, 3, 3,3, 6 ua koctu I]]

TO BepPOATHOCTDL «IOpaXKEeHHUs MO KPyry» Tak:xke paHa 21/36. Chop-
MyJupyeM napajokc B 6oJqaee obmeM Buge. Ilyers X, Xo, ..., Xn—
[IPOU3BOJIbHBIE YUHCJA, 3aBUCANLHAE OT cayyasi (T. e. cayuadible BeJH-
yuHbl). OO603HAYUM BepPOSTHOCTH COOBITHH X; <7 Xy Xo <7 Xs;

...y Xn<T X uepes py, po, ..., Pn COOTBeTCTBeHHO. Toraa min(p;,
P2, ..., Pn) €CTb BEPOATHOCTb <«IlOpaxKeHHs 1Mo Kpyrys. Ilycrs k&,
0003HAUAaeT 3Ty BepPOATHOCTh. HeM Ooablue B, TeM HHTEpecHee CTa-
HOBHTCA napanoke. MokHO J1€rko 0Ka3arh, 4TO R, HUKOT/a He ITIpe-
B3ouger (n—1)/n, U 372 BeJHUHHA SABJACTCS HAHMEHBIIHMM BepX-
HUM IIpeaesoM. BbiuucaeHHe HaUMEHBILETO BEPXHEro INpeaesa /s
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k, 3HaUHTEJbHO CJOMKHEe, ecJH NpejarnoaaraeTcs, 4To CayuyaHHble Be-
auuuabl Xy, Xo, ..., X, HE3aBHCHMbI KaK HCXOJbl MPH OPOCAHHH KO-
ctd. [1ycth [, 0603HAUAET HAWMEHbIUHHA BEPXHHH MPELes B 3TOM CJIY-
qae, Yeoickun souncauna (Annals of Statist., 35, 857—862, 1964),

uto fo=1/2, f.=(4/5 — 1)/2 (cooTHOLIEHHE 30/0TOTO CEUERHs),
s =2/3 u 1. . [TocsenoBaresbnoCTh (f,) MOHOTOHHO BO3pacraer

H cxoaHTesl K 3/4. MorkHO 10KasaTb, 4TO CKOPOCTH CXOAMMOCTH
HMeeT MoPSAI0K 12

o) Tapadoke usmepexus peeyasiprHoOCTIL U2PUAbHOUL KOCTU

[Tpu OGpocanuu nNpaBUJIbHON HrpaJbHOH KOCTH OAHA H Ta XKe
rpaHb NOSBHTCA ABa pasa MOAPsiA B cpedHeM IpH 7 OpOCAHHAX H
TPH pasa noapsif npu 43 6pocaHHAX (CM. KOHELl 3TOTO nmapajokca).
Ecau xocTtb HenpapuJjibHas (T. €. pasHble TPaHM BBINAAAIOT C pas-
HBIMH BepPOSITHOCTSIMH), TO CpelHee YHCa0 OpocaHuh A0 MOsiBJIEHHS
OMHOH H TOH K€ FpaHM ABAXKAbl MJH TPHXKAB OyleT MeHblle. DyxeM
rOBOPHUTh, UTO KOocTh | peryJasipHelt kocTH II, ecau piasi MOABJCHHS
OAHOfl ¥ TOH Ke FpaHM ABaXKAbl (TPUMKABI) KOCTh I HY)KHO OPOCHTb
GoJspLiee uHcgao pas, yem kocTh II. MoxeT okasaTbed, UTO AJiA 1O-
JyueHHsl OJHOIl KW TOH Ke TpaHH JABa pasa NOAPsA moTpebyercs B
cpeaHeM Ooablle Gpocanuii KoctH I, uem koctu 11, oAHaKO A5t BbI-
nmageHuss OAHOH H TOH K€ TpaHH TPHXKABI HYXKHO OoJsbluee YHUC/IO0
pasz 6pocatb KocTh 11.

Caenyiouuit npocroii npumep npuayman T. Mopu. (Cm. Takxe
crarbio lomonu A. «O6 oaHOM napajpokce, cCBA3aHHOM ¢ Opoca-
nueM kocteii», C6. Tpylapl KoHbepeHIUHH MOJOAbLIX yueHBIX Dyja-
melmrTckoro 1 MOCKOBCKOro yHHBepCcHTETOB. Dbyapanewmr, c. 76—83,
1982.) Ilpeano/ioKuM, 4TO TpaHH KOCTH | BHIMAAAIOT C BEPOSATHO-
ctamu 0.03; 0.03: 0.19; 0.19; 0.28; 0.28 H COOTBETCTBYIOULHE BEPOAT-
HoceTH st koetu 11 pasuw 0.04; 0.04; 0.17; 0.17; 0.29; 0.29. Torna
KocTh 1 HYKHO OpocuTb B cpeaHeM 5.41 pas u xocts II —0.47 pas
AJs1 BbialeHns OAHOH H TOH XKe rpaHu jABa pasa noapsiia. B to xe
BpEeMsl, €CJH Mbl XOTHM IOJIYYHTb OAHY W Ty K€ TpaHb TPH pasa
MoAPSAA, TO KocTh | HYXKHO B cpeiHem GpocaTe 22.54 pasa, a KOCTb
I1 — 22.35. 3toT nHapajgoKc NOKa3blBAEeT, UTO IJ0X0 ONPEALNATh «pe-
PYASPHOCTLY KOCTH TaK, Kak 3To cienatu Mbl. (B obuem caydae
MOYKHO A0Ka3aTh, YTO €CJH HeKoTopas rpaHb MOABJASETCA ¢ [10J0-
JKUTEJbHOH BEpPOATHOCTBIO p, TO CpelHee YHCJI0 HeOOX0AUMbIX Opoca-
HUi AJs [OJyYeHHs 3TOH TpaHW kR pas noApsaf paBHO m,=p~' +
+p—24+ ... +p* PaccMOTpHM KOCTb, TPaHH KOTODOH NOABJISIOTCS
¢ BEPOSITHOCTSIMH pi, p2, ..., H NYCTb M, o6o3HauaeT cpeiHee YUCIIO
GpocaHuil, HEOOXOAUMBIX A/ NOJYUEHHS OJHOH H TOH Ke rpaHu k

— —1 —1
pa3 nmoapsaa. Toraa Mkl:mp1 + m,, + ... Ecau Mbl 1I0J0XKHM
pr=ps= ... = 1/6, 10 My=7 1 M3 =43, Kak Mbl yKe OTMEUaJiu.)
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3) Iapadokc Ons porcoenus

Ecau cobupawrca BMecTe He OoJjiee, yeM 365 uesOBEK, TO BO3-
MOXKHO, YTO BC€ OHH HMEIOT pas3J/juuyHble AHH poxaeHusa. OaHako
cpeau 366 yesopek HaBepHAka (100 %) HailayTcs mo kpaliHed Mepe
ABa TAKHX, Yy KOTOPBLIX AHHU POKIAEHHUA NMPHXOASTCS HA OJHH H TOT
’)Ke neHb B rony. (IIpeamonoxkum, uTo MBI 31€ch He paccMaTpHBaeM
BHCOKOCHBIe ropa.) OaHako, eCJAH MBI 3aJajiHMCS  LeJbi0 Ha#Tw,
CKOJIbKO JOJI)KHO OBIThb JIOAEH, UuTOOB ¢ HajdexXHocTblo 99 9, aBa us
HHX HMEJH OAHH U TOT e AeHb POKACHHS, TO C YAHBJeHHeM OOHa-
PYKHM, uTO AocTaTtouHo 5H5(!) desoBek. B To ke BpeMs cpeaH
68 uesnoBex ¢ BeposiTHocThio 99.9 % no kpaliHed Mepe 1ABa HMEIOT
OAHHAKOBBHIU JAeHb poxaenust. [Toutn nenpasaonogo6Ho, YTO Takas
MaJasn pasHula mexay sepodaTHocramd 99 Y% u 100 % mozxker npu-
BECTH K CTOJIb OOJbIIHM pa3JHUHAM B 4YHCJAE JIOAed. DTOT napa-
JAOKCaJbHbBIM Cjy4ail HJAJNIOCTPUPYET OAHY H3 TJABHBLIX TPHYHH, I10-
yeMy TeOpPHUST BEPOSITHOCTEH IpHMeHAeTcA TakK upoko. ([logobHBIH
¢eHoMcH OBl paceMoTpeHd B 3aMedaHuu (ii) x [. 10).

O003HaUWM 4Yepe3 n UYUCJO JAHEH B ToAy, H NycTh X (< n) —
YUCJO JIoAeH B rpymie. Torga BeposiTHOCTb TOTO, YTO HHKAaKHE IBa
yeJOBEKa B 3TOH Tpynne He HUMelT OJMHAKOBLIX JHEH pOXKIeHHS,

paBHA
nin—1)n—2)...(n—x-+ 1)/n"

CJaenosaresnbHO, €CJH
nn—Hn—2)...n—x+H/n*=1—p,

TO p — BEPOATHOCTL TOr'0, YTO CPeAd X JIIOAEeH HaHAYTCS HMEIHC
OAHH H TOT e JeHb poxxiaeHus. [IpubauKeHHoe pelIeHHe 3TOro
ypaBHueHua  (npu  ycaoBud, uto O <Ip<<1) paBHO x =~

|
~ 2nin (1 — p) . CuenoBaTenbHo, NOPSIAOK BEJHYHHLI X €CThb

A/n 1A% M060ro 3HAUEHHS P H3 OTKpbITOro uHtepBaaa (0, 1). B 1o
Ke BpeMs, ecau p=1, to x=n- 1. O6obieHue npobdaeMbl LHS
POXKJEHHSA COCTOHT B CJeAyIouleM. BBIUHCIHTD HHMKHIOW TFPaHHILY X
TaK, YTO C BEPOSITHOCTBIO p B IPYIIIIe H3 X YeJOBEK 10 KpafiHeld Me-
pe vy k AHU POXKAEHHS NPUXOASTCS HA OAHH U TOT Ke J€Hb B TOAYV.
OTBeToM 3aech siBaseTcst x & cn'*—Y/% rpe ¢ -— 1oCTOAHHAS, 3aBU-
csiiast qub OT p U k (tounee ¢ = (R!'In(l — p)—1) /%),

i) Hapadokc eepbos u petiek

Ilpeanoso:KuM, 4To Hrpast B repObl W pelIKH, MBIl TM0AGPOCHIH
npaBuJibHyt0 MoHety 100 pas. Torapa, K HauieMmy yAHBJIEHHIO, Be-
posTHOCTL coObiTHs A = {BBINano poBHO 50 repfos} 6GoJblue Be-
posiTHOCTH CcOoOBITHS B = {Bbinajo no kpatineii mepe 60 rep6os}.

(Kak mbl ormevanu B I. 10, P(A) =~ 8%, a no teopcme Myas-
pa—Jlannaca P(B) =1—®(2) = 3Y%. BeposiTHOCTE BHIIaLEeHHSA
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no kpafiieii Mepe 55 repGos sospactaer po 16 % (1pHONIH3UTE/ID-
HO), uTO BABOC Goablie P(A).]

k) Pebpo moHeresl

O6blugo coOBITHE, COCToslee B TOM, UTO MOHe€Ta BCTAHET Ha
pe6po, He paccMaTpUBaeTCs, TaK KakK OHO IIOYTH HHKOr/a HE NPOKC-
xoauT. HaligeMm Tenepb pasMepbl MOHETHI, IPH KOTOPBLIX ¢ PaBHBIMH
BepositHocTsaAMu (1/3) Momera mazaer Ha pebpo, repO HAH PELIKY.
JInst OpoCTOTHE PacCMOTPUM MOHETY B BHAe NPAMOTO UHJAHHIApA, Y
KOTOPOTO OCHOBAHHsl COOTBETCTBYIOT reply H pelike, a 00KoBas MO-
BePXHOCTh — peOpy MoueThl. Ecin MoHeTa BpalmaeTcss BOKDPYT OCH,
MPOXOASHIEH uYepe3 LeHTp MOo-
HeTh!l M NapaJJjelbHOH OCHOBA-
HHIO, TO JOCTATOUHO paccMaTpH-
BATh CeucHHe MOHETHI, IPOXOIsi-
Hice uepel3 HenTp U HepHeHgH-
KyJsipHOe OOOHM OCIOBaHHSIM.
| DTUM CeyeHueM sBJsIeTcss Ops-
N— S MOYIOJbHHK. [1poBeaeM ORpYK-
JIITTTIIIIIAI 077772777777 ROCTh BOKPYT 3TOTO TP SAMOYTOJIb-

HHKA ¥ TOUKY HNPU3EMJIEHHA BHI-
Puc. 7. Korma MmoneTa BCTaHeT Ha GGPGM CﬂyqaﬁHbIM 06})830M qa
pebpo? 3TOH OKpYKHOCTH. EcTecTBeHHO
CYHTaTh, YTO MOHETa VyIajeT HA
pe6po ¢ BepOSITHOCTbIO, PABHOU BEPOATHOCTH TOrO, 4YTO pajgHYC,
COCJUHSIIOMUNA  1EeHTp M CJAYYaHHYI TOYKY Ha OKPYXKHOCTH,
[epeceueT CTOPOHY NPSIMOYTOJBHHKA, COOTBETCTBYIOIYIO OOKOBOH
TOBEPXHOCTH MOHETH. B 3TOH MOJeJH MOHeTa CTaHOBHTCS Ha pebpo
C BeposTHOCTBbIO 1/3, €cau OTHOLIEHHEe €€ TOJUIMHLBI K AHaMeTpy
paBHo tg 30° = 0.577. Oanako nmpobjema He CBOAHTCA K 3ajade Ha
[JIOCKOCTH, €CJH MOoHeTa MOXKeT Bpauartbcad ¢cBoOOAHO, TOUHEE, €CJIH
Ha TOBEPXHOCTH c(ephl, ONHCAHHOH BOKPYT MOHETHI, CJAYYaHHO BBHI-
Gupaercst TOUKa ¥ MBI TpeAiloaaraeM, 4To MOIETa CTAHOBHTCA Ha
pe6po, Korjga paauyc, COeIHISIIOIHH 3Ty CAYUadHYI TOUKY C ILEH-
TPOM, Jlepecekaer OOKOBVIO MOBEPXHOCTb MOHETB. B 3Tol Mojenn
BEITa/icHUs repfa, peilkH HJAM BCTaBaHue Ha pedPO PaBHOBEPOSITHHI,
ec/aM OTHOLIeHHe TOJLIMHLI MOHETH K ee juamerpy pasuo 0.354... .
De3ye/oBi0, CYUCCTBYIOT U §oJec peajucTHUCCKHE Mojead. CaMoH
HOPAZHTCALHO 113 HUX ABJACTCS T4, IJC OTHOLWEHHC, O KOTOPOM T0-
BOPHJOCH Bbille, HAUMEHbLIee (T. €. Korja MoHera HauboJsee IJo-
cKas).

o

1) Hapadokc bopeas

[Tycth caywaliHasi Touka PaBHOMEPHO BhIOHpAETCs Ha MOBEPXHO-
cTu mapa (Hanpumep, Ha 3eMmJie, mpejilojaras, uTo OHa -— Wap).
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Boo6uie roBops, nojoxKeHde TOUKH 3a74€TCsl €e UIHPOTOH U JLOJIro-
TOH. [Ipn NaHHOH WHpOTE AOJIrOTa PAaBHOMEPHO paclpeneseHa, HO
NMpH (PUKCHPOBAHHOH AOJTOTC paclipejiejeHHe UIHPOTHI HE SIBJSIeTCS
paBHOMepHEBIM. ([I0THOCTE 3TOTO pacnpejeseHdsi NPONOPIHOHAb-
Ha KOCHHYCY A0JrOTH.) CJaegoBateabHO, MJAOTHOCTh CAYYaHHOH TOU-
KH He OJHHAKOBa, KOrja OoHa HAaXOMHTCA HA TPHHBHYUCKOM MEpHIHA-
HE HJH Ha 3KBATOpPe, XOTHA U I'PUHBHYCKHH MEDHJHAH, H 3KBATOD fB-
JAKTCA OOJNBUIMMH OKPYKHOCTAMH Ha cdepe, H NOTOMY HX POJb
IpeACTaBASETCH OJHHAKOBOI.

Caenytomas npobjema npeacrabsasger co0ofl aHaJOTHUHBIH Ha-
pagoke, Ilycets X u Y — nBe He3aBHCUMBIE CAyYaHHble BEJHUMHBI C

Puc. 8. Xorsi u 3KBaTop, H MEPHIHAH SIBJAIOTCS CAMBIMM JIJHHIBIMH OKPYKHO-

CTAMH Ha rJo0yce, PH BBIUHUCAEHUH YCJHOBHBIX BEpPOSTHOCTEH HeoOXO0IHMO VUHTHI-

BaTb, UTO 3IKBATOP OKpyXen chepHUeCKHMH 30HAMH, 4 MePHAHAH — JBYXYIroJb-
HBIMH.

HOpMAaJbHBIM pacnpenenenueM. Bektop (X, Y) MoxKHO paccmatpu-
BaTb KaK CJAYYaHHYI0 TOUKY Ha nJockoctH. [lyctb R u ¢ — ee 110-
JApHBle KoopauHaTe. IIpeanonaras, uto X = Y, HOJy4YuM, 4YTO pac-
ipeneneHue R? =2X? copmajgaeT ¢ pacnpejejeHHeM KBajpara CTaH-
NJApTHOH CAVUAHHOH BCJHUHUHLI, YMHOXKEHHOTO Ha 2. B To ke BpeMms,
NP YCJAOBHH, UTO ¢ = m/4 uiau ¢ = 5m/4, pacupejenesue cJaydyaiHoH
BeJHUHHBl R? = X2 + Y2 To e, UTO U CyYMMH KBajJpaTOB JABYX He-
3aBHUCHMBIX CTAHJAAPTHBIX HOPMAJbHBIX CJAyuUafdHBX BeJAHYHH (Tak
KakK K U ¢ HezaBucuMnbl). CaenoBaTeabHO, s R? Mbl NOJYYHJIH CO-
BCPUICHHO pa3JHyHbIC pacnopcaciacHus, xorga X = Y #n xorga ¢ =
— /4 nau ¢ == 5n/4, 4TO Ka)KCTCS MapaLOKCajJbHBIM MOTOMY, UTO
oba ycJOBHA 03HAYalT OLHO H TO K€, TOJbLKO B HEPBOM CJAyuae yc-
JoBue cHOPMYJIUPOBAHO B OOBLIUHBIX KOOPAMHATAX, a4 BO BTOPOM
cJyuyae -— B NOJISAPHBIX.

(/Iut.. Billingsley P. Probability and Measure, Wiley, New York — Chi-
chester — Brisbane — Toronto, 1979.)

m) [lapadoxc ycaosreix pacnpedeseriili

[lyete X u ¥ — cavuaiinboie BeJU4HHBE U [ (X%, y) — G YHKIHSA ABYX
MepeMEHHBIX Takag, 4To npu JawboM (PUKCHPOBAHHOM Y BeJHUHHA
[(X, y) He 3aBucut ot Y. CupaseasuBo JaH, 4To B 3TOM caydae f(X,
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Y) takme He 3aBucHT oT Y? CuleVIOIIUA NPOCTOH MPUMEp NOKa3bl-
BaeT, uro orseT oTpunaresbubiid. Ilycth X =Y u X paBHoMepHO
pacnpenenena na uurepnase (0, 1). [Ipcanonoxum, uto [(x, y) =
—y, ecau x =y u [ (v, y) = 0 B npoTuBHOM cayuae. Toraa [(X, y)
TOXKJCCTBCHHO paBHa O (C BCPOSITHOCTLIO 1), CJICAOBATEJBHO OHA He
zapucutT otr Y, oanako [(X, Y) =Y, oueBuaHo, or Y 3aBUCHT.

(J1ut.: Perlman N. D., Wichura M. J. “A nofe on substitulion in conditional
distribution”, Annafls of Statist., 3, 1175—1179, (1975).)

H) Kak uepare 8 npouepoltunyto uepy

[TpennosoKum, 4To B HEKOTOPOH WMIPC HHCJAO HCOLITaHHH (1)
pcerga udeTHo. IlepBblff HTPOK A BBIMTPBIBACT 0YKO C BEPOATHOCTHIO
p =0.45; nasa B sra BepositHocTh p = .55, HTOOH BHIMUTPATh HTPY,
HIPOK AOJIKeH HabpaTh 060.blie MOJOBHHB BCEX 04koB. Ecam y A
eCTh BO3MOKHOCTh BBIOHpAaTh YHCJIO H, TO, KAK HH CTPAHHO, N = 2
He SIBJASIETCS JVYINHM BhIGOpoM. (D10 OVAET JyulUIUM BLIOOPOM, KOT-
na p oueHb MaJc, TodHee, koraa p Mmensute 1/3). Ecan p =0.45 u
f == 2, TO BEPOSATHOCTh BbUTpHillia AJs A paBHa Bcero Juub 0.45%=
— 0.2025. Ecau ke ucnnitanuii Oyaetr Ooablie, To A OKaxercs B
ayunieir curyaund. Jlerko gokasaTtb, UTO ONTHMAaJbHBIM SBJSIETCS
BoiGop n = 10. Takoll pe3ysabTaT Ha MNEPBbIH B3TJISA NPOTHBOPCUHT
00OIIeMY <HOPHHIIMIY»: 4YeM paHblI€ ML HPCKPATHM MNPOHTPHIUIHYIO
urpy, tem Jayuuie. [lpeamosoxuM, Hanpumep, UTO HaM HY2KHO
20 goJasapos, a v Hac ecTb togabkKo 10. Mbl cobupaeMcsl NMOJYYHTD
HeJOCTAIIYI0O CYMMY, chirpaB B pyaetky. [lockonabky pyJsetka —
5TO MPOUTPHIIHAS HUIPa, PCKOMEHAYeTCs. cAcaaTh HaHMeHblIee BO3-
MOXKHOE YHCJAO0 IMOMNLITOK, T. €. Mbl JOJXKHBl I[IOCTAaBUTh Cpas3y BCe
HAllW JEHbIH, HAIIPUMEpP, HA «KPAaCHOE€». B 3TOM cayuae wauchbl BH-
urpath pasubl 18/38 (B amepuxauckoil pynerke ectb ABa HyJs: 0
n 00). C apyroff cTopoHbl, €cJu Mbl Ka:KAbIH pa3 OyAeM CTaBHThb
JAULIL MO OAHOMY A0J4Japy, TO LOCTHUTHEM CBOEH LEeJH ¢ BEpOsIT-
HocThio 0.11. Bosaee noapoGHvico BHPOPMALLHIO MOXKHO HAHTHU B KHUreE
Dubins L. E.. Savage L. J. How to Gamble i vou Must, New

York, McGraw-Hill, 1965.

(Jiat.. Mosteller . Fifiy Challenging Problems in Probabilily will Solulions,
Reading, Addison-Weslev, 1965, [Hmeceres nepesoa: Mocteanep d. Tarn-
J1CCAT 3AHHMATCALIRN BOPOSITHOCTILIX 3adad ¢ peweiiamy. — M. Tayka,
1985.1)

o) Ilapadokc cTpaxosanud

KuueHrt, KoTophii BJyajeeT co6CTBeHHOCTLIO V/, X0oueT 3acTpaxo-
BaTh uyactb bV (0 <Z b << 1) cBoeld cOOCTBEHHOCTH OT BO3MOIKHOIO
11e6J1aroNnpPUSITHOTO COOGBITHS, KOTOPOE MPOHUCXOAHT €KEroiHo ¢ Be-
POATHOCTLIO p. LEZKeroAHBI cTpaxoBoH B3HOC coctapisicer ¢V (0 <C
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< ¢ <C 1). CrpaxoBaH#e BHITOAHO CTPAXOBOH KOMMAHIIH JHUIb TOTAA,
KOrja oxKujaemas HpHObLIb HOJIOXKHTE/JAbHA, T. €. KOorgza ¢ 0oJbllie
pb. ITouemy Bce Ke KJHEHTHI CTPAXYIOT HMVIIECTBO, €CJAH OHH 3HAIOT,
YTO CTPaxXOBaHHEe BBIFOAHO AJ KOMIIAHHH, a He Juas Hux? [lpenro-
JOXHM, YTO KJHEHT 3acTpaxoBaj HMYVIIECTBO H MJaTHJ JeHbTH B
TEYEHHE 1 JIeT, HO CTPaXxoBOH KOMMNAllHH HH pasy He IPHIIJIOCh Bbi-
naayuBaTh CrpaxoBky. Torza HawajabHasi COOCTBEHHOCTh KJHEHTAa
(V) ymenbwutcss no Beauwuunbl V(1 -—¢)* A uro 6bl10 6B, ecau
KJIMEHT He 3actpaxosancsa? Ilyers X, ob6o3HauaeT cayuyafiHyiO BeIH-
UHHY, KOTopast papna I, ecanw KJIHCHT noncc VObITKH B A-M Toay, H
Xe=0 B nporusnom cavyae. Torga Besanuuna coOCTBEHHIOCTH B
(k4 1)-m roay paBHa Vipy = Vi (1l — b6X,yy), clegoBareabHo, Ciy-
CTA 1 JIET, UMeeM

V,=V ;,I[ (Il —bX,)=Vexp (kzl In{(l — ka)).
=] =

[TockoabKy oxupaemoe suavenue Beauunnbl In(l-—bX,) pasuo
pIn(l —5b), c GonblIOH BEPOATHOCTLIO TTOJAYIACM

Veo=Vexppln(l —b)=V (1 — p)**,

Takum 006pasoM, cTpaxoBaHHe BBINOAHO AJS KAHEHTA, KOTI4 Vil —

— b)" wmenbwe, yeM V(1 —c¢)? T. e. (HMCHOAB3VS pasioiKeHHe B
CTENEeNTION psia), KOraa ¢ MeHbIIe, yeM

b - PU;P) b2 - p(l—pg(Q—-p) b3 -

DTO O3HAYAeT, YTO CTPAXOBAHHE BBIFOJHO, KaK AJs KJHEHTa, TaK H
AJs1 KOMIaHHY, ecJin ¢ Ooablie pb, HO MeHblIe, YeM YVKa3aHHas BBILIC
cymMa. Jlerko Buapetb, 4uTo, ueM Memnbiue b (T. . UeM MeHbIlAast
1acTb COOCTBEHHOCTH CTpaxyeTcsi), TeM MeHbIle CBOGOAL B BHIGOpe
BEJIMYHHBL €, T. €. BO3MOXKHOCTh KOMIIPOMHCCA yMeHbInaercs. (B He-
KOTOPOM CMBICJIE YYAaCTHC B JOTepee TAKKe NMpeacTapisieT co60H BHJL
cTpaxoBanusi. IIpeanonoxum, 4To HEKTO Bceraa CTABMJ Ha OMHH H
TC XK€ UHc/aIa, a CIYyCTsl HEKOTOPOEe BPEeMs INepecTtaj yyacTBOBATh B
JIOTE€pEC U B 3TOT pa3 «ero» yucJaa Bbeiurpaan. Tormga sToT HEeKTO BO3-
MOXHO CKOHYaeTcst oT yaapa. C TakoH TOUKH 3PEeHHS] LeHa JOoTepeH-
Horo Ousera mpeacrasisieTcss Hepoporod. CoBEepLICHHO Apyrasi Ci-
Tyauusi B pyTOONbHHX Iy/Jax, TaK KaK B HUX PEIKO KTO BCerja cTa-

BHT Ha OJHY H Ty K€ KOMOHHALHIO H NO3TOMY HESICHO, UTO TepserT
TaKOH YeJIOBEK, He yYaCTBYA B HIpe.).

ny Abcyponeie pesyasrarer Jvrouc Kappoa

3aKOHYHM CEPHIO MapajoKCoB abCypAHBIMU pe3yabTaTaMH H CO-
dusmamu. Ilpusenem 311 pesyabTaThl COBMECTHO C MX OLIHGOUYHBIMH
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BBIBOJAMH, OAHAKO AJs TOro, 4toOb HaHTH OWWHOKH IOTpPedyeTcs
MOJOMATh TOJOBY. 3HaMeHHTHIE mnucateab Jlboouc Ksppoa OGbll
60JbIHHM J00HTe/eM HeJellocTed H B MaremMarHKe, H B JIHTEpaType.
(B pabote «A6cypanas auteparypas («The Absurd [Literature»)
Hukoaa banore pacematpuaer Kspposna kKax 1viaBHoro mnpejBect-
HUKa coBpeMeHHoro abeypaa.) B nocaennne 10 jer xusnu KappoJaa
NpuBJeKaaun abCcypiHble MaTeMarHueckHe BBHIBOAB (cM. cobpa-
nue «Curiosa Mathematica» 1888 r. uau cratbio o Pasyme, onyosiu-
koBanuyio B anpese 1895 r.). B pabore Ksppoaa «llpobaembl Ha
noayuke» («Pillow Froblems», 1894 r.) moxHO HaliTu caelylOLinH
abCypAHBIA pe3yJ/ibTar.

B Meluke HaxoAsATCs ABa Liapa, KOTopble MOryT ObITh JHOO
KpacHbIMH, Jubo Oenbimu. [Tonpobyem oTragaTh UX LIBET, He 3arJd-
apiBasi B Melok. CormacHo KsppoJay eIHHCTBEHHO INpaBHJIbHBII OT-
BeT 3aKJUaerTcss B TOM, uTO OJAMH M3 HHX KpacHBIf, a [pyrou
Geanlli. OH 00BsICHsIET 3TO cJAeAYIOHINM o6pa3oM. Korja B Melnke Ha-
xoaares 2 kpacueix (R) wapa u 1 Ocawiéi (W), BeposiTHOCTb BBITA-
T KpacHblil wap paBHa 2/3. C ApPyrod CTOPOHBI, €CJAH B MeEIIKe
6blJ10 3 IIapa H BePOATHOCTb BBHIHYTH KPacHbIH wap pasHsanach 2/3,
TO B MellKe Haxoauauch 2 mapa R u 1W,

Tenepb nmosokKuM Hmiap R B MEIUOK, KOTOPHIH HEPBOHAUAJBHO CO-
JepiKaJ ToJbKO ABa mapa. B 3ToM cayuae CymecTBYiOT UETbIPE PaB-
HOBO3MOXHBIX (1/4) komOunauuu mapos: RRR, RWR, RRW wu
RWW. Ecau Ha caMOM JeJje MMeeT MeCcTo nepBass KOMOHHAIHsA, TO
BEPOSTHOCTD BHIHYTh 11ap R paBHa 1, aaa BTOPoH u TpeTbel KOMOH-
HALMH 3Ta BEPOATHOCTh paBHA 2/3 W AJs nocjaeaHed KOMOHHAlHH
paBHa 1/4. CnenoBaTejibHO, BEPOSITHOCTb BHHYTh wWiap R paBHa
1-1/4+2/3-1/4+2/3-1/4+1/3-1/4 =2/3. Takum o0OpasoM, B
MelllKe A0JXKHBE 6biTh 2 mapa R un 1 map W, ciaegoBarc/ibHO, nepen
TeM, KaK MBbl TIOJIOKHJN B MelUIOK 1map R, B HeM A0oJ/KeH ObiTh 1 m1ap
R u 1 wmap W. 3rtor pcayapTaT, OYeBHAHO, aOCYpACH, TaK UTO €ro
BBIBOJL A0JIKEeH GbiTh OIHGOuHBIM. Ho B yeM ownokar

Creayioliue paccyXKAeHHs TakKKe NPHBOAIAT K abCypAHBIM pe-
syabTataMm. JIBoe M3 Tpex 3aKJIOUeHHHX, 0003HauYaeMbiX A, B u C,
6yayr kKasuensl. OHH 3TO 3HAIOT, HO HE MOryT AOrafarbes, KOMY
Ke M3 HHUX ToBeser. A paccyxkpaer: «BeposdTHOCTb, YTO MCHS He
Ka3HsT, paBHa 1/3. Ecau g nompouly oXpaHHUKA Ha3BaTb HMs (OT-
JIMYHOE OT MOEro) OAHOTO U3 JBYX 3aKJIIOYEHHBIX, KOTOPBIX Ka3HAT,
TO TOrJa OCTAHETCS TOJbKO ABE BO3MOXKHOCTH. JIMOO APYro, Koro
Ka3HAT, 3TO §, Ju60 HeT, H MO3TOMY LIAHCHI, YTO S BBIXKHUBY, YBEJH-
yatest go 1/2». OaHako TakKe cHPaBeAJHBO, UTO YyXKe Iepel TeEM,
Kak A COPOCHT OXpaHHHKA, OH 3HaeT, YTO OJHOr0 H3 €ro KOM-
MAaHbOHOB HABEPHSKA KA3HAT, TAK UTO OXPAHHHK HE cooOuMT A HH-
Kakoii HOBOH HHGMOPMAllHH OTHOCHTEJNbHO ero cyiabOnl. llouemy
TOr4a BEPOSITHOCTb KA3HH H3MEHHJIACh?



13. Euje neckoabro napadokcos 73

(OTBEeT OUeHb HNPOCT: BEPOSITHOCTb COBCEM He H3MEHHJAachb, OHa
ocrajacb paBHOH 1/3. 3ak/wueHHBIH ynycTHJ H3 BHAY, 4TO OXpaH-
HHK Ha3blBaeT, Hanpumep, B ¢ BEpOATHOCTBIO 1/2, ecan cobuparorcs
KasHute B u C, HO 3Ta BepOSITHOCTb paBHa !, Korjga »KepTBaMH $5IB-
asored A u B. CiegosatesbHo, HA CaMOM faeJie HIaHCH Aast A us-
OexaTb KAa3HW PaBHbLl OTHOIIEHMIO BEPOSITHOCTH B IOCJEAHEM CJIY-
yae K CyMMe BeposiTHocTed B oboux cayuasax: 1/6(1/6 4+ 1/3) =

= 1/3.)



MTABA I
NMAPAOOKCbI B MATEMATHMYECKOM CTATHUCTHKE

CraTHCTIKa — 5T0 PH3HKA YHCERI.
Il. JTuakoHric

Bee camoe Ba)kHOe panblie ckKasaJda Tor,

KTO 3TOTO He TOHAI.
A H. Yaidrxed

Ecan kro-to cnocoben npeackas’aTb, 4yeM
3aKOHYaTCAd ero liccae10BaHusda, TO 3Ta
npobaeMa He oyelb TJavOOKa H, MOXHO
cKaszaTb, MNPakTHUECKH He cvilecTByeT.
A. Hlyuasd

[TepBOHAua/JbHO CTATHCTHKA Oblla «rOCYAapCTBEHHOH apHPMeTH-
koii»., (CJIOBO «CTATHCTHKA® UPOHCNOAHT OT JATHHCKOTO CJ0Ba Sfa-
{us — rocynapctpo.) C ApeBHEHIUHX BPEMCH CTATHCTHKY HCIOJIbL3O-
BaJH AJS TOTO, YTOOLl HHMOPMHPOBATH NPABHTEIEH CTPAH O BeJIH-
YMHE HaJaorad, KOTOPh MOKIo cobpaTh ¢ HX HOAAAHHbIX, HIH O THC-
Je coJjgaT, Ha KOTOpoe MOXKHO pacCUHThiBaTh B BOEGHHOE BpPEMI.
B Kurae yuer HacesieHHs IPOBOAKRJICS OOJec UCTBIPEX ThICAY JICT Ha-
san. CoraacHo Bbubaun, Mouce#d taxzKe NOACUHTHIBAJN BCEX MYZKUHH
cBoero Hapoaa crapme 20 ger. Mx okasanocs 603 550 uesoBek.
Uerpepraa kHura Mouces (Hucaa) coaepXKUT MHOMXKECTBO IAPYrHX
pe3yJabTATOB MOJACYeTa JIoAeH, 0AHAKO OHH KaXKyTCHd NPEYyBeJHYEI-
HBIMH, TaK e Kak H paHuHbie Agures o uucae paboB B IPeUeCKHX
noJsiMcax Bo spemena PuMckofl umnepuu. BecbMa COMHHTENBLHO, UTO-
661 B Adunax 6b10 400000 patos, a B Kopunde — 460 000. He-
SICHO, KaK IMOJyYeHbl 3TH JAaHHbIe, HO TOUHO H3BECTHO, UTO COIJIACHO
pesyabTaTaM yuera HaceseHusi Pum Obll NEpBBIM TOPOAOM C Hace-
JCHHEM O6ojee MUAAUOHA KuTesjeld. [lepBLIl aHIMIMHCKHHA CTATHCTH-
yecKHH AOKYMeHT «KHura cyiHoro AHA», HanucanHbii B XI Beke,
TAKKE BO3HHK B CBSI3U C IMOTPEOHOCTAMH apMUH H HaJ0roolJIoxKe-
Hust. [lo 3TOH mpuuyHEe TPH NEPENHCH HaceJeHHs KCEHIIHHDl He YYH-
THIBAJHCH BNJAOTH A0 HezaBHero BpemeHd. CrarTHCTNKa cTaja Hay-
kot aumwb B XVII Bexe. Ee 0CHOBONOJOKHHKAMH SIBAAIOTCA /{oKOH
Cpayur (1620—1674 rr.) u cap Yuasam Ilerru (1623—1687 rr.).
B kuure I'payHra «EcTecTBeHHble H TNOJHTHUECKHe HAOJ/IIOACHUA,
cpejaHubie Hal OlOJJIeTeHsIMH cMepTHocTH» (1662 r.) nccaenosa-
JIMCH BOTPOCH HapoaoHacesenus. B 1669 r. l'oureHc Ha OcHOBe
nanHblx [payHTa onyGaukoBaa Tabaulibl  CMEPTHOCTH. B KHHUrax
[Tertu «Tpakrat o vagorax» (1662 r.) u «HaOmwoaenua nang ayo-
JUHCKHUMHE 3anucamMu cmeptHoceru» (1681 r.) Taxkke HCIONAB30BANUCH
pesyabTaThl W uaen I'payura. B paGore Ilerrn «llonurnyeckas
apubmeTrka», onybaukoBaHHoH B 1689 r. nocae cMepTH aBTOPa,
Anraus, Uoananausa v @Opadilnsg CpaBHUBAIOTCS HO MX HaCeJEHHIO,
TOProBJ€ H CYAOXOACTBY. TepMuu «rmoJuTAueckas apupMeTHKa»
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MOXKHO CUHTAThL NMPEABCCTHHKOM CJOBa «CTaTHCTHKa». C pasBUTHEM
KallHTaJu3Ma CTAaTHCTHYECKHMH JAHHBIMH CTaJid HHTEPECOBATbCS HE
TOJIBKO TOCYLapPCTBEHHBIE AesITeJH, HO H KanutaJjauctel. s obpa-
OOTKH [aHHBLIX HCIIOJNB30BAJHCh BCe 00Je¢ CJA0KHBIC MaTeMaTHye-
CKHE MEeTO/bl, IPU 3TOM YBEJIHUHBAJACH M BBLITOAA OT HX IIPUMEHe-
HHUsT, Halnpumep, B cTpaxoBom jgeae. Komnanus Jloolpa, onna us
KPYOHEHUIHX CTPAXOBBLIX KOMIIAHHH B MHpe, OblJa OCHOBAHA B
XVII Beke u 3aHuMada B TO BpeMs JHWb KodelHio Ha Taysp-cTpur
B JIongoHe. Yenex B ¢cTpaxoBoM JAele onpejessieTcss TOUHOCThIO JaH-
HBIX H HAaLICKAUWWMH MaTCcMaTHUCCKHMM BbIBOgaMHu. MatemaTtnue-
CKas CTaTHCTHEA, jloctencuio passuBasick ¢ XVII Beka, npesparu-
JAach ¢eH4yac B CaMOCTOSTC/JAbHYIO 06.1acTh MaTeMaTHKH. EC OCHOBHOH
LHEJAbIO SABJSETCH I[IOJYYCHHE KakKk MOXKHO 60Jiec BCpHOH H I10JIe3-
HOH HHOPMALHKM H3 JAaHHBIX Pe3yJbTaTOB HaOJIOAEGHHH KW uH3Mepe-
HHH, HJAM KPaTKo, cTarucrudeckoii gotbopku. (KMaMmepeHue Kouauye-
CTBA HH(MOPMALUU HE3ABUCHMO OT €€ KOHKPETHOI'0 COAepPXKaHUdg
JHLIb B XX BEKC Pa3BHJIOCh B HOBYIO BETBb MATEMATHKH, KOTOpad
TCIepb HasbiBaercss TeopHeil HHpopmauuu., OHa TeCHO CBsi3aHa C
MaTeMaTHYeCKOH cTaTUCTUKOH.) TpyAHO He NHcaThb caTHPHYECKHE
MPOU3BEAEHHUA 0 KpaHHeHd Mepe B ayxe IOBeHaJsa, HO ele TpyaHee
HEe HaHTH IIapajoKCOB B MaTeMaTHUYeCKOH cTaTHCTHKEe. CorJacHo
oanod wytke B 1901 r. 33 9% crynentok ['apBapiackoro yHHBepCH-
TeTa BBILULIM 3aMyxK 3a CBOMX lpencaanarteneld. Ha camom xe pene
B TO BpEMsl B YHUBepcUTeTe 00VUANHCh TOJABKO 3 JEBYLIKH, OJHA U3
KOTOPBIX BbIlllJla 3aMy:K 3a cBoero npodeccopa. CaeaoBaTenbHO,
yTBEPXKAEHUE BEPHO, HO BBOAUT B 3a0ayxaeHue. [IpeanoyoKum, 4To
B HEKOTOPOH CTpaHe B YHUBEPCHTETHl INpHHATO Ha 20 % I1oHoulel
OoJsiblle, 4eM pAesylleK. Eciad Bce aOUTYpHEHTH OAHHAKOBO XODOILO
MOATOTOBJIEHB H YHUCJO aOHUTYPHEHTOB-IOHOUIEH cOBIagaeT ¢ YHCJIOM
AOUTYPHCHTOB-EBYILICK, TO OUEBHAEH BBIBOJ, YTO NPHEMHBIC KOMHC-
CHH OTJaioT MNPEeANOoYTeHHe toHoulaM. OAHAKO, MOCKOJBKY O60Jiblile
JEeBYUIEK, YeM IOHOILUEH, XOTAT yYHTbCsS Ha OoJee NONyJsApHBIX ¢da-
KyJbTeTax, TA€ JA0JS HENPUHSITBIX BBIlE, MOXKET 0Ka3aTbCs, 4TO
HECMOTPA HaA NOPONOPLUOHAJBHLIA NpHEM, B YHHBepCHTeTe Oyier
YUUTBbCS OOJbUIE [OHOUICH, yeM JeBylieK. AHaJjau3 TCKCTOB, MpOBe-
neuubyn B 1913 r. JI. Jipecom, anajoruyubiM o6pasoM BBOJHT B 3a-
ONyXKAEHHE HJIH, N0 KPaHHEH Mepe, ero Jerko MOXKHO HEeBepHO HC-
TOJIKOBATb. JHpec yTBepxkaaJs, uto b0 Haunbosee dyacto yrnorpedase-
MBIX CJIOB COCTABJAAKT npubausutrenbHo b0 Y% o6HUHOTO TEKCTA,
300 HauboJCe YACTO BCTPEUAIOUIHXCS CJAOB cOCTaBIsA0T 75 % Tekera,
a 1000 naubosee uyacto ymotpebasieMblX cJaOB cocrasJsior 90 9.
HecmoTpst Ha 3T0OT daKT, HeNb3d CKal3aTh, YTO €CJAH HAM H3BECTHHI
50 uau 100 ciaoB KaKOTo-TO g3bIKa, TO Mbl yiKe HAMOJOBHHY €ro Imo-
HHUMaeM, TakK KakK 3HaHWe MeCcKOJbKHX CJOB, H4Ke €CJU OHH JacTo
HCITOJIB3YIOTCS, BPSJA JM NOMOXKET B NMOHHMAHHH Jioboro tekcra. He
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YAHBHTEABHO, YTO MHOTHE JIOAUW CUUTAIOT, YTO CYLIECTBYCT TPH BU/a
JXKH: HEBHHHAS JIOXKb, HarJoe BpaHbe W cTaTUCTHKA. HanmeeMcs, 4To
oOBbsICHEHHe MapajloOKCOB MaTeMaTHUYeCKOH CTATHCTHKH ITOMOXKET HaM
XOpouIo pa3bupaTbcs B CTATHCTHUCCKHX HEJENOCTSAX, BHAETH I0Jb3Y
N HeoOXOAMMOCTb CTATHCTHUECKHX BBIBOJOB, a4 TakKiKe H3BJICKATDb
HauboJiee BaXKHYI0 HHGHOPMAIHIO U3 HaHHBIX.

1. NMapapnokc baneca

a) Hcropus napadokca

Tomac batiec, yueHnk jae Myaspa, aBiasercss OLHHM H3 BbAAIO-
IIIUXCH OcHOBaTeJeHd MaTeMaTHUYECKOH cTaTUCTHKH. Ero Tteopema, mo-
KazaHHasd rje-to okoao 1750 r. u ony06JHKOBaHHASA JHILUb IIOCJE €70
CMEpTH, CTajJa HCTOUHMKOM HEKOTOPHIX Pas3HOTJaCHH B CTAaTHCTHKE.
JKap crmopop 10 cux nop He yTux. boJee toro, Teopernyeckasi mnpo-
MacTh MeXKJAYy MOCJACA0oBaTEAAMH 0ale€COBCKOro U aHTHOaHeCOBCKOTO
MOAXO0A0B NPOJOJaNKAaeT yBeJrnunBaThesd. Ilpocras ¢opMynnpoBKa TEO-
pembl Daffeca zakmiouaercs s cienyioouleM. [lyetb A u B — npous-
BOJIbHBIE COOBITHS, uUMewlue BepositHOocTh P(A)>0 u P(B)=0
coorBercTBeHHo. O0o3nauuM uyepe3s P(AB) BepOATHOCTb COBMECT-
HOTo ocylectBaeHus cobuituii A u B, u nycts P(A|B) ectb ycnoB-
Hasi BEPOSITHOCTb A, €CJiM H3BeCTHO, 4To B yke nmpousowo, Toraa

__ P (AB) __P({A]|B)P(B)
P(B]A) Ay T e. P(B|A) P A .
CaenoBategbHo, ecau By, By, ... — nonapHo Helepecexarliiecst co-

OBITHS, HMEIONIHE IIOJOXKHUTEJbHbIE BEPOATHOCTH, H OAHO U3 HHX
MPOUCXOAHUT Bcerga (HJH NMo KpadhHed Mepe ¢ BeposITHOCThIO 1), TO

B P (4] Be) P (Bs)
P(BilA) = 5 rATBy PBay & P (AT B) B (B +

D10 K ectb dopmyaa bBaiteca. OHa nmokKaswlBaer, Kak 10 anpuopHbim
BeposiTHOCcTAM P (Bg) (BeposiTHOCTAM coObiTHH By 10 TOro Kak co-
6biTHe A NPOM30INJI0) HAHTH aQnOCTepuopHbie BEPOATHOCTH (Iocue
TOro, Kak cobnitne A nmpousonwio). Ecan paccmaTpuBaTh cOOLITHS B
KaK NPHUYMHEL, TO ¢opmyna Daileca npeacrasiasieT coO0H TeOpeMy O
peposatHocTsaAx npuunH. Cama no cebe teopema OeccropHa, HO B
6OJILIIHHCTBE ¢e [pHMeHeHHH BeposiTHOCTH P (B;) HEH3BECTHBI.
B sToM cayuae, Kak NpaBu/sio, CYHTAIOT, UTO, MOCKOJBKY OTCYTCTBYET
npeABapUTebHas HHGOpMauus o NMpUUUHaX COoObITUH By, TO BCe Be-
positHoctH P (B;) paBHB, OJHAKO TaKOH INOAXOA, BOOOILE roBop4,
HenpueMJjeM. baliec mcmosib3oBad CBOIO TeOpeMy B c/aydasx, KOraa
arnpHoOpHble BEPOATHOCTH OLIIM BEPOSITHOCTSIMH HEMPEPBIBHHIX pac-
npegesieHuil, B YaCTHOCTH, PABHOMEPHOrO paclpeejJeHHsT Ha HHTEep-
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Baje (0, 1). Ilo Teopeme bailieca, ecau B n —+ m HaOJIOACHHAX CO-
ObITHE, HMMEIOILee HEeH3BECTHYIO BepPOSTHOCTh p, IPOH3OLLIO /1 Das,
TO BEPOSITHOCTb TOTO, UTO p HPHHAJJIEKHT IOABIHTEpBaay (a, b)
nutepsasa (0, 1) paBHa

§x”’(1 — 5" dx/gl ¥ (1 — x)™ dx.

L) {0

Bajiiec BHIABHHYJ HAEI O TOM, YTO, €CJH y HAac IeT HIKAKOH Mpea-
BapHTeAbHOH HHpOpMAUUKH O p, TO AlIPHOPHAST BEPOATHOCTHAS IIJIOT-
HOCTb IapaMerpa p paBHoMepHa na BceM uHTeppasde (0, 1). Ha-
npuMmep, ecan n=1, m=0, a=1/2 u b =1, 10 110 NpHUBEJIEHHOH
Boille QopMyJe, IaHcs TOro, 4TO HCKOoMas BEPOATHOCTb p GoJjbuie
1/2, pasunl 3/4. Jlo cux nop JUIIL HEMHOrHe JOBEPSIOT 3TOMY DPC-
3yJbTaTy, B YaCTHOCTH, NOTOMY YTO OHH COMHEBAIOTCS B paBHOMEp-
HOCTH allpHOPHOTO pacnpeaeaenust.

Hesnanue anpdopHOro pacnpeaesieis okKasalocb CToJb pa3py-
IHUTEJbHLIM A58 000CHOBAIIHOCTH CTATHCTHYECKHX BLIBOAOB H3 TEO-
pembl bBafieca, uro 3Ta Teopema Oblla MOYTH HCK/OUEHA H3 CTATH-
cTUUYeCKHX HccaeaopaHui. OgHako Bo BTopoill Tpetn XX Beka Oalie-
COBCKHHU I10/lX0J BHOBb MOJIYYHJ HEKOTOPOE pa3BuTHe, Oiarojpaps
BayXKHOH POJIH, KOTOPYIO OH HIpAeT HpH [OHCKE JONYCTHMBIX M MH-
HUMAKCHBIX OLleHOK (cM. 3aMeuanus B 1. 12 u guury Peperocona).
Bce 6oJgee pacnpocTpansaach MbICAb O TOM, UTO NOC.TIeA0BATEIbHOE
npuMeHenue Qopmyan Daffeca (kKorga Iocse ayxkaoro Haobsiofe-
HHSI allOCTCPHOPHDBIE BEPOSTHOCTH MEPECUYHTHIBAIOTCS H Ha CJICAYIO-
eM IIare OHH HCIOJL3VIOTCS KaK alpHOpPHbIe BEPOSTHOCTH) CHH-
JKAeT POJb MCXOJHOTO allPUOPHOrO pacnpejeseHus, Tak Kak Iocie
MHOTOKPATHOTO IlepecyeTa  HCXOJHOE  pacnpejlesicHie  Bpad  JH
OKa3bIBACT BJAUAHMC Ha 3aKJIOYHTEJNBHOC allOCTCPHOpHOC pacmpejc-
Jgeuune. (OueBHAHO, UTO HCKOTOPHIC BBIPOXKJCHHBIE CAYUaH HE paccMa-
TPHBAlOTCSl, HampuMep, Koria snauenue p pasuo 1/10, a anpuop-
HOC pachpciescHue pasHOMepHO Ha oTpeske [1/2, 1], He copepxa-
mem Touky 1/10.)

6) Ilapadokc

[TycTh BO3MOMKHBIMH 3HAUEHHSIMH CJyuadHOH BeJanudHbl X sB-
JSIFOTCS UEJble YHCaa, H TNPEANOJOKHM, 4YTO BEPOSTHOCTHOE pac-
npejesenne X 3aBHCHT OT mapaMerpa p, MPHHAJJIEKAIIETO OTPE3KY
[a, b]. Ecan nesaBucumbie Habjrogenus Xy, Xo, Xs, ... NOJyUYEHBI
M3 HEW3BeCTHOro pacnpepeseHus X (7. €. pacnpejescHHss C HEH3-
BECTHBIM napaMeTpoM p; X; HMEIOT TO K€ paclpejenenHe, uTo u X),
TO MOIKHO OKHA4Th, UTO MOCJAEA0BATEJNLHOCTh AlOCTEPHOPHBIX pac-
npefeseHHH (BBIUUCAEHHBIX 110 UCXOJHOMY PaBHOMEPHOMY ampHOP-
HOMY pacnpejcicHulo) Bce 6ojee H 00J€C KOHIEHTPHPYETCs OKOJIO
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i

UCTHHHOrO 3HaueHus p. llapagokca/bHO, HO 3TO HE BCErAa BEPHO.
Hanpumep, ucTiHHHOE 3HaueHHe p MOKeET paBHATbcA /4, a mocaeno-
BaTeJbHOCTh ANOCTEPHOPHBIX pacrpeseleHHi ([IpH YBEJHUEHHH UYHC-
Ja HabOaoaeHuH) Bce OGoJiee COCpenoTAYUBAETCS, HAIPUMEDP, OKOJO
3/4.

8) ObwnscHenue napadokca

[TapanokcanbHOCTh CHTYAllHH COCTOHT B TOM, UTO OXKHAAeTcs,
yTo (YHKIUHA aloCTEPHOPHOH IMJIOTHOCTH OyAeT NPHHUMATb HaH-
60JbllHE 3HAUEHHS B OKPCCTHOCTH HCTHHHOrO 3HaueHHs, T. ¢. BOJIU-
3i 1/4. OaHaxko 370 coobpazkeHHe He IIPOTHBOPCYHUT TOMY, UTO
(D YHKIIHH allOCTEPHOPHbIX NJOTHOCTCH MOTYT BCe BoJee cocpepora-
yHBaThcsl 0koJso 3/4. HyxKHO TOJBKO, 4TOOb PYHKUHA TMJOTHOCTH,
HMeroulasi MK B 1/4, 3atem OplcTpo yOblBasna, HO ocTaBaJjach BHICO-
KoH oKoJo 3/4. Ecay uHcn10 BO3MOKHBIX 3HAaUeHHH BeJHYMHBI X KO-
HEYHO, TO TaKasl CHTyallHd HEBO3MOXKHa, HO KOTjJa 3HAaueHUsiMH X
MOryT ObITh JIOOLIE liesble YHcJa, MapaaokcanbHasg CHTyallHsi MO-
JKCT ocyulecTBUTbeA. [IycTh anpuopHOe pacupeneeHue p paBHOMED-
Ho ma otpeske [1/8, 7/8]. Onpepeanm tenepp GyHKUHIO [(p) Ha
9TOM OTpe3ke TakuMm o6pasoMm, 4To 3maueHusiMu [(p) Bcerga sB-
JASI0TCS] HATypaJ/bHble 4HCJaa, 334 HCKJIWUeHHeM Touek p=1/4 u
p==3/4, rne [(1/4) =[(3/4) = 4-oco. IlycTp pacnpeaeiicHue cay-
yaliHOH BesMuuHbl X (3aBHCsILLee OT p) HUMCCT CJAeAVIOLUIUNA BHI

PX=i=c(l—p)p', i=0,1, 2, ..., [(p),
rj1e ¢ — ¢, €CTh NMOCTOAHHAMA, AJ5 KOTOPOH
f(p) _
2 c(l—p)p'=1

i=1

[Ipu coorsercTByolleM BBIGOPe [(p) yKazaHHad BblUle IapajioK-
caJbHas CHTyauus ocyuiecTBuMa. JlaabpHeline pgeranu cM. B CcTaTbe
®puamana [Freedman D. F. (1963)].

2) JameuaHusq

(i) C. Bepuwrein v P. Musec eme 10 1920 r. ykasbiBaau Ha
TO, UTO MPH HEKOTOPBIX YCJOBHSAX MHOTOKPATHOE INMPHMEHEHHE Teo-
peMbl Dafleca gaet moc/jes0BaTe/NbLHOCTb alOCTEPHOPHBIX paclpeje-
JeHHH, CXOASILIUXCSI K HCTHHHOMY paclpeaeseHHi0, KakOBO Obl HH
610 anpHopHoe pacnpeaedaeHue. [losToMy anpuopHoe pacupenede-
HHEe ACHMIITOTHUECKH He HUrpaer poJid. Kak nokaswiBaeTr mnapaioxc,
TaKkoe YTBepKJeHHe HeBO3MOXKHO 0e3 KakKHX-JHOO0 orpaHuyeHHH.

(ii) Cy6bekTuBHBIH BBIOOP AaNPHOPHBIX paclpeneJeHHH IOpo-
xjaaeT obIHA BOIPOC O TOM, MOXKHO JH B0OOILe OOBEKTHBHO OIpe-
71eJI9Th HEH3BECTHbIE BEPOSTHOCTH U BEPOATHOCTHLIC pachpeneseHHs
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HE3aBHCHMO OT HalIUX HAOJIOACHUH H H3MEPEHHUH, HJIH OHU HMEIOT
CMBbICJ TOJbKO OJgarogapsi Hawed CcyObeKTHBHOH  HH(OPMAllHH.
bpyno de PuuerTu, T1aBa UTAJbIHCKOH WIKOJBI 10 TEOPHH BEPOAT-
HOCTeH, B CBOeHd MoHorpaduu yTBEpP:KAAeT, UYTO BEPOATHOCTL KaK H
¢dJiorucTon '), He cymecTsyeT oObEeKTHBHO B OTJHUHE OT aObCOJIOT-
HOTO TNPOCTPAHCTBA H BPeMeHH HJAH BceJeHHOH. «OOBbeKTHBHAA Be-
POSITHOCTL» SBJSETCS BCero JUlUlb MONBITKOH BBIACJHUTH H MaTepHa-
JH30BaTbh HAUIH BEPOSTHOCTHLIe npeactasseHus. [lo muenuio du-
HeTTH Ja1060e coObiTHe (HanpuMep, 3aBTPa MOHAET HA0XKAb) JHOO
npou3oiner, JHO0 He HPOH30HAET (3TO OOBEKTHBHO), H, ONMHPAACH
Ha AOCTYINHYIO HH(MOPMAIHI, Mbl MOXKEM IOCYUTATHL «CYOLEKTHB-
HYIO» BepoSiTHOCTh cOObiTHA. MHAWBHAyaJbHAA HIH CyOBEKTHBHAS
BEPOSTHOCTbL OTpazxKaeT CTENeHb HAllleH VBECPEHHOCTH B TOM, UTO CO-
OblTHE TIpOH30OHAET. Mbl MOXKEM TOBOPHTH O CYOBCKTHBHOH BEpOAT-
HOCTH, AaxKe ecJid «CaydadHoCTb» He oObekTHBHa., OaHAKO HeobXO-
AKMO NMOAYEPKHYTh, UTO 3HAUUTEABHO 00/bLIAA YACTHL VUEHBIX YTBEp-
JKAAeT, UTo 0OBbeKTHBHAA CAYUAHHOCTh U OOBLEKTHBHAA BEPOATHOCTD
cywectByoT. OBH yOeXKaeHbl B TOM, UTO OOBEKTUBHLIE BEPOATHOCTH
6yayIHX cOOBITHH 3a/10KeHbl B COBPEMEHHOM COCTOAHHH Mupa. Tak
MTOHEMaJa OOBLEKTHBHOE CYIIeCTBOBAHHE BepPOsITHOCTH Jaypeatr Ho-
6esneBckoil npeMuu Maxkc bopr, KOTOPbIA HM3BECTEH TeM, UTO BBeJ]
00BLEKTHBHYIO BEPOSTHOCTh B KBAHTOBYIO (PH3HKY ?).
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2. MapafoKC OLEHOK MATEMAaTHMUECKOro OXHMAAHMS

a) Hcropusa napadokca

VpaBHHBaHHC [IPOTHBOIOJOMXKHBIX 3HAYeHHH M OTKJOHEHHH B
«CpeJlHeM», T. C. CYMMHpPOBaHHE HaOJdI0JeHHd B OJAHO 3HayeHHe
HMeeT AaBhue TPAAHLHH. DCXUJ THCAJd B TPareiin «IBMEHHLBI»:
«Bory Bceria cepeanna Ji06e3Ha, U Mepy UTHT OOXKECTBOY, D a no-
caenopaTeJn Kurtafickoro dugocodpa KoHyuus rosopsr, HTO
«B HCNoABHKHOCTH cpeatero (=Uxyn MioH) ecTb BeJiMuafinec Co-
BepIIeHCTBO», MareMaTHUeCKH TMOHATHE «CPEAHEro» MOXKHO HMHTCP-
NPCTHPOBATL Pa3/JIUYHLIMH CNOCOOAMH (apudMcTHUECKOE CPEeIHEee,
reoMeTpUHuecKoe cpeiHee, MeAnaHa n T. A.). OLHAaKO B CTATHCTHUE-
CKHX NDHMCHEHHMSIX B TeyeHHe AOJIoro BPEMCHU KpalHe BaxXKHYIO
POJIbL Mrpato apupMerHueckoe cpeiHee. YiKe B nepBbIX BHIJAOUIHUX-
cs pe3yJbTarax B TCOPHH BepOSATHOCTEH W MaTeMaTHYECKOH CTaTH-
CTHKE M3yuaJoch apU(pMeTHUeCKOoe CcpeaHee CTATHCTUUECKOH BHI-
GOpKHY U POCJO NOHHMAHHC BAXKHOCTU €T0 HCTIO.Ib30BAHH.

PaccmoTpiM MHOKecTBO {Fo}, 6 & ©, BCPOATHOCTHBIX pacipeie-
TCHUE ¢ KOHEUYHBIM MATeMaTHUECKHM OXMIAHHCM, TAC NapaMeTp
KAK pas M sBJSCTCS MaTeMaTHUECKUM OXHAAHHEM DaclpCAeJeHHs
Fo. MBI XOTHM OIICHUThL 3HAUGHHC HE3aBHCHMOro napamerpa O, onu-
pasch Ha HaGJ0/eHHbIC 3HAUeHus (T. €. BuI6OPKY) Xi, Xo, ..., Xu
(pepnonaraercs, uTO 3JCMEHTB BHIOOpKU X; SBJAIOTCA HC3ABHCH-
MBIMI CAYUaBHBIMH BCJAHUHHAMM C PacnpeAeJeHueM fo. Apucpmern-
YCCKOC CPCAHCC
:Y: X1+X2+---+Xn

n

I

1) 3cxua, Tparenun. Ilep. ¢ apeBuerpeveckoro C. Anra.— M.: Hckyceerso,
1978, — [Ipuw. nepes,
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KaK oleHKa napamerpa 8, oGsajzaer MHOrMII JOCTOHHCTBAMIL, HA-

ipaMep, OHa BCcerAa HecMelieHa, T. ¢. E£(8)==0 npu scex 0 = 6O
(ApyrHUMH CJIOBAMH OLEHKA KOJIeBJCTCH OKOJO HCTHHHONO 3Haye-

HUA). 3aKOHLI OOJBLIIHX YHCeJI YTBEPAKAAIOT, YTO OlLEHKa § — X co-
CTOSITeJIBHA, T. e. 115 Jiboro ¢ > ()

lim P(|0—0]<&) =1 misa scex A =0

f1=> 00

MOSTOMY OLIHOKY OLEHUBAHHSI MOXKHO CJeJaTh KAK YrOIHO MaJloH,
B351B ,10CTATOUHO 0O0JbLIYI0 BHOOPKY. OfHAKO MOMKCT CYLECTBOBATL
MHOro HCCMCIIEHHLIX COCTOSITENIbHBIX OLCHOK IlapaMeTpa, TOria
(Cpean HHX) Leaeco0GPA3HO OTAATL NPCAHOUTEIe OLEHKAM ¢ MCHB-
ey pucnepcueii. ITapanokes spech 110Kas3piBaIOT, UTO (3a HCKIIO-
HCHHCM  Caydast HOPMAJbLHBIX  paclpelCaeHuii)  apupMeTHUECKOC
CPpC/HCC BBIOOPKH He SIBASACTCS HCCMELICHHOH OICHKON MAaTCMATHYC-
CKOTO OXHAaHHA ¢ HAHMECHbIIEH JAucnepcHueld. DoJec Toro, ¢cau Mpl
HC HACTAHBacM Ha CBOHCTBE HECMEIMEHHOETH, TO AAXKC B CJAYYAC
MHOTOMCPHBIX HODMaJBHBIX DACHpe/eNeHHH He Beeria MoJge3Ho oLle-
HHBATbH MATEMATHYCCKOC OXKHAAHWE BLIOODOUHBIM CPEIHHM, TAK KAaK
oTa OUEHKa He sBJSeTcd AOMYCTHMOH s KBaJAPATHUHOH (DYHKIHH
notepb. [OnpeneseHne AOOYCTHMOH OLEHKH CM. B 3aMeUaHHH (ii)
mapajoxca 1. 12]. Ananornunmit napamoxe 6yper paccMOTpeH jaJee
B 9TOH ryiaBe (maparpad 13 m. x).

0) [lapadoxce:

(1) (Kacan — Jlunnurx — Pao)  Ilycts F(x) — npoussoJibHas
GYHKLUST pacnpefesieHHs: ¢ HYJAEBHIM CPEAHHM H KOHEUHbIM CTaH-
AdPTHBIM OTKJIOHEHHEM n nycTh Fg(x) = F(x—8), rae napamerp
0 MOXKeT NpPHHHMATL IPOM3BOJbHBIE NEHCTBHTEbHbIC 3HAUCHMHS.
Ecau »jacMmeHTh BHIOOpKH Xy, Xo, ..., X, ABJAsIOTCH CAYyYaUuHBIMH
BCJAHTHHAMM ¢ pacrpelesneHueM Fo, TO BLIBOPOUHOE cpefHee X AacT
COCTOATE/IPHYIO H HECMCIICHHYIO OIICHKY HEH3BCCTHOrO mapamerpa 0
(kOTopHIfl, ouenuaHO, paBen MaTeMaTHYeCKOMY OXKHAAHHIO pacipe-
AeneHna Fg). OnHako oueHka X He oueHb 3¢dCKTUBHA (3a UCKJIIO-
ACHHEM CJlyyass HOPMAJbHOrO pachpeieaedusi): AJs J060ro n > 2
CYHICCTBYCT HECMEIleHHas OLeHKa, CTAHZADTHOE OTKAOHEHHE KOTO-
POH MeHbIle CTAHAAPTHOLO OTKAOHCHHS BeIHYHIILl X (Tounce, aJus
BCcex 0 c¢ CTaHZapTHOC OTKJOHEHIC IO KpalnHCH Mepe ¢ToMb XKe
Mano, Kak 1 y X, W 0 KpafiHeHl Mepe A5 ONHOrO 0 OHO CTPOTI'O
MeHbIIIe).

(if) (K. Creiin) X maer «o6pa3nobyios OLLEHKY AJS MaTeMaTH-
1CCKOTO  OXHJaHHUS HOPMAJbHOrO paclpeiejeHus: X spaseTcs He-
CMEULCHHOH COCTOSITeIbHOH OLEHKOH C MHHHMAJbHOH JAuCIECpCHCH,
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NOMYCTHMOH [PH  KBAAPAaTHYHOH  (YHKUHH [0Tephb L(B, c) =
= (B —)? a Takke — MHHHMAKCHOH OLEHKOH. FIMEHHO MO3TOMY
orkphTHe K. Crefina, cienannoe Gosee 20 JeT Hasal H YyTBEpKAALO-
ee, 4YTO B CJyyae MHOTOMEDHBIX HOPMAaJIbHBIX paclpele/IeHHH
OlleHKa X He sIBJsieTcst AONYCTHMOMH, $BHJOCH clOpnpu3oM. TouHee,
paccMOTPHM BEpPOSITHOCTHBIe pacrpele/]eHusd, onpele/cHHbe Ha k-
MEPHOM €BKJHMA0OBOM INPOCTPAHCTBE, KOOPAMHATH KOTOPBIX (s
HpOCTOTHI) HE3aBHCHMbl ¥ HMCIOT HOpMAaJbHOC pacipeaeneHue
N (0, o), mpuueM CcTaHJapTHOEe OTKJOHEHUE ¢ H3BECTHO. Mpbl uuleM
NONYCTHMYIO OleHKy Bektopa 0 = (0, 02, ..., Bx), IpH KOTOPOH
KBaJpaTH4yHasa (PYHKIHS [OTCPb

k
L(® 6)=[0—0 =X (0, — 0,

MHHMMaJbHA B cpeaHem. Torpa sektop 8 = X (T. ¢. R-MCPHBIH BCK-
TOp BLIGOPOUHOrO CPEIHEro) SBJSACTCA AOHYCTHMOH OILCHKOH TOJb-
KO B OJHO- U ABYMEPHOM HPOCTPAHCTBaX U He SIBJSETCS TAKOBBHIM B
NpOCTpaHCcTBax 6ojiee BBICOKOH PasMepHOCTH (XOTs MHHHMAKCHOC
cBoiictBo X coxpansiercs). Orkppituc CTedHa [MOKAa3bIBACT, UTO
naxe TOTA4, KOTAA paccMaTpuBaeTcs KjaaccHueckas upobiaeMa olle-
HUBAHHA (T. €. OLleHKa MaTeMaTHYeCKOro OXKHAAHHSA HOPMAJbHOTO
pacnpefeteHus), X —3To He eJAMHCTBEHHasi OIICHKA, KOTOPYIO cJC-
AyeT HPUHHMATbL BO BHHUMAaHHeE.

8) ObvacHerue napadokca

(i) Unrepecuoit pesyabrar Karana, Jlunnuka u Pao tpebyer
CKOpee AOKasaTeJbCTBA, ueM IosicHeHHd. Ho BMecTO npoKasaTelb-
CTBA MBI H3JOXKHM METOJ TNOCTPOEHUs ACHMIITOTHYECKH ONTUMaJb-
HBIX OileHOK. [IpexXpme Bcero, paccCMOTpPHM B KaueCTBe IpHMepa
GYHKIMIO pPaBHOMEpPHOTro pacnpefedeHus F(x) Ha HHTepBaJe
(—c, ¢) (rge ¢ — NpoM3BOJbHOE IOJOXKHTEJbHOE 4YHCJIO0) H IYCTh
Fo(x) = F(x—0). Toraa D2?(X) = ¢2/3n. Ecu X] =min X, u X, =
= max X;, T. e. X| — HaUMEHBIUIHH U X' — HanOOJbIIHH 3J1eMEHTH

BLIGOPKH (OHH 06a ONMpefeasloTCs OJHO3HAUHO € BEPOATHOCTHIO I,
TaK KaK PAcHpCHCJeHUe HCIPCPBIBHO), TO

Dz(XT—]—X;) 2¢”
2 (D (r+2) 7

4TO IpPH GOJBIIHX 1 HaMHOTO Menblre, yeM D?(X). ITockoJbKY IO-
naycymma (X X,)/2 TakXke SABJIACTCS HeCMeIIeHHOH M COCTOSI-

TeJIbHOH OLEHKOH napameTrpa ©, oHa NPCANOYTHTE/bHee MO CpaBHe-
HHIO ¢ «OObIuHOM» omncHkoli X. [Tepeiinem k obulemy cayuato. I1ycThb
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XX ... <X, ectb ynopsadouennas eeibopka (T. e. X, 4B-
JAS€TCA HauMEHbIIMM 3/1eMeHTOM U3 Xy, Xo, ..., X, u T. 1.) H
1
*
X-—L; a, X,
rae anm(i=1, 2, ..., n; n=1,.2,...) CcYTh HAeHCTBUTeJbHLIE

YHCJa, 3aBHCAUlHe OT [. MOXHO IOKa3aTbh, YTO NPH BHIIOJHEHHH
HEKOTODBIX CJ1a0bIX YCJOBHH BHIOOD BEIHUHH @;,, VKA3aHHBIH HHUXKE,
NPUBOAMT K HCCMCHICHHOH OLICHKEe mapaMeTpa 0 ¢ MHHMMAaJbHON (1O
KDaHHCH Mepe aCHMITOTHUECKH [P 11> 00) aucrnepenen. ITlyero
a(x) — AcHCTBHTCAbHASL QyHKUHS Ha |0, l] u an=a(i/n)/n.
Lean GyHxunst [ TpuaKAs auddepeHuupyeMa, T0 ONTHMAbHbBIE Bbi-
0op a(x) ompene/sieTcsi COOTHOLIEHHEM

a(F(x)=—[(A+ Bx)(log [ (x))],

rae
A__ U2 =, B — 23 -,
Holty — Uy Rglo — K
() 0 (x)?
o = | L ax, =\ g x dx
H
__ [ m)y 9 .
wy = § g e — |

(IITpUxK 0603HAYAIOT NPOU3BOAHbIe, F’ =f ecThb JIOTHOCTL). ITAa
dopmyna ans a(x) npuMeHuma AaxKe TOraa, KOria y [ He cyue-
CTBYET MAaTEMATHUYCCKOTO OXHAAHHS U 0 0603HAYAET LEHTP CHMMET-
puH QyHkuuH fo(x). Hanpumep, nyers fo(x) = 1/(n(1 + (x—0)2))
(IJIOTHOCTh pacnpefiesedns Kommu: cM. HCTOpHIO Mapanokca [1/4).
Toraa kax 370 He yauBMTesBHO, a(x) = —A cos 2nysin?nx  sib-
ISCTCA ONTHMAJbHLIM BbIOOPOM, HO a(x) oTpHuartenbHa (!) aas x
6uimakux K O nan 1. B 3ToM cayuae «0GBIYHAA» OLCHKA X f1aKe He
6yaer coctosaTenbHoH. (Bosee MoApoGHBIA aHANU3 MOMKHO HANTH B
crarbe Mori T. F., Székely G. J. «How to estimate location and
scale parameters», Technical report, E6tvds L. Univ. (1986); cm.
rakxKe Chernoff H., Gastwirth J. L., Johns M. V. Jr. «Asymptotic
distribution of linear combinations of order statistics with ap-
plications to estimation», Annals of Math. Stalistics, 38, Hh2—72,
(1967).)

(i) ITocse cratbu Creiina, ONyOJUKOBAaHHOH B 1956 r., JlxelMc
H Creiin B 1961 r. npeano:xuiu CACAYIOULYIO NPOCTYIO OUEHKY HAJs
MaTEMATUUCCKOTO OXHAAHHS MHOTOMEDHOTO HOPMAJbHOTO pacrpe-

ACJTCHUS
* (k -—-2) 0'2 BT
X =(1 =) X, e k>2.
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Torga EI|X*— 0|2 << k, HO E||X — 0|2 = /4. CuegoBaTe/bHO, OLEHKA
¥ JeHCTBUTEJABHO He dABJsiercss AonycTUMoH. Ouenka X* NMepeBOAUT
BekTOp X OJMKC K Hadajgy KOOP/JHHAT, a Taxk KakK Haualo KOOpJH-
HAT MOXKHO BbIOpaTb IIPOH3BOJBHO, TO OLEHKA

o+(1 - )

rax:Ke Jayulre, uem X, npu mobom Q. Takum obpas3oMm, OUCHKA
Ikefimca — CrTeliHa 3aBUCHT OT BbIOOpa Hayaja KOOpAHHAT (), B TO
xKe BpeMst X oT Q He 3aBHCHT. (MOXKHO I10Ka3aTh, YTO OUCHKA

Ff:max{l (ka)z;_O})_{
X )

JazKe HECKOJBKO Jyulle, ucM X*.)

Tenepnb nombITacMcst 3BPHCTHUECKH OOBSCHUTD, IIOYEMY OLEHKA
X* gygme, ueM X. PaccMOTpHM B COBOKYIHOCTH BBIGODKH B K HC-
3aBHCHMBIX 3ajlauax OLEHKH HapameTpoB. Pasbpoc ckaJjasipHbIX 3Je-
MEHTOB BHIGODKH Olpejessercss yacTHYHO (06lluMM) CTAaHAAPTHBIM
OTKJOHEHNEeM ¢ KaXKJI0To M3 k pacinpeleseHUH, yacTHUHO (Boodule
roBOps) HepaBHLIMH MaTEMATHYECKHMH OXHAaHUsAMH 0; XOTA 3TH
HEH3BECTHLIC MAaTeMaTHUYeCKHe OXKHJaHUs MOTYT ObiThb OUeHb pa3Hbl-
MH, pad6poc obllefi BLIGOPDKH MOXKET YKa3biBaTh HA TO, YTO 3HAYECHUA
0; pasinualoTcs He cHapHO. Hampumep, B ciyuae, koria ¢ =1 u
NpuOAH3HTENbHO 16 Y% HalJ/0AeHHI NPeBOCXOAUT 1, a 16 9% nab.10-
JeHUH MeHblle —]1, eCTeCcTBEHHO CUMTATbh, YTO BCC MATEMAaTHUYCCKHE
o:KUAaHHS 0; 61u3KH K HyJ0. B stom cayuae, ecau X; = 0.8, 1O
o6bluHAs olleHKa (-ro napamerpa zacr 0.8, B TO K¢ BpeMs COIJIACHO
Gosiee «pallMOHadAbLHON» KoHUeniuu Jixefimca — CTeilHa mMareMarti-
qeCKOC OXuaaHue 0; 6AH3KO K HYJI0. XoTs Takoe 00DLsICHEHHE MO-
KeT yOeauTh Hac B «PalMOHAJAbHOCTH» OINCHOK, NPCAJOKCHHBIX
xermcoMm u CreiiHoM, OZHAKO HX MCTOJ BCe Ke INPCACTABJIACTCS
CTpAHHBIM, KOTJAa MBI HMeCM Je/I0 ¢ 3afauamH, MeXKAY KOTODPBIMH
BpSJ JH CYyLeCTByeT Kakas-Jn0o CBsi3b, HallpHUMep, KOrjga HYHKHO
OIIEHUTL MaTeMaTHUecKHe OXHAAHHs (HOPMAaJbHO pACHpCIeeHHBIX)
BBICOTHI TCJld, CKOPOCTH CBeTa M LEHH MPOAYKTA.

e) Jameuarnus

(i) Caeayionlee HepaBeHCTBO, NpUHaAdexaullee Kpamepy H
Pao, paer nonaesnyio uHGoOpMalHo, Kacawllyrocs 000HX MapaaokK-
cos. Ilyctb f(x, 0) — coBMecTHas NMJOTHOCTb (3aBHCsIIIast OT Iapa-
MeTpa 0) siaemeHToB BHIGOpKH X;, i =1, 2, ..., i, U TMyCTb B (6)
ofo3Hauaer cMmellenue £ (0,—0) OIlCHKH @n oTr napamerpa 0.
Torpa HepaBeHcTBo Kpamepa — Pao yrTBepKaacT, UTO IPH BBINOJ-
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HEHHH HEKOTODPBIX YCJOBUH peryJsipHOCTH CHpaBeAHBO COQTHOLIe-

HHUC

A 9 0 | 4 B’ (8))?
E (0, — 07 = BEF + e 2,

rae B’ (0) — npouspoanasa GyHkuuu B(0) u

— d%1n f(X;, 0)
d62

[(0)=E

ccth uHdopMmanus Puuicpa. CacLoBaTCIbHO, CKOPOCTh CXOAHMOCTH

E(0,—06)% k HyJ0 He MoxKeT OblTb OblcTpce, ueM 1/n. OaHako B
npuMepe, PACCMOTPEHIIOM B IIepBOM llapaJlOKce (PaBHOMepPHOe pac-
npepeaenne, B(0)==0 u nostomy £(0, —0)% = D?(0,)), cKOpoCTb
cxoauMocTH coctaBaser L/n? IlpoTuBopeunss 3jecb HeT, TaK Kak
NpUMep MpeacTaB/sdeT cOO0H TUIIMUHBIM CJAYyuYyaH, KOrJa YCJIOBHA pe-
TYJASpHOCTH, KOTOpble YIOMHHAJHUCh BBhILIE, He BbnoJneHbl. (Ha-
IPUMEpP, AOCTATOUHBIM ObWIO OBl CJACAYIOLIEE YCJOBHE PeryJsprnoCTH:
MHOXKECTBO UMCeJ X, JAJs KOTOPhIX (hyHKIudA [(x, 0) moJoxuTesabHa,
He 3aBucHT OT 0.) Tenepp OTHOCHTEJbBHO BTOPOro napapokca. Ma He-
paBcHcTBa Kpamepa — Pao BHITeKaeT, YTO €CJAH pa3pelieHo HCIOJb-
30B4ATb CMeEIICHHBIe OIEHKH, T. €. Mbl OTKas3biBaeMcsl OT YCJOBHS

B(0) =0, u ecau npoussognasi B’ (0) orpunareasHa, To E (0, — 6)2
MOZKeT yOBIBaTh 3HAUHUTEJNbHO ObICTpee, UeM JHCHepCcHsA HeCMeIlCH-
HOH OIleHKM C MHHHMAaJbHOW AHCIEpCHCH.

(if)-Ilyers X| < X; < ... < X, 0003HayaoT YyHOPSAOUCHHYIO

BeIOOPKY ¥ X’ o6o3HauacT BHIGOPOUHYIO MeAnaHy, T. e. X’ =X;'n+l)/2
JAJ1s1 HEUCTHBIX A U

X' = (Xt Xopos1)/2

AJIA UCTHBIX f1. Ecian BbIGOpKa B34ATa H3 HOpMElJIbHOFO pacnponeﬂ&
HHSA, TO
o 2
D?(X) =~ = D*(X") ~ 0.63D°(X"),

T. e. 3(G@eKTuBHOCTb oOlieHKM X’ cocTraBJser (aCHMIITOTHYECKH)
BCero Juib 63 % ot addektuBHocTn X !). OAHAKO CUTyaAllUsA HU3ME-
HUTCSl, €CJIH MBI HEMHOTO «PacCTPOHM» HOPMAaJbHOE paclpelegeHHe:
paccMOTPHM CJAYUYAHHYIO BEJUUUHY, KOTOpas SIBJASETCS CMechlo IBYX
HOpMAaJbHLIX paclpeieneHnit, a uMeHHo, 91 % cocrasasier HopMaJib-
HOe pacnpefieseHde co cpeaHum O u aucrmepcuedr 1 u 9 Y% — Hop-

MaJibHOE paclpejesieHHe ¢ TeM XKe CcpeAHHM 6 u aucnepcuen 9.

o~

1) D¢ pextusnocts onenkun 0 nponopuHoHadbHA D—z(ﬁ).—ﬂpztm. nepes.
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B sroM caysae Meauana X’ sBasgeTcd AJas 6 OHEHKOH JydlIeH,
yeM X.

(iii) Caepyromuii mapajgoKc AONYCTHMOH OLEHKH NPHHAIJIEXKHT
C. Macanu. Ilycts X, X9y — JABe HE3aBUCHMBIC cJyuyalHble BeJHYH-
Hbl ¢ MaTCMaTHUCCKHMM OXKMAAHUSIMH my, ny. MacaHu cTpOHT JBa
npuMepa (ofuH ¢ GHHOMHAJbHBIM paclpeie’enueM, Apyroi ¢ HoOp-
MAJbHBIM), B KOTOPBIX OLCHKA, 3aBUCALLAA TOJBKO OT Xg, SIBJASCTCS
JOTIYCTUMOH NIpH OLeHHBAHUH /1), 31€Cb MBI PACCMOTPHM TOJBKO OH-
HoMHaabuBi cayuad. Ilyers Xy, Xo, ..., X, — HE3aBUCHUMBIC CTY-
YafiHBIC BOJAHUMNHBIL, UMCIOIIHC OGHHOMHAJbHbIE paclpeAecHUs C la-
paMecrpaMu f;, pi. MOXKHO 10Ka3aTh, YTO JHHCHHAN OLCHKA

Pl (Xl, XQ, « v oey Xm): Ea,;Xi/rl,;—{—C

i=1

ABJSIeTCST AONYCTHMOH OLEHKOH IapameTpa pp IpH KBaApaTHYHOH
¢yHKkuMH notepb L(p;, p)==(p) — p)> TOrAa ¥ TOJNLKO TOTAA, KOTAa
HJTH

0<a <1, 0<e<I

H
n Hl
0L Y ay+e<l, 0L a+c<],
=2 i=1
Wi @, =1 u ap=as;=..=a, =c = 0. Tlonaraa a; = (), noJay-

yaeM OOJbILIOH KJjaacc AONMYCTHMBIX OLIEHOK [lapaMmeTrpa pi, H¢ 3aBH-
CAIINX OT X;.
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3. Napagoke oueHOK AUCNepCcHmn

a) Hcropus napadoxca

BaskHefillleH XapaKTepHUCTHKOH CJAYYaHHBIX BEJHYHH H HX pac-
npeaeseHHit Hapsly ¢ MaTeMaTHUCCKHM OXKHAaHHEM SIBJIAETCH JHC-
nepcusi. OIleHUM HEH3BECTHYIO Aucrnepchio D? ciyyadHOH BEJHUYHHD
X no BbiGopke Xy, Xo ..., X, (rae Xy, Xo, ..., X, SBJIAIOTCSH He-
33aBUCHMBIMH HAOJJIOAEHUSIMH, HMCIOUIUMH TO K€ pacnpejeleHue,
yto B X). Ilpyu n3BeCTHOM MaTeMaTHYeCKOM OXHAAHHH £ OueHKa

:‘:;Z(Xi"—E)g

i=1

(el S

D

— HecMelileHHast. CHUTyauusi McHseTcsl, Koria £ HeH3BeCTHO H (B
npeAbAymyio Gopmyny) BMecTO £ CTaBHTCH Cro HecMelleHHas

oucHka X. Toraa olleHKa

D= (X, — X)

=]

yiKe He saBJasiercsd HecMelleHHOH. [TOCKOJIbKY HECMEILEHHOCTBL {CO
BpeMeH ['aycca) 6Oblla OJHUM H3 HEOOXOAUMBIX CBOHCTB, KOTODBIMH
J0/KHa o6JajaTh xopollasi OlleHKa, D? H3MEHAT Tak, YTOOHB I10-
JYYUTh HecMelleHHYIO oueHky. (Hexkoropele napamerpnl BooOlle He
HMEIT HeCMeIlEHHBIX OLEHOK. B 3TuX c¢avuasgx OrpaHHYHBAIOTCS

TpebOBAHHEM ACUMNTOTUHECKOL HecmeujerHocTu, T. ¢. lim E(0,) =
- 00

= 0 nas Bcex 0 & ©. Ito TpebGoauue aas D? penonHeno.) Ha-
Py €O CBOACTBOM HECMEI[EHHOCTH MOCTEMEeHHO BO3HUKJAHM H APY-
rie Tpe6GOBaHHs, KOTOPBLIM AOJKHA YAOBJETBOPATb XOpOLIAasi OLCH-
Ka. [lapafioKc BO3HHKAET TOTAa, KOrja pasJHuHbe TpeOOBaHHs K Ka-
yecTBY OLIEHOK He MPUBOAAT K OAHOH U TOH XKe OLEHKE.

6) Hapadokc

YMmHoxast D? Ha MHoxuTeab Lecceas n/(n— 1), noryusaem Be-
JUUAHY

f
TR P
i=1

SBJISIIOLIYIOCH HECMEUICHHON OLICHKOM JUCIEPCHH.

[TpeanosnoxuM, 4To clyuyadHas BeJHYHHa X HOPMaJbHO pacrpe-
AejJeHa (¢ HEHM3BECTHBIMM MaTeMaTHUYECKHM OXKUAaHUEeM H JHUchep-
CUCH), H HaM HYXKHbl MUHHMAaKCHBIe OLeHKH {cM. 3ameuanus Bl/12)

¢ ¢ynxkuuesr noreps L (D2, D?)= (D*— D?)/D* Torpa D? Halo
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H3MCHHTL CJACAYIOLIHM 0o06pa3oM: yMHOXHM D? Ha n/(n- 1) u no-
JYYUM MHHHMAKCHYIO OICHKY

1 _ o
n -+ 1 Z(X’:_X)'

i=1

(Ee puck pasen 2/(n -+ 1).) MTak, HpUHIHIT MHHHEMakKca H HecMe-
IIIEHHOCTh NMPUBOASIT K PasJHUYHBIM OLEHKaM,

8) Obvacrenue napadokca

CymMma Z(X,,;—a,)2 MHHHMaJbHA TOAbKO HpHn a =X. Oj-

HAKO MdTLMaTH‘lLLKOC O2KHAdHHE E BOOOULE FOBOpH, HE l)aBHO BeC-

JUUHHe X (JII/II_HI) 6a13Ko ¥ Heli). CaemoBarteanbHo, oueHka Dg, I10-
Ka3biBawlllas ILCHCTBUTENLHOC OTKJAOHCHHC, Oogablie, ueM D2, Bor
nmoueMy HeoOxoJHMa nonpaska bBeccens. C aApyrod CTOPOHLI Her
IIPpHYUH, 10 KOTOPbIM MHHUMAKCHAs HUJH AONYCTHMAST OLEHKH H0.J-
KHBl ObITL HecMeuwleHHbIMH. (B I1/2 MBI yxXKe BHAeaH, YTO OLICHKA
JxeiiMca — Crefina AasT MaTeMaTHUECKOTO OXHAAHHA Jyullle, dyeM
OOBIUHAST HecMelleHHas olleHKa X.) ITockoJbKy HecMeHleHHAs H MH-
HUMaKCHast OLleHKH AHCHNEPCHH HOPMAJIBHOTO pacrpeiesJeHust He co-
BlaJamT, B Ka)XJI0H KOHKPETHOH 3ajaye HYXHO pellaTb, KaKVIO
OLEHKY mpennovecTb. K cyacThio, AaxKe npu MajJblX 3HAUEHHSX #1
pasjiuupe MeXJay ABYMdA ONeHKaMu Heseluko. (OAHAaKO B JApPYTHX
npoOJeMax pasHHIla MOKeT ObiTh CYHICCTBEHHOH.)

2) Jameuanus

Kax HH yIMBHTEJIbHO, HO MOXHO II0Ka3aTh, YTO YKA3aHHAS BhIllle
MUHUMaKcHasl oleHka He aBJsercs aonyctumol. (CM. cratbio Crell-
Ha Wiau KHUry 3akca.) C Apyroél CTOPOHBL, €CIH MaTEMAaTHUYECKOE
OXHAAaHHC HOPMAJbHOIO pacnpejes]eHHs H3BECTHO, TO OILCHKA

1 o
n -2 Z(Xi_E)Q

i=1
SIBJISICTCST HE TOJMbKO MHHHUMAaKCHOH (¢ puckom 2/(n-+2)), HO U no-

MyCTUMOH INpPH YKasaHHOA Bblc ¢GyHKUUM 1n0Teps. (CM. KHHTY
3akca.)

d) Jureparypa
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4. NMapagokec metona HaMMeHbLUMX KBALPAaTOB

a) Hcropus napadokca

M3-3a nen3GeXKHbIX OWHOOK H3MEPEHHI YacTO KaXKeTcsd, UTO TeO-
PCTHUECKHE (DOPMYJIBI H 3MIHPHUECCKHC AAHHBIC HPOTHBOpEUAT APV
Apyry. B HauaJjie npowioro Beka Jlexandp, Fayce w Jlanaac npen-
JOXHIN 3(QPQEKTHBHBIA METOJH, IO3BOJISIIOIMHHA YMEHBIIHTL BJHSHUE
ownbok usmepenuil. (Hanpumep, Jlexkannp paspaGotan u npume-
Hua ero B 18095 r. a/ist HaxoxkJeHHUst opOUT KoMeT.) OCHOBOINOJIOXK-
HHKaMy¥ 3TOoH Teopuu Obwin [aaused (1632), Jambepr (1760),
Jiaep (1778) w apyrue. HoBui#l npuem, HasBaHHBIH MeTOJAOM Hau-
MEHbLIMX KBaApaTos, AeTajbHO HccejaenoBaH [ayccom B ero pabore
«Teopust nBuxKenus HebecHbix Tea» (1809). Mmenno Tayce ykasada
TAKXKe Ha BEPOATHOCTHBIH Xapakrep 3Toro merona. (Xors JlexxkaHup
o6BuHsAM ['aycca B niarnate, OH He MOr NPEACTaABHTbL AJA 3TOTO JO-
CTaTOYHBIX OCHOBaHMH. ['aycc mpereHjoBaJl HAa OPHOPHTET JHIIL B
HCIIOVIb3OBAHHH Merojla, a He ero nmybJuaukainuu.) Jlannac onyG/uko-
BaJl CBOM OCHOBHOH TpyJ MO TeOPHH BeposiTHocTed B 1812 r., nocss-
THB €ro «Bejgnkomy Hamovieony». Ha npoTs:keHHH Bcell uyeTBepTOH
rJIaBel €ro KHUTH H3Jjaraercst HeuuciaeHue omunbok. C TOro BpeMeHH
METOX HaHMeHbIUHX KBaJpaTOB pas3BHJICS B HOBBHIA pasjiesl MaTeMa-
TUKH. BO3MOXKHOCTH MeTOAa NOpPO#H mepeoleHnBaOT H YaCTO HCHOJb-
3yKOT TOrjaa, Korjaa Apyrue MeTtonbl Obuin 6bl 60Jee NOAXOASILIHMH,
Ha sty npo6aemy obpaman BHuManue eme Komn (Comptes Ren-
dus, 1853) Bo Bpems «ne6atoB» ¢ Boeneme (B xome aucnyra Koiu
HCIIOJIb30Bas MJOTHOCTL BepOATHOCTH 1/(m (1 + x?)), HasBaHHYIO
[f03/lHee €ro HMcHeM, XOTs1 OH H He Oblj NEepPBbIM YUeHbIM, MPHMC-
HUBIIMM <«IIJIOTHOCTL Kommns).

6) ITapadoxc

[lycte ae=b!*-ul —mnotHocTh pacnpejieneHHsT Halnx HabJode-
HHMH, TIOABEPIKEHHBIX CJy4alHbIM OlIHOKaM nsMepeHuil. [locTOSHHBIC
a 0 D U3BECTHB, a p HYXKHO OUEHHTL. [IpoBeseM HC3aBUCHMBIE Ha-
6monenuss X;, Xy, ..., Xp. [To MeToly HauMeHbIINX KBaApaTOB
CACLYET OUEHHUTH BCJAMYHHOH {i, KOTOpasi MHHUMHU3HDYET CYMMY

Xy =)+ (X — 2P + ... + (X, — )~

Jlerko mocuuTaTe, YTO 3Ta cyMMa IpHHHMAaer HaWMeHblliee 3Hayc-
HHe, KOrja (i €CTb cpeliHee apU(pMeTHUeCKOe pe3yabTaToB HalJio-

JeHUH
=X, 4+ Xy ... 4+ X,)/n.

OAHAaKO, eCIM HaM HYXKHA OlEHKAa [i, AJf KOTOPOH MakchHMmaJ/dbHa
BEPOSITHOCTD (TOUHCC, MJOTHOCTL BCPOSATHOCTH) TOroO, 4To 1 HAB.I10-
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feHull 6yAyT umenno X, Xa, ..., X, T. € [ MakCHMH3HDYeT (YHK-

ILU1O
ane—b( |X1—ul+...+l){n—u|)

HJH, 4YTO IKBUBAJEHTHO, W MHHHMH3HpYeET
Xy — B+ Xe—pl+ o X — |

TO Mbl NPHUXOAMM K I[IPOTHBOPEUYHIO, TAK KakK CyMMa KBaApaToB H
cyMMa a0COJIIOTHBIX BeJHYHH HC JOCTHral0T MHHHMyMa IIpH OHOM

H TOM K¢ 3HAUYCHHMH W, T. ¢. OIECHKH (L U [L pasauuHbl. Kaxast u3 HHX
Jyyuie?

8) Ob®wacHeHue napadoxkca

Ecau ouwiMGKH H3MepeHHs HOPMaJbHO pachnpeleseHbl (T. e. eclu
HX MJOTHOCTb BEpPOSITHOCTH HMeeT BHA ae (W' TO yKa3aHHOTO

BLIIIIe NPOTHBOpeuHsi He OyJeT, TaK KaK u MAaKCHMH3HDYeT

G b (X =W)2 4 (X mw)2)
B Mmeropc HauMeHBbIIHX KBajpaToB l'aycc HCXOAHJ U3 IIPeAlOJoKe-
HHST O HOpMaJIbHOM pacnpeje/eHHH OLIUO0K, 4TO BCTpeyaercs Ha
npakThke yaiue Bcero. OAHAKO, KOrla U3BECTHO, 4TO pacnpefeseHue
OIIHOOK OTJHYHO OT HOPMAJbHOTO, HCIOJAb30BAHHC METOAA Hau-
MeHbIIHX KBaJApaToOB He BCerja BLIMOJAHO. B ykaszaHHOM BLIllle Ha-
pajlokce HpHUMeHEHHC OLEHKH [ 06oJice ompaslaHo (CM. Takxke npe-
ABILAYILMHA pasjped).

HMcnonbsysa craHgapTHble NMOHATHS MaTeMaTHUYECKOH CTATHCTHKH,
napajokc MOXHO KpaTKo c(OpMYyJHPOBAThL CJaeAyIOlHM 006pasoM:
OLIEHKA MO MeTOAYy HAWMECHBUIMX KBAAPATOB HC BCerja coBmajaer C
OIIEHKOH MAaKCHMaJbHOro npapaonofodusa (00 oueHKaxX MaKCHMaJib-
HOrO npaBionofobus cM. pasa. 8). [leficTBHTeNbHO, eCaH [(x) —
MOJOXKHTEAbHAS NJOTHOCTb, IIOJYHeNpepbhiBHAsE CHH3Y B TOUKe
x=0; f(x—06) — njoTHoCTh pacnpejeseHus H3MepeHHH H X =
= (Xi+ Xo+ ..+ X,)/n ecTb OlLleHKA MAaKCHMAaJbHOI'0 IpaBIOIO-
106us napamerpa 6 aas n=2, 3, To [(x) «aBAAETCST TJOTHOCTHIO
HOPMAaJbHOrO pacrpepesieHuss ¢ HYJeBbIM CpPeAHHM. ITO —- 3aKOH
[aycca 06 omubKax, KOTOPBIH MOMXKHO JOKa3aTh CJACAYIOLIHM 00pa-
30M: eCJH MPeANOJJOKHUTh AJST MPOCTOTHl, YTO CYLIECTBYET MPOH3BOA-

n
Hast |, u npousBefenue [[f(X, —6) makcumanabHo npun O =X, T0
iy

1

> L —x=0,

i=1
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T. ¢. (ob6o3Hauass A; =X, — X) u3 paBeHCTBa

Zn: A; =0 BHITEKaer Z fT = (),

i=]

YTO BO3MOXKHO INpH n==2, 3 (ecjgu OTHOLIeHHe ['/f namepumo)
4

TOJIbKO TOTJA4, KOrja f—( )=cx; OTKyAa CJIeAyeT, uTo [ = de ",

f

rae ¢ U d — NMoOJIOKHTeAbHble Yhcaa (B IPOTHBHOM caydae (YHKIHS
[ He 6bl1a 6bl NMJOTHOCTBIO). Takum o6pa3oM, OleHKa lapaMeTpa
CABUTa MO METOJy HaWMeHbLIMX KBAaJApPaTOB COBINAAAEeT C OLEHKOI
MaKCHMaJbHOTO HPaBAOHOAOOUS TOJABKO AJs HOPMaJbHBIX paclpe-
JLeJICHUH.

2) Jamewanue

Apudmeruueckoe c¢peaHee =X H MCAHAH4 0 SBJASIOTCS O~
HUMH M3 HCMHOIHX <«IPOCThIX» OILEHOK MaKCHMaJbHOIO NpaBAoNO-
100usl mapaMerpa CABHUTA U, HMCIOUIUX BHA

L-———Zax

i=1

rae X <CX,<C...<CX, ccTh ynopsaoucHHast BhGOpka H a; =0,

(=12 ..., n, Z a;=1. B crarbe, KOTOpas roTOBHTCS K NYO-
[=1
JukKauuu, Mol (¢ 3. bynoauuem) pokasbiBaeM, uTo ecjau L OTJHYHO
OT apH(pMETHUYECKOIO cpelHero X, To He HoJee ABYX a; MOTYT ObITh
oTauuYHbl OT 0. Ecau aBa kosadduumeHTa a; OTJUYHB OT HYJS, TO
3710 JHubO @) H Ay, H B 3TOM CJydae 3JCMEHTH BBIOOPKH PaBHOMEPHO
pacnpeaejieHbl Ha HEKOTOPOM HHTepBaJie, JUOO HCHYJEBBIMU SBJ-
IOTCS1 ABa COCEAHHX KO3(P@HUIIMCHTA a; U Q;4+;. BO3MOXHO, 4TO HEHY-
JIEBbIM sIBJifleTcsl JIMIUb OJAHH U3 KO3(P(PUUHUEHTOB a; Hampumep,
Koraja L — MelHaHa, WJH KOTJa 3JeMEHThl BHIGOPDKH HMEIOT MOKa-

3aTelbHOe pacnpefelnenne, Toria a, =1 (L = X)).
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Berkson J. “Estimation by least squares and by maximum likelihood”,
Proc. 8rd Berkeley Symp. on Math. Statist. and Prob., 1, 1—11, (1956).

Bloomficld P. B., Steiger W. L. Applicalions of Least Absolute Devialions,
Biskhduser Verlag, Basel — Bosion — Stultgart, (1983).

Harter H. L. “The Method of least squares and some allernatives”, Part,
V. Internat. Statist. Rev. (1974—1975).

Jlunnnk 1O, B. Meroa HauMeHblUMX KBajAPAaTOB H OCHOBHE MaTeMaTHKO-CTATH-
CTHUECKOH TeopuH o6paboTku HabiawaAeHHH, u3g. 2-e. — M.: (I)HaMaTrua, 1962.

Sheynin O, B. “C. F. Gauss and the theory of errors”, Archive for History
of Exact Sciences, 19, 21—72, (1979).
I Stigler §. M. “Cauchy and the wilch of Agnesi”, Biometrika, 61, 375—380,
(1974).



92 [a. 11 ITapadokcer 8 maremarTuyeckol CTATUCTUKE

5. Napapokcel kKoppenauum

a) Hcropus napadoxca

K nocscjaHeli TpeTH NPOILJIOTO BeKa HEKOTOphle HayKH (Hampu-
Mep, MOJekyJaspHas (u3uka) HAOCTHIVIM TakOro YPOBHS Pas3sBUTHA,
YTO CTaJ0 HeOOXOAHMBIM HCIIOJb30BAHHE B HHUX TCOPUU BePOATHO-
crefl H MaTeMaTHueckol craTHcTHKH. B 1859 r. kuura Japsuna npo-
M3BeJa PEeBOJIOIHIO B OHOJOTHH W BCKOpPE I10C/Je 3TOr0 JBOIOPOAHBIN
6pat JlapBuna DPparncuc ['arbTor 3aJ0KHJA OCHOBBI F€HETHKH YeJO-
Bexa. (Mccnenopanuss MenOeas o reHeTHKe OBLIH 3alI0BO «OTKpPHLI-
ThI» JUIIb Ha pybexke BEKOB, CJOBO <«IeHETHKa» yHorpeldJsercs
T0AbK0 ¢ 1905 r., Ho pesyabtaTel ['asbTOHa NpHBJIEKJIH BceoOlee
BHUMAaHHe yKe B NMPOLLIOM Beke). 'aJibTOH M ero VueHHUKH (0cobeH-
HO Kapa [lupcor) BBeH TakHe BaXKHBle NOHATHS, KAK KOppeAayus
U peepeccus, KOTOphle CTaJH OCHOBHBIMH INOHSTHSIMU B TEOPHH Be-
POSITHOCTEH H MaTeMaTHUYECKOH CTATHCTHKe (a TakXKe B CBSI3aHHBIX
C HHMH Havykax).BecHu pocT 4en0BeKa, eCTECTBEHHO, TECHO CBA3aHBI
MeXXJy coO0H, HO OHH He OINpeneadloT APYr Apyra OIHO3HAUHO.
Koppesasuus BeIpaxKaeT 3Ty CBSI3b OJHHM UYUCJAOM, abCOJIOTHAA Be-
JUYHHA KOTOpOro He npeBocxouT 1. Jlaa aByxX ciaydyadHbIX BeJUYHUH
X u Y xoppensiuust onpenensiercs caeaymoiium obpasom. Ilyers Ey
U Dy, £, u D, 0603Haual0T MaTeMaTHYECKOe OXKHAaHUe U CTaHIapT-
HOe OTKJOHeHHe X M Y coOTBeTCTBeHHO. Toraa Ko3p@UUHEHT KOp-
peJasindd (HJAKM KpaTko: KoppeJasnus) aas X u Y onpenensercss Gop-
MYJI0H
E[(X —E) (Y —Ey)]

r=r(X,Y)= D.D,

AGCOJIIOTHOEe 3HauYeHHe KOppeasiiHd MakKCHUMaJabHO (T. ¢. pasHO 1),
Korga Mexay X u Y cyllecTBYyeT JIMHEHHAsl 3aBUCHMOCTh, T. €. Y =
—=aX 4+ b (roie a==0). Ecau X u Y HesaBucHMH (M HMX JHUCICPCHHU
KOHEUHHI), TO HX KoppeaauHs pasHa 0, APYTHMH CJOBAMH, OHH He-
KOppesHpOoBaHbl. B MaremaTHUCCKOH CTAaTHCTHKCE OICHKOH AJid KOp-
pesasuuu r, KaK NpaBHI0, sIBJASIeTCS BBHIOOPOUHBIH KOI(M@PHIHEHT KOP-
pCJISiLHM, KOTOPHIH CTPOMUTCSI mo He3aBHUCHUMOH Bobibopke (X, Vi),
(Xo, Yo), ..., (X, Y,) cacaywiium o6paszom:

Y (Xi— Xy —Y)

{=1

/\/Z (X; — X)? Z (Vi —7)?
i=1

i=1

f:

B psite cayuyaeB r XOpomwo xapakTepHayeT cBsidb MexkAy X H Y, HO
yKC Ha DPYOCKC BCKOB BBLIYHCJASJHCL 3aBHCHMOCTH, JIHIICHHBIC
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CMBICJIA; HalpUMCp, KOppeasiius MEKAY YHCJAOM THe3J aHCTOB H
UHCJAOM MJajcHIeB. [TOHSITHE KOppeasiuMH NOCTECOCHHO MHCTH(MHILH-
POBAJIOCh H HEGKOTOPHIC «BHYTPCHHHUE» (BoOOIlLe roBOps, CJaydyaHHbe)
CBA3H CTAJH CUATATh CYLLECTBYIOLLLUMH, €CJU OBLIa BeJHKa KOPpeJisi-
uus (T. e. 6siM3Ka no abCOJIOTHOH BeduuydnHe K 1). BoT nmouemy BOs-
HUKJH COBepIIeHHO abCypAHbIe pe3yJbTaThl, U 3TO UyTh He AHCKpe-
AUTHPOBAJIO BCIO CTATHCTHKY. Kak NpaBHJI0, HFHOPHPOBAJCSH TOT
¢akT, uto GoJbluad Koppeaauus i X u Y MoXer OBITb pe3yJbTa-
TOM BJHSHHS KaKOH-TO Tperbell BeMHuWHB. Hanpumep, B AHriauu u
Yasbce 3aMeTH/H, UTO C YBCIUYCHHUEM UHC/AA pafHOCAYIIATEJ]eH BO3-
pacrajo YHCJ0 cyMaclleAlIUX H YMCTBEHHO OTCTaJbIX JioaeHd. On-
HAKO Takasl MHTepnpeTalllsl COBEPIICHHO OIIHOOUHA, TaK KaK HeJb3s
MCUXHUECKH 3a00JieTh OT TOrO, 4TO cJAyliaellb paauno. Henao JHIkb
B TOM, UTO C TEUCHHEM BPEMEHH PacCTEeT U YHUCJAO pajuocayliaTesed,
M YHCJIO CJYYacB ICHXHUECKHUX 3abo0JsieBaHHH, HO MeXAYy HHMH HeT
HHKaKOU NPUYHUHHOU 3aBUCUMOCTH. K coXKaJeHHIO, HeBepHBIe TOJKO-
BaHWs He BCerfa CTONb OUYEBHUAHLI, HANpUMEp, B TeXHHUECKHX HJIH
9KOHOMHYECKHX INpHJI0XKeHHsAX. CpaBHeHNe BepOUCIOBEAaHHs H POCTA
JIOJEH faeT ellle OJUH MpUMep HAJAYMaHHOH 3aBUCHMOCTH, COIJIACHO
KOoTOpoH npu ABUXKeHUH or HMlortaanauu x CHIHJHH J0J58 KaTOJH-
KOB B HaCeJeHHH NMOCTENEeHHO BO3pacTaeT U B TO Ke BpeMs CPeAHHHA
poct Jyroaecn ybniBaer. OgHakKo Kakasi-iub0 MpHUUUHHASA CBA3bL 3/1eCh
COBepILIEHHO HeBO3MOXKHA. (B daluncTckolt pacoBoil Teopuu enmie 60-
Jiee HeJlenble HAEH NPOBO3rIallajuch 3APaBbIMH H JaXKe HaVUHBIMHU. )
PaccmoTpum JHIlb HEKOTOPBIE M3 CYLIECTBYIOUIMX NMapaioKCoB KOp-
peJAINH.

6) Iapadoxkcet

(i) Ilyctb cayuaiinas BenuunHa X paBHOMEPHO paclpejeseHa
Ha uHTepBaje (—I1, 1) u Y =|X|. OueBnnno, uro mexay X u Y
CyHIeCTBYyeT TecHas CBfA3b, OAHAKO HX Koppeasuus r(X, Y) =0.
(Koppensauus zasg X uw Y==[X| Bcerma pasHa 0, xorna X — cav-
yaWHasl BeJIWUYHHA ¢ KOHCUHOH JHCICPCHCH W CUMMCTPHUYHBLIM OTHO-
cuteqbHo 0 pacnpeneneHueM.)

(i1) Ilycrp Benwunuwl X;, Xo, ..., X, o6o3HaualoT TteMiepa-
TYpPY B KOMHATe B A7 PA3JHUIBIX MOMCHTOB BpPCMCHH H Y, Yo,
..oy Yy — KOJIYUCCTBO TOMJIWBA, UCNOJL30BAHHOC HJst 060rpcRa B
TC K¢ MOMCHTBI BpeMcHH (TOYHee, 34 HaHHBIH NPOMCIKYTOK BpC-
MeHH, HanpuMep, B TeUueHHe yaca JO paccMaTpuBaeMoro Mo-
MeHTa). JIOrHuHo cuHWTaTh, 4YTO ueM O6OJIbIIE TOILIHBA HCIOAL30-
BaHO, TeM TemJjee OyaeT B KOMHATe. IDTO 0O3HAYaer, 4TO KOppead-
uuss miast X WY crporo nonaoxurenbHa. OAHAKO KOppeasius
MOXKeT OKa3aThCs OTPHUILATEIbHOH, UTO MOXKHO OBIJIO OBl HHTEpPIpe-
THPOBATH TaK: 4eM OOJILLIC TONHM, TCM XOJOAHCC CTAHOBUTCS.
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(1if) Ilyerwb cayuaiinbii sextop (X, Y) pacnpeacich HOPMaJb-
HO, T. €. €70 MJIOTHOCTh HMCET BIIJL

[{x, y)= : exp{ : [( A — Ex )2 —

2nD Dy A/1 — 12 2(1 — r?) D,
2r (X — Ex) (Y — Ey) (Y—-Ey )2]}
Dny Dy i ’

rae Ey, Dy, E, U D, — MaTeMaTHUYeCKHC OXHAAHUS WU JHCIIEPCHH
BesimuuH X © Y, a r—ux koppeasuus. [Ipeamonoxum, uto abco-
JUHOTHAs BeJIMUHHA KOppeJssaunu cTporo Mcublue 1. Ilpu Heussecr-
HOH KOPpEJSIUMH r MBI MOXKEM OIEHHTL ee uepe3 7, HCIIOJb3Y 4
11 37eMeHToB BbIOOpKU. Ecan £, u E, H3BeCTHH, TO Lesiecoo6pasHo
B QopMmyJse i 7 3aMeHHTL X u Y COOTBeTCTBeHHO Ha E, W E,.
TaknM nytem nojyunm HoOByIO oucuky 7. ITockoabky 7 HCHOJIb3YeT
6osablue uHpOpMauMH (a HMCHHO, 3HauHe BeJHUHH E, u E,) MOX-
HO OBbLIO OBl OXKHAATb, UTO JHCICPCHH Y 7 MEHDIIC, 4YeM y 7.

Oanako A. CTioapT BLIYHC/NA, UTO

Dg(i’)————}i—(l — r?)*, Torma kax D?(7) :71{(1 + r°);

TaKUM 00pa3oM, NOCJACAHAS AUCHepcHs GoJiblie.

8) Ob6vacHerue napadoKkcos

(1) Ecim X um Y Heszasucumnl, To r(X,Y)=0, HO ofpaTHOE
YyTBEp:KJAeHHE HeBepHO. HexkoppennpoBaHHBe cJayyalidble BeJH-
YHHBl MOTYT OBITh CHJBLHO 33aBUCUMBI, K4K B YK43aHHOM BBILIC
npumepe, korga Y =|X|. IlostoMy «HeKOppeIHPOBAHHOCTHY He
CJTelyeT NOHHMATb KakK He3aBUCHMOCTb. C APYrodl CTOPOHBI, MOZKHO
AOKasaTh, UTO CCAH X U Y HEKOppeaUpOBAHH H x| < X < xo, Y, <<
<Y <Cys, TO KakoBbl 6B HH OBIIM yucCJAa x| << Xy H Y1 < Y2, BeE-
JUYHHBL X 1 Y HE3aBHCHUMBI.

(11) Henb3st 3abbiBaTh O BAHSHHM TeMOepaTyphl BHe KOMHATHI!

Koppeasinun yacto mnosydalorcsi COBepIIEHHO HeBePOSTHBIMH,
[IOTOMY UTO BbLIUHC/ASEMbIA KOIMDOUUHEHT KOPPCAAUMH sl JABYX
CJAYYAHHBIX BEJIHYHH HCKa)KacTcsd TpeTbel «H3BHe BJAUAWOINIEH Be-
JUYUHOH», Kak pa3 st Toro, 4ro6bl M30exarh 3THX NoMex, ObLIO
BBCACHO NOHATHE “ACTHOU Koppeasyuu. Lean xoppedasiust gas X
H Y BLIYHCAAETCH TOJBKO II0CJ€ TOrO, KAK BJAHAHHC BEJHUHHB Z
JUKBUJHDPOBAHO, TO pPe3yJbTAT [epecTaeT ObiTb MapajoKcaJbHBIM.
[Tyctb rig, ri3 M res o6o3HauaroT koppeasiuuu r{X,Y), r(X,Z) u
r(Y,Z) coorserctsenHo. Torma uwacrHas koppeasuds aas X wu Y
0¢3 BJAHSAHUA Z paBHSETCH

= P12 — I'ialeg

V(1= r3s) (1 = 73)
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B uvacTHOM cayuac, Korjaa rij3 = rp3 = () uacTHaa KOppeJaslust AJsd
X U Y coBmajgaer ¢ KoppeJsuHed rjp. Korpa ryg, ris, res HEH3BECT-
HBl, HX MOXXHO OLI€HHTb HO BBIOODKe aHaJOTUH4YHO TOMY, KakK 3TO
NpOUCXOAMIO Aast r. C NOMOUIBK) 3THX OULCHOK IMOJYYHM OLEHKY
KO3 PUILHEHTA YaCTHOH KOPPeJsLIiH.

(111) TTapapokc CToapTa MOXKHO paccMaTpHBaTbh € Pa3HbLIX TO-
YCK 3pCHHA. [/1aBHOC 3aKJAIOUACTCH B TOM, UYTO 7 H F HE SIBJSIOTCS
HeCMEUICHHBIMY  OLleHKaMu JAJst £, T. €. ToxjaecTBa E(F)=r H

Puc. 9. Pacemorpum cayuafinpie Beauunnbs X, Y n Z kak BexTopn. Toraa xoppe-
JSUMS U1 CJydaliHblX BeJHUMH A W Y paBHAa KOCHHYCY yTJia MEKAY BEKTOpPaMmH

X u Y, a ux uacTHasg KOppeJslHs — KOCHHYCY yIJa MeXAYy IPOeKIIHAMH 3ITHX
BCKTOPOB Ha I1J1OCKOCTh, NCPTCHAKKYJASPHYIO K BCKTOPY Z.

E (7) = r HepepHBbI, MO3TOMY Helleaeco00pa3HO CYHUTATL JAyUlleH Ty
OLLeHKY, Yy KOTOpPOH JucnepcHsi McHblle. B To ke BpeMst o0e
OUEHKK 7 U F CMelleHbl HECHJbHO (OHH ABJSIOTCS ACUMITOTHUYECKHU
HeCMeUleHHBIMH), CJeA0BaTCALHO, Jid OO0BACHEHHs IapajoKca
Tpebyercsd JAOMOJHUTEAbHBIH aHaJuau3. (CM. 3aMeuyaHust HHIKC H

cratblo CrioapTa.)

2) Jameuarus

(i) CMellleHie OLCHKH r (B cJydac ABYMepHOTO HOPMAaabHOTO
pacipeieseHusi) paBHO

E(} —r)=

re —1

n

o (n7h),

rae o(n—!') ob6o3HauaeT BBpaKeHHE, KOTOpoe OyAyuH YMHOXKEH-
HBIM Ha 71, Bce ke cxoautes X 0. Takum ob6pasoM, cMeuweHue J0-
cTaTouHo ObicTpo cTpeMmurcad K 0 (npu yBeanueHHn oObeMa BbI-
6opku 7). C Apyrod CTOPOHBI, HHTEPECHO OTMETHTb, 4TO arcsing
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b HeCMellCHHas OueHKa Add  arcesinny i, eccan E(g(r))==
= E(g(r)) AJa HEKOTOpOH (QPYHKIUHH g, He 3aBUCAIIEH OT 7, TO
g(r)y=a-arcsinr 4+ b, riae a, b—TINpOU3BOJILHBE I[OCTOSAHHKIE.
B 1958 r. H. Oarkun u Howe. Ilparr nokaszaan, 4To €CJAH OLEHKA
KOoaddHIUCHTA KOppeasiiii v sIBHBIM 00pas3oM 34BHCHT OT #1, TO
MOYKHO YKAa3aTh HECCMCIULCHHYIO OICHKY AJISl r, & lIMCHHO

*_A I 1 n—2 ,\2
r——rF(Q,z, 5 , r),

CCT

rjpe F— runepreoMerprueckasi (byHKIHUs, onpeaenseMas (OpMYJIOH
F(x, a b, c)=

B N a(ad1)... (a4t b=10)b(0b+L1) ... (brk—1) 4
—-1+kZl Rec+1)...c+rk—1 x5

rpe a, b, ¢ (¢c#=0, —1, —2, ...) ABJASAIOTCA NlapaMeTpaMu. A cpelu
HEeCMEIUEHHBIX OUEHOK Y Ke CJIelyeT IIpellnodyectb Te, Yy KOTOPBIX
JUcrnepcuss MUHUMaJdbHa. MoOXKHO 110Kasath, UYTO OlleHKa r* HeE
TOJIbKO SIBJAETCH HECMEIEeHHOH, HO U HMeeT HAHMMEHbIUIYIO JHCICP-
cuio. OnHako AJs IpaKTHUECKHX I[PUMCHEHHH OleHKa r* J0CTa-
TOUHO COKHA, M03TOMY DEKOMEHAYETCs HCHOML3OBATH Ce armnpox-
4 1 —7

CHMAallHIO r(l | 2(n_4)).

(ii) Caenylomuii gakt He ABJsSETCA IapajOKcoM, TeM HC Me-
Hee YAHBUTEJIbLHO, UTO NpH BHIOOpe Hayrajn m 4uceJ H3 MHOXKeCTBA

1,2, ..., n(amﬁopxa 6e3 BO3BpAaUleHHs, T. C. UYHCJIO PaBHOBO3MOK-

n

m
MCHLIICIO H Hau6GoJblIero cpeld BHOpaHHBIX uHces pasedH 1/m,
T. ¢. o He 3asHeut ot n (m= 1,2, ..., n—1). Doxec toro, ec.i
Xy, Xoy ..., X, o003HaualOT BO3PACTARILYIO TOCJCHOBATCARHOCTD
113 11 BBIOPAHHBIN 3HAUCHHH, TO

__ im+1—1])

HbIX HCXOJORB PAaBHO ( )) K03GhOHULUHCHT KOPPCJASIHU And HaH-

YTO TaKKe He 3aBHCHUT OT .

[Crenpyrowuit pesyabtat npuHajiexut T. Mopu. BosbmeM BBHI-
GOpKYy ¢ BO3BpalleHHeM ofbema n W3 MHoxecTsa 1, 2, ..., m—+ 1
H 0603HauUM uyepe3 Y; YHCJIO 3JEMEHTOB BHIOODKH, BeJHYHHA KO-
TopLIX He Oogbire, weMm . Torma (Y, Y;)=r(X; X;).] IHpyron
3ajayell NOXOMKero THNAa spJasercss cheaywowad. Ecan Z) <<
< Zy<< ... < Z, eCTb BO3pacraollias NOCJeIOBATC/AbHOCTL HE-
3aBHCHMBIX PaBHOMEPHO pAacHpC/eJCHHBIX CJAYYaHHBIX BEJHUYHH
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(«ynopsitoueHHas BHOOpKa»), 1o r(Z;, Zj)y=r(X; X;); ecniun pap-
HOMCPHOE - pacnpefie/ieie 3aMEHHTb JIIOGBIM ADYIHM pacipefede-
HHEM, JJIST KOTOpOro r(Zi, Z;) CyumiecTByet, TO r(Z;, Z;) << r (X, X;),
T. € YKasaHHOe CBOHCTBO SABJACTCSH 3KCTPEMaJbHHIM CBOHCTBOM
PABHOMEDHHEIX pacnpeieneHnd (cM. cratbio Mopu, Cekes). B neit-
CIBUTC/IbHOCTH MOXKHO [0KasaTh OoJiblie. [lycTh mMakcHMaJibHAH
KOPpC/IALNA MJIst ABYX caydalHelx Beauuwd U u V omnpemensercs

KakK s_;,up r(f(U),g(V)), rie [ u g npoberaioT MHOXKECTBO HHTe-
' &

TPHpyEMBIX B KBajZparte JAEHCTBHTEJbHHX (YHKUME or U u V co-
OTBETCTBEHHO:

max corr (U, V)= ?up r(f (U), g (V)).
, 8

Fcnosbsys 310 0603HaUEHHE, MOXKHO JOKA34Th, UTO
max corr (Z;, Z;) =r (X;, X;).

PaBeHCTBO creayeT W3 Toro (akra, 4to max corr (U, V)=r(U, V),
Korpa perpeccuss U ma V (ompenesieHHe perpeccHd CM. B Caeayio-
meM pasfene) u perpeccus V Ha U JHHeHHHE (1 He paBHEl TOXKJe-
CTBEHHO IIOCTOSIHHOH). ITO KakK pa3 TOT cJayyall, Korua KO3 (pu-
IHCHT KOppeJ/ISUHN ABJASETCSI XOpolllelt Mepol 6JH30CTH.
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6. lNMapapokcsl perpeccum

a) Hcropus napadokcos

Kospduunenr koppessuun onucHBaer 3aBHCHMOCTE MEX Y
ABYMsl CJHYyYaHHBIMH BEJIMUHHAMH OJHHM UHCJIOM, 3 perpeccusi BhI-
PaxKaeT 35Ty 3aBHCHMOCTh B BHJe (PYHKIHMOHAJBLHOTO COOTHOHIECHHS
H IO03TOMy naer GoJiee MOJHYI HHGPOpMAIHIO. Hanpumep, perpec-
CHEH SBJIACTCSI CPEIHHH BeC Tesa uYeJOBeKa Kak GyHKIHSA OT ero
pocta. Ilonsarue «perpeccuns» Bees I'aa6ToH, KOTOPHIH B KOHILE
[IPOLLIOTO BeEKa CpaBHHBAJ pPOCT POJAUTENEH C POCTOM HX JAeTell.
OH 06Hapy:KuJ, YTO pocT HeTel Yy BBICOKHX (HJIM HH3KHX) pOJHTE-
JeH OOBIUHO BhlIe (HJM HHZKe) CPELHEro, HO He COBNajaer ¢ poc-
TOM poautened. JInHHA, NOKasbBAOMIAS, B KAKOM Mepe pocTt (H
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Jpyriae XapakTepUCTHKH, K KOTODBIM MBI 033Ke BepHeMCs) perpec-
CHPYIOT (BO3OOHOBJAITCA) B CpPeAHEM B MNOCJAEAYIOLIHX IIOKOJeE-
HMsIX, Obla HasBaHa I'aJbTOHOM auxueld peepeccuu. llosgHee pe-
rpeccdell ctajJu HasbiBaTh JIOO0Yyi0 (QyHKUHOHAJNbHYIO 3aBHCHMOCTb
MeKAy CayuadHbBIMH BeJHYHMHAMH. BHauaJle perpecCHOHHBIH aHa-
JIH3 TpHMeHsyIcs B OHOJIOTHH M BaXKHEHUIHM HAaYUYHBIM XKYypHaJoOM,

Benuyuna | pezpeccuid” (B0300HOBIEHUS) POCITTA 8 ITOCTTECHIOULUT
I0K0SIEHUAL N0 [ /16 ITIONY
Pocrm Ecmu cpedrui pocmr CpedHuu pocm 0’7?”"-’703 EHUE
(6 droumax) |podumenei 8snLe podumene %; /%E( ser )
cpegreso, 1m0 der ‘
72 Hobsrvro Huswce *
podimesnen L+ 3
71 H
L 4+ Z
70 H
H + [
69
0
66 Ecmu cpedruea pocmt |- 1
podumenred HUICe
67H cpedreeo, mo demul H-2
O0BIYHO GB/LLE
2ol _ podumenei H-d
Cpedruie poci -4
6 pocunrenneld

Puc. 10. JIunusa perpeccun lanpTOHA.

B KOTODOM OcCBelllajlach 3Ta TeMa, OHJI XypHat «bHOMeTpHKa»
(“Biometrika’), Buxopauui ¢ okrabps 1901 r. Mexpy 1920 w
1930 rr. GoJsiblIoe 3HayeHHe TMpuUOOpENO HCIOJNb30BAHHE Dperpec-
CHOHHOIO aHa/Ju3a B 3SKOHOMHKe H BO3HHKJIa HoBasg 00JacThb
HAVKH: SKOHOMeTpHMKa (TepMHH, mNpuHaaiexamui P. Ppuuy
(1926), kotopoMy nosaHee Onlsa npucyxKieHa HobGesmesckas Iipe-
MHs1) CO CBOHM XKypHaJOM <«JKOHOMETPHUKA» (“Econometrika’),
BHeppuie BeilleAmdnM B 1933 r. OT H3ydyeHHUs YaCTHBHIX PErpecCHOH-
HBIX 3aJaY HCCAEAOBATENH II0CTeNeHHO Iepellii K perpeccHoH-
HOMY aHaJIu3y CTPYKTYDHI, NpHCYyIlel r100a/JbHBHM 5KOHOMHYECKHM
cucreMaMm (Mo, Kedne, H. Tunbepeen u [Apyrue, HampHMep,
P. Kaeiin, xoropoMy B 1980 r. npucyxaena HobeneBckas mpemus:
no skoHoMuke). )Kypnaa «TexunoMmerpuka» (“Technometrics”) ny6-
Jukyercsa ¢ 1959 r. m B OCHOBHOM IOCBSIIIEH TEXHHYECKHM MNPHJIO-
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JKEHHUsIM. PerpeccHOHHBIl aHa/Mu3 BeJUYHHH X, ONpeAessieMO# MO
npyroii sBeauuuHe Y, korga X H3MepHTb TPYAHO, a Y JMOCTaTOYHO
Jerko, BecbMa BakeH. B Hacrodlllee BpeMsi perpecCHOHHBIH aHaJIU3
HCIOJb3yeTcsl INpaKTHUeCKH BO BcCex 00JacTsx IaykKd, UTO CaMo
no ce6e HemJOXo0, HO, K COXaJIEHUIO, perpecCHOHHBIM aHa/u3 WHOTAA
IBJSETC OJHHM H3 IJaBHBIX CpPeACTB JJIsI AOCTHXKEHHS <«TPOMKHX
HAYUHBIX VCHEXOB», AJsT INpOBeAeHHsT HeOpeXHBIX HCCIeL0BaHHHU
U 3aMasbiBaHus (HayuHbIX) npoOJieM. FPerpeccuss HUKorjia He INOM-
MeHSleT HayYHbIX KOHIENUHH H TeOpEeTHUYeCKHX 00O0CHOBaHHH, XOTH

U obJieryaeT MX INOUCK.

6) Ilapadokcst

[TpeAnosOKUM, UYTO 3a8BHCHMOCTL ABYX BEJHUYHH BBIpaXKaercs
dyHKuHel cacayowmero BHaa Yy = f(x; ai, as ..., Gm), (HAIpH-
Mep, If = Q1X -+ @), T/le HEU3BEeCTHH TOJbKO Napamerphl di, Qs,

., Qm (a THO (DYHKLUMH H3BECTEH, HanpuUMep, JUHEHHBIH, KBaApa-
TUYHBIA H T. A.). Ecau MB MOXKEM H3MEpHTb 3HAYEHHS Y TOJbKO CO
cayuadiHbIMH omu6kaMu HabJaOAEHHH, T. €. BMECTO Y; = f(xi
ai, Qs, ..., Am) MB HaGJKOJIaeM 3Ha4YEHHS Yi NOABEPIKEHHbIE OLIHO-
KaM, TO COIJIaCHO MeTOAYy HaWMeHbLIMX KBaJApaTOB OLUEHKH HEH3-
BECTHBIX [apaMeTpPOB a; MHHMMH3HPYIOT CYMMY KBaAparoB

;l Y, —f(xs ap, agy -\ G

(i) Ecau [(x)= e%*, 10 oleHKa napaMerpa @ COOTBETCTBEHHO
MHHUMHU3HPYET CYMMY

Y (¥, — ™)
[=1

B asroM cayuae 3ajgaya BHIUHCJEHHS perpecCHOHHOH KpHBOH f
OGBIUHO YNPOLAETCsl, €CAH BBHIUHCJAUTL JorapH®M OT OOOUX UJEHOB
PA3HOCTH, CTOSIIHX B CKOOKax, H MHHHMH3UDPOBaTh BEJIHUYNHY

n

Z (ln Yi I axi)Qs

=1

o

YTO HeTPYAHO CHeNaTh, HAXOAsd MHHHMYM KBaJApaTHYHONO MHOTIO-
yaeHa. OJHAKO STH JBa NOAXOJa K MHHMMH3alUW AAKT pas3Hbie
oeHkn. Kaxofi BBIXOA H3 3TOH mapalJOKCaJLHOH CHTyalluu?

(ii) Ilpeanonoxum, uro THN GYHKOUH [ MOXKHO BHOpath pas-
JMUHBIMK CcIOcO6aMH, Halpumep, f;— 3TO MHOTOWIEH, a [z — 3KC-
MOHeHILHaJbHasi GyHknusi. Kaxercs ecTeCTBEHHBIM INPEANOUueCTb
TOT THI, AJsI KOTOPOr'0 yKa3aHHas Bblllle CYMMa KBaApaToOB MeHb-
uie (Ipy ONTUMAJbHOM BHOOpe mapaMerpoB). XOTs 3TOMY TpHH-
WY YacTO CJIELYIOT Ha MpaKTHKe, OOBIYHO OH He ONpaBjaH (HHOT-
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la CJeAyeT YCTAaHOBUTb XOTH OBl TEOPETHYECKYID BO3MOXKHOCTbL Ta-
KOTo BbIOOpa).

(1ii) Ilyerb y == ax ecTb TeopeTHuecKass JIMHMSI DETPECCHH H
Yi=axit+¢&, rae g (i=1, 2, ..., n) SABJJIIOTCS He3aBHCHMBIMH
HOPMAaJIbHO paclpele/]CHHBIMH OIIHOKAMH ¢ MaTeMaTHYECKHM OXKH-
nanueM 0 u gucnepcueil D?(e;) = cy (c-— U3BeCTHas MOCTOSIHHAs).
Tenepr npeAmoJioXuM, UYTO HAOJIOLEHUS] HAeaJbHO COIJIACYIOTCSH
C JUHUHEH perpeccuu, T. e. Y; = aoX; AJA HEKOTOPOTro Qg H

n

,5;1 (Y; — agxf)2 =0,
Torna onenkoifi mapameTpa @ IO MeETOAYy HauMeHbIIHX KBajapaToB
OyAer ap, HO, KaK HH NMapaioKCaJbHO, OHAa He SBJSETCH <JYUlllen
OIlCHKOH (B CMBICJIE MaKCUMaJbHOrO HpaBAOIONO6HS, OMpeaeieHHe
CM. B nmapajoxce 8).

8) ObwvacHexue napadokcos

(1) Meroay HauMEHbUIMX KBaJApaToB, HECOMHEHHO, OTBeYaeT
nepBasi CyMMa, OJHaKO I0Je3HO pa3obpaThCsl He TOJNLKO B OYKBe,
HO U B AyXe¢ METOJa HAUMCHBIUIIUX KBaJpaToOB, CYTHIO KOTOPOTLO $B-
JIETCS MHHHMH3ALUS CYMMAapHOro BJHSHUSA OIIHOOK. ITa I1edb
MOzKeT OBLITb JOCTUTHYyTa IyTeM MUHHMH3aUUH CYMMBl KBaApaToOB

n g

X (R () —h(f (o5 @, @ -, ),
rae h{(x)— MOHOTOHHO Bo3pactrawmas GyHruus (Hanpumep, i (x) =
= [n x). Xopowmu# BBeIOOp £ «JIHHEAPH3YyeT» 3ahauy, T. €. JeJaer
Beipaxenue aasa A(f(xy; ai, as, ..., @m)) JAUHEHHOH (QYHKUHEH OT
HEH3BECTHHIX IapaMeTpoB a; (B 3TOM cJydyae Jierko HaXOAsATCA
ONTHMaJbHBIE 3HAuyeHUsaA Mg a;). EcAu MBI XOTHM OHpeJe/]uThb
HEH3BECTHLIE MapaMeTphl, CJAeAyd AYXY MeTOla HAaUMEHbIUHX KBaj-
paToB, TO, OUYEBUJHO, Jydllle BHIOpaTh BTOPOH cnocol. OaHAKO
HHOTJla HYXXHO MHHHMHU3UPOBATH BCE K€ HCXOAHYIO CYMMYy, HalpH-
Mep, KOTjla H3BECTHO, UTO pe3yJbTaToOM OIUHOOK ABJAIOTCA (HHAH-
COBBle IOTEpPH, HNPONOPLUHUOHAJBHBEIE 3TOH CYMMeE, XOTS Takadf BO3-
MOKHOCTb COBEpPILIEHHO HeTHHUYHA.

(1i) IlepBas wacTe BOHNpOCAa OUYEHL MpOCTA: CYyMMa KBaJapaToB
MOIKET 0KasaTbCsl MeHblle AJA [;, 4yeM IJs fy, HO €CJH B3ATH YYTh
HoJibIlle 5JeMEHTOB BHIOOPKH, TO CYMMa KBaJipaTOB CTaHOBUTCS
MeHblIe npH BHOOpe f.. MareMaTHueckass CTATHCTHKA CTapaercs
uzberath MOJAOOGHEIX HEeyCTOHUHBBIX cUTyanui. CyllecTByeT HECKOJb-
KO METOJOB MPHHATUA pelIeHHH, KOTOpble NPHMEHHMBI B psle
CAy4YaeB M YKa3HBaIOT BHIOOD C 3aJaHHOH HaJeXKHOCTBbIO, HAlpuMep,
99 % (1. e. eciu pyHKUHA [, OTBepPrHyTa, TO BEpOATHOCTL TOTO, UTO
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MpaBHJAbHBIM sIBJAJCA BHIOOp fi, paBHa 1Y%). B xuure [Iaaxerra
oOcyxKaaercs, HallpuMep, MeTOJl, NO3BOJSAIOIMHN ONpeae]HTh IHpa-
BHJBHYIO CTEleHb pPEerpecCHOHHOTO MHOTrouseHa (B cJyyae He3a-
BUCHMBIX HOPMAaJbHO paclpefeJeHHBX owWuboKk HabO/JI0AeHH ).
K coxaJieHulo, MHOTHe U3 THUNHYHBIX 3ajay MO BHOOPY BUJAa pe-
IpeccHd HEBO3MOXHO peUIuTh JAOJKHBIM o6pasoM. Hampuwmep,
npasusro Bebepa — Dexnepa yTBepKAACT, YTO MeXAY pas3ipaku-
TCJIeM H OLYIIeHHeM CyIlecTByeT JorapudmMuueckass 3aBHCHMOCTD,
B YaCTHOCTH, MexXIAy 00BbeMOM M HWHTEHCHBHOCTHIO 3BYKa HJU
MeXJy YacTOTOH M BHICOTOH 3ByKa. B Hacrtoduiee BpeMs 3to mpa-
BHJIO TEOPETHUYECKH W NpPaKTHYEeCKH pPacCMaTpuBaeTcs JHIOb Kak
nepBoe NpUOJUKEHHE, MOTOMY YTO KaxKeTCHd, 4TO OJH:Ke K HCTHHE
ABJISETCSl CTelleHHas 3aBUCUMOCTb. (B peificTBuTesibHOCTH, Npobiie-
Ma CJOXKHee, IOCKOJbKY OlylieHHe I'DOMKOCTH 3aBHCHT HE TOJIbKO
OT HHTE€HCHBHOCTH, HO M OT YaCTOTHl U CIIEKTpPa 3ByKa, 4 TaKXke OT
POAOJIKUTETBbHOCTH IKCIIEPUMEHTA. )

(i11) OumeHKa @ = a, He MOAXOIUT, TaK KaK TOrja OIEHKa IJf
D?(e;) paBHsasack 6Bl HYJIO, YTO NMPOTHBOPEUHT YCJI0BHIO D?(g;) =
= cy. DBoJsiee onpaBaaHHOH 6yneT OnEeHKa (MaKCHMaJIbHOrO IpaB-

nonogo6ust) [(4/13F 42 — 1)/(2c?)] a,.

2) 3amewanus

(i) OuyeHp THUNHYHOMN, B YaCTHOCTH, B (apMaKOJOTHH H MpH
U3yUeHUU pPHHKa CcObiTa, SBJASETCH JOTUT-NPOOUT aJibTEpHATHRA.
B coorBeTcTBHHM ¢ MeTOAOM HAHMEHBLIHX KBAJAPATOB B JIOTHT-aHa-
JIU3e C JAaHHBIMHU corjacyercss (OyHKUUA

Y = ea;—!—agx/(l _l__ ea1+a2x),

MHHUMH3HUPYIOWAs CYMMY

n

Y; 2
Z(ln —7; al—agxi) :

i=1

[3nece mnpeo6Gpas3oBaHHe, KOTOpOe JIHHEApU3yeT 3ajauy, MaeTcd
¢byukuueit A(x) =In(x/(l—x)).] B npobur-ananuse ¢ JaHHBIMH
coryacyercst (PyHKIHS HOPMAaJIbHOro pacmpefesneHus (Ipu COOTBET-
CTBYyIOIleM BEIOOpe mapaMeTpoB). POpPMHEI KPHBHEIX 3THX JABYX THIIOB
MOTYT OBLITb OYE€HL IIOXOXH, IIO3TOMY He BCerfa Jerko peluThb, Ka-
KyI0 H3 HHMX CJefyeT BHIOpaTh; B 3TOM cJayuae OOJbIIVIO NOMOIIb
MOXKeT 0Ka3aTh TeopeTHuecKoe 0O0CHOBAHUE MOJIEJH.

(ii) C yBesqnueHWeM 4YHCJA MapaMeTpoOB DErpecCHH MBI, OUEeBH-
HO, AOJIYYHM JIyulltee corviacue HabGJIOAEeHHBIX 3HAYEHHH ¢ MOJeJbIO,
ONHAKO IIpH 3TOM BO3pacTyT AUCIEPCUH OILEHOK IlapaMeTpoB, Tak
UTO OIIEHKH CTaHYT MeHee YCTOHUYHWBBIMH H MeHee HaJleXKHBIMH.
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(iii) «Ilapamokc ABYxX perpeccufiy ¢M. B cratbe KaamaHa
(1982). B sto#i cratbhe (BBHILIEAIIEH BCJel] 3a NMUOHepCKHMH pabora-
mu Tuau (1921) u @puuia (1934)) npeanonaraercs, 4to y 006€HX
BeJUUYHH ecTh cJayyafnble (afauTHBHBbIE) OWHOKH: X = x L u Y =
=y + (£, § sapasitorcs omubKaMu UaHd «Iymoms). Ilpennonaras,
YTO Y == ax, MOXHO OaTh «6eCIPUCTPACTHYIO» OUEHKY NapaMmerpa a
JUIIL B BHJE OTpe3Ka «; << & << Qp. 3Jech OJHHM H3 KOHUOB OT-
peska SBJsIeTCS KJaaccHueckunii Koa(h@uUUeHT perpeccuu (Koria
HULYT PErpeccHio y Mo x), a APYTHM KOHIOM — OOpaTHLI KO3(pdH-
[IHEHT perpeccHH (Korjga HILYT perpeccuio x mno y). Beibop Jgioboro
H3 KOHIOB OTpe3Ka a; HWJH @, B KauecTBe OLEHKH O3HayaeT, 4YTO
IpearnoJgaraeTcss OTCYTCTBHe IIyMa Y PETPECCHOHHON MEepeMeHHOH.
(TakuM nyTem paspelaercss «IapanoKc ABYX perpeccHi».)
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in the Interface: Economics, Econometrics, Mathematics, Reidel, (Eds. M. Ha-
zewinkel and A. H. G. Rinnooy Kan), 161—196, 1982.
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7. NapaaoKcbl AOCTAaTOYHOCTH

a) Hcropus napadoxca

HoCTaTOUHOCTL ABJSIETCS OJNHUM H3 BaXKHEHUIUX NOHATHH B Ma-
TeMaTHueckoll cratucTuke. Bren ee P. Quwep B 20-e roAbl HaUIETo
Beka. Puiiep BHABHHYJ HAEK O TOM, YTO AJSI CTATHCTHUECKOTO aHa-
JIN3a, Kacaloulerocss HeU3BeCTHLIX [apaMeTpoB, He BCETAa HYXKHO
3HATb BCe 3JeMeHTH BBIOOPKM B OTHAeNdbHOCTH. HlOCTaTOYHO 3HATH
HEKOTOpHIe (DYHKUHUH OT BHIOOPKH, Ha3blBaeMble NOCTATOUHBIMH CTa-
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TucTHKamMu. Hanpumep, B ciyyae OJHOMEPHOrO HOPMAaJbHOrO pac-
npejeteHusi Besi HHGOpManHusa O ero MaTCMaTHUECKOM OXKHAAHHI CO-
JEPXKHUTCS B apu(MeTHUeCKOM cpeldHeM X 3JIeMEHTOB BbIOOPKH

X, Xg, ..., Xu. ITO cjaelyeT H3 TOrO (Pakra, yTo paclnpeneaeHus
cayuyaidHoro sektopa (X, — X, Xo— X, ..., X,— X) He 3aBICHT OT
HCU3BECTHOIO MAaTeMAaTHUYECKOrO OXKHAAHHS,, H I[O3TOMY H3 3HaHHA
cayuadinpix Beauwund X;— X, Xo— X, ..., X,— X MB He MOJIyYHUM

O MaTeMaTHYecKOM OXKHIAHMUH HHKAKOH JONOJHHTEJbHOH HHpOpMa-
uHH. MaTteMaTHyeckoe onpelejeHHe AOCTATOYHOCTH COCTOHT B CJIC-
ayiomeM. Oyukuun T = T (X, Xo, ..., Xa), T2 = T2(Xi, Xy,

o Xn)y oo.y, Te=T(X;, Xo, ..., Xn) Ha3HBawTCst AOCTATOUHOH
CTATHCTHKOH AJs1 mapaMerpa 0 pacupefeseHus, obuero mJjasi BCeX
CAyualHBIX BeJHUHH X,, €eClH COBMECTHOC pacnpejeseHde BeJHYHH
Xi, Xo, ..., X, npu duxcupoBaunbx Iy, Te, ..., Ty He 3aBUCHT OT
0. Bo3Bspalnasich K NpelAbAylIeMYy NIpHMeEpPY, [10JgydaeM, 4YTO COBMECT-
Hasl YCJAOBHAsS IIJIOTHOCTb HE3aBUCHMBIX  C/AYYaHHBIX BeJIHUYWH
Xy, Xo, ..., X, upu X =X paBHa

1 - 12 i (xi--i:)2
Wam o vm < 0T ’
It Oy n

(roe oo 0003HauaeT CTAHAAPTHOE OTKJIOHEHHE BeJHYHMHH X;), H 3Ta
JIOTHOCTE He 3aBHCUT OT 0.

6) Ilapadoxkc

B 1934 r. ®uumep ykasaJ Ha CJAeAYIOWHH napajokc. OH H3yyal
JBYMEpHOE HOpMaJibHOE paclipellesieHHe, KOOPAHHATH KOTOPOIro Obl-
JU (AJs OPOCTOTHl) HE3aBUCHMBIMH CJYYaHHBIMHM BeJHUHHAMH C
eAUHUYHOH auciiepcued. HenzsecTHRIMU OBJIH JIHIIL UX MaTeMaTHye-
ckue oxkupanusi. Apudpmeruueckoe cpefee X = (X, Xg) JAByMepHOH
BHIOODKH SIBJAs€TCS JAOCTATOYHOHM CTATHCTHKOH [AJA HEH3BECTHOH
napbl MaTeMaTHUYeCKUX OXHAaHHUH. [IpeldnoJioxKuMm, YTO H3BECTHO
pACCTOsIHHEe MexKAy MaTeMaTHUeCKHMM OXKHJaHHeM (paccMaTpHBae-
MBIM KakK BEKTOp) W HayaJoM KOOpPJAHHAT, T. ¢. IIYCTb, HaNpuMep,

\/8?+8§ paBio 3. Torma (0;, 62) = 3(cos0, sinf) rae 6 —
€AHHCTBEHHBIH HEU3BECTHBIH mapaMerp. ETO MOXKHO OUEHHTb BeEJIH-
quHOH O = arctg (Xz/X,). DTa OleHKa HecMelCHHAf: E(@) =0, H
ec jaucrepcus paBHa E (6 —0)2=0.12. Jlerko J0Ka3aTb, uTO pac-
IpeicIIeHte BeJUEHNE r=A/ X} - X3 He 3aBUCHT OT 0 (IIOCKOJIBKY
pacnpeleseHe BekTopa (X, Xi) chepHueCKHM CHMMETPHUHO OTHO-
CUTEJIbHO TOYKH (B4, O3)), cjaeaoBaTeJbHO, e€cjJu MBI OyjaeM IpHUHU-

MA4Tb BO BHUMAHHE 7, TO B CHJAY JOCTATOYHOCTH HE MOJIYUHM HHKAKOH
nHpopmauun o 8. OOHAKO 3TO COBeplLIeHHO HeBepHO. Maremartuue-

CKoe OXHJaHHe caydaiiHOH BeaHuuusr (B8—0)2 (1. e. 3¢pdeKTHB-
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HOCTL OLEHKH) B 3HAUMTEJNbHOH CTenmeHu ompelensiercs r. Hampu-
mMep, E((0—0)2|r=1.5)=0.26, E=(0—06)P|r=3)=0.12 #
E ((8 — 6)*|r =4.5)=10.08.

8) ObvacHerue napadokca

Ilapagoke ®Puumiepa yKaspBaer Ha TO, YTO CJOBa «o00Jajath
Bcell MHpopMauuedi» MOXKHO IOHMUMaTh NO-pasHoMy. IIpu BBHIUHCIE-
HHH 3Q(EKTUBHOCTH BCIOMOraTeJbHbBle CTATHCTHKH (aHAJOTHUHbBIE
r) MOTYT UrpaTh BaXHYIO poJb. K coxXa/JieHHIO, JaJleKO He BCerja
JErKo pEeUIHTb, YTO CJAEAyeT B3ATh B KauecTBe BCIOMOraTeJbHOU
ctatHcTHKH. OueBHJHO He HMeeT CMBICJAa OpaTh B KauecTBe BCIOMO-
raTe/bHOH CTaTHCTHKH BCO BBIGOPKY. Ecan paccmorperb mpobJaeMy
duniepa ¢ TOUKH 3peHHs 6aHeCOBCKOro MOAX0Za U IPEANOJOXKHTH,
yTO cJyualiHas BeJMuuMHA B paBHOMEpHO paclpelesneHa Ha HHTepBaJe
(—m, ), TO

E®—62|X;, Xp)=E(6—07In).
2) Jameuanus

CoBpeMeHHAasi TeOpHsA HAOCTATOYHOCTH pasBuTta B paborax
[1. Xaamowa w JI. Hoc. Casudxa (1949). B stoit obaacTtH Takxe
MOSIBUJICS psiA HHTepecHBIX napaaokcos. Hanpumep, bepkxoamep
(cM. CITHCOK JHUTepaTyphl) MPeAJOXKHUJ HECKOJbKO MPHUMEPOB, MOKa-
3BIBAIOIIHNY, UTO J00aBJIeHHe K JOCTATOUYHBIM CTATHCTHKAM HEMHOIO
JONOJIHUTENbHOH HHGOpMALUH MOXKET HCIOPTHTL AOCTATOYHOCTD.
Takue npuMepsl COBEpPLICHHO NPOTHBOpPEUAT HALUIUM NPEACTaBIeHHIM
O HOCTATOYHOCTH. 3a mocJeiHee AecsiTHAeTHEe OBJIO ONYyOJHKOBAHO
HeCKOJbKO TJIYOOKHX cTaTeH, rie BBOASITCA HEKOTOpHIE «YCJIOBUS pe-
IYJASIPHOCTHY, ofecleyHBawllKe HelapaloKcalbHOe MOBeJeHHe J0-
CTATOUYHBIX CTATHCTHK.

0) Jdureparypa

Burkholder D. L. “Sufficiency in the undominated case”, Annals of Math.
Statist., 32, 1191—1200, (1961).

Burkholder D. L. “On the order structure of the set of sufficient o-fields”,
Annals of Math. Statist., 33, 596—599, (1962).
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8. Mapagokcbl MeTofa MakcMmanbHoro npasponoaobus
a) Hcropus napadoxcos

MeTton MakcUMaJbHOTO NpaBAonoao6us sIBAAETCS OJHHM U3 HaH-
6oJsiee 3h(PeKTHBHHX METOLOB OLEHKH HEU3BECTHHIX mapamerpos. OH
MOJIVUHJI pacnpocTpaHeHde B 20-e roAbl Halero BeEKa 6aarongaps
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paboraM aHMJIMACKOTO cTaTHCTHKa P. Puuepa. U xors y ®Puurepa
OblIN NpeAlleCTBEHHHKH, HMEHHO ero CTaTbhsl, HalkucauHasi B 1912 r.,
Chirpajia pelialuyio poab. [IJs 3HAKOMCTBA C METOJIOM MpeaIloJo-
KHUM 751 NPOCTOTHI, UTO Yy BEPOSITHOCTHOIO pacnpefeeHuss (3aBu-
CSIIIEro OT HEHW3BECTHOro napamMerpa 0) cCyuiecTBYeT MJIOTHOCTb, KO-
TOpylo  00o3HauuM uyepes fo(u). Ecan 3sJeMeHTH BBHGOpKH
X1, Xo, ..., X, He3aBHCHMEBI, TO HX COBMECTHAs [JOTHOCTb 34IHU-

n
IIeTCcst B BHIE er (u;). [lycte uncna xy, x3, ..., %,— Ha-

OMI0IeHHbBIC 3HAUYeHHUsT BHIGOPKH. Toraa O SIBJASIOTCS OLEHKOH MAaKCH-
MaJbHOrO HpaBAONOAOOUst mapamerTpa 6, ecin § MakcuMusupyer

n
apoussesenue ][ fo(x;,) kak dyHkuH or 6 (mpexmoJiaraem, uTo
i=1

MaKCHMYM CYLICCTBYeT H E€IHHCTBEH). B cuyuae nuCKpeTHHIX cay-
HaHHBIX BeJHUYHH. X; MaKCHMH3HDYeM COBMECTHYIO BEPOSITHOCTD
Po(Xy=1x1, Xo=1xo, ..., X,=1x,). Ecaiu MH o1eHuBaeM 0 no me-
TOAY MAaKCHMAaJbHOrO NpaBXONOAOOHS, TO BEPOSTHOCTb (MJAH IJOT-
HOCTh BEPOATHOCTH) TOrO, UTO OVAYT HabBII0AAaTbCsl 3HAUECHUS
X1, X2, ..., Xn, CTAHOBHTCA MakcumaJabHOH. OleHKa MakCHUMaJbHOLO
npasionogobust objaafaer psAOM XOPOMIHX CBOHCTB, H MO3TOMY CO-
OTBETCTBYIOLINH METOJX MOJNYYHJ WIHPOKOe pacnpocrpanenue. Hanpu-

Mep, ecqH O siBjseTcs OIEeHKOH MaKCHMaJbHOrO NpaBAOMOIo6HS 11a-

pamerpa 6, To g(6)— onmeHka MakCHMaJbHOro NpaBAONOAOGHS IS
g(0). MoxHo TakXe XOKasaThb, 4TO NMpPH AOCTATOUHO OBLINX Y CJI0-

BHSIX OHEHKAa MAaKCHMAaJIbHOTO INpaBaonogofus 6 acHMITOTHYECKH
BeleT cebsl KaK HOpMaJsbHO pachpeaefeHHass cayuaiiHast BeJHUNHA CO
CpeiHuM 3HaveHneM O u mucnepcuwedt 1/(nl(8)) (cm. napagoxc 2,

3amMeuaHue (i)), caexoBaTeNbHO, O-— COCTOATEABHASI OllEHKA, U ee

AUCnepcHst acHMNTOTHYECKM MHHHMAaJbHa (T. e. caMa oOIleHKa 0
aCUMOTOTHUECKH 3(deKTHBHA). Bojee Toro, ecim mocraTouHasi cra-
THCTHKA cymecTByeT (cpaBHuTe ¢ «Ilapamokcamu jocraTouHocTHs),

TO METOL MaKCHMaJ/JbHOIO NpaBAONOAO6HS MPUBEAET K (DYHKIHH OT
3TOH JOCTATOYHOH CTATHCTHKH.

6) Iapadokce:

(i) Iyers Xy, Xo, ..., X, — He3aBHCHMBLE C/IYUalHble BeJHYHU-
Hbl, paBHOMEPHO paclpelejeHHble Ha HHTepBaJse (0, 20). Ouenkoi
MaKCHMaJ/bHOrO NpaBronojoOusi HEH3BECTHOro mapaMerpa 0 sBJs-
ercsl BeMuYnHa max (X;/2). HeMHoro uaMenun ee, moJayunm

5 — 2n 4 2
2n + 1

max X,;/2
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. HecMCILEHHYIO OIeHKY st 6 ¢ Jucrmepchedn D2(0) = 1/(4n2).
C mpyro#l CTOPOHBI, AHCICPCHS OLEHKH

51”;":—14 (mln Xi + 2 max X,;)
aCcHMOTOTHUECKH »kBHBaJeHTHa 1/(5n2), caedoBaTC/bHO, 5Ta OLECHKA
Gosce s¢pdexTHBHA, ueM OlleHKa MaKCHMaJbHOIO npasAonofooud,
oGsafaionias HauOoJbLIel acCHMITOTHYECKOH 3(P(EKTHBHOCTIO.

(ii) MoKHO TPHBECTH OU€Hb MPOCTOH NpHUMep, I10Ka3biBAOLIN,
YTO OLEHKA MAaKCHMaJbHOrO NPaBRONOA00Hs He BCeria COCTOATC/b-
Ha. [Iyctb A — MHOXKECTBO pallHOHAJbHBIX UYHCET MEXKLY O0ul, a
B — cueTHOe MHOMKECTBO HppaLHOHaJbHHX uucen mexay 0 u I
[TpeAnoJoXKuM, UTO 3HAYEHHSIMH HE3aBHCHMBIX 3JICMCHTOB BEIOOPKH
X, Xo, ..., X, ssastorcst Toabko O u 1, npHYeM 3HauYcHHE 1 npu-
HHMAaeTcsl ¢ BEPOSITHOCTBIO 0, ecian O — 3JEMEHT MHOKECTBA A, uc
BepOsATHOCTBbI0 1 — 0, ecau O — saeMent B. Torjpa omeHKa MaKCHU-
MaJbHOIO NMPaBAonofobusn Ajs O HecoCToATe/bHA, (XOTS HECKOJIBKO
Gosice CJOKHAS COCTOSTEIbHAS OlLEHKa sl 0 BCe JKC CyLIeCTBYET.)

8) ObvacHerue napadokcos

(i) Cratucrukn &= min X; u n=maxX; B COBOKYNHOCTH CO-
nepKat BCIo uHpOpMaUHIO O mapamerpe B; TouHee, NpH 3alAaHHbBIX
£ m 1 COBMeCTHAs IJIOTHOCTbH BEPOATHOCTH BEJMUYHH X, Xo, ..., Xp
He 3aBucHuT oT O (T. e. £ 1 1} B COBOKYNHOCTH 00pa3yloT A0CTATOUYHYIO
ctatucTuKy). TakuM o6pa3oM, eCTECTBEHHO CUMTaTh, UTO KaK OUCHKA
MAaKCUMaJIbHOIO NpaBaonofobust, Tak H OIEHKa, KOTOpas OKasafach
Jyulle, 3aBUCAT JAHIIb OT § H 1. [10CKO/IbKY OlleHKa MaKCHMAaJbHOTO
MpaBAoNOA00HsT 3aBHCHT TOJBKO OT CTATHCTHKH 1), KOTOpdA HE 515~
NSCTCS  1OCTaTOuHof (OHa He cofep:KuT Belo nudopmanuio o 9),
coBceM HeyJAHMBHTEJNLHO, 4TO oOHapyKujach Jjyqlllas OICHKA. ITO
He MPOTHBOPEUUT aCHMNTOTHUYECKON 3(P@EKTHBHOCTH OLEHOK MaKCH-
MaJbHOTO [IpaBAonoao6usl, Tak Kak B caydae paBHOMEPHOIO pacipe-
nesleHus «obluie ye/JI0BHS», obecrneunBawoline 3(p(PeKTHBHOCTD, HE

BBINOJIHEHH!.
(ii) O6mbsicHeHHe AOCTATOYHO INPOCTO: OHEHKOH MAaKCHMAJBHOTO

n
npaBaonoA06us HJsl O ABJASETCS OTHOCHTEJIbHAas 4acTora > X;/n,
i=1

KoTopasi crpeMuTes K 1—0 Aad uppalnoHa bHbIX 0.

Xorst 3Ta 3ajaua B KaKOM-TO CMEIC/IE MATOJOrHvcckas, ee Io
kpafinell Mepe Jerko nmoHaTb. (B cratee [. bacy naxa COCTOATC]Ib-
nasi ornenka s 0.) CyluecTBYIOT Apyrue OpHMepbhl HECOCTOATENb-
HBEIX OILCHOK MAKCHMAaJbHOIo mpaBAonOfo0HS, KOTOPpBIC MeHee HCKYC-
CTBCHHBI, HO GoJec CJOXKHB (CpaBHHTE CO CTaTbsIMH fedmard —

Crorra, Kupepa — Boagosuya u Ppeerocona).
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2) Jameqanus

(1) B cratHcruueckoil quTepaType MOXKHO OOHAPYKIiTh 0OJbLIOE
4MCJI0 OLEHOK «MaKCHMaJbHOTIO MPaBAONOZOOH:A», LPH [IOCTPOEHHH
KOTOpbIX OBIJIM HaHAEHBl He TOUKH MakcHMyMa (a JHIIb CelJOBble
TOUKH) HJIH XK€ paccMaTpHBaJCsd TOJbKO OJHH JIOKAJbHBIH MAaKCH-
MyMm V. XoTsa yacToe NOSABJACHHE TAKHX NPUMEPOB AOCTATOYHO JI06O-
BITHO, HX HeJb3sl CUHTATh NapajoKCaMH, a JHIb <YIYLUIEHHSIMEY,
Adxe eclu OHH OnyOJHKOBAaHH B IEPBOK/JIACCHBIX KypHaJax B
CTATbAX JIYYLWIHX MaTeMaTHKOB.

(ii) IIpumepnl o, XoOxceca w APYrux mocTaBHJAH BOIPOC O Ia-
pajokce cynepad@ekTHBHOCTH. 34ech MBI JHLIb YKaMKeM JHCCepTa-
nuo Jle Kama u crateio I'. Yeprosa. (Ouenka mnapamerpa 0 sB-
JAeTCsl cynepa(eKTHBHOH, €CJM ee paclpejiesieHde aCHMIITOTHUYE-
CKH HOpMAaJbHO CO CPEAHHM 3HAuYeHHeM O U JQucriepcuel, KoTopas He
[IPEBOCXOAUT aCHMITOTHYECKH MHHHMAaJbHYIO gucnepcuto 1/(nl(0)),
i CTPpOro MeHblle ee IO KpauHed Mepe AJA OJHOro 3HaueHus 0.)

(iif) B kuure IIuTMeHa, yKa3aHHO! HHIKe, MOXKHO IAlTH NpuHMeD,
KOria OLCHKH MaKCHMaJbHOro IpaBAonoxo0us AJs NapaMeTpoB
CABHI'a M MaciuTada He CYLIEeCTBYIOT. A HMeHHO, eCJH IJIOTHOCTb Be-
POATHOCTH | obJiafiaeT caedylOHIUM CBOHCTBOM: |x|!t¢f(x) — oo mpn
X—>oo (WIH —o0) A8 Bcex e>0 (HanpuMmep, [(x) =

=c¢/(xlog?x)), fv(x)—_—.-(l;f(x;”), TO AJs v = (U, G) OIlelKH

MaKCHMaJIbHOI0 NpaBAonojfo0Hs He CyHIECTBYET.
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1y OauuM M3 DpocTeHIMX H Haubojee BaXKHBIX NPHMEpPOB, KOrja JIOKaJdbHbIH
MaKCHMYM He €AMHCTBEH, fBJSeTcA CJAydal HOPMaJbIOro pacrupejesedHHss ¢ He-

H3BECTHLIM MaTeMaTHUeCKHM OXuJAaHHeM O W Jaucnepcuedi, npomoplLHoHaJdbHON 02
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9. MNMapanoKc MHTEpPBalbHbIX OLLEHOK

a) Hcropus napadokca

Teopus HHTEPBAJBHOTO OlleHHWBaHUs Oblja pa3paboTana B OCHOB-
qom I'. @uwepom u E. Hedmanom wmexpny 1925 u 1935 rr. [Josepu-
reabHolil unTepsas HeliMana COLepXKHT HeH3BeCTHBIH mapamerp O ¢

3ajlaHHOM BepoaTHOCTbIO a. Ilyeth Xi, X, ..., X, 0603HAuaIT IO-
CJEe0BATE/IBHOCTL 3JIeMEHTOB BHIOOPKH, H TNPEAHOJOXKHM, 4TO A =
= A(Xy, Xo, ..., Xu, @) u B=B(X,, Xy, ...,Xs, &) TAKOBH, UTO

P(A <0 < B) =a. Toraa (A, B) HasbBaeTcs o-A0BEPHTEIbHBIM
neTepBagoM jas 0. Ecam 0 o6o3Hauaer HEH3BECTHOE MareMaTHUe-
CKOe OXKHJaHWe HOPMaJbHOTO pachnpejesNeHds CO CTaHAApTHBIM OT-

KJOHeHHeM o, TO P (5( — 20/*\/;’1— << X+ 20'//\/5) =~ (.90, T. e.

(X — 20/A/n, X+ 96/4/ n ) sasasiercst 95 Y AOBEPUTENbHBIM HHTED-
gajoM Auad 0. [Ipu Apyrom noixoje K WHTePBAJbHOMY OLEHHBAHHUIO
c/AyuafiHEIM HapaMeTpOM CUHTaeTcsl He BbIOODKA, 4 HEH3BECTHBIH Ma-
pamerp 0. B stom cayuae unrepBaj (A, B) He 3aBHCHT OT cJaydas,
n paBeHcTBo P (A << 8 < B) = o IpOCTO O3HAuaeT, 4To O Momajaer
B untepsasi (A, B) c BepositHocTbio . Hampumep, ecin 8 obosna-
yaeT HEU3BECTHOE MaTeMaTHUEeCKOe OXHUJaHHe HOPMAaJIbHOTO pacipe-
HeJIeHUst, TO U3-3a CJydaiHbIX OLIHOOK U3MepeHHuH O He oIlpenessieTcs
MOJIHOCTbIO BbLIGOPOUHBIM cpedHuMM X. Taxkoil mapameTp f MOXKHO
paccMaTpUBaTh Kak HOPMAJbHO PaCIpelesCHHYIO CJAy4yalHYIO BeJIU-
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dHHY € MaTeMAaTHYCCKHM OXHAanueM X 1l CTAHAAPTHHLIM OTK.JIOHe-
HHeM  o/4/n. CaegoBaTeanbno,

P(X —26/4/n <8 <X+25/4/7) ~0.95

Takoil BHJ HHTEPBAJbHBIX OLCHOK, HAa3blBAEMBIX pudyyuaroroimu
UnTepeasamu, BBea Puuiep. B cayyae HOpMaTbHOTO pacnpeme.ic-
ARs, Kak MBI BHAMM, AOBEPHTC]bHBIC M (HAYLHAJbHBIE HHTEDBAJH
POpMaNbHO COBNAAAIOT; PA3JIHIACTCS JHILD HX «@uaocodusi». B Te-
HCHHC HEKOTOPOro BpEMEHH CUMTAJH, YTO 3TH ABA BHAA HHTEPBAJIOB
HPARTHYCCKH COBNANAIOT, M CHOPBl O PA3JHUYHH MEXAY AOBEPHTEID-
HBIMH M (DPUAYLHAJbHBIME HHTEPBAJAMHU SBJASIOTCH UHOTO TeopeTuye-
CKHMH. (Buavase Hefiman noamepxusas puAyuHAJbHYIO TeopHIO
Pumepa raasHbBM 06pasoM MOTOMY, YTO Quillepy TakxKe He YAaJ0ChH
HCIIO/ML30BATh TeopeMy baieca.) OaHako Bekope OOHApPYXKHJHCD
[1apaOKCHI, UMEIONHe HPAKTHYECKOe 3HaueHHE. Pas3Hble I0IXO0IbI
Puirepa n HefiMana npusesu n K pasinyubim pe3yabraraMm B IIpak-
THICCKHX NpHMeHeHusxX. B 1959 r. K. Credn ykasan Ha upessbiuaii-
HO napajgokcaJbHpid cayuall. st npocToTw oH paccMoTpes poBe-
PHTEIbHBIE H (HAYLHAJbHbBle HHTEPBAJbl, B KOTOPHX B =— oo HJIH

A= —oc0 moromy, uto TakHe HHTEPBAJB ONpedesasloTcs] OJHHM
3HaY€HHEM (BTODBHIM KOHLOM HHTepBaJa).

6) Ilapadoxc

[Tycts Xy, Xo, ..., Xi cyTh He3aBHCHMDIE HOpMaJIbHO pacupeje-
JCHHBIC CJy4YaHHBEle BeJHUMHBL C eMHHHUYHON aucnepcuein (& = 2).
O603Hayum yepes 0y, 0o, ..., O, HUX HEH3BECTHRIC MaTeMaTHYeCKHe
OxuAanns. Ilycrs Bektop 0= (0, 0, ..., 0r) Haxomurcs Ha pac-

CTOSAHHU l@lz\/@f—l—ﬂ%—l— ... 406 or navaua Koopaunat. Cteiin
Adkasas, dTo JOBEpUTNbHBIH U (GUAYLHAJLHLIN HHTEpPBaAB I
10| Moryr cuapmo pasmuuathest, uto M mokasamo B CJAeNYIOUeM Ma-
pajokce. bynem ouennsarh Kaxigoe 0, cpeiHAM 3HaueHHeM X; B
Gopku o6bema n. IlycTh paccTostHHe MeXAY Haua/IoM KOODAHHAT H

BCKTOPOM BHIOODOUHBIX cpefHux (X, X, ..., X&) paBHO X| =

='\/X?—|—Xg—|— ... + Xi. Toraa P(]X| > 168]) > 0.5, xorna X —
CJIyyaHHasl BeJHUHHA (CTPOHTCS AOBEPHTECJLHBIA HHTEPBAJ) M Ka-
KOBO OBl HH GBLIO 3HAUEHHe HEH3BECTHOLO napamerpa 6. C apyroi
CTOPOHBI, eCJu O -— cayyafiHast BeJIHUHHS (cTpoutess buayLHANBHBI
HHTEpBaT), T0 P(|0|>|X|)> 0.5 a1 11060r0 3HAYCHS BBIOOPOY-
HOTO cpepnero X. MHbIMH CJIOBaMH, BepOSITHOCTD TOTO, UTO HOBEPH-
TCJIbHBIH HHTEPBas (—oo, |X|) CONEPKHT HEH3BECTHOE 3HAYEHME
|8|, Gosbmre 50 %: B TO Ke BPEMs C BEpPOSATHOCTBIO, GOJIbIICH
50 %, cayualinast BeJMuHHZ 16| monagpaer Ha (bunyuuaneuei) un-
TepBaa (|X|, 4oo). Tarum 06pasoM, ¢ TOUKH 3peHHs! TEOPHH J10-
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BepHTEJbHBIX HHTEPBAJOB BBIFOJHEE CTaBHTb HA HEPaBECHCTBO
| X| > |68|, a npn duAyuHaJbHOM MNOAXOJE CHTyalHsi Mp5SMO MpO-
THBOIIOJIOKHASI.

8) Ob6®BacHerue napadoxca

HeBo3MOXKHO OKAa34Th Bce MPOTHBOpPEUHSA MEXAY QHAYLHAb-
HbIM TIOAXOAOM H TeOpHel [JOBEpPHTEJIbHBIX HHTEPBAJIOB, BO3HHMKAIO-
He B cBsA3M ¢ 3agauedl CrTefiHa. 3Jech MBI OTpAaHHUYHUMCH H3J0XKe-
HHeM pellleHusi, KoTopoe npeldoxua cam Crein. Ecan Quaynuadb-
HBIi MOAXOJ NpHMeHseTCsi He K 3JeMeHTaM BbIOOPKH, 3aJlaHHBIM
CBOHMH KOOpJAHHAaTaMH, a (B CHJY C(epHUYeCKOH CHMMETPHH HOD-
MaJbHOTO pacnpeieseHHs) K cyMmam KBaApaToB KOOpAWHAT, TO
duayuHa bHble HHTEPBaJbl COBIAAAIOT ¢ JAOBEPHTE/JIbHBIMH HHTEPBA-
Jamu (cMm. cratbio Cteiina). CuenoBaTelbHO, BBIrOAHEE CTABHTL Ha
10, uT0 «|X| Gosblie, ueM |8]».

2) Jameuanus

(i) TToctpouMm WHTepBaJbHYIO OUEHKY JJis HEH3BECTHOTO Marte-
MATHYECKOIro OXKHJAaHHS O HOPMAJBHOIO paclipefieJeHus C H3BECTHHIM
CTAHAADTHBIM OKJOHEHHEM ¢, HCIOJIb3ys alpHOpHYI0 HHPOpMAaIHIO
O TOM, UYTO BeJHYHHa O HOpMaJILHO pacrnpefeneHa ¢ MareMaTHye-
CKHM OXHJaHHeM | H CTAaHAAPTHHIM OTKJOHEHHEM § (BeJH-
gHHBI | H § H3BeCTHH). Ecaun X — cpellHee 3HauYeHHe BHIGOPKH 00B-
eMa n, To 10 TeopeMe baieca anocrepuoproe pacnpejelsenne BesH-
YHHBl O TakXe HOPMaJbHO ¢ MaTeMaTHUeCKUM oOXuJjaHueM 0% =
= un -+ C(X— ) U cTaHZapTHHIM OTKJOHeHHeM D), rae

__ nfo? 0 1
C= 1/s? 4 n/g? B D= 1/s?2 + nfc? '
CanepoBarteqapHo, (0* — 2D, 0* 4+ 2D) ectb 95 Y% uHTEpBasNbHAfA
olleHKa a9 0, Tak kak P(8*— 2D < 0 << 6* -}- 2D) ~ 0.95. OtcyT-
CTBHe anpuopHOH HHbOpPMAUHM O3HauyaeT, 4yTo s =oo0, T. e. C==1.
Takum o6pasoMm, 0* =X u D?=0?/n, a 370 u ecTb QUAYUHAIbHDBIH
nutepBaJg. CJjeloBaTesbHO, B CJlyyae MHOIMOMEPHOIrO HOPMAaJbHOIO
pacnpenenenus 6afleCOBCKHA NOAXOJA NPHBOAHT K TOMY Xe CaMOMY
napajaokcy, uto ¥ ¢puaAynHanbHuii noaxold. HIpyroil mapamokc nopoo-
HOro THIma (OH HCXOAHUT OT MOCKOBCKOH CTATHCTHYECKOH IIKOJIBI)
3aKJyaeTcs] B caeAyiomieM. MailinHa COCTOHUT H3 m JeraJteH, co-
eIHMHEHHBIX INochaenoBarenbHo. [losaTomy, ecau -1 neraJjb HCIpaBHA

¢ BeposatHOcThIO p; (i=1, 2, ..., m), TO MalllHHa HCIIpaBHa C Be-
POATHOCTBIO P == p;-P2-...°Pm. BO3bMeM Tenepb BBIOOPKY H3 Ny,
no, ..., Nm 3JEMEHTOB, H TMNPEANOJOKHM, UTO BC€ 3JEMEHTHhl HC-

npaBHo paborawT. Mcnoabsys sty uHpOpMalUH, HANO HAHTH HH-
TepBaJbHYI0 OlleHKY B BuJe P(p > p*) = a. Kaxk 370 HH cTpaHHO,
HO JOBEpHTEJbHBI HHTEpBAJ (T. €. BenuuuHa p*) He 3aBHCHT OT M,
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a4 3aBUCHUT JHULIb OT min #M;==~H"y U COOTBETCTBYIOLIEH BEePOATHO-
l<im

CTH po. B To ke camoe Bpems B paMirax 0aleCOBCKOTO IMOAX0Ja

HHTepBaJibHAas OUeHKAa AJd p 3aBHCHT OT M.

(ii) Dumep (1890—1962 rr.) Hauana 3aHUMATbCS HHTEPBAJib-
HbBIMH OlléHKaMy HeMHOro panblle, ueM Hei#iman (1894—1981 rr.).
Ouwep naxe obBuHua HelimaHa, KoTopbi#l TOraa pa6oran B I1oJb-
e, B npucBauBaHHH H 00OOUICHHHM CBOUX HAeH. B 310 Bpemsa vy
Quiepa yxKe OBbUIM JUYHBIE H NpodecCHOHAJNbHblEe KOHMJIHKTHL C
APYTUMH BBIAAOINUMHUCA cTaTHCTHKaMi. OH HeHasupea K. [lupcona
(1857—1936 rr.) m nosroMmy He nyOJuukosaJdcs nociae 1920 r. B
KypHaJe «bHOMeTpUKa» (BeAyLIeM I[epUONAHUYECKOM KYpHaJe [0
CTATHCTHKE, CPCAM OCHOBATeJeH U peLakTOpPOB KoToporo Owwt ITup-
coH). @Duuiep nepeHec CBOW AHTUIIATHIO, XOTSd M B OCJaabJIeHHOM
Buae, Ha 2. [Tupcona (1895—1980 rr.), coHa K. ITupcona, u ero
apyra E. He#imana. [To3aHee HefiMaH craj OAHMM U3 BeAYLIHX CTa-
tuctukoB B CIIA, n ux JHYHBEIH COp Nepepoc B CIOD aHIJO-aMepu-
KaHCKUA. Dulllepy HHUKOrJa He HpaBuJach Haes CBEAEHHS CTATHCTH-
YECKHX BBIBOJOB K HPHHATHIO peIIeHUH ¢ [noMoublo GYyHKIHUHA
norepb. (IJTO0 «aMepHKaHCKOe» HalpaBJeHHe B CTATHCTHKe OBLIO
paspaboraHo BeHrpom Abpaxamom Baaredom Ha OCHOBe TCOPHH HID
Hxkona ¢on HeliMana.) I'maBHOe mpoTHBOpeuHe BHIPAXKAJJIOCH B Clle-
aywomeM: B AMepuke (B COOTBETCTBHM ¢ Iparmatusmom [lupca) He
BaXXHO, O YeM BH JAyMaeTe, a BaxHO, uTO BH JAenaere. B AHrjuu
XKe — Haobopor. XoTa paccyxieHuss Duillepa U He OBUIH Bcerjaa
yOeAUTCAbLHBIMH, OH SIBASIETCSI OAHHM H3 KPYHNHEHIIHX (ecJadu He
KPYNHEHIINM) CTAaTHCTHKOB, Korja-nubo xusmux. [losToMy crpan-
HO, YTO OH He CTaJ NpodeccopoM CTATHUCTHKU. B AEeHCTBHTENLHOCTH,
B 1943 r. on-taku cran npodeccopom KeMOPUAKCKOrO YHUBEpPCH-
TeTa, HO Mo reHeruke. Mexay 1952 u 1954 r. oH Tak)ke OblJI Npe3H-
aenrtoM KoposeBckoro ofiecTna.

(iii) Ham HyXHO oueHuTb mnapamerp casura € no BbOOpKe
X1, Xo, ..., X,, 2J€MeHTH KOTOPOH HMEIOT MNOKa3aTeJbHYIO IJIOT-
HOCTb BeposATHOCTH €% (ecaim x>0 u 0 B NPOTHBHOM cJayuae).

O1ieHka
A 1
b=— > (X;— 1)

=1

ABJIE€TCS HECMEIleHHOH, W ee MJOTHOCTh BEPOSATHOCTH HPOMOPIIHO-
HaJdbHA (x — 0 4 1)1 e=n(*=8+D) nng x > 0 — 1. C noMowpbi0 3TOH
[JIOTHOCTH MOXKHO Jierko Haiutu 90 9% JoBepHTENLHHIA HHTEpBaJ
HauMeHblleHd JIHHE. B cayuae, koraa X, =12, X, =14, X; =16,
S5TOT JNOBEDUTEJNbHBIH HHTEpBaJ 3anuilercd B Buae 12 1471 <0 <<
13.8264, C ADYTOH CTOPOHHI, 0, OYEBMAHO, MeEHblle, YeM X} =
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—min X;=12.Taxum obpasom, 90 Y% dosepuresbrblil UKTEPBAA HAU-
Menbuiel OAunbL AexcUuT 8 obaactu, 8 KOTopoil 8 HaxoduTsCcs He Mo-
scer! JIxeifiHec IOLUEPKHYJ (CM. CCBHUIKY HHXKe), UTO AJIA MOCTPOE-
HUs MHTepBaJbHOH OLEHKH CJeldyeT BOCIO/JIb30BATHCA OaHECOBCKHM
nmoaxoaoM. Ec/au ampHoOpHAas NJIOTHOCTL paBHa IOCTOSTHHOH BeJIH4H-

n{o=Xx
He, TO AINOCTepUOpHAsi IVIOTHOCTb BEJNWUMHBL § OyneT ne ( 1),
ecii 8 < X} n 0 B mpotuBHOM cayuae. Taknm o6pa3oM, HHTEp-

Ban X —qg<06<X], Tie g= n—1log(l — P), 3agaer HaHMeHb-

VIO alOCTEDHOPHYIO 30HY, CONEPXKAIYI0 aIlOCTEPHOPHYIO BEPOAT-
HOCTb ¢ BepOsATHOCTbIO P. JIJs1 yKa3aHHOH BHILIE BBIOODKH MOJNYUHM
11.93 << 6 << 12.0. C TOUKM 3peHHUs] TEOpHH AOBEPUTEJbHBIX HHTEP-

BAJIOB MOMHO OBLIO OB CKazaTh, 4To B He sABJseTCA JAOCTATOYHOH
CTATHCTHKOR aJisi 0, a cTaTHCTHKa X} — JocratouyHas. JloBepH-

TeJIbHBII MHTEpBaJ HAUMEHbIIeH JJHHE, IOCTPOEHHBIH IO JIOCTa-
TOUHOH CTATHUCTHKE, COBnajgaer ¢ 6alecOBCKHM HHTEpPBAJIOM, YKa3aH-
HuM Bhile. Ho maxe ecan Mb paboraeM ¢ X;, MOXKET OKa3aThblsl,

uto 90 % moBepuTeNbHbIH HHTepBaa (— oo, f(X])) JexHAT Ha OT-

pHLATEJbHOH IIONYOCH, a HaM H3BECTHO (anpHopHas uHbOpManHs),
yTO BEJHMYMHA O He MOMXKEeT 6LITh OTpPHIATENLHOM.

0) Jlureparypa

Bartholomew D. J. “A comparison of some Bayesian and frequentist 1n-
ference”, Biometrika, 52, 19—35, (1965).

Birnbaum A. “On the foundation of statistical inference (with discussion)”,
I. Amer. Statist. Assoc., 57, 260—326, (1962).

Box J. E., Fisher R. A. The life of Scientist, Wiley, New York, 1978.

Dempster A. P. “On a paradox concerning inlerence about a covariance
matrix”’, Annals of Math. Statist., 34, 1414—1418, (1963).

Eiron E. “Controversies in the foundations of statistics”, The American
Math. Monthly, 85, 231—246, (1978).

Fischer R. A. “Inverse probabilities”, Proc. Cambridge Phil. Soc., 26, b2s—
535, (1930).

Fisher R. A. Statistical Methods and Scientific Inference, Oliver and Boyd,
London, 1956.

Jaynes E. T. “Confidence intervals vs Bayesian intervals”, In: Foundations
of Probability Theory, Statistical Inference, and Statistical Theories of Sci-
ences, eds. by Harper W. L. and Hooker C. A.; D. Reidel Publishing Co.,
Dordrecht, Holland, 1976.

Jeffreys H. Theory of Probability, Clarendon Press, Oxford, 1967.

Kendall M. G. “R. A. Fischer 1890—1962", Biometrika, 50, 1—16, (1963).

Neyman J. “On the two different aspects of representative method: The
method of stratified sampling and the method of purposive selection”, Estadis-
tica, 17, 587—651, (1999).

Robinson G. K. “Some counterexamples to the theory of confidence inter-
vals”, Biometrika, 62, 155—162, (1975).

Stejn C. “An example of wide discrepancy between fiducial and confidence
intervals”, Annals of Math. Statist., 30, 877—880, (1959).

S{one M. “Strong inconsistency from uniform priors”, J. Amer. Stafist.
Assoc., 71, 114—116, (1976).



10. HHapadoxc nposepku z2unores 113

10. Napagokc npoBepku runotes

a) Hcropus napadokca

Tpyano ckasate uTo-TO ompejeseHHOE O TOM, KOraa npeanpH-
HHMaJIMCh TICPBble IIONBITKH IPOBEPSTh CTATHCTHYECKHE THIIOTE3bI.
b. B. I'nedenko B cBOell KHHre O0TMeYdeT, uTo yueT HaceJIeHHs, IPOo-
BelleHHBIA B aApeBHeM Kurae B 2238 r. 70 H. 3., MOKAa3aJ, YTO A0Js
POMHMBINUXCs  MaJ/JbYMKOB coctaBasaa 50 Y. [dwcon Ap6yrror
(1667—1735 rr.), auranifickuii MaTeMaTHK, Bpay H IHCATENb, GblI
nepeerM, K10 (B 1710 r.) 3aMerus, 4To ruUmoTE3a O PABHOM COOT-
HOLMICHHH POAMBUIMXCS Ma/IbYHKOB H JEBOUEK JOJKHA GBITh OTBEpT-
HyTa, TAK KaK COTJIACHO AeMorpaduueckuM AaHHBIM 3a 82 roga (Jo-
CTYIIHBIM B TO BPeMsl) MaJbUYHKOB KaXKIBH [OA POXKAAJOCH GOJbIIE,
HeM JeBoueK. Ecad Obl BepOSITHOCTb POXKAEHUS MaJbuHKa Oblaa
paBua 1/2, To uror 3a 82 roxa 6nl1 6Bl HACTOJILKO MaJIOBEPOSTEH
(1/2%2), uto ero MoxkHO GBLIO 6B CUHTATH HPAKTHUECKH HEBO3MOIK-
HBIM. MTak, ApGyTHOT GBI MEPBHIM, KTO OTBEpT €CTEeCTBEHHYIO CTa-
TUCTHYECKYIO THIIOTe3y. JTOT (HeMaTeMAaTHYECKHH) NapajoKC 3aHH-
repecoBas Jlanaaca. B 1784 r. ou ¢ ynupjeHueM oO0HapyXuJa, 4YTo
B HECKOJIbKHX pas/HYHBIX PalHOHAX AOAS POOUBLIMXCA MaJbUHKOB
npubnH3HTENBHO paBHsIack 22/43, a B [1apuke 370 OTHOIICHHE GbI-
0 paBHO 25/49. Jlamnac OblJ1 3aHHTPHIOBAH TAKHM Pa3jIHUHEM, HO
BCKOpEe Hallesa Uil Hero pasyMmHoe oGbsicHeHHe: B 0fliee YHCJIO Po-
auBuxcst B Ilapuxe BKIIOUANUCh TakXKe BCe MOAKHABIIIHN, a HAce-
JICHHE U3 NPUrOPOAOB MPEANOYHTAJNO MOAKUIABLIBATL MJALEHIIEB OJ-
Horo noJsia. Korpa Jlansnac HCKJIIOUWA MOAKHALIICH H3 oOulero 4uc-
Jd DOJAUBLINXCS, AO0JISI HOBOPOXKAEHHBIX MaJIbUUKOB CTada GJIHU3KOH
K 22/43.

B 1734 r. ®pannysckass akageMus npHcyanaa Hanuunry Bep-
HYAAU TIPEMHIO 32 HCCJAeN0BaHHe 1O opburaM mnuaaser. C IOMOLIbBIO
HEKOTOPOro KpHTEPHSl MPOBEPKH Tuiote3 Bepuymanau nwetancs moka-
3aTh, YTO CXOXKECTb OPOMT ILTAHET ABJSETCS HAJEKO He CaydyaiHoil.
M3 npaBuna npaBo#l pyKu SICHO, UTO KAKIad OpOHTA COOTBETCTBYET
HEKOTODOH TOUKe Ha eNMHHYHOH cdepe, u Bepuymiu NIPOBEPSA TH-
[IOT€3y O TOM, UTO pacnpejeseHHe 3THX TOYEK Ha eIHHHUHOH chepe
pasHoMepHo. B 1812 r. Jlanaac nccnenosan moxoxyio npobJeMy.
OH nBITaJCs NPHMEHHTH CTATHCTHYECKHE METOMB JJIS pelleHnst BoO-
npoca o0 TOM, Kakyl H3 T'HIOTE3 CJIeAyeT NPHHATh. SBJSIOTCS JH
KOMeThl OObIYHBIMH 3JeMeHTaMu COJIHEUHOH CHCTeMBl WJIH OHH BCEro
JMIIb «HE3BaHble TOCTH». B mociennem cayuae yrim Mexay op6wu-
TaMH KOMET M SK/IHITHKOH OBIJiH Obl PaBHOMEPHO pAaclpefeseHH Ha
HHTepBaJde oT 0 10 m/2, yTo KaK pa3 COBMNAZaeT ¢ MATEMATHUECKOH
3anucplo npeanonoxenusa Jlannmaca. (On o6HADYKHA, YTO KOMETHI
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He SIBASIOTCS OGBIYHBIMH aiaeMentaMu CosHeusol cucteMbl.) (UCHO-
BOTIOJIOKHHUKAMY COBpPEMEHHOH TeOpHH INPOBEPKH CTATHCTHYCCKHX
runores 6bian K. Hupcon, 3. Hupcon, P. Puwep u E. Helinan.
[TpeanooXuM, YTO HY:KHO NPOBEPHUTb THIOTE3Y O TOM, YTO pac-
npejgeseHne HEKOTOPOH CJAyYaHHOH BEJHYHHBl PABHO F. (B npo®-
neme Jlamsaca pacnpenesenue F OblJIO paBHOMEPHBIM Ha HHTEPBAJe
[0, /2].) Hast pelwenus 3TOH MPOOJEMBl  CTENEHH COIVIACHS»
K. Iupcon, X. Kpamep, P. ¢pon Musec, A. H. Koamozopos,
H. B. Cmupros u jppyrue ydeHble, paforaBllue MNO3JHEE, NPEJIO-
JKHAH HECKOJNbKO pA3JHUHBIX KPUTEPHEB, H BO3HHK/IA HEOOXOdH-
MOCTb CPaBHMBATh HX 3(dexrtusnoctd. D, [lupcon H E. Heiiman
clesajii llepBhle IIArd Ha NYTH PELIeHHs TeOPeTHYECKHX 3ajad Io
HAXOK/IEHHIO JYYIIHX METONOB INPHHATHS pelieHuil. Bo-MepBbIX, OHHU
BBEJH IIOHATHC GAbTEPHATUBHOL 2unoTe3el, KoTopas, BooOule ro-
BODPS, HE SIBJSETCS NMOJHBIM OTPHUIAHHEM OCHOBHO#, HYyAes80l euno-
re3el. PaccMOTpHM, HaNpuMep, CAYUYaHHYIO BEIHUHHY, HMEIOIIYIO
HOpMaJblOe paclpefiesieHye C eIHHHYHOH AHCIEpCHell M HEM3BECT-
HBIM MaTeMaTHUecKUM oxkujpauueM. Eciau nysesas eunore3a COCTOUT
B TOM, YTO «MaTeMaTHYecKoe OXKHJAaHWe paBHO —l1», a ajbTepHa-
THBHAS THIOTE3a 3aKJIyaeTcd B TOM, YTO «MaTeMaTHYeCKOEe OXKH-
faHHe paBHO 1%, To 06e rUmnoTesbl, OYEBUIHO, HE OXBATHIBAIOT BCE
Bo3MO¥Hble cayuyan. B 1933 r. Hefiman u [IupcoH mokasasH, UTO
AJs TAKUX IPOCTHIX THIOTe3 (Korja Kak HyJjeBas, TaK H aJjbTep-
HATHBHAS THIOTE3H, ONPEAEAIOTCS 0 OJHOMY Paclpeie/eHnio) cy-
IEeCTBYeT KpUTepHil, Han6oJee MOLMBIHA B CIEAYIOLIEM CMBIC/E. Ilpu
HCIOJb30BAHMH CTATHCTHUECKHX KPHTEPHEB BO3MOXKHBI OLIHOKH IBYX
THUIOB. MOKHO OTBEPrHYTh HYJIEBYIO THIOTE3Y, KOTAa OHA BEPHA, U
JOMYCTHTb TeM CaMHIM owubky I-2o poda (uiu OWHOKY NEPBOTO
tuna). C apyrofi CTOPOHBI, MOXKHO IPHHSATH HYJEBYIO THIIOTE3Y, KOT-
lla OHA HeBepHA, W JONYCTHTb owubky 2-20 poda (HIH olinbKy BTO-
poro THma). MeToj NpHHATHA peueHufl (xpurepui), OCHOBAHHBIH
Ha BHIGOpKe AaHHOro oGbeMa, Ha3bBaeTcsl HanboJiee MOLIHBIM KDH-
TepueM, ecau AJs J000H 3a1aHHON BepoATHOCTH OWHOKH 1-ro poaa
BEPOSTHOCTb OWIMOKM 2-rO poAa MaJja HACTOJbKO, HACKOJBKO 3TO
Bo3MoxkHO. ([Ipn puKcHpOBaHHOM O00beMe BHIOODKH CyMMa BEPOsT-
HocTell omubBOK 0B0OUX THIIOB He MOXKeT OBbITh clejlaHa KakK YroaHO
MaJIol. DTO CBOEro Poja APUHLUN HeonpedeseHHOCTU TIPH MPOBEpKe
rumores.) IIpeArnosoKUM [AJsl NPOCTOTH, 4TO 00a pacnpejelieHHs:d
(B HyJIeBOH H aJIbTEeDHATHBHOH THUIOTE3aX) UMEIOT IIOTHOCTH BEPOsT-
Hoctd. Torna no ocHoBHOH JeMMe Heilimana — IlupcoHa cyliecTByer
Hau6osee MOLIHBIH KpUTepHi caenyiollero suaa. OGosHauHuM yepes
fo # f; miorHocTH BeposiTHocTH BEIGOPKH X = (X1, Xo, ..., Xu) 1pH
YCJIOBHH, YTO BepHA COOTBETCTBEHHO HYyJeBas HJIH albTepHaTHBHAS
runoTe3a. HyJjesas rumoresa NPHHHMAETCs TOUAA M TOJBKO TOTAA,
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KOTrjaa

f1(X)

fo (X)
([lyas  mpocToThl mpepnoJsiaraercs, UTO BEPOSITHOCTb TOTO, UTO
f1(X)/fo(X) = ¢ paBua 0.) Teopus Heiimana u Ilupcona crana oc-
HOBHOHW IIDH NPOBEpPKe TUIIOTE3, He JULICHHOH, OAHAKO, MapajlOoKCoB.
B 1950 r. Fepbept Po66uHc nmokasaJj, 4TO CYHIECTBYET KPHUTEPHH,
KOTOPBIH B HEKOTOPOM CMBICJe sBJsiercss 0oJjiee MOIUIHBIM, YeM HaH-
Oosiee MOWIHBIN KpuTtepuil HeltMana — ITupcona.

6) [lapadokc

IIpeanosoxuM, uro cayuanHas BejqHUHHA X HOPMaJbHO pacrpe-
JeJIeHAa ¢ MaTeMaTuyecKuM oxugaHueM 6 w aucnepcued 1. ITyctb
HyJieBas FHIOTe3a COCTOUT B TOM, uto 68 = -—1, a anpTepHaTHBHASA
runoTesa 3akJwouyaercss B ToM, 4to 8 = 4-1. Ha ocHoBe BHIOOpKH U3
OAHOro 3jieMedTa X HauboJsee MOIUIHBIM KPUTEPHEM [IPOBECPKHU HYJe-
BOU THIOTE3HLI IPOTHB aJbTEPHATHBHOH THIIOTE3bl SABJSIETCS CAEAYIO-
mui: ecan X << 0, To HyJIeBasg HIOTE3a IIPHHHMAETCsl, a aJbTepHa-
TUBHAS OTBepraercs; B IMPOTHMBHOM CJyuae HYJeBasy Turoresa oOT-
BEpraeTcs, a aJbTEPHATHUBHAS IPHHUMAETCA. B 3TOM cayuae BeposT-
HOCTh omuO0K 0O60HX BHAOB cocTaBJjser npubausurenbHo 16 9,
TaK Kak

PX>010=—1)=P(X<0]|0=-+1)=

= —— | e+ 245 = 01587 ... ~ 0.16.
A/ 2
0
Ecin Bocnosnb3ouBaTbesl 3TUM KpurepueM B N HE3aBHCHUMBIX CJY-
gyadax, TO nNpu Gosabwinx N cpeigHee 4uucao OWIMOOUHBLIX pPelleHH# PH-
OausurenabHo paBHo 0.16 N. [lockoJibKy B KaXAoM ciaydyae HCIOJIb-
30BaJicss HauboJsee MOIIHBIM KPUTEPHH, CJAeN0BaJN0 OB 0XKHUAATh, UTO
cpeaHee UHCI0 OLIMOOUYHBIX PEIIeHUH HHKOTJAa He MOXKeT ObITh MEHb-
me, yeMm 0.16/N. Kak HH napanokcanbHo, HO CAeAyIOUHE MeToHd F o0-
OGUHCa NOKa3bIBaeT, YTO 3TO HE TakK.
[Tycte X — apudMeruueckoe cpeaHee HabuawoneHuii X, Xo,

..., Xy. Kputreputi Po60uHCa COCTOUT B CJAEAYIOUIEM:

< ¢, TAe ¢ — COOTBETCTBYIOIAA IMOCTOSHHAA.

ecad X << —1, 10 ;= —1 past Becex i=1, 2, ..., N,
ecau X > -1, to 8;,=-+1 aasa Bcex i=1, 2, ..., N, u, Hako-
Hell,
ecan —1 << X << 41, 70 8; =—1 uau 9; = +1, B 3aBuCHMOCTH
OT TOrO, BHIIIOJHEHO HEPABEHCTBO
ngilﬂ“l—"::{.\:."
2 1 + X

HJAH HeT. 3TOT MeToJ YAMBHTEJEH TE€M, YTO OH 06bejHHSeT He3aBH-
cHMBIe ADYr OT Apyra 3ajzaud. Ecau uctuHHOe oTHolleHue Tex 6,
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AJSL KOTOPHIX 0; = -1, K TeM 0;, A Kotopuix 6; = —1, paBHo O
uian 1, to npu OGoapmux N (Hanpumep, ans N = 100) xpurepuii
Po66uuca paer orBeT co 100 9 HagexHoCThIO; aas oTHoweHHs 0.1
uian 0.9 BeposiTHOCTb OWIHOKH {0BOMX THIIOB) cocTasisger 7 Y% ; AJs
otHomenus: 0.2 uau 0.8 BepPOATHOCTH HEBEPHOrO pelIeHHs paBHAa
11 %; ans orHomwenuss 0.3 uau 0.7 oHa cocrasasger 14 % u pgaxe
A5 otHolweHus 0.4 uiu 0.6 npoueHTt own60k Menbuie 16 Y% ypoBHS
HanOoJiee MOIEHOro kpHTepusi. Merog Po66KHHCA CTAHOBUTCSH MeHee
3(p(peKTUBHBIM, YeM HanOoJiee MOLIHBIE KpPUTEpHH, JHIIb B CJyuae
oTHolLIeHHs1, 6au3koro K 0.5,

8) ObwmscrHeHue napadokca

Ilapanokc Po66uHCa NMOKasHBaeT, YTO Jaxe TOTA4, KOTHAA HYXK-
HO IIDHHATb PCHIEIIHE O NPHEME HJIH OTKa3e OT NPOAYKIIHH, IIOCTY-
nalmoled ¢ pas3iHYHBIX He3aBHCHMO pabotalomux ¢abpHK, obuee
YHCJIO OIIHOOYHBIX peLIeHHH OyJeT B CpelHeM MeHbIIE, eClH MBI He
OymeM IIPHHHMATb PelleHHsT HeE3aBHCHMO OXHO OT Apyroro. ITocKob-
KY 2TO IO CYWIECTBY Ta Ke npobsema, 4To u napagokc Credina o Ho-
IYCTUMBIX OI€HKax JJd MAaTeMaTHUeCKOro OXHIAHHUS, 3[1eCh MEI
JUWIb NPEANIONKHM NOCMOTPETh OOBSICHEHHE B pasA. 2 H ¢yHAaAMEH-
TaJbHYI0 cTaThio Pob6uHca.

2) Sameuarnue

Hpyrue mapajoKchl IIPOBEPKH FHIOTe3 O6yayT O0GCY:KAAThCS B
pasa. 12 u 3.

d) Jlureparypa

Lehmann E. L. Testing Statistical Hypotheses, Wiley, New York, 1959,
(Himeercs nepeBoa: Jleman 3. Ilposepka craTHcTHYecKux runotes. — M.: Hayxa,
1979,

1\]¥eyman J. “Two breakthrough in the theory of statistical decision mak-
ing", Internat. Statist. Rev., 30, 11—27, (1962).

Neyman J.,, Egon S. "Pearson (August 11, 1895 — June 12, 1980)”, Annals
o} Stalist., 9, 1-—2, (1981).

Neyman J., Pearson E. §. “On the problem of the most efficient test of
statistical hypotheses”, Phil. Trans. Roy. Soc., 231, 289—337, (1933).

Robbins H. “Asymptotically subminimax solution of the compound statisti-
cal decision problem”, Proc. 2nd Berkeley Symp. on Math. Statist. and Prob.,
131-—148, Univ. Calif. Press, Berkeley, (1950).

11. MNMapapokec PeHbn M3 Teopum mHpopmaLmm

a) Hcropus napadokca

OnHofl U3 OCHOBHHIX 3aJau TeOpHH HHOMOPMALHH SIBJISIETCH H3-
MepenHe KosuuecTBa HHGpopManuu. OcHOBAaTENH 3TOTO paspenad Ma-
reMatuku (K. [lewnon, H. Buxnep W Apyrue) MOHHMAJH, YTO KOJIH-
4eCcTBO HH(POPMAanHU H3MepsAeTcss YHUCJAOM, He 3aBHCSIIHM OT [ACH-
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CTBHTE/JbHOIO 3HAUEHHMA M BHAA HHoOpMaluu, nogo6HO TOMY, Kak
00BEM TeJsla, KOTOpOEe MOXKET H3MEHSITb CBOIO (POpMYy, OT (POPMBI He
3aBHCHT. LIHHHLEH H3MepeHHsT HHOOPMALHM CJAYKUT HHPOpMa-
[IHOHHOE cOAepIKaHHe OTBeTd «Ja» HJIH «HeT». B ABOHUHOM KOZE 3Ty
HHOOpPMALHIO MOXKHO 3anucarh OAHOH uu@poi (Hanpumep, 1 aJjs
«Aa», 0 pJjst «Her»), xoropasi HasbiBaercss 6urom (bit — cokpame-
Hue oT binary digit). Takoe cokpanienne ocobeHHo yaI00HO, TAK KaK
CJ10BO «bit» o3Hauaer «kycouek». Cojep:kaHue HHOOPMAIIHH H3Me-
pACTCS CpeJHHM KOJHYECTBOM JBOHYHBIX KOAOB, HEOOXOAHMEIX AJS
3allucH HHpopMailuu. Ecian cayuafiHas BeJHUMHA MOXKET IPUHHMATh
TONbKO KOHEYHOEe HJIH CYETHOE YHUCJIO 3HAYEHUH ¢ MOJNOKUTEJbHBIMH
BEPOATHOCTAMH py, P2, ..., TO COTJacHO gopmyre lllennona ee Ko-
JHYECTBO HH(POPMALUH PABHO

H=H(p, py )= 2 plogp;,

rae log osnavaer gorapudm no ocHoBaHuio 2. Besuuuna H Hasb-
BACTCsI 9HTpoOnuer BEPOSITHOCTHOrO paclpenesieHuss py, Ps, Ps, :
JTO — cpejHsas AJHHA Haubo/Jee 5KOHOMHUYHBLIX KOAOBLHIX KOMOHHA-
ILMH, ¢ IIOMOIIbI0 KOTOPBIX MOXKHO ONHCATh BCE HCXOABI AJs COObI-
THH, [IPOHCXOLSAIIUX C BEPOATHOCTAMH Py, Po, ... . YBeJHUEHHE
HHQOpMaUHH SIBJISETCA APYTHM BaxKHbIM IIOHATHEM TEOPHH HH(pOP-
Manuu. Lcian HaGaofeHHe CJyyadHOH BeJHYHMHH (HJH COGBITHS)
H3MECHACT BCPOATHOCTHOE paclpefeeHde ¢ pi, pz, Ps, ... Ha ¢y,
de2, {3, ... , TO KOJHYECTBO ITOJYUEHHOH HHOOPMAIHH PaBHO

Z,; q; log ‘%‘:

[Tycte Temepn HeusBecTHBI NMapamerp O HEKOTOPOrO BePOSTHOCT-
HOroO pacnpeaeaeHusl sBJAsSeTCd CAyYaHHOU BeJUUHHOH (B COOTBET-
CTBHH ¢ 0aleCcOBCKHM MOAXOJAOM B MaTeMaTHYECKOH CTaTHCTHKE).
51 IpOCTOTHl NpPeAHOJIOKHM, UTO 0 MOXKeT NPHHHMATL JHIb KO-
HEYHOE HJIM CUETHOE YHC/AO 3HAYeHMH ¢ BEPOATHOCTSAMH pi, P,
P3, - Takum oOpasom, sHTpoNHs BeJHUYHHH ( paBHa H (0) =
= H (p1, pa, ps, ...). Jazee, npennoyoxum, 4ro ciyuyaiinas BeOOD-
Ka X = (X, Xo, ..., X;) TakkKe MOXKET COCTOAThb JHIIb H3 KOHEY-
HOT'O HJIM CUETHOrO YHCJA Pa3/MYHBIX 3HAUEHHH C [TOJIOKHUTEJIbHBIMH
BEPOATHOCTAMH ¢1, §3, ¢3, ... . Hakonen, nyctb r;z 0603Hauaer Be-
POSITHOCTb TOTO, 4TO O INPHHUMAET j-& 3HAuCHHe (C BepPOSITHOCTBIO
p;) ¥ B TO Xe BpeMs X NPHHUMACT R-e 3HaueHHE (C BEPOSATHOCTBLIO
gr). Toraa KOJHYECTBO MH(POPMALHH OTHOCHTEJBHO 8, MOJyYeHHOe
B pesyabTarte HabaoaeHust X, paBHO

I(X, 8)=) rjlog —1&.
i, &
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Gyuxuus f(X) =f(X,, Xo, ..., Xn) oT BuOOpKH X Ha3blBaeTca I0-
cratounoil, ecau [(f(X), 0) =1(X, 0), 1. e. ecau [(X) comepKurt
crosabko Ke uHbDOpMauuu o O, Kak ucxonHas Boi6opka X. Ecuu
GyHKUHUS [, BooOIe roBopsi, He sBJAAETCS JOCTATOUHOH, TO OTHOMIE-
e /(f(X), 0)//(X, 6) nokaswiBaer, BO CKOJIbLKO pPa3 U3MEHIETCS KO-
JUYECTBO HHGpoOpMALHH O O, ecAu BMECTO HOJHOH BBIOOPKH B3AThb
[(X). CBolicTBO, 3aKjaKuyarwuieecs B TOM, YTO [IPH NMPOBEAEHHH BCE
boJibllero uuc/jga HaOJIOAEeHHH MOXKHO B KOHLE KOHLOB MOJYYHTb
BCIO HHpOpMALHIO 0 O, HA sA3bIKE TEOPHH HHPOPMALUH BBIpazxKaeTcs
caeaywouuM obpasoMm. Ecau HabawaeHus X, Xg, ... ABJSAIOTCH He-
3aBHCHUMBIMH OJUHAKOBO pacnpelesyeHHbBIMH CJAYYadHBIMH BeJHYH-
HaMH, paclipejesneHie KOTOPbIX Fg pasjuuHO AJA PasHBIX 3HAYEHHH
napamerpa 0, to lim /{((X{, Xy, ..., Xn), 0) = H(0). Ilapanokc

1n=» 0
A. Pensu, o6cyxgaeMbli HHXKe, BOSHHK H3 IIPUMEHCHHA TEOPHH HH-

GopMaluu AJd IPOBEPKU THIIOTES,

6) Ilapadokc

Habawonas cayuadHyr BeJHUHHY X, KOTOpas CBsi3aHa ¢ cOObl-
tHeM A, MBI X0TeJd OB OTTaAaTh, IPOU30UINIO cobulTHEe A HAM HET,
Ecau cobutue A mpoucxoaur ¢ BeposTHocTblo P(A) = p, TO KOJu-
yeCcTBO HH(pOPMaluH, coaepxkaueecs B A, pasuo fH(p, 1 —p). Ilo-
cjie HaOaI0eHus BeJHUYHHBl X Mepa OCTaBIIEHCH HEONpeaeJeHHOCTH
sanumercs B Bune Hy =E(H(P(A|X), 1 —P(A|X))),rne P(A|X)
O3HAuUaerT YCJOBHYIO BEPOSTHOCTb cOObITHA A oTHOocHTenbHO X. Cue-
J0BaTeJbHO, KOJHYECTBO HHPOpPMAUHH OTHOCHTEJbHO A TNPH yCJO-
BHH, uTO Hab/r0a/aach BeJTHUHHA X, PABHO

[(X, A)=H(p, 1 —p)— Hy.

Ha6awonas X, nmoaoxum d(X) =1, ecau mbl pewmnad, uro A mpo-
usomao, u d(X) =0 B cayyae, eCjau [IPOH3OILIO COOBITHE, TIPOTHBO-
noJioxxkuoe A, T. e. A. BeposATHOCTb HE€BEPHOro pemieHHs (OWIHOKH)
paBHA

5=pP(d(X)=014)+ (1 — p) P(d(X)=1] A).

Jlerko jpokasaTth (Hampumep, ¢ NOMOLIBI (yHAAMEHTAJbHOH JieM-
mbl Heilimana — [Tupcoua, cm. I11/10), uto HHUKaKoe pellleHHe HE MO-
JKeT UMeTb olHOKYy § MeHbIUe, YeM CJeAyIolilee «CTaHAAapTHOE pe-
IIEHHE:

1, ecit P(A|X)> P(A]X),
0, ectu P(A]|X) < P(A|X).

Ecan P(A|X) = P(A|X), to nmonoxuM do(X) =1 ¢ BepoaTHOCTBIO
p u 0 ¢ BepositHocThio 1 — p. Tlapajgoke, BosHHKawmWu 31ech, co-

do (X) =
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CTOUT B caenywoineM. Ilyers Y =dy(X). Toraa undbopmanus orHo-
cutesbHo A, cojepxamascs B Y, onpegenasiercss GopMyJIol

I(Y, A)=H (p, | —p)— Hy,

Ho Y ecrb ¢yuknusa or X, nosromy (Y, A) <<I(X, A). PaBencrro
HMEEeT MeCTO TOrja M TOJbKO Toraa, korpa P(A|X) moxer mpunu-
MaTh TOJABKO JBa pa3JIMUHBIX 3HAUYEHHs, T. €. Boobile rosopsi, X co-
nepxur 06 A undopmanuu Goabire, uem Y. Tem He MeHee, 3Hasg X,
MBI He MOXKeM BbBIODATb PELIEHHEe OTHOCHTEJNbLHO A Jiyulie, yeM ecJaH
Obl MBI 3HaJu Julib Y = do(X). Orcioma caegyer, 4to, XoTsg B X
CoAepKHuTCA, BooOue rosops, O6oaplie HHbopmauun o6 A, yuem B 7Y,
OLHAKO, HCNOJNb30BaTh 3Ty MAONOJHHTEJbHYIO HHDOPMAIHI0 HEeBO3-
MOXKHO.

8) ObwacHeHue napadokca

JlonosHuTeAbHYI0 HHGOPMAIIHI0O MOXKHO HCIOAb30BATh, HABJI0-
pasg Apyrywo caydyaunyio Benuuusy. Ilyers, nanpumep, Z =X 4 U,
rae U —unpukarop cobuitus A. 1o osHayaer, uto U =1, ecau
cobbiTue A npousomro, ¥ 0 B IpoTHBHOM cJaydae. OueBHaHO, Ha-
Ouofasi oaAHOBpeMeHHO X W Z, MBI TIOJAYYUM TOJHYIO HHPOPMAIHIO
OTHOCHTEJNbLHO A, T. e. NONOJHUTeNbHAsT HHMOPMALHA OTHOCHTEJILHO
A, ckpuiTas B X, MOXKeT OBITh HCNOJ/b30BAaHA B PE3y/bLTATE HaGJIO-
JAeHUS BCIIOMOTraTeJbHOH BEeJHUUHH Z.

2) Jamedanus

Teopust ¥HGOpMALUK TECHO CBSI3aHA C PSAOM NPAKTHUCCKHX 3a-
Jay, HallpyMep, C MOHCKOM ONTHMAJBbHBIX cOoCO00B AHCTAHLUHMOHHOH
nepenavyd JaHHBIX HJAH € OCHOBAHUSMH OHOJOrHH (CM. CCHIIKH
HHKE) .
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12. MNMapapokc t-kputepus CrblogeHTa

a) Hcropus napadokca

B knaccuueckod TeopHH MaTeMaTHYECKOH CTATHCTHKH NPEATIO-
jJaraercs, uTO 53JeMeHTH BHIGOpKU (HaOJIOIEHNSI) 3apaHee H3Be-
CTHBl. B ocHOBe OJHOrO M3 BaxKHEHIIUX HalpaB/JeHHH COBPEMECHHOH
CTATUCTHUKH JIEXKHT MOHHUMAaHHe TOTO, YTO HE HYXKHO (PHKCHPOBATH
sapaHee 06beM BHIGOPKH, €ro c/elAyeT ONPeLeJATb B 3aBHCHMOCTH
OT pe3yAbTaTOB OoJiee paHHUX HabmarogeHui. Takum o6pasoM, 06beM
BbIOOPKH CJyuacH. IDTa HJes NOCJAeJ0BATEJIbHOr0 BbIGOpa IOCTe-
MeHHO pasBHBaJjach B paborax I'. [Jodwa n I'. Pomuea (1929 r.),
Il. Maxaaanobuca (1940 r.), I', Xoreaaunea (1941 1.) u ¥. beprku
(1943 r.), HO HACTOSILIMM OCHOBATEJEM TECOPHHM NOCIAEAOBATEJbBHOIO
aHaJH3a B MaTEMATHYECKOH CTaTHCTHKe sBJasercs A. Baasd
(1902—1950 rr.). Ero nocuaenoBaTeJbHBIH KPUTEPUH OTHOILLECHHS
npasponogobus (1943 r.) cras Ba:KHBIM OTKPBITHEM, [IO3BOJIUBIIHM
(B THMHUHBIX cuTyanusax) Ha 50 % yMeHbWHTL cpeaHee YHC/JAO0 Ha-
6aroaeHul (MpH Tex e BEpPOSTHOCTAX OWHOOK). HeyauBHTEJIbHO,
YTO B TOJAB BTOPOH MHUPOBOM BOHHK OTKpbiTHE Banpaa Ovlj10 00b-
BJEHO <«cekpeTHbiM». Ero ocHoBHas kHura «lIlocsnemoBatesibHBIN
anaau3» onybaukosaHa aumb B 1947 r. T'on cnycra Baaba
Howe. Boagosuy poxasanau, 4yTo MeTOABI, OTJAHUHBIE OT MOCJIELOBA-
TEJIBHOTO KPHTEDHSI OTHOUIEHHUS INpaBAOHOLOOUs, HE JalOT TaKOro
YMEHBILIEHH uHcaa vjgeMeHToB BHOOpKH. Ho u B sT0oi obactu 00-
HapyKHUJAHCh NapajoKchl. 3Aech Mbl 06CYIHM NapafoKc, NPpUHaLJe-
xkamuit K. Crediny, x0T 3TOT NapagokC OTHOCUTCHA K JABYXWAroBhlM
KPHUTEPHSM, a HE K NMOCJAeJ0BATEIbHHM.

6) Ilapadokc

ITyere Xi, Xo, ..., X,— BHIOOPKA U3 HE3aBHCHMLIX HOPMAaJibHO
pacrnpefe/eHHbIX C/AyYalHBIX BEeJHYHH C OOINHM HEH3BECTHBLIM Mare-
MAaTHYECKUM oxXunauueM 0O u oOIHM HEH3BECTHBIM CTaHAAPTHBIM
OTKJIOHeHHeM o. Ha ocHOBe 5TOH BHIOOPDKM MBI XOTHM pPasJIHUHTb
CAeAYIOLIHE HYJEBYIO H aJbTePHATHBHYIO rumoresbl. Hynesas ruro-
T€3a COCTOMT B TOM, 4To O =0, (rme 6, — HexOTOpOe 3aJaHHOE
YHCJ0), a aJbTepHATHBHAast — B TOM, UTO 0 5& 0. [Iyctb

K= Y X D=y 3 (X, — X

{=1 =1

[——

X —6

D*/A/n
Taxue runoTesb pasJyuamTcs ¢ noMmoinblo f-xkputepuss CTbIOAEHTA.
CornacHo f{-KpUTepHUIO HYJIEBasl THIOTE3a NPUHUMAETCS HJH OTBEp-

L
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raeTcsi B 3aBUCUMOCTH OT TOr0, 6JIM3KO 3HAYeHHe CTATHUCTHKH f, K O
niau "Hetr. B 1940 r. I'. [lanyue moxasaJg, 4TO NPH 3aJaHHOH BEpPOSAT-
HOCTH owHOKH 1-ro poia BepOATHOCTh OWIHOKH 2-r0 poja AJisl JIKo-
Ooro pemawolnero npasBuJga 3aBHCHT OT HEU3BECTHOTO CTAHAApPTHOrO
OTKJIOHeHHd o. [lapagokcansho, HO NAThIO rofamu nosxe K. Credn
JOoKazaJ, uTo eCjau o0beM BHOOPKH 7 He (PUKCHUPOBAThH 3apaHee, a
ONpeaensiTh MO yiKe IOJYYEHHBIM 3JieMeHTaM BHIGOpKH (Kak B I10-
CJeL0BATEJBHOM aHaJH3e Banasaa), To cyllecTByeT f-KPHTEpPHH, A5
KOTOporo (InpH 3adaHHOH BepOSITHOCTH OWIHOKH 1-ro poja) BepoOsiT-
HOCTb OIIHOKH 2-T0 poja He 3aBHCHT OT HEU3BECTHOrO CTaHAAPT-
HOTO OTKJIOHEHHsi ¢ (a 3aBHCHT JHIUIb OT Pa3HOCTH 0 — 0p).

8) Ob6wvacuenue napadokca

Ha nepBom wiare Bo3bMeM BHIGOPKY Xy, Xo, ..., X, THE fo—
HEKOTOpOe (PUKCHPOBAHHOE YHCJ0. BHIOOpPOUHAss LUCIIEPCHS Olpene-
JsieTcs HGopMyJIOH

o Ry
1 1
2 ___ 2 __
=t L a (D

2

[Ipeanonoxum, 4yTo 06beM BCEH BBIGOPKH 77 3aBHCHT OT BeJHUHHBEI
S W 3apaHee (PUKCHPOBAHHOIO YHCJIA 2 CJAEAYIOIIHM 006pasoM;

32
n———max{[—z—-]—[— 1, ny+ 1},
rome ckoOkM [ | O3HauawT HeJdylo 4acTh AEHCTBUTENBHOTO UHCJA.

n
BeiGepeM [OJIOKHTENbHBE UHCTAA Ay, do, ..., Gn TAK, 4TO ), @;=1,
i=1

n
2 2
A —Q== ... —0ap, U § Z ;i =— 2, H IMNONbITAEMCA PA3JHUYHUTL 3TH

i=1
FHIIOTE3bI C ITOMOIINBIO CTATHCTUKH

1
Z a; X, —0,
i=1
Az

1)

;:I a; (X;—9)
[ = 7z

OueBHAHO, NTPH 3aJaHHOM § CJAyYailHast BeJHYHHA { HOPMaJbHO pac-
npeaejeHa ¢ MaTeMaTHuecKHM oxxkugaHueM O u  jpucrnepcuHei

[* =

rac

n
a2y a’/z=0°/s’. C npyro#l CTOPOHBI, pacHpelesieHHe BeJTHIHHBI
i=1
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(10— 1)s%/0? (/151 IPOU3BOJBHOTO G) COBMAMAET C PACIPEACJCHHEM
CYMMBI KBaApaToB fip— | HE3aBUCHMBIX CTAHIAPTHHIX HOPMAJbHBIX
clytafiHbIX BequuuH (T. €. C XH-KBAJpaT pachpefiejieHHeM ¥ ),

He 3aBHCAIIHM OT ¢. CJe/loBaTeNbHO, paclpeaeseHdHe BEJUYUHB f
TaKXe He€ 3aBUCUT OT 0, TAK 4YTO I* 3aBUCHUT JIHIIb OT B — By, HO HeE
OT O.

2) 3ameuamus

(i) Pacnpenenenue caydaiHofl BeJHUHHB f, He SIBJSIETCS HOP-
MaJibHBIM, TaK Kak D* He uucao, a cayuaiiHas BeaunuuHa. (Ecawu
Obl 3HaU€HHE CTAHAAPTHOI'O OTKJOHEHHS OblJI0 H3BECTHO, H MBI MOJ-
CTaBHJIH Obl 3TO 3HayeHue BMecro D¥ To pacnpeneneHde cjaydalHo
BEJTHUHHBI {, cTaJ0o Obl CTAaHAAPTHHIM HOPMAJbLHBIM.) IDTO 3aMeda-
TeJbHOE HalbJogenue W aHaaH3 caydadHoOH BeawuwHbl {, B 1908 r.
onybaukoBas Cretodent, on xe Yuavam [[. Toccer. (C 1899 r. on
paboras B JlyOsnHe Ha AHBOBAapeHHOM 3aBoje ['HHHecca, H ero Ha-
JaJbHHK HaCTOSII Ha TOoM, uToObl ['occer mucas noja nceBAOHHMOM.)
B Teuenne noJroro BpeMeHH HHKTO HE OCO3HABAaJ BAXKHOCTH CTAThH
Creionenra. ([axe B 1922 r. P. uwep 6B eIHHCTBEHUBIM, KaK
yrBepxaaa CThIOAEHT, KTO HCMOJb30BaJ [-paclpejeneHde. B nei-
CTBHTEJNBHOCTH, UMeHHO DulIep BIepBhe 00603HAUUA paclipeaeseHHe
CrberogeHTa uepes f B cBoel kuure, Buimenmed B 1925 r. Cam Crblo-
AEHT HCMOJb30BaJ CHMBOJ 2z, HO He AJis1 0003HAUeHHST BEJHUHHBI ,,
a qna (n—1)t,.)

(ii) Ompenenenne MOMeHTa NMpeKpalleHHs1 HaGJIONEHH B IOC/e-
I0BATEJbHOM aHaJH3e sABJISIETCA CYTbI0 COBPEMEHHOH TEODHUU OITH-
MaJibHbIX OCTAaHOBOK MAJIs1 Pa3JHYHBIX mpolieccoB. PaccMaTpuBas BhI-
OOpKy KakK Hpolece, MBI T€éM CAMBIM yCTaHaBJIHBAaeM CBSI3b MEXKIY
MaTEMaTHYECKOH CTATHCTUKOH H TEOPHEH CTOXACTHUECKHX IIpouec-
COB, KoTOpas OyneT o0CyXKAaTbCA B CJAEAVIOILLEH IiaBe., 3Ta B3aHMO-
CBf1I3b OKa3bIBaeTcs IMOJE3HOH AJs 00OHUX HallpaBJeHHH. B Hallu JHH
¢byniaMeHTaJbHbe TeopeMbl BaJsbia H3 mnocJeroBaTeJbHOI'O aHa-
JH3a SABJAIOTCS YaCcTHHM cjydaeM oOIIed TEOpHH CTOXACTHUECKHX
nponeccoB ¢ ocTaHoBko#d (cMm. kuury Illupsesa A. H.).
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13. Ewe HeckoNbLKO NapanoKCoB

a) Ilapadokc Tunuwno20 U cpedHezo

ITousTue cpeaHero, HalpuMmep CpeAHss 3aplJarta, Yacro HC-
MOJNb3YeTCsl KaK CHHOHHM TunuyHoro. Ha camMom gene ecau B HEKO-
TOPOH CTpaHe eCcTb BCETO JHIIb HECKOJbKO O4YeHb 0OOraThlXx ceMed M
60JibIIIOe KOJHYECTBO OeAHBIX, UbH AOXOAbl COOTBETCTBEHHO OI'DPOM-
Hbl M MaJibl, TO apuHdpMerHyeckoe cpeaHee UX JOXOAOB BOBCE HETH-
nuugo. Hanpumep, MeaumaHa A0X040B jAaer 0oJiee peaJHCTHYHYIO
KapTuHy. (Meanana oO3HadaeT TAKOH MOXOJA, YTO 4YHCJO JIHIOJeH C
6OJILIIHM JOXOJAOM, PABHO YHCAY JIOJAEH, UMEIIIHX MEHbIIUH [10-
xoa.) Kpome cpenHell 3apmiaTel €CTb U JApPYTHe CpelHHE XapaKre-
DHCTHKH, BBOASIIHE B 3abnyxiaeHue. «CpenHuii uenoBeks (l'homme
moyen) — oaHa H3 Hux. HeyauBuTenbHO, YTO HCCAeJoBaHHA OeJb-
rufickoro yuenoro JI. A. )K. Kerae 1o 3ToMy BOIPOCY CTaJd HCTOY-
HHKOM TOPSIUMX CHOpOB. XyAlliee B «CPENHEM UYeJOBEKe» HE ero ce-
pPOCTh, a BO3HHKAIOIIHE NPOTHBOpPEeYHs. Hanpumep, CpeIHHH POCT HE
COOTBETCTBYET CpedHEMY Becy H T. A. TOJILKO MO OJHOH 3TOH IMpH-
YHHE MOXHO YCOMHHTbCH B cIpaBefauBocTH csoB JIK. PefiHoabaca
(mepsoro mpesugenra KopoJieBcko#t akageMuu XyLoXKecTB B JIoH-
JioHe), KOTZa OH CKa3aJ, YTO B CpeAHeM HCTOYHHK INPEKpaCHOro.

(JTut.: Quételet L. A. J. Essai de Physique sociale, (183b); L’homme moyen,
Physique Sociale, Vol, 2, Bruxelles, 1869).

HecMoTpst Ha CBOIO HellocJenoBaTenbHOCTh, KHUra Kerse (1830)
paccMaTpHBAETCs KaK Bexa, eCJH BOOOINe He KaK HayaJsJo KOJHUYECT-
BEHHOTO aHaJiH3a oO0llecTBeHHBIX aBjaeHuid. @. laasTon, K. HHupcon
n @. Idxmeopr ueHunau Kersje KaK reHHAJbHOrO NMEPBOOTKPHIBATEA
perpeccuondoro noaxona. Ilox BausHueM ero KHuUrH [anbToH 3a-
HAJICS HayYHbIMH HecenegoBaHusaMH. Opnako y Kerne ects u apyrue
sacayru nepea Haykod. B 1820 r. on ocHoBaa Kopoaesckywo obcep-
BATOPHUIO DeJIbrHH H CTaJjJ ee NepBbIM AHPEKTOpPOoM. OH OB TaKiKe
BEJHKOJIENIHBIM Opranu3aTopoM: B 1834 r. no ero npeasoKeHHro Obl-
10 cospano CratuctHueckoe obmectBo B JIoHaoHE, OH OBl HHULHKA-
TOPOM NipoBeJeHHs [lepBoro MeXaAyHapOAHOTO KOHrpecca MO CTaTH-
cTuke B bpioccene B 1853 T.

6) Ilapadokc oyernusanus

KBazpaT oueHKH, BooOlIle TOBOPS, HE COBNAJAeT C OLEHKOH KBa-
apara. Hanpumep, ecanm X, T. €. CpeJiHee 3HAaUeHHe pe3yJabTaTOB
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HaOJsogeHun Xy, Xy, ..., X,, dBJSETCS OUEHKOH HEKOTOPOro mnapa-
METpa, TO OUEBHJHOH OLEHKOH HJIA KBaJpaTa mapamerpa Oymer X2,
4TO, BOOOIE TOBOPS, OTJHYAECTCS OT apPUPMETHUECKOrO CPeLHEero
KBaJApaTOB pe3yabTaTOB HaOJIOAeHHH. ITO Ke CHOpaBedJIHBO, €CJaH
3aMCHHTb KBajJpar JI000H Apyroi HeJHHEHHOH (yHKLHeH.

(/Int.: Carnap R. Logical Foundation of Probability, Routledge and Kegan
Paul Ltd. Broadway House, London, 1950.)

8) Ilapadokc TouHOCTU U3MEpEHUS

[IpeanosoKuM, yTO HAM HYXKHO HAHTH MJIHHY JBYX pas3/HUHbLIX
CTEp:KHEH ¢ noMomblo ABYX Hu3aMepeHuil. [IpuGop, KOTOPLIM Mbl
MOZKE€M H3MepATh AJHUHY, JaeT pe3yJabTaT cO CJIYUYaHHOH OILUHOKOH,
HMeIOLeH cTaHdapTHOe OTKJIOHeHHe o. [lapajaokcajbHO, HO H3MC-
peHHe Ka)JO0ro CTepKHf B OTAENAbHOCTH He SBJSETCS JYUYLUIHM CIIO-
coboM. CTaHAapTHOe OTKJIOHEHHE pe3yJabTata GyAeT MeHble, ecJi
CHauajJa H3MepHTb o0yl AauHy T crepikKHel, NPUJIOKHB KOHEI
ONHOTO CTEpPXKHsI K KOHUY JAPYroro, a 3aTeM IMOJOXKHUTb CTepHHH
pPSAOM H HauTH pasHully ux AJAuH D. Toraa npubaukKeHHble AJHHDBI
CTepzKHeH COOTBETCTBEHHO PaBHHI

T+ D r—D
g 1 T
CTaHpapTHOe OTKJIOHEHHe 3THX AJHH PaBHO o/4/2, uTO HelicTBH-
TEJLHO MeHblle, YyeM .

(JIur.: Hotelling H. “Some improvements in weighing and other experimental
techniques”, Annals of Math. Statist., 15, 297—306, (1944).)

2) Ilapadokcarvrnoe oyenusarue 8epOATHOCTU

OneHKOH /s HEH3BECTHOH BEPOSITHOCTH OGBIYHO CJAYXKHT OTHO-
cHTeNbHas yacrora. Hamnpumep, ecau npu cra O6pOCaHUSIX MOHETH
pemika BuinaJgsa 47 pas3, TO OIIEHKOH AJd BepPOSATHOCTH BhillaHeHUS
pemrkn 6yner 47/100. Oxnnako, ecau npu 10 6pocaHusix Gojee HIAH
MeHee NPAaBUJABHOM MOHETHI DEIIKa HH pas3y He NOSIBHUJACh, TO HeT
OCHOBaHHMH CYHTAaTb BEpPOATHOCTL BHINAJeHUs pellku paBHOH O.
Ilpu Hanauuum HeKOTOpPOHU anpuoproid wHpopMmanuu (HampuMep, UTO
MoHeTa OoJiee WJHM MeHee TIpaBHJbHASI) OlleHHBaHHE yepe3 OTHO-
CHTEJBHYIO YAaCTOTY, BOOOLUE TrOBOpS, He SBJSETCS JYUIIUM CIHOCO-
6oMm. Hama anpuopras undopMmanus XOpoIlIO BHIPAKaeTCs yepes
OerTa-pacnpejeseHie, 3aBUCsIlee OT JABYX IapamMeTpoB a u b.
[TnoTHOCTL BeposiTHOCTU OeTa-pacnpelesnenus paBHa ( BHe HHTep-
Bana (0, 1) u npomopumnonanbHa x*~1(1 — x)?~1 wa (0, 1); (a > 0,
b > 0). MatemaTuueckoe OKHIaHHE W AUCIepcUst OeTa-paclpefe-
JIEHHS! COOTBETCTBEHHO PaBHEI

a
a-+ b n d=

ab
@+ 0l @+b+ 1)

¢ ¢ =
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Femast sty cHcTeMy ypaBHEHHH, MOJyYaeM, 4TO Halla AnpUOPHAS
HHQOpManys OTHOCHTENLHO m U d MOMKET GBITh BbIpaxKeHa uepes
a U b (HampHMep, €C/Id MOHeTa MPaBHJIbHAS, TO Ml = 1/2, cneno-
BaT€IbHO, a = b). Ecau anpuopnoe pacnpelenenue sBjasiercs
Gera-pacmpejenenneM ¢ mnapamerpaMmm (a, b), To 1o TeopeMe
baiteca anocrepuoproe pacnpenesenne Takke Gyuer bera-pacope-
leNleHHeM. (IDT0 CBOHCTBO OOBSICHSET WIHPOKYI0 IPHMEHHMOCTh
bera-pacnmpelenenus.) Ecam B n sKcnepUMeHTax coOHTHE, HMEO-
€€ HCH3BECTHYIO BEPOSATHOCTb, INPOM3OLILIO k2 pas, TO Iapamer-
paMu anoCTepuopuso2o pacnpenenends O6yayr (a -k, b n—k),
CJICIOBATCIIBHO, QNOCTEePUOPHOE MaTeMaTHUYeCKOe OKUIaHue 3allH-
IUeTCsl B BHAE

_a-tk
M a+b4+n’

4TO Jaer 0oJiee COXEPXKATEJIBHYIO H JYUINYIO OLCHKY A5 HeHs-
BECTHON BEPOSITHOCTH, 4eM OTHOCHUTENbHAS 4acToTa k/n. Quesuano,
NpH JOCTATOYHO OOJNBIIMX 7 BEJHYHHA M NpakTHUCCKH He OTJIH-
HaeTcsl OT OTHOCHTCJBHOH UYAaCTOTH, OJHAKO, HampuMep, KOrjd
n=10, k=0 u a = b=100, uMeem M =100/210 ~ 0.48; B TO
K€ BpeMsl OTHOCHTeJbHasi uacrora paBHa 0, 470 COBepIUEHHO He-
JIerno.

(Jlut.: Good I. J. The Estimation of Probability, MIT Press, Cambridge, 1965.)

0) Hem boavuie OanHbiLx, Tem xydxce 86180061

JIOBOJILHO eCTeCTBEHHO CUHTATh, YTO GOJbLIEE KOJHUECTBO HAH-
HBIX IO3BOJISCT MOJYyYaTh Jyulllne pe3yabrathl. OAHAKO caeayo-
IIUH [apajoKc, KaxKeTcs, NOKa3biBaeT NpOTHBOIOJOXKHOE. [lycThb
X, Xos 1 X3 0603HAYalOT He3aBHCHMEIE CJAY4YauHBIe BEJHYHUHBI, H
IPEeANOJIOKUM, 4YTO paclpefeaeHuss Beauuynn X; u X, coBmagalor:
uH Xy 1 X, paBubl jqubo 0, audo 2 c PABHBIMH BEPOATHOCTSIMH, CJe-
AOBATeJbHO, MaTEeMaTHYECKHEe OXKUAAHUS Y 00CHX CAYYaHHBIX BEJIH-
YAH OAMHAKOBBI H pasHbl 1. IlycTh cayuaiiHas BeauunHa X3 OpH-
HHUMaeT 3HayeHHst | W 2.5 ¢ paBHBIMH BEpPOSTHOCTAMH, TaK 4YTO ee
MaTeMaTHueckoe oxXuaanHe pasBHO 1.75. Bces srta mHbopmauus He-
H3BECTHA MaTEMAaTHKy, KOTOPHIA clesnall BEIOODKH H3 3THX paclipe-
neJIeHHH, 4ToObl HAWTH pacnpefeneHHe ¢ HauOOJBLIUM MaTeMa-
THYECKHUM oxupaHueM. OueBHJIHO, B KaueCTBEe HCKOMOIO pacnpeie-
JICHUS1 HYXKHO B3sITb pacnpejeljieHHe ¢ HauOOJbUIUM BBEIOOPOUHHIM
cpexuuM. CHauaJjla BO3bMEM BBIOOPKY H3 OJHOIO 3JeMeHTa H3
KaxAoro pacnpefneneHus. Torja BepOsiTHOCTb NPaBHJIBLHOIO BHGODA
paBHa

P(X1 <X3 H X2 < XS):
P (X5 =25)4 P(X;=1)P(X; = 0)P(X, — 0) = 5/8.
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[IocMOTpUM Telepb, UTO NPOU3OHAET, €CJH YBEJHUYUTb 00BEM OJHOH
13 BBHIOOPOK (Hampumep, mjst X3) 1o 2 (ocralJbHble BBIOOPKH OCTa-
BUTb 0e3 u3MeHeHHH)? Torxa BepOSTHOCTb IPaBHJABHOIO BbhIOOpa
paBHa

P(X,< Xy 1 X,<X3)="7/16,

rape X; — apuMeTuueckoe cpejHee ABYX 5JeMEHTOB BhIOOpKH. Ta-
KHM 00pasoM, ecjJu paHblle BepOATHOCTb [PaBHJLHOIO BHIOOpA
6el1a GoJblie 50 %, To Telnepb OHA YMeHbUIHWJACh Y COCTABJSET Me-
Hee 50 9.

(/Tut.: Chius W, K., Lam K. The American Statistician, 1975.)

3HaMeHuTHH nmapajgokc D. Jomsopra (1883 r.) Kacaercss aHa-
JIOTHYHOH INpobseMbl: ecau X; U X ABJSAIOTCA He3aBHCHMBIMH CJY-
yafHbIMH BEJUYHHAMH C OJMHAKOBBIMH MJOTHOCTSIMH BCPOSITHOCTH
f(x-—0), cuMMeTpHUYHBIMH OTHOCHTEJBHO 0, TO MOXKET TaK CJay-
yuThbes, 4yto X; Oauxe Kk 0, ueM X = (X; + X2) /2, B TOM CMEICIE,
yTO

P(I1X,—0|<<e)>P(|X—0I<e)

JJis1 Joboro mogoxureabHoro &. Hanpumep, tak OyJder B ciayuae,

Korjada
3 1

T =35 ¥

MOTOMY 4YTO MJIOTHOCTb BEPOSITHOCTH CJAYYaHHOH BenMuHHB X; B
TOUuKe O OoJibllie, yeM NJOTHOCTh BEeJHUYHHE X.

(JIut.: Stigler S. M. “An Edgeworth curiosum”, Annals of Statist., 8, 931—
934, (1980).)

e) Ilapadokc pagenHcTsa MATeMATUYECKUX OMCUOAHULL

[TpeamosoxKuM, UTO MaTeMaTHUYeCKHe OXHAAHHS Tpex HOp-
MaJibHO paclpeleJeHHBIX CJyYadHbIX BEJHYHH ¢ OJHHAKOBBIMH JHC-
MepCcUsiMu paBHBL My, Mg U Mz MOKeT Tak CJAYYUTHCH, UTQO HCIOJb-
3ysi, Hanpumep, {-kputepu#t CTbIOAEHTa, MBI NPHMEM T[HIOTE3DI
My =My U ty=my (IIpH HEKOTOPOM YyPOBHE 3HAUHMOCTH), HO
oTBeprueM m; = m3! (3amaya MNpPOBepPKH THIOTE3Bl O pABEHCTBE
MaTeMaTHUeCKHX OXKUJAAHHH NPH HaJHYMH JABYX BBHIGODOK obbeMa fn
pelaercsl ¢ NOMONIBIO CTATHCTHKH

l=—p—

rie X u Y — BuGopouHble cpelHue, a D* — BplOOpOUHOE CTAaHAAPT-
Hoe oTkJoneHue. CTaTHCTHKa ! uMmeer pacupeiesnedne CTbioJeHTa
C mapamMerpoM 2n—2.) IDTOT napajoKkc IOJOXHJ Hauajo MHOIHM
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HCCJIeOBAHHSAIM 10 OJHOBPEMEHHOH IIPOBEPKe HECKOJIbKMX THIIO-
Te3 (IHCIEepCHOHHBIH aHaMH3 U T. X.).

(/Tur.: Hodges J. L., Lehmann E..L. “The efficiency of some nonparametric
competitors of the {-est”, Annals of Math. Statist, 27, 324—335,

(1956).
Scheffé H. The Analysis of Variance, Wiley, New York, 1959. [MMeercs

pyccx]nﬁ nepepofi; Illedde T. ducnepcuonunlit ananus. —M.: THOMJI,
1963.]) ,

o) ITapadokcarshHas oyeHka Oasi MATEMATUHECKO20 OXCUOAHUS
HOPMAAbHO20 pacnpedeneniis

MBI XOTHMM, HCIOJIB3YsT BEIGOpKY 06beMa 1, OLCHHTL HEH3BECT-

HOe MaTeMaTHuYecKoe OXuiaHnue (OJHOMEpHOIrO) HOpPMAaJbHOrO pac-
npefeseHHsT ¢ €AVMHHYHRM CTaHZapTHBIM OTKJOHeHHeM. K3BecTHO,

yro apudMerHyeckoe cpeiHee X BHIOOPKH JaeT OLEHKY, o0Jsanao-
IIy!0 MHOIMMH XOpOIUMMH CBOHcTBaMH. Harpumep, 3Ta OIEHKA
UMeeT HAUMECHBIUYIO JHCIEepCHIO, SIBJASIETCS HEeCMelleHHOH, 10my-

CTUMOH U MHHHMAaKCHOH TMpH KBajpaTHUHOH (YHKIHH MOTEPD.
OJpHakKo, HeCMOTPS Ha 3TH CBOWUCTBA, €CJAH HaM HYXKHO IOJYYHTb
JHIIb OIleHKY, KoTopas 6su3Kka K 0 HacKOJbKO 3TO BO3MOXHO, TO

CYHIECTBYET OlleHKa 0, Jyullass B TOM CMBICJE, UTO
P(16—01<]X—8])>1/2

nast Jdoboro BO3MOXKHOrO 3HaueHHsa 0. OmeHKOH TakKoro THIIA SIB-
JsIeTCsl caeayrlas

b=X Ml/gmin(«/'f??f,@(ﬂw/ﬁff))’

I

ecin X =0, u

0

I

—— 1 . — — — —
X —min (47 X, ®(—+/n X)),

2\/n
ecad X << 0, rne @ o6osHauaeT PYHKUHUIO CTAHAAPTHOrO HOPMAaJIbL-

HOTO pacipeie/JCHuA.

3) ITapadoxc nposepKu HOPMAABHOCTU

MH XOTHM INIPOBEpHUThL THIIOTE€3y O TOM, YTO JAaHHAas BBIOOpKa

Xi, X,, ..., X, moaydeHa u3 pacrpejeseHHs C HEIPepPHIBHOH (YHK-
nued pacnpenenenus F(x). Ilycrsb
1
Fo(t)=— Y 1

i:X£<:x
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OOO3HaYaer 3MIMPHUYECKYIO (KYMYJSITHBHYIO) (DYHKIHIO pacrpeje-
JdeHusi BeIOOpKH. Ecam runoresa BepHa, TO mo Tteopeme KouaMoro-
poBa

lim P (V7 sup| Fa (1) — Fiw) | <2)= 3 (—1) e~ =K (2).

1n=» oo J=—0o0

Hlcnosnbsysi 3TOT pe3ysbTaT, JerKo HOCTPOUTh KPUTEPHH ¢ ypOBHEM

nosepusi o. (Ecau Beanunna 4/ n sup| £, (x) — F(x)| O6oablie Kpu-
THYECKOTO 3Ha4yeHHs 2y, AJad KoToporo K(zp)= a, TO THIIOTE3a OT-
Bepraercs.) B ciayuae, xorja HY»KHO IIPOBEPHTh HOPMAaJbHOCTE
BEPOATHOCTHOIO pacnpejiesieHHs], CHayala CJeAyeT II0 BHIGOpPKe
OOBIYHBIM 0O0pas3oM OLEHHTh MaTeMaTHUeCKOe OKHAAaHHe H CTaH-
AapTHOE OTKJOHeHHe depe3 X M D* 3areM INPHMeHHTb YKa3aHHBIM
BhIlle KpUTepuil KonMmoroposa A/ HOPMAaJbHOTO paclpejeeHus
F(x) ¢ mMareMaTHYeCKHM OXHIaHHeM X K CTaHLAPTHBHIM OTKJOHe-
HHeM D*. MOXKHO 6bIO OBl OXHAATh, UTO HPH JOCTATOUHO GOJBLIIHX
n NOACTAHOBKa BMECTO HEH3BECTHHIX IapaMeTpoB BesqHUHH X u D*
He noBJedyeT 3a CO0OH 3HAUMUTEJNbHBIX H3MeHeHHH. OJHAKO H3MeHe-
HHSl TOPOM3OHAYT cyllecTBeHHHle. Hanpumep, npu 95 % yposHe
JOBEPHST KPHTHYECKOE 3HAYEHHUE 2o B KpuTepud KoJsmoropoBa paBHO
1.36, B TO Xe BpeMs TOUHBIH aHaJ M3 MOKA3hIBAET, YTO HCTHHHOE
KPUTHUECKOE 3HaueHMe paBHsercs: 0.9. OO6bsicHeHHe 3TOTO mapa-
JOKca JOCTAaTOYHO InpocTto. M3-3a noacrtaHoBku (yHKuusa F(x)
H sMIupHuecKass QyHKuuMs F,(x) crajau OJuxe Apyr K ApPYyry, Io-
3TOMY 1LeJecoo0pa3Ho BLIOpaTh MeHbllee KDPHTHUECKOe 3HaueHHE.

(J/Iut.: Durbin S. “Some methods of constructing exact tests”, Biomefrika, 48,
41—45, (1961).
Kac M., Kiefer J., Woirowitz J. “On tests of normality and other tests
of goodness of fit based on distance methods”, Annals of Math. Statist.,
26, 189—211, (1955).
Sarkadi K. “On testing for normality”, Proc. 5th Berkeley Symp. on
Math. Statist. and Prob., 1. 373—387, (1967).)

w) Ilapadokc aunedinoli peepeccuu

[Ipeanosoxkum, urto cJayuaiiHass BeauudHa X H3Mepsiercsi C
OIIHOKON €, HMeIOLeH MateMarhueckoe oxkuaanue 0. Hpyrumu cio-
BaMH, pe3yJabrar H3MepeHHss Y — X 4| e dABJsieTcsl OUEHb INPOCTOH
JUHeHHOH perpeccuedl no X. Ecrb au gasa X «iydniasi OlleHKa»,
yeM H3MepeHHas BeJHYHHAa Y? YOWBHTEJNBHO, HO B HEKOTOPBIX
YaCTHBIX CJyudasiXx OTBeT OKas3hblBaeTCs YTBepAUTENAbHBIM. [10 kpaiHeH
Mepe cyuiecrsyer oileHka X, mag koropo# E (X — X)? MeHblie, ueM
E(Y — X)%2 = Ee? TlpeAnoJio:KuM, Hanpumep, uro X U & HeKoppe-
JHpoBaHbl u perpeccust X nmo Y takxe JuHefina. Torga oueHka

5 D2 (e) D? (X)
X DZ(Y) E(X) : D2 (Y) Y
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Jydine, 4em Y. (B BHpOXAeHHOM cayuae, Korma D?(g) = 0, noJy-
yaeM X =VY.)

k) Ilapadoxc Cerypamana

CyIlecTByIOT cTaTHCTHYecKHe GOYHKHHH A u B Takue, 4TO He-
CMEIICHHas OlLEeHKa HEeH3BeCTHOrO mapamerpa 0, mocTpoeHHasi 1o
A, MMeeT IHCIEPCHIO MEHBILYIO, yeM OlleHKa, MNOCTpoeHHas Mo B
(0pu J11060M JQEACTBUTEJNbHOM 3HAUCHHH napamerpa 0). C gpyroi
CTOPOHEI, NIpH IIPOBEPKE HYJNeBOH runoressl 0 = 6, (Hanmpumep, npu
aJIbTEPHATHBHOH runorese 0 > Og) xpuTepuit na 6ase dyHxuuu A
He 00s3aTesbHO OyAeT Jyuule KPUTepHS, nocrpoenHnoro no B. [lo-
CICHHH MOXKeT OHTb JOKaJbHO Jyuume (B HEKOTOPOH OKpeCTHO-
CTH HYyJIeBOM THMOTe3H). Eciu, Hanpumep, 3JeMeHTH BbIOOpKHU
X1, Xo, ..., X, paBHOMepHO pachpeieneHH Ha HHTepBaJe (0; 20),

TO OUCHKa MAakKCHMaJIbHOro mnpasaomofc6us aas 0 3amdiiercsl B
BHJIE

1
U=? max(Xl, X2, oo ey Xn),
H ee HebO/bLIOe M3MEHEeHHe IPHBOAMT K HECMELIEHHOH OLeHKe
__ 2n-2
B 2n -+ 1 U.

Crenyiomas ouenka A Takke SBASETCS HECMEUICHHON, HO HMeeT
MEHBILYIO IHCIEPCHIO

A= 5?_:-14 (4U 4-V), rae V=min(X,, X, ..., X,).

OnHako npu HpoBepKe THUNOTe3bl 0 = O KpHUTEPHHA, OCHOBaAHHKIH
Ha B, sABJisieTcsl TIOKAJAbHO 60Jee MOILIHDBIM.

(JInt.: Sethuraman J. “Conflicting criteria of ‘goodness’ of statistics” Sankhya,
23, 187—190, (1961).)

2) llapadokc munumarxcrori oyenxu

[TonssTHe MUHHMaKCHON OLEHKH GBLIO BBEJCHO B 3aMeUaHHH (11
K napanokcy I/12. MuHHMakcHBle OUEHKHM, KaK NpAaBHJO, COLJia-
CYIOTCs1 CO 3ApaBHIM CMBICAOM. OLHako cieayromui npumep X. Py-
buna mokasbiBaeT o6paTHoe. Ecin GyHKUus MoTepb 3ajaercs pa-
BeHCTBOM L (p, c)=min((p —c)2/p? 2), TO eNHHCTBEHHO} MHHH-
MaKCHOH OLEHKOH HEH3BECTHOH BEPOSITHOCTH p 7= () sIBJISeTCs OLEH-
Ka, TOXACCTBCHHO paBHas 0. IlostoMy aas 060d BHIGOpKH HeH3-
BECTHBIH NapaMeTp cjeflyeT OUEHHBAThL HyJeM (3HaUeHHEM, KOTOpOe
3dpaHee HCKIIOYEHO M3 BO3MOXKHBIX 3HAUEHHH Napamerpa p).
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3ameuanue. [as ¢yHkuun noreps L{p,c)=(p-—¢)? MHHH-
MaKCHasi OLleHKa 3alulIeTcs B BUAE

e %u+n2
IOy o

rpge n— o0beM BBIOOPKH, ¥ — YacTOTa COOBITUS C HEH3BECTHOH Be-
POSATHOCTBIO.

m) Iapadokc Pobbunca

XOpoWo H3BECTHO, UTO NpPH HaJHYHH BHOOPKH M3 OAHOIrO Ha-
O6aogeHnsT X «ayullled» OIEHKOH napaMerpa IIYaCCOHOBCKOTO pac-
npepeseHusl gajasercss camo X. (DTo HecMelleHHasi OLEHKA MaKCH-
MaJIbHOTO MNPaBAONOA00HS ¢ MHHUMAaJAbHOH Aucnepcueid.) Ho Kak
OLleHUTh napamerpsl 0y, Oy, ..., Of A9 £ HE3aBUCHMBIX NyaCCOHOB-
CKHX pacnpefeseHMi Ha OCHOBE COOTBETCTBYIOIUUX HaOJMI0AeHHH
Xy, Xo, ..., Xg, ecsid MBI XOTHM, UTOOBI BeJHUHHA

k
5% 6.-)
6blsa MHHHMaJbHOH? CyllecTByeT JH OLEHKa Jyuuiast, 4eM b; =
= X;? X. Po66unc nepBRIM yKasaJ/J Ha TO YTO, XOTd k£ MyaCCOHOB-
CKMX pachpe/e/eHHH He3aBHCHME], BCE K€ MOXKHO HaHTH JydYllHe
OLIeHKH, YUMTHIBAIOIIHEe He TOJNbKO «CBOM» HAOMIONEHHUS, HO M ApY-
rue. Ecau £ Besnko, u N (X) o6o3HayaeT 4HCIO HaﬁJIIO,[LEHHfI, pas-

Heix X, To B cuay pesyabrata PoO6uHca ouneHka 0; = (X;-
+ DN X:+ 1)/N(X;) ayuwie, uyem 0; = X;. Cyrb mapajoxca sa-
KJII0UaeTcss B CJAeAylolieM: HaOJIOAeHHd, KOTOpble He CBsA3aHH

C OLEHWBAeMBIM [1apaMeTPoOM, MOIYT BJHATL Ha KayeCTBO €ro
ouenku (cpapHute ¢ mapapokcom I1/2 (ii)).

(JTut.: Robbins H. “An empirical Bayes’approach to statistics”, Proc. 3rd Ber-
keley. Symp. on Math. Statist. and Prob., 1, 157—164, 1956.)

r) Ilapadokc baiecosckoli modeau

[TycTh NJOTHOCTD BEPOSITHOCTH [p(x) caydaiiHoH BeJHUHHB X
SIBJISIETC CMEChIO JABYX IMOJIOKHTEJbHBIX IJIOTHOCTEH BEPOSTHOCTH

fo(x) u fi(x):
fo (%)= pfo(x)+ (1 —p)i(x), e 0<Tp <KL

3HaueHHe NapaMerpa p HEH3BECTHO, W NPH JOCTATOYHO OOJBIIOM F
MBI HajeeMcsl OIPeAeJUuTb ero ¢ Ja00H 3aJaHHOH TOYHOCThIO 1O He-
3aBHCHMHIM Habuioaenusam Xi, Xo, ..., X, (pacnopeiejeHus BeJHUHH
X; u X cosmagaior). Jlis pelreHHs 3aga4d Mbl XOTHM BOCIOJb30-
BaTbcs TeopeMoll Bafieca: BrbGepeM uHcI0 po, 0 < po << 1, u mpen-
MOJOKUM, U9TO QAPUOPHAS TJIOTHOCTb BEPOSTHOCTH BeJTHUHHB X
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A———

paBHa pofo(x) + (1 — po)fi(x). Torna anocrTepuopras NIAOTHOCTE
BEPOSTHOCTH BeNHYHHB X (NpH Haauyuu BeIGopkH Xi, Xo, ..., X,)
zanumercs B BHAE pafo(x) 4+ (1 — pn)fi(x), roe

o o TT fo(X)

——

l—pn  1—po . lfl(X.i) '

I =

Hcnonb3ysa sneMeHTH BHIOOPKH, AEHCTBHTEJNBHO MOXKHO HAHTH 3HA-
YeHHe nmapaMerpa p ¢ Ji000# 3aLaHHOH TOUYHOCTLIO, €CJH

lim Pn . P
n>c | — Pn I—p

(¢ BeposATHOCTBIO 1).

OnHako 3TO paBeHCTBO He Bcerjaa BhINoJHeHO. Hanmpumep, ecan Mma-

X
TeMaTHYEeCKOE OXHAAHHE BeJHUYUHH log ;” EX; paBuo (), To o Teo-
1

peme Uxkyna — ®yrca (cpaBuure ¢ I[11/7)

limsuplp” =00 W liminflp” = (),

1—>00 — Pn n->coo — Pn

crenoBatesbho, lim p”p B 3TOM cJydae Jaxe He CYIIeCTBYET.
— Mn

[Tapanokca He Oymer, ecau BMecTo (po, 1 — po) B3ATH anpuoproe
pacrnpeneseHue, MMewllee MJAOTHOCTh BEPOATHOCTH, MOJOXKHUTENb-
HYIO Ha BceM HHTepBase 0 < p <C 1. Takas Mozenb Jayuyule, NIOTOMY
YTO B HeHd HCTHHHAS IJIOTHOCTb [, YVUHTHIBAETCS C TOJOKHTEJbHON

[TJTOTHOCTBIO.

(JInt.: Berk R. H. “Limiting behavior of the posterior distributions when the
model is incorrect”, Annals of Math. Statist, 37, 51—58 (1966).)

o) Ilapadokc doseputesbHolx UHTEPBANOB

[Tyers Xy, Xo, X3, ... — HOpMAaJBHO pacnpeieseHHble caydaiHble
BeJUYHHBI ¢ OOIMIUM MaTeMATHUECKHM OXUIAHUEM M H eAHHHUUYHOH
AucnepcHuent, u uepesd S, 0603HaAYUM CJeIVIOMYIO CYMMY

Sn=X1+X2—l— . s e —I—Xn.
BeposiTHocTh TOTO, UTO AN 2106020 (DUKCUPOBAHHO20 N
Spn —24/n Sn+2+/n
n

n

<m<

npuban3ureabHo paBHa 95 %, H B TO Ke BpeMsi BEPOSTHOCTh TOTO,
UTO 3TH HEPABEHCTBA BHIIOJHEHH AJas acex n, paBHa 0. [locnennss
BepPOSITHOCTh OCTaeTCsl HYJIEBOH, ecJqH Jaxe 3aMeHHTh 2 Ha Kak
yroano Boasioe uucyao. (Cvm. Robbins H. «Statistical methods re-
lated to the law of the iterated logarithms, Annals of Math. Sta-
tist., 41, 1397—1409, (1970).)
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n) Iapadokc nposepxu He3a8UCUMOCTU; ABAAOTCA AU IPPHEKTUS-
Hole 1eKapCTsa 3M@heKTUBHbIMU?

Huxe npuBegenn Tpu TabJHIBl, B KOTOPBIX MOKAa3aHO AEHCTBHE
HEKOTOPOTO JleKapCTBa TOJIBKO Ha MY3KYHH, TOJBKO Ha XKEHUIHH H,
HaKoHell, Ha 6oJbHBIX o6oero mosa (o0beJUHEHHbBIE pPe3yJbTATHI).

MK EHHB!
[Tpurremasguiue He npurumaguiue
JIEKQDCITIGO JIEKADCITIBO
Bsizdoposesiuiiie 700 80
He esizonposesiiiize 800 130
MHEHLUHHB!
[Tpu HUMEBURILE He npurumasuiue
JIEKQPCITIBO JIeROD CITIR0
Brr3doposesiiite 150 400
He sk1300v08e8:10€ 70 280

OBBELHHEHHLIE PESYJIBTATDI

[Tpurumasuiue He npurumasuiue
SCKADCITIRO0 JIERQLPCITIBO
Bsisdoposesiiue 850 480
He asi30op0sesiue 870 410 )
Puc. 11.

M3 tabaun BuAHO, YTO MOCJE [IpHEMA JeKapcTBa A0Js Bbi3J10POBEB-
mux 6oJblue KaK CPeiH MYXKUHH, TaK H cpedan XkeHumuH. (Cymect-
BEHHOCTb pasauuuil MoxkeT ObITb 0G0CHOBAHA CTATHCTHYECKH C IIO-
MOILBIO KpHTepHeB HeszaBHcHMOCTH.) C ApPyroH CTOPOHBI, KaK 3TO
HH CTPAHHO, U3 TAGAULIB ¢ 00beAHHEHHBIMU Pe3yJbTATAMH CJIEeAYeT,
YTO A0JIs1 BbI3JIOPOBEBIIHX GoJsbllie cpeiu Tex JIJAeH, KOTOophEe Je-
KapcTBo He npuHuMasu. (CJseroBaTenbHO, JEKAPCTBO, MNOKa3aBIlee
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CBOIO 3()(PEKTUBHOCTb KaK CpeaH MYKUYHH, TAK ¥ CPeAH KCHIIUH,
HaJI0 OTPHUATEJbHBIH pPEe3yJabTaT AJd CMELWAHHOH TpPyIbl MYXKYHUH
H KEHIIWH. AHAJOrH4HO, HOBOE JIEKAPCTBO MOKET 0Kas3aTbCst 3¢-
(GEKTHBHBEIM B KaXKJIOM H3 JeCSTH Pa3JHUHBIX IOCHHTaJjJeld, HO 00b-
eJMHEHHE PE3YJbTATOB yKaXKeT Ha TO, UTO 3TO JeKapcTBo Jaubo Oec-
[MoJI€3HO, JUOO BPEAHO.

(ur.: Pilug G. “Paradoxien der Wahrscheinlichkeitstrechnung”, in: Stochastik
im Schulunterricht, Wein, Teubner, 155—163, 1981.)

p) Ilapadoxc KomneroTepHol CTATUCTUKL

Hauynnas ¢ 50-x roaoB, B CBSI3H C MOSIBJIEHHEM KOMIbLIOTEPOB JIH-
10 CTATHCTHKU H3MEHUJOCh. PaHblue OTCYTCTBHE€ KOMIbIOTEPOB BHI-
HYKJA4JI0 YYE€HHX HCNOJb30BAaTh CJAHIIKOM VIPOUIEHHEIE MOJEJH,
JaxKe €CJH 3TH MoJeJu ObliH HepeaduCTUYHBIMH. OaHako 3a Io-
CJHeJHHE TPHALATL JeT JI000e CTATHCTHYECKOE peHIeHHe, KOTOpoe
MOXKHO IIPOCYHTATh HAa KOMIBIOTEpe 3a CPABHUTEJBHO HEOOJbIIOH Ie-
PUOJ BpPEMEHH, CTAJNO «AOCTYNHBIM». TakuMm o6pa3oM, «yCTOHUHBBIEY
(«pobGacTHHIE®) H MHOTOMEPHBIE METOABl C OTPOMHBLIM YHCJOM OIle-
panHi BOIIJH B NOBCEAHEBHYIO CTATHCTHYECKYIO INIPAKTHKY. B 310
’Ke BpeMsl CTaTHCTHKa, 0 KpaHHEH Mepe YaCTU4YHO, cTajia 3MIIHDH-
YeCKOH HayKOH: 34 HECKOJbKO MHHYT KOMIIBIOTE€PHl MOTYT IOPO-
XKAATh MHUJJHOHBl AAaHHBIX, U, HCIOJb3YSl HX, MOXKHO <IIPOBEPAThY
HoBelIHe MeToabl. MHOrHe <« 3MIHPHYECKHE TEOPEMBI» BOLIJIU B
NpakTuKy 0e3 JOCTAaTOYHBIX TeopeTHUYecKux obGocHoBaHuii. C aApyroi
CTOPOHBI TeOpHs poOACTHHIX CTATHCTHUK (cM., Hanpumep, Huber P. J.
Robust Statistics, Wiley, New York, 1981. [Hmeercs nepesox:
Xpwo6ep I1. FobactHOocTh B craTtucTHKe. — M.: Mup, 1984.]) naert
TeopeTHUYeCKoe OOOCHOBaHHE MAJSI MHOTHX SMIOHPHYECKHX <«XHTPBIX
TPIOKOB», HCIIOJb3YEMbIX B CTATHCTHYECKOH NpakTHke. O mpoTHBOpe-
yHSIX U ITapajOKcax HOBOrO IEpPUOAa MOXKHO NPOUYHTAThL B NPUBEAEH-
HbIX HUXKE CTaThiX.

(JIut.: Efron B. “Bootstrap methods: another look at the jackknife”, Annals
of Statist., 6, 1—26, (1979).
Efron B. “Computers and the theory of statistics: Thinking the unthink-
able”, SIAM Review, 1979 Okt.
Hampel F. R. “Robust estimation: A condensed partial survey”, Zeifsch,
Wahrsch, theorie vrw. Geb., 27, 87—104, (1973).
Milter R. G. “The jackknife — a review”, Biometrika, 61, 1—15, (1974).
Tukey J. W. “The future of data analysis”, Annals of Math. Statist.,
33, 1—67, (1962).



FNABA 1l
NMAPAQJOKCHI CNYYAMUHBIX MPOLIECCOB

Kak e cJydYHJOCH TO, YTO CTeYeHbe MATEPHH HaJo

3eMJiI0 U CBOABI Hebec, a TakXe H MOpPA TYOHHHI,

CoJIHIIA TYTH H JYHB], — Pas3bsCHIO f Tenepb IO HOPAIKY
[lepBoHauasia Bellel, pasyMeeTcsi, BOBCE HEBOJILHO

Bce oCTpoyMHO B TaKOM pPa3MeCTHJHCS CTPOHHOM HOpsiKe
M o aBuXKeHbsX CBOHX He YCJOBMJIMCh PAaHbIIE, KOHEYHO.
Ecnau X Hauana Belllell BO MHOXECTBE, MHOrOPa3JHYHO

OT 06ecCKOHEUHBIX BpeMEeH IIOCTOSSHHBIM TOJYKAM IOJABEPTasich
TsKeCThIO TakKe CBOEH THeTOMBlE, HOCATCS BEYHO,

Besiueckn Mexay co6ofl couerasick H BCe HCHBITYA,

YUTO TOMBKO MOIYT OHH NOPOJHTHL H3 CBOHX CTOJKHOBEHHH, —
To u cayyaercst TyT, UTO OHM B 3TOM CTPAHCTBHH BeUHOM,
Beskue Buabl npodas coueTaHMH H pasHBIX ABHXKeHHH,
CxopasaTcd Tak, HAKOHeL, YTO B3aHMHas HX COBOKYHNHOCTb

Yacro BesHKHX Bellleli coOoi o6pasyer 3adaTKH:
Mops, zeMau u HeOec, W NJEMEHH TBapel XUBYIIUX.

Jdyrpeyut, O npupole sewet, kn. V, c. 416—4311)

ITepBrle 3HayuTesbHBIE Pe3yAbTAaThl B TEOPHU CJAYYAHHBIX HPO-
I[ECCOB HJIH CTOXACTHYECKUX IIPOLECCOB, €CJH BOCIIONb30BATHCS CJIO-
BOM I'pEUeCKOro MPOUCXOXKACHHS, IOSIBUJKCH JHUIIb B IPOLIJIOM BEKeE.
baarogapss ycnexaM, IJOCTUTCHYTHIM B KJACCHUUECKOM MEXaHUKE, B
XVII u XVIII Bekax raaBHbIM 00pa3oM H3y4aJuCh JE€TEPMHHUCTH-
yecKHue Mpollecchl, B 3TO e BpeMs B HayKe Pa3BUJCH «MEXaHHCTH-
YeCKHH AeTEePMHHU3M», COrJIACHO KOTOPOMY CJAy4YaHHOCTh CUUTAJIACh
UEM-TO HECYUICCTBEHHBLIM H H3 OCHOBHHIX HAayK €e CJeA0BaJO IO BO3-
MOKHOCTH HCKJIOUUTh. OZHAKO CO BTOPOH MOJOBHHH MPOLIJIOTO
BCKAa MaTeMaTHUYeCKHe HCCJACAOBAHUS O CJAYYaHHBIM I[poLeccaM Io-
Jy4aloT Bce OoJbliee pacnpocTpaHeHHe B (PyHAAMEHTAJbHBIX 00sa-
CTAX HayKH, B YACTHOCTH, B PAasJUUYHLIX pasjaenax (PU3UKU: cTaTH-
CTUYEeCKOA (PHU3UKE, KBAHTOBOH (pusuke XX BeKa, rjae CJlaydyauHhe
IPOLleCCH HUrPAlOT IJaBHYIO poJb. C yray0bjeHHeM HAayYHOTO 3HAHHS
BCE OUEBUJHEC CTAHOBUJIACH HEOOXOAHUMOCTb B H3YUEHHH CTOXACTH-
YECKHUX IPOLIECCOB.

1. Napapokc BeTBAWMXCA NPOLECCOB

a) Hcropus napadokca

B nepBoii moJiOBHHE NPONIJIOTO BeKa OBLJIO 3aMeYeHOo CJeaylo-
[ee HHTEPECHOE SBJEHHE: HEKOTOPble 3HAMEHHTBbIE aPHCTOKpaTHYe-
CKHe M NpOoCTble PaMHUJIHH MOCTENEHHO Hcue3aaH. ATy npobiaeMy c
MaTeMaTHUYCCKOH TOUKU 3peHuss usyvanu H. )K. beeneme B 1845 T.
u de Koudosve B 1873 r. B 1874 r. I'asvron u Barcoun ony6anko-

1) JIykpeuutt Kap. O npupone Beumefi. IlepeBon ¢ aar. @. A. IlerpoBckoro.—
M.: Toc. n3a. «XynoxecTBeHHad JuTepaTypa», 1937,
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BaJIi BaXKHEHLIYI CTAaTblo, NMOCBALIEHHYI0 3TOMY Bonpocy. Berss-
IfHeCsT LEeNOYKH (paMHJHK CTaJd MHNEePBLHIM INPHMEPOM CJAYYaHHOTO
BeTBALIerocsi npouecca. [Ipoueccel Takoro tuna HOSBJSIIOTCS B XH-
MUH, (PH3HKE M HEKOTODHIX APYyrux obgactsx. Hanpumep, mpolecc
ACNEeHHs sAep, HJH LeNHas peaklud, B sSAE€PHOH (U3HKE XOPOLIO
MOJe/JIHpYyeTCs CJAy4adHBIMH npoueccaMu. Ilokosennss HEHTPOHOB
CMEHSIIOT APYTr Apyra uaile, 4yeM NOKOJEHHS JaioAel, 0JHaKo B 000HX
CJlyyasiX TJIaBHBIH BONPOC OCTAETCSI ONHHM M TE€M »Ke: INPH KaKHX
YCJAOBHSX IIPOIlECC 3aTYXHET ((PaMuU/JHA HCUE3HET) HJH Pa30BbETCH
A0 OeckoHeyHOCTH (6oM6a B3opBercst). [ToHsiTHe BeTBsIErocst mpo-

necca BeexeHo B 1947 r. A. H. Koamoeoposeim u H. A. Imurpue-
8bLM.

6) Ilapadoxc

IlycTs ¢ BeposiTHOCTSIMH pg, p1, P2, . . . B3POCABIH MY»KUHHA HMeeT
0, 1, 2, ... colHOBeH. BEIYHCIHM BEpPOSITHOCTb ¢ TOTO, YTO CIIYCTSt He-
CKOJIBKO ITOKOJIEHHH MOTOMKOB MYKCKOro noJsa He octaHercs (da-
MuJIHs HcuesHeT). [IpousBoasamas ¢GyHKUHS BEPOSITHOCTHOTO pac-
npeaeaeHus po, P1, Po, ... oNpenpesasercsa Gopmyoi

g @)= D, pu2~,
R =0

rae |z << 1. O6Go3HauuM AaHAJOTHUHYIO TPOH3BOASILYI0 (BYHKILHIO
n-ro NokoJsieHHs 4epes g,(2) (g:1(2) =g(2).) Jlerko BuieThb, 4TO
gnt1(2) = g(gn(2)), T. €. 3Ta MPOHU3BOAAIIAST PYHKLHSI MOKET GLITh
MoJIyueHa NyTeM IOCJeM0BATEe/NbHbIX HTepalHi PyHKIHH g (x). Bepo-
SITHOCTb HCUE3HOBEHHSI BCEX MOTOMKOB MYXKCKOI'O IOJIA B A-M IIOKO-
JIEHUH PaBHA ¢, = g,(0). [TockoJabKYy HOC/I€N0BATENBHOCTD ¢, MOHO-
TOHHO BO3pacTaet, mpeges lim g, = ¢ cyumiecrtsyer, Mo3TOMy M3 pa-
BEHCTBA ¢n+1 = g (gn) caenyer, yto ¢ = g(¢). Takum obpasom, Be-
POSITHOCTBL ¢ HAXOAMUTCSI H3 STOTO ypaBHeHHs1. [1oCKOAbKY ¢ == | aB-
JS€TCs peuleHHeM 3TOro ypaBHeHHsdA, Barcon (ommubouHo) mpexnro-
JIOXKHJI, UTO BEPOSITHOCTh BBIPOXKAEHHUS Bcerga pasHa | u, ciaejoBa-
TeJIbHO, HeuzOexHa. XOTs pe3yJbTaT BaTcoHa coBeplIeHHO HeBe-
positeH, auwb B 20-e¢ roasl Hawero Beka P. @uwep, Ju. Xaardeiin,
How. Cregpericen n apyrue nokKasaju, UTo ypaBHEHHE UMeeT H APY-
roOM KOpPE€Hb, KOTOPHIH MeHblue |, MPH YCJOBMH, UTO CPEAHEE YHCJO

ChIHOBeH
== ; kpk

Ooabuie 1. B sroM ciayuae HCTHHHYIO BepOSITHOCTb BHIPOK/EHHS
AaeT MeHbIIHH KOpeHb. C Apyrofi cTOPOHBI, HEYAUBHTEALHO, UTO, KO-
Ala m MeHblle |, BepOATHOCTh BBHIPOXKAEHHS paBua |. [Tapamokc Mo-
KEeT BO3HHKHYTBb JIHUIbL B ciayuae m ==1. Eciau npeanosoxurs, 4To
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y KaIOT0 MYKUMHBI B CPEAHEM MO ONHOMY ChiHY (m = 1), To Be-
POSITHOCTh BHIPOXIEHHS BCe JKe OCTaHercsi paBHOH I (3a HCKJOUE-
HHeM uacTHoro cayuas p; ==1). CaemoBaTesbHO, HECMOTpPA Ha TO,
YyTO cpejHee UHCJIO MOTOMKOB MYXKCKOrO IoJia BO BCEX NMOKOJEHHAX
ONMHAKOBO (Bceraa paBHO 1), BHIPOXKAEHHE HEH30EXKHO (TouHee,
OHO IIPOHCXOAMT C BEPOSATHOCTbIO 1), XOTH MOXKHO MOKa3aTh, HTO
cpedHee BpeMsi 10 MOMEHTA BHIPOXK/AEHHSA GECKOHEYHO.

8) Ob6vacHerue napadoKca

PaBencrna
g=limg,=1 1 m=1
n-=>oo
ApYT ApPYry He nporHBopeuat. IlepBoe COOTHOLICHHE O3HAYACT, HUTO
BEPOSITHOCTb POXK/EHHSA MAaJIbUHKOB B f-M IIOKOJEHHH 6auska K 0,
HO €cJIH OHH BCE-TAKM €CTh, TO HX UHC/IO MOXEeT OBbITh GOJbIIAM, IIO-
5TOMY cpejHee 3HauellHe MOXKeT paBHSThCS 1.

2) SameuarHus

Mogpenr [agbToHna — BaTcona o0BIYHO HCIOJb3yeTCs B Caydae,
Korga pr=ab*! (k=1,2,...) u pp=1—pi—pa—..., TAE &
4 b — MoJI0XKHUTebHbIE YnCia U a MeHblle, yeM 1 — b. Toraa g.(2)
eCTh NPOCTO OTHOLIEHHE JHHeAHHX (YHKUHH. B 1931 r. A. Jlotka
MOCYMTAJ 3HAUYCHHS MAsd @, b u po, oTHocsmuecs: K CIHA. On noay-
ypJ1, uro a == 0.2126, b =0.5893 u po = (.4825, nO3TOMY BEPOAT-
HOCTh HCYE3HOBEHHsI MY:kKcKof Junuu paBHa ¢ =0.819. Kpacusbie
crapbie (paMUJIHK TOCTEIEHHO HCYe3aloT, U HX MeCTO 3aHHMAIOT 6o-
nee 3aypsaauble, nanpumep, Cmut u T. 4. Mcrnoab3osanue KoM6uHa-
IUH U3 ABYX HAH Tpex (paMuJIHM He BCErAa MO3BOJSET n30exaTh
coBrnajenus (paMuJauid, HHOrAa Aaxe B OJHOM YUDEXKICHHH. [Ipen-
garaeMblil HuXXe IOPAJOK NMPHCBAUBAHHA (PaMHJIUHA NPEACTABJISAETCA
HeOGbIYHbIM, HO PAa3yMHBIM H He 3aBHcslHM OT mnoJja. Kaxawi pe-
6enok HacJaeayeT ABe (aMHUJIHH, OJHY OT Marepd M APYTylo OT OTLA.
[ToCKOJIBKY V Ka¥k/J0TO M3 POAMTEJel ToXe IO ABe (paMJiuH, B Kaue-
cTBe pammuamil Asist peGeHKa MOXHO B3iTh Oojiece pPelAKHE (nau 0o-
nec npuaekaresnbHble). KpoMme TakHX JBOHHBIX daMuauil y JioaeH
Takxke OyayT # uMeHa. IIpu TakoM IOpsAKe MHD damunuil crana Obl
6oJiee KPACOUHBIM ¥ HHAMBHAYaJbHbBIM.
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2. MapkoBckne uenu u PUsnUecKrMn napanokc

a) Hcropus napadokca

[IonsTue MapKOBCKOH LeNH TPHHALJAEKHUT pPYCCKOMYy MareMma-
TuKy A. A. Mapkosy, ubH nepBBl€ CTAaTbH 110 3TOMY BONPOCY OBLIH
onybaukoBaHbel B 1906—1908 rr. (cM. CIHCOK JHTepaTtyphl HHXKE).
MapKoB HCIOJIb30BaJ HOBOE NOHATHE AJIS CTAaTHCTHUECKOTO aHaJ/Hu3a
pacnpeaeneHnsi 6YKB B 3HaMeHUTOH mosMe IlyiikuHa «EBresuit OHe-
ruf». «I{enp MapkoBa» (310 HasBaHHe Oblj10 npenioxkeHo A. S, XuH-
YHHBIM ) — BaXHellllee MaTeMaTHuYeCKOe IIOHATHEe, BO3HHUKIIee (IO
KpaHHel Mepe 4aCTHUHO) IPH pelieHWH JHUHIBUCTHUECKUX IIPOLJIEM.
[TocnenoBatenbHOCTh (1eNb) AUCKPETHBIX CJAyYaHHBIX BeJHYHH Xj.
Xo, ..., Xt, ... oOpasyer nenr MapkoBa (no onpeneseHHIO), eCJH
AJis1 I0H6OTO MOMEHTa BPEMEHH { «IOBeeHHe» NOCJeAOBATEIbHOCTH B
OyayuieM (mnocje ) 3aBHCHT OT €€ «IIOBEAEHHUS» B NIpoHLIOM (0 )
JIUHUIb Uepe3 3HaueHHe BeJHUYHHB X¢, T. €. PaBEHCTBO

P(Xt+1 =LalXi=i Xy y=105_y, .. )=
=P(Xs, =i [ Xi=1))
CIIPAaBEAJIHBO AJIST BCEX BO3MOXKHBIX 3HAUEHHH it41, If, ... CAYUAUHBIX

BeJHYHUH, UHBIMH CJOBaMH, [AJI BCE€X BO3MOXKHBIX COCTOSHHH ILEIIH.
[locnenoBaTebHOCTH TAKOro THOA NOSBJASIOTCI BO MHOrux oo0Ja-
CTAAX, HampuMmep, B KJaaccHuecKoil ¢usHKe, rae Oyayliee pasBUTHE
CUCTEMbI MOJHOCTBIO ONPEAEJSIETCSI €€ HACTOSIMIUM COCTOSHHEM (Ha-
IPpHMEDP, MIHOBEHHOH CKOPOCThIO M MECTOHAXOXKJIEeHHeM) H He 3a-
BHCHT OT TOTO, KaK CHCTE€MAa 0Ka3aJach B HACTOSLIEM COCTOSHHMH.
Ecau {X:} —uen» MapxoBa u ycnoBHble BeposSTHOCTH P (X;p =
== [;11 | X: == i), 8epoaTHOoCcTU nepexoda, HE 3aBHCAT OT f, TO Ielb
MapkoBa Ha3siBaeTcst 0JHOPoAHOH. COBOKYIIHOCTh BEPOSITHOCTEH IIe-
pexoja oaHOopoAHOH uenu MapkoBa MOKHO 3amnucaTh B BHAE MarT-
puubl A = (pi;), rae
pij=P(Xs =1]Xs=1).

Torpa anaa n-KpaTHOW CTENEHH MATPHILB NEPEXOAHBIX BEPOSITHOCTEH
umeeM A" = (p\7), rae py) =P (X,,,=jlX,=1i). 3to coorHomUIE-
HHE JaeT BO3MOXKHOCTb HCIOJIb30BATh B TEOPDHH MAPKOBCKHX IeneH
dbakTel u3 Teopuu Martpuu. B nHamu aHu uenu Mapkora (M uxX 06-

obimieHHe Ha CJayuyaldl HempephIBHOIO BPEMEHH H HENpPEephIBHOTO
¢a30BOro  NnpocTpaHCTBa — MapKOBCKHE  IPOLECCH) HIrpalT B
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eCTEeCTBEHHBIX U TCXHHUECKHX HayKax HaMHOro GOJBUIYIO POJib, YEM
B JIHHTBHCTHKE, T'le OHH MepBOHAYaJbHO IPHMEHSINCH.

[Tpo6aeMa 06paTHMOCTH-HEOOGPATHMOCTH — 3TO HHTEPECHBIH ma-
PaJOKC KJIACCHUECKOH MeXaHHKHM M TEePMOJHHAMHKH, U MapKOBCKHE
HenH siBASIOTCH 5hGhEeKTHBHLIM CpeacTBOM ero aHajusa. CyTh nmpoo-
JeMbl 3aKJIOUdeTcsl B TOM, UYTO 3aKOHBbI KJACCHUECKOH MEeXaHHKH
o6paTHMBl H TO3TOMY He MOTYT OOBACHHTb, NMOYEMY KYCOK caxapa
pacTBopsieTcsd B ualike Kode, HO MBI HHKOrJla He HabJionaeM oOpaT-
HBIH 1npouecc. Heo6paTuMocTh Halllero MHpa OTpa)KaeT BTODPOH
3aKOH TepMOAHHAMUKH (BHepBhie chopmyauposanunit JI. C. Kapro).
(ITepBBIii 3aKOH TEpMOAMHAMHKH — 3TO 3aKOH COXpaHEHHS 3HEP-
rup.) Cnycrs copok qaer P. Kaaysuyc Bpes MatemMaThieckoe IOHA-
THE SHTPOIIHH, CTaBlllee OCHOBHBIM B TEOPHH HEOOpaTHMBIX IpOLec-
coB. (Coraacno Kaaysuycy [Memoir read at the Philos. Soc. Zii-
rich, April 24. Pogg. Ann. 125: 353, 1865] c/0BO «3HTDPONHSA»
IPOMCXOJUT OT TPeyecKoro tpodsy), O3HAYAIOLWIET0 «TIOBOPOT», «Ipe-
BpalleHue». Kiayswyc yTBepiKjaaer, 4TO OH A00aBHJ «3H», UTOOHI
CJIOBO 3BYy4YaJi0O aHAJOTHUYHO <«3HEepruH», OJHAKO rpeueckoe CJOBO
gVTPOTY) HMEeeT CaMOCTOSITe/IbHOEe 3HaueHHe — IIOBEDHYTb I'OJIOBY B
ctopony».) Mcnoab3yst NMOHSITHE IHTPONHH, BTOPOHM 3aKOH TEPMOAH-
HAMUKH MOXHO cOPMYJHPOBATL CAEAYIOIUHM 00pa3oM: B H30JUPO-
BAHHOH CHCTEMEe 3HTDOIHS HE MOXKET YMEHbIIHTbCS, OOBIYHO OHA
Bo3pacrtaet. JI. boasyman mnuITaNCH NPOBEPHTH 3TOT 32KOH C MO-
MOINIbIO KHHEMATHKH aTOMOB H MoJieky.. (B to Bpemsa uaes BoJbl-
MaHa BOBCe He BHITJISIAE]A €CTeCTBEHHOHN, TaK KakK MHOrHe (DU3HKH
COMHEBaJHCh B CAMOM CYIIeCTBOBAHHH aTOMOB, Hampumep, M. Pa-
padeii, 3. Max wau ocHoBaTeJb «sHepretuamas» B. @. Ocrsaisd.)
OrpomHoe Bausuue na Bosabumana okasana pabora Makcsenna 1o
AHHAMHYEecKOH Teopuu raszos. B 70-e roanl npomnoro Beka DBoJbil-
MaH OBHAPYIKHJ CBSI3b MEXKAY JSHTPOTHed M TepMOAHHAMHUYECKOH
BepoATHOCTBIO (cpaBHHTe ¢ 3aMeuanueM (i)). Om mokasan, uto He-
06paTUMOCTh He MpOoTHBOpeunT OO6paTHMOH MexaHuKe HbioToHa
IpUMEHEHHE MocJefHed K GOJbIIOMY YHCJAY YacTHl C HeoOXOIu-
MOCTbIO TIPHBeAET K HeoOPATHMOCTH, TaK KaK CHCTEMBI, COCTOAUIHE
M3 MUJIJIIHOHOB MOJIEKYJ, CTPEeMATCS [IePEeHTH B COCTOsIHHE, HMelollee
6SABLIVIO TEPMOJAHHAMHUECKYIO BEPOATHOCTh. ITO H €CTh «OCHOBHAS
NpHYHHA» pacrajga, H3HOCA, CTapeHud (M, KaK YTBEPKIAWT HEKO-
TOphle, yIIafika HPABOB HJH LIUBUJIH3AIHH).

B 1907 r. I1T. u T. 3penecrtor co31aMH MOJEJIDb, Pa3bICHIOULYIO
HapajoKc o6paTHMOCTU-HeOGpPaTHMOCTH ¢ IoMouipio iemneir Map-
KOBA.

6) Ilapadoxc

[TpeamoaoXKuM, 4TO ecTb cucreMa U3 N MOJIeKyJ, KaXAas H3 KO-
TOPHIX MOXKET HAaXOAHUTbCHA B OJHOM H3 JBYX SHEPreTHYeCKHX COCTO-
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HHH. Eciu MosleKysna HaxoauTes B IEePBOM COCTOSIHHH, TO 3a OJAHH
lar oHa IepexoJHT B APYroe COCTOSIHHE C BEPOSATHOCTBIO p (H OcC-
TAa€TCsA B IIEPBOM COCTOSTHHH C BEpPOSITHOCTHIO 1 — p). Ecau ke Mo-
JCKyJla HaxXOAUTCA BO BTOPOM COCTOSIHHM, TO (3a OAHH IIar) oHa
IEPEXOAHUT B INI€PBOE COCTOSAHHE € BEPOATHOCTBIO ¢ (H OCTAeTCS BO
BTOPOM C BePOSATHOCTbIO | —¢). Tak Kak Kaxaash MoJeKy/a <BHI-
OHpaeT» 0AHO M3 JABYX BO3MOMKHBIX COCTOSIHHII, BCS cucteMa u3 N
MOJICKYJl MOXET HaxXOJAHThCs B 2V pasnHuHbIX cocrostHuSX. IIpearno-
JIOXKHUB, YTO MOJICKYJIBl HEPA3JHUHMMBI, NoayuuMm Jauinb N -1 Bo3-
MOXKHBIX Pa3JIHYHBIX COCTOSTHHH CHCTEMBI: COCTOSIHHE CHCTEMBI OIpe-
AENSETCA YHCJIOM MOJEKYJ, HAXOAAIIUXCS B IIEPBOM COCTOSHHH.
ITycrs X: oGosnauaer (cayyafiHoe) YHCIO MOJIEKYJ, HAXOSIHXCS
B II€PBOM COCTOSIHHM B MOMEHT BpeMeHH {. Torma nocjenoBaTeJib-
HOCTh X, Xj, X3, ..., OueBHAHO, 0OpasyeT lLems MapkoBa, onuchl-
BAIOWyI0 Da3BHTHE CHCTEMBl. Kak 3Ta MOAe/b yBA3HIBAeT 06paTH-
MOCTb KJIACCHUCCKOH MeXaHHKH (CHMMETDHs BO BPEeMEHH) ¢ Heo6pa-
TUMOCTbIO TEPMOJAHHAMHKH (ACHMMETPHS BO BPEMEHH)?

8) Obvacnenue napadokca

MoxHo nokasarte, uTo ecau |1 —p—g| << 1, To npeaes npous-
BoAAIleH (QyHkUMH pacnpenenenus P(X:;=j, Xus=F) paBen

lim E (2"tw*t+s) =
£
_“[(p+qz)(p+qw)+pq(1 —p—q)S(l—z)(l_w)]N

(p -+ q)*

H 3Ta (YHKUHS CHMMETDHYHA IO 2 U W, CJAEJ0BATEJbHO, HMEET Me-
CTO PABHOBECHE

P(Xfo, Xt+¢ k) P(thk: Xt+s:j)o

IJTO PAaBEHCTBO 03HAYAeT CHMMETPHIO MEXAY IPOLLIBIM H Oyrylum
nmpouecca (06paTHMOCTb), B TO K€ BPeMs CJELVIOUIEe COOTHOILLIE-
HHE OTpaxKaeT HeoOPaTHMOCTD

P;:(Xt+s=k | X J) p(Xt+s=”Xt=k)-
Hanpuwmep, eciu p=qg=1/2, 1o
. . NY _y
[im P (X, =) ( . )2 :
t—)-oo'] ]

MO3TOMY BEPOSITHOCTh TOrO, UTO Lenb MapxoBa 6JH3Ka K COCTOS-
HHO N /2 Gojble, 4YeM BePOATHOCTh TOTO, UTO OHA OT HEro AaJjieKa.

2) Sameuanus

(i) Ilycre f(v, f) oGosHauaer pacnpenesenre caydaiHbx CKODO-
CTEH MOJIEKYJ ra3a B MOMEHT BPeMeHH ! (a4 IPOCTOTH NIPEAII0JO0-
KHM, YTO 3TO pacOpefeseHde He 3aBUCHT OT MECTOHAXOMKIEHHS
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moJsekya). B 1872 r. Boabuman cgopmysanpoBas CBOIO TCOPEMY
B CJCAVIOUICM BUAe: MPOHU3BOAHAA (PYHKUHH

H (f) = S P (o, ) log, [ (v, f)du, a>1,

He MOKET ObIThb IOJOXKHUTEJbHOH, T. e. H He MOXeT BO3pacraTh C
poctoMm f. (Beauwunna —H COOTBETCTBYeT TePMOJHHAMHUECKOH 3H-
TPOIHH, KOTOpass He MOXKeT yOblBaTh, OHA OOBIYHO BO3pacTaer.)
B 1876 r. aBcrpuiickuil ¢usux #. Jlowmuor TOCTaBH/I BOIPOC 00
00pPaTHMOCTH-HEOOPATUMOCTH TaKHM 00pa3oM: 3aKOHBI KJaaccHde-
CKOH (PH3UKH HHBAPHAHTHH OTHOCHTENLHO NpeoGpasoBaHus [—-—
(0HH coJepKaT BTOPBIE IIPOH3BOAHBIE 1O {), B TO XK€ BpeMs npeo0-
pasoBaHHe [ — —[ IpeBpaiiaer reopeMy boJbliMaHa B T€OpeMy el
IpOTHBOMOJIOKHYIO: GyHKIMA H (—I) He MOXKeT yOBIBATD. B pesyJib-
TaTe aHaJu3a 3TOrO IapajoKca 0KasaJocb, 4YTO JJd A0Ka3aTelIb-
cTBa TeopeMbl DoJsibiiMaHa HeoOXOAHMMO IpeAnoJararb COBEPIICH-
HYIO OJHOPOAHOCTh MOJEKYJNSPHBIX CTOJIKHOBEHHH, HO Takas HAea-
ausauus upesmepha. Teopema DoJbiMaHa cOopapeAsuBa JHIIb
CTATHCTHUECKH: BEPOSITHOCTL pocTa f1(f) co BpeMeHeM OuYeHb MaJa.

Jlpyroil mapafoKc BhHiTekaer 13 TeopeMbl A. Ilyarkape. OH no-
Ka3aJj, uTo B 3aMKHYTOH M KOHEUHO# ra3oBoi cucreMe (pasosas TOU-
Ka, ONHCHIBAIOINAS COCTOSIHME 3TOH CHCTeMbl (M JABHramomascs Mo
SKBHIIOTEHILMAJbHOH MOBEPXHOCTH B MHOTOMEPHOM €BKJHAOBOM IIPO-
CTPAHCTBE) BO3BpPAlLAeTCs B NPOM3BOJIBHO MaJyl0 OKPECTHOCTL CBO-
ero HauaJbHOTO MECTOHAXOMKAEHHs 3a orpaHuyeHHoe Bpems. Ho
510, KaK B 1896 r. ycranosua J. I[{epmeso, NIPOTHBOPEUHT TEOPEME
BoJibliMaHa: ecJd Hporecc Heo6paTHM (ero 3HTPONHA BO3pacraer),
to ¢azoBas TOUKa BEPHYTbcs He MoxkeT. OfHAKO CTATHCTHYECKAs
GopMyaHpPOBKa TeopeMbl BosibliMaHa MO3BOJSET PEUIHTD H 3Ty npoo-
JleMy: TOCJIeA0BaTeNLHOCTh COOBITHH, NPOHCXOASUIMX C OUCHb Ma-
JBIMH BEPOSITHOCTSIMH, MOXKET MpPHBECTH K BO3BPaILEHHIO (hazoBoH

TOUKH, HO COTJacHo Boabumany AJsi 3TOoro norpebyercs 101" per,
TaK uTO 3TO cOObBITHC MpaKTHUeCKH HeHaldJloJaaeMo, B TO BPEMs KakK
HeOOPaTHMOCTD NPOSIBJISETCs HarJasaHo.

[TapagoKcH Jlommuara — [lepmesno  MOKasbIBalOT, UYTO TEOPHA
BepPOSATHOCTEl HIpaeT KJAIOUEBYIO POJb B OCHOBAHHIX MOJIEKYJISAP-
Hoil (hH3UKH, B CTAHOBJEHHE KOTOPOH BAXKHBIH BKJAaJ BHECJH BEH-
repckue yuensle. Hanpumep, B 1926 r. Jleo Cusapd nmOXOPOHHUJ 3a-
MaHUMBYI0 HIelo AeMoHa MakcBensa, CIOCOGHOTO CO34aTh BEYHBIH
nsuratesb. (MakcBeas yTBep:KAaJ, UTO €CJH SHTPONHS BO3pacTaer
TOJBKO CTATHCTHUECKH, TO JEMOH, CMNOCOOHBIH YNPaBJsATb ABHIKE-
HHEM KaXKI0il MOJIEKYJIbl, MOT OBl [IOCTPOHTb BEUHBIM ABHTATE/D. Ho,
kak nokaszasa Cujapi, cylniecTBOBaHHE TAKOTO «XOPOLIO HH(MOPMH-
pPOBAIIHOTO» AECMOHA norpe6oBano Obl OrPOMHOH 3HTDONHH, ITO3TOMY
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BEYHBIM JBHraTeJb, yIpaBJAsieMbld AeMOHOM MakcBenaa, HEBO3-
MOXKeH.)

(ii) Cratucruuecku#i aunanus rtexcra «Esremmssi Ownernna» He
OBl €AHHHYHBIM HCCJI€0BaHHeM NoAo0HOro THna. B konue mpoul-
JJIOTO BEKa CTaJo MOAHBIM U3y4yaTh YACTOTHOE paclpeleseHHe CJOB
B Da3/IHUHLIX TEKCTaxX (4YTOOLI 1MOMOYb B OOYUEHHH HHOCTPAHHBIM
A3blkaM H creHorpaduu). B 1898 r. @. Kasdue onybaukosana nep-
BRIl vactoTHHl caoBaps (Haufigkeitsworterbuch der Deutschen
Sprache) neMenkoro si3blka, KOTOPHIH OBl1 OCHOBAH HA TEKCTAX, CO-
pepxawmwux |1 Muanuonos caos. Bo MHorom Omarogapsi paboram
dMepHKaHCKOro yueHoro o, Lfunga (1902—1950 rr.) npuMmeHenus
MaTeMaTHYECKOH CTATHCTHKH B JIMHTBHCTHKE IIEPEPOCJH B OT/EJb-
HOoe HayuyHoe HanpasJjeHue. Ero kuura «Hesnoseueckoe noseneque u
NMPUHLHUI HauMeHblrero ycuiausay» («Human behavior and the Prin-
ciple of Least Effort») comepxkutr ouens ray6okue uuew.
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3. Napagokc BpPOyHOBCKOro ABMIMKEHMUS
a) Hcropus napadokca

Bo BpeMmst 3KCIEpHMEHTOB ¢ HCHOJb30BAHHEM MHKpPOCKOIIA AHT-
naukckuin 60otanuk P. bpoyn (1773—1858 rr.) o6HApYyXHA He TOJb-
KO CyIieCTBOBaHHE sII€D Y KJETOK, HO H HaGJoJaJ HHTepecHoe,
XOTs1 B TO BpeMsi HeOOBSCHHMOE, siBJEHHe: CJAyYaHHOe ABHKEHHE
B3BCLUEHHBIX YACTHL, H3BECTHOe HBbIHE KaK GPOYHOBCKOE ABHIKEHHE.
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[TockonbKy DpOyH mNpOBOAHJ CBOH 3KCIEDHMEHTHI € 1LIBETOYHOH
NBBIOH (B HIOHe — aBrycre 1827 r.), NMpeANnoJOXKHIM, UTO ABHXKe-
HHe HMeer OHOJIOrMYecKHe MNpHYMHBL. Beunukoll sacayroit bpoyHa
ABJSIETCSI 9KCIIEPHMEHTAJbHOE JOKAa3aTeJbCTBO HCKIIOYHTEJIbHO (PH-
3MYECKOH NMPHPOABI 3TOFO siBJeHHsA. CTeneHb PAa3BUTHSI MHKDPO(QH3H-
KH TOFPJa He [03BoJsJIa OOBSICHUTb 3TO sIBJeHHe HayyHo. Heyausu-
TeJbHO, YTO Aaxe B 1879 r. HeMeukufi OGoTaHHK K. Heeeau orka-
3aJICsl TIOBEPUTh, YTO NPHUMHA OPOYHOBCKOIO JABHKEHHSI B TEIJIOBOH
nuddysnu uactun. C apyroil cTopoHbl, A. [lyanxkape Ha OAHOH H3
nekuud (B [Tapuxke B 1904 r.) yTBepxKjiaJ, uro Korjia OOJblIHE ya-
CTHLBE pa3MepoM mnpubausutesbHo 0.1 MM €O BCeX CTOPOH MHOIO
pas yJiapsioTcs ABHXKYLIMMHCA aTOMaMH, TO 3TH YaCTHIbI OCTAOTCs
Ha MeCTe, TaK KaK IO 3aKOHY OOJBbIIHX YHCEJ CAydyanHble CTOJKHO-
BEHHsI HEHTpaJu3yIOT ApPYr Apyra, OJAHAKO B caydyae OoJiee MENKHX
YACTHL BO3JEHCTBHE TOJUYKOB HEJMOCTATOUHO MAJs HX OOLIeH HedTpa-
JIM3aLMH, TO3TOMY 4YacTHI(H ABUFAIOTCS 3Ur3aroobpasHo. Kosuyecrt-
BeHHOe OO0bsiCHeHHe sIBJeHHs Obljlo AaHo B 1900 r. Jdnwrednom u
MOJIbCKUM VYeHbiM Cmoayxosckum HeszaBHCHUMO Apyr or jpyra. ITo
TeopeMe DHHIITEHHA CpeljHdAs AJMHA IIYTH YacTHI NPOINOPUHOHAJDb-
Ha KOPHIO KBaJpaTHOMY M3 BpeMeHH JBuKeHdsa f. CJel0BaTeNbHO,

HX CpelHAs CKOpPOCTh NMPONMOpLHOHAJbHA 1/4/¢. OtTclofa BhITEKaer,
YTO MIHOBEHHAsl CKOPOCTb 4ACTHL B JIIOOOH MOMEHT BPEMEHH JOJIXK-
Ha paBHATbCsI OCCKOHEUHOCTH, CJIeJ0BAaTe/JbHO, IIPH OIpeJeseHuH
MTCHOBEHHOH CKOPOCTH [Jisi OPOYHOBCKOIO JABHKCHHS BO3HHKAIOT
npobaemMel. s ux peulenus tpebosancs GoJee ryOOKHH MareMma-
THYECKHH aHaau3. OAHAKO mpouio GoJiee JAECATH JIET NMpeKiae, YeM
OH ObW1 nposeleH H. Bunepom. B 3HaK IpH3HaAHHS €ro 3acayr B
5TOH 00JacTH MaTeMaTHuecKast MoOJeJb OpOYHOBCKOFO JBHKEHHS
6blJla Ha3BaHa ero HMeHeM — BHHEPOBCKHH Ipouecc. BHHepOBCKHH
IPOIEeCC — 3TO JBHIKEHHE ¢ HellpepBIBHOH TpaeKTOpHEeH (ero peaJiu-
3allU¥ HelpepBIBHBI), HUTJe HeAUp@PepeHUHPYEMOH C BEPOSITHOCTBIO
]. D10 03HAUaeT, YTO MIHOBCHHYIO CKOPOCTb HEeJb3s ONpEeAeJUTb HH
B OJLHOH TOUKE,.

HemnpeproiBHBIe, HO HUPAe HeAud@epeHnupyeMble QGYHKIHH ObLIH
H3BeCTHBl 3ajouaro a0 Bunepa. OJIHako Takue MOaTOJOTHUECKHE
(PYHKIHH pacCMaTpUBaJHCh JHlIb Kak Kypbe3. B 1806 r. sHamenu-
THHA pusuk A. M. Amnep naxe cobupaJjicsi 10KasaThb, uTo Jgobas He-
npepoiBHas (pyHkuuss AuddepeHuupyemMa, 3a HCKIWOUYEHHEM OBITh
MOXKET HECKOJIbKMX U30JUPOBAHHBIX TOYeK. IloHATHe (PYHKIUU cTa-
JIO B 3HAYUTEJbHOH cTeleHH 0oJjiee O0OIIUM B pe3yJabTaTe HCCAeNO-
BaHuKi mno pagam Pypbe, npoBeneHHnx bL. boasyano (1834 r.),
b. Pumanom (1854 r.) u K. Beliepurpaccom (1872 r.). B 1875 r.
11, [lrob6ya-Petimor BrepBble ONyGJHKOBaJ TNPUMED HENpPepbIBHOM,
HO HHI'Ae HeAud@epeHuupyemoit gyHknuu Befiepiutpacca. MHorue
BblAAIOIIMECST MAaT€MaTHKH BCTPETHJH 3TH HOBOBBeleHHsT 6e3 060Jib-
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moro 3Hry3na3ma. Kak cuutan IlyaHkape (Science et Méthode,
1909. [HMmeercsa nepesona: cM. «Hayka u meroa» B kuure Ilyan-
kape AHpHu. O Hayke.— M.: Hayka, 1983.]): «Hekorga npu naxox-
J€HUH HOBHIX (YHKIHH HMeJachb B BHAY Kakafa-HUOYAL INpakKTUue-
CKasl Lesb. Tenepb (PYHKUUHU H300peTAIOTCS cneunuasdbHO HAJS TOrO,
yTOO6B OGHAPYXKHTb HEAOCTATOYHOCTb pPAacCCyK/AEHHUH HaIlluX OTIOB,
HUKAaKOI0 HWHOrO BBHIBOJA, KpPOMe 3TOro, M3 HUX HeJb3sl H3BJEUb»,
I, 3pmur B nucbMe K T. Cruarsecy BHICKa3HBaJCS aHAaJOTHUHBIM
obpasoM: «$l B yXKace OTBOpPAYHMBAlOCh OT 3TOH CTPAIIHOH UYMBI:
(QVHKIMH, He UMEILHX MPOU3BOAHBIX». BHHepOBCKHH mpouece, oue-
BUAHO, ONpOBEpraJ NpHUBEAEHHLIC BHIIC OOBUHEHUSA, TaK KaK HHUKTO
He MOTr' YTBepK/JAaTh, YTO OGPOYHOBCKOE JBHUXKEHUE BBEAEHO JUIUb AJS
NPUAYMBIBAHUS 1ATOJOTHYECKHX KOHTpIpuMepoB. HcciaenoBaHus,
IpoBeJicHHBle B XX Be€Ke, CO BCEeH OUYEBHJAHOCTBIO II0Ka3aJih, 4To
Cpedd HenpepblBHBIX (PYHKUMH HUMeHHO HeauddepeHuUpyemble TH-
IIUYHBEL B TOM CMBICJe, YTO OHH 00pa3yloT nojapJjsioniee O0OJbIUINH-
crBo. (Oxtoby L. J. C. Measure and Category, Springer, New
York, 1971. [Umeercs nepesox: Orcro6u JIx. Mepa u KaTeropusi.—
M.: Mup, 1974.]) OnHako nmoyTH Bce HempephiBHbIE (YHKIHH, IPH-
MEHsIeMble B IIPAKTUYECKHUX TNMPHUJIOKEeHUaX, AuddepeHIIHpyeMbl. ITO
HallOMHHAeT CHTYallHi0o ¢ HppanUHOHAJbHHIMH 4YHcJaMH. HecMorps
Ha HX OOJILINHHCTBO CpPeld AEHCTBUTEJBHBIX 4yHces (cayualHoe uuc-
JIO HppPallMOHAMbLHO ¢ BEPOATHOCThIO 1), Ha MNpakTHKe OOGLIYHO HC-
NOJIb3YIOTCA palliOHaJJbHBIE UHCJIA.

6) Ilapadoxc

Tpaexropun (peanusanun) OGPOYHOBCKOrO MABHXKEHHS JOCTATOY-
HO HeperyJsipHbel (T. e. OHH HUTAe He AUPPeperHnupyeMbl). O6BUHO
JMIO0YI0 HeperyJsapHyI0 KPHUBYIO TaKyI0, KaK TPAaeKTOPHIO GPOYHOB-
CKOIro JIBHXK€HHUS Ha IJIOCKOCTH, pacCMaTPHBAIOT KakK OLHOMEDPHYIO.
B To e BpemMs MOXHO MOKasaTb, YTO TPAEKTOPHS GPOYHOBCKOTO
JBHXKEHHSI HA NJOCKOCTH B AEUCTBUTEJNBLHOCTH 3aMOJHSET BCIO ILJIO-
CKOCTb (B JI06YI0 3aJaHHYI0 OKPECTHOCTL IIPOU3BOJIBHOH TOUYKH
TPAeKTOPpHsI monajaer ¢ BepoATHocThio 1). CaenoBarTenbHO, Tpaek-
TOPHH MOXHO paccMaTpUBaTh H KakK AByMepHHe kpuBHe. Kako#t u3
MOJXOM0B NpeAllOUecTh?

8) ObwacrHernue napadokca

[TonsTHe pasmepHOCTH B OBGHUHOM MOBCEJHEBHOM CMBICJE HC-
MOJIb30BAJIOCh YXKe B HadaJse Beka. KpuBhle, MOBEPXHOCTH U TeJia
paccMaTpuBaJMCh COOTBETCTBEHHO KaK OJIHOMEpHHE, JBYMepHBIE U
TpexMepHble 06beKTh. OO6BIYHO TrOBODST, UTO (PUrypa HMeeT pasMep-
HOCTb k, eclu AJIA «XapakTepH3allHH®» TOUEeK (DUIYpH Heo6X0JHMO
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r napamerpoB (koopaunat). Hcnoabsyss HHTYHTHBHBEIC HILEH
[lyankape, JI. 3. fI. bpaysp B 1913 r. onpeneaus TONOJOTHUECKYIO
pasmepnoctsb. Ilosanee, B 1922 1, K. Meneep u Il. C. ¥psbicon, pa-
60Tasi HE3aBUCHMO, TaKxXe MNPHILJIH K 3TOMY MOHATHIO. (HanbHel-
mHe neTadu cM. B KHure I'ypesnua u Bosamsna.) B cuiy ompenese-
HUsI TOMOJIOTMUEeCKOH pasMepHOCTH OpOYHOBCKOe HABMKEHHE OAHO-
mepro. C apyro#t cropousl, B 1919 r. @. Xaycdopg BBEN CIEAYIO-
Iee MOHSITHE PA3MEPHOCTH, B COOTBETCTBUH C KOTODBIM O6pOYHOBCKOE
ABHMKeHHe ABYMepHO. B d-MepHOM €BKJIHI0BOM NPOCTPAHCTBE ob6bpeM
epunuyHoro urapa pasen v(d) =T(1/2)%/T (1 +d/2), rae T' o6o-
sHauaer OGbIUHYIO ramma-oyskuuio (cM. «O0o3HaueHHs» B KOHIE
KHHTH). DTO BHpaXCHHE HMEET CMBICA M IS Hele/bX d=0.
[TycTh B n-MEPHOM €BKJHJIOBOM MPOCTPAHCTBE B3ATO MHOKECTBO E,
KOTOpOe HOKpbIBACTCS KOHEYHBLIM YHCJIOM n-MEPHBX IIApOB € pad-

AHycaMu ri, re, ... . Torja d-mepa Xaycaoppa wmHOXKecTBa £
paBHa

lim inf ), v(d)rd.

r—)oori<r i

A Becuxo@u4 1OKa3aJ, 4To BCeria cymiecTByer (HeficTBHTENbHOE)
grcsno D Takoe, uto ecau d << D, 1o d-Mepa MHOXecTBa E Gecxo-
Heuna, HO B ciyuae d > D ona pasHa 0. D10 unucjao D HaspBaeTCS
pasMepHOCThl0 Xaycaoppa HIH Xaycapopha — becukoBruua MHOXKe-
ctea E. Tlpu TakoM onpelejeHUH 3HAUYCHHe Da3MEPHOCTH Heob3a-
TeJbHO Gymer umeamM uucaoM. Hanpumep, ob6e KOOpAHHATH 6poy-
HOBCKOTO IBHMKEHHS Ha IJIOCKOCTH Kak (YHKIHMH BpeMeHH (T. e.
KpHUBble «OJHOMEPHOTO OpOYHOBCKOTO IBHXKEHYS») HMEIT pa3Mep-
Hoets Xaycaopdpa 3/2. ChenosaTespbHO, 3TH KPHUBBIE HAXOISTCH
re-TO MeXIy «HaCTOSIIIHMH» KPHBBIMH ¥ «HACTOSILIHMH» MOBEPXHO-
cTaMH. PasMepHOCTh KpHBOH OpOYHOBCKOrO ABHXKEHHs Ha IIOCKO-
CTH paBHa 2, KaK U Y «HaCTOALIUX» IIOBEPXHOCTEH.

e) 3ameuarnus

(i) 3a nocielHHe HECKOJbKO JeT OnyOJHKOBaHO MHOIO pa6oT
0 (DUTypax, Y KOTOPHIX TOMOJIOTHYECKas pasMepHOCTb OTJIHHAETCA OT
pasmepHocty Xaycaopda. 5. Mandersbpoir Ha3Bald HX ppaxrara-
mu. dPpakranbl, HanpuMep, BHHEPOBCKHE NPOIECCH!, HIPAIOT BaXKHYIO
pOJIb TMPH ONMCAHHM HENMpaBHJbHBIX (Uryp, BCTPEUAIOMHXCA B IPH-
pode. XOTs eBKJAHAOBa JIUHUS — 3TO <«OyKBa», KOTOpad HauboJee
yacTo ynoTpebasieTcss MNpH ONHMCAHWH NPUPOAHBIX OGBEKTOB Tpa-
BHJILHOH (DOPMBI, B cJyYae HempaBHAbHEIX (popM (06saka, MOPCKOC
noGepexkbe) B 3TOH pPOJH BHICTYNaeT BHHEPOBCKHH INpOIECC. B neii-
CTBUTEJbLHOCTH HH <«HACTOALNME» JIMHHH (KOTOpBle MOXKHO HPOIOJI-
)KaTh TOJbKO B JJHHY), HM <HACTOsLHe» BHHEPOBCKHE NPOUECCH
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(Hurie HeanddepeHUHPYEMEIE) He CYLUIECTBYIOT B MPHPOAE, HO C HX
IOMOIIBIO MOXKHO MOJIYYHTb AOBOJIbHO XOpOIlEee ONHCAHHE «HACTOS-
Imux» 00beKTOB. ®pakKTanbl NO-HOBOMY OCBETHJIH 3HAMEHHUTHI ma-
parokc Os6epca. B cOOTBETCTBHH ¢ 3THM MapafOKCOM He MOHSTHO,
OYeMy HOYbI0O HeOO He OCBElleHO DaBHOMEPHO, B TO BpeMs Kak
PaBHOMEDHO pacnpefesneHne 3Be3f BO Bceenenno#i. (Cm. KHury MaH-
nesibOpoiiTa.)

(ii) MaHunesb6podiT B cBOel KHHUIe YNOMHHAET W APYrue MOHS-
THS pasMEpHOCTH, Hamlpumep, pasMepHOCTh Pypse. ITo mosoxy aJ-
rebpanueckoll pa3aMepHOCTH cM. cTaThlo Cexes.

(iif) HeperyasipHocts BHHepOBCcKOro mpouecca npHUBeJa K pas-
BUTHIO HOBOTO HaNpaBJIEHHsS Ha CTHIKE TEOPHH BEpOSITHOCTEH U aHa-
/38 — TCOPHH  CTOXACTHYECKHX AHGpPepeHnHaIbHBX ypaBHEHHH.
B pamkax 3TOH TEOpUM TOJIYUEHH pe3yJbTaThl, 3HAUHTEILHO OTJIH-
qalmuecs OT (akroB M3 OOBIYHOrO AHMGEpeHNHaJbHOTO H HHTEr-
paabHOTO HcunciaeHud. Hanpumep, ecan ¢dyukuus f(¢) nudbdepen-
LHpyeMa, TO

1 !

\Forare=\rorma=L0EO

0 0

B reopun croxacTHueckHx HHTErpasioB 3TO BHIPAXKEHHE TOXKE MMEET
CMBC], ecd faxe f(f) — (nurie HeauddepeHuupyemnifi) BHHEPOB-
ckud npouecc. Ho sHauenne uHTerpasa Gyser MeHblle, YeM B NpH-

BENCHHOM BHIUIEe (IPH HAJHYHK NPOHU3BOAHOK) cAyyae. PasHOCTb B
TOYHOCTH paBHa 1/2.
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4. MapapgoKc BpeMEHH OXKHMAAHUSA
(Xonsar nu asTobychl Hawe B obpatHom HanpasneHumu?)

a) Hcropus napadokca

XoTsi coBpeMeHHasl TEXHOJIOTHs IMOCTOSIHHO YMeHbILaeT MOTepH
Ha BpeMsl OXHJaHHs, OHH BCe elle CyUIeCTBYIOT H BO MHOTrOM OIpeE-
NeJISIOT HaIly MOBCEJHEBHYIO HEpBO3HOCTb. [l03TOMY 3a MONBITKAMH
MaTeMAaTHKOB M HHXKEHEPOB COKPATHTb BpEMsl OXKHAAHHA CJAEAAT C
GosibluuM MHTepecoM. A. Fpaane uccnefnoBaj npoobremy BpeMEHH
OXMIaHNS A TeaedOHHBbIX craHmuii (cM. 1/6, sameuanue (iii)).
B 30-¢ rojaml Hallero Beka B. ©esasep BBeJ IOHATHC NPOLECCOB TH-
Geqd W PasMHOXKEHHS, YTO INIPHAAJO HOBHIH MMIYJbC MaTeMaTH4e-
CKOMY aHaJH3y BpEMeHH OXHJaHHA H BO MHOIOM CIOCOBCTBOBAJIO
BO3HHKHOBEHHIO TEODHH HCCJeJOBaHUA onepauud. MsyueHue cHCTEM
¢ OoyepelsAMH NIPEBPATHJIOCH B HE3aBHCUMYIO 06JacTh HAYKH Ha rpa-
HUIC MeXJy Teopuell BepOATHOCTEH W MCCJAE0BAHMEM onepanu.

6) Ilapadoxc

Ha aBroGycHBIX OCTaHOBKaX OOBIYHO YKa3blBaeTcs HHTEpBAJ
IBHKEHHS aBToGyca, T. €. CpellHee BpeMsl MeXAy ABYMst MOCJ€N0Ba-
TeJbHBIMH NPHOBITHSIME aBTOOYCOB. [IpeAnosoXuM, 4TO Ha HEKOTO-
pol aBTOGYCHON OCTAHOBKE WHTEPBAaJ JABHXKEHHS COCTABJIACT 10 MmuH.
Torna ecTecTBEHHO CYHTaTb, UTO JIOAH XKAYT aBrol0yc B cpelHeM
5 mud. OnHaKo OKa3nBaeTrcs, YTO CpeflHee BpeMs OXHIAAaHHA MOXKET
He TOJBKO MPEBOCXOMMTb D MHMH, HO U OHTb 6eckodeyHbIM! (ONHIT
OKA3BIBAET, UYTO B IOBCEIHEBHOH MXH3HH CHTyallHsi He CTOJb 0es-
HaJleXXHa.)

8) Ob6wvacHexnue napadokca

Ecau 66 aBTOOGYCH MNPUXOAWJAH Ha aBTOOYCHYIO OCTAHOBKY HE
TOJHKO B CpelHeM, HO B TOYHOCTH Kaxzasie 10 MHH, TO CpeJHee Bpe-
Msi OXIJAHHS B NeHCTBUTEIbHOCTH paBHAJOCh 5 MHH. OHAKO Ha
caMoM Jene aBTOGYCH XONSIT «NapTHAMH» (328 HCKJ/IOUEHHEM CJy-
yas, KOTJAa Mbl HaXOJHMCA HefaJeKO OT aBTOOYCHOH CTaHLHUH, OT-
Kyga aBTo0ych OTHpaB/fioTcs). CJefoBaTeNbHO, BpeMA OXHIAAHHA
nMeeT GOJBLIOH pazbpoc OTHOCHTENbHO CPEAHEro 3HadYeHU. IIpen-
IOJMIOKUM, YTO HHTEpPBaJibl BpeMEHH MeXAy IOocC/aeA0BaTE/TbHBIMH
MPUOGHLITHAMH aBTOOYCOB SBJSIOTCS HE3aBHCHMBIMH OJHHAKOBO pac-
npede/leHHBIMH CIyYalHbIMH BEJHYHHAMH C MaTEMAaTHYCCKHM OXH-
JaHWeM m W CTaHZApTHBHIM OTKJ/OHeHHeM S. Torja MOXHO OKa3arh,
4yTO CpefiHee BpeMs OMKHAAHHA DaBHO T = (m? -+ s?) /2m. Ilyctb
F(t) — dbyukuua pacnpefeienuss u f(¢) ~— IJIOTHOCTb BEPOSATHOCTH
1JIsl HHTEPBAJIOB BpEMEHH MEXAY I0C/IeN0BaTeJIbHBIMH NMPHOLITHAMA
apTo6ycoB. (Cefiuac Mbl NPEANOJOXKHUIIH CYHIECTBOBAHHE IJIOTHOCTH
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BEPOSITHOCTH, OAHAKO OT 3TOr0 YCJOBHS II€HOH HEKOTOPHIX H3MeHe-
HUH B paccyXKJeHHUsIX MOXKHO OTKa3artbcs.) IlycTtk Bpems ¢ usme-
psieTcss OT MOMEHTa OTIpaBJ/eHHsl MocJjdelHero aBTobyca Iepes Ha-
IIMM NpHXOAOM. Toraa MJIOTHOCTb BEPOSITHOCTH AJS CJAYYaHHOro WH-
TepBaJja BPEMEHH 10 LPUOBITHS CcJedyoliero aBTrofyca paBHSIETCS
He [(f), a Apyrofl (pyHKUUH, IpONOpPLUHOHAJLHOH ff(f), T. e. tf () /m,
TaK KaK BEPOATHOCTb HALUEro MOsIBJEHHSI B TeueHHe HEeKOTOPOro HH-
TepBaJia BPEMEHH NPONOpPLUHOHAJIbHA ero AJuHe f. Takum ob6pasom,
cpejHee BpeMsl oXuAaHus T BhUHCIsieTcs: 0 GopMyJie

o0

T=%1-S £2F ({) dt =

0

m? - s2
2m

(IlmoTHOCTE BEpOATHOCTH AJs1 Halllero BpeMeHH OXKHJAaHHSI paBHA
(1 —F(t))/m.) CnenoBarensto, T =m/2 T0JBKO B cayuae s =0,
HO eCcjii § =00, To U T = oo, ITH KpaHHHe cJayuau, 0e3ycJOBHO,
AAJEeKH OT peaJJlbHOCTH. B AeHCTBUTEJbHOCTH HHTEpPBaJbl MEXIY
MPHOBITHSIMH aBTOOYCOB KMEIOT IOYTH IOKasaTeJbHoe («0e3BO3pa-
CTHOE») paclpejejieHHe ¢ HEKOTOpHIM mapamerpoM A. Torga m =
=s§s=1/\, 1. e. T=m. D10 03HayaeT, YTO €CJH YACTOTA JBHXKe-
usi cocraBisier 10 MHH, TO CpelHee BpeMsl OXKHAaHHS TaKXKe DaBHO
10 MuH, a He 5 MuH.

ODBPUCTHUECKOe O0BSICHEHHE 3TOr0 IapajoKca AOBOJBHO IIPOCTO.
Korga KTO-TO NPHUXOAUT Ha aBTOOYCHYIO OCTAHOBKY B CJAYyYaHHBIHA
MOMEHT BpeMeHH, TO HuMeeT OOJblIHe LIAHCH XKAaTh A0Jro. Ero
BpeMs OXKHAAHUA OyJeT KOPOTKHM, €CJM OH IIonajaer Ha aBToOycC
H3 «[IapTHH», HO aBTOOYCHl B «IapTUU» IpUOBIBAIOT uepe3 MaJble
WHTEpBaJbl, IO3TOMY IIAHCOB yClIeTh HA OAWH U3 HUX HeMHoro. Cue-
JOBaTeJIbHO, eCJH UHTEPBAJbl BPEMEHH MeXAY M0C/eJ0BaTeJbHbIMU
NpUOBITHSIMH aBTOOGYCOB HMeEIOT GOJBIIYI0 AUCHEpPCHIO, TO JHIIb He-
MHOTHe JIIOAM OYAYyT KAaThb MaJjo, a OOJIbIIHHCTBO — B TEUEHHE
AOJITOTO BpPEMeHH. JTO O3Hayaer, 4ToO cpejHee BpeMs OXuJgauus T
BEJHKO.

2) ameuaqrus

(i) ¥ Hac yacTo BO3HHKAeT HJIJIIO3HS, YTO Kyla Ob HaM He Halo
OBLJIO €XaTb, aBTOOYCHl U TpaMBaH yalle HAYT B INPOTHBOINOJOXKHOM
HanpasJeHUU. B AeHCTBUTENbHOCTH 3TO, €CTECTBEHHO, HEBO3MOXKHO.
OO0BbsiCHCHHe OYeHb NpocToe. MBI BUAHM TOJMbKO OAMH aBTOOyC (Ha
KOTOPBIH MBI CeJH), eAYIIHH B HYXKHOM HaM HampaBJieHHH, H B TO
Xe BpeMsl [OJOXKUTEeJbHA BEPOSITHOCTL TOrO, UYTO, NMOKa MBI KIEM,
B MPOTHUBOIIOJOXKHYIO CTOPOHY NPOHAYT ABa HJAH TpHU aBtobyca. Hx
MaTeMaTH4YeCKoe OXKHJaHHe paBHO

2 2 2
m*-+s 1 S
tm=— 1 55,
2m 2 2m




148 Fa. Il Hapadoxcsl cayuadnstx npoyeccos

yTo JeHCTBUTEJIbHO O6oJiplile 1/2, ecau s moJoxureapHo. Otciola
BLITEKAeT ACHMMETPHsI MEXAY JAByMs HanpabieHusMH. OIHaKoO Ha
caMoOM jeJsic 3TO He tak. CHMMeETpHs MeXJY JBYMs HallpaBJEHHSIMH
3aKJII0TYAETCS B TOM, YTO BEPOSATHOCTb TOrO, UTO HH OJHH aBTOOYC
He Ipoeder B NPOTHBOMOJOXKHOM HaNpaB/eHHH, MOKa MBI XKAeM
cBOii aBTOOYC, B TOUHOCTH paBHa 1/2 (HO eciH OJuH aBTOOYC IIPOH-
J€T B IPOTHBONOJOXKHOM HampaBJeHHH, TO MOLYT IMPOHTH H He-
CKOJILKO, [IOSTOMY BO3MOXKHO, YTO MaTeMaTHUecKOe OXKHAaHue OyneT
KaKk yroaHo 6o bwuMm). Ilyctb pr o0o3HauaeT BEpPOSTHOCTbL TOTO,
qTO, MOKa MBI XKJ€eM, pPOBHO 2 aBTOOYCOB NPOHAYT B NPOTHBOIIOJOXK-
HOM HampaBJeHHn. Ecaum HHTepBaJbl MeXAYy MOC/JAEA0BATEJbHBIMH
npuOBITHAMH aBTOOYCOB HMEIOT NIOKa3aTesibHOoe paclpelie/ieHne, TO

1 \E+!
= (1)
B cJyyae paBHOMEPHOro pacnpefeneHuss Ha unrtepsaje (0, 1)

uMeeM
2 |

1 1
Pk:4((k+2n T (k+4)t)’

rie k=1, 2, ... (po Bcerga pasHo 1/2, KaK MHl yXe OTMEYaJiH).
(ii) B Trom cayuae, Korja yuc/jo aBTOOyCOB Ha JIHHHH BEJHKO,
aBTOOyCcHOe O0OCTyXKHBaHHE MOXKHO cleJarb 0GoJiee YCTOHYHBLIM,
ecJIM paspelluTh arofycam JOJbLIC CTOATh Ha OCTaHOBKax. B pe-
3yJbTaTe BpeMmsi OXUAaHHs OyAeT cOKpalleHo. (B aeicTBHTENbHO-
CTH 1 HUKOT/AA He BuAeJ aBTOOYCOB, OXKHAAIOUHX KOrO-TO Ha OCTa-
HOBKAX, uToOBl cjejgaTh J[ABHKeHHe OoJee ycroHuuBbmIM. C Jpyrou
CTOPOHBI, HHOT/AA 3aAepKHBAIOT JHPTH € TeM, YTOOBI NONLOKAATH
JIOJlel, KOTOphle CKOpo NOAOHAYT. B pesysbTaTe ABHXKEHHE JHQPTOB
3aMelJsieTcs, HO BMeCTe C TeM YMECHbINAETCs CpeAHee BpeMsi OXKH-
naunusl!) Ilyerb fy, fo, t3, ... 0003HAYAIOT MOMEHTH BpPEMEHH, KOIAa
aBTOGYCH NpHOGHBAIOT Ha HEKOTOPYIO ocTaHOBKY. llojmoxum X, =1,
Xi=ti—ti_, (i=2, 3, ...). Ecitm F— dyHKUHA pacnpenesenus
KaxKa0¥ K3 cayualHBEX BeJdHunH X, Xo, ..., TO, KaK yXKe 0TMeuaJocCh,
MJIOTHOCTb BEPOSITHOCTH BeJHUUHB X; paBHa [l — F(f)]/m u mare-
MaTHueckoe oxupanue T = (m?- s?)/2m. 3aMmenlieHHe ABUXKEHHS
O3HauaeT, YTO BEJNHYHHBI X; BO3pACTalOT H CTAHOBATCS paBHBIMU
Xi+g(X) (i=2, 3,...), rie g— HeoTpuuarejbHas (QYHKUHS.
MoXKHO MoKasaTh, UTO BpeMsi OKHUJAHHS YMEHBIIUTCS B HauOOJIb-
lIell cTeleHH, ecJau, BhIOUpasi Cpein UHTErpupyeMbuiX QyHKIHH, B3SITh
dyHkuHio g(x) =max(0,(c —x)), rae ¢ — eAUHCTBEHHOE pelleHHE

YPaBHEHHA
c

cE (X) + S (c — x) F (x) dx — E (X?)/2

0
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(3necb X — cJayuaiiHasl BesqHYlHa, HMEIOILLAs TO XKe pacnpeneseHiue,
uro H Xo, X3, ... ). Hanpumep, eciu X uMeeT nokasaTeJbHOE pac-
npejesenne, Tounee, ecan F(x)=1—e* (x > 0), To u Maremari-
YeCKOC OXKHJAAHHE, H AHCIEpPCHs BpeMeHH oXuiaHus pasunl 1. Ilpwu
Boibope ontumaJbHOll ¢yHkuuH g(x) = max(0,(0.901 —x)) (c
TOYHOCTBIO A0 TPEX 3HAKOB IOCJE 3alsITOH} MaTeMaTHUYeCKOoe OXKH-
JaHue BpeMeHH OXHAaHusa craHer paBHBIM 0.901 (M mucnepcus —
0.691).

(iii) Caenymoluui mapaloKC TakK¥ke CBA3aH ¢ JBHXKEHHEeM TpaHC-
nopra. (/. Ill3d npuBjex MoOe BHHMaHHe K 3TOH npolJjeMe IocJae
MOEro BBHICTyIJIeHHst B MaccauyCceTCKOM TEXHOJOTHUYCCKOM HHCTHUTYTE
B 1983 r.) Cyrb mapajokca B CJAEAYIOLIEM: HEBEPHO NpeACTaBJEHHE
O TOM, UTO YeM BBbIlI€ CKOPOCTL MAILIHH, TeM OOJIbIlIe¢ UX YHCJIO MPO-
e32KaeT Ha 3¢JEeHLIH cBer, TaK Kak Ipu 6oJiee BLICOKOH CKOPOCTH BO-
IUTEJH JOJXKHBI COXpaHATh H 0oJblliee pacCCTOSHUE MeXKAYy Mallll-
HaMH. JIJ1s1 HaxXOXKAeHHS ONTHMAJbHOH CKOPOCTH HauyHeM CO CJACeAYIO-
med monaenau, IlpeAmnosoxuMm, uto MAIlUUHBl ABHXKYTCS € OLHHAKO-
BLIMH CKOPOCTSMH ©; IYyCThb X; OO603Hauaer (cayyadHoe) BpeMs
MeXAy HauaJoM jABHKeHHs [-H H (i 1)-# maumiuHB. Beauunnsl X;
HE3aBHCHUMBI ¥ OJHHAKOBO paclpejesieHbl ([Js MPOCTOTH NpeinoJo-
KHAM, YTO HX pacnpejeseHue NOKasaTeJbHO ¢ mapaMerpom A > 0).
Malllynpl npoeskawT cBerodop ¢ HHTepBajnaMu BpeMeHH Y,
Yo, ... , KOTOpHBIE, BOOOIle TOBOPA, He paBHH X, Xg, ..., TaK Kak
MAalllMHbl AOJIXKHBLI JBUTraThCsl APYr 3a APYrOM HA HEKOTOPOM pac-
croaauu. Ilycrb [; ob6o3zHavaer OJHHY (-TO aBTOMOOUJIA U a;—
YMEHblIIeHHe CKOPOCTH TIpH TOPMOXKEHHH; BeJHUYUHBEl [; U a;, KaK
NpaBUJ0, 3aBHCHMBI, HO MBI NpEANOJOXKHM, 4TO Bekropa (l; a:),
(=1, 2, ..., He3aBUCUMBI H OAHHAKOBO paclpelejeHbl. TOpMO3HOE
pacc*ro;mne paBHO v?/2a;, cjaeloBaTeJbHO, MAIIUHB JHOJIKHEl CJ€10-
BaTb IpYyr 3a JApyroM Ha paccTosiHuM [; + v?/2a,. Bpemsa Mexny
Ipoe3aoM NepBOH U (n -+ 1)-# MaUIMHAMH PABHO

rac

Ecan

M(t)zmax{n: > Yigt},
i=1

TO YHCJAO MallMH, KOTOpble MOTYT IIPOCKOYHTH Ha 3¢JeHBbIH CBeT 3a
BpeMs oT ¢ Ao (f{ + h) paBuo M (¢ + h) — M(¢). UsBecrno (u3 Teo-
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pul ouepefer), uTo
{ E(Z)"!, ecan E(X)<E(Z)
lim Mt(t) —{ (3TO COOTBETCTBYET ABHKEHHIO B 4Yachl IIHK),
e CE(X)™, ectu E (X)) > E(Z).

[TycTb { — cayualinoe BpeMsl BHyTpH uHrepBajta [0, T]. Toraa cpea-
Hee YMCJO MALIHH, NMPOe3XKAalIUX Ha 3€JeHbIH CBET, BBIUHC/ACTCH
[0 (opMyJie

T T+h h
%S[M(erh)—M(z)]dz:-}[ \ M@0ar— SM(t)dt]=

0 T
— hmin{E (Z,)”", EX)™'} 4 0(1), ecan T —>oo;

(0(1) o6o3Hauaer BeauuuHy, crpeMsmyiocs K 0 npu T — oo.) Cae-
JLOBAaTeJbHO, HIIEM MAKCHMYM BeJIMYHHEI

min{A, [E({,)/v+ E (ar!) 0/2]*1}
KaK (DYHKIHH OT U. Bropoi usen MakCHUMaJieH IIpH U =
= A/2E (1)/E (a71) -
0) Jlureparypa

Capxues A. . MunuMHsaunusg cpeliHero BPeMEHH OXKHJAHHS B CHCTeMax C
DEKYDPEHTHHM o0cay:xuBanueM. — BecThuk MIY, cep. 1, Ne 3, 1980 c. 19—24.

Kleinrock L. Queuing Systems, Wiley, New York, 1975. [MImeercsi mepeBox:
Kneiinpok JI. BolunciuTe/bHble CHCTEMBI ¢ odepefamu.-— M.: Mup, 1979.]

Takéacs L. Introduction to the Theory of Queues, Oxford Univ. Press, New
York, 1962,

5. Mapapokc cnydanHbix bnyxaaHuin

a) Hcropusa napadokca

[IpubausutenbHo 60 Jer Hasaj aMepUKaHCKHH MaTeMaTHK BCH-
repckoro npoucxoxpenus [ocopdac Iloda, npory/1uBasich B NapKe,
OOBIYHO BCTpeuaJcsl ¢ OJHOH M TOH Xe IapoH. B To BpeMs OH He
0CO3HABAJ, HACKOJbKO CAYyUaHHbl OBLJIH 3TH BCTPEUH, T. €. HACKOJIbKO
MaJa OblJ1a HX BEepOATHOCTb. BCKOpe noc/ie 3TOro OH BBIUHCJIHJ BE-
POSATHOCTb BCTPeY B MOJENH, KOTrJa 2 ueJoBeKa CJayuaiHo OJyKAA0T
10 KBaAPaTHOH pelIeTKe He3aBHCHMO ApPYr OT Apyra (B KaXKAOM
y3Jie pElIeTKH BepOSATHOCTb BHIOOpa JIOOOro H3 4YeThipeX BO3MOIK-
HbIX HampaBJeHH# oJHa W Ta Xe). [loda ycTaHOBWJ, 4TO BEPOAT-
HocTb Berpeun paBHa 1. (CiezoBaTesbHO, eC/H BpeMsl OJyKAaHHA
He OrpaHdyeHoO, TO JIOAHW MOIYT BCTPETHTbCS OECKOHEUHOe YHUCJIO pa3
c BeposiTHOCTBIO 1.) OpHako B ciyyae KyOHUYeCKOH peLIeTKH Bepo-
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STHOCTb BCTPEYH CTPOro MeHblte 1 (IIO3TOMY BepOSITHOCTb OecKo-
HeyHOro uyMcJaa Berped Tenepb pasHa 0). K3 aToro mHTEpecHOro or-
KPHITHS 3a mocteiHne 60 Jer B TEOPHH BEPOSITHOCTEH Pa3BHJIOCH
COBEpLIEHHO HOBOe HanpasJ/eHHe, ET0o H3/JI0XKEHHI0 MOCBANICHA XO-

powas kuura @. Cnuyepa, suimeamasi B 1964 r.

6) Ilapadoxc

M3 teopemm [lofia BHITEKaer, 4TO, paccMaTpuBasi CJydyaHHOe
6yKAaHHEe [0 LeJbIM TOUKaM Ha OpsAMOH ¢ HayajsoMm B (0 B ABHXKe-
HHeM 3a OJHH LIar BOPAaBO HJU BJeBO Ha | ¢ DAaBHBIMH BEPOATHO-
ctaMH 1/2 (He3aBHCHMO OT NMpeABIAYIIMX HIaros), M OyAeM BO3-
Bpamathes B 0 ¢ BeposATHocTbiO 1. Bo3HuKaeT BONPOC: CKOJIbKO pas3
10 (mepBoro) BosBpauleHust B 0 Mbl 6yleM IPOXOAHTH uepe3 (PHK-
CHpPOBaHHOE IeJoe YHCJo kP EcrecTBeHHO NMPEANOJOXKHTb, YTO, UEM
GoJabllie ||, T. e. ueM JaJplle cayyawHoe OJMyXKIaHHE YXOAUT OT 0,
TeM pexke B CpeJHeM 3T0 OyAeT NPOMCXOAHTb. YAHBHTEJIbHO, HO
cayualiHoe GayxJaHHe 10 NepBoro BosppauleHus B () Oyzer Bcerna
NPOXOAUTh uepe3 £ B CpelHEM OJIHO M TO XK€ KOJWYecTBO pas, a
HMeHHO OJIUH, KaK Obl HH GBUIO BEJNHKO |k].

8) Ob6mscrenue napadoxca

[TapagoKc MOXKHO pa3bACHHTb OueHb MNpocro. CpepHee UYHCIO
1aroB, HeOGXOAUMBIX AJd Bo3spameHusi B 0 (T. e. MaTeMaTHUECKOe
OXKHJAHHEe BPEMEHHU BO3BpalleHHus) OeCKOHEYHO, CJeL0BaTeNbHO,
HMeeTCsl JOCTATOYHO BPEeMeHH AJISL TOro, 4ToObl B cpeJHeM OAWH pas
NOCTHUDL JIOB0OH TOUKH Ha NPAMOH.

e) Jameuanus

(i) TlycTh BHIIIOJHEHH YKa3aHHBIE BHIIE yCJOBMS, HO Tenephb Iie-
peMellleHHe BIpPaBO MPOMCXOAUT Ha 2 eNWHHIBI, a BJAEBO HA OJHY.
Toraa cnyuaiiHoe OJyXIaHHE HeCHMMETPHUYHO, H JICTKO BHAETH, YTO,
Hayas ABHXenue M3 (0, MBI ¢ MeHblIEH BEpPOSITHOCTbIO IIOMaLEM B
—1, yem B 1. YIuUBUTEJILHO, HO 3Ta BEpPOATHOCTh B TOYHOCTH PamBHA

(«/5 — 1)/2, T. €. OTHOUICHHIO 30JI0TOrO CeueHHS.

(ii) /s mMpakTHKHM OueHb BaXKHBI caydafiHble 6JyKAaHUS TUQ-
(by3MOHHOI'O THIA, KOTJa BepPOATHOCTL [E€pPCMelleHHs BJEBO HJIH
BIPABO 3aBHUCHT OT Hacrosimero MmecroHaxoxaeHusa (k). Ilyctb pg
0603HauaeT BEPOATHOCTL ABHKEHHs1 BIpaBo u (1 -— pr) — BeposT-
HOCTb ABUXKEHHS BJeBO. [IpeAnonoxum, uTo

=4 (1+5),

(mo kpafime#i mepe AJs GoJbluux 3HayeHuit |k|), rie ¢-—rmpowus-
BoJbHas mocTosiHHas. [Ipu TakoMm cJayyaiHOM OJyXJaHuM BO3Bpa-
meHHe B 0 mnpoucxoaut ¢ BeposTHocThi0 1 (T. e. OGayxnaHue
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BO3BpaTHO), ecau ¢ << 1/2. Haa ¢ << —1/2 mareMaTHueckoe OXKH-
JaHHe BpeMeHH BO3Bpall€HUS KOHEYHO, CJAE€LOBATEJbHO, MapajoX-
caJibHast CUTyalHs, KaK B cayuae ¢ = 0, He BO3HHKAET.

(iii) HccaemoBaHHs 1O CJAyYadHBIM OJNYyXKJAAaHUAM MOXKHO pac-
IPOCTPAHUTh ¢ KBaApAaTHBEIX pelleTOK Ha OoJiee 0oOIlIHe CTPYKTYPHI,
HasbiBaeMble rpadamu. Takne 0600INeHHST UMEIOT HHTEpECHBIE MPH-
JIOJKEHHSI B TEODHH 3JeKTpHuecKHMX ceTeH. CM. rJyGOKYyIO CTaTblo
K. Hew-Buaeamca, Hanucaduyio B 1959 r. MHOXKeCTBO ApYyrux IpH-

MeHeHHH (B ¢u3HKe, XUMHH H OHOJIOTHH) oOcyxpawrca B paborte
Beiica.

0) Jlureparypa

Bass R. F., Griffin P. S. “The most visited site of Brownian motion and

simple random walk”, Zeitsch ‘Wahrch® theorie verw. Geb., 70, 417—436,
(1985).

Nash-Williams C. St. J. A. “Random walk and electronic currents in net-
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Polya G. “Uber eine Aufgabe der Wahrscheinlichkeitsrechnung und das
Momentproblem”, Math. Annalen, 84, 149—160, (1921).

Spitzer F. Principles of Random Walk, Van Nostrand, New York — Toron-

to — London, 1964. [Mmeerca nepeBoa: Cnunep P. IlpunHuuner cinyvadHoro OJay-
xpaunga, — M.: Mup, 1969.]

Weiss G. H. “Random walks and their applications”, American Scientist,
71, 66—71, (1983).

6. buprkeBbIM MapafoKc; MapTUHranbi
a) Hcropus napadokca

MartemaTHueCcKHe HCCAENOBAHHUS, CBsi3aHHbBe ¢ (HOHAOBOH OUP-
XKelH, HACUHTBHIBAIOT TIOYTH CTOJILKO K€ JIeT, CKOJIbKO H caMa OupKa.
MaremaTHueckuii MOAXOA, BHAHMO, HCIOQJb30BaJCs yiKe Ha OHpXKe
I'pewema B XVI Beke, ofHAaKO OCHOBHBle METOJALl TCOPHH BEpPOSTHO-
CTeH He INPUMEHSJUCh AOBOJBLHO AOJro. XapakTepHO, 4TO Jaxe B
1900 r., xorpa B [lapuxe Jlyu bawenrve 3aluimaln AOKTOPCKYIO HHC-
cCepTalH{io O CBSI3H MeXJy KojgebaHueM IieH Ha (OHAOBOH OHpIKe H
OpOYHOBCKHM JBHKeHHeM (ellle A0 TOro, Kak OpPOYHOBCKHM JBH2Ke-
HHeM 3aHAJuCh (PU3MKH), KOMHCCHSI C TPYAOM BOCIpPHHHMAaJa €ro
M0 CYILIECTBY HOBhle HAeH. Dalllesqbe co3faJ o01Lyio MaTeMaTHUECKYIO
MOJAedb O0e306HAHLIX HIP, TaK Ha3blBA€MBIH MAPTUHEAA, KOTOPLIH
mosaHee, noctae uccaegonauuit JK. Buaae, I1. Jlesu, Hoc. Jyba u
APYrux, craJl OJHUM H3 BaXXHeHIIHX CTOXAaCTHUYECKHX I[IPOLECCOB.
[TocaenoBatenbHOCTs cayyafiubix Beauuud X;, Xg, X3, ... Ha3sw-
BaeTcsl MapTHHraJoM, ecJau AJqas Jaoboro n ycjlOBHOe MaTeMaTHYe-
CKOe OXHAaHHe pasHOCTH X,+1— X, («IpuOBLIb, MOJYyYEHHAA 34

BpeMsi #1») OTHOCUTeNbHO cayuaiHbix Benuuud X,, X,—i, ... PABHO
0 ¢ BeposiTHOCTBIO I, T. €.

E(Xn-i-l _Xn IXna Xﬁ:—-l’ e ):0
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¢ BepositHocThbio 1. IlocaemoBartenbHocTh X, X, X3, ... ABJAfAETCH
cynepmaprurediom (MaAu CyOMapTHHraJoOM), €CJH YKa3aHHOe BHIMIe
MaTeMaTHYeCKOe OXKHJIaHHE HENOJIOXKHTEIbHO (HJIH HEOTpMIla-
TeJbHO). MaprtuHran npeacrasJgsier co6oit o611yi0 Mozeab Ge306u-
HBIX Hrp, MOZ€JNb <«KOJHYECTBEHHOH CIPaBeAJUBOCTH», KOTOpas
MPUMEHHMA BO MHOTHX CJyYasix, B YAaCTHOCTH, IPH aHa/H3e Iapa-
JIOKCOB, CBSI3aHHBLIX ¢ (DOHIOBOH OHpXKeEH.

6) Ilapadokc

Eciu oxupaercd, 4To KakHe-TO aKUHH HNPUHECYT NPHOBLIBL, TO
pemieHHe 00 MX HOKYIKE KaXKeTCs eCTeCTBEHHBIM, €CJIH 3Ke HpHOBIIH
He OyneT, TO Hajo UX mpoAaBaTb. CTOMb XKe Pa3yMHON NpeACTaBJIs-
CTCSl NMOKYIIKa Ha BCE AEHbI'M aKUHMH, OT KOTODPBIX OXKHAAeTcs HaH-
Oojibillasi npuOLLIL. Bce 3TO BepHO, HO Ha MpPaKTHKE I[OCTYIIAIOT
HHaue, TakK KaK XOTs Halla OXHAaeMas OPHOBIb MOXKET BO3PacCTaThb
(o6mu# oXHAaeMbll KallHTaa GYAeT CTPEMHTbCS K GeCKOHEeYHOCTH),
ONHOBPEMEHHO Hallle cocTOsiHHe OylAeT yOBIBaTh HO HYJIsSI C BEPOST-
HOCTHOCTBIO 1. Tak uto geficTBoBaTh Ha hOHAOBOH OHpKe HALO
OCTOPOZKHO: aKIHH, KOTOpHe 00ellaloT NPUHECTH NPHOLLIb, HHOTAA
cJIe/lyeT npoaarTh.

8) Ob6wacHenue napadoxca

[IpennosoxuM, uto MBl cobUpaeMcsi KYNHTb aKIHH H MOXEM BbI-
6path cpeiM k pasiuuHbIX akuui. 3a rox i-g1 akuusa (i=1, 2, ..
..., R) yBenuumBaeT Hail KamuTaJjJ, KOTOPHH Ob B HauaJje roja,
B X pas. (Ouesnzro, X = —1.) Ins npocToThl NpeRIOJ0KHM,
uTO BesuurHa X orpaHHueHa, XOTSI OT 3TOTO YCJOBHA MOXKHO OT-
Ka3aTbCA, €CJH HEeMHOro H3MeHHTb NPHBOAHMMEBIE HHXKE paccyxKie-
HUs. Cayuyafinblii Bektop X = (X, ..., X(®) omuchiBaeTr KOTH-
pOBKY akunuu. CunrtaeM, uro Bektops X; (=1, 2, ...), onuceBamo-
IHe KOTHPOBKY B [-M TOAY, He3aBUCHUMBI H pacHpefesieHsl TaK XKe,
Kak 1 X. Ilycte To— Ham HavyaJbHBIH KanHTaj, H a)  o3mauaer

AOJIIO HAUIero KanuTamla, KOTOPBIH MBI NIOTPATUJU Ha IMOKYIKY akK-

WHH i-rO THTa B j-M roly. Beauuuna af) >0 Moxer saBucers or
ciayualHbix BexTopoB X, X, ..., X;_;. Bekrop ajz(ag”, al®, ...
k »

..., ai¥)) omuchiBaer Hally 3aKynOuYHYIO CTPATErHI0 B j-M TOAY.

2
OueBupno, . o) < 1. Hepes a;X; 0o603nauuM CIEAYIOIYIO CYMMY:

i=1

k
(i) Y(1)
i; a; Xf X
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C moMoulbio 3Toro o603HayeHHs Hall OOIHH KanuTajJ B KOHLE 71-TO
roja 3anuiliercsd B BHIE

n

T,=T,]1 (14 aX).

i=l1

MaTeMaTHuecKoe OXujanue BeJHuHHB I, OyaeT HaHOOJbUIHM, €CJIH
KaXK/bili TOJ MOKYNaTh Ha BCe JeHbI'M HanGoJee NPHOBIIbHbBIC AKIHH.
(ITpeanonaraeM, 4To MO KpaHHeH Mepe OAHA AKIHA pHOBLIbHASA. )
B sToM cayuae MaTeMaTHUECKOe OXHIAaHHE BETHUHHBI T, CTPEMHT-
cs1 K GeCKOHEUHOCTH (TAaK 4TO MBI, Kaxercsd, forateeM), H B TO XKe
BpeMs Hall o6wui Kanutaa T, MOXeT CTPeMHTbCsT K HYJIIO € Bepo-
stHocThio 1! TlpoaHanausupyem 3Ty MNapajfoKCaJbHYIO CHTyalHIO
nmoaApo6Ho. SICHO, UTO

logT, — log Ty = ]Zl log (1 + a;X;).

[TpeAnoIoKUM, UTO @; == @ €CTb IOCTOSHHEIA BEKTOp (He 3aBHCH-
IHA OT j; ITO INPeAlOoJOXKEHHe AOBOJbHO eCTeCTBEHHO, TAK KdK B
mallem CJayuae paclpefefeHHsi KOTHPOBOK He MEHsIOTes). Torna
Ipapasi 4YacTbh NPHBEAEHHOrO BhHILIE DABEHCTBA NPHHHMAET Hanb0JIb-
llice 3HaueHue (¢ BepPOSATHOCTbIO 1 mpH OOJBIIHX 1 3TO CJAENYET U3
3aKOHa GOJbIIMX umces), ecau peauunHa F(log(l+4 a;X;)) Makcn-

%
MaJbHa (npu ycaosuu, yto al? =0 u Za(f”\{l). [Tyctp a* o6o-
=1

3HayaeT CTPATerdio, MAaKCHMH3HPYIOILYIO NPHBELEHHOe BHILIE DaBeH-
crBO. [lyeth Takke T, u T, 0603HAYAlOT HAIl OOIIMH KaNHKTAaJ, eci

Mbl BHIOepeM COOTBETCTBEHHO CTPAaTEeTHI0 @* WIH INPOH3BOJBHYIO
cTpaTernio @. Torga MOXKHO IOKasaTh, YTO [OC/EJ0BATeJIbHOCTD
T,T, (n=1, 2,...) Bceria sBJAeTCA HEOTPUUATENbHHIM CYIep-

MapTHHrajJoM (6ojee TOro, ecau KaxKaas KoopauHarta a*() BeKTOpa
a* MoJOXHUTEeJIbHA H

R
2 o<1,

i=1

TO MOCJeROBaTedbHOCTh Oyaer MaptuHraioMm). CJaenoBaTesbHO, B
CHJy OJHOH XOpOLIO H3BECTHOH TEeOpeMBbl M3 TCOPHH MAapTHHrAJOB
moJiyyaeM, uTo npeaed

. %

lim T,/T, =T

H=>» 00
Bcerjla CYLIECTBYeT ¢ BEPOSTHOCTBIO 1 H ero MakcuMaJbHOE MaTeMa-
THUeckoe oXKugaHwe pasBHo 1., Hrax, a* sBjsercs ONTHMAaJbHOH
crpaTerveii (B 3TOM CMBICJe) Ha JOJTOCPOUHBIA repuof. Takum
ob6pasoM, yaoOHee MAaKCHMH3HPOBATb MaTEMAaTHUYECKOe OXKHAAHHE
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BeJHUHHB log T,, a He BeJqUYHHHB T,. IDBpHCTUYECKOE OOBSICHEHUE
3TOro ¢pakra ROCTATOYHO NPOCTO: AJsA JIOOGOH pasyMHOH CTpaTerum
BeJHYHHA 1, BO3pacTaeT 3KCHOHCHIUAJBHO H JJIST MAKCUMU3ALUH
CKOPOCTH 3TOr0 pOCTa MOXKHO MaKCHMHU3HPOBAThb KaK pas MareMma-
THYECKOE OXKHJAAHHEe BeJUUYUHH log T,

Paccmorpum rtenepn mpoctofi (HO kpafiHuii) cayuait. TIpeanoJo-
XKHM, 4YTO MOXKHO BHIOMpAaTh M3 aKUHU¥ JABYX THNOB. [IycTb ¢ BeposT-
HOCTBIO p1p = 10 9% cTouMocTs o6enx akuUil YIBOHUTCS, C BEPOSIT-
HOCTBIO Poo == D Y 06e akuMu 06ECUEHATCS, ¢ BEPOSITHOCTBIO g ==
=00 % crouMocCTb mepBOH aKUUH YABOUTCS M BTOpas OGeCcHeHHTCS
H, HaKOHeIl, C BEPOSTHOCTBIO Po1 = 35 Y% mnpousoijger TO Xe camoe,
HO aKIHHU IIOMEHAITCsT MectaMHd. Torma mepBas akuMsl NPpHOBLJIbLHA
(c BepoaTHocTbIO 60 %), a BTOpasi — y6BITOYHA (OHA NPHOBLIbHA C
BEpPOSITHOCTBIO 4D %), oAHAKO HMeeT CMBIC KYNUTb AKUHUH OGOHX
THIIOB, TOYHEE KaXKAHH I'OJ TPATHUTb TPETh AEHer Ha NOKYHKY aKIHH
B OTHoleHHH [3:4. B ofmem ciayyae pasyMHO TPATHUTh 4acCTh Ae-
Her, PaBHYIO

P11 — Poo
P11 =+ Poo

Ha MOKYINKY 00OHX THMOB aKUMH B OTHOLICHHH
(P11P10 — PorPoo)/(P11Po1 — ProPoo)

(mpeamoJiaraeM, 4YTO BCe PA3HOCTH NOJOXKHTEJAbHH). XOTs mpob.e-
Mbl, BO3HHMKAWIHe B IpakTHKe (POHIOBOH OHUPKBI HAMHOTO CJOK-
Hee, yeM NpeABlAylUIMH mpHMep, NapajoKC, KOTOPBI MBI paccMaTpH-
BaeM, BXOAHT B YHCJIO 9THX CJOXKHBIX HpobJeM,

2) 3ameuanus

(i) Maprunran kak cucTeMa HIphl GBI XOpOLIO H3BECTEH 3a-
AOJFO A0 MOSIBJIEHHA MaTeMaTHYeCKOH Teopuu MapruHrauaos. (IIpu-
BepreM uuraty u3 cratbd CHedua (Snell J. L. «Gambling, probabi-
lity and martingales», The Mathematical Intelligencer, 4, 118—
124, (1982)): «OcHOBHasi wHiess MapTHHMaJbHOH CHCTEMBI 3aKJIO-
HA€TCsA B yJBAHBAHUH CTAaBKH NPH mpourpeiuie. [IpeamosoxuM, uTo
MBI MrpaeéM B DYJETKy H Bcerja cTaBHM Ha kKpacHoe. CHauvaja IIo-
craBuM 1 pgoanap. Ecau BBHIUIDBIBAEM, TO IpeKpalllaeM HUIpY; NpH
[IpOUrpHIIlle CTABHM B CJEAYIOIHA pa3 2 gonagaapa. [Ipu BHHUrpHIIIe
HAIl KaluTaJJ  yBeJUUUTCd Ha | QoJtap, ¥ MBI IpEKPATHM HIDY; HpH
MpOUrphIille MBI TepsieM y¥Xe 1+ 2 =3 noanapa u crasum 4 poJJa-
pa. Ilpu BLIUrpHIlle Hall KanuTad YBeJMYHTCS Ha | AOJJIap, H MBI
IPEKpaTHM HTPY; OPH NPOUrpHILIE CTABHM B CJeAyIOUUi pa3 8 po.-
MapoB H T. A. Ecau Koseco pyseTku XoTsi 6B pa3 OCTAHOBHTBLCH Ha
KPACHOM uHCJIe, TO OPH TAKOH MAapTHHTAJbHOH CHCTEME MIPH MH
TOKHHEM Ka3WHO, craB Ha | pmoJJjap Goraue, 4eM KOTJia B HEro
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BOILJIH. IIOCKOJIbKY KpacHOe B KOHILE KOHIOB JMOJMXKHO IMOSBUTHCH,
KaXXeTcsl, YTO 3Ta cHcTeMa rapaHtupyer ycnex. OJHAaKo MpearoJio-
XKHUM, UYTO MBI BOLLIH B KasuHo co 100 possapamu, U 6 pas noapsn
BHIUTPEIBaJo uepHoe. Torma Mel nmpourpaeM 2° — 1 == 63 poqaaapa
U He CMOXKeM ciesaTh CJAEAVIOUYIO CTaBKy B HYXKHOM pasMepe —
64 noJinapas. \

B cemeilinofi xponuke «Hbiokombl» Tekkepeit sameuaer: «Emre
He ctaBuau? UM ue crasbre! A ecsan yx HauHere, TO HHUKOIrJAa He V.-
BauBafTe CTABKH IIPH IPOUTpHILIE» !).

DT0o XOpoulM#i COBeT AJS HFPOKOB, OJHAKO MaTeMaTHKH €My He
CJACAVIOT M B HTOr'¢ B TEOPHH BEPOATHOCTEH MMOABASIOTCS MHOTHE
BaXKHble pe3yJbTaThl.

(ii) Tomac I'pewem (1519—1579 rr.), ocHoBaTe b JIOHAOHCKOH
¢oHmoOBOH OUpPXKH, BUAUMO, AOrajabIBaJCd, UTO MaTeMaTHKa HIrpaeT
BAXKHYIO pPoJib NpH aHasuse GUPAKEBHIX ONepauril H 3KOHOMHUYECKOH
XKusuu. B saBemanun I'peliema copepKaJjcsd nJaaH cO3JaHUsT KOJ-
JefXKa, B KOTOPOM IIPH H3YUEHHH SKOHOMHKH MaTeMaTHKa Oblia OH
ONHHM M3 OCHOBHBIX npeaMeroB. ewpu bBpuec, onyBGJUKOBABIIHK B
1617 r. nepeuie Tabauns Jgaorapudmon, 6v1 npodeccopom B I'pe-
mem Koaneaxe, KOTOpHIE BO MHOTUX OTHOIIEHHSIX IPEAOIPEaeTU
nosiBJieHHe JIOHAOHCKOTO KOPOJIEBCKOrO 00LIeCTBa.

(iii) MapTuHraJbBl ¢ yCOeXOM NPUMEHSAIOTCS B reHEeTHKEe, TeOpHH
MOTEHIHAJNa, CTOXACTHUECKMX HHTerpaJsax H T. A. Bujaammumucs
MoHOTrpadusaMHu B 3TOH ob6aactu siasiiorcs TpyAsl K. Hege, [1. Medl-
epa, K. Xeiidu u I1. Xoanra.

d) Jlureparypa
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son: JIy6 Hdx. JI. BepostuoctHrie npouecch. — M.: HJI, 1956.]

Méri T. F., Székely G. J. “How to win if you can”, Coll. Math. Sci.
Bolyai, 36 (ed. P. Révész), 791—806, (1982).

Ville J. Etude critigue de la notion de collectif, Gauthier-Villars, Paris,
1939,

7. Elue HeCKONbKO NapafoKCcoB

a) Iapadoxc Harosa u Jlasana

CorsacHo 6ubgelickoil Jereune o HMpakose u Jlapane, B Harpany
s3a cBowo cayx6y HMakos nosayuan or JlaBama CcKOT C NSATHaMH.
XoTd JoJs cKOTa ¢ MATHaAMH BO BCeM craje Oblia OYeHb MaJa,
Hakos mocrtemenHo pasGorares W craj HamHoro Ooraye JlaBaHa.

1) Tekkepeit ¥. Co6paHue coumHenu#t. B 12-tu rtomax. T. 8. HbiokoMEHL
Ku. 1. ep. ¢ aura. P. ITomepanuueso#t. — M.: «Xynrox. aut.», 1978,
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CyniecTByer MHOXKECTBO MHCTHUECKHX OOBACHEHHH 3TOr0 mapajoKca
(OHHH COXepXKHUTCSI B caMOH OHOJMWH, 9TOH 3araikofi 3aHHMAJCS
n Tomac Mann), ofHako, Kak OAHAXAB OTMeTHJ Anbdpen Penby,
B 3TOM MapafoKce HET HHUYEr0 MHCTHUYECKOTO, €ro MOXKHO IOHATH
HCXOJSl M3 NPOCTHIX MAaTeMaTHYeCKUX pacCyKAeHHH, OCHOBAHHBIX Ha
ToM (akre, uro MakoB HHKOrja He BO3Bpalllajd CKOTHHY Jlasawny,
a Jlagan Bcerna ornaBaa MakoBy uacth cBoero ckora.

O0603HauMM cpeqHIOI YHCAeHHOCTH cTafa HMaxkoBa u cragza Jla-
BaHa B n-M TOAY COOTBETCTBEHHO uepe3 J, u L, (B HauaJe, B
0-m rony Jo=0 u BenuuuHa L, nojoxuteabHa). [Ipeanonoxum,
YTO €XKEerojHO Yy Ka)XXJ0H OBUH pOXAaercsd B cpeiHeM U srusr.
[Tycte ¢ o603Hauaer noJ10 oBeln B craje JlaBana, KOTOpPYIO OH OT-
Haer HMakoBy (p = 1— g— noasd, ocratomasica y Jlasana). Torpaa
Lnyv—Lyo=UpL, n Jppyy—Jn=Ul,+ UgL,, caenoparenbHo,
Lon=Lo(1 +Up)r u J, = Lo(l + U)*— Lo(1 + Up)". Takum 06-

pasoM
In L 1 - U ”__
Ly (1+UP) 1’

UTO CTPEMHTHCS K OECKOHEYHOCTH C POCTOM 1, MO3TOMY JAelCTBH-
TeJbHO HMakoB co BpeMeHem craHer 6oraue JlaBanma. Hampuwmep,
g g =109%, U=2, n=20 orunowenwe ans1 J,/L, npubausu-
TeJILHO PaBHO 3.

6) Ilapadokc npoueccos ¢ He3a8UCUMBIMU RPUPAULEHUIMU

[Ipouecch ¢ He3aRBUCHMBIMH MHpUpANIEHHSIMH H HX JHCKpETHHIE
BapHaHTH, YaCTHUHBIE CYMMBbI HE3aBHCHUMBLIX CJYUYaHHBIX BENHYHH,
ABJAIOTCS KJACCHUECKHUMH OO0BEKTaMM HCCJAEJOBAHHS B TEOPHH Be-
posaTHocreit. [Tycre X, Xo, ...— He3aBHCHMBle (He paBHBIE TOXK-
JEeCTBEHHO HYJIIO) cJayualiHbHe BeJHUYUHB ¢ HYJEBHIM MaTeMaTHuye-
ckuM oxupanueMm. Torma cymmol S, = X, + X4+ ... + X, n=
=1, 2, ... KOJeOJIOTCSI OKOJO HYJS, T. €. €CJH BeJHUHHH X; OJH-
HAKOBO paclnpefeneHsl, To (coraacHo TeopeMme K. Yowcyna n B. Pyk-
ca, jokasaHuo# B 1951 r.)

P(lim sup S, = 4'c0) =P (lim inf S, = — o0) =1,
1n->»roo n-»oo
OaHako 5TO CBOHCTBO KoseGaHHH MOXKET He BBIMOJHATLCH, E€CJH
cayuaiinble BeJuuMHH X; pacnpejiejieHB HeojHHakKopo. Hamnpumep,

OJIOXKHM X; =Y,-/'\/1 —i™?, rae P(Yi=iY)=1—i2 u
P(Yi=—i+i')=i2 Ecaum chayuaiiHble BeJWYHHB Y; He3aBH-
CHMBI, TO BeJHUHHB X; TakKe He3aBHCHMbLI M HMEIOT HYyJeBOe Ma-
TeMaTHYeCcKoe OXHAaHHe W~ eAHHHuHYIO nauciepcuio. Ilo semme
bopeas — Kanreaau, ecau A, Az, As, ...— NpOH3BOJbHBIE COOHI-
TH H CYMMa HX BepOSTHOCTEH CXOAHUTCSA, TO C BEPOATHOCTHR |
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MPOUCXOAUT TOJbKO KOHEYHOe 4HcJ0 cOObITHH Ap. CiefoBaTesNbHO,
cobriTue Y; = —i + {~! TakXKe MPOHCXOAHUT JIHIIL KOHEYHOE YHCJO

(9]
=2
pas (Tak Xak ), i < oo0), TO3TOMY JAJs JOCTATOYHO GOJBUINX
i=1
n ¢ BeposiTHocTbio | uMeeM Yi=i"!, 1. e. X;=1/4/2 —1. Ta-
KHM o0pasom,
P(lim S, =o0)=1.

n-=>oco

8) Ilapadokc 3abureix 20408

HBe xomauasl A u B urpatort apyr c Apyrom B ¢yrt6oa. Ilpen-
MOJIOXKHM, UTO CHJAH KOMaHJ paBHH (T. €. B JI0O6OH MOMCHT Marua
o6e KoMaHAB 3a0HBAIOT CJAEAVIOUINA TOJ ¢ BeposATHOCThIO 1/2).
Ecan npomosXuTeJbHOCThH MHTEpBAJa BPEMEHH MeEXIAYy IABYMS IIO-
cleloBaTeJbHBIMH TOJAMH MOCTOSIHHA, TO KaXeTCsl €CTeCTBCHHBIM
cudTaTh, 4To B TeueHHe b0 9, HUrpoBOro BpeMeHH BHepenad OHlIa
komanna A u B TeueHde Apyrux b0 Y% — BuiurpriBasa Komanpma B.
YAHUBHUTEJbHO, HO BEPHO KaK pa3 I[POTHBONOJOXKHOE: HaHMeHee
BepOsSTEH TOT cJayuyad, korga A (4aum B) Beler B uUrpe B TeueHHE
OJIOBHHBI HIPOBOrO BpeMeHH (ecyu OOLIHH CYUET PABHHIH, TO CUM-
TaeTCsl, YTO BeJa B MI'pe Ta KOMaHAa, KOTOpasi BHIHTPHIBAJIA Nepes
nocaennum rojom). Ecaum B urpe 6wuio 3abuto n = 20 MsgueH, TO
BepOSATHOCTb Toro, uTo nocse 10 rosos Bmepeau GbLi1a KomaHAa A
u nocjae apyrux 10 rosos BHHUrphiBaJia KoMaHia B, paBua Bcero
aunib 6 %. A BepOATHOCTb TOrO, UTO OJHA U3 KOMAaHJA BBIMI'DBHIBAJA
B TeUYeHHe Bcell MIpH, NpHOAM3HTENbHO cocraBaser 35 Y%. YausH-
TeJbHO TaKKe, 4TO BEPOSITHOCTh TOrLO, YTO OJHA M3 KOMAaHJ BIe-
pelH BO BpeMst Bcefi BTOpOH MOJOBMHHE UrpH, paBHa 50 %, Hesa-
BUCHMO OT BEJIUUHHH A.

Curyaluss CHJIBHO HM3MEHUTCS, €CJU «CIOCOOHOCTb 3a06HBATH
rOJIbI» V KOMaHA 3aBHCHT OT cuera B urpe. Ilycrh

=t (147)

ecThb BEPOSITHOCTH TOrO, YTO KoMaHJa A sabuBaer CjAeAYIOIHH TroJ,
ecan A Brnepenu Ha k msuedt u kB 5=0; po=1/2. Ilpu Goapmux c
U MaJeiXx k HepaBeHcTBa 0 <7 pr, << 1 MOryr Hapymarthbcsi, TOTrja
MOJOXKUM pr = 1/2. (Ecnu ¢ =0, 10 pr=1/2 aas Bcex £ ¥ MBI
NPUXOAHM K HNpPOCTOHl MOJEJNH, KOTOPYIO TOJBKO YTO paccMOTpe-
au.) TIpd HOMOXKHKHTENbHBIX 3HAUEHUAX ¢ BHHIpHIBalomlash KOMaHAA
uMeeT 60Jbllle LIAHCOB 3a6uTh caeaywmui roa. Ecau ¢ > 1/2, 1o
CIIYCTSI HEKOTOpOEe BpeMsi OJHa M3 KOMAaHJI <«JoMaercs», T. €. TpH
60JbLIOM YHcJae 3a6MTHIX Msiuell TOJBKO OJHA KOMaHJa (kakas
MMEHHO — 3aBUCHT OT cayuasi) Brnepenu noutd Bce 100 % wurposoro
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BpeMeHH. C JApYroH CTOPOHH, NPH OTPHLUATENbHBEIX 3HAYEHHSIX C
NPOHrphIBAIOLIAs] KOMaHaa 3abHBaeT roJ ¢ QoJblled BEPOATHOCTBIO.
[Ipn ¢ << —1/2 xox mMaTtua IepeMeHUYHUB H HHTEPECEH: IOJOBHHA
MaTya BIlepeJH OJAHa KOMaHJa, BO BTOPOH MOJOBHHE — Apyras
KOMaHza.

MoxHo noxasarb, uTo Ipu ¢ = (0 BEpOATHOCTb TOrO, YTO JOJA
HIpOBOrO BpeMeHH, B TeUeHHe KOTOPOTO BHIUI'PHIBAET KOMaHAa A,
He npesniiaetr x (0 < x << 1), cxoouTcs K

F(x)=-:%arcsin}\/}_ MpH 71— 0O,

CoOTBeTCTBYIOLIAA IUJIOTHOCTb BeposTHOCTH Aas 0 << x<< 1 ecrb
G yHKIHUA -

.

. 1
f(x)_ 5t A/ x (1 — x) ’

KOTOpasi NpHHHMaeT HaHMeHbllee 3HaueHHe npu x = 1/2. Takum
00pa3oM, IJOTHOCTb BEpPOATHOCTH MHHHMAaJbHa B TOYKE, COOTBET-
cTByIoLleli TOMY, uTO A BHIUTPBIBAET B TOYHOCTH B TeuenHe 50 %
UTPOBOr0 BpeMeHH. IT0 sakorn aprcunyca Iloas Jlesu (1939 r.).
(1 mpexmmnosaramo, yrto B O0LIeM ciaydyae IJIOTHOCTbE BEPOSTHOCTH
nponopuuoHasbHa (2¢ + 1)-#1 creneHun ¢yukuuu f(x), ecan ¢ <<
<< 1/2.)

Hakonen, emle OAWH YyAHUBHUTEJNbHBIH akT: NOyCcTh B CJayuae
¢ = (0 urpa 3akOHUHJaCh BHHUUBIO (7 :1n). Mb XOTHM y3HaTb, B Te-
yeHye KaKOro BpEMEHH BBHIMUTpHIBala KOMaHAa A, U B KauecTBe
eIHHHIB BpeMeHH OepeM HHTepBaJ MEXKJAy [BYMS MOCAE€N0Ba-
TeJIbHBIMU roJjiaMu. Torga BepOSATHOCTH TOr0, 4T0 A BHIHUrpHIBaJa
B TeueHue 2k (k=0, 1, 2, ..., n) eIWHUI] BpeMeHH He 3aBH-
CUT OT k!

(J/Tut.: Feller W. An [Introduction to Probability Theory and its Applications,
John Wiley, New York, 1969. [Mmeerca nepesoxn: Pemnep B. Baepenue
B Tec])pmo BepOoATHOCTeH u ee npuaoxeHus. B 2-x Tomax. — M.: Mup,
1984,
Lamperti J. “Criteria for recurrence or transience of stochastic pro-
cess I, J. Math. Anal. Appl., 1, 314—330, (1960).)

e) Ilapadoxc oxcudaemoeo spemeru pasopenus

[Ilyctb A u B urpaior B opasiiky. Ecau Beinmapgaer rep6, to A
IIaTUT B, ecau pewka, to B naatur A 1 ponnap. HauanbHbiil Ka-
nutana y A cocrasaser 1 goanap, y B8 — 999 goanapoB; OHH HIpaioT
A0 TeX IOp, MMOKa OAWH H3 HHUX He paszopurcs. ¥ A, KoOHeuHO, 60Jib-
lile IIaHCOB LEPBOMY ocTatbhest Oe3 AeHer. Ecau npu nepsoMm Opo-
CAHHH MOHeTHl BhImagaer repbd, To A yxe pasopeH. Kak 3T0 HH
YAUBHTEJbHO, HO OXHJAaeMmasi NPOAOJNKUTENbHOCTb HIPH AOBOJBHO
BeJMKa: B cpefHeM JHIUb nocje 999 moalOpacelBaHUH MOHETH OLHH
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H3 HrpokoB pasoputcs. (He sABasgercsa Ju Takas IPOLOJKHTENb-
HOCTh HaMHOTo 6oJblle TOro, uTO MBI OXHJaJu? B obmieMm ciaydae
MOXKHO J0Ka3aTb, 4TO €CJH A HMeeT @ AOJJapOB, H Yy €ro NpoTHB-
HHKa B ectb b AOMJIApPOB, TO CPeAHASA NPOAONKHTEJIbHOCTL HIDHI
CcOCTaBJsieT ab HCOBITaHUH, B 4YAcCTHOCTH INpH a = b OXuAaeMas
IpONOJKHTEJIBHOCTb HIPBl paBHa a’) P. llrepn uncciaeposan Ciy-
yaji, KOrZa MoOHeTa MOXeT OhTb HecHMMeTpHYHOH, W B 1970 T.
NpHBJEK BHHMaHHE YYeHHX K CJeAylolleMy yAHBHTEJbHOMY HABJe-
Huio (cM. Math. Mag. 48, 286—288). IlpeanosoxuM, 4TO IIpH
KaxA0M OpPOCaHMH MOHETbl HrpOK A BEIHTPHBaeT € BEPOSTHOCTHIO
p, B—c BepositHocThio 1 —p (0 << p << 1), u o0a HrpokKa HMEIOT
no a JoJJapoB B HauaJe Hrpb. Kaxercs OueBHAHBIM, YTO IIpH
p #= 1/2 yciOBHOE MaTeMaTHUECKOE OXHAAHHE NPOJAOJKHTENbHOCTH
Urphl TPH YCJOBHH, YTO Pa30pH/ICA HIPOK A, COBEPIICHHO OTJIH-
yaercs OT YCJAOBHOIO MAaTeMAaTHUECKOTOo OXKHAAHHA MNpPH YCJAOBHH,
4TO K KOHIy Hrphl pasopuJscs Urpok B. OJHaKO MOXKHO IOKa3aTb,
YTO HE3aBHCHMO OT NpeANOJOXKEHHs, KTo HMeHHo, A wuiu B, paso-
PUJCS, CpPelHHEe NPOJOJIKHTEJNbHOCTH HIp, a TakKXKe HX pachpee-
JeHHsi coBmazaloT. JlOKasaTeJbCTBO MPOCTOE: BEpOATHOCTh Paso-
penust B mocae (2k -+ a)-ro HCNHTAHHA 3alKIIETCS B BUAC Pokta =
= Cp. opFte(1—p)* (k=0, 1, 2, ...), H, aHAJOTHYHO, BEPOATHOCTD
pasopenuss A mnocie (2k -+ a)-ro HCOBITAHHS paBHA  forta =
= Cp, op* (1l — p)*t3, THEe Ci o— OOILlEE YHCJIO HID, B KOTOPHX
pOBHO k pa3 Bmnajaj rep6 u k--a pas-— peuika. [lockosbKy OT-
HOLIEHHE Pakta: Joria HE 3ABHCHT OT R, YCJIOBHHIE paclpefe/cHHA

sz/ikl P2t+a H Q2k+a/;:Q2k+a COBIIaJalT, KakK MBI YyXe OTMC-
4

qagu. QOObscHeHHMe 3TOro $BJEHHA 3aKJjaiouaercsd B CJAEAYIOILEM
dakre: npu p = 0.99 npojosKHuTeNbHas Mrpa C OOJIbIIIOH BEPOSAT-
HOCTBbIO 3aKOHYHTCSI pasopeHHeM B, mo3TOMy OXHAaeMas IPOAOJI-
JKHTeJbHOCTb WTLPH NPH YCJOBHH, Y4TO pasopuics A, OyAeT CTOJb
Ke KODOTKOH, Kak H B cJyyae, KOrla H3BECTHO O Pa30pCHHH B
(IIpyroe ob6mbscHeHue cM. B craTtbe Seneta L. «Another look at
independence of hitting place and time for simple random works,
Sioch. Proc. and their Appl., 10, 101—104, (1980).) Mn yxXKe OT-
MeuaJiy, YTo ecJd Urpoku A u B HMeT Mo a JA0JJapOoB H MOHETA
CHMMETDHUHAsl, TO OXHJaeMas MpPOAOJKHTEIbHOCTh HIpbl paBHA
a?. Ho uro npousoifer, ecJH Hrpa NPOBOAHTCA C HOMOMIbIO ABYX
pasJHUHBIX MOHET: BepPOSITHOCTb BHIMIpHIIA [J14 A, xorjpa Opo-
caeTcs NepBasi MOHeTa, paBHa p; = 1/2 ¢, U npu OGpOCaHAH BTO-
poil MoOHeTH — py = 1/2—¢ (0 <<e<<1/2). Ilpu KaXAOM HCIbHI-
TaHHM BHIGOP p1 MJIM Py UTPOKAMH CAydyaiiHbIM 06pa3OM 3aBHCHT OT
kanutana £ (=1, 2, ..., 2a — 1) urpoka A, a WUMeHHO, Iepen
HAYaJOM MIPHl KakKAOMY 3HAU€HHIO, HE3aBUCHMO OJHO OT ApYyIoro,
MBI TpUIHCBIBAEM p; HJH Pz C PaBHBIMH BEPOATHOCTAMH. HuaTyu-



7. Ewe necroavro napadoscos 161

THBHO KaXXeTCs, 4TO 3Ta Hrpa ¢ ee yCJOXHEHHOH (OpMyJIHPOBKOH
NpaKTHYeCKH HACHTHYHA, MO KpaiHed Mepe NpH OOJbLUIHX @, HIPE,
B KOTOpOH py = pe = 1/2 gna Bcex k (T. e. KJaccHYecko#l HrIpe,
CBA3aHHOW ¢ GpOCAaHHEM MOHETHI), TaK KaK GOJbIIOe YHCJIO UJEHOB
=& npu OOJIBIIMX a ypaBHOBEWHMBAIOT Apyr apyra. Ho sto He Tak.
A. I'. Cumald HelaBHO [0Ka3zaj, YTO CPeAHssi IPOLOJKHTENLHOCTh
TAKOH YCJOXKHEHHOH HIpbl 3HAUHTeJbHO BO3pacrtaer. Jlaxke Jora-
pPHDM cpelHero uucJaa HeOOGXOAUMBIX GpPOCAaHMH HMeeT MOPALOK

v/ a (B oraunune ot YyIOMHHABLICrOCH Bbille a?). IDTOT YAHBHTEb-
HBIH (paKT MOXKHO OODBSCHHTh, HCIOJAb3ys 3aMeuanue (i) B 1/9.
B nocieaoBaTenbHOCTH MJHUHBL @, COCTOSINEH H3 He3aBHCHMBIX H
PaBHOBEPOSITHBIX P H P2, ¢ OOJNBUIOH BEPOSATHOCTBIO HAHAETCS CepHS
H3 p; WIH pe JJIUHB loga, yTo npubnaukaer TeKyIHH KamnuTal
HFPOKOB K HauyaJbHOMY KamHTaJdy, CJAeJ0BaTeJbHO, MOMEHT paso-
peHusa oTkJgaibiBaercs. [IpoOUTBCS CKBO3b 3TH «TOJICTHIE CTECHBI»
O4eHb TPYAHO H NO3TOMY CpPEIHASA IPOJOJKHTEJbHOCTb HIPbI BO3-
pacraer. IIpo6aeMbl nogo6Horo tTHna (T. e. ciaydaiiHble GJy:KIaHUSA
UDH MEHSIOIHXCH CAy4YaHHbM 00pa3soM YCJAOBHUSIX) TECHO CBSI3AHBI
C TEOpHEHM CJAYYAHHBIX IOJEH, O KOTOpPOH HJeT peub B NOCJEIHEM
napaioKkce 3TOTO pasheJia.

0) Ilapadoxc onTumarbrolx APpasUs OCTAHOBKU

Mpbl urpaeM B OpJSIHKY C NMOMOIIbIO CHMMETPHUHOH MOHETHI H
npekpaniaeM Mrpy noctse n-ro 6pocaHus. B 3toM cayuae Mbl JHGO

BbIUTPHIBaEM 2" nmoanapoB, JuM60 He BHIHIPLIBAEM HHUErO

n
n-1
B 33BHCHMOCTH OT TOrO, BCerja Jii BbIMAJajd peLIKH HJH HeT.
Korza pekomenayercst ocraHoBuTbhes? Ilyers [, o603Havaer Hall

BBIHTDBIII (3aBUCAUIHA OT cayuasi) nocJe rn-d UIpHI:
I, . 2" nmm [I,=0.

[Tpennosoxus, uro /, =0, 3anuuieM OXuJAaeMOe 3HAUCHHE BBIMT-
pbiua [,

1 |
E(ly |1, 7 0) = 222 2"+ o

KOTOpOoe 60Jbllie, YeM 2", caeloBaTeNbHO, BCETJa CTOHT IPO-

H
n-+1
AoszKaTb Hrpy. OAHAKO BEpOSTHOCTL TOro, uro /., =10 npu Heko-
TOpOM (BO3MOXKHO, O00JbLIOM) 3HAueHHH £, paBHa 1. JleHcTBH-

TEJbHO JIH CTOMT HrpaTh A0 Tex INOp, IIOKAa MbI BCe He NOoTepseM?

(JInt.: Chow Y. S., Robbins H. and Seigmund D. Great Expectations: The
Theory of Optimal Stopping, Houghton Miifin, Boston, 1971. [Hmeercs
nepeBoa: Po66unc I'., Curmynn ., Yao M. Teopus ontumanbHbX npa-
BUJ ocTaHOBKY. — M.: Hayka, 1977.]

HInpses A. H. CratucTHyecknii mocienoBaTeabHblil anajus. — M.: Hayka,
1976.)
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e) lapadorc svibopa

Ham yacto HyXHO BBIOpaThb Jayuuiee (¢ KaKOH-TO TOYKH 3pe-
HUs1) H3 HEKOTOPOH COBOKYIIHOCTH JIOJAed HJIH OOBEKTOB (HAIpH-
Mep, TIpH HOKYIKE TOBApOB HJM BHIOOpe Oyayuiero cynpyra). las
aHa/ju3a 3TOU NpolJieMbl IPEAINOJOKUM, UTO JIOAEH HAH OOBEKTH
MOXKHO YNOPSAOYHUTH [0 UX JAOCTOHHCTBAM, T. €. CpaBHHUBAd JIOOLIC
ABa U3 HUX, MOXKHO BCErja CckasaTh, KaKOH H3 NuX Jyullle. Boibop
Jydllero He MNOpeACTaBJAsieT TPYAHOCTeH, KOrja Mbl BHIHUM BCE
00beKkTH. OAHAKO B OOJBIIHHCTBC CJAyudaeB OODLEKTHl HJU JIIOAEH
paccMaTpuBaIOT MOCJAEAOBATEJABHO H, pas UTO-TO HJAH KOro-TO OF-
BEPrHyB, MBI K 3TOMY BEpHYTbCS He MOxKeM. B naJjbHennieM OyaeMm
IpPeANoJarartb, 4ro eCJu «KaHAWAAaT» He BBIOpaH, Korja loJOoLLIa
ero oyepeab, TO II03JHee MBI He MOXEM H3MEHHTb Halle pelleHHE.
Ho u B 3ToM ciyyae nmpobJema He OmMcaHa OAHO3HAUYHO. Mul Mo-
KeM JaxKe He 3HaThb o0miero uuciaa o00beKTOB, U3 KOTOPBIX AOJXKHBI
BoiOMpaTth. (Kak npasumo, HeT TakoH HH(pOpMaUMH IIpd BHOOpE
OyAyllero MyxXa HJad KeHbl.) [IpeArnosozKuM, uTo BCEro HMeeTcsl 7
BO3MOXKHOCTEH, TOYHee 7 JHLU UJAH OOBEKTOB, NPOXOUAHIHMX MHMO
Hac B IPOH3BOJIbHOH MOC/JE€AOBATEJSBbHOCTH (3TH MOCACLOBATENbLHO-
CTH CUHTAIOTCA PABHOBCPOATHHIMH). BOHMpPOC COCTOHUT B CJEAYIOLLEM.
HMcxonst M3 Kakoro Meroja BbIOHpATb JYULIero KAHAWJAATA, €CJu
JI060TO H3 HUX MOXKHO CpAaBHHBATb, €CTECTBCHHO, TOJIBKO C Ipeabl-
AyimuMu? cau Bcerja BulOMparh, HalnpuUMep, TPeThero, TO IIAHCLI
BbIOpaTh Jyullero pasBHbl 1/n. C poctroM n BeawuuHa 1/n crpe-
Mutcst K 0 W no3ToMy HOpu OOJBIIOM 4YHCAE NPEAJOKEHHH BEpOsIT-
HOCTh BBIOOpaA Jayulllero 6Ju3ka K 0. YAMBHTE/JILHO, HO €CTb METO,
[IO3BOJIAIOINUK BBIOHpAThL JIydlllero KaHauJara ¢ BepOSITHOCTBIO
6auskoit K 30 % jmaxe npu GOJBIIHX 3HAUCHHUAX r. MeTOoHd COCTOMT
B ciaenylomieM. [locse Ttoro, kak mpoiayt nepsole 37 % (rouHec
100/e %) KaHAMAATOB, BBIOMpAEM MEPBOTO, KTO OKaKeTCs Jyyile
BCeX MNPEABIAYIIMX (ecJu Takoro HeT, TO BbIOHpacM IOCJEIHEro).
B sroMm cayuae maHcbl BoHIOpaTh Jyuliero NpHOJIHWSHTENbHO DaBHBI
I/e, 7. e. &37 %, xak Obl HU OLLJIO BEJIHKO 3HAUCHHUE 1.

Ecain MoxkHO BbiGpaTh ABa, TPH, ... WIH, B o0lueM ciayuae, &
KaHAHJATOB, H 3ajaua 3akjiouyaercs B TOM, YTOOBl JYYLIHH OKa-
3aJjicd cpead 3THX k& OTOOpaHHBIX KaHJAMAATOB, TO ONTHMaJ/ibHad
BEPOSITHOCTh P TAKOTO COOBITHSI BBIUMCASETCS CJACAYIIUIHM 00pa-
soM. Ilycrb uncaa ¢; yAOBJACTBOPSIIOT TOXKJAECTBY

0
> Tl =1,
j=1

Toraa
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HallpuMep,
1 |

]
py==— - ,
e 8’3/2

yTo OoJsblue, yeM 1/2! MokHO TakxKe 10Ka3aTh, YTO
I \%
(1—=7) <t—p<<es,

CJAeJOBATE/IbHO, Pr CXOAUTCHA K | mpH cTpeMJacHuu b k OecKoHeu-
HOCTH.

Ecau ynesno xapuparos N cayyaiiHo, TO WIAaHCH BHIGpATh Jyu-
HIero KaHaujaTta MOTYT YMeHBIIHTBCA. [IpeAnosoKuM, uTo pacrpe-
aejaenue N /m CXOHUTCA K pacHpefeJeHHIO CAYUYaHHOH BeJHUYUHB
X. Torma ontumasbHasi BepOSITHOCTb BBHIOOpA JyYLIEro KaHAHAATa
(TOuHec, ee NpeAcs HPU m—> 00) 3aMHUIIETCs B BHJE

px = max E (F (x/X),

rae  f(x)=max(0,xlnx). BeposATnocts px MOXKeT 0Ka3aThCH
OYeHb MaJICHbKOH, Tak Kak inf py =0,
X

(/Iut.: Chow Y., Robbins H., Seigmund D. Great Expectations: The Theory of
Optimal Stopping, Houghton Miffin Co., Boston, 1971. [Mueerca mnepe-
Bog: Po66unc I'., Curmynn M., YHao V. Teopusi onTHMaJbHBIX MpaBui

ocranoBkH. — M.: Hayka, 1977.]
Freeman P. R. “The secretary problem and its extensions: A review”,

Internat. Statist. Review, 51, 189—206, (1983).
bepesosckuit b. A, T'mennn A. B. 3agaua Hauayuwero soiGopa npobieM.

— M.: Hayxka, 1984))

oc) Ilapadokc Iuuckepa o CTAUUOHAPHBLY RPOUECCAX

[TocaenoBaTesbHOCTE Cayd4aHHBIX Bejuyud X, (h=..., —3,
—2, —1, 0, 1, 2, 3, ...) HasniBaercst cranuoHapHoi (TouHee, cTa-
IIHOHAPHOH B IUMPOKOM CMBICJIE), €CJH, BO-IIePBHIX, MaTeMATHUYECKOE
OXHJIaHHe CAYYaHHOH BEeJIHYHHBl X, HE 3aBHCHUT OT 7 (CJea0oBaTeb-
HO, He Tepsst OOLIHOCTH, MOXKHO NpeanoJgararh, Yto obliee MareMa-
THUECKOoe oxKijganue paBHo 0) M, BO-BTOPbIX, KOBapHaluHH
E(XnXm) = ru_m (upennonaraeM, uTo OHHM CYUIECTBYIOT) 3aBHCST
TOJIBKO OT Pa3HOCTH #— m (B YAaCTHOCTH, IIPH KH = M JAHCIEPCHH HE
saBucsiT ot n). IlocnegoBaresbHOCTh CaOyd4alHBIX BeKTopoB X, (n=
=..., —2,—1, 0,1, 2, ...} cranuonapna, ecau E(X,) toxpecr-
BEHHO PaBHO HYJCBOMY BCKTOPY, H MaTe€MaTHUYCCKOE OXKHAAHHE IIPO-
H3BEHNEHHs] {-H KOOPAWHATH BeKTopa X, W j-H KOOpIHHATH BEKTOpA
Xm 3aBHCHUT TOJBKO OT i, j U n— m. [IBYMslI OCHOBHBIMH THIIAMHU CTa-
IIHOHAPHBIX NPOLUECCOB SABJAAIOTCA CHHTYJSIPHBIE M peryaspHhie Ipo-
nmeccel. Ilepshie gerepmuHupoBaHbB (T. € AJ4 J1060r0 3HAYEHUS A
BEJIUUUHA X,41 HE COACPKHUT KAKOH-MHUOGO «HHpOpMAIHHU», e CBA-
3aHHOH CO CJYYaWHBIMH BEJHYHHAMH, NPeUIeCTBYIOIHMH Xq+1), ¥
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PeryJspHbIX XK€ NPOLECCOB HET JAeTePMHHHPOBAHHOH COCTABASIONIEH
(T. e. 1pu or6pachiBAHHH BEJIUUYUH Xn, X,—1, Xn—g H T. J. IIOCTENEH-
HO TepsieTcsl Besi HHDopManusa). Takum oOpasoM, MHD CHHIYJISIPHBIX
IPOLLECCOB NPEACKa3yeM, H ¢ TeUeHHeM BPEeMeHH HOBOH HHQOpMaHHH
He BO3HHKAeT, PEryJspHble XKe NPOLEeCCH CO3Jal0T HOBBIH MHD H3
HUUEro, T. €. Aajekoe Oyayuiee MOUTH HE 3aBUCUT OT HACTOSAILETO.
B ruap6epToBOM IMPOCTPAHCTBE CJAYYaHHBIX BEJHYHH, HHTErpHpye-
MBIX B KBajpaTe, T. €. HMEIOUIHX KOHEUYHbIe AHCIEePCHH, NIPHBEJEHHOE
BBIIIE VTBEPKAEHHE MOXKHO CHOPMYJNUPOBATDL CAEAYIONIHM O00pasoM.
Ecau H, o6o3Hauaer MoANpPOCTPAHCTBO, NOPOXKIAEHHOE CAYyUYaHHBIMH
BeJIHUHHAMH, NpPeAIIecTBYIOUIUMH X,, TO B CHHLYJADHOM cJjydae

H,=—H, | npu Bcex n, a B PEryJsipHOM cJydae [l H,=0. Bax-
n

HOCTb CHHTVJSIDHBIX H PETYJASPHBIX NPOLECCOB MTOKa3aHa B TEOpEME
Boabaa, Kotopas yTBepXKIaeT, 4To JIOO0H CTAHHOHAPHBIM INPOUECC
MOKeT ObITh INpPEJCTaBJeH H, NIPH TOM €IHHCTBEHHHIM o0pa3oM, B
BHJE CYMMBI PEeryJsipHOTO M CHHI'YJISIPHOTO IIpoueccoB. [JocTaTouHo
OUEBHJHO, UTO €CJH npouecc Xn CHHrYyJsipeH, T0 X_, TaKkKe CHHIY-
asipeH, H ecau X, peryaspeH, To H X_, peryJsped. MHbIMH clioBaMy,
cuyTas N INepeMeHHOH BpPeMeHH, MOXKHO CKa3aTb, YTO CHHIYJISAD-
HOCTb H PEryJsipHOCTb OCTAIOTCS HEHW3MEHHHBIMH, KOTJa MNPOLIJIOE H
Gyayiiee MEHSIOTCH MecTaMH. Y AUBHTEJbHO, HO 3TO BEPHO TOJBKO
Torjga, Korjga npouecc X, ckaasaped. [TuHckep noctpous IByMEPHBIH
pEryJasipHBIH CTAaUHOHAPHBIH Mpolecc, 06paTHHH K KOTOPOMY (KOTAa
—n 3aMeHsIeTcsl Ha 1) yxKe CHHryJaspeH. TakuM o6pa3oM, CHHIYJISP-
HOCTh MOXeT IIpeBPaTHTbCA B pEryJasApHOCT H HaobOpOT, ecCiH
mpounioe ¥ Oyayluiee NOMEHSAIOTCS MECTaMH.

3) Ilapadokcel eonrocosarus u gulbopos; caydaiinvie NOAA

[Ipu rosocoBanud HJAH BHIOOpAxX HCXOA, KaK NPAaBHJIO, CJAYyYaeH,
[I03TOMY HEYAHBHTEJNBHO, YTO U B 3TOH OOJIACTH NOJYUEHBI Ba*KHbIE
BEPOSTHOCTHHIE pesyJsbraThl. B 1878 r. B. Yurgopr noxasan cie-
AVIOIYI0O 3HAMEHHTYIO TeopeMy o OaJoTHpoBke. Ilpeamnonozkum,
yTo SBJIO ABA KaHauAaTa, ckaxem A u B, A nmoJgyyua A roJocos,
B —m roaocoB 1 n>m (1. e. A nobenun). Ilycrs p obosHauaer
BE€POSITHOCTb TOrO, YTO MPH MOCJAEAOBATEIbHOM IOACUETE IOJOCOB A
Bce BpeMs Obli Biepead (IIpH YCJOBHH, UTO JIOO0H MOPANOK IOJI-
cyeTa roJIOCOB PaBHOBO3MOXKeH ¢ Jo6biM Apyrum). Torna

p n+m’
Takum o6pasoM, ecid n=2m, to p=1/3, T. e. ecix A NOJY4IHJ
BABOe OOJIblIE TOJIOCOB, YeM B, TO BEpPOATHOCTH TOTO, YTO BO BpEMSA
MoJcUeTa IoJOCOB OBLIH MOMEHTHI, Korfia v B OBlJIO CTOJBKO K€ To-
JIOCOB, CKOJbKO y A, BABoe GoJblile BEPOSITHOCTH TOro, 4to A BCe
Bpemst Gbi1 Brnepeau. (Cwm. Feller W. Probability Theory and Ils
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Applications (2nd ed.), Willey, New York, 1965, p. 66. [Hmeercq
nepepod: ®ensep B. BeepeHue B TCOPpHIO BEPOSATHOCTEH H €€ IPUJO-
Kenusi. T. 1. — M.; Mup, 1984, c. 87.]) I1oT hakT MOXKeT NOKa3aTh-
Csl CTPAHHBIM, HO OH BCe-TaKH He siBJsieTcss napajgokcoM. OgHaKoO B
3TOH o6JsacTu BcTpevatoTcss U Hapaaokchl. Mapku3 Konnopce (oxuH
u3 apyseit Boawtepa) B 1758 r. npuBen caeayrwomui npumep. (Essai
sur I'application de 'analyse a la probabilitée des décisions ren-
dues a la pluralité des wvoix.) IlpeanoJoxxum, uTO B BhIOOpax
yuacTBOBaJd Tpu KaHgugata A, B u C, u oHu wHabpaJu
coorBeTcTBeHHO 23, 19 m 18 rosnocos. Torga xkaugupara A,
Kak Halbpasliero HauboJblllee UYHCJO TI0OJOCOB, cJaeayer o006b-
BUTH NobeauTeseM, HO B JeHCTBHTEJbHOCTH Bce 19 uszbuparenen,
roJoCOBaBIIHX 3a B, Bo3MoxHo, mnpeaHound 6w C BMecTto A.
B 1950 r. Keuner Appoy (B 1972 r. emy npucyxaena HobeneBckas
IpeMHUs MO0 3KOHOMHKE) HCIOJb30BaJA 3TOT IpuMep, YTOOB NOKA3aTh,
YTO JIOTHUYECKH HEBO3MOXKHO CO3JaTh COBEpPIIEHHO CIpaBeLJUBYIO
cucteMy BbIOopoB. Takum o6pa3oM, HEyAHUBUTEJNBLHO, YTO HET eIH-
HOH CHCTEMBI BHOODPOB, NPUHATOH BO BceM Mupe. (O BepoATHOCTHOH
[IPOTHBOPEYHBOCTH cucTeMBl BbiOopoB B CIHIA cMm. cratewo ['pod-
MaHa.) CJeayiomuid napagokc OTHOCHTCS K CIelHdHIECKOMY BHAY
roJIOCOBAHUA — cyaeOHOMY. Ilpeano/sioXuMm, 4To €CTh NATh MPHUCAK-
HelX 3acexatened A, B, C, D u E. BoJblIHHCTBOM TOJIOCOB OHH pe-
IAI0T BONPOC O BHHOBHOCTH HJM HEBHHOBHOCTH noacyaumoro. C Be-
poaTHoCTAMU D Y 3acemartenn A u B BBIHOCAT HEBEPHOE peLIEHHE,
aass C u D atu BeposithocTn cocrapasioT 10 Y%, u £ omubaercs ¢
BeposaTHocThIo 20 % . (3acepatenu ournbarwTCad HE3aBUCHUMO APYT OT
apyra.) B 3ToM cayyae BepOSATHOCTb BBIHECEHHA HEBEPHOT'O IPHUTO-
Bopa npubausuteabno pasHa 0.7 %. IlapajgokcanbHo, HO 3Ta Be-
POATHOCTH BO3PaCTraeT U CTAHOBHTCA NPHOJIHU3UTEJLHO PAaBHOH
1.15 %, ecan 3aceparenr £ (KoTopbld omubaeTcsd yallle BCero) Iie-
pecTaHeT paccyxXaaTh CaMOCTOATENbHO, a Oylder Bceraa MNOBTOPSATH
pemienue 3acexatenss A (kKoropblt omubdaeTcss Haubosee peaKo).
Crenyouuii napajaokc TakxKe HJIJIOCTPUPYET Te€ YIAHUBUTEJbHbBIE CH-
TYaluy, KOTOpble BO3HHKAIOT, KOTJa H30HUpaTeJu NepecTanT pac-
CyKAaTh CaMoCTOsATEJNBHO. [IpearnosoxKum, 4To0 B KaXJA0M y3Jje
KBaAPATHOH DCLWIETKH HA MJAOCKOCTH HAXOJHUTCH YeJOBEK, KOTOPBIH
MO2KeT I'0JIOCOBATh HE3ABHCHMO OT APVTHX JIOACH 33 UJAU NPOTHUB C
COOTBETCTBYIOIIUMH BePOSATHOCTSIMH p U | — p. OZHAKoO TNpH cJae-
AYIOUIEM TOJIOCOBAHHU KaiKJblH 4eJOBeK BbIOMPAET OJHOT0 M3 CBOMX
yeTbipex CoceleH M TOJIOCyeT TaK, KaK 3TOT COCejl I'OJOCOBaJ B Ipe-
abiayiiuid pas. Tperbe, ueTBepTO€ U T. A. TOJOCOBAHUS IPOBOASATCS
anaJsoruudo. ([Ipu n-M roJocoBaHHMH KaxXABIA TOJOCYEeT Tak, Kak
BRIOpAHHBIA cocel roJocoBad npu (n— 1)-m rogocoBanuu.) Bon-
pOC 3akKJIouaeTcd B CJAeAyIOUleM: YTO NMPOU30HIAET NpH #— oo? Mo-
)KHO MOKaszaTh, 4TO B KOHIE KOHILOB BCe OyAYyT roJoCOBaTh OJHHA-



166 [a. 1. [Tapadokcer cayuadnelx npoyeccos

KOBO, MHBIMH CJOBAMH, HACTYMHT «IOJHas rapmoHus». (Kaxmwii
roJ0CyeT 3a HJAH IIPOTHB C COOTBETCTBYIOIIHMH BEPOSITHOCTAMH p
H 1—p.) Crnenyer OTMETUTh, UTO €CJH H30HpaTeNH HaAXOLATCHA B
y3/JaxX TPexXMepHO# KyOHUecKoH peuieTkH (M y KaxKAOro IO IIeCTb
coceJell), TO TakKas 3KCTpeMaJbHasi CHTyalluss He HaCcTyluT, T. €.
pasJHyHble MHEHHS MOTYyT TapMOHHPOBaThb APYr ¢ APYroM (rouHee
MOJYYHTCSl 3ProgHuecKoe npeaenpHoe pacnpegencHue). To ke ca-
Moe CIpaBelJIHBO B CJydae, KOrja pa3MepHocTb 0oJblle Tpex. IDTO
OCHOBHOE pa3/jiHiie MeXAy [ABYMEPHBIM H TPEXMEPHBIM CJYy4YasiMH
T€CHO cBA3aHO ¢ TeM ¢daktom (cMm. III/ba), uto B cayyae AByMep-
HOH KBajpaTHOH peLIeTKH MPH CHMMETPHYHBIX CAyYauHBIX OayxKnaa-
HUSIX KaKABH y3e/] JOCTHraeTcsi ¢ BePOsITHOCTLIO 1, @ B TpexXMepHOM
cayyae sto Hepepuo. (CM. Bramson M., Griffeath D. «Renormali-
zing the 3-dimensional voter model», Annals of Prob., 418—432,
(1972).)

3a mocneaHHe TroAbl NpHBeAeHHAas BhHILIe MaTeMaTHYecKas MO-
nedb u3buparenei, HaXOAAIIHXCA B y3JaxX KBajApaTHOH HJAH KyOu-
YeCcKOH peHIeTKH, CTaja HrpaTbh OueHb BAXKHYIO POJb B MaTeMaTHue-
ckoit ¢usuke. Mabupatesn 3aMeHSIOTCA «BEJHYHHAMH» C IBYMs
BO3MOXKHBIMH 3HAaUGHHSAMH (HaAIpHMep, CIHHAMH 3JEKTPOHOB B (ep-
POMAarHUTHHX MaTepHaJax). Takue cay4ainsie noas ABIAOTCS 00-
OOIIEHHSAMH CTOXACTHUYECKHX IIPOLECCOB, B KOTOPHIX IepeMeHHas
BpEMEHH ! 3aMeHseTCsl Ha 3JeMEHT MHOTOMePHOro MIPOCTPAHCTBA,
HanpuMmep, ecau { o3HauaeT y3/bl d-MepHOH KYOHYECKOH DelleTKH, H
X (1) — cayuafinast BeJHUMHA NpPH JIOO60M (DHKCHPOBAHHOM f (B MoO-
neJau rojgocoBaduss X{{) npHHHUMaeT TOJbBKO JBa 3HA4YeHHA), TO
X (¢) — cayuafinoe moJe. Tak Xe, Kak Bblllle MB NpeAnoJarasiu, 4ro
Ha MHeHHe H30HUpaTeqsl BJAHSIOT €ro COCeNH, B (PH3HKE MBI MOXKEM
cuHTaTh (B BHAE NEPBOro NPUOJHKEHHS), UTO HA KaXKAylO0 YACTHILY
BJHAIOT ee coceAr. Takol BHA CJAYYaWHOrO 110/ Ha3bIBaeTCs Map-
KOBCKHUM I10JieM (370 aHaJjor uenn Mapkosa). bnarogapsa uccaeno-
BaHHUSIM HOpBexKcKoro ¢usuka uw xumuxka JI. Oxcaeepa, npoBeJeH-
HeiM B 1944 r., npu u3yduedHun geppomMarneTuaMma BaKHYIO pPoOJb CTa-
JIO HIPATL MapKOBCKOC HOJIC CICILHAJbHOIO BHAJ — Monacab Maunra.
3a nocaeinHe HCCKOJLKO JeT MapKOBCKHC IMOJA 1, B OCOOCHHOCTH,
ModeJsb M3unra, nmpuMeHSNHCh AJs pellieHHA NpoOJeMbl (PasoBBIX
nepexonoB. XoTs CTPOroe onpeaesaeHne MapKOBCKOTrO noJst ObLIO Ja-
Ho Juulb B 1968 r. coBerckuM martematukom P. JI. [Jobpyuiunsim,
IepBble ONHCAHHWS TNOHATHA (Pasbli M HEKOTOPLIX CJayYaHHBIX IT0JIEH
[IOABUJAHCL 3HAYUTEJBHO paHbIIe B CBSI3H C NOTCHUHAJBHBIMH (YHK-
uusimMu B Kuure Joac. B. T'ub6ca, onybaukoBanHod B 1902 r.
(Gibbs J. W. Elementary Principles of Statistical Mechanics, Yale
Univ. Press). [Mmeerca nepeoa: I'm66c Hx. B. TepMonunamuxka.
CrartucTnyeckasi MmexaHuga. — M.: Hayka, 1982.]) Onucanue map-
KOBCKHX TMOJICH uepe3 MOTEHLHAJbHBIE (YHKUHH OCOOCHHO BAXKHO
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MOTOMY, UTO (Pa3sOBbie MEPeXOAbl MPOHCXOAAT KAK pa3 TOTLa, KOTAa
MOTEHLHAJ He ollpejensieT OJHO3HAYHO MAapKOBCKoe noJge. B ¢pu3H-
HECKHX TEPMHHAX 3TO O3HAYAET, YTO NPH OAHOH H TOH XKe TeMImepa-
Type MOryt ObiTb pasHble (a3oBbie cocTOsHHS. TeopHs TakKe
0OBsACHSIET, OYeMY (ha30Bble NEepPexOabl HCBO3MOMKHBI, KOI'Aa TeMIle-
patypa Bbillle KDHTHYECKOH (KDHTHUECKYIO TeMIepaTypy yAaJoch
onpeacauTh yxce OHcarepy). MHTepecHO OTMETHTL, YTO XOTSI B OJI-
HOMCPDHOH MOJe/H (pa3oBbld MCPeXo] NPOH30HTH He MOXKET, B CJAydyae
ABYMCPDHOH MOICJH (Ha KBaApPaTHOH peLIeTKC) 3TO VKC BO3IMOIKHO.
B nocnesneM cayuyae, inecMoTpst 11a CHMMETPIUHOCTb MOTCHILHAIbHOMN
GyHKIHH (ee 3HAUEHHe He MEHSETCS, KOTJa BCE COCTOSIHHS «Aa» Me-
HSIOTCA Ha <«HET» H HaodOpOT), cCaMO MapKOBCKOE [0JIe HECHMMe-
TpuuHo. B cuay atoro napagokca (HasbiBaeMoro napajmokcoM Hapy-
ICHHST CHMMETPHH) (eppOMarHuUTHBIE MaTEpPHAJBl He YTPAYHBAIOT
CBOH MarHeTH3M MpH TeMIlepaType HIXe KPUTHUECKOH.

(/lur.: Grofman B. “Fair appointment and the Banzhaf index”, The Amer.
Math. Monthly, 88, 1—5, (1981).
Kindermann R., Snell J. L. Markov Random Fields, Contemporary
Math. Vol. I, AMS, Providence RI, 1980,
Preston C. J. Gibbs States on Countable Sels, Cambridge Univ. Press,
1974.
Cunait . T. Teopust bazoBuix nepexonos: CTporie pe3yabTaTol, — M.:
Hayka, 1980.) ‘



FNABA 1V

MAPAJJOKCbl B OCHOBAHUAX TEOPWMH BEPOATHOCTEMW.
PA3HbLIE MAPAJOKCHI

Ilpupose pasyma CBOACTBEHHO PacCMaTpH-
BaTh BEIIH He KaK c/jyyailHble, HO Kak He-
00X0HMBIE,
5. Cnuwnosa, 3JTuxka, 4acte 2,
reopesma XLIV'')

BeposiTHOCTb — 3TO  BaXKueilllee HOHATHE
B COBDEMeHHOII Hayke OCODEHHO IIOTOMY,
YTO HHKTO COBEpIIeHHO He IPeACTaBJIET,
YTO OHO O3HAvaerT.

Beprpan Pacces, Hz sexyuu, 1929 e.
Ucuncaenue BepoaTHocTell. IlepBas Jek-

inug. 1. Eapa JM MOXKHO JaTb YAOBJIETBO-
PHTEAbHOE OlpeseseHrHe BepOATHOCTH...
A. Iyankape, Hcuucaenue sepo-
aruocreil, 1896 e., c. 1

Moii Tesnc, MapajOKCaJLHBIH H HEMHOTO
NPOBOKAIMOHHBIH, HO BMecTe € TeM HC-

KpeHHull, 3aKJ/JI4YaeTcs BCero JHlb B CJe-
ayomem: BEPOATHOCTH HE CYIIE-

CTBYET.

b. 0e Punerru, Teopus sepoar-
nocred, 1974 .

B 1900 r. sa MexXAyHAPOAHOM MaTeMaTHUECKOM KOHIpEcce B
[Tapuxe Jasud I'uavbepT cpein 23 RaZKHEHIIHX HepelleHHbIX 1Poo-
jeM B MaTeMaTHke HaszBaJ npobJjeMy NOCTPOCHUS! OCHOBaHHHA TEOPHH
BepoatHocTell. XoTa Ha pybOexe BEKOB TCODHI BEPOSITHOCTEH YIKe
naja MHOTCO BBIAAIOLIHXCS Pe3yJbTaTOB, H3-3a OTCYTCTBHA MaTeMa-
THYCCKHX OCHOBAHHH 5Ta TeOpHs B LeJOM elje He Oblaa OAHHM H3
pasfiesoB MaTeMaTHKH. B sToM 3arJjiouanach, BHIHMO, rJaBHAs
MpHUHHA, MOUeMY NPOpeccop yHHBEPCHTETA B lerrunrede K. Kaeix
paxke He YIIOMAHYJ TE€OPHIO BepOSATHOCTEH B cBOeH paboTe «JIeKIIUH
O PAa3BUTUH MaTeMaTHKH B XIX croneruuy. Mcnoab3ys pe3yabTaThl
paboT MHOTHX MaTeMaTHKOB, B oco6ennoctit J. bopeas, A. Jlom-
nurckoeo, X. llreineayca, a Takike TEOPHIO MHOXKECTB H TEOPHIO
mepel, A. H. Koamoeopos B 1933 r. MOCTPOHT MATEMATHICCIH CTPO-
ryio Teopuio BeposiTHocted. (boaee noppoéuo cm. B Archive for
Hist. of Exact Sci., 18, 123—190, 1978.) B ocHoBe TeopuH, paspa-
6otranHol KoJAMOropoOBBIM, JIEKUT TOT dakr, 4TO J1000€ coObITHE,
BEPOSITHOCTh KOTOPOTO XOTHM HaHTH (Takue COOLITHS HA3BIBAIOTCA
HaGJ0AaeMbIME), MOXKeT OBbIThb IIPEACTAaBACHO B BHAEC HEKOTOPOLO
MIOAMHOXeCTBa MHOMKeCTBa 3JeMEHTapHBIX cobpiTHll (T. €. B BHAE
HOIMHOKeCTBa (hazosoeo npocrpancrea). Hanpumep, npu OpoCaHUH

1} CnuHosa b. HsGpanHele MNpOU3BELCHHS. T. 1. Oruka. Ilep. ¢ Jar.
H. A Upsanmosa. — M.: Toc. u3a-BO MOJUTHY. JUTEPATYpDL, 1957.
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UIpaJbHOH KOCTH HcxomaMu MoryTt OwbiTh uuchaa 1, 2, ..., 6. CoBo-
KYIIHOCTb 3THX 3J€MEHTapHBIX CcOOBITHH oOpasyer ¢asoBoe IIPo-
CTPAHCTBO H COOBITHE, 3aKJloyawuleecss B BHIIAJEHHH YE€THOI'O 4YHC-
Ja, NPEeACTaBUMO B BHAE NOAMHOXKecTBa (ha3oBOro INPOCTPAHCTBA,
COCTOSILIEr0O U3 YeTHBIX yucesa {2, 4, 6}. HocroBepHoe cobbiTHE NIPEA-
CTABHUMO BceM (Ppas30BBIM NNPOCTPAHCTBOM, KOTOPOE TPAAULUHOHHO 000-
3Hauaercd uepes . B Teopun KosMoroposa mnpepamnosaraercsi, uTo
HaOmogaeMble coObITHS 06pasyloT curMma-anrebpy (3aech «CHUrMma»
yKasplBaeT Ha 0eCKOHEYHOCTh), T. €. COBMECTHOE HaCTYIJEHHUE ABYX
[IPOU3BOJIBHEIX HabJogacMbix COOBITHH; HACTYIJIEHHE 110 KpaHHe#H
Mepe OAHOI0 M3 KOHEUHOrO HJH CUETHOI'o uyucjaa HabJawAaeMBbIX CO-
OBLITHH U JONOJHEHHe K J0oMy HabJAaeMOMy COOBITHIO TakkKe
ABJAIOTCH HaOJdwAaeMbIMH coObTHAMU. KaxXaoMy HabjawopaeMomy
COOBITHIO NPHUIIUCHLIBACTCS HEKOTOPOE HEOTPHIlATeJbHOC YHC/0, Ha-
3bIBAEMOE BEPOATHOCTBK) 3TOTO COOLITHA, TakKdM 00pasoM, 4YTOOHI
BCPOSITHOCTh JOCTOBEPHOI'0 COOBITHS (T. €. Bcero (asoBoro mnpo-
cTpaHcTBa) Obl1a paBHA 1, W BBINOJHSJIOCE CBOUCTBO CHT'Ma-ajaliu-
THBHOCTH, T. €. B ¢Jydae NONapHO HCKJKYAWUHX APYr Apyra colbl-
THH BEPOATHOCTb HACTYIVIEHHS 110 KpaHHeHd Mepe oAHOro (H, CJAE€0-
BaTeJNbHO, B CHJY TIONAapPHOH HECOBMECTHUMOCTH, POBHO OJHOTO)
HabJ/I0gaeMoro COOBITHS B KOHEUHOH HJH CUETHOH COBOKYINHOCTH
HabJrogaeMblX COOBITHH cOBNajaJna ¢ CYMMOH BepOATHOCTEH HaOJIO-
JaeMbIX COOBITHH M3 3TOH COBOKYIMHOCTH.

BosHukaeT BonpocC: noueMy Nnpu ONPeAeJEHHH BEPOSATHOCTH HAM
norpeboBauch cHrMa-anareOpbl, a He MHOXECTBO BCeX [OJMHO-
XKeCTB (paszoBoro npocrpanHcrea 2? OTBET OUCHb NPOCTOH: B 0OLIEM
c/lyuae BCPOATHOCTL HEJb3S ONPEACJHTb HA MHOXKECTBe BCeX IOMI-
MHOXecTB {2, TOUHee, €CJAH BepPOSITHOCTh ONpEeAeJeHa Ha CHrMa-aJ-
rebpe, cocrosieil H3 HEKOTOPbIX IIOJAMHOXKEeCTB £, TO 3Ty BEPOSIT-
HOCTb HeJb3s INPOJOJXKHTh Ha oOCTaAbHble TNOAMHOXxKecTBa (2 Tak,
yToOBl COXPANsJioch CBOHCTBO CUI'Ma-aAAUTHBHOCTH (ecJH TOJAbKO
He COCTOUT M3 KOHEYHOr'O WJH CUETHOTO uHcJJa s7eMeHToB). How. Bu-
TAAL 3HAJ 3TOT pe3yabrat eule B 1905 r.

[Iyets daszoBeIM mpocTpaHcTBOM Oyaer uHTepBaa (0, 1), u mo-
npobyeM OIpeNeJUThb BEPOSATHOCTb Ha BCeX €ro MNoAMHOXKeCcTBax
TakK, 4ToOBbl MOJYYHUTb «paBHOMepHOe pacnpeaeneHue». OueBHAHO,
BEPOSITHOCTb b — a cJjefyeT NpHNHcaTh nojablHTepBanay (a, b). Ta-
KUM 006pasoM, B CHJAY CUTMa-aaJAMTHBHOCTH BePOSITHOCTh ABTOMAaTH-
YeCKH oIpeaeseHa Ha HauMeHbleH curma-aJnarebdpe, comaepxxKaiiei
HHTEepBaJbl. DTy BEPOATHOCTh MOXKHO NPOAOJKHTb HA HEKOTOphie
APYTHE MHOXKEeCTBAa, HO CYUIECTBYIOT MHOXKECTBA, HA KOTOPbLiE€ IPO-
JOJIXKEHHE HEBO3MOXKHO, T. €. Ha KOTOPBIX BEPOSITHOCTb HEJb3S OIl-
peleJHTh B COOTBETCTBUY C «PABHOMEPHBLIM paclpeacJeHHeM.

[IpuMep TAKOTO «IaTOJOrHYECKOrO» MHOXKECTBA OBl MOCTPOEH
3. LHepmesro canepyouium obpaszom. OH pas3buJI TOYKH HHTEpBaJia
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(0, 1) Ha HenepecekaroUIHeCs KJacChl Tak, YTO TOYKH, PACCTOAHHE
MeXAYy KOTOPBIMH PaBHO KaKOMY-TO palHOHANIbHOMY 4MCJIY, NPUHAA-
JexaT OJHOMY H TOMY e KJjaccy. Torna, MChnoJ/b3ys akCHOMY BBI-
6opa, Llepmeso onpeaesug MHOxecTBO H, KOTOpOe COLEPKHUT B TOU-
HOCTH IO OJHOH TOUKE M3 KaXJ0ro Takoro kiaacca. MoxXHO JoKa-
3aTh, UTO HA 3TOM MHoOKecTsBe F Hesb3s ONpeNeJHTb BEPOATHOCTD,
COOTBETCTBYIOUIYI0O «PAaBHOMEDHOMY paclpelesieHUIO».

MoxKHO TakMKe T0Ka3aTb, UTO €CJAH Mbl OTKax}eMcs OT «PaBHO-
MepHOCTH», HO NoTpebfyeM, 4ToObl KaXKJa0o€ NOAMHOXKECTBO Q@ uUMeJo
BEPOSITHOCTb, W BEPOSITHOCTb KaxK/J0H TOukH u3  paBHsinack 0, TO
NlazKe TakKoe OHpejgeJeHHE BEPOSATHOCTH HEBO3MOXHO B Cjlydyae, KOT-
na ¢da3oBoe MPOCTPAHCTBO {2 CYETHO HJIH HMEET MOUIHOCTb KOMTH-
HyyMa TPH YCJOBHH, UTO CIpPaBelJHBA KOHTHHYYM-THIOTe3a (CM.
Birkhoff G. Lattice Theory, Amer. Math. Soc., Providence, 1967,
p. 266). Jlo cHX TIOp 1EH3BECTHO, CYUIECTBYeT JIM MPOCTPAHCTBO £
(noctaTouHo 6GOJBIIOH MOLIHOCTH), LJsI KOTOPOTO MOKHO OIlpene-
JUTb BEPOSITHOCTh, YAOBJETBOPSAIOUIYIO YKAa3aHHBIM BBILIE YCJTOBHAM.
B 3TOM COCTOHT TA4K HasbBaeMmas npobaema uamepumvlx MOULHO-
creif. CUTyalusl CHJIbBHO H3MEHHTCH, €CJH OTKasaTbCsi OT AKCHOME
BuiGopa: cM. Jech T. Set Theory, Acad. Press, New York, 1978 u
Solovay R. M. A model of set theory in which every set of reals
is Lebesgue measurable, Annals of Math., 1—56, (1970).

Xorss B teopun Koamoroposa BepOsSTHOCTh BCerjaa HeoTpula-
TeJbHA, HEKOTOPHE TeOPeMbl B TEOPHH BEPOSTHOCTEH MOXKHO 00600-
IIUTh Ha cJaydYal, KoTAa OTPHLATE/NbHbIE YHCJIA BBICTYMAIOT KakK Be-
positnoctn. Hanpumep K. Xox6epr (Hochberg K. J. Proc. Amer.
Math. Soc., 79, 208—302, 1980) nokasan, 4To B TeopeMax, NOJY-
UeHHBIX B Pe3yJbTaTe Takoro 0606IIeHHS LEHTPAJbHOH NpenenbHOH
TeopeMbl, BO3HHKAIOT AeHCTBUTe/bHBlE (IMOJNOXHTENbHBIE U OTPHLA-
TeJIbHBIE) «IIJIOTHOCTH BEPOSTHOCTH® U,(f, X), KOTOPHlE MOXHO BHI-
BeCTH U3 (yHAaMeHTaJbHBIX peUIeHHHA CJaeAyloulero o600IeH s
JucdepeHilnalbHOr0 YpaBHEHHS TENJONPOBOAHOCTH

an
G (=0

n=223 ... (npun = 1 numeem obbiunoe auddepenunambiioe ypas-
Hexue TemaonposoanoctH). OANAKo B HACTOSUIEH KHHTe HE paccMa-
TPHBAIOTCH OTPHIATENbHBIE H KOMILIEKCHO3HAYHBIE BEPOATHOCTHHIC
Mephl H He 00cy:xKAawTcs Apyrue 000OMEeHHST BEPOSATHOCTH.

1. Napapokckl cnyyalHbIX HaTypalibHbIX yYMcen

a) Hcropus napadokcos

B Teopun BeposTHocTe#i Ko/amoroposa HEBO3MOXKHO BHIOpPATh
OTHe]bHOe HaTypadbHoe (Les0€ MOJIOMKHTENbHOE) UHCIO H3 MHOXKE-
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CTBAa HaTypaJsbHbIX UHCEN CJOy4YaflHBIM 00pasoM B CMbIcJe PaBHO-
MEPHOro pacnpeleJICHHS, TaK KakK eC/JAd BePOATHOCTb BhHIOOpa, Ha-
npuMep, eHHUuIbl paBHa 0, TO B CHJYy PaBHOMEDHOCTH BEPOSITHOCTD
BbIOOpa /11000TO APYroro HaTypaJibHOTO uHcAa Takxke paBua 0. Ta-
KUM 00pa3oM, CBOHCTBO CHIMa-aiJHTHBHOCTH TIPHBOAHT K IIPOTHBO-
PEUHIO, NOCKOJIBKY BEPOATHOCTh BhIGOpa HATYPaJbHOrO YHC/JIa PAaBHA
I, a He 0. C apyroit CTOPOHBI, €CJH BEPOSTIOCTh BHIOOPA €1HHUILBE
[IOJIOXKHTE/IbHA, TO CHI'MA-aJAHTHBHOCTL CHOBA NPHBOAKUT K IIPOTHBO-
peunio (TOTAa BEPOATHOCTb JOCTOBEPHOIO COGBITHSI 6eCKOHeuHa).
HecMmoTpst Ha 3T0T dakr, ecTeCTBEHHO OXKHAATh, YTO BEPOSTHOCTD
BhIOOpA HEUETHOTO HJIM YETHOro uHcsa cocrasasier 1/2. Caenyouree
onpejeseHHe (B KOTOPOM HeT TpeGOBAHHSI CHIMAa-aAJHTHBHOCTH)
MPHBOAHT HMEHHO K 3TOH BeposiTHOCTH. Ilyctb K — npousBoJbHOE
[IOAMHOXKECTBO HaTypaJIbHBEIX UHCeJ, H R, 0003HAYAET YHCJO 3Je-
MeHTOB B K, KoTophie He Goabwe n. OTHOCHTENbHAs YacToTa k,/n
JlaeT BEPOATHOCTh BBIOOpa uucaa u3 K IpH ycJa0BHH, 4TO BHIGOD IIpO-
H3BOAMTCS H3 IICPBHIX 7 YHCes CjaydyadHO v paBHoMepHO. Ecau cy-
IIECTBYET NpeAes OTHOCHTEJNbHBIX YACTOT K,/n MPH 1, CTPEMSIEMCS
K OECKOHEYHOCTH, TO 3TOT IpeJes Ha3hiBAeTCs BEPOSITHOCTHIO MHO-
xectBa K. Ilo 3toMy onpefefeHHIO BepOSITHOCTH BhIGOpA LEOTO
YHCJIa, KOTOpOe AGJUTCHA HA 2, 3 U T. A., PaBHbI COOTBETCTBEHHO 1/2,
1/3, ... . MOXHO TaKXe Jerko BBIUHCJIHTL BEPOSITHOCTH TOTO, YTO
ABA CJYYAHHBIX LEJbIX YHC/IA (paclpefeseHHblX PABHOMEPHO H BHI-
OpaHHLIX HE3aBHCHMO APYF OT Apyra) B3aUMHO THpocTH. CHauana
IpeAnoaoxXKuM, 4to oba 3Tux uucaa He OGoJbuie x#. Torma BHIYHC-
JI5€TCs1 COOTBETCTBYIOIIAST BEPOSITHOCTh (3aBUCSLIAS OT #) H 3aTeM
HaxolMUTCs €e npelaes IpH n—>oo. Ellle B HpomsoMm Bexke Yeboiules
MokasaJ, uto 31oT npeges paseH 6/n? (=~ 2/3). CarenoBaresbHo, ec-
JIH YHCJUTE/Ib H 3HaMeHaTesnb Apo0H SBJSIOTCA CJOyYaHHBIMH HAaTy-
pasbHBIMH YHCJaMH, TO Ap0o0b HECOKpPATHMa C BePOSATHOCTbIO 6/m2,
Cileayomue Mapajokchl TakxkKe CBS3aHBL CO CAYYaHHBIMH HaTypaJb-
HHMH uucaamu. Ilo yrBepxaenuio [, Jlurasyda nepsuii napa-
JAOKC IIPHHALJICKUT 3HaMeHHTOMY Qu3uky 3. LUlpedunzepy. B crathe
. Kanreaau, onybauxkoBannoit B 1935 r., BTopoit napanokc IPUIH-
ceiBaercs /1. Jlesu. (I1. JleBu Obl1 OAHHM H3 CAMBIX BBHLIAIOLIHXCS
CIIEHHAJHUCTOB II0 TCOPHH BepoAaTHocTel. B [lapuskckoll akameMHH
HayK oH 3aHsa mecto Ilyankape w Apamapa.)

0) Ilapadokcel

(i) Ha 26y y xaxaoro u3 urpokos A u B numyres mo OJHOMY
H3 ABYX IOCJEAO0BATEJIbHBIX CAYYaHHBIX HATypaJbHBLIX uncesa. Urpok
C MEHBUIHM YHCJIOM IIDOHTPBIBACT H JOJIXKEH 3aMJIaTHTb APYFOMY
CyMMY B A0JJapax, paBHYIO YHCJY, HANTHCAHHOMY Ha e€ro co6CTBEH-
HOM J10y. O6a UrpoKa MMEIOT NPAaBO BETO, T. €. IIOCUUTAB, YTO YHCJO
Ha J0y CONepHUKA CJAHLWIKOM BEJHKO, JI060H H3 HHX MOIKET
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noTpe6oBaTh npoBejeHuss HOBOH Hrphl. (Mrpoky, eCTeCTBCHHO, HEH3-
BECTHO TO YHCJO, KOTOPOE HAMHCAHO Ha €ro CoOCTBEHHOM a6y.) Oga-
HAKO HHKTO H3 H[POKOB HE XOUEeT I10/1b30BaThCs MPABOM BETO IO CJIE-
AyioLed npuuuHe. KaxKAblH U3 HHUX pacCyKAacrt: «Ha n6y conep-
HHKA s BIKY 4ncao k. C/efoBaTe/bHO, y MeHs Ha a0y Jnbo R— 1,
nu60 k+ 1. Kaxagoe u3 uuces paBHOBO3MOXKHO, HO TIPH MPOHTPBILIE
9 3amgayy k-—1 f0J1apoB, @ NMPH BHIMIPBILIE TOJAYUY k J10112apOB,
03TOMY Jyulle NPaBoM BETO He I0Jb30BaTHCI». [ToCKOJBKY OKH-
naeMoe 3HaueHWe BHIMTPHILIA MOJOXKWUTENbHO, UIpa APEACTABJACTCS
BHIFOAHOH AJ5 000UX HTPOKOB, YTO, KOHEYHO, HEBO3MOXKHO.

(ii) BmbepeM jiBa He3aBHCHMBIX CJHYyYaHHBIX DABHOMEPHO pac-
IpefeJeHHBX HaTypaJbHBIX uxcaa X H Y. daga nwboro (HUKCHPO-
BaHHOrO (HecaydyaHHOTo) 4ucjaa X BepOATHOCTL TOIO, HUTO Y << x,
paBHa 0. AHaJoruyHo, AJisl Ji060ro GPUKCHPOBAHHOIO Y BEPOSTHOCTED
co6mTus X <C y pasha 0. CoeloBaTesbHO, TaKXKe ¢ HyJEBOK BEPOAT-
HOCTBIO OJHOBPEMEHHO BHINOJHSIOTCS HEPABEHCTBA Y << XnX<Y,
YTO HEBO3MOXKHO, TaK KaK OJHO H3 HHX BCerAa CHpPaBCAJHBO.

8) O6vacHedue napadokcos

(i) Tlapagokc HAJMIOCTPHPYET TOT (aKT, 4TO Ha MHOKECTBC Ha-
TypaJbHBIX YHCEJ Helb3s ONpPeleNuTb PABHOMEPHOE PaCIPEAC/IEHHE.
Ecay ukcja, KOTOPHIC TIHIIYTCSL Y HTPOKOB Ha J10y, MEHbIIE THICSUH,
TO Ha TAKHX YHCJaxX y»Ke MOXKHO 3a/aTh PaBHOMEPHOE pacipeie/ie-
HHe, HO TOT/Aa PAacCyXAEHHs, KOTOPbie ObLIH BblE H MPHBEJIH K Ta-
pajlOKCy, CTAHYT COBEPIUEHHO JOXHBIMH.

(i) BeposiTHocTb coGbiTHA Y < x npH /i060M (QHKCHPOBAHHOM
x, HecoMHenHo, paBHa 0 (B cuiy onpeieseHnd, 0 KOTOPOM TOBODH-
JOCh B HCTOPHH NApPajoKCoOB), HO OTCIOJla HE CJELYET, UTO HYJIEBOH
gBJseTcd TakyKe BepPOATHOCTb TOTO, YTO Y << X. D10 Obl710 OBL TaK
TOJIBKO B TOM CJyuae, KOrfaa BePOsITHOCTb CHTMa-aJJAuTHBHA, HO Be-
POATHOCTb, O KOTOPO# ceduac HAET pedb (KaK Mbl yKe OoTMeyaJu),

He curMa-ajaJuTHBHA.

2) 3amenarus

(i) Teopust uucen H TEOPHS BEPOSITHOCTEH TECHO B3aHMOCBsI3a-
Hpl. JLJg HWJAIOCTpAlMH TOrO, KakK BEPOSITHOCTHBIE HIACH MOIKHO
HCIIOJNB30BATH B TEOPHH YHCEJ, cCHauaja BCIOMHHUM, YTO OTHOCHTEJIb-
Has YacTOTa NPOCTHIX UYHCe] CPEeAH IEJBIX YHCeJ, He MPEBOCXO/s-
mux 7, IpHbaAnsuTebHO cocraBader 1/inn {MpH A0CTATOUHO 60J1b-
mux #). [1peanooxuM, 4TO TPOCTbIE YHC/]a paclpeieseHbl Cay-
yafiio M HE3aBHCHMO ADYT OT Apyra cpeldd mepphix n uucest. Toraa
BePOSITHOCTb BBIOOpA JBYX NMPOCTBIX UHCEJI OMU3KHX K 7 MPHOJIH3HU-
resbHo paBua 1/(Inn)? (B cunay Hx He3aBUCUMOCTH). PaccMoTpum
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HHTEpBAJ AJHHBl ¢, COACPRKAIWMUA 1 (€ MaJo MO CPaBHEHHIO C 1, HO
AOCTATOYHO BEJHKO AJIA MOJYYEHHsS CTAaTHCTHUECKHX BHIBOAOB). M3
npeAblAYIIEro pe3yJabTarta CJAeAyeT, UTO YUCA0 OJau3HeloB (MPOCThIX
YHCEJ, PA3HOCTb MeXKAY KOTOPHIMH paBHA 2), NpHHAAJeXKAalUldX 3TO-
My HHTepBaJy, IpuMepHo paBHO ¢/ (lnn)?% bBoJee TiaTenbHb aHa-
JU3 (IIPUHUMAIOUIHA BO BHHMAaHHe, HallpuMep, TOT (PakT, UTO 1eJoe
QHCJIO, OTJHUAallIleecd OT IPOCTOro yucaa (s%=2) Ha 2, OYeBHJHO,
HEUETHO M II03TOMY CKOpee BCero caMo sBJSETCS IPOCTHIM) IOKa-
3bIBAET, UTO OXKHUJaeMoe YHCJA0 OJIM3HELoB Npubaunsntebno na 32 Y
ooabuie, yeMm c¢/(Inn)?. Hcxoass us sroro, M. Houconc, M. Jlar u
Y. baandon B 1967 r. ony6aukoBaJu B «BoiuncautennHoll marema-
THKe» TabJully, KOTOpas NOKa3hiBaeT, HallpUMeEpP, UTO CPeJH MePBBIX
150 Thicsiu yucesn nocie 100 MUAJMHOHOB OXKHIAEMOE YHCIO OJiH3HE-
110B paBHO 984. B peficrButenbHocTH ux 601. Pasnuma cpaBHHUTEb-
HO MaJsaa. AHaJIOTHYHO, IIPH PACCMOTPEHHH InepBHIX 150 ThICAY YH-
ceq nocae 10'* oxupaercs BCTpeTuTh cpeAu HUX 191 GausHena, Ha
camMoM jJene HX 186. Tako# «cTaTHCTHUYECKHH» MOAXOA K H3YUEHHIO
MPOCTHIX YHCEJ JaeT OTHOCHTEJBHO XOpOlIHe pe3yJbTaThl H MNpe-
CTaBJsIeT OCOOBIH HHTEpPEC, TAK KAK A0 CHX IOP HEH3BECTHO KOHEUHO
HIH OeCcKOHeUHO MHOXKecTBO OJin3HenoB. (HaubGosbliee mpoctoe
YHCJ0, H3BECTHOE K HACTOSIILIEMY MOMEHTY, paBHO 286243 — 1) Tlpo-
CThie YHCJa CJEAYIOT APYr 3a APYroM MO OuUeHb CJOKHOMY IIPaBHJY,
KOTOpOe KaKeTcd cJaydadHbiM. [103TOMy BepOATHOCTHHIA HOJAXOZA
34¢Ch HauOoJjiee npuemJsieM. Mbl BepHEMCS K CBSI3H MeXIY CJIOXK-
HOCTBKO M CJYYAHHOCTBHIO B «Iapajaokce Mmeroga Morre-Kapso».

(ii) Jsisg KOHEUHO-aAAUTHBHOTO PABHOMEPHOIO pACIPEAECIEHHS
BEPOATHOCTb JI000ro KOHEUHOTO MNOJAMHOXKecTBa A (matypasbHbIX
yucesn) paBHa 0. [Ipexnonoxkum Tenephb, 4YTo pacupejesenue He pas-
HOMepHOe€, HO 0o0Jiagaer TeM CBOHCTBOM, YTO JAJSI IPOH3BOJBHOIO 3a-
JAAHHOTO TOJIOXXHTEJBHOTO 4HCJAa & HAWAeTCs] KOHEUHOE MHOXKECTBO
A, umeroniee BepositHocth P(A) > 1—¢g. Toraa pasinune Mexay
ALJHTHBHOCTBIO H CHIMa-aJJUTHBHOCTbIO Hcue3aeT. TouHee, ecJu
BEPOSATHOCTb P aJ/IHTHBHA Ha KOHEUYHBIX NMOAMHOXKECTBaX HaTypaJb-
HbIX YHCeJ (HJH Ha IIPOH3BOJBHOM CUETHOM MHOxKecTBe Q), TO 3Ty
BEPOSITHOCTh MOJKHO MPOROJXKHUThL HA JH000€ MOJAMHOMKECTBO TaKHM
ob6pasoM, 4TO IpojoJsKeHHe OyAer CHUrMa-aiJlHTHBHEIM HA CHIMa-
anredpe BCeX NOAMHOXKECTB HATypaJIbHBIX YHCEI.

Ecsn MHOXecTBO 2 — HecyeTHOe (Hampumep, 2 — Bech HHTEPBAJ
(0, 1)), TO MOryr BO3HHKaTh JAOBOJIbHO CTPAHHbIC aAJHTHBHLIE Be-
positHocTH. OHM MOTrYT NPHHHMAaTh TOJBKO 3Hayenus 0 u 1 u onpe-
AeJTbCA Ha BCeX MOJMHOXKecTBax uutepBasa (0, 1) (B 3rom cay-
yae TpebyeTcs aKcHOMa BHOOpa). IDTH BEPOATHOCTH SBJAIOTCS
CTPAHHBIMH, TaK KakK CYeTHOe 4YHCJIO COOBITHH, HMEKILIHX BEPOSAT-
HOCTL 1, BpPSAA JHM NPOH30HAET OAHOBPEMEHHO, T. €. BEPOSATHOCTD
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3TOro COGHLITHS MOXKeT paBHATbCsi 0. AHAJIOrHYHO, IO KpaHHeH Mepe
OJHO H3 CUETHOro 4YHcJa cOOBITHH, HMEIOUIHX HYJEBYIO BEPOATHOCTD,
MOJKeT IPOHCXOJAHTh C BEPOATHOCTBIO .
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2. Napagokc banaxa— Tapckoro

a) Hcropus napadoxca

DaBHOMEPHOe pacnpejelcHue, KOTOpOe COOTBETCTBYET JJIHHE,
nJiomaid U o6beMy B OAIO-, ABY- H TPEXMEpPHBIX NPOCTPaAHCTBAX,
Hesb3s1 ONpe/e/IMTh Ha BCEX MHOXKeCTBax, ec/iu Tpebyercsd cuema-ao-
OuTusHOCTs Mepol. OfHAKO noabckuit MaTeMatuk C. banax mokasad,
qTO €CJIM NPeANoJaraTb TOJbKO adOuTuUBHOCTs (T. €. Mepa 00BbeAH-
HeHHs JIBYX HECOBMECTHBIX COOLITHMH paBlla CyMMe MEp 3THX coObI-
THH), TO B OAHO- W JABYMEPHOM I[POCTPAHCTBAX OrpaHUYCHHOC
MHOZKECTBO CTANOBHTCS HM3MEepHMBIM (MMeeT AJIMHY WJH TJIOLIalb).
TakuM 06pasoMm, B OJHO- U ABYMEpPHOM cJyuasixX paBHOMEpHOe pac-
npefesacHHe MOXKHO ONpefe/uTh Ha M1060M (OrpaHHYeHHOM) MHOXe-
CTBE, ecjiM OT BeposiTHOCTeH TpeBoBaTh TOJNBKO aJINTHBHOCTb. BMe-
cte ¢ Tem B 1914 r. Xaycoopg nokasaJg, UTO Takoe MNPOAOJKCHHE
Mep B TPeXMepHOM [pocTpaHcTBe HeBOo3MOxkHO. B 1924 T. C. barnax
nu A. Tapckuii 10Ka3aJHd NapaJOKCaJbHYI0 TCOpEMY, B KOTOPOH Kpa-
COUHO NMOKA3aHO, UTO HH aAJuTHBHasa Mepa (o0beM), HH COOTBETCT-
ByIOIllce PaBHOMEDHOE paclpejeseHHe He MOryT OblTh ONpele/eHbl
HAa BCEX OrpaHHUeHHBIX MHOXKECTBAX TPEXMEPHOrO NPOCTPaHCTBA.

6) I[apadokc

FaccmorpuMm wmap pajuyca r ==1 ¢cM. ETO MOXHO pa3ie/iuTh Ha
HeKOTOpOe KOHEeuHoe YHC/JI0 4acTedl d 3aTeM, NeperpyniupoBaB STH



2. Hapadoke banaxa—Tapcroeo 175

JaCcTH H coOpaB BHOBb, 006pasoBaTth map paguyca R=1 kM. B 06-
meM cayuae, ecad A u B —orpaHuuennble NOoAMHOXKecTBA B RS,
HMEIOLIHE HENYCTYI0 BHYTPEHHOCTb, TO CYLIECTBYIOT HATypPaJbHOE
queao n u pasbuenns {Ap 1<<j<<n} u {B;: 1<<j<<n} Ha n ua-
CTeH COOTBETCTBEHHO MHOXKecTB A H B rtakue, 4To A; KOHIPYIHTHO
B; nasa beex j. {[ToxmuoxectBo X B R® orpaHuyeHo, €CaH OHO CO-
JEPXKHUTCA B HEKOTOPOM Iape, H X HMMeeT HEeNyCTYK BHYTPEHHOCTH,
€CJIM OHO COJAEPIKHT HEKOTOpHIH map. Paszbuenne mMyoxecrsa X 03-
HayaeT COBOKYIIHOCThL MONAPHO HE NepeceKalOIUXCs [OAMHOKECTB
X, oObeauIeHUe KOTODBIX coBNaznaer ¢ X.)

6) ObOvacHerue napadokca

Paspenup map paamyca r==1 ¢M Ha KOHCHHOE UWCJIO UacTei,
Mbl HHTYHTHBHO OXKHAACM, UTO, CKJAAABIBASI 3TH YACTH BMECTC, MOWK-
HO II0JIyYUTh TOJIBKO CILWIOHIHBIE (UIYyPbl, 06beM KOTOPHX pAaBeH
o0beMy ucxoaHoro mapa paguyca B ! cm. Oamnako 3To clpases-
JUBO TOJbKO B cJjaydae, KOrja 1luap AeJNHTCS Ha YacTH, UMEIoLHEe
obbem. CyThb Mapajokca 3aKJI0YaeTCss B TOM, UTO B TPEXMEPHOM
MPOCTPAHCTBE CYUICCTBYIOT HEH3MEDHMBbIC MHOXKECTBA, KOTODHIE HE
HMEIT 00beMa, ecqau noa 06beMOM MBI IOHUMAaeM TO, UTO o6Janaer
CBOHCTBOM aJJHTHBHOCTH, H IpeJnonaraeM, uro ofbeMbl ABYX KOH-
TPYSHTHBIX MHOXECTB coBnajaioT. (B nokaszarenbcrBe teopeMbl Ba-
Haxa — Tapckoro Hcnosnbayercs akcHoma BEHGopa [epwmedno.)

2) Jameuanus

HekoTopble BblAawuecs MaTeMaTUKH (HaIPHMeED, HTAJbSHCKHH
yYEHBIH /¢ PHHETTH) CUHTAIOT, YTO CHIMa-aJAHTHBHOCTh BEPOSITHO-
CTH — 3TO CJIHIIKOM CHJIbHO€ OrpPaHHYeHHe, HO TIPH3HAIOT aJAUTHUB-
HocTh. [Tapanoke Banaxa — Tapckoro mokasbelBaeT, 4YTo HPH 3aMeHe
CHTMa-aAJUTHBHOCTH Ha AAJHTHBHOCTh HE TOJIBKO HE PEUIAIOTCH BCe
po0OJaeMbl, HO BO3HHKAIKT HOBble. B Teopuu aBTOMaToOB AHJICMMA —
NPHHAMATL HJIH He HPHHHUMAThL CHIMa-aAAWTHBHOCTH — CTalla Ha-
CTOJBKO KPHTHYCCKOMH, YTO JaKe DpuTanckas sHUNKIIONEAH IpHHSIA
ydacTHe B €€ OO0CYXKAECHHH. DJICKTPOHHBIE BHIUHCAUTENbHLIC MAIIHHEI
9aCTO HCHOJb3YIOTCA AJ51 MOJAYYEHHUST (TCOPETHUECKH) OECKOHEUHBIX
MOC/ACA0BATENbHOCTEH CJAYyUAHHBIX YHCEJA (CM. CJIeAVIOUIHE mnapa-
H0Kc). BeposiTHOCTh KaxKA0H TOCJ€40BATENbHOCTH HYJERAs, HO Be-
POSITHOCTL WX oObenuHeHust paBHa 1. Takum obpaszom, npuHATHE
CUIMa-aJAuTHBHOCTH OCHOBAHO HAa MOJYAJHUBOM NPEANONOKEHUHN, UTO
aBTOMAT HEe MOXKEeT HOPOAHThL ClydalHOe SABJICHHE, T. €. CAYYAHHbIE
H HeCJyYaHHBIE MOCAEA0OBATEJbHOCTH PA3AENAIOTCH TaK Ke, KAK H
B I'PEYECKOM MH(DOJIOTHH: TAM €CTb pasnnunbie oruuu — Toxs (6o-
rHHA caydas, yaaun) u Moripsel (60ruHu cyabob).
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3. MNapagokc metToaa MouTe-Kapno

a) Hcropua napadokca

Merton Momnte-Kapio — UnC/IeHHBIH METOL, OCHOBAHHBIH Ha CJY-
yafinofi BbiGopke. IIpH pellleHHH BHIYUCIHTEABLHLIX 3ajay 4acro
MOXKHO HafTH MOAXOASULYI0 BepOSTHOCTHYIO MOLEIb, B KOTOPVIO
BXOLUT HCKOMOe HEH3BEeCTHOE YHCJIO. 3aTeMm s peuleHHs 3aAaqu
MHOTO pa3 HabJIoAAI0TCsT HCXOAR! cayuafiHBIX 3KCIEPUMEHTOB, BKJIIO-
yeHHBHIX B BEPOSITHOCTHYIO MOAe/b, C TEM yToObl ¢ 3aJXaHHOH TOU-
HOCTbIO (Ha OCHOBe HaOJ/IOAECHHBIX 3HaueHni) MOXKHO OblJIO OUEHHTH
HeKOMOe uMeJ0. XOTs Hiest 5TOro MeTOAa JO0BOJBHO CTapd, ero Ha-
cTOsillee NpHMeHeHHe Hauajochb JHUIb € nosiBJeHueM KOMIIbIOTCPOR,
xorna E. Heiiman, C. Yaam u 3. Depmy UCHOJb30BANH METON Mos-
re-Kapso misi npuGIHXKEHHOTO pelICHHA TPYAHBIX BBIYMCIUTEIBHBIX
3ajay, CBS3aHHBIX C SAepHBIMH peaKlHsiIMH. Haspanue MeTOAA
OGDBACHICTCS TEM, UTO B HEM IIPHMCHAIOTCS nocJef0oBaTebHOCTH CJIY-
yafiHblX YMces, B KauecTBe KOTOpBhIX MOTJIH 6Bl BBICTYNATh pEryJsip-
HO O6DBABJASEMble pe3yJbTaThl UIp, NPOBOAHMBIX B Ka3HHO, HAIpH-
mep, B Monre-Kap.o. OxHAaKO Ha NpaKTUKe clyyaHHble yuc/id, HE-
06X0dUMBE AJs MeTrojda, BbIAAET CaM xoMmmblotep. CJenoBarte/bHO,
cuMIaTHYHOe Ha3BaHHe (ero BIEPBHIC ucrmoJb3oBaau B 1949 T.
H. Merponoauc u C. ¥aam) BBOAMT B zabayxjaende (MeTod BpPAA
¥ TIOMOXKeT BBLIHTpaTh B Moure-Kapnao). Huaes Merola MoHTe-
KapJo BHepBble MOABHJIACH B 1777 r. B paGote brogpona
(cm. 1. 11), rae usnaraJjcs METOA OLLeHKH uyHcaa r myTeM Opocanus
uroJxky Hayraa. [IpeAmoJioxuM, 4to Ha CTOJC npoBEeACHBl NapaJ-
NeibHble TpAMble HA €AMHHYHOM DAcCTOsHHH Apyr oT Apyra, U Ha
cron Hayrajg OpocaeTca HroJxa naupo L < 1, mpu 3TOM YTOJ
MeXKAY MPAMBIMH H HIJIOH K pACCTOAHHE O1 cepelliHbl Urab 1O 6JH-
Kafimeil MpAMOE SIBJISIOTCS HE3aBHCHMBIMH cAyUaWHbBIMHY BEJHIH-
HaMm¥, paBHOMepPHO pacupefeleHHbIMH coorpercTBenno Ha (0,2m) H
(—1/2, 1/2). Torpa urJja mepeceder KaKylo-HUOyAb MpsSMYylo C BeE-
posiTHOCTbIO 2L /m. Ecau TpOBOAHMTD 3KCepUMEHT MHOTrO pas, To OT-
HOCHTEJIbHAS YACTOTa mepeceueHuit Gyaer OUeHDb 6JU3Ka K TEOpEeTH-
yeckoll BeposATHOCTH 2L /7, W TakuM NyTEM MOKHO BBIYMCJIHTH 3HA-
yeHHe f. DTOT MeTOJ HAX0XKICHUI NpHOJIHIKEHHOr0 3HAUEHHA 7
{MeeT YHCTO TeOpeTHUeCKoe 3HaueHue, Tak Kak A/ noJiyueHus: ABYX
TOUHBIX 3HAKOB MOCJe 3afnsTOH HYKHO COBCPIUHTH HECKOJIBKO THICAY
6pocanuil. (C mOMOIIbIO APYLOTO MeTOoda MOMKHO ONpEACJHTh MHJ-
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JIMOH 3HAKOB 4YHCJ/Ja m, cM. craTtblo [. Muaa.) 3anaua Bioddona 06
HrJje MokasmBaer, yTo Merol MoHTe-KapJio He MOAXOAHUT HJs OUeHb
TOYHBIX BBIUHCJICHHH. JlaXe I/ HOJYYEHHST Pe3yJabTaTOB C TOY-
HOCTBIO A0 ABYX WJH TPeX 3HAKOB TpeOyeTrcs NpoBeleHHe ThiCAY HJH
MHJJIHOHOB 3KcnepuMeHToB. CuaenoBatenbHo, Meton Monte-Kap.o
IPHMEHHUM TOJIbBKO TOTHA, KOTJla IPOBCAEHHE IKCIEePHMEHTOB MOJe-
JUPYETCA KOMIbIOTepoM. BMecTo OpocaHHsi UIJB BHAAIOTCA JBa
HE3aBHCHMBIX CJYYaHHBIX YHCJAA, KOTOpble ONPEAesIOT MOJOXKeHHe
(mpeAnoJsaraeMoii) MIJbl W NPOM3OLILIO JIH ee Iepecedyerue ¢ (npea-
nojaraeMbiMu) mNpsAMBIMH. [loCKOAbKY KOMIbIOTEp CHOCOOEH Bhija-
BATb HECKOJbKO MHJJHOHOB YHUCEJ B MUHYTY, MOLEJHUDOBAHHE MHJI-
JJUOHOB 3KCIIEpUMEHTOB He 3aMMeT CJHIIKOM MHOrO BpeMeHH, 6e3
KOMIIbIOTEpA IJIs1 3TOr0 noTpeboBanach Obl BCA JKH3Hb.

Teopusa noctpoenus cayyafHblXx ydcesJ Ha KOMIbIOTepax IpeBpa-
THJACh B BaXXKHOe HanpaBJ/JCcHHe B MaTeMaTHKe. BMecTo HacTOSHIHMX
C/AYYaHHBIX YHCeJ (KOTOpble BO3HUKAKIOT B XOJA€ CAYYaHHBIX (PH3HYe-
CKHX IIpOIIeCCOB, HAIpHMEP, B XOJe paAUOAaKTHBHOIO pacnapa) Io-
NyJSTPHBIMH CTQHOBSITCS ICEBAOCJAYYAHHble YHUCJIA, KOHCTPYUDYEMBIE
C IIOMOUIBIO NETEPMHHHPOBAHHBIX BBIYHCJAHUTE/AbHBLIX aJTOPUTMOB.

B cBSI3UM ¢ HCEBAOCHYYAHHBIMH YMCJAMH BO3HHKaeT CJAedYIOLIHH
BONpoOC. B KakOM CMBICJIe HX MOXKHO CYHUTaATbh CJAYUAHHBIMH, €CJH OHH
MOJIYUEHBl C MOMOIILIO ACTEPMHUHHPOBAHHLIX (HeCJyUaHHBIX) aJro-
putmoB? Ilociae crarbu ¢on Museca, soimienwiedd B 1919 r., sekoTo-
pBEe BBIJAIOLIHECH MAaTEeMATHKH HCCAeAoBadu 3Ty npobaemy. (Du-

JIOCO(CKHMH acrnekraMu npobaeMbl 3aHuManauck I, KupuienmauH,
I1. Maxuwetin v apyrue.)

6) Ilapadokc

B 1965—1966 rr. Koamozopos u Maprun-JIég npelcTaBuIu IO-
HATHE CJAy4YaHHOCTH B HOBOM cBeTe. OHH oOnpelesu/ad, KOrAa IIo-
CJIE€A0BATCJIBHOCTD, COCTOSIUIYIO U3 O U 1, MOXKHO CUHTATH CJAYUAHHOH.
(OcHOBHas HJaes COCTOHUT B cJjaefyionieM. HeM cJjioXKHee ONHCATH MO-
CJAEAOBATENBHOCTh (T. €. ueM AJHHHEee «caMasi KOpOTKasd» NporpamMmma,
KOHCTpYHUpYIOLlas 3Ty NOC/JAeA0BaTeNbHOCTL), TeM 0oJiee clyuaiHOH
ee MOXKHO cuuTarth. HuauHa «caMolt KOPOTKOH» IIPOrpaMMbl, €CTECT-
BEHHO, pa3JiiuHa JJIsi pa3HBIX KOMMbIOTEpOB. [lo 3TO# nmpHuUMHE BHI-
OHpaloT CTaHAapTHYIO MAalIWHY, Ha3blBaeMyi MallluHOH ThlopHHra.
Mepo#l CJIOXKHOCTH NOC/JeJ0BaTEeJIbHOCTH SIBJASICTCS JJHHA HauboJee
KODOTKOH NpOTpaMMBbl Ha MallliHe TbhIOpUHra, KOTOpAas reHepUpyer
3Ty NOCJEeA0BATEAbHOCTb. CJIOXKHOCTE — Mepa HpperyaspHocTH. IHo-
CJIelOBATEJBHOCTH, HJHHA KOTOPHIX N, HAa3bBAIOTCA CJAYUAUHBIMH,
€CJM HX CJOXKHOCTh OJH3Ka K MakcuMmaJbHOH. (MOXHO NoOKasaThb,
YTO GOJBLIIMHCTBO INMOCJeXOBATEJbHOCTEH HMEHHO TakKOBHL.) MapTuH-
JIED noKaszan, 4TO 3TH NOCJEAOBATEJbHOCTH MOXKHO CUHTATh CJY-
YaWHBIMH, TaK K4aK OHH YAOBJETBOPAIOT BCEM CTATHCTHUYECKHUM Te-
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cTaM Ha cayualiHoctb, TakuM o6pasoM, CJAOXKHOCTb H CJAYYaHHOCTD
TeCHO B3aMMOCBsI3aHbl. EcJju mnporpaMMHCT coOHpaeTcs MNOJYUHTb
«HACTOSILIMEY cJyuYaliHble YHCJa, TO B CHAY pe3yabTaToB KoJsMoro-
poBa u Maptus-JI€ha on mMoxer 3TO clesaTh TOMALKO C INOMOIIbIO
JOCTATOYHO AJHHHOH NmporpaMmbl. B To XKe BpeMs Ha NPAKTHKE re-
HepaToOphl CJAy4YalHBIX 4HCes OUeHb KOpPOTKHe. Kak COBMEeCTHTb 3TH

ABa gakra?r

8) ObwacHerue napadoxca

[TocacnoBaTeIbHOCTH, TCHEPHPYCMBIC KOPOTKHMH IpOrpaMMaMH
H HCIOJb3yeMbie B KAUCCTBC CJAYUYAHHBIX, B JEHCTBHTECJIbHOCTH YJOB-
JEeTBOPAIOT JIMIIL HEKOTOPHIM, a He BCEM TCCTaM Ha CJIY4YaHHOCTD.
OnXHAKO B IPUJIOXKEHHAX 3TO NMOUYTH He co3faer mpobJaem. Harnpu-
Mep, JJsI YUCJACHHOTO HHTETPHPOBAHMS JOCTAaTOUHO HMETh IICCBAO-
caydafiHblec uMcaa, paBHOMCPHO PacupCAe/JCHHBIC Ha HEKOTOPOM HII-
TepBaJe. |

[TpeAnoN0KHUM, UTO HAJ0 MPOUHTErPHPOBATH (YHKHHIO OrpaHH-
ycHHOP Bapuauuu Ha uHTepBaJsc (0, 1). BeanuunHa

1

[zgf(x)dx

0

pUOJIUKACTCH apUPMETHYECKHM CPCAHHM

IN:‘L—ZIC(X.«:)

..i:l

HC TOJbBKO TOT[4, KOrjAa II0OCJA€J0BATENbHOCTb Xi, X2, ..., Xy CJY-
gafiHa ¥ paBHOMepHO pacupefenedHa Ha uutepsajte (0, 1). [ocra-
TOUHO NOTPe6OBATL PaBHOMEPHYIO PaclpeleseHHOCTb 3TOH mocJe-
AOBATEJBLHOCTH. DTO O3HauaeT, uTo npu N — oo

Dy= sup |c(x, N)—x|—>0,

0<Zx<1
rie ¢(x, N)-— OTHOLICHHe YHCJa 3JAEeMCHTOB TMOC/ACAOBATEJbHOCTH
Xy, Xo, ..., Xy, Npugamaexamux (0, x), x N, T. €. OTHOCHTeJbHAA
yacToTa.

MoxHo 1noxasarsb, 4TO
| I — Iy |<<ViDy,

rie Vi— nocTosiHHAs, 3aBHcsimas oT QyHKUMH [ ([0HAs BapHauud
dyuxuun [). Orciofa cjaeiyer, uTo NpubJHKeHHe Aas [ TeM TouHee,
yeM MeHblle Dy, OaHako 3nayeHne Dy MHHUMAaJbHO He TOrJa, KOr-
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Aa OepyT cayuaHHyl0 NOCJAEAOBATENbHOCTD. st cayualiHofl 1ocae-
AOBATEJbHOCTH HOpPSJOK MNPHONHXKEHHs] paBeH N2, a aJs1 HecJy-
YAHHOH [10CJ1eI0BATEIbHOCTH MOXKHO MOJYUHTh TOUHOCThH [OPSAKA
N-llog V.

Hacrto BMecTo TOro, uTo0bl HBITATHCSI CHPABUTLCA C <HCOCS3ae-
MBIM IIOHSITHEM CJAYYaWHOCTH», CJACAYET HCHOJIb30BAaTh JACTEPMHHH-
POBAHHBIE NOCJAEAOBATENbHOCTH, KOTOpPHIE JYUllle MNOAXOASAT s pe-
HICHUST KOHKDETHOH 3ajaud. B 3ToM cyTb KBasumerojga MoHrte-
Kapuao. -

e) Samedanils

(i) BzaumocBsI3b MeXKAy CJAYUaHHOCTBIO H CJAOXKHOCTLIO HeLABHO
puBeJga K HECKOJBbKHM HHTEDPECHLIM OTKPHITHSAM. B TeueHue goaro-
r'O BPCMCHHU B MaTeMaTHKE CyllecTByeT 00Llas npakTuka oOpallleHus
C OYCHb CJOXKHBIMH CTPYKTypaMH KaK CO CJAyYaHHBIMH (Hanmpumep,
MOBEJECHHE CJOKHBIX IOCJACA0BATENbHOCTCH INPOCTBIX YHUCEJ YacTo
ONKCHIBAETCSl BEPOSITHOCTHHIMH 3aKoHaMu). Maesa o Tom, uto cayuaii-
HOCTb H CJIOXKHOCTb HCPa3/JHYKMBI, BJAETCA HACTOJAbBKO PEBOJIOLHOH-
HOH, YTO OHd OYCHb BaKHa H ¢ PUIOCOPCKON TOUKH 3peHusd. HMcmodn-
3ys 9Ty HAel0, AeBU3 CHNHHO3B MOXKHO cOPMYJUPOBATh CJACAYIOLIHM
o0pasoM: JIIOAH NPEAINOUYUTAIOT NPOCThIE BEIIH CJIOKHBIM — 3T0, 0e3-
YCJOBHO, BEpHO. B TO XKe BpeMs O4eBHAHO, UTO 4YeM TJy0:Ke Mbl Ibi-
TaeMcsl MOHSATb 3aKOHLI NMPUPOABI, TeM SICHee OCO3HaeM, uTo AaJeKo
He BCe OHHU NPOCTHIE,

(i) Iloc/sienoBaTebHOCTH CJAy4YaHHBIX YHCEJ IPUMEHSIOTCH J10-
CTATOYHO WIMPOKO. OHH HYXKHBI AJd YHCAEHHOTO MHTErPUPOBaHHS,
AJIs1 YACJIEHHOTO pelleHusd AH(pepeHIuaabHEIX YpaBHEHHH, AJs1 MO-
ACJAHPOBaHUs Ha IBM (u3HYeCKHX, XHMHUECKHX, GHOJJOTHUECKHX,
TeXHHUCCKHUX H 3KOHOMHUYECKHX 3ajay U T. A. OHH NOMOramoT IpH
pelICHUM 3ajau YJHYHOIO ABHIKCHHUS, TPAHCIOPTHBIX H JADPYTHX OIl-
THMH3AIIHOHHBIX 3ajJla4, a Tak¥kKe NPH CO3JaHHH aCTPOHOMHYECKHX
Mofaened. C MOMOIILIO CAyd4aHHBIX YHCesJ MOXKHO IpOBepsATh sddek-
THBHOCTb pasJ/JIMUHBIX nmporpamMm Ha dBM.

B sakarouenne caeayer OTMETHTh COBEPHIEHHO HHYIO 06JacTb
IPUMCHEHH ST — KOMIIbIOTEPHOE HCKYCCTBO, TAe MOCJeA0BaTeJbHOCTH
ClyyaWHBIX UYHCEJ IMpEeAJaralT MHJJAHOHLI BapHauuii (HocJael0Ba-
TeJbHOCTH CJAYYAHHBIX YHCEJ MOIyT, OYeBHAHO, COOTBETCTBOBATD
[I0CJCLOBATENbHOCTSIM 3BYKOB, 1iBeTOB, OYKB U T. A.). M3 3THX no-
CJIe/IOBATEJBHOCTCH  KOMITBIOTED OCTaBJSET TOJbKO T€, KOTOphie
YAOBJIETBOPAIOT YCTAHOBJEHHBIM IipaBHJaM. LEciu xoMmnbioTep pa-
00Taer ¢ AOCTAaTOYHO OGOJBIIHM YHCJAOM BHOOPOK, TO XYAOXKECTBEH-
HOe Npou3BeleHHe OylaeT oyenb xopoliuMm. Hamnpumep, rpeueckuit
KOMIIO3UTOp KceHakuc HCHOAB30Baj B CBOUX paboTdax 3BYKH, MOJY-
YCHHBIE CJayuaHHbBIM 00pasoM ¢ mnoMmouiblo IBM. Ve nposeneso
HECKOJIbKO BBICTABOK KOMIbloTepHoH rpaduku. (Heobxoaumo orme-
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THTb, YTO He BCsIKasi KOMIIbIOTEpHas rpaduka HCIOJb3yeT cJay4au-
Hble nocJeaoBaTteJbHOCTH.) B 1970 r. o6pa3oBaHa MexKAyHapoJHas
OpraHu3alysl KOMIBIOTEPHBIX XYAOXKHHKOB.
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4. MapafoKc HEMHTEPECHbIX YMcen;
HEBbIUMCNTMMAS BEPOSATHOCTL

a) Hcropus napadokca

MHeHue 0 TOM, SIBJAsIeTCS JIH HEKOTOPOE YHCJO HHTEPECHBIM HJIH
HEHHTEPECHBIM, TOJHOCTbIO CYyOBEKTHBHO, HO, ONypascbh Ha HpeAbl-
Ayuiii mapajlokc, MOXKHO AaThb OOBEKTHBHOE ONpELEJCHHE HHTEpec-
HOrO uHcJja. DyaeM HasblBaTh UMCJO HHTEPECHBIM, €CJH €ro CJ0XK-
HOCTb (KOTOpas onpejeseHa B NpeAbAyLIeM pasjese) MaJja. Takum
o0pa3oM, palHOHaJbHble YMCJIa HHTEPECHBI, TAK KaK B MX 3allMCH B
IECATUYHON CHCTeMe 3HAKHM INOBTOPSIOTCA nepHoguuecku. Cpelaun Hp-
palMoOHaJbHBIX YHCEJ YHCJAa &t M € TaKXKe HHTEPECHBl, NOCKOJbKY
nHdpbl B HX 3alUCH MOXKHO IOJYUYHTb ¢ MOMOLLIBI0 JOBOJBHO IIPO-
cToil mporpaMMul Ha @BM. OlHaKO CylIeCTBYIOT MeHee peryJapHele
HppalHoHaJbHEle yncaa. Hanpumep, HopMaJ/bHBIE uHCaa 00/1aJaI0T
CJeAYIOIIHMM CBOHCTBOM: B MX 3allHCH B BHIe OECKOHEUHOH JeCcsATHY-
HOH Apo6u KaxAbl 3HakK (6oJgee ToOro, Jq06as rpynmna uudp Gurcu-
POBAHHOIO pa3Mepa) BCTpedyaeTCcsd ¢ OJAHOH M TOH Ke BEpPOATHOCTLIO.
BOJBbUIMHCTBO HPPALMOHAJBLHBIX UMceJ HOpMaJbHbl, HO TPYAHO pe-
IIUTh, SIBJSIETCH JH KOHKpPEeTHOe 4YHUCJ0 HOpMaJbHBIM Hau Her. llo-
9TOMY, HallpuMep, HEH3BECTHO, HOPMAaJbHO UHCJIO 7 (MEepPBBHIA MHJI-
JIMOH 3HAaKOB KoToporo omy6aukoBaH B 1974 r.) uiau e uau Her. B TO
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e BpeMsl CYIIeCTBYeT OueHb IPOCTOH (HO HCKYCCTBEHHO MOCTPOEH-
Hbli) NpHMep HOpMaJbHOrO 4ucaa. B Hauvasne TpHALATBHIX TOJOB
H. lamneproyn nokasaJ, 4yTo cJAeAyiollee YHCJAO HOPMAJbHO!

0.123456 789 101 112131 415 161 718 192 021 222 324252 6.,.

(LecsiTHYHble 3HAKH SIBJASIOTCA 10CJEJ0BATCJIbHBIMH HATypaJbHBIMH
ypcJaaMu). bosiee cTa JieT Hasaj moxoxkas cutyauus 6b1a B apud-
MeTHKe, Korja B 1844 r. Jluysusne BHepBble NOCTPOMJ TPaHCLEH-
ACHTHOE YHCJAO0, T. €. YHUCI0, He SABJAKIIICECS pelleHHeM HHKaKOro
anrebpanuecKoro ypaBHEHHSI C LEJBIMH KO3(pduuueHtaMu. TpaHc-
IIEHAEHTHOCTb YHCeJ J M e JOKa3aHa I[03JHee, COOTBETCTBEHHO B
1882 r. &, Jlundemarnom u B 1873 r. llI. Fpmurom. Yzyuenne umceJ
B CBSI3H C MX HOPMAaJIbHOCTbIO HAYaJoCh JHILIbL HAa pybexe BEeKOB, BO
MHOrOoM OJiarogapst uccjaefoBaHusM J. bopeas. C 3T0ro BpeMeHH,
ocobeHHo mnocse pabor A. H. Koamozoposa, II. Maprun-Jléga,
P. Coaomonosa w I'. Hladruxa uccaefoBaHUsI MO PErYJSAPHOCTH H
HpPEryJasipHOCTH NOCAeJ0BaTeNbHOCTeH LH(PpP pa3BHJINCh B HHTEpecC-
HY10 TeopHio. Cuelyrollui napajoke — OAUH U3 MHOTHUX 1apaZOKCOB
B 3TOH 0O0JIaCTH.

6) Ilapadokc

Y OOJIbUIMHCTBA YHCeJ LHPPBl CACAYIOT APYr 3a APYyroM CJy-
YaHHO, T. €. OOJbIUHHCTBO YUCE/J HCHUHTEPECHBI B CJAEAYIONIEM CMBIC-
Je: mporpaMMel Ha DBM, koTtopele reHepuUpylOT 3TH YucjIa, HeHa-
MHOro Kopoye caMHx uHcesg. HecMorps Ha o6ujne HeHHTEpPeCHHIX
yHcea, AJs OOJIbIUMHCTBA M3 HHUX HeJdb3s J0Ka3aTh, YTO OHH HEHUH-
TepecHbl (B JIO00H cHCTeMe AaKCHOM, JHUIEHHOH INIPOTHBOpeuHii).
CyuiecTByeT 0eCKOHEYHO MHOT'O HEHHTEPECHBIX YHCEJ, HO «HEHHTe-
PECHOCTb» MOXKHO A0Ka3aThb JHIUb AJS KOHEUHOTO UHCJA H3 HUX.

8) Obwvacrenue napadokca

CHayaJla MOKeT NMOKa3aThCsl yAMBHTEIbHOH BO3MOMKHOCThH CVIIle-
CTBOBAHHSA YEro-TO TAKOIO, YTO HeEJNb3S NMPOBEPUTH, OAHAKO C MOA0G-
HBIM fBJE€HHEM MBI BCTpedaeMcsi He TOJbKO B MHpe MaTeMaTHKH.
Hanpumep, ecan Bce CTO THICSIY MeCT Ha CTajdOHe 3aHSATHL, HO
OblJIO NPOAAHO TOJBKO AEBAHOCTO AEBSATh THICSAU GUJIETOB, TO SICHO,
YTO ThiCAYa YEJOBEK INPOHUKJH Ha CTaJUOH OGe3 OuaeroB. OAHAKO
[IONCK 3THX Jiojeli Oe3HajgexkeH (0COGEHHO, eCJAM Y KaxKAO0ro Ha
BXoJe OuJersl OTOHpaloTcs). TakuM 006pas3oM, MBI 3HaeM HaBepHS-
Ka, YTO Ha CTaJHOHe INPHCYTCTBYET ThICAUA UeJOBEK, IONaBIIHX
Tyla 0e3 Oujera, HO MH He MOXeM A0Ka3aTh, UTO JIOGOH KOHKpeT-
HBIH 4YeJIOBeK IIpollles] HAa crajuoH 6Ge3 Oujera. B marematuke mo-
JOOHLIC ABJEHHUSI BCTPEYAKOTCS 4acTo.

Bopce HeyauBHTe/NBLHO, YTO GOJBUIMHCTBO YHCEJ] HEHHTEpeCcHH.
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JlocTaToyHO BCIOMHHTBL, KaK TPYAHO OBIBACT Ja’Ke B CEMH3HAUHOM
Te1ePOHHOM HOMepe «OOHAPYXKHTb» KaKyio-THOO peryJasipHOCTb,
9TOOBI Jlerue ero 3anoMHHTh. Llle cioXHee HaHTH pPeryJsipHOCTDb
aJast 6oJibllled AOJAH YHCeJ, 3alHCBhIBAeMbIX COTHel HJIH TBICSUBIO
3HakaMil, Tak uro Gojiee yAWBHTEJNbHA BTOpas 4YacTh NapajloKca,
OCOOEHHO st Te€X, KTO HEeJA0CTaTOYHO XOPOLIO 3HAKOM ¢ Tapajok-
camu Jorukn XX Beka. Cpellu 3THX IapajoKcoB HauboJee GJIH3OK K
HauleMy napanokc . beppu. (IDTOT 1apaloKe BIEPBLIC ObLT ONY6-
JukoBaH 70 Jsct Haszax B pabore b. Pacceaa u A, Yairxena «Prin-
cipia Matematica».) «KoMIbOTepH3UPOBAHHBIN BapHAHT» napaiokK-
ca beppu npunamnexur 9. bexxendaxy. B HeM yTBepiKpaeTcs, uTo
HECHHTEepECHble HATypaJbHBIe 4HCJAA HE MOTYT CYIIECTBOBATh, IIOTO-
MY YTO HaHWMeHblIee H3 HHX OBLIO OBl HHTepecHLIM. MHBIMH ca0Ba-
MH: HaHMeHbUIee H3 YHCEJ, KOTOPBIE CTPOATCS TOJBKO C IOMOIILBIO
AJHHHBIX TIporpaMMm Ha IJBM, MOXKHO TakXke reHepHpoBaTh C IO-
MOIIbI0O KOPOTKOH NpPOrpaMmbl, 4TO, 6C3YCJOBHO, SIBJSETCS NPOTHBO-
peuneM. HeoOxoauMo NpH3HATL, UTO HEKOTOPHIE UHCJAA SIBJSIOTCS
HEUHTCDECHBIMH, JaKe eCJIH MBI He MOXeM 3TOro JA0Ka3aTh. Ecau
CHCTE€Ma 4aKCHOM W NpaBHJia BbIBOJAA cOjJepiKaT n OUT uHGOpMaUHH,
TO MOXKHO NOKa3aTh, YTO CBOHCTBO «HEHHTEPECHOCTH®» UHCJAa HEJb3
AO0KasaTb B TOM CJyyae, KOorJa ero KOJHYeCTBO HH(pOpMAalHH Ha-
MHOro 6oJiblle, ueM 1 OUT.

2) Jameuanue

BaxHeM KpuTepueM cayyalHOCTH 3H4KOB B 3aMHCH YHCIA SIB-
JA€TCs HEBO3MOMKHOCTh HX 3KCTPANOJHPOBATh, HJAH HNPEICKA3bIBATD.
Bosnukaer Bompoc, cyulecTByeT Ju Kakoe-HHOYAL (HecayuaiHoe)
YHCJI0, KOTOpOe MOXKeT OBITh TOYHO ONpeleseHO, HO LHQPH KOTO-
poro Hesab3d NpPEACKasaTh. YTBEPAUTEJAbHBIA OTBET JaH B NpuMepe
Lladrtuna. Ilyctb cayualiHasi NOCJAEIOBATENbHOCTh M3 «repGOB» 1
«pelllexk», BO3HHKalOUlas NpH OPOCAHHUM MOHETH, HJIH COOTBETCTBYIO-
1asi el nocjeJoBaTeJbHOCTh H3 HYJE€H M eIHHHLU, BBOAUTCS B HEKO-
TOPpYXO MallWHy, a HMeHHO B MaluuHy Toiopuura. BepositHocts TOro,
YTO MallHHa ThIOpHHTa OCTAHOBHUTCSI B KAaKOH-TO MOMEHT BBOJAA CJYV-
YAHHOH TOCJIe0BAaTeNbHOCTH, H onpefeaser udcao [akituna. (Teo-
PeTHYECKH MallHHa MOXKeT paboTaTh KaK YrOAHO AOJTO, IOTOMY 4YTO
OHa He IoJlyyaeT KOMaHJ, 3acTaBJ/JsIOUIHX e€e OCTAHOBHThCs.) MoxkKHO
AoKasatb, uto yHcao lladTHHa «HeHHTepecHO» W IHMPH 3TOrO UYHC-
Ja TNpeACKa3aTb HeJb3s. B To XKe BpeMsi 3TO «HEHHTEPECHOEe» UHCJIO
Hlafitnna o6sapaer psimoM uHTepecHBIX cBOHcTs. Hanpumep, ecan
6pl GBIO M3BECTHO HECKOJIbKO MEPBBIX ThICAY LHGBP B €ro AeCsTHY-
HOM 3alHCH, TO TeM CAMBIM MBI NOJYYHJIH OBl peuleHus] HEKOTOPHIX
K/IACCHYECKHX HEpeUIeHHBIX NpolJeM B MaTeMaTHKe TaKHX, KadK 8e-
Aurkas reopema Pepma u npobaema I'orvdbaxa. Benukas Teopema
®epma  (koTOpast yTBepXKAaeT, uTO ypaBHEHHe x" -+ y" =z" He
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HMECT peLICHHH B HATypaJibHBIX YHCJAAX X, Y, 2 OpH n > 2)') Tco-
peTHUeCKH MOXeT ObITh JOKa3aHa HJH OIPOBEPTHYTA € ITOMOILIBIO
KOMINIBIOTEPHOH NporpaMmbl — «nporpaMmsl Pepmar, kotopast AJs
JAaHHBIX 3HAUYeHHH n U 2z NPOBEPSAET, CYLUECTBYIOT JH LeJble YHCJA
X H Yy, ABJAdIOUIMeCcT pelleHHeM ypaBHeHHsi ®Pepma. Ilpu mocrenen-
HOM YBCJHUEHHUH 3HAUCHHH 7 U 2z OYAYT pacCMOTPEHBl BCe CJAYYaH.
Korpa peuteHue Oyjaer HaiJeHO, BBIUHC/HTENbHAs MallliHa OCTAHO-
BUTCA. I=ciM MaulnHa KOrjaa-Hubyab OCTAHOBUTCH, TO Teopema Pep-
Ma OyJler OnpoOBeprHyTa, B NPOTHBHOM cJydae AokasaHa. «EauHcT-
BeHHasi» npob/jeMa COCTOHT B CJEAYIOUIeM: Kak Obl AOJArC yKe He
paborasa MamiHHA, Mbl HHKOIAA HEe MOXKeM OBLITh YBEpEeHHl, YTO OHA
He OCTAHOBHTCH Ha CJAEAYIOLEeM 1arce. Ity npobjeMy MOMXKHO OBIIO
Obl 0060HTH, ecau 3HATL nocrosiHHyio Illafituna. Pacemorpum Bece-
BO3MO2KHBIC BBOJAHMBIC IHOCJAEAOBATEJLHOCTH B JBOMYHOM KOJe KO-
HEYHOH JJHHBI U 1IONPOOYCM ONpEAEeaHUTh Te NPOrpaMMbl (BBOAUMEIE
NMOCJIEA0BATEAbHOCTH), KOTOpble OCTaHaBJMBAOT MaluuHy. CHauaJja
MOCMOTPHM, OCTAHaBJIHBAET JKM MalllHHY LiepBasl nporpaMma Ha Inep-
BOM 1lare, 3aTeM — OCTAHABJUBACT JIM MalllHHY BTOpas Nporpamma
Ha I1epBoM uIare. Jlajee, N0O3BOJHM HepBOH NPOTrpaMMe BHINOJHSITh-
CA A0 BTOPOro 1Iara, TpeTbed NMporpaMmMe A0 MEPBOro liara, BTOPOH
porpamme A0 BTOPOro liara M HepBOH INpPOrpaMme A0 TPETheEro
ara M T. A. Eciaud MallliHa OCTAHOBHTCSI Ha HEKOTOPOH BXOJHOH IO-
CJe0BaTeJbHOCTH, KOTOpasi 3allucaHa B JBOHYHBIX KOJaxX, H ee
AJUHA Kk, TO TOJOXKHUM MBICJIEHHO |/2% nmonao edHHHIL Beca B M-
oK. ITocreneHHo Mellok OyJeT CTAHOBHTBLCS BCE TAXKCICH H €ro
Bec Oyner cxoiuTbcs K nocrosiuHo# Illafitnna (Tak kak ¢ BeposAr-
HOocTbIO 1/2% s06ast KOHKpeTHast JBOWYHAS MOCJAELOBATE]bHOCTD
IJTUHBL R TOSIBJASETCA Cpefu MNOoCJeloBaTeNbHOCTEH, COOTBETCTBYIO-
IHUX OpOCAHHIO CHMMETPHYHOH MoHeThl). IlycTh m — AJMHA ABOUY-
HOM «nporpaMMbol Pepma». [lpeaAnonoKum, 4To nNporpaMMbl BHIITOJ-
HAIOTCHA A0 TeX IOop, MNOKa pa3HOCTb MexXAy nocrosHHoi UlaliThuHa u
BECOM, HAKOIIJIEHHBIM B MeLIKe, He cTaHeT MeHble, ueM /27, Ecin
K 9TOMY MOMEHTY BeJHKas Teopema depma He okazajach olpoBep-
FHYTOH, TO OHa JOJ/IKHA OBITh CHPaBEIJNBOH, TaK KaK €CJAH <«Ipo-
rpaMma dDepma» OCTaHOBHT MalHHY HO3AHCE, MBl AOJKHE OyaeM
MOJIOKHTBL B MCLIOK 1/2M eAuMHWUB BCCa, uTO NPOTHBOPEYHT TOMY
¢daxTy, 4TO MBI HallJIH 3HaueHHe noctosiHHo# [IIafiTHHA ¢ TOYHOCTBHIO
ayquredt, yem 1/27, TTocrosinnas Ia#fiTHHA MO3BOJSIET NOJIYUYHTH pe-
LIeHHsT (MJIH JaeT TeOPeTHUECKYI0 BO3MOXKHOCTb pelleHull) Bcex
npobJsieM, KOTOpble MOXKHO CBECTH K 3ajauc 06 OCTAaHOBKe, NMOA06-
HOH TOH, KOTOPYIO MBI TOJbKO YTO OOCYIHJIH.

') Hemaeno Hemeuxuit matemaruk I'. DasTuwec Kokaszan ouelb r1y60KY10
TEOpPEMY, M3 KOTOPOH cJellyeT, 4TO BO3MOXKHBE (MO CYINIECTBY pasiuuHele) pe-
WeHus ypaBHeuns @epma Koneynnl. ITo GOABIIOH LIAT HA NYTH peCHis npo-
Goemnr depmMa,
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5. [NapagoKkc cnyyalHbix rpadgos

a) Hcropus napadokca

CTpyKTypHble npofbJeMbl B psije obJjgacted Hayku (Hanpumep,
npobJeMy 3JCKTPOHHBIX CXe€M) MOXKHO JIETKO IIpOMOJAEJHPOBATH H
PEeILUTh ¢ TMOMOUIBIO IrpadoB, T. €. TOYEK H JHHHH, HX COEAHHSIOLLHX.
ToukH Has3bIBAaWTCsI BeplUHHAMH, a JUHUU — peOpaMu rpada. Pebpa
MOTYT TakyKe OTpaxKaTb CBf3b, HOCALLYIO CJYYaHHBIH Xapakrep.
[TosTOMy OuUeHb BaXKHO H3yueHHe CTPYKTYPHl CJydyaHHBIX TIpados.
Teopuss cayuailubix rpagos Oblsia paspaboraHa B OCHOBHOM B pa-
borax [Tayra Ipdewa nu Aroppeda Pensu.

[Ipenmonoxum, uTo y rpada n BeplIHH, H Bce pebpa NpOBOASITCH
C BEPOSITHOCTBIO p HE3aBHUCHMO OT CYLIeCTBOBAHHS JApPYrux pebdep.
[Tycte €>0 — npousBosbHoe uucao. B 1920 r. Dpaewr 1 PeHbu
JOKa3aJu, uTo €CJH

< (l—e)]oggn,

n

TO BEPOSITHOCTb TOTrO, UTO rpad sIBJASETCH CBA3HBIM, CTpeMHTCS K 0
c poctoM n. C ApYyrod CTOPOHBDI, eCJH

~ (1 4 e)logen

p = "

TO 3Ta BeposiTHOCTb crpemurcss K 1. '(I'oBopsar, uto rpag siBasercs
CBSI3HBIM, €CJIH U3 KaxKHIOU BeplIMHBl MOXKHO 1O pebpaM nonacrb B
n06yio Apyryo sepunny.) Takum o6pasowm, BepoaTHocTh (logs 1) /n
Hrpaer poJib «BoAOpa3jesar. 3a NOCJHeAHHe ABa NECATHJICTHUS TeOo-
pHA ciaydaddbix rpadoB Gbuia o6obuieHa Ha rpadbl ¢ 6ECKOHEUHBIM
YHCJOM BepIUHH. B CBsI3H ¢ TaKUMH OGeCKOHeUHBIMH TrpacdaMu Ip-
gell H Penpyu o6paTH/AK BHHUMaHHe HaA CJACAYIOWMA Napajlokc.

6) Iapadokc

["'oBopsaT, uro ABa rpada G; U G U3OMOPMDHEI, €CJAH CYIIECTBYyeT
B3aMMHO OJHO3HAUHOEe COOTBETCTBHE MeXKAY MHOMXKeCTBaMH BepUIHH
rpadoB G; 0 G, ; Ipu 3TOM ABe BEPUIMHH B (F; CO€AMHEHB TOrAa
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M TOJbLKO TOTrjJa, KOrZa COOTBETCTBYIOLLHE BeplUHHHB B (2 TakXe CO-
CAUHEHHI. |

Y uzoMopHBIX rpaoB MOLHOCTH MHOXKECTB HX BEpILMH OJHHAa-
KOBBI, HO JIMIIb OAHOI'O 3TOr0 HENOCTAaTO4YHO JIsi H30MOpQH3MA.
OmHako, ecJiH MHOMKeCTBa BeplUWH OECKOHeYHBl, TOUHee, HX MOLI-
HOCTb COBITajaeT ¢ MOLIHOCTbI) MHOXKECTBAa HATypaJbHBIX YHCEJ, H
ecay Jw00ble ABe BEPLUIHHB B Ka)A0M rpade COeAHHHIOTCS € Bepo-
SITHOCTBbIO 1/2 HeszaBHUCHMO OT ApYrux pebep, TO 3TH rpadhul H30-
MOpGHBI ¢ BeposATHOCTBIO 1. CueloBaTesbHO, B 3TOM CMBIC/JIE BCe
OeCKOHeuHBle cayuakHble rpadbl OAHHAKOBHI!

8) ObwvacHeHue napadokca

['oBopsiT, uTO rpad yHUBepcaJeH, eCJHU AJA MNPOU3BOJBHEIX [10-
CJIeJOBaTeNbHOCTeH BepLIMH Wy, Ug, ..., Uy U Uy, Vg ..., U, (OT-
JIUYHBIX JPYr OT Apyra) CYLIeCTBYeT BeplIHHaA w, OTJHYHAsA OT U; H
U; ¥ TakKasd, 4TO @ COeJHHEHa ¢ KaXKAOH BepLIUHOH «#; U HU C OJHOHU
v;. Jlerko mokasaTh, uTo ecau rpadpel Gy u (e YHHBEpPCAJbHBHI, TO
OHH U U30MOpQHBEL. BeposiTHOCTBH TOrO, UTO CAyuYaHHBIE rpadbl, 0 KO-
TOPBIX TOBOPHTCSI B MapajoKce, He YHUBepcaJbHBl, pasHa 0 (r.e. w
CYUIeCTBYET C BepOSITHOCTLIO 1).

e) Jameuanus

[loMuMO wuccienoBaHHH 1o cJjaydyanHbIM rpadaM 3a MocjefHue
HECKOJILKO JieT OBl NPOBeJeH aHaJUu3 U APYILHX CJAYYaHHBIX CTPYK-
TYp (cJaydaHHBIX MaTpHI, CJAYYaHHBIX aJrebpanuyecKHX YpaBHEHHH,
CJAyYaWHBIX CTEMEHHBIX PAAOB U T. HA.), KOTOPHIH TakXe AaJjl HHTe-
pecHble pesyabraThl, Hanpumep, H. 5. Macaosa noKa3zana ciaenyio-

Hyt0 TeopeMmy: ecau Kos3ppuuueHTH KX; CJAyd4anHOro ajarebGpauue-
CKOTO YpaBHEHHS

D X2 =0

j=1

SIBJASIOTCS HE3aBUCMMBIMH OJMHAKOBO paclpele/eHHBIMU Cayuyaii-
HBIMH BeJHYMHAMM C HYJEBBIMH MAaTeMAaTHUECKHMH OXHAAHUAMHU
(HO caMu BeJHUYHHBI He PABHH TOXJAecTBeHHO () H

E(1X;1"°) < oo

JAJIsT HEKOTOPOrO IMOJOXKHTEJIBHOIO €, TO UHCJAO JeHCTBUTEJbHBIX
KOpDHeH 3TOro ypaBHeHHs paclipelesleHO0 HOPMAaJbHO C MaTeMaTuuye-

2
CKHM O2KHIJdHUEM 'T—':-ln 1 1 CTAHA4DTHBIM OTKJOHCHHUEM

24/ (1 —2nDlnn.
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6. [lapagokc maremaTuueckoro oxKumpaHua

a) Hcropus napadokca

OnHa H3BeCTHast TeopeMa B TEODHH BEPOSITHOCTEH YTBepXKAaer,
YyTo ecyii X U Y — ciayuaiiHble BeJHUYHHB ¢ KOHEUHBIMH MaTeMaTHye-
CKHMH OXHAaHHAMH, TO MaTEMaTHYECKOe OXKHAAHHE HX CYMMEI CY-
IIECTBYeT M DpABHO, CYMMe HMX MAaTeMaTHYECKHX OXKHUJIaHHM
E(X+4+Y)=E(X)+4 E(Y). Jlerko mokasaTh, UTO [a¥XKe €CIH MAa-
TeMaTHueckue oxuAauHsa E£(X) u E(Y) He cyumiecTBYIOT, HO cylle-
creyer E(X+-Y), to E(X -+ Y) 3aBucHT TOABKO OT pachpepencHuil
cayvadnpix BesnunH X u Y, 1. e. E(X 4 Y) MOXHO NOJIHOCTBIO OII-
peleJHTb, He 3HAs COBMECTHOIO pacupejaencHus X u Y. YIAUBUTE/Ib-
HO, HO AJId TpeX CAYyYanHBIX BEJIHYHH 3TO HEBEPHO.

6) llapadoxkc

Ecan X, Y u Z — npousBosbHble cayYaliHble BEJHUHHBI, NJs KO-
TopbIX E(X - Y- Z) cymecTsyer, TO 3T0 MaTeMaTHYeCKOe OKHIA-

HHE HE BCerjia OmnpejensieTcs JIMIb HHAWBUAYAJRHBIMH pacrpejede-
Huamu X, Y u Z.

8) Obwackerue napadorca

Onpenenum cayvafinbic Besquununl X, ¥ u Z AByMS pas3iu4yHBIMH
cnocobamu. B o0oux cayuadx HX pacnpele/eHHS OVAYT OAHHAKO-
BRIMH, HO MaTteMaTHueckMe oxupanus E(X 4- Y +-Z) pasiauuubiMu.

Ilycte U — cayuaitnas BednuuHa, paBHOMEPHO pacnpenesieHHas
Ha nHTepBaje (0, 1). Toraa scho, uro 1 — U u V= (2U — 1) tak
Ke paBHOMepHO pacnpedenennl Ha (0, 1). Ecau

X=Y=tg(30U)

M Z=-—2X, o X+Y+4Z=0, u nosromy E(X-+ Y4 Z) =0.
C Apyroli CcTOpOHBI, ec/u

thg(%(]), thg(-g-(l—U))

Z:——-th(%V),
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TO HepaBeHCTBO X -+ Y +Z >0 cnpaBelslMBO ¢ BepOSITHOCTHLIO I,
cJ1€0BaTe/bHO, MaTeMaTHueckOoe oxHpaHHe E(X -+ Y+ Z) Takxe
MOJIOXKHUTEJNBHO, TOUHEE

EX+Y+2)==In2.

e) Jamewanus

(i) ITockoapry E(X+Y+Z2)=E((X-+Y)+2) u E(X+ Y+
+Z4+W)y=E((X+7Y)+ (Z+4+ W)), mareMaTuuecKHe OXHAaHHUS
CYMM Tpex WU YeThIpex CJAYUAWHBLIX BEJHUUH ONHO3HAYHO OIpeae/si-
IOTCSl IBYMEPHBIMH pacnpelneseHHaMUu. OIHAKO HEH3BECTHO, OCTaeT-
Cs1 JIH 3TO CIpaBeJl/IUBBIM, KOIJld YHUCJAO CJaraeMulx B cyMMme OoJiblue
YeTHIpeX.

(ii) Pyoca w Cekeri mokasaa, uTo JJIs Ka)XJoH cJayuaiHOH Be-
JUYMHBL X MOXKHO Tak Onpele/UuTh HNeHCTBHUTeJBbHOE uucao E(X),
UTO 3TO YHCJO PABHO MATCMATHYCCKOMY OXKHAAHMIO 3TOH CJAYUAUHOH
BCJIMYHHEI, CCJAH OHO CYHIECTBYET M KOHCUHO, NPH 3TOM IS He3aBHU-
CHMBIX X W Y Bcerja crnpaBeiJuBO PaBEHCTBO

E(X4+Y)=E(X) 4 E().

Ham mapajokc mokasbBaeT, uTo Takoe O0OOILIEHHOEe MaTeMaTHue-
CKO€ OXKHAAHHE He CYUIeCTBYeT Y CYMM CJAyYaHHBIX BEJHUHH, KOTO-
pHle He 0053aTeJNbHO HABJSIOTCS HE3aBUCHMBIMH [[JIsI CJAYyYaldHBIX
BEJIMUMH, ONpeldeJeHHLIX B 4YacTH g), BeauuyuHa E(X + Y + Z)
paBHssach 6H HyJa10, Tak kKak E(X) =E(Y) u E(Z) =—2E(X)].
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7. Tlapagokc nepson uubps.l

a) Hcropus napadokca

[IpubausuregbrHo cto Jer Hasand, B 1881 r., Caidmon Heroxomb
B «AMEpPHKaHCKOM MaTeMaTHuecKoM KypHaJtaes» (Amer. J. Math.)
O6paTH BHHMaHHE yuTaTeJel Ha OAHH HHTCPCCHBIH SMIHPHUYCCKHH
paxt. OnHAKO BCKOPC 3TO OTKPBHITHE GHIJIO 3a6LITO W CAENAHO BHOBD
cnyctss 60 et dusukom Ppanxom bengopdom, paboTaBlIUM B KOM-
nanun «JKeHepas DJaekTpuk». 3akoH noJyuua umsi bBendopua.
(HploKOMG — He €IHHCTBEHHBIH YUY€HHIH, ¢ KOTOPBHIM OGOLILIHChL He-
ClipaBeAJiHBO. 3aKOH 3NMOHHUMHM CapKACTHUECKH YTBEPXKJACT, UTO HH
OJAHa TeopeMa, HH OMHO HayyHOe OTKDHITHC He OBlJIM Ha3BaHH HMe-
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HeM TepBOOTKphIBaTeNs.) ¥. YuBep B «Jlein Ymauas» H3J0KHI HCTO-
puto beHdopna: «MHe pacckaszanau, uro npubJIHU3UTENBHO ABaAllaTb
NATh JIeT Ha3ad OAHH HHXKeHep, pabOTaBLUHH B KOMNAaHHH «]J[KeHe-
paJj IJEeKTPUK», [0 JOPOre Ha CJayXKOy HeC KHHUTY, COAEpPKaBIIYIO
noApobHy tabauny jgorapudmon. OH AepxKad KHUTY cOOKY KOpelll-
KOM BHH3. B3rJsiHyB Ha KHHTY, OH 3aMeTHJ, 4TO HaulboJiee 3arpsia-
HEeHbl Kpas CTpaHHLL B HauvalJle KHUIH, 3aTeM OHH CTaHOBSTCS
yHIIe — Kak OyATO dalle BCero CMOTPAT IE€pBble CTPAHUILBI, PexXe —
CTPAHHIILI B CepeJHHe KHHTH U COBCEM pelKO — MOCJEIHHEe CTPaHH-
B, «3DTO CTPAHHO,— MOAYMaJ OH.— DTO O3HAYAeT, UTO JIIIM
yallle BCEro HNPHXOAHTCS HCKATh JOTapU(@pMBI 4HCEJI, KOTOpble HaYH-
HaTCa ¢ 1, yyThb pexe — yHces, HAYHHAIOUWHXCH ¢ 2 U TakK jaJjee
H, HAaKOHEl, pexe BCEro — Jjorapu@mMel 4uces, HauHHAKIHUXCI ¢ 9.

Ho 3T0 coBepilleHHO HEBO3MOXKHO, TaK KaK JIOASM HYXKHBI 3Ha-
YeHMS JOrapH(pMOB caMblX pa3HBIX YHCEJ, [I03TOMY pasJUYHbBIEe LUP-
PHl IOJKHBl OBITE NPEACTaBJEeHL OJHHAKOBO.»

6) IMapadokc

PaccmoTpuM Kakyw-HUOyIAs Tabauny, Hanpumep TtabJuauuny Ie-
JIBIX CTeleHed ABOUKYU WU OOV TabJauIy (H3HUCCKUX NOCTOSAH-
HBIX WJAH TabJHIbl peMorpapuueckod craTucTHKH., Kak mnpasuJo,
OKaxercs, uto nepBas UHPpa (s£0) uucenr B Tabuuue He Oyner
paBHOMEDHO paclpeleseHa Ha MHoXectBe 1, 2, 3, ..., 9. lHudpa 1
BCTpeuyaeTcs yallle BCero, 3ateM HIeT 2 U Tak jpaJgaee, 9 6yner camoi
peaxko# uudpoh. CorsacHo 3akKOHy DbeHdopra OTHOCHTeJbHasl ua-
CTOTa MepBbIX HHMpP, He INPEBOCXOASAIINX £, paBHa He k/9 (uTo 03-
HayaJgo OGbl PaBHOMEPHOCTh pacnpepeleHus), a lg(k+ 1) (rme lg
o3Hayaer logyy). CuenoBaTenbHO, OTHOCHTEJbHBIE YaCTOTH [JIfI
1, 2, ..., 9 npubausuteasto pasusl 30 %, 17 %, ..., 5%. (3axon
Bendopna moxHo chopMyJaupoBaTh UHLIM 00pasoM, a HMEHHO, MaH-
THCCHI JIOTapH(MMOB pacnpeleneHpl MOYTH paBHOMEPHO Ha HHTepBa-
Je (0, 1).) 3axkon bendopna He yTBepxkraer, uto | — Haubogaee
yacTo BCTpeyaiolasicst nepBasi nudpa Bo Bcex Tabaunax (KaxKAblH
MOXKeT NMpHAyMaTbh TabJully, B KOTOPOH eNUHHI BoOoOlle He Oyler),
HO BCe-TAKM eIHHHIIAa KaK nepBas Hudpa B TabuaHilax NOABJIAETCS
OOBIUHO ualue, yem, HANpuMep, AEBATKA.

8) ObwvacHeHue napadokca

CylLiecTBYIOT HECKOJIbKO BepOSTHOCTHBIX M HEBEpPOSTHOCTHHIX
noaxoA0B K oObsiCHeHHUIO 3akoHa beHdoppna. CHauvasia pacCMOTPHM
HEBEPOSATHOCTHBIH MOJNXOL.

[Tpoananusupyem Ttabauny cTreneded apoHkH. [TepBoll uudpon
yucgaa 2" gpiasercss 1, ecad CylIlecTByeT Takoe LeJoe YUCJI0 §, UTO
108 << 2" < 2.10%. Ecau n (M, ciefoBaTesbHO, S) AOCTAaTOYHO Be-
JIUKO, TO §/n ApuOAU3HTEIbHO paBHO 1g 2. DTO O3HAYaeT, UTO CpeaH
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MepBBIX 71 CTeINeHeH ABOHKH Kaxjias lg 2-a1 HauuHaercs ¢ 1. AnaJo-
TMYHO, 10 3aKOHy DeHdopha noJsi creneHell ABOHKH, KOTOPhIE HAUHU-
HalOTCsl ¢ LUPPH, He IpeBOcXodAlled £, NpHOJIH3UTEIBHO paBHA
lg(k+1).

BepOosATHOCTHBIE MOAXOA HEMHOro cJjoxHee. OnsiTb HaM HYXKHO
HauaTb C TOro (pakra, 4yTo nepBas HeHyJeBas uudpa MOJOKHTEb-
HOrO CJAYYaHHOroO uncjaa X He NPEBOCXOJAHUT R, €CJH CYLIECTBYET Iie-
JIO€ YHCJIO §, AJA KOTOPOTO

0°<X<(k+1)-10°%

CJeJoBaTe/bHO, 3aKOH beHdopaa nMeer MecTo TOJbKO TOTAa, KOrla
BEPOATHOCTh TOr0, uto JApobOHass uvacts {lg X} He NpeBOCXOAUT
lg(k+ 1), B TouHocTH paBHa lg(k—+ 1). Has sToro mocTaTouyHO,
uToObl npoOHas uvacte {lg X} Oblia paBHOMepHO pacnpejeseHa Ha
uutepBaJe (0, 1). Tenepb paccMOTpUM MEPBHIA BOMNPOC: NPH KAKHX
YCJAOBHSIX Ha pacipeleseHue CJAy4ahHOH BeJHYHHB X pacnpepedse-
Hue {lg X} npubausurespbHO paBHOMepHO? Bo-BTOpPHIX, moueMy Tab-
JIUIIBI O4Y€Hb 4acTo 00J1aJal0T 3TUM CBOUCTBOM? XOTS HEpPBHIH BOI-
pOC H3yyaJicid HEeCKOJbKUMH MaTeMaTHkaMu (Hanpumep, P. [Tunk-
xamom n o, Kemnepmanom) nu ToOJYyUYeHB AOCTATOYHO XOpPOIIHE
pe3yJbTaThl, HA BTOPOH BONPOC YAOBJETBOPHTEJNbHBIX OTBETOB HET.
OHH yacTo NPHUBOAAT K MYTAHOH «PUIOCOMHN» H JaxKe K YHCAOBOMY
MuctaiuaMy. Ilo 3akony DbeHdopaa uesoBexk, HalpUMep, CUUTaeET
apupmernuecku: 1, 2, 3, ..., IpUpojda Ke aBTOMATHUECKH Oeper
Jorapudm or yucea H cuutaer &%, e*, e** ... . bendopr yrBepxK-
AaeT, 4YTO YUCJOBble XapaKTEPUCTHKH B NMPHUPOJAE CKJAAABIBAIOTCH U3
reOMeTPUUECKHX MPOTPECCHH, AJs KOTOPbIX (KAaK U A/ CTeleHeH
ABOHKHU) 3akoH Dbendopna cnpasepiuB. bendopa NpuUBOLUT He-
CKOJIbKO IPUMEPOB U3 PA3JHUYHBIX O0JlaCcTed HAyKH U TIPOU3BOICTBA,
KOTOpble HJJIIOCTPUPYIOT 3akOH DBebepa — PexHepa, OTKPHTHIH B
XIX Beke. CoraacHo 3TOMY 3aKOHY 3aBUCHMOCTb MEXIY pasipaxu-
TeJeM W OHlylieHHeM — Jorapudmuueckas. K coxamaeHuio, aHajlo-
THH, TpUBOAUMbBble DeH(OpAOM, YIOBJCTBOPHTEJLHOIO OTBeTa Ha
BTOpOH Bomnpoc Toxe He AaroT. ManpHelmine noApOOHOCTH MOZKHO
HaWTH B 0O630pHOH crathe P. Paiimu, B KOTOPOH COAepXKHUTCS 0O-
mupHas 6ubauorpadusi.

2) Jameuanus

(i) Ecnu Ham HyXHO HalTH BEPOSITHOCTb Pr TOTO, UTO R (R =
= 1,2, ..., 9) ecTb nepBas uuppa uucaa, HayraJ B3sTOr0 H3 YHC-
JJOBOH TabJuubl, H MH IpeAnoJaracM CyLIeCTBOBaHHE OIpeaesIeH-
HOT'O peLIeHWsA M ero HHBaPHUAHTHOCTb OTHOCHTEJbHO U3MEHEHHS Mac-
mraba (o macuitabe eIHHHI, JAaHHBIX B TalbJiHIle HUYEro He roBO-
pDHTCST), TO MBI IPUXOAUM K JOTPABHOMEPHOMY paclIpeLeseHHIO

pr.=1gk+1)—lgk,
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(if) AHasnusupys BTOpBle HJIH TPeTbH WU T. A. UHPPH, o6Hapy-
KHM, UTO BJHsIHHE «3(Pdekra Benopra» npakrHyecks OTCyTCTBYET,
€CJId BOOOWIC CYILeCTBYET, T. C. BTOPHe, TPCTbH W ApYrde LHPPH
pacnpeleJeHbl IOUYTH paBHOMEPHO.

0) Jureparypa

Benford F. “The law of anomalous numbers”, Proc. Amer. Phil. Soc., 78,

961—-872, (1938).

Newcomb S. “Note on the frequency of use of the different digits in na-
tural numbers”, Amer. J. Math., 4, 39—40, (1881).

Raimi R. A, “The [irst digit problem”, The American Math. Monthly, 83,

521538, (1976).

8. lNapagokc Hyneeon BEPOSTHOCTH
(MOXHO M U3 HMUero nonyuutb YTO-TO?)

a) Hcropus napadokca

BeposATHOCTL HEBO3MOXKHOTO COGBITHS €CTh HYJbL, 0OpaTHOe Ke
HEBEPHO: BEPOATHOCTh NoNajaHusd B LEHTP MHUIEHH pPaBHAa HY.JIO,
HO 3TO COOBITHE HE SIBJSIETCS] HEBO3MOXKHBIM. BeposTHOCTHL momaja-
HUS B JIIOOYIO K3 ThICAYH (UKCHPOBAHHBIX TOYEK TaKxKe HyJeBasi, HO
KaxKeTcs, 4To 3T0 cobObiTHe Oosee npaBaonogoOHO, 4eM IonajaHue
B 1neHtp. CiaenoBatesnbHo, BO3HHKAET BOMPOC: MOXKHO JH CPaBHHTH
«HUIAHCBI» COOBITHH, HUMCIOU[UX HYJERYIO BePOSITHOCTb, HJH HET?
Ilpyras mpo6aemMa COCTOHT B TOM, UTO BEPOSITHOCTh HONALAHHUS B
KaKyl-TO KOHKPETHYI) TOUKY MHIUEHH paBHA HYJK, HO XOPOILIHHA
CTPEJOK B MHIUICHb HaBEpHSKA NONAAET, NMO3TOMY 0O0beJHHEHHE CO-
OBITHH, HMEIOIIMX HYJCBYIO BEPOSTHOCTh, MOMXKET AATh COOBLITHE,
HMeoHlee BePOsiTHOCTb I, T. e. M3 HHYero, Korga ero MHoOro, nefi-
CTBHTE/JIbHO, UTO-TO NOJyYaeTcs. Bo3MOXKHO JIH 5T0 Ha caMoM pmeJe?
ITOT NapajgoKc NogobeH H3BECTHOMY YyiKe JBE C MOJOBHHOfM. THICSUH
JIET napajokcy 3€HOHA O HEBO3MOYKHOCTH JABIXKEHHA. 3eHOH yTBep-
KAAJA, UYTO JEeTsuiasli ¢rpeja B KaXXJoe MrIOBEeHHEe HEeNOoABHXKHA
(1JTH, HHBIMH CJOBaMH, MepPeMelCHHe CTPe/bl 3a HYJeBOH HHTepBaJ
BPCMEHH TaK:Ke [0JKHO OBITh PaBHO HYJIO), NO3TOMY HEBEPOSATHO,
4TO CTpeJsia BooOIle ABHIKeTCH. Bompoc 3aech TOT 3Ke caMblii: Kak
MOXKET CJAYYHUTBHCSH, UTO CJOKEeHHEe MHOIHX «HHUYTO® NaeT B Pe3yJb-
raTe «HeuTo»? TakuM o6pasoMm, HalleMy I1apafoKCy MO CYUIECTBY
HECKOJIBKO TBICHY JIET, OAHAKO €ro YAOBJCTBOPHTCABHOC 06 LACHEHHUC
MOSABHJIOCH JHIIb B JIOCJCAHUE HECATHJCTHsI, Gaaroaaps HCCJICLOBA-
HuAM Abpaxama Pobuncona (1918—1974 rr.).

6) Ilapadokc

BosbmeM nayraa Ttouky u3 muHTepsasa (0, 1). Torma Bepodr-
HOCTb TOrO, YTO MBI B3fJIM HMEHHO TOYKY 1/2, paBHa HyJI0 Tak XKe,
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KaK H BepPOATHOCTb BblOOpa Jwobo#t H3 Touek 1/100, 2/100,
3/100, ..., xorst nocaejgHee coOLITHE Kaxercs GoJiee MpaBaonopo6-
HbIM. HeHACTBHTE/NBHO JIH HEBO3MOXKHO Pa3jJHUYHTh BEPOSTHOCTH 3THX
JBYX COOBITHI?

8) Ob6vscHenue napadokca

B xoae pasButHsg apuMETHKH BBOAHJIHCH Bce 0oJjee CJA0KHBIE
THIIBI YHCEeJI: HOCJIE HATYPaJbHBIX YhuceJ U Apo6ed MOsSIBHAHCH HYJIb,
OTPHILATEJbHBIE, JEIICTBUTEJLHBIC (== pallHOHaJbHbIC + HPPALHO-
HAJbHBIC) H KOMIUIEKCHBIe uucja. B 1960-x rogax MHOMKeCTBO 4H-
ceJsI NMOMOJHHJOCh B Pe3yJbTaTe BBEACHHSI OCCKOHEUHO MaJjlblX YHCeI,
I 11pocto OeckoHeyHo Mmadnbix. Co Bpemed HbloToHa u Jlei6Huna
B AH(QQepeHHaIbHOM U HHTErpaJibHOM HCUHCJAEHHAX HCIOJb30Ba-
JJOCh CJIOBOCOUYETAHHE «OECKOHEYHO MaJjible», OAHAKO OHO NMPHMEHS-
JIOCh YHCTO CHMBOJIUYCCKH 0e3 UETKOro ONpeeseHHs HJIH o00CHOBA-
HHs1. MIMeHHO u3-3a OTCYTCTBHA OOOCHOBaHHS OECKOHEUHO MaJible
OblJIH H3rHAHBbl B NPOLIJIOM BEKE U3 CTPOrOH MAaTeMaTHKH, OJHAKO
He HCYE3/JH COBCEM (TaK KakK (PHM3HKH HCIOJb30BaJH HX MOCTOSHHO).
MaTeMaTHKH nepeunin K «3MCHJIOH-AeJbTay aHaJMH3y, KOTOPHIH 10
CHX IIOP COOTBETCTBYET AYXY YHHUBepCUTeTCKOoTo obpasoBanusi. Teo-
puss PoOuHcoHa 3ak/jajbiBaeT MNPOUYHBbIH JOTHUECKHH (QYHIAAMEHT
«IOJ» HpIIMeHeHHe OeCKOHEUHO MaJblX, H B OyAylUIeM BEKEe, BHAHMO,
BO30OHOBAT OOyueHue CTYJeHTOB OPHIHHAJbHBIM 3BPHCTHUECKHM
naesm Helorona u Jlefibunna. (B ynuBepcuterax mrata BHCKOHCHH
H B MaccayycercKOM TEXHOJOTHMUECKOM HHCTHTYTE CTYAEHThI yiKe
cedyac MOTYT, €CJHd 3aXOTHAT, BHIOpaTh BMeCTO 3ICHJOH-I€JbTa TEO-
pud Be#iepuitpacca teopuo Pob6uHcoHa.) BeckoHeuyHno masble MOXK-
HO OOBIYHO HCIOJIL30BAThH B BBHIUHCJAEHHAX NOJA0OHO APYrHM UHCJAM.
XOTs Je/CHHE Ha HYJb 3alpelleHo, jJeJieHHe Ha OeCKOHeYHOo MaJoe
CTPOrO OUpPEJAEJeHO: BEJHYHHOH, o0parHOHM K OeCKOHeuHO MaJioH,
SIBJISICTCA OCCKOHEUHO 0O0JIBIIIOC YHCJA0, H HA0O0OpOT, BeJHUHHA, 06paT-
Hast K OeCKOHeUHO OOoJbIIOMY YHCAY, BCerja €CcTh OECKOHEUHO Ma-
Jdad. /1o nosgsaenus reopun PoOuHCOHA cUUTANH, UYTO PAUMOHAJbHBIE
M HppallioHaJblible (T. €. NeHCTBHTEJbHbIE) UYHCJAA 3al0JHSIOT BCIO
YHCJOBYIO Npsimylo. Mceoenyst orieJbHYIO TOYKY Ha YHCJOBOH NIps-
MOH IOJ «MATeMAaTHYCCKHUM MHKPOCKONOM» PoOHHCOHA, MBI BHAHM
HE TOJBKO 3Ty TOUKY, HO H MHOXKeCTBO OECKOHEUHO MAaJjblX, KOTOPHIE
beckoneuHo OJH3KH K HeH. M3 yBamkenusa k JleibHuUy 3TOT 00pas
HazbiBaercsd «MoHaAoH». C NoMolIblo OECKOHEYHO MajblX MOJKHO
paspeHIuTh MHOTHe NapajoKChl, B Y4aCTHOCTH IapajoKc 3eHOHAa H
mapagokc HyJaeBod BepodaTHOCTH. CyThb B TOM, 4TO HYMKHO AenaTh
pasjHuHe MexKiy HyJeM H O0eCKOHEYHO MaJIbIMU yuciaamu. Hamnpwu-
Mep, KaxKjoMy IMOJAMHOMKECTBY HEKOTOPOIrO HHTepBaJia MOXKHO IIPH-
[HCATh BEPOATHOCTbL TaK, UTO 3Ta BEPOSTHOCTh PABHA HYJIO TOJBKO
AJIs IYCTOTO IMOJMHOKECTBA, COOTBETCTBYIOLLETO HEBO3MOKHOMY CO-



192 Fa. 1V. Hapadokco! 8 0OCHOBAHUAX TeOpull BEPOATHOCTEU

GbITHIO, a AJs Jwboro Apyroro coObiTHs BEPOSATHOCTD MMOJIOXKHUTENb-
Ha, XOTs, BO3MOXKHO, H O€CKOHEUHO MaJla. Hanee, aasi MHOXeCTBa
A, HMEWIIEro BeposTHOCTb P(A) B TpajHUHOHHOM CMBICJIE, TOJY-
YUM BE€POSITHOCTb, OTJUYAIOUIYIOCH OT P(A) camoe GoJblee Ha Oec-
KOHeuHo MaJoe. (dra HOBas BEpPOATHOCTb He CHTMa-alJHTHBHA, d
nuib agauTuBHAa.) Temeps Mbl JEHCTBHTENbHO MOXKEM CKasaTh, HTO
BePOATHOCTL BbIOOpA OJHOM TOUKH, HampuMep LCHTDA HHTepBaJa,

MeHblIe BepPOSTHOCTH BhIGOpPa OAHOM H3 JBYX TOUYEK: pasHHUa cCTh
6eCKOHEUHO MaJioe YHCJIO.

2) Jameuarue

Heioton nonuitajcs c¢hopMyJaHpoBaTh 3aKOHBI NMPHPOAB B MaTE-
MaTHUeCKOH QopMe, TakUM 00pasoM, OH NpPHOJH3WICH K IpaHHIE
MEKAY KOHEUHBIMA H OCCKOHEUHBIMH BeJHIHHAMH. A Po6uHCOH BOC-
MpHHAJ caMy GecKOHeYHOCTb (CJIeAys NMpHMEpY ['. Kantopa u Apy-
FHX) U CAesaJ ee NPHBbIYHOH [JIF BCEX MAaTeMAaTHKOB.

d) Jlureparypa

Luxemburg W. A. J. (ed.) Applications of Model Theory to Algebra, Ana-
lysis and Probability, Holt, Rinehart and Winston, New York, 1969,

Robinson A. “Non-standard analysis”, Proc. Nederl. Akad. Wetensch, 64,
432-—440, (1961).

Robinson A. Non-standard Analysis, North-Holland, Amsterdam, 1966.

9. Napagokc 6e3rpaHMyHO AENUMbIX pacnpepeneHun
a) Hcropus napadokca

[TousiTHe Ge3rpaHHYHO AEJHMOTO pacupeie]eHud BBEI B 1929 r.
B. de ®unerru. Pacnpenenenne F nasbiBaeTcs 0earpaHuyHO JeJ/H-
MBIM, ecqad AJisl JIo6Ooro MOJOXKHTENbHOro LEeJ0ro Hucia n HalayTCA
7 HEe3aBMCHMBIX OJHHAKOBO pAaclpe/ie/eHHBX CAyYaHHBIX BEJHIHH
TaKuX, UTO (DYHKIMS paclpeliejeHHss HX CyMMbl COBHAldaeT C F.
[yers Fi u Fo— QyHKuuA pacnpeiesiednst AByX He3aBHCHMAIX CJ1y-
yalubix Beauuun. O0603HAUYUM (YHKIHIO paclpeieeHHs HX CyMMb
yepes Fi=Fy. Onepanus = Ha3bIBAETCH ceepTkoi. OueBHAHO,

(F1*F2)*F3=F1*(F2*F3), FixFo=Fy= I,

(310 03HAyaet, uTo aJre6panyeckH QYHKUMH pacmpeie]eHHs C OIIc-
paiueid cBepTKH 00pasyloT KOMMYTATHBHYIO noayrpynmny). PyHK-
s pacnpejenenuss F siBjseTcs #-0e3rpaHuiHO penuMon (rmo yka-
3aHHOMY Bhille OMNpeNeJeHHIO), eCJH AJsl BCeX HATypaJbHBIX HHCE]
A cyulecTByeT QYHKUHS pacnpeaesenus F., AJs KOTOpPOH

F,«F,...«F,=F.

n pas
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Hanpumep, HopMaJbHOE, NyaCCOHOBCKOE H NOKA3aTeJbHOE paclpe-
neeHdsl GearpaHuunHo AeduMbl. OcHOBHOe 3HaueHHe Oe3rpaHHuHoO
ICJHMBIX paclpejieJeHdil COCTOUT B TOM, UYTO OHH BHICTYHMaIOT KaK
[Ipejfeblble paclnpefeeHHs sl CYyMM HE3aBHCHMBIX — CJYYaHHBIX
BesnunH. B 1936 r. Kpamep Aokaszana, 4To €CJIH CBEPTKA ABYX pac-
pejeJeHUH HOpMaJbHa, To o0a pachpeieseHuss 00A3aHbl OLITH
HOPMaJbHBIMU M, CJ€J0BaTeibHO, 0€3rpaHHYHO AEJHMBIMH. /IBa ro-
fa cnyersa Paiikos TONYyYHJ aHAJIOTHYHBIH pe3y/abTar MJst Iyacco-
HOBCKHX pachpejiejeHdil. DTH pe3yJbTaTbl YIUBHTEJbHBI TEM, HTO
M3 HUX CJeAyeT, YTO HOPMaJlbHble paclnpeieseHus MOXKHO pPasJo-
’KUTb TOJbKO Ha HOpMaJbHble, H aHAJOIHYHBIA (paKT BepeH AJs Iy-
aCcCOHOBCKUX pacnpejeneruii. Ho eine 6osee yAHBHTENbHO TO, YTO
6e3TpaHHYHO JeJUMble paclnpefeseHHs MOXKHO Da3JOXKHTb Ha KOM-
IOHEHTHI, He sIBJAsIlInecd 0e3rpaHHYHO JeJUMBIMH.

6) Ilapadoxc

CymiecTBYIOT (DYHKIEH pACIpEeLeNenus, KOTopue He 0e3rpaHHy-
HO JEJMMBI, HO HX cBepTKa Oe3rpaHHyHo AeaHMA.

g8) Ob6wacHenrue napadokca

[lokazkeM, UTO I[I0OKa3aTeJbpHOE pacrnpejieseHue MOXHO Npejcra-
BUTh B BHJE CBEDTKH pacnpeiejeHHil, KOTOpHE He sBJAATCT 0e3-
rpaHHydo JAeJUMBIMH. PaccMOTPHM IOKasaTe/lbHOE pacipele/eHune
¢ mapaMeTpoM A =1, ero MJOTHOCTb BEPOSTHOCTH paBHa e—*, €CJIH
x>0, u0 g x < 0. 10 pacnpexeserue, AeHCTBUTENBHO, Oe3rpa-
HHYHO JeJHMO, TaK KaK n-KpaTHas CBepTKa raMmMma-pacnpenescHH:]
nopsigka 1/n (¢ MJIOTHOCTBIO BEPOSTHOCTH

xUn=te=%/T"(1/n), ecam x >0,

n 0 g x << 0) coBmajgaer ¢ HaAllHM IOKa3aTe/JbHBIM pacnpeiesic-
pueM. OJHAKO €ro MOXKHO pPasJ/IOXKHUTb He TOJbKO Ha raMmMa-pac-
npefesieHHs (KOTOpble caMH (e3rpaHMyHO AeJHMbl), HO H IPEeAcTa-
BHTb B BUJE CBEPTKH JABYX paclpene/eHHH, OAHO U3 KOTOPBIX HMEET
snavenuss =20, 1, 2, ... ¢ BepogTtHocTsiMu 2+ a gpyroe co-
cpeforodeno Ha uHrepsajge (0, 1), T. e. Bce ero 3sHauYeHHs MPHHAN-
nexxat uutepsaay (0, 1). Tlocnennee pacnpenesnenne He SIBJASETCS
6earpaHuuHo AeduMbBIM. CorsacHo 3aMEUYaHHIO (i) pacmnpenenenune
o6 OrpaHHYeHHOH Ccay4afHOH BEeJHYMHBI He MOXKeT OnTbh Oes-
rpaHHYHO AenuMbiM. MTak, Mbl yXe 3HaeM, 4To 06€3rpaHHuYHO NEJH-
Moe paclpefiesieHde MOXeT He HMeTb O0€3rpaHHYHO  JeJHMBIX
KOMIIOHEHT B cMbIce cBeptkH. Jagee, o6e KOMIIOHEHTBl MOKasa-
TEJILHOTO paclpeleseHHs, MNOJyYeHHBIe BBIIIEC, MOXKHO PasJ/JOXHThb
Janabllle Tak, YTO KaxAash KOMIOHEHTAa COCPENoTOUCHA B ABYX TOUKAX,
Touee, B 0 ¥ B LeJOH CTENEHH ABOHKH. JTH paclpejeseHus (kakK
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H Ja160e pacnpeiesente, COCPeAOTOUCHHOE B ABYX TOYKAX) HE TOJb-
KO He 0e3rpaHMuyHO JeJMMBbl, HO H jaJjiee HepasjolKHUMbl (T. €. HX
HeJb35 MpPEeACTaBHTh B BHAE CBEPTKH HEBBIPOXKIEHHBIX pacHpejaeJe-
HUH, T. e, pachnpejejeHHil, HE COCPELOTOUCHHBIX B OJHOM 4YHCJTE).

e) Jamedanus

(i) IlokaxeMm, 4To (PyHKUHs pacrnpeieseHuss J11000H OrpaHuyeH-
HOH CJyualHHOH BEJUUHHBLI HE MOKeT ObITh Oe3rpaHHYHO AeJHUMOH,
€CJIH TOJIbKO CJiyyaknasi BeJMUHHA HEBBIPOXKACHA (CayvyaliHass Be-
JHUHHA BBIPOXK/AEHA, €CJH OHA INPHHHMAET TOJbKO OJHO 3HAYEHHE
C BeposiTHOCTBIO |; B 3TOM cayuae ee gucnepcud pasHa 0). das
OTPAaHUYEHHOH CJYyYyalHOH BeJHUHHB X Hadjgercs yuceao K Ttakoe,
yro |X| << K. Ecau ¢yskuua pactpengesneduss cJayd4alHOH BeJsH-
guHpl X O0€3rpaHH4yHO JeJHMa, TO CYIIECTBYIOT HE3aBHCHMEIE CJY-
yafiHple BeauWuuHbl X;, Xo, ..., X,, OAHHAKOBO pacrpeleseHHble U
Takue, 4To0 (PYHKUMH pacnpeneqeHuss cyMMbl X| + Xo + ...+ X, H
X cosnapawort. [Tockoabky cympeMyM U AHCHEPCHSI CYMMBI He3aBH-
CIMBIX CJIy4YaUHBIX BEJIHYHUH €CTb CyMMa CYNpPeMyMOB H AHCIEPCHH
cjlaraeMalx, UMeeM

| X;|<K/jn u DX;)=DX)/A/n.

CJaenoBaresbHo, eciau D(X) =0 u n— J0CTAaTOYHO BEJHUKO, TO AHUC-
nepcust caydyaiHoi BeJuuuHbl X; cTaHer OoJibllie, YUEM CYIPEMYM Be-
JAUYHHB | X;|, 4TO HeBO3MOKHO. Takum o0pa3oMm, ecau X OrpaHH-
yeHa WU Oe3rpaHuyHo aeamma, to D(X) =0, 1. e. ciuyyanHast BeJu-
ygHa X BBIPOXKAEHA.

(ii) KpoMe HOpMaabBHOro, NyacCOHOBCKOIO U raMMa-pacrnpepaese-
HUl, 0e3rpaHHuHO AeJHUMO H JOTHOpPMaJbHoe pacnpegeneHune. (Jlor-
HOpDMAaJbHBIM HAa3bIBaeTCsl pachpefe/eHue MOJOXKHUTEJbHOH CcJayuyai-
HOHA BeJAHUYHUHBI, JOTapu(pM KOTOPOH HOPMAJbLHO paclpeieseH, CM.
craTblo TopuHa). DBe3rpaHu4HOo [AeJUMbl TAaKKE {-paclpeLeleHue
CtblogeHTa H pacnpeacncHue Kouim (pacrnpenesieHHe OTHOIIEHHSA
JABYX HE3aBHCHMBIX CJAy4aHHBIX BEJHUYKMH, UMEIOLIKWX CTAHAapTHOE
HOpMaJbHOe pacnpefeseHue), cM. kHUry Jlykaua u crateu ['poc-
cBaJibaa, JnuutTeliHa U boHaeccoHa.

(iii) IloxkasaTesbHOe pacnpefeaeHue CJAYKUT NpUMepoM 6esrpa-
HUYHO ACGJHMOrO paclnpejaelieHus, NpeacTaBuUMOro B Bujge GecKoHey-
HOH (CueTHOH) CBepPTKH Hepas3JOoXKHUMBIX paclpeleseHud. Eure 60Jee
VAHBHUTEJBHO TO, YTO CYUIECTBYIOT OE3rpaHU4YHO AeJUMBle paclpe-
IeJeHus, IpeACTaBUMble B BHAE CBEPTKH JHIIb ABYX Hepas3JOXKU-
MBIX pacmpeaeseduii (¢M. cratbio Jlen).

(iv) Xapakrtepuzauusg Oe3rpaHHYHO JAEJHUMBIX paclpeieeHui
oblsia naigeda B 1930-e roabt Koamoeoposeim, Jesu u Xuruunvim.
Jlerko mokasarb, UYTO (PYHKILHSA paclopegeseHusds CyMMbBl X; 4+
+ Xo+4 ...+ Xy Bcernpa O€3rpaHUUYHO A€NHMA, eCau X, X, —
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MPOH3BOJIbHbIE HE3aBHCHMBblE OJAHHAKOBO paclpeae]eHHble CaydaH-
Hble BeJHUYHMHBI, NPUHUMAIOIIHEe HeOoTpHLaTeNbHble LEJOUYHCACHHbBIE
3Hauenus, ©¥ N — ciayuaiHas BeJHUYHHA C [1yaCCOHOBCKHM paclrpejne-
JeHHeM, He 3aBucsAnlasg oT Bcex X;. B To Ke BpeMdA U3 TEOpPEMLI
JleBH — XHHYHHA cJeAVeT, YTO BCAKoe Oe3rpaHHUuHO AeJHMOe pac-
npeaeneHde, COCPEAOTOYCHHOE HA HEOTPHILATEeJNbHBIX LENBIX YHCJIAX,
npe/cTaBUMO HMeHHO TakUMm obpasoM. HecMmorpsa Ha 1O, 4TO Xapak-
TepH3allHOHHbIE TeOopeMbl AJs Oe3rpaHHYHO JAeJMHMBIX pacrpejpede-
HHIT u3BecTHH yxKe b0 Jer, 10 CHX HOp He peleHa npobdjaeMa xapak-
TepU3auMyd Oe3rpaHUdYHO JeJUMOro paclpeleseHus, HMeEIOLero B
MpEeACTaBJEHHH B BHJAE CBEPTKH paclpeaeseHd# TOJbKO Oe3rpaHuu-
HO JAeJHMble KOMIIOHEHTH {(HOpMaJbHOE H IYaCCOHOBCKOE paclpe-
JeJICHUS NpHHaAde)KaT 3TOMY KJjaccy paclpeneseHuH, a MokKasa-
TeJbHOE paclpejeneHie, KaK Mbl BHAE/IH, He NPHHAAJIEKHT).

(v) B Teopun BepOATHOCTEH MNOHsATHE OE3rpaHUYHOH AEJTHMOCTH
MOSIBJISIETCS HE TOJLKO B CBSI3W cO cBepTkaMu. Ha MHOXKecTBe QyHK-
IIMH pacnpejejseHust MOMKHO ONPele/aUTb M IPyrue BaxKHble olepa-
nud. Hanpumep, OGyHKUHA pacnpenejcHuss MakKCUMyMa H3 IBYX
HE34BUCUMBIX CJAYYAHHBIX BEJHUHUH, UMEIOLUX (PYHKLHU pacupenmeie-
nust Fy(x) u Fy(x), paBHa npousBeaenuto F(x)-Fq(x). IIpoussene-
HHEe (PYHKUUE pacnpeneseHUs] 4acTO MOSABJSETCS BO MHOTHX BEpPOSAT-
HOCTHBLIX 3ajayax, HalpuMmep, B TCOPHUH HAAEXKHOCTH, KOTAA Mbl XO-
THM [OJIYYUTh BEPOSITHOCTHOE paclnpejeseHUe BpeMeHH 0e30TKa3HOi
paboTbl napaJdJenbHbIX coeaunHeHuh. [daa  awboro HatypasbHOTO
ypcaa n M NPOHU3BOJBHOH DYHKIHH pacnpegeneHus F(x) BequyHHa

fl

A/F(x) Takke, OueBHIHO, siBAseTCss GYHKLHEH paclnpeiccHHs,
TakuMm o0Opa3oM, Kaxjas (ojHOMepHAasi) (PYHKIHS paclpeneseHus
OesrpaHuuno peauma. B cayyae OoJibliled pa3MepPHOCTH XapaKTepH-
3allusi Oe3arpaHHYHO [AEJUMBIX pacOpeaecHUl MeHee TPHBHAJbHA
(cm. crtateio bankema u PecHuka). Tperbsi onepanus COCTOHT B
CJACYIONIEM.,

[Iycte FieoFy o603HauaeT MyJAbTHIJHKATHBHYIO CBEPTKY, T. €.
GYHKUHIO paclpejesieHHsi NPOU3BEAEHUST HE3aBHCHMBIX CAy4aHHBIX
BCJIHYHH ¢ (yHKUHsMH pacnpeaenenusi F; u Fy. IlyaccoHoBcKoe
pacnpejeseHue Oe3rpaHHYHO JAEJHMMO OTHOCHTEJBHO  OIEpanHu
CBEPTKH +#, HO He sIBJSeTCS TAKOBBIM JJs onepanud 'e. boJsee Toro,
ecau X u Y 0003HaualoT HE3aBUCHMBIE CJIyUalHbIe BEJHUHHLI, H [1PO-
u3BegeHue XY HMeeT MyacCOHOBCKoe pacrnpeiesjeHde, To Jaubo Be-
auuuna X, au6o Y ¢ BeposiTHOCThIO 1 cocpenoToueHa HA MHOXKECTBE
u3 AByx ajaementoB {0, 1}. DTo o3Hayaer, YTO NyacCCOHOBCKOE pac-
npeaeseHune o-HepasJjoxuMo (cM. cratbio Cekess n 3eMIUIEHH).
B To Ke BpeMs CTaHIapTHOE HOPMAaJbHOEC paclpegegcHHe “o-6e3-
rpanuuHo aeaumo. (OaHakKo MOKa HEHW3BECTHO, SBJAETCS JdU o -0e3-
rpAHHYHO J€JHMBbIM HOPMAaJIbHOE paclpejeJeHue ¢ 0J0KUTeNbHBIM
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MaTeMaTHYeCKHM OKHJAaHUeM; €CJHU MaTeMaTHUeCcKoe OXHAaHHE OT-
pHIIATEJbHO, TO HOPMAaJbHOE paclpefeseHue, OUEBHIHO, He "o -0e3-
rpaHuuHO JeJHMO.)
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10. MNapanokcki xapakTepu3aumm

a) Hcropus napadokcos

Caenyiouryo npobaeMy Buepsbie nocrasua Hocopdae Ioia. Pac-
CMOTDHM JIB€ HE3aBHCHMble OXMHAKOBO paclpejeseHHble Caydan-
nble BeauuuHel X u Y. Moxer au cymma aX -+ bY umern 1o ke pac-
npeaesaeHue, uto X u Y, ecnu a 0 b — HoJoxKuTeAbIble yncaar 1lona
MCCJeI0BAJ STOT BOIPOC B cTaThe, onybaukoBaHHoll B 1923 r. Cie-
AYIOUMH 3aMeuaTeJbHBIH pPe3ysnbTaT MNOSABMJCS CIYCTSI MHOTO JeT,
auub B 1936 r., koraa E. Tupu Hauas olUCaHHe pacnpejeneHus F,
VI0BJETBOPSIOUIEI0 CBOHCTBY: €CJH BEJIHYHUHHI X1, Xo, ..., X, He-
34BHCHMBI H HMEIOT pacnpepesiesue F, TO

1
X—: Xi+ X4 ...+ Xy I S:Z(Xi__)_{).‘z

n

i=1



10. Hapadokcsel xapakrepusayuu 197

Takxe HeszaBucuMbl. B 1939 r. M. Kay u B 1941 r. C. H. bepn-
HITellH OTBETHJAM HA TaKoH Bompoc: ecau X U Y — He3aBHCHMBbIE O/H-
HAKOBO pacipeiesieHHble clyyadHble BEJHYHHBI, TO NMPH KaKHX YyC-
nosusix senauuunbl X + Y u X — Y He3zaBucuMbl? C COPOKOBBIX TO-
0B TIocJe paboT TAKMX BBIIAIOUIMXCS MateMaTHKOB Kak f0. B. JIun-
nuk, E. Jyxau, A. A, 3uneep, C. P. Pao u A. M. Kaean nanpasJe-
HHe, CBSI3aHHOE C XapaKTepH3allHOHHBIMH 3ajadaMi, pasBHJIOCH B
OYeHb BaXKHYI0 K4K TEOPETHUYECKH, TAaK WU TMPAKTHYECKH, 1aCTb TEO-
PHH BepPOSTHOCTEH.

6) IlapadoKcul

[Tycte X;, Xo, ..., X, — HE3aBHCHMBble OAHHAKOBO paclpele/ICH-
Hble c/aydaiinble BeJHUYHHL. MOTyT JId BeJHUUHHDI Y =F(X;, Xo
.., X2) uZ=g(Xy, Xy, ..., X,) ObITH ONHHAKOBO pPACIPEACJCH-

HLIMH HJIH He3aBHCUMHEIMH, €CJH [ U g — pasjuuHbie, HAlpUMEp, JH-
nefinble (yHKIHH? B HekoTOpHIX Cc/aydasix, Hanpumep, Koraa f (u,
cJeJoBATENbHO, Y) TOXKIECTBEHHO pAaBHA nocrosiuuoi, Y u Z, oue-
BHAHO, HE3aBUCHMBl AJs J1060H (QYHKUHH g, ONHAKO B OOILEM CJy-
yae oxupaercs, uro Y U Z He OyAyT HUH He3aBHCHMbIMH, HH OAHHA-
KOBO paclpejieieHHBIMH. Y 1MBUTEJIbHO, HO HCK/IIOYEHHS BO3HHKAIOT
KakK pa3 B Haubojee BaXHHIX Cay4asX, KOIZla BEJHUHHBI X; HOp-
MaJbHO pacnpeaesensl. Ecin, nanpumep, X; U X NpeACTaB/IAIOT CO-
60#l KOOpJAMHATH BEKTOPA CKOPOCTH TOUYKH, CJAYyYaHHO JBUrarolencs
Ha TIJOCKOCTH, U Xi, X2 — He3aBHCHMbBle CJydYadHble BeJHUHHBHI
CO CTaHAAPTHBIM HOpPMAJbHBIM pacnpejiejeHneM, TO CyMMa Y =

— X3+ X5 (nponopluoHanbHas KUHETHUECKOH 3HEPTHH) H OTHO-
wenne Z = X;/X, (onpenensioiee HanpapJeHHe IBHKEHHS) He3a-
pucuMbl. CBOHCTBA TAaKOro THIA 4acTO XapaKTepH3YIOT HOpMaJbHbE
(MTH ApyrHe BaXKHLIE) PAaCIpeNesCHHs.

g) Ob6wvsacHenue napadokcos

[TycTb 00e GyHKIUH [ H g JTHHEHHHL:

Y=ZaiX,; H ZIZb;XL

i=1 i=1

Ecau uajigyrcs uucaa a; W b; Takue, U4TO NpPOM3BEAeHHE a;b; HE
BCerJa paBHO HYJI0, U PABEHCTBO @; = b; He BBINOJHACTCSA AJA BCCX
i no Y u Z BCe ¥Xe OJHHAKOBO paclpejeneHbl, H BCE MOMEHTHI BE-
aquund X; xoneudsl, T. e. E(|X:|*) koneuno ajs kaxnuoro k (k=
—0, 1, 2, ...), To BeJqu4HHb X; HOpPMAJbHO pacrpeiesensl. 3ra
reopema Mapyunkesuua ob6obmaer Teopemy lloha. (JlanpHeHIHE
0606menus Moxkuo HafiTh B kuure Karana, JIunnuka u Pao.)
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Teopema I'. Jlapmya u B. P. Cxurosuwa yTBepKaaerT, UTO €C.IH

Y_ZaX i Z_be

=1

HE3aBHCHMBl H a;b; HE paBHO HYJIO AJS BCEX [, TO BeJIHUHHBI X; HOP-
MaJbHO paclnpeneseHsl.

Caenyromee o0obuienne teopeMbl I'mpu (BKJIwouamwllee B cedst
TaKKe cJayual HeJHHeHHBIX (DPYHKIHH) HIPaeT OYeHb BaXKHYIO POJb
B MareMaTHYecKOH CTaTHCTHKe, YTBepxjaaercs, 4YTo ecaun X H S He-
3aBHCHMBI H M1 = 2, TO BeJIHYHHBl X; HOPMAJbHO PacHpeleJeHHl.

2) Jamewanus

(i) YcaoBHe He3aBUCHMOCTH BeJHYHHB X H S sBJsdeTcA OUellb
CHJIbHBIM, HO Ko3(pbHUHeHT kKoppeasuud r(X, S) =0, "Hanpumep,
NJis1 BCEX CHMMETPHYHBIX CJOyUaHHBIX BeJHUYHH X, Xy, ..., Xp AJA
KOTOPBLIX Koppensuus cyuectByer. Xots r(X, §) Bcerna Mmenbuie 1,
ero cynpeMyMm pased 1. JIJ1s OAHOBepIIUHHEIX pacnpeie]eHHd TOUHAA

BEPXHSAS IPaHb DaBHA A/ 15/16. das1 nokasaTtejbCTBa 3TOTO PE3y.Jb-
TaTa MOXKHO HPHMEHHMTb TOUHOE HEePABeHCTBO mj < (m, — mi3)m,,
rae my,=EL{(X—E(X))* k=2, 3, 4.

(ii) Jdns xapakTepuHsaunud CeMeHCTBA pacHpeneseHHH CYLIeCT-
BYeT HECKOJIbKO MHTEeDECHBIX M €CTeCTBEHHBIX crnocofoB. Hanpumep,
noKa3aTeJbHble pacnpeieseHduss MOKHO XapPaKTePHU30BATh CJEAVIO-
IIIUM CBOMCTBOM: CPE€/H BCEX pacnpeieseHuH, COCPEAOTOUYCHHBLIX HAa
uarepBasge (0, oo) U UMEWUHX 3aJaHHOEC MATeMaTHYECKOe OXKHa-
HUE, SHTPONUS

— \ F(x) log,  (x) dx

[f(x) o6o3HayaeT NJOTHOCTH BEPOSTHOCTH] MaKCHMaJjbHa AJsd I0-
KazaTeJbHBIX pacnpenesiennd. Cpeau pacnpenes]eHud Ha HHTepBaJe
(—oo, 00) ¢ 3aJaHHBIMH MaTeMAaTHUECKHM OXKHUJAAHHEM H JuHCIep-
cueli HopMaJbHblEe pPaCHPEACJICHHS HMEIT MaKCUMaJbHYIO 3HTPO-
nuio., Ha KoHeuHOM HHTepBaJe 3HTPONHSA MAKCUMU3HUPYETCs PaBHO-
MepHBIMH pacnpenejeHuaMu (06e3 KakKuX-JAH00 APYTrHX HNpeaJoze-
HHH ) .

d) Jlureparypa
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Mathai A. M., Pederzoli G. Characterizations of the Normal Probability
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11. Mapapnokcbl hakTopm3aumm

a) Hcropus napadokcos

OCHOBHble TeOpeMbl B KJAA4CCHUECKOH TEOpHH BepPOATHOCTEH (Ta-
KHe, KaK 3aKOHBl OOJbLIHX YHCEJ, TeopeMbl O IIPCACJbHOM paclpe-
NeJIeHHH) CBS3aHbI C paclpeaejeHHeM CyMMBl HE3aBHCHMBIX cJy4ali-
HbIX BEJHMUMH M ONHPAIOTCS Ha CBOHCTBA CJ1AaraeMbiX 3THX CYMM.
«OO6paTHLIMH» K 3THM TeopeMaM O <KOMIO3HIIHH» ABJAIOTCS TeOo-
PEMBl O <«AEKOMIIO3HIIHH», HJIH «(QaKTOPH3aUUOHHbIE» TEOPEMEL, B
KOTODBIX paclipejesieHie CyMMBl H3BECTHO, H Mbl XOTHM MNOJYYHTD
KaKyI0-1100 HHGOPMAllMI0 O BO3MOXKHBIX CJaraeMbiXx HJH <«(ak-
topax» (meautensix). Teopema Kpamepa, KoTOpasi yxe yIOMHHA-
Jach, mpejacTrasJasier cO60H UMEHHO TAaKOH pesyJabTaT O ACKOMIIO3H-
nud. OHa yTBEpK/aeT, 4To BCe JEJHTEJH HOPMaJpHOTO pacrnpeneJe-
HHS TakK:Ke HopMmaabHbl. Kak B Teopemax O KOMIIO3UIHH, TaK H B
TeopeMax O JAEKOMIIO3HIIHH, BAXKHYI «TEXHHUECKYI) pOJb» HIParoT
XapaxKTepUCcTHUECKHe (DYHKUHH CAyyaHHBIX BEJIHYHH. XapaKTepH-
cTHUecKast PYHKUUS caAyuyalHOH BEJHYMHBI X ONPEAC/IACTCS KakK Ma-
TeMATHYECKOEe OKHIAHHE KOMILIEKCHOH cayuafiHofl BesJHUMHBl e'**
(i =4/—1 ® t— nelicTBUTE]bHOE YHCJIO0), T. €. @x(f) = E(eX).
Kaxnasa caydalinasi BeJMUMHA HMeeT XapaKTePHCTHYECKYIO (YHK-
IIHIO, KOTOpasi OAHO3HAUHO olnpefendeT (PYHKUUIO paclpeneeHHs
5TOH BEJHUHHBI. XapakKTepucruueckas (QPYHKLIHS CyMMbl HE3aBHCH-
MBIX CJyYaHHBIX BEJHYHH paBHA MMPOU3BEACHHIO XapaKTepHCTHYE-
CKHX (YHKHMH cjaraeMbix. M3 3THX CBOHCTB sICHO, IIOYE€MY Xapak-
TePUCTHUYECKHE (DYHKILHM CTOJb BAKHBl IPH pELICHHH 1polJeM, CBs-
3aHHLIX C KOMIO3HIHeHd # dakropusauuei. XapaxTepHCTHUCCKHE
GYHKIIMH HcloJab3oBadau eme B 1853 r. A. Koww u na pybdexe
XX Beka A. M. Jlanynos., C 1920-x rogoB NOJX CHJIbHBIM BJHSHHEM
pabor Hoc. Ioda u I1. Jlesu xapakTepucTHYecKHe (PYHKLHH OU€Hb
yacto MPUMEHSIOTCS AJs  peweHHs TnpobseM O  KOMIIO3HILHSIX.
C 1930-x rogoB 6.aaropaps teopemam Kpawmepa, Xunuuna n Pai-
K08G BO3HHKAeT TEOPHS AEKOMIO3HIMU. B 3TOH 00/1aCTH HET HEXO-
cTaTKa B YJMBHTE/bHBIX pPe3yJbTaTaX H Napajokcax (HeKOTOpBIC M3
HHX CM. HH¥XKe) .

6) Ilapadoxcel

(i) CyurecTByoT ciyuaiiHble BetHUHHB X, Y W Z Takue, 4TO Be-
POSITHOCTHBIE pacnpeaesenus cyMM X -+ Y v X -+ Z cOBMaAaioT, HO
pacmpenesenus BeJUUuH Y U Z pasauynbl. I10T Qakr, BIEpBLE OT-
MeueHHBIH Xuwuuunsim B 1937 r., 10CTAaTOYHO YAHBHTEJEH, TAK Kak
ecan X — orpaHHueHHasi-cJAydyaHHasd BeJHYHMHA, HJIH €C/H ee Xapak-
TepHCTHUeCKass (QPYHKIHS Hurjae He obpallaercd B Hy/db (Hampumep,
KOT[1a OHa 6Ge3rpaHHyHO [e/uMa), TO paclpelesieHusl BeJIHYHH Y H



200 Fa. IV, Ilapadokcer 8 ocHOBAHUAX TCOPUU 8EPOATHOCTE!

Z JNOJKHB coBnajgaTtb. B cuiy mapagokca XuH4UHHA B OOLIeM CJIy-
yae 0eCcCMBICJAEHHO TOBOPHTb 00 «OCTATKE» BEPOSITHOCTHOIO pacnpe-
NeJIEHHs TIOCJE€ €ro COKPAUIeHHS Ha OJHH U3 JeJUTened, TaK Kak
OCTaBUIasACs YacTb He olpejesercd oAHO3HAuHO. Ilo 3TOH mpHYHHE
B aJjarebpe BEPOATHOCTHBIX pacOpeneseHHH BO3HHKAeT OueHb MHOTO
TpyAaHocTed. B To xKe BpeM#d, TAaK KakK XapaKTepHUCTHUECKAs (PYHK-
ILMsT HOPMAJIBHOTO paclnpejeneHuss Hurjge He paBHa 0 (xapaxrtepu-
cTHUYecKast (PYHKUUSA CTAHLAPTHOTO HOPMAJBHOIO pacnpeleseHns eCTh
e=1"2) eCcTeCTBEHHO IIOCTABHThH BOMPOC O TOM, YTO OCTAHETCS, €CJH
YAaJUTb Y BEPOSITHOCTHOTO paclpefesieHHss HOPMaJbHYIO COCTaB-
asromyo. OmxHako onpejeseHHas OCTOPOXKHOCTH HeoOXoJHMa H B
9TOM cJyuae. A HMEHHO, CYLLEeCTBYIOT HE3aBUCHMbIE OAHHAKOBO pac-
npejesieHHble CJaydaiHble BEJHUHHBL X ¥ Y, y KOTOPBIX HET HOp-
MaJIbHO pacIlpeAeJeHHBIX JejuTened (C IMOJOXKHTEJIbHOH  JHCIEp-
CHel), HO OHAa ecThb y HX CYMMH X -+ Y. Bnepsble 3TOT pe3ynabrar
ony6aukoBaau B 1948 r. M. Hroce n P. @uwep (cM. HHXKe HUX
CTaThiO).

(ii) Iycre Xy, X9, ..., X,-— He3aBUCHUMBIE CJAy4YaHHBIE BeJH-
YUHBI ¢ HEH3BECTHBIMH (H, BOOOHIe ToBOPs, Pa3JHUHBIMH) pacnpeje-
nedusaMu. Ho npeamosokuM, 4TO HU3BECTHBl paclpeleseHus JUHeH-
HbIX KOMOUHAIUH

Yf:'Z kaXk’ ]=1, 2, v ey I
k=1

(c;, — npon3BoJbHOE uuCcJI0). Ecad CyliecTByloT BeJHUYHHBl X|,
Xo, ..., X, VIOBJETBOPSAIOUIHEC 3TOH CHCTEME YPaBHEHHH, H JAETep-
MHHAHT MaTpulbl (Cjr) oTauued oT 0, TO (IIOCKOJBKY B 3TOM ciiydae
Yi, Yy, ..., Y. onpegeasiior X;, Xo, ..., Xn OAHO3HAUHO) MOZKHO
OKHIATb, UTO pacipeneneHus BeJHUHH X, Xo, ..., Xn TaKKe olpe-
neJsiloresd oauosHauy”o. OaHako, Kak nokasaa B 1950 r. A. Pensu,
3TO He TakK.

8) ObvacHernue napadoKcos

(i) MoxHo mokasaTb, YTO €CJH 3HauyeHHe (PYHKLUUH ¢ (f) HeOT-
pHIIaTeJbHO NpH JioOoM AedcTBuTenbHOM ¢, ¢ (0) =1, @(—?) =
= @ (f), ¥ A7S BCeX NMOJIOKHUTEIbHbIX 3HAUEHHH { QYHKILUSA @ (f) BbI-
nykaa H limg({)=0 npu {— oo, To HallJeTca ciaydalHasi BeJIH-
yuHa, AJs1 KOoTopoil ¢ (f) — ee xapakrepucruueckasi pyukuusa. Cie-
JOBaTeJbHO, CYLIECTBYET cjayuaiinas BeJduuHa X ¢ XapaKrepHcruue-
ckOil yHKUMEH, paBHO# | — |f], ecnu [{|<<1, 1 0 B NPOTHBHOM
cayuae. CyuiecTByIOT Tak:Ke CJAy4adHble BeJIUYHHB Y U Z, XapakrTe-
pHCTHUECKHE (DYHKUHH KOTOPbIX OJAMHAKOBBI Ha HHTepBaJse |f| << 1,
HO pa3/IHuHbl BHe 3TOro HHTepBasa. Takum obpasom, 1/1s1 He3aBH-
cumbix X, Y u Z uMeem

Pxay (£) =@y 2 (1),
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T. € cyMMbl X + Y n X + Z pacnpenesedbl 0IHHAKOBO, HO pacnpe-
AC/IeHHA BeIHUHH Y W Z pasauuubl. ([Ipyro# npuMep cm. B 1. 13a).

MoxkHo nokasars HeuTo 6oJbliee, yem TO, YTO YTBEPKAAECTCS B
napapokce. MoXHO NoOKasath, 4T0 ecau () — NepHoAHYeCcKas
Gynxnus ¢ nepuogoM 2 u ¢ (¢f) = 1— |¢] npu |t| < 1, 10 maiiner-
Csl cayuyaHHast BeJUYHHA Y, XxapaKTepUCTHUCCKAS GYyHKUHSA KOTOPOH
KaK pa3 paBHa (/). Orcrona caenyer, uro ¢ (¢)¢({) = @)% 1. €.
CYIIECTBYIOT HE3aBHCHMBbIE CiaydauHble BeauduHsl X, Y u Z Taxue,
170 pacnpenenenusd cyMmM X 4 Y u X + Z coBnanamoT, 01MHAKOBDI
TAKKe paclipefe/ieHHs BeJHUMH X W Z, HO paclhpefesaeHHus BeJHUHH
Y u Z pasyHuHbL.

(ii) Ecam caydafdinbie BeqMuuMHB Y; 3amaHbpl H OnpeneJnTedb
[¢iell # 0, To cayuaiiHble BeJMYHHLI X; onpenensioTcss 0gHO3HAUHO.
Onnako cayudafinble BeJMYHHBL Y; MOMKHO 3a71aTh PasHBIMH CIIOCO-
6aMu Tax, UTO HX paclpeleJeHHS OCTAIOTCH HEH3MCHHBIMHU. Caeno-
BATE&JbHO, €CJIH [IpeAnoJJarath TOJNbBKO, 4TO |[¢ixl] = 0, T0 coBceM He
OHEBHIHO, YTO pacnpeieqeHUs] BEJHYUH Y; OXHO3ZHAUHO OlpeIeJIsiT
pacnpeneseHus X;.

e) Samevanus

Penubn noxasaa, urto, Boo6ie rOBOPsi, HEOOXOAHUMO TaKKe Mpej-
NoJIaraTh OTJAHYHE OT HYJsS OINPELeJHTeN st ”c?k”. Ecau ussectno,

qTO

| 0 m |, |0,

TO IPH AOCTATOYHO OOLIMX YCJOBHAX rapaHTHPOBAHA OAHO3HAYHOCTD
pacnpenescHuil X; (HampuMep, ec/d XapaKTePHCTHYECKAS bOYHKIHS
BEJIWYHHBl }; — 1esas QyHKUHS nopsigka <<2, U ecJH BOOGLIE eCTh
pelenue). ITOT (AKT HMEeT OYEHb BayKHble NMPAKTHYECKHE [10CTE-
crBust. B 11/138 MBI BHIEAH, YTO ¢ MOMOMILIO ABYX H3MEpeHHH
MOXXHO HaWTH 60Jiee TOUHBIE OLEHKH (HX AHCIIEPCHH MeHblIe) IBYX
HCH3BCCTHBIX 3HAYCHUH, €CJH U3MEPSTh 3TH 3HAUEHHS He OTAEJbHO
APYr OT Ipyra, a CHadajla U3MEepPHTb MX CYMMY H 34TeM — HX pas-
HOCTb. AHA4JIOTHYHASI CHTYAUHs BO3HHKAET, KOFA4 MBI XOTHM HaBTH
o PA3/JTHUHLIX HEH3BECTHBIX BeNHYHH Xi, Xy, ..., X,. TIpu usmepe-
HHH ONpPCACNICHHBIX JIMHCUHBIX KOMOMHANMH Y, Y, ..., Y, MOMKHO
HOTyYATH GOJIee TOUHBIe pe3y/abTaTH. B o6eMm ciyuae Heqecoos-
Pd3HO HCIIO/b30BATL MAaTpHLY (Cje), 3JE€MEHTAMH KOTOPOH SIBJSIOT-
Cs1 TOAbKO +-1 u —1. Toraa, o4eBHAHO, ” c}f'k ”:O U, cJaeJoBaTeNbHO,

pacupeneneHust BequuHs Yy, Yy, ..., Y, He ONPEACJSIIOT OJAHO3IHAU-
HO pacmpeneneHust Xy, Xo, ..., X,. Ilycrs, Harnpumep, Ka)Kaasi H3
BeHUUH Y1 =X+ Xy u Yo = X, — X, uMeer CTaHAapTHOE HOP-
MaJjibHOE pacnpefenende. Torza Teopema Kpamepa yTeepxkpnaer,
yTo X; u X» TakxkKe pacnpeneJieHbl HOPMAJIbHO C HYJEBHM MaTeMa-
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TnyeckuM oxuganueM. OJHAKO HUX JUCIHepCHH He OIpeAesloTCs
onHO3HauyHo. OHU JHIIb YAOBJIETBOPSAIOT cooTHoueruwo D?(X;) +

+ D?(Xo)= 1.
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12. MapafoKC HEPA3NTOXUMBIX U NPOCThIX pacnpeneneH1m

a) Hcropus napadokca

Hepazaoscumote wucaq, T. ¢. yucaa (0oJble 1), uMmewlie B Ka-
JecTBe IeJHTeell TOMBKO eAHHHIY M caMux cebs, Wrpalt B apu-
MeTUuKe (YHIAaMCHTaJbHYI DOJIb. Dty uyucaa: 2, 3, 5, 7, 11, 13, 17,
19, SBJSIOTCS] TAKXKe MPOCTbIMU YUCAAMU, T. €. UHCTaMH, KOTOPHIE,
GYAyuH AeJHTEJNSIMH NPOM3BEJeHHst JBYX HAaTypajbHBIX HHCE, sB-
JHIOTCS AeJUTEJIMH Mo KpahHed Mepe OJHOTO H3 3THX COMHOKHTE-
deli. Cpeln HATYypaJbHBIX UHCE] MHOXKECTBA HEpasJOXKHMBIX H HPO-
CTBIX UMceJ COBHMAA41OT, U uucaa 2, 3, 5, 7, .. BCerla Ha3bIBAKOTCS
MpocThIMM  uHcaamu. @yHIaMeHTajbHash TeopeMa apuPMETHKH
yTBEpIKAA€eT, UTO AJs KaXKJAOro Ie/0ro uuciaa, KOTopoe OoJIbllle eu-
HHILBl, CYIIECTBYET €IHHCTBEHHOe pasJjoXKenne Ha INPOCThie COMHO-
KUTEH (IIOpPAA0K COMHOMXKHTENEH HE yuuThiBaercsa). TakuM oOpasoM,
IpOCTHie 4HCJa B aphpMeTHKE nogo6HLEl JeTCKHM KyOHKaM HJH
aTomaM B (usuueckoM Mmupe. Hanbogaee eCTCCTBEHHBIH CIIOCOO IIO-
JyueHus MHPOPMAIUH O KAKOH-JIHOO CJOXKHOH CTPYKTYpe COCTOHUT
B pa3bHeHNWH ee HA ATOMBI, I03TOMY BIOJHE 06BSCHHMO, UTO (Ha4H-
Has C NMPOLLTOrO BCKA) NOHATHS HEPas3J/JIOXKHUMOCTH M NPOCTOTHI O bl
pacnpocTpaHeHsl Ha ofliHe aJdredbpanyeckue CTPYKTYPBHL. DTH TOHSI-
THsI MOXKHO HHTEpPIpeTHUpOBaThb M [AJsi BEPOATHOCTHBIX pacIpeaese-
HUH: 37ech pOJib HATypaJbHBIX 4KCeJ HIrpaloT BEPOATHOCTHBIC pac-
npejeqeHusi U poJib YMHOXKEHHS — CBEPTKA (ompenesieHue CBEPTKH
cM. B «IJapajgokce 6e3rpaHHyHO AEJAHMBIX pacrnpeaeleHHE» ).

Pacnpenesienie F Hepassoxcumo, ecJin U3 paBeHCTBA F=G=H
c/e/lyeT, uTo OAHO M3 pacmpeleneHud G HIH [/ BBHIPOKICHO (T. €.
COCPEIOTOUEHO B OABOH TOUKe C BePOATHOCTBIO 1; 3t pacnpenede-
HHST HTpaloT poJb eAuHui). Pacmpenesenne [ HasdbiBaercd npocroiM
pacnpedencHuem, €CAn OHO sBJseTCA JAQJAUTEICM CBEPTKH G=H
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TOJbKO TOrfa, KOraa OHO TakXe sBJsSeTcHa AeauTeqaeMm G uan H.
B 1937 r. Xunuun a0oKasaJg, uto KaxKIoe paclipenejeHHe NpeaAcTaB-
JseT COOOH CBEPTKY Oe3rpaHHYHO AEJHMOr0 PacnpefeleHHST ¢ KO-
HCYHOH HJIH CYETHOH CBePTKOH HEepas3/OKUMBIX paclpeieclcHHi, T. e.
KdXAYI0 XapaKTepHUCTHUYECKYI0 QYHKUHIO ¢(f) MOXKHO NpeACTaBHTH

B CJAEAVIOLLIEM BHAE cp(t)zlp(r)Hcp,; (), rae P(f) u ¢;(f) — xapak-

TEPHCTHYECKHE (PYHKIHH COOTBETCTBEHHO GE3rpaHHUYHO AEJHMOTO H
HEPpa3/I0KHUMBIX pacnpeleseHHd. JTO NOX0XKe Ha DYHIAMEHTAJIbHVIO
TCOPEMY apH@METHKH, HO €CTh OJHO BaXKHOe OTJHUHE: (akTOpHU3a-
LLHsT paclpeleeHUH He eAHHCTBeHHa. Hampumep, ecau pacnpenede-
HHe F umeer 3Hauenus 0, 1, 2, 3, 4, 5 ¢ OIHMHAKOBBIMH BCPOATHO-
craMu 1/6, To F npeactaBEMO B BHIE CBEPTKH HEPAa3/I0KHMBIX pac-
NMpELeJeHHH ABYMST PA3JHUYHBIMH CIOCOGAMH: [IPH IICPBOM DAa3JIONkKe-
HHH TIePBBIM A€JIHTeNb NMPHHUMaeT 3HaueHHs 0 u 1, BTOpO# gequTeb
MpHHHMaeT 3navenuss 0, 2 ¥ 4 ¢ OAMHAKOBBIMH BepPOSITHOCTSIMH; IIpH
BTOpOM Da3JIOXeHHH MEepPBbIH Ae/JHTeJNDL NpUHUMAaeT 3HaueHus 0 u 3,
BTOPOH Ae/INTesb NpUHHMaeT 3HaueHHs 0, 1 U 2 ¢ pPaBHBLIMH Bepo-
ATHOCTAMHU. JTa HEONPeNeJeHHOCTh TOKA3bIBAET, UTO CXOACTBO MEXK-
Ay «apH(MEeTHKaMH» 4YHCeJ U BEPOSITHOCTHLIX pacrpefeseHHil He-
noJsiHoe. CJelyolnii mapaaoKe AeMOHCTPHPYET GoJee CyIleCTBEHHBIE
pasJIMuus,

6) Ilapadoxc

BepositHocTHBIE pacnpeneneHus ¢ omepauueil CBePTKH o0pasylor
aJ1rebpanvecKyro CTPYKTYpY, COAEPIKALLYIO MHOXKECTBO HepasJokKH-
MBIX pacnpefeseHHit (HampuMmep, KaxJoe pacnpeieleHHe, cocpemno-
TOUEHHOE B [BYX TOUKaX, HEPa3JsoKHMO), HO B HeH HET HH OJHOTO
lipocToro pacnpejenedus. ChaeaoBaTeJbHO, €CJH MBI JeHCTBHTEbHO
CUHTaeM IIPOCTHIE PACHPEAC/IEHHST «aTOMaMU», TO 31eCh BOOOILIE HCT
aTOMOB. IJTOT Gakr BnepBble orMeruan B 1979 r. H. Pyma wu
I'. Cekeil.

8) ObzvacHenue napadorxca

CoBceM HeyAMBHTE/IBHO, YTO NPOCTOTA H HEPASJIOKHMOCTb — 3TO
OOBIYHO He OJHO H TO Ke. DTOT (BakT NPeAcTaB/ISeTCs HEeOXKHIaH-
HBIM TOJIBKO IIOTOMY, YTO B CAMOH 3HA4KOMOH H Ba>KHOH CTPYKType —
MHOXKECTBE HATypaJibHBIX UYHCEJI — 3TH 00a NOHATHS 3KBHBAJeHTHHL.
Onnako B 00lleM ciydae MOXKHO JIHIIb yTBepKAaTh, YTO NPOCTOH
JMICMEHT BCerja ABJACTCS HepasJOXKUMBIM, a obpaTHOe He o06s3a-
TCJIbHO BepHo. CoeNaleHne 06oux HOHATHH (rpy6o roBops) 03Ha-
YaeT, 4To (paKTOpPH3alHs Ha HepasJoXKHMBble 3/JeMeHThbl elHHCTBCH-
Ha. YKe B 1937 r. XHHUMH 3aMeTHJI, YTO NPEACTABJECHHE BEPOSATHO-
CTHBIX pacnpeie/eHHd B BUJE CBEPTKH HEPa3JOXKHUMBIX pacipejele-
HHUH He eAMHCTBEHHO, T. €. HOJYYaeTcs, uTo He KakKIoe HePasJI0xKH-
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Moe paclpefejenue npocroe. B ceocli crtathe Pyxa u Cekel
MOKAa3bIBAIOT, UTO B 3TOH CTPYKType BOOOILe HET MPOCTHIX 3JICMEH-
TOB, H IO3TOMY, UTO KacaeTcsi CBA3H MeXAy MNOHATHAMH HEpasJIo-
JKUMOCTH W IIPOCTOTBHI, CTPYKTypa HaTypaJbNbiX UHCeJT C YMHOKE-
HHEeM U CTPYKTypa BEPOATHOCTIBIX pacrpefesJeHui co CBePTKOHN MO-
JSIPHO TPOTIIBOIIOJNOXKHBI.

e) Jameuanue

Ilsa pacnpenetednss F W G Ha3BIBAIOTCS 83AUMHO NPOCTOIMU,
eciu F u G Moryr OBITh JAEJUTEJNSIMH paclpeic/ICHHs H ToO/aBKO
toraa, korga F « G Takxke ABJAACTCA HEJHTCICM H. B cratbe, 0 KO-
TOpO# TOBOPHJOCH BBIIE, AOKA3aHO, 4YTO OrpaHHuCHHBIC (1 HeBbI-
pOXKJAEHHBIC) pacnpefesicHHsa He MOTYT OLITh B3aWMHO NPOCTBIMH, H
MBl JyMaeM, uTo BOOOIe HET B3aHMHO NPOCTHIX pacrnpeieseHnl; HO
sTa npobJseMa elle He pelleHa.
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13. Ewe HEeCKONbKO NapafoKCoB

a) MMapadokc desenusn pacnpedeneniil nONOAAM

[yerh X u Y — HE3aBHCHMBblE OJAHMHAKOBO DAaCHpele/ieHHbIC C/Y-
gafiHbic BeJIHUMHBL Pacrnpegenedve cymMmbl X - 1 OOBIYHO OAHO-
3HayHO onpejessier obllee pacnpepcseHne BEJHURH X u Y, opHaxo,
KaK 3TO He lapajoKCaJbHO, Tak ObIBaeT He BCEria. 3TO YAUBUTEb-
HO MOTOMY, YTO Ha NPAKTHKe paclipe/lefenus, Kak IpaBuio, AE/IATCA
OAHO3HAYHO, T. €. HX -5 yacTb (ecad OHa CYLILECTBYET) OIpeJe-
AseTcsl eAHHCTReHHbIM 06pas3oM, Kak, HampuMep, B ciayddc Oorpati-
YEeHHDBIX HJH O0e3rpaHHyHO JACJHMBIX pacnpefeneHuit. PaccMOTpUM
Tenepb NapajgoKCajbHbBIA TIPHMeED.
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Ecan cayyadsas BeJHUHHA INPHHHMAET 3HAYEHHS 241 (k=
=0, =1, 2, ... ) ¢ COOTBETCTBYIOIIHMH BEPOSTHOCTSIMH

4
72 (2F + 1)2

TO e€ XapakKTepHUCTHYeCKass (GYHKIHA ¢ (f) sBASETCS NEPHOLHYECKOH
C TNIEpHOJAOM 27 H Ha HHTepBage —n < [ << 7t

¢)=1—2]t|m.

OnpenenuM cefiyac APYIyio CAyYaHHYI0 BeJHYHHY, KOTOpasi paBHa
HyJI0 ¢ BepoATHOCTBbIO 1/2 W npuHuMaer 3naveHust 4k 42 ¢ Bepo-

ATHOCTAMH
2

n? (28 + 1)% °

Xapagrepucruueckass GYHKOHS (f) 5TOH CaAYYAHHOH BeJHUHHBI
Takke mnepHoauueckasd. ke mepHoa paBeH m W Ha HHTepBaJe

—a/2 <<t <<m/2
Y{{)=1—2]|¢t]|/m.

OueBupHO, (f) = [@(f) |, cremoBaTembho, P (f) 2= (¢f)2 Taxum
00pasoM, ecau XapaKTepHCTHYecKas (YHKIHS cyMMb X 4 Y ecTb
P (£)* = (¢)?, To obueH XapaKTepUCTHUECKOH (VHKIMEH BeJHUHH
X u Y Moxer OuTh JHGO ¢(f), An60 P(f), MOITOMY OMHO3HAUHON
ONpeAeJeHHOCTH Her.

3ameruM, uto (Y({f) 4+ ¢ (1)) /2 TakKe sBjseTCs XapaKTePHCTH-
YECKOH (DYHKIHEH, CJIeI0BATeAbLHO,

t t t {
GRS OIS TGE L TO R

9TO AaeT ApYroH NpHMep NEepBOro mapafoxca (GaKTOPH3ANHH, Tak
KaK NPHBEACHHOE BhIUle PaBEHCTBO Heab3sl cOKpaluaTe Ha (q(f)
+ ¥ (?))/2.

MOKHO TakXKe yKa3aTb Takue XapaKTepHCTHYECKHEe (PYHKIHH,
1TO HX 3HAYUCHHST HE BCErJAa JAEUCTBHTEJbHEBl, HO KBaApaThl (DYHKLHI
ACHCTBUTENbHBl BCerfa. ClefoBATENbHO, CYIIECTBYIOT BEPOSITHOCT-
ABIC PACIpPEACTeHHsA, CHMMETPHYHBIC OTHOCHTENbHO HYJS, HO <HX
fIOJTOBHHBI» HCCHMMETDHYHBI B TOM CMBICJIE, UTO CYINECTBYIOT He3a-
BHCHMbBIE OAHHAKOBO pachnpefeseHHBle CAyuyaWHble BeJHYHHH X U Y,
CyMMa KOTOpBIX X + Y pacmpepesena CUMMeTpPpHYHO, HO X u Y He-
CHMMETPHYHEL (Ec/aH cayyaliHble BeJMUMHBI OrpaHHUEHBI, TO TAKAS
CATYdlHsl HEBO3MOXKHA.) YAHBHTENLHBIM TakK¥Xe MPefCTaBJasIeTCs
TOT (QaKT, YTO eC/H IJIOTHOCTH BEPOATHOCTH f(X) cayualiHoOH BeJH-
YHHB X cuMMerpuuHa (f(-—x) = f(x)), npu atom 0 < @ < [(1) <
<b<Too mas |{ <c<<oo u f(£) =0 npu |¢| >¢, T0 y X Her
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HOJOBUHBL, T. € HE CYLIECTBYeT XapaKTepHCTHYeCKOH (DYHKUIHH ¢,
nas koropoil @x = ¢2. (JIut.: Ilpobaema 10, Mat Lapok, 30, 1982,
c. 272. (Ha senrepckom si3bike.) [lpemmoxuan T. Mopu ¥

I". Cekenl.)

6) Iaroaoeuueckue 8epoOATHOCTHbLE pacnpedenenus

(i) Iycrs QyHKUHS pacnpejeseHus [ HEeKOTOPOH C1y4alHOH Be-
NMMuRHL 06aajaer caedyioliumu csofictBamu: F(0) =0, F(1) = ]

U 7
o0
—{
X = Z 270 (< a <ay< ... — NOJOXKHATCJBLHBIE qucsa)
r=0
HMeeM

rle @ — NPOM3BOJbHOE TOJOXKHTEIbHOe uHclo. JI. Takaw mnokasal
(The American Math. Monthly, 85, 35—37, 1978), uto F(x) —
CTPOro BO3pacTaiollas 4 HenpepblBHAA (GyHKIHS Ha HHTEpBaJe
(0, 1). Ilpu a=1 nmoayuum F(x) =X Ha HHTEpBaJe 0, 1), T. e
clyualinas BeJHYHHA DABHOMEDHO paclpejeneHa, €€ MIOTHOCTL BE-
POSITHOCTH paBHa HYJIO BHE HWHTepBaJa (0, 1) u paBHa 1 Ha camMOM
HHTepBaje. YIMBHTEJAbHO, HO eCIH a7 1, TO F (1 COOTBETCTBYIO-
masi cayuaiiHas BeJMuMHa) BooOlle He HMEIOT MJIOTHOCTH, T. € HC
cyllecTByeT GDYHKIHH [, A1 KOTOPOH

F(x)= S f(u)du.

— Q0

XoTss HauboJgee 4aCTO BCTpedaloUlHecs HeNpepbiBHbIE paclpeaee-
HUS BCEraa UMeIoT MNJOTHOCTH BEPOSITHOCTH, HeJlb3sl 3abblBaThb O Ma-
TOJOTHYECKUX CAyYafiHBIX BeJHYHHaX, KOTOPBIE MBI TOJBKO 4TO pac-
cMorpeat. Hampumep, WHTEPECHO OTMETHTH, 4YTO CC/H PABHOMEPHO
pacnpejesietnas clydafinass BeJHYHHA MPEACTABAACTCA B BUIE CYM-
Mbl ABYX HE3aBMCHMBIX C/AYy4aHHbBIX BeJMUYHH C HENPEPBIBHEIMH hyHK-
UUSIMH paclpeleseHts, To Mo KpalHed Mepe OLHO M3 paclpenese:-
HUH [ATOJOCHYecKoe, T. €. He HMeer TMJOTHOCTH BepOATHOCTH.
(Ucropus MaToOJIOrMYeCKHX H O4YeHb TMAaTONOTHYECKHX, T. €. «CHHIY-
JA9pHBIX», (YHKuHA Hauasack B 1904 r., Koria A. Jlebee onybau-
KOBaJl CBOK KHHUTY MO MHTErPpHPOBAHHUIO dyukuuit. OXHE H3 MOCJEN-
HHUX pe3yJbTaTOB 1O CHHIYJAPHBIM (QYHKUHSM TPHHAAICKHT
raxske Cater F. S. "Most monotone functions are not singular®,
T. 3ampugecky, cm. Zamrifescu T. "Most monotone functions are
singular, The American Math. Monthly, 88, 47—49, (1981). Cwm.
The American Math. Monthly, 89, 466—469, (1982).)
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(ii) IlycTb coBMecTHas nmaoTHoCTD BCPOSITHOCTH CJAyYaHHBIX Be-
JUIHH X H Y 3aZlaHa paBeHCTBOM

h X, — le e—‘”xl”i'x?y?/%.
(x, ¥) wir
Torna niorHocts BEPOSATHOCTH BeJHUHHKBI X eCcThb
oo O, X = 0,
X) = hix, y)dy=1< 1
F =\ h(x, ) dy Lemixt, x o0

— X

ScHo, uTo PyHKUUSA A HCTIpephIBHA, a QYHKUUA [ B HyJe paspbIBHA,
JI. Kaapx nocrpoun npumep (The American Math, Monthly, 82,
845—846, (1975), korma h HelpepbhIBHA Be3de, a [ He SBJASETCH
HelpepeiBHOM Hurpe! Jlerko mokasath, yto f Bcerma IIOJIYHENpephiB-

Ha CHH3Y, T. e.
lim f(x") =T (x).
X' —>x
bosee Ttoro, ecau HHTCTpaJ 10 BCEeH MNPIAMOH OT HEOTPHILATEJbHON
TONYHENPEPBIBHON (YHKUHH paBeH eAHHUIIE, TO CYLIECTBYET Herpe-
PHIBHAS ILIOTHOCTb BePOATHOCTH A (X, y), AN KOTOPOH

(9]

Fo=\ h(x, y)dy.

— 0

(J/Int.: Pelling M. J., Verbeek A. “On marginal density functions of continuous
densities 117, The American Math. Monthly, 84, 364—365, (1977).)

8) Illapadoxc npodasya easer

[Iponasen raser sakaswiBaer exenmeBHo N razer. C Kaxxjo#
MTPOXAHHOH raseThl OH NOJyYaeT NPHGLIIL B b A0JMJIAPOB H TepseT ¢
AOJJTIapOB HA KaxKAOH raseTe, OCTAaBUICHCH HeNPOAaHHONH. Kakum
HY?>KHO BEBIOpate N, uT06HI MaKCHMH3HDOBATL OXHAACMYIO MpH-
Oblb? Yiucao IoKynate/Jed, OUeBHIHO, cayvanno. [Ipeanonoxum,
17O OHO MNOAuUMHsAETCs pachopeaeneHuio [Tyaccona c HEKOTOPBIM Ila-
paMeTrpom A, T. €. BEPOSITHOCTh TOTO, UTO UYHCIO oKymnareJjen B TOU-
HOCTH paBHO 1, ectb A"e~"/nl. TlosoxuM b=1 ¢=292 u % — 10,
T. €. CpelHee uHnc/I0 mokynatesaedl pasuo 10. Torma MOMKHO MOKA-
3dTb, UTO CJIEAyeT 3aKasweiBaTh B cpeaHeM 9 raser. OmHako, oye-
BHAHO, eCH NpORaBel 3aKasplBaeT JAHUIb 9 razeT exeIHEBHO, TO
CPENHEE HHCI0 NOKynateled yMeHbWHTes ¢ 10 10 9: HO B 3tOM cJy-
1d€ ONTHMAaJbHOe YHCJI0 raser Gyaer paBHO 8 u T. 4. O6bicHeHe
3TOH [12PaA0KCAIBbHOH CHTYAlHH COCTOHT B TOM, 4YTO HEOOXOAHUMO
IPUHMMAaTL BO BHMMaHHe YOBITKH, BO3HHKAMOIIHE H3-34 IIOTEpPHU «IO-
TCHIHAJILHOIO MOKyNaTeas», KOTOPHIH VXOAHT HEYJOBJIETBODEHHBIM.
[Tyets d ponnapos cocrapasior [MOTepu NpoaaBila, €CJH OH He MO-
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KeT NPCAJNOKUTD KaKoOMy-a1100 IMOKyMmaTealo rasery. (3nauenune d
HeJb3sl ONPEeAETHTh CTOJb e MPpOoCTO, Kak 3HaueHust b ¥ ¢, N0 3TOMH
IpUUHHE €ro, K COXaJeHHIo, dacTo BOOGILC He yuuThiBaloT. Hampu-
mep, ecan d = 1§, To Ags A== 10 onTuMaJbHOe 3Hauenne N paBHO
10.)

B o6uem cayyae 0003HAUUM 4Yepes X (cayuafiHoe) YHCJIO MOKY-
matedell (Temepb MBI He NpejanoJjaraeM, d9To X umeer pacnpeje’e-
e Ilyaccona). MoxHO MOKasarb, 9T0 ONTHMAaJbHOE 3HaucHue N

ecTh pellleHue ypaBHenust P (X > N) = b+f:—|—d’ T. €. eCcJ¥ IIpO-

napen raszer samacaercss N 9K3eMIJsipaMi raset, IAC N — pelenue

3TOTO ypaBHEHUs, TO €ro oXKulaeMmas npubbLip GyAeT MakcuMa.IbHd.

(JIut.: Morse P. M, Kimball G. E. Methods of Operations Research, Wiley,
New York, 1951.
DeGroot M. H. Optimal Statistical Decisions, McGraw Hill, New York,

1970. [VImeerca mepeBON. e [poor M. OmnrumajbHble CTATHCTHHECKHE
perenus. — M.: Mup, 1974.])

2) Ilapadoxc Kecrena

CorsacHo ycuJleHHOMY 34KOHY Goapuinx uucen Koamoroposa
AJIsT HEe3aBUCUMBIX OAHHAKOBO pacrpefesenHblX CJIyUalHbIX BEJHUHH
X1, Xo, X3, ... MOCHEAOBATEILHOCTD

X, =X, +Xo+ ... +Xan

CXOLNTCS K HEKOTOPOH nocTosiHHOoii M ¢ BeposiTHOCTbIO 1 TOrAa H
TOJILKO TOLZA, KOTAa y BeauunH X; CYLIeCTBYIOT MaTeMaTHueCKHe
OKHIAHHA, 9TH MaTeMaTHueckde OXHUAAHUA PaBHEL kak pas M.
Mrag, ecad M cymecTByer, TO € BEPOSTHOCTBIO ] mocJaeroBaTeIb-
HOCTb X, OUEHb «peryJjaspHa»: €c eZMHCTBEHHON MpeaeabHOH TOUKOH
apnsercs M. Jlo Kako#l cTelneHH MOCJAEAOBATEJIBHOCTE X, «uppery-
asipHa», Koraa M He cymecrsyer? B 1970 T. Tappu Kecrexn JOKa-
3aJ], UTO MHOMKECTBO IIpEAeJbHDLIX TOUEK HOCJeI0BATENBHOCTH X
MOKeT OBITb IIPOH3BOJILHBIM (HecayuyaHHBIM) 33MKHYTBIM MHOXKE-
CTBOM, COJAEpKALUM —00 H 00 € BEepOATHOCTBIO 1. TTosTOMYy MHO-
JKeCTBO IpeJeJbHBIX TOYEK MOKeT COBHalath cO BCEH UHMCTOBOH
NpsMO#i, XOTs [0Ka HeH3BeCTHO, KaKHMH cBolicTBAMH B 3TOM CJydac
NOJKHa 00/1a4aTh (PYHKUUS pacrnpeleaeHu BeJHUNH X;.

(JTut.: Kesten H. “The limit points of a normalized random walk”, Annals of
Math. Statist., 41, 1173—1205, (1970).)

0) ITapadoxc €TOXACTUHECKOEO eerizepa

B 1962 r. Aunbdpen PeHbH NOCTABHII caefyIOlKE BOnpoc. Pac-
CMOTPHM TeHsep, pHIGpacHBalolInii (poHTAH ¢ HHTEpBATaMH X1,
Xo, ... . Ilpeanosoxum, uTO 3TH HHTEPBAJDI qBJISIIOTCS HE3aBHCH-
MBIMH OAHHAKOBO pacnpeie]eHHbIMU CAYYaHHBIMH  BeJTHYHHAMH.
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Hajigem MOMEGHTBH BpeMeHH, KOrAd I[POHCXOAHIH BBHIOGPOCH, S, ==
=X, + Xo+ ...+ X,. Kak Beqsukd MOryt ObITb OMIHUOKH IpH Ompe-
IEJEHHH C BEpPOSTHOCTBIO | HEH3BECTHHIX paclnpeieseHdd cayuai-
HBIX BeJHUYHH X; Ha OCHOBe INOJIYUYGHHBIX MAAHHBIX? IJTOT BONPOC
TeCHO C¢BfI3aH co caeaywoulel npobaemon. Ilyers S, = X1+ X+ ...
oo+ XouT, =Y+ Y+ ...+ Y, — uacTuudble CyMMH He3aBH-
CUMbIX OJMHAKOBO paclpelefeHHbIX CJAyYaHHBIX BeJHUHH (BeJHYHU-
Hel X;, He 00f3aTejbHO He 3aBHCAT OT BeJuuuH Y;). Hackoabko
6au3ko S, MoxeT OnTh K 1, ecau pacnpejeieHus X; u Y; pas-
anuHel? Ecau (S,—7T,)/n crpeMuTcss K HYJIO, TO 10 YCUJIECHHOMY
3aKOHy OOJbILIHX uHcesJ MaTeMaTHuyecKHe OXKHAaHUA BeJuuud X; H
Y; (Ipu ycJOBHH, UTO OHH CYLIECTBYIOT) He MOCYT pa3JjHyarbed
(c BeposiTHOCTblo 1). M3BeCTHBIH 3aKOH MOBTOPHOrO Jorapugpma
yCTAHABJIMBAET, UTO €CJAU V X CYUICCTBYET CTAHLApPTHOC OTKJIOHEHHE
D (X), T0

lim sup Sn— £ (Sn) __

1> oo A2nnlnn

D(X).

CiefoBaTenbHO, ecin gaxe (S, — T,)/A/n cTpemurcs x HY.JI0, 10

CTaHJapTHBIE OTKJAOHeHHs ¥ X U Y JOJIXKHBI coBnajartk. Mccaegona-

HHs1, npoBeseHHble CkopoxoaoM u llTpacceHOM Ha OCHOBe TeOpHH

OpOYHOBCKOrO J[ABHMKEHHS, NPUBEJHN K IPelNOJOXKEHHIO, UTO €CJIH,

HalpuMep, BeJHuMHa X OorpaHHuY€Ha, a Y HOpPMAJILHO pachpejesieHa,
4

10 |S,—T,| He menblie 4/n (npu mocratouHo Goabmux n). Ta-

4
kaM obpasom, (S, — T,)/A/n He MOXKeT CXOAMTHCS K HYJIO (C Be-
posATHOCTBIO 1). B cuay 3THUX pe3yJabTaToB CUMTAJH, YTO MOMEHTEH
BpiOpoca y reiizepa JOCTaTOUHO H3MEPSATH C OLIHGKOH, He IPeBOCXO-

4

asuieit 4/n. DOJBIIOH HEOXHIAHHOCTBIO SIBHJIOCH TO, UTO MOCJE
nepBHX pes3yabTatoB [I. Peseca u M. Hepee B 1974 r. fI. Komaouwu,
I1. Maidiop u I'. Tywnadu nokasanu, 4yto S, MOXKHO NPUOAH3UTDL T,
HACTOJbKO XOpoulo, uro fAaxe BeauunHa (S,—7T,)/Inn ocraercs
orpaHHyYyeHHOH. Krak, npu 3anucH MOMEHTOB BhHIOpoca OMHOKH H3-
MEpEeHHH JMOJIXKHLI OHITh B Npelenax Inn. 1. baprgari nokasaJg, yTo
€c/id OIHOKH H3MEepeHHs, JeJeHHble Ha Inn, cXOASaTCs K HYJII0, TO
pacnpeneneHnss HHTEPBAJOB MeXy NOCJAeL0BaTeJbHEIMH BEIOpOCaMu
MOI'YT OBITb OllpefesieHbl ¢ BepOSITHOCThIO 1.

(JIur.: Csorgé M., Révész P. Strong Approximations in Probability and Sta-
tistics, Akadémiai Kiad6, Budapest, 1981.)

e) Ilapadokc sepoaTHoCTu 8 KBAHTOBOL Puslke

MeToAb TEOpHH BepOATHOCTE! IUHPOKO HCHOJb3OBaJHCh B (hu-
3HKe yXe B npouioM Beke. Kiaaccuyeckasi ctaTHCTHUYeCKast (GH3HKA
HayMHa/Jdach ¢ HAEH O TOM, UTO PABHOBECHE CHCTeMHbl (CocTosimieH H3
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OO0JIbILIOIO YHCJA 4YACTHL) ecTbh HauboJjiee BEPOSITHOC COCTOSIHHE CH-
creMbl. CUHTaNOCh, YTO METOABl CTATHCTHUYECKOH (DU3UKH JHINb IIPH-
OJIHKEHHO OIMHCHIBAIOT MaKPOCKOMHYECKOE MOBeAeHHe cHeTeMH. Ofi-
HAKO B pesyJibTaTe BepPOSTHOCTHOHM HHTEpPIpETALlMM KBAHTOBOH (hH-
3HKH CJYUYaHHOCTh U BEPOSATHOCTb CTaJH HeOThEeMJIEMOH 4acThio BCeH
(pu3uKH. BepoATHOCTL CTaJsa CTOJb XKe (YHZaAMEHTaJbHBEIM IIOHH-
THEeM KakK, HallpHMep, 2HeprHs, a He 4eM-TO HCIOJb3YeMBLIM JHIIb B
KayecTBe NpuOJHKeHHA U 0e3 uero B NPHHOUNE MOXKHO OOOHTHCE.
Jlaxe ODHHIITEHHY, XOTSd OH BOBce He OBLT KOHCEPBATHBEH, HE Hpa-
BHJIHCh 3TH paJHKaJbHble H3MEHEHHS B OCHOBAHHSX (DH3HKH.
B nuceme xk Makcy bopry (noayuusiiemy HoGeneBcKylo npeMuo 3a
BEPOSATHOCTHYIO HHTEPHpPETAUHI0O BOJHOBOH (PYHKIHH B KBAHTOBOH
MEeXaHHKe) OH HalHcaJ, YTO BEPHUT B CYLIeCTBOBaHHE COBepIIEHHBIX
3akoHOB lIpupoan: «bor He urpaer B KocT». B cBoeM oTBere BopH
OOBSICHHJ, YTO BMECTO pelleHHsi 0oJbmIoro uucia auddepeHnnanb-
HblX YPaBHEHHH B HEKOTOPHIX CJyYasfiX MOXKHO MOJYUHTh NpPHEMJIE-
Mble pe3yJbTaThl, Opocas UrpajbHyl Kocth. C Tex mop uiaen BopHa
cTaNu AOMHHHDPYIOIIMUMH. CJ/yuyafHOCTb H BepOSTHOCTb — yKe IIpH-
3HaHHbIE NIOHSITHS B (PU3HKe. IJTH U3MEHEHUA MOBJHAJIM H Ha (QHJO-
cO(HIO: MEXaHHCTHUECKUH JeTepMHHHU3M NOTEpsJI CBOIO I'1aBeHCTBYIO-
myoo poJab. COBpeMeHHOe COCTOsIHHEe MHpa He IIOJIHOCTbIO OIpeje-
JisieT ero Oyayuiee coctosinue. Ha OCHOBe HACTOAIIHX 3HAHHH MOXKHO
ONPEAEJNHTD JIHIIb BEPOATHOCTb COOBITHH, KOTOPRIE IPOU30HAYT B OY-
ayuieM. OAHAKO 5TO He O3HauyaerT MpPH3HAHHE ArHOCTHIH3MA, TaK
KaK 3aKOHH IIPOSIBJEHMSA CJHYUYAHHOCTH I103HABaeMh (HMEHHO 3THM
‘M 3aHMMaeTcsl Teopust BeposiTHocTel). [lapaaokcanpHo, HO dH3HUe-
CKasi KOHHENMIHs BEPOATHOCTH He SBJAETCS IPOCTHIM INpPHMEHeHHEeM
MaTeMaTHUYeCKOH BepOATHOCTH B (pu3HKe. MOTHBH H AyX 00€HX KOH-
nenuuid pasauunbl. Corsacuo P. Dednmany, xkotopomy B 1965 r.
npucyxaena HobGeseBckas npeMHs Mo (PH3HKe, 3aKOHBI KBAaHTOBOH
(PH3MKH MOXKHO IIOHATb, ONHpasCh Ha TEOPHIO BEPOSITHOCTEH, BO3-
HUKAUYK U3 TEOPHH a3apPTHBIX UrP, eCJAH NMPUMEHHTh 3aKOHHI TEO-
pHE BEPOATHOCTEH K OOJBIIOMY UHCAY YACTHI, OAHAKO 3TH 3aKOHH
He 00DBACHAIOT NOBEAEHHE 0TOeAbH020 3JEKTPOHA HJIK TIpOoTOHA. BoJl-
HOBasl Teopus de bpoliaa n [llpéduneepa v NpUHOHI HeOoNmpegeJeH-
HOCTH [eli3enbepza npuBesd, BO MHOTOM 6Jaarogapsi pab6oraM Bop-
Ha, K cos3faHuio Mexay 1926 u 1929 rr. HOBOH KBaHTOBOH TEOpHH
BEpOsiTHOCTeH. MareMarudeckasi TeopHsi BepositHocteii Kosmoro-
poBa Obl1a MOCTPOEHA TaKXKe NMPHUOJIU3HUTENbHO B 9TO Bpems. Brisic-
HEHHe CBsI3W MexXIy JBYMsl THIIAMH TE€OPUH BEPOATHOCTEU HAUaJOCh
3HAYHUTENbHO I103XKe, MOYTH ABAALATHL JeT CHOycTs; O0JbLIYI0 pOJb
3hech cHrpaJia pabora I'. Makku, ocHOBaHHasi Ha 6oJiee paHHHX HC-
ciaeioBaHuAX (oH Helimana. B xoHue XOHHOB 6hlIa pa3paloTaHa
o0l1asi eIMHAasl TeOpUsl BEPOSITHOCTeH, KoTopas BKJIOUaJga B cebs H
KJAaCCHYECKYIO, H KBAHTOBYIO TEOPHH BepOsTHOCTeH (cM. KHuUTY [ an-
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nepa). DTo paspeliaeT NPOTUBOPeYHe U TO3BOJSIET OHHUCATh TEOPHIO
BEPOSITHOCTEH, OCHOBAHHYI0 Ha OOHICH CTPYKType CJyYaHHBIX CO-
OBLITHH.

(JIut.: Born M. Natural Philosophy of Cause and Chance, Dover Pub., New

York, 1964.
Gudder S. P. Stochastic Methods in Quantum Mechanics, North-Hol-

land, New York, 1979.)

oc) I[lapadorxc kpunroepaguu

Ha nporaxeHun HECKOJbKHUX [BICAUENCTHH HCTOPUH KPHIITOTPA-
(HUH cllenHaJuCTHl M0 TAHHONWCH MNPUAYMBIBAJIU Bce 6oJee u GoJiee
M30LIpCHHBIe MHGPH, a WX OPOTHBHHUKU COOTBETCTBEHHO HAXOIHJH
crtoco0bl UX NEPeXHTPHUTL C MOMOIIbI0 Bce Oosee U Gosee sddek-
THUBHOH TEeXHHMKHW pasralkn mudpoB. Jdeap Asran Ilo, cuntaBimiui
cefs1 MacTepoM TaHHONHUCH, OB YO6eXKIeH, 4YTO «...ueJoBeuecKad
H300peTaTesIbHOCTL He MOXKeT NPUAYMAaTh Tako# mudp, KOTOpHH OH
qeJIOBeYecKasi HaXOMUHWBOCThL He CMOIVIa pasranathy». [lepBhrit mepe-
JIOM B HCTOPWH KpHUNTOrpacHu HACTYNHJ B JBajlaThe TOABl, KOTZA
OBIM OTKPHITH «CIHOpasoBhle HIHppH». Takue oxHOpPa30BHE IIHpD-
pH Oul1H BrepBHIe HCOOAL30BAHK B ['epMaHUH U YHOTpeOJasJIHChH
NOECIOAY Ha NPOTHAXEHHU N0JIyBeKa. PassiuuHble TUIIB OJJHOPA30BHIX
ITUPPOB CUUTAIOTCS OuUeHb 3(h(HEKTHBHBIMH H CErojHsI MOCTOSIHHO HUC-
NOJIb3YVIOTCS BO MHOTHX CTpaHax AJS cheldaJJbHBIX nocaaduil. B sua-
MEHHTOH «ropduel JUHUU» Mexay BamuwHrronom m MocKBOH TakiKe
NPUMEHSAITCA ONHOPA30BHE WHOPLH. ITH WHOPH AeHCTBHTEIbHO
HepasrajblBaeMsl B IIpHHUHIE, TaK KaK pa3JHYHBEC MADPLI-CABHTH
KOAUPYIOT KaXJABIH CHMBOJ B HCXOJHOM TEKCTe, IIPH 3TOM BCSKHH
pas cABHI BhICHDpaeTcs caydaiHbiM 06pa3oMm. Eciu 6YKBY «e» Bcerga
KOOUPOBATh Kak «t», TO 3T0 OB OB NIPOCTOH MOJACTAHOBOUYHHIN
IH}pP, KOTOPHH Jerko pasrafaTth ¢ NOMOIILIO CTATHCTHUECKOTO aHa-
m3a (Tak Kak «e» —wanbojee uyacto ynorpebaseMas OGYKBa BO
MHOTMX s3biKax). OfHaxo, eclin «e» KOJHPOBATL MHOTAA KaK «ay,
HHOTJla KaK «C», a MMOPOH KAaK «wW», U BHIGOp 3aMeHbl OCYLIECTBJSTh
CJAy4yaWHO, TO TakKOH ONHOPA30BHI MKdpP HeAb3sl pasrafaTh faxe B
npuriune. lIudposanunii TekcT HHUeM He OOGHAPYIKHBAET 3aKOMH-
poBaHHOe coAepxaHHe. HemocraTok moaoGHOH MNpoHeAYypH 3aKJIIO-
HYaercs B TOM, UTO OJHODPA30BhHE MHU(PH MOXKHO HCIOJNL30BATH JIHIb
ONHaXABl JJ51 €IHHCTBEHHOI'O NOCJaHUA. 3aMeuaTeNbHOE OTKPBITHE
CIIEHHAJHUCTOB IO 3JEeKTpOHHKe u3 CraHdopACKOro YHUBEPCHTETA
Yurgurda Huppu u Mapruna Xeasmana peBONIONHOHH3HPOBAJO
BCIO 00JlacTb cekpeTHOH cBg3H. [loj BJHSIHHEM MAaTeMaTHUECKOMN
TEOpHH CJOXKHOCTH OHH mpeasioxuan B 1975 r. Houit THn mudpa,
KOTOPBIH pasrajibiBaeM B MPHHIHIE, HO a6COJMIOTHO He pa3rafHBaeM
Ha mnpakTHke. TouHee, 3TH HOBble IHDPE MOXHO pasrafaTh, HO
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JULIb ¢ IOMOIILIO mporpaMM Ha DBM, kotopble 6YAYT BBINOJHAThCS
MUJJIHOHE JeT. HHTepecHO, uTo nponeaypa WHQPPOBKH H pacUIug-
pOBKH, npepynoxkeHHas JIudou n XeJaMaHOM, HECHUMMETPHUHA, T. €.
ecJIH M3BECTeH JIHIIbL METOJ WIH(MPOBKH, TO C NOMOIILIO BHIGQUCTIEHHH
HepeaJbHO OOGHAPYXKHTb CHOCO6 paciiHPOBKH, a 3TO obecreunBaeT
abcooTHYI0 cekpeTHOcTb. (Tako#i Meronx mepeaaun wWHpPOBAHHBIX
COOBIIEHUH MOo3BoJsieT RoOuThesa Toro, uro Judbdbu n XeanmaH Ha-
3Banu (QYHKIHEH-JTOBYIIKOH ¢ ORHOCTOPOHHMM BXOZOM.) Cekper
MO3KeT OHITb 3aKOAMPOBAH M PACKPHIT Pa3HBIMH ClOCOOAMH (H JJIs
paciiudpoBkH Tpebyercsi Oosee TOHKMHA MeToA). OCHOBHast ujes
OJHOCTOPOHHEro IHU(PpPOBaHUs OUYeHb NPOCTA: ABA YHCJA JIETKO Ile-
pEMHOXHTb, HanpuMmep, npousselienue uuces 101 u 211 Beiuncasiercs
npocTo ¥ OHO paBHO 21311, HO ecau HaM HYXKHO HAWTH JiBa UHUCJA,
KOTOpble 00Jbllle eIMHHUIIBI U HX Npou3Belenue pasHo 21311, To agsa
TOro, YTOObl YCTAHOBUTb, UTO E€AHHCTBEHHO BO3MOMKHOEC pelIeHHe —
sto 101 u 211, norpe6yercss 3HauuTEeIbHO OOJblIE BPEMEHH. EcTecT-
BEHHO, CYHIECTBYIOT BHIUHC/JAHTE/JbHBIE AJTOPHTMBI JJIs1 Pa3J/I0XKCHHUS
yUCes Ha MHOXKHTEIH, HO B cJyuyae, Korjaa uuciao coctoutr uz 40—>50
uudp, BpeMs, HeoOXoAUMOe O/ HAXOXKJEHHs] MHOXHTEeJeH, COCTa-
BUJIO Obl MHJJIHOHB JeT. Ha ocHOBe TeOpHH NPOCTBIX uHce] Oblla
HafileHa npocTtas QYHKIHS-JOBYIIKA: KJAIOU A5 INHQPOBKH 3aBHCHT
JIUIIIb OT TIPOHW3BeJeHHs1 ABYX NPOCTHIX 4YHCeJ, B TO BpeMs KakK I
pacliucpOBKH TEKCTa HeOOXOAMMO 3HAThb CaMH HPOCTHIE YHUCJA.
OcTanoBuMcs noApoOHee Ha 3TOH (YHKUHH-JIOBYIIKe!

[IycTb p U ¢ — ABa GOJBUIHX CJyUYalHBIX NPOCTHIX uHcaa. [Ipo-
H3BeJCHHE 7 3THX JBYX UHCeJ H ellle OAHO ciaydahHoe uyuciao E
ABJSIIOTCA KJaOuoM WWHdpa (£, n) Aas n#oJb3oBaress, IIPpH 3TOM
KJAI04U He 00513aTeJIbHO JAepiKaTh B CEKPeTe, ero MOXXHO NMOMECTHTb
B Kako#-nub60 obmiui ¢dahj, Hanpumep, B TeJeOHHBIH COPaBOUYHHUK.
JIns vcnosib30BaHus KJIoua OTOPaBUTENb CHAauaJga npeobpasyer cBOE
nocJaHue B LENOuKy Iudp, KOTOPYIO OH 3aTeM pa3buBaer Ha OJIOKH
By, B, .... Kaxpnoe uucyio B; B HCXOIHOM TeKCTE€ JOJKHO OBITH
Mexkay 0 u n—1. Jlaa xaxkJoro umucjaa B HCXOJHOM TeKcre B; OT-

MIpaBUTEdb BHIUUCJSET YUCJAO B WHQPPOBAHHOM TEKCTE C;=Bi no
moayiio n (1. e. C;— ocraTtox npu JedeHuu E-ii creneHu uuciaa B;
Ha n). Takof o6LIefOCTYNHWIil cnocobd WH@POBKH OCHOBAH HA TOM
dakTe, 4TO XOTA HaXOXKJAeHde GOJbIIUX NMPOCTHIX yHcead (p H g) C
BEIUHC/UTENbHON TOUKH 3pEHHS IMPOCTO, OJHAKO pasJoxKeHHe ITPOU3-
BeJleHHS JBYX TAKHX UHCEJ HAa MHOXKHUTEIH ¢ NMOMOIIbIO BHIUHC/IEHHH
B HACTOslllee BpeMd HepeaJsbHO, Tak uro, sHas Juib (E, n) u Cj
GesnafeXuo mnHTathest Hahith B, [ag paclimdpoBKM TEKCTa
Cy, Co, ... NOAB30BATENIO0 HYXKHBI N U CEKPETHHIH KJIOU OJs pac-
mupoBKE D, moJyuaeMblii H3 NPOCTBIX COMHOXXHTENEH p H ¢ UUCIa
n. D ecTb MYyJbTHNJIUMKATHBHO OOpaTHoe K E 4HCJIO 1O MOZAYJIO
(p — 1) (g— 1), 1. e. npousseaende ED no moaymo (p—1) (g — 1)
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paBro 1. (IIpoussesenue (p — 1) (g — 1) maer xoJHYeCTBO LEJBIX
yuces Mexay | u n, He HMEOIHX ¢ 1 O0mHX Aequtesei.) [locae
BCEI'0 3TOTrO IoJyyartesb Jerko HaxoAuT Bi:

C? = (BF)? = B, no moayo n.

drtor Mmeroj paspaboranun Pusecr, [Hamup u Adseman U OH Ha3sH-
BaeTcsa cucreMord RSA.

(/Iat.: Hellman M. E. “The mathematics of public-key cryptography”, Sci.
Amer., 241, 130—139, (1979).
Simmons G. J. “Cryptology, the mathematics of secure communication”,
The Math. Intelligencer, 1, 233—246, (1979).
Shamir A. “A polinomial time algorithm for breaking Merkle — Hell-
man cryptosystiems”, Research Announcement, 1982.)

3) Ilapadoxc noasuu u Teopuu uxgpopmayuu

B kKauecrBe HoCJeLHEro napajokca B 3TOM KHHre IPHUBEAY CJA0BA
MOEro NOKOHHOoro yuuTess npodeccopa Arsppeda Penbu:

«C Tex mnop, KaK f HayaJ 3aHUMATbCHd TeOopHed HHOOpMAaIHH,
A 4aCTO pasMBILJIAI0 HaA KPaTKOCTBIO CTHXOTBOPEHHH; MoueMy OJHA
CTPOKA CTHUXOTBOPEHHUA COLEPKUT 3HAUHUTEJNbHO O0Jblle «HHMOpMA-
IIUH», 4eM OUEHb KOPOTKas TeJierpaMMa TakKoW XKe NJHHBL. Y AUBH-
TeJIbHOe OOTaTCTBO 3HAUCHHUH B JUTEPATYPHBIX TPYAAX KaxXKercsd Hpo-
THBOPEUHUT 3aKOHAM TeopHH HHPopmanuu. KiwuoMm K 3TOMY Hapa-
AOKCY, 1 AyMalo, SABJAETCA I[OHATHE «pe3oHaHca». [Iucartenb He
TOJILKO co00IaerT HaM MH(GOpMAIHI, HO ¥ UrpaeT Ha CTPYHax $3HI-
Ka ¢ TAKHM MAacCTepCTBOM, 4YTO HAll pasyM M JaxKe caMoO IIOJACO3Ha-
HHE pe3OHUPYIOT. I103T ¢ NMOMOINBIO yAaYHOrO CJAOBA MOXeET BHI3BATH
IIeNOYKY HJAEH, 3MOIHUH H BOCIIOMHHAHHH. B 5TOM cMbIc/e TPYH ITH-
caTesiss — BOJIIECOCTBO.»



FMABA V
NAPAfLOKCONOrng

B ray6uHe AymH MH BEepHUM B PeasbHOCTD
MaTeMaTHKH, HO Korja ¢unocodps ykKasbl-
BAalOT HaM Ha Iapajokctl B MaTeMaTHKe,
MBI, KOHeuHoO, CIeIIHM cHnpaTaTbhest 3a ab-
CTPAKLHUAMH ¥ TOBOPHM: MAaTeMaTHKa —
9TO JIHIIb KoMOMHAUHAd OecCMBICJCHHBIX

CHMBOJIOB...
K. A. 3. Tvedonne, 1970

Kak u OOJBLUIMHCTBO Pa3fesoB HayKH, MAaTeMaTHKA — 3TO TaAKKe
H HCTOpPHS MapafoKcOoB. Benuualiline OTKPHITHSA, KaK NpaBHJO, pas-
pellasy BeJHUailive mapafokcH (BcrnomuuTe JlapBuHa B ODHHINTEH-
Ha) H B TO e BpeMs OHH B CBOIO odepefb OBl MCTOUHHKOM HO-
BRHIX mapamoxcoB. Merox o6yuenust Cokpata, 10 KOTOPOMY O HOBBIX
HAesIX Hal0 V3HABaTb depe3 MAapajOKCH, ABJAAeTCS caMbIM (yHAA-
MEHTaJbHBIM, TaK KaK NpOIlecCc HAYYHOIO NMO3HAHHS caM OIHpaercs
Ha MapajoKCHL.

Jlnss pa3BUTHSI NeAYKTHBHOH MaTeMaTHKH OTPOMHYIO POJb CHIT-
pajo TO, uTo (HecMOTps Ha MHeHHe HH(Aaropufies, 4TO «BCE €CTh
YHCJO», T. €. IeJIoe YHCJA0) CYLIeCTBYIOT OTpe3ku (Hampumep, AHAa-
roHaJb H CTOPOHA KBaJpara), OTHOIIEHHe AJHUH KOTOPHIX He SBJIS-
eTCsl OTHOIIEHHWeM IeJBIX YHCeJ, a 3TO O3Hauaer, YTO TAKOe OTHO-
IIeHHEe ¢ TOUKH 3peHus nudaropuiiues — He unciao. (B cooTBercTBUH
C COBDPEMEHHOH TEPMHHOJIOTHEH OHO He dABJJeTCS pPauHOHANbHEIM
4UCJOM.) IDTOT MapaloKC <«HECOM3MEePHUMOCTH» IIPHBEJ K paclany
NHGaropuiicKol MIKOJAH MU OCJabJeHHI0 UHCJI0BOr0 MHCTHLIM3MA, a
TaK¥e K €BKJHI0BOH reoMeTpuu (rje poJb UHUCEJ CTaJH HIpaTh reo-
MeTpuueckue QUIypH) H K «MaTeMaTHuecKomy wupeaausmy» I[lna-
TOHA (Ha NPaKTHKe «HECOM3MEPHMOCTb» HeJb3sl NMPOBEPUTb HEMmoC-
peNCTBEHHO, NO3TOMY, cornacHo [lnaTtoHy, ONLIT HE MOXKET IIPHBECTH
K HCTHHHOMY 3HaHHI0). Besuyanmiun nmapalokc MaTeMaTHKH cpel-
HHX BEKOB COCTOSJ B TOM, UTO KHHYTO», T. €. HYJb, CJEI0BAJO pac-
CMaTpHBaTh KAaK HeuTo M Kaxk-To ero o6o3HauaTh. B pesyabrare,
Gsarofapss MHAOapalGCKOMY crocoly 3amucH yHces, BHUYHCJACHHUA B
3HAUUTEeNbHON cTenmenu o6Jeruuyuch. [To3nHee BO3HHUKJMN napanoK-
Chl, CBA3aHHLIE C OTPHIATENbHBIMH M 3aTeM KOMIUJIEKCHBIMU YHCJA-
MH. Hanpumep, onuH U3 mapagokcoB yTBepKAaJ, 4TO pPaBeHCTBO
(—1):1=1:(—1) HeBO3MOKHO, TaK KaK OTHOUIEHHE MeHbIIIEro
yHCNa K OOJblleMy He MOKEeT paBHATLCS OTHOLIEHHIO 6OJblIero
UHCcJIa K MeHblIIeMy. B Hallle BpeMs BO Bcex pasjenax MaTeMaTHKH
MOSIBWJIOCHh HECKOJBKO HOBLIX NapajoOKCOB, HaUHHAs OT pa3peurnMo-
CTH anrebpanueckoro ypaBHEHHS M KOHuad reoMmerpuedt bBoian. HH-
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TEPECHO, 4YTO YyiKe B IIePBOHM IIOJIOBHHe IPOLLIOTO BeKa UYCHICKHH
MaTeMaruk 3 [Ipard B. BoJbl@aHO NOCBATHJ LeNyl KHHI'Y Hapa-
RokcaM OeckoHneuynoro («Paradoxen des Unendlichen»), xora Hau-
Gosiee JIOGONBITHBIE NAPAJOKCH OECKOHEUYHOTO IMOSIBHJMChL JIHIID
nocje onybaunkosanusa B 1872 r. Tpyaa I'. Kantopa no teopun Muo-
xKecTs. Beaymue MaTeMaTHKH INPOLLIOro Beka Takue, Kak Iayce,
Kown, Kpouekep, [lyankape u Apyrue, OTBeprajd IOHSTHe aKTy-
aJIbHOH OCCKOHEYHOCTH M NPUIHCHIBAJAU OECKOHEUHOCTH JIHIIb CHM-
BoJinueckoe 3HavenHe. OpHako teopusd KaHTopa, B KOTOPOH HCIIOJE-
3yercsl HOMNsITHE aKTyaJbHOH OECKOHEUHOCTH, SIBJSIETCSI KPaeyroJb-
HBIM KaMHEM COBPEMEHHOH MAaTeMAaTHKH, XOTsl CAedyeT IMOAYEPKHYTD,
YTO «yzKac nepel OECKOHeYHBIM» BCe ellle He Hcue3. Ha camom pene
HOBBle NAapaAOKCH YBEJHUHBAIOT UYUCJO IIPUBEDPIKEHIER «bDHUHHTH3-
Ma». [JoX0XKHH cTpax mepel cay4alHHOCTBIO CYIECTBYET JO CHX IIOp.
MarteMaTHyeCKHe mapajoKchl GECKOHEYHOTo H CAy4afHOro 4pesBHl-
YaHHO BaxKHH, TaK Kak o6a 3TH MOHATHS OKa3hBawT (yHIaMeH-
TaJbHOE BJHSIHHE Ha HAllH B3MJAALB U (QUJIOCOPCKHEe IpejcTaBle-
HUSl. TeopHs1 BepoATHOCTEeH pa3BHBAJach Kak OTPaxKeHHE B CHMBO-
Jax CAy4YyanHOH BCEJCHHOH, IO3TOMY €CTh HaJeX/Ja, YTO NapamoKCHI,
NpHBEJCHHBIE B 3TOH KHHTE, IIOMOTYT YHTATeNl AeACTBOBATh HaH-
AyulinM o6pasoM B HalleM CJAy4aliHOM MHpE.

Bce mocrossHcTBO B 3BIGKOCTH OAHOM,
Bce cMyTHO mpej riasaMH OdeBHALA,
S cnoXKHOCTE BHXKY B HCTHHE HODPOCTOMH,

Haykoli npaBuT cJayyail — He 3aKOH...
Buiion . baasada, nHanucauuas 0as
cocrasanus 8 bayat)

) Buton @. Cruxu: c6opuuk/Coct. I'. K. Kocukos. — M.: Panyra, 1984,
OTpHIBOK #3 CTHUXOTBOpeHHs zaH B nepesoje IO. A. KoxeBHHKOBA,
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Tabauya 1. CrampapTHash HOpMAaJbHAA QYHKIHAsS pacnpeieneHHd
X

I g2
D (x — Se”/Qdu,(I)—x=l-—-(Dx
(x) o J [@ (— x) (x)]

X P (x) x b (x) X @ (x) X D (x) X @ (xY

. 0,00 | 0,5000 { 0,51 | 0,6950 | 1,02 | 0,8461 | 1,53 | 0,9370 | 2,08 | 0,9812
0,01 | 0,5040 | 0,52 | 0,6985 | 1,03 | 0,8485 | 1,54 | 0,9382 ] 2,10 | 0,9821
0,02 }{ 0,5080 | 0,53 | 0,7019 | 1,04 | 0,8508 { 1,55 | 0,9394 | 2,12 | 0,9830
0,03 | 0,5120 | 0,54 | 0,7054 | 1,05 | 0,8531 | 1,56 | 0,9406 | 2,14 | 0,9838
0,04 | 0,5160 | 0,55 | 0,7088 | 1,06 | 0.8554 | 1,57 | 0,9418 | 2,16 | 0,9846
0,05 | 0,5199 | 0,56 | 0,7123 | 1,07 | 0,8577 | 1,58 | 0,9429 | 2,18 | 0,9854
0,06 | 0,5239 | 0,57 | 0,7157 | 1,08 | 0,8599 | 1,59 | 0,9441 | 2,20 | 0,9861
0,07 | 0,5279 | 0,58 | 0,7190 | 1,09 | 0.8621 | 1,60 | 0,9452 | 2.22 | 0.9868
0,08 | 0,5319 | 0,59 | 0,7224 | 1,10 | 0,8643 | 1,61 { 0,9463 | 2,24 | 0,9875
0,09 | 0,5359 | 0,60 | 0,7257 | 1,11 1 0,8665 | 1,62 | 0,9474 { 2,26 | 0,9881
0,10 | 0,5398 | 0,61 | 0,7291 | 1,12 | 0,8686 | 1,63 | 0,9484 | 2,28 | 0,9887
0,11 | 0,5438 | 0,62 | 0,7324 | 1,13 | 0,8707 | 1,64 | 0,9495 | 2,30 | 0.9893
0,12 | 0,5478 { 0,63 | 0,7352 | 1,14 | 0,8729 | 1,65 | 0,9505 | 2,32 | 0,9898
0,13 | 0,5517 ; 0,64 | 0,7389 | 1,15 | 0,8749 | 1,66 | 0,9515 | 2,34 | 0,9904
0,14 | 0,5557 { 0,65 | 0,7422 | 1,16 | 0,8770 | 1,67 | 0,9525 | 2,36 | 0,9909
0,15 | 0,5596 | 0,66 | 0,7454 | 1,17 | 0,8790 | 1,68 | 0,9535 | 2,38 | 0,9913
0,16 | 0,5636 | 0,67 | 0,7486 | 1,18 | 0,8810 | 1,69 | 0,9545 | 2,40 | 0,9918
0,17 | 0,5675 | 0,68 | 0,7517 | 1,19 | 0,8830 | 1,70 | 0,9554 | 2,42 | 0,9922
0,18 | 0,5714 | 0,69 | 0,7549 | 1,20 | 0,8849 | 1,71 | 0,9564 | 2,44 | 0,9927
0,19 | 0,5753 | 0,70 | 0,758Q { 1,21 { 0,8869 | 1,72 | 0,9572 | 2,46 | 0,9931
0,20 | 0,5793 | 0,71 | 0,7611 | 1,22 | 0,8888 | 1,73 | 0,9582 | 2,48 | 0,9934
0,21 | 0,5832 | 0,72 | 0,7642 | 1,23 | 0,8907 | 1,74 | 0,9591 | 2,50 | 0.9938
0,22 | 0,5871 | 0,73 | 0,7673 | 1,24 | 0,8925 | 1,75 | 0,9599 | 2,52 | 0,9941
0,23 | 0,5910 | 0,74 10,7703 | 1,25 | 0,8944 | 1,76 | 0,9608 | 2,54 | 0,9945
0,24 | 0,5948 | 0,75 | 0,7734 | 1,26 | 0,8962 | 1,77 | 0.9616 | 2.56 | 0.9948
0,25 | 0,5987 | 0,76 | 0,7764 | 1,27 | 0,8980 | 1,78 | 0,9625 | 2,58 | 0,9951
0,26 | 0,6026 | 0,77 | 0,7794 | 1,28 | 0,8997 | 1,79 { 0,9633 | 2,60 | 0,9953
0,27 | 06064 | 0,78 | 0,7823 | 1,29 | 0,9015 | 1,80 | 0,9641 | 2.62 | 0.9956
0,28 | 0,6103 | 0,79 | 0,7853 | 1,30 | 0,9032 | 1,81 | 0,9649 | 2,64 | 0,9959
0,29 | 0,6141 | 0,80 | 0,7881 { 1,31 | 0,9049 | 1,82 | 0,9656 | 2,66 | 0,9961
0,30 | 0,6179 | 0,81 | 0,7910 | 1,32 | 0,9066 | 1,83 | 0,9664 | 2,68 | 0,9963
0,31 | 0,6217 | 0,82 | 0,7939 | 1,33 | 0,9082 | 1,84 | 0,9671 | 2,70 | 0,9965
0,32 | 0,6255 | 0,83 | 0,7967 | 1,34 | 0,9099 | 1,85 | 0,9678 | 2,72 | 0.9967
0,33 | 06,6293 | 0.84 | 0,7995 | 1,35 | 0,9115 | 1,86 | 0.9686 | 2.74 | 0.9969
0,34 | 0,6331 | 0,85 | 0,8023 | 1,36 | 0,9131 | 1,87 | 0,9693 | 2,76 | 0,997}
0,35 | 0,6368 | 0,86 | 0,8051 | 1,37 | 0,9147 | 1,88 | 0,9699 | 2,78 | 0,9973
0,36 | 0,6406 | 0,87 { 0,8078 | 1,38 | 0,9162 | 1,89 | 0,9706 | 2,80 | 0,9974
0,37 | 0,6443 | 0,88 | 0,8106 | 1,39 | 0,9177 | 1,90 | 0,9713 | 2,82 | 0,9976
0,38 | 0,6480 | 0,89 | 08133 | 1,40 | 0,9192 | 1,91 | 09719 | 2.84 | 0.9977
0,39 | 0,6517 | 0,90 | 0,8159 | 1,41 | 0,9207 | 1,92 | 0,9726 | 2,86 | 0,9979
0,40 | 0,6554 | 0,91 | 0,8186 | 1,42 | 0,9222 | 1,93 | 0,9732 | 2,88 | 0,9980
0,41 | 0,6591 | 0,92 | 0,8212 | 1,43 | 0,9236 | 1,94 | 0,9738 | 2,90 [ 0,9981
0,42 | 0,6628 | 0,93 | 0,8238 | 1,44 | 0,9251 | 1,95 | 0,9744 | 2,92 | 0,9982
0,43 | 0,6664 | 0,94 | 0,8264 | 1,45 | 0,9265 | 1,96 | 0,9750 | 2,94 | 0,9984
0,44 | 0,6700 | 0,95 | 0,8289 | 1,46 | 0,9279 | 1,97 [ 0,9756 | 2,96 | 0,9985
0,45 | 0,6736 | 0,96 | 0,8315 | 1,47 | 0,9292 | 1,98 | 0,9761 | 2,98 | 0,9986
0,46 | 0,6722 | 0,97 | 0,8340 | 1,48 | 0,9306 | 1,99 | 0,9767 | 3.00 | 0,9987
0,47 | 0,6808 | 0,98 { 0,8365 | 1,49 | 0,9319 | 2,00 | 0,9772 | 3,20 | 0,9993
0,48 | 0,6844 | 0,99 | 0,8389 | 1,50 | 0,9332 | 2,02 | 0,9783 | 3,40 | 0,9996
0,49 | 0,6879 | 1,00 | 0,8413 ] 1,51 | 0,9345 { 2,04 | 0,9793 j 3,60 | 0,9998
0,50 | 0,6915 | 1,01 | 0,8438 | 1,52 | 0,9367 | 2,06 | 0,9803 | 3,80 | 0,9999



Ta6auya 2. Mepaoie 2 000 3HaK0B uHcAa X. JefACTBUTENBHO M CAYHaHHO
MosiBJiCHHE 3THX AECATHYHBIX 3HAKOB WJM OHO MOAYHHAETCA HEKOTOPOMY 3aKOHY?

L

=3, +
1415926535 8979323846 2643383279 5028841971 6939937510
8214808641 3282306647 0938446095 5058223172 5359408128
4428810975 6659334461 2847564823 3786783165 2712019091
7245870066 0631558817 4881520920 9628292540 9171536436
3305727036 5759591953 0921861173 8193261179 3105118548
9833673362 4406566430 8602139494 6395224737 1907021798
0005681271 4526356082 7785771342 7577896091 7363717872
4201995611 2129021960 864(344181 5981362977 4771309960
50244594355 3469083026 4252230825 3344685035 2619311881
5982534904 2875546873 1159562863 8823537875 9375195778
3809525720 1065485863 2788659361 5338182796 8230301952
5574857242 4541506959 5082953311 6861727855 8890750983
8583616035 6370766010 4710181942 9555961989 4676783744
9331367702 8989152104 7521620569 6602405803 8150193511
6782354781 6360093417 2164121992 4586315030 2861829745
3211653449 8720275596 0236480665 4991198818 3479775356
8164706001 6145249192 1732172147 7235014144 1973568548
4547762416 8625189835 6948556209 9219222184 2725502542
8279679766 8145410095 3883786360 9506800642 2512520511
0674427862 2039194945 0411237137 8696095636 4371917287
9465764078 9512694683 9835259570 9825822620 5224894077
4962524517 4939965143 1429809190 6592509372 2169646151
6868386894 2774155991 8559252459 5395943104 9972524680
4390451244 1365497627 8079771569 1435997700 1296160894
0168427394 5226746767 8895252138 5225499546 6672782398
1507606947 9451096596 0940252288 7971089314 5669136867
9009714909 6759852613 6554978189 3129784821 6829989487
5428584447 9526586782 1051141354 7357395231 1342716610
0374200731 0578539062 1983874478 0847848968 3321445713
8191197939 §520614196 6342875444 0643745123 7181921799
5679452080 9514655022 5231603881 9301420937 6213785595
0306803844 7734549202 6054146659 2520149744 2850732518
1005508106 6587969981 6357473638 4052571459 1028970641
2305587631 7635942187 3125147120 5329281918 2618612586
9229109816 9091528017 3506712748 5832228718 3520935396
6711136990 8658516398 3150197016 5151168517 1437657618
8932261854 8963213293 3089857064 2046752590 7091548141
2332609729 9712084433 5732654893 8239119325 9746366730
1809377344 4030707469 2112019130 2033038019 7621101100
2131449576 8572624334 4189303968 6426243410 7732269780
6655730925 4711055785 3763466820 6531098965 2691862056
3348850346 1136576867 5324944166 8039626579 7877185560
7002378776 5913440171 2749470420 5622305389 9456131407
6343285878 5698305235 8089330657 5740679545 7163775254
0990796547 3761255176 5675135751 7829666454 7791754011
9389713111 7904297828 5647503203 1986915140 2870808599
8530614228 8137585043 0633217518 2979866223 7172159160
9769265672 1463853067 3609657120 9180763832 7166416274
6171196377 0213375751 1495950156 6049631862 9472654736
6222247715 8915049530 0844489333 0963408780 7693259939




[Ipodorscenue Taba. 2.

n=3, +
5820974944 5623078164 0628620899 8628034825 3421170679
4811174502 8410270193 8521105559 6446229489 5493038196
4564856692 3460348610 4543266482 1339360726 0249141273
7892590360 0113305305 4882046652 1384146951 0415116094
0744623799 6274956735 1885752724 8912279381 8301194912
6094370277 0539217176 2931767523 8467481846 7669405132
1468440901 2249534301 4654958537 1050792279 6892589235
5187072113 4999999837 2978049951 0597317328 1609631859
7101000313 7838752886 5875332083 8142061717 7669147303
1857780532 1712268066 1300192787 6611195909 2164201989
0353018529 6839577362 2599413891 2497217752 8347913151
8175463746 4939319255 0604009277 0167113900 9848824012
9448255379 7747268471 0404753464 6208046684 2590694912
2533824300 3558764024 7496473263 9141992726 0426992279
5570674983 8505494588 5869269956 9092721079 7509302955
6369807426 5425278625 5181841757 4672890977 7727938000
1613611573 5255213347 5741849468 4385233239 0739414333
5688767179 0494601653 4668049886 2723279178 6085784383
7392984896 0841284886 2694560424 1965285022 2106611863
4677646575 7396241389 0865832645 9958133904 7802759009
2671947826 8482601476 9309026401 3639443745 5305068203
5709858387 4105978859 5977297549 8930161753 9284681382
8459872736 4469584865 3836736222 6260991246 0805124388
4169486855 5848406353 4220722258 2848864815 8456028506
6456596116 3548862305 7745649803 5593634568 1743241125
2287489405 6010150330 8617928680 9208747609 1782493858
2265880485 7564014270 4775551323 7964145152 3746234364
2135969536 2314429524 8493718711 0145765403 5902799344
8687519435 0643021845 3191048481 0053706146 8067491927
0839101591 9561814675 1426912397 4894090718 6494231961
6638937787 0830390697 9207734672 2182562599 6615014215
6660021324 3408819071 0486331734 6496514539 0579626856
4011097120 6280439039 7595156771 5770042033 7869936007
7321579198 4148488291 6447060957 5270695722 0917567116
5725121083 5791513698 8209144421 0067510334 6711031412
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JinTepaTypa No TeOpHH BepOATHOCTeH H MaTeMaTHYECKOMN
CTATHCTHKE, BBINYLIEHHAs H3aTeJbCTBOM «Mup» 1

1970
Xeunau . Ilpemcrasnenuss rpynm H [pHKIaAHas TEOPHA BEPOSATHOCTEH.
Xoan M. KoM61HaTOpHKA.

1971

Kapaun C. OCHOBBI TEOPHH CIYYaHHBIX MPOLECCOB.
Posas JI. CratucTHueckass MeXaHHKa.
Takau JI. KomGuHaTOpHEIE METOAB B TEOPHH CHYYaHHLIX NMPOUECCOB.

1972

Makkun . CroxacTuueckue WHTErpaJHl.
Cose JK.-J1. OcHOBE CTPYKTYpPH MAaTE€MaTHYECKOH CTATHCTHKH.

1973
Hxeticyon H. Ouepeau ¢ npuopHTeTaMH.
Kaxan JK.-Tl. Cayvafinse dhyHKIHOHAJBHbLIE PAABL.
Meiiep I1.-A. BeposiTHOCTD ¥ NOTEHIHAJL.
Cea JK. Ontumuzanus. Teopusa H aJrOPHTMHL
1974
Bappa JK. P. OcHoBHblE NOHATHA MaTEeMAaTHYeCKOH CTaTHCTHKH.
He I'poor M. OnTHMaJbHble CTATHCTHYECKHE PEIICHHA.
Xeunan 2. MyoroMepHue BpeMeHHBIE DAL

1975
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r) IlapajokcanbpHoe oleHUBAHHUE BEpOHTHOCTH

1) HeMm Oosblie JaHHBIX, TeM XYK€ BHIBOABI

e) Ilapajokc paBeHCcTBa MaTeMaTHYECKHX OXKHAAHHUH

x) [TapapokcanrHasi omeHkKa AJisl MaTeMaTHUECKOro OIKHAAHUS HOp
MaJIbHOTO paclpeiesicHHs :

3) Ilapajoke mpoBepxy HOpMaJIbHOCTH

1) Ilapajokc JAnHEAHOH perpeccHy .

K) Ilapapoxc CerypamaHa . Lo

J) Tlapajokc MHHHMAKCHOH OIEHKHU

M) Ilapagokc Po66unca

) I[lapapoxkc 6GaftecoBcKok MO,[LEJIH

o) Ilapajokc poBepUTENBHHIX KHTEDBAJIOB

n) Ilapajgokc npoBepKH He3aBHCHMOCTH; ABAAIOTCS JIH acp(pemnmme
JIEKAPCTBA 3QPEKTHBHEIMH? :

p) llapanokc xoMnbwTepIoH CTATHCTHKH

TNABA lil. MAPAAQOKCBElI CIYYAHUHbBIX MPOLECCOB

NOOU AW

rNABA IV. MAPAJOKCbI B OCHOBAHMAX TEOPUU BEPOSATHOCTEW.
PA3HLIE NAPALOKCHI

1.
2.

. Ilapangokc 6e3rpaHHqu ,[LEJIHMbIX pacnpeﬂeneﬂnn

S ONOULRW

ITapagokc BeTBSIHXCA HPOLECCOB .o

MapkoBckue nenH U QUIMYECKHH IapajioKc .

Ilapagokc OpPOYHOBCKOIG JBHXKEHHH . :

ITapagpokc BpeMeHH oxujnanus (XoAAT JH aBToﬁycm qame B oﬁpaT
HOM Hanpanneﬂuup) : Co Ce
ITapajfoke ciayyaiHBIX 6J1y}Kﬂ,aHHH

DHpXeBHIH NapaloOKC; MapTHHTAJBI

Elte HecKOJBKO NMapagoKCcOB

a) Ilapapokc Makoa u JlaBaHna :

6) Ilapagokc mponeccos ¢ HE3aBHCHMBIMH npnpamemﬂmn :

B) Ilapagoxc 3a6HUTHIX TOJIOB

r) llapajgokce oxumaemoro BpeMeHH paBOPEHHH

1) Hapa,u,oxc ONTHMAJbHEIX TNPaBUJI OCTAHOBKH

e) Ilapagoke BmI6Opa : :

x) Ilapapoxc Ilunckepa o CTaHHOHaprIX npoueccax .

3) [lapajsokchl rosocoBaHHs H BHIOODOB; CJAyJaHHBIE MOJIA

[Tapapokchl cayuaBHBIX HaTYpaJbHHX YHCEJ .
IJapapokc Damaxa — Tapckoro . :

[lapanoxe meroma Monre-Kapao

ITapajoKc HeHHTEPECHHX WYHCEN; HeBEIYHC/IHMAs BEpOHTHOCTb
[Tapanokc cayualineix rpados : :
[TapajoKc MaTeMaTHUeCKOro OXKHAAHUs

Ilapanokc nepBofi nu@phr .

I'Iapa;Lo)Kc HYJeBOl BEPOATHOCTH (MOH{HO AW B3 HHYEro nonytm'rb
UTO-TO? Coe e

[lapajokchl XapakTepH3alUH

. 108
. 113
. 116
. 120
. 123
. 123
. 123
. 124
. 124
. 125

126

. 127
. 127
. 128
. 129
. 129
. 130

130
131

i3

. 134

. 134
. 137

. 141

. 146
. 150

152

" 156

156

" 157

158
159
161

© 162
163

164

. 168

170

" 174
176
" 180

184

186
187

190

192
196
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11. Tlapagokcel ¢akTOpH3aALUH

12. TlapagoKkc HepasJOXKHMBIX H HpOCTbIX pacnpenenenuu :

13. Eme Hecx0JbKO MapajoKCOB
a) Ilapagokc nencHHs pacnpe,ueneunn Honosam
6) INaTonoruueckue BepOATHOCTHHIE pacrnpeiesenns
B) Ilapamoxc mpomaBma raser
r) Iapagokc Kecrena
n) Ilapanoxc CTOXaCTHYECKOTO rensepa :
e) Hapa,uox{c BEPOSATHOCTH B KBAHTOBOH @HsnKe
k) Ilapanokc xkpunrorpaduu
3) Ilapajokc mO33WH M TEOPHH I{H(popmaimn ,

FMABA V. NMAPAAOKCOJIOINA

O6o3HaueHust .

Tabauubl : Ce e
Jlutepatypa [0 TEOPHH BEPOATHOCTEH
FMeHHONl yka3aTelb

[IpeameTHHIH yKasaTenb

. 199
. 202
. 204
. 204
. 206
. 207
. 208
. 208
. 209
. 211

. 213

. 214

. 216
. 217
. 226
. 228
. 233



