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BBEIEHWUE

JIOTUKY MOXKHO OIIpenemTh KaK HAYKY O NPABUJIBHBIX cIOCODaX pac-
CYKJIIEHUsI, T. €. TAKNX CHOCODAX PACCYKIEHUsI, IIPU KOTOPHIX U3 BEPHBIX
NCXOOHBIX IIOJIOXKEHU II0JIyYalOTCsl BEPHbIE Pe3yJIbTaThI.

KoHedHO, MOXKHO paccyXkiarb u 0e3 HAayKU O IIPABUJIBHBIX PACCY-
kaeanax. OIHAKO B HEKOTOPBIX CJIyYasaX MOTPEOHOCTh B TaKO# HaykKe
BCe K€ BO3HHKaeT. B JacTHOoCTH, Takad CHTyallns CJIOXKINJIACh B Ma-
TemaTuke B KoHIle XIX — magajsie XX BB., KOTOa ObLIA OOHAPYKEHBI
TapaJOKChl B TEOPUHU aOCTPAKTHBIX MHOXKECTB, paspaborannoii I'. Kan-
TopoM. AHa I3 NapagoKCOB IIOTPEOOBAJI BHIMATE/ILHOIO UCCIEI0BAHUA
paccyxKIeHuili, MpuMeHsieMbIX B MaTeMaTuKe, I TeM CaMbIM BbI3BaJl He-
0OXOIMMOCTD B PA3BUTUN HAYKU O PACCYKICHUAX, T.€. JIOTUKMN.

Yr10o0bI ToTTKa MOTJIa OOCJIYKMBATh CAMYIO TOYHYIO U3 HAYK — MaTe-
MaTHUKYy, OHA CaMa, JOJI2KHA ObITh TOYHOI HAYKOIi, T. €. OHA NOJIKHA UMETh
IeJI0 ¢ TOYHBIMHA MaTeMaTHYeCKAMU HOHATUSMHI U IIPUMEHATh TOYHBIE
MaTeMaTndecKrue MeTonabl. TakKoBa MaTreMaTrmdecKas JIOTUKa — HayKa
O MaTeMaTUYIeCKNX PACCYKIECHUAX, IOJIb3YIOMAACSI MaTeMaTHIeCKIMNI
MeTOIaMU.

CoBpeMeHHasT MaTeMaTUIecKasa JIOTUKA IIPEICcTaBIgeT coboii obiup-
HBIA 1 pa3BeTBJIEHHBIN pasies Maremaruku. (Ha, KOHEYHO, MOJIE3HA
N OJd OPYIUX HAYK, HOCKOJIBKY B HUX HCHOJIB3YIOTCS PACCYKOCHNI,
IOKa3aTesbCTBa, U T.1I. B HacTodAmee BpeMsi pa3spadOTaHbI IIPUJIOXKeE-
HIA MATEeMATUYIeCKO JIOTUKN K IPYTUM pa3dejaM MaTeMaTuKU, a TaKXKe
K KUOEepHeTHKe U IPOrpaMMUPOBAHUIO.



I'TABA 1
IDJIEMEHTBI TEOPUN MHO2KECTB

§ 1. OcHOBHBIE ITOHSITHUS TEOPpHHA MHO2XKECTB

B Hava ILHBINA Hepuon, pa3BUTHs TEOPUI MHOXKECTB II0Ib30BAJINCH MH-
TYUTUBHBIM NoHsiTreM MHOKecTBa. Corstacao Kanropy, muosxcecmeo —
9TO JII0O0Ee 00beaUMHEHNE B OJIHO IeJIoe OIpeae/IeHHBIX OObEeKTOB, KOTO-
pble HA3BIBAIOTCS IAEMEHMAMU DTOTO MHOXKECTBa. ToT (akT, 4T0 &
ecTh Jj1eMeHT MHOxKecTBa A, zanuceiBaercsa tak: x € A. Ecom z € A,
TO TOBOPSAT, 94TO A comep:KuT x uam 410 r npuHagaexutr A. Ecan xe x
He sABJISETCI DJIEMEHTOM MHOXKecTBa A, numyT = ¢ A.

IIBa muoxectBa A 1 B cAuTalOTCsI pasHbMU, €CJIU OHU COCTOSIT U3 OJ-
HIX U TeX e 3JIeMeHTOB, T. €. KaXKIbIil 3/1eMeHT MHOXKecTBa, A mpuHai-
JIEXKUAT MHOXKECTBY B 1 KaxkKObIll 3/IeMEeHT MHOXKECTBa B IpUHAIJIeKUT
mHOxkecTBy A. 3amuch A = B o3uauaer, uro A u B paBubl, a A # B —
yro A 1 B ne paBubl. 3amnuchk A C B o3Havyaer, YTO KaxK/Iblil /1€ MeHT
MHOKecTBa A saBJIsseTcsa Takike 3J1eMEeHTOM MHOXKeCTBa B; B 3ToM CJIy-
yae TOBOPAT, UTO A sABJIsIeTCA NodMHOHCECMBOM MHOXKECTBA B 1 4ro
A exarwoueno B B. Ecin A C Bu A # B, To A Ha3pIBaeTCsa cobcmeer-
HoIM nodmHodcecmeom B, u B srom ciayuae numyt A C B. Muoxe-
CTBO, HEe COOepiKallee 3JIeMEHTOB, HA3hIBAETCA IIyCTHIM 1 0003HAYAETCS
. CemeiicTBO BCcex IIOOMHOXKECTB JAHHOIO MHOXKecTBa A obo3Hadaercs
P(A).

MHOKeCTBO, 9/IeMEHTaMII KOTOPOTO SABJIAIOTCS JAHHBIE OOBEKThI A1,
as, ..., obosuadaercd {ai,as,...}. Hanpumep, {a,b} ectb MHOKECTBO
c asiementamu a u b. Ecawm npu sTtom a # b, T0 {a,b} HazbIBaercs
HeymopsAnoYentolt mapoit oovekToB a u b. MuoxectBo {a,a} MOxHO
0003HAYNTH TakKe {a}. DTO OIHOIIEMEHTHOE MHOKECTBO C 3JIEMEHTOM
a. Yepes {z | ®(x)} obo3HavaeTcs MHOKECTBO TAKUX 3JIEMEHTOB I, IJIs1
KOTOPBIX BBITIOJIHsIETCsT yCaoBue P(x).

MuoxkectBo AU B = {z | x € A uiu x € B} nHaspBaeTcs obsedune-
nHuem mMuoxects A u B. Ilepecevenuem mHOKecTB A n B mHasbiBaeTcs
muOoxkecTBO ANB ={x |x € Aux € B}. Pasnocmovio vaoxects A u B
rHa3biBaeTca MHOKecTBO A\ B={z |z € Au x ¢ B}.
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¢ 2. Bunapablie oTHoIIEeHUA U (PYyHKIIUHU

Hepes (a, b) obosHadaeTcss ynopadouertasn napa IByX 0ObEKTOB a u b.
OcHOBHOE CBOMCTBO YIOPSIIOYEHHBIX AP TAKOBO: KAKOBBLI Obl HI ObLLIN
O00BEKTHI a1, Gz, by, by, paBercTBo (a1, b1) = (as,bs) UMeer mecTo TOrIA
1 TOJILKO TOTOa, KOTHa a1 = a2 1 by = by. Boobmie, njist 1ro0oro nary-
PaJIbHOTO YUHMCJIa 72 MOXKHO 00pas3oBaTh KOPTEXKW HJIMHBI 1 (MM, Kak
WHOTIA, TOBOPSIT, YIOPAJIOYEHHBIE N-KU) OOBEKTOB (a1, ... ,0n) C TEM
cBOiiCcTBOM, 4TO {G1,... ,ay) = (b1,...,b,) TOTMIa U TOJBLKO TOrIA, KOTIA,
a; :bi (Z: 1,... ,n).

Ipsamoim (mm dexapmosvim) npoussedenuem muoxkects A u B Ha-
3BIBAETCS MHOKECTBO A X B, cocrosiee n3 BCex TaKnX yIOPAJOIYEHHBIX
nap {a,b), atoa € A u b € B. Anajsorndno onpemnesisiercs mpsMoe Mmpo-
n3BeneHne MHOxKecTB Aq,..., A, Kax MHOXKECTBO, COCTOSAINEE U3 BCEX
TaKUX KopTexeit (ai,...,a,), 410 a1 € A1,... ,a, € A,.

Buraprvim omruoweruem MEXIY sjeMenTaMu MHoxecTB A u B na-
3pIBaeTCA JIroOoe ToaMHoOKecTBO K muoxkecrsa A X B. YHacro BMecTO
(x,y) € R mumyTt xRy. Obaacmvio onpedesenus OGUHAPHOTO OTHOIIIE-
Husg R HasbIBaeTCcss MHOXKECTBO dr, COCTOMAIIEE M3 BCEX TAKUX T, UTO
(x,y) € R xoTda Obl 01 omHOTO Y. Mnoocecmeom 3navernud pgp OuHApP-
HOTO OTHOIIIEeHNsT [? Ha3bIBaeTCss MHOXKECTBO BCEX TAKUX Y, UTO (x,y) € R
XOTsA ObI J1d ogHOro . Obpamuvim omuoweHueMm IJis1 OMHAPHOTO OTHO-
menus R HasbIBaeTca MHOXKeCTBO R™L cocTosmee u3 Bcex TaKuX yHoopsi-
TOYEHHBIX map {(x,1y), u4to (Y, x) € R. 3ameTnm, 910 dp-1 =pR; Pr-1 =0R.
Ecan Ry — oTHOmmeHne Mex Iy sjeMenTamu MHOXKecTB A u B, a Ry —
OTHOIIIEHNE MEXKIy dJieMeHTaMu MHOxkecTB B u C, TO MOXKHO o0Opas3o-
BaTh npouseedenue (Komnosuyur) orHomenuit Ry u Ry. Ilponssemenn-
eMm 1 o Ry oraHomennii R u R Ha3bIBAETCsI OTHOMIEHNE MEXKIY DJIe-
menTamu MHOxKecTB A u C', cocrosinee u3 Bcex nap (x, z), A1 KOTOPbIX
Haligercst Takoii ssiement y € B, uro (x,y) € Ry u (y, z) € Ry. Hanpumep,
ecau M — MHOXKeCTBO BCEX XKUBYIIUX I KOTIA-JTMO0 XKUBIINX MY 2K IMH
Ha 3emsie, a orHomenue R C M x M cocrout u3 Takux nap (x,y), 910 T
ABJIAETCA OTIOM Y, TO R~! — 3T0 OTHOIIEHNE, COCTOAIIee U3 TAKUX IIaP
(r,y), 9TO T ABJsSIETCsI CBIHOM ¥, a R o R — oTHOIIeHne, COCTOIIee 13
BCEX TAKUX IMap (&, y), 9T0 T ABJIAETCS JIEIYIIKOI Y 110 OTIOBCKOM JINHNM.

Otrnomrenne f HaspiBaercs gynkyueti, ecan u3 {(x,y) € fu (x,z) € f
caeayer y = z. Dyuknua f maswiBaercst pyuknmeir us3 A B B, ecin
o0f C A, pf C B; ecomn npu s1toM 0 = A, To numyt f : A = B.
Ecan f — dbyukuus n (x,y) € f, 10 00braHO MmyT y = f(x) u Ha-
3LIBAIOT Y 3Ha4eHuem (PYHKIMU [ IIpU 3HAYEHNM apryMeHTa . Ecian
He CyIIeCTBYeT Takoe y, 4To (x,y) € f, To BoipaxeHnue f(x) cuuraercs
HeonpedeneHHbLM.
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Cpenu dyukIuii u3 A B A BbIIEINM TaK HA3BIBAEMYIO MOHCIECTNEEH-
wyro dynkyuro idy = {(zr,x) | x € A}. OdeBunno, 4to ids(x) = =,
KaKOB ObI HU OBLT 3JIeMeHT & € A.

Oynkmusa f Ha3BIBACTCA NOCACJOBAMEABHOCMBI, €CJIU ee 00JIaCThb
OTIpeNieIeHns — 9TO MHOXKECTBO HaTypaJsbHbX uncesa N = {0,1,2,... }.

B cay4ae, korma mHO)kKectBa A 1 B coBnamaioT, OMHApPHOE OTHOIIIE-
are R Mexmy sjieMeHTaMu MHOXKeCTB A m B HasbBaeTcss OuHapHbim
omuowenuem Ha mroxcecmee A. bunapnoe ornomenune R Ha MHOXKe-
crtBe A HaswpIBaercs:

pepaercushoim, ecru (x,x) € R njis Bcex x € A;

uppepaercusroim, ecau (x,x) ¢ R njs a000oro x € A;

cummempuyrvim, eca u3s (x,y) € R cnenyer (y,x) € R;

aHmucuMMmempuwHuLm, eciu u3 (x,y) € R u (y,x) € R cneny-
er T = y;

mpan3umuervim, ecia u3 (x,y) € R u (y,z) € R caenyer (z,z2) € R.

BunapHoe oTHOIIEeHne HA MHOKeCTBe A Ha3bIBAETCS 4acmuuHbiM Yno-
padoveruem (AU 4ACMUNHBIM NOPATJKOM), €CJIH HTO OTHOIIEHUE pe-
(bsIeKCUBHO, AHTUCHMMETPUIHO M TPAH3UTUBHO. YacTuuHOE yHmopsmgo-
yeHne OObIYHO 0003HAaYaeTCsl CUMBOJIOM <. MuoxectBo A ¢ 3amanHbIM
Ha, HEeM YACTUYHBLIM MOPAOKOM < HA3BIBAETCA YACMUYUHO YNOpadouer-
nowm 1 obosnadaercs (A, ).

BunapHoe OTHOIIEHNEe HA MHOXECTBe A HA3BIBAETCS CMPOZUM “a-
CNMUYHBLM Ynopsdoveruem (MIH CMPO2UM 4ACTNUYHBIM NOPATKOM), €CIIN
9TO OTHOIIEHNE uppedIeKCUBHO U TpaH3uTuBHO. (CTporoe 4acTuvHOE
yIIOPsiIoYeHne OOBITHO 0003HaYaeTcsa cuMBoJIoM <. MHoxkecTBo A ¢ 3a-
IAHHBIM Ha HEM CTPOIMM YACTUYHBIM MOPSIIKOM < HA3LIBACTCA CMPO20
wacmuHo ynopadowertom n obozuadaerca (A, <).

BunapHoe oTHOIIEHNE Ha MHOXeECTBe A HA3BIBAETCA OMHOUEHUEM
IKBUBANEHTNHOCNY, €CJIN ITO OTHOIIeHNe PedIeKCUBHO, CUMMETPUIHO
1 TPAH3UTHUBHO.

YupaxHeHHs.

1. Ilycrs A u B — KOHeYHBIE MHOXKECTBA, COCTOSIINE U3 11 U N
9JIEMEHTOB COOTBETCTBEHHO.

a) CKOJIbKO CyIecTByeT OMHAPHBIX OTHOIIEHUT MEXKIY 3JIeMeHTaMu
MHOXKeCTB A u B7

6) Ckostbko mmeercst GyHKIm 13 A u B 7

2. O6pasyoor Jiu OMHApHbIE OTHOIIEHUS HA MHOXKECTBe A I'DYIILy
OTHOCHUTEJIBLHO orepanuii o m —+ 7

3. oxazarb, uyTo 11 Jiobbix pyakmuil f : A - Bug: B — C ux
Kommosuis f o g sieasiercst pyukumeit us A 8 C, npuaem (f o g)(x) =

= g(f(z)).
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4. JIlokasaTh, YTO BCIKOE CTPOroe YaCTUIHOE YIIOPSIIOUYCHUE sIBJIsIeT-
Csl AHTUCUMMETPUIHBIM.

5. Ilycts (A,<) — YacTUIHO yMNOpsAIJOUEHHOE MHOXKeCTBO. Jloka-
3aTh, 4T0 OuHapHoe otHomenune R = {(z,y) | * < y u x # y} aBnaercs
CTPOTUM YaCTUYHBIM IOPSAIKOM Ha MHOXKecTBe A.

6. Ilycts (A, <) — CTPOro YacTUYHO YIOPsIOUEHHOE MHOXKECTBO.
Hokasarb, uro 6bmwaapuoe otHomenne R = {(z,y) | z < y wm = = y}
SIBJISIETCS YaCTUYIHBIM IOPAOKOM HAa MHOXKecCTBe A.

7. Ilycts (A, <) — cTporo 4acTUIHO YHOPSIOYEHHOE MHOXKECTBO.
DjieMeHT a € A HA3BIBAETCS MOKCUMAALHbIM, €CTTU B A He CyIIecTBY-
eT Takoii sjieMeHT b, yro a < b. Ilokaszarb, 4TO ecjii MHOKecTBO A
KOHEYHO, TO B HEM CYIIECTBYET MAKCUMAJILHBLINA 3JIEMEHT.

8. Ilycts R — oTHOIIIEHIE SKBUBAJIEHTHOCTH Ha MHOKecTBe A. Kaac-
COM IKBUBAAECHIMHOCTIU DJIEMEHTA a € A HA3BIBAETCsI MHOXKECTBO

la] = {z | {a,x) € R}.

Iokaszarb, 4TO /1 JIFOOBIX 9JIEMEHTOB a,b € A ux KJj1acchbl PKBUBAJICHT-
HocTH |a] n [b] mubo coBmamatoT, OO HE UMEIOT OOIUX JIEMEHTOB.

§ 3. Bzaumbo OJHO3HaAYHbI€ COOTBETCTBHUA U S5KBHUBAaJICHTHbLIEC
MHO2KeEeCTBa

@yukimss f HaA3BIBAGTCA 63GUMHO 00HO3HawHOU Pynryuel (nan
1-1-pynxyueti), ecm u3 f(x) = f(y) caenyer x = y (BbIpaxkeHune
f(x) = f(y) osnauaer, uro f(x) u f(y) ompenesieHbl 1 X 3HAYEHUS CO-
BramaoT). Hanpumep, id4 sABIsIeTCs B3aUMHO OTHO3HAYHOI (hyHKIINEI.
Boobme, dyuknsa f B3auMHO OJIHO3HAYHA TOIA U TOJIbKO TOrIA, KOIIa
ornomenue f~! apngerca dynknueit. Ecom f: A - Bug: B — C
CYTb B3aMMHO OOHO3HAYHBIE (DYHKIINHU, TO UX KOMIIO3UIIUS f © g TakkKe
eCThb B3aUMHO OIHO3HAIHAsSA (PYHKIIUA.

B3zaumno odHo3HauHBIM cOOmMmBEMEMEeueM MEXIy MHOxKecTBaMu A
n B Has3pIBaeTCA TaKasl B3aUMHO OOHO3Ha4HasA PpyHKIus f : A — B,
910 py = B.

MuoxkectBa, A u B Ha3bIBAIOTCA PAGHOMOUHBLMU, €CJAU CYIIECTByeT
B3aMMHO OZHO3HA4YHOE cooTBeTcTBHE Mexkay A u B. UToObl BHIpA3UTH,
yto A m B paBaHomMomnbl, numyTt A ~ B.

Teopema 1. Kakossr 661 HE Ot MHOKECcTBa A, B, C,
1) A~ A;

2) ecctu A~ B, o B ~ A;

3)ectm A~BuB~C,10A~C.
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IlokaszaTreabcTBO. JIerko nmpoBepsaeTcst COPaBEIJINBOCTL CJIEIY-
IOINX YTBEPXKICHUIA.

1) @yukiust ¢d 4 ABJISETCS B3AUMHO OJIHO3HAYHBIM COOTBETCTBUEM Me-
xay A u A.

2) Ecoim f — B3amMHO OmHO3HAYHOE COOTBeTCTBHUE Mexkay A m B, 1o
f~! ecTh B3amMHO OmHO3HAYHOE COOTBeTCTBUE MexXay B u A.

3) Ecau f — B3amMHO omHO3HAYHOE cooTBercTBHE Mexnay A u B,
a ¢ — B3aUMHO OOHO3HAYHOE cOOTBeTCcTBUE Mexkay B u (', To UX KOM-
mo3uiiis f © g ecTh B3aUMHO OIHO3HaIHOEe coorBercTBHe Mexay A u C.

Otcroga HEMenJIeHHO CJIeIyeT YTBep:KIeHUe TeOPEeMHbI.

Teopema 1 mokaszaHa.

PaBHOMOIlLHbIe MHO2KECTBad HAa3bIBAIOTCA TaK2Ke 3K6UGANANECHTTIHBIMU.

§ 4. CueTHBbIEe MHOXK€ECTBa

HenycToe MHOXKECTBO HA3bIBAETCS C4eMHbIM, €CJTH OHO €CTh MHOXKe-
CTBO 3HAYEHMII KaKOi-JImbO mocjenoBaTebHOCTH. IlycToe MHOXKeCTBO
10 OIIPeeJIEHUI0 OTHOCUTCA K CUETHBIM.

[Ipumep 1. Jloboe KoHEUHOE MHOXKECTBO sIBJIAETCHA CUeTHBIM. [leii-
crBuTeabHO, iyctb M = {ag,... ,ap—1}. Paccmorpum mocsienoBaresinb-
Hoctb f : N — M rtakyto, ato f(x) = a;, rme | ecTh OCTATOK OT JIeJICHUSI
r "Ha n. O4yeBuaHO, 4TO pr = M.

[Ipumep 2. HarypaJsbnublii pssg N — caeTHOe MHOXKECTBO, IIOCKOJIb-
Ky OH sIBJIAETCSI MHOXKECTBOM 3HadYeHUl pyHkmun idy : N — N.

[Ipumep 3. Ilycrh man HEKOTOPLIA aapasum, T.e. HADOP DJIEMEH-
TapPHBIX 3HAKOB, HA3bIBaeMbIX Oyxeamu. KoHedHbIil psan OYKB, HAIILCAH-
HBIX JIPYT 33 IPYTrOM, HA3BIBAETCs CA060M B HaHHOM aJjihasure. luorma
ObIBaeT yaoOHO pacCMaTPUBATh TaKiKe IIyCTOE CJIOBO, COBCEM HE COIep-
)Katee OyKB 1 00bIaHO obo3Hagaemoe A. Ecom andasur A Koneuen, To
MHOKecTBO A* Bcex cjioB B ajipaBure A c4eTHO.

HeitctBurenbno, nycts A = {S1,...,5,-1} (p > 2). Oupenesum mo-
cienoBaresibHOCTD f @ N — A* caenyromum obpasom: f(0) = A; ecan
ke r > 0, To pacCMOTPUM 3a0UCh YUCJIA & B P-UIHOW CUCTEMe CUUCJIe-
HIsI, BBIINIIEM B IIOPSIAKE BXOXKICHNsI B HEE BCE HEHYJIEBBIE «IIM(PPHI»
ki,....kn(1 < k; < p-—1) u nomoxum f(x) = Sk, ...Sk, . OdueBun-
HO, 4TO py = A" A WMeHHO, TPOU3BOJIbHOE CJIOBO Sy, . ..S;, ABJIAETCA
snadenueM (pYHKIUYU f IPU 3HAYEHUU apryMeHTa iop” +i1p" 14+ - -+1,.
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[Ipumep 4. Bcsakoe MHOXKECTBO, 9KBUBAJIEHTHOE CYETHOMY MHO-
)KecTBy, cueTHO. [leiicTBuTeibHO, mycTh A — CYeTHOE MHOXKECTBO
n A~ B. Ilycts f : N -+ A — Taxkasa nocen0BaTe IbHOCTD, ITO pf = A,
u nycth g : A — B — B3aMMHO OJHO3HAYHOE COOTBETCTBUE MeXKTy A
n B. Herpynno npoBeputsb, 9T0 UX KOMOO3UIIUA f 0 g €CTh IIOCJIEI0BA-
TeJIbHOCTD, IpUYeM pfo, = B, T.e. B cuerno. Orciona u u3 npumepa 2
MOJIYIa€eM, B YACTHOCTH, UYTO BCAKOE MHOXKECTBO, PKBUBAJIEHTHOE HAa-
TypaJIbHOMY psany, caeTHo. Hampumep, cHeTHBIM ABJIsIETCA MHOXKECTBO
Bcex cioB B asibasute {0,1,2,...,9}, ABAATOMNXCA TECATUIHBIMU 3a-
MUCAMHI HATYPAJIbHBIX YUCeJI, IOCKOJIBbKY OHO, OYE€BUIHO, YKBIBAJEHTHO
HATYPAJIbHOMY PsIOy.

Teopema 2. JIroboe moIMHOXKECTBO CIETHOIO MHOXKECTBa CUETHO.

TokasareabcTtBO. Ilyctb A — cuernoe muoxkectBo, B C A.
Ecmu B — mycToe MHOXKECTBO, TO OHO CUETHO IIO oIpeneJsieHunio. Pac-
CMOTpUM cJjyd4aii, korna B menycto. Torna A Ttak:ke He MyCTO, 1 CyIIe-
CTBYeT IIOCJIEIOBATEIbHOCTh f Takasd, 910 pr = A. Sadurcupyem He-
KOTOPBI 3JieMeHT b € B u onpenejinM IIOCJIeI0BaTeJbHOCT g : N — B
CJICOYIOMNM 00pPa30M:

[ f(x), ecmu f(z) € B;
9(@) = { [ ecin f(x) ¢ B.

OueBunno, 4to ps = B, T.e. B cuerno. Teopema 2 nokazana.

N3 Teopembl 2 1 mpuMepa 3 HNOJIYIAeTCs elle OIHO J0Ka3aTeIHCTBO
CYETHOCTH MHOXKECTBa, JIEeCATUYHBIX 3alUCEll HATYPaJIbHBIX YHCEJI, IO-
CKOJIBKY OHI OOpa3yIOT IIOJMHOXKECTBO MHOXKEeCTBa Bcex cJjioB B 10-
oyksennoMm aJsidpasure {0,1,2,...,9}.

I[Ipumep 5. MaoxecTBo Bcex pamuoHaJ bHBIX uncesa Q cuerno.
HeiicTBUTEIHLHO, BCAKOE PAIMOHAJILHOE UNCJI0 3alNChIBACTC B BUIE HE-
COKpaTUMOit apobu Buma m/n, rae m — [esioe 9ucyo, a 1 — MOJIOKU-
TeJIbHOE IIEJI0€ YHUCJIO, T. €. MHOKeCTBO (Q 9KBUBAaJIEHTHO MHOXKECTBY Ta-
KX Jpobeii, KoTopoe, B CBOIO OoYepenb, ABJIAeTCA IMOIMHOXKECTBOM BCEX
croB B aqdasure {0,1,2,...,9,—,/}. Teneps cuernocts (Q crienyer us
npuMepa 3, TeopeMbl 2 u mpumepa 4.

Teopema 3. ObberuHeHHE CYETHOI'O UHCJIA CUYETHBIX MHOXKECTB
CYETHO.

[lokasareabcTBO. IlycTh JaHo cyeTHoe MHOXKeCcTBO A, njiemeH-
ThI KOTOPOI'O CYTh CYETHbIE MHOXKeCTBa. 1pedyercst I10Ka3aTh CYETHOCTD
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MHOXK€eCTBa B, COCTOsImero m3 BCEX 3JIEMEHTOB, MPUHAIICKAIINX 3JIe-
MeHTaM MHO:KecTBa A. Eciu A mycrto, To B TakXKe NyCcTO M CUETHO II0
onpenenennio. Ilycts A HemycTo u cpeau ero 3/1eMeHTOB eCTh HENyCThIe
MHOXKecTBa. Tak Kak A cuerHO, TO CyIecTByeT TaKasi IIOC/I€I0BATE Ib-
HocTb h: N — A, uro pp = A. Obosuauum h(n) gepes A, (n € N).

Il sob6oro n, ecau A, He IyCcTO, CYIIECTBYeT TakKas IIOCJIEIOBa-
TeJIbHOCTL fn, : N — A,,, uro pp, = A,. 3amerum, uro B HemlycTo,
1 3adUKCUpyeM HEKOTOPBIA syement b € B. Ecau A,, nycro, omnpene-
JIIM TIOCJIefoBaTebHOCTD fn, : N — B Ttak, uro f,(x) = b ma joboro
x. PaccmorpuM O0ecKOHEUYHYIO0 TabJIMILY, B CTPOKAX KOTOPOII MOCJIEIOBA-
TeJIbHO BBINUCAHLI 3HaYeHus MyHKIn fq, fi, fo,...:

T 0 1 2
fo(x) | fo(0) fo(1)=fo(2) ...
4 N /‘
filz) | £1(0)  fi(1) fi(2) ...
Ve ) V
fa(z) | f2(0)  f2(1) fa(2) ...
4 v v

O4eBUOHO, B 2TOI TAOJIMIE COIEPXKATCS BCE DJIEMEHTbl MHOXKecCTBa B
1 TOJIbKO OHHU. llepecuuTniBast 71eMeHTHI TAOJIUIIBI B IIOPAIKE, YKa3aH-
HOM CTPeJIKAMI, MBI IIOJIYINM II0CJIEIOBATEILHOCTD g : N — B, TO eCTb,

9(0) = fo(0), g(1) = f1(0), 9(2) = fo(1), ¢(3) = fo(2),

Tem caMbIM JOKa3aHa CIeTHOCTh MHOxKecTBa B. Teopema 3 mokasaHa.

I[Ipumep 6. MuoxkecTBO A* BCcex c/10B B cueTHOM ajidpapute A cuer-
HO. IeficTBuTesibho, eciu A — cueTHblil asipaBuUT, TO CymECTBYyeT Ta-
Kada nocsegoBaresbHocTs f 1 N — A gro pr = A. Ob6oznaunm f(n)
gepes a, (n € N). Ilycre A4, = {ag,a1,...,a,}. Ilockosbky Jr060€
cJioBO B asipaBute A cocTOmMT JUMIL W3 KOHEYHOTO YHCJa OYKB, OHO
ABJISIETCS OJTHOBPEMEHHO CJIOBOM B OIHOM n3 ajihaButoB A,. (A umen-
HO, CJIOBO G, - ..Q),  ABJAETCA CJIOBOM B KOHeYHOM aJjipaBure Ay, rmie
k = max(ky,...,kn).) Takum obpaszom, MHOXKECTBO BCEX CJIOB B aJI-

* *

dbaBuTe A ecTh OObenMHEHNE CUETHOTO Uncsia MHOXKecTB Aj, AT, A5, . ...
Teneps cueTHOCThH A* BBITEKAET U3 IPUMEPA 3 U TEOPEMBI 3.

Teopema 4. MuoxecTBo 3HaYeHHIT (pYHKIIAHM, OHPEIEICHHOH HA
CIeTHOM MHOXKECTBE, CIEeTHO.
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TokasareabcTtBo. Ilyctb A — cuyerHoe MHOXKEeCTBO, [ — HEKO-
Topasdg PyHKIUA ¢ obJsiacThio onpedesenuss A. Ilockosbky A cuerHo,
CYIIECTBYeT HOCJenoBaTeabHOCTh g : N — A Takada, uro p, = A. To-
ria, OYEBUIHO, g © f €CTb IOCJIeA0BATESIbHOCTD, IPUYEM pg4of = pPf, T. €.
MHOXKECTBO py CHYeTHO. TeopeMa mokasaHa.

[Ipumep 7. [lelicTBUTE/IbHOE YHCJIO HA30BEM (.A2€0DaUECKUM,
eCJI OHO ABJIFAETCA KOpHEM HEKOTOPOIO MHOIOYJIEHA C OJHUM HEM3BECT-
HBIM U C IIeJIbIME KO3 dUImeHTaMu, T.€. MHOIOWJ/IeHa BUIA: aoT" +
‘a1t + - +ap_17 + ay, (ag,a1,...,a, — Heyble ducia, ag # 0).
MHuOKeCTBO aJiredpandeckux 4muces c4eTHO. [lelicTBUTEe IbHO, KaxK bl
MHOTOYJIEH MOXKHO paccMaTpuBaTh Kak cjioBo B ajdasure {0,1,2,...
..,9 2 +4,—}, ecsim BMecto " mmcarb xn (HaopuMep, MHOIOUJIEH
42° —22%+3 3anuceiBaTh Tak: 4r5—222+3). B cuny npumepa 3 u Teope-
MbI 2 MHOXKECTBO BCEX MHOIOYJIEHOB cueTHO. PaccMmorpum dpyHKIINO f,
OIIpedesICHHYIO Ha MHOXKECTBE BCEX MHOTOYJICHOB, 3HAYCHHEM KOTOPOI
Ha OJAHHOM MHOTOYJIEHE SIBJISeTCA MHOXKECTBO KOpHell 3TOro MHOrod4.Jjie-
Ha (KOHEYHOe U, CJIeIOBaTesIbHO, caeTHOe). 1o Teopeme 4 MHOXKECTBO py
SIBJISIETCSI CAETHBIM. Tenepb 3aMeTUM, 9TO MHOXKECTBO BCEX aJiredpamnye-
CKUX YHCEJI — HTO B TOYHOCTH OObeANHEHIE BCEX HJIEMEHTOB MHOXKECTBA,
p#, CIETHOE B CHJIy T€ODEMBI 3.

Teopema d. Bce beckoHeUHbIE CIETHBIE MHOXKECTBA 9KBHUBAJICHTHE.

IHokasatenabcTBo. HoKaxkeMm, 4TO BCAKOE ODECKOHEUYHOE CUYETHOE
MHOKECTBO 9KBUBAJICHTHO HaTypaJsibHOMY pany N. Orcioga u U3 Teope-
MbI 1 OyZeT c/eIoBaTh yTBEPKICHUE TEOPEMHEL.

IIyctb A — Oeckoneunoe cuerHoe mMHOxkecTBO, f : N — A — ra-
Kasd MOCJIENOBATEIBbHOCTD, UYTO py = A. OnpenesmMm HOBYIO (PYHKITUIO
g : N — A cnenyromum obpaszom: g(0) = f(0); g(n+1) = f(k), tme k —
HanMeHbIiee qucyo, takoe, aro f(k) ¢ {g(0),...,g(n)} (B cuay Gec-
KoHeuHocTn A Takoe dmcsio k cymecrtByer nyis Jiroboro n). OueBumHO,
4TO g — B3auMMHO omHO3HaIHOEe coorBercTBUe Mexay N u A. Teopema 5
IOKa3aHA.

YuopaxXHeHU 4.

1. [lokazaTh, YTO MHOXKECTBO BCEX KOHEUHbBIX ITOJIMHOXKECTB CHETHOTO
MHO2KEeCTBa CYETHO.

2. lokazarb, 4TO JII0OOE MHOXKECTBO IIONAPHO HEIePEeCEKAIOMNXC
MHTEPBAJIOB HA OEHCTBUTE/ILHON IIPAMOI CYETHO.

3. llokazarb, 9TO MHOXKECTBO TOYEK Pa3pbiBa MOHOTOHHOI deiicTBU-
TeJbHON (DYHKIIUHU CUETHO.
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3 5. KaHTOpOBCKHH THaroHaJbHBIA MeTO]I,

Teopewma 6. MuooxectBo F Bcex pynxmmii m3 N B muaokectBO {0, 1}
HECYeTHO.

IloxkasareabcTBo. IlpeanmonoxkuM, 970 HaM JaHa HEKOTOPAas MO-
ciaenoBaresibHocTh f @ N — F. Ob6osuagum f(n) gepes f,. Ilomobmo
TOMY, KaK MbI IIOCTYHAJIA IPU JOKA3aTEILCTBE TEOPEMBI 3, PACCMOTPUM
OeCKOHEYHYI0 TabJIUIy, B CTPOKaX KOTOPOU BbIIIMCAHBI 3HAYEHUST (DYHK-
nuii fo, f1, fo,.... Temepp omnpenesmuMm pyHKOUIO g € F CaeayommuM

obpas3oM:
{ 1, ecmu f,(x) = 0;

9(x) = 0, ecmu f.(x)=1.

NHBIMU CJI0BAMHU, TIOCJIEIOBATEILHBIE 3HAYECHUST (DYHKINH ¢ TIOJIYYa0T-
Cs U3 YUCeJI, CTOSIINUX HA OUArOHAJIN TaOJINIbI, U3MEeHEHEeM KazKI0T0 13
HX. PYHKIINA ¢ HE BXOIUT B 0OJIACTH 3HAYMEHUN PYHKIINU [, TOCKOJIb-
Ky g(p) # fp(p), xakoBo Ob1 HE ObLIO p. Takum obpazom, HU 1118 KAKOU
nocJsienoBareapbHOCTH f @ N — F' MHOXKECTBO ee 3HAYEHUI HE COBIIAIAET
c F, 1.e. F' secuerno. Teopema 6 moxaszaHa.

MeTon, nCIoJIb30BaHHLBIN B JOKA3aTE€JILCTBE TEOPEMbBI 0, HA3bIBACTCSI
KAHMOPOBCKUM JUG2OHANOHBIM METOJOM.

CiaencrBue. Muoxecrso P(N) mecuerHo.

HokasareabcTBo. Hocrarouno mokasarh, 9to P(N) ~ F) a 3a-
TeM BOCIIOJIB30BaThCA IpuMepoM 4 u TeopeMoii 6. Bzammuo omHO3HAM-
Hoe coorBeTcTBHe Mexay P (N) u F' 3amaer QyHKIIMS, COMOCTABIISIONIAS
KaxksioMy nogMHoxkecTBy M C N ero xapakTepUCTHUECKYIO (DYHKIIUIO,
T.e. TaKyl0 PyHKIUIO X € F, 94To

1, ecmmx € M:;

xar (@) = { 0, ecouz ¢ M.

5 6. KapouHaiabHbBIe yKcJIa, UJIA MOITHOCTH

Corsacao KaHTopy, mon xapduHasbHbiM YUCAOM WA MOULHOCTIBIO
MHOXKeCTBa A MoHMMaercs TO o0Inee, YTO MPUCYIE BCEM MHOXKECTBAM,
9KBUBaJIeHTHBIM MHOXKecTBy A. HesaBucumo or crocoba mpencrabJie-
HUsI TOTO aOCTPAKTHOTIO OOBHEKTA, KOTOPBIA HA3BIBACTCSI KAPINHAJIbHBIM
qucJjIoM, PYyHIAMEHTAJILHOE 3HAYEeHe UMeeT TO, 4TO [IBa, MHOxXKecTBa A
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1 B uMeT OIHO U TO XKe KapAuHAJILHOE YUCJIO, €CJIM U TOJIBKO €CJId
OHU SKBHUBAJIEHTHHI, T.€. A ~ B.

KapanuasibHoe 9ncsio (MOIMHOCTE ) MHOKeCTBa A 0bo3HauaeTcs yepes
A nmm |A|. B wacrtHocTu, kak Mbl panee ycranosuiu, |P(N)| = F, rue
' — muoxecTBO U3 TeopeMbl 6.

Ecnu MHOXecTBO A 5KBUBaJIEHTHO HEKOTOPOMY IIOIMHOXKECTBY MHO-
xectBa B, to mumyt A < B. Ouesunno, uro ec;iu A C B, To A < B.
Teopema Kanropa—bepnmreiina yrsepxiaer, 9T0 €CJau OTHOBPEMEHHO
A< BuB< 1_41, TO_A = B. Ecnu A u B He 5KBUBaJICHTHBI U BBIIOJTHEHO
repaBeHcTBO A < B, 10 ITATITY T A < B.

CorstacHO TeopeMe 9, BCce DECKOHEYHbIe CUeTHbIe MHOXKECTBA, UMEOT
OIHY W TY K€ MOIIHOCTb. ITa MOIIHOCTH OOBITHO 0003Ha4UaeTCs Ng (Uu-
taercsa ased-HyJib; N (ded) — mepBasi GykBa eBpeiickoro asagaBuTa).

Mormraocts maOKecTBa P (N) (1, ciremoBaresbHO, MOMHOCTE F') HA3bI-
BAETCA MOUHOCTIBIO KOHMUHYYMA U OOBITHO 00O3HadYaeTcs ¢. MOXKHO
II0Ka3aTh, UTO OHA PAaBHA MOIIHOCTU MHOXKECTBA BCEX JIECTBUTEJIbHBIX
gucesi. CoryiacHO CJIeACTBUIO U3 TeopeMbl 6 ¢ # Ng. OdYeBUIHO TakxkKe,
410 Ng < €.

IIpennosioxkeHnue 0 TOM, YTO He CylIeCTByeT MHOxKecTsBa M, nja Ko-
Toporo Ng < M < ¢, HA3bIBAIOT KOWMURYYM-2UNnome3ot. ITO IPaBIO-
10100HOE C MHTYUTUBHONI TOYKM 3PEHUS IIPEAIIOJIOKEHNE I0JIN0e BPeMs
HE VIaBaJIOCh HU JOKa3aTh, HU OIIPOBEPrHYTh. JINWIIL cpaBHUTEILHO He-
IIABHO NpobJieMa, CBsA3aHHASI C KOHTUHYYM-TUIIOTe301i, ObLjIa pelleHa, HO
B HECKOJIBKO HEOOBIYHOM CMBICJIE, KOTOPBIA Pa3bsICHUTCS OJISI HAC YYTh
IO3KeE.

YuopaxHeHUs. ) ) )
1. Hokazark, urto ecoim A1 C Ao C Au A = A, 1o 45 = A.
2. llokazarb Teopemy Kanropa—bepumreiina.

3. lokaszarb, 9TO OObeOIUMHEHNE CUYETHOI'O YUCJIa, MHOXKECTB MOIITHO-
CTH ¢ UMEET MOMIIHOCTH C.

5 7. Teopema KanTopa

Teopema 7 (reopema Kanrtopa). s roboro muoxectsa M ume-
er mecto M < |P(M)].

HoxaszarteabcTBo. [Iycth ¢ — Takasa dyakmusa usz M B P(M),
q1o g(x) = {z}. Ira hyHKIMS yCTaHABIMBAET B3AMMHO OJHO3HAYHOE
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coorBeTcTBUE MeX Ty M n moamuoKecTBOM P (M), COCTOANNM U3 OIHO-

3JIeMEeHTHBIX noaMHoxkecTs M, tak uro M < [P(M)].

[Tokaxxem, utro M u P(M) He skBuBajsieHTHbI. I[lycTh f — Kakas-
6o dyuxmusa u3 M 8 P(M), u nycts S ={x |z € M uz ¢ f(z)}.
OueBunno, S € P(M). Ilokaxewm, uto S ¢ ps. eiicTBUTENBHO, IYCTH
f(s) = S mast mekoroporo s € M. TIpocThie pacCyKIeHus TTOKA3bIBAIOT,
9YTO B DTOM CJIy4ae Ipeamnosioxenus s € S u s ¢ S oba BeayT K NpOTH-
Bopeunto. Takum obpasom, HU i Kakoit dbyukmuu f : M — P(M) ee
MHOKECTBO 3HadeHuit He coBmamaer ¢ P(M). CriemoBaresibHO, HE CYyIIe-
CTBYeT B3aWMHO OIHO3HAYHOTO cooTBeTcTBHUsA Mexay M u P(M), T.e.
OHU He 3KBUBAJICHTHBI. Teopema 7 mokasaHa.

MomaocTh MHOKecTBa P (M) npunaro obosrauars 2Y. Taxum obpa-

som, M < 2™ B wactroctu, Ng < 2%0 < 227 < ... 3amerum, 4TO
KapINHAJIbHOE YNCII0 280 PABHO MOIIHOCTH KOHTHUHYYMA.

3 8. Ilapamokchbl TeOpUH MHOXKECTB

B 90-x rogpax XIX B., Korma Teopusi MHOXKECTB CTaJIa IMOJIy9aTh OPU-
3HAHNE CPelu MAaTeMaTHKOB, B Hell ObLIM OOHapPyKEHBI MPOTHUBOPEYNS.
PaccMoTpuM HEKOTOpBIE U3 HHUX.

Ilapadoxc Kanmopa cBs3aH C MHOXKECTBOM Bcex MHOxKecTB. (JD0O3HA-
quM 3T0 MHOXKecTBO Uepes 1. Torma P(T') ecth HEKOTOPpOE MHOKECTBO

mHOoKecTB, otkyaa P(T) C T. Ho torma |P(T)| < T. C IIPYTOii CTOPOHBI,
11z sioboro muoxkecrsa M umeer mecto nepasenctso M < [P(M)]. Or-

ciona 1o Teopeme Kanropa-Bepumreiitna nonay4aerca T = |P(T)|, ato
IIPOTUBOPEYINT TeopeMe 7.

Bot eme omun mapamokc Teopum MHOXKeCTB — napadoxc Pacceaa.
IIycts R ecTh MHOXKECTBO BCEX MHOXKECTB, KOTOPBIE HE SBJISIOTCS 3JIe-
MeHTaMu camux cebs, T.e. R = {x|r ¢ z}. Torma okaspiBaeTcs, 4TO
R € R BouINOJIHSIETCS TOTA U TOJBKO TOTaa, Korma R ¢ R.

[Iapamokcel KanTopa, Paccena u gpyrue teopeTuko-MHOXKECTBEHHBIE
apagoOKChl TEeMOHCTPUPYIOT TPYAHOCTH, CBA3AHHBIC C IOMNBITKAMU I10-
CTPOUTH TEOPUIO MHOXKECTB HA OCHOBE MHTYUTUBHOI'O MOHATUSA MHOMKE-
CTBa. DT TPYAHOCTU BBIHYKIAIOT HAC 3aHATHCSI BOIIPOCOM: B UeM Ke
cOOCTBEHHO IIOABEJIM HAC METOIbl OOpa30BaHUSA IIOHATHUNI 1 PacCyxkKie-
HIsI, Ka3aBIInecs yOequTeIbHBIMI, MOKa He BBISICHUJIOCH, YTO OHU IIPU-
BOIST K Iapagokcam?! Pasjmynble MaTeMaTUKNA BBHICKA3BIBAJIM PA3HBIE
B3TJISIIBI 10 MOBOLY HPUYNH BO3HUKHOBEHMSI ITAPAIOKCOB 1 IIPEIJIarajiu
HEKOTOPbIe CIIOCOOBI N30aB/IEHUSI OT HUX.
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OauH 13 BO3MOXKHBIX IIyTeil m30aBJ/ieHNs OT U3BECTHBIX IAPAIOKCOB
COCTOUT B Pa3JIMYEHUU COBOKYITHOCTEN JIBYX COPTOB, HA3BIBACMbIX KJIAC-
caMM 1 MHOKecTBaMu. TodHee, IPOU3BOJILHAA COBOKYIIHOCTb OObEKTOB
CUNTAECTCA KAACCOM, & MHOXKECTBAMU sABJIAIOTCA TOJIBKO T€ M3 KJIACCOB,
KOTOpBIE caMII MOTYT OBITH »JIeMeHTaMH OPYyruX KJaccoB. Ilpm Ttakom
IOIX0d€e PaCCYKIeHNA, NCIIOJIb3yeMble B Mapagokcax Kantopa n Pacce-
JIa, IPUBOOAT HE K NPOTHUBOPEYMIO, 8 BCErO JIUIIb K PE3YJIbTATY O TOM,
YTO HEKOTOPhIE COBOKYIIHOCTH HE sSIBJISIIOTCA MHOXKEeCTBaMu. HToObI yOe-
OUTHCA, 9YTO HTO HE IMPOCTO UT'PA TEPMUHAMM, MOIBITAEMCA, HAIIPUMED,
IIpOBeCcTU HNapadokc Paccesa, nmMmess B BUOy, 9YTO COBOKYIIHOCTH [ Bcex
MHOXKECTB, He sIBJIAIONIUXCS dJIeMeHTaMI CaMIX ceDsa, — He MHOXKECTBO,
a, KaK IOBOPsIT, COOCTBEHHBII KJIacC — KJIACC, HE ABJISIONUCA MHO-
xkectBOM. (QueBHIHO, 4TO R He sABJ/IAETCsS CBOUM 3JI€EMEHTOM, IOTOMY
YTO HUKAKOU COOCTBEHHBLIN KJIACC HE MOXKeT ObITH 3JIEMEHTOM HHKAKOTO
Kjgacca. OTcroma, OJIHAKO, HE CJIEAYEeT, YTO Mbl JOJIKHbI BKJIIOUUTH €TI0
B [ B KadecTBe 3jIeMeHTa, HOTOMY YTO K KJIaccy i Mbl OTHOCHUM TOJIBKO
MHOXKeCTBa. TaK 4TO HUKAKOT'O IIPOTUBOPEYHUST 30€Ch HET.

§ 9. AkcumoMmaruudeckada TEOPHUA MHO2KECTB

[TockoJIbKY CBOOOIHOE II0JIb30BAHNE HOHATUAMU, UICXOOANINMU U3 UH-
TYUTUBHBIX IIPEICTaBJIEHUI O MHOXKECTBaX, IPUBOAUT K IIPOTUBOPEYUN-
am, 9. [lepmeno (1908 r.) mpensIoRUI OTPAHUIUTHCS PACCMOTPEHUEM
MHOKECTB, CYIIECTBOBAHNE KOTOPHIX MOXKET OBbITH JTOKA3aHO HA OCHOBE
HEeKOTOPOro cImcka akcuoM. llpensoxkennas Llepmesio cucrema axcu-
OM BIIOCJIEACTBHUHI ObLTIA HECKOJILKO pacmmpena A. dpenkeseM m HOCAT
rnaspanue cucrembl Llepmeno—@penkens ZF OcaoBabiME (HEOTpene ise-
MBIMI) MOHSITUSIMU 9TOW CHCTEMBI SIBJISIOTCSI OTHOINEHNE MTPWHAITexK-

HOCTU € U OTHOIIeHue paBeHcTBa =. (Cucrema ZF nmeer cienyrromme
AKCHOMBI.
L. Axcuoma obsemrocmu. IIBa MHOXKECTBA PABHDLI, €CJIN WM TOJIBKO

ecJIi OHI COCTOAT U3 OOHUX W TeX XK€ DJIEMEHTOB.

II. Axcuoma napwi. s a00b1x MHOXKECTB A u B CcylIecTByeT Ta-
KO€ MHOKECTBO, 4T0 A u B SBJISIIOTCSA € IMHCTBEHHBIMU €r0 3JIEMEHTaMI.

III. Axcuoma obsedunenus. s a000oro MHOXKECTBa A cyliecTByer
MHOxKeCcTBO UA, cocToslnee B TOYHOCTH U3 BCEX HJIEMEHTOB, IPUHAIJIE-
JKAIIUX 9JIeMEeHTaM MHOKecTBa, A.

IV. Axcuoma mnoocecmea ecex nodmruoxncecms. s 00010 MHO-
KecTBa A cymectByer MHOXKeCTBO P(A) Bcex mommHoKecTB A.



18 I'n. 1. 9aemeHmovr meopuyu MHOHCECTNE

V. Axcuoma evidesnenus. s groboro muoxkectsa A m csoiictsa P
TAKOTO, UTO 1Js1 Jitoboro & € A yrBepxaenue ®(x) ubo uctuHO, OO
JIOXKHO, cymecTByeT MHOX)ecTBO {x | x € A u ®(x)}, cocrosmee B TO4-
HOCTH U3 TeX 3J1eMeHTOB A, 11J1s KOTOpbIX @ 1McTuHHO.

VI. Axcuoma 6eckonewnocmu. CyimecTByer o KpaiiHeil Mepe OIHO
OeCKOHEYHOE MHOXKECTBO — MHOXKECTBO HaTypaJsibHbIX unces {0,1,2, ...}

VII. Axcuoma svibopa. s ar000r0 HEIIyCTOrO MHOXKECTBA S monap-
HO HeIlepeceKalomunXCcsA MHOXKECTB CYIIECTBYET HEKOTOPOe MHOXKEeCTBO,
colepiKallee B Ka4eCTBE CBOUX 2JIEMEHTOB POBHO II0 OOHOMY JIEMEHTY
13 KaXKJIOro 3JieMeHTa MHOXKECTBa S.

VIII. Axcuoma ¢ynduposarnus. He cymecTByeTr OecKOHEUHOI yObIBA-
IOIEN TOCJIEIOBATEJIBHOCTU L1 D Lo D .. ..

IX. Axcuoma nodecmarnosxu. s Kaxaoro MHOKecTBa A n pyHK-
uu f, onpenesieHHoil Ha A, cymecTByeT MHOXKECTBO, COOEePKallee B TOI-
HOCTU O0beKThI f(x) misa x € A.

Bce akcmoMbl MOryT OBITH 3alMCaHbl COBEPIIEHHO (POPMAJIHLHO —
a IMEHHO, (pOpPMYJIaMU SI3bIKA TEOPUH MHOXKECTB, OIIMCAHHOIO B § 7 CJIe-
IyIoIeil rj1aBbl. ITa U APYIHUE U3BECTHBIE CUCTEMbI AKCHUOM [IJISI TEOPUN
MHOXKECTB CPOPMYJIMPOBAHLI TAK, YTOOBI HA UX OCHOBE MOXKHO OBLTIO JI0-
Ka3aTh BCE OOBIYHBIE TEOPEMbI TEOPUN MHOXKECTB, HO 0e3 MapaIoKCoB.

XOTsI B TeOpUM MHOXKECTB, OCHOBaHHOI Ha akcuomax I-IX, Hukaxmx
IPOTUBOPEYNii He OOHAPYKEHO, ATO eIlle He 03HAUAET, YTO IIPOTUBOPE-
Y11 3/1eCHh HEBO3MOXKHBI. UTOOBI YCTAHOBUTH HEJOKA3YEMOCTh IIPOTUBO-
peunsi, Hy?KHO IIPeKIe BCEr0 YTOUYHUTH MOHATHE I0KA3aTeJbCTBA, T.e€.
[IPABUJILHOTO PAacCy:KaeHusA. Bempb oka Mbl HE YTOYHUM, YTO TAKOE «J10-
Ka3aTeJbCTBO®», Mbl HE CMOXKEM CTPOrO MAaTEMATHUYECKH HOKa3aTb, UTO
HEYTO HEBO3MOXKHO [I0Ka3aTh. JHAYUT, HEOOXOIMMO CTPOTOEe OIpeeJie-
HIEe JOKa3aTeJIbCTBA, HY?KHA HAayKa O JOKa3aTeJIbCTBaX, O MMPaBUJIbHBIX
PACCYXKIEHUAX, T. €. JIOTUKA.

B zakjodeHme BepHEMCsI K BOIPOCY, CBA3aHHOMY C KOHTHHYYM-
runoTe3oii. VIMeHHO C MOMOIbI0 YTOUYHEHUsI MOHSTUsI JI0Ka3aTeJIbCTBA
I METOIOB MareMarumdeckoii joruku B pabdorax K. I'émesa u II. Kosna
OBLIO JOKA3aHO, YTO KOHTUHYYM-TUIIOTEe3a HE MOKeT ObITh HU JTOKA3aHa,
HU OIIPOBEPrHYTa HA OCHOBE OOBIYHBLIX aKCUOM TEOPHUN MHOXKECTB. ITO
HE €IMHCTBEHHbII MpUMep TOro, KaK MAaTeéMaTUYIeCKasa JIOTUKaA IOMOIJIA,
[IOJIYIUTh HEeTPAIUIIMOHHOE PEIleHne U3BEeCTHBIX MATEMaTUIECKUX IIPO-
OJ1eM.

YupaxHenue. Ha ocHoBe cucrembl akcuom ZF noxkaszarh, 4YTO Ka-
KOBBI ObI HI ObLTu MHOXKecTBA A, B,C,eccimu A € Bu B € C, to C ¢ A.



' TABA 2
A3DBIKUA ITEPBOI'O ITIOPAIKA

§ 1. Boicka3bIBaHUA W BbICKa3bIBaTeJIbHbLIC (I)OprI

Y10o0BI JIOTUKY MOXKHO OBLTIO Pa3BUBATH MATEMATUYCCKIMU METOdA-
MU, HEOOXOINMO IIPEXKIe BCEro YTOUYHUTH OCHOBHBIE JIOTUYECKUE ITOHHA-
Tus. Hameit ocHOBHOII 3a1a4eil ABJIsdeTCcsa yTOYHEHUE U U3y YeHne ITOHA-
THSA TIPABUJIBHOTO PACCYKIOCHNUA, NJIN JTOKa3aTeIbCTBa. Bcsakoe paccy-
JKIIeHIe COCTOUT B MOCJIeI0BATEIbHOM IIepexoae OT OJHOM MBICJIN K APY-
roif, NN, KaK TOBOPST B JIOTHKe, OT OOHOIO CYKOeHnd K apyromy. Ma-
TepuaJIbHLIM BhIPAXKEHIEM CYKICHUSA ABJISIETCA MPEIJIOKEHNEe TOTO NN
MHOTO s13bIKa. HampmMmep, MmareMarndyecKue CyxKIeHUsT MbI OOBIYHO 3a-
INCHIBaEM B BHIE TEKCTOB Ha PYCCKOM sI3bIKe, OOOTAIIEHHOM MaTeMaTH-
JyecKoit cuMmBoInKoii. llpennoxkenusi, BoIpazkalolue onpenaeeHHbIe Cy-
JKJIEHIsI, HA3bIBAIOTCA 6bickasdbi8arusmu. OHU XapaKTepPU3YIOTCS TEM,
YTO MOI'YT OBITH MCTUHHBLIMU WJIN JIOXKHBIMHU, U DTUM OTJIMIAIOTCS, Ha-
IIPUMEDP, OT IOBEJIUTEIbLHBIX NJIA BOIPOCUTEJIbHBIX IIPEIJIOKEHMNIA.

Hanpumep, 2 X 2 = 4, «Pum — cronnua PpaHUun» CyThb BbICKa-
3bIBaHUsI, a Opensioxkenus «Koropsrii vac?» uan «Pemuts KBaapaTHoe
ypaBrenue 2 + 3z — 2 = 0» BLICKa3bIBAHUAMHI HE ABJIAIOTCA.

Ecsm BhIcKa3bIBaHUE NCTUHHO, TOBOPSIT, YTO €T0 UCTUHHOCMHOE 3HA-
yenue ectb W («ucTuHa»), a €cjid BBICKA3bIBAHUE JIOXKHO, TO €ro KC-
TUHHOCTHOE 3HadeHue ecThb JI («10xb»). Hampumep, BbICKasbiBaHme
2 X 2 = 4 umeeT nCTHHHOCTHOE 3Hadenne I, a BuickasbiBanue «Pum —
crosnia Opanmum» — Jl.

OgHako, He BCSIKOEe MOBECTBOBATEJILHOE IIPENJIOKEHHUE SIBJISETC BhI-
ckaszpiBanueM. Paccmorpum, Hampumep, npedoxenue: «Ocrarok ot
JeJIeHUsT YUCJIa 1 Ha ¢ paBeH 3». B 3ToM npenjioKeHnn He COIePKUTCH
HIUKAKOTO YTBEepXKIEHUsA, U HeJIb3s1 CTaBUTh BOINPOC O €ro UCTUHHOCTHU
n j1oxkHOCTH. OIHAKO, IOACTABUB B 9TO IIPEIJIOKEHNE BMECTO 1 0003HAa-
JyeHne KaKoro-JIn00 KOHKPETHOTO HATYPaJIbHOIO YHUCJa, MbI HOJIYYHM
BBICKA3bLIBAHIE.

bykBa n, Bxoasdamasa B 9TO IpelJjIoKeHne, Ur'paeT PoJib IIepeMeHHOI.
Boobme, nepemenHas — STO A3BIKOBOE BbIpaxKeHHUe, CJIyzKallee s
0003HaYEHNsT TPOU3BOJILHOIO 00BEKTA M3 HEKOTOPOro (PUKCUPOBAHHOIO
MHOKECTBA, HAa3bIBAEMOT'0O 00JIACTHI0 BO3MOXKHBIX 3HAUEHU 3TOil nmepe-
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menHoit. Ecim nmepemennasi ymorpebJisieTcsi TakuM 00pa3oM, 9UTO MO-
MyCKaeTCs MOACTAHOBKA BMECTO Hee 0O03HAUEHU (umeHn) 0OBbEKTOB 13
00J1aCTH ee BO3MOXKHBIX 3HAYEHNH, TO 9Ta IepeMeHHas HA3hIBAETCS C60-
bodnoti. TakoBbl, HaIpUMep, MEepEeMEHHbIE X, Y, 2 B BbIpAXKeHUAX T < Y
nz = x4+ 1. OgHako B MareMaTHKe BCTPEYAETCS W TAaKOe YIoTpedJie-
HIUE TIepeMeHHBIX, TIPH KOTOPOM HEe IPEINoJIaraeTrcs U He IOIMYyCKaeTCs:

BO3MOXKHOCTDb II0JCTaHOBKKX BMECTO HHNX MMEH KOHKPETHBIX 00'BEKTOB.
3

Hanpumep, B BuIpazkeHne / z? dx, Tne x — melicTBUTeIbHAA IIepeMeH-

0
Hasl, T. €. IepeMeHHas, 00JIaCThI0 BO3MOXKHBIX 3HAaYEHUIT KOTOPOil ABJIs-

eTCs1 MHOXKECTBO AeiiCTBUTEIbHBIX YNCEJI, HEJIb3s MOACTABJIATH BMECTO
r 0003HAYEHUsT KAKUX-JINO0 KOHKPETHBIX HeiCTBUTEIbHBIX Yuces. Bot
npyroii npumep: «He cymecTByer Taxoro pamnoHaJIbHOIO YUCJIA ¢, YTO
g> = 2». XoTa 3TO IpeasioKeHHe U COIepKUT MepeMeHHYIO ¢, IOICTa-
HOBKa B HEro 0003HaYeHUlT KaKUX-JIM00 YUCesI BMECTO ¢ JIMIIEHA, CMbICJIA.
B ToMm ciydae, Korga 1o CMBICJIY BbIPpaxKeHHUsI, COAEPIKAIIEro nepeMeH-
HYIO, IIOOCTAHOBKA BMECTO Hee UMEH KOHKPETHBIX 00bEeKTOB HEIOIYCTH-
Ma, BTa IIepeMeHHasd Ha3bIBAeTCA €8A3aHHOU. B 0MHOM BhIpaxkKeHnU OJHA
1 Ta XKe IepeMeHHasd MOXKeT YIOTpeO/IAThbCS U KaK CBOOOIHAsI, U KaK

X
CBA3aHHasdA. Hanpumep, B BbIpaxKeHUN / 2? dx 0ba BXOXKICHHUA Iepe-

0
MEHHOU T B ITIOIBIHTETPAJIBHOE BbIPaKE€HNE ABJIAIOTCA CBA3aHHBIMHI, a €€

BXOXKJIEHIE B Ka4eCTBE BEPXHETO Ipenesia MHTEeIPUPOBAHUSI — CBODOII-
HBIM. BooO1e, cjeayer TOBOPUTH MMEHHO O CBOOOOHBIX 1 CBSI3AHHBIX
srodtcldenusxr TAHHOII mepeMeHHO B HaHHOE BbIparKeHIe.

Bripaxxenune, conepxKaliee CBOOOIHbBIE BXOXK IEHISI IIEPEMEHHBIX U IIPe-
BpAIIAIOIIEECs B MMs HEKOTOPOTro 00beKTa (M, COOTBETCTBEHHO, BbI-
CKa3bIBAHNE) BCAKWIA pas3, KOrIAa BMECTO BCEX CBOOOIHBIX BXOXKIEHUM
KaxKJIOIf mepeMeHHO#l MOACTABIAETCA UMsI KaKOro-HUOYIbL OOBEKTa 13
00J1aCTU ee BO3MOKHBIX 3HAYEHUH, HA3BIBAETCST UMeHHOT dhopmot (nu,
COOTBETCTBEHHO, 6bickadvieamenvroli opmoii). Ilepemennble, mmero-
e CBOOOIHBIE BXOXKIIEHIUSI B UMEHHYIO WUJIM BBICKA3bIBATEJILHYIO (DOP-
MY, HA3bIBAIOTCA ee napamempamu. VIMEHHYIO NN BBICKA3bIBATEIHLHYIO
dopMmy OymeM HaszbIBaTh k-MmecmHoll, ecJin OHA COIEPKUT POBHO k pas-
JINYIHBIX ITapaMeTpoB. B dacTHOCTH, MOXKHO TOBOPHUTh M O (-MECTHBIX
MMEHHBIX W BBICKA3bIBATEJILHBIX POPMaX, IIOHUMAST 110 HUMU COOTBET-
CTBEHHO UMEHA, U BbICKA3bIBAHUAI.

WNuorna n1st k-MeCTHON UMEHHON MJIN BBICKA3BIBATEILHON (POPMBI MbI
OymeMm ymoTpebsiaTh obo3Hatdenne Buma F(xy,...,Ty), ABHO YKa3bIBasd
Bce ee napamerpsl. Torma, ecau aq,... ,a; — UMEHa KaKux-Imbd0 00b-
eKTOB U3 obJiacTell BOBMOXKHBIX 3HAYEHUII IepeMeHHBIX I71,...,T5 CO-
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OTBETCTBEHHO, TO 1Uepes F'(ay, ... ,a,) 0003HAUAETCS BBIpAKEHNE, TOJIY-
gennoe u3 F'(xq,... ,2y) MIOOCTAHOBKOH a1 BMECTO &1, ... ,d) BMECTO Xj.

[Tpumep 1. Hepes F(x,y) 0603HaUNM NMEHHYIO (bopMy

y
y+x-y- lim /sinx2ydx.
y—>5w

Torma F(—7,3) ectb BhIpazKeHue

34+ (=7)-3-lim / sin 2%y dz.

Y—5

Boobe, F'(a,b) nmeer Bum

y
b+a-b-lim /sinw2ydaz.
y—>5a

[Tpumep 2. Yepes A(i, k,m) 0003HAYNM BBICKA3bIBATEJILHYIO (POP-
My

Z % lim log, k.

: 7 k—1
1=k

CCTh BbLICKA3bIBaHUEC

N—’

Torma, nanpumep, A(5,2,8

8
Z % hm log, k.

(]
1=2

¢ 2. JIormyeckue onmepanum

3 onHUX BBICKA3BIBAHUN PA3JIMYHBIMHU CIOCODAMU MOXKHO CTPOUTH
HOBBIE DOJIee CJI0KHBbIE BbICKa3biBaHuA. (C1oco0 MOCTPOEHUS CJIOKHOIO
BBICKA3bIBAHUS U3 JAHHBIX BBICKA3BIBAHUIL, IIPU KOTOPOM UCTUHHOCTHOE
3HQUEHNE CJIOKHOIO BBICKA3BIBAHUS IIOJIHOCTHIO OIPENeJsIsIeTCsl MCTUH-
HOCTHBIMU 3HAUEHUAMU NCXOOHBIX BBICKA3LIBAHUNA, HA3BIBACTCS A02UYE-
cxoti onepavuet.

[IprMepoM JIOrmIecKoil omepanuy MOXKeT CJAYKUTE 0mpuyaHue, IIpe-
obpasyioliee Jir0OOe JaHHOe BbICKasbiBaHue A B BbicKasbiBaHue «He-
BEepHO, 9TO A», KoTopoe MbI Oyzmem obosHauarbh —A. OueBuImHO, 9TO
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BbBICKAd3bIBAaHUE _lA NCTNMHHO TOr'da M TOJIBKO TOr'Ja, KOI'la A JIOZKHO.
DTOT (PAKT MOKHO BBIPA3UTh IIOCPEACTBOM CJIEAYIOMEN UCmuHHOCmHOL
mabauybe:

A |-A
ni|Ji
JI | 1

9Ta Tabsmiia IOKa3bIBAET, KAKOE NCTUHHOCTHOE 3HAYUEHIEe NMeeT BbICKa-
3pIBaHMEe " A mpu JaHHOM MCTHHHOCTHOM 3HAYEHUHN BBICKA3LIBAHUS A.

Boobme, g s1roboit jjormvieckoii omepanyum MOXKHO IIOCTPOUTH CO-
OTBETCTBYIONLYIO €ii ICTUHHOCTHYIO Tabauiy. Hekoropwle u3 sanbosiee
YIIOTPEOUTE IHHBIX JIOTUYECKUX OIEPAIINil MMEIOT CIelnaJIbHbIE Ha3Ba-
HIS 1 00O3HadYeHHnsi. Kpome oTpuliaHus, 3TO elle OByMEeCTHBLIE Olepa-
mun:  kKowvronkyus (&, A), dusvronkyus (V), umnaiuxayus (D, —, =),
IKBUBAAEHMHOCTNG (=, 4+,<>). M COOTBETCTBYIOT CJIENVIONIE WCTUH-
HOCTHBIE TaOJINIIbI:

AB|A&B|AVB|ADB|A=1HB
numnmf mn " " "
nmJjry Jl nu J1 J1
JLU| JI " n J1
JLJL| J1 J1 n "

B maremarnueckoii jloruke IpuUHSITO HE PA3JIUYIaTh JIOTMYECKHUE OIle-
palny ¢ OOMHAKOBBIMU MCTUHHOCTHBIMU TAOJUIIAMHU HE3aBUCHUMO OT TO-
ro, KaKoe CJIOBECHOEe O(OPMJICHHE MMEIOT 3THU JIOTUYECKUE OIIEPAIIN.
Hanpumep, BrickaspiBanne A O B MoxKeT nepenaBaTbCs IIOCPEICTBOM
BeIpaxkenuii «Ecan A, to B», «A Bieder B», «B cayuae A nmeer me-
cto By, «[li1a A neodoxomnumo B», «A, Tosibko ecsin B» u 1.1. Bot s13b1-
KOBBIE 9KBUBAJIEHTHI [IJIs1 IPYTUX JIOTUUeCKuX onepannii: - A — «He A»,
«A #e umeer mecray, «A weBepuo»; A& B — «A u B», «He TospK0 A,
Ho u B», «Kak A, tak u B»; AV B — «A uwin B nwin oba», «A nian
B», «A, ecin vHe B»; A = B — «A, ecaiz u Tosbko ecoim B», «Ecan A,
To u B, u obparuno», «A skBuBaJjieHTHO B», « A paBHOCUJIBHO B», «A
TOrJa W TOJIBKO TOTIA, Korga B».

Haxkomern, nmpuBegemM mpuMep ONepallni Hal BHICKA3LIBAHUAMUI, KOTO-
pas He sABJIsIeTCsA JIOTUYECKOil omepaliieil: mo BBICKA3BIBAHUIO A CTpO-
MM BbICKa3biBanme «4 3naro, uro A». OueBMIHO, 9TO UCTUHHOCTDL MJIN
JIOXKHOCTBb TAKOI'O BBICKA3bIBAHUSI 3aBUCUT HE TOJIBKO OT UCTUHHOCTHOI'O
sHadenusi A, HO U OT OCBEIOMJIEHHOCTH CYObEKTa, IIPOU3HOCSIIEr0 3TO
BBICKA3bIBAHUE.

PaccMmorpennble HaMu Jiormdeckne omnepanun —, &, V, D, = Ha3bIBa-
IOTCS NPONO3UUUOHANDHBIMU ONEPAUUAMU, 8 CAMBOJIBI HUCIIOJIb3YyEeMBbIE
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IIJIsT UX ODO3HAYEHUsI, — NPONO3UUOHAALHBMU CEA3KAMU. ITU OIepa-
UM MOXKHO, OUYEBUIHO, IPUMEHSATHh U K BBICKA3bIBATEILHBIM (POpMaM,
moJIydasi n3 HuX 0oJiee CJI0KHbBIE BBICKA3bIBATEIbHBIE (POPMEI.

Yupaxuaenune. HalitTu ncTuHHOCTHBIE 3HAUEHNA CJIEAYIONINX BbI-
CKa3bIBaHUN:

a) Ecom 11 nenmres Ha 3, 1o 11 meantcst Ha 6.

6) Ecom 15 nesmurcs wva 3, To 15 menmrcs Ha 6.

B) 11 mesmurcsa Ha 3 TOrzma M TOJIBKO TOMA, KOTa 15 menmrcs Ha 6.

¢ 3. JIormka BbICKa3bIBaHHUN

Ilepemennas, HONMYCTUMBIMHI 3HAYEHUAMU KOTOPOIl SIBJISIOTCS IIPO-
M3BOJIbHBIE BBICKA3BIBAHIS, HA3BIBACTCHA NPONO3UUUOHAADHOT NEpeMeH-
Hoti. B KadecTBe IPONO3UIIMOHAIbHBIX IIEPEMEHHBIX Mbl OYIeM HCHO.JIb-
30BaTh OoJIbIINE JTATHHCKNE OYKBBI P, (), R, . .. (BO3MOXKHO C MHIEKCAMMT;
nanpumep, P3, Q7, Ri1).

dopmysraMu JIOTUKH BHICKA3BIBAHUI, IJIH NPONO3UYUUOHAALHBLMU (POD-
MYAAMU, HA30BEM BBIPAXKEHNsI, KOTOPhIE CTPOSITCS U3 ITPOIIO3UITNOHAJIH-
HBIX II€PEMEHHBIX C IIOMOIILI0 CKOOOK U IIPOIO3UIINOHAJIbHBIX CBA30K I10
CJIEOVIOMNIM ITPaBUJIAM:

1) r06asi TPOMO3UIIMOHAIFHAA TEPEMEHHAsT sIBJISAeTCS ITPOIO3UIIIO-
HaJIbHOIT (POPMYJIOii;

2) eccm A u B — nponosunmonansubie popmyssl, To A, (A & B),
(AV B), (A DB), (A= B) — nponosunmonasbabie (POPMYJILL.

Hanpumep, BoIpaxKeHusd

(PDQ), (PD>(Q@DR), (PD(Q@D(P&Q)))

ABJIAIOTCA TTPOMO3UITNOHAIBHBIMI (POPMYIAMUA.

Ecau B mponosunmoHasbHy0 gpopmyay A, mocTpoeHHyo U3 mporo-
3UIMOHAJIBHBIX IepeMeHHbIX P, ... , P,, BMecTo 3Tux nepeMeHHbIX II0-
CTaBUTh KOHKPETHbIE BbICKA3bIBAHUA, TO MOJIYUYUTCA HEKOTOPOE BHICKA-
spiBadue. l[IponosumnmronasbHaa popMmysia Ha3bIBaeTCA masmono2ued,
ecJId OHA MPEBPAIAETCS B UCTUHHOE BbICKAa3bIBAHKE NIPU J11000I TToacTa-
HOBKE KOHKPETHBIX BBICKA3bIBAHUII BMECTO NMepPEMEHHBIX; KaxKJad TaB-
TOJIOTUSA ABJIAETCA CXEMOI MCTUHHBIX BBICKA3bIBAHUI U B 9TOM CMbI-
cJle BBIpAXKAET HEKOTOPBIA sozuveckuli 3axon. llpuBenmeMm mpumepsl
JIOTHYIECKNX 3aKOHOB: (P V —P) — 3aKOH HUCKJIIOYEHHOIO TPEThEro;
(-—P = P) — 3akon asoiinoro orpunanus; —(P & —P) — 3akoH mpo-
tuBopeyust; (((P D @) D P) D P) — zaxon [lupca.
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O4YeBUOHO, YTO UCTUHHOCTHOE 3HAYEHUE BHICKA3bIBAHUA, 1101y Y€HHO-
IO TIOJCTAHOBKOI B TPOMO3UIINOHAJILHYIO (DOPMYJIY KOHKPETHBIX BBICKA-
3BLIBAHUIT BMECTO IIPOIIO3UIIMOHAJIBHBIX II€PEeMEHHBIX, 3aBHUCHT TOJIBKO
OT MCTUHHOCTHBIX 3HAUYEHNII MOOCTABJIsIEMbIX BbICKa3bIiBaHMil. I1oaTOoMYy
JIOBOJIBHO JIETKO MOXKHO IIPOBEPUTH, SIBJISIETCA JIA JAHHAS IIPOIO3UIIH-
OHAJIbHAs (popMmyJia TapBToJiorueii. s ®Toro mocrarodHo mepedparb
BCEBO3MOXKHBIE IMOACTAHOBKU B Ty (dopmysy 3Hadvenuit I m JI BmecTo
IPOTIO3UITMOHAJIPHBIX MMEPEMEHHBIX (TaKMWX MOACTAHOBOK pPOBHO 2 rime
N — YUCJIO IEPEMEHHBIX B POPMYJIEe), U I1J1s1 KaXK 0 TaKOi MoICTAaHOBKU
BBIYUCJINTH COOTBETCTBYIOIIEe 3HaUYeHre (POPMYJIbI, II0JIb3YsICh UCTUH-
HOCTHBIMI TAOJHUIAMHI 1A JIOTHIECKUX onepanuii. PopMysia ABJIsI€TCS
TaBTOJIOTHE TOTHA 1 TOJILKO TOTIa, KOTIa IIPH JIF0OOIi ITOICTaHOBKE OHA
npruHIMaeT 3HadeHue .

YupaxHeHH4.

1. Hokazark uHMEPNOAAUUOHHYI MeEoPeMY: €CJIN TPOIMO3UITIOHAIb-
Hasg popmysia A O B — rmaBrosorusi, u popmysisl ~A u B He sIBJIAIOTCA
TaBTOJIOTUSIMU, TO CYIIECTBYeT IIPONO3UIIMOHAJIbHAsT (popmyJia C, comep-
JKalad TOJIBKO Te HmepeMeHHble, KOTOpble BXOAsAT Kak B A, Tak u B B,
takas, 410 popmysbl A DO C u C D B cyrhb TaBTOJIOIUMN.

2. MHOXKeCcTBO IPOIO3UIINOHAILHBIX (POPMYJI HAZBIBAETCS COBMECT -
HbIM, €CJAU CYIIECTBYIOT TaKHe UCTUHHOCTHBIE 3HAYEHUsI IIPOIIO3UINO-
HaJILHBIX IIEPEMEHHBIX, IIPU KOTOPHIX BCE (DOPMYJIbI 13 3TOIO MHOXKECTBA,
npuHuMalor 3Hadenne V. [okaszarbh meopemy xKomnaxkmmocmu: MHOMKE-
CTBO IIPONO3UIIMOHAJIbHBIX (POPMYJI COBMECTHO TOIIA M TOJILKO TOLIA,
KOIJIa KaxXKJI0€ ero KOHEYHOEe IOIMHOXKECTBO COBMECTHO.

5 4. KBaHTOPBI

Hapsioy ¢ mpono3uimoHaIbHBIMU OIIEPAIIUSIMUA B MATEMATHUIECKOM JI0-
I'IKEe PaCCMaTPUBAIOTCA K8AHMOPHL, IIO3BOJIAIONINE U3 JTAHHOI BBICKA3bI-
BaTeJIbHOII (POPMBI MOJIYYATh BBICKA3BIBATEJILHYIO POPMY C MEHBIITNM
YHUCJIOM IIaPaMETPOB, B YACTHOCTU, U3 OJHOMECTHOI BHICKA3BIBATEILHOI
dopMBI — BBICKA3LIBAHIE.

Keanmop obwHocmu I03BOJISIET U3 JAHHONU BbICKA3bIBATEIbHOI (pOp-
MbI C €IMHCTBEHHBIM IIapaMeTPOM & MOJIYYUTH BBICKA3BIBAHUE C IIOMO-
b0 000poTa « /17151 Bcex x . . . ». Pe3sybTaTr mpuMeHeHUs1 KBAHTOPA, OOIII-
HOCTH K BBICKa3bIBaTe bHOI dopme A(x) bymem obosnauars Vi A(x).
BoickaswiBanne Ve A(x) cunTaeTcsi HCTUHHBIM TOTIA W TOJIBKO TOTIA,
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KOTJa MpU HOAcTaHOBKe B A(x) BMecTo CBOOOOHBIX BXOXKIEHUI mepe-
MEHHOI 2 MMeHH JIF000ro 00beKTa 3 00JIaCTH €€ BO3MOXKHBIX 3HAYECHMI
BCErIa MOJIyYaeTcss NCTUHHOE BbICKa3biBaHue. BrickasbiBanue Vr A(x)
MOZKeT YuTarbcsa Takxe « /s jmoboro x umeer mecto A(x)», «A(x) npu
IPOM3BOJILHOM I», «Il1s Bcex x BepHo A(x)», «Kaxnwiit © obiamgaer
cBofictBom A(x)» u 1.1

Keanmop cywecmeosarus COOTBETCTBYyeT OOPa30BAHUIO U3 IAHHOM
BBICKA3bIBATEILHON (POPMBI C €IMHCTBEHHBIM IIAPAMETPOM I BBICKA3bI-
BAHUA C ITOMOIILI0 0bopoTra «CyiecTByer Takoit x, 910 ... ». Pesysib-
TaT MPUMEHEHNUsI KBAHTOPA, CYIIECTBOBAHUS K BLICKA3LIBATEILHOI (hop-
me A(zx) obosnauaercsa Jr A(x). BeickasbiBanme Jx A(x) MCTHUHHO TO-
IIa U TOJIBKO TOTHA, KOIIa B 00JIaCTU BO3MOXKHBIX 3HAYEHU IepeMeH-
HOW & HalimeTcss Takoit 00bEKT, YTO IPU MOACTAHOBKE €TI0 UMEHN BMECTO
CBODOOIHBIX BXOXKAeHN £ B A(x) mosydaeTcss HCTMHHOE BBICKA3bIBAHUE.
BrickasbiBanve dr A(x) mMoxker umrarbcs Takxke «I[s HEKOTOPBIX &
nmeeT mMecto A(x)», «aa mogxomamero x Bepuo A(x)», «CyimecTBy-
er x, aj1s Koroporo A(x)», «Xotrsa Obl 111 OOHOTO T BepHO A(x)» u T.1I.

Ormernwm eme pas, 9ro B npenyoxkennsx Vo A(x) u 3z A(x) nepemen-
Hasl T He sIBJIsIeTCsS CBODOIHOII IlepeMeHHOil: KBAHTOPBI «CBS3BIBAIOT»
91y nepemernyio. OYeBUIHO TakXkKe, YTO KBAHTOPHI MOXKHO IIPUMEHATH
1 K BBICKA3bIBATEJIbHBIM (pOpPMaM, COLEPKAIIUM HAPALY C & U APYyrue
napaMeTrpbl. B pesyJibTare moJIy YnTCs BRICKa3bIBaTe IbHAS (DOpMa, UMe-
IOIasA T€ JKe MapaMeTpbl, YTO U UCXOOHAsS, KPOME I .

BazkHoe 3HaYeHMne OJisi JIOTUKY MMeeT aHAJIN3 JIOTMYECKOH CTPYKTY-
pPbI BHICKA3bIBAHII 11 BHICKA3bIBATEJILHBIX (DOPM, T. €. BBIABJIEHLE TOTO,
KaKM 00pa3oM OJaHHOe IIOBECTBOBATEJILHOE IIPEIJIOKEHNE IIOCTPOSHO 13
boJtee TPOCTHIX MPEIJIOKEHNH ¢ IOMOIIBIO MPOIO3UIINOHAILHBIX OIepa-
Wi 1 KBaAHTOPOB. Jlormueckuii aHaJIN3 IIPEIJIOKEHNI €CTh CBOEr0 poaa
MNCKYCCTBO, IPAKTUUIECKIE HABLIKM KOTOPOTO MOXKHO IPUOOPECTH Iy TEeM
yopaxkHennii. PaccMoTpuM HeKOTOpEIe TpuMephl. BrickasbiBanme «2 —
IIPOCTOE YUCJIO, & 6 — COCTaBHOE YHCJIO», OUEBUIHO, MOXKET ObIThH IPE/I-
CTaBJIEHO B BHUJIe «2 — IPOCTOE YUCJIO» & «6 — COCTaBHOE UHUCJIO».
IIpensioxenne « Kaxxmoe pannoHaJIbHOE YUCJI0 €CTh JeCTBUTEILHOE UN-
CJIO» MOXKHO MHAYe 3aIIUCATh TaK:

Vz [(z — paumonasbHOe uncsio) O (z — neficTBUTEIBHOE TUCIIO)],

a npenJyioxkenne «HekoToprle neiicTBUTEIbHBIE YNCTIA, SIBAJISIIOTCS PAII-
OHAJIBHBIMU» — TaK:

Jz [(z — neficTBuresbroe uncso) & (z — pammoHaTBHOE YHCTI0)].
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Yupaxunenune. HaiiTu UCTUHHOCTHBIE 3HAYEHUA CJICOYIONINX BbI-
CKA3bIBAHUI, TII€ BO3MOXKHBIMU 3HAUYEHUAMU NEPEMEHHBIX ABJIAIOTCA
nelcTBUTEIbHBIE YUCJIA:

a) Ve Jy (z +y = 3); r)VeVy (x+y=3)D7=1
6) dy Vo (z +y =7); n) Va (3z (az =3) = a # ),
B) dr Jy (z +y = 11); e) da Vb 3z (2 + ax + b = 0).

§ 5. CybbeKkTHO-IIpeauKarHasl CTPYKTypa IIPelJjIoX eHul

Jloruvdeckuii aHaJ/in3 IpelnjoKeHuidi BO MHOIOM aHAaJIOTMYeH I'paM-
MaTHUIECKOMY aHAJIN3Y CJIOXKHO-COUMHEHHBIX 1 CJIOXKHO-TIOTINHEHHBIX
npenioxkennii. OogHAKO MHOTOA HAC OyOeT MHTEePecOBATh U BHY TPEHHSA
CTPYKTYPa OPOCTBHIX MPEIJIOKEHUI: 4mo U 0 “em TOBOPUTCA B TAHHOM
nIpenJsoKeHnn. B TakoM cjiydae B TPaMMaTHKe UCHOJIb3YIOTCsI TOHSITHUS
cybbekTa n npegukara. Cybsexm (Mau moisiexaliee) — 3TO TO, O YeM
MJI O KOM TOBOPUTCS B TPEIJIOKEHUN, & npedukram (HA3bIBAEMbIil TaK-
’Ke CKa3yeMbIM WJIA TPYIIIOi CKa3yeMOoro) BbIpaxkaeT TO, YTO TOBOPUTCS
o cybbekTe. B MaremaTnyueckoii JIOTUKEe MCIIOJIb3yeTcsa 0oJiee MupoKas
TPAaKTOBKA CyOBEKTHO-TIPEOUKATHON CTPYKTYPhI mpenjioxkenus. IIpe-
JKII€ BCEro, B KadecTBe CyObEKTOB HAHHOI'O MHPEIJIOKEHUS Mbl MOXKEM
BBIOEJIUTH OOHO WMJIM HECKOJIbKO UMEH KaKuX-JIM0O IIPeaMeToB, BXOIIsI-
IAX B ®TO ONpeOJjoXKeHne. 3aMEHHUB 3aTeM BbIOEJICHHLIE MMEHa Ha IIe-
pEeMeHHbIE, MbI IIOJIYYM BBICKA3bIBATEILHYIO (DOPMY, «B UHUCTOM BUIE»
BBIPAXKAIILYIO TO, 9YTO TOBOPHUTICA O CYOBEKTE. ITY BBHICKA3LIBATEJIHLHYIO
dopMy TOKe MHOTHA HA3BIBAIOT IIPEIUKATOM.

PaccmorpumM, HanmpuMep, BhICKa3bIBaHIe « 12 mesmmTces Ha 3», KOTOpoe,
MICIIOJIBb3YsI OOIMENPUHATYIO CUMBOJINKY, MOXKHO 3aIINCATh TaK: «12 i 3».
BribpaB B KauecTBe CyObekTa 4ucjo 12, Mbl HOJIy4YaeM OJHOMECTHBIN
npeanKaT «Z i 3». Ecan ke B KadecTBe CyObeKTa B3ATh 3, TO HNOJIYYNM
npyroit npenukar «12 : y». Hakowner, caurasa 12 u 3 cybbekTaMu 3TOro
IpenJsioKeHns, Mbl IOJIy4YaeM JIBYMECTHBIl NpelIuKaT «T i y».

Co BCSIKUM IIPEIUKATOM, ITIOHUMAaEMbIM KaK BbICKa3bIBaTebHAA POP-
Ma, eCTeCTBEHHBIM OOpa30M CBsA3aHa (PYHKIINs, KOTOPas KaxKJIOMYy Ha-
OOpy 3HAUEHNIT TapaMeTPOB COMMOCTABJIISIET BLICKA3BIBAHIE, TTOJIY YA OIIE-
ecsi U3 JAHHOIl BbICKA3bIBATEJIBHOII (POPMBI IIOICTAHOBKOI BMECTO IIepe-
MEHHBIX UMEH OOBbEKTOB, BEIOPAHHLIX B Ka4deCTBE 3HAYCHHUI STUX Iapa-
merpoB. (Q00011asa 310 HAOJIOOEHNE, Mbl HPUXOIUM K IIPEICTABJIEHUIO
O IpeIuKaTe KakK O (pyHKIUN, 3HAYCHUSIMUA KOTOPOIi SIBJISTFOTCST BBICKA3bI-
BaHus. HakoHel, ecin Mbl He OygeM Pa3JInyaTh BbICKA3LIBAHU, UMEIO-
e OJHO M TO e MCTUHHOCTHOE 3HaYeHUe, TO MPUIEM K CJIEIYIOmeMY
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OIIpeIeJICHNI0 IIpeauKara: k-MecTHBIM npeduxamom Ha MHOKecTBe M
Ha3bIBaeTCA Ipou3BosbHad qyuxmua P : MY — {11,JI}, roe M* —
IeKapTOBa CTEIeHb MHOXKecTBa M, T.e. npssMoe npousBenenue k omgmHa-
KOBBIX MHOXKECTB, PaBHBIX M.

[Ipumep 1. Ha npousBosibHOM MHOXKecTBe M MOKeT OLITH Ompe-
OesieH OByMecTHbII npemukar E : M? — {1, JI} Tak, uro E(z,y) = I
TOLIA W TOJIKO TOIIA, KOTHA & W i COBHATAIOT. DTOT MPEIUKAT HA3BI-
BAIOT MPEIUKATOM PABEHCTBA U OOBIYHO BMecTo F(x,y) numyTt x = y.

[Ipumep 2. Ha nponsBOaIbHOI COBOKYITHOCTH MHOXKeCTB M MOK-
HO OIpelesuTh AByMeCTHbIi npemukar P : M? — {I,JI} Tak, 410
P(z,y) = U torma u TOJILKO TOTIA, KOIJA T SABJSIETCSI JIEMEHTOM Y.
DTOT IpeguKaT HA3BIBAIOT IIPEIUKATOM IPUHANJIEIKHOCTU U BMECTO
P(z,y) numyT x € y.

[Ipumep 3. B coorBercTBUHN C HAIIUM OIpedesIeHHNEM IIPeIuKaTa
PACCMOTPEHHBIN BBINIE IPEINKAT & Y MOKHO TPAKTOBATHL KaK (PyHKIIVIO
D : N — {H,JI} Takyio, aro D(x,y) = 11 Toroa u ToJbKO TOra, KOraa
r nemmtcs Ha y. Hampuwmep, D(12,3) = U, a D(7,3) = JI.

Boobie, Bcakuii pa3, KOrga pedb UaeT O «CBOHCTBAaxX» OO0bEKTOB UJIN
«OTHOIICHUSX» MEXKIY HUMU, UX MOXKHO IIPEICTABJATL KaK COOTBET-
CTBYIOIIME Npegukarbl. Hampumep, cBORCTBO «OBbITH YETHBIM YUCJIOM»
MOKHO TIPE/ICTaBUTh Kak Takoit mpequkar Y : N — {11, JI}, gTo

VI, ecnu x 9eTHO;

Y(z) = {

JI, ecsm x HEUYeTHO.

§ 6. f3BIKH ITEPBOTO HMOPIIKA

PaccMmorpentble HaMi JIOTHYIECKNE TOHATHUsI, MOAXOMAIMNAM 00pa3oM
YTOYHEHHBIE, CJIYKAT OCHOBOW [Jisi TpeBpAIleHnsi JIOTUKK B MaTeMa-
THYIECKYI0 HayKy. IIpexme Bcero cmesraeM TOYHBIME MATEMATHIECKH-
MU O0ObeKTaMu MaTeMaTrudeckne yTrBepxkaeHusi. C 9Toil 1mesbio B Ma-
TEMATUIECKOI JIOTMKE MCIOJIB3YIOTCS NCKYCCTBEHHbIE si3bIKN. CaMbIii
pPacpoOCTPAHEHHBIA BUI TAKWX sI3bIKOB — TaK HA3BIBAEMOE J02UKO-
MAMEMAMUYECKUE A3LIKYU NEPBO20 NOPATKG.

Kazk 1plit A3BIK IepBOTO MOPSIKa 33JaeTCsI CBOeH cuznamypoti — Ha-
bopom u3 Tpex muoxkectB ) = (Cnst, Fn, Pr), rmoe

1) Cnst — MHOXKECTBO KOHCMAHN;
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2) Fn — MHOXECTBO pYHKUYUOHAADHIL CUMBON0S;

3) Pr — mMHOXKECTBO npedukamubir cumeonos.

[Ipu 3TOM C KaxKObIM (PYHKIIMOHAJIbHBIM WA IIPEOIUKATHBIM CHMBOJIOM
OJHO3HAYHO CBsI3aHO HEKOTOPOE HATypaJIbHOE YHCJI0 — KOJIMYECTBO
apryMEeHTOB (WM BGAEHMHOCTMb, APHOCTH) 3TOTO CHUMBOJIA. BaJjieHT-
HOCTh (PYHKIIMOHAJILHOI'O CUMBOJIA, IIOJIOKUTEJIbHA, 8 IIPEIUKATHBIE CHM-
BOJIbI MOTYT UMETh U HYJIEBYIO BAJIEHTHOCTH. PYHKIIMOHAJIBbHBIA MK
IPEIUKATHBRIIN CUMBOJI, BAJJEHTHOCTH KOTOPOIO paBHA Kk, Ha3bLIBAOT k-
MECTHBIM.

Bo BCsKOM sI3BIKE IEPBOIrO IOPSAIKA UMeeTCs CUeTHBIH Habop nepe-
MEHHDBIEX. YCJIOBUMCSI CIUTATh, YTO B KadeCTBEe NEePEMEHHBIX BO BCEX
SI3BIKAX IMEPBOr0 IMOPAIKA HCIOJIb3YVIOTCA CTPOYHBIE OYKBBI U3 KOHIA
JIATMHCKOTO aJ1(paBUTa, C YUCJIOBBIMU UHIEKCAMHU U1 Oe3 HUX.

A3BIK TIEPBOTO MOPSIKA C CUTHATYPO ) OymeM Ha3bIBATH sA3BIKOM ).

13 mepeMeHHBIX, KOHCTAHT, PYHKIINOHAJIbHBIX U HPEIUKATHBIX CIHM-
BOJIOB C TIOMOIIBIO CKOOOK ( , ), 3AISATHIX U A02UYECKUL CUMBOA08 =, 7,
&, V, D, =, V, d cTposiTCsi BBIpaXKeHMsI, Ha3bIBA€MbIE TEPMAaMU 1 POPMY-
namu. Ilpm 3TOM TepMbl UTPAIOT POJIL UMEH U MMEHHBIX GpopMm, a Pop-
MYJIbI — POJIb BBICKA3BIBAHUII 1 BBICKA3bIBATEJIbHBIX (DOPM.

OnpenesieHne mepma HOCUT MHOYK TUBHBINA XapaKTep U COIEPKUT TPU
nyHkTa. [lepBble 1Ba NyHKTA ABJISAIOTCA 0A31MCOM MHAYKIIAN U YKa3bIBa-
10T, KaK1e 00 bEKTHI A3bIKa CJIEAYeT HeIIOCPEICTBEHHO CUUTATh TEPMAMU.
Tpernii nyHKT IpeacTaB/igeT coOOi mar HAYKIIUT 1 331a€T NoPoHcdato-
wee npasuso, TIO3BOJIAIONEE U3 YKEe IIOCTPOEHHBIX TEPMOB IIOCTPOUTH
HOBBLIA TEpPM:

1. Kaxnasa nmepeMerHas eCTh TePM.

2. Kaxxnast KOHCTaHTa eCTh TEePM.

3. Ecomm f ectb k-mecTHbI PyHKIUOHAJIBHBIA CUMBOI U t1,... ,tp —
TepMbI, TO BbIpaxkenne f(t1,...,t;) ecTh TepM.

[Ipumep. IlycTth curHarypa COmepKUT KOHCTAHTY ¢ U JIBYMECTHBIE
b yHKIMOHAJIbHBIE CUMBOJIBI ¢ U h, 1 IyCTb T, y — nepeMenHble. Torma
BbIPAXKEHUA

¢, T, ¥y, h(c,x), hic,c), hic,y), g(x,h(c,y)), glhlc,z), g(w,y))

CYVTb TE€PMBbI.

MuayKTUBHBIA XapakTep onpeneaeHus TepMa, JaeT BO3MOXKHOCTD UC-
MIOJIb30BaTh B HOKA3aTEJIbCTBAX NPUHUUN UHIYKUUU MO NOCMPOEHUIW.
A umenHo, nmycTh TpedyeTcs JI0Ka3aTh, YTO BCE TEPMbI 00J1aIaI0T HEKO-
TOpbIM cBoiicTBOM P. [IJIs 3TOro moCTaTovHO yCTAHOBUTH, ITO

1) kaxxnas mepemennas obsamgaer crofictBom P;
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2) KaxkJasi KOHCTaHTa 00J1a1aeT cBoiicTBOM P;

3) ecm tq,... ,t, — TepmbI, obsagaromue cBoiictBoMm P, a f ectb n-
MeCTHBII PYHKIMOHAJIBLHBIN CMBOJI, TO TepM f(t1,... ,t,) Takxke obJa-
naet coiictsoMm P.

Toroa B cuay MHOYKTUBHOI'O OIPEIeJeHNs TeEPMa MOXKHO OBITH YBe-
DPEHHBIM, UTO BCIKUII TepMm 00J1a1aeT cBoiictBoM P.

AHaJIOrMYHO MHAYKTUBHBIA XapakTep ONpeaesIeHnsl TePMa, IT03BOJISIET
MHAYKIER MO0 MOCTPOEHUIO TepMa 3adaBaTh (DYHKIUK, OMpeaeeHHbIe
Ha, MHOXKECTBE BCEX TePMOB. A MMEHHO, IYCTh

1) kaxk10it IepeMeHHO# & TTOCTaBJIeH B COOTBETCTBIE HEKOTOPBIH 00b-
eKkT F;

2) KaxKIOif KOHCTaHTE ¢ ITOCTABJIEH B COOTBETCTBHE HEKOTOPBIH 00b-
eKkT F;

3) BagaHO MpaBUJIO, OIpeesAmIlee, KaKoii 00bekT F Ft1,... tn) CTA-
BUTCsI B cooTBercTBre tepmy f(t1,...,t,), ecan Tepmam tq,... ,t, yxKe
OCTaBJIEHBI B COOTBETCTBUE O0ObEKTHI Fy,, ..., F; . Torna njsa awboro
TepMa t OJHO3HAYHO omnpenesieH 0ObeKT Fy.

Amomnnvie (M daemenmapHvie) Gopmyab, OIPEIEIAIOTCA KAK BbI-
paxkenns Buma P(ty,... ,tg), rme P ecTtb k-MeCTHBIN MpeIuKaTHBI CIM-
Boat (k> 1), aty,...,ty — Tepmbl. Beskuit O-mecTHBIN TpeanKaTHBINR
CUMBOJI TaKKe CUMTaeTcsa aToMHOII (opmysioii. Kpome Toro, x guciy
ATOMHBIX (DOPMYJI OTHOCATCSI BbIPAXKEHUsI BUOa t1 = lo, e ¢ u ty —
TEePMBHI.

Dopmyab, OIIPEIEIIAITCA UHIYKTUBHO C IIOMOIIBIO CASOYIONINX YeThI-
pex IMyHKTOB, IIPUYEM HEPBLI IIYHKT IIPecTaBisgeT co0oii 6a31uc nHIYK-
IINA, 3 OCTAJIbHBIE TPU IMYHKTA CYTh ITOPOXKIAIONINAE ITPABUJIA.

1. Kaxxnas aromuasi (popmyJsia ectb (pOpMy.JIa.

2. Ecoiu A — dopmyna, To Beipakenue -4 ects dopmyia.

3. Ecm A u B — dopmynsr, To Beipaxkenus (A & B), (A V B),
(ADB), (A= B) cyrb popmyJIbL.

4. Ecm A — ¢dopmyna, ¥ — mepeMeHHasi, TO Bbipaxkenusi Vo A
n dr A cyTb GOpMYJIBL.

I[Ipumep. Eciu curnarypa COmepKUT OABYMECTHbI (DYHKIIMOHAJIb-
HbIII CUMBOJI f, OIMHOMECTHBIN HpeauKaTHbIA cuMBOJI PP u IBYMECTHBIH
IPEIuKATHBI CUMBOJI (), TO CJIeAYIONEe BBIPAKEHUA SIBJISIOTCS (POP-
MYyJIaMWU:

P(f(z,y)), Qz,2), z=y, Jyz=y,
Jz Q(z,2), (P(f(z,y)) &3z Q(x,2)),
(P(f(z,y)) & Tz Q(z,2)) Dy z =y),

Jz (P(f(%,y)) & 32 Q(z,2)) D Iy = =y).
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NHoyKTUBHBIA XapakTep onpenejeHns (poPpMYJIbl IO3BOJISIET UCIIOJIb-
30BaTh B PACCYKICHUSIX MHAVKIINIO IO IIOCTPOEHUI0 POPMYJIbl. A MMeH-
HO, €CJId TPeOyeTCsi 10Ka3aTh, YTO BCe POPMYJIbI 00/1a1aI0T HEKOTOPhIM
CcBOMCTBOM P, TO IOCTATOYHO yCTAHOBUTD, YTO

1) xaxk1asa aroMHasa GopmyJsa obJiamgaeT coitcTBoM P;

2) ecoim popwmysia A obamaer cBoiictBoM P, To hopmysta ~.A4 Takke
obJ1amaer cBoiictBoM P

3) ecim dopmysasr A u B obsamaror coiictBom P, 10 dopmysibi
(A& B), (AV B), (A D B), (A= B) takxke obsamaior ceoiictBoM P;

4) ecnu dopmyaa A obnanaer cBoiictBom P, a £ — mpom3BOJIbHAS
nepemenHas, 1o popmysnl Vr A u dxr A obiagaior cBoiictBom P.

Nunyxiumeii mo mocTpoeHno PopMyJIbl MOXKHO TaKKe 3a1aBaTh (DYHK-
I, OIpenesieHHbIe Ha MHOXKeCTBe Bcex (pOpMYJI.

[IpakTnyiecku, 3a0uChbiBasi (GOPMYJIbI, IPUHSITO OMYCKATh HEKOTOPHIE
ckoOku. IlosrydeHHbIe TIPU 9TOM BBIPpAXKEHUsT CJIEIyeT PACCMaTPUBATH
KaK COKpallleHHOe obOo3HadeHue aJjsg gpopmys. B dacTHOCTH, OOBIYHO
OIIYCKaIOT BHemIHue cKoOku y dpopmyJi. IlabpHeiinas «9KOHOMUST» CKO-
OOK BO3MOXKHA, €CJIA IIPUHATH COIJIAIIEHHE O TOM, KaKHe JIOTIYEeCKUe
omepaluu «CuJjibHee». [lJIst 3TOro pacroJsioKuM JIOTUYECKHE CHUMBOJIbBI
B CJIEIYIOIIEM IIOPsOKe:

Vd-& VD=

11 OygeM CUnTaTh, YTO U3 BCEX BO3MOXKHBIX «B IEPBYIO OUYepenb» BBIOJI-
HsIETCsI Ta OIepallnsi, KOTOpas CTOUT B 3TOM cmucke JieBee. (Ha camom
Iejie KBaAHTOPLI V, d m oTpuilaHne — HUKOIA HE MOI'YT «KOHKYPUPO-

BaTh» APYT C IPYTOM.)

[Ipumep. Popmyty
(Vz (x =y D (Fz Q2) & (R()

Qy))) Vv Q(z))

MOXKHO COKpPAaIlleHHO U300pa3uTh B BUIIE
Ve (r =y D3z Q(z) & (R(z) = Qy))) vV Q(x).

B dopmynax suma Vr A u dr A Beipaxkenme Ve nman dx Has3bIBa-
eTcsa kearmoprnoti npucmaekxot, a dopmyaa A — obaacmovro deticmeus
COOTBETCTBYIOIIETO KBAHTOPA (TOYHEe — KBAHTOPHON MPUCTABKN).

Bxoxnenue mepemennoii x B dpopmysy A HA3LIBACTCHA CBA3GHHbBIM,
ecJId OHO HAaXOIUTCA B 00JIACTH HOEUCTBUA KBAaHTOpPa Vi wWam Jdx Wan
BXOIUT B KBAHTOPHYIO IIPUCTABKY. BX0oXKOeHne mepeMeHHOl, He SABJIAIO-
neecs CBA3AHHBIM, HA3BIBAETCA C80000HbBIM.
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[Ipumep. B dopmyse

vz (P(f(z)) &Fzz=2D3z Rz, z))Vz=u1

IMOTYEPKHYTHI BCE CBA3AHHBIC BXOXKIEHU MEPEMEHHON I, IPpUYEM BXO-
KIOeHUA, CBA3aHHBIE OJJHON U TOH )K€ KBAHTOPHON IIPUCTABKOM, MOTYEPK-
HYTbI OJJMHAKOBBIM YHCJIOM 4depTovuek. HemomuepkHyToe BXOXKJIEHUE T,
a TaK>Ke BCE BXOXKJIEHUSI 2 SIBJISIOTCsI CBOOOIHBIMMU.

@opmysia, He comepxKaias CBOOOIHBIX MEPEMEHHBIX, HA3bIBAETCH
samrrymoti (U 3axpoimot) popmysod.

ri ... T
Bripazkenne Buga ( o t: ), riae ri,... ,Ty, — PA3JINYHBbIE IIEPEMEH-
Hple, t1,... ,t, — TEPMBI, HA30BEM n0odcmaHoskofl.

L1 oo T

[Tycts E — Tepm (dopmysia) siseika (), 6 = (t1 . ) — TIOICTA-
HOBKa. Yepes 6 F 0003HAYNM BhIpaXKeHUE, IOJIYIEeHHOE OTHOBPEMEHHOM
3aMeHoil B I/ Bcex (CBOOOMHBIX) BXOXKIEHMI MEPEMEHHBIX X1, ... , L, HA
TepMbI t1,...,t, coorBercrBeHHO. (UueBUOIHO, UTO ecau ti,...,t, —
TepMbl s3bIKa ), a FF — dopmyna a3weika (), to 6 — Takxke dop-
MmyJia si3biKa (), a eciim BF — tepm sa3bika (), To OF Takxke siBJIsSIeTCA
TepMoM A3bIKa (). Breipaxkenue 6 F HasbIBaeTcsa pe3yabmamom nodcma-
HOBKU TEepMOB t1,... ,t, BMECTO IIepEeMeHHbIX 1, ... , L, B K. 3amernm,
gr0o TepMm (dopmysa) O FE 3aBUCHT JIUIIBL OT TOTO, KAaKWe TepPMbI IIO/I-
CTABJIAIOTCS BMECTO IIE€PEMEHHBIX, UMeIoIuX (CBOOOIHBIE) BXOKICHUS
B TepM (opmyay) E. B gactaocTu, ecoim A — samkHyTas dpopmyia,
t0o A4 coBunamaer ¢ A, kakoBa OBl HI ObL/Ia IIOACTAHOBKA 6.

[Ipumepnl.

&

1. Ilycts F ects dhopmysta Jy P(z,y,z), a 0 = (f(w,y)). Torna 0F

ects popmyna Jy P(f(z,y),y,2).
2. Ecim E ectb x = y D Vy Q(y), a 8 = (f(;c,y) Z), 10 OE — 5T0

dbopmyna f(z,y) =2z D Vy Q(y).
3. Ecom E — »10o dopmyna Vy Ply,z) V Iy R(x,y), a 8§ — noncra-
HOBKA 13 npumepa 2, To 8 — s1o popmyia

Vy P(y,z) vV 3Iy R(f(z,y),y).

Tepm t HazpBaeTcsa ceobodnvim dasi nepemennoti T B popmyae A,
ecJii HUKaKoe CBOOOIHOe BXOoxKmneHme = B A He maxomurca B obJjiacTu
NIeliCTBUsI KBAHTOPOB IO TIEepEeMEeHHBIM, BXoadmuM B TepMm t. Hampu-
Mep, TepM f(x, z) saBJsieTcss cBOOOMHBIM 11 & B dpopmyste Jy P(x,y, z)
U He ABJIsIeTCsI CBOOOIHBIM 11t & B popmyste dz P(x,y, z). B najibheii-
IIeM MbI YBUIUM, ITO C JIOTUYECKOI TOUYKM 3pEeHUsI IIOJICTAHOBKA TepMa, ¢
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BMECTO T B popmysry A sIBJIsteTCsi IPaBUJILHOM I OCMBICJIEHHON’, TOJIHKO
econ t ceobonen niga z B A.
WNnorpa, nMest B BUIy OaJibHelilee IpuMeHeHne MOICTAHOBKHA

I1 « o In
0 =
(o)
K HEKOTOpOMY Tepmy ujm popmyse B, ns F yonorpedsisior obo3Haxe-
aue E(x1,...,x,) u 3arem BMecto OF numyr E(ty, ... ,t,).

YupaxHeHUd.

1. Kakne BXOXKIIEHNsI IEPEMEHHBIX ABJISIOTCSA CBOOOIHBIMU, 8 KAKUe
CBsI3aHHBIMH B CJIEOYIOMNX (POPMYJIaX:

a) Vo (P(z,y) D Vy Q(y));

6) Vo P(z,y) D Vy R(z,y);

B) =3z Q(z,2) & R(f(y,2))?

2. dBnsiercs s TepMm ¢ cBOOOIHBIM IJIs IepeMeHHoit y B A, eciin

a) t ectv f(x,y), A ects Vo P(x,y);

6) t ectb f(y,z), Aectb P(y,z) D dz Q(2)7?

3. Hoka3arp, 94TO

a) TepM, He COMepKAIINi MepeMeHHbIX, CBOOOIeH Jis1 Ji000# mepe-
MEHHOIi B J11000it (bopmy.ie;

6) x cBoOOmHA 1A & B J1t000H dopmy.ie;

B) ecain popmysia A He comepKuT cBOOOIHBIX BXOXKIEHUIT &, TO 1000
TepM cBOOOIeH 111 = B A.

4. HaszoBeM MoaCTaHOBKY (5511 f:) cBoOoOmHO#I myist dopmysiel A,
ecyi O Bcex ¢ = 1,...,n TepM t; cBODOIIEH IJI IepeMeHHOol x; B pop-
myJsie A. BoisicHuTh, Kakue moaCcTaHOBKH n3 mnpumepoB 1-3 ma cTp. 31
CBOOOIIHBI /1 COOTBETCTBYIONINX (DOPMY.I.

§ 7. IlpuMepHBI A3BIKOB IIEePBOTroO IMOPsiIKa

ZI3BIKM TIEPBOro MOPSOKA MCIOJIbL3YIOTCA OJIS 3aIlllCh MaTeMaTude-
CKUX YTBepXOeHHnil, mpudeM IJIsT KaxXKI0iI KOHKPEeTHOII 00Js1acTi maTe-
MaTUKU, UK, KaK TOBOPST, MATEMAaTUIECKOIl Teopun, BbIOUPAETCsT A3bIK
c nogxogsAieli curaarypoii. lMcnoJsib3oBanue si3bIKa IEPBOIO MOPSIOKA
NJIA 3al0UCU YTBEPXKIACHUN, OTHOCANMIMXCA K IJAHHOU MaTeMaTUu4eCKOun
TEOPUH, CTAHOBUTCSI BO3MOXKHBIM, €CJIN YIAEeTCA PACKJIACCUPUIITPOBATH
BCE OCHOBHBIE IOHSITHsI TEOPUU HA «OOBEKTHI», «(DYHKINU» U KIIPEIN-
KaTbly». IIpm aTOM PyHKIINM M OpeauKaThl OJOJKHBI OBITH ONpelesIeHbI
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TOJILKO Ha 00bEKTaX, U 3HAUCHUSIMU (DYHKIINHA SIBJISIOTCS TOJIBKO 00 bHEeK-
Thl. B 4acTHOCTHU, He JOIyCKaeTCs pacCMaTPUBATh HPEIUKAThI, 330aH-
Hble Ha PYHKINAX, WA (DYHKIINN, 3aJaHHbIe HA IPeIUNKaTaX. 3aTeM /s
HEKOTOPBIX KOHKPETHBIX, 3aMedaTe/IbHbIX B TOM HJIA MHOM OTHOIIEHUU
00beKTOB, (DYHKIIMIA 1 TPEANKATOB, Mbl (PUKCUPYEM UX 0003HAUECHUSI, KO-
TOpbIE 1 0OPaA3yIT COOTBETCTBEHHO MHOXKecTBa KOHCTaHT Cnst, pyHK-
IIMOHAJILHBIX CUMBOJIOB Fn 1 nmpeaunkaTHbIX cuMBOJIOB Pr. Taxum oOpa-
30M, BOSHUKAET A3bIK MepBOro nopsamka ¢ curaarypoii (Cnst, Fn, Pr).

B maremarudeckoii jioruke paspadOTaHbl A3bIKU /s MHOTUX MaTe-
MaTH4IecKux Teopuii. PaccmMorpum aBa m3 HUX, Urpalpommx Hamubosiee
BaXXKHYIO POJIb B JIOTUKO-MaTEeMATUYECKUX NCCJ/ICIOBAHUSIX.

1. Curnarypa saswvika Gopmasvbroti apudMmemuru COOEPKUT €IUHCT-
BEHHYIO0 KOHCTAHTY 0 1 Tpu PyHKIMOHAJIBHBIX CUMBOJIA: OJHOMECTHBIM
S m nBymecTHble + 1 -. YCJIOBHUMCS BMECTO —|—(t1,t2) nucarb t1 + to,
a BMecTO -(t1,ty) — mmcarh 1 -to. IlogpasymeBaembriit cMbICST cUMBOJIA, S
takoB: S(x) = xz + 1. [Ina xkparkoctu Bmecto S(t) Oymem mucatsh St.
lMmest B BUIy IOIPa3yMEBaEMblIii CMBICJI CUMBOJIOB SI3bIKa, MOXKHO BBECTH
COKpaIlleHHbIE 0003HaYEeHNA 111 HEKOTOPBIX hopMmysi. Hanpumep, Beipa-
Kenne £ < ¢y OyIeM CYUTaTh COKPAIeHneM 1711 POPMYJIbl 12 T+ 2 = y;
r <y — g popmyJel dz x+ Sz =y, riy — oA dz y -z = T.

2. Curnarypa A3uka meoput MHOHCECME COOEPKUT TOJILKO IBYMECT-
HBIII ITpeIuKaT CUMBOJI €. YCJAOBUMCS INCATh ¢ € ty BMECTO € (tl,tg).
O4ueBuOHO, 9YTO TEPMAMU 3TOIO A3BIKA, SBJIAIOTCsI TOJIHKO IIepEeMEHHBIE.
Bor nmpumepsl (popMys sI3bIKA TEOPUUA MHOXKECTB:

1) Vz (2 € © D z € y). mesa B BuILy eCTeCTBEHHBII MOAPa3yMe-
BAEMBI CMBICJI CUMBOJIOB S3BIKA, IJIsI 3TOI (POPMYJIBI MOXKHO BBECTHU
cokparmenaHoe oboznadenue x C y.

2) mz = y. Ee MOoxXHO Ob1/10 OBI COKPAIIEHHO 0003HAYNTDL T 7% 1.

3) 7x € y. Ity POpMyJIy MOKHO 0D03HAIUTD & & .

4) -y y € x. 1y DOpPMYyJy €CTEeCTBEHHO 0003HAYUNTD T = J.

¢ 8. OnpeneseHne MHTEPIPETAIINA

IIpy mocTpoeHmm KOHKPETHOTO JIOTMKO-MATEeMaTUIeCKOro sA3BhIKA
OOBIYHO TTOIPA3YMEBAECTCSI HEKOTOPHIN CMBICJT COCTABJISIIONINX €70 CHM-
BOJIOB, OQHAKO IIPU ONUCAHUU sI3bIKA, OHPEIe/IeHUN TEPMOB U (POPMY.JI
9TOT CMBICJI HUKAK He HcCHojb3yercda. llocse Toro xax BLIOpaHa CUT-
HATypa A3bIKa, MBI BIIPABE HANEJIATHh BXOIOAIINAE B HEE CUMBOJIbI HOBBIM
CMbICJIOM, OTJIMYHBIM OT TOrO, KOTOPBI BKJIAJIbIBAJICA B HUX Ha 9Ta-
e IIOCTPOEHNs sI3bIKa. DboJiee TOro, paccCMOTpeHne Pa3JInIHBIX MHTEeP-
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npeTanuii OOHOIO K TOTO K€ sA3BIKA, sIBJIAETCsS OOHUM W3 BaxKHEHIMX
IIPUEMOB, HCIIOJIb3YeMbIX B MaTeMaTWdeCcKOll JIOTMKe, I MMEHHO C ero
TIOMOIIBIO OBLIIM IOJIYyYeHbl MHOTHE BaXKHbI€ PE3YJIbTATHI.

Yrobwer 3amarb unmepnpemauuto curaarypsr 0 = (Cnst, Fn, Pr),
HYZKHO

1) dburcupoBaTh HEKOTOPOE HEILYCTOE MHOXKeCTBO M, Ha3bIBAEMOe HO-
cumenem THTEPIPETAINN;

2) ¢ kaxmo#t kKoucTanToit ¢ € Cnst comocTaBUTh 3JIeMEHT ¢ € M ;

3) ¢ KaxabIM k-MecTHBIM YHKINOHAJIBHBIM cuMBoOJIOM f € Fn como-
CTaBUTH HEKOTOPYIO k-MecTHYIO pyHKImIO f : M* — M:

4) ¢ KaxIbIM k-MECTHBIM IIPEIUKATHBIM cuMBOJIOM P € Pr comocra-
BUTH k-mecTHbIl pequkar P : M* — {11, JI}.

Ecan P ectp O-MecTHBIN OpeguKaTHBIZ CIMBOJI, TO C HAM COIIOCTA-
BJISIETCsT OJIHO W3 OBYX MCTUHHOCTHBIX 3Hadenmii 1 mam JlI.

BymeM Ha3bIBATh G, [, P UHTEPHpETAUAME COOTBETCTBEHHO KOHCTAH-
THI ¢, PYHKIINOHAJILHOIO CUMBOJIA [ U IPEOUKATHOTO CUMBOJIA, L.

Hocurenp narepnperanmum — MHOXeCTBO M — 00bABIAETCS 00J1a-
CThIO BO3MOXKHBIX 3HAUEHUHI (MM, YTO TO XK€ caMoe, 00JIACThIO M3MeHe-
HI/IH) OJ1A KAXK IO IepeMeHHO.

[Ipumep 1. IIycre () — curnarypa sa3bika popMaIbHON apudme-
Tuku. PaccMOTpuM [IBe MHTEPIPETALUN 9TOI CUTHATYPHI.

1) Hocuresn, — MHOXKeCTBO HaTypaJibHbIX uncest; 0=0, ?(x):x—l—l,
+(x,y) — cymma umncesa ¢ u y; -(r,y) — MPON3BEIEHUE TUCEST T U Y.

311ech B COOTBETCTBUU C cOIvIalleHueM depes +, =, S, 0 0603HaUeHBI
MHTepIpeTanun CUMBOJIOB +, -, S, 0.

Mpl yonoTpeOuIn BbhIpasKeHIEe «CYMMa, 4UCeJ T W Y» BMecTo OoJiee
IIPOCTOIO «X + y», YTOOBI He 3alyTarbCcs. lesio B TOM, 9TO B PaBEHCTBE
+(x,y) = 4y 3HAK + UCIOJIB3YETCA B IBYX PA3HBIX CMBICJIAX: CJIEBA OT
3HAKa PABEHCTBA OH 0003HAYAET (DYHKIIMOHAJILHBIIT CUMBOJI CUTHATYPHI,
KOTOPBIA MOXKET UMETh PAa3JIMIHbIE MHTEPIPETAIINY, & CIPaBa OT 3HAKA,
PABEHCTBA 3HAK + €CTh MMsl (PYHKIINU CJIOKEHUsI HA HATYPAJIbHBIX UN-
ciaax. To ke oTHOCUTCS K 3HAKY -. B masipbHelimeM Mbl 6yaeM II03BOJISATH
cebe HCII0JIb30BATh TaKue OOIIeyIIoTpeOuTe IbHbBIe 3HAKN, KaKk =, <, +, -
B Pa3HBIX CMBICJIAX, HE OCTAHABJIMBAsCH HA PA3bACHEHUAX.

DTa HMHTEpIIpPeTalsl HA3BIBACTCA cmardapmmoti unmepnpemayueti
A36KA POPMAALHOT aPpUPMEMUKU.

2) Hocuresnb — MHOXKeCTBO HaTypaJibHBIX uuces; 0 = 5; S(z) = 2%;
(x,y) = x + 2y; +(x,y) = 2z + y. ITa UHTEpPHIpETAINA HE UMeeT
HA3BAHUA, Mbl BHIODAJIA €€ CJIyIaiiHbIM 00Pa30M.
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I[Ipumep 2. Ilycrb curuarypa COCTOUT U3 ABYX IBYMECTHBIX PyHK-
[IMOHAJILHBIX CUMBOJIOB + u -. Torma Jioboe KOJILIIO U JII00OEe moJie
ABJIACTCA MHTEPIIPETAINEN HTOU CTPYKTYPHI.

[Ipumep 3. Ilycth curmarypa COCTOUT U3 IBYMECTHOI'O HPEIUKAT-
HOTO cuMBoOJIa <. JI0boe ymopsimodeHHOe MHOXKECTBO sIBJISIETCSI MHTEP-
IIpeTalueil 3To CUTHATYPbI, €CJIN MHTEPHIPETUPOBATh < KaK MPEInKaT
«OBITH MEHBIIE.

Pazymeercs, B 5TuUX npuMepax BO3MOXKHBIE HHTepOpeTanun He UCYep-
[ILIBAIOTCA NPUBEACHHBIMU.

CuiegyeTr XOpoIIo HOHUMAThH PA3JIndne MeXK1y KOHCTaHTaMu, (DYHKIII-
OHAJIbHBIMHA CUMBOJIAMHU, IIPEANKATHBIMA CUMBOJIAMI U UX WHTEPIIPETA-
nmuAMU. IlepBble CyTh HEKOTOPBIE 3HAKN, NCIOJIb3YeMbIe ITPU HAITMCAHUN
dopMyJI, a UX UHTEPIPETANUN SIBJISSIOTCS «HACTOAIIUMEI» JIeMEeHTaMU,
bYHKIUSAME 1 TpeIuKaTaMu.

YuopaxXHeHU 4.

1. B curnarype s3bika popMasibHON apudMeTnK 3aI1cCaTh POpMy-
JIy ¢ OOHOIT cBODOTHOII TTepeMeHHOlt £, NICTUHHYIO B CTAHIAPTHOIT MHTED-
IpeTanuy TOrIa U TOJILKO TOTHa, KOTOa

a) T IeTHO;

6) x = 2 (mod 3);

B) £ — TPOCTOE YHCJIO.

2. Bamucarh 3aMKHYTYIO (bopmysty B curnarype { P}, tme P — nBy-
MECTHBI NPEeInKATHBIH CHUMBOJI, NCTUHHYIO B MHTepnperanuu [ Torma
M TOJIBKO TOI[a, KOIJA HOCUTeJb I JIMHEHiHO yHopsIo4YeH OTHOIIEHU-
em P.

3. Ilycts HOCuTE H MHTepHpeTanuu I curaarypsl { P} ecth MHOKe-
CTBO BCeX MOAMHOXKECTB HaTYPaJIbHLIX uuces, a P(z,y) = U oznauaer,
gyro ¢ C y. 3anucarb pOpMyJibl, O3HaUaMomue ¥ =y Nz ux = y U 2.

¢ 9. PopmMasibHOE onpele/ieHue HCTUHHOCTH

Ecan 3adurcupoBaHa MHTEPIpETAINsl TAHHOI CUTHATYPBI, TO Ka-
KOad 3aMKHyTasdg (DOPMYJia 3TOM CUTHATYPHI IPEBPAIIAETCA B BBICKA-
3bIBaHNE, U C Hell CBA3LIBAETCS €e NCTUHHOCTHOe 3Hadenne I nm Jl.

[Ipumep. PopmyJibl

VeVy dz 2 +y = 2, dy 0=1vy-550,
VeVyzxz -Sy=x-y+ =, dx $SS550=x+=x
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NCTUHHBI, & (POPMYJIbI
VeVyVzax+2z=uy, dy S50 =y 550

JIO’KHBI B CTAHIAPTHONM MHTEPIPETAUN A3biKa (DOPMaJIbHOI apudmMeTn-
K.

Hanum 6osiee crporoe, PopMaJjibHOE OIpedesieHue UCTUHHOCTHOIO
3HAaYeHUsT 3aMKHYTOil ¢opmysbl. Ilycts M — HOcuTe b mHTEpPIIpETa-
mun I curnarypser 0 = (Cnst, Fn, Pr). C kaxmaeim ssementom m € M
COTMOCTaBUM HOBYIO (T.e. He BxomaAmy B Cnst) KOHCTAHTY m — UMs
ssiemenTa m. Yepes (M) obosHAUMM CHTHATYPY, HOJIYyUeHHYH u3 )
nobaBJIeHIEeM UMEeH BCeX 3JIeMeHTOB u3 M B KadecTBe KOHCTAHT, T.e.

QM) = (CnstU{m | m € M}, Fn,Pr).
IToncranoBky BuIa (zi 2”’ ), roea,... ,a, € M, HazoBeM oueHkof.

L1 oo Iy

a; ...a,

Bynem roBoputTh, 4To 6 = ( ) — oneHka Tepma (dopmysinl) E,

eciu E He comepxRuT (CBOOOIHBIX) BXOXKICHUI MepeMeHHbIX, OT/IMIHBIX
OT X1,...,%y. Eciu 8 — ouenka tepma (dbopmyJibl) E, To 6 E Oynem Ha-
3bIBATh OUEHEHHbIM MepMoM (COOTBETCTBEHHO, oueHeHHOT Popmynoii).
OueBUIHO, YTO MHOXKECTBO OLIEHEHHBIX TEPMOB — 3TO B TOYHOCTU MHO-
’KECTBO BCex TepMOB s13b1Ka (2( M), He comepKalmx MepeMeHHbIX, 8 MHO-
’KECTBO OIEHEHHBIX (DOPMYJ — HTO MHOXKECTBO BCEX 3aMKHYTHIX (POp-
MyJ1 s3bika (M),

Nuaykiueit mo mOCTPOEHUO OIEHEHHOr0 TepMa t (T.e. TepMa sI3bIKa
(Q(M), He comepxallero mepeMeHHBIX) OMpene/IuM ero 3HadeHune, 000-
3Hagaemoe |t|. 9to Oymer sjemenT MHOXKecTBa M.

1) Ecnu t ects koHCTaHTa ¢ € Cnst, 1o |t| = €. Ecau ¢ ectb KOHCTAH-
ta m, e m € M, to |t| = m.

2) Ecau t umeer Bun f(t1,...,t,), ooe t1,... ,t, — OLIEHEHHBIE TEp-
mbl, 1O |t| = f(|t1],-- ., |tn])-

Teneps MHAYKIUER 10 KOJIMYECTBY CUMBOJIOB V, d, &, -, V, D, =
B OlleHeHHO# dopmyste (T. e. B 3aMKHYTOI bopmyJie s3bika (M) ompe-
IeJIMM ee HUCTHHHOCTHOe 3HadeHue B mHTepnperauuu I locrarodHo
OIpEeNe/InTh, B KAKNX CAyYasX UCTUHHOCTHOE 3HaYeHre (POPMYJILI PaB-
HO U, 1 yCJIOBUTBHCSA, YTO B OCTAJIBHBIX CJIydasX OHO paBHO JI. YTBep-
KJIeHHe O TOM, 4YTO MCTUHHOCTHOE 3HAYeHWe OleHeHHOI dopmysibr A
B wHTepuperanun I ects U (JI), OymemM COKpaIeHHO 3aIUCHIBATH TaK:
I = A (coorBercTtBenno, I = A).

1) IIycts A ecth onenennas aromuas dopmysia suga P(ty, ...  t,).
Torna, oueBumgHo, t1,... ,t, — oneHenusie TepmMbl. I = A Torma n To7b-
Ko Torma, korga P(|ti],. .., |tn|) = W.
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2) IIycts A ectb onenennas aromuasi bopmysia Buma t; = to. Torma
t1 m to — olleHeHHBIe TepMbl. [ |: A Torma m TOJIBKO TOrIa, KOLIa
2] = [t2].

3) lycts A umeer Bun —~B. Torna B — otnenennas dpopmyaa. I = A
TOTJIA U TOJIBKO Torma, Korna I £ B.

[Tycts A umeer sun (B&C), (BVC), (B D C) uiu (B =C). Torna B
n C — olleHeHHbIe (POPMYJIHI.

4) I = (B & C) Torma n Tosibko torma, korma I =B u I =C.

5) I = (BVC) rorna u Tosibko Toraa, korga [ = B wiu I = C.

6) I = (B D C) rorma u Tosibko Torma, korna I = B unu [ = C.

7) I = (B = C) Torma u TOJILKO TOTA, KOT/Ia UCTUHHOCTHbBIE 3HAUEHUS
dopmysr B u C B unrepuperanuu I COBIIAIAIOT.

[Tycts A umeer Bun dx B(x) wiam Vo B(z). Torma B(a) sBjsiercs
olleHeHHOi1 (bopmyJioii mpu Jrobom a € M.

8) I = dJx B(x) Torma m TOJBKO TOTIA, KOTIA CYIIECTBYeT TaKOM
ssmementT a € M, ato I |= B(a).

9) I = Vz B(x) torma m Tosbko Torma, korma I = B(a) mas Bcex
a € M.

Mpb1 onpenesnmuanm oTHOomeHue [ |: A 17151 mpousBOSILHON OIleHeHHOM
dopmyabr A. OueBugHO, 4TO Jit0Oasg 3aMKHyTasg opMyJia A3bIKa, )
sIBJISIETCA OlleHeHHO#N dopmysioii. [losToMy mpuBemeHHOE oIpenesieHne
C KaxKJI0ii Takoii (pOPMYJIO COIOCTABJIAET €€ UCTUHHOCTHOE 3HAYEHNE
B MHTepIperanun 1.

8 10. Obme3sHaunMbIie (bOpMYJIbl, BBINOJHUMBIE (DOPMYJIbI,
pPaBHOCHJIbHEIE (DOPMYJIBI

DopMyJia HA3BIBAETCA 00U, e3HAYUMOT (M MOHCIECTNEEHHO UCTNUMH-
Hofi), ecJi OHA UCTUHHA B JIIOOOU WHTepIIpeTalny pu Jiroboii ee oleHKe.

[Ipumep 1. IHokaxewm, uro dopmysa Jx Yy P(x,y) D Vy dz P(z,y)
obmesnaunma. Obosnauum ee depes A. Ilycts [ — mpousBoJibHAS UH-
teprperaiusi, M — ee nocuresb. Ecam I (£ Jx Yy P(x,y), To I |E A,
KaK BUIHO M3 IMyHKTa 6) ompemesieHus nicTuHHOCTH. PaccMorpum ciry-
qait, korna I = dx Vy P(z,y). Ilo nyukTy 8) onpenesieHus UCTUHHOCTH
Halinercsas m € M, nisa xkoroporo I = Vy P(m,y). Torma mo nyukTy 9)
onpenesenusa ucruanoctu I = P(m,n) nnsa Bcex n € M. 3uauut, 110
myHKTY 8) Toro ke onpenesenns I = Jx P(x,n) mas Bcex n € M, a mo
nyukry 9) I = Vy dx P(x,y). llo nyuxTy 6) onpenesieHusi UICTUHHOCTH
9TO o3Hadaet, 9to I = A.
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B §3 ryaBbl 2 ObLJIO BBEIEHO IOHSTHUE TABTOJIOIMU KAK IIPOMO3UIIAO-
HAJILHOUI (DOPMYJIBI, KOTOPasi IPEBPAIIAECTCS B MCTUHHOE BBICKA3BIBAHIE
pu Jir000it MoaCTaHOBKE B Hee KOHKPETHBIX BLICKA3BIBAHUNI BMECTO IIPO-
MO3UIMOHAJILHBIX IIEPEeMeHHbIX. PacrnpocTpanuM IOHSITHE TaBTOJIOIUU
Ha, (POPMYJIbI A3BIKA, IIEPBOrO IIOPSIKA.

O4YeBUOHO, UTO €CJIM B IIPOIIO3UIMOHAJILHYIO (DOPMYJIy BMECTO BCEX
IIPOIIO3UITMOHAJILHBIX II€PEMEHHBIX IIOACTABUTH KAaKUe-HUOyIb (PpopMy-
JIbl sA3BIKA, IIEPBOIO IOPsAOKA, TO IIOJIYUUTCA (POPMYJIa sI3hIKA IIE€PBO-
ro nopganka. Ilycrs B(Py,...,P,) — mnponosuimoHajbHass (PopMyJIa
C NPOHO3UIIMOHAJIBHBIMU IlepeMeHHbiMu Pi,...,P,, a Ai,... , A, —
IIPOMU3BOJIbHBIE (DOPMYJIBI sI3bIKa IIepBOro nopsinka. (ObosHaduMm 4depes
B(Ai,...,A,) dopmysy, TOAyYeHHYIO TOOCTaHOBKOK B B(Py,... , Py,)
dbopmyit A, ..., A, Bmecro P, ..., P, cooTBeTCTBEHHO.

®opmysia A g3bIKa IEPBOro MOPSAOKa HA3BIBAETCS MaABMOMA02UET, €C-
JIM CYIIECTBYIOT TaKasl MPOMO3UINOHAIbHAs TasTosorust B(Py,... , P,)
n Takue GopMmyJbl A3biKa nepsoro nopanka Aq,...,A,, aro A ectb

B(Ay, ..., A).

[Ipumep 2. @opmyna Vo R(x)V —Vr R(x) aBaseTcs TaBTOJIOTHEN.
OHna moJiy4daeTcss u3 IIPOHO3UIIMOHAJILHOIT TaBTos1orun P V - P moacra-
rHoskoit Vx R(x) smecto P.

[Mpumep 3. @opmysa Jy Qy) & (Jy Q(y) D R(z)) D R(z) Takxe
ABJIAETCsT TaBTosIorneii. OHa 1MoJIyYaeTcss U3 MPONO3UIIMOHAIBHONR TaB-
rosiorun Py & (P D Py) D P, nmoacranoskoii Jy (Q(y) smecro P, u R(z)
BMecTO Ps.

Teopewma 1. JIrobas raBTojoruss ooHie3HAIAMA.

IHokazaTeabCcTBO. B gaapHeiineM Mbl OyIeM yIOTPeOIATh 3HAK
«rpadUIecKoro pPaBeHCTBa» = [IJIsl BbIPAXKEHUs OOWHAKOBOCTHA CJIOB:
A = B osnadaer, 4TOo cJjo0Ba A m B oouHaKOBBI, T.€. IIOCTPOEHBI U3
OIMHAKOBBIX OVKB, PACIIOJIOKEHHBIX B OOIUHAKOBOM IOPSIIKE.

IIycts A — dopmysia sa3bika (), sIBJIAONAACSA TABTOJIOTHEt. ITO
osnauaer, 410 A4 = B(A1,...,A,) 0jg HEKOTODPOil MPOMO3UIHNOHAJIb-
Hot TaBrosoruu B(Py,... , P,) u dopmyn Ay, ..., A, a3eika ). Ilycrs
I — mipousBoJIbHAS MHTEpIpeTalnsd, § — IPON3BOJIbHAS OIEHKA (DOPMY-
et A. Ouesunnwo, ato A = B(OA,...,0A4,). Illostomy BBIAUCTIEHNE
MCTUHHOCTHOIO 3HAaUYeHUsi (pOpMYJIbl A MO CYMIECTBY COCTOUT B BBIUU-
CJTEHWH 3HaveHus1, KoTopoe mpumer (opmysia B(Py, ..., P,) npu nomd-
CTAHOBKE B Hee MCTUHHOCTHBIX 3HadeHuit dpopmyn 0A4q,...,0A4, BMme-
cro Py,...,P,. Tlockonsky B(Py,...,P,) — TaBTosiorusi, oHa BCerma
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npunnmaer 3Hadenue V. 3uauur, I | 0A. Taxum obpaszom, dhopmy-
jaa A mcrtuHHa B J1I000I MHTEpHperanuu Ipu JioOOil olieHKe, T.e. OHA
obmresnaunmMa. Teopema 1 mokasaHa.

Dopmysia HAZHIBACTCS 8bINOAHUMOT, €CJI OHA NCTUHHA XOTsI ObI B O/I-
HOII MHTepOpeTanny IPpU XOTsI Obl OJHOIL ee OIleHKe.

[Ipumep 4. ®opmysta Ix Jy (P(x) & —P(y)) BBINIOTHIMA, HO HE 00-
me3naduma. OdosHauuMm 31y popmysy depe3 A. BosbmeMm B KadecTse
HOCHUTeJIsl WHTepnperamun MHOXKecTso {0,1} um momoxmm P(0) = WU,
P(1) = JI. HerpynHo BuIeTb, 9TO B 3TOil MHTEpIpeTannu GpopMyJsia
A noxna, caenoBaresibHO, oHa He OOIIE3HAYMMA.

®opmysipl A u B Ha3BIBAIOTCA pPABHOCUABHBIMU, €CJIT POPMYJIa
(A = B) obmesnauuma. Ecim A u B paBHocusibHbI, Oynem mucarh

A~ B.

Teopema 2. KakoBbsl 661 HE ObLi1n ¢popMmysiel A u B, ciipaBenjiuBpl
CJICYIONINE VTBEPKICHHT O PABHOCHJIBHOCTH:
1. Ecoim B He conep:xkut cBOOOIHBIX BXOXKIEHHUI ITepeMeHHOII T, TO
a) dx (A& B) ~dz A& B;
6) Ve (A& B) ~Vr A& B;
B) Vx (AV B) ~Vz AV B;
r) dx (AV B) ~dJdx AV B;
. dx (AV B) ~3dx AV dz B;
NV (A& B) ~Vr A& Vz B;
.de A~V —I.A;
.V A~ dx —A,;
. ecsin A(x) He comepKur y, TO
a) Vo A(z) ~Vy Aly);
6) dx A(zx) ~ Jy A(y).

O T s W N

HokaszaTtenbcTBO. MBI JI0OKaxKeM TOJIBKO PABHOCHIBHOCTHU 1.B)
n 2. IlokasarejbCTBO OCTAJIbHBIX PABHOCUJIBHOCTE IIPOBOAUTCS IO TO-
My Ke 00pasIly U IIpenjaraeTcsi B KaueCcTBe YIIParKHEHUs.

Urak, nokaxewm, aro Vx (AV B) ~ Vx AV B, T.e. ato dhopmyia
Ve (AV B) = (Vx AV B), koTopyo MbI 0603HaunM depes C, 00Ie3HAuN-
Ma, ecau B He comepKuT cBOOOIHBIX BxoxkaeHuit x. Ilycts I — mpous-
BOJIbHAA HHTepIpeTanus, M — ee HoCUTeb, § — IIPOU3BOJILHAS OIIEHK A
dbopmyster C. Hano mokasars, aro I = 6C.

Ilepemennas x He nMeeT cBOOOIHBIX BxoxAeHUl B C. IlosTomy dop-
myJia 0C He 3aBUCUT OT TOTO, KAKOIi TepM IIOICTaBJ/IAETCsI IPU OlleHKe O
BMECTO IIEPEMEHHON £, I MOXKHO CUUTaTh, YTO OIeHKa § BooOIEe He CO-
IIEePKUT .
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OdeBunno, aro C = Ve (A V 0B) = (Vz 64V B). ®opmyny
Vz (6 AVOB) obosuaunm depes Cq, a (Vr AV EB) — uepes Co. Bamernm,
ato (popmysia 8. A MoxkeT conepKaTh CBOOOIHBIE BXOXK ICHUS [IeEPEMEHHOI1
T, TIOPTOMY 1715 Hee OymeM ynoTpebJisith obosuauenne 6.A4(x). Popmyia
xe OB samrHyTa, ciemoBareabno, aubo [ = 0B, aubo I E 0B. Ilycto
I = 60B. Torna, mo nyHKTY 5) onpenesenns uctuauoctu, I = Vo AV DB,
re. I |=Co,ul = O0A(m)V B nnascex m € M, suaunr, [ |= Vx (0AVDB),
T.e. I &= Cy. 3uauur, C; u Cy obe uctunnuwl, u I = 6C. Ilyctb
I [~ 6B. Torma, oueBugHO, KakoBa ObI HI ObLIa 3aMKHYyTasA popmya F,
NCTUHHOCTHBIE 3HauYeHus dopmya F V 08 u F coBnamaior. IlosTomy
I EVz (0A(z)VOB) & I = 0A(m)VOB nnascexm € M & I = 0.A(m)
nna scex m € M &I Ve A& T =V AV 0B. Takum obpaszowm,
IEC & 1EC,y, e I E6C. Panocuabuocts 1 B) mokaszaHa.

ITokaxkeM paBHOCUJIBHOCTE 2. Tpebyercst noKa3arh OOIIE3HAYNMOCTD
dopmyast dz (AV B) = (dx AV Jz B), koTopyio mbl obozuadum D.

[Iycts I — npousBoJibHAaA MHTEpIHperanusi, M — ee Hocure b, 6 —
IPOM3BOJIbHAs OIeHKa popmyswsl D. Tak kax D He comepKut cBoOOI-
HBIX BXOXKIEHUN T, MOXKHO CUNTATh, YTO & He BXomutT B §. Umeem 6D =
= Jx (QAVOB) = (Jx AV Jx 6B). Hokaxewm, uaro [ |= Jx (6 AVOB) &
&I = 3z 0AV Iz 6B). @opmynst 8.4 u B moryTt comepxarh cBOOO/I-
HbI€ BXOXOCHNA L, TOATOMY OyaeM YIOTPeOJIATh OJIs HUX 0003HAYEHUST
0A(z) u 6B(z). Umeem [ =3z (BAVOB) & I = (0A(m)VEOB(m)) nns
Hekoroporo m € M & I = 8A(m) win I = 0B(m) naa HEKOTOPOrO
meM&SIT = 0Avwm [ E Iz 0B 1 | Jx AV Iz 6B, uro
1 TpeboBaJIOCh TOKa3aTh. TeopeMa moKas3aHa.

Teopema 3. IIycts A — npowmssosibHass ¢popmysa, a B u By —
paBHOCHJIbHBIE (popMmyJibl. Torna

1) (A& B) ~ (A& B1); 5) (A=B) ~ (A=DBy);
2) (AV B) ~ (AV By); 6) _'BN_‘Bla

3) (ADB)~(ADBy); 7) dz B ~ dz By;

4) (B> A) ~ (By D A); 8) Vo B ~ Vz B;.

HokasareabcTBO. YTBepkaeHus 1)—6) HeMeOJIEHHO CJIEAYIOT 13
ornpenesieHnst uiCTuHHOCTU. loKazkem 7). YTBepxkaeHue 8) I0Ka3bIBAET-
csI QHAJIOTUYIHO W OPEIjIaraeTrcd B KadecTBe VIIPaKHEeHUsI.

Urax, Tpebyercst mokasark, 4ro ¢popmysa (dx B = dz B1) obmesHa-
yuma. Ilycts I — nmpousBoJibHas uHTepiiperaiusi, M — ee HOCUTEIb.
[Iycts # — npousBosibHast onenka dpopmysibl (dx B = dx By). Tak kaxk
913 POpMYJIa HE COOEP:KUT CBOOOOHBIX BXOXKIEHUIT £, MOXKHO CUUTATD,

g10o 2 He BXomuT B . Nmeem O(Jx B = Jz By) = (Jz 0B = dz 0B,).

Tak xak 65 u 63; moryT comep:kaTh CBOOOIHbIE BXOXKIEHUS IepPEeMeH-
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HOM x, OyameM 171 HuX yrnorpedbsiarh obosuadenus: 0B (x) u 0B (x). Ho-
kaxkeMm, 9o I |= dz 0B(x) & [ = dz Bi(x). Ilycrs I = Jx 0B(x).
Torma waiimercss takoit ssqement m € M, aro I | 60B(m). Ilo
ycaoButo, B ~ Bi. Bmnauwnr, I | (B = By), tune ) — ouen-
Ka, HmoJiydeHHas u3 6 pobaBjieHHeM IOACTAHOBKHU m BMecTto x. Ho
(B = By) = (0'B =6'By) = (B(m) = 0B:(m)). Taxum obpaszom,
I = (0B(m) = 0B1(m)). YuurwiBas, uro I = 6B(m), orcrona moJty-
qaeM [ = 0B1(m) u I | dx 0B;. Awnanornydno J0Ka3bIBAETCHA, UTO
eciu I = Jx 0Bi(x), o I = dz 0B(x). W3 mokazaHHOTO CJiemyeT
I = dx 0B = dz 0B, r.e. [ = 6(3x B = dz By). Taxum obpaszowm,
dopmysia dr B = dr By ucrunHa B J11000# uHTEpOpEeTAIIMNA IIPUA JIIOOOIA
OIleHKE. JHAYUT, OHa obme3sHaduMa. Teopema 3 mokaszaHa.

Teopema 4. Ectu A~BuB~C, 0 A~C.
DTO YTBEPXKIECHUE OYEBUIHO.

Teopema 5. Ilycrs B u By — paBHOCu/ibHBIE (popMyJsibl, a A —
rnpou3sBoJibHasA ¢popmysia. Ilycrs Ay mosydena m3z A 3ameHoit Hekoro-
pbIX BxoxkaeHuid ¢opmysnr B va B1. Torma A ~ A;.

JlokaszaTeJbCTBO. YTBEpKIACHAE HECJIOXKHO HOKa3bIBACTCS WH-
nykmumeil mo mocrpoennio popmysiel A ¢ moMmombio TeopeM 3 u 4.

Teopema 6. Jlobas popmysia paBHOCHILHA HEKOTOPOIi (hopMmy.ie,
He comep:xkamel csa30k &, D, = u kBaHTOpa V.

IlokaszaTeabcTBO. JoKaxkeM TeopeMy HMHIVKIIAEH IO IIOCTPOEe-
HUIO POPMYJIHL.

1) IIycts A — aromuast dbopmysa. Torma A He comep:KUT CHUMBOJIOB
&,D,=,V.

2) Ilycts A nmeer Bun (A; & Az). Ilo mHmykTUBHOMY Npeno-
goxennto Ay ~ By, As ~ Bs, rne By u By He comepxar &,D,=,V.
cnosb3yeM 04eBUIHYI0 PABHOCUILHOCTD

A& B ~-(—-AV -B).
Torma o Teopemam 4 u 5
A= (A1 & Ay) ~ =(mAL V-oAy) ~ =(=B1 V -B,).

ITocnenusiss popmysia ve comepxur &, D, =, V.
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Anasiornyno pasbupatorca caydan A = -A;; A = (A V As);
A= (A4 D A); A = (A = Ay); A =Va A; A = dx Ay, llpm

9TOM WCHOJIb3YIOTCA CJIEAYIOIAE PABHOCUJIBHOCTH:

ADB~-AV B;
A=B~(ADB)&(BDA) ~=(=(mAVB)V-(-BVA));
Ve A~ —dz —A.

YupaxHeHnd.

1. Hokazars, uro popmysia A obmesHaunma TOrIa m TOJBKO TOTIA,
korrna —.4 He BbINOJIHUMA.

2. BhIIOJTHAMBI JIH CJIeayoIIne GpOpPMYJIbL:

a) dr P(x);

6) Vo P(x);

B) Jz Vy (Qz, ) & ~Q(z,y));
) dx Yy (Q (w,y) DVz R(z,y,2))?

3. dABasiorcst s OOIMIE3HAMUMBIMU CJIEIYIOININE POPMYJIbI:

a) 3z P(x) D Vx P(x);

6) ~(3x P(x) DV P(x));

B) Vz Jy Q(z,y) D Iy Vz Q(z,y)?

4. Ilycts A(x) — dopmysia 6e3 KBAHTOPOB U (PYHKIIMOHAJIBHBIX CAM-
BOJIOB C €MHCTBEHHOI IMepeMeHHOoil & Takasi, 4ro ¢popmyJaa Jx A(z) ob-
me3HaunMa. Jlokasarsh, 9TO IJ1s HEKOTOPBIX KOHCTAHT Cf, ... ,Cn POP-
myaa A(cr) V...V A(c,) obmesnaguma.

5. PaBnocunbubt st popmyster P(x) u Vo P(x)?

=

5 11. IIpenBapenHbIe (bopMYyJIbI

®opmyay A Oynem Ha3bIBaTh npedsapernoti popmysoti, ecmm A nmeer

BUI (Q121Q2%2 . .. Qnx, B, tne Q1,Q2, ...,y — KBAHTOPHI, a (HOpMy-
7138 B He comep:KuT KBAHTOPOB.

Teopema 7. Kaxnas ¢popMmysia paBHOCH/IBHA HEKOTOPOI IpenBa-
PEeHHOIT (popMy.Ie.

MokasareabcTtBo. Ilyctb A — npousBosibHass opmysia. Ilo
Teopeme 6 Jrobasi (popmysia 3KBUBaJIeHTHA (POPMYyJIe, He ComepKallei
&, D, =. HokaxkeMm TeopeMy MHIVKIIAEH 1o nocTpoenuio A.

1) Ilycts A — aromuasi bopmyna. Torma A cama sBjsteTcst mpenBa-
peHHoii (popmyJIoii.
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2) I[Iycte A = —B. 1o nHAYKTUBHOMY TIPEIIOJI0KEHIIO

B~ QlCCl “ e inbnp,

roe D — 6eckBanTopHasi popmysia. Torma

A~-Qizy...QnznD ~Qix1...Q,x,—D,

rie

G_{V, econ (); = 3;
v 4, ecom (); = V.

3) Ilycrs A umeer Bum (By V Bs). Ilo mHAyKTUBHOMY MIpeoxKe-
HUIO B1 ~ Q121 ...Qnxn D1, By ~ Qllyl---Q;nymD% rne Dy n Dy —
becKkBaHTOPHBIE (DOPMYJIbL.

Bribepem nepeMeHHbBIE 21, ... , 2, IO CJIEOYIOIMEMY IPABUIIY: €CJIN T;
He BXOIUT B Do, TO z; = X;; €CJIM XKe T; BXOOuT B Dy, TO B KaYeCTBe z;
BO3bMEM KaKyIO-HUOYIb mepeMeHHYyI0, He Bxoadamyoo B D u Dsy. Ilpnu
5TOM JOJIKHO COOJIIONATHCA YCJAOBHE: 2; = zj TOTHOA U TOJIBKO TOTIA,
Korga ¢; = x;. (ObosHauum yepes C; (opmysy, nosydeHnyo us D;
3aMeHOi IepeMeHHbIX Z1,... ,L, Ha Z1,...,Zn COOTBETCTBEHHO. Torma
Q1z1...QnxnD1 ~ Q121 ...0,2,C1. st mokasaresbcTBa 3TOTO II0-
CTATOYHO 7 Pa3 BOCIOJIHL30BATHCS PABHOCUIILHOCTAME 6.2) 1 6.6) u3 Te-
opeMbl 2.

Ty ke oneparuio nposesiaeM ¢ hopmysoi Q1yi - . - Q) ymDa. A umen-
HO, BbIOEpEM IIepeMeHHBIE U1, ... ,U;, TaK, 9TO eCJu y; He BxoautT B Cq,
TO U; = ¥Y;, a ecau y; BxomuT B (i, TO u; — KaKasg-HUOYIb Iepe-
MeHHasd, He Bxomdmaa B Dy u Cy, npudeMm u; = uj TOLIA U TOJIb-
KO TOrga, Korma y; = y;. depe3 Co obo3Haduum popMmyJly, HOJIyUeH-

HyI0 U3 Do 3aMeHoit yi,... ,Ym, HA U1,... ,U; COOTBETCTBEHHO. Torga
/ / / /

Q1?Jl “ e mymDQ ~ Qlul “ e QmUmCQ.
Temnepnb

BiV By ~Qiz1...Q0n2C1 V QI1U1 e QinumCQ ~
~ Q121 - - QnznQiuy ... Q) um(C1 V Cs)

(MBI MCIIOJIB30BAJIN N + M pa3 paBHOCHJILHOCTH 1.B) m 1.r) m3 Teope-
MBI 2; 3aMEHa, IIePEMEHHBIX CIOeJIaHa MMEHHO [IJIsI TOr0,4TOObI MOXKHO
OBbLIIO BOCIOJIB30BATHCS DTUMHU PABHOCUILHOCTSIMHA ).

4) Ilycts A = QxB, rme (Q — »71o xBanTop 3 wan V. Ilo maIyKTHB-
HOMY IIpenjoxkeHuto B ~ Qix1...Q0mTy,D, rne D — OecKkBaHTOpHAA

dopmyaa. Torma A ~ QrQix1 ... QmxmD.
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ITockombKy Js100asi popMmysia 6€3 CUMBOJIOB D, =, & UMeeT OIUH W3
pPa300paHHBIX BUIOB, TEOPEMA JOKA3AHA.

B npuBenennn maHHON dOpMYJIBbI K TIpeaBapeHHoit popme (T.e. B mo-
CTPOEHUU TpeaBapeHHoil (GpopMyJIbl, PaBHOCUJILHON HAHHONW) HE 00s-
3aTeJIbHO CJIeOOBATh JIOKa3aTeJbCTBY TeopeMbl (. Hampmmep, MOXKHO
He 130aBJIsITHCA OT CHUMBOJIOB D H &, a KUCIIOJIb30BaTh PABHOCUIHBHOCTU

(Ve AD B)~3dz (A D B);
(dx A D B) ~Vz (A D B);
(BDOVz A) ~Vx (BD A)
(BD>3dx A) ~3Jx (BD A)

Y

(BCIomy TIepeMeHHasl T He sABJISeTCsS CBOOOMHON B [3) 1 paBHOCUJIBHOCTH
1.a) u 1.6) u3 Teopemn 2.

[Ipumep. Ilpusenem dpopmysty
Vo P(z) & Jy Q(y) D 3z R(y, 2)
K IpeaBapeHHoil hopMe:

Vo P(x) & Iy Qy) ~ Vo Ty (P(x) & Q(y));
Vo Jy (P(r) & Q(y)) D 3z R(y, z) ~
~Vx Ju (P(z) & Q(u)) D 3z R(y, z) ~
~ dx Vu 3z (P(x) & Q(u) D R(y, 2)).

Taxum 0dpaszomM,

Ve P(x) & Jy Q(y) D 3z R(y,z) ~ Jz Vu Iz (P(x) & Q(u) D R(y, z2)).

§ 12. McTHHHOCTHh B KOHEUYHBIX MHTEPIIPEeTAIIuAX

IIycts kK — moJsioxuTes bHOEe HaTypaJbHOe uncygao. Popmysaa A Ha-
3BIBaCTCsA k-obwesnavumoti, ecim A MCTUHHA BO BCEX MHTEPIPETAIINIX
c HOCHTeJIeM U3 k »JIeMeHTOB IIpu Jito0oit onmernke. Popmysia HA3HLIBAET-
cA KOHEeWHO-00U,e3Ha4UMOT, €CJIU OHA MCTUHHA BO BCEX MHTEPIIPETAIINIX
C KOHEYHBIM HOCHUTEeJIEM IIpHu Jio0oii onenke. Q4eBUIHO, YTO JIH0OasA 00-
me3HadnMasi (popmyJia siBjisiercsa k-o0Iie3HadanmMoii a1st jibdboro k, T.e.
KOHEYHO-00IIe3HAYNMOI.
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[Mpumep. @opmynadr P(x) D Vr P(x) asaserca 1-o0mme3naqnmoi,
HO HE OOLIEe3HAYUMOI.

Teopewma 8. g kaxkmgoro k > 1 cymecrByer

a) ¢popmyJia Fy, ucTUHHAST B TOYHOCTH BO BCEX HHTEPIIPETAIIUSIX C HE
boJiee deMm k-3/71€eMEeHTHBIM HOCHTEJIEM,

6) ¢popmysia Gy, HCTHHHAS B TOYHOCTH BO BCEX HHTEPIIPETAIHSIX C HE
MeHee dyeM k-2/1eMeHTHBIM HOCHTEJIEM;

B) ¢popmysia Ey,, uCTHHHAS B TOYHOCTH BO BCEX HHTEPIIPETAIUIX C k-
9JIEMEHTHBIM HOCHTE.JIEM.

HoxazateabcTBo. a) [lomoxum
Frp =3z, dzo ..., Vy (y=21 Vy =22 V...Vy =2a).
6) Ilostoxkum
Gr=3xy ...3x, (Cx1 =22 &y =23 & ... & T = x3)

(B 6eckBaHTOPHYIO YacTh Gy, BXOOAT DOPMYJIIBI —Z; = T Ipu ¢ < j).
B) [losoxkum By = Fj, & G-
Teopema 8 nokaszaHa.

Teopema 9. CymecrByer KOHEUHO-00IIIe3HATUMAsI, HO HE ODIIIe3HA-
yuaMasi (pOPMYy.JIa.

HoxasarenbcTBo. TakoBa popmyJia

—(Vz Yy Vz (P(x,y) & P(y,z) D P(z,2))&
&Vr -P(x,x) & Vx Jy P(z,y)).

ITeiicTBuTEe/ILHO, OHA He OOMIE3HAYMMA, TAaK KaK JIOXKHA B CJICAYIO-
meil MHTeprIpeTanun: HOCUTEJbh — MHOXKECTBO HATYPAJIbHBIX YUCEJI;
P(z,y) = ! Torma n TOIBKO TOTHA, KOTIA T < 4.

HoxkazkeMm, 4910 3Ta (POopMyJia KOHedHO-oOme3Ha4duma. Ilycts I —
KaKas-HuOyIb HHTEIIPpeTallls C KOHeYHBIM HocuTesieM M, B KOTOPOIi pac-
cMarpuBaeMasi (POPMYJIa JIOXKHA, T. €. HCTUHHA, (DOPMYJIa

Ve Yy Vz (P(z,y) & P(y,z) D P(x,2))&
&Vr ~P(x,z) &Vr dy P(x,y).

Torma npenukar P(x,y) onpemnesiger CTporoe 4acTUIHOE YIOPAI0Ie-
uue Ha M B ciaenyiomem cmbice. st a, b € M nosoxum a < b, econ
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P(a,b) = . Tak xak [ = Vz Yy Vz (P(x,y) & P(y,z) D P(z,=z)),
OTHOITeHNe < TPAH3UTHUBHO, U TakK Kak [ = Vr —P(x,x), oTHOmeHnE <
nppedaekcusao. Ho j1060e KoHeUYHOe Y4aCTUYHO YIOPSIOYeHHOe MHO-
’KECTBO MMEEeT MaKCUMAaJILHBII SJIEMEHT, T. €. TAKOil 9JIEMeHT a, YTO IJIsT
Bcex b € M wmeBepHO, 4TO a < b. Iloaydyaem mpormBOpeume, Tak Kak
I =V dy P(x,y).

Teopema 9 mokaszana.

YuopaxXHeHU 4.
1. oxazare, aro dpopmyia

dx Yy (P(z,y) D (=P(y,z) D (P(z,z) = P(y,y))))

3-o0mie3HaInMa.

2. Jlokaszars, 94TO cjenyiomme GpopMyJIbl KOHEUYHO-00IIe3HAYNMbI, HO
He O0IMe3HAYNMBL:

a) dx Vy 3z ((P(y,2) D P(z,2)) D (P(z,z) O Py, x)));

6) Ve Vy Vz (P(x,2)& (P(x,2) D (P(x,y)VP(y,2z))) Dy Vz Py, 2).

3. IHokazarb, ato dopmysa curaarypel {Pi,..., Py}, toe Pp,...

., P, — omHOMecTHBIE IMpeaUKaTHbIE CUMBOJIbI, OOIIE3HAYUNMA, TOLIA
1 TOJBKO TOTHA, KOTJd OHA MCTUHHA BO BCEX HHTEPIpPETAIUsX ¢ 2™-
3JIEMEHTHBIM HOCUTEJIEM.

4. Jlna xaxaoro HarypaJibHOro yncjaa k > 1 moctpouThb (popmy-
JIy B CUTHATYPE U3 OJHOMECTHBIX MPEIUKATHBIX CHUMBOJIOB, HE COIED-
JKAIIYI0 3HAaKa =, KOTOpasd 1-00me3HadnMa Ipu Bcex ¢ < k, Ho He k-
001Ie3HaYNMA.

5 13. UzomopdusmMbl 1 3jieMeHTapHasd 9KBUBAJIEHTHOCTH

[Tycts 2 = (Cnst, Fn, Pr) — nekoropasa curuarypa, I, [, — nBe ee
nHrepnperanuu. Obosnauum Hocuresb I; uepes M, Hocuresab [y —
gepe3 M. VHTepnperanum KOHCTAHTHI ¢, PYHKIINOHAJIHLHOTO CHMBOJIA

f un npenukarsoro cumsoJia, P B [; 0003HaUYMM COOTBETCTBEHHO C, f, P,
a B Iy — COOTBETCTBEHHO C, f, P

[Tycts ¢ — mekoropas dyuknusa u3z M; B Ms. Bwmecto ¢(m) s
KPATKOCTHU OyIeM THCaTh ©m. byaeM roBOpuTh, UTO ¢ COLPaHAEM KOH-
CIAHMY €, €CTT PC = C; (O COTPAHALT, PYHKYUOHAALHOIT cum0a [, econ
ISl BCEX A1, . . . , Gp € M1 BbIIOSHEHO O f (a1, .. an)=f(pa1, ..., pa,);
© coxparaem npedukamuwvili cumeon P, eciin njid Bcex aq,... ,a, € My

~

BoIOSTHEHO P(ay, ... ,a,) = P(pay,... ,pay,). OyHKINSA © HA3BIBAETCS
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usomopgpusmom u3 I B Iz, ecm 1) o — Onexmsi, T. €. B3ANMHO OITHO-
3HAYHOE COOTBETCTBHE Mexk Iy MHOxecTtBamu M; u Ms; 2) ¢ coxpans-
eT BCe KOHCTAHTHI, BCE IIPEIUKATHBIE CUMBOJIBI I BCE (DYHKIIMOHAJILHBIE
CUMBOJIbI cUrHATYPhI ). MuTepnperanusa [; uzomopdra naTepapeTanu
I, ecmm cymecTByeT uszomopdusm u3 I B I,. l3oMmopdHOCTL MHTED-
nperanuii [; u I, 6ymem obosnauars [ ~ Is.

HerpynHo Bumerb, UTO IPUBEIEHHOE IIOHATHE U30MOP(U3Ma sIBJISI-
eTcss 0DOOIIEHMEM HCIIOJIB3YEeMOr0 B ajredpe MOHATHUA M30MOopdusMa
I'PYIIN, KOJIEIl, MOJIel U JApyrux ajredpamdecKux CTPYKTYP, KOTOPBIE
MOKHO PACCMATPHUBATh KAK MHTEPIPETAUHN TOAXOISIIINX CUTHATYP.

IIpumep 1. Ilycrs curHarypa COCTOUT U3 JABYMECTHOrO (DYHKIINO-
HaJILHOTO cuMBoJIa f. Onpemesnium uHTepupetanuu [; u Is caenyommuMm
obpasom. Hocurenb unrepnperanum [{ — MHOXKECTBO YeTHBIX IIEJIBIX
gucest; f(z,y) = = + y. Hocurens maTepnperammu I — MHOXKECTBO

eJIbIX 9ncesl, gesiamunxcs 0e3 ocrarka Ha 3; f(x,y) = ¢ + y. OyHKINA

p(x) = %x — uzomopdusm u3 I; B Is.

I[Ipumep 2. Ilyctb curmarypa COCTOUT U3 KOHCTAHTHI @, 1By MECTHO-
ro PYHKIIMOHAJILHOTO CUMBOJIA, f 1 ABYMECTHOI'O MPEINKATHOIO CUMBO-
na P. Hocutenb nuatepnpetanuu [, — MHOXKECTBO HATYPAJIbHBIX YHCEJI;
a=0; f(z,y) =z +vy; P(z,y) = U & z < y. Hocuresb uHTEpIpeTALINT

I — MHOXKeCcTBO BCcex HaTypaJibHbIX 4uces Bumga 2", roe n € N; a = 1;

~

flz,y) =x-y; Plz,y) = U &z <y. Oyaxuua p(z) = 27 — u3oMop-
busmuz I} B I, Tak kKak 2°7Y =27 .24 0 = 1nzx <y & 2% < 29,

Teopema 10. s moboii narepuperanun I Bemmosneno I ~ 1.
Econ Il ~ IQ, TO 12 ~ Il. Ecom Il ~ IQ " IQ ~ Ig, TO Il ~ Ig.

HoxaszarenbcTBO. ToXIecTBeHHAasT (PYHKIUS sABJISIETCS U30MOP-
dusmom u3 I B I Ilycrs pyaknua ¢, saBageTca n3oMopdu3MoMm u3 g
B [». Torma ¢ L apasiercs m3omopdusmom u3 I, B I;. Ilyctb oo —
nzomopdpusm us I, B I3. Torma ¢ o o — m3omopdusm usz I; B I3.
Teopema 10 mokazana.

[Tpumep 2 (mpomoskenue). Pyukius log, x aBsercsa nzomMopdus-
moM m3 Iy B [y. [eifictButenpro, log, 1 = 0, log, coxpanser f, Tak
kak log,(x -y) = logy,x + log,y, n coxpanser P, Tak kKak ¢ < Yy &
& log, ¢ < log, v.

['oBopsT, yro muTepuperauun [, u I, ogHOIT M TOI XKe curHarypsl {)
INEMEHMAPHO IKBUBAAEHMHDL, €CJIN IIJIsI JII000I 3aMKHYTOI (POPMY.JIbI
A curnarypet ) Bemosnseno I; = A& I = A DnemenTtapHyo 5KBU-
BaJIECHTHOCTDH [ u I5 Oynem oboznavuarh [; = I,. O4eBUOHO, YTO HHTEP-
nperauyu 1 u [ He ABJISIOTCS 3JI€MEHTAPHO PKBUBAJIEHTHBIMU TOLIIA
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1 TOJIBKO TOTa, KOraa Halinercs 3aMkHyTas dopmyaa A, ns KoTopoii

]1 |: “47 12 |: - A.

Teopema 11. Eciu marepnperanun 11 u 1o curaarypsr §) uzomMopg-

HbBI, TO OHH 3JeMeHTapHO 3KBHUBaJICHTHbI. DoJjiee Toro, ecjm ¢ — H30-
mopgpusm u3z Iy B I, a A(xy, ... ,x,) — Ppopmysza co cBOOOZHBIME HEPE-
MEHHBIMH L1, ... , Ly HG1, ... ,Qy — IPOU3BOJIbHBIC 3J7IEMEHTHI HOCUTEJIS

L, 0o FAlay,...,a,) & L E A(ﬂl’”‘ ’ﬂn)'

IHokasareanctso. Ilycts My u Mo — cOOTBETCTBEHHO HOCUTEJIA
narepuperauuit 1 u Ir, u ¢ : My — Ms — uzomopdusm us I; B Is.
Ob6osnauum depes Q! u 2 curHarypbl, NOJIyYeHHbIE U3 CUTHATYPHI )
nobaBJIeHEM MMEH SJIEMEHTOB COOTBeTCTBeHHO u3 My u M.

,Z[ﬂﬂ mmo6oro Tepma t u popmyisl A curaarypst Q' o6o3nadnM gepes
tu A pesyabrars samennt B ¢ u A nis smoboro m € My ero uvenu m Ha
pm — uMs sj1eMenTa om € M. 3nadenue repma t B uHTEpUpeTanuu I

Oymem obosnadarh 4depes |t} a B [o — qepes |t]°

JJemma 1. [Inaoboro 3amkHyTOro Tepma t curnarypsl 2 BbIIoI-
wero |t|' = [t

HokaszareabcTBOo. UHAYKINA IO TOCTPOSHUIO T.

1) IIyctb t = ¢, roe ¢ — koHcranta u3 ). Torma t = ¢, |t|' = C,
t]? = €, € = ¢, TaK KaK ¢ COXpaHAeT KOHCTAHTHI 13 ).

2) Ilyctb t = m, tme m € M,. Torma t = em, [t =m, t]? = om,

e plt]' = i

3) Hycre ¢ = f(t1,... ,tn), npuiem oltil* = |t (G = 1,...,n).
Torma t = f(t1,... ,tn), |t|1 = f(|t1]}, ..., |tn|'). Tak xKax ¢ coxpansger
f, To

Pt = f (Il [tal') = Floltal's - s ltal’) =

= FUB P, [l = 102
JlemMa nmokasama.

JJemma 2. Iia soboii samxnyToli popmyst A curaarypsi )1 BbI-
mosmero T EF A& L E A

IHokazaTteanbcTBOo. B cuay TeopeMbl 6 1OCTATOYHO JOKA3aTh JIEM-
My niisg popmya A, He conepxkamux &, D, =, V. [IpuMeHrM UHIYKITAIO
1O KOJIMYECTBY CHMBOJIOB 3, -,V B hopmyite A.

a) llycto A = P(tq,... ,tn). Torma A = P(ty,...,tn). I E A&
& P(|t|L, ..., |te]t)=H. Tax xak ¢ coxpanger P, to P(|t}],. .., |[tu|})=
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:f’(cp|t1|1,... Coltn]'). Mo memme 1 o|t;|* = |t;|2 Tostomy I = A
s P(LP,.. ) =UelLEA
6) Ilycto A = ¢; = t5. Torma A =1, = ty. LEAs ' = et &
soltil' =l P =P ebEFh=tebEA
B) Ilycte A = B, npugem Iy |— Be I, = B. Torﬂa A = -B.
LEAeLEBeLEBasLEA
r) Oycrs A = (B V (), npuuem Il = BelLEBulhb ECe
& 1 |—C Torna A = (B V(). nhEFAeli EBuwml ()&
=X |—BI/LHI/I I, = )<(:>I2 = (B\/C) shLEA
n) Ilycts A = 3z B(x), npudem ms J1r0060ik 3aMKHyT01‘/’I bopMYyJIbI

una B(t) umeer mecto 1 = B(t) & I, = l§(t\) Torma A = 3z B(z).
L F Ae L E B(m) nna wekoroporo m € My < I, = B(m) nna

Hekoroporo m € M. Jlerko Bumerb, uro B(m) = [3\(@) [TosTomy

L EBm) &I, = (cpm) Tak kak (p — Oweknus, TO M npobera-
er BCe MHOXKeCTBO My, xKorma m npoberaer M;. IlosTomy MBI MMeeM
L EA&sL E (gom) 1717 HEKOTOPOro m € M, & I, E B(n) o=

HeKOTOporo n € My & I = dx B( ) LEA
JlemmMma nmoxkasana.

[IpuMeHuM JjieMMy 2 K IPOU3BOJIbHOI 3aMKHYTOII dpopmysie A cur-
Harypel ). Takx kak B 3TOoM ciay4dae A coBmamaer ¢ A, Mbl umeem

L E A& L E A B cuny npoussosibHOCTH BBIOOpa A 3TO 03HAMUA-
eT, 910 [1 = I>.

IIycrs Teneps A(xq,...,x,) — npousBosibHas GOPMYJIa CO CBOOOI-
HBIMU IE€PEMEHHBIMA L1, ... ,Lpn, U A1,. .. ,d, — IPOU3BOJIbHBIE 3JIEMEH-
ol u3 M. [onoxum B = A(ay,...,a,). Torma B = Alpay, ..., pan).
o nemme 2 myeem Iy = Be L E B, e I E Alai, ..., an) &
& I = A(pai, ... ,9a,), 9TO COCTaB/IAET BTOPYIO YaCTh YTBEPXK ICHUA

Teopembl. Teopema 11 moxaszana.

[IepedpopmyiupoBaB Teopemy 11, mosiydum: He 3J1eMEHTApPHO DKBU-
BaJICHTHbIE MHTepIpeTalnnu Hen3oMopdHbl. B TakoMm Buge teopema 11
OOBIYHO MCIOJIb3YETCsI IPU I0Ka3aTeIbCTBE HEM30MOP(HOCTH.

[Ipumep 3. O6osnauum 4depes (N, <) yHmopsmodyeHHOE MHOXKECTBO
HATypaJIbHBIX YncesI, a depes (Z, <) — yHopsaa0YeHHOe MHOXKECTBO IIe-
Jsibix uncesi. ['oBops opmasibho, (N, <) u (Z, <) — WHTepIpeTaliu CHUr-
HaTyphl {<} (T.e. curaarypsl 2 = (Cnst, Fn, Pr), rme Cnst = Fn = &,
Pr = {<}) c mocurensmu coorBercrBenno N u Z u CTaHIAPTHOW MHTED-
nperanueii cuMmBosia <, a mmMeHHo, <(xz,y) = U & = < y. Usomopdnbl
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mm (N, <) u (Z,<)? Pasymeercs, Her. Bemp B (N, <) ecrb HanMmeHbIHIi
9JIeMeHT, a B (Z, <) ero Hetr. HbIMU cji0Bamu,

N, <) FdzVy (z <yVaz=y);
(Z,<)E-dxVy (zx <yVz=y).

Takum obpaszom, mbl mgokazasu, 9rto (N, <) u (Z, <) He sjeMeHTapHo
5KBUBAJIEHTHBI, & U3 DTOTO yKe BBIBEJIN UX HEM30MOP(MHOCTD.

CynmecTBYIOT Jin HEM30MOP(HBIE MHTEPIPETANNH, HEn30MOP(HOCTH
KOTOPBIX HEJIb3s JI0Ka3aTh C IIOMOIIbI0 TeopeMbl 117 HbIMU ciioBaMu,
CYIIECTBYIOT JII HEM30MOP@HLIE 3JIEMEHTAPHO SKBUBAJIEHTHBLIE MHTEP-
nperanun’! (OKas3bIlBaeTCs, CYIIECTBYIOT. bes mokasarejbCTBa PacCMO-
TPUM CJICAYIONINI IpuMep.

[Ipumep 4. Obosnaunm 4epes (Q,<) m (R, <) ymopsmodenubie
MHOKECTBa COOTBETCTBEHHO PAIMOHAJILHBIX U OEHCTBATEAbHBIX 9ACEJI.
Paccmorpum ux kak waTepnpetanuu curaarypsl {<}. Torma (Q, <) 2
* (R, <), mockoabky Q u R mepaBuomoinabl. C MOMOIIbIO TAK HA3HIBA-
eMOHl IAUMUHGYUY K8GHMOPO8 MOXKHO moKasarh, 4ro ((Q, <) =2 (R, <).

YupaxHeHUnd.

1. Iokasarb, uyro marepnperammn (R, +, <) u (RT,-, <), rme RT —
MHOXKECTBO HOJIOKUTEJILHBIX IefiCTBUTEIILHBIX YNCEJI, H30MOPQHEI.

2. llokasarb, 9TO CJIeOyOIIe NHTEPIPETAINN He sIBJISTFOTCS DJIEMEH-
TAPHO SKBUBAJICHTHBIMMU:
(Q <) u(Z,<);
(Z,+) u (Q +);
(@7 +, ) 1 (Ra ™5 ');
(R,+,<) u (C,+,-);

n) (N, +) u (Z,+).

3. Hoxaszarn, uto (R, +) ~ (R?, +), re cioxenue nap neiicTBUTE b-
HBIX IKCEJI IPOU3BOOUTCSA TOKOMIIOHEHTHO.

5 14. BripasumMmocTth. JloKa3zaTegbCTBO HEBLIPA3HMOCTH
C IIOMONIIbI0 aBTOMOP(PU3MOB

IIycts A(zy,...,x,) — dopmysaa curHarypsl {2 co CBOOOTHBIMY TIe-
pPEMEeHHBIMU X1, ... , Ty, I — UHTEepupeTanud CUrHATYPhI () ¢ HOCUTEeIeM
M, a R ectb n-mecrtHblil npenukar Ha M. l'oBopsit, uro dopmysa A
svipadcaem npennkar R B uaTepnperannu I, ecom R(aq,... ,a,) = U &
& 1 E Alay, ... ,a,) s Bcex aq, ... ,a, € M.
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[Ipenukar R Ha30BEeM 6uipa3umvim 6 unmepnpemavuu I, ecam cymie-
CTByeT popMYyJia, €er0 BhIPAXKAIOMIAS.

[Ipumep 1. BosbMeMm cTaHIapTHYIO MHTEPHPETAINIO sI3BIKA (POp-
maJsibHOM apudmeruru (N, +,-,5,0). @opmysia Jy ¢ = y + y BeIpakaer
npennkar «xr detHo». Popmyna dz x 4+ 2z = y BbIpaxkaeT IPeIuKaT
r <y. Qopmyssl £ +x = x 1 x = 0 BeIpaxKalT OOUH U TOT XK€ IIPeau-
kKar £ = (0. MoxXHO Jin BBIpa3suTh B 9TOU MHTEpPHPETAIINN IBYMECTHBIM
npenukar y = 277 OKas3bIBaeTCsA, MOXKHO, XOTA JOTQIATHCS, KAK DTO
cIesiaTh, TOBOJIBHO TPYIHO.

[Ipumep 2. Bosemewm mutepmperaruio (Z, <). Popmysa
r<y&-Jz (r<z&2z<y)

BbIpazkaer npegukar y = £+ 1. Moxuo jin B (7, <) BbIpA3uTh MPEIUKAT
2z = x + y? YUyTb moskKe Mbl JOKaXKeM, YTO HeJIb3dA. ITOMY IIPHUMEPY
MOXKHO TPUOATL CJaeayiomuii cMbIcj. IlycTh HEKTO 3HaET, 4YTO TaKoe
IeJIble YMCJIa U 9TO TakKoe T < Y OJIs IEeJIbIX T 1 Y, HO He 3HaeT HUKAKNX
IPYTUX OTHOIEHUNR 1 pyaknuit Ha Z. Torna Ha A3bIKe IIEPBOTO IOPAIKA,
eMy MOXKHO OOBbSACHHUTDH, YTO TaKOe y = & + 1, HO HeJIb3A O0BbsICHUTH, YTO
TaKoe 2 = & + V.

IIycts B onpenesienun nzoMmopdusma narepnperanuu [; u I, coBmna-
naioT; usoMopdusMmbl u3 I B I HA3BIBAIOTCA aA8MOMOPHUIMAMU THTED-
npeTtanun 1.

Onpenesienne aBTOMOP(MU3MA, 0 OYEBUIHO TPUHUMAET TAKOI BUI:

1) ¢¢ = € njist BceX KOHCTAHT C;

2) of(ai,...,a,) = flpai,...,pa,) g seex f € Fn;

3) P(ai,...,an) = P(pay,...,pa,) nas Bcex P € Pr.

[Tpumep 3. s Bcex k € Z orobpaxkenne ¢y (x) = x + k sBJIsgercs
aBToMopdusmom mwHTeprperanun (Z, <). HeiicrBuresnbho, @ — Onek-
HAsT, U (0 COXpaHsaeT <, TaK KakK ¢ < Yy & ¢ + k < y + k. B kadecTBe
yIpaXKHEHUsI [IPEeIJaraeTcs J0Ka3aTh, YTO IPYIUX aBTOMOPGU3IMOB ITa
wHTEepIperanus He umeer. Hampumep, orobpaxkenue p(r) = 2r XOTb
1 COXpaHsieT <, HO aBTOMOP(U3MOM HE sIBJISETCSA, TAK KaK OHO He Ou-
CKTUBHO.

Teopema 12. MHoXkecTBO Bcex aBTOMOPGU3MOB (DHKCHPOBAHHOIN
nHTepuperanuu I obpasyer rpynmny OTHOCHTEIbHO OINEPAIHMHA KOMIIO3H-
M.

DTa TeopeMa MOKa3bIBAETCA aHAJIOTMYIHO Teopeme 10.

IIycts R ecTtb n-MecTHBIII mpegnkar Ha HEKOTOPOM MHOxKecTBe M,
a @ — yuknus u3 M B M. byaem roBoputh, 94T0 ¢ corparsem R, ecim
IJIst BCEX A1, . .. ,ap € M Bhmosaeno R(ag, ... ,a,) = R(pay, ..., pay).
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[Ipumep 3 (mpomomkenue). Bce aBroMopd UMbl WHTEpPIIPETAIINN
(Z, <) coxpaHAIOT ABYMECTHBIH mpenukat |¢ — y| = 2. elicTBUuTennHO,
000t aBromopdusm (Z, <) umeet Bun pi(z) =z + k,un |z —y|l =2 &
Sl(x+k)—(y+ k)| =2

Teopema 13. Ilycrb ¢ — aBromopcusm unrepuperanuu I. Torna
Y COXpaHAET BCe BbIpa3uMble B I NpeauKarhl.

HokasareabcTBo. Ilycrs npegukar R(xq,... ,%,) BbIpasum B 1.
Torna nJist Hekoropoit popmysast A(x1,... ,Z,) BBIIOJIHEHO

R(ai,...,ap) =U &1 FE Aay,. .. ,a,).
Ilo Teopeme 11 gyis Bcex aq, ... ,a, U3 HOCUTEJA | BHLIITOJIHEHO
I=Alay,-..,a,) & 1F Alpas, ..., 0a,).
V3 3Tux OByX yTBEPXKICHUN MMOTyIaeM
R(ay,...,a,) =N R(pay,... ,pa,) = U,

yTO U TpedoBasiochk. Teopema 13 mokaszaHa.

Teopewma 14. Ilpequkar z = x + Yy HEBBIpa3UM B HHTEPIIPETa-
mun (7, <).

HoxaszareabcTBOo. Bosbmem aBromopdusm p(z) = z + 1 unrep-
mperarun (7, <). OyHKIM © He COXpaHsIeT IPeInKaT 2 = T+, TaK Kak
0 =040, Ho ©(0) # ¢(0)+(0), Beos ©(0) = 1. Teneps BoOCHOJIBb3YEMCsI
TeopeMmoit 13. Teopema 14 mokasaHa.

[Ipumep 4. MoxHO 11, NCIIOJIB3YsI TOJILKO NOHATHE «TOUYKHU T, Y, 2
JIexKaT Ha OOHOI mpsiMoit», Ha A3bIKe IIEePBOT0 MOPAIKA OObACHUTH, YTO
TaKoe NePIEeHINKYJISIPHOCTD IPAMBIX! ChHopMyIupyeM TOUHEEe BOIPOC.
[Iycrs (R%T) obo3HadaeT MHTEPNpPETAUIO CHUCHATYPBI C OQHUM TPex-
MECTHBIM IPEINKATHBIM CUMBOJIOM 1, HOCUTEJIb KOTOPOli — MHOXECTBO
To4eK miockoctd, a 1(x,y, z) = U1 Torga u TOJIBKO TOTIA, KOTIA TOYKH
T,y, 7 JeKaT Ha ogHOi npamoii. Beipasim s B (R?, 1) yeTblpexmect-
"Bl mpenukar R(x,y, z,u), onpenenennsiii Tak: R(x,y, z,u) = 1 Torma
1 TOJIbKO TOTHA, KOIIA & 7 Y, Z 7 U 1 NPsiMasi, TPOXOAsIIasd 9epes & 1 i,
IePIeHINKY/IAPHA IPsIMOii, mpoxoasimeil uepes z u u?! OTBer: He BbI-
pa3uM, Tak Kak Jiroboe adpduHHOEe IpeodPa30BaAHUE sIBJIAETCA aBTOMOD-
busmom (R%,T'), a cpenu HUX eCTh TPeoOPA30BAHNA, HE COXPAHAIONIIE
YLJIBL.
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YupaxXHeHUH.

1. okazarb, 4To rpyimna aBroMopdu3MoB unrepuperamuu (Z, <)
130MOP@HA, TPYIIIIE IEJIbIX YKCEJI 110 CJIOXKEHUIO.

2. KakoBa rpynmna aBromopdusmon naTepnpetamnun (Q, +)7

3. Jlokasarp BHIPA3SUMOCTD UJIM HEBBIPA3ZUMOCTH JAHHOIO OTHONICHU S
B JIAHHON MHTEPIPEeTAIUN:

a) x <y B (ZL,+); K) t =178 (Nyy =z + 1);

6) z=08B (Z,z =y +1); m =178 (N,y : z);
B)x=y+ 18 (Z,|lx—y|=1); M) «X — TIPOCTOE UHUCJIO»
re=y+18(Z,z=1y+2); B (N, z:y);
n)y=x+178 (Ny =2+ 1); n)z=z-yb (R +,y=2%);
e)y=z+ 18 (N, <); o)*z=x-y B (N, +,

x) |t —y| =178 (R, |z=y|=1); «T — TIOJTHBII KBAAPAT»);
3)z =18 (N,z :y); m) x =0 (mod 3) B (Z,+);

n) |z —yl= 3 8 (C lo—y|=1); p) z=1 (mod 3) B (Z,+).



'’ TABA 3
IDJIEMEHTDLI TEOPUN JTOKASATEJIBCTB

§ 1. AkcmoMaTUdeCKUHU MeTOoL,

Axcuomamuneckuti mMemod TOCTPOEHNSA HAYYHOII Teopuy 3aKJIi0va-
eTCsA B TOM, 4YTO HEKOTOPbIE UCXOOHbIE OJIOXKEHNUS, HA3BIBAEMbBIE GKCUO-
MOMU WIA NOCMYAGMOMU, TIPUHIMAIOTCA «0e3 JoKa3aTeIbCTBa», a BCe
YTBEPKACHUA DTO T€OPUN BBIBOIATCA M3 HUX IIYTEM PACCYKIEHUIA.

AxcrnoMaruvyeckunii MeTOI B MaTeMaTHKE BIIEPBbIE ObLI MCIIOJIH30BAH
EBkmnom B Il Beke mo H.». B ero kaure «Hauajia» mpu msioxe-
HUU OCHOB DJIEMEHTAPHON reOMeTpUIl, TEOPUH YUCeJI, aJIre0pbl U IPYIUX
pasnesioB aHTu4HOIt MmaremaTuku. «Hadasia» EBkjnpa cocraBjieHBbI 1O
OIIpeNleJIEHHON cxeMe, CJIOKUBIIEHcs emre 10 EBkKinma B apeBHerpede-
CKOIl HayKe: CcHadaJ1a IPUBOAATCS OIpedesieHnd U IOCTYyJIaThl, a 3aTeM
dopMyIIPOBKHU TEOPEM U UX TOKA3aTE/ILCTBA.

Hekotoprie onpenesienusi B «Hadamaxy EBkanma — mpocTo onuca-
HIA UCXOOHBIX NMoHsATuit. Hampumep: «Touka ecth TO, 94TO HEe HMMeeT
qacTeily, «JImaus ke — pimnaa 6e3 mmpuHbly», «IIpavaa JuaNA ecTh
Ta, KOTOpasli paBHO PACIOJIOKEHa 110 OTHONIEHWIO K TOYKAM Ha Heil».
fcHo, 9TO Takme «OmpeneeHuA» BPAL JIM MOTYT OBITh MCIIOJIb30BAHBI
B MaTeMaTUYeCKuX moKas3aresbcTBax. OoHAKO HAPANY C HUMU NMEIOTCS
oIpene/IeHNnsI, ABJISIONeCs] TAKOBLIMU U B COBPEMEHHOM CMBICJIE: OHH
«Ha3bIBaOT» noHaTud. Hampumep: «llapasnensubie cyTh IpaMbie, KO-
TOpBIE, HAXOOACH B OTHON MJIOCKOCTH U OyAyYN HEOTPAHUICHHO ITPOIO0JI-
)KeHbl B 00e CTOpPOHBI, HU C TOW, HA C OPYroii CTOPOHBEI MeXOy CODOI
He BCTPEYAIOTCA».

Bcnen 3a onmpenesieHusIMHA UAOYT IIOCTYJIAThI, B KOTOPHIX YTBEPKIACT-
CsI BO3MOXKHOCTD BBITIOJTHEHUA DJIEMEHTAPHBIX IIOCTPOEHUIA:

I. Tpebyercs, 9T0ObI OT KaxKO0i TOYKU KO BCAKON APYTroil TOYKe
MO2KHO OBL/IO IIPOBECTH MPAMYIO JIMHUIO.

II. W 9ro0BI KaxKOyI0 OrPAHUYEHHYIO IPAMYI MOXKHO OBLIO HEIpe-
PBIBHO IPOOOJIZKUTD II0 IIPSMOIA.

III. I uT00OBI U3 BCAKOTO IEHTPA WM BCAKUM PAINYCOM MOXKHO OBLIO
OIINCATHb KPYT.

IV. 1 uT0o0BI Bce mpsiMble YTJIbI ObLIM PABHBI MEXKTY COOOIi.
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V. MW uTobbl Bcakuii pa3, KOrga npsaMasd, IaJai0masa Ha IBe IpAMbIe,
obpa3zyeT ¢ HUMHU BHYTPEHHHE OJHOCTOPOHHHE VIJIbI, CYMMAa KOTOPBLIX
MEHbIIIe IBYX IPAMBIX, TO 9THU IIPAMbBIE IEPECEeKaI0TCA C TOW CTOPOHEI,
I'Ie 9Ta CYMMa MEHbIIe IBYX IPAIMbIX.

3a nocryaaramu B «Hauanax» EBKjmnma npuBOmsTCs aKCUOMBI —
IpenJsoKeHns O CBOICTBaX OTHOIIEHUIT paBeHCTBA U HepaBeHCTBa. BotT
IpuUMepbl aKCuoM: «PaBHBIE IIOPO3HL TPETHEMY PaBHBLI MEXKIY COOOI»,
«W ecu K paBHBIM IpHUOABATL PAaBHBIE, TO IMOJIYINM paBHBIE», «I 1es10€e
OOJIBIIIE YACTH».

Ha ocHoBe ompenesiennii, mocTyJIaToB U aKCHUOM IyTEM IOKA3aTeJIhb-
CTBA BBIBOIATCSA HOBBIE TeOMETPUIECKIE YTIBEPXKIECHUSI — TEOPEMBI.

[IlocKOIBKY Mpennosarajoch, 9YTO FeOMETPUs €CTh ONUCAHNE PeaJib-
HOI'O (PUBUIECKOr0 IPOCTPAHCTBA, BIIOJIHE €CTECTBEHHO, 1T0 EBK 111 110-
J1araJl 3HaueHne TAaKUX MOHSATHI, KaK «TOUKa», «IPAMAA», JOCTATOTHO
SICHBIM, & OTHOCAINECd K HUM IOCTYJIAThl M aKCHUOMBI CUMTAJI «CaMO-
OYEBUIHLIMI NCTUHAMEI».

B maspneiimeM COBepIIeHCTBOBAHIE aKCHOMATMYIECKOIO M3JI0KEHUS
reoOMeTPHUHU MIJI0O B OCHOBHOM IIO IIYTU BBISABJIEHHA YTBEPKICHUIA, KOTO-
pble UCIIOJIb30BaJINCh EBKIMOOM B TOKa3aTeIbCTBAX, HO He ObLIN CPOp-
MYJIIPOBAHBI UM ABHO B BuIe akcmoMm. lloHoCTbIO 9Ta padora ObLIA
sapepiieHa jinib B XIX Beke Ilamem u I'mapbepTomMm.

BMmecte ¢ Tem, MHOrO ycusnii ObLJIO IIOTPAYEHO HA MOIBITKUA UCKJIIO-
YNTh W3 YHNCJIa OCHOBHBIX IomnyimeHuit V mocrtyiaar EBkiamma, KOTo-
DBII Ka3aJICsI CJANIMIKOM CJIOZKHBIM, IYTOOBI €r0 MOXKHO OBbL/IO IIPUYUCINTH
K “CaMOOYEeBUOHLIM HUCTUHAM . XOTs BCe IONBITKUA J0Ka3aThb V IIOCTY-
JIaT HA OCHOBE OTOEJIbHBIX aKCHUOM OKAa3aJINCh HEYIAYHBIMU, OHI BCE XKe
IPUBEJIN K HEKOTOPBIM MOJIOKUTEILHBIM pe3yjbTaraM. A nMeHHO, OJia-
rogapst UM OBLTT OOHAPYKEH PsIO T€OMETPUYIECCKIUX YTBEPKICHUNA, SKBU-
BaJIEHTHBLIX V IIOCTYyJIaTy, B YaCTHOCTH, cJenyiomiee: «Yepes KazKIyio
TOYKY, He JICXKAINYIO Ha IPAMOIi [, IPOXOOUT B TOYHOCTHI OIHA IPsIMAasl,
napaJijiesibHast [».

K magany XIX Beka Havaji0 BOBHUKATH MOI03PEHIE O HEIOKA3yeMO-
cru V noctyJara EBkjmga. 910 nomo3peHre nepelio IOYTH B [MOJIHYIO
yBEPEHHOCTh, Korna B 1826 romy JlobadeBcKuit mOCTPOWJI reoMeTpuye-
CKYIO TEOPHIO, OCHOBAHHYIO HAa CUCTEMe IIOCTYJIATOB, B KOTOPOil V IOCTY-
gaT EBKINIa 3aMeHeH yTBEPkKIEHUEM, HECOBMECTUMbBIM ¢ HUM: «Eciu
Ha, [IJIOCKOCTY TOYKa, A He JIesKUT Ha mpsAMOii [, To cymecTByeT boJjiee uem
OJHAa IpsAMasi, Ipoxodamiaa yepe3 A n napasiesbHas [». XOTs «UCTUH-
HOCTh» TaKOH aKCIOMBI KazKeTCsI COMHATEJILHOI, ITPY BBIBOIE CJICACTBUIA
13 Hee JIoOadyeBCKUl He BCTPETHJI KAKUX-JINOO IIPOTUBOPEYHIl. ITO, OJI-
HAKO, HE 03HAYAJIO, YTO IIPOTUBOPEYN 30€Ch BOOOIIE HEBO3MOXKHBI.
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CuieayromumM COObITHEM HA IIYTU YKPEILJIEHU II03UIIiT HeeBKJINIOBOM
TeOMETPUN SIBUJIOCH IOCTPOEHNE PA3JINIHBIX Moaesieil reomeTpun J1oba-
YeBCKOI'0 CpelcTBaMmu reoMerpunn EBkamga. TUIMMYHBIM OpUMEpPOM Ta-
KOTO poaa Moaesieii MOXKeT CAYKNTh MOIeshb, npemjioxendasa @. Kieii-
HoM B 1871 r. B »Toii Mmomesim OCHOBHBIE TeOMEeTpUYECKUe ITOHSITUA:
[IJIOCKOCTh, TOUKA U IPAMasA — UHTEPIPETUPYIOTCS COOTBETCTBEHHO KAK
BHYTPEHHOCTh KaKOIro-HUOYIb KPyTa B €BKJIMOOBON ILJIOCKOCTU, TOYKA
BHYTPH DTOI0 KPyTa U XOPIa TOr0 Kpyra, paccMaTpuBacMasi 0e3 CBOUX
KOHIOB. B Takoill mHTepOpeTalnn OKa3bIBAIOTCS NCTUHHBIMHA BCE aKCHO-
MBI reoMeTpun JIo0adeBCKOTO; IpaBaa, OPU PTOM PACCTOSIHUS 1 YIJIBI
N3MePsAITCA He TaK, KaK Ha OOBIYHOIl eBKJIMOOBOI ILJIOCKOCTH, 3, IIO
IpaBUjIaM, Pa3pabOTaHHBIM OJisd IPOEKTUBHOI reoMmerpuu. Ilompobnoe
onmcanue nurepuperanuu Kiieitna u gpyrux monesieii reomerpun JIoba-
9eBCKOIO MOXKHO HAHTH B VIeOHBIX TOCOOHMAX IO BbICIIeli reomerpum™) .
Hasmmume taxux mopesieii mokasbIBaeT, 4TO reomerpusi JIobaueBcKoro
CTOJIb K€ HeIPOTUBOPEYNBa, KaK U reomerpust EBKJnaa.

[TocTtpoenne monesieit reomerpun JIo6a4eBCKOro mMesi0 IPUHITAIIU-
aJIbHOE 3HAUYeHUe OJI PA3BUTHUS AKCHOMATUYECKOIO MeTOOa, MOCKOJIb-
Ky OHO IIPUBEJIO K OCO3HAHMWIO BO3MOXKHOCTH PacCMaTpPUBATL aKCHOMAa-
TUYECKYI0 TEOPHUI0 YHCTO (POPMaAJIbHO, T.€. He IpearnoJiarad 3apaHee
KaKoe-JI1ubo onpenesieHHOe 3Ha4UeHUe OCHOBHBLIX IoHATuii. boJsiee Toro,
MBI BOJILHBI BBIONPATH 3HAUCHNA TUX IMOHATHIX KAKNM YyTOOHO 00Pa30M,
JINIIBb ObI IIPH 9TOM OKa3bIBAJIMCh UCTUHHBLIMU JJAHHBIE aKCUOMBIL.

B XIX B. akcuoMaruyecKuii MeTomd 01y YuJI HIUPOKOEe PACIPOCTPpaHe-
aue B Maremarnke. k. [Tearno (1891 r.) mpemIoxmnI aKCHOMATHUKY 1151
HATyPaJIbHOI'O PAla. DbLiIn MOCTPOeHbl aKCHUOMATUYeCKne TeOPUU OJIs
IeiicTBUTEIbHBIX umcesi. HakoHer, kak MbI y:Ke TOBOPHUJIHN B IJiaBe 1,
OblJIa BBIPAOOTaHA CHUCTEMa aKCHOM OJjid Teopuu MHOXKecTB. (OcobeH-
HO IHIMPOKOE pacupocTpaHenme (popMaJibHbIE aKCUOMATUKU IIOJIYUNJIN
B COBPEMEHHOI aJiredpe, IIe CUCTEMa aKCHOM IO CYIIECTBY BBICTYIIAET
B POJIN OHpelesIeHns TOH MJIM MHOI ajiredpamdeckoii CTpyKTYypHbI.

[Ipumep 1. Teopus epynn. B anredbpe rpyunmna omnpenesisieTcsi Kak
HeIycToe MHOXKeCcTBO (5, Ha, KOTOPOM 33daHa OMHAPHA OIepPallust -, VI0-
BJIETBOPSAIONIAA CJIEIYIONINM aKCHIOMAaM:

1) onepalius - aCCONMATUBHA;

2) Bo MHOKecTBe (7 CYIIECTBYeT eIMHUYIHBINA 3JTEMEHT, T. €. TAKOH 3J1e-
MEHT €, 9TO OJis1 JII0O0ro a € (G BBIIOJIHSIIOTCSI PABEHCTBA G - € = G
ne-a=a;

*)CM., Hanpumep, Fdumos H.B. Breicmas reomerpusa. — M.: @USMATJINUT,
2003.
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3) mis soboro a € (G uMeeTcsi OOPATHBII JIEMEHT, T.€. TaKOH 3JIe-
MeHT a' € G,ytoa-a' —=euna -a=e.

OueBUIHO, 9YTO TU AKCUOMbI MOIYT OBIThH 3aIIMCAHBI HA A3BIKE [1EPBO-
r0 MOpsAAKa, CUTHATYPA KOTOPOrO COAEPAKUT KOHCTAHTY € U JIBYMECTHbIH
(byHKIMOHAIBHBIA CUMBOJI -, B BUIE CJACAYIOMMUX (DOPMYJI:

Gl. Ve VyVz (x-y)-z2=x-(y - 2);

G2.Vx (x-e=z&ke -x=u1x);

G3. Ve dy (x-y=e&ky-z=oe).

Cucremy akcuom (G1-G3 Ha30BeM CUCTEMOIl AKCHOM [JiA TEOPUMN
rpyun 1 obosHauuM ee (G. Beskas nHTepnperanusi, B KOTOPO UCTUHHBI
aKCHOMBI TEOPUH TPYIII, ABJsieTCA (M HA3BIBAECTCs1) 2pynnod.

IIpumep 2. Teopusa aunetino ynopadouenHvlr mHoxcecms. AKCHO-
MBI JIMHEITHO yHOPsO0YE€HHOIO MHOXKECTBA, 3aIlIChIBAIOTCsI B BuiIe Ppop-
MYJI sI3BIKa IIEPBOrO IOPANKA, CUTHATYPa KOTOPOTO COIEPXKUT TOJIBKO
IBYMECTHBIN DpequKaTHbII cCHMBOJI <. BOT 3TH aKCHOMBI:

LO1. Vx —~x < x;

LO2. VxVyVz (e <y & y<zDdzx<z)

LO3. VxVy (x <yVzr=yVy<x).

@opmysisl LO1 u LO2 Ha3BpIBAIOTCA aKCUOMAMU IIPEAIIOPAIKA, a (pop-
mysa L3 — akcumoMoil ImHeiiHoi ynopsanodeHHoCcT. CHcTeMy aKCHOM
IIJIs TeOPpUU JIMHEHHO yIOopsimOYeHHBIX MHOKecTB obo3HauuMm LO. Jlu-
HeliHo ynopadouenHnoe MHOHCECMB0 — STO TaKas MHTEPIIPETAIINs PaC-
CMATPUBAEMOI0 SA3bIKa, B KOTOPOI ucTuHHb akcuoMbl LO1-LO3.

[Ipumep 3. Teopus noseti. AKCMOMBI TIOJISI 3aMUCHIBAIOTCA B BUIE
dopmMmyJ1 A3BIKA IEPBOTO MOPSIKA, CUTHATYPA KOTOPOI'O COOEPKUT KOH-
cranTel 0 1 1, a TakXKe IByMeCTHBIEe PYHKIINOHAJIBHBIE CUMBOJILI + U -
Bot akxcrombl oJIst:

Fl.VeVyz+y =y + z;

F2. Ve VyVz (e +y)+z=2+ (y + 2);

F3.Vrx+0=ux;

F4. Vx dy x +y = 0;

Fo. VxVyx-y=y-ux;

F6. VxVyVz (x-y)-z=x-(y-2);

F7. Ve x-1=ux;

F8. Vr (mx=0D3dyx-y=1);

FO9. Ve VyVz (x+y)-z=(z-2)+ (y-2);

F10. =0 = 1.

Cucremy akcunoMm F'1-F'10 obosnauum F. Ilone — 2TO Takasdg UHTEP-
npeTalusi, B KOTOPOil nCTUHHBI Bce popmysisl F'1-F10.
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§ 2. Jlormueckoe ciiemoBaHHeE

Temepp paccMOTPHUM BOIIPOC: KAKNe YTBEPKIEHUs CJIEIyeT CUNTATH
OTHOCAIIMMUCS K HAaHHOI akcuomarudeckoii reopun? Hampumep, MOXK-
HO JIM CYUTATh (DAKTOM TEOPUH IPYIII YTBEPKIEeHNE, BhIpaxKaemoe (pop-
myJsioif Vr Vy x -y = y - 27 OdeBugHO, HET, IOTOMY YTO CYHIECTBYIOT
TPYIIBI, B KOTOPBIX 3TO yTBepxkKOeHne HeBepHO. (I'pymmbl, B KOTOPBIX
9TO yTBEpP¥K/IeHUEe NCTUHHO, HA3BIBAIOTCA abenesbimu.) VIHBIMU CJIOBaA-
MM, MOXKHO CKa3aTh, 9TO 3TO yTBEPXKICHNE HE BBITEKAET JIOTUYECKU U3
AKCHOM. DTO HAOJIIOOEHUE IIOMOTAeT BBIPA3UTH IIOHATUE JIOTMIECKOIO
CJIEIIOBAHNUS B BUE TOYHBIX ONPEIe/IeHNIA.

[Ipu paccMOTpeHNN aKCHOMATUYECKUX TEOPHUil B 00IEM BUJIE ITPUXO-
OIUTCSA CUNTATHCS C TE€M, YTO JIF0OOE MHOXKECTBO 3aMKHYTBHIX (POPMY.JI
ITAHHOI'O sI3bIKa [IEPBOrO IOPSAIKA MOXKET ObITh IIPUHSTO B Ka4eCTBE CH-
crembl akcuoM. HMrtak, nmycts 1 — Opom3BOJILHOE MHOXKECTBO 3aMKHY-
ThIX popMmyJs curHarypsl 2. Modeawvro MmHOXKecTBa 1 Ha3LIBAeTCsI UH-
tepraperanusa I curaarypsl {1, B KOTOpOil ncTuHHLI BCe HopMyJibl us 1.
MuoxkecTBO 1’ HA3BIBAETCA COBMECMHBIM, €CJIN OHO IMeeT XOTsA Obl OTHY
MOIEJTh.

Takum 0Opa3oM, MOIEJN CUCTEeMbI akCiuoM (G — 3TO B TOYHOCTU BCE
IPYMIIbI, MO cucTeMbl akcuoM L() — Bce JIMHEIHO yHOpsaOUYeHHbIe
MHOXKECTBa, MOIEJJN CUCTeMbl akcuoM F — 510 Bce nosida. (OdueBumHoO,
YTO BCE OTHU CUCTEMBI aKCHOM COBMECTHBI. A BOT IpUMED HECOBMECT-
HOTO MHOXKecTBa (OopMyJT (I0KaA3aTETHCTBO TPEIJIAaraeTcsi B KadeCTBe
YIIPAKHEHWS ):

{Va Vy x =y, 3y 3z (P(y) & ~P(2))}.

Bbynem rosoputb, 4ro 3aMmkHyTasi gpopmysia A curnarypsl () saozu-
wecku caedyem (cemarnmuuecku caedyem Wi IpocTo caedyem) us T,
u nucath 1 = A, ecoim A ucTMHHA BO BCEX MOHEJIAX MHOXKecTBa 1.
B stoMm ciyuae Oymem roBopuTh Takxke, 9ro A sBisiercs so2uueckum
caedemeuem MHOKeCTBa popmyt 1.

Teopema 1. Ilyctb T — HeKOTOpO€ MHOXKECTBO 3aMKHYTBIX (pOp-
mys1 curgarypsel §), a A mw B — 3amkHyTBICe (DOpMYJIBI cUTHATYDHI §).
Torna

a)(TEAuT =B TEA&DB;

6) TU{AYEB&TEADB;

B) T = A & muox)ectBo T U {—.A} HecoBmecTHO.

HokaszaTe/bCcTBO. YTBEPKIAEHNE &) OUEBUIHO.
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Hokaxewm 6). Ilycts T U {A} = B, u nycts I — npousBosibHas
monesb muoxecrsa 1. Ecom I £ A, To 1o onpeneieHuio UCTUHHOCTU
I = ADDB. Ecmxel |= A 1o I saBjIsSIETCS MOIEJIBIO MHOXKECTBA
T U{A}, u no ycsiosuto I |= B. 3uauur, u B 31oMm ciayuae [ = A D B.
Takum obpaszom, dopmyaa A O B ucturua B JI000H MOIEIN MHOXKE-
crBa T, r.e. T = A D B.

O6parno, ecoiu T' = A D B u I — nipon3BoJibHASA MOIIEb MHOXKECTBA
TU{A}, 7ol = ADBul}E A Orcoga HEMEIJEHHO CJIEIYET, YTO
I = B. 3nauur, B uctunHa B 11060 Monesm maoxkecrsa 1 U {A}, . e.
TuU{A} =B.

Tenepsr mokaxem B). Ilycre T = A. Homyctum, 9T0 MHOZKECTBO
TU{-A} coBmecTHO, T.e. cymectByer ero moaesb I. Torma [ = -~ A wu [
ABJIsTETCs Takxke monenbto s 1. Ilo ycmosuio B aToM caydae I = A.
Buauut, I = Aul F -4, te. I £ A. Tlonyduennoe nporuBopedne
MMoKazbIBaeT, 4To MHOxKecTBO 1' U {—.A} Ha camom nesie HECOBMECTHO.

[Iycts muoxkectBo T'U {—.A} HecoBmecTHo, T.€. HE MMeET MOIEJIH,
n nycTh | — mpomsBobHaA Momesb MmHOxkecTBa 1. Torma I = A, tak
kak unade I = - A u I 6buta 661 Mmomesbio maoxkectsa 1T U {—.A}. Bna-
qut, A ucrtunna B J1000#t momesin muoxkectsa 1) T.e. T' = A. Teopema
IOKa3aHa.

MuoxkecTBo T 3aMKHYTBHIX (GOPMYJI CUTHATYphI () OyleM Ha3bIBaTh
CEMAHMUYECKU NOAHBIM, €CJI T COBMECTHO U OJiA JIF0OOI 3aMKHYTOI
dbopmysbr A curaarypst 2 Bemmosneno 7' = A wm T E —A.

I[Ipumep 1. IlycTth curHarypa He COOEPKUT HUKAKUX KOHCTAHT,
(byHKIMOHATBHBIX U TIPEIMKATHBIX CUMBOJIOB (ITycTas curHarypa). Pac-
CMOTPHUM CJIEAYIONIee OJHOIJIEMEHTHOE MHOXKEeCTBO (pOpMyJI 3TOI CUT-
maryper: 1T = {Va Vy © = y}. 9T0O MHOKECTBO CEMaHTUIECKH ITOJTHO,
IIOCKOJIBKY OHO MMEeT €OUHCTBEHHYIO, C TOYHOCTBIO JI0 M30MOpPhU3Ma,
MOJIeJIb — OIHO3JIEMEHTHOEe MHOXKECTBO, U JIIo0as 3aMKHYTast PopMy.Jia
OO UCTUHHA, JIMOO JIOKHA B 9TONH MOIEJIN.

Teopema 2. CoBmecTtHOe MHOXKecTBO (GopMmysa 1 cemMaHTHIECKH
MIOJIHO TOrda M TOJIBKO TOIOA, Korda JIoOble IBe ero MOIEJIH 2JIEMEH-
TapHO 3KBHUBAJICHTHBL.

IHHokazaTreanbcTBo. llycth MHOXKecTBO I CceMaHTUYECKU IIOJIHO,
n nyctsb [y u Is — nBe ero mogenu. [lomycTuM, 9TO CyIIeCTBYeT Ta-
kasa 3amkHyTas ¢popmyaa A, aro [1 E A u I, £ A Torma T E A,
tak Kak I £ A, u T [~ -A, tak xax I} £ -A. TlonydenHnoe nporuso-
pedune OIPeaesIeHNI0 CEMAaHTUYECKON IMOJIHOTHI IIOKa3bIBA€T, YTO TAaKOi
dopmysier A He cymecTByer, T.e. [1 =2 Is.
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ObparHo, mycTh JIHOObIE OBE MOMEJU MHOXKecTBa, 1 3j1eMeHTapHO
9KBUBaJIeHTHBI. llycTh A — mpomsBosbHaA 3aMKHyTass gpopmysaa. 1o
ycJi0Bui0 1" COBMECTHO, T.€. UMeeT HEeKOTOPYio moneb [y. OueBumno,
Iy E Aum Iy E -A. Ilycts gna onpenenennoctu Iy = A u mycth
[ — npoussosibHas Momesib muoxkectBa 1. Tak xkax [ =2 Iy, to I = A,
T.e. A nctunna B J060#t Momesin muOoKectBa 1, u T = A.

Awnasorunano nokaswiBaercs, uto ecan Iy = A, o T = = A. Teope-
Ma OOKa3aHa.

Hu omna us cucrem akcuom G, LO, F He saBJAETCs CEMaHTUYECKU
noJiHoOil. bes3 mokasaresibcTBa IIpUBEIEM IBA HETPUBHAJIbHBIX IIPUMEPA
CEeMaHTUYeCKU IOJIHBIX cucTteM akcuoMm. IlepBas mosiyuaercs mobasiie-
areM K L akcuom

Ve dy ¢ < y;
Ve dy y < z;
Ve Vy (z <y D3z (z<z&z<y)).

DTa CUCTEMA aKCHUOM 331a€T IIOHSITHE NA0MH020 AUHETIH020 nopsadka be3
nepeozo U nocaednezo snemenmos n obosnadaercss DLO.

Ipyroii HeTpuBHMAJILHLII OpUMEp CEMAaHTHUYECKU IIOJIHOW CHCTEeMBI
aKCIOM — HTO CHCTEMa aKCHOM aA2ebpauyvecku 3amrnymoir noael
xapaxmepucmury Hoav ACEF(Q, koropas moJsiydaercst moOaBJ/IEHUEM
K F aByx Oeckomednbix MHOxkecTB dopmyst {Ar | k € N, k > 2}
u{Br | k€N, k> 2}, rne

Ay =-(..(1+1)+1)...+1)+1=0,

A 7

"

k enuHuMIl

Br =VyoVyr ... Vyr (~yr =02 3z (yp - 2" + ...+ y1 - 2+ yo = 0))

(3ILerZnI(---(£Z°Z)°Z)'---°Z)°€)-

n pas

Nrak, Mbl yTOYHUJIN, 9TO 3HAYNUT, YTO JJAHHOE YVTBEPXKICHUEC JIOrNYe-
CKU CJleyeT U3 JAaHHOW cucTeMbl akcuoM. Kax xKe NpaxTUYecKu MOXK-
HO WCKaThb JIOTMYECKUE CJICJACTBUSA U3 akcuoMm? SIcHO, 9TO HET CMBbI-
cJjla OefCTBOBATH B IIOJIHOM COOTBETCTBUU C OIPEICJICHUEM JIOMMYECKO-
IO CJIEIOBAaHUsI, T.e. Iepebuparb BCe MOAESN JAHHON CUCTEMBbI aKCHUOM
1 yOexKIaThCsI, YTO B HUX UICTUHHO JIAHHOE YTBEpK JeHNe, [IOCKOJIbKY, BO-
[IePBLIX, HAM HE BCEra U3BECTHBLI BCE MOIECJIN, &, BO-BTOPbLIX, UX MOXKET
OKa3aTbCs OECKOHEYHO MHOTO (Kak, Hampumep, rpyii). Bcee e mHOTIA
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(1 maxe OYeHb YACTO) MyTEM HEKOTOPOI'O PACCYXKIEHUs YIAETCS HO-
Ka3aTb, YTO TO WM MHOE YTBEP:KIECHHUE JIOIMUYECKH CJIEAYET 13 aKCHOM.
Torna Takoe paccyzKaeHrue Mbl HA3bIBAEM JIOKA3ATEILCTBOM, a IOJIy YeH-
HOE C er0 IIOMOIIbBIO CJICACTBUE U3 aKCUoOM — Teopemoit. OkasbiBaercs,
4TO TAaKUM OOpPa30M MOXKHO HOKAa3aTh Jii000e yTBEepXKAeHUe, JIOIHNIeCKH
BBITEKAIONIEe U3 aKCUOM, 3aIllMCAHHLIX B BuAe (pOPMYJI sA3BIKA IEePBOrO
NOPsANKA, a HEOOXOIUMBIE [IJIs 9TON0 METOIbI JIOKA3aTe/ILCTBA MOXKHO
[IOJTHOCTBIO 0003PETh U CUCTEMATU3UPOBATEL. ITO JIEJIAETCA C IOMOIILIO
TaK HA3BIBAEMOI'O UCUUCAEHUA NPeIUKAMOS.

Yupaxunennda. 1. [lokazars, 9T0 aKCHOMBI TEOPUN TPYII JIOTTIe-
CKH CJIEIYIOT U3 MHOXKECTBa (DOPMYJI

{(VeVyVza-(y-2)=(x-y) -2, Vrxx-e=2x, Ve Jy x -y = e}

1 HE CJIEAYIOT U3 MHOXKEeCTBA (DOPMYJI, IOJIYIEHHOIO U3 9TOTO 3aMEHOI
nocJsieqHeit hpopmyJibl Ha popMmyay Vo dy y - ¢ = e.

2. Hokazarb, 910 dopmynasl YV Yy (z -y = 0D xz =0Vy = 0)
n Vz x -0 = 0 jjorudecku CJIEIyIOT U3 aKCUOM MHOJId, a POopMyJIa

Ve (t+2x=0D>z=0)

He CJIeIYeT.

§ 3. TaBTOJIOTMYECKOE CJIENCTBHUE

B §10 r1aBer 2 ObLJIO0 BBEOEHO MOHSITHE TABTOJIOIMM KaK (POPMYJIbI
SI3BIKA IIEPBOI0 IMOPAIKa, KOTOPasd IOJIyYaeTCs 13 HEKOTOPOUl Ipomo-
SUIIMOHAJILHON TaBTOJIOTUHN IMOICTAHOBKOI KaKUX-JIM00 (POPMYJI SA3bIKA
IIEPBOrO IIOPsIIKA BMECTO IIPOMO3UIINOHAJILHBIX IEPEMEeHHBIX. BymeMm ro-
BOPUTH, 4TO popmyJia A s3bIKa IEepBOro MOpsigKa sIBJIAETCS mMasémono-
2uveckum caedecmeuem popmyit Ay, ..., A, Toro xe sa3bika, ecan pop-
myna A & ... & A, D A ects TaBTOSI0TRA.

[Ipumep 1. ®opmysa P(z) siBJsieTCs TaBTOJIOTMYECKUM CJIEICTBU-
em dopmya Jy Q(y) m Jy Q(y) DO P(z). HelicrBuresnbHo, dpopmya
dy Q(y) & (Jy Q(y) D P(z)) D P(z) ecTb TaBTOJIOTHSA: OHA MOJIYIAETCS
MOJICTAHOBKOI B MPONO3nIMOHaIbHY0 TaTosioruio P & (P D @) D @
dopmyasl Jy Q(y) BMecTo mpono3uiinoHasibHo nepementoit P u P(z)
BMecTO ().
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Teopema 3. TaBrosorudeckoe ciencrBue obrie3HaINMbIX (DOPMY.JI
OOIITe3HATITMO.

[TokasareabcTtBo. Ilycts A — TaBrosiOrnYeckKoe cjencTBue o0-
mesHaunMbix popmya A, ..., A,. Ilycrts I — mnpowmsBosibHAS HMH-
Tepuperanusi, § — npousBoJibHAA oueHKa (opmysibl A. IlpousBosib-
HBIM 00pa3oM pacmupuM OHeHKY €, 4Tobbl OHa craJsia oneHkoit dop-
My Ai, ..., A,, T.e. IpugaauM Kakue-HUOYIb 3HAUEHUsI M TeM IIepe-
MEHHBIM, KOTOPBIE BXOIST CBOOOOHO B 9TH (DOPMYJIbI, HO HE IOJIYUAIOT
sHadenuii nmpu onenke 6. Ilosydennyio ouenky obosuaunm 6. OueBu-
Ho, 9to 0'A = 0A. Ilo ycaosuro popmyna A; & ... & A, D A —
taBrosiorusi. Ilo Teopeme 1 u3 rjiaBbl 2 OHA OOIMIE3HAUMMA. JIHAUUT,

TE6(A &...& A, > A). Ho
Hl(Al&&AnDA)IE(HIAl&&QI.AnDHI.A)

Tak xak ¢dopmysast Ai,...,A, odbmesnaunmbl, To [ | 6'A;, ...,
I = 0'A,. Orcroma wHemenjienno cienyer, ato I = 6'A, 1.e. I = 6A.
Taxkum obpasom, dopmysa A ucruHHa B J1000i MHTEpIpeTanuy IIpU
000 onenke, T.e. A obmesnaunmva. Teopema mokasana.

3 4. UcunciieHne ImpeauKarToB

durcupyeM HEKOTOPYIO curHaTypy (2. AKcumoMamy MCUUCICHUS Ipe-
IUKATOB B curarype () Ha3bIBAIOTCA CJEAyIomue (pOPMYyJIbL:
(al) s1r0bast TaBTOJIOIMST CUTHATYPBI §2;
(a2) A(t) O JxA(x);
(a3) Vo A(x) O A(?);
(ad) Vo (A(z) D B) O (3x A(z) D B);
(ab) Va (B D A(x)) D (B D Vx A(x));
(a6) tl = tl,
(a?) t1 =12 D to = tq;
(38) ty =t & ts =13 Dty = 13;
(&9) h=s1&...&t, =5, D f(tl,... ,tn) = f(Sl,... ,Sn);
(alO) h=s1&...&t, =5, D (P(tl,... ,tn) EP(Sl,... ,Sn)).
3nech A(x) — s0bas ¢popmysa curHarypsl ), £ — Jr0bast mepemMeH-
Has, TepM t cBobomen o1 ¢ B A(x); B — Jmrobas popmysia curaarypsi 2,
He coIepiKalasi CBOOOOHBIX BXOXAeHui 3 t1,... ,1,,81,... , S, — JIIO-
Oble TepMmbl, [ — J1r000#i N-MecTHBI (PYHKIMOHAJILHBIA cuMBOJI u3 (1,
P — n11000ii n-mecTHbI TpequKaTHbIA cCuMBOJI 13 ().
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MHOXK€eCTBO aKCHOM B KaxK10# U3 rpyin beckoneuHo: dpukcupyst A(x),
B,ti,... ,tn,81,...,5n, f, P, MOXXHO IIOJIYYUTD JIFOOYI0O KOHKPETHVIO aK-
cuomy. Axcrombr (a6)—(al0) HA3BLIBAIOTCS AKCUOMAMUY PLEEHCNEA.

[Tpumep 1. Popmyna 0+ 0 = y D der z + x = y dBadercsa
aKCHOMOIt u3 rpyrmib! (a2), ujam mpocto akcuomoit (a2). 3mech A(x) =
=x4+x =y, t=0. QopmymaVrz-y=y-xD(z1+22)y=vy-(21+29)
saBJisgeTcst akcnomoit (a3). 3mech A(x) =z -y =y -z, t = 21 + 2.

[Ipumep 2. Bor npumepsnt akcuom (a9), (al0):
r=y&z=udDrx+z=y+ u;
r=y&z=ud (zx<z=y <u).

lye-- n

JIto6oe MHOXKeCTBO (DUryp BUIA , toe Ay,... A, A —
dopMYyJIbI, HA3BIBAETCS NPaBUAOM 6vieoda. Bymem ropoputh, 910 Op-
myJ1a A nonydena us dpopmyat Aq, ..., A, no npasuiy II, ecin

A, ... An
Y| c 1I.

B ncuucienun [IpeagnKaTOB [IBad IIPpaBUJIa BbIBOOA: NPAGUAO TNAGTIION02U-

Yyeck020 caedcmeus

(Taut) = {Al,A 7An

1 NPasuso 0000werHus

(Gen) = {V fA ‘A — m0b6asa GopMyJIa CUTHATYPBI Q,} |

xr — Jrobasi nepeMeHHasd

A — raBrosnormueckoe caencreue Ap, ..., An}

BoTr HekoTOpbie 4aCTO NMPUMEHSIOMNEC BUIbI (PUTYD, COMEPKAIIUECS
B paBusie (T'aut):

1) A ADB

COBOKYIIHOCTL TakKuX (DUIYP HA3LIBAIOT NPAEUAOM 3AKAOUEHUS WU
modus ponens, cokpaienno (M P).

2) A D AB’DBCD C, roe A, B,C — npousBoJibHbIEe (POPMYJIbI CUTHATY-

, rme A u B — npousBoJsibHBIEe DOPMYJILI CUTHATYPHI (2.

poI (). COBOKYITHOCTD TaKUX (PUTYP HABBIBACTCS NPAGUAOM CUANOLU3MA.

3) ADB -AD>D-B AD-B -ADB

-BD>-A" BD>DA’ BD>-A -BD>A’

Hble (pOpMYJibl cUrHaTyphl 2. COBOKYIIHOCTH TaKuxX (PUIYP HA3BIBAIOT
NPABULOM KOHMPANO3UUUU.

IlocoiepoBaressbHOCTE popmyai By, ... , B, Ha3bIBaeTCs 6b16000M, €CJIN
o7t Bcex ¢ < n dopmysa B; ubo ecTh aKCMOMA, UCUYUCJICHUST HTPEIn-
KaTOB, JIMOO IOJIyYeHa U3 HPEIbIayInux (pOpMYJI TOH IIOCIIeH0BATE Ib-
HOCTH 110 ogHOMY U3 mpaBuj BbiBoga (T'aut) mmm (Gen). ®opmysa B
evi6oduma, ecjim cymecTByer BoiBod B, ... , B, Takoii, uro B, = B.

rne A, B — mpousBoJIb-
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[Ipumep 3. YcraHOBUM BBIBOOUMOCTH (POPMYJIbI
dz Yy P(x,y) D Vy dx P(x,y).

1. Vy P(xz,y) D P(x,y) (akcuoma (a3));

2. P(z,y) D 3z P(x,y) (akcuoma (a2));

3. Vy P(x,y) D dz P(x,y) (mosrydena u3 1. u 2. 10 IpaBUJIy CUJIJIO-
TH3MA);

4. Ve (Vy P(x,y) D dx P(z,y)) (nmonydena u3 3. no npasuiay (Gen));

5. Vo (Vy P(z,y) D dz P(z,y)) D (z Yy P(x,y) D Jx P(x,y))
(akcumoma, (ad));

6. dx Yy P(x,y) D 3o P(z,y) (nonydena us 4. u 5. mo (M P));

7. Yy (3x Yy P(x,y) D Jz P(x,y)) (monyduena uz 6. mo (Gen));

8. Vy (Jz Vy P(x,y) D Jdx P(x,y)) D (Jx Vy P(x,y) D Vy 3z P(x,y))
(akcuoma, (ad));

9. dx Vy P(z, y) D Vy dx P(x,y) (mosrydena u3 7. u 8. mo (M P)).

Teopema 4 (reopeMa O KOPPEKTHOCTH WCUHUCJEHUS IIPEIUKa-
TOB). JIr0b6as BeIBOAHEMAsT (pOPMYJIa ODIIE3HATHMA.

IHoxasaTtenbcTno. CHavaIa OOKaXKeM, 9YTO BCEe aKCHOMBI O0IIIe-
suaguMbl. Obmesnaganmocts (al) ciaemyer u3 teopembr 1 raser 2. O6-
MEe3HAYNMOCTh AaKCHUOM PAaBEHCTBA OdeBMAHA. JloKaxkeMm oOmIe3HAIH-
MOCTb aKCHOMBI (a2).

Urak, nycts C = A(t) D dz A(x), npudem tepm t CBOOOHEH 1151 ITEpe-
menHoit & B popmysie A(x). Ilycts I — HeKoTOpast MHTEPIIPETAIINA CHT-
HaTyphI {2 ¢ HOCuTesieM M, a § — HekoTopast onleHKa popmyJibl C. Tpe-
Oyercst mokasarh, uyro I = 0C. OueBugno, uro 0C = A A(t) D 6 dz A(x).
31mech ¥ gaJiee MOICTAHOBKA CUYUTAETCA CTaplieil ornepanueil 1mo oTHo-
IEHWIO K OMepallni OIeHNBaHUsI, TaKuM oopasom, 8.A(t) — s1o OB nas
B = A(t), a we C(t) nnss C = 0A. Ouenka 6 comocraBjisieT BCeM CBO-
OomHbIM nepeMeHHbIM (popMyJibl C mMeHa sjeMeHToB u3 M. Kakme xke
epeMeHHbIe BXOOAT cBoOOIHO B C? Bo-1epBhIX, 3TO BCce CBOOOIHBIE IIe-
pemennble opmyJibl A(x) kpome x. Bo-BTOpBIX, 9TO BCe IepeMeHHbIE,
BXOZSIIAE B TepM t (B TOM 49mCJIe, BO3SMOXKHO, 1 ). [leiicTBuTE IbHO, T0-
CKOJIbKY TepM t cBobomeH mst ¢ B A(x), mepemeHHbie, COmepKaIIecs
B t, He CBA3BIBAIOTCA KBaHTOpaMmu (opmyssl A(x) 1 octarorcsa cBobOI-
aeiMu B A(t). Ecam x Bxomur B 6, To yepes #' 0603HAUNM OIIEHKY, KO-
TOpas IOJIy4aeTcs u3 ¢ BbBIOpACBIBAHHEM CTOJIONA, COOTBETCTBYIOMIETO
nepeMeHHol x, T.e. 8’ comocTaBjiseT BCeM IepeMEeHHBIM KPOMe I Te Ke
MMeHa, 3JIeMeHTOB n3 M, uTo u 6, a mepeMeHHOl & HUYero He COIOCTA-
Basier. OgeBuano, uro 3z A(z) = 0’ dz A(z) = dx 0’ A(x). C opyroii
cropoubl 0 A(t) = 0A(At). Dopmyna A(At) He comepRuUT CBOOOTHO I,
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trak 1aro HA(Ot) = 6' A(ft). Takum obpasom, 8C = ' A(6t) D Jx ' A(x).
IIycty I = 0’ A(0t), u nyctb ¢ € M ecTh 3HAYEHHUE OLEHEHHOI'O TEPMa
6t. Torma, oueBunmuo, I = ' A(c). Ilo ompenesleHnI0 UCTUHHOCTH DTO
osaavaer, uyro I = Jzb’' A(x).

Takum o6pasoM, ecjin B UHTepIpeTanny | NCTUHHA MOCBLIIKA (pOpMy-
sibt BC, TO MCTUHHO U ee 3akJroderue, T.e. I = 6C, uro u TpeboBasiock
II0Ka3aTh.

AnaJiorndHO J10Ka3bIBAETCsA OOIMIE3HAINMOCTh akcnoMbl (ad). [loka-
KeM OOIIe3HAINMOCTb aKCUOMbI (ad).

ITycts A(x) u B — mpousBosibHBIE (DOPMYJIBI, IpudeM I3 He COMepPKUAT
CBOOOIHBIX BXOXKJeHniT mepeMenHoil x. O4eBumHo

Vr (A(x) D B) ~ Vz(—=A(x) V B).
IIo Teopeme 2 u3 ry1aBBI 2 TMeeM
Ve(-=A(z)VB) ~Vr-A(x) VB ~ ~dzA(z) VB ~ JxzA(x) D B.

Mer mokasasu, aro Ve (A(x) V B) ~ dxA(x) D B. Orcrona caemyet, 910
dbopmyaa YV (A(z) vV B) D (zA(x) D B) obiesHadnma.

O61e3HAIMMOCTD AKCHOMBI (a)) TOKA3BIBAETCS AHAJIOTHIHO.

Tenepsr moxazkem, 4TO J00as BBIBOOAUMAS (POPMYJIa OOIIE3HAYNMA.
Ilycts Bq,... , B, — npousBo/ibHbIi BbiBOO. HOyKInel 1o ¢ JoKaxKeM,
yTo popMmyJia B; obmesnaunma. Ecau 1 = 1, To B; — akcuoma, u 1o
IIOKA3aHHOMY OHa obmesHaunma. Ilycrs ¢ = k4 1, u gjia joboro § < k
dbopmyita B; obmesnaunma. [dokaxkem, uyro B; obmesnaunma. Ilo omnpe-
IeJIEHNIO BBIBOOA (bopMyJia BB; monyuena us3 popMyJI ¢ MEHBIINMUA HOME-
pavu o npasuiaam (Taut) wiu (Gen). Ilycrs B; nonyyena u3z dbopmy
Bi,,...,B; muo npasuny (T'aut). Ilo "HAYKTUBHOMY IPEIIIOJIOKEHUIO
Bi,,...,B; obmesnadumbl. Tak Kak B; — WX TaBTOJIOTUYECKOE CJIE/I-
cTBHe, TO 1O Teopeme 1 ryasbl 3 B; TakKe 00Ie3HAYNMA.

ITycts bopmysta B; nonydena u3 dopmysst B;, roe 7 < k, 10 mpaBu-
ay (Gen), r.e. B; = Vx B;. Ilycts I — npousBosibHaA MHTEPIPETALINS
¢ mocurenem M, a 8 — mpousBoJIbHasA oneHka dopmyant B;. Hyxno
mokasark, uro I = 6B;. Tax xax x He BXxomuT CBOOOIHO B B;, MOK-
HO CYHUTaTh, 4TO O He comep:xkutr x. Popmysia B; MOXKeT COOepXKaTh &
CBOOOZHO, MO3TOMY [Jifg Hee OymeMm ynorpebsiarb obosnadenue B;(x).
OueBunHo, yto OB; = VxB;(z). Ilo nHAyKTUBHOMY NIPENIIOJIOXKEHUIO
dbopmysa B;(x) obmesHaumma, T.e. UCTHHHA B [ mpu JI000# OllEHKe.
B wyacrHOCTH, ecsin m — IIPOU3BOJIbHBIN aJ1eMenT u3 M, to I = 0'B;(x),
raoe #' — omeHka, KOTOpasi BCeM IepeMeHHBIM 13 § COIOCTaBJIAeT Te
’Ke MMeHa, 4To u 6, 1, KpoMe TOro, mepeMeHHOIl T COIOCTaBJIIeT M.
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OueBupnHo, uto 6'B;(z) = 0B;(m). Takum obpasom, KakoB Obl HU ObLI
sseMeHT m € M, nmeer mecto I = 0B;(m). 1lo onpenenennio ncTuHHO-
cTu 510 o3Havaer, 4ro I |= VzlB;(x), r.e. I | 8B;, uro n TpeboBasioch
TTIOKA3aTh.

WNrak, MBIl JOKa3aJid, YTO €CJIM MOCJIed0BaATEeIbHOCTh (hopMyJI B, . ..
..., B, dBIAEeTCA BBIBOOOM, TO BCE 3TU (DOPMYJIbI O0IIE3HAUNMBI. Besi-
Kas BhIBOAUMAas (DOPMY.JIa SIBJISETCS TocsIeaHell hopMyJIoii B HEKOTOPOM
BBIBOME, CJIENOBATEJILHO, OHA TOXKe obmesHadnMma. Teopema IT0Ka3aHa.

Teneps MOXHO MOHATH, MOYEMY CYIIECTBEHHO YCJIOBHE, UTO TEpPM
cBobonen mia x B A(x) B akcmomax (a2) u (a3). Ilycrs, mampuwmep,
A(z) =Vy z =y, t = y. OueBunHO, uTO t He cBOOOmeH A = B A(x).
Nmeem: A(t) = Vy y = y, JzA(x) = Jx Vy = y. Axcuoma (a2)
npuanMaeT Bua Vy y = y O da Vy x = y. OdeBugHo, 410 9Ta (hopMysia
He obme3HadnMa. 10T ke 3P@deKT UIIOCTPUPyeM Ha IPUMEpPe aKCHO-
Mol (ad). Ilycts A(z) = Jdy —xz =y, t = y. Torua akcuoma (a3d) npumer
Bud Ve dy—x =y D dy -y = y. Ir1a dpopmyJsia Takxke He ODIIEe3HAIUMA.

Takum obpaszom, ecu ycjaoBue, 9To TepM t cBobomen mjisa ¢ B A(x),
He cODJII0IAaeTCs, TO aKCHOMBI (a2) 1 (ad) MOI'yT OKa3aThCs He OOIIEe3HAa-
IUMBIMH.

Takxe B akcuomax (ad) u (ab) cymectBenno ycsaosue, uto B HE co-
nepKuT cBOOOMHBIX Bxoxaenuit x. Hampuwmep, ecim A(x) = P(x)
u B = P(z), To akcuoma (a4d) npuHUMAET BU/L

Vz (P(x) D P(x)) D (JzP(x) D P(x)),
a akcmoma, (ab) — BHUI
Ve (P(x) D P(x)) D (P(z) D VxP(x)).

Herpynuo mpoBeputh, 9T0 00e 9T (POPMYJIbl HE ODIIE3HAYNMEI.
IIpapusio BeIBOmA Il HaszwpIBaeTCst npou3eodHbviM, €COAN IJIsT KaXKION

durypni Aty An € II cymecTByeT mOC/I€I0BATEJBLHOCTH (DOPMYJI
Bi,...,B; takas, aro B = A, u ym0bas dpopmysia B 3T0# mocseqoBa-
TeJILHOCTHU JINOO ABJIAETCSA aKCHOMOM, JTMOO MPUHAIIECIKUT MHOXKECTBY
{Ai,... Ay}, ymubo nonydyena us npenpiaymux o npasusam (T aut)
nm (Gen).

Teopema 5. Cuenyromue npaBu/ia BbIBOOA SIBJISIOTCI IPOH3BOI-
HBIMU:

B> A(x)
2) { B > Vo A(r)

?

A(x) m B — npomsBoJjibHBIE (POPMYJIBI, HpI/Iqu}

B He comepzkuT CBOOOIHBIX BXOXKIECHHUIH I
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6) { A(z) > B |A(x) u B — npousso/ibHBIE (DOPMY.TEL, HpI/Iqu}
JrA(x) D BB ne conep:xut cBOOOIHBIX BXOXKIEHHIT T '

IHHoxkazaTeabcTBO. JIg KaxKIoro m3 STUX IIPABUJI BBIBOOA, IO-
cTpouM TpeOyeMyI0 B OIPEIEJICHUN IIPOU3BOAHOIO IPABUIIA IIOCJICI0BA-
TeJIbHOCTh (DOPMY.JI:
a) 1. B D A(z);
2. Vx (BD A(x)) (3 1 mo (Gen));
3. Vz (BD A(x)) D (B D VxA(z)) (akcuoma (ab));
4. BOVzA(z) (m32u 3 mo (MP)).

6) 1. A(xz) D B;
2. Vx (A(x) D B) (u3 1 mo (Gen));
3. Vz (A(z) D B) D (FzA(z) D B) (axcuoma (a4));
4. 3xA(x) DB (u3 2 u 3 mo (M P)).

Teopema moka3aHa.

[TpaBusia a) u 6) U3 TeopeMbl 5 HA3BIBAIOTCSA npasusamu Bepraiica.

IIpu moxasaresibCTBE BBIBOAUMOCTH (POPMYJI MOZKHO II0JIb30BATHCS
IPOU3BOIHBIMI IPABUJIAMI BEIBOIA. A MMEHHO, HA30BEM COKDAULEHHbIM
68b16000M JIIOOYIO TAaKVIO MOCJIEIOBATEJIbHOCTE dopMyJa By, ... , B, 910
nJ1s1 Bcex ¢ popMmyJia B; ubo sSBIAETCS aKCUOMOM, JubO MoJIydeHa 13
npenpiaynmx popmyJt mo npasuwiaM (Taut) wm (Gen), mubo oty deHa,
13 IPenbplaymuxX (popMyJI 10 KAaKOMY-/I1100 IPOU3BOIHOMY HIPABUJLY.

Teopema 6. Ecau By, ..., B, — cokpaleHHpIii BRIBOI, TO BCE (pOp-
MyJiel By, ... , B, ABISIOTCS BHIBOIMMbBIMA.

[loka3aTeqabCTBO. YTBepKICHNE IOKA3bIBACTCS MHOYKIUE II0
n. Ilycts n = 1. OueBumHO, €cjim COKPAIIEHHBI BHIBOO COCTOUT W3
OOHOIT (popMyJIbI, TO 9Ta POPMYJIa — AKCUOMA U IIOTOMY BBIBOIUMA.

IIycTts yTBEpKIeHME BepHO O Jroboro n < k. lokaxkeMm, 94TO OHO
BepHO myiA n = k + 1. Urak, nyctb By, ..., By, Bp11 — COKpallleHHbI
BbIBO. (J4YeBUIHO, YTO IIOCJI€O0OBATEJBHOCTL B1,... , B ABisgercs co-
KPAIIEHHBIM BBIBOIOM, U [0 MHIYKTUBHOMY IIPEIIIOJIOKEHUI0 BCe POp-
MyJibl B1, ..., By BeiBoguMmbl. [lokaxkem, uTo By TakXKe BBIBOIUMA.
PaccMoTpuM deTwIpe cirydas, BO3SMOXKHBIE IJ1 (DOPMYJIBI Biiq1 B CHUITY
OIpenesieHns COKPAIIEHHOI'O BHIBOIA.

1) By11 aBiastercst akcuomoit. B aTom citydae Biyq BhIBOaUMA.

2) Bri1 moaydena us mpenbiaymmx (opmya B, ... ,DB; 10 mpa-
By (Taut). Kax MBI TOJIBKO 9TO HOKa3aJIM, UCXOMS W3 WHIYKTUB-
HOTO TIPeInoJIoKeHns, Bce dpopmyssr B;,, ..., B; BBBOAUMBI. DBbInm-
meM TOAPsI BBIBOALI (bopmya B, , ... ,B; , a 3arem nanumeMm (popmy-
1y Bii1. HerpymHo mpoBepuTh, 4TO MOJIYYEHHAS ITOCJIEI0BATEILHOCTD

By ..., Bi By, aBisercsa BeIBOIOM (popMyJIbl B 1.
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3) Bjy1 mosydena u3 HEKOTOPO mpenbiayiieit popmysisl B; mo mpa-
Bty (Gen). Kax u B mpenpiaymeM caydae, CTPOUTCS BBIBOI POPMY.JIbI
Bii1.

4) Byi1 mosrydena us npenbiaynmx dopmya B, ... ,B; 10 mpouns-
BOIHOMY HPaBUJIy BBIBOIA. 1lo ompemesieHuio MpOM3BOLHOIO IPABUIIA
BBIBOJA DTO O3HAYAET, YTO CYLIECTBYET MOCJIEI0BATEILHOCTL (POPMY.JI
Ci,...,C Ttakas, uro C; = By, u gwobass dopmysia C; ubO sBJIsIETCS
aKCHOMOIi, JTubO MPUHAITEKUT MHOXKECTBY {B;,,... ,B; }, mmubo mosy-
qeHa W3 mpenpiaymux gopmys mo npasuiy (Taut) nam (Gen). Bcee
dopmyaet By, , ..., B; BeBOomuMBI. IIpeobpazyem mocienoBaTebHOCTD
Ci,...,C; cnenytomum oO6pa3oM: BCIOLY, IOe B Heil BCTpedaeTcsa KaKas-
HUOY b U3 popmyt B;,, ... , B; , 3aMeHUM ee Ha BBIBOM, 3TOI (DOPMYJIBI.
O4eBUOHO, YTO MOJIYUEHHAs MOCJIEIOBATEIHHOCTD SIBJISIETCSI BBLIBOIOM
dopmysbr By 1. Teopema nokaszaHa.

3aMeTuM, 4TO BEPHO 1 0OpaTHOEe: ecJi Bce POPMYJIbI II0CI€10BATE Ih-
HoCcTHu B1, ... , B BRIBOOUMBI, TO 9Ta IOCJIEOI0BATEILHOCTD SIBJISETCS CO-
KpallleHHBIM BbIBOIOM. [leiicTBUTEIbHO, IJIsI BCEX ¢ IIPABUJIO, COCTOSIIEe

13 €IUHCTBEHHOII (purypnl B> ABJIAETCA NMPOU3BOIHBIM. Taxum obpa-
1

30M, IIOCJIEIOBATEJIBHOCTD By, . .., By sIBJIsieTcss COKpaIeHHBIM BBIBOIOM
TOI'IAa U TOJIBKO TOIA, KOTHa AJid Jiroboro ¢ < k dpopmysia B; BeIBoguMa.

Teopema 7. Iasa jroboii popmysibr A BeIBOZUMBI (pOPMYJIBI

—dz A =Vz —A;
Vo A =3dz —A.

HoxkaszarenbcTBOo. IlocTpouM CcOKpallleHHBIH BBIBOI (DOPMYJIbI
—dz 4 =Vz -A.

1. AD dz A (akcuoma (a2));
. —de A D —A (u3 1. 10 npaBuy KOHTPAIIO3UIINHN );
. =dx A D Vz A (u3 2. no npasuiy Bepuaiica);
. Vo = A D -~ A (akcuoma (a3));
. A D=V - A (u3 4. o npaBUIIy KOHTPAITO3UIINMN );
. dx A D -V A (u3 5. mo npasusy Bepraiica);

. —ode A=Vx oA (u3 3. 1 6. Mo mpaBuJIy KOHTPAIIO3UIINN).

AHaJIOFI/Iqu JIOKa3bIBACTCS BBIBOAUMOCTL BTOPOH (DOPMYJIbL.

=~ O OU = W N

Yunpaxnaenue. JJokaszars BLIBOIAMOCTDL (pOPMYJT:
a) Va Vy P(z,y) D Vy Vz P(zx,y);

6) dz dy P(z,y) D dy dx P(x,y);

B) Vo P(x) D dz P(x);
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r) Ve P(x) VVz Q(z) DVr (P(x) VQ(x));

n) 3z (P(z) & Q(z)) D 3z P(z) & Jz Q(z);

e) Vz (P(z) & Q(x)) D Vr P(x) & Vo Q(z);
x) dz (P(z) V Q(z)) D 3z P(z) V Iz Q(=);
3) Vo (P(z) D Q(z)) D (3z P(z) D 3z Q(x)).

5 5. BpIBOIm, M3 rumores

[Iycts I' — mpousBoJsibHOE (BO3MOXKHO, OECKOHEYHOE) MHOXKECTBO
dopmysr curmaryper ). Bweodom us I' HasbIBaeTrcsa Takasi IOCJe-
IIOBaTEJIbHOCTh popmya Bi,...,B, curHaryps {1, 4T0 mupu Jir0OOM 1
(¢ =1,...,n) dopmyna B; mmbo ectb akcnoma, b0 MOJIYIEHA, U3 TIpe-
by X popmyat mo npasuay (Taut), mubo mosyueHa u3 Kakoii-udo
npenpiaymeir popmysisl A mo npasuiny (Gen), T.e. mmeer Bun Vo A,
IpudeM epeMeHHas £ He BXOIUT CBOOOIHO HU B OJHY U3 (POPMYJI MHO-
xkectBa I'. Bynem roBoputh, uto dpopmysia B eweodumcesa u3 I' u mucarth
I' - B, eciu cymecrByer Takoit BeiBog By, ... , B, us I', auro B, = b.

Takum obpasom, popmysibl u3 I' npu nmocrpoennn BeiBoaa u3 I’ urpa-
IOT TY YK€ POJib, YTO 11 AKCUOMbBI; OOBbIYHO 3THU (POPMYJIbl HA3BIBAIOTCS 2U-
nomesamu. O4eBUIHO, 9TO €CJIi MHOXKecTBO rumnores I' mycTo, To ompe-
IeJjieHre BBIBOAUMOCTHY 13 1’ mpeBpalaercs IpocTo B OUpeaesieHe Bbl-
BOAMMOCTH. YCJIOBUMCsI BMecTo & F B mmucars - B. 3amernM, 4TO ecjn
B I' BXOOSAT TOJIBKO 3aMKHYTbIe (POPMYJIbI, TO OrPAHUYEHNE HA HIPUME-

HeHre npapuia (Gen) B oopenesieHnN BBIBOIA U3 I BBIIOJIHAECTCST aBTO-
maruwdecku. Bmecto {Ay,..., Ay} F A 6ynem mucars Aq, ..., A, F A.

[ITpumep. Hokaxem, aro P(x), Yy (P(y) D Q(y)) F Q(x). IHeii-
CTBUATEJILHO, CJICAYIOIIAS OCIEI0BATEIbHOCTD ABJISIETCS BHIBOIOM:
1. Vy (P(y) D Q(y)) (runoresa);
2. Yy (P(y) D Q(y)) D (P(x) D Q(x)) (axcuoma (a3));
3. (:U) DQ(x) (m31. u2. no (MP));
4. P(x) (rumoresa);
5. Q) (

Q(z) (m3 3. u 4. mo (MP)).

YcranoBuM HEKOTOpbBIE MMPOCTHIE, HO BazKHBIE CBONCTBA OTHOIIECHMUSI
BoiBoOumoctTu ' F B.

Teopema 8. IIycrs I' m A — npousBoOJIbHBIE MHOXKECTBA, 3aMKHY -
TeIX popmys1 curHarypbl §2, opuaem A C I'. Ilycte B — ¢opmya
curaarypsei (). Torna, ecm A+ B, roI' F B.
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HoxaszarensbcrtBo. Illycts By,...,B, — BbIBOO dpopmysbl B us
A. OueBHIHO, YTO OH sABJIAETCSA TakxKe BbIBoIoOM m3 I'. [leficTBuTesinh-
HO, Kaxkgas u3 gopmys B; (¢ = 1,...,n) aubo ABIAsieTCs aKCHOMOIA,

6o npuHagiexut A (a, 3HaduT, u '), jubo moJyvueHa 1o mpaBuiam
(Taut) nam (Gen) n3 npempioynmx dopmysi. Kpome TOro, mocKoJIbKY
[’ cocTouT TOJILKO U3 3aMKHYTBHIX (POPMYJI, BBLIIOJIHSIETCS OrPAHUYCHUE
Ha mpuMeHenne npasuia (Gen), T.e. BBINOJHSIOTCA BCe TPeOOBAHNS,
comepxkaluecs B onpenejaenun BbiBoga u3 1. Teopema mokazana.

Teopema 9. Ilycrs I' — npousBoJibHOE (BO3MOXKHO, OECKOHEIHOE)
MHOXKEeCTBO (popMy.JI curHaTypsbl (), B — npousBoJibHAsT (hOPMYJIa CUTHA-
typsl §), npudem I' - B. Torma cymecrByeT Takoe KOHEYHOE MHOXKECTBO

ACT, gyto A F B.

HokasareabcTtBo. IIycts I' F B. 910 03Hagaer, 4To cyuecrByeT
Takoit BIBOI By, ... , By u3 ', aro B,=B. [lycts A={B;,,... ,B; } —
MHOXK€CTBO Bcex hopMmyJ1 u3 I', BXomsimmx B 9TOT BbIBOA. OYeBUIHO, 9TO
BBIBOJ, B1, ..., DB, yIoBJjerBopsieT BCEM TPEOOBAHUSIM, COIEPIKAIIMMCS
B ompenesieHn’ BhIBOIa n3 A. 3HAUUT B BBIBOANMA U3 KOHEYHOTO MHO-
xkectBa A C I'. Teopema mokasaHa.

Teopema 10. IlIycrp I' w A — npousBoJIbHBIE MHOXKECTBA 3aMKHY-
TBHIX (POPMYJI CHTHATYPHI §), npudeM Bcskast popmyaia C € A BpIBOIIMA

3 I', mw nycrs B — npowusBosibHass popmysia curaarypel 0 mw A F B.
TornaI' - B.
HoxaszareancTtBo. llycts By,...,B,, — BbIBOO dpopmysbl B us

A. Ilpeobpasyem ero ciaenyiomum oOpasoM. Bciomy, rme B 3TOM BbI-
BOJIe BCTpevaercd Kakasg-Hubyap u3 dopmya C € A, 3aMeHHM ee Ha
BBIBOI 3TOi (popmysinl m3 I'. HerpymHo mpoBepuTh, 9TO IMOJIyUeHHAS
HOBAsA ITOCJIEIOBATEILHOCTDL (POPMYJ ABJIAETCS BBIBOOOM (POPMYJILI [
n3 I'. Teopema noka3zana.

Teopema 11 (reopema o memykinuum). Ecom I'U {A} + B, 10
I'HADB.

HoxaszareannbctBo. llycts By,...,B,, — BbIBOO dpopmysbl B us
F'u{A}. Hoxaxewm cuagasa, yro ecau B; € TU{A} wnu B; — akcuowma,
ToI'FADB;. EcuB; €', tol' H A D B;, rak kxax A D B; — TaBTO-
jorugeckoe ciaencrsue popmynl B;. Eciuxe B; = A, toI' - A D B;,
tak Kak A DO A — rmaBrosorus, T.e. akcuoma. Ecim B; — akcumoma, TO
I'-ADB;, tak kxax I' F B;, u A D B; — TaBToOJI0rn4YecKoe cjeacTBie
dopmysnr B;.

Temeps nHOyKIMEll MO ¢ JOKaXKeM, YTO IJId BCeX ¢ < 7 UMeeT MeCTO
I' - A D B;. 9roro nocrarouno, Tak kax B = B,,.
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[Tycts ¢ = 1. B arom cayuae B; € TU{A} win B; — akcuoma, n MbI
yxke mokasasu, uro I' - A D B;.

ITycts ¢ = k + 1, m nna moboro j < k umeer mecro I' - A4 D B;.
Bo3MOxkKHBI TpHu cjydasd.

1) B; — akcuoma win B; € ' U {A}. B sTom ciydae yTBepKIeHne
yKe DOKa3aHo.

2) B; nonydena uz dopmya B;,, ... ,B; ¢ MEHbIIUME HOMEpPaMU IIPU-
menenvem npasuia (Taut), T.e. B; — TaBTOIOTHYECKOE CIeicTBIE (HOp-
My Bi,,...,B; . Herpynno mpoBepurhb, uT0 B 3TOM ciaydae A D B;
SIBJISIETCSI TABTOJIOIMYEeCKuM cJienctBuem gopmya ADB;, ... , ADB; .
ITo wagykTuBHOMY Tpenmosioxernuto I' - 4 D B;,,... ., ' A D B; .
Boimumem noapsn seiBon uz I' dopmyn A D B;, (I =1,...,m) u no-
baBUM K IOJIydeHHOH nocsenoBareabnoctu dopmyiny A DO B;. He-
TPYOHO IPOBEPUTH, YTO BOSHUKAIOMAS IPU DTOM IIOCJIEIOBATEILHOCTD
.. A D Biy,..., A D B; ,A D B; sBasgercsa BbIBOIOM (DOPMYJIbI
ADB;uz .

3) B; nonyuena mu3 B; no npasuny (Gen), npudem j < k. Torma
B; = Vz B; u = me Bxonut csobonuo B A u dpopmynsl u3 I'. Ilo maIyX-
TuBHOMY mpennosioxenuio I' = A4 D B;. Ilycts Ci,...,Cp, A D B —
BbIBOZ, opmysiel A DO B u3 I'. JlonosHEM 3Ty NOCJIEI0BATEIbLHOCTD
caenyrommmu dpopmynamu: Vo (A D B;) (monmydeHa n3 npenbiayieit
no npasuiy (Gen)); Vo (A D B;) D (A D Vz B;) (akcuoma (ad));
A D Vz B; (nonydena us nsyx npenpyiymux no npasuity (MP)). Ilo-
JIy9eHHAsI MOCJIeHOBATEIbHOCTH (DOPMYJI OYEBUIHO SIBJISIETCSA BBIBOIOM
dbopmymsl A D Vz B; uz I'. Teopema nokaszana.

T 9

Bynem roBoputhb, 4T0 MHOXKeCTBO dhopmys I' npomusopeuuso, n mnu-
carb I' F 1, ecsiu cymecTByer takas ¢dopmysia B, uro ' B u I' - —B.
B nporuBHOM ciydyae MHOXKecTBO I' OyneM Ha3bIBATL HENPOMUBOPEYU-
BbIM.

Teopema 12. a) Ecmu ' - L u C — Jmobast popmysa, o I' + C.
6) EctuT',-AF L, 7ol - A.

HokasateabcTtBo. a) Ilo ycioButo I' - B u I' - =B njs Hekoto-
poii dopmysibl B. Beinumem noapsig Apyr 3a IPYIOM BbIBOALI (POPMY.JI
B u—-B u3 I'. K noaydernoii mocjenoBaTeIbHOCTA T00aBUM (DOPMY-
ny C. Hopas nocsieqoBaresibHOCTb GOpMyJI ... , B, ..., B, C aBjsiercs
BbIBOJIOM (bopMmyJibl C u3 I', mockobKy dhopmysia C ABJIsieTCsS TaBTOJIO-
I'I9eCKuM cJiencTsueM gpopmys B u —B.

6) Ilo yciaoButo I'y)-A F B u I',-A F =B nas mekoropoit ¢popmy-
sel B. Ilo teopeme o genykumu I' - - A D Bul F - A D —B. Bomumem
noapsn IPYyr 3a apyrom BbiBoabl dopmyir = A D Bu - A D -Bus I



72 I'n. 3. Daemernmov, meopuu doxka3amesbeme

1 nobaBuM K HuUM (popmyay A. Tlomydennas mocienoBareibHOCTEL (hoOp-
Mya ..., A D B,...,-A D =B, A aBnasderca BeiBogom dopmysibl A
n3 I', mockosbKy A sIBJISIETCsI TaBTOJIOTMYECKUM CJICACTBAEM (pOPMYJI
-A D Bu-A>D-B. Teopema moxkasana.

Teopema 13. MuoxecTBO 3aMKHYTHIX popmyJ1 ' HemporuBopedn-
BO TOIJa M TOJIBKO TOILZa, KOIda JII06oe KOHEUHOE ero IOAMHOXKECTBO
HEIIPOTHUBOPEYUBO.

HokasareabcTBo. 1) IokaxkeMm, 9TO €CJIu MHOXKECTBO 3aMKHY-
ThIX (popMyJ1 I' HEIPOTUBOPEYUBO, TO JIF0OOE ero moaMHOXKecTBO A C I
HerrpoTuBopeduBo. Ilycts I' menporuBopeunBo. domycTtum, 9T0 HEKO-
TOPOE ero IIOIMHOXKECTBO A IPOTHUBOPEYHBO. IDTO O3HAYAET, UTO HJIsA
HekoTopoit popmyssl B umeer mecto A F B u A F =B. Ilo Teopeme 8
orcroga ciaenyet, 9to I' - B u I' F =B. 910 HEBO3MOXKHO B CHJIY IIpe-
IOJIOXKEHMsI O HenmporuBopednBocTH I'. 3HaunT, A HEIPOTUBOPEUUBO.

2) Ilycre sr060e xkonedHoe mogmMuOxkecTBO A C I' HenmporuBOpedn-
Bo. lomyctum, uro I' mpoTUBOpEedUnBO, T.€. [JIs1 HEKOTOPOIi (DOPMYJIbI
B umeer mecto I' HF B u I' H =5. Ilo Teopeme 9 cyuecTByrOT KOHEY-
Hbple MHOKecTBa A7 C I' m Ay C I' takne, uto A F B u Ay F —B.
IIycte A = Ay U As. B cuny Tteopembr 8 A H B u A F —-B. 3uaqnur,
A — IPOTUBOPEYNBOE KOHEYHOE MHOXKECTBO. ITO MPOTUBOPEUNT HAIIIE-
MY OpennoJoKeHun. Juaqut, I HenporuBopeunBo. Teopema nokas3aHa.

Yupaxuenne. [lokazars, ITO
a) Vo (P(z) D Q(x)), P(y) - Qy);
6) Va (P(z) D Q(x)), Yo P(x) F Vo Q(x);
B)Gl—‘v’w‘v’zElyx T=2
r) FEVz z-0=0;
n) FEVeVy (z-y=0D>2z=0Vy=0),
rne G u F' — cucreMbl aKCUOM TPYIII U MOJIeil COOTBETCTBEHHO.

3 6. Teopuu mepBoro mopsakKa

ITycth HaM maHa Kakasg-sinbO cucTeMa akCuoM, T.e. (Booble roBops,
IPOM3BOJIbHOE) MHOXKeCTBO [ 3aMKHYTBIX (bopMmyJI curHaTypsl (). Mare-
MaTHKa HHTEPECYIOT IIPEXKIEe BCETO Te MPenjOKeHnsd, KOTOPbhIe SIBJIAI0T-
CsA JIOTUYECKUM CJIEACTBUEM aKCHUOM, T.€. TaKue 3aMKHYThbIe (DOPMYJIbI
A curaarypsr 2, uto I' = A. Crenyiomas TeopeMa MOKa3bIBAET, UTO
IOCTPOEHNEe BBIBOIA npemytoxennst A n3 akcuom I’ siBjisseTcst omuanM m3
CIIOCODOB yCTaHOBJIEHHsI TOro pakTa, 4ro A sorudeckn ciaemyer us I
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Teopema 14 (0boOmenHass TeopeMa 0 KOPPEKTHOCTHA MCUNCIEHUS
npequkaToB). Ilycrs I' — npowusBoO/IbHOE MHOXKECTBO 3aMKHYTHIX (hOp-

MyJs1 curHarypel §), B — 3amkHyTas ¢popMmysia TOMH Ke CUrHATYDBI, IIPH-
gem [' - B. Torma I = B.

llokaszareabcTtBOo. IIycts I' F B. Ilo Teopeme 9 cymecTByeT Ko-
Hegnoe MHOxKecTtBO {Di,...,D,} C I' takoe, uro Dq,...,D,, F B.
[Tpumensst m pas TeopeMy O JeAYKIMH, IToJaydaeM, 4To (popMyJia

DiD>2(MyD(..2MDmDB)...))

BBIBOJIMMA, B UICUMCJIEHUN IIPEeIUKATOB. B cujy TeopemMbl 0 KOppeKTHOCTH
MCUINCJIeHNs TpeankaToB (TeopeMa 4) sta dpopmysia obIme3sHadInMa, T. €.
NCTUHHA B JII0O0II nHTepnperanun. B yacTHOCTH, ecyin I — IIPOu3BOJIb-
Hasg monesib MHoxkecTBa I, To I =Dy D (D D (... D (D, D B)...)).
[Ipuaumas Bo BHUMaHUE, 910 Di,...,D, € ', a moromy I = Dy,...
..., I = Dy, a rakxke omnpenejieHre UCTUHHOCTH [Jisi (DOPMYJI, UMe-
IOMUX BUI UMILIUKAINK, ToaydaeMm, uro I = B. 3uaudut, B uctunna
B 10601t momesn I') T.e. I' = B. Teopema mokazana.

IlokazanHas TeopeMa IaeT BazKHbII CIIOCO0 YCTAaHOBJIEHISI HEIIPOTH-
BOPEYNBOCTH MHOXKECTBA (DOPMY.I.

Teopema 14'. Ilycrs mHOXKECTBO 3aMKHYTBIX (hbopmys I curuary-
pbI ) umeer momesib. Toraga I' HenporuBopeduso.

IHHokazareabcTBo. llycts I’ umeer monesn. HomycTum, 4T0 MHO-
»kecTBO I IpoTHBOpPEYNBO, T. €. IJIsI HEKOTOPOoii popmyibl A curHarypsl
QTI'FAul F-A Tornal F Aul = A no reopeme 14. A 310

HEBO3MOZXKHO B CHJIY OIIpcacJICHNA NCTUHHOCTH. TeopeMa JOKa3aHa.

[IpenbsaBienne BbIBOIA POpMyJIbl A 13 MHOKECTBA aKCOM [’ MOXKHO
paccMaTpuBaTh Kak dokazameabcmeo yTBepKIeHus A Ha OCHOBe akcu-
OM, a caMO Tpenjiokenue A, g KOTOPOro MOCTPOEH TAaKOi BBIBOI, —
KaK meopemy. ITO BIIOJIHE COOTBETCTBYET MPENCTABJICHUIO O TeopeMe
KaK 00 YTBEpPXKIEHUN, NMEIIEM T0Ka3aTeIbCTBO HA OCHOBE aKCHOM.

MHoxkecTBO 3aMKHYTBHIX (DOPMYJI, KOTOPbIE JIOTMYECKU CJIEIYIOT U3
TTAHHOTO MHOXKECTBA aKCHUOM, HA3BIBAETCS HEPOPMAALHOT GKCUOMAMU-
weckoll meopueli (M cemarmuueckolt meopuel).

MHOKeCcTBO 3aMKHY THIX (pOPMY.JT, KOTOPbIE BHIBOAUMbBI B UCHUCJICHUN
NpEeIUKATOB M3 JAHHOTO MHOYXKECTBA aKCHUOM, HA3bIBAETCA (HOPMAALHOT
axcuomamuueckott meopueti (nnu dedykmusnotli meopueti).

MuoxectBo dpopmys I' curanarypsr () HasweiBaeTrca dedyxmueHo 3a-

MEHYMDBIM, €CJIN OJ1d JI000# 3aMKHYTOI dpopmysibl B curHarypsl ) u3
I' - B cnenyer B €T
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Teopema 15. Becakas ¢popmasibHAsI aKCHOMATHIECKAsT TEOPHS JI€-
JAYVKTHBHO 3aMKHYTA.

IHHokazareancrno. Ilycte I' — HekoTopasa cucrema akcuom, I —
COOTBETCTBYIOIMAA €ii IenyKTHUBHAsA TEOpus, T.e. MHOXKECTBO BCEX 3a-
MKHYTBIX (POPMYJI, BRIBOOUMBIX u3 I', u nyctb T' F B. Mbl HaxoouMm-
cA B ycjoBusix Teopembl 10: Bcsaxkasi ¢popmysa u3 T BemBoguma us I,
n T+ B. B cuny s1oit Teopembr I' F B, 1.e. B € T. Teopema jgokaszana.

Teopema 16. Bcakas HedpopMasibHASI aKCHOMATHIECKas TEODHS
AC€AVKTUBHO 3aMKHYTA.

IHHokaszareancTtBo. Ilycts I' — HekoTopasa cucrema akcuom, 1 —
COOTBETCTBYIONIAA €ii cCeMaHTUYEeCKasl TEOPHs, T. €. MHOXKECTBO BCEX 3a-
MKHYTBIX (popMy.JI, jJjorudecku cienyomux u3 I', u nycts T+ B. Ilo Te-
opeMe 9 cymecTByeT KoHedHOEe MHOXKecTBO hopmya {D1,... , Dy} CT
Takoe, 910 D1,... , Dy, F B. Ilycts I — npousBoJibHAaA MOIE/Ib MHOXKE-
crBa I'. Tax kak Ds,...,D,, npunagmexar teopuu 1, o I = Dy, ...
..., I E Dy, 1.e. I — monenp muoxectBa {D1,...,D,}. B cuay 06-
OOIIeHHOIT TeopeMbl 0 KOPPEKTHOCTU WCUYNCJIEHUS MPEInKaToB (Teope-
ma 14) {D1,... ,Dy} = B. 3uaqgur, I |= B. Takum obpasom, B uctunna
B JI000I1 Momesim MHOXKecTBa 1', 3HaquT, B jtornyecku ciaenyer u3 L', 1. e.
B € I'. Teopema mokasana.

B cuny teopemnbl 14, ecoiu I' — HekoTopasi cucreMa akcuom, 17 —
3aJaBaeMasi €0 IeIyKTUBHAsA Teopud, a 15 — COOTBETCTBYIOIIAA el ce-
MaHTuUJIecKass Teopusi, To 17 C T5. Hameit ommkaiimeit menbo OymeT
IOKa3aTEeJIbCTBO OOHON M3 BAXKHEUIINX TEOPEM MATEMATUYECKOUN JIOTHU-
Ku, 910 17 = 15, T. €. 9TO MOKHO I'OBOPUTH 00 aKCMOMATUIECKOil Teopuu,
OIIyCKas »MUTeThl “popMasibHasa # “HedOpMaJbHas .

Kaxk BumHO u3 TeopeMm 15 u 16, j1rodas nenykKTuBHas TEOPUsT 1 JIFOOAs
CeMaHTHYIeCKad Teopus IeAYKTHUBHO 3aMKHYTHI. ITO CBOICTBO JIEKUT
B OCHOBE CJIEOYIONIETO OIpeaesIeHNs].

Teopueti nepeozo nopsadka (aaemenmaproti meopueti NI TPOCTO Mme-
opueti) B curHarype {) Ha3bIBAeTCs IMPOU3BOJILHOE JEIYKTUBHO 3aMKHY-
TOe MHOXKECTBO 3aMKHYTBhIX dopmys curHarypsl (). Takum obpasom,
nist reopun 1 yrBepxkaenusi A € T'u T F A paBHOCUJIBHBI.

CemMaHTHYECKAsI U O€AYKTUBHAsS TEOPUH, 33 JaBaEMble HEKOTOPOIi CH-
cTeMOil aKkCcuoM, — IIpHUMepbl Teopuii mepBOro mopsaka. PaccMoTpum
ele oauH cunocod 3adaHWsl TeOPUil, KOTOPLIH HAapsAOy C aKCUOMAaTHUe-
CKUM IIIIPOKO MCIOJIb3YEeTCs B MareMaruke. A MMeHHO, IyCTh 3apuK-
CUPOBaHa HEKOTOpasd nHTepupeTanus I curuarypel (2. PaccMoTrpum MHO-
xkectBO 1'([) 3aMKHYTBHIX (bOopMyJT curHaTypbl §), HCTUHHBIX B 9TONH MH-
teprpetanuu. QueBumgHO, uT0 I — Momesbp muoxkectsa 1'([1).
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Teopewma 17. KakoBa 61 Hu OblLj1a uHTEpHIperalnus I, MHOXKeCTBO
T'(I) meayxkTHBHO 3aMKHYTO H, CJICIOBATEJILHO, SBJISIETCSI TEOPHEL 1Iep-
BOI'O HOPSIIKA.

ITokasareabcTBO. HokaxkemMm, 9T0o ecou 3aMKHyTasd dopmysia A
curnarypst {) takosa, uro T(I) H A, o A € T(I). Iycts T(I) F A.
B cuiy obobmenHoit TeopeMbl O KOPPEKTHOCTUA MCUNCJICHUST MPEeanKa-
toB (Teopema 14) T'(I) E A, 1.e. A uctunna B s11060it MOmE M MHOKE-
ctBa 1'(I), B wactunoctu, I = A. 9710 kak pas u oznagaet, uro A € T'(I).
Teopema moxa3zaHa.

Teopusi T'(I) HaswpBaeTcs asemeHmapHoti meopueti urmMepnpema-
yuu I K TeopmsiMm mepBOro mopsigka OPUMEHUMO IIOHSTHE HEITPOTU-
BOPEUYMBOCTH, BBEIEHHOE HAMU OJIS IPOU3BOJIBHBIX MHOXKECTB (POpMYJI.
V3 Teopembl 12 ciemyer, 9TO eCau TeOPHUsi TPOTUBOPEUYMBA, TO OHA
COIEPKUT BCE 3aMKHYTble (DOPMYJIbI HAHHOW curHarypnl. M3 Teope-
MbI 13 HEIOCPEICTBEHHO BBITEKAET, YTO Teopud 1 HEeOPOTUBOPEUNBA TO-
IIa U TOJILKO TOIOa, KOTrHa Jiroboe KoneuHoe MHoxkecTBO A C T mempo-
TUBOPEYUBO.

Teopust mepBoro nopsiaka 1T’ B curaarype ) Ha3bIBaeTCs NOAHOT (HH
dedyxmueno noanoti), ecan T HEIPOTUBOPEUMBA, U OJIsI JO0O0H 3aMKHY-
toii (hopmysibl A curnarypsr 2 mmbo A € T, 6o - A € T. B nporuBHOM
cJIydae HeIIpOTUBOPEYUBAsA TEOPUA HA3BIBACTCSI HENOAHOU.

Teopema 18. KakoBa 6b1 Hu Opljia mHTEpHpeTalus I, ee sjaeMeH-
raprast reopust T'(I) mosiHa.

ITokasareabcTBo. KakoBa Obl Hu Oblj1a 3aMKHyTasag popmysia A,
BBITTOJTHSIETCA POBHO omHO w3 yeyosuit: I = A nin [ = A n, sHaqawur,
I E —-A. B nepsom cayuyae A € T(I), Bo Bropom — = A € T(I).
Teopema mokaszaHa.

IIycts K — HEeKOTOpBI KJjacc unTepnperannii curaarypst ). Pac-
cmoTpuM MHOKecTBO 1'(K) Bcex 3aMKHYTBHIX POPMYJI CUTHATYPHI ), uc-
TUHHBLIX B Jii060# unrepnperammu I € K, t.e. T(K) = ;e T(I). U3
TeopeMbl 17 cienyer, uTo MHOXKecTBO 1 (K') IeOyKTUBHO 3aMKHYTO (Kak
mepecevenre IedyKTUBHO 3aMKHYTHIX MHOkKecTB). T (K) HaswpiBaercs
asnemenmaproti meopuet xaacca K. OueBunno, uro eciu K1 C Ko, 10
T(Ks) C T(K;). Takum obpasom, HaIIpuUMep, 3JeMEeHTapHAsT TeOPUs
TPYNI — 3TO MHOXKECTBO MPENJIOKEHU A3bIKa TEOPUU TPYNI, UCTUH-
HBIX B J1I000# rpynmne. M3 manbHelmux pe3ysibTaToB OyaeT BUIHO, YTO
OHO COBTAJAET C MHOXKECTBOM MPEIJIOKEHUN, BHIBOIUMBIX M3 AKCUOM
TPYTIIIBL.
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3aMeTuM, UYTO YKa3aHHBIE OB CIOCO0a 3aIaHus 2JIEMEHTAPHbBIX TEO-
puii — aKCUOMATUYECKUN M C TIOMOIIBbI0O MHTEPNPETAIUN — IITPUAHIIUTIN-
aJIbHO He Pa3JIMYal0TCAd MexXKIy coOoil. /leiicTBUTEILHO, IPOU3BOJIbHAST
9JIEMEHTAPHAA TEOPUA MOXKET PACCMATPUBATHLCA KaK (DOPMaJIbHAsI aKCH-
oOMaTUYecKad TeOprA, AaKCUOMAaMN KOTOPOI ABJIAIOTCA BCE MPENJIOKEHNA
5TOit Teopuu. B TO ke BpeMsi, KaK cJjenyer u3 TeopeMbl 1'€nesisa, Joka-
3aHHOI B 1v1. 4, Jir00asi HEIPOTUBOPEYNBAasi TEOPUsi HEePBOTO MHOPSIOKA
MOZKET pacCMATPUBATHCA KaK dJIEMEHTapHadA TeOPUsd HEKOTOPOro KJiac-
ca MHTepIpeTalnii, a UMeHHO, KJIacca Bcex ee MoneJieil. Tem He meHee,
B MaTEMaTUYECKOU JIOTUKE OYeHb YaCTO PACCMaTPUBAIOTCS BOIIPOCHI HA-
XOXKIeHWs TPOCTO (HAmpumep, KOHEYHOI) aKCHOMATUKN IJisi JTAHHOMN
TEOPUU, €CJAU U3BECTHHBI BCE €€ MOOeJIM, a TaK¥XKe BONPOCHI OIUCAHUA
BCEX MOIEJIe NAaHHON aKCUOMATUYIECKON TEOPHH, T. €. 33Ja9U MEPExXoaa
OT OOHOIO CIIoCcOoDa 330aHUSA 3JeMEeHTapHbIX Teopuii K apyromy. OdeHb
YaCTO 3THU 3303491 OKa3bIBAIOTCA BEChMA COOEPXKATEJIbHBIMU U ITPUBOIAT
K TJIYDOKIM MaTeMaThndeckKuM pesyabTraraMm. [lo3maee Mbl paccMOTpuM
HEKOTOPbIE N3 HUX.

§ 7. DopmMmasibHasg apudMeTHKa

HanoMHauM, 4T0 onucaHHblil HaMKA B § 7 IviaBbl 2 A3BIK POPMAJILHOM
apn@MeTUKHN NUMeeT CUTHATYPY, COCTOSINYIO 13 eINHCTBEHHON KOHCTaH-
ThI (), OOHOMECTHOIO (PYHKIIMOHAJILHOTO CUMBOJIA, S U ABYX JBYMECTHBIX
(byHKIMOHAIBHBIX CUMBOJIOB + 1 -. CTaHIapTHASA MHTEPIPETAIUA DTO-
IO SI3bIKa MMEeeT CBOMM HOCHTEJIeM MHOXKECTBO HATypaJlbHbLIX ynces N,
koHcTanTa 0 U OYHKIMOHAJIBHBIE CUMBOJIBI + W - WHTEPIPETUPYIOTCS
OOBIYHBIM OOpas3oMm, a Sk obo3Hadaer x + 1. I1y mHTEpHpPETAInio 000-
sHaguM depe3 . OdUeBHOHO, UTO C MATEMATHYIECKOIl TOYKHN 3PEHUsI
IJIaBHBIA MHTEpeC NPeACTaB/IgeT U3y4YeHne 3JIeMeHTapHOI Teopuu 3Toi
nHTepuperanun 1' (), MOCKOJIbKY UMEHHO OHA COCTABJISET COHEPKAHME
3JIeMeHTapHOoil Teopun yucesi. MoxXHO CKa3arTh, YTO HESIBHO M3yYeHUEM
9TOil TEOPUHU U 3aHUMAJIACh MATEMATHKa, HAYUHAS C AHTUYHBIX BPEMEH.

Axkcuomaruka apudmMerukn ObLIa OCYIIECTBJIEHA CPABHUTELHO He-
naBHO. PaccMoTpuM akKCHOMATUKY HATYPAJILHOIO Psiia, IPEeaJIOKEHHYIO
[Tearo (1891 r.). Ucxomubie (HeonpenessieMble) TOHATHS 9TOR aKCHOMar-
TUYECKOR Teopun — umcsio 0 ¥ oneparus Iepexona OT YuCja 1 K CJie-
IVIONIEMY 38 HUM YUCJIY 1.

Axcuomwu Ileano:

P1. 0 — marypaJpHOE YHCIIO.

P2. Eciiu n — HaTypaJibHOE 4uCcjI0, TO N/ — HaTypaJbHOEe YUCJIO.
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P3. Ecsim m u n — marypaJbHble 4yncsa, To m' = n' ToJabKO B TOM
caydae, ecyid m = n.

P4. Ecoin n — marypaJsbHOoe uncsio, o n' # 0.

P5. Ilyctb P — HEKOTOpO€ CBOICTBO HATYPAJIbHBIX YHUCEJI, IIPUYEM
1) 0 obsamaer cBoiictBoMm P; 2) ecim Kakoe-HHOYIb HATYPAJIbHOE HH-
cj10 n obJsamaer cBoiictBoM P, To ciemyromiee 3a HUM 9ucjio n' obsia-
naet cBoiictBoM P. Torma xaxgoe HaTypaJIbHOE 9UCJI0 00JIaIaeT CBOIi-
crBoM P. Axkcmoma P5 BbeIpazkaer npuryun mamemomurueckoti uHdyk-
UUL.

[TombiTaemcss 3anmcarh akcnoMmbl Ileano Ha sA3bike (oOpMaJIbHOIM
apudMeTuKk, J00ABUB K HUM ellle aKCUOMBI, OIMUCHLIBAIOIINE CBOWCTBA
CJIOXKEHUsI I YMHOXKeHUsi. B pe3yJibrare HoiyuuM CJIEOYIOIIYIO CUCTEMY
AKCIHIOM:

Al. Va Vy (Sz = Sy D x = y);

A2. Vx =S5z = 0;

A3. Vx x4+ 0 = x;

A4, Vax Yy x + Sy = S(x + y);

A5. Vz 2-0=0,

A6. Ve Vyx-Sy=2x-y+x,

A7. A0) & Vx (A(x) D A(Sx)) D Vx A(x).

[losicauMm cMmbIcsT TuxX akcuoMm. Axkcuombl Al m A2 BbIpaxKarT CO-
orBeTcTBeHHO akcuombl Ileano P3 u P4. (Akcumowmsbr ITeano P1 u P2
He HYXKIAIOTCS B CHENHNAJILHON 3aMMCH: WX BBIIOJHIMOCTL 00V CJIOBJIE-
Ha HAJIMIUEM B A3bIKe KOHCTAHTHI () 1 PYHKIIMOHAJILHOIO CUMBOJIA, S.)
Axcrnombr A3—A6 ecTecTBEeHHBIM 00pa30OM 3aJaI0T MHIYKTUBHBIE OIIpE-
IIeJICHUsI OIlepalnii CJIOKeHns U YMHOXKeHusI. Bripaxkenue A7 npemncra-
BJIsteT coboit cremy arxcuom: KakoBa Obl Hu ObLIa dpopmysa A(x) s13bI-
Ka popMasIbHON apudmeruku, (popmysia Buga A7 gBJIsIeTCS aKCUOMOIA.
Takum oOpasom, A7 mpencraBisieT OECKOHEYHOE MHOXKECTBO AKCHOM.
3aMeTuM, OJHAKO, 9YTO CXeMa akKCuoM A7 He BIOJIHE COOTBETCTBYET aK-
cuoMme Ilearno PS5, mocKoJIbKY mOCIeqHsIA PACIPOCTPAHSIETCs Ha JIF0OOe
13 289 CcBOIICTB HATYPAJILHBIX YHCEJI, B TO BPeMdA KAK CXeMa akcuoMm A7
MMeeT 1eJI0 JIUIIb CO CUeTHBIM YUCJIOM CBOMCTB, 3aIIMCHIBAEMbIX POPMY-
namu. Tem He meHee, cxemy akcuoMm A7 IPUHSITO HA3LIBATH IIPUHITUIIOM
MaTEeMaTUIeCKON MHIYKINA.

3anapaemas akcuomamu A1-A7 dpopmasbHAST AKCHOMATUIECKAsA Te-
Oopusi Ha3bIBaeTCs apupmemuroti Ileano 1 oObraHO obo3HAYaeTcss PA.
OueBugHo, 9T0 MHTEpHpeTanus N sBjsgeTcsa Monesbio Teopun PA, Tak
qro PA C T'(9). OxaseiBaercsi, uro Teopuu PA u T (N) He comaga-
10T, T. €. He Jirobasi popMyJia, HICTUHHASI B CTAHIAPTHON MHTEPIIPETAIINN,
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BRIBOAMMA 13 akcuoM Teopum PA. B 3ToM cocTroumT ocHOBHOE comepxka-
HIe KJaccudeckoii Teopembl I'énesist o HenmosiHOTE (pOpMaJIbHOI apud-
METHK.

DTa TeopeMa BIIOCJIEICTBUI ObLIIa, HAIOJIHEHA, CJEAYIONUM 0oJiee 00-
M CMBICJIOM: KaKOBa Obl HM ObLJIa CHCTEMa aKCHOM (HOPMAaJIbHOI
apudMeTHKH, yIOBJIETBOPSIONIAsT HEKOTOPHIM PA3YMHBIM (CM. HIKe)
TpebOBaHUAM, CYIIECTBYET UICTUHHASA B CTAHIAPTHON MHTEpIPEeTAIINN 3a-
MKHYyTas popMyJia, He BEIBOIUMAA U3 DTOI CUCTEMBI aKCHOM. “Pazym-
Hble TpeOOBaHMsA’ COCTOST B CJIEAYIOMEM: 1) KaxKaasi aKCHMOMa MCTUHHA,
B CTAHIAPTHON WHTepIperanun; 2) CyHmeCcTBYyeT aJITOPUTM, PACIO3HA-
FOIIUI 110 JIF0OOI 3aMKHYTOI (DOpPMYyJie PACCMATPUBAEMOIl CUTHATYDHI,
SIBJISIETCSI JIM OHA, aKCUOMOW MJIM HeT.

Yupaxuaenue. BoiBectu B PA dopmysin

SS0+5550=555550 u S5S50-550=S55550.



' TABA 4
TEOPEMA I‘E,H,EJIH O ITIOJIHOTE

5 1. PacimupeHnue Teopuun

[lesib 91Ol ry1aBBI — HOKa3aTh TeopeMy l'émesist o mosiHOTE (mepBas
dbopma) — Teopemy, obpaTHyio K Teopeme 14': jr060e HEIIPOTUBOPEUN-
BOE MHOXKEeCTBO 3aMKHYTBIX (DOPMYJI UMeeT Moaesb. locTtaTovHo JoKa-
3aTh ATy TeOpeMy TOJILKO OJIst Teopuii. lelicTBuTesbHO, mycTh I' — mpo-
N3BOJILHOE HEIIPOTUBOPEYNBOE MHOXKECTBO 3aMKHYTBHIX (popmyJi. Ompe-
neanM 1T Kak MHOXKECTBO BCEX 3aMKHYTBIX PpOPMYJI, BRIBOOUMBIX 13 ['.
Torma I' — Teopust mepBOro nopsaaka, upuieM 1 HeIPOTHBOPEYUNBA, TaK
kKak I' HenpotuBopeunBo. Ecuam xe 1" mMmeer MoieJsib, TO 3Ta MOIEJIb
sABJIAeTCA 1 Modeabio MmHOXKecTBa I', Tak kak I' C T.

Teopema 1. Illycte 1I' — npom3BOJIbHOE MHOXKECTBO 3aMKHY THIX
¢opmys1, B — zamrryTas ¢popmysaa. Muoxectso T U {B} mermporuso-
pPEeYuBO TOIJa W TOJIBKO Torda, Korga 1 H —B.

HoxkaszaresbcTBO. Ilycts MuoxkectBo T'U {B} nenporuBope«n-
Bo. [oxaxem, aro 1" I/ B. Homnycrum obparnoe: T+ —B. Torma
mo teopeme 8 u3 ryasel 3 1T'U {B} F =B. Kpowme Toro, T'U {B} - B.
CnenoBaresbao, MHOKeCTBO 1'U {B} nmporuBopednBo BOIpeKn mPemIIo-
JIOXKEHHUIO.

[Tycts muOxkecTBO T'U {B} nporuBopeunso. Ilo Teopeme 12 u3 rna-
BbI 3 OTCIONIA, B 9acTHOCTH, ciemyet, uto 1T U {B} F =B. ITlo Teopeme
o nenykmun 1I' = B D —B. 3amernMm Tenepb, 4To —[3 gBJIAETCS TaBTO-
JjiorudeckKkuM ciiencrsueM dopmysbl B D —B, suauyur T F —B. Takuwm
obpaszom, ecsiu 1"t/ =B, To muoxectBo 1" U {B} nenporuBopeunno. Teo-
peMa DOKa3aHa.

Teopewma 2. Ilycts T' — nosiHas Teopus curHarypsl ). Torma miis
JIFOOBIX 3aMKHYTbIX ¢popmysr A u B curaarypsr € :

HWTHFA&BSTHAuT B;

Q) THFAVBSTHA wmT ¢ B;

N THADBSTY AnmTF B;

NTHFA=B TrHAuTEFB) wm (TH AuTlB).

HHokasaTesabCcTBO. YTBepkiaeHue 1) OUeBUIHO.
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Hoxkaxewm 2). Ilycte T H AV B. Hokaxewm, uto T+ A nwm T + B.
Honyctum mporusuoe: 1T/ A u T V¥ B. Torma B cuay mosHOTBI 1
umeem T F - A u T F =B. B cuny 1) dopmyna ~A & —B BeiBOmmMAa
3 1. CnenoBarenvuo, T+ =(A V B), ubo s1a dopmysia ecTb TaBTOJIO-
rudeckoe ciencrsue dpopmysisl A & =B, Iloayunmm, aro T+ AV B
ult+ =(AVB). 910 HEBO3MOXKHO B CHJIy HeNpoTuBopednBocTn 1. 3Ha-
qur T A wou T + B.

ycte T A wm T+ B. Torma T+ AV B, tak kak AV B —
TaBTOJIOTUYIECKOE CJIeNCTBIE KakK dopmysel A, Tak u dpopmysnt B.

Teneps mokaxkem 3). Ilycts 7' A D B. Torma, oueBHmHO, ecjn
THFA roT+FB, e wmT WA win T+ B.

ycte TH Aunm T+ B. EciuT V¥ A, toT + = A B cuy mostHOTB T,
nlt+ AD B, rak kak A D B — Tasronornyeckoe caencraue - A. AHa-
jjoruvuHo, eciu I' = B, o T = A D B, ubo A O B — TaBrojioruieckoe
cjencTBue popmyJibl B.

Yreepxkaenne 4) mokaspIBaeTCs Tak ke, Kak 2) u 3). Teopema moka-
3aHA.

Bynem rosopurhb, uro Teopusa 1’ apisiercsa pacwupernuem reopun 1,
ecou 1T C T
CJienyiomyo TeopeMy Has3bIBAIOT JieMMoil JImaaenbayma.

Teopema 3. Ecom 57 € S C ... C S, C ... — Bo3pacraro-
mas I0CJAe0BATC/ILHOCTh HeIIPOTHBOPCYUBLIX TCOopHil B curuarype ),
o0
10 | J,._; Sy €CTb HeIIpOTHBOpEINBAas TEOPH.

HHokaszaTrenbcTBO. HokaxkeMm cHadaJja, 9YTO MHOXKECTBO POPMY.JI
U >_, Sn menykruBHO 3amrHyTo. Ilycrs A4 — samxHyTas dopmyna
B curnarype ), npuuem |J 7 S, F A. Torma cymecrByer KOHEYHOE
muoxectso I' C |J°2 | Sy, nns koroporo I' H A, B cuity xoHeunocTn
I' cymectByer Takoe m, uro I' C S,,. Torma S,, F A, cjenoBaresbHO,
AeS,nAelJ | Sy

Temeps mokazxkeM, 9TO MHOXKECTBO Uzozl Sy, HenmpoTtuBopeduno. Joiry-
CTHM IIPOTUBHOE: NJISI HEKOTOPOil hOpMYJIbl B BHIIOJIHEHO UZO:1 S, FB
n U?Zl Sy, F —B. Torma cymecrByroT koreunbie ', I's C UZ,O:1 Sy, IJIsT
kotopeix I'y F B,I's F =B. BaoBBL cymecrByer Takoe m, uro I'y C S,,,
I's ¢ S,. Caemosarenbno, S,, - B u S, - =B, uro nuporuBopeunt
yCJIOBHIO TeopeMbl. TeopeMa, moKas3aHa.

Teopema 4 (treopema Jlunmenbayma). Ilycts T — HEnmpoTuBo-
peunBasi reopus B curnarype (). Torna cymecrByer nosnas teopus 1"
B cur"arype (), apjsomasacs paciupenaem T.
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IHokazaTeabcTBO. [HokaxkeMm TeopeMy B IPEIIIOJIOKEHNN CIETHO-
ctu curHarypsl (). B obiiemM ciiydae TeopeMa JOKa3bIBAETCHA C UCIIOJIB30-
BaHIEM aKCHOMBI BbIOOpA, TodHee, jieMMbl [lopHa, SKBUBAJIEHTHON aK-
croMme BbIDOpA.

MHO)KeCTBO BCeX 3aMKHYTBIX POPMYJI CUTHATYPHI ) CUeTHO, TaK KaK
Kazkaas PopMyJia CUTHATYPHI ) SIBJIETCsI CJIOBOM B CYETHOM aJI(pABUTE,
MOJTy9€HHOM [100aBieHneM K () MpPeIMeTHBIX MMePEeMEeHHBIX (X CYeTHOe
MHOXK€ECTBO) M CUMBOJIOB: =, —,&,V,D,=,V, 3, (,),,, a MHOXKXeCTBO BCEX
CJIOB B JIIOOOM CUYETHOM aJi(paBUTE CUETHO.

IIycty B1,B>, ... ,B,,... — nepecder Bcex 3aMKHYTBIX (POPMYJI CHUTI-
aarypel {). OmnpemesnM I0OC/AEIOBATEILHOCTL Teopuit Sg, 51,59, . ..

., Sn, ... caengywomuMm oopasom. Ilomoxxkum S = 1. Ilycrs S, yxe
onpenenena. Ecmm —B,y1 € S,, To monoxum S,11 = S,. B sTOM
ciydae —Bny1 € Spa1. Ecom ke -B,11 ¢ S, T0 nyctb Sp101 — MHO-
YKECTBO BCEX 3aMKHYTBHIX (popMyJt, BBIBOTUMBIX 13 Sy U {B,11}. B aTom
cay4dae Bny1 € Sp11. Onpenesnenne nocjaenoBaresibHOCTH Sg, S1, .93, . . .
sakoHuyeno. QueBunno, Sp,S1,52,... — BO3pacTaloNasd IOCJIEI0Ba-
TeJbHOCTh Teopuii. [lokaxkeM MHAYKIHMERA 10 n, 910 S, HEIPOTHBO-
peunBa. Ilpu n = 0 310 Ham mano mno ycsosuio. Ilyctb n = k + 1,
n Bce Teopumn Sg,S1,52,..., S, HenporuBopeunBbl. Ecim —Bpi1 € S,
TO Sipyr1 = Sk. llo MHAYKTUBHOMY IIPEAIOJIOKEHUIO S; HEIPOTMBOPE-
qUBa, CJIEIOBATEbHO, Sk HemporuBopednmBa. Ilycts — B, € Sp.
Torna Sk.1 ecTb MHOXKECTBO BCEX 3aMKHYTBIX (DOPMYJI, BBIBOIMMbIX
m3 S U {Bry1}. Tak xax Sp I Bryi, To mo Teopeme 1 MHOXKECTBO
Sk U {By11} HEIIpOTHBOpPEUYNBO, CJIEIOBATEIBHO, U Sk HEIPOTHBOPE-
YUBO.

Honoxum T" = 2, Sy ITo nemme JIunnenbayma (teopema 3) 7' —
HelrpoTuBopedusas reopust. Hokaxkewm, yro T” nosna. Ilycrs B — mnpo-
n3BOJIbHAsA popMmyJia curaarypsl (). Torma B mmeeT HEKOTOPBII HOMED
B Irepecdere, ckaxem, n + 1, t.e. B = B, 1. Ilo nocrpoenuto Teopun
Spi1 BbIOJHEHO By € Spiq uam =By, € Spa1. CrienoBaresibHO,
B,.1 €T wim —B,,1 € T". Teopema moxaszaHa.

¢ 2. KanoHnuyeckasi nHTepIIpeTalusa TeOpUHn

IIycts T' — Teopus B curunarype {1, comepxkalieil XoTs ObI OOHY KOH-
crauTy. OupenesinM KaHOHUYECKY0 uHmepnpemayuto Teopun 1, KOTO-
pyI0 MbI Oynem 00o3Ha4aTh Ij.

IIycts M — MHOXKECTBO BCeX 3aMKHYTBIX TE€PMOB CUTHATYPEI {1, T.e€.
TEPMOB, He COIep:XKalllnX NepeMeHHbIX. [IBa 3aMKHYTBHIX TepMma t1 1 to
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Ha30BeM nodobHvimu, ecan T F t1 = to. 13 akcuom paencrsa (ab)—(al)
CJIeIyeT, UTO Homo0me sIBJIAeTCsS OTHOIIEHMEM SKBUBAJIEHTHOCTH. Ja-
nHuCh t1 ~ to Oymer o3HaYaTh, YTO TePMbI 1 U s IIOHOOHBI.

OnpenesinM HOCUTEIIh WHTepHperanun Iy paBHBIM MHOXKECTBY KJIaC-
COB SKBUBAJICHTHOCTH 3aMKHYTBHIX TEPMOB IO OTHOIICHUIO MOHOOMSI.
ITU KJacchl OyIeM Ha3bIBATh JaJjiee KJjaccamMu momobusa. Koiace mo-
nobust, comepxkaiuit repm t, obosnauum [t]. Urax, nocurenbp Iy — 910
Mo = A{[t] | t € M}. Tenepnb onpenesiuMm UHTEPIPETAMIO JTIOO0H KOH-
cTaHTbl ¢ € (), 100010 PYHKIMOHAJILHOTO cuMBoJia f € () u jr060ro
IpeJuKaTHOro cuMBoJia P € ).

[Tostoxum ¢ = |¢].

[Iycts [t1],...,[tn] — mpomsBosbHbIe ss1emenTsl My. Torma tq,...
., tn, — sBamrayTble Tepmbl. [lomoxum f([t1], ..., [tn])=[f(t1, -, tn)]-
ITockoabky f(t1,...,t,) U ¢ — 3aMKHyTBIE TepMbl, [f(t1,...,ty)] 1 []

npuHaiaexar My. 3aMerum, 9To ecu ¢ — 3HaYeHne 3aMKHYTOrO TepMa,
t, To t = [t]. HefictButesnpHo, ¢ = c,

flt, ... tn) = FfE, ..., 80) = F([tu], ... [ta]) = [f(t1, - .., t0)].

[Tonoxum P([t1],...,[ty]) = U & T F P(ty,... ,t,).

Hamo nokasarhb, 9TO 3TO OlpenesieHne KOPPEeKTHO, T.e. 4YTO 3Hade-
rua f u P ma [t1],...,[t,] He 3aBECAT OT BBHIOOpPA TpeICTaBUTEseH 13
KJIACCOB [t1], ..., [tn]. Hycts [t1] = [s1],...,[tn] = [sn]. Tpebyerca mo-
Ka3aTh, 9TO [f(t1,...,tn)] = [f(s1,...,8p)| wuar0 T F P(t1,... ,t,) &
T F P(s1,...,8,). Ho 310 cienyer HemocpencTBEHHO M3 aKCHOM

(a9)—(al0) ncamncsieHnst TPEIUKATOB.

OnpenesieHne KaHOHUYECKOII MHTEpHpeTanun 3aK0OHYEHO.

Teopus T' B curnarype () HasbBaeTcssi meopuet I'enxura, ecan Ijist
mo0o# 3aMKHYTOH (dopMmysibl curHaTypbl ) Buna JxA(x) BBITOSTHEHO
T+ A(c) nns HeKoTOpoit KoHCTaHTHI ¢ u3 ), ecoim T F dx A(x).

Mpb1 cHavasa JoKazkeM TeopeMy l'€mesist 0 oIHOTe OJIs IIOJIHBIX Te-
opmii I'enknHa, a 3aTeM CBeIEeM OO CJIyYail K 9TOMY YaCTHOMY CJIY-
Jafo.

Teopewma . Ilycte I' — mostaast Teopus I eaxknna. Torna KaHOHHI-
yeckasi HHTeprpeTranus reopun 1' aBjideTcs Monesibio Teopun 1.

IHokaszartenncTBo. Ilycts T'— nosinasa Teopuda 'enkuna B curHa-
Type (), [y — KaHoHHYecKass uHTepuperamus reopun 1. Mumyximeii mo
KOJIMIECTBY CUMBOJIOB 1,V, -, &, V, D, = B popMyJe TOKaXKeM, ITO IIJId
6ot 3amkuyTOl dopmysbl A curnarypsr (2 BeimostHeno Iy = A &
& THA
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1) IIycte A = P(ty,... ,t,), roe tqy,... ,t, — 3aMKHyTble TepMbI. 110
ONpeIe/ICHUI0 KAHOHNYECKOM UHTEepIIPpeTallnn

3uadenne Jr060r0 3aMKHYyTOTO Tepma t B Iy pasuo [t]. Takum obpasowm,
10 OIPEIEIEHUI0 UCTUHHOCTH aTOMHOU ¢opmysbl P(ty,... ,t,) uMeem
Iy E P(ty,... ,ty) © P([t1],...,[tn]) = . Taxum obpasom, Iy = A &
& THA

2) Illycts A = t; = to. B aTOM ciotyuaae

I |:¢4<:)>]0 |:t1:tgﬁ[tl]:[tz]ﬁtlfvtg@Tl—A.

3) Ilycte A = —B. Hokaxem, uto T F A& Iy = A. Ecim T + A,
to T ¥ B, tak xax 1" menporuBopeunBa. [lo mMHAYKTUBHOMY IIPENIIOJIO-

xeuuio Ip = B« T + B. 3uaunr, Iy = B. Cnenosaresnsho, Iy = A.
Hoxaxewm, ato Io F A= T F A. Ilycts Iy E A, T.e. Iy = B. Ilo un-
nykTuBHOMY npennosioxenuto 1' I B. Torna T+ —B B cuty mosHOTEI 1,
T.e. T F A.

IIycts mjist dopmyn B u C mokasbiBaeMOe yTBEP:KIEHUE BEPHO, T. €.
IhEB&TEFBulyEC&TFC. Hokaxkem 3TO yTIBEpPXKICHUE 1715
bopmyn BVC, B&C,BDC, B=C.

4) A = BV (. Ilpuaumasi BO BHUMaHUE TEOpPeMy 2, WHIYKTUBHOE
MPEINOJIOKEeHNEe U ONpelesieHne NCTUHHOCTH, TIOJIYYaeM:

TFASTHFBumTkHC)S (IgEBuwm Iy EC) & Iy E A.
5) A= B &C(C. Anasorudano 4), numeem

TFAS (TFBuTFCO) & (L EBulEC) e E A
6) A= B DC. Bsrom cayuae
TFAS (TYBumTEFC)S (g fBumly =C) & 1) E A
7V A=B=C. Torna

TtFHATFBuTHFC)uwm (T BuTlt(C) <
SlhEBulyEC) wm (IgjfBuly £C) & I = A

[Tycts mst Jmroboit 3aMkHyTOI dopmysibl Buaa B(f) BepHO mOKas3bI-
BaeMoe yrTBepxkaenue, 1.e. Iy = B(t) & T + B(t). Hoxaxewm ero mis
dbopmya Ve B(z) u 3z B(x).
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8) A =3JzB(x). llycts T + A. Tak kak T — teopus ['enkuna, T0 17151
HEeKOTOPOIt KOHCTAHTHI ¢ u3 ) BhimosHeHo T' - B(c). Ilo nuanykTuBHOMY
mpennosioxkenuio Iy = B(c). Cnemosarenbuo, Iy = JxB(x).

[Iycts Iy = JxB(x), T.€. 175 HEKOTOPOTO BJIEMEHTa M U3 HOCUTEJIs
Iy BemmostHeno Iy = B(m). Ho Bce ssiemeHTbl HOCHTE I — KJIACCHI TI0-
nobus 3aMKHYTBHIX TepMoB. CJieioBaTesibHO, m = [t]| /1711 HEKOTOPOTO
3aMKHYTOrO Tepma t. Torma mjst aToro Tepma t BoimosiaeHo Iy = B(t).
[To naoyKTUBHOMY MIpedmosioKeHuo orcioga caenyer 1' + B(t). Ho
T+ B(t) D dzB(x) (akcuoma (a2)). Caenoaresbuo, T+ JxB(x).

9) A = VeB(z). Ilycts T + A. s 1100010 3aMKHYTOrO Tepma ¢
dbopmyia Vo A(x) D B(t) asastercs akcuomoii (ad). ITostomy st Jiro-
ooro 3amxnyToro tepma t Boimosineno 1+ B(t). Ilo unnyktuBHOMY
TPEIIOJIOKEHIIO U3 3TOTO cyemyet Iy = B(t) mmsa Bcex 3aMKHY THIX Tep-
MoB t. OTcrona 1 13 onpenesieHrsI KAHOHUYIECKO MHTEPIIPeTalid BhITe-
kaet Iy = Va B(x).

[Iycts Ig[=Ve B(z). Hokaxewm, aro THVx B(x). Honmycrum nporus-
roe: T' I/ VaB(x). Torma B cuty nostHOTHI 1" BBITIOTHEHO 1" F =V B(x).
[To Teopeme 7 w3 riasbl 3 dopmysaa Ve B(zr) = dzr —-B(z) BBIBOOU-
Ma B MCUMCJIEHWH IPEOUKAaTOB, a, 3HAYUT, U B Jir060it Teopun. Orcroona
nosrygaem, 9to T F Jz—B(x). Tak xkak T — teopus ['enkuna, misa He-
KOTOPO# KoHcTaHThl ¢ Mbl umeeM 1+ —B(c). C gpyroii cropoHsbl, u3
Iy = VaB(x) cnenyer, aro Iy = B(c). Tlo uHAYKTUBHOMY MPEIITOJIONKE-
auio 1"+ B(c). Takum obpasom, T + B(c) u T + —B(c¢), 970 HEBO3MOKHO
B CUJIy HemporuBopeumBocTu 1. 3Hauunt, npemmnosoxenue 1T Vr B(x)
rHeBepHo, u 1 F Va B(x).

Urak, mbr mokazasn, uto Iy = A< T F A na noboit 3aMKHY TOMN
dopmysbl A curnarypsl (). M3 3T0oro ciaemyer, 4To Bce pOPMYJIbl u3 1’
NCTUHHBI B Iy, T.e. Iy saBasgeTcsa monesabio 1.

3 3. llokaszaTre/qibCTBO TeOopeMbl O MOJIHOTE

Teopema 6 (Teopema I'enkuna). Ilycts T — HEempoTHBOpedHBAa
reopust B curnarype ). Torna cymecrByror takue curnarypa ) D ()
i Teopusi 1" B curmarype (), 4o

1) T' — pacmmupernue reopun T,
2) T' nmosna;
3) T" — reopust I'enknHA.

ITokasareabcTBo. OupenesimM NOCJIeI0BATEILHOCTH HEIIPOTHUBO-
peduBbiX Teopuit Sg C S;1 C Se C ... u curaryp (g C 21 C Q, C ...
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Takux, 4ro S; — Teopusi B curHarype ();. Ilomoxum So = T, 1y = (L.
IIycts 2, m S,, y:ke onpenenennbl. Onpeneanm Spi1, 2pt1.

a) Ecaun n werno, momoxum Q,11 = Q,, a S,11 paBHO J060MYy
MMOJTHOMY pacimupernuto Teopun S, B curnarype §2,. (IIo Teopeme JIun-
nenbayma (Teopema 5) Takoe paclinpeHne CyIecTBYeT.)

6) Ecomm n medeTHO, TO mocTymaeMm cienyommuMm obpasom. st Ka-
KI0# 3amkuHyTOl (popmyJibl A4 B curnarype (2, Buna JdxBB(x), npuHad-
jexameit Treopum S,,, BBEIEM HOBYIO KOHCTAHTY, HE COOEPKAIIYIOCS
B {1,. OO03HAYNM DTy KOHCTAHTY € 4 U Ha30BeM ‘cBuaeTesieM”’ popMy-
el A. Il1s pasHbix GOpMyJI BO3bMEM pPas3HbIe KOHCTAHTHI. llosiokum
Qpr1 = QU {eq | A — zamknyTas dopmysia curuarypst €2, BuIa
dr B(x) u A € Sp}; Sp41 — MHOXKECTBO 3aMKHYTHIX (POPMYJI CUTHATY-
pbI ()11, BBIBOOUMBIX W3 MHOKecTBa S, U {B(e4) | B(x) — dopmyna
curnarypsi 2,, A = Jx B(x) — samruyTaz dopmynau A € Sy, }. Ompe-
nenaenune S, u {),, 3aKOHYECHO.

Jlemma 1 (ntemma lernkuna). Ilycrs S — HenmporuBopeduBasi Teo-
pust B curaarype (),. Torga MHOXKECTBO 3aMKHY THIX (hOPMYJI CHTHATY PbI
()41, BIBOOuMBIX u3 MHOXKecTBa S' = S U {B(e4) | B(x) — popmyia
curaarypsi ), A = JxB(x) — 3amrryTas ¢popmysia n A € S}, Henpo-
THBOPEYHUBO.

HokazareabcTBo. OueBUIHO, NOCTATOYHO JIOKA3aTh, YTO CAMO
MHO:KeCcTBO S’ memporubopeduno. Homycrum, dro S’ mporuBopedn-
Bo. B cuny teopembl 12 u3 rnaswel 3 u3 S’ BeiBOomuMa J1r0basg popMmy-
na. B wactHOCTH, ecim D — 3aMKHyTadg popMyJia CUTHATYPBI {2,
o S + D & —=D. Oukcupyem omay takyio dopmyay D. Ilycrs
Bi(ea,),...,Br(eq,) — Bce dopMmyabl, He TpuHAIIEKANme S,
NCIoJIb30BaHuble B BhiBome u3 S dopmyant D & —D. Torna
SU{Bi(ea,),---,Bplea, )} F D & —=D. TIlo teopeme 0 meayKIuu
S"F Bnlea,) D D& D, tne S" = SU{Bi(ea,),---,Bn-1(ea,_,)}
[Iycrs Cy,...,Cm — BBIBOO dopmyabl Bpleq. ) D D & =D usz S,
1 IyCThb Yy — JIi00as IepeMeHHasi, He BXOIAIMAs HI B OOHY 13 POPMYJI
Ci,...,Cp. Yepes C; 0603HaaMM hOpMYITY, oayueHHYIO U3 C; 3aMeHOH
BCEX BXOXKIEHUI KOHCTAHTHI € 4 Ha y. NHOyKnmei mo m HETPyOHO I0-
Ka3aTh, YTO [OCJIeN0BATEIbHOCTD C1, . . . ,Cpy ABJIAETCS BHIBOIOM U3 S,
HO yxe dopmyasl B, (y) D D & —D. Ilo mpasuiny Bbepnaiica mosyua-
em S" F Jy B,(y) D D & —D. HerpynHo nokasarb, 4To (opMyJia
dr B, (x) = dy B,(y) BeiBomuMa B ncuucsenun npeaukaroB. Orcioaa
nosrygaem S+ Jx B,(x) D D & —-D. Ho no ycaosuto S + dx B, (x).
Tak kak S C S", o §" + Jx B, (x). 3uagur S" F D & —D.
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[IpumMeHsii ONMCAHHYIO HPOLEOYPY eme n — 1 pas3, Mbl IOJYYIUM
S F D & =D, T.e. BONIPEeKN YCJOBUIO TeOpUsi S MPOTUBOPEUYNBA. JHA-
4UT, IPEAIIOJIOKEHAE O IPOTUBOpednBocT S' HeBepHo.

JlemMma nmokasaHa.

[IpomoKnM ITOKa3aTeIbCTBO TEOPEMEI 6.

B cuny smemmbl 1 mocTpoennble HaMu Teopun Sy, S1, ... HEIPOTHBO-
peaubl. Ilosoxum Q' = U2, Q, T' = U=y Si- o nemme Jlunnen-
bayma (Teopema 3) T' — HenmpoTuBOpeYUBasT TEOPUSI.

Hoxkaxem, uro 1" mosna. Ilycts A — OpouwsBoJIbHAsS 3aMKHYTas
dopmyna curnarypsol (). Torna A sasaserca dopmysioi curnarypsol (1,
npu HeKOTOpoM . O4UeBUIHO, MOXKHO CUNTATh, 4TO N 4eTHo. Ilo moctpo-
eHUI0 Teopusi S,1 HOJIHA, caegoBaresbuo, A € S, wm - A € Sy 1.
Tak kax Sp11 CT 0 A €T wm -4 €T

Hokaxewm, uro T' — teopus 'enkuna. [lycrs dz B(xr) — 3amxuayTas
dbopmyaa, seiBogumast B T'. Torma npu HekoTopom n dopmysta dxB(x)
npuHALJIeRKuT S,. OueBUIHO, MOXKHO CUUTATh, UTO N HederHO. llo
IOCTPOEHUIO Teopun Sy 11, B CUTHATYpe {1, 11 MMEeTCsi TaKasi KOHCTAHTA,
¢, uro B(c) € Sp11. (A mMeHHO, B Ka4eCTBe ¢ CJIEAYET B3ATb €4, DIE
A = JxB(z).) Crnenoaressro, B(c) € T', aTo 1 TpeboBaIOCH.

Teopema I'enkuna moxasaHa.

Teopema 7 (teopema I'énenst o mosnote). JIr060oe HermporuBOpe-
YNBO€ MHOZKECTBO 3aMKHYTbBIX d)OpMy.]I nmMmeeT MolIeJib.

IHHokazareancrTBo. Ilycts 1I' — npousBoJibHAA HEIPOTUBOPEUN-
Basi Teopus. Ilo Teopeme I'enkmna (Teopema 6) CylmecTByeT IOJTHAS
teopusa l'enkuna 1", sBastomasica pacmupenueMm teopun 1. Ilyers [ —
KaHonndeckas narepaperaims reopun 17, Ilo Teopeme 5 I — moesnb
nasa T'. Ho tax xak T C T’ unrepnperanus I sIBJsETCs MOIEJIHIO
teopuu 1. Teopema moxka3zaHa.

OTMeTnM BazKHOE CBOMCTBO Momean Teopun 1, TIOCTPOESHHON IIPH 10-
Kas3aTeJIbCTBe TeopeMbl 1'énesist o moJiHoTE.

Teopewma 8 (Teopema O CymeCTBOBAHNN CUETHON MOIEJIN HEIIPOTH-
BopeunBoit Teopun). Eciam T — HenporuBopedyuBasi TeOPUsI B CUETHOI
curgarype, To 1' muMeeT CYeTHYIO MOOEJIb.

HoxaszaTenbcTBO. HeTpynaHno 3aMeTuTh, UTO €CJau curHarypa {2
CYETHA, TO Bce cUrHarypsl {11,{)s, ..., HOCTPOEHHBIE B JIOKA3aTE/ILCTBE
Teopembl 6, cuetHbl. (CJiegOBaTE/IbHO, KAHOHUYECKAA MHTEPIPETAUS
Teopun 1’ Tak:ke cdyeTHa. lTeopema mokaszaHa.
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8 4. HexoTopnble ciencrBusi TeopeMbl I'enesiss o moJsHoTe

Teopema 9 (Bropas dopma Teopemnl ['€nessa o mosnore). Ilycre
A — obmesnaunmas ¢popmysta curaarypsr (). Torga A BeiBommma B mc-
YHCJICHUH OPEIUKATOB CUTHATYPHEI ().

TokasareabcTBo. [Jocraroano paccMoTpeTs ciaydaii, korma A —
3aMKHYyTasi pOopMyJia, IIOCKOJIbKY BcAkas dopmysa A, comep:xkamas
CBOOOIHBIE IIEPEMEHHBIE I1, ... ,L,, OOIME3HAUNMA, TOrIA U TOJIBKO TO-
roa, Korma obmiesHaunmma dopmysia Vri ...Ve, A, u BeIBoOuMa TOrIa
1 TOJILKO TOTIa, KOTOa BbIBOAUMA popmyia Vg ... Ve, A. Urtak, nycrs
A — samrmyTas obmesnaunMmas ¢gopmysia curaarypel ). Homycruwm,
yto A He BbhIBOOMMAa B ucYucjgeHunnm npenukaroB. Ilo Teopeme 12 us
TJIaBbI 3 B 9TOM CJIydae MHOXKecTBO {4} HempormBopeunBo, TOTIA 1O
teopeme ['€mesist 0 mosiHOTE (TEopema 7) 3TO MHOXKECTBO UMEET MOJEJIb,
T. €. cymecTByeT Takas marepuperanus I, aro I = —A. Ho »10 HEBO3-
MOKHO, OCKOJIBKY A obmesnaunma. 3Ha4dut, popmysa A BbIBomuMA.
Teopema moxa3zaHa.

Teopewma 10. B mcumciernn npequkaToB BBIBOOUMBI BCE OOIIIE3HA-
yuMbIe (DOPMYJIBI H TOJIBKO OHH.

HHokazaTegbCTBO. ITO YTBEPKICHUE HEIOCPEICTBEHHO BHITEKA-
eT u3 TeopemMbl 9 U TeopeMbl 0 KOPPEKTHOCTU UCUYUCIIEHUsT TTPEINKATOB
(Teopema 4 u3 riiaBbI 3).

Teopema 11. Ilyctp I' — mpomsBo/ibHOE MHOXKECTBO 3aMKHY THIX

¢opmys1 curaarypri ), B — 3aMKHYTast (popMyJIa CHTHATYPHI §), IpadeM
I'=B. Torna T\ B.

HoxazateanctBo. Ilycts I' = B. Paccmorpum MuOXKECTBO (hOp-
vy I'U {—=B}. Eciu 661 570 MHOXKECTBO ObLIIO HEITPOTUBOPEIUBO, TO IO
TeopeMe ['€mesiss 0 MOJTHOTE V HEero cymecTBoBaJIa Obl Momesb. Ho »To
HEBO3MOXKHO, 10O B JII000i MHTEPIPETAIINN, TJI€ UCTUHHBI BCE (DOPMYJIbI
u3 I', obsa3aresibHo uctunHa popmysia B, a dopmysia -5 joxHA. 3Ha-
qut, MHO)KecTBO I' U {—B} nporusBopeuuso. Ilo Teopeme 12 u3 ryiasbl 3
I' - B. Teopema nokasana.

Teopema 12. 3amxayTas popmysia B saAB/IsIeTCs JIOTHIECKAM CJIE-
CTBHEM MHOXKECTBO 3aMKHYThIX ¢popmysi 1’ Torma m ToJIbKO TOrHa, KOIIa

' B.

[lokas3aTeJbCTBO. ITO YTBEP:KIEHUE HEIIOCPEICTBEHHO BBITEKAa-
eT u3 TeopeMbl 11 1 0600mEeHHOII TEOPEMBI O KOPPEKTHOCTH NCIUCICHNS]
mpequKaToB (TeopeMa 14 m3 ri1aBeI 3).
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Teopema 12 MmoxkeT ObITH HEPe@OPMYJIUPOBAHA TaK: HE(hOpPMAJIbLHAS
aKcaoMaTmidecKas TeopHs ¢ akcuomMamu I' coBnagaer ¢ popMasibHON ax-
croMaruieckoii teopmeii ¢ akcuomamu I'. Mbl yxKe 0ObABIIAIN paHee
5TO COBIIadeHNe, HO 0e3 mOKa3aTe/IbCTBa. lerepb Mbl IMeeM I0Ka3a-
TeJILCTBO.

Teopewma 13 (siokaabHas reopema MasbrieBa). Ilycrs I' — mpoms-
BOJIBHOE MHOXKECTBO 3aMKHYTBIX (pOpMyJI curHaTypsbl §), npudem Jiroboe
roHeyHoe nogMHOKecTBO A C I' mmeer momess. Torma muOXKEcTBO I
uMeeT MOIEJIb.

IlokasareabcTBO. ocrarodHo mokasarb, 9TO MHOXKecTBO I’ He-
IIPOTUBOPEYNBO, a 3aTeM IIPUMEHUTH TeopeMy 1'énesiga o nmosiHoTe. ommy-
ctuM, 9T0 ' mpotuBopeunBo. llpumensasa Teopemy 13 u3 ryiaBbl 3, IOJTY-
JaeM, 4TO IIPOTUBOPEYNBO HeKOoTOopoe Koneunoe MHoxkecTBo A C I'. Ho
9TO HEBO3MOXKHO, 100 A uMeeT MOjeJjb. J3HAYUT, I' HEIPOTUBOPEUUBO
11 UMeeT MoJeJib. leopema IoKa3aHa.

Teopema 14 (reopema Manbmesa o kommaktaoctu). Ilycre I' —
IIPOHU3BOJILHOE MHOXKECTBO 3aMKHYTBIX (pOPMY.JI CHrHATYPEI {), B — npo-
W3BOJIbHAS 3aMKHYTast popmyJia curaarypsl §), npuaem I' = B. Torza
cyiecTByer takoe koreunoe momqmuoxectso A CT') gvro A |= B.

Hoxaszarteansctso. [Iycts I' = B. B cuny Teopemsr 11 T F B.
Ilo Teopeme 9 u3 r1aBBI 3 CyIIECTBYeT KOHeUYHOe MHOXKecTBO A C I
takoe, 910 A F B. CorsiacHo 00600mIEeHHON TeopemMe O KOPPEKTHOCTH
ucuncsenus npeaukaroB A |= B. Teopema mokaszana.

§ 5. MaremMaTuuecKue MpUMeHEeHHA TeopeMbI O IOJIHOTE U ee
CcJIEICTBUN

PaccMoTpuM HEKOTOpBIE IIPUMEHEHHUsT TeopeMbl l'€mesist 0 MOJIHOTE
1 ee CJIEICTBUIl, 3HAUEHNEe KOTOPBLIX BBIXOOWT 33 PAMKU MaTeMaThde-
CKOI1 JIOTHKMU.

[Ipumep 1. Hecmandapmmuvie modesu apupmemuru. Ilycrs T —
IIPOM3BOJIbHASI TEOPUsT IIEPBOIO IIOPSIAKA B CUTHATYPE sSA3bIKa (POPMaJIb-
HOW apudmMeTnku, npudeM Bce (pOpMYyJIbl U3 1 MCTUHHBI B CTAHIAPTHOI
mHTepIpeTanun 1 9Toro s1361ka (0TCIOA, OYEBUIHO, CAeAyeT, uTo 1 He-
mpoTuBopednBa). [lpuMepamu Takux Teopuit SABJSIIOTCsI, B YACTHOCTH,
apudpmernra [leano PA u T (M) — sjemenTapHas Teopus WHTEPIIpPeTa-
nun . Ceitvac Mbl JOKakeM, 4TO Ji0basg Takasdg Teopud Hapsay ¢ N
nMeeT W Ipyrue, He n30MOpdHBIE eii, caeTHble Mogesm. VHTepnpeTamun
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sI3bIKa, POPMAJILHON apudMeTnku, He n30MOpP@dHbIE 1, HAZHLIBAIOTCS He-
CTaHOAPTHBIMU.

3aMeTuM, 4TO B A3bIKe (POPMAJILHON apudMeTUKU 17151 JIF0O0r0 HATY-
PaJILHOIO YHUCJIA N UMEETCS TePM 1, 3HaYeHe KOTOPOro B CTAHIaPTHOMN
naTepnperamuu ectb n: 0 = 0, 1 = 50,2 =550, ..., n = 55...50.

N —’
n pas

PacimupumM curaarypy g3bika popMasIbHON apudMeTuxku, 100aBUB HO-
BYI0 KOHCTaHTY c. PaccMmorpum cienyioiiee MHOXKECTBO POPMYJI DTOM
paCHIMPEHHOM CUTHATYPHI:

T':TU{—lC:Q, —c=1 —~¢=2,...,7c=n, ...}

JokazkeMm, 4To Jr0060€ KOHEYHOE IOAMHOXKECTBO MHOXkKecTBa 1 mmeer
monesib. Ilycts A — koHeuHOe mogMHOXKeCTBO MHOXKecTBa 1'. OHO
CONEPKUT JIUIIbL KOHEYHOEe YnCJI0O popMyJ Buaa —¢ = n. llycts o710
OynyT pOpMyJIbl ¢ = Nnq, ... ,C = N, U OYyCTb M — KaKoe-mbo Ha-
TypaJIbHOE YUCJIO, OTJIMYHOE OT NMq,... ,Nk. JIOIOJHUM CTaHOAPTHYIO
nHTepnperanuio N sa3bika PopMaSIbHON apudMeTuku 10 UHTEpHpeTa-
U PACIHIUPEHHON CUTHATYPHI, IOJIOKUB ¢ = m. OYeBUOHO, 9Ta UHTEP-
IIpeTalus ABJIsIeTCA MOIEJIbI0O MHOXKeCTBa A. SHAUNT, KaXKJ10€ KOHEYHOe
noagMmuokectBo A C T’ nmeer moness. Ilo Teopeme 13 muoxecrso T
nMeeT MOeJIb, CJIeJ0BAaTeIbHO, UMeeT CUYETHYI0 Momesib. (0o3HauYnM
5Ty Moiesib depes3 M, a ee Hocuresib — depe3 M. PaccmarpuBast N
KaK MHTEPIPEeTAINi0 A3bIKa (POPMaJIbHOII apudMeTuku, HETPYIHO 3a-
MEeTUTh UTO N ABJIsieTCst MOoIebio Teopun 1. [lokaxkem, 910 momesir N
1 N He n30MOP@HBI. A UMEHHO, MbI JJOKAKEM, 4YTO He CYIIECTByeT TaKO-
I'0 B3AMMHO OJJHO3HAYHOT'O COOTBETCTBUS MexK Ay MHO:KectBamu N u M,
KOTOpOoe coxpaHsier KOHCTaHTYy 0 u (pyHKIuUOHAJILHBIE cuMmBo S. lo-
nyctum nportuBHoe. Ilycts ¢ : N — M — Takoe B3aMMHO OOHO3HAYHOE
coOTBeTCTBYE, KoTopoe coxpanser 0 n S, T.e. o0 =0, p(n + 1) = Spn,
rae 0 1 S — COOTBETCTBEHHO MHTEpIIpeTally KOHCTaHThl 0 1 cuMBosIa S
B mogesan IN. Paccmorpum ajiemeHT € € M, ABJISIIOMMIICS MHTEpHpeTa-
et KOHCTaHThHI ¢ B Moaesn . [IocKoabKy ¢ — B3amMHO OOTHO3HATHOE
coorBercTBue Mexxay N u M, To cymecrByet Takoe n € N, 4T0 ¢on = €.
C apyroit ctoponbl, MOCKOIBKY . = (...(04+ 1)+ ...+ 1)+ 1) u ¢ co-

Ny

"V

n pas
xpansger 0 u S, 1o pn = S...S50. Orcrona noaydaem, utoc¢ =S ...50,
N — N —
n pas n pas

T.e. M |E ¢ = n. Ho 310 HeBO3MOKHO, 100 B I ucTtuHHA (POpMYyJIa
¢ = n. 3HAYUT, HE CYMIECTBYET B3aMMHO OJHO3HAYHOE COOTBETCTBUE
mexkay N u 9N, coxpausmoniee 0 u S. Takum obpasom, mogesns M, pac-
CMaTPUBaEMasaA KaK WHTEPIIPETAlNs sI3bIKa (POPMaJIbHON apudMeTuKn,
He n30Mop(HA cTaHIAPTHOI Momesin apudmeruku .
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Teopewma 15. CymecrByroT cueTHbIE HECTAHAP THHIE MOJIEJIA aPUP-
metuku Ileano PA.

ITokas3aTeJbCTBO. ITO YIBEPKIEHNE BLITEKAET U3 IPUBEIEHHbBIX
nocTpoennii, korma 1’ ects PA.

Teopema 16. CymecrByer cueTHass HHTEePIPETAIH, 3JI€MEHTap-
HO SKBHBAJICHTHAsI CTAHIAPTHOH MHTEPHPETAIHH sI3bIKa (POPMAaJIbHOI
apupMeTHKH, HO He H30MOpQHAasI €ii.

HokazareancTBo. Ilycte T' — ecTh 3/1eMeHTapHAasI TEOPUs CTAH-
IapTHOW MHTepHpeTannu si3biKa (POpPMaJIbHOW apmdMeTHKu, TO €CTh
T = T(N). IlocTtpoennas HaMU HecTaHIApTHass Momesb N 2Toit Te-
OpuU DJIEMEHTAPHO 3KBuBaJieHTHA HU. IleiicTBUTE S ILHO, KAKOBA OBl HU
ObL1a 3aMKHYTasA popmysia B a3bika GopMaIbHON apudMEeTuKu, ecju
N = B, o B e TN (mo onpenesternto Teopun 1'(MN)) u M = B (rak
kak 9N — momesns Teopuum T (M)). C mpyroit cropowsr, eciu M = B,
To B € T(M) (tak xak mo Teopeme 18 uz ryasbl 3 Teopud 1T'(MN) moJi-
Ha, a dpopmysaa —B moxua B Mogesm I teopun T (M) u N = B (o
onpenesennto Teopun 1'(NM)). Teopema mokaszana.

Teopema 17. Hukakas cucrema akCHOM B CUTHATYPE sI3bIKa (pop-
MaJIbHOI apuMeTHKH He 3aaeT OJHO3HAYHO, C TOYHOCTHIO 10 H30MOD-
¢dusma, craHzapTHYO HHTepIpeTanuio .

NupIMI cJjIOBaMM, HEBO3MOXKHO YKa3aTh KOHEUYHYIO WJIM Haxke Oec-
KOHEYHYI0 CHUCTEeMY aKCHOM, €IMHCTBEHHOI (C TOYHOCTBIO IO M30MOp-
busma) cueTHON MOME B0 KOTOPOi Oblia Obl mHTEpHpeTamnud J. DTo
yTBEepKICHIE HEMEIICHHO CJIeAyeT U3 HaIlero MoCTPOeHUsI HeCTaHIapT-
HOM MOOEJIN, ecJin B KadecTBe T’ B3ATH IIPOU3BOJILHYIO CUCTEMY aKCHOM,
MCTUHHBIX B CTAHIAPTHOI MOIEJIN.

I[Ipumep 2. Iloas nysesoli rapaxmepucmuru. OOpaTuMcsa K OIIU-
caHHOI B § 1 ry1aBbl 3 cUCTEMEe aKCUOM IIJIsl TEOPHUH II0JIEll, KOTOPYIO MbI
oboznaumsm F. J1J1s1 KaxK 1010 moJis, T. €. MOJEJIM 9TOI CUCTEeMbl aKCHUOM,
OJHO3HAYHO OIIPeIesieHa ero TapaxmepucmuKrs. ITO TaKOe IIPOCTOe YU~
cJI0 p, it KoToporo p-1 =0, roe p- 1 ecThb cokpameHHoe 0003HAYEHHAE
IIJIg CYMMBI p cjaraeMbix 1 + ...+ 1. Ecanm xxe Takoro 4ucJja p HeT, TO
FOBOPSAT, YTO MOJIe UMeeT XapakTepucTuky 0.

Teopema 18. Ilyctp A — npomsBoJibHAsT 3aMKHYTasi (popMyJia
B CUTHATYpe T€OPHUH HoJIeli, HCTHHHA BO BCEX MIOJIAX XapakTepucTuku ().
Torna cymecrByer Takoe IpoCTOe 9HuCIo ¢, 9T0 popmyia A mcruaaa BO
BCEX IMOJIAX XapaKTEPUCTUKU = (.

TokasareabcTtBo. IIlycts A — 3aMmkHyTast popmysia, NUCTUHHAS
BO Bcex noJiax xapakrtepucruku (. UYepes C, obosznauum dpopmysy
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p-1 = 0. Paccmorpum muoxkecrso dopmys F', mosiydenHoe npuco-
enrHEeHUeM K cucreme akcuoMm F' dopmyn —C, Oaa Bcex NPOCTHIX P,
re. F' = FU{-Cs, =C3, =C5, ...}. Jlobasg mome/s b MHOXKECTBA
F' — 310 nose xapakrepucruku 0, cjenoBaTebHO, B Heil MCTUHHA
dbopmyaa A. 3Bmauwr, F' = A. Ilo Tteopeme o KomMmakTHOCTH (Teo-
pema 14) cymectByer Takoe koneunoe maHOX)ecTBO A C F' uto A | A.
IIycts =Cyy, ... ,Cq, — BCe dopmysbl Buma —C;, comepxaimecsa B A,
U IIYCTh ¢ — IPOU3BOJILHOE IPOCTOE YKUCII0, OOJIbIIee KazKI0r0 U3 YHUCET
qi,... ,qn. Torma B KaKIOM IOJI€ XapaKTEPUCTUKN > ¢ UCTUHHBI BCE

dbopmMyJIBI M3 MHOKECTBA A, a, 3HAYUT, U popmya A, IBIAIOMAsICT UX
JIOTUYECKUM cJieficTBueM. Teopema IokasaHa.

Teopema 19. Ilorarne nmosa xapakrepuctuku () He MOXKeT OBITH
3aJaHO HUKAKHUM KOHEYHBIM JHCJIOM AKCHOM.

ITokasareabcTBO. JII0OyI0 KOoHeuHyIO cucremy akcuom Aj,...

., A, MOXKHO 3aMeHHUTL OIHOU akcrmoMoi A — KX KOHDBIOHKIUEH
A1 & ... & A,,. B cuny Teopembl 18 sTa akcrnoma He MOXKeT ObITh MCTHUH-
HOII TOJIbKO B moJisix xapakrepuctuku 0. Teopema moxasana.

[Ipumep 3. Hepasauvwumocmsv KoHeuH020 U OECKOHEUWHO20.

Teopema 20. Ilyctp 1T — npousBoJibHAasI TEOPHs IEPBOrO MOPAIKA,
npudeM AJIA JII0OOro HATYpPaJIbHOIO YHCJIa N TeopHsi 1 mMeeT MOmeJIb,
colIepzKalllyIo0 He MeHee n ajieMeHToB. lorma teopusi T umeer 6beckoHeEU-
HYIO MOAeJIb.

IHHokazaTreabcTBO. llycTth Teopust 1’ yaoBIeTBOpAET YCJIOBUIO Te-
opembl. Ilostoxkum

1 = dxr x = x;
52 o 35131 3332 X1 = T2,

(T. e. KOHBIOHKIMA Bcex opmyst Buga —x; = ¢; npu 1 < ¢ < j < n).
OdeBuaao, 410 PopMyJa &£, UCTUHHA BO BCIKONH MHTEPIPETAIINU, CO-
mepxkailieil He MeHee n 3JieMeHTOB. PaccMoTpuM MHOXKECTBO pOpMY.JI
T'=TU{&1,Es,...}. OueBumHO, 9TO JIF0O0E KOHEYHOE TTOIMHOXKECTBO
muoxKecTBa 1" umeer momesib. B cuity Teopemsbr 13 muoxkectBo T nme-
eT MOJeJIb, KOTOpas He MOXKeT ObITh KOHEYHONH. IDTa MOLEJb sIBJISETCS
Monesibio Teopuu 1. Teopema mokasaHa.
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Teopema 21. He cymecrByer 3aMKHYTOIi (pOpMYJIbI, HCTHHHOIH BO
BCEX KOHEYHbBIX HHTEPIPETAIHAX JAHHOH CUTHATYDBI U JIOXKHOH BO BCEX
OECKOHEYHBIX HHTEPIPETAIUIX.

HoxkasareabcTBOo. Honyctum, Ttakas dopmysaa A cymecrByer.
Paccmorpum Teopuio T, eqMHCTBEHHOW aKCHOMON KOTOPOit siBjisiercda A.
DTa TeopHusi, OUEeBUIHO, VIOBJIETBOPAET ycaoBuio TeopeMbl 20. Cremo-
BaTeJIbHO, Teopud 1 HO/IKHA UMETh OECKOHEYHVIO MOeJb, T.e. (pop-
MyJa A MCTHUHHA B HEKOTOPOI OeCKOHeUHOI mHTepuperanuu. Teopema
TOKa3aHa.

§ 6. KareropmaHocTbh

[Iycth m — kKakoe-HMOyOb KapIWHaJbHOE 9uCJI0. Teopus mepBOTO
IOPANKa 1 HAa3bIBACTCA M-Kamez20puvHotl, ecan 1 nMeeT XOTdA ObI OIHY
MOJIEJTh MOIIIHOCTY M 1 JII0ObIE IBEe €€ MOIEJIN MOIIIHOCTH M N30MOPQHHI.

I[Ipumep 1. Paccmorpum curHarypy, He COOEPKAIIYI0 HUKAKUX
KOHCTAHT, (DYHKIMOHAJBHBIX M IIPEIUKATHBIX CHUMBOJIOB, U TEOPUIO
B TOIl CUTHAType, 33/I1aBAEMYIO €IWHCTBEeHHON akcuomoit &, & =&, 11,
roe £, — (dpopMmyJsia, IOCTPOEHHAasd B JoKa3aTeabcTBe TeopeMbl 20. Oue-
BUOHO, JTI0O0AsA MOOEJIh 9TOI TEOPUH COAEPKUT POBHO 7 DJIEMEHTOB, U BCE
TaKue MOIeJI N30MOPMHBI MEXK Iy CO00ii. 3HAYUUT, HTA TEOPUS ABJISICTCS
N-KaTErOPUYIHOM.

I[Ipumep 2. Apudmeruxa Ileano PA u sjiemenTapnast Teopusi cTaH-
napTHoit Momesun apudmernku T'(n) He ABAAIOTCA Ng-KATETOPUIHBIMMA,
KaK CJICIyeT U3 CYIIECTBOBAHNUS HECTAHIAPTHBLIX Moaesell apudMeTuKn.

[Ipumep 3. IlpumepoMm Ng-KaTeropmIHO TEOPUU MOXKET CJIYKUTD
TeOpUsi IJIOTHOI'O JIMHETHOIO HOPsigKa 0e3 IIepBOro M IOCJIEIHEro 3JIe-
menToB D L0, onucanHast B § 2 IJIaBLI 3. YCTAHOBJIEHUE M30MOpPduU3Ma
MEXK Y JIFOOBIMU JIBYMsI OECKOHEUHBIMI CYETHBIMU IIJIOTHBIMU JIMHEHbBI-
MU OPsIAKaMu 0e3 IePBOT0 1 IMOCJICIHEr0 3JIEMEHTOB ABJIACTC HECI0XK-
HBIM YIIPaXKHEHUEM.

YuopaxXHeHU 4.
1. Hoxazare Ng-kareropuanocts Teopuu DLO.
2. [lokazarhb OeOyKTHUBHYIO HOJIHOTY Teopuu DLO.



I'JTABA 5
TEOPUA AJITOPUUTMOB

¢ 1. Berunciaumble pyHKITHHA

B mame BpeMms, korga 00 ajJropuTMax rOBOPST ITOBCIOLY, TOHSATHIE aJl-
TOPUTMA BpsAm jiu TpedyeT oObsacHennsi. IlepBble MpuMepsl aJrOPUTMOB
BCTPEYAIOTCA yKe B HA9aJIbHON MIKOJIE: aJITOPUTM CJIO2KEHUA HATY PaJIb-
HBIX IUCEJI CTOJIONKOM, aJITOPUTM JEJEHNS C OCTATKOM (YTOJIKOM).

B nynkTax 1°—4° MpI puKCupyeM HEKOTOPYIO CUCTEMY OOIIUX ITOHSI-
TUI, OTHOCSIIAXCS K aJTOPUTMAM.

1°. C KaxIpIM aJICOPUTMOM CBSI3aHO MHOHCECTMBO B03MOHCHBIEL UC-
TOOHBIT daHHbir TOro aJjropuTma. Hampumep, B ciaydae aJropurMma
CJTOXKEHUsI CTOJIONKOM (2 TakKe B CJIydae, CKaxKeM, aJTOPUTMA JIeJIeHNsT
YI‘OJIKOM) MHO2KECTBO BO3MOZKHBIX MCXOIOHBIX ITaHHBIX €CThb MHOXKECTBO
Iap HATYPAJIbHBIX YHCeJI.

2°. IlycTth * — BO3MOXKHOE HCXOIHOe maHHoe ajroputMma 2. Ilpn-
MeHnM 2 K x; IpW ®TOM BO3MOXKHBI Tpu ucxoma. 1) IIpumenenme 2
K & 3aKOHYUTCs (B KOHEYHOE YKCJIO MIaroB) u 2 BBIOACT HEKOTOPDIi
pesysvmam i omeem. 2) Ilpumenenne 2 K x 3aKOHINTCS, HO OGe3pe-
syabTaTHo. 3) I[Ipumenenne 2 Kk £ BoBCe He 3aKOHUHUTCS, T. €. AJITOPUTM
Oymer paborarb beckoHeuHO. B mepBoM cirydae OyneM rOBOPUTH, 9TO 2
NPUMEHUM K T, B IBYX IPYTUX CJAY4YaAX OyIeM rOBOPUTh, 94TO 2 He npu-
MmeHum ¥ . To ectb, 2 ODpuMEeHMM K HCXOITHOMY I TOTIA W TOJIBKO
TOra, KOTrda IpuMeHeHne 2 K T 3aKaHYUBAETCA MHOJIyYEeHUEeM Pe3yJIb-
tara. Hanpumep, ajropurM CJjIoKeHUs CTOJIOMKOM IIPUMEHUM KO BCEM
BO3MOXKHBIM HUCXOOHBIM HAHHBLIM, PE3yJILTATOM OyIIeT CyMMa MCXOOHBIX
qucesi. AJITOPUTM JeJIeHrus YIOJIKOM IPUMEHNM K [apaM HATYPaJIbHBIX
4quCceJsl, B KOTOPbIX BTOPas KOMIIOHEHTa He paBHAa HYJI0. Pesyjbrarom
OyIeT 4acTHOE U OCTATOK.

MHuoOxkecTBO TeX T, K KOTOPbIM DpuMeHIM %, OyoeM Has3bIBATL 00.4a-
CMBHI0 NPUMEHUMOCTIU GA20PUMMA.

B ciaemyromeM DyHKTE MBI OIIPEOENM HTOHSTHE (PDYHKIIAN, BHIYHCIII-
Moit asropuTMmoMm. Ilpu 3TOM He BCIOmy ITpUMeHUMbIE aJrOPUTMbI OyAyT
BBIUMCJISITH HE BCIOLY OIpelesieHHble PyHKINMN.
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Yacmuunoli pynxyueti uz X 6 Y HaswpiBaeTcd Jii000e MHOKECTBO
A C X xY rakoe, 9o {x,y1) € A, (x,y2) € A Biever y; = y. B gact-
HOCTHU, eca A mycTo, nojiyuaem Huzde ve onpedeaeHnyto Gynryuro.

B »T0ii rnaBe wyactuuHble (DYHKIUU MBI OyOdeM HAa3bIBAaThb IIPOCTO
dyskmusaymu. Ilpu 9sTom oObunbIe pyHKINN 13 X B Y OydeM Ha3bIBATh
BCIOJIy OIIPeesIeHHBIMU (DYHKITUIMM.

3° Ilyctn % — aaropurMm, X — MHOXKECTBO BO3MOXKHBIX NCXOIHBIX
IAaHHBIX XU, a pe3yJbTarsl IpuMeHeHUs: 2 MpuHAIIe:KaT MHOXKECTBY Y.
byneMm roBopuTh, 9YTO aJropuTM A BBIUUCIISIET YACTUYHYIO (DYHKIUIO f
n3 X B Y, onpenesieHHyio paBeHCTBOM f(x) ~ (pe3yJsibTaT NpUMEHEHUS

I[IpumevaHnume. 3HAK 2~ HA3HIBAECTCS KYCJIOBHOE PABEHCTBO» 1 MMe-
er caemytomuii cMbicsi. Ecoim A u B cyTh Kakue-TO BBIPpAXKEHU, TO
A ~ B ecTb BbICKa3bIBaHHe, yTBep:Kaallee, uyTo A u B oIHOBpeMeH-
HO OIpenesieHbl WJIU He OIpelnesieHbl M, €CJIM OIpeneJsieHbl, TO UMEIOT

coBIaaalonue 3HadeHnsa. Hamnpumep, BbICKa3bIBAHUE % ~ ﬂ NCTUH-
T
HO, & BBICKA3bIBAHUE % ~ % JIOXKHO (371eCh T U Yy — HeiCTBUTEIbHBIE
Y

epeMeHHbIe).

Takum obpaszom, BeraucauMasa ajaropurMmoM 2 pyHKIINs onpeneeHa
Ha Tex ¢ € X, K KOTOPBIM IpuMeHuM 2|, mpudeM ee 3HAUYEHHe Ha, Ta-
KOM I PAaBHO Pe3yJibTaTy IpuMeHeHus 2 K T, U He OIpeneseHa Ha TeX
r € X, Kk koropeIM 2 He npumennM. Hampumep, aaropurm CJioKeHHUsI
CTOJIOMKOM BBIYHCJIAET BCIOAy onpeneaeHHyo PyHKIuio f : NX N — N,
f(z,y) = z +y. Aaropur™m mejeHnust yrOJKOM BbIUNCJIsAET QYHKINIO f
m3 N x N B N x N, onpenesennyo #Ha Tex (m,n), ojisg KOoTopbix n # 0,
m apu n # 0

f(m,n) = (qacTHOE OT HeJIeHusT M Ha N, OCTATOK OT JeJIEeHUS M Ha N).

DOyHKINUST HA3BIBACTCA BbUUCAUMOU, €CJIU CYMIECTBYeT BbIYUCJISIONIII
ee asiropurMm. Hanpumep, dpysKIMU = + Yy, T - Yy BblYUCAUMBL. KoM-
MIO3UIUsT BBIYUCAUMBIX (PYHKINHA BblYuCIMMa (HMOKaxKkuTe 910). Hurme
He olpenesjeHHad (PYHKIU BbIUYUCJIMMA.

4°. Ilounsarure aaropuTMa UMeeT CMBICJI, JIUIIbL €CJIN NCXOOHbIEe TaHHbIe
I PE3YJIbTAThI — KOHCTPYKTHBHBIE OOBEKTHI». TakK, HE mMeeT CMbI-
ciia (BO BCAKOM cJjiydae 0e3 IOMOJIHUTEIbHBIX YTOYHEHHI 1 CorJiarire-
HIi1) TOBOPUTH 00 AJIrOPUTME, BXOIOM KOTOPOIO SBJISIETCS IIPOU3BOJIb-
HOe MHOXKECTBO J1efiCTBUTE/ILHBIX YHUCeJI, U JJaxKe 00 aJropuTMe, BXOI0M
KOTOPOTO ABJISIETCSI TeCTBUTEIbHOE Ynci0. Mbl OymeMm n30erarb TaKnX
CUTYaIluii, pacCMaTPUBAasI aJITOPUTMBI, PAOOTAIONINE C KOHCMPYKMUGCHbL-
MU 00sexmamy, TAKUMU, KaK HATypaJbHbIE YHCJIA, CJIOBA B KOHEYHOM
asidpaBuTe n T.0. TaxuM oOpa3oM, BOIPOC O BBIYUCIUMOCTU (PYHKIIMU
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f: X =Y ocmbiciien, qumb ecsiu X 1 Y ABJISIOTCS MOOMHOXKECTBAMU
«aHcaM0Jielt KOHCTPYKTUBHBIX O00BbeKTOB». IIpumepnbl ancamOJia KOH-
CTPYKTUBHBIX OOBEKTOB: MHOXkKeCTBO N HaTypaJIbHBIX UHCEJI, MHOXKe-
ctBo b* ciioB xoneunoro asdasurta b.

B ob0meMm nmonuManum, aHcaM0OJIb — 3TO coOpaHne KOHCTPYKTHBHBIX
00BEKTOB «OTHOTO W TOTO Ke THumna». Pa3zyMeeTcs, CKa3zaHHOe He ABJIA-
eTcs oIpenesieHneM B MaTeMaTudecKOM CMBICJIe 3TOoro cjoBa. IlorsaTue
aHCcaMbJIsI KOHCTPYKTUBHBIX OOBbEKTOB Mbl PACCMAaTPUBAEM KaK MHTYU-
TUBHOE, HeolpemesisseMoe MOHATHE (TaK Ke, KaK U MOHSTHEe KOHCTPYK-
TUBHOI'O O0bEKTa, HATYPAJIBHOTO YKCJIa, MHOKECTBA).

Ancambsim obsamaror cBoiictBoMm: ecam X m Y — amcaMmOJin, TO
X xY — takxke ancamban (Hanmaue y ancaMmOsieit 3Toro cBoficTBa Mbl
MPUHUMAEM KaK aKCUOMY ).

JamMmedanune. HacTo BO3HUKaoImee 3a0JIy:KIEHHE COCTOUT B TOM,
YTO JIJIsI JOKA3aTEJILCTBA BBIYUCJAUMOCTH (DYHKIIUHU f HY:KHO HE IPOCTO
IIOKa3aTh CYIIECTBOBAHNE BBIYUCJISIONIETO €€ aJITOPUTMAa, HO U IPEedb-
saBUTh ero. Hudero nomobuoro! ®yHKIusA

flz) =

BBIYHCJINMA, TAK KaK OHA paBHA JOO (DYHKIUM, TOXKIECTBEHHO pPaB-
roii 0, 1nbo pyHKIMN, TOKIECTBEHHO PaBHOI 1, a 00 OHU BBIYUCJ/IUMBL.

{ 1, ecsm runoresza PepMma BepHA;

0, ecnu runoresa Pepma HEBEpPHA,

Jangada. bymer sm Beraucanma pysknus [ : N — N, onpenesse-
Mas Tak: f(n) paBHO HYJIIO, €CJIM B IECATUIHOM PA3JIOKEHUU T €CTh TI0
KpafiHeit Mepe n IEeBATOK MOAPS, M €IUHNUIE B TPOTUBHOM cjydae’

Ecam X OeckonedHo, a Y HemycTo, TO CYHIECTBYET HEBBIYUCJIIMAST
dbyskmus uz X B Y. [leiicrBuTe/ibHO, MHOXKECTBO BCEX (DYHKIMNA u3 X
B Y HecdeTHO (Tak KaK MHOXECTBO BCEX MOJAMHOXKECTB X HECUETHO, & Y
paBHBIX (DYHKIMII paBHBIE 00JIACTH ONpPENEesIeHUs), 8 MHOXKECTBO BCEX
BhIYUCINMBIX PyHKIMNE 13 X B Y cuerHo. BoJiee Toro, ecsin Y comepxut
10 KpailHeil Mepe aBa »JIeMeHTa, TO CYIIECTBYET BCIOY OIpelesIeHHAasd
HeBbIIuCIUMas GyHKIUA 13 X B Y (IIOTOMY YTO B DTOM CJIy4ae yKe
OIIHO TOJThKO MHOXKECTBO BCIOY OIpeIeseHHbIX (DYHKIIN HECIETHO).

§ 2. Paspeninmble MHOXKeCTBa

bykBamu X m Y Mbl Oymem ob603Ha4YaTh aHCAMOJIM KOHCTPYKTHUBHBIX
00HEKTOB.

[TommHaOXKeECcTBO A aHCcamMO0J1s KOHCTPYKTUBHBIX 00bEKTOB X Ha3bIBA-
0T Pa3pewuMbiM, €CJIA CYIMECTBYeT aJrOPUTM, KOTOPBIA OJisA JII000TO



96 I'n. 5. Teopusa aszopummos

x € X orBedaeT Ha BONPOC «T € A?>», T.e. ajiropuT™M, KOTOPLI IpuMe-
HAM K JIIOOOMY »J1eMeHTy « u3 X m gaeT orBeT U nsm JI B 3aBucuMocTH
or npuHamgIexuoctu r K A. pyrumum cioBammu, A paspemmmo, ecjn
XapakTrepucTuueckasi GyHkmusa A

xa(z) = {

1, ecom x € A,
0, ecmax ¢ A,

BbIYUCJINIMa.

Teopema 1. Ilepeceuenne, obbeIUHEHNE H JIOIOJIHEHUE Da3PEIIN-
MBIX MHOXKECTB pa3periuMo.

NokasareancTtBo. Ilycts A, B C X — paspemmmbie MHOXKECTBA.
Torna dbyurmuu x4(x) u xp(x) Bbraucsmmbl. XapaKTepUCTUYUECKAST
dbyuruMsa MHOXKECTBA A N B BBIYUC/ISIETCS TAKUM AJITOPUTMOM: «ECJIU
xa(z) =1u xp(z) =1, 10 XanB(r) = 1, unave xanp(z) = 0»

OyHKINA Y Aup () BBIYACAAETCA AJITOPUTMOM: «ecyin Y A(z) = 1 nim
xB(z) =1, 10 xaup(®) = 1 unave xaup(x) = 0».

Haxonen, x x\ 4(z) BbrauciageTca ajropuTMoM: «eciu xa(z) = 1, 1o
xx\A(z) = 0, unage x x\a(z) = 1».

I[Ipumep. Paspenmmel ciienyiommue MHOKECTBA: MHOKECTBO YETHBIX
YUCeJ, MHOXKECTBO MPOCTBIX YUCEJ, MHOXKECTBO KB3JIPaTOB HATYpPaJib-
HBIX ULCEJT.

Ecmm X 0eckoHedHO, TO CYLIECTBYET Hepa3pelIuMoe ITOOMHOMXKECT-
BO X. llefictBuTeibHO, MHOXKECTBO BCEX IIOAMHOXKeCTB X HECUYETHO,
a MHOKECTBO Pa3PENINMbIX IIOIMHOXKECTB CIETHO, TAK KaK CUETHO MHO-
’KECTBO BBIYUCIUMBIX (DYHKIUNI. B nasbueiiniem 66CKOHEYHOCTD JIF0OOr0
aHCaMOJIsI KOHCTPYKTHBHBIX OObEKTOB MbI IPUMEM KaK aKCHOMY.

3 3. IloamypaspemmumMmble MHOXKeCTBa

MuoxectBo A C X HA3BIBAETCS NOAYPG3PEUUMDBIM, ECTTH CYIIECTBYET
aJITOPUTM, KOTOPBIN TpuMeHnM K 3ieMenTaM A (¢ KaKuM—TO OTBETOM )
u He jaer orBera Ha sjeMentax X \ A. Hpyrumum cioBamu, A moJiy-
paspemnmMo, ecan A ecth 00J1acTh OIpenesIeHnsT KaKOW—T0 BLIYNCJIMMOI
dbyakmuu. O4deBUOHO, 3HAUEHHUSA DTOH (PYHKIIUU HECYIIECTBEHHBI, TaK
410 (A nmosypaspemumo) <> (bpyukuusa f, paBHas HyJ 110 Ha A 1 He ompe-
nesienras Ha X \ A, Berauncsimma,).

OueBuHO, He J1I000E MHOXKECTBO IIOJIyPAa3PeIInMO, TaK Kak ecan X
OECKOHEYHO, TO MHOXKECTBO BCeX MOAMHO:KEeCTB X HECUeTHO, 8 MHOXKE-
CTBO IIOJIYPA3PEIINMbIX MHOXKECTB CUETHO, TAK KAaK CIeTHO MHOMXKECTBO
AJITOPUTMOB.
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Teopema 2. JIroboe pazpemnnmMoe MHOXKECTBO IOJIYDa3PEIIIMO.

okasareabcTtBOo. IIyctb A C X — paspemumoe MHOXKECTBO.
[To ompemesnenuio, x4 BbIumcamMma. Torma A coBmagaer ¢ 00JIACTBHIO
TPUMEHUMOCTH CJIEIYIONIErO aJIrOPUTMA
«ecsm xa(x) = 1, To mgare orBer 0 M 3aKOHYUTH PAOOTY,
MHAYe 3aKOHIUTH pAbOTy, He 1aBas OTBeTa (T. e. 6e3pes3yib-
TaTHO)».

Jameudanue. Kak Mbl YBUAUM MO3HEE, OOpaIlleHNe TEOPEMbI 2 He-
BEPHO.

Teopema 3. JIioboe koreunoe nogmuoxkectBo A C X pasperumo.
IHokasaTteascTBo. O4eBUIHO.

Mpbl mpuHHMaeM B KadecTBe aKCHUOMBI, YTO JIHOOO# aHcaMOJib KOH-
CTPYKTUBHBIX OOBEKTOB CUETHO-OeCKOHeUeH. boJjiee TOro, Mbl IpUHUMA-
eM KaK aKCHOMY CJIedylolee CBOCTBO aHCaMOJIeli.

CBOCTBO BHIUYUCJUMOIl pPaBHOMONIHOCTU aHcaMOJeii.

Ecom X m Y — gBa ancam0Jisi, TO CYIIECTBYeT BBIYUCJINMAS OMEKITHsT
f: X->Y.

[Ipumep. Ilycts X = N, a Y — MHOkKeCTBO BCcex CJIOB B HEKOTOPOM
koHeuHoM aJsipasure b. Torma mocrpoenHasi HaMu B HEePBOIi TJI1aBe IIPH
IOKa3aTeabCcTBe cueTHoCT b* Omekmusa f : X — Y aABJIsteTcs BBIYUCIN-
MOl pyHKIIIeEId.

V3 cBolicTBa BLIMUCJJAHMOII PaBHOMOIIHOCTU CJIEAyeT BO3MOXKHOCTD
«nepebopa Bcex 0ObEKTOB» JIF0OOTO aHCaMOJIsI.

Teopema 4. s mroboro ancam6iisz X cymecTBYIOT Takoe Ty € X
n takas Berancanmasi pyukmms CIAEAVIOWAN : X — Y, garo nociieno-
BaTeJIbHOCTD

Lo,
1 = CﬂEﬂ,y}OU—lmm(xl)a
To = CﬂEﬂVl’OLlem(CUl)a

ectb nepecder X 6e3 MOBTODCHUIL.

HokaszatennbcTBo. Ilo cBOICTBY BBIUYMCIMMOI PABHOMOITHOCTH
cymecTByeT BuruncanMmasi ovekmusa g : N — X. IMomoxum zg = ¢(0),
CNEOVIOLLUWNIA(z) = g(g~(x) +1). Toroa nocaenoBare/IbHOCTD Tg, 1,
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T3, ... ectb mpocto g(0),g(1),9(2),... (moKaxwuTe 3TO, BOCIOJIH30BAB-
IIACh METOIOM MATEeMATUIECKON WHIYKIINHN).

TokaxkeMm BuraucauMocTh ¢pyakmum CJ1 EAVIOLLNI. Tax xak xKom-
MO3UIINsT BBIYUCJIUMBIX (PYHKIMI CHOBA BbIUYMCJIMMAasi (PYHKIUS UM TaK
Kak pyHKIMA n + 1 BeIAuCInMa, JOCTATOYHO JOKA3aTh BBIYUCIUMOCTD
byuknun ¢~ (). 3Bmauenue g 1 (r) BLIUMCIAETCA CIIELYIOIUM AJITO-
PUTMOM: <«HepedbupaTh Bce HaTypaJabHble uncaa n = 0,1,2,..., noka
He HalileTcst Takoe 7, 9T0 ¢g(n) = x; 9TO N BBIIATh B KAUECTBE OTBETAY.

Teopema 5. Ecin f — (dactudnasi) BRIYUC/IHMAS B3AHMHO OJIHO-
sHayHasg pyHkuug uz X B Y, 1o f~! — Bprumc/mMmas B3aHMHO OIHO-
3HaYHAasI PYHKIMI n3 Y B X.

HokaszaTeabcTBo. OdeBunHO, UTO f~ ' — B3aWMHO OTHO3HAYHAL
byuxnua uz Y B X. Tpebyerca nokasaTh, 4To f ! BblUHC/IAMA. 3Ha-
gyenue f~1(y) BBIYMCAACTCA CJACSLYIONMUM AJITOPUTMOM:

«Ilepebuparth Bce ay1emMenThl ancaMbuia X , ToKa He HaiigeT-
cs Takoit asrement ¢ € X, uro f(x) = y. Beimars nepssrii
TAKOI 9J7IeMEeHT & B KadeCTBe Pe3ysbTara (Ha CaMOM JeJsie
TAKOW T MOXKeT OBbITH TOJIBKO OJIMH).»

Ecmn y € §;-1, T0 Takoii aaroputm BHLIACT pesyabTar f 1 (y), a nHa-
Je OH OyzeT paboTaTh OECKOHEYHO IOJIT0, mepedbupasd BCe BJIeMEeHThI aH-
camosist X.

I[Iycts X m Y — nBa ancaMbJiist KOHCTPYKTUBHBIX 0ObeKTOB. Harmom-
HAM, YTO MBI IPUHSJIA KaK aKcuoMmy, 9To X X Y — cHOBa aHCaMOJIb
KOHCTPYKTUBHBIX OOBHEKTOB.

[Ipumep. Ancambaamu asiastorea N x N, N N x {a,b}*

3angada. okasarb, YTO MHOXKECTBO
{n|(3x,y,z € N)(z,y,z >0& " +y" = 2")}

TIOJIY Pa3PEIIIMO.

IIyctb A C X xY.

Ilepsoti npoexyued; (nam mpocto npoexyueti) A Ha3BIBAETCS MHOXKEe-
CTBO

npA={z|(Jye€Y)xy) € A}.
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Teopewma 6. Ilpoekiusa paspemumoro maO)kKectBa B C X X Y no-
JIYPa3PEIIIMA.

ITokazareabcTBo. IIpoeknus B ects 00J1acTh IIPUMEHUMOCTH
CJIEAYIOIIEro aJITOPUTMA:

«Ilepebuparh Bce »y1eMEHTHI U3 Y, IIOKa He HalimeTcs Ta-
Kot y € Y, uro {z,y) € B. Eciu namescsa xors Obl OIUH
Taxoii ¢y, TO BbLAATh B KauecTBe pe3yJibTara 0».

JaMeruM, 4TO HAaIl aJIropuTMm Oyiaer paborarh OECKOHEYHO, eCJiu
He CyIecTByer Takoro y € Y, uro (x,y) € B, T.e. eciiu * ¢ np B,
TaK KakK mepedop »/1eMeHTOB Y B BTOM CJIydae HUKOIIA He 3aKOHYUNTCH.
Takum obpasom, aropuTM HempuMeHuM KO Bcem x ¢ np B. Ecanm ke
r € np B, To KaK TOJIbKO Ttepebop [oiiIer 10 Takoro y, 910 {(x,y) € B,
AJICOPUTM BBIOACT PE3YJILTAT U 3aKOHUYUT PAOOTY.

Oyukuusa f : N — X HasbIBaeTcsa svuucaumoti nocaedosamenbHo-
cmblo, eciu [ — BCIOY OIpelesieHHasl BRIYUCIIMasa (PYHKIIUA.

Teopema 7. MHOXecTBO 3HAUYEHHI BBIIHCJIHMOI IIOCJIEAOBATE. Th-
HOCTH ITOJIYPa3PENTuMOo.

HokaszareabcTtBo. Ilycts f : N — X — BbIUHCINMasAg TOCJIEOO-
BaTeJIbHOCTB. Torna ps ABAETCA 00/IACTHIO IPUMEHUMOCTH CJIeLyIOIIe-
I'0 aJIFOPUTMA

«Ncxonnoe nmamnoe: x. Ilepebuparh Bce HATYpaJIbHBIE Y-
cja, oka He Hafimercsa takoe n € N, uro f(n) = z. Ecim
TaKOe 1 HAIlJIOCh, TO BBIIATH B KadecTBe pe3yJjbTara 0.

§ 4. CBOﬁCTBO IIomaroBoro BbIIIOJIHEHHA aJdIl'opuTMa MU ero
CJIeICTBHUA

JIr006oit asropurMm padoraer maramu. Kaxmprii mar padboThl aJroput-
Ma 00A3aTesIbHO 3aKaHdInBaeTcdA. Ecu asropntM paboraer 6€CKOHEYTHO
IIOJITO, 9TO O3HAYAELT, UTO AJITOPUTM JeJIaeT OECKOHEYHOE YHCJIO IIATOB.
IIycts 2 — J1:000it ajiropuT™M, UCXOIHBIMU HAHHBIMU KOTOPOI'O SABJIsI-
IOTCsI OOBEKTHI aHCcaMOJIa X, a 3HaUYEeHUIMH — OOBEKThl aHCaMOJIsI Y.
Torna cymecTByer ajaropuTm £, B CJEIYIONIEM CMBICJIE MHMOPMUPYIO-
muii 0 BBIIOJIHEHUM %2l II0 ImaraM: MCXOIHBIMU ITAHHBIMU £ SABJIAIOTCH
napel (x,n), x € X, n € N; anropurm £, npuMeHeHHBI K mape (x,n),
coo0IIIaeT, 3aKaHYNBAETCsI JIU IIpuMeHeHue A K x He 0oJiee, UeM 3a N
MaroB, U, €CJIA Oa, TO KaKOB OTBeT. PopMaIbLHO, BO3bMEM JII000I 00b-
exT, He Bxoasamuii B Y, obosnadgum ero HEOIIP (ue onpeneseno). Torma
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£ ua Bxome mapsl (x,n) naer pesyabrar HEOIIP, ecoim npumenenne A
K X He 3aKaHUYUBAETCS 32 < N IIaroB, ¥ Pe3yJabTaT Y, €CJIu IPpUMeHeHne
A X ¢ maer y 3a < N MIAroB.

M criosib3ysi CBOCTBO IIOMIATOBOIO BBIIIOJIHEHUSI, JIOKAXKEM CJIEIYIOMIee
ycusieHue TeopeMm 6 m 7.

Teopema 8. Cuenyromue coiicTBa mogMuaoxkecTtBa A amcambrsz X
9KBHUBAJIEHTHBI:

(1) A ectp obj1acTb Ompene/IeHHsT HEKOTOPOH BBITACIUMON (DyHKITHH
(1. e. A mosrypaspeninmo);

(2) A ecTp mpoekIsi HEKOTOPOTO PA3PENIIMOrO MHOXKE€CTBA;

(3) A = @ nim A ecTh MHOXKECTBO 3HAYEHHI HEKOTOPOI BBIIHCIAMOIT
[IOCJI€0BATE/ IbHOCTH;

(4) A ecTtp MHOXKECTBO 3HAYEHHI HEKOTOPOH BBIYUCAUMON (DYHKIIH.

HoxaszarteabcTBo. Mbl fokaxem, aro (1) — (2) — (3) —» (4) —
(1).

(1) = (2). Ilycrs f — Berumcsmmasn dyskuua u3 X BY, u A = d¢.
Torma A — mpoeknns paspemumoro Muoxectsa B = {{(z,n) | ¢ € X,
n € N u asroputm, BEIYUCASONNR f, B IpUMEHEHNN K & JaeT OTBET 34
< n maros}.

(2) = (3). Ilycts B C X x Y paspemuvmo u A = npB. FEcinm
A = @, 1o moxkaspiBaTh Heuero. IlosTomy mycts A # @. Tpebyer-
CA NOKA3aTh CyNIECTBOBAHUE BHIYUCIUMON MOC/II0BATEIbHOCTH f, 117151
koTopoit py = A. HedopmasbHO: HYXKHO 1O O4depenn mepedUpaTh BCe
ssieMeHTbl ancambsist X X Y, u ecstu n-biit 37€MeHT (Xy, Y,) aHCAMOJIS
X x Y nonas B B, 1o nosoxuth f(n) = x,, a nHade NOJOXKUTH f(n)
pPaBHBIM KAKOMY-HUOY/Ib (DUKCUPOBAHHOMY 3JIEMEHTY ag u3 A.

Teneps popmasbHo. 1o ¢cBOWCTBY BBIYUCINMOI PABHOMOITHOCTH AH-
camOJreii cymiecTByer BorunucauMasa ouekims ¢ : N — X X Y. Obo3nauum
c(n) depes (T, Yn). 3adukcupyeMm HEKOTOpIi ss1ement ag € A. Torma
A — sBJIIeTCS MHOXKECTBOM 3HAYEHU MOC/IeI0BATEIHHOCTH, BHIUNACISA-
eMO#l CJICIYIOIMNM aJITOPUTMOM:

«Ucxonuoe mamnoe: n; ecau (x,,y,) € B, T0 BbIIATH )
KaK OTBET, MHAUE BBIIATH Gy KAK OTBET».

(3)=>(4). Ecom A = @, T0 A — MHOXKEeCTBO 3HAUEHU HUTIE HE Olpe-
nesieHHOl dyHKINN (09eBUIHO, OHA BbIUYMCINMA). Ecanm A — MHOXKe-
CTBO 3HAYEHU BHIYNCIUMOI TIOCJIEIOBATEIbHOCTH, TO TAK KAK BBHIUKUCIU-
Mas TIOCJIEIOBATETbHOCTD ABJIAETCA BRIUYUCTIUMON pyHKIMEH, A yIoBTe-
TBOpsieT (4).

(4) = (1). Ilycrs A = pys, tne f — dynkuua uz Y B X, Bbryucisa-
emasi anropurMoM 2. TpebyeTcsa MOCTPOUTH BBIYUCTIUMYIO (DYHKIIAIO ¢



§ 4. Csolicmeo nowaz208020 8bNOAHEHUA GA20PUMMA 101

c obstacThio onpenesienns, pasuoit A. Hedbopmasbho, g(x) Beruncasiercs
AJITCOPUTMOM:

«Ilepebupars Bce mapot (n,y), n € N, y € Y, u mst Kax goii

mapbli (N, Y) AeaTh N MAaroB Beraucjaenus f(y); KAk TOJIbKO

1151 X0Ts1 661 omHOM mapwl Oymer mosydeH orseT f(y) = «,

TO BbIJATh B KadeCcTBe pe3yJsibTaTa U».

OnucasHplil aJITOPUTM HE OCTAHOBUTCS, €CJIM HET TaKOoro y € Y, 4To
f(y) = z (Kak HaM M HYXKHO), I OCTAHOBHUTCsHA, ecau f(y) = x O
HEKOTOPOTO Y B MOMEHT 00pabOTKu mapwl (m, y), THe M — THUCJIO [aroB
Bbrancsenus f(y).

®opmasbao, A — 0b1acTh NPUMEHUMOCTH CJAEOYIOMIEro aJrOPUTMA.

«Vcxonnoe nagnoe: .

IIepebupats Bce mapnl u3 N X Y, nmoka He Haiinercs taxasi
mapa (n, y), 9To aJaroput™ 2 Ha UCXOTHOM JAHHOM ¥ 38 < 7
IIArOB JaeT OTBET, PABHBIN X; €CJIM HAILIACH XOTsI Obl OIHA
Takas mapa, TO BblIaTh 0 B KauyecTBe OTBETa U 3aKOHYUTH
pPadboTy».

BcromauM, 910 MHOXKECTBO A HA3bIBAETCA CYETHBIM, ecan A = O
nan A ecTb MHOXKECTBO 3HAYUEHN HEeKOTOPOU IOCJIeI0BATEILHOCTH.

ITommuaOXKecTBO A aHcaMmbiist X Ha3BIBACTCS NeEPeNucAUMbIM, €CIIN
A =@ nm A ecTb MHOKECTBO 3HAaUEHUII HEKOTOPOIl BHIYUCJIMMOIL I10-
CJIeI0OBATEJILHOCTH.

[loraTne mepeuncanMoro MHOXKECTBA — BBIYUCJIUMBIN aHAJIOL TTOHSI-
THUsI CIeTHOTrO MHOXKecTBa. Ilo Teopeme 8 MHOXKECTBO MepedYUCIIMO TO-
II1a M TOJBKO TOTHA, KOLIA OHO IOJIypaszpemnMo. B gaJbHeNlmeM MbI
OymeM ymoTped/iaATh TEPMHUH «OEePEUNCJANMBIAY» KakK 0ojiee TpaguIlnOH-
HBINA.

Teopema 9. IIyctp A C X, B C X — nepednc/imMbie MHOXKECTBA.
Torna AUB u AN B — nepeuucsmmpie MHOKecTBa. Ilycts C C X xY
rnepeuucsmMmo, rorga np C' mepeduc/immo.

NokasareabcTBo. Hokaxkem, aro AUB npeuncanmo. Ecm xoTs
on1 onHo u3 A, B nycro, to A U B, odeBugHo, nepeuncyaumo. Ilycrb
A # @, B # @. Torma no teopeme 8 A u B — mMHOXKecTBa 3HaUEHMI
BBIYMCJIUMBIX ITOCJIegoBaTesibHocTell, ckaxeMm f m g. Torma AU B —
MHOKECTBO 3HaUYEeHMII TOCJIeI0BaTeIbHOCTH h, onpenesieHHOl Tak:

h(2k) = F(k), h(2k+1) = g(k).

Oyukuusa h(k) Bbrauc/isgeTcs aJropuTMOM:

«ecym n 9eTHo, 10 h(n) = f (%), unage h(n) =g ("—5—1)».
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Hokaxkem, uro A N B nepeuncaumo. Ilycts A — obsacts mpume-
HIMOCTH aJaroputma 2, a B — objacTh IPUMEHUMOCTH AJITOPUTMA, L.
Torna A N B — 006/1aCcTh IPUMEHNMOCTH aJITOPATMA J:

«IlpnmenaTrs 2 K x; ecam TOJIydeH pe3yabTaT, TO IpHUMe-
HIUTH £ K & U B KadecTBe pPe3yJIbTaTa BbIOAThb Pe3yJIbTaT
IpUMEHEHUs £ K T>.

Ecsm 2 Henpumenum K x, TO £ He OyIeT NPUMEHATHCS K T, CJIeI0Ba-
TeJIbHO, J He macT oTBera. Ecsm 2 mpuMeHnM K &, TO J OIPUMEHHM K I
TOTIA U TOJIBKO TOTOA, KOTOAa L IIPUMEHNUM K .

HokaxeM, uTo np C' nepeuncsumo. Ilo reopeme 8, C' ecTb MHOXKECTBO
3HaUYEHUll HeKOTOopoil Buraucsumoi dpyakuuu f : 2 — X X Y. Ilycrb
g: X xY — X — pyHKIUS B3ATHUA IIEPBOTO dJIEMEHTa MIaphI, T.€.
g({x,y)) = x. OueBngHo, g BhIIUCIIMA. VMeem

npC = {z|(Jy € X)(z,y) € C} =
= {9({z,y))[(z,y) € C} ={g(f(2))|z € Z} = pgoy-

Oyukius g( f(z)) BblYuc/mMa Kak KOMIIO3UIIASA BBIYUCIUMBIX (DYHK-
UA.

Teopema 10 (reopema Ilocta). IlommaoxkectBO A ancambass X
paspenmMo Toraa u TOJbKO Tormga, korna A u X \ A mepedncimMepr.

IHokazaTreancTBOo. B omHy cTOopoHY Teopema odeBmOHa. J[leii-
cTBUTEbHO, ecaiu A paspemmmo, 70 u X \ A paspemumo u, CJaeqoBa-
TeJIbHO, OHU 004 MePeYnCIIIMBEL.

O6paruo, nycts A u X \ A nepeunciumbl. Eciiu ogmHo n3 HEX mMycTO,
T0 yTBepxKAeHne odeBumHo. Ilycts A m X \ A we myctel. Torma mo
aobomy x € X MOXKHO y3HATH, IPUHAIJIEKUT JIK OH A, IOCTPOUB BbI-
JUCTUMBbIE TTOCJIEIOBATESIbHOCTH, Tepeuncsamomme A u X \ A, u oxungas
nmosiBjieans ¢ B omuol n3 nux. ®opmasbuo, ecoim A = {f(0), f(1),...},
X\A=1{9(0),g9(1),...}, To cneayionmuit aJrOPUTM OTBEYAELT HA BOIIPOC
«r € A?»

«Ucxonnoe nagnoe: x.

Ilepebuparh Bce HaTypaJibHBIE UHCJIA, [IOKA HE HaWIeTCs
takoe 1, 4rto f(n) = x wm g(n) = x. (3 Toro, 4ro 06b-
enUHEHIe MHOXKeCTB 3Hadenuit f u g paBHo X, ciiemyer, 9To
TaKOe 1 00A3aTesIbHO HallIeTCsa, & U3 TOro, 9TO prMp, = I,
CJIEIIYeT, UTO JIJIsI STOT0 N OyIeT BEPHO TOJIBKO OIHO U3 Pa-
BeuctB f(n) =z, g(n) = z.)

Bosbmem nepBoe takoe n. Ecom f(n) = x, To x € A, nunaqe
r ¢ A».



§ 4. Csolicmeo nowaz208020 8bNOAHEHUA GA20PUMMA 103

Teopema IlocTa mokas3bpIBaET, 9TO MEPEUNCINMOE HEPA3PEIIIMOEe MHO-
’KeCTBO (KOTOpPOE MBI €llle IOCTPOUM ) 00:13aTeIbHO HMEET HellePeInC/IH-
MO€ IIOTIOJIHEHUE.

Mpbl BuOuM, 9TO MOXKHO OIPEOEsIUTh Pa3pellIMOCTh depe3 Iepetn-
camMocTh (Teopema Ilocta). MoxHO TakkKe ONpenesinTh BHIIUCINMOCTD
yepes nepedncimMocTb. VImenHo, BepeH Takoii (pakT.

Teopema 11. Oyuakmusa f uz X B Y BbIYHCIHMA TOLIA H TOJIBKO

Toraa, korgaa ee rpaguk {{x,y)|ly = f(x)} — mepeuncammoe mogmHOKE-
cTBO X X Y.

HoxaszarenbcTtBo. llycts f Boraucauma. loxkaxkem, 4To ee rpa-
UKk — nepedncanmoe MHOXKecTBO. Ecam f Hurme He omnpenesieHa,
TO yTBepxkaeHue odeBunuo. Ilycts 0y # ©&. IlpencraBum 0y B BHIE
{g(0),9(1),...}, tme g — BBIUKUCIMMAs TOCJIENOBATEIHHOCTL. Torna
cpaduc £ ecti {(g(0), £(9(0))), (g(1), F(g(1))),- .. }. Tex cansine rpa-
duxk f mepeuncauM Kak MHOXKECTBO 3HAUYEHUN BBIYUCIUMOII (DYyHKIINU
h(n) = (g(n), f(g(n))).

Ob6patrHo, nycth rpacduxk [ nepeducsum. Jlokaxkem, 4TO [ BBIYU-
canMa. Ecam rpaduk mycr, To f HuUrme He ompenesieHa U, OYEBUIHO,
BhiuncsumMa. Ilycts rpacduk f He nycT u ecTh 00JIaCTh 3HAYEHUI BCIO-
ny onpenesennoit pyuknnu g : N — X x Y. Ob6osnadum g(n) duepes
<wnayn)-

OyaKINs f BRIYUCIAMA TAKUM AJITOPUTMOM.

«McxomHoe manHoe: T;

Ilepebuparh Bce n € N moka He HaiimeTcs Takoe 1, YUTO
T, = T; €CJIM TaKOe N HAaIJIOCh, TO B3ATh IIEPBOE TAKOE 7
1 B KQ9eCTBE Pe3yJIbTaTa BBIOATD ¥, >.

Otrmernm, uTo ecau f(x) He OmpenesieHo, TO AJTOPUTM HE 3aKAHYIU-
BaeT padoTy.

Janaua. Hokasars, 9To oOpas 1 mpoodpas nepedncanMoro MHOKE-
CTBA IIPU BBIYUCIUMOI (DYHKIIUU II€PEUUCIIAMBI.

YKazaHue. I9T0 JIErKO CJeayer u3 TeopeMbl O rpaduke, nepedu-
CJINMOCTH IIePECEYECHUA U NPOEKINN ITePEUYNCINMbIX MHOXKECTB.

YupaxXHeHHA.

1. Iokasarnb, uro Henycroe muoxectBo A C N paspemumo Torma
1 TOJIbKO TOI'IA, KOIJa OHO €CTh MHOXKECTBO 3HAYEHN BEIYUCINMOI BO3-
pacTarIlell IoCj1ed0BaATE/IbHOCTH.

2. Jokazarb, 4TO J1I000E OECKOHEYHOE IIEPEYUCJIMMOE MHOXKECTBO
BKJIIOUAaeT OECKOHEYHOe pas3pelInMoe MOAMHOXKECTBO.



104 I'n. 5. Teopusa anzopummos

3. lokasarn, 9To eciau MHOXKecTBa A m B mepeducimMmbl, TO CyIIie-

CTBYIOT nepeuncaumMmble Muoxkecrsa A’ u B’ takne, utro A' C A, B' C B,
ANB =guA'UB'=AUB.

§ 5. YHHUBepcaJibHas BhIYHUCIUMAaA (PYyHKIIAS

I[Iycts X m Y — ancambim KOHCTPYKTUBHBIX 0OBEKTOB. bymeMm pac-
CMATPUBATH BCEBO3MOXKHbBIE AJITOPUTMbI, NCXOOHBIMU JTAHHBIMU JIJIsT KO-
TOPBIX ABJISIOTCsI 00bEKTHI X , a 3Ha4UeHnd JjiexkaT B Y. Obo3HaduM depes
Com(X,Y) mHOXecTBO Bcex BbhramcmMbix pyHKnii u3 X B Y. Ilycrs
P — mexoTopslii TpeTnii ancamMOJIb.

Oyuxius F: Px X —Y naseiBaercs ynusepcarvrhoti nisa Com(X,Y),
ecoiu it Beex f € Com(X,Y) nalimercsa takoe p € P, 9T0 BBITIOJHEHO
(Vx € X) F(p,z) ~ f(x).

CymtecTBoBanue yHuBepcasbHoit yukmmn aias Com(X,Y) oueBum-
HO.

HeitcrBuresibuo, muoxkectso Com(X,Y), kKak orMedaJoch, CIeTHO.
IIycte {fo, f1, fo,...} — mepecaer Com(X,Y). [lonoxkum P = N u mo-
qgoxuM F(n,z) ~ fo(x) mascexn €N, x € X.

Ecou F' — ¢ynkmua nz3 P x X B Y, a p € P, To 4epes F),, bynem obo-
3Ha4daTh QYHKIMIO 13 X B Y, nosyuaromytoca u3 F' doukcamueii mepBoro
apryMeHTa paBHbIM p, T.e. Ve F,(x) ~ F(p, ).

Teopema 12 (06 yHuBepcasbuOll dyHKINK). 13 100BIX aH-
cambteit X n Y cymecrByror ancambsis P u Beraucsimmasi pyHKIuS F
3 P x X BY, yauBepcaspras gz Com(X,Y).

HokaszartennbcTBo. MBI TIOCTYyJIMpYeM CYNIECTBOBAHNE AJITOPUT-
MHUYECKOIO SI3bIKA, HA KOTOPOM MOXKHO 3aIMCATh IPOrPaMMy JIH0OO0T0
AJITOPUTMA, ¢ MHOXKECTBOM BO3MOXKHBIX MCXOIHBIX HAHHBIX X U Pe3yJib-
TaToB u3 Y. CaMu nporpaMmbl OyIyT 3J1eMeHTaMi KaKOro-TO aHCAMOJIsA
KOHCTPYKTUBHBIX 00bekTOB F. Ompenenum F @ P x X — Y rak:
F(p,x) = y < (p ecTb CHHTAKCHYECKN INPABUJIbHASA IPOTPAMMa, KO-
Topas Ha BXOAe T maer pesysabrar y). @yukiua F(p,r) Bb{AuCIAMA
(BBIYUCJIAIONMINY ee aJIrOPUTM HA3LIBAIOT UHMEPNPEMAMOPOM COOTBET-
CTBYIOIIErO si3bIKa IporpaMmvupoBanus). PDyakumsi I yHuBepcasibHa.
HeiicrBurensruo, nycts f € Com(X,Y) u f BeUmC/IseTcss ajropur-
mMoM Xl. IlycTe p — mporpamma ajaroputMma 2. Torma mo ompeneeHmno
s Becex € X f(x) ~ F(p,x). Teopema mokasana.

IIycts F' — kakas—HuOynp pynkuusa us P X X B Y, yHuBepcaJib-
rasg g Com(X,Y). Ilycte f € Com(X,Y), a p € P takoBo, 9T0
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F, = f. ®ynkuua I' He oba3aHa OBITH MHTEPIPETATOPOM HEKOTOPOTO
SI3BIKA IIPOIPAMMUPOBAHUSI, OJHAKO 10 AHAJIOTUH MBI U B 3TOM CJIyYae
OymeM Ha3bIBATH P NPO2PaMMOT GYHKINK f OTHOCUTEILHO YHUBEPCAJIb-
HOll pyukumu F. Paszymeercs, ogHa 1 Ta XKe PyHKIUsS f MOXKET UMETh
HECKOJIPKO (11 maxke 6ECKOHEeTHO MHOTO) IIPOTPaMM OTHOCUTEIHHO OTHOI
n Toit ke pyHkIUM F.

Jameuanue. B Teopeme 06 yHUBEpPCAJIBHONI (DYHKIIUN MOXKHO Orpa-
HUIUTHCS ancambsem P = N, T.e. copaBenmmiBa,

Teopewma 12'. /Lns s1robbrx ancambseit X u'Y cymecrByer BeIYH-
cmmasz pyuxmnus G uz N x X BY, yauBepcaspraass gz Com(X,Y).

[eiicTBUTEILHO, IO TeopeMme 12, cymecTByeT ancaMOab P 1 BuIUn-
crmmas yauBepcaabHas a1 Com(X,Y) dbyakmus F us P x X B Y.
Ilyctb g — Bhruncaumas ouekuus u3 N B P. Obosnaaum g(n) depes P,.
[Momoxum G(n,xz) ~ F(P,,x). Torma, oueBunno, G — Takxke yHUBEp-
caJibHas BeraucanMasa Gyaknusa n3 N X X B Y.

Eciu G — yauBepcasibaas dyuknusg 3 Nx X BY , a f € Com(X,Y),
TO mporpamMmy f OTHOCUTEJHHO (G HA3BIBAIOT TAKXKE HOMEPOM f OTHO-
curesibHO (G, a coorBercTBUE N — (G, — HYMepayueli BHIYUCIUMbIX
byHKIMI, cOOTBeTCTBYONIEH YHIBEpCaJabHOI dyHKINN G.

I[Iycts G — Beramcaumasa pyaknmus n3 N X N B N, yHuUBepcaJjbHasA
IIJ1s1 KJ1acca Becex BorancanMbix pyuakiuit n3 N 8 N. IlocTpoum dyHKIINIO
f(n) = G(n,n) + 1. Kaxkercss, 970 MbI IIPUIILINA K TPOTUBOPEUNIO, TAK
KaK [ — BBIYUCJIMMAA (PYHKIUSI, OTJIMIAONIAACT OT KaXK IO 13 PyHK-
muit u3 G, wa aprymenre n: f(n) = G(n,n) +1 = Gp(n) + 1. Ilycrs
g — HOoMep dyHKIUKU [ oTHOCHUTE/IbHO HyMmepamun n — G,. Torma
G(g,z) = f(z) = G(g,z) + 1 u G(g,q9) = G(¢,q) + 1.

Pasragka mapamokca COCTOMT B TOM, 9To 3HadeHme (G(q,q) MOXKeT
ObITh HE OIpenesieHO, U CaMO yIOTpedJieHne 3HAKa «=» 3IeCh HEKOpP-
pektHO. A yTBepx)aenne G(q,q) ~ G(q,q) + 1 Kak pa3 u 03HAIAET, ITO
G(q,q) He onpenesieHo.

PaccMOTpUM IIPOM3BOJIBHOE BCIOLY OIpPeNesIeHHOe IPOIOJLKeHue [
dbyskuun f. Mbl HasbIBaeM ¢ OponoJiKeHueMm h, ecjad u3 TOro, 4rTo
h(z) onpeneneno, ciaenyer g(x) = h(x). Temepn yxe f(n) 2 Gn(n):
ecn G, (n) He onpenesneno, To f(n) % G,(n) yxe moromy, 4T0 JieBasd
9aCTh OTTpe/iesieHa, a mpasas Het; ecyiu ke G, (n) onpeneseno, To u f(n)
onpenesnieno u pasuo G, (n)+1, Torna f(n) copnanaer ¢ f(n) u He paBHO
Gn(n).

Nrak, f orsmmuna ot Bcex (G, U, cjaeqoBaTesIbHO, HEBBIYUCANMA,. MBI

IIOKa3aJId TaKOoli (PpaKT:
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Teopema 13. CymecrByer Boruucsumass ¢pyakmus f uz N B N
He HMEIOIIas BCIOAY ONPEedeJIeHHOTO BBIYHCIUMOTO IPOLOIXKEHHSI.

Teopema 14. CymecrByer nepedncjauMoe HEPA3PENIUMOE MHOXKE-
CTBO.

TokasarteabcTBO. Ilycth A — obntacTh onpenesenns GyHKIAN f
n3 Teopembl 13. Torma, mo ompenenenuro, A nepeuncimmo. Jokazkem
OT TIPOTUBHOTO, 4YTO A Hepaspemumo. Honyctum, A paspemmmo. Torma

dbyHKIMISI
( )_{ f(x), ecmzx € A,
! 0, eciu x ¢ A,

— BCIOZIY OmpenesieHHOe BbIumucjmmoe nponosnkenue f. Teopema moka-
3aHA.

CyuiecTBOBaHUE IIEPEUNCJINMbBIX HEPA3PENIMMbIX MHOMXKECTB I0KAa3bI-
BaEeT, YTO CYMECTBYIOT TaKUe IIPOrPaMMBI p, IJISI KOTOPBIX 330a4a:
«OIpedesiMTh 110 JAaHHOMY ¥, 3aKaHUYMBAET Jid p PabOTy HA T» aJiro-
PUTMIYECKH HepazpemuMa. lem 0ojiee HepazpemuMa 1 o0masa 3303494
«OIIpeNeINTh MO0 OTAaHHOW HporpaMMme p U BXOAY &I, 3aKaHYMBAET JIU P
paboTy Ha T».

YopaxHeHU 4.

1. Hazosem muoxkectBo FF C N X N yrusepcasvHvim, eCiiu IJis JIIO-
ooro nepeunciaumoro mMaHoxkecrsa A C N mafinercst Takoe n € N, 4To
A={x € N| (n,z) € E}. [lokasarb, 9T0 CyIECTBYET MEPEUNCINMOE
VHUBEPCAJIbHOE MHOXKECTBO.

2. JlokazaTh, 9TO JII000Ee YHHBEPCAJILHOE MHOXKECTBO HEPA3PEIIIMO.

3. Jlokasarb, UTO CYIIECTBYeT YHUBEpCaJIbHAsI BbBIUYNCIUMAA (DYHK-
IIsi, OTHOCUTEJILHO KOTOPOII HUTOE HE OmpeneseHHas (PYyHKIUS UMeeT
eIVHCTBEHHbIIT HOMED.

4. Jlokaszarb, uTO cymecTByer Oeckoneunoe muoxectBo A C N,
He UMeIolllee HU OJHOI0 DECKOHEYHOI'O IIePeYrCAMMOro NOIMHOXKECTBA.

5. Iokazarb, 4TO CYLUIECTBYIOT HeEIepeceKalollnecsa IIepeduc/IMMble
mHOXkKecTBa A, B C N, 1151 KOTOPBIX HE CYHIECTBYET Pa3PEelINMOI0 MHO-
xkectBa C' C N rakoro, uto A C ¢/, B C N\ C (Trakue mepeducimmbIe
MHOXKeCTBa A 1 B Ha3bIBAIOTCA HEOMIEAUMDBIMU).

6. [lokaszarb, 4TO CylIecTByeT OECKOHEYHOE CEMEMCTBO IIONAPHO He-
IePECEKANINXCA MHOXKECTB, KaXkKIasd IMapa KOTOPHIX HEOTOETUMA.

7. llokazaTrh, 9TO HE CYIIECTBYET BCIOIY ONpeaesIeHHON BhIIMCIMMOI
byHKIIUN, YHUBEPCAJILHON IIJIsT ceMeliCTBa, BCEX BCIOLY OIPEIeeHHBIX
BBIYUCINMBIX (DYyHKITHIA.
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3 6. IlepeunciaumocTs MHOXKeCTBa TeOpPeM

IIycts ) — curHarypa, COCTOsINAas 13 KOHEUYHOIO YUCJId, CHUMBOJIOB.
ConocraBuM ¢ Kaxkjoii popmysioit curHarypsl () CJI0BO B HEKOTOPOM
KOHeYHOM aJidaBute, pacmupsmomeMm ). [Ijasg 3Toro nmpumeMm CJiemayio-
mee corviamenre. /o cux mop MbI HE HAKJIQIBIBAJIA OTPAHNMYEHUN Ha
IepeMeHHbIe, UCIIOJIb3yeMble B (hopMyJax. Temepb HOroBOPUMCS, UTO
paspemaercss NPUMEHSATh TOJIBKO IepeMeHHbIE Xg,X1,T2,..., L€ WH-
IEeKC MOXKeT ObIThb paBeH JIIOOOMY HaTypaJJbHOMY 4YHCJy. Torma. Jiro-
bast popmysia curHarTypsl {) sIBJIsIeTCA CJIOBOM B OECKOHEYHOM aJipaBU-
te QU {=(,)V&D=VIzgr12>2 ... }. Ob03HAUNM 2TOT andasur By ().
Kak BunHO, Bce cuMmBoJIbI 13 §) conepxkarcs B by ({2), 3ansitas Takxke co-
nepxurca B b1 (). Hampuwmep, r0bas dopmysa curaarypst {0, 5, +, -}
SIBJISIETCSI CJIOBOM B aJipaBUTE

{OS+':(,)V&_'DEVE|£U()QS'1£U2 - }

MBI XOTUM yMeTb 3aIUChIBATHL (DOPMYJIBI B KOHEYHOM aJipasure. [ is
9TOI0 ITOTOBOPUMCS IIEPEMEHHYIO T; 3allUChIBATH CJIOBOM T, IIe U —
IBOWMYHAs 3anuch dncsa ¢. Hampumep, x19 3anucbiBaercsa Kak 10011,
a xrg — kak x0. Torma j1r00as popmysia curHaTypsl ) sIBJISETCsI CJIOBOM
B aJipaBUTE

B(N) = QU {=(,)V&->=¥3201}.

Hanpumep, Ve1dz101P(f(x1,2101)).

OdeBuIHO, TMesT TTPOU3BOJILHOE CJIOBO B ajidasute B({2), MOXKHO BbI-
SCHUTD, sIBJIACTCS Jin OHO popmy.Jioii. BoJjiee Touno, cipasenmsa,

Teopewma 15. s 110601 KOHEIHON CUTHATYPHI () MHOXKECTBO (pOop-
MyJI curHaTypbl §) sBjstercst paspemumMbiv mogMHOKecTBoM B (B(€)))™.

Teopus nepBoOro NoOpsAagKa HA3BIBAETCS PA3PEULUMO GKCUMEMUUPYE-
MOTl, €eCJI OHA, UMeeT XOTs ObI OTHO Pa3penrnMoe MHOXKECTBO aKCHOM.

Jameudanue. Eciau Teopuss paspemnmma, TO OHA U Pa3pPelmMo aK-
CUOMATU3UPyeEMA.

Teopema 16. MnaoxecTBo TeopeM J1t000k pa3pelnMo aKCHOMAaTH-
3UPYEMON TEOPHUH MEPEYUCIUMO.

IHHokazareabcTBOo. llycth B — pazpeninMmoe MHOXKECTBO aKCHU-
om teopum I. Ilo ompenesenuio dpopmynna A nmpunannexwunr T Torma
1 TOJIbKO TOIIad, KOrma mmeercsa BbIBom Ai,...,A, u3 B Takoii, 410
A, = A. Jliobas mocsienoBaTeIbHOCTL (POPMYJI SIBJISIETCSI CJIOBOM B aJI-
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dbaBute B(2), mpu aTOM 1O JTIOOBIM CJIOBAM U, U MOXKHO CKAa3aTh, ABJIS-
eTcs i1 U BBIBOIOM (popMyJibl v u3 B. TouHee, cipaBenmnBa

JJemma. Muoxecrso D = {{u,v) | v — opmysia curHaryps
(), a u — BbIBOI hopmysbl v u3 B} — paspemumoe momMHOXKECTBO

(B(€))* x (B(§))"

IHokazareabcTBO. BoT aJropuTr™m, OTBeYalONInii Ha BOIPOC
«(u,v) € D?».

«Ecau u He siB/IsIeTCsT MOCI6I0BATEILHOCTBIO (POPMYJT CUT-
HaTypsl (), To orBer = HeTr. Unave u = A4, ..., A, 17 me-
KOTOpBIX (pbopmya A+, ..., A,. g Bcex ¢ or 1 10 n npose-
psieM, BEpHO i, 9T0 A; — aKCmoMa MCIUCJIeHUS IPEInKa-
ToB, mn A; € B, usm A; nosiydena u3 npenpiaymux Qop-
MyJI TI0 ogHOMY m3 npaBuJ BbiBoma (Taut), (Gen). Ecim
IJIsL XOTs1 ObI OZHOIO ¢ 9TO HE TaK, TO OTBeT = HeT. Haue
cMOTpuM, coBragaoT jiu A, n v. Ecan ga, To otBeTr = na,
NHa4Ye — OTBET = HET».

JlemMma nmokasana.

BuuMmaresibHbII YnTaTe/Ib, HABEPHOE, 3aMETUJI, YTO B IOCTPOEHUU AJI-
TOPUTMAa MBI HCIIOJJIb30BAJIN CJICAYIONINE VTBEPXK ICHUA:

a) MHOKECTBO KOHEUIHBIX ITOCJIEI0BATEIHbHOCTER (hOPMYJT pas3pemmmnmo
(9TO OYEBUIHO);

0) MHOXKECTBO aKCHOM MCYUCJIEHUS TPEOUKATOB PA3PEIINMO (3TO Ode-
BU/IHO );

B) MHOXK€eCTBO B paspemnmMo (3TO 1aHO);

r) muoxkectBo {(C1,...,Cy, C)|C nonyuena u3 Ci,...,C no (Gen)
wnn (T'aut)} paspemumo (3T0 0YEBUIHO).

Ha camowm neste, kaxnoe us mpasui (Gen), (Taut), ecoim ero paccma-
TPUBATh KaK MHOXKECTBO KopTexkeil (popMyJI, paspemnmmo.

3 »Toro 3amedaHus CJaeayer, YTO €CJIM 3aMEHUTb UCUYUCJIEHHUE IIpe-
IUKATOB JIFOOOIT mpyroii popMaIbHOII cucTeMoil ¢ pa3pemuMbIM MHOMXKE-
CTBOM AKCHOM M KOHEYHBIM YHCJIOM Pa3pPEelIMMbIX IIPABUJI BBIBOIA, TO
JIEMMa, OCTaeTCsA BEPHON.

[IpomomxkuM mokaszaresbCTBO TeopeMbl. MuoxkecTBO 1’ IpeacTaBIMO
B Buze 1" = {v|(Ju € B(N)*)(u,v) € D}.

MuoxecTtBo I mepedmcanMO KaK IIPOEKIINS Pa3pelIrMOr0 MHOXKE-
cTBa. leopeMa gokas3aHA.

Teopema 16 yTBepKIaeT, YTO TeOpUsd C Pa3PENIMMbIM MHOXKECTBOM
aKCHOM IepeducjmMma. MBI 3HaeM, YTO CYMIECTBYIOT IepednC/INMbIe
Hepas3pelnMble MHOXKECTBA. A CYIIEeCTBYeT Jii Hepa3pelulnMasi TeOpus
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C pa3penmmMbIM MHOXKECTBOM akcuoM? A MoxeT ObITh, Jio0asi Teopusi
Hepaspemuma’ Ha mepBrlil BOIIPOC OTBET IIOJIOKUTE/IbHBII — (popMaJib-
Hasi apudMeTnKa HepaspemnMa, a MHOXKECTBO €€ aKCHOM, OYeBUIIHO,
paspemumo. HepaspemmmocTs dpopMasibHON apudMETUKN MbI JIOKa3bl-
BaTh He OymeMm. Ha BTOpOil Bonpoc oTBeT OTpUIlaTE/IbHBIN — CYHIECTBY-
I0T pa3pelinMble TEOPUHM, HAIIPUMEp, dJeMEeHTapHas Teopusd yIOpsioo-
JEeHHOI'O0 MHOXKECTBA PAIMOHAJIBHBIX (MJIM IEJIBIX) YHCesI. ITO yTBEep-
KOeHe MBI TOXKe He OylaeM moKas3biBaTrhb. (O0e 3Tu Teopum pa3pemnriMo
AKCHUOMATU3UPYIOTCH.

Yonpaxuenne. [okazarh, 9TO 3JeMEHTAPHAA TeOpudA JIIOOOH KO-
HEeYHOI MHTepIpeTaun pa3penunma 1, CJeI0BaTeJIbHO, PA3pelnMO aK-
CUOMAaTU3UPYEMA.

Teopewma 17. JIrobast moJiHast pa3penimMo aKCAOMATH3HPYeMast Te-
OpHs pa3penIuMa.

HoxaszaTtensbcTtBO. llycts 1T — mosHass Teopus B curHarype )
C pa3pemiuMbIM MHOXKECTBOM akcumoM. lorma, mo Teopeme 16, 1" mepe-
yncanMa. omosHenne K T’ TakxKe MepedncJanMo, TaK KaK JIJIsd JIF0O0T0
cioBa u asdasura B({2), u ¢ T Torma m TOJABKO TOTHA, KOTIA CJIOBO —
IPUHAIJIECKUT 1 UM U He sABJIsIeTCa POPMYJIOii.

IIo Teopeme Ilocra Teopusa 1" paspemuma. Teopema mokaszaHa.

§ 7. Mamunbl ThiopuHra

PaccyvorpuM o1HO 13 BO3MOXKHBIX YTOUYHEHHUN IMMOHATHS aJTOPUTMa, —
vMamuHbl Toiopunra. Maewuna Tvropurnze uMeer OECKOHEUYHYIO BIIPABO
AEHMY, Pa3IeJIeHHYI0 Ha Auveliku. B kKaxmoil u3 sd9eek MOxKeT ObITh
3aMmucan J00# cuMBOJI U3 pabouezo aagasuma (MM TPOCTO — aJI-
daBuTa) mamuubl. MamuHa ©MeeT “4UMauLe-3anUcCb8aoUY0 20406KY
n ynpasssrouee yempoticmso (YVY). YupasJsitoniee yCTPORCTBO MOKET
HAXOOUTHCA B OJHOM M3 KOHEYHOI'O MHOXKEeCTBa cocmosnut (). MHo-
>)KecTBO () m pabouniit asdaBuUT CBOU /sl KaxK/J0W MamuHbI T HIOpUHrA.
Y'Y MoxkeT aBurarh roJIOBKY BIIPABO M BJIEBO IO JIEHTE W 3alMCHIBATD
B sT9eiKM JII000ii M3 CMMBOJIOB aJipaBUTa, IIPU DTOM MHPEXKIE 3aITMCAH-
HBII CUMBOJI cTupaercda. fdelika, Ha KOTOPYIO CMOTPUT I'OJIOBKa, Ha-
3bIBAETCA 0bo3pesaemoti suetixoti. [lelictBue MalmMHBI HA JIIOOOM IIa-
re IMOJIHOCTBHIO OIPEdesIsieTCs COCTOAHUEM YIIPAaBJIAIONIEr0 yCTPOiCTBA
1 CUMBOJIOM B 0003peBaemMoii stueiike (0003pesaemvim CUMBOAOM). ITO
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IelicTBUE COCTOUT B 3aIIMCBIBAHUMN B 0003PEBAEMYIO UY€Ky HOBOI'O CUM-
BOJI& (BO3MOXKHO, COBIIQIAIOIIETO CO CTAPHIM) WM MOCJIELYIOMEM CIBATA~
HIX TOJIOBKH BIIPABO MJIM BJIEBO Ha OOHY sI9EiiKy MJIM IPOCTO B 3aIUCH
HOBOT'O CUMBOJIa. 10, KakKoe meiicTBHUe HY:KHO HPEIIIPUHATH B KaXK 10U 13
BO3MOKHBIX CUTYyaluii, 3alI1CAHO B OporpaMMe MamuHbl. B MHOXKecTBe
COCTOSIHHUII BBIIEJIEHBI OB COCTOAHUA — HAYAALHOE U 3GKANUUMEAD-
Hoe; OymeM 00O3HAYaATh UX COOTBETCTBEHHO ¢ U (¢p. DylIem cuuTarh,
gro asipaBut comepxkuT cumBoa 0 (Hosb). KEciam rosoBka HaxommuTcst
B KpaiiHeil J1eBoii stueiike, a mporpaMMa TpedyeT COBUra roJIOBKHI BJIEBO,
TO IIPOUCXOOUT OMKa3, T.e. De3pe3ysIbTaTHas OCTAHOBKA.

®opmasibHO, MamuHa Thopunra — 310 Tpoiika M = (A, Q, P), rue
A — xoHeuyHoe MHOKeCTBO Takoe, 910 0 € A, () — KOoHedYHOe MHOXKEeCTBO,
He Iepecekaromeecst ¢ A n comepzKaliee 1Ba BbIIEJEHHBIX 9JIEMEHTA (g,
q1, @ P — 5T0 MHOXKECTBO BbIpaKCHUII OJHOIO U3 TPexX BUIOB: ga — br,
ga — bRr, ga — bLr, roe q,r € @), a,b € A. DjeMeHTH MHOXKECTBA
P HaswpBaroTca xkomardamu, a caMo MHOXKeECTBO P — npozpammoti Ma-
ekl M. s kaxkporo cocrosausa ¢ € Q \ {go} u cumBosia a € A
B rporpamme PP mmeercs poBHO OIHa KOMaHIa C JICBOH 4acTbIO qa.

IIporpaMmma ykasbIBaeT, 4TO AeJlaTh B KaXKJIOW 13 BO3MOXKHBIX CUTY-
aInii: eCJIM COCTOsIHIE YIIPABJISIIOIEr0 YCTPOICTBA PABHO ¢ U ¢ 7 (g, TO
HAO0 HAUTH KOMAaHIOY C JIEBOI YaCTBIO ¢a, TOe a — 0003peBaeMblil CIM-
BOJI (IO OTIpeNesIeHnI0, B TPOTPAMMe €CTh POBHO OHA TaKasl KOMAHIA).
Ecau mpaBast vacTh 9TO KOMaHIbLI ecTh br, To Mmamunia M 3anucbiBa-
eT B 0003peBaEMYIO sT9eiiKy CHUMBOJI b, m YV IepexoauT B COCTOSTHHAE
r. Ecan npaBast 4acTh KOMaHIOLI ecTh bRr wanm bLr, To MalImHa 3aIu-
ChIBaeT B 0003peBaeMyI0 S4eiikKy cuMBOJI b, Y Y IepexoauT B COCTOSTHUE
r, U TOJIOBKa CIBUTAeTCA HA OJHY sS4YeliKy BIPaBO UJIM, COOTBETCTBEH-
HO, BJIeBO. Ecim cocrosume mamuabl M paBHO g, OHA 3aKaHUIUBAET
paboTy.

[Mpumep 1. Ilycts M = {({0,1},{q90,¢1,92}, P), t1e
P ={q10 = 0Rq2, 11 = 1qo, q20 — 1qo, g21 — 1Rg>}.

IIpocnenum padbory mammubbl M, HAUMHALA C IOJIOXKEHUSI

q1
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Bot nocstenoBaresibHOCTS HeiicTBuit mammAbl M :

3
q2

0 0 1 0 1 0
T
P

0 0 1 1 1 0
T
do

Ha »sToMm padbora MammuHbl M 3aKaHYNBAETCA, TaK KaK Y Y IPUIILIO B CO-
CTOSTHUE (.

CocrossHue BBIYUC/IEHUsT JII000IT Mamuabl ThiOpUHTa HaA JIFOOOM €ro
mare MOJIHOCTBIO OMpeessieTCss TPOUKoii: (cocTositue VY Y; MOJIOXKEHNe
TOJIOBKU Ha JIEHTEe; COOEepP:KUMOe JIEHTHI, T. €. NOCJIEIOBATEJIbHOCTh CHM-
BOJIOB, 3aIlICAHHBIX B siueiikax). Bymem caurarh, 9T0 TOJIBKO KOHEYHOE
YHUCJIO AYeeK JIEHThl MOXKEeT COepXKaTh CUMBOJI, OTJIMYHBIA oT 0, T.e.
HaYMHAas ¢ HEKOTOPOTO MeCcTa Ha JIEHTEe 3a0HUCaHbl OIHH HYJ . 1Tpoiika
(cocTrosirme YY; MOJI0KEHME TOJIOBKY HA, JIEHTE; COIePKUMOe JIEHTbhI) Ha-
3bIBAETCA KoHPuaypayuet (MM MANIMHHBIM CJIOBOM, MICHOBEHHBIM OIIU-
caameM) mamuabl M. Mbl OymeMm 3anmchiBaTh KOH(MUIYPAIUIO B BUIE
CJIOBA UqQV, TIe ¢ — COCTOAHHNE YIPABJIAIONIErO yCTPORCTBA, U — CJIOBO,
3aMICAaHHOE HA JIEHTE B siueiikax 10 0003peBaeMoil staeiiku (MCKJII049ast
ee caMy ), a v — CJIOBO, 3aIIMCAHHOE B siuefikax, HadunHasi C 0003peBaeMoii
1 10 JIFDOOTO TAKOI'0 MEeCTa, IIOCJIe KOTOPOro UAYT yzKe OOHU HyJ . Ta-
KM 0Opa3oM, CJIOBO U HE OIIpenesisieTCsi OOHO3HAYHO KOHMUIrypalmeii.
Hanpumep, KkoHMUTYPALHIO

0 a b

o

S
=

-]
—
-]
-]

MOXKHO 3anucarb Kak B Buae cJjioBa 0abgcba0l0, Tax u B Bume cJoBa
0abqcba0100.

[TocsienoBaTeTbHOCTh KOHPUTYPALMil W3 IpuMepa, 1 MOXHO m300pa-
3uTh Tak: 0g10101, 00g-101, 001¢-01, 001gp11.
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IIycrs k — xonduryparmusa mekoropoit mamuasl M. Obo3HaduM de-
pe3 k' xoudurypamnmo, B KoTopyio M nepexomut n3 KoHpuUrypanmn k
3a onuu mar. Koundwurypamusi k' onpenenena, ecian CoCTOsSTHAE B KOH-
durypanun k He paBHO @y, W OporpamMma He Tpedyer caBura 3a Kpaii
aeHTbl. Dynem roBoputh, utro M nepepabamwisaem xoudbuUrypamuio k
B KoHuUrypamuo [ u nucarb k = a4 [, ecoim cymecTBy0T KOHPUTYpAIUT
ko,ki,..., ks Takue, ato kg = k, ky = 1, w nyisg Bcex ¢ < t ko1 = (k;)~
Nupivu coioBamu, M nepepadarsiBaeT KoHdUrypaiumo k B KOHPUrypa-
nuto [, ecom [ nony4daercs u3 k 3a HECKOJIBKO IIAroB padOThl MamIuHbL M.

[Iycts M — mammnua Twiopunra c ajgdasuroMm A, a 4 — CJI0BO B aJI-
dasure A. Hasosem xoHdurypamumo ¢0u HavasvHoli Koupuaypayuets
(nym HAYAJILHBIM TOJIOKEHUEeM ) Ha MCXOIHOM maHHoM (6xode) u. Ta-
KM 00pa3oM, B HaYaJIbHOU KOH(MUTYypaIllud HA MCXOTHOM JAHHOM U HA
JieHTe HamnmcaHo cjioBo Qu, a maJiblle — OJHU HYJIU, I'OJIOBKA CMOTPUT
Ha IIePBBIA CUMBOJI, Y Y HAXOOUTCsI B HAYAJBbHOM cocTosHuu. llocie-
moBaTeIbHOCTDH KoHburypammit kg = ¢, 0u, k1 = (q10u)’, ks = (k1)',.. .,
MOJIYYIAIONIVIOCS TIpU padoTe MamuHbl M Ha HavaJIbHOW KOH@Urypa-
nuu ¢10u, Ha30BeM euwuucaeHuesm Mamuiabl M Ha Bxome u. PopMasibHO,
BBIUMCJIEHNE HA, BXOOE Y — TO KOHEUYHasd MU OeCKOHEeUYHasl MOCJIeno-
BaTeJIbHOCTh KOHpurypamuii kg, ky,... Takadg, 410 kg = q10u, u njdg
Bcex n > 0 aubo xoudurypanus (k,)' me onpenenena, n k, — mOCJIeI-
HUH 9/IeH 1OC/Ie10BaTe IbHOCTH, JTn0O0 Koudurypanus (k,)" onpenesena
1 paBHA Kpy1-

Eicsin Berunc/ieHne Ha BXOJe 4 KOHEYHO, TO Oy/IeM I'OBOPUTHL, YTO Ma-
minHa Thropunra M ocmanasausaemcs Ha BXxone u. Ecom M ocrana-
BJINBAETCS HaA BXOOE U, TO B IocJjemueil kondurypamun janoo M Haxo-
INTCS B COCTOSTHUM (o, JITMOO IPOUCXOIUT OTKA3, T. €. IPOrpaMMa Tpedyer
BBIXOIA 3a Kpail JJeHTHhl. B ciydae oTkasa BBIUUCJIEHUE CUNTAETCs Oe3-
pe3yabmamuvim. Bo3MOKHBI pa3MIHbIE JOTOBOPEHHOCTH, YTO CUNTATD
pPe3yJIbTaTOM BBIUUCJIEHNs B TOM CJyYae, KOTIa MAIlInHA OCTAHOBUJIACH
B COCTOsIHUU (. IlyCcTh B KauecTBe pe3yJ/IbTATOB BBIYUCJICHUSI PACCMa-
TPUBAIOTCsI TOJILKO CJIOBA B aJipaBuTe A, BKJIIOUYEHHOM B aJI(MABUT Ma-
muHbl M u He comepxkamem cuMmBosia 0. CimoBo v € A* 6ymeM Ha3bI-
BATh PE3YALMAMOM BbIMUCAEHUS 8 CUABHOM CMBICAE, €CTIN BHIYUCTIEHNE
KOHEYHO, U IIOCJIeOHsId KOH(MUTYpAIMsi MOXKET ObITh 3aIlUCaHa B BUIE
cs0Ba, goOv. Henyctoe cioBo v € A* O6ymeM Ha3bIBATH PE3YALMAMOM
BHIYUCACHUS 8 CAGDOM CMBICAE, €CJIN BBIUUCJIEHNE KOHEYHO, U IIOCJIEe-
HeAsT KOHPUTYPALUsd UMeeT BUI Wi QUi oV Swse, TIOe V1V = ¥, IPUUIEM
vo # AN, a, 8 & A. Ilycroe ciioBo A € A* 6ydgeMm cuuTarh pes3y IbTaTOM
BBIYMCJIEHUSA B CJIa00M CMBICJIE, €CJI BBIYNCJ/IEHEe KOHEYHO, U MOCJIe/-
HaAg KOHUIYypalus uMeeT Bud wiqgofws, roe B € A. 3ameTrum, 9TO
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pe3yJIbTaT BBIYUCJICHUS B CJIa0OM CMBICJIE CYIIECTBYET BCErma, KOTIa
MAaIlIIHa 3aBepHIaeT pabOTy B COCTOSIHUAN (.

IIycts X u A — mpowusBosibHbIe asihaBuThl Takue, 910 0 € X, 0 € A,
1 IycTh f — 4vactudHasg pyHKIusa u3 X* B A¥, a M — mammna Tbio-
puHTa ¢ aadaBUTOM, BKJIIOUAOmMuM aadasutsl . 1 A. Bynem rosoputs,
g10 MarmmHa M swuucasem gynruuro f 6 caabom (CusbHOM) cMbiCAe,
ecqm IJIsI Bcex u € X v € A* Burumcsenme mammabl M Ha Bxome u
3aBePIIAETCsT OCTAHOBKON C Pe3ysIbTaTOM BBIYNC/IEHUS B CJIA00M (CHJTb-
HOM) CMBICJIE ¥ TOIIA W TOJIBKO TOTIa, Kormaa f(u) = v. VHbIME cJioBa-
MU, ecsn MammHa M Beraucsser dyHkmuo f (B c1aboM niinm CHJIBHOM
CMBICJIE), 1 3HadeHne f(u) onpenesieHo, TO BBIUUCIEHNE MAInHb M Ha
BXOJIE % 3aBEPIAETCA OCTAHOBKOI ¢ pe3ysibraroM f(u) (COOTBETCTBEHHO
B cJ1a00M WJIM CUJIbHOM cMmbicsie). Ecrm xe 3Hadenue f(u) He ompere-
JieHo, u MamuHa M Bbrauc/ager pyHKIU f B cj1aboM CMBbICJIE, TO BbI-
yucJieHre MamuHbl M Ha BXxoje u JinOO BOBCe He 3aKaH4YUBaETCHA, JIIOO
3aBepuIaeTcsi 0TKaszoM. Eciu ke mammbua M Beruncsser GyHKOUO f
B CHJTBHOM CMBICJIe, U 3HadYeHuwe f(u) He ONpemesieHO, TO BBIYNUC/IEHNE
Mamuabl M Ha Bxome u b0 BOBCE HE 3aKAHUYMBAETCsI, JIMOO 3aBep-
IAeTCsI OTKA30M, JIMOO 3aBEPIIAETCsI OCTAHOBKOU B COCTOSHHUU (g, HO
HUKAKOe CJIOBO B ajipaBuTe A HE SIBJIAETCS PE3YJILTATOM BHIUNCJIEHUA
B CUJILHOM CMBICJIE.

Oyurnusa f us X* B A* HA3BIBAETCS 8biuUCAUMOUT NO Tvropunay 6 cia-
60M (CUNBHOM) CMBICAE, €CITH CYTIECTBYeT MAINHA ThIOPUHTA, KOTOPAs
BbIYKC/IgeT GYHKIUIO f B cjaboM (COOTBETCTBEHHO, CUJIILHOM) CMBIC/IE.
3aMmerum, 9To pabounii adasut Mamuabl M, Beraucsomei ¢byHKIIIo
f uz ¥* B A* moxker ObITh mupe, yem asipasut X U A U {0}.

[Ipumep 2. Illycrs dynkuua f usz {a,b}* B {a,b}* onpenesena pa-
BCHCTBOM

£ { A, ecriu gucsio OYKB a B CJIOBE U YETHO;
u) ~

HE OIIpEeaeJieHO B IIPDOTUBHOM CJly4ac.

OyHkIMs f BBIYUCIISETCA B CUJILHOM CMbICJe MamuHoil Tropunra M
c aimdasutom {#,0,a,b}, cocroauusamu qo, q1,q2,q3, G4 1 CIAETYIOMUMA
KOMAHIAMMU:

010 — # Rg2
goa — 0Rqs
q2b — 0Rqgo
gsa — 0Rqgo
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q3b — 0Rqs
q20 — 0Lqy
q30 — 0gs

qs0 — 0Lqy

qa# — Oqo

Henocraomme KoMaHObl C JIEBBIMH YacTAMU ¢1a, q1b, q1#, q2#, q3F#
n T. I. MOXKHO B3:ATH MPOU3BOJILHO. Mammuua M, HaunHass padboTy HA
BXOJIE U, 3aIIMCHIBAET CUMBOJI # B IEPBYIO sTUeliKy JIEHTHI U 3aTeM IBU-
raeT TOJIOBKY MO CJIOBY U, CTuUpas ero OykBbl. Ilpm »TOM ABmXKeHUN
MalnHa M HaXO0IUTCsI B COCTOSIHUAM (o, €CJIA YKNCJI0 OYKB @ B IIPOIUTAH-
HOII 4acTu CJIOBa U Y€THO, U B COCTOAHUM (3, €CJIA HTO YUCJIO HEUYETHO
(obo3peBaemMasi sdeiika NMPOUYMTAHHON He cumTaercs). [IpoumTaB CJI0BO
u, T. €. Ioiias1 10 mepBoro cuMBoJia 0 cipaBa, MmamuHa M «3alnKJInBaeT-
CsI», €CJIM OHA HAXOIUTCA B COCTOSIHUN 3, 1 HAUNHAET JIBUXKEHUE BJIEBO,
ecJI OHa HAXOMIUTCS B COCTOSHUN (o (T.€. 9Yucjio OyKB a deTHo). lolims
10 cuMBOJIa, #, mamuua M 3amensier ero Ha 0 1 3aKkaHYnBaeT PadOTy.
IIpu »TOM Ha JieHTe 3aIMCAHBbI OIHU HYJIH, T.€. Pe3yJIbTaTl B CHUJIbLHOM
CMBICJIE PABEH IIyCTOMY CJIOBY.

A BoT mpumep MmamuHbl ThHIOPUHTA, BEIYUCIAIOMENR Ty Ke DyHKIIAIO
f B cimabom cmbicse. Ilycrs mammua Twropunra M’ nmeer asndasur
{0,a,b}, cocrosuus qg,q1,q2,q3, & €6 TPOrpaMMa, COCTOUT U3 CJIEIYIO-
MIX KOMaHI:

¢10 — 0Rqg-
g2a — 0Rgs
g2b — 0Rg-
q20 — Oqo

qsa — 0Rgo
q3b — 0Rqgs
q30 — Ogs

Henocraromnue KoMaHIbI C JIEBBIMA YaCTAMU ¢1a U ¢1b MOXKHO B3sATH IPO-
n3BoJibHO. Mammna M’ naunnasi paboTy Ha BXOIE U, ABUraeT I'OJIOBKY
10 CJIOBY U, CTUpPasa ero OyKBbI. I[Ipu aTOM OHaA HaXOOUTCA B COCTOSHUU
g2, €CJIN 9UCJIO OYKB @ B MIPOYUTAHHOI YaCTU CJIOBA U Y€THO, M B COCTO-
SAHUU 3, €CJIM DTO YUCJI0 HedeTHOo. IIpoumTaB cjioBO u, T.e. moiigsa mo
nepsoro cumBosia 0 cupasa, mamuaa M’ «3anuKauBaeTCsi», eCau OHA
HaXO0OUTCA B COCTOAHUMN (3, 1 OCTaHaBJINBACTCA B COCTOAHUUN (o, €CIIN
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OHA HAXOOUTCSI B COCTOSTHUM @2 (T.e. uncjo OykB a deTHo). Ilpum sTom
B 0003peBaeMoOil s4eiike 3anucad cuMBOJI (0, T.e. pe3yJbTaT B CJIA0OM
CMBICJIE PABEH IIyCTOMY CJIOBY.

Teopema 18. Ecim gacrumunas ¢pyakinus [ uz X.* B A* Berauc/imma
o ThOpUHTY B CHJIBHOM CMBICJI€, TO CYIIeCTByeT MaliuHa TbropHHTa,
BBIYHCJISAIOMAsI (PyHKINIO [ B CHJIBHOM CMbICJIE, KOTOpasi paboraer bec-
KOHEYHO JI0JIN0 Ha BCeX BXogax u € X ms KoTtopbix 3HadeHme f(u)
HE OIpENnesIeHO.

HoxaszaTtenbcTBo. llycts M — mamuna TriopuHTa, BBIUYUCISIO-
masa GyHKUIUo f B CMJIBHOM cMbIcse. IloctponM Mamuny N, BBIYHACIIA-
IOMIYI0 (DYHKINIO f B CHJIBHOM CMBICJIE U HE OCTAHABJIUBAIONIVIOCS HA
Tex BXojax u € X*, mjis koropbiXx M He maer pesysbrara. Mbl orpa-
HUYUMCSA JIAIIb onmcanneM paborsl Mmammuabl N, a nporpammy oy N
YUTATEJIb CMOXKET HAIINCATh caMOCToATe JIbHO. 1o yciioBuio, pabora Ma-
muael A Ha BXOOE U HOJDKHA OTJIMYATLCA OT PadOThI MamuHbl M HA
BXOJIe U B CJICIYIONUINX NBYX CJIydasdX:

1) ecsiu mamuna M npu paboTe Ha BXOI€e U IBITAETCs BBIATH 3a Kpaii
JIEHTBHI;

2) ecsn marmuna M 1pu paboTe Ha BXOJIE U OCTAHOBUJIACH B 3AKJIIO-
YUTEJIbHOM COCTOSHHUH, HO IIPU TOM 3aKJIIOUUTEIbHAA KOH(PUTYPAIIUA
HEe MOXKeT ObITh 3anucaHa B Buae cjoBa ¢olv HI O KaKOro CJIOBa
v E A"

Mammny N Mbl yerpomMm ciemyiommM oOpasoMm. OHa «3aIyCcKaeTs
maruay M, u ecjim B cBoeM BbluucsieHun M nbiTaeTcs BhINTHU 3a Kpaii
sieaTel, To N 3anukaubaercda. Ecom mammaa M He oCTaHABINBACTCH,
TO TeM caMbIM 1 MammHa N He ocranasimBaerca. Ecan xe M octano-
BATCsA, TO IOCJIE OKOH4YaHUA paborhl Mamunbl M mammaa N Haxomut
MECTO Ha JIEHTE, HAUMHAas C KOTOPOrO HAIIMCAHLI OIHN HYJIU, U BHISICHS-
eT, UMeeT JIM 3aKJII0UNTeJbHasi Koudurypamusa sun golv, rome v € A*
OmHaxo, BOOOIIEe TOBOPsI, HEBO3MOXKHO OIIPEIeJNTh, C KAKOil si9eiiku Ha-
YUHAIOTCA OIHU HYJIN, HOCKOJIbKY MalinHa M morJsia modsIBaTh B CKOJIb
YIOOHO HJaJieKuX stueiikax. YToObl pemmuTh 9Ty mpodsieMy, Mbl U3MEHIM
MaluHy M, 3acTaBuB ee moMedyaTh BCe d4UeliKi, B KOTOPBIX OHA MOObI-
BaJia, n 6ymeM BMecTo M 1CIoJIb30BaTh 3Ty HOBYIO MAIIUHY.

Bouiee nonpobuo, pabora Mamunnl N IPOUCXOOUT B TPU DTAIA.

1. Mammnua N mmmer BMECTO CAMOIO JIEBOIO HYJIA CIENUAJIbHBIA
CUMBOJI F, 3aTeM CIBUTaeT BXOJHOE CJIOBO Ha OIHY dAYelKy BIIPaBO,
3alCaB B OCBOOOMBIITYIOCA A9eiiKy cruMBOJI 0.

2. Mammna N 3anyckaer nosyro mamuny M. Mamuna M — 3To,
10 OIpedesIeHNI0, HEMHOIO n3MeHeHHast mammHa M. lmenno, padota
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MarnmHbl M OTIMYAeTCs OT paboThl MamuHbl M TeMm, 9TO OHa IHUIIeT
HOBBII CHEIHNAJIBHBIA CUMBOJI 0, & IPU YTEHUN BOCIPUHUMAET €r0 TaK
’)Ke, KaK M HYyJIb. 9TO HYKHO IIJIsI TOIO, YTOOBI IIOC/I€ OKOHYAHUSA Pa-
60THI MATTHHBT M MOMKHO BBLITO BBISICHUTDH, B KAKUX d4Yeiikax ImobbIBaJia
Ol mamuHa M 1pu padboTe Ha Bxone u. Kpome Toro, Kak TOJIbBKO Mallln-
Ha M BUIUT CUMBOJI #, oHa 3anukanBaeTrcsi. PopmaJibHO, IPOrpaMMa
MarmHb M IIOJIYIaeTCsI U3 IIporpaMMbl MamuHbl M 1o0aBJIeHIEM 171t
Kaxknoit komauasl Buga q0 — ar, g0 — alLr nim g0 — aRr coorBet-
CTBEHHO KOMAaHOBI qo — ar, qo — alLr nian qo — aRr, 3aTeM 3aMeHOI
HYJIsI B IIpaBoil 4acTu Jii000if KOMaHObI Ha 0 U J100aBJIeHIeM HOBBIX KO-
MaHII §# — #q I0Jid BCceX COCTOsiHU ¢ MammHabl M.

IIpo paboTy MammHBI M MOKHO yTBEpKIATh cienyriree. Eciu M

BO BpeMdA padOThI Ha BXOOE U IILITAETCs BBIATU 3a Kpail JIEHTHI, TO /\7
Ha TOM Xe BXoe paboraer beckoneurno. Ecsm M Ha Bxome u paboraer
OeckoHeYHO HoJITo, TO 1 M Ha Bxome u padoTaeT OECKOHEYHO HOJITO.
Ecaun M ocranaB/iuBaeTcCsi Ha BXOIE U4 B 3aKJIIOUUTEJIHHOM COCTOSHUU,
1 v — CJIOBO, 3allMCAHHOE Ha JICHTE CJIeBa HAIpaBO OT KpaiiHei ﬂeBgﬁ
sS9eiiku 10 KpaiiHeil IpaBoil U3 MOCeleHHbIX MamunHoii M sdeek, To M
TaK:Ke OCTAaHABJIMBAETCA HA BXOIE U B TOM XK€ COCTOSHUN U B TO# XKe
sideiike, a Ha JIEHTE 3aIIICAHO CJIOBO VU, IIOJIYUYEHHOE U3 CJIOBA U 3aMEHOI
BCEX HYJIEH Ha O.

3. Tenepsr N nposepsier, uMeeT J TeKymasd KOH(PUIYPALUd BUI
#qovo...o0, Toe v € A¥ a ¢ — BaKJOUYATEJIbHOE COCTOSTHIE MAIIUHBI
M. Ecau umeert, To M najta pesyJbTaT Ha CJOBE U] B 3TOM ciay4dae N
3aMEHsIET BCE CUMBOJIBI 0 HA HYJIH, CIBUTAET CJOBO ¥ HA OOHY sT9ElKY
BJIEBO U 3aMeHsAeT # Ha HyJ1b. K ke KoHdurypalusa He uMeeT TaKOr'o
BA1a, TO N 3alUKJINBACTCA.

Teopema nokaszaHa.

Teopema 19. Kakoel ObI HU ObL/IH a/ihaBUThI > U A Takue, 4TO
0&%,0¢& A, n gactuunast ¢pyakmus f uz X* B A*, pyaknus f Beran-
caMa 10 ThbIOpHHI'Y B CHJIBHOM CMBICJI€ TOLIA U TOJIBKO TOIA, KOIZa
f Beruncanma mo TeIOpHHTY B CJ1aOOM CMBICJIE.

okasareabcTBo. Ilycts dyuknua f u3z X* B A* BeraucamMma 1o
TriopuHTY B CHJIBHOM CMBICJIE. B cuny Teopemsbl 18 cymecTByeT MallnHa,
Trropunra N, Beraucasmomasn GyHKIUO f B CUJIBHOM CMBICJIC, KOTOpasd
paboTaeT DECKOHEYHO OOJITO Ha BCEX BXOIAX U € XL, O/ KOTOPBLIX 3HAa-
genne f(u) me onpemesieno. Ilycrts N umeer cocTosaHusa qo, i, ... ,(n.
[TocTpoum mamuny N, Borauciaonyio GyHKIuio f B Caa00M CMBICIIE.
Mamunnaa N' 6yner umers ToT ke anadasur, yro u mammaa N, 1 cocTos-
HUA G0, 1, - - »Gn,ni1- IIporpamma mamunbl N/ cTponTes cemyommm



§ 7. Mawunv, Twvropuraa 117

obOpasoM: B mporpamme Mamuubl N BO BCeX KOMaHIAX COCTOSHUE (o 3a-
MEHSIeTCs Ha COCTOAHUE (41, U K TTOJIYIEHHON ITporpaMMe J100aBIAeTCA
KOMaHOa ¢n410 — 0Rqo.

[Tokazxem, yro mammHaa N’ Borauciger GyHkIuo [ B ca1aboM CMBICIIE.
Ecin sHavenue f(u) He onpenesieno, To Mammnua N Ha BXOIE U 3aIIUKJIN-
BaeTcd, a Torna, odesnaHo, mammua N’ Taxxke sanmkimsaerca. Ecom
sHadenue f(u) OmpeseseHo U paBHO IIyCTOMY CJIOBY, TO Mamuba N Ha
BXOOEe U 3aBeprraer padory B KoHpurypanum ¢, a TOrma, OYeBUIHO,
mamnna N Ha BXOme u 3aepmaer paboTy B Kondurypamyun 0gg0, T.e.
IIYCTOE CJIOBO SABJISIETCS PE3YJIbTATOM BBIYUCJIEHUsI B CJIa0OM CMBICJIE.
Haxkowner, ecin 3Hadenune f(u) onmpemeseHo W PABHO HEIYCTOMY CJIOBY
v € A* To mamunna N Ha BXode u 3aBepHIacT padOTy B KOH(MUrypauun
q00v0...0, a Torna, ouesunno, mamuna N’ Ha BXoIe u 3aBepHiaeT pa-
ooty B KoHpurypamuu 0qev0...0, T.e. CJI0BO v SBJIIETCA PE3yJIbTATOM
BBIYKUCJIEHUSI B CJIA00OM CMBICJIE.

IokaxkeMm Temepb, uTo ecan GyuKIMI [ n3 X* B A* BeraucgmMa 1o
TbOpUHTY B CJ1a00M CMBICJIE, TO OHA BBIYUCJAUMA U B CUJIBHOM CMBbI-
cae. Ilycry mamuna Twiopunra M Beramcisier pyHkmnuio f B cjiaboMm
cMbIcsie. IlomobHO TOMY, KaK 9TO ObLIO CIEJaHO B JOKA3aTEeILCTBE TEO-

peMmbl 18, IIOCTPOUM MAaIIUHY M , KOTOpasi BMECTO CaMOI'0 JIEBOI'O HYJISA
IUIIEeT CUMBOJI #, CABUTAeT BXOJHOE CJIOBO HA OJIHY A4eiKy BIIPaBO, 3a-
IIICAB B OCBOOOIUBIIYIOCS A49eiiKy HYJIb, U 3aTeM paboTaer, Kak M, 3a
TeM JIMIIb NCKJII0UYEeHNeM, YTO BMeCTO HYyJId OHA, IMUIIeT CIMBOJI 0, KOTO-
PBIN ITPpU 9YTEHNHN BOCIHPUHUMAET TaK 2Ke, KaK U HyJib, a YBAIEB CIMBOJI

#., MalHa M 3aUKJIIBAETC.

Takum obpaszoMm, ecomm M BO BpeMmsi pabDOTHI Ha BXOOE U IIBITAETCS
BLIITH 33 Kpail JICHTBI, TO M Ha TOM e BXOome paboTaer OECKOHETHO;
ecaiu M Ha BXome u paboraer OECKOHEYHO I0JIro, To u M Ha Bxone u
paboraeTr 6€CKOHETHO 10JIT0; ecyn M ocraHaB/InBaeTCs HA BXOOE U B 3a-
KJIIOUUTEJIbHOM COCTOAHUM, U FU — CJIOBO, 3aIlMCAHHOE Ha, JIEHTE OT
KpaitHei .HeBOI‘/iIV AYeKU OO0 KpalHel npaBoOil M3 MOCENIEHHBIX MAIINHON
M ageek, To M TakKe OCTaAHABJIUBAETCs HA BXOJE % B TOM K€ COCTO-
SIHUM U B TOH XKe d4elike, a Ha JIEHTE 3alIMCAHO CJIOBO #v, MOJIy4YeHHOe
13 CJIOBa ¥ 3aMEHON BCeX HYyJIel Ha O. -

[TocTpoum Tenepsb Mamuny N, KoTopas cHadaJja paboraer, Kak M,
a B CJIy4ae OCTAHOBKU IIOCJIEIHEN IPOBepAET, HPUHAIJICKUT JIL 0003pe-
BaeMblil cumBoJl asidasuty A. Ecsm mer, To mammuaa AN cTupaer ¢ JieH-
THI BCE CUMBOJIBI, 3aMEHsIsA UX Ha HYJIM, I OCTAHABJINBAETCS B KpaliHel
JIeBOit sideiike (rme ObLI HamMCaH CUMBOJ #). Ecsm xe obo3peBaemblii
CHMBOJI IPUHAIJICKAT asadasury A, mammaa N OBUTaeTca MO JICHTE
BIIPABO, HE MEHsisI COOEPXKUMOE d4YeeK, OKa He 3aKOHYATCS CHUMBOJIBI
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n3 asipaBuTa A, 3aTeM, OPOMOJIKAA JBIKEHHE BIIPABO, CTHUPAET BCE
OCTaJIbHBIE CUMBOJIBI, TIOKA He BCTPETHuTCs HyJb. llocse sToro marm-
Ha, JBUTAETCHA BJIEBO, IOKA HEe HAYHYTCS CUMBOJIBI 13 ajipasuta A. He
MEHsIsd UX, MaIIMHA TPOOOJIZKAET JIBIKEHNE BJIEBO, IIOKA HE 3aKOHIATCH
CUMBOJIBI U3 aJipaBuTa A, 3aTeM, IPOOO/KAsI IBUKEHIE BJIEBO, CTUPAET
BCE OCTaJIbHbIE CIMBOJIBI, II0Ka HE BCTpeTrurca cuMBoJ #. Ilocsie aToro
MallIMHA COBUTAET OCTaBIIIEeCs Ha JIEHTe HeIlycToe CJIOBO B ajidaBure A
BJIEBO, 3aIIMChIBAasi ero OyKBa 3a OYKBOIl cipaBa OT sdeiiku, comepzKa-
meil cuMBOJI #. 3aTeM MallnHa BO3BPAIIAETCA B AYEHKY, COIEPKAIILYIO
CHUMBOJI #, 3aMeHsIeT ero Ha HyJIb M OCTAHABJIMBAETCSA B ITOI ddelike
B COCTOAHUU ¢g. OYeBUIHO, YTO TaK IOCTPOEHHAsI MAINHA BbIYUCJIAET
dbysKIUIO f B CUJIBHOM CMBICJIE.

TeopeMma moxa3aHa.

bynem ropoputrh, 4t0o QyHKIUA f BhIYUCAAMA 10 THIOPUHLY, ecJiu
OHa BbIYUCJIMMa II10 TbIOpI/IHI‘y B CHUJIBHOM WNJIN CJT&6OM CMBbICJIE, Y9TO
B cuJ1y TeopeMmbl 19 omao m TO XKe. (OOBIYHO, KaK B PaCCMOTPEHHOM
npuMepe 2, nporpamMma OJjid BBIYUCJAEHUs (DYHKIUU B CJIAOOM CMBICJIE
HECKOJIBKO TIPOIIE, YeM IIPOrPaMMa, IJIs1 BEIYUCJICHU TOH ke MYHKIINU
B CMJIBHOM CMBICJIE. OILH&KO B TEOPETUYIECCKUX KOHCTPYKIMAX IIPOTrPaM-
Ma IIJIsT BBIYUCJIEHNsT PYHKIINN B CUJIBHOM CMBICJIE IPEANOUYTUTE/IbHee,
TaK KaK OHa IPpeacCTaBJIdeT Pe3yJibTaT BbIYUCJIEHUA B BUIOE, IIPUTOJHOM
IIJIsT IPUMEHEHNsI K HeMY OPYTo#l MporpaMMbl. ITO (paKT UCIOJIb3yeTCH,
HaIIpUMep, IIPU JOKa3aTeJbCTBe CJIemyomneil TeopeMbl.

Teopema 20. Ecimm ¢pyskxmnus f uz ¥* B A* u pyaxnus g nuz A*
B I'* Beruucsmmmel no TeopuHTY, TO HX KOMIO3HIOHU [ 0 ¢ BEIYUCJIHMA, IO
TrropuHry.

MpI He OyIeM TOKA3bIBATH ATY TEOPEMY, MOCKOJIBKY €€ TOKA3ATeJ b
CTBO HE MCIOJIb3YeT HOBBIX Mei U MPOBOAUTCS IIyTE€M HEIOCPEeICTBEH-
HOI'O ONMMUCAHMS IPOIELY PhI IOJIYYeHNs TPOrPAMMBbI MAIMUHbBI T bIOpUHTA
IJIs1 BBIYKUCIICHUsT (DYHKIUY fog B CUJILHOM CMBICJIE U3 IIPOIPAMM MAaIIUH
ThiopuHra, BHIYUC/ISIONINX B CUJILHOM CMbICJe dyHKIu f u g.

Obmee noHsTre YHKINYM, BBIYUCIUMOR 110 THIOPUHTY, TO3BOJISIET
CJIEIYIOMIM 0OPA30M OIPENesINTh BEIYUCIUMbIE 110 ThIOpUHTY (YHKIINN
HATYypaJbHOTO apryMenTa. OTOXIeCTBUM HATYpPAJIbHbBIE UHUCJIA U CJI0BA
B asicbaBute {|}. A umeHHO, MyCcTh MyCcTOE CJIOBO 0003HATAET HATYPAJIb-
Hoe unc0 0, csToBo | 060o3HAUAET YUCTIO 1, CJI0BO || — 1uncso 2, u BooOIIe,
CJIOBO | .. .|, cocTosmee u3 n O6ykB |, obo3navaer yucsio n. Takum obpa-
30M, BblUMCJIMMAas 10 Thiopunry yacruynasi ¢pyskimsa u3 N B N — 310
BbraucuMada no Teiopunry dactuunasa dbyakius u3 {|}* B {|}*
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Hakownerr, onpenesnuM HOHSITHE BbIYUCAUMOI (yHKIMH u3 X* x I
B A* 1j1s1 mpousBoJibHbIX aJsidpaBuroB X, I, A. Ilyctb cuMmBOJI # He co-
nepxuTcsa B ajgadasurtax X u I'. Oyskmmio f 3 X* x [ B A* Oymem
CYNTATH BBIYUC/IMMOM 10 THIOPUHTY, ecjiM BblUHCINMA (DYHKIUA f U3
Y*UT™* U {#} B A* onpeneneHHas CJAEOYIONUM 00Pa3OM:

_ f(u,v), ecrm w = u#tw,
flw) ~

He oIlpenesieHo, ecJii w He mMeeT TaKOro BHIA.
Takum oOpasoM, MamuHa TbIOPHUHIA, BBIYUC/ISAIOMIASA (OYHKIWO f,
IOJKHA Ha BXOIE UFv HaTh pe3ysabrar f(u,v). AHAJOTMYIHO Openeis-
eTCs BLIYUCIUMOCTD 10 Thiopuary dyHKIMM n3 Y] X ... X X7 B A*

YupaxkHeHU 4.

1. lokazarh, 9TO IO IporpaMMe MAIIUHBLI 1HIOPMHIa HEJIb3s OIIpe-
IIeJINTh, BLIYUCJISET JIM OHA BCIOYy omnpenesieHHyo pyHkuo u3 N B N.

2. llokazarb, 4TO OO IIpOorpaMMe MaIIUHbI ThIOpUHIa HEJIb3sT OIpe-
IIeJINTh, BBIYUCJISET JIM OHA T'Ie-TO oupeneseHHyro dyukinuio n3 N B N.

3. llokazarh, 9TO MO MpOorpaMme MaIInHbI ThIOpPUHTa HEJIb3s OIpe-
IIeJINTh, OCTAHABJIMBAETCS JIM OHA, HAYMHAA PabOTy C IIyCTO# JIEHTOI.

3 8. YHHUBepcasibHasg BbIYHUcCJAHUMAasi 110 ThopuHry pyHKIIHS

IIycrts Y, A — ngBa auadasura. Mbl cobupaemcs [jIsT KaxK ol Ma-
muHbl ThIOPUHTa, JIEHTOYHBINA aJipaBUT KOTOPOI BKJIIOUaeT X U A, 3a-
ICATh €e IPOrpaMMy KakK CJIOBO B HeKOTOpoM aJipaBure b. Ilostoxum
b={1,q,—,R,L,x}. Kaxxnyio 6ykBy asdasuroB . u A 3akonupyem
nocjenoBaTebHOCThIO enunantl. Hanpumep, ecoim ¥ = {a, b}, A = {c,d},
TO 3akomupyem a <> 1, b & 11, ¢ & 111, d < 1111. 3Badukcupyem
JT0boe Takoe komupoBaHue OykB X u A. Ilycts M — mnpousBoJibHas
mammuHa Thopunra, aadaBuT KOTOPOit BKJodaeT X u A. 3akoaupy-
eM Kaxkjgoe cocrosguue M 1oc/ieqoBaTe/IbHOCTBIO OVKB (: COCTOsIHUE ¢
OCJIEIOBATEIBHOCTRIO ¢, COCTOSAHHAE 1 — qq U T. 1. KaxXIplii CUMBOJI
JieHTOuYHOro aJsipasura M, He comepxkammiica B X U A, 3akogupyem
JIFOOBIM CIIOCOOOM IIOCJIEIOBATEILHOCTHIO €AMHUIL, KOTOPasA He ObLJIa 1C-
moJib3oBana npu koaguposanun X UA. Kaxnoit komanme M conocraBuMm
CJIOBO, COCTaBJIEHHOE U3 KOIOB JIEBOM U IIPABOM 4acTel KOMaHII, pa3ie-
JIEHHBIX 3HaKOM —. IIporpamme M comocTtaBuM CJI0BO, TMOJIyYEHHOE U3
CJIOB, COIIOCTABJIEHHBIX €€ KOMAaHIAM, 3aIllMCAHHBIX B JIIOOOM IOPSAIKe
1 pa3agesIeHHBIX CHMBOJIOM *. DbylneMm Ha3bIBaThb TO CJIOBO 3ANUCHIO NPO-
epammos M. Hanpumep, 3ammch mIporpaMMbl MAIIUHBI U3 IPUMEpa 2
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nMeeT BUIL
qqlll — 1111 Rqqq * qqql1 — 111 Rqqqq * qqql1 = R.. ...

311ech MBI 3aKogupoBasm a <+ 1, b <» 11, 0 <» 111, # <> 1111.

Omnpenesium dyakmuio F u3z B* x X* B A* coaenyrommuMm 06pasomm.
(F'(P,u) = v) < (P aBjgercsa 3aluChi0 TPOrPaMMbl HEKOTOPO Ma-
muHbl M, naromeit Ha BBIXOIE U Pe3yJbTaT v).

Teopema 21 (Teopema 00 yHHBepCAJIbHOI BbIYnCINMON 1m0 Thio-
puHry pyHKIINN).

1) @yuknus F Beraucauma mo TropHHTY.

2) @yukmusa ' yauBepcaJibHa 47151 BBITHCIAMBIX 110 ThIOpUHTY (DYHK-
nuii u3 X* B A™ B cienymomeM CMbBICJIe: [JIs JII0OOH BBIYHCIUMOMH IIO
Teropuary ¢yuxumuun f n3z X* B A* cymecrByer cjaoBo P € bY, misa
kotoporo f(u) ~ F(P,u) a/1s Bcex u € X*.

Bropas wactb TeopeMmbl odeBmOHA. JlokazaresnLCTBO MHepBOil da-
cTé TpedyeT aKKypPaTHOIO MOCTPOEHUsT MAITHHBI T bIOPUHTA, BBIYIACISIIO-
meit F. 910 mocrpoenne Mbl He PUBOINM.

B nasbHeiimemM OrpaHHYUMCS IS IPOCTOTHI OMHOOYKBEHHBIMU AJI-
dbasuravmu X = {|}, A = {|}. Hanomaum, 94T0 MHOXKECTBO BCEX CJIOB
B asipaBute {|} MbI OTOXKIECTBU/IN C MHOXKECTBOM HATYPAJIBHBIX IHUCET.

Teopema 22 (TeopeMa 0O HEPA3PEMUMOCTU MPOOJIEMBI OCTAHOBKU
mamuabl Tohiopunara). @yakoms Ocm : B* x N — N, onpenesennas
PaBEHCTBOM

(1, ecam P — 3annce nporpaMMbl MAITHHBI
Trropumnra, octaHaBJINBaIOIIECHCs HA BXOIE N;

Ocm(P,n) = < 0, ecan P He sB/IsS€TCA 3aMHCHIO TPOrPAMMBI HU-
KaKoIl MaIlHHBI I MAIIHHA C 3aIIHCHIO IPOT-
\ paMMbl P He octaHaB/imBaeTcsT Ha BXoIe N,

HE sIBJISAETCsI BBI'YUCJIAMOI 110 TbIOpI/IHFy.

[TokazaTeabCTBO OT IpOoTUBHOrO. Ilpennonoxmnm, 910 QPYHKIIAA
Ocm BbraucuMa 1o ThOpHuHTY.

[lepenymepyem Bce cJjioBa B ajipaBuTe b B mopsiake BO3pacTaHUA
IJIMHBI, a IPU OHHON JIJIMHE — B JIEKCUKOIPA(PUUIECKOM IMOPAIKe; 000-
3Ha9IUM n-e cjioBo P,,. Mamunay ¢ 3anuchkio nporpammel P, dyaeMm obo-
suadars M,. Herpynno nokasars, uro dpysknus f : N — B* me-
peBogsamaa n B FP,, BbraucamMma no Tbwopunary. Torma m QyHKIHUA
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Ocm(P,,, m) NByX HATYpaJIbHBIX APTYMEHTOB 7 ¥ 1M BBIYUCANMA, 110 T b0~
punry. Ilycts M,, — mammua Twsiopunra, koTropaa Ha Bxome m € N
paboraer tak: Bbraucyasger Ocm(Py,,m) n ecou Ocm(P,,,m) = 1, To
3alMKJINBAETCSA, & NHAYE OCTAHABJIMBAETCs. Torma jist JII000H MaIImHBI
M., craenyromuye a1Ba yTBEPXKIEHUS PABHOCHJIBHBI:

(1) M,,, ocranaBmBaeTcs Ha BXOJIE M;

(2) mamuna M,, He OCTaHABJIUBAETCS HA BXOJIE M.

BssiB m = ng, MBI TOJIy4UM MIPOTHBOPETHE.

8 9. Tezuc Yepua

Herpynmno mpoBepuTb, YTO BBLIYHUCAUMBIE 1I0 TBHIOPHUHTY (QYHKIUN
n3 X* B X* yIOBJIETBOPSIFOT BCEM CBOMCTBAM BBIYUC/IUMBIX (DYHKITIIA,
chOpPMYJIMPOBAHHBIM B §§ 1—06 1MJI1 HESIBHO UCHIOJIL30BAHBLIM TaMm. Tod-
Hee, €CJIM OTPAHUYINTHCA aHcaMmbusiMu Buaa X° (cpemu HEUX ecTh U N,
TaK Kak Mbl oroxaectBusn {|}* u N) u 3amMeHuTh BCIOIY CJIOBA «BbI-
YUCJTUMAA (PYHKIUSA» HA «BBIYUCJIMMAs N0 ThIOPUHTY (DYHKIIHUAD>, TO
BCe TeopeMbl 4§ 1-6 ocTaHyTCsl CIIpaBed IMBbBIMU. BO3HUKaeT IIPEenIo-
JIOXKEHHE O COBIIAICHHU KJIACCA BBIYUCJIMMBIX N0 THIOpHHTY OYHKIIMIA
1 KJacca QYHKINH, BBIYACIUMBIX B HHTYUTUBHOM CMBICJIE (HMCIIOJIB30-
BAHHOM B §§ 1-6). DTO0 mpemanosiokeHne HOCUT HA3BaHUE me3uca dépua.
IIoCKOIBKY OUYEBUOHO, UYTO BCAKASA BHIYUCANMAsI IO THIOPUHTY PYHKITUST
BBIUMCJINMA, B MHTYUTUBHOM CMBICJIE, Te3nC Yépda mmeeT CJIemyIomuii
1537918

it Jiroboii pysakmun f € Com(X*, ¥*) cymecrByer ajigpa-
Bur I' O ¥ u mammnua Teropunra ¢ ajagasuroMm ', koropas
BBIIHUCIAET f.

Teznc Hépua HEBOZMOXKHO HUA O0Ka3aTh, H OOPOBEPTHYTH, TAK KakK
MOHSITHE BBIYUCJINMON (PYHKITUN He onpenesieHo (popmasibHo. Bee mo cux
IOp HpenJIoXkKeHHbIe (DOPMaJIbHbIE YTOUYHEHUS MOHATUSA BHIYUCIUMOCTU
HE BBIBEJIU 32 KJIACC BBIYUCJIUMBIX 10 THIOpUHTY PYHKIU. ITO CIAYKUT
HEKOTOPBIM HOITBEP:KIECHHEM Te3nuca deépda. Kpome Toro, mo cmx mop
HUKOMY HE Y/1aBaJIOCh IPUBECTH nMpuMep (MJIu J0Ka3aTh CYIIECTBOBAHIE
TAKOBOI'0) BBIYMCINMOI, HO He BBIAUCIMMOI Mo ThiopuHry dyHKINN.

Ecnu Beputh B Tesuc Hépya, TO NepBy0 9acTbh TeopeMbl 00 YHUBEP-
CAJIBHON BBIYUCIUMOI 1O THIOpUHTY (PYHKIINN JTOKA3LIBATH HE HYKHO:
Benb QYHKIMA F' BhIaucauMma; 0oJiee TOro, IJisi YCTAHOBJIEHUS BbIYUHUC-
aumMocTu 110 ThOpuHTY J1H000it (PYHKIUM AOCTATOYHO NMPEdbsSIBUTHL HeE-
dopmasIbHBI aJITOPUTM, BBIYUCIAONINIL ee.
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