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MHoOXKecmaa', Komopble npeacmassieHsl Ha pycckom U arenutickom A3vikax 8 Mismepreme (Ha cepsepe KpacHoAPCKo20 20CyHuUBEPCUMeMa WWW.
krasu.ru) - http://res.krasu.ru/non-standard u Ha catime aemopa e CLUA http://geocities.
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com/quantum_math_poluyan). llo3yscs ciydaem, amop 671a200apum mamemamuros U gu3UKos, BbICa3asuiux 8 becedax u no e-
mail caou kpumuveckue kKommeHmapuu K nocmassexHoll npobeme, @ maxe opy3el, Komopele NOM02aom pacnpocmparame 20 paboms no
Beemuproti cemu.

0nwH 13 HayuHbIx TekcToB Bonbgrawra Maynu HaumHaeTca npumeuatenbHoii Gpasoii: "Beegem, Kak 00bIuHO, BelLieCTBEHHbIE KOOPAMHATDI

X A8 NPOCTPaHCTBA U MHUMYI0 KoopauHaTy X4 = iCt Ana Bpemeny, v paccmoTpum npeobpasoanua Jlopenua..." (B./Tayau. Tpyosl

no k8armosol meapuu. M.: “Hayka", 1977, 6 cmamee "K mamemamuyeckol meopuu mampuy Jupaka”, n.5 "llpeo6pasosarue Jlopenya 801Ho8bIx
dyHkyuti Jupaka', c. 233.). CnoBecHbIii 060poT “"Kak 00bIYHO" MOXKHO PaCLiEHNTb B KAUecTBe 0€000r0 poAa MHTENNEKTYasbHOI
NpoBOKaLMK, NoAPa3yMeBaloLLel, UTo yKka3aHHyH NpoLiefypy MOXHO CaienaTb 1 "HeobbluHbIM™ nyTeM. Kak? He TpyHO cka3atb:

Mbl nonpo6yem AnA BpeMeHy 0CTaBUTb BeLLeCTBEHHYI0 KOOPANHATY, a 3 NPOCTPAHCTBEHHbIE KOOPANHATHI NPeACTaBIM Kak MHUMbIE 0C
C pa3mepHOCTbi0 BpemeHU. Tora 4-MepHblii ceBA0EBKNAOBINA KOHTUHYYM MUHKOBCKOr0 NpeBpaTUTCA B HeKoe HeobbluHoe
MHoroo6pasue, KoTopoe Mbl Janee 6yaem Ha3blBaTb “KBaTePHUOHHOE BPEMA-NPOCTPAHCTBO".

MNoABnenue 35ech TepMIHA "KBATEPHUOH" MOHATHO: YETBEPKY YMCeN, BbIPAXAILLMX KOOPAUHATI, - OAHO BELLIECTBEHHOE U TPU MHUMBIX

- NIerKo NpefCTaBuUTb B KauecTBe KBaTepHoHa. OfHaKO KBaTepHNOHbI - 3T0 anrebpanyeckue unaia, a 4-x MepHoe NPOCTPaHCTBO-

Bpema MUHKOBCKOT0 - 3T0 KOHTUHYYM PeNATUBMCTCKOI GU3MKM, MEIOLLMIT OCMbICTIEHHYI0 GU3NUecKyIo MHTepnpeTaLuio. Ecm Tak,

TO CyLLIECTBYHOT IV IOCTaTOUHbIE OCHOBAHWA Al TOT0, YTOObI CTABUTb UX B COOTBETCTBIE? K 3TOMY BONPOCY Mbl BEPHEMCA HECKOTbKO NO3Xe,
a noka by/iem pacLieHMBaTb KBaTePHUOHHOE BPEMA-NPOCTPAHCTBO Kak HEKYI0 YNCTO NOTMYECKYI0 KOHCTPYKLIMIO, - TAKOBYIO MOXHO
PaccmoTpeTh B 061LieM 1 NPOaHANN3MPOBaTh B YaCTHOCTAX. [OMYTHO OTMETIM, YTO B COBPEMEHHOI HayKe TepMUH "NPOCTPaHCTBO" yxe

He (BA3bIBAETCA 0HO3HAUHO TONbKO C MEPOii PacCTOAHUA [M], M HUUTO He MeLLAET HaM COCTaBMUTb 4-MepHoe NPOCTPAHCTBO, T8 Ha

0CAX 0TKNafbIBaeTCA Mepa B pa3mepHocTy [t]. Ho nockonbKy Bpems - 310 Gunyeckuil napameTp, oTpaxatoLLyuii BaxHemwmii

aCneKT peanbHOCTI, TO HaC B AAHHON CTaTbe Oy/IeT MHTepecoBaTh B NepByio 04epesb He GopManbHO-MaTemMaTnyecKme (BOACTBa
MONYYeHHOI KOHCTPYKLINK, @ ee U3NYEeCKMil CMbICA.

To, uT0 anre6pa KBaTEPHUOHOB He KOMMYTATUBHA - CPa3y e HaBOAUT Ha MbICTb: MOJYYEHHbIi TaKUM 06pa3oM abCTpaKTHbII 06beKT

UMEeT NPAMOE OTHOLLIEHNE K KBAHTOBO-MEXaHUYECKUM 0C0BEHHOCTAM Gu31yeckoro Mupa. OIHaKO Mbl He CTaHeM 3aberaTb Bnepef,

By/ieM paccMaTpuBaTb KBaTepHUOHHOE BPEMSA-NPOCTPAHCTBO TaKiM 06pa3om, Kak e Obl Mbl HUYETO eLLE He 3HaN 0

CyLLECTBOBAHMM KBAHTOBOI MeXaHUKIA. MIHbIMU CT0BaMU, MOCTapaeMcs MOKa COXPaHUTb B HEMPUKOCHOBEHHOCTI MPUBbIYHbIE NPEACTABNEHNS
0 TeYEHVN BPEMEHU 11 NPOTAXKEHHOCTM NPOCTPAHCTRA.

WTaK, Mbl iMeem nepen coboit 4-MepHoe MHOroo6pasue, rjie BelLECTBEHHaA 0Cb - YNCTOR BPEMA, @ TPH ApYyTye - 3T0
NPOCTPAHCTBEHHbIE KOOPAMHATHI, NPeBPALLEHHbIE B MHUMble BpemeHHble 0ct. Ka3anocb Obl HUUYEro 0C06eHHOro He NPOMCXOAUT, POCTO Y
4-MepHOro NpoCTPaHCTBa MHAEKC 1 3aMEHAETCA Ha MHAEKC 3 1 MONYYaeTCs UHAA CUTHATYPa METPUKM: (- - -+) BMecTo (+++-).

OnHaKo BCem M3BECTHA u3nueckas TpakToBKa KOHTUHYYMa MUHKOBCKOrO, a AnA TOro, uTobbl 0Ha MMena CMbIC, Tpebyetca

(BECTY Pa3MEPHOCT OCeil K eANHOI Mepe: No3TOMY BCe YeTbipe KOOPANHATHI BbIPAXaloTcA B 0fHON Mepe [X], a pocTuraetcs 310 ¢

MOMOLLbI0 YMHOXXEHIA BpeMeHHOI KOOpANHaTHI Ha Ko3adduumeHT C - ckopocTb cBeTa [M/c]. B MaTemaTtinueckom cmblcie

dU3Myeckme pasmMepHOCT He BaXKHbl, OHAKO 6e3 HX HeBO3MOXHO 06HAPYXWTb peasibHblil Npoobpa3 H ANA KaKoil
abCTPaKTHO-MaTeMaTMYeCKoii KOHCTPYKLMM. ECTn Mbl A KBaTEPHUOHHOTO BPeMA-NPOCTPaHCTBA BbibUpaeM He mepy [X], a mepy [t],

3HAYUT B UTOTE NOYYAETCA BCE-TAaKM HEYTO UHOE, HEXENHN NPOCTO APYroe NpeAcTaBAeHNe As 00bIYHOT0 GU3MUECKOTO NPOCTPAHCTBA-BPEMEHU.

WHorza cuuTakoT, uTo ANA MHTEpNpeTaLuu KOHTUHYYMa MuHKoBcKoro nepeBop t B X ¢ nomoLbio Koadduumenta C BoobiLe He urpaet
HUKaKO/ ponu - 3Ta CTpaHHaA unno3us, Befib Bpema He MoxeT OV3UYECKN oToxpecTBAATLCA C NPOCTPAHCTBEHHBIM NPOTAXKEHMEM.
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Laxe e C npuHATH 3a eanHILLY, pa3mepHocTy [t] 1 [X] oT 3T0ro HUKyZa He cue3HYT. PaBHbIM 00pa3oMm, 3aABNEHMSA 0 TOM, UTO
"WCTUHHO 3HAYNMBIM ABAAETCA TONbKO MPOCTPAHCTBEHHO-BPEMEHHON UHTepBan", "NPOCTPaHCTBO 11 BPeMA eauHbI N0 ¢yTh', "Mbl 1BeM
B YETbIpeXMepHOM NPOCTPaHCTBE, HO CO3HaHMe BOCPUHUMAET ero, Kak ein bl Bpema CyLiecTBoBano" 1 T.1. - BCe 370 B 6onbLueli

mepe dunocodckue yTBepaeHNA, Hexenn dusnueckue. Mo3ToMy KpaliHe CyLLeCTBEHHO, UTO Mbl B HaLleM KBaTePHUOHHOM
BpeMA-NpOCTPaHCTBE 0JHOPA3MEPHOCTb BblOMPaeM ApYryio: MHUMbIE NPOCTPAHCTBEHHbIE KOOPANHATbI OMKHBI ObITb YMHOMXeEHbI Ha
HeKuil KOIQOUUMEHT S ¢ pasmepHocTbio [¢/M]. U onATb, MOXET NOKa3aTbCA, YT0 HUYEro 0COBEHHOTO He MPOUCXOAWT - 3T0 Beib

npocTo “06paTHaA ckopocTb BeTa'". OAHaKO NepeBopaunBaHue Ko3IGPMLMEHTA - He 3HAUMMOe MaTemMaTUUecKN - B GU3MYECKOM CMblce

BeJIeT K 04YeHb 3HAYNMbIM U3MEHEHNAM.

06patHas ckopocTb cBeTa 1/C, KaK peanbHas Gu3ndeckas BeNMUMHA C pa3MepHOCTbI0 [M/C] He MOXET BbITb MCKOMbIM

K03 GULMEHTOM, NOCKONbKY LiKana 06paTHbIX CKopocTeii HepaBHOMEPHa. B Knaccuueckom npezicTaBieHuy CKopoCTb - 3T0 OTHOLLEHMUE, T
B UMCUTENE OTPE30K PACCTOAHUA, a B 3HAMeHaTeNe NepUoz BPEMEHI - BpEMEHU KaK HEe3aBUCUMOIA epemMeHHOI. 370 - 0CHOBa
CTaHAAPTHOTO AUGGEPEHLMPOBAHMA 1 ANTOPUTM ANA KNACCUYECKOTO CNOXEHUA CKOPOCTEN NpU Nepexofie OT 0fHOI CUCTEMbI OTCYETa K
Apyroii. C Knaccuueckoi TouKM 3peHua ana "o6paTHoii CkopocTin”, raie YMCIMTENb U 3HAMEHATENb MEHAINTCA MeCTaMil, BMECTE ¢
obpalLeHneM pa3MepHOCTY BO3HUKAET U HepaBHoMepHas Wkana BenuumH: 1[m/c] = 1[c/m], 2[m/c] = 1/2[c/m], 3[m/c] =1/3
[c/m], 4[m/c] = 1/4[m/c]uT.n.

(TaHpapTHbIA MaTeMaTMuecKii aHann3 1 NceBA0EBKAMA0BOCTL MPOCTPAHCTBA He NPOTUBOPEYAT APYT APYrY TOABKO NOTOMY, UTO

y MPOCTPAHCTBA KaK Obl HET BHYTPEHHei METPUKY (370 NOAYEPKNBaN PUMaH), UHBIMM CTOBaMU EAMHILIA MOXET BbITb CKOMb YrofHO 60/1bLLOI
- OHa He 33/laHa KaK HeKOTopas BHYTPEHHAA Mepa BeNNUMHbI paccToAnma. Y Hac e ckopocTb (BeTa C, BbicTynaoLuas B

KauecTBe K03 puLmeHTa npu MHUMOI e[VHULIE, - 3TO BNONHE KOHKPeTHaA (U31ueckan KOHCTaHTa, CKOPOCTb INEKTPOMArHUTHBIX BOMH.

MbI MOXeM ee MbICIUTb B KauecTBe HeKOTOPOIl eMHILbI TONIbKO YCIOBHO. [lnA MaTeMaTnyeckux XxapakTepucTuk NpocTpaHcTBa-

BpemeHn MIHKOBCKOrO 3T0 He CyLLecTBeHHO, HO B peanbHoM Mupe eauHiLa C xapakTepuyeT yHUKanbHbIA Gu3nyeckuil npouecc, To ectb

ee "nepeBopaumBaHue" - MaTemaTtiuecku 6e3BpeHoe - He MOXeT 6bITb GU3nueckn onpaBAaHHbIM.

Ho Toraa co3gaetca BneyatneHune, 4to no 310/ UMeHHO NpUYNHe KBaTePHUOHHOE BPeMA-NPOCTPAHCTBO He MEET Kakoro-nnbo
du3nueckoro cMbicna. Tora npeanoXeHHas aBTOPOM KOHCTPYKLIAA - BCEro NULLb UCKYCCTBEHHOE MOCTPOEHe, ONMpaioLLeeca Ha
CyyaliHblil GaKT: B KBaTePHUOHE YeTbIpe UMCna i B KOHTUHYYMe MUHKoBCKoro ueTbipe u3mepeHusa. OHaKo JOCTaTOUHO Ham
MpeAnoNoXuTb, UTo K0IPPULMeHT S[c/M] He ABNAETCA “06paTHOI CKOPOCTBIO", U He UMEET NPAMOTO OTHOLLEHMA K

CKOPOCTY PaCcnpoCTPAHEHMA INEKTPOMATHUTHBIX BOJH, Kak BCe CTAHOBUTCA Ha (BOW MECTa - S 3T0 NPOCTO HEKUi KOIPOULIMEHT ¢
pa3mepHocTbio [¢/m].

Ecnn xe koadduumenT C B NCeB0EBKINA0BOM KOHTUHYYME MIIHKOBCKOTO - 3T0 BNIOJIHE KOHKPETHAsA QU3MUecKan BENNUMHA, CKOPOCTb
(BETa, UMEI0LLAs B Pa3HbIX CUCTEMAX OTCYETA KOHKPETHOE YNCIEHHOE 3HaueHIe (HO MaTeMaTIyeckm - 3T0 eUHMLA), TO B

Hallem KBaTepPHIUOHHOM BPEMA-NPOCTPAHCTBE KO3DOULUMEHT S TakKe fOMKeH BbiTb HIt UeM MHBIM KaK HEKoil GU31UeCKOii BeNMUUHOI

- KOHCTHTO, OT/IMYHOIA MO CyTIA CBOEI OT CKOPOCTU CBETA, HO UMElOLLLEN Pa3MepHOCTb [€/M] - 06paTHyto pa3mepHOCTH ckopocTu. Ha
POMb TaKOil KOHCTAHTbI MOXHO BblABUHYTb KOMOUHALWI0 KoHcTaHT /@2, re h - nocroanHas MnaHka, a € - 3apaa NeKTPoHa.

X0poLLIO U3BECTHO, UTO 3Ta KOMOUHALIMA KOHCTAHT HapAAy ¢ C BXOAWT B BblpaxeHue 6e3pasmepHoil NoCTOAHHON TOHKO CTpyKTypbl 1/a
=hC/e2 =137,0306... (3ecb hi - 370 nocrosnHas nanka, fenenHas Ha aga "'mu" - /2P ). fl nonarato, 4o Tak OHO 1

€CTb; KBAapTEPHIUOHHOE BPEMA-NPOCTPAHCTBO - 3T0 MAaTEMATUUECKOE BbIPAXKEHME PeanbHOro acnekTa MKPODU3UUECKO peanbHOCTH,
rae koHcTanTa S=h/e2 ¢ pasmepHocTbio [€/M] CTONb Xe BaHa, KaK BaxHa CKOPOCTb CBETa 1A 106abHOro 4-MepHoro
KOHTUHYyMa MUHKOBCKOTO.

KoHeuHo, aBTOpa MOXHO yNpeKHYTb 3a HeKWil IPOU3BOJ - Belb CKOHCTPYNPOBATb Pa3MePHOCTb [€/M] 13 U3BECTHBIX KOHCTAHT MOXHO
n apyrumu cnocobamu. (Hanpumep, ncnonb3oBaThb rpaBUTALMOHHYIO NOCTOAHHYI0.) EAMHCTBEHHDI MOTUB, KOTOPbIM aBTOP
3[1eCb PYKOBOACTBYETCA - 3T0 XefaHune NepekuHyTb NOruyeckuil MOCTUK MeX Ay KBAHTOBOI U penATUBICTCKOR Gr3nKoli, 3aaaBas -
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MoKa TObKO opMasbHO-MaTeMATIYeCKN - CBA3b MeXAY rMo6ainbHOI NPOCTPAHCTBEHHO-BPEMEHHOI KapTUHOIA Mupa U
MUKPOGU3NYECKOI KBAHTOBOIA peabHOCTbIO, - NOCKObKY MEHHO 3TU KOHCTAHTbI NPUHATO MCMONb30BATb /1A BbIPaXeHusA
6e3pa3mepHOii NOCTOAHHOI TOHKOI CTPYKTYpbI.

Beab 6bin0 Obl KpaiiHe MHTEpeCHO, ecn 6bl NOCTOAHHAA TOHKOI CTPYKTYPbI CTaNa KOHCTAHTOM, NOKa3blBaloLLEeli COOTBETCTBIE

MeXAy KOHTHYyMOM MIHKOBCKOrO 1 KBaTePHMOHHBIM BPeMA-NpocTpaHcTBOM. fl nonarato, uto Bonbgranr aynu, KoTopblil HacTausan
Ha TeopeTinyeckom 060CHOBaHMM Gu3nyecKoro cTaTyca 3Toro 3arafouHoro ynana 137,0306..., umen B Buay Heuto nopo6Hoe. Ecnm xe
BECTU peyb 0 HOPMUPOBKAX, TO FOPA3A0 ECTECTBEHHEE MMEHHO 3T0 He3pazmMepHOe YN0 NPUBOAWTD K EANHNLE, HEXENN

BbIOMPaTD “ecTecTBEHHbIE Mepbl" B KOTOPbIX eAMHULIEN CTAHOBUTCA CKOPOCTb CBETa.

0paHako maTemaTmyeckinx APTYMEHTOB N 3CTETUYECKUX OLEHOK 31€Cb HE 10CTATOYHO. Mbl ZOmKHbI BCKpbITb 1 (I)VBVILIECK)IIO

yTb 06Hapy)KEHHOr0 COOTBETCTBUA, TO €CTb YBUAETD JIOTNYECKYH (BA3b MeXAY FpaHI/I'-IHOI7I CKOpOCTbl0 I'IpﬂMOﬂVIHEVIHOFO
nocTynaTeNbHOro ABUXeHNA C M KOHCTaHTOI S, cMblcl KOTOpOVI noKa He nouaTeH. S=h/e2 - 310 KoMm6uHauua IMNUPUYECKNX KOHCTAHT
Cpa3MepHOCTb0 [C/M], MbI BKNIOYWIIN €€ B HEKYI0 MaTEMATIUECKYI0 CTPYKTYPY, HO OT 3TOr0 CMbIC1 BCET0 MOCTPOEHNA HE CTan ACHEE.

B knaccuueckoli ¢pusnke ckopocTb ABAAETCA KONMYECTBEHHON MePOIi MOCTYNATeNbHOr0 ABIKEHIS, CBA3bIBAET MeXAy

06011 MPOCTPaHCTBEHHbIE 11 BpeMeHHble NapameTpbl ABWXEHUA Kak MPAMOINHEAHOT0 NOCTynaTeNbHOro nepemellenua. ECm KoHcTanTa
S BK/IH0YAETCA HaMIn B KBaTEPHUOHHOE BPEMSA-NPOCTPAHCTBO, 3HAUNT, OHA TaKXe JOJIKHA MOHUMATbCA KaK rPaHNYHOe BbIPaXeHNe Kakoro-
TO acneKTa ABUKEHWA, Fie NPOCTPAHCTBEHHbIE 1 BpeMEHHbIe XapaKTepucTUKI KaK-To (BA3aHbI Mexay coboii. bonee Toro,

BaXHeliLLNM CBOICTBOM KOHTMHYYMa MUHKOBCKOr0 ABNAIOTCA Mpeobpa3oBaHua JlopeHua, NpUBOAALLIE K TOMY, UTO 3aKOH

CNI0XEeHUA CKOpOCTeli Mpy Nepexofie 0T OJHOM CUCTeMbI 0TCYETa K Apyroi AaeT npefenbHoe 3HaueHne Ana NpAMONMHeRHOro
noctynatenbHoro nepemeteHus. JornuHo NpeanonoXuTh, YTo B KBATEPHUOHHOM BPeMA-NPOCTPAHCTBE TaKkXKe 0OHapyXuTCA

aHanor npeo6pa3oBaHuii JlopeHLa, KOTOPbIA MO3BONNT TPAKTOBATb KOHCTAHTY S B KauecTBe NHBApUaHTa 1 Npefiena B oMeHn Kakux-
T0 BennuuH. Tak, no KpaitHeil Mepe, [OKHO BbIMALETD €0 B ABYMEPHOM Cllyyae, re Ha KOMMNEKCHON NoCKoCTH
NCceBA0eBKNMA0BbIM 06pa30M (BA3bIBAKOTCA 0HA BpeMeHHaA 1 0AHA NPOCTPAHCTBEHHAA 0Cb. [1nA KOHTMHYYMa MIHKOBCKOro MHUMOI
byzneT BpemeHHas ocb - iCt, a A KBaTepHUOHHOTO BPEMA-NPOCTPAHCTBA - NPOCTPAaHCTBEHHasA ISX. B AByMepHOM Cyuae feno
06/1erYaeTcaA TeM, YT Mbl OCTaBJIAEM 33 PAMKaMM PAcCMOTPEHMA HEKOMMYTATUBHOCTb (C AAPYroii CTOPOHbI, 06HapyuBaeTcs,

YTO HEKOMMYTATUBHOCTb (BA3aHA HAMPAMYIO C HAMUMEM ELLe IBYX MHUMbIX NPOCTPAHCTBEHHbIX KOOPAMHAT).

Mockonbky ckopocTb cBeTa C - 3T0 HEKNACCUYeCKoe OrpaHMyeHne Ha MaKCUMasbHYI0 CKOPOCTb (CKOPOCTb PAaCMpOCTpaHeHNA CUrHana
MeXAy ABYMA TOUKaMM NPOCTPAHCTBA HE MOYKET 6bITb GECKOHEUHOIT), COOTBETCTBEHHO, KOHCTaHTa S TaKkXe He N03BONAET OTHOWEHMI A
Dt/D DX npunumatb 6eckoHeuHble 3HaueHus. OfHako S - 310 npeen ana “"obpatHoii ckopoctu”, a yenuuenne A Dt/D

DX ozHoBpemMeHHO 03HauaeT yMeHblueHue oTHoweHuA A DX/D Dt, uto no3Bonset npeanonoXuth; B Hallem peasibHoM Mupe
"HyneBas CKOPOCTb" CTOMb e HEAOCTUXKIMA, KaK U 6eckoHeuHas.

Tem He MeHee, 1 B Cllyyae yNpoLLEHHOT0 IBYMEPHOro, KOMN/IEKCHOT0 NpeACTaBNeHMA KBAaTePHUOHHOO BPeMA-NPOCTPaHCTBa, Bce-
TaKy, 0CTAeTCA NOKa HEMOHATHBIM: UTO 32 BENMUUHbI AOMKHBI 3€Cb CKNafbIBaTb(A, U KAKOB B JAaHHOM lyuyae Gu3nyeckuii CMblcn
"cuctembl otcyeta"? Ha 311 Bonpocbl Ham ceityac i NpeaCcTouT OTBETUTD.

MockonbKy S - 370 HeKuil Ko3GGULMEHT MPONOPLUOHANBHOCTI MeXy Mepoii BpemeHn t[c] u mepoii paccTosHua X[m], To KoHcTaHTa S
KaK CaMOCTOATENbHAA BENMYMHA BbIPAXKAET HEKMii acneKT ABINKEHNS, HO, MOCKONbKY A1A MOCTYNATeNbHOT0 NPAMONMHEHOT0
nepeMeLLIEHINA KONMYECTBEHHOI Mepoii ABNAETCA Knaccuueckoe nonaTMe ckopoctn V[m/c] u ee Heknaccuueckuii npepen C, 31a

HOBasA KOHCTaHTa S J10/KHa ObITb HEKNACcCMYeCKIM NPeAenoM KaKoii-To BMOSHE KNaccuueckoii Mepbl IBUXKEHNS, KOTOPas TeM He MeHee
He ABISIETCA NOCTynaTeNbHbIM nepemelieHnem. Mbl Mpeanonoxim, uto UCKoMoii GopMoii IBUMKEHNUS SBISETCA BaLLEHNe.

CyLI.I,eCTBy}OT MI/IKp0¢I/I3I/ILIeCKMe N MaTematnyeckue C006pa)KeHI/IH, ANATOro, yT0ObI CBS3aTh YKa3aHHYI0 BENNYNHY UMEHHO C BPALLEHNEM.
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Bo-nepBbix, B Gu3uke 3nemeHTapHbIX YaCTUL, IKCNepUMEHTANbHO ONpe/ieNeHo CyLLeCTBOBaHME Tak Ha3blBaeMbIX

U30TONNYECKUX MPeodpa30BaHHii, KOTOPbIe MONHOCTbIO aHaNOrMuHbI 00bIYHbIM BpaLLeHnAM. BepHep l'eizeHbepr, nepeuncias

OCHOBHbIE rpynmbl CUMMETPUK, pAZOM ¢ rpynnoii JlopeHua nomeLaet ocobyto rpynny - 370 "rpynna, uccnegoBaxHas Maynu u lown,
KOTOpas COOTBETCTBYET M0 (BOE CTPYKTYpe rpynmne TpexMepHbIX NPOCTPAHCTBEHHDIX BPaLLEHMil - OHa eil u3oMopdHa, - 1 npoAsnAeT cebs
B NMOABNEHINM KBAHTOBOTO YMCNa, KOTOPOE IMMMUPUYECKM BbIN0 OTKPBITO Y INeMeHTapHbIX YacTUL 1 MONYYMI0 Ha3BaHIe "M30CnuH",
("KeaHmosas meopus u cmpoerue Mamepuu', 8 kH. B.l eiBerbepe, "Ouuka u cunocogus. Yacme u yenoe.", M.. "Hayka", 1990, ¢. 103.) Mpu

3TOM, COOTHOLLEHUSA, CNeytoLLMe U3 U30TONUYECKOI MHBAPUAHTHOCTI COBMIOAAITCA C TOUHOCTbIO 10 MONPABOK, BENMYNHA

KoTopbIx onpenenserca Konctautoi €2/hC. B yue6Hoil iuTepaType 0TMEUAeTCA, 4To "U30TONMYECKas MHBAPUAHTHOCTb 03HAYaeT
006yt CUMMETPHIO CUNbHbIX B3aUMOAENCTBUIA, He (BA3aHHYI0 C 06LLMMM CBOIACTBAMM NPOCTPAHCTBA 1 BpeMeHy. XoTA

U30TONNYECKas MHBAPUAHTHOCTb J0CTATOUYHO XOPOLLIO YCTaHOB/EH IKCMEPUMEHTANbHO, (BA3AHHDIE C HEto CBOMCTBA CUMMETPUN JIOTMYECKM
He BbITEKAIOT U3 CYLLECTBYHOLLEN TEOPUM U NPUPOAA FTUX CBOICTB CUMMETPUIN NMOKa He BblAcHeHa". (“/3omonuveckuil cnuH', 8 kH.
"Qu3uyeckudl SHYuKNOneduyeckud crosape”, M., 1962, m. 2, ¢. 143.)

Bo-BTOpbIX, MaTeMaTiuecky 3pyANPOBaHHbIE YUTATENM, BUBMMO, YXKe MOHANN, UTO TOT 00bEKT, KOTOPbIil BbICTYNaeT 34ech Noj

UMEHeM KBaTepHUOHHOr0 BpeMsA-NPOCTPaHCTBA, 3TO CTPYKTypa 13BecTHoIi anrebpbl Knuddopaa ans yetbipexmepHoro

BEKTOPHOTO NPOCTpaHCTBa. pumeHnmocTb anrebpbl Knuddopaa B Gusnke yxe He pa3 nokasbiBanach, B TOM Yncie U ANA U30CMMHOB.
(OnHako 06bluHOe OTHOLLIEHNE K MPUMEHEHNI0 BEKTOPHOIA anrebpbl B HeKnaccuueckoil gusnke focTaTouHo ckentuueckoe. To, uTo ¢aenaqo
B 3TOM HanpaeneHun Bo Opanuun (pabotbl G.Casanova, C.R.Acad n Ap.) 06bIuHO paccMaTpUBAETCA, KaK peynbTat

cnewnduyeckoii MHTepNpeTaLUyi KBaHTOBOI MeXaHuKy, a B Poccun paboTbl 3Toro Hanpasnexua (B.B.Kaccanppos - "Anre6panyeckasn
CTPYKTYpa NpoCTPaHCTBA-BpeMeHI 11 anrebpoanHamuka” Ha caiire www.chronos.linia.ru, B.W.Enucees - "BeBeeHue B MeTozbl

Teopui GyHKLMA NPOCTPAHCTBEHHOTO KOMNAEKCHOTO NepemenHoro™ http://www.maths.ru) 60nbLUNHCTBOM GU3MKOB BOCTIPUHUMAKOTCA
KaK HeKkue NCKYCCTBEHHbIe MOCTPOEHNS.

TaKkum 06pa3om, LieNlb, KOTOpYto aBTOP 3A€Cb HAMEUAET - 3T0 060CHOBaHNE GyHAAMEHTANbHOI 3HAUUMOCTIA BEKTOPHOIA anrebpbl Ans
Mo3HaHWA YHUBEPCYMa. ABTOP CUUTAET, UTO KBaTEPHUOHHOE BPEMA-NPOCTPAHCTBO - 3T0 JIOTUYECKM HE0OX0AUMOe AonoHeHue 4-
MEpHOro NPOCTPAHCTBA-BPEMEHU, KOTOPOE 3aMbIKAET NPOCTPAHCTBEHHO-BPEMEHHYI0 CTPYKTYpY YHUBEPCYMa, a pa3aBoeHie
Be3pa3mepHoil eHULbI Ha J1BE Pa3MEpHbIE KOHCTAHTbI ONPEAENET TOT GParmeHT YHUBEPCYMa, Tie MEIOT MecTo 1 Bpema
du3nyeckue ABNEHNA. ABTOP CTPEMUTCA NOKA3aTb, YTO BEKTOPHAA anrebpa He ABNAETCA BCEro NLb Crielnduyeckinm
MaTeMaTUYecKim A3bIKOM AN NepeodOpMIEHIS U3BECTHDBIX B GU3NKE Pe3yNbTaToB, HANPOTUB - OHA NOSBNIAETCA CTOMb e NIOTNYHO
1 eCTECTBEHHO, KaK Ha 6a3e KNaccuueckoro ekapToBa NpoCTPaHCTBa CTPOUTCA NCEBAOEBKNMA0B KOHTUHYYM MUHKOBCKOTO.

ABTOp yTBEPKAAET, UTO CTAaHAAPTHOE ONpPeAeNeHue BPaLLEHNA, UCTIONb3YeMOe B GU3MKE, HE OTBEYAET HOBbIM 33auaM.

TpaauumnoHHoe NOHATME BpaLlieHNs choPMYNNPOBAHO B KNACCUYECKOI MeXaHKe UCKTIOUNTENbHO N0 OTHOLLEHUI0 K MHEPLMANbHbIM
CMCTEMAM OTCYETa, YT GUKCUPYETCA B YIOBOIA CKOPOCTU (OTHOCUTENBHO He BPALLAIOLLEICA CUCTEMbI KOOPAVHAT) U IMHEIHOI
MFHOBEHHO CKOPOCTY (ONATb-TaKM OTHOCUTENbHO MHEPLIMANbHOIA CUCTEMbI 0TCYETa). Mepa BpaLLieHus, COOTBETCTBEHHO, BBOAUTCA TOTAQ,
Kak [m/c], nockonbKy AnA BpaLLeHA B KauecTse He3aBUCMOI epeMeHHoi 3apaHee bepeTcs Bpems. Ho, B IPOTUBONON0XHOCTb
3TOMY, MOXHO BNOJHE NOUTEN0BATENbHO 1 HENPOTUBOPEUMBO NOCTPOUTH NMOHATIE BPALLIEHNUS OTHOCUTENBHO BPALLIEHNS.

MHOXeCTBO CKopocTeii BpaLLieHNs 1 B3aMMOOTHOLUEHMS Ha TOM MHOKECTBE NMONYYaIoTCA COBEPLUEHHO aHANOTUUHBIMY

MHOXECTBY YNOPAZOYEHHbIX NOCTYNATeNbHbIX NPAMONNHEIHbIX 0THOCUTENbHbBIX CKOPOCTE, 0AHAKO MepOii CKopocTel

BPALLATENbHOTO IBUXEHNS CTaHOBUTCA [€/M], He3aBUCUMOIA NepemeHHOI 0Ka3bIBaeTCA "AnHa ayri'”,

Takvm 06pa3om, MpeanaraioTca HoBble NOrMYeckie U MaTemMaTiyeckue 0CHOBaHA ANA NOHUMAHNA Gu3nyeckoe peanbHocTy. C
HOBbIX NO3VLVIA BPALLEHNe MOHMMAETCA YXKe He KaK HeKuil acnekT ABUXeHIs, peayLmMpyemMblii K NocTynaTenbHoOMY nepemeLteHnto
OfHOI MaTepHasbHOI TOUKN N0 HEKOTOPOI TPAEKTOPUM (e 3aMKHYTOCTb - YaCTHBIA CNyyail), a Kak GyHAAMEHTaNbHas
XapaKTepuUCTUKa ABIKEHUA, UMetoLLaA CBOK Mepy u3mepeHua [c/M] 1 (BOIo He3aBUCUMYI0 nepeMenHYio - X[m].
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[pUMeHUMOCTb Ha3BaHHbIX NOAX0A0B MHOTUMY CTaBIUTCA MO COMHEHYE eLLe U MOTOMY, YTO STOMY MeLLeT YCTOABLUAACA NPUBbIYKA
- CTaHAapTHOE NMOHNMaHWe NpefieNnoB 1 6eckoHeuHo Manblx. ABTOp CYNTaeT, 4To NockonbKy pabotamu Abpaxama PobuHcoHa
J0Ka3aHa Nornyeckas HenpoTUBOPEUMBOCTb HECTaHAAPTHOTO aHanK3a, rae 06NacTb AeiiCTBUTENbHBIX BENMYNH paciuMpeHa 3a

CYeT runepaeicTBUTENbHBIX aKTYaNbHO 6eCKOHEUHO MabIX 1 6ECKOHEYHO BObLLNX YMCeN, YXKe HUUTO He MeLLaeT HaM
nepeocMbICIUTb CTaHAAPTHbIE Npe/iCTaBNeHA 0 B3aMMOOTHOLLEHMY GeckoHeYHo 6oNbLLOro 11 6eCKoHeuHo Manoro, 1 06HapyuTh
WX npefenbHblil B3aumonepexoa Apyr B Apyra. IMeHHo 3T0 1 NPOUCXOAWT, KOrAia YeTbipexmepHoe NPOCTPaHCTBO-BpeMs 3aMblKaeTcA
C KBaTepHUOHHbIM BpeMA-NpoCTPAHCTBOM B euHoe Lenoe. U 31o npoucxoaut PEATIBHO.

Kak unTatenb yxe 3aMeTus, nocTpoeHie KBaTEPHUOHHOTO BPEMA-NPOCTPAHCTBA C HOBOIA KOHCTAHTOI S HaNOMUHAET HeKoe
BOJIbHOE KOHCTPYMPOBAHIME MATEMATUYECKUX MOAENEN, CHABMEHHOE UCKYCCTBEHHBIMM NPUBA3KAMM K TEM U MHBIM aCneKTam
du31yeckoro mupa. Bcem u3BeCTHo, UTo JaNeKo He Kaxoe MaTemMaTiueckoe NOCTPOEHIE UMEET OTHOLEHUE K PeanbHOCTH,
0n1HaKo, HAMOMHIO, - HaMit CIENaHO KOHKPETHOE NPEANONOXKEHME; KBAaTePHIUOHHOE BPEMA-NPOCTPAHCTBO IOMKHO UMETb HEKMii
Knaccuueckuii npoo6pas, rae BeMunHa ¢ pa3MepHoCTbio [€/M] [oNHa TPaKTOBaTbCA KaK BpaLLeHue.

To uT0 KOHTUHYYM MUHKOBCKOTO OTpaXKaeT peasbHble CBOICTBA YHUBEPCYMa - 06LLenpUHATO, HO CAMO 3TO YeTbipexmepHoe
MCeB0EBKNMA0BO NPOCTPAHCTBO-BPEMSA BO3HUKNO B pe3yNbTate onee yrny6neHHOro NoOHMMaHNA KNaccuueckux npeacTaBnenmii

0 (TaHAAPTHON ieKapToBOIi KOOPAMHATHOI CUCTeMe - 06bIYHOM TpeXMepHOM eBKNM0BOM NpoCTpaHcTBe. Takum 06pazom,
KBaTepHUOHHOE BPeMA-NPOCTPAHCTBO TakKe AOMKHO UMETb Kakoii-To Knaccuueckiii npoobpas. OfHaKo cpefy TeopeTnyeckmx
npefCTaBAeHui KNaccuyeckoi Gu3nKmM HeT HYero, YTo MOXHO 6bino 6bl NPeAN0oXKIUTb Ha 3Ty ponib. lTonyyaeTca, uTo Halle NOCTPOEHMe,
B (AMOM Jiefle, - M IPOM3BOJIbHO U 6e30CHOBaTENbHO.

0nHaKo 10T BbIBOZ 0LIM60YeH. OKa3biBaeTCA, Npoobpas (unu, TouHee, - Npa-06pa3) KBaTePHUOHHOTO BPEMA-NPOCTPAHCTBA UMEETCA B
Hayke, Ho B Hayke OKTACCUYECKON. Knaccuueckue AeKapToBbI KOOPAMHATHI M BPEMA B KAUECTBE HE3aBUCUMON NepeMeHHOl B (Boe
BpeMA NPULLAY HA CMeHY MMEHHO Toli TeopeTIYeckoi MoZeNy, KoTopas 34ech MeHyeTcA Npoobpa3om KBaTePHUOHHOIO
BPeMA-NPOCTPaHCTBa. TM Npa-06pa3om ABNAETCA JOKNaccUyeckas, nouTy yxe 3abbitas, mogenb BceneHHoli B Buge

BpaLLALNXCA HebecHbIx chep. Ecm 0TBNeUbCA 0T ycTapeBLLeil HaTyphunocodun, CoNyTCTBYHLLEI 3TOR MOAEAN, TO Mbl

06HapyKMM HOpManbHbIii MaTeMaTMUeCKuil NOAXOA: CTPOUTCA MHOXECTBO OTHOCUTENbHBIX BpaLLeHIi. IHbIMK coBamu, e B
[JeKapToBOil CMCTeMe KOOPANHAT, B TPEXMEPHOM eBKMA0BOM NPOCTPAHCTBE ONpefendaeTca MHOXeCTBO 0THOCMTENbHBIX
nocTynaTeNbHbIX CKOPOCTeN, cou3mepAembIX B abCONKTHOM BpeMeHMU, TO B JOKNaccuyeckoil MoZienu HebecHbix chep cpaBHUBANMCH

11 COM3MepANNCb OTHOCUTENbHbIE BPaLLeHMs, @ BpeMeHHble Nepuozbl U 3TOM 0ka3biBanuch GyHKLyeil 0T NPOCTPaHCTBEHHOI Mepbl

- HE3aBUCMMOIA NEPEMEHHO (FOBOPA COBPEMEHHBIM A3bIKOM).

(06bIuHO CuNTAETCA, UTO OT ITOI MOAENM MPULLNOCH 0TKA3ATbCA, KOTAA "06HAPYKINOCb", UTO 3eMAA He HaX0AMUTCA B LieHTpe Mupa. C3Tum
Mbl CMOPUTD He byziem, 1 TpeboBaTh BO3BPALLIEHNA K CPeSHEBEKOBbIM NPEACTaBNeHNAM cMblcia HeT. OiHaKo CyTb Jena BOT B YeM: 0TKa3
0T HaTypOUNOCOPCKOI KOCMONOTUI He ABAAETCA HUCNPOBEPKEHMEM TEOPETUUECKOI MOAeNH. ViHbIMK cnoBamMm, MoZenb
OTHOCUTENbHBIX BPALLEEHWIA, koTopas ucnonb3osanack Ana o6bAcHeHna CONHEUHOI CUCTEMbI, He YTPaTUAa CBOEro NI0rMYecKoro CMblCa
0T TOr0, yTo 06paLLieHe nnaHeT BOKpyr CoNnHLa CTanu MbICTUTD B ieKapTOBbIX KOOPANHATAX C MOMOLLbH abCOMIOTHOT0 BpEMEHH,
WUCNoMb3yA NPEACTaBEHIA 00 YCKopeHUM U cuie BcemipHoro TaroteHus. (M. 06 smom pabomy aemopa "Hoeas Hay4Has napaduema Guuku

U cmapas kapmura mMupa" 6 c6. "Baumoceass Hayku u npaxkmuku", bpamck, 1987, ¢. 60.)

Huxe Mbl nocrapaemca nepeBecTy 3Ty MaTeMaTUyeckyto MoAesib 0THOCUTENbHBIX Bpal.l.leHI/IVI Ha 3ﬂEMEHTaprII7I KHeMaTnyeckui
A3bIK. Pa3)IMeeTCﬂ, BpaLLeHNA yxe He 6ynyT (BA3bIBATb(A C0p6VITaMVI HebecHbIx Ten, a LIEHTp BpallleHnA 6y,qu NOABNATLCA HE NOTOMY,

uT0 "3eMNA HaXoAUTCA B LeHTpe Bcenenton', a NOTOMY YTO B LLEHTPE CUCTEMDI OTCYETA MOMELLAETCA Habniopatenb.
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Matematuueckas MOAeNb OTHOCUTENbHBIX BPALLEHWIl He UCYe3/1a BMECTE C reoLieHTPUYEcKoii acTpoHoMMeid. COOTHOLUEHMS,
KOTOpble BbIBOAATCA B anrebpe Ans NoBOPOTOB U ANMH AYr 3aGUKCUPOBaHDI, HANPUME, B U3BECTHOI GOpMyNe ANA KOCMHYCA YABOEHHOTO

yrna cos2=(e2'+e-2")1/2YaBoeHne yrna BO3HIKAET B X0ie NPeAEbHOTO PUPABHUBAHMA LieHTPANbHOTO U BIUCAHHOTO YTI0B B
O3HOIi OKPYXXHOCTY NP €€ AeNeHIN Ha HEYeTHOE KONMUECTBO BeCKOHEUHO MariblX CTOPOH. 34eck Mbl He Oy/eM KacaTbeA
NoApo6HOCTEN BbIBEAEHNSA 3TON GOPMYIbI, OTMETIM TOSbKO OZUH UCTOPUYECKY BaXHbIii MOMEHT. [ aHTUUHbIX FpeYeckux
MaTeMaTUKOB CTasio BENMKIUM OTKPbITUEM 0GHApYKEHMe MpPaLIMOHANbHOCTEI B BUAE HECOM3MEPUMOCTIA AMArOHasN 1 CTOPOHI
kBanpara. (ToMb e BeMKNM AOCTIXKEHUEM apabekix anrebpancToB bbio NOCTPOEHNe MCKPUBAEHHOTO "KBaapaTa”, COCTOALLErO U3
LY OKPYKHOCTEIi €MHUYHOTO Y YABOEHHOTO PajMYCOB (3T0 UX GyHAAMEHTANbHOE OTKPbITUE BOMIIOTUNOCH B CAKPANIbHOM

CMMBOfIe NoNYMecALa). Bo3HuKatoLLee U3 TaKoro MOCTPOEHNSA COOTHOLLEHHE NOBOPOTOB NO3BOANIO OTKPbITb METOLONOMMIO
KOHCTPYMPOBAHWA CTENEHHDBIX PALOB.

HanomHto, uTo Jaxe 0CHOBOMONAraLNIA ANA FeANOLEHTPUYECKOR MoAenn TpakTaT Hukonas KonepHika HasbiBanca “0 BpalLieHnax
HebecHbIX cdep”, TO eCTb, ONMpanca Ha NPUHLUN CPaBHEHA BPaLLieHNiA. KonepHuK nocTaBun nog COMHeHue "du3nueckmii aprymeHTt”
EBnokca, Apuctotens, lltonomes o Tom, uTo “npu BpaLLeHn 3emiu Bee Nerkue NPeAMeTbI C ee NOBEpXHOCTM yneTenu 61" n
nepecynTan BpaLeHus K HOBON cUCTeMe 0TcueTa. VIHTEpeCHO 0TMETUTb, YTO €CTb PAa3HOUTEHUA B NEPEBOE Ha3BaHMA 5o PaboTbl ¢
naTuHcKoro s3bika "De Revolutionibus”: nonbckoe Ha3aHue - "Ob obrotach..." npueno k pycckomy nepesogy “06 obpatienuy...”,
KOTOPOE NOTOM MPULLNOCH 3MEHATb Ha "0 BpaLLeHun...", CCbINaAch Ha To, YTO BO BpemeHa KonepHika B MeXaHuke He

paznnuyany BPALLATENbHOTO IBUXEHUA Tea BOKPYT 0CH, PACMONOKEHHON HENOABIXHO, 1 KPYrOBOTO JABUXEHNS MaTepUalbHOM TOUKM
BOKPYT LieHTpa (COOTBETCTBEHHO - "BpalLieHue” 1 "obpatLieHue"). 370 AelicTBUTENBHO CEPbE3HO: BeAb ANA BENMKOTO MONbCKOMO
ACTPOHOMA CyLLeCTBEHHBIM 0CTABA/I0Ch MOHATME 0 "KPYroBOM UMMYNbCe", BBEAEHHOE CpeHEBEKOBLIM GUA0CO(OM 1 IOTUKOM
KaHom bypuganom, bnarogapa uemy Bca 3emna co Bcemin ee 0butaTenamm, BOAON 1 aTMOCPepoil MOXeT CMOKOHO BpaLLATbCA BOKPYT
BOEIA oCH.

Agtop xoTen 6bl 06paTUTb BHUMAHME Ha TO, UTO KOCMOTOHMYECKIe NpeACTaBAeHNA NPOLLOT0 X0Tb M ObiNK NpeMETOM 0CMbICTEHUA
npu GOPMUPOBAHIN TEOPETUYECKOI MO OTHOCUTENbHDIX BPALLIEHIH, HO He ABNAKTCA ee eAMHCTBEHHOI penpe3eHTaLueil.

Mobas KuHemaTnyeckas MOAEeNb - 3T0 YCTAHOBNEHWE NOTNYECKOI CBA3MN MEXAY BPEMEHHBIMY 1 NPOCTPAHCTBEHHBIMYU MEpPaMI,
(u3nyecKne apryMeHTbI N0 OTHOLLEHNIO K Heil BTOPUUHDI 1 HYXHDbI TONIbKO /1A ee CMbICTIOBbIX MHTepnpeTauuii. UHbIMK cnoBamu,
oefMHeHue ABYX, Bpofe Obl, anbTepHaTUBHBIX TEOPETUYECKMX Modeneli B eUHYI0 CUCTEMY - 3TO AeNo NOTUKM U MaTeMaTKK, a
du3nyeckas nHTepnpeTaLma nonyyeHHoro pe3ynbTara - 370 CleACTBUA U NoCTefytoLLne BbIBOAbI. [103TOMY Halla 0CHOBHaA 3ajaya:
MOKa3aTb, UTO KIHEMATINKa CNOXeHUA NPAMOUHEITHBIX ABIKEHUIA U KuHemaTuka cou3mepenna Bpaviennii PABHOTMPABHbI, - B pagHoii
Mepe floriyeckn 060cHoBaHbI. Mx paBHonpaswe npeanonaraet co3aaHie 0606LeHHOI KHeMATMUeCKoil MOAeNH, a B paMKax 3Toi
MOZENN AOMKHbI ObITb 00beANHEHBI YeTbIpeXMepHbIl KOHTIHYYM MUHKOBCKOTO 11 KBaTepHUOHHOE BpeMA-NPOCTpaHCTBO. BbiBod aBTopa
0 TOM, YTO NPY 3TOM NPOMCXOANT Pa3aBoeHMe 6e3pa3mMepHOl MaTeMaTYecKoii eANHULbI Ha [IBE Pa3MepHbIe KOHCTAHTBI,
onpegenioLye MacluTabbl peanbHoi BeenerHoil - 3T0 yke HekoTOpaa Gu3nyeckas HTepnpeTaLya, npeanonaratoLLas ycraHoBneHue

(BA3N MEXAY AMHAMUYECKUMI BeMYMHAMM TUNA “Macca", "3Heprua”, "umnynbc”, "anuHa BonHbI", "anekTpuyeckuii 3apag”, "cnuH" n 1.4.
Heckonbko npeBapuTenbHbIX 3amMeyaHui.

Mbl npegnonoxmnu, uto cnewnduueckoil Gopmoil ABINKEHIA, KOTOpaa B KBaTePHUOHHOM BpeMA-NpOCTPaHCTBe byaeT BecTu ceba
aHanorMyHo 06bIYHOI NOCTyNaTeNbHoN CKOPOCTH, ABAAETCA UMEHHO CKOPOCTb BpaLLeHus, Ho ¢ HeobbIuHON Mepoi. B npuHumne,
APYrUX NOTUYECKMX BapUAHTOB Y HAC NPOCTO HET, Befib Mbl UCCNeAyeM CKOPOCTb ABUMEHUA Kak HEKOE OTHOLLEHUE MeX.Y BpeMEeHHbIM
W NPOCTPAHCTBEHHbIM NMAPAaMETPaMK, a TaKNX OTHOLLIEHII MOXKET ObITb ToNbKO ABa: X/t u t/X.

B matematuke [I0BOPOT B npocTpaHcTBe CTONb e GyHAaMeHTaNbHaA onepauya Kak napannenbHblil NepeHoc. YMecTHo 3aech

YNOMAHYTb BblJaloLLeroca GpaHuy3ckoro Matematuka AHpu lyaHkape, KOTOpbIi YKa3biBan Ha Hannuue "cKpbITOil akcMombl ",

KOTOpan 3amackupoBaHa cpean nocTynato EBknMAa B BUAE anropuTMa 0 IPOPUCOBKE OKPYXKHOCTY MpKynem. (A.[lyaxkape, "0 Hayke",
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M.."Hayka", 1983.) To, uTo noBopaunBaemas nonynpamas paHo Wi No3AHO COBNAAAET CO CBOUM NPOAOIKEHUEM JIOTUYECKM HE (BA3aHO

CaKCMOMaMi 0 CTaTUYHbIX TOYKaX U MPAMDbIX, ﬂyaHKape MOKa3bIBAET, YTO YCTPAHEHNE 3TOU aKCUOMbI" MOXKeT npnBOANUTL K
IK30TUYECKUM TEOPUAM.

B 10 e Bpema B Knaccuueckoil MexaHuke HbloToHa BpaLLeHue - 3T0 HeUTO BTOPUYHOE MO OTHOLUEHMIO K MPAMONUHEIHOMY
nocTynaTenbHOMY ABUXEHNI0, TO eCTb BpaLLeHue (ABUKEHME N0 3aMKHYTOI TPaeKTopuM) pesyLMpyeTcs K 6eckoHeuHo

MabIM NPAMOAMHEIAHBIM NepeMELLeHNsIM MaTePUANbHOI TOUKM, N03TOMY CKOPOCTb BPALLEHNS TPAAULIMOHHO U3MEPAETCA B TOM Xe
camoil Mepe [m/c], Bbipaxaemoii kak Uncno 060poTOB 3a CeKYHAY, TO eCTb "YrNoBas CKOPOCTb' 0KA3bIBAETCA NALLL YCIOBHbBIM
BbIPAXEHMEM AnA 0603HaUEHUA UCTUHHOI - NUHERHOM ckopocTu. OKPYXXHOCTb - 3aMKHYTaA KpUBas, KpUBONMHEIIHOE ABUXEHMe -

3T0 NepemeLLeHne B POCTPAHCTBE, 3AMKHYTOCTb KPUBOIA - 060pOT - He UTPaeT cyLiecTBeHHO ponu. [pn 3Tom, Bpems
aKCMoMaTMYeck GepeTca B KauecTe HE3aBUCUMOI NePEMEHHO, X0 BPEMEHN B MOSHOM COFIackiA C HbIOTOHOBCKIM OMpe/ieNeHneM
- PaBHOMEPHO 1 HEOTBPATUMO OTCUUTLIBAET CEKYHAbI (B 3aZlaHHON CUCTEME 0TCUETa). 3aMETUM, KCTaTh, uTo B CBOEiA paboTe
"MatemaTuyeckine Hauana HatypanbHoii punocodun” Mcaak HotoToH BBOAUT abcontoTHoe Bpems Npu MOMOLLM JOCTaTOYHO
MoAPOBHbIX 000CHOBAHMIA, MPU3BAHHDIX 10KA3aTb, YTO Mbl JO/KHbI NOCTYIMPOBATb X0 BPEMEHN caM Mo cebe - 6e3 NPUBA3KN KaK Kakum
6b1 TO HY 6b1N10 BpALLATENBHBIM MEPUONYECKUM NMPOLIECCAM, HAONOAAEMBIM B HeGe.

Tak BpaLLeHue 610 NPe/CTaBNEHO KaK HEUTO, YT0 NIETKO MOXKHO CBECTI K 06LLMM NOHATUAM 0 NPAMONUHEHOM NepeMelLeHIN,
NpUYem peayKumA BLIMALNT ceiiuac BOHe eCTECTBEHHOI 1 CaMo 060/ pa3yMetoLueiica. B CXOHbIX BEPCAAX KNAccyeckoil MexaHNKH
N5 00bACHEHIA BPaLLEHNA BBOAUINCH QUKTUBHBIE CUIbl, QUKTUBHbIE NOTOMY, UTO ABHAs MHEPLVS BPALLATENbHOMO

[BIKEHMA (MaTepuaibHas CUCTEMA MOXET BPALLATLCA GECKOHEUHO 0T, KaK 66CKOHEUHO MOXKET ABUTaTbCA B €BKNMA0BOM
NPOCTPaHCTBE MaTepuanbHas ToUKa) He NPeANonaraeT i He TPebyeT HanUuNA "MBOI CUbl'", (BA3AHHO! C 3aTPaTaMm SHEPruu.
0OcobeHHo MUYy ANMBbIA BUL NPUHUMAIOT QUKTUBHBIE CAbI, KOT/AA PACcCMATPUBAETCA BpaLLloLLEecs Koneco, cBO60AHO

PaBHOMEPHO KaTALLEecs 0THOCUTENbHO MHEPLMANbHOTO HabnkoaaTeNa no NpAMOIA, - TOrJa MaTepuanbHas TOUKa Ha 0604e

Ko/eca NpouepymBaeT LMKNOUAANBHYIO TPAEKTOPHIO.

Tepmun "umknonga" BeegeH Fanuneem. Hesasucumo ot Hero Bo OpaHum 3Ty Xe KpuBylo nccnenosan MepceH, oH umeHoBan
TaKyto TpaekToputo “pynetroii”. Bo3Hmkna obLiMpHan nuTepatypa o umknougax - Toppuuennu, Busuanu, Pobepans, Oepma, [ekapr.
Mpu NOCTPOEHNM KacaTeNbHbIX K LKNouAam 6bisio BBEEHO CneLinanbHOe MOHATME - "MIHOBEHHbIN LieHTp BpaLyeHua". MexaHuka
LIMKNOMA COXPaHMA CBOK 3HAUNMOCTb B MHXXEHEPHOI HayKe, a U3 HayKi GyHAAMEeHTaNbHON Obina BbiTeCHeHa MeXaHKoi HbloToHa.
Takum 06pa3om, B GU3MKe yTBEPAUNACh TONbKO OfiHA GyHAAMEHTaNbHAA UAeanu3aLys - "MaTepuanbHas Touka", (Touka umeet
TOUHbIE KOOPAUHATbI B NNIOCKOM EBKNZOBOM NPOCTPAHCTBE, OCYLLIECTBAAET IBUKEHNE NO HENPEPbIBHON TPaeKTOpUK, a CBA3b

mexxay npou3BOAHbIMI N0 BPEMEHU ONpeAenAeT ANHaMu4eckne BEJ'IVIHI/IHbI.)

[pepcTaBneHye 0 YACTOM BpaLLATENbHOM BIKEHIM, KOTOPOE Hepa3noXuMOo Ha NepemelLeHA OTAENbHbIX TOUeK, BEPHYNOCh B
KNaccuyeckylo uanky BMecTe C NeKTPOMarHUTHOI Teopueil. Pe3ynbTat u3BecTeH: B KOHEUHOM UTOre TpeXMepHOe NPOCTPAHCTBO
Mbl BbIHY[ieHbl OblN NPEBPATUTH B YeTbpexMepHOe NPOCTPAHCTBO-BPEMS, - NPefCTaBneH1e 06 abContTHOM BpemMeHU
noageprioc Moandukaumn. Ceitac, B ceTe HeKNaccUUeckoin penaTuBUCTKOIN Qr3nKi, MCnonb3oBaHue ppa3eonorum, CBA3aHHOI
MoHATMEM "cuna" BbIFNAZUT apxauueckitM 1 IBYCMbICTEHHBIM, a B KBAHTOBOI MeXaHUKe GyHAaMeHTaNbHOCTb BpaLLeHIs (To ecTb
He CBOAMMOCTb €r0 K IBWXEHNIO TOUKM N0 TPAeKTOPUM) NPOABNAETCA B TaKuX EHOMEHONOrUUECKN BBEEHHDIX MOHATUSAX, KaK
CNUH, BPALLIEHNE NNOCKOCTI NONAPU3aLMIA U Ap.

OnHaKo WAeliHoe HaCTIeUe KITacCUYecKoi MeXaHNKI 0CTAeTCA HEMPUKOCHOBEHHBIM, - 0HO 3adUKCMPOBAHO B TeOpeMax
(TaHJAPTHOTO MaTeMaTUYeCKOro aHau3a W He NofiBepraeTca nepecMotpy. Fnybokoe CoUyBCTBME BbI3bIBAIOT CTApaHMA
TEOPETUKOB, J0Ka3bIBAOLLMX NPOAYKTUBHOCTb UCTIONIb30BAHMA B HEKNACCUUECKOI GU3IIKE METO/0B BEKTOPHOIA anrebpbl - UM
NPUXOANTCA BOEBATH Ha iBa GPOHTA; NPOTUB MATEMATUKOB, OXPAHAILLMX KIacCUyeCKUe NPUHLMMLI aHANU3a, U NPOTUB
$U31KOB, UCMOBERYIOLLMX MAEONOT IO "abCTPaKTHBIX NPOcTpaHCTB", Henb3a 63 60 uuTaTh 6€CNOMOLLHbIN MPU3bIB B KHITe
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"BekTopHas anre6pa” [acToHa Ka3aHoBa: "06bluHOe BEKTOPHOE MCUMCEHME OYeHb NONE3HO B TeOMETPUN, MeXaHKe, TAPOANHaMIKe

W 3NeKTPOANHAMUKe... B T0 e Bpems, 1 Npu M3yyeHnn NpoCTpaHCTBa-BPeMEHH CreLiuasnbHOi Teopui 0THOCUTENBHOCTH, a Take B
Teopui [lupaka v B TEOPIM YACTUL| He CTOUT 0TKa3bIBaTbCA 0T KBaTepHIoHoB", (Gaston Casanova, L"ALGEBRE VECTORIELLE, Presses Universitaires
(e France, 1976. Pycckoe uzdanue - [ Kazarosa, "Bexmopras aneeGpa”, M. "Mup", 1979, ¢. 31.)

Mouemy e, Bce-Taku, OT NOAX0A0B, 0CHOBAHHbIX Ha anrebpe Knuddopaa bonbLnHCTBO Gpu3nKoB 0TKa3biBaeTca? [la, noTomy uto
du3nyeckoe BpaLLieHIe MaTEMATUYECKIN PeAyLIMPYeTCa K KNaccuyeckomy ABUKEHMIO TOUKY MO TPAeKTOpUM, a Takoe MOHUMaH e

KaXeTCA HaCToNbKO NY60KO YKOpeHeHHbIM B UesioBeuecKoil NIoTKe, UTo pYroro, Kak Obl, NpocTo He MoxeT 6biTb. (npalunBaeTca, kakas
e Toraa noruka nossonuna Y.P.ramunbtoHy, X.Ipaccmany, Y.K.Knuddopay, [x.Y.Tnb6cy co3naBath annapat BeKTOPHOTO UcUMcneHnA?
MoxeT 6bITb anrebpanyeckue MeTofibl pa3BuBanuCh camu c06oii? Ho ein Mbl UCMONb3yeM B reoMeTprin MHUMYI0 eAUHHNLY, en

Mbl PUHIUMAEM, UTO 0CHOBaHMUE HaTypasbHbIX orapudmoB €=(1 + 1/n)" npu N cTpemALLEMCA K 6ECKOHEUHOCTH, TO BCE 3TO
JOIKHO UMETb peanbHblil CMbICN, JOMIKHO UTO-TO 03HAUaTb - He TObKO abCTPAKTHO, HO 1 KOHKPeTHO. HacTonbKo KOHKpeTHo,

yTO YenoBeyeckas orka MOKET 3T0 NPUHATD TaK Xe NPoCTo, KaK TOUKY 1 NpAMble, kak apudmeTnueckin baHanbHoe “ABax/bl ABa
yeTblpe". ECIn 10XXHOaMepHKaHCKINe MHAEILbI He M0Nb30BaNCh KONECoM, 3T0 BOBCE He 3HAUMT, YTO NOHATHE 0 KPYrOBOM [BUKEHNN
6b110 BbILLIE UX NOHUMAHNA. PaHO N1 NO3HO BCe NPUXOJMTCA HAUNHATD.

loaToMy, aBTOp cuuTaeT, uTo ObIN0 Obl BNOSHE NOTUYHBIM MONBITATHCA NOCMOTPETH: Kak cneayet onpegenatb CKOPOCTb

BPALLEEHWA nocnegoBatenbHo KuHeMaTuyecki, Kakas B3aMMoCBA3b BO3HMKAET MeXay KoopAuHaTamu X 1 t, e BpaLLeHue ecTb
LieNIOCTHOE MHTerpanbHoe ABIKeHIe. Ein oHo He ABNAETCA MPOCTO CYMMOI HECKOHEUHO ManbiX MPAMOMNHENHbIX BEKTOPOB-NepemeLLeHuiA,
1 €T CKOPOCTb - 3TO BENINYMHA, KOTOPYHO HAZI0 ONPeAenaTb MMEHHO /IS BPaLLeHNs, a He ANA BUXKEHUA TOUKM Ha KpYroBOil TpaeKTopuu.

(Cpasy e oTMeTIM BaxkHyI0 Belwb: B anrebpe Knudpopaa B TpexmepHom npoctpaHctae o CKOPOCTU BpaLeHus, NOHATHO, peun He naeT -
3T0 He Qu3nyeckoe BpaLLieHue, a NOBOPOT. A KOTAa 3TOT MeTOZ PACcMpOCTPAHALTCA Ha YeTbipeXMepHOe NPOCTPAHCTBO, TO CTPOUTCA

y>e 3HaKoMoe HaM NPOCTPAHCTBO MHAEKCA 1, MOHMMaeMoe Kak BeKTOpHbIN anrebpanyeckuii aHanor npocTpaHcTBa-Bpemenu MiuHKosckoro.
To ecTb 0NATb-TaKM, BpaLLeHUe 0Ka3bIBAETCA YNCTO MaTeMaTyeckiiM NOBOPOTOM, @ He BPaLLATeNbHbIM JBIKEHNEM -

KOHKPETHOI hyHAaMeHTanbHOi GopmoiA Co cBOeli COBCTBEHHOI MepOi CKOPOCTH.

Mo3Tomy, AN TOro, YT0ObI BbIABUTH UCTUHHOE YU3MYECKOE COREPXKAHME KBATEPHUOHHOTO BPEMA-NPOCTPAHCTBA Mbl MOiAEM TaKUM
MyTeM: CHauana Mbl PacCMOTPUM KMHEMATVKY BPaLLEHNA 1 MPOCIEANM KaK AOSIKHO OMPEAENATLCA MPU TOM MHOXKECTBO

CKOpOCTEi BPaLLEHNA, Mbl BbIACHIM KaKoii NapaMeTp [0KEH ABNATBCA 3/16Cb HE3aBUCMMOIA MEPEMEHHO. Ha 3ToM Tane mbl
MONTyYIM TEOPETUYECKYI0 MOAENb, KOTOPas B CBOE BPeMs HaTypdUNOCodCKi 0TOXAECTBAANACH C MOAENbI0 BceneHHoi, 1 KoTopyto
MOTOM CMEeHINA KNaccuueckas MexaHuKa ¢ ee npecTaBeHusaMiI 0 6eCKOHEUHOM TPEXMEPHOM NPOCTPaHCTBE U

NPAMO/INHEIIHOM NePeMELLIEHNI TOUEK C Pa3HbIMU PaBHOMEPHBIMM W MTHOBEHHBIMIU CKOPOCTAMM. [0CrIE 3TOM0 CTAaHeT CoBEpLLEHHO
AACHO, UTO, TOUHO TaKXKe Kak KOHTUHYYM MUHKOBCKOTO BO3HUK Ha 0CHOBE KNacCUueckoil MogenH, OMKHO ObiTb ONpeieNeHo
KBaTepHUOHHOE BPeMA-NPOCTPAHCTBO, ABNAIOLLEECA OTMYECKIM NPOJOMKEHNEM aNbTEPHATUBHOI MOAENH ABUMeHUA. HakoHeLl, Mbl
YBUANM, UTO 00BEANHEHNE STUX CONPAXKEHHBIX NPOCTPAHCTB - KOHTUHYANbHOTO U anrebpauyeckoro - TpebyeT oT Hac HOBOTO
MOHNUMaHWA B3aMMOOTHOLLEHUI MeX 1y 6ECKOHEUHOCTbIO 1 aKTYasIbHO 6ECKOHEUHO MallbIM.

( camoro Hayana B HaLLem pacCMOTPEHNM NOABUTCA HeKMil KOHKPETHbIit 06pa3 - KONIECO. ABTOp BbipaXaeT HaAeXay, uTo uuTaTenb

OTHECeTCA K STOMY HarnAZHOMY M0Co6MI0 Kak K HEKOTOPOIA YUTOBHOCTY - MoA06HOI Tem "noesgam”, "nagatownm nudram” n
"(BETOBbIM YacaM", KOTOpbIe MCMOb3YIOTCA ANA YACHEHUA CYTU iena B penATUBMCTCKON GU3nKe.

* % %

Mbl HauHeMm ¢ aHanN3a CMbICa NOHATUIAHOTO pa3nnyeHna nHepunanbHbIX U HenHepLunanbHbIX CMCTEM. flcHo, uto BpallaloLianca cucrema -
He UHepLuKnanbHa, COOTBETCTBEHHO, BbINAAEN0 0bl 6eCCMbICTIEHHBIM - HeonpaBAaHHO CN0XHbIM - onpeaeneHue napameTpos
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ABVKYLLEICA UHEPLMANbHOI CUCTEMbI N0 OTHOLLEHMIO K BpaLLatoLLeiica. [103ToMy 06bluHasA LUKana 0THOCUTENbHbIX
nocTynaTenbHbIX CKOPOCTEd, BOHUKAET U3 PacCMOTPEHNA MHOXECTBA UCKAKUUTENbHO UHepLManbHbIX cuctem. C Apyroil CTOPOHbI,
BpaLLeHve TPaANLIMOHHO NOHMMAETCA KaK HEUTo, YTo ONpeseniMo TObKO N0 OTHOLLeHUHO K cucteme, kotopas HE BPALLIAETCA. B
TaKkoM C1yyae, BO3HMKAET BOMPOC - MOXHO SN OTOXAECTBAATD TaKYI0 "He BpaLLaLLYyoca cucTeMy” ¢ MHepumanbHoin? Mpu
BHIUMATE/IbHOM PacCMOTPEHMMN BbIACHAETCA, YTO TaKoe 0TOX/ECTBIIEHUE KaK a3 1 NPOMCXOANUT B NOTUKeE KNacCuyecKoil

MeXaHuKI. MaTemaTiueckuii BbIBoZ 0 TOM, UTO Mepoii BpaLueHusa bynet [m/c], a yrnoBas ckopocTb eCTb IMHelHas Ha
3aMKHYTOI TPAEKTOPUK, - Y2Ke 3apaHee 3aN0XeH B NpeanocbIKM.

[laBaiiTe, yTOUHUM KaKOB XO4 MbIC/IA, TPUBOAALLMIA K CTAHAAPTHBIM BbIBOAAM. PaccMaTpUBAETCA MHOXECTBO BPaLLALLNXCA

cuctem (“"Konec"), 0Cu KOTOpbIX NexKaT BAOb OAHOIA NPAMOIA. [PEANONOXMM, UTO B €AMHILYY BPEMEHI OHM COBEPLLAKT HEKOE KpaTHOe
uicno 060pOTOB, a PACMONOMIM UX TaK, UTo Y ABYX COCE[HUX KOMleC Yncno 060poToB 0TAMYAETCA Ha eAuHuLY. Toria MOXKHO NPUHATL 0HO
13 KONeC 3a HEMOABIKHYHO CMCTEMY OTCUETa, - B 06€ CTOPOHDI OT HEro pacnpeAenaTcA BpaLLaoLLNecs CUCTEMbI, HaNPABNEHNUA BPALLEHNIA
Y KOTOPbIX MPOTUBONOMOMHbI, a Nepexoz 0T Koseca K Konecy B Kaxayto U3 CTOPOH OyeT NpuBOAUTL K paBHOMEPHOMY BO3pacTaHuio

WX CKOPOCT BpaLLeHINs OTHOCUTENbHO BbIOPaHHOIA NOKOALLEIACA cUcTeMbI 0TcueTa. [TOHATHO, TaKXKe, UTO B KaueCTBe CUCTEMbI 0TCYETa
MOXHO 6paTb Nto60e U3 KoNec - OTHOLLEHNA MEXAY HUMMU COXPaHATCA.

Puc. 1.

Kasanocb 6bl, 35ecb ONpefienaeTca MMeHHO 0THOCUTENbHOCTb BPaLLeHNiA, Beflb YT0Bas CKOPOCTb M3MepAeTCA y OAHOT0 Koneca
OTHOCUTENBHO ApYroro. Ecin Mbl nomelaem HabnoAaTeNna Ha 0JHO U3 HUX, OH KMHEMATUYeCKN MOXET CuMTaTb Ceba cuctemoli 0TcueTa
C HyneBoii YrnoBoi CKOPOCTbIO U GUKCUPOBATL UMCO 060POTOB M3MepAEMOIi CUCTEMbI OTHOCUTENbHO COBCTBEHHOI. OHAKo No cyTu
Jena 37ecb HeABHO NPUCYTCTBYET KMHeMaTHKa NPAMONMHEIHOr0 BUXKEHMA, KOTOPas 3adUKCMPOBaHa B TOM, KaK MbICTUTCA
npeBpaLLeHue YrNoBOI CKOPOCTU B NIMHelHYH. B knaccnueckoli MexaHuKe BpaLLeHue - 3T0 NOCTynaTeNbHoe ABUMKEHIe TOUKN

10 KPMBONMHEIIHOI 3aMKHYTOI TpaekTopuu. Ecnn 3Ty TouKy “0TnycTUTb", OHa NPOAOMKUT CBOE NOCTYNaTeNbHOe ABIXeHNe N0 NpAMOi
- yIN0BaA CKOPOCTb NepeifeT B NINHeiHY.

[Jlonyctum, uTo B HAPUCOBAHHOI CUCTEMe Konec, rae, AKOObI, Mbl onpeenaem 0THOCUTENLHOCTb CKOPOCTEN BPaLLeHu i, TOUKN

OKpY>XHOCTeIA BCEX Konec 0AHOBPeMeHHO "oTnyLLeHbl Ha cBoboay". Oka3biBaetca HA CAMOM JIEJIE cuctema otcueta, 3agaBaemas

3[eCb, 33a€TCA MMEHHO KaK MHepLuabHas, a He MPOCTO Kak "YCOBHO He BpaLyaoLiasca”, Y Takoro Koneca ToUKM HUKyaa He
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LOMKHBI YNIETaTb, UX JIMHEIiHaA CKOPOCTb HyneBas (Kak U yrioBas), v Tenepb OTHOCUTENbHO 3TOi CUCTEMbI 0TCYETa MOXHO U3MEpUTH
BCe MPAMONUHEITHbIE CKOPOCTU yeTatoLLVX TOYeK.

MpesnonoXum nHoe, - uTo "yCNOBHO NOKOALAACA" BCe-Taky 6bina BpaLLALLeiica, 1 ee TOUKM Takxe JOKHbI "pa3neTatbca”, npocto
Haf10 3ae/iCTBOBATb 00bIYHbIil NPUHLMN OTHOCUTENBHOCTY A1A NPAMOMHEIHBIX NepemeLLeHIni. Kakaa xe nonyuntca KapTiHa B
Takom cnyyae? lyctb HabniogaTenb HaXoANTCA B LiEHTpe, TOrAa "oTnyLLeHHbIe TOUKM' HaUHYT yneTaTb OT Hero. 0AHaKo, yneTas, OHM Bce
BPEMA 0CTAKTCA HA OKPYXHOCTH, TO eCTb PaBHBIMU OCTAIOTCA PACCTOAHNA OT LieHTpa A0 Nto6oi u3 Hux. Ecnu e Habniogatens B LeHTpe
6yneT cneauTb 3a NoBeJieHMeM paginyC-BeKTOpa, CORANHALLETO LIEHTP 1 HEKOTOPYIO TOUKY Ha 3TOM paciumpAtoLLelic OKPYXKHOCTH,

OH 3aMeTUT: pajnyc BEKTOP - NOBOPAUMBAETCA, KaK ecii 6bl pacLuMpAILLAACA OKPYXXHOCTb NPOAOMKaNa BpaLatbe. Pagnyc-

BEKTOP NOBOPAUMBAETCA C 3aMeANALLeiica YrNoBOi CKOPOCTbIO, COBEPLUAA YeTBepTb 060poTa 3a HecKoHeuHoe Bpems.

Ho K 3T1m BbIBOAM HabnlofaTeNb B LIEHTPE MOXET MPUATY TONIbKO B TOM Cyyae, €M OH AeiCTBUTENIbHO NOKOUTCA - TO €CTb C HUM
(BA3aHa He BPALLAKLLIAACA CUCTeMa IEKAPTOBbIX KOOPAUHAT C HeN3MEHHOIA OpUEHTaLMelt oceit, rae v onpejenseTca 6eckoHeuHo
ANALNIACA YETBEPTH-NOBOPOT PajMyC-BEKTOPA OTHOCUTENbHO YUKCMPOBAHHOTO HaNpaBReHus. Mbl ONATb MPUXOANM K BbIBOAY, UTO
HeABHO NPeAmNoNaraeTcs Hanuuue MHepLMANbHON CUCTEMbI 0TCUETa - He BPaLLAIOLLIEICA CUCTEMbI NPOCTPAHCTBEHHBIX KoopAMHaT. Mano
TOr0, 3A€Cb MPeANONaraeTca U Hanuune abCotTHOr0 BPEMEHN: BeAib PACLUMPEHINe OKPYXKHOCTU - 3T0 MPOLIECC, NPOUCXOAALLMI
€000pa3HO OTCUNTBIBAHMIO CEKYHA,

Jonyctum, uto 06HapyKeHHbIN GaKT He MeeT 0C060r0 3HaYeHUA: eCTN MHepLMANbHaA CUCTEMA U TeueHre BpeMeHI NpeanoaraTc -
TaK Tomy U 6biTb. MycTb BpaLLieHe paAnyc-BeKTOpa - 3T0 MAI03KA, BO3HUKAIOLLaA 0T TOT0, YTO pasneTatLLmecs TOUKI HaXOAATCA

Ha HeKOTOpOIi YCUTOBHOIA pacLuMpAOLLEica OKPYXKHOCTY, KOTOPaA He ABNAETCA HeNPepbIBHbIM KOHTUHYYMOM, @ "NpoCTo" COCTOUT U3 TOYeK.
Ho paccmoTpeHme paclumpsioLLeiica OKpYXHOCTI, OTHOCUTENbHO HEMOABUKHOTO LieHTPa UAK e Nto6oi 13 ee “"HenoaBIKHbIX"

TOYeK, NPUBOANT K HETPUBMANbHOMY BOMPOCY: OTHOCUTENbHO KaKoli Mepbl PaCcCTOAHNA 3T0 paclumperme Gukcupyetca? Beab ece Touku

8cex OKpY)XHOCTeii "pa3neTalnTca” ¢ NoCTynaTebHbIMU NPAMOMHEHBIMI CKOpOCTAMM!

[JlaHHas npobnema, AeicTBUTENBHO, HETPUBUANbHA, YTO 0OHAPYXKMBAETCA Y2Ke B UCXOJHBIX NOHATUAX, (BA3aHHDIX C
onpezeneHnem NpAMONHEHON NOCTynaTeNbHON CKOPOCTH.

CopiepxaHue NpuHLMNA OTHOCUTENbHOCTH U3NI0XUTH MPOCTO: ABCONKOTHOTO ABUMKEHMA HET, TO eCTb [IBe TOUKN MOTYT ABUraTbCA

TONbKO OTHOCMTEeNbHO APYr Apyra. Ecu Mbl 6epem 0ZHY U3 HUX 33 TOUKY OTCYETa, To Nofaraem ee NoKOALLEIACa, a pyras 0THOCUTENbHO
Hee 0Ka3blBaeTCA NPAMONMHeliHO ABuraiolLelica. COBEPLUIEHHO TaK e Mbl MOXEM 3Ty ABWXYLLYIOCA NPUHATD 32 HENOABIKHYHO TOUKY
0TCYeTa 1 CYnTaTb ABUralolLeiica apyryto. [peacTaBnenue o ABUKEHMN COBEPLLEHHO eCTECTBEHHO U HeobXoauMo Tpebyet

NPUHLMNA OTHOCUTENBHOCT: U3MEHEeHUe PacCTOAHNA Mexay Toukamu o BpemeHem npoucxoaut MEXY HUIMU - ygenuunsaetca

ANMHA 0Tpe3Ka NpAMOi, coeuHatoLueli 371 Toukm. (“"KoopauHaTHas cuctema, BIKYLLAACA PABHOMEPHO M NPAMONMHEIHO

OTHOCUTENbHO UHEPLMaNbHON CUCTEMbI, CAMA ABAAETCA MHepLMabHOA. Kax/blil YHUBEPCanbHbIil 3aKOH NPUPOADI, KOTOPbIA BbINOAHACTCA
110 OTHOLLIEHMIO K HEKOTOPOIi ciicTeme oTcyeTa C, LOMKEH Takxe BbINONHATLCA B NIt060ii Apyroii cucteme C, KoTopas ABUMKETCA paBHOMEPHO
W NpAMOAMHeliHo oTHocuTenbHo C". A dHwmediH. Cobparue HayyHeix mpydos. m. |, M. "Hayka", 1965 c. 679.)

Bot cxema NPUHLNN OTHOCMTENIbHOCTI Ha NpUMepe ABYX ToOYeK:
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Puc. 2.

NPUHIMAEM OfiHY 3a CMCTeMY OTCYeTa - BTOpaA "ABMXKETCA OTHOCUTENbHO ee' 1 HaobopoT. lpefcTaBIM: B MyCTOM MPOCTpaHCTBe
HaX0AATCA ABE TOUKM (MaTeMaTuecKu 6e3pa3MepHbIe), pa3eneHHble HEKOTOPbIM paccTosAHMeM. Tenepb NOCTapaemcs NpeaCTaBUTb, Kak
3T0 PaccToAHNe U3MeHAEeTCA... Ho Kakimm 06pa3om MOXHO 31ech 3aduKcupoBaTh n3meHeHue? AHpy lyaHkape ogHaXzbl nposen
MbICTIEHHBIIA IKCNEPUMEHT - CNPOCIA: 4TO 6bIN0 Obl, €N Obl PacCTOAHNA MEXAY BCeMI TOYKaMU MUPa BHe3amHO YBENMUUAMCH B /iBa pa3a’?
W oTBETMN: MU 3TOTO He 3ameTun 6bl. [lpyrumi cnoBamu, Ans Toro, YTo6bI MOKHO ObiNI0 ONpeSeNUTb U3MEHEHUe PACCTOAHUA MeXaY
JBYMA TOUKaMM, HaZl0 NPeACTaBUTb cebe Hannume elwle OAHONM TOUKM, KOTOPAA OTHOCUTENbHO KaKOM-NMO0 13 33/JaHHBIX HEeMOABIKHa.
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Puc. 3.

HenoaBuxHa - T eCTb HaxoAMTCA BCe BpemsA 0T Hee Ha 0IHOM 1 TOM XKe pacCTOAHUN: Mbl IeKNapupyem, 4to Ham HyXXHa He 0JIMHOKAA TOUKa,
a C(UCTema 0TCYeTa C 3aAaHHbIM ITANIOHOM IHBI. To CTb Mbl JOMKHBI 33AaTb HEU3MEHHOCTb PaccToAHnA mexay A n B, TonbKo Toraa

ana 1oukn € MOXHO BBECTH PaBHOMEPHYI0 CKOPOCTb U3MEHEHNA PACCTOAHUA OTHOCUTENBHO U A, nB,a3atem- nepexoaAa B cucremy C

- N0JIb30BATbCA 3TIM € 3TAJIOHOM (npouonmeHmeM Fpaﬂ,ympOBaHHOVI I'IpﬂMOVI) [ANA 3alaHNA BCETO MHOXEC(TBA CKOpOCTeVI ana

BCEX MOCNEAYIOLLNX TOYEK,

Ho Befib Mbl HauMHanM ¢ ABYX ToYeK, NOTOM 406aBUN TPETbHO 1 BPOAE Kak MOXeM Tenepb roBOPUTL 0 ABUKEHNI, OHAKO
npaBoMepHO 3aJaTb BOMPOC: Kak Mbl onpeenum, uto mexay Toukamu A n B paccroaHue nocrosaHo, a mexay A u C uamenaetca? Begb
C TaKNM e YCrexom Mbl MOXXeM NpUHATb pacctoaHmne AC 3a 3TaNoH, a NPeXHUIA 3TanoH cYuTaTh U3MeHALWMMEA! B 31X paccyxaeHnax

http://res.krasu.ru/non-standard/ (12 w3 87) [06.11.2007 14:16:18]



HectangapTHbiit aHanu3 Heknaccuyeckoro Asinkexus. Masen Monyan.

HeT HIYEro HeNorNYHOro, Ha060POT, Mbl BBENM TPETBHO TOUKY 11 STaNIOHHOE PACCTOAHME UMEHHO NOTOMY, UTO He MOTIN

onpegenutb U3MEHEHHE pacctoaHna, Ho TOUHO TakxKe Mbl He MOXeM OnpeaeniTb U HeM3MeHHOCTb ero Mepbl. TouHee MoXeM
onpegenaTb ero 1 TaK 1 3aaK: 1o AB 6epem 3a Hen3MeHHbIil STanoH 1 roBopuMm, uto Touka C paBHomepHo yaansaetca ot A u ot B, To
bepem 3a HeuMeHHOCTb pacctoaHue mexay A 1 C, Toraa npexHee 3TanoHHoe paccroaHne AB 10mKHO nonaratbca M3MeHAILLMMCA.
0pHaKo, eCn MeHATb MeCTami 3TaNoHbI ANMHbI, NONYYaeTcA CTpaHHaA kapTHa. MbiCTeHHO NPeACTaBUM, UTO "paBHOMEPHO ABIKYLLAACA"
C KaK bl HenoaIBIXKHA 1 331a6T HaM Mepy paccToAHMA = CONSt, Toraa "peanbHo HenoaBIxXHas" oTHocuTenbHo 3TOM mepbl

6ynet nBuratbca HepaBHoMepHo: B npubnukaetca k A Bce BpemA 3amMeanaAch 1 HUKOTAia He JOCTUras ee.

(TaHOBUTCA NOHATHO, UTO noApasymeBan Hbl0TOH nof abConoTHOCTbI0 BPEMEHU 1 NPOCTPAHCTBA - 3TO HE TONbKO paBHOMeprIVI
XO0A4 OTCYUTbIBaEMbIX CEKYH[, HO 11 aKCMOMATUYECKMN 3alaHHAA HEU3MEHHOCTb 3TajI0OHa ANNHDBI, 3a1aHHOT0 B N10CKOM
€BKJINA0BOM NPOCTPAHCTBE NPOCTO ANA TOr0, yT06bI OHO MOFJI0 CYUTATBLCA MIOCKNM.

Kpome Toro, 4to6bl ONPeAeniTL NOCKOE BKMMA0BO NPOCTPAHCTBO, M0 BBECTA HEU3MEHHOCTD 3TasIoHa BO BDEMEHU - OH JI0TIKEH

BbITb HEM3MEHHbIM 1 Ha PACCTOAHMM; 1 METP Y Hayana KOOPAVHAT HEU3MEHHDIA "BO BEKI BEKOB", JOMKEH 0CTaBaTbCA PaBHbIM 1 MeTpy i
Ha NI060M PacCTOAHMM OT TOUKY OTCYeTa. ECM 3T0 He Tak, MOAYYNTCA HEeYTo Bpofe "CTaTUYHOI TEOPUY OTHOCUTENbHOCTU" - rae

METp CTaHOBYTCA KOpOUe N0 Mepe CBOET0 yAaneHus OT Hayana oTcyeTa. MOXHO Aaxe BBECTU 3aKOH C0KeHNA STANOHOB AINH,
aHaNOrMyYHbIil 3aKOHY COKEHNA 0HOHANPABJIEHHbIX CKOPOCTEN JTOpeHLi; NOSBUTCA HEKOTOPOE MAKCUMANIbHOE, KOHCTAHTHOE AIS
no6oro Hayana KOOpANHAT, paccTosiHme. MonyYUTCa Kak Obl 3aKOH NEPCNEKTUBbI - N0 Mepe YAANEHUS 0T HAbMIAATENA, INHEIIHbIE
pa3mepbl Tef cokpaLLatoTca. Ho 310 6yaeT cieacTBUEM He 3pUTENbHO MANIO3UM, CBAI3aHHOI C NPENOMIEHIEM (BETA B XY CTaNUKe rasa
11 YMEHbLLEHIEM NPOEKLMY EAUHIYHOM JAMHbI HA €70 CETUATKY, @ CYLLIECTBEHHbIM CBOIICTBOM CaMOii reOMETPII IPAMOIA - OHa

noJiy4yaeTca HeeBKNnAoBa.

Bo n36exaHue 3Toro BapnaHTa, 4t00bl 3a1aTh €BKNMAOBOCTb MPOCTPAHCTBA, B KNACCUUECKOI MEXaHIKe CKOPOCTY 0MKHbI CKNMafiblBaTbCA
110 apUPMETUYECKOMY 3aKOHY CTIoXKeHUA. Ha cxeme JBINKYLLMXCA TOUEK, Mbl pacrioNiaraem ux TaK, UTo 3a eNHMLY BPEMEHM Kaxaan
MPOXOAUT PACCTOAHME Ha eAMHMLY 3TAN0Ha ANMHbBI O0fbLuee, Hexenu npeablayLas. Ecim 6bl 13 Hayana KoopAMHaT 0AHOBPEMEHHO
BbINIETENN TOUKI, CKOPOCTIA KOTOPbIX OTANYAIOTCA HA eANHULY B Mepe [M/c], To oHu pacnonoxxunmch Obl Yepes eauHILY BpemeH [c] no
BCeli 6eCKOHeUHOI NPAMOIA Ha PaBHbIX PaccToAHMAX [M].

Takum 06pa3om, Mbl BIUAUM, UTO ANA onpezeneHns paBHOMEPHOIA CKOPOCTM KaK TaKoBOIA ("paBHOMEPHOE U3MEHEHUE PacCTOAHUA
MeXQ1y TOUKaMI 33 eZMHNLY BpeMeHu") MPUXOAUTCA HesBHO NPeANoNaraTb Haninuue STanoHa ANuHbI - HEU3MEHHOTO PacCTOAHMS
MeXny ABYMS TouKaMut. A Takxe npeanonaraTb N0CKoe eBKAUA0BO MPOCTPAHCTBO M COOTBETCTBYHOLLMI eMy apudMeTUUECKuii
3aKOH U10XKeHNs CKOPOCTEi.

Knaccuueckuii cnocob NOCTPOEHUA MHOXECTBA PABHOMEPHbIX I'IpﬂMOJ'II/IHEVIHbIX CKOpOCTEVI [d€eT Ham 06pa3eu [NA TaKOro Xe
NOCTPOEHUA MHOXECTBA CKOpOCTEVI BpaLleHuA. TonbKo BMECT0 HeN3MEeHHOT0 3TajloHa ANNHbI, Mbl AOMKHbI 6WJ,€M BBECTW HEYTO HOE,

Monpo6yem 3To caenarb.

BepHemca onATb K Knaccuueckomy BapuaHTy 1 pacCMOTPUM TObKO OfHY TOUKY B MYCTOM NPOCTPAHCTBE. YTo MOXKHO (Ka3aTb 0 ee
LBuxeHn? Ero npocto Henb3a onpeaenuTh. ITo NOrYeckin CoBepLUIEHHO 0ueBIAHO. (MHTepecHo oTMeTuTb, uTo [I.B.Hapnukap B
TeOpUM KOHYOPMHOIA rpaBUTALIM, PACCMATPUBAA B COBEPLIEHHO MYCTO BCENEHHOI OANHOKYI0 MaTepUaNbHYI0 TOUKY - AA Hee
OTCYTCTBYET CUCTEMA OTCYET, MIPUXOAMT K BLIBOAY, UTO €€ COCTOAHME ABUNKEHUSA - ITO HE Hy/b CKOPOCTY, @ HeoNpeAeneHHoCTb. (/..
Hapnukap, "VHepyus u kocMosnoaus 8 meopuu omHocumensHocmu', 8 ¢6. “Acmpogu3ua, k8amel u meopus omHocumensHocmu', M. "Mup", 1982, c.
504. Imo c6opHuk cmameti k cmonemuto A.JdHwmeliHa, svinyuerHbit  Mmanuu - "Astrofisica e cosmologia, gravitazione, quanti e relativita”, Firenze,
1979.) Mo3T0My-TO Mbl 1 BbIHY>[I€HbI OblNIN BBOJUTL BTOPYH TOUKY: TOTAAA ONPeLeNseTcs HyneBas CKopoCTb - HeU3MEHHOCTb
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PaCcCTOAHNA MeXAY TOUKaMK C TeYEHUEM BPEMEHMN.

[lnA nocTpoeHmA cMcTemMbl OTHOCUTENBHBIX CKOPOCTEN BPALLEHMA HAUHEM C TOTO Xe. [pefcTaBum, UTO UMEEeTCA BpaLLAtoLLLeecs Koneco.

Y10 MOXHO CKa3aTb 0 ero ckopocTi BpalLieHua? OHa onATb-TaKi COBEPLUEHHO HeonpesieNneHHa - 0 Kakom “uucie 060poToB B CeKyHAY"

3/16Cb MOXHO roBopuTb? OHAKO HALLMM ClIeAYIOLLMM LIArOM A0MKHO ObITb He BBEAEHME eIMHIYHON YTII0BOI CKOPOCTM, @ BBEEHUE KAKOI-
T0 0€060ii CUCTEMBI OTCYETA ANA AANbHENALLero NOCTPOeHIA BCEro MHOXeCTBa CKOpocTeil BpaLeHua. BeeaeHue BTopoli Toukn B

ANA NOCTPOEHNA MHOXECTBA NOCTYNaTeNbHbIX CKOPOCTeiA B KNaccMueckom BapuaHTe No3BONAET HaM BBECTU HeM3MEHHOCTb PacCToAHuS,
TOYHO TaK)Ke BBEieHNe BTOPOro BpaLLieHIA M03BONAET HaM 3a4aTb HendmeHHoe Bpalleue - HO HE EF0 CKOPOCTDb!

310 fenaetca MpocTo: Mbl pa3fiBanBaeM Hallle BpalLatoLieeca Kosieco, pa3aenan LeHTpbl BpaLeHNA HeKUM PaccToAHUEM.

Puc. 4.

Mbi BUAMM, uTO Tenepb UMEKTCA ABa paanyC-BEKTOPA, KOTOPbIE BPALLAKTCA BOKPYr ABYX LEHTPOB Tak, YTO UX KOHL|bI
nepuoanyeckn copnaaatot. 0 CKOpPOCTU BpaLLeHNA 3aeCb PeYN HET, BaXKHOCTb UMEET TOJIbKO CUHXPOHHOCTD BPALLEHNA. Ona 3agaer
nepuoa BpemeHu, HeU3MeHHbIIi ITaNOH - YUI0BHYIO CEKYHAY. Bce CTPOMUTCA COBEPLUEHHO aHaNornyHo Tomy, 4to Aenanocb ana
NOCTPOEHNA KNaCCMYeCKOro MHOXeCTBa nocTynaTe/ibHbIX CKOpO(TEVI. Tonbko BMecTo Pa3ABOEHNA TOYKK U 3afJaHNA HEU3MEHHOTO
3Ta/I0Ha PacCTOAHUA - pa3[iBOEHIE "Koneca" 1 3aZiaHue HeN3MEeHHOT0 3TaoHa BpPEMEHN.

B knaccuueckom BapuanTe Touek A, B 1 € Mbl 06513aHbl ObInn akcuoMaTiuecku 3aiaTb HeU3MEeHHOCTb paccToaHuA mexay A u B,
yT0bbI ONpenennTb n3MeHeHue paccToaHua Mexay A i C - eAUHNYHYI0 CKOPOCTb. TOUHO TaKXe 1 B Clyyae BpaLLeHIi: Mbl BBENM
HeU3MeHHOe BpaLLieHue, Mepy BpeMeHH, MOXHO Tenepb ONpeAendTh U 0THOCUTENbHbIE BpaLLeHus. [Ing cucTembl OTHOCUTENbHBIX
CKOpOCTelt BpaLLeHna "abconioTHO He BpaLLaloLLeiic CUCTeMbI" HET, - 3T0 ToXe CaMoe, UTo A CUCTEMbI OTHOCUTENbHBIX
nocTynaTenbHbIX CKopoCTeil Kakas-To Boobpaxaeman abconioTHO HenoABIKHaA TOUKa, NMOKOIA KOTOPO 3ajaH cam o cebe. (Toraa
Ntobas Apyras HeNOABMXHAA TOUKa OYAET UMETb He OTHOCUTENbHOE, a abconioTHoe paccTostue ot Lientpa Mupa.)

[ina cuctembl Touek A, B 1 €, Mbl JOMKHbI aKCMOMATYECK!N 3aaTh HEU3MEHHOCTb PacCToAHMA ToNbKo Mexay A u B, a notom yxe
3apaBatb AnAa C M3MeHeHMe paccToAHUA - CKopocTb. Ecnn ke 3aaBuTb: "PacctoaHne mexay C u A ToXe MOXKHO NPUHATD 3 3TANOH - Beflb
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BCE OTHOCUTENbHO!", TOrAa Mbl MbITAeMCA 0MUCaTb HEPABHOMEPHOE ABIMKEHIE, HE ONPE/ENMB eLLE - UTO 03HAYAET MOCTOAHCTBO CKOPOCTH.

B cBOE Bpema co3aaTenn Knaccuueckoi MexaHuKkm u3bexani 3Toro UCKyLLEHUA "abcontoTHOI OTHOCUTENbHOCTH", - HAM HAJ0 CAeNaTh TakK e
- Ha KaXA0M Kosece ToYKa KOHLIA Pafnyc-BeKTOp “3aKpensieHa” i Kaablii CUHXPOHN3UPOBAH C NPOTUBONOMOKHBIM, N03TOMY

coBnageHue 3TuX "MeToK" CTporo 3agaeT nepuog. M TonbKo Takum cnocobom Mbl CMOXeM 0CYLLLECTBUTb FPaayMpOBKY BPEMEHM -

CNoco6oM COBEPLIEHHO aHaNOTMYHbIM TOMY, KaK rpaflyupoBanach 0Cb NPOCTPAHCTBA NPU OnpeseNeH paBHOMEPHOi

CKOPOCTM MPAMOJIMHENHOTO NepeMeLLeHNA.

[laBaiiTe, elLie pa3 paccMOTPUM NIOFHYECKIMe OCHOBAHMA HaLLero onpeaeneHua. Yo Takoe Bpavienue B MTPUHLINME? 3o Bo3Bpat TouKiM
"Ha (Boe MecT0" yepe3 oberaHue OKpyXHOCTY - IepUOANYeCKNiA NpoLecc B YncTom Buae. Kaxapiii 060por - 310 cTporad dpukcauma
nepuoga spemenu, 310 "PACCTOAHIE BO BPEMEHU" mexgy ABYMA TOXeCTBEHHbIMI COBbITMAMI. U Takoe "paccToAHue" 0TKNabIBaeTCA
10 0Cv BpemeHI B 06e CTOPOHbI. 470 31ecb MOXKeT ObITb CTpaHHOro? Bee TaKk 0HO 1 eCTb, HaYe MPOCTO HEBO3MOXHO U

NpeACTaBuTL PaBHOMEpPHOCTb BpemMeHHOI ocu. OiHaKo, COrnacuTech, 3ech yaKe HeT GOPMANbHOr0 NOAX0AA: Mbl He Gepem TyT
HEKOTOpYH NpAMYI0, Ha KOTOPOIA HEU3BECTHO MOYeMY YKe 3aJaHbl PaBHbIE PAaCCTOAHNA, ! He TOBOPUM aKCMOMATMUECKM - "3T0 1 eCTb
0Cb BpemeHI"! MHbIMI C1oBamu, Mbl 36eraem 3ec "onpocTpaHCTBANBaHMA BpeMeHu" (Kak Ha3BaN 3Ty UCKYCCTBEHHYIO onepaLiytio
Aupu beprcon), a, Hao60POT, - Mbl KOHKPETHO onpeaensem - YT0 SHAYUT IPAIYMPOBKA BPEMEHHOI OCH. Onpepensiem ¢

MOMOLLbI0 COBEPLUEHHO NOHATHOI MOJeNM NepuoANYeckoro npoLecca - BpaieHns "koneca". Y Xota TOUHO TakxKe B Knaccuyeckoit
MeXaHIKe Ha NPOCTPaHCTBEHHOM 0CM 3a1aeTcA Mepa, KoTopas MOXeT 6bITb 0T/I0XeHa B 06e CTOPOHbI, Fpajynpya paBHOMEPHO NpAMYio,
HaLLl NO/JX0J; COBEPLUEHHO UHOI - NPeHa3HAYEH TONbKO ANA BpeMeHH.

Xouy 06paTuTb BHUMaHME Ha OfHY NPUHLMINAIbHO BaXHYH 0CODEHHOCTb HaLLEro MocTpoeHus. Korga Mbl Ha NPOCTPAHCTBEHHO

0CM OTKNAAbIBaeM PaBHbIE OTPE3K, KaXAbIN U3 HUX XapaKTepU3YeTCA TOUKON Hauana U TOUKoi KoHua. Ectb fiBe TOUKM, Mexay
KOTOPbIMY 3aK/TioYeH 0TPe30K. A AA rpaZyVpOBKM BPEMEHM - 11 3T0 0YEHb BaXHO - HAUANIOM 11 KOHLIOM MOXET ObITb TONbKO

TOUKA OKPYXKHOCTY BPALLEHWA - OHA BbICTYNAET HAYaNOM BpALLIEHUA 1 OKOHYaHWEeM nepuoza BpaLLeHIs. Bo BpemeH - 310 iBa
pa3HblX COBBITUA, MEXAY HUMIA “"BPEMEHHOE PACCTOSHUE", HO MOHUMAKTCA OHY KaK 0fiHa TOUKA NPOCTPAHCTBA,

onpefenaALLaA nepuoauyeckuil npouecc. Moyemy 370 04eHb BaXHO 003HaTb? I0TOMY UTO MOXKET BO3HUKHYTb UNNIO3UA, YTO 33
€/VHNLY, TPaAYVMPYHOLLLYI0 BPEMSA, UlelyeT NPUHATL MOBOPOT HA ONMPe/ENEHHbIN YoM - NPUHATD YaCTb NOSIHOTO NOBOPOTA.

LL0CTaTOuHO HEMHOTO BAYMATbCA, U Mbl JIETKO 0CO3HAEM, UTO TaK [ieNaTb HeNb3s. [Iis rpaflyupoBKiA BpeMeHI NPUHLMINAbHO BaXHa
(Tporas NepUoANYHOCTL MPOLIECC, 3 OHA MOXKET ObITb ONPEAENEHa TONbKO eAMHCTBEHHBIM 06Pa30M - eCTIN NEPUOA NONAraeTca MeXy
LBYMA COOBITUAMMU - HAUaNoM M OKOHYAHNEM NOAHOTO MOBOPOTA.

Kak e Tak? Beib e Hallie BpaLLeHIe nporpaayMpoBano ocb BpemeHU, TO Mbl MOXeM U lafbliie NPO0MKaTh rpaJyupoBKy - pa3aenss
370 "BpeMeHHOe PaccTosHe" Ha YacTh. [la, IMEHHO TaK, HO OMpe/eNnAA YacTh yxxe onpe/eNeHHOr0 MHTEPBaa, Mbl 0JKHbI
NpeAnonaraTb HasuymMe Apyroro NepUoAMYECKOro MPOLIECca - BPALLEHMs - KOTOpbIil 334aeT 3T1 Nepuogbl. lonycTiAM, Mbl XOTUM
pa3fenuTb NepUoz Ha [iBE PaBHbIE YACTH, - 3HAUUT Mbl JOMIKHbI 3a4aTh CYLLECTBOBAHME eLLie OAHOTO BPALLEHHUSA, KOTOPOE,

HauMHaACb OAHOBPEMEHHO C Y>Ke OMpe/ieNieHHbIM, 0TMEPUBAET [IBa CBOUX NepIo/ia 1 3aKaHUNBAETCA B OO TOUKe BpeMeHH
OKOHYaHMEM efIMHNYHOr0. TONbKO TOrfa MOYKHO (Ka3aTb: AaHHbII BpeMeHHOI MHTepBanN pa3/ieNeH Ha ABa paBHbIx nepuoga. (ABTop
MONIaraet, uto 3T0 CaMO C000ii NOHSATHO, NO3ITOMY Mbl He CTaHEM 3eCb PUCOBATb FPYNMy KONEC C COBMAAALIMMM METKaMM.)

Kazanocb 6b1, Mbl Tem cambim yxe onpegenunn CKOPOCTH BpalweHua, HO Ha camom Jene 3Toro noka He npou3oLuno. Mpocto 3agaH
MPYHLYN Nepexoza 0T 0HOI rpaflyupOBKY BpeMeHU K Apyroil. Takum xe TouHo 06pa3om npu rpasyupoBKe NPOCTPaHCTBEHHOI NPAMOIl
Mbl MPeANoiaraem, Yto Hauano eAMHNYHOrO OTPe3Ka COBMAJAET C HAYANOM ero NepBOii NOOBHHDI, a €r0 KOHEL| C KOHLOM BTOpOIA

- eIMHUYHDII 0TPE30K AENNUTCA Ha [1Ba BMONOBUHY MEHDbLUMNX.

Mpexpe yem Mbl Noifem Aanblue, aBTOP MO3BONNT cebe HeOONbLLYI0 PEMUHUCLEHLIIO - OAUH HArNAAHbIA 06pa3, 0CMbICTUTD KOTOpbIIA
6yzner nonesHo. He Tak IaBHO YeNOBEYECTBO OTMEYANIO HAYAN0 HOBOTO ThICAUENETUA, HEKOTOPbIE 1aXe CMOPUNN; OTKY/A HAUMHATb OTCYeT -
¢ 2000 unn ¢ 2001 Hosoro ropa. A Tenepb NpefcTaBim cebe orpomHblil Ludepbnart "Yacol BeuHoctin" Ha KOTOPOM Tpu CTPENKY -
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TbICAYENETHSSA, BEKOBAsA M FOANYHaA. ThiCAUENETHAS - CAMast MeAJIEHHas, OHa AeNaeT NoMHbIA 060POT 3a ThiCAYY NIET, NO3TOMY ANA
yno6cTBa Habniogateneli undepbnat pa3geneH Ha Thicauy Aenenuit. (amas bbicTpas - rofosas, oHa ycnesaet 3a 1000 ner caenatb

1000 06opoToB, a BeKOBas - N0 CKOPOCTY CPeAHAA, BpaLLaeTcA oHa ObicTpee ThicAYeneTHeil U MefieHHee rofoBoN. B "Hauane BpemeH" Bce
TPU CTPENKM ObIIM B OAHOM NMONOXEHNM - BEPTUKANBHO BBEPX, U MOKa3bIBasN 0HY Hekyto uudpy 0. Yepes Tbicauy neT, Koraa
TbICAYENETHSASA CTPENKA 3aBEPLUMT CBOI KPYT, FO0BAA 11 CTONETHAA TOXKE NPUAYT B Ty XE TOUKY - OAHOBPEMEHHO, MUHYTA B MUHYTY. A
Tenepb BONPOC; Yepe3 rofl NoCie Havaa 0TcueTa, roi0Bas (aenana OfiuH Kpyr, a TbiCAUeNeTHsA nepeBIHYNach Ha 0AHO JefeHue -
yka3blBaeT Ha undpy 1 rog. [e B 3T0T MOMEHT HaxoAmMnach BekoBas cTpesnka? Ha kakoe aenexue uudepbnata oHa nokasbisana?

Bonpoc, KoHeuHo, feTcKiiA, Ho 06yMbIBaHME €ro, NO3BOJUT YNTATENIO FY6KE YACHUTD KOE-UTO U3 TONIbKO YTO M3N0XEHHOro. U Mbl

€eLe BepHeMCA K 3TOn 3aHUMATENbHON (])I/IS’VIK&'I - OHa He CTONb NPOCTa, KakK KaXeTcA.

Mepes Hamu CTOAN 3aJauy: NOKa3aTh KaK ANA CUCTEMbI OTHOCUTENBHBIX CKOPOCTEN BPALLEHMA BO3HUKAET Mepa ckopocTy B [¢/m].
B npuHLMne, 3TOT pe3ynbTat yxke noyyeH. Bedb ecnn Knaccuyeckoe MHOXeCTBO NOCTYNaTeNbHbIX CKOPOCTel BO3HUKANO Ha 0CHOBE
BBEZIeHIA HEU3MEHHOTO PAacCTOAHUA - HEM3MEHHOTO C TeUEHMEM BPeMEHH, TO Y HaC y>Xe NojyueHa HensmeHHas mepa -
€AVHWYHbIIi BpeMeHHo nepuog. Ho, Bo-nepBbix, HaM elLie NOTPedYeTCA BHUKHYTL B AeTalil Takoro ONpeaeneHus, a, BO-BTOPbIX,
aBTOp NOZ03PEBAET, UTO y HEKOTOPbIX YNTaTENEl YKe NOABUIIOCH YCTOIUNBOE MHEHNE, UTO MPEANOXKEHHDIi TEKCT - MYCTONOPOXHSS
601TOBHA "BOKPYT A OKONO", 1 UTO aBTOP CaM 3anyTaca 1 APYruX nyTaer.

MoaToMy A pewwnn He 306paxaTh U3 ce6s HOCUTENA “30TepUyeckoro 3HaHNS" 1 packpbITb TAIHYIO CYTb npamo 3necb.
MosToMy A pewwnn He 306paxaTh U3 ce6s HOCUTENA “30TepUyeckoro 3HaHNs" 1 packpbITb TAIHYIO CYTb npamo 3necb.
CYTb CKPbITOU AKCUOMbI NYAHKAPE

AHpu lyaHakape 0TMeuan, uTo cpefiyt 0CHOBAHUI eBKNMA0BOI FEOMETPUM €CTb "CKpbITad akcMoMa™ - NoNYnpAMYI0 MOXHO NOBOPaYMBaTh,
11 NPY 3TOM OHA PaHO MM NO3JHO COBNAAET O CBOUM NPOAOIKEHNEM. ITa CKPbITaA akCOMa BbipaxeHa B nocTynate o

NPOPMCOBKE OKPYXKHOCTM LIMPKYJIEM: OH He TONbKO OTMepPAET paBHble PacCTOAHMA B Pa3Hble CTOPOHDI, HO MOXET ONKMCaTh 3aMKHYTYH0
KpuBYt0. Kpome Toro, IaBHO YKe BbIACHEHO, UTO i/iAl MOCTPOEHMA FeOMETPUYECKOiA CUCTEMbI aKcuoM TpebyeTca ToNbKo ABa BIUAA
NCXOAHBIX InemeHToB, koTopble MOMHO HA3BATD - "npamble” n “Toukn".

Mbl He 6yaem yrny6naTbca B npobnemaTnky NoctpoeHns GopManbHbIX aKCUOMATIK, TAKOBBIX, Kak 3BECTHO, MHOO, @ Habopbl

UCXOAHbIX 00HEKTOB 1 OTHOLLEHWI B HUX BapbupyIoTcA. MIHOrAa, MecTo 0Tpe3ka 3aHUMaeT Yrofl, a MHOTAa U "aBuKeHne". OTMETUM TONbKO
J1Ba BaXHbIX pPe3ynbTaTa; ). OTHOLLEHMS NNAHUMETPUM MOXHO U306pa3uTb Ha Moaenu Kanu-KneiiHa, rae 6eckoHeyHas

MNOCKOCTb 0KA3bIBAETCA eANHUYHBIM KPyrom 63 rpaHuLibl; 2). 0Tpe30K, B3ATbIN Kak MHOXECTBO TOUEK, 0Ka3bIBAeTCs - B COOTBETCTBHE

¢ BbIBOAOM Ko3Ha - 061EKTOM He onpeaensdembliM 04HO3HaUHO. MIHTepecHo, uTo aBTop Nt060I CMCTEMbI AKCUOM TaKu WK NHaYe

OTKPbITO 0bpaLLaeTca K AaHHbIM onbiTa. (TnbbepT u bapHaiic nmeHyioT 3Ty npoueaypy "NPUBA3KOI aKCMOMATUUECKOI TEOPUM K

daktam Bocnpuatua”, -funbbepr [1., bapHaiic 1., "OcHoBaHuA maTemaTnku. Jlornyeckne ncuncnenna u gopmanusauma apudmetukn”,

M., "Hayka", 1979, ¢.30) He u36exan 31oro 1 Apu lyaHkape, - 1t060MbITHbI €10 paccyXAeHNA 0 TOM, KaK MOHATHE TOUKH,

MCUXONOMNYECKIN BOSHUKAET U3 OLLYLLEHUA NPUKOCHOBEHIA K MPEAMETY, @ NOHATME OTPe3Ka - 0T ABWXeEHWA ra3a...

BoobuLie roBops, GopmanbHblii NOAX0A K 0CHOBAHUAM reOMeTpUM BbIFMAJMT B Halle BpeMA CTpaHHbIM: reomeTpua Bpoge Obl
3aHOBO 1306peTaeTca, B To BpeMA Kak ropaspo uHtepecHee nocmotpetb: KAK n YTO n3obpenn ee HacToALMe aBTOPbI, MaTeMaTHKN
npeXHux BekoB, konb ckopo ABCOJTIOTHO BCE, uTo HbiHe UMeeTcA B MaTeMaTuKe, - 3T0 pa3BUTHE TeX e CaMblX MCXOAHbIX NPeACTaBAEHMIA.

Bbiwwe 6bino KOPOTKO (Ka3aHo, YT0 Ha4aJla MaTeMaTiK1 0TMeYeHbl BYMA BEINKUMUN OTKPbITUAMM. I'Iepsoe 13 HUX, CAeNaHHoe
AHTUYHBIMU nmd)aropeﬁuamm, XOpOLLUO U3BECTHO - 3TO OTKPbITIE HECOU3MEPUMOCTU ANMHbI CTOPOHBI KBaApaTa I €ro AnaroHanu. 3pecb
- BO3SHNKHOBEHWE reOMETPUN, KaK HayKK 0 NPOTAXKEHHDbIX B MPOCTPAHCTBE BEJINYNHAX. BTOpOG BE/INKOE OTKPbITIE - HECOM3MEPUMOCTb
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YIN0B, 3T0 Hauano anre6pbl.

KBappat ¢ aaroHanbto - npUBbIYHAA Ham GUrypa, a BOT NOAYMECAL, COCTOALWIA U3 IBYX JyT, COOTBETCTBYIOLLMX LIEHTPAIbHOMY 1
BNMCAHHOMY YTy, y 60NbLIMHCTBA YnTaTeNeil BPAZ W BbI30BET reoMeTpuyeckue accoumalinu. [1ns Toro, utobbl 0CBEXUTH B
NaMATI HEKOTOPbIE 3N1eMEeHTapHbIE HABbIKM, Bbl MOXETE NOCMOTPETb Ha NPUBEAEHHbIE 3A6Ch CTPAHNLIbI U3 LWIKONbHOTO
MaTeMaTHYecKkoro CnpaBoyHMKa.

OnpepeneHue "rpagycHas Mepa Ayru paHa
rpagycHoil Mepe LieHTPanbHOro yria" - 4to MoXet
6biTb npoLye! Ho B3rnaHuTe Ha pucyHok 24, rie

10, Menrpaasisle B BOBRCANERE YTaM., [[enrpaasmsas yraos
B OHPYAMAOCTH HATKEASTCR NAGCKHA Froo ¢ MopunEod B o8 LeHTpe,
HacTs SHpY MUOCTI, PACTOTONCANHAR BHYTRN MAGCKONO YTUIA, inm-
BapTeR dgrold OKPYNKOCTE, COCTOSTCTEYIMER STOMY MONTRAAL-

Houy vray. Fpadpcrod sepod dyso oMpyMHOCTH HAILBASTCH FPA-
AYCHAS MO COOTECTCTOYIOWOND UCHTPAALIONG YA,

Ha pueymke 22 yroa AOR — uestpoakiidi yroa ORPYMKHOCTH,
€00 BepIItE O ARIASTCN UENTPOM AANNGR ORPYRHOTH, A CTOROIN
OA w OB pepecesanyT ORPYHRENTE Jyra AR aeumeres wacrs
OXPY MUMCTE, PRCACICMCHHO BHYTRH DERTPAARHOIG YRAA.

BnncanHblit yron ABC onvpaetca Ha Anametp,
CTATMBAIOLLYIA MONYOKPYXKHOCTb. Touka 0
0TMeyaeT BepLUnHY pa3BepHyToro yrna B 180° , a
13 TeOpeMbl BbIBOAUTCA C1eACTBUE: AKOODI,

BnncaHHbiii yron ABC paseH 90° . OfHaKo 370 He Tak.
@ Ha camom pene npamoii yron ABC n pa3BepHyTblit yron
AQC Hecou3mepumbl, a rpagycHoe paBeHcTo 2(90°)
=180° paBeHCTBOM He ABNAETCA, NOCKONbKY
Henb3Al NpUPaBHATb rPadychbl, M3mepatLLe
OKPYXKHOCTb panyca 1, v rpapycbl,
U3MepAKLLIe OKPYXXHOCTb paauyca = "KopeHb 13
2, IeNeHHblil Ha 2",

Ho Benb 310 abcypa! - Beab ecm yron ABC

CMMMETPUYHO 0TPa3uTb Yepe3 ofuH u3 nyyeii (AB unn
BC), a notom nepeHectyt BepLuMHOiA B TOUKY O, Mbl
nonyyum pasbuexne nonHoro yrna AOC TouHo nononam,
T0 ecTb paBeHcTBo 2(90° )=180° Ans 3TIX YrNOB UCTUHHO
11 HeonpoBepXXMMO. ABTOP yTBepX/aeT, uTo

JaHHoe paBeHcTBo And STUX YITIOB - n HenctunHo,

11 ONPOBEPXKIUMO.

Fpaayenan wepa ayrd AB ma pmoyuxe 22 pasna rpagycuoft
mepe yrom AQB, I'paaycuas smepa zyru AR ofcomawseroa AR,

¥roa, BepmHHEA KOTOPOTD JEKHT HA OEDYVERSCTE, A CTOROINR
AEpOCERANT 9TF ORPYAIICTL: NAIMBACTCA GAUCINMHM B CEpYM-
mocTh, Ha pucymnie 23 maclpameens] anncaMsme Fras,

T. 1.5. | Bomcanuuii 8 OHPYMHOCTE ¥rod, CTOPOHK ROTOROID
NPOXOLAT MOped AB8 NAHHKE TOUKIE OKDYMKOCTE, panel
NOROBMNE FrEA MENMAY PAINYCAMM, OROBEICMIEMMIE

| B 3TH TOMEN, NI TOTOINKET oTY mosoniwy go 107,

Ha pucyHKe nokasaHbl Ayri1 STux pasHbix
OKpYXKHOCTEIA, NPOBEieHHbIE MeX Ay TOUKaMu A 1
C. KoHcTpyKuna u3 aByx ayr, 06pasyroLuux
nonyokpyxHoctb ABC v ayru AC aBnatoLueica
YETBEPTbH OKPYXHOCTU eMHUYHOTO

pajuyca, npefcTaBnseT coboii anrebpanyeckuii
aHanor Kaaparta c ero uaroHanbio. Eci ml
yTBepxpaaem, uto yron ABC 3agaH npambim, T
€CTb ABNAETCA YETBEPTbIO NONHOT0 060POTA eAMHNYHOTO PajNYCa BOKPYT TOUKN B, TO Mbl J0MKHbI NPU3HATb, uTO “noMHbIi yron™ ABC
He ABNAETCA MOMHBIM, T ecTb pagnyc-BekTopbl BO 1 OC He nexxat Ha 0aHoii npamMoil. Ecnu pagnyc-sektop AO npogomkuTb 3a Touky 0,
Apyroi pagnyc-ektop 0C cocTaBuT C Hell HeKOTOPbIN 6eCKOHEUHO Manblid yron. M HaobopoT: ein NpoAoMmKITb 3a Touky O panyc-BekTop
0C, beckoHeyHo manblii yron obpasyetca y 3Toii NpaAmOil ¢ paanyc-Bektopom OA.

Ha pacymee 24 cropousd nmucamworo yran ABC npoxcaar
wepea KoMEM Znasmerpa AC, mosromy o ABC =50°,

Npuxep Touem A, B u C nemar ua oxpyEROSTH ¢ LIRTROM
Q. Haltrn yroa AOC, eean £ ABC=006"

Pimeéemue ¥ron ABC, smuwcanwmali n CEPYHEHOCTS, ONRpa-
emca A ATy AC, 8 L AOC — MeHTPAALALEL YPOX JaHN0E OH-
prmuocT (pme. 26). £ ABC = &6*, amavwmr, wAC=142" mo
menpeme 1, 5, & Tar xak yron AOC penrpasnsm, T0 ero rpagye-
Han Mepa pasia rpagycwoll mepe myru AC, .o L AOC= 132",

PaseHcTBO 2(90° )=180° He ABNAETCA TaKOBbIM, MOTOMY YTO N0 Pa3Hble CTOPOHbI 3HAKA PABEHCTBA CTOAT "pasHble rpaychbl” - rpaaycbl
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pa3HbIX OKpYXKHOCTeiA. Bee 3T1 BbIBOABI - NpAMOe ClleACTBUE ONpefeneHus, UTo rpagycHas Mepa LeHTPabHOro yria ABAAETCA
rpapycHoil Mepoi ero ayru.

B TonbKo uT0 NpuBEfeHHbIX PacCyAeHUAX HET HUKAKMX OLUM6OK unu MucTuduKaumii. llepexos B paguaHHyto Mepy He U3MeHseT dakTa:
JNAHbI ST Y He COU3MePUMbIX YTNIOB - Hecon3mepuMbl. Bce Tak 0HO 1 ecTb, Gonee TOro: UMEHHO 3Ta HeCOM3MepUMOCTb YTIOB MPUBOAMT
K MOCTPOEHMUI0, KOT/ia LieHTPanbHbIil YTofl 0Ka3blBAaeTCA Ha CamoM JieNe B AABa pa3a 60/ibLue BNUCAHHOTO - KOrAa OHM 0ba onupatotca

Ha 6eCKOHEUHO Manyko ATy JJaHHOi OKPYXKHOCTI, a CAMO 3TO COOTHOLLIEHME BbipaxaeTca B dopmyne c0s2=(e2+e-2)1/2. Pasymeetca, He
BCE YI/bl He BCEX OKPY)KHOCTEli HECOU3MEPUMBI, TOUHO TaKXKe U B MPAMOYTONbHbIX TPEYrobHMKaX ObIBAET COM3MEpUMOCTb KaTeTa

1 runoTeHy3bl. Ho B Halllem NOCTPOEHIY, KOT/ia BNUCAHHbIN Yron ABNAETCA LeHTPanbHbIM ANA APYroil OKpYKHOCTM, a UX pajmychl
(BA3aHbl MPPALMOHANBHBIM UMCIOM “KOPeHb U3 ABYX NONoNaM", HeCon3MepUMOCTb YIT0B CTaHOBUTCA UIMLLKOM ABHOM, uToObl ee

He 3ameTunu. Ee 1 3ameTunn,  nonbiTanuch “"npocynTathb”, - nonyyunacs Gopmyna, rae TpaHCLeHAEHTHOe YMCIO € 0Ka3anoch B
CTeneHu KpaTHO! MHIUMOI efuHULE... Bnpouem, ucTopuyeckue 3KCKypCbl Mano Koro MHTepecyioT, Tem Gonee, uto no

LUIMPOKO PACMpOCTPaHeHHOMY Cpefu COBPEMEHHBIX YUeHbIX MHEHMI0, "peBHIe BCe BpeMs 3abnyxaanucy".

PaccmoTpum "onpoBeprkeHue" aeMeHTapHOI reoMeTpuyeckoil TeopeMbl 6oiee AeTanbHo, To6bl CyTb Npo6aembl 0Ka3anach
NOTMYECKM 0YEBIHON.

Bnmwwem B OKpyXXHOCTb PaBHOCTOPOHHIE YETbIPEXYTONIbHUK-KBAAPAT U LLECTUYTONbHUK, COBMECTUB ABE MX BEPLUMHDI. Y

TaKOoro LeCTUYroNbHUKA CTOPOHBI-XOPAbI, KaK U3BECTHO, PaBHbI PaZinyCy AAHHOI OKPYKHOCTM (MpUMeEM paguyc eANHUYHBIM).

Y yeTbIpexyrofibH1Ka CTOPOHa-Xop/Aa paBHa “"KOPEeHb U3 ZIBYX", TO €CTb 3TU 0TPE3KM Heconsmepumbl. HanpoTus, cpasy 3ameyaem -
LIV OKPYXKHOCTY COM3MEPUMBI, MOCKONbKY OZHA 1 Ta Xe eANHUYHAA ANMHA OKPYXKHOCTY COCTAaBNEHa U3 6 Ayr ¢ rpapycHoi Mepoii
NPy LieHTPasbHbIX yrnax WwectuyronbHuka 60° , u u3 4 pyr npu LeHTpanbHbIX yrnax BincaHHoro keagparta - no 90° .

Ecm Mbl HauHeM YMHOXaTb YN0 CTOPOH BNUCAHHbIX MHOTOYTONbHUKOB, Z1eNA 3TV AyriA nononam, To "B npepene" Bce TOUKM
“coitayTca". Takim xe 06pa3om Mbl MOXeM JeNUTb KOHTUHYYM e[MHUYHOTO NPAMOTO 0TPe3Ka, HauaB ¢ ero pasAeneHna nonoiam 1 Ha 3
- TouKm ¢ KoopamHatamu (1/2)" u (1/3)n npu ycrpemneHum N K 6eCKOHEUHOCTM OAHOBPEMEHHO NONAAAKT B HOMb, UIMBAKTCA C

Hayanom oTpe3ka. A camu 3Tu Mepbl 1/2 n 1/3, ectecTBeHHO, BNOSHE PaLINOHaNbHbI, TO €CTb COU3MEPUMDbI.

Ho ¢ OKpYXXHOCTbH 11 LieHTPaNbHbIMY YFNIaMu YTO-TO He Tak, 1 3T0 4T0-To Bcem 04eBMAHO. BoT, Hanpumep, Kak 310 YTO-TO skcnuumpyetca
B HayuHbIX TeKcTax. "[ina yrnoB umeet mecto anrebpa, aHanornyHas anrebpe 0Tpe3KoB, 0CHOBaHHAA Ha CNIOXKEHUN YITIOB; Pa3HULA NNLLIb
B TOM, 4TO YIIbl "OrpaHNyeHbl" pa3BepHYTLIM YTIOM, TOrAa Kak OTPe3KM He orpaHuyeHbl”. "Mexay 0Tpe3Kkami 1 Yrnamm ectb,

0fHaKO, CYLLeCTBEHHAA PA3HULIA: Y OTPE3KOB HET reoMeTpUYecKH BbIAeNeHHOro MaciuTaba, a And YroB ectb - 370 NPAMOI yron

(v pasepHyTbiii)." (A.LL.Anekcanapos, "OcHoBanus reometpun”, M.: "Hayka", c. 80, ¢. 163.) Kak Bugum, "ckpbiTtas akcuoma' B

N3N0XEHUN reOMETPUmN NPUCyTCTBYET (XOTFI, 00bIYHO, TONIbKO B npmmeuavax).

Ecm HekoTopbIii NpAMOii 0TPe30K L MOXHO U3MepuTb B HeKOTOPOIA Mepe |, a X 0THOLLIEHYE BbIPaXaeT(A paLmoHanbHbIM unaiom L/=n,
T0 Mepa 1 0Tpe30K cou3mepumbl. Eciv Mbl BosbMem Mepy k, koTopas Hecoumepuma ¢ |, To ecTb X 0THoLLEHWE MPPaLIMOHaNIbHO,
T0, eCTECTBEHHO, 0TPe30K L B JaHHOW Mepe He MOXeT UMeTb paLoHanbHyo AnuHy. MpasunbHo?

Ho BOT Mbl CTPOMM B OKPYXKHOCTY KBafipaT, KOTOPbIil AEIUT €€ Ha YeTbipe paBHble Ayri, KaX«aas XopAa OTHOCUTCA K eAUHUUHOMY

AMaMeTpy Kak "KopeHb U3 AiBYX Mononam", Beab AuaroHanb KBajpara 1 ero CropoHa HecousmepuMbl. Mbl MoXeM Takxe

pazfenuTb OKPYHOCTb Ha LUeCTb YacTeid, Npu 3TOM Kax/1ad XopAia COOTBETCTBYIOLLe Ayri byneT paBHATLCA ANNHE Pajnyca -

MOMOBUHE EANHUYHOTO AMAMETPa AaHHON OKPYXKHOCTU (3T0 M3BECTHO U3 MOCTPOEHIA LWECTUYTONbHMKA). OueBMIHO, UTO 3Ta Mepa U

Mepa, 0TMepAeMasn YeTbIPexyroNbHUKOM, HeCOU3MepPUMbI - UX NPONOPLMA MppaLnoHanbHa. OfHaKO Halla OKPYXKHOCTb - eAMHINYHAA AnHa L
- BbIPQXAEeTCA B 06eyX Mepax BNOAHe paLiyoHaNbHbIMK uncnamit - 6 u 4. Ynano 4 - 370 YETHO-YeTHOE YN0, @ YMCTO 6 YETHO-HeUeTHOE (TaK
WX IMEHOBA/N B CPEHEBEKOBOI MaTeMaTHKe). PaymeeTcs, MOXHO B3ATb CTOPOHY YETbIPEXYrOJIbHUKA B KAUECTBE CTOPOHbI
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HEeKOTOPOro MHOT0 PABHOCTOPOHHETO LLECTYTONbHUKA, HO BNNCAH OH 6yZeT yxxe B ApYryto OKPYXHOCTb, GoNbLUero AuameTpa.

B uem xe aeno? Beb NpAMONHEIHDIA 0TPE30K Mbl MOXEM CMOKOAHO Pa3AENUTb Ha LWECTb YacTeid, a NOTOM CKa3aTb: BOT ero

JieNieHue Nonosam, a BOT ero iefieHue Ha Tpu vactu, mepa 1/6 - ux obuian, consmepumas co Bcemu. Ho, uto 3a onepavyio Mbl npozenani?
Mbl npocTo B3ANN €AUHNYHDIN 0TPE30K, AeNeHHbI NON0AaM, OTAOXWAV ero Ha NPAMON TPU pa3a v CKa3au - 3T0 eAUHUYHbINA 0TPe30K. A BOT
C OKPYXXHOCTbI0 3Ta "nepeHopmupoBKa" He npoxoauT. OHa BMOMHe 3aKOHUeHHaA eanHuLa. Mbl MoXeM OTAOXNUTD Ha Held, HauMHaA

C HeKoTopoii Toukm 0, HEKOTOPYI0 eMHINYHYI0 [AMHY AYTiA U NPOJENbIBATb C Heil OnepaLliv, aHaNorMUHbIe TeM, YTO TONIbKO YTO COBEPLUMIYN
COTPe3KOM, HO PaHO 1 MO3[HO TakM "nepeHOpMUPOBKaM" NPUAET KOHeL, - KOTAa ANHA eAUHNYHON OKPYXKHOCTH 3aKOHUMTCA.

B oTnnune ot oKpyXHOCTM Ha HECKOHEUHOIA €BKINAOBOI UMCNO0BOIF 0CK Mbl MOXeEM YBEANUMBATL eAUHMLY A0 Nt060ii BeNYNHDI, He 3a60TACH
0 TOM, YTO 6ECKOHEUHDII NTyY, HAUNHAKLLMIACA B TouKe 0, 3aKOHUMTCA 1 Mbl OKQXKEMCA B Hauaie 0TCYeTa C KakM-To "0cTaTKoM".

WHbIMI CNOBaMK, OTHOLLEHIA MeX[Y Ayramin OKPYXHOCTU CTPOATCA He TakK, Kak Ha 6eckoHeUHOi NpAMOIA, 3TV OTHOLLEHWA He eBKNMAO0BbI.
OHK NceBA0eBKMAOBBI, NOCKONbKY U3 Nioboii Touky 0, noMUMO "BeckoHeuHoro yua", Bceraa 0TXOAUT NPOTMBONONOXHO

HanpaB/eHHbIA BEKTOP AYrY - TOT CAMblil aKTyaNbHO 6eCKOHEYHO Mablid Yo, KOTOPbIii He N03BOAAET ABYM pajuycam

OKPY>XHOCTI 0AHOBPEMEHHO YNOXMUTHCA HA MPAMYI0-AUAMETP.

MoHo, KOHEUHO, CYMTaTb LieHTPanbHbIil yroa okpyHocTH 180° n BnucanHbiA 90° consmepumbimu, HO TOFAA Mbl NOTEPAEM OKPYXKHOCTb,
kak OKPYMHOCTb. MHoroyronbHMKK, KOTOPbIMU Mbl, BPOAE KaK, annpoKCMMUPYeM OKPYXHOCTb, B NIPefiene, KOHEYHO, CoiayTca u
onpefenaT HamM MHOXeCTBO PaBHOYAANEHHDIX OT LEHTPa ToueK, PAaCcCToAHNE MeXAY KOTOPbIMY AenaeTca "ckoNlb YroAHO ManbIM', ey
€ro U3MepATb N0 NPAMOI Ha KOTOPOIA NieXar 3Tu, ycTpemndemble Apyr K ApYry, TOUKK. B eBKINA0BOI reOMEeTpUM HET OKPYXHOCTH,

KaK HenpepbIBHO rMazkoil KpUBOiA. Mbl NPOCTO MbICTEHHO NOACTABAAEM OKPYXKHOCTb B KauecTBe TakOBOW IMHUMN, MbICTA €€ Kak Npesen
K KOTOpOMY, KOOI, CTPEMATCA NepUMETPbI OMMCAHHOTO Y BNMCAHHOTO MHOTOYTONbHIUKOB, KOTA1a YACI0 UX CTOPOH CTAHOBUTCA BCe
GonbLue. /lioboii MHOrOYrofbHUK 06pa3yeT eBKANAOBY NIOCKOCTb, a TOUKA LiEHTPa - 3T0 TOYKA NepeceyeHus NpamblX,

COeANHAIOLLNX NPOTUBONEXALLME YTIbl MHOTOYTONbHUKA, HO 3Ta TOUKa He ABNAETCA LIEHTPOM BNUCAHHOI OKPYXKHOCTI, NOCKONbKY

ueHTp okpyxHocti HE IPUHAZJIEMUT K eBKAnA0BOI NNOCKOCTM 3TOF0 MHOTOYTO/IbHIKA.

B eBK/1A0BOI reOMETPYIN HET HUKAKOr0 HECKOHEUHOTO AieNleHNA KOHTUHYYMa, eCTb ToNbKO 6eckoHeyHoe npubaBneHie 0TPe3KOB ApYr K
ApYry TaK, uTo Niobyto CyMmmy Mbl MOXKEM NPUHUMATb 33 HOBYIO @ANHULY 1 CYMTaTh, UTO “Aeno caenaHo". ToNbKo ¢ noABeHreM

He A hepeHLMpyemblX MHWIA, TONKO B X0/ie aHanu3a GpakTanos 310, HAKOHeL, CTano 04eBUAHbIM. A abCTpaKTHO, 3T0 BCerja
BbIPaXanocb anrebpanyecky - yepes beckoHeyHble cTeneHHble pAADI, Yepe3 opmyny Jinepa ¢ MHUMbIMU eAVHILIAMM, Yepe3 CTPaHHOe
YICNO € - 0CHOBAHMe, TaK Ha3blBAEMbIX, HaTypabHbIX 0rapuPMOB. U BOT, HaKOHeL|, reoMeTpuA COMKHYNach C anrebpoii, koraa obin
MOCTPOEH NCeBA0EBKNNAOBII KOHTUHYYM, Fie NOABUNACH ABCONIOTHAA EANHMLA, KOTOPYHO HeNb3A NPEB30TH C MOMOLLbIO CIOXKEHMA
HUKaKIX MeHbLLVX ee BennuuH. [eomeTpuyeckas akcvoma EBokca-Apxumesa okasanach HapyLueHa.

EcTb "neTckuit napagokc” - 3aauka, Koraa npenaraerca BoobpasuTb 3eMHOIA Lwap 1 A6710K0, 06BA3aHHbIE N0 OKPYXKHOCTU HUTHO.

3aTem roBOpUTCA, UTO K ee ANMHe A06ABNEH OfNH METP, a HUTb ONATL PacTAHYTA [0 KpUBM3HBI OKPYKHOCTU. Mon, obpa3yeTca “3a3op” -y
KOro oH bonbLue; y Abnoka uau 3emHoro wapa? HaveHble AeTh 0TBeYaloT. "KoHeuHo y A6noka, Befb AnA 3eMHOTO Lwapa 3TOT "ULLHKIi MeTp"
- Huyero He 3Hauut!" [leti ewle He noHAnM, uto B reomeTpiu EBknuaa L=2TtR, a no 3oit opmyne 3a3op R-r nponopumoHaneH "1t a

He OTHOLLEHNIO ZLTUHbI OKPYXKHOCTM M BCTaBNIEHHOMY MeTpy.

A Beab Hapo 6bl NoBepPUTb AETAM, Ybe BOCNPUATUE MUPa ONPeAenAeTca ero peaan0|7| fEOMETpI/IEIZ, d He aﬁCTpaKTHbIMI/I
NOCTPOEHUAMU APEBHIUX IPEKOB. Beab eanHnyHan OKPYXHOCTb, Ha KOT0p0I7I OCYLLECTBNAKTCA NOCTPOEHUA U BbIBOAUTCA "nn", Kak
OTHOLLEHME pafnycCa 1 ee ANKHbI, - 3T0 He "niobas OKp)I)KHOCTb", d aﬁCTpaKTHaH OKPYXHOCTb MPUHATAA 3 €ANHNYHYIO. PeanbHble
OKPYXHOCTW COOTHOCATCA CBOUMU paAuycamui N ANNHAMIN Ayr C NOMOLL b anreﬁpawqecmx OTHOLLIEHW, a He reomeTpuyeckix.

U TPaHCUEHAEHTHOE Yndio "m" onpeaenAer He OTHOLIEHWE ANUHbI BCeil OKPYXHOCTW KO BCEMY pajuycy, a NnpefeNbHOe OTHOLLIEHNE
MeXay akTyanbHO 6eCKOHEUHO Manoii YacTbo NPAMOro 0Tpe3ka AameTpa u uyr0|7| - dKTyallbHO 6ecKOHeuHo Manoi YacTblo
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€/\VHUYHOI OKPYXHOCTY. B CBOK 0uepesib, TPaHCLEHAEHTHOE YNCN0 € ABNAETCA NPeeNbHbIM OTHOLLEHUEM K KOTOPOMY
CTpemATCA 6eCKOHEYHO YMEHbLLAIOLLMeCs Hecou3MepUMble Jyri.

Y70 03HayaloT BCE 3TH FONIOCTOBHbIE HYEM He NOAKPeneHHble yTBepxaeHNA? OHM 03HaualoT, HaNpUMep, uTo e Mbl N0
beckoHeyHol MPAMOI HaYHeM OTKaAbIBaTb eANHUYHYIO ANMHY HEKOTOPOro OTPe3ka M eLLe 0fHY ANMHY PaBHYI0 OTHOCUTENbHO 3TOr0
0Tpe3Ka €, T0 "rAe-To B 6ecKoHeYHOCTH" 3TV TOUKI COIAYTCA BMecTe. B 3ToM MecTe OKOHUMTCA MpAMan, 0Ka3aBLLUAACA 6eCKOHEYHO
LNVIHHOW OKPYXHOCTbIO.

Yro KacaeTca NoaKpenneHuUs yTBePXEHNIl J0Ka3aTeNbCTBAMM, TO 34eCh KaK pa3 TOT Ulyuaid, KOrAa HYero JokasblBaTb He Hajo.
[JloctaTouHo NpocTo NoKasarh - Ha HEKOMMYTaTHUBHbIe anre6pbl, Ha 6eCKOHEUHO M3NOMaHHbIe GPaKTanbl, Ha NCeBAOEBKNMAO0BY
reometputo. Beapb aaxe cama OKPYHOCTD - 310 durypa, kak cneactBue akcuom EBKnmaa, a noctynat nocTpoeHus - ee 04epumBatoT
LIMPKYNeM, a pUcyioT N0 TOUKaM 1 MPAMBIM.

fl nonarato, Hukonato JlobaueBckomy, xuBLuemy B KazaHu cpean poccuitckix MycynbmaH, A0CTaTOYHO YacTo nonajanca Ha

rnasa anrebpanyeckuit nonymecal,. He yauBuTeNbHO, UTO BEAUKMIA PYCCKIN FEOMETP YCOMHMCA B aBCONKOTHOM NNOCKOCTI

€BKNMA0BOI reomeTpun. Bo3moxkHo, ecn bl OH CTONb e BHUMATENbHO BCMOTPENICA B NPUBbIYHDIE LLIAP00Opa3Hble MakoBKM
NpaBOUIaBHbIX LiepKBeil, yBeHUaHHbIe CTPaHHbIM KpecToM - € ABYMA HepaBHbIMI NepeKnaZuHamu 1 0fHOI HaKNOHEHHOI, To yAanoch Obl
emy NoCTpouTb 1 NCeBA0EBKNMA0BO YeTbipexmepue. [po MHAYMCTCKO-6YARNIACKIE AHb 1 UHD - IBE OKPYXKHOCTM BNUCAHHbIE B KPYT -

aBTOp rOBOPUTH 34eCh He byaeT, MK NoTOM 3aHuManuch konneru Jlobauesckoro no KasaHckomy yHuBepcuTety, B Tom uncie B.B.
BacunbeB co3paBLumil "HeeBKANAOBY NIOTMKY", @ HbIHE pa3paboTki MHOTONOAAPHDIX NOTMYECKUX CucTeM, BeayT dunocodbl B.B.JleHckmii n A.
IKoune B Mpkytcke, A.b.Tpuropbe B KpacHospcke. (Hagetock, Bbl MOHANM, 4T MOCTEAHMIA ab3all - 3T0 BOMbHAA PEMUHNCLEHLWA,

He NpeTeHzytoLIas Ha HayuHble 0606LLeHUs.)

A ceityac BHUMaHWIO YuTaTeneii GyaeT NpeAnoxeH BOSHe CAMOCTOATENbHbIN 1 3aKOHUEHHDIN HayYHbIil GparmeHT, rae cyTb Aena
u3naraetca 6e3 UCTopuueckinx IKCKYpcoB U GUA0COPCKUX apryMeHTOB.

»KOPAAHOBO OMPEAENEHUE IUHUU U NPUHLUN OTHOCUTENIbHOCTU SAHLUTEUHA

OnpepeneHve nuHuM, aaHHoe Kamunnom XKopaaHom No MHOrMM NpuYMHam

cYMTaeTCA MaTemMmaTnyeckm He ctporum. Han6onee cyuiectBeHHasi U3 HUX OYeBUAHA yXKe u3
camoro onpepeneHua NMHUM Kak TpaeKTopum ABKyLEenca ToUKN. To ecTb - 3To B 6onblueni
mepe pu3nKa, HeXxKenm matemaTmka. OfHaKo COOTBETCTBME MeXAY

nceBA0EeBKNNAOBbIM abCTPAKTHbIM MPOCTPAHCTBOM MHAEKCA 3 U peanbHbIM 4-

MepPHbIM NPOCTPAHCTBOM-BpeMeHeM - 6eccnopHbiit paKT COBpeMEeHHOIN HayKu, MO3TOMY He
AO/MKHA Ka3aTbCA HaflyMaHHOI NOMbITKa NepeoCcMbIC/IUTb XKOPAAHOBO onpeaenieHne NNHUN.

Ho npexpe, yem 310 flenatb, cnegyeT, Bce-Taku, pa3fennTb MaTeMaTuyeckumii n
dusnyecknin acnektol npobnemnoi.

CyTb nopaxopa *KopAaaHa K onpegeneHunio INHUM, MO MHEHNIO aBTOpPa, COCTOUT B TOM, YTOGbI
BBeCTU B Kpyr matematnyeckux nouatuin ABUKEHUE kKak TakoBoe, TO eCTb He KakK
MexaHn4yecKoe nepemelyeHne, Bbipakarlliee OTHOLEHVE NPOCTPaHCTBEHHbIX BEINYVH

1 nepuopoB BPEMEHU, a Kak HeKoe OTHOLWEeHMe BeINYNH aBCTPaKTHbIX, B KOTOPbIX yTpaueHa
KaKas 6bl TO HM Obl/1a KOHKpPeTHaA cneunduKa - 1 NPOCTPaHCTBEHHAsA U BpeMeHHas.

I'Ipennomel-maﬂ ¢0pMYJ'IVIpOBKa BbIrNAQNT CTPAHHO: BeAb p,vldnbepequanbuoe n
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MHTEerpasabHoe ncuncieHne 6e3 comHeHMnAa ABNAeTCA pe3ynbTaTOM MMEHHO TaKOro noaxoaa

N BOOUMIO A€MOHCTPUPYET ero pe3sysibtartbl. HauaBwuco B (I)I/IBIIIKe C BbIACHEHNA CBA3N MexXAay dx

n dt B mexaHnuyeckom ABUXXEeHNN, 3TO NcHncneHne AaBHO yXKe onepupyet C 6eCKOHeYHOo

MaJibiM1 NpypaweHnAMN N OTHOLWEHNAMMN BeJINYNH a6CTpaKTHbIX. Bce Tak, HO cpean

OCHOBaHUI Knaccnyeckom ¢M3IIIKIII He Gbino PeNATUBNCTCKOro npuHuvna

OTHOCUTEJIbHOCTU, NO3TOMY €CTb Be€CKNe NPpNYMHbI NoAo3peBaTb, YTO ero oTcyTctBnue B Ton

NN NHOM Mepe oTpaswioCb B MeTOA40JIOrMN NOCTPOEHNA CTAHAAPTHONro MaTeMaTn4yeCcKkoro aHananmsa.

CTaBUTb NOJ, COMHEHVe pa3BUTble B aHa/IN3e MeToAbl BbIUMC/IeHNIA N OCTONHCTBA ero

annapara 6b110 6bl 6ecCMbIC/IEHHO, OHAKO He 6eCCMbIC/IEHHO NOCMOTPETb - MOTYT N

6bITb cAieNnaHbl KaKne-To HOBble BbIBOAbI, €C/IV NPUHLNM OTHOCUTENbHOCTN N3HAUYa/IbHO BBECTU
B NCXOAHDbIe NpeACTaBeHNA MaTeMaTUYeCcKoro aHannsa. Bugnumo, nmeHHo B aTom n

coctoan 3ambicen Kamunna XXopgaHa - gaTb onpegeneHve NMHUMN, Kak TpaekTopum

ABUKYLLENCA TOUKN. Begb B MHOM CMbIC/ie TaKaA NOCTaHOBKA 3aiaul BbIrnAanT

N3HayvyaNbHO 6ecnonesHoll - KoJib CKOPO B CTAaHAAPTHOM MaTeMaTUYeCKOM aHanuse n6oi
rpa¢uk GyHKLUM No onpefeneHunio cumtTaTb MnHNein. (Tak, KCctaTu, U CYMTanoch o o6HapyKeHuA
He andPepeHLMpYeMbIX, HO HENMPEPbIBHbIX IMHWIA.)

C ApYroii CTOPOHbI, NPUHLMIM OTHOCUTENIbHOCTN MOXKET 6bITb pacLieHeH KaK YncTo
dm3nyeckan nornyeckan KOHCTPYKLMSA, HAYEro K MaTeMaTuKe He npnbasnsiowan. Toraa Kak
6bITb C NCeBAOEBKNNAOBbIM NPOCTPAHCTBOM - Befib 3TO He pu3nyecKas KOHCTPYKLUUA, a
Bceleno MmatemaTnyeckan? U 3gecb MOXKHO cienaTb cepbe3HOe YyTOUHEHE:
npepcTaBneHne NceBA0eBKINAOBOro NPOCTPaHCTBa MHAEKCA 3 B KauecTBe 4-MepHOro
KOHTUHYYMa NPOCTPaHCTBA-BPeMeH! - Lie/IMKOM U NOJIHOCTbIO C/ieACcTBUNe

dursnueckon NHTepnpeTayum AaHHO MaTeMaTUYECKON KOHCTPYKUun. ina
MaTemMaTNyYecKoro nocTpoeHuns, o6nagaroLiero CBoOMmum cO6CTBEHHbIMIN 0CO6eHHOCTAMU, He
MrpaloT ponm HUKaKue pusmnyeckne npeacTaBieHns o CBONCTBaX CBETOBbIX CUrHANOB

1 MHBapUaHTHOCTU ypaBHeHuII MakcBenna. A Torga y»Ke coBcem MiHaye BbIrnaaunT
NoCTaHOBKa Halleii 3aAa4un: YTo eC1n NCeBAO0EBKINAO0BOCTb METPUKIN ABNACTCA
cnepcTBMEeM MMEeHHO MaTeMaTu4ecKn OCMbICNIEHHOrO UCNOJb30BaHNsA

NPUHLMNA OTHOCUTeNbHOCTU? Beb cam 3TOT NpuHLUMN, AeiICTBUTENbHO, He CBAi3aH HU C
KaKMMM KOHKPEeTHbIMU CBOMCTBaMU GpU3NUYECKMX ABNIEHUIA, a NpefcTaBnsieT co60i ToNbKo
0co6bli1 cNoco6 cpaBHEHUA cUCTEeM KOOpAMHAT.

3pecb onATb BO3SMOXKHO BO3pakeHue: rpynna npeo6pasoBaHuii Fanunesa no o6uwemy MHeHUIO
M ABNAETCA BbipaXKeHeM NPUHLMNA OTHOCMTENIbHOCTU, @ CNelyabHbIin

NPUHLNM OTHOCUTENbHOCTU, NCMOJIb30BaHHbIN DMHILUTEINHOM, OCHOBbIBAJICA ONATb-TaKM Ha
yucro prsnyeckoin akcmome - NOCTYNIMPOBAHUN MHBAPUAHTHOCTU CKOPOCTU CBeTa Ans

nmo6oi cncteMbl oTcyeTa. ABTOP He COrlaceH € Takoil OLLEHKOW, MO ero MHEeHUIO - OHa OoTpa)kaeT
He JIOrVKy Teopuu, a Ilib pacnpocTpaHeHHOe MHeHue, 3aKpenuBLleecs B

nonynsipHou nuTepatype no ucropuu Hayku. Mostomy sapgaua faHHOI CTaTby B TOM,

YTOO6bI MOKA3aTb - KaK PeNATUBUCTCKU NPUHLAN OTHOCUTENIbHOCTY peasibHO BBOGUTCA 1
paboTaeT B aHann3e abCTPaKTHOro ABMKEHNSA, MOHNMAeMOoro Kak oco6oro

poAa B3aVIMOOTHOLUEHNA MaTeMaTNUYeCKON TOUKIN 1 INHNU, ABNAIOLLEINCA ee TpaeKTopueil.
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PaccmoTpum ABMXKeHME TOUKN MO OKPYKHOCTU, KOTOpas B TaKOM Cllyyae siBNISieTCA IMHUeN
B cmbicne YKopAaHa. OKPY»>KHOCTb CTAaHOBUTCA 3A4eCb He FeOMeTPUYECKM MeCcToM

TOueK, paBHOYZaNeHHbIX OT LieHTpa, a HEKOTOpPOI TpaeKTopuren eAVHNYHOW AJINHBbI,
KOTOPYI0 TOUKa NPOXOAUT 3a HEKOTOpoe eAnHNYHOoe BpeMa. O6paTnmMcs Tenepb K
NPUHLMNY OTHOCUTENIbHOCTU, KOTOPbIiA CTan OTNPaBHbIM NYHKTOM AJ1A CO3A4aHuNsA
PenaTUBUCTCKON Teopun JIHLUTEIIHA N NOCTPOEHUSA NPOCTPaHCTBA-BpeMeHn
MuHkoBcKoro. CorfiacHoO 3TomMmy NPUHLMNY - HET NOKOALYMXCA CUCTEM OTCYETA KaK TaKOBbIX,
€CTb TOJIbKO Napbl B3aMMOOTHOCUTEJIbHbIX CUCTEM: €C/i OfHa U3 HUX NPUHATA
noKosLenca, Apyrasa ABMKeTCA OTHOCUTENbHO ee, 1 HAao6opoT. B Takom cnyyae,

LIeHTP OKPY>KHOCTU, BOKPYr KOTOpPOro onucaHa YopAaHoBa INHUA, He [OMKeH ABNATbCA
HeKNM HenoABWXHbIM LLEHTPOM, OH CaM ABJNIAETCA TONIbKO CUCTEMOI OTCYeTa, KOTopas B
AaHHOM CJlyyae NMpUHATa 3a NOKoALWYCA. UHbIMK cnoBamu, MOXKHO nNepeBepHYTb
onpegeneHue NIMHUN, U PacCMOTPEeTb ABWKEHNE LIeHTPa OTHOCUTENIbHO, KaK Obl
nokosALWencsa, TOUKHN.

O6bI4YHO 3TO MOHNMAIOT, KAK CMeHY TOUYeK HEeMOABIUKHOCTY - TO €CTb ABWXKYLLMIACA KOHeL|
LMPKyNsA Kak 6bl 3aKpennsioT, a ApYyroil NpUBOAAT B BVHKEHE: ONNCbIBAETCA elle

OfiHa OKPY>XHOCTb, LIeHTP KOTOPOI1 CABVMHYT OTHOCUTE/IbHO NepBoro. [leiicCTBUTENbHO, 3TO 1 eCTb
B UNCTOM BuAe NPUHLUNM OTHOCUTENIbHOCTU B €r0 MaTeMaTN4YeCKOM NOHNMaHUMN, OUYNLLEHHOM

oT pu3MYecKux npeacTaBneHnii. ECin Ha 3ToM ware oCTaHOBUTbLCA, Mbl OAYUYUM

Knaccuyeckue ranuieeBbl Npeobpa3oBaHnA AnA CMCTEM KOOPAMHAT.

OpHaKo, YTO O3Ha4YaeT B flaHHOM C/ly4yae ToYKa HENMOABMKHOCTU 1 o6eraHne KoHLa LUpKyna
Mo 3aMKHYTOIl TpaeKTopmn? 3TO NO CYLECTBY - HENOABIUKHOCTb LLUPKY/A 1 NOBOpaYnBaHue
BCell eBKNINA0BOW NIOCKOCTU BOKPYr OAHOM 13 ero Touek. Ho cyliHOCTb OTHOCUTENbHOCTYN

He TONIbKO B 3TOM, HO 11 B TOM, YTO TOUEK [1Be 1 eBKINAO0BA MIIOCKOCTb MOXeT

NOBOpaYMBaTbCA BOKPYr 06011 13 Hux. Toraa vl ToNbKO Torga MOXKHO roBOpUTb, YTO

Mbl onpegennny oTHOCUTENIbHOCTb ABIMKEHUA TOUKIN NO OKPY>KHOCTN BOKPYT LIeHTpa,
MOCKOJIbKY €CTb iBa OTHOCUTENbHbIX ABVIKEHUA: TOYKA MO OKPY>KHOCTU BpallaeTcA BOKPYr
LieHTpa 1 LIeHTP MO CBOei1 OKPYKHOCTU BpalllaeTcA BOKPYr Hee. [inA ABYX HENOABUKHbIX TOUEK
TeMm camMbIiM onpegensieTca ABa BpalleHNA eBKANAO0BON NIOCKOCTY, MpUYem

OAHOBpPEMEeHHO. "OAHOBpPEeMeHHOCTb" 34eCb MNOHMMAaeTcs He GpU3nYeCcKn, a MaTeMaTNUecKH -
KaK BpalleHune ABYX eBKINAOBbIX MNOCKOCTEN, KaXas BOKPYr CBOel HEMoABKHOMN

Touku. "HenoaBMKHOCTb TOUKN'" 34eCb NOHMMAETCA He B CMbIC/1e TONOoIornyeckon
HenoaBmXHoW Touku MNyaHKape, a Kak HEU3MEHHOCTb PacCTOSHUA MeXAY ABYMSA

Toukamu ("pacTBOp LUPKYNA'"), npuyem 3To paccTOsIHUE - HEKUIA OTPE30K, KOTOPbII, ecnun

TaK MOXKHO Bblpa3nTbCA - COCTaBJIeH U3 TOUYEK He NpuHagneXKawmnx oqHOBPEMEHHO HN K OgHOI
13 NOBOpaYMBaeMbiX eBKNNAO0BbIX NNocKocTen. OTMeTVM, YTO BpalleHue 34eCb ONATb-TaKkun
He pM3nyeckoe mexaHNYecKoe "nepemelleHre B e4UHULYY BpeMeHU", a 06bIUHbI NOJIHbIN NOBOPOT.

B AaHHOI‘/'I onepaynun - noBopavynBaHne AByX eBKINQ0BbIX MOCKOCTE MOXKHO BblAennTb
ABe BO3MOX>XHOCTU: ABe MNJIOCKOCT/ MOBOPAa4YNBalOTCA B MPOTNBOMOJI0KHbIE€ CTOPOHDI,
06e NNocKocTun NnoBOpaYMNBalOTCA B OHY CTOPOHY.

PaccmoTpumM nepBbiil BApUAHT.
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OH Bpoge 6bl NPOCT: /Ierko NpefcTaBUTb ce6e HenoABVKHbIN LMPKYb,

onpeaenAWNIA HEN3MEHHOEe PacCTOAHNE MEXAY ABYMA TOUKaMU, U AiBe NIOCKOCTH,
KOTOpble NOBOpPayMBaloTCA BOKPYr AaHHbIX TOUEK KaXaas B CBOI CTOPOHY. [iBe
HenoABXHbIe TOUKU onpeaensioT TPeTbIo NNIOCKOCTb, KOTOPYIO MOXKHO CBA3aTb C Yr/IOM
pacTBopa LUPKYNA UK XKe NpeACcTaBUTb CONMOCKOCTHOI BpalLaloLMMCA, HO
"a6CoNIOTHO HENMOABMKHOI'" (€N 6bITb TOYHDbIM - TO 3Ta "a6CONIOTHO HenoABMKHaA'"
NIOCKOCTb NPUHAANIEXUT NPOCTPAHCTBY, B KOTOPOM 3aKpen/ieH LNPKYb).

Torpa Ha BpaLLaloLMXCA MNIOCKOCTAX O4EPTATCA ABe OKPYKHOCTU - LLIeHTP Ka)KAon coBnagaer
C NNHMNEN OKPYXHOCTU ApYyron. OgHaKo, MOCKOJIbKY BpalleHne onpepeneHo MMeHHO

ANA NNOCKOCTEN B LiesIoM, TO NOBOPOT KaXKAol 3afaeT MHOXKECTBO OKPY»KHOCTeN,
ouyepurBaeMbiX NPOAOIKEHEM pagnyc-BeKTopa. UHbIMK cnoBamu, Mbl UMeeM Ha KaXgom
13 NOBOpaYMBaeMbIX MNIOCKOCTEN KOHLeHTPUYecKmne OKpY>KHOCTN, pafnycCbl KOTOPbIX MOTYT
6bITb CKOMb Yro4HO 60/bLINMU, OTHOCUTEJIbHO ANIHbI €AUHUYHOIO pagnyc-BeKTopa,
3ajlaBaeMoro ycnoBusamm.

Puc. 5

MpepnonoXum, 4To HabnogaTeNnb HAXoA4UTCA Ha "a6CoNIOTHO HENOABVXKHOM'' MIOCKOCTH,

rae pacTBop LVpPKynA 3afiaeT HeNOABWKHbIE TOUKU 1 HENOABWKHbIN OTPE30K MeXAY HUMM.

Mo mepe cBOero NpoABMKEHUA MO NePNEeHAVKYNAPY OT LieHTPa 3TOro oTpeska, oH

MOXKeT HabloaaTh OKPYKHOCTM Bce 6onbluero paguyca, BpaljawLmeca ¢ NOCTOAHHON

"yrnoBom cKopocTbio". YTo KacaeTca "NMHENHON CKOPOCTN", TO ABMKYLUNECA TOYKMN NO

3TUM OKPY>XHOCTAM MMMO HabnoaaTena "'npoHocaTca" Bce 6bicTpee n 6bicTpee. Kpome

TOro, BospactaHve paguyca KpuBMU3HbI KaXKA0i U3 nocneayioulein napbl OKPYKHOCTEl NpuBoanT
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K TOMY, YTO ANA HabniogaTens 3TN OKPYKHOCTU BCe 60JbLue ynoao6nAaoTcs ABym
NpAMbIM, KOTOpPbIE NepeceKkalTcs B TOUKe HabniogeHus no Bce MeHbLUIMMM yriamu.
MoxHo npefcTaBUTb Hanuuue "npegena’’, rae 3T OKPYXKHOCTN 6yayT nepecekaTbcs
nop 6eCKOHeYHO ManbIM YIIOM, CMBaACh C NPAMOW, NpUHaAneXallein
KOOpAMHAaTHOMY NPOCTPAHCTBY HabnoaaTensa. B 3Toli Touke KpUBU3HY OKPYXKHOCTI
MO>KHO CUMTaTb HY/1IEBOI1, HO TEM He MeHee U3 061 eil KapTUHDbI ACHO, YTO "npaAmas’
o6pa3oBaHa Bce-TaKu ABYMA OKPYKHOCTAMMU, NepeceKaloumnca B Touke HabnoaeHna
nop 6eCKoOHeYHO MabiMU HaKpecTneXalymm yrnamu.

FeomeTpusa NnockocTel eBKINAOBA, NO3TOMY paKTUUECKN Ha 3Ty NpeAenbHYIo

NpAMYI0 Napan/ieNibHO NepPeHOCUTCA U eAUHNYHDbIN OTPe30K, onpeAenAloLWnil pacCTOAHNA
MeXAy LieHTpaMu OKPYXKHOCTelA Hys1ieBoll KpUBU3HDI. A "6eckoHeuyHo 6onbuioii’”

pPagnyc OKpY>KHOCTe MOXeT 6bITb onpefesneH B KaUeCTBE TaKOBOIo TONIbKO MO OTHOLIEHUIO
K 3TOMY eANHUYHOMY PacCTOsAHUIO. AHaNIOTMYHO Mbl MOXeM onpeaennTb 1 "6ecKoHe4YHOo
manblii" npepen, e OTHOCMTESIbHO TOUKM HabniogeHns cCYMTaTb YMEHbLIALWMMCA
paccTosiHue mexay LieHTpaMmu 6a30BbiX OKpYKHocTel. OfiHaKo 3Ta onepaLoHHanA
QHaNOrMYHOCTb BCE-TaKu He NO3BOJIAAET OTOXKAECTBUTb 06e onepauum yctpeMmieHns K
npepeny, NOCKONbKY ecTb 3agaHHoe aABmKeHue - SAAAHHAA JINHUA. 310 nerko Bugetb,
MOCKONbKY B HauallbHbIX YCIIOBUAX BpallleHne LUPKY/s HUKaK He CBA3aHO 1 He MOXKeT
6bITb CBA3aHO C LUMPUHOI ero pacTBopa, ouepuuBatowiero JIMHUIO.

Torpa npeaBapuTenbHbI BbIBOA TAaKOB: HA Hallel "a6CcoNioTHO HENOABMKHON' ' MNOCKOCTYN
no6an npAmMan oKasbiBaeTCA YCTPOEHa Tak, YTO TOUKa Ha Hell MOXKeT NOHMMaTbCs KakK
nepeceyeHue ABYX OKPYKHOCTeN ¢ 6eCKOHeUYHbIM pagunycoMm, a B 06e CTOpoHbI OT flaHHO
TOYKM ONpeAensAloTcA ABa TPEYrosbHMKa ¢ 6eCKOHeYHO ManbiM1 Yr/laMu NPy BepLunHe,
npuyem AIMHa CTOPOH TpeyrosibHNKa NPUHATaA 3a AeNCTBUTENbHYIO BEINYNHY,

OAHO3Ha4YHO CBA3bIBaeTCA ¢ 6eCKOHeYHOI ANNHON paAuyca: OHa ABNAETCA 6eCKOHEeYHOo

Masioll OTHOCUTENIbHO TONbKO 3TOI 6@CKOHEYHOCTI, @ HN KaKoil MHOM. X cooTHoLWeHne

PaBHO COOTHOLLEHIIO HEKOTOPOro NeprneHAVIKYNspa AeCTBUTENbHOW ANINHDI, BOCCTaBIEHHOTO
13 AAHHOW TOUKIN 1 ero 6eCKOHeYHO Manoli YacTu. Ty CTPaHHYI0 NPONOPLUI0O MOXKHO 3anucaTb
B Buge 1/Dx = dx/1. Mponopuusa, B CBOIO ouepeab, onpeaenseTca and faHHOro

NOCTPOEHNA HEN3MEHHOCTbIO "YIrNnoBOI CKOPOCTU" BpaljaloWwmuxca nnockocren. UHbimn
cnoBamu, abcypHoe B CTAaHAAPTHOM aHann3e NPonopLUoHanbHoe OTHOLIEHNE,
cBA3biBaoLee 6eCKOHeYHO 6obluoe 1 6eCKOHeYHO Manoe, BO3MOXKHO eC/iN U TOJIbKO

eCNn NMeeTCA HeKOTopasA KOHCTaHTa - "yrnoBas CKOpocTb'', HeM3MeHHas Ans nobbix
OTHOLUEHNI MeXAy eANHNYHbIM pagnyCc-BeKTOPOM BpaLlaloLnXcsa NocKocTen

1 NepneHAuKYNAPOM K HeEMY, KOTOPbIl paBeH paguyc-BeKTopam KOHLEHTPUYeCcKnx
OKpPYXKHOCTel NeXallux B NIOCKOCTAX, BpallalLlXcA OTHOCUTENbHO HabnogaTens.

Cam Hab6nogaTenb HeM3MeHHO HaXOAUTCA Ha "'a6CcoNIOTHO HeNOABIMKHOI' NJIOCKOCTM -

B KOOPAWNHATHOI cucTeMe, B KOTOPOI 3aKpenseH MpKYb.

3T HeOObIYHbIe BbIBOAbl ABNAIOTCA HGOGXOAMMbIM caiencrenem BBegeHuvA

npyuHUnNna OTHOCUTEJIbHOCTU ABUXXeHUA, KOTOprI7I B AAHHOM NOCTPOeHUn

JIormyeckm camogoctato4yeH, To eCtb, oueBMAHO, He Tpe6yeT HN KaKnx

AOMONTHNTENbHbIX (I)IIISIII‘IeCKl/IX runortes. B MOCTPOEHNN 3aJIOXKEHO onpepesieHHoe

COOTHOLUEHNEe MeXAay BeInYnHamMmn, NsmeHAKLWMNCA Apyr oTHOCUTEeNIbHO Apyra.

PeanbHbin XapaKTep 3TUX BeJINYMH - BONPOC MHTepnpeTaunn. I'IoaTomy Hac 34ecb He NHTepecyeT
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- CBAA3aHa /N 3Ta CTPYKTYypa ¢ pn3nyecKoin cneumnanbHoi Teopueil OTHOCUTENbHOCTH,

rfe B3aiMo3aBNCMMOCTb BPEeMEHHbIX U NPOCTPAHCTBEHHbIX UHTEPBAJIOB onpeaeneHbl
KOHCTAHTOI CKOPOCTU 3/IeKTPOMarHUTHbIX BOJIH, WK XKe He cBA3aHa. B npuHuMne, oHa moxeT
6bITb MOAeNbIo NGO ApYroli peanibHON CTPYKTYpPbI, rAe B3aiMo3aBUCUMOCTb

3/1eMeHTOB N30MOp¢PHa OTHOLUEHUAM, ONpeZiefIeHHbIM B HaLLeil KOHCTPYKLMN.

Tenepb o6paTumca K gpyroii popme OTHOCUTENIbHOCTU MeXAY LLeHTPOM JINHNMN
TpaeKTopumn o6pasylouieil TOUKU, o6pasyioLLeli ee CBOUM ABUKEHUEM.

BBoaunTCA BpaljaTeNibHOe ABKEHMe LIeHTPa OKPY>KHOCTY BOKPYT CamMoi ABVKYLIENCA BOKPYr
Hero TOUYKM - 06a BpaleHna 3aAaHbl B O4HOM HanpaBaeHuu. AAna nanocrpayum aBTop
no3BonuT ce6e NCNoJb30BaTb 3feCb HarnAAHbIN 06pas. NMpeacraBum cebe Koneco,
3aKpensieHHOe Ha KpoHLuTellHe. KpoHLWTeliH No AnviHe - paanyc Koneca. KpoHLwuTelH BpaulaeTcs
1 KOJIeCo BPALLAeTCA - C paBHbIMU CKOPOCTAMM, B OfHY CTOPOHY. B HauanbHbIit MOMEHT

TOUKa OKPY>XHOCTM KoJieca COBMaZaeT C LIeHTPOM BpalleHUsA KPOHLUTelHa, 1 Nocsie onucaHuns
Bcell TpaeKTopuu onATb NPUXOANT B Hee. MonyuaeTca uuknonganbHas TPaeKTopusA, Noxoxas
Ha 06bIYHYI0 KapANouay C NeTenbKo.

Puc. 6.

Bynem Ha3biBaTb 3Ty HeO6bIUHYIO KQPAUOUAY HECTAHAAPTHOW UM HEKJTAaCCMYECKOM.
Knaccnueckas Kapanonaa - 31o anrebpanyeckan Kpueas 4 nopagka, nonyvyaemas Kak
TPaeKTOpUA ABKEHNA TOUKN OKPYKHOCTU, KaTALLeNCs MO OKPY>KHOCTM TOTO XKe pagunyca
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- BpalleHe Koseca COBNaZaeT C HanpaB/ieHneM ero ABUKeHNA. Bropasa oKpy»XHOCTb - 3TO
HeyTo BpopAe abConoTHO HENOABUMKHON CMCTEeMbI OTCYETA, YTO CTAHOBUTCHA

COBepLUEHHO OYEeBUAHbIM, €C/IN Mbl BCMOMHMM 06 onpegeneHun uuknongbl. Linknonaa -

3TO TPaeKTopMsA TOUKUN OKPY>KHOCTU KoJleca, KOTopoe KaTUTCA No NpsAMoli - TO eCTb BAONb
0CKn a6CONIOTHO HeNOABMKHOI CUCTEMbI fIeKaPTOBbIX KOOpAUHAT. Ecnn Mbl 3aMKHeM B
OKPY>KHOCTb OTPe30K PacCTOAHUA, MPOXOANMbII KOJIECOM 3a OAVH MOJMHbI 060pOT, TO
LuMKnouaa npeBpaTUTCA B Kapguouay. Tenepb CTaHOBUTCA ACHO, YTO NMoOyyYeHne

Halwel HeCTaHZaPTHOI KapANONAbI C NeTeNbKOW - 3TO AeNCTBUTENIbHO NPUMeHeHne

MIMeHHO HeK/1acCM4eckoro NpUHLMNAa OTHOCMTENbHOCTY, KOFrAa CUCcTeMa OTcueTa NoOHUMaeTcs
He Kak ABCOJIIOTHO HEMOABUXKHAA, a kak nmerowaa OTHOCUTEJIbHOE ABUXKEHUE.

Heknaccnueckas kapauounga - purypa, Kak oueBUAHO, LIeHTpasibHO HeCUMMeTPUYHasA 1
3afjaeT Bbije/IeHHOe HanpaBlieHne, ocTpue cepleyKa yKkasbiBaeT BO BMOJIHe

onpepeneHHyo cTopoHy. Mbl ncxoaunu Bpoge 6bl U3 coBepLIeHHO CUMMETPUYHOr0 YCNIOBUA:
TOUYKa OKPYKHOCTb Bpalliafiacb BOKPYT LieHTpa, a LieHTp Bpallanca BOKpyr Hee. Bot Ha
NNOCKOCTUN ABe OMHAKOBbIe OKPY>KHOCTI: KOHeL, pagnyca Of4HOI COBMeELLEeH C LLeHTPOM
Apyroi. OHu, KaK y>Ke 6bl10 0TMeUeHO, UMeloT OANHAKOBO HanpaBJ/ieHHble BeKTOPbl CKOPOCTU
(Ha pucyHKe - "'no yacoBom cTpenke"). Mbl BpoAe 6bl CMOXKeM NOCTPOUTb ABe
HeK/laccmuyecKkve Kapauoungbl, CMMMeTpPUYHble OTHOCUTENIbHO ApPYr Apyra, ecnm

N3MeHMM HanpaBJ/ieH e BpallieHnsA, OAHaKo 3TOro He npoucxoaunT. 3apaBas apyroe
Hamnpas/ieHMe BpalleHVA Mbl BCEro JiMllib ONULLEM TY )Ke CamMylo KPUBYIO, TONIbKO B APYrYI0
CTOpOHY. EAMHCTBEHHDIN BbIXOA - 3TO NepeBePHYTb JINCT, HO TaKaA onepauus B

AaHHOM NocTpoeHun 6bina 6bl UCKyccTBeHHa. Mbl NPOAOIKNM Hallle pacCMOTpeHUe N
O6GHapy»KXMM, 4TO B JAHHOM CJly4ae HaZlo CUMTaTb "TOUYKOI 3peHuns HabnopaTtens'.

Heknaccuuyeckan Kapanounga - 3To KpyBas onucbiBaemas B NJIOCKOCTU TaK, YTO

HenoABMXHaA TOYKA, BOKPYr KOTOPOI1 HAKPYy4YeHa OKPY>KHOCTb, CamMma onunucbiBaeT

OKPYXHOCTb, BOKPYT TOUKU, ABMTaloLeiicA OTHOCUTENbHO ee. [InA faHHON OKPYXKHOCTU

TaKas KpyBas - NOCTPOEeHe TOYHOE, He 3aBNCYMOe HM OT KaKnX napamMeTpoB. [leficTBUTENbHO,
TYT He Ba)XKHa CKOPOCTb BpallleHUA: OAVH NOJHbI 060pOoT coBepLIEH 3a HEKOTOPYIO

eAMHMLYY BpeMeHU, TO eCTb - "BPpeMeHHOIl MHTepBan' He Urpaet HUKaKow ponu, ecnv o6opot
cAenaH MoJiHbIN 1 TpaeKTopusA 3aBeplieHa. Hu BennuviHy "netenbKku', HU gANHy

Kapauoungbl Henb3A USMeHNTb, €N 3aflaH paguyc NPou3BoAALLEell OKPYKHOCTU 1

ycnoBue nosiHoro o6opota (Npu HenosHOM 060poTe 6yAeT NonyUyeHa TONbKO YacTb TPaeKTopum).

MosTomy ymecTHO 3apaTbCAl BOMPOCOM: UTO 6yAieT, ecnii Mbl CTAaHEM U3MEHATb

paauyc npousBoasiyeli OKpYXHOCTU? HanoMHI0: y HaC HeT APYroi OKPYXHOCTH,
OTHOCUTENIbHO KOTOPOIi MOXXHO 6b1N10 6bl 3aaBaTb M3MEHeHNe paguyca, NOCKONbKY Mbl
HayVHaeM NoCTPOEHME C OHOI OKPY)KHOCTU, MO KOTOPOI BUraeTcA TouKa, 1

npuMeHsAeM HeKNaccu4ecKUi NPUHLMN OTHOCUTENIbHOCTY, NOoJIarasn, YTo ee ABKeHne

BOKpPYT LIeHTPa - 3TO OTHOCUTENIbHOE ABWKEHUE LIeHTPa BOKPYr Hee B OTCYTCTBUE KaKoil 6bl TO
HU 6bI/1I0 HENOABMKHON CMCTeMbl KOOPAUNHAT (eBKINA0BON NNockocTn). Tem He MeHee,
noslyyaeTca NHTePecHbIll pe3ynbTaT: Mbl MOXKeM fieNaTb PaAnycC OKPY>XHOCTU 'cKonb

yrofHo manbiMm", N HeKNlaccuyeckas Kapanounaa 6yaeT ymeHblIaTbCs BMecTe ¢

caMoi Npon3BoAALL el OKPYKHOCTbIO.
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O6bIYHO NMonaraeTcs, YTo reoMeTpNYeCcKU NpoLecc 'cCTArMBaHNA OKPYKHOCTM B TOUKY"

He CONPOBOXKAAETCA KaKUMMN-NNG0 0CI0KHEHUAMM, HO B HallleM ciy4ae - Korga

OKPYXHOCTb MOHMMaeTCA He KaK reomeTpuyeckoe MecTo ToueK, paBHOYAaNneHHbIX OT LileHTpa, a
KaK TpaeKTopus ABMKEHUA - Mbl B TOUKY YCTPeMIieM MUMEHHO KOPAAHOBY JIMHUIO, &

He abcTpaKTHOe MHOXKEeCTBO HENOABUMKHbIX TOUEK HENOABUKHOI OKPYKHOCTUN. Tenepb
BCMOMHVM: OpUeHTaLua Kapauouabl 3afaeT HanpasieHue, Toraa MOXKHO YyTBepXKAaTb, YTO

y oTpe3Ka NpucyTCTBYIOT "Ha4yano' n "KoHew". A ¢ NTOMOLLbIO BpalleHNA Tenepb MOXKHO
pPasAnuNTb: YTO NPOUNCXOAUT BO BPEMA CTATVMBaHUA TaKoro oTpesKa B TOUKY - Ha4ao YyCTPpeM/IeHO
K TOUYKe KOHLIa, WM TOYKa KOHLa ycTpeM/ieHa B Hauarno.

OAHaKo, yMeHblUeHNe KapAnouabl 03HaYaeT, YTO Mbl HAUMHAEM CKMMaTb camy

"HenopABIKHYI0 cMCcTeMy KoopAaMHaT''. Kak 3To MO»KHO NOHATL? BcnoMHumM o Hannuve ewye

He onpeneneHHoﬁ HaMmun CI/IMMeTleI'-IHOI‘I'I Kapauoupabl. Tenepb CTAaHOBUTCA NOHATHO, YTO

BMeCTO ABYX HEMOABMXHbIX LIeHTPOB BpalleHUA, 06pasyowmx cnctemy KOOpANHAT (Kak 6bino

B HalleM NepBOM PacCMOTPEeHUN) Y Hac Tenepb 3afjlaHa HeNnoABIKHAA TPAEKTOPUSA TONbKO C
OAHMM HENOABWXHbIM LIeHTPOM. BTOpoi LieHTp BpaleHUsA TONIbKO MO BUANMOCTY NPUHABNEXNT
K Hell - Ha CAMOM JieJie OH JIeXKUT B UHOW NNIOCKOCTU, KOTOpas Tenepb HaMmu NpuBegeHa B
ABIDKeHe B npouecce CTArMBaHNA oTpe3Ka. Touka K KOTOpOIl CTArBaeTCA OTPe30K - 3To
Hayvasio KoopAVHarT.

Bbi60p Hauana KoopauMHaT NPON3BOJIEH, HO Mbl MOXKeM 3aprKCMpPoBaTb pe3ynbTar: ecnu,
CKa)keMm, CTArMBaeMblil BEKTOP, COeANHAIOWMIA LIeHTPbl CUMMETPUYHbIX OKpYKHocTel A n

B 3apaeTca Hayanom B TouKe A, TO HEKNaccuyeckas Kapaunonaa ykasbiBaet 'octpuem

cBoero ceppua’ BHM3, 1 HA060poT - Torga rnaBHbIM 6yaeT "cummeTpuyHoe

cepAaue’, OpueHTMPOBaHHOE B MPOTUBOMOMOXHYI0 cTOPOHY. Ho Becb pOKycC B TOM, UTO NNOCKOCTD,
K KOTOPOW NPUHagNIeXNT CMMMeTpUYHaa Kapguonga, no OTHOLWEHMIO K Hallell OCHOBHOM - TOA,
YTO C HENOABUMKHOI TOUKOM (Tenepb ee yxKe MOXKHO C MOJNIHbIM NPaBOM CUMTaTb

TOoMonornyeckor "HenoABMKHOI Toukoli'" lMyaHKape) n HeNoABMXXHOI KapaMonaoi, 3Ta
NJIOCKOCTb AO/MKHA NOHMMAaTbCA Kak Bpauwjatowasaca C BECKOHEYHOW CKOPOCTbIO.

3TO NPUHUMNNANBbHO: OKa3bIBaeTCA MO OTHOLIEHUIO K 6a30BOI1 MIOCKOCTN criegyeT

onpefenuTb APYryio NIOCKOCTb, KOTOPas BpaLLaeTca ¢ 6eCKOHEeYHO CKOPOCTbIo. YTo

3HAuUNT 6eCcKOHeYHaA CKOPOCTb BpalweHUA? JIerko yACHNTDb, YTO 3Ta He pU3nUYecKoe BpalleHue,
a onepauus, KOTOpas MrHOBEHHO NepeBOAUT BCE TOUKI MIOCKOCTU camm B cebs, n BcA
NI0CKOCTb TEM CaMbIM OCTAeTCA TOXKAECTBEHHO HeM3MeHHO. OgHaKo B Hallem

NOCTPOEHNMN OTHOCUTENbHbIE eAUHUYHbIE CKOPOCTU BPaLLeHIs BbiSIBNAIOT HEMOABWKHYIO TOUKY,
a 6ecKOHeYHO 6bICTPO BpaLLaIoWAACA MJIOCKOCTb CTAaHOBUTCA OTIMUYMUMA - B Hell

onpegenunacb CMMMeTPUYHAA Kapanonaa, KoTopas BpawaeTca 6eckoHeuHo

6bICTPO OTHOCUTENbHO 6a30BOIA, a ee LIeHTpP BpalleHNA He COBNaAaeT c onpefeNeHHbIM

ANA KapAauouabl HeNMOABWKHOIN.

Mbi oTMeTUAIN, YTO HEKNAaccnUyecKas Kapauounaa nonyyvyaercs ANna nio6oil OKpyKHOCTU 1
n6o CKopocTn ABUMKEeHUs ToueK. MocneaHee NOHATHO, BeAb MePbl BPeMeHM Y HacC HeT,
TOUYKa MOXeT BPallaTbCA XOTb CO CKOPOCTbIO "'oAnH 060poT B BeUHOCTD'"', rnaBHOe, YTOGDI
3TOT 060poT 3aBepLuanca u BeuHocTb 3ambikanach, a "peanbHas NPOAOIHKUTENIbHOCTD"
3ToN abcTpaKkTHOW BeuHocTn MoXKeT 6bITb Nlo6oiA.
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Paanyc oKpy»HOCTM TaKXKe MOXKeT 6bITb N106bIM, 3HaUeHNe NMeeT TONbKO

pasaBoeHMe OKPY)KHOCTU, KOTia BEKTOp CBA3bIBaEeT LIeHTP 1 nepundepuio n o6pasyrotcs Kak 6bl
ABe OKPY>KHOCTM BpaLjaloLiecs BOKPYr LLeHTpOB Apyr apyra. Mbl roBopunm, uto

"cTArnBaem" oTpe3oK B TOUKY (3TO NO3BONAMIIO OTANYUTb 6a30BYI0 M1IOCKOCTb M TOXKAECTBEHHYIO
K Hell "6eCKOHeYHO 6bICcTpyYI0'"), HO Ha CaMOM fiene OTPe30K Bce Bpems ABNAETCA

HEeKOTOpPOW CyLeCTBEeHHOI ANnHOI (Mbl NOKa He 6yaem MMeHOBaTb ee

AeNCTBUTENbHOI Be/INYMHOMN), TOrA4a YTO MOXKeT O3HavyaTb 3TO 'CTArMBaHue", ecnu B

HalleM NOCTPOEHUW He 3aAaHa eANHNYHaA Mepa A/INHbI, OTHOCUTENIbHO KOTOpPOI

paguyc ctaHOBUTCA "6eCcKoHeYHO Manbim'?

Mo>xeT noKa3saTbCA, YTO TYT BO3MOKHa NPUBA3Ka K CKOPOCTY ABVKEHNA TOUYKM MO TpaeKTopum,
HO 3TO He TaK. "CKOpOCTb BpalleHnA'" 3a4ecb TaKKe HeonpeAeneHHa, ja 1 He BaXkHa - BeAib
3aflaHHAA OKPYXKHOCTb - €e LIeHTP 1 ee TOUKMW, AeNaloT OANH NOJNHbIN 060pOT BOKPYT ApPYr Apyra
- YyrnoBas CKOPOCTb ANA BCEX TOUEK, NieXKalnX Ha pagnyc-BeKTope 1 ero npofo/iKeHUun ogHa 1
Ta xe. Ho ecnm pagunyc-BeKTOp MOXKHO NPOoAoNKaTth (a HET HUKAKUX MPVYMH 3TOro He

Aenartb) OTKPbIBaeTcsi BO3MOXHOCTb paspelueHus cutyauun. Utak, y paguyc-Bekropa,

Hayano KOTOPOro - LIeHTP BpalleHs, a KOHeL, COBMeLleH C LLeHTPOM BpalleHusA
TOXK[eCTBEHHOI OKPYXXHOCTU, €CTb HeYTO TaKoe, Yero Mbl NOKa B Hallle pacCMOTpeHue

He BKIo4anu. 3a TOYKOI Hayasna BeKTopa IeXKUT ero npoaokeHne, yxoasiiee B
6eckoHeuHOCTb. Korga KoHel paguyc-BeKTopa onucbiBaeT OKPYKHOCTb, €ero
NPOTUBOMNONIOXKHOE HeorpaHNYeHHOe NPOoAOIHKEHNE TaKXKe ONNCbIBaeT HEKOTOPYIO

KpuByio. [louemy mbl 6epem B paccMOTpeHIe NPoAoMKEeHNe paguyc-BeKTopa 3a ero Hayasom, a
He TO, KOTOPOEe MOXKeT 6bITb NPOAONMKEHO B APYrYI0 CTOPOHY - B CTOPOHY KOHLIa? JIerko NoHATbD,
YTO KOHel paanyc-BeKTopa, COBMeLLaeTcs C LieHTPOM TOXAeCTBEHHOro BpalleHus, nio6oe

€ero NpoAoMmKeHe - 3To BCerga ToOUYKM, KOTOpble MOXXHO NPUHMMATb 3a LIeHTPbI BpalleHuia,
3ajlaBaf eAUHNYHYI0 AJINHY paguyc-BeKTopy. lpyrummn cioBamm - 3To U eCTb Te paguychil,
KOoTopble "CTArnBaloTca'"', MoryT 6biTb caenaHbl "CKOJb YrOoAHO ManbimMun'.

ABTOp npocnTt yuTaTenen BHUMaTeNIbHO BCMOTpPEeTbCA B CUTyaLnio. PaccmanwBaﬂ

nepBoe NoCTpoeHne, rae oTHOCUTE NIbHble BpallleHNA noJjiarajincb NnpoTuBONOMIOXKHbIMU, Mbl
C nMoMoLblO NPOAOJIXKEHNA PaanyC-BEKTOPA HapMucoBaJiIn KOHUEHTPpNYecKne OKpyXHOCTH,
anpoaoXKatb pagnyc-BeKTop MOXXHO 6bIno B J'IIOGYIO CTOPOHY - OH TaKXKe o4yepuunBa Ty e
CaMyl0 OKPY>KHOCTb. OpHako, Korga mbl 3aganv OAHOHaNpPaBJ/IEHHOCTb OTHOCUTEJ/IbHbIX
Bpal.l.‘eﬂlllﬁl, BblABWIaCb NHaA CUTyaLuA: Tenepb NPoAOIKaTb pagnyCc-BeKTOP MOXXHO TOJIbKO
B CTOPOHY 3a TOUYKY LLeHTPa ero BpalleHndA, NOCKOJIbKy ero ﬂpOTVIBOI'IOI'IO)KHbII‘/'I KOHeLl
oyepumBaeT HeCTaHAApPTHYI0O Kapanovay. Huuero yANBUTEJIbHOIO 34eCb HeT, Beab
MUcxoaHble yaioBuA NOCTPOEHNA NHbIe.

NTak, Mbl uMeeM BpaLLaloWuiica paguyc-BeKTop, eAUHUYHOCTb KOTOPOro onpeaenseTca
HaNnyYMem OTHOCUTENbHbIX BpaleHuin. Mpy 3Tom o6HapyXMNBaeTCcA HaNN4YMe NPOAOHKEHNA
paanyc-BeKTOpa 3a TOUKOIl NPUHATOI B KauecTBe LIeHTpa ero BpawieHus. Tenepb Ha

3TOM NPOAOMHKEHNN Mbl BCerga MoXKem 3agaTb paccTosiHue, COOTHOCUMOeE C AJNINHOM
eAVHNYHOro paguyc-BeKTopa (0OTHOCMTENIbHO KOTOPOro paguyc-BeKTOp MOXKHO

caenaTtb 6eCKoHeYHO Mmanbim). Mpu 3TOM TouKa APYroro KOHLUA paauyc-BeKTopa Takxke
6yAeT onncbIBaTb HEKOTOPYIO TPAEKTOPMIO, KOTOPYIO MOXXHO CPaBHUTD C

ncxofHOM HeKnaccnyeckon Kapguoungon. Ho cyuecreeHHO To, YTO y BTOpPOro paguyc-
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BeKTOpa HanpasJieHne NPOTUBOMNOIOXKHOE, TO eCTb X MOZYNN MOTYT MUMeTb
KOJINYyeCcTBEHHOE OTHOLWEeHe (Hanpumep, 1/dX), Ho caMu BeKTOpbl AOKHbI 6paTbcs C
o6paTHbIMIN 3HaKamu.

MbI cpasy e HaYHeM C TOro, YTo 3adpuKcMpyem gnnHy eAVHUYHOrO paanyc-BeKTopa, a
ero NpopoMmKeHne cTaHem fienaTb "'CKoJib yrogHo 6onblimm’. Jlerko noHATb, YTO
yBeNunyeHune BTOPOro paauyc-BeKropa 6yaer npuBoaunT K noABieHunto Gpurypbl Bce
60nblue HANOMVHAOLWWEN OKPYXKHOCTb, C OAHNM TOJIbKO OTNINYMEM - "Ha Kpato"
OKPY»KHOCTU MIMeeTCA neTesNibKa, KoTOpasA CTaHOBUTCA TeM MeHbLIe, YeM 60MbLuYI0 ANIHY
Mbl 3afiaem ANA BTOPOro pagunyc-BeKropa.

B nepBOM NocTpoeHn Mbl MONyYanu B npefene OKPYKHOCTU cnBaloLmecs ¢ npamvoin. Tenepb
Mbl MMEeeM OKPYHOCTb, Y KOTOPOI B TOUKe npejena HaxoauTca "MuKponertenbKa', a

BTOpPas OKPYXKHOCTb BpaLLaeTca ¢ 6eCKOHEeUHOIl CKOPOCTbIO TakK, YTO ee "MuKponeTenbKa"
oberaet 6ecKOHEeYHOCTb 3a MrHoBeHue. Ho Tenepb MOXXHO y>Ke NMOHATb, YTO 3TO 3a MrHOBEHMe -
3T0 6eCKOHEeYHO Manas YacTb neprofa, KOTopbiil HAMV MPUHAT 3a eANHVYHbIN UHTepBan
NOBOPOTA NCXOAHDbIX OTHOCUTENIbHbIX BPaLLeHNIA.

MNepeBepHem cutyaumio. MycTb BTOpoii paguyc-BeKTOp UMeET AeiiCTBUTENbHYIO ANVHY,

a eAUHNYHDIN PaANYC-BEKTOP OTHOCUTE/IbHO €ro CTaHOBUTCA 6eCKOHeYHO ManbiM. Jlerko
YACHUTD, YTO 3TO O3HAYAET: Mbl MONy4aeM Kak 6bl 06bIYHYI0 OKPY)KHOCTDb, HO B ee
LleHTpe HaxoauUTCcA 6eCKOHeYHO Manas Kapauounga, NOCKOJbKY LIeHTP Haluen
AeCTBUTENIbHOI OKPY>KHOCTU BpalllaeTca BOKPYr camoro ce6:. BaxkHoe 3aMeyaHue:
cepAeyvKo Kapanonabl B MIOCKOCTU, FAe CyLeCcTBYeT fleiCTBUTeNIbHas OKPYXKHOCTb He
HaxopuTcA. TouHee OHO HaXOA4UTCA B MIOCKOCTU, KOTOpasA COBNafaeT C OCHOBHOI, HO
BpallaeTcs OTHOCUTENIbHO ee BMeCTe C KapAnouaoi.

YutaTtenb, BUugnMoO, Y?Ke NOHAN, YTO BCe CTPAHHOCTN B AAHHOM NOCTPOEHNN NOABNAKTCA NO
oAHoON I'IpOCTOI?I fnpuy4yviHe: Mbl TOJIbKO YTO onpeaennunn anre6pavmecxy|o
nceBAOEBK/INAOBOCTb, KOTOpaA HEABHO NPUCYTCTBYEeT B Hawen KOHCTPpYKLUN.

Y Hac ecTb LIeHTP, OTHOCUTEJNIbHO KOTOPOro onpeeneHbl HanpaBNeHUsA pagnyc-BeKTOpPOB, HO
ecnn Mbl OAMH N3 HUX 6epem C NONIOXKUTENbHbIM 3HAKOM, A/INHY BTOPOro AO0/KHbI 6paTh

c oTpuuaTenbHbiM. OfHaKo 3TO He 06bIYHaA ANnHa "B APYrylo cTOpoHY'. B camom aene, ecnmn
Mbl BO3bMeM B €BKJIN0BOIN MIOCKOCTN HEKOTOPbIIi OTPe30K 1 6yaem noBopaumBaTh €ro
BOKpPYr Hauyana, To Bcerfja B 3Tol »Ke MNJIOCKOCTU MOXKHO 3aiaTb paBHOe eMy Nno

MOZYNIo NPOAOKEHME - APYroil paauyc-BeKTOp, KOTOPbI 6yaeT o6eratb Te Ke camble
TOUKM OKpYKHOCTU. MpMn 3TOM HMKaKOWM Mepbl ANVHDbI /11 OTPe3Ka 3aAaTb HeNlb3A - TOUYHee,
OHa MOXKeT 6bITb 1060,

Ecnu cnegoBaTh SIOrMKe HaLLero NoCTPOeHUA, CUTyaLuns BbIrnAgUT cioxHee. Monyuaercsa, uto
y nto60ro AeiicTBUTENbHOro pagnyc-BeKTopa, KOTOpblil BpalaeTca ouepumnBas B
e€BK/INAOBOI NNIOCKOCTN OKPYXKHOCTb, LIEHTP BpalLeHnA He GUKCMpoBaH, a onncbiBaeT
HEKOTOPYI0 MUKPOOKPYXHOCTb, TOUKUN KOTOPOI1 He NPUHAAJEXaT K AaHHON NIOCKOCTH, a
ABNAIOTCA ABVKYLLMMUNCA OTHOCUTESNIbHO ee, HO ABUKYTCA OHN He OTHOCUTENbHO KaKoli-
nn60 HeNOABMXKHOI TOUKM, a BbIpa3nMcA TaK. camm no ce6e. Ecnm nepexoguTb Ha
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dusnuecknii A3bIK, rge rpaet posib NOHATNE CKOPOCTY I BpeMeHU NepemMellleHNs, MOXHO
CKa3aTb TaK: NoKa AeliCTBUTENbHbIN paguyc-BeKTOp ONucbiBaeT B €BKINL0BON

NJIOCKOCTN OKPY>KHOCTU 32 HEKOTOPOE AENCTBUTENIbHOE BPEMA, ero NpoAomKeHne MHUMOA
ANVHDbI ONMCbIBaeT MUKPOKapAMonay, Bpaljalolyoca ¢ 6ecCKoHe4YHO 60/1bLLOoI CKOPOCTbIO.
(MoxkeT nokasaTbcs, UTO XKOPAAHOBO onpezesieHne NIMHUN B TAKOM TOJIKOBaHNY

cnpaBeA/INBO TONbKO ANA OKPY>KHOCTEN - OT HYyNIeBOro paguyca A0 6eCKOHeYHOro, HoO Kak
TOrAa 6bITb CO CTaHAAPTHLIMU NPAMbIMU? 34eCb Mbl He 6yieMm yrny6naTbca B aHHbI BONPOC,
Ha pUCYHKe NOoKa3aHOo KaK OCyLLeCTBAAETCA nepexoa oT Of4HON NPAMON TpaeKTopun K Apyrom -
C MOMOLLbIO TPeX MUKpOoBpaLeHuit. O4ueBMAHO, YTO Yron TpeyroiibHUKa B TaKoi
KUHeMaTNn4eCcKo reomeTpum - 06 beKT YMCTO YCNIOBHbIIA.)

Puc. 7

A 4TO eCcnN Ha eBKNNA0BOIN NJIOCKOCTMN 3ajaHa OKPYXKHOCTb MO KOTOPOI1 HET HUKAKoro
ABWXEHUNA, TO eCTb OHa He ABNAeTCA TpaeKTopmen Toukn B cmbicne XoppaaHa? leno
BbIFMAANT creAyloLWnM 06pasom: Mbl CYMTaeM 3Ty OKPY>KHOCTb JINHVEN MOTOMY, YTO MO Hel
¢ 6eCKOHEYHOI CKOPOCTbIO ABMKETCA MUKPONeTeNbKa, NpoYyepunBaemas KOHLIOM
6ecKkoHeYHOIl NPAMOIA, Ha APYrOM KOHLIe KOTOPOIl MHMMbII BEeKTOpP, MpoYyepyunBaloLnii

B HeeBK/INAOBOI NIOCKOCTU MUKPOKapauoungy.

HakoHeLl, ecTb 1 NoOCNeAHNIA BapyUaHT: YTO eC/iv Mbl cieNiaemM NPoAoKeHVe paguyc-

BeKTopa 6@CKOHEeYHO MasibiM OTHOCUTEJIbHO ero APYroro KOHLa, ouepyMBaloLLero

Kapavougy? ABTOp yTBepXKAaeT, YTo B "'nose 3peHnA Habniogartens" okaXKeTca NULLb YacTb
3TOol 6eCcKOHeYHO 60nbLIOI KapAuoNAbl, ABNAIOLAACA B €ro cucTeme oTcyeTa, B ero macwrtabax
B BuAe SKCNOoHeHTbl. lloABneHne uncna €, oCHoBaHNSA HaTypanbHbIX orapuemos

MO>XHO NPOCNeANTb aHaNUTUYeCKN, HO 3eCb Mbl 3TOro Aenartb He 6yaem.
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3aecb Mbl OrPaHUYNMCA U3NI0XKEHUEM - ONICAHMEeM CYTU Aiena NOHATHbIMU COBaMu, a
VCTUHHDBIN MaTeMaTNYeCKNiA CMbIC/ NPoAeNnbiBaeMbIX Oorepauuil Bbipa)kaeTcs B TOM, YTO
BCAl TEOPUA KOMMJIEKCHbIX YMcen onepupyeT MHUMbIMU BENIMYMHAMM, XOTSA peanbHbIN
CMbICN NCeBAOEBKNNAO0BOCTU CTaN ACEH TONIbKO B paMKax Gpu3nKu,

VIHTepnpeTMpoBaBLUeli NCeBA0EeBKINAOB KOHTMHYYM KaK 4-MepHOe NPOCTPaHCTBO-BpeMms.
Tenepb MaTemaTUyeCcKad 3HAUMMOCTb MPNHLUNA OTHOCUTENIbHOCTY PENATUBNCTCKOM
$N3nNKN CTaHOBNTCA OUEBUAHOIA.

* k%

BepHeMCH K aHaNn3y KNHEMaTUKn BpaLI.l,eHVIVI B €€ Knaccnyeckom (Tquee - AOKJ'IaCCVNe(KOM) BapuaHTe.

Ha pucyHke npeactaBneHbl iBa Kofeca, CONPUKACaloLLneca CBOMMI OKPYKHOCTAMM, a X PaANyC-BEKTOPbI COCTaBAANT eAHbIiA

0TPE30K NPAMOIi M NPOTUBONOM0XKHO HANPABNEHbI: LEHTP OAHOTO - 3T0 KOHeL Apyroro. [nAaaa Ha u306paxeHue, Mbl nomeLaem ceba Kak Obl
B HeNOZABINKHYI0, He BPaLLaoLLYyloca cucTemy oTcueTa, utobbl 3Toro u3bexarb nomecTum HabnioaaTens B cuctemy oTcueTa koneca A, rae

OH MOXET C1eAUTb 3a IOBOPOTaMI Paanyc-BeKTopoB. To uTo, Koneco B 6yaeT BpaLatbcA no YacoBoi CTPENKe - 04eBUAHO, HO

MoCKoNbKY Koneco A Toxe BpaluaeTca (Bpawaetca HA CAMOM [EJIE), To HabntoaaTento KapTuHa 6yAeT NpeACTaBAATbCA Tak, 6yATo

LieHTp BpaLLeHuA koneca B coBepLuaeT BOKPYr Hero 060poT NpoTMB YacoBOl CTPENKIA.

Puc. 8.

(06paTim BHMMaHHe, UTO Halle NOCTPOEHe MPUHLMMMANBHO OTANYAETCA 0T cTaHaapTHoro (Puc. 1). Eciv Tam Mbl 3agaBanu oauH 06opot
B CeKYHZY OTHOCUTENbHOI CKOPOCTI BPaLLEHIi, nofiaras 0fHO U3 KONec KMHeMaTnuecku "noKoALwmumea”, n yaoBNeTBOpAIUCh GUKcaLuii -
"B [ipYroil CucTeme YBUAAT TO e Camoe”, T B HaLleM Clyyae BCe BIFNARNT HECKObKO M0 UHOMY: B KUHEMATYecKi NoKoALLeica
ncTeme ByaeT QUKCMPOBATLCA He CKOPOCTb "0fMH 060POT B eAMHMLY BpeMeHI", @ Hanuume ABYX BPALLEHWII - CMCTEMA BpaLLAeTCA
BOKPYT CBOEV 0CK TaK, UTO LIEHTp ee BpaLLeHns coBepLuaeT 06paTHbIil TOBOPOT BOKPYT HalLieli CUCTeMbl 0TCYeTa.

Mpy 3TOM NNHelTHbIE CKOPOCTU TOYEK Ha PaANyC-BEKTOPE He UrpatoT HIKAKOI PON: Mbl CPaBHUBAEM BPALLIEHNA CUCTEM, @ He CKOPOCTY
ToueK. (PaBHbIM 06pa30M, He MrpatoT 34eCb HUKAKOI PO U AUHAMUYECKME XapaKTEPUCTUKIA - "Cunbl" - KOTOPbIE Mbl NPUBBIKAM (BA3bIBATb
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C BpalLieH1eM: Beib Mbl (PaBHIBAEM Koleca € 041 IHAKOBOI CKOPOCTBH. 3TO OZHO U TO Xe KoNeco, KOTOPOe Mbl Kak Obl pa3ABouM -
Pa3fenuni LIeHTPbI BpaLLeHINA HEKOTOPbIM PaccTOAHNEM - 1 CTaN CPaBHUBATb BaLLEHUE Koieca camoro ¢ coboid.) HakoHel, He
WUrpaeT HUKAKOM PONY 1 PACcCTOAHME MeXAY LIEHTPaMM BPaLLEHMA, TaBHoe - uTobbl oHo bbl/10. Toraa Bo3HMKalOT
MpOTUBOMONOXHO HaNpaBAeHHble pajyC-BeKTOPbI BPALLEHNIA 11 BCeria MOXHO NPOCEAMTb Kak 0ZIHO KOMeco BpaLLaeTca
OTHOCUTENbHO JiPYroro.

A uto byner, ecnu mbl B cucTeme Koneca B bynem Takium xe 06pasom paccmatpusath BpalleHue koneca C? QueBuaHo, And Hero
KapTuHa byaeT Ta e camas, Ho eTn Mbl BepHeMcA B cucTeMy A, TO HarnAAHaA KapTuHa BpaLLeHIa Konec CTaHeT 6onee Gl0XHOI:
Mo/yYaeTcs, uTo LEeHTp BpaLyeHusa Koneca B Bpavaetca Bokpyr A, Ho BOKpYT LieHTpa B ocywiectndetca BpalueHue koneca C, Kotopoe
CaMo BpaLLiaeTcA BOKpYr ock. Tem He MeHee, Mbl AinA Konleca € MOXeM 0CyLLeCTBUTb Ty e CaMylo MCXOLHYH onepaLiio; COBMeCTUM
KOHLIbl pajnyC BeKTOpoB ¢ LieHTpamu konec A 1 € 11 onATb KOHCTaTUPYeM: Koeca BPaLLaloTcA CUHXPOHHO - TO CTb € OAHOI 1 TOiA

e CKOPOCTbIO.

Puc. 9.

BBezieH1e npomexxyTouHoii cucteMbl B n03BoAAET HaM NPOCTO Pa3NOXUTL pasmyc-BeKTop ccTeMbl C Ha COCTaBHble. AHANOTMYHO B (xeme
JANA N0CTyNaTeNbHbIX NPAMONHENHbIX CKOPOCTEi CKNafibIBAOTCA 3TaNOHbI PACCTOAHMA B 0AHOM HanpaBneHun. OfHaKo B Hallem

U1yyae BaXKHO 06paTUTb BHUMaHMUE Ha To, UTo "0/HO HanpaBJieHKe" 3T0 He 0Cb B HEKOTOPOM €BK/INAOBOM NPOCTPAHCTBE, B KOTOPOM
KPYTATCA HALUM MoJeNbHble Koeca, 3T0 HEKOTOPOE PacCToAHME, KOTOPOE CKNAZbIBAETCA U3 PaNyC-BeKTOPOB. py coeMHEHUN UX BCAKMIA
pa3 nonapHo MOXHO CMHXPOHI3UPOBATL BPALLIEHMS, HO AHANOrOM 0HOBPEMEHHOCTY KNaccuueckoil Moaieni 3aech byaet

0fIHOBpEMeHHOe COBMaJIeHNE BCEX KOHLIOB 1 Hauan BCeX pauyc-BeKTopoB. A Bedb i Konec A, B 11 € MOXHO He MeHsiA X

€/\VHMYHOrO BPALLIEHNA MOCTPOUTb CxeMy, Tie Koneco € HaXOAUTCA He cnpaBa oT Koneca B, a, fonyctum, Hap HUM. W, COBEpLUEHHO ACHO, UTO
B 0OLLEM CTyyae Mbl MOXEM MOCTPOUT 3aMKHYTYH0 LIEMOUKY Kosec. Torja Bce 0HM OyAYT BPaLLaTheA ¢ 0AMHAKOBOI CKOPOCTbHO, HO

MpUAETCA KOHCTaTUPOBATb, UTO Koneco H, KoTopoe pacronoxmTca gieBa 0T NCxoAHoro A, X0Tb 11 CUHXPOHU3NPOBAHO C HUM, HO OTCTAET 0T
Hero poBHO Ha 0AMH 060poT.
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Puc. 10.

Mbl MOXeM 1 fanbLue CTPOUTL BEKTOPHYI0 anre6py BpaLLieHuii (NOCKobKY 3AeCb UMEHHO O Heil peub), Ho SiyuLue byaeT, ecin yuTaTesb
am 00paTuTCA K nuTepaType no AaHHOMY BOMPOCY, FAe BCe, CKa3aHHOe 3fech 00bIYHbIMI C10BaMK, MepeBeAeHO Ha A3bIK CUMBOJIOB

1 MaTemaTyeckinx onepauuit. CMblcn HactoAwei paboTbl B Apyrom: Mbl noka3sbiBaem KAKE UMEHHO BEKTOPA Bkntovatotca B
OTHOLLeHYA, onpeensemble B anrebpe Knuppopza (oHa HaUMHAETCA He CO CNOKEHIA BEKTOPOB, @ C ONpezeNieHNs UX BHYTPEHHETO U
BHELLIHEro Npou3BeseHuii), A raBHas Lenb aBTOpa - N0Ka3aTb Kak (aMOOYEBMIHOE: Y CPaBHEHNI BPALLIEHMi X CKOPOCTb

JLOJXHa 3a71aBaTbcA B Mepe [¢/m].

Ho npexpe xoTenocb 6bl OTMETUTb BaXHeiLLY0 0C06EHHOCTb NOTMKM CPABHEHWA BPaLLEHMUIi (0Ha UMeeT OTHOLUEHME K MPeAeNbHOMY
nepexoay Mexay 6eckoHeuHo 6onbLunm 1 beckoHeuHo Manbim). Ceityac mbl noiimem YTO 3HAYWUT BBeseHHas Hamu rpagynpoBka BPEMEHW.

Mol yXe BUAeNu, 4to eqim nocTpouTb 3aMKHyTbII7I KOHTYP 13 paainyC BEKTOPOB, a CUHXPOHHOE CoBNajieHne UX KOHLI0B 1 HavaJl CHUTaTb
3a 0TCYET NOBOPOTOB - €ANHUL, BpEMEHU, TO OTHOCUTENBHO Kofleca A nesoe Koneco H 6)’AET KaK 6bl 0TCTaBaTb Ha 0AUH 060p0T. anI TOM,
41O CKOPOCTU KX BpaLI.I,EHVIVI PaBHbI.

310 "oTCTaBaHMe" HanoMUHaeT 3GdeKTbl CneLuanbHoi Teopun 0THOCUTENBHOCTH, HO eCTb MpUMep 6o7ee HarNARHBIN: C1yvail, Korga
MarennaH v ero KoMaHpa, COBEpLUMB KPyroCcBETHOE NNaBaHue, 06HApYXMAK, UTo B MX KaneHaape “nponan oauH aexb”. (Mo nerexpe
WM MPULLAOCH MPUHOCUTB LiePKOBHOE MOKAsAHME 3a T0, YTO OHM "He BOBPEMA" CMPaBNIANA PENATMO3HbIE NPa3aHMKM.) Takoii

"3 deKT noTepAHHOro BpeMeHu" NOHATEH Ceiuac BCeM aB1anaccakupam, KoTopble Npu AanbHUX NyTeLIeCTBUAX NepeceKkaloT MHOro
yacoBbIX N0ACOB. (470 KacaeTcA TEOPUM OTHOCUTENLHOCTH, TO, MONb3YACH CITyYaeM, X0TeN Obl 06paTUTb BHUMAHME

XyAO0XKHUMKOB, unntoctpupytowyux kuuru no CTO: Ha umdepbnaTe Yacos ABUXYLLEICA CUCTEMbI, HaONIOAAEMON U3 CUCTEMbI 0TCYETa,
CTPENKA, 0PUEHTMPOBAHHAA M0 0CU ABIKEHNA, He MOXeT ObITb npAMoii. Ecin cTpenka - pagunyc-BeKTop - 3 LieHTpa undepbnata
BbIXOZUT NapanneNbHo Kypcy, To KOHeL| CTPeNKM TeM He MeHee OTKNOHAETCA B Ty WIN pYryto CTOPOHY - Tak cpabaTtbiBaeT 3dpdeKT
He oHoBpeMeHHOCTY COObITHUIA.)

3aMKHyTbIVI KOHTYP MOXHO COCTaBJIATb HE TONbKO U3 paanyC-BEKTOPOB, CXOAALLMXCA NOA onpeAeneHHbIMI YriaMu, Ha PUCyHKe y Hac 8
Konec, BCe OHN BPaLLalTCa ¢ 04HON CKOpPOCTbHO, HO CJ1I0XKEeHKe Ban.IEHMVI NPUBOANT K BbIBOAY, UTO KOJIECO H otcraet o1 Koneca A Ha
0AUH 060p0T. Mbi yXe roBopuin, 4to Ana CpaBHEHNA BpaLLIEHI/IVI peanbHaA ANInHa paanyC-BEKTOpa He UTPaAET Ponu, rMaBHoE - yTobbI
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MeXAy LleHTpaMu BpaLLeHuii 6bino Noboe 3Hauumoe pacctosiHue. MIHbIMYU C10BaMM, Mbl MOXEM JieNaTb €ro CKofb YroAHO MalbIM.
Hanpumep, ckonb yroHo ManbimM OTHOCUTENbHO PajNyCa OKPYXKHOCTH, Ha KOTOPOIA 3TI LieHTPbI NOMeLLeHbI.

Puc. 11.

Ecn paguyc-BekTopbl 6eCKOHEYHO Maribl, TO Nepexof 0T 0AHOTO BPALLIEHNA K APYTOMY OCYLLECTBNIAETCA COBEPLLIEHHO TaKXe, Kak 370
Aenaetca And konec A, B 1 C, CUHXpOHU3aLMA KOTOPbIX N0NYYaeTCA, KOraa X pauyc-BeKTopbl COCTAaBAAT 06LLMIA NPAMOI 0TPe3OoK.
3HauuT Ha TaKoi OKPYKHOCTH, COCTaBIIEHHOI U3 BeCKOHEYHO MaiblX paanyC-BEKTOPOB BCe Kofleca abConioTHO CUHXPOHN3NPOBAHbI. ITHX
Kosec 6ecKoHeYHO MHOTO, BCE OHY OTCYMTBIBAIOT CBOY CEKYHAbI OFHOBPEMEHHO, HO Mbl BbIHYXAEHbI CAeNaTb MOPa3uTeNbHbII BbIBOA:
110 OTHOLLIEHUIO K Kontecy A ero 6eckoHeuHo 6au3Koe cocepiHee Koneco Xy, (pu N cTpemALLEMCA K 6eCKOHEUHOCTI) OTCTAeT Ha OAWH

060poT. PaBHbIM 06pa3om, Koneco A 0TCTAeT Ha 0ANH 060pOT 0T CedytoLLero Koneca B.

370 He NPOCTO 0CO3HaTb. PaccMoTpUM CUTYyaLMio B MakpomaciuTabe: Tpu koneca A, B v € abconioTHO CUHXPOHM3MPOBAHDI - KOTAA UX
papuyC-BeKTOpbI COBMAAAIT CBONMI HAUanaMm U KOHLAMM, OHY 06pa3yIoT MPAMOl 0Tpe30ok. To ecTb MeXAY HUMI HET 3HaUUMbIX
yrr0B (MOXKHO CKa3aTb, UT0 YIbl "6eckoHeuHo Manbl"). Ml BOT Tenepb Mbl 3aABASEM, UTO M0 OTHOLLEHMIO K Konecy B, koneco A oTcTaeT
Ha oz 06opoT, a koneco C onepexaeT ero Ha oAuH 060poT. Ho CUHXPOHK3aLVA KONeC 03HauaeT, uTo Kaxaoe U3 HUX

OJHOBpEMeHHO 0TCUMTbIBAET CBOI cekyHAy! Toraa "oTcraBanme" n “onepexexne” 03HauaeT, uto Koneco A 0TCUMTBIBAET Ty CeKyHAY,
KoTopylo koneco B yxe oTcunTano, a koneco C oTcunTbIBaeT cekyHzy, KoTopyt konecy B elue npegcrout otcymTats!

Puc. 12.
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Bot uT0 03HauaeT rpadynpoBKa BpeMeHI: Mbl IPOrpadynupoBanil akTyanbHo B3ATbIMM 060pOTaMU CUHXPOHHBIX KOEC aKTyanbHO B3ATYI0
0Cb BPEMEHH - C ee NPOLLAbIM, HACTOALMM 1 6yaywm. B npuHLmMne, 3Toro 1 cnesoBano oxuaath. Kak, B camom fene, MoXHo

UHaye NOHMMaTb rpajyupoBKy 0ci BpeMeHI? B KHemaTueckoil MoAenin NpAMOMHENHbIX CKOPOCTeil Mbl FpafynpoBanm
NPOCTPAHCTBEHHYH OCb 1 3TO He BbI3bIBaNO Y HAaC KaKoro bl TO HY ObINI0 NpoTecTa - NPOCTPAHCTBO NPOCTUPALTCA NEepes HaMM aKTyanbHO

1 NPUCYTCTBME B HEM 3TaNOHa PaccToAHNA "0Tcloda U fanblue” He kaxeTca yem-To HeobbluHbIM. Ho TOYHO TAKMKE rpagympoBka ocu
BpEMEHI 03HaYaEeT, YTo Mbl 331aeM 3TaJIOH BPEMEHY “0TCI0AA M B BEUHOCTL", MPUYEM “BEYHOCTD" 3Ta, YCTpEMAEHHaA B byayLuee, NPUXOANT
B TOYKY HACTOALLETO B BUAE YXKe NPOLLeALLEN CEKYHADI, YKe 0TCUMTAHHOT0 000p0Ta ITANIOHHOTO BpaLLeHUA. Tak YTo HIYero anorMyHoro

B TaKOM BbIBOJIe HET. [lefiCTBUTENbHO, KUHEMATIYeCKas MOAE/b CPaBHEHWA BPaLLEHUI 3aCTaBNAET HAC MbICUTb MPOLLIJIOE 1

6ynyLuee akTyanbHO CyLLECTBYHLLMMIA 1 3aMBIKAIOLLIMMMCA Yepe3 STaNOHHYI0 - 6eCKOHEUHO Manyio - CeKYHAY HacToALLero.

HeT HMKaKIx NpuynH 0TBepraThb Takyio TPAaKTOBKY HalLeil Modenu. Beap 3o Tonbko TeopeTuyeckas MOJE/b, npuyem uucto Knaccuyeckas

- NOCTPOEHHaA N0 TOM e Cxeme, N0 KOTOPOI CTPOMNAch MOAENb MHOXECTBA NMOCTYNATebHbLIX NPAMONMHENHbIX ckopocTeit. MocneaHan, Kak
Mbl 3HaeM, 6a3upoBanacb Ha NOHATMAX 6eCKOHEUHOTO EBKANAOBOMO NPOCTPAHCTBA M OBHOHANPABNEHHOTO PaBHOMEPHO TeKyLLero BpeMeH.
A 3Tn npepcTaBneHNA B Heknaccuyeckoil dusnke MoaudULMPOBaNUCL B YeTbipexmepHbIil NCeBA0EBKNMA0BbI KOHTUHYYM

MuHKoBcKoro. PazymeeTca, CTpaHHOI BbIFNARMT AnA 00bIAEHHOT0 MbILUNIEHUA HeAOCTUXIUMAA CKOPOCTb (BETa, NP NPUBAMKEHUN K
KOTOPOIA X073 BpeMeHU 6eckoHeUHO 3aMeANIAETCA, HO € 3TUM (aKTOM YXKe HUYEro He Nofenaellb.

B uem 0cobeHHOCTb HalLeil MOZENM, OTNMYAIOLLAA ee OT CTaHAAPTHOI? B nocnegHelt peayKumMA BpaLLaTeNbHON CKOPOCTH K IMHERHOI
NPUBOAWT K 0OAHO3HAYHOMY BbIBOAY: TOUKA LieHTPa BPaLLEHMA MeeT 6eCckOHEUHO MeNeHHYI0 INHEIHYI0 CKOPOCTb - 0HA NOKOUTCA. B
HalLeil MOZIENIA LLEEHTP BPALLIEHNA, AaXe NOHUMAEMDbIil KaK MaTeMaTiyeckas ToUuKa COXpaHAET cBoe BpalLeHue. [locmoTpuTe,

KaK packnafblBaeTca ABIXKeEHIE Kofeca, KOTOpOoe BpaLLasch ABUFAeTCA BOKPY HEKOTOPOFO LIEHTPA TaKoro Xe: Befib TOUKa KOHLA
PaAnyc-BeKTOpa ONMCbIBAET BOKPYF HEKOTOPOTO LIEHTPa OKPYXHOCTb € YABOEHHBIM PajNyCoM, HO eI Mbl pacCMaTpUBaeM 3Ty CUCTeMY
113 HeNoABIKHOI KOOPAVHATHOI CUCTEMbI OTCYETA - TAKOTO BpaLLeHNA HeT. OHO BO3HMKAET B CUCTEMe BpaLLiatoLLeroca Habntoaatens
TONIbKO NOTOMY, UTO CaM 3TOT HabNKoiaTeNb HAXOAATCA B LIEHTPE 1 BPALLAETCA. 3HAUMT, 0CHOBOIA BCErO HALLIEro NoCTpoeHns

ABNAETCA AKCMOMATMUECKOE NPUNUCbIBAHIE BPALLIEHNA MaTEMATIYECKON TOUKE.

37eCb Mbl NOCTPOUNI MOAENb OTHOCUTENbHBIX BPALLIEHNIA, HO Beflb Mbl 3apaHee Nofpa3yMeBaeM, UTo B KBaTePHUOHHOM BpeMms-
MpOCTPaHCTBE ee 0CHOBHbIE NapaMeTpbl OyAyT MOAN(ULMPOBAHHDI, B YaCTHOCTH, MOABUTCA MHBAPUAHTHAA ANA BCeX BpaLLeHii

CKOPOCTb BPALLEHNA - KOHCTaHTa S, aHanoruyHas npegeny C ana npaMonuHeiHbIX ckopocTeid. Kpome Toro, Mbl 3Haem, uTo

MOZeNb OTHOCUTENbHbIX BPALLEHMI Y2Ke NpUCyTCTBOBANA B LOKNACCMUecKoii HayKe. Tam, NpaBfia, BpaLLeH!a MblCTUNMCb He abCTPaKTHO, Kak
y Hac, a (BA3bIBANNCH C BPaLLEHMAMI BNOHE KOHKPETHDIX "HebecHbIX cdep', Mo KOTOpbIM acTPOHOMbI OTCUMTbIBANN X0 BpeMeHN. *

* Ocobenrocmu 3mo2o meapemuyecko2o no0Xo0a XopowIo NOKA3aHb! 8 COYUHEHUSX Aekces Jloceaa, aHanu3uposasLiezo paccyxoeHus
DAHHEXPUCMUAHCK020 y4ero2o [lnomura. Hanpumep, 8 ku. A.0.Joces "My3bika kak npedmem noeuku", 6 2nage "Bpema He ecmb 08UxeHue U He ecmb
mepa 8uxenus". A.0.Jloces, 13 panrux npoussedenud, M.: "[Ipasda", 1990, ¢. 300.

Mbl NpocTo BbIsIBUAK TENEPb Ty CNELMPUUECKYIo, HO CTPOTO MaTeMATUUECKYH, IOTUKY, N0 KOTOPOIi ApeBHIE 0CO3HABANN CTPYKTYPY
BPEMEHM; 1A HUX He ObIN0 0HOHANPaBNeHHO "cTpenbl BpemeHu", GyayLume 1 NpoLLble MTHOBEHNS CYLLeCTBOBAM AIA HUX aKTYasbHO,
a no3ToMy MOXHO 6b110 "o 3Be37aM" yrajbIBaTh 1 GyyLLMe COObITA. ITIAM 1 3aHUMANKUC BCe aCTPOJIOTHA - OT NPECIOBYTHIX XaNjieeB,
Hap KoTopbiMu cvesncs Liuuepo, 4o npocnasnenHoro Muwena Hoctpagamyca, KoTopomy NOKNOHSOTCA aXe Hallm

CcoBpemeHHKY. (TaHOBUTCA TAKXKe COBEPLIEHHO MOHATHBIM, 0YeMy BPaLLieHe CTay PeayLMpoBaTh B KNAcCYeCKkoil MeXaHuKe

K PAMONMHEIAHbIM NepeMeLLieHUAM TOUKY N0 TPAeKTOPUY: Be/lb OIHOHANPaBEHHaA CTpena NPAMONMHEHOr0 BPeMEHU He

MOrJ1a HENPOTUBOPEYNBO COBMECTUTLCA C MOAENDIO, OCHOBAHHOI Ha CPaBHEHUK CKOpO(TEVI BpaLleHUA.
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ABTOp NpeANoNaraer, uTo 1 Ceiiuac B MbiLLNEHUY YWTaTenel 3T0 NPOTUBOPEUME BO3HUKAET, Bbi3bIBas CKENTIYECKOE OTHOLLEHNE K
W3N0XeHHOIA 3ecb Teopuu. M03TOMY HEMLLHE HANOMHUTD; AOKNACCMYECKas MOAENb PACCMATPUBAETCA HAMM KaK Y2Ke NpoiiaeHHbIN

3Tan, HYXHblii TONbKO ANA TOTO, YT06bI YACHUTD CMbIC NPE/ICTaBNEHMNIA, KOTObIE NEXAT B 0CHOBE aredpbl KBAaTEPHUOHHOTO
BPEMS-NPOCTPaHCTBa. HUKTO He npeanaraeT BepHYTbCA K CPeAHEBEKOBbIM NPe/CTaBNEHNAM, 3aMKHYTas OKPYXKHOCTb aKTYaNlbHOr0 BPEMEHM
- 3T0 TaKas e abCTpaKuUMA Ans CNOXKeHIA BPaLLEHMiA, Kak 0HOHANPaBNEeHHaA 0Cb ABCONIOTHOrO BPEMEHM, HYXHas AnA

U10KeHNA NPAMONMHEITHbIX CKOPOCTEl B eBKNMZA0BOM NPOCTPAHCTBE. U e B penATUBUCTCKOI GU3NKe KNaccuyeckas Moaenb Nod

Hanopom GakToB CMeHMNACb NPOCTPAHCTBOM-BpeMeHeM MUHKOBCKOrO, TO 11 Ha CMeHy CPeHEBEKOBOIA MOZENM COKeHNSA BpaLLeHHil
MpULLNA anredpa KBATEPHIUOHHOTO BPEMA-NPOCTPAHCTBA, U3BECTHAS HbIHE KAk KBAHTOBAA MEXaHNKa.

AHanu3 cpeiHeBeK0BOI TeOpeTMYEeCKOil MOAENI NOHaA00MNCA 3AeCh TONLKO ANA TOF0, UT0ObI YACHUTD CYTb fieNa: NoKasath,

YTO HEKOMMYTATUBHbII aNNapaT KBAaHTOBOI MEXaHMKM - 3T0 He NPOCTO YCNOBHbIIA A3bIK A/ ONUCAHMA IKCepUMEHTaNbHbIX PaKToB, a
BMOJIHE eCTECTBEHHOE NPOZOIIKEHIE TEOPETUUECKOIl MOAENM, CBA3BIBAIOLLEN OnpeaeNeHHbIM 06pa3om Bpema 1 NPocTpaHcTBo. OAHaKo,
(BA3b 3Ta TaKOBA, YTO BPaLLeHMe MbICTUTCA Kak GYHAAMEHTAbHbIA BUA ABUKEHNA, KOTOPbIA He MOXET MaTeMaTiyecku peayLnpoBaTbea
K IBVXKEHMIO TOUKY M0 KpyroBoii Tpaektopuu. COOTBETCTBEHHO, TeOpeMbl CTaHAAPTHOTO MaTeMaTyeckoro aHasnu3a 0KasblBaloTca

3/1eCb HenpuMeHMMbIMIA. MIHbIMM CN0BaMK, 3N1eMeHTapHbIe YacTuLbl He MOryYT ABUFaTbCA N0 MaTeMaTNyeckum TPaekTopuaAM ¢
KNaccuyeckimm napameTpamu, He 13-3a TOro, YT0 OHI CYTb KaKine-To 0CoBble KOpMycKynApHO-BOAHOBbIE 06pa30BaHKA, a NOTOMY,

YTO CTAaHAAPTHBI MaTEMATUUECKMiA aHa/ N3 - aNnapaT Knaccuyeckon mexaHukin HbloToHa - 34ecb He FoAuTCA.

Kakum gomxeH ObITb MaTeMaTuyeckuil aHanus, 00 beANHALLNIA YeTbIpeXMepHOe NPOCTPAHCTBO-BPEMA 1 KBaTEPHIOHHOE
BPeMA-NPOCTPAaHCTBO - 3T0 NPeAMET 0c060ro pa3roBopa. lpuBe/ieHHbIN BbilLe GparmMeHT 0 XKopAAHOBON IMHUN - 3TO Hauana

TaK Ha3biBaemoro bUMONAPHOI0 MCYUCIEHIA, koTopoe aBTOp HamepeBaeTcA pa3BepHyTo 060CHOBaTH (11 060CHOBAHHO Pa3BEPHYT)
B OTAeNbHO CTaTbe. YTo KacaeTca faHHoli paboTbl, 34ech aBTOp CTapaTebHO u36eraeT MaTeMaTyeckux BbIKnaZok v CUMBONIOB. Bo-
nepBbIX, NPeXze Yem NUCaTb HOTbl, HaZlo CHayana MPOYYBCTBOBATL KOMMO3NLYIO, a, BO-BTOPbIX, A HE YBEPEH, UTO BCEM UnTaTeNAM
3Hakombl anrebpa Knudpdopaa n ee npumeHeHme B HeKNaccuyeckoi Guanke.

YutaTenam, NPUBBIKLLNM K MaTeMaTuyeckomy A3bIKy, peKOMeHAYI0 06paTUTbCA K BblLLeHa3BaHHbIM kHuram B.B.Kaccanaposa u B.1U.
Ennceesa, a cneumanbHo Ana Tex, KTO 3TOT NpeAMET XOPOLLO 3HAET, CAENat 3ecb BaKHoe noscHeHme. KoHkpeTHasn

"BpaLLatenbHoii uHTepnpetaumun” anrebpbl Knndpopzaa Heobxoanma Ham AnA oueHb CePbE3HOT0 MaTeMaTHyeckoro wara snepeg. o
MbIC/IM @BTOPA CYLLeCTBEHHbIM He0CTaTKOM B MOHUMaHNK anrebpbl Knuddopaa ABNAETCA T0, UTO OHa onpeaeneHa "Kak 06bluHo" - Hap,
nonem felicTBUTENbHbIX Yucen. ABTOp CUMTAET, uTo NpeanaraemMas UM UHTEpNpeTaLma No3BoNAeT NOHATH 3Ty anrebpy Kak onpeseneHHyio
Haz nonem yucen MUMNEPAENCTBUTENBHbIX, koTopbie BBOAATCA B MOAENN HECTAHAAPTHOO aHanu3a Abpaxama PobukcoHa
(0nHOBpPEMEHHO NOKa3bIBAETCA BaXHEIALLIAA 3HAUNMOCTD ITON MOAENM A1 MATEMATUKK U GU3NKN). ECN NPUHATD TaKoe NOHNUMaHMWe,
TO MCXOAHbIE BEKTOpa &, b, ¢, d..., npou3BeeHns KoTopbix 3a4atoT HoBble BekTopa A, B, C, D... (Kaablii U3 HUX ecTb

CyMMa BHYTPEHHETO W BHELLHEr0 NPOU3BEAEHHIA UCXOAHBIX), AOSIKHbI ONPeAeNATbCA Haj TnepaeicTBUTENBHOI YaCTbio
PO6UHCOHOBCKOTO NOAA runepAeiCTBUTENbHBIX umcen. B cBow ouepeab, akTyanbHo 6eCKOHeUHO Manble 1 aKTyanbHO 6eckoHeyHo
bonbLume yncna nepectaoT 6biTb nAeanbHbLIMK AOCTPaKTHBIMM 06BEKTaMU, @ CTAHOBATCA aKTyalbHO 3HAUMMbIMY, CYLLECTBEHHBIMY -

1 MaTeMaTYecku, n GU3nUecKm.

A ona uuTateneid, KOTOPbIM BbIpaXkeHNA "BHYTpeHHee Npou3BefeHue” 1 "BHeLLHee Npou3BeAeHNe" NOKAXKYTCA Kakon-T0
WCKYCCTBEHHOII MaTeMaTuueckoii abcTpakuumeld, Xouy NpeAnoXuTb unnioctpaumio. llocMoTpuTe Ha CBOM MexaHuyeckie yacbl: B 1 vace -
60 munyT, B 1 MuHyTe - 60 cekyHa, 3HauuT, 1 060poT ceKyHaHON cTpenky - 1 mukyTa, 1 060poT MuHyTHOI cTpenky - 1 vac, 1 obopot
YacoBoi cTpenki - ...7 1 3o He ocobeHHOCTb rpagympoBKM Ldepbnata, NPoCTo MUHYTHASA U CEKYHAHAA CTPENKIA CUHXPOHU3UPOBAHbI

€ "BHYTPEHHIM MeXaHU3MOM BpaLLeHUA" YacoB, a YacoBaA CTPeNKa - € "BHELLHMM MeXaHU3MOM BpalLieHna" NaHeTb 3emna, no
MOBEPXHOCTY KOTOPOIA CKONMb3UT TEPMUHATOPHAA TMHUA JHA W HOUM. A BCe MHOTOUNCIEHHDIe WecTepeHKIn 1 6anaHcupbl HaLnx
yacnKkoB NofobpaHbl Tak, utobbl pabotana anrebpa, (BA3LIBAIOLLAA FPAAYVPOBKIA STUX BpaLLEHW.
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* % *

BepHemca K Hawwuum Konecam. Mbl nporpaaympoBanit Bpema ¢ oMOLLbH0 3TafOHHOrO BPaLLIEHIA, Tenepb Hallia 3ajjaya - NoKasarb,
KaK CTPOMTCA MHOXKECTBO CKOPOCTed BpalLieHuil ¢ Mepoit [¢/m].

Y Hac umeeTca - "Koneco", KOTOpoe pa3fBOEHO TaK, UTO MPOTUBOMONOXHDIE, HO PaBHble, PaiNyC-BeKTOPbI 06pasyroT

CMCTEMY CUHXPOHM3NPOBAHHDIX KOMEC, 0TCUMTbIBAOLLIX 060p0TbI. CKOPOCTb BpaLLeHMA U3HAYANbHO HeonpeaeneHHa, 3TOro U He Tpebyetca
- I0CTaTOYHO TOT0, UTO MOTYT GUKCMPOBATbCA COBNAZieHINA KOHLIOB PaZiyC-BEKTOPOB C LieHTpaMm BpaLLieHua. "PeanbHo" Halue Koneco
MOXET KpYTUTbCA C 1106011 CKOPOCTbIO, HO OTCYET 060POTa 3TO NPOCTO Mepa, a He KonuuecTBo Mep. To e camoe Obino 1 ¢

BBE/IEHIEM ITaIOHHON ANNHbI, 3aat0LLeil rpasyMpOBaHHYI 0Cb X: BEAb 32 3TaNOH MOXKHO MPUHMMATB N06YI0 peanbHyio AnuHY. Tak u
3[1ecb: 060pOT - 3T0 rpasyMpoOBKa BpeMeHHOI 0cu 1 He bonee Toro. Koneco BpaLLaeTca ¢ NOCTOAHHON CKOPOCTbIO U 3aaeT Ham pa3bueHne
0CY BpeMeHI Ha paBHble 0TPe3KM, @ MOCTOAHCTBO 50 CKOPOCTHA - FapaHTA TOF0, UTo 3Ta 0Cb PaBHOMEPHA: TaKie e 060poTbl
OTCUUTBIBANNCH PaHbLUE, OHI BYAYT OTCUMTBIBATHLCA U BNPEb.

BaXHo 0C03HaTb, UTO MPOMCXOAUT 3ech loruueckin. Koraa Mbl rpagynpoBani npamyio B IPOCTPAHCTBE, Mbl OMMUPANNCh Ha 0YeBUAHbIN

$aKT: Ha camoM Jiene eCTb OHa, 3Ta MPAMaA, 1 Mbl MOXeM "NPUCTLIKOBbIBATD" Ha Hell 3TaNOHHbIE METPbI OANH 33 APYTUM, YX0AA BCe fanblue
W fanblue. A B G1yyae BpalLeHMA Mbl Tak e ONMPaemcA Ha 04eBUAHOE CBOICTBO BPEMEHN: BpaLLieHue - 000pOT - OTCUNTBIBAET CeKYHAbI
OZHY 33 ApYroii, 1 Hale abCTpaKTHOe KONeco - 3T0 CMMBOJI TOTO, YTO 3TM 060pOTbI “"NPOCTUPAIOTCA B BEUHOCTL". 3eCb CTAHOBMTCA ABHbIM

T0, YTO Mbl CAieNanK: 370 BpalLaloLLieeca ¢ HeonpesenexHoii ckopoctbio KOMIECO ceoumu 0bopoTamu rpasympyeT paBHoMepHyto ocb t, 1

3Ta rpajyMpoBKa OTHIOAb He ABNAETCA NPUBbIYHBIM OTCYETOM BPEMeHH, Kak B Clyyae NPAMOMMHEITHbIX CKOPOCTEN, FAie ABUXYLLAACA TOUKA

C KaX [0/ CeKYHAO0 NpoX0AuT HoBbliA MeTp. 060poTbl abcTpakTHoro KOJTECA - 370 3TanoH rpagyupoBaHHOr0 BpeMeHH,

BPeMeHU aKTyanu31upoBaHHOr0, 3a;aHHOr0 BMeCTe C MPOLLbIM 1 By AyLLNM.

Co3paeTcA BneyatsneHue, 4To HUYero 0Co6eHHOro Mbl He Noayuunu. Ecin Mbl HauHeM OTCUMTbIBATE 060POTHI C HEKOTOPOrO MOMEHTA, TO
11 HaUHETCA 0TCYeT CTaHAAPTHBIX ceKyHA. (KOnbKo 060pOTOB Hallle Koneco B CeKyHay ienaeT, CTONbKO Joneil CeKYHAbI U By et
0TCUMTBIBaTLCA. Ho CKOMbKO e 060poToB B CeKyHAy Aenaet Hawwe KONECO?

[laBaiite onATb 06paTUMCA K MOCTPOEHII0 MHOXECTBA NPAMONMHEIHBIX CKopoCTeid. [lonycTim, AeNaeTcA Takoe yTBepxaeHne: "3auem
HaM 33/1aBaTb KaKoIi-T0 3TaoHHbIA MeTp? ECn ecTb euHMuHad ckopoctb B 1[M/c], T0 3TanoH am 1 3a/1aeTcA - 33 0f1HY CeKyHLy TOUKa
KaK pa3 1 npoiiaet oauH meTp!" [l0CTaTouHO BAYMATbCS, YT0BbI NOHATH - TaKOe YTBEPKAEHMUE B KNACCMUECKO KIHEMATHKe
HezonycTuMo. Beflb B HbIOTOHOBCKOIH MeXaHMKe HET HUKAKoro 3TasioHa CKOPOCTH, Ha060POT MHOKECTBO KONMYECTBEHHO
Pa3NuuaLLMXCA CKOPOCTEli CTPOUTCA Ha 0CHOBE BBE/IEHUA STANIOHHOTO PACcCTOAHMS, a eIMHIYHAA CKOPOCTb 33/1AETCA BMECTE ¢
€MHUYHBIM BPEMEHHBIM HTEPBANOM, KOTOpbIil TPeOYeTCs il ANA NPOXOXKAEHUA STOTO STANOHA. A HAUMHATD C STANIOHHOTO PACCTOAHIA
HaM NPUXOAMUTCA MOTOMY, UTO Mbl ULLEM OMpeAeneHus NPAMOIMHEIIHOI CKOPOCTY - CKOPOCTM TOUKM, KOTOPAs YNIETAET OT Havana oTcyeTa
Ha Bce GonbLuee 1 bonbLuee paccTosHue. BennunHa npeogoneBaemoro eio paccToaHus paBHOMEPHO YBENMUMBAETCA NOTOMY, YTO
©BK/I110Ba NPAMas PaBHOMEPHO U1araeTcs U3 PaBHbIX STaNOHHbIX PAcCTOAHMI. COOTBETCTBEHHO, 3aKOH CTIOMKEHMA CKOPOCTeil
N0NTyYAeTCA apUPMETUYECKIM: YeM BONbLIE METPOB NPOXOANT TOUKA 3a CeKyHAY (BENNUMHA 3TOM CEKyH/bI ONPEAENAETCA uepes Ty
CKOPOCTb, KOTOPas NMPUHATA 33 eANHUYHYI0) - TeM 6oMbLUe CKOPOCTb TOUKM (110 CPABHEHNIO C TOiA, YTO MPUHATA 33 eAUHUYHYI0).

Jlorika nocTpoeHNA KNaccuueckoro CIOXEHMs CKOPOCTeil COBEPLLIEHHO 0YEBIIHA U MOHATHA.

[Jpyroe feno, uto ee NPULLNOCH CKOPPEKTUPOBATD B HEKNaccueckoil Gu3mke, rae NOABAALTCA NHBAPUAHTHOCTL ckopocTu € B Nio6oii
cucTeme oTcyeTa. Ho Heknaccuyeckue KOppeKTUPOBKM Y HAC eLue Briepesu. ABTOp BHOBb HANMOMMHAET, YTO Mbl CTPOUM KUHEMATHKY
BPALLIEHNIA YNCTO KNACCUYECKM - TOUHO TaK, KaK ee CTPOIIN MaTeMaTUKM NPOLLIbIX BEKOB, ANA KOTOPbIX HUKAKOIi APYroil reoMeTpun,
KpoMe eBKIMA0BOIA, He CylLecTBOBaNO. (X0uy TaKkxKe NPMHECTH YATATENAM CBOM U3BUHEHUA 32 MHOTOUMCTIEHHBIE MOBTOPbI Pa3HbIMY
(I0BaMU OZHOTO 1 TOTO e - 0YeHb BaXKHO He COUTBCA C 10rMyeckoro nyTi, BeAb CTaHAAPTHaA peayKLnA BpaLleHus K "obopotam B
CeKyHAy" KpailHe HaBA3uMBa, 11 OT Hee TPYAHO U30aBUTHCA.)
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[InA fBYX CMHXPOHHbIX KONEC HET 3a3aHHOM CKOPOCTY - "060pOTbI B CEKYHAY", NOCKONbKY aBCONKOTHOrO BpeMeHH 31ech HeT, ecTb

TONbKO QUKCaLMA NepuoAa - 0Tpe3Ka BpeMeHU, pasaeNnaiLLero ABa MOMEHTa, KOraa paanyc-BeKTopbl Konec coBnau. Ecm 6bl Mbl
BBE/IN 371eCb abCOMOTHOE TeueHe BpeMeHHU, T, KOHEUHO, He COCTaBINO 6bl TpyAa "3aceub No cekyHAOMEPY" - CKONbKO "“TUKaHMiA"
MpoLLIO MeXAy STUMM ABYMA MOMeHTamu. Ho, NOHATHO, 4T0 abCONOTHOE BPEMS - 3TO MOHATYE U3 APYroii MOAENH, @ HaM HaJl0 YBUAETb
Kak ByzeT BbIrNAAETb 3aBUCMMOCTb MEXYy 0TPe3Kamil PaCcCTOAHNA 1 NeproaMu1 BpeMeH! Npy onpeeneHt OTHOCUTENbHBIX
CKOpOCTeli BpaLLeHnA (KaK BbIFIAAUT 3Ta 3aBUCUMOCTb 1A OTHOCUTESTbHBIX MPAMONIMHEIAHDBIX CKOPOCTENi Mbl 3HaEM U3

KNaccuyeckoii MexaHukn).

Wcaak HbloToH B cBOEM OnpezeneHit abCONKTHORO BpeMeHY Npeanoxun abcrparupoBaTbea 0T KOHKPETHBIX NepUoJMYecKUX NPoLeccoB
11 BBEJ X0 BpeMeHU Kak TakoBOW, - JI0JM C MOMOLLbI0 NepuoAnyeckiux NpoLecco MoryT TOAIbKO GUKCMPOBATb €ro C TOM UK MHON
(TeneHblo TOYHOCTY. IT0 06CTOATENBCTBO NOTOM N03BOAMAO ANbOEPTY JiAHILTEIIHY OTBEPrHYTb AOCTPaKLMIO aBCONIOTHOMO BPEMEHM

Ha OCHOBAHWY TOT0, UTO BpeMA 6e3 ero U3MepeHUA NPOCTO He MbICTMMO. TANOHOM Xe ANA M3MePEHINA BpeMeHI 0Ka3anca

WHBAPUAHT CKOPOCTH CBETA - BNOJIHE KOHKPETHON CKOPOCTH, 06n1aatoLLeil 0C0bbIM HBAPUAHTHBIM CBOACTBOM. CyLLecTBEHHO TO, uTo0 C -
3T0 MMEHHO NOCTynaTebHas NPAMONHEIIHAA CKOPOCTb.

0fHaKo B Knaccuueckmx yCI0BUAX HaLlel 3aiaum HeT NOAX0AALLEro KOHKPETHOrO0 3TaoHa, Tina "(BeToBbIX YacoB", 3aT0 eCTb
nepuoANYeckmil npoLecc kak Takooil, Beb BpaLeHne CAMO M0 CEBE - 5o neprognueckuii npouecc B YNCTOM Bide, puyem Mepoi
Bpemenn aenaetca 060POT pagnyc-BekTopa no OKPYKHOCTU.

Mbi yxe noHanu, uto Haiwe KOJTECO - 370 rpapympoBKa ocu BpemeHu. He CloxHO ObiNo 1 0C03HaTb, Kak HaLa 3TaNoHHaA CeKyHAa
MOET pa36uBaTbCA Ha paBHbIE MHTEPBANbI APYTMMI NEpUOANYECKMMI NPoLieccami. A Kak HaM Tenepb C MOMOLLbIO TNIOHHOTO
BpaLLleHIs, OTCUMTbIBAIOLLEro 060poTbl-cekyHabl onpesenutb CKOPOCTb BpaLyeHna’?

HauHem nckomoe noctpoeHue. [lonyctim, y Hac eCTb HeKOTOPOE BpaLLiatoLLieecs Koneco. C Kakoil CKopocTbio 0HO BepTUTCA? CMOTPUM

Ha CKONbKO OHO NOBEPHYNOCH 3a 3TaNOHHYI0 CeKYHAY - U ONpesieNseM ero CkopocTb. 3aMeTbTe, Mbl 3/1eCb He Uncio 060poToB cuMTaem

B CEKYHAY, a U3MepAeM "HakpyumMBaemylo Ha Koneco ANMHY", Befib Yrof NoBopoTa AnA onpeseneHHoro paauyca 3ajaet i ayry
npoitaeHHoii okpyxHoctu. U Bot Tenepb ITY, yxe u3mepeHnyto CKOPOCTb BPALLEHA, Mbl MoXem ¢ noHbIM MPaBOM NPUHATH 3a
€\MHNYHYI0. TOUHO TaKM e 06pa3oM, Ha MPOCTPAHCTBEHHOIA NPOTPaZlyuPOBaHHOI NPAMOI Mbl 33/1aeM eIMHIYHYHO

CKOPOCTb NOCTYNaTeNbHOro NPAMOANHEIiHOro nepemelLieHIs - roBopuM: “lprmem 3a eNHNYHYI0 CKOPOCTb TOYKH, KOTOpas

MPOXOAUT 3TaNOHHOE PACCTOAHME 33 HEKOTOPOE BpeMs, 3T0 UHTepBaN By eT CYNTaTbCA eAUHNYHBIM 3TaNOHOM BpeMeHH",

Torpa, COOTBETCTBEHHO, Te TOUKY, KOTOPbIE 3a 3T0 Xe Bpema "yneTalT" fanblue No NpAMOI 3aal0T CBOMMI KOOPAMHaTaMi CBOW CKOPOCTMY -
B aHHOW, ONPeRENeHHON YXKe HaMu1, Mepe CKOpOCTH, BbipaXkeHHoli B [M/c]. Pa3Be He TaK onpeAensin Mbl Bce MHOXKECTBO
nocTynaTeNbHbIX CKOpoCTeid? Takoe onpeseneHie i No3BOAMII0 HaM BbICTPOUTD NOCTEA0BATENbHOCTb BCe YBENNUMBAIOLLMXCA

3HaueHWi NOCTynaTeNbHbIX CKOPOCTEld, KOTOPble MOXHO CKNaAbIBaTb APYr C APYroM apudmeTMuecku, nepexoaa OT OJHOI TOUKM K ApYroi.
To ectb, ecv Mbl BbIGPaeM TOUKM, CKOPOCTM KOTOPbIX OTAMYKOTCA ApYr OT Apyra Ha 1[m/c], 370 03HauaeT:

. Bbinetasa u3 Hauana KOOpAUHaT OHM BCe pacnpefenaTca Yepes ceKyHAy B TOUKaX C KoopAuHaTaMu
1[m], 2[m], 3[m], 4[m] v T.I.

. ABMKyllanca TouKa ¢ KoopguHaTon 1[Mm] uepes ewje ogHYy CEKYHAY OKa)KeTCA B TOUKe
NpPOCTPaHCTBa C KOOpAMHaTOI 2[M], a cnegylowas - B TOUKe ¢ KoopAavHaTamu 4[m] v T.1.

CooTBETCTBEHHO, €CN Mbl NepeiifiemM B cucTemy 0TCueTa CleaylolLiel TOUKN, TO HabniofaTenb B Heil 3aduKCMpyeT, uTo nepBad Touka
OTCTANA oT Hee, MHaue; ABUNKETCA OT Hee €0 CKOPOCTbH -1[M/c], a nocneaytoLas ¢ TaKoii e o MoayIio CKOPOCTbIO - yAaNAeTca ot
CMCTEMBI OTCYETa B NPOTUBOMONOXKHYIO CTOPOHY.
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[lnA cpaBHEHNA CKopoCTeil BpaLLeHnA Takke BaxHo 3afatb HATPABJIEHWA BpaLueHuit, uTo, KOHEYHO, He noxHO. Ho onATb-Taku

- IPUHLMNMANBHOE OTANYME - ANA TAKOTO OMPEAENEHNA He CYLLECTBEHHO HanpaBlieHUe 3TaNOHHOTO BPALLEHNA (He BaXHO B KaKyt
CTOPOHY BEPTUTCA ITATIOHHOE KOJECO, KaK He BaxHbl "Hauano" v "KoHew" Ana Mepbl Z/IMHbI), OHO 3a[1a€T TOJIbKO rPalyuPOBKY BPEMEHH,
a HanpaBJieHKe BPALLEHUA ONpefenseTca B 3aBUCUMOCTY OT TOF0, KaKOil 3HaK CKOPOCTU BPALLEHMA Mbl NPUMULLIEM KONECY, CKOPOCTb
BpaLLIeHIA KOTOPOro M3MepAeTcA. VHbIMK CNoBaMM, B HaLlleil MO Heonpe/ieNeHHOCTb HanpaBeHUs BPaLLeHua 3TanoHa - aHanor
HYNA CKOPOCTM TOUKM 0TCYETa KNaccuyeckoil Mozenu.

(06paTim BHMMaHHe 1 Ha To, UTo BbIGOP eAMHUYHOI CKOPOCTU BpaLLIeHUA MOSHOCTbIO B HaLleli Bose. TOUHO TakxKe, Mes

rPafiyvpOBKY NPOCTPaHCTBEHHOI 0CH, Mbl IH06YI0 CKOPOCTb MOMeM NPUHATb 3a eANHMYHYI0: "TTyCTb EAMHMYHAA CKOPOCTb - 3TO NPOXOXKAEHIE
N uan 1/N 3TanoHHbIX paccTostHMiA", JIerko BUAETD, 4T NPM 3TOM Mbl COXpaHAEM apUdMETYECKMI 3aKOH CTIOKEHNA CKOPOCTEN -

6onbLLeil CKopocTh No-NpexxHemy by/eT CO0TBETCTBOBATH H0MbLLee YNCIO METPOB B CEKYHAY.

Tenepb NETKo NOHATb, KaK Mbl AOMHbI CTPOUTb MHOXKECTBO CKOPOCTENA BpaLLeHus. Mbl NPOCTO CKaXEM, UTo B ITaNOHHYH0 eAUHNLY
BPeMeHM 0fIHO Koneco HakpyTuno yron - 1, apyroe - 2, TpeTbe - 3 U T.N. AHANOTMYHO, CYAA N0 BCEMY, MOXET ONpeAeNUTbCA U MHOXeCTBO
C POTUBONONOXHO HaNpaBIEHHbIMYU cKopocTAMM; -1, -2, -3 n T.1. lToka Mbl He 3a1aeM 3ecb Mepy CKOPOCTH, KXKETCA HUYero
0C06€HHOT0 He MPOUCXOANT. Bpoge 6bl Mbl MPULLAY ONIATH K Mepe, U3MepAeMoil B uncie 060poToB B cekyHAY. Ho Beaib 370 He Tak! Mbl

He ncumncnsem 3aec 060poTbl, @ 3a1aeM Yribl UV ANTUHBI BYT, UHBIMU CTOBAMM 3TO W He YIIbl BOBCE, @ HEUTO BPOAE ANMHbI HUTH,
KOTOpas HaMaTbIBAETCA HA KATYLLIKY (1 CMaTbIBAeTCA C Hee). B uem e pasHuLa Mexay 3TUM onpefienieHneM 1 cTaHaapTHbIM? PasHuua
KaK pa3 B TOM, UT0 AIA CKOPOCTM BPaLLeHIA Mbl NPOrpaaynpoBani Bpems, a He NpoiiieHHoe TOUKOI NPOCTPAHCTBEHHOE paccTosHue. To
€CTb BCe NepeBEpHYNOCh: CKOPOCTb BPALLEHNA 3TO KONMYECTBO ITANOHHDIX CEKYHE, KOTOpble MOHAR06ATCA TOMY UM MHOMY Kofecy,

yT0ObI HAMOTATb UM OTMOTaTb HEKOTOPYIO NPOCTPAHCTBEHHYIO MEPY NMHbI.

Tenepb MOCMOTPUM, KaK OnpeaennTca 34eCb 0THOCUTENbHOCTb BpaLI.l,eHVIVI.

Puc. 13.

Ecnu yxke 3aaaHo HanpaeneHue CKOPOCTY BPaLLEHWA, TO A1A Paaiyc-BeKTopa A UMELLEro eAUHNUHYH CKOPOCTb - NOBOPOT Ha
€/\VHUYHBIiA YTON 33 YUI0BHYIO CEKYHAY, ONPEAENATCA eLle ABe CKOPOCTU BPaLLieHus: papuyc-sektop B, KoTopblii oTHOCUTENbHO A
yLuen Bnepez Ha TaKoii e eIMHNYHbINA yron, u paguyc-sektop C, KOTOpbIi 0TCTan oT A Ha 370 e YrnoBoe paccTosHme.

BPALLEHWA OTHOCUTENBHDI. C3Tm yTBepMAeHMEM TPYAHO CMOpUTb. Ho He NpoCTO 0CO3HATb peaibHblil CMbIC 3TOM OTHOCUTENBHOCTD.
MbI NpUBbIKNH, UTO CEKYHAHAA CTPeNKa KPyTUTCA "BbicTpee" MUHYTHOI, HO OTHOCUTENbHO CeKYHAHOI CTPeNKV MUHYTHAsA OTCTaeT OT Hee ¢
TOI e camoli CKOpOCTb0, 0ZHaKo Befb cekyHaHaA crpenka HA CAMOM JENE kpytutca 6bictpee! TpumepHo Takyto Xe TpyaHOCTb
npuLLNOCch NPeooneBaTh 00bIAEHHOMY CO3HAHMIO NN, Y3HABLLMX O NPUHLMNE OTHOCUTENBHOCTM KNaccuyeckoil MexaHuki: "Kak Tak? -
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Mbl Beflb 3HaeM, UTO AP0 U3 NMYLUKM NeTUT BbicTpee, Yem efeT KapeTa! A Bbl FOBOpUTE, UTO OTHOCUTENLHO AAPa KapeTa NeTUT B
06paTHyI0 CTOPOHY C TaKoiA e ckopocTblo. MonHasd uywb!”

Jonyctum, yutatenb 1 13 yBaxkeHUs K aBTOPY, AeNMKaTHO NOMNALEN Ha Yacbl, HO BCe-TakiM NPU3HaN NPaBOMEPHOCTb

NpUHLMNA OTHOCUTENbHOCTY NA CPABHEHMA CKOPOCTEIA BpaLLeHua: "XopoLuo, MycTb OANH paauyc-BEKTOp ONepexaeT ApYroi Ha
€[MHNYHbII YTON - 11 03HAYAET 3TO TO XKe Camoe, UTO APYroil paanyc-BeKTOP OTCTAeT OT Hero - Kak Obl NOBOpauMBaeTcA B 06paTHyt
cTopoHy..." llogo3peBalo, UTo 30 cornace NPOANMTCA He Gonee ofHOM MUHYTBI. BOT cekyHAHaA CTpenka obexana Kpyr, orHana MiuHyTHYI0
11 BHOBb YLLINa BNepes Ha eAUHNYHBIN yrof. Pa3Be 3T0 He (BUAETENbCTBYET 0 ToM, uTo oHa bbICTPEE?!

Buaumo, uero-to CyLLECTBEHHOI0 B HaLleil Mofienu He XBaTaer.

Bo-nepsbix, Ham He xBataeT TOYKW OTCYETA ana BpaiueHuns. [pagynpoBKa BpemeHU paBHbIMM NePUOAAMY - 3TO TONBKO
noKa3aTenb eBKNMA0BOCTY OCU BPEMEHH, a BOT C Kakoro MOMeHTa HaM Hafi0 HaulHaTb CPaBHIBaTb BpaLLleHuA? Befib TONbKO Tak,
MOXHO HauaTb onpefeneHie CKopocTy.

A, BO-BTOPbIX, OTKPOIO TaiiHy - 0Cb BpeMeH! NceBA0eBKAMA0BA (MHUMOCTb COCEACTBYET C AeiCTBUTENBHOCTBIO) M Mbl € BAMU BCe 3T0
3Haem. locnieHee yTBepXKAEHIE MOXET BbI3BaTb HefloymeHue. [pounntocTpupyem ero anemeHTapHbIM npumepom. Kora mbl

110 HbIOTOHOBCKY CPaBHMBAEM BPALLEHNA KONEC Ha OHOI 0CU, MOXHO OAHOMY 13 HUX "NPU6ABUTL" 000POT B CEKYHAY, - N0
"NpUHLMNY OTHOCUTENBHOCTU' CUCTEMA OTCYETA OTHOCUTENBHO €70 I0MKHA Tenepb UMETb CKOPOCTb Ha OAUH 060pOT B CEKYHAY
6onblue. OAHAKO, Mbl yXKe MOCTPOUN UCTUHHYH MOAENb AA CPABHEHINA BPALLIEHWIA 1 BUZENM, KaK PACKNAABIBAETCA EANHUYHOE
BPALLEHNE KONECa B OIHY CTOPOHY - NONYYaeTCA B CUcTeMe HabiioaTens [iBa BPALLEHMS; BOKPYT LIEHTPa CUCTEMbI BPALLAETCA Apyroii
LIEHTP BPALLEHNA, MPUYEM BpaLLEHINA NPOTUBOMONOXHO HanpaBNeHbl. lonycTM, Mbl peLUNAIN Y OAHOTO 3 BPaLLIEHMii "y6aBUTb
000pOTOB". 3TaNOH BPEMEHM Y>Ke 3aZiaH, 3HauuT, UCKNKYEHMe 0HOT0 060poTa ieno BO3MOXKHOe. WTak, B cucteme

TOX/IECTBEHHbIX Pa3/IBOEHHDIX KOEC, MeXAY KOTOPbIMM NOJIHAA OTHOCMTENbHOCTb (B CMbIC/e OTHOCUTENBHOCTY BPALLATENbHbIX ABUXEHNA,
a He MOCTYNaTeNbHbIX), Y OAHOTO U3 KONEC 000POT OTHAT. ITO 03HAYAET, UTO B CUCTEME OTCUETA U3 ABYX BPALLEHMI OCTAHETCA OAHO -
T0, KOTOPOE BOKPYF LieHTpa cucTeMbl. MHbIMI CnoBamin, HabnlosaTeNb YBUANT KOIECO, KOTOPOE BPALLAETCA BOKPYT HEro, COXpaHAA
OpVIEHTALI0 PajMyC BEKTOPA K LIEHTPY. 3Ty KapTUHY Mbl MOXeM HabntoAaTh Kaxayio Houb, IAAA Ha JyHy.

3necb Mbl He 6y£lEM 06(y>K£laTb (BA3b NCEBA0EBKNINA0BOCTU C HEKOMMYTATUBHOCTBIO, 3TO TEMa OTAEIbHOI0 Pa3roBopa. Mo 370i e

MpUYNHe aBTOp U36€raeT ynoTpebnaTh BbipakeHue "CloKeHe BPALLEHUi'", uToObl He co3aaBaTb UANIO3MH0, UTO B HaLweil mogenu 1+(-1)=0.

Tenepb, faBaiite, BCoMHUM 06pa3 YacoB BeuHocTu - € X ro0BOIA, BEKOBOI U ThicAUeNeTHeli CTPeNKOiA. YuTaTenn, KOHEUHO, Y xe MOHAIM -
rfe byzer uepes rog BekoBan (TpeNnka: OHa ykaxer Ha undpy 10. 31a undpa Ana ToicaueneTHeil byaet 03Hauatb 10 neT, a Ans BeKoBoiA
CTPeNKy 3aJlaHHaA HOPMIMPOBKa Lndepbnata BoobLLe He roauTca, - TYT TpebyeTca uHoe TonkoBaHue Ludp. 0auH 060poT BeKOBaA Aenaet

3a 100 ner, B kaxzaom cronetin yncna 10, 20, 30 v T.n. 03HauatoT ouepeaHble roabl. lepBblii rof NepBOro ThiCAUENeTUA YaKke NpoLLeN, BOT OHa
u crout Ha 10. A nocne MCTeYeHNA ThICAYY NET, KOT/ia Bce TPU CTPENKM COLLUCD, HALUIM Yacbl BOODLLE Y3Ke HIYEro He NOKa3bIBaloT -
HacTynuna ana Hux "npobnema TicaueneTHero roga”. MHbIMu cnoBamu, Hapo 6bl Ham Ha Yacbl BeUHOCTY HaBeCUTb eLue 1
MunnnoHHONETHIOK CTPENKY, OHA B 3TOT MOMEHT byfieT NoKa3blBaTb Ha Ludpy 1 - uto byneT 03HauaTb: OAHA TbicAYa NeT M3

MUnAnoHa npoLuna. o McteyeH MINNNOHA NIET, NPUAETCA BBOAUTD B 060pOT elLie OfiHY - elile bonee MeAneHHYH - CTpenKy 1 T.n. A ecm
HaM NOHAZ06MTCA 0TCUMTLIBATD BHYTPU OAHOIO F0/1a KaKue-HUby b ThiCAUHbIE J0NM BPEMEHHU, TO Halo Obl 106aBUTb U eLLe OZHY

"BbIcTpyt0” cTpenky, uTobbl OHa Aefana oauH 060poT, Koraa rofo0BaA NPoLLsa OHO AeeHMe.

Ho, noctoitTe, eciv rof0Bas yKa3biBaeT Ha OfHO AeNeHue, To ObICTpas CTpeNika HaM ke He HyxHa! B camom fiene, Mbl Tenepb
MOXeM NporpaayupoBaTh LUpeponaT ¢ KaKoii yroAHO YaCTOTON AeneHuii (6n1aro npocTpaHCTBEHHbII KOHTUHYYM NPUHATO AENUTH
[0 6eCKOHEYHOCTH), TOrAa Ha HaLlem Ludepbnate no rofloBoii CTpesike B TeueHUe OAHOT0 ee 060poTa MOXHO ONpeAensTh
"BHYTPUrOf0BbIe" MHTEPBANbI BPEMEHU C KAKOIA YTOAHO CTeNeHbI0 TOUHOCTH.

http://res.krasu.ru/non-standard/ (40 w3 87) [06.11.2007 14:16:18]



HectangapTHbiit aHanu3 Heknaccuyeckoro Asinkexus. Masen Monyan.

Y70 370 BCe 03HayaeT? 310 03HauaeT, A/iA TOro, uTobbl OTMEpATL 6onee AAUTENbHbIE NepUOZbl - HAM HYXHbI 0C00ble BpaLLeHMA,
KoTopble 6yyT NOBOpaunBaThCA Ha ONpefeNneHHble yribl, C006pa3Ho TOMY CKONbKO 060pOTOB HAaKPYTUNO 3TaNoHHOE BpaLLeHue.

Mpuyem 3TUX MeNIeHHbIX “CTPeNoK' - kaxzaas o CBOei CKOPOCTbIO BPaLLeHNSA - HaM NOHaZ06UTCA HECKOHEUHO MHOTO, Be/lb eAMHUYHDIIA
yron nNoBopoTa KaX«0i 0uepefHoli - Korfa-Hubyab CoXUTCA B NOMHbIA NOBOPOT: HACTYNUT NONHAA CUHXPOHW3ALMA BCEX BPALLIEHMI - Kak
Obl KOHeL| BpemeH. Bcerfia HyxHa CTpenka, KoTopas K STOMy MOMEHTY CBOil NOBOPOT He 3aBepLunna. A Kak HaM 3MepATb CKOPOCTb

310 cTpenku? OueHb NpocTo. EAMHNYHDIN yron 3ajiaH, ecTb 3TaNoHHOE BpaLyeHue. 3HAuuT, CKOPOCTb NH060I CTPENKN MOXHO U3MepUTb
1o yncny 060pOTOB CTPENKY ITANOHHON. ThicAYeNneTHAA, HanpuMep, NOBOPAUMBALTCA Ha eUHMYHBIIA YToNn POBHO 3a 1 000poT ro0BolA, @
¢Boii MHTepBan oTmepAet 3a 1000 3TanoHHbIX neprogos.

Bot 1 Bce. Mbl nporpaaynposaun oCb BpeMeHU 1 3aajin NPUHLKUN onpeaeneHna CKopocTu 6eCKOHEUHOro MHOXeCTBa BpaLI.leHVIVI.

BbiLue mMbl roBopunu, uTo M3MepeHme "oTpe3Kka BpemMeHu" TpebyeT 3aiaHiA ero KOHLA U Hauana - NOJHOro Nepuoza BpaLLeHna. 3Hauur,
[ANA BCEro MHOXeCTBa CTPesiok Haj0 3a/1aBaThb He Yo/ NoBOpOTa, a MoMHbIii 060poT. Toraa 3TanoHHoe BpalleHue 6yaeT 0TCUnTHIBATL
YMCNO NPOIAEHHDBIX 3TANOHHDIX NepUoA0B, TpebyembiX AnA 3aBepLUeHUA 060poTa Toil UK UHOI CTpenKoii. Takum obpasom,

yron npeBpaLLaeTca B paccTosiHue, AnA JaHHOro undepbnata - 37a AnnHa ee okpyxHocTu. Kaxpan u3 crpenok 6yaet npoxoauTs 31y AnHY
3 (BOE, CTPOT0 ONPEAENEHHOe YMTI0 STANOHHbIX NEPUOLOB, @ Mepoil cTaHeT [¢/m]. To ecTb He3aBUCMMOIE NepeMEHHOi

0Ka3bIBaeTCA NPOCTPAHCTBEHHOE NPOTAXKEHIe - HUTb, HAKPYYNBaeMas Ha Kofeco B TeueHue ero 0AHOro obopota. KoHeuHo, Konecam
MOXHO NPUNIUCHIBATL Pa3Hble PanyChl - TOUHO TaKXKe U B MOAEAN NPAMONMHENHbIX NepeMeLLeHMil Mbl C TOMOLLbI0

He3aBICMOIl NepeMeHHoIi t MoXeM BbIOUpaTb AA CKOPOCTU Niobyto Mepy - METPbI B CeKYHAY, KUOMETPbI B Uac, W KUOMETpbI B
CeKyHAY, METpbI B Yac.

A KaK 6bITb € CAMOIi MeJIeHHOI CTPENKOIA, KOTOPas He CMOXET 3aBepLUNTb CBOI 060POT HM 32 KaKOE CYETHOI YUCNO ITANIOHHBIX
nepuopoB? pUAETCA € STUM CMUPUTBCA, Kak CMUPUACA HBIOTOH C CyLLeCTBOBAHMEM HENOHATHOI 6eCKOHEUHOI CKOPOCTM, NPUHAB ee

B KauecTBe BbIPaXKeHUA A1A MTHOBEHHOTO eiCTBINA Ha paccToaHue. (ECM nonckaTb aHasnorinyHblii "npa-06pas” 4na Halueil Mogenu, T0 370
- He yAnBAAiTech! - 370 KoHew BpemeH, Koraa Bce-Bce CTpeiku coilyTca Ha Yacax BeuHoctin B momeHT KoHua (BeTa.)

(3TanoHHbIM UHTepBaNoM BpemeHu Bee ACHO. lopa, HakoHew, 6onee TOYHO onucatb - uto 3Haumt EJNHUYHAA CKOPOCTD. [ina Toro,
yT06bI OTNINYATb EANHUYHYH CKOPOCTb OT eMHMYHOTO 3TaNOHa BpeMeHU JOCTaTOYHO BCOMHUT, NP0 00paTHOe HanpaBneHe BpaLyeHus
W NPUHLMN OTHOCUTENbHOCTY. [leiCTBUTENBHO, eCN Mbl 33JaANM eUHIYHYI0 CKOPOCTb BpalLieHus B 1 060poT 3a 1 3TanoHHbIil nepuog,
T0 0CHOBHAA CTPENIKA Ha HaLLMX Yacax Kak 6bl "noTepAeT ckopocTb”, He ACHO, UTO OHA Ha CAMOM [ene AenaeT - rpadyupyeT ocb BpeMeHu
WY 333€T eANHNYHYI0 CKOpOCTb. Pa306paTbcA B 3TOM BOMPOCE He CNOXKHO.

Hano 3apath ""Touky oTcueTa" AnA BpalLeHna - HanpaBeHe BEKTOPA, OTHOCUTENBbHO KoToporo 6yayT coepiuatbca BCE noBopotbl. Ha
Yacax BeuHocTin Mbl COBepLUEHHO MPOM3BONILHO 33/1aBasi BepPTUKaNbHOE NON0XKeEHMeE, B KOTOPOM CUHXPOHM3MPYIOTCA BCe CTpenku. Ho

3T0 HanpaB/eH1e MOXHO 3a/iaTb BMOMHe 060CHOBAHHO. Y HaC eCTb pa3fBOEHHOE KONeco: ABa KOJeca, KOTOpble BPALLAIOTCA B OAHY CTOPOHY.
W1 370 AeiACTBUTENBHO 3TaNoH BPEMEHM, MOCKOIIbKY €r0 MOXHO, CKaXKeM TaK, "NapannenbHo' NepeHocuTb N0 0CA BPEMEHM, NPUKNaAbIBas

K Hauany ntoboro nepuoanueckoro npoLecca. 310 3TaoH BpemeHu. A BOT eANHINYHAA CKOPOCTb BPALLIEHNA - 3T0 HeuTo MHoe. Mbl Bo3bMeM
3TU Xe 1B CUHXPOHWU3MPOBAHHbIX KONeca M 0HO U3 HUX "0Tpa3uMm B 3epkane': To ecTb 3aauM emy TakyH e, HO

NPOTMBONONOXHO HAaNPABNEHHYH CKOPOCTb BpaLLeHNA. CUHXPOHM3ALMUA KOEC, KaK ACHO, OT 3TOT0 He M3MEHUTLCA. Tenepb NOCMOTPUM,
KaK byneT BbIrnAAeTb JeNo B cucteme oTcueta Habnopatens. OH 6yneT HabntoAaTh BpaLLeHme BOKPYT CBOETO LIEHTPA HEKOTOPOro

JAPYroro LieHTpa BpaLLieHua, 1 06a BpaLeHus 6ynyT 0CyLIeCTBAATLCA B OAHY CTOPOHY.

Bbiwe aBTop Aenan HeboMbLIOK MCTOPUYECKNIA IKCKYPC HA TEMY LIMKNOMA-PYNETT. XOpOLLIO U3BECTHO, UTO KOJIECO, KOTOPOE KaTUTCA M0
0607y Apyroro, paBHOro AUameTpa, NpoyepunBaeT TOUKOI KOHLA pagnyca INMLMKNONAY, Ha3biBaeMyto KapAnouzoii. Touka unoma
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3T0r0 "cepeuka” (“MrHOBEHHbIN LLEHTp BpaLLeHna'" B TEOPUY LMKNOUA) OTMEUAET HA OKPYXKHOCTI BNOHE OMpezeNneHHYI0 TOUKY,
3a/1a10LLy10 HanpaBneHue pajinyC-BeKTopa - Heu3MeHHoe ANA JaHHbIX CUHXPOHU3UPOBAHHBIX BpaLLeHiA. Tak Mbl nonyyaem B
McTeMe BPaALLEHMIl HaNPaBEHKE 0TCYETA - B 3TOI TOUKE BPEMEHY 1 bYAYT CUHXPOHU3MPOBATBCA BCe CKOPOCTI CPaBHNUBAEMbIX
HaMU BPALLEHMIA. ITO TOYKA, OTHOCUTENBHO KOTOPOIA MOXHO HALLWM 3TaoHOM rpagyMpoBaTh 0Cb BPEMEH.

Linsi KNaccMyeckoro NocTpOeHMA MOZENH CPaBHEHNS BPALLEHNIA He CYTb BaXHO KaK TPAKTOBATb KapAMOUAY - CTaHAAPTHO WK He
CTaHAPTHO, BaXHO, UTO 3Ta GUrypa LIEHTPANbHO HECUMMETPUYHA - TO eCTb 3a/1AeT OnpeaeneHHoe Hanpasnexue.

Bor cTpenka, koTopas onucbiBaeT cBoii 060poT 1 NpuxoauT BHOBb K Ludpe O. Mbl Z06aBnseM "3epKanbHyt'" CTPENKY, KOTopas KpyTUTCa ¢
TOIA e CKOPOCTbI0, HO B 06paTHyto CTopoHy: B O 0HM MPUXOAAT 0AHOBPEMEHHO. Tak BOT, 3TaNoHHYH0 Mepy BpeMeH 1 TOUKY 0TcyeTa Ha
0CV BpeMeH 33/1aeT Ta (Tpenka, KoTopas 0TCYMTbIBAET ITaNoHHbIe 060poTbl, BpalLadACb B CTOPOHY, MPOTUBOMO0XHYIO TON, B KOTOPYH
KpYTATCA BCe OCTalbHble CTPENKY, U3MepAeMble N0 CKOPOCTAM BpaLLieHus. Toraa 6a30Bas, KOTOPOiA Mbl OTBOANNM GYHKLNI
OTCYUTLIBAHWA 3TaNOHOB BpeMeHY, Oy/ieT BpalLaThCA ¢ eIMHUYHOI CKOPOCTbHO - O/MH TANOHHbIA NepUoz Ha OMH Npober OKpYXHOCTY, ee
JI=+1 [c/m], onpenensas u Bce kpatHble eii: 2[c/m], 3[c/m], 4[c/m], 5[c/m] nT.n. - B ycnoBHbIx "cekyHaax" u "mMeTpax". A Kak
HaM U3MepUTb CKOPOCTI BpaLLEHWs, HanpaB/eHHble B pyrylo cTopoHy? TOUHO Takxe, HO Tenepb 3TasloH BpeMeHH byfeT 0TCUMTbIBATL

Ta CTpenKa, KOTOPOIi Mbl IPUNMCbIBANM TONBKO UTO eIMHNYHYH CKOPOCTb. Tenepb Ye OHa BEPTUTCA BOKPYT HOBOI CUCTEMBI 0TCYETA,
3a/1aBas TOUKY M3N0Ma KapAnouabl 1 TOT e camblii MOMEHT Ha 061LLieli ocvt BpemeH. TOUHO Kak 11 B KNaccuueckoi Mogeni, Mbl

MepeHOCM CUCTeMy 0TCYeTa B Ty BpaLLaTeNbHyIo CMCTeMy, 0THOCUTENbHO KOTOPOIA M3MepAETCA CKOPOCTb BpaLLeHus.

Tenepb npoaHanuanpyem, kak byieT NoBopaunBaTbCA CTPENKa, KOTOpas ONUCHIBAET OAMH 000POT 3a 1BA 3TANOHHbIX Nepuopa:

OHa OTHOCUTENbHO CTPENKH, UMEIOLLIEit eANHUYHYI0 CKOPOCTb, BCE BPEMA OTCTAET - NOKa Ta ONULLIET [iBe OKPYXXHOCTY 3 BA

WHTEpBaNa BpeMeHH, Hallia CTPeNKa OMULLET TObKO 0fHY. [03ToMy B HaLueli Mepe ee 0THOCUTENbHAA CKOPOCTb N0 CPABHEHMIO C eAUHIYHON
= 1[c/m]. 3Hauur, cnoxeHue ckopocteid Gyaet naTh apudmetuyeckin. Ho camoe MHTEPECHOE, YTO B CUCTEME OTCYETA ITANIOHHON CTPENIKN
0Ha KaK pa3 1 byaeT onuncbIBaTh B OKPYXXHOCTI 33 OfUH ee 060poT - Beib OHa "yberaeT" oT Hee. BbiLe Mbl ke 0TMeyanu, uto

CeKYH[IHaA (TpeNnka Yacos "yberaet" 0T MUHYTHOI C TOV e CKOPOCTbI0, C KOTOPOI MUHYTHAsA OTCTAeT OT Hee. 3eCb Mbl IPUMEHsAEM 3TOT

K€ NPUHLMN OTHOCTENBHOCTM ANA BPALLAIOLLIMXCA CUCTEM.

Wak, ewwe pa3 paccmoTpum pacnpezieneHue poneil Cpean MHOXKeCTBa CTPeNok CKOPOCTI, KOTOPbIX Pa3NNYaTCa KpaTHO

€e/\MHMYHOIA. HanomHIo, uTo 371ech ye He Yacbl BeuHOCTV C BEKOBBIMY 1 FOAMYHBIMI CTPENKaMH, @ IPOCTO HeKIiA Boobpaxaemblii
undepbnart, rae B 06e CTOPOHbI OTHOCUTENLHO €ro BpaLLialoTca cTpenku. Ha 3tom undepbnate Hayano otcyeta - 06Las CUHXPOHM3ALUA
BCeX BO3MOXHbIX CTPENOK - OHW CTOAT Ha Ludpe O, KoTopyto 3aaeT INMLMKNONAA 06paTHOT0 eIMHNYHOTO BPaLLEHMS, -

MoCKObKY 0AHOBPEMEHHO B POTMBONOMOMHDIX HAMPaBNeHNAX HauMHAKOT BPaLLAThCA 1Be STaNOHHble CTPeNKM, a MX CKOPOCTH
OTHOCUTENbHO APYT Apyra eAnHNYHbI. [InA NoCTpoeHna 0CTanbHOro MHOXeCTBa CKOPOCTeli Mbl B KaueCTBe eANHINYHOM, NPUHUMAeM

Ty, KOTOPaA BPALLAETCA B Ty Ke CTOPOHY, UTo 1 BCe M3MepAeMble. (KOPOCTAM CTPENOK MPUNMCbIBAOTCA 3HaueHnA B Mepe [c/m] - To
€CTb CKOIbKO 3TaNlOHHbIX MHTEPBANIOB BPeMeHM MPOXOAMT K MOMEHTY, KOrfia U3mepAemas CTpenka 06eraeT eAnHNYHyI0 OKPYXHOCTb. B
3TOT MOMEHT 3Ta/IOHHaA CTPeNKa (XOAUTCA ¢ u3mepAemoii Ha uudpe O. OTMeTiM, uTo 3Ta TOUKa LMdepbnaTa He NPOU3BONLHO BbIOPaHa -
€e 33/]al0T CUHXPOHHbIE COBNAZEHNA 3TaNOHHOI CTPeNKM, U3MepAtLLeil BpeMaA, U NPOTUBONONOXHO HANPaBEHHON CTPENKY ¢
€IVHUYHOI CKOPOCTbI0. IHBIMM C1TOBaMU, 0 "HenoABIKHOM LindepbnaTe" MOXHO yaKe He rOBOPUTD, MOCKONbKY BaXHa He
"HenofBIKHOCTb" KaK TaKoBa#, a T0, UTO CTPENKM C PABHBIMU, HO IPOTUBOMONOXKHBIMU CKOPOCTAMM BCETAiA OYAYT 0AHO3HAYHO
33/1aBaTb MOMEHT 0TCYETA 1 MOJHYH OKPYXKHOCTb 3a NOMHbIA 060pOT, a BCe 0CTaNbHbIE CTPENKM B ONPEAeNeHHOM HanpaBneHui

6yayT 3amMblKaTb PaBHbIE OKPYXXHOCTIA UMEHHO Ha 3T0M TouKe. (TeM He MeHee, Ha ponb "Lndepbnata” Mbl elLie HailAeM akTepa.)

KctaTu, B cpesiHme BeKa YacTo Ha ropOACKMX paTyLLUax yCTaHaBAUBANNCH He Te, PUBbIYHbIE HaM, Yacbl C HENOABIKHLIM LindepbnaTom, a
yacl, rae CTpenka v uuepbnar BpaLLanuch B NPOTUBOMONOXKHbIE CTOPOHBI - 3TUM Kak bbl GuKcupoBanach abconiotHas

3TaNOHHOCTb 06eraeMoi MM OKPYXHOCTM. 3aTeM Lidepbnat 3aKpenuin, 3aTo YacoBoil CTpeNke NpeANICaHo Aenatb JiBa Kpyra B
TeyeHue CyToK, BCTpeyasch ¢ undpoii X1 aBa pasa. [loHATHO, nouemy 370 TaK - BeAib Liudepbnar, He CMOTPA Ha BCIO €ro “"HenofABIKHOCTL",
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3T0 BPALLALLAACA CUCTEMA OTCYETa - OH "OTHOCUTENbHBIM 06pa3oM" ABINKETCA HABCTPeUY YacoBOW CTPesIKe, 1 MOSHbINA Kpyr
COBEpLUAeTCA NoCe AABYX BCTpeu. ([lpyrumu cnoBamm, AiBa CBA3aHHbIX, CUHXPOHU3MPOBAHHBIX MPOTUBOMONOMXHO HAMPABNEHHbIX
€/IVHUYHDIX BPALLieHNA - 3T0 rapaHTiA ANA TOro, YTo6bl UCKMIYNTB Nobble Apyrye BpaLLleHys, B KOTOPbIX MOXeT y4acTBOBaTb
HabniogaTenb, cam He 3ameyas 3T070.)

BepHemca K "pacnpepenenmto poneii”. ECiv Mbl pewuim U3mepuTh CKOPOCTY B NPOTUBONONOXHOM HanpaBeHun, To Hajo byaeT 3a

3TaNoH nepuoga 6patb Ty, KOTOpas BPALLALTCA C eIMHUYHOI CKOPOCTbIO B NPOTMBOMONOXHYH CTOPOHY, a eAMHUUHYI0 CKOPOCTb
NpUNNCbIBATb NpeXHeli 3TanoHHoi. Mbl NOCTynaem TOYHO TaKkXKe, Kak B KacCUYeckoM NpuHLMNe OTHOCUTENbHOCTY, KOrAa YTBepXaaeM,
YTO TOUKA OTCYETa yAANAETCA OTHOCUTENbHO TOM, KOTOPOI B JAHHOI CUCTEMe MPUNUCbIBANOCh eANHIYHAA CKOPOCTb. Y NHEPLIMANbHbIX
CUCTEM HeT eINHOIA, abCONIOTHON, 06LLeil ANA BCEX CMCTEMbI KOOPANHAT, CUCTEMA 0TCUETa MOXKET ObITb CBA3AHA € KaX/0M U3 HUX.

HeT HenoaBIKHOrO LieHTpa MIpa, OTHOCMTENbHO KOTOPOro ONpeaenalTCa CKopocTi. TOYHO TaKxe ANA BPALLIAWLLMXCA CMCTEM

HeT HeNoABYHOIA - abCONIOTHO He BpaLLaloLLeica cuctembl oTcueTa. Mbl MoXXeM 3a71aBaTb BpaLLeHIs, TONbKO (BA3bIBAA CUCTEMY 0TCYETA
C BpaLLAoLLelica.

ABTOp CYNTAET, YTO 3€Cb €CTb I'IpVIHLl,VII'IVIaJ'IbeIVI MOMEHT, KOTOprVI ciepyet akLeHTUpoBaTb. Ha npumepe NoCTPOEHNA BPaLLalOLLNXCA
CUCTEM 0TCYETA Mbl MOXEM BbIENNTb IOTUUYECKN BaXKHOE 06CTOATENbCTBO, KoTopoe B Knaccuueckoi moaenm I'IpﬂMOﬂVIHEVIHbIX
I'IEpEMELI.I,EHVII;I YacTo 0CTAeTCA He BbIACHEHHBIM. [leiicTBUTENbHO, 3a4acTyo I'IpFIMOJ'II/IHEVIHbIE nepemetleHna onpeaenanTcd HaMu TakK,
KaK e 6bl eBKINA0BOCTD NPOCTPAHCTBA 6bina yXe 3afiaHa. Kak 6y)J,TO €(Tb yXe NJI0CKOE NPOCTPaHCTBO, B KOTOPOM MOXHO 3a/iaBaTb B
OJHOM HanpaBneHun NINHeliHble Mepbl, HEU3MEHHbIE Ha PACCTOAHUN. [InA HbIOTOHOBCKOI! KUHEMATMKIA 3TO ObINO eCTECTBEHHO, HO Cetuac
€CTb NPUYNHBI YCOMHUTLCA B 370l aKcuome.

Mbl, KOHEYHO, MOXEM 3a eAVHULLY NPUHUMATB NioBYI0 ANMHY, HO NOYeMy 3Ta eNHULA KaK 6bl Cama 060/ OTKNAAbIBAETCA BCe Aanblue
1 fanbLue B 6eCKOHEUHOCTb? Teopua OTHOCUTENbHOCTM JiiHLLTEITHA BbIABUHYIA Ha NepBbIii NaH MHOIA lornyeckmil nopxoa. Mbl noHanM,
yTO Mepa PacCTOAHNA MOXET 3a1aBaTbCA TONbKO Uepe3 CKopoCTb. TONbKO eCIn eCTb eANHMYHAA NPAMOJIMHENHAA CKOPOCT, MOXKHO
Tenepb roBOPUTH 0 TOM, UTO 3a paBHbIE NPOMEXYTKU BPEMEeHU HEKOTOPas ToUKa NPOJIETAET B IAHHOI CUCTEME 0TCYETa paBHble
paccToaHu. lpu 3ToM, Ta e camas TouKa MOXKET ObITb MPUHATA 3a CUCTEMY OTCUETA, U TOT/A BCA HALA CUCTEMA KOOPAVHAT NpUaeT

B [IBUXKEHIAE - C TOI K€ eMHNYHOIA CKOPOCTbH0, HO MPOTUBONOJIOXKHO HanpaBNeHHOIA. IT0, Bpojie Obl COBCEM HE 3HAUNMOE,

YTOUHEHME NPUBOANT K CYLLLECTBEHHBIM BbIBOfIAM.

[Jlonyctm, 3 Hauana KoopAMHAT 0HOBPEMEHHO BbINETAIOT TOUKY C pa3HbIMM CKOPOCTAMM B 0iHOM HanpasneHuu. B 31o yTBepxaeHnN
ye eCTb HETOYHOCTb. YT0 3HAUMT - "3 Hauana KoopAnHat''? Hukakmx "koopauHat" ewe Het. [nd Toro, 4To6bl OHI NOABMANCH, Mbl
JOMKHbI O[IHOIA 13 TOYEK NPUNUCATb eAUHINUHYK CKOPOCTb, @ TOMY PaCcCTOAHII0, KoTopoe oHa YXKE npowwna 3a HEKOTOPIN ukTepsan
BPeMeHM MOXHO Ternepb NPUNMcaTh eANHIUYHYI0 NPOCTPAHCTBEHHYIO Mepy. YTo Xe u3 31oro cnepyet? Yto HEb3A rosoputs: 3

Hayana KoopAuHaT B NPOTUBOMONOXHbIX HANPABEHNAX OFHOBPEMEHHO BbiNIETeN ABe TOUKY C eANHNYHBIMU CKOPOCTAMN. He npaBza
NN cTpaHHoe 3aasneHne? Kak 310 - "Henb3a roopuTb"? A TaK: eIMHNYHAA CKOPOCTb - 3TO Ta CKOPOCTb, KOTOPaA 3aJaeT ANA TOUKM
0TCYeTa e\MIHUYHOE PACcCTOAHMeE U Mepy BpeMeHu. Ml "npoTMBONON0XHO HanpaBeHHOR'" eAUHUYHON CKOPOCTbIo 06N1ajaeT cama
CMCTeMa 0TCYeTa, OTHOCUTENbHO eANHIYHOI ckopocTu. [lepexof B 3Ty cUCTeMy 0TCYeTa, Mbl IOMKHbI CAenaTb

K0OpAMHaTHOe npeobpa3oBaHue 1 1A BpeMeHIn: ANA Hee CeKyHAY Ha3a NPon30LLAo cobbITIe - BbINeT HEKOTOPOI TOUKI €

€/\VHUYHOI CKOPOCTbIO B MPOTUBOMOJI0XKHOM HanpasneHun. Ho 310 ecv 1 TONbKO ecIn HanpaeneHys - BPaBO U BNEBO - 3a/jaHbl CTPOr0
Ana oboux Habnogateneii. B npoTBHOM Cyyae NpUAETCA BeCTU peyb 0 NOBOPOTE Hauana KOOpANHAT: Kaxabli HabniosaTens
nocTynaeT CMMMETPUYHO - IPUMHNCbIBAET NONOXUTENbHOE HanpaBNeHA TOMY, B KOTOPOM TOUKa YNeTaeT 0T Hero, Beib HanpaBfeHue
U3 HacToALLero B byayLuee y HabnioaaTeneil JOMKHbI ObITb 0ANHAKOBbI.

Mbl ycnoBUANCh, HUYEro Noka He roBOPUTb 0 NCeBAOEBKNMA0BOCTY, MO3TOMY aBTOP 3[€Cb AOMKEH 0CTaHOBUTbCA
(oTcbinato 3aMHTEPECOBAHHBIX unTaTeNelt K KHire B.W.EnuceeBa "BBeaeHue B MeToabl TEOPHI GYHKLMIA MPOCTPAHCTBEHHOTO
KomnneKcHoro nepemenHoro" http://www.maths.ru, rae pa3eut matemaTiyeckinii annapat, yuuTbIBatoLLyil, uTo B
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YeTbIPEXMEPHOM NPOCTPAHCTBE-BpeMeHN MIIHKOBCKOTO 0Ci KOOPAMHAT HE MOTYT BCe BLIXOAUTD U3 OZHOI TOUKN.)

(OTMeueHHoe CBOICTBO NEPEX0ia U3 OHOI CUCTEMbI OTCYETa B APYTYH, He CTONb ABHOE ANA KNaccMueckoi Mogeni
NpAMONUHEliHbIX NOCTYNaTeNbHbIX CKOPOCTeNt, A BPALLAIOLLMXCA CUCTEM OTCYeTa BbiBUraeTcA Ha nepBbiii nnaH YXKE B
CTAHNAPTHON KUHEMATUKE - Beab rpajiyupoBKa BpeMeHHOI 0cy TpeByeT BpaLLieHins, NoNHOro 060poTa pasABOEHHOro
Koneca, CUHXPOHN3MPOBAHHOTO C cAMIM C0BOIA, 1 MONHOrO MOBOPOTA J1BYX CTPENOK, 0beratoLynx Boobpaxaemblil udepbnat
B NPOTUBOMONOXKHBIX HANPABEHUAX.

Monpo6yem Tenepb HapUCOBATH Ha YePTEXE MHOXKECTBO HALLIMX CKOPOCTEiA BPALLIEHIA, BbIpaXeHHbIX B Mepe [¢/m].
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Puc. 14.

MbI CTpOUM BCe MHOXECTBO CKOPOCTEIA B MOMEHT, KOrJa Bce CTPeNki CUHXPOHM3MPOBaHI, TO eCTb JIEXaT Ha BblfieNeHHOM HanpaBneHuy
- HanpaBneHUu, KOTopoe GUKCMPOBAHO ANA HabnioaaTend. 310 Hauano KoopanHat. OTHocUTeNbHO HabnloAaTeNa B 3TOT MOMEHT
UHTepBaN BpemeHU yKe 3aiaH, ero 3aJanu cBoMmi 060poTamil CUHXPOHHbIE eNHIYHbIe CTpenkil. Mbl, COOTBETCTBEHHO, pUcCyem BEKTOP
ANA e[MHNYHOIA cKopocTy. Ee BpaLLieHre Hauanocb nepuog Ha3ag v NpoiifeHa eto NoNHas oKpyHocTb. Havano paguyc-ektopa B t=-1
KoHeL| BekTopa - B t=0 Ha eaHUuHOM paccroanmuu. Papnyc-BeKTopa ocTanbHbIX CTPENoK byAyT MMeTb KOHLIbI Ha BCe bonee
yOANALLMXCA UHTEPBANAX BPEMEHM, KPaTHbIX 3TaNoHHOMY nepuopy. KapTuHa, B 0611em-To, COBEPLIEHHO TOXAECTBEHHAA TOIA, KaK e
6bl Mbl pUCOBaNI BEKTOPA NPAMOMHEITHbBIX CKOPOCTel, BLIXOAALLME M3 Hauana KOOPAMHAT: YeM BbiLLe NocTynaTebHas CKopocTb - TeM
Kpyue ee HaKmoH k ocu t, HanbonbLuad ckopocTb NPAMONMHEHOMO MOCTYNaTENbHOT0 ABUMeEHNA - beckoHeuHa. Y Hac Haobopor,
CKOPOCTM BPALLATENbHDIX ABUXEHMI apudMeTUueckn nayT K 6eckoHeuHo MeaieHHoMY BpaLeHuto. Ho ecTb BaxHaa 0C06eHHOCTb, Mbl
Be/ib eLLle He MOCTPOUAN MHOXECTBO MPOTUBOMOMOXHO HaNpaBNeHHbIX CKOPOCTel BpaLLeHnA. [InA HUX HalLa CTpeNka C eAUHUYHON
CKOPOCTbH0 BPaLLEHMA CTaHOBUTCA ITANIOHHOI, TO eCTb Y2Ke He HaMaTbIBaeT AINHY OKPYXKHOCTI, a 0TMaTbIBaeT ee. [103ToMy 34ech Mbl
JOMKHbI 33/1aTb KOOPANHATY X € 06paTHbIM 3HaKoM. Ho Mano 3Toro, He COBNafAOT 1 TOUKI OTCYETa BPEMEH.

"3epKanbHOCTb" MPOTUBONOMIONKHOI CKOPOCTI 03HAYAET, UTO "0TMATbIBaHME" - 3T0 HAMATbIBAaHME, 0OPaLLIEHHOE N0 BPEMEHN.

310, AeiACTBUTENbHO, TaK - B 3TOM JIETK0 y0CTOBEPUTBLCA, NPOBEPAA Kak OYeT 0CyLeCTBAATLCA Nepexoz U3 eANHNYHON CCTeMb
0TCYeTa BpalLeHua B IPOTUBONON0XHYI0. HaZo TONbKO He 3a0biBaTh, UT0 y Hac, B COOTBETCTBUE C NPUHLMMOM OTHOCUTENbHOCTH, HeT
HyNeBoii He BpaLLarLLelica cucTembl. CUCTeMa C eIMHNYHBIM BPALLEHVEM B OAHY CTOPOHY, CTAHOBUTCA EMHUYHOI, HO
MpPOTUBONOA0XHO HanpaBeHHOIA. HynieBas cKopocTb (0TCUETHaA CiCTEMA) - He MEXAY HUMK, a Kaxzas ABNAETCA HyNeBoil

(oTcueTHoI cucTeMoi) AnA NPOTUBONONOXHOI. MoTOMY 11 HAaCTyNaeT "nepeKpbiTie" BpeMeHHbIX LIMKNOB: Hauano 0AHOr0 0Ka3blBaeTca
KOHLIOM Jpyroro.

C"HyneBoi" CKOPOCTbO BpaLLieHNA Bpofie Bbl Bce ACHO, @ BOT Kak ObiTb ¢ 6eCKOHeuHoI?
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MonyyaeTca, uTo NOCNE HaYana CUHXPOHN3aLMN B 6eckoHeyHoM byayLLeM KakaAa-To beCKoHeUHo MefIeHHas CTpenka 3aBepLunT
NosHbIA NoBopoT. Ho Beaib OHa BpaLLaeTcA 6eckoHeuHo MeaneHHo. Kak 310 noHMMaTb?

Bbilwe mbl nogbupanu aktepa Ha ponb "uudepbnata” - oH nepes Bamu. [leiicTBUTeNbHO, Lndepbnart - 3T0 Hekaa NporpasyMpoBaHHas
LIKana, KOTOPOiA Mbl NPUAMCbIBAEM HEMOABUKHOCTD, N0 €0 AENEHNAM MOXHO B 11000/t MOMEHT ONPEAENUTb Yo/ NOBOPOTA,

MOCKO/bKY OTHOCUTENbHO BblENIEHHOT0 HaNpaBeHNs, 331aBaEMOT0 BpaLLeHUeM eIUHUYHDBIX CTPENOK, LindepOaaT HEMOABIKEH.

Tenepb BbIACHUIO0Cb, UTO HEMOABUKHOCTb - 3T0 OECKOHEUHO MeJTIEHHOE BpaLLieHNe, MONHbIA MOBOPOT 3a 6eCKOHEUHOCT. OfHaKO, e 3T0
He abCoMoTHbIil MOKON, CIN Bce-TakK BPaLLIEHe MMEETCA, Mbl JOMKHDBI TOTAA MPU3HATD, YTO 33 €AMHMYHbIA 3TANOHHbIN Nepuoj
NPOMCXOAUT CABUT LdepbnaTa Ha 6ecKOHEUHO Manblil YoM - 3Ta "HenoaBMXHAA" CTPENKa YCeBAET ONUcaTh 6ECKOHEUHO Manyto

Jyry OKpykHoCTH. Ho QuKcaLys HanpaBneHs 3aaaHa abcoioTHO - eiuHnyHble cTpenku +1 v -1 3aatoT TOUKY - MTHOBEHHbII

LIeHTp BPaLLeHMA, U3N0M KapAuonabl, KOTOPbIil HIKYAA CABUTaTbCA He AomkeH. Tenepb BbIACHAETCA, UTO OTHOCUTENbHO Lndepbnata

33 KaXzblii 000poT 3T0 HaNpaBNEHUe CABUTAETCA Ha HECKOHEUHO Marblii yroN.

bonee T0ro, OTHOCUTENBHOCTb 3TUX BpALLIEHWIA NPUBOAMT HAC K eLue Gonee MHTEPeCHOMY BbIBOZY: 3TOT YToNl U3MEHAETCA C Ka/biM
o6opotom. Mbi 3aganu, uto B Hauane otcyeta O Ludepbnata u Hauano 3TaNOHHOI OKPYXXHOCTM, Mpoberaemoii CTpenKoii 3a nepuog
coBnapatot. [locne nepBoro Kpyra mexzay HuMm 06pasyetca 6eckoHeuHo Manblii yron - beckoHeyHo Manas ayra. Jlyra Kakoii
OKPYXHOCTU? FICHO, UTO OKPYXKHOCTY 3aAaHHOIA. 0603HaunM ee AnuHY 3a epuHuLy. Tenepb K 1 npu6asum 1/¥ . CyuwiectBeHHo, 4T0 310
He HeKuii npesen dX, KoTopblii Mbl fieniaem "ckofib YrofiHO MaNlbiM", @ CaMas HaTypasnbHas akTyanbHo 6eCkoHeUHo Manas vacTb
eAvHMLbl. OHa MoABMIACh Y HAC, KOrAa Mbl OMpeaenan 6eckoHeuHo MefIeHHbII NOBOPOT, KOTOPbIiA OMNCbIBAET CTPENKa M0 OKPYKHOCTI
3a beckoHeyHoe BpemaA. W Mbl He MOXeM 3[eCb 0TFOBOPUTLCA, UTO 3TO MPOCTO ABCTPaKLMA - nAeaNbHblil 06beKT, Bpoge

beckoHeyHo yAaneHHoi TouKI B POEKTMBHOI reoMeTpuu. Bedb y Hac 3a4aH0 YCI0BHE CUHXPOHM3ALMN: HECKOHEUHO MeZNIeHHbIil NOBOPOT
y>Ke 3aBepLUNNCA N0 KpaiiHeli Mepe OANH Pa3 - NOCKONbKY 3aaH0 COBMAAEHMe BCeX CTPeNOK B Hauase oTcyeTa. ONATb MOBTOPUM:

HalLIe PaccMOTPeHMe KNaccuyeckoe, 3aech 6eckoHeuHas MefNIeHHOCTb CTPeNKI BO3HUKAET Takxe eCTecTBeHHO, Kak beckoHeuHas
CKOPOCTb NPAMONMHEIHOTO NepeMeLLEHUA B CTAHAAPTHON MOAENN NOCTYNaTeNbHbIX CKOPOCTENA (M Kak 0pTOroHanbHOCTb oceld X u Y

B CTaHAAPTHOM MaTeMaTHyeckom aHanu3e).

Yro e nonyyaetca? 3a OANH 3TaNoHHbIA 060pOT eAMHINYHAA CTPenka npuLna He B Touky O, a (ABIHYNach OTHOCUTENbHO ee Ha

HeKOTOpYt0 OeCKOHeUHo Manylo oMo, OHa “HaKpyTMNa', MoNyyaeTca, uyTb 60MbLUe ANNHDI, Hexenu el oTMepeHo. 06pa3Ho Bbipaxasch,

33 0[UH 060pOT "KanuTan" BO3POC Ha HEKOTOPbIil 6ECKOHEUHO Manblii “NpoLeHT". * A fanee HAUMHAETCA HapacTaHue "NPOLIEHTOB

Ha NpoLeHTHI", To eCTb eANHNYHAA [NNHa OYAieT pa3 oT pasy BO3pacTaTb TakK, UTO OTHOLLEHUE AINH OKPYXKHOCTel, KoTopble 0beraioTca B
JABYX COCEMHUX LMKNAX, BpoAe nouT eauknuto = (1 + 1/% ), Ho BeAib unCI0 NEPUO/IOB, OTMEPEHHBIX 33 BEUHOCTb TaKXe HeCKOHEUHO.
To ectb 06pa3yeTca reomeTpuyeckas nporpeccus ¢ Muoxutenem 1 + 1/N, u e AnvHa nepeoii OKPYKHOCTU HAMU NPUHATA 33 EAMHULY,
TO NPOMCXOAMT HapacTaHue NIH TaKiM 06pa3oMm, UTo AINHA "NOCNeHeI eAMHUYHON OKpyXHOCTU' oKa3biBaeTcA (1 + 1/n)N. He
TPYAHO 3aMETHUTb, YTO 3T [UINHA - €.

Mo>Ho nogymatb, uTo aBTOp MOAYYNN 3[€Cb 0CHOBAHUE HaTypaNbHbIX T0rapidMOB B pe3ynbTaTe HEKOTOPOTO LUyNepCKoro npuema -

BpOAe U3BeYeHNA unana "'nin" u3 eruneTckoil nupamuzbl. OfHaKo BCe KOHLbI CBAXYTCA, eCu Mbl nonpobyem ux (Ba3aTtb. UTto Mbl, B

camoMm Jiene, TyT nonyuunu? Monyyunm BbIBOA, UTO HeKas eAMHNYHAA OKPYXHOCTb ONUCbIBaeMas 3a STaNoHHoe BpeMs Kora-Huby b

yepe3 beckoHeuHoe BpemaA 0Ka3blBAETCA JIMHHee UCXOAHOI. Tak Bpoze bl ObITb He JoMmKHO. Ho elue B camoM Hayane Mbl A4

HalLeil KUHEMATVKIA MONTYYunn He MeHee Nopa3uTeNbHbIil BbIBOA: 3AeCh OyAyLLee fOMKHO CMbIKATbCA C HACTOALLMM, NPUXOAA U3 NPOLLAOTO.
A Konu TaK, To HalLia NPOTUBOMNOMI0XHO HaNpaBNeHHas eIMHNYHAA CKOPOCTb - 3T0 PaJinyC-BEKTOP KOTOPbI JOMKEH ONUCATb He

LNIHY eVHUYHON OKPYXXHOCTH, a KaKyI0-To 6onee ANINHHYI0 0KPYXHOCTb. Ho 3T0r0 He MoxeT 6biTb!

Tem He MeHee, 3T0 KaK pa3 1 npoucxoauT. U 31y "6onee AMMHHYI0 OKPYKHOCTb' He HaZ0 CKATb FAe-To B Gyywiem, Beb K
MOMEHTY CMHXPOH3aLIM BEYHOCTb YK€ NPOLLIA. BCNoMHIM, Kak Mbl C(DaBHUBANN OTHOCUTENbHbIE, HO NPOTUBOMONOXKHO
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Hanpag/eHHble efuHUYHbIE BpaLLeHna. Mbl nomeLany HabnioaTens B cuctemy 0TcueTa, BOKpYr KOTOPOI BpaLLanoch
NpOTUBOMONOXHO HaNpaB/eHHOE STaNoHHoe Kofneco. TouKa Ha KOHLLe ero pajiuyc BeKTOpa npoyepuuBana KapAMonaYy, 3aaloLLyio TouKy
Ha OKPYXXHOCTIA - HanNpaB/eHMe OTHOCMTENbHO KOTOPOTO NOTOM OTCUMTBIBANNCH NONHbBIE MOBOPOTHI. Kak Bbl AymaeTe:

OTHOCUTENbHO HabMloaaTenA - KakoBa AINHa 3Toi Kapauonabl? OHa paBHAeTcA 2,71... co Bcemu TpebyeMbiMIN 3HaKaMM NOCTIe 3aNATON.

ABTOp npocnt yuTatenei, MPOBEPUTb 3TO pacyeTamid, HO NPU 3TOM JJTNHY KapaAnouabl NoACYMTbIBATb TOYHO, HO NPUpPABHKBAA

0ecKkoHeYHo Manble Y Kapanonabl  OKPYXHOCTU. Co0TBETCTBEHHO, HA 3TOM MECTe Mbl npepBem aHasn3 nceB10eBKINA0BOro
BpeMA-NpOCTPaHCTBA, NOCKOJIbKY 3aAa4a HacToALen paﬁOTbI - HE U3/10’KEHIIE€ MAaTEMATYECKOrO annapaTa, a 000CHOBaHME NIOTMKN, KoTopasd
K HEMY NPUBOAUT.

* J138ecmHo, 4mo u KonepHuxk, u HetomoH 3aHumMasnuce npobaemanmu deHexro20 060poma. 3mo Bbinu, Cyos no 8Cemy, He CTydaliHele npespamHocmu
CYOb0bl, G 8NOSTHE OCO3HAHHBILI HAY4HBIL UHMEPeC. A MO, Ym0 "OeHeXHbIL KOHMUKYYM" Nce800e8KLA08, MOXHO NPEONOIoXUMb N0

Hanuyuko "ompuyamenbHelx dere2" (MHUMbIX OeHe?) - 001208bix pacnUicok, sexcenell U np. HeoBxo0uMOcmb HayyHo20 NOHAMUA "ompuyamenbHele
OeHbau" 000CHOBAHA KPACHOAPCKUM KOHOMUCMOM E.B.Banbkogbim.

* * %

B ononHeHue K Tomy KpaTkomy 04epKy Knaccuueckoii KUHEMATUKV BPaLLEHWiA, CieflyeT MPUBECTH eLLe OANH TEKCT, 06pasyioLuuid,
ONATb-TaKM, "8N0/He CAMOCMOAMeNbHBILT U 3aKOHYEHHbIL dpaemenm, 20e cymb dena u3nideaemca 6e3 UCMOpUYECKUX IKCKYPCo8 U
(UTOCOBCKUX ApeyMEHMO8",

NPUHLIMN OTHOCUTENIbHOCTU SUHLUTENHA N MATEMATUYECKAA KWHEMATUKA ABUXKEHUA

Y10 TaKoe cneuvanbHasa TeOpPUA OTHOCUTENIbHOCTU? DTO MeXaHMKa ABUKYyLuxca Yacos. Ho
€CTb OHO NPUHLMNUaNbHOE YCNoBUe: BCe 3TN Yacbl, KOTOpble Mbl CPaBHUBaeM B

Teopumn OTHOCUTENIbHOCTU, oTcunTbiBaloT Bpema B OJHY CTOPOHY. YTo 310 3Haumnt?

Y10 NHTepBanbl BpeMeHU, OTCHUTbIBaeMble MU MAYT OT TOUKIM 06LLEero HacTosiLero B
6yayuiee. Byaem cuntaTb "TouKom o6Liero HacToALEro” MOMEHT CUHXPOHM3aLuu, Koraa Bce
Yacbl COBMeELLEeHbl B HaYaJe CMcTembl oTcHeTa U CUHXPOHU3NPOBaHbI - BCe CTPesKM NoKasbiBaloT
Ha yuépy Xll. MockonbKy Bce Yacbl 0ANHAKOBbI, TO HUYEro 0CO6E€HHOro He CYYUNTCA, ecnu
Mbl NPeANoJIOKNM, YTO MX YaCcoBble CTPesIKN BpallaloTcA B O4HY CTOpoHy. OfHaKo Bce Yachl,
KpOoMe NOKOALLMXCA B Hallell cucTeme oTcYeTa, eLle 1 NPAMOJIHEINHO

nocrynatefibHO NepemMeLlaloTcs - 3agagum nm obuiee HanpaeneHne ABMKEHNA, AONYCTUM

- BNpaBo, "'No 4YacoBOW CTpenKe" - TO eCcTb TyAa Xe, KyAla Hanpas/ieHbl BC€ MTHOBEHHble
NIVHENHble CKOPOCTU KOHLLOB MX CTPEJOK.

A Tenepb - NPUHLMNVANbHbIV BONPOC: BOT B TOUKe 06L1ero HacToALero

pa3meLalTca OANHAKOBbIE Yacbl, KOTOPbIM NPUNUCbIBAIOTCA pa3Hble NoCcTynaTesnbHble
CKOPOCTU, OAMHAKOBbI JIN YrNOBble CKOPOCTU BpaLLeHus UxX cTpenok? B Teopum
OTHOCUTENbHOCTY CAeNaHO HeABHOe pU3nYecKoe NpeanosioXKeHne, YTo y OANHAKOBbIX

YacoB Yr/oBble CKOPOCTI BPaLLeHNA CTPENIOK OANHAKOBDI, a PN MeA/IeHHOM YCKOPeHUN

- peasibHOM nepexope U3 CUCTeMbl B CUCTEMY - YI/I0BasA CKOPOCTb YacoB He fo/KHa

MeHATbcA. (Jlerko Boo6pa3nTb, Kak HallM Yacbl O4eHb MeAJIEHHO NOCTYNaTe/IbHO YCKOPAIOTCA -
YTO 0CO6EHHOro MOKeT MPOU3OMTH C YrNIOBOI CKOPOCTbIO? [laXke eCnv NPeANoNIoXKNTb, YTO
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B TouKax Xl n VI Ha cTpenKy Bo3AeCTBYIOT HEKIUE CWJibl, TO B OAHY CTOPOHY 3TUN CUANbI

6yAyT YCKOpATD, a B APYryio 3aMea/IATb CTPENKU - TO eCTb He NOBAUAIOT B cpegHeM.) Tak BoT,
ecnn Bce TakK, TO Mbl NOJTy4aeM MHOXeCTBO YacoB, CTPEJIKN KOTOPbIX UMEIOT OANHAKOBYIO
Yr/iI0BYI0 CKOPOCTb, HO CaMu Yacbl OTHOCUTE/NIbHO HAC ABMKYTCA C pasHbIMU NPAMONNHENHbIMW
1 nocTynateNbHbIMU CKOPOCTAMM.

Kak Bbl agymaeTe, el Mbl 3aX0TUM Tenepb CpaBHUBaTb NOKa3aHUsA YacoB B Pa3HbIX
cMcTemax oTcyeTa, uTo Mbl yBugum? lNMeperiga B cuctemy oTcueTa, KOTopas yaansercs oT Hac,
Mbl YBUAMM, YTO OTTYZja BpallleHe CTPeNKN HallnX YacoB UAET B CTOPOHY,

KoTopasi NPOTMBOMNOJIOXKHAa CKOPOCTY ABVKEHINA - "yAaneHua ot Hac'. Moryt Bo3pasuTb, 4To

B CneuuanbHON TeOPpUN OTHOCUTENIbHOCTN HEeT HUKAKNX MeXaHUYeCKINX YacoB U CTPeNoK, a
ecTb TONIbKO "cBeToBble Yacbl'. CornaceH. Ho nerko cgenatb 13 CBETOBbIX YacoB C ABYMSA
3epKasaMm Yacbl U C TpeMsA 3epKaiamu, M € 60/1bLLINM YMCIOM 3epKaJl, Pacnos0XKEeHHbIX
KacaTeJ/IbHO K OKPY>XHOCTU TaK, YTo6bl nyy cBeTa 6eran, oTpaxanacb OT HUX, coBepLuasa o6opoT
MO OKPY>KHOCTW.

Korpa noasnsioTca yacbl U3 Tpex 3epKa, NoABNAeTCA ABKEeHMe CBeTa no Kpyry. U He npocTo
no Kpyry, a No onpeaeneHHOMY HanpasB/IEHUIO - 1O YacoBoOl cTpenke unu npotus. U He

Hago 0co60ro octpoymus, 4To6bl NOBEPHYTb TaKue Yacbl B MIOCKOCTb NepneHAnKYIAPHYIO
ocu ABMKEHUSA, rae Het JlopeHLeBa COKpallyeHusA, a 3aTeMm Boo6pasuTtb BpalleHne camom
CNCTeMbl 3epKaJl HaBCTpeuy Jlyyy, Win OT Hero, fia BMeCTo TpeX 3epKan nocraButb 6, 9 m t.n.,
YTO6bI HOBOE 3epKano ycneBaso NOAOWTUN HAa HY)KHOE MeCTO, NoKa Ny4 ngeT no ofgHomn
CTOpOHe, cBoell TpeyronbHoii TpaeKkTopuu. (Heuto Bpoae onbita ®uso, HO

BbIBEPHYTOro HaN3HaHKY.)

MocKonbKy Hallle pacCMOTpeHMe KMHeMaTu4yeckoe, TO H/ Ha KakOM paccesiHMIM CBeTa peyll HeT -
Mbl JOMXHbI pacCMaTPUBaTb TOIbKO MrTHOBEHHbIE OTPAaXKeHUA Noj reoMeTpuiecKku

TOuYHbIMU yrnamu. Torga BpaleHue cucTtembl 3epKan B ABUKYLLEINCA OT HacC cucrteme

oTcyeTa MefsieHHee, HeXKenm y Hac (Mbl CMOTPUM BCsief ABVKYLLENCA cucTeme -

CcncTema BpaLlaeTca BKPYr ocy 3peHus). DTO NOHATHO, BeAb B Halleil cucteme KOopAnHaT
Ny4 nponeTtaet A0 HOBOI BCTPEUU C ouepeHbIM 3epKasiom 6onbluee paccTosiHue,

No3TOMY 3epKaJibHble Yacbl BPalalOTCA B yAaNAlOLWenca cncteme oTcyeTa megjieHHee
Hawwmx. Pa3Be 310 He 3amepieHNe BpemMmeH B ABMKyLuxcsa cucremax? Mpuuem - uem
6bicTpee ABMKEHMNE, TeM MeJIeHHee OTHOCUTE/IbHO HaC KPYTUTCA UX 3epKanbHoe Koneco. Ho
BOT YTO VIHTEPECHO, eC/IN Mbl fioBeAeM YNCIO0 3epKan A0 6@CKOHEYHOCTH, a Yrosn oTpaXkeHus
A0 HYNA, TO MNONYYMM CaM CBET N1IeTALUI N0 OKPYKHOCTY, HAXOAALLMIACA BCe BPeMA B TOUKe
CBOEro OTPa)eHUA - TO eCTb MrHOBEHHAs JINHeNHAA CKOPOCTb NOBOPOTa CTPENKU - 3TO U eCTb
caM CBeT, NeTAWMI N0 KPYroBoi TpaekTopun.

MNoBepHeMm oNATb HalLW Yacbl B MJIOCKOCTb ABIKEeHUA, 3a6yaem, UTo BpallleHne CTpesiku Mbl
TONbKO YTO OTOXKAECTBAANM C 6eraHnem nyya cBeTa, U pacCMOTPUM 13 CBOEN CMCTEMbI OTCHeTa
BCe Yachl, OfiHaXbl Y)Ke CUHXPOHU3NpOoOBaHHble B Hell. Ecnm yrnoBas ckopocTb Be3fie
OANHAKOBa, TO N HanpaBJieHNe ee, pa3ymMmeeTcsa, OAHO. OTO HaKNnaAblBaeT AONONHNTENbHOE
ycnoBue. Ecnm nokoswmeca yacbl UMeIOT eANHUYHYIO YIIOBYIO CKOPOCTb, TO Ha HaWIMX Yacax
KOHeL, CTpenkn umeeT HEKOTOPYIO0 JINHEIHYI0 ckopocTb. MoaTtomy, Mbl OBA3AHbI CHUATATD,
YTO NocTynaresibHble CKOPOCTN BCEX YaCOB OTHOCUTENIbHO HaC He NpeBbIWaloT
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MrHOBEHHYIO JINHEINHYI0 CKOPOCTb TOUKM Ha KOHLIe CTPeKI HaLUX YacoB (B TOT MOMEHT, Koraa
OHa nokasbiBaeT Ha un¢py Xll). A Kak 6bITb C NPOTMBONONIOKHO HaNpaB/ieHHbIM

ABIUDKEeHNEM YacoB? A A1l 3TOro MHOXKEeCTBa BPalLaloLMNXCA CTPENIOK, MOXKHO

BBECTVN NPOTUBONOJIOXKHOE HanpaB/ieHne BpalieHnsa. Bpema Teuert n3 HacTosiwero B 6yayuiee
- yCTb Ha 3TUX Yacax YrioBas CKOPOCTb CTPENIOK NPOTNBOMNOJIOXKHOTO HanNpaBneHus, Bce
paBHO OTCYET BpeMeHU UAET He B NpoLwioe, a B 6yaylyee.

UTakK, Mbl onpeAennan HEKOTOPOoe MHOXEeCTBO NOCTynaTeNbHbIX CKOPOCTeiA, ¢

KOTOPbIMU ABUrAlOTCSA HALUM Yacbl, HO C HEKOTOPbIM FPaHNYHbIM yC/ioBueM. Y Bcex
ABWKYLUMXCA MHEPLUMANbHbIX CUCTeM 3HaUYeHMe NX CKOPOCTU B Halleil ccteme oTcyeTa

He npeBbllaeT CKOPOCTb, C KOTOPOI ABUraeTcA KOHeL, CTPEeNKN Ha HalMX NOKOALMXCA Yacax.

A NOCKONbKY BCe YrinoBbleé CKOPOCTY B KaXKA0M 13 CUCTEM OTCYETa OAVNHAKOBbDI, TO B /110601

13 CUCTeM OTCUYeTa MrHOBEHHAsA JINHeHaA CKOPOCTb KOHLLA CTPENKMN X YacoB BCerpa ofgHa 1 Tak
Xe, - ANA HabnopaTena, cMAALLEro B leHTpe uudepbaaTa 3TUX ABUKYLLMXCA YACOB.

Tenepb, nonaraio, YMTaTeNo yKe ACHO - YTO mMbl NONyYMM, eC/I HAYHEM CIeANTb 3a XOAO0M
YacoB ABUMXKYLLENCA CUCTEMbI OTCYeTa U3 Hallel - nokoswelica. Ecnv yrnoBas ckopoctb
BpalleHNA CTPenoK Be3fe OANHAKOBA, TO JIMHeHaA CKOPOCTb CTpenku Ha uudpax Xl n

VI, nonyyaetcs, oTHocuTeNnbHON. OTHOCUTENbHOCTb 3Ta TaKOBa, Kak 6yaro anddepeHynan

dx, nexawymia napannenbHO KypCy ABVXKEHUA, U3MeHUN cBou pasmepbl. He 6yaem roBopuTb - Kak
1 noyeMmy, a IPOCTO NMPOCeANM 3a TPaeKTopuen KOHLa CTpenKn ABMKYLnXca YacoB. Ecnn

MX yrioBas CKOPOCTb Ta Xe, YTO U Y HacC, TO Mbl 3aMeTUM, KaK B ABIKYLLencs

cucTeme nepeaBIKeHNE CTPEIKN OTHOCUTEIbHO HaC MeHbllUe, a Y TOI, YTO ABUKETCH C

JNINHENHOI CKOPOCTbIO, PAaBHOI CKOPOCTN KOHLIA Haluel CTpenKu, Boo6Lle He nponsonaer

HU OQHOrO "TUKaHbA'" - CTpenKa NPoCTO He MOXKeT CABMHYTbCA ¢ mecTa. Kak ke Tak? Bepgb
BpalleHue ectb! KoHeuHO, HO Bce Aeno B ToM, UTto yudepbnata HeT - OH NpeBpaTWICA B

oTpe30K. BMmecTo coBepuieHMs YrI0BOro NOBOpOTa KOHeL, caMoli 6bICTPON CTpenKu npeBpaTuTca
B TOYKY, NPbIraloLlyio o 3TomMmy oTpe3sKy C YacTOTOl, COOTBETCTBYIOLLell Hallel Yyr1oBOl CKOPOCTH.

Mpu 3TOM, KOHEUYHO, HET HNKaKNX OCHOBaHWUI, CYNTaTh, YUTO CamMu 3TV ABMKYLMECA Yacbl
"okanucb', npocto TAK geno BbirnaguT, eCii CMOTPeTb Ha HUX U3 Hallell NOKoALenca
cncTembl oTcyeTta. Hawm yacbl, oTHOCUTENbHO NIOGLIX ABVKYLYNXCA, GyAYT BbIrNAAETb TakK XKe,
KaK OHM BbIrNA4AT OTHOCUTENbHO Hac. [IOHATHO, YTO KONMYEeCTBO ABVKYLNXCA YacoB
MO>KHO filenaTb N1I06bIM, NoMellas Mexxay no6biMy ABYyMA HOBbIE - TaK, YTOObI
COXPaHANOCb OTHOCUTEJIbHOE PAaBEHCTBO CKOPOCTEel. A C10XKeHVIe OTHOCUTENIbHbIX
nocrynaTtesnibHbIX CKOpoCTel 6yaeT AT NO cneyuasbHOMY 3aKOHY, UTO6GbI 3afjaHHanA
eAVHNYHaA CKOPOCTb Gbina nx npepgenom. Bot n Bca normka noctpoeHus
NnceBA0EBKINAOBOro KOHTMHyyMa MMHKOBCKOro: NTHBapMaHTHOCTb YriI0BOW CKOPOCTU
3a/laHa aKCcMomaTN4eCcKu, a Bce MHOXKeCTBO NocTynaTesibHbIX CKOPOCTel NOCTPOEHO Tak,
YTO6bI CNOXKEHNe CKOPOCTell flaBano B Npepesie 3HaYeHe MrHOBEHHOI INHelHoN
CKOPOCTU, KOTOpPOEe CBAA3aHO C UHBapVaHTHOW YrNOBOW, MPUHATON 32 eQUHNYHYI0. *

* Asmop noaqepkueaem: Hauwle paccmompeHue nOJIHOCMbHo adeKeamHo KuHeMamuke
cnequaanoﬁ meopuu omHocume’sibHocmu, HU OOUH U3 ee 8bI80008 He ympamuJi ceoro cusny.

http://res krasu.ru/non-standard/ (48 w3 87) [06.11.2007 14:16:19]



HectangapTHbiit aHanu3 Heknaccuyeckoro Asinkexus. Masen Monyan.

OOHAKO Mbl 88eJ1uU 8 paccmompeHue epaujeHue cmpeJsioK, a 3mo no380/1uJ1o yeuoems
8HYymMpeHHIolo cxemy KuHemamuku CTO, nosiyyaemcs, Ymo ceaem - 3mo He NPOCMO CU2HAJ1 U3 MOYKU
8 MoYKy, a popma, 8 Komopoli meopus OmHocumesIbHOCMuU npedcmasnsem epawjeHue.
EOuHUYHaA nuHelHaA CKOPOCMb KOHYA cmpeJiKU - 80m mom npedes, K Komopomy

8bICMpOeHd KUHeMamuKd C/10XKeHUsi CKopocmeli, d ceem KAk makoeol - 3mo ¢usuyeckuli

npoyecc, 3adarouuii nocmynamesibHoe nepemeujeHue paéHoe KOHCMAHmMe, y<e 3a/10#eHHoU

8 J1I02UKe 3moli YUcmo mamemamu4eckoll KUHeMamuKu.

BpaLueHve ynaneHo U3 penaTuBMCTCKOI KUHEMATVIKH, B CUCTEMAX OTCYETA €r0 HeT, OHO NepeHeceHo B NOBOPOT KOOPANHATHbIX

CMCTEM OTHOCUTESTBHO AAPYT ApYra B 06LLeM NpocTpaHcTBe-BpeMeHn MuHKoBckoro. loBOpoT AinA 0AHOI CUCTEMbI KOOPANHAT HE MbICIUM,
yTo, B YACTHOCTM, MPOSBNAETCA B AUCKYCCUAX BOKPYT “Napajiokca 6an3HewLoB", rae X BCTPeYa MOXeT 6biTb 06ecneyeHa TobKo,

nocne MoBOPOTa v BO3BPaTa Ha3ap. /l oueHb NokasaTeNbHo, UTo B 3TOM "napajokce” pasnyyeHHbIX 61M3HEL0B Bceraa ABoe.

Ecv npesnonoxuTb 6113HeL0B-TPOIHALLEK, OAUH U3 KOTOPbIX OCTAETCA Ha 3eMJie, a IBOE ApYrIX pa3neTatTca B

MPOTUBONONOXHBIX HANPaBIIEHUAX, YTOObI MOTOM BEPHYTbCA Ha3ad, KPYroBoe ABUXKEHUE NPUAETCA BKIIOYNTD B PACCMOTPEHNE B

OfHOI CUCTEME KOOPAWHAT, a 3TOro B pamkax kuHemaTukin CTO He nonyuaetca. (OpuruHanbHas uaes o 6nM3HeLax-TpoAHALIKaX
NPUHAZNEXUT KpacHoapckomy duanky A.Montasuey.)

MocTpoeHHan B JaHHOI CTaTbe KUHeMATINKa, BKNI0UaloLLaA BpalLieHus, BOBCe He ABNAETCA Kakoii-nbo Gusnyeckoii

KOHLenwMe, anbTepHaTUBHOI CeumanbHoil Teopun 0THOCUTENbHOCTY. Halwwa 3afaua bbina nokasath: Kak CTPOMTCA KMHEMATUKa,
0CHOBAHHASA Ha MPUHLMNE OTHOCUTENbHOCTM 63 KaKinX 160 GU3NUECKIX aKCMOM - NHBAPUAHTHOCTb CKOPOCTU (BETa (KT Kak

6bl GU31YECKMii) OKA3bIBAETCA KOHCTAHTON A1A YINOBOI CKOPOCTY BPALLEHUA. ITO NOrueckas Npeanocbika AaHHo KUHEMATUKY, a
He "noctynar”, Kotopblii AK0ObI BBeZEeH N0 JKCnepuMeHTaNbHbIM NprurHam. CneumanbHas Teopua 0THOCUTENbHOCTH

JiHIITeliHa HeNPOTUBOPEYNBA 1 OTPAXAET BaXKHeiLLYI0 CTOPOHY bonee 06LLieli KUHeMaTUKK.

[Ja, pnnueckas nHTepnpeTaLyna BOHNKAET, KOTAA MHBApPUAHTHaA yr0BaA CKOPOCTb CBA3bIBAETCA C KOHKPETHBIM NPOLIECCOM -
C3NeKTPOMArHUTHbIMU BOSIHAMMU, € NpUPOZ0ii cBeTa. KuHemaTinueckas cxema cooTBETCTBYET Gu3nueckomy GaKTy, HO NOTUKa NOCTPOEHNSA
3TO CXeMbl He 3aBUCKT OT TOT0, UTO 3 HBAPUAHTHYIO YITIOBYI0 CKOPOCTb Mbl BbIOPany 3a eanHnuHyto. 1A nioboii eAMHYHON

YINOBOIi CKOPOCTY, OAHO3HAYHO 3a/jatoLLieil MTHOBEHHYI0 IMHEIHYH0 CKOPOCTb B HaNpaBJieHNI NOCTYNaTeNbHOr0 NPAMONMHEIHOTO
ABVXKeHUA, reoMeTplyeckan KUHemMaTuyeckas Mogenb NonyunTca Takas xe. A 1o "6eckoHeuHoe 3amefiieHve" BpemeHu, KoTopoe

Mbl Hab/toZ1aeM Ha yAANALLNXCA OT Hac vacax, B npegene 0bpa3yeT npefienibHoe 3aMefIeHue CKOPOCTY BPALLEHIA - 3TO U eCTb Ta

camast 6eckoHeyHas MeaNeHHOCTb, KOTopas BO3HuKaeT B anrebpanyeckoii mopenu TON ME CAMOI KUHEMATUKI. Matematinuecky -

1 reomeTpuyeckas, u anrebpanyeckaa Mofeni NPUBOAAT K 0ANHAKOBBIM, COMMACYIOLMMCA BbIBOAAM.

Ho 37a TOXeCTBEHHOCTb BO3HNKAET He 13-3a NepeBoza - MON, "'0ZIHO 11 TO K€, HO Ha Pa3HbIX MaTeMaTUueckinx A3blkax'".

CywiecTByeT BaxHeilLLee YCIOBMe, MO3BOAIOLLEE AenaTh 3TOT NepeBoA: Mbl A0MKHbI BBECTI B MaTeMaTUuecKuil A3bIK "0eCKOHeuHo
6onbLuve BenuunHbI". TOUHO TaKXe, Kak Mbl BBOAUN "0eCKOHEUHO Maible", NOHUMaeMble Kak 6eCKOHEUHO Maslble OTHOCUTENbHO
€AMHNLBI (OTHOCUTENBHO NI06OT0, CKOMb YTOAHO MANoro Yucia € , ABAALLErocs AoNei AaHHO AeiCTBUTENbHONM eANHMLbI), TaK U 3AeCb
Mbl BBOZMM "6eCKOHeUHO O0nbLue" BENMUMHBI - OCTatoLnecs 6OMbLIMMK, Yem Nto60e Hanepen 3aaHHoe uncio 1/e - Boipaxatowiee
Nt060e KOMMUECTBO 3aZaHHbIX eAMHILL [TOHATHO, uTo ANddepeHLmManbHoe oTHoweHe dy/dX npeBpalLaeTCa TeM CaMbiM B

KOHKpeTHoe 0THoLLeHNe beckoHeuHo bonblunx (1/dX nenenxoe Ha 1/dy). Anrebpauct Mutwenb Posib, APOCTHO KpUTUKOBABLUMIA
HbloToHa, JleitbHuua, lekapta, Jlonutanns v Bcex Apyrix NMoHepoB ANGdepeHLMansHoro UCUMCIEHNA, MOXET CMOKOIHO COCYLLEeCTBOBATD
CHUMU B MUPE MHOM: "HeMblCIMMble" 6eCKOHEYHO Marble B COeAMHEHUMN CO CTONb Xe "HeMbICIMMbIMK" GeCKOHEYHO GobLINMM
06pa3yloT HopManbHble KONNYeCTBa, KOTOpbIe MOXHO COYeTaTh anrebpanyecku.

Ho Hac 31ech He MHTEpecyeT U3BeYHbIN KOHPAMKT MaTeMaTUKOB-KOHCTPYKTUBICTOB M MaTeMaTUKOB-UHTYUTUBICTOB, BEAb
peanbHo, puznueckir, EANHULIA - 370 He Ta abcTpakTHAA BeMYMHA, KOTOPYIO MOXKHO W A€NINTD, U YMHOXATb, MEHAA HOPMUPOBKM U FOHASA
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ee 10 YNCII0BON 0CK MeXAY ABYMA NONAPHBIMM TOUKAMU - B Hy7e U B 6eckoHeuHocTy. Du3nyeckin "eAnHNYHAA MrHOBEHHAA

CKOpOCTb" 0Ka3bIBAeTCA He NPOM3BOJbHO 33/1aBaeMoli, @ BNOSHE KOHKPETHON. 3Ta eMHILA UMeeT pa3MepHOCTb U OTOXAECTBAALTCA

C KOHKPETHBIM (U3NYeCKNM NPOLIECCOM - IHBAPUAHTHOI CKOPOCTbIO NEKTPOMArHUTHBIX BOJH. AHaNOrMUHO, 1 6eckoHeuHas MefIeHHOCTb
- IOCTPOEHHAA Ha 0CHOBE 3TOl eAMHILIbI (MaTeMaTyecku FoBopA - 6eCKOHEUHO 60/bLIAA OTHOCUTENBHO ee) 0Ka3bIBAETCA He
BeckoHeuHoCTbIo, a apyroi EAVHULIEN, koTopas Take NpeacTaeT KaK BNOAHE KOHKPETHA GUU3MUECKan KOHCTaHTA.

MogBeaem Tenepb, €M N03BONEHO TaK BbIPa3UTbCA, - NpeABaPALLNA GUA0COPCKIA UTOT.

B ocHoBaHuM norukm PauyoHaNnbHOro NOHNMaHNA NPOCTPAHCTBA U BPEMEHW NeXaT NpeaCTaBNeHUA 0 Hyne 0eCKOHEUHOCTH: TOYKA
1 6eckoHeyHas NPOTAXEHHOCTb, MTHOBEHNE U 0eckoHeuHaa AnuTeNnbHOCTb. MaTematnueckin 31o NPUBOANT K COYETAHNIO ABYX
NOTNYECKnX cxem:

1. BeuHoe ABMXeHMe N0 TPaeKTOPUM, NPUBOAALLEE K NPEACTABAEHNI0 0 TOCTOAHHON YrI0BOI CKOPOCTI, YTO NO3BONALT C(BA3bIBATH
NOCTOAHHYIO YTNOBYI0 CKOPOCT 1 NOTYYATh BEKTOP MTHOBEHHOI JIMHEIHOIA.

2. beckoHeuHas yrnoBas CKopoCTb BPaLLeHNA, KOTOPas ANA LNKNNYECKOro ABUKEHNA N0 TPAeKTOPUM, 0Ka3blBaeTCA abCoMoTHbIM NOKOEM,
yTO NO3BOJIAET NOHUMATb PABHOMEPHYH CKOPOCTb, COCTOALLEI U3 MIHOBEHHDIX BPALLIEHUIA, - GUKCUPYIOLLINX TOUKY TPAeKTOpUM B
NNOCKOM NPOCTPAHCTBE.

MNepBblil NoAX04 BONAOTUACA B CTaHAAPTHOM MaTeMATYeckoM aHanu3e, BTOPOil MOAX0/, HEABHO NPUCYTCTBOBAJ, a B KOHEUHOM UTOre
NpUBEN K HEKOMMYTATUBHOI anrebpe, KOTopas okasanacb APYrvM BbIPaXKEHNEM NCEBA0EBKNMAO0BIX NPOCTPAHCTBEHHbIX MOCTPOEHMIA.
Ecnm e 3KBUBANEHTHOCTb 000UX MOAX0A0B NPU3HATb, TO HAZ} NOSIEM TMUNEPAEACTBUTENHBIX YNCEN HAZ0 BBECTH OUNONAPHOE
ucuMceHue, BKNIOYaloLLee 1 6eCKOHEYHO Marble, U 6eckoHeuHo GonbLuve. Toraa Teopus GyHKLMIA KOMNIEKCHOTO NEPEMEHHOT0 MOXeT
ObITb NEPeocMblCIeHa Kak annapat, ONUCbIBALLNI OTHOLUEHWA TaKWUX BENUUMH, @ BMECTO CTaHAAPTHDIX TPAEKTOPHIl Mbl

nonyyaem 6eCKOHEUHO 13/10MaHHble (PaKTaNbHbIE NHUI, YACTHBIM ClyYaeM KOTOPbIX ABNAKTCA Te IMHUN, KOTOpbIE Mbl 00bIUHO
Ha3blBaeM rMagkumin. Ho 31a Tema - yxe U3 ipyroii MateMaTuKum,

IATa, aBTOp NocTapanca nokasaTb, KaKk KBapTePHUOHHOE BPeMA-NPOCTPAHCTBE NOABNACTCA B aHan3e ecTeCTBEHHbIX NPOLIECCOB BpaLLeHNs,
B KOTOPbIX 06EKTUBHO CYLLECTBYET 0c06aA (BA3b MEX/Y BPEMEHHBIMIU U NPOCTPAHCTBEHHbBIMI NapameTpamu. lpeanoxeHHblil

METO/, NOCTPOEHUA NPeCTaBNACTCA aBTOPY COBEPLUEHHO NOHATHBIM, BHYTPEHHE NOCNeA0BATENbHBIM U NOrUYHBIM. OiHaKO TaK

e, COBEepLLEHHO MOHATHO, UTO MHOTWE YATaTeNu NPeANoYTYT OXapaKTepu30BaTh Bce 310 Apyrumu dnuTetamu. [lostomy A nocuutan
HY>KHDbIM, 3aBEpLUNTb PAbOTY HEKMM KPATKIM 04EPKOM, MPU3BaHHBIM NOKa3aTb MECTO JaHHOT0 MOAX0AA B 06LLEM pycrie ABIXEHNA HayKu.

Ewe B XIX Beke Yunbam [amunbToH chopmynmnpoBan nepcneKTUBHYI0 3aauy. eCIn eCTb reoMeTpUA Kak Hayka 0 nycTom NpoCTPaHcTBe, T
- IPOCTO 110 aHANOTUI - MOXHO NPeACTABUTb HEKYI0 HayKy 0 “"4ncToM BpemeHn'. bonee Toro, oH mpeanonoxun, uto anrebpa - 370 1 ectb
Taka Hayka, NPOCTO Mbl He YNaBNMBaEM B Heli CKPbITYI0 BpeMeHHYto cnelnuky, He noHumaem - kak HA CAMOM JIENE 8
anre6pamyeckux ypaBHeHUAX BOMNOLLAIOTCA BHYTPeHHMe cBolicTBa BPEMEHW. OTKpbiTHe HeKoMMYTaTUBHOI anrebpbi

[aMUNbTOHOM MPOK30LLAO B pe3yNbTaTe ero NONbITOK CMoAENMpoBaTh Bpems B "Teopuu anrebpanyeckux nap uncen”, n ocraetca

TONbKO NOPAXaTbCA MHTYULMM 3TOTO BENNKOTO MaTeMaTuKa. Tporpammy [aMunbToHa HbiHe MPOAOMKAET pycckuil Gu3nK-TeopeTk B.
B.KaccanapoB B cBoeii kHure "Anre6panyeckan CTpyKTypa npocTpaHCTBa-BpemMeHH 1 anrebpoauHaMuka”, omybanKoBaHHoI Ha cailTe
ceTeBoro MHcTuTyTa npobnem Bpemenn (Www.chronos.linia.ru).

Tem He MeHee, nepexoa K pAaam 4ncesn ot npuBbIYHbIX HENPEPbIBHBIX KOHTHYYMOB BbIMNAANT npoﬁnemaTMqu. 3pecb
noacnyaHo NPUCYTCTBYET U HEKaA ¢I/IJ'IO(0(|)CKaH napajiorma: e reometpuyeckie 0THOLLEeHUA BOCMPUHUMAIOTCA KaK HeuTo
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00beKTMBHO 3alaHHOE METPUKOI OKpYaloLLiero YHUBEPCYMa, TO YMCTa TPAKTYIOTCA Kak HeKIiA NpoJyKT HaLLero yMa, CKNoHHOro

K abctpakumam u kombunatopuke. (Mo u3BectHomy adopuamy J1.KpoHekepa: “"HatypanbHble uncna cogan bor, a ocTanbHble - 4efno
pyk uenoBeueckmx".) Ecu ana Gu3nkos KBaHTOBaA NPepbIBHOCTb 060CHOBAHA CCbIKAMM Ha pe3ysibTaTbl IKCNEPUMEHTOB, TO ANA
MaTeMaTIK1 HUKaKIX "uMCoBbIX KBAHTOB" He CyLUecTBYeT - nlobas 3Hauuman BennuMHa beckoHeuHo fennma. Yucnosas
JMCKPETHOCTb pedyLpyeTca K HenpepbiBHOCTH, 6eCKOHEUHO Masoe 06paLLiaeTca B Hyfb.

(TpaHHaA cUTYaLMA CIOKMNACh; KNACCUYECKMil MAaTeMATUUECKHil aHanu3 GOPMUPOBANCA Ha OCHOBE KNACCMUECKO MeXaHIKi, B
COBpeMEHHO (U3MKe TaKoBaA yxke ABNAETCA AENIOM NPOLLAOTo, 0AHAKO Mbl BCE elLie CTPOUM MaTeMaTUyecKiue MOAENM Ha
6a3e npecTaBneHiii CTaHZAPTHOT0 MaTeEMATUYECKOTO aHai3a W CTaHAAPTHOTO MOHVMaHWA Npeaena.

Puuapz DeiiHmaH B cBoeil KHure "Xapaktep du3nueckinx 3akoHoB" NuLeT: "Teopua, COFNacHo KOTOPOIA NPOCTPAHCTBO HENMPEpbIBHO,
MHE KaXeTca HeBEPHOIA, MOTOMY UTO OHa NPUBOAWT K 6ECKOHEYHO 60NbLIMM BENNYMHAM 11 APYTUM TPYAHOCTAM. Kpome Toro, OHa He
JAeT 0TBETA Ha BOMPOC 0 TOM, YeM OMpPeAENATCA pa3Mepbl BCEX YacTuL, fl cunbHO MoA03peBalo, YTo NPOCTble NPEACTaBNEHNA
reoMeTpUM, pacpocTpaHeHHbIe Ha 0YeHb MareHbKIe YUacTK NpocTpaHcTBa, HeBepHbl." (Richard Feynman, The Character of Physical Law.
Pycckuii nepesod: P.Qeiirman. Xapakmep gusuyeckux 3akoHos. M.. Mup, 1968, cmp. 184).

A BOT KaKoe NpMMeuaTeNbHOE CyX/eHNe BbiCKa3aHo B 3BeCTHOI KHure [1.Munbbepta u I.bepHaiica: "Ha camom aene Mbl BoBce He
0043aHbl CUMTaTh, UTO MaTeMaTUYeCKoe NPOCTPAHCTBEHHO-BPEMEHHOE NPefCTaBIeHNe 0 ABIKEHNI ABNAETCA GU3nUecKu
0CMbICIEHHBIM TaKXe 11 B C1y4asX NPOM3BOSbHO MaslbiX MPOCTPAHCTBEHHbIX 1 BPEMEHHbIX UHTEpBANOB. bonee Toro, y Hac umerTcA
BCe 0CHOBAHMA Npeanoaratb, YTo, CTPEMACb UMETb AEN0 ¢ 0CTaTOYHO MPOCTbIMI NOHATUAMY, 3Ta MaTeMaTUUeCckas MofeNb
3KCTpanonupyet $pakTol, B3ATbIE U3 ONpeaeNneHHO 06MacT OnbiTa, a UMEHHO 13 0611aCTV ABIKEHNIA B Npeenax Toro nopAaka
BEJIMYMH, KOTOPBIiA eLLe AOCTYNeH Hawemy Habnoaeruto." ([unbepm J., bapHatic I1., "OcHogarus mamemamurku. Jlozuyeckue ucyucrequs
U ghopmanuzayus apugmemuru', M., "Haya", 1979, ¢. 41, nepsoe u3danue kHuzu - 1934 2.).

MpoLuy npoLLeHua 3a CTob 06LLNPHOE LUTMPOBAHME, OHO MOHAA06UNOCb, UTOObI 06pMUCOBATL NPEANOCHIAKI BaXHON NPobnembl:

1. CywecTByeT NpUHLMNMANBHOE PACXOXKAEHNE MEXAY COBPEMEHHbIMI GU3MYECKIIMM NPEACTABNEHNAMMN 0 IBUKEHIN 1
KNaccMueckMMu NOHATUAMM aHaNu3a.

2. [lonyctma MbICb 0 “MaTemaTiyeckoil Mozienu”, NoAXoAALLel AnA 0NucaHUA MUKPOABUKEHMA B Npeenax "HefoCTynHoro
HabnoeHNnI0 NopAaKa BENYNK",

OpHako - HA CAMOM JIEJIE - peub Hago Bectu He 0 MOJE/IN, u He o TOCTPOEHWI. Peub nget o ToM, 4T06bI BHYTPU CaMOil
NIOTUKY KNACCUYecKoii MaTeMaTUKN HARTK 0CHOBAHNA ANA faNbHElALLEero pa3BuTInA Teopuu.

Celiyac NpuHATa MAEONOTMA, KOTOPYI0 MOXHO HAa3BaTb MOAE/bHBIM KOHCTPYKTVBM3MOM: MaTeMaTiKa paccMaTpUBaEeTCA Kak
MOCTaBLLMK abCTPAKTHBIX KOHCTPYKLMIA ANA TEOPETUYECKOro MOAENMPOBAHMA pe3ynbTaToB Gunyeckux HabniopeHui. Kak Bbipasunca
beptpaH Paccen: "Matematiueckas KoHLenuua AaeT abCTpakTHyHO NOTUYECKyio CXemy, N0 KOTOPYI0 MOXHO NOJO0THaTb

MOAXOAALLMMI MAHUTYAALMAMM SMAMPUYECKUil MaTepuan..." (b.Paccen "Bsederue 8 Mamemamuyeckyr gunocoguro’, M.. "Ho3uc', 1996.c.
101). Tenepb MaTemaTIKa - 370 He A3blK Jloroca, 06bekTUBHOTO [lyXa, a CUMBOSIMYECKNIA A3bIK HAYKM ANS OMCAHINA peabHOCTH.
Coo6pazHo 3Tomy, KOHCTpYMpYloTCA Bce bonee 1 Gonee abCTpakTHbIe (XeMbl, MaTeMaTHyeckne KOHLenLmMn GU3nKoB-TEOPETUKOB YXOAAT
BCe [lanblLe 1 AafbLue 0T 0YeBUAHON OTMYHOCTM, CBOICTBEHHON “"MaTeMaTiueCckuM Hauanam HatypanbHoi gunocopun”.

Co3paeTcA BNeyaTneHne, 4to abCTpakTHble 06bEKTbI BbICTYNAIOT HbIHE B POV JONOTOMHbIX CIOHOB U Uepenax, C MOMOLLbH KOTOPbIX

ApeBHue "Mogenuposany' BeenenHyio...

Ho peanbHoe pa3BuTue HayKin MAET MHaye - A 6bl Ha3Ban 310T nyTb JIOTOTEHE3OM. To ecTb HOBble CYLYHOCTY "He U3MbILLAAITCA", @
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B ECTECTBEHHOIA NOVKE TEOPUN OTbICKMBAKOTCA OCHOBAHMA, CNOCOOHBIE Pa3BUTLCA B MOMHOLIEHHYH MATEMATUYeCKyH HayKy, NPETeHAYIoLLYi0
Ha UICTUHHOCTD. Ecnn nprHATB 3TOT GUA0COPCKIIA NOAXOA, TO CeayeT cornacuTbca ¢ DeliHMaHOM - Knaccuueckuii aHanus HE
COOTBETCTBYET PEAJIBHOCTW, Ho He moToMy, uTO OH HeBepeH, a NOTOMY, YTO B €ro 0CHOBAHMAX MOKa He BblABNEHbI 10rnyeckue
BO3MOXXHOCTY, NO3BONALLME NPUBECTY MATEMATUUECKYH0 TEOPMIO B COOTBETCTBIE C YU3NUYECKUMIN JaHHBIMY.

(OfHaKo MOXKHO IV NepeKNHYTL NOTNYECKINA MOCTUK MeXAY KOHTUHYYMOM 1 unciioM? ABTOp He ABNAETCA NPoPeccMoHaNbHbIM
MaTeMaTHKOM, 1 He npeTeHayeT Ha To, uto oH JOKA3AJT Heobx0aMMOCTb JONOAHEHNA KNACCUYECKOro aHanu3a, C034aHHoro HbloToHoM

1 Jlei6HMLEM, NPUHLMNAMIA HECTAHAAPTHOTO aHas3a, B KOTOPOM MCMONb3YIOTCA MNepAeCTBUTENbHDIE aKTYaNbHO 6ECKOHEUHO Manble

1 6onbLune uncna. Jlornueckyto npaBoMepHOCTb HeCTaHAAPTHOIA MOAENM aHanu3a nokasan B 60-e rogbl npounoro Beka Abpaxam Po6UHCOH,
HO 10 CUX NOp 0CTaeTcA Bonpocom: “CyLecTByHOT Iu runepaeicTBUTENbHbIE YNCA B KBAHTOBO-PENATUBIUCTCKOI BceneHHoi?" UHbiMu
C10BAMU, MOXEM 11 Mbl PacLLIMpUTb Nofne AelicTBUTENbHbIX YUCeN TONbKO NOTOMY, UTO NPUAYMaNM HOBble abCTpaKTHbIe 06BEKTbI, UK
HaZ10 NOMCKATb [/1A 3TOTO KaKMe-TO NPeAMETHbIe 0CHOBAHUA?

Mbl TONIbKO UTO PacCMOTPeNU KBapTePHUOHHOE BPEMA-NPOCTPAHCTBO, COCTABNAIOLLEE AOMONHUTENbHYIO Napy ¢ 4-

MepHbIM NCeBA0EBKNN0BbIM KOHTUHYYMOM. ABTOp YTBEPXK/1A€T, UT0 6e3pa3mepHan eauHuL, (BA3bIBAIOLLAA BELECTBEHHYIO U MHIUMYH
0Cb, PACLLENNSETCA Ha [IBE PA3MEPHBIE KOHCTAHTBI, - OZHAKO MOAMHHbIiA CMbICT TAKOTO PacLLiensieHinA 0CTAeTCs COBEPLIEHHO

HENOHATHbIM. IBNAETCA N1 3T0 OTPaXKEHNEM CBOIICTB YHUBEPCYMA UM 3TO TONIbKO 0C0BEHHOCTb NPOM3BOSIHOTO GOPMANILHOTO MOCTPOEHNS?
A ec 370 OTpaxkeHUe CBOICTB Hallieil BceneHHoit, To Kak Mbl JOMKHbI X MOHUMATb; KaK MIHOBEHHOE BbIBOPauMBaHUE BCEro
MPOCTPAHCTBA-BPEMEHN UEPE3 KaXIyI0 U3 CBOUX TOUEK UM KAK-TO bonee ecTecTBeHHO?

Matematunuecku npou3oLuna cTpaHHas BeLwb: 06bIYHaA UMCI0BaA 0Cb HAMI CTAHAAPTHO MBICTUTCA Kak HeuTo, rie Ha OAHOM KOHLIe HOflb, a
Ha Aipyrom - beckoHeuHoCTb. [e-T0 "Bo3ne" HynA MaauuT eauHULA. Tenepb BAPYT eAMHMLA KaK-TO Pa3fBUHYNach, 0cB060ANB MecTo
ANA pa3MepHbIX BENMUIH, NPU 3TOM 6ECKOHEUHOCTb 1 HYNb COMKHYNUCb. TocneaHee cefyeT NOACHNUTD.

[Lina duKcaLmn IBIKEHMA Mbl MOXEM UCMOb30BATb TObKO ABA hyHAAMEHTasIbHbIX NapaMeTpa - eANHMLbI BpeMeHu t[c] v npocTpaHcTBa
X[m]. pu 3T0M 04€BMAHO, UTO X OTHOLLEHNE UMEET TOUHOE KONMYECTBEHHOE BbIpaXeHie B J060M Ciyuae; ecim Mbl COOTHOCUM X/t unn
t/X. (raHpapTHoe onpenenetue nokos - 370 O[m/c], Ho oAHOBpeMEHHO 1 ©o [€/M], 4T 00bIYHO He YUMTHIBAETCA M3-3a HEMOHATHOCTY

W1 HEHYXHOCTM TaKOTO KONMYECTBEHHOTO BbIpaxkeHUA. OfiHaKo ele FoTdpua JleiibHML Npu co3aaHMN MaTeMaTUYeCKOro aHanu3a
HeOHOKPaTHO pa3MblLLIAN Hafl 3TUM BonpocoM. OH nucan: "lMoKoii MOXET paccMaTpUBaThCA Kak 6ECKOHEUHO Manas CKOPOCTb UK

Kak 6eckoHeuHo 6onbLuas MeaneHHocTb" (/.B./leti6Huy. Couurerus 6 yembipex momax. T. 1. M.: "Meicnv" ¢. 205. (v, makxe m. 3, ¢. 199.).

Y JleiibHunua ecTb elile 0iHO MPUMEYaTeNIbHOE PacCyeHIE; OH 0TOXAECTBAET HyNEBYH CKOPOCTb JABUKEHNSA M0 OKPYMKHOCTI C
6ecKoHeuHoI CKOPOCTbIO, Koraa "KaXkaan ToUuKa OKPYXHOCTY IO/KHA BCEr/ia HaXOANTbCA B ofHOM 1 Tom e Mecte” (7. 3, ¢. 290). To

€CTb JIOTNYECKN 0TOXAECTBAAIOTCA He Tonbko O[m/c] u oo [c/m] (cootBeTcTBeHHO co [M/c] 1 O[c/m]), Ho Takxe O[c/m] u oo [c¢/m]
NPy LWAKAYECKOM ABUXKEHI. TO €CTb LKana BENYH, Ha KOTOPOIA NEXaT 3HaueHNa CKOpOCTY BPaLLEHNiA 0Ka3bIBAETCA CTOMb e
3aMKHYTOIA, KaK KpyroBas TPaekTopus - HOMb 11 6ECKOHEUHOCTb CMbIKAHTCA.

OTHOCUTENbHO 6ECKOHEUHO MeZNEHHOI CKOPOCTY BpaLLeHNA Ntoboe eMHIYHOE BpaLLeHIe - 6eckoHeuHo bbicTpo. Koraa mbl
0TCUMTBIBAEM CKOPOCTM, Pa3finyaioLueca no yncty 060potoB, Mbl GakTyeckin OT 6eCKOHEUHOCTI OTHUMaeM AeilCTBUTENbHbIE YMda.
WHbIMI COBaMK, yMeHbLUEHIe YacTOTbl 060pOTOB CeAyeT 0TCUMTBIBATb OT 6eCKOHEUHOCTH. TonyyaeTca, UTo Mbl FOBOPUM 3eCh

0 npubasneHnm eaunHuL K oo ... TouHee, Hao6opoT: -1 npeAcTaeT nepes Hamu He NPOCTO Kak “HeYTo BNEBO OT HyNA", a KaK eAnHNLa,
KOTOpY0 BbIUNM U3 6ECKOHEUHOTO MHOXECTBA...

Bnpouem, GunocodcTBOBaTL Ha 3Ty TEMY MOXKHO 00 (aBTOP TONbKO 0 l'erene 3ech elLle He yNoMItHaN, X0TA BCMOMHUTD 0 HeM 6bino
Bbl Gonee eM yMeCTHO). A NpOCTeliLLMii METOAONOTMYECKMI BbIBOA U3 STON TEOPETUUECKOI CUTYaLMIA TAKOB: CTEAYET NPU3HATb, UTO
YICNOBbIE COOTHOLLIEHUA - 3TO HE MPOCTO CUMBONIMYECKNIA A3bIK NS ONUCAHUSA MPOCTPAHCTBEHHDIX OTHOLLIEHMIA, BO3HUKAIOLLI M3-3a
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BBEZIeHIA YUI0BHDBIX Mep 11 MbICTIEHHbIX OMepaLiyii HaZ HUMM, @ CTOMb e GyHAaMeHTaNbHaA 06bEKTUBHAA CYLYHOCTb, KaK 1

CaM0 NPOCTPAHCTBO - MPOTAXEHHDII KOHTUHYYM. UMCna CyLLeCTBYIOT He NOTOMY, UTO Mbl UX MPUAYMANK ANA ynopAA0uMBaHMA JaHHbIX
0MbITa, NOMYYEHHOTO C MOMOLLbIO TEXHONOTMN U3MEPEHIA, @ TOTOMY, UTO Mbl MX OTKPbIIN - TaK e, Kak OTKPbIIN B (BOE BpeMA
npocTeiiLuine COOTHOLIEHIA MEX/Y TOUKAMU U NPAMbIMMU.

B 3akntoueHne cBoeli CTaTbyt A OMULLY HEKOTOPblE MaTeMaTHyecKne 06BEKTbI, B KOTOPbIX BOMMOLLAETCA TO, BOKPYT Yero HakpyunBaetca
3Ta npobnemartuka.

Ecnu mbl Ha uncnoBoii npamoii 6yzem 0TMeuaTb TOUKH, COOTBETCTBYI0LMe pAay OuboHauuw, rae Kaxzoe noceaylollee ABNAETCA
cymmoii gByx npepbiaywmx (1, 1, 2, 3, 5, 8, 13, 21 ...), To B npeaene - npu yctpemieHnin B 0651acTb Bce 60MbLUMX 11 60MbLLMX YKcen
- OTHOLLEHMe "aBYX nocnefHMX' uncen OuboHauun, Kak U3BECTHO, €T ¢ . 3T0 3HAMEHUTOE UPPaLMOHANbHOE YNCTO

1,61803... , 3apatoLwee "3010Tyio NPONOPLIK" - CEUEHME, NPU KOTOPOM MEHbLLMI 0TPE30K OTHOCUTCA K 6onbLuemy, Kak 60nbLunii k

X cymme. MoXHO 3aAABUTb, UTO IBUrasCh TaK No YCNOBOI NPAMOIA Mbl 1 MONYYaeM B TPaHCOUHUTHOI 06M1aCTL [1Ba aKTyanbHoO
beckoHeuHo 6oNbLuUKxX "0Tpe3Ka'", OTHOLLEHME MeXAY KOTOPbIMYU BbIPAXAETCA KOHEUHbIM UPPALMOHabHBIM YoM ¢ .

I HaobopoT, MOXHO B CTOPOHY Y6bIBaHNA AANH NOCTPOUTB "B HaLLMX MacluTabax" pag 0Tpe3KoB, COOTBETCTBYHOLLNX “30/10TOMY ceueHmio”:

m M

MockonbKy oTHOLIEHMe BonbLuero oTpe3ka K coceiHeMy MeHbluemy = 1,6... - To ecTb 60nbLue efMHILbI, MX 0611ad ANMHA B CTOPOHY
y0biBaHuA OyaeT UMeTb Ha NPAMOI BNOAHe onpezeneHHyto NpeenbHYI0 TOUKy OKoHYaHuA. B ee okpectHocTi 1 byayT

"CKyunBaTbCA" yMEHbLLAIOLLMECA OTPe3KM, KOTOPbIE - B MOSIHOM COOTBETCTBUM C 6ECKOHEUHOI 1eNIMMOCTbIO HeMpPepbIBHOTO KOHTUHYYMa
- HUKOrJia He NepecTaHyT JeNUTbCA.

BaXHo ToNIbKO He ynycKkaTb U3 BUAY, UTO 3ECh CTPOUTCA NOCIEA0BATENBHOCTb OTPE3KOB, FAE eANHUYHBIM ABNAETCA N0OOIA U3 HUX: B
CTOPOHY YBENMYEHIA - y MPaBOro - [yIHa yBenuueHa B 1,61... pasa, B CTOPOHY yMeHbLUEHNS - Y eBoro - yMeHblueHa 1/1,61... To ectb
He UCX0[HaA BENMUMHA AIENNTCA Ha NPONopUMOHaNbHble YacTy - Tuna 1=1/2+1/4+1/8..., - a 0T cxoaHoi eanHMLI

CTPOMTCA NPONOPLIMOHAIbHOE OTHOLLIEHIE B 00€ CTOPOHBI. Hanpumep, nocie10BaTeNbHOCTb A4Sl PALIMOHANLHOTO IENeHNA Nononam -

B UMCTIEHHOM Bbipaxkenwut: ... 1/16, 1/8, 1/4,1/2, 1, 2, 4, 8, 16 ... (Mnn ana uppaumoHanbHoro "KopeHb 13 2" - NoCTpoeHme

Ha 0CHOBE NPAMOYTO/IbHOr0 PaBHOCTOPOHHETO TPEYrONbHMKA, Fe UCXOAHAA TUNOTEHY3a CTAHOBUTCA KaTeTOM 60fbLLUero, a

WUCXOAHBII EAMHINYHBIN KaTeT NPpeACTABAAETCA KaK TUNOTeHY3a MEHbLLETO TPEYroabHIKa, U T.4.)

B Hawwem nocTpoeHUn nocnefoBaTeNbHOCTI 0TPE3KOB, OTHOCALLMXCA NOMAPHO B “3010T0/ NPONOPLMI" B CTOPOHY YMEHbLUEHUA UX
BENMUMH, peanbHasA npefeNnbHas TouKa HUKOrAa W He byfeT JOCTUTHYTa, 0AHAKO MOXHO YTBEPX/aTb, UTO B ITO aKTyaNbHO
beckoHeyHo Manoil OKPeCTHOCTM BO3M1e Npe/ieNbHOi TOYKY NPONCXOAMT yAMBUTENbHAA BeLLb: BMECTO HenpepbiBHOTO KOHTMHYYMa
o6pazytotca YNCUTA, koTopble 6yayT MATU K NpesenbHON TOUKe Kak yMeHbLuatowmecs yncna OuboHauum. A nockonbky pag
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OuboHayuy HaumHaetca 1, 1, 2, 3 ..., 70 3TV uncna (M COOTBETCTBYIOLLME UM aKTYaNlbHO GECKOHEUHO Marble rUnepaeicTBUTENbHbIe
AMHbI) 671aronolyuHo NpuAyT B TOUKY Npeaena.

OueBuaHo, 34ecb NpeaenbHbIli Nepexos NOHUMAETCA HECKONbKO MHAUe, HeXeNK B KNaccMyeckom aHanuse. A, Kpome Toro, Mepbi

Ha NPOCTPaHCTBEHHOIA 0CM BBOAATCA 663 "TouKM oTcueTa" (B NOAHOM COOTBETCTBIM C NPUHLIMIOM OTHOCUTENIbHOCTY, NIEXALUMM B

ocHoBe Teopun AnibbepTa JitHiuTeliHa). Ho camoe raBHOE - Mbl 0CTaeMCA BCe-Taki B pAMKaX TEOPETUYECKIX NPEACTABAEHNI, Mbl

He NOAroHAeM MaTeMatiiky noz pe3ysbTaThl IKCNEPUMEHTA, a NPOCTO pacLuMpAEM FPaHULbl TOTO, UTO CYUTAETCA B MaTEMATMKeE JOMYCTUMbIM.

MoryT 6b1Tb NpeANoMXeHbl U TEOPETUKO-MHOXKECTBEHHbIE aPryMeHTbI, NOKA3bIBAOLLME (BA3b KOHTUHYANbHOCTIA U ANCKPETHOCTH.

B Knaccuueckoli Teopuv MHOXeCTB 1Ba NepBbIX YPOBHA B MepapXui GeCKOHEUHOCTe! - 3T0 CYeTHas YNCI0BasA U HeNpepbIBHO-
KOHTUHYanbHas. Ecnn nocmoTpeTh, Kak CTPOUTCA MHOXECTBO MOLLHOCTY KOHTMHYYMA, TO MOXHO 3aMeTUTb, UTO OHO BO3HIKAeT 3a
CYeT JONOHEHNA CYETHOTO MHOXECTBA PaLMOHAMbHBIX YMCEN 3a CYET BCeX MOAMHOXKECTB 3TOro MHoXecTBa. MHOXecTBo Bcex
6eCKOHEUHbIX NOAMHOMXECTB HECKOHEUHOO CYETHOTO MHOXeCTBA 00pa3yeT apeanibHOe MHOXECTBO - N0 TEPMUHOOTIM aBTOPa (3TOMY
BONpOCY NOCBALLEHA CTaTbA "XPOHOMETPUKA. ApeainbHble MHOXKECTBA'"), @ KOHTUHYYM NOAYNPAMOIA, NpeACTaBAAEMbIi KaK UNCT0BaA
0Cb, ABNAETCA apeanbHbiM MHOXeECTBOM, 00beANHANLLNM BCe beCKOHeUHble BapuaHTbl HOPMUPOBOK UMCN0BON ock. W obpaTHo, -
KOHTUHYYM Nerko npeobpasyeTca K YUCTIOBbIM AUCKPETHOCTAM C NOMOLLbIO MCKITIOUEHMA U3 HETO KOHTUHYsbHbIX NOAMHOXECTB:
Hanpumep, U3BecTHble NOCTPOeHMA Bpofe “"kopa CepnuHckoro” v np.

0Ocoboe mecTo cpen No06HOro poaa NOCTPOEHUIE 3aHUMaET BecKoHeuHo NoMaHHas durypa Ba gep BapaeHa: B
PaBHOCTOPOHHEM TPEYTrONbHIUKE HAUMHAIOT AENUTb CTOPOHBI Ha TP M HAACTPANBATb B CEPEAMHE MO TPEYTObHUKY, CHayana
nonyyaetca 3ge3ga [lauaa, notom "cHeXUHKM'" €O BCe BO3PACTAIOLLMM YMCTIOM OTPOCTKOB. B npepene nonyyaetca 6eckoHeuHo omaHHas

€ 6eCKOHEYHON AANHHON "CTOPOH", C MepUMETPOM beckoHeUHOI AANHHDI. T eCTb Mbl KOHEYHYI0 NNOLIAAb OrPaHUUMBaEM

becKkoHeuHo AJINHHYI0 3aMKHYTYH0 NOMaHHYH0 JINHWIO.

.
+

Puc. 16.

"B pabore "CyLiecTBytoT 111 runepAeicTBUTENbHbINA YNCNA B KBAHTOBO-PeNATUBMCTCKON BCENEHHON?" aBTOp NpeanaraeT MHoe NocTpoeHme
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- 00paTHbIil BAPUAHT, KOT/a B MCXOJHOM TPEYroNbHIKe eIMHUYHOT0 NepUMeTpa CTOPOHbI AEIATCA Ha YeTblpe YacTy, a

CpeaHHbIE CKNafbIBAlOTCA B TpeyronbHyo "Kpbiwy". To ecTb NepUMeTp He MeHAETCA, a TPEYroNbHUK OT TaKOro CKNajblBaHuA
ymeHbluaeTcA. [IoHATHO, UTo B NpefieNe oH "OKMMAeTCA B TOUKY". B oTune oT "cTArMBaHMA B TOUKY" 00bIYHBIX OKpYXKHOCTEIA, 34ech Y
Hac Gurypa Ban fep BapaeHa "okumaeTca B TOUKy", yKknagblBas B Hee (BOIl eAVHUYHBINA nepumeTp. A Befib B HaLLMx MacluTabax gurypa
BaH pep BapzeHa umeet BnoHe AeidCTBUTENbHYH NOLLAAb, MO3TOMY B NPOLECCe CTATUBAHIA B TOUKY, BMUCAHHOI B HEe OKPYXKHOCTH,
Mbl MOXeM NOCMOTPETb Kakas MoLLab MoNyuuTca y MUKPOUIypbl: KOHEUHO e ee NOLLaAb - 3T0 aKTyaNlbHO 6eckoHeuHo Manas

10 OTHOLLIEHNIO K TOIA, YTO OrpaHuuMBanach Gurypoii Bax fep BapaeHa. Ecim MHMble BbipaxeHIa ynTaTteneli He nyraot, a TpeyrofbHUK
C HyNeBbIMI yrNIamu U3 reoMeTpui J106aueBCKOro He CTPALLKT, MOXKHO 3aHATHCA BbIBEAEHWEM COOTBETCTBYIOLLMX OTHOLLIEHMIA

MEXZy eANHMLAMIA, HYNAMM 1 6eCKOHEUHOCTAMY - AiNA IAHHOTO NOCTPOeHNA.

Tak nero noka3blBaeTCA peanbHoe CylLeCTBOBaHMe "€ -OKPeCTHOCTU' MaTeMaThyeckoil TOUKM, - OTHOCUTENbHO 3TOI OKPeCTHOCTH
00MacTb AeiiCTBUTENbHbIX MaCLUTab0B C ee eANHNYHBIMY ATMHAMI CTAHOBUTCA TEM Xe, YeM AnA Halueil gurypbl Bax ep
BapzeHa beckoHeyHas - OTHOCUTENBHO HAC - OKPYXKHOCTb, K NMHE KOTOPOIl CTPEMUTCA NepumeTp noMaHHoli BaH fep Bapaena "y Hac".

Brpouem, MHUMYIO IOLLaAb NETKO YBUAETb 1 B 06bIYHOM Kpyre. B camom fiefe, uTo 3a MAoLaAb Nonyyaetca u3 obbiuHoi S=p R2,

€11 OfIVH U3 KOpHEWi 3TOro ypaBHeHus bepeTcs Kak -1? He TpyaHo cka3aTb: 370 N0z Kpyra, ¢ paauycom, NpoTUBONONOXKHbIM 3aiaHHOMY
- T0 €CTb Ta )€ Caman NNoLab, oBepHyTan Ha 180 rpaayco. Ho AeneHue nonHoii OKpYXKHOCTY Ha Fpadycbl MOXET ObITb ABOAKUM - Ha
YETHOE VX YNCNO0 U HEYETHOE, PUYEM KaX[blil U3 BAPUAHTOB MMEET COOTBETCTBYHOLLIEE TEOMETPUYECKOE NOCTPOEHWE, U MPUBOAWT K

Pa3HbIM BbIBOZAM - EBKIN0BO-TEOMETPUYECKIM U NICEBI0EBKNMI0BO-aNTredpauyeckum.,

Puc. 17.

Bot, Hanpumep, cakpanbHas Gurypa - 38e3aa B Kpyre. [nowwaab kpyra paBHa nioLLaay 31oii 38e34bl + NNOLAZb OCTABLUMXCA CEKTOPOB.

Ecm KonuuecTBo Nyyeii 3aMKHYTOTO KOHTYpa 3Be3/bl HEOTPaHYEHHO YBEAMUNBATD, TO MIOLLIAAb ITOii "TOHKOI 3Be3/bl" 6YeT COKpaLLAThCA,
a BEPILIMHbI CEKTPOB By/1YT HEOrPaHNYEHHO NPUBAMKATBLCA K LEHTPY Kpyra. B npenene Mbl nonyunm cragapTHylo nnowaas kpyra S=p R2
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C BeLLecTBeHHbIM R + MHUMYI0 NNOLLAAb 3Be33bl ¢ 6eCKOHEYHBIM KOHLIOM Tyueil 1 ManeHbKoli cepeMHKOlA, B KOTOPYIO KOHLbI
CeKTOPOB BeLLLeCTBEHHOrO Kpyra Tak 1 He nonapyT. Mnu KTo-To peLunT, Bce-Taku, YTo MOXHO J0Ka3aTb 06paTHoe, HapucoBaB
CTaHAAPTHYI0 aNNPOKCUMALIVMIO MIOLIAAN Kpyra 6eCKOHEYHOCTOPOHHIM MHOTOYTONbHUKOM?..

...KaK He BepTY, - TOUKa LieHTpa Kpyra He NPUHAZANEXUT ero nnoLasm, a ABNAETCA TOUKOI Nepexofa B MHUMYI0 06N1acTb Unu, eI YrofiHo -
Ha ero 06patHylo cropoHy. [logo6Hylo No cyTv NoAXoAa TPAKTOBKY Npeanaran BbAALLNIACA pYCcKINiA yueHblii [laBen OnopeHckiii B
Boeii pabote "0 MHUMocTAX B reomeTpun” elwie B 20-e rofibl NPOLLIOTO BeKa.

B koHue 50-x Hauane 60-x rogoB Abpaxam PobuHCOH foKa3an (1 3To NPU3HAHO) MeTOAaMMU MaTEMATIYECKOI NOTUKH, UTO MOXHO Ha
0CHOBE NpeACTaBNeHNA 06 akTyanbHO HECKOHEUHO MasbIX FUNepAeCTBUTENbHDBIX YACTaX NOCTPOUTD HECTAHAAPTHYIO MOJENb aHasN3a,
Tfie, KOHEUHO e, A aKTyaNbHo 6eCKOHeUHO Masblx HapyLuaeTca akcoma EBgokca-Apxumena. bonee Toro: oH nokasan, uto

annapart auddepeHLNpoBaHNA 1 MHTETPUPOBAHMA MOXET ObITb Aaxe NPOLLe, YeM CTaHAAPTHDINA. IMeHHO 3Ty aKTyanbHo 6eckoHeuHo
Manyio "€ -OKpecTHOCTb" N CyTI fiena KNajieT B 0CHOBY (BOeil KoHuenumu Bnagumup Enncees B pabote "BeeseHue B MeTofbl TeOpUN
OYHKLWIA NPOCTPaHCTBEHHOTO KOMMAEKCHOro nepemenHoro” (Www.maths.ru). Ipy6o roBops, B akTyanbHO 6ecKoHeUHO Manoii
OKpeCTHOCTM Nt060il TOUKM YMeLLaeTcA Lienoe nceBA0eBKNA0BO MPOCTPAHCTBO.

(uTyaumio MOXHO 0XapaKTepu30BaTb Tak: Hukonaii JlobaueBckwii monaran, uto eBKAMAOBOCTb - 3T0 GECKOHEUHO Manblil nepeden

ero MaHreomeTpui, Ho 0Ka3aNnocb Bce Ha000pOT - B aKTyasbHO 6ECKOHEUHO Mol OKPECTHOCTM EBKNMAOBOIA TOUKM pa3MelLaeTca
reomeTpua Jlo6aueBckoro. To eCTb, B YACTO eBKAMAOBOM MIOCKOCTI HET HUKAKMX OKPYXKHOCTEIA - Kak HEnpepbIBHbIX IHMIA,

N0A06HbIX 0Tpe3Kam MPAMbIX, @ CTb TONbKO FEOMETPUYECKOE MECTO PaBHOYAANEHHbIX TOUeK. 3aT0 U3 TOUKU-LIEHTPa, KaK B
reomeTpuy JlobaueBcKoro, MOXHO NPOTAHYTb CTOPOHbI HYNEBOTO YINa - TaK, UTO OCHOBaHUEM €ro OYAeT 0TPe30K. U3 3Tux-To 0Tpe3koB
1 COCTOAT GECKOHEYHO Marible CTOPOHbI MHOTOYrO/bHIKA C 6ECKOHEUHDBIM YETHBIM YNCTIOM CTOPOH, KOTOPbIMYU Mbl CTaHZAPTHBIM
00pa3oM NpUBbIKAY aNNPOKCMMUPOBATL OKPYMKHOCTb.

ABTOp CuMTAET HEOOXOANMBIM OTMETUTD, UTO MOMbITKY COEANHUTD B €MHOM NOCTPOEHNI TOUKM FeoMeTpim JlobaueBcKoro 1 Touku
reomeTpuy EBKNMAa npeanpuHMMan ykpauHckmit matematink A.A.BotakoB. K coxaneHuio, 3Ta NonbITka NpUBENa ero He K HayuHbiM
BbIBOZAM, a K CBO€06pa3Hoil HaTypunocodckoit mudonorun (A.A.Bomaxos, llococ u macus, Kues, 1996). C apyroil cTopoHbl

MOX0Xee HanpaBneHve NouckoB 0603Haunn MockoBckuii dunocod Butanmii Kosanes (2asa "flapaduema spemenu", 8 kH. B Kosares,
Ounocoghus nocm-ucmopuu, Mocksa, 1992), Ho ero "norapudmuyeckie ciupani' He BLIXOAWN 3a NPEAENbl KNaccuueckoii Mogent,

a dunocodckme BbIBOALI MMENI 3K3NCTEHLMANBHDIIE XapakTep. Hago cka3aTb, uTo npobnemartuka, paccmaTpiBaemas B HacToALL el
paboTe, NOCTOAHHO 3aBOANT MLLYLLIMX TEOPETUKOB B punocopckine Aebpy nppaumoHanu3ma, rae MoXHo GaHTa3npoBaTb UTo YrofHO

11 paccKa3blBaThb UHTEPeCHble CKa3KiA. 3aTO Ha APYTOM Nosioce roCMIOACTBYET CTOb Xe MPPALMOHANbHDIIA, HO CKYUHbIN, NO3UTUBI3M, KOrAa
B YHUBEPCYMe 0CTaeTcA 0MHOKIIA HabniofaTeNb 1 ero MaTeMaTyecky CUCTeMaTIU3MPOBAHHbIE oLLyLleHus. [ocnesHuil

BapUaHT 0KONOHAYUHOIA Gunocodun Hanbonee pacnpocTpaHeH, NOTOMY UTO OANUHOKOTO HabNIOAATENA NErKO MbICTATD He BPaLLAKLLMMCA.

TiopAam NpuULNOCH pa3BMBaTb reOMETPUYECKMI 11 anrebpanueckuil annapat Ao camoil KpaiiHeii creneHm abeTpakumm,

MOHa06110Cb 06HAPYXWUTb NPefieN CKOPOCTU CBeTa (OTHOLLEHNE JABYX OTPE3KOB HE MOXET NPEB30IATIN KaKy-TO KOHCTaHTY, B TO BPEMA Kak
B KNaCCUYeCKOM aHanu3e HUYero nogobHoro 1 ObITb He MOXET), TOHaA06UNOCH YBUAETD, KaK B MUKPOMMPE TOUKN “He XOTAT' IBUTaTbCA

M0 MaTeMaTUYeCKM HeNpepbIBHBIM TPAEKTOPUAM, - 1 TONIbKO TEMEPD BO3HMKNA MbICTIb: @ MOYKET Mbl JO/IKHBI NepefenaTb Camm

ucxoaHble npeactaBnenna’? U Beab 6bino yxke Takoe: cCuMTany NpeameTbl, NOAYYMN HaTypaNbHbIii pAg, CTaNu n3MepATb

TUNOTeHY3bl MPAMOYTONbHIKOB - HALLAW MPPaLMOHanbHOCTH. Tak uTo A.PoBMHCOH COBEPLUIEHHO NPaBUNbHO NPeTeHA0BaN Ha To,

yT06bI PaCLUMPUTB NOME AEICTBUTENBHBIX YACEN 32 CYET aKTYaNIbHO OHECKOHEUHO MaTbiX 1 aKTyaNbHO 6eckoHeuHo 6obLumX (0TCloAa
TePMUH "runepaeiicTBuTenbHble'"). 0AHAKO CyLLeCTBOBAHME UX A0KA3aTb HEBO3MOXKHO, Mbl MOXeM ux Tobko YBUJETD.

Pa3pBoeHue nceA0EBKNA0BA YeTepxmepuna Ha conpAMeHHbIe NPOCTPAHCTBO-BpemA MuHkoBcKoro 1 KBATEPHNOHHOE BpeMA-
NPOCTPAHCTBO KaXeTcAd MaTeMaTUYECKN HECYLLLECTBEHHDIM - Be[lb €INHNILIA HE UMEeeT d)VI3VILIeCKOI7I Mepbl 1 €€ MOXHO

http://res.krasu.ru/non-standard/ (56 w3 87) [06.11.2007 14:16:19]



HectangapTHbiit aHanu3 Heknaccuyeckoro Asinkexus. Masen Monyan.

nepeBOpaumBaTh: NpAMas 1 06paTHas eAUHNLbI TOXAECTBEHHDI.

Ho B $pu3nyeckom cMbicne, B peanbHOCTH, 0CU NICeBA0EBKNABOrO NPOCTPAHCTBA Pa3MepHbI. Ml Bpems - 3T0 Apyras CyLUHOCTb,

HeXenu pacctoaHue. 310 uto-To Apyroe, 370 YTO-TO Kak-To CBA3aHO C ABUKEHIEM, KOTOPOTO, Kak NPaBUAbHO Nonarau

AHTUYHble MaTeMaTUKK, B reOMeTpUto AONYCKaTb Helb3A. Ho Mbl ero AonycTunu - 1 B pe3ynbTate pa3BUTUA MaTeMaTKu

nonyyMnocb NpeacTasnenye o NceBAoeBKINA0BbIX MPOCTPaHCTBaX. Mbl Boneil-HeBoneil JOMKHbI 3aHMMATbCA MHTepnpeTauueli -
nepeBoANTbL MaTeMaTiyeckue NOCTPOEHNA Ha A3bIK peanbHOro Mupa. [03Tomy He Hajo 3a6bIBaTb, UTO peabHbIi MUP - 3T0 He

nycToe NPOCTPaHCTBO reoMeTpuid. B matematinueckom npocrpaxcTae Hukakux MATEPUATIbHbIX Touek HeT, HeT Tam HU naHer,

HU 31eKTPOMArHUTHbIX BOMH, HU MALLIH, HY ftofeld... A B peanbHOM YHUBEPCYME BCe 3T0 eCTb. 3HauuT, YeM-TO OTMYAETCA peanbHblil MUp
0T 3TUX NCEBAO0EBKNMA0BLIX FeOMETPUUECKUX U anrebpanyeckinx NpocTpaHcTe. Yem? A Tem, uTo B peanbHOM Mupe 6e3pa3mepHas
€AVHILA PA3[iBOEHA HA Pa3MEPHbIE KOHCTaHTbI. 06pa3Ho BbIpaXasch, Mbl XMBEM “BHYTPU eduHuLbl". Beab e cobpatb BMecte C[m/c] u
S[c/m] v HopmupoBaTb NOAX0AALMM 06pa30M - Mbl COEAMHIIM CONPAXKEHHbIE NCEBAOEBKNMAOBbI MPOCTPAHCTBA, - NONYYNM

TOT MaTemaTuyeckmil 06pas nycroro YHmBepcyma, B KOTOPOM HeT HUYEro, Kpome HenpepbIBHbIX 0ceil 1 anrebpanyeckux cooTHowweHuii. Ho
Mbl - N0y - ECTb, Mbl cyLiecTByem, cyliecTByem cpedin aTOMOB, YacTyLy U NONeli, @ 3HaYUT HeNb3A 0TOXAECTBAATL YHUBEPCYM C

HeKIM NyCTbIM MaTemaTyeckitM NpoCTpaHCTBOM, Haob0pOT, Hafi0 MPU3HATb, UTO PeanbHbIil MUp - 3TO pa3aBoeHNe

COMPAXEHHbIX NCeBA0EBKNMA0BbIX NPOCTPAHCTB, Fae be3pa3mepHas eAnHuLa pa3fBanBaeTCa Ha pa3MepHbIe KOHCTAHTb,

KOTOPble 0NpeaeNsioT rpaHILibl MUKPO M MaKpoMaciLTaboB Halleil 06nacTi cyLyecTBOBaHuUA.

3AKJTIOYEHUE

KBaTepHMOHHOE BpeMA-NPOCTPAHCTBO He ABNAETCA NPOM3BOMbHBIM (OpMasbHO-MaTeMaTYeCKIUM NOCTPOEHNEM, O KOTOPOM aBTOp
pacckasan, utobbl NOroBOPUTH Ha OTBIEYEHHDIE TeMbI. M3MeHeHHe CUrHaTypbl METPUKI NPOCTPAHCTBA-BPEMEHN - (- - -+) BMecTo (+++-)
- NCNONb3YeT, Hanpumep, NOMAHYTbIIA Bbiwwe [x.B.Hapnukap, utobbl f0Ka3aTb B TeOPUN KOHGOPMHO-MHBAPUAHTHOIA

rPaBUTaLIMM NIONOKMTENbHBIN 3HaK KOHCTaHTbI cBA3M X =8 G/C4 (G - rpaBuTaunoHHas noctoAHHas). (ambiM CyLLECTBEHHbIM
MOMEHTOM MOgii paboTbl ABNAETCA NOMbITKA 00beMHEHNA UNCIOBOTO M NPOCTPAHCTBEHHOMO acNeKToB 4-MepHOro MHOroobpasus. B

(TaTbe HET MaTeMaTYeCKMX BbIKNAJOK, - Ceiuac BaXKHO U3MEHeHIe TOUKM 3peHUs, IAAA U3 KOTOPOI Mbl MOKEM co6paTb NOTOM B

HOBYIO CUCTEMY M3BECTHDIE Y2Ke opManbHble CUMBONI. [Tpexie Yem NcaTb YpaBHeHNA, Hafo NPEACTaBUT - UTO Mbl XOTUM UMM BbIPa3uTb.
ABTOp Hanucan 3Ty CTaTblo He ANA NponaraHAabl “cBoUX aeir", a AnA Tex u3nKkoB  Matematnkos, ko BCE 3TO noutu yxe 3Haet unm BCE
3T0 npepuyBcTBYeT. W COBEpLLEHHO NOHATHO, UTO NpeAN0XeHHAA TOUKA 3peHINA 1 U3NI0KEHHDII NOAXOA - CyTb OTNPaBHbIE NYHKTbI A1A
0UeHb JNUTENbHOT0 NOCTYNaTeNbHOro ABUKEHUA. Te, KOMY NPeAN0XeHHbI MapLUPYT He HPABUTCA, MOTYT BPALLATHCA N0

NPUBbIYHBIM ABCTPAKTHBIM TPAEKTOPUAM CKOMb YTOAHO AONTO.

TpynHo Boo6pa3uTb KBaTePHUOHHOE BPEMA-NPOCTPAHCTBO - HEKMil HENpepbIBHbII KOHTUHYYM, HO He reoMeTpUUecKUX TOYeK, a
BpaLLlaTeNbHbIX MOMEHTOB. [puuyAnNBO BbIMAAAT GpakTanbHO-OpOYHOBCKIE METaHNA TOUKH, KOTopas AOMKHa ABUraTbCA Mo
HenpepbIBHON TPAeKTOpUM, "HaTbIKAACh" B KaX0e MTHOBEHVE BPEMEHI HA BPaLLATeNbHbI MOMEHT (cM. 00 3TOM B cTaTbe "(yLecTByioT
/1 TUNEpAEICTBUTENbHBIE YACTA B KBAHTOBO-PENATUBUCTCKOI BcenenHoit?" B rnase "[IBUKEHMe C HeONpeeneHHoIi CKopocTbio”).
06paLuaeT Ha ceba BHUMaHUe 1 TaKkoe GU3nUeckn BaXKHOE CNEACTBUE: KOHCTaHTA S, onpeaendiollas MUHUMAnbHbIA npegen t/X, LomkHa,
npu dopmanbHOM 06beANHEeHUN CONPAXKEHHDBIX 4-MepHbIX MHOr006pa3uii, Kakum-To 06pa3om nepexoauTb Yepe3 npedenbHblil 0-¥
nepexog u npespalLatbca B C. Ho Beb C - 370 CKOPOCTb 3NEKTPOMATHUTHBIX BOJTH, 3HAUMT, peub UZET 0 KaKOM-TO KOHKPETHOM
du3nueckom npotiecce. A eCTn OKAKETCA, UTO CMMH - "BHYTPeHHee BpaLLieHue" - MOXKeT NPeBPaLLaTbCA B NeKTPOMArHNTHYH SHeprut?
Kopoue roBops, aBTOp ceityac MOXeT TObKO B 06X YepTax NpeACTaBAATD, K KakiM pe3ybTaTaM npuBezeT passuTue

npeAnaraemoro noAxoza...

BBoAA KBAHT AelicTBUA h, Makc lnaHk Tparuyecku nepexusan, 4to NnpUXoanTCca MOIJ,M(I)MI.[MpOBaTb ¢0pMyﬂbI €0 CCbINKaMM Ha
IKCNEPUMEHT. MoxeT 6bITb ero nepexnBaHuna ObinM HebECNOUBEHHDI, U KBAHTOBAHIE MOXHO BbIBECT TEOPETUYECKN - ncxoaa u3
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NIOTMYeCcKIX OCHOBaHWIA? fl nonarato, uto Aeno 06CTouT MMeHHO Tak. Mblcnb AnbbepTa JitHIITEliHA 0 TOM, YTO peanbHbIA MUP MOXKHO
MOHATb YMCTO MaTeMaTUyeCcKUM NYTEM He KaXKeTCA MHe Upe3MepHO CMenoii.

CYII.[CCTBYIOT m I‘I/IHCP)ICﬁCTBI/IT@}IbeIC yncia

B KBAHTOBO-PeIATUBICTCKOI BCETTEHHO ?

Masen MonysH
Anpec: 660049, KpacHospck, a/s 19589. Ten. (3912) 27-50-77

E-mail: polyan2002@mail.ru

Aemop 6razodapet opekomumemy MexayHapooHoll KoHeepeHuyuu "MHozomepHelll KomnaexcHelt aranu3" (asaycm 2002, KpacHoapck) 3a 803MoxHOCMb
npedcmasume 0aHHIl MAmepuan 8He NPoDAMMbI KOHBEPeHYUU 8 kayecmee cmeH008020 doknada. OcobeHHo xouy nobrazodapume 2ny6oko yeaxaembix

MHOU KpacHospckux mamemamukos A.KLjuxa u B.A.CmenarerKo 3a npossneHelll K Moell pabome UHMepec, a Makxe y4acmHUK08 KOHBHEPEeH UL, BbICKa3aBUILX
(80U 3aMeyarus u donosHerus.  maxe 61a200apio 8cex, kmo & nocnaHusx no e-mail geickasan ceoe mHerue, ocabero npogeccapa C.C.Kymamenadse, ykasaiuezo
Ha A0 CyLLeCmBeHHelx Hedopabomok, Ho 0006puBLLIE20 HANPABTIeHuE NOUCKA. [T0163ysCo y4aeM, BbIDAXaK CB0I0 NPUSHAMENTbHOCMb 30 OP2AHU3AUUOHHYH
noddepxky Onezy Konedosy, nomouyHuky denymama ocydapcmaerHod Jymel B.A Jlemura (Komumem no 8bicokum mexHoso02usm, NpOMBILLEHHOCMU

U cmpoumesnscmay), KomnblomepLyukam bopucy Yueuwiegy u Aniekcaopy Yneeepmy, a makxe compyOHUKamM WKoSbl UHOCMPAKHbIX A3bik08 "O'key" 3a nomoue

8 PeOaKMUPOBAHUL aHeNULICKO20 MeKcma

OT ABTOPA: TuneppeicTBuTeNbHbIE YMCTa NOABNAKTCA B HECTaHAAPTHOI MoAeny aHanu3a Abpaxama PobuHcoHa B pesynbrate
paciumpeHna nona AeicTBUTENbHBIX YnCeN, ein onycKaeTca HapyLueHne akcuombl EBfokca-Apxumesa. MHbiMu

C10Bamy, runepaeiicTBUTeNbHbIE YCTA - 3TO MCKYCCTBEHHO CO3AaHHbII abCTpaKTHDI MaTemaTinyeckuii 00beKT, a eI Tak, To
BOMPOC, BbIHECEHHDIIA B 3ar010BOK AaHHOI CTaTb1, 3ByUMT NO KPaliHeil Mepe CTpaHHo.

B cBA3v € 3TUM, C1egyeT NOACHUTD 0 KaKOM <CyLLIeCTBOBAHIM™> A BeAly Peub, 11 MoYEMy CTO/b BaXHbl KBAHTOBO-
PEnATUBMCTCKYE XapaKTepUCTUKM 06bEeKTMBHOIO Mipa. [03TOMY CTaTbal HAUHETCA C GUIOCOPCKOro BCTYNNEHUS, KOTOPOE YuTaTenu
He CKNOHHbIe K Bonpocam dunocoduy n MeTof0n0rium MoryT nponyctuts. lMocne BCTynneHUa mMatepuan craTbin pacnonaraetca Tak:

I. 060CHOBaHME NOrNYECKI HEOOXOANMOI CBA3N mexay AeliCTBUTENbHBIMU 1 FI/II'IEpIJ,EI7ICTBI/IT€J'IbeIMI/I Yucnamu.
MoABneHue I'VII'Iep)IleVICTBVITEJ'IbeIX Yncen B HEKOTOPbIX KOHKPETHDBIX CyyanXx. "peﬂ,el’leblVl nepexoa and pacxoaAileroca paaa:

yncna GuboHayuum 1 <3010Tas NPONOPLYA=>, FAPMOHMYECKMIA pAL M uncno €. Cxkatue dyHKuun Jupuxne.

II. HecrangapTHoe nepemelueHue. OpakTtanbHaa TpaekTopus, ABUMKeHME C HEOMPeAeNeHHOI CKOPOCTbO - 06LLIMe onpefeneHua.
(06patHas ckopocTb. HeapxMef,0B0 COXEHME U CKOPOCTb CBETa.

I, ,U,ECprKLl,I/IFI JIMHEHOro KOHTUHYYMa BPEMEHHOr0 nopAAKa, XpOHOMETPUKa. MoHATHe apeaJibHoro MHOXeCTBa U NPUnoXeHne ero K
dHaJIn3y BpeMeHHN. MHoxecTBo HOPMUPOBOK.

|V. beckoHeuHble PAAbI KaK apeanbHbleé MHOXECTBA. rMﬂepﬂeVI(TBMTEHbHOCTb. HECTaH,El,apTHbIVI noaxon K nceB0e€BKNNAOBOMY
KOHTUHYYMY. Heapxwmenoso C(10XKeHne 1 CKopoCTb C(BETa. 06paTHaﬂ CKOPOCTb KaK HBAPUAHT.
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V. HeKOTOpre 06U.I,ET60peTVI‘l€CKVI€ BbIBOAbI. MHoroo6pasme FEOMETPMVI N € ANHCTBEHHOCTb SMMUPNYECKOT0 MPOCTPAHCTBA.

[JlomxeH Takxe OTMETUTb, UTO N0 Mepe U3N0KEHUA MaTepuana y uutateneil 6yayT BOSHMKATb MbICTIA 0 NepeXofie K CMEXHbIM TeMaM,
TaKIM KaK P-afnueckuil aHann3, TeOpuA MHOXECTB, K TEXHUUECKUM BOMPOCaM, CBA3AHHBIM C MaTeMaTMUeCKiM annapaTtom
coBpemeHHoi ¢pu3mki 1 np. 0aHaKo Mbl He 6yaem 3aHUMaTbCA ITUMI NpobaeMamMy - ANA SKOHOMUM BpeMeHU 1 MecTa. B uenom,
JaHHaA CTaTbA ABNAETCA NULLb Te3UCHBIM U3M0XeHNeM 06LLMPHOIE TeMbl, KOTOpYH A MeHyto <HecTaHAApTHbIA aHanu3
HeKNaccuyeckoro ABIKeHNA>. Bo3MoXHo, 3aBNeHHas TeMa KoMY-To MOKaKeTCA UTMLIKOM NPeTeHLN03HOI, a BbibpaHHas

dopma 13noxeHuA, HaNOMMHaIoLLAA GUN0CODCKOe Icce, - BbI3OBET bone3HeHHoe pasapaxeHne. fl ipu3Halo, UTo He CMOr OMKHBIM
06pa3om obecneynTb COOTBETCTBIE TEKCT NPUHATLIM HAYUHbIM CTaHAAPTaM, U NPOLLY YuTaTeneit MUpoNiobUBO OTHOCUTBLCA K
BbIHY>/1eHHbIM CKOPOTOBOPKaM, HEYETKIM OnpefieNleHnAM 1 IMOLIMOHaNbHOIA pUuTopuKe. Bbipaxato Hazexnay, uTo u3naraemblil Nogxoz
110 CyTV CBOEIA HaNPaBNeHHOCTH MO3BOANT CCNIE[0BATENAM TBOPYECKM Pa3BUBATb €ro, IPUMEHMUTENbHO K LINPOKOMY Kpyry BONPOCOB.

OVMTOCOPCKOE BCTYIUTEHUE

Mbl 3Haem, uTo dU3MKa KaK TOUHaA HayKka Hauanacb C OCHoBoNonaraloLero Tpyaa lcaaka HototoHa <Matematuueckue Havana
HaTypanbHoli punocopun>, 0CHOBOMONAraIOLLIEro He TONbKO /1A TEOpeTUUECKON GU3MKN, HO U ANA KNACCMYecKoro MaTeMaTyeckoro
aHanu3a. [lo cux nop B yuebHuKax NOHATE NPON3BOAHOI 06BACHAGTCA yUalLMCA Ha MpUMepe GU3nueckux npefcTaBneHuii o
MeXaHYeckoM nepemeLLeHIv MaTepuanbHoli TOUKN 1 MrHOBEHHOI ckopocT. OfHaKo B COBPeMEHHOI Heknaccunueckoi

(u3nKe HbITOHOBCKME NpeACTaBNeHIsA 0 CKOPOCTM 1 NepeMeLLieHII CyLLLeCTBEHHO MOANGULMPOBaHI. B penatuBucTckoi pusmke He
BCAKOE OTHoLeHne dX/dt gonyctumo - 3aaH BepxHuil npesen ckopoctyt €, a B KBAHTOBOI MeXaHIKe TPAeKTOpUA ABWXEHNSA YacTuLb,
TJie eCTKo (BA3aHbI MOMEHT BPEMEHI 11 KOOPAMHATA, 3aMeHeHa KBaHTOBO-BOTHOBbIMY NPeACTaBAEHNAMM C N3BECTHBIM
C0OTHOLLEHeM HeonpeaeneHHocTy leli3eHbepra.

Takum 06pa30Mm, OKa3anacb HapyLUIeHHOIA onpejieNieHHas rapMOHIA MeXAY GUNUECKUMIU U MAaTEMATUYECKUMI NPELCTaBIEHUAMMN,

KOTOpas CyLLECTBOBANA B KNaccueckoii Hayke. Ecin bl B no3anpoLunom eke, KTo-1ubo 3aaan Bonpoc; <CywwiecTByeT in BO

BceneHHoii anddepeHumpyemble GYHKLMN?>, To ONPESENUTL CMbICT (10BA <CYLLECTBOBAHME™ B TaKOIi OPMYIIMPOBKe BOMPOCA He
coctaBuno 6bl Tpyaa. MHorie nonaranu, uto <bor roBOpUT MaTeMaTYECKIM A3bIKOM™> - MaTeMaTIKa PAacKPbIBAET Ham

CyLHOCTb MUpO3aHusa, faXe e1v Mbl 3TOr0 He NoHMMaeM. MHTepecHa B 3TOM cMblce WaeA [aMUAbTOHA 0 TOM, YTO NOZI06HO TOMY,

KaK reomeTpua ABNAETCA TeopHeil NPoCTpaHCTBa, anrebpa no cyTu Aena ABNAETCA Teopueil BpemeHn. CToNb e npumeyaTenbHbl

nonbITKM [aycca 1 Jlo6aueBcKoro IKCNepUMEHTabHbIM NyTem ONpeneniTh - ABNAETCA M HEEBKNM0BA FeOMETPUA aZleKBATHOM PeanbHOCTH.

Ceityac rocnoACTBYeT MHasA AEONOrUA: MaTemMaTiKa paccMaTPUBAETCA KaK MOCTaBLUMK aBCTPaKTHbIX KOHCTPYKLMIA AnA

TeopeTnyeckoro MoAenupoBaHus pe3ynbTatos Gusnuecknx HabnofeHuii. Kak bipasunca beptpan Paccen: <Matematnyeckas
KOHLLeNLmA AaeT abCTPaKTHYH JIOTMUECKylo CXemy, N0 KOTOPYHo MOXHO NOJOrHaTb NOAXOAALLMMI MAHUNYNALMAMY

IMNupuyeckuii matepuan...> (b.Paccen <BseaeHue B MaTeMaTuueckyto dunocoduto>, M.: <THo3uc>, 1996, c. 101). Tenepb maTemaTuka
- 370 He A3bIk Jloroca, 06bekTnBHOro [lyxa, a CUMBONNYECKMIA A3bIK HAYKIN AA oniucaHuA peanbHocTi. (006pa3Ho 3TOMY, C03[al0TCA BCe
bonee u bonee abCTpakTHbIe (XeMbl, a MaTeMaTHyecKie KOHLeNLMN, UConb3yemble GU3nKamu-TeopeTikamu, yXoaat Bce fanblue 1
Janblue 0T 04eBUAHOI MPOCTOTI, CBOMCTBEHHON <MaTeMaTuueckUM Havanam HaTypanbHoi gunocodun>. Co3naetca BneyatneHue,

yT0 a6CTpaKTHBIE 06BEKTbI HbIHE BbICTYNAIOT B PONIM JONOTOMHbIX CNOHOB 11 Yepenax, C NOMOLLbIO KOTOpbIX ApeBHHe

<Mozennposani> BcenenHy...

Ewe c apeBHerpeyeckix BpemeH NPOCIEXMBAIOTCA ABE IMHUI: Knaccuueckaa gpunocodus, 03abouenHas nouckammn UCTUHDI,
codUCTMKA, 3aHATaA BbIPabOTKOI BHYTPEHHE TOTMUHBIX CXeM AN A0Ka3aTeNbCTBa BCEro, Yero yroaHo. B HactoALee BpemaA 3T0T nocieaHuil
- M[€0NOTMYECKWIA MOAXOA - ROMUHMpPYET [cM. 06 3ToM B KHure H.M. YypuHoBa "CoBepLueHcTBo 1 cBoboaa”, U3a-Bo
KpacHosipckoii aapokocmuueckoii akagemun, 2001, B rnase "[Iea npoekTa Hayku']. lonaralot, uTo to60€ BHYTPeHHe
http://res.krasu.ru/non-standard/ (59 u3 87) [06.11.2007 14:16:19]



HectangapTHbiit aHanu3 Heknaccuyeckoro Asinkexus. Masen Monyan.

HEMNPOTUBOPEYNBOE, aﬁCTpaKTHOE MaTeMaTyeCckoe NoOCTPOeHNe MOXHO I'IOI'Ip060BaTb NPUMEHUTD B ¢M3I/IKe. lImeHHo no3Tomy
pacxoxaeHne Heknaccnyecknx ﬂpEA(TaBIIEHVIVI 0 MeXaHNYeCcKoM ABMXKEHUN 1 UCXOAHBIX 0CHOBAHWI KNAaCcCUYeCKoro aHanu3a He
C4nTaerca Cepr3HOI7I I'Ip06J'IEM017I. Yro 3a bepal - ana MOAENNPOBAHNA eCTb MaTeMaTUYeCKIe annapatbl NHOTO TUNa, N ANA KaXaoro
ayyas HaiifeTca bonee-meHee npuemsiemas nHTepnpeTaunsa.

MoxeT 11 Takoe NoNoXeHMe AeN paccMaTpuUBaTLCA Kak eIMHCTBEHHO BO3MOXHDIil BApUaHT NO3HaHWA, a ONpaBAbIBaloLLIAA €ro MAeosorus
- KaK €[JUHCTBEHHO NpaBWsIbHaA? Mol 0TBET - 0TpULaTeNbHbIiA. Boiee TOro, eCTb 0CHOBAaHWA NONAraTh, YT0 ITOT BEPAUKT He MPOCTO
MHeHMe Gunocoda-uaeanncra, a oTpaxeHue onpedeneHHbIX UHTEHLMIA, CBOACTBEHHbIX MHOTUM. [TpuBeay fBe LUTaThI.

Puuapg OeiiHmaH B cBoeli KHure <Xapaktep Qu3nueckinx 3akoH0B™> nuet: <Teopus, COrNacHO KOTOPOiA NPOCTPAHCTBO HeNpepbIBHO,
MHe KaXeTcsl HeBEpHOIA, NOTOMY UTO OHA NPUBOAUT K 6ECKOHEUHO 60MbLUIMM BeMUYMHAM M APYTM TpyAHOCTAM. Kpome Toro, OHa He
J1aeT 0TBETA Ha BONPOC 0 TOM, YeM OnpeseNAHTCA pa3Mepbl BCex YacTuLl. fl cunbHo Nofj03peBato, UTo NpocTbie NpesCcTaBneHna
reoMeTpyUN, PaCIPOCTPAHEHHbIE Ha 0YEHb MaJIEHbKME YYaCTKIN NPOCTPAHCTBA, HeBEpHbI. [0BOPA 3T0, A, KOHEUHO, BCETO INLLb MPO6MBaI0
6peLub B 06LIEM 3AaHIN GU3NKI, HUYETO HE TOBOPA 0 TOM, Kak ee 3apenatb.> (Richard Feynman, The Character of Physical Law.
Pycckuit nepeog;: P.OeitmaH. Xapaktep dusnueckux 3akoHos. M.: Mup, 1968, c. 184).

A BOT Kakoe NpuMeyaTesibHoe CyXfieHe Bbcka3aHo B U3BecTHoil KHure [l.Tunbbepta u 1.bepHaiica: <Ha camom Jene mbl BoBce He
0643aHbl CYMTaTb, YTO MaTeMaTUUeCKoe NPOCTPaHCTBEHHO-BPeMeHHOe NpeaCTaBNeHye 0 ABIKEHNI ABNAETCA GU3nyeckn
0CMbICTIEHHbBIM TaKXe 1 B C1yYasX MPOM3BONIbHO MaslbiX POCTPAHCTBEHHBIX 1 BpEMEHHbIX HTepBanoB. bonee Toro, y Hac umeloTca
BCe 0CHOBAHMA NPEAMNONarath, uTo, CTPEMACb UMETb N0 ¢ J0CTaTOYHO NPOCTbIMU NOHATUAMY, 3Ta MaTeMaTiyeckas MOfeNb
KCTpanonupyeT GaKTbl, B3ATbIe U3 onpezeneHHoil 06nacTin oMbiTa, a UIMEeHHO 13 06n1acTy BMXeHuii B Npesienax Toro nopajka
BENMYMH, KOTOPbIiA eLLe JOCTYNeH Hawemy Habmiogenuo... [lo4o6Ho Tomy, KaK Npyu HeorpaHNyeHHOM NPOCTPAHCTBEHHOM ApobneHun
BOZJa nepectaet ObITb BOAON, NPpY HEOTPaHUYEHHOM ApobNeHNM ABMXKEHNA TaKkXKe BO3HUKAET HeUTO Takoe, UTo efBa I MOXKeT

6bITb 0XapaKTepu30BaHo Kak ABuxeHue> (Tunbbept ., bapHaiic 1., <OcHoBaHUA MaTeMaTHK. Jlornueckine CUMceHa i
dopmanu3zauua apupmetiku=>, M., <Hayka>, 1979, c. 41, nepBoe u3nanue kuuru - 1934 r.).

HPOUJ)I NPOLLEHNA 3a CTONb 06LLIVIpHOE LUUTUPOBAHNE, OHO NoHaf061Mn0Cb, 4T06bl 060CHOBATH OCHOBHbIE npeanocbInKmn BaXHOI I'Ip06J'IEMI>II

1. Cyw,ecnsyeT NPUHLMNUANbHOE PaCX0XAEHUE MeXAY COBPEMEHHBIMU ¢VI3I/NGCKI/IMI/I npeacTaBneHNAMI 0 ABUMKEHNN U
KnacCuYeCkUMn NOHATUAMI aHaJIn3a.

2. Bo3amoxxHo MocTpoeHme <matemaTiyeckoii MoieN>, K0Topast NofoMaeT ANA ONUCAHNA MUKPO-ABUXEHNS B Npejenax
<Hef0CTYMHOro HabMoEHNIO NOPAIKA BENMUNH>,

OpHaKo Ha camom Aene peub Hago Bectin He 0 MOZEU, v He o TOCTPOEHNIA. 3apaua B ToM, uT06bI BHYTpY CAMOIi NOTUKN
KNaccuyeckoi maTemMaTKIN HaiTI OCHOBAHNA ANA faNbHeiLLero pa3BuTuA Teopun.

Celiuac npuHATa MBEONOTMA, KOTOPYI0 MOXHO Ha3BaTb MOZENbHLIM KOHCTPYKTUBM3MOM, HO peaiibHoe pa3BUTUe HayKu UAeT MHaye - A

6bl Ha3Ban 310t nyTb JIOTOTEHE30M. To ecTb HOBbIe CYLLHOCTU <HE U3MBILLAAKTCA>, a B €CTECTBEHHOI NIOrIKe TeOpUK

0TbICKMBAIOTCA OCHOBAHMA - <reHbl=>, CNoCOHHbIE Pa3BUTLCA B NONHOLIEHHYI0 MaTeMaTUUECKYI HayKy, npeteHayiowyto Ha UICTUHHOCTD.
Ecnu npuHATb 310T Punocodcknii nopxod, To cnepyet cornacutbea ¢ DeitHmanom - knaccuueckuit ananuz HE COOTBETCTBYET PEAJIBHOCTH,
HO He MOTOMY, UTO OH OLUMOOYEH, a NOTOMY, UTO B €r0 JIOTMKe MOKa He BbIABIEHbI NOTNYeCKIe BO3MOXHOCTI, M03BONALLME

NPUBECTI MaTeMaTHYeCKylo TeOpHi0 B COOTBETCTBYE C YU3NUECKIMI NPeACTaBneHnamu. Beoas kBaHT geitcteus N, Makc Mnank
TPparuyeckn nepexmusan, Yo NPUXoAUTCA MOAMGULIMPOBATL GOPMYNbI CO CCbINKAMM Ha IKCMepuMeHT. MoxeT ObITb, ero nepexxmBaHua
Obinn HebeCnouBEHHbI, a KBAHTOBAHME BMECTe C PENATUBUCTCKUMI 3aKOHOMEPHOCTAMM MOXKHO BbIBECTY TEOPETUYECKN - UCXOAA

13 JIOTUYECKINX OCHOBAHMIA, MOKA ELLE CKPBITBIX 1 He BbIABEHHDIX? fl nofaralo, uto Aeno 06CTOUT UMEHHO TaK.
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0aHaKo 6b110 6bl CIMLKOM ONPOMETYBO 33SIBIAT, UTO HYKHYH TEOPETUUYECKYI0 MOAENb AET HaM, YNOMSAHYTbIN B Hauane

(TaTbl1, HECTAHAAPTHbII aHANK3, a TUNepAeHCTBUTENbHbIE YACNA - KaK Pa3 TOT abCTPaKTHbIN 06bEKT, KOTOPbIN N03BOAUT
MOZENNPOBaTb KBAHTOBO-MeXaHUUECKYH0 IMCKPETHOCTD. Paccy1as TaK, Mbl 0CTaeMCA B paMKax MOAIENIbHOTO

KOHCTPYKTUBM3MA. Heapxume/10B aHanu3 B ero CoBpeMeHHOM BULE - 3T0 UCKYCCTBEHHAA MOZENb, 0CHOBAHHAA Ha NPAMOM

OTPULIAHUN aKcuoMbl EBOKCa-ApXUMe/1a, U HET N0Ka HUKAKMX Cepbe3HbIX NPUYNH PacLUMPATb Mofe AeiCTBUTENbHbIX uucen. B camom
JIeN€; UTO 3T0 32 YMCIA TaKKe, CKOJb YTOAHO OONbLLIAA CyMMa KOTOPbIX HE MOXET NPeB30iiTin euHuLLY, a 00paTHbIE UM 0Ka3blBaloTCA 3a
3HaKoM beckoHeuHocT? WX BBEAEHME - 3T0 NPOU3BOJbHOE ONYLLEHNE, @ MOZENb aHa3a, CKOHCTPYUPOBAHHASA Ha UX OCHOBE, -
0CTAeTCA 3K30TUYECKUM MOCTPOEHIEM, HE UMEIOLLIAM OTHOLLIEHNSA HIA K IMANUPUYECKOi PeanbHOCTH, HIt K TEOPETUUECKOI QU3MKe.

Mpagaa, B NocefHEM CTyyae, Mbl MOXEM 06HapYXKITb HEKOTOPbIE MHTEPECHbIE 0CObEHHOCTH.

B Teopum oTHocuTenbHOCTM AnbbepTa JiiHLLUTeliHa, Kak 3BECTHO, UCMONb3YeTCA PeNATUBIUCTCKOE NPABUNO CI0XKEHNA CKOPOCTEId,
KOr/a npubaBneHue efMHUL He NPUBOAWT K 6eCKOHEUHOMY BO3PaCcTaHMIo CyMMbI - OHA OrpaHIYeHa BEPXHIM Npezenom ckopocTy
cBeTa. 0AHaKo 11 B 3TOM Cllyuae CyTb ieNa He B HapyLUeHuu akciombl EBLokca-Apxumena, a B 0cobeHHOCTAX npeobpa3oBaHuii
TopeHua, AelicTBEHHbIX AN1A NCEBAOEBKNMA0BA KOHTUHYYMA NPOCTPaHCTBA-BpemMeHU. PasymeeTca, MOXHO fONYCTUTD, YTO
aHanorMyHoe NPaBUNO COXEHNA MOXeT paboTaTb 1 ANA NPOCTLIX BEAINYNH, TUNA ANMH UAN BPEMEHHbIX 0TPE3KOB, HO, ONATb-

TaKy, COBEPLIEHHO He ACHO NoYeMy Mbl AOIKHBI OFPaHUUMBaTb GeCKOHEUHOE NPOCTPAHCTBO HEKIIM 3aZaHHbIM PajinycoM, K KOTOPOMY
OyneT cTpemMUTbCA CyMMa CKNaZbiBaeMblX eIMHNYHbIX J/INH. 3aKOH NepCeKTUBbI CyLLeCTBYeT, HO Befib Mbl NOHUMAeM, 4To
YMeHbLLEeHe pa3mMepoB C paccTOAHIEM - 3TO 3pUTeNbHAA WNI3KA, @ He CBOICTBO MPOCTPAHCTBEHHO METPUKIA.

Tenepb 06paTUMCA K KBAHTOBOIT MexaHuKe. VI3BeCTH, UTo TaK Ha3biBaeMas <yNbTpaduoneToBas katactpoda> Obinia NPAMbIM CIeACTBUEM
13 GOPMYN KIACCUYECKOTO MaTeMATUUECKOro aHak3a - 1A PABHOBECHOTO U3NYYeHIA B 067aCT! BbICOKUX YACTOT NOAYYaNUCh
BeckoHeuHble 3HaueHA sHepriu. OHaKo BbIX0A Obin HaliaeH He B MOANGUKALIMM MAaTeMATUYECKIX MPUHLIMIOB, @ B

0CMbICTEHIM JKCTIEPUMEHTANIbHBIX AaHHbIX: rMMoTe3a Makca Mnanka nonoxuna npeaen 6eckoHeuHoMy ApOBAEHMI0 IHEPTIM -

E=hVokazanca HegenumbIM. U ceityac knaccuyeckne (I)OpMyJ'IbI dHaJIn3a NPOAO0MKAKT UCMOJIb30BaTb(A, a B(E MELLaKOLLINe
6eCKOHeUHOCTI COBpPEMEHHbIEe ¢l/|3VIKVI-T€0pETI/IKM HaYy4mnnncb, Kak Bblpasunca Pvmapn OeilHMaH, - <3ameTaTb nop KoBep>.

Takim 06pa3om, TeopeTUyecKyto CUTYaLNIo MOXHO OXapaKTepu30BaTb Tak. C 0AHON CTOPOHDI, KNacCUyecknii aHanus okasancsa
HefoCTaToueH AnA GU3NKIA, XOTA ero UCXOAHbIE NPeACTaBAEHNA BbIMARAT UHTYUTUBHO 04EBUAHBIMM U CTOMb ecTecTBEHHbIMY. C
JAPYroli CTOPOHbI, HeCTaHAAPTHDIN aHaNK3 KaXeTCA ANA GU3NKI NOAXOAALLAM: aKTyaNbHO 6eCKOHEUHO Manble Kak 6bl <KBaHTYIOT>
KOHTMHYYM B MUKpOMAacLUTabax, a runepaeicTBUTeNbHOCT (BbipakeHne MapTuHa [leBuca u3 ero knurn <IpuknagHoii
HecTaHZapTHbII aHanu3>) pa3buBaeTCa Ha <MUKPOMUP™>, MUP <AeACTBUTENbHbIX MAcLUTab0B> 1 MUP <KOCMUYECKOii>
beckoHeyHocTin. OiHaKO HeapXuMe0B aHanM3 - 3T0 BCe-TaKu UCKYCCTBEHHOE NMOCTPOEHNe, 3Ta <HeapXuMefoBOCTb>

NpOTMBOPEYMT HeCKOHeUHOI AeNMMOCT 11 KNaccuueckomy NoHATHI0 npeaena. Takum 06pa3om, eANHCTBEHHBIM BbIXOLOM MOXET ObiTb
TONbKO NI0TMYeCKoe COeANHeHe HeCTaHAAPTHOM MOZENM aHanu3a € aHanu30M Knaccuyeckum, 0bHapyxeHue ux HeobXoAnUMoN CBA3M,
eI YrofHo, - X AONONHUTENbHOCTY. [oABREHIe MPPaLIMOHANbHBIX YNCEN He OTMEHIIO YACTA PALNOHANbHbIE, TOYHO TaKxe
BBefleHe rnepAeicTBUTENBHBIX YnceN JOMKHO ObITb He fieknapaTuBHLIM MOAEbHbIM OCTPOEHMEM, 3 eCTECTBEHHBIM BbIBELEHIeM WX
W3 JIOTMKIN KNAaccyeckoro aHanu3a. fl cobupatocb nokasarb, UTo TakadA NOCTaHOBKA 3a/jaull NPaBOMepHa.

|. AKTYAJIbHAA BECKOHEYHOCTDb B COBCTBEHHOM
CMbICJIE CJIOBA

<AHanus - 370 ucunaeHne GeckoHeUHo MablX, a OCHOBHOE MOHATIE aHaN3a - NOHATIE AelCTBUTENBHOTO UNUIa>, - JaHHOE YTBEPXAeHMe
B kHure [unbbepta u bepHaiica gononHaeTca yTouHeHnem, - <[lonATHe beckoHeuHo 6oNbLLOro 1 6ecKoHeuHo Manoro

http://res.krasu.ru/non-standard/ (61 w3 87) [06.11.2007 14:16:19]



HectangapTHbiit aHanu3 Heknaccuyeckoro Asinkexus. Masen Monyan.

Teopueil feiiCTBUTENbHDBIX YMCEN B CODCTBEHHOM CMbICTE (0BA 13 PACCMOTPEHUA UCKAOUAIOTCA>. (YK. U34., T, 2, . 4 <HeduHUTHblE
MeTozbl B aHanm3e>>, ¢. 64-65).

HectaHpaapTHbIil aHann3, Ha000poT, BKNKYAET B PACCMOTPEHME HECKOHEUHO MaTble 1 HECKOHEUHO 60MbLUME B COBCTBEHHOM CMblCTE
C10Ba, OTCI0/}A M BO3HMKAET NpeACTaBNeHMe 0 runepAencTBUTENbHBIX unciax. oatomy, eciu B MuKpomacluTabe npu

HeorpaHyeHHOM ipo6NIeHNN Mbl B CAMOM JieNle PAaCCUUTbIBAEM NMOYUUTD Pa3pblB HEMPEPBIBHOCTM KOHTMHYYMa (Kak 0xkiaan P.OeliHmaH)
1 OTKPbITb <HEUTO TaKOe, UTO eBa I MOXKET ObITb 0XapaKTEPU30BaHO KaK ABUKEHIE> (Kak npeackasbiBany [1.Tunbbept u 1.bepHaiic),
T0 370 JJ0JKHO ObITb (BA3aHO C 6eCKOHEUHO MabIM MacLUTabom - C yeM-To BNoJHe akTyanbHbIM. OpHako [eopr KaHTop B <YueHuu

0 MHOXeCTBaX™> cneLuabHO 0roBap1Bas HeyMeCTHOCTb Takix npeacTaBaeHui. OH putopuueckm cnpatumsan: <Henb3a nu npogomKuTb
uMIa He TONbKO B 0611aCTb 6eckoHeuHo 60NbLLKX, HO U B 0611aCTb 6eCKOHEUHO MaNbix?=> W 3MOLIMOHANbHO BO3PaXan: Takue NOMbITKN

- <HaCUNbCTBEHHBI™>, Y HUX <ILATKMIi DYHAAMEHT>>, OHM, BOOOLLE, <OecnoueHHbI™> 1 np. (I'.KaHTop. YueHue 0 MHoXecTBax. Pycckoe
u3paHue - B kH. <HoBble naeu B matematuke=>, c6. 6, (16, 1914, ¢. 15.)

KaxTop chopmynipoBan npamoii 3anpeT: <He cyLLECTBYET OTANUHBIX OT HYNA IMHEIHbIX YNCIOBbIX BEAUUMH (UNCTOBBIX

BENMYYH, IPELCTABUMbIX B 00pa3e orpaHnueHHbIX HeMpepbIBHbIX NPAMOJMHENHBIX 0TPE3KOB), KOTOpbIE ObiIN Obl MEHbLLE CKOJb
YrOZHO Masloil KOHEUHOIH YNCI0BOIT BENMUMHBI, TO €CTb Takue BENINUMHbI POTUBOPEYAT MOHATMIO IMHEIHOI uncnoBoi BennumHbl> (T,
KaxTop. Tpyabl no Teopuu MHoxects, M.: <Hayka>, 1985, c. 294). [loka3aTenbCcTBO 3T0r0 NosoXeHna y KaHTopa 0cHoBaHO Ha
aKcnome EBfokca-Apxumena 1 ero y6exaeHHOCTM B <NpOTUBOECTECTBEHHOCTU> NHO6bIX NONbITOK BBEAEHIA aKTyanbHO 6eCKOHEUHO
MarbIX (M0 ero MHeHIO - Takie MOCTPOeHNA <OCTAIOTCA TONbKO Ha bymare>).

Ho Ha 370l e cTpaHuLie KaHTop conocTaBRseT CBO TEOPHH0 TPAHCHUHUTOB C TUNOTE30ii HECKOHEUHO G0MbLIIX U GECKOHEUHO MANlbIX
yucen, BbickasaHHoi B (Boe Bpemsa (oHTeHenem, 1 oTMeyaeT: <Hesb3e (Ka3aTb, YTO PAcTyLLMe KOHEYHbIE YACTA NPUONMKAITCA CKOMb

yrogHo 6nu3ko kK W, CKopee BCAKOE CKOJIb yrofHO 60/1bLLUOe YN0 N OCTAETCA CTOMb XKe Aanekum oT W, Kak 1 HauMeHbLLE YICTIO.

Moe HaumeHbLLee TpaHCOUHUTHOE uncno W, 1, CefioBaTeNbHO, Bee bonbLune nopaakosble uncna BCELIENO pacnonoxeHbl BHE
beckoHeuHoro uncnoBoro paga 1, 2, 3, ... HecuactHoii oumbkoit OoHTeHena bb1no To, UTo OH McKan TpaHcduHuTHoe BHYTPU uncnosoro paga
1,2,3,...n..., X0TA HEKOTOPbIM 00pa30M B KOHLIE €ro (Mex 1y TeM Kak TakoBOro He cyliecTByeT). [ocie Toro Kak oH BBEN TakuM

06pa3om Hanepes HepaspeLunmoe NpoTHUBOPeUme B CBON beCKOHeuHble uncna, cyabba ero becnnoaHoil Teopun bbina pelwena. Ho

€U KpUTUKM, CO6NIa3HEHHbIE KpyLLEHMeM QOHTEHeNeBCKIX OECKOHEYHDIX UMCeN, YMAIOT BbIHECTU NPUTOBOP AKTYaNbHO

beckoHeuHbIM uncnam Boobiwue, oHu ONIPOBEPTHYTbI gakTom moeii panuKanbHo 0TANYHOI OT GOHTEHENEBCKOIA M BMOHE
HenpoTMBOpeunBoii Teopun=>. (YK. u3a., ¢. 294).

Kputukya OoHTeHenA 3a nouckn beckoHeuHo 6onbLunx uncen BHYTPU pacxoadwieroca uncnosoro paga, Kantop cam nomelyaet

aKTyanbHo 6eckoHeuHo Manble <B KOHEL™ CX0AALLeroca pada i ycnelHo A0Ka3blBaeT, uTo ux Tam HeT. Ho Befib akTyasnbHo

beckoHeuHo Manble MOryT ObiTb nomelLieHbl BHE uncnosoro paga aelicTButenbHbIX uncen, 1 Torga npurosop Kaxtopa

OKaeTCA HeCoCTOATENbHbIM. XapaKTepHo, UTo B NpUMeYaHIaAx K LuTupyemomy cbopHuKy ero TpynoB HayuHblii pesaktop Konmoropos A.

H. nuwer; <Bo3moXHo, HeOe3bIHTEPECHO 6bi0 Obl NpoYecTb KHury QoHTEHENA C TOUKY 3peHIns HecTaHaapTHoro aHanusa> (Yk. u3g,. c. 408).

0aHako cnenyeT caenatb 0AHO CyLyecTBeHHOe yTouHeHue. B yxe ynomAHyTol kHure MaptuHa [leuca <[puknagHoil HecraHAapTHbIiA
aHanu3> (Martin Davis, Applied Nonstsndard Analysis, N.Y., 1977) runepaeiictButenbHble uncia TpakTylTCA B kauecTe

WAEANBHBIX 3IEMEHTOB - Tvna 6eckoHeuHo yAaneHHbIX ToueK B NPOEKTUBHOM FeOMETPUM, TO eCTb aKLIeHTUPYETCA UCKYCCTBEHHOCTb

WX NoABNeHNA B Matematuke. paBa, cam co3aatenb HecTaHAApTHOro aHanu3a Abpaxom PobuHCOH NpuaepKBanca Ha 3ToT cueT

WHOTO MHEHWA, @ €M BCIOMHUTB M3BeCTHBI apopu3m J1.KpoHekepa, Mon, HaTypanbHble Yncna npuayman TBope, a Be 0CTanbHoe -
JeNo UenoBeyeckinx pyK, To BONpoc 06 MCKYCCTBEHHOCTY 1 eCTeCTBEHHOCTI 0Ka3biBAeTCA BONPOCOM BKY(a M MALONOTMYeCKOil OpUeHTaLyMu.

Bonee Toro, uctopua B3aUMOOTHOLLIEHII GU3NKIA U MATEMATUKI IaeT HaM NOKa3aTeNbHbIA NPUMEp: OAMH 13 Co3aaTeneil
Knaccuueckoro aHanu3a I.Jeii6Huy yeepxaan, uto auddepenunansi dx v dy - 310 uaeanbHble MaTemMaTUueCKue 06bEKTDI, YCI0BHbIE
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3HaKV BbIUMCIEHUIA, NOZ00HbIE MHUMOI eANHULE i, 0AHAKO AA APYroro 0CHOBOMONOXHMKA AnddepeHunpoBanus U.HbtoToHa 5Tn
“Omiokcumn™ 1 "$nio3HTHI" 661N BbIpaxeHneM 06beKTUBHBIX GU3MUECKUX CBOICTB MUpa. Kak U3BEeCTHO, NoCeHNIA KOHLENTYanbHbli NoAX0z
W CTan ABIKYLLMM MOTUBOM, 3aCTaBUBLUMM MaTeMaTNKoB Npu3HaTh AndhepeHLmansl B KauecTse MoNHONPaBHbIX MaTeMaTuyeckinx
06EKTOB - Ceilyac Mbl AaXe He BCIOMUHAEM, UT0 HEKOT/a 3T0T BONPOC Obl1 AUCKYCCUOHHBIM. HbIHe MOXHO yTBEPXAaTb, 4T0 BONPOC 0
(TaTyce rUNepaeiicTBUTENbHbIX YMCeN B Hallle BpeMsA byneT pellieH Takke BHe MaTeMaTInKu, a B AUHaMUYHOM npoLiecce

WCNoNb30BaHNA HeCTaHAAPTHOTO aHanu3a AnA MOAENNPOBaHNA HeKNaccuyeckoro ABuxeHNA. Beab abctpakTHoe pasaenenue
MaTemaTinyecknx 06beKToB Ha "peanbHble” 1 "upeanbHbie” - caMo No cebe NCKyCCTBEHHO.

B npuHLyne, eAMHCTBEHHBIM KpUTEPUEM OCTAETCA CMOCOBHOCTb AaHHOTO MOAX0Aa HE0OXOANMbIM 00pa30M BOIATI B CUCTEMY
Hayku. KaHTOpOBbI TPAHCHUHMTLI OTKPLIM Mepes Hamu 06LLNPHYI0 0671aCTb NPUNOXKEHMS TBOPUECKIX YCUIMIA, AAKOT NI TAKyH
e BO3MOXHOCTb rUnepaeicTBUTENbHbIE Yuca?

[laaiite NOCMOTPUM, Ha KaKoil UAeiiHbIit 6331C ONMPAETCA TPAAMLMOHHOE NPEACTABNEHME 0 GECKOHEUHOM AeNeHuN
HenpepbIBHOTO KOHTUHYYMa.

BoT fieneHue eauHMYHOrO 0Tpe3Ka Nonoam, 00bluHblii cxogawmiica pag 1/2 + 1/4 + 1/8 + ..., kotopblii B cymme 06pa3yeT eauHuLy.
Mbl BUAMM Kak TOUKY fieneHna <CryLialoTca™ y Hauana oTpe3Ka - y Toukn O, KoTopas 0cTaeTca HeROCTUMKIMOIA, NOCKONbKY o6yt
TOUKY AieNEHMA OT HyNA BCeraa OTAENAET 0TPE30K 3HAUMMON J/INHBI.

Puc. 1

118 14 12 1

Onepauvm [E€NeHnA nononam ABNAETCA 04HOBPEMEHHO onepaumeﬁ YABOEHUA, TO €CTb UCXOAHDIN eAMHNYHbIIA 0TPE30K - 3T0 TaKoi xe
0TPE30K, KaK 1 nto6as ero yacTb, 1 NoHas KapTKHa NoslyyaeTcd TobKo, e Mbl NPOAOIMNM PAJL 0TPE3KOB B CTOPOHY X yBeNUYEHUA: ...
1/8,1/4,1/2,1,2,4,8, ...

Puc. 2
Wl 1 4
A Fd [ e e —_
0 1

Mpu 3ToM beckoHeuHoCTb (0603HaumMm ee cumBonom [[) oka3biBaeTcs Takke HemOCTUXMMOIA, Kak 1 O. MpaBa, O <y Hac nepea rnasamu=>,
a [ <vaxopuTca> rae-To Janeko-aaneko 3a Kpaem KpaHa Aucnnes.

To, uTo eAMHMLA 3aaeT HaM Mepy, OTHOCUTENbHO KOTOPOIA NPOUCXOANT YBENMUEHUE WN YMEHbLUIEHME - NOHATHO. (BWT 3TO/ Mepbl

He MEHAET OTHOLLEHME COCEAHMX BENNYNH, HO UMEHHO BO3MOXHOCTb 3TOMO C(iBUra onpeAenaeT 6eckoHEUHOCTb AeneHIa: Mo6oii, Ckonb
YroZHO Manblid, ocTaBLuiica fo O, 0TPe30K, MOXKeT nonaratbca eMHUYHbIM. Touka O <y Hac nepep rnasamu= noToMmy, UTo OHa
ABNAETCA KOHLOM BbIOPaHHOTO eIMHNYHOTO 0TPE3KA, B 0TINYME 0T <TOUKMN beckoHeuHocT> - [, KoTopas KOHLIOM He ABNAETCA NpocTo
no onpezenenuio. 0aHaKo HacKosIbKo NpaBoMepHO NoHMaHKe Toukn O B kauectee KOHLIA? ficHo, uTo 370 onpeeneHue (Bs3aHo

¢ Bbigenenvem OTPE3KA, Ho Beib ero eneHue - 370 0AHO, a NOCTPOEHIe NOCIEA0BATENbHOCTI OTPE3KOB - HOE.

OTKnazbiBas yBEANUMBAIOLLMECA OTPE3KN BNPaBO, Mbl HUKOTZ1A He AOCTUTaeM <TOUKM>> 6eCKOHEUHOCTU (3Ty TOUKY <mocTaBui™>
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l'eopr KaHTop, Koraa caenasn 6eckoHeyHOCTb akTyanbHoi). TouHo TakxKe, 0TKNaAbIBas BNEBO yMEHbLLAKLNECA, Mbl HE CMOXKEM
3aBepLUMTb NOCTPOEHNeE B KaKoii Obl To HY 6b110 TouKe. 3T0 BPoAe Obl HAC He A0MKHO CMYLLATb, BeAib TouKa O yxke 3ajaHa Ha NPAMOIA 1
ANA AaHHOT0 NOCTPOeHMA 3aaaH npegen. OAHaKo NOCTpoeHKe Ha NPAMOIA - 3TO PacnonoXeHue TOUeK B OnpeaeneHHoN
nocnef0BaTeNbHOCTH, feno cyliectBeHHo MeHAeTcA, Koraa [TOCTPOEHUE craHoBuTCA peanbHbiM.

Jonyctum, oTpe3ok 1/2 crpouTca Kak nepneHauKynap K eanHnuHomy, a 1/4 - kak nepnengukynap k 1/2 n t.n.

Puc. 3

1/4
1/8

] 15 1

B 3701 3aKpyunBatoLLEiicA yIUTKe TOXeE NOKA HET HUYEro NPUMeYaTeNbHOro, Mbl MOXeM NOCTPOUTD PAAbI AA0LLMe KOOPAUHATbI TOYKH,
B KOTOPYH O/KeH NONacTb KOHeL| oMaHHoiA. Ho BOT BOMPOC: ¢ KaKoil CTOPOHbI B 3Ty TOUKY NONafiaeT 3Ta JIOMaHHas - <csepxy>>,
<cHu3y>, <cnpaBa>, <cneBa>? Befib laHHOE NOCTPOEHME 33a€ET, B OTANUME OT TPAAULIMOHHOO, cpa3y 4 HanpasneHua. Bonpoc

He 6eccmblaeHHbliA. Ecnn, ckaxem, Mo 06bIYHOIA MPAMOIA NPONCXOANT PABHOMEPHOE ABUKEHNE TOUKIA, KOTOPas NOCIef0BaTeNbHO
NPOXOAWT NOMOBYUHY PacCTOAHNA, 3aTeM YeTBEpTb U T.1M., TO Kak Mbl JOMKHbI TPAKTOBAT Takoe paBHOMEPHOe ABIXeHUe B

Q1yyae NpAMOYronbHoi cnupanin? Eciu Mbl NpeanonoXmm, 4To no 3Toil NOMaHHOIA ABUNKETCA TOUKA, NPOXOAA 32 O/NHAKOBbIE
NPOMEXYTKM BPEMEHY PaBHbIE OTPE3KM, TO €€ NonajiaHIne B LIEHTP <YAUTKN> 0Ka3blBAETCA TakIM, UTO Hefb3A YKa3aTb HanpaBneHue
BEKTOpa ee CKOPOCT B 3TON Touke. MOXeT NoKa3aTb(A, UT0 34ecb HeT HUYero CTPaHHOrO - BeAib U B to60ii TOUKe 13n10Ma TpaeKTopui
y ABUKYLLEICA TOUK NOABNAIOTCA 1BA B3aUMONepneHAMKYNAPHBIX BEKTOPA CKOPOCTM, HO Befib TOUKA NPEAENa - He MOXET ObiTb
TouKoi u3noma! Utobbl ckazaHHoe CTano bonee ACHbIM, BOOOPA3MM, UTO YNIUTKA COCTOUT He TONbKO 13 0Tpe3Ka TpaekTopun o1 1 1o O,
HO TaKXe 1 ee npogomkeHns ot O ao -1:

Puc. 4

-1 142

1/4

-1/4

1/2 1

Touka O 0Ka3blBaeTCA TakuM <MecToM> U310MaHHOM TPAEKTOPUN, Ti€ HanpaBJieHNE BEKTOPA €€ ABUMEHNA CTAHOBUTCA HeoNpeaeneHHbIM,
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a ee [IBWXeHNe B 3T0il TOUKe, B CAMOM JieNe, YXKe TpyAHO <0XapaKTepu30BaTh Kak ABMKEHMe. [py 3TOM, Mbl HI Ha OZIHOM 3 3TamnoB

He nonajiaem B KaKylo-nn6o 061acTb <MMKpOMacLUTaboB>, CIOXKHOCTU NOABNAIOTCA TONbKO B Touke O. MoxeM i Mbl (Ka3aTb, 4To

TaKaA 0C00€HHOCTb NpucyLLa Touke O 1 B TOM C1yyae, Koraa ABUKEHUE 3a1aH0 N0 NPAMOIA, a He 1o IoMaHHoiA? HeT, fo Tex nop, noka

amo 370 /BWXKEHNE CBA3bIBAETCA € ABWXEHNEM M0 0Tpe3Ky. Ho, ecrin Mbl HAUMHAeM BECTU peub 0 MTHOBEHHOI CKOPOCTH, O CKOPOCTI B TOUKE
- BOMPOCbI NOSBNAKTCA CHOBA. DaKTUeCKu, BO3HUKAET Npo6iema: ¢ Kakoii CTOPOHbI Mbl J0JIKHbI CTATVBATb 0TPE30K, ycTpemnseMblii K O,

- KaK JJO/KHO BbITNIAAETb B JAHHOM Cllyuae OTHOLLEHME AndhepeHumanos?

I onATb MOXET NOKa3aTbCA, UTO NPO6NEMbI HET: Beib €C/M TOYKA N0 NPAMOI ABIKeTCA 0T 1 K -1 uepe3 O, T0 3aknioyas ot obLyero

K YaCTHOMY, Mbl JOMXHbI NPUATM K BLIBOAY, UTO 1 B Nt000I TOUKe TpaekTopuu (11 B O) HanpaBneHue ee ABUNKEHIA 0CTAETCA TaKUM Xe.
Beab, ecnu npeanonoxmtb, uto B O HanpasneHue ee ABUKEHMA HEOMPe/eNIeHHO, T0, 3aK/Yas 0T YaCTHOTO K 00LLEeMy, IPUAETCA FOBOPUTD
0 HeornpeeNeHHOCTIN HaNPaBEeHNA ee ABINKEHNA B LIENIOM M0 OTPE3KY, a 3T0 NPOTMBOPEYNT 33JlaHHOMY BEKTOPY CKOPOCTH.

0nHaKo NpaBOMEPHa S TaKas 0rMKa B HeQUHUTHOM paccykaeHnn?

Mpo6nema CTaHOBWTCA eLLle 0CTpee, Koraa B nonoxeHun HeanddepeHumnpyemoro O 0Ka3biBalOTCA BCe TOUKM TpaeKTopuu. PaccmoTpum
durypy Ban-nep-Bapaena, nonyyaemyto 3 paBHOCTOPOHHETO TPEYTONbHMKA, KOT/1A KaX/1as CTOPOHA ero AeNUTCA Ha TP YacTu, K
KOTOpbIM [106aBNSETCA eLlie 0fHa, 00pa3yA Ha KX [0/ U3 CTOPOH HOBBIiA TPEYTONbHUK;

Puc.5

... TaK fianee - 0 6eckoHeuHocTu. Kak U3BeCTHO, B npegene Mol nojlyvyaem ¢Mrypy, B KXo/l TOUKe KOTOpOVI <UMEETCa U3NomM=, a

" " " n v
001142 ANMHA 37O 6eCKOHEUHO U3NOMaHHON IMHUN CTpeMUTCA K beckoHeuHol Bennunte 3(4/3) npu n crpemaLueiica K
beckoHeuHocTi. Korga Mbl 3a1aeM BUXeHVE TOUKM N0 eANHUYHOMY OTPE3KY, HaC He CMYLLAET, UTO OH ABNAETCA YaCTbio
BeckoHeuHoi MpAMOA, MOXeM N Mbl 1 B CTyuae ¢urypbl Ban-aep-BapzeHa roopuTb 0 ABIKEHIM TOUKM N0 TaKoi TpaekTopuu?

(aKTnueckm 3aecb BO3HUKAET 0ueHb cepbe3Had npobnema. Kak u3BectHo, nepBoe cTporoe onpefenenue nuHum Kamunn MopaaH fasan
€O CCHINKOI Ha NPefCTaBMeHIe TPaeKTopui ABUXYLLEACA TOUKM. 3aTeM 0Ka3anoch, YTo MaTemMaTiyeckit HenpepbiBHbIMU IMHUAMMN
ABNANTCA TaKXKe 1 "0ecKoHeUHo NIoMaHHbIe" - Tuna durypbl Bax-gep-BapzeHa: Tem cambiM npefcTaBneHue 0 ABUMKEHIN MeXaHUUeCKoll
TOUKM N0 TPAeKTOPUN UCKMI0UaNoch, BLIHOCUIOCH 3a CKOBKN MaTeMaTyeckinx onpegenenuil. Ho, aagaiite, BepHemca B

WCXOMIHYI0 TEOPETUYECKYIO CATYLIMIO M NOCTaBMM BONpoc: "KAK Touka MoeT gBuratbes no TAKO Tpaektopuu?"

H.BuHep nokazan, uto 6poyHOBCKOe ABIKEHME YaCTMLIbl, MACCOil KOTOPOIA MOXHO NpeHebpeub, COBEPLLALTCA NO TaKOR IMHIK, He

UMetoLLieli KacaTenbHoil. Ho BBeaeHue 31oil ycnoBHOCTY, npeanonaraet, uto PEAJIBHO maTepuanbHas Touka Bce-Taki fBUraeTca

no AndepeHumpyemoii TpaekTopun. A nouemy, cobcreeHHo? Befib ropasgo ecrectBenHee 6bi0 Obl yTBepXAaTh, UTO MaTepuanbHad Touka
HA CAMOM JIENTE MOXET aBuratbca no Takoii BOT “6eCKOHEUHO M3NI0MaHHOI" IMHIN, @, IPUHAB 3T0, 3aTeM NPOCIEANTD - KAKUMMN
cBoiicTBaMU fomkHo obnaaatb TAKOE MexaHuueckoe aBuKeHue. [lyctb Knaccnyeckuii aHanu3 AnA onucaHnA Takoro ABMXEHNA He NOAX0AMT
- 370 e camoe UHTepecHoe! Beaib 3aeCb OTKPbIBAETCA HUKEM Hen3BeAAHHbII NYTb - TPAEKTOPUA ANA ABWXKEHUA NCCIE[0BATENbCKOA MbICTA.
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Wtak, Toukn, cocTaBAtoLme durypy BaH-Lep-BapaeHa, - Bce <y Hac nepes rnasamu=>, 0HaKo NapafoKc B TOM, UT0 MeXzy NobbIMu

JBYMA (ZaXe CKONb YroZHO ONM3KIMIA) NIEXUT PaccToAHNe 6eckoHeuHo 60bLuoe. <BbINPAMUM>> NOMaHHYI0 MEXY ABYMS TaKNMIU TOUKaMU
- 3T0 CTAHET 0YEBMAHBIM. A eI cCuMTaTh GUrypy Bax-nep-BapaeHa akTyanbHo 3aiaHHON o Bcemu ee U3rubamu, To BbINPAMIEHHE ee AacT
<B npegene> 6eckoHeuHo 601bLLOI TpeyronbHuK. Monpobyem B 06paTHYI0 CTOPOHY: MOXHO 3aAaHHI TPEYTONbHUK C

€AMHNYHBIMU CTOPOHAMM NPEBPATUTH B GECKOHEUHO U3NIOMaHHYIO GUrypy, €CIv LeNUTb €ro CTOPOHDI He Ha 3 YacT, a Ha 4, cknapbias

JIB€ LieHTpabHble KaK CTOPOHbI TPEyronbHItKa. B utore mbl nostyuum urypy:

Puc. 6

r/1e 3Be3/104Ka - 370 6ECKOHEUHO NOMaHHAA KOHEUHON ANNHbI, <BTUCHYTaA> B 00MaCTb HyNeBoro pasmepa. ECu cywiecTayer Touka,
KOTOpas Npeofi0eBaeT 06bIuHblii 0TPE30K (eAUHUYHYI0 CTOPOHY TPEYTONbHIKA) 3 KOHEUHOE BPEMS, TO OHa KaK-TO JLOMKHA ABUTaTbCA U
N0 TpaekTopun Ban-nep-BapaeHa, BO3HMKaloLLei Ha 0CHOBE Tak CKaToro TpeyrobHuKa. 0 TOM, KakoBO HaNPaBIEHNE ABIKEHNA

TOUKM, NPEOAONEBaIOLLLEN TaKOE KOHEUHOE PACCTOAHME 3a KOHEUHOE BPeMs, NPeAOCTaBAsA CyanTb uutatenam. MoxeT 6biTb,

TaK IBUraloLLascs TOUKa HaXOANTCA BOOBLLLE B COCTOSHMM MOKOS, KOMb CKOPO OHA He YIanseTca 0T (BOEro MecTa Hil Ha Kakoe
PACCTOAHIE, BLIPAKAEMOE [eiCTBUTENbHbIM YNCTOM?

Bnpouem, gaxe craHaapTHbIil eanHNYHbIA TpeyronbHk HA CAMOM [IENE He cronb npocT, Kak 06biuHO cunTaetca. Ectb aeTckuit
Napagioke, Korfa </oKa3biBaeTcA™, uto 2 = 1, TaK Kak cyMma [1ByX CTOPOH TPeyro/ibH1Ka paBHa TpeTbeid. ITi [1Be CTOPOHbI
HaumMHatoT <nomatb> (Npy 3TOM CyMMa CTOPOH, COCTABNIAIOLLAX TOMaHHYI0, HE MEHAETCA), N YTBEPXKAAIOT, uT0 <B Mpefene>
noyyaeTcA TOMaHHasA COBMAAAI0LLaA C OCHOBAHUEM TPeyrofbHMKa.

Puc. 7

Jtot napaaokKc, Kak N3BecTHo, MHUMDbIIA, HO €r0 MOXKHO caenatb 1 bonee (epbe3HbIM. anHHOJ'IO)KVIM, 470 MbI <BbINPAMUAN=>
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3Ty 6ECKOHEUHYH JIOMaHYI0 33/1aHHOI KOHEUHOI ANMHbI, HO BE[Ib HAM HUUTO He MELLIAET CKa3aTb, YTO MONYYEHHDIE [ABE CTOPOHbI
TPEYrobHNKa cami CyTb TaKue e NOMaHHbIe, KOTOpble MOXHO <pacnpAMUTL>, 06pa30BaB Ha CTOPOHAX 3TOr0 TPEYrobHMKa eLue ABa. i
TaK fanee.

Puc. 8

WHbIMKM cnoBamm, 0Tpe3oK I'IpFIMOI;I, 06pa3y|0w,|/||7| €AVHUYHOE 0CHOBAHME TPEYrosibHNKa ﬁyﬂeT NPUPaBHEH He K ANHE = 2,aK InnHe =

n
2, rgen YCTPEMNEHO K beckoHeuHocT. DaKTUYECKN Mbl npojenbiBaeM CieaytoLLyto onepaLnio; yTBepXaaem, Yto BIOTHYIO K
€AVHUYHOMY 0CHOBAHUIO TPEYronbHMKa pacnonaraerca 6eCKOHEYHbliA pPAL MUKPOTPEYTOoJIbHUKOB, KOTOPbIE MOXHO
nocne0BaTeNbHO <pacnpAMAATb=, BblKNa/blBasd CTPaHHYH INHNIO 0eCKOHEYHOI ANMHbI.

Ecwm ﬂp06ﬂ OTPE3KN Mbl NbITaNKCb Halllynatb obnactb, rae pacnonarakTCa akTyajibHO 0ecKOHEeUHO Majible BEIMUYMHDI, TO B MOCTEAHMX

Cy4anx y Hac NOABIANCH GeckoHeuHo Gonbiuve uncna - (4/3)" n 2" Bbipaxatoliiue 6ecKoHEUHO 6ONbLIOE YACTO AMHAYHBIX ATIMH IPU

N ycTpemneHHoM K 6eckoHeuHocT. 06bIYHO CYUMTAETCA, UTO OCHOBAHME CTEMEHN He UTpaeT 0coboii posu, Koflb CKOpO CTeneHb ycTpemnaeTca
Ko Bce 60/1bLUnM 1 60bLMM NopsaaKam (cM. Hanpumep, dcce [x.JTutneyaa <bonblume uncna> B kH. J.E Litlewood. A

Mathematiclans Miscellany, London, 1957. - paBaa, aHrAniACKuii MaTeMaTuK, NpupaBHUBas <6onblume Yncna>, Be-Taki beper

(100 <paBEHCTBO> B KaBbIUKIA. - Pycckoe u3ganue; [x.Jlutneyn. Matematuyeckas cmeco, M.: <Hayka>, 1978, ¢. 108). Ha camom piene
HaLLIW OLIEHKM ONPEeAensioTCA TeM, UTO CpaBHeHNe HeCKOHEYHBIX ANH HeMbicuMo. Monpobyem caenaTb NOCTPOEHME, B KOTOPOM
beckoHeuHas AnnHa 0Ka3blBaeTca <nepep rmasamu>.

Ecnm GeckoHeuHas AecaTuyHas Apobb (ana npoctoTbl Bo3bMem Apobb nepuognyeckyio) 1,11111111.... npeacraBnset coboi cxoaawmiica
pag 1+ 1/10+ 1/100 + 1/1000 + ..., To pacxoaawmiica pag 1 + 10 + 100 + 1000 + ... MoXHo ycnoBHo 3anucath B Bupe uncna 111111...,
rfle nepBas UMdpa 03HAYAET YN0 EANHIALL, BTOPASA - YNCIO AECATKOB U T.N. MoXHO nocTpouTh <6eckoHeuHoe AepeBo=, rpad,

ANMHA KOTOPOro paBHa 3Tomy uncny. 0T eluHNYHOr0 0Tpe3Ka oTxoauT 20 BeTBe ¢ AnnHoi B 1/2, cymMma KoTopbix AaeT AnuHy 10, ot
KaX10ii BETOUKM 0TX0AuT eltie 1o 20 0TPOCTKOB ¢ AnuHamu 1/4 v T.n. Ecin Hekii xyuok byaeT non3ti Bce Bpems BBEPX, T0 3a

KOHeYHoe BPEMS OH NMPUMON3ET Ha BEPXYLLKY, NOCKobKy ero nyTb 1+ (1/2 + 1/4 + 1/8 + ...) = 2. KakoBo umcsio XyuKoB, CUAALIMX

Ha <KOHUMKax> 3T0il <BebMUHOI METENKN>?

Puc. 9
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Co37aeTca BNeyaTeHue, to AA rUNepAeCTBUTENbHBIX YMCEN PeanbHO MMEHTCA HeKie <3KoNornyeckue HULWN>, MoXHo 1 Kakum-
T0 06pa3om <npo30HAUPOBATL> 3TV <3aKONJA0BaHHbIE MecTa>? YTo npoucxoamT B 061acTit HyNA, KyAa 6eckoHeuHo

AenAwyeca felicTBUTENbHbIE BENNYMHbBI MONACTb He MOTYT? J UTO MOXET NPONCXOANTD C YNUIAMMN B TPAHCOUHUTHOI 00NacTy, Kyaa He
MOXET NONACTb HU OZHO, CKOMb YroZHO 60MbLUOe AeiiCTBUTENbHOE YMCIO?

Ecnu mMbl Ha yncnoBoii npamoii 6yziem 0TMeYaTb TOUKH, COOTBETCTBYIoLME pAay OuboHauuw, rae Kaxzoe noceaylollee ABNAETCA
cymmoii AByx npeabiaywmx (1, 1,2,3,5,8,13, 21 ...), To B npeaene - npu ycrpemaeHnn B 061acTb BCe 6oNbLUMX 1 6ONbLUMX Ymcen -
OTHOLLEHVe ABYX nocnefHmX uncen OuboHayumm, Kak 3BecTHo, AaETj -. 3HaMeHuTOe nppaumoHanbHoe unao 1,61803... OHo
33/1aeT <30/10Tyt0 NPONOPLIMIO> - CEYeHIe OTPE3KA, NPU KOTOPOM MeHbLLAA YacTb OTHOCUTCA K 60NbLLIEN, Kak HoNbLuas K MX 06Lueli
AnuHe. MoXHo 3aABUTb, UTO ABUraACb BAOMb YNCIOBOI NPAMOIA, "wwaras™ yncnamu QuboHauun, Mbl 06HapyXuM B TPAHCOUHUTHOI

06M1acTi aKkTyanbHo 6eckoHeuHo 60bLue <OTPE3KI™>, OTHOLLEHME MEX Y KOTOPbIMY BbIPaXaeTCs KOHeUHbIM UPPALIMOHANbHBIM YACTOM |.

" HaOﬁOpOT, MOXHO B AeiiCTBUTENbHOI 06nacTyn NOCTPOUTD PAZ OTPE3KOB, COOTBETCTBYHOLLMX <30/10TOMY CEUEHNIO>!

Puc. 10

) __u;*.-ﬁ - 1 e ma A _ Jﬂm ,

L L =— k] rw 1
I = fkd =) it ¥ &oE e M)

MockonbKy OTHOLLEHIE BoNbLUEro 0Tpe3Ka K cocefHeMy MeHbluemy = 1,61903..., ux 06LLas AnuHa B NieByto CTOPOHY Npamoii byaeT

UMETb BMOJHE ONpefieNneHHylo NpefenbHYI0 TOUKY 0KOHUaHWA. B ee OKpecTHOCTY 1 By ayT <CKyuMBaTbCA> yMeHbLUAMLMECA OTPE3KMH,
KOTOpbIE - B MOJIHOM COOTBETCTBUN € BECKOHEUHOIT 1EIMMOCTbI0 HENPEPBIBHOTO KOHTUHYYMa - HUKOTAA He NepecTaHyT AenuTbeA. B

3TOM NOCTPOEHMUN NPEAENbHAA TOUKA HUKOTAA U He BYAET JOCTUTHYTA, 0AHAKO MOXHO YTBEPKAATD, UTO B 3TO1 6ECKOHEUHO

Manoii OKpeCTHOCTY BO371e NpezeNbHOiA TOUKU MPOUCXOANT YANBUTENbHAA BELLb; BMECTO HEMPEPbIBHOMO KOHTUHYYMa 06pasytoTca

YWCNA, koTopble byayT MATY K NpeeNbHOIi TOuKe Kak yMeHbLuatowmecs uncna OuboHauun. A nockonbky psa OnboHauum HaumHaetea 1, 1,
2,3 ..., T0 3TV uncna (M COOTBETCTBYHOLLME UM aKTYasIbHO GECKOHEUHO Marible runepaeicTBUTENbHbIE AMHbI) 611arononyyHo npuayT B
TOYKy npegena.
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3aecb MOXHO b0 6bl NOKa NOCTaBUTH TOYKY, HO XOYETCA HAMETUTb HEKOTOPbIE NYTW Pa3BUTUA NPenaraemoro noaxoaa.
Hanpvlmep, WNHTEPECHO NPeACTaBUTD - KaK 6y£l8T BbIMMAAETb ¢yHKLlVIﬂ ,[lmpmxne, ecnu ee eAMHNYHOE 3HaUeHne 6y)J,ET YCTPEMNEHO K HYJHO
n nepeVmeT B I'VII'Iepﬂ,eVICTBVITeJ'IbHyIO obnactb dKTyanbHO 6ecKOHeuHo Manbix?

K nHTepecHbIM pe3ynbTaTam NpUBOAMT U PacCMOTPEHNE NOJ STUM YTNOM 3peHInA rapMOHNYeCKoro paaa Lenbix uncen 1, 2, 3, 4,

5, ... OueBMAHbIM 06pa3om, B GeckoHeUHO 60NbLLIOM Npefiene 06pa3yeTca oTHoLWeHMe beckoHeuHo 6onblumx (N+1)/N, a B
TPaHCHUHUTHOI 06MACTIN 3TI YMCNA NEPEXOAAT B OTHOLLIEHME aKTYaNbHO GECKOHEYHDIX 0TPE3KOB PaBHON AnuHbI. Kasanocs b,

3[1eCb NepeBepHYTb OnepavLyio HEBO3MOXHO: B AACTBUTENbHON 06MacTH pAA eAUHNYHBIX ANMH He [AeT HaM NPeAeNbHYI0 TOUKY,

BO3/1e KOTOPOIA B runepaeiicTBUTENbHOI OKPECTHOCTM BbICTPOUTCA FapMOHMUECKNii pag uncen. K cuactblo, TyT 06HapyxuBaeTca

(BOVCTBO MHOTO POAA. XOTA Mbl M <He BUANUM™> 06/1aCTb, T/le HAXOAATCA aKTyanbHO 6eCKOHEUHO Manble ANHbI, 06pa3yoLre
TapMOHUYECKMIl PAZ YnCen, Ho Mbl BUANM 6eckoHeuHyt NPAMYI0 Ha KOTOPOI OTNOXeHbI PaBHbIE eNHUYHbIE 0TPE3KM U MOXKEM, HaulHas
CN06oro paccmMoTpeTb HeckoHeuHylo nonynpamyto. Ha Heii coceiune otpe3kin otHocaTca apyr K apyry kak (N+1)/N, rae N -

beckoHeuHo 60/1bLIOe YNCI0, BbIpaxatoLLee CyMMY aKTyanbHO Manbix AinH. To ecTb 06pasyeTca reomeTpuyeckas nporpeccus ¢
muoxwTenem (1 + 1/N), u ecnn AnvHa nepBoro 0Tpe3ka Hami NPUHATA 3 eUHILY, TO NPOMCXOANT HapacTaHue ANMH TakuM 06pa3oMm,

. . , N
yTO ANHA <MOCUTEAHEr0 eAMHMYHOTO 0TPE3Ka™> Ha 3Toii 6eckoHeyHoiA nonynpamoii okasbiaetcs (1 + 1/N) . He TpyaHo 3ameTuTb, uTo
3T JIMHA - UPPALIMOHANBHOE YN0 €,

Monpobyem nHTepnpeTMpOBaTh AaHHbI pe3ynbTar.

ﬂOI’IyCTI/IM, 13 Hayana KoopJinHaTt BbineTaet 6eCKOHEYHOE UNCo TOYeK, CKOpOoCTb nep30|7| - €INHNLIa, @ PacCTOAHUA, NPOXOAKUMbIE UMK
3a eINHNLYY BpeMeHH, NoC1eA0BaTeNIbHO OTANYAIOTCA APYr OT ApYra Ha akTyallbHO 0ecKoHEeYHO Manble eMHNYHbIE BeNNYMHbI. U Ha Kakom
K€ 0Tpe3Ke pacnosiodKaTca 3T TOYKM yepe3 eANHUYHBINA nepuoa BpeMEHl/I?

MocraBug 310 BOMpOC, A (ienan ofiHo ynyllieHne: He CKasal, 4To BCeM BEKTOpam CKOPOCTU HaJl0 3aaTb 0AHO obwee HanpasJieHue -
B0Nb I'IpﬂMOVI. Ho M0XH0 v 3T0 egnHoe HanpasJieHne AeACTBUTENbHO 3a4aTh?

I1. IBMDKEHME C HEOIIPEJETEHHON CKOPOCTDIO.

B n3noxeHHbIx TonbKo yTo nocrpoeHuax [ABUMEHIE - nepemeLeHne TouKm Mo TpaekTOpUN C HEKOTOPOIA CKOPOCTBIO - UTPano no
bonbLueli Mepe BCMOMOTaTesbHYH, UANIOCTPATUBHYIO ponb. Tenepb Mbl nonpobyem ocmbicnuts ABUMKEHUE no cywecty.

MexaHuKa HaunHAeTCA C NOHATIA PaBHOMEPHOI MOCTOAHHOIA CKOPOCTY, HO A MOCTOAHHOM CKOPOCTI YCTPEMAIEHIe COOTHOCUMbIX
WHTEPBANOB PACCTOAHMA U BPEMEHU K 6eCKOHEUHO Masnomy TepseT CMbICT - BCe MHTepBabl NOA06HbI. M X0TA Mbl ycTpemasem K
Hynio uHTepBanbl AX u AT, Bcerjia nopasymeBaeTca, UTo UMeroTCA IBe TOUKN 11 1Ba MOMEHTA BpeMeHI, Nepexod Mexay
KOTOpbIMM HenpepbiBeH. MaTemaTuuecki Bce KOHeUHble 0Tpe3KiIn NPAMOIl PaBHOMPaBHbI, YeM e MOTUBMPOBAHO NPeACTaBeHe
0 <6ecKoHeuHoii ManocT>? Befib He M0XeM Xe Mbl onpeaensTb <6eCKOHEYHO Masnoe NpupaLLeHIne™> 0THOCUTENbHO KaKuX-16o
CBOWX, YernoBeyeckux MacluTaboB! Tem He MeHee, 3T0 HaCTONBKO XOPOLLO YBA3bIBAETCA ¢ 00bIAEHHOI NPAKTUKOM, UTO U COMHEHMIA
He BbI3biBaeT. O1HaKO MOXHO NepeBepHYTb NOruuecKyIo (BA3KY, CKa3as, UTo MMeHHO 00biieHHas NpaKTuKa

npegonpeaenuia MaTeMaTuueckyio KOHLENLIo, C TOMOLLbH0 KOTOPOIA OHa MOAeNUpYeTca.

Pa3ymeeTca, MOXHO pa3BecTy peaibHOe BIKEHNE 1 ero MaTeMaTiyeckyto MoJeslb, Ho NOCTaBIUB NOJ COMHeHUe aleKBaTHOCTb
nocneaHeil, Hago, No KpaiiHeil Mepe, NPeANoKUTb UHOI CNOCO6 TeopeTyeckoro MoAenvpoBaHua. Ml npu 3Tom, Bce-Taku, npuaetca
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NCXOAUTD U3 TeX Xe CamblX d/1emMeHTapHbIX NpeAnocbiioK: Ntobble BUAbI MEXaHNYECKOr0 ABIKEHNA CYyTb NepemeLleHna TOUKN B
npoCTpaHcTBe (OHa, pr60 roBops, B pa3Hble MOMEHTbI BpEMEHN HaX0AUTCA B pa3HbIX MECTaX), TOYKW HAX0XAEHWA BCerAa pa3aeneHbl
HEKUM pacCTOAHNEM, @ MOMEHTDI HaxoXJeHWi 3apatT VNHTEPBaJIbl BPEMEHN. (amoe NHTEPECHOE, YTO 3T e NCXOLHbIE

npeanocbuTkn No3BoNAT C(bOpMMpOBaTb COBEPLUEHHO HOE NpeACTaB/ieHNE 0 ABUMEHUN, MPOTUBONOI0XKHOE TPAANLNOHHOMY.

[Tak, AaHbl ABe TOUKN NMPOCTPaHCTBa XanXs,B KOTOPbIX MaTepianbHadA TOYKAa HaX0AUTCA B 1BA Pa3HbIX MOMEHTa BpeMeH TanTs. 3
[Ba, 6y£|EM roOBOPUTDb - <HAX0XAEHWA=, N03BONAOT BBECTN OTHOLLEHWE OTPE3Ka PacCTOAHNA U MHTEPBaa BPEMEHU, KOTOPOe

HaMUN UMEHYETCA <CKOPOCTb>. Ecm mbl ocTaemea B pamkax nepBoro 3aKoHa HbloToHa-lanunes, To ABUXEHNE PaBHOMEPHO U
I'IpﬂMOJ'IVIHEVIHO. 3HauuT AnA 3a4aHHOI NOCTOAHHON CKOpOCTY BCE TaKne 0TPE3KN MeXAY <HAX0XAEHUAMUN= - CTPOro nogo6HbI. TeM He
MeHee, Mbl CHiTaeéM HYXHbIM BBECTU NOHATUE MrHOBEHHOI CKOPOCTK, YCTPEMAAA UHTEPBAJIbI K HYNHO, FAe B Npejesne KakiM-To
C(TPaHHbIM o6pa30M noABNAKTCA <6eCKOHEUHO Manble>. 3eCb HeABHO NPUCYTCTBYIOT U OTOXXAECTBAANTCA ABA YMO3aKNOUEHUA:

1. Ecm CKOPOCTb NOCTOAHHA Ha BCEM UHTEPBAJIE - OHA NPUCyLLa MaTepmaanoﬁ TOUKe B N11060/ TOUEYHDBIIF MOMEHT BpemMeHHu, B ntoboii
TOYKe TpaekTopuu.

2. Ecw B nio6oii MoMeHT B to60ii Touke NyTN CKOPOCTb 0AHA U Ta Xe, OHa NpucyLla MaTepmaanoﬁ TOYKe U B TeYeHne BCero
BpeMEeHU ABUMXEHNA N0 BCeil TpaekTopun.

OueBNAHO, 3TV YTBEPKAEHUA 060CHOBBIBAIOT APYT Apyra, 06pa3ys NOrMYeckuii Kpyr.

3pecb M0XHO 66110 Obl BCOMHUTL anopuio 3eHoHa <CTpenia>. [lpeBHerpeueckuii Gunocod Xoten 3a0CTpUTb BHUMaHWE TEOPETUKOB

Ha NapafoKCaNbHOCTU BUXeEHNA-NepemMelLEeHIns; eCn Ais onpezeneHina CKopocTy Hajlo 0043aTenbHo UMeTb B BUAY [IBA mectononoxexus
1 [IBA MomeHTa BpemeHH, TO KakuM 00pa3om Mbl 3aK/H04aEM 0 HaMUMN CKOPOCTY B OZUH - IAHHBI - MOMEHT, B JaHHOM MecTe?

MoHATHO, UTO BBEAEHIEM MTHOBEHHOI CKOPOCTI Mbl CKPbIAIW 3TY MapaAoKcanbHocTb. OfHaKo, ecu dX v dt <oueHb Manbl> oHI TeM He
MeHee 0CTaloTcA <0Tpe3Kamu> 1 <uHTepBanamin>. <(TpeMUTbCA K TOUKE™ - He 3HAUUT <npebblBaTb B TOUKE™,

Cuntaetca, uTo ewje apucToTeneBckas Gusmka npeogonena 3eHOHOBCKIIA NapafokKc. fcHo BeAb, uTo punocod owmbanca, koraa
YTBEPX/aN, UTO B MTHOBEHME B TOUKe </BUKEHbA HET>. Mbl npunanu, uto, ecin awxeHne ectb BOOBLLE (Ha MHOXecTBe MTHOBEHMIi

1 Mec), 70 oHo ecTb 1 B YACTHOCTH - B Kaxxpoe oTAenbHOE MrHoBeHMe. IToHATHOE AeN0; eI eCTb ABUKEHIE - 3HAUMT eCTb CKOPOCTb, Pa3
Y [IBUXKEHNe ecTb BOOOLLIe, 0HO eCTb 1 B YACTHOCTH, 1 3HAUMT Mbl 0613aHbI IPUNUCATb TOUKE CKOPOCTb B KaXAOM MIHOBEHUN, B

KaXaom Mecte. MHOro, KaXKeTcA, NpoCTo He MOXKET 6bITb.

Celiyac Mbl paccMOTPUM MOAENb ABYWKEHNA, TAe ITU Nornyeckine 0643aTeNbCTBa ¢ HAC CHUMatOTCA. To ecTb - B Kax/0e MrHOBEHHe, B
Kaxpoii Touke [IBUMKEHUE ECTb, a CKOPOCTW HET.

MycTb CKOPOCTb - 3T0 OTHOLLEHMe 0Tpe3ka (Xa, XB) u uHTepBana BpemeHi (Ta ,Tg).

Puc. 11
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3aduMKCMpoBaB 3T0 OTHOLLIEHME, BO3bMeM MrHOBEHMe BpeMey Tc, Haxogaleeca mexay Ta u TB. B 3T0T MOMEHT TouKa Haxopunach B
HeKoem X¢, 1, COOTBETCTBEHHO, Mbl TONTyUaeM yxke /1B HOBbIX OTPE3Ka, B HOBbIX UHTepBana. [0BOPA 0 MOCTOAHCTBE CKOPOCTH, Mbl
HEABHO NPE/NONaraeM, YTo OTHOLIEHMS HOBbIX OTPE3KOB 1 MHTEPBANIOB 1aZlyT HAaM TO e CaMoe 3HaueHue ckopocTeit. Mbl Jenaem
norinyeckwii BbIGop: Beab eCTb ABa BapuaHTa - 160 VaB = Vac = VcB, 6o oHu He paBHbi. Kasanocs 6bl, BbiGop 3101

npegonpegeneH. JleicTBUTENbHO, eCTv Mbl Y2Ke 3a/iani CKopocTb \/aB, OHa MPeAnonaraeT Hanuume 3Toil CKOPOCTM 1 B TouKe A 1 B Touke B,
a e Vac He pasHa VB, To 1 3HaueHA ckopocTeli B Toukax A v B nonyyatotca MHbIMU - B IPOTUBOpeUMe yKe HaliieHHOMY
nepBoHayanbHo 3HaueHuto. Ho Mbl BBeZieM CiegyioLiiee abCoNOTHOE NPABIO; HE3ABUCUMO OT TOTO, KAKUM 6bino MCXOLIHOE

OTHOLLIEHMe, <HOBble> ckopocTu (Xa,Xc)/(Ta,Tc) u (Xc,XB)/(Tc,TB) B 0bLiem cryuae moryT 6biTb JIOBBIMU,

HbIMM cnoBamm, Mbl AeKnapupyem, uto BCAKMIA ppa3 nony4alTCA HOBbl€ 3HA4Y€HUA OTHOLLEHMA AXU/AT“, KoTopble B obLem (iydae

He 06913aTeNbHO COOTBETCTBYIOT NPEAbIAYLLIMM 11 He 0043aTeNbHO (BA3aHbI C HUMM KaKOIi-TO 3aKOHOMEPHOCTBI0. 3T0 MPaBMI0 A0KHO
6bITb CPABEANMBLIM ANA BCAKOTO <CKOMb YrOAHO Manoro> ApobneHua UCXOAHOT0 MHTEPBaNa BpeMeHU. U ecrecTBeHHO, B 0bLiem
U1yyae, COOTBETCTBYIOLLYE TOUKIN HAXOXAEHWA B POCTPAHCTBE MOTYT U HE NEXaTb HA OHON NPAMONA, X0TA BCAKWIA pa3 OHu byayT
3a/1aBaTb KOHEUHble OTPE3KM PaccToAHuii. B cBoto ouepesb, acTHbIM cyyaem TAK onpegeneHHOro ABXeHNA byneT

CTaHAAPTHOE PaBHOMEPHOE ABIXEHNE N0 NPAMOI C Hen3MeHHOI CKopoCTbIo (en <niobble>, To, BO3MOXHO, 1 <paBHble> npy
PaBEHCTBE COOTBETCTBYHOLLYX MHTEPBANIOB BPEMEHM).

BbibpaB Touky u MrHoBeHue X¢, 1 T¢, Mbl He cyepnany TOUKN NPOCTPAHCTBA U MTHOBEHMA BpeMeH. Ecin npogomutsb Bbioop
MrHOBEHHIi BpeMeHI Mbl 6y/ieM NofyyaTb 0T TOUKN K TOUKE UHbIe 3HAUEHA CKOPOCTeil U MOXKHO NPeANoNoXuUTh, YT BCe OHY JafyT
HaM 3HaUeHUA CKOPOCTU He PaBHble APYr Apyry. MHbIMU coBamu, AnA ncxosHoi nosuuim Xa, 1 Ta (M B KoHeuHoii no3uwyn X8 v Te) mbl
6bynem nonyyatb BCe HOBbIE 1 HOBbIE 3HAUEHNA CKOPOCTA. To eCTb 3HaueHIe CKOpocTM <B TOUKE B JaHHOE MTHOBeHUe™ - B 00LLeM
ayyae Hago cuutatb HEOMPEAEMEHHBIM.
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Takum 0bpazom, AnA No6bIX ABYX MOMEHTOB BPeMeHI UMEIOTCA 1B HAXOX/IEHUA TOUKM B IPOCTPAHCTBE, YeM 1 3a[1aeTCA 3HaueHe
ckopoctvt UMEHHO 1IN 3TUX IBYX MOMEHTOB. Ho npu 3ToM Nto60e HaxoxfieHue TOUKY, COOTBETCTBYI0LLEE MOMEHTY

BpeMeHHU, HaX0AALLEMYCA MeXAY ABYMA NepBOHauanbHo BbIOPaHHBIMM, NO3BOAET HANTY YKe UHble OTHOLIEHUA UHTEPBAIOB MyTU

11 BpeMeHU. B Lienom - 1nA Kaxzaoro 0ANHOYHOr0 MOMEHTa BpeMeHM UMEeTCA BOJHe OnpefeneHHble KOOPAUHATLI HaX0XxaeH!A

11 COBEPLUEHHO HEOMPEAENEHHAs CKOPOCTb (ONPEAENEHHOCT MOABAAETCH, €CIH, U TONbKO €CTN, Mbl BbIGMpaeM eLLie ofuH
MOMEHT-HaX0xzeHe). PazymeeTcs, Bce BapUaHTbI HEDABHOMEPHOTO JIBUXEHNSA TaKXKe 0Ka3bIBAIOTCA YaCTHBIMI CyYaAMM [BUNKEHNS
C HeonpeneneHHoi CKOPOCTbHO.

B T0NIbKO UTO U3M0XKEHHOM MOCTPOEHUM HET HIYETrO NPOTUBOECTECTBEHHONO, UYXAO0r0 MCXOAHBIM NPeANoCbINKaM NOHMMAHUA
MEXaHNYeCKOoro IBUMXEHUA-NepeMeLLeHIA 1 NPUHLMUNAM ero TEOPETUYECKOro BOCPOM3BEAEHNA, @ €CIM TaKO NoAX0Z NOTUYecKN
JONYCTUM, TO Mbl He UMeeM NpaBa UM NpeHebperath, ero He paccMaTpuBaTh. A caMoe-caMoe INaBHOE: 3TOT JIOTMYECKIiA BapuaHT
anAetca bonee OBLLM, Beab <paBeHCTBO> BENMUMH - 3TO YACTHDIIA CTyuali BCEX BO3MOXHBIX 1X B3aMOOTHOLLEHHIA. [03ToMy Halua
MOZenb anpuopy bonee 06LLas, NOCKONbKY 0XBaTbIBAET CTaHAAPTHOE NPEACTaBNEHME 0 CKOPOCTH.

He CNopIo, TakaA HECTAHAAPTHAA MOAENb ABUMEHNA MaTepVIaJ'IbHOVI TOYKK B NPOCTPaHCTBE l4[:)8.’>BI>Nal‘/IIH0 3K30TUYHa, bonee

Toro, npe,qnaraeMbm BapUaHT NONIHOCTbI0 NPOTUBONONOXEH Knaccmyeckomy: npu CTaHAapTHOM noaxoze NocToAHHaA CKopocTb GEPET(FI
3a OCHOBY I YK€ U3 Hee KOHCTPYUpPYHTCA Ntobble YacTHble (1y4an HepaBHOMEPHbIX JBUDKEHUI - CYyCKOpeHuem, ¢

NCKPUBNEHHBIMIW TPAEKTOPUAMM. Y Hac Bce HaOﬁOpOT: 3d OCHOBY 6ep6TCﬂ MOA€eNb, KOTOPYI0 MOXHO 0XapaKTEPU30BATb KaK HEKOE
abcontotHo HEPAaBHOMEPHOE ABMKEHNE, JINLID B OTAEJIbHBIX C1yYaAX COBMafaioLLlee C paBHOMEPHbIM, PABHOYCKOPEHHbIM 1 Mp.

[nagHaa yepTa [JaHHON MOZeNy ABIKEHNA: Hil B OHOI TOUKe HeT onpeueneHHon cKopocTn. J1a HeonpeaeneHHOCTb 3a10X€eHa B
MOAEb: Mexay CKoJb YroaHo 6113KMMU MOMEHTaMMI BpemeHu Bceraa HainaeTca MrHoBeHue, KOTOPOMY COOTBETCTBYIOT HOBbIE
HaX0XAeHne TOYKN B NPOCTPAHCTBE C HOBbIMMN 3HAYEHUAMU CKOPOCTU.

Takas nocnef0BaTeNbHOCTb onepawuii onpeseneHna 3HaueHuil CKopoCTU NPUHLMNUANBHO HECKOHEUHA, HU 0 KAKOM

CTaHAAPTHOM ANdepeHLMPOBaHNI, HY1 O KaKOi MTHOBEHHOIA CKOPOCTY TYT peun BbiTb He MoXeT. TpaeKTopus Takoro

"abcontoTHO 6POYHOBCKOr0" ABIKEHNA 30ecb N0A06Ha MaTeMaTUueckoil GpakTanbHO KPUBOIA, Xa0TUUeCKM u3rinbatoLLeiica Ha niobom,
CKOMb YTO/HO MAJIoM CBOEM yyacTKe. (A TaK Ha3biBaeMas "npaAMan’’ 0Ka3blBAETCA YACTHBIM CTyYaeM GPaKTaNbHOrO NoCTpoeHus.) B
KaX/blil MOMEHT MaTepuanbHas TOUKa Haxo4UTCA B ONpedeneHHOM MecTe, BCe HaX0XeHUA NexaT Ha onpefeNneHHoll

(bpakTanbHoit) TpaekTopy. XaoTUuecky pa3bpocaHHble HaXOXAEHIA - CyTb TOUKIA, U3 KOTOPbIX <C06MpaeTCcA> Takas no-CBoeMy Bee-
TaKu HenpepbiBHasA TpaekTopua. [ycTb - B YaCTHOM CTyyae - 370 MOXeT 6bITb NPAMasA C NOCTOAHHBIM 3HaUeHUeM BCex

BO3MOXHBIX (<NioBbIX>) CKOPOCTElA, HO TOFAA - 3T0 NPAMAsA MPUHLMNMANBHO MHOTO TUMA: ANS HEe onepaLys

AnddepeHLMpoBaHNA, NPUBOAALLAA K MTHOBEHHOI CKOPOCTU TEPAET CMbICT NPOCTO NOTOMY, UTO TPAeKTOPUA ABIXKEHNA 1 BpeMaA
[IBIDKeHNA N3HAYaNbHO 3a1aHbl IOTOYEYHO - COBEPLIEHHO Pa3pbIBHO, NPepbiBHO, ANCKPeTHO. Takoe ABMXeHne abconioTHo ApobHo, HO
0HO ApobUTCA Ha 6eCKOHEUHOe MHOXeECTBO 0Tpe3KOB AX 1 MHTepBanoB AT He NOTOMY, UTO HENPEPbIBHII 0TPe30K NPAMON Aenum

[0 6eCKOHEYHOCTH, @ MOTOMY, UTO TOUKM JeNeHUA CaMu ero 1 06pasyior.

TaK CTaHOBUTCA OYEBUAHOI 1 MPUYNHA ANbTEPHATUBHOCTI HALLIErO MOCTPOEHIA: TPAANULIMOHHOE MOHUMAHIE OCHOBAHO Ha MOHATUN
0Tpe3Ka (KOTOpblid 11 33/a€T TOUKY €ro 0rpaHnuMBaIOLLME), @ HaLLEe, HETPAAULIMOHHOE OHMMAHME, HA060POT, OCHOBBIBAETCA HA TOUKAX
11 MOMEHTaX HaXoX[eHuiA, Nlobas napa KoTOpbIX 331a€T 0TPE3KU-UHTEPBANbI, 00HAPYMBAeMble MeX Ty HUMM. 06LUM Ans

000MX aNbTEPHATUBHbIX BapUaHTOB OCTAETCA TO, YTO MOCTEA0BATENBHOCTb NPOXOM/AEHIA TOUEK (HAX0XKAEHNIA B NPOCTPAHCTBE)
000pa3Ha Nou1e/0BaTENbHOCTY MTHOBEHMI BPEMEHH, KOTOPbIE 1M COOTBETCTBYHOT.

3ameqy, 4yT0 B ﬂpEAﬂO)KEHHOVI Moaenu ABUMeHna MaTepmaanon TOYKMU AN1IeMEHTapPHOE NOHATIE CKOPOCTU He ucye3aert -
CKOpOCTb HOMWHAJIbHO onpeaeniima ana Nto6bIX WHTEpPBanoB Xu T, 0ofHaKo HEBO3MOXKHO npunncaTb 310 3HaYe€HNE CKOPOCTU
OTAE/IbHbIM TOYKAM-MOMEHTAM, 06pa3yt0umm 3TV NHTEPBAbI. Takum 06pa30M, NOHATNE CKOPOCTK HeobxoAMMO ANnA HaLel Mmopenn,
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HO CTAHOBUTCA NIULLIb 3IEMEHTOM OMUCaHWA NpoLecca, nepecraert ObITb ero NpAMbIM 0T06pa)KEHI/I€M.

fl oTpato cebe 0TUET, HACKONbKO HEOOBIYHOI KaXKETCA NPEANIOXKEHHAA MOLENb AABUKEHNSA, HO XOUY eLLle a3 NoAYepKHYTb:

OHa CKOHCTPYMPOBAHA 13 TeX e 0CHOBOMONAraloLLX MPeACTaBAeHMIA, UTO M TPAAULMOHHAA (TOUKM HAXOXK/EHNA B NPOCTPAHCTBE,

MOMEHTbI BpeMeHu 1 p.). OHa ABNIAETCA NOTNYECKN anbTepHaTMBOIA NOCTIEAHE, 1 Kak TaKoBaA TEOPETUYECKN C Heii paBHONpaBHa. loKa Mbl
He Kacaemcs ee GU3MUeCKoro CMbICUTA, ee IMNMPUYECKOil aieKBaTHOCTI, He BeZleM Pa3roBopa 00 ypaBHeHNAX ABIXEHNA, 0
KBAHTOBAHHOCTU-ANCKPETHOCTIA WU O COOTHOLLEHUAX HeonpezeneHHocTy. Moflo6Ho ToMy, Kak Knaccuyeckas AnHaMmKa

UHTEPNPETUPYET Pa3NMuHble BapUaHTbI IBUKEHNA, A CTAHAAPTHDIIA MaTeMATUYECKUil aHANN3 MO3BOAET UX OMUCATb, BBEAEHHOE TONbKO
uTO JIBUXKEHME C HeonpeAeneHHol CKOPOCTbIO Takxe NoTpebyeT NOTOM BBEAEHUA HEKIX AMHAMUUECKNUX XapaKTepucTuk. Nyctb
TOUKM-HAXOX/EHUA Xa0TUUeCKM, TOTOUYEYHO Pa3bpocaHbl Mo NPOCTPAHCTBY - ByATO paccbinaBLUMeca bYCbl, HO BCe-TaKi fOMKHa 6biTb
HUTOUKa, KOTOpasA UX CBAXeET!

BaxHbIM ABNAETCA He T, Kakas MpUYMHA JenaeT ABIKeHue "abcontoTHo 6poyHOBCKUM" - ByAb TO BO3AECTBME GU31MYECKOro Bakyyma
WM CNOHTaHHbIE KoniebaHna NpoCTPAHCTBA-BPEMEHH, - BaXHO TO, YTO 3TOT TUM MEXAHIYECKOTO IBUXKEHMA JIOTUYECKN He MeHee
000CHOBaH, HEXeENK Knaccuueckoe ABMXKEHUe MaTepuasbHOIi TOUKM B MIOCKOM eBKNMA0BOM NpocTpaHcTBe. bonee Toro,

JOMbICIMBaHNE GU3NYECKNX MPUUMH - 3TO TaK UK MHaue "M3MbILLIIEHNE CYLLHOCTEIA", aHANOrNYHOe ""TensopoaHoil Matepum”

unm "cBETOHOCHOMY 3G1pY", Mbl NPUAYMbIBaeM Gu3nueckiue npudmHbI, Korfa ee He AcHa JIOTUKA. B nanHom cnyyae JIOTUKA aBuxenuna

C HeonpeneneHHoﬁ CKOpOCTbI0 B TOYHOM CMbIC/E (JI0BA - OYEBMIHA.

Kak uuTatenb yxe nouyBCTBOBaJ, [aBHOE 3aTPyAHEHMeE Ha MpeanaraeMom nyTi - 3T0 MALONOTNA KNAcCUYeCKoro MaTemMaTiueckoro
aHanu3a. MonyyaeTca, 4o ero MOLLHbIiA, XOPOLLIO pa3paboTaHHblil annapar Ana Hawwwx Leneii He ropuTca. Mlo3BonbTe MHe
npouyuTMpoBaTh C1oBa Abpaxama PobuHcoHa: <Mbl cobupaemca NoKa3aTb, UTO B HACTOALLIMX PAMKaX MOXHO Pa3BUTb UCUNCTEHME
6ECKOHEUHO MaiblX ¥ GeCKOHEYHO HONbLUMX BENMYMH. 3TO IAET HAM BO3MOXHOCTb 3aHOBO CHOPMYNNPOBATL MHOTME 3BECTHbIE
pe3ynbTaTbl TeOpUN GYHKLMIA Ha A3bIke GECKOHEUHO MaNbIX TaK, KaK 3T0 6bIN0 NPeAcka3aHo B HeonpeaeneHHoii Gopme elwe
NeibHuuem>. (<BBepeHue B Teopuio Moeneil n MeTa-matematinky anrebpbi>, M.: <Hayka>, 1967, c. 325.) U ewe:

<HectanaapTHoe AnddepeHLmanbHoe NCUUCTIEHNE MOXKET KOHKYPUPOBATb B MPOCTOTE € CaMblM OPTOAOKCANbHBIM NoAxoom=>. (Tam xe,
¢. 340.) 06 uHTerpupoBaHum: <Halue orpaHuueHie pa3oreHNAMI Ha MHTEPBATIbI OAMHAKOBOI AAMHbBI CIMLIKOM MCKYCCTBEHHO. Mbl
MOCTPOMM annapart, KOTOPbIil NO3BOANT HaM PaccMOTPETh Gosiee 0OLme pa3dueHna>. (Tam xe, ¢. 341).

Hanuuue HecTaHAAPTHOI! MOZENM aHaNU3a B COBPEMEHHOI MaTeMaTyKe CBUAETENbCTBYET, UTO HUKAKNX NPUHLMNNANBHBIX,
NIOTNYECKMX 3aNnpeToB Ha N36paHHOM Hamu NyTH He cywwecTayeT. [ycTb HOBbIE NPeACTaBNeHNA 0 ABIKEHIN KaXKYTCA, eTn He abcypAHbIMI
1 6e3yMHbIMI, TO HaAyMaHHbIMM 1 Gecrione3HbiMU. OHK, MPOCTO-HANPOCTO, HEOObIYHBI 1 HEMPUBbIYHbI, HO TOuHO Takke HEMPOTUBOPEYKBBI.

B 1963 ropy Jleo Mo3ep nokazan, uto ecv nyy CBeTa NajaeT noz yriom Ha AiBe C10XeHHble BMecTe (TeKNAHHbIE NNACTUHKY, TO B
33aBUCUMOCTY OT YNCA OTPAXKEHNIA, KOTOPbIE OH UCTIbITBIBAET, NOTYUYAETCA PA3HOE YNCIO BO3MOXKHBIX NyTeit. ITpn 60NbLLMX 3HAUEHUAX
YICIa OTPAXKEHMI UMCTIA BO3MOXKHBIX MyTeil 06pa3yioT pag Ouboxauum. (Mpumep MapTuna Fapawepa u3 Scientific American. Pycckuii
nepeoz: M.apanep. Matematuueckie HoBenbl. M..<Mup>, 1974, c. 398.) Mpeanaraemblii HecTaHAAPTHbIIA NOAX0, OYEBUAHO,

MOXET 0Ka3aTbCA NPOAYKTUBHBIM ANA UHTEPNPETALUI KBAHTOBO-MEXaHUUECKIX ABNEHUI, OHAKO JaHHAA MOZeNb BUKEHNSA He
COr/acyeTCA C BbIBOAAMY TEOPUN OTHOCUTENBHOCTY, Fie BapUaHTbl 0THOLLEHMi dx/dt orpaHiueHHbI BepxHeil rpaHuLieli C - ckopocTbio CBeTa.
B 70 e Bpema, penaTUBUCTCKMIA 3aKOH CTI0KEHNA CKOPOCTEA, KaK YXe 0TMeuanoch, HapyLuaeT akcnomy EBnokca-Apximesa. M xota cam
3TOT 3aKOH ABNAETCA CIeACTBUEM Npeobpa3oBaHuii llopeHua ana 4-x MepHOro NceBA0eBKANAOBOMO NPOCTPACTBA-BPEMEHU,
HeCTaHAAPTHbII NOAX0Z NO3BONAET B3MNAHYTb HA CYTb €0 HECKONBKO N0 MHOMY.

HuuTo He MeLuaeT Ham NepeBepHYTb NOTUKY Cle0BAHNA U CKa3aTb, UTO HeapXUMe0BO C10XeHUe BENNYMH ABAAETCA NepBONPUYMHOI,
a NceB/A0eBKAM/0BO NPOCTPAHCTBO - MOAENbIO, KOTOPaA 0TPaxaeT 370 bonee GyHAaMeHTanbHoe oTHOLLEeHHe. [HbIMI CnoBamit, AA
N060I BENNYMHDI, N3MEHAIOLLEIACA N0 TMHEiHOMY 3aKOHY 0T HYNs [10 6eCKOHEUHOCTH, Mbl MOXeM BBECTU MHUMYH
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JONONHUTENbHYI0 KOOPAMHATHYH 0Cb M KO3IOULIMEHT NepeBo/a ITON BENMUNHBI B ee MHUMYHO Mepy. Tem cambiM Mbl 3aJ1aAuM
3aKOH npeo6pa3oBaHuii, No KOTOPOMY NUHeliHOe NpUbaBNEeHMe eANHUYHBIX BENUYMH byAeT 0cyLLeCTBAATLCA N0 HeapXUMeL0BOMY
3aKOHy Cn1oXeHus. Bo3HKaeT BONpoC: ecn CKopoCTb - 3T0 OTHOLLEHNe PaccTOAHMA 1 NepuoJa BpeMeHH, To Kakum 06pa3om Mbl
JOMKHbI ONpeaenaTh CKOPOCTb U3MeHeHA abCTpakTHOM BeMYMHBI N0 OTHOLLEHIH K camoli cebe? A rnaBHoe: Koadpuuuent C -
3T0 IMNUPUYECKAA KOHCTAHTa, U 6bIN0 Obl CIMLLIKOM CAMOHAZEAHHO UCKaTb MaTeMaTIyeckie 0CHOBAHUA ANA ee BBEJEHNA.

Tem He MeHee, Mbl NOMbITAEMCA PACCMOTPETH 3TOT BONPOC NofpobHee. Ho npexze uem BeCTU pa3roop 0 NPOCTPaHCTBE-BpeMeHH,
CefyeT 0CMbICIUTD BaXHEIALLYI0 COCTaBNALLYHO 3TOMO 4-X MEPHOr0 KOHTUHYYMa. [peMeToM Haluero uccnegoaqna 6yaet BPEMA.

[11. XPOHOMETPUKA. APEAJIbHBIE MHOJKECTBA.

K coxanenuto, MeTpuyeckne (BOWCTBA BPEMEHU, B OT/INYNE OT €0 HANPABJIEHHOCTW U TEKYYECTU, NPUBJIEKAKOT BHMAHNE TEOPETUKOB
B nocneaHIo oyepeab. Ectb BaxHas NPUYNHA: UMEHHO 3[1eCb BpeMA KaK TakoBOe NIerko 0TOXAeCTBIAETCA C NPOCTPAHCTBOM - C
O0IHOMEPHbIM JIMHENHbIM KOHTUHYYMOM, N03TOMY HUYET0 cneumd)vmecm/l BPEMEHHOI0 31€Cb KaK 0bl He 06Hapy>K|/|BaeTcn.

[la, v MOXXHO N1 BOOBLLE BECTY peyb 0 "METPUUECKIX CBOICTBAX" BPEMEHM, €M €r0 TEOPETUUECKOil penpe3eHTaLmeil ABAAETCA Npamas?
Benb MeTpuyeckme (BOiCTBa - 370 aTpUBYTbI MHOTOMEPHOFO NPOCTPAHCTBA, FA€ MOABNATCA IMHEHO He3aBUCUMbIe BekTopbI. Ecnn xe
Mbl paccMaTpuBaeM "uncroe BpeMs', - YNCTIOBYIO OCb, Tie OTKNAAbIBAIOTCA OTPE3KM, KOHTPYIHTHOCTb KOTOPbIX 060CHOBBIBAETCA CCbINKAMM
Ha NePUOANYHOCTb KaKUX-NMOO eCTECTBEHHBIX MPOLIECCOB, TO HUYETO KPOME JIMHENHBIX ONepaLyil ¢ BpeMeHHbIMU 0TPe3KaMu

NpoAenaTb Henb3A. B (BA3M € 3TUM, HaZlo BHECTU YTOUHEHIE; METPUYECKUMM A Ha3blBalo 34€Cb TaKMe (BOICTBA "UMCTOr0 BpeMeHn",
KOTOpble He MOTyT 6bITb cBe/ieHbl K 0C06EHHOCTAM 0JHOMEPHOTO IMHENHOTO KOHTUHYYMa BELLECTBEHHDIX Yucen. MHbIMYU coBamy,

Mbl 3apaHee NPeANoNoXMM, 4T BpeMA ABNAETCA 6onee CI0KHBIM 001EKTOM, HEXEN OpANHAPHAsA NPAMas YNCI0Bas OCb.

Xouy HanomHuTb, uTo ewe B XIX Beke Yunbam FamunbToH chopmynupoBan nepcneKTUBHYH0 3afjauy: eClu eCTb reoMeTpua Kak Hayka o
nyCTOM NPOCTPAHCTBE, TO - NPOCTO N0 AHANOTUY - MOXHO NPEACTaBUTb HEKYI0 Hayky 0 "uncTom BpemeHu'. bonee Toro, oH npeanonoxun,
yTo anre6pa - 370 1 eCTb Takas Hayka, MPOCTO Mbl He YNaBNUBAEM B Heli CKpbITYH0 BpeMEHHYH CeLnduKy, He NOHUMaEM - Kak

B anrebpanueckmx ypaBHeHNAX BOMOLLAIOTCA BHYTpeHHMe cBoiicTBa BPEMEHW. U naneko He cyyaeH ToT $pakT, uto

OTKPbIT/E HEKOMMYTATMBHOI anre6pbl [aMUALTOHOM NPOM3OLLAO0 B pe3ynbTaTe ero NonbITOK CMOAeNNPOBaTH BpemA B

"Teopun anrebpanueckux nap yucen",

B 1959 romy (J.L.Syng, "The New Scientist" 19th February, 1959, p. 410.) CuHr npeanoxun co3aaTb 0C06YI0 HayKY 0 YACTOM BpEMEHH
110} Ha3BaHMeM "XpOHOMETpUA" - 110 aHanorum ¢ reometpueid. Ho B pycckom A3blKe TaKoil TEPMUH 0IHO3HAUHO aCCOLMMPYETCA C
npoLieAypoil U3MepeHIa BpeMeHU, N03TOMY A BBOXY 34eCb APyroe Ha3BaHue "XpOHOMETPUKA", B 3TOM HaMMEeHOBaHUM
3aQMKCMpOBaAHO Hannume 0CobbIX - METPUYECKMX - CBOVCTB.

W3BeCTHBI NOMBITKM AaTh NOTYECKOE 060CHOBAHME TOMY, UTO BpEMEHHAs 0Cb ABNIAETCH MMEHHO JIMHEIIHBIM KOHTUHYYMOM
Noz06HbIM KOHTUHYYMY BellecTBeHHbIX uucen. Hanbonee deTanbHo 3to caenao beptpanom Paccenom. Me npeactasnsetca
CyLLLECTBEHHbIM 3aMeyaHie BbICKa3aHHOE 110 STOMY NOBOAY aHIIMIACKM Kocmonorom L. YUTpoy B ero BeNMKONENHOI KHure
<EctectBeHHan dunocoua Bpemenn= (G.J. Whitrow, London and Edinburgh, 1961, pycckoe usgaue - M.: <Mporpecc>, 1964),
OH COBEPLIEHHO NPaBUIIbHO YKa3bIBAET, YTO B MaTEMATUKe CYLLECTBYIOT YNOPAZOYEHHbIE MHOXECTBA U 6oee CIOXKHOro TUNa.

Yutpoy 3ameuaet: <Paccen OMPEJENAET MrHoBeHMe Kak Takoe MHOXeCTBO COObITMIA, Ntobble fBa CO6bITIA M3 KOTOPOT0 OAHOBPEMEHHDI, 1
He CyLLLeCTBYET APYToro CobbiTs (TO eCTb COObITHSA, HE COAEPXKALLErOCH B MHOXKECTBE), OBHOBPEMEHHOTO CO BCEMM STUMMU

cobbiTuAmM. MpeanonaraeTca, UTo MrHOBEHUS, onpefienieHHble Takum 06pasom, CYLIECTBYIOT> (Ix.Yupoy, EcrectBeHHas

dunocodua spemenn, ¢. 207.)
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Mbi oka3biBaemcA B 3aMKHYTOM Kpyre: COﬁMpaﬂCb NPEANPUHATD JIOrnyeckoe NccneaoBaHne BpeMeHn Mbl Hen36eXHO HaunHaem onnpatbca
Ha <3mnupuyeckine AaHHble OMbITa>, U B pe3yNbTaTe Nonyyaercs HayK006pa3HbIl7I nepeBoj HaluX CyﬁbEKTI/IBHbIX YCTaHOBOK Ha
A3bIK IOrNYecknx TepMNHOB.

Tem He MeHee, 0TMETUM BaXXHOCTb NOCTABNIEHHOTO BOMPOCA: ABNAETCA JI1 KOHTUHYYM BPEMEHM TOXAECTBEHHBIM KOHTUHYYMY
BELLECTBEHHDIX UMCeN UK OH UMeeT Hekyt HYo, Gonee cnoxHyto, cTpyKTypy? OTBET Ha 3TOT BONPOC MOXET COCTAaBUTb OCHOBY Hayki
nop Ha3BaHuem <XPOHOMETPUKA>,

Takum 06pa3om, Hac B NepBYIo 04epeab byayT UHTEPECOBATb METPUYECKME OTHOLLEHWS, XapaKTepHble AIS BPEMEHHOTO KOHTUHYYMa. U
3/1eCb OTKPbIBAETCA eLLie 0fIMH NPUHLMNMANbHBII ACMEKT - KOHTPYSHTHOCTb. ECn inA onpefieneHust KOHrpysHTHOCTH
NPOCTPAHCTBEHHbIX OTPE3KOB Bosiee-MeHee NoAXOAAT CChITKM Ha CPaBHUMOCTb OTPE3KOB MK X NapafieNlbHoM nepeHoce, To

1A (PaBHUMOCTY BPEMEHHDIX NEPUOZI0B AaXe 3Ta BO3MOXKHOCTb CUE3]ET. BOMIbHO UMM HEBOSILHO Mbl MPUNICHIBAEM BPEMEHI
(BOIICTBA, KOTOPbIE CYMTAKOTCA NPUCYLLMMM NPOCTPAHCTBEHHBIM OTHOLLEHUAM.

Mpobaeme KOHIPYIHTHOCTI NPOCTPAHCTBEHHDIX 1 BPEMEHHbIX 0TPE3KOB NOCBALLEHa KHura Afonbga proHbayma <Ounocodckme
npo6nembl npoctpaHcTea u Bpemenn> (Adolf Grunbaum, Philosophical Problem of Space and Time. N.Y., 1963, pycckoe u3gaHue -

M.: <Mporpecc>, 1969.) CyTb AUNEMMbI; CyLYECTBYET I OCHOBAHWE AA MPUNMCLIBAHA NPOCTPAHCTBY (11 BPEMEHN) BHYTPEHHeI!

MeTPUKI, COrNacHO KOTOPOMY COBMadeHe TONbKO yCTaHaBNMBAET PaBeHCTBO OT/AENbHbIX MHTEPBaNoB, 00yCOBNEHHOE BHYTpeHHe
NpucyLMm UM KonuuectBom? I ploHbaym 3alLmiLaeT B (Boei KHure nosuunio Pumana-lyankape, cornacHo Kotopoii

onpezeneHie KOHTPYHTHOCTU KOHBEHLMOHaNbHO. To CTb Y NPOCTPAHCTBA U BPEMEHY HET BHYTPeHHe NpucyLLieil UM MeTpuki. Takke Kak n
y IMHEIIHOT0 KOHTUHYYMa BeLLeCTBEHHDIX YMCeN, Fe 33 eAVHULY U3MepeHna MOXeT ObiITb NPUHATO Nioboe unco: Hauas ¢ 1, Mbl
npubaBnaem K Heii eLLie 04HY 1 NoNyyaeM 2, 0AHOBPEMEHHO Nonyyas v 1/2, npu ycnosum, uto nonyyeHHas ABoiika byaet

CYNTATbCA eAUHUYHON MEPOi.

0nHaKo, Kak 1 C1ef0BaNo 0XMAaTb, B aHanu3e npo6embl KOHTPYSHTHOCTH Y [proH6ayMa YalLie BCero paccMaTpuBaloTea
MPOCTPAHCTBEHHbIE OTHOLLEHNS, KOTOPbIE NOTOM NEPEHOCATCA HA BPEMEHHOIA NopAAOK. A ceLinduKa BPEMEHHOro NopsAAKa OnATb-
TaKu MOABNAETCA TONbKO B aHa/N3€ aHU30TPONUIA (HANPaBAEHHOCTIA) BPEMEHI 1 SK30TUUECKWX BAPUAHTOB 3aMKHYTOTO,
LMKNNYEeCKOT0 BPEMEHHOTO NOPAAKA.

Itak, ocHoBHoli Mpo6nemoii XpOHOMETPHKI ABNAETCA NOMCK OTBETA Ha BONPOC: TOXAECTBEHHbI I KOHTMHYYM BpeMeHHOro nopsaKa

1 KOHTUHYYM BeLLieCTBEHHbIX uncen? Bo3moXHbIX 0TBETOB BbIABAAETCA TPU: 002 KOHTUHYYMA TOXAECTBEHHDI, @ €UTN HE TOXECTBEHHbI, TO
- (n6o ynopanoueHHbI BpeMeHHON paa bonee npoct, 1160 oH bonee cnoxeH. B cBoo ouepedb, NPoCTOTa BPeMEHI MOXET BbIpaaTbCs B
TOM, UTO OH AABNAETCA CYETHBIM MHOXECTBOM: TOX/ECTBEHEH HaTypaibHOMY PALY UMCEN - UMeeT aTOMapHYI0 CTPYKTYpY U

TepAeT KOHTUHYaNbHOCTb, 60 TOXAECTBEHEH MHOXeCTBY PaLMOHaNbHbIX YKcen - BCe MHTEPBaNbl COM3MepUMbl. B cyuae ero

<60onblLeil CNOXHOCTM>> BapaHTOB CHOBA JiBa: IN60 Kakad-n1bo U3BeCTHas HaM <CI0XKHOCTb>>, 60 Hekad ocobas cneunduka -
MHOECTBO KaKoro-To 0¢060ro Tuna.

Korpa Paccen nucan 8 1914 rogy cBoe uccnefioBaue, OH TpaguLMOHHLIM 06pa30M nepeHoCin Ha BpeMeHHOI NoPAAOK YXKe 13BeCTHble
13 MaTeMaTUKI MeTOZbl, @ CaM BpeMEHHOI! NOPALKOK NpeCTaBNAN UCX0AA U3 AaHHBIX HALLEro YyBCTBEHHOrO onbiTa. BoobLwe-To Apyroro
MyTN y HAC HET: BCe HalLM NPEeACTaBEHNA 0 BpEMEHM - 3TO JaHHbIe HaLlero onbiTa. Ho onupatbcA Hafo BCe-Taku Ha NpeACTaBneHna

0 BPEMEHW, a He o ero U3MEPEHII. 310 0ueHb BaXHas 0roBopka.

[Jeno B Tom, uto I3MEPEHWE BpemeHH - onepavia COBEPLUIEHHO MAEHTUYHAA NOCTPOEHMIO WKaNbl AA Nt060ii M3MePUMONi BEIMUMHDI.
0pHaKo, Koraa Mbl CTPOUM LUKany TeMnepaTyp, Mbl He yTBEpXAaeM, UTo TemnepaTypa - 3T0 IMHERHbI KOHTUHYYM. 34ecb Mbl 0TAaeM
cebe oTuet, uto Mbl UMeHHO TAK ynopAfouMBaem laHHble U3MepeHus, AnA Toro, uto6bl ObIN0 YA06HO CPaBHMBATD pa3Hble
Temneparypbl 0AHOTO TeNa B Pa3HbIX CUTYaLMAX UAN Pa3HbIX TeN B O4HON cATYaLum. A BOT CO BpeMeHeM - Haye. Mbl HesBHO
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npeAnonaraem, uTo Halla npoLeaypa U3MepeHus - 0TKNaAbIBaHe NOUIeL0BATENbHO HEKUX JIUTENbHOCTEN, ONpe/ieNneHHbIX Mo <TUK-
TaK™> KaKoro-n1bo nepuoamueckoro npowecca - 310 v ectb BPEMA. To, uto Bpemsa Hamm U3MepAETCA, KOHEUHO, OTPaXaeT 0COHEHHOCTI
3TOI CYLYHOCTI, 0AHAKO 3Ta CYLLHOCTb - BPEMA - MMy 0THI0Ab He ncuepnbiBaeTca. MHbIMK COBaMM, B HALUMX NPeACTaBNEHNAX 0 BpEMeHI
Hafi0 NOUCKATb TaKOe ero CBOICTBO, KOTOPOE C <MU3MEpUMOCTbIO™> He (BA3aHO, TO eCTb OTPAXAET KaKoe-To Jipyroe cneLuduyeckoe
KauecTBO BPEMEHMU.

Mbl BO3bMeM 3a 0CHOBY TaKOe Bcem MOHATHOE CBOICTBO BpeMeHU, kak ero pasgeneHue Ha MPOLLTOE, HACTOALLEE n BYYLUEE. ficHo, uTo
K 3MEPEHNI0 BPEMEHM 3TO Pa3feNIeHme He OTHOCUTCA, HO BOT K aHU30TPONMM, K HaNPABAEHHOCTY BPEMEHU OHO ABHO MeeT

npAmoe oTHoweHue. HoB13Ha Moero noaxofa COCTOUT B TOM, UTO A Npefiaralo MMeHHO 0T 3TOI <ABHOCTU™ 11 abcTparupoBaTbea. To ecTb
JANA HaLLero aHasn|u3a noka coBceM He BaXHO, 4T Bpemsa <TeyeT 13 MPOLLAIOro - Yepe3 HacToALee - B byayuiee>. BaxHo 1o, uTo

€MHOE MHOXECTBO MrHOBEHMIA BPEMEHI KaKNM-T0 00pa3oM JENNTCA Ha YacTil (NOAMHOXECTBA).

[ATaK, Mbl HaUHEM C 0YEBMAHOTO ANA BCEX pa3fieneHna <efuHoro notoka BpemeHu=> Ha MPOLL/IOE - HACTOALLEE - BYAYLLEE. MonATHo,
4TO, ECIM Mbl XOTUM XOTb HEMHOT0 MPOABMHYTHCA B HAYYHOM NOHMMAHUN CYLYHOCTM BPEMEHW, HAZI0 Pa3 U HaBceraa

0TOPOCUTb NCUXONOTNYECKIe MHTEPNPETALIAN 1 Npu3HaTb: pa3aenenue MPOLLOE - HACTOALLEE - BYLYLLEE - 510 06bekTvBHOE
¢BoiicrBo BPEMEHW, npucyliee emy He3aBucuMo 0T TOro, KTO BOCNPUHUMAET ero Wiu y4acTByeT B 3TOM NpoLiecce - Yenosek-
MbICUTENb, C0BAKA-CTOPOXK UAN CNOHTAHHO PaCnafalLLAsCA dEMEHTaPHAA YaCTULLA.

Ecnun mbl abctparupyemca ot cy6bekTuBHocT, To BPEMA npeactaet nepea Bamu Kak npesmeT BNOAHe NPUrOAHbINA AA aHANUTUKN 1
Mbl 3aMeTUM OfiHY GYHZAMEHTaNbHYH ero 0C06eHHOCTb.

37ecb, B 3HAK YBaXKEHUA K NPOLLNOMY, A X0Uy BOCPOU3BECTY NOCTYNaT 13 pabotbl <YueHue o MpoctpaHctse u Bpemenn>

opuruHanbHoro pycckoro dunocoda AnekcaHapa Bacunbeinua CyxoBo-KobbinnHa, paboTbl HanvcaHHol elwe B KoHue XIX Beka. 310 Yuenue
- 4aCTb TaK 10 CUX NOP 1 He U3AaHHOI KHurv <Bcemmp>, rae dunocod nbiTanca cMoaen1poBatb YHUBEPCYM C NOMOLLbH

OMHOMMANbLHOTO pa3noxeHuna MHorousieHa 6eckoHeyHoii crenenu. A.B.CyxoBo-KobbinHa y Hac 3HaloT 60MbLLe Kak nuTepaTopa, a ero
HayuHble TPYAbl MHe npuwnoch u3yyatb B 1990 roay B apxuse LIFANIA CCCP, rae xpaHATcA Heony6nnKoBaHHbIe pyKonuci

3TOr0 3aMeyaTeNbHOro MbicuTend. (xopAwmeca pagbl y aBTopa <Bcemmpa> npefctaoT cUMBOIOM npoLeccupoBaHua AbcontoTHoli new,
TYT e pa3BopaunBaetca <Ounocopua cnupanin>, ot 6eCKOHEYHOCTM OTHUMAIOTCA KOHeYHble uncna W np. Tak BoT, y CyxoBo-KobbinuHa,
KaK Hekuil pedpeH, noBTopaeTca: <Bpems, pazzeneHo Ha TpU BpeMeHH - HacToALLee, npolueLee u 6yayuiee... lpowesLuee npotuno, ero
HeT. byayuwee ewe 6yzer, ero HeT. ECTb Tonbko HacToAwee>.

B nornueckom cmblcie MpeaCTaBAAeT MHTEPEC AECTPYKLMSA, pacCeyeHie 3Toro <noToka MIHOBEHMIA™> Ha Tpy YacTu (Tpu
MoAMHOXecTBa). Mpruem, ToNbKo 0AHO noamMHoecTo ECTb, a ABYX Apyrux noAMHOMXeCTB, oka3biBaeTca, HET. byaywiero-npownoro
HET notomy, uto pa3fendioLuas ux cBA3Ka - HactoALLee - cHabxeHo <npegukatom> ECTb. Tak noABnAlTCA abCTpaKTHbIE 00BEKTbI, K
KOTOPbIM MOXHO NoNpo60BaTh NPUMEHITb TPAAULIMOHHDIE ANA MaTeEMATUKN METOZbI.

Wtak. byaem cuntatb BPEMA - MHoxecTBOM MrHoBeHuii. nn uHave:

1. EcTb HeKoe MHOXeCTBO, KOTOPOE Mbl UMeHyeM <BpemA™.

2. COCTONT 3TO MHOXECTBO 13 6ECKOHEUHOT0 uNCNa VHANBUAHDIX 3N1EMEHTOB, KOTOPbIE Mbl UMEHYEM <MTHOBEHUA>.

3. InemenTam ITOM0 MHOXeCTBa byAeT NpUNUCaHO OPUTMHANbHOE KAYeCTBO: U1V OfVH 31eMEHT 3Toro MHoxeTcsa ECTb, To
0CTaNbHbIX 2NEMEHTOB 3Toro MHoxecTBa HET.

Ut06bl He MyTaTbCA B UyBCTBEHHDIX accoLMaLnAX, (BA3aHHbIX co ciosamu ECTb v HET, onpeaenum 310 opuruHanbHoe CBOACTBO NOTOUHEe,
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a onpepenenme fanm notunpe. Ckaxem Tak. Bee neMeHTbI JaHHOT0 MHOXeCTBA 00/1aatoT TaKoii 0COBEHHOCTbIO: €M OANH (Mn
HeckonbKo) anemenToB aAgnaiotca PEATIbHBIMU, To Bce Apyrue 3nemenTbl MHoXecTBa ABnatotca HEPEAIBHBIMIA. A MHoxecTBa Takoro
Tuna 6yaem umeHoBatb - APEATIBHBIE MHOXECTBA. Tepmu <apeanbHOCTb> BOMOLLAET ABA CMbICTA: 3T0 COEANHEHIE
OTPULLATENbHOI NPUCTaBKN <a> €O CNIOBOM <peaiibHOCTb=>, 1 OTCbINIKA K B1oNornyeckomy TepMHy <apean= (Mecto

00UTaHIA onpegeneHHoro Biaa cywects). OTHoweHue APEANIBHOCTU npeanarato 0603HauaTb CMBOSIOM

Y10 mMbl nonyyunu B pesynbrate Takoro OI'Ipe,IJ,EJ'IEHVIH?

Bo-nepgbix, KoHctaTupyem, uto BPEMA, Kak TakoBoe, NOAX0ANT NoZ 3T0 Onpefenienue - el MrHOBEHME HaCTOALLEro CYUTaTb
OJHNM €ANHCTBEHHO pealibHbIM, TO BCe ApYriieé MTHOBeHUA B CAMOM TOYHOM CMbICIE, - HepeasibHbl: NPOLLNble MTHOBEHUA yXe
Obinu peanbHbIMu, byAyLLIAM 3Ta ponib eLue npeacTouT. Bo-BTopbiX, 3aaaB OBLLIEE onpeneneHue, Mbl noapasymMeBaeM, 4to NOMIUMO
BpeMeH eCTb 1 Apyrie npoobpasbl, KOTOPble BpeMeHeM COBCEM He ABAAITCA. ECin Mbl onpeaennm Hekoe HebbiBanoe MHOXECTBO,
T0 NPaBOMEpHOCTb OMpefieneHna MoXeT ObITb NOATBEPXAeHa TONbKO B TOM Cllyyae, ein nomumo BPEMEHW, yaactca Halitn apyrue
JeHoTaTbl ANA 3TOi HOMUHALN.

Ho npexpe uem 3aHUMaTbCA STUMI MOUCKAMIA, HAAO CAENaTb OHO BaKHOE 3ameyaHie. (Ha Heo6X0MMOCTb 3TOr0 YTOUHEHNSA aBTOpY
ykazan npodeccop C.C.KyTatenazse.) BeeseHHOe TONIbKO UTO ONPELENEHME apeasibHOro MHOXKECTBA ABHBIM 00pa3om C034aeT

HeKmil cneuuduueckuit 06beKT, KOTOPbII OTAMYAETCA OT TOr0 MHOXECTBA, NOHATUE KOTOPOro ChOPMUPOBANOCH B KNAaccUyeckoii
TEOPUM MHOXeCTB. Befib 06beIHeHIe HeKIX INEMEHTOB B e[IMHOE LIENO0e - MHOXKECTBO - O/Pa3yMeBAET 3aBePLUEHHbIN aKT,

0TCloJa NpefcTaBneHue 06 akTyanbHoil GeckoHeuHoCTI. B Hallem xe cyyae (aenaHo CyLLecTBEHHOe YTOUHEHNe: ER-MHO)KE(TBO
TaKXe ABNAETCA aKTyaNbHO AaHHOI COBOKYMHOCTbIO 3/IEMEHTOB, OfIHAKO 3MIEMEHTbI €70 ABNAKTCA TAKOBbIMI 6N1arofapsa Tomy, uto
HeKue Aipyrue aNeMeHTb He ABNAKTCA INEeMEHTaMU JaHHOT0 MHOXeCTBa. HbIMY C1loBaMI, ANA IAHHOTO ER-MHO)KeCTBa

CyLecTBeHHoIi craHoBuTCA Hanuune BO3MOXHOCTU Toro, uTo ero snementamu MOTYT cTaTh U HeKue Apyruie 3neMeHTbl (pu yCloBuM,
yTO ipYrie SNEeMEHTbI er0 UCKITIOYAKTCA U3 ero C0CTaBa).

Al He iymalo, uTo TaKoe OMpeieNeHIe UAET B Pa3pe3 CJIOTMKON, N0 KOTOPOIi pOpPMUPOBANOCH NOHATME MHOXeCTBA. HanpoTus,
NPeACTaBAETCA, YTO Mbl 3[16Cb HAXOAUM TOUKY 3peHUA, 0TKYa TPAZULMOHHDIE NPEACTABNEHNA 0 MHOXECTBE MOTYT ObiTb PacCMOTPEHbI
6onee fieTanbHo. A rnaBHbIM KpuUTEpUEM, KOTOPbIM A pyKOBOZACTBYHCb 3[1€Cb: KOHCTPYKTUBHOCTb MOAX0/a - NOCTPOEHME MOeNH,
KOTOPaA N03BONAET NPOABNHYTHCA B TEOPETUYECKOM OCMbICTIEHNIN PeabHOCTH.

WTak, Kakue xe npumepbl apeanbHOCTI MOXKHO eLLie HaiiTn? Mbl cpa3y e BbIHeceM 3a CKOOKIA pa3finuHble IMMUPUYECKHe CTyYan,
KOTOpbIE MOTYT PacCMATPUBATBLCA B KAUECTBE apeasibHbIX OTHOLUEHMIA. (3T0, Hanpumep, cyyan U3 Guonoru nonynALmi -
JAOMVHUPOBAHMUE ONPEAENEHHOT0 GEHOTUNA B JaHHbIX YCIOBHAX, 06YCIOBNEHHOE HANMUMEM JPYTIAX BO3MOXKHOCTEN, 3aN10MeHHDIX B
reHoTune 3T0ro BuAa.) Mbl COCPeAOTOUMM (BOE BHUMAHME Ha MaTeMaThyeckix 00beKTax - Kak Hanbonee abcTpakTHbIX M MPUTOAHbIX
JNA TOYHOTO aHann3a.

Tak, Hanpumep, apeanbHOCTb XOPOLLO YNaBAWBAETCA B NpoLiecce BBeAeHMA Mepbl Ha 0CU [eiiCTBUTENbHBIX yncen. B camome pene,
[NA 33aHHON 0CY eCTeCTBEHHbIM 00pa30M NPeAnoNaraeTca, Uto BO3MOXHA NepeHOPMUPOBKA: B3AB 2 32 HOBYIO €ANHNLLY, Mbl
CTapyto eAnHMLY npeBpaLiaem B 1/2 u T.n. UHbIMY CloBaMK, BCS COBOKYMHOCTb BO3MOMHbIX Mep-HOPMUPOBOK ABNAETCA TUMMYHBIM

-MHOXeCTBOM: eCJ1n B3ATa - (TaJla pealibHa - 0[1Ha U3 Mep, BCe ipyrine 0CTatoTCA Hepeann30BaHHbIMU - TaK CKa3aTb <I'Ip€6bIBaIOT

B HepeanbHOCTI>. I'Ip|/| BCeil HeNnpUBbIYHOCTYN TAKKX OLIEHOK, NCMONb30BaHNE OnpeeneHns <apeanbHoe MHOXECTBO> 3/1eCb
0Ka3blBaeTCA NPaBOMEPHbIM.
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Ho camoe npumeyatenbHoe, 4To NpocTeiiLlee apeanbHOe OTHOLLEHME - 3TO HU UTO HOE, KaK TOruyeckuil 3aKoH NpoTuBopeyns; nbo - A,
nn6o He-A, TpeTbero He AiaHo. To ecTb, et A - peanbHo, To He-A - HepeanbHo. OHO Befib He Mcue3aeT 370 He-A, 63 Hero Befib CaMo 3T0
A NpoCTO HEMbICTMO, HO Mbl, KaK CaMo 060/ pa3ymeloLLieeca, nofiaraem: e A CyLLecTBYeT, TO He-A - UMEHHO uTo He cyLectByet! To
€CTb, OHO CYLLeCTBYET - MbICTNMO - HO CYLLIECTBYET KaKk-To - <HepeanbH0>. Kopoue rosops, A 1 He-A BMecTe 06pa3yIoT apeanbHoe
MHOXeCTBO U3 ABYX JNeMEHTOB.

ApuctoTenb, a 3a HUM 1 BCe NOTUKM, MOCTOAHHO NOAYEPKMBaNY, GOPMYANPYA 3aKOH NPOTUBOPEUNA: HE MOXET ObITb 1 A 1 He-A B 0JHOM 1
TOM e OTHOLUeHUM, B 0fiHO 1 T0 e BPEMA. Celtuac BaxHo nepectaButhb akueHTbl: Mbl dopmynupyem JIOTMYECKOE OTHOLLEHMUE, ¢
MOMOLLbI0 KOTOPOro MOZENUpYeM BpeMd, a He IMMMpUYecKoe Bpema UCNofb3yem AnA NOAKPeNnseHNA 0ruyeckoi 04eBUAHOCTY.

Bseaa npuxumn APEAJIBHOCTU, Mbl HeoxxmpaHHO 06HapyMBaeM B CAMOM SMMMPUYECKOM BpeMeHI 0c060€ CBOIACTBO.

Monpobyem oToxaectBuTb BPEMA, Kak ER-MHO)KGCTBO, CTONbKO YTO BBELEHHOI apeanbHOCTb) MHOXECTBa HOPMUPOBOK

NMHEIHOTO KOHTUHYYMa JeiCTBUTENbHBIX Yicen. ECin BpeMEHHOI KOHTUHYYM OTOXECTBUTD € TAKUM Xe apeasbHbIM

MHOXECTBOM HOPMUPOBOK YMCTIOBOI OCH, TO HAJl0 CAeNaTb CTPaHHOE 3aK/ioueHue: BpeMeHHOI NOPALOK OCyLLeCTBNAETCA TaK, uTo
peani3auya 0fHOI 3 HOPMUPOBOK NPOUCXOANT TONIbKO B TOM Clyyae, e peani3oBanoch - CTana MrHoenrem - nuiwb 0J1HA ee

TOuKa. Peann3auma KOHKPeTHOI HOPMUPOBKI MOXET MPOMCXOAMTD BO BpEMeHH TONbKO Yepe3 pean3aLiuio 0AHON ee TOUKM -

WHaue peanbHbIM J0MKHO CTAHOBUTBCA BCE MHOXECTBO TOUEK, COOTBETCTBYIOLLMX JaHHOI HOPMUPOBKe. VIHbIMU COBaMM, B aHHOI

cucteme otcyeta nio6oit PEANIbHO MPOTEKLLNI oTpe3ok BpemeHy 06pa3oBaH ToUKaMu, Kaxaas U3 KOTOPbIX SBAAETCA TOYKOM TONbKO

OZHOIi OMpefieNeHHON YHNKaNbHOA HOPMMPOBKM U3 6eCKOHEUHOT0 MHOMeCTBA TaKoBbIX. Ecu <cTpena BpemeHU™ nuHeliHa, To

TONbKO NOTOMY, UTO B HEPEaNbHOCTb BbIBOANTCA C KaXAbIM MHOBEHIEM HeCKOHEUHOe MHOXECTBO ApYriX MrHOBeHMWIA, 06pa3ytoLunx BMecTe
C 5aHHBIM OPAMHAPHBIIA MNHElHbI KOHTUHYYM BeLLeCTBEHHbIX YUCeN.

HanomHIo, Mbl paccmaTpuBaeM 3ech CBOICTBA “UMCTOr0 BpemMeHI" - MHOXECTBO MIHOBEHMIA, KOTOpbIe He 0TOXAECTBAAKTCA TYT C
Kakimu-nn6o cobbiTuamu. M BOT 06HapyXMBaeTCA, uTo Ntoboe MrHOBEHUE - 3TO He MPOCTO TOUKA HA OCH, a ONpeaeieHHas

3a/1aHHaA HOPMMPOBKA, @ €ro peanbHOCTb - 3T0 Pean3aLya MHOXKECTBA TOUEK, KOTOpble OTHOCUTENbHO JaHHOM yXoAAT B "npoLunoe”
1 "6yayLee”. Ho 0cobeHHOCTb B TOM, YTO BCE 3TU TOUKM YKe CTanu "peanbHbiMi'” U HUKOTAa B 6yayLuem Hil 0fHa 13 HUX YKe He
CTaHeT MTHOBEHMEM U He ObiNa TaKOBbIM paHee,

370 y>Ke CNIeyIoLLMiA LIar B NOHUMAHUY BPEMEHU, MOHATIE apeanbHOCTU MPUBOJMT, KK BUAUM, K He0OX04UMOCTI JanbHeliLLEero aHanu3a,
HO 34eCb Mbl OTPaHMYMMCA Cka3aHHbIM. Ha ganHom tane noctpoeHua XPOHOMETPUKI snemeHTapHOr0 KauecTBEHHOTO OM1CaHuA,
nonarato, 0CTaTOuHO.

[lo cux nop B onpeaenenun ER-MHO)KE(TBa A (Tapanca AepxaTbCaA B paMKkax 06LLenpUHATLIX NOHATUIA. Bce Bbilwen3noxeHHble
MOCTPOEHNSA OCYLLECTBAANNCH Ha OCHOBE 00bIYHbIX, XOPOLLO U3BECTHbIX NPEACTABAEHMIA, - UTO MOXET ObITb 00bIAeHHee pa3feneHus
BpemeH Ha MPOLLOE-HACTOALLEE-BYYLLEE! Monarato, KpUTMUECKN HACTPOEHHBIN YATATENb MOT CYECTb M3NOKEHHOE HEKMM
becnone3HbIM MyapCTBOBaHUEM, HO, He iyMalo, UTO MOHATME apeabHOCTH MOTII0 BbI3BaTb Y HEro akTUBHbIA npotect. Celivac A
nonpobyio MCNoNb30BaTh apeanbHOCTb ANA YTOUHEHIA HEKOTOPbIX MOMEHTOB, KaCaloLLMXCA OCHOB MaTeMaTuKy - 3Aecb No3uLua
aBTOpa OKaxeTcA bonee yA3BNUMOIA. Tem He MeHee, pUCKHY U3NI0KUTD ee.

Y7106b1 X0Tb KaK-T0 060CHOBATb CBOIA NOAXOA, A LOMKEH YTOUHUTD UCXOAHYI0 TEOPETUYECKYHO NO3ULINIO.

Kak y>e 6bI10 cKa3aHo, HeCTaHAAPTHbIii HeapXUMe/IOB aHasi3 B €ro COBPEMEHHOM BIME - 3TO UCKYCCTBEHHAA MOJENb, 0CHOBaHHas
Ha NPAMOM OTPULIAHUY aKcuombl EBROKCA-ApXuMesa, 1 HET NOKa HUKAKMX CEPbe3HbIX MPUYNH PacLUMPATD NoNe AeiACTBUTENbHbIX
ymcen. Celiuac NPUHATO FOBOPUTL 06 "MAeANbHOM pacunpeHn’, Ho, MHe NpeACTaBAAETCA, UTo 3TOT MPUEM UMEET YUCTO
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PUTOPUYECKMIi XapaKTep, BPOAe CAMOHa3BaHUA NoAX0za lobaueBckoro - "BoobpakaeMas reomeTpua' (OHa v 0CTaBasnach TakoBoii Ao
TOT0 MOMEHTA, KOTAia 6bla NOHATA ee 3HAUNMOCTb AA YU3MKM).

C Apyroii CTOPOHbI, 3Ta "HeapXUMeL0BOCTb" IOTUUECKY He COYETATbCs C NPUHLMMOM GeCKOHEUHOI AeNMMOCT U NPOTUBOPEYNT
KIaccuyeckomy NoHATHIo npeaena. Takum 00pa3om, eANHCTBEHHbIM BbIXOZOM MOXKET ObITb TONbKO NOTUYECKH eCTECTBEHHOE
C0e[MHEHVe HeCTAHAAPTHIA MOZENY aHaN3a C aHANIM30M KNaCcCMyeckUM, 06HapyXKeHHe X HeoOX0AMMOIA CBA3Y, €U YTOAHO, -

WX A0NONHUTENbHOCTY. [TosiBNIEHIE UPPALIMOHATBHBIX YMCeN HE OTMEHIO UNCIA PALIMOHAIbHDIE, TOUHO TaKxKe

BBe/IeHiNe TMNepaeiCTBUTENbHDIX YCeN JOMKHO ObiTb He eKNapaTUBHbIM MOAENbHbIM NOCTPOEHUEM, @ ECTECTBEHHBIM BbIBEJEHUEM VX
W3 JIOTUKI KNIACCUueckoro aHanu3a. fl Xouy nokasaTb, UTo Takas MOCTaHOBKa 3aJauyl MPaBOMEPHa.

[peacTaBneHue BpemeHH B KaueCTBe apeanbHOr0 MHOXeCTBa - 3T0 nepBblii Wwar. OH semoHcTpupyeT, uto MEXAHWYECKOE [IBUXEHUE
KaK TakoBOE He MOXET NPAMO 1 TOUHO BOCTIPOU3BOANTBCA B KNACCMYECKOM MOHATUI Npou3BoAHOI dX/dt, NockonbKy MOMEHTbI BpeMeHH -
3T0 He TOYKY Ha 0CK T, @ 3N1eMeHTbI HEKOTOPOTO MHOXECTBA, UMEIOLLIETO UHYH CTPYKTYPY, HEXeNU OpAVHAPHDIA NMHENHBIA KOHTUHYYM.

C npyroii CTOPOHbI, BBeZieHIe OTHOLLIEHNA apeanbHOCTY N03BONAET B3MAHYTH UHAUe Ha Takoii KOHTUHYYM 1 06HapYXUTb TaM

HeKOTOpble HeOXWAaHHbIe CBOIICTBA.

Mbl HauHeM ¢ NpoCTeiLLEro, MOXHO CKa3aTb - CTAHAAPTHOTO yTBePXAeHNA: "(XOAALLMIACA PAR YNCEN NMEET KOHEUHYIO CYMMY, HO He

UMeeT NoceHero uneHa". Ecin mbl paccMoTpum 310 yTBepKAeHNe Kak HeKOTOpOe N1orueckoe BbickasblBaHue, TO YBUAUM B HeM
npu3HaKm apeanbHoro onpegeneHna. MHOXeCTBO uncen - UneHoB CXOAALLEroca paaa - 00pasyeTca npu yaoBIm, uto y
nocneaoBatenbHoCTH nocnegHero uneHa HET. B camom fiene, KOHEUHOCTb CyMMBbI - 3TO aKTyanu3aLia MHOXeCTBa, Mbl HaulHaeM
CKnafbIBaTb UM, HauMHaA ¢ NepBoro, Haubonbuero. ObLyee UnaNo cnaraembix - 6eckoHeyHo. Mbl MOXeM FOBOPUTL 06 aKTyanbHON
CYETHON 6ECKOHEUHOCTM 3TOT0 MHOXECTBA, HO 3TO He 0TMEHAET BaXKHOT0 NPU3HaKa INEeMEHTOB 3TOro MHoxecTBa: oHu ECTb,

OHY BbICTPaMBaloTCA B onpegeneHHom nopaake, eain mbl OJIATAEM, uTo nocnegHero uneHa y nocieoBaTeNbHOCTY CllaraeMblx 37070 pAda
- HET. HbIMn cnoBamu, CXofALLasca Nocief0BaTeNbHOCTb YeHOB PAJa MOXeT pacCMaTpUBATbCA Kak apeabHoe MHOXeCTBO, KOTAa
00blYHaA CYETHAA 6ECKOHEUHOCTb INIEMEHTOB 3TOr0 MHOMecTBa AononHAeTca Hekum HEPEAJIbHBIM anemenTom - Tem cambiM

"nocnefHMMm uneHom", kotoporo HET.

370 CTPaHHOe paccyXaeHne, Ka3anocb Obl, HUYEro cofepXaTeNbHOro He NPUOABAAET - CTYXKMT NPOCTO KAKIM-TO UCKYCCTBEHHBIM
nombicnom. Ho nonpobyem nocmotpers: uto 6yaert, ecnu mbl npumem APEATIBHOE oTHowweHme 3a ocHoBy? MepBblii BbIBOA. ITOT
UCKNIOYEHHbIIl U3 NOCNEA0BATENbHOCTY "MOCEAHMIA UNleH", XOTA U He ABNAETCA 3NIEMEHTOM MHOMXeCTBa, Ho TeM He MeHee oH ECTb. To
eCTb, NPOLJOMKMB apeasbHyIo 0rUKY, Mbl JOMKHbI Cka3aTb, uTo TAKAfl cxofAwwanca nocneoBaTenbHOCTb YNEHOB PALA MOXeET
npenctatb nepez Hamu 1 B MHOM BiAe. [leiACTBUTENBHO, OMKHO ObITb OCMbICIEHHBIM TOFA1A M TaKOE NpefCTaBAeHME 0 AaHHOM
MHOXeCTBe, Koraa "nocneHuii uned™ ECTb, Ho B HepeanbHOCTb NEPEXOAAT BCe OCTalIbHbIE - Te, KOTopble 3aBeoMo 6osbLue ero. Yo xe
3T0 Takoe? IT0 HU UTO MHOE, KaK 0611aCTb ruNepAeCTBUTENbHBIX UMCeN B CMbICTE HECTaHAAPTHONO aHanu3a.

Takum 06pa3zom, B paMmKax JIOrvIKI apeasbHbIX OTHOLLEHWIA, Mbl ONpeeNuamM B3auMHY0 LONONHUTENbHOCTb 061aCTh AelicTBUTENbHDIX

umcen (rae pacnonaraloTca uieHbl CXOAALLEroCA pada) v 001acTb runepAeiCTBUTENbHBIX YNCEN, KOTOPbIE BCE MeHbLUE "HaMeHbLLero",

[na runeppeicTBUTeNbHbIX uncen He AelicTByeT akcuoMa Esfokca-Apxumena [OTOMY, uTo oHa felicTBYeT AnA 0CTaNbHbIX - eACTBUTENbHBIX
- 3IeMEHTOB 3TOT0 apeabHOr0 MHOXECTBA.

BTopoii BbIBOA. ECn apeanbHoe MHOXECTBO - 3T0 HEUTO efIMHOE, TO Mbl HE MOXeM NPOCTO TaK "NpUCTbIKOBbIBATL"
rUnepAeiiCTBUTENbHbIE YN K AEACTBUTENbHBIM, BEfb Y HAC ObiNa 3aaHa HeKkaA BNOJHe onpeAeneHHan (XoAALLanca
nocne0BaTeNbHOCTb AeCTBUTENbHBIX Yicen. MHbIMI CT0BamM, B 3TOM apeasibHOM MHOXKECTBE, B3ATOM KakK LieNloe, AOMKHO KakiM-
T0 06pa3om coxpaHATbCA obLLiee AnA Bceii 3Toil nocnegoatenbHoctit OTHOLLEHIE anemenToB. CoBepLUEHHO HEMOHATHO - KaKUM
00pa30M 3aKOH CXOAUMOCTH (OTHOLLIEHIE INEMEHTOB Ni " Ni+1) JOMKEH NPOJOMKATbCA B rUNepAeCTBUTENbHON 0bnacTy!
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Ceiiyac mbl nonpo6yem noHaTb KAK 3TO MMPOUCXOLNT, paccmatpuBas KOHKpeTHble Clyyan nocnefoBaTenbHocTeil. BoamoxHo,
Hallle paccMoTpeHue ByaeT BbIrAAETb HEKIUM NPOU3BOAbHBIM U3MbILAeHUeM, Ho, ecin JIOTUKA APEATTbHOCTU npunaTa, T0 311
BbIBOAbI Oy /YT NONyYaThea C HeobxoauMocTbio. OfHaKo pesx/e uem 370 cAenatb, CiesyeT Koe-uto YTOUHUTD.

MoHATHO, uTO Nto6as CXOAALLAACA MOUIEAOBATENBHOCTD - 3TO UCKYCCTBEHHO U3BIEYEHHDIA (ParmMeHT psia uMCen, CBA3aHHbIX
MOPAAKOBBIM OTHOLLIEHUEM MEXAY Ni v Ni’ Nm. To ecTb, y TaKOro pAAa HET He TONbKO NOCTeAHEro ueHa, Ho 1 "nepBoro”, TouHee -

Mbl MOXeM HauaTb ¢ HekoToporo N 11 BbICTpOUTb GeCKOHeUHbIit CXORALLMIACA PAZ C KOHEUHOI CYMMOIA UNIEHOB, HO TO e Camoe

OTHOLLIEHMUE, POZIOIIKEHHOE B CTOPOHY YBEJNUYEHNSA, Pa3yMeeTcs, He Oy/eT JaBaTb HaM KOHEUHOIi CyMMbl, @ BENIMYNHA KaXA0ro
0uepe/iHoro usieHa pAfa ByaeT HeorpaHMUeHHO Bo3pacTaTh. MHbIMM CIOBaMM, OTHOLLEHME apeasibHOCTb 1A TAKOTO PAAa - 3TO BbITECHEHME
B HepeaNbHOCTb 0benx obnacteil onpefeneHus runepaeiCTBUTENbHbIX YNCEN: aKTyanbHO 6eCKOHEUHO ManbiX 1 AKTYaNlbHO

beckoHeuHo 6onbLumx. CTporo roBopA, HauMHaA CBOW paccy<aeHuA ¢ ppasbl "HeT NocesHero uneHa", A NpocTo CNoAb30Ban

06b1uHoe "lWKoNbHOE" onpeneneHue, ANA WINIOCTPALIM apeanbHoro NoaxoAa. Tem He MeHee, 3T0 6bio HeOOX0ANMO - Befib BCA CYTb B
TOM, UTO FOBOPA 0 CXOAALLEMCA pAJe, Mbl HE MOXeM OMICATb ero MHaye, Hexenu cnoBamu: "Y 3Tol CyMMbl HET NOCTIE[HEro Claraemoro”.

Celiuac Ham NOMOXeT Aipyroe "WWKONbHOE" onpeseneHIe: paabl, rAe BeNMUMHA UNeHoB pAfa NoCefoBaTeNbHO BO3pacTaeT, a

“nocnesHero” uneHa pana onAb-Taku HET. U TunuuHbiM npumepom Takoro paga 6yayT kak pa3 Te camble uncna GuboHauun, KoTopbie Mbl
y>e paccmoTpeny paHee. BcnomHMM, Kak Mbl Ha YMCTIOBOY NPAMOIi 0TMeYani TOUKH, C00TBeTCTBYloWMe pAgy OuboHauuw, rae

Kaxz10e nocneaytoLiee ABnAeTca cymmoii Ayx npeablaywmx (1, 1,2, 3,5, 8,13, 21 ...), a B npeaene - npu ycrpemneHuy B 06nactb Bce
6GonbLLKX 1 GONbLLKX YKCeN NOAYYUNM “3010TYI0 NPOMOPLIMI" - 3HAMEHUTOE MppaLMoHanbHoe uncio 1,61803... MHbimu cnoBamu, pag uucen
B TPaHCOUHUTHOIE 06n1acTh NpeBpaTUNCA B NOCEL0BATENbHOCTb aKTyalnbHO 6eCKOHEUHO 60nbLuMX "0Tpe3KoB", OTHOLLEHIe MeX.y

KOTOPbIMW BbIpaXaeTcA KOHEYHbIM UPpaLiOHaNbHbIM lH/ICJ]OMj.

W HaobopoT, pag 0TPE3KOB, OTNOXEHHDBIX Ha AEICTBUTENBbHOI YNTIOBOIA 0CV B CTOPOHY YMEHBLLEHUA COOTBETCTBEHHO "30/10TOMY
CeyeHuI0", CKYYMBaeTCA y HeKoeli MpefieNibHOI TOUKM, KOTOpas HUKOrAa He OyAeT focTurHyTa. M 3aecb npedenbHbIil nepexos

B runepaeicTBUTeNbHyto 061acTb akTyanbHo 6eckoHeuHo Manblx npeBpaLLaeT HenpepbiBHble oTpe3ku B YNUTA, KoTopble 6yayT uatu
K npeAenbHoli Touke Kak ymeHbluatowyeca yncia Oubonayum. A nockonbky pas OuboHauun Haumkaetca 1, 1, 2,3 ..., 70 3T uncna

(v cooTBETCTBYIOLLIME UM AKTYasIbHO 6ECKOHEUHO Manble rUnepaeicTBUTENbHbIE ANHbI) 6N1aronoayyHo NpuaYT B TOUKY Npeaena.

fl noHnmato, uto npegnarad AnA cepbe3HOro 06CyAeHNA Takylo "HeCTaHAAPTHYI'" MHTepPNepTaLIAI (BA3N MeX.Y AelCTBUTENbHBIMI
W TUNepAeiCTBUTENbHBIMI YACTAMK, BbI3bIBAI0 TeEM CaMbIM BIOJIHE eCTECTBEHHYI0 0TPULATENbHYI0 peaKLyio. llepeynTbiBas TeKCT,
CaM NOCTOAHHO N10BUA ce6A Ha OLLyLLeHNI Hey[06CTBa, - BYATO B NpunuHOM 06LLecTBe 0n030punca, AoNyCTuB bectakTHOCTb. U,
KOHeUHo, MOry NpefCTaBUTb OTHOLUEHYE KpUTUYECKM HACTPOEHHBIX YnTaTeNeil: Npou3BoNbHbIE MAHUNYAALMM C

MaTemMaTiyeckiiMm1 NOHATUAMI HABOAAT Ha MbIC/Ib, UTO y aBTOPa "He BCe B NOpAAKe", @ BbIBOAbI MOX0XM Ha HeKoe

ANNETAHTCKOE GOKYCHMYAHbE - BPOZe M3BReYeHna unana """ u3 eruneTckoii nupamuabl. UTo X, nonpobyiite BOCNPUHATb UX Kak
NI0OOMBITHBIN Kypbe3, FOfHbINA B KauecTBe N0BoAa ANA Gunocodckinx i METOR0NOTMYECKIX AUCKYCCUIA. A, MOXET ObITb, HaligyTCa
ymTaTenu, KOTOPbIM NPeLIoMKEHHbIN X0 PacCy»AeHIiA NOKaXKeTCA NepCneKTUBHbIM?

BaxHbIM Kputepuem Hay4HOCTI noaxoaa, ABNAETCA €ro CNocobHOCTb AaBaTb BbIBO/bI, N03BOAAKLLE YBUAETb paHee He BUAKUMbIEe
(BA3N MeXAY NPUBbIYHBIMI ABNEHUAMU 1 NOHATUAMMN. Monarato, uTo peLuatoLLee cnoBo 3aecb 6yﬂ8T He 3@ MaTeMaThKamu, a 3a (])I/I3VIKaMI/I.

IV. HECTAHIAPTHBIV IOIXOI U
PEJIATUBVICTCKVE UHBAPVAHTBI

Ceituac Mbl 06paTI/IM(FI K ¢VI3I/IKe, A I10I'Ip06yI0 NpoAeMOHCTPUpPOBaTh, Kak HECTaHAapTHbIﬂ noJaxoA nNo3BonAeT (BA3aTb o6nacm,
http://res.krasu.ru/non-standard/ (80 w3 87) [06.11.2007 14:16:20]



HectangapTHbiit aHanu3 Heknaccuyeckoro Asinkexus. Masen Monyan.

MeXxay KOTopbIMI paHee (BA3b He NPoCneXiBanacb.

BbiLue 6b110 0TMeueHo, uTo B TeOPUN OTHOCUTENbHOCTY AnbbepTa JiHLLUTeliHa UCMONb3YeTCA PeNATUBUCTCKOE NPaBIIO CIOXKEHNA
CKOpOCTel, Korfia NpubaBnexue efMHIL He NPUBOAMT K 6eCKOHEYHOMY BO3PACTaHMIo CyMMbI - OHa OrpaHIYeHa BEPXHIM Npezenom
CKOpOCTY cBeTa. IT0 GOPManbHO HaNOMIHAET CI0KeHMe TunepAeiiCTBUTENbHBIX YNCeN N0 HeapXvMeZ0BY NPUHLMNY, KOTAA CyMMa

PaBHbIX CNlaraeMblx He MOXeT NpeB30iTI eAnHNLLY. OAHAKO 0TAMUME U3NKKM OT MaTeMaTUKM B TOM, UTO Gu3nUeckie BeNMYMHBI Pa3MepHbl,
1 ENNHULIA B Teopum 0THOCUTENbHOCTY U3MEPAETCA B eAMHILIAX CKOpoCTY [M/c].

B 4-x MepHOM NCeBI0EBKAMA0BOM KOHTUHYYME PeaibHOr0 NPOCTPaHCTBA-BPeMeHY Nepuozbl BPEMEHY 1 OTPE3KY NPOCTPaHCTBA
(BA3aHbI K03(GULIMEHTOM NPONOPLMOHANLHOCTH, KOTOPIiA B GU3NKE MHTEPNPETUPYETCA KaK CKOPOCTb (BETA YMHOMXEHHAA HAa MUHYIO
enuHuLY. B Knaccuueckoi dusmke BepXHUI NPpefen CkopocTy Obi HeOTrpaHUYeH, Tenepb Posib GECKOHEUHOCTH CTasa UCMONHATD
CKOPOCTb CBeTa. MHbIMU CTIoBaMM, BCe 3a6eCKOHeUHble 3HaUeHUs CKOPOCTI 0Ka3aiicb BbITECHEHbI B HEPeanbHOCTb, @ 3T0 HABOAUT
Ha onpezenenHble MbCTu. YT0 eiv NONbITaTbCA NPUMEHUTD 30eCh TEXHUKY, Y2Ke 0Npo6OBaHHYI0 HaMi Ha

BecKoHeuHbIX NOCeA0BaTENbHOCTAX?

OcobeHHo NHTEPECHO 6b1n0 bl NOCMOTPETD, YTO NPONCXOAUT B MaloM - 3T0 0061acTb KBAHTOBOI MeXaHUKH, a npeBpaLleHne HenpepbIBHOCTH
B pAA YKCen yKa3blBaeT Ha onpeaesieHHoe (X0ACTBO pe3ynbTaToB.

Y70 KacaeTca penAaTUBMCTCKOTO CNIOXKEHNA CKOPOCTEA, TO HECTAHAAPTHBIA NOAX0A NPUBOANT K TMMNOTE3E, UTO TOUHO TaKXKe, KaK B
CTOPOHY yBeNMUEHNA CKOPOCTI 06HapyMBaeTcA npeaenbHoe 3HaueHue C - CKOPOCTb (BETA, B CTOPOHY YMEHBLLEHNA MOXKET
06HapyxuTbca Hekuil npepen. OAHaKo, Takad runoTe3a o "CkopocTy TeMHOTbI" BLIFAAUT IK30TUYHO, a FN1aBHOE He COBNadaeT ¢

TeMU BbIBOZIaMU, KOTOPbIE MOXHO CfieNaTb Ha 0CHOBE (OPMANbHOr0 NOAX0AA U ero Gu3nueckoii uHTepnpeTauuy. MonyyeHHble Ha 3TOM
NyTN pe3ynbTaTbl NPeACTaBAAITCA MHE UHTEPECHBIMIA U QU3NYECKI OCMbICTIEHHBIMA.

HauHem onATb-Tak1 C 0CHOBONOMATALLEro A MeXaHNKIA npeAcCTaBNeHNA - CNPUHLNNG OTHOCUTENIBHOCTU.

CoziepaHue KNaccuyeckoro MpUHLMNA OTHOCUTENbHOCTI [anunea N3NOXUTb N1erko: abCoNKTHOrO ABINKEHMA HET, TO eCTb /B TOUKH
MOTYT ABUraTbCA TONbKO OTHOCUTENbHO ApYr Apyra. Ecnn mbl 6epem ofjHy 13 HUX 3a TOUKY 0TCYeTa, TO Noiaraem ee NOKOALLeNca, a
Apyras 0THOCUTENbHO Hee 0Ka3blBaeTcA ABUratolLielica. COBepLUEHHO TaK e Mbl MOXKEM 3Ty ABMXKYLLYIOCA NPUHATD 33 HEMOABIKHYH
TOUKY OTCYeTa U CYMTaTh AiBUratoLLelica apyryto. lpencraBneHue o ABUXeHNI COBEPLLEHHO eCTeCTBEHHO 1 HeobX0ANMo Tpebyet
MPUHLMNA OTHOCUTENBHOCTY - BeAb M3MeHeHIe paccTOAHNA Mexay Toukamu o Bpemexem npoucxogut MEXY HUMU.

[MockonbKy MpUHLIN OTHOCUTENBHOCTY UMEET U 6oNee 3aMblCTIOBATbIe MHTEPNPETALIN, @ 3TO BbI3bIBAET HEAONOHMMaHME
(peuen3eHT "HayuHoii ceTin", HanpuMep, CYeN MOto TPAKTOBKY OLLMOOYHOIA), NPUBOXKY 3A€Ch LMTaTy U3 paboTbl AnbbepTa IHLTeilHa
"Y10 TaKkoe Teopusa oTHoCuTeNbHOCTM?": "KoopAnHaTHaA cucTema, ABUKYLLAACA PaBHOMEPHO U NPAMONHENHO OTHOCUTENbHO
UHepLManbHOI cucTeMbl, Cama ABNAETCA UHepLManbHoii. CneLanbHbIlil NPUHLNN 0THOCUTENbHOCTY NPeACTaBAAeT coboii 0bobLLeHMe
3T0r0 YTBePX/AEHMA Ha BCe NPOLIeCCh NPUPOABI: KaX/blil yHUBEPCANbHbIA 3aKOH MPUPO/bI, KOTOPbIN BbIMOMHAETCA N0 OTHOLLEHNIO

K HEKOTOpOiA cucteme oTcueTa (, JOMKEH TaKkxKe BbINONHATBCA B Nt060 Apyroil cucteme C, KOTOPaA IBUXKETCA paBHOMEPHO U
npAMONUHeliHo oTHocuTenbHo (. (A.iiHwTeiiH, CobpaHue HayuHbIX TpyaoB. T. |, M.: "Hayka", 1965 ¢. 679.)]

(xemaTnyeckn NPUHLMN OTHOCUTENIbHOCTU NOACHAEGTCA HA NpUMepe ABYX TOYeK:

Puc. 12
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A C

NPUHUMAEM OIHY 32 CUCTEMY OTCYETa - BTOpas <[IBUKETCA OTHOCUTENbHO ee> 1 Hao6opoT. MpeacTaBuM; B NYCTOM NPOCTPAHCTBE
HaX0AATCA 1BE TOUKM (MaTemaTiuecku 6e3pasmepHble), paaeneHHble HEKOTOPbIM paccTosHieM. Tenepb NocTapaemcs NpecTaBuTb, uTo
3T0 PaccToAHNe M3MeHSAETCA... Ho KaKitm Takum 06pa3om MOXHO 3aech 3aduKcpoBaTh <u3meHeHne>? Anpi lyaHkape, uAnocTpupya
3TOT K3y, NPOBEN MbICTIEHHbIN SKCMEPUMEHT - CIPOCKI; UTO 6bINO Obl, €N bl PACCTOAHMA MEXAY BCEMU TOUKAMMU MUPa

BHe3aMHO yBeAMUMUNKCD B 1Ba pa3a? Il oTBETUN: Mup 3TOrO He 3ameTun Obl. [lymalo, Bce NOHATHO. [nA T0ro, uto6bl MOXHO 6b110 roBOPUTH
00 U3MEHEHII PACCTOAHMA MEXAY ABYMSA TOUKAMIM, Hafio NPEACTABUTL Ce6e Hannume eLwe 0fHOM TOUKM, KOTOPas OTHOCUTENbHO KaKOi-
160 13 33Z1aHHbIX HEMOABIKHA.

Puc. 13

HenopBuHa - T0 eCTb HaX0AUTCA BCE BPEMSA OT Hee Ha OAHOM 1 TOM e PaccTOAHIM. TYT NOKa HUKAKUX CNIOKHOCTEIA HeT: NPocTo

Mbl ieKnapupyem, UTo HaM HYXHa He TOUKa, a CUCTeMa 0TCYeTa C 3aiaHHbIM 3TanoHoM AnuHbl AB. Ho BeZlb Mbl HaunHanm ¢ ABYX Touek,
noToM 06aBMNM TPETbIO M BPOZE Kak MOXKEM Tenepb rOBOPUTH 0 ABIXEHIN, OFHAKO NPaBOMEPHO 3a/aTb BOMPOC: Kak Mbl ONPeAeuM,
uTo Mexay Toukami A n B pacctoanme noctoaHHo, a mexay A n CusmenseTca? Beab € TakuM e YCnexom Mbl MOXeM NPUHATD paccTosHune
BC 3 31anoH, a NpexHuii TanoH cunTaTh 3MeHAILMMCA! B 3TUX paccy»aeHnAX HET HUYEro HENOTMYHOr0, Ha0bopPOT, Mbl BBE/N TPETbI0
TOUKY 11 3TANOHHOE PACCTOAHME MMEHHO MOTOMY, UTO HE MOTIM ONPeAENMTb M3MEHEHME PACCTOAHIA, HO TOYHO TaKXKe Mbl He

MOXEM ONpeseNuTb U HEM3MEHHOCTb ero Mepbl. TOUHee MoKeM OnpeseNnaTb ero v Tak U Tak: To AB 6epem 3a Hen3mMeHHbIN 3TasnoH 1
roBOpMM, 4T Touka C paBHOMepHO yAanaeTca oT A u oT B, To 6epem 3a HensmeHHOCTb paccToaHue mMexay A u C, Torfa npexHee
3TaNOHHOE PaccToaHue AB 0MKHO MONAraTbcA U3MEHALLMMCA.

A B C

— T
const

Ho Befib, €M MEHATb MeCTaMit 3TaNOHbI AIMHDI, MONYYNTCA CTPaHHaA KapTiHa. MbICeHHO Npe/CcTaBuM, YTo <paBHOMEPHO ABUXYLAAC™>
C KaK 6bl HenoaBIKH U 3a/1aeT Ham Mepy paccToaHid AC = const, Toraa <peanbHo HenoaBUXHasA™> oTHocuTenbHo STON mepbl

ByzeT ABUraTbCA HepaBHOMEpHO: B npubnmxaeTca k A Bce Bpema 3ameanasch. B camom abcypaHOM BapuaHTe (€M pacCMOTpEHMe HauaTb
 6onee paHHEro MOMEHTA) OHa YCKOPAETCA OT Hyns 10 6ECKOHEUHOCTH, NOTOM <NPUNETAET™> U3 GECKOHEUHOCTY C APYTOil CTOPOHbI
HauMHaeT ONATb 3aMeANATLCA [0 HYNIA - BCH OCTaBLLIYIOCA B 3aMace BEYHOCTb.

BblLeonucanHblil BbIBOA KaXKeTCA HACTONbKO ANKIM, UTO NEPBOE XeNnaHue - 0T6pocTb ero 3a HeHanobHoCTbI0. [pobnema B TOM, UTo €N
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Mbl B NPUHLMNE 0THOCUTENbHOCTY [anunes-HbloToHa 0TKpbIBaeM AnA cebA B3aUMOKBUBANIEHTHOCTb AABYX TOUEK MEHHO B MpoLiecce

WX MbICTIEHHOI 3aMeHbl, To oYeMy B NIOTNYecki HeobX0ANMOI CMCTeMe U3 TpeX ToUeK BAPYT JOMKHbI 0TBEPTHYTH

B3alMO03aMeHy COBEPLLEHHO TaKylo e? Jlornyeckue BO3MOXHOCTY BO3HUKAIOT He A TOro, uTobbl Mbl X MPOCTO 0TOpacbiBany, Hafo Bee-
TaKy NMONbITaTbCA NOHATH, YTO 0OHAPYXMBAETCA B 3TOI CTPaHHOI cuTyaLmn. MoxeT 6biTb, BCe N0 B HenpaBuibHoi

UHTEpNPETaLYI NONYYeHHDIX pPe3ybTaTos?

Y7o Mbl BOOGLLE XOTUM CKa3aTb, KOrfa roBopuMm: "[laHHas MaTepuanbHas TOUKa MMeEeT 3ajaHHYI0 CKOpoCTb?"

(TaHAapTHbIi BapuaHT, eI BHUMaTeNbHee NPUCMOTPETCS, TOXE He 0YeHb-TO MPOCT. ECN y Hac 3a1aHa TONbKO 0fiHa
€/IMHCTBEHHAs PaBHOMEpHas NOCTOSAHHASA CKOPOCTb, TO €€ KOJMYECTBEHHOE BbIPaXKeHIe MOXET ObITb ABOAKIM. CKOPOCTb - Kak
OTHOLLIEHUE OTPe3Ka MyTH K 3aJ1aHHOI eMHUYHOI Mepe BpeMeHN [M/c], 1 - COBEpLLEHHO IKBUBAJIEHTHOE - OTHOLLIEHKE NepHoAa
BPEMEHMU, 3aTPAUEHHOT0 1A NPOXOX/EHUA eAUHNYHOTO OTPe3Ka paccTosaHua [c/m].

3apapumca NpoCTbIM BONPOCOM: MOYEMY B 06bIYHOM NOHMMAHIK ABUKEHUA UCKIIOYEHa dNlbTEPHATBHAA PA3MEPHOCTD, MOYEMY Mbl
He BblpaXaeM CKOPOCTb Kak KOJIMYeCTBO CEKYHA, 3aTPa4nBaeMbIX Ha MPOX0XAEHNE eANHULbI PaCCTOAHUA - BE[lb 3TO OTHOLLEHNE
Jiornyecku aonyctumo, a MatemMaTinyecki BnoaHe MHAMBMAYaNnbHO AnA Kaxzon KOHKpETHOI7I CKOpO(TVI?

Pa3Be HaC yAUBNAET, UTO Ha CTaJMOHE CIOPTUBHDII PE3YNbTAT Cy/b)l BbIPAKAIOT HE B UNCTIEHHOM 3HAUEHNU CKOPOCTY GeryHa, a B
KOnMuecTBe BpeMeHH, 3aTpaueHHOM Ha NPOXOXAEHNE AUCTaHLMU? ITO Beb YHUKANbHbIN GaKT: ABUNKEHIE U3MEPAETCA He METpaMit
3 (eKYHALy, @ BpeMeHeM, KOTopoe NoTpe6oBanocb AnA NpeofoNeHs 3aAaHHO0 paccTonHus! TeM He MeHee, B GU3iKe AaHHaA

Mepa ABIXKEHNA C pa3MepHOCTbIo [¢/m] oTBepraeTcs. Mouemy?

Ha 310T <ZeTckuit> BONpoC MOXHO AaTb BMONHE Cepbe3Hblil 0TBET. MHOXeCTBO BCEBO3MOXHbIX CKOPOCTEI NH0JM YOPALOUNBAT

Mo npuHLMNYy <mefneHHee-6bicTpee=, 1, C006pa3HO 3TOMY, BbICTPAMBAIOT N0 BEKTOPY <MeHbLUe-60/bLue>: ueM bbicTpee CKOPOCTb, TeM
OHa UMCIeHHo bonblue, - 6oMblIee KONNYECTBO METPOB NPecoNeBaeTCA 3a eAMHILLY BpeMeHH. B3AB e uHylo Mepy, Mbl CTONKHeMCA

€ 00paTHbIM COOTHOLUeHHEM: 6onbLuel BbICTPOCTH BbIHYXAEHbI 6yZeM MPUNKNCLIBATL MeHbLUee YNCIO, - YeM bbicTpee

ABWXKETCA MaTepuasnbHaA TOUKA, TeM MeHblLee KONMUeCTBO CeKyHA eii TpebyeTca AnA NpoXoXAeHNA eANHNYHOTO PacCTOAHMA.

TpaAMLMOHHbII CNEKTP CKOPOCTEN HAUNHAETCA € HYNA (OKOA) M KONMYECTBEHHO BO3PACTAET N0 Mepe YBeNMYeHNA-yObICTPEHMS CKOPOCTH
(B Knaccueckoil MexaHKe BEpXHHiA NPeAen CKOpOCTU HeorpaHnyer). <Camas bbIcTpan>, 6eckoHeuHo 60/bLIas CKOPOCTb - 3TO
beckoHeyHoe KoNMYECTBO METPORB 3a eANHNLY BPEMEHM. A BOT C albTEPHATUBHOI pa3MePHOCTbIO [¢/M] BCe BbIFIAAUT TOUHO Ha0b0pOT:
MOKOIA - 3T0 6eCKOHeUHoe KONMYECTBO CeKyH A, 3aTPaunBaeMblX Ha <MPOXOXAEHME™ eANHINYHOTO PACCTOAHNA, TaK CKa3aTb,

beckoHeuHo 6oMbLIaA MeAneHHOCTb. CornacuTech, CuMTaTh 0T 6ECKOHEUHOCTY K HYNIO, MO KpaiiHei Mepe, He yA06HO.

Mo3eT noKkasarbca, UTo HaLUM PACCyXaeHus - MyAPCTBOBAHUA Ha NycTOM MecTe. OFHAKO 3T0 He Tak. [locTaTouHo cKa3aTb, YTo
ToT¢puz NleitbHIL NPy C03/aHMM MATEMATUYECKOr0 aHan3a HeOAHOKPATHO PasMbILLAAN HaZl 3TUM Bonpocom. OH nucan: <MoKoii
MOXET paccMaTpuBaTbCA Kak 6eCOHeUHo Manas ckopocTb WK Kak 6eckoHeuHo bonbluas meaneHHocTb> (.B.Jleit6Huw. CounHeHnsa
B uetblpex Tomax. T. 1. M.: <Mbicnb> ¢. 205. (m. Takxe 7. 3, ¢. 199.).

Y JeiibHuua ecTb eLe 0AHO NPUMeYaTeNbHOE PACCyKAEHME: OH OTOXKAECTBAAET HyNeBYI0 CKOPOCTb JABUMKEHMA MO OKPYXHOCTH C
6eCKOHEUHOI CKOPOCTbI0, Koraa <Kax[as TOUKa OKPYXKHOCTY J0NIKHA BCEra HaxoAuTbCs B 0AHOM 1 ToM e Mecte> (T. 3, ¢. 290). To
€CTb Noruueckn oToxaecTBnAloTcA He Tonbko O m/cu I ¢/m (cootBetctBenHo I m/cu O ¢/m), Ho Takke O m/cu [ m/cnpu
LIMKNNYECKOM ABIKEHMN. 3TO NOCNEHEE OTOX/AECTBAEHME OTKPbIBAET Nepes HaMu BbIXOA U3 3anyTaHHOI CUTyaLuy.

HOQEMy He WJ,OﬁHO OTCYUATbIBATb YBEJINYEHNE CKOPOCTYN ABUKEHNA B Mepe [(/M]7 ﬂOTOMy, 4TO NpunucbiBan cncreme oTcyeTa
6eCKOHellHyl0 MeZNeHHOCTb 1 BBOAA ANA )IIBI/I)KyLI.I,EVICFI TOYKW HEKYI0 €ANHNYHY0 MEANEHHOCTD 1[C/M], Mbl HE M0Ty4YNM PaBHOMEPHYHO
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LUKaNy BEMYMH, FZie MOXHO apudMeTinyecki cknagpisatb A{c/m] + B[c/M] = (A + B)[c/m]. To ecTb Takoe crioxeHue byger
NPOTUBOPEUNTD HOPMAIbHOMY NPEACTABNEHHI0 0 TOM, KaK OLIEHIBAIOTCA CKOPOCTY YMCTIOM NEPEXOO0B 0T OAHOI CUCTEMbI OTCUYETa K
Apyroii. Ho ieno KopeHHbIM 06pa3om U3MeHNTbCA, €T Mbl BOCTONb3YEMCA, TaK CKa3aTb, npeobpa3oBatmem JlelibHuua.

B camom pene, Korga Mbl B KNaccuyeckom NpuHLMNe 0THOCUTENBHOCTY BbIABIAM HE06X0AMMOCTb BBEAEHMA TPETbEN TOUKH,

3ajatoLLeil HenameHHYH Mepy PacCTOAHMA, UMEHHO 3Ta TPeTbA TOUKa 1 CyXuna npoobpa3om NoKoA - 3a 060 neprof BpemMeHN oHa
<morna npoiiT> ToNbKo HyNneBoe paccroaHue. Ecnn mbl, Buies 3a JlelibHuuem, 0ToXAECTBUM NOKOI 1 6eCKOHEUHYI0 CKOPOCTb
LIMKNNYECKOro ABUXeHNA, TO 06HapyuM yAUBUTENbHYH Bellb: NPUNICAB Takoil NOKOALLEIACA TouKe GeCKOHEUHYI0 CKOPOCTb, Mbl BMeCTe

C Mepoii AnnHbI BBOAUM W Mepy KpyroBoi TpaekTopuu, ANNHa KOTOPOil onpesenseTca Mepoii ANvHbI Kak pagnycom. Toraa okasblBaeTca, uto
B Mepe MefneHHOCTH [¢/M] 3Ta CKopocTb ByAeT ye 06n1adaTh He 6CKOHEUHON, @ HyNeBoil MeANIEHHOCTbIO: ANA 06€eraHNA 3TOro paanyca

eli TpebyeTca HoMb CeKyHA. Tenepb Mbl y2Ke MOXeM BECTI HOPMasbHOE COXeHe MeANIEHHOCTeN, HaUMHAeM C MOKOALLeCA CUCTemb
0TCYeTa, @ eIMHUYHON MeNIEHHOCTbIO ByaeT cunTaThea 1 cekyHaa, Tpebyemasn ana oberaHna eanHNYHoI Kpyrooit

TpaekTopun. COOTBETCTBEHHO, 06eraHue 3Toii TPaeKTopuI 3a 2 ceKyHAbI AaeT APYTYI0 BENMUIMHY CKOPOCTY ABIKEHNA - GoNnee MeNIEHHYo U T.
n. [py 3T0M OTHOCUTENIbHOCTD B TAKOM KPYroBOM JBUKEHIM MONHOCTbIO COXPAHAETCA, 3 <MEANEHHOCTU™> MOXHO

(KnagblBaTb apudmeTnyeckn. MHbIMu cnoBamu, Tenepb ANnA BeAUYNH MeAIEHHOCTI CTPOUTCA HOPMaNbHaA 0Cb, FAe 0TCYET UAET OT HyNA

10 6eckoHeuHocTw. MpaBAa, k 6eCKOHEUHOI MEAIEHHOCTIA - K MOSHOMY MOKOH - YCTpeMIEeHbI He CKOPOCTY IMHEIHOTO nepemelLLeHIs

N0 NPAMOIA, @ CKOPOCTU NepeSBIKEHNA N0 eAMHUYHOI KPYrOBOW TPAeKTopuM.

A Tenepb camoe UHTepecHoe. Ecin g Takoil BennumHbl Kak MeANEHHOCTb TaKXKe JOMKeH AeiiCTBOBATb HEapXMME[0B 3aK0H CNIOXKeHNUS, TO
[0 6eCKOHEYHOIA MeZNEHHOCTI HAaM He 406paTbeA. [loMKHa CYLLECTBOBATD BEPXHASA FPaHb - NPeeN MeANEHHOCTH, CTOMb Xe
HEROCTIKUMBI, KaK CkopocTb cBeTa. Mepoid 3Toro npenena 6yzet, ecrectBeHHo, [¢/M] - To ecTb BeumHa 06paTHas mepe ckopoctu. 1

ecM MIUpUYeckan npeaenbHas ckopoctb C peanbHo cyliectsyet u nsmepserca B [M/c], To JomKHa CyLLieCTBOBATD HeKas

2
IMNupuYeckan KOHCTaHTa, u3mepAemasn B [(/M] Tpe6yemaﬂ KOHCTaHTa B ¢I/I3VIKE W3BECTHA - OHa o6pa3yeTca 113 COOTHOLLEHUA € /h roe €
- 3apAj ANEKTPOHa, d h - N0CToAHHasA [nanka. A oTHoWEeHVe CKOpOCTH CBETA K LaHHOI1 KOMOUHaLMN SMNUPUYECKNX KOHCTAHT Aa€T
Ham 6e3pa3mepHy|o BEJINYMHY, UMEHYEMYI0 NOCTOAHHOI TOHKON CTPYKTYPbI. Ee BennumHa OKPYr/IEHHO paBHa 137, u go cnx nop
He NpeKpaLlaloTcA NonbITKW BbIPa3nTb 3TO YKAC0 Yepe3 KOMOMHALMI0 MAaTEMATNYECKNX KOHCTAHT p ne. TEI'Ipr MOXHO YyTBEPXAaTb, YTO
3TV NOMbITKN He INLLEHbI OCHOBAHMWIA.

Moasenem wutor. V13BecTHo, uTo B NCEBAOEBKINA0BOM 4-MEPHOM NPOCTPAHCTBEHHO-BPEMEHHOM KOHTUHYYMe MUHKOBCKOTO Ha

0CAX OTK/AAbIBAETCA eflNHaA Mepa, COOTBETCTBYHLLAA NPOCTPAHCTBEHHOMY NPOTAXEHMH X [M], a npeobpa3oBatie Mepbl t [c]
0CyLL|eCTBAALTCA C NOMOLLbH0 K03puLiMeHTa nponopumoHanbHocTin € [m/c] - ckopocTi cBeTa M MHUMOIE eavHMLb! §.(B cyyae ABIKeHUs
110 NPAMOIA OH NpeBpaLLAeTCA B 00bIYHYI0 KOMNAEKCHYI0 MN0CKOCTb.) Mbl MOKa3ani, uTo (BA3b MeXAY X 11 t TakuM e 06pa3om MoxeT
6bITb MCNONb30BaHa ANA NOCTPOEHMA NCEBLOEBKNNAOBOTO KOHTUHYYMA (KOMMIEKCHOI NNOCKOCTI), A€ Ha 0CAX byneT 0TKNajbIBaTbCA
€[IMHas Mepa, COOTBETCTBYI0LLAA BPEMEeHHbIM Nepiogam t [c], a npeobpa3oBaHme mepbi X [M] OyAET 0CyLeCTBAATLCA ¢

nomoLLbIo Ko3dduLimenTa npeobpasosania 1/v [c/m] v MHIMOIF eavHMLbI . B TaKOTO pojja NOCTPOEHMM HET HUYero "oLwnboyHoro",
XOTA N0/AX0A A0CTaTOUHO GopManbHblit. OfHaKo nonpo6oBaTh ObiNo MHTEPECHO, Beib TAKOTO NCEBAOEBKANA0BOMO

KOHTMHYYMa MPUMEHUTENBHO K GU3MYECKUM BENMUMHAM HUKTO HE MbITAlCa CTPOUTD.

(0371aB €ro, Mbl CTaNKuBaeMcs ¢ Npobaemoii MHTEpNpeTaLMM, NOCKObKY "'06paTHas CKopoCTb cBeTa" MeeT Mepy [¢(/M] 1 He MoxeT
ABNATLCA CKOPOCTHIO B 06bIYHOM MOHMMAHUM 3TOTO CI0BA. ITY CTPAHHYI0 BENINUMHY Ha OCHOBE TPaAULIMOHHOTO NPUHLMNA
OTHOCUTENBHOCTV MOXKHO UHTEPMPETMPOBATD KaK "CKOPOCTb" BPaLLEHMA No eAMHIYHON opbuTe, a koadduumeHT 1/v And Hooro

TuNa KOHTUHYYMa OKa3blBaeTCA KOHCTaHTOM, KOTOpOVI B ¢I/I3I/IKe COOTBETCTBYET KOMOMHALINA KOHCTAHT eZ/h. Bpﬂ,ﬂ, NnnaTo

ABNIAETCA COBNajieHnem. HanpOTVIB, MOCKOJIbKY B MateMaTyeckux NoCTpoeHUaAX, OTHOCALLIMXCA K MHOTOMEPHOMY KOMNIEKCHOMY aHanusy,

BCe BeNNYUHbI 6e3pa3|vlepH|>|, aB (I)VBI/IKE OHU (BA3aHbI C KOHKPETHbIMK (I)VI3I/I‘I€CKVIMVI napameTpamu, 0TMeYeHHas

[JBOVICTBEHHOCTb NCEB0EBKNN0BA KOHTUHYYMa NpoCTpaHCTBa-BpeMeHN UMeeT HeTpVIBVIaﬂbeIVI cvbian. o KpaVIHeVI mepe,
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3TOT GOpManbHbIiA NOAX0A NOKA3bIBAET ONpPe/ieNeHHOr0 POAa B3aMMOCBA3b MEXAY MOHATUAMMU 1 NPeZCTaBNEHUAMN TEOpUN
OTHOCMTENbHOCTY 1 KBAHTOBO-MeXaHUYeCK/MI NapamMeTpamy.

Mo>Ho 3agaTbca BOMPOCOM: 3HAUUT JIK BCE BbILLIEN3I0XKEHHOE, UTO ANA a6CTpaKTHOF0 KOHTWHYYMa CyLLeCTBYIOT €CTECTBEHHAA METPUKA

n peaanblﬁ 3dKOH, ynopﬂ,uoqmsa}ommﬁ BO3pacTaHle BEJINYNHDI B 06nacTn feicTBUTENbHDIX YnCen, pacnonaratLmnxca

mexay HeAoCTUXIUMbIMMN TOUKaMKN Oun [7 fl nonarato, uto - Aa. I'IpaB,qa, JANA TOr0 YT0ObI 3T0 YETKO NOKA3aTb HAZL0 TOUHO YACHUTb. YTO OH
u3 ceba NpeACTaBNAET - 370T NINHEHbIIA KOHTVIH)I)/M? Ecw gna NPOCTPaHCTBA CYTb AieNa bonee-meHee YACHEHA, TO B OTHOLLEHUW BPEMEHU
J1eN0 BbIMMAQNUT He CTONb ACHbIM.

(OpHaKo Bo3HUKaeT BOMpOC: mouemy B Gu3nke Matematuueckas bespazmepHas ENIHULIA kak 6l pacienunach, 06pa3oBas

HEKOTOpYI0 061aCTb C HEapPXMMEAO0BbIM CTIOMEHNEM CKOPOCTEIA (CKOPOCTb OKa3bIBAETCA 3€Ch BCETO NALLIb

K03DOULMEHTOM NPONOPLIMOHATILHOCTI MEXAY 0CAMM NCEBA0EBKAUAO0BOMO KOHTUHYYMA)? MOCKOMbKY B HALUMX MOCTPOEHMAX

He GUrypnpoBay HUKaKme ANHaMMueckine GU3nueckire BENMUNHDI, TO TOHATHO, UTO Ha NO00HbIE BONPOCHI OTBETOB NOKa HeT. OfiHaKo Y
MeHs HET COMHEHWA - Pa3BUBaA Janee NPeAnoeHHbIA NOAX0A, 0TMeUEHHbIe HEACHOCTU MOXHO ByaeT 06bACHUTL MaTeMaTHyeckn
KOPPEKTHO 11 GU3MYECKIA OCMBICTEHHO.

MocnenHee TpebyeT NOACHEHMA: UTO 03HayaeT "duU3nyeckn ocMblcneHHo"? MpUHLMN MHTepRpeTaLuK, Koraa onpeaeneHHbIM
MaTeMaTyeckitM CTPYKTYpam HaXoANTCA GU3MUECKMil aHaNor COMHEHMIA He BbI3bIBAeT, Ha060pOT - MEHHO 3Ta rapMOHIA NOTYECKOrO
1 SMIUPUYECKOTO MHE NPeACTaBNAETCA [NaBHbIM Pe3yNbTaToM U LieNblo No3HaHuA. Ho Bedb AiA TOro, utobbl CBA3b MaTeMaTUyecKuX
BbIBOZJOB U (1U3MYeCKMX NpefCTaBNeHuii CTana 04eBUAHON, TpebyeTca, KpoMe BCEro Npoyero, eLue 1 onpedeneHHoe NoHMMaHue

amoil Gu3nyecKoil peanbHOCTI. ECn Mbl paccmaTpuBaem ee Uepe3 Hekuid “TeopeTuueckuii npubop", cBoicTBa 310ro npubopa
B ONPeAeNIeHHOI Mepe TaK UK MHaue MCKAXKaIoT "KapTuHy mupa“.

Kpome MaTeMaTiueckux akcviom 1 NIOTUKM, ecTb eLue HeKue Takxe MpOBO33peHuecKue NPUHLIMDI, TNaBHbIM U3 KOTOPbIX ABAAETCA
NPUHLMN JeTEPMUHU3MA; Mbl ycMaTpuBaeM (BA3b Mexay AeneHuamu TAK, kak OH Toro Tpebyer. To noHnmaHme JeTepmMUHIA3Ma,
KOTOPOE HblHe 00LLEeNpUHATO, MPUBENO, HaNpUMEP, K (B0e06pa3HbIM MUPOBO33PEHUECKUM BbIBOAAM: B HAYUHOM

uctebnuIMeHTe YKPENnuocb MHeHve 0 6nn3KoM 3aBepLueHIr GyHAaMeHTanbHOI Hayku. 0ckoNbKY 3T0 MHeHIe MHe NpefCTaBnAeTcA
OZIHMM 113 NPOABNIEHWI rOCNOACTBYIOLLEN Aeonorun, a nybnukyemas pabota HanpasneHa NpoTyMB Hee, 3TOMY BOMPOCY NOCBALLEHa
oTAeNnbHaA cTaTbA “Urpa B LaxmaTbl M KBAHTOBAA MexaHuKa", C KOTOPOIl uuTaTenu, 3auHTepecoBaBLLnecs "HectaHaapTHbIM
AHANM30M HEKNacCUyeckoro ABMXKEHNA", TaKXKe MOryT 03HaKOMUTbCA.

MOHATHO, YTO MPUHLMN AETEPMUHI3MA, KaK Obl OH He NOHUMANCA, - 3T0 Npubop U3 apceHana GU3MKY, a He MaTeMaTuKi. Ml
NPVMBbIKNN CYMTaTh, UTO MaTeMaTMKa - 3T0 06N1ACTb YNCTBIX ABCTPAKLMIA, He CBA3AHHbIX HAMPAMYH C IMNUPUYECKOIl peanbHOCTbI0. OfHaKo
eCTb 0fiHa 0611acTb MaTemaTuky, B KOTOPOIA peanbHOCTb Obia 3aneyatrneHa n3HayanbHo. 310 - reoMeTpus.

V. OMIINPUYECKOE ITPOCTPAHCTBO.
CVMHKPETNYECKAA TEOMETPUAL.

CywTaerca, uTo reoMeTpua - 370 NepBasd Hayka co34aHHaA YenoBeKOM NoUTe0BaTeNbHO 1 nornyecku. iIMeHHo reomeTpus c ee
nocTynaTamu, akCuoMamm 1 TeopemMamu CTana napagurmanbHbiM 06pasLom, Ha KOTOpbIil OpUEHTUPOBANINCD BCe yUeHble - U YUK,
1 MaTemaTuKm, 1 faxe ¢punocodbl. YecTHO roBopsA, 0CTaeTCA He ACHBIM - MOXET M MbIUTb, NPETEHAYHLLAA HA 3BaHIE HAYYHOI,
BOM/IOLLATLCA B KAKOW-NMOO UHOI GopMme.

Korna [lekapt BooGpaxan Tpu B3aumonepneHauKynspHble NpaMble, NepecekatoLyuecs B 04HOI TOUKE, OH MbICIUA Nepe Coboit
BCI0 06BEMITIOLLLYI0 HAC NYCTOTY, B KOTOPOIi ABUTAlOTCA MIpUafibl Pa3H006pa3HbIX U pa3HOpa3MepHbIX MaTepuanbHbIx Tef. OHu
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MpOYEPUMBAIOT B TPEXMEPHOM NPOCTPAHCTBE CBOM TPAEKTOPMH, MEHSS B KM [iblil MOMEHT BPEMEHM CBOM KOOPAMHATbI, C03aBas
abcrpakumio nuHun (o onpeaenenuto Kamunna opaata). 310 npeacTaBReHue 0 COOTHOLIEHIM TEOMETPUYECKOI (MbICTUMOI) Teopum
1 peanbHoro (3MNMPIUYECKOr0) NPOCTPAHCTBA BbiNo 0NT0e BpeMs 6eccnopHbIM.

Ecnun Hukonasa JlobaueBckoro elwe BONHOBaN BONPOC: COOTBETCTBYET /N peaibHoe NPOCTPaHCTBO ero <BoobparkaeMoii reoMeTpum=>,
TO NPOAOKATENN HeeBKNAOBOCTY NPULLAN K OAHO3HAYHOMY BbIBOZY: NPOCTPAHCTBO - 3T0 TONbKO GOpManbHas Mojenb,
MaTemaTiyeckas cTpykTypa. Tak B MCTOPUN HayKK BbICTPOUNACh MHTEPECHaA LienoyKa Maeonorem: cHauana onncbiBatoT Kak bbl
peanbHoe OKpyXalolLiee MPOCTPAHCTBO, NOTOM NOHNMAIOT, UTO <NPOCTPAHCTBO> - 3T0 HeuTo 6onee obLee (MPOCTPAHCTBO

KaK MaTemaTnyeckan CTpyKTypa), 1 MoNYYaeTcs, uTo OKpyXKalolLiee HaC <peajibHoe NPOCTPaHCTBO™> - JALLb YacTHbIN Cyyaid,
ONUCbIBAEMbIii 3TOI MOAENbH.

[laBaiiTe BAymMaemca B CMblcn nocneHero yTeepxaenus. Oka3biBaeTca, UTo akcuomatuueckas matematnyeckas CTpyKTypa, Kotopas
HaMI UMeHyeTca <NpoCTPaHCTBO> - 370 ToNbko MOJLE/Ib, KoTopas MoXeT 0nuCbIBaTb MHOTO Pa3HbIX CUTYaLliA, B TOM YUCTe - U Ty
peanbHyto NyCToTy, KOTopas Hac OKpyxaeT. Takum 06pa3om, reomeTpua nepectana 6biTb Haykoil 06 <3MNMpHUYecKom
NPOCTPAHCTBE>: ONUCbIBAA NPOCTPAHCTBO Mbl noab3yemca MOJENbIO, kotopad cama no cebe TAKAS, a BoBce He noTomy, uTo
NpPOCTPaHCTBO TakoBo. LLInpokas npuMeHNMOCTb MPOCTPAHCTBEHHBIX MOAENeN BbIABIAA ABHBIM 00pa30M pa3jeneHue Mogenu 1

ee npoobpaza. Hbimu cnoBamu: To HEYTO, kKoTopoe BOKpYT Hac - 3T0 OTHIOAb He TO Xe Camoe, UTO Mbl NPUBLIKAYN BbIpaXaTb

B reoMeTpuyeckoii Moienu 3-x B3aumonepreHaMKynApHbIx oceil. MoxeT 6biTb, peanbHoe <3mMnupuyeckoe NPoCTPaHCTBO> - T0,
OKpyKalolLiee Hac, NpocTpaHcTBeHHonofo6Hoe HEYTO Ha camom Jene - no cyTu (BOEil - ropa3fo loxHee?

fl 30€Cb He 0 NOTYCTOPOHHIX <TOHKMX MUPaX>> FOBOPIO, U He 0 (U3N4ECKOM BaKyyMe Ui kakom-nubo Boobpaxaemom dupe. Kak
nuncan OKkam: He ClefiyeT U3MbILLAATD CYLHOCTEN cBepX HeobX0AMMOCTY. HyXHO MPOCTO B CTapbix <CYLYHOCTAX™ YBUAETb TO, YTO N0
CyTM BO3MOXHO M Celiuac Heobxoaumo. Hago BbipaboTaTh HOBOE yHAaMeHTaNbHOR TOryeckoe NoHUMaHwe, GyHAameHTanbHoe He

B MeHbilLIe/i Mepe, HexeNny eBKNM0BbI TOUKI 1 npAMble. ThicAdy neT Ha3ad EBknug chopmmupoBan npeacTaBeHie o Tom,

yTO aKCMOMATUYECKaA CUCTEMA B3AUMOOTHOLLIEHII TaKIX TOUEK 11 NPAMBIX - 3T0 1 CTb NPOCTPAHCTBO. Ceiiuac Mbl AOMKHDI HATY TaKylo
e <npocTyio uaew> - dukcupyovuyto cytb Toro HEYTO, uto Hac okpyxaer.

Korga Puuapg OelinmaH 3aaBnan; <Teopus, COrNacHo KOTOPOIA MPOCTPaHCTBO HENPepbIBHO, MHE KaXeTCA HeBepHOIi™, OH BOCCTaBal

He NpOTYIB reOMeTpuH, a NPOTUB OTOXAECTBAEHUA reOMEeTPUYECKUX Modeneli M IMNUPUYECKOro NpocTpaHcTBa. (Tano 6biTb, peyub uaeT o
TOM, UT06bI UCMONb30BATH UMEKLLMECA TeOMETPUYeCKe, MaTeMaTyecKie U MeTamaTeMaTiyeckie MoJienu AnA Co3aHua euHoil
Teopuy, bonee afiekBaTHO ONKCbIBatLLEN oKkpyXatowiee Hac HEYTO.

B npuHuyne, eAMHCTBEHHDBIM "He0CTaTKOM' CTaHAAPTHOI reOMeTpUN ABNAETCA TO, YTO MAEA HENPEpbIBHO AENMMOr0 KOHTUHYYMa B

Hell JOMUHMPYET, a NPUBbIYHAA ANA PU3NKN KBAHTOBAHHOCTb He BMUCHIBAETCA B cUcTeMy. [ MOAENbHBIX KOHCTPYKLMIA 3T0 MpUemnemo,
a NA HayKu 0 peaibHOM NPOCTPAHCTBe - HeT. Bo3MOXHO, HecTaHAapTHaA "runepaeiiCTBUTENLHOCT" NO3BONUT UCMPABUTH NMONOXEHNe JeN.
0 TaKoii "HaTypanbHoii" reoMeTpIM FoBOPMIIA MHOrUE, X0TeN0Ch Obl yTOMAHYTH 3eCb BblAatoLLEroca Gpunocoha 1 yueHoro

Mana Anekcanapouua OniopeHckoro (paccTpensaH 8 Aekabpa 1937 r.), HanucaBLLero B Havase NPOLLIOTo Beka TaKue BaHble paboTbl
KaK "Wmea npepbIBHOCTM Kak 3nemMeHT Mupoco3epuanua” (em. "Micropuko-matematnueckue nccnenosaqna”, sbin. 30, M. 1986),
"HeKkoTopble NOHATUA M3 yueHus 0 6eckoHeyHocTn", "MppaumnoHanbHOCTM B MaTemaTuke i jormat"”, “lloHATMe ToXaecTBa B
MaTematuueckoil ioruke" (M. 1914), "0 mHumoctax B reometpun’* (M. 1924). Heapxumei0Bbl reOMETpUUECKIe NOCTPOEHUSA

npeanaranu Munbbept 1 BepoHese, a <HaTypanucTuyeckue™ nonpaskiu K reomeTpuy senan ewue AHpu Myankape. OH yka3biBan Ha

TaK Ha3blBaeMyH <CKPbITY0 aKCMOMY>> - SMIUPUYECKUi (aKT, KOTOPbIA 3aMackMpoBaH Cpeam akcvom EBKANAA B BuAe noctynata

0 NPOPUCOBKE OKPYXXHOCTH LpKynem. To, uTo NnoBOpaunBaemas nonynpamas paHo Wim No3aHO COBNAALT CO CBOMM

NpOJ0MKEHEM NOTNYEeCKM He YBA3bIBAETCA C aKCMOMAMY O CTAaTUUHBIX TOUKaX U MPAMbIX, He ciefiyeT U3 HUX, He NoApa3yMeBaeTca umi. A

€aM 3T0T <IMMUPUYECKMil GaKT™> BbIPAKAETCA B KOHKPETHOM UPPaLIMOHaNbHOM Ynane O - MeTpuyeckoM “KBaHTe", KOTOpbIi (BA3aH
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CINHEHBIM "KBAHTOM" € - 0CHOBaHUeM HamypaJibHO20 norapmd)ma. Takme <3MNUpUYECKINe KOHCTAHTbI> B MaTeMaTuKe - 3T0
3HaKW, YKa3blBalOLL/E HaM NYTb K eNHON CMHKPETMHGCKOVI reomeTpun.

3AK/IOYEHMUE.

Mbicnb Anb6epTa JitHILTeliHa 0 TOM, UTO MOXHO MOHATL MUP YNCTO YMO3PUTENbHBIM NYTEM He KaXeTCA MHe Yepecyyp CMeNoi.

(LT
FrGi L 3

y 2002 ITaBen ITonysH
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P. V. Poluyan
Krasnoyarsk, Russia
Numbers in Space

(Russian version)

1. Transformation of four-dimensional space-time into quaternion time-
space.

2. Rotation as a kind of motion, non-reduced to rectilinear one.
Maximumtransition between rotation and rectilinear movement.

3. Non-interrupted continuum and varieties of humbers.

Author's notes: During the International Mathematical Conference "Multidimensional
Complex Analysis™ (Krasnoyarsk, Russia, August 5-10, 2002) | made a poster report "Do
the Hyperreal Numbers Exist in the Quantum-Relative Universe?" The report was devoted
to the extensive theme "Non-Standard Analysis of Non-Classical Motion", the main
subject was mathematical and methodological problems, connected with basing of non-
interrupted analysis model by A. Robinson and real number field expansion. This work is
addressed, first of all, to physicists, because mathematical aspects are mostly excluded,
and physical problems are paid attention to. The author recommends the readers who
have got interested in this work to visit his internet site http://res.krasu.ru/non-
standard, http://geocities.com/quntum_math poluyan, http://sciteclibrary.ru/eng/
catalog/pages/3773.html and read the electronic Russian and English versions of "Do the

Hyperreal Numbers Exist in Quantum Relative Universe?", "Time and Chronometrics.
Areal Multitudes" and "Incident Circle Starts to Rotate". The author expresses his
gratitude towards the mathematicians and physicians, who gave personally or by e-mail
their critical and constructive comments to the stated problem. Also the author wants to
thank his friends who help him to popularize his works in the World Web.

One of the Wolfgang Pauli's scientific texts begins with a remarkable phrase: "Let us
introduce, as usual, material coordinates X, for space and imaginary coordinate X,= iCt

for time and consider Lawrence's transformations...”" (W. Pauli. Works on Quantum
Theory. M. "Nauka", 1977, see article "About Mathematical Matrix Theory Of Dirak”, p. 5,
"Lawrence's Transformations of Dirak's Wave Functions”, p. 233). The phrase "as usual”
can be considered here as a kind of a witty intellectual provocation, which means that
the above-mentioned procedure can be performed not "as usual”, but in "an unusual
way". But how? It is not difficult to say: we try to maintain the material coordinate for
time and consider 3 spatial coordinates imaginary. Then Minkowsky's four-dimensional
pseudo-euclidean continuum will transform into some unusual variety, which we shall call
"Quaternized time-space".

The appearance of the term "quaternion" here is evident: it is easier to present 4
numbers, expressing coordinates (one material, three - imaginary) as quaternion. But
quaternion is algebraic numbers, and four-dimensional space-time is continuum. If it is
so, is there enough reasoning to make them correspondent? We shall try to answer this
question later and for the present we shall consider quaternion time-space as some pure
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logical construction, which can be seen as a whole and analyzed in particulars. It is also
important to mention that the term "space" in modern science is not connected any more
with distance measuring, and nothing disturbs us to make a four-dimensional space,
where a measure in [t] is put on the axis. But as time is of physical character, which
reflects the important aspect of reality, not formal mathematical qualities of the made-up
construction, but its physical interpretation will be of greatest interest to us in this article.

The fact that the algebra of quaternions is not commutative leads us to the idea that an
abstract object, made-up this way, is directly connected with quantum-mechanical
peculiarities of the physical world. But let us consider quaternion time-space as if we do
not know anything about quantum mechanics. In other words, we shall try to preserve
the classical notions of time and space.

Thus we have a four-dimensional variety, where the material axis is pure time, and the
rest three ones are spatial coordinates transformed into imaginary temporal axes. While
building Minkowsky's four-dimensional pseudo-euclidean continuum, all the coordinates
were measured in [x] as a result of multiplication of a temporal coordinate and
coefficient C which is velocity of light [m/s]. That is why in our quaternion time-space a
'one-measurement’ is achieved in analogical way: Multiplication of imaginary spatial
coordinates and some coefficient S, measured in [s/m].Sometimes it is considered for
the interpretation of Minkowski's continuum that the shift of t into x with the help of the
co-efficient C is of no importance- this is a strange illusion, because time cannot be
physically equal to the temporal extension. If we take C for a unity, measure [t] and [x]
will not disappear because of that. The same is with the statements like "only spatial-
temporal interval is truly important”, "space and time are united in their nature™ and so
on, which are more philosophic statements than physical. That is why it is extremely
important that we choose a different one-measure system in our quaternion time-space:
imaginary spatial co-ordinates must be multiplied by some co-efficient S, measured in
[s/m]. And again it may seem that nothing special happens because it is just "the
reverse velocity of light". But the changing of the co-efficient, which is not important in
mathematical sense, leads to great changes in physical sense.

The reverse velocity of light 1/c, as real physical quantity cannot be an unknown
coefficient, while the scale of reverse velocities is irregular. In classical notion velocity is
a ratio, where the numerator is the distance segment, and the denominator is time
period, time being independent variable quantity. Then dealing with 'reverse velocity’,
where the numerator and the denominator exchange their places, there appears not only
new, but also irregular measuring scale: 1[m/s] = 1[s/m], 2[m/s] = 1/2 [s/m], 3
[m/s] =1/3 [s/m], 4 [m/s] = 1/4 [s/m], etc.Standard mathematical analysis and
pseudo-euclidian space do not contradict each other just because space does not
possesses inner metrics (as it was underlined by Rieman), in other words a unity can be
as big as possible, it is not set as some inner measure unity of distance. In our case,
velocity of light C, which plays the part of the co-efficient by the imaginary unity, is quite
a concrete physical quantity, the velocity of electromagnet waves. We can imagine it as
some unity only relatively. For mathematical characteristics of Minkowski's space-time it
is not essential, but in the real world this unity C is used to characterize the unique
physical process, that is the change, which is mathematically harmless, can be approved
physically.

It seems that due to this reason quaternion time-space cannot be an analogue of the
four-dimensional continuum. But it easy to find the way out, if we do not consider S to
be 'reverse velocity', but some coefficient measured in [s/m].Let us turn from
mathematics to physics. If coefficient C in Minkowsky's pseudo-euclidean continuum is a
concrete physical quantity - velocity of light, which has in different measurement system
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concrete numerical realization, in our quaternion time-space coefficient S must be some
physical constant quantity, different in its nature from velocity of light, but having a
measurement [s/m] - a reverse one to the measurement unit of velocity. We can offer a
combination of constant h/eZ2 to suit this new constant, where h is Plank's constant, and
e is the charge of an electron. It is well known that this combination as well as C is
included in the expression of the non-measured constant of thin structure 1/a = hC/e?2
= 137.0306... (h is Plank's constant divided into 21 - h/2p ). | believe that is true, that
quaternion time-space is a mathematical expression of the real aspect of microphysical
reality, where the constant S = h/e2 measured in [s/m] is as important as velocity of
light for Minkowsky's four-dimensional continuum.

Of course, the author can be reproached for a kind of arbitrariness because it is possible
to construct the measure [s/m] from the constants in some other ways (e.g., by using
the gravitational constant). The only reason, by which the author is motivated here is the
desire to find the logical connexion between the quantum and relative physics,
discovering at the moment only formal deep mathematical connexion between the global
spatial-temporal picture of the world and microphysical quantum reality, while these
constants are accepted to be used to express a size-less constant of a thin structure. The
logical sense of non-measured constant of thin structure can be seen in the fact that it
shows the correspondence between Minkowsky's continuum and quaternion time-space. |
believe Wolfgang Pauli, who insisted on theoretical grounding of physical status of this
mysterious number 137.0306... meant something of that kind.

But formal arguments are not enough here. We must show the physical essence to
discover correspondence, that is to discover the connections between the velocity of
rectilinear forward movement C and constant S, the meaning of which is not quite clear
yet. S=h/eZ? is a combination of empirical constants measured in [s/m], we include it in
some mathematical structure, but that has not cleared up its meaning.

In classical physics velocity is a quantitative measure of forward movement, which binds
spatial and temporal characteristics of motion as rectilinear forward movement. If
constant S is included in Quaternized time-space, it means that it must be also
understood as an expression of some aspect of motion, where spatial and temporal
characteristics are bound somehow. Moreover, one of the most important qualities of
Minkowsky's continuum is Lawrence's transformations, which lead to that law of adding
velocities while leaving one-measure system for the other gives us maximum meaning
for the rectilinear forward movement.

It would be logical to suppose that in quaternion time-space there is also an analogue of
Lawrence's transformations, which will let us interpret constant S as an invariant and
limit in adding some quantities. Thus, the matter should look like a case of using 2
measures, where on the complex plane by means of pseudoe-uclidean way one temporal
and one spatial axes are being bound. For Minkowsky's continuum an imaginary axis will
be iCt - a temporal axis, for quaternion time-space - a spatial axis iSx. While dealing
with two-dimensional case the matter does not seem difficult, as we do not consider non-
commutability (on the other hand, it is discovered that non-commutability is directly
connected with the presence of two more imaginary spatial coordinates).

While velocity of light C is non-classical limitation of maximum velocity (velocity of signal
expansion over some distance cannot be endless), correspondently, constant S also does
not let the ratio D x/D t take endless meanings. But S is a limit for "reverse velocity",
and increasing of D t/D X means at the same time decreasing of ratio D x/D t. That
leads us to the thought: "zero velocity" is as unattainable as endless velocity.
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Nevertheless, in case of a simplified 2-measured complex notion of quaternion time-
space, it is still not clear what measures they should be, what is the physical meaning of
"measure system" in this case? We are expected to answer these questions.

While S is some coefficient of proportionality between time-measurement t[s] and space-
measurement X[ m], constant S as the independent parameter expresses some aspect of
motion. But while the quantity measurement for forward rectilinear movement is the
classical notion of velocity V[m/s] and its non-classical limit C, this new constant must
be a non-classical limit of some classical movement measurement, which is a forward
movement, nevertheless. We suppose that the form we need is rotation.

There are microphysical and mathematical premises to connect the mentioned quantity
with nothing else, but rotation.

In physics of elementary particles the existence of the so-called isotope-transformations,
which are completely the same as ordinary rotations, is experimentally discovered.
Werner Geisenberg, accounting basic symmetry groups, places some special group next
to Lawrence's group, it is the group explored by Pauli and Gucci, which according to its
structure corresponds to the group of three-dimensional special rotations. It is
isomorphous to this group and reveals itself in appearance of the quantum number,
which was discovered empirically and which characterizes elementary particles, it is
called "isospin" (W. Geisenberg, "Quantum Theory and Material Structure" Physics and
Philosophy. Part and the Whole. Moscow: Nauka, 1990, p. 103). Ratios, which are the
result of isotope-in-variety, are observed to calculate to within amendments, the quantity
of which is determined by the ratio e2/hC. It is noted in the textbook that "isotope-in-
variety means a special symmetry of great interactions, which is not connected with
general qualities of space and time. Though isotope-in-variety is discovered quite well
experimentally, the qualities of symmetry connected with it do not follow from this
theory, and the nature of these qualities is not discovered yet" ("lIsotope Spin" Physics
Encyclopaedia, Moscow, 1962, Vol.2, p.143).

Mathematics-educated readers have, probably, understood that that object which is
known here as quaternion time-space is quite well-known Klifford's algebra of the four-
dimensional vector space. Its applicability in physics has been shown several times, as
well as for isospins. But the usual attitude towards such applicability of vector algebra in
non-classical physics is quite skeptical. What has been done in that respect in France
(works by G. Cusanova, C.R. Acad and others) is regarded usually as the result of
specific interrelation of quantum physics.

Thus, the real aim of the work the author proposes to discus here is grounding of the
fundamental importance of vector algebra for studying the Universe. The author believes
that quaternion time-space is a logically necessary element of the four dimensional space-
time (Clifford's algebra determined in the field of hyperreal numbers for the space with
time measure system), which closes spatial-temporal structural of the universe, and the
division of the size-less quantity into two measurable constants determines that fragment
of the universe where physical processes take place in time. The author attempts to
show that vector algebra is not just a specific mathematical language to reform the well-
known physical data, but, on the contrary, it appears so logically and naturally on the
basis of the classical Decartes space pseudo-euclidian Minkowski's continuum is built.The
applicability of the mentioned approaches is doubted by many thanks to the standard
notions of limits and infinitesimal. The author thinks that while the logical non-
contradictoriness of the non-standard analysis has already been proved by Abraham
Robinson's works, nothing disturbs us to re-realize the standard notions of interrelations
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infinitely big numbers and infinitesimal. This is what happens, when the four-dimensional
space-time is closed with quaternion time-space into one whole unity. And this really
happens.

From the author:

It is the first paragraph of my article for you to be able to judge about the theme of the
article.

The enclosure is the text of the same article in Russian. | decided not to offer you English
translation, as | was afraid that it would misrepresent the meaning. If you are interested
in this article, 1 hope, at your disposal there will appear qualified translators.Pavel
Poluyan,

E-mail: poluyan@fromru.com, polyan2002@mail.ru
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NON-STANDARD ANALYSIS OF NON-CLASSICAL MOTION

P. V. Pol yan,

Krasnoyar sk, Russi a.

NON- STANDARD ANALYSI S OF NON- CLASSI CAL MOTI ON

DO THE HYPERREAL NUMBERS EXI ST
| N THE QUANTUM RELATI VE UN VERSE?

see bel ow TI ME AND CHRONOVETRI CS. AREAL MJLTI TUDES.

This article is the text of the poster, which has been presented by the author on

I nt ernati onal Conference yMul tidi mensional Conpl ex Anal ysis® Krasnoyarsk State

Uni versity, Russia, August 5-10, 2002. The Russian version of the text is nore informative.
All the quotations in the article are rendered from Russi an

Aut hor's notes: Hyperreal nunbers appear in Abraham Robi nsonTs non-standard nodel of

anal ysis as a result of extension of the field of real nunbers, if the offence of the
Eudocks- Archi ned axiomis permitted. In other words, the hyperreal nunbers - are a
artificially-created abstract mathematical object, and if so, the question, stated in the
title of this article, sounds at |east strange.

In connection with this, it is necessary to explain what "existence" | mean, and why
quantumrel ative characteristics of the objective world are so inportant. That is why
sone phil osophic introduction, which can be not read by readers who are not inclined

to phil osophy and met hodol ogy, will be made. After the introduction the material of the
article goes as foll ows.

I. The basing of logically necessary connection between real and hyperreal nunbers.
Appear ance of the hyperreal nunbers in some concrete cases. The Maximumlimt of the
expendi ng series: Fibonacci nunbers and "the gold proportion", harmonic series and nunber
" The conpression of Dirihle function

e .

I'l. Non-standard transference. The Fractal trajectory the notion with the indefinite
vel ocity-general definitions.

I1l1. The destruction of the linear continuumtenporally, CHRONOVETRICS. The notion
AREAL MULTI TUDE and its application to the tinme analysis. A nultitude of norns.

I'V. Sanme general theoretical concinsions. Variety of geonetries and the solitude of
the enpirical space.

I nust also note that as far as the material is represented, the readers will have
t houghts about the shift to the adjacent themes, such as the p-adical analysis, the
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mul titude theory, to the technical questions, connected with the mathenatical apparatis

of modern physics and ot hers. However, we shanTt consider those problens for the sake of
saving time and space. On the whole, this article is just a thesis exposition of the
extensive theme, which I call "NON STANDARD ANALYSI S OF NON- CLASSI CAL MOTION'. | hope,

that this approach will allow the researchers to develop this approach creatively as applied
to the varied nunber of questions.

PHI LOSOPHI C | NTRCDUCTI ON

We know, that physics as a strict science began with the basic work of |saac Newton

"The Mathematical bases of Natural Philosophy", basic not only for the theoretical physics,
but for the classical nmathenmatical analysis. Up to now in the manuals the notion
"derivative" is explained by |earners with the exanple of physical notions about

nmechani cal transference of the material point and the instantaneous velocity. However,

i n nodern, non-classical physics NewtonTs notions of velocity and transference are
essentially nodified. In relative physics not every ratio dx/dt is permssible - the

maxi mum vel ocity point Cis set, and in quantum nechanics the trajectory of the notion of
a particle, where the nonent of time and the co-ordinate are strictly bound, is replaced
by quantum wave notions with the definite rati o of Hei senberg uncertainty.

Thus, the harnony between physical and nmat hematical which existed in the classica

science notions appeared to be disturbed. If soneone asked in the century before last: "Do
the differential functions exist in the Universe?" it wouldnTt be difficult to define the
word "existence" in such a fornulation of the question. Many people believed, that "CGod
speaks Mat hematics" - Mathematics reveals the essence of the Universe, even if we

donTt understand it. In this case HanmltonTs idea of that |ike geonetry is the theory of
space, algebra is the theory of time. The attenpts of CGauss and Lobachevsky to

define experinmentally it Non-Euclidean geonetry is adequate reality are as nmach as renarkabl e

Now anot her theory prevails: Mathematics is regarded as the supplier of the

abstract construction for the theoretical nodelling of the physical observation results.
As Bertrand Russel said: "The Mathenmatical conception gives the abstract |ogical schene,
to which by neans of proper nanipulation the enpiricist nmaterial can be fitted..." (B.
Russel "Introduction to Mathematical Philosophy”). Now mat hematics is not the | anguage
of Logos, Objective Spirit, but a synbolic science | anguage to describe reality. In
conformity with it, nmore and nore abstract schenes, are being created, the

mat hermat i cal conceptions, used by physicist - theorists goes further and further from
the obvious sinplicity, typical for "the mathematical bases of natural philosophy”. It
seens that the abstract objects take the part of the antediluvian el ephants and tortoises,
with the hel p of which ancient people "npdelled" the Universe..

Since ancient Greek tine there has been two lines: classical philosophy, preoccupied

with searching for truth, and sophistry, preoccupied with conposing inner |ogical schenes
to prove everything whatever. Nowadays the latter dom nates. It is considered that any

i nner non-contradictory, abstract nmathematical construction can be used in physics. And it
is because of this, divergence in non-classical notions of nechanical notion and initia
bases of the classical analysis is not considered a serious problem Wat is the problen? -
to nodel there are mathematical apparatis of other kind, and for every case there can be
found a nore-or-1less proper interpretation!

Can such a state of things be considered the only possible way of cognition, and the

i deol ogy proving it - the only right? My answer is no. Mreover, there are reasons to
believe that this verdict is not just the opinion of a philosopher-idealist, but the

refl exion of the particular intentions, typical of nany people. Here | give two quotations.

Ri chard Feynman in his book "The Character of Physical Laws" says: "The theory, according
to which the space appears to be continuous seens not right to ne, because it |eads

to infinitely bigger quantities and other difficulties. Mreover, it doesnTt answer

the question what determnes the size of all particles. | suspect that sinple

geonetrical notions, spread over very snmall areas of space are not true. Saying this,
breach in the general notion of physics, of course, saying nothing about howto fill
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it in" (Richard Feynman, "The Character of Physical Law', London, 1965.)

And the follow ng renarkabl e judgenent was said in the fanmous book D. Glbert and P
Barnice: "As a matter of fact, we donTt have to consider that mathematical space-tine nation
of nmotion is physically interpreted in cases of arbitrarily snmall spatial and

terminal intervals. Mreover, we have all grounds to believe, that striving to deal with
quite sinple nations, this mathemati cal nodel extrapolate facts, taken fromone field

of experience, particularly fromthe fields of motion within the linmts of quantities,

whi ch are not available to our observation. Like water ceased to be water in case of
unlimted special breaking up , in case of unlimted special breaking up there arises

al so sonething that can hardly be characterised as notion." [Glbert D., Barnice P. yBases
of Mathematics. Logical Calculus and Formalisation of Arithnmetice, M, vNauka®, 1979, h.41,
the first addition of the book was in 1934]

| amsorry for these big quotations, they are necessary to ground the main prem ses of
the inportant problem

1. These exists principal divergence between nmodern physical notions of notion and
cl assical notion of analysis.

2. It is possible to build ynathematical nodel e, which will fit to describe nicro-notion
within the limts of yquantities which are not available to our observationo

But actually the main thing concerns not a nodel, and not its building, but the fact
that inside |ogic of classical mathematics itself it is necessary to find the bases for
further devel opnent of the theory.

Nowadays there is an ideol ogy which can be called nodel constructivism but the

real devel opment of science goes other way, | would call this way | ogo genesis. That is
new essences are ynot thought up®, but the bases capable to develop thenselves in a
sound nmat hemati cal science, which would be true, are found in the natural |ogical theory.
It will take this philosophic approach we should agree with Feynman - cl assical analysis
does not correspond to reality, but not because it is mstaken, but because in its

| ogics logical possibilities, which allowto bring the mathematical theory into like
physi cal notions, havenTt been reveal ed yet. Introducing action quantity, Max Pl ank
worried tragically, that he had to nodify forrmulae with the reference to the

experiment. Perhaps, his worries were not groundl ess, and the quantum nunber can be
concl uded theoretically - fromlogical bases, still being hideous and unreveal ed
believe, that the matter is so

But it would be too precipitate to declare that the nmentioned at the begi nning of the
article non-standard anal ysis give us the necessary theoretical nodel and hyper rea

numbers are just right abstract object, which would allow to nbdel quantum

mechani cal di screteness. Thinking so, we stay within the limts of the nodel

constructivism Non-Archi medean analysis in its nodern way is an artificial nodel, based on
the direct negation of Eudocks-Archimed axiom and there are no serious reasons to w den
the field of the real nunbers

I ndeed: what kind of nunbers are they, if any sum of which cannot be nore than one, and

the inverses of which appear to be beyond the sigh of the infinity? Introduction of themis
an arbitrary assunption, and the analysis nodel, neither with the enpirical reality, nor
with the theoretical physics.

But in the latter case we can find sone interesting special features. In EinsteinTs Theory
the rule of speed addition is used, when adding units does not lead to the endl ess increase
of the sum it is limted by the naxi mumvelocity-of-light limt. But in this case the
matter is not in the breaking up the Eudocks-Archi ned axi om but in the special features

of Law ence transformations, actual for pseudo-euclidean continuum of space and

time. Qoviously, it can be adnmitted, that the analogical rule of addition will work

when dealing with sinple quantities, such as the length or tine spaces. But still, it is
not clear why we nmust limt the endl ess space with sonme set radius, to which the sum of
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the added quantities would aspire. The prospect |aw exists, but we do understand that
| essening of length within the distance is the optic illusion, but not the characteristic
of the spatial netrics

Now | et us take the quantum mechanics. It is known, that the so-called vultra

vi ol et catastrophe® was the direct consequence fromthe formul ae of the classica

mat henati cal anal ysis ufor the balance of radiation in the field of high frequencies the
result was the endl ess quantity of energy. But the way out was found not in the nodification
of mat hematical principles, but in realising experinmental data: Max Pl ankTs hypot hesis put

the limts to the endl ess energy subdivision - E=hn appeared to be non-divided. And at
the noment the clinical forrulae of analysis being used, and what concerns al

vdi st urbi nge nodern physic-theoretic |learnt as R chard Feynnan said, to ysweep them under
t he rugo.

Thus, the theoretical situation can be characterised as follows. On the one hand, the

cl assical analysis is not enough for physics, though its original notions seem so obvi ous
and natural. On the other hand, ynon-standard® seem suitable for physics: actually,

endl essly small ones sonmehow yquant ® the conti nuum on the micro scale, and hyper reality
(the notion from Martin DavisTs book yApplied non-standard Analysis) is divided into

ym cro worldo, the world of yactual scales® and the world of ycosmico infinity. But,

non- Archi nedean analysis is still an artificial structure, this ynon-Archi nedeane |ogically
to the endless division and the classical notion ylimt®. Thus, the only way out can be

| ogi cal addi ng of a non-standard nodel of analysis to the classical analysis, finding out
their necessary connection, and if it is necessary Itheir supplenment. The appearance of
the irrational number did not abolish the national nunbers, just as that the introduction
of hyper real nunbers will not beconme a declarative nodel structure, but natural |eading
out themof the logic of the classical analysis. | amgoing to show that this task
formulation is right.

. ACTUAL INFINITY I N THE TRUE SENSE OF THE WORLD

YAnal ysis® 11 is the calculus of infinitesimal, and the basic notion of the analysis is

the notion of a real nunber®. This statement in G lbert and BerniceTs book is followed by
the nore precise definition: yThe notion of endlessly little and endl essly big are excl uded
by the theory of the real nunmbers in the true sense of the word from considerati on®e. (The
same edition, ch. 2, p. 4 yNon-finite Methods of Analysiso)

Non-standard anal ysis, just the other way round, includes into consideration infinitesinal
and endlessly large in the true sense of the word, hence the notion of hyperrea

nunbers appears. Thus, if in mcroscale by unlimted breaking up we really hope to get

the breach of continuity of the continuum (as R Feynman expected) and to di scover

ysonet hing of the kind that can hardly be characterised as notione (as D. G| bert and
Bernice foresaw), it must be connected with the endlessly little scale - with sonething
quite actual. However Ceorge Cantor in his yStudies of Miultitudes® agreed on the irrel evance
of such notions. He asked rithorically if it was not possible to continue nunbers not only
in the area of endlessly large, but also in the field of infinitesimal. And he

said enmpotionally: such attenpts are oviolent®, they have vunstable foundation, they

are ygroundl ess® at all and etc. [G Cantor Studies of Miltitudes. Russian edition in the
book ®New i deas in mathematicse, |6, S-Pb, 1914, p.15]

Cantor formul ated the direct prohibition: yThere exist no linear nunber quantities,
different fromnull (the nunbers, presented as limted non-interrupted rectilinear
segnments), which would be | ess anyhow than the | east nunber, that is quantities contradict
the notion of a linear nunber quantity (G Cantor Wrks on the Theory of Miltitudes.

M, vNauka®, 1985, p. 294). The prove of this thesis is based on Archi ned axi om and

his conviction that it is not natural to try to introduce actually endlessly little
quantities (in his opinion-such structures vyrenmain only on paper.)

On the sane page Cantor conpares his transfinite theory with the hypothesis of endlessly
big and little nunbers, proposed by Fontenelin his tine, and notes: yOne cannot say
that growing |l ast nunbers reach Was close as they can it is nost likely that any as big as
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it can be nunber V remain as far fromWas the | east nunber. My |east transfinite nunber W
and thus all big ordinal nunmbers are exclusively beyond the endl ess nunber series 1, 2, 3,

E Fontenel Ts m stake was that he | ooked for the transfinite nunber within the series 1, 2, 3,
E V E, though sonehow at its end (by the way, while there is no such an end). After

he introduced non-solved contra Fontenel in advance in his endl ess nunbers, the future of

his fruitless theory was evident. But if the critics, tenpted by the crush of

Font enel Ts endl ess nunbers, think to bring in the verdict to actually endl ess nunbers at

all, they will be stopped by ny radically different from Fontenel Ts and quite

non-contradi ctabl e theory"[the same edition, p. 294].

Criticising Fontenel for |ooking for endlessly big nunbers within dispersed nunber

series, Cantor hinself places actually endl ess nunbers vat the endo of the gathering series
and successfully proves that they are not there. But actually endless little nunbers can

be pl aced beyond the nunber series of the real nunbers, and then CantorTs verdict will

be groundless. It is characteristic that in the notes to the quoted vol ume of very
interesting to real Fontenel Ts book fromthe point of view of non-standard anal ysis® (the
same edition, p. 408)

However, it is necessary to precise. In the above-nentioned book by Martin Davis oApplied
Non- St andard Anal ysis® (Martin Davis. Applied Non-Standard Analysis. N Y., 1997), hyper
real nunbers are interpreted as ideal elenents 1like endlessly renbte points in
projective geonetry of their appearance in mathematics. But the creator of non-

standard anal ysis, Abraham Robi nson, was of different opinion himself, and if we remenber
t he fanmous aphorismof L. Cronecker, natural nunbers are created by God, and any the

rest people nmade, the question about artificiality and natural origin is the matter of
taste. In principle, the only criterion is the ability of this approach to enter the
science. CantorTs transfinite open a wide field of applying creativity for us, do hyper
real nunbers give us such a possibilityo.

Let us see what ideol ogical basis the traditional notional notion of endless division of
non-interrupted continuum has.

Here is the division of a one-unite segment on two hal ves, the usual gathering series ?+ ?
+? +E, the sum of which is one. W can see how the points of division gather at the

begi nning of the segnent-nil, which remain unattainable while any point of point of division
is always separated fromnil by a segnent of a significant |ength.

Picture 1.

/g 14 [ |

The process of half division is at the same tinme the progress of doubling, that is the
initial single segnment is the sane segnment, |ike any part of it, and the whole picture wll
be seen if we continue the series of segments in the direction of their increase: B ?, ?, ?,
1, 2, 4, 8, E

Picture 2.
LT | 2 4
b4 Bd b e
0 1
In this case e appears also unattainable, like nil. But, nil we can see with our own eyes, e

we cannot, it is situated sonewhere beyond the edge of the screen.

The fact that one gives us point, according to which the increase or decrease happens, it
is evident. The shift of this point does not change the ration of the adjacent quantities,
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but the possibility of the shift itself determ nes endl essness of the division: any

smal | segments, closed to O can be considered as one (single). W can point yO»p, because it
is the end of a chosen single segnent, in conparison with the point of endl essness® which
is not the end inits definition. But to what degree is it right to understand O as the END?
It is clear that the definition is connected with | eading out segnent, but its division is
one thing, and building the confession of segnents is the other. And if we take the
growi ng segnents the right, we small not reach ythe point of endl essnesso, and if we take
the growing snaller segnents to the left, we also shall not be able to finish

buil ding structure at any point. This should not confuse us at all, as the point Ois set
on the straight line and to drew this structure the linmt is set. But structuring on

the straight line is the position of points in the definite concession, the natter is
prettier different, when building structuring becones real.

Let us think that segment 1/2 is built as a perpendicular to the single segnent, and
segment 1/4 is built as a perpendicular to segment 1/2 etc.

Picture 3.

1/4
1/8

] L4 1

In this vsnail® there is nothing remarkable; we can build series, which give co-ordinates
of the point, to which the end of the broken line nmust cone. But here is the question

from what side does the broken line cone to this point-yfromaboveo, yfromundero, yfrom
the righto or yfromthe lefte? This building set 4 directions in conmparison with

the traditional one. The question is not senseless. If uniformnotion of a point happens on
the usual straight line, and this point successively covers half a distance, then a quarter
of the distance etc., how shall we interpret uniformnotion of a point in case of the
rectangle spiral? If we suppose that a point noves along the broken line, and it covers
the sanme distance for the sane tine, its conming to the centre of ythe snail® is so, that

it would be inpossible to indicate the vector direction of its velocity in this point. It
may seemthat there is nothing strange, as at any point of trajectory breach the noving
poi nt has two inter perpendicul ar velocity vectors, but the limt point cannot be the
breach point? To nmake everything said above sound nore clearly, let us imagine that vythe
snai |l ® does not consist only to a segnment of trajectory from1l to O, but it has a
continuation fromO to -1.

The point o appears to be such a vplaceo of a broken trajectory where its rector

direction becones indefinable, and its notion in this point can hardly be characterised

as nmotion at all. For all that, we cannot reach area of ymicro scalese at any part,

the difficulties appear only in the point 0. Can we say that this special feature is typica
of O in case when the notion is set on the straight |ine, but not on the broken one? No,
till the motion itself is connected with the noving along the segment. But if we start to
speak of | NSTANTAEQUS VELOCI TY, of velocity in the point- there arise questions again. In
fact, a problemarises: fromwhich side shall we pull the segnent, striving to 0? How
shoul d the ration of differentials look in this case?

Picture 4
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-1 =142

1/4

-1/4

1/2 1

And again it may seemthat there is no problem if a point nmoves from1l to -1 through O,
from common notion to particular we can conclude that at any point of the trajectory
(including 0) its direction renains the same. |If we suppose that in the point 0 its

notion direction is indefinable, fromparticular notion to conmon one, we have to speak

of indefiniteness of its notion vector on the whol e along the segnent and this contradicts
the set velocity vector. However has such logicTs the right to exist in the non-

finite reasoning.

The probl em beconmes nore acute, when in the position of non-differentiated 0 appear al
the points of the trajectory. Let us see WAn-der-Warden figure, made of an

equil ateral triangle, when each its side is divided into 3 parts, to which one nore side
i s added, making on each side a new triangle

Pi cture 5.

As it is known, in the limt we get a figure in each point of which ythere is a breacho,

and the whole length of this endlessly broken line strives for the endl ess quantity 3+(4/3)

", with n striving for e. Wien we set the point motion along the single segnent we are

not confused that it is a part of an endless straight |line, but can we speak of the

poi nt notion along such a trajectory in case of Wan-der-Warden figure? W can see all

the points of it, but the paradox is that between any two points there is a distance, which
is endlessly big. If we ystraighten® the broken Iine between such points it wll

beconme obvious. And if we consider Wan-der-Warden figure actually set with all its curves,
its straightening will give us vin the linte an endlessly big triangle. In the

opposites direction: it is possible to make of the set triangle with its single side

an endl essly broken figure if to divide its sides not into 3, but into 4 adding 2 centra
parts as the sides of a triangle. Finally we get a figure:

Picture 6. *

Where the point is not a point at all, but an endlessly broken |ine of the finite

length, situated within the limts of the point. If there is a point, which covers a

usual segnent (a single side of a triangle) for the finite tinme, it must somehow nove al ong
Wan- der-Warden figure trajectory, appeared fromthe triangle. |I let the readers judge what
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is the direction of the point notion along the finite distance for the finite tine. Mybe,
t he point, which noves in such a way, is stable, because it does not go further fromits
pl ace at any distance, neasured by the real nunber?

Al in all, mybe a standard single triangle is not so sinple inreality, as it is

consi dered? There is a childish paradox, when we prove, that 2=1, as the sum of the two
sides of a triangle is equal to the third one. These two sides are broken (for all this,
the sum of the sides, conposing the broken line, is unchangeable) and it is declared
that within the limt a broken Iine appears which coincides with basis of the triangle.

Picture 7.

This paradox is, as it is known, imaginary, but it can be considered nore serious. Let

us suppose, that we have vystraighteno this endl ess broken Iine of a finite I ength, we can
say that the two sides of the triangle are also broken |ines, which can be ystraighteno,
maki ng two nore triangles on the sides of the previous one, etc.

Picture 8

In other words, the segnent of a straight Iine, which forns the single triangle

f oundati on woul d be equal not to the length = 2, but to the length = 2" , where n

strives infinity. In fact, we nmake the followi ng operation: we say that a multitude of
mcro triangle can be adjacent to the single triangle foundation, these micro triangles can
be concl ussively ystrai ghtenedo, forming a line of non-finite |ength.

If when we divide segnents, we try to find the find the field where endlessly little
quantities are found, in the latter cases we have endl essly big nunbers - 3+ (4/3)" and

2", expressing endl essly big number of single lengths with n striving for e. Usually it
is considered, that the power base does not play a special role as the power strives for
hi gher and hi gher order [see J. E. Littlewdod yBig Nunbers® in the book J. E Littlewood.
A Mat hemati ci anTs M scel | any. London, 1957]

But English mathematici an, making vbig nunbers® equal, takes the word vequality® in
brackets. [The Russian edition -u. Tw€nmired. | pExppEumyxénp &bx&N. | Y=pewpd, 1978,
&.108] really our appreciation is determned by the fact that the conparison of non-
finite lengths seenms unbelievable. Let us draw a schene, where the non-finite length would

be seen ywith our own eyeso.
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If a non-finite fraction (for the sake of the sinplicity let us take a periodica

one) 1,111111E is a gathering series 1 + 1/10 + 1/100 + 1/1000 + ... , the dispersing series
1+10+100+1000+... can be witten as a nunber 111111r, where the first nunber is the nunber
of unities, the second - the nunber of tens, etc. W can ygrow endl ess tree®, a count,

the length of which is equal to this nunber. Fromthe unity segnent cone 20 branches with
the length of 1/2 each, the sum of which us the Iength of 10, from each conme also 20

shoots with the Iength of 1/4 each, etc. If a bug crawled all the tinme up, it would reach
the top of the tree for the finite tine, as its road is 1 + (1/2 + 1/4 + 1/8 + ...) = 2.
What is the nunber of the suns, sitting on all vlast twigse of this ywitchTs whi sko?

Pi cture 9.

The inpression is being made that there are vecol ogi cal nicheso for the hyper real nunbers.
Can we sonehow vexpose this enchanted grounde? What happens in the 0 area where

endl essly dividing real quantities cannot reach? And what can happen with nunbers i8n

the transfinite area, where no big nunber can reach

If we mark the points, corresponding to Fibonacci Series on the nunmerical l|ine, where the
next point is the sane of the two previous (1, 1, 2, 3, 5, 8, 13, 21, ...), inthe linmt
with striving for the area of growi ng nunbers, the ratio of the two |ast Fi bonacci nunbers,
as it is known, gives us j-famous irrational nunber 1,61803E It sets vythe golden rationo -
the section of the segnent, the smallest part of which is related to the biggest, as

the biggest one to their sumoned length. It can be declared that noving al ong the
numerical |ine through Fi bonacci nunbers; we shall discover infinitely big ysegmentse in

the transfinite area, the ratio of which is expressed by the irrational nunber j.

And vice versa. It is possible to build a nunber of segnents, corresponding to othe
golden ratio® in the real area

Pi cture 10.
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As the ratio of the biggest segnent to the adjacent snmallest is 1,61803g, their sumopned
length in the left direction with have quite a definite utnost end point. The grow ng

| ess segnments will ycurve® in its surroundi ngs these segnments, according to the

infinite division of the non- interrupted continuum wll never stop diving. In this
bui l di ng the utnost nmaxi mum point will never be reached, but we can state that in

this endlessly small surroundi ng near the utnost point a wonderful thing happens: instead
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of the uninterrupted conti nuumthe reappear nunbers, which would conme to the utnost point
i ke the growing | ess Fi bonacci nunbers. And as Fi bonacci series begins as 1, 1, 2, 3,

t hese nunbers (and actually endlessly little hyper real Iengths corresponding to themn
will cone to the utnost point (limt point).

| could put a ydot® here, but | want to draft sone prospects of devel opnment of this
approach. E. G, it is interesting to inmagine how Dirihle function would | ook Iike, if
its unity strove for rule and turned to the hyper real area of actually infinite unities?

Inthis light it is interesting to see the harnonic series of the whole nunbers 1, 2, 3, 4,
5, E Bvidently, in the endlessly large linmt aratio are related to the actually
infinite segment of equal |ength.

The process seens unchangeabl e here, and in reality the series of unity- length segnents
does not give us the utnost point, near which in the hyper real surrounding a harnonic
nunmber series is built. Fortunately, here we have properties of other kind. Though we
cannot see the area where the actually little lengths, formng a harnoni c nunber series,
are situated but we can see the infinite straight Iine, on which even one-unity segments
are marked and we can take the infinite half-straight |line, beginning fromany of the
segnments. On it the adjacent segnents are related to each other as N+ 1/N, where N
isinfinitely big nunber, expressing the sumof actually little lengths. That is, a
geonetrical progression is formed, where the nultiplier is 1 + 1/N, and if the | ength of
the first segnment is one, the growmh of the length happens in such a way, that the | ength

of vthe last one-unity segnent® on this endless half straight line will be (1+1/N)N. It is
not difficult to note that this length is e.

Let us interpreter this result.

Let us suppose, an endl ess nunmber of points comes out of the co-ordinate base, the velocity
of the first one is 1, and the distance, covered by themfor a unity of time, are
consessively different fromeach other, and the difference is an infinite little

unity quantity. On what segnent are the points in a unity time period?

Wien | asked this question, | onmtted one thing: | did not say that it was necessary to
nmake all vectors be directed in one direction-along the straight line. But is it possible
to set single direction?

I'1. 1 NDEFI NABLE VELCCI TY MOTI ON

In the above-nentioned buildings notion, which is a noving of a point along the trajectory
at sanme velocity, played an auxiliary, illustrative part. Now we are going to bring nore
sense to this notion.

Mechani cs begins with the notion of the uniformconstant velocity, but in case of the
constant velocity striving of the related tinme and distance intervals for the infinite
little loses its sense-all intervals are alike. And though we nake intervals X and T strive
for O we always mean that there are two points and two time nonents, the range between
which is uninterrupted. Fromthe mat hematical point of viewall the finite segnents of

a straight line are equal, but what notivates the notion of vinfinitely littlenessa?

Nevertheless, it fits the every-day practice so well that there are no doubts. But we
can change the |ogic connection, and say that the every-day practice itself predeternined
the mathematical conception, with the help of which it is nodell ed.

Surely, we can distinguish the notion of the real notion and its mathenati cal nodel

but doubting if the latter is adequate, at |east, we nust propose the other way of
theoretical nodelling. And for all this, we have to begin with the sane el ementary

prem ses: any kinds of the nechanical notion are noving of a material point in space (which
is, to say roughly, in different time nonments in different places), the position points

are al ways divided by sonme di stance, and position nonents set the tinme intervals. The

http://res krasu.ru/non-standard/engL.htm (10 u3 35) [06.11.2007 14:17:20]



NON-STANDARD ANALYSIS OF NON-CLASSICAL MOTION

nost interesting thing is that all these initial premses help us to formquite a
different notion of the notion, opposite to the traditional one.

So, the two points of space are given Xa and Xb, in which a naterial point is in two
different nonments of time Ta and Tb. These two, let us say vpositions®, |et us check the
ratio of the distance segment and time interval, which is called vyvelocity® by us. If we say
inthe limt of the first Newon-Galilee Law, the nmotion is uniformand rectilinear. It
means that all such segnents between the positions are strictly alike for the set

constant velocity. At the sanme tinme, we think it is necessary to introduce the notion

of instantaneous velocity, striving the intervals for nil, where in the linmt by sonme
strange way Vvinfinitesinml ® appears. There are two thoughts:

1. If the velocity is constant along the whole interval, it is typical of the point at any
spot nonent of time, at any point of the trajectory.

2. If at any nonent at any point of the trajectory the velocity is the sane, it is typica
of the material point during all the tine its notion along the whole trajectory.

Qbvi ously, these are two different |ogical approaches.

Here we can remenber ZenonTs YArrowbd. The anci ent-G eek phil osopher wanted to draw

the theoristsT attention to paradoxical fact of notion-noving: if to define velocity it
is necessary to have two positions, and TWD ti me noments, how can we concl ude that there
is velocity at a definite moment and at a definite place? Nit is clear, that introduced
t he instantaneous velocity we ohido this paradoxical fact. However, if dx and dt are
otoo littleo they neverthel ess, remmin ysegnents® and vinterval so. yTo strive for the
poi nt - does not nean yto be at the pointo.

It is considered that Aristotelian physics coped with Zenonic paradox. It is clear that

t he phil osopher was mnistaken when he said that in a nonent at the point there was yno
nmotion®. W admit that, if notion exists in general (in the multitude of nonents and pl aces)
it exists in particular-at any single monent. If notion exists, it neans that velocity

al so does, if notion exists in general, it does in particular, and thus we MJST adnmit, that
a poi nt possesses velocity at each nonent and pl ace.

Now we shall see the nodel of notion, where there no such logical duties. That is at
each nonment at each point there is only motion, but no velocity.

Picture 11.
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Let velocity be a ratio at XaxXxb segnent to the time interval TaTb.

Fixed this ratio, let us take the tinme nmoment Tc, situated between Ta and Th. at this

noment the point is at some Tc and, correspondently, we have got two new segnents, two

new i nterval s. Speaking constancy, we suppose that the ratio of new segnents and

intervals would give us the sane result of velocity. We are nmaking the |ogical choice:

there are two variants, either Vab=Vac=Vcb, or they are not equal. This choice seens be
true. And really, if we set velocity Vab it says that there is such a velocity at the points
A and B, and different fromthe initial value. Having chosen the point Xc and the nonent Tc,
we did not use all the points of space and all the nonents of tine. If we continue the
choice of tine noments, all of themgive us different velocities. In other words, for

the initial position Xa and Ta (and in final position Xb and Th) we shall get new

velocity values. That is the value of velocity vat a definite point at definite noment of
timeo® - generally should be considered indefi nABLE

So, let us introduce the next absolute rule: no matter what the initial ratio was,

ynewd velocity (Xc-Xa)/(Tc-Ta) and (Xb-Xc)/(Th-Tc) in the general case would be ANY. In
other words, we declare, that any tine there appear new values of the ratio DXi /DT, which
in the general case should not be obliged to correspond to the previous ones, and are

not obliged to be connected with themby some law. This rule nust be true in case of

vany littleo division of the initial interval of time. And naturally, in the general case,
the corresponding points of the position in space cannot lie on the one straight |ine,

t hough any tinme they set the finite distance segnents. In its turn, the particul ar case of
the co-determni ned notion would be a standard uniform notion along a straight line with
the constant velocity (if vany®, so, possibly, vequal® in case go equality of the
corresponding time intervals).

Thus, for any two-tinme nonents there are two positions of the point in space, what sets
the value of velocity exactly for these two nmonents. But for it any position of the
point, corresponding to the tinme noment between the two initially chosen ones, let us
find different ratios of distance intervals and time. On the whole, for any single tine
nmoment there are definite co-ordinates of the position and quite an indefinite

velocity (definiteness appear, if and only if we chose one nbre nonent-position). Al
the variant of non-uniformnotion is also particular cases of notion with the

i ndefi nabl e vel ocity.

In the above - stated building there is nothing unnatural, alien to the initial prem ses
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of understandi ng the nmechani cal notion-noving and to the principles of its theory, and if
such an approach is logically permissible, we have no right to disregard it. And the

nost inportant thing is that this logical variant is nore GENERAL as vequalityo of value-is
a particular case of all their possible interrelations. That is why our nodel of a priori
is nore general, because it covers the standard velocity notion

I do not argue such a non-standard nodel of naterial point motion in space is extrenely
exotic. More than this, the suggested approach is conpletely different fromthe classica
one: in case of the standard approach the constant velocity is the base, on wtch

any particular cases of non-uniformnotion-with acceleration, with curved trajectory

are constructed. In our case, it is visa versa. The base is the nmodel, which can

be characterised with uniform unifornmy accelerated notion etc.

The main figure of the given nodel is that there is no definite velocity at any point.
This indefiniteness is originated in the nodel: between two close tinme nonents there is
always an instant, to which a new position of the point in space with the new val ue of
vel ocity corresponds.

Such a succession of operations of determ ning the values of velocity is in principle
infinite we cannot speak of any standard differentiation, any instantaneous velocity.

The notion trajectory here is |like the mathenatical fractional broken Iine heretically
curving at any little part. (And so-called ystraight line® is a particular case of a
fractional structure). At each noment a material point is at the definite place, al
positions lie on the definite (fractal) trajectory. Chaotically placed positions are points
in thensel ves, of which such a non-interrupted trajectory consists. Let us be, in

this particular case, it can be a straight line with the constant value of all possible
(vany®) velocity, but then it is a straight Iine of principally another kind: the operation
of differentiation for it, which | eads to the instantaneous velocity, |oses its sense

just because the trajectory of notion and tine of notion are initially set by points

- conpletely apart, discretely. Such a notion is absolutely fractional, it is split up into
the endl ess nultitude of segnents X and intervals T and not because the non-
interrupted segnented is divided till infinity, but because all the points of definition

formit thensel ves.

So the reason of alternative of our structuring becones evident: the traditional notion

i s based on understandi ng the segnent, which set the points, linmting itself, and our
non-traditional understanding is bases on the points and nonents of positions, any pair
of which set the segnents-intervals, found between them The conmon thing between these
two alternative variants remains that the succession of positions in space is confortable
to succession of the time nmonent, which correspond to them

I shall note that in the suggested nodel of a material point the el enentary notion of

vel ocity does not disappear-velocity is nomnally determned for any intervals X and T, but
it is inpossible for the single nmoment points, which formthese intervals, to have this

val ue of velocity. Thus, the notion of velocity is necessary for our nodel, but it is just
an el enent of the process description, and it is not its direct reflection.

I realise how unusual the suggested notion nodel may seem but | want to underline once
again: it is forned of the sane basic notions as the traditional one (points of position

in space, time nonent etc). It is alogical alternative to the latter and if so

possesses theoretical equal rights. Yet we do not consider its physical essence, its
enpirical adequacy, we do not speak of notion fornmula, of quantumdiscredity or of the ratio
of indefiniteness. Like the classical dynamics interprets different variants of notion, and
the standard nat hematical analysis lets us to describe them the just introduced notion

with the indefinite velocity will also demand introduci ng sone dynani c characteristics.

Yes, the position-points are scattered chaotically, fractionally in space |ike the broken
beads - but there nmust be a thread to join them

As the reader might feel, the main difficulty in this approach is the ideol ogy of the
cl assical mathematical analysis. It happens that its powerful apparatus is not suitable for
our purposes. Let me quote Abraham Robi nsonTs words: yWe are going to show that in the
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present limts we can devel op a nunber of endlessly little and big quantities. It gives us
an opportunity to forrmulate many well-known results of the function theory in the |anguage
of endlessly small unities in the way it was foreseen in the indefinite formulation by
Leybniz.® [Introduction to the theory of nbdels and neta-mathenmatics of algebra. M
oNauka®, 1967, p.325] and nore: yNon-standard differentiated cal culus can conplete in
simplicity with the nost orthodox approach [the same book, p.340] and about integration
yQur limts of dividing into intervals of an equal length is too artificial. W will build
an approach, which will let us consider the nmore common divisions® [the sane book, p.341]

The presence of the non-standard nodel of analysis in the nodern nmathematics indicates
that there are no principles |ogical prohibitions on our way. Let the new notions of
notion seemif not absurd sensel ess, but useless and artificial. They are just not usua
and not typical

In 1963 Leo Mozer showed that if a ray of light falls at an angle onto two gl ass pl ates,
put together, a different nunber of possible ways appear, depending on the nunber of

the reflections of the ray. Wen the value of the nunber of the reflections are bigger,
t he nunmbers of possible ways form Fi bonacci series (The exanple of Martin Gardner
fromScientific Arerican. Russian translation: M +pEdsxE, | pEXbpPCWYXEBUX DOTXKBEV. | !

v mE®, 1974, &. 398) The suggested non-standard approach may, evidently, seem productive
for the interpretation of the quantum nechani cal events, but this nodel of notion
contradicts to the theory of relativity conclusion, where the variant of the radi o dx/dt
are linmted by the maximumlimt C- the light velocity. At the sane tinme, the | aw of
addition velocity, as it has been already noted, breaks Eudocks-Archi nedean axi om And
though the law itself is the sequence of LawenceTs nodifications for pseudo-euclidean
ti me space, the non-standard approach let us see the main point differently.

Not hi ng stops us to turn over the ratio and say that non-archi mnedean addi ng of quantities
is the first cause, and pseudo-euclidean space is the nodel, which reflects this

nore fundamental ratio. In other words, for any quantity fromnil till infinity according
to the linear |l aw we can introduce an imaginary additional co-ordinate axis and a co-
efficient of the transition of this quantity to its inaginary nmeasure. By this we set

the transition law, according to which adding single unity quantities will be realised but
by the non-archi nedean adding a question arises: if velocity is a ratio of a distance to
the tinme period, how nust we determne the velocity of quantity range in ration to itself.
And the nain thing: the co-efficient C1is the enpirical constant, and it would be

too i ndependent to | ook for the nathenatical bases for its introduction

Neverthel ess, we shall try to do it.
Let us begin with the basic nmechanic notion-with the principle of relativity.

The essence of the principle of relativity is sinple: there is no absolute notion, two

poi nts can be nove only with regard to each other. If we take one of themfor the
standard point, we believe it is stable, and the second one noves with regard to the first
one. And visa versa: we can take the second noving point for the stable starting point

and consider the first one to be noving. The notion of notion quite naturally and
necessarily requires the principle of relativity as the distance change between these

two points happens BETWEEN THEM wi th sonme tinme. Sketchily the principle of relativity

is explained with the exanple of two points:

Picture 12.

A C

We take one of themfor the starting point, the other noves with regard to the starting
poi nt, and visa versa. Let us inmagine, in space there are two points (mathematically

size |l ess), separated by sonme distance. Now let us try to inmagine that this distance
changestE But how can we check this ychange®? Anri Poincare, illustrating these cases, nmade
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the i magi nary experinent-he asked: what woul d happen if the di stance between the two

poi nts becones tw ce bigger? And he answered: the world would not notice it. | think it
is clear. To be able to speak of the change of the distance between the two points, there
must be one wore point which would be stable with regard to one of the two given points.

Picture 13.

A B C

. ' . >

const

ySt abl e® neans yto be situated at the sane distance fromit all the tinmeo. There is

no difficulty, we just declare, we need not the point, but a starting systemwith the

set length standard. W began with only two points, then added the third one and now we
can speak of nmotion, but someone can ask: yHow can we determine, that the di stance between
A and B is constant, and that between A and C the di stance changes?® You see, we can take
the di stance BC for standard, and the forner one can be considered changing. In such
judgerment there is nothing illogical. On the contrary, we have introduced the third point
and the standard di stance because we coul d not check the di stance change, but we cannot
check it in two ways: in one way we take AB for the constant standard and say that the point
C noves away uniformy fromA and fromB, in the other way we take the AC di stance

for constant, then the former standard di stance AB should be treated as changi ng.

A B C

— T
const

But we change places of the |l ength standard, a strange thing happens. Let us inagine
that yuniformy nmovinge Cis stable and sets a distance standard = const, then vyreally
stableo with regard to this standard woul d nove not uniformy: B cones closer to A
slowing down all the tinme. In the nost absurd variant it accelerates fromnil till
infinity, then conmes fromthe infinity fromthe other side and begin sl owi ng down til
nil again 11 for the rest of its infinity.

The above-descri bed conclusion seens so ridiculous, that the first wish is to give it away.
The problemis, if we open inter equality of the two points in the process of their

i mgi nary interchange in the Galilee-Newon principle of relativity, why in the

| ogically necessary system consisting of the points should we neglect the sane

i nt erchange? Logical possibilities arias not to be given away, it is necessary to try

to understand what happens in this strange situation. Is the matter, perhaps, in the

wong interpretation of the result?

At first, in the vyridiculouso variant we got the notion at all the possible velocities.
That is, this ycrazy® point begins with the mninumdi stance (equal to the set one). Then
it runs all the possible values of velocity till the infinity, then conmes yfrom ot her

si ded, slowing down again till nil (on condition that, we began with some nonent, and the
whol e point while noving closer to the starting point, and coming up to it cones further
fromit, noving away).

At second if look at it nmore carefully, the standard variant is not very sinple. If we
have only one set uniformconstant velocity, its quantity expression can be dual. Velocity
as the ratio distance segnment to the given tine unity [ms], and quite an equivalent ratio
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of the time period, spent on covering one unity segment [s/n].

Let us answer a sinple question: why in the usual sense of notion is the alternative
di nensi on excl uded, why do we not express velocity as an anmount of seconds, spent on
covering of a unity of distance? You see this ratio is logically admtted, and

mat hematically it is quite individually for each concrete velocity.

Does it not surprise us, that in the stadiumthe judges express sports result not in

the nunerical value of a runnerTs velocity, but in the quantity of tine, spent on covering
a di stance? You see it is the unique fact: the notion is measured not in meters for one
second, but in time, which is required for covering a given distance! Nevertheless, in
physi cs the given neasurenment of notion with the dinmension [s/nm is rejected. Wy?

It is possible to give quite a serious answer to this "childish" question. People order lots
of possible velocities by a principle "slower - faster", and, in conpliance with this,

they build themon the vector "less - nore": the faster velocity is, the numerically nore

it is, - alot of neters is covered for a tine unity. Taking the other neasurenent, we

shall mnmeet a reverse ratio: a smaller nunber would correspond to greater velocity,- the
faster a material point noves, the smaller anmpbunt of seconds is requires to cover a

di stance unity.

The traditional spectrum of velocities begins with nil and quantitatively grows in the
process of increase 11 fastening of velocity (in the classical nechanics the maxi num
velocity limt is unlimted). The "fastest", infinitely large velocity is an infinite
quantity of neters for a time unit. But with the alternative dinension [s/n] everything
is precisely on the contrary: the stability is an infinite quantity of seconds, spent

on covering a distance unity, so to say, the infinitely large slowness. You should admt,
that to count frominfinity to nil is, at |east, not convenient.

It may seemthat our reasoning is groundl ess. However, it is not so. It would be enough to
say, that when Gotfrid Leibniz was creating the mathemati cal anal ysis, he thought this
guestion over many tinmes. He wwote: "The stability can be considered an infinitesinal
velocity or the infinitely |arge slowness" (G Leibniz, The conpositions in four volunes. T.
1. M: "}vém" p. 205. See also T. 3, p. 199.).

Lei bni z has one nore renarkabl e reasoning: he identifies zero velocity of notion along a
circle with infinite velocity, when "each point of a circle should always be in the

sane place" (T. 3, p. 290). That is, not only O ms and e s/m (accordingly e ms and 0 s/

n, are logically identified, but also 0 mMis and e nfs in case of their cyclic notion.
This last identification gives us a way out fromthe confusing situation.

Wiy it is not convenient to count the increase of velocity of notion in the neasurenent [s/
nl ? Because attributing an infinite slowess to the starting systemand introducing a
certain single slowess 1 [s/n] for a noving point, we shall not get a uniformscale

of quantities, where it is possible to add arithmetically Als/nm + B[s/n] = (A+T) [s/n].
That is, such an addition will contradict the natural notion of how the velocities

are estimated when changi ng one starting systemto another. But the matter woul d

radi cally change, if we use Leibniz transformation.

Real |y, when in a classical principle of relativity we reveal ed the necessity of
introduction of the third point which specifies a constant neasurenent of distance, this
third point served a prototype of stability - for any period of tine it "could cover"” only
a zero distance. If we, after Leibniz, equal stability and infinite velocity of cyclic
notion, we shall find out an interesting thing: having attributed infinite velocity to such
a stable point, we together with the neasurement of length introduce al so a neasurenent of
acircular trajectory, the length of which is determ ned by a neasurenent of length as

by radius. Then it appears, that in a neasurenent of slowness [s/m this velocity will have
not infinite, but zero slowness: to cover this radius it requires zero seconds. Now we
can al ready conduct nornal addition of slownesses, but a single slowness will be considered

1 second, required for covering a single circular trajectory. Accordingly, covering
this trajectory for 2 seconds gives other quantity of notion velocity - a slower one etc.

http://res krasu.ru/non-standard/engL.htm (16 u3 35) [06.11.2007 14:17:20]



NON-STANDARD ANALYSIS OF NON-CLASSICAL MOTION

For all that, relativity in such circular notion is conpletely saved, and "sl ownesses" can

be added arithmetically. In other words, now the normal axis is being built for

sl owness quantities, where the starting point goes fromzero till infinity. The fact is

that not velocities of linear notion strive for an infinite slowness - for conplete stability
- along a straight line, but velocities of notion on a single circular trajectory.

And now is the nost interesting thing. If for such a quantity as sl owness non-archi nedean

| aw of addition also works we shall not be able to reach an infinite sl owness. There should
be topside - the limt of a slownesses which is so unattainable, as velocity of |ight.

A neasure unit of this Iimt will be, naturally, [s/m - that is, the quantity opposite to
a neasure of velocity. And if the enpirical velocity limt Creally exists and is nmeasured
in [ms], there should be a certain enpirical constant, neasured in [s/n]. It would be

very poetic to call it, let us say, "velocity of darkness"”, but we shall not run into

such nysticism as the required constant in physics is known, it is formed of a ratio h/

ez, where e is the charge of an electron, and h is the Plank constant. And the ratio

of velocity of light to the given conbination of enpirical constants gives us a
di nensi onl ess quantity, called a constant thin structure. Its quantity in round figures
equals 1/137, and till now attenpts are being nade to express this nunber through a

combi nati on of mathematical constants p and x. Now we can approve, that these attenpts are
not deprived of the bases.

There is a question: does all the above-stated nean, that for the abstract continuum
the natural netrics and real |aw, which orders increase of quantity in the field of

real nunmbers, settling down between unattainable points 0 and e? | believe, yes. But to show
it precisely, it is necessary to understand: what is the linear continuun? |If speaking

of space, the essence of the nmatter is nore or |ess understood, concerning tine, the

matter | ooks not so clear.

[11. CHRONOVETRI CS. AREAL MJLTI TUDES

Unfortunately, the metric properties of tinme, in conparison with its orientation and
fluidity, attract attention of the theorists in the last turn. There is an inportant
reason: here tinme as such is easily identified with space - w th one-di nensi ona
linear continuum therefore there is not anything specifically tenmporal here.

The attenpts are known, which give a logic substantiation to that the tine base is a
linear continuumsimlar to the continuumof material nunbers. Mst thoroughly it was made
by Bertrand Russell. The remark stated on this occasion by English cosnol ogist G Whitrow
in his magnificent book "Natural Philosophy of Tinme" seens inportant to me. (G J.

VWi trow, "The Natural Philosophy of Tine". London and Edi nburgh, 1961, Russian edition -
M: "Progress", 1964). He absolutely correctly indicates that in mathematics there are
ordered nultitudes of a nore conplex type.

Wi trow notices: "Russell DEFINES an instant as such a number of events, any two events
fromwhich are sinultaneous, and there is no other event (that is, an event which is

not contained in the nunber), sinmultaneous with all these events. It is supposed, that

the instants determined this way, YEXISTe (G J. Wiitrow, Natural Philosophy of Tine, p. 207.)

We appear in the closed circle: we are going to undertake |ogic research of tineg,
and inevitably we begin to base on "enpirical consciousness data", and as a result it turns
out science-like translation of our subjective notions of the | anguage of the |ogic terns.

Nevert hel ess, we shall note the inportance of the question: is the continuumof tine
i dentical to the conti nuumof material nunbers or has it sone other, nore conpl ex
structure? The answer to this question can make a basis of a science called "CHRONOVETRI CS"

Thus, we will be interested first of all with the nmetric ratios, characteristic for

the tenporal continuum One nore basic Aspect lies in here - congruency. If to

define congruency of spatial segments we can refer to the conparison of segnents at

their parallel transportation, to conpare the tenporal periods even this opportunity di sappears.
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The book by Adol f G unbaum " Phil osophi cal Problem of Space and Tinme" is devoted to a problem
of congruency of spatial and tenporal segnments (Adolf G unbaum Phil osophical Problem of
Space and Time. N Y., 1963, Russian edition - M: "Progress", 1969.) The essence of a
dilemma is: whether there is a basis for attributing internal nmetrics to space (and

time), according to which (internal nmetrics) the concurrence only establishes equality

of separate intervals caused by its internal quantity? In his book G unbaum protects
Reaman- Poi ncare position, according to which the definition of congruency is conventional
That is, the space and the tinme do not possess the netrics, internally typical of them As
well as the linear continuum of material nunbers, where any nunber can be accepted for a
unity of neasurenent beginning with 1, we add to it one nore and we get 2,

si mul taneously receiving 1/2, provided that received 2 will be considered as one unity.

However, as it was expected, in the analysis of a problem of congruency the G unbaum

spatial ratios are nore often considered, which are then transferred in the tenpora

sphere. And the specificity of the tenporal sphere still occurs only in the analysis

of anisotropy (orientation) of tinme and exotic variants of the closed, cyclic tenporal sphere

So, the basic problemof chronometrics is the search for the answer to the question: is

t he continuum of the tenporal sphere and the continuum of material nunbers identical? There
are 3 possible answers: both the continuuns are identical, and if not identical, there are
two possibilities - either the ordered tenporal continuumis sinpler, or it is nmore conplex.
Inits turn, the sinplicity of the tenporal continuumcan be expressed in that it is

a nunerical multitude: it is identical to a natural series of nunbers, it has atonic
structure, or it is identical to the series of rational numbers - all intervals

are commensurable. In case of its "greater conplexity" there are also two variants: either
it is any "conplexity," known to us, or sone special specificity 1I a nultitude of sone
speci al type.

When Russell wote his research in 1914, he traditionally transferred in the tenpora
sphere nethods, already known from nat hematics, and he presented the tenporal sphere
itself proceeding fromour sensual experience. Generally there is no other way for us: al
our notions about tine are the data of our experience. But all the same it is necessary to
base on notions of TIMg instead of its MEASUREMENT. It is a very inportant clause.

The matter is that MEASURI NG of time is an operation conpletely identical to construction of
a scale for any neasurable quantity. However, when we build a scale of tenperatures, we do
not confirm that tenperature is a linear ordered continuum Here we realise, that we order
the given measurements SO, that it would be convenient to conmpare different tenperatures of
the sanme body in different situations or different bodies in the same situation. And in

due course it is different. W inplicitly assune that our procedure of neasurenent I
putting consecutive certain |lengths, determned with "din-don" of any periodic process,

is TIME. The fact that time is nmeasured by us, certainly, reflects the features of

this essence, however, this essence - TIME - is not exhausted by themat all. If | put

it differently, in our notions of tine it is necessary to |look for such its property, which
is not connected with "nmeasuring”, that is, it reflects any other specific quality of tinme.

We shal |l take such a property of time for a basis, as well as its division onto the

PAST, PRESENT and FUTURE. It is clear, that this division does not concern the neasurenent
of time, but it directly concerns anisotropy, orientation of tinme. The novelty of ny
approach is that | offer to abstract fromthis "evidence". That is, for our analysis it is
not inportant, that the time " flows fromthe past I through present - in the future"

The inportant thing is that the uniformnultitude of instants of tinme is sonehow divided
into parts (subsets).

So, we shall begin with the obvious to us all division "of a uniformflow of tinme" into PAST

- PRESENT - FUTURE. It is clear, that, if we want to advance a bit in scientific

under st andi ng of essence of time, it is necessary once and for all to reject

psychol ogi cal interpretations and to adnit that the division LAST - PRESENT 11 FUTURE is

an objective property of TIME inherent in it, no matter, who perceives or participates in

this process: a person-thinker, a watch-dog or a spontaneously breaking up elenmentary particle.
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If we abstract from subjectivity, TIME will be presented to you as quite a suitable subject
for the analysis, and we shall notice one of its fundanental features.

Here | want to show ny respect to the past, | want to reproduce a postulate fromthe work
"The Studies of Space and Time" by the Russian phil osopher Al exander Suhovo-Kobylin, witten
in the end of XIX century. This studies is a part of the unpublished book "Vsenir", where
the phil osopher tried to fornulate yUniverse® with the help of binom al deconposition of
the mul tinenber of an infinite degree. Al exander Suhovo-Kobylin is known nore as a Witer.
| happened to study his scientific works in 1990 in the archive r+LTL USSR, where

t he unpublished manuscripts of this renmarkable thinker are kept. Convergi ng nunbers are
shown as a synbol of processing of the Absolute |Idea by the author "Vsenmir", here

ythe Philosophy of a spiral® is devel oped, the final nunbers are taken away frominfinity
etc. So, in Suhovo-KobylinTs work as sone refrain it is repeated: "The Tinme is divided
into three tines - present, past and future... Past passed, it is gone. The future stil
will be, it does not exist yet. THERE I S only present”.

In logic sense the division "of this flow of instants" into three parts (three subsets) is
of great interest. And, only one subset EXISTS, the two other subsets DO NOT. Future and
past are NOT PRESENT because the link dividing them- the present - is supplied

with "predicate" |IS. So there appear abstract objects, to which it is possible to try to
apply traditional for mathematics mnethods.

So, let's consider TIME to be a nultitude of instants. O otherw se:

1. There is sone nultitude, which we call "tine".

2. This multitude consists of an infinite nunber of the individual elenents, which we
call "instants".

3. The elenents of THS nultitude possess the original quality: if one elenment of the
multitude IS, the other elenents of this nultitude ARE NOT.

Not to be confused in sensual associations connected with the words "IS" and "I S NOT", we
shall define this original property nore precisely. Let us say so. Al the elenents of
the given multitude have such a feature: if one (or sone) elenments are REAL, all other

el ements of the nultitude are UNREAL. And we shall call nultitudes of such type 11

AREAL MULTI TUDES

The term "areality" enbodies two senses: this is the connection of a negative prefix "p" to
a word "reality", and a reference to the biological term"natural habitat" (varea®) - place
of living of the certain kind of living beings). The sign of Areality:

What do we get as a result of such a definition?

Firstly, we ascertain, that the TIME as such, suits this definition - if to consider

an instant of the present the only real, all other instants in the exactas sense are

unreal : the past instants were already real, the future ones will still play this

role. Secondly, given the GENERAL definition, we mean, that besides tinme there are al so

ot her prototypes, which are not time at all. If we determined a certain unknown nultitude,
the legitimacy of the definition could be confirned only in case when besides tinme, it would
be possible to find others denotates for this nom nation

Areality is clearly visible during introduction of a neasure on the axis of the rea
numbers. Actually, for the given axis it is naturally supposed, that the change of standard
is possible: taking 2 for a new unity, we transformthe old unity into 1/2 etc. In other
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words, the whole set of possible nmeasures Iistandards is a typical areal multitude: if one
of measures is taken - becomes real -, all others remain non-realised - so to say, "stay

in unreality". Taking into consideration all unusual character of such estinmations, the use
of the definition "areal multitude" appears |awful here.

But the nost remarkable thing is, that elenmentary areal ratio is nothing, but the logic | aw
of the contradiction: either A or non-A the other way is inpossible. That is, if Ais
real, NOT Ais unreal. You see, this NOT A does not disappear. Wthout it this Ais

simply inpossible, but we believe: if A exists, NONA does NOT exist! That is, it

exists imaginarily, but it exists sonewhat "unreal". To put it briefly, A and NON-A
together formareal multitude of the two el ements.

Aristotle, and all the logic after him constantly underlined, fornmulating the | aw of

the contradiction: it cannot be A and NOT-A in the same ratio, in the sane TIME. Now it

is important to rearrange accents. W fornmulate the LOG C RATI O, which nodels the tinme and
we do not use the enpirical time for a reinforcement of |ogic evidence.

Introduced the principle of AREALITY, we unexpectedly find out the special property in

the enpirical tinme itself. If we identify tenporal continuumw th areal nultitude of
standards on a nunerical axis, it is necessary to make the strange conclusion: the
temporal order is carried out in such a way, that the realisation of one of standards
occurs only in the case when only one point is realised, - becones an instant. The
realisation of concrete standard can occur in tine only through the realisation of one of
its points, otherwise the whole nultitude of points appropriate to the given standard shoul d
be real. In other words, in the given starting systemany REALLY FI NI SHED interval of tine
is fornmed by points, each of which is a point of only one certain unique standard from
the infinite multitude of those. If "the arrow of tine" is linear, it is only because with
each instant in unreality the infinite nultitude of other instants is deduced, formng
together with the data an ordinary linear continuum of material nunbers.

The interpretation of this property will require inclusion multitudes of systens of

readout into consideration, but here we shall limt ourselves by the above-said. At the

gi ven stage of CHRONOVETRICS of the elenentary qualitative description, | believe, it would
be enough.

I'V. EMPIRI CAL SPACE. SYNCRETI CAL GEQVETRY.

It is considered, that the geonetry is a first science created by the human being
consistently and logically. The geonmetry with its postul ates, axions and theorens becane

a paradygmal sanple, by which all scientists: physics, and nmat hematics, and even

phi | osophers were guided. To tell the truth, it remains not clear whether the idea applying
for a scientific rank can be enbodied in any other form

When Decart imagi ned three interperpendicular straight lines crossing each other in one
poi nt, he imagi ned enpti ness around us, in which nultitudes of various material bodies
nove. They draw their trajectories in three-dinensional space, changing in each nmonment of
time their co-ordinates, creating the abstraction of a line (according to Canile
JordenTs definition). This notion of a ratio of the geonetrical theory and the rea
(enmpirical) space was indisputable for a long tine.

If Nikolai Lobachevsky still tried to answer a question: whether the real space corresponds
"to its imaginary geonetry", the non-euclidean successors cane to an unequi voca

conclusion: the space is only a formal nodel, a mathenatical structure. So in the history
of the science a very interesting chain of ideologies was built: at first they describe
real space which surround us, then they understand, that "space" is sonething nore

general (space as a mathematical structure), and "the real space" appears to be just

a particular case described by this nodel

Let us think over the sense of the last statement. It appears that axiomatic
mat hermmati cal structure, which is called "space" by us, is only a MODEL, which can describe
many di fferent situations, including that real enptiness, which surrounds us. Thus,
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the geonetry ceased to be a science about "the enpirical space". Describing space we use
a MODEL, which is SUCH in itself, and not because the space is such at all. The

wi de applicability of spatial nodels has obviously reveal ed the division of a nodel and
its prototype. In other words that SOVETHI NG which is around us is conpletely not the

same, that we have got used to express in a geonetrical nodel of the 3 interperpendicul ar axes.

Maybe, the real vyenpirical space® that surrounds us, that space-like SOVETHING is, as a
matter of fact, nuch nore conpl ex?

I am speaki ng here not about "the other thin worlds", and not about the physical vacuum or
any inmaginary ether. As Cccamwote: "It is not necessary to invent essence beyond
necessity". It is necessary sinply to see in the old "essence" what, as a matter of fact,
is probably necessary now. It is necessary to devel op new fundanental |ogic

under st andi ng, fundanental not in a | ess degree, than Euclidean points and straight |ines.
2300 years ago Euclid formul ated the notion that the axi omatic system of interrelations of
such points and straight lines is space. Now we should find the same "sinple idea" - fixing
the essence of SOVETH NG that surrounds us.

When Ri chard Feynman decl ared: "The Theory, according to which the space is continuous,
seens wong to ne", he rebelled not against geonetry, but against the identification

of geonetrical nodels and the enpirical space. It neans that it is necessary to use
avail abl e geonetrical, mathematical and neta-nmathematical nodels to create the uniform
t heory, which describes SOVETH NG that surrounds us nore adequately.

Conventialist Poincare did the naturalistic amendnents to geonmetry. He tried to attract
our attention to the so-called "the |atent axionf - enpirical fact, which is disguised
anong EuclidTs axioms as a postul ate about drawing of a circle with the help of a
conpasses. The fact, that a turning half-straight |ine sooner or later coincides with
its continuation, does not co-ordinate logically with the axions about static points

and straight lines, it does not result fromthem and they do not mean it. This
"enmpirical fact" itself is expressed in the concrete irrational nunber ?. The presence of
such "enpirical constants" in mathenmatics (they are p, natural logarithnms x, and j-the
bound of the Fibonacci nunbers, and other renarkable ratios) are the nmarks indicating a way
to the uniformsyncretic geonetry. The Al bert EinsteinTs idea that the world can be
under st ood geonetrically and by a specul ative way seens too courageous to ne.

TI ME AND CHRONOVETRI CS. AREAL MULTI TUDES.

Aut hor s notes: During the International Mthematical Conference “Muiltidi mensiona
Compl ex Anal ysis” (Krasnoyarsk, Russia, August 5-10, 2002) | nade a poster report "“Do
the Hyperreal Nunbers Exist in the Quantum Rel ative Universe?” The report was devoted to
t he extensive theme “Non-Standard Anal ysis of Non-C assical Mtion~” and in particular,
was concerned with the question of building non-standard theoretical tine nodel and

appl i cation of non-standard mat hemati cal approach to non-classical physics (http://res.krasu

ru/ non-standard). The article offered belowis the nore detail ed concretising of the
results, presented there. The author expresses his gratitude towards the mathematici ans
and physici ans, who gave personally or by e-mail their critical and constructive conments
to the stated problem

CHRONOVETRI CS.  AREAL MULTI TUDES

Unfortunately, the netric properties of tine, in conparison with its orientation and
fluidity, attract attention of the theorists in the last turn. There is an inportant
reason: here tinme as such is easily identified with space - w th one-di nensi ona
Iinear continuum therefore there is not anything specifically tenporal here.

And is it possible to speak of “netrical properties” of tine, if its theoretica
representation is a straight line? Metrical properties are the attributes of
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mul ti di mensi onal space, where there appear linearly independent vectors. If we take

“pure time”- numerical axis, where segnents are put, the congruency of which is based upon
the references to the periodicity of sone natural processes, nothing could be done, except
the linear operations with tinme segnents. In connection with it is necessary to be

nore precise, | call such properties of “pure tine” netrical, which cannot be limted to

t he special features of one-dinmensional |inear continuumof material nunmbers. |In other

wor ds, we suppose beforehand that tinme is a nore conplicated object than an ordinary
straight nunerical axis. | want to renmind that in 19th century WIliam Ham |ton fornul ated
a prospective task: if there is geonmetry as a science of enpty space, in analogy with it,
we can i magi ne sone science of “pure tinme”. Mreover, he thought that al gebra was such

a science, we just cannot see such specific tenporal character in it, we do not understand
how in REALITY in al gebraic equation inner time properties are enbodied. The fact

that Hamilton’s di scovery of non-comrutative al gebra cane as a result of his attenpts to
nodel tinme in “The Theory of Al gebraic Pairs of Numbers”.

In 1959 (J.L. Syng, “The New Scientist” 19th February, 1959,p. 40) Syng offered to create
a special science about pure tine naned “Chrononetry”- in analogy with geonmetry. But in
Russi an such a termis associated with the procedure of time neasuring, that is why here
| introduce other name “chrononetrics” which includes the presence of special

nmetrical properties.

The attenpts are known, which give a logic substantiation to that the tine base is a
linear continuumsimilar to the conti nuumof material numbers. Myst thoroughly it was nade
by Bertrand Russell. The renmark stated on this occasion by English cosnol ogist G Witrow
in his magnificent book "Natural Philosophy of Tinme" seens inportant to nme. (G J.

Whitrow, "The Natural Philosophy of Tinme". London and Edi nburgh, 1961, Russian edition -
M: "Progress", 1964). He absolutely correctly indicates, that in mathematics there are
ordered nultitudes of a nore conplex type.

Whi trow notices: "Russell DEFINES an instant as such a nunmber of events, any two events

from which are simultaneous, and there is no other event (that is, an event which is

not contained in the nunber), simultaneous with all these events. It is supposed, that

the instants determned this way, “EXIST” (G J. Witrow, Natural Philosophy of Tinme, p. 207.)

We appear in the closed circle: we are going to undertake |ogic research of tineg,
and inevitably we begin to base on "enpirical consciousness data", and as a result it turns
out science-like translation of our subjective notions of the | anguage of the |ogic terns.

Nevert hel ess, we shall note the inportance of the question: is the continuum of tine
i dentical to the conti nuumof material nunbers or has it sone other, nore conpl ex
structure? The answer to this question can make a basis of a science called "CHRONOVETRI CS"

Thus, we will be interested first of all with the netric ratios, characteristic for

the temporal continuum One nore basic Aspect lies in here - congruency. If to

define congruency of spatial segnments we can refer to the conparison of segnents at

their parallel transportation, to conpare the tenporal periods even this opportunity di sappears.

Voluntarily or involuntarily we attribute such properties to tine which are
consi dered characteristic of spatial relations.

The book by Adol f G unbaum " Phil osophi cal Problem of Space and Tine" is devoted to a problem
of congruency of spatial and tenporal segments (Adolf G unbaum Phil osophical Probl em of
Space and Time. N. Y., 1963, Russian edition - M: "Progress", 1969.) The essence of a
dilemma is: whether there is a basis for attributing internal nmetrics to space (and

time), according to which (internal netrics) the concurrence only establishes equality

of separate intervals caused by its internal quantity? In his book G unbaum protects
Reaman- Poi ncare position, according to which the definition of congruency is conventional
That is, the space and the tinme do not possess the nmetrics, internally typical of them As
well as the linear continuumof material nunbers, where any nunber can be accepted for a
unity of neasurenment beginning with 1, we add to it one nore and we get 2,

si mul t aneously receiving 1/2, provided that received 2 will be considered as one unity.

However, as it was expected, in the analysis of a problem of congruency the G unbaum
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spatial ratios are nore often considered, which are then transferred in the tenpora
sphere. And the specificity of the tenporal sphere still occurs only in the analysis
of anysotropy (orientation) of tinme and exotic variants of the closed, cyclic tenporal sphere

So, the basic problem of chrononetrics is the search for the answer to the question: is

t he continuum of the tenporal sphere and the continuum of material nunbers identical? There
are 3 possible answers: both the continuuns are identical, and if not identical, there are
two possibilities- either the ordered tenporal continuumis sinpler, or it is nore conplex.
Inits turn, the sinplicity of the tenporal continuumcan be expressed in that it is

a nunmerical nultitude: it is identical to a natural series of nunbers, it has atonic
structure, or it is identical to the series of rational numbers - all intervals

are conmensurable. In case of its "greater conplexity" there are also two variants: either
it is any "conplexity," known to us, or sonme special specificity — a multitude of sone
speci al type

When Russell wote his research in 1914, he traditionally transferred in the tenporal
sphere net hods, already known from mat hematics, and he presented the tenporal sphere
itself proceeding fromour sensual experience. Generally there is no other way for us: al
our notions about time are the data of our experience. But all the sane it is necessary to
base on notions of TIME instead of its MEASUREMENT. It is a very inportant clause.

The matter is that MEASURI NG of time is an operation conpletely identical to construction of
a scale for any neasurable quantity. However, when we build a scale of tenperatures, we do
not confirm that tenperature is a linear ordered continuum Here we realise, that we order
the given neasurenents SO that it would be convenient to conpare different tenperatures of
the sanme body in different situations or different bodies in the same situation. And in

due course it is different. W inplicitly assune that our procedure of neasurenent -
putting consecutive certain |lengths, determned with "din-don" of any periodic process,

is TIME. The fact that tine is nmeasured by us, certainly, reflects the features of

this essence, however, this essence - TIME - is not exhausted by themat all. If | put

it differently, in our notions of tine it is necessary to |look for such its property, which
is not connected with "nmeasuring”, that is, it reflects any other specific quality of tinme.

W shall take such a property of time for a basis, as well as its division onto the

PAST, PRESENT and FUTURE. It is clear, that this division does not concern the neasurenent
of time, but it directly concerns anisotropy, orientation of tinme. The novelty of ny
approach is that | offer to abstract fromthis "evidence". That is, for our analysis it is
not inportant, that the time " flows fromthe past - through present - in the future"

The inportant thing is that the uniformnultitude of instants of tinme is sonehow divided
into parts (subsets).

So, we shall begin with the obvious to us all division "of a uniformflow of tinme" into PAST

- PRESENT - FUTURE. It is clear, that, if we want to advance a bit in scientific

under st andi ng of essence of time, it is necessary once and for all to reject

psychol ogi cal interpretations and to admit that the division LAST - PRESENT - FUTURE i s

an objective property of TIME inherent in it, no matter, who perceives or participates in

this process: a person-thinker, a watch-dog or a spontaneously breaking up elenmentary particle.

If we abstract from subjectivity, TIME will be presented to you as quite a suitable subject
for the analysis, and we shall notice one of its fundanmental features.

Here | want to show ny respect to the past, | want to reproduce a postulate fromthe work
"The Studies of Space and Time" by the Russian phil osopher Al exander Suhovo-Kobylin, witten
in the end of XIX century. This studies is a part of the unpublished book "Vsenir", where
t he phil osopher tried to fornulate “Universe” with the help of binom al deconposition of
the mul ti menber of an infinite degree. Al exander Suhovo-Kobylin is known nore as a Witer.
| happened to study his scientific works in 1990 in the archive uram USSR, where

t he unpublished manuscripts of this renmarkable thinker are kept. Convergi ng nunbers are
shown as a synbol of processing of the Absolute Idea by the author "Vsemr", here

“t he Phil osophy of a spiral” is developed, the final nunbers are taken away frominfinity
etc. So, in Suhovo-Kobylin’s work as sone refrain it is repeated: "The Time is divided
into three tines - present, past and future... Past passed, it is gone. The future stil
will be, it does not exist yet. THERE I S only present”.
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In logic sense the division "of this flow of instants" into three parts (three subsets) is
of great interest. And, only one subset EXI STS, the two other subsets DO NOT. Future and
past are NOT PRESENT because the link dividing them - the present - is supplied

with "predicate" IS, So there appear abstract objects, to which it is possible to try to
apply traditional for mathematics methods.

So. Let's consider TIME to be a nultitude of instants. O otherw se:

1. There is sonme multitude, which we call "tine".

2. This nultitude consists of an infinite nunber of the individual elenents, which we
call "instants".

3. The elenents of THS nultitude possess the original quality: if one elenment of the
multitude IS, the other elenents of this nultitude ARE NOT.

Not to be confused in sensual associations connected with the words "IS" and "IS NOT" we
shall define this original property nore precisely. Let us say so. Al the elenents of
the given multitude have such a feature: if one (or sone) elenments are REAL, all other

el ements of the nultitude are UNREAL. And we shall call nultitudes of such type -

AREAL MULTI TUDES

The term "areality" enbodies two senses: this is the connection of a negative prefix "a" to
a word "reality", and a reference to the biological term"natural habitat" (“area”) - place
of living of the certain kind of living beings). The sign of Areality:

What do we get as a result of such a definition?

Firstly, we ascertain, that the TIME, as such, suits this definition - if to consider

an instant of the present the only real, all other instants in the exactas sense are

unreal : the past instants were already real, the future ones will still play this

role. Secondly, given the GENERAL definition, we nean, that besides tine there are also

ot her prototypes, which are not time at all. If we determ ned a certain unknown mnultitude,
the legitimacy of the definition could be confirnmed only in case when besides tinme, it would
be possible to find others denotates for this nom nation

But before we begin to search, it is necessary to nake a very inportant remark. (The
necessity to nake this remark was nenti oned by Professor S.S. Kutatel adze). The definition
of areal nultitude just introduced creates sone specific object, which differs from

that nultitude, the notion of which is in the classical theory of nultitudes. The
unification of some elenments into the one single multitude neans a conplete act, hence

the notion of actual infinity. In our case an essential elaboration is nade: areal nultitude
is actually the given total of elenments, but its elenments are such thanks to the fact that
sone other elenents are not the elements of the given multitude. In other words, for the
given areal multitude the presence of the possibility that sone other el enents CAN becone
its elements (on condition that its other elements are excluded fromits staff).

I do not think that such a definition contradicts the logic, which forns the notion

of multitude. On the contrary, we can see that here we find a point of view, where

the traditional notion of multitude can be considered nore detailed. And the nain
criterion, which | have at ny disposal here is: constructivity of the approach - building
such a nodel, which allows succeeding in the theoretical realisation of reality.

So, what exanples of areality can be found? Fromthe very begi nning we excl ude

various enpirical cases, which can be considered areal ratios (these are, for exanple, cases
of popul ati ons from bi ol ogy-dom nation of a particular phenotype in the given

condi tions, depending upon the presence of other possibilities, which are laid in the
Genotype of this species). W shall concentrate our attention on the mathematical objects
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as nore abstract and suitable for the precise anal ysis.

Areality is clearly visible during introduction of a neasure on the axis of the rea
numbers. Actually, for the given axis it is naturally supposed, that the change of standard
is possible: taking 2 for a new unity, we transformthe old unity into 1/2 etc. In other
wor ds, the whole set of possible measures - standards is a typical areal multitude: if one
of measures is taken - becomes real - all others remain non-realised - so to say, "stay

in unreality". Taking into consideration all unusual character of such estinations, the use
of the definition "areal multitude" appears |awful here.

But the nmost remarkable thing is, that elementary areal ratio is nothing, but the logic |aw
of the contradiction: either A or non-A the other way is inpossible. That is, if Ais
real, NOT Ais unreal. You see, this NOT A does not disappear. Wthout it this Ais

simply inpossible, but we believe: if A exists, NO\A does NOT exist! That is, it

exists imaginarily, but it exists sonewhat "unreal". To put it briefly, A and NONA
together formareal multitude of the two el ements.

Aristotle, and all the logic after him constantly underlined, formulating the | aw of

the contradiction: it cannot be A and NOT-A in the sane ratio, in the sane TIME. Now it

is inportant to rearrange accents. We fornulate the LOd C RATIO which nodels the tine and
we do not use the enmpirical tine for a reinforcenent of |ogic evidence.

I ntroduced the principle of AREALITY, we unexpectedly find out the special property in
the enpirical tinme itself.

Let us try to identify TIME as areal nultitude with the just introduced areality of
the nultitude of linear continuumnorns of real nunbers.

If we identify tenmporal continuumw th areal multitude of standards on a nunerical axis, it
is necessary to nmake the strange conclusion: the tenporal order is carried out in such a
way, that the realisation of one of standards occurs only in the case when only one point
is realised, - beconmes an instant. The realisation of concrete standard can occur in tine
only through the realisation of one of its points, otherw se the whole multitude of

poi nts appropriate to the given standard should be real. In other words, in the given
starting systemany REALLY FINI SHED interval of tine is formed by points, each of which is
a point of only one certain unique standard fromthe infinite nmultitude of those. If

"the arrow of time" is linear, it is only because with each instant in unreality the
infinite nultitude of other instants is deduced, formng together with the data an
ordinary linear continuum of material nunbers.

I remind that here we consider properties of “pure tine”- nultitude of instances, which are
not equal to sone events. And now it is discovered that any instant is not just a point on
the axis, but nultitudes of points, which with the regard to the given one go to the “past”
and “uture”. But the special feature is that all these points have already becone “real ”

and never in future they will becone instants, neither did they before.
But here we shall limt ourselves by the above-said. At the given stage of CHRONOVETRI CS of
the elenentary qualitative description, | believe, it would be enough

Non- St andard Anal ysis and Areal Miltitudes.

Up to now | have tried to be within the generally accepted limts concerning the notion
of areal nultitude. Al the above-mentioned i deas were based on the ordinary, well-
known notions- what can be nore ordinary than time division into Past-Present-Future!
suppose that critical readers could have taken the above-nmenti oned for sone usel ess
thinking, but I do not think that the notion of areality could have nmade them protest
against it.

Now | shall try to use areality to nake sone nonents nore precise, these nonents are
concerned with the bases of mathematics. Here the author’s position is nore
vul nerabl e. Nevertheless, | shall try to state it

Re-readi ng my preparatory notes, | caught nyself that | felt as if | nmde tactlessness. And,
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of course, | can imagine readers’ reaction: arbitrary mani pul ations with mathematica
notions lead to the thought that “there is something wong” with the author. But | hope
that the approach presented below will be taken at |east for a curious thing, suitable as
a reason for the phil osophic-nethodol ogi cal di scussions.

To base ny approach sonehow | nust nake the initial theoretical position nore precise.

Wiile we began with the tinme analysis, noreover, it was EMPIRICAL TIME, that was the object
of the theoretical modelling, | suppose, not nathematical, but physical character of
the article is evident to the readers.

Qur main subject is: “Non-Standard Anal ysis of Non-C assical Mtion”, that is the attenpt

to build up a nodel of nechanical Mtion in its non-classical notion, typical of relative
and quantum physics. The author’s idea is sinple: if in the classical science the

initial mathematical notion of derivative coincides with the initial physical notion

of velocity - nmechanical notion of a point along the trajectory, in non-classical science it
is possible to build a nodel, where the close connection of the sane type between

mat hermrat i cal notions and physical characteristics of notion will be di scovered.

At the present noment nathematical notion nodelling is of phenonmenol ogi ca

descriptive character (at |east, in quantum nmechanics, in the theory of relativity time-
space continuum plays nore fundanental role). But no reason tells us that descriptive
nodel ling is the way of mathenatization.

Al bert Einstein’s idea that the objective reality can be understood specul atively- with
the help of mathematics does not seemgood to the author. On the contrary, | am sure that
in mat hematical structures fundanental ratios, which are direct and precise, reflection
of physical laws can be discovered. W shall not delve deeply into the phil osophica
details, let us | eave them alone for another discussion. But it is doubtless: the

basi ¢ mat hemati cal notions are not enough for physics nowadays. To prove this idea | shal
take two quotations:

Ri chard Feynman in his book "The Character of Physical Laws" says: "The theory, according
to which the space appears to be continuous seens not right to ne, because it |eads
to infinitely bigger quantities and other difficulties. Myreover, it doesn’t answer

the question what determ nes the size of all particles. | suspect that sinple
geonetrical notions, spread over very small areas of space are not true. Saying this,
breach in the general notion of physics, of course, saying nothing about howto fill it

in". (Richard Feynman, "The Character of Physical Law', London, 1965.)

And the follow ng remarkabl e judgenent was said in the fanous book D. G lbert and P
Barnice: "As a matter of fact, we don’t have to consider that mathematical space-tinme nation
of motion is physically interpreted in cases of arbitrarily small spatial and

term nal intervals. Mreover, we have all grounds to believe, that striving to deal with
quite sinple nations, this mathematical nodel extrapolate facts, taken fromone field

of experience, particularly fromthe fields of notion within the limts of quantities,

whi ch are not available to our observation. Like water ceased to be water in case of
unlimted special breaking up, in case of unlimted special breaking up there arises

al so sonmething that can hardly be characterised as nmotion." [Glbert D., Barnice P. “Bases
of Mathematics. Logical Calculus and Fornalisation of Arithmetic”, M, “Nauka”, 1979, h.41
the first addition of the book was in 1934]

| amsorry for these big quotations, they are necessary to ground the main prem ses of
the inportant problem

1. These exi st principal divergence between nodern physical notions of notion
and cl assical notion of analysis.
2. It is possible to build “mat hematical nodel ”, which will fit to describe

nmcro-notion within the limts of “quantities which are not available to our observation”.
But actually the main thing concerns not a nodel, and not its building, but the fact

that inside |ogic of classical mathematics itself it is necessary to find the bases for
further devel opnent of the theory.
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The fact that classical mathematical analysis with its idea of uninterruptedly -
divisible continuumis not enough yet is quite evident. But it is not understood how
this uninterrupted divisibility can be re-interpreted - what grounds do we have to do it?

Since 60-s of the last century Abraham Robi nson’s non-standard concepti on of analysis

has gained a firmer hold *, and if at the beginning the idea of actually infinitesim

and actually infinitely large hyperreal nunmbers were not treated very good, nowadays a
definite ideol ogy has been worked out where such nunmbers are consi dered adm ssi bl e. But

the extension of the field of real nunbers thanks to hyperreal ones is of relative character
- they (hyperreal nunbers) are understood as ldeal “artificial” objects.

Hyperreal nunbers appear in Abraham Robi nson’s nodel of analysis as a result of extension
of the field of real nunbers, if the breaking up of Eudocks-Archi medean axiomis

adm ssi ble, but having built up the | ogical nodel, where such breaking up is adm ssible,
we understand at the sanme tinme that the axiomitself is of nore fundanental character, it
is objectively dependent, and its negation is “relative”, artificial, subjective.

Non- Ar chi nedean analysis in its nodern way is an artificial nodel, based on the direct
negati on of Eudocks-Archi ned axiom and there are no serious reasons to widen the field of
the real nunbers.

* Let nme quote Abraham Robinson’s words: "W are going to show that in the present linits we can

devel op a nunber of endlessly little and big quantities. It gives us an opportunity to fornul ate

many wel | -known results of the function theory in the | anguage of endlessly small unities in the way
it was foreseen in the indefinite formulation by Leybniz.” [Introduction to the theory of nodels and
net a- mat hematics of algebra. M ~“Nauka”, 1967, p.325] and nore: "Non-standard differentiated cal cul us
can conplete in sinplicity with the nost orthodox approach [the sane book, p.340] and about
integration “Qur limts of dividing into intervals of an equal length is too artificial. We will build
an approach, which will et us consider the nore common divisions” [the same book, p.341]

I ndeed: what kind of nunbers are they, if any sum of which cannot be nore than one, and

the inverses of which appear to be beyond the sigh of the infinity? Introduction of themis
an arbitrary assunption, and the analysis nodel, neither with the enpirical reality, nor
with the theoretical physics.

But in the latter case we can find some interesting special features. In Einstein’s Theory
the rule of speed addition is used, when adding units does not lead to the endl ess increase
of the sum it is limted by the nmaxi mumvelocity-of-light limt. But in this case the
matter is not in the breaking up the Eudocks-Archi ned axiom but in the special features
of Lawrence transformations, actual for pseudo-euclidean continuum of space and

time. Qoviously, it can be adnmitted, that the analogical rule of addition will work

when dealing with sinple quantities, such as the length or tine spaces. But still, it is
not clear why we nmust limt the endl ess space with some set radius, to which the sum of
the added quantities would aspire. The prospect |aw exists, but we do understand that

| essening of length within the distance is the optic illusion, but not the characteristic
of the spatial netrics

Now | et us take the quantum mechanics. It is known, that the so-called “ultra

vi ol et catastrophe” was the direct consequence fromthe formul ae of the classica

mat hermati cal analysis - for the balance of radiation in the field of high frequencies
the result was the endl ess quantity of energy. But the way out was found not in

the nodi fication of mathematical principles, but in realising experinental data: Mx

Pl ank’s hypothesis put the limts to the endl ess energy subdivision - E=hn appeared to be
non-di vi ded. And at the monent the clinical fornulae of analysis being used, and what
concerns all ™disturbing” nodern physic-theoretic learnt as R chard Feynman said, to
“sweep t hem under the rug”.

Thus, the theoretical situation can be characterised as follows. On the one hand, the
classical analysis is not enough for physics, though its original notions seem so obvi ous
and natural. On the other hand, “non-standard” seem suitable for physics: actually,

endl essly small ones sonehow “quant ” the conti nuumon the micro scale, and hyper reality
(the notion from Martin Davis’s book “Applied non-standard Analysis) is divided into
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“mcro world”, the world of “actual scales” and the world of “cosmic” infinity. But,

non- Archi medean analysis is still an artificial structure, this “non-Archi nedean” |ogically
to the endl ess division and the classical notion “linmt~”. Thus, the only way out can be

| ogi cal adding of a non-standard nodel of analysis to the classical analysis, finding out
their necessary connection, and if it is necessary -their supplenment. The appearance of

the irrational number did not abolish the national numbers, just as that the introduction
of hyper real nunbers will not beconme a declarative nodel structure, but natural |eading
out themof the logic of the classical analysis. | amgoing to show that this task
formulation is right.

The notion of tinme as areal nultitude is the first step. It denpbnstrates that nechanica
notion as such cannot be reproduced directly and precisely in the classical notion of ratio
dt/dx, while tine nmonents are not the points on the axis T, but the el enments of sone

mul titude of a different structure in conparison with an ordinary linear conti nuum On

the other hand, the introduction of ratio of areality lets us see such a continuumin

a different way and di scover sone unexpected properties.

W shall begin with the sinplest thing, one can say - a standard statenent: “Gathering
number series has final sum but does not have the | ast nember”. |If we take this statenent
for some |ogical one, we shall see sone signs of areal notion in it. Miltitude of nunbers
- nmenbers of the gathering series- is created on condition that the succession has No

last menber. In fact, finiteness of the sumis actualisation of the multitude. W begin to
add nunbers with the first biggest one. The whol e nunber of itens is infinite. W can speak
of actual calculating infiniteness of this nultitude, but the main sign of the

mul titude el enents remmins: they EXIST, they formup in a particular order, we SUPPCSE
that there is NO last nenmber of the multitude. In other words, gathering succession of
nmenbers of the series can be considered areal mnultitude, when the usua

calculating infiniteness of elenents of this nultitude is added by some UNREAL el enent,
which is the very |ast nenber that DOES NOT EXI ST.

Thi s strange statenent does not seemto add anything inportant, serving just an
artificial conjecture. But let us try to see what will happen if we take areal ratio for
t he base?

The first conclusion: Though this |ast nenber, excluded fromthe succession, is not the

el enment of the nultitude, but nevertheless, it EXISTS. That is, continuing areal logic, we
must say that SUCH gathering succession of series nunbers can be realised in other way.
Real |y, such a notion of the given nmultitude nmust be realised when “the |ast nmenber”

EXI STS, but all the other nenbers go to the non-reality, those that are |larger than

it beforehand. What is this then? it is nothing, but the sphere of hyperreal nunbers in
the sense of non-standard anal ysi s.

Thus, within the limts of logic of areal relations we define nutual supplenment of the
sphere of real nunbers (where nenbers of gathering series are situated) and the sphere

of hyperreal nunbers, which are all less than “the least”. For hyperreal nunbers
Eudocks- Archi nedean axi om does not work, because it works for the rest - real elenents of
this areal multitude.

The second conclusion: |If areal nultitude is sonething single, we cannot just “join”
hyperreal nunbers to the real ones, because we deal with a definite gathering succession

of real nunmbers. In other words, in this areal nmultitude, taken as a whole, the genera
ratio of elements for all this succession nmust remain somehow. It is quite not clear how
the | aw of agreenent (the ratio of elements Ny And N ,4) nmust go on in the hyperreal sphere!

Now we shall try to understand HOWN I T HAPPENS, taking some concrete succession to help us.
It is possible, that our consideration would | ook |ike sone arbitrary thinking, but if

the logic of AREALITY is accepted, those conclusions will appear with necessity. But before
we do it, it is necessary to nmake sone things clear.

It is clear that any gathering succession is an artificially taken fragnent of series
of nunbers, connected by their ordinal ratio between N_;, N, and N ,. That is, such a

series does not only have the |ast nenber, but also it does not have “the first”, to be
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nore precise, we can begin with sone N and build up sone infinite gathering series with
the finite sumof its nenbers, but the sane ratio, made in the direction of increase,

of course, will not give us the finite sum and the quantity of every next nmenber of the
series will increase unlimtedly. In other words, ratio of areality for such series

i s displacenent of the both spheres of defining hyperreal nunbers to the non-reality:
either actually infinitesimal or actually endlessly large. Strictly speaking, having begun
ny concluding with the phrase: “there is no |ast nmenber”, | just used the usua

“school 7 definition to illustrate areal approach. Nevertheless, it was necessary, because
the main thing is that, speaking of gathering series, we cannot describe it anyhow, but
with the words: “This sum has no last iten

Now anot her “school 7 definition will help us: series where the quantity of nmenbers of

the series is constantly growing, there is still NO Ilast menber

If we mark the points, corresponding to Fibonacci Series on the nunerical |ine, where the
next point is the sane of the two previous (1, 1, 2, 3, 5, 8, 13, 21, ...), inthe linmt

with striving for the area of growi ng nunbers, the ratio of the two | ast Fibonacci nunbers,
as it is known, gives us j-famous irrational nunber 1,61803.. It sets “the golden ration” -
the section of the segnment, the snallest part of which is related to the biggest, as

t he bi ggest one to their sumoned length. It can be declared that noving al ong the
nurerical |ine through Fibonacci numbers; we shall discover infinitely big “segments” in
the transfinite area, the ratio of which is expressed by the irrational nunber j.

And vice versa. It is possible to build a nunber of segnents, corresponding to “the
golden ratio” in the real area

Picture 1.
M-m m= -"___d_'_-—-_‘_‘_-_‘-'_"*—u._
—, e
11 = = i3} o [T} _“-\-‘-\_"—‘—-—-—'—"'- M = e+ M)

As the ratio of the biggest segnent to the adjacent smallest is 1,61803.., their sumobned
length in the left direction with have quite a definite utnost end point. The grow ng

| ess segnments will “curve” in its surroundi ngs these segnments, according to the
infinite division of the non-interrupted continuum w Il never stop diving. In this
bui I di ng the utnost naxi mum point will never be reached, but we can state that in

this endlessly small surroundi ng near the utnost point a wonderful thing happens: instead
of the uninterrupted conti nuumthe reappear nunbers, which would conme to the utnost point
i ke the growing | ess Fibonacci nunbers. And as Fi bonacci series begins as 1, 1, 2, 3,

t hese nunbers (and actually endlessly little hyper real |engths corresponding to then
will cone to the utnost point (limt point).

| could put a “dot” here, but | want to draft sone prospects of devel opnent of this
approach. E. G, it is interesting to inmagine how Dirihle function would | ook |ike, if
its unity strove for rule and turned to the hyper real area of actually infinite unities?

Inthis light it is interesting to see the harnonic series of the whole nunbers 1, 2, 3, 4,
5, .. Evidently, in the endlessly large linmt aratio are related to the actually
infinite segment of equal |ength.

The process seens unchangeable here, and in reality the series of unity- |length segnents
does not give us the utnobst point, near which in the hyper real surrounding a harnonic
nunber series is built. Fortunately, here we have properties of other kind. Though we
cannot see the area where the actually little Iengths, form ng a harnonic nunber series,
are situated but we can see the infinite straight |line, on which even one-unity segnments
are marked and we can take the infinite half-straight Iine, beginning fromany of the
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segnents. On it the adjacent segnents are related to each other as N+ 1/ N, where N

is infinitely big nunmber, expressing the sumof actually little lengths. That is, a
geonetrical progression is fornmed, where the multiplier is 1 + 1/N, and if the length of
the first segnent is one, the growmh of the length happens in such a way, that the | ength
of “the last one-unity segment” on this endl ess half straight line will be (1+1/N)N it is
not difficult to note that this length is e.

Let us interpreter this result.

Let us suppose, an endl ess nunber of points conmes out of the co-ordinate base, the velocity
of the first one is 1, and the distance, covered by themfor a unity of time, are
consessively different fromeach other, and the difference is an infinite little

unity quantity. On what segnent are the points in a unity time period?

When | asked this question, | onmtted one thing: | did not say that it was necessary to
make all vectors be directed in one direction - along the straight line. But is it possible
to set single direction?

I answer these questions in the other part of ny work “Non-standard Anal ysis of Non-

Cl assical Mtion”, when | describe notion with indefinite velocity. The fragnment of this
part is presented in the article “Do the Hyperreal Nunmbers Exist in the

Quant um Rel ative Uni verse?” You can get acquainted with it, the address is: http://res.krasu

ru/ non- st andar d

About the Applicability of Non-Standard Anal ysis in Physics

Thesi s account of the material nmakes us do sone |ogical shift fromthe one theme to the
other. Now we shall turn our attention to physics. | shall try to denonstrate how non-
standard approach allows us to join the spheres, between which there has been no
connecti on before.

It was noted above that in Einstein’s Theory the rule of speed addition is used, when
addi ng units does not lead to the endless increase of the sum it is limted by the

maxi mum vel ocity-of-light limt. (This remi nds us of the addition of hyperrea

nunmbers according to the non-archenedean principle that allows speaking that in non-
standard anal ysis their sum cannot be nore than one.) But in this case the matter is not in
the breaking up the Eudocks-Archi ned axiom but in the special features of

Lawrence transformati ons, actual for pseudo-euclidean conti nuum of space and ti ne.

The main difference of mathematics from physics is that physical quantities are nmeasured, in
4-di nensi onal pseudo-euclidean continuum of real tenporal space imaginary unity is added by
the co-efficient of proportionality, which is interpreted in physics as velocity of |ight.
In classical physics the maximumlimt of velocity was unlimted. Now the role of
infiniteness is perfornmed by velocity of light. In other words, all the beyond-

infinite realisations of velocity appear to be displaced to the non-reality, and this

fact nmakes us have sone definite ideas. What if we try to apply here the technol ogy, which
we used dealing with infinite succession?

It would be especially interesting to see what happens in little- this is the sphere of
guant um nechani cs, and turning infiniteness to the series of nunbers points to sonme |ikeness
of the results.

In 1963 Leo Mozer showed that if a ray of light falls at an angle onto two gl ass pl ates,
put together, a different nunmber of possible ways appear, depending on the nunber of

the reflaxions of the ray. Wen the value of the nunber of the reflaxions are bigger

t he nunbers of possible ways form Fi bonacci series (The exanple of Martin Gardner
fromScientific American. Russian translation: M Tapouep, MaTeMaTuuecCKMe HOBEJIJIEL M:

“Mup”, 1974, c. 398) The suggested non-standard approach may, evidently, seem productive
for the interpretation of the quantum nechani cal events. As far as relative velocity

addi tion is concerned, non-standard approach |l eads us to the hypothesis that as well as in
the direction of increasing velocity the maxi mum quantity C - velocity of |ight -

is discovered, in the direction of decreasing sone mni numcan be di scovered. But such
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a hypot hesis of “velocity of darkness” | ooks exotic, and the main thing is that it does
not coincide with those conclusions, which can be nade on the bases of the formal approach
and its physical interpretation. The results, received this way, seemvery interesting

and physically interpreted to ne.

Let us begin with the basic nmechanic notion-with the principle of relativity.

The essence of the principle of relativity is sinple: there is no absolute nmotion, two

poi nts can be nove only with regard to each other. If we take one of themfor the
standard point, we believe it is stable, and the second one noves with regard to the first
one. And visa versa: we can take the second noving point for the stable starting point

and consider the first one to be noving. The notion of notion quite naturally and
necessarily requires the principle of relativity as the distance change between these

two points happens BETWEEN THEM with sonme tine. *

Sketchily the principle of relativity is explained with the exanple of two points:

Pi cture 2.
A. .CO®

«—A. . C

We take one of themfor the starting point, the other noves with regard to the starting
point, and visa versa. Let us imagine in space there are two points (mathematically size
| ess), separated by sone distance. Now let us try to inmagine that this di stance changes..

But how can we check this “change”? Anri Poincare, illustrating these cases, nade the

i magi nary experinent - he asked: what woul d happen if the distance between the two

poi nts becones tw ce bigger? And he answered: the world would not notice it. | think it
is clear.

To be able to speak of the change of the distance between the two points, there must be
one wore point which would be stable with regard to one of the two given points.

Picture 3.

* While the principle of relativity has nore difficult interpretations, and that

causes m sunderstanding (the reviewer of “Nauchnaya Set 7, for exanple, thought ny interpretation to
be m staken), | want to quote Albert Einstein’s words fromhis work 'Wat |Is the Theory of

Rel ativity” “Co-ordinate system noving uniformy and straightforwardly with regard to the

inertial system is inertial itself. The special principle of relativity is the consolidation of
this statement, applied to all processes of nature: every universal natural |aw, which works with
regard to sonme starting systemC, nust also work with regard to any other system C’, which

nmoves uniformy and straightforwardly with regard to C”. (A Einstein. Collection of Scientific Wrks,
Vi, M “Nauka~”, 1965, p. 679)

“Stabl e” means “to be situated at the same distance fromit all the tine”. There is

no difficulty, we just declare, we need not the point, but a starting systemwith the

set length standard. W& began with only two points, then added the third one and now we

can speak of notion, but someone can ask: “How can we determine, that the distance between

A and B is constant, and that between A and C the di stance changes?” You see, we can take
the distance BC for standard, and the former one can be considered changing. In such
judgenent there is nothing illogical, on the contrary, we have introduced the third point

and the standard di stance because we coul d not check the distance change, but we cannot

check its in two ways: in one way we take AB for the constant standard and say that the point
C noves away uniformy fromA and fromB, in the other way we take the BC di stance
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for constant, then the forner standard distance AB should be treated as changi ng.

Pi cture 14.

A.-const-.B . C®

A.® B.-const-.C

But we change places of the |l ength standard, a strange thing happens. Let us inagine
that “uniformy moving” Cis stable and sets a distance standard =const, then “really
stable” with regard to this standard would nove not uniformy: A cones closer to B
slowing down all the tinme. In the nost absurd variant it accelerates fromnil till
infinity, then comes fromthe infinity fromthe other side and begins slowi ng down till
nil again - for the rest of its infinity.

The above-descri bed conclusion seens so ridiculous, that the first wish is to give it away.
The problemis, if we open inter equality of the two points in the process of their

i mgi nary interchange in the Galilee-Newon principle of relativity, why in the

| ogically necessary system consisting of the points should we neglect the sane

i nt erchange? Logi cal possibilities arias not to be given away, it is necessary to try

to understand what happens in this strange situation. Is the matter, perhaps, in the

wong interpretation of the result?

What do we nmean when we say: the given material point possesses the given velocity?

If look at it nore carefully, the standard variant is not very sinple. If we have only one
set uni form constant velocity, its quantity expression can be dual. Velocity as the

rati o di stance segnment to the given time unity [ms], and quite an equivalent ratio of the
tinme period, spent on covering one unity segment [s/ny.

Let us answer a sinple question: why in the usual sense of nmotion is the alternative
di mensi on excl uded, why do we not express velocity as an anmount of seconds, spent on
covering of a unity of distance? You see this ratio is logically admtted, and

mat hematically it is quite individually for each concrete velocity.

Does it not surprise us, that in the stadiumthe judges express sports result not in

the nunerical value of a runner’s velocity, but in the quantity of tinme, spent on covering
a distance? You see it is the unique fact: the nmotion is neasured not in neters for one
second, but in time, which is required for covering a given distance! Nevertheless, in
physi cs the given neasurenent of motion with the dinmension [s/n] is rejected. Wy?

It is possible to give quite a serious answer to this "childish" question. People order lots
of possible velocities by a principle "slower - faster"”, and, in conpliance with this,

they build themon the vector "less - nore": the faster velocity is, the nunmerically nore

it is, - alot of nmeters is covered for a tine unity. Taking the other neasurenent, we

shall neet a reverse ratio: a snaller nunber woul d correspond to greater velocity, the faster
a material point noves, the snmaller anmount of seconds is requires to cover a distance unity.

The traditional spectrum of velocities begins with nil and quantitatively grows in the
process of increase - fastening of velocity (in the classical nechanics the nmaxi mum
velocity limt is unlimted). The "fastest"”, infinitely large velocity is an infinite
quantity of meters for a time unit. But with the alternative dimension [s/n] everything
is precisely on the contrary: the stability is an infinite quantity of seconds, spent

on covering a distance unity, so to say, the infinitely |arge slowness. You should admt,
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that to count frominfinity tonil is, at |east, not convenient.

It may seemthat our reasoning is groundl ess. However, it is not so. It would be enough to
say, that when CGotfrid Leibniz was creating the mat henmatical analysis, he thought this
question over many tinmes. He wwote: "The stability can be considered an infinitesina
velocity or the infinitely large slowness" (G Leibniz, The compositions in four volunes. T
1. M: "Mecas" p. 205. See also T. 3, p. 199.).

Lei bni z has one nore remnarkabl e reasoning: he identifies zero velocity of notion along a
circle with infinite velocity, when "each point of a circle should always be in the

sane place" (T. 3, p. 290). That is, not only O mis and ¥ s/m (accordingly ¥ mls and 0 s/

n, are logically identified, but also O ms and ¥ ms in case of their cyclic notion.
This last identification gives us a way out fromthe confusing situation.

Wiy it is not convenient to count the increase of velocity of notion in the neasurenent [s/
nl ? Because attributing an infinite slowess to the starting systemand introducing a
certain single slowess 1 [s/n] for a noving point, we shall not get a uniformscale

of quantities, where it is possible to add arithnetically Als/nl + B[s/m = (A+B) [s/nm.
That is, such an addition will contradict the natural notion of how the velocities

are estimated when changi ng one starting systemto another. But the matter woul d

radi cally change, if we use Leibniz transformation.

Real |y, when in a classical principle of relativity we reveal ed the necessity of

i ntroduction of the third point which specifies a constant neasurenent of distance, this
third point served a prototype of stability - for any period of time it "could cover" only
a zero distance. If we, after Leibniz, equal stability and infinite velocity of cyclic
notion, we shall find out an interesting thing: having attributed infinite velocity to such
a stable point, we together with the nmeasurement of length introduce al so a neasurenent of
acircular trajectory, the length of which is determ ned by a neasurenent of |ength as

by radius. Then it appears, that in a neasurement of slowness [s/n] this velocity will have
not infinite, but zero slowness: to cover this radius it requires zero seconds. Now we

can al ready conduct nornal addition of slownesses, but a single slowness will be considered
1 second, required for covering a single circular trajectory. Accordingly, covering

this trajectory for 2 seconds gives other quantity of notion velocity - a slower one etc.
For all that, relativity in such circular notion is conpletely saved, and "sl ownesses" can
be added arithmetically. In other words, now the nornmal axis is being built for

sl owness quantities, where the starting point goes fromzero till infinity. The fact is
that not velocities of linear notion strive for an infinite slowness - for conplete stability
- along a straight line, but velocities of nbtion on a single circular trajectory.

And now is the nost interesting thing. If for such a quantity as sl owness non-ar chi nedean

| aw of addition also works we shall not be able to reach an infinite sl owness. There shoul d
be topside - the Iimt of a slownesses which is so unattainable, as velocity of |ight.

A neasure unit of this Iimt will be, naturally, [s/m - that is, the quantity opposite to
a measure of velocity. And if the enpirical velocity limt Creally exists and is neasured

in[ms], there should be a certain enpirical constant, nmeasured in [s/n]. It would be

very poetic to call it, let us say, "velocity of darkness", but we shall not run into
such nysticism as the required constant in physics is known, it is formed of a ratio h/
2

e, where e is the charge of an electron, and h is the Plank constant. And the ratio

of velocity of light to the given conbination of enpirical constants gives us a

di nensi onl ess quantity, called a constant thin structure. Its quantity in round figures
equals ~ 1/137, and till now attenpts are being nmade to express this nunber through

a conbi nation of mathenatical constants p and e. Now we can approve, that these attenpts
are not deprived of the bases.

Let us sumup. It is known that in pseudo-euclidean 4-di mensi onal space-and-tine continuum
of M nkovski “single measure is put on the axis”, it corresponds to the spatial extent x
[mM, and transformation of the measure t[s] is realized with the help of co-efficient

of proportionality C[ms] - velocity of light and imaginary unity i. (In case of notion
along a straight line it turns to an ordinary conplex plane.) W have shown that the
connection between x and t can be used in the same way to build up pseudo-euclidean
conti nuum (conpl ex plane), where a single neasure will be put on the axis, which corresponds
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to the tenporal periods t[s], and transformati on of measure x[m wll be realized with the
hel p of the co-efficient of transformation 1/v [s/nl and imaginary unity 1. In building
of sucha kind there is nothing “m staken”, though the approach is quite formal

Nevertheless it was interesting to try, because no one has tried to build up such
pseudo-eucl i dean continuum as applied to the physical quantities.

Having created it, we face the problemof interpretation, while “reverse velocity of

I ight” possess neasure [s/m and cannot be velocity in the usual sense of the word.

This strange quantity can be interpreted on the bases of the traditional principle

of relativity as “velocity” of rotation along the single orbit, and co-efficient 1/v for
the new type of continuum appears constant, which corresponds to the conbi nati on of
constants e2/h in physics. It is unlikely to be coincidence. On the contrary, while

in mat hematical buildings, related to multi-dinmensional conplex analysis, all the
quantities are dinmensionless, and in physics they are connected with the concrete

physi cal paraneters, the nentioned dual character of pseudo-euclidean continuum of space-
time has non-trivial sense. At least, this formal approach shows sone mutual connection
bet ween notions and definitions of the theory of relativity and quantum nmechani cal paraneters

There is a question: does all the above-stated nean, that for the abstract continuum
the natural netrics and real |aw, which orders increase of quantity in the field of

real nunbers, settling down between unattainable points 0 and ¥? | believe, yes.

But here appears a question: why woul d nat hematical dinmensionless UNITY in physics

somehow split, form ng sone sphere with non-archi nedean addition of velocities

(velocity appears here to be just co-efficient of proportionality between the axis of
pseudo- eucl i dean continuum? Wiile in our buildings there were no dynam c physica
quantities, it is clear that there are no answers to such a question. But | have no doubts,
it is possible to explain the narked obscurities mathematically correctly and

physically sensibly if we develop the offered approach.

Concl usi on.

I understand that | rouse quite natural negative reaction by offering this article

for discussion. Al this looks Iike sonme playing tricks of a dilettante with nmathematica
and physical notions- |ike the extraction of “n” fromthe Egyptian pyramd. | want to
express hope that there will be readers to whomthe of fered approach will seem prospective
In the end, the only criterion of scientific character of an approach is its ability to
gi ve conclusions, which allow to see connections between the usual notions and events that
have never been seen before.

Now t he ideol ogy that can be called nodel constructivismis accepted.

Mat hematics is regarded as the supplier of the abstract construction for the

t heoretical nodelling of the physical observation results. As Bertrand Russel said:

"The Mathematical conception gives the abstract |ogical schene, to which by neans of

proper mani pul ation the enpiricist material can be fitted..." (B. Russel "Introduction

to Mat hematical Phil osophy”). Now mathematics is not the |anguage of Logos, Objective
Spirit, but a synbolic science |language to describe reality. In conformty with it, nore
and nore abstract schenes, are being created, the nmathematical conceptions, used by physicist
- theorists goes further and further fromthe obvious sinplicity, typical for "the

mat hemat i cal bases of natural philosophy". It seenms that the abstract objects take the part
of the antediluvian el ephants and tortoises, with the hel p of which ancient people
"nmodel | ed" the Universe..

But the real devel opnent of science goes other way | would call this way | ogo genesis. That
is new essences are “not thought up”, but the bases capable to devel op thenselves in a
sound mat hermatical science, which would be true, are found in the natural |ogical theory.

It will take this philosophic approach we should agree with Feynman - cl assical analysis
does not correspond to reality, but not because it is mstaken, but because in its

| ogics logical possibilities, which allowto bring the mathematical theory into like

physi cal notions, haven’t been reveal ed yet. Introducing action quantity, Max Pl ank
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worried tragically, that he had to nodify forrmulae with the reference to the
experiment. Perhaps, his worries were not groundl ess, and the quantum nunber and

rel ative connection between velocity, mass and energy can be concluded theoretically -
fromlogical bases, still being hideous and unrevealed |I believe, that the matter is so
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