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S10T 0630p MOCBAIIECH, B OCHOBHOM, JIOKAJBLHOH TE€OPHH OOBIK-
HOBEHHBIX ,nmp(pepieaunaﬂbﬁbxx ypaBHeHHH, B Hero He BKJIOYEHZ
Teopua OHQypkauu#; efi 6yaer noceslleHa OTAeNbHas cratha. Me-
TOM yCcpeoHeHus H3Jaraercs B 003ope B. WM. Apsoasna, B. B. Kos-
Joea, A. U. HelimitanTa «MaTeMaTHYeCKHe acneKTH KJACCHYECKO#H
4 HeGecHOM MeXaHuKu» (T. 3 HACTOSAINEro H3NaHHA).

Mu He Kacaemcs CNeKTpasNbHOR TEOPHH AH((hepeHIHAIbHBIX

ONepaTopoB € OJHOH He3aBHCHMO! nepeMeHHOH (CM., HalpHMep,
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[37]); mo nensM B MeToRaMm OHa OTHOCHTCSI CKOpee K (PyHKUHO-
HaJbHOMy aHaiu3dy. He BKJIOueHH B 0030p TaKke TEOpHs HHTEI-
panbHHEX npeo6pasoBaHMii U ee NpHJOKeHUs K AuddepeHiU-
anbHbHIM ypaBHEHHSM. ACHMNTOTHYECKO# TeOpHH HIHGG{epeHUH-
aJbHBIX ypaBHEHHIl noceslleH 063op M. B. ®enopwoka «AcwMmnro-
THUECKHE METONBE B aHajiu3e»; HEeKOTOpHe ofuiHe  TeopeMbi
ACHMIITOTUYECKOHi TEOpHH HMerTcsi B rjaBe 7. CoBceM He 3a-
TPOHYT BONPOC 00 HHTErpHpOBAHHH KOHKPETHHIX YPaBHEHHH; OCHOB-
HEIM noco6HeM Ha 3Ty TeMy sBastercsi kHura Kamike (E. Kamke)
«CrpaBOYHHK 1O OGHIKHOBEHHBIM RHPGdepeHIHANBHEIM YPaBHEHHSIM ».

B nocsneaine roasl npou3oilen Pe3KHH NOABEM aAKTHBHOCTH B
HCCJELOBAHHH KJACCHYeCKHx mpobnem TeopHH HHPdhepeHIHaIbHBIX
ypaBHEHHH, CBSI3aHHbIH C NPOHHKHOBEHHEM B 3Ty TEOPHIO CMEXHBIX
JHCUHILTHH: ajrebpH (TeopHs (GOpMalbHHX HOPMAJIbBHHX ¢opMm),
anre6panyeckoil reoMeTpHu (pa3peileHHe OCOOGEHHOCTeH), KOMI-
JCKCHOTO aHaju3a, Mbl cTapaanch, 10 BO3MOXHOCTH, OTPa3HTb 3TH
HCCle0OBAHUA B MNpellaraeMol CTaTke.

M3noxeHHe BelleTcs ¢ €AHHOH TOYKH 3PEHHSA H C HCIOJIb30Ba-
HHEM eJIHHOH TepMHHOJOrHH. MH HayHHaeM KaxXiylo IVIaBy ¢ OIl-
peieJIeHHSt OCHOBHBEIX NOHSITHH C TeM, YTOOH chellate Haur 0630p
OOCTYNHBIM H AJis1 YHTarteNs-Hecneyuasauncra. B cyulecrByoiled JH-
Tepatype OTCYTCTBYeT €AHHAas TePMHHOJOTHA — Ha)Ke TEPMHH «0OCO-.
Oasi Touka» ynorpebiasieTcsi B pa3JIMYHBIX 3HaueHHsX. Pasnuuyue B.
TePMHHOJIOTHH H, 4TO ellle Ba)KHee, B MareMaTHYeCKOM S$I3bIKE MNpH-
BOJAHT K TOMY, 4TO B Pas3HBEIX HCTOYHHKaX OJH3KHe pe3yJbTaTH
$GOpMYJHPYIOTCA COBCEM mno-pa3HoMmy. s Toro, yto6el OHH BOC-
NPHHHMAJHCh KaK 4acTH OAHOro LeJIoro, MHl 3ayactyi (GopmyiaH-
pyeM HX He B TOM BHIE, KaK B NePBOHCTOYHHKAX,

Hceneposanve Kaxzod npo6aeMbl MB CTAPajiiCh HAyHHATL C
paccMoTpeHHsT 00BeKTOB OO0LLETO NOJOXKEHHsA; OHH HauboJsee npo-
CTH H OJHOBpeMeHHO HMelwoT OoJblLI€ BCEro NPHJIOXKEHHH, mo-
CKOJIbKY Yallle Bcero EcTpedarnTcsi. BHpPOXJAEHHH BLICOKOH Kopas-
MEpHOCTH MH KacaeMcsi TOJbKO B JBYX cJyiyyasX: 1) eciam Bce BH-
POXXIEHHA MeHbIUeH KOPasMepHOCTH B H3yuyaeMmOH IpobuieMe yxKe
ONnHCaHbl; 2) ecnH npobieMa HCCAeAyeTcsi eNHHOOOpasHo JJasi BH-
POXIEHHII BCeX KOpasMepHOcCTeil.

CnHCOK JIHTEPATYPH He HpeTeHAyeT Ha NOJHOTY. B Hero BKJIO-
YeHH HeKOTOpble YYeOHHKH, a TaKxe MOHOTpadmH obiiero Xapak-
tepa. bonpilasi yacTe CHHCKa COCTOHT M3 paboT, CcoAepiKaliux
NOoApPOOHOEe H3/I0XKEeHHe Pe3yJbTaToB, CPOPMYJHPOBAHHHX B 0630pe.
Jlnsi COKpallleHHsl CHHCKa JHUTEPaTypsl MH NOJB30BAJHCHL JBOHHH-
MH CCHIIKaMu: ecJin pabora nuTHPOBaHAa B MOHOTrpadHH HJIH CcTaThe,
BKJIIOYEHHOH B CHHCOK JIHTEPATYPH, TO CCHJIKA Ha Hee HMeeT BHI
[a:b] mam [a, cTp. b]. IlepBoe o3Hauaer pabory [b]. u3 cnucka
JurepatypH B [a]; Bropoe — paboty, uuTHpoBaHHyl0 B [a] Ha
cTp. b. 3Hak A yKaseBaer KOHell HEKOTOPbIX (OPMYJHPOBOK.

B. H. Apnoaso, I0. C. Hasnuwenko
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Tnasa 1

OCHOBHDIE NOHATUS

B sroit rnaee (§§ 1—6) maH kKpatkuit ¢630p OCHOBHHX MOHS-
THH W pe3yapTatToB O0Ulero Xapakrepa TeOpHH OOHIKHOBEHHHX
auddeperunanbEEx ypapHewHil. bonee noapo6Hoe H3JOXKeHHE
MOXKHO HailitH B kHurax [7], [49], [51], [61], {63], 164], [93]. Ila-
parpadpu 7 u 8 HocsT OO0Mee crnepHalbHHI XapakTep H CONEpMKaT
HeKOTOpHIE€ HeJlaBHHE pe3yJbTaTH.

§ 1. Onpenenennus

1.1. Moss HanpaBJeHuii U UX MHTErpaJbHble KpHBHE. PaccMor-
pDHM BelleCTBEHHOe KOHEYHOMEDHOe JHHefiHOe IpocTpaHcTBO V=
=R, Ilonem Hanpasaenuii B obnactu U npocrpancrBa V. HasH-
BaeTCss COOTBETCTBHE, KOTOpOe Kaxmoil touke X6U comocraenasier
NPOXOARIIYIO yepe3d X NpPSAMYIO.

Onpenenenne. HuteepanbHOU Kpugol noas HanpasaeHull
Ha3hiBaeTcss KpHBas, KOTOpasA B KaXX[OH CBOEH TOUKE KacaeTcsd Ha-
NpaBJeHHus INoJis B 3TOH TOYKe.

1.2. BexkTopHbi€ NOJIfl, aBTOHOMHBbIE NH((DepeHiMaJbHbe ypaBHe-
HHMAl, HHTEerpajbHble ¥ (pa3zoBble KpHBBie, BekTopHbiM nhosem v, 3a-
JaHubM B 0Onactu U npoctpaHcTBa V, HasHBaeTcsi COOTBETCTBHE,
COnoCTaBJdlee KaXI0H TouKe XxEU NpUIOKEHHEIH B HeH BEKTOP
v(x) mpoctparcrBa V.

JuppepenyuarbHoim ypasHeruem, COOTBETCTBYIONINM  BEKTOp-
HOMY NOJIO 7, Ha3HBaeTCA ypaBHEHHE

x=v(x), x6UcV, (1)

TO4YKa Haj OykBoii o0o3Hauyaer auddepeHnHpPOBaHHe Mo f:X=
=dx/dtV.

O6nacte U HasumBaercs ¢aszosuvim npoCTPAHCTEOM 3ITOTO YpPaB-
HeHHsl, a npsimoe Npoussenenne RXU — pacwupernnvin ¢pazosvim
npocrparcTeom; 3nece R — ocw Bpemen (och ).

¥YpaBHeHHe (1) Ha3BIBAIOT TaKKe QBTOHOMHUIM  YPABHEHUEM
(TaK Kak 3aKOH 3BOJIOUHH (H3HYECKH aBTOHOMHOIM, T. e. He B3aH-
MOJEeHCTBYIOILIEH C APYTHMH CHCTEMaMH, PHU3KRYECKOH CHCTeMBbl O6bIY-
HO He 3aBHCUT OT BPEMEHH); HEABTOHOMHHIM YpaBHeHUeM Ha3bl-
BaeTCs ypaBHeHHe, IpaBas 4acTb KOTOPOTrO 3aBHCHT TaK¥e H OT I:

x=v(t, x). (2)

Onpenenenune. Peuwenuem OJuppgpepernyuarvroeco ypasre-
Hus (2) HaswiBaeTcAd pHbpepeHuHpyeMoe orobpaxkesue «:I[—U

D Tounee, 3gece H panee x HJaH dx/df o3HauaeT 3HayeHHE IPOH3BOZHON
oToCpaxenns f+X Ha CTAaHAAPTHOM opTe ocH [,
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unTepBana J= {t€R, a</<b} BelecTBeHHOH OCH [ (IONMYyCKAOTCS
Q@=—o0, b=+o00) B da3oBoe NpOCTPAHCTBO, €CJIH AJIf J11060ro

6] BHIOJHACTCH COOTHOUIEHHE

Tft_ ¢()],_,.=v(z, (7).

Onpenedenune. Hurezparvroil kpueol Oupheperyuanbrozo
ypasHenus HasHBaeTcs rpaHK ero pemieHus; $asoeoll Kpueow —
MPOEKUHs HHTerpas’bHOH KpHBo# Ha ()a3oBoe npoCTPaHCTBO BAOIB
OCH

1.3. Tloas HanpaBjieHHii ¥ HEeaBTOHOMHble AH(PepeHnHaNbHbIE
ypaBHeHusi. Ilycte ¥ -— 3aBHCslllee OT BpeMeHH BEKTOpHOe IOJIE,
T. €. oTo6pakeHHe, CONOCTaBSAIOLlee Kak/I0H TOUKE (¢, X) HEKOTO-
poft o6sacTH NPAMOro NpOH3BelleHHS] ocH BpemeHH R u ¢azosoro
npoctpancTBa V BekTop (a30BOro NpocTpaHcTBa (NPHIOXKEHHHI B
TOYKe X).

Onpenenenne. ITosem Hanpasrenuil OupdepeHyuarbHO2O
YpasHeHus

i=u(t, x), (1, x) CUCRXV 2)

Has3bBaeTCs NOJIE HarnpaBJeHHH, 3afaHHOe B 06JAaCTH pacHIHPeHHO-
ro ¢a3oBoro HpoOCTpPaHCTBa, rie OlpelejieHa npaBas 4acTh, CJe-
AYIOLHM TpaBHJioM: TO4Ke (£, X) conocTaBjsieTcsl NPOXOAsALlasl ye-
pes Hee npsimasi, cogepxaias sekrop (1, v(f, x)).

Jlerko nokassiBaercs

Teopema. IHTerpancHHIMH KDHBHIMH IOJSI HaNpaBJeHHH
ypaBHenusi (2) saBnsitorcs rpaHKH peUIeHHA 3TOr0 ypaBHeHHS H
TOJIBKO OHH.

He Bcsikoe none HanpabBlieHHH ABisieTCA NOJEM  Halipasblie-
HHilL auddepeHunanbHoro  ypasHeHuss (2). Hanpumep, none
nyneit 1-popmu f(x, y)dx+g(x, y)dy=0 onpenensier (npu ycJo-
BHH f24g27%0) none Hanpasienuil. Tlone Hynelt dopmu d(x2+y?)
Ha NJIocKocTH Oe3 HyJAs He sIBJISIETCst MOJieM HalpaBJcHHH ypaBHe-
Hust Buna (2).

1.4. Duddeomopdusmu u ¢aszosbie noToku.Jugpgeomopdusmomn
obsactu U Ha obanacte W HaspBaercsi B3aHMHO OLHO3HayHoe OTOO-
paxenre, fHQPepenuHpyeMoe BMecTe ¢ ob6paTtHHM. Beoay B Aanb-
HeiillleM, ecJH He OrOBOpeHO NPOTHBHOe, AH(}pdepeHUHpYyeMOCTb 03-
HayaeT HaJHYHe HENpPEPBLIBHBIX INPOH3BOILHEIX BCeX NOPSIKOB.

Onpenenenune. Oduonapamerpuneckord epynnod {g'} oudgp-
peomoppusmos obaactu U HasbiBaercs Takoe orobpaxKeHHe g
npsiMoro npoudpenernss RXU B U:

g :RxXU—=U, g(t, x)=g'x, teR, x€U,

YTO

1) g — nuddepenuupyemoe oTobpakenue,

2) cemeiictBo {g'|féR} siBasieTcs OmHONapaMeTPHYECKOH Tpyn-
noii npeobpasoBanuii: glog®=g'+* mna mobux f, s€R; g°=id.
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U3 1) u 2) BuTeKaer

3) npu kaxnom (€R orobpaxenue g°:U—>U — nuddeomop-
¢Hu3M.

Pa3066im NOTOKOM, 3aaHHHIM B 001aCTH, Ha3bHBaeTcsa OJHONa-
paMeTpHYecKas rpymnna ee AHpeoMopdH3IMOB.

OnpeneneHnue. Ilonem pasosot cxopocti noroka {g'}
Ha3blBaeTcs IoJie CKOPOCTeH, ¢ KOTOPHIMHM IIOTOK CIABHraeT TOYKH
c Mecta: v(x) =dg'x/dt|,m0. DT0 nosie Ha3LIBaeTCHA TAKIKE FPOU3-
B00ALUM noses ORHONApaMeTpHYeCcKol rpynnu {g'}.

TeopeMa. JIBHxKeHHe TOUKH Noj AelicTBHEeM (Pa3oBOro NOTOKa,
q(t) =g'(x0), siBnsieTcs penleHneM ypaBHeHus (1)}, 3anawHOro no-
jeM (a30BoOi CKOPOCTH.

ObpaTHO, B HEKOTOpHX ciayyasix (2 HMEHHO, KOrfa pelleHHs
ypaBHeHHsi (1) mpomosykarmTcst Ha BCIO OChb BPEMEHH) MOXKHO IHO-
CTPOHTb 10 JAHHOMY BEKTOPHOMY MNoJio v (a3oBHIl MNOTOK, 45
KOTOpOro v sABasieTca noaeMm (as3oBoii ckopoctH. OnHaKo 3TO He
BcerJia Tak (NpHMep — ypaBHeHHe Xx=x%). B 3ToM cayuae, Kak

JIETKO COCYHTAaTh, €JHHCTBEHHO BO3MOXHHH MNOTOK Aaetcs (opMy-
- aoit glx=x[(1—itx). Xora g't*=g’c g*, ata dopmynra He 3anaer
¢a3oBOro mMoTOKa Ha a(p¢uHHON NMpsiMOli, a JHIlL Ha NPOEKTHBHOH,
noJnyyaeMoH H3 OCH X f006aBiieHHEM TOYKH oo,

C_KaXapiM BEKTOPDHBIM NOJIEM H KaXJoH TOYKO#A (pa3oBoro mpo-
CTPaHCTBa CBS3aH AOKQAbHbIL pa306bil NOTOK: OAHONapaMmerpHde-
CKOe ceMeHCTBo AH(QdeoMop¢pH3IMOB, OrnpelesieHHBIX B HEKOTOPOH
OKpeCTHOCTH 3TOM TOYkH. OtobpaxkeHHsi JioKaJbHOro (pa3oBOro Ino-
TOKa COOTBETCTBYIOT HEKOTODOMY HHTEpBasiy OCH BpeMeH H obJa-
AaloT rpynnoBHM CBOHCTBOM:

gtri=g" o g g'=(g)"
nepBoe paBeHCTBO CHpaBeJJHBO IpH BceX [ H § U3 HEKOTOPOH
OKPECTHOCTH HyJii H NPH BCeX X H3 HeKOTOPOI OKPECTHOCTH JaH-
HOH TOo4yKH. Ilone (pazoBHIX ckopocTeit JokanbHOro ¢a3oBOro mno-
TOKa COBNajaeT ¢ HCXOJHHIM BeKTODHHM IOJeM B 3TOH OKpect-
HOCTH.

JlokanbHHe ¢aszoBue notokn {g,'} u {g,'} NBYX BeKTOpHHIX
noJiell B TOYKaxX X H Y TONOAO2UYECKU IKEUBANEHTHbL (CONPSIXKEHH ),
€CJIH cyliecTByeT roMeoMopdusMm /1 OKpecTHOCTEH 3THX TOYEK, Ile-
PeBoasiIHi X B ¥ H conpsAralouHi npeobpa3oBalus JoKadpHEX (da-
30BHIX NOTOKOB: Zo'c A =H ogi.

1.5. OcoObte TOYKM.

Onpenenenne. Ocobas Touxa 8eKTOPHO20 HOAS — 3TO TOY-
Ka, B KOTOpDHH BeKTOp nosst obpamaercs B Hyiab. Ocobas Touka
Oughpepenyuarsrozo ypasuenus %—=u(x) — sTo ocobasi TOUKa co-
OTBeTCTBYIOLEr0 BEKTOPHOTO MNOJIS V.

[Tyete f — nuddepennupyemoe orobpaxente o6nactn U npocr-
panctea R” B obnacte W npocrpancrea R™. [Ipoussodnoii otobpa-
Henus f B TOuKe X Ha3blBAeTCs <«IJlaBHasi JHHeHiHas vyYacTb»
OTOOpaxeHHua [ B TOUKe Xo, TOYHEe — JHHENHHI onepatop A: R"—
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—>R™ Tako#, uTo
f(x)~—f (%0} =A (x—x0) +0(x—xp).

Iycts x= (X1, ..., ¥x) H Y={(Yi, ..., Ym) — KOOPAHHATE B 1NPOOO-
pase H 06pa3e COOTBeTCTBeHHO. Toraa otobpaixenHe | 3aNlHCHIBaeT-
csi B BuAe BeKTOp-QVHKUHH y= (fi(x),..., [m(X)). D70 03Hayaer,
yto Ypo [=[.. MaTtpuua onepatopa A B KOOpOHHaTax X, Y — 3TO
siko6HeBa MaTpuua sektop-Gyukuuu f= (fi,..., ). TIpousBonnas
oToOpaiKeHHs: H COOTBeTCTByloOm[ast MaTpHuUa 0003Ha4alTCs OJHHA-
KOBO:

0 0
A= (%) = fum) A=(@) @=Lk (x0).

Huddepenunpyemoe BeKTOpHOe nojie—3T0 Moje ¢ AHdepen-
LLUpyeMBIMH KOMIOHEHTaMH.

[lycte xo—ocobas ToOuKa nH(pPEpeHIHPYEMOro BeKTOPHOIO
nosst v, 00/0X — npou3Bo/ias 0Tobpaxernst V:1x—0 (x).

YpaBEEHHE

)
|

5 .
Ax, ="—d}‘;-(x0)

HasblBaeTcs JAuneapusayuell ypasHerus (1) e ocoboil TOUKe X,
none Ax — AUHELHOL 4acT6l0 NOASL U B TOYKE Xy, A — onepartop
370l NHHEHHOH 4YacTH, HHOrAAa BMeCTO OU/OX MNHUIETCS U..

Ocobasi TOYKa BEKTOPHOro IOJsI Ha3LIBAeTCs HeBbLpONCOeHHOL,
€CJIM oflepaTop JUHEHHON YacCTH noJsl B 3TOH TOYKE HEBBIPOMKJIEH.

Oco6rle ToykH nu¢p@epeHIHANBHOr0 ypaBHEHHSI HHOTAa Hasbl-
BalOT TakKxKe MOJIOXKEHHsIMH paBHOBecHsi. CobCTBeHHble 3Ha4Y€HHA
onepaTopa JiHHeapH3alUHH BEKTOPHOro mnojsi B oco6oli TOuKe @
(onmeparopa Av/0x(a)) Ha3HBAWT HHOrAAa COOCTBEHHEIMH 3HAYeHH-
SIMH 0Cc000# TOYKH.

1.6. HeiictBue nuddeomopduima Ha BEKTOPHOe IOJie,

Onpenenenue. Ilpu nudpdeomopdusme f: U—W BektOpHOE
none v, 3afaHHoe B obnactH U, nepexonHT B BeKTOpPHOe NoJe U,
3ananHoe B ob6nacti W no chiepyromeMy npapuiy. IlycTs nBHKYy-
masics B U touka @(f) B MoMeHT {=0 BHIXOOHT H3 X CO CKO-
pocteo v(x). Torna Touka f(g(f)) BBIxomMT H3 y=f(X) co cKo-
pocTbio U(Yy). B

310 onpelesneHre KOPPEKTHO (v He 3aBHCHT OT BHGOpa NBH-
XKeHHs ). IT0 MOKa3HBaer, Hanpumep, Teopema o auddeperLHpo-
BaHH H caoxkHoil GyHkuHK: v(y) = (f.v) (x), y=f(x). EEMHE cioBa-
MH, NIPOH3BOAHAs 0TOOpaXKeHdsi [ B X NEPeBOAHT BEKTOp IOJsS U B
TOYKE X E BEKTOp TOJsi U B TOYKe f(x).

1.7. Tlepsbie HHTETPANLL.

Onpenenenune. I'nmankas QyHKuHs, NOCTOSIHHAS Ha (ha30BHIX
KPHBBIX aBTOHOMHOro aH(depeHUHANBLHOIO YpPaBHEHHS, Ha3nlBaeT-
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cst (He 3aBHCSIUM OT BpPeMeHH) nepéwvim UHTe2pa/iom 3TOr0 ypae-
HEHHS.

3apHcsamuil 0T BpeMeHH nepBhii HHTerpan (BooOie roeops, He-
ABTOHOMHOTO YypaBHEHHS) — 3T0 (YHKLHS B paclIHpeHHOM (aso-
BOM TIPOCTPAHCTBE, IIOCTOSTHHAS Ha HHTErpasjbHBIX KPHBBHIX.

Iloarodi cucremoil nepsvix uxtTeeparogé puddepeHHaNbHOTO
ypaBHeHHs (aBTOHOMHOrO HJH HeaBTOHOMHOIO), 3aBHCALIHX HJIH He
3aBHCAIIHX OT BpeMeHH, HasHBaeTcs TakoH Habop nepBHX HH-
Terpanos, Yyto J00i# [pyroil nepBHIl HHTErpan siBasiercst ¢yHK-
uHell OT IlepBHIX HHTerpasjoe nabopa.

[Ipumep. ¥YpaBHeHHe X=X, =Y Ha IJIOCKOCTH HE HMeeT Hemo-
CTOSSHHBEIX (OTJIHYHBIX OT KOHCTAHTH) HEPBHIX HHTErpasoB, He 3a-
BHCSIIIHX OT BpeMeHH. To ke ypaBHEHHE HMEET HOJHYIO CHCTEMY
H3 BYX 3aBHCSIHX OT BPEMEHH INEPBHIX HHTErpanioB, a HMEHHO
xe™', ye~*.

1.8. HuddepennuanbHbie YpaBHeHHS) ¢ KOMILJIEKCHBIM BpeMEHEM.
Bextoproe nose, 3ajannoe B o6aactd npoctpaHctBa C", HasniBaert-
Csl 20A0MOp@HBIM, eClH ero KOMIOHEHTH — rosjoMopdHbie ¢yHK-
uvd. AHANOrHyHO omnpejessiercst rojaomop¢Hoe otobGpamxenne U-—»
W, UcC", Wc=Cm,

JdudpdeperunanbHblM  ypaBHEHHEM ¢ KOMILIEKCHBIM BpeMeHeM
(nnH KOMNJNEKCHEIM aBTOHOMHHM YypaBHEHHeM) HasHBaeTCsi ypas-
HeHHe BHJA

Z —v(2), z€UcCC, teC.

Bce ompenenenust nmn. 1.1—1.7 nepeHocaTcss o4eBHOHHIM o0Opa-
30M C BeleCTBEHHBEIX ABTOHOMHHX YpaBHeHHE HAa KOMHJEKCHBIE.

1.9. TonomopdHbie noJisg HanpaBJieHHH B KOMIINMEKCHOW 00J1acTH.
lonromoproe nore HanpaBaeHutli — 3TO0  COOTBETCTBHE, KOTOpPOE
KaXxnou Toyke HekoTopoid obaactu U npocrpanctea C" conoctas-
JisieT NPOXOMSINIYI0 yepe3 Hee KOMILIEKCHYIO NPSIMYyIO, aHAJHTHYeCKH
3aBHCAILLYIO OT TOYKH. JTO 3HAYHT, YTO B OKPECTHOCTH KaKIOH
Touki o6nactH U mMoxHO T2k BHOpate rosoMopHyo cHCTEMYy KO-
OpJIHHaT, YyTO NpsiMas, NpOXoAsiuias yepe3 Touky U, uMeer Ha-
npaeasomwiuil Bektop (1, va(2),..., vU,(2)); PyHKuMH v; romso-
Mopubl. HHTeepasrbHOL KpusoLl e0A0MOPPHO20 NOAS HANPABAEHU]
Ha3bIBaeTCsl rOJIOMOP(Hast KpHBasi, KOTOpasi BO BCeX CBOHX TOYKax
KacaeTcst HanpapJieHH# MoJsi, CBsi3Ha H MaKCHMAaJlbHa, TO eCTh He
sIBIsieTcs1 COOCTBEHHBIM NOJIMHOXKeCTBOM CBSI3HOH  roJjioMop(BOH
EPDHBOH, Kacalolleicssi BO BCEX CBOHX TOYKaX HanpaplieHH#l HOJS.

IIpumep 1. Ilone Hanpabnenuil, 3anaBaeMoe 3HAJEepOBHIM
BEKTOPHBIM TNOJeM 210/02;+42,0/0z,, onpeneneHo Ha INPOKOJOTOH
nnockoctH €2\ {0}. Ero HHTerpaidbHBIMH KPHBHIMH SIBJASIIOTCS Npsi-
Mble, NPOXOAsiliHe 4Yepe3 HyJb, C BBHIKOJOTOH TOYKOH HYAb. ITa
TOYKa, MO ONpejeseHHI0, He NPHHAMJIEXHT HHTETPAJbHHIM KDHBHM,
NOCKOJBKY NOJe HanpaBJeHHH He NpOAoJKaeTcs B Hee aHaJHTH-
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yeckd. Touka {0} He TNPHHALJNEKHT HMHTErPAJbHEIM KPHBHIM, XOTs
ee no6GaBieHHe OCTaBJAsieT KPHBBe TOJOMOP(QHHIMH.

I[Ipumep 2. VMHTerpasbHHIMH KPHBHIMH HOJs  HalpapJeHHi
dH=0, roe H(z, w)— MHOrouJeH, #iBJSIIOTCA JHHHH YpOBHSI MHO-
rounena H 6e3 uUX KPHTHYECKHX TOYeK. IJT0O — KOMIAKTHHE pHMa-
HOBEI TIOBEPXHOCTH C BHIKOJOTHIMH TOYK&MH.

TeM caMbiM, HHTErpaJbHBIE KpPHBHIE TNOJISI HanpaBJIeHHH B KOMII-
JIeKCHO} OO6JIacTH TONOJOru4eCKH MOryT OBITH CJIOXKHee, YeM Be-
lIlecTBEHHbIE HHTErpasibHble KPHBLIC, KOTOphIe BCerja roMeoMOp(HE
npsimoit R. OTMeTHM, uyto BellleCTBeHHble (a30Bble KpHBHE JHOO
TOINOJIOFHYECKH 3KBHBAJEHTHHl NPSAMOH HJH OKPYXHOCTH, JHOO Co-
CTOSIT H3 OJHOH TOYKH.

1.10. JuddepeHuuanbHble ypaBHeHUs BHICIIMX TOPAAKOB. [lud-
depeHUHaABpHOC YDaBHEHHE

XMW= f(t, x, X, ..., x0D), x€R, (3)

CBOJAMTCSH K CHCTeMe Bp/ia (2) C NOMOIbIO 3aMeHbl [f=—=(X, X, ...
«. o x=D) Torpa

y=Ay+ f(t.y) e, e,=(0,0,...,0,1),

MaTpHia A — JXOpJaHOBa BepXHETPeyroJibHast KjeTka ¢ HYJsIMH Ha
auaroHanH. PeiueHne ypaBrHeHHst (3) ¢ HayaJbHBIM  YCJOBHEM

x(to) =yo, Xx(Ls) =y1,..., x" V() =Yn—1 — 3TO NepBasi KOMIIOHEH-
T& pelleHHsi COOTBeTCTBYIOLleH CHCTEMH C HAayaJbHBIM  YCJOBHEM
Y(to) = (Yo, ..., Ya—1). OCHOBHHE TEOpEMHl IJIl YPaBHEHHI BBHICIIHX

NOPSIIKOB BHBOAATCA H3 OCHOBHBIX TeOpeM AJSA CHCTeM ypaBHEHHH
NepBOro NnopsiKa.

1.11. JuddepeHunasbHbie ypaBHEHMs] Ha MHorooOpasuu. Bcee
onpenejieHHsl npefbAyLiux pasfesoB o0o6uIalOTCH HA Ciyyal, KOr-
Ia BMecTO 00s1aCTH BelileCTBEHHOTO HJH KOMIIIEKCHOrO JHHEHHOro
NPOCTPAHCTBA pacCMaTpHBAEeTCsl BELIECTBEHHOE HJIH KOMILJIEKCHOE
MHOroo6paswe M. Hamnpumep, aBroHOMHOe auddepeHUHANBHOE
ypaBHeHHe 3afaeTcsi BEKTOPHHM [oJieM Ha MHorooOpasuu (ceye-

HHeM KacatelpHOTo paccioeHusi). TlogpoOHocTH MOXHO HalTH
B kuurax [7], [24], [47].

§ 2. OcHoBHBIE TeopeMbl

B 310M naparpade H3naraetcss TeopeMa O BHIpPSAMJEHHH BeK-
TOPHOTO TOJsI H CHENCTBHS H3 Hee. Bcioay nns mpocrorn ¢opmy-
NHPOBOK Tpebyercst rnaakocts (To ecte OecKoHeyHas aAugdeperiH-
pyemMoCcThb) paccMaTpHBAeMBIX BEKTOPHHIX mnosefi. OgHAaKO BCoay,
Kpome n. 2.6, nocrarouno norpeboBarts tospKO C! — raanxoctu
noseii; B 1. 2.6 HeoOxonwmbie Tpe6oBaHHS TJIaAKOCTH CHOPMYJH-
pPOBaHBl SIBHO.

2.1. Teopema 0 BHIIpPAMAEHUMH BEKTOPHOrO MNOJIS.

OcHoBHas TeopeMa TeOPHH OOGHIKHOBEHHEIX AHM(pEpEHIH-
aJbHHX ypaBHeHui. ‘
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B [0CTaTOYHO MaJioil OKpeCTHOCTH Heoco60il TOUKH HHQ¢epeHUHpY-
eMOe BEKTOpHOe mnoJie nHd¢peoMOpPHO TNOCTOSHHOMY MO &=
=(1, 0,..., 0). IpyruMu cloBaMH, B HeKOTOpPO#i OKPeCTHOCTH He-
ocoboit Touku cyuiectByeT nu¢deoMopdu3M, NepeBOMSILIHA HCXOI-
HOE 10Jie B NoJie e;.

JudpdeomopdusM B 3TOH TeOpeMe HA3BIBAETCH BbLILPAMALIOUUM.

AnanornyHasi TeopeMa BepHa AN TOJOMOPGHBIX BEKTOPHHX
noneii. Ecnn ucxoaHoe none — kaacca Cr, 1<Cr<Coo, TO BHINPAM-
AstioitHit [ubdeoMopdusM TOxKe MOXKeT Obith BHOpaH knacca C.

JanvHeiitine TeopeMH 3Toro naparpada sBAAIOTCS MPOCTHIMH
CJACJICTBHAMH TE€OpPEMbl O BHIPSMJICHHH BEKTOPHOTO IIOJIA.

2.2. Teopema cyniecTBOBaHMSI H €IHHCTBEHHOCTH.

Teopema. Uepes KaxAyw TOYKY paciuHpeHHOro ¢asoBoro
npocrpalcTBa nNubdeperuupyeMoro (roaoMop@HOro)  BEKTOPHOrO:
[OJISt MPOXORAHT OfHa W TOJBLKO OfIHa HHTerpasbHas KpHBasi COOTBET-
cTByoLlero nH¢p¢epeHIHANbHOIO YpaBHEHHS C  BELIECTBEHHHM
(KOMILIEKCHBIM) BpEMEHEM.

Teopema. Yepes kaxayw TOyky ob6jactH, rne 3alaHO Be-
ulecTBeHHOe AHQdepeHUHpyeMOoe HJIH KOMILIEKCHO-aHaJHTHYECKOE
noJie HanpapJeHHH, NPOXOAHT OAHA H TOJBKO OAHA HHTErpanbHas
KpHBast 3TOro MNoJsl.

Teopema cTaHOBHTCS HeBepHOH, eciiH B ee (POpPMYJIHPOBKe IO-
Jie HanpamJeHHH 3aMeHHTh Ha noje ILIOCKOCTeH., [losne naocko-
CTetfi — 3TO COOTEETCTBHE, CONOCTABJsIOIlEe KaxXAoH ToYyke 006-
J1aCTH BEKTOPHOTO NPOCTPAHCTBa NPOXOAAILYIO yepes3 Hee IMJOCKOCTb.
WurerpanbHast NOBepXHOCTh NOJsl NIIOCKOCTeH — 3170 AH$depeHiH-
pyeMasi MOBEPXHOCTh, KacaTtesqbHOe MPOCTPAHCTBO K KOTOpoH B
KaXXJIOH TOYKe COBMNAAaeT C IJIOCKOCTBIO MOJIA.

ITone nnockocteit obulero NOJOXKeHHST PasMEPHOCTH 2 HiH BHI-
nle He HMeeT HH OJIHOH HHTerpassHOil nosepxHocTH. [lpumep: noae
Hysneit popmel dz—ydx B R3. [locraTouHBle ycnOBHS CYLlecTBOBa-
HUSI HHTErPaJbHBIX NMOBEPXHOCTel NocrasiasieT TeopeMa PpobGeHHy-
ca [8], [47].

YcnoBHe TIJIafKOCTH OpaBoil YacTH B NPEABAYILHX TeopeMax
MoxeT OHTB ocsiabneHo.

-Onpepnenenne. Orobpaxkenne f:U—->W, UcR", WcR™,
YIOBJETBOPSiET ycA08ur Jlunwuya, eciu CylecTsyer TaKas IOJIO-
XKHTeJIbHas KoHcTaHTa L, yto

[F (1) —F (x2) | <L | x1—22]

a8 Beex x, €U, x.€U.
Teopewma. Ilycts npaeast yacte ypaBHEeHH:A

x=v(t, x) 2>

B HekoTOpo#l obJsiacTd npocrpanctea R”*! HenmpephBHa u yIOBJeT-
Bopsier ycaoBHK JImiuHua no x (To ecThb B KaXXIOH IJIOCKOCTH
t=const) ¢ omuoit M Toi e KoHcTaHToH L. Torma yepes KaxKAyw
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To4Ky obnacti U NPOXOAHT 0jAHa M TONBKO OJHA HHTErpanibHas
KpHBafi ypaBHeHHs (2).

Ecny npaBas 4acTe ypaBHEHHs (2) TONMBKO HENpephiBHA, TO H
TOrfa yepe3 Kaw Iyl TOYKY NPOXOAHT XOTs Obl OflHE HHTErpalibHask
gpusasi. OJ/iHaKO €IHHCTBEHHOCTb HapyllaeTcs, KakK MOKa3hBaeT

mpuMep ypaBHeHHs x=x/3 (puc. 1).

2.3. Teopema O BHIIPSAMJAEHHH MOJS HANPaBJieHUH.

Teopema. Kaxpas touka 00aacty,
rI€ 3aMaHO BELIeCTBEHHO H(pdepeHuupye-
Moe HJIH KOMILTEeKCHO-aHaJHTHYECKOEe ToJe
HanpapJieHHil, HMeeT OKPeCcTHOCTb, B KOTO-
poit cyuecteyer Au(pbdeomopPHsM (COOT-
BeTCTBEHHO, OurosioMmoppuoe oTo0Opaxke-
HHe), MepeBOUAIME MHTerpanbHbie KpH-
BHe BEKTOPHOTO nojsi B NapaJJelbHble

ApsiMble.
Puc. 1. Hapymenue ITose nnockocTeli pa3MepHOCTH Bolile 1
€AKHCTBEKHOCTH. BHIIpSAMJsieTC He BCerja (npHmep— noJe
dz=ydx B R3).

2.4. MNpubiaukenHoe pemeHde AHGGEPEHIHANBHBIX YPaBHEHHI.

a) METerpMpoOBaHHe C TOMOMHbIO CTENEHHB X Pp4dA-
Il 0 B.

Pemenne nuddepeHnnansHoro ypaBHEHHS C  AHAJHTHYECKOH
IIpaBOH YacThld MOXHO HCKaTh B BHJE CTENEHHOro psalia MeTOLOM

HeonpejeNeHHBIX Koac¢oduuuentos, Hanmpumep, noicrabisis B X=X
paxn 14-a,f+ ..., nocienosatenbHo HaxoAuM K03Q¢HUHEeHTH a;=1,
ao=1/2,...,ap=1/k! pemwrenns ¢ HayaapHbIM YycloBHem x(0)=1.

6) Jlomarnne Iitnepa.

JlomaHEle DilJlepa COCTOSIT H3 OTPE3KOB, BO3HHKAIOUHX MpH am-
TIPOKCHMailHH pelieBHrst JUHeHHHMH (QYHKIHSIMH Ha 10CJae0BaTeNb-
HBIX MaJblX OTpPe3KaxX BpEeMEHH.

Bwmecro nugdepennHanbHoro ypasHeHHs1 (2) pacCMOTPHM pas-
BHOCTHOE

Qrp1— =V (fh, ipk) h, ty==to-} khA.

13 3TOro ypasHeHHs1 H HAYAJIBHOTO YCJAOBHS o ==Xo NOCJAELOBATENbHO
HaxXolsTCs @y, P2, ..., Pn. JIOMaHast ¢ BepiIHEAMHu (fy, gr) Ha3bl-
Baercs Aomaroll Jdasepa. Ha pocratouno mManom otpeske (NA<Ca)
JioMaHble Jitjiepa paBHOMEpPHO CXOAATCA npu A—0 K HHTErpasibHOH

KpuBofi nupdepeHnHanbHoro ypaBHeHust x=v(f, x), npoxonsiueH
gepes HavyaabHyio TOUKY (fo, Xo) (AJst CXOOMMOCTH MOCTATOYHa He-
NpepLIBHOCTDL U).

Bénblyio TOYHOCTL PH MaNOM Liare A Jal0T pa3sHOCTHBIE YpaB-
HEeHHs, anNPOKCHMHPYIOIHE pellleHHs MHOTO4YeHaMHu 60Jiee BRICOKHX
crenenel, yeM nepsasi, HanpuMep, onHa H3 Hanbosee ynorpebHTENb-
siblx ¢opMyn meroda Pynee—KyTTa Tak 3anaer BepuUIHHY JIOMaHOMH
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(x+h, y+Ay), crenyromyto sa (x,y) [13, c. 455]:
1
Ay=§(k1—{—3k2—l—3k3+ 1)s

rAc

h
hi=ho(x,y), B=ho'x+4, 4+ 5),

2h k, .
ky—ho | x+ 55 y— 3 +k.2), Ra=ho(x-+h, y-+B—E,E).

Boiynciennoe no stoit gopmyse npupaiuenne Ay npubnukaer npH+
palleHne HCKOMOT'C pelueHusi ¢ TouHocthio O (A5).
B) MeTon nocaelnoBaTeNbHBX NPHOJTHUNKEHH .
PaccMOTpUM  mociiefoBaTesnbHOCTH  OTOGpamenust ¢y : /—R%,
3aJlaHHBIX PeKypPPeHTHO:

V()="%0, Pun(t)=%o+\ 2@, % (@) .

Otobpaxenust ¢, Ha3bIBAIOTCS NMUKAPOBCKUMH NPHOJHXEHUSIMH pe-
IUeHHS] (@ YpaBHEHHsi (2) ¢ HayaabHbiM ycioBHeM ¢ (fp) =x¢. Ecan
uHTepBas I QOCTAaTOYHO MaJ, TO NOCAEA0BATEJBHOCTh NHKAapOBCKHX
mpHOTHKEHH PaBHOMEPHO CXOAMTCS K PellleHHI0 ¢ HAa HHTepBaje
I He Me[JleHHee TeOMeTPHYECKOH NporpecCun co 3HaMeHarte eM, Npo-
NOPLHOHAJILHBIM AJArHe uHTepBaJia. (Ha camom nese, nHKapoBCcKHE
npubIHXeHusI cXoasTcs OBicTpee NIOO0OH NPOTrpecCHH.)

2.5. TeopeMa 0 NpOAOCJKEHHH.

Onpenenenne. Ilpodonsenuem pemenusi ¢ AvddepeHns-
aJlbHOTO yPaBHEHMSI Ha3bIBAeTCS pellieHHe, onpejlesieHHOe Ha 60Jb-
IeM HHTEpBalie OCH BPEMEHH H COBHNAjaroiliee C ¢ Ha HHTepBaje
onpeneyiendst ¢. ITponoikeHne HasbBaeTCs HeOrpaHHYEHHBIM BIIpa-
BO (BJIEBO), €CJH OHO ONpelesieHO Ha HEOTPAaHHWYEeHHOM BIpaBO
(BeBO) nyue, BeleCTBEHHOH ocH. Peuiende TNpopokaercsi IO He-
KOTOpOro moAMHOXecTBa (as3oBoro npocrpalcTBa (MIM pacliHpeH-
HOro ¢a3oBOro NpOCTPaHCTBA), ecyiM CcyliecTByeT TaKoe ero Nnpoao-
JKEHHe, YTO COOTBETCTBYIoHlas ¢a3oBasi KpuBasi (HHTerpaJjbHasi KpH-
Basl) mepecekaeT YKazaHHOE MHOXECTRBO.

Teopewma, Ilycte npaBas yactk ypaBHenus: (1)

x=v(x), xeUcR"

IndpdepeHurpyeMa 1 K — KoMnakThoe 3aMblKaHHe Nomobjactu 00«
Jactu U, conepxkameecsa B U. Toraa kaxmoe pelileHHe YpaBHEHHA
(1) ¢ mavanpubiM ycaoBHeM u3 K mponosskaercsi BIpaso (BJIEBO)
Jn60 10 rpaHHnbl MHOXecTBa K, 160 HeOrpaHHUYEHHO 10 BpeMEeHH.
Peuienne HeaBTOHOMHOrO ypaBHEHHsi ¢ HAayalbHEIM YCJOBHEM H3
KOMNnakTa B paclIHpeHHOM (Hpas30BOM MNPOCTPAHCTBE NPOLOJIKAETCH
A0 rpaHHUBl 3TOro KOMIIAKTa.
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3avmeuvanne JudpdpepeHunanpuble YPAaBHEHHS CO CKOJb YIOI-
HO IJIaJKOH MpaBOM 4acThI0 MOrYT HMeThb PelIeHHs, He NpoJoJiKae-
MBbi€ Ha BCIO OCb BPEMEHH.

ITpumep. Penlenre ypaBHenus Xx=x2? yxonutr Ha 6ECKOHEYHOCTh
3a BpeMms t=x(0)"1

2.6. Teopema o puddepeHUNPYEMOII M aHAJHTHIYECKOR 3aBHCH~
MOCTH PEINEHHH OT HAYaJbHBIX YCJOBMii M mapameTpoOB.

Teopewma. Paccmorpum cemefictBo auddepeHnHalbHblX ypas-
HeHHH

i=v(t, x, a), x6U, U<R", (a)

3ajlanHblX B (pasoBoM npocTpaHcTBe U BEKTOPHBIMH MOJSIMH U
knacca C7, nudpdepenuupyemo (kmnacca Cr) 3aBHCSINHMH OT mapa-
MeTpa a€A, rie A — 061acTb B BEHIECTBEHHO JIHHEHHOM KOHEYHO-
MepHoM npocrpaHcTBe Re. Torpa penieHde ¢ ypaBHeHHsi (a) ¢ Ha-
qaJbHHM ycraoBHeM ¢ () =x auddepenunupyemo (xaacca C7) 3aBu-
CHT OT !, X, @ NPH JOCTAaTOYHO Manslx |f—io|, |x—xo], la—ag| -A

AnanoruyHasi TeopeMa BE€PHA IJISl YPABHEHHH C KOMIJEKCHBIM
BpeMeHeM, Toieko U u A siBasiiores: obmnactsimd B C* u C® cooTBerT-
CTBEHHO (@ — KOMIJIEKCHAsl Pa3MEepPHOCTb NPOCTPAHCTBa IapaMer-
POB), a BeKTOp-QyHKUHs v roJiomMopdHa B 06JacTH, IPHHAIJEXKA-
e npsimoMy npousBenennro CX U XA.

2.7. YpaBHenue B BapHauMsix. YpaBHeHHE MAJisl MNepBO# IPOH3-
BOJIHOH DelIeHHsI MO HaYaJbHbIM YCJAOBHSIM MOXHO JIerKo BHIIHCATh

ABHO. A HMeHHO, NyCTh ; — PElLIeHHe ypaBHeHHs Xx=U(f, x) c Ha-
yaibHbIM ycaoBHeM @ (0) =E. ®Pukcupyem § H IOJOXKHM

09 (1)
X(t)= 6§ §=-xo’
X (t)—mvmefinnifi onepatop R"—R”, 3aBucsmuit ot £. OneparopHo-
3HauHa OGyHKuMA X yAOBNETBOPSIET CJEAYIOUEMY YPAGHEHLO
8 sapuayuax:

X@)=A@)X (@), rre A@F)=(00/9x)|x—g, ()

DTO— JMHEHOe ONHOPOJHOE HEAaBTOHOMHOE ypaBHEHHE.

3anvuieM ypaBHEHWs] B BapHallusix ANsl MPOH3BOAHON peLUeHHA O
napaMetpaM. IlycTh @g,r —pellleHHe ypaBHEHHsi (@) C HayaJbHBIM
ycaoBHEM Py ¢ (()=E. PUKCHpYEM §=X¢ U @==0¢ H NOJOXKHM

09g o (£)
Y(t):——%%__'— E=xo
Q=g

Y (t) —umeinsii onepatop R*—R?, saBucammit or £. OnepaTopHo-
3HayHasi PyHKuusi ¥ YHOBIETBOpAET CJeAYIOLleMy ypaBHEHHIO B Ba-
pHALHSX

Y ()=A@)Y ()+b(t), rae A(t)=(00/9X)|x=gq, 5t
b (t)=(0v/00a) |

x=(pa0sx0(t).
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310 — JIHHeflHOe HEOQHOPOIHOE HEaBTOHOMHOEe YpaBHEHHE.

2.8. Teopema © HenpepbIBHOI 3aBHCMMOCTH. EclH B mpenblay-
e TeopeMe 3aBHCHMOCThL IOJISI U OT mapaMeTpa ¢ JHIIb Hempe-
pblBHAf, TO TOrAa M 3aBHCHMOCTL pEIUEHHSl OT NapaMmerpa Henpe-
pHIBHA.

3aBHCHMOCTh PelUICHHS] OT HayaJbHOro YCJOBHS AJS yPaBHEHHS
¢ auddepeHnHpyeMoil mpaBOH 4YacTbi BCErAa HE TOJBKO Henpe-
pblBHasl, HO U Au$depeHuupyeMas.

2.9 Teopema o J0kaJbHOM (a3oBoM noToxe. F3 Teopem cymect-
BOBaHUsl, €JHHCTBEHHOCTH H MG ¢eperuupyeMoit 3aBUCHMOCTH pe-
UIEHHH OT HayaJbHBIX YCJOBHI cilenyer, 4TO Juddeperuupyemoe
BEKTOpPHOE NOJie B OKpecTHOCTH Jiio60#i TOYKH ¢(pa3oBOre mpocTpas-
CTBa 3aJlaeT JIOKaJbHBlH (a30BHH NOTOK

2.10. Teopema o nepBbIX MMTerpajax. ABTOHOMHOE ypaBHEHHE C
nuddepennupyemMoil npaBo# YacTbio B HEKOTOPOHM  OKPECTHOCTH
Ka)XJ0H HeocOoOOH TOYKH n-MepHOro ¢asoBOro NpOCTpPaHCTBA HMEET
(0JIHYIO cHcTeMy H3 (n—1) GYHKIHOHANEHO HE3aBHCHMBIX H HE 3a-
BHCSIIMX OT BPEMEHH NepBHIX HHTerpajioB Iy, ..., In—i. Pasosbe
KpuBble ypaBHenusi (1) B 3TOH OKpecTHOCTH 3afatoTcsl CHCTEMOH
Li=cy, ..., Inqi=Cp-1.

Iasi HeaBTOHOMHOTO ypaBHeHusi (2) ¢ n-MepHbIM  (pa30OBHIM
NPOCTPAHCTBOM CYIUECTBYeT INOJIHAasf CHCTEMa H3 n 3aBHCSIIHMX OT
BPEMEHH JIOKAJbHBIX (PYHKIHOHAJbBHO HE3aBHCHMBIX TIEPBHIX HH-
terpajio Iy,..., I,.. CucreMa I,=q,..., I,=¢, 3amaer JOKalb-
Hble HHTErpaJbHble KPHBbIE YPaBHEHHS.

§ 3. Jluneiinole puddepeHHaTbEbIe YPABHEHHS

JIunefinole aBTOHOMHBIC YpaBHEHHs — €IBa JIH HE eIHHCTBEH-
Hblili 6osblIOf KJace AuddepeHuHaNbHBIX YPaBHEHHH, AJS1 KOTO-
PBIX HMEeTCsl MOJIHASi TeOpHs. IJTa TeopHs, SBJSIOUASCH, B CYII-
HOCTH, BETBbIO JIHHEHHOH anreGpbl, NO3BOJISeT NOJHOCTBIO PEIIHTE
BCE JIMHEHHble aBTOHOMHblEe YpaBHCHHUSL.

3.1. dKcnoHeHta JauneiiHoro omeparopa. Ilycts V—n-MepHoe
BEL[eCTBCHHOE MJIH KOMILJICKCHOE NpPOCTPAHCTBO, HAJICJIEHHOE ©B-
KJHIXOBOH HJH 3PMHTOBOH CTPYKTYpOHl COOTBETCTBEHHO, |-| — Hop-
Ma BeKTOpa B 3TOM NPOCTPAHCTEE,

Hopmoi auneiinoeo oneparopa A :V—V HasblBaeTca cymnpe-
MYM:

| All= sup | Ax)

ITOT CynpeMyM NOCTHraercsi BBHAY KOMIAKTHOCTH KOHCYHOMED-
HOM cdepHl.

[MocaenoBatensnocTh JHHEHHBIX onepaTtopoB Ap: V-V cxonur-
csi K onepatopy A : V-V, ecnn [JA,—A||—0 npu k—-oo.

OnpeneaneHHuedkcnonenrol nuneitnoro onepatopa A : V-V
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HasblBaeTcs oneparop U3 V B V-

Az A*
eA—'—'—E-'—A“'r-Q-'!—'"'}—...—}—-E-!—“ .eey
rje E — ToxXnecTBeHHbI onepatop: Ex=x.

SDKBHBAJE HTHOE onpejesente:

. AR
A__ mE l
¢ k]iml\ kJ )

3.2. Teopema 0 cBsiI3H (ha30BLIX NOTOKOB JIMHEHHBLIX BEKTOPHbLIX
noJiei W IKCIMOHEHT JHHEHHBIX ONepaTopos.

Teopema. Jlwbas opnonapameTpuueckass rpynna auddeo-
Mop¢hH3IMOB, cocToAas M3 JHHEeHHBIX npeobpasoBaunuit gt: V-V,
nMeeT BUI: gi=e4t, rne A: V-V — HekoTopblii JHHEHHBIN onepa-
Top (mpoM3BOAAIIHH oneparop Trpynne). PellenHe JHHEHHOTO
ypasHeHus x=Ax, x€V ¢ navaneubiM ycioBHeM ¢(0) =& umeer Bua

P (£)=e'L.

3.3. Kommaekcuepukanuua (pa3oBOro ImnpocTpaHcTBa. Homn-
Aexcugurayuell  BelleCTBEHHOTO  N-MEPHOro  JIHHEHHOTO Ipo-
cTpaHcTBa V na3blBaeTcs 7n-MepHOE KOMIIGKCHOE MPOCTPAHCTBO

‘v, KOTOpO€ CTPOUTCS CJeAyiollinM obpa3om. Touxku mnpocTpaHCTBa
V —310 naps (&, 1), o6o3Hauaemeie §-+in, EEV, n€V. Onepauun

CIIOXEHHS! H YMHOXEHHSI Ha KOMIUIEKCHblE YHCJia Onpe/eNsioTcs
o6puHEIM CcriocoBom.

Komnnexgﬂcpntcaunﬂ JmHeliHoro onepatopa A:V —V —s3T10 oOne-
patop “A:*V -V, neficteylomuii no CHeAYIOUleMy INpaBHJY:

CAE-+in)=AE+iAn.

Pemenns JHMHCHHOrO aBTOHOMHOrG YpaBHEHHMSl IPOAOJKAIOTCS
HeorpanuyenHo. Jlajiee noj peuieHHeM JIMHEHHOrO ypaBHEHHS IO-
HMMAaeTCcsl pelleHHe, ONpejleJleHHOe Ha BCel OCH BPEMEHH.

M3 teopembl n. 3.2 caelyeT, uTO NMPOCTPAHCTEO PEIICHMH ypaB-

HeHuss X ==AXx, X6V, imnejtho n n3omopdHo V. Basuc B 3TOM mNpo-

CTPAHCTBE HA3HBACTCH PYHOAMEHMAAbHOL cucmemoli peweniil.
[lepexon ot ypaBneHus

x=Ax, X€eV,
K ypaBHEHHIO

z="Az, z€eV, (4)

Ha3bIBAETCH KOMIVIEKCH(HKaIHeid (BpeMsi 0CTaeTCsl BeLleCTBEHHHIM).
Komnexcuduuuposanuoe ypasHenue (4) OTHOCHTENBHO 2 ==X -+

-} iy SKBHBaAJEHTHO CHCTeMe X=AXx, y==Ay (x€V, yeV).
JluneifHoe aBTOHOMHOE ypaBHEHHE C KOMILIGKCHHIM (Da30BHIM
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IIPOCTPAHCTBOM (HampuMep, ypaBHeHue (4)) Jerko pemaercss mnepe-
XOAOM K KOpRaHOBY Oasucy.

C
Ilyctp &, ..., E;—moplanoBa lenoyka onepatopa A ¢ cob-
CTBEHHBIM YHCJIOM A, TO €CTb TaKas NOCJeAOBaTENbHOCTH BEKTODOB,

y10 oneparop ‘A —AE (rle A— KOMIUIEKCHOE YHCJIO) NMEepEeBOAUT HX
Apyr B Apyra:

N !

BexTtop &; Ha3mBaeTcsi COOCTBEHHBIM, @ OCTalbHblE BEKTOpHl 1€noY-
KM — IPHCOEAHHEHHBIMI BEKTOpaMH COOGCTBEHHOTO yucia A.
Bexrop-QyHknus

t . H
z=eM (EG"I“T(EI"_ cee T Ei)

— peluenre ypaBHeHHs Z—""AZz C HayaJbHEIM YCJOBHEM E.

¥ KaxKAoro KOMIJICKCHOTO JIHHeHHOro onmeparopa ecTe 6a3HCc H3
JKOpIAaHOBHIX Henoyek. [losTomMy u3 pelmieduii ykasaHHOro BHIlIe
BHIAa MOXKHO COCTABHTh (PYHAAMEHTAJBHYIO CHCTEMY PelleHHH.

3.4. Cenno, y3ea, doxyc, uenrp. HeBolpoxaenHass ocobasi Toyka
JIMHEH{HOI'0 BEKTOPHOrO NOJISl Ha BEILEeCTBCHHOH NJOCKOCTH OblBaeT
OZHOTO M3 CJedyIOLIMX YEeTHIpeX THIOB: Ce0.10, Yy3en, (orkyc, yeHrp
(puc. 2). Ilyctb Ay u Ap — cOOCTBEHHBlE 3HAYEHHsT COOTBETCTBYIO-
1ero JuHeHHOTO onepaTtopa A, OTJHYHBlE OT HyJs B CHJy Npenmno-
JIOXKEHHs1 HeBBIpOXKJIeHHocTH. Tornma eciu A Ae<0, ocobasi Touka
ypaBHEHHS

x=Ax

—cenno (puc. 2a); ecau A; ¥ Ay BEUIECTBEHHB! M OJHOr0O 3HaKa —
y3ea (puC. 26, B, T'); €CJIH A H Ap HEBEUIECTBEHHH H He YHCTO
MHHMHB — QOKyc (puc. 21); ecan Ay H Ag YHCTO MHHMBI — LEHTP
(puc. 2e). Cpeznn y3J0B BHLIEJSIOTCS #OpOAHOBbL 3.6l MaTpulia
A s3KBUBaJlleHTHa JOPAAHOBOH KJeTKe mopsinka 2 (puc. 2B), u nu-
KPHTHYECKHe Y3Jibl: MaTtpunia A ckaasipra {puc. 2r). PucyHks
26—251 HapHCOBaHHBl AJ5 chayyasi, korga Rei; >0.

Bce 3Tu KapTHHKH, KpOMe nocJenHeil, COXpaHsIOTCS NPH MaJblX
BO3MYILIEHHSX, KaK MOKa3hBawT (OpMyJHpyeMble B rijiaBe 3 Teo-
pembl I'po6bmana—Xaprmana (P. Hartman) u Anamapa—Ileppona
(J. Hadamard, O. Perron).

3.5. ®opmyana JluyBuaas—OcTporpaackoro. Ilycte onepatop-
HO3HayHast (yHKUHS OIHOrQ MepeMEHHOro YJIOBJETBOpSieT ypapHe-
HHIO

X=A@{)X, telcR.

) TpanullHOHHOE Ha3BaHHe 3TOH HEBLHIPOXKAEHHOK 0CO60H TOYKH —— «BHIPOXK-
ILEHHHH y3eJ».
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I\ (=
PHE

* <0

Puc. 2.

a) ceano, 6) ysen, B) HOPAAHOB Yy3en, TI) JAHKDHTHYECKHR y3eJ,
1) ¢oKyc, e) ueHrp-

Torma onpenesutens W=det X (Ha3blBaemblll oOnpedesuresem
Bporckozo) yIoOBReTBOpsieT YPaBHEHHIO

W—tr AW, (5)

rne trA — cnen oneparopa A (cymma cofceTBenHbIX 3Hayenuit). M3
(5) cnepyer popmyia nus W:

W () =W (¢y) expj tr A (v)dr.

CnenctBue. O6oznayum yepe3 V(f) eBkiupos obbem o067a-
ctu gtM, B xoropywo nepeBoaut obsactk M (a30BHE NOTOK Bek-
TOPHOrO noJsi v (3aJaHHOro B O6J1acTH eBKJHIOBA MPOCTPAHCTBA).

Torna
W _( divods,
&M
rie dx —eBKJauoB 3aemeHT o0nema.

Vis ¢opmya (5) 4 ¥3 ypaBHEHMs B BapHallUSX MO HayaJbHOMY
ycaouio (. 2.7) chuenyert chpmyJIa Aas  MCKa)eHHss (a30BOro

obvema: sixobuan W (¢, x)=—=det { %i ) paBeH

{£.x)

W (t, x)=exp 5 (div v)o(g"x) d7.
0
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B uactrocty, eciu div =0, To $a30BBl NOTOK ypaBHEHHSA

x=v(x) coxpausier 06beM. Ecin divo<0 Bciogy B ¢daszoBoM npo-
CTpaHCTBe, TO npeobpasoBanue (a30BOr0 MOTOKA 34 MNOJOMKHTEJIb-
HOE BpeMs yMeHbllaeT 0ObeM. YpaBHEHHE Ha3HBaeTC B 3TOM
ciyyae OuccUnaTusHbLM,

3.6. Jlunelinbie ypaBHEHHsl BbLICIUHX NOpsSIKOB. PaccMOTpHM
nuddepennanLHOe YpaBHEHHe

x4 (£) x4 L 4, () x=0. (6)

MakcuMalbHHIH HHTEpPBaJ, HA KOTOPOM Bce KOI((HUHEHTH Q;
HENPEPHIBHLl, HA3BIBACTCH HHTEPBAJIOM HENpPEpPBIBHOCTH Ko3(p(HIH-
eHTOB ypaBHeHust (6). OH omnpezesieH HeOJHO3HAYyHO; HaNpHMED,
ecin a;(f) =¢!, To cymlecTByer [Ba HHTEpPBajla HENPEPLIBHOCTH
kos3¢pPpunuenton: (>0 u 1<0.

Teopema. Bce peluenus ypaBHenust (6), onpenefieHHbie B
HEKOTOPOH TOYKE MHTepBajla HEeNpepbIBHOCTH KO3()(HUIUEHTOB, MpPO-
N0JIKAIOTCS [0 peLIeHHi, onpejel/leHHBIX Ha BCEM 3TOM HHTepBaJe.

[IpocTpancTBO perienuit ypaBHenust (6), onpenesieHHHX Ha 00-
UieM HHTEpBaJle HENpPepblBHOCTH KO03()(UILHEHTOB, JHHEHHO H
n-MepHo. basuc B 3TOM mpocTpaHCTBe Hal3blBaeTcsl (pyHOameHTaNb-
HOU cucremol pewerutl.

IIycTe ¢y, ..., @n — CHCTEMa pelleHHI ypaBHeHHs (6). Qyukuus
Pr... %
W)=, T Fn

n—1 n—]).
q3{ ) LI (pf(l

Ha3blBaeTcsi onpedeaumenem Bporcrozo 31O cuCTEMH.
Popmyra Juysurra—QOcTpoepadckoeo:

W (e)=W O exp| —\a@ar .

§ 4. ¥YcroiituHBOCTb

31eck NpHBelEeHbl NpoCTeifllHe pe3yJibTaThl TEOPHH YCTOMYHBO-
ctH. bosee noapobHoe obcyxneHHe pa3HBIX BHIOB YCTONYHBOCTH
cMm. B [48], [71], [42].

4.1. ¥croituuBocTtb o JIsinyHOBY H acHMOTOTHYECKAS.

Onpenenenve. CrauuonapHoe pellieHHe aBTOHOMHOTO IH(-
(epeHLHAaNLHOIO ypaBHeHHs (pelleHde, TOXJECTBEHHO paBHOE MO-
JIOXKEHHIO PaBHOBECHSI) Ha3blBaeTcsl ycrouduusweim (no Jlanyuosy),
€ClIH BCe pelleHHs] 9TOro ypaBHEHUS! ¢ HAYaJbHBIMH YCJOBHSMH H3
JOCTAaTOYHO MAaJIOf OKPECTHOCTH yKa3aHHOrO IOJIOXKEHHS! paBHOBe-
CUsl OTIpelleJieHbl Ha BCeH MOJIOXKHTEJbHOH IOJIYOCH BPEMEHH H paB-~
HOMEPHO NO BpEMEHH CXOMSITCH K HCCIelyeMOMY CTalHOHapHOMY

27



pPEUIeHHIO NPH CTPEeMJICHHH HAYaJIbHOro YCJOBHSI K YKa3aHHOMY
NOJIOKCHHIO pPaBHOBECHS.

OnpenegeHnue. CranuoHapHOe  pelleHHe  Ha3blBaeTcs
ACUMATOTUYECKY YCTOLUYUBBIM, €CJIH OHO yCTOHYHBO 10 JIANyHOBY
H, KpOME TOro, BCE PElICHHs, ¢ XOCTATOYHO OJIM3KHMH K H3yuaeMoO-
My IOJIOXKEHHIO paBHOBECHS HAYaJbHHIMH YCJOBHSIMH, CTPEMSITCS K
3TOMY TIOJIOXXEHHIO PABHOBECHS! fIpH #—--+oo.

3amMeuyanue 1. OrnpeneneHue ycTOHYUBOCTH nNpeAyCMaTpH-
BaeT 3ajaHHe B (pa30BOM INPOCTPAHCTBE HEKOTOPOil METPHMKH, NpH
TIOMOLIH KOTOPOH onpeaesisieTcss paBHOMepHas cxonuMocTb. OIHako
HH YCTOHYHBOCTB, HH aCHMITOTHYECKAsl YCTOHYHBOCTbH NOJOXEHHs
paBHOBECHS OT 3TOH METPHKH HE 3aBHCST.

3ameuaHue 2. YcroitlyuBocTh (W aCHMNTOTHYECKasl yCTOH-
YHUBOCTH) CTALHOHAPHOrQ pELICHHSsI — JOKAJbHOEe CBOHCTBO BEKTOP-
HOTO TIOJI, 3alawulero nuddeperuHalbHOe ypaBHEHME, B H3yya-
€MOM IIOJIOKEHHH PaBHOBECHS: OHH He TepsiIloTCH W He TMpHoOpe-
TAIOTCS TIPpH HM3MEHCHHMH T10J1Sl BHe OKPECTHOCTH 3TOrO IOJIOXKEHHS
paBHOBeECHS.

3aMeuyanue 3. CTpemiieHde pelIeHHH K IOJOMXEHHIO PaBHO-
BECUSI TIPH f—o00 HENOCTATOYHO AJISi ACHMINTOTHYECKOH YCTOHYHBO-
CTH, KaxK MNOKasblBaeT pHC. 3 (M He SIBJSIETCS JIOKaJbHHIM CBOMCT-
BOM).

a d

Puc. 3. HeycrofiunBasi ocob6asi TOuKa, K KOTOpO#l CTpeMsTCH
BCe ()a30BHE KPHBHE C Ha4YajJIOM B €€ OKDPeCTHOCTH.

SameyaHHe 4. AHalloTMYHO NpeABAYIIEMY, ONpeAeNIsieTcs
ycroiiuuBocTe no JlsnyHeBy Jswoboro pewenuss groboro nuddepen-
UHaJBHOro ypaBHeHHsi (aBTOHOMHOro HJIM HET); 3TO -— paBHOMeEp-
Hasi CXOAHMOCTh pelleHHH Ha nojiyocH =0 K paccMaTpHBaeMOMy
pPellleHHIO IpH CTPEMJIEHHH HayaJbHBIX 3HAYEHHH 3THX PpelleHHH
npu =0 X HayaJbHOMY 3HAYCHHIO U3yYaeMOro peuieHHsi. PaBHo-
ME€pHasi CXOAMMOCTH 3JIeCh ONPEJEJNSIeTCs] NPH NOMOILIH HeKOTOpOi
METPHKH B ($a30BOM (HMJIH pacClIHPeHHOM (a30BOM) NpOCTPAHCTBE
(v mMHOrOoOGpa3uu). B oTAHYME OT ciyyasi MOJIOXKEHHS] paBHOBe-
CHsl aBTOHOMHOH CHCTEMbI, OnpejieleHHast TakKuM 00pa3oM yCTOHYH-
BOCTh 3aBHCHT OT BuOpaHHO#l MeTpukH. HamnpuMep, ycroitunsoe
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pellleHHe aBTOHOMHOTO YPaBHEHHSl C €BKJIHAOBHIM (a30BEIM NPOCT-
PAaHCTBOM MOXKeT CIeJaThCsi HeyCTOHUMBHIM mnociie ndddpeomopdus-
ma ¢aszoBoro npocrpanctBa. Takum o06pa3oM, yCTOHYHBOCTH IBH-
JKeHHsI 3aBHCHT OT KOODAMHAT, NPH TOMOIIH KOTOPHIX JBHXXKEHHE
OTNHCHIBACTCH.

Ananornynoe 3aMeyaHHe OTHOCHUTCSI K NOHSITHIO ACHMNTOTHYE-
CKOH yCTOHUHMBOCTH.

YerodyuBOCTE MEPHOAHYECKOro pelleHHs] aBTOHOMHOTO ypaBHe-
HifA (KaK # [1Ji CTALHOHAPHOTO pelleHHs) — MOHSATHE reoMeTpH4e-
CKOe, He 3aBHCsilee OT BEIOOpAa KOOPJAMHAT HJIM METPHKH B (pa3oBOM
npoctpanctBe. (Boobuie, Takass He3aBHCUMOCTL HMEeT MECTO BCH-
KHil pas, Korga 3aMblkaHHe (a30BOii KPHBOH KOMIIaKTHO.)

4.2. Teopema JisnyHoBa 06 yCTOWYHBOCTM NO NEPBOMY NPHOJH-
IKEHHIO.

Teopewma. Eciu onepatop JiHHeapu3anuuu AuddepeHLHpyeMoO-
ro BEKTOPHOTrO TIOJIsi v B 0c060H TOYKe umeeT COOCTBeHHBIE 3HAye-
HHS TOJBKO C OTPHIATEJBHOH BeIICCTBEHHOH 4acThid, TO 3Ta 0OCO-
Oasi TOYKa acHMITOTHYeCcKH yctofiunBa. EciM OOHO H3 yNOMSIHYTHIX
coOCTBEHHBIX 3HAUEHHH HMEeT MOJOXKHTEJIbHYIO  BEHIECTBEHHYIO
yacTh, To 3Ta ocobasi Toyka He ycTroHuuBa 1o JIsimyHOBY.

4.3. ®yuxuus Jisnynosa u ¢dyHkius Yeraesa.

Onpeneaenune. Hubpdepenuupyemass dyHkuus [ HazniBaer-
sl Ppyurkyued Jlanynosa piist 0coB60H TOYKH X¢ BEKTOPHOTO TOJSA U,
€CJH OHA Y/IOBJIETBOPSIET CJAEAYIOIINM YCJIOBHAM:

OyHknusi f onpeneiieHa B HEKOTOPOH OKPECTHOCTH TOYKH Xp H
}iMeeT B 3TOH TOYKEe CTPOTHH JIOKaJbHbIH MHHHMYM.

IiponsBoaHas ¢yHKUHY [ BAOJE BEKTOPHOrO IOJISI U B HEKOTOPOIl
OKPECTHOCTH TOUYKH Xy HenoJioxuredpHa: L.f<COV.

. Teopema ([49]). Ocobasi Toyka AuddepeHIHpyeEMOro BeKTOp-
HOTO TOJs, AJISE KOTOpOH cyluectByer (yHKUHS JIsanyHoBa, yCTO#-
4UHBa,

Onpenecaenne. [Oupdepenuupyemas ¢GyHKuusi [ maswiBaet-
cs1 pyHkyued Heraesa nnsi 0cobolf TOUKH Xo BEKTOPHOrQO IMOJsA U,
€CJIH OHA YIOBJETBOPSET CJAeAYIONIHM YCIOBHSIM:

yukuus [ onpenesieHa B obnactu W, Ha rpanuue Koropoii Jie-
KHT TOYKa Xg; Ta YacThb IPaHHUBl 3TOH 06JAaCTH, KOTOpAas JIEXKHT
CTPOrC BHYTPH JOCTATOYHO MaJOr0 lIapa C BLIKOJOTHIM LEHTPOM
Xy, SIBJSIETCS] KYCOYHO-TJIaAKOH THIIEpTIOBEPXHOCThIO KJacca C' u B
€e TOYKaX BEKTOPH TOJisl v Hanpablensl BHyTpe obuaacte (puc. 4);
f(x)—>0 opu x—xg, x€W; f>0 u Lf>0 Bcropy B W. °

Teopema ([71]). Ocobas toyka C!'-guddepennupyemoro
BEKTOPHOIO TI0Jis, IJIsi KOTOpoil cyulecTByeT ¢yHKuus Yeraesa,
HEyCTOHUYHBa.

4.4. Ocobnie ToukH oO1uero mosoxenusi. Oneparop A JHHeHHOH
4aCTH BEKTOPHOrO HOJIsi B 0cO0OO0i TOuKe ToJs OOLIEro MOJIOMKeHHS

D Tlpouspophol QYHKUHH BOJE BEKTOPHOIO IOJI Ha3HBaeTCs CKOPOCTb H3-

MeHeHHs QYHKUHH BAOJb (PasoBHX KPHBRX noJisi: Ly f(x) = it fogix|t=o.
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He HMeeT cOOCTBEHHBIX 3HAYEHHMH Ha MHUMOH ocH. B atoMm ciyuyae
npEMeHrMa TeopeMa JlsimyHoBa 06 yCTOHYMBOCTH 1O TMEpPBOMY
npubauxenutro. B kadectBe ¢ynkuuy JlsimynoBa (unn  (QyHKUHH
Ueraera) MOXHO B35ITh KBazpaTHuHyK (opmy. IlycTh KoMmmaekcH-
bunMpoBaHHHIt onepaTtop uHMeeT 6asHc U3 COOCTBEHHBIX BEKTOPOB.
Ecnu Bce coOcTBEHHBIE 3HAYEHHS JIEXKAT B JEBOH NOJYIJIOCKOCTH,.
TO B KayecTBe QYHKUHH JIANyHOBa MOXKHO B3SITb CYMMYy KBajpaTOB
MOAyJell KoopAuHAT B cobOcTBeHHOM OasHce (OrpaHHYEHHYIO Ha
BelllecTBEHHOe MOJANPOCTPAaHCTBO).

a 7

Puc. 4. O6nacts onpenenenuss ¢pyukuun Yerae-

Ba: TOHKHE JIHHHH H306paxalT  OBEPXHOCTH

YPOBHSI (QYHKUHH, TOJCTHE — PaHHUH O6JacTH
H asoBHe KpHBHE IOJA.

3ameuvanue. Eciau coGcTBennoro 6asuca HeT, TO WIS JIO-
6oro €>0 ecTb noytH coGcTBeHHBIH GasWc, B KOTOPOM MaTpHLa
OIepaTopa BEPXHETPEYrOJIbHAA W HaAJAHArOHaJbHBIE 3JIEMEHTH TIO
MOAyJII0 MeHblile e. IIpy n0cTaTOYHO MasnoM & cyMMa KBajapaToOB
MoOAyJNeit KoopauHaT B 3TOM Gasuce — ¢yHxuusi Jlsnymosa. [is
0cOOHX TOYeK OoOmero mnosoMeHuss cOOCTBEHHBIH 6a3HC ecTb.

Ilyctn onepatop A mmeer xoTst 65 OHO COGCTBEHHOE 3HAYECHHE
B npaBoi moaymiockocTd. Torga B KawectBe ¢yukuue UYeraeBa
FrOAMTCS Ta e (opMa f, paccmaTpuBaeMasi B NOJAXOMSILEM KOHyCe
W c Bepmnnoii 0 B npocrpanctee R* (puc. 46).

3amevanve. CrauMoHapHOe pelleHHe HEaBTOHOMHOTO ypaB-
HeHus X=Ax+[(¢, x), x€R", 1na xoTtoporo Bce cOGCTBEHHBIC YHCJIA
onepatopa A JieXaT CTPOTO B JIEBOH NOJYIJOCKOCTH, ACHMITOTH-
YecKH ycroiyuso, ecmd |f(f, x)|<<C|x|? npu Beex =0, |x|<a.
CrpeMiieHMe peLIeHHH X HYJI0 MNPH 3TOM S5KCIOHEHLHAJbHOE:
| () | <Ka(exp(—oat)) |@(0)| npu =0 mns awboro a>0 Tta-
Koro, 410 Bce Red; <—a.

§ 5. Huxam

B ¢usnyeckux cucTeMax, 3aKOH BOJIOLMH KOTOPHIX He MEHSIETCS
CO BpeMeHeM, MOTYT YCTaHaBIUBATbCS IEPHONHYCCKHE PEKHMHL.
MareMaTuueckoe OTNHCaHHE STOrC SIBJEHHS AAeT TEOPHS LMKIIOB
(BaM)KHyTbIX ¢asoBbix xpusbix), passuras A. Ilyanxkape (H. Poin-
caré).
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5.1. CtpoeHne (a30BbIX KPHMBBIX BellleCTBEHHbIX AmpGepeHun-
aJIbHBIX YPaBHEHHH.

Teopema, PazoBasi KpuBas BelleCTBEHHOro nudpepeHuHaNb-
HOrO ypaBHEHHsI X=0(X) C rJajakoil nNpaBoH 4acTbid JHOO COCTOHT
U3 OJHOH TOYKH, JHOO HH(DPeoMOpdHA OKPYKHOCTH HJH IIPSMOH.

Takum oOpasom, WHIWBHIYaJsbHas (a3oBas KpHBas ypaBHEHHS
C BellLleCTBEHHHIM BpeMeHeM BCerfia HMeeT INPOCTYIO BHYTPEHHIOIO
reOMETpHIO; CJIOXKHBIM MOXKeT ObITb TOJBLKO €€ pPAaclojioXkKeHHe B
¢ha30BOM NPOCTPAHCTEBE.

QazoBas KpHBas, nHpdeoMOp(PHast OKPYIKHOCTH, Ha3bIBAETCH
YUKAOM.

5.2. llpeo6pa3oBanue MOHOLPOMHH 3aMKHYTOH (ha30BOi KPHBOI.
MpeneanvHble HHKkABL. [IpennosOXHM, UTO riaJkKOe BEKTOPHOe MOJie
HMECT 3aMKHYTyIo (a3oByro KpuByiko (UMKJa). BoiGepem Ha 3toil
KPHBOH TOYKY H IIPOBEJEM Yepe3 3Ty TOYKY TpaHCBepcaJb K LUHKIY
(rnafiky0 THOEpPIOBEPXHOCTh, TO €CTh MNOBEPXHOCTH PasMepHOCTH
n—1, ecqu pasMepHOcTh (asoBoro IpocTpaHcTBa n). Pazosble
KpHBHIE, HAYHHAIOLHECS B TOYKaX TPaHCBEpCaJH, A0CTATOYHO OJH3-
KHX K HCXOMIHO# TOYKe LHKJa, BO3BpallaloTcsl Ha TpPaHCBepCalb.
ConocraBuM TOUKe TpaHCBepcanH (HOCTaTOYHO OJH3KOH K HCXOAHOM
TOYKE ILHKJa) NepBYI0 TOYKY BO3BPallEeHHS BHIXOASIIEH H3 TOYKH
(a30BON KpHBOi Ha TpaHcBepcans. OnpellesieHHBIH TaKHM 00OpasoM
pPOCTOK OTOOpaKeHHsl TpaHCBepcaJH Ha cebs (B TOUKe LIMKJa) Ha3bl-
BaeTcsl 0T0OpaxceHuem nocaedo8anua WK npeobpasosanuem MOHO-
opomuu.

Puc. 5. Ilpeo6pasoBanne MoHOApO-
MHH I{HKJIa.

Touka nHKna ABJsieTCs HENOABHXKHOH TOYKOH npeocOpa3oBaHud
monoapomuH. [IpeobpasoBanve MOHOLPOMHH He 3aBHCHT OT BhiOOpa
TpaHCBepcatdH H Jhaxe OT BhIOOpa HCXOLHOH TOYKH B TOM CMLICJE,
410 Npeo6paloBaHHsI MOHOAPOMHH, OTBeYaroLlHe PasHLIM TPpaHCBEP-
caJjifiM, conpsizkeHn! (NEPEBOASITCS OLHO B APYroe poCTKOM AHpdeo-
MopdH3Ma TpaHCBepcallel).

Onpenenenue, [Ipedessnum yuxksom aBTOHOMHOTO AH(Pe-
pPEeHUIHAJBLHOTO YpaBHEHHSI Ha IJIOCKOCTH Ha3bIBaeTcsl H30JIHPOBaH-
Hasl (qupdeomMoppHasi OKPYKHOCTH) (a3oBasi KpHBasl 3TOr0 ypas-
HeHusl, MlHHIMp cJioBaMH, 3aMKHyTasi (pa3oBasi KpHBasi Ha3blBaeT-
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Csl IpeleNbHBIM IHKJIOM, €CH COOTBETCTBYIOIAS el HEMOJABHIKHASA
TOYKa nmpeocOpas3oBaHHsi MOHOLPOMHH H30JHpPOBaHa.

OxkpecTHOCTE NpeleibHOrO HHKJIa Ha IWIOCKOCTH COCTOHT H3 CIH-
pasieli, HaMaTLIBAKLIUXCH Ha HHKA 0OpH f—>-}oo0 HIH [—>—o00;
aCHMIITOTHYECKOE NOBelleHHe (a30BBIX KPHBHIX, PacnoJIOXKEHHBIX
110 OLHY CTOPOHY OT LHKAa BOJH3H ero, oguHakoBoe (puc. 6). Ha
pucyHKax 6a u 606 H300paxkeHH NpefiesibHble UHKJBE OOLIEro NoJgo-
JKeHHsl; KapTuHa OB paspyuiaercs MaJbiM BO3MYyuleHHeM (pHC. 6r).

S

a 0 ] 2

Puc. 6. Buu3y HapucoBaHbl rpadyku npeo6pa3oBaHHl MOHOAPOMEH,
COOTBETCTBYIOIIIHE mMpeAesbHEIM IHKJaM HaBepXy:

a) yeTOHUHBEIE OHKA, 6) HeycTOHM4YMBHIH, B) MONyycToiuuBbll, KapTHHa T) nony-
yaeTcss MaJblM BO3MYIUeHHeM KaPTHHB B).

5.3. KpaTHoCTh LIHKJOB.

Onpenenenune. KparHocTero yuxaq Ha3bBaeTCsl JIOKaJbHas
KpPaTHOCTh COOTBETCTBYIOUIEH €My HENOJBHIKHOH TOYKH mpeoOpaso-
BaHHfI MOHOLPOMHH.

Ecmu dasoBoe npocTpaHCTBO ABYMEPHO, TO TpaHCBEpPCalb ORHO-
MepHa, H npe06pa3013aHHe MOHOJApOMHH 3allaeTCAd (PYHKLHE! OIHOro
nepementoro, x+—A (x), A(0)=0. B 310M cayuae KpaTHOCTHL — HO-
oK HyJst yHxIHH A (X) —x B Touke O.

Kpamnocme omob pascenus X .—A(X) 8 Henodsuxrrotl mou-
re O npoctpanctBa R* ¢ koopawnatamu (X, ...JX,) onpeleasercs
KaK

dimgR [[xy, - . oy X/ (AL () — X1, - o 25 Ay (X) — X)),

rie yHciaHTesb — alrebpa GOpPMaJjbHBIX CTeNeHHHX PSJOB, a 3Ha-
MeHaTe/Jb — HJ€aJ B Hell, TOPOXKIEHHH psalaMH KOMIIOHEHT BeK-
Topa A(x)—x. Ilonpobree o KpatHOocTH M., Hanpumep, [10]P.
5.4. MybTHINIHKATOPHI.
Onpenenenune. MyavTunasukatopamy yukaa HasHBAaIOTCS

1) AHaNOTHYHO, KpaTHOCTL 0c060d TOvKu () BEKTOPHOTO noJs U Olpene-
JIAIETCH KaK KpATHOCTh HemoABHXKHOH Toukh ( orobpaxenus x+—v(x), [Togpobuee
cm. [10, c. 212).
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coOCTBeHHble 3HAYeHHsI JHHEHHO# YacTH IpeoOpa3soBaHHA MOHO-
LPOMHE 3TOr0 LHKJa B COOTBETCTBYIOLIEH IHKJY HENOIBHIKHOH
TOuKeV,

Llukn Has3bBaeTCsl HEBLIPONOEHHBIM, €CIH BCe €ro MYJbTH-
NJHKaTOPH! OTJAHYHE OT 12;

HeBHpOXIeHHHII UHK COXPaHSIeTCA NPH MaJbiX BO3MYLIEHHAX;
BO3MyILleHHOe IH(PGepeHUHaJbHOe ypaBHEHHe IIO-MpeKHeMy HMeeT
HeBRHIPDOXKJIEHHBI LUK/, ONH3KHA K HcxonHomy., LiuKAH BekTOPHBIX
noJieil 0O1Ien0 MOJIOXKEHH HEBLIPOIKIEHHbIE,

Jlis ypaBHennit (1) Ha NJIOCKOCTH MYJIbTHIIIHKATOP LIMKJa BHI-
yucJasercs no popmydie

Y

rae LHMKJ y napaMmerpH3oeaH BpemeHem f. [lus nMkia B R™ mnpa-
Bast 4aCTb paBHA NPOH3BECIACHUIO BCEX MYJBTHIIHKATOPOB.

Onpenenenne. L{ugn Ha3biBaercss OPOUTAABHO YCTOUHUBLIM
(no JIsanyHoBYy), ecau AJsi CKOJIb YIOAHO MaJloif ero OKpPeCTHOCTH
U Bce NOJOXHTEJbHLIE NOJYTPAaeKTOPHH, HAYHHAIOIIHECS B [OCTa-
TOYHO MaJioH OKPecTHOCTH LHKJa, He BHXOIAT H3 U.

Onpenenenune. lluka HasnBaercss opbuUTAAbHO QACUMNTOTU-
YeCcKu YCTON4UBLIM, €CJIH OH OpPOHTanbHO YCTOHYHB no JISIIYHOBY
H Bce (Pa30BbLle KPHBBIE C JOCTATOYHO OJIM3KHM K LMKJY HayalJbHBIM
YCJIOBHEM HeOrpaHH4YeHHO NMpHOJHKAIOTCSI K HeMY NpH [—+ oo.

3ameuaHue, ACHMNTOTHYECKH VCTOHUYMBBIM  HEINOCTOSIHHOE
nepHONHYECKOe pellleHHe HHKaK He MOxeTt OBITh, H60O pelLIeHHs C
Ha4yaJbHEIMH YCJIOBHSIMH B PasHBX TOYKaX LHMKJIa He COJHIKAKOTCH
npH {—-oo.

.Ecan Bce MyJbTHOJHKATOPH LHKJAAZ MO MOAYJI MeHbie 1, TO
OH OpOMTAJLHO ACHMITOTHYECKH YCTOHYUB. ¥YCTOHYHBOCTHL CJA€NYeT
H3 TOro, Yyro OTOOpa)keHHue MOHOIPOMHH OPH |A;j| <<l — cxxHMaK0O-
Ulee npH MOAxoasilieM BLOOpe METPHUKH Ha TPaHCBepcaad. ITa
MCTPHKa CTPOHTCH TaK ke, Kak (QyHkuusi JIsimyHoBa BOJH3H 0CO-
OOH TOYKH, 2CHMITOTHYECKH YCTOHYHMBOU IO NepBOMYy IpHOJIHIKE-
HMi0. M3 ckaTtHa BHTeKaer OpOHTallbHasi acHMIITOTHYECKAas YCTOW-
YHBOCTh: OJIH3KHe (pa30Bble KpHBhIe HaMaTHLIBAKOTCH Ha UHKJ Kak
cnupany, Moxuo nokasath, 4to (Pasa NBHKEHHS BLOJL LHKJAA NPH
3TOM CTpeMHTCH K (hase NBHIKEHHSl ONHOH H3 TOYEK 1O [HKJY.
Orcroga caenyer paBHoMepHas OJmnsocts (Ha monayocu (>==0)
He TOJBLKO (pa30BOM KPHBCH, HO H JI000ro pelleHHs], OTBEYAIOILEro
OJIM3KOMY K LHKIY Ha4dajlbHOMY YCJOBHIO, K OJHOMY H3 peLIeHHH,
ONHCHIBAOIINX ABHKEHHE IO LHKJY.

) MyJBTHIVIEKATOPH IHKJA ONpPElNeNSIOT YacTO Kak COGCTBEHHBIE 3HayeHHs
onepatopa MoHoApOMHE (CM. Huxke n. 3.1, ra. 6) ypaBHeHHs B BapHaUHSX; 5TO
OnpejeseHHe OTJHYAETCA OT NPHHSITOTO B HAaUIeH CTAThe HAJUYHEM M) IbTHUILIM-
kKatopa 1, COOTBETCTBYIOLLErO COGCTBEHHOMY BEKTOPY, KacCAINEMYCH LMKJa.

2 HepBHpoXAeHHBIH IHKJ HA3bIBAIOT HHOrAA TPYyOhIM.
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5.5. Mpeneabnrie MHOXecTBA M Teopema [yankape — BeHpuk-
coHa. Pacnonoxkenue (pazoBHIX KPHBBIX Ha BeleCTBEHHOH MNJIOCKO-
CTH CyIIeCTBEHHO MNpolle, YeM B MHOIOMEPHOM IpOCTPaHCTBE
(8 Teopun nH(QGepeHUHANbHBX YPaBHEHHH «MHOro» 3HAYHT &TPH
u 6osee»). 1o pasnuune 06YCJIOBJEHO TeM, YTO KpHBas JOKaJbHO
pasfensier IJIOCKOCTb M HE pasfiesisier NPOCTPaHCTBA.

Onpenenenusd 1. [loromuresvHod noayrpaexropueil aBTO-
HOMHOIO YpaBHEeHHsI HasHBaercsi 4acte (asoBOil KPHBOH, COOTBET-
CTBYIOLIAasl IOJOXKHTEJbHO OPHEHTHPOBAHHOMY Jyyy OCH BPeMEH:

p+={p(t) | t€[to, +-o0)},

rfie ¢ — pelleHHe YpaBHEHHS,

2. AHajorHyHO ONpelensieTcss OTPUYATEAbHAs NOAYTPAEKTOPUS.

3. o-npedeavHbim (a-npedenvHuiM)  MHOKWECTEOM  (HAa30BOH
KPHBOI Ha3hBaeTCs NepeceyeHHe 3aMBbIKaHHH BCeX ee MOJOKHTENb-
HolX (OTpHUATeNbHHEX) NonyTpaektopuil. JIpyrHMH CJOBamH, © —
npeieibHOE MHOXECTBO €2 COCTOHT H3 TO4YEK, MHMO KOTOPbIX
(uiM yepes KOTOpbLIE) IOJOXKHTEJbHAsT NOJNYTPAEKTOPHSI NPOXOLHT
CYETHOE YHCJIO pas:

x€€), ecJM H TOJBKO €CJH CYIIECTBYeT [OCJel0BaTeJbHOCTD
{t,} Takas, uto t,—+ oo, ¢(f,)—>x npy n—-co.

(O06o3HaueHHe MOTHBHPYETCS TEM, 4T0 O -— NepBas, « -— Nocjel-
Hsisl OyKBa rpedeckoro aJji¢aBuTa.

Teopema Ilyankape—Bennunkcona (I. Bendixson).
[Iyere monoxurtenbHass noayTpaekKTopusi Cl-rialkoro BeKTOPHOro
II0JII ¢ H30JUPOBAHHBIMH 0COOBIMH TOUKAMH Ha BellleCTBEHHOI! J10C-
KOCTH paclnojioXeHa B orpaHuyeHHoii oOnactu. Toraa o-npeneib-
HO€ MHOIKECTBO COOTBETCTBYIOLLeH (pa30Boil KPHBOH MOXKET OHITh
ONHOro H3 cJenylomux Tpex TumoB: 1) ocobas Touka, 2) UHKI
(samkHyTas (pa3oBasi KpHBasi), 3) 0ObellHHeHHe OCOOBIX TOYEK H
(230BHX KPHUBBIX, KaXJasi U3 KOTOPBLIX CTPEMHTCH NPH [—4-oc0 K
OLHOH H NpH [———o00, BOOOLlE IOBOpPSI, K APYroi ocobOH TOUKe
ob6benuHenus (puc. 7).

B nocneineM caydae o-lpellelbHOe MHOXKECTBO  MOXKeET
HMeTe [aTOJIOTHYECKHH Xapakrtep Jaxe O OeCKOHEYHO rJafKo-
ro BEKTOPHOrO NoJISi ¢ KOHEYHEIM YHCJOM OCOOLIX TOYEK: 4HCJao ¢a-
30BLIX KPHBBIX, NPHHALJEKALIHX MHOXECTBY, BHIXOASIIHX H3 Ofl-
HOH 0COGOH TOYKH M BXOASILUHX B HEE 3Ke, MOXeT OBTh OeCKOHey-

6 0O B
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HbIM (pHc. 7r). YHCTO TONONOrHYecKHe coOGpa)KeHHs, CBSI3aHHHE C
TEOPEMOB CYLIECTBOBAHHA M €JHHCTBEHHOCTH, 3TOro He 3alpelia-
10T. OHAKO 3TO HEBO3MOXKHO AJ5 AHAJHTHYECKHX BEKTOPHBIX ITO-
Jel ¥ AN BCceX NNIAJKHUX MoJel, He NPHHAAJEXKAHIHX HEKOTOpOMY
HCKJIIOUHTENIbHOMY MHOXKECTBY KOpa3MepHOCTH OeCKOHeUHOCTb, ITO
cjenyer H3 Teopem © paspelleHHn ocobenHoctedt (ra1. 5). Teope-
ma Ilyaskape—Dennnkcona BepHa Takxe 175 ypaBHeHui na code-
pe, Ho He Ha cepe ¢ pyyKamu (cM. IJI. 2): 3aMKHyTas KpHBAad
pasnensier cepy, Ho, BOOOHle roBOps, He pasgensier cdepy ¢ pyd-
Kamu (cm. [6]).

§ 6. CucreMBl ¢ CHMMeTPUSMH

B stom naparpage uanararorcs 06llHe cOOGpakeHHS, IO3BO-
JSIOUHe NOHHU3HTL NOPANOK IH(PPepeHUHaNbHONO YpaBHEHHS, a
HHOrla H IIPOHHTerpHPOBATH €rO.

6.1. I'pynna cummerpuit audgepeHIHAILHOTO ypaBHEHHS.

Onpenenenne. Jdupdeomopdpusm ¢asoBoro npocrpancrsa B
ce0s1 HasblBaeTCst cumMMmeTpuell 3alaHHOr0 Ha HeM BEKTOPHOrO IOJist
H COOTBETCTBYIOILErO0 aBTOHOMHOro nuddepeHnIualbHOr0 ypaBHeHHS,
ecJIH OH NEepPeBOAHT MIoJe B cebsi. B 3TOM ciayuae roBopsit, 4YTo noJje
HHBapHAaHTHO OTHOCHTEJLHO Au(deomopdhiMa.

Onpenenenne, [JdubdpeomopdusM pacuiHpeHHOTO (PasoBOro
npocTpaHcTBa Ha cebsi HasbIBAeTCH CUMMETpUEH NOAS HANPABAEHUL
(¥ COOTBETCTBYIOLIErQe HeEaBTOHOMHOI'C YPaBHEHHS), €CJIH OH Ilepe-
BOOUT nojie B cebst (ApYrMMH CJOBaMH, NoJe HaIlpaBJeHHI HHBA-
PHaHTHO OTHOCUTEJILHO ABpPeomopdpuzma).

Bce cummerpun nH(¢QepeHUHAJLHONO YpaBHeHHSI OOpasyioT
Tpynmy ¢ onepauHedi cyneprO3HLHH, Ha3LIBAEMYIO 2pynnoil scex
CUMMETPUL 3TOIO ypaBHEHHS.

[Ipumep. Bee cuMMerpHH aBTOHOMHOro ypaBHEHHSI X=X, X€
€R", 06pa3yloT B TOYHOCTH NOJHYIO JHHelHyIO rpynny GL(n, R)..

6.2. PakTOpPCHCTEMBI,

Onpenenenne. PaccmoTpum raankoe orobpaxenne [ obna-
CTH BelIeCTBEHHO-JTHHEeHHOro INPOCTPAHCTBA Ha 0OO0JIACTh MeHbIIeH
pasMepHoCcTU. BekTopHoe nmose v B mpoofpase 3TOro oTobpaKeHHs

HasblBaeTcsl [-onyckaemvim, €ClH CYIIECTBYeT TaKoe INoJe v Ha
obsacTu- oOpase, KOTOPOe NONYyHARTCH H3 HCXOAHOro IIOf HeiCTBH-

em otobpaxenust f. Ilone v=f.v onpenensiercs paBeHCTBOM:

V()= f 4 (X) 0 (x), TAE y=f (X);

YC/IOBHe f-OMYyCKaeMOCTH COCTOHT B TOM, 4YTO BeKTOp v(Yy) He 3a-
BHCHT OT BhIOOpa npoobpasa Touk y. Cucrema y=1v(y) HasniBaercs

axTopcucremoii nns cucrembl x=v(x). BekTopHoe noje, nas KO-
TOPOro H3BeCTHa OJ/IHONapaMeTPHUecKasl rpynna CHMMETpHIl, 4acTo
onyckKaemo.
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[IpuMep. YpaBHeHHe Ha NNOCKOCTH R?, HHBapHAHTHOE OTHO-
CHTENbHO BpalleHHH, ¢ HCIOMb30BAaHHEM KOMIJICKCHOH KOOpIHHATHL

g=x-}iy 3anHUCHBAETCs B BHIE
z=2g (o), )

rie p—22z, g:R*—C—xoMmiexcHo3HauHas (yHKUWS HA [OJOXH-
TenbHoll NoayocH. BextopHoe none 37Ol  CHCTeMH  f-OmycCKaemo
ans oTobpaxenust f:z—p. CooTBeTCTBYMOUlas (PaKTOPCHCTEMa HMERT

BHI
p=2pReg (p)-

Vpaerense (7) mpu Reg(0)=0 (UeHTp no JHHeHHEM 4Ya€HaM)
HCIOJBL3yeTCsl B TeOpHH ycroiiyuocTH (§ 5, ri1. 3).

Huxe ykasanbl NMpocTeiilliMe NPHJIOXKeHHS CHMMETPHH K HCCJe-
JIOBAHHIO H HHTETPHPOBAHHIO yPaBHEHHH.

6.3. OpHoponHble ypaBHEHHS.
Onpenenenne. [lole HanpasjeHull HasbBaercs 0OHOPOO-

HbIM, €CJIH OHO HHBapHaHTHO OTHOCHTEJBHO BCeX paCTH}KEHHﬁ
gt (x)=e*x, MER,

{nosie foJKHO OBITH 3alaHO B KOHyce, HHBapDHaHTHOM OTHOCHTEJIbHO
pacrsikennit, Hanpumep B R\ {0}). CootBeTcTByIOIIEE NHpPEPEH-
uMajgbHOe ypaBHEeHHe TAKXKE HA3KLIBAETCS OOHOPOOHbLLA.

OGo3naunm yepes G rpynmy pactsukenuit {g*|A€R} obnactu
U=R"\ {0}. ®akropnpocrpancteo U/G — 310 chepa S*'. Onmuo-
ponHomy ypasHenuio B R"\ {0} coorBercTByeT Noje HanpasJeHHH
Ha chpepe S"~! —obpas nons B U npu npoektnpoBanun U—-
—S"1

JIro6oe (BO3MOXHO ¢ OCOOEHHOCTSIMH) IIOJle HanpabJeHHH Ha
cpepe S*! MOXKeT BOZHHKHYTb H3 OJIHOPONHOro ypasHeHHs B R™\
N\ {0}. IToatomMy BCce TpPYZHOCTH, BO3HHKAaIOIHE B «rJ00ajbHOM»
TeopuH AH(pbepeHUHANBHBX YpaBHEeHHE Ha S™~!, BO3HHKAKOT TaKkKe
B JoKaJbHOH TeopHH aHddepeHUHaJbHLIX ypaBHeHuii Ha R™.
"~ 6.4. Ucnoab30BaHHe CHMMETPHA 119 NMOHHIKEHHS MOpsiaka. 3Ha-
HHe OJHONapaMeTPHYeCKOH rpynnsl CHMMETPHH BEKTOPHOro IoJf
fo3Boaser Ha | NOHHU3HTBL pasMepHOCTb (PA30BOro MNpPOCTPaAHCTBA.
JlJIs 3TOro Hajo paccMoTpeTb MHOrooOpasne OpOHT OpHONMapamert-
PHUeCKOH Ipynnsl cHMMeTpHH. JIoKanbHO (B OKpeCcTHOCTH He He-
YOOBHXKHOW TOYKH TPYINIH) 3TH OPOHTH — KpHBHE, HCXOAHOe (a-
30BO€ IMPOCTPAHCTBO PACCIOEHO Ha OPOHTHI; N0 TeopeMe O BHIIP M-
JIeHHH OpOHUTHI CTAHOBATCH MNapajuleJbHBIMH MNPSMBIMH  HOCHe
nonaxozsuero gu¢pdeomopdusma. [IpoctpancTteo opOHT HMeeT pas-
MepHOCTh Ha 1 MeHbllle, yeM HCXOLHOe (a30BOe MNPOCTPAHCTBO.
! BekropHOe mnoJie B HCXOZHOM (ha30BOM IIPOCTPAHCTBe IPOEKTH-
PYyeTcsi Ha NPOCTPAHCTBO OPOHUT W 3ajaeT Ha HeM BEKTOPHOe TIOJie.
JduddepeHnnanbHoe ypaBHeHHE, COOTBETCTBYKOIEe 3TOMY IOJIO,
HaseBaeTca ¢akrtopcHcremol. Ecnn dakropcHcreMy ypaercst npo-
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HHTErpHPOBATh, TO YpaBHeHHe, 3aJaHHOe HCXOJHBIM BEKTODHHM
noJieM, TakKe JerkKo HHTerpHpPYeTcs.

B uyactHOCTH, ecsii HCxo[HOe (pa3oBOe NPOCTPAHCTBO JIBYMEPHO,
TO (PasoBoe NMPOCTPAHCTBO (PaKTOpcHCTEMEl OfHOMEPHO. B aTOM cay-
yae ¢akropcHcTeMa uHTerpHpyetcs. [loatomy aBTOHOMHOE nHDPe-
peHuHallbHOe ypaBHEHHe C IBYMEPHBIM (Da30BLIM MNPOCTPAHCTBOM,
IJIs KOTOPOrO H3BeCcTHa OJHONapaMeTpHuYecKasi Ipyniia CHMMeTpHi,
SIBHO HHTErpHpPYeTCsl B KBajJpaTtypax. Bce npHeMbl 3J1€MEHTapHOro
HHTerpHpoBaHHsl AH(PepeHIHAIbHEIX YPaBHEHHH CHelHANbHEIX TH-
MoB (C pasiesfiOUIHMHCH IepeMeHHbIMH, JIHHEHHHX ONHOPOLHLIX H
HeOLHOPAHbIX, KBa3HONHOPOIHBIX H T. M.) OCHOBaHL Ha TOM, YTQ
B 3THX CJYy4yasix HMeIOTCsl OYEeBHIHbIE IPYIINB! CHMMeTpHH.

Ilpumep. [Ipynnoid k8a3uUO0HOPOOHBIX pacTAXceHUl JnHeH-
HOro IpOCTPAHCTBa ¢ KOOpAMHATaMH Xi,..., X, BECOB @j,..., Ua
HasHBaeTcsl OflHOnapaMeTpHyecKasi rpylna JHHeHHHX npeobpaso-

BaHHH

B8 (Xps « o o X)) (€954, . . ., €77 X,).

DYHKIHS B 3TOM MNPOCTPAHCTBE HA3LIBAECTCH KBA3UCOHOPOOHON
CTeNeHH r, eCJH OHAa fIBJsSAEeTCH COOCTBEHHBIM BEKTOPOM [JeHCTBHSL
KBa3HOJHOPOLHLIX pacTsKeHHH Ha IpocTpaHCTBe (PYHKUHMH C co6-
CTBEHHBEIM YHCJIOM €7, T. €. f(g°x) =e"f(x).

Hanpumep, Mporouned Xa,x™ KBasHONHOPOLEH CTENeHH 7, €C-
au (m, a)=r AJA BceX INOKasatesJeld M ONHOYJEHOB, BXOLALIHX
B CYMMY C HEHYJIeBEIMH KO3(p(pHLIHEHTaMH.

JINs1 KBa3sHOAHOPOLHOCTH (PYHKIHH NPH NOJOXKHTEJbHEIX Becax
a; HeoGXONHMMO H JIOCTATOYHO BLIIOJIHEHHe TOXKIAecTBa Jiepa

o x:0f[0x;=r-f,

o3Hayamulero, 4yro [ — coOcTBeHHBIH BeKTOp nH(¢pepeHUHpOBaHHA
[0 HaIpaBJIEHHIO 3iJepOBa BEeKTOPHOro nojsi ((¢pasoBbiii NMOTOK KO-
TOPOro sABJSIeTCS TPYININOH KBa3HOAHOPOAHBIX PAaCTSXKEHHH). .

BextopHoe nosie Ha3biBaeTcsi K8A3UOOHOPOOHLIM CTelleHH T,
eC/H KaxJ0e M3 KBa3HONHOPOAHBIX PACTSKEHHH IpYNNE yMHOXKa-
eT ero Ha e*. BekTopHOe Nojle v=20,(x)0/0X, KBa3sHOIHOPOIHO
CTelleHH 7 TOTNa M TOJBLKO TOrja, KOrga ero KOMIIOHEHTLI — KBa3H=
OLHOPOJHbIe (PYHKUHMH, CTeNeHH KOTOPHIX OTJIHYAKOTCH OT cTerneHel
COOTBETCTBYIOLUIHX KOOpAHHAT Ha r: deg vy=ax+r, deg 6/0x,=a,.
 Patemorpum cucteMy fuddepeHunanbHEIX ypaBHEHH] X == a(X,y),
y=>b (X, y), 3a0aHHYI0 KBa3HOOHOPOAHbBIM BEKTOPHHM IOJEM CTelle-
ui O Ha nnockocTH C KoopAuHaTamu BecoB deg x—a, degy=—p.
Op6HTEI rpynnbl HMEIOT BHA X== X%, y==y,efs. 3a KoopAuHATY
Ha ¢QakTopnpocTpaHCTBe (HOMEp OpOmTH) MOxHO (ipH X >0, y>0)
NpHHATL & =—y%/xB. PaxTopcHCTeMa nmeer Bull = f (1). Vuterpu-
POBaHHE CHCTEMbl 38BEPLIAETCH MEPEeXoJIOM K KOOpJAHHATAM (X, &
B (pa3oBOM NpPOCTPaHCTBE.
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§ 7. nddepenunanbubie ypaBHeHUs, He pa3pelieHHble
OTHOCHTEJIBHO NPOU3BOAHOMY

3nece (POPMYJHPYIOTCS OCHOBHHE pe3yJsbraThl 06 0COOEHHOCTSIX
pellleHuit HesBHBIX NH(pdepeHUHANBLHHX YPaBHeHHH I€pBOro mo-
psiaka.

7.1. OcHoBHBblEe NOBATHA: KPHMHHAHTa, MHTErpajbHbie KpPHBLIE.
Hupeperyuaronbin ypagrHeruem nepso2o nopacka, He paspeuier-
HbIM OTHOCUTEABHO NPOu3BOOHOL, HashiBaercs YypaBHeHHe F(x, y.
p) =0, roe p=dy/dx. Jlas rnankoit ¢yEkuuu F obwero nomoxe-
HHSI 3TO ypaBHEHHe 3ajaeT IVIaJKyI0 MNOBEPXHOCTb YPABHEKUA B
npocrpanctee l-ctpyft pynkumit y(x). IIpoekTHpOBaHHE NOBEPXHO-
CTH ypPaBHEHHSl Ha IVIOCKOCTh (X, Y¥) BIOOJb OCH p Ha3bIBaeTCHd
ckralvisanuesm. KpuTHUECKHe TOYKH CKIAaJbIBaHHSI HAa3bLIBAIOTCHA
ocoGbimu TOYKOMU ypaBHEHHS.

B okpectHocTH HeocoOol TOYKH ypaBHeHHe F=0 MOXHO pas-
peuINTs OTHOCHTEJBHO p, T. €. CBeCTH K OOHYHOMY ypaBHEHHIO
dyfdx=v(x, y), no TeopeMe 0 HesIBHOI (PyHKLHH.

Ocobuie TOYKH yparHeHHsi F=0 00pasyior ero KpumuHauTy.
s ¢pyHRuuu F obulero nojoxKeHHsI KpUMHHaHTa — IJlafKasl KpH-
Bas. Ilpoekumusi KpHMHHAHTH Ha IVIOCKOCTH (X, Y) HasbBaeTcs
JuckpumunantTrotll kpusod. as ¢yHkumn F obliero nosoxKeHus
JHCKPDHMHHAHTHAas KpHBasi HMeeT OCOOGEHHOCTSIMH JIHIUL TNOJYKYyOH-
geCKHe TOYKH BO3BpaTa H TOYKH TPaHCBepPCAJBHOro camorepecede-
Husi. OtoOpaxkeHHe CKJIAIBIBAHHS Haj TOYKAaMH BO3BpaTa HMeeT
ocobeHHocTs THN2 cOopka (HopmanbHasi dopma: (i, v) — (U3+
+uv, v)), B OCTaNbHBIX TOYKAX KPHUMHHAHTH — ckAadky ((u, v) —
— (uz, U))

[IpoctpancTtBo 1-cTpy#t QyHKUHI cHaGXKeHO nosem KOHTAKTHbLX
naockocreldl dy=pdx. KOHTaKTHBle INIOCKOCTH BBLICEKAIOT Ha  1O-
BEDXHOCTH YPaBHEHHS noae Hanpasiexuti 3toro ypasHenus. Huter-
paJjibHble KPHBBLIE 3TOrO IOJISI Ha3bIBAlOTCS UKTEZPAAbHbIMU  KpU-
BbIMU YPABHEHUS.

7.2, Peryansipunle ocoGnie ToukM. Ocobasi TOYKa ypaBHEHHS 006-
HIero IOJIOXKEHHSI pezyafpHd, ecld KPHUMHHaHTa B Hell He Kacaert-
Cs1 KOHTaKTHOH IVIOCKOCTH.

JIBa ypaBHeHHSI Ha3BIBAIOTCH 3KBUBAAEHTHBIMU, €CJIH OJHO H3
HUX NepeXoiuT B Apyroe npH IHPPeomopduame mnockoctH (X, ).

Teopema Uub6papuo ((M. Cibrario), nokasaTesbcTBo cM.
B [8, § 4%]). B okpecTHOCTH peryJsipHOH 0coGOH TOYKH ypabHe-
HHe 3KBHBAJIEHTHO YpPaBHEHHK p°=X. ITa 3KBHBaJEHTHOCTb rJal-
Kas [nd raajJlkHX ypaBHeHHH, aHaJHTHYecKas OJisT aHaJHTHUYeCKHX.

Ha puc. 8a sapo nmpou3BOZHOH CKIaiblBaHHMs BEPTHKAJbHO,
KPHMHHAaHTa — rOpH30HTasbHa. IIpoekuuu yacreit HHTerpaJibHHX

) 3tor nmaparpad wHanucar npu yyactin A. A. IaBupnosa. O Hcnoabsyer
NpocTelllHe MOHATHS TeOpHM ocoberHocTell M aHdepeHnHanbHOR reoMeTpHH mMo-
BepxHocTesl B R3.
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Puc. 8. Ocofue TOuKM ypaBHeHHH, He pa3peUIeHERIX OTHOCHTEJBHO NPOH3BOJHOMH.

a) perynapHaa ocofasi Touka, 6) CAOKeHHOe CEJo, B) CAOMKeHHWH Yysel, &) CJOXKeHHBIH
doxyc.

KPHBHIX C OJHOrQ JHCTa HAKPHITHS H300parKeHol CIVIOIIHKHIMH, @ C
JAPyroro — LUTPUXOBBLIMH JIHHHSIMH.

7.3. Ciaoxennnle cepna, y3im n Gokych. KoHTakTHas ILIO-
CKOCTb MOJKET KOCHYTBCSl MOBEpPXHOCTH ypaBHeHus. [Jjs ypasHe-
HH$1 061ero nonoXeHusi KacaHue NMPOUCXOLHT B OTHEJILHHIX TOYKaX.
ITH TOUKH OO6si3aTesJbHO JieXar Ha KpHMHHaHTe. B OKpecTHOCTH
TOYKH KacaHH{l IoJie HanpasJeHHil NMOpOoXKIaeTcsl INIafKHM BeKTOp-
HBIM [OJIEM Ha NOBEPXHOCTH YpPaBHEHHs, 00paulalInuMcs B TOYKeE
KacaHus B 0.

Jlnsi ypaBHeHHs ofinero noJsioxkeHus: 1) ocobas Touka NOPOK-
Haollero BEKTOPHOro IOJSl — HEBHPOXKIEHHOe CceJlJjo, y3el HJIH
¢okyc, npudeM MoOmyJH 000OMX COODCTBEHHHX YHCeN y3la H CcefJja
passnuyebl; 2) coOGCTBEHHHE BEKTODH JHHeapH3alU{ Mojs B OCO-
60l TOUKe He KacaloTCsi HH KPHMHHAHTHl, HH siipa CKJaJbiBaHHA
(HanpaBneHHst OCH p).

Ocobrle TOUKH, YIOBJIETBOPSIIOLIHE MEPEYHCJEHHHM YCIOBHSAM
B TOUKE CKJAAKH, HA3KBAIOTCHA CACHEHHbIM CEOAOM, Y3AOM H POKY-
COM COOTBETCTBeHHO. VX HHTerpanbHble KpHBHE H HX TPOEKUHH
Ha IJIOCKOCTb (X, y¥) H300paxenb Ha puc. 86, B, r (0603HayeHHs
Te e, YTO H Ha pHc. 8 a).

7.4. HopmasbHble (pOpMbl CAOKEHHBX OCOOLIX TOueK. Husonro-
yueid HasbiBaeTcs: augpdeomopdPusm, KBagpat KOTOPOrO — TOKAECT-
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BCHHOe npeoOpasoBaHne. HasoBeM HHBOJIOUHIO IJIOCKOCTH dony-
CTuMOL N1 BEKTOPHOrO MOJisl Ha MJOCKOCTH ¢ 0CO0O0H TOYKOH HYJIb,
€CJIH HelIOFBHKHBLIE TOYKH HHBOJIIOUMH O00pasyloT NpOXOIsLIyIo He-
pe3 HYJb KPHBYIO, HHBOJIOLHS NEPEBOAHT IOJie Ha 3TOH KPHBOH B
NPOTHBONOJOKHOE M HH HHBapHaHTHBIA, HH aHTHHHBAPHAHTHbIH
coOCcTBeHHBIl ~ BeKTOp  JIHHeapu3allid  HHBOJIOLDHH B HyJe
He SIBASIOTCS COOCTBEHHBIMH [Ji1  onepatopa JHHCHHOH YacTH
IONA B HYJeE.

Teopema (A. A. armpos, 1984). Bce HHBOJMIONMH, LOMNYCTH-
Mble IJifl JaHHOrO BEKTOPHOro moJjsi ¢ ocoboit Touko#t 0 THna ¢okyc
HJH celJlo, JIMOO y3es ¢ HEPABHLIMH NO MOAYJIO cOOCTBEHHBIMH YHC-
JIaMH, KPHBble HENOJBHIXHLIX TOYEK KOTOpPHIX He pa3leseHH co0-
CTBEHHHIMH BeKTOpaMH oIepatopa JHHeHHOH YacTH NoJg B HyJe,
JIOKaJbHO TepeBOASTCS Apyr B JApyra aHddeomopdpH3MaMH MJO-
CKOCTH, OCTABJISIIOIIUMH KaXAyI0 TOUKYy Ha INpOXOnsllell Yepe3 Hee
¢a3zoBOil KPHBOH NMOJS.

STa TeopeMa H ee CJEACTBHS BePHL H B rJafKOM, H B aHaJH-
THYECKOM CJyydae.

CnencrBue 1. CroxeHHble ceana (ysnabl, (POKYCH) 3KBHBa-
JIEHTHH, €CJNIH COOTBETCTBYIOIIHe (HecJOXKeHHBle) OcCOObIE TOYKH
BeKTOPHBIX 1oJell, NopOXKIAMUHX TOJIsS HanpaBJleHHH Ha 1oBepX-
HOCTSIX ypaBHEHHH, OpOHTAJIbLHO 3KBHBaJeHTHBl (T. €. HMelT Aud-
¢eomopdubie pa3oBrie NOpTpETH) V.

CnenctBHe 2. ¥YpaBHeHHe 0011ero nosoxeHus, He paspellieH-
HO€ OTHOCHTEJBbHO ITPOH3BOLHOH, B OKPECTHOCTH Kaa0#l cBoel
0cO6OH TOYKH THIA CJOXKEHHOe cenJio (y3ed, POKYC) 3KBHBaJeHTHO
HOpMaJbHO#l Qopme (p—+kx)i=y.

Co6cTBEeHHHE YHCJa JIHHEeapH3alHH BeKTOPHOr'O NO0Jsl, NOpOoXAAaio-
Llero mnoje HanpaB/leHull ypaBHEHHSI?), HODMHPOBAHHbLIE YCJOBHEM

M4-hy=2, pasant 14+1'1—8k. Cioxennne cegna (k>0) Bce
TONONOrHYECKH 3KBHBAJICHTHHEI APYr JApyry: romeoMop$HsM ILJIOCKOCTH
(x, y) NepeBOOHT IPYr B Jpyra NPOEKIHH CeMeHCTB WX HHTerpalb-
HHX KpHBHX. TOYHO TaK Ke TOMNOJOrHYeCcKH OJHHaKOBH BCE CJIOKEH-
note yaau (0 <k <1/8) u Bce caoxennsle doxych (k> 1/8).

[IpumMep. CeTp acHMNTOTHYECKHX JIHHHI Ha TOBEPXHOCTH 0O6-
Iero IOJIOMEHHSI B TPeXMepHOM IIPOCTDAKCTBE HMeeT peryJsipHbe
0coOeHHOCTH B OOMIMX TOYKax napabojH4ecKOil KPHBOH H CJIOKEH-
Hble — B OTEeJbHBIX TOYKax NapaboHuecKoi KpHBOM.

7.5. Coopkn. Kpome cIOXKEHHBIX OCOOBIX TOYeK, ypaBHEHHe 00-
I[er0 INOJIOXKEeHHS,, He Da3pelleHHOe OTHOCHTENLHO NPOH3BOLHOM,
MOXKeT HMeTb elle TOJBKO OIHH THI HeperyJsipHbX OCOBLIX TOYEeK:
cboprku ckaanbiBanus. [lose HanpasjeHHH Ha NOBEPXHOCTH ypaB-
HeHHsI B TaKOH TOYKe HeocoDO, HO Kacaercsi KpHMHHaHTHL. Kpumu-

) Onpenenenyst OpOHTANLHOA SKBHBAJEHTHOCTH CM. 'BO BBEIEHHH X IVI. 3.

?) 3TH uHCIa OIpe/ieNieHH ¢ TOYHOCTBIC 10 YMHOXKEHMS Ha OAHYy H Ty Xe He-
HYJIEBYIO KOHCT2HTY, MOCKOJEKY BEKTOPHOE M0Je, MOPOKIAKIlee NaHHOE NoJie Ha-
NPaBJIeHHH, ONpefieleH0 ¢ TOYHOCTRIO 10 YMHOXKeHHs Ha ¢yHKuHIO,

40



HaHTa Heocoba, HO KacaeTcs sfpa NPOEKTHPOBAHMS, H IHCKPHMH-
HaHTHas KpHBas HMeeT TOUKY BO3Bpara.

Tonosornyeckd pasHbBIX OcobeHHOCTel 3Toro THna OGecKOHEeuHo
MHOrO, HO CYUleCTBEHHO pa3/IHualoTCs JIHIIb ABa Kjacca: a U 0 Ha
puc. 9. MsobpaxkeHHble 31eCk NPOEKUHH HHTErpajbHbLIX KPHBHX Ha
IIJIOCKOCTh MOXHO BOnMH3u ToukH cOOpkM onHcark TakK (DBproc
(J. Bruce), 1983).

a) &)

Puc. 9. OcobGas TOuka THRa COODKH CKJIAAWBaHHSA.

Paccmorpum sactoukun xeocr (puc. 9B), T. €. NOBEPXHOCTH B
npocTpaHcTBe ¢ KoopauHatamu (a, b, ¢), oOpasoBaHHYyX MHOrO-
uieHaMu z'+az2+bz+c, umewmisMu KpatHble KopHH. IlnockocTH
a=const BHCEKalT Ha JaCTOYKHHOM XBOCTe KpHBbie. UToOGH nO-
JNYYHTh CEeMeSiCTBO NMPOEeKUKH HHTerpajibHbiX KpHBBIX ypaBHeHHS 00-
Iero NojioKeHHs BOJIM3H TOYKH COOpPKH Ha NJOCKOCTb, JOCTaTOY-
HO CNpOEKTHPOBATh NOJIYY€HHBIE Ha INOBEPXHOCTH JIaCTOUKHHOIO
XBOCTa KPHBBIE Ha NJOCKOCTH npH noMomy cybmepcun (otobpaxe-
HHs1 paHra 2) of6uiero nojoxKeHHs TPeXMepHOro MpPOCTpaHCTBa
(a, b, ¢) na naockocth {x, y).

B qacTHOCTH, NpoeKuHs KaxXJo¥ HHAMBHAyaJbHOH HHTerpanbHOH
KpHBOH Jud¢eomMopPHa COOTBETCTBYIOILEMY IUJIOCKOMY  CeUeHHIO
JlaCTOYKHHOrO XBocta. Hanpumep, npoekuHs KpHBOH, NpoXonsiiel
yepe3 TOYKy cOOpKH, mMeeT OCOOEHHOCTb NOpsiiKa 4/3 H JIOKaJbHO
autdeoMoppHa KpHBOH 1 =103,

§ 8. ArTpaxTopn

B namem o63ope «arTpakTop» 0O3HauaeT, <«IPHTSATHBaloilee
MHOXeCTBo». B 3TOM naparpacge obcyxknaiorcs, B OCHOBHOM, OLEH-
KH CBEpXYy Pa3MepHOCTH aTTpaKTOpOB.

ITpeanonoxumM, 4yT0o (a3oBbie KPHBBIE 3BOJIIOLHOHHOIO Npoilecca
HEOTrpaHHYeHHO NpHOJIHAKAIOTCS TPH f~—>+00 K HEKOTOPOMY KOM-
naktHoMy MHoxectBy M — artpakropy. Habawnarens, obaanaio-
LU npHOOpPOM OrpaHHUEHHOH TOYHOCTH H CJEeASIHE 3a 3BOJIOLHEH
COCTOsIHHA BAOAL (HKCHpoBaHHON ¢(a30oBOH KpHBOI, uepe3 HeKOTO-
poe BpeMs IepecTaeTr OTJHYaTb TOUKH 3TOW KPHBOH OT TOUEK afT-
TpakTopa. TeM caMbiM, aTTPAKTOP COJEPXXHT ecTecTBeHHoe «da-
30BO€ NPOCTPAHCTBO YCTAaHOBHBIUHMXCH pexHMOB». B psine 3anau
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MateMaTH4decKoli PH3HKH (a3zoBoe NPOCTPaHCTBO GeCKOHeYHOMEpPHO,
a atTpakrop — KoHeuHomepeH (cM. m. 8.3).

8.1. Onpepenenmsi. Obnacty $Ha3oBOro npocrTpaHcTBa INorJoula-
€T, eCJIH BCe INOJIOXHUTENbHBlE MNOJYTPAaeKTOpPHH C HayajJoM B HeH
leJHKOM el npHHapmaexar. OHa robajbHO MOrJoiaeT €cJH, Kpo-
Me TOro, B Hee mnonajnaer Kaxznas (a3oBas TOYKa 3a KOHEYHOe
(HeoTpHLAaTENBHOE) BpeMs.

Onpenenenune. Ilycth g*— npeobpasoBanne 3a BpeMsa {
¢dazoBoro notoka auddepeHitHanbHOro ypaBHeHHR

X =2 (X)
¢ norjowaiome’t o61acTei0 B, 3aMHIKaEHE KOTOPOH B KOMIIAKTHO.
Torma MHOXKECTBO

M= g‘B_

>0

Ha3biBaercs arTpakrtopon? ypasHeHusa (1). Ecau obaacte B rio-
6anbHO morJouiawlilas, TO aTTpakKTop HasbiBaeTcsi MaKCHMaJbHBIM.
3aMeyaHHe. ATrpaktop Bceria HeHBapuahrteH: g'M=M.

[Ipumep. ACEMIOTOTHYECKH YCTONYHBHE 0OCOOBIE TOUKH H Op-
fHTanbHO aCHMIITOTHUECKH YCTOMYHBBIE LMKJB SBJASIOTCA aTTpak-
TOPaMH,

Onpenenenne CTpaHHbim QTTPAKTOPOM Ha3HBAETCH arT-
TPAKTOp, OTJHYHBI OT KOHEYHOoro o0benHHEeHHS NOIMHOroo6pasHi
¢asoBoro nmpoctpaHcTBa (TtepMuH BBezeH B [104], rme o3Hayan
aTTPaKToOp, OTJMHYHBIA OT TOYKH H LHKJA).

3amMeyanue. PasoBoe MNPOCTPAHCTBO YCTAHOBHBLIMXCS pe-
XXHMOB MOXeT OBITb yiKe, UeM MakKCHMaJbHbIH arrpakrtop. Hanpu-
Mep, Ha puc. 36 n3obpaxeH ¢(a30BbHII NOPTPET CHCTEMEHl, MaKCH-
MaJIbHHIHE aTTPaKTOp, KOTOPHI — OKPYXKHOCTh, @ BCe pellleHHs CTpe-
MATCH K ornBoil ToUKe.

Ilo-BHMMOMY, alleKBaTHOe MaTeMaTH4YeCKoe onpelesieHHe GH3H-
yeckd HalOJioJaemoro artpakropa paer npuHaanexailee . I'. Cu-
Halo MNOHATHE «CTOXacTHYeCKoro atrpakropa» [b9]. «Croxacrtuye-
CKHil aTTpaKTOp» HeO(GH3aTeNIbHO SIBJISIETCS CTPaHHBIM.

8.2. OueHKa CBepXy Pa3sMepHOCTM MaXKCHMAJbHBIX aTTPaKTOPOB.
ATrpakTop Moxer He ObITh MHOroobpasueM. PaccMoTpeM KoMnakt
B MeTpHuUeCKOM mnpocrpaHctBe. HasoBem d-mephbiM o6bemMoM Ko-
HEeYHOro NOKPHITHA KOMNakKTa IlapaMH CyMMy d-eiX creneHell pa-
AHYCOB 11apOB.

Onpenenenne. XaycnopdoBa pasMepHOCTp KOMIAKTa —
3TO HHXKHAS rpaHb TeX d, AJsA KOTOPBHIX KOMOAKT JONYCKaeT KOHeu-
HEle TNOKPHITHS INapaMH, HMeWIlHe CKOJMb YrogHO MaJsui d-Mep-
Hbli 0OBEM.

) B nurepaType NPHHATH M APYTHE, HE IKBHBAJICHTHbE 3TOMY, ONpEACIEHHS
ATTPAKTOPA.
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[TpuMmeps. 1. Xaycnoppora pasMepHOCTb I'afKOro NOAMHO-
rooOpasHa eBKJHAOBA NMPOCTPAHCTBA paBHa OOBLIYHOH pa3MepHOCTH.

2. XaycnopdoBa pa3MepHOCTb CTaHNAPTHOTO KaHTOpOBa COBep-
nIEHHOTO MHOXKecTBa paBHa logs2.

3ameyanne. Xaycnop(poBa pasMepHOCTb AeKapToBa IIPOH3-
BelleHHS IBYX KOMIIAaKTOB MOXeT ObiTh 6OJiblle CyMMH! pa3MepHO-
creft comHoxuteneit ([31]: B. M. Baxruu [1]).

Onpenenenne. OrobpaxeHne oO6NaCTH eBKJIHIOBa TPOCT-
paHCTBa B ce0s1 Ha3LIBAeTCsl R-Cowumarouyum, eCJH OHO YMeHbLIaeT
k-MepHEle 00beMBl; TOUHEe, €C/IH €ro NPOH3BOAHOe oToOpaXKeHHe
yMeHbmaer obweM J1060ro k-MepHOro napasijienuiesna B KacaTelb-
HOM NpPOCTpPaHCTBe, H OTHOLIeHHe o0beMoB ofpa3a M npoofpasa He
IpeBOCXOIHT HEKOTOPOH He 3aBHCHAlUell OT TOYKH H napajjeent-
nejla KOHCTAHTHI, MeHbllei 1.

Teopema ([83], [31]). Xaycnopdosa pasMepHOCTL KOMNAKT-
HOIO WHBAapHaHTHOrO MHOXKecTBa R-cakumalmero auddeomopdusma
obJlacTH EBKJHAOBAa NPOCTPAHCTBAa B cebs He TPEBOCXOAHT K.

Ilycte cucrema (1) umeer riofanbhHo mnorJoniawiy o6Jaactb
¢ KOMNaKTHBIM 3aMbikaHHeM, o6o3Hauaemyio B, u ¢asoBoe npoct-
pPaHCTBO €BKJHIOBO.

Onpenenenue. Cucrema (1) HasnbBaercs k-cocumarowedl,
ecnd npeoOpasoBaHHe (a30BOro nOTOKa 3TOM CHCTEMHE! 3a IOJO-
XKHTEJbHOe BpeMf 4BJserca k-cxxuMawomuMm B obnactu B.

Teopema. XaycmopdoBa pasmepHOCTp arTpakTopa k-CxKH-
Malwluleyi CHCTeMb! He MPeBOCXOIHT

CdopMyanpyeM JocTaTouHoe yCJIOBHe TOro, utobui cHcrema (1)
6pina k-cxmmaltomed. B kaxpoit Touke x ob6aacth B paccMoTpHM
KBaZpaTHUHYIO (opmy

F(x):5 (v, (%), 8), EET,B.

Ilycts A (x) == ... =A.(Xx) — cob6cTBeHHble 3HAYeHHs! 3TOH KBajpa-
THYHOH (OPMHL.

JiemMmma. Ilng toro urobul cucrema (1) Owina k-cxxumaromef,
NOCTATOYHO BHINOJHEHHS HepaBeHCTBa

M{X)+ ...+ (X)) <0

Bcony B KoMnakre B.

8.3. Tlpnnoxenmnsi. JlokasaHn GeCKOHeuHOMEpHbie aHAJIOTH TeO-
peM npenwvipyuero nyHkra (cM. [11]) u ykasaHHyw Tam nutepa-
TYPY); OHH IO3BOJSIOT NOKa3aTb KOHeYHOMEPHOCTb aTTPaKTOPOB
LS psila 3BOJIOLUHOHHLIX YpaBHEHHH MaTeMaTHUeCKOH (HU3HKH.
Hanpumep, xaycnopgoBa pasMepHOCTb aTTpakTopa JEYMepPHOro
ypaBHenns Habbe—CTOKCa € LBOSIKONEpHONHYECKHMH TPAHHYHBIMH
ycnoBusaMu He npeBoiliaer CRZInR, rme R — uucno PeitHonbaca
(BesnymHa, obpatHas ob6e3paaMepenHoil Bsiskoct) [11], [31],
[40]. Koncranta C 3aBHCHT OT pPeLieTKH NepHOMOB.
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I'rasa 2

JUOOEPEHUUAJIBHBIE YPABHEHHSA HA HOBEPXHOCTAX

Jrta ryaBa nocesileHa auddQepeHUMaNbHBIM ypaBHEHHSM Ha
cdepe, a TaKKe ypaBHEHHSIM Ha TOpE, AONYCKaIOUHM npeoﬁpaaosg-
HHC MoHOIpoMHH. OCHOBHOE BHHMAaHHE YA€JI€HO CTPYKTYpHOH yCTOH-
YHBOCTH 3THX ypaBHEHHH H TeopHH AH(P(HeoMOp(PH3IMOB OKPYKHOCTH.

§ 1. CTpyKTypHO YCTOHUMBBIE YPABHEHMS
Ha OKpPYXHOCTH H cdepe

CornacHo uiee, Bocxoisulell K KnaccHKaM, and¢epeHUHaTIbHOE
yPaBHeHHe aJleKBaTHO ONHCHLIBaeT (PHIHUECKYIO peasIbHOCTh, €CJIH Ka-
YeCTBEHHOe NOBEJeHHEe ero pellenHid MaJjo MeHsiercs NpH MajoM H3-
MeHeHHH IpaBoX uyacTH. [leHcTBHTENBHO, (PH3HYECKHE TNapaMerphi,
BXOJsillHe B ypaBHeHHe, KaK NpaBHJO, H3BECTHH JIHILDb npHOIK3H-
TEeJbHO; €C/IH IIPH MaJioM M3MEHeHHH NapaMeTpoB CBOHCTBa pelle-
HHH pe3KO MEHSIOTCS, TO BBIBOJABI, CAe/laHHble OTHOCHTEJBLHO ypaB-
HeHHd, ONHCHIBaIOLIEro MOZeJb, MOryT ObiTh HEeNpHMEHHMB K HC-
XonHoH ¢u3nyecKoll 3anave. OpHa H3 monbiToK (opMalu3auuy
3TOH TOYKH 3peHHs NpHBela K CO3JaHHIO TMOHSATHS CTPYKTYpPHOIL
ycrofiunBocTH [4], BBemeHHoro A. A. AmpponoBuiM u JI. C. Ilont-
PSTHHBIM, pa3BHBABIUHM HccjieoBaHHA [lyaHkape mo npenebHBM
LHKJIaM.

1.1. Onpeneaenms. JIpa nuddepeHnHaNbHbIX ypaBHEHBS Ha3bl-
BalOTCA TONOAO2UYECKU OPOUTAAbHO 3KBUBAAEHTHbLIML, €CNH  Cy-
nlecTByeT roMeoMop(pu3M (as3oBoro npoCTpaHCTBA TNEPBOH CHCTe-
MbBl Ha (pa30BOe NPOCTPAHCTBO BTOPOH, NepeBOASIIHE OpHEHTHPO-
BaHHble ()a30Bble KPHBBIE [epBOil CHCTeMBl B OpPHEHTHPOBaHHbIE
(a30BBIe KpHBLIE BTOPOH.

ITycte M — KoMnakTHoe ryafikoe MHOrooGpasue, v — riagKoe
BeKTOpHOe mosie Ha M. CucreMa (M, v) HasWBaeTcs CTpyKTypHO
YCTOUYUBOL, ecik CYHleCTBYeT TaKas OKPeCTHOCTh nojsi v B Cl-romno-
JIOTHH, UTO BCSIKO€ BEKTOPHOE I0Jle H3 3TOH OKPeCTHOCTH 3afaeT CH-
CTeMY, TONOJIOTHYeCKH opOHTalbHO 3KBHBAJNEHTHYIO MCXOXHOI, NpH-
4eM TOMEOMOpP(PH3M, OCYILeCTEJSIOIHA S5KBHBAJEHTHOCTb, OJH30K
K TOXJIEeCTBEHHOMY.

1.2. Opromephpiii cayvaii.

Teopema. BekropHoe nosie Ha OKPYXHOCTH 3a1aeT CTPYKTYp-
HO YCTOHUHBYIO CHCTEMY, €CJIH H TOJbKO €CJIH OHO HMeeT JIHIUb He-
BRIDOXKJIEHHBIE OCcOOble TOYKH (0co0as TOUKa noJjis v Ha3biBAeTCH
HEBBIPOXK/JIEHHOH, eciil JIHHeapH3alHsi noJs B 0coboii Touke — He-
BBHIPOXKeHHBIH onepatop). Jlpa BeKTOPHBIX MOJS ¢ HeBHIPOXKJEHHbI-
MH OCOOBIMH TOYKaMH Ha OKPYXKHOCTH TONOJOrHYECKH OpOHTaJIbHO
9KBHBAJIEHTHBI, €CJIH H TOJBKO €CJH YHCNa OCOOBIX TOYEK Y HHX
onnHaKoBhl. CTPYKTYypHO yCTOHYHBHE NoJsi 06pasyloT B NpoCTpaH-
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CTBE BCEX BEKTOPHBIX HOJIEH Ha OKPYKHOCTH OTKpBITOE BCIOAY NJIOT-
soe MHOXkecTBO B Cl-TONOJIOTHE. 4

1.3. CrpyxTypHO yCTOMUMBBIC CHCTeMBl HAa JAByMepHoOit cdepe
([4], [8]). B npoctpaHcTBe BeKTOPHBIX ToJielf Ha KOMNaKTHOM MHO-
ro06pasnH OTKpHITOE BCIOAY IVIOTHOE MHOXKectBo B C'-TONOJOTHH
o6pa3yioT noJsis, Bce 0cobble TOUKU KOTOPHIX 2unepbonuueckue”
([8], ra. 6). B nByMepHOM cayyae renepbonHyeckHe ocoObie TOUKH
TONOJIOTHUECKH JHOO0 cema, aubo ysias. PaszoBas KpHBas, CTpeMsi-
1asCa K cellJly npu f—+ oo, HasbBaeTcss BXojsilleit cenaparplcol
cernlia, a TpH [——o00 — BHIXOIASHIEH.

Teopema. BekropHoe noJjie Ha JByMepHO# cdepe CTPYKTYp-
HO YCTOHUHBO, €C/IH H TOJIbBKO €CJIH BHIOJIHEHH! CleAylolHe ycJo-
BUS:
1°. Tlone uMeeT KOHEYHOE YHCAO OCOOHX TOUEK.

2°. Bce ocobble TOUKH noJis renepOojHuecKHe.

3°. Hu onna BBIXO[suias cenapaTpHca cejfla He SIBJSIETCSl BXO-
HSALLEeH.

4°, TTone umeeT KOHEYHOE UHCO HHUKJIIOB.

5°. Bce uHKABI HEBHIPOXKIEHHI.

3aMeuaHnue. YciaoBHs 1° U 4° cnenyioT M3 Tpex OCTaJIbHBIX.
Bce nath ycjioBu#t NpHBeAeHH OTAeNbHO, YTOOBI NONYEpPKHYTb, UTO
OHM CJIeYIOT U3 CTPYKTYPHOH YCTOHUHBOCTH NOJIS.

Teopema. CTpykTypHo yCTOiluMBHE BeKTOpHBE nonsa obpa-
3YIOT OTKpHITOE BCIONY ITJIOTHOE MHOXKECTBO B TPOCTPaAHCTBE BCeX
BEKTOPHBIX noJeii Ha codepe, HanenenHoM Cl-tonosoruei.

3aMeuyaHHne AHalorWyHble pe3ysbTaThl CIpPABENJHBHE 15
BEKTOPHBIX mOJiefi Ha Kpyre, KOTOpble He KacamwTCs TrpaHHYHOM
OKPYXKHOCTH. DTH JBa Clyyasi JIerKO CBOISITCA NPYT K IpPyry.

§ 2. AnddepeHupalbHNE ypaBHEHHsT HA JIBYMEPHOM TOpe

3neck Hccnenywrcs AnddepeHnuaNbHble ypaBHeHHS Ha Tope,
IomycKamuHe npeobpa3oBaliie MOHOIPOMHH.

2.1, JiByMEpHHIT TOp M BEKTOPHBIE NOJsi HAa HeM. Mu Gynem
paccMaTpHBaTh BEKTOpHBle mossi Ha Ttope 12={(x, y)mod 2n},
IJ1si KOTOPHIX NepBasi KOMNOHeHTa He paBHa HyJI0. Beakoe Bektop-
Hoe mnosie Oe3 OcoObIX TOYEK H IHKJIOB Ha NBYMEpPHOM Tope Ipe-
Bpalaercsi Nocje NOAXOAsILell 3aMeHBl KOOPJIHHAT B BEKTOPHOE NO-
Je ¢ HeHyJeBoH mnepBod koMnoHeHToH (3urenr (C. L. Sie-
gel), ecm. § 7, [62]). 3ro, BoobILEe roBops, HE TaK ]S BEKTOPHLIX
noseii 6e3 ocoGuiX TOYEK, HO ¢ nukiamu (puc. 10).

ITpouspospHoe nH¢pQepeHnHaNbHOE ypaBHeHHe Ha TOpe MOXKeT
OBITb 3aKaHO B BHAE

2=v(2), 2€R?, ©(z+42me)=2v(z-+2me;)=1v(2),
el=(l, 0), eg=(0, l).

L) T. e. BellleCTEBeHHHe YacTH COOCTBEHHHX YHCes ONEpPATOpa JIHHEHHOH YacTH
f0418 B 0COOOR TOYKe OTNHYHH OT HYJd.
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Puc. 10. YpaBkehue wa Tope Ges mpeobpasosakua monojapomuu, Cmpa-
Ba u3ofpaxeun (a30BHe KpHBHE Ha Tope, CJeBa— (a3oBhE NOPTpeT
COOTBETCTBYIOLLErO JBOAKONEPHOJAHYECKOrO TNOJA Ha IJIOCKOCTH.

¢a3oBbie KPHBBIE YypPaBHCHHs, 3a[JaHHOrO BEKTOPHBIM ©OJEM C He-
HyJIeBOH NepBOH KOMIOHEHTOH, COBNMaAaloT C HHT2rpaJibHbIMH KPHBLIMHA
HE4BTOHOMHOIO ypaBHEHHUS

Hef( 9, [l y)=F (x5 y+20=F (x4 (1)

Tosbko TakHe ypaBHEHHsI Ha TOpe pacCMaTpHBAlOTCs HHIKe.

2.2. IlpeoGpa3oBaHue noHoapommu. [Ipeobpasosartiem MOHO-
Opomuu (unu QyHKUHeH mocJenoBaHHsn) st ypaBHedus (1) Hasbl-
BaeTcR otobpaxeHHe ocH y Ha cebsi, CONOCTaBJsIONIEe KaxXIoH
toyke (0, y) 3HaueHHe npH x=25 pelleHHs C 3THM HauaJbHBIM
yCJOBHEM, a TaKKe COOTBETCTBYIOIlee oToOparkeHHe OKpPYKHOCTH
R/2nZ.

[Ipeo6paszoBanne MoHoApoMHH A nuddepeHuHpyeMO BMecTe C
o6paTHBIM H OTJHYAETCs OT TOXKAECTBEHHOro oTrobpaxkeHHs Ha Ile-
PHOAHUECKYIO (YHKUHIO, HA3bIBAEMYIO 2A080l:

AW=y+a@), ay+2m)=a(y), 2)
a' (y) > — L.

Onpenenenns. 1. Tpaekropued ToukKH mnon neficteHeM Aud-
¢eoMopdH3Ma NpOCTPaHCTBA Ha cebs Ha3BIBAGTCS MHOXXECTBO, CO-
cToslllee H3 3TOM TOYKH H ee 006pa3oB MOJA HEHCTBHEM BCeX HTepa-
nui pupdeomopdusma u ero obpaTHoro.

2. Ilepuoduueckasn Ttouxka Jdughdpeomopdusma — 3to Ttakas TOY-
Ka, TPAaeKTOpPHA KOTOpOH KOHEUYHA; 3Ta TPAEGKTOPHS Has3bBaercs
YUKAOM, a YHCJIO TOUEK LHKJa — ero nNepuciom.

3. Kparnocrero yukia ¢ nepuojoM ¢ pupdeomopdusma A Ha-
3bIBaeTcsl KPaTHOCTL JIIOGOH NpHHazJexaned UHKNY HenoABHKHOMH
Touku aubdeomopdusmMa A? (31a KPaTHOCTL OAMHAKOBA I BCEX
TOueK uHKNa). L{uxka nHesuipoxcOen, ecnm COOTBETCTBYIOIlHE HENO-
JABHXKHBEIE TOYKH HeBHIpOXKIEHbl (He HMET MYJbTHIVIHKATOPOB,
paBhbix 1).

H3yuenne ypaBhehuns (1) Ha TOpe CBOIMTCS K H3YYEHHIO COOT-
BeTCTBYOLIeH (QYHKUHH MOc/NenoBaHus — nupdeomopdpusamMa oKpyxK-
HoctH. Tak, HampuMep, NepHOIMYECKHM TOYKaM TnpeobpasoBaHHA
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MOHOZPOMHH COOTBETCTBYIOT 3aMKHyThle HHTErpaljbHble KpHBBHIE
ypaBHEHHs1 HA TOpe, H o0paTHO.
2.3. Yucao Bpamenus. [Iycts A — coxpaHsOMmBHE OpHEHTaUHKY
roMeoMOp(H3M OKPYKHOCTH Ha celsi, 3anHcaHHbl B BHAe (2).
Onpelenenne. Yuciom spawenus zomeomopipusma A Ha-
BLIBAETCA Tpenen

__1
b=z

A% (y) .

lim P

k—co
Teopema. Ilpenen B onpeneneHHH 4YucJa BpaileHHs cynlect-
ByeT H He 3aBHCHT OT HayaJbHOH TOUKH Y.
Onpenenenne Yuciom epatjerus Ouppeperyarbro2o
ypasHernusn (1) na Tope Ha3biBaeTcs YHCJIO BpPallleHHS COOTBETCTBY-
J01ILero NpeoOpa3oBaHus MOHONPOMHH.

§ 3. Crpykrypho ycroiuuBble nuddepeHuyaabtbe
ypaBHeHHsI Ha TOpe

3necy uceaenywres augpdepeHuHanbHble ypaBHEHHs Ha Tope C
panHoHaNbHBIM YHCJIOM BpalleHHs.

3.1. Onucanue CTPYKTypPHO ycToMumBbIX ypasHermH ([8]).

Teopema. Huddepenunansvioe ypaBhenve (1) Ha TOpe HMe-
eT pal{oHaJibHOe YHCJIO BpamieHHs, eCay H TONBKO ec/lH OHO HMe-
eT 3aMKHYTble HHTerpaJibhHbie KpuBble (uuknabl). Ecnm unciao Bpa-
uieHHs paBHO p/g (HecoKpatuMas npoOb), TO NMEPHOABl BCEX HHK-
JOB paBHH 2ng (Po/ib BpeMEHH HrpaeT He3aBHCHMasi IepeMeH-
Has x).

Teopema. Oubdpodepenumancioe ypapHeHne (1) Ha Tope
CTPYKTYPHO YCTOHUHBO, €CJIH H TOJIbKO eCJH UYHCJIO BpallleHHs pa-
LHOHAJbHO, W BCe NMEPHOIHUECKHe pelleHHS HeBHIPOKAEHH.

AHnanoruynble YTBep2KIE€HHs1 CHPaBELJIHBBH [Jis COXPaHAIOLHX
opuenranuio anddeoMopPH3IMOB OKPYKHOCTH.

, Onpenenenusn. 1. udpdeomopdnamu f: M>M u g: M—>M
Tonoaoeuvecku (C*, aHaAUTUHECKU) IKBUBAAEHTHbL, €CNH CYLIECTBY-
etr romMeomopduam h: M—M (coorBerctBenHo, auQdeomopdusM
kiacca C* uiH aHanuTHUEeCKRH), conpsiratowuit f u g:f=h ogo kL

2. Ouddeomopudam mHorooGpasuss M B cebss  HasbBaercs
CTPYKTYPHO ycToluussim, eciau mwoboin Cl-6nu3Kuit emy Jupdeo-
MopdusmM M B ce6d TONOJNOTHUECKH 3KBHBaJIeHTEH HCXOIHOMY, H CO-
npsiramoliiii roMeoMopH3M OMH30K K TOXKIECTBEHHOMY.

Teopema. Coxpanaomuii opHeHrauuio  JaupdeoMopdu3M
OKPY2KHOCTH CTPYKTYPHO YCTOHUYHB, €CJIH H TOJBKO €eCJAH UHCJIO
BpallleHHd palHOHaJbHO H BCE UMK HeBhpoxKaeHbl. CTPYKTYpHO
ycroiuuBble nHp¢peoMoppu3Mbl 00pa3ylOT OTKPHITOE BCIOAY ILIOT-
HOe MHOXKECTBO B NMPOCTPAHCTBE BCEX ABAXKABl IV1aJlKHX COXpaHsIo-

KX OpHeHTanHKw AH(PPeOMOPPHIMOB OKPYXKHOCTH C  TONOJO-
reeid C2,

47



He cnemyer nyMarh, OOHaKO, 4TO <«Hayraj B3STHE» aubdeo-
Mop(dusM OKpyxkHOCTH OyleT B mnoaasisiioneM OCoONbIIHHCTBe CJaYy-
4aeB MMETb palHOHaJIbHOE YHCJAO BpaiueHHs (cM. § 4).

3.2. OueHxa 4YucCJaa LHMKJIOB.

Teopema Hxkob6cona. [uddeoMopprsM  OKPYKHOCTH
Y y+a(y), ana KoTtoporo yriopass QyHKUHSI a —— TPHFOHOMETpPH-
yecKHHl MHOTOUJeH cTeneHH 7, HMeeT He 0ojiee yeM 211 IHKJIOB €
y4eToM KpaTHOCTH. :

CanencrsHe. Kaxpawii nudppeoMopdbrsm u3 nsynapamerpuue-
CKOTO CeMeHCTBa

featy—y+at-esiny

HMeeT He Oosee NBYX LIHKJIOB.

3aMevuanue. Ymncno Bpamenus puddeomoppusMoB ceMei-
cTBa mpoferaer BCI0O OCh; EPHOIL! BO3HHKAEIOIIHX INpPH 3TOM IHK-
JIOB MOTYT OBITb CKOJIb yIrOJAHO OOJBbIIHMH.

Ananornunas TeopeMa Jaa AunddepeHuvaJbHEIX ypaBHEHMA Ha
Tope He Joxa3aHa. FlewseBecTHo mJaxe, cymecrsyer JH ONEHKa
CBEpPXY Ha YHCJO HHKJOB ypaBHEHHS %z f (%, y) ¢ TpUroHoMeTpH-

YeCKHM MHOrOWIEHOM f B npaBOfi YaCTH Yepe3 CTEleHb MHOrowieHa f.

§ 4. YpasHeHusi Ha TOpe C HPpPALMOHAJbLHBIM
YHCJOM BpallCHHS

dy
Bce unterpaibibie KpHMBHIE CTaHZaDTHOrO ypaBHEHH — =0,

® — MppanHOHaNbHO, BCIOAY IJIOTHH Ha TOpe H, caedoBaTelbHO,
He3daMKHYyTH. Huxe uccnenyercs Bonpoc o6 3KBHBAJeHTHOCTH IH(-
¢epeHnrHaNbHOTO YpaBHeHHsA ¢ HppauHOHaJ bHBIM YHCJIOM BpalleHHS
Ha TOpe W CTaHpaptTHoro ypaBHenust. Haunem ¢ puddeomopdnus-
MOB OKPYXKHOCTH.

4.1. IxBuBaJICHTHOCTL auddpeomopPHU3Ma OXPYKHOCTH IOBO-
porty.

Teopema Hauxya ((A. Denjoy), [8],- [62]). JBaxan
rNanKui coXpaHswumui opueHTaLH© AHU(PeoMopdH3M OKPYIKHOCTH
C UPPalHOHa/JAbHBIM UYHCJIOM BpAalleHHsi TONOJOTHUECKH 3KBHBAJIEH-
TeH mnoBopotyl.

. Jlns noutw Bcex (no mepe JleGera) uncesn BpalleHHsi conpsira-
wmui roMmeomopdusm B TeopeMe JlaHxkKya HMeeT JHIIL HEMHOrO
MEHBILIYIO I'1aJlKOCTh, YeM HCXOAHBIH, KaK NOKa3biBaer

b Naa romeomopdu3Ma OKPYXHOCTH C HppalHOHAMbHLIM YHCJOM BpalleHHs
o- B @-npeeabHbie MHOXECTBa BCEX TPAEKTODHH coBmanalwT. OUH npeAcCTaBJAIOT
cofoii iIn60 BCK OKPYXHOCTE (Ans romeomopduamor kiaacca C?), nufo KaHTOpo-
BO COBEpILIEHHOE MHOXECTBO (COOTEETCTBYIOIIME NpPHMEPh INOCTPOEHH AJA IO-
meoMopdu3sMor Kiacca C! [62]). B mepeoM cayuae, Kak ye yKa3HBaJkOCh, Io-
MeoMOp(}H3M OKPYKHOCTH TONOJOTHYECKH SKBHBAJEHTEH NOBOPOTY; MOJHAA TONO-
Jioruyeckasa KaacCH(PHKaUHs roMeOMOP(PH3IMOE OKPYXHOCTH BO BTODPOM cjaydae
nonydena B [101].
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Teopema 3pmana ((M. R. Hermann) [92]). Ha Bemect-
BeHHOH NpsSMOH CYIIECTBYeT MHOXKECTBO NOJHOH Mephl TaKoe, UTO
C™ — raazkuii puddeoMopPH3M OKPYKHOCTH, UHCJAO BpalleHHSs
KOTOPOro NPpHHAAJEXKHT ITOMY MHOXectBy, C'2-r1ajiko 3KBHBa-
JIEHTEH TOBOPOTY: 31ech 7 — J10boe HaTypajbHoe uHcio, GoJblliee
2, 00 KU @, TpHYeM oo—2=00, 0—2=0P,

VenoBue Ha uppaunHoHAJbBHOE YHCANO BpalleHHsi (TaK HasbBa-
emMoe <«ycloBHe A» IDpmaHa), AOCTATOYHOE MJI TPHHAMJEXKHOCTH
L MHOXeCTBy, YKa3aHHOMY B TeOpeMe, COCTOHT B CJeNyIOLIEM.
[Tyete p=ao+1/(a1+1/(az+ ...)) — pasnoxeHHe uncna p B He-
npepuiBHYI0 Apobb. Uueno p yaomJerBopsier yeiaoBHio A, ecau

lim lim Sllp( > 1n(1+a,.)) ( Y m( +a1.))“‘=0.

[Tpy momnoJHHTENBLHOM IpEeANOJIOXKEeHHH, UTO HeBsi3Ka (OTJIHUHE OT
NOBOpPOTa) Maja, ycJaoBHe A MOMXHO YIOPOCTHTD:
Teopema ([9:2]). Ilycts uncno p ynoBAETBOpSeT YCJIOBHIO

o5 > crrovo

175l BCEX HECOKPATHMBIX pf¢ H HEKOTOPBIX MoOJoKHTeNbHbIX C H .
Torna ananuTHuecku#t audQeoMOp(PH3M OKPYKHOCTH € UHCJIOM
BpalLlleHHs [, AOCTATOYHO ONM3KHE K [OBOPOTY Ha W, aHalHTHUe-
CKH SKBHBaJleHTEeH NOBOPOTY.

Ecin B npepwbinymeit Teopeme &>)5—2, 10 C*-mrddeomop-
(H3M OKPYXKHOCTH ¢ YHCJOM BpamleHHs p C™-s3KBHBaJleHTeH MOBO-
pory nns Jawboi, He obs3atenbHo Manol, yrjaoBo#t GYHKUHH
(Mokkoc (J. C. Yoccoz) [9C, c. 814]).

BonplinHCTBO GAH3KHX K NOBOPOTY IJIaAKHX (aHaJHTHUECKHX)
JHuppeoMopPH3IMOB OKPYXKHOCTH TJ1alKO (aHaNHTHUECKH) S5KBHBa-
JIeHTHO ToBopoty. HamnpuMep, paccMoTpHM jaBynapaMeTpHUECKoe
ceMeHCTBO Y — y+a-+eb(y), rme b -—rnagkas 2a-nepHopHUe-
cKasi QyHKUHS.

Hons Tex 3HaueHH# napameTrpoB (@, €) H3 NPAMOYroJbHHKA
el ey, 0<<a<<2x, nns xoTopux AupdeoMOpdHIM IIaJKO HEIKBH-
BaJIeHTeH NMOBOPOTY, CTPEMHTCS K HYJI0, Koraa g—-0. B uvacTtHOCTH,
CyMMapHas NJOLlaAb BCeX PE30HAHCHBIX $A3BIKOB Ha puC. 11 B
MaJloH OKPeCTHOCTH OCH 4 COCTaBJAsieT MaJyio JOJI0 NJOMAanH
OKPEeCTHOCTH.

B «HCKJIIOYHTENbHBIX» CIYyUasix CONPSITAIOIIH{ ToMeoMop(H3M B
TeopeMe JlaHxKya MoOXeT ObITb He TJIaJKHM, €CJIH JaxKe HCXOIHBIM
nudpdeoMopdusmM aHalHTHYEH. D10 OBIBAaeT, KOTga YHCJO Bpalle-
HHs HeHOpMaJbHo OJH3KO aNnnpoKCHMHPYeTCS  palHOHAaJbHBIMH
yHcnamu [9: 2].

Ananoruynbie TeOpeMbl BepHBI And AupepeHLHaNbHEX ypaB-
HeHHil Ha Tope. OHH CJelyiOT M3 NpPEeABAYIUHX TEOpPeM H 3ameua-

b Yepes C€° obosnayaeTcd KJACC @HATHTHYECKHX OTOOpAMEHHL.
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Puc. 11. Pesocnancubie 30HH MR ceMeHCTEa AH(pdeoMOp(pHIMOB OKpYX-
HOCTH,

HUR: nuddepeHnnanibHoe ypaBHeHHe Ha Tope, AONYCKalollee mnpe-
o6pasoBaire MOHOJAPOMHH,  Tonosnorwyecku (Cr-rmajiko, aHaiu-
THYECKH) 3KBHBaJEHTHO CTAHLApPTHOMY, €CJIH H TOJBKO €CJH
COOTBETCTByWILlee mnpeoOpa3oBaHHe MOHOAPOMHH TONOJOTHYECKH
(Cr-rnagko, aHaJiuTHUECKH) 3KBHBaJIeHTHO NOBOpOTY.

4.2. NuddeomoppusMp OKPYHKHOCTH M BEKTOPHblEe moag Ha S3.
Hanxya nocrtpons npumep nuddeoMopdpHaMa OKPYXKHOCTH Kiacca
- C!, He 3KBHBaJI€HTHOTO TOBOPOTY OKPYXKHOCTH H HMeIOULero Hppa-
LHHOHaNbHOe uHcsio Bpallehus (cM. [62)). Mcnonaways stor npuMep,
Higeiinep (P. Schweitzer) pan oTpHuartenbHOe pelleHHe CJedyio-
el npobaemsl 3efidepra (H. Seifert).

Bepno nH, yro BCakoe BekTopHOoe noJjie 6e3 0coOBIX TOUEK Ha
S® umeer UHKA?

Teopema ([62]). Ha tpexmepHoii cdpepe  cymectyer Cl-
rjialkoe BEKTOpHOe nojsie 6e3 0COOBIX TOUEeK M L HKJOB.

HenaBho noctpoero C?-rnankoe mojie ¢ TeM Xe CBOHCTBOM
{91]. MoxHo nu elle MOBLICHTH TJIAAKOCTH NoOJis B TeopeMe llIBeii-
epa — HeH3BeCTHO.

§ 5. 3aMeyaHHst O YHCNE BpPaALCHHS

B s1om naparpate uucso BpalleHHs HCClenyercsi Kak (yHK-
M5 NapaMeTpoB; ONPENEJAIOTC H HCCIEAYIOTCS «MHOXKEeCTBa Bpa-
IeHHA» AJ3 3HAOMOpP()H3IMOB OKPYyXKHOCTHD. :

5.1. Yncno BpamieHHs Kax (YHKIMsA napamMerpoB. PaccMOTpHM
cemedcTBO nHbPeoMOpH3MOB OKDYXKHOCTH Ha cebs ¢ mnapamer-
paMH a H &:

yoytatef(y), fy-+2m=71(y). 3)
Onpenenenune. Touka (q,e) NpuHagnexur obAiacTu peso-
Hanca m/n, eciy YHCIO BpamieHus1 oTobpaxkeHHs (3) paBHO m/n.
OG6nactn pe3oHaHCOB m/n NPH MajblX n B cay4ae, Koraa f(y) =
=S§in y, nokasanw Ha pHC. 11. O nogxomat k smuun =0 y3kH-
MH g3bIKaMH C OCTPHEM B TOYKe M /n, «A3BIK» TeM yKe, yeM OOJb-
e n.

Teopema ([9]). Ilycte f— TpUroHOMeTpHYECKHE! MHOrOYJeH

D SupoMoppusM — ouHO3HAYHOE, HO HeOGA3ATEIbHO RB3AHMHEO CJIHO3HAYHOE,
oTobpalkeHue.
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OT OJHOi NEPEeMEHHOM cTeneHd p. Torla mwuHpHHa 06JsacTH pe30HaH-:
ca m/n He mpesocxoaut Ce’, rae r— uenass yactb Apobu —n/p:
r=—[—n/p].

5.2. CemeficTBa ypaBHEHMM Ha TOope. AHalOrHuyHasi TeopeMa
cnpaBefuBa Ans AH(Q(epeHlHaJibHEIX YpaBHeHUWH Ha TOpe

%:a-[—eF (%,4), F(x3+2n,y)=F (x,y-+20)=F (x,y). (4)

Teopema (O. I. Tankun), Ilycts F — TpUroHOMeTPHYECKHI
MHOrouJieH cTeneHH p rno y. Torja mmpHHa o6JacTH pe3oHaHca
mfn (TakK Ha3mBaercss MHOXKecTBO Tex (@, €), AJsL KOTOpPLIX ypaB-
HeHHe (4) HMeeT YMclO BpallleHHa m/n) He npeBocxoaur Cg', rae,
r=—|[—n/p].

5.3. Sunomopdpuamm okpyxkHoctu ([74]). [lycte A — supomop-
dbu3M OKpyxHOcTH, TO ectb A(Yy)=y+a(y), a(y+2xn)=a(y), HO
yCJOBHE B3aHMHOH OJIHO3HAYHOCTH @' >-—1 MoxeT 65IThb HapylleHO.

Onpenenenue 1. Muoscecteom epawjenus 3HOOMOpDUIMA
A okpyscnocTu Ha cebs HasnlBaercsl 3aMblKaHue W(A) MHOXecTBa

{n* (4, y) |y€R},
rjae

n" (4, y)=I1im sup—‘%ki’-.
koo

2. MHoxecTtBoM BpauieHHusi. (A, y) HasbiBaeTCsI MHOXKECTBO
BceX NPEeeJbHBIX TOueK nocnienopaTenbHocTH A*(y)/k.

Cnenyionjass TeopeMa Jaer onucaHHe MHoxecTB u(A4, y).

Teopema. Ilycte A — HenpephiBHOe oTo6pameHHe OKpYK-
HOCTH Ha cebs crenerd | (To ecTh TaKoe, KaK B Haualie NMyHKTa).
Torpa

1°. Muoxecteo p(4, y) npu no6OM Yy — 3TO OTPE30OK, NMPHHAM-
Jgexauuii p(A).

2°. Jas kaxporo orpeska o, npuHaanexaumero p(A), cymecr-
ByeT Takoe y, 410 p(4, y) =o.

T'arasa 3

OCOBbIE TOYKH NH¢GEPEHIHAJIbLHBIX YPABHEHHNA
B MHOTOMEPHOM BEUWECTBEHHOM ¢$A30BOM
IIPOCTPAHCTBE

JlokanbHasi Teopusi AH¢p¢epeHLHaJbHEIX YPaBHEHHH B 3HauH-
TeJbHOH Mepe .NMOCBSAllEHa KilacCH(PHKAHOHHBIM 3ajauaM. B 3aBu-
CHMOCTH OT TOro, KaKoe OTHOIlleHHe YKBHBAJMIeHTHOCTH MCNOJAb3yeT-
Csl NpH KiacCU(HKAlHH, BO3HHKaeT Ta WJHU HHasi BeTBb TCOPHH.

Onpepenenne. JiBa AHpQepeHUHANbHEIX yPaBHEHHsT (HJH,
YTO TO K€ CaMoe —— IBa BEKTOPHBIX MOJIS) TONOAO2UYECKU 3KBUBA-
AEHTHBL B OKPECTHOCTH OCOOLIX TOUYEK, eCliH CyHIeCTBYeT TIOMEeo-
Mop¢}H3M, nepeBOASIIUHE NepByl0 O0co0yl0 TOYKY BO BTOPYIO H
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CONMpSiralolMii  JOKaJbHele (asoBble NOTOKH  paccMaTpHBaeMbiX
VpaBHeHHH B 3THX 0coOblx TOYKax. Ecinu conpsiratomuii roMmeoMop-
¢usMm rnagok knacca C* (k — natypanbHOoe uHcao HiaH  Gecko-
HEYHOCTb) HJIH AHAJHTHYEH, TO Au(pQepeHlnanbHbe YpPaBHEHHSA
Ha3bBaloTcst ChR-2400K0 UAU AHOAUTUYECKU IKBUBAACHTHLIMU.

OnpeneneHue. JlBa auddepeHuHasbHbHX ypaBHeHUs (ABa
BEKTOPHBIX NOJISI) OpOUTAABHO TONOAORUYECKU 3KBUBAAEHTHbL B
OKPECTHOCTH OCOOBIX TOUEK, €C/iH CYHIECTBYET roMmeoMop(PU3M He-
KOTOpPOH OKPEeCTHOCTH OCOOOH TOYKH OJHOre nojss B HEKOTOPYIO
OKPeCTHOCTb OCOOOH TOUKH APYroro, NepeBOAsHINl NepBylo 0co6yIo
TOYKY BO BTOPYI0O M oToOpakalomuii JioKaJbHEle (PasoBLI€ KPHBHIE
OJIHOr0 ypaBHeHHsI B JIOKaJbHble (Ppa3oBble KPHBBEIE APYroro ¢ coxpa-
HeHHeM HanpabljieHHs ABHXeHus. CR-2na0ko u anaautuydecku op-
OUTANbHO 3KBUBANEHTHbIC YPaBHEHHS ONpelensloTcsi aHaJIOrH4YHO
TOMYy, Kak onpeneieHnl CR-rnmagko W aHaMUTHYECKH 3KBHBaJIEHT-
Hble ypaBHEHHS.

ITH onpefesieHHs] HMEKT CMBICT KaK B BEHIECTBEHHOH, TaK U B
KOMIIEKCHOl o6JiacTH (BpeMsi B IOCNEAHEM CJydae KOMIUIEKCHOE).
AHalMTHYECKYI0 3KBHBaJeHTHOCTh AU ¢epeHIHANBHBIX ypaBHEHHH
€CTEeCTBEHHO H3yyaThb B KOMIUIEKCHOM (pa30BOM IPOCTPAHCTBE; B
3TOHU rJlaBe PacCMaTPpUBAETCHd BeHIECTBEHHBIH CJHYyYaH H TOMNOJIOIH-
YyecKasi HAU riajikas KjiaccH@uKauusa. B panbeelilleM, eciH He Oro-
BOpEHO NPOTHBHOE, «I[VIAJKOCTb» O3HayaeT GECKOHEeUHYIO IMIafKOCTh;
BpeMsl CYHTAeTcsl BelleCTBEHHHM, a BEKTOPDHEIE INOJIS — IJaAKHMHU.

§ 1. Tonosoruueckasn KjaccHpuxanusi runepOoJnyecKux
0cO0bIX TOYEK

B 3rtoit rnaBe, Hapsaay ¢ OCOOEHHOCTSIMH OOHIErO MNOJOXKeHHS,
KJIACCHQHIMPYIOTCH H HETUNMHYHBle OCOOEHHOCTH.

Tononoruueckuii THn au¢p@epeHHANbHOrO ypaBHEHUs! B OKpPeCT-
HOCTH 0cOo00H TOYKH O6Iero MmoJIOXKeHUst ONpefeNnsieTcsi JTHHeapH3la-
uueil nosst B Touke (Teopema 1.1 HuxKe). Cayyau 6osiee CHOMKHBIX
ocobuix Touek ob6cyxnarorca B §§ 2 u 5.

1.1. Teopema I'poOmana—XapTMana.

Onpenenenue. Ocobas touka auddepeHIHaNbHOIO ypab-
HeHUsi Ha3bIBaeTCsl 2unepboau4ecKkoli, eCclli HH OAHO cOGCTBEHHOe
BHaueHUe JIMHEHHOH YacTH yPaBHEHHS B 3TOH TOUYKe He JICKUT Ha
MHHMOMH OCH.

Teopema ([8], [67]). C'-rnankoe BekTOpHOe moJie ¢ rumep-
Oonuyeckoil ocoOOH TOYKOH B HEKOTOPOU OKPeCTHOCTH 3TOH TOYKH
TONOJIOrHYeCKH 3KBHBAJIEHTHO cBoeH JIMHeHHOH YacTH.

1.2. Kaaccupukauusa JHHEHHbIX CHCTeM.

Teopema. Ilycre nuneilHni onepatop A 6e3 cobcTBeHHBIX
BHaYeHHii HAa MHHMOH OCH HMeeT n* COOCTBeHHBIX 3HaueHHH B npa-

BOH MOJIYNJOCKOCTH W n~ — B JieBoh. Torga auddepenunanproe
YPaBHeHHe

x=Ax, xER" n=n*1n-
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TONOJIOrHYE€CKH 3KBHUBAJEHTHO CTaHIapTHOMY

-

.’;=y3 = —2Z, yERn+, zERH--

3ameyaHue. Tonosornueckas kJiaccHpHKALUUs OCOOHIX TO-
YeK JHHeHHBIX CHCTeM, Jlake U He runepboJHYECKHX, COBIaJaeT €
TOIOJIOrHYeCKOH KnacCcu(pHKanuel JUHeHHEX CHCTeM BO BCEM NPOCT-
paHcTBe R”, 3akniouamoonieiicst B clelyloHleM.

Teopema ([38]).lBa auneiinbx AuddepeHHaNbHEIX ypaBHe-
Husl X=AX, x€R", 1 =By, y€R", TONONOrHyecKH 5KBHBAJIEHTHEI, €C-
JH U TOJBKO €CJIM YHCJa COOCTBEHHBIX 3HAUEHWH ¢ OTpHLIATe bHOH
(COOTBETCTBEHHO IOJIOXKHTENIBHOI) BeLleCTBEHHOH YacTbi0 onepaTo-
poB A 1 B paBHH, a OrpaHHyYeHHs 3THX ONepaTOPOB Ha HX HHBa-
pPUHAHTHBIE NOAINPOCTPAHCTBA, COOTBETCTBYIOLHE YHCTO MHHMHM
cOGCTBEHHEIM 3HAYEHHSIM, JJHHEHHO 3KBUBAJEHTHHI.

§ 2. Vcroiiuupocth no JisnyHoBy H npobJema
TOIOJIOFTHYECKOH KiaaccH(PHUKaALHNH

B stom naparpage obcyxpaiorcss obmue NOAXOAH K JOKaJb-
HEIM 3ajayaM aHanu3a M TPHUBOASITCH TEOPeMbl, KOTOphle MOKa3bl-
BaIOT, YTO B CHJBHO BHIPOKAEHHEIX CJiyyasix npobieMa ycTOHYHBO-
CTH B npobaeMa TONONOTHYeCKOK KJacCH(QHKalHH OCOOBIX TOYEK B
onpeneNeHHOM cMbicie HepaspemnMel. [losyueHHsle B HacTosimiee
BpeMsi KPHTEPHH YCTOMUHBOCTH H KJIacCH(DUKALUOHHLIE TeOpeMHI,
NpUMeHHMble B «He CJAHUIIKOM BBEIPOXKIEHHBIX CNyuYasix», NMPHUBOASTCSH
B § 5.

2.1. O noxkajabHbIX 3apayax aHaJauM3a. HauHeM ¢ onpeaeneHus
cTpy# OQYHKUMI M BeKTOPHHIX noJieii. PHKCHpyeM CHCTeMy KOOD/IH-
HaT B R™. ,

Onpenenenre. N-crpyeid rnankoiri (yHKIHH B TOuKe O
npoctpaHcTBa R™ HaswiBaercs kaacc QyHKUHH, TeHJIOPOBCKHe pas-
JOKeHHA KOTOpeiX B TOuKe 0 1o uneHoB creneHd N BKIIOYHTE/IBHO
COBNAJAaIoT.

TemM cambiM, B (PUKCHpPOBaHHOH cucTeMe Koopaunat N-cTpys
GYHKIUH 3a/laeTcsl TNOJHHOMOM cTeneHH He Boiiue N. Ianum Te-
nepL, ApPyroe onpeaejieHHe, He3aBUCUMOCTb KOTOPOrO OT CHCTEME
KOOpPJAHHAT OYeBHJHA.

OnpeneneHde. N-ctpys rhankoii ¢yHKuun f B Touke 0
npoctpaicTBa R™ — 3T0 Kyacc Bcex (yHKIHH, coBnanawooliux c f
¢ TouHocThio MO O(rM) mpu r—0 (r— paccrosiHue no HyJis); 3Ta
N-cTpyst o6oanauaercst %' unn joof.

IT0 onpedeneHre 3KBHBAJEHTHO NpelAbAyLeMy, AJSi KOTOPOro,
TeM CaMBIM, JOKa3aHa He3aBHCHMOCTb OT CHCTEMHBl  KOOps=
JUHAT.,

Tak ke onpepensitorcs N-cTpyd OGYHKUWE B NPOH3BOJIBHOA
TOUKe X NPOCTpPaHcTBa R™; Hy>XHO TOJBKO CYHTaTh, YTo I — pac-
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CTOfIHHe o X. AHanoruyno onpeiensiorcss N-CTpyH BeKTOPHBHIX IO-
Jeii B NpoH3BONBHON TOYKe npocrpaHctBa R™, IloanpocTpaHCTBO
3TOr0 MPOCTPAHCTBA, COCTOSIEe M3 CTPYH BEKTOPHBIX IOJIEH C
oco60oi TOUKOII HYJb, 0603Hauaercs Jo¥ (1).

Bri6op cucTeMbl KOpIHMHAT B (pa30BOM MPOCTPaHCTBE NO3BOJAET
BHI6paTh CHCTEMY KOOpOHWHAT B npocTpaHctBe J¥(n): Kaxaoi
N-ctpye coorBeTcTByer HabGop KO3((HUHEHTOB BEKTOPHOrO MNOJIH-
HOMa CTeNeHH He BHIe N, SIBJAAIOLIErocs ee NpeiCTaBHTENEM.

Onpenenenune. CTpys BEKTODHOrO NOJAA B OCOOOH TOYKE
NCJIOXKHTE/IbHa (OTpHIATeNbHA) OTHOCUTENBHO cBolicTBa A, eciH
Bce ee npeAcraButesu obnapaior (He o6napaioor) cBofictBom A.
CTpys HeHTpaJibHa OTHOCHTEJIbHO CBOHCTBa A, eCaH OHa He MOJIO-
JKHTE/bHA H He OTPHUATE/bHA.

Onpenenernue 3ajaya pa3jHyeHUs BEKTOPHBIX noJjeif, obya-
JawlHx HWJIH He o6Jiafaiollux CBOUCTBoM A, HasnBaercsi axazeb-
pauxecku pazpeuiymor, eciaH

1°. MHOXeCTBa NOJIOKHTENbHBEIX, OTPHIATENbHEIX M HeHTpasb-
HbBIX OTHOCHTeNbHO CBoOHcrBa A N-crpyii npu kaxmom N oGpasy-
0T noJiyanrebpanueckde MHOXKecTBal! B mpoctpanctBe JN(n).

2°. Kopa3MepHOCTb MHOMXeCTBa HeHTpanbHbx N-cTpyét B mnpo-
cTpaHcTBe J¥(n) crpemutrcst K GeCKOHEYHOCTH NMpH N—-oco. A

AHaauTuvecky paspewiumvle 3ajaul ONpeleNsiioIcs Tak ¥Ke, Kak
anrebpaHyeCKHe paspeiiHMble, TOJBKO BO BCeX ONpPeiefIeHHsX CJIO-
BO «aJireOpaHyecKHH» 3aMEHAeTCSI Ha <«aHAJUTHYECKHI»,

B stom naparpade B KauecTBe cBolicTBa A paccMaTpHBaercs
YCTOHUHBOCTL no JIsnyHOBY. BmecTo «CcTpysi BeKTOpPHOro IoJasi B
0c060# TOYKe MONOXKUTENbHA (OTpULATENbHA, HEUTpaJibHa) OTHOCH-
TeJbHO CBOHCTBA YCTOMYHBOCTH no JIiNyHOBY» GyAeM [OBOPHTh
'KCTpYA ycroduusa (Heycrouuusa, HEHATPANbHA) ».

[Tpumep. Ilo teopeme JIanyHOBa 06 YCTOHUHBOCTH no nep-
BOMY npubnmxeHuto, 1-ctpys AX BeKTOpHOro mnojsi B Touke 0
'YCTOHUYHBa, €CJIi BCe COOCTBEHHblE 3HaueHHsi onepaTtopa A JexaT B
JIEBOH NOJYNJOCKOCTH, HEYCTOMYHBA, eCJH XOTsi 65l OJHO cOOCTBEH-
'HOE€ 3HAYGHHE JICKHT B NPaBOH MNOJYNNOCKOCTH, H HEHTpasibHA, €CIH
Xorsi 661 OnHO COGCTBEHHOE 3HA4YEHHE JIEKUT Ha MHHMOH ocH, a B
‘TpaBOif MOJIYNJIOCKOCTH COOGCTBEHHHIX 3HAYEHHE onepaTopa A HeT.
TeM cambiM, MHOXKeCTBa YCTOHYHMBHIX, HEYCTOHUMBBLIX M HeHTpalb-
HuX l-cTpyit nonyanreGpanunbl Npu J1060# pasMepHOCTH ($a30oBOro
[POCTPaHCTBA.

2.2, AureGpaHyecKass ¥ aHAJHMTHUYECKAsi HepaspelHMOCTL NMpos-
aieMbl ycroHunBocTH no JlanyHoBy. CymiectByer asnreGpanueckoe
TIOACEMEHCTBO KOPa3MePHOCTH NOPfKa CTa B NPOCTPAHCTBE CTPyi
J® (3), mepeceueHHe KOTOPOro € MHOK€CTBOM HeHTpajibHEIX CTPYH

D TlonMHOXeCTBO  BelIeCTBEHHOTO YHCJOBOTC NPOCTPAHCTRA  HAZHBAETCH
nosyasrzebpautecKum MHONECTEOM, eCJIH OHO $BJIsieTCH OOBbelHHeHHeM KOHEeYyHOro
YHCIA MOAMHOXKECTB, 3allaBaeMBIX KOHEYHBIM YHC/JAOM aJreGapHyYeCKUX YPaBHEHHi
H HepaBeHcTB BuIa P>0.
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HenoayanarebpanyHo. DTO AOKa3biBaeT anreO6palyecKyl Hepaspe-
mHEMOCTh npobseMsl ycroftuHBoctr no Jlsnywoy (B. YU. Apuoabn,
1970, [8, c. 300]).

3. 2. roap u JI. I'. Xa3sun [66:3] o6HapyxHuiH aHaNOrHY-
HOE SIBJICHHE B CeMeHCTBe CTPy# MaJsoli KOpa3MepHOCTH.

Teopema ([66:3]). [ToncemeiictBo mpocrpanctBa Jo*(4), co-
CTOsilllee M3 CTPYH BEKTOPHBIX NoJjieir B 0cob0lf TOuKe, JHHeHHas
YacTh KOTOPHIX B 3TOH TOUKe HMeeT [ABe YHCTO MHHMEBIX Mapwl cO6-
CTBEHHBIX 3Ha4yeHHH BHAa =iw;, iws, 30;=w0, IepecekaeT MHO-
JKECTBO YCTOHYMBEIX CTPYH IO HenoJyalsre6panyeCKOMYy MHOXKECTBY.

Teopema (I'. I'. Xasuna, JI. I'. Xasun, 1977). Tem xe CBOH-
ctBoM OOJaflaeT nonceMelictBo npocrpahctsa Jo?(4), cocrosimee U3
CTPYH ¢ AHArOHaJIM3HPyeMOH JIMHEHHOK yacTblo, COOCTBEHHble 3Ha-
YEeHHS KOTOPLIX ABYKPATHH M YUCTO MHHUMBI.

Kopa3mepHOCTY 3THX NOACEMEHCTB B COOTBETCTBYIOLIHMX  MNpO-
CTpaHCTBaxX CTPYH paBHH 3 U 4 COOTBETCTBEHHO.

«MOXHO OMHJAaTb, YTO FpaHHLa YCTOHYHMBOCTH, NOTEPHAB NOJY-
anre6paudHOCTh W HuueM O6oNee He CHepxkuBaeMasi, OydeT mnpel-
CTaBJIfAITh NATOJIOTHH Ha TeOPeTHKO-MHOXKEeCTBEHHOM YpoBHe. Ha-
IpUMep, MHOXKeCTBO YCTOHYHUBHIX CTPYH B KOHEYHOMEpPHOM afrel-
paugecKoM noJAMHoroo6pasuH mpocTpaHcTBa CTPyl (PHKCHpOBaH-
HOro NOpSiIKa MOXKET, BEPOsiTHO, HMeTb OeCKOHeYyHOe YHCJIO KOM-
NOHEHT CBA3HOCTH WiH OHITb BCIONY MJOTHHIM BMecTe ¢C CBOMM JO-
nosHeHueM». OAHa H3 NpelCKa3aHHBIX 3[1eCb NAaTOJOTHH B HACTOfi-
mee BpeMsi o6HapyxeHa. IlocTpoeno oaHonapaMmerpuieckoe anreb-
paHyeckKoe ceMeHCTBO B NpocTpaHcTBe cTpyd J°(5), nepecekaiomiee
MHOKEeCTBO YCTOHYMBLIX CTPY# IO CYETHOMY YHCIy HHTEpPBasoB, Ha-
KaIUIMBaIOLHXCH K BHyTPeHHell Touke ceMelcTBa. Heckonbko Gosee
ciiabuili pesyabTaT ony6JHKOBaH.

Teopema ([28]). IIpo6aema ycrofiuuBocTH no JIsnyHOBY aHa-
JIMTUYeCKH HepaspemMa. B 4acTHOCTH, MHO2KeCTBO YCTOHYUBBHIX
crpyii B mpocrpaHcTBe J3(D) He sBJsieTCH NOJyaHAJHUTHYECKHM.

2.3. Anre0panyeckas paspeliMMOCTh A0 BHPOKAEHMUHA KOHEYHOM
Kopa3mepHOCTH. ECTECTBEHHLIM IOKa3aTeseM, XapaKTE€PH3YIOHIHM,
HAaCKOJIbKO JaJjleKO yAaeTCsl IIPOBECTH Hcec/iefoBaHHe aJdireCpauvec-
KH Hepa3pelIMMOH JIOKAJbHOHM 3ajlayH, #BASETCH <«KOPa3MepHOCTb
BBEIPOX IEHHSI».

OnpeneneHue. Poctkom 8eKTOpHO20 noas B 0cO0CH TOUKe
Ha3blBaeTcs KJacc BCeX BEKTOPHHIX MOJiel, COBNaJamlIUuX ¢ HUM B
HeKOTOpoii (3aBUCHILlleli OT MOJisi) OKpecTHOCTH 3Tod ToukM. Ilouas
U3 3TOro KJjacca Ha3blBaloTCsl MpeACcTaBHTENAMH pocTka. [lBa poct-
Ka BEKTOPHBHIX MoJieili B OCOOBIX TOUKaX X H Yy Ha3LIBAIOTCH TOIOJIO-
ruuyeckd (esadko, GraAuTudeCKU, OPOUTANBHO TONOAORUYECKU . . . )
3KBUBAAEHTHBIMU, €CJIM OHH HMeIOT TONOJIOFHYeCKH (rJ1ajKo, aHalH-
TUYEeCKH, OpOUTANbHO TONOJOTHYECKH ... )  3KBHBaJleHTHbIX MNpej-
CTaBHTeJIeld, U CONPSIralollHii rOMeOMOP(H3M  NEPEBOAHT X B Y.

AHaNornyHo ONPeJeNAITC  pocTKu Jugpeomoppusmoe B He-
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NOABHKHOUN TOUKE W HX 3SKBHBAJEHTHOCTb, a TaK¥ke pPOCTKU
Pynxyuil.

OnpepeneHue 3afaya O POCTKAX BEKTOPHHIX NOJEH B OCO-
6oit Touke 0 npocrpaHctBa R" asecebpauuecku paspeuiuma 60 Ko-
pasmeprocTu k 8KAOMUTEABHO, eCNU AJisi HekoToporo N cyllecTByeT
NOCJIEf0BATEIbHOCTh BJIOXKEHHBIX ajre6paHyecKUXx MHOroo6pasHi

Vo=Jo (m)>V1DVyD...0VDVy,,, codimgV ;=j,

obnajamlllas CJAeLYIOmHM cBoicTBOM. Kaxpas ©3 pasHoOCTelt
ViNVin, j=0,...,k  pacnagaercsi Ha KOHEUHOe YHCJIO CBSI3HHIX
KOMNOHEeHT (CTpaToB); AAf JOOBX ABYX POCTKOB, N-CTpyd KO-
TOPHIX NpPHHa[JeKaT OLHOMY CTPaTy, JioKaJbHas 3ajgajya HMeeT
OAUH H TOT XKe OTBeT.A

Hanpumep, ecsn peusr Haer o 3ajlade TONOJOTHYECKOH KJacCH-
(HKaLHMH POCTKOB BEKTOPHBIX IMOJIEH, TO BCe POCTKH, MPHHalleXkKa-
I[He OJHOMY CTpaTy, TONOJIOTHYEeCKH 3KBHBAJIeHTHHI.

[Ipo6nema yctoltuuBocTH no JIsinyHoBy u npobjiema TOMOJIOrH-
YeCKOH KJNacCH(HKaUWH POCTKOB BEKTOPHEIX NoJieH aJnarebpanvyeckH
paspemiiMa A0 KOpa3MEepHOCTH 2 BKJIOYHTENbHO. 3ayacTyio aJnareb-
paHyecKoe HCCNEJOBAaHKHE JIOKAJbHOU 3ajlayd MoKeT ObiTh NPOAOJ-
KEHO, €CJH OTPAHHYHTBCH PAaCCMOTPEHHEM HEKOTOpPOro IOJAMHO-
xecrBa W npocTpaHCcTBa pocTKOB. 3ajfauM, anrefpaduecKu paspe-
HIHMBle Ha NOAMHOXKeCcTBe W 10 KOpasMepHOCTH £ BKJIIOUUTEJNLHO,
ONPEAEeNSIIOTCH TaK 2Ke, KaK H BhlIlle, TOJBKO B NpPeABAYILEM ONpe-
aeneHud V=W g codim V;=i 8 WW; 3necy W™ — MHOXKeCTBO
N-ctpyik pocTkoB kaacca W. Tak, 3ajada 06 YCTOHYHBOCTH IO
JlanyHoBy anre6panuecKu pa3peimiuMa 0 KOPAa3MEPHOCTH 3 BKJIIO-
YHTEJBHO Ha MHOXKECTBe POCTKOB BEKTOPHBHIX IOJel, JiMHeliHas
YacTh KOTOpPHIX He HMeeT COOCTBEHHBIX 3HauYeHHH BHAa i,
=+ 3iw.

2.4, Tononornueckn HecrabMauMsupyemble CcTpyH. QOHKCHpyeM
CUCTEMY KOOpAHHAT. M-CTpysi BEKTODHOro ImoJisi Ha3niBaeTcsl Npo-
donsicenuem N-ctpyu (M>N), ecau ee mHorowsen Teiyopa cre-
nesn M nogaydaercs u3 MHOrouieHa Telnopa N-CTpyum AONHCHBa-
HHEM CTapHIMX uJieHOB (CTeneHU Bhille N).

HuBapuanTHoe onpepenenne. M-ctpys BeKTOpHOro
nons siBasiercs npodoascenuem N-ctpyu, ecih M>N u Knacc Bek-
TOPHHIX mode#, obpasyromux M-CTPpywo, NpHHALNERHT Kjaaccy MO-
Jieil, obpasyromnx N-cTpyio.

Onpenenernue. Crpys VYY) BeKTOpHOro nossi B 0co60i TOY-
Ke Ha3hlBaeTCsi TOnOoAO2UYecKy HecTabuauszupyemoil B Knacce riaj-
KHX (aHaJHTHYECKHX) POCTKOB BEKTODHEIX moJsel, ecau Jo6as
cTpys OoJiee BHICOKOTO MNOpPSAKa, SBJSIOHIASCH NPOAOCJIKEHHEM
cTpyn VW conep:KUT TOROJOIMYECKH HE3KBUBANEHTHLIX B JI0GOMH
OKPECTHOCTH ©0COOOH TOYKH riajKux (aHaJUTHYECKHX) MNpeaCTaBH-
TeJeH.

Hpyrumu cioBaMH, ecJid CTPYsl BEKTOPHOIO MOJS TONOJOTHIECKH
HeCTabHNH3HpyeMa, To HUKaKag HHGOpPMaUuMsi O KOHEYHOM YHCJe
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cTapHIHX YWIEHOB He MO3BOJIET HApHCOBAaTh (Pa30BHI NOPTPET 3TOrC:
nonsi B OKPeCTHOCTH ocO60# TOUKH Ja)ke ¢ TOYHOCTBIO O INOMeEo-
mopduama.

Teopema Takernca ((F. Takens) [109]). B nmpocTtpaHncTBe
3-cTpyH# BEKTOpHHIX MOJIel, JIHHelHasi yacThb KOTOPBIX HMEeT O4HC
HYJIeBO€ H JBe Napnl YHCTO MHHUMBHIX COOCTBEHHbLIX 3HAUeHHH, Cy-
1leCTBYET OTKPHITOe NOIMHOXECTBO, COCTOfllliee H3 CTPYH, TONOJAO-
rUyecKH HecTabUIH3HPYEeMEBIX B KJacCe INaJIKuX POCTKOB BEKTOP-
HBIX ITOJIEH.

AnaziornyHslil pe3ysbraT IS aHAJHTHYECKHX POCTKOB NOKa He
H3BeCTeH.

Kopa3MepHOCTh MHOM@ECTBAa TOMOJOTHYECKH  HecTabHJIH3Hpye-
HEIX CTpYH B Teopeme TakeHca (paccMaTpuBaeMOro Kak NOAMHO-
JKeCTBO MPOCTPAHCTBa CTPYiH ¢ 0cob6oi Toukoit 0) paBHa TpeM. To-
noJloruyeckasi Knaccudpukalus POCTKOB BEKTOPHEIX TOJel, NpUHAMA-
JieKamKuxXx HEKOTOPOMY IOJAMHOXKECTBY KOpa3sMePHOCTH 6, Moxer
JaxKe HMeTb YHUCJIOBEle MOAYJIH.

Teopema ([110]). B npoctpaHcTBe 5-CTpyH BeKTOPHHIX NoJel,
JIMHEHHble YacTH KOTOpHIX MMEKT JABe Napnl YHCTO MHHMEIX COOCT-
BEHHBIX 3HAaueHUH =+iw;, +ivs, 0<<wi<wy, cyuecTByeT NOIAMHOTO-
o6pa3ue KOpa3MepHOCTH 4 U OTKPHITOE NMOAMHOXeCTBO Ha HeM, 006-
llajawnHe cledyiomuM cBoiicTBoM, Eciu aBa pocTKa BEKTOPHBIX
nofieii B 0co60Ol TOUYKe, H-CTPYH KOTOPHIX NPHHAAJIEKAT YNOMSIHY-
TOMY NOJAMHOXECTBY, TONOJOTHUYECKH 2KBHBANEHTHH], TO OTHOLIEHHS
©1/®2 AN 3THX POCTKOB COBNAAAIOT.

§ 3. PopmanbHasn kKJaccHPHKauMa POCTKOB
BEKTOPHBIX M0JieH

CornacHo o6miemy npuHimny, Bocxoismiemy k A. Ilyasxape,
AN HCCNemBaHust AU PepeHnHalbHbIX YpaBHEHHH yA0OHO HCKaTh
He pelleHHS], a 3aMeHy, NPUBOASILYI YpPaBHEHHe K BO3MOXHO 60-
Jee npocToMy Buay. B stom naparpade obecyxaaercsi nepBeiii mar
B 3TOM HamnpabJleHHH — HCCJIeIOBaHHe JeldCTBHSI (OpMaJIbHBIX 3a-
Men. Bcronly nmyke POCTKM BEKTOPHBIX Mosieli paCCMaTpHUBAIOTCH B
ocobol TOYKe; 4acTO 3TO He OroBapHBAaeTCs CHEHHAJBbHO,

3.1. ®opmaibHble BEKTOpPHBlE I0JSl ¥ MX SKBHBaJEHTHOCTh.

Onpeneaenuns. Hmxe K-—opno u3z nonet R wm C,
X ==(X15. + 05 Xp). POpManbHEIM pafoM Teliiopa Ha3biBa€TCst BhHIpa-

¥xenue f (x)=2 Apx*, K, xk=x%. .. -xfzn; HHKaKuUX TpeboBa-
z
HHUif cXonuMOCTH He Hajaaraercd, C ¢opmanbHbHIMH psifamu Teiijo-
Pa MOMXHO BHINOJIHSITH Te K€ HeHCTBHUA, YTO M CO CXOASUIHMHCH:
CJIOXKEeHHe, YMHOXEHHe, AH(PepeHHpoBaHHe, NOACTAHOBKA pAja B
pag (cymepnosuuusi) u T. A. Bce 3TH Onepanud Hag CXOASIIHMUCH
PAgaMH MOXHO ONpeJesifiTb Kak INeHCTBUA Haj KOo3((PuuHeHTaMH
Ps0OB, He HCHOJBb3ys CXOAHUMOCTH; nO TeM ke (opmyJiaM 3TH
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Oonepauxy OnpeiensiioTcss B ¢GopManbHOM chayyae. MHOXeCTBoO Bcex

¢opManbHEIX panoB Teltnopa oT BeKTOPHOH NEPEMEHHOH X ¢ KO-

s¢pduunentamn B none K o6osnauaercs K[[x]]; F(0)=ao.
DOPMANLHELM BEKMOPHBLM NosesM C 0c060d Toukoil O Hasple

" 0
BaeTCsi BhpaxeHue fo=2 fi ox;» Ji€K[Ix]l, f(0)=0. ®op-
1

MANbHOU 3amerol ¢ HenoaBwxkHOA Toukoii 0 HazwiBaeTCH BEIpaxe-
HHe H==(H,(x),..., H,(x)), H 6K [[x]], HL(O)=0, det /7, (0)=~0.

JIiBa (OopMajbHEIX BEKTOPHHIX MOJS ¥ H ¥ € ©OCOBOH TOUKOH
HYJIb Ha3HIBAOTCH (POPMANLHO 3KEI1LEANEHIMHbLMU, €CIH CYLIECTBY-
€T (opManbHas 3ameHa F{ ¢ HemoxsmkHOA Touxof 0, aJs KOTOpO#
BHIIOMHAETCH COOTHONIEHHE -gix[- V=0of].

3ameuanne. Ilpeavifiymiee COOTHOMEHHEe BHINOMHSETCH, ec-
JIH NoJiA v B U riagkd M auddeomopdpusM H nepeBomHT nose U B
noje ¢ (cm. m. 1.6, ra1. 1).

3aMmevyanue. KaknoMy pocTKy BeKTOPHOTO MO B 0cob0ii
TOUKE COOTBETCTBYeT (OpMasibHOe BEKTOPHOe noJie — psif Teiopa
poctka v, obosnauaemulii 4. Jns riagkoii  uiw aHaJIATHYCCKOH,
SKBHMBaJICHTHOCTH DPOCTKOB BEKTODHEIX MOJeil Heobxofuma (op-
MajibHasi SKBHBAJICHTHOCTbh COOTBETCTBYIOINMX (OPMaJIbHEIX BeK-
TOPHHIX psifloB Teinopa. Tem caMuiMm, rnafikofi HIH aHANHTHYECKOL
KJlacCH(UKAalUH POCTKOB BeKTOPHHIX MNoJiek npeaiiecTsyetr ¢op-
ManbHas KJacCHQHKaIHA.

OxkasuiBaeTcsi, B OKPECTHOCTH 0co60fi TOUKH roJIoMop(pHOe BeK-
TOPHOe IoJie O0LIero NOJOXKeHHs roJOMOP(HO SKBHBAJECHTHO CBOel
JUHEHHOHU YacTH, HO AJsi noJiell He O6IIero noJOMKEeHHS nenao ob6b-
CTOHT 3HAYUTE/BHO CJIOKHEE.

3.2. Pesonanchl. Hopmaibhbie ¢opmp Ilyankape—Hionaka w
Mx o6oGuenusa. PopmasbHOe BEKTOPHOE nosie OGMLIEro NOMOKCHHS
B 0co60it ToyKe (POpPMasIbHO 3KBHBAJICHTHO CBOEHl JIHHEHHON YaCTH.
Hnasi o6mHOCTH noONOXKeHHs: JNMHeHHAsT 4acTb MOMKHA GLITh Hepe-
30HAHCHOII. .

Onpenenenue Habop A=(A,..., A.)€C"  HasbBaercs
PESOHAHCHbIM, eCJIH OAHO M3 uHCen Habopa SIBJASETCH HeJOYHCJIeH-
HOH JIMHeHHOH KOMOGHHALHEH OCTaJIbHBIX ¢ HeOTPHUATENbHBIMH
Ko3pdunueHTaMH, cyMMa KOTOPHIX He MeHbile ABYX, TO €CTb BHI-
NOJHSIETCH COOTHOLICHHE

Ai— (A, R)=0, (1)
Ha3blBaeMOe pPE30HAHCOM. 3nece k€Z™, |k|=k+ ... 4k, =2,
(A, R)=XA;k;, Z, — vHOXeCTBO Lenbx HEOTPHLATENBHLIX UHCeJ,
j€{l,...,n}.  JluneliHoe BeKTOpPHOe NoOfle Ha3LIBaeTCH pe3onatic-
HGLM, €CIH CNMEKTP COOTBETCTBYIONLEro OnepaTopa SIBASIETCS  Pe3o-
HAaHCHBIM HAabOPOM, H HePe3OHAHCHHIM — B NPOTHBHOM ciay4ae.

Teopema Ilyankape ([8]). ®opmanbHoe BEKTOpHOe moJie
¢ 0co00H TOYKOH HYJb H HEPE3OHAHCHOH JIMHEHHON YaCTBIO ¢dop-
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MaJBHO SKBHBAJIEHTHO CBOEH JIHHeHHoH yacTH. Ecam HcxosHoe no-
e BelleCTBEHHO, T0 (opMasnpHasi 3aMeHa TOXKe MoXeT OBITb
prlOpaHa BellleCTBeHHOM.

Hannune pe30HAHCOB CYHICCTBEHHO OCJAOXKHSAeT (OopMalbHYIO
kiaaccuPHKanuio.

Onpenenenne. Ilyers (24,..., 2,) — KOOpPAHHATH, B KOTO-
pHlX MaTpHIa JIHHeHHOH yYacTH (DOpPMasbHOTO BEKTOPHOro nojst U
AMeeT KOPJAaHOBY HOPMAaJbHYI0 (OpMy; NyCTb A — CHEKTp STOH
maTpHlEl. OfHOUNeH 2°0/02; Ha3HIBAeTCH PESOHAHCHBIM 4AEHOM,
eCJIH BBHIIIOJIHEHO PE30HAHCHOe COoOTHouleHHe (1).

Teopema [lyankape-Hwnaka ((H. Dulac) [8])." Dop-
MaJbHOEe BEKTOPHOe moJie ¢ 0co60lf TOYKOH HYJb U Pe30HAHCHOH
JMHEHHOH 4acTbio (OPMAJIbHO 3KBHBaJIeHTHO TAaKOMY IOJIO, JHHeH-
Has# 4YacTb KOTOPOro HMeeT 2KOPAAaHOBY HOpPMalbHYIO ¢opmy Jz,
a HeJJMHEHHBIC YJIeHBl Pe30HAHCHLL. ITO NOoJie UMEeT BHJ

w(z):!z—-}—z ar;2%0/0z};

CyMMHpOBaHHe BefleTCsi IO TaKHM mnapam j, B, uto M= (A, B),
A —cnektp’ J. KospobuuueHtol ap; MoryT 6HThb  KOMIJIEKCHBIMH,
AaxKe ecliH UCXOJHOe noJie BeleCTBEHHO,

B ciyuae, xorjla MaTpHUa JHHEHHOH YacTH MOJIsi HHJIBIIOTEHTHA,
reopema Ilyankape—Jlionaka He JAaerT HHUKaKMX YNPOHIEHHE.
B stoM cnydae nonesna cheayiomasi teopema I. P. Benmukoro
{14].

Teopema. Bekrtoproe none ¢ ocoboii Toukoi Hyab GopMasb-
HO 3KBHMBAJICHTHO TAKOMy TNOJIIO, JIHHeHHasi 4acTh KOTOPOro HMeeT
AHOpIaHOBY HOpMafibHYI0 QopMy J2, a HelUHellHasi KOMMYTHpyeT?
C BEKTOPDHEIM nomeMm J*z (3Be3fouka O3HayaeT 3PMHTOBO CONpS-
KeHne (ai;)—(j)).

[Tpumep (J109]). BewecTsenrnoe [ABYKOMIOHEHTHO® BEKTOPHOE

Mojie C JIHHEHHOH 4acTeio | ) X (OpMaNbHO SKBHBAJNIEHTHO MOJMIO

(x4 f(x) 0/0x,+ g (x)) 0/0%,. Ananoruunasi 3afaya AN MNPOH3-
BOJIBHOH pPa3MEpPHOCTH HCCJenyercs B § 7.

3.3. Hpuaoxenus teopun GopmaibHBIX HOPMaJbHHX (opM.

1. Nuddepenunanbisie ypaBHEHHSt ¢ PE3OHAHCHOH JIHHEHHOMH
YacTplo, 3anHcaHHble B HOpManbHO# (opme Ilyankape-—Ilionaka,
HMEIOT, KakK npaBufo, 6oraTtyio rpynny CHUMMETPHE M JOMyCKaioT
NOHMKeHHe nopsiaka. [lopsinok nonyuyeHHoro ypaBHenHsi (Tak Ha-
3bIBA€MOH (PAKTOPCHUCTEMBI) paBeH YHCAY JHHEHHO HEe3aBHCHMEIX
Pe30HaHCHHIX COOTHOLIEHHH Ha CNeKTp JHHelHoOH vyacTH. B cnyuae,
Korza 310 ydciao paBHo 1, HopmanbpHas ¢opma Ilyarkape—[liona-

) HopMaarHas ¢OpMa, NaBaeMas 3TOH TEOPeMOH, Ha3LBAeTCA HOPMAJBHOM
¢$opmont  [Tyankape—/lrofiaka; OHA AONyCKaeT JanbHeilliMe YOPOWEHHS H [O-
STOMY HHOTA@ Ha3bIBaeTCH NpeABapHTeJIbHOR HopMalbHOH ¢opMOit.

?) JiBa BeKTOPHHX MO ¥ M W KOMMYTHPYIOT, €CJIM COOTBETCTBYIOILIHe nH-
IngeHuHaanbIe ONepaTOPH NepecTaHOBOYHH: L,L,f=L,L,f nas Bcex rinamkux

YHKUHT f.

59



Ka MHTerpHpyeTcsi B KBajipaTypax; Koraa 3To 4Hcso Oonbiue 1 —
BoobG1le roBops, He HUHTerpupyercsi. TeM caMblM, IPUJIOXKEHHSI Teo-
pHH HOPMaJbHBIX (OPM K SIBHOMY HHTErpHpPOBaHHIO YpaBHEHHi
CYHIECTBEHHBI, HO JXECTKO OrpaHHYeHHI.

2. Tlpn uccnenoBaHHM TOMOJIOFHYECKH CAOXKHBIX CJydYaeB, KOrng
JHHeHHas YacTh ypaBHEHUs B 0co0oOli Touke HMeeT COOCTBEHHbe
3HAUEHHs] HAa MHHMO# OCH, oueHb nosesen Mertol Ilyankape. Opy
NpUMeHsleTCs IJIs NpHBefleHuss K HoOPMasibHOH ¢opMe KOHEYHOR
CTPYH, TO €CTb KOHEYHOro yHcJa 4JIeHOB psifla Telnopa BEKTOPHOro
nonst B ocoboil Touke. [locne 3toro crapmue 4yjeHel OTOpacHBalor-
Cfl, HCCJeAYeTCH YKOPOUEHHOe ypaBHeHHe, a 3aTeM [0Ka3blBaeTCs,
YTO CTapllide WieHH He MEHSIOT KayeCTBeHHOH kKapTueeH. C r1o-
MOLbIO 3TOr0 METOAAa He TOJbKO AOKA3KIBAKOTCS, HO H (POPMYJIH-
pyiotcst pesyabtathl § 5. OcoGeHHO Mone3eH 3TOT METOA B TEOPHH
oudpypkamuit (cm.'[8]).

3. IlpuBenerne K ¢opManbHOH HOpPMaNbHON (opme OCOOeHHC
3¢peKTUBHO, KOrlla yIaeTcsi YHHUTOXHTb BCe YJIeHB!, KpOMe KO-
HEYHOro Yucjaa. ITOT ciay4yali Bcerjila HMeeT MeECTO, Korla Bce cob-
CTBEHHBle YHCJa JieXKaT B OAHOH INOJMYIJIOCKOCTH, He CoOAepiKauiess
TOYKH HYJb, a TaK¥Ke B HEKOTOPHIX JAPYrHX clydasix, KOTOphle pas-
6uparoTcss B CJIefyIOHIeM IyHKTe.

3.4. NonunomuajibHbie HOpMaJibHbie (POPMBI.

OnpenmeneHue. byreMm cuHTaTth, 4tOo (OpMaJbHHI CTelleH-
HOH psiJl HMeeT HYy b nopsika N B HyJe, ec/iH OH He COAEPIKUT UJie-
HOB cTeneHH, Menbiueir N; numem §=o(]|x|"'). Ilocae sroro
cTpyH (OpMaJbHBIX BEKTOPHHIX NOJeH ONpelAesdiOTCH TaK Ke, Kak
CTPYH rJIaJKUX BEKTOPHBIX NoOJiei.

Onpenenenue. PopMalbHOe BEKTOPHOe NOJie Ha3hIBACTCSH
popmarvrno N-onpedesenntim, ecnu Bce ¢GoOpMaibHBE BEKTOPHBHIE
nojast ¢ Toi e N-cTpyeli eMy (opMalibHO 3KBUBalleHTHH.  Dop-
MaJIbHOe BEKTOPHOe [0Jie Ha3LIBaeTCsi (POPMAAbHO KOHEHHO Oomnpe-
Oenennbim, ecny oHo (opManibHo N-ompeneneHo mns Hekoroporo M.

3amevaHus l. QopMalbHO KOHEUHO ONpeAeseHHOe BEKTOp-
Hoe mnoJie GopMalibHO NOMYCKaeT NOJHHOMHUAJBHYKY (POopMadbHYH
HOPMaJabHYI0 (OpMy.

2. Ecny cnekTp NHHEHHOH yacTH (GOPMAaNbHOrO BEKTOPHOIO NOJS
YAOBAETBOPSIET JUIb KOHEYHOMY YHCJY PE30HAHCHHX COOTHOLIEHHH,
TO 3TO NoJje (gopMallbHO KOHEYHO onpejelieHo. ITO HeMeAJIeHHO
cnenyer u3 Teopemn [lyankape—[ionaka.

Onpenenenre. Habop AEC™, a Takxke JiMHeHHOe BEKTOPHOE
Nnojie cO CNEKTPOM A, HasnlBaeTcsi k-pesoHancHbimM, ecnd 4duciao 00-
pa3yiouHx agAUTHBHOH TrpyIbl, MOPOXKIAEHHOH MHOXKECTBOM BeK-
topoB {r€Z."| (r, A) =0} paBHO k.

Teopema ([95:1], 6au3Kasg TeopeMa CONEPKHTCS B KHUTE
[18]). Hycte dopmanbHOe BEKTOPHOEe MoJie U HMEeT ONHOPEe3OHAHC-
HYI0 JHHEHHYI0 4YacTb H IIyCTb BC€ pe30HAHCHBIE COOTHO-
IIeHHUst  SBAAIOTCS .CHAeNCTBHAMH OIHOrO: (r,A) =0, reZ,m.
[Tycte w(z) =Jz+Zg(u) — nopmanbvHass ¢opma [lyankape—Jlio-
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jgaka noasi v; sgeck Z=diagz, U=z, g=(g1,..., ga) — BEKTOp-
geiil (bopManbHBIE P OT OAHOro mepeMennoro. Torpa ciaenynoume
yTBePKICRHS SKBHBAJIERTHEL

1. I'lone v dpopManbHO KOHEYHO ONPENAETEHO.

2. (r, g)==0.A

3ameuvanus 1. Bean paBeHcTBo (r, g)=0 BuINOJNHsETCH IJISA
ofHOi HopManbHoO#l ¢opmel IlyaHkape—Jllonaka nosisi v, TO OHO
pHITIOJNTHSIETCH U A5 Jio6oit Apyroit. 2. AHajoruuHas TeopeMa clpa-
pe/VIHBa s JI060ro ogHope3oHaHcHOro novsis [95].

Teopema ([95:1]). PopmanbHOe BEKTOPHOE IIOJE, CIEKTP
nHHEHHOH YacTH KOTOPOr'o k-pe30HaHCHLIH npH k>=>2, HUKOr#a He
apiasgeTcs (GOPMaJbHO KOHEYHO OIpelcIeHHbIM.

M3 cpaBHeHHs pe3ysbTaToB I. 3.3 H N. 3.4 BHAHO, YTO CBOHCTBA
HHTETPUPYEMOCTH H (HOPMANbHOH KOHEUHON OIpeesieHHOCTH HOp-
masblo#t opmul ITyankape—/[llosnaka okasblBalOTCs BecbMa 6JH3-
KHMH.

§ 4. UuBapuanTHbie MHOroo0pasusi M Teopema
CBeJleHu s

I'omeoMophuzmM, JHHeapH3YIOUIHI BEKTOPHOE NOJie B OKPECTHO-
CTH THIepOOsHYECKOH 0COO0H TOYKH, He Bceraa MOXKHO BoIGpaTth
raaakuM. Hanpumep, 3ToMy INpensiTCTBYET PE3OHAHCHOCTb JHHEH-
Holl yacTH, TeM He MeHee, MeXIy ypaBHEHHEM H €ro JiHHeapu3a-
LHeH B O0COOOH TOUKe COXpaHfeTrcs 3HaYuTeNbHOe CXOJACTBO, BhHIpa-
Kaemoe (OPMYJHPYEMBIMH HHXe TeopeMaMH 00 HHBapHaHTHBIX
MHOrooOpasusx.

4.1. Teopema Apnamapa—Ileppona.

Onpenenenue. Husapuantnoe mHO2006pa3ue BEKTOPHOIO
noJigs U COOTBETCTBYIOHiEro AHG@EpEeHUHANLHOTO ypPaBHEHHS — 3TO
Takoe noAMHoroo6pasHe ($as3oBOro NpocTpPaHCTBa, KOTOPOE B KaxK-
I0H cBOeH TOUYKE Kacaercsd BekKropa MoJs.

Paccmorpum suHefiHHE onepatop A : R"—R". Ilpoctpanctso
R" pacmamaercs B npsiMyl0 CyMMYy TpeX IOANPOCTPAHCTB:

R =Tse&T*®T*

(s—or stable, u—ot unstable, c—ot centre). 1o pasnoxenue
onpenenseTca caeaymomyM TpeboBaHneM: BCe TPH NOANPOCTPAHCTBA
B NpaBolf YaCTH MHBAapHAHTHBEI OTHOCHTEJIbLHO onepatopa A; CHEeKTp
Orpanudedusi A |.s JEXKAT B OTKPHITOH JI€BOji NOJYINIOCKOCTH, Orpa-

HuueHuss A |u—B YpaBofi W orpaHuyeHusi A |.c—Ha MHMMOH OCH.

PaccMotpum cHavana cayvall, korga 0 — runmepGosnueckas
0cobGasi Touka ypaBHEeHHs X=Ax, To ectb I°={0}. Caenywouas
TeopeMa o6Gobinaer pesynbratsl JK. Anamapa u O. Ileppona u mno
Tpanuuuu HasbiBaercs teopemoit Anamapa—Ileppona. Ilpusonumas
HuXe (OpMyJHPOBKA COJepXKHUTCH B KHUre '[44], rae uMewoTcs
CCBIAKH Ha OpHrHHaJjbHble paboThl. B ciemylommux ABYX TeopeMax
7 ~—— HaTypaJsbHOe YHCJO HJIH GEeCKOHEYHOCTb.

61



Teopema. Ilycts v—Cr-ranankoe BEKTOPHOE TIOJie C TH-
nep6osHuecKoil 0co00il Toukoil 0 H JHHEHHON wacThlo Ax B HYyae,
T* u T — nJI0OCKOCTH, COOTBETCTBYIOHIHE Onepartopy A. Torma qu)-
¢pepeHuHanbHOe ypaBHeHHe x=v(X) HMeer aBa C'-IianKux HHBa-
pHaHTHBIX MHorooGpasust W* u W*, npoxonsmux udepe3 0 u Kaca-
IOLHXCA B HyJe ImockocTed 7° m T* cooTBeTcTBeHHO. PelieHHs ¢
HavyaJbHBIMH yCJOBHSMH Ha W*(W*®) sKCNOHEHUHAJbHO CTPEMSTCH
K HYJIO NpH >+ o0 (f——o0). W* HaswbBaeTcs YCToOU4UBbIM, a
Wu-neycrotiuusoin muoroobpasnem ocoboii ToukH O.

CrnenywiuHe ABe TEOpeMbl JieXKaT B OCHOBE JIOKAJbHOH TEOPHM
YCTOHYHBOCTH H JIOKaJIbHO# TeOpHH OU(YpKalHi.

4.2. Teopema 0 UEHTPAABHOM MHOr0OOpa3HH.

Teopema. Ilyctp ov—Cr*l-rnafkoe BEKTOPHOE I0Jie C OCO-
6oi1 Toukoit 0 H JuHelHON YacThio Ax, r<<oo. Ilycty 75, T% u T¢ —
IVIOCKOCTH, COOTBETCTBYIOLIHE orepatopy A, Kak OINHCAHO B NyHK-
te 4.1. Torna nuddepeHnansioe ypaBHeHHe X=U(X) HMeeT HHBa-
pHaHTHBIe MHorooOpasusi We, W* u We, rnankue kinacca Crl
C*! u Cr, npoxonsiune yepes 0 U Kacammuecss B HyJie MJIOCKOCTENH
T*, T* u T° cooTBeTCTBEHHO. Pa30BLle KPHBHE 3TOI0 ypaBHEHHS Ha
MHoroo6pasusax W°, W* Benyr ce6si Tak 3Xe, Kak B TeopeMme Ajna-
Mapa—IleppoHa; noBefeHHe (a30BHIX KPHBHIX Ha MHOroo6pasuu
W< onpenensiercs HeNIMHEHHBIMH 4JjieHaMH. "

a

Puc. 12. VcrofiuuBoe, HeycToiiyHBOe H LEHTpalNbHOE MHOroO6pasHs:
a) nuuelHON cHcTeMbl, €) HenuHeBHON CHCTEMH .

Muyoroo6pasus W* u W* B 3T0il TeopeMe mo-npexKHeMy Hasbl-
BalOTCs ycrotivusum U Heycroliyussism. Ecnu poctok v — Kiacca C°
WJH aHAJHTHYEH, TO YCTOHYHBOE M HEYCTOHYMBOE MHOrooOpasHs B

) Tlpn Tex e YCJOBHSX ypaBHEHHe x=v(X) HMeeT emHle ABa HHBapHaHT-
HEIX MHOroo6pasus: YyCTOHYHBO-UeHTpalbHoe W H HeyCTOHYHBO-LEHTpaJIbHOE
Wue, rnankue kiaacca CT; mepBoe CONEPXHT UEHTPaJbHOE W YCTOHYHBOE, BTO-
poe — lleHTPaJpHOEe H HEeYCTOH4YHBOe MHOroo6pasua. C7-najKOCTb 3THX MHO-
roo6pas3uil Tak Ke, KaK H LEHTPaJILHOro, HMeeT MEeCTo, BOoOOlle FOBOPS, TOJBKO
npu 7 < co.
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o0eUx TpeIbIAYIIHX TeopeMax — kjnacca C* WJIH  aHaNATHYHB
J1eHTpaJibHoe MHOroo6pasue JHIIL KOHEYHO IVIaIKo.

Meuoroob6pasue W°e B 3TOH TeopeMe Ha3HBAETCH YEHTPOAbHbIM
MHO2000pasuem, TIIOCKOCTb T T — MIOCKOCTBIO eunepbosuteckux
nepemennbtx. Clefylinas teopeMa yTBepxkIaer, UTO NPH HCCIENO-
BaHHH TONOJOTMH HEJMHEHHOIO POCTKAa BEKTOPHOrO INoJisi  BaXHO
TOJIbKO OFpaHHYEHHe 3TOr0 POCTKA Ha LEHTpajbHOe MHOroobpaswue,
a runep6GoJHUECKHE NNEPEMEHHBIE MOXKHO He YUHTHIBATh.

43. lIpuHuMn CBEIECHHS.

Teopema cBeneHus WowuraimBuau ([8]). ITyctb
JuddepeHHaNbHOe YpaBHEHHE C [BaXKAH IJ1aJKOil NpaBoil 4aCTblO
umeeT ocobyro Touky 0 u suneiinyio yactb Ax. Ilyers Ts, T4 u T —
HHBAapHaHTHHle IWIOCKOCTH omepatopa A, omdcaHHeie B 1. 4.1, Tor-
Ja B OKpecTHOCTH ToukH ( paccMaTpHBaeMoe ypaBHEHHe TOIOJIO-
THYeCKH 3KBHBAJIEHTHO NPAMOMY IPOH3BENEHHIO IBYX YPaBHEHHH:
orpaHduYeHHI0 HCXOJHOro Ha IeHTpaJibHoe MHOroo6pasHe M <«CTaH-
JapTHOro cepjiax:

"e= — X, y.:y! xeTS’ yETu'A

Dta TeopeMa NpUMEHSeTCs KaK B HCCJEIOBaHMM HHHBHAYaJbHBIX
ypaBHEeHH#l, Tak H B HCCJEJOBAHHH CEeMEjCTE:  CeMeliCTBO

x==f(x, €) SKBHBAaJICHTHO YypaBHeHHIO Xx= f (X, £), €=0. Dtu
npuioKeHHs1 obcyXnapres B § 5 B B [8]. Passuunne BapHaHTH
JBYX NpeIhAYyIIHX TeopeM Obliin nogaydeHsl B. A, Ilanccom #
Xupwew, ITpro u y6om (M. W. Hirsch, C. Pugh, M. Shub).
BeckoneyHOMepHBEIE AHAJIOTH TEOPEMBl CBENEHUS HAXOASAT IpUMe-
HeHHe B MaTeMaTuuecko#l (H3MKe, B YAaCTHOCTH, B T'HAPOJIHHAMHKe
BA3KOH KHMAKOCTH. TeopHs HHBApHAHTHBIX MHoOroobpasuii o6CyK-
paercss takxe B § 3 ryaBwl 4 (aHaJHTHYUECKHE cJyuai).

§ 5. Kpurepuu yCTOHYMBOCTH M TONOJIOrHYECKas
Kaaccupuxkauusa 0coObix TOYEK B caydae
BBIPOXKAEHHH MaJoil KOpa3MepHOCTH

B stoM maparpade OnucaHO TONOJOTHYECKOE CTPOEHHE POCTKOB
BEKTOPHHIX MOjieli BO BCEX BHIPOXKAEHHBIX OCOOBIX TOUKAaX, 34 HC-
KJI04eHHEeM HEKOTOpOro MHOrooGpasHsi KOPa3MEpPHOCTH 3, H BHIIIH-
CaHbl COOTBETCTBYIOLIHE KPHTEPHH YCTOHYHBOCTH.

5.1. Ctpyktypa kpurepuen. UTo6L NpUMEHHTb KPHTEPHH 3TOrO
naparpada K (QHKCHPOBAHHOMY POCTKY BEKTOPHOrO IOJis, HYXHO

1. Onpeneants, Kk KaKOMy H3 NEPEUHCICHHBIX HHXKE€ KJIACCOB
IpUHAAEeXUT JHHeHHasi 4YacTb 3TOr0 POCTKA M I[PUBECTH K HOp-
MaabHOl (GopMme Ilyankape—Hiwsnaka N-ctpylo 3Toro poctkal);
yHesio N yKa3aHo B NIPUBOAHUMBIX HHXXe TaGJHIaX.

) B «rperbeft cTpoKke TabMHuUM 4 HCNOJAb30BaHa HOpMaJbHass ¢opMa, OIH-
CanHasi B npHmepe 1. 3.3.
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2. TlpupaBusitTh HyJI0 ruHnepOO/IHYecKHe NepeMeHHbe. JTH ABa
1ara OCYUIeCTBJSIOT HOpMaJH3aldio N-CTpyH OrpaBHYEHHS HCXOJ-
HOro pocTKa Ha COOTBETCTBYIOHIEE LEHTpaJbHOe MHOroobpasme.

3. Y6emuThcs, 4TO TEHJOPOBCKHE KOI(D(MHIHEHTH HOPMAJH30-
BaHHOH CTPYH He YAOBJIETBOPAKT TpeOOBaHHAM, BHAEASIOIUHM B
mpocTpaHcTBe N-CTpy#l HCKIOUHTEJbHOE MHOroo0OpasHe, COOTBETCT-
BYIOL€€ BHPOXKACHHUAM BHCIWIEH KOpPa3MEpPHOCTH.

4. Halitu B cooTBercTBYIOWIeil TabJiHIle Kjacc, KOTOPOMY IIpH-
HaZJeXUT HOpMaJu30BaHHas CTPY$; IUJISL 3TOr0 INpeABapHUTENbHO
MOXKET NOHAaNOOUTLCHA JIMHEHHasi 3aMeHa, Hanpumep, (x,z2)+
= (—x,2) uan (21, 22) (29, 21).

5.2, Tononoruueckas xKaaccH(PUKANHUS POCTKOB TJaNAKHX BEK-
TOPHBIX MONEH A0 BHIPOKJEHHH KOPA3MEPHOCTH 2 BKIIOUMTEJbHO,

[TpocTpaHCTBO POCTKOB FJIaflKHX BEKTOPHHIX NOJeH B OCO60H
Toyke 0 npocrtpaHcTtBa R™, l-cTpyH KOTOPLIX He NpPHHAAJEXKAT
HEeKOTOpoMY aJsirebpaHyeCKOMy IIOAMHOTOO0pa3HI0 KOPa3MEPHOCTH
3, pacnajfaeTcs Ha O KJjiaccoB, NMEPEUHCHEHHBIX HHKe B Tabaune 1.
OTH KJacchl Pa3yHyalOTcsl pasMEPHOCTbIO HEHTPaJbHOIO MHOroo6-
pasus W° nau XKoplaHOBoi HOpMaJsbHOH (opmoii A JHHelHoO# ua-
CTH OrpanH4YeHHsd pocTKa Ha We,

Tab6ruya 1

Kanacc dim W€ A

l A Y
W, 1 0
i4 2 1=Rie, 00

01\

Wé’ 2 Jo= (00 |
wo { 3 diag (0, I)
wi ! 4 |diag(ly, L), I=Rie;, 0<o,<a,

Hubdepenunasnbioce ypaBHEHHE, COOTBETCTBYIOLIee HOPMAJbLHOM
dopme Ilyankape—]Jljonaka 1t BEIIECTBEHHOro BEKTOPHOro MOJS
8 ocobod Touke 0 mpocTtpaHcTBa R™ MOXer ObITh 3alIHCAHO B BHIE

X=f(x, 2, ), z2=g(x, 2, w), w=h(x, 2, ).

3necy (x, 2z, w)€E°R", x pemectsenHo Ha R”, a w-=—=2z Ha R-.

[lpu stom £ (x, 2, 2)=g (X, 2, 2). TeM caMbiM ypaBHEHHE [Js W
‘OJHOBHAYHO ONPEAENACTCS YpABHEHUEM JJI 2 H HHXe He BHIUCH-
BAETCS.

Huxe B Tabauiax 2-—5 npHBeleHn aH(pdepeHIHaNbHbHE ypaB-
HeHHs], COOTBETCTBYIOLIHE HOPDMaJIH30BAHHBIM CTPYsIM; JJIfi KPaTKo-
CTH COOTBETCTBYIOIIMH CTOJIO€N, HasHBaeTCd <«HOpPMaJIH30BaHHAS
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e _.._.o_,.‘_.._o_.._ D () <<

I I
a LI, I, mhp

Prc, 13, ®asoene nopTrperH BEKTOPHHX mNoJei:
a) kaacca W,° (caywaw I, II, III), 6) wnacca Wg (ciyuan I n I II m Il;),B) Kaacca

JE
W2 (a+0).

N-ctpysi». B BHpameHusx Ijasi HOpMaJH30BAHHBIX CTPYHl OIyLICHH
YNneHbl, He BJHsKWHE Ha oTBeT. O6o03HaueHus: Z;=X;+iy; 2=
=(21,...,2p), k€{l; 2; 3}, ri=|z;|, pj=riZ, RY={xfR{x>=0}.

Teopema. Orpannuenrne Ha HEHTPaJibHOEe MHOroo6paspe Kax-
JOro H3 POCTKOB NEpeuHcyJeHHBIX Bolne khaaccoB W0, W.I, Wo¥
TONONOTHYECKH 3KBHBAJICHTHO ONHOMY M3 POCTKOB, N-CTpPyH KOTO-
PHIX TepeYHcneHb B TabJsMlie 2, MPH YCJOBHH, YTO HOpMAaJH30BaH-
nasg N-cTpysl HCC/eyeMOro poCTKa He NMPHHAIJIEKHT HCKITIOUHTE h-
HOMY MHOroo6pasuio; 5To MHOroo6pasre W uHcjao N TakKXke ykasa-
HH B Ta6JHLe,

Tabruya 2
TonoaoruyecKkue HopMaabnble GopMbl

—

Bripoxaende

Kaace Tononoruueckolt
Kaacc N HopmanxzosaHHag N-cTpyf Kopaamep- o

HOCTH 3 2KBHBAJNEHTHOCTH
Onpenene~ | O6 o3nage-
HHE HHE
I. a0 W?:'
wl |3 Feaxiiba? ambe0 |

{5>0 -

I {g:g Wy
I. a>0 -

1. a<0 W

z=2z (io+ap+pp?)
W£ 5 >0 a=b=0 I, {a=0

a=Rea, b=Ref Ea>=?0 Wg; 0
, {b<o
J .é=y — ;"
W 2 y—ax? a=0 a+0 W,
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IDTOT pe3yJbTarT ISl OJHOMEPHBIX H JABYMEpHBIX CHCTeM OBl
H3BeCTeH KJIaCCHKaM.

Teopewma ([109, 87]). OrpannueHne Ha HeHTPaJbHOE MHOFO06-
pasHe KaxkAoro H3 poctkoB kjaacca Ws®! wpum W4i'I MoxerT.6HTDb
nocje o6pauieHus sHaka (yMHOXKeHHs BEKTOPHOro mnosiss Ha (—1}))
TONOJOTHYECKH 3KBHBAJIGHTHO OIHOMY H3 POCTKOB, N-CTpyH KOTO-
PHIX NEPCUHCIECHH B TabJuIle 3; NPEeAnoJiaraercs, 4Yro HOPMaJH-
3o0BaHHasi N-crpysi HCCIEAYyEMOro pPoCTKa He NPHHAIJIEKHT HMCKJIIO-
YUTEJIbHOMY MHOro00pasHio; 370 MHOrooGpasHe H uHMcyio N Takxke
yKa3aHHl B TabJule.

Tabauya 3
TomnoloruueckHe HOpMaldbHble Gop MEl
KJI&CCH TOHOJ!OI‘HQECKOﬁ SKBHBAJACHT =~
HOCTH
Kaace | v | Hopn oo | opaimepnocrs 3 |
onpeneaeHue Ogg:::‘
0, 1f2 Y =ar:+ bx? ab(b—c)=0 |I. a>0, b—c>0, 6 >0 jyhiie
Vs ;—za:w-::x) HIIH II. a>0, 6—¢>0, b <0 3
“c_ERea c=0 II. a>0, b—c <0,
2>0 (%) {5——c<0 b>0, ¢>0
“|1V. a>0, b—e <0,
b<0, ¢>0
V. a>0, b—e<0,
b<0,e<0
W”I 3 2.,"= yA (im+ KA auaggblbz =0 I. a22<0 (**). b;bg>0 W’ol=*
4 Z = (Z;s22)fp) ‘ HH a) a;, >0, 6,>0 4
p= (P1s P2) {A'__'O 6)) an>8’ b, <0
0= (W, ©), b, b, <0 B) 24, <
0<(m:<£.§l e Il b, <O (s+), b5, <0
1 A=Re#= km1=m, a) a11>0’ a22>0 A<O
ana:a\ kRE{1,;2;3} 6) 2,,>0, a:2<0, A<O
=(a s B) 311 >0, a:2<0, A>0
det2=2A r)a;<0, a2<0, A<O
b, = Gy, —as, R) 81, <0, @22 <0, A>0
b =0,5—05
au > Qa2 (*)

[ITpumMevanue, Bcionpy B 570OM naparpace BHIIOJHEHHs YCJIO-
BHIl (>k) MoXHO AOGHTbCs 3aMeHOH (X, 7)) (—x,r) uan (21, 22) —
— (29, 21), a HepaBeHcTB (K>k) — obpalleHuem BpemenH, B Tab6-
auie 3 yonoBuss I u Il HanarawTcs Ha Bce POCTKH IOAKJIACCOB
Ia, 16, I8 u nonknaccos Ila, ..., Ilg, coorBercTBeHHO.

B nocienHHX MATH CTPOKax TAOJMUB 3 MEepeYHCIeHH Bce KOM-
OHHaUHH 3HAKOB OTJIMYHBIX OT HYJIsT BEJHUYMH d4y;, Qgo, A, COBMECT-
Hble ¢ HEPABEHCTBAMH Qy1=>Gg, D1<C0, b1b2<C0. J[delcTBUTEJBHO,
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KoMOuHauun —-+4-+ W —-}— OTNanaT no OUEBHAHOR NpHUYHHE,
Kom6uraums -4 oTnapaer notomy, uto u3 HepaBeHcTB @y >0,
Qg2 >>0, b;<<0, b;>0 cnenyer ag >a >0, a;3>>aw >0 H, 3HAUHT,
A<<0.

5.3. Pa3zosbie NOPTPEThl HOPMAJABHBIX Gopm.

1. Bce ypaBHennss Tabiunel 3 HHTErpHpYIOTCS B KBaJpaTypax.
Hx ynobuo uccaenoBaTs, nepefind x GakTopcHCTEMaM OTHOCHTENB HO
nepeMenHeX (X, r) A1 pocTkoB Kiaacca WS/ u oTHoCHTEIBHO
(p1, p;) Aast xaacca Wi/, B nepsoM caysae QakTopcHCTeMH onp€-

flesensl B TonymaockocTH r>0, Bo BropoM—B KkBajipaute p;>0.
Hx dasoBbie nopTperH H3oGpaxeHw Ha puc. 14a u 146. Mons3ysce

R

v |
| B

-

X
a

Ia Ib I8 Ta

I

o>

Puc. 14, a) <PasobBhe NOpTpeTH (haKTOPCHCTEM, COOTBETCTBYIOHIHX
HeBHPOXIeHHKIM ‘ypaBHeHHAM kjaacca We%I. Puc. I u I’ u3obpaxa-
10T (pasoBHE NOPTPETH TOMOJIOTHYECKH 3IKBHBaJIeHTHEIX (axTOpPCH-
crep npu ¢>0 H ¢<0 COOTBETCTBEHHO; PaSHHLUA MEXIY HHMH CKa-
smBaerca npu OudypxkauHax. 6) @asoBHe NOPTPeTH (aKTOPCH-
€TeM, COOTBETCTBYIOIIHX HEBHIPOMAECHHEIM ypaBHeHHsM Kaacca Wi,
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3THMH PHCYHKaMM M TpeAbLyLlefi TeopeMol, MOXHO NOAYYHTb 60iab-
my0 uH(oOpMaUHIO O HoBefleHHH (a30BLIX KPHMBHIX HCXO/HOIO POCTKa.
Hanpumep, o6nemunenne 0*- u  O~xpuBHIXD st TNOAXOAALLETO
npeactasuTean Joboro poctka nopxnacca IV wkaacca Wi+ romeo-
MopbHo ofbenuHeHHI0 ocH x npoctpancTBa RP*={(x, 2)} u Konyca
x2—|z[2=0 c BHKOJOTOfi TOYKOfi HYJIb.

2. Ilpo6aema, Hars (kOHEWHO) IVIAAKYIO KJacCHQHKAIHIO pOCT-
KOB, NepeytCJIeHHBX B TabJnIe 3.

5.4, Kpurepun ycroitgmsocTH no JisnynoBy Ins BHIpOXieHul
A0 KOpa3MmMepHOCTH 3 BKmouutenbHO. V3 npenbiaymell TeopeMH
Jerko BHITEKAIOT KPHTEPHH YCTOMYMBOCTH N0 JIANyHOBY 10 BH-
POXKJEHHOA KOPa3MepHOCTH 2 BKJIOUHTEJNbHO; B OCHOBHOM, OHH OHI-
JIM nosyueHn etlle JlsnyHoBeiM (cM. [66] H yKasaHHyio TaMm JHTe-
patypy). B Tabisuue 4 ykasaHH NOAKJacCh M3 TabaHvu 2 u 3,

Tabruya 4
KpuTepHH yc TOAYHBOCTH B cillyd9ae BHIpOJieHHA KopasmepnoCTH 1 H 2
Kaaccel pOCTKOB, MMEIOIIHX BRIPOMX 16~
HHe KOpa3MePHOCTH 3
Kaace YeroAuyBLIE NOAKAACCH
ongenejenue ) } ofo3Havenne
W,e I a=b=0 w0
1744 Il a=b=0 w300
W‘{ & a=0 w0
wif | Is, Il u—II a (monyuaerca m3 ITa 34895 =0 A,
4 o6pailleHyeM BpEeMEHH).
SiBHBIE KpHTepHH biba< O
a11<0 a1‘<0 {Al 2()< Az
a2 <0 ., <0 -
b lbg > 0 b_tb2 < O
A< 0 W = )y A
2(!]] = s AQ
3wy = W, S
T 1A A= UAs
1

) Tak Ha3biBalOTcs KpuBHe, pxoasmue B O npu #-=+oc H f{— —o0 COOT-
sBerctBenHo. Te H Apyrie BMecTe Ha3bBaTcA O-KpHBHIMH.

2 B onpeneneHHH Kiaacca A, HYXHO NOTPe6OBaTh, YTOGH HEHYJIEBOH KO-
dBUMEHT aq: GBI OTpHUATeJeH, 8 B ONpefeNeHHH KiaaccoB Ag—As xosdoHIHen-
TH an<0, 22<0.
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ANs mpeAcTaBHTeNell KOTOPHIX Toyka 0 ycroiuHBa, B Tperhem
cronfue TNpHBENECHBL YCJIOBHS, O3HayalpllHe BHPOXKIAEHHA Kopas-
MeprocTH 3 B 3amaue o6 ycroiuuBocTH, O603HaueHHs Te Ke, YTO
B Tabauuax 2 u 3.

Huxecnenymoiiye KPHTEPHH NpPHHAAJeXAaT MHOTHM aBTOpaMm
(cceinku B [66]). DT KpuTepuu npuBedeHs B TabaHle 5; TaM,
rpe ymo6HO, BMECTO HOPMallH30BaHHOH CTPYH 3anHcaHa COOTBET-
cTByowias (paxkropcucreMa. HeycrofiunBocts HMeeT MecTo AJis BCEX
POCTKOB, He YIOBJIETBOPSIOIIHX KPHTEPHUSM YCTOHUMBOCTH M He
NpHHaAJeXallMX HCKIIOYHTENbHOMY MHOroo0pasmno. O603HaueHHs
Te e, YTO B Tabnuuax 2 u 3.

Tabauya 5

KpuTepHH YCTORYHBOCTH B CllyYae BLIPOXAEHHA KOpasMepHOCTH 3
(a8 nopkdaccoB Kjacca W,{’ ! yKa3aH HOMEp BBIPOKJIEHHH
H3 Tabnupel 4—kaacc Aj)

Kaacc) | N Hopmanusosanuas crpys ycl,fg;::s:fm Bmpg{::g;gg:ﬂxgpas-
W?‘ .01 4 | x=cx* & c=0
J
Wg‘ 0.01 7| z=z(io+vp*) Re v<0 Re y=0
W{‘ ° 14 |x=y+x2(b+ecx) {d<0 0 Jiuneiftnas wacthb
= x? (d4-e b2 4-2d < OrpaHHYeHHA POCT=
y=xt(d+ex) S5ed—2be<0 Ka Ha W€ pabHa
HY O HJH
d (b2-}-2d).
«(bed—2be)=0
Wg”;o 3 |x=briydx® {bc<0 bed=0
z=lpztaxz d<0
¢=Rea
A 5 é1=Pl (Brep2+3301%) {a,<0 Q22830,82=0
Pz=p2 (82101 +G22p2) blﬁ;io {b:{bJ:ZO
a,<0 A=0
{b,b,(O
b,A<O
Ay 5 l51=P1 (01:Q1+alzpz+ K <0, a,,822K=0
+f2(P))s P2=p2(821P1+ K=ay1: (a’l N+
+ 82202182 (P)) +£2(a, 1),
f2H g2—OnHOPOIHBIE 1IO-| ais =_f_32_
JHHOMB BTOpPOH CTeNeHH Qi Q2

1) [lepsnie 9 knaccos onpeneleHu B TabAHRe 4.



ITpodoascenue maba. 5

3nece 1— BekTOp, BCe KOMIIOHEHTH KOTOporo paBHH 1; A — opaanoBa
MaJbHasi $opMa JHHEHHOR YacTH

NNOHEeHTaMH

Krnacc Hopmann3oBaunaa cTpys yc:.{o%'f,;i%}gﬂ Bmpo}'ﬁnp;lgg:ipas-
A, %1=i(l321+22 & Ima=0
simiozs o At
iim)— '
A‘ %1=im21+065;22 Q aﬁ=0
2y=2i{02; 4Bz Im (IéJ;Z)=O
{Re (B/)<0
Ag Anre6panyeCkdx KpHTepHeB YCTOHYHBOCTH He CYIIECTBYerT.
7 Xy=Xg ) a=0
dim WC=3, _*.; =x
A=J,— '2.__ 3 ,
010 X3=4xy
={00 1)
000
- Y
wh . z=ioz ()] a=0
dim W}"=4, x_l=X2
= X3=ax,?2
A= (') =5

5| I, !: :.x._:axa g a=0
dim 167‘—' =35, Zy=ieyz
A=| I, ) 2y =iwsz

I,
Wé’ I, z=Z (io+ Sp), AN KA Aoro Cymecrsyer
dim W¢=6,] |<#€Hom(C?, C?) BEB BE%:

A= A=Rest ypaBHeHHe YpaBHeHHe
'—'Rdl i p=(pls st Pa). $_ B§=l - BE=
="diag(lo)} |ynowecTBo ruaburix|He HMeeT pellenuiil umeer pewmemme
w= (&h_. Oz, MHHOPOB MATpHIb A CO BCEMH NOJO- | €O BCEMH NOJXO-
@;), ©0;j#0 XHTENbHHMH KOM- | XHTEeIbHHME KOM-

TIOHeHTaMH

HoOp-

OrDaHHY€HHST pOCTa Ha HeHTpalbHOe MHOIO-

obpasue. 382K & B cronflle «KPHTEpH} YCTOHYHBOCTH» O3HAYAET, HTO HEBHIPOK-
JeHHble CTPYH BEYCTOHYHBHL,
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I[TpuMmeuaHue. B nocaegnux yeTnipex CTPOKaX YKa3aHH TOMb-
KO T€ BRIDOX(/I€HHS KOpa3MepHOCTH 4, KOTOpLE€ BHIAEAIOTCH Tpebo-
BAHUAMM Ha HEJUHEHEHE useHH. K HHM HYXHO R00aBUTL KJIACCHI,
KOTOpL'€ COOTBETCTBYIOT JONOJHMTENLHBIM BBIPOXEHUsIM JIMHEHHOM
yacTH ¥ K KOTOpHIM NDUMB'KAIOT, B CMBICJIE Onpenestenus 5.5 Huxe,
KJIACCHI Wg e s oy Wg'f -7, nanpumep, xaacc WY npuMpikaeT K KJjac-

010
cy W40 dimWe=3, A= 888 , knace Wi/ —x xnacey WJ:

dimW ¢ ==4, A—HUNLENOTEHTHAN >KOPAAHOBA KJETKa INOpAAKa 4 H
T. A. B nocnefHeir CTpOKe, a Takike B CTPOKaX, COOTBETCTBYIOILUX
kjgaccam Ay u Ag, K uMcy AONONTHATENbHEIX BHIPOXKAEHHH JHHEHHOM
YaCTH OTHOCATCH, B YMCJe NMPOYHX, KBHYTPEHHHE PE30HAHCH NOPAL-
Ka He BBILIE 5», TO eCTh COOTHOIIEHHA BHAA wj= (&, 0), 2< | k| <5,
REZ .3 o5 w; npu iF5].

9.5. Jluarpamma npumbiKanuit, OnuiueM NPUMHKAHMA KJIaCCOB
POCTKOB, HCCJIEAOBAHHBIX HA YCTOHYHBOCTb B TAGJHUAX 4 u b,

Onpenenenue. Ilycte A H# B—Ba HenepecekawoUIMXCH
KJ13CCa POCTKOB BEKTOPHBIX mnoJiei B ocoboit Toyke 0. Ckaxkem, 4TO
knacc B npumblkaer K Kaaccy A (mumerca B—-A), ecaw pas
KaXJ0ro pocTka v kJgacca A cynlecTByeT HenpepniBHas nedopma-
LHs, BBIBOASIAA 3TOT POCTOK B kiaacc B. Toynee, cymecrByer
HenpepulBHOe ceMmelicTBo poctkoB {v.|?€[0, 1]} Takoe, uto vy=0
H U, — POCTOK KJacca B npu Bcex 16(0, 1].

W.,D:* WZI;*
0:0 I ® ! 0.1,# 1 LI ® 1,0
W, wz ’ w3 ’ WQ vds wz ’
* V \ .

W’O:” W{'.o w,: wJ-: WJOJSO A WJO'I’I WGI wzf.‘a,ﬂ

Puc. 15. Jlmarpamma npuMHKaHMk B 3anave 06 ycTOAYHBOCTH O Jlanysoy.
Korna onpenenenne kinacca we CAHMIKOM FPOMO3NKO, OHO 3alHppoOBaHO B 06o-
3HavyeHuH. Huxunit HHpekc B 0603uavemuu kjacca YKa3HBaeT pa3MepHOCTDb
LEHTpaNLHOTO MHOroobpasus., Bepxuue MuIeKCH A0 TOMKH ¢ 3ansToil XapakTe-
PH3yI0T COGCTBEHHHE 3HAYeHHS JHHEHHON YacTH Ha MHHMON OCH H COOTBeTCT-
Byoimue XKOpA2HOBH G6Ja0KH. Hanpumep, W% 1.7 —xknace BEKTOPHHX [MOJel ¢
ONHHM HYyJIEBEIM H ABYMsl IApaMH YHCTO MHHMHX COOCTBEHHHX 3HAYeHHN JuHea-
Pulanuu. BepxHHe HHAEKCH IIOCJEe TOYUKH C 3al§TOdl XapakTepH3YIOT HeJHHeH-
HHe 4YJeHH:
spesnouka (B o6osHaveHHH Knacca
BprO)KILeHHig KOpPa3MepHOCTH 3, uepeggg;gg;gioc; H'ra?:mﬂﬁiabj‘?aa;r E);EI aqnocj'x%w;;?:;%

Docxe samsAaTof YKashlBaeT Ha WHCAO BHIPONAEHHH B HeNMHeRHBIX unenax. Ilonmas
pacidpoBKa 0GOIHAYECHHN COLEPKHUTCE B Tabnuax 2—5.
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5.6. Teopembt 06 ajrebpanyeckon pa3peliUMOCTH.

Teopema. IlpobGiema ycroiuuBocTn M npobjema TONMOJOrHYeC-
> I
KON KjaccuduKallul pPOCTKOB BEKTOPHBIX NoJiefl KJ/accoB Wi, Wiwn

W3 anre6panuecky paspellnMa.

dra TEopeMa HCnoJbL3yeT TeopeMy cBellenus § 4; LA Kiac-
ca W0 oHa mouTH OueBuiHa, a A8 KaaccoB Wi u W5 caenyer u3
pesyabtaToB Ilyankape —JlsnysoBa (§ 4, ra. 5), a takxke [43] (M.

ra. 5.
Teopema (0. C. Umsmenko, 1984). I'lpobaema yCTOHYHBOCTH

0,
no JlanyHoBy s pOCTKOB BeKTOpHBIX noJefi knacca Wi " u xnac-

ca Wi! IpU JONMOJHUTEJBHOM YCJOBHM: OTHOLIEHHME ©4/®, HppaluO-
HAJLHO M (UKCHPOBAHO — ajrebpanyecKH paspelliMa JO BBIPOXK-
NeHWiT NpOU3BOJILHOI KopasmepHocTH. CTpysi OrpaHu4YeHUs Ha
HeHTpaJabHoe MHOroobpasue BEKTOPHOTO IOJs KaXAOro M3 3THX
KJaccoB, 3anucaHHas B HopMmaabHoW ¢opme Ilyankape—]Jlronaka
(n. 5.2) B nepeMeHHBBIX X, 2 U 2;, 22 COOTBETCTBEHHO, YCTOHYMBA,
€CJ/IH U TOJBKO €CJH YCTOHYMBA COOTBeTCTBylOmiasi crpysi pakrop-
CHCTEMBl OTHOCHTEJILHO NMEPEMEHHBIX X, I WIH ), P2

[Tpo6baewma. BepHa au aHajlloryuHas TeopeMa NJsi 3a4aid O
TONOJIOTHYECKOHi KiaaccHduKALM¥ POCTKOB TeX e KJAaccoB?

§ 6. Nnapkafs KaaccupHKauwa pOCTKOB
BEKTOPHBIX moJeR

6.1. CooTHowmeHne ¢opmasibHON M raafakol KaaccupHKauUH.
Caydait obmero nonoxenus ucciexopad UYenem (K. T. Chen)
67 : 1]

Teopema. Ecam aBa pocTka riagkuxX BEKTOPHHIX TNoJiedl B
rinep6bosingeckoit 0coboil Touke GOpManbHO IKBHBAJIEHETHBl, TO OHH
rfafiko 3KBHBaJIEHTHEI.

IIpo6nema. Bepra /m aHalorHYHasi TeopeMa JJis Herunep-
60/IMYEeCKHX POCTKOB € OAHOPE30HAHCHLIMH JIMHEHHBIMH YacTAMM?

Takue poctku mnpunapiexar KnaccaM W% y W, (n. 5.2).
[IpennonoXxum DONONHEHTENLHO, YTO OTPAaHHMYEHHE POCTKA HA 1IEHT-
pPajbHOe MHOroo6pasue, 3alIHCaHHOe B  (POPMAJBLHOH HOPMaJbHOM
thopme Ilyankape—/[lio1aka, UMeeT HeHyJeBhble HeJHHEHHHE YJeHbl.

B atoM cayuae yTBepIMTENLHBIH OTBeT [OOKas3aH TakKeHCOM
(F. Takens, 1973) [14:90] nns poctkoB Kaacca W,° Ha npsimoit
M pocTKOB Kaacca Wi’ Ha niaockoctH. B MHoromepHoM caydae yz-
BEDAHTENbHBIH OTBeT AJIsi 3THX KJ4ccoB mosydes Henasuo I. P. Be-
JUUKMM (4acTHoe coobiileHue).

6.2. PocTKu BEKTOPHBLIX noJieli ¢ CHMMETPHSIMH.

Teopema ([14]). Jlna kaXkAOro pocTKa IrM1afKOro BEKTOPHOro
nona B Touke O npoctpanctBa R™ M AnA  KaxXIoH €BKJAMIOBOM
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cTPYKTYpHl Ha R™ cymiecTByeT pOCTOK, $OpMalbHO 3KBUBAJICHTHBIH
JHCXOMHOMY, MMEIOINMH JuHeliHylo YacTh AX, HelMHefiHas 4YacTb
KOTOPOFO KOMMYTHpYeT ¢ BeKTopHeIM mnonem A*x (sk — conpsixe-
HHe, DOPOXKAEHHOe BHIOPAHHON €BKIMIOBOM CTPYKTYpO#t) - A

PaccmoTrpuM Ha npoctpaHcTtBe ©R™ 3pMHTOBO cKa’dsipHoe npo-
p3BeleHHe, B KOTOPOM XopjaauoB 6a3uc onepatopa A, MHBapHAHT-
HBII OTHOCHTENBbHO KOMILIEKCHOTO COIpSXKEHHSsi, OPTOHOPMHPOBaH.
Jlns npHMeHeHMH npeawpayulell TeopemMul yNOGHO B KaueCTBe €BKJIH-
noBOil CTPyKkTyphl Ha R™ Gpath orpanuyenue Ha R™ 3TOro ckasnsip-
HOrO NPOM3BEIEHMSI.

Canepcteue 1. PocToxk raagkoro BeKTOPHOro nojs Kiacca

Wwi! B touxe O mpoctpakcTsa R" mpu OTCYTCTBHH BHYTPEHHHX pe-
30HAHCOB W,—Rkw,, k=1,2, ...,0<0;<{®,, PopManbHO 3KBUBa-
JEHTEH POCTKY, 3ajaiomiemy auddepeHUMaNbHOE ypaBHeHHe BHAR

Z.=Z (i(!)—l—f(p)), (,0=((t)1’ (1)2), (2)

rie f— poCcTOK B HyJe TJI3AKOA KOMIUVIEKCHO3HAYHOH BEKTOP-
¢yuruuy, Z=diag(zi, 22).

Cnencteue 2. PocTtox riagxoro BeKTOPHOro NOJsi KJacca
Wy’ Ba niockoctH GopMaJbHO 3KBHUBAJIEHTEH POCTKY, 3ajalolieMy
nmuddepeHIMANIbHOE YPaBHEHHe BHAA

x=y+x2f (x), y=x%g(x),

rae f U g ~— pOCTKM IVIAJKUX B HyJe (yHKIHH.

HOna ypaBHenuit (2) acumnrorvika ¢a3’oBbIX KPMBHIX, BXOAAIIHX
B HyJIb, H HHBAPMAHTHEIX MHOroo6pasui, NMpoOXOASIlHX Yepe3 Hyllb,
nerko uccienyerca’”. Tem camelM, HMIVIMKamus «popMajbHas
3KBHUBaJIeHTHOCTL=-TJIA[IKAS 3KBUBAJEHTHOCTB»  coOJepxkKaTesbHa
faxe TOrha, korna ¢$opManbHas HOpMaibHas QopMa 3aBHCHT OT
6€CKOHEYHOro YHC/1a HeJMHHEeHHBIX Y4JI€HOB.

6.3. Ksasurunepbonuunocrs. VMimnaukanus «¢popmalibHasi 5KBH-
BaJICHTHOCTb=>TJIaJIKasi 3KBHBAJEHTHOCTh» HMEET MECTO He TOJILKO
JJ1sT POCTKOB BEKTOPHBIX TNoJeH ¢ runepboJHYECKOH JIMHEHHOK
yacTelo (TeopeMa YeHsi), HO H JJIsi TaK Ha3HBAEMBIX KBA3UTHIEP-
6onngeckux poctkoB (cm. [[14], rme paccMoTpeHbl pocTtkHM auddeo-
mMopdusmoB). KBasurunepbosnuueckHe POCTKM BeKTOPHBIX MOJEk
HMEIT, KaK M runepbosuyeckue, yCTOHYHBOEe H HEyCTOHUYMBOE HH-
BapHaHTHOe MHOXECTBO, HO 3TH MHOXeCTBa — HeoOs13aTeNbHO MHO-
roo6pa3us, H Pa3oBule KpuBble NpubIuKawTcs K 0coboil TOYKe Mo

) [eficrBuTE/NLHO, YypaBHeHHe (2) CHMMeTPHYHO OTHOCHTEJBHO BpalleHH#
(21, 22)— (A2, p23), lAj=|pl=1, u 3apaer nostomy ¢paKTOpCHCTEMY Ha IIO-
CKOcTH p={p1, P2). Hccrenosanue O-KpHBHX HCXORHOH CHCTeMH CBOIMTCH K
HcenenosaHuio {-KpUBHX ¢(EKTODCHCTeMH, MeTOAMKZ KOTOpPOro XOpolO paspa-
6oraHa (cM. TJ. 5).
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YCTOHYMBOMY MHOXECTBY He 3KCIOHEHUMAJBHO, & JHIIb CTENEHHLIM
o6pasoM: MOAYJp pellieHHR yOHBAeT KaK HEKOTOpas CTelleHb 4
npu {—+-+oo. Pewenusi, $a3oBbie KpUBbBIe KOTOPHIX JIeXKAaT HA He-
yCTOYHMBOM MHOXKECTBE, BeyT cebsi aHaJIOTHYHO IpH {——o0.

6.4. KoHeyHo riiaikasi 3KBHBAJEHTHOCTb POCTKOB BEKTOPHBIX
nonefi. BeKTopHOe 1ojle C PE30HAHCHOH JIMHEHHOH YacCThi0 MOXeT
6uiTb, BOOGIEe FOBOPS, MPUBEIEHO K JuHeidHoH HOpManbHOH ¢opme
KOHEYHO TJIafKOf 3aMeHON, TOJbKO KJacc riaaxoctu OyneT HUXKe
Maamueil CTENeHH pe3OHAHCHbIX uneHOB. [lepBmii  pe3ysnbTar B
3TOM HanpaBiennu npuHaanexut Crepubepry (S. Sternberg)
i[67 : 3]. PasauuHble TeOpeMbl, INMOCBAILCHHBIE MOBBILIECHHIO KJjacca
rJ1aAKOCTH COTPSAralomero nuddeomopdusma, NoJIyueHH
B. A. Kounpatbenbim, B. C. Camoposiom [14:44], I'. P. benun-
kum [14]. OkouuaTenbHHR pe3ysibTaT HelaBHO nojyyeH CensoMm
(G. R. Sell) [105].

Teopema. IlycTh v~ pPOCTOK BEXKTOPHOIO MOJISi CO CIEKTPOM
AvHe#HOH uyacT A= (Ay, ..., A,)€C", mpuuem (A, R)—A;5<0 pas
goboro kEZ.", 2<|k|<<2N; Re[(A, k)—A;]5%<0 nmaa  moGoro
kE€Z,m, |k|=2N. Torna poctox v CN-rmafiko 3KBHBAJIEHTEH CBOEH
JuHeitHo# YacTtu. HanpoTus, pocTox

0

0 0
"5;1——" (ng-—xi"xg\’) -072—-——(2]\1’—}—]))(:3

0x,

2N x;

He siBasiercss CY-3KBUMBAJIEHTHBIM CBOel JIMHEHHOH dHacTH  (peso-
Hauc Nij+ Nia—Aqe=0).

§ 7. HopmaabHuie GopMEl BEKTOPHBIX MOJeH,
JIHHeAHasA YacTb KOTOPHIX —
HHJIbNOTEHTHAS JKOpAAHOBA KJETKa

Hccnenopanve HopManbHHX ¢$OpM B cjyuae, KOrga JIHHeRHAast
4aCTh — HHUJIBNOTEHTHAS XKOPAAHOBa KJaeTka, obiserdaercsa Teopuei
npeacrasientii anrebpuo JIu s1(2), kaxkoB Obl HM OBUT MOPSIAOK
KileTkd. B cyuiHocTH, peub upeT O cleaylomeil ajarebpanyeckoi 3a-
nade. PaccMorpum ¢$as3oBbli [OTOK JMHEHHOrO BEKTOPHOro mNOJSA,
33/1aHHOTO HUJLIOTEHTHOH KOPAAHOBOH KJIETKOH. DTa ofHONapaMer-
pHUeCKas IpyIlna JHHEHHLIX NMpeobpasoBaHuii NeHCTBYeT TakxKe HA
Pa3HUYHLIX NPOCTPAHCTBAX TEH3OPOB, HanpuMep, Ha NPOCTPaHCTBE-
BEKTOPHBIX noJefl ¢ ko3¢ PUIHEHTAMH B BHIAE ONHOPOAHHIX MHOrO-
yseHoB (HUKCHpOBaHHON crenend. CrpamiHBaeTcsi, KaKoBa XOpja-
HOBa CTPYKTypa OINpeneeHHBIX TakuM o00pa3oM onepatopoB Ha
NPOCTPAHCTBAX TEH30POB?

7.1. HenTpupoBaHHbe ueno4kM. Teopusi mpencraBiieHHii ajrel-
pH sl (2) nosBossier HaliTH YHCIO KJETOK M CKa3aTh KOe-YTO O XKOp-
nanosom 6asuce (B. H. boraesckuii, A. 5. I'loBsuep, A. B. I'uBeH-
Tajb). 3anymepyem OasuCHbIeé BEKTOPDH HCXONHOH ¥OpPAaHOBOM
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KJeTKH pasMmepa d+1 mnenpimu umcinamu ot —d mo +d uepes 2
(yRoGCcTBo Takoil HyMepauuM sicHo H3 naneHeiilnero). Mrak, Halua
KOpAaHOBa KJieTKa J gneficteyer Ha 06asuc no npasuiy

e_g>e g9 . .res~0. (3)

CoOTBeTCTBYIOHNIMM KOOPAMHATHBIM PYBEKUMSIM X_g4, .. ., X, OPHUIHLIEM

0
8 KayeCcTBe BeCOB HX Homepa, deg x,=a. [lonoxum deg '(d x ) -
a

= —aq. Bec oxnousena onpenensieTcsl, Kak CyMMa BECOB COMHOKH-
Tesell, Hanpumep, deg x,f= pa, deg (x,0/0x,)=b—a(0/0x,=¢,)
CyMve 3jleMeHTOB OIHOr0O Beca NPHMHCHIBAETCS TOT JKe BeC.

Teopema. PaccmorpuM felicTBHe rpynnbl e’ B BEeKTOpPHOM
npocTpaHcTse V M COOTBEeTCTRYWILYK el rpymnny npeobpasoBaHHi
B npoctpaHctse TeH3opoB L Han V. )KopZaHOBH LENOYKH IPOM3-
BONSILIETO oOnepaTtopa 3TOH rpynmnbl B NPOCTPAHCTBE TEH30POB
MOXHO BHOpaTh HEHTPHPOBAaHHLIMM (TaKuMH, 4YTO KpaHHHe 3Jje-
MEHTH KaXJoH LENOYKH HMEKT MNPOTHBONOJOXKHbIE Beca, H IpH
JBHXKEHHH BIOJIb KaXKJIO¥M NENOYKM BeC KaXK/JHH pa3 yMeHbllaeTrcs
Ha 2, kak B popmyae (3)).

7.2. HeybuBaeMnie HeBsA3kKH. Pa3MepHOCTs NpPOCTpaHCTBA Of-
HODOJAHLIX BEKTOPHBIX MHOrOYJIEHOB CTerneHu N, BXOASIUUX B He-
Bi3Ky (OpPMaJIbHOH HOpPMAaJbHOH (POpPME BEKTOPHOIO NOJS € JIH-
HeHHOH 4YacTbio Jx, He NPEBOCXOMUT YHCJa JXOPAAHOBHIX KJETOK
onepatopa adJ. 3necy adJ — onepatop xoMMmyTHpoBaHua c J,
JeHCTBYIOIIMA Ha NPOCTpaHCTBe L BceX OAHOPOAHBIX BEKTOPHBIX
MHOrOYJIeHOB cTeneHd N. B cuny npeabiAyineii TeopeMH  YHUCJO
3TUX KJETOK PaBHO UMCJy NEHTPHPOBAHHHIX Lenodek. PasMepHOCTb
IIPOCTPAHCTBA TEH30POB (HMKCHPOBAHHOIO Beca HETPYAHO COCHH-
TaTth. [losToMy H3 TeopeMhl (nOcie HEKOTOPHIX BBHIYMCIEHHI) BHI-
TeKaer

CnepcrBue. BekropHoe mnojie ¢ HWIBNOTEHTHOH JMHEHHOM
YacTblo, COCTOSAIEH H3 OJHOH KOPAAHOBOH KJIETKH MNOpsifka n,
<$opMaNbHO 3KBHBAJIEHTHO TaKOMy, Yy KOTOPOro cjlaraeMhble Beca
C KOMIOHEHTAMH OJHOPONHOH cTeneHM N mpHHaAJeKaT HEKOTOpPO-
My JIMHeHHOMY NPOCTPaHCTBY Pa3MepHOCTH

&— n
1S g} X2 d (1—x")res;o| £V I1 (1 —£x%)1 ]|,
k=1

Tne S=N(n+1)/2. B 4acTHOCTH, Bce HENOYKH C (PUKCHPOBAH-
HEIM N OIHOH YeTHOCTH: €CJIM n HeUeTHO, TO JJIMHH BCeX IENOoYex
HeYeTHbl; a €/ 1 YeTHO, TO YETHOCThb AJIMHLI LE€NOYKH PaBHa YeT-
HocTH V.

IIn. 7.3—7.5 nocesilleHb JOKa3aTeJbCTBY TEOPeMB AJisi MpO-
CTpaHcTBa L, onpenesleHHOro B HayaJje n, 7.2.

7.3. CraHpapTHoe mnpeacraBaeHde rpynne SL(2) M aare6pw
sl(2). I'pynna JausHefHBIX npeo6pa3oBaHHN IJIOCKOCTH, COXPaHSIO-
mux mromans (rpynna SL(2)), ecrectBeHHO neficTByeT Ha mpOCT-
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paHcTBe P™*! OnHOPOAHBIX MHOro4JeHOB CTeleHH m OT ABYX Iepe-
MeHHBIX. PaccMorpuM HeHcTBUsI NMOATrpyNn runepObOIHIECKHX MOBO-
pOTOB («KapTaHOBCKOMH») ¥ COBHroB («60peseBCKOM»):

Ht (x, y)=(e'x, e7ty), St(x, y)=(x-+1Y, Y)-

[Mpu  peficTBUM runep6ONMYECKHX IOBOPOTOB OOHOWIEHB X7,
x™=ly, ..., Y™ YMHOKAEWOTCH Ha e™, e™=2¢  _ e~™. [losToMy cOG-
CTBEHHBIE YHCJIA NPOM3BOASAIIEr0 Omnepatopa AeHCTBHA KapTaHOB-
ckoli moarpynne (omepatopa Ay) paBue m, m—2,...,— m. 3a-
HyMepyeM COGCTBEHHHIE BEKTOpH onepatopa Ay COOTBETCTBYIOIIH-
M1 COOGCTBEHHBIMH 3HaUeHHAMH.

Ilpu capure S*' orpanvuenHue MHOro4JieHa Ha NOPAMYIO Y=UYo
ciBHraercs Ha yof. [losTOMY npoH3BoAsilluii onepaTop Ay neficTBuaA
6openeBCKOH NOArpynnel CBOAMTCA XK AMPdepeHuMPOBAHHMIO NO X
C NOCJENYIOIIHM YMHOXEeHUeM Ha y. 3HAyHT, 3TOT ONepaTop nepe-
BOIUT KaXKABIH COOCTBEHHEIi BEKTOP KapTAaHOBCKOH IOATPYINIbE
B ClefylOmuiA (ymeHbplliasi cOOCTBEHHOe 3HayeHHe IIPOH3BOASILETO
onepatopa Ay Ha 2 eWHUIL).

OnucanHoe npencrasienve rpynnel SL(2) (# cooTBeTCTBYIO-
iee eMy npelcrabienve anrebpun sl(2)) HasoBeM CTaHAAPTHEHIM.

7.4. NpoponkeHHe HHJIBIOTEHTHOro onepartopa a0 IpeACTaB-
Jenus anare6pn Jlu sl(2). Onepatop J, nmeiictByomuii B (d+1)-
MepHOM JuHeHHOM npoctpaHctBe V no dopmyse (3), MOXKHO HO-
CTPOHTL HO npencTaBierHss B V anre6pel Jlu s1(2) rpynnel coxpa-
HAIOIMKMX MJomans npeobpasoBanuil miockoctH. st atoro pocra-
TOYHO IEPEHeCTH CTaHAapTHoe mnpejcTaBnexsHe rpynnel  SL(2)
(u anrebpnl sl(2)) nva npocrpancTeo V ¢ momompio H3oMoppusMa
C: V—P! nonaras B QopMysiax nmpemblayliero paspena m=d:

xd _rd-ly
e_d'—*d—!, e_.d,*g""-(—d_-_""])—l, e vay ed*-*y“.

IDT1oT M3oMOpPu3M conpAraer neiicTBMe onepatopa J ¢ JAeHCTBHEM
IIPOU3BOASAIEro omnepatopa As OGOpeNeBCKOH NOArPYIIE, onpene-
JIeHHOro B n. 7.3, a onepatop Ay — ¢ onepatopom A%: ¢, —de,,...
..., e_gde_; TlonyueHHoe mnpencTaBieHue rpynnu Jin SL(2)
H anrebpn Jiu s1(2) Ha V nasoBeMm accouuMuMpoBaHHBIM C Oneparo-
pom J. Ciaenyromasi TeopeMa yTBepIKIaeT, UTO BCSIKOe HENpHBOIM-
MOe npejcTabneHue ajre6pst sl(2) Moxer ObITh DONyYeHO aHAalo-
TMYyHBIM 06pasomM.

Teopema. Kaxnoe HenpHBOAMMOe npencTaBjieHne ajirebphl
JIu sl (2) conpsizkeHo co CTaHAAPTHEIM.

7.5. OxondaHue JOKa3aTeJbCTBA TeoOpeMmbl. PaccMoTpuM
npocTpaHCTBO L BeKTOpHBIX nojelt Ha 1, KOMNOHEHTH KOTOpHIX —
OLHOpOAHEIE MHOrowleHsl cTeneHd N ot d 41 nepeMeHHHX (Wm
Kakoe-HuOyab Apyroe npoCTpaHCTBO TeH3opoB Had V). [lycts
J:V -V —TOT e onepaTop, 4TO H Bhillle. PaccMOTpuM TNpeACTaB-
Jenwe anre6pwl si(2) Ha V', acconmupoBaHHOe C onepatopoM J H
COOTBETCTByIoUlee eMy npeactasienve I° arebput sl(2) wa L.
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Co6cTBeHHble BEKTOpHl onepaTtopa 7 ag, COOTBETCTBYIOLLME NPOM3 BO-

Ji AIEMY OmnepaTopy KapTaHOBCKOH mopr pyIibl—3TO BeKTOpHbHE MOo-
JMHOMBI, COCTOSIIIME M3 MOHOMOB OfIHOro Beca, ¢ COGCTBEHHBIM 3Ha-
yeHWeM PaBHEIM Becy. PasjoxuMnpeact aBaenue T Ha HeMpUBOAHMBIE;
nyctb V™! —npoCTPaHCTBO OXHOrO W3 HENPUBOAMMBIX INpeaCTaB/e-
enft pasmeproct m+1. [To npeawaymieii Teopeme HENpHBOAMMOE
npexacrapiesne 7 | V™ conpsikero co cranaaptheiM. CrieaoBaTelp-
HO, COGCTBEHHBIE BEKTOpbl OrpaHuuenua I a, Ha V™1 o0pasywoT

1LeHTPUPOBAHHYIO LENOYKY Upy Umogy + o5 U_ms BEC BEKTOPHOrO TIiO-
JMHOMa v, paBeH a. PaccMorpum Ttenepn omepatop 7 44, COOT-

BeTCTBYIOIUMA INPOH3BOAALIEMY ONEpaTopy As OopelleBckoii noa-
rpymnsl. Ero orpanmienue Ba mpocTpancTBO V™' LeficTByer no

¢opmyane
VUt « « o+ U_p0 (4)

{ecin HYXHO, BEKTOPHl U, 3aMEHSIOTCS Ha KOJJIMHeapHHE).
3aMeTHM B 3akJiodeHue, 4To 14 ¢— 3TO M ecTb TOT IPOU3BOLSA-

UIHHA omepaTop, 0 KOTOPOM TOBOPMTCS B Teopeme m. 7.1, a HMeHHO,
onepaTop KOMMYTHpPOBaHHSI ¢ BEKTOPHBIM IHojeM Jx; 34ecb X —
cronber ¢ KOMIIOHEHTAMU Xg, . .., X—_q. JLeHCTBUTENLHO, OopeseBCcKas
noarpynna {S'} nmeitctByer Ha npoctpactBe V nmo npasuay:
x — (expJ?)x, a Ha mpocTpaHcTBe L mo mpaBuily: TNoJjie U nepexo-
IHT B nofle U=e’*ve e 7', Ilpou3Bonsiluvii onepaTop mnocJenHeH
NOATPYNIH — 3TO ONEpaTOp KOMMYTHPOBaHMs C nojieM Jx.

Tem cambiM, (4) — HCKOMasi HEeHTPHpPOBaHHAs LENOYKa oOnepa-

Topa ad /. p

I'nasa 4

OCOBbBIE TOYKH JH®SEPEHILHAJIbHBIX YPABHEHHH
B MHOIOMEPHOM KOMIJIEKCHOM ®A30BOM
IPOCTPAHCTBE

Jlokanbuasi Teopus aHaMHTHYeCKMX IHPdepeHUHANBEEX Ypas-
HEeHUH NO3BOJIfieT N0 KOHLA HCCenoBaTh 0coOeKHOCTH nodiei oOme-
ro nojoxeHus. 30eCb NpPUBEIEHH H CMEXHble Pe3yJbTaTH O BHI-

POXKIEHHBIX OCOOEHHOCTAX.

§ 1. JIuHefinne HOpMaJbHbie (GOPMB

PocTOK aHaJUTHYECKOI'0 BEKTOPHOro MnoJisi obIiero MNoJOXKeHus
B 0cobO0l1 TOYKE aHAJHTHYECKH 3KBHBaJICHTEH CBOell JIHHelHOon 4a-
CTH, KaK INOKa3bBAKT CHOPMYJIHPOBAHHEIE HUIKE TEOPEMH.

1.1, O6aactu Ilyankape u 3urensi. Masable 3HaMeHaTe M,

Onpenenenue. Habop A€C* npunamnexutr obaacru ITyan-
*Kape, ecJd BHIyKJ1aa 000J104Ka BEKTOPOB Aq, ..., An HA KOMIJIEKC-
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HOIl TJIOCKOCTH HE CONEepIKHT HyJs, u obaactu 3uzens — B NPOTHB-
HOM cayyae. Habop AE€C™ — cTpozo 3uzenes, eciiv BHINyKJas 0060-
JOUKa BEKTOPOB Ay, ..., Ay COLEPKHT HYJIb BMECTE C OKPECTHOCTBIO.

OnpeneneHue. Jludefinoe BexTopHOe mnojie — Tuna Ilyanka-
pe UJIH 3uzens, WIH (TPO20 3uzene6a Tuha, eCJH CIEKTP COOTBET-
CTBYIOLUEr0 omneparopa npuHapgiexur obnactu IlyaHkape uau 3H-
refisi, Ui CTPOTO 3MTeJIeB.

Ha6op coOcTBeHHBIX 4YHCeJ] Ha3BIBAaeTCsl PEe30HAHCHbIM, €CIH
OOHO M3 HHUX SIBJSIETCS CYMMOH He MeHee JAByX COOCTBEHHHX YHCEN
(He 06si3aTe/IbHO Pa3NHYHBIX).

@opMalbHble 3aMeHBl, MNPHBOJASIIINE POCTKM aHAJHUTHYECKHX
BEKTOPHBIX MOJieHl ¢ Hepe3OHAHCHOH JHHEHHOH 4YacThi0 K JHHEHHOMH
HOpMallbHO# ¢opme, Ha3bIBaIOTCSi B 3TOM Inaparpage HOpMaJH3y-
IOIMHMH pPSAAaMH; NMpH WX BHIYUCJIEHHMM TMPHUXOIMTCH XEJIUTb Ha Bbl-
paxenun (A, k)—A;, (&, j)€J, roe J={(k, j)|k€Z:", |k|=ZRi=2,
j€{l,..., n}}; sty Bupaxenus obpainatorcs B 0 Aasi pesoHaHc-
HHX Habopom. [lns Hepe3oHaHcHOro Habopa A MHOXKECTBO 4YHCeJ
{(A, B)—A;|(k, j)€J} umeer npenenbHyI0 TOYKY HyJb, €CIH H
TOABKO €CJau A npuHannexuT objsactu 3urensi. Yucaa U3 3TOro
MHOXeCTBa W Ha3bIBAIOTCH MaAbimMU 3HAMEHATEAAMU,; HX IOABJIEHHE
3aTpyAHsieT CXOAHMOCTh HOPMAJIH3YIOIIUX PANOB.

1.2. CXoguMOCTb HOPMAJM3YIOLHX PAJOB.

Teopema Ilyankape ((H. Poincaré), [8], [48]). Poctok
AHAJHTHYECKOTO BEKTOPHOrO NOJA C HEPe30HAHCHOM JIMHeHHOH
yacteio THna Ilyankape aHalMTHYECKH 3KBUBAaJIEHTEH CBOeH Ju-
HENHOH YacTH.

Teopema 3urens ((C. L. Siegel), '[8]). Has noutn Bcex
(B cMbicie Mepwt JleGera) HabopoB COGCTBEHHEIX YHCEN JHMHEHHOM
YAaCTH POCTKA TrOJOMOP(HOro BEKTOPHOro mnojsi B 0co6oi TOYKe
pOCTOK OurosiomopdHO 3KBHBAJIEHTEH CBOEH JHHEHHOH dYacTth.

ITodTH Bceria BHIIOJHEHHOEe YC/IOBHMe Ha cOOCTBEeHHBIE 4YMCIa,
NOCTAaTOYHOe IJsi roJoMopdHOH 3IKBUBAJNEHTHOCTH POCTKA CBOEHk
JWHEHHOH 4YacTH, OLEeHMBaeT Majlble 3HaMEHaTeNH CHM3y 4epes
NOPsiIOK COOTBETCTBYIOMIEro pe3oHaHca. Ilepefinem k TouHbIM dop-
MYyJUpOBKaM,

Onpenenenne. Habop A6C" necousmepum no A. /1. Bproro,
ecJIH CYILEeCTBYIOT TakKue NOJOXKHTesbHele C M g, 4TO

3

(A, k) — )| > Ce—n1—®

onsi Bcex (k, j)€J, nns xoropbix (A, k)—A;5=0 (nast nmodTH Beex
A€EC™ BrmosHsieTCS Na)<e aHaJIOTHYHAs OLIEHKA C NMpaBofi YacTbio
Clkl—(u+n)_

Teopema ([18:31]). Poctok ananuTHIECKOr0 BEXKTOPHOrO I10-
Jsi B 0cOO0H TOYKe, CNEKTP JIMHEHHOH YacTH KOTOPOrO Hepe30HaH-

CeH M HecousmepuM no bprono, 6HronoMopdHo 3KBMBaJIEHTEH CBOe#
JJHHEHHOCTH YacCTH.
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B [18: 3] 3xBHBaJIeHTHOCTL JIHHeapH3allMH NOKAa3aHa IpH elle
6oJee cnaboM OrpaHHYEHUH Ha A.

Axanordunbe TeopeMbl CNpaBelJHBH B cliyyae, Korfa Habop A
pPE30HAHCHBIH, €CJIH POCTOK BEKTOPHOro nojisi (QopmajbHO 3KBHBa-
JEHTeH CBOeH JHHEHHOM 4YacTh (HampuMmep, B cJyyae LeHTpa IO
JUHEHHBIM YJIeHAM IPH HaJHYHH (POpMaJILHOrO NMepBOro HHTErpana
x*+y*+...). Obmue TeopeMbl TAKOTO poAa COLEp!KaTcs B paborax
A. . bpwoso u B. A. TIlnucca [18:31]; [14:54].

1.3. AHaAMTHYECKHE TEOPEMBI O PACXOAHMOCTH HOPMAaAHM3yIOU[HX
PRIOB.

Ecniy Majible 3HaMeHATeNH NaTOJOTHYECKH Majibl, TO HOpMaJlH-
syonye psab, Kak nmpaBuJIo, pacXoAsTCS.

Onpepnenenve. HabGop AEC" — nOuTH pe3OHAHCHHIH, eCaH

pAL
D 2F[( k) — )] 10/0z,

He CXOJAMTCH HM B KakoM mape c nesrpom O.
Teopema ([30]). ITycts HaGop A— nOYTH PE3OHAHCHBIA U KO3(-

(UIMEHTH CXOASILIErocA BEKTOpHOro psaa f (z)=; Sfrj2k0/0z;

OLlEHHBAIOTCSl CHHU3Y MO MOAYJIO HEKOTOpO# reOMEeTpHYeCKOH Hpo~

rpeccueit: | fr;|>Cq™. Toraa ams nouu scex B cMuicae mepsi JleGera
KOMILIEKCHBIX @ ypaBHeHHe

z==(diag ) z +-o.f (2)

aHAJUTHYECKH HEe3IKBUBAJEHTHO JHHEHHOMY B JIIOOOH OKPeCTHOCTR
TOUKH 0.

1.4. TeomeTrpHUeCKHe TEOPEMB O pPAaCcXOAMMOCTH HOPpMAJH3YI0~
WHX psaxoB. ['eoMeTpHYECKOH NPHYMHON PacXOAMMOCTH HOPMAJH3Y-
IOIUX PALOB B cjydae MAaTOJOTHYECKH MallblX 3HaMeHaTeNeH ciy-
JKHUT sBJieHHe MaTepualiH3allid pPe30HaHCOB;, OHO COCTOMT B Cle-
qywomeMm (cm. [8]).

PaccmoTpuM oIHonapaMeTpHYecKoe CeMeHCTBO BEKTOPHBIX I10-
JieH, JIHHEHHBIe YACTH KOTOPHIX NpH HyJe€BOM 3HAYECHUH napaMeTpa
IPOXOAAT TPAHCBepCajbHO dYepe3 pe3oHaHc (TouHee, CHEKTp JH-
HeHHOH YacTH NpPH NPOXOXKIAEHUM napamerpa 4epe3 0 TpaHcBep-
CaJIbHO MepecekaeT pPE30HAHCHYIO IOCKOCTh). IlpH npoxoxnoeHHm
napamMerpa uepe3s 0 or KOOPAMHATHHX IJIOCKOCTeH HEKOTOpOH Kap-
Tl OTHENAeTCA AaHaJHTHYeCKoe MHoroobpasue, 3aBucsillliee OT Ia-
paMerpa ceMeiicTBa! ¥ MHBAapMaHTHOe IJIs YpPaBHEHHWs, COOTBET-
CTBYIOLEro TOMYy e 3HAayeHHI0 napametpa. Tonosorus 3TOro MHO-
roo6pasus onpenensiercss apupMeTuroli pesoHanca. Haanume
«BONBIIOr0 Kycka®» 3TOro MHOroo6pasusi B HEKOTOpPOH OKPECTHOCTH
0c000i1 TOYKH NPENATCTBYET INPUBEACHHIO YPaBHEHHs K JIHHEHHOHR

D JITpocrefilinfi reoOMeTpHYECKHH TIpHMEp T&KOro poja JLOCTaBjasieT cCeMefiCcT-
BO MHoroobOpasui xy=—e¢; npH &£=0 MHOroo6passe cemeficTBa COBNajgaer C
ofbeauHeHHeM KOODIHHATHHX Oceh.
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siopmaJibHoil GopMe B 3TOi OKpecTHOCTH. Eciu Habop A NaTOJIOrH-
yecKH OJM30K CUETHOMY YHCIYy PE30HAHCOB, TO B KaXHIOH OKpeCT-

HOCTH 0c000# TOUKH ypaBHEHHUE
z==(diagh) 2+ f (2)

Ipy yCJIOBHMM, YTO HeBsi3Ka [ — oOLLEro MoJIOXeEHHA, HMEET CHETHOE
YKCJI0 WHBAPHAHTHBIX MHorooGpasuii. Kaxjoe U3 HHX BO3HHKAET
IIpH MaTepUasH3aluM OJHOTO M3 pPEe30HaHCOB, OJIM3KMX K A; B3s-
THI€ BMECTE, 3TH MHOroo0pasusi nMpensiTCTBYIOT CXOAHMOCTH HOpMa-
JIM3YIOHHUX PAJOB B KaxoH-JIHO0 OKPEeCTHOCTH HYJIS.

Jloka3zanHble Ha 3TOM NYyTH reoMeTpHYeCKHe TEOPEMH O pacxo-
Jumoct [34], [34:6] npennonararoT, 4TO MaJjibie 3HAMEHAaTe/H
yOnBaloT ellie ObicTpee, YeM B NpelBAylleM NyHKTe, 3 HMEHHO, 44
Hexotoporo ¢>0 npu aw6om C>0 cywectByer K€Z,", mans KOTO-
poro

0<|(, B)—2;|<C| k|70,

§ 2. Cesa3b GopMasbHON W aHAJMTHYECKOH
KaaccupHuxauum

3necy obcyxaaercss COOTHOLIeHHe MexAy ¢GOpMajsbHOH H aHa-
JIMTHYECKOH KJiaCCHQUKAUHAMH POCTKOB BEKTODHHIX IOJI€H, CHEKTP
JIHHEIHON YacTH KOTOpHIX pe30HaHceH, HO Hecon3Mepum no bpiono.

2.1. Ycaosue A. A. 1. bBprono i[18:31] wamen Heob6xonumoe
# JIOCTATOYHOE YCJIOBHE MJIsi TOrO, YTOOH! KJacc POCTKOB aHAJIHTH-
YeCKMX BEKTOPHBIX IOJIeH, (POpMaJIbHO 3KBHBAaJIEHTHHIX POCTKY C
HecOH3MepMMbiM 110 DpIOHO CreKTpoM JIMHEHHOH YacTH, COBNAafanl ¢
KJIACCOM POCTKOB, aHAJHMTHYECKH IKBHBAJICHTHHIX 3TOMY POCTKY —
Tax HasHBaemoe ycjoBue A. YcioBue A Halaraercsi Ha HeJIMHEHHBIE
YIeHs NpeABapHUTENIbHON HOPMalbHOH GOPMEL POCTKa v B CJyuae,
KOrjJa JIMHeHHasi 4acTh POCTKa — pe3oHaHcHa. Bece popManbHO 3KBH.
BaJIEHTHBIE NpeABapuTe/bHble HOpMalibHble (GOPMH YAOBIETBOPSIOT
HWJIM He YAOBJETBOPSIOT YCJAOBHIO A ONHOBpPEMEHHO; NO3TOMY YCJA0BHE
A sBNfiEeTCA yCNOBHEM Ha CaM POCTOK, a He TOJbKO Ha ero HopMaJb-
Hyo ¢opmy. POpPMYJIMPOBKa 3TOTO YCJIOBHsi TPOMO3AKA H 3[eCh He
npuBoAuTcs. OTMETHM B KayecTBe NPHMEPa, UYTO POCTOK BEKTOPHOTO
NoJis Ma IJIOCKOCTH C JHHeHHOH 4YacThio pxd/0x—qyd/dy (p ¥ g
HATypaJibHble) YAOBJETBOPSIET YCJIOBHIO A, €CJIH ¥ TOJBKO ec/ii poc-
‘TOK OpOMTAaNIbHO AHAJMTHYECKH SKBHBAJICEHTEH CBOell JIHHeHHOM yac-
ti. Kpome Toro, yciiosue A aBTOMaTHYECKM BHIIIOJHEHO JJjIi BCEX
pOCTKOB ¢ JHHe#HOl yacteio tMna Ilyankape. CxogumocTts HOpMa-
JIM3YIOIIMX PAAOB [JIsi 3TOro ciydasi Owlia nokasarna J{io1akom
(cm. [18]). B o6nactn 3urens yclioBre A BHINOJHAETCH PeKO.

2.2. 3ameyanue. Ilpo6yeMbl rmafKoOl M aHAJHTHYECKOH K/1aCCH-
¢{UKalUMH POCTKOB BEKTOPHHIX Nojiedl B 0CO60H TOUKE eCcTecTBEHHO
PpacnafanTcs Ha 3 4acTH.
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1. GopmansHas knaccupukauus (cm. § 3, ra. 3).

I1. Msyuyenue cBsSi3H MeXAy (opMmasbhoil M ryajkoil (MM aHa-
JAUTUYECKOH) KilacCHPUKanver.

B Hepe3omaHCHOM cJjyuae (opMasibHasi HopMmaJdbHasi (opMa
JiuHeHHa. CBSA3b KAacCH(MUKaUUi HEpe30HaHCHLIX POCTKOB B IVIal-
KOM M B aHAJHMTHYECKOM BapHaHTe omnucaHa B § 6 raaen 3 ¥ § 1
riaBbl 4. Pe3oHaHCHBI ciyyall [Jisi roJloMOp(¢HBIX POCTKOB HCCJIe-
JIOBaH Tak xe no/pobHo, Kak Hepe3oHaHCHBM (cM. m. 2.1). Beuny
KpaiiHell KeCTKOCTH ycjoBusi A, KJjace (GopMasibHO 3KBHBAJICHTHBIX
AHAJIUTHYECKHX POCTKOB BEKTOPHBIX TOJie ¢ pe30HaHCHOH JIHHEeMH-
HO¥M 4acThio B ocobGoii TOYKe TMOYTH HHUKOTAA He COBNajaer C Kiac-
COM aHaJIMTHYECKH 3KBUBAJIEHTHBIX pOCTKOB. O rilaIkoMm ciydae cM.
TeopeMy Yens u nekoTophie apyrHe Teopemul (§ 6, . 3 m § 2,
ra. 6).

IT1. Tlonyyenune (nosHOH) CHCTeMbBl HHBAPHAHTOB aHAJIHTHYE-
CKOH KJTaCCHMHMKAIHH POCTKOB BEKTOPHBIX modjieiil.

Jlo mocienHero BpeMeHH IPHU pelleHHW 3TOH 3aj/iayH OrpaHU4YH-
BaJIHChL HHBapHanTtaMu (GopMaJbHOH KJIacCH(QHKALMH. 3areM HC-
clieoBaNiach CXOJAUMOCTL COOTBETCTBYIOIINX (POPMAJIbHBHIX 3aMeH.
Ecau oHM cxoauauch, npobiema Ownlna pelleHa, ec/JiH  pacxojH-
JIUCh — HCCJEIOBaHMe mNpekpamanock. Pabotel, rae O6buin Halije-
Hbl UHBAPHAHTH AHAJUTHYECKOH KJaccH(UKalHH, OTJIHYHBE OT
¢dopMaJLHBIX, H3TATAKOTCS B IJIaBax D U 7.

§ 3. AHaAHMTHYUECKHE MHBAPHMAHTHbIE MHOrooOpa3us

AuanuTHYecKMX HHBAapHAaHTHBIX MHoroobGpasuil aasl aHaj uTHye-
CKHX CHCTEM CVIIeCTBEHHO MeHblle, 4eM IaJikux. Tak, AJs pocT-
KOB aHAJHTHYECKHX BEKTOPHBIX mnoJieii Ha R% co cnekTpoM JMHel-
Ho#i yactH. (A, 0), A==0, Bceraa cymecTByeT KOHEYHO IV1afikoe LeHT-
pansHOoe MHoroo6pasue (§ 4, ra. 3), Ho, Kak IpaBWIo, He CyHIeCT-
BRyeT ananauTuyeckoro (§ 5, ra. b).

Teopembl 06 aHAJHTHYECKOM YCTOHYMBOM (HEyCTOHYMBOM) WH-
BapHaHTHOM MHoroo6pasum cdopmysHpoBadsl B § 4 raaeum 3.
Anasioryusble TEOpPeMBl CIPABE/JIUBHL JAS ToJOMOP(HBIX BEKTOP-
Heix nosed [18:31). PopmyaupyeMble HUXKe TeopeMbl O JIOKaJib-
HEIX UHBAapHaHTHBIX MHOroobpasHsix rosoMop(HEIX BEKTOPHHIX IO-
Jiell NMO3BOJSIIOT HAXOAHTH AHAJHTHYECKHE HHBAaPUAHTHBIE MHOI000-
pasus, cojepxamHe 0CoOyI0 TOYUKY BeIEeCTBEHHO AHAJHTHYECKOIO
NoJisi M He NpHHAM/IEKaUMe HH YCTOHYHBOMY, HH HEYCTOHYHBOMY
MHOroo6pasH 3TOH TOUKH.

3.1. Teopema 00 HHBApHAHTHOM MRoroo0Opasuu. PaccMoTpum
POCTOK aHaJUTHYECKOro BEKTOPHOIo moJisi B ocoboi Touke 0, Jju-
HeilHasi 4acThb KOTOPOro HMMeeT HHBapHaHTHYIO mJockocTh. HMccue-
JyeTcsl BOIIPOC, HMEeT JIH pPOCTOK AHAJNHUTHYECKOE HHBAPHAHTHOE
MHoroofOpasue, Kacawlleecsi B HyJe 3TOH TJIOCKOCTH.

D Fnapxuit akanor 3TOH NPOOJNEME, HACKOJNBKO HAM H3BECTHO, YCCIenoBaH
TOJBKO Ha (pOpMaNbHOM YDOBHE; HCKJIOYEHHe COCTaBiseT pesynwrar C. M. Bo-
poanna [60, c. 143] # Maptaue—Pamuca [99, § 5, ru. III].
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PaccmoTrpum ¢opmanbHoe IHPGepeHUHANTbHOEe yDPaBHEHHE
x=Ax+ f (% 4), y=My+g(x. 1) f(0)=0, gO=0,
S 0)=0, g¢ (0)=0, x=(X1,-.-2%Xn)s Y= (Y1, - oy Ym)- (1)

Onpenenenue., Ilnockocts y=0 HasHBaeTcss QOPMANLHOIM
UHBAPUAHTHbIM MHOZoOOpasuem ypashenus (1), ecan g(x, 0)=0.
Ypasuenue x=Ax-+f(x, 0) Ha3bBaeTcs OrpaHWyeHHeM YypaBHEHHS
(1) Ha 310 ¢dopMmasibHOE MHBapHaHTHOe MHOrooGpasue.

Onpepenenne. CkaxeMm, uro ¢(opMajbHOEe BEKTOpHOE TOJIE
npuHagiexur kiaaccy HOWMM (BopmanbHasi ¢opMa Ha HHBapH-
aHTHOM MHoroo6pasuu) c JuHeiinoii 4actbio (Ax, My), ecin emy
cooTBeTCTByeT ypaBHenHe (1), mns kotoporo miockocts y=0 siB-
Jsiercst (POpMaJibHBIM HHBApHAaHTHBIM MHoOroo6Gpa3ueM, a OrpaHHye-
HHe ypaBHeHHs (1) Ha 3Ty IJIOCKOCTH HMeeT MNPeABAPUTEJbHYI>
HOPMaJbHYIO (opMy.

Teopema (10. H. bubukos [77]). Ilycte v — pOCTOK aHalu-
THYECKOI'0 BEKTOpPHOro mnojisi B ocobofi Touke, (GOpMaJibHO 3KBHBA-
JEHTHHH ¢QopMaJibHOMY BeKTOpHOMY MoJio @w Kaacca HOPHM ¢
JuHeiiHoRt yacteio (Ax, My), A= (A1, ..., As) — CHEKTP MATPHUH
A, vp=(l1, ..., Um) —crekrTp M, npuyeM BHITNIOJHEHH CJEAYIO-
IiHe yCJIOBMS:

1°, OTCyTCTBYIOT «INepeKpecTHEe pe30HaHChI»:

w;7= (A, k) nas scex k€Z,™, |k|Z=2, j=1,..., m.

2°. A — pe3OHAHCHBIA Habop OGe3 Majbix 3HameHaredqed: 00—
H30JMpOBaHHas Touka MHoxectBa uucen {(A, k)—»2;| (k, j)€J}.

3°. Orpanunyes¥e ypaBHeHHs (1), COOTBeTCTBYIOLIEroc MO W,
Ha mjockocTh Y=0, ynoByeTBopsieT ycjaoBuio A, (cm. [18:31]).

Torza pocTok v  aHaJHTHYECKM 3KBHBAJIEHTEH HEKOTOpOMY
poctky kjiacca HOUM c auseisoit yacteio (Ax, My). A

TeopeMbl 0060 HHBAapHAHTHBIX MHOIOOOpAa3USIX U MHOXKeCTBax,
OXBATHIBAIOUIME W  BHIPOXKJAEHHBlE  CHCT€MBl, AaHOHCHPOBAHH
A. 1. bproso [18]: ([40], {42}, [43], [46]), HO ux noxa3aTesnbcTBa
MIOKa He ONMyOUJIKOBAaHEL

3.2. CaneactBust. AHaJMTHYHOCTD LEHTPaAJbHOr0O MHOrcobpasHs.

Onpenenenue Ilycts PopmanpHoe BeKTOpHOEe TMoJie 3al-
CaHO B IpeaBapuTesibHON HopMmaJbHON (opme. [lnockocts, Ha Ko-
TOpo#l runepbosvYecKHe TepeMeHHBle 00pamlarTCst B HyJb, Ha3bl-
BaeTrcl (POpMGAbHBIM YEHTPAALHUIM MHOo2000pa3ueM JJsi STOTO
NOJIs.

3aMedanue. Eciu ypaBHeHMe aHaJHUTHYECKH 3KBHUBAJIEHTHO
IpejiBapUTeJbHON HOpMaJibHOH (QopMe, TO 3TO omnpeieseHHe 3ala-
eT oOBUHOe LeHTpaJlbsHoe MHorooOpasue.

Teopema. Ecan orpannyende mnpeJBapuTeJbHOK HOPMAaJbHOM
¢opMel Ha (GopMmasbHOe UEHTpaJibHOe MHOrooOpasHe UMeeT BHI

o0
2==1L2 2 apztz*, 26C, Ima,=0, AQy=0=0,
0
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uau Bupa x=0, x€R, T0 ueHTpasbHOe MHOroobpasve AHAJHTHYHO H
COCTOHT H3 3aMKHYTHIX (PA30BBHIX KPHBBHIX (B TepBOM clyuae), JiM-
60 u3 noJoxeHHE paBHOBecHsI (BO BTOPOM). k

310 — aHajor Teopemnl Ilyankape—JIanyHoa (§ 4, 1. 5).
Jlas raaikMx pocTKoB MHOrooOpasusi HeNOJABHXKHBIX TOYEK WJIH
3aMKHYTHX KPHUBBIX, Boob61lle roBopsi, HeT.

Ob6parumete cuctemer. Tak HaspiBaloTcsi auddeperuManbHbE
yPaBHeHHS], HHBAapHAHTHBIE OTHOCHUTEJLHO 0OpalleHHs BpEMEHH.

PaccMOTpUM ypaBHeHHEe Masbix KosieGamuit £+Ax=0, x€R”,
MaTpuila A CHMMMETDHYHA H MOJIOXKUTEeNbHO onpepneieHa. CooTBeT-
cTByIee (azoBoe nmpocTpaHcTBO R*" pacnajaercss B NpsiMyK CyM-
My JIBYMEpPHHX HWHBapHaHTHBIX Tockocreit L; j=1,..., n. Kax-
Aasi TaKasi NJIOCKOCTb 3amoJIHEHA 3aMKHyTHIMH (Da3OBBIMH KpHBBI-
MH, JBHXXEHHE 0 KOTOpPLIM TPOUCXOAHT € 4acCTOTOH «; The %
j=1,..., n,— coOcTBeHHKIe 3Ha4YeHUs olepaTtopa A. Ciexnyoounias
TeopeMa NOKa3blBaeT, YTO €CAH ypaBHEHHe MaJblx KoJeOaHHH
BO3MYTUTh HEJIHHEHHBIMM 4JIeHAMH TakK, 4TO TOJyyeHHas CHCTeMa
OyneT COXpaHATbCA NpH oOpallleHHH BpPEMEHH, TOrjia BO3MyLIEHHAs
cucteMa OyneT MMeThb, KaK U B JIMHEHHOM cJjydae, # OJHONApaMeT-
pHYECKHX ceMeiCTB 32MKHYTBIX (PA30BLIX KPHBBIX; HA YaCTOTHl ©j
HaJiaraetcsi ciia6oe orpasuyeHHe.

TeopeMa. [lycTte ananuTHYecKas cucTema

X+ Ax=®@(x, x), ®(0,0=0, @, (0,0=0 2)

HHBapHAHTHA OTHOCHTENbHO obparieHuss BpeMeHH, TO ectb @(x,
—p) =@ (x, p), v nyctb MmatpHua A, miockoctH L; H 4YacToTh
w; — Te ke, yto H BhHIIe, IlycTb, KpoMe TOro, ;7 kw, Aas JK0-
6bix k€Z, j5<1. Torna B ¢aszoBom mnpocTpaHcTBe R cucrembi (2)
CYLUECTBYIOT n ABYMEpPHBIX AHAJHUTHYECKHX TOBEPXHOCTEH, Kacarw-
IWHXCH TWIocKocTel L; B HyJie M 3aNOJHEHHBIX 3aMKHYTBIMH (da3o-
BbIMH KPHBHIMH 3TOH CHCTEMHI.

Bosee cunbHasi TeopeMa nokasaHa B [77]. O6paTHMble cucTe-
Mbl HMEIOT MHOro OOUIHX CBOHCTB ¢ I'aMHJbTOHOBBIMH cHcTeMamul.

3.3. 00 aHAaNUTHYECKOM UEHTPaJbHOM MHOrooOGpasum pudde-
PEHLHAJNbHBIX YPABHEHHHA Ha IUIOCKOCTH. B 3TOM myHKTe HCCIeny-
0TCA AHPepeHHAIbHbIE YPABHEHUS B OKPECTHOCTH 0co0O0i TOYKH
Ha miockocth R2, onHO coOCTBeHHOe 3HaYeHHe JIHHEHHOH YaCTH KO-
TOPBIX PABHO HYJIIO, a APYroe — OTJIMYHO OT HYJISi:

'.xzfl (x’ y)! ..y=?\’y+f2 (x’ y)i (3)
A0, £;(0,0)=0, df;(0,0)=0, j—1; 2.

VpaBHeHHs Takoro BHJa Bcerjia UMelT OeCKOHEYHO IJlafiKoe

) Cm. V. I. Arnol'd, Reversible systems, in «Nonlinear and Turbulent Pro-
cesses», Acad. Publ. New York, 1984, 1161—1174.
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tlenTpanbuoe MHOrooGpasHe (3¢dexT ABYMepHOCTH), HO, BooOile
roBopsi, He MMelT aHanuTHyeckoro. IlocienHee 06CTOATENBCTBO

OTMeYeHOo DiylepoM Ha NpUMepe ypaBHEHM S

' X=x2, Y=Y—x

{(nuseiinoit 3aMeHoii npuBoaumoro K Buny (3)). Okxka3swbiBaercs,
YTO BONPOC O HAJHYMH AHAJHTHYECKOrO LEHTPaJbHOro MHOroobpa-
3us ypaBHenHsi (3) He MoxeT GbiThp pellleH Mo (POpMaJibHOH HOp-
MajbHOH (opMe ypaBHeHHs] B H30JHpOBaHHON ocoboii Touke 0: B
KaxJioM kKjacce GopMaJibHO 3KBHBAJIEHTHBIX ypaBHEHHMH TAaKoro TH-
1la CYHIECTBYIOT YpPaBHEHUs KaK HMeKIIHe, TaK H He HMeKIiHe
aHaJIMTHYECKOe UeHTpasibHoe MHorooGpasue [98]. Ins Toro yro-
Onl Bce ypaBHeHHs BHAa (3), ¢opMaJbHO 3KBHBAJIEHTHbIE MEXKAY
co00¥, HMeJH aHaJHUTHYECKoe LEeHTpaJbHoe MHorocobpasue, HeoO-
XOZMMO H JOCTAaTO4YHO, 4yToOnl ocobass Touka 0 3THX ypaBHeHHH
OHJIa HEeH30JUPOBAHHON; UeHTpasbHOoe MHOroobOpasHe B 3TOM CJY-
yae COCTOMT M3 OCOOBIX TOYEK. ITO YCJOBHE BLI[IeJIIET MHOXKECTBO
YpaBHEHHH KopasMmepHocTH OeckKoHeyHOCTh. Mexay TeM, MHOXKe-
CTBO ypaBHeHHil (3), UMCIOUIMX aHaJHTHYeCcKoe UEHTpajJbHOEe MHO-
TooOpa3sue, UMEET B KJacce BCeX ypaBHeHHH (3) KOMINIEKCHYKO Ko-

pasmepuocts 1 [98].

§ 4. Tonoaoruyeckass Kaaccdpurauus ocoObix
TOYEeK B KOMILIEKCHOH O0JacTH

QopmysHpyeMble HMXKe TeOpeMBbl NOKA3BIBAKOT, YTO B OTJHYME
OT BELIECTBEHHOIO CJAy4Yasi TONOJIOrHYecKasi KJacCu(uKalusi Bek-
TOPHEIX IOJiell B KOMIIEKCHOM (pa30BOM IIPOCTPAHCTBE HEIUCKpPET-
Ha (MMeeT HenpepbiBHbIE WHBApHAHTBI) Jla’ke [Jisi JHHEHHBIX BeEK-
TOPHBIX 10Jieil 00IIerc NoJoXKeHHs.

4.1. JInHeAHbie BEKTOPHBIE MOJIA.

Onpenenenue. JIuHeliHoe BEKTOPHOE IOJie B KOMILWIEKCHOM
()a30BOM MPOCTPAHCTBe Ha3biBaeTcs eunepboauueckum (crabo eu-
nepbosuyecKkum) ecsqd HHUKakKHue OBa COOCTBEHHHE 3HAYEHHSI COOT-
BETCTBYIOILEro Oneparopa- He UMelOT BeecTBeHHOro (COOTBETCTBEH-
HO, BelEeCTBEHHOIO HENOJIOXKUTEJBEHOIO) OTHOLLIEHUS,

Teopema Tyxkenxeiimepa (J. Guckenheimer). Pocrku
T0JO0MOp{hHBIX BeKTOPHBIX ToJiel B ocobol Touke O mpocTpaHCTBA
€ ¢ runep6onuyeckoit JuHefiHoli wacTeio THna Ilyankape opGH-
TaJIbHO TOINOJIOTHUECKH 5KBHBAaJleHTHB APYTr JIPYTY.

CHTyauMsi pe3Ko MeHsieTcst JaKe [JIsl JIUHEHHBIX moJiell THIA
3urens.

Teopema (H. H. Jlague, Kamauo (C. Camacho), Kéiinep
(N. H. Kuiper), Ilsitniuc (J. Palis), 0. C. Unbsmenko, [8,
¢. 287]). Juaronanusupyemble JHMHEHHBlEe BEKTOPHHIE [IOJI5, CIEKTD
KOTOPHIX JEXXHT CTPOro BHYTPH o006aactu 3urens, op6HTanbHO TO-
TOJIOTHYECKH 3KBHMBAJICHTHHL B HEKOTOPOI OKPECTHOCTH TOYKH
HyJ b npocrpaHctBa C", ecsin M TONBKO eci® HaGopH o6paTHHX
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BeJIMYHH HMX COOCTBEHHBIX 3HAYeHUH nepexoisT APYr B Apyra npe
R-smueiitnoM oTobpaxennn C—C.

Teopema (I0. C. Uabswmerko, H. H. Jlaguc, [96]). IIBa cTpo-
IO 3HUreJieBbIX HEBBIPOXK/JIEHHBIX JIMHEHHBIX BEKTOPHBIX M0JIs, HMEIOo-
[IHX HETPHBHAJIbHBIE XKOPJJAAHOBH KJETKH, opOHTaNIbHO TOTOJOrHYe-
CKH 3KBHBAJIEHTHBH, €CJH H TOJBKO €CJH OHH aQ@HHHO 3SKBHBa-
JIEHTHBI.

[Ipo6nemMb. Jas noaydeHusi NMoJaHOfi OpOHTAJNBHOH TOIOJO-
rHYeckKoll KiaccHGbUKalUMH JHHEHHHX BeKTopHEX moseit B C* oc-
TaJoCh pasobpaTts cieaymoIue ciaydaH.

1. JIuHeiiHble BeKTOpHBIE NOJA, CIEKTP KOTOPBLIX JIEXKHT Ha rpa-
HuLle o6JacTu 3urens.

2. JluneliHble BEKTOpHBIE IOJIsI, UMEIOLHE HETPHBHAJbHBHIE XKOP-
JIAHOBBI KJIETKH C HYJEBBIM COOCTBEHHBIM 3HAYEHUEM.

4.2, Heauneinniii cnyyal. PocTok roJioMOp(HOIO BEKTOPHOrO
MoJisi B 0COBOH TOUKe TOMOJIOTHYeCKM (M JaxKe aHaJMTHYECKH)
AKBHBAJICHTEH CBOEH JIMHEHHOH 4YacTH [UJIsI BCEX HEepe3OHaHCHHX
nodiet co cnekrtpoM u3 obnactu Ilyankape, a B obsactH 3urens
JAJs1 ToYyTH Bcex (B cMEIc/e Mephl Jlebera) HaGopOB COOGCTBEHHBLIX
3HayeHH#. ITo cnenyer H3 TeopeMnl [lyankape M 3urens. OjHako
POCTOK TOMOJIOFHYECKHM 3KBHUBAJIEHTEH CBOeil JiHHeHHOH YacTH 3aya-
CTYI0O M TOrja, Korja TeopeMa 3ureslss HellpUMeHHMa: MaJble 3Ha-
MEHATEeJIH He NMPEeNsiTCTBYIOT 3TOH 3KBHBAJIEHTHOCTH.

Nlanepon (M. Chaperen) [90, p./93] nokasan, 4To ecyH CHeKTp
JUHEHHOH 4YacTH pPOCTKa rojioMop(PHOro BeKTOPHOIO NOJIL B 0OCO-
60¥i Touke gBasiercsi c¢yabo runepbosnuyeckHM Habopom, Toraa
POCTOK TOIIOJIOTHYECKH 3KBHBAJIEHTEH CBOeH JIHHEHHOM 4YacTH, H
COTMPArarouHii roMeoMop(hH3M MOXKHO BBHIOpaTh yIOBJETBOPSIOIIHM
yciaoeuio I'enppepa.

T'rasa 5

OCOBbBIE TOYKH BEKTOPHbLIX NOJIEHA
HA BELIECTBEHHOH H KOMILJIEKCHOH NJIOCKOCTH

3nech onHcaH MeTol paspelleHnsi ocobeHnoctedt. O no3poJis-
€T 3aMEHHUTb CKOJb YFrOAHO BHIPOXK/IEHHYK 0COOyK0 TOYKY BEKTOp-
HOro ToJiSi Ha IJIOCKOCTH TaK Ha3blBA€MbIMH 3JIeMeHTApHBIMH, KO-
TOpHE XOpOIIO H3y4YeHH KaK B BeUIECTBEHHOH, TaK H B KOMILJIEKC-
HOH ob6jacTu. THNHYHBIE HOJS HE HMEKT BBEIPOXKAEHHBIX OCOOEHHO-
cTel.

§ 1. Pa3pemense ocoGeHHoCTEH

B 3toM naparpade M3JaratrTcs Kiaccuyeckasi TeopeMa DBeHIuKe.
COHA H ee MOJU(QHUKALUH. '

1.1. PasznyTHe HJH O-HpOHECC Ha TIVIOCKOCTH. HauneMm
C onpefeneHns ToJspHOro pasfAytHs. IlycTh raalkoe HemwIockoe
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B HyJe BexTopHOe mojsel) @ 3afaHo B okpectHocTH U ocoGoi
ToukH 0 wa maockoctH R2 Ilyctes (r, 9)—TOuka € NOJSAPHEIMH
koopaunatami  (r, 9). Paccmorpum oroGpaxenne U\ {0}—R?,
(r, ) »(r+1,9). Obanacte U\ {0} nepeiiner npu 3TOM B KOJbLIO
C BHyTpeHHeil rpasuueii r=1. BektopHoe TNoJie, nojlydeHHoe H3 U
IpH 3TOM OTOOpaXKEHHH, MOXKHO TakK IVIaJKC NPOJOJKHTH B TOJ-
HYI0 OKPEeCTHOCTb OKPYKHOCTH r=1, 4yTo NPOJ0JIXKEHHOe MoJie IOoC-
Jle [eNeHHs Ha NOAXOASALYI cTenedHb (r—1) Oyzaer raaakum B
HEKOTOPOH OKPEeCTHOCTH OKpYKHOCTH r=1, O6yner UMeTh JIHLIb KO-
HeyHOe YHUCJIO OCOOBIX TOYEeK Ha 3TOH OKPY2KHOCTH u OyAeT HeIlio-
CKHM BO BCEX 3THX TOYKAX.

ITO NOCTPOEHHEe HA3LIBAETCH NOAAPHLIM pa30yTuem ocoOON ToY-

KH BEKTOPHOrO noJisi, a OKpy>kKHocTb r==1, BOSHHKamilass H3 ocoboli
TOYKH, — BKACEHHOU OKPYHIHOCTHIO,
* Kaxpasa H3 ocoOpix TOYEK, TNMOJYy4YEHHBIX TPU Pa3AyTHH, BoolOue
roBops, npome ucxojaHoi. las nanpHefillero ynpolileHUs MOJIyYeH-
HBIX TOYeK MOXKHO CHOBa NpPHMEHSTH NoJisipHoe pasaytHe. Ilpexie
YeM ONHCHIBATh, KakKHe MpocTefillie TOYKHM MOryT IIPH 3TOM TOJY-
MHTLCA, OTpe/ieJiuM ajirebpadyeckHil BapHaHT pa3AyTHS, Ha3bBa-
€MBblii O-NPOYECCOM. :

PaccmoTpum ecrecTBeHHOE OTOGpa)(€HHE MpOKOJIOTON BemecT-
BenHoi miockoctH R2\ {0} na npoexTtuBHY10 mpsimyio RP!: kaxnoh
TOYKe NPOKOJIOTOl IUIOCKOCTH CONOCTABJASIETCS NpsMasi, COeJHHSIO-
fas 3Ty Toyky C HysdeMm. ['padux 3TOro- orobpaxenns o6o3HaYUM

yepe3 M; ero samukansme A B npamom mnpousBefenud R2 X RP!
Rudpdeomoppro smmcry MéGuyca. IpoextupoBanre 1: R?2 X RP!1—R?

BJ0Jb BTOPOro CoMHoxuTesst nepepofuT M B R2; mosHbM 1npooG6-
pa3oM HyJ sl npH 3TOM OTOGP@XEHHH SIBJSETCS IpPOEKTHBHAs NpsiMast
L=RP' (na3piBacomas Rajiee BKAEEHHOL NPOEKMUEHOL NPAMOL);
npoekTupoBanue n: M\ L — R2\ {0} — suddeomopduzm.

JlemMmma. I'magkoMy HeIIOCKOMy B HyJle BEKTOPHOMY TMOJIO 0,
3ajlaHHOMY B oKpecTHocTH Todk¥ O miockoctd R2  cooTBeTcTByeT
rjajikoe 10Jie HampaBJeHHil o, ONpe/ielleHHOe B HEKOTOPOH OKpecT-
HOCTH BKJIeeHHOH mnpsiMoii L Ha moBepxHOCTH M BCIOy, 3a HCKJIO-
yeHHeM KOHeYHOro 4mc/a TOYeK, PACIOJIOXKeHHbX Ha L W Ha3biBa-
emMbix oco6uiMH. IIpu npoextupoBaruu 7t: M\ L—R?\ {0} nose a
NepexXodUT B IoJie HalpapJeHHH, NOpoXKIeHHoe nojeM v. B okpecr-
HOCTH KaX/JIo#H 0C000H TOYKH TOJIe O MNOPOXKAAETCS HEKOTOPHIM
rJIafKUM BEKTOPHBIM II0JieM U, He INIOCKHMM B ocoboii TOYKe.

YTBepXKeHHe JIeMMbl IIO3BOJISI€T TPOAOJKATH O-NPOLECC MO
HHIYKIHH,

JTO NOCTPOEHHe, B OTJHMYHE OT TOJISPHOrC pasayTHs, JOCJIOBHO
EPEHOCHTCS B KOMILIEKCHYI o06Jsiacts, Toibko BMecTo R2 u RP!
HykHO paccmartpuBate C? u CPL,

" Tnankoe  BeKTOpPHO® IOJIE  Ha3WBAETCS MAOCKUM B HEKOTOpOH TOU-
K€, ecqd oHO ofpallaeTcss B HyNb B 3TOH TOUKE BMeCTe CO BCEMH IMPOH3BOAHBIMH.
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1.2. AnemeHTapHbie 0COOBIC TOYKH.

Onpenenenue. Ocobas Touka BEKTOPHOIO TMoJisi Ha ILIO-
CKOCTH Ha3blBAETCSl IAEMEHTAPHOLU, eCyiH XOTd Obl OJHO COOCTBEH-
HOe 3HayeHHMe JIHHEHHOH YacTH noJisi B 3TOH TOUKe OTJIHYHO OT
HYJIS1.

Tonosnoruyeckass KaacCH(UKAIHs H30JHPOBAHHBIX 3JeMeHTap-
HBIX OCOOBIX TOYEK HA BEIIECTBEHHOH IJIOCKOCTH NPOCTa: KpoMe y3-
JIOB, cesiell, QOKYCOB H L€HTPOB CPpefil HHX BCTPEYaIOTCs eulle JHIUIL
cenyioysdael (puc. 16).

1.3. Xopowse pasnyTusi. 3a KOHeuHoe
YHCJIO NOJNSAPHBIX PasnRyTHH HJH O-IIpoLecC-
COB BHIPOXKIEHHYI OCOOYI0 TOYKY BEKTOP-
HOTO nOoJg Ha ILTOCKOCTH MOXKHO pacChl- Y
naTh Ha KOHEYHOe YHCJO 3JIEMEHTapHBIX
pu OveHb CNabpiX OrpaHHYEHHsIX Ha BEK- ——»— -
TOpHOe noJie,

Teopema Beungukcouna ((I. Ben-
dixson) [75], [84]). BemecTBeHHO-aHa-
JINTHYECKOe BEKTOPHOe II0Jie, 3allaHHOe B
OKPECTHOCTH BeIleCTBEHHO-U30JIHpOBAHHOM
0c000# TOYKHM Ha MIIOCKOCTH RZ2, B pesyJib-
Tare KOHEYHOro YHCJa O-NPOLEccoB Ilepe-
XOJHT B aHaJINTHYeCKoe MOJie HampaBJieHui, 3ajilaHHOe B OKpecTHO-
CTH BKJIECHHBIX NPOEKTUBHBIX NPSMBIX H HMewllee JHIIb KOHEYHOe
YHCJIO OCODHIX TOYEK, Kamaasi M3 KOTOpPHIX 3JieMeHTapHa.

PasnyTue, onucalHoe B TeopeMe DeHIWKCOHA, HA3BIBAETCH «XO-
powum pazdyruems.V

Teopema 3atinenb6epra ((A. Seidenberg) {105]). Xopouree
pasnyTHe CywlecTBYeT [JIsi roJIoMOpP(QHOro BEKTOPHOrO MOJISI, 3a/iaH-
HOro B OKPeCTHOCTH H30JIMPOBaHHOH oco0oif TOYKH Ha INIOCKO-
ctu C2

Ja1s raiaikux BEKTOPHBIX NOJIel aHAJIOTHYHasi TeopeMa crpasef-
JINBA [PH HECKOJIBbKO 0oJsiee XKeCTKUX OrpaHHYEHHSIX.

Onpenesenne. BekropHoe nojie U yAOBJIETBOPSieT B 0OCO-
Goii Touke xy ycaoBuio JlosiceBuua, ecyiu |v(x)| y6niBaer He GricT-
pee HEKOTOPOM CTENEHHM PAacCCTOSIHHSt A0 0Co00il TOYKH NPH CTPeM-
JIEHHH X—>Xp, TO ecTb |U(X)|=c|x—x;|? nns HEKOTOpHIX NOJOMKH-
TEJILHEIX € H p.

MHoeCTBO POCTKOB BEKTOPHBIX IOJEH, He YNOBJETBOPSIOIHX
ycnosuio Jlosicesuua (S. Eojasiewicz), uMeeT KopasMmepHocTh Gec-
KOHEYHOCThL B MNPOCTPAHCTBe BceX pocTKoB. Hanpumep, ans  Ko-
HEYHOKpaTHOH OCOO0H TOYKH 3TO YCJIOBHE BCErfa BHIMOJHEHO.

Teopema w Mmoptbhe ((F. Dumortier) [84], [85]). Xopo-
liee pasjgyTHe CyLIeCTBYeT JUIsl IVIaJIKHX BEKTODHBIX IoJieH, 3agaH-
HbIX B OKPECTHOCTH 0COGOH TOYKM Ha IIocKocTH R2, ymoBiersops-
jomMx ycloBHIO JlosiceBuya. Kpome Toro, Kaxnoe Takoe noJie 3a

Puc. 16. Ceanoysea.

D B opuruHanbro#t pabote [84] «xopolllee pa3ayTHe» yROBJAeTBopsieT GoJee
HKECTKHM TpeOOBaHHSAM.
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KOHEYHOE YHCJIO TOJSPHBIX pasgyTHH MOXHO MpeBpaTHTL B Iial-
KOoe BEKTOpPHOE MOoJIE B IJIOCKOH 00JIaCTH C KOHEYHBIM YHCJIOM OCO-
Obix TOYEK, Ka)K[asi M3 KOTOPBIX 3JieMEHTapHaA.

3aMeyaHune. B pabore '[84] naHa Heckoibko HHasi, GoJee
CHJIbHasi GopMyJaUpPOBKa.

§ 2. F'napkas opOuTaabHas KJaccupuKauus
9JIEMEHTAPHBIX OCOOBIX TOYEK Ha MIOCKOCTH

SJieMeBTapHOCTL OCOOLX TOYEK UMeeT JBOSIKHiL cMbica: 1) caox-
Hasi ocofasi ToykKa pacCeinaercs Ha 3JIEMEHTAapHBIE, KaK Ha aTOMBI.
2) SneMeHTapHble 0COOBle TOYKH CPABHUTENIBHO TPOCTO YCTPOEHB
(cm. § 2 u § 5). YkaszaHHas B 3arJiaBUH KJaccHQUKaIUs NoJyJyeHa
JUISL BCEX POCTKOB TJIaIKHX BEKTOPHBIX TOJIeH, 32 HCKIIOWEHHEM
noaMHoroobpasusi KopasMepHOCTH GeCKOHeYHOCTb, H, B YaCTHOCTH,
JJIsl BCEX POCTKOB aHAJHMTHYECKHUX BEKTOPHBIX MoJieHl ¢ H30JIHPOBAH-
HOH ocoGoOH TOYKOH; OHA J1aeTCsl CJAEeLYIOUIHMH JIByMsI TeOpeMaMH.

2.1. TabamMua HOPMAAbHHIX (opM: AHANUTHYECKHH CJaydYas.

Teopewma. PocTOK aHaJMTHYECKOTO BEKTOPHOrO TOJIST B H30JH-
POBaHHOH 3JeMeHTapHoH 0co60H TOYKe Ha BeIeCTBEHHOH IJIOCKO-
CTH r1afiko OopOGUTANBHO 3KBHBaJIeHTEH OJHOMY H3 BEKTOPHBIX 110-
Jiel, YKa3aHHBIX B cjedywonied tabiauue (3ZeCb 4 BCIOAY B 3TOH
ryiaBe yHcedia p, ¢ H k HaTypaJsibHBE, 0 — BelleCTBeHHOe, XERZ x=
=(x, y), P=x*+y? I — onepatop noBopoTa Ha 72, £€{0; 1; —1},
Jpo6b pfg HecoKpaTUMa).

Tun ocofioht Toukn Hopmanuuan dopma
1. lNone ¢ Hepe3oHaHCHOH NH- w (x)=Ax
HeHHOH uacThio
2. lleatp no nuHeHHLIM YlleHaM w (X)=Ix+¢& (r2* +crit)x
3. PesonaHcHbi y3en w(x,y)=x3_+ (ny + sx”)gg
4. Pe3onancHoe cejso ¢ OTHO- w (x,y) = x [l +& (u* + au*®)] X
meneM COGCTBEHHBIX YHCEN 0
= —plq Xgx thgy
u = xPy? —pesoHarcHbIE MOHOM
0 0
5. BHpo)aeHHas 3neMeHTapHas | @ (x,y) = X (+x* + ax®)3- 4=
ocobas TOUKa 0x—~ dy
(3HAKH - H—He3aBHCHMBI)

2.2. HopmaabHbie hopMbl B INIAAKOM Cayyae.

Onpenenenue. POPMANLHOIM NEPELIM UHTESPAAOM DOCTKZ
BEKTOPHOIO NOJisi v HaspiBaercst GopManbubiil psan F, mas Kotoporo
(9, grad F)=0.

Teopema. K TakuM e, Kak Bhlllle, HOpMaJbHHM (QopMaM
NPHBOJASITCS POCTKH IJIAJKHX BEKTOPHBIX TOJIefi B 3J€MEHTapHBIX
0COOBIX TOYKAaX. YIAOBJIETBOPSIIOUIHE YCIOBHIO JIOsICeBIiYa H He uMe-
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woiive (opManbHOro NEePBOrC MHTerpalia, TEHJOPOBCKHHE psAs KOTO-
pOro HayMHAeTCs C TOJIOXHTEJIbHO ONpe/ie/IeHHOH KBaJpaTHUHOH
¢GOpMBEL.

DT TeopeMHl NOKa3aHH mo yacTam B [94], [67], [14: 90}, [18],
[16], :[32] u B roToBsielics K mnedatu craibe 0. C. HMabsiieHko.

§ 3. Tonosnoruueckaa KaaccuPMKaumMs CAOKHHX
0COOBIX TOYEK € XapaKTCPHCTHYECKOH TPAEKTOpMEi

3afla4ya, yKa3aHHas B 3aryiaBul, ajqreGpauyecKd paspeliuMa H
J151 ee pelleHHs HMeeTCsl TpocTOH ajropHTM. Bceroay B 3ToM mnapa-
rpade peys HAET O BELIECTBEHHOH MMJIOCKOCTH.

3.1. OcnoBHas aJIbTEPHATHBA.

Onpenenenne Paszosas kpusas AUdPepeHUHANBHOIO ypaB-
HEHHS HA TIOCKOCTH Ha3BIBAETCS XaQPOKTEPUCTUYECKOL TpaexkTopuel
0ocob6ol TOYKH, €CJIM OHa BXOJKT B 3Ty TOUYKY NpH {—--+oco wiu {—
—»-—00, Kacasicb HEKOTOPOH TPSIMOii.

Onpepenenne. Ocobasi To4Ka BEKTOPHOrO MOJIsi HA3bIBAETCS
MOHOOPOMHOU, eCJH CYILIEeCTBYIOT OKPeCTHOCTh 3TOR TOYKH R
rnankast gyra ¢ Ha4aJoM B 3TOH TOYKe, TPAaHCBEpCAaJbHasi TMOJIO
BCIOAY BHe HayaJla, TaKue, YTO M0Jie HalpaBJEHHH B OKPECTHOCTH C
BeIOpOLIEHHO! ayroii amubdeomopdHo crammaptHomy (puc. 17).
Tounee, cymecTByeT  HelpepblBHOE OTOGpaXKEHHE 3aMKHYTOrO
NIPSAMOYIrOJIBHHKA Ha 3aMBIKZHHEe OKpPEeCTHOCTH o0cCcoGOH TOYKH,
nupeoMopPHO TepeBOsiiee  BHYTPEHHOCTh  IPSMOYIOJbHHKA
Ha [AONOJIHEHWE OKPecTHOCTH [0 VYIOMSHYTOH  TpaHCBepcaJb-
Hoit AyrH H npeobpasymoollee TOpPH3OHTaJbHOE TI0Jie— B  HCXOJ-
HOe; BepTHKaJIbHBle CTOPOHBl TMPSAMOYIOJIBHHUKA OHO oToGpaXKaeTr
Ha TpaHCBepcaJib, a HHXXHIOK TOPH30HTAJBHYIO CTOPOHY NEpEBORMUT
B ocoOywo Touky. Kaxxpas ¢a3oBasi KpHBasi HCXONHOIO TOJS C Ha-
4YaJIOM Ha TpaHCBepcaJiH, NOCTAaTOYHO OJH3KUM K ocoBofi  TOYke,
clesaB OAMH BUTOK BOJIMSH 3TOH TOYKH, BO3BpallaeTcs Ha Ty Xe
TpaHcBepcanb. OTobpaxenue, TmNepeBOJSIEE HAYaJbHYIO TOUYKY
KaXI0OH Tako# Ayrd B ee KoHell (TOYKy TepBOr0 BO3BpalleHHs Ha
TPaHCBepcalib), Ha3bIBAeTCsl npecbpazosanuem MOHOOPOMUL OCO-
6ot Touxu (puc. 17).

3ameyanue. Bo BHyTpeHHHX Toukax TpaHCBepcadH Tpeob-
pa3oBaHHe MOHOZPOMHH HMeeT TOT 2Ke KJIacC IJ1aJKOCTH, YTO U BeK-
TOPHOE 1oJie, M aHaJHTHYHO BMecTe ¢ HUM. O/IHAKO OHO MOXKeT He
OpoooNKaThbCs TJIAAKO 338 Ha4YaJsio TPaHCBepCaJiH jlaxe /ISl aHallu-
THYECKOro BEKTOPHOTO IMOJIS.

Jlerko npuBecTH NpHMep T/NAJIKOFO BEKTOPHOro ToJis, ocobas
TOYKa KOTOPOI0 He HMEET XaPaKTepHCTHUYECKOH TpPaeKTOpHHM H He
siBJIsieTCsl MOHoJpoMHoli (pHc. 18). OpHako CoOTBETCTByMHOIIEE BEK-
TOpHOe TMoJjile 00s13aTesbHO OyjeT mIoCcKHM B ocoboii Touke. -

) T'naakocTh AYrH B HAYaJpHOR TOYKE O3HaYyaeT BOSMOXHOCTbL IVIafKo TpO-
JOMIXHTH RYTY Wepe3 Haualo.
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Puc. 17. Mononpomuas ocobas Puc. 18. Hemonompomuas ocoGas
TOYKa. Toyka 6e3 XapaKTepHCTHYeCKOH
TpaeKTOPHH.

Teopema. Ocobas T04Ka ryafiKoro BEKTOPHOro Iossl Ha
TLUIOCKOCTH, He IJIOCKOTO B 3TOH TOYKe, JHGO MMeeT XapaKTepHCTH-
YeCKYyK TPaeKTOPHIO, JIHOO MOHOAPOMHA.

3.2. Tononornyeckan kiaaccupukanus nuddepeHuHaNbHbIX YpaB-
HEHMH Ha IJIOCKOCTM B OKPECTHOCTHM ocoloit ToukM. Kak jokasaHo
B [3], okpecTHOCTH 0COOOH TOYKH BEKTOPHOIO MOJISl, HMEIIEro
XapaKTepHCTHYECKYI0 TPaeKTOpHIO, TpH HeoOpeMEeHHTeJIbHBIX orpa-
HUYEHHSIX Ha BEKTOpHOe [oJie pacnajsaercsi B KOoHeuHoe OObefuHe-
HHe TaK Ha3blBaeMbIX TUNepOOJUYECKUX, NapaboJHYECKHX H 3JIJIHII-
THYECKHX CEKTOPOB.

Onpenenenne. CraHgapTHBIM runepGoiuyYecKuM (COOTBET-
CTBEHHO, napaboJsiMyecKuM, SJJIHNTHYECKUM) CEKTOPOM Ha3HBaeTcs
MHOXKecTBO Sy (S,, S.) ¢ BEKTOpPHBIM mojieM 2,(¥,, ¥,) Ha HeM,
npuyeM U,=x0[0x—yofody, S, orpanuyeHo JuHHAMH x=0, x=1,
y=0, y=1, xy=1/2 (runepGosnuyeckuil cekrop); v,=x0[0x+
+y0/[0y, S, orpannyeno sunusmu x=0, y=0, x*+y?=1 (napabo-
JIMYeCKHH ceKTop); v.=2°0/02, 2=x+iy, S. orpanuyeno (hazosoil
KpPUBOH mnoJjigd v., pacnojioXXeHHod B obaactu x>0, y>0 u nonos-
HeHHOM Touko# 0 (syuntuyeckuii cekrop) (puc. 19).

o

Puc. 19. '

a) I'hnepConuyecknft cekTop, 6) mnapafo/uuecKHf CeKTOP, B) SAMHNTHYE-
cKkulf CceKTop.



Onpenenenune. MMnepbonnueckum (3171UNTHYECKHM, Napabo-
JNYecKHM) CeKTOPOM BeKTOPHOro noJsi v ¢ ocoboi toykoé ( Ha3wl-
BaeTcsl 3aMBIKaHHe S OTKPBITOTO MHOXeCTBa, Cojeplkallero HyJb
Ha TpaHHlUe, IPH YCJIOBHH, YTO CyliecTByeT roMeomopduaMm S,—
—S(S,—S, S—~S8), nepeBonsimmii GazoBLHie KpHBHE CTaHAaPTHOrO
nosisi vy(V, U.) B (pa3oBble KpHBEE fi0Jsl U, MPHYEM XapaKTepH-
CTHYeCKHe TPAaeKTOPHH MNepexoClsiT B XapakTepHCTHYecKHe.

Teopema 1 ([3]). Ilyctb HekoTOpas OKPEeCTHOCTb H3OJHPO-
BaHHOH 0CO60O# TOYKH IJIaJKOTO HEIJIOCKOI'O BEKTOPHOro nojds v C
XapaKTePHCTHUECKOH TpaeKTopHeil He COMEPIKHT CUETHOIO 4HCJa
JIINNTHYECKHX CeKTOpoB 06e3 oOwKMX BHYTpeHHHX TO4YeK. Tornaa
3Ta ocobasi TOYKA HMeeT OKpPeCTHOCTb, pacHafalilylocsi B KOHeY-
Hoe oObeanHeHHe mapaboJHUYecKHX, JJIMATHYECKHX H runep6oJiH-
4YeCKHX CEKTOPOB MOJA ¥, He HMEIOIHX OOIMX BHYTPEHHHX TOUYEK.

M3 Teopemn iomoptbe (n. 1.3) BHITEKaeT cJjenyrouias

Teopema 2. 3aknouenne npelplnylleii TeOpeMHl CripaBey
JIUBO 17151 0c000il TOYKH [J1aJKOr0 BEKTOPHOTO MOJSl, yAOBJETBOPS-
IOLer0 B 3TOH TOYKe ychosHIo JlosiceBHya. B 4acTHOCTH, 3akJioye-
HHe CIpaBelJIHBO IJii M30JHPOBaHHOH o0coBG0H TOYKH aHaJHUTH-
4eCKOT0 BEeKTOPHOTO NoJsi.

Tem cambiM, maToJiorHYecKasi KapTHHA CO CYETHBIM YHCIOM 3J1-
JHNTHYECKHX CEKTOPOB, He 3amnperieHHasl YHCTO TreOMeTPHYeCKHMH
coobpaxeHusiMu (TeopeMo#  CyLIecTBOBaHHSl, eIMHCTBEHHOCTH H
HeNnpepeIBHOH 3aBHCHMOCTH), He BO3MOXKHA B aHaJIHTHUYECKOM CJy-
qae.

B kuHre [3] nocTpoeH nonHHi HaGoOp TOMOJOTHYECKHX HHBAapH-
AHTOB BEKTOPHHIX TMOJIeli ¢ KOHEYHBIM YHCJIOM OCOOHIX TOYEeK Ha
cdepe, yA0BNETBOPAIOIIUX yCJIOBHSIM TeopeMul 1. B wactHocTH, 3TO
NaeT TOMOJIOTHYECKYI0 KJacCHOHKaUHI aHaJHTHYECKHX BEKTOPHEIX
nojiefl ¢ H30JHPOBAHHHIMH OCOOBIMH TOYKaMH Ha cdepe. [TpobGnema
peanH3aulH, TO eCTb BONPOC O TOM, KaKHe H3 INepPeyHC/]eHHBIX B
3] daszosBelx nopTpeToB GaKTHYECKH PeajU3yIOTCSl sl aHaJHTH-
4YeCKHX BEKTOPHHIX roJieil Ha cdepe, ocTaeTcss OTKPEITOH: HeH3pe-
CTHO, MOTLYT JIH TakHe IO/l HMEeTb CYeTHOE YHCJIO NpelesbHBIX
LukgaoB (cM. § 4, ra. 6).

3.3. Tonosornyeckass KOHEYHas ONPeAeJ]EHHOCTb. JlMarpamMmbl
Hb10TOHA BEKTOPHBIX MOJEH.

Teopema ([84], {85]). Ilns kaxporo pocTka raaakoro Bek-
TOPHOTO MOJsI Ha IJIOCKOCTH, YAOBJEeTBOpPsioLlero yciosuio Jlosce-
BHYa, MOXHO IO HEKOTOPOH KOHeYHO#i CTpye OnpeneHTb, HMeeT
JIH 3TOT POCTOK XapakKTepPHCTHUYeCKYyl0 TPAaeKTOPHIO HJH He HMeeT.
Ilpn HanMuMK XapaKTepPHCTHYECKO#l TPaeKTOPHH Hcc/eayeMuiii po-
CTOK HMeeT KOHeYHYyI0 CTPYIO, Bce MpeACTaBHTENH KOTOPOH TOMOJO-
THYECKH 3KBHBAJEHTHH. B 3TOM cayyae ¢asoBHil mopTpeT npen-
CTaBUTE]AA MCCJIeAyeMOro POCTKa MOXHO TNOCTPOHTh C TOYHOCTBIO
o roMeomMopdH3Ma ¢ NOMOLIbIO KOHEYHOro YHCJAa aJdrebpaHye-
CKHX oOllepanMii Haj TEHWJIOPOBCKMMH Ko3dh(PHUHEeHTAMH COOTBET-
CTBYIOL{eH CTPYH.
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D70 NOCTPOeHHe NpoOBOAHMTCs chepyomum obpasom. CHayana
Jejaercs Xopollee MOJSpHOE pasiyTHe. 3aTteM PHCYIOTCs (Da3oBhe
MOpPTPeThl B OKPECTHOCTH fIONYYEHHBIX TPH 3TOM  3J€MEHTApHBIX
ocob6uX Touek. IIpH HaJHUYyMH XapaKTepHCTHYECKOH TPaeKTOPHH 3TO.
[03BOJIseT NOCTPOHTh, ¢ TOYHOCTHIO 10 romeoMop¢usma, ¢(a30Bbik
[IOPTPET MOJYYEHHOTO NpPH pPasAyTHH BEKTOPHOrO NoJisi B OKpecT-
HOCTH BKJIeeHHOH KpHBOi (06belHHEHHs! BKJIEEHHLEIX OKPYKHOCTEH).
3ateM MnoJiyueHHasi KapTHHa NPOEKTHPYETCs B HCXOJHYK OKpecCT-
HOCTb 0cO60i TOYKH ¢ NMOMOLEbIc OoTOOpa)KeHHsi, obpaTHOro pasny-
THIO.

CyuiectBeHHO Oojiee OBICTpPRIH CIMOCO6 HCCJENOBaHHS, HCMOJb3Y-
youi auarpamMmy HelooToHa M HopMaJbHble GOPME, NpeaJIOXHIT
A. JI. Bpono [18]; cxomeBH anropuTM  3anporpaMMHpOBaH
[18:16].

a.
Onpenenenns. 1. Hocurenem sexTopHOro MOHOMA X*5—

WM X" d%—, X=(X, y)6R? Hna3uBaeTcs TOuKa k- e, wm k-}e pe-
wetkH 22; e;=(l, 0); e;==(0, 1).

2. HocuteneM aHaJHTHYECKOTO BeKTOPHOro mosis v ¢ ocoboit
TOYKOH HYJb Ha TMJOCKOCTH Ha3blBaeTcss oObeJHHeHHe HOCHTeJen
BCE€X MOHOMOB TeiJIOPOBCKOTO pa3jioXKeHHs MnoJjas v, KOTOphle HMe-
I0T HeHyJieBble KO3¢h(PHUIHEHTHI.

3. Huaepammoii HoroToHQ 8eKTOPHO20 NOASL U HaA3LIBAeTCH JO-
MaHafl, KOTopasi CTpouTcsi cieayroiium obpasom. Pacemorpum 06b-
eJlUHEeHHe BCeX KBAaJApPaHTOB, BepLUHHEl KOTOPHX pacCnojOXeHH B
TOYKaX HOCHTeNs MoJis v, a CTOPOHB COHanpaBsJieHBl CO CTOPOHAMH
[IepBOr0 KOOpAWHATHOTO yria. I'panuua BHINyKJIoH 0OOJOUYKH 3TO-
ro MHOXeCTBa COCTOHT H3 ABYX OTKPHITHIX JyYeH H JIOMaHOH, HH
OIAHO 3BEHO KOTOpPOH He mapajiJielbHO KOOPAHMHATHHIM ocsiM (OHa
MOXKeT COCTOSITb H M3 OJHOH TOYUKH). JTa JOMaHasi H Ha3EIBaeTCH
nuarpammoit Herotona noas v.

4. I'ra8HOL wacTsi0 B8EKTOPHOZO NOASL U Ha3blBaeTcsi CyMma
BCeX MOHOMOB TeHJODPOBCKOro pasJioXKeHHs U, MOoKa3aTesH KoTo-
pHIX mpHHaisexaTr gHarpaMMe HbIOTOHA, € HX KO3(HIHEHTaMHU.

CkaxeM, YTO HEKOTOpPOe CBOHCTBO BLIIOJHSIeTCH aad I' — He-
BLIPOKJEHHEIX BEKTOPHEIX MoJielf, eCJH MHOXeCTBO BEKTOPHBIX NO-
Jeit ¢ npuarpammoii HerotoHa I', He 06Jlafalouiux 3THM CBONCTBOM,
BEIIE/sieTCsi KOHEUHEIM YHCJOM HETPHBHAJBHEIX ajire6panyecKHux
ypaBHeHHH Ha Ko3Q(HUHEHTH TeHJOPOBCKOr0 pasfoXeHHsi mnpH
MOHOMAaX, NokKa3aTeJIH KOTOPHIX NpHHad/exaT [.

3.4. HccnenoBanMe BEKTOPHBIX moJieH Mo rJaBHOH YacTH.

Teopema (. C. bepesosckas [15]). INycte T — nnarpamMmma
HbloToHa BeKTOpPHOTO NOJsl Ha IVIOCKOCTH C H30JMPOBAHHOH 0CO-
Goi Toykoii HyJb. B mpocTpaHcTBe Bcex aHAJHTHYECKHMX BEKTOPHBEIX
nonei c¢ Auvarpammoii HplootoHa I' cymlecTByeT OTKpHITOE BCIOAY
MI0THOe MHOXKeCTBO U «I' — HeBHIpOXKIEHHBIX BEKTOPHEIX MOJIeils,
oGnanawoulee chaenywomum cBoiicteoM. O6aacte U pacnanaercs
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ga n8e: S u ZF. BeKTOpHHE noJsi ¢ IJIaBHO{ 4YacCTbi0 B 06JIacTH S
¥MEIOT XapaKTepHCTHYECKHEe TpPaeKTOPHH, a B obOnactH ZF — He
pmveroT. O6nacth S COCTOHT M3 KOHEYHOTO YHCJIa CBA3HBIX KOMIIO-
HEHT S;; MoJisi ¢ IVIaBHOW YacThi0 B OJHOH H TO#l >Ke KOMIOHEHTe
OpOHTANBbHO TOMOJIOTHYECKH 3KBHBANEHTHEL B OKPeCTHOCTH HYJIs.
I'panvnu obnacreit ZF n S — nonyanrebpanyeckue MHOXKeCTBa.

3ameuanus 1. KpuTepuu npHHanJeXHOCTH K Kaxuo# H3 00-
aactefi ZF u S chopmynupoBaHbl B BHJE SBHBIX YCJOBHH Ha IVlaB-
nele yacti. IlpoBepka 3Tux ycnoBHil, rpoMo3jiKasi NpH cyYeTe BPYU-
Hyl0, 3anporpaMMHpoBaHa. 3anporpaMMHpPOBAHO Takmke BBUHCTE-
HHe TIJIaBHBEIX UIeHOB aCHMNTOTHK XapaKTePHCTHYECKHX TPaeKTOPHI.

2. llpenbinyiias TeopeMa HHYEro He TOBOPHT O pasjHYyeHHH
neutpa u ¢okyca. Jlo Hacrosiuiero BpeMeHH He H3BeCTeH OTBET
Aaxe Ha CIeAyIOIHMH BONPOC:

ITycts ans panHo#t nuarpammbl HbloTOHa CyiecTBYIOT BEKTOP-
Hee noJjs 6e3 XapakKTepPHCTHYECKHX TpaekTopuii. BepHo JsH, 4TO
CcpellH TAKHX moJsieHl CcyliecTByeT XoTs Ol OAHO, HMeiollee 0cobyio
TOYKY THHa (OKYyC?

IMpeanonaraemelil OTBET — MOJOKHTENBHBIM.

§ 4. IpoGnema pasanyenns nenTpa M gokyca

B 3toM nmaparpade obcyKaaeTcsi 0jiha H3 cTapeiluux npobjaem
KaYeCTBEHHOH TeopHH aH((epeHIHa/JBHEIX YypaBHeHHH.

4.1. ToctanoBka npo6Gaembl. PocTOK aHa/JHTHYECKOIO BEKTOPHO-
ro NnoJs Ha MJOCKOCTH HMeeT 0COOyI0 TOYKY THNa UeHTp, eClH BH-
IOJIHEHO CYeTHOE YHUCJIO YCJOBHII Ha He/MHeilHEle dieHH. [lostomy
HEBO3MOXKHO yKa3aTb npoBepsieMblfi KpHTepHH HaJHYHsl LleHTpa B
CKOJMbKO-HHOYAL 0OmHx 6eCKOHeYHOMEpHEIX KJacCcaXx YpaBHEHHI.
Peanuctuyeckoit nmpenctaBnasieTcsi cJelyloLlasi NMOCTaHOBKA npobJae-
MBl. YKa3aTb ajaroputM, objafalouMil CAeAyOLUMH CBOHCTBaMH.
1. Kaxablii m1ar aaropuTMa HCHOJb3yeT JIHIIb KOHEYHYIO CTPYIO HC-
CHEAYCMOro MOJs H OCYyUIeCTBJAETCS ¢ NOMOLBI0 anarebpaHyecKHX
LeHCTBHE M HMHTErpHpoBaHHs. 2. [1J1s1 BCeX POCTKOB IVIaJIKHX HJH
aHaJHTHYECKHX BEKTOPHBIX MoJeii B 0co00# TOUYKe Ha IJOCKOCTH,
He NpPHHALJIEKAUIHX HEKOTOPOMY HCKJIOYHTEIBHOMY MHOXECTBY
KOpasMepHOCTH GeCKOHEeYHOCTb B COOTBETCTBYIOIEM (PYHKIIHOHAJb-
HOM MpOCTpaHCTBe, aATOPUTM OCTAaHABJIMBAETCH 3a KOHEYHOe YHCJIO
1I1aroB, H B 3TOM cJy4ae ocobasi TouKa siBisieTcsl GOKYCOM.

Takoit anropuT™m HaiaeH IJisi KNacCOB BEKTOPHHIX MOJEH, nepe-
gucJeHHEX HUXe B nn. 4.3—4.5. CoctosiHMe npo6seMH  LeHTpa
ISl MOJHHOMHAJbHBIX BEKTOPHBLIX moJeii (PHMKCHPOBAHHOH CTeNeHH
obOcyxpaercs B 1. 4.8.

4.2. AareGpanyeckas Hepa3pemIMMOCTb. TpyaHOCTh 3ajayd pas-
JiHyeHHs1 LeHTpa H (oKyCca B TOM, 4YTO OHa ajire6pauyecKH Hepas-
peiiuMa B cMbicjie onpenelienus n. 2.1 rnasel 3 [8, ¢. 300]. Hens-
BECTHO, SIBJSIETCS JIH 3Ta 3ajaua aHaJHTHYeCKH paspeliumon (npen-
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nojaraeMblii OTBeT — TNOJOXKHTeNbHEI). Jloka3aHo, 4TO npobiema
paa/iuyeHHs IleHTpa M ¢QokKyca ajreCpaHiecKH pa3pemiiMa A0 Ko-
paamepaocTr 10 BkJIrouuTesbHO (CM. nn. 4.3, 4.4) H Hepa3spellMMa
no kopasmeproctn 11 (B. B. AnekceeB). AHanuTHYeCKasi paspe-
IIMMOCTHh JOKa3aHa JIMIIb 10 Kopa3MepHOCTH 11 BKJIIOYHTENTbHP.
[TepeuncauM KJaCCH BEKTODHBIX MoJjeH, B KOTOPHIX mpoGJeMa
pasaHueHHsi ueHTpa H Qoxyca anreOpanuecKu paspelIHMa.

4.3. LlenTp no JaMHEHHLIM YJeHaM.

Teopewma. Ilpobrema paznuyeHHs neHTpa U (oKyca B Kiacce
ypaBHEHHI ¢ JHHefHOH 4acThio Z=iwz, >0, aHaJHTHYECKH pa3-
pewruMa.

D10 — MonuduKauug Teopemu A. M. JlanyHoma [43] u A. Ily-
aHkape [54]. HameTHMm ee m0Ka3aTeJbCTBO, MOCKOJBKY OHO HCMOJb-
3yeT MOHSATHS, HYXKHEIe 175 JaJbHeHILlero.

<« Tlycts v—dopManphpit pag  Tefilopa H3ydaeMmoro noJs.
Ypasuenue

(@, VF)=g(r) (M

OTHOCHTEJbHO BeLlecTBEHHBIX GopMaibHBIX psinoB F U g oT AByX
H OJHOrO MepeMeHHOr0 COOTBeTCTBeHHO Bcerna paspemnmo. Cy-
LIeCTBYeT eAHHCTBeHHOe pellieHHe 3TOr0 ypaBHeHHs, JJifi KOTOPOro
pasnoxeHue F 1o cTeneHsiM 2=X+iy U Z=X—iy He HMeeT UIEHOB
BHa 2"2" npu n>1 U HauHHaeTcs ¢ MOHOMa 2Z. HasoseM 3710 pe-
IIeHHe OTMeYeHHEIM.

KoadhdHuunueHTE B pas3yioXeHHH g AJisl OTMeYeHHOI0 pellleHHS
(Ha3piBaeMble JISIMYHOBCKHMH (DOKYCHHIMH BeIMYHHAMM) — 3TO MHO-

rouneHsl oT Koad¢HuHeHToB psana v. Ocobas Touka 0 noas v #AB-
JSieTCsl HEHTPOM, €CJiH H TOJbKO €CJiM BCe 3TH MHOroujeHn o6pa-
LIAIOTCH B HYJIb, YTO H JOKasbiBaer teopemy. b

Teopema ([43], [54]). Ecnin avanuTHueckoe ypaBHEHHe ¢ JHU-
HeHHOH yacTbio Z2=i0nz, ©>0, UMeeT dopmManbHLIi NepBHIil HHTET-
pan (To ecTb cyulecTByeT pelleHHe ypaBHeHHs (1), mas koToporo
g=0, Fstconst), 10 none v umeer HeHTp B Touke 0.

O606uieHe Ha MHOTOMEpHEI ciydai CM. B m. 3.2, ra. 4.

4.4, HuabnoTenTHas XXOpAaHOBa kJierka, IlpobGinema pasnuye-
HHSA 1eHTpa ¥ (oKyca pellleHa AJs nmoJel, YAOBAeTBOPAIOLINX yCJIO-
BHIO JlosiceBHYa, JiMHeliHasi YacTb KOTOPHIX — HHJBIOTEHTHAs ¥Op-
JaHoBa kJaetka [43], [102]. Pewienne nposomuTecs B ABa wiara.

1. PopmanbHOH 3aMeHOH nepeMeHHHX H yYMHOXeHHeM Ha dop-
MaJbHHH PsAA € HeHyJeBBIM CBOGOJHEIM YJleHOM HCXOJHOe ypaB-
HeHHE MOXXHO NPHBECTH K BHAY

x=y+f (%), y=ex!, e=+1;

refinopoBckue kosbduumenTs ¢opManbHOro psifia f — MHOrOwieHH
OT TeHJIOPOBCKHX KO3((HULUHEHTOB HCXOAHOrO pAAa.
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2. Teopema. [lycte B npefHAyIleM YpaBHEHHH

f(x)y=xmf(x), F(0)=a+0.

OcoGas Touka O HCXOAHOrO ypaBHEHMS MOHOJAPOMHA, €CIH W
TONbKO €CJH BHIONHEHO OJHO H3 CICAYIOMHX yCJIOBHMi:

g=—1 g=—1
[=2n—1 uwm f’:f;zz——l
m>n am < 4m.

Ecnu npu 3ToM He MMeeT mecTa cummerpus f(x)=f(—x), Tor-
na ocofast Touka 0 HCXomHOro YypaBHeHHs sIBJsieTcsi  (OKYCOM,
YCTOHYHBBLIM, €CJHM MJIaNIUMH 4YJeH HeueTHOH cTeneHH B pasyioxe-
HHH | UMeeT OTpHiaTeNbHBII KO3(GdHIHEeHT, H HEYCTOHYHBLIM — B
IIPOTHBHOM CJiyyae.

3ameyanue. Orcioga nerko cilenyer anrebpaHueckas pas-
PELIEMOCTb npobsieMbl pa3nHueHHsi LeHTPpa H GoKyca B paccMaTpH-
BaeMOM KJacce.

Teopema., Ecau HCXOAHB# POCTOK aHalHTHYeH, a IOCTPOEH-
HEI BHIUEe (opMajbHEI psa [ He CONEPIKUT HeYeTHHIX CTeneHeH
(f(x) =f(=x)), T0 ocobasi Touka 0 sBiAsieTCs LEHTPOM.

TeopeMEl 3TOrO W npeablAyllero NyHKTOB NOKa3bIBaKT, YTO B
KJlacCe BEKTOPHBIX II0Jieil Ha IJIOCKOCTH C HeHyJeBOH 1-cTpyeit
(nuueliHol yacTbio) B 0cob0H Toyke mpobJsema pa3fHYeHHS LeHTpa
u Gokyca anrebpanyecKH paspeluuma.

Jlasi rilafiKHX POCTKOB C HyJIeBOiHl JHHE#HOH YacTbi0o H HeHyJe-
BOif 2-cTpye#t mpobGneMa pasidyeHHsi HeHTpa H ¢oOKyca He BO3HH-
KaeT. Jleno B TOM, 4TO KaXAblii TaKOH POCTOK, YAOBJETBOPHIOLIHA
ycnosuo JlosiceBHya, Bcerjia MMeeT XapaKTePHCTHYECKYIO TPaeKTo-
puro. ITpocTpaHcTBO POCTKOB C HyJeBOii 2-cTpyeii HMeeT Kopa3Mep-
Hoctp 10. B 3ToM npocTpaHcTBe npofsieMa pa3jinueHHS HeHTpa M
¢okyca anreOpaHyecKH paspelliHMa A0 Kopa3MepHOCTH ( BKJIOUH-
TenbHO [48]. CaepoBatesbHO, B Kjlacce BCeX POCTKOB BEKTOPHEIX
nojieii B 0c060# TOYKe Ha TJIOCKOCTH mpoGJjieMa pasiinyeHHs aJjreb--
panyeckH paspelllnMa A0 Kopa3MepHocTH 10 BKJIIOUHTENBHO.

4.5, OcoOble TOUYKH 0e3 HCKNOYMTENbHBIX HaIpaBJEHMH.

Onpenenenne. [nankoe BekTopHOe moJie, 3ajaHHOEe B OK-
pecTHOCTH 0c0o00if TOYKH H He IVIOCKOe B 3TOH TOYKe, He HMeeT
HCKJIIOYHTEJbHHIX Hamnpas/ieHHH, eCJH B pe3yJibTaTe OJHOIO IO-
JSPHOTO pa3fayTHsl ero MOXHO INpeBpaTHTh B BeKTOpHoe roJe Oe3
9COOLIX TOYEK Ha BK/J€EHHOH OKPYXHOCTH.

3ameuanue. HccaenoBaHue OKpPecTHOCTH 0cobGOl  TOUYKH
Ge3 HCKJIIOUHTEbHLIX HANPaBJAECHHH C TMOMOIIBIO TOJISIPHOrO pas-
AyTHs CBOAMTCSI K MCCJIEeNOBaHHID OKPeCTHOCTH 3aMKHYTO# ¢a3o-
Boii KpHMBOH (BKJeeHHOH OKpyxKHocTH). OHO, B CBOK OYepeib,.
CBOIHTCA K BBIYHCJEHHIO COOTBETCTByIOLlero npeo6pa3oBaHusi MO-
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HoapoMun. Eciu 3T0 npeobpa3oBaHHe HETOXIECTBEHHO, TO HC-
XoAHas ocobas Touka — ¢okyc. TeinoporckHe Ko3GhHUHEHTH
npeobpa3oBaHUst MOHOAPOMHMH BHIYHCJSIOTCH pPeKyppeHTHO yepe3
TelinopoBckue Ko3douuueHTtsl nods. OJHaKO  COOTBETCTBYIOLIHe
¢{YHKUHH OKa3hBaloTCsi HeasreOpaHYeCKHMMH, a4 MHOXeCcTBa HX
HyJaeii — HeanrebpaHyeCKHMH MHOXeCTBaMH. TeM cambM, aJro-
PHTM pa3iiHyeHHs HeHTpa M ¢okyca B Kjaacce noJjied 6e3 HCKJIO-
yUTeJbHBIX HamnpaBJeHH# CyulecTByeT, HO caMa 3ajaia pasjiHye-
HHSA B 3TOM KJacce anrebpanyecKH Hepaspelninma.

4.6. O6wwuii cayyai. Anroputm pasjiHyeHHs LeHTpa M ¢okyca
B oblieM ciyyae JiIHNb HaMeyeH H COCTOHMT B ciaenywouleM. Ocobas
TOYKAa BEKTOPHOTO MOJisi TPH KPaTHOM oO-npouecce, NPHBOASAIIEM K
XOpoLieMy Ppa3nyTHIO, 3aMeHsieTCsl «CJAOXKHBIM IHKJIOM» —— 00belH-
HeHHeM OCOOBIX TOYEK MOJIyYeHHOTO MpH Pa3ayTHH MnoJsi Hanpas-
JieHH#, 1 HHTerpaJibHbiX KPHBBIX, JIeXKAIIMX Ha BKJeeHHBIX Ipoek-
THBHBIX NPSAMBIX H COEAMHSIOMIHX 3TH 0ocoOble TOUYKH. Bce ocobrie
TOYKH, MNOJIyUeHHbie MpH 3TOM, 3JeMeHTapHE. OKPeCTHOCTh CJIOXK-
HOTO UHKJ1a, COJepXKallero TOJbKO 3JieMeHTapHble ocoOule TOYKH,
H3yuaerca Merounamu [Hwaaka (§ 4, ria. 6), KoTopble NO3BOJASIOT
BBLIYHCAATh ACHMITOTHKY IIpeoOpa3oBaHUsi MOHOAPOMHH HCXOJIHOM
ocobo#l ToukH. Ecin Kakoii-HHOylb OTPe30K MOJYYEHHOr0 NMPH 3TOM
aCHMITOTHYECKOTO psiia 3ajlaeT oToOpa)KeHHe, OTJHYHOE OT TOXK-
DeCTBEHHOro, TO HCXOAHAsi ocobasi Toyka — QOKyc. ACHMITOTHYE-
CKHil psg Ansl NpeoOpa3oBaHUs MOHOAPOMHH coBnagaer ¢ id Juwb
JJisi MHOXECTBa BEKTOPHHIX MoJeil KOpa3MepHOCTH OeCKOHEYHOCTb.

4.7. O6061ieHHan nepBas (POKyCcHAs BeJHYHHA.

Teopema ([32]). I'naBHHIlI uneH mpeo6GpasoBaHusi MOHOAPO-
MHH 1751 MOHOJAPOMHOiH 0c060il TOYKH TIJIaJIKOTO BEKTOPHOIO MOJIf,
YIOBJeTBOpSIOIIero ycJaoBHio JlosiceBHuYa, Bcerla JiMHeeH.

OnpepnenednHue. [lyctp raBHbii 4ieH B mpeavlaymieil Teope-
Me ecTh X — Cx. BesuuuHa In ¢ HaswiBaercs: nepsoid ¢okycHoll se-
AUHUHOL COOTBETCTBYIOLUEH CJ0KHOi 0Co00i TOYKH.

3aMeuaHHe 3HayeHHe nepBOH (OKYCHOH BeJHUMHBI 3aBHCHT
OT BhIOOpa TpaHCBEpCasiy; ee 3HaK 3aBHCHT TOJBKO OT BEKTOPHOTO
nonsi. Ecin nepeas (OKyCHas BeJIHYHHA OTJIMYHA OT HYJAS, TO
ocobas Touka — (OKyC.

[Tpenninymasi TeopeMa Tak ke, KAK U KOHKPeTHOe BBIYHC/IEHHE
TlepBo# (DOKYCHOH BEJIMYHHBI, MCIOJb3YyeT TeOMETPHIO NMOBEPXHOCTH,
floflyyaeMo#l H3 OKPEeCTHOCTH 0co00#i TOUKM npH KpaTHOM O-Npo-
necce. Jta NOBEPXHOCTh NpeACTaBJisieT co6oil o6beaHHeHHe Kpyro-
BBIX KoJiel| H JucToB Mébunyca.

4.8. [ToanHOMMaNbHBIE BEKTOPHBIE noadA. Huxe paccMaTpHUBaKOTCH
TOJIbKO BEKTOPHEIEe MOJsi, HMEILIHE . UeHTP MO JHHeHHLIM YJeHaM.
Hannune uentpa nas takux mojeii paBHOCHIBHO OGpauIeHHIO B
HYyJb BCEX NANYHOBCKMX (okycHbX BenwmyuH. Ilostomy ycaosue
feHTPa Vil MOJHHOMHAJILHOIO MOJIA CTeneHH n 3ajaeTcsl GeCKOHey-
HbIM YHMC/IOM ajireOpaMyeCKHX ypaBHeHHil Ha KOHEYHOe YHCIO Kodd-
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(HIHEHTOB HCCAeAyeMOro noJinHoMHadbHoro mnonas. Ilo Teopeme
I'mnbbepta 0 6asHce, 3Ta OeCkOHeuHasi CHCTeMa aJrebpanyeCKHX
ypaBHEHH# paBHOCHAbHA KOHeuHOH. [Ipobsema paznnuyeHHst 1eHTpa
u GoKyca A NOJHHOMHANBHHIX TOJIeii CTeNeHH 1 COCTOHT B TOM,
y1O00Bl 3Ty CHCTEMY BHEIUHCJHTD.

JIsinyHOBCKHe (POKYCHBie BeJIHMYHHEI BHIYHCISIIOTCS MO PEKYyppeHT-
HbIM (POPMyJiaM; 3TO BBHIYHCJEHHEe 3aMporpaMMHpOBaHo. HepelleHHast
4acTb NpobJieMEl COCTOHT B CJEAYIOUIEeM: IJisi Kaxaoro n tpebyercs
HaiiTH Takoe N(n), uto6H ofpalleHHe B Hyab nepBuix N(n) ¢okyc-
HbIX BEJNHYHH TapaHTHpPOBaJo HaJiMude IleHTpa. HeusBecTHO Jaxe,
MeHbIIe Jii 4YHeao N(#) pa3sMepHOCTH mpocTpaHCTBa KO3 ¢bHIMCH-
TOB NIOJHHOMHAJIbHBIX BEKTOPHBIX MOJICH CTENCHH M.

HeoxXulaHHo npoctoii orBer noayuen Hionakom (H. Dulac) npnu
n=2 [58:9]. OkassiBaercs, & (2)=3: npH oOpauieHHH B HYJb nep-
BEIX TpeX (POKYCHBIX BEJHYHH ypaBHeHHe HHTErPHPYeTCs B KBaj-
parypax H umeer neHtp. Hns nonaeidt Ix+fz(x), x€R2 [ — oaHo-
pPOIHBIH BekTOpHHI nonuHoM creneHH 3, N=6. Iloapobuoe H3j0-
xkenHe npobnemel uMeercs B kHHMre K. C. Cubupckoro [58].

§ 5. AnasauTnueckas KaacCu(MKalMs 3J1IeMeHTapHBIX
0CO0OBbIX TOUECK B KOMILTEKCHOH obsacTH

HacTtossmuii maparpa¢g nocBsilieH OpOHTaJibHOH aHaJHTHYECKON
KJ1acCHMHKAIHY POCTKOB BEeKTOPHBHIX 110J1ell B 3JieMeHTapHo# 0coboii
TOYKe € pe30HAaHCHOH JHHeHHOH 4YacTblo. IJTa KIacCHHKAINA HMe-
eT QyHKUHOHaJbHEle MOAYJH. IIepBEIM LIaroM saBAsieTCH H3yyeHHe
POCTKOB OJAHOMEPHEIX O0TOOpaKeHHH.

5.1. PocTku KOHQOPMHEIX OTOOpaXKEHH# C TOXKAECTBEHHOH JH-
HEHHOMH Y4acTbio.

Onpenenenue. JlBa poctka f H g KOHPOPMHBIX 0OTOOpa-
x)eHuit (C, 0)—(C, 0), Ha3LIBAOTCH QHAAUTUHECKU 3KBUBANCHTHbL-
MU, eCJIH CYILIeCTBYeT PpoOCTCK KOHGQOpMHoro otobpaxenuss h:
(C, 0)—(C, 0), conpsratouuii poctku | u g: f=hoge k1,

O6o3naunM yepe3 A, mpocrpanctBo poctkoB f: (C, 0)~>-(C, 0)
BHAA

2~ztaz?+ ..., as=0.

Bce poctkm knacca A; ¢ oguHakoBoi 3-cTpyeii dopmanbuo 3K-
BHBaJIeHTHH. OJHAKO AHAJHTHYECKH HEIKBHBAJEHTHBIX POCTKOB
ropa3no 6GoJbine. I[To KaxknoMmy pocTky kiacca A, MOXKHO HOCTPO-
HTb KJIaCC POCTKOB TIOJOMOp¢}HBIX (PYHKuHii (MHBapHaHT KJacCH-
¢bHKanMH); 3TH MHBAPHAHTH AJsl ABYX GOpManbHO 3KBHBANEHT-
HbIX POCTKOB COBMNAJal0T, €CJIH M TOJBKO €CJIH COOTBETCTBYIOUIHE
POCTKH aHAJIHTHYECKH 3KBHBaJeHTHH. OmnHllleM <«npoCTpaHcTBO HH-
BapuaHToB». Ilycte 0 B oo — TOYKM Ha cdepe Pumana. HiusapuauT
CTPOHUTCA C TOMOIbI0 Map POCTKOB KOH(POPMHBEIX 0TOOpaXKeHH
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(P“—;((g)+, qu—)’ T+ (C! 0)-+(C’ 0): ¢-: (CPs co)-+(CP, CX'J),
¢ =L

! Onpenenenune. [IBe nape ¢ H ' Ha3bpBAalOTCH 3KBHBAJIEHT-
HBIMH, eCJH CYyIIecTByeT JHHeiiHoe oToGpaxenHe A: C—C Takoe,
4TO

@ oA=} o).

HMuBapuaHTOM sIBJIfieTCS KJacc 3KBHBaJIeHTHHIX map.

[IpocTpaHCTBO TaKHX KJ4acCOB Ha3bIBaeTCsi MPOCTPAaHCTBOM HH-
BapHaHTOB H o603Hayaetrcst yepe3d M,.

Teopewma ([21], [32],'[88],[89], [97], [72]). 1. UuBapuanr.
MHoKecTBY aHaNUTHYECKH 3KBHBaJIEHTHBIX POCTKOB knacca A, on-
HO3HAYHO COOTBETCTBYeT KJacC 3KBHBaleHTHHIX map [¢@] u3 M;
(byHKUHOHANBHBIA HHBAPHAHT).

2. DKkBUMOLaNABbHOCTL W 3KBHBaJeHTHoOCTHh. HBa
(OpMalbHO 3IKBHBAaNEHTHHIX pocTka Kjaacca Ao ¢ OJHHAKOBHIM
GYHKIHOHAJbHBIM HHBAPDHAHTOM aHAJHTHYECKH 3KBHBAJIEHTHHI.

3. Peanuszauuda. Kaxawel knacc nap [¢] u3 M, peanusyet-
Csi, KaK MHBapHAaHT HeEKOTOporo otoOpaxeHHsi KJjaacca As.

4. AHanuTHYeCcKas 3aBHCHMOCTSH. Ecin pocTok Kiac-
ca A; aHaNNTHUYECKH 3aBHCHT OT KOHEUHOTO YHCJAa KOMIVIEKCHBIX
napamMeTpoB, T0 COOTBeTCTBYIOLIHY HHBApPHAHT TaKXe aHaJHTHYECKH
3aBHCHT OT 3THX fapaMeTpoB (aHaJUTHYECKasl 3aBRHCHMOCTb KJacca
nap oT napaMeTpa O3HayaeT BO3MOXHOCTb BLIGpaTh 10 nmpeAcCTaBH-
TEJI0 B KaXIOM KJacce map Tak, 4TO NONYYHTCH aHaNHTHYECKOe
CeMeHCTBO map pPOCTKOB). A

5.2. Knaccudukanusi pe3OHAHCHBIX OTOOpPaXKeHHH H BEKTOPHBIX
nojieff ¢ HeJAMHEHHOCTAMH OOwero noJdoxenHa. PaccMOTpEM MHO-
’KecTBo pocTkoB otobpaxenuii (C, 0)—(C, 0) c pesonancHoii JH-
HeflHOH YacTbIO BHjA

\

fizvzt ..., v:exp(-—zni-g-;, 2€C, ()

37ieCb U HHXe p U § — B3aHMHO NPOCThHie HaTypa/ibHLle yHcaa. Po-
CTOK f? wumeer Buag 2—2+az29*'-}... (3nece [ — urepanus
[ o...o [(q pas)). O6osnauum uepes B, kaacc PocTKOB | BHAa
(1), nnsi KOTOPHIX B BEIpaXKeHHH As f? az£0.

Teopema (C. M. Boponun, 10. C. Hnesiwenxo [32]; [99]).
Hnsa poctkos knacca B, cnpaBelauBa TeopeMma 5.1, B hopMyJIHpOB-
Ke KOTOpO# Kaacc A, 3aMeHeH kjaccom B,

PaccMOTpHM MHOXKECTBO DPOCTKOB BEKTOPHBIX moJjiefl, Ha3LBa-
€MbIX CEeNJIOBBIMH PE30HAHCHBIMH:

U()=Az-+ f (), A=diag (i, 4y, f(0)=0,
0f10z(0)=0, Ay/hj=—p/q, =z€C 3y

CyuiecTByoT IBe H TOJbKO HBe (a3oBble KPHUBHE ypaBHEHHS 2=
=v(2), ronomopdHo mpojo/KaeMele B Touky 0; OHH KacaloTCsi KO-
OPAHHATHHIX OCeil B HyJle M N0 aHAJOIHH € BEIeCTBEHHLIM cJlyyaeMm
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Ha3bIBAIOTCH cemapaTpucaMH. PaccCMOTPHM  MOJIOXHTENbHO  OpH=
eHTHPOBaHHYIO, obxoasimyo Toyky 0 metsil0 Ha cenapaTpHce, Kaca-
womieiica B HyJe ocH Oz;. 3Tol nersie CoOTBETCTBYeT nmpeobpasoBa-
Hue MoHoapoMHH A;: (C, 0)—(C, 0) (cM. Huxe § 1, ri. 6). Oka-
3bIBaeTcs, AJ1 noJist v BHaa (3) poctok A; uMeer Bua (2). Ob6osna-
yuM yepe3z B, KJ1acc pPOCTKOB CeAJIOBHIX PE30HAHCHEIX BEKTOPHBIX
nojied (3), nJs KOTOpHIX npeoGpasoBaHue A;— Kjacca B,

Onpenenenne. [[Ba poctka v MU @ TroJIOMOPGHBIX BeKTOP-
HBIX ToJieli Ha3bIBAITCs OpMasbHO OPOUTANBHO IKEUBAACHTHOIMU,
ecsi cyulecTsyer ¢opMmanpHasg 3amedHa H u dopmanvuulil psag T C
HeHyJieBEIM CBOOOJAHBEIM t4JIeHOM TakKue, uTo

Ho~=Two H.

3ameuanue. B cayyae, korga psasl H U T cxoasuigecs, 31O
paBeHCTBO BJieyeT OpPOHTANBHYI0 aHAJMHTHUYECKYIO 3KBHBAJEHTHOCTDL
POCTKOB U H w.

Teopema ([32], [99]). Hdasa poctkoB knacca B, npu p/gs=1
(to ectb Mi%=—DMNe B dopmyne (3)) cnpaseanmBa TteopeMa 5.1, B
dbopmyaHpoBKe KOTOpOil dopMalibHasd H aHAJHTHYEeCKAas 3KBHBa-
JIEHTHOCTb 3aMeHeHa (GoOpPMaJbHOH M aHAJUTHUYECKOH OpPOHTaNbHOW
3KBHBaNIEHTHOCTbIO, a K1acc B, — knaccom B,.

5.3. Ilpoposxkenue npep,up,ymer0° BLIDOJK/IEHHbIE  3JIEMEHTap-
Hble O0CO0ble TOUYKH. PaCCMOTpHM MHOKeCTBO A POCTKOB [OJO-
MOP(]HEIX BeKTOPHHIX NOJIeH B BEIPOXKAEHHOI 3JeMeHTapHOH oco-
6ot Touke. Kaxkawiii Takol pocTOK HMeeT ¢a30BYI0 KPHBYIO, IOJIO-
MOP(HO NpPOAOJIKAEeMYI0 B TOYKY HYJb; OHa KacaeTrcsl coOCTBeH-
HOroO BekKTOpa JIMHeHHOH HaCTH POCTKA € HEeHYJeBHIM COOGCTBEHHBIM
3HayeHHeM. Tak 3Ke, KaK H Bhille, eil COOTBETCTBYeT npeobpa3oBa-
uue moHoxapomun A: (C, 0)—(C, 0). OkasniBaercs, A(2) =2+
+az?2+ ... O6o3HauuM yepe3 A; KJacc POCTKOB, /IS KOTOPHIX Mpe-
oﬁpasoBaHHe A — knacca Aj. HpOCTpaHCTBo (YHKIUHOHANBHBIX HH-
BapHaHTOB POCTKOB KJacca A, yxe, ueM Ag (He Bce PocTKM H3 A,
peanM3ylTCsl, Kak InpeoOpa3oBaHHsi MOHOJPOMHH JUIi POCTKOB.
Kaacca Ap).

O6o3nayum yepes M, noaAMHOKeCTBO KjaaccoB M3 M, coctosi-
mux U3 nap (¢,, ¢-), Al KOTOPHIX

¢-(2) =z+c¢

(310 — poctok rosomopdHoro otobpaxenus (CP, oo)—-(CP, o0)).
Teopema ([98]) .Jdns poctkoB kaacca A, crnpaBeAfHBa Teo-
pema 5.1, B ¢dopMyJHpOBKe KOTOpo# GoOpMaliibHAasi 3IKBHBAJIEHT-
HOCTh 3aMeHeHa Ha (GoOpMaJjbHYK) OpOMTa/bHYIO SKBHBaJeHTHOCTb,
a knaccel A; U My — knaccamu A; 1 M, COOTBETCTBEHHO.
3ameuaHnue. TeopemMb nOC/ieHHX OBYX pa3jefoB (HOPMYJH-
POBAaJHCh AJ1S1 POCTKOB C HEJHHEHHOCTSIMH OOLEro IOJIOXKEHHS
AHAJIOrHYHElEe TeopeMbl BepHHl 0e3 BCAKHX OTrpPaHHYEeHHil HA HelH-
HeHHOCTH (HYXHO TOJbBKO, 4TOOH paccMaTpHBaeMble pOCTKH He
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S dopMatbHO HAH (opmanbHO OPOHTANbHO — SKBHBAJIEHTHH
JIMHEHHBIM ) ; H3JHIIHE TakXe OrpaHHyeHHe h1F~=—hso, ONHAKO ¢OPp-
MYJIHPOBKH CTaHOBSiTCS 6oJjiee rPOMO3AKHMH.

5.4. TeOMETpHs aHANMTHYECKHX HOpMaJibHBIX (hopm. PocTky me-
peuHcIeHHBIX BhILIE KjaccoB A, Ay, B, B, (nn. 5.1--5.3) obnana-
JOT chienytoinpM o6umHM cBoiicTBoM. KaXAbplHd U3 3THX POCTKOB HMe-
©T npeAcTaBUTeNsl, aHAJHTHYECKH HJIH OPOHTAaNbHO aHaJHTHYEeCKH
SKBHBAJCHTHOTO OYE€Hb MNpPOCTOii HOpMalibHOW ¢opMe, HO He B
okpecTHOCTH ocoboit Toukn 0, a B o6nactu, conepxaueit 0 Ha rpa-
HHuEe. YMOMSIHYThle HOpMaJibHEle (POPMEl [Jsi POCTKOB BEKTOPHBIX
nonteit knacca B, uam A, Boinucanel B Tabauue n. 2.1 (cnyyau 4 H
D), TOALKO HYXHO cuHTath, yto e=1, k=1, a€C. [las Bcex wusy-
JaeMbIX POCTKOB MOXHO BhI6paTh mnapy mepecekaiomuxcst obJna-
cTeili, MOKPHIBAIOLIMX MPOKOJOTYI0 OKPECTHOCTb TOYKH 0, B Kaxio#
M3 KOTOPHIX POCTOK aHajJuTHYecKH (OpGHTAJbHO —aHAaJHTHYECKH)
SKBHBaJleHTeH OJHON M Toii )Xe HopMmaJbHO# ¢opme. BoaMoxkHOCTD
Takoro BHOOpa O6ecmeuHBAaeTCs TEOPEMaMH O «CeKTOPHAJbHOMH
HopMaausanue» [21], [94]. OnHako conpsiraromue roJioMopbusMh
B 3THX oOjacTsx pasnuyHbl. B nepeceyenuu obJacreil BO3HHMKaeT
YyHKHs nepexola — GurosoMopdHoe oToOparkeHHe, COXpaHsIoLee
HOpManbpHylo ¢opmy poctka. [locnennee TpeboBaHne OueHb XKeCT-
KO; OHO MO3BOJAsieT OnHcaTh (YHKLHIO Nepexojia ¢ MOMOIbI0 NapHl
POCTKOB (@, Q-).

10T Habop — dopMadibHasgs uaH  opbOHTanpHas  ¢opMaJjbHas
siopManbHasi opMa; mapa obJjacreil ¢ HyJeM Ha TpaHHle, B KaxK-
J0H M3 KOTOPHIX POCTOK YK€ NMpPHBeNEeH K YNOMSAHYTOH HOPpMaJibHOMH
¢dopme, H, HakKoHel, QYHKUHMs nepexona — H obpasyerT aHaJIHTHUe-
CKYI0 HOpMaJbHyK0 (opMy pocTka. 3Hast 3TOT Habop, MOMKHO MHO-
roe ckKa3aTh O CBOHCTBax pocTka. FIMeHHO Ha 3TOM HyTH IOJiyyeH bl
TeopeMbl cJelyloilero pasiena. AHaJOrHYHBIE NOAXOA Mo¥KeT OBITh
#ICNIONIb30BAH B TEOPHH JHHEHHBIX CHCTEM C HpperyasipHoit 0coboit
Touko#t (§ 2, ra1. 7).

5.5. Mpunoxennn. PyHkiuoHaNbHble HHBAPHAHTH POCTKOB f, U
#H T. 1. OO03HAYAIOTCS Ly, o H T. I

Teopewma ([21], [89]). PocTok otobpaxenust f knacca As siB-
JiseTcsl n-fi CTeneHbl0 pOCTKa g kKJjacca Ap; (onepanus — cyneprno-
BHIHS1), €CJH M TONBKO €CJH HHBAPHAHT |i; COCTOHT H3 POCTKOB
oTOoOpaKeunil, NepecTaHOBOYHBIX € YMHOXEHHEM Ha BCceé KOPHH
CTerneH! 1 U3 e IUHHULEL.

Teopema ([21}, [89]). Poctok otobpaxenus [ kiaacca Ag
BKJ0OYaeM (TO eCTb NPeACTaBHM B BHIE CABHra 3a BpeMs eJWHHIlA
110 $a30BEIM KPHBBIM TOJIOMOP(QHOro BEKTOPHOrO IIOJfA), e€cad H
TOJIbKO €CJIH COOTBETCTBYIOLUMH (PYHKUHOHANBHLEIH HHBApPHAHT TPH-
BHAJIeH, TO eCTh OTOOpaKeHUs ¢ H ¢, JHHEHHHI.

Teopema ([32]). PocTok BekKTOpHOro nmossi kjacca B, aHaju-
THYCCKH 3KBHBAJEHTEH CBOEH MpeABapuUTeJNbHO#i HOpMasbHo#i {op-
‘Me, e€CJIH H TOJIbKO €CJH COOTBETCTBYIOUHMII (YHKIHOHaNbHBIH HH-
BapHaHT TPHBHaJEH.
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- Teopema ([98}). Poctok v BexTOpHOro noas kjaacca A: ume-
eT aHaJHTHYecKoe LeHTpaJibHoe MHorooOpazue (Gda30BYH KDHBYIO,
roJIOMOp(HO NpPOAOJKaeMyK B HyJb K Kacawiylcs siipa JHHef-
HOH 4YacTH B HyJe), eClIH W TOJBKO eCIH W,= (id, ¢.).

5.6. Jlo6asieHne 006 aHAAMTHYECKHX HOPMAJbHLIX (opmax.
A. JI. bproso u Il. M. Ennzaposeim [60, c. 165, 144] aHoHCHpO-
BaHH TeopeMbl 00 aHAAMTHUECKHX HOPMAaJbHHX (opMax pOCTKOB
pe30HAHCHHX BEKTOPHHX noneld, noao6Heie TeopeMme IlyaHka-
pe—Oionaka.)) 3TH TeopeMB ONUCHIBAIOT KaKHe MOHOMEH TeHJQ-
POBCKOTO pasfioXKeHHUsl pOCTKa BEKTOPHOrO IOJS MOXKHO yOHTbL €
NOMOLIbLI0 aHAJHUTHYECKOH 3aMeHE KoopauHat. IlonyueHHas NpH
3TOM HOpMaJiH30BaHHaf HENHHEeHHOCTb CONEePKHT TaK MaJio 4JeHOB,
YTO JB2 POCTKa ¢ PA3HEIMH HOPMAaJIH30BAHHHIMH HEJNHHEeHHOCTAMH
AHAJIMTHYECKH He3KBHBaJIEHTHHI.

§ 6. Op6uranbHas TONOJOrHYecKas KaacCHpHKalus
3/eMeHTAPHLX OCOOKLIX TOYEK HAa KOMIIIEKCHOH NJOCKOCTH

6.1. Hepe3onaHcHblii cayyai. PocTok BEKTOPHOro INoJis®C Hepe-
30HAHCHOH JIMHERHOH 4YacTbl0 Ha KOMIUIEKCHOH MJIOCKOCTH JHOQ
AHAJUTHYECKH SKBHUBaJleHTeH CBOell JHHeHHOH YacTtH  {COOTBET-
CTBYIOILIHE JOCTaTOYHEIe YCNOBHA NpuBelleHH B § 1 rnasw 4), nubo
Jaxe TOIOJOrHyeckH el HeskBuBasienten (B. A. Haimyar).
B nepom cayyae opburalNbHasg ToNoJMOrHyeckas K/JIacCH(PUKALUS
1pocTa, BO BTOPOM — IIOYTH He HCCJedOBaHa.

6.2. CepsioBnle pe3oHaHCHble BeKTOpHble nojfl. Kak ykaswBa-
JIOCh BHIIle B 1. 2.1, roloMOp(HOe CeANlOBOe PEe3OHAHCHOe BEKTOP-
HOe noJjie B 0co6oii Toyke Ha miockoctH C? dopmanbBO opbHTantb-
HO 3KBHMBaJEHTHO NOJI0

z(l+uk—}—au2k)-é%+hwa%, =——1Z—, n—=z?f @?, acC. (3)

Teopema Kamauo u Canpa ((C. Camacho, P. Sad) [79]).
Uucna p, ¢ u k cocTaBasgT NOJHEIH HabOp TONMOJIOrHYeCKHX HHBa-
PHAHTOB pPOCTKa CEAJIOBOTO pPE3OHAHCHOTO BEKTOPHOTO NOJS.

6.3. BuipoxcHHbIE aneMeHTapHble ocobble To4KH. PocTok Kiaac-
ca A; dopmanbHO OpOMTaANbHO 3KBUBANEHTEH POCTKY

(22 4-a2%) a% +w a% , a€C, )

H UMeeT QYHKUHOHAJAbHHIN Moaynb BHA2a (¢-, @.), rae ¢,.=id+c,

Il. M. EnusapoBriM moayyeHa op6HTanbHAasg TONOJOrHYeCKas
KnaccupHkanus pocTkoB (4) npu JawOHX 4, ¢-, ¢, 32 HCKIHOYe-
HHeM cayyas ¢_=id, a — HppallHOHANbHOEe YHCJIO, aHOMAJLHO XO-
poilo npuONHKaeMOe panHOHAJBLHHIMH YHCNIaMH. B 4acTHOCTH,
crnpaBelJnBa

D Cum. takxe A. H. Bpiono, Hoxa. AH CCCP, 1983, 263, Bun. 4, 781—-784.
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Teopema (II. M. Enmzapos, 1983). Ilyctb poctok v Kaacca

A, vveeT QYHKIHOHANBHEH MOAYyHb (P_, P,), mpryem ¢_=id. Tlycrs
yiucio a B Qopmyie (4) panHoHasbHO: a=p/q, W OTOOpaxeHHe
2-vP, (2), v=exp (2miq) (opManbHO 3KBHBANEHTHO OTOOP2XXEHHIO
2evz (14 2%+ az?%). Toraa uucaa p, ¢ ¥ k o6pa3yioT NOJHHK Ha-
60p MHBADHAHTOB OPOHTANBLHOM TONOJOTMYECKOH KJacCH(HKaLHM
POCTKOB, st KOTOpHX P_.=id u a€Q. A

3aMerTuM, UT0 4YHCI0 K CBA3aHO C MOAYJEM aHalHTHYeCKOH
KJIaCCHGHKALMK HCXOMHOIO POCTKa, a He C ero (opMasibHOH OpOH-
-TaNnbHOH HOpMaJbHOU (opMoOl, ¥ He MOxKeT OBIThb BBIYHCJIEHO HHM
0 KaKOH KOHEeYHOH CTpye pOCTKa U.

T'nasa 6
LHHUKJIbI

Sta raasa nocesileda (npempenbHbiM) nuKJAam aubdepeHnHalb-
HBIX YpaBHEHHII B BelleCTBEHHOH W KOMILIEKCHOH o0nacTH, a takixe
o0uiyM CROHCTBAM NOJHHOMHAABHHIX [H((QepeHLNaIbHHX ypaBHe-
HHH Ha KOMIIEKCHOH IJIOCKOCTH.

§ 1. IIpeo6pa3oBanve MOHOAPOMHH

3necy onpeneasiercs npeobpasoBaHHe MOHOJIPOMHH, CBAI3HIBa-
jolee LUHKNB Au¢¢epeHHalbHBEIX yPaBHEeHMH B KOMIUJIEKCHOH 06-
JIaCTH C roJOMOpP(QHBIMH OTOGpaXKeHHSIMH TpaHCBepcalled K HMM.

1.1. Onpenenennusn. Pa3oBag KpuBasg rojJOMOPGHOro BEKTOPHOIO
oA — 3TO CBfI3HOE OJHOMEPHO€ KOMIJeKCHOe MHoroo6pasue
(MMerollice BellleCTBEHHYK pa3MepHocTe 2). PasoBoe npocTpas-
CTBO ypaBHeHHs B OKPeCTHOCTH HeocOOOj TOUKHM pacclioeHo Ha Qa-
30BHle KpHBHE. B nenom e (pazoBole KPHBhle 00pa3yioT, BooOlle
TOBOpS, HE paccjaoeHKe, a JIHIb CJIOeHHE.

Croenue ¢ k-MepHEIMH JIMCT2aMHM Ha fl-MepHOM MHOroo0pasuu —
3T0 pa30ueHHe Ha k-MEpPHBle IJajlKKe BJOXeHHHEe MHOroobpasns
(MUCTH CJIOeHMSs1) Takoe, 4YTO pa3OHeHHe HEKOTOPOH OKPECTHOCTH
KaxXJIoi TOYKH MHOroo6pasHs Ha CBfi3Hbie KOMIIOHEHTH Ilepeceve-
HHS JIHCTOB € OKPeCTHOCTbIO Brnpamasemo (nuddeomopdro pas-
f6reHHi0 n-MepHOTro Ky6a Ha IJIOCKOCTH, NapadliefibHee K-MepHOH
TpaHH).

CrnoeHde Ha3eIBaeTCsl FOJIOMOP(QHBEIM, €CJIH  MHOrooOpasHe, JIHC-
TH U BEINPAMJEHHsT FOJJOMOpP(]HEIE. -

3aMKHyTOMYy NYTH Ha JHCTe CJOEHHsi OTBewaer POCTOK OTOOpa-
JXEHHAl TpaHCBepCcaJu K JIHCTY B MCXOAHOW Touke B cebsi, Ha3bBae-
MBI MmonoOpomuetl nytu. OnpefensieTc MOHOOLpPpOMHS TakK. Bri-
NpsMJIeHHe CJOE€HHSI B OKPECTHOCTH TOYKH IIYTH onpenenaser AuQ-
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<peomopdu3M JIOKAJBHEX TPaHCBEpCcaJied B TOYKaX NYTH, NOKPHITHIX
3TOH OKpeCTHOCTBIO, NEPeBOASALIMA TOYKY JIHCTa B TOUKY TOrO XKe
aucta. Ilepexonss or HayaJbHOH TOYKM NMyTH K KOHEYHOH fo nocJe-
JOBaTeNbHOCTH NOKPHIBAIIKHX NYTh OKPECTHOCTeH, noJyvaem IHQ-
peoMOpH3M JOKaJbHOH TpaHCBepcaiH B HCXOJHOH TOYKE NMYyTH B
cebs1, nepeBOASIIUKHIA TOYKY KaXKIOr0 JIKCTa B TOUKY TOTO e JIHCTa
H HavaJIbHYK TOYKY B cebsl.

MoHonpoMHSa He 3aBHUCHT OT BHIOOpa TpaHCBEpCaJH: ONpeneJeH-
HEle Ha pa3HBIX TpaHCBepcansx NpeoOpa30BaHUsA CONpSKeHH (Ne-
peBoasitca ApYr B apyra au¢p¢peoMopdpu3MOM TpaHCBepcalteH).
B cyumHocTH, MoOHoApomMua — oTobpaxkeHue B Ce0d  JIOKAJbHOTO
MHOroo6pasus JIHCTOB BOJM3KH HCXOOHOHA TOYKH NYTH, H IpH €€
OIpelleIeHHH TPAaHCBepPCcanab MOXHO OblIO OBl He YINOMHHATh.

MoHonpoMusi MyTH He MeHsieTCs IIPH 3aMeHe NyTH T[OMOTOI-
HHIM €My H2 TOM XK€ JIHCTe MYyTeM.

Bo3HuKamlee NnpeacTaBieste (PyHAaMeHTANbHONH IPYINH JHCTA
B rpynny pocTkoB AuUddeoMOp(pu3MOB TpaHCBepCalli Ha3HBaeTCH
epynnod morodpomuyr (WNK TPYNIOH FOJOHOMMK) CJOEHHS.

I'pynna MOHOAPOMEE TOJOMOP(HOIO CJAOEHHS COCTOHT M3 POCT-
KOB rojaoMop¢gHeiXx oro6paxeHufi (B CMBICJe €CTECTBEHHOH KOMII-
JIEKCHOH CTPYKTYPH Ha JIOKaJBHOH TpaHcBepcaJu, TO eCTh Ha Jo-
KaJbHOM MHOrooOpasvy JIMCTOB).

Ilpu 3aMeHe KCXOAHOH TOYKM 3aMKHYTOro HNyTH Ha JIHCTe HApY-
TOH TOYKOH TOro e MyTH Nojyuaercq NpeoOpas3oBaHue MOHOIPO-
MHH, conpsikeHHoe HcxonHoMY. Iloatomy npeo6pasoBanue MOHO-
JPOMHH, ¢ TOYHOCTBIO A0 CONpsKeHMsi, ONpeneserca KJaccom CBO-
6OAHOH rOMOTOIIMM 3aMKHYTHIX NyTe#l Ha Jucre.l

OnpeneneHue. Komnsekcuoim yuxaom roJoMOpPQHOTO BeK-
TOPHOI0 NOJIsi Ha3blBaeTcs KJacc CBOOOAHOH IOMOTONMH 3aMKHYTHIX
nyTeH Ha ero (a3oBOH KPHBOH,

Ilpeo6pa3oBanHeM MOHOAPOMHH KOMIUIEKCHOrO LHMKJA  HA3HI-
BaeTcsl COOTBETCTBYIOLee LUKNY npeobpazoBaHHe MOHOJPOMHH CJIO-
€HHA Ha (a30BHE KPHUBHE. DT0 poCTOK O0TOOpaKeHHS TpaHCBepcCaJH
K ¢a30Boi KpuBoii B celsi. MOHOApPOMHSA KOMILJIEKCHOTO LHKJIa ro-
JoMop¢pHa H He 3aBHCHT OT BEOOpa TpaHCBepcaJi, HaYaJbHOH TOY-
KH M OT IpeACTaBHTeNf KJjacca CBOOOAHOM TIOMOTONMH mnyTel
(c TounocTBIO 10 GHIrONOMOpPGHEIX CONMPAKEHHUET).

1.2. Peanusaumusi. Beakuii poctok C“-nuddeomoppusma (R,
0)—(R"1,0) Moxer OHTL peann3opaH Kak npeo6pasoBaHHe MO-
HOIpPOMHH 3aMKHYTOH (a30Boii KPHBOH rjajKoro BeKTOPHOro IOJIS
Ha BelleCTBEHHOM n-MepHOM MHoroo6pasum (Wo He B R™; npH-
Mep — npeobpa3oBaHHe x——x, x€R).

Teopema ([34:6]). JTro6oit poctox aHanurnyeckoro fubodeo-
Moppusma (C7, 0)—(C~!, 0) moxer 6GuTH peanH30BaH, Kak
npeobpa3oBaHHe MOHOAPOMHH, COOTBETCTBYIOIee KOMILJICKCHOMY

) J{Ba 3aMKHYTHX NYTH Ha JIHCTe Ha3HBAIOTC CBOGOJHO TOMOTONHHMH, €C/IH
COOTBETCTBYIOUIHE OTOOpaXkKeHHs OKPYIXHOCTH B JIHCT FOMOTOIIHH.
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LUHKAY ToaoMOp(HOro BEKTOPHOro IOJs, 3a4aHHOTO B NOROOJacTH
npocrpanctea Cm.

JlokasareiabcTBo HCnonbsyer pesyabraT Chio (Y. T. Sue, In-
vent. math., 1976, 38, Nc 1, 89—100): wreiiHoBO noaMHOroobpasue
aHAJUTHYECKOro MHOroo6pasus Mmeer OKPECTHOCTb, TaKike SIBJAIO-
myroca Muoroo6pasuem lllteiina.

§ 2. JlokaabHaa Teopus anppeoMopPHiMOB

JlokaabHEle TeOpHH AHPOeomopdpr3aMOB K AHPepeHIHATbHBIX
ypaBHeHHi{i NOYTH HACHTHYHEL. B 3TOM naparpade faercs KpaTKui
0030p nepBOH M3 YIOMSHYTHIX TE€OPHIL.

2.1. Jluneiinnie HopMasibHBle dopmbl. B 3TOM myHKTe O6CYXKIaaet-
cl aHalNWUTHYeCKasi, IJalKasg M TONoJOoruueckasg 3KBHBaJEHTHOCTH
poctka AuddeomopdrsMa B HENOIABHIKHON TOUKe CBOei JIMHEeHHOH
YacTH.

Onpenenenne. Habop A= (A,..., A)€EC" HasHBaercs
MYABTUNAUKQTUBHO PE3OHAHCHBbIM, €ClH CYIEeCTBYeT LeJOYHCJIeH-
HEIiL BeKTOp M= (my,..., My) ¢ HeOTPHUATEJbHHMH KOMIIOHEHTa-
MH, CyMMa KOTOpPHIX He MeHblle HABYX, TaKOH, 4TO AJi1 HEKOTOPOro
j€{l, ..., n} BHINONHAETCS pPaBEHCTBO

sgech Am—AT ... AT

Onpenenenne HaGop A6C™ npunagnexur obaacru ITyan-
Kape, eC¥ MOAYJK 4uCesJ Habopa Bce MeHbile €IHHHLE HJIH BCE
bonbule enunuuel. JlonoaHeHue x ob6nactu llyaHkape cocraBager
obracte 3uzens.

Teopewma. [Ins nourm Bcex (B cMmbicie Mephl Jlebera) Habo-
pOB COOCTBEHHBIX YHCeJ JHHEWHOH 4acTH poOCTKa ToJIOMOPQHOro
LH(pPeoMopPr3Ma B HENOABHMIKHOH TOYKE POCTOK OHIoJOMOpP(pHO
3KBUBaJIeHTeH CBOef JIMHeHHOH 4YacTh (mpeBpallaeTcs B CBOK JIH-
HeHHYI0 yacTh OUroJloMopdHOH 3aMeHOH KOOPAWHAT B OKPeCTHOCTH
HEe[OABHKHOM TOYKH).

TouHee, cripaBefJHMBH CJEQYIOUIHE TEOPEMHI.

Teopema Ilyamxkape. Pocrok ananutnyeckoro puddeo-
MOP(H3Ma B HENOABIXHOH TOYKE, CIEeKTpP JIMHeHHOH YacTH KOTOpPO-
ro npuHapyiexur obaactu Ilyaskape ¥ MyJNbTHNNHKAaTHBHO Hepe3o-
HaHceH, 6UrosoMopHO 3KBHUBAJEHTEH CBOCH JIMHEHHOH YacTH.

OnpeneneHne. Habop AEC" HasmBaercs Ha6opoMm MYyAbTU-
nauxkaruenoeo tuna (C,v), ecan Jnns Beex je{l,...,n}, me
€Z, :|m|=Zm;>=2 BEINONHAITCS HepaBeHCTBa

| A — A" >Cim |,

Teopema 3urensa. Pocrox ananutHueckoro auceomop-
¢u3Ma B HENONBHIKHOH TOYKE, CINEKTp JHHEHHOH YacTH KOTOPOro
HMeeT MYJbTHIVIHKATHBHEE THO (C, V) IJ8 HEKOTOPLIX IOJOMKH-
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TeNbHEX C H v, O6HronoMopdsHO 3KBHBAJE€HTEH CBOed JHHEHHOR
qaCTH.

ApudmerHuecKHe yCAOBHSI Ha A B TeopeMe 3Hressi MOMKHO OC-
Jabure [18:31]. AHanuTHuecKHe M reOMeTPHYECKHe TEODEMH O
pacxoi¥MocTH (OPMAaJIBHEIX 3aMeH, NPHBOAAIINX aHaJHTHYeCKHH
nugpgeoMopdusm K JHHeliHOH HOpMasawHON ¢opme, B Cilyuae na-
TOJIOTHYECKOH O6JH30CTH Habopa A CYeTHOMY YHCJy Pe30HaHCOB
[34 : 6] ananornunm copmynupoBanusiM B § | rnase 4 TeopeMaM
O BEKTOPHHIX NMOJIAX.

Tnangkas Teopust He HanaraeT TakKUX apH(pMeTHYECKHX TpeboBa-
HHMH Ha CIeKTp JHHeHHOH YyacTH.

Teopema Ctepubepra (S. Sternberg). Pocrok raamxo-
ro nugdeoMopdraMa B HENOABHKHOH TOuKe NpoCTpaHcTBa R~
CIIEKTp JIHHEHHOH vacTH KOTOPOro MYJbTHIUIHKaTHBHO Hepe3OHaH-
CeH, IN1aJlko 3KBHMBaJIEHTEH POCTKY CBOeli JIHHeapH3alUH B Heno-
BHIKHOH TOUKe,

3aMeuaHHe. BellecTBeHHO JIMHeHHBI HEBHIPOKICHHHIE Olle-
paTop, CneKTp KOTOPOro MYJbTHIIIHKATHBHO HEpe3OHaHCEH, He MMe-
eT COOCTBeHHBIX 3HaYeHHH, no MOAYJI0 paBHEIX 1. Tem camuM, He-
NOJABHIKHAA TOuKa B TeopeMe C(repHbepra rHnepboJHYecKas B
CMEICJIE CJeRYIOIIEero ornpejeseHus.

OnpepeneHue. HenoasuxkHaa Touka augodeomopdusmMa Ha-
3BIBaeTcsl 2unepbosudecKol, eC1n B OAHO H3 COOCTBCHHLIX 3Have-
HUH JHHEeHHOH uyactu JH(deomopdH3Ma B 3TOH TOUKe He paBHO NO
MOAYJK eqHHHUIIE.

Tononoruyeckas Teopusi He Tpebyer OTCYTCTBHA pPE30HAHCOB.

Teopema T'pob6bmauwa-Xaptrmana ([67]). Pocrox C'-
rnagkoro fugppeomoppusma B runepbOMHYecKOil HENOJBUKHOH TOY-
Ke TONOJIOTHYECKH 3KBHBAJIeHTEH CBOCH JIHHEHHOH YacCTH,

OtobpaxeHus obmero NoJoxeHHs rHNepGOJNIMYHEL W Hepeso-
HAHCHHI,

2.2, PesonaHCHbii cayvail. B pe3onancHom ciyuae QopmaibHasi
HOpMaJibHas (opMa pocTkoB AHG(PeoMOpdH3MOB Jaercss (QOPMYJIH-
pyeMo#l Huxe Teopemoii Ilyankape— dionaka.

Onpenenenue, Ilycts 2,..., 2, — KOOPAHHATH, B KOTOPHIX
MaTpHuIa JIMHEHHOH 4YacTH pocTKa AHQ¢eoMopdusMa B HeNOJBHK-
HOH TOYKE MMEET KOPJAaHOBY HOPMAaJbHYI GOPMY; Z; COOTBETCTBYeET
COOCTBEeHHOMY 3HaYeHHI0 A; (YHcna A; Heobsf3aTelbHO PAa3JHYHHL).
OnHounen 2™0/0z; Ha3HBaercs MYAbTUNAUKATUBHO DPE3OHAHCHLIM
4AeHOM, eCJW BHIIOJHEHO DPE30HAHCHOe COOTHOiLleHHe A;=A™,

Teopema Ilyanmkape—lwnaxka. Popmanbuoe orobpa-
¥XeHHe C PE30HAHCHOH JHHEHHOH wacTbl0 QOpMasbHO 3KBHBAJEHT-
HO TaKOMy OTOOpaxKeHHIO, JHHeHHas 4acTh KOTOPOTO HMeEeT KOp-
NaHOBY HOpMaJibHYI0 QOPMY, a HeJHHelHasd YacTb CONEPKHUT TOJb-
KO MYJbTHILIHKATHBHO pe30OHaHCHBIE YJeHHI,

B cayuae, koria cHeKTp JHHeHHOH YacTH POCTKa aHaJUTHYecC-
Koro IH(p¢peoMopdrzMa B HENOABHIKHON TOUKe NPHHAAJERHT 00-
sactu Ilyankape, pocTok BCerzia aHaJHTHYeCKH 3KBHBAJEHTeH CBO-
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eit GopmanbHON HOPMaJbHOM (opme, ONKCAHHOH B TeOpeMe [lyan-
Kape—/Jonaka.

dopManbHHe PAAH, NPHBOAsiIMe POCTOK AH(peomopdu3ma H3
06aacTH 3uress ¢ PE30HAHCHOH JHHEHHOH YacTbl0 K HOPMaJbHOMH
dopme Ilyankape—/[lonaka, 3a pelKHMH HCKJIIOYEHHSMH pacxo-
nstca (teopema A. JI. Bpiomo [18:31]). B rnagkom caydae
CIIpaBejJIiBa

Teopema Yens ([67]). Eciu nsa poctka augppeomMoppus-
Ma B THNep6OAHYECKOH HENOABHXXHOH TOYKe (POpMAaJbHO 3KBMBA-
JIEHTHHI, TO OHH IJ12JIKO 9KBHUBaJIEHTHHI.

2.3. UuBapnanTHble MHorooGpasust pocTkoB aubdeomopdu3MoB.
Jlns oroGpaeHuii crpabefJuBe: Teopema Apnamapa—Illeppona,
TeopeMa O LEHTPaJbHOM MHOr006pasuu u npuuuun csefenus llo-
wHTafmBuad (cM. § 4, ra. 3).

Ilycets f— nupdeomopduam, Hamomuum, uro uepes fe, ¢>0,
oGosHauaeTcss urepauua fofo...of (¢ pa3), f1=(9)~', pac-
cMaTpHBaeMasi TaM, I'lle OHa onpeaejeHa.

Onpenenenue. Tpaektopus Touxu p nod deiicteéuem Oug-
feomoppusma f— 310 MHOKECTBO TOYeK fi(p), paccMaTpHBaeMBIX
IS BCeX ¢, A KOTOPHIX 3TH TOYKH ONpeNeJIeHH.

PaccMOTpHM HeBHpPOXKIAeHHHE JHHelHHIH onepatop A: R™-R".
ITpocrpancrBo R™ pasnaraercs B npsIMyl0 CyMMY Tpex HHBapHaHT-
HEIX TOJANPOCTPAHCTB:

Ri=Ts®T*®T*

(BykBnl S, u ¥ ¢ oGo3unauator stable, unstable u centre coorser-
CTBEHHO, KaK U B § 4, ra. 3). D10 pasdjokeHHe onperensercs Cre-
Jyioluv TpeGoBaHHeM: CIeKTp orpaHuuermsi A [.s (COOTBETCTBEHHO

Alu, A|T°) nexur BHyTpH (COOTBETCTBEHHO BHE WJM Ha) € IMHHYHOM

OKPYXHOCTH. ¥ cmotliuiigoe uUR8APUAHMKEOE MHO2000 pa3lie pOCMKQ
Jugppeomoppusna x+— Ax -+ ... Kacaercsa IJIockoctd T° B Hyde,
neycroiyusoe — T%, a yenrpasvrHoe — mjockoctu 1° Teopemu § 4
rapel 3 mepeHocATcss Ha OToOpa)keHus, ecnud B UX GOpPMYJ/HpOBKe
BekTOpHBIe nong H AuddepeHuHanbHbie YPaBHEHUSI 3aMEHHTh JH(Q-
dbeomopdusmMamy, pellleHHs — TpaeKTopuaMH aH¢pdeoMoppH3MOB,
HelpepHBHOE BpeMsl CHefaTb AMCKPeTHHIM (3aMeHWTh [ Ha @).
Ponp cTanpapTHoro cepsia B AHCKPeTHOM cJiydyae urpaer orobpa-
KECHHE
(x, y, u,v)—(2x, —2y, u/2, —0/2),

rie x, y, 4, U — TOUKH YeTEIpeX NOAIPOCTPAHCTB, ANl KOTOPHX
npAMas CyMMa IepBHX ABYX paBHa 1%, a gByx ApyrHx I

2.4. HuBapuantHble MHOroo0pasus uukaa. Paccmorpum nepuo-
JHYecKoe pellleHne AHQPepeHUHaNnbHOro0 ypaBHeHHsI H (PHKCHpyeM
HEKOTOPYI0 OKpecTHOCTL U COOTBETCTBYyMOIieii 3aMKHYTOH (a30BOi
KpHBOH y B ¢azoBom npocrpaverse. Ilycth A — cooTBeTCTBYIMOILEE
3TOMY LHKJy npeobpaszoBaHHe MoHoapomuu, Ws, W@ u We—
YCTOHYHBOE, HEyCTOHYHMBOE M LEHTpanbHOe MHOI0OOOpa3Hs pOCTKa
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nTobpaxeHus A B HENOABHXHOH TOUKe, COOTBETCTBYIOILEH LHKIY.
Paccmorpum oObedrHeHHe BceX AYr (a30BBHIX KPHBBHIX C HavaljoM
Ha Ws, Kaxpas nyra paccMaTpHBaeTcsi Ha MaKCHMaJbHOM HKHTEep-
BaJie BPpEM€HH, B T€Y€HHe KOTOPOre OoHa He BBIXOAMT 3a INpenefhl
okpectHoctd U. OxpectHocts U MOXKHO BHIOpaTh Tak, YTO 3TO
o0benHHeHHe oOpa3yer MEOroobpasue, Has3HBaeMOe YCTOUHUBHIM
MHo2o00pa3uem yukaa vy. D10 MHOroo6pasve HMHBApHAHTHO OTHO-
CHTEJIbHO HCXONHOTO YDaBHeHHSA, U Bce PelleHHsI Ha HeM 3KCIIOHEeH-
H¥aJbHo NpHOAHKaKTC K y NpU > |-oco. AHaJIOTHYHO onpeje-
JifleTcq Heycroluusoe mHo2006pasue YuKAQ y; OHO COCTOUT H3 AYT
(a30BEIX KPHBHIX, 3KCIOHEHIHAJbHO NPHOMMKAKIUXCA K y IpH
{—>—oco. AHaNOTHMYHO oONpeleNiAeTcd H YEHTPAAbHOE MHO2000pasue
HJuKaa v, Hoeenente (Pa3oBHIX KPUBLIX HA2 HEM 3aBHCHT He TOJBLKO
OT JIMHEHHBIX, HO M OT HeJHHEeHHBIX 4JieHOB Npeobpa3OBaHHA MO-
HOJAPOMHH.

Ecan HenopBHIXHag TOUYKa POCTKa Ipeobpa30BaHHA MOHOLPO-
MHu A runepOonuuecKkasl, TO M LHKJA y HasbBaeTcs eunepboauuec-
Kum. Bce UMKNE YpaBHeHHs1 obiiero nojoxkeHust rurnep6osjHyecKkHe.

TeopeMu 06 HMHBapuHaHTHEHX MHOroo6pas3usix B OKPeCcTHOCTH
3aMKHYTHIX (a30BbIX KPHBHX aHAJHTHYECKHX BEKTOPHBIX IIOJedl
aHoncuposanul A. Jl. bpiono [18:42]. B cuny teopemm 1. 1.2,
“OHH NEePEHOCATCH Ha JIOKaJbHYK TeOPHI0 aHaJHTHYEeCKHX nHQ¢eo-
MOpPGU3MOB.

2.5. Pa3pyTus. YKaxeM B 3aKJIOyeHHe OJHMH KJacC pPOCTKOB
JupdeomoppusmoB, npobiaemMa TONOJOTHUECKOH KaacCH(pHKaLHH
KOTOPHIX ajrebpaHyeCKd paspelirMa 10 BHIPOXJeHHH JIOO0H KO-
HEYHOH Kopa3MepHOCTH., Peun HJeT 0 HEKOTOPOM KJacce POCTKOB
Iu¢pdeomopPu3IMOB NJIOCKOCTH B HENOABHIKHOH TOUKe, I8 KOTOPO-
ro npobieMa OJHOBPEMEHHO HeTpHBHadbHa H paspelinma. llepe-
YHCJIMM CHayaja KJacChl POCTKOB, HJi KOTOpPHIX IpobieMa TpH-
BHAJIbHA.

Poctku ¢ runepboymyeckoii 0CcO60#H TOYKOH HCCIEAYIOTCH Teo-
pemoii I'pobmana—XaprmaHa. PocrkH, JaHHeHHas 4YacTh KOTO-
PHX — NOBOPOT Ha YroJ, He COM3MEPHMBIH C 271, ABJSIOTCH CXHMa-
WILEMH WJIH PacTArHBAaKINHMH, 32 HCKJIKYEeBHEM MHOXeCTBa BEHI-
POXIEHHBIX POCTKOB KOPa3MePHOCTH GE€CKOHeYHOCTH (B 3TO MHOMKe-
CTBO TNONAjalT, BIpPOYEeM, TaKHe BaxKHBle KJaCCH, KaK KOHQpOpM-
HBElE M COXpaHAKIHe unoiagb orobpaxKeHUs, JHHelHad 4YaCTb KO-
TOPHX B HellOABHXHOH TOYKe — NOBOPOT).

Ocrtatprcss pOCTKH, JHMHeHHas 4acTb KOTOPHX a) HOBOPOT Ha
yroJ, con3MepHMHH C 27, (HeKoTopad CTelleHb (HMTepalMf) TaKoro
POCTKa HMeeT TOXKIECTBEHHYIO JIHHEHHYIO YacTh); 6) YHHIOTEHTHas

JKOpJaHOBa KJeTKa ((1)11 )-

Onpenenedre. Ilyete f— nuddeoMopdusMm oxpecTHOCTH
HyJI1 Ha BeleCTBEHHOH NJIOCKOCTH ¢ HEIOJBHMKHOH TOYKOH HYJb H
€ YHHIIOTEHTHOH (MOKeT OHTb TOMXIAECTBEHHOH) JHHEHHOH 4YacThio.
TpaekTopus TOYKHM p noJ JAeHCTBHEM [ Ha3bIBaeTCs XapaKTepHCTH-
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yeCKOH, ec/l OHa BXOHMT B TOUKY 0 C onpeleNeHHOH KacaTelbHOH.
1o 3HAYHT, YTO TCUKU f¢(p) onpeneneHsl npu Bcex §g=0 wiu §<g
<0, limf¢(p) =0 (Dpe g—+oco MIH g——00), H paccTOiHHE OT
f¢(p) no uexkortopoii npamoft [ — BesMyHHa 60Jee BHICOKOTO MOPSn-
Ka MaJOoCTH, YyeM pacctosinve or [?(p) nmo Hyxaa. Pocrox puddeo-
mMopdH3Ma B HENOJABMXXHON TOYUKe MMeeT XapakTepHCTHYECKyr Tpa-
eXTOPHIO, ecli KaKoi-au6Go ero IpeACTaBHTeNb ee HMeeT.

HaJsinyne xapaKTepHCTHUECKOH TPaeKTOPHH Y POCTKa aHdpdeo-
mop¢Qu3mMa, JHHEHHasi 4acTb KOTOPOIrO YHHIIOTEHTHA, YCTaHaBJIH-
BaeTCsl 0 KOHEYHOH CTpye pocTka. TONOJOrHYECKHH THIT POCTKa C
XapPaKTepUCTUYECKOH TpaeKTOpHeH olpenensercs C IMOMOIIBI KO-
HeyHoro yHcja ajre0panyecKux AeHCTBHH MO KOHEYHOH CTpye Me-
To10M paspewenus ocobennocteil [86].

§ 3. ¥YpaBHeuns ¢ MepHOAMUECKONR NPABOH YaCTbIO

B stoM naparpage paccMaTpHBaIOTCs ypaBHEHHS C NEpPHOAR«
yecKOH NMpaBoil 4acThi0 B OKPeCTHOCTH IOCTOSTHHOrO pelleHHd, &
HMeHHO, YpaBHeHHA BHIa

d

—%—:@_(t, x), o(t,0=0, o@{+2x x)=v(t, X), (¥
X NpHHAJJIeXHUT OKPECTHOCTH HyJs B npocrpanctee V, V=R" uiu
V=C", t BemecrBeHHo. Bynem cuMrath, yto { npoberaer OKpyXK-

HocTh S!'=R/2nZ. Bubop HOBOro BpeMeHH T H jnobablieHHe ypas-

Heuust =1 (Touka — 310 dfdt) npeBpallaeT HCXOOHYIO CHCTEMY
B aBTOHOMHYIO:

x=uv(t, x), f=1, ot 0=0, ¢cS.

IIpeoc6pa3oranre MOHOAPOMHMH NOJIy4eHHOro aBTOHOMHOIO ypasHe-
HHfl, COOTBETCTByWLIee 3aMKHyTO# (a3oBoil KpHBOI x=0, Ha3H-
Baercs INnpeoOpa3oBaHHEM MOHOAPOMHH HCXOAHOTO HEPHOAHYECKOro
ypaBHeHHSA. JTO NOCTPOEHHe BMeCTe C TeOpeMOH O peanM3alHH H3
§ 1 cBOAHT TeopHi0 NepHOJAHYECKMX ypPaBHeHHMH K JIOKaJbHOH Teo-
pun aupopeomoppusmMoB: BCe 3PdeKTH, HabawgaeMble B OIHOH
TeOpHH, HabawmaloTca U B ApYrod. OJHaKo BHUYHCJIEHHe  aCHMII-
TOTHKH npeoOpa3oBaHUs MOHOAPOMHH, KaK MNpaBHAO, HEBO3MOMKHO
6e3 npuBeleHHs MePHOAHYECKOro AH(p(PepeHLHaNbHOIO ypaBHEHHS
K HopMaJabHOH (popMe. Haunem ¢ H3yuyeHHs JIMHeHHOro ciayuas.

3.1. HopmanbHass ¢opma JHHeHHOTO YpaBHEHHs C IEpHOAHYE-~
ckumu koapPpuuuentamu. PaccMorpruM ypaBHeHHe

x=A()x, A{-+2m)=A(@#), xcC

ITIpeoGpasoBanrie MOHOAPOMHH TaKOro ypaBHEHHS — HeBHPOXJCH-
HHE Judedinai oneparop C: C"—C", pasnlBaeMHE oneparopom
MOHOOpOMULL.
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Teopema ©®aoxke (G. Floquet). CymecrByer JHHeHHas 10 X
" 2n-nepuHoAnyecKas no f 3aMeHa x=0B5(f)y, xoropas TepeBOJIHT
MCXOJHOe JHHeliHoe yPpaBHeHHe B ypaBHCHHe C INOCTOSSHHEIMHM KO3(-
¢unuentamu y= Ay, npuuem C=exp(2nA).

3aMeuaHue. JIuHelAHoe nepHoanueckoe Mo { ypaBHeHHe C
BellleCTBEHHE!M (Pa30BEIM NPOCTPaAHCTBOM MOXKeT OHITH NpHBENEHO
K YPaBHEHHUIO C NOCTOSHHEIMH KO03((uLHeHTaMH BellleCTBeHHOH JIH-
HeRHOM 3ameHOH X=DB5(f)y auuwe ¢ BABOe O0JBLIMM NEPHOJOM IO
{, ueM npaBast 4acTb. IlpuunHa: HEBLIPOXKIAEHHHIH JHHEHHBIA OIle-
paTop HMeeT KOMIUIEKCHBIH Jorapu@m, BellleCTBEHHHH Xe-— He
BCerfa, HO ero KBaJpaT HMeeT BellleCTBeHHBIH JIOTapPH(M.

B cuny teopemsi ®Jyoke, MOXHO JOOHTbCA 3aMeHOH IepeMeH-
HEIX TOrO, 4TO JHHeHHaa (no x npH x=0) uwacrb ypasHenusa (1)
aBTOHOMHa; coOCTBeHHbLIe 4YHCJa oneparopa NOJYYEeHHOIO aBTOHOM-
HOr0 ypaBHeHHS Ha3elBaeTCsi COOCTBEHHBIMM YHCJIaMH HIH CIIEKTPOM
NEePHOAHYECKOTO YpaBHeHHsI.

3.2. JluHeHHble HOpMaabHble ¢opmbl. Obaacte ITyaHkape nns

nepHogHyeckoro aH(pQepeHIHaJBHOr0O  ypaBHeHHM X=AXx+4 ...

olnpeaesfercs ycJOBHeM: Bce COOCTBEHHEIE YHCJa JIHHeapH30BaHHO-

ro ypaBHeHus JexaT B noaymaockoctH Rei<0 (Rel>0).
Onpenenenne. Habop A6C" coGcTBeHHBIX 4HCeNl oneparopa

A pezonancen Oasi 2n-nepucduseckozo ypasvenus x=Ax+ ...,
eCJIN BHIIIOJHEHO COOTHOLIEHHE

Ai= (A, m)+ik, meZ." |m|=2m;=2, k€Z, 1< j<n.

Teopema Ilyankape. Ilepuonnueckoe mubd¢epeHyHalbHOE
ypaBHeHHe, CNEeKTp JHBeHHOH YacTH KOTOpOro JieXXHT B 00JacTH
Ilyankape u He pe3oHaHCeH, NPHBOAUTCH B OKPECTHOCTH HYJIEBOTO
pellleHHs] K aBTOHOMHO¥H JHHelHOH HopManbHOH ¢opme x=Ax OH-
rOJOMOPQHEIM 2n-NIepUOANYeCKHM 10 [ npeobpazoBaHHEM.

Teopema ([18:31]). buronomopdHoe npuBeneHHe K aBTO-
HOMHOH JIMHEeHHOH HOPMAaJIsHOH (OopMe CyuleCTBYeT IJsi BCeX ypas-
HEHUH, CHeKTp JIMHeHHOH YaCTH KOTOPBHIX NPUHAJEXHAT HEKOTOPOMY
MHOXeCTBY IIOJIHOH JieGeroBoii MepHl B npocrpaHcTBe C" (a MMeHHO

MHOXECTBY TakKHX A, AJS KaXJOro W3 KOTOPHX CYIIECTBYIOT MNOJ0-
)utedbHele C ¥ O TakHe, 4TO

|As— (&, m)—ik|>C- ([m]+|k[)~

nnst Bcex me€Z,n, keZ, [m|=2).

3.3. PesonancHble HopMaibHble (opMul. [TycTh JMHelHHIH onle-
patop A HMeeT JXOpAaHOBYy HOpMaJbHYIO $opMy, 2= (2, ..., Z5) —
KOOPAHHATH B XOPAaHOBOM 0aslice; Z; COOTBETCTBYyeT COOCTBEH-
HOMy 3HaueHHI0 Aj;. OnHouleH z™e**0f0z; HasbIBaeTcl pPE30HAHC-
HbIM 4ACHOM, €CJIH BHINIOJHEHO COOTHOLIeHHe

Ajy== (7\,, m) +ik.

B pesonadcHOM cJayyae nepHoauueckoe JaHpdepeHUHalbHOE
‘YypaBHeHHe C IIOMOLIbIO 3aMeHHl, (QOpPMAJBHOH IO X H TepHOIH-
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YeCKOH 10 ¢, NPUBOJAHTCH K BHAY

y=Jy+w(t y),
roe Marpuiia J ¥MMeeT JXOpJaHOBY HOpDMaljibHyl ¢opmy, a @ -—
¢opmaabHHil pan Pypee no £ u Tefnopa no y, COCTOALIHMA H3 O~
HHX PE30HAHCHBIX 4JIEHOB.

B Jo0KaJbHOH TEOPHH aBTOHOMHHIX JH(pQepeHIHaJbHEX ypaB-
HeHuii u aHpdeomopPu3MoB sboe KOHEYHOe YHMCIO YJIeHOB HOP-
MansHol ¢opmu llyankape—Jlionaka BHYHCIASIETCS C HNOMOIILBIO
KOHeYHOro yHcjaa anrebpandeckux paeicTBuil. Jlnd nepHOOHYECKHX
JuddepeHIHalbHEIX YPaBHeHHH yXke BEIYHMC/IeHHe Oolleparopa MOHO-
[POMHMH JIHHEAPH30BAHHOK CcHCTeMHE TpeOyeT pelLleHHsl JHHEeHHOH
CHCTEMHl C NEPHOAHYECKHMH Kos¢pduuuentaMH B R"; npu n>1
pellleHHe TaKOr0 YPaBHEHHs, KaK NpaBWJIO, He MoxeT ObITb Hai-
[IeHO C NoMoLIbi0 KBaapatyp (cM. § 3, ra. 7).

§ 4. llpepenbHble HHKAB NOJHHOMHAJIBHLIX
BEKTOPHbLIX NOJieR HA MJOCKOCTH

HenspecTHO, KOHEYHO JIH YMCJAQ IpelelbHHX LHKJIOB BCSKOTO
NONMHOMHAJNBEOr0 BEKTOPHOTO NOJA Ha BelleCTBEeHHOH TMJOCKOCTH.
B JoKa3aTeqbCTBe KOHEWHOCTH, npeanoxeHHoM Jlonakom [25],
HMeeTCSl He 3aNoJiHeHHHH npoben [32].

4.1, Ilpo6aema KOHEYHOCTH M CJOXHble UMKJH. Ilyankape
(H. Poincaré) ceen npobiieMy KOHeYHOCTH K  HCCJIEXOBaHHIO
OKPECTHOCTH TaK Ha3blBaeMOro CJIOXKHOIO LMKJa.

Onpennenune. CaomHsim yUKAOM BeKTOPHOro IoJsi Ha-
3HBaercss OoObedHHEHHe KOHEYHOro YHcaa OCOOHX TOYeK H HeTo-
yeuHHX (a30BHIX KPHBBIX 3TOrO IOJif, NPHYEM MHOMKECTBO OCOOBIX
TOYEK HENYCTO, pelleHHSl, COOTBETCTBYIILIHE HETOYeUHHM (Hha30BHIM
KPHMBBIM, CTpeMATCS K OCOOBIM TOYKaM IMpu f—>-+oo U f——o0;
CJOXKHBIH UHKJ CBfI3eH U He MOXeT OHITh CTAHYT NO cebe HH B Ka-
Koe CBO€ cOOCTBEHHOE ITOJIMHOKEeCTBO.

3ameuyanune, CnoxXHbple LHKIH MOTYT COCTOATb M3 OAHOI
toukd. CJIOKHBle LHKJBE YacTO BO3HHKAIOT H3 OCOOHIX TOYeK IpH
paspellesnt ocobenHocTedl. IIpuMephl CJOXHBIX LHKIOB H306pa-
eHH Ha puc. 20.

a

Puc. 20. ChoXHUA itHKA:
a) IonyCKamimHR H 6) He AONYCKaKLWHA NpeoCpa30BAHHA MOHOAPOMHH.

110



ITpo6aremMa KOHEYHOCTH PaBHOCHJIbHA CJeAyIOLlel:

MoxxeTr Jin CcyeTHOE YHCJIO INpelesbHBIX IHKJIOB IOJHHOMHAJb-
HOTO BEKTOPHOTO INOJI HaKalJIMBATbCS K CJIOKHOMY ILHKIY 3TOro
noJs?

IlpennosiaraeMblfi OTBET — OTPHLATEJIBHEIH, NpPHYEM HE TOJIBKO
JUJIs1 TIOJIHHOMHAJIbHBIX, HO H IJis aHAJHTHYECKHX BEKTODHBIX INOJIEH.

4.2. MNpeoGpazoBaHHe MOHOAPOMHM CJO0XKHOro uukaa. IIpecbpa-
308QHUE MOHOOPOMUL OAsL CACHHOZO YUKAQ ONpenesisieTcsi Tak
Xe, KakK Ijig 3aMKHYTOH (pa30BOH KPHBOH, TOJbKO BMECTO TpaHC-
Bepcasid  Oepercs noayrparcsepcanb — roMmeoMopdhHbi  06pas
NOJIyHHTepBaJla ¢ BeplIMHOH Ha UHKIe (puc. 20a). Ilonyrpanc-
BepcaJlb TpaHCBepCaJibHA BEKTOPHOMY MOJI0 B CBOHX BHYTPEHHUX
toykaX. He BCSKHII CHIOXKHBIA LHKJ JONycKaeT InpeoOpa3oBaHHE
MoHoZApoMHH (puc. 206).

Ecin noJsyrpaHcBepcalsib NPHHAAJEKHT aHAJHTHYECKOH KPHBOM,.
TPaHCBEpPCaNbHOIl K CJOXKHOMY LHK1Y, TO BO BHYTPEHHHMX TOYKax
STOH MoJiyTpaHcBepcaJsin npecbpa3oBaliue MOHOAPOMHH aHaJIMTHYHO;
O/lHAKO OHO MOXKeT He Npojoyixkarbcsa paxe C!-riafko B oKpecT-
HOCTb BepLIHHBL. 3TO CBSA3aHO C NPHPOJIOHl npeoGpa30BaHHA MOHO-
APOMHH, KOTOpPOe 3a4acTyld IPHHAMJIEXHT KJaccy <«IoJyperyJisp-
HBEIX OTOOpaXXeHHi», BBeJleHHHX JlI0J1aKoM.

Onpenenenune. Pocrok orobpawernus f: (R*, 0)—(R*, 0)
Ha3bIBAETCS NOAYPEYNAPHBIM, €CU IJ5 JiIo60ro H0cTaTouHo ©oJIb-
LIOro HaTypaJbHOro N cylilecTBYyeT Takoe R, 4To

k

f(xX)=cxVe + E P,(lnx) x40 (xM),
1

rie ¢>0, 0<vo<vi< ... <v, <N, P; — muorounerds. Ilpencrasu-
T€Jb MOJIYPEryJIsiPHOIO POCTKA Ha3biBaeTCs MOJYpPeryJisipHbIM.
oTo6paxKeHHeM.

Onpenenenune. Pocrox orobpascerus B TOUKe Ha3bIBaeTCs
NAOCKUM, €CJIH BCe €ro INpPOM3BOAHLIE B Hell paBHBI HYJIIO.

Teopema [lioanaka ([25]). IlonyTpancBepcans K CIOXKHOMY
HHKJy TNOJHHOMHAJLHOTO BEKTOPHOIO I0JIsl, NOMyCKalolleMy mpe-
oOpa3oBaHHe MOHOJAPOMHH, MOxKeT OHITb BEOpaHa Tak, YTO Npeos-
pa3oBaiiHe MOHOJPOMHH JHOO mJOCKO, Jiu60 OOGpPaTHO IJIOCKOMY,
JIHO60 noJyperyJisipHoO.

O6oo6menue ([32]). YTBepxknenue Teopemsl Jl10jlaka BepHO-
JUIsl TJlafikHX BEKTOPHBIX TOJieH, Bce OcoOble TOUKH KOTODPHX YIOB-
JIeTBOPSIOT yCJIOBHIO JlosiceBHua.

Ecni K CJI0XKHOMY LHMKIY BeKTOPHOrO MOJIfl, YAOBJeTBOPSIOLle-
ro ycnosuio JlogceBnua B 0cOOBIX TOUKAX, HAKAIUIHBAIOTCH 3aMKHY-
Thie (pa30Bble KPHBLIE, TO 3TOT CJIOXKHBIH LHKJ JIoNycKaeT npeodbpa-
30BaHHEe MOHOJADOMHH, a MPeJleJIbHOMY LHKJY, PpacloyOXKeHHOMY
BOJIM3H CJI02KHOTO LIHKJIa, COOTBETCTBYET MU30/IHPOBaHHAS HEIOBHXK-
Hasl TOukKa Npeo6pa3oBaHus MOHOAPOMHUH.

HoJak BHIBOAHT H3 CBOeH TeopeMmbl CyL1eCTBOBaHHE OKDEeCTHO--
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CTH CJIOXKHOrO UHKJa, CBOGOAHONR OT NMpeAelibHbIX LHKJIOB, MpH IIO-
MOLLH JIEMMBbI:

[TonyperyasipHoe otobpaxkeHue JUOO TOXKAECTBEHHO, JIHOO HMe-
€T U30JIHPOEaHHYIO HENOJABWKHYIO TOYKY HYJIb.

Koutpnpumep: f=x+e Y*sin(1/x).

CylecTByeT aHaJIHTHYeCKOE BEKTOPHOe IMoJie, HMelolilee CJI0K-
HBH WMKJ, rnpeobpa3zoBaHne MOHOAPOMHH KOTOPOrO — TOXKAECTBEH-
Hoe IMJIIC HeHyJieBO# MIockHil fo6asok [33].

4.3. OTKpbITHIE BONPOCHI.

I. BepEo .14, YTO NOJHHOMHAJbHOE BEKTOPHOE IOJIe Ha BeluecTt-
BEHHOH IJIOCKOCTH HMeeT JIHIIb KOHeYHOe YHCJIO NpefesibHbIX IHK-
JIOB?

II. Bepno nau, yto ocobasi TOUKa aHaJHTHYECKOTO BEKTOPHOIO
nossi 0e3 XapaKTEPUCTUUECKHUX TPaeKTOpHil Bceraa Jubo meHTp,
JiH60 ¢okyc?

[IpennosiaraeMele  OTBETH — yTBePHHTeNbHHE, YTBEpAUTE b~
HbIH OTBET Ha BTOPOH BONPOC cleAyeT H3 yTBepIHMTEJLHOrO OTBETa
Ha nepBHii. Bropoii BOnpoc BwA€NeH, YT0Ob NOAYEPKHYTh, UYTO
NOJIOXKHTENBbHO pellalolias ero «reopeMa», UWIHPOKO pacnpocTpa-
HeHHasi B MaTeMaTHYeCKOH JIHTepaTtype H (QoJbKJIope, He JlOKa3aHa.

ITI. Tunoresa. [lns KaxXporo n cyniectsyetT Takoe N, uTo
ypaBHEeHHE C TOJIMHOMHAJBHOH NpPaBOM yacTblO CTENEHH N Ha IJIO-
CKOCTH He MOXET HMeTb: a) KOMIUJIEKCHOTO TIpEeNeNbHOr0 IMKJIa,
KpaTHOCTb KoToporo mpesbimaer N [95]; 6) 6osbime N Belect-
$BEHHRIX TpeJebHBEX HHKJI0B (Bonpoc I'manbGepra B ero 16-fi mpo-
©JieMe, He PeLIeHHBIH YXKe MpH n=2).

4.4. OpxHa TeopemMa KOHeuyHOCTH. Ilpu JONOJHHTEJNbHEIX OrpaHH-
YeHHAX Ha BEKTOpPHOe IOJle KOHeYHOCTb JI0Ka3aHa.

Teopema ([33]). ITomudomuasibHoe BEKTOPHOE MOJie C HEBHI-
POXJEHHBIMH OCOOBIMH TOYKaMH Ha  BEMIECTBEHHOH IJIOCKOCTH
(BKJIOYast GeckoHEYHO yJasleHHble)! MMeeT KOHEYHOE YMCJIO Ipe-
JEeJIbHBIX IUKJIOB.

ITomuromMuanbHOE TOJE Ha IJIOCKOCTH MOXKHO 3aMeHHTb 37eCh
AHaJUTHYECKUM BEKTOPHBIM IIOJieM Ha 3aMKHyTOH IBYMepHOH Io-
BEpPXHOCTH.

4.5. MeTtopn poka3atennCTBa TeopeMbl Jlionaka u ee 0606LieHHS.

Onpenenenue. Caoubili YuKA Ha3bIBAETCH INEMEHTAPHbLLM,
€CJiM Bce 0coOBle TOYKH Ha HEM — 3JIEMEeHTapHbIe.

IHlar I. CnoxHbifi uMk1 B 0oboOlieHHOK TeopeMe Jliosaka 3a-
MeHfIeTCSl 3JIeMEHTAPHBIM. JTO fAeJaeTcss ¢ NOMOLIbIO  XOpPOLIEro
pasfyTHs He3JIeMEHTaPHBIX OCOOBIX TOYEK, CYIIECTBYIOILEro Io Teo-
peme Benankcona—/lomoptee (§ 1, ri. 5).

IIar II. TlpeoGpasoBaHiie MOHOAPOMHH 3JIEMEHTAPHOTO CJI0XK-~
HOIO IHKJIa pa3jaraercd B CYNePHO3HIHI0 OmNpelelisieMblX HHKe
OTOOpaXxKeHHH COOTBETCTBHS.

Oto6paxeHde COOTBETCTBHH IJs rullepboJIHYECKOro CeKToOpa

M Onpepenenue aano Huxe 8 1. 6.1.
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0c060# TOUKH BEKTOPHOIO MOJIS Ha IVIOCKOCTH — 3T0 OTOGpaXKeHue
BIoab (a30BHX KPHBBIX NOJyTpaHcBepcald, uepe3 KOTOpylo (a-
30Bble KPHBbie BXOAAT B CEKTOpP, Ha NOJyTpaHcBepcallb, uyepe3 Ko-
TOPY10 (pa3oBnie KpHBble BHIXOAAT H3 CEKTOpa
(puc. 21); BepluHHa NOJyTpaHCBepcasy, MO
ONpeesIeHHIO, NIEPEXOIHT B BEPIIKHY.

Ecnu ssieMeHTapHBIH CJI0XHBIT LMK — He-
OJHOTOYEYHHIH M RONyCKaeT npeoGpa3oBaHHeE
MOHOAPOMHH, TO BCce OCOOBle TOUKHM Ha HeM Y
npuHaaiexar kjaaccam 1, 4 v 5 u3 TaGJULb
n. 2.1 rnaen 5. M3 knaccudukanuoHHOil Teo-
peMmbl nn. 2.1 u 2.2 ranaBu b BHITeKaeT

CaepcrBre. Orofpaxenne COOTBETCT-
BHS JJISl THNEPOOJIHYECKOTO CEKTOPA 1J1aJIKOTO ;I::: cggéaegglfgaf:-
BEKTOPHOIO MOJISi Ha BEIMECTBEHHOH IMIOCKO- oo o oo o o o o
CTH ¢ 0co60H TOUKOH, Y/AOBJETBOpPSIOILEH pa.
yciopHio JlosiceBHua, NOJyperysasipHo, Korjaa
ocobasi TouKa HEBHIPOXKJEHa, H MMeer BHJ exp{(—1/h) wm h(—1/
/ln x), Korpa oco6as Toyka BHIPOXKJEHA; 31ech h — NOJyperydsp-
HOe OTOOpaKeHHe,

KnaccudukailioHHasi TeopeMa CBOAMT JAOKasaTeJbCTBO 3TOrO
YTBEp2KJ€HHs K CJyyalo, KOTAa BEKTOPHOE I0Jie HMEeT HOPMaJbHYI0
¢opMy, YKa3zaHHyl0 B tabJune. B atoM cnyyae oroSpaxeHHe cOOT-
BeTCTBHS JIETKO BRHIYHMCIISETCS.

IWlar IIl. [loka3niBaercs, 4TO CyNeprnoO3HIHE OTOGpaXKeHUH Co-
OTBETCTBHUSI, IE€PEYHCJEHHBIX B MPeAbIIVIUEM CJeACTBUH, NpUHal-
JexaT OJIHOMy M3 KJIacCOB, Ha3BaHHHIX B TeopeMme [lioslaka (poct-
KH TMOJIyperyJsipHeIX OTOOpa)eHuit o6pasylor rpynmny).

4.6. NMoauKOMHaJbHEIe BEKTOPHLIE J0Jsl BTOPOH CTeneHH. XOTH
KOHEUHOCTb YHCJIa IMKJIOB H 3/1eCb -He JOKa3aHa, MoJyueHa HEKO-
Topas HHQopMauHsi 0 GOpMe H PaclOJIOXKeHHH NpeNeJIbHbIX IUKJOB
[81 : 3]. Hanpumep, oHU Bcerjia BHINYKJIL H KaxKJABH H3 HUX OKpY-
KaeT JHIUbL OLHY 0cobyro Touky. IlocTpoeHb! KBajapaTHUHBIE MOJIS
¢ yeTHpbMs NpepesbHbIMH UukJIamu [80], [107]. Hokasano, urto
HHKaKOH KPYr Ha NJIOCKOCTH R? He COZEPKHT CYETHOro YHCJIa mpe-
JeJbHBIX UHKJIOB KBaJpaTHYHOIO BeKTOpHoro mous [81].

§ 5. Ilpenenvsbie UHKABI CHCTEM,
6AH3KNX K raMHJAbLTOHOBLIM

B sToM mnaparpade pacCMaTpPUBAIOTCS BO3MYIIEHHSI FaMHJIBLTO-
HOBBIX CHCTEM Ha BelleCTBEHHOH H KOMIJIEKCHOH IJIOCKOCTH.

5.1. Poxpenue BeLleCTBEHHBIX NMpepebHbiX UMKNOB. [lycTh Bek-
TOPHOE MOJie Ha BelleCTBEHHOH IVIOCKOCTH HMeeT CeMeHCTBO 3aM-
KHyTBIX (pa30BHIX KPHBHIX, 3aBHUCSIIHMX OT napamerpa. [Ipu Boawy-
LIeHHH Takoro (B BbICIUEH CTENeHH BHIPOXKIEHHOrO) IM0Jsi BO3HH-
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KaeT, BooOIle roBOpf, mnoJjie ¢ H30JHUPOBAaHHBIMH HEBHIpOXKJAEHHBIMH

IIHKJIaMH.
IIpumep. Masoe BO3MynIeHHE TaMHJIbLTOHOBa MOJIS:

- OH | : OH
x:_c)?'TS’A (x: Y, 8)’ y=_W+SB(x1 Y, 8)‘

Onpenenenue. llukn y(c), Jexalmuii Ha JHHHH YPOBHA
H=c, HasbiBaercsi nopoxwdarowum, €CJIH BO3MyLIeHHOE YpaB-
HeHHe HMeeT NPH MaJsbiX |e| HenmpepsiBHO 3aBHCALIMA OT € IHUKJI,
crpeMsiluHicst K y(¢) npu e—0.

Onpenenenue. Bapuayueil (moHoOpomuu) Ha3bBaeTcs
byukuus f(c)= ¢ (Bdx—Ady) (unterpan mo y(c) mpu £=0).

Teopema ([52]). Ecnu nuku y(c) nopoxnaarouui, 10 I(c)=0.
O6paTHo, ecyiu ¢ — NPOCTOI HyJb BapHallMH, TO LHKJI Y(C) — 1O-
POXJAAIOUIHH, H NMOPOXKAEHHBI UM LHMKJ BO3MYUIEHHOH CHCTEME! IPH
MaJIHX |&| HEBBIDOXKJIEH H IN1alkO 32BHCHT OT €.

JlokasaTe/nbcTBO OCHOBaHO Ha TOM, 4YTO / ecTb NPOH3BOJAHas
npupauiedus [/ Bnosis BaTKa (a3oBoi KpuBOH no e npu &=0.

5.2. Poxperne KOMIJIEKCHBIX LMKJIOB, B KOMIJIEKCHOM cCJyyae
paccMaTtpHBaeTcsi ceMeHcTBo ypaBHeHuH .=0. 1-dpopmMa o, Ha
JIBYMEPHOM KOMILIEKCHOM MHOroO0Opasuy mnpelnoJaraercss TroJio-
MOpPOHON H rOJIOMOP(QHO 3aBHCSIIeH OT KOMIJIEKCHOTO (MaJjioro)
OZHOMepHOTO napamerpa e. HeBosmyuiennas ¢gopma (oTBedarilas
¢=0) npenanonaraercs TOUYHOH: wo=dfl, rne H — rosomopodHasn
¢yHkuusi. Ilycte ypaBHeHue wo=0 uMeeT ceMelCTBO HEOLHOCBS3-
HBIX WHTErpaJjibHbiX KPHBHX. P0oJib y(C) Urpaer KOMIJIEKCHBIN IHKJI,
NpeACTaBJIeHHbIH 3aMKHYTHIM IyT€M Ha HEOJHOCBS3HOIT HMHTErpalib-
HOH KpHBOH GOPMHI ©p, IyThb HENPEPHIBHO (a KpHBas roJioMopdHo)
3aBHCHT OT KOMIJIEKCHOTO napamerpa €.

Bapuauuss [ —rosomopdHas ¢yHxkuus o1 c: [ (c)= § ©,
v{(c)

do
.- Tak onpejiesieHHyl0 GyHKuuO / HasbiBaT abeneBbiM

£
de |e=
MHTErpaJsioM, 3aBHCAILIMM OT NapameTpa.

Teopema ([50], [27:2]). Ecnu koMmiieKcHBIE 1MKI §(C) moO-
poxnparowuit, T0 /(c)=0. HMzonupoBaudwie wuyiau [ onpenensior
MOpOXKJAalNIHe KOMIUIEKCHBIE LHKJL, NOPOXKAeHHbBle HMH ILHKJIH
Npu MaJbiX |e| HEBHIPOXAEHH H ToJIOMOPGHO 3aBHCAT OT & IIPH
e¥#=0. -

LlskJibl, COOTBETCTBYIOLIME NPOCTHIM HyJisM I, rosomopdHO 3a-
BHCHAT OT € ¥ 1pu £=0.

5.3. Hccaeposanne Bapuaumu. B asre6Gpavueckoil curyanmu
IpOBepKa HM30JHPOBAHHOCTH HyJleH BapHaluu 06Jieryaercs.

Onpenenenue MuorouneH crenenn n+1 or ABYX KomI-
JIEKCHBIX IIepEMEHHBIX HAa3biBaeTCsl MPABUALHBIM ©CJIH OH HMeeT n?
KPHTHUECKUX TOYEK C PAa3JHUHBIMH KPUTUYECKHMH 3HayeHHSIMH H

(=
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JIHHUY YPOBHf €ro HMeKT N1 pas3jiH4HbIX aCHMMOTOTHYECKHX Ha-
npaBJeHHH.

MuorowieH obuiero noJIOXKeHHs MpaBHJIEH; KpHTHYECKHE TOYKH
NpPaBUJILHOIO MHOTOUJIe€Ha HEBHPOXKIEHBI.

B OKpecTHOCTH HEBLIPOXKIeHHONH KPHTHYeCKOH TOYKH MHOIOYJieH
6urosioMmopdHON 3aMEHOH KOOPAMHAT NPHBOAUTCH K HOPMallbHOH
¢opme H=x2+y?+}const. Ucuesaomum B KPHTHYECKOH TOUKE IHK-
JIOM HasbIBaeTCs IHKJ Ha HeocoOOH JIMHHM ypOBHS (yHKIUH [, 3a-
JLAIOIIHACS B YKa3aHHOH CHCTeMe KOODAMHAT BelleCTBEeHHOH OKPYHK-
HOCTBIO X24y?=c, ecJiH ¢ BEUIECTBEHHO, H OKPYXKHOCTBIO X-}iy=
=Vce®, x—iy=Yce *, @€[0, 2n], (x, y)€C?% ecnu ¢ KOMIJIEKCHO:
Ucyezaromuit nukn Ha JuHHH ypoBHSI H=c¢ oO6o03Hayaercs 4epe3
8(c) (3TOT LMKN onpeneneH s ¢, OJH3KHUX K paccMaTpuBaeMOMY
KPHTHUECKOMY 3HaYeHHIO, H Hcue3aeT, CTErHBasicb B KPHTHUECKYIO:
TOYKY, KOTZa € CTPEMUTCH K 3TOMY KPHTHYECKOMY 3HAUEHHUIO (PyHK-
nuu H).

Teopema ([27]). Ilycts H — npaBuiibHBIH MHOrO4YJIeH CTeme-
HH n+1 u o—1-¢popMa Ha NJIOCKOCTH € NOJHHOMHAJLHLIMH KO3¢-
(DHIHEHTAMHK CTENeHH He Bhillle n. Ecau

)= $ @
&(c)

— TOXK/JECTBeHHHI Hy/b (Kak ¢YyHKUHSI OT ¢), TO (opMa o TOYHa.
3ameuanue. Mrak, B ycJIOBHSIX TeOpeMbl BO3MylLi€HHe ce-
meficTBa JiMHuit ypoBHs ¢yHkuuu FH, 3amanHoe ypaBHeHueM dH 4
+en=0, onpenessieT TOXAECTBEHHO HYJIeBYI0 BapHallHI0O MOHOApPO-
MHH TOJIbKO B TOM OYEBHIHOM CJy4ae, Koria BO3MyllleHHble HH~
TerpaJibHble KpHBbie — aJsrebpavueckve, a UMEHHO — JIMHUH YDOBHSE:

6Jsiu3Koro K /{ MHOTOUJIeHa TOM Ke CTeNeHH, uTo | H.

5.4. Ocnabnennasa npobaema I'manbepra. unnbept B 16-it npo-
6sieMe BBICKa3aJl THIOTE3y, YTO YHCJIO TNpPEAEbHBIX IHKJIOB IOJH-
HOMHAJIbHOI'O BEKTOPHOIO MOJisi Ha BeLIeCTBEHHOU IJIOCKOCTH Orpa--
HHYEHO 3aBHCsIIIEH JIMIIb OT CTEeNeHH MOJsi BeJHYHHOM,

V3 runotesnt 'usipbepra cienyer OrpaHHYEeHHOCTb YHCIA IO~
POXKAAEIOIMX LHMKJIOB VIS NOJHHOMHAJbHHIX BO3MYLIEHHH MOJIHHO--
MHaJIbHBIX TaMMJIbTOHOBHIX roJiefl. B otnuuse ot runore3n I'uib-
GepTa, 3T0 ee ocyabJieHue J0Ka3aHo.

Teopema Bapuenko ([20]). CywmecrByer N(n, m) Takoe,
4TO AJist JI0OO0ro BelleCTBEHHOIO MHOrouJieHa CTeneHH n OT ABYX
nepeMeHHBIX, IJs JiI0OOT0 HenpephiBHOTO CeMeHCTBa 3aMKHYTHIX
CBSI3HBIX KOMIIOHEHT €ro JIHHHH ypoOBHS ¥y (c¢) ¥ AJst JoGOH noJu-
HOMHEJILHOH 1-QOpMBl ® € KOMIIOHEHTaMH CTeNeHH He BhHiUe /M.
HHTerpas o 1o y(c) JuO0 TOXKIeCTBEHHO IO ¢ paBeH HYJI0, JUGO
uMeer He Gojsiee N(n, m) BelleCTBEHHHIX HYyJeH (C y4yeTOM Kpar-
HOCTef ) .

3ameuaHHs. 1. KOHeuUHOCTb YHC/Ia POXKAAIINHMXCH NPEHEIb-
HbIX LIHKJIOB He AOKa3aHa jax<e JJIsi NOJMHOMHAaJbHBIX BO3MYLIEHHH
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TIOJIHHOMHAJIbHBIX TaMHJIBTOHOBBIX cHCTeM. Jleslo B TOM, 4TO Ipe-
JleJlbHbIe LHKJAbl MOTYT POXKAATbCs He TOJDKO H3 3aMKHYTHIX (pas3o-
BLIX KPHBBLIX, HO M BOJIH3H CJIOXKHBIX LHKJIOB, OGpa30BaHHBIX Ce-
napaTpucaMH raMHJIbTOHOBa ypaBHEHHS.

2) B [20], '[69] moxuO Hairty 0OOOlIE€HHs TEOPEMbi Ha MHOIO-
MepHBIH H Ha KOMIUIEKCHLIH CJlyuaH, HO JOKas3aTelbCTBa MPHHIHIIH-
AJIbHO HE AAK0T HHKAKO# SIBHOM OLlEHKH uHcya N,

5.5. CrnenmanbHbie ciaydad. OnucaHHbie HHXKE ClelUHaJbHbie HH-
TerpaJitl BO3HHKAIOT NPU NPHMeHeHHH TeopeMnl 5.1 K CTaHaapTHBIM
ypaBHeHHUSIM TeOpHH Oudypkauuii OOIIHX JAHHAMHYECKHX CHCTEM.
B 3THX crmeupaJibHBIX Cly4asix YHCIO HyJleH BapHalliH OOLIYHO OKa-
3bIBA€TCSI PaBHBIM MHHHMAaJIbHO BO3MOXKHOMY IO COOGpaxKeHHsIM
pa3mepHocTH (cBoeobpa3Has HeKOJe6JIeMOCTb COOTBETCTBYIOIIEro
JuHehHoro audgepernuanbioro ypaBHeHus [lukapa—Q@ykca).

[Tpumep 1. [JeiicTBuTeIbHOE n-MepHOE NPOCTPAHCTBO HA30BEM
yebolie6CKUM, €CIIH HEHYJIeBble (PYHKIMH NPOCTPaHCTBa MMEKOT Me-
Hee n HyJle#l ¢ yUYeTOM KPaTHOCTM.

O603HauuM yepe3 2, NPOCTPAHCTBO BCeX NOJHHOMHUAJbLHBIX
1-¢opm BHIA

o=A(x, y)dx+B(x, y)dy,

riae Awu B—-—-BEI_[IGCTBEHHbIe MHOrouJieHbi CtreneHud He BbIIIE 7.

Teopema (I'. C. Ilerpos, 1984). IlpoctpaHcTBO HHTErpanos
(2) no ucyezalOIUM IHKJaM MHorouseHa H or ¢opMm w€Q, sB-
Jsiercst yeOhilleBCKHM npH Jiobom m. 3peck H=y?—x343x, ucye-
3al0lIie IUKJIb COOTBETCTBYIOT UHTEPBAJy MEKAY [ABYMS KpUTHYe-
CcKHMH 3HaueHusiMH: |c|<2. Tem e cBoiicTBOM 0oG6JiallaeT NpOCT-
PaHCTBO (PYHKIHE, MOJIyYeHHLIX aHaJUTHUYECKHM MPOAOJIKEHHEM
ONMUCaHHBIX MHTETPaJOB ¢ WHTepBala |c| <2 B OTKPHITYIO BEPXHIOK
{MJIM HIXKHIONW) I[OJYIJIOCKOCTh, OOBEAUHEHHYIO C HHTEpPBaJIOM
|c] <2. Anasoruunoe yTBepKIeHHEe BEpPHO IJIS HHTErpasoB IO HC-
Yye3aloill¥M I[MKJlaM TaMHJILTOHHAHOB H =y?+4 x24-x4, H=y*—x?+
+xtu H=x34+13+hxy. A

Jloka3zaTesbCTBa HCHOJBb3YIOT SIBHBIH Buj ypaBHeHuit I[Tukapa—
dykca Ui HCCIeAYEMBIX HHTETPAJIOB H TEOPHIO MaJlOYJIEHOB
1[69].
~ Ilpumep 2. AnreOpo-reOMETpHYECKHE METOAH HCCIENOBaHHUS
HyJlefi MHTErpaJioB, BO3HHMKAIOUIHX B TEOPHHM INOTEPH YCTONYHBOCTH
aBToKOJIeOanui, onucain B [8] (cM. ykasaHHywo Tam JuTeparty-

PY)-

[Iprmep 3. Hccienosanue notepu ycToilYHBOCTH aBTOKOJeGa-
HHIl ¢ JIByMS NMapaMH YHCTO MHHMBIX COOCTBEHHHX 3HaueHHi!
YIHpaeTcs B OLIEHKY YHCJa HyJled HHTerpaJja

1) A rtaxmxe HccaefoBaHHe OUGYPKaUHH LHKAOB B OGOCIUIEHHOH TEOPHH MO-
aeqn Jlotka—BospTeppa (B 3TOR MOJeJH PacCMaTPHBAIOTCsi BEKTOPHHE IOJS HA
fIJIOCKOCTH, Kacamwlllyecsi KOOpIHHATHHX oceil).
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I (c)=<§ﬂ}'%_§_"ﬁi, 0, =Pydx —axdy, ©,=xy(xdy—ydx)
0 3aMKHYTOH KOMIIOHEHTe JIKHKHH ypoBHs H=c ¢yukuuu H (X, y) =
=x*yf2' B Tpeyrombuike x>0, y>0, z>0, rae z=1—x—y, af==
=1, >0, y>0 (npennonaraemoe YHCJIO Hy.neu-—onnﬂ).

§ 6. NosuroMEHAJILKbIE AU depeHHaNbHbIE YPABHEHHSA
HA KOMIJiEKCHOH TNJOCKOCTH

TonoMopdhHbie BeKTOpHBIE MOJI HAa KOMIJIEKCHOR NPOEKTHBHON
IVIOCKOCTH HCYEPNHIBAIOTCA TOJAMH  aarebpsi JIH  NMPOEKTHBHOIF
PYNIH, JIHHEHHBIMH B OJHOPOIHBIX KoopauHaTaxX. [lpyrue mnoJs
HamnpaBJeHU# ¢ KOHEYHBIM YHCJIOM OCOOBIX TOUEK TakiKe OKa3H-
BalOTcsi ajrebpanyeckiMH. OHH CTPYKTYPHO HEYCTOHYHBBHIL.

6.1. lonycTumblie noJas.

Onpepenenune. [Honycrumer noaerm Hanpaaienuli HE
KOMNAEKCHOM MHO2000pa3uu Ha3bBaercs 1ole TNpPIMBX, TOJO-
MOp¢hHOe Ha NONOJHEHUH K aHaJIHUTHYECKOMY IIOAMHOXKECTBY KOMII-
JIEKCHOH KOpa3MepHOCTH He MeHblle 2. Ilose HanpaBJjeHHH NOJHHO-
MHaJIbHOTO BEKTOpHOro moJist B C? mpojoskaercst 0 AONyCTHMOrO
noJsisi Hanpapieuuii B CP2,

Teopema ([29]). HonyctuMoe noJsie HanpaBJieHHH Ha KOMII-
JIEKCHOH TPOEKTUBHOH NJIOCKOCTH (a TaKXe Ha KOMIJIEKCHOM mpO-
€KTHBHOM MPOCTPAHCTBE NMPOU3BOJLHOH pa3MepHOCTH) B Jio6Goi ad-
($UHHOH OKPeCTHOCTH IOPOXKjAaercs IOJHHOMHAJBLHEIM BEeKTOPHBIM
TIOJIEM.

JlBa monyCTHMBIX NOJisi Ha KOMIJIEKCHOM MHOrooGpa3ud Ha3biBa-
I0TCSl Tonoao2udecky (QHAAUTUYECKU) IKBUBGAEHTHBIMU, €CJAH CY-
ulecTByetr romeoMopdusM (6urosoMopohusM) MHOroobpasust Ha cebsi,
NepeBOARIIMIl HHTErpasibHEe KPUBBie OJHOrO IOJAS B HHTErpalibHhe
KpHBLIE APYyroro.

Ilycte & — KOHeUHO-IapaMeTpPHYecKOe CEMEHCTBO [ONYCTUMBIX
nosieft HanpasJienuit Ha CP2, ToBopsaT, 4To cBo¥icTBOM A 06aapaer
THIHYHOE I0JIe KJjacca &, ecjid MHOXXeCTBO 3HAaYeHHH NMapameTpoB,
KOTOPBIM COOTBETCTBYIOT He 006Jiajatlilde 3THM CBOMCTBOM IIOJS,
HMeeT HyJeBylO Mepy Jlebera.

I'oBopsiT, uto cBO¥cTBOM A obGsanaer obuee no [leTpoBckoMy—
Jlanaucy nosie kjacca &, ecjii MHOXKECTBO 3HaUeHHI NapaMeTpoB,
KOTOPHIM COOTBETCTBYIOT He O0Jiafaloliye cBOHCTBOM A moJisi, HUr e
He IVIOTHO W He pa3JeJseT NPOCTPaHCTBO NapaMeTpoB (I[OHOJIHBHHE‘
K 3TOMY MHOXeCTBY JIHHEHHO CBSI3HO).

6.2. HNoaunomMuanbHbie noas. PaccMOTpPHM [OOYCTHMBIE  TOJS
HanpasjeHHid B CP? OTBeyalollHe BCEM NOJHHOMHAJBLHBIM BEKTOD<
HBIM NOJISIM CTenenw 1 B QHKCHPOBaHHOH adduHHON Kaprte. ITOT
KJlacC JAONYCTUMBIX MOJieli H COOTBETCTBYIOIIMX HM YpaBHEHHF
o6o3nauum 4epe3 &f,. O6wee no Ilerposckomy—Jlagaucy mnosae
KJjacca &%, HMeeT Ha OCCKOHEUHO YAaJIeHHOH IpsMOH, NONOJHSIO-
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mieir ucxoiuylo abdunnyio kapry, (n+1) ocobyro TOUKy; 3TH OCO-
6ble TOUKH HA3BIBAIOTCH 6eCcKoHeuno yoareHHbimu. B OKPeCTHOCTH
TaKoii oco6oil TOUYKH Hallle JOMyCTHMOE MoJie HanmpaBJIeHHH MOXKHO
3a71aTh KakK M0Jie HanpaBJIeHHii BEeKTOPHOTO MOJISI ¢ HEBHPOXIEHHOMH
0co6oit Toukoil. OTHOHmeHMe COOCTBEHHBIX 4uceJ JIHHeapHu3alHH
BTOro noJisi 8 0Co0OH TOUKe Ha3blBaeTCs XAPAKTEePUCTHUECKUM 4YHC-
JIoM 0c06O0# TOYKH (B 3HaMeHaTesb CTABHTCA COOCTBEHHOe 4YHCJIO,
yeil COBCTBEHHLI BEKTOP HanpaBlieH BOJIb GeCKOHEYHO yJajleHHOH
NpsiMoOft ).

ITocne yiasieHHss 3THX TO4YeK OeCKOHEYHO YyJajleHHasi mnpsiMas
CT@HOBHTCS HMHTErpalibHO¥ KpHBOH.

Teopema ([70]). Hns tumuuHOro moJss KJjacca S, BCe HH-
TerpaJbHEE KPHBHE, KpOMe KOHeYHoro 4Hcja, IIoTHH B CPZ

Jus obwero no Ilerposckomy—Jlanaucy novisi KJjacca &fq
€HHCTBEHHas HHTerpajibHasi Kpusasi, roMeoMopdHasi cdepe C BHI-
KOJIOTHIMHM TOUYKaMu, — OeCKOHEYHO yJaJieHHasi MpsiMas C BHIKOJIO-
THIMH 6eCKOHeUHO YAaJIeHHBIMH OCOOBIMH TOYKaMH.

Teopema. Ecnu gBa nosns Kaacca &, ¢ yKa3aHHEIM CBOMCT-
BOM TOIOJIOTHYECKH 3KBHBAJIEHTHBI, TO HabOpbl XapaKTepHCTHYeC-
KHX yHcesJ HX OeCKOHeYHO YyAaJleHHHX o0co6bix ToueK R-smneiHo
skBUBaJieHTHB (cM. [29], [46]). [locnenuee o3Hayaer, YTo CyLIECT-
Byer R-suHefiHoe mpeobpasosanue R C—RC, nepesojsilee OnuH
HabOp B LPYroH.

3aMeuaHue. B A0Ka3aTesJbCTBE HCIOJIb3yercs 0O0OCLIeHHE
TeopeMnul Ilyankape 0 yHcsax BpauleHHs.

Jlemma ([46]). Ilycts nBa pocTKa KOH(pOPMHBIX OTOOpaXKeHHH
{C, 0)—-(C, 0), nudefible 4aCTH KOTODPHX -— NOBOPOTH, TONOVIOTH-
YeCKH 3KBHBaJIeHTHH. Torpa yrJbl NOBOpPOTa AJs OCOHX pDOCTKOB
COBNafanT (C TOYHOCTBHIO O 3HAKa).

Jas ranagkuax oTobpaxKeHuil coBnajieHHe He 06s3aTesbHO. Jlem-
Ma BepHa jJig OTOOpaxKeHHH, MPH KOTOPHIX TpaHHila obpasa Jilo-
OOl 10CTATOYHO MaJloif OKPECTHOCTH HyJsf MNepecekaeT TCPaHHIY
npoofpasa.

st ponyctuMHX TOJeH HaNpaBJieHHH, OTBeyarollHX OAHODOJ-
HbIM BeKTOpHHIM noJisMm B C? u3 R-3KBHBaleHTHOCTH HabOpOB
XapaKTepHCTHYECKUX 4Hces GeCKOHeYHO YAaJsleHHbIX OcoOblX TOYeK
CJlelyeT TONOJIOrHYECKas 3KBHBaJIEHTHOCTL [39].

Teopema ([29]). Hns nourud Kaxkaoro mosis kiaacca S, Cy-
L{eCTBYeT TaKasl €ro OKPeCTHOCTb B KJjacce S, H Takasi OKpecT-
HOCTb TOXJAecTtBeHHoro romeomopdusma CP? B cebs1, UTO BCHKOE
ToJie U3 nepBOil OKPECTHOCTH, CONPSiKeHHOe ¢ HCXOAHHM IPH MOMO-
HIH romeoMopéusma u3 BTOopo#, ahPUHHO 3KBHBAJIEHTHO HCXOH-
HOMY. .

OnucaHHoe 3/1eCb CBOHCTBO MOJISI Ha3biBaeTCs abCOAOTHOU He-
2pybocrero.

Unesio KOMIIEKCHBIX NpeleNnbHBIX IMKJIOB YpaBHEHHsl KJacca
¢, (IHKJIOB, OTBEYAIOLIHX H3OJHPOBAHHHIM HENOJABHKHEIM TOYKaM
cBoeit MOHOApOMUH) HE GoJsee yeM cueTHO [50].
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Teopema ([29]). IMouru Bce ypaBHeHHS KJjacca S£, HMEIOT
HeCKOHeYHOE KOJHYEeCTBO KOMILJIEKCHHIX MpPe[eJbHBIX IHKJOB, KO-
TOpble TOMOJIOTHYECKH He3aBHCHMBI (B TOM CMBbICJie, UYTO LHKJIHI,
Jexauye Ha OJIHOH HHTerpaJIbHOH KpHBOH, He3aBHCHMBHI KakK 3Jie-
MEHTHl TpyNIbl MOMOJIOTHH 3TOH KPHBOH ¢ KOMIAKTHBIMH HOCHTE-
JISIMH) .

Teopema ([72]). CBoitcTBa nJIOTHOCTH, a6COJIOTHON Herpy6o-
CTH B OeCKOHEYHOCTH KOJIMYECTBA TIOMOJIOTHYECKH He3aBHCHMbIX
TpefeJibHBbIX LIHKJIOB BHINOJHSAIOTCH AJIA BCeX INOJIeH Kjacca Sf,, HC-
KJII0Yasi HEeKOTOpoe BellleCTBEHHO-anre6panueckoe nojAMHoroobpa-
3He BelleCTBeHHOH Kopa3MepHocTd 1 (a He mpoCTO MHOMKECTBO Me-
pPHl HyJIb) B NPOCTPaHCTBE KO3()PHUIHEHTOB.

3ameuanue. [lo-BigumMoMy, TeMH ke CBOiicTBaMH 006JsafaioT
MOYTH BCe JONMYyCTHMBE MoJisg HanpaBseHuit B CPY, mnopoxXjaeHHBbIE
fIOJIMHOMHAJIbHEIME BEKTOPHHIMHM NoOJisMu cTenedn n>1 B C¢ (cp.

[96]).

Tnasa 7

AHAJTUTUYECKAS TEOPUS JUPPEPEHIHAJIbHDBIX
YPABHEHUR

3ta rJiapa NOCBSIlEHA TEOPHH YpPaBHeHHH 6e3 TNOABHIKHBIX
KPHTHYECKHMX TOYEK M JIHHEHHBIM YyPaBHEHHSIM C KOMILJIEKCHEIM

BPEMCHEM.

§ 1. YpaBHeHHsn 0e3 NOABHIKHBIX KPHTHYECKHX
TOYEK

[ToHsiTHe KPHTHUYECKOH TOUKH BO3HHKAET, KOI[a pelleHus H3y-
4al0TCs KaK QYHKLUHH OT BblAeJICHHOH NepeMEeHHOH.

1.1. Onpepenenne, 1. Ilycte F — ronomopdnas ¢yskuus B He-
KoTopoit obsactH npocrpaHcrBa Cnt2, Pewenuem Ougppeperyuans-
HO20 YpasHerus

Fzyw,w',..., ™) =0 (1)

Ha3hiBaeTCsl NOJHOe aHaJIHTHUeCKOoe MNMpOAOJIKEeHHe pOCTKa TIoJo-
MOpP(PHOH QYHKLUHH 2 W (2), YAOBJIETBOPSIOWIEH 3TOMY YpaBHEHHIO.
YpaBuenuve (1) Ha3biBaercs aseebpauyeckum, ecnu F — nojHHOM
m w, w',..., e,

Onpenenedue 2. Touka BeTBJeHHs pelueHHs Ha3blBaeTcs ero
Kpuru4yeckot TO4YKOL.

Onpenenenue 3. Jubdepenuuanvuoe ypasHerse (1) umeer
noosuscHble KpuTu4ecKue TOYKW, eClii KPUTHUeCKHe TOYKH ero pe-
IUEHHI 3aMOJIHAIOT HEKOTOPYIO 06J1acTh Ha OCH Z; TOYKH 370l 00Jia-
CTH Ha3BIBAIOTCH NOOBUICHLIMU KPUTUYECKUMU TOYKAMU YPABHERUA,
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1.2. HoppuiKHble KpHTHYECKHE TOYKH YpaBHEHHs repBoro nmno-

pﬂnxa' 4+ W
[Tpumep. PaccMoTpHM YypaBHeHHE ¢ PallHOHAJbHOH MpaBOH

JaCTblo

dw P (z, w)
dz~ Q(z )’ @)

P u Q-—wmuorowtensi. [lyers kpuBas Q=0 npoextupyercs
Ha o6JgacTe ocH 2. Torpa Bce TOUKUM OCH 2, KpOME KOHEYHOrO
yuCsia, — MOJABIXKHbIE KDUTHYECKHE [ ypaBHeHusa (2). Jle#AcTBuress-
HO, NyCTb @ —Heocobasi TOouka BeKTopHOro noas Q0/0z -+ Pé/ow
¥ nycts Q(@)=0, Q|.—y5=0. IlycTs ¢,—HHTerpanibHad Kpupas
ypaBHenus (2), Tpoxofsulas yepes Touky @. Orpasuuenve 2|, He-

NIOCTOSIHHO; CJe0BaTeNbHO, MPH HEKOTOPOM HaTypajlbHoM M (PyHK-
uus £=(2— =z (a))'/™ ABIseTCH JIOKaJBHBLIM IapaMeTPOM Ha KPHBO#H
Qs B TOUKe a; 3HayuT, 2(a) — ajrebpaHyeckKass TOYKa BETBJICHHSH
pelleHus ¢ HayaJibHBIM ycJioBHeMm a. MTak, noasuikHble KpHTHYEC-
Kve TOYKH pacCMaTpHBaeMOro ypaBHEHHWsl NpeJACcTaBIfIOT co6OH
0COOGEHHOCTH MPOEKTHPOBAHHMS HHTErpaJibHBIX KPHBBIX Ha OCb 2;
CaMH HHTerpaJibHble KpHBbie ronoMopdup (ocobGeHHOCTEl He HMe-
10T, cM. n. 1.9, ra. 1).

Teopema Ilennese. Bce nopBuxHEE KPHTHUECKHE TOUKH
ajareOpanyeCcKoro ypaBHEeHHS

F(z, w,w')=0 (3)

— aJireOpauyeckHe TOYKH BETBJICHHS.

Asire6panueckoe ypaBHeHHe (3) He MOXKeT HMeTb IOJABHIKHHX
KPHTUYECKNX TOUYEK HHON NPHPOAB, YeM y YpaBHEHHs, pa3oOpaH-
HOroO B MpeAbIylieM IpHMepe; Ha 3TOM OCHOBAaHO JIOKa3aTeJbCTBO
Teopembl [ledseBe (P. Painlevé).

1.3. ¥paenenuss Pukkatn. OcTaBmasics yacTh naparpada Imno-
CBSIllleHa HCCJIeJOBAHHIC YPaBHEHHiI 06e3 NOJBHXKHBIX KPHTHUECKHX
todek (cM. [1], [22] u ykasanuyo tam JiuTeparypy).

Teopema ([22]). YpaBHeHue (2) He HMeeT MOABUIKHKIX KPUTH-
YeCKHX TOYEK, €CIH H TOJIbKO €CJH 3TO YpasHeHue Pukkaru:

dw

T= (2w (2w +a,(2).

4 [lefictBuTesbHO, €CNH ypaBHeHHe (2) He HMeeT KPHUTHYECKHX
TOYEeK, TO COOTBETCTBYyIOUlee IOJie HamnpaBJeHHH aHaJIHTHYECKH
nponosmkaercss Ha npoussesieHHe CXCP!) z6C, w€CP!, u TpaHc-
BepcanbHo Kamxjaomy ciow {2} X CP! kpome, MOXer GHITb, KOHEY-
HOTe MHOXKecTBa cjoeB. [lognuMeM nosie d/0z Ko BEKTOPHOro MOJA
U, MOPOXKAaWIlero Haule foJie HalpabJseHuil; fIPOEKTHDPYH v Ha
ciou {zX CP'} Bmoabs OCH 2, NOJNYYHM ceMeHCTBO TOJIOMOP(QHBIX
BEKTOPHBIX MOJieH Ha NPOeKTHBHOH npsaMoii. Ho Ttakue moss 3ana-
I0TCSH NMOJHHOMAMHU BTOPOH CTeneHH. P>
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1.4. ¥YpamHennsi, He pa3pelliecHHble OTHOCHTEJbHO NPCH3IBOAHOM.
®dykce (L. Fuchs) nawen ycjoBHsi Ha ajrefpaHyeckoe ypaBHEHHE
(3), reoOxOnHMBle M AOCTAaTOYHBIE AJig TOro, YTOOBl OHO He HMEJIO
NOABHXXHBIX KPUTHUECKHX TOUEK.

IMycry ¢yHkuus F onpenenena p o6nactu QX C? 2€Q, (w, p)é€
€C? Ilopepxuoctes E ypasnenus F=0 nononusiercst «GeCKOHEYHO

yaaJeHHEIMH TOYKaMH» 0 3aMKHyToii nopepxHoctu £ 8 QX CP
Touku, B KOTODHIX OTOOparkeHHe CKJaABIBaHMS, NPOEKTHDPYIOLlee
NoBepPXHOCTh E Ha MJIOCKOCTh (2, @) BIOJNL OCH p, He SABJSETCH
JOKaNbHEM nHGdeomopduamMom, Ha3bBaloTCsd, KaK H B § 7 riasw 1,
ocoObiMu s ypasseHus (3). Ycaosusa OPyKca — sABHO BHIIHCaH-
Hble OTPaHHYCHHS Ha IOBe/leHHe NOBEPXHOCTH ypaBHeHHsi BOJH3R
6eCKoHeYHO yAaJeHHBIX M 0cOoOBIX ToueK. IToJHBI CIHCOK 3THX yCa0-
BHI collepxkHTCH B Kumre [1]; B [22] oxnso ycnosBHe npomyuieso.
Anre6panyeckue ypasHenus (3) 06e3 MOABHKHBIX KPUTHYECKHX TO-
YeK CBOAATCA K ypaBHeHHsM PUKKaTH HJIH SBHO HHTETpHPYIOTCH
[22], [100]. Copmynupyem B 3aKJIOYeHHe CJIEAYIOHIYIO TEOPEMY
Manemksucta (S. Malmquist).

Teopema. Ilycts F— nonuHOM OT Tpex nepeMeHubix. Torna
ypaBHeHHe (3), uMewoee xotsi OB ofHO MepomopdHOe, HO He pa-
LHOHA&JIbHOE, PELUEHHe, He HMMeeT NOABHXHBIX KPHUTHUYECKHX TOYEK.

Ha s3pike puddepennyansuoil anre6pel Teopust anarebpanyecKHX
ypaBHeHul (3) Ge3s NMOIBHXXHBIX KDHTHYECKHX TOYEK, H3JOXKEHa B
[100]. HokasarennctBo Teopembl ManeMkeHcTa! u ee 06061enHi
MOXKHO HaliTH B [26], rne npuBezeH OGLIHPHBIH CIHCOK JHTEPATYPHL.

1.5. ¥pannenns Ilennese, Ilennepe (P. Painlevé) u I'amGne
(B. Gambier) knaccuduuubosanu ypasnenus

w’=R(z, v, ©v'),

HE HMEIOI[HEe MNOABHKHBIX KPHTHYECKHX TOYEK, NPH VCJIOBHH, YTO
¢yukuua R pauvoHansHa no @ u w©’ ¢ KoadduuHenTamy, Mmepo-
MOPOHBIME 1O z H ONpeleJeHHBIMH B HEKOTOPOH o6aactu § nioc-
KOCTH 2. YpaBHeHHs, 006Jajfaiomue 3THM CBOHCTBOM, YacTO HAa3H-
BalOTCHd YpaBHEeHUsIMH Khacca P.

Onpenenenune. PaccmMoTpum snBa ypaBHeHHs Knjacca P.
Ilycts npaBast 4acTe OnHOro OnpelereHa npu z€Q;, a ApYyroro—
npu z€Q, CkakeM, 4TO NepBOe ypaBHEHHe HHIYUHPOBAHO M3 BTO-
poro, ecjiu cyulecTsyer ronomopgHoe orobpaxkenne F: QX CPl—
—£2; CP!, nepesopsiiiee cnom z=const apyr B apyra, Apo6HO-TH-
HeilHoe Ha Kaxzaom cioe {z} X CP! u mepeBoasimee nepBoe ypaBHe-
HHe BO BTOpOe.

IMenneBe n I'am6be Hamau Takoii cnucok M3 50 ypaBHeHHi:,
4TO Kaxaoe H3 ypaBHeHHHM Kiacca P Moxer OBTh HHAYUHPOBAHO
M3 OJLHOTrO M3 ypasHeHu# 3roro cnucka [1], [22]. U3 sTux natuiecs-
TH YDaBHEHHit 44 WHTErDUPYIOTCS B KBaApaTypax HJIH NPHBOIAATCS

1} Tlo-BrauMOMY, nepBoOe, CBOGORHOE OT NPOGSENOB.
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K ajre6panyeckum ypaBeHeHHsiM BHA2 (3). OcrajpHHe [ecTh HA3H-
BaloTCs ypasHenusmu [lennrese;, nepeyucanm Hx

I. w"=6w?2+42; ll. @"=20%+zw-ta;
. @’ =w"w!+}e*(aw?}b) +e% (cw® +dw™), |b|+|d|+0;

IV. @" = —;- @ w! —1——3— w? -4zw? +-2 (22—a) w 4 Pwt;
V.o =w" I: 2; + wl-aT‘)‘— tz’ +(w-;1)2 (cvw ~|—t%) +
Fy2pe2tl,
Vw =2 (L ) o (Lt )+

w (w—1) (w—2) z z2—1 z(z—1)
-+ z2 (z—1)° [a+ﬁ Tw_g+yrt;':r)a+6 W]'

Bce peweHHsi nepBHX yeTblpex ypaBHeHHH [leHjese — mepo-
vophHble GyHKUMH. Pelienus nsiToro ypaBHeHHS HMEKOT JIOTapHpMHu-
YyecKHe TOYKH BeTBJeHHs z=0 M z=o00, a mecroro: 2=0, 2=1, 2=
=o00. HenaBHo o6HapyXeHa CBS3b MeXJly HHTErpHPYEMBIMH ypaBHe-
HHUSMH MaTeMaTHYeCKON (DH3MKH W ypaBHeHHsMH Kiaacca P. Tak, ec-
JH (QyHKUMS @ — pelleHHe BTOpOro ypapHenus Ilensese, TO QyHK-
nus

u(z, t)y=t23(w'(z) +w(z))
fIBNsieTCH pelllenneMm ypaBHeHHsi KopteBera-ne Ppusa. Ilogpobuee
06 HccnenoBaniK ypasHenuil IlenneBe U HX NPHJIOXKeHHSX cM. [23].

§ 2. JlokaabHas TeOPHs JHHEHAHLIX ypaBHEeHHH
¢ KOMIUIEKCHBIM BpeMeHeM

10T naparpad nocBsllleH TeOPHH (OPMaJbHEIX H aHaJHTHYe-
CKHX HOpMaJbHBIX (OpM JHHEHHBIX ypasBHeHHH H cHcTeM. Kosagpdu-
LHEHTH ypaBHEHHH — POCTKH B HyJe MePOMOP(PHBIX (QYHKIMI C no-
JiiocoMm B Touke 0. Touka O B 3TOM cJjydyae HaseBaeTrcss ocoboii.

2.1. Peryasipnanie H npperyasipaoie ocofnle TOYKH.

Onpeneanenne. QOcobas Touka 0 cHCTEMBI

2=A(t)z, z€Cn, (4)
Ha3bIBAETCS Pe2YAAPHOE, €CIH BCE PelUeHHS CHCTEeMH B KaXKIO0M CEK-
TOpe MJOCKOCTH { ¢ BepwHHOM O pactyr He ObicTpee HEKOTODOH
(oTpunaTenbHOl) cTeneHH MOnyns i, Korga ¢ CTPeMHTCS K HYJIO,
OCTaBafiCb BHYTpH Cektopal’ (IoKazaTenb B 3TOH OlleHKe — OGIIHIH
IJst BCEX CEKTOPOB W Bcex pewreHHit). Ocobas ToUuKa, He SBJSIONLA-

) He uMeeT CMHCIA TOBOPHTb O CKOPOCTH pOCTa MHOrO3HAYHOH (YyHKIHH
TIPH CTPEMJIEHHH apryMeHTa K JiorapH@MH4YecKOli TOUKe BETBJIEHHs, He OTPaHHYH-
Basi OYHKIHMIO H2a cextop: ¢yHkuHs Inf pacrer kak |f|—! npm crpemJseunn ¢
K HYJI0 BOOJb COEHHANbHC BHOPaHHOH CnUpaJH.
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fiICL perynsipHoi, HasbiBaeTCs uppeayaaprHoii. AHAJOTHYHO oOImpe-
HIeNsieTCsl peryJisipHOCTbL M HPPEryJispHocTe 0coboil ToukH 0 ans
YPaBHEHHS

x® 4a; () xr-D 4 .. +a, () x=0. (5)

Mpumeps. 1. Ilpu n=1 peryasipuocts oco6oit Touku 0 CHCTe-
Mbl {(4) paBHOCHJBHA MPOCTOTE moJapca A B HyJe.

2. Ocobasi Touka 0 cucremn 2= (Aft)z, rne A — nocrosinHas
MaTpHIa, peryaspHa. PocTok (QyHAaMeHTAJIBbHON MaTpHILI pelueHUi
umeeT BHA X (1) =14, no onpenenenuio, (4 =e*n*, OTMeTHM, 4TO aHa-
JIITHYECKOE NPOAOJKEHHE 3TOr0 POCTKa HmeeT, Boobuie rosopsi, Jo-
rapu¢pMHUyeCKOe BeTBJIeHHe B TOUKe (.

3. Ilycte L — MHOrous7eH ¢ KOMILJEKCHBIMH Ko:-)(p(pHuHeHTaMH.
¥YpasHeHHe

L (t d%—) x=0

HasbiBaeTcs ypasHenuem Jinepa. Iiycts Ay, ..., A, —KOpHH MHO-
rowlena L xpaTHOCTH Ry, ...,R, cooTBercTBeHHO. Torzna (byxma-

MeHTaJbHasi CHCTEMA pemeHHH ypaBHeHHH Jfinepa uMeeT BHJ th
trint, ..., tM(ne)* 7, ..., t'm(Int)*»~1. Oueugro, ocobas Touxa

0 31Or0 ypaBHeHus peryJsipHa.
3aMeduaHHe. YpasuHenue Jfiepa npespalliaeTCss B YpaBHEHHE

d
€ MOCTOSTHHBIMKE Ko3((¢HiHeHTaMH Bula L (E)x—_—-o C  NOMOLIBIO

3ameHbl f==e¢".

Onpenenenne. Ecau matprunas ¢yukuusa A B cucreme (4)
MMeEeT NPOCTOi MOJIOC B HyJse, T0 ocobasg Touka 0 cucremnl (4) Ha-
3bIBaeTCs YKCOoBOL.

Teopema 1. ®dykcoBa ocobas Touka cHCTeMHl (4) perynspua.

3ameyaunue. ObpaTHoe, oyeBHIHO, HEBepHO. JlelicTBHTENBHO,
ocobasi Touka 0 ypasHenus Jiyiepa mopsiika n perynsipa. Ilpespa-
MM 3T0 ypaBHeHHe B cucteMy (1) ¢ noMompio 3ameHsl 2= (X, X, ...
ce., X)) Ocobas TOYKa NOJNYYEHHON cHCTeMBl GyJieT peryJsipHOH,
a MaTpHLa 3TOH CHCTeMBl HMeeT, BOOOLIle rOBOPs, NOJKOC B HyJe IO-
PsiiKa n.

Teopema 2. Ocobas Touka 0 ypasHerus (5) (KospduumeHTH
KOTOPOro — POCTKH MepoMop¢hHHX (yHKUMIA B HyJe) peryisapHa,
€CJIH H TOJIbKO eclH Bce GyHKUMH #a; ronoMOp(dHE B HyJe.

TpeGosanre rojoMopHOCTH B Hyne (yHKuMii f'a; HasbHBaeTcs
ycaosuem Pyxcea.

d

/ d n-1
3aMeyaHHe. 3ameHa z=(x,tt—a)x,...,(t37) x) npe-

BpauiaeT ypaeuenue (5), yloBnreteopsiomee B Touke O ycioBmio
dykca, B cucteMy (4) ¢ NIPOCTHIM NOMOCOM B HyJe. 3TO MOKa3kH-
BaeT, 4YTO Inf —ecTrecTBEHHOE BpeMst [AJsi YpPaBHEHHH C PEryJisipHoi
0Cco00i1 TOYKOI.
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2.2. dopmanbuas, roaomopdHas u mepoMmopdrass 3IKBHBAJNEHT-
HoCTh, Bcrony HHxe yepes m o6o3Hayaercst npoektipoBanke CX
X C*—C B10JbL BTOPOr0 COMHOKHTEJIS.

Onpenenenuel Jisa ypaBHeHHs (4) HasHBawTCA 2040-
MOPPHO (MEPOMOPPHO) IKBUBAAEHTHOIMU, €CIH CYLIeCTBYEeT TrOJi0-
mop¢Hoe (MepoMmopdHOe ¢ momocoM B Touke () otobpaxenue BX
X C" B cebs, JUHEHHOE NO 2z, COXpaHsmllee BpeMs [ H nepeBOnsi-
Ilee OJHO YpaBHeHHe B Jpyroe. 3feck B — OKPECTHOCTL HYyJsl HJIK
NPOKOJOTast OKPECTHOCTb HYJsS COOTBETCTBEHHO. JIpyrHMH CIOBaMH,
cymecTByeT ronomopguoe (MepomopdHoe) orobpaxenue f : B—-
—QGL (n, C), Ha3eiBaeMoe comnpsAraloliM H Takoe, YTO 3aMeHa
(4, 2}~ (f, H(f)z) nepeBOLUT OAHO ypaBHEHHe B LEPYroe.

e cucteMb z=A(f)z 1 w=B(f)w conpsxKeHb OTO6parKEHH-

eM H, ecnd ¥ TObKO ecin B=TH-1 4+ HAH\.

Onpenenenne. Eciau npegslfyuiee COOTHOLIEHHE BHINOJHE-
HO, KaK PaBeHCTBO (opMaasHEX PpsanoB H H — GopMansHEN pAl
Teitnopa (Jlopana) no ¢ c koa¢pduurentamu 3 GL(n, C)}, 10 cu-
CTeMBl Ha3BIBAKOTCS (QopMasvHo O-3KEBUBANGHTHOIMU UAU (POPMANb-
HO F -akeusanentroimy (O — KOABLO POCTKOB roNoMop¢dHBIX GyHK-
1Ml B Hyse, F — ero noae 4YactHeix). MHorna smecto «¢hopMab-
HOH (- MIH & -3KBHBAJICHTHOCTH® OYIEM TOBODHTb «(OPMAALHO:
20N0MOPPHAAY ¥ «POPMAALHO MEPOMOPPHAA> IKBUBQANEHTHOCTS.

Teopema ([|37]). U3 ¢opmanbrOit O- unu F -3KBHBaJEHTHO-
CTH POCTKOB CHCTEM C PEryJnsipHOi 0COOOH TOUYKOMN CJAEAYET HX roJio-
Mop¢dHas (COOTBETCTBEHHO, MepoMOp(dHasi) SKBHBaJEHTHOCTh, NpH-
yeM conpsraiomuil GopManbHbi psij CXOAUTCS.

Hasi cuctem ¢ upperynspHoil 0cOG0H TOYKOH STO HEBEPHO.

2.3. Mosioppomus. Ilycts ly=%0 — nponzponbHas TOYKa, B KO-
TOpOH onpeneneHa MatpHila A cucremu (4). Ilpu aHanuTHYecKOM
OPOIOJXKEHHH Haja MneTned ¢ HayaJOoM H KOHUOM [, obxonsuiei
ToykKy O ONHH pa3 B NOJOXKHTEIBLHOM HanpaBieHHH, NPOCTPAHCTBO:
POCTKOB B TOUKe [ pelneHHH cucTeMbl (4) nepexofHT B ceds.
JTOT aBTOMOp(}H3M JHHeeH, He 3aBHCHT OT BHIOOpa netaH, o6Ja-
Jampieil OnNHCaHHBIMH CBOHCTBaMH, H HasnBaeTcs hnpeobpal3osanu-

em morodpomuu. Hanmpumep, nnsi cucremm z=(A/f)z npeobpaszo-
BaHHE MOHOJPOMHH paBHO exp (2miA).

OnHO TOJNBKO NOHSITHE MOHOAPOMHHM INO3BOJISIET ONMHCaTb pellle-
HHS CHcTeMBl (4) ¢ peryasipHoii oco6oit TOUKOH.

Teopema. Cucrema (4) c peryaspHoit ocobofi TOUKOH Mepo-

MopdHOo sKBHBanenTHa cucreme 2= (C/t)z, rne 2niC — npoussonb-
Hoe 3HayeHHe JorapH¢ma npeoOpas3soBaHHsi MOHOJPOMHH CHCTe-
MBI (4).

- 4 Ilycts TOYKa lo-—Ta XKe, YTo H BHle, X ~— POCTOK (yHMa-
MEHTaJbHON MaTpHIbl pEeWweHHH cucteMbl (4) B Touke ;. Paccmot-

) OnpenensieMbe HHXE CONPHTAICUHE OTOGPAMKEHHS — 3TO aBTOMODPGHIME
TPUBHANBHOr0 BEKTODHOI'O DAaCCJIOCHHA € ONHOMEePHOH 62308 B (OKpecTHOCTBIG-
HYJISi HJH NPOKOJIOTOH OKPecTHOCTBIO HyANf) H cioem Cn,
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PHM aHaJHTHYECKOe NpoaoIKeHue poctka H=X{-¢ Ha npokoJo-
TYI0 OKpeCTHOCTL HyJfl. OHO OJHO3HAYHO, NMOCKOJBKY NMPH NIPOAROJ-
JKeHHH Haj nernei, o6xoasimei O, poctkh X W (€ yMHOXAKTCH
CrpaBa Ha OAHY H Ty Xe MaTpHuy npeoOpazosaHHsi MOHOAPOMHH
T =exp(2niC). Ilpononxenue poctka H mepomop¢HO B HyJe B CH-
ay peryaspHoct# ocoboit Toukn 0. Haxkoxer, ¢ — (pyHIaMeHTaNb-

Hasi MaTpHIa pellleHHii cucTemsl 2= (Cff)z P

JBe nocsienHue TEOpEMBl NO3BOJSIOT HCKAThL PELIEHHS JHHEHHKIX
nAddepeHUHaNbHEX YPaBHEHUN M CHCTEM B OKPECTHOCTH DPEryJsip-
HO#i ocob6of TOYKH B BHie (opManbHBIX PSAAOB IO CTeneHsiM f H
Int, He 3a60Ts€b 06 Hx cxonumocTH [37].

Hns ypasueHu#t (5) orTeicKaHHe (OPMAaNbHEIX PELIEHHHA HauM-
HaeTCd C pelleHHs ONpelensiiollerc YpasHEHHs. A HMEHHO,
ypaBHeHHe (D) ¢ peryasipHOH 0C060H TOYKOH O MOXKHO 3amucaTh
B Buje

(t—-) x+by (1) (¢ dt}" x4 ... 1B, (¢) x=0,

rae b;—ronomopdubie  Qyuxkuuu. Onpedesstowee YpasHerue
B 3TOM CJy4Yyae HMeeT BHI

A6, (0) A1 ... +b,(0)=0.
Ecau xopnu A; 3TOr0 ypaBHEHHS [MONADHO Da3JHYHBL, TO ypaBHe-
HHE (D) HMeeT Q)yﬂnaMeHTaanyro CHCTEMY peleHHit ¢, (t)t I, rne
¢; —ronomopdubie Qynxum, ¢ (0)5£0 (cM., Hanpumep, [o?]).
2.4. PopmasbHas TeopHsl JHHEHHBIX CHCTEM ¢ (YKCOBOI 0coGoi
ToukoH. [Ina ¢opmanbHol KiacCHHUKaUWH JHHEHHBIX CHCTEM IO-

yI€3HO [pHBJeYL OOIHE METOAH TeOPHH HOpMadbHEIX dopm IlyaHn-
kape (ri. 3). PaccMOTpHM HEaBTOHOMHYIO CHCTEMY

trz=A(f)z; A(0)=0; (6)
onepaTopHO3HayHasi QyHKUMSA A rosomopdHa B Hyse. PacCMOTpHM

COOTBETCTBYIOIIYIO aBTOHOMHYIO CHCTEMY, B KOTOPOif LITPHX O3Ha-
yaer dfdtv (t — HOBOE BpeMs):

2 =Af)z, t'=t".

@ a30BHe KPHBble HOBOH CHCTEMH BHe IJOCKOCTH f=0 coBnana-
IOT C MHTerpajJbHBIMH KpHBBIMH Ctapoi. Teopema Ilyankape—J1o-
Jaka (nm. 3.2, ra. 3) no3Boasier HalTH (GOPMANBHYK) HOPMAJHIYIO-
LIy 3aMeHy, CONpArapulyw aBTOHOMHYIO CHCTeMY C ee dopmaib-
HO! HOpMasbHOH ¢GOpMOH, HelHHEHHAs YacTb KOTOPOH COREPIKHT
TOJBKO PE30OHAHCHHE 4YJeHbl. Jlns cHcTeM, JIHHEHHEIX mo 2, 3Ta
TeopeMa MOXet OHTb YCHJEeHA: HOpMajabHas ¢opMa W HOPManH-
3ylomas 3ameHa JHHEHHH N0 2z, OpHYEM HOPMAaJH3yIOllasi 3aMeHa
COXpaHseT Bpems L.

Onpenenenune, Habop (A,...,2A,)€EC" — pe3orancHbLl
oara cucremurt (6) ¢ pyxcosol ocoboil Toukod, ecau Pa3HOCThL Ka-
Kux-n1ubo AByX uuces Habopa — HaTypaJbHOE YHCIIO,
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Teopema. Cucrema fz=A (f) z ¢ ¢yrcoBoii 0co6oft TOYKOM
H Hepe3OHaHCHHIM cnekTpoM onepatopa A (0)=A, dopmasbuo
O-3KBUBaJIeHTHa, 4 3HAYHT, H roJOMOP(PHO IKBHBaJCHTHA, CTaHAApPT-
Holl: fz=Az.

CanepctBHe. B ycnosusix mnpeawayuwie#i teopeMmbl (QyHIaMeH-
TajbHas MaTpulla pelleHuii cucTembl Hmeer Bug @ (£)¢%, rae @:
B->GL (n, C)—ronomophHass onepaTOpHO3HayHass (QyHKuHsA, B—
HEKOTOpasi OKPECTHOCTb HYJIA.

JlokasatenbcTBO TeopeMHl. IlycTh (A, ..., A,;) —CHEKTP
onepatopa A== A (0) i ocobGass Touka —(yKcoBa, T0 ecTs B ¢op-
myje (6) r=1. JlueeiiHas YacTs COOTBETCTBYyWIell ABTOHOMEOMN

CHCTeMbl HMEET TOr/ia COOGCTBEHHBIE 3HAYEHHA A, ..., A, 1. OaHO~
0

wien tkz,; 35 SBJISETCS PE30HAHCHBIM YJEHOM, €CIH W TONBKO eCiM
!

Ai=A;+k. Ilpenpinymas reopema ciefyeT Tenepb H3 YCHIEHHOM
teopembl [lyankape — [lonaka. P

B pescHaHCHOM Ccayuae BHpaxeHHe OJ8 (YHIEMEHTAJbHOHK
MaTpHIBl pEIIeHHH CJoXKHee, Ho (OpManbHas HOpMankHas ¢opma
JIHHEHHON CHCTEMBl ¢ PeryJsipHol oco6oll TOYKOH BCeria HHTErpH-
pyercs. Ha stom ocHoBan Merop PpobeHnyca, NO3BOJNSIOUIHA HH-
TErpHpOBaTL ypasHeHHe (B) c perynsipHoit ocoboéi TOYKOil Cc moO-
moubio psaaoB [37], He3aBUCHMO OT HaJM4YHS pPe30HaHCOB.

2.5. Popmalpnas TEOpHS JHHEHAHBIX CHCTeM ¢ HedyKcOBoit oCo-
00H TOYKOM.

Onpenenenue. Habop (A,...,An) — pe3oHancHbLll Oas ClUC-
Temot (6) ¢ Hedyxkcosol oco6oil Touxod (r=>1), ecau KakHe-HH-
Oynp pBa uHcna Habopa paBHB, H HEPE3OHAHCHBII B NPOTHBHOM
cnyyae. CooTBeTCTBEHHO, cHcTeMa (6) HazbIBaeTcs pe30HaHCHON HIH
HEePE30HAHCHOM,

Teopema, Ilycrs B cucreme (6) r>>1 W cnekTp MaTpHUEL
A (0) HepezonanceH. Torga sta cucreMa ¢popmaabHo O-3KBHBANEHT-
Ha CHCTEME

tw=B(l)w, B(t)=diag(b:(?),...,ba(t)),

3necy marpuua B(f) — aHaronanbHa ¢ noJHHOMaMH b, (f) cremenm
He BHIUe r—1 Ha AHAroHaJu.

3ameuanne [locaennsas cucrema HasbiBaeTcs (OPMAaJbLHOM
HOpMalbHOH ¢opmoit cHereMEl (6) MM HOPDMAJNH30BaHHOH CHCTe-
MOiH; OHa pacnajaercs Ha OJHOMEPHbIE H HHTerpHPYeTCs; NyCThb
[B({)t™=D(t"')4Clnf, rme C —nocTOSHHasg AHArOHAJbLHAS
MaTpHua, a D — aMaroHalbHas MaTpHLa C NOJHHOMaMH oT ¢! Ha
JHaroHaJM CTeneHH He BhLUE r—1.

Cnexcrsue. OynnaMenTaqbHas MaTpHIA ¢popManbHBEIX pe-
weHnil cucTeMul (6) umeer Bun X(f) =H (f)t°expD (1), rae H—

¢opmanpHbii OnepaTopHO3HaunBll psap Tehnopa [19], [37].
[IpuBeneM HaGpOCOK KPATKOr0O AOKa3aTelbCTBa.
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« 3amenum cuctemy (6) aBTOHOMHOM

dz dt
—_— —_— T
= A(t) =z, o=t
[ycte A, ..., Ap—cnektp Matpuusl A (0). Jlunefinas yacTb pac-
CMaTPHBAaEMOHl aBTOHOMHOH CHCTEMBl HMEET CIEKTP A, ..., A, O.

Ilpumenim x 3TOfi CcHcTeme TeopeMmy Ilyamkape — Hwoaaka, momupu-
LHDOBAHHYIO KaK B Npeliiymlem nymkre. Onuounen #z;——

SIBJAETCS PE30OHAHCHBIM WICHOM, €CJH M TOJbKO ecm A;=A,. Cue-

JOBaTEJBHO, CyllecTByeT (GopMmaibHas 3amvena (f, 2)+— (¢, H (t)2),
JKOTOpasi NMPHBOJHT PacCMAaTPUBA€MYI0 ABTOHOMHYIO CHCTEMY K BHAY

dw + dt ’
*E?=B(t) w, _E‘E=t 5

rpe B— iMaroHanpHas MaTpHua C (opmalbHBIMH psilaMH Tefutopa
Ha Auaronami. [Monoxm: B (f)=B(t)+¢'B,(f). Toraa Qysnames-
TaJbHAs MATpHIa PpEIUEHHii CcucTembl Fw—B(f)w npuMer BHL
W=¢""¢CexpD (¢t), rne C u D Te xe, uTo M Beuue, B,—B,.

3amena (4,2)(t,H 2), H—=e " H sapnsercs uckomoii. P
AHaJOTHYHBI pe3ydibTaT I8 PE3CHAHCHBIX CHCTEM [8eT

Teopewma ([73]).- Pesonanchas smxefinas cucrema (6) ¢ rHedyk-
coBofi ocobofi Toukof ¢hopMaEHO MEPOMOPYHO IKBUBAJIEHTHA CHCTEME

t'w=B(#)®w, B({t)=D,+ ... +D~ t"+Ct™, (7)

rge r<r, oneparopel DD; u C monapHo KOMMYTHPYIOT H ONepaTophl
D; nuaronasu3HpyeMsl.

dopmanbHO MepOMOPGHBle 3aMEHB AAKOT B PE30OHAHCHOM CJy-
yae OOJbllHe YNPOLeHHs, yem (POpMaJbHo TOJIOMOpPQHEE, DTO CBSI-
3aHO ¢ TeM, YTO NpH (opMalbHO roJOMOPQHBIX 3aMeHaX NOPSAOK
NnoJII0ca npaBol YacTH CUCTeMB! (4) He MOXKeT H3MEHHThCS, a IIPH
dbopmaibpro MepoMophHEIX — MOXKeT (cM. npumep 1. 2.1 ¢ ypasHe-
HHeM Jijepa).

2.6. AcumnroTHueckHe psinsl B fiBJenue Croxca. Hopmanusyro-
IIHe 3aMeHHl, ONHCaHHBie B MPEALIyIIeM pa3fese, 3a4acTylo pPac-
xomsrcsi. Hanpumep, psn Zk!f* ssasiercs (GOpPMalbHEIM pELICHHEM
ypapHerHs 2x+ (3f—1)x+x=0 [37]. Onuaxo ¢dopmancube 3a-
MEHB! MO3BOJIIIOT HallTH Tak Ha3biBaeMble acHMINTOTHUYECKHE PsiIH,
NpHONMIKaI0lHE HCTHHHBIE DELIEHHS B JOCTaTOYHO Y3KHX CEKTOpax
¢ BepuuHoi# 0.

Onpenenenne. Ilycte f-— ronomopduas ¢yHku#si B cek-
Tope S ¢ BepumHoi 0. Psad Xf,t* HaspiBaerCs aCUMATOTUYECKUM
Ans 970N (YHKUHH, €cJH NPH Jwo6oMm Rk k-9 yacTHasg CyMMa 3TOro
psna otaugaercs or f Ha o(f?) npu -0 8 S.

Teopema. B ycnosHax Teopem m. 2.5 KaxABH JydY C BepUIH-
HO#i (0 MOXHO 3aKJIOUHTb B CEKTOp S Takoit, yro cucrema (6) B
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npoussenseHu SX C" aHaNUTHYECKH 3KBHBaJleHTHa CBoe# ¢op-
MajbHOH HOpManbHOH ¢opme (7). Bosee toro, cymecrsyer roso-
mopdHoe oTobpaxkenne H: S—GL (n, C), conpsirawuiee ypasHeHHe
- /\

€ ero HOpMaJsHOH (popMOil H Takoe, YTO f — aCHMNTOTHYECKHH Pl

N
ans H B cektope S; 3pneck H — dopmanbHas 3ameHa W3 TeOpeEM
NYHKTa 2.5.

Ty TEOPEMY MOKHO YCHIHTE.

Onpenenenue. Jlyuom pa3zdesra, COOTBETCTBYIOILHM mnape
(A:, A;), HasbiBaerca Jio60i Jnyy ¢ BeplHHON 0, Ha KOTOPOM
Re (A:i—A;) t1-7=0.

Ho6asnenne. B npenbinymeil Teopeme B KadecTBe S MOXK-
HO B35Th JIIOOOH 3aMKHYTHIE CekTOp C BepliHHO# 0, yaoBieTBOpSIO-
LK CJIEeNYIOUEMY TPeOOBaHHIO: HH AJIA KaKOH napsl (A4, A;) CEeKTOp
S He CORepKUT ABYX Jiydefl pasfiena, COOTBETCTBYIOLIHX 3TOi mape.
% Omuuem tenepn sgnerue Cmokca Iis CHCTeM ¢ HedYKCOBO
ocobofi Toukoit 0. PaccMoTpuM nBa mepecexaroniuxcs cexTopa S; u
S, C BepIUMHON B HyJie, YAOBJETBOPSIOUIHX NpPeAbAYIleMy Tpe6o-
BaHWi0, 00neHHEeHHe KOTOpHX 3TOMy TpEOOBaHHIO HE VAOBJIETBO-
pser. Ilycte Hs, n Hg, —HOpMasuayomue otobpaxeHus (Kak H

BLIILIE, COXpaHsoL He 1), COOTBETCTBYIOLHE CexTo-
pam S, u Sy; S=S5,NS,. Oynkuus nepexona = Fs,oH3s! Toxe
coxpaHsier f W nepeBoaUT HOpPMAaJIH30B aHHYIO CHCTEMY

B cebs. O603naunM uepes Lg npOCTPaHCTBO PpEILEHHH HOPMaJH30-
BaHHOH CHCTEeMbl, OnpejenenHHeix B cexkTope S. Ortobpaxenuwe Hg
3ajaeT JUHEHHHIH aBTOMOP(H3M IpocTpaHcTBa Lg B cebd, KOTOpHI
HasuBaeTcst onepamopom Cmokca w obosuayaercs Cs. |

OtmeTHM, 4TO oTOOpaenue /s HMEeT TPUBHAaJbHOE aCHMITOTH-
YECKOe Pa3/IoKEHHE, NOCKONbKY ACHMITOTHIECKHE Pa3fIONKeHusl I
Hs, u Hg, cosnanaror: Hs~E, 10 ectv Hg=FE 4o (tV) npu
{0 B S nna moboro matypambuoro N.

2.7. AnaauTnvyeckas kKiacCHHKALHs HEPE3OHAHCHBIX CHCTEM B
OKPECTHOCTH HPPEryJsipHOH OCo00M TOYKM, PaccmMOTpHM KJiace He-
pe3oHaHCHbIX cHcreM (6) ¢ medykcosoit ocoboit  Toukol. Ilycthb
matpHia A(0) nuaroHanbpHa (B HEPE3OHAHCHOM CJIy4ae 3TOrO MOXK-
HO noOHThCA JHHENHON 3ameHoil nmepemenHbix). B sroMm paspene
PacCMaTpUBaeTCs] «CHJbHAs TOJOMOP(dHAs 3IKBHBAJEHTHOCTb® Ta-
KHX CHCTeM: Tpebyercsi, yTOObl CONpsramoniass 3aMeéHa OTJHYAJNaCh
oT moxaecTsennoit Ha O(tf) npu #0: H=E4O(f). B paccMarpu-
BaeMOM Kiacce cucteMm onepaTtopbl CTOKCa fABJISIIOTCS HHBapHaHTa-
MH CHJBLHOH rosioMop¢HOl KnaccHdukauuu. OnHuieM, Kakue onepa-
TOPBl MOTYT BO3HHKHYTh Kak omnepatopnl CTOKca. I1o onmcanue
obyieryaercss TeM, YTO HOPMANH30BaHHAs CHCTEMa HHTErpHpyeTCS
sIBHO; (PHKCHpYEM ee.

Kaxnomy cektopy $=S,1 S, §; u S,—Tte ke, uro B 1. 2.6, coorser-
cTByer onepatop Crokca Cs u oroGpaxenne Hs:S—QGL (n, C),
H ~E. Basuc B npoctpanctse Ls o6pasyior pelueHus BUAa ¢ (f)=—=
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=a,;(t)0/0w;, rae af—t h;(t)a;, b
a; ()= exp bt (1/(1—r) +O'(E)]-

O'roﬁpame}me Hs w onepatop Ctokca Cs CB3aHEI MEXAY
coboii caenyrouim obpasom. Ilycth

CsPy=11s, 113t==2 €y%;

Torna Hs(t)0/10w;=a;" (¢) P; (£)-

IMockomeky H s~ E, nonyuaem: ¢;;=1; ¢;;+0=>Re(h,—A) "~
—~—oo nipu £—0 B S.

Onpeneneunne, Oneparop C:Lg>Ls, YAOBICTBOPAIOUIHA
npeAbAYHINM YCIOBHSM, OyaeM Ha3BBaTh MACMYCTHMBIM [IJIsi CeK-
Topa S ¥ cucteMH (7).

Onpenenenue, Ilyets Kpyr ¢ uentpom 0 MOKPHT KOHEUHBIM
YHCJIOM CEKTOPOB S; ¢ BEpPLUHHON B I€HTpE, HH OJHH H3 KOTODHX He
COLEPIKHT ABYX JyueH pasjena, COOTBETCTBYIOINHX OLHOH M TOH XK€
nape (Ap, Ag). TlycTe KaxaoHl yNOpsSILOYEHHOH I1ape CEKTCPOB
(S8, S;) ¢ HenycThIM nepeceyeHHeM Sy; COMOCTaBJEH orneparop Csj,
JNONYCTHMBIH AJS 3TOro CeKropa S;; H HOPMAaJH30BAHHOH CHCTEMBI
(7), npudem C;;Cu=E, Ci;CinCr;=E. Torna na6op {C;;} HasbiBaer-
cst Habopom Crokca.

Teopema ([76], [108]). Kaxnaeiit Ba6op Ctokca moxer GHITH
peanH3oBaH, KaK HaGop ONepaTopos Crokca pas HEKO'I‘OpOH Hepe-
30HaHCHOH CHCTEMB C HpperyJispHoi 0co6oit TOYKO#H, (POPMAasbHO
3KBHBaJIEHTHOH 3aflaHHOH HOPMaJH30BaHHOH CHCTEME.

Teopema ([108]). [dBe $HOpMatbHO 3KBHBAaJEHTHBIE HEPE3O-
HaHCHBle CHCTEMBl ¢ HpperyJsipHoi 0coboil TOYKOH M ¢ OINHHAKO-
BEIM HabGopom onepatopoB (CToKca rojJloMOp¢HO 3KBHBAJEHTHH B
OKPEeCTHOCTH 3TOH TOUYKH.

AHajoruynpie TEOpeMHl CNpaBeAJIMBBH B B PE30OHAHCHOM CJyuae,
HO OTHOCSITCS YyKe K MepoMopdHoil KJacCH(pHKauHH, NMpHYeM ImO-
crpoensie W onHcanue onepatopos CTOKca NPOBOAMTICH He CTOJb
aBHO. Ha s3bike Koromonoruii Habop CTokca HHTEPNPETHPYETCst Kak
1-kounka Tak HazwiBaeMoro nyuyka Crtokca ((G. Stokes) Han OKpyx-
HOCTRIO (CcM. [76]).

OTMeTHM B 3aKJIOUEHHE, YTO KOsifpo AH(p¢epeHuHaNssHoro orne-
paropa t7d/di—A(t), nelcTByIOIlero U3 NPOCTPAHCTBA POCTKOB
MEpOMOP(QHBIX BEKTOP-QYHKUHI B HyJie B cebs, BCeria KOHEYHO-
MepHO [76].

(O)=2», OrtMmernM, 4TO

J f]

§ 3. Teopusi nMHeHHLIX YPABHEHHH B LEJOM

3ror naparpad nocesuleH TEOPHH JHHEIHBIX YPaBHEHHH H CHC-
TeM ¢ PeryJsipHeiMH OCOOBIMH ToukaMH Ha CP! u ee NPHIOKECHHAM
K TeopHH abeJjieBbIX WHTErpasloB H KJEHHOBHIX TPyl

3.1. ¥paBHesus ¥ CHCTEMHI Kjiacca Pykca.

Onpenenenne. CucreMa z=A(f)z Hmeer PYKCOBYy OCOOYIO
TOYKy (HIH Heocob6ylo TOYKY) Ha OeCKOHEUHOCTH, €CJIH CHCTEMa,
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noJiyyeHHas U3 Hee 3aMeHOM t=1/f, HMeeT GyKCcOBY 0CO6YIO TOUKY
(111 HeocoOVIO TOYKY) B HyJe. AHAJOTHYHO ONPEeAeNseTCss YCIOBHE

Pykca Ha 6eCKOHEUHOCTH IJs ypaBHeHHs (D)
x( La (f) xt=D 4 .. +a,(t)x=0.

DkBHBaJdeHTHoe onpepnenenue. Cucrema 2=A(f)z
MJn ypaBHeHue (5) YyAOBJeTBopsier ycioBHio Pykca Ha ‘GeckoHed-
HOCTH, ecJH MaTpuyHas ¢yHkuus fA(f) (coOTBETCTBEHHO, BEKTOP-
¢yuruus fa,(f), ..., t"a.(f)), ronomopoHa Ha oo.

3ameyanne Cucrema z=A(f)z umeer Ha cdepe Pumana
JULIE (PYKCOBH OCOOBle TOUKH, €CJH MU TOJBKO €CJOH OHa HMeeT BHI

é=2 A(‘;!_ 2; (8)

t

MaTpHLEL A; NOCTOSHHEI.
YpasHenue (5) mveer Ha c@epe Pumana b QyKCOBH ocobore
TOUKH, €C/H M TOMBKO e a;(f)=P;(t)Q77({t), rne Q(¢)=

=H(t——ak), deg P, < (m—1) j, deg Q=m.
Matpuupl A; B cucreme (8) HasblBalOTCst MATPHIAMH-BBIUETAMH.
YpaBHEHHs] B CHCTEMB!, ONHCAaHHHEe B TOH TeOpeMe, Ha3bIBAIOTCSH

hyxcosvimu.
3.2, Mpomomxumocts u MoHoppoMusi. Hibxe yHHBepcanbras
~~

HakphBatonas Hajx obaactero Q obo3nayaercs 2. BO3MOXKHOCTH
OPOAOJKHTL POCTOK AHAJUTHUYECKOH (YHKUHMH B TOUKe p€EQ Ha

YHHBEpCcaJbHYI0 HaKpHIBawOIyr {2 O3HAaYaeT, YyTo ITOT POCTOK IPO-
posxaercs Hapn JIO00# KpHBOH yC€2 ¢ HayanoMm p U PE3YJIBTAT HE
MEHSETCA NPH HENpepHBHOH AePOPMauMH ¢ B £, COXpaHAWUleH
HayaJjio U KOHEI[ KPHUBOH.

Teopema. Kaxnaoe peuwieHHe JHHEHHOro YpaBHEHHS WUJH CHC-
TeMbl C MepoMOpGHBEIMH KO3¢dHUHEHTaME MOXKeT OBITH INPOLOJ-
JKEHO Ha YHHBEPCAJbHYIO HAaKPHIBAIOLUYIO Haj 00JacThio roioMopd-
HOCTH KO03(pHIHEHTOB.

S1a TeopeMma SABJISETCS KOMIJEKCHBIM aHAJOTOM TeOpPEMH O
NPOJOJIKEHHH PpeweHHi JHHeHHBIX YPaBHEHHH ¢ BELIECTBEHHEIM
BpeMeHEM Ha Bech HHTEpBaJ HENPEPHBHOCTH KO3(G(HUHEHTOB.

Ilpn nponosKeHHH pelieHHMH Haj neTieid, He NPOXOAsulell ue-
pe3 noJca Koz(d(pHIHEHTOB, NPOCTPAHCTBO POCTKOB pEILICHHMHA B
Ha4yaJbHON TOYKe MHeTJH NepexoAuT B cebs. IToT aBTOMOP(H3M JH-
HeeH H HaablBaercs npeobpasosaruesm monoopomuu. IlocnenoBa-
TeJBHOMY O6XOny IeTesJkr COOTBETCTBYET NPOH3BeneHHe npeobpaszo-
BaHHil MoHOApoMmuM. BosnHkaer romomopdusm ¢yHAaMeHTa bHOI
rpynnel 061acTH rovioMOpGHOCTH  KO3(QGHUHEHTOB B UOArPynny
rpynnel GL(n, C). 3toTr roMomop(dH3M Ha3bIBaeTCcs MOHOAPOMHEH
YPaBHEHHSI WJIH CHCTEMBl; ONEPaTOp, COOTBETCTBYWOMIHEA MeTse 4,
3aBHCHT TOJIBLKO OT I'OMOTOTIHYECKOTO KJacca NeTaH H 00603Hauaercs
T,. O6pa3z romoMop}pH3Ma HA3BIBAIOT 2PYNNOL MOHOOPOMUL.
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3.3. Teopema Pumana—®Pyxca, Pemennss ypaBHeHHH KJacca
dyKca NpPOAOAKAIOTCA Ha YHHBEpPCAJIbHYI0O HaKpHBAIOLIYI0O Haj
KOMIUIEKCHOH OCbl0 { C BBHIKOJIOTHIMH NOJIIOCaMH KO3(PQHUHEHTOB,
3a/1a10T rpynny MOHOAPOMHH W peryispHu (pactyr He OHCTpee He-
KOTOPOH CTENEHH PACCTOAHHA J0 OcOoGOM TOYKH B JIOOOM CEKTOpe
C BepwHHON B 3TOoH TOYkKe), OkasbiBaeTcsi, 3TH cBOHCTBa NPHCYLIR
TOJIBKO pelleHHsIM ypaBHeHHH Klacca PyKca.

Teopema ([56]). Ilycte poctok rosomop¢pHoi BekTOp-GYHK-
IHH ¢ rojoMop¢HO NPOJOJKAETCH Ha YHMBepcaJbHYI0 HaKpbiBalo-
myo Hax cpepoil PuMana ¢ BHIKOJIOTBIMH TOYKAMM O, ..., 0n, 00 H
onpefesuTeslb  BPOHCKOrO  mpOAOMKEHHOH BEKTOP-(PYHKUHH
(obo3nayaemMoit TakxKe @) HHrAe He oOpainaercs B Hysab. [lycTh
POCTOK ¢ 3ajaer IPynny MOHOAPOMHH: IIPH NPOAOJKEHHH Hal
KaXJoH neTyed, npuHajiiexaileil npokonoron cdepe PumaHa, JH-
HeHHOe NPOCTPAHCTBO, NOPOXKAEHHOE KOMINOHEHTAMH POCTKa, HCNbI-
THIBaeT JHHedHBbIT aBTOMOp(Qu3M. IlycTer 3TO mnpomosxeHHe pery-
JIAIPHO: Korga ! CTPEMHTCH K BBIKOJOTOH TOYKe d, OCTaBafiCb BHYT-
PH HEKOTOPOr0O CEKTopa c BepUIHHOH a, MOAyJb ¢(f) pacrer He
OBICTpee HEKOTOpPOH CTeneHH PAccTOSHHA A0 o Ha cpepe Pumana.
Torga cymectByer ypaBHeHMe KJyacca PyKca, pnisi KOTOPOro ¢ —
POCTOK (PyHAAMEHTAJbHOH CHCTEMBI pElLICHHH.

CnenctBHue 1. Jlio6as anrebpaunyeckasi (pyHKIMS OFXHOIO Ie-
PEMEHHOTIO YAOBJETBOPAET ypaBHeHH10 Knacca Pykca.

<4 PaccmorpuM MHOXKECTBO {2 HeoCOOwIX ToueK (PYHKIHH; NYCTh
peEQ —nponsBoipHaa Touka. UOosHayuMm uepe3 ¢y, ..., ¥, DOCTKH
roJOMOpHLIX QPYHKLM{I B TOYKE P, COOTBETCTBYWOLIHE Ppa3HbIM
JucraMm ajrebpavyeckoil ¢yHKUNH. BribepeM cpes HHX MaKCHMalb-
HO€ YHCJO JIMHEAHO He3aBHCMMBIX Yy, ..., ¥, (n Moxer OHTh

MEHblle /m; MpHMep: {;n/ t). Poctok $=(%,, ..., $,) npomoxaercs
HA YHMBEPCAJbHYIO HAKPHBAIOULYIO  H TNOPONKAAeT TIPYNNY MOHO-
JAPOMMH: JIHCTBb aJrebpavyeckoii (PYHKIIHH TpH NPOLOIKEHHH BAOJb
neTeNt nepectaBisioTcs. Onpenesntenss Bponckoro BekTop-¢yHKLHH
¢ (o6o3Hauaembiii W) yMHOXaercsi HA KOHCTEHTY (DaBHYIO onpe-
nemTeno  npecOpasoBanusi  MoHOoApoMuH); noatoMy W =0 napg
KOHEYHHIM HYHCJIOM ToYeK B;6Q; HX CJeAYyer TOXKE BLIKOJIOTh.
PerynspHocth asrebpanyeckoil QYHKIME B 0COOLIX TOYKAX J[OKa-

3LIBA€TCH 3J1EMEHTApHO. TeMm CcaMblM, MOXHO NPHMEHHTb NpEeIbIAY-
myro TeopeMmy. P

CanepnctBHe 2. Abenes WHTErpaJs, 3aBHCSUIME OT mapaMmeTpa,.

paccMOTpEHHBLIH B I. 5.2 IJ1aBHl 6, YIOBJIETBOPSieT YPABHEHHIO KJiac-
ca ®ykca (COOTBeTCTBYWOILeE¢ yYpaBHEHHe Ha3blBaeTcs ypPaBHEHHEM
IInkapa—®Pyxkca).
& /loxaxem 310, noJsarasi, yto H — npaBUJbHBIA MHOTOYJIEH.
ToukamMy BeTBJEHHMS HHTerpaJla SIBJASIOTCSI KPUTHUYECKHe 3HAYCHHS
H u oo; mMoHOApoMusi onHchiBaeTcsi TeopeMoii Ilnkapa—Jledwena
[24]; perysisipHOCTb IOKAa3bIBAETCst JIEMEHTAPHO. P
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3.4. AHanuTHieckre ¢ynkuun ot matpnu. WM. A. Jlanno-Ianu-
JIeBCKHH MpPHMEHHJ K BBIYHCJIEHHIO TPyNn MOHOAPOMHH JIHHEHHHX
nuddepeHIHaNbHBIX YPaBHEHHA H K BOCCTaHOBJIEHHIO YPaBHEHHA MO
rpynne MOHOJPOMHH TEOPHIO aHaJHTHYECKHX (QYHKIHA OT MaTPHIL

UccnepoBanusi  Jlanmo — J| aHWNE€BCKOrO OTHOCATCA B OCHOBHOM
¥ ¢yKcoBoM CHcTeMaM. PaccMoTpuM cucTeMy (8). PukcHpyeM NET.H
Yis - - -» Ym C OOUIHM HayasoM, Kax/Jas H3 KOTOpHIX OOXOUHT (OZHH
Pa3) poeHo OJiHH NomoC KoagduuuentroB. COOTBETCTBYIOLIHE MaTDH-
bl MOHOAPOMHH T ;=T , NOpOXAaiT BCIO I'PYyNIy MOHOADOMHH CH-

ctembl (8). Ilpn ¢ukcHpopanHbx momocax o; MaTPHLB MOHOAPOMHH
BABHCAT TOJLKO OT MaTPHI-BHIYETOB A ;.

Teopemal. Matpuun T';— nespie GyHKILHH MaTPHL-BbiYeTOB A ;;

T,=FE +2miA;+ X @u(@) AsA;+...;

1<k, j<n
@==(0 « .. Up);

CIIpaBa CTOAT CTENEeHHbLle Psiiki OT HeKOMMYTHPYIOIIHX MaTPpHYHBIX
TepeMeHHBIX A;, cXonflleficsi NpH BCceX 3HAYEHHAX IepeMeHHBIX.

Teopema 2. Eciiu MaTpHubi MOHOJAPOMHH JOCTaTOYHO O6JIH3-
KH K €JHHHYHOM, TO CYLIecTByeT eJMHCTBEHHAas (yKCOBa CHCTEMA C
3aJlaHHOH MOHOJAPOMHeH, MaTpHUBLI—BBLIYETH KOTOPOH OJIH3KH K
HyJ110; OHH falorcsi Gopmytoi

A= @ =B Y by @) To—EY(T,—E) + ..,

1Lk, j<n

cnpaBa CTOAT CTeNeHHble psAW oTHocHTeawho I,—E, ..., T,—E,
CXOASAIHECH B HEKOTOPOH OKPECTHOCTH HYJIfl.

ITH pAAB noayyaloTcs obpaulieHHeM npeablAymHXx. Teopema 2
ABAsieTcsl cBoeoOpa3HOil TeopeMol O HeABHOH (ANA HEKOMMYTHpPY-
OLUHX nepeMeHHbIX). Jlanno-I aHHAEBCKHI BHYHCIHN KO3¢$PHIHEH-
TH Qyj, ;... Kak QyHkOHH oT o [41]; cm. Takxke Y[35].

3.5. Cpa3b ¢ Teopmedi xneHHOBHIX rpymn. [lpocTpancTBO poct-
KOB MepPOMOP(HHIX H IOJOMOP(QHBHIX pelieHHi ypaBHeHHs1 PHKKaTH
B TOYKe, OTJIHYHOH OT monioca Ko3(PQPHUIHEHTOB u 0T GeCKOHEYHOCTH,
HsoMmopdHo CPl. Ilpu nponosxkeHHH Haja meTdei, ob6xoafmel mno-
Jioca KO3(QpPHUHEHTOB, 5TO NPOCTPAHCTBO NEPEXOAHT B cebs M He-
neiThiBaeT ApoGHo-JHHelHoe npeobpasoBanue. I'pynna Bcex Tak mo-
€TPOeHHBHIX MNpeoOpa3oBaHHH Ha3bIBaeTCHd 2pYynnoll MOHOOpoOMUL
ypasrnenun Pukrkaru. PacemotpuM AHbdepeHnHanbHOe ypaBHEHHE
knacca Dykca nopsiaka 2. I'pynna MOHOADOMHH 3TOro ypaBHe-
Hus — noarpynna rpynnet GL(2, C). OroGpazum ¢asoBoe npocrt-
padctBo C? Ha CP: (2, 29)~ (21:2;). HcxomHoe ypaBHenHe
nepeiijier B ypaBHeHHe PHKkaTH, ero rpynna MOHOAPOMHH mpeBpa-
THTCA B Ipynny MOHOAPOMHH ypaBHeHus Pukkath. I'pynna, cocro-
fillass M3 JpOGHO-THHeHHHX npeoOpasoBaHHld CPl->CP! Hazu-
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BaeTcH KJeHHOBOH, eclnH cylecTByeT o06JaacTh, B KOTOpPO# OHaZ
HREHCTBYeT AMCKpPETHO (HHKakas op6HTa AeHCTBHS TPynNnbl He Ha-
KanJHBaeTcsi Ko BHyTPeHHell Toyke obiacTti). Kaxknas KieHHOBa
Tpynna peajiH3yeTcss KakK Ipynna MOHOAPOMHH IJisi HEKOTOPOTO
ypaBHeHHs PHKKaTH (3TO cjeayeT H3 MOJOXKMUTENLHOrO PpellleHHsA
npobaembl Pumana—I'une6epra jpns ¢yKCcOBBIX ypaBHEHHH, CM.
§ 4). Ota cBs3p oboramaer obe TEOPHH: KJIEHHOBLIX rpynm H AHGQ-
bepennmansHbx ypaBHennii  [55]. B wuwactHoctH, JedopMalHH
KJEHHOBHIX TIPynn ylAo6HO H3y4YaTb, AePopMHpys KO3(PHHUHEHTH
COOTBETCTBYIOIETC YpaBHEHHS,

3.6. Unterpupyemocts B KBampatypax. JIuyeunae (J. Liouvill)
J0Ka3aJ, YTC JIHHEHHBle ypaBHEHHS BTOpPOro nopfipka, BooOiue ro-
BOpS, He HHTETPHPYIOTCH B KBajpaTypaX: pelleHHs He BhIpaKawTcH
yepes KO3(Q(HUHEHTH ¢ NOMOIIBLIO apH(pMETHYECKHX AeHCTBHH, pe-
IIeHHS aare6paWyecKMxX ypaBHEHHH, NOTEHUKMPOBAHHA W HHTETpH-

poBaHuaY, B 4yacTHOCTH, He UHTErpHUpyeTcH ypaBHeHue X--fx=0,

O6mas TeopHsi HHTETPHPYEMOCTH B KBaJapaTypax JIHHEHHBIX
YpPaBHEeHHH H cCHCTEM MOCTpoeHa MeTojaMH aMd¢epeHUHaNbHOH aJi-
re6poi. C KaXXHM JIHHEHHBIM ypaBHEHHEM HJIH CHCTEMOH ¢ paliHo-
HaJbHHIMH KO3(Q(QHUHEHTaMH cBs3blBaeTcs rpynna lanya, paspe-
LIMMOCTh KOTOPOi OTBe€yaer 3a pas3peliNMOCTb YpaBHeHHS HJIH CHC-
TemMbl (cM. [36], [68]). ChopmysupyeM B 3aKIIOUEHHE CAEAYIOILHA
reoMeTpHYECKHE pesyJabTar.

Teopema Xopaunckoro ([35], [68]). Ecan rpynna momo-
JPOMHH (YKCOBOH CHCTeMH O0JlagaeT pa3peilHMBIM HOpMaJbHBIM
JeJUTeNleM KOHEeYHOro HHIEKca, TO 3Ta CHCTEMa HHTErpHpyeTcs B
KBajipatypaxXx. Ecau rpynna MOROJPOMHH 3THM CBOHCTBOM He 06ja-
NaeT, TO CHCTeMa He HHTEIPHpPyeTcs jAaxe B «0000lieHHBIX KBaapa-
Typax». JT0O 3HaYHT, 9YTO o6llee pellieHHe CHCTEMH He BHIpaXKaeTcst
yepes KO?((HLUHEHTH ¢ NOMOIULI) pEIlleHHs anreGpaHyecKHX ypaB-
HEHHH, HHTEIPHPOBaHHA H CYNEpPNO3HIHH ¢ HeJBIMH (QYHKUHAMH
JII060T0 YHCIa NnepeMeHHbIX.

3.7. 3aMeuanng 0 cHeLHAJBHBIX ypaBHEHMSX. VYpaBHeHnne BTO-
poro nopsapgka kaacca Pykca ¢ Tpems ocoObIMH TOYKAMH Ha cde-
pe HasbiBaeTcsi  ypasHenuem Pumana. Ero kosadpduuHeHTH
OIHO3HAYHO ONpeNeNSIOTC OCOOGLIMH TOYKAMH H KOPHSIMH ONpefe-
VISIOIUHX YPaBHEHHH, COOTBETCTBYIOIIMX STHM TOYKAM. YpaBHEHHS
BTOpPOro nopsifka ¢ GOJNBIIHM YHCJIOM OCOOBIX TOYEK H ypaBHeHHs

Gosiee BLICOKOIO MOPSIKA 3THM CBOHCTBOM He 06Janalor. ¥YpaBHue-
Hue PuMaHa ¢ oco6HIMKH ToukaMH 0; 1; oo — 310  2unepeeo-
merpuueckoe ypasnerue I'aycca

t(t—1)x+[(@+B+1)#—y]x +afx=0.

JIHHe#iHble ypaBHeHHS BTOPOTO MOPSAAKAa 4acTO BCTPEYAIOTCH B
MaTeMaTHYeCKOl (pH3HKe. BONBIIMHCTBO M3 HHX CBOJIMTCH K YacT-

) PelenHe anre6paHyecKHX YPaBBeHHHN He NOAPa3yMEBaeT DELICHHS B pa-
AOMKallaX; CYHTE€TCs, YTO BMECTe C KaXKAWM IOJHHOMOM H3BECTHO MHOMKECTBO
€ro HyJeH, H BMeCte C KaXJo#i QyHKUuel — ee HETErpas.
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HBIM HJIH [peleSIbHBIM CJIy4asiM THOEPreoMeTPHYecKOro ypaBHEHHSA.
HanpuMep, TakoBbl ypaBHEHHS

£2x 4+ tx + (82 —v?) x=0, (Becceas)
;c—}—(a——ﬁ)x—_-(), (Bebepa)
(#2—1) x L2 x—v(v+ 1) x=0. (JTeacandpa)

O6Lixe JHHEefiHbie ypaBHEHHA BTOpOTO NOpAAKA, KOI(QHIHEHTH
KOTOPbIX JIMHGHHBI, NPHBOAATCA K BLIPOXAEHHOMY IANEPreoMeTpH-
YeCKOMY

tx +(b—t) x—ax=0.

Bce ocHoBHble OObikHOBeHHbie AubdepeHNHaNbHEIE YpaBHEHHS,
BCTpeyaloHecss B MaTemaTHyeckoff (GH3HKe, NONYYaloTcs u3 CJe-
AYIOUEro YpaBHEHHS] C MATBIO pPEry/sApHLIMH OCOOGLIMH  TOYKaMH

(1<r<4) x+32x/2(t—a,)+x(A-+Bt)3t2/16)/TL ({ —a,) =0
(reopema Kiefina u Boxepa (F. Klein, M. Bocher) {1, c. 667]).

3.8. I'pynna monoapomun ypasHenus Iaycca. I'pynna MoHOAPO-
MHH THIEPreOMETPHYECKOTO yPaBHEHHsI ¢ BELIECTBEHHBIMH o, [, ¥
CB3aHa C TPEYTOJILHHKOM, OTpAHHYEHHIM IyraMH oxpymnocren c
yraamu mh, nin, 1ov i A2= (1—y)? p2= (y—a—pB)32 +v?= (c—B)>%

INpennmonoxum, yto A€(0, l) p,E(O 1), v€(0, 1) I'pynna, no-
pOXIEHHAs OTpa)KEeHHAMH OTHOCHTEJBHO CTOPOH TPeyroJIbHHKa, CO-
LEepXKHUT NOATPYNNy MHJeKca 2, COCTOAIIYI0 H3 JAPOGHO JHHEHHBIX
npeo6pasoBanuii; c6o3HaynM ee G. CrtanjapTHoe [POEKTHpPOBaHHE
C2\ {0}>CP! nepepopHT rpynny MOHOAPOMHH THIEprecMeTpHYe-
CKOTQ ypaBHEHHS], YAOBJETBOPAOILEro NPeALIAYINHM OrpaHHYEHHSAM,
8 rpynny G. Ecau cymma A+p+v MeHbute 1| (paBHa 1, Gouabuie
1), To 3Ta rpynna — moArpynna ABHMKEHHH mnJockocTH JloGaueB-
cKorGc (eBKJHJOBOH IJIOCKOCTH, cdepnl PumaHa). Idto mnosBoaser
HCCJ/Ie10BaTh BOOPOC 00 HHTETPHPYEMOCTH TIHIEPreoMeTPHYECKOTO
ypaBHeHusi B anreb6panyeckux ¢yHuusax (Isapy (H. Schwarz)
1, c. 530]). Cniyyan HHTETPHPYEMOCTH CBSI3aHBI ¢ TPEYTOJbHHKAMH
¢ yrnamu (/2, n/2, m/n) — mmaap, (w/2, =/3, w/3) — TeTpasmp,
(n/2, n/3, nf4) — okrasnp, (1/2, n/3, :/5) — uKocasnp. Teopemu o
Hepa3pellHMOCTH THIIEPreOMEeTPHYECKOTO ypaBHEHHS B «06001eH-
HbiX KBajpaTypax» cJeAyIoT 3 pe3ysbTaToB [68].

§ 4. llpo6aema Pumana—I'uapbepTa

«IToka3aTp, yTO Bceria CylWECTByeT JHHeliHoe Au¢¢epeHnHab-
HOe ypaBHeHHe (yYKcOBa THIA ¢ 3aJlaHHBIMH OCOOBLIMH TOYKaMH M
3aJlaHHON IpynnoHd MOHOAPOMHH». B 3ToM coctouT 21-51 mpobGiema
FunsGepra [53]. Ona ponyckaer pasnHyHBIe O6OGIEHHS.
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4.1. NlocranoBka npo6aembi”, TpebyeTcs A0Ka3aTk CYIL1ECTBO-
BaHHe Ha cdepe PHmaHa
A. YpaBHenus knacca Pyxca.

b. Cucremn z=A(t)z ¢ peryisapHbBMH OCOObIMH TOYKaMH.

B. ®ykcoBoil cvcteMn z=3XA;(f—a;) 'z, uMeromux Jw000HA Ha-
riepen 3ajlaHHBIE Habop ocobbiX ToOYeK H 3ajaHHyl0 TIpynny Mo-
HOJIPOMHH.

[TIpo6nema B, BaxkHas ajs npujoxeHuit [57], @mo cHX mop He
pelieHa, BONPEKH MHOIOYHCJIEHEBIM YTBEPKAEHHAM, pacnopocTpa-
HeHHBIM B Jautepatrype ([41], [57], [103, § 85]). Huxe nameyeHo
pemeHde npobsembl B, ocHoBanHoe Ha Hieax bupkroda u Pépas
(H. Rohrl) (ono, oueBHjHO, BieyeT pelleHHe npobaembr A), a Takxe
npo6aeMbl B NpH JAOINOJHHTEILHBIX OTpAaHHYEHHSX Ha IPynny Mo-
HoapoMuH (cm. [65 : 58], [78]).

4.2. Mpobnema Pumana—I'nawbepra ansa xpyra. Eciu B npennr-
AyumHux npobyeMax c{epy 3aMeHHTh Ha KPYI, TO OHH peLialoTcsi cje-
Aywomsm obpasoM. CTpouTcss MarpHyHas (yHKUHA Ha yHHBepcalib-
HOH HakphiBalomieii Haj KpPyrOM C BBIKOJOTHIMH OCOOBIMH TOYKaMH,
uMewllas 3aJaHHYI0 TPYynny MOHOILPOMHH H peryisipHbie  ocobhie
TOYKH. 3aTeM NpoBepsieTcs, YTO OHa yAOBJETBOPAET (PYKCOBOH CHC-
TeMe ypaBHEeHHH.

[lycts @=(0y ...,0,)—3alaHHbil  Habop ©COOBIX  TOYEK,
Yis « - -5 Y — OOXOASIIIHE HX MNeTH ¢ ofliuM HayanoMm p {puc. 22),
T,,...,T,—COOTBETCTBYIOIIHE 3THM NETJAM NpecOpa3oBaHHS MOHO-

npomun. ITokpoem kpyr K cbaactamu U; ¢ xycouHo-rsiajkofi rpa-
#Hned; Kaxpas o6jacTe U, CONEPKHT DOBHO ONHY TOYKY a;€a;

nepeceyenne U;NU;,; MMeET KyCOYHO-TJIaJAKYIO IDEHHIY H OJHO-

cpasHo, Y;,CU; (puc. 22). Ias moGoit mapm oGnacreit UcGcC,
Co/lepXallHX TOYKY p, obo3naunum uepe3d (g pasHocth U\ @, yepes
P

(o — yHHBepCaJbHYy10 HakphBawollyto Han (J, ¢ Ga3ucHofi Toykofi p,
P
yepes U —cozepixalllylo TOYKY p CBA3HYIO KOMIIOHEHTY o0GJacTH,
P
Jexaimiefi Hax U na Ug.

N
- Onpenenenne. Matprunaa ¢ynknua X Ha U; umeer ¢yKcopy
rJaBHyI0 YacTh £° ¢ moHompomueii T, ecnmn X =@¢¢, T = exp2mniC
H O-—roaomoppuoe otobpaxenne U;—QGL (1, C) (ToyHee caepyer
7 N P PR 2N

mucaTh X (t)=O(P1)-(Pt)",rne #€(,, P —npoextuposatue Go—> Gy;

OJIHAKO HIXKE, AN KpaTKOCTH, BMecTO UoP pHmerca npocto D).

P

Martpuunyio ¢ysknmo X Ha kaxpoit u3 obnactefi U, Oynem
HCKaTb B BHIE Cu,-tcf, rae 2miC;—npou3sonpHoe 3Havexne In7

D MuH He KacaeMcs 3eCb MHOTOUHCJEHHHX HCCJeNOBaHHH, MNOCBAIIEHHKIX
BLIYHCJACHHIO KO3(p(PHIMEHTOB YpaBHeHHs [0 rpynme MOHOAPOMHH. O6mHpHHM
mMatepuan no 3ToMy Bonpocy HMmeercs B KHHre H. Il Epyruma «Ilpobiema Pu-
MmaHa», MuHck, 1982 r.
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Puc. 22. TioKpWTHe Kpyra npu pewenud npobiemn Pumana—Iuacbepra.

u otobpaxenue Q;:U ;—GL (n, C) ronomopdro. Yciosre copnage-
S P
HUSl ITHX BhipaxceHuii Ha nepeceyeHusx U jﬂU j+1 HMEET BHJ,
—1 Cig—Ciniln
O D=1 0,00, -

3agaua 00 OTLICKaBHH roioMoppHbIX oToOpaxenuft ;U ;—
- QL (n, C), yIoBIeTBOPSIOUIHX NpPEABLYIIHM YypaBHEHHSM, paspe-
mHMa nOpd JioOwX npaBeX uyacTax co 3Havemusamu B QL (n, C).
A nMeHHO, nyCTh, AJS TNPOCTOTH m=2. 3ameTHM, 4TO obaacTh

™ P
U,;nU,,, onnomnctHo HakpuBaer U;U;,,; # MOXeT OuTb OTOX-

LeCcTBJeHa C Hel.

Jdemma A. Kaprana ((H. Cartan) [65:31]). Ilycts U,;, U,
H U,NU,—o06iacTH C KyCOYHO-TJIafKOji rpaHHileil H mepeceyeHHe
U,NU, cBasno v omgHocesizHo. Torpa ana Jo6Goro roJoMopghHOro

otoOpaxenus1 F:U,NU,-GL (n, C) cywectByior roaomopdHue
orobpanems @,:U,—GL (n, C) Taxwe, uro Oy '=F (HanomHHM,
YTO roIoMOp(HOCTL HA 3aMKHYTOM MHOXECTBE O3HayaeT roJoMopd-
HOCTh B OKPECTHOCTH 3TOTC MHOXECTBA). ‘

Tem camum, npH m=2 MaTpuuHasi ¢ymkuus na U,UU, Buna
X = q)jtci liy, cymecTByerT. Ee ocobule TOYKH OyeBHAHBIM O0pa3oM
peryaspuu. Ilpp m >2 maTpuyHast QyHkius X CTPOHTCA aHAJOTHY~

HO mpejhAyleMy HHAYKIHeH no m.
Jlemma. Marpuynas OYHKIHS X yJoBIeTBopsieT JIHHEHHOMY
ypaBHeHHI0 Ha K C NPOCTHIMH MOJIOCAMH

4X X! lo,= (@, +@;C;t™) @;p
STHM 3aKaHYHBaercsl peuieHHe npobnemMul PHMmana—I HawGepTa
ISl Kpyra.
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4.3. Npob6nema Pumana—TIuandepra nna cdepnl. bes orpann-
YyeHHsl OOIHOCTH MOXHO CYHTaTb, YTO HaGop a OCOOBIX TOYEK CO-
AEPXHUT TOUKY ©0:

am(al,. eay Qpy GO).

Bocnosb3yemcs npeAbAyliuM pesyastaToMm. [lokpoem cdepy HAByMs
xpyraMi K 1 K~ ¢ nentpamu O u oo; kpyr K" CojepxHT BCe
NeTIH Yy,..., Yms @ nepecedenne U =K*NK —rtouky p. IlycTe
Ymy1CU —MeTas ¢ HayaloM H KOHILOM B Touke p, 00Xxopsiuas oo
B TOJIOKHTENbHOM HanpasjieHHM (puc. 23). Iletan vy,..., 7y, BoOe-
peM TakK, 4TO MeTdd Yi... YmYm, TIOMoTOmHA Hymo Ha K§. Torna
Tomn=T ... T,)'—npeobpasoBaHHe MOHOJLPOMHH, COOTBETCTBYVIO-
nee NeTie Yp,y. LlycTe 25iC;—npouspoisHoe 3uauenve InT,
j=1,..., m+ 1. IloctpouM, kKak B Mn. 4.2, MaTpHyHVIO (DYHKIHIO
X, Ha K& ¢ QYKCOBHIMM TiaBHHIMK gacTaMu £°7, j=1,..., m.
Matpuunyio ¢yskuuio X Ha yHHBePCAaJbHOH HakpblBaioulefl Haf

P
C\{o ..., Oy oo} Oylem uHCKaTb B BHIE: X|k+=®+X+,
o

X|pm =0 (1/8) ™4

Puc. 23. KP_V[‘ K.

Dta MaTpHuHad QYHKIHA CyHIeCTBYeT, eC/H paspelluMa Clenyio-
man safaya ¢axropusanum: V7D =Fly, F=X X"’ ls -

Matpuunbie GYHKIHH X4+ 4 X_ HeonHO3HA4HH Ha U, HO T1pH
NPOJOJIKEHUH BHOJb NMETIH Ymy; HCILITHBAIOT OAHHAKOBOE npect-
pa3oBanke MOHOLPOMMH, TI03TOMy F — rojioMopdroe orobpaxkeHHe
U—~GL (n, C). Ananorom aemMb Kaprana aas 3ToH 3alayd  fB-
Jigercs

Teopema Bupkroda ((G. Birkhoff) [78]). Tonmomopduoe
oro6paxenue koseua F:U-—>GL(n, C) npeacrtaBumo B BHOe Npo-
ussenenus F=0,0_, roe @,:K*—>GL(n, C) — rosomopdoe
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oto6paxenne kpyra K+, a @_: K—GL(n, C) — mepomopdHoe
OTOOpaxKeHHe C MOJIKCOM OO,
AtHM 3aBepliiaercs peleHHe npobaembl b; MarpHua A HCKOMO-

ro ypaBHeHusi paBHa XX~!, HMeer NpOCTbie MOJIOCa B TOMKAX a; H
Heo653aTeJbHO NPOCTOH NOJIOC oo, SBJAIONIHHCH, BIPOYEM, pery-

JApHOI ocobof TOYKO! 15 ypaBHeHHS z=A (f)z.

4.4, Mpob6aema Pumana—TIunnbepra ans  (GYKCOBBIX CHCTEM.

Teopema. Ecan xoTa 6b oauH H3 onepatopoB Ty,..., T,
Mys1=(Tm...T;) ! nuaronasusupyeMm, 1o Adsa Jioboro Habopa
a={ay, ..., am} CyuiecTByer (yKCOBa CHCTEMa ¢ NOJIOCAMH, TPH-
HaJJleXAUMH o, ¥ Takasl, 4To 00X0Jly TOUKH @j COOTBETCTBYET
onepaTcp MOHOAPOMHM T ;.

dllycty matpuun7,,,, ¥ C,,, HHATOHAJLHH H NYCTh, KaK H B
1. 4.3, X =@ ¢ Cm+1 gan K3 X=® X, nag K"

Jlemma CoBaxa ((A. Souvage), [67]). MepomopdHoe GTO-
6paxenre @_: K—GL(n, C) ¢ noswocom oo NPeiCcTaBHMO B BHIE
O_=P®°, rpe D — guaronansHas matpHua, @ — rojoMmopdHoe
‘orobpaxenne K—QGL(n, C), P— nonHHOMHanbHAasi MaTpHUa cC
onpejpenureneM 1.

ITpumenum 3Ty nemmy K oToOpaxeduio @_ B BrnipaxeHHH 1aa X.
[Monoxum: ¥V =P-'X. MaTpuynas QyHkunsi Y Io-ipexxHeMy HMeeT
()yKCOBLI TJlaBHble YaCTH B TOYKax 0y,. .., O,. Kpome Toro, Y | =

— @Dt Cmar, Marprusi D u C,,,, AHaroHalbHel H, CAEJOBATEIbLHO,
xommyTUpyIoT. [loaToMy mnpoHsBefieHue Pt Cmrr =P Cmr1 gp-

JsieTcs (DyKcoBoj@t raaBHOR yacThio. CrnenoBaTennHo, MaTpuma XX
K¥MeeT NpoCTHIE MoJIoCa Ha BCel cgepe; mpcbreva B pewena. P

3ameyanue. PaccyxieHus 3TOro pasjeia CHeIyIOT KHUTe
IMaemens (J. Plemelj) [103], xortopmit nman mnepBoe pelueHue
npobnembt PuMana —I'uanbepta, H Ha paboTy KOTOpOro CChHUIAMHCH
BCE no3AHejune HccnegopaTend. I[lievens npoBOZMT mnpeAsLiAyLee
paccyxzenne Oe3 ¢opMyn, OGaKTHYECKH TNePeJOKa3LiBaeT JIeMMY
CoBaxa H INOJB3yeTCs MNepeCcTaHoBoyHoCThl0 Matpun D u C,,,
HE OroBapuBasi 3TOr0 siBHO. [lAA HenepecTaHOBOWHLIX MATPHL, D u

C..,: paccyxnenue Ilnemenst He npoxopur. Hanpumep, ecm t=

H.].—-

01
X =1P1C, D=(8 (l))’ C =(0 0), To MaTpuyHasg (PyHKknua A (7)==

dX o1 0 =2 .
= ==| ( ¢-1) HMEET HEMPOCTOH MOJOC B HyJe.

4.5. O606menns., B cOBpeMeHHOH JHTEpaType JHHEAHHE CHCTE-
MEl IH(p¢epeHIHaAbHbIX YPABHEHHH MHTepHPETHPYIOTCH KaK CBA3HO-
CTH B BEKTOPHBIX pPaccJOEHHSAX, DTO NO3BOJAET pellaTk npobiieMy
Pumana—I'uanbepra ¢ HeKnaccHYecKHM BpeMeneM ~ (f mpoberaer
NPOH3BOJIbHYIO PHMAaHOBY NOBEPXHOCTb MJIH MHOromepHo [82]).
IlpHBegeM HeKOTOpbHlE MNPHJIOKEHHA TEOPHH BEKTOPHHIX paccliioe-
HHI Ha cdepe K npobiieme PHMana—I'unbbepra; nepBas nmoJOBHHA
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a1. 4.7 npeacrasiasieT coboil NepeBojl Ha TEOMETPHYECKHH fA3LIK IO-
JIyYEeHHBIX paHee pPe3yJbTaTOB.

4.6. BextTopHuuie paccnoeHnus Ha cdepe.

OnpeneneHHe. Bekroprbin paccaroenuem paHra n Ha cgepe
Pumana nasbiBaetcs Tpoiika (E,n,S), rne E—(n-}+1)-MepHoe
KOMILJIEKCHOe MHoroo0pasve (HasblBaemOe TIPOCTPAaHCTBOM  pac-
<CJIOeHHA), copepxkallee chepy S, Ha3piBaeMyl0 6a30d HJH HyJIeBHIM
ZeYE€HHeM paccnoeHus; 5nt: E—S — ronomopdHoe oTOGpaxkeHHe,
TOXKJecTBeHHOe Ha S (perpakuus). Kaxawii cioit Fy=mn~'t 6uro-
JioMopHo akBHBaJeHTeR C7; TeM caMbiM Ha cJIOfiX 3ajaHa JHHEH-
Hasi CTpyKTypa. TpeGyercs eiue, yTo6b paccnoeHHe 6bljlo JOKaJb-
HO TPHBHAJBHHIM: HJs Kaxnoro kKpyra K us S cyumectByer Guro-
JiomMoppHoe orobpamenHe Hg : n'K—KXC», nepeponsiliee Kax-
nbifl cnofi Fy B caoit {{} X C" u JnuHeliHOe HA KaXKJOM CJIOE,

3ameganue. [lycte K* 1 K- nokpmuiBawinue chepy Kpyrs c
nenTpaMu O u oo coorBeTcTBeHHO, U= K*\K~. Oyukuus nepexona
(H x+) ' eH - onpenensier rojaomopdHoe oTobpaxeHnne F : U—>
~>GL (n, C). O6GpaTtHo, KaxA0e Takoe OTOOpaxKeHHe Onpenessier
rosioMopdHOe BEKTOPHOe pacciioeHHe Haj cdepoil: mpocTpaHCTBO
E nonyyaercs M3 ob6bennrerus K+XCn u K~ XC» cKieiikoit To-
yek (¢, 2) u (t, F(t)z), teU, 2z6C"; npoeKTHpOBaHHE 7T MOPOXKAAETCS
IIpOEKTHPOBAHHEM BJOJb BTOPOTO COMHOXHTenf. [locTpoennoe Bek-
TOpPHOE paccioeHHe Ha cdepe Ha3bIBaeTcsd HHKe PAaCCIOEHHEM CO
CKJIeHkOl F.

Onpenenenus, a) HBa sexropueix paccaroerus Has3bIBAaIOTCSH
BKBUBANCHTHOIMU, €CAH cyluecTByer 6uroiomop¢HOoe orTobGpaxkeHHe
NPOCTPaHCTBA OAHOIO Pacc/ioeHHs Ha NPOCTPAHCTBO APYroro, co-
IpAramlouee NPOEKTHPOBAHHS M JHHEHHOE Ha KaXAOM CJloe.
©0) Paccioerue HA3LIBAETCH TPUBUAALHBIM, €CAH OHO SKBHBAJIEHTHO

- npAMOMY npoH3BeneHHIo chepni Ha C7, B) Paccnoenre HasbiBaercs
NPAMOU CYMMOL AuUHelHbLX, eCAH OHO SKBHBAJEHTHO PacCJOEHHIO
€O cKJefiKoH F : twdiag(#?:,..., tdr), r) JleTepMHHaHTOM BEKTOp-
HOT'O Pacc/OEHHs co CKJIeHKoi F unasniBaeTcs paccsoeHHe paHra 1
(nuHefiHOE paccnoeHHe) co ckJielikoil det F.

3ameyanus. 1. Paccaoenne co ckneiikofi F TpHBHAJBHO, €C/H
H TOJBKO ecjH ypaBHeHuHs F=Q@, 'Q@_ umeer rosoMmop¢Hoe peime-
HHE

@,, ®), O.:K"->GL(n, C), O_:K-—-QGL (n, C).
2. Jlemma CoBaxa (1886 r.) (n. 4.4) o3Hayaer, YTO Kax-

Jioe BEKTOpPHOEe pacC/JOeHHe Ha cdepe 3KBHBAJEHTHO NPAMOH CyM-
Me JHHeHHBIX.

4.7. llpumenenust K npobuaeme Pumana—I'wapOepta. IlycTs
Q.. Op, o, Ty,..., Ty, T, —3ajaHHble TOYKH H COOTBET-
CTBylolIHe UM npeobpa3oBanusi MoHOApoMEH, 1 T ... T =FE. Kax-
Ibift Habop (PYKCOBHIX TJABHBIX yacTtell (£ —a))C, ..., (1/¢)°m+
exp 2niC;=T; 3apaerT BEeKTOPHOe pacclioeHHe Ha cdepe ¢ NOMOIIBK
HOCTPOEHHH, onucaHHbIX B ni. 4.2 y 4.3. V3 TPHBHAJIBHOCTH 3TOrO
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pacc/IOEHUus cyeayer CyIecTBOBaHHe (YKCOBOH CHCTEMbLI C 3ajlaH-
HBIMH TNOJIOCAaMH H MOHOJApomMeld. BrpoueMm, nocTpoeHHOe paccJoe-
HHe He Bcerja TpHBHaJbHO. CyllecTBOBaHHe JIHHEHHOH CHCTEMBI C
peryasipHHIMH OCOOLIMH TOYKaMH cjejyer H3 CYUleCTBOBAHHS MEpO-
MOp¢HOH TpHBHAJH3auuH? 3Toro pacCoeHHs ¢ NOJIOCOM oo, Teo-
pema bupkroa (m. 4.3) nokasbiBaer, YTO TakKas TPHBHAJH3aLHA
BCErjla CylecTByeT.

[lycte S! — enunuyYHAs OKPYKHOCTD.

Teopema M ayuna (D. Shaun, Topology, 1973, 12, Ne 4).
B npocrpaHcTBe & Bcex POCTKOB TOJIOMOPGHBEIX OTOGpaxkeHHit
(C, S")—>GL(n, C), sanaomux aHadHTHYECKHe BEKTOPHHIE pac-
CJIOEHHS Ha cdepe ¢ TPHBHANBHLIM JAETCPMHHAHTOM, OTOOpaXKeHHS,
COOTBETCTBYIOLIHE HETPHBHAJLHBIM paccaoeHMsM, ob6pasyloT cobcer-
BEHHOE aHaJHTHYECKOe MoAMHOroobpazne. IT0 3HAYHT, YTO B JIO-
6OM aHaJHTHYECKOM KOHEYHO mnapaMeTpHYecKoM ceMeHcTBe A
0TOOpaxKeHuil H3 NpocTpaHCTBa & oTO6paXKeHHs, COOTBETCTBYIOLHE
HeTpHBHAJBHBIM pacc/loeHHAM, 06pasyioT 3aMKHYTOEe aHAJHTHYECKoe
MOJMHOXECTBO; ceMeHcTBo A MOXKHO CKOJIb YIMOJHO MaJio npope-
¢opMHPOBaTL TaK, YTO 3TO MOJMHOXKECTBO CTaHET COGCTBEHHBIM.
OTtciona, mocsle HEKOTOPHIX BBIYMCHAEHMH, NOJY4YaeTC CJAEAYIOLLAs

Teopema (10. C. Mnpsamenxo, 1984). B npoctparctee (GL (12
C)™ cymectByeT cueTHoe 06beAHHeHHe COOCTBEHHBIX aHAIHUTHIECKHX
noaMHorooGpasuit, kamxasit Habop 74,..., 7T, ¥3 [ONCAHEHHS K KO-
TopomMy oOnaiaer caenyoomM cBoiicTBom. J[las kaxzporo nHaGopa

(f—a)<,..., lt)Cmﬂ (hyKCOBHIX rJiaBHBHIX YacTeft: exp 2niC, =T j»
m-}1

j=l..., m+1, T, =(Tpn... T, Etrcj_—_o CYLIECTBYET
1

¢ykcoBa cHcTeMma, (yHAaMeHTajgbHasi MaTpulla pelleHHfi KoTopoit
¥MeeT (DYKCOBBI IJiaBHLi€ YaCTH H3 JaHHOro Halbopa.

4.8. N3omoHOnpOMuEBIe nedopmManuyn wu ypaBHeHus [leHnese.
Ilycts ko duineHTH JHHeHHOro AH(PGepeHnHalbHOrO ypaBHEeHHS
HJAH CHCTEMBl TOJIOMOP(GHO 3aBHCAT OT OJHOIO KOMIJIEKCHOro na-
paMerpa. Takoe ceMeHCTBO HasmiBaeTcs ZedopMalHelt ypaBHEHHS.
Jedbopmanuss HasbBaeTCsl H3OMOHOLPOMHOMN, eclH Tpynna MOHO-
JpOMMH He MEHfleTc NpH M3MeHeHHH mnapametpa. IlnesuHrep
(L. Schlesinger) Hamen ycnoeus Ha AedopMalHIO, NPH KOTOPHIX
OHa H30MOHONpPOMHA. JlJs1 HEKOTOPHIX YPaBHEHHi BTOPOro NOpsiika
YCJIOBHE H3OMOHOAPOMHOCTH 3aNHCHIBAeTCi B BHAE ypaBHEHHS
kaacca P. I'apube (R. Garnier) [22, c. 284] nokazan, yrto Bce
ypaBHeHHs IleHseBe NOAYyualoTcsi, KaK YCJOBHS H3O0MOHOAPOMHOCTH
HEKOTOpHIX AedopManmii JHHEHHBIX ypaBHeHHi. HenaBHo OGHapy-
JKeHbl HOBLIE CBSI3H MeXAy YypaBHeHHsMH IlensieBe H  H30MOHO-
OpOMHBIMH JedopMalHiAMH, HMeEONHe TPUJIOKEHHS B TEOPETHYeC-
Kot (pusnke [57].

1) T. e. cymecTBOBaHHS penepa B KaXIOM cJoe, roJloMopdHO 3aBHCALlee OT
t6C n mepomop¢uoro no ¢ B TouKe .
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JUTEPATYPA

Hausem ¢ aHHOTAllMH HEKOTOPHIX KHHI' M3 NPHBOAMMOIO HHe CIHCKa JIHTe-
patypw. B yuebumxax [51], [7], [93] manararotcs OcHOBH TeopHH OOHIKHOBEH-
HHX AudgepeHuHalbERX ypaBHeHHH, 00CYyXaaloTCsi ee CBfisH C ApYrHMH 06Ja-
CTAMH MaTeMaTHKH H TpHJOXKEHHMs K pa3/IiyHHM pasjielaM ecTecTBO3HaHHs:
MeXaHHKe, 3JIeKTPOTEXHHKE, S5KOJOTHH H T. 1.

Kuury [54] u [43] cTOAT y HCTOKOB KauecTBeHHON TeopuH nudipepeHuHasb-
HHX ypaBHeHHA H TEOPHH YCTORUMBOCTH; Hall 0630p B 3HAYHTEJLHON YaCTH sIB-
JISRTCH NPOAOJIKEHHEM HCcaenoBanHi, Hayarelx A. ITyaukape u A. M. JIanyHOBHM.

Kuuru [1], [48}, [37], [67], {B] sBasioTCsi MoHorpadusmE ofllero xapakrepa.
Kuuru [48}, [37], [67] oTpaxalor cocTosiHHe KaueCTBeHHOR TeOpHHM nuddepen-
UHaILHHX ypaBHeHHA B Kosile 40-x, 50-x m 60-x romoB coorBercTBeHHO. KnurH
[1], [22] u3naratoT TeopHw nHQdEPEHUHANLHHX YpPaBHEHHH B KOMIWIEKCHOR 06-
JlacTH. B vactHOoCTH, B KHHre [l] HaJoeHa TeOpHst HHTerpaJbHHX NpecGpasoBa-
HHM H ee IDHJIOXKEHHsl K pelleHHIO JHHeHHHX ypaBHeHHA. (CHOBH TEODHH JIH-
HeHHHX ypaBHeHHMR C KOMIJIEKCHHM BpeMeHeM ocBellleHm B KHHrax [37}, [67].

Kunra [8] copepxut 0630p COBpPEMEHHOrO COCTOSIHMSI T€OPHH OGHKHOBEHHHX
AHpPepeHUHANBHHX ypaBHeHHR. B Hefi H3JIOXKeHH OCHOBH MeTO4a HOPMaJbHHX
dopm Ilyaskape H ero NpHJIOMXKEHHS K HCCJIeNOBaHHUAM IOCIEAHHX JIeT, OCHOBH
TCOPHH IJIalKHX NHHAMHUECKHX CHCTEM, JIOKaJibHas TeOopHs OHypKauuil.

B xmure [2] paHO nepBOe CHCTeMaTHUYECKOE H3JIOWEHHE OCHOB KaueCTBEHHOR
TeopHH AH(QGQepeHUHAJBHHX YpaBHEHHH Ha IJIOCKOCTH: TEeOpPHS aBTOKOJebaHuf
(npefesbHHX IHKJOB), pa3pHBHHX (pefaxCanHOHHEX) KoseGaHHA, H pa3o0paHH
MHOTOYHCJIeHHEIe NpHJOXKeHHs K (H3HKe H TeXHHKe.

SIBneHne MATKOR H MECTKOHR IoTepH YcTORuUHBOCTH («omacHee H Oesonac-
HHE IpaHHUH 06JacTH YCTOHYHBOCTH®») HCClenoBaHo B KHHre [12}, rpe pa3oGpa-
HHE TaKXXe MHOTOUHCJIeHHble NPHJIOXKEHHH.

Kuura [3] nocesimleda reomeTpHuecKOft TeopHH AHO(EpeHIHANLHEX YpaB-
HeHHH Ha IJIOCKOCTH H cdepe. B Hefi (aKkTHUECKH COAEPIKHTCH NOJHHR Habop
TOIIOJIOTHYECKHX HHBADHAHTOB aHAJIHTHYECKHX BeKTOPHHX NoJeffl ¢ H30JHpOBaH-
HEIMH OCOORIMH TOYKaMH Ha NByMepHOH cepe.

Kuura [18] nocesileHa MeTOAY HOPMAaJbHHX (OpM, pa3pelleHHI0 OCOGeHHO-
<CTef H HX NPHIOKEHHAM K HCCJICAOBAHHIO ‘aHANHTHYECKHX AH(bepeHtHaJbHEX
ypaBHeHH M K 3ajayaM MeXaHHKH. Knura [14] nocBsilmleEa TeOpHH HOpMaJlb-
HHX (OpM, B OCHOBHOM JJs ¢(OpMalibHHIX H IMIaAKHX BEKTOPHHX noJjeit H otolpa-
meuufi. eoMeTpHueckoe u3J0XKeHHe MeTOAa paspelleHHs ocobeHHOCTER coaep-
HTCH B KHHre [85]. JlokanbHasi TeOpHsi HHBaPHAaHTHHX MHOTOOOpAsHfl H3JIOXKe-
Ha B [44], [37], [85]; B [44] oHa mnpHMeHsleTCE K YpaBHCHHAM MaTeMaTHUECKOM
(pH3IHKH.

B kuure [45] H3/0XeHa JIOKaJbHasi TeODHsI TaMHJIBTOHOBHIX CHCTEM, B KO-
TOPOR H3-32 HAJHYAS HHBADHAHTHOR CHMIJIEKTHYEeCKOR CTPYKTYPH BO3HHKAIOT
cnenHpHYeCKHe SsIBJIeHHs, He BCTpeuaroiluecs B AH((epeHIHANbHHX YpaBHEHHAX
o0I1lero NnOJIOXKEHHS.

Kuura [17] wnocesimena TeopiM BO3MYILEHHH, INO3BOJSIOIIEH HCCIEN0BATD
.CHCTeMH, GJH3KHe K HHTETPHpyeMHM.

B xumrax [7], [47] u3aaraiorcs OCHOBH TeopuH aHMGepernHalbHRX YypaBHe-
Hult Ha MHOroobpasusix. Teopus Ppobennyca HanokeHa B [47]; reoMerpHYeckoe
HanoxeHHe pano B [8].

Kunra [62] nocbsllleHa TEOPDHH CJIOEHHH, 4YACTBIO KOTODOR SHBJSIETCH TEODHS
nuddepeHuHaJbHEX YPaBHEHHH € BellleCTBEHHHIM H KOMIUIeKCHHM BpeMmeneM. Oxa
conepXHT nofapolHoe H3JIOXKEeHHe TreOMeTPHYeCKOR TeopHH AHQ¢epeHIHANIbHRX
ypaBHeHHH Ha AByMepHOM H TPEXMepHOM TOpe.

Kunra [5] mocBgilena ¥Y-cCHCTeMaM — eCTeCTBEHHOMY KJiaccy AHdepeHuuamn-
HEIX ypaBHeHHR Ha MHOroo6pasHMsx, oOJafaloIlHX  CBOACTBOM  CTPYKTYpPHOR
yCTOMUMBOCTH. B 3TOT KJacC BXOASAT, B YaCTHOCTH, leOAe3HYeCKHe MOTOKH Ha
KOMIaKTHBIX MHOTOOGpa3usiX OTPHUATEbHOR KPHBH3HH.

Kunra [19] nocesilleHa B OCHOBHOM aCHMNTOTHYECKOR TEODHH JMHERHHIX
.aupdepeHuHaJbHHX YpaBHEHHHA C KOMIJIEKCHBIM BpeMeHEM.
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Ilpo6nema Pumasa—I'uinbepra obcywkpaercs B kHurax [82], [103], [65]
[57]. Kuura [103] nocBsilleHa TEOPHH HHTErpaJbHHX YDaBHEHHH, C NOMOILBI-
KOTOpOR OHJIO NOJIyYeHO nepBoe pellledHe npobJieMH.

Kuura [65] comepXHT TEOPHIO BeKTOPHHX PAacC/IOEHHH H ee IPHJIOXKEHHSR
X npobneme PuMana—I'HinOepra AJin ypaBHeHHA Ha HEKOMIIaKTHHX DPHMaHOBHX
nosepxHocTax. B xuure [57] paspewmmocts npobiemn Pemana—InabbepTas
{IpHJIaraeTcsi K TeOopHH noJif. B kuure [82] TeopHs JHHefinx aHdepeHUHaNb-
HHX ypaBHEHHH H3JIOXKeHa Ha SI3HKe CBSI3HOCTEH B BEKTOPHHX PacCJIOeHHSX; 3TO

NO3BOJIAET CT2aBHTh H pewats npobiiemy Pumana-—Iuipbepra pis ypaBHeHHH ¢
MHOTOMepPHHM BpeMeHeM.

1. Adne 3. JI, O6uknoBennte pudpepennnaabubie ypasuenus. OHTH, Xapb-
KoB, 1939, 719 c.

—, JONOJHHTEeNBHHE TIJaBH TEOPHH OOBLIKHOBEHHHX JH(GdEepeHIHaIbHEIX

ypaBuenui. M.: Hayka, 1978, 304 c.

—, 3aMeuauHsi O TEOpHM BC3IMYIIeHHA ans 3azau THoa Matee. Venexu Mart.
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