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Teopun KOMILIEKCHEIX YMCET, KBATEPHUOHOB ¥ CHMHOB OTHOCATCH K HE-
BoaBIIOMY YMCLy Hauboxee (MYHAAMEHTAILHBIX YACTEH DEOMETDUH, MMEI-
mux Hauboxee BaXHbE NpUIoxKeHus B puarke. OnuchiBaeMoe HUKE DeoMe-
TPHUYECKOE MOCTPOCHUE TEOPUHM KOMILIEKCHEIX YMCEX (PPAHIY3HI NPUIMCAIN
Aprany, xoTs 3a ceMb JgeT A0 Aprasa ero onybuMKOBAL AATCKUA MATEMa-
Tux Beccean (KOTOpBIM, BIPOUEM, HCXOAWT CKOPEe N3 Oy AYIINX MHKEHEPHBIX
NPHICKEHNH, HANPUMED, K €M He TOCTPOCHHOW TOTA4 TEOPHM yPABHEHUN
MakcBemna u NEPEMEHHOTO TOKA).

Kommiekcubie uucaa

PaccMoTpuM Ha €BKIMAOBOM IWIOCKOCTH CHCTEMY OPTOHOPMUPOBAHHEIX
KOODAMHAT.

o @

Puc. 1. Bemecrensrsie 6a3uCHBIE BEKTOPH HA MIOCKOCTH KOMIIEKCHBIX YHCEN.
Basucubre BEKTOPEL 0003HAMMM Yepe3 1 mo OgHOM OCH, ¢ IO APYTON OCH

(or caoBa «maginary», T.e. MHUMBEIA). TOYKa MIOCKOCTH MpPEeACTABIAETCS
B BHAe a + b - i (eguHuuy npw @ He mMImEM):

i

e
IS

Puc. 2. BemecTBeHHAS ¥ MHUMAA aCTh KOMILIEKCHOTO THCIA.
BQKTOPM Ha ILIOCKOCTH MOMXHO CKJAAABIBATE!
21 = al -+ by -4

29 = as -+ by -
z1+z2=(a1+a2)+(b1+b2)~i
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KpoMe ciroxeHus KOMIJIEKCHEIX YHCEJ, ONpEAeIMM HX YMHOXEHWE.
Tabnuna yMHOXEHUS:

Yucno ¢ HA3BLIBAIOT MHUMbLM, TAK KAK HE CYIIECTBYET BEIIECTBEHHOI'O 4H-
CJIa @, JJIS KOTOPOro BRIMOIHAIOCE ObI PABEHCTRO

Ipoussesenue [BYX MIOOBIX KOMILIEKCHBIX YHMCEI ONPEAEIACTCH N0 3aKOHY
AUCTPUOY TUBHOCTH!

2179 = (a1a2 - b1b2) + (a1b2 -+ agbl)i.

Wubivm croBaMu, YMHOXAA G1 Ha ag W by Ha by, moayuaeM BEIIECTBEHHYIO
9ACTH MPOM3BEAeHMA (MX PAa3HOCTH), & YMHOKAA a1 HA by m by HA ay —
MHHMYIO 9aCTh (CyMMy oTHX AByX npomasegenmnin). Onpesenenne yMHOKECHNSA
3AKOHYCHO.

3ameuanue. Bce CBOMCTBA yMHOXeHUS (KOMMYTATMBHOCTB: 2%y =
= 2271 ACCOUMATMBHOCTE: (71722)73 = #1(#2%3); AMCTPUOYTMBHOCTEL WO OT-
HOIICHHIO K CAOKEHMIO: 21 (%2 + #3) = 21 %2 + #1#3) BHIIOTHAIOTCA OYEBUAHEIM
obpazomM.

C anrebpam9ecKon TOYKM 3PEHUSA TEOPHUS KOMILICKCHEIX THCET 3TUM WC-
4ePIBIBACTCA.

,[[BH)KGHH&I ILTIOCKOCTH

KoMmiekcHbIe 9ucra — MATeMATHYECKN ANNapaT Ajid ONUCAHWA IBH-
KEHUH TWIOCKOCTH. YTOOHEI B 5TOM yOEANTHLCA, MBI BBEAEM €HIE AOTMOHH-
TEJIBHOE

Omnpepgenerne. KoMIIeKCHOE IuCIO

Z=a—b-i
HABBIBACTCA KOMNAECKCHO CONPANCENHBIM K SHCIY z = a+ b - i.
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Puc. 3. KomnaexcHoe conpsxenne xkomkn K.

TeomeTpuieckn nepexos OT Z K Z — 3TO OTPAKEHUE OTHOCHUTEILHO
ocu O1.

TeopeMa. ConpancEénnoe wucao ¥ CyYMme 06YL KOMMACKCHOLL YUCES DG~
HO CYMME YUCEA, CONPANCEHNBIL K CAQRAEMBLM

21+ 29 =21 + Z2.

TeopeMa. Conpascénnoe wucao K npous’sedenuio J6Yr KOMNACKCHLIL
YUCEA DABHO NPOUIBEICHUIO YUCEA, CONPANCENHBIL K MHOMCUINEALM;

2179 = Z1%9.

Onpepenenne. IpousseseHne KOMILIEKCHOTO YUCIA HA CONPAXEHHOE
€My YHCJIO0 HA3BIBAECTCA %Gaapamom Moéynﬂ KOMILIEKCHOIO YMCJIa:

|22 = 7Z.

Jemma. Modyab xKomnaexcnoz0 wucaq — Jelicmeumespnoe Neompuya-
MEAVHOE YUCHAO.
JokazaTenscTBo. KBapar MOLY/IS HE MEHAETCA NPK CONPIXKEHWUN:

27 =T = A,

MOBTOMY OH SBJIAETCA JEHCTBUTEILHEIM uncaoM. Kpome Toro, |22 = 2z =
= a? + b? > 0, nosTOMY MOAYIL — TOXE JEHCTBUTOILHOE HEOTPUIATEILHOE
HHCTO. |
Onpepenenue. Apzymenm ( HE PABHOTO HYJIO KOMILIEKCHOT'O HMCJIA
PaBeH yIIy HOBOPOTA OT NOJOXMTEILHOW noayocu Ol B CTOPOHY HOJOXKM-
TEILHOM MHUMOM noyocH (f 10 HANPABICHUS KOMILVIEKCHODO YHCIA.
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3ameuanue. Ecm |z] = 1, o
=cosa, b=¢ina.

Te, k10 He 3HAKOM ¢ QYHKIMAMK CHHYC M KOCHHYC, MO'YT CUHTATE 3TO
3aMevaHne ux ONnpeaeJeHueM.

HpIIII\/IeHI/IM: Tenepb KOMILVICKCHBIC TUCJIa 4 I/I3y‘{eHI/IH rlIBI/I}KeHI/II(/’I E€BKJIN-
HOBOW MIOCKOCTH. Paccmorpum xommaexcuoe smero w € C. PacemoTpum
npeofpa3oBaHue (YMHOXEHNE Ha KOMILIEKCHOE YHCIC 2y, NepeBOAdIee Ka-
KAYIO TOUKY W B TOUKY zw, rae |z| =1, argz = a.

Teopema. [Ipeolpa3o6anue YMHONCEHUAL A KOMNAEKCHOE YUCAO C MO~
dyaem eduNUYA ABALETNCA NOBOPOMOM NaocKocmu {w}.

JlokazaTeabcTBo. Paccmorpum koMmiekcHoe umcao w. Cocumraem
MOZAYJIb KOMILIEKCHOT'O YHCIA, B KOTOPOE NMEePexXo uT w IpU HaleM npeobpa-
30BaHUM:

|zw|? = rwzw = (27) - (ww) = ww = |w|>.

Caea0BaATEIBHO, MOBOM BEKTOP NEPEXOJNT B BEKTOD TAKOH XK€ LIMHEL Kpo-
M€ TOI'0, PacCTOAHNE MEXAY KOHIUAMHU BEKTOPOB TAKXe COXPAHAECTCH:

|zw1 — zwa| = |z(w — wa)| = |wy — ws|.
Zun
ie
w
ZUs 3/\/\/\?1}1
1

Puc. 4. Onepanms yMHOXEHHUS HA KOMILIEKCHOE 9YHUCIO ¢ MOZYIEM €JWHHILA.

Takum 06pazoM, NpeobpasOBaHNE YMHOKEHUA HA KOMILIEKCHOE THCIO
¢ MOAYJNEM €IMHUHA COXPAHAET NIAHEL

Baxwuas gerans: 510 npeobpazoBaHue COXPAHAET OPUEHTANMIO. |

3ajgaua. Bpamenne miockocty {w} 0o 4acOBOU CTPEIKE HEPEXOAUT NPU
HameM NpeoGpa3soBaHuM BO BPAILIEHME MO YaCOBOM cTpeake (T.e. B TY Xe
CTOPOHY, 9TO W MCXOAHOE).

OTcrymienue npo opueHTanmio. [ia onpeneneHus OPUEHTAINN
Hy®Ha GOPMYIa, KOTOPYIO OT CTYAEHTOB 3A94CTYI0 CKPHIBAIOT, — (GOPMYIa
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IOMA, M Napamesorpamma. [lycTs HA €BKIMIOBOW MIOCKOCTH C OPTOHOP-
MUPOBaHHBIMYU kKoopanuaTamu {(X,Y)} nmeerca napamnerorpavy. Hepsem
BEKTOD, 33Ja10MnH NapawtenorpamMy, o6o3aasmy depes A = (x4 ), BTO-
pourt — uepes B = (22,¥2)-

Y

Yz r----
Yir-/-- R

Puc. 5. Opuerranuma MIOCKOCTH NAPOW BEKTOPOB.

Teopema. ITlsowads S(A, B) napassesoepamme, nopoxciennoeo 6ex-
mopant A u B, asasemcea aunetdnot Pynxyued om sexmopa A :

S(Al +A2,B) = S(Al,B) +S(A2,B)

(3»"2,1/2) =By~ /

Puc. 6. TlapaxrenorpaMy, HOpOX AEHHBIN Napol BeKTOPoB A u B.

Toma s HAA0 CYNTATH CO BHAKOM (ILIIOCH, €M noBopoT or A x B —
B HANPABJCHWH BPAIIECHUS OT NEPBOW KOOPAMHATHON MOIYOCH KO BTOPON
(A HAIEM DPHCYHKE — (OPOTHB €acoBOM cTpenkm ). (CooTBETCTBEHHO,
CO BHAKOM (MHHYC», €CIM NOBOPOT 0T A Kk B — B NpOTHMBONOMOXKHYIO CTO-
pony. JIMHEWHOCTH 38BUCHMOCTH MIOMAAN OT MEPBOrO BEKTOPA O3HAYAST
TAKKE, 9TO

S(kA, B) = kS(A, B).

3T [Ba NPOCTHIX GAKTA COACPKAT B CKPEITOM BUAE BCIO «(TEOPHIC ONpene-
JTATEICH .



Bosemewm 6asuc e = (1,0), f = (0,1). Toraza nmamm sexTopa A = A;
u B = Ay MOXHO npecTaBUThL B BUIE

Ay =zie+uyf, As=mae+yaf.

Berancasem mmomans S(A;p, As). BeaescTeme IMHEMHOCTH TOXYHAEM CYMMY
4eTHIPEX CIAraeMbIX

S(A1, Az) = m1228(e, ) + m1y2S(e, f) + y1225(f, ) + y1y25(f, f)-

3aeck S(e,e) = 0, noToMy “TO DapaLIeIorpaMM, HATAHYTEI Ha napy (e, e),
ABIACTCA BHPOXAeHHEM. 1o srom xe camon mpwamse S(f, f) = 0. Hanee
samernM, uto S(e, f) = 1; v0 S(f,e) = —1, Tax xak HanpaBJIeHUE BPALICHUA
or f Kk e — B 06paTHy0 cTopoHy. ClefoBaTEILHO, BCA TIIOHIA AL PDABHA

S(A17A2) = T1Y2 — T2Y1.-

STO IMCIAO HABKIBACTCA 0N edeaumene.s MPUBEACHHON HUXE KBAAPDATHON
TAOIAILL U3 YeTHPEX KOMIOHEHT HAMMX BEKTOPOB, HAZLIBACMON Mampuyett
MaPaLIEIOrPAMMA:

I
T2 Y2

S(A1, Az) =

Mer 06cyx gaeM BOMPOC: COXPAHACTCA U TPY YMHOKCHUH HA, 7 OPUCHTAINA?
Hago BasTe Ha miockocTu {w} OCHOBHOM HapauIeIOrpaMM U NOCMOTPETS,
KyJAa OH mepexofut. Eciu miomans o0pasa nomoXnTeIbHA, TO OPUEHTANNI
COXPaHAETCH, & €CaH IUIOMA AL 00Pa3a OTPUIATEILHA, TO OPUEHTALMA OCHOB-
HOrO (2 3HAIMT, n M0B0T0) napamerorpaMma MeaaeTcs. O6pasbl BEKTOPOB
eu fcyTh

ze=z=a+bi, zf=z2i=-b+ai

CrepoBaTeIsHO, MATPULS, MAPALISIOrPaMMa-00pasa uMeeT BUA

rr oY1\ a b
re y2) \ b a)’
Onpegesmrens 5T0M MaTPUUEL HOTOxUTeReH (Opy 2 # 0), Tak Kak

=a’—(=b) b=a’>+b* >0.

a b
-b a




Cie0BaTeIBHO, YMHOXEHNE HA HEHYJIEBOE KOMILIEKCHOE YMGIO Z COXPa-
HACT OPDHUEHTAIWIO IIOCKOCTH yIVIHO}KaeeMZHX THCesT.

Hccneayem, Ha KAKOW yroJ MOBOPAUBACTCA BEKTOP W MPH €0 YMHOKE-
Hum Ha z? BoapMEM NpOCTEMIIME BEKTOP M MOCIMTAEM, H3 KAKOM YrOJ OH
TIOBEPHETCA MIPU HALIEM NPeoOpa30BaHMU.

Samedanue. AnreOpancTh CINTAIOT NPOCTENIINM IUCIOM 9ucao 0, HO
HaM OHO He NMOAXOINUT, MbI BO3bI\/IéMZ B KaJeCcTBe HpOCTef{meI‘O YUCIO W == 1.
Toraa yMHOXEHUE Ha z HepeBedér ero B zw = z = a + bi.

2=z w=1— cTamo

w =1 — 6bLI0
Puc. 7. TloBopoT BekTOpa w NpH YMHOKEHWH HA 9UCIO Z.

W3 sroro caegyer, 4ro Hame npeofpa3OBAHME MOBOPAYMBACT BEKTOD
w =1 Ha yrox o = arg z.
CreacTBHE. YMNONEHUE KO KOMTNAECKCHOE WUCAO Z, MaKoe 4mo |z| = 1,
ABAAEMCA NOGOPOMOM TAOCKOCTIU NG Y204, PAGHbIL arg 2.
Teopema. IIpu ymuorcenut KOMNACKCHOIT YUCER UL QGPRYMENTILL CKAG-
duisaomes:
arg(zw) = arg 7z + argw.

JoxkazaTenscTBo. Mul yxe gokazanw, 9T0o BexTOp w = 1 npu yMHOXe-
HHUH HA Z NMOBOPaYNBACTCA HA yPOJI . HO HOCKOJIbe yM:HO}KeHI/Ie H3 Z €CTh
MOBOPOT, TO HA TAKOM XE YOI MOBOPAMUBACTCA M TIOOOU BEKTOP w. Breaém
obozuadenve argw = . Torga 4MCJIO 2w uMeeT apryMeHTOM « + 3, T.e.
arg(zw) = argw + a. O

STO NPpUBOINT K TPUTIOHOMETPHUYCCKHM TOXNECTBAM, KOTODBIC HHAYEC
HEBO3BMOXKHO NOHATE. Ilyers z =a + bi, w = c+ di, |z| =1, |w| = 1. Toraa

2w = (ac — bd) + (ad + be)i.

Hockoabky argz = a, T0 @ = cosa, b = sina. To4HO TaK Xe, MOCKOJILKY
argw = 3, T0 ¢ = cos 3, d = sin . [losTomMy modyvaeM s BEHIECTBEHHBIX
¥ MHUMBIX 9aCTel NPOU3BEACHUSA 7% BHIPAKCHUS

cos(a + B) = ac — bd = cosacosf —sinasin 3,
sin{a + 8) = ad + be = cosasin B + sin a cos 3.

2—KOMII. . 9



DopMyra yMHOKEHIA KOMIUIEKCHBIX THUCEN JEMKO 3AMOMUHACTCA 1 HE My~
TAETCA HU C 96€M APYPAM. A TPUrOHOMETPUYECKHX (GOPMYJI B HEH COAEp-
XUTCA OYCHEB MHOT'O, UTO JGIA6T U3 HUX M3MOOICHHEN dK3AMEHATOPAME BO-
NPOC HA NPUEMHBIX 3K3aMEHAX.

Teopus BpAIICHNN W ABVKCHUN €BKINULOBON TVIOCKOCTH MCISPILIBACTCA
NPUBENEHHBIME (DOPMYIAMH.

3ajgadga. [lokaxure, 9T0 NpU 40000 HAMYPAALHOM Tt

cos(ny) + ¢ sin(ng) = (cos @ + i sin )"

(sra dpopmyaa vasmBaercs fopmyaod Myaspa, Tax xax eé OTKPLLT rOPasio
PAHBINE COBCEM APYT'ON YEIOBEK).

Mpumep. Ua sron popmyast cregyer (myTéMm packpsiTus cKoGOK B 6u-
HOME APABOW 9YaCTH), ITO M COs(ny), U sin(ng) — BEMECTBEHHBIE MHOTO-
YIEHBI ¢ NEeTHIME KO3GhDOUIMEHTAMU OT NEePEeMEHHBIX X = COSy, ¥ = sing.
Wan, musivu CIOBAME, MPUZOHOMEMPULECKUE MHOZOUAEHD, (TAHENHEIE KOM-
6VMHATMA CMHYCOB ¥ KOCMHYCOB KPATHEIX YTVIOB) MOMHO DACCMAMPUBATIL KOK
oepanuients O6bIYHOLT MHOZOUAECHOS O O06YT nepemenneit (T 4 y) na ox-
pyxcnocmy (2 +y? = 1).

B 49acTHOCTH, 0M€HE 9ACTO TOAE3HEL GOPMYILI

cos(2¢) = cos® p —sin®,  sin(2p) = 2sinpcos ,
cos(3¢) = 4cos® p — 3cosy, sin(3y) = 3sinp — 4sin® .

Hockoasky KocuHyC — 9€THAS QYHKUINSA, & CHHYC — He4eTHAaA GyHKuMs
OT , TO CO8(7Y) MOKHO PEACTABUTE B BH/E MHOTOWICHA OT OQHOFO JWHIb
aprymenTa x = cos ¢ (3amenus Beaze sin’ ¢ a1 —cos? @). DTu 3aMevaTens-
HBIE MHOT'OWIEHBL OT OJHON IEPEMEHHON HA3BLIBAIOTCH MHOrOWIeHaMU ebk-
WeBa, OHK 00JA34a10T MHOTMMHM HOJE3HEIMM CBOUCTBAMK («HAMMEHEE YKIOHSA-
I0TCA OT HYJIsy, A0CTaBAsIOT «burypsl Jluccaxy» Ha skpane ocummiorpaba’™
u T. 1.). Hpocrermme 13 5TUX MHOMOUYICHOB NEPEMMCHIBAIOTCA B APYTHX 060~
3HAMEHUAX CACAYIOMUM 00pa3oM:

Filz) =z, Folx)=22*—1, Fs(x)=42® - 3ux,

0 a1aK0, ¢ CAMOr0 HAYATA BOZHUK BONPOC: KPOME BPALICHUN U JBUXCHUN
mockoctn R? CYIIECTBYIOT BPAIIEHUA U JABMXXKEHUS IPOCTPAHCTBA R®. Kak

* Cwm., nanpumep, B. #. Apnoavd, Maremarudecknue METOLBI KIACCAMECKON MEXAHUKHA
(M.: Dauropuan YPCC, 2000).
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ux onuceiBaTh? Koe-uto ageck caenan yxe Beccens npumepro B 1820 roay.
Ho OKOHYATEILHYI0 TEOPHI0 NOCTPOMJA NO3AHES WPIAHACKMA MATEMATHK
TamuiasToH.

OgHuM TYMaHHBEIM BedepoM no nyTu u3 Tpunuru-komreaxa B [Lybaune
TaMuabTOH mpuber K NOMOIIM AIKOTOMBHBIX HAPOB. JTO M IPUBEIO €0 K 3a-
MEUATEILHOMN TeOpeMe, KOTOPYIO MBI M3JI0KUAM HUXKE (M KOTOPYIO OH IBITAICH
nepes 3TUM HAWTH MHOTO aeT). [OBOPAT, 9TO OH OBLI TAK NOPAXKEH OTKPHI-
TOW UM (HOPMYJIOH, ITO CEMIAC XKE BHIPE3AT €6 MePOINHHBIM HOXNKOM HA, [e-
pUIaxX [AEPeBAHHOTO MOCTHKA 4Yepe3 KaHaJ, [0 KOTOPOMY OH B DTO BpEMS
mér. Ho 8, X0Th ¥ MCKAJT 3TY HANNUCH, BEIPE3AHHYIO TOrAa [aMuiIsToHOM,
He HAET 68 HA 3TOM MOCTHKe.

Oﬁoﬁmel«me KOMILIEKCHbBIX YHCeJ O TIOHATHIA KBaTE€pPDHHUOHOB

OxaseBaercs, aus onucanns Bpamenni B R® nyxumr 4 uncia, nosromy
HaM TpelyTcs BEKTOpa 4-MEPHOrO BEIIeCTBEHHOTO MPOCTPAHCTBA — K60~
mepnuonbl. Bripesannaa NavurbroHoM Ha nepuiaax popmyaa ¢k = —1 gaér
TabMUIY YMHOXEHUSA KBATEPHUOHOB.

Wrak, kBaTEePHUOH — 3TO BEKTOP 4-MEPHOrO BELMIECTBEHHOI'O MPOCTPAH-
crea ¢ Gasucom 1, 4, §, k (koTophe HABHBAIOTCA GABMCHEIMM KBATEPHHO-
HaMB): @ + bi + ¢f + dk. Umcao o HABKIBACTCA GEUECTRBENHOT HACTNDIO
(cxanapom), a TPEXMEPHBIM BEKTOP v = bi + ¢f + dk — mnumott wacmoro
kBaTepanona. CIOBO (BEKTOP» BNEPBHIE MOABHIOCH MMEHHO B DTOW TEOPHH.
Bo Bpemena IN'amuisToHa BeXTOPOB HE OBLIO, TAK YTO €MY IPHILIOCH BBLIY-
MBIBATEH BCHO TCPMHUHOJOTHIO.

«Hucaay 1, 4, j, k HABBIBAIOTCA OQ3UCHBLMY KGAMEPHUONAM.

CJIO}KeHI/Ie ABYX KBATEPHHUOHOB — MNMOKOMIIOHEHTHOC. OHO KOM:M:yTa—
TUBHO U ACCONMATHUBHO.

Camoe TpyaHOe — NPUAYMATH, KAK YMHOXAThH KBATEPHUOHBL. Y MHOXKE-
HUE AHCTpHﬁyTIIIBHO OTHOCHUTEIBHO CIOXEHUA, TaK YITO AOCTATOYHO yMﬁeTb
yMﬁHO}KaTb 63.3I/ICHHQ KBATEPHUOHBI.

* Onucameed 30M30 Npom3omén 16 oxratps 1843 roga ma BpykraMckoM MOCTy de-
pes Koponerckun xanan, rge NamunsTor uw Bepesaa dopmyay 2k = —1. B muceme
cBoeMy celHY Apumbaxezy ot 5 asrycra 1865 roga lamuaerom mumer o cyaefe
sroit dopmyxas: <« ..Ho, koHedHO, KaK HaAUWCH, OHA yxe crépraces. (. C. Ho-
40%, BapuanuoHHBIE NPUHOMOEI MEXAHUKHW, X DA3BUTHE M NPUMeHEHWE B (PUBHKE,
M.: ®usmaraur, 1960, 103-104.) — Hpus. ped.
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Ta6nuna NaMuibToHa yMHOXEHNS GA3NCHBEIX KBATEPHUOHOB!

1-1=1, 1-¢= 4, 1-5= 17, 1 k= k

t-1=14, t-t=—1, i-j= k, i-k=—j;

jol=j, jri=-k  jj=-1  j-k= i

k-1=k, k-i= j, k-j=— k-k=-1.
3aMeTHM, YTO PA3HEE MHUMEIE KBATEDHHOHHHIE (€AMHUNED DM YMHOXE-
HUM HEe KOMMYTHDYIOT, & aHTHKOMMYTHUDPYIOT: i{j = k, Ho ji = —k. Ecm
BHATH, YTO {j = K, TO OCTAILHOE JErKO BHIBECTH W3 YCJIOBHA ACCONUATHBHO-
ctu ymuoxenus. Hanpumep, ik = iij = —j, mockomsky i° = —1.

Hpasuio ymMHOXKeHNS OA3UCHBIX KBATEPHUOHOB MOIYYAeTCH 13 POPMY LD
ij = k UMKIMYECKUMM NEPECTAHOBKAM:

ij=k, jk=1i, ki=j.

YMHOKEHHE HE KOMMYTATUBHO, HO aCCOUMATUBHO. HEeKOMMYTaTUBHEIM
OHO ¥ JJOJDKHO GBITh, YTOOBLI ONUCHLIBATEL BPAIIEHUA TPEXMEPHOTO NPOCTPaH-
CTBa, KOTOPBIE HE BCE KOMMYTHUDYIOT.

s m06BIX KBATEPHUOHOR P, ¢, T UMEIOT MECTO CASAYIOIINE PABEHCTBA:

pt+q¢=q¢+p (KOMMYyTATHBHOCTB MO CJHOKECHUIO),
(p+q¢)+r=p+(¢+7r) (acCOUMATUBHOCTH MO CIOKEHUIO),
(p-¢)-r=p-(¢g-r) (ACCONMATHBHOCTEL MO YMHOXEHHUIO),
plg+r)=p-q+p-r (AuCTpUOYTHBHOCTS).
Takasa onepanms yMHOKEHHUA HE TPeOyeT yMCTBEHHEIX CHOCOGHOCTEH,

a nof00HA YMHOKEHUIO MHOT'O3HAMHEIX qucer®.
Iycres gauer 4Ba KBATEPHUOHA,

D =a + vy, = ag + V2.

Hocumraem ux npomasegerne. HavyHéM ¢ BEMMUCICHWS BEMICCTBEHHOM YaCTH
oTBETA:
Re(pq) = ayay — b1b2 — C1Cy — dldg.

* JlekapT OPEANOXUI METOJ HOIHOTO HCKIIOYEHUA TEOMETPHN W BOOOPAKEHUA M3 Ma~
TEMATHKY, KaK CAMBIN «JeMOKDPATUHUECKUIY: BeAb JIOO0U TYNHUNA IPOIBUTAETCA DU
MOZOOGHOM METOJLE CTONb M€ YCIENIHO, KAK U CAMbIM MeHRAIbHBIA yM.
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ScHo, 9TO Npon3aBeIeHTe BEIIEC TBEHHBIX YaCTEH 41 (s B OTBET BOUACT, HO TPA
MEePEMHOXEHUY WICHOB C APYTMMH OA3UCHEIMM KBATEPHHUOHAMHU BO3HUKAIOT
i2 = -1, j2 = -1, k¥ = —1, a ApYI¥X BeIIECTBEHHLIX CIATAEMEIX B IIPO-
maeegenun Her. [lo onpegeneHuio, craaspubLy nPouseedentem IBYX BEKTO-
POB TPEXMEPHOI'0 €BKJIUOBA IPOCTPAHCTBRA ¢ OPTOHOPMUPOBAHHLIM (a3uCOM
(i, 7, k) naswmBaeTca buamaenHas QYHKUNA OT DTUX BEKTOPOB

biby + crea + didy = (v1,v2).

3agaga. JoxkasaTs, 9TO CKAIAPHOE IPOM3BEACHNE [BYX BEKTOPOB PaB-
> ¥
HO INPOM3BEACHUIO X JIMH HA KOCUHYC YIVIa MEXAY HUMMU!

(v1,v2) = |lo1]] - ||v2|| - cos(vr,v2).
BeraucanM MHEMYIO 9aCTh NPOM3BENEHUA KBATEPHUOHOB Y.
Im(pg) = a1va2 + asvy + [v1,v2],

rae {v1,v2] — BEKTOPHOE NPOM3BEACHME BEKTOPOB v W v2. KOMHOHEHTHI
BeKTOpHOPO HpOIII:}BeAeHHH JET'KO BBIYMUCINTE — 3TO OHperlIeJII/ITeJIIIIZ

by b
C1 €y

C1 €2
a1 Go

a1 Go

b by k.

[T}l,’Ug}= i"f‘ j+

3apgaua. Jokaszats, 4To [v1,vs] HEPHEHAMKYIAPHO U1 B Vg.

Bribop HanpapieHus NepHneHNKYIAPY, NOLYMHEH TPeDOBAHUAM OpHEH-
Tanmy ((IPABMIO APABOW DYKM»).

Tponxa BexTOPOB (U1, Vs, [U1,v2]) OPUEHTHDPYET IPOCTPAHCTBO TAK XKe,
Kak BasucHas Tpouka (4, §, k). DTO BHAYMT, 9TO OAHY U3 TPOEK MOXKHO HETIPE-
PBIBHO HEPETHAHYTH B APYIYIO, OCTABIAA BEKTOPHL JMHEHMHO HE3ABUCUMBIMU
BO BCE Bpemsa neperarmsanusa. Hanpumep, tpovku (4,7, k) n (4, k, i) opuen-
TUPYIOT TPOCTPAHCTBO OAMHAKOBO, a (i, k, j) — wHaue.

BexTopHOoe npoM3BeseHNe 1BYX BEKTOPOB MEHACT BHAK MPH WX NEPECTa-
HOBKE.

IIpumep. [i,j] =k = —[j,4],[¢,i] = 0.

Hpouseeaeane MMHEHHO TIO ¥] ¥ OO Us.

OTO OMUCAHNE YMHOKECHNAA 3ABEPIIACT OMMCAHNE AMTeOPHI KBATEPHUOHOB
no NavuaeTony. OCHOBHOE 3HAMEGHWE BTOW OHEPANNHM COCTONUT B NOCTABJIAE-
MOM €10 ONMUCAHMA BPAILICHUN TPEXMEPHOTO €BKANI0BA TPOCTpancTsa. Hamo-
MHIO, YTO BPAIICHUE 6BK/IMI0BOM OPMEH THPOBAHHOM miockoctn R? Ha yrox o
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aagaéres oToxgecTraeHneM mwockocTn R? ¢ C u npeobpasoBanmem YMHO-
KEHMA HA 2, W — 2w, TAe Z = cos & + ¢ sin a.

k

v v = (cosa)i+ (cosB)j + (cosvy)k

i
Puc. 9. OpT ocy BpalueHua ¥ €0 HAUPABIIIOIIAE KOCHHYCHL.

1A KBATEPHMOHOB MOXKHO NPEAYTaNaTh KBATCPHMOHHBIM AHAJOT M-
caa z. Ho sakanumpaiomee BEIGOD KBATEPHHUOHA 3aMEYAHNE NPHUBOJNT K Te-
opuM cnuHa (BEPOATHO, NEPBOOTKPHIBATEIEM (OPMYILL I8 HErO ABIAETCH
Poapurec).

MBI HAYMHACM C €BKINAOBA OPUEHTUPOBAHHOrO mpocTpanctea R¥ ¢ op-
TOHOPMHMPOBAHHLIM OPUEHTUPOBAHHBLIM 6a3ucoM 4, j, k. Bpamenue npo-
crpancrBa R® onpegensercs CBOEH OCHIO BPAIIEHHA M YIVIOM IOBOPOTa BO-
kpyr sTom ocu. OCh MOXHO 330ATH OPTOM ¥, KOTOPHIA 3a4a6TCA CBOMMEA
yraamu o, 3, v ¢ ocamu (3,7, k): v = icosa + jcos B + kcosy. Bpamenue
HA NOJORUTEIBHEIN YIOA BOKPYT 9TOM OCH COBHNAAAET ¢ BPAIICHUEM HA PO~
THUBOMOJIOXKHEIN YIOJ BOKPYT MPOTHBONOAOKHONO HATPABICHUA OCH.

PacemoTpumM opT OCH BpameHus. JTOT BEKTOD MMEeT KOMIOHEHTAMHU
KOCHMHYCHL HANPABIAIOIINX YIVIOB (OOpPA30OBAHHEIX BEKTOPOM M HANDABIIAIO-
muvu BekTopamu ocer). o Teopeme Imparopa, gmHa BeKTOpa v PaBHA
EAMHUNE.

HepexoauM x pemanmen GopMmy.Ie — A1 KBATEPHUOHA, ONUCHIBAIOLIEr0
Bpamenue. DTy GOPMYLY CKPHIBAIOT 0T MEXMATAH WM Gu3nkos (B Teopun
TBEPAOrO TENA PACCKABHBAIOT B Buje MaTpun Haymm).

Kaxopa pasMepHOCTH IPYIILL BCEX BPAIIEHUN €BKINA0BA NPOCTPAHCTBA
R*? Mu ynoTpebiseM TPH HANPABISIOIIMX KOCHHYCa 1 yroga nosoporta. Ho-
AY4YAeTCH YeThIPe BEIIECTBEHHBIX YUCIa. Kamkercs, 9T0 pa3sMepHOCTh MHO-
roo6pasus BCex BPALIEHMN PABHA YeTHIPEM, HO 570 He BepHO. EcTh cooTHo-
menne Ha 5T 4 wmena: ||v| = 1. Pasmepnocrs rpynner SO(3) spamenmi
eBKIMOBA TPOCTpaHcTBa R? BOKpyr Touky O paBHA TPé.

3ajgava. [ocunrars pasmeprocTs rpynn SO(N) BCex BpallleHUH HPO-
crpancre R, R® u . 1. BOKPYT' Ha4aJa KOOPAMHAT.
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B o6osnasennn SO(n) 6yxsa O 0603HAMAET OPTONOHAIBHOCTE, T. €. CO-
XPAHEHHE NPEeOGPa3OBAHMAMM IPyNNsl AmmH BexTopoB m3 R™, a 6yxsa S
(«cnenmanEHOEY) — COXPAHEHNE OPHEHTALMN.

Temneps MBI CONOCTABUM KX 0MY BPAIIEHUIO TPEXMEPHOIO OPHEHTUPO-
BaHHOIO €BKJIMJOBA IPOCTPAHCTBA KBATEPHUOH HOPMBI €IMHUNA.

Omnpepeneane. Conpancénnbim K KBATEPHUOHY ¢ = G + ¢ HA3BLIBACTCA
KBATEPHUOH ¢ = a4 — V.

Onpepaenenue. Keadpamom nopmbl KBATEPHUOHA ¢ HA3BIBACTCA UMCIO
¢-7=a’—(v,(-v)) =a® +||v|* > 0.

ODTO — BCErAa BOIIECTBEHHOE TMCIO0, OHO MOA0KMTENLHO pu ¢ # 0. len-
CTBUTEILHO, HANMCAHHOE BHIPAKEHUE €CTh CYMMa KBaJDATOB BEIIeCTBEHHAIX
qHCet

@@= (a+bi+cj+dk)a—bi—cj—dk)=a®+b*++d* > 0.

Hosromy m HOpMA — BEMECTBEHHOE HEOTPUIATENBLHOE THUCIO.
Hycrs nan xaxow-mbo KBATEPHUOH ¢ HOPMOW €IMHULA,

=a+v: |g||=1.

To onpegenennio HOpMBI
a® +|v|)? = L.

EcrecTBeHHO NpUHATE a U ||¢|| 32 KOCHUHYC ¥ CHHYC HEKOTOPOTO yTUIa:
=cosy, |v| =sine.

Mur npeacTaBUIM HAI KBATEPHUOH B BUJE ¢ = COS @ +sing-v', rae v/ — opt
ocn. BexTop TpéxMepHOTo mpoCTpaHCTBA v MMeeT HOpMYy efmHuna. FEcmm
MBI XOTHM ONKCHIBATH NPH MOMOIIM HANIEr0 KBATEPHUOHA BPAIIEHWE TPEX-
MEPHOI'O NPOCTPAHCTEA, TO B KAYECTBE OPTa v/ €CTECTBEHHO B3ATH OPT OCH
BpameHua. 1 MOXy9IeHNs KBATEPHUOHA OCTATOCH BHIODATHL B MOCJETHEN
dopmyre yroa . Hycrs 8 — cama Beawuuua yrura nosopora. CoBpemeHHOE
NoHNMaHue GUBUKY OTIMYACTCA OT NOHUMAHNA OU3UKY ABA CTOIETHS HA3a [,
HOYTOMY HYXHA «IBOMKa Pogpurecas: OKasmBaeTCdA, B KAYECTBE @ AId MO
CTPOEHMs KBATEPHUOHA, ONMCHIBAIOIIEO MOBOPOT Ha yroa & Bokpyr ocu v/,
HYKHO BHIOPATEH TONOBMHY YTVIA TIOBOPOTA, @ = §/2,

= b + sin AN
g =cos {3 5) v

[Asouka Pogpureca u €CTh IPUYMHA CIIWHA, B (GU3NKE.
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3ameuanue. M3-3a [BOWMKHM BPAIIEHUE ONPEAEIACT KBATEPHUOH HEO-
HOZHAMHO. YTOJ noBopoTa § onpeaenén no moaymo 27an, n € Z. Bxopamwui
B OTIPEACICHNE KBATEPHMOHA yroa /2 onpegenén no moaymo wn. Ecm n we-
4ETHO, TO NpK NPUBABJICHUN 277 K Yy § KBATEPHUOH M3MEHUT 3HAK. Hano
6BL10 OB1 MCaTh ¢ = cos(8/2) + sin(0/2) - v'.

I/IHHN[I/I CJIOB&M:I/I, OAHOM:y n TOM:y xXKe HOBOpOTy OTBEYAIOT OBA KBaTep—
HHMOHA (PA3IMYAIOMAECA 3HAKOM ).

Bee kpaTepunons: Hopuve equanna ([|¢|| = 1) o6pasyior chepy S° B R,
CooreercTBHe, CONOCTARIAIONIES KAXIOMY KBATEPHUOHY HOPMEL €JWHMIA
Bpamenue, 3a4aéT oTobpaxkenue chepsl S° Ha BCIO TPYNINY BpaIeHHA —
AByaucTHOE HaxpuTue: S° — SO(3) = S%/+1.

Teopema. Omobpadxcentie HAKPLIMUSL ABAKEMCA 20MOMOPPUIMOM, ™. €.
npouseedenue neperodum 6 npouseedenue: ecan g(¢) — epawenue, coom-
BEMCMBYOUWEE KEAMEPHUONY ¢, MO

9(q1q2) = 9(q1)g(q2)- (%)

YMHOXCHNE KBATCPHUOHOB SBIACTCA AINeBPAMIECKON 3AMUCHI0 YMHO-
KEHUA BPAIIEHMH (3Ta TPYNAa HEKOMMYTATHBHA). OTO AHAIOT TEOPEMED
CAOKECHUA GPTYMEHTOB TPH MEPEMHOKEHUN KOMILIEKCHBIX 9ucen. Jlerko mo-
KABBIBAECTCA CJICAYIOMAA

Jlemma. |q1g2| = |q1] - |g2|.

Hosromy, ecam |g1 | = 1, TO yMHOXKeHME Ha TAKOW KBATEPHUOH COXPAHAET
ammmbl. Orcioaa aerko BeeecTu Gopumyay (*) (8 nponymy B 3TOM BHIBOAE
HEKOTOPHIE AETATH).

Hycrs 2 — xBarepunon u |z| = 1. Bygem aencTBOBATH KBATEPHUOHOM
7 HA KBATEPHWOH % CTPAHHBIM 06Pa3oM:

w— 2wz L. (%)

Onpegenenune. O6pamnuim K6AMEPHUOHOM K KBATCPHUOHY 7 HAZHEIBA-
eTCs TAKOW KBATEPHMOH 7 1, uro z 1z = 1.

Takon 06pPATHEIM KBATEPHUOH eAMHCTBEHEH W €70 JeTKC HAWTH /IS JIH0-
60r0 HEeHYJICBOTO KBATEPHUOHA 7 TAKMM K€ 00pasoM, KAK BTO ACIACTCH
W [/ KOMIUIKCHBIX IHCeT («MHBEPCHA» ). B HameM Cayvae apocTo z 1=z
rax kax zZ = 1. Crpannoe npeobpasosanme (#*) — 3TO BPAIICHAA HPO-
crpancra R* (gokasarerncrso amatoruyso crygao C).

Feam w = 1, 7o npw »Tom Bpamennn 1 — z - 1%, 70 ects BekTOp 1
ocraéres mpm npeobpasosannm (+*) Ha MecTe. BpalleHne eBKINI0BA MPO-
crpancrea R* ocrasmer na mecre eauuuny. OpTOrOHAJIBHOE NOTIOJHEHWE
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K BeKTOpy 1 mepexogut B ce6s u Bpamenue npocrpancrea R aazaér spame-
Hye eBKanA0Ba npocTpancTea R . MoXHO HEIIOCPEICTBEHHO IPOBEPUTE, YTO
TAK HOLYYAETCH TO CAMOE BPAaIEHUE TPEXMEPHOrO NPOCTPAHCTBA, KOTOPOe
MBI PAHBINE OMUCHIBAIU NPU MOMOIIM OCH ¥ YIVIa HOBOPOTA.

Paccmorpum geicTsue (#%) MIA TPOM3BEASHUA 217290 2172w (2122) L.
Kax soraucauts (2122) 17

Moackaska w3 3ana: (ab) ™! =a 1h L.

— Hegepno!

ITpumep. ycts a o3HavaeT CHATH NUAXKAK, a b — cHAThL pybamky.
Torga ba — cHATh NUAXKAK, 3aTEM CHAThH PyOaIIKy — DKBUBAJEHTHO Pa3-
gerwesa. O6partHoe — ogerbes. Hago cuavana Hajgers pybainky, W JMilb
notoM HageTh muaxwax. Hoaromy (ba) ! =a b 1.

Cie10BaTEIBHO, IPOU3BEACHHE 21 79 NEPEBOANT TOUKY W B TOUKY

(zlzg)w(zlzg)fl = zlzngglzfl = 2 (znggl)zfl.

Onepanusa (x+) AENCTBAA KBATEPHAOHA %1 %3 DKBHBAJCHTHA TOMY, 9TO HA pe-
3YALTAT ONepaumu (#*) AEUCTBUA KBATEDHUOHA Z2 HA W NEUCTBYET ONEpa-
puen (#%) KBATEPHHOH 7:

(1z)w(z22) "t =21 [znggl}zfl

Wupnvum croBamu, fns o600 “MCTO MHAMOTO (OPTOrOHATBEHOrO K 1) Bex-
TOpa W MMEEeT MECTO TOXJECTBO

(9(z122))(w) = (g(21))[(g(22)) (w)].

B 6oaee kopoTkux 0603HAYEHUAX, BPAIIEHUA ¢, COOTBETCTBYIOIINE KBa-
TEPHUOHAM 2z HOPMBL €AMHHMLA, YAOBJICTBOPSIOT YCIOBHIO I'OMOMOPMHOCTH,

g(z122) = g(21)g(22),

TaK 9TO TPYAHO ONMUCHIBAEMOE YMHOXEGHUE BPAINCHNM g(%) CBEJEHO K JETKO
BBIMIOIHAMOMY MNEPEMHOXEHUIO COOTBETCTBYIOIINX UM KBATCPHWUOHOB.
DTOT KBATEPHUOHHLI METOJ ONMCAHMA JABMKCHUN UCHIOIL3YETCH AaXKe
B KOCMUYECKUX UCCICAOBAHUAX, TP OPraHU3alu OPUCHTATUN CITYy THUKOB.
Joxaxem 0GEIAHAOE BBHIIE COBNAACHUE ONEPAnun (k) NeHCTBUA KBa-
TEPHWUOHA
=cos (8/2) + v'sin (6/2), |v'|=1,

3—KOMIT.q. 17



¢ AOBOPOTOM Ha yrox § BOKPYFP OCH €ro MHHMOM 4acTH (¢ opToM v') B npo-
crpancrBe R® 4uero MHUMBIX KBATEPHHOHOB.

1) Ocv opma v’ mepexoAnT OpH BTON onepaumu B ceba. [JencTerrensHo,
MMEIOT MECTO CAEAYIONME TP OYEeBUAHbIE GaKTa.

a) YMHOXEHME Ha BEIeCTBeHHOe 4ncio cos(f/2) neperosur B cebs mo-
Oy10 MPOXOAAUIYIO Yepe3 HOMb NPAMYIO.

6) YMHOXEHNE HA YMCTO MHUMBIM KBATEPHMOH v HEPEBOJAT KBATEPHM-
OHBI OCH € OPTOM v/ B KBATEPHUOHHL ¢ HYJICBOM MHAMOW HaCTHIO (MOCKOIBKY
BEKTOPHOE TMPOM3BEAEHNE JMOO0r0 BEKTOPA Ha ¢eba PABHO HYJTIO).

B) O6paTHEM K 2 KBATEPHWOH z | = 7 MMeeT TAKOW ke, KaK 2, BUJ
(¢ mporuBOTIONOXKHLIM §), TO3TOMY yMHOXEHUME HAa 7 | cmpasa obaajgaer,
KAK W YMHOXKEHWE HA Z CJICBa, CBONCTBAMM &) | 6).

Yreepxaenune 1) HEMOCPEACTBEHHO BHITEKAET W3 GAKTOB a), 6) 1 B).

2) Yrobul A0KA3ATH, YTO YrOJ MOBOPOTA BPAMEHMA (k%) BOKPYT OCH
opra v/ paBeH §, [OCTATOMHO IPUMEHNTE 3Ty ONEPAIMIO K KAKOMY-Iub0 qu-
CTO MHMMOMY KBATEDHMOHY % W3 OPTOIOHAJLHOIO AOTNOJIHEHMA K Opry v
B TPEXMEPHOM €BKINZOBOM mpocTpancTee R® umero MHMMBIX kBaTepHHO-
HOB.

YMHOXEHME W HA, Z CIEBA MOBOPAYMBACT DTOT BEKTOD BHYTPH YKa3aH-
HOT'O OPTOTOHAJILHOTO AOMOTHEHUA HA yrox §/2 (cormacHo Teopeme O Cao-
KEHUH aPTyMEHTOB TP TMEPEMHOKEHNM KOMIUIEKCHEIX HUCET). Y MHOKCHUE
Ha 2! cipaBa — Toxe MoBopoT Ha §/2 (HATPUMED, BTO MOXHO BEIBECTH M3
TOrO, 4T0

wz o= wZ o= zw,

a TMCTO MHUMBIC KBATEDHUOHBI DX CONPAXEHNN MCHAKIOT SHaK). YTBep}K,qe—
HEe 2) ZOKa3aHO.

3ameuanue. B kpanToBOM (huauke (HAIpPUMED, NPU ONUCAHUM BPAIIE-
HUA DIEKTPOHOB) OKABHIBACTCH, ITO (DMIMIECKH BAKHBIM ABIACTCA HE IS~
MeHT rpymmsl Bpamennid SO(3), a MMEHHO OAWMH M3 ABYX COOTBETCTBYIO-
MWUX €My KBATEPHMOHOB HOPMBI €IWHWIA, KOTOPHIM W HABLIBACTCA CHUNOM
JAECKMPONQ, UMEIOMMM Ba 3HAUEHUs (0OLIMHO 0603HAYaeMBIE B (DU3MKE e~
pes £1/2).

Hpu orox gecTriIeHUN B OAHY TOUKY KaX A0W Naphbl HPOTHROMOIOKHBLIX
Touex chepul S™ B eBkmgoroM npocrpancTee R™T ma cdepwr TOJIy4a-
eTCA N-MEePHOe IIANKOe MHOroo0pasme, KOTOPOe HA3BIBACTCH 6ECUECMGEH-
HOLM T-MEPHLLM NPOEKMUBHOLM NPoCMpPancmeom u 0bozHavaercs yepes RP™

(pmc. 9).
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CKJIEMBaeMbIC .
Toukyu A «DeCKOHEeTHO-Y JATCHHAM)
npamas RP!

06pa3 OKpecTHOCTH
3KBATODA
(mocae cxrenBaHMN)

noaycdepa 52
” M
Adppunnas mockoers R?

Puc. 9. Tlocrpoennme NPOEKTUBHON IIOCKOCTH IPUKIEMBaHUEM IJeHTH MEGu-
yea x xpyry A’B’C’ (unn npoexrusHON npavoi RP! «beckoneano-y ganéumsmo
Touex K addunnoi mrockocTu R?).

310 MHOrOO6pa3Me MOKHO TAKKE OMUCATH KAK MHOT0O6Pa3ue BCEX mpo-
xoaamux depes O npamerx OM B o6bemmomenm npoctpanctse R Bean
TaKasg NPAMAag KaK pas u onpejeasercs napon +N cBoux (IpOoTHBONONOX-
HEIX) TOYEK MEPECETCHNA C eAMHMTHON Chepo.

TMpumep. HpoexTuenas npamas RP! ects oxpyxHOCTs 81, mockoasky
[IPY OTOX AECTBICHUM TOYEK U -+ 7 OKpyxHocTH {¢ mod 27} noayuaercs
oxpyxuocTh {@ mod w} = S1/+£1 ~ S1.

MpoexTusHas miockocTs RP? momry4aercs ua abdUHHON MIOCKOCTH R?
gobaBaeHneM «BeCKOHeIHO-Y AatéHHON mpamoin RPL, cogepxaimen no odunot
GECKOHEIHO-YIATCHHOW TOYKE HA KAXKAOW NMpAMOW adUHHOM MIOCKOCTH
(aBUrascL BAOAL NPAMOM B 00€ CTOPOHBLL, MHI HOPUAEM B OJHY M TY Xe€
GECKOHETHO-Y AANCHHYIO TOUKY ).

Yro6uI BCE 3TO ACHO YBUAETH, MOXKHO HAYATH, OTOXACCTRIAN POTHBO-
MOMOKHBLIE TOYKH He CO Beel cdephl S2, a Muimb ¢ 3aMKHYTO# noaycdepsr 52
(cxaxeM, 10&HEE DKBATOPA). TOrAa CKICMBATH NPUASTCA TOMBKO KAXKAYIO
TOYKY A BKBATOPA C MPOTHBONOJOKHON, —A, a4 OTKPEITAas CTPOrO 0EKHAA
noaycdepa Ipu CKICHBAHKMYA HE HOCTpagaeT (puc. 9).

Mexay npoumm, u3 DTOH XK€ KOHCTPYKIMHM BHAHO, 9TO OKPECTHOCTH
6ECKOHETHO-Y AATCHHON (8 3HAMUT, W J060M) TPAMON HA NPOCKTHBHON TLIOC-
koctu RP? puddeomopdna renre Mébuyca (koTopyio Mébuyc Tax u oT-
KDBLT), BCIGACTBME 4Yero MpPOeKTMBHas miockocts RP? meopmemtmpyema
(kak ¥ BCe YETHOMEPHEIC TPOEKTHBHLIC mpocTpancTsa RP?" u B oTmmume
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ot HeuétHOMepHBIX RP?"1! | koToprie BCe opuenTHpyeMbI).

Urak, SO(3) = S?/+1 = RP? — opuenTupyemoe TpéxmepHOe TIPOEK-
THUBHOE NPOCTPAHCTBO. Ero MOXHO HpefcTaBuThH cefe KaK COBOKYIHOCTH
HOBOPOTOB HA BCEBO3MOXHBIE Yk, 0 < 8 < 7, BOKPYT BCEBO3BMOKHBIX OCEH,
3AJAHHBIX BCEMH BEKTOPAMH (& CIMHUIHOM CHEPH.

COROKYIIHOCTE BCEX TAKMX BPAIIEHMH MOXHO ONMCAThL Kak mwap {w} pa-
JUyca 7 B TPEXMEPHOM €BKINIOBOM mpocTpaHcrse. Ho Ha rpaxune »Toro
Wapa HyKHO €III¢ 0TOX JeCTBUTEH NPOTUBONOIOKHBIE TOYKH, TAK KAaK BpAaIle-
HUe HA YTOJ 7 BOKPYT BEKTOPA (W COBINAJAET C BPAIIEHUEM HA YOI T BOKPYT
BEKTOPA —w (& APYIMX COBNAAAIOMINX BPAIICHWH B HAIEM IIAPE HET).

3agaua. Cymecreyior qu asromopdusmer A:R? — R amre6per kpa-
TEPHUOHOB, T.€. NPeoOpa3OBaHuA (CKAXKEM, BEIMECTBCHHO-TUHEMHEIE), IS
KOTOPBIX NP BCEX KBATEPHUOHAX £ ¥ {f BEHINOJIHAIOTCA COOTHOIICHHUS

Az +y) = Al@) + Aly), Alzy) = Ax)A(y) ?

3ameuanwe. s noas KOMIJIEKCHBIX YHCEJS PYNNa aBTOMOP(OHIMOB
cocromT M3 AByx suemenToB: A(z) = zm A(z) = 7.

KparepHnonuoe conpsaxeHue HEe SBISETCHS aBTOMOP(MMIMOM, TAK KakK
A TIOOBIX KBATEPHUOHOB 2 U W UMEET MECTO JIETKO MPOBEPAEMOe TOX JECTBO
ZW = WZ, aHe Z-W (K6AMEPHUONKOE CONPANCENYE — <<aumua6momop¢u3.m»).

Ipumepom apToMOpdMaMa, anreOpsl KBATEPHUOHOB ABISETCH, OJHAKO,
N3MEHEHNE 3HAKOB Oeyx n3 TpéX MHHUMBIX KOMIIOHEHT:

Ala+bi+ cj +dk) = a + bi — ¢j — dk.

Sagaga. Havtu 6ce aproMopduaMel aareOpsl KBATEPHHOHOB (OHM 1O~
XOXM HA DTOT).

HexoTopsie npuMepHl

Onpepaenenne. Hpeobpazosanne (BEMECTBEHHO TIALKOE) KOMIIGKCHON
APOEKTHUBHOM IUIOCKOCTH HA Ce6A HABBIBACTCA NCEE0ONDOEKMUBHLIM, €CTN
OHO NepeBoanT Ka}K,ﬂyIO KOM:HJIeKCHyIO HpOQKTI/IBHyIO IpAMYIO B KOMILIEKC~
HYIO IIPOEKTUBHYIO IPAMYIO.

3ajgava. JokaxuTe, 9TO 6CAKOE NCEGOONPOEKMUBHOE NPEOGPA3OBANUE
KOMNAEKCHOT NPOEKMUBHOT NAOCKOCT Ha CC0A A6AIEMCA AU00 KOMNAEKC-
HOLM NPOEKIMUGHULM NPEOOPAIOEANUEH, AUGO €20 NPou3sedenuem Ha KOM-
NAEKCHOE CONPANcenue (A HE BHAIO, BEPHO JH 3TO 663 NPEATOKOKCHUA TIa,1-
KOCTH, HAIIPUMED — AJIA POMEOMOP(HHIMOB).
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PaccmoTpuM TeTpasap B €BKIAXLOBOM TPEXMEPHOM npocTpaHcTBe. Ha-
NpaBJICHUA U3 €0 HEHTPAa Ha BEPHIMHBL ONPEACIAIOT YeThIDE TOYKH HA Be-
HIECTBEHHON TTPOeKTHBHOM mockocT RP?. I'pynmna nmpoekTBHEIX mpeotpa-
30BAHWMN, COXPAHAINX BTH TOYKHM, COBNAAAET ¢ rpynmon Az cuMmeTpuin
TETPA3APa, COCTOAMEN 13 24 OPTOrOHAMBHEIX NPEOBPA3OBAHNN CBKINIOBA,
npocrpancrsa R?, coxpansomux TeTpasap.

Baoxus RP? B xommiekcuyio npoextusayio miockocts CP?) Mer momry-
quMm U TaM 4 Touku. YTobn koMmeKcupuuupoBaThy rpynny As, pacemo-
TPUM FPYONY BCEX COXPAHMIONMX 3TY YeTBEPKY MCEBIONPOEKTUBHBLIX Hpe-
06pa3OBAHNE KOMILTICKCHON TJIOCKOCTH.

3ajgaga. /lokaszars, 4TO TAaK ONpejenbHHAs «komnaexcupurayus 2pyn-
not Az cummemputt mempasdpar ecmo epynnae Bs eécer 48 cummemput oxma-
adpe uwau deoticmeennozo okmMa3Idpy Ky6a 6 MPELMEPHOM €6KAUIOB0M NPO-
cmparcmeae. IToT KyG MOKHO NOJIYHUNATH, 100ABUB K BEPIIMHAM TETPA3ApPa
C HIEHTDPOM B HyJIe HeThIpE NPOTUBONOIOXHBIX TOYKH.

Samedanue. MOXHO HANEATBCH, ITO K6AMEPHUONNOT 6epcuett 2pynnvl
As cummempuit mempaadpa (o pesno u xomnaexcnod sepcued zpynnor B
cummemput xKybe uan oxmasdpa) oxaxcemesn 2pynna Hs uz 120 cummempuit
uxocasdpa. OQHAKO BTO MOATBEPKAACTCA TOMBKO CTPAHHEIMA (GOPMYIAMHA
Aas amcen pébep: oTwm umena pasuer (puc. 10) 6 = 2-3 ars Terpasapa,
12 =34 gas okrasapa (mwm xyba), 30 = 5 -6 gas mxocapapa (wm goge-

14| = s Hs| =120
P=6 P=12 P =30

Puc. 10. Terpasap, OKTasap ¥ UKOCA3AP, UX DPYINL CAMMETPHH B 94CIa pe-

G6ep P. CroBa TeTpasip, OKTaz AP, HKOCAAP A AOLEKAIID O3HAMAKT «IeTHIPEX-
TPaHHAKY, «<BOCBMHUTPAHHAK?, «JBAJUATHTPDAHAWKY W «IBEHAJNATHTDAHHUK?.

Bce st Tpm umena mmewr Bug (n+ 1)(n+2), rae n = 1, 2, 4 —
PasMepHOCTE (MHOPOOOPA3HA BEIIECTBEHHBIX YHCET, KOMILIEKCHBIX HCET M
KBATEPHUOHOB, COOTBETCTEEHHO).

Tnagras TPysHOCTL MCCACAOBAHMA KBATEPHU3AIMKM COCTOMT B OTCYT-
CTBEM FOTOBOTO OHpeencHus (POib KOTOPOrO HPY KOMILICKCH(DUKAINY HI-
paj mepexos OT NPOEKTHBHEIX NPe0bpa3OBAHMH K NCEBI0NPOCKTHBHEIM).
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MoxHO npejnonarars, 9TO POJIb NAPHL TETPA3APOB, BIMCAHHLIX B Ky0
(n cBasammmrx ¢ Apo6wio |Bs|/|As| = 48/24 = 2) mrpaer B KBATEPHHOH-
HOM Cyuae naTépka kybOB, BOMCAHHBIX B AOAeKkasap (pebpaMu Kaxjgoro
M3 DTUX AATH KyBOB ABIAIOTCH HEKOTODHIE M3 AMANOHAJIEH HATHYTOIBHBLIX
rpaHen gogexasapa, puc. 11). Ipwm cummerpumax gogexasapa stu b KyGOB
NEePeCTABIAIOTCH, NTOAOGHO TOMY, KAK 3TO NPOUCXOAUT ¢ IAPOH TETPadAPOE,
BIMCAHHKIX B Ky6, npu gencrsuu rpynns 48 cummerpun xyba (cosnagaio-
MKUX ¢ CAMMETPHAME TBOUCTBEHHOTO KyOy OKTa3Apa, BEPIIMHAME KOTOPOTO
ABJIAKTCA TEHTPHL TPaHen Kyba).

Puc. 11. Terpasip, BOIMCAHHLIA B Ky0, U Ky, BIMCAHHBIA B JOAEKAAD.

Teopus cTepeorpaduaeckon npoekumy ¢hepsl Ha, IICCKOCTE MPEBPAIIa-
€TCA IPW TEPEXOe OT KOMIUICKCHEIX YMCEN K KBATEPHMOHAM (€ HEM3BEKHEIM
yaéToM aBoukm Pogpureca) B 3aMEYATETLHYIO NAPAMETPH3AIMIO KBATED-
HUOHHOM TpoexTuBHOM mpamoin HP! ~ S* keaTepHmonaMu, aHATOTHYHYIO
GOPMYIaM «TAHTEHCA, NOJOBUHHONG YIVIay,

?

11— 12 L2t L
COS(ﬂ—H—tz, 31n¢-H—t2, t—tgg
napaMeTpuayiomuM oxpyxuocts RP! u chepy Pumana CP!.

06 3TOW KBATEPHUOHHOM CTEpeorpaduyueckon npoexummu u 06 eé mpu-
JOKCHUAX K MCCACAOBAHMIO CIMHOPHBIX NBYJTUCTHHIX HAKPHBaOmmx Spin(4)
n Spin(5) rpynn SO(4) n SO(5) spamennit chep pasmeprOCTEN 3 1 4 MOXKHO
npoYecTh B ctathe: B. H. Apnoavd, Jlarpanxes rpacCMaHnaH KBATEPHUOH-
HOT'O THUOEPCHMILIEKTHIECKOro npocTpaHeTa (PyHKI. aHAIMS M ero Npui.,
T. 85, Nel (2001), 74-77).

YkasauHBe (POPMYILI, KAK 3TO HA CTPAHHO, BO-MEPBHIX, OBLLIN OTKPHITHL
Op¥ PEICHMM 3HAMEHMTON 3a1a9M TEOPHM YMCeL KAK HAaWTH BCe «nudaro-
poBe Tpoukmw veasx wucex (X,Y, 7), ABIAOIUXCA JIMHAMA CTOPOH Mps-
MOYTOJBLHOT'O TPEYTOMBHUKA, TaK 4T0 X2 + Y2 = 727
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Mpocreimue mpumepsr (32 + 42 = 52, 122 + 52 = 132) muEOro ucnos3o-
Bancs B JIpesnem Erunte, 4To6H CTPONTEH OPAMBIE YIVIBI, HCHOAB3YSA Y3JIbI
Ha BepéBke (HanpUMep, NPH CTPOUTEILCTBE ImpaMM,q). Ho o6mas dpopmyaa
6emta 38 TEICAYHM JeT 10 Hudaropa onybamkosana, BMecTe ¢ Teopemon Hu-
Q)aropa u ¢ J0Ka3aTeIBLCTBAMH, H3 BABWIOHCKHWX KJIWHOIMUCHBIX TabANIKAX
XALACEB: KAXK A48 HECOKPATHMAaA mudaropoBa TPOUKA MMEET B

X=u—v? Y =2w Z=u’>+1v°

rae (4,v) — B3AMMHO TOPOCTHIE HETHIC 9MCAa (PA3HOM 9Y6THOCTHM, ITOGHI
TPOUKA TIOXY THIACE HECOKPATAMAA ).

C apyro# cTOpOHHL, Te XKe (HOPMYJIL] HMEIOT TONOJOTHIECKOE CONEPKA-
HUE, ONMUCKHIBAA CTPYKTYPY MHOXECTBA BCEX KOMILIEKCHHIX TOYEK OKPYKHO-
ety (T.e. KOMILIEKCHEIX POIeHUWH ypaBHeHMs okpyxuoctH 2 +¢y2 = 1 —
TAK HA3LIBAEMOM DMMAHOBOW MOBEPXHOCTH AIA OKpyxHOCTH). OHE Xe m0-
CTABJIAIOT, KAK MBI YBUAUM, TAKXe YCIOBUA MHTECPUPYEMOCTH B DJIEMEH-
TApPHBEIX (QYHKIMAX TAK HA3BLIBAEMEIX «abeneBrIX AuddEpEeHNNnaIoBy, Bpoe
V1 —2?dx (o6mume abereBLI WHTErPATLI — B3TO BCE MHTErPATH BUAA
J R(z,y)dz Baoas xpuson H(zr,y) = 0, rae H — muorowien, R — pa-
HUOHAMLHAA DYHKIHA).

Jduddepernmnansaoe ypasHeHue HuloToHa

Auddepennmansuoe ypasuenue Howomona

d*x
W - F(:L'),

OMMCHIBAIOMIEE NBUMXCHUE TOYKM ¥ €JUHWIHOW MACCEl N0 NMPAMOW TOJ JEH-
CTBHEM CHIOBOTO moasa F', mveeT nepeit unmezpan snepauu

2
H(x,y) = const, rae H = % + U(x);

y = dx/dt — cxopocTs; U — MOTeHNMANLHAR DHEPTUA, ONPEASTACMAR YCAO-
Buem F(r) = —dU/dx.

Fcan F — MHOrOWIEH CTENEHW 7., TO YPABHEHME 3aKOHA COXPAHEHMSA
sueprmmn, H(x,y) = E, onpegeats na «pas0BON IIOCKOCTHY ¢ KOODAMHATAMY
2 ¥y arrebpandecKy o KpUBYI0 (PHOCPIIMNTHYECKYI0), 3ABACAIIYIO OT (IO~
crosuuon sHeprum Ey, a Bpemsa ¢ ABMXEHWA BAOIL HEE onmpepenseTcs abe-
JEBBIM WHTErPaIoM 0T anddeperunarsuon Gopmur dt = dr/y (ROCKOIBKY
y = dx/dt).
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CooTBETCTBYIOMEE 3TOMY ABUXKEHMIO (PA3OBOM TOIKH BEKTOPHOE MOJE
Ha Gasoson kpuson H = F eCTeCTBEHHO MPOJOIKALTCS HA BCI KOMILICKC-
HYI0 PUMAHOBY MOBEPXHOCTH (Tak, uTo di = 1 Ha BexTOpax moas). Y MBU-
TEILHBIM (AKTOM OKA3KIBAETCH TO, YTO DTO BEKTOPHOE MOJE ONUCHLIBACT ABH-
XKEHUE TI0 PUMAHOBOW MOBEPXHOCTH 3AMOJHAIOMICN €6 (HeCKUMACMON XK AKO-
ey (MMEeT «AMBEPTEHUMIO HOMbY, YTO B APYIMX TEPMHHAX O3HAYACT 34~
MKHYTOCTBY (GOpMBL df, T.€. TO, YTO OHA OKABLIBACTCH JOKATILHO MOJHBEIM
IrbhEPEHIIATOM ).

3aaaya. Hycrs norenumansuan sueprua [/ — MHOPOWIEH 9eTBEPTOM
CTEMEHN € ABYMSA MMHMUMyMamu («JByMS AOTEHIMATLHEIMA AMamin). Pac-
CMOTPHUM HEPUONMIECKHUE [BAXKEHUA B TOM U B OPYrOM AME, C ONUHAKOBEIMHA
BHAYMEHUAMEM NOCTOAHHON NOMHOW sHeprumn, F. Copammeaercs, mepuog KO-
TOPOro 13 HUX Boabine: ABMXKEHUA B Gogee riyGOKOW AME WIK B MEHEE IIy-
Bokon?

Orser. JTa 3ana4a — Tonoaorndeckas. O6a nepuoga 0gUHAKOBHI, 0~
CKONBKY PUMAHOBA MOBEPXHOCTE (haszoson kpuson H = E — Top, nepuoan-
YECKUE [BUKEHUA — MBA €r0 MEPUAMAHA, A MOTOKH HECKMMAEMOM KU IKOCTH
HA TOpe Yeped Jdne ABA MEPUAMAHA OJAHAKOBEL

3ameuanue. Unrrerpams aunddepenunanrsaon dopmel di = dx/y no
BCEBO3MOXKHBIM 38MKHYTHIM MyTAM HA TOPE, BHIXOAAIIAM W3 OJHOW M TON
e TOUKH, 00pasyioT «pemérkys: abemeBy rpynny Zwy + Zws = I', rae wy
¥ Wy — WHTErPaJbl BAOIL NAPALISTH ¥ BAOJb MEPUANAHA TOPA. JHAYEHUE ¢
WHTErPALS MO BHIXOAANIAM M3 BEIOPAHHOM TOYKH HE3AMKHY THIM Iy TAM SBJIA-
©TCA MHOTMO3HAYHOW (DYHKIMEH OT KOHEYHOW TOYKHM HA TOPE, MPUIeM BCE
BHAYEHUA 3TOW MHOTO3HAMHOM (DYHKUIWHM B TOYKE MONYHAITCA M3 OAHOTO M3
HEX HpubaBIEHreM BCEX uuces w3 pemwérku I.

Takum 06pa3omM, CaMa, HANIA TOPUYIECKAS PUMAHOBA MOBEPXHOCTH MPEJ-
CTABAAET COBOM (¢ TOMHOCTBIO 40 KOMILIEKCHOTO muddeomophmama) dak-
rop-npocrpanctso C/T' = C/(Zw; + Zw,), TAe KOMILIEKCHOE mMCIo A = 21
HE BEIIECTBEHHO.

Bribupas pasimyHBIE MHOPOWICHE! 9€TBEPTON CTEMEHW, MOKHO HOIYy-
YUTH, YTO BCE HEBEIIECTBEHHLIE 3HAYEHMA Az U BCE TOPUYECKHE PUMAHOBEI
HOBEPXHOCTH JOCTABIAITCA ITON KOHCTPYKIMEN (4TO J0KA3AThL yXKE HE TAK
JETKO).

Bee cheputeckne puMaHOBBI HOBEPXHOCTH KOMILIEKCHO A peoMopdHEL
crangapTroi chepe Pumana S? = CPL.

Beuay cToas 60IBMON BAXKHOCTH 3THX BONPOCOB, A CKaXy O HUX He-
CKOJIBKO CJIOB.
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Ot Teopemsi ITndaropa x puMaHOBBIM TOBEPXHOCTAM

PaccMoTpuM OKPYXKHOCTE 2%+ y2 = 1 u GyseM CHaYAX8 NCKAThL HA HEN
TOYKHM € PAUMOHANLHEIMA koopamHaTamu (r,y). OpHa Takas Todka mu3-
Becta: (z = 1,y = 0). Hpoeegém 9epes 5Ty TOYKY NPAMYKD € TAHTEHCOM
yrua HakaoHa t k ocu Ox (T.e. ¢ ypaBHenueM y = t(x — 1), puc. 12).

Puc. 12. Tlocrpoenne panmmOHATLHOW NAPAMETDU3ANAN OKDPYXKHOCTH TAHTEH-
coM { HOJOBHHHOTOQ YIia.

0OaHa TOYKA NEPeCeveHns DTOM OPAMOM € OKPYXRHOCTBLIO HAM YKE M3~
BecTHA. [103TOMY BTOPON KOPEHB T HOMYHAIEroCs Npu PUKCHPOBAHHOM ©
KBAAPATHOrO YPABHEHWA I8 KOOPAWHATHEL I TOYKH NEPECEICHUS MPAMON
¢ OKPYXHOCTHI0 BHIPAKACTCA UEPE3 BHAUCHUE NMApPaMeTPa, OPAMOU { Panmo-
HauabHO. CaenoBaTeIbHO, OKPYRKHOCTE — (PAIMOHAILHAA KPUBAAY, TONYCKA-
OIIAA MapaMeTpU3anuin

x=Pt), y=Q®W), (1)

rae P u () — panuoHaibHbIe (PyHKIMN.
MpoBoas Te xe BEIMUCIEHUS ABHO, MBI JEI'KO HAXOAUM, YTO

-1 2t
=aiy 9T 1o
211 1+t

IIpu panroHATEHEIX BHAYEHUAX £ U Y YHCIO t = Y5 PAIMOHATLHO, & ITPH Pa-
HHOHATBEHOM 3HAMEHUHM { MBI HAXO MM PALMOHANBHEIX £ 1 i 00 dopmyram (1).
Ipr — = u/v ¢ HeIBIMK @ ¥ ¥ MBI HAXO4MM YKA3AHHBIEC BEINE GOPMYJIEL BCEX
«amdaroposexy Tpoek (rae x = X/Z, y = Y/Z). Hccregosanme HeCOKpa-
TEMOCTH (B3AMMHON NPOCTOTHL) HECIOKHO (He HAA0, 9TO0H ¢4 U v 062 ObLm
HEYGTHEIME!).
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C Apyro# CTOPOHEL, HOBEPXHOCTE, OBPA3OBAHHAN KOMNACKCHLLMY DeIle-
HusMu ypaBHenus 2 +y? = 1, BKIOYas (GECKOHEUHO-Y,IATCHHBIC), OKA3LIBA-
€TCA, KAaK DTO NOKA3LIBAET MapaMeTPU3alud KOMIVIEKCHEIM apaMeTpoMm i,
cdepon Pumana, S?2 = CPL.

Yy H(z,y)=0

8

o~
m

Puc. 13. Daaunrudeckas KpuBag CTeNeHW 3: €€ BENIECTBEHHBIE TOUYKH M €€
PHUMAaHOBA HOBEPXHOCTS.

Jas gpyrux muaorowienos H (x,y) noryammmcs 661 ApyTrue TOBEPXHOCTH
H = 0, xoropeie MoryT n He 6uiTh chepavu. Hanpumep, ypasuenwe ouum-
OTHIECKON KPUBOM)
y=2-2+E

3agaér npu nouTu Beex E nosepxHocTs Topa S X S, HasmiBaemoro rakxe
«epon ¢ oguoM pyukom (puc. 13).

Puc. 14. PamanoBa noBepxHOCTS poja ¢ = 3: cdepa ¢ TpeMd PyIKaMu.

B ofmem cayuae (HampuMep, MpY 3aMeHe MoKazaTexd 3 B 2° 6oJee Bhl-
COKHMM NOKazaTeseM 2¢ + 1) HOIy4aeTea B KAYeCTBE PUMAHOBOM NOBEPXHOCTH
cdepa ¢ g pyuxamu (puc. 14, 9ucao g HA3LIBAECTCA POJOM TIOBEPXHOCTH).

Ber H&ﬁop CBA3HBIX SaEVIKHyTHX TJIAIKHUX OpI/IeHTI/IpyeMZb[X MOBEPXHO-
cren (63 Kpaes wm OCOBEHHOCTEM) MCIEPILIBACTCA ChepaMu ¢ ¢ PyIKaMu
(9=0,1,2,...).
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OcHOBHAA TEOpEMa TEOPUM MHTErPUPOBAHUA abeneBbix nudepeHtma-
JOB BROAL aarebpamdecknx kpuBbix H(z,y) = 0 cocromt B TOM, 9TO 6C€
maxue unmezpaabt (0Mm NPouIBoHIT payuonasniir opm R(x,y)dr) be-
DYMCA 8 IACMENTNAPHBIL PYHKYUAT €CAt & MOALKO ecat, Pod Pumanosot
noseprrocmu xpueod H = 0 pasen nymo (m.e. ecau ona duddeomopdra
ciepe).

Hanpumep, gas H = 22 +y? — 1 Bce Takue nHTErpats 6epyTCa, TaK Kak
OHM CBEICHBI HAMM BHINE K WHTETPAIAM OT PAIMOHATLHEIX (DYyHKIUN OT me-
pemMenHon t

/ Rz, ) ds = / R(P(1), Q(8)P'(t) dt

(pT0 — «TEOpPHUA MOACTAHOBOK JWIEPA», TOHOJOTMUECKHUH CMBICA KOTOPOW
OT CTYJEHTOB BCEMAA CKPHIBAKOT).

Kaxgas kpusas pona 0 paumoHaIbHA, T.€. JONYCKAET PAHMOHAILHYIO
NAPAMETPUBANAI0, AHAJOTHIHYI) HAWACHHOW HAMM IS OKPYXHOCTH SABHO
(moxazaTh HTY HAPAMETPU3YEMOCTH He OYE€Hb TPYAHO, HO BCE X TYT Tpe-
6YETCA HEKOTOPOE BIANCHHE KOMIIEKCHOW TEOMETPHEN ).

Ecmm xe pox pumanosow nosepxuoctn kpuson H = 0 Goabme Hyas,
TO WHTErPAI OT MOAXOAAMEH PAIMOHATBHON muddepeHnnansHOn hOPMED
BAOJIL 3TOM KPUBOW OKABKIBACTCA MHOTO3HAMHOM QYHKIMEH B KOMILIEKCHOW
06I8CTH CO CTOMB CAOKHEIM BETBJACHUEM, KAKOTO HE MOKET NUMETh HUKAKASA
saemenTapHas GyHkma. [Ho3TOMy HHTErpasbl B 3TOM CAy9ae HE BCErAa CBO-
ISITCA K BIEMEHTAPHBEIM (DYHKIMAM.

IpocTenmen 3a4a496M TAKOTO PO A, ABAACTCS 334848, O BEIYUCICHAN [N~
HBI AYTH BJLTMICA, CBOAAIIAACA KAK Pa3 K MHTECPUPOBAHUIO BAOJL KPHBON
poga g = 1 (KOTOpas HOBTOMY-TO W HA3HIBACTCA JAMUNMNUYECKOT KPUuaod).

Taxknm 06pazsoM, HAIIA TEOPHUA CBA3EIBACT KOMILVIEKCHEIM AHAIN3 U C TO-
MOJOTHEN, U C TEOPHEN TUCEN, U C TEOPHEH aJr0PUTMUIECKON PA3PEeIMMOCTH
3390 WHTETPUPOBAHNA.

Jamedanue. Takoe xe TOMOIOrHYECKOEe [OKAZATEILCTBO UMEET U Te-
opema AGens 0 HEBOZMOXKHOCTH PEIICHUA B PaIMKAIAX O0Mero ypaBHEHWS
nAaTon (wm HONee BHICOKOW) CTENEHN, HANPUMED, YKe YPABHEHNA

2 +ar+1=0

(x KOTOpPOMY, BOPOYEM, CBOAATCA BCE YPABHEHMA MATOM CTETIEHHM). 34€Ch
HYXHO MCCAEAOBATE BETBICHUE NATHMIHAYHON KOMILIEKCHOW (DYHKIMHU I ap-
PyIVIeHTa a, 3&#&1{1{05{ BBITTMCAHHBIM ypaBHeHHeM:, KOr1a KOMILICKCHadA rnepe-
MEHHAA ¢ OOXOAMT BOKPYD TOYEK BETBJICHUS DTOM IATUIHAMHON (QYHKIMM.
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Berpienne GyHKIMU ONMUCHLIBACTCA MEPECTAHOBKAMHU MATH JOKAILHBIX
JIUCTOB ,(a), ¥ MepecTaHOBKM, COOTBETCTBYIOLINE BCEBOZMOXKHBIM IIyTHAM,
He IPOXOAAMIMM Yepe3 TOYKY BETBJICHHWA, OODa3yIOT I'DYHIY HA3BIBACMYIO
«IPYONOW MOHOAPOMMMY MHOPO3HAMHON (PYHKLIMM 2 OT apUyMEHTA @, puc. 15.

<

Puc. 15. Tpynna moHOZpOMEM (DYHKIMH «KBaJDATHBIN KOPEHBY COCTOUT M3
ABYX MEPECTAHOBOK 000MX KODHEH.

I'pynna monoapomun moG0oH KOMOMHAIMK DAJUKAJIOB paspemmma, (CBoO-
ANTCA K KOCOMY NPOM3BEICHHI0 KOMMYTATHBHEIX rpymm). A rpynna MoHO-
APOMHMM YKA3QHHOHM BBHIIE MATHU3HAYHON (QYHKUMM COAEPRWUT BCE NEPECTa-
HOBKM 5 DJIEMEHTOB W TOTOMY HEPA3PEIIMMa. SHAYMT HEPA3PeluMoO B pa-
JVKAIAX ¥ Hame ypasHeHue (gaxe ecay f0BABUTHL K PAAMKAIAM BCE OZHO-
anausbe Gyukumm). O6 3ToM TeopeMe AGENs MOKHO MPOUIATATE NOAPOOHEe
B xuure B. B. Auexceera «Teopema Abexs B 3agavax u pemenusxy(M.: Ha-
yka, 1976), BOCIpOM3BOAAIIEN MOU JEKHWH ITKOTbHMKaM 1964 roga.

Ecnu ypasuenune xpuson H(z,y) = 0 3agano, To nanrn eé pog ¢ He Tax
Y& JErKO. 3[eCh MOMOTAeT COOBPANKEHNE (MTANBAHCKON AXreOpamdecKon
reOMeTPHIDY: €CIM CTENeHb 1 MHOrowieHa H dwkcmposana, T0 pod Gydem
o0HUM U MeM Hee 048 NOUMY 6CET 3HAUERUT KOIPPHUUUEnMo8 MHOZOUAEHA.
H60 Te cnenmaasHpe MHOTOWICHEL, 411 KOTOPEIX POL WHOH, peakn. Honobuo
TOMY, KAK TE€ 3HAYEHUA NApaMeTpa ¢, AJ8 KOTOPLIX YPABHEHUE I = ¢ UMEET
He']:‘Ir‘II”IIr‘I“II'IOe7 TO eCTh OTJINYHOE OT 7, THUCIO K()I:)I'Iefr‘,[7 CIIENUAJBHEIE MHOT'O-
TJIEHBL 06pa3y10T MHOXECTBO, 3a33aBaeM0O€C KOMILICKCHBIM ypaBHeHHeM: ((<rlII/IC-
KPUMWHAHT DABEH HYJIO) ), T. €. IBYMA BEMECTBEHHEIMA YDABHEHNAMHE (B YKa~
3aHHOM BeOLE mpuMepe — ¢ = a + bi = 0 osnavaer cucremy (a = 0,b = 0)).

Hoosromy mecneyuaavnbie muozouaenst H o6pasyiom 6 npocmpancmee
BCET MHOZOUAEHOE JAHHOT CTNENENY Th CBAZHOE MHONCECTNEO, TIPH ABMKCHUN
BAOJIBL KOTOPOr0 TOHOJOIMYECKHE MHBAPMAHTHL (HAIPUMEP, PO4) COOTBET-
CTBYIOIIEH ABMKYIIEHCA TOUKE PUMAHOBOW NOBEPXHOCTH OCTAIOTCA HEM3MEH-
HBIMHW.

Ocraérca HAWTH PO ¢ AAA 00M020 HECHEIUATLHOTO MPUMEpa. JTO
HE TaK Y TPYJAHO CAEIATH! FOAUTCA, HATIPUMED, MOYTH BHIPOX AEHHAA KPHU-
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Bas H =0, rae H = Ly - ... - Ly + ¢, u rge L, — auHeAHHC HEOZHOPOL-
HbIe QYHKIUE O6IIEro NOJOXKEHUA. ITa PUMAHOBA MOBEPXHOCTE MOJIYYAeTCA
w3 n chep gobasaennem N TpyGouek, rage N — 4UuCIO TOYEK NEPECeveHns
n opamMex (puc. 16).

L, M,

HEBO3MYIIIEHHAN
npAMas [, _ HepecTPOUKH

BO3MYIIEHHAA
KpHUBasa

e>0

Puc. 16. Tomomorusa BemeCTBEHHOW anreOpamdeCKOW KPUBOM W PUMAHOBOM IO-
BEPXHOCTH NOYTH BHIPOXKJACHHON KPHMBOW cTeneHHW 3 (4O BOBMYIICHHA GHCIO
cep 1 = 3, aucIo coeuHAOMUX TPySouex N =3, pog g = 1).

OrBer HaswiBaeTcs Popmyaott Pumana—Iypsuya:

_(n=1)(n-2)

= 5 .

Yro6bl €6 3aIOMHUTE, 3AMETHM, ITO POABL KPUBELIX CTeneHy 7t = 1 (IpaMBIX)
u cTeneHn 1, = 2 (UMACOB, runepbou, mapabon) PABHEL HYTIO, T. €. 9TH KPH-
BHIE JOMYCKAIOT PAIMOHAJIBHBIC NAapaMeTpU3aluy, a UX PUMAHOBHL ITOBEPX-
HOCTH quddeoMopdhHEL chepaM.

PanuonauabHble KPUBLIE HABLIBAIOTCH €IIE YHUKYDCAAbHLLMY, T.€. OJHO-
npoBeraeMbIMM, TAK KAK KAX VIO M3 HUX MOXKHO HAYEPTUTH (B BEIIECTBEH-
HOM CIy<ae) OfHHM POCIEPKOM NEepa, He OTPHIBag ero oT OyMmarm (34ech
HYXHO WIM UMETH B BHUJY KDHUBYIO HA NPOEKMUGHOU TLIOCKOCTH, WIN Xe
NPEeANOIaraTh BEMIECTBEHHYI) 94CTh KPUBOW B AGOMUHHOW IOCKOCTH KOM-
naKMKOt: DIIMAC YHUKYPCAJXeH, a adhuHEAd JaCTh PROEPOOIE — HeT).

[oKasaTenrsCTBO YHUKYPCATBHOCTH PAIMOHANBLHON KPUBOU NOIYI3€TCA
NPOCTO TPU PACCMOTPEHMH BEIMICCTBEHHBIX 3HAMECHUH PAITMOHAIBLHO TAPaMe-
TPUBYIOMIEH KPUBYIO IEPEMEHHOM {.

Ecau nexoguas xpusas H = 0 He ruagkas, TO Kaxaas eé 0COBEHHOCTL
YMEHBIIAET POJ COOTBETCTBYIOMIEH PUMAHOBOM NOBEPXHOCTH (HA KOTOPOH,
HAMPHUMEP, TOYKE MPOCTOr0 CAMONEPECEYEHUA WCXOAHON KPUBOH COOTBET-
CTBYIOT ABE TOYKHW (HA PA3HEIX auCTax»). OKaseBaeTCA, KPUBAA CTENEHU 7}
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c %n;@ 0cobevMu ToIKamu (a BoabIe MX U He OBIBAeT) nMeeT yxe pog 0,
T.€. OHA PAIMOHAJLHA M YHUKYDPCAJbHA, & WHTErPAILI OT PAIMOHAIBHBEIX
$OpM BAOJIB HEE BEIMHUCINMBL B JJEeMEHTAPHEIX (pyHkmmsx. Takosa, Kk npw-
Mepy, (BRIPOXICHHAS DLTMNTHUeCKas kpusamy (puc. 17) y? = 2° — 3z + 2
(¢ ocoBon TouKON HPoCTOro camonepecedenus ¥ = 1,y = 0).

pox: ¢ =10
CTEeNeHb: N = 3

IBOMHAA C- . @)D
TOIKa,
R: ; —> D__ !

Puc. 17. YuumkypcaasHas ocobas KpuBasd, BAOAL KOTOPOH Oepyrcsa Bce abe-

IeBEI MHTETDATH, ¥ €€ MaJasg NepecTPOKa B HEOCOOYI) HIIMNTHYIECKYH) KpPH-
BYI0 (B BEMIECTBEHHON ¥ B KOMILIEKCHOM 061acTH).

3ameuanue. B xauecTre napamerpa £, Uepe3s KOTOPLIM KOOPAWHATHI
T ¥ Y TOYEK HAMEH YHUKYDPCAJTLHOW KPHUBOW BHIDAXKAKITCH PAIMOHAILHO,
MOXKHO B3STH TAHTEHC YIVIA HAKIOHA K ocu OF NpaMOH, COCAMHAIMEH N3y~
YAEMYIO TOUKY KPHUBOW C TOUYKON camonepecedenus (IPOBEANTE BLIMMCICHUS
x(t) m y(t) — OHM TOBBOJAAT BEIMUCJAATEH BCE ADEIEBH MHTEPATH BAOJIEL Ha-
HIEH KPHBOH).

Mexay npounm, »ra KOHCTPYKIMA NOACHAET, KAK HA PUMAHOBOM HO-
BEPXHOCTHM KPMBOW BMECTO TOYKH CAMOMEPECEICHUS WCXOTHOW KPUBOW MO-
ABAAIOTCA NBE OOBIKHOBEHHBIC TOYKHW. [IBa 3Hauvenus t; w ty mapamerpa i,
COOTBETCTBYIONME TOYKE CAMONEPECETEHNA NCXOTHON KPUBOH, — B3TO TaH-
PEHCHI HAKJIOHA, YIVIOB HAKJAOHA K OCH I OBeMX DIajKuX BETBEH MCXOIHOW
KPHBOW, HPOXOAAIIMX Yepes €6 TOUKY CaMONepPEeceveHus.

Hepexon OT KpUBOM € CAMONEPECETCHHUAMHA K €6 MIagKOW PUMAHOBOW
HOBEPXHOCTH, Ha KOTOPOH TOYKA CAMONEPECEUCHUA IPEACTABICHA HECKOILKO
Pa3, HA3BIBAETCH HOPMAAUIAYUEH NCXOAHON KPUBOH.

OxasuiBaercs, BCAKas aaredpanmdeckas KpuBasg MOXeT ObITh airebpau-
YECKHM HOPMAIM3OBAHA, T.€. MOXET OHIThH IOJYUEHA M3 HEKOTOPOW IVIAAKON
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arrebpanIeckon KPpMBOM (M3 CBOEH PMMAHOBOW MOBEPXHOCTH) aarebpamde-
CcKuM 0TO6paxkeHneM (OTOBPAKEHNEM, KOTOPOE, TIPABAA, MOKET MOCHLIATH
B HEKOTOPHIE — OCOOHIE — TOYKHM KPUBON-00PA3a HECKOMBKO PABHEIX TOYEK
PUMAHOBOW TTOBEPXHOCTH).

3ajaga. HopMaimaoBars TeMHUCKATY 2 = &
aTa KpuBasa?

2 _ z*. Yuwxypcanbna am

MaTeMaTHecKue TPOUIBI

Tpu BAPHAHTA — BEMECTBEHHBEIN, KOMIVICKCHBIM W KBATCPHUOHHEI —
MMEIOT MHOIHME MATEMATHIECKME TEOPHM, NPHYEM €IMHCTBO KaK COOTBET-
CTBYIOIMX TEOPEeM, TaK M UX NPUWIOKEHUH (TO B TOMOJIOIHMH, TO B (MBMKE,
TO B TEOPUM IMCET WM B Arrefpe) PACTO3HATE He BCErfa Jerko.

HpuBesy auirs HECKOABLKO TPUMEPOB™®,

IIpumep 1. CoBnaneHne NPpOCKTUBHON NPAMOM C OKPYXKHOCTBIO:

RP! = §1.

Kovmrekcnpukanmen >Toro $hakTa OKa3eBACTCA yIMBUTEILHAS TEOPe-
ma [onTparuna (OTKpHITAR MM B TPHALATHE TOABL, HO HE ONyOJIMKOBAHHAL,
nu HOTOMZy H3BECTHad Ha 3anajie noj uMeHaMHu TEeX MaTEMaTHKOB, KOTODBIC
B IMIECTUACCATHIC I'OAbL OHyﬁJII/IKOBaJIIII CBOM JOKa3aTEIBCTBA B OTBET HA I\/IOf‘I
BONIPOC, M3BECTHO JI MM JOKA3ATEILCTBO DTOW Teopemsul [lonTparuua).

TeopeMa. Paxmopnpocmpancmeo KOMNAEKcHOd Npoexmusnotd naoc-
xocmu no e€ sewecmeennomy dufdeomopPusmy «rxomnaercruoe conpance-
nuer dufdeomopPen wembipérmepnot chepe:

CP?/ Conj ~ S*.

Takum 06pazoM, TPYU KOMILTEKCH(PUKAIMY PA3MEPHOCTE €AMHUIIY, POEK-
TUBHOTO MPOCTPAHCTBA 3AMEHUAACH JBOUKOW, U BA0GABOK NPUILIOCH GakTO-
PHM30BATEH N0 IPYHe ABTOMOPGUIMOB MO KOMILIEKCHEIX “MCEI (4TO MOXKHO
OBLTO OBI IEMATH W B BEHICCTBEHHOM CIy9ae, MAe, ONHAKC, €MMHCTBCHHBIN AB-
TOMOPGHMAM — TOXRACCTBEHHOE MPeOBpasOBaHue).

* Boxee nogpobuoe obcyxaeHue 60apuiero Habopa GakTOB MOXKHO HAUTH B CTATHE:
B. H. Apnoavd, JloauMaTeMaTKa: ABISETCH OA MATEMATUKA €IAHON HAYKOU WIX
mabopom pemécem B c6opamke «Mathematics: Frontier and Perspectivesy, uszanmom
MEXIVHAPOTHBIM MaTEMATHICCKAM COXO30M U AMepHKaHCKI’IM MaTEMATUICCKHAM 06-
mecrBom B 2000 rogy B 03HaMEHOBAaHWE KOHHIR TeIcAdererma (mon pex. B. . Ap-
Hounpga, M. Ares, I1. Jlakca u B. Masypa). IlnanupyeMsrit pycckuil nepesog 005~
apreH uagarersctBoM «Pasucs, Mocksa.
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¥ragaTe KBATEPHMOHHBIM 8HAMOT NPEABIAYHIEM TEOPEMEI HENETKO,
HO AHATN3 PA3yMHOrO €€ JOKa3aTeILCTBA NOKA3ZKIBALT Crenyomee®:

HP*/ Aut / Conj =~ §'2.

3ech HAYMHATHL OPUXOANTCA € KBATEPHMOHHO YETHPEXMEPHOro (T.e. Be-
MECTBEHHO MECTHAAIATHMEPHOTO) MPOSKTHBHOTO MPOCTPAHCTBA, & GaKTO-
pu3oBaTHL — MO Tpéxmepuou (maomopduon SO(3)) rpynne aBTOMOPHHIMOB
U eme o0 aHTUABTOMOPGUAMY KBATEPHUOHHONO CONPAXKECHUA.

HoyunTersHo, 0IHAKO, 9TO NOKA3ATEILCTBO BCEX TPEX MEPEeIUCICHHBIX
BHINEG (PAKTOB COBEPUICHHO MAPALICILHEl — HYKHO TOJIBKO 3AMEHSATH Be-
MECTBEHHEIC 9YUCAa HA KOMIVICKCHBEC (M KBATEDHMOHHL), 4 KBAADATHIHEIE
dopmMbl (KOTOpBIE B BEIIECTBEHHOM CIYYAe BaNUCHLIBAIOTCA B NOAXOAAIIEH
cHCTeMe KOODAMHAT B BUAE Y | Gy T2) — HA BEIIECTBEHHBIE 3PMUTOBLL
(n THDEPIPMUTOBET) GOPMBL, KOTOPHE 3AMUCHIBAITCA B TAKOM XK€ BHJE C 3a~
MEHOHM TOTBKO KBAAPATOB T2, HA KBAIPATH MOAyeH |z |.

Onpenenenne 3PMUTOBEIX M FHIEPSPMHUTOBHIX GOPM (B KOMILUIEKCHOM
BexTopHOM npoctpancTee C” u kBarepumonnom H") — 5T0 06braHBIE Be-
IIECTBEHHEIE KBApATHIHEE GopMEL (B cooTBercrByomenm RZ® mmn RY™M),
MHBAPUAHTHEIC OTHOCUTEILHO YMHOXKEHHS BEKTOPOB-APIYMEHTOB HA KOM-
MUIEKCHBIE 9MCA3 (KBATEPHUOHET) HOPMBL €ANHAIA.

Teomerpuaeckuit 06BEKT, COOTBETCTBYIOMIUN MOJOXUTEILHO-OMPene-
ABHHON KBagpaTwaHon ¢opme f, — 310 swmmncons [ = 1. Tak wro ap-
MHUTOBHIM (& B KBATEPHUOHHOM CIyYa€ — THIEPIPMHTOBEIM) (HOPMAM CO-
OTBETCTBYIOT BJUIMICOUALI BPAIICHUA CO CTICHUATLHLIMA CUMMETPUAMU: OHU
NepexoasT B ceba IPU YMHOKEHUH BCEX BEKTOPOB IPOCTPAHCTBA, JLIUHCONAA,
HA { B KOMIUIGKCHOM CIy4ae (Ha ¢, f, K — B KBATEPHUOHHOM ).

Tenepb 8 MOTY ONMUCATH BTOPOW NPUMEP YAWBUTEILHOM KBATCPHUOHU-
33aUH.

Ipumep 2. OrrarkuBanwe >HCKTPOHHEIX YPOBHEH, KBAHTOBHIM (-
dexr Xomma v XapaKTepUCTUYISCKIE TACTA.

B BemeCcTBEHHOM CIyYae DPe3yIbTAT YHKe COBEPIICHHO HETPUBHAICH
7 6LLT OOHAPYXEH, HECMOTPA HA CBOK MATEMATHYECKYIO (OYHIAMEHTATb-
HOCTh, JHWIIb BCICACTBAE DA3BATHA KBAHTOBOW MEXAHWKH (FAe OH HA3HIBA-
erca Teopuen don Hemmana-Burmepa). PaccmoTpum MHOrOO6paszme BCEX
2mMNCOB (¢ HEHTPOM B HAMAAE KOODANHAT) HA €BKJIMAOBON IIOCKOCTH (W,
€CIM YTOAHO, MHOT00GDA3Ne KBAAPATUIHEIX (hOPM, KOTOPHIE UX 3A4AI0T).

* B. H. Apnoavd, Poacreenankn GakTopa KOMILIEKCHON NPOEKTUBHOM INIOCKOCTH IIO
KOMILIEKCHOMY coupsukerunio. Tpyzaer Marem. Wacturyra um. B. A. Crexmosa PAH,
ToMm 224 (1999).
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HexoTopeIe M3 3LHICOR ABIAIOTCA OKPYXHOCTAMA. Ha mepBen BarIag
KaxXeTCA, ITO YCJIOBUE OOPAIICHNA IINIICA B OKPYKHOCTE — 3TO OJHO COOT-
HOIIECHWE PABEHCTBA MOAYOCeH @ = b, Tak 9TO HOAMHOrOOGPa3Ne OKPYKHO-
CTQf‘I JAOJKHO MMETh KOPa3MEepPHOCTE OJIMH B MHOI‘OOﬁpBBIIIIII BCEX 3JINIICOB.

D10, OJHAKO, HE TAK: MHOTOOODa3ue KBaAPATHIHLIX HOPM

Az? + 2Bry + Cy?

MMeeT PasMepHOCTh 3 (1 koopamHaTe A, B, (), a MEOr006pasne OKpyXHO-
cTer — PasMepHOCTh 1 (TaK KAk OKPYRKHOCTH ¢ HEHTPOM B HYJE ONpPEeesii-
€TCA CBOMM PajuyCOM).

Brigeasiomee OKPYXHOCTH YCJIOBHE «AUCKPDUMMHAHT DABEH HYJIO) A
COOTBETCTBYOIIETO KBAAPATHONO YPABHEHUA, ONPEAEISIOMEr0 LINHEL NOXy-
ocett aumnca, umeer Bug (A + C)? = 4(AC — B?), T.e. cBogurTes K cymme
AByX kBaapaTos, (A — ()2 + 4B? = 0, u onpegenseT 0AHOMEPHOE TIOIMHO-
roo6pasue B TpéxMepHOM npocrpancTee Gopm (a umenHo, npamyno A = C,
B =0).

Teopema Burnepa—pon Henmana yTeepxjiaer, 9To U A8 ULIMICOU-
JOB B 7i~-MEPHOM OPOCTPAHCTBE OPH JOGOM 1 NOJMHOZ006PA3UE 3ALUNCOUI06
BPAMLEN YA UMEETN KOPAIMEPHOCTID 064, TAK ITO HU 044 IAAUNCOu0a 06ue20
NOAONCENUS, Wi 044 YAEHOB OOHONAPAMEMPULECKO20 cemetcmen o0uLezo no-
AOHCENUS IAAUNCOUTLL BPAULEHUS HE BCTNPEUQIOMCA,

Ecim mapmcoBaTs rpadyk 3aBUCMMOCTH JJIMH 7i TOXYOCEH d,(p) ans
BIMIACOUAA TAKOTO CEMEUCTBA, BABUCAMIETO OT MAPAMETPa P, TO Ha ILIOC-
koctw (p,a) MOMy9anTCs 1 KpuBEIX (M = 1,...,7), KaXAa8 U3 KOTOPHIX
OJHO3BHAYHO NPOCKTUPYETCA HA OCh 3HAYCHWM MAPAMETPA P, U KOTOPHIE M-
TMApHO HE NePeCceKaloTed, XOTA ¥ MOIYT MHOT1a NOAXOAUTE JOBOJLHO OUIM3KO
apyr ¥ Apyry (puc. 18).

B ¢duauke 3Ha4MEHNS Gy, HABBIBAIOTCH (YPOBHAMMY, & dhdeKT MX HeCOBNA~
JACHNA NCTOJKOBBIBACTCA KAK «OTTAJIKUBAHUECH ypOBHeI;,I Apyl‘ ApyI‘OMZ npu ux
cOMMXKEHUN BCJISNCTBUE UAMEHEHUA NapaMeTpa.

BHpO‘Ie.‘M, HOCKOJIbe 3Ta TeopeMa — MaTeMaTHYIeCKad, OHA UMeeT MHO-
KECTBO PA3HEIX GUanTecknx (M WHEIX) npuaoxenni. Hanpumep, Ha Bpame-
HUe CHyTHIIIKa BOprP €ro NeHTPa Macc CWIBHO BIUACT €ro «3JUIMIICON A MHED-
oUWy, W, €CJOIN 3TOT JJAIHUINCON I OKAXETCA SJIUIICONI0M BPAIICHUA, TO ynpa—
BJIATH OpHeHTaHHef:‘I n KyBHpKaHI/IeM: TAKOro CHyTHIIIKa Jerye. TeOpeM:a BPIP-
Hepa—hon Hemvana noKasuBaeT, 9T0 044 mo20, 4mobul cdeaams 344uncoud
UHEPYUY CTYMHUKG IAAUNCOUIOM 6PAUENtS, HedOCAmouno nepedeuaams
600ab wmanet 00NY GOCTUPOBOUHYID MACCY?: NOJOOHMT wmare J04MCHO
661Mb HE MEHBLULE JBYL.
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Puc. 18. PacrankuBanue COOCTBEHHBIX THUCEN.

O6paruMcs Tenepb K KOMIUIEKCU(PUKATAN TEOPEMbL 00 OTTAIKMBAHUA
ypoBHern. KopasMepHOCTE ABA MHOrOOOPA3NA BILMNCOMAOR BPAIICHUA CPEenn
BCEX DILUIAIICONI0B 3AMEHACTCA IPK MEPEX0e OT KBaPATHIHEX dopm B R”
K 3pyMuToBEIM B C” Ha BEMICCTBEHHYIO KOPa3MEPHOCTh, PABHYIO TPEM.

DILIUNCON AL BPAIIEHUA HE BCTPEYAIOTCH 3JECh HE TOABKO B OJHOIAPA-
METPUYIECKHX CEMENCTBAX OBIMIEro NONOKEHNA, HO U B ABYNAPAMETPHICCKHIX
(a npm TPEX BEIIECTBEHHBIX HAPAMETPAX BPMHUTOBbLL JLIMICOUALL € OO
HUTEIBHOM CHMMETPHEH BCTPEYAITCA MJIA OTACILHEIX TOYEK B TPEXMEPHOM
HPOCTPAHCTBE NAPaMeTPOB).

A nogpo6HO UCCICAOBAT BO3ZHUKAIONINE 3 4¢Ch TOMOMOTHICCKUE BOIPOCH
(cTpoenne paccaoenus «COBCTBEHHBIX BEKTOPOBY, KOTOPHE B MATEMATHUKE
COOTBETCTBYIOT IVIABHHIM OCSAM DJLIMTICOMAA, & B (HUBMKE HABBLIBAIOTCA (MO-
paMm ) B cratee: B. A, Apnoasd, Mot w xBaznmoaer, OyHKH. aHATHS B €70
npuia., T. 6 Ne2 (1972), 12-20.

Ceroaus 5Ty peayIbTaThl HABKIBAITCA TEOPHEN (LEJIOHCICHHOO KBAH-
TOBOrO ddhdexra Xomray (Tak Kax BOBMOXKHO DKCHEPUMEHTAILHOE HAGMO0-
JEHUEe TPOXOXACHUA TOBEPXHOCTU B TPEXMEPHOM IPOCTPAHCTBE-BPEMEHH,
TOYKA KOTOPOH ONPEfeasieTCs ABYMS NAPAMETPAMM, HePE3 CHEHUAILHBIE
TOYKH, NA€ COOTBETCTRYIOIIVE DJLIUNCOUALI MMEIOT AONOJIHUTEILHYIO CHM-
MEeTPHIO.

B ronosoruveckux TEPMUHAX 3TO ABICHUE HABHIBACTCH «IPHUPAIIEHAEM
XAPAKTEPUCTAYECKOO HCAA T1ePHA KOMILIEKCHO'O PACCIOEHUS COOCTBEH-
HBIX BEKTOPOB HAJ YKA3AHHOW MOBEPXHOCTBIOY MPH NPOXOXKIEHUM 3TOM Mo-
BEPXHOCTH Y€Pe3 CHenuaIbHbe TOUKK. TakuM 06paszom, TONoXOrniecKas Te-
OpHA LEJOUHCIEHHOTO KBAHTOBOIO d(hdexTa Xomwia ObLIa NOCTPOEHA KU OMy-
6mmkoBana B 1972 r. 10 Gu3MIECKON — OPOCTO MyTEM KOMIICKCH(PUKALAN
KIACCHIECKOM Teopemer Buruepa—~gon Helmana, HegocTaBamo TOIBKO ¢pusm-
YECKOW TEPMHUHOJIOTUY, TOABHUBIICHCH MO3KE.

Cerosusa B TakOM XK€ MOJOXEHUH, Kak Obr1a B 1972 r. koMIekcHas Bep-
CHsA, HAXOAWTCA KBATEPHUOHHAA BEPCHA TeopeMul Burnepa—pon Henmana.

B proM cryuae BEIIECTBEHHAS KOPA3ZMEPHOCTE MOABIEHNUA JONOIHNTE b~
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HOM cuMMeTpuu (T.€e. CTOIKHOBEHMS COBCTBEHHBLIX YPOBHEH THIEPIPMHTO-
BBHIX (hOPM) PABHA MATH. DTH IMCAA, — 2, 3 U § — y&KE BCTPEIAINCH HAM NPU
aHaaM3e uucex péGep Terpasipa, OKTa3Apa M MKOCA3APA: KAXKJI0e U3 HUX
paBrO d + 1, rge d — BeIIECTBEHHAA PA3MEPHOCTL (BEIIECTBEHHOM, KOM-
IVIEKCHOW ¥ COOTBETCTBEHHO KBATEPHUOHHOM IPAMOH).

Poums paccaoernusa Xonda S — 5% (co crem S1), bynaamenrarsroro
[ KOMILIEKCHOW TEOPHH KBAHTOBOTO 3¢hhexTa X0, NCPAeT B KBATEPHU-
OHHOM caydae aTopoe paccroenue Xonday, 87 — S* (co croem S%).

(06a 3TH pacCIoeHNs OMMCHLIBAIOT TPOCTO CTAHAAPTHOE TIOCTPOCHHUE TPO-
extusHoro npocrpancrea (CP! ~ §2 HP! ~ $*) ua cheper cooreTcTBYyIO-
MEro MPOEKTUBHOMY BekTopHOro npocrpanctsa (S° C C*\ 0, S7 C H? \ 0):
TOUKe ChEPHI PACCIOCHUEM CONOCTABIAETCA MIPAMAas, COeIMHAIAA eé ¢ Hy-
aém. WM, HAKOHEH, «XAPAKTEPUCTUIECKAM KIACCAM M 9MCIaM JepHA» KOM-
ILIEKCHOTO CIy4das (KOTOPHIE ABIAIOTCH KOMILVIEKCU(DUKANMEH (XAPAKTEPUCTH-
vecknx KraccoB Hltuders—YuTHm ¥ GUICPOBON XaPaKTEPUCTUKW BEIe-
CTBEHHOTO CIy9af) COOTBETCTBYIOT B KBATCPHMOHHOM CIYYae (XapaKTepu-
CTHUYECKMEe KIACCH ¥ umcaa Iowrpsrunas (mepecTpauBaiompecs HpH MNpo-
XOXK JEHUH O IBURHOTO IeTHIPEXMEPHOrO TPOCTPAHCTBA TAPAMETPOB Yepes
CTeINATLHBIE TOYKA TATMMEPHOTO NPOCTPAHCTBA).

Bena mms B TOM, 9TO (U3MIECKNX HAZBAHUM 3TU POTOBLIC MATEMATH-
YECKME PE3YALTATHL NOKA eI He NOAYyUWIM (XOTA A M HAJeCh, 4To 06u-
JIME PABTAYHEIX TONEH U TACTHL B COBPEMEHHOM (DUAMKE TO3BOIAT YKABATH U
TE BKCIEPUMEHTANBLHO HAGMIO [AGMBIE CHTYALIIN, KOTOPHIE YIPABISITCA OIH-
CAHHOM BHIIE KBATEPHMOHHOW TEOPUEH THOEPIPMUTOBHIX MaTpHL). Tponkn
(R — C — Hy n «xaacesr HItudens—Yuran — xaaces Yepua — kaacest How-
TPATHHAY YKABHLIBAIOT, 9TO KOMILICKCH(MUKAINEH [BYXAIEMEHTHOM TPYIIIED
Zy xoapdunnenTor kaaccos lTuders—YuTHu SBISETCA TPYINS HEJIBIX K-
cenr Z x03dpPUIMEHTOB KIACCOB “IepHA, HO YTO OKAXKETCH KBATEPHUOHHOW
Bepcuen rpynnsl Zs (MM KOMILICKCHOM BEPCHEH PPYNHEL HEIbIX 9ucen Z)
noka emé He PemeHo (B KavecTBe KAHAMIATOB BEHICTYNAIOT, B YACTHOCTH,
7 w rpymna Z + 7 ueasrx KOMILIEKCHEIX THCET).

CrmHBI ¥ KOCBI

[as 0BO3HAYMEHNA ABYIMCTHOTO HAKPHITHA Tpynner Bpamesmn SO(3)
rpynmoi crmuos Spin(3) = 8% = SU(2) ¢wmauxu npugyMatn KpacUBLIH Me-
TOJ, OCHOBAHHBIV HA MATEMATHIECKON meopuu Koc. IlycTh Ha MOBEPXHOCTH
M sajgaser n nonapHo pasanaHbix Touek. Kocotd us n wumed na noseprro-
cmu M HA3BEIBAETCA MyThH B NPOCTPAHCTBE TAKMX HAOOPOB, HAMMHAIOIMNCA
¥ KOHYAIONMNACA B 33JaHHOM HEeYyNOpAJOIeHHOM Habope 1 Touex ua M.
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Hpu 3T0M KOCA PACCMATPUBACTCA KAK My Th ¢ TOTHOCTBIO 10 TOMOTONNH,
T. €. HempPepEIBHAS AehOPMaINs, COXPAHAIOOIAA €r0 HAYATLHEIN 1 KOHETHBIN
HAOOPEL M, KOHEYHO, Ae(hOPMHUPYIONIAT TPOMEXYTOYHBIC HADOPHL TaK, YTOOBL
OHHM BCE BpPEMA COCTOANA M3 7 PABIMYHEIX TOYEK, CIATACTCA HE MEHAMICH
KOCY.

Mz xoC w3 7 HUTEM MOXKHO MOCTPOWTHL TPYONY, NPOAODKAS OJWH MyTh
apyrum (0BparTHas K0ca — BTO IyTh, NPOWJAEHHEN B 06PATHOM HAaNpaBie-

Hanpumep, KOCON @ M3 [BYX HUTEH HA OPUEHTHPYEMOHN ILIOCKOCTH ABJIA-
OTCA NBUKEHWME 3TUX TOYEK HA NOJOGOPOTA B MOJOKHTEILHYI0 CTOPOHY BO-
KPYT' CePeAMHEI COSIMHAIOMEro uX oTpeska. Bee xocur af (k= +1, 42, ...)
PABIMYHLL, HETPUBUAIBLHL (OTIHYHEL OT HEMOABIKHOTO myTr a’ = e) u Bme-
cTe ¢ e obpasyoT (M3oMOphHYI0 rpynne neasx wmcen Z) rpymny B(2) scex
KOC U3 2 HUTEH HA TUIOCKOCTH.

I'pynna B(3) Beex K0C HA MIOCKOCTH M3 TPEX HATEH MOPOX ACHA JBYMS
obpasywomumMu @ u b, Bpamaomumvu napy todek 1, II u napy rowex II, II1
Habopa sexammx (B 3ToM nopagxe) Ha npamon Touek (1,11, I1T), pue. 19. On
ABe O0pasyIoIMe vAORJICTBOPAIOT cooTHOmeHuIo aba = bab (aoxazannoMy
Ha puc. 19), a Apyrux COOTHOmMEHMA HET (3TO AOKA3ATH TPYAHEE).

J1s ey /0 /10 memny / /\ A
VAl vl

\ \ [ [
Jdwiml /0 /i odod / /\ A

Puc. 19. Kocsl w3 Tpéx HUTEH HA IIOCKOCTH.

Kocrr Ha niockoeTr yA00HO n300paxaTs KPUBEIMY B TPEXMEPHOM HPOC-
TPAHCTBE-BPEMEHM: 1A KOCHL M3 71 HUTeH TpaduK ABMXEHUA TOYCK HAGOPa
COCTOWT M3 7 KPUBHIX (KOTOPHIE W HABHIBAIOTCA HWTAMH), OPHIEM, 1O TPa-
JUNHAH, OCh abCHUCC PacCnoJaraeTcs BePTUKAILHO U OPDUEHTUDOBAHA CBEPXY
BHM3 (972 Tpasuuya OOBACHAETCA OOBIMHEIM PACHOIOXKEHMEM 33ILIeTAeMON
CBEPXY BHM3 KOCHI).

W nea 06baCHeHNA ABYIMCTHOTO HAKPHITAA BPALIEHUN COIMHAME COCTOUT
B TOM, 4TOOLI PACCMOTPETh KOCHI W3 7 HUTeW Ha cdepe S? (mampuwmep,
npu n = 4).
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B Ppynne KOC Ha TUIOCKOCTH HET JJEMCHTOB KOHCYHOI'O MopAaakKa: eCau
M- CTENEeHB KAKOW-TNHO0 KOCH TPUBHAIBHA, TO OHA M CAMA TPUBHATLHA. [las
KOC M3 [BYX HUTEH BTO OYEBHUIHO, HO YK€ MPU TPEX HUTAX NOKABATENLCTBO
HE CTOJb MPOCTO.

Y AUBUTEILHBIM MATEMATHICCKUM (PAKTOM TEOPUH CHEPUUECKUX KOC
ABISETCH TO, 9TO B FPyNIe Koc Ha cdepe S? 6LIBAIOT 3IEMEHTHI KOHETHOTO
nopagka (HAnpUMep, BTOPOro — I KOC M3 YETHPEX HATEH).

DTOT TONOIOTMYECKHH PE3YILTAT OUEHb GIN30K K TOMY, 4TO (OYHIaMEH-
TampHas rpynna mEoroobpasua SO(3) ~ RP? cocront u3 gByX iemeHTOB,
Tak uTo cmHOBOe HakphiTHe S° — SO(3), comocTapisoOmee KBATCPHUOHY
erlIHHH‘{HOfI HOPMBI 33J1aHHOEC UM BPAaIlICcHUE, rl};ByJIIr‘ICTHO.

H. dwpak, koTopem u3o6péa 3T0T MEeTOA OOBACHEHUA COMHOB, MPOE-
MOHCTPUPOBAJ GU3NKAM 3KCIIEPUMEHTAJBHOE JOKA3ATEIBECTBO ChOPMYINPO-
BAHHOW TEOPEMBL O Chepuiecknx kocax. [[1a 3Toro OH peanm3oBat Hy KHYIO
ChepUIeCKyI0 KOCY M3 YOTHIPEX HUTEH, HETPUBMAJLHO CBA3AB JABE KOHUECH-
Tpudeckue cheprl YeTHPbMA BEPEBKAMM B OUPAHMYEHHOM MMH cioe (3ToT
CION 3aMeHAeT B ChHEPHIECKOM CAyYae TPEXMEPHOe MPOCTPAHCTBO-BPEMS,
B KOTOPOM JICXKAJN HUTH KOCHI, COOTBQTCTBYIOIIIQI?‘I JABUXKECHUIO Haéopa 7 TO-
9eK Ha TWIOCKOCTH).

3aTeM BHYTPH HWIAPA, OPPAHWTICHHOTO MEHBIIEH CHepOou, MOMEIAeT s
emé MeHbmas chepa, COSAMHEHHAA ¢ MCXOLHO MEHBLINeH (Tenepb CPegHen )
chepon Tak Xe, Kak Ta ObLIa COSAMHEHA ¢ CAMOU BOIBIMON Chepon.

W, naxounen, cpegussa cpepa yunuroxaerca. [Hocae aroro 60nbman u ca-
Mas MeHBIIas cepa OKABBIBAIOTCA CBABAHHLIMY 4 BEPEBKAMK TPHUBHAILHBIM
obpasom (mocxe nedopManuy BEPEBKM CTAHOBATCA PAHATLHEIME), XOTH UC-
XOJHOE COeAVHEHMNE OBLIO COBEPHIEHHO HETPUBHAJBLHBIM M HE MOIVIO OBITH
pacnyTaHo (CAeTAHO PAajUaIbLHBIM NOCPEACTBOM AehOPMALMH B CIOE MEX Y
OrPAHWIMBAIOIIMMY €70 KOHIEHTPUIECKAMA CHEepaMu).

B orimame 0T GMINKOB, MATEMATUKHA 3TOU TEOPEMEl Teopun chepude-
CKMX KOC OOBIMHO HE 3HAKT, TAK KAK OHU CITMHAMHA HE I/IHTepeCyIOTCH.

To6GaBaenue

Onpepenenvie. @yuxuys, NepeBoAlAs BCAKOE HEHYIEBOE KOMILIEKC-

HOE MNCIo 2 B 1 1
F(z) = = -
(2) =5 <z+z>

HasbBaeTca fynryued Kyxoscxoeo.
Teopema 1. Dynxyus JKyxosckoeo nepesodum oxpyxwcnocmy |z| = r
HA DAOCKOCTNU KOMNACKCHOT nepemennold Z 6 Ia4unc ¢ 4enmpom 6 Hy4e ¢ no-
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ayocamu a, b, 2de 2a =r +r1, 2b=pr —p1

nepemennot w = F(z).
lokaszaTenbcTBo. BemecTsennas v MHMMAS YaCTH YNCIS 2 PABHBI
7 COS @ | 7 S8in g, IodTOMy

s, HG NAOCKOCTU KOMNAECKCH O

1 1 . .
— = —(cosp —isinyp),
z 7

OTKY A
1
w = 5[(7‘ +r Heosp+i(r —r 1)sing],

UTO U YTBEPXK AAIOCH. g
Pyuxmma A yKOBCKOro UrpaeT OrpOMHYIO POIL B TexHUKe, u KykoB-

CK¥H BBEJI €6 PAAN BEMUCACHHS HOABLEMHON CHIILL KPELTA CaMOIeTa, (rae OCHO-

BaHHAA HA HeW Hopmyna A yKOBCKOTO OCTASTCA PyHIAMEHTATLHOM).

Ho ona uMeeT v MHODO APYIUX DPHIOKEHUM.

Teopema 2 (Boamua). Omobpadcenue 6036e0enus KOMNAECKCHOIT Wi~
cea 6 xeadpam, C — C, nepesodauiee 2z 6 w = 2%, nepesodum 2yxos saaunc
C YEHMPOM 6 HYAE 6 HOIDMOHOE IALUNC ¢ POKYCOM 6 Hyse.

JdokazarenbcrBo. Ilycrs koMILieKCHOE 4HCIO % Hpoberaer OKpyX-
wocts |u| = r. Toraa koMmmiekcHoe 4ncao z = u + 4 | mpoberaer (mo
Teopeme 1) rykoB smmne ¢ noxyocamu 2a u 2b (¢ neHTpOM B Hyae). ITHM
CnocOBOM MOXHO HOLYIAThH DJLIMIC € JOOLIM OTHOIICHNWEM AJUH NOJIYOCEH.
Kragpar uucaa z ectnb

2=ul+u?+2 (1)

Tepere ABa CIAraeMeBIX B CYMME ONMMCHIBAIOT (ONATH 1o Teopeme 1)
CHOBa TYKOB awmunc. Ero momyocw mmetor gmaunt 24 = 2 — v~ 2. Ksa-
APAaT PACCTOSHMUS OT IEHTPA DTOrO JILIMMNCAE A0 ero (hOKyca BHIMHCIAETCH
no Tteopeme Iudaropa:

(247 = @B)* = [(* +7 79 = (* =1 ] =4,

TO ecTh paccTosHme OoT menTpa samnca {u? + u 2} go ero dokyca ectsb
2C = 2. [l
CaegoBaTensHo, nocae ykasanaoro B popmyae (1) capura dammnca Ha +2
HaYaJ0 KOOPAUHAT CTaHeT (POKYCOM HNEPEHECEHHOTO JJLINIICA, YTO U JOKA3KI-
BaET TEOpEMY.
SamMeuanme. ITOT PE3yILTAT MOKHO NePedOPMYINPOBATL B (puande-
CKVX TEPMHHAX: TPACKTOPHM FAPMOHUYECKOro kogebanms no 3akony l'yka
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BOprP HAYaJIa KOODAWHAT HA ILIOCKOCTH KOMILTICKCHOIO NMePEeMEeHHOr o nepe-
XO4AT NP BO3BCACHUN KOMILICKCHBIX YHCET B KBAAPAT B TPACKTOPDHHU NBH-
KeHud 110 S&KOHy BCEMHWPHOI'O TATOTCHUA (Ir‘IJII/I 1o SaKOHy NPpHUTAXKECHNA Ky-
JOHA), CMIA KOTOPOro OGPATHO MPONOPHMOHATLHA KBAJAPATY DACCTOAHMA
A0 NPpUTACUBAKOILCTO HEHTPA. CaMO JABUXECHNE B Hymnoe JABHKCHUE TIDH
JTOM HE MEPEXOANT: CKOPOCTH MPOXOK ACHUA OJHON OPOUTHI 060UME ABUKE-
HHUAMHW DA3HBIC.

Sameuanmne. [lokazannas Teopema BoauHa UMeET 3aMeYaTEILHOE 06-
OfIICHNE HA CIy4al, KO8 BO3BEACHUE B KBAADAT BAMEHEHO Ha BO3BEACHUE
B APDYIYIO CTeNneHs . B ITOM c.zryqae Opﬁlr‘ITbI JABUXKEHHWA B MTOJEC NPUTAXKCHUA
(MJIM OTTaJIKI/IBaHI/IH) crenenu A nepexoasT B OpOUTHL A NOXA cTeneHu B,
rae uncaa A w B CBA3aHEI COOTHOIMEHNEM ABOWCTBEHHOCTH,

(A+3)(B+3) =4.

Hanpuwmep, sakon I'yka, s xotoporo A = 1, sBasercs ABOMCTBEHHBIM 33~
KOHY BCEeMMPHOI'0 TArOTeHus, nis koroporo B = —2. B kagectse nokaaa-
TeA CTENEHM (¢ HYKHO B 001eM caydae BROupaTs sHavenne o = (A + 3)/2
(ABOMCTBEHHOMY 3aKOHY COOTBeTCTBYeT 06paTHOe npeobpasosanue, 06parT-
How crenenn 3 = (B +3)/2 = 1/a).

Sagayga. Havru aproasoucrsennnie 3axonsl. (Heioron mx yxe uccue-
gosar!)

Y aMBUTEABHEIM 06DA30M, BCA 9T4 TEOPUA ABOMCTBEHHOCTH HEPEHOCUTCS
Ha CIy4ad, KOrja MeCTO CTeNeHHOrO mpeobpasoBaHus w = z% 3aHUMaer
JI0B0N MHOrOWIeH (WM gaxe mobas Majkas B KOMILIEKCHON OBIaCTH KOM-
mrexcHan Gyukuma) w(z) (manpumep, w = € wm w = In z).

[ BoMCTBEHHEE OTEHIMANLL HA IIOCKOCTAX {2z} u {w} naworca dopmy-
JAMM JABYX OHPEAeIseMEIX NPeobPa30BAHMEM BEIIECTBEHHEIX (DYHKIIMN KOM-
ILIEKCHEIX TEePEeMEHHBIX,

U(z) = |dw/dz|?, V(w)= —|dz/dw|?.

HpeobpasoBanue nepeBoAnT OPOUTHL ABVKEHUA TOYKH Z C MOCTOAHHOW
NOTHOW dHEepruen F B mote ¢ noTeHnmaxLHON sHepruer U B OpOUTHL ABMXE-
HUA TOYKH @ € NOCTOAHHON HOTHON sHepruen —1/F B noae ¢ NOTeHIMaIBHON
suepruen V.

ITa yAMBUTEILHAA ABOMCTREHHOCTD ABUXEHUN B CTOIL PABHBIX ABYMEpD-
HBIX NOJIAX COXPAHACTCA A KBAHTOBO-MEXAHMIECKOTO ypasuenus HIpénun-
repa (R. Faure). Ho um xaxme-imb0 0600IIEHNA HA ABMKEHUA B IPOCTPAH-
CTBAX APYrOTO TMCIA M3AMEPEHUN, HU KBATEPHUOHHEIE O0O06IICHIA YKAZAHHON
[IBOUCTBEHHOCTH HE M3BECTHEL
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