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nPE,llMCJlOBHE 

He JlOCTHrHYB lKeJI3eMoro, OHH JleJJaJlH BHJl, 

'ITO lKCJ13J1H JlOCTHrHyToro. 

M.MoHmeHb 

B 3TOM Kypce JieKUJfH H paccKa:>Ky o HeCKOJihKHX HOBhlX HarrpasJieHHHX Ma

TeMaT11qecK11x HCCJ!e,UOB3HHH. Bee OHH OCHOBaHbJ Ha q11cJ1eHHhlX 3KcrrepHMeH

TaX. PaccMaTp11saH rrp11Meph1, Bpo,Ue 5 · 5 = 25 11 6 · 6 = 36, MhI ,Uora)lhIBaeMCH o 

rnnoTe3ax, spo,ne 7 · 7 = 4 7, a JJ,aJibHei'mrne 3Kcrrep11MeHThI JIH6o rro)lTsep)K)J,aIOT 

11x, J11160 orrposepra10T. 

Harrp11Mep, rnrrOTe3a <I>epMa (o Hepa3pew11MocTH rrp11 UeJIOM n > 2 ypaBHe

mrn B HarypaJibHblX qHCJiaX xn + yn = zn) 6bJJia ITO)lMeqeHa HM npH ITOITbITKax 

H3HTH peweHHH. 3Ta rHITOTe3a npHBeJJa K C03JJ,aHH!O UeJIOH ttayKH, HO ,ll.OK333H3 

OHa 6b!Jla TOJlbKO COTHH JieT cnycrn. 

o6JJbruaH tiaCTb rnnoTe3, K KOTOpblM MhI rrpH,UeM, rroKa He AOKa3aHa (H He 

orrposeprnyrn). 51 pewHJICH ql{T3Tb 3TH JieKU,HH HMeHHO ITOTOMy, 4TO Ha)lelOCb 

Ha yqacTHe cJiywaTeJJeH B HCCJJe,ll.OBamrn 3THX sorrpOCOB, XOTH 6bi B rrpose

}.Lemrn qJ1cJieHHblX 3KCnep11MeHTOB (KoTOpble caM 5f npoBeJI 6e3 KOMITbIOTepa B 

orpaHHtieHHOH o6Jiacrn qHceJI nepaoro MHJIJIHOHa). 



JlEKLl,HSI t 

CTATMCTMKA TOnOJ10fMM M A.JlfEBPbl 

5l HHKorna He CJlblXaJI 0 TaKOM MaTeMarnKe: OH Be)l,b cfJH3HK. 

J/anoay o flyanKape 

rJlaBHOe He WeK.crmp, a npHMe'laHHH K HeMy. 

A. fl. 'lexoa co CAOB E. JI. flacmepnaKa 

KpyntteHllHIH MaTeMaTl1.K Hosoro BpeMem1 nyaHKape ,!leJIHJI see npo6JJeMbl 

Ha .llBa KJJacca: 6Httapttb1e H HHTepecttbie. 51rnaptta5! rrpo6JieMa - 3TO npo6Jie

Ma, ,nonycKaiow,aH OTBeT «.Ila» HJIH «HeT» (KaK, ttanpHMep, sonpoc cI>epMa). 

A HHTepecHbJe npo6J1eMbl - 3TO Te, B KOTOpb!X OTBeT «,!la» HJIH «HeT» He,!lO

CTaTO'leH, B HHX HY)!<HO HCCJJe,!loBaTb KaKOH-JJH6o Bonpoc, .llBHra51Cb Bnepe,!l. 

Hanp11Mep, nyattKape HHTepecosaJJC51, KaK MO:>KHO H3MeHHTb ycJIOBH51 3a,!la'lH 

(CKa:>KeM, KpaeBbie ycJ10BH5I .llJJ51 ,!lHcpcpepettu11aJJbttoro ypastteHmr), coxpatt5151 

cyw,ecTBOB8HHe li e,!lliHCTBeHHOCTb peweHHH, HJIH K8K MeHHeTCH 'IliCJIO pewe

HHH npH ,Upyrnx H3MeHeHH51X. TaK oH co3,!laJJ Teopmo 6HcpypKaum1. 

3a Tpli ro,!la .llO npo6JJeM fHJJh6epTa OyattKape ccpopMyJIHposaJJ ocHOB

Hbie, no ero Mttemno, MaTeMarnqecK11e npo6J1eMhI, KOTOph1e ,!letl51THa.lluaTbIH 

BeK OCTaBJI51eT ,!lBa,!luaTOMy. 3TO - C03,!laHHe MaTeMaTtt'leCKOH 6a3bl KBaHTO

BOH H pMHTHBHCTCKOH <PH3HKH. 

Cero,UHH HeKOTOpbie ,!lyMaIOT, 'ITO peJJHTHBHCTCKOH cj:>H3HKH Tor.Ila, B 1897 
fO,!ly, ew,e He 6b!JIO, TaK KaK 3iiHWTeHH orry6JIHKOBaJJ CBOIO TeOpli!O OTHOCH

TeJlbHOCTli B 1905 fO,!ly. Ho nyattKape ccpopMyJ111poBaJJ npttHUHil OTHOCHTeJJb

HOCTH y)!{e B csoeii CTaTbe 1895 fO,!la «06 H3MepeHHli BpeMeHH», KOTopy10 

3iimmeiitt H 11crrOJib30BaJI (o 'leM oH, snpo'IeM, tte n11caJI ,Uo 1945 ro,!la). Tol!

Ho TaK )!{e npH C03)l8HHH KBaHTOBOH MeXaHHKH llipe.llttHrepy y.llaJIOCb ,!l06ttTbC51 

ycnexa TOJ!bKO 3a C'leT liCil0Jlb30BaHH51 npe,!lWeCTBOBaBWHX MateMaTtt'IeCKliX 

pa6oT fepMaHa BeiiJIH, 0 KOTOpb!X BfTOCJJe,!lCTBHH HliKTO He ynOMHHaeT, XOTH 

llipe,!lHHrep Ha HHX Ii COCJJaJJCH (B csoeii nepBOH KHHre). 

§ t. WecTHa11.uaTaH npo6JJeMa r11J1b6epTa 

Xorn H B ocHOBHOM cornawa10cb c OyaHKape, cero,!lH51 51 6yll.y rosopttTb o 

611HapHOH (liJJH IlO'lTH 611ttapHOH, noqeMy 51 0 Heii Ii 6yJzy rosopttTb) npo6JJeMe 

foJib6epTa, HMeIOIU.eH B ero CilHCKe HOMep 16. 
3a,!la'la 3Ta ropa3JJ,O CTapwe n1Jib6epTa - 3TO B006IU.e OJJ.HH H3 OCHOBHblX 

BonpocoB Bceii MaTeM<lTH'leCKOH ttayKH (tt MHOfHX ee npliJJO)f{eHHH). 



6 JleKIJJ1H 1. CrnrncrnKa TorroJionrn H aJire6pb1 

BoT rrpocTei1llll1H rrp11Mep: )J,JI51 aJire6paw.1ecKoro MHOro'-!JieHa f OT JJ.Byx 

rrepeMeHHbIX x 11 y paccM0Tp11M Kp11By10, rn.e OH o6pamaeTCH B HYJib: 

{(x, y) Ell~.2: f(x, y) =0}. 

Borrpoc COCTOl1T B TOM, /WK MOJ/Cem 6btmb ycmpoe1w monOJlOcU'leCKU 
ama KpueaH, ecAu f - MHOcO'lAeH </JuKcupoeaHHou cmeneHu n. 

HarrpHMep, eCJIH n = 2, TO, cornacHo n.peBHeif Teop1rn KOH11'-IeCK11x ce'-!eHHH, 

KpHBaH - JI1160 3JIJIHrrc, JI1160 rnrrep6oJia, JIH6o rrapa6oJia, JIH6o rrapa rrp51MbIX 

(6b1Tb MO:>KeT, CJIHBaIOIJJ,HXCH), JIH6o BC51 ITJIOCKOCTb (eCJIH MHOfO'-IJieH - TOJK

n.ecTBeHHbIH HYJib) . 

.Llo6aBJIHH K !1JIOCKOCTH 6eCKOHe'-!HO yn.aJieHHbie TO'-IKH, Mb! rrpespamaeM 

ee B rrpoeKTHBHYIO !1JIOCKOCTb, OT qero 3aJl,a'-!a CTaHOBl1TCH rrpome (3JIJIHI1C, 

rnrrep6oJia H rrapa6oJia Ha rrpoeKTl1BHOH !1JIOCKOCTl1 ycTpOeHbl OJl,11HaKOBO, pa3-

JIHllHe - TOJlbKO B pacrroJIOJKeHl1H 3TOH «OKPYJKHOCTH» 110 OTHOllleHHIO K 6ec

KOHellHO yn.aJieHHOH rrpHMOif, CM. pHc. 1). 

-------00 
&Munc 

Pttc. 1. KoHH4eCKHe ceqemrn Ha npoeKTHBHOH llJTOCKOCTH 

.LlJIH n > 2 sorrpoc 6oJiee Tpyn.eH, Ho .LleKapT H Hb!OTOH pa306paJI11 CJ1yqa11 

n = 3 11 n = 4. foJJb6epT yTBepJK,UaJI, l[TO OH HCCJie,UOBaJI Kp11Bble CTerreH11 n = 6, 
HO ero pe3yJibTaT (,UOKa3aTeJibCTBO KOToporo OH Hl1KOr,Ua He orry6Jil1KOBaJI) 6bIJI 

Ollll160llHbIM. 

Kp11sa51 CTerreHH n cocTOHT, cornacHo TeopeMe XapHaKa, H3 He 6oJiee lleM 
(n - l)(n - 2) 

g + 1 = 2 + 1 CBH3HbIX KOMITOHeHT (r,Ue g- po,U COOTBeTcTBy10mei't: 

pHMaHOBOH rrosepxHOCTH, o6pa3oBaHHOH KOMITJieKCHbIMH pellleHHHMH ypaBHe

HHH KPHBOH B KOMITJieKCHOH rrpoeKTHBHOH ITJIOCKocrn CP2). Bc51KaH 3aMKHYTaH 

CBH3HaH op11eHTHpyeMaH rrosepxHOCTb (cornaCHO OCHOBHOH TeopeMe TOITOJIO

rHH) rrpe,UCTaBJJHeT co6oi't: ITOBepxHOCTb po,Ua g, r,Ue g-l[l1CJIO pylleK, KOTOpbie 

Ha,Uo ,Uo6aBHTb K ccpepe, l[T06bI ITOJiyl[HTb 3TY rrosepXHOCTb (cM. pHC. 2). 
DpH n = 6 MbI Haxo,UHM po,U pHMaHoBoi'! rroBepxHOCTH g = 10, TaK llTO se

mecTBeHHaH KpHBaH CTerreHH 6 HMeeT He 6oJiee 11 KOMITOHeHT (Ha3bIBaeMbIX 

«OBaJiaMH» 11 rroxoJKHX Ha OKPYJKHocrn, BO BCHKOM cJiyqae ,UttcpcpeoMopcjJHbIX 

OKPYJKHOCTH s I). 
foJib6epT yTBep:>K,UaeT, l[TO 3Tl1 11 OBaJIOB MOryT 6bITb pacrrOJIOJKeHbl Ha 

(rrpoeKTHBHOH) !1JIOCKOCTl1 IR.P2 mOJlbKO dByMfl cnoco6aMU. 



§ 1. Wecrna.nuaTaH npo6JieMa fHJib6eprn 7 

mop T2 = 5 1 x 5 1 (g = 1) 

© 
KpeHOe/lb (g = 2) 

ctfJepa 5 2 (g = 0) 

0 0 0 
Pttc. 2. f!oBepXHOCTM po.D.a 0, po.D.a 1 11 po.D.a 2 

KmK)lbIH osaJI orpaHH'IImaeT «.JlHCK», .nmpcpeoMopcpHbIH Kpyry (.nonoJIHem1e 

B JRP2 K 3TOMY .JlHCKy cocTaBJIHeT JIHCT Me6Hyca, H3-3a 3Toro Me6HycoM H 

OTKpbITblH). 

H BOT, foJib6epT yTBeP*.llaJI, 'ITO TOJibKO OJl.HH H3 3THX Jl.HCKOB co.nep)!(HT 

BHYTPH ce6H .npyrne oBaJibI H 'ITO 'IHCJIO 3THX BHyTpeHHHX osaJioB MO)!(eT npH

HHMaTb moJtbKO aBa 3flatteflUR: I H 9 (pHC. 3). 

fl.Be KpuBbte I'u!lb6epma 

000 
000 
000 

0 

KpuBaH FyoKoBCT 

Pttc. 3. AJire6paw1ecKHe KpHBbie cTeneHtt 6 c 11 oBaJiaMtt 

0wH6Ka fHJib6epTa COCT051Jia B TOM, 'ITO 'IHCJIO BHyTpeHHHX OBaJIOB MO

)!(eT paBH51TbC51 ew.e H fl51TH (3TO OTKpblJI HmKeropo.ncKHH MaTeMaTHK ,llMHTpHH 

AH,11.peeBH'I fy,11.KoB OKOJIO 1970 ro,11.a). 

,llJIH KpHBblX creneHH 8 sonpoc fHJib6eprn He peweH H cero,11.HH: 22 osa

Jia KpHBOH 8 CTeneHH MOrJIH 6bI pacnoJiaraTbC51 Ha ITJIOCKOCTH MHJIJIHap,11.aMH 

pa3JIH'IHbIX cnoco6os, HO Haii.,11.eHHble cero)l,H51 orpaHH'IeHH51 yMeHbillaIOT 'IHCJIO 



8 J1eKUHH 1. CrnTHCTHKa TOITOJIOrHH H aJire6pbI 

TOITOJIOrH4eCKH pa3HblX pacrroJIOMeHHH KPHBbIX, 3THX CJiyqaeB ocrneTCH Me

Hee 90. 4HCJIO Me rroCTpoeHHblX rrpHMepoB, XOTfl H rrpeBOCXO)J,HT 70, ITOKa eme 

He CTO.!Jb BeJIHKO, KaK LJHCJIO JJ,orrycKaeMbIX HayKOH B03MOMHOCTeif. 

l111TepeCHO, 4TO, XOTfl sorrpoc H KaMeTCH OTHOC511lJ.HMC51 K Bbl4HCJIHTeJibHOH 

MaTeMaTHKe, KOMITbIOTepbl )J,0 CHX nop He BHeCJIH ITO'-!TH HHKaKoro BKJI3)J,8 B ero 

pewe11tte. 

EcJIH K03cpcpHUHeHTbl MHOfO'-!JieHa H3BeCTHbl, TO KOMTibIOTep cnoco6eH ua

pHCOBaTb pacrroJioMeHHe oBaJlOB coorneTcTByIOmei'I KpHBOif. Ho rrepe4HcJie1111e 

Bcex BCTpe43IOllJ.HXC51 B03MO)KHOCTeH (npH BCeB03MOMHblX 3Ha'-leHH51X K03cp

cpttUHeHTOB) - ropa3,!l.O 6oJlee TPYAHaH 3a,!l.a<Ja. 

Oua TOiKe aJirop11TMH'leCKH pa3pew11Ma (B CMbICJie MaTeMaTH4ecKoif Jiorn

KH), MOMHO JJ,a}Ke, B rrpHHUHrre, Hafntt 4HCJIO CB513Hb!X o6JiacTeH, Ha KOTOpble 

)J,eJIHT npocTpaHCTBO MHOfOqJieHOB CT€IT€HH n 6mpypKaUHOHHa51 ,IJ.HarpaMMa, 

B6JIH3H KOTopoii Tl1I1 KpHBOH MeHHeTCH. Ho Heo6xoJI,HMbie Mil 3Toro Bbl4HCJie

HHH CTOJib BeJittKH, 4TO HHK3KOH nporpecc Bblt{HCJIHTeJibHOH TeXHHKH He I103-

BOJI51eT H8)l,C5lTbC51 Ha KOMITblOTepHoe peweHHe 33)1,a'-!H 0 MHOro4JieHaX CTeneHH 

8 B o6o3pHMOe speMH. 

HecKOJibKO ornJieKaHcb OT TeMbI cerOJJ,HHWHeif JieKUHH, 51 paccKaMy 06 

e/J,HHCTBeHHOM MHe H3BeCTHOM (H O'leHb He,[l.aBHeM) ycrrexe KOMflbIOTepHOH Tex

HHKH B 6JIH3KOH 38)J,34e. 

PaccMOTPHM rpacfmK semecTBeHHoro MHoroqJieHa CTeneH11 n OT JJ,Byx rre

peMeHHbIX K3K rrosepXHOCTb, z = f (x, y), B TpexMepHOM rrpoCTpaHCTBe IR3. 

0KOJIO H€KOTOpbIX CBOHX TO'l€K 3Ta rrosepXHOCTb JIOK3JlbHO BbIITyKJia (rnKHe 

T04KH H33blB3IOTC51 3MUnmutfeC/WMU), OKOJIO JJ.pyrnx- JIOK3JlbHO ceJI,JIOB351 

(TaKHe T04KH H33bIB3IOTCH cunep60.llUtfeCKUMU, CM. pHC. 4). 

3Munmu'iecKue 
mottKu 

cunep6oAuttecKue 
mO'lKU 

Pttc. 4. napa6oJmqecKall KpHBal! Ha fJla)J:KOH noaepXHOCTH 

9JIJIHITTH'-l€CKHe H rnnep6oJIH'l€CKHe TO'-!KH rrosepxHOCTH pa3,!l.€JIHIOTC51 JIH

HHeH napa60.llU'ieGKUX motfeK. 



§ 1. lllecrna,11,uataH rrpo6JieMa fttJib6eprn 9 

B TepMHHax qacTHbIX rrpoH3BOJ1.HbIX cpyttKUHH f KpHsaH rrapa6oJIHqecKHX 

TQqeK 3a,ll,aeTCH ypaBHeHHeM 

detl a2 '/(8x)2 a2 '/(8x8y) I- 0 
a2 f /(ByBx) a2 t /(By) 2 

- ' 

TO ecTb ycJIOBHeM f xx f yy = Uxy )2 o6pameHHH B HYJib recCHaHa cpyHKUHH f. 
CTycTb f - MHoroqJieH CTerreHH n. CrrparnHBaeTCH, U3 CKO.!lblWX 3a.MKHy

mbtX KpUBblX (oBaAoe) Mo:J1Cem cocmOJimb eco napa6oAUi/.ecKaH KpueaH? 
)lJIH MHOfOlJJieHa f CTerreHH 4 reccHaH -TO)i(e MHOroqJieH CTerreHH 4, 110-

3TOMY 110 TeopeMe XapttaKa qHeJio osaJioB He rrpesocxo,11,HT g + 1 = 4. 
MHoroqJieH f cTerreHH 4, ,11,0CTaBJIHIOUlHH rrapa6omi.qecKyIO KpHBYIO, eocTo

HlllYIO H3 Tpex OB8JIOB, noCTpOHTb HeTpy,11,HO (rrpe,11,0eTaBJIH!O 3TO CJIYill3TeJIHM 

B BH,11,e 3a,ll,aqH). 

A BOT sonpoe o TOM, MO*eT JIM napa6oJIH4eCKaH KpHB351 MttoroqJieHa CTe

rreHH 4 cocTOHTb H3 qeTb1pex osaJIOB, OKa38JIC51 oqeHb TPYJI.HblM. 

Ero pernHJI8 B MeKCHKe B 2005 roey AJ1.pI1aH8 OpTHU-Po,11,pttree, 38lllH

THBill8H nepe.n 3THM B CTapH>Ke, KaK MOH yqeHHU3, Jl.HCCepTaUH!O (rJJ.e .ll,Jl51 

MHOroqJieHOB CTerreHH n q11eJIO OB8JIOB rrapa60JIHqeeKOH KpHBOH oueHHBaJIOeb 

esepxy qHCJIOM an2' a eHH3Y q}JCJIOM bn2' rrpHqeM a> b ). 
Kor,11,a otta 6brJia eme cry,11,eHTKOH (s yHHBeprnTeTe CTapmK-/KIOcbe), To, 

rrpHJl.51 KO MHe Ha ceM1rnap, rrorrpoeHJia ce6e 3a,ll,a4y. 5I cKa3aJI, lJTO, lJT06b1 

ITOHHMaTb MOH 3a,ll,aqH, Ha,11,0 pelllHTb errepsa 11HCbMeHHO 100 3a)I.aq CTaTbH 

<<MaTeMarnqecKHH TpHBHYM» (YcrrexH MaT. HayK. 199 I. T. 46, N<2 l. C. 225-
232). MoeKOSCKHe xopornHe cry,11,eHTbl pern8IOT HX see 38 3 qaca. 

AJI.pHaHa nptrnecJI8 MHe perneHHH 3THX 38Jl.alJ, HO OHH see OKa3aJIHeb ttesep

HbIMH. 0H8 norrpoeHJia HeJI.eJIIO Ha pa3Jl.YMhe, H qepe3 He)I.eJIIO 11p1rnecJ1a 10 
sepHo pellleHHbIX 3a)I.a4. l.Jepe3 10 HeJI.eJib OHa pelllHJia Hx see cTo H Hal!aJia 

pa36Hp3TbC51 B MaTeMaTHKe. 

Ho KOf,11,a 51 xoTeJI ccj:>opMym1posaTb eii Hayl!HYIO 3aJJ.aqy ,ll,JI51 caMocToH

TeJibHbIX pa3MbIWJieHHH, TO AJ1.pHaHa eKa3aJia: «HeT, Terrepb H rrpHJI.YMaJia ee6e 

3a,ll,aqy, B eTHJie Balllero eeMHHapa H pa6oT BalllHX yqeHHKOB o Jiarpattmesbrx 

oeo6eHHOCTHX B CHMITJieKTHqecKOH reoMeTpHH, caMa», - H ecpopMyJIHpOBaJia 

o6cy>KJI.8Bll!HHCH Bblllle BOrrpoc 0 rrapa60JIHqecKHX KpHBblX. 

5I orneTHJI, 'ITO y6e)I.HJICH Terrepb, 'ITO H B MeKcHKe yqaT MaTeMarnKe TaK Me 

ITJIOXO, K8K H B CTapH>Ke (r,ll,e fl ,ll,OBOJ!bHO XOpOlllO 3HaJI, CKOJ!b HH30K ypoBeHb 

3H3HHH CTy)I.eHToB). 

Hecrroco6HocTb pell!aTb 3a,ll,al!H TpHBHyMa 6b1J1a y AJ1.pHaHbI CJie)I.CTBHeM 

HMeHHO ITJIOXOl'O o6yqeHHH oeHOBaM MaTeMaTl!KH, KOTopoMy OHa ITO)I.seprnaeb H 

B MeXl!KO, H B naptt>Ke. Be,ll,b H e eoo6pa3HTeJibHOCTb!O, H e MaTeMaTHqecKl!Ml! 

crroco6HOCTHMH y Hee see 6b!JIO B rropH,ll,Ke (KaK 110Ka3aJI ee ,ll,8JlbHeHillHH OITb!T 



10 JleKUH51 1. CrnrncTHKa TODOJIOrHH H aJire6pbI 

H c «TPHBHYMOM», H c napa6oJIHqecKHMH KpHBblMH): DOCJie Toro, K3K 51 BCeMy 

ee o6yqHJI CBOeH cornei1 33)1,aq, OHa CTaJia OTJIH'lHblM MaTeMaTHKOM. 

Bonpoc o pocTe qHcJia osaJioB napa60JIH<1ecKOH KpHBOtt JJ,JI51 MHoroqJieHa 

CTeneHH n (o c6JIHMeHHH DOCT051HHb!X a H b B acHMDTOTHqecKHX oueHKaX an2 

H bn2 CBepxy H CHH3Y) OCTaeTC51 OTKpb!TbIM H ceromrn (noqeMy 51 BKJIJOqHJI ero 

B 3TY JieKUHIO, H3JJ,e51Cb, qTQ H 3)1,eCb H3HJJ,Y TaJI3HTJIHBb!X yqeHHKOB). 

l.J.TO JKe KacaeTC51 HCXOJJ,HOfO CJiyqa51 n = 4, TO 33lll.HTHBlll351 B CTapH:iKe 

.II,HccepTau1110 A.II,pHaHa, crns npo¢eccopoM B MexHKO, noJiyq11Jia Heorpa

HHqeHHOe KOMDbIOTepHoe speM51. 3a ro.II, HenpepbIBHOtt pa6oTbI UDY ee 

KOMDbJOTep paCCMOTpeJI 50 MHJIJIHOHOB MHoroqJieHOB f (x, y) CTeneHH 4. 
Y Tpex H3 HHX oKa3aJIOCb no qeTbipe osaJia B napa60JI11qecKoli KPHBOH y 

K3:iK.ll,OfO. 

Kor.II,a Ko3¢¢Hu11eHTbI MHoroqJieHa H3BeCTHbI, nposepKa rnro, CKOJibKo 

y Hero OB3JIOB B napa60JI11qecKOH KpHBOH, 33HHM3eT, .II,aMe 6e3 KOMDb!OTe

pa, cqHTaHHb!e MHHyTbl. TaK qTQ H3 OKOHqaTeJibHblX TeopeM KOMDb!OTepHblH 

3KCnepHMeHT MOMHO 6bIJIO 6hI H Bbr6pocHTb. 

Ho Haiimu 3TH 3aMeqaTeJibHble MHoroqJieHbl 6e3 KOMDbJOTepa HHK3K He 

yJJ,aBaJIOCb, TaK qTQ BKJiaJJ, 3Toro KOMDbJOTepHoro 3KcnepHMeHTa B TPYJJ,Hoe 

pell!eHHe ODHCbIBaeMOH 33)1,aqH OK333JIC51 pell!aJOIUHM. 

5I HaJJ,eJOCb, qTQ H B o6cy:iK.II,aeMbIX HHMe 33)1,aqax MOH CJiywaTeJIH cyMeJOT 

.II,06HTbC51 aHaJiofHqHbIX ycneXOB. 

3aMe'lamte. CTpe:iK,ll.e qeM .rLBHraTbC51 ,ll.aJibwe, 51 o6b51CHJO HecKOJibKO (Hc

noJib30BaHHbIX Bb!We) Bemeli, TIUaTeJibHO CKpbrnaeMb!X OT o6yqaJOIUHXC51 np11 

Tpa.II,HUHOHHOM nceB,ll.O-HayqHQM H3JIOMeHHH MaTeMaTHKH. 

OnpeaeAumeAb («det») MaTpHUhI BToporo nop5l,ll.Ka (~ !) - 3To nAo

UfaOb napaMeJWcpaMMa, ITOCTpoeHHOro Ha BeKTOp-CTOJI6uax (a, c) H (b, d) 
(CM. p11c. 5), cq11rneMa5I co 3H3KOM DJIIOC, ecJIH BeKTOpbl opHeHTHPY!OT ITJIOC

KOCTb T3K JKe, K3K rrepBb!H H BTOpoli KOOpJJ,HH3THbie opTbl (11 co 3H3KOM MHHYC 

B npoTHBHOM CJiyqae). 

II 

a 

PHc. 5. OpHeHTHposaHHbIH noJJOJKHTeJibHO napaJJJJe.norpaMM 

llBe rrapbl JIHHeHHO He33BHCHMb!X BeKTOpOB Ha IIJIOCKOCTH opueHmu
py10m ee OOUHatWBO, eCJill HX MOMHO coe,ll.HHHTb Herrpepb!BHbIM rryTeM B 
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npocTpaHCTBe ynop5l.ll.04eHHblX nap mrnefrno He3aBHCHMblX BeKTOpOB TIJIOC

KOCTIL 

Pa3HbLX opuenmatfUU (KJiaccOB 3KBHBaJieHTHOCTH yrrop5l.ll.04eHHbIX nap 

BeKTOpOB Ha IIJIOCKOCTH, yrrop5l.ll.04eHHb!X perrepoB H3 n JlliHeHHO He3aBHCHMb!X 

BeKTOpOB B JR.ll) - p06HO 06e (rrpH Jl!060M n) . .3TOT Bmimel'furn!'f ecTecTBeH

HO-HayqHblH cpaKT (KOTOpb!H TOJibKO O.ll.HH H 06b5lCH5leT CTpaHHOe rrpaBHJJO: 

«MHHYC Ha MHHYC .n.aeT rrJJIOC») o6b!4HO CKpbIBaJOT OT o6y4aJOlll,HXC5l, 3aMeH5l51 

BCIO 3Ty reoMeTpHIO nocTyJittpyeMOH qJOpMyJIOH 

I~ ~I =ad -be, 

5lBJIHIOlll,eHC5l, Ha caMOM .n.eJJe, JJerKHM CJleacmBueM H3 rrpHBe.n.eHHbIX Bb!ille TO

IIOJ10rH4eCKHX cpaKTOB (rroJ1e3HO eme OTMeTlfTb JlUHeUHYIO 3aBHCHMOCTb orrpe

.n.eJJHTeJJH OT Ka)f{.ll.oro BeKTOp-CTOJJ6ua H ero KOCOCHMMeTpH4HOCTb: CMeHy 3Ha

Ka rrpH rrepecTaHOBKe .ll.BYX CTOJJ6UOB). 

BTOpbre rrpott3BO.ll.Hbre MHoroqJJeHa (ttJJH HHOH rna.n.Kol'f cpyHKUHH) B T04Ke 

o6pa3yIOT MaTpttuy (nopH.n.Ka m .n.JJH cpyttKUHH OT m rrepeMeHHb1x), EJ2f /&xi&Xj. 
Onpe.n.eJJHTeJJb 3TOH MampUtfbl recce cpyHKUHH f Ha3bIBaeTC5l 2eccuaHOM 

cpyHKUHH f. 0oJJe3HO 3aMeTHTb, 'ITO 3HaK reccttaHa cpyHKUHH f COBrra.n.aeT co 

3HaKOM rayccOBOH KpHBH3Hbl rpacpttKa cpyHKUHH f (H, MeM.n.y rrp04HM, He 3a

BHCHT OT Bbr6opa optteHTaUHH npocTpaHCTBa, r.n.e cpyHKUH51 onpe.n.eJJeHa). 5l He 

OCTaHaBJJHBalOCb Ha 3TOM 3aMe4aHHH noToMy, 'ITO OHO nOHHTHO TOJJbKO TeM, KTO 

3HaKoM c rayccosoH. KPHBH3HOH - a 3HaKOMbie c HeH. JJerKo .n.oKaMyT c.n.eJJaH

Hbie Bblille yTBepM.n.eHH51 0 CB513H reccttaHa c rayccOBOH KpHBH3HOH rpacp11Ka. 

Eme o.n.tto 3aMe4aHHe - o po.n.e g pttMattosoH. nosepxHOCTH aJJre6patt

qecKOH KpHBo!'f CTeneHH n. MbI 11cnoJJb30BaJJ11 Bbiille «cpopMyJJy P11MaHa

fypB11ua» 
(n - l)(n - 2) 

g= 2 . 

Hanp11Mep, Kp11Bbie CTeneH11 n = 1 (npHMaH) 11 n = 2 (oKpyMHOCTb) 11Me10T 

po.n. g = 0, T. e. semecTBeHHo .n.ttcpcpeoMopcpttbI ccpepe 5 2 (Ha3brnaeMoH. rnKMe 

ccpepoH. PHMaHa c LJ {oo} HJJl1 KOMIIJJeKCHOH npoeKTHBHOH npHMOH CP 1 ). 

)lJJH npHMOH 3TO HCHO, a )l.JJH OKPY*HOCTH cJJe.n.yeT 113 ee pau11ottaJJbHOH 

napaMeTp113au11H «TaHreHCOM IIOJJOBl1HHOro yrna» t = tg~ = y /(1 + x): 

1 - t 2 

x = 1 + t2, 
2t 

y = 1 + t2 np11 x2 + y2 = 1. (1) 

0oJJe3Ha51 3a)l.a4a - nocrnpaTbC51 IIOH5lTb TOIIOJJOrH4eCKOe CTpoeH11e «KOM

nJJeKCHOH ccpepbl», 3a.n.aHHOH B npoeKTHBHOM npocTpattcTBe, CP3, acpcp11HHbIM 

ypaBHeHtteM x 2 + y 2 + z 2 = 1. OTBeT: 3TO 4eTb1pexMepHoe MHoroo6pa3tte .n.11cp

cpeoMopcpHo npHMOMY np0113Be.n.eH11IO .n.syx 06b1qHblX ccpep, 5 2 x 5 2. 
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BhmttcaHHbie cpopMyJihI (1) (,nocrnBJISIIOll.Uie Ta!DKe «ernneTCKHe npH

MoyroJihHbie TpeyroJibHHKH», 32 + 42 = 52, 52 + 122 = 132 H T. II., a HMeHHO 

a 2 + b2 = c 2 Jl)IH x = a/c, y = b /c, r,ne, cornactto (1 ), npu t = u/v, a= v 2 - u2 , 

b = 2uv' c = u 2 + v2
) onpe,neJISIIOT ,nttcpcpeoMopcpH3M KOMIIJieKCHOH OKpy»<HOCTH 

ccpepe 5 2. 

y 

IRP 1 ~5 1 

cpi ~ 52 

x 

Pnc. 6. Pau,nottaJJbHaH napaMeTpH33ll,HH OKpy)KHOCTH 

<f>opMyJihI ( 1) BbIBOJLHTCH TaK (prrc. 6). CTposeJI,eM qepe3 TOqKy (x = -1, 
y = 0) ITJIOCKocrn npSIMYIO {y = t (x + 1)}. CTo,ncrnBJISISI 3TO 3HaqeHtte y B ypas

HeHHe OKpy»<HOCTH x 2 + y2 = l, Mb! ITOJiyqHM ,LlJISI a6CUHCCbl x TOqKH nepece

qeHHSI npSIMOH c OKpy»<HOCTbIO KBa.11,paTHOe ypaBHem1e, OJI,lfH KOpeHb KOTOporo 

(x = -1) HaM H3BeCTeH. 

)lm1 BTOporo KOpHH TeopeMa BHeTa ,LlOCTaBJISleT pauHOHaJibHOe Bbipa»<eHHe 

qepe3 t' OTKy.11,a H !lOJiyqaeTCH nepBaH (a 3aTeM H BTopaH) cpopMyJibl napaMeT

ptt3aUHlf ( l). 
BMecTo 3TOH aJire6pbI MO»<HO 6bIJIO 6h1 socrroJib30BaTbCSI reoMeTp11qecKHM 

T0){(.11,eCTBOM a.= 2~ TeopeMbl 0 BHernHeM yrne (paBH06e.11,peHHOro TpeyrOJibHH

Ka), se,nh 

x =cos a., y =sin a., t = tg~. 

)lJISI 3HaKOMhIX c aHaJIH30M cJiyrnaTeJiett oTMeqy eme, qrn H3 TOH »<e paurr -

OHaJibHOH rrapaMeTpH3aUHH OKpy»<HOCTH CJie.u.yeT HBHaH BbiqHcJIHMOCTb (B 3Jie

MeHTapHbIX cpyHKUHSix) scex a6eJieBbIX HHTerpaJioB B,LlOJib OKPY»<Hocrn: 

I= ~ R(x, y)dx, 
x2+y2=1 

rJI,e R - paUHoHaJibHaH cpyHKUHH. 

)lettCTBHTeJibHO, pauHOHaJibHaH rrapaMeTpH3awrn ( 1) CBO,LlHT BblqHCJieHHe 

HHTerpaJia I K HHTerpttposattHIO pauuoHaJihHOH cpyHKUHH rrapaMeTpa t, 

I =~r(t)dt. 
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A6eJib .ll.OK333JI, '-!TO maKoe a;zeM.eHmapHoe UHme2pupoaa1me cmaHo
aumcH (aAJl noaxoaJlUfeU apo6u R) HeB03M.O'JICHbtM., ecAU BM.ecmo ox:py'JIC
HOCmu a6eAeB UHmecpaA f 6epemCJl aaoAb KpUBOU BblCUleCO poaa (c g > 
> l). H3rrpHMep, 3To T3K ym:e MH 3JIJIHmwc1ecKHx HHTerp3JIOB (B.ll.OJih Kpasoli 

y2 /2 + U (x) = 0, r.ll.e U - MHOrDIJJieH cTerreHH 3, xorn 6h1 U (x) = x 3 +ax+ b) . 
.LloKa3aTeJibCTBO 3TOH TorroJiomIJecKoli TeopeMbI A6eJIH - TOm:e 3aMeIJa

TeJibHoe yrrp3m:HeHHe. 

TonoAocuttecx:ou OH3 51BJl51eTC51 ITOTOMy, IJTO He rrpe.ll.CTaBHM3 KOHeIJHOH 

KOM6HH31.1,HeH 3JieMeHT3pHblX cpyHKll,HH He TOJibKO cpyHKl.l,li51 1 

x 
t(X) = s dx 

y' r.ll.e 

HO H HHK3K351 TOITOJIOrHIJeCKH 3KBHBaJieHTHa51 (MHOf03HaIJHOH) KOMITJieKCHOH 

<PYHK!l,HH t <PYHKUHH, rrpHIJeM 3Ta Henpe,llCTaBllMOCTb HMeeT MeCTO H .ll.JI51 o6p3T

HblX cpyHKll,HH, 3KBHB3JieHTHbIX «3JIJIHITTHIJecKoli cpyHKUHH» X(t) (.llJIH HeBbI

pmKJl.eHHbIX 3H3IJeHHH K03cpcp111.1,11eHTOB a H b). 
<IJopMyJI3 PttM3H3-fypsttua (g = (n - l)(n - 2)/2 MH rJI3.D.Koli Kpttsol1 

CTeIJeHH n) rrpome Bcero JJ.OKa3bJBaeTC51 CJieJJ.YIOIUHM «HTaJ!b51HCKHM» paccym:

JJ.eHHeM. 

P3CCMOTpHM KaKoe-Htt6yJJ.b eCTecTBeHHoe ceMelicTBO 3Jire6po-reoMeTpH

IJecKHX KOMITJieKCHb!X o6beKTOB (H3IlpHMep, ceMeikTBO MHOfOIJJieHOB CTerre

HH n OT 0.1.1.HOH rrepeMeHHOH HJIH ceMeHCTBO MHOfOIJJieHOB .ll.3HHOH CTeIJeHH OT 

JJ.BYX rrepeMeHHbIX, 33.D.a!OIUHX 3Jire6p3HIJeCKHe KpHBbie, HJIH COOTBeTCTBYIOJUee 

ceMeHCTBO 0.1.1.HOpOJl.Hb!X MHOfOIJJieHOB cpHKCHpOB3HHOH CTerreHH OT Tpex rre

peMeHHbIX, 3a.D.3!01UHX aJire6p3HIJeCKHe KpHBbie B KOMITJieKCHOH rrpoeKTHBHOH 

ITJIOCKOCTH CP2). 

«l1TaJibHHCKOe» coo6p3)KeHHe COCTOHT B TOM, IJTO ace HeBbtpo:J1C8eHHbte 
o6'beKmbt a ceM.eucmae mono.llocuttecKu o8uHaKoBbt (H3rrpHMep, see MHo

roIJJieHbI CTerreHH n 6e3 KpaTHblX KOpHeH HMe!OT 0Jl.HH3KOBOe IJHCJIO KOpHeH B 

CJiyIJae MHOrDIJJieHOB OT 0.1.1.HOH rrepeMeHHOH, see rna.1.1.KHe aJire6paHIJeCKH KpH

Bbie CTerreHH n B CP2 HMe!OT OJl.HH3KOBb!H PO.ll. g(n), He 33BHC511UHH OT Bb16opa 

KOHKpeTHOH KpHBOH) . 

.LloK333TeJibCTBO 3Toro coo6p3)KeHH51- TOIJOJIOmIJeCKOe . .LleJIO B TOM, lffO 

Bbipo)KJJ.eHHOCTb KOMITJieKCHOfO o6oeKTa 33.ll.aeTCH KOMIJJieKCHbIM ypasHeHH
eM (JJ.HCKpHMHH3HT p3BeH HyJIIO B CJIYIJ3e MHOrDIJJieHOB OT OJJ.HOH rrepeMeHttOA 
HT . .1.1..). A 3TO KOMITJieKCHOe ycJIOBHe Ha KOMITJieKCHbie K03cpcpHI.1,HeHTbl, Bb10up 
KOTOpb!X 3aJJ.aeT 06oeKT CeMeHCTBa, rrpeJJ.CTaBJI51eT C060H 8Ba Be144eCmlflH• 

I Bb1pai1rnromall speMll t JlBMlKeH!rn JlO TQq]{H x CTOJl JleHCTBMeM ypasHeHMll tl"'"1mll. 
d 2x dU 
dt 2 - dx · 
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HblX He3aBl1Cl1Mb!X ypaBHeHl151 (B HOJib ,ll.OJI:>KHbl o6paw.aTbC51 11 sew.ecTBeHHaH, 

11 MHl1Ma51 qacrn ,ll.11CKp11Ml1HaHTa). 

CTo3TOMY aAce6pauttecKoe MHocoo6paaue acex BbtpoJ1CaeHHblX o6'beK
moa UMeem Be14ecmBeHHYIO KOpa3MepHOCmb aaa (B paccMaTp11BaeMOM Ce

MeJ'.fcTBe MHoroqJieHoB 11 T. IT.). Ho ITOJl.MHoroo6pa311e sew.ecrneHHOH Kopa3Mep

Hocrn ,ll.Ba He ,ll.eJI11T Ha qacrn rna,ll.KOe MHoroo6pa311e scex o6neKTOB ceMeHCTBa 

(KaK TOqKa He ,ll.eJil1T IlJIOCKOCTb, a I1pHMaH 11Jil1 Kp11Ba5! He ,ll.eJil1T Ha qacrn Tpex

MepHoe IlpOcTpaHCTBO). 

CTo3TOMY MHoroo6pa311e HeBbipOM,ll.eHHbIX o6neKTOB CBH3Ho. A OTCJO

Jl.a CJieeyeT O,ll.11HaKOBOCTb TOf!OJIOrnqecKoro Tl1Ila Bcex 3Tl1X HeBblpOM,ll.eHHblX 

o6neKTOB, TaK KaK I1p11 ,ll.Bl1)!(eHl111 B,ll.OJib Kp11BOH B IlpOCTpaHCTBe HeBblpOM,ll.eH

HblX o6neKTOB (Ha!lp11Mep, MHOroqJieHOB 6e3 KpaTHblX KOpHeH) TO!lOJIOrnqecKaH 

CTpyKrypa o6neKTa (q11cJIO KOpHeH ypaBHeHl151 B !lpe,ll.bl,ll.YW.eM I1p11Mepe) He 

MeHHeTCH (ITO TeopeMe 0 HeHBHOH cpyHKU1111). 

lloKa3aHHbIH I1p11HU11Il f!OKa3bIBaeT, qTQ aAR Bbl'-lUCAeHUR monOAOcUtte
CKUX xapaKmepucmuK Bcex HeBblpoJICaeHHblX o6'beKmOB KOMnAeKCHOcO 
CeMeiicmBa aocmamOttHO paCCMOmpemb oauH npUMep U Bbl'-lUCAUmb amu 
XapaKmepucmUKU aAR Heco: aAR ocmaAbflblX HeBblpOJICaeHHblX o6'beKmOB 
xapaKmepucmuKu 6yaym maKuMu J1Ce. 

HaITp11Mep, B KaqecTBe MHoroqJieHa CTeITeH11 n Jl.OCTaToqHo B3HTb MHoro

qJieH 

f (x) = (x - l)(x - 2) ... (x - n), 

KOTOpb!H oqeBl1,ll.HO 11MeeT pOBHO n KOpHeH x = 1, 2, ... 'n (KpaTHOCTH 1). 
CornacHo «11TaJibHHCKOMY I1p11HU11ITY», 113 3Toro cJie,ll.yeT «OCHOBHaH Teo

peMa aJire6pb1»: BCRKuii MHOcOttAeH cmeneHu n om oaHoii nepeMeHHoii, He 
UMe1014uii KpamHblX KOpHeii, UMeem pOBHO n KOMnAeKCHblX KOpHeii. 

B cJiyqae ITJIOCK11x aJire6pa11qecK11x Kp11Bb1x ,ll.ocrnrnqHo Haflrn po,ll. OJI.HOH 

(Heoco6ofl) Kp11BOH CTe!leH11 n. 
HaqHeM TOITOJiornqecKoe 11ccJie,ll.OBaH11e c oco6ofl Kp11sofl cTeITeH11 n, pac

ITa,ll.aJOw.eflrn Han ITPHMbIX, ITepeceKa10w.11xcH ITOITapHo B n(n - I )/2 pa3Jil1qHbIX 

TOqKax (p11c. 7). 
EcJI11 ypasHeH11e 3TOH Kp11sofl 11MeeT Bl1Jl. f 0 = 0, me fo - ITpo113se,ll.eH11e n 

Jil1HeHHbIX HeO,ll.HOpO,ll.Hb!X cpyHKU11H ajX + bjy + Cj, TO ypaBHeH11e fc = 0 (r,ll.e 

fc = fo - E:) 3a)l.aeT I1p11 MaJiblX E: "I 0 rna,ll.KYIO Kp11BYIO CTe!leHl1 n, po,ll. KOTOpOH 

Mb! 11 6y,ll.eM Te!lepb BbJql1CJI51Tb. 

3rn Bb1q11cJieH11e I1pOBOJl.11TCH TaK. Kp11saH f 0 = 0 cocTOl1T 113 n ccpep SJ, 
!lepeceKalOW,11XC51 IlOriapHO B n(n - 1 )/2 pa3Jil1qHblX TOqKaX. CTp11 MaJIOM E: 

ITepexo,ll. K Kp11soi1 f c = 0 03HaqaeT 3aMeHy Kpecrn, o6pa3oBaHHoro Jl.BYMH ne

peceKaJOW,11Ml1CH TpaHCBepcaJibHO rJia,ll.Kl1Ml1 ccpepaMl1 OKOJIO 11X ToqK11 !le-
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P11c. 7 . .UecjlopMa!lJl5! pacna)l.a10meiic5! Kp11soii CTeneHI! n 

peceqemrn, Ha U,HJIHH.Up, coe,D.HH5!!0ill,HH .UODOJIHeHH5! K OKpeCTHOCT5!M TOlfKH 
nepecel!eHH5! Ha Ka)f(.UOH H3 ccj:>ep (puc. 8). 

= 

P11c. 8. Ilose)l.eH11e )l.BOiiHoii TO'!KI! np11 t1.e¢opMaw111 

Orrpe.ueJIHM, CKOJibKO pyl!eK nOJIYlfHTC5! nocJie n(n - I )/2 TaKHX rrpottcxo
.UHW,HX He3aBHCHMO nepeCTpOeK (OKOJIO Bcex TOlfeK nepeceIJ:eHH5!). 

113 n ccj:>ep Sf' ... ' s~ BbI6epeM O.UHY, sf. Ee n - I TOl!Ka nepecelfe
HH5! c OCTaJJbHbIMH ccj:>epaMH ITOCJJe nepeCTpOHKH coe,UHH5!eT Ka)f(Jl,y!O H3 
3THX OCTaJlbHblX ccj:>ep c rrepBOH, TaK IJ:TO Bee BMecTe OHH o6pa3yIOT onHTb 
.UHcj:>cj:>eoMopcj:>HyIO ccj:>epe noBepXHOCTb ~2 ' He CIJ:HTa5! JIHlllb OCTaBllIHXCH 
(n - 2) + (n - 3) + ... + I = (n - 1 )(n - 2)/2 TOl!eK rrepecelfeHH5! ocTaJib
HbIX ccj:>ep Me*.UY co6oi1 (puc. 9). 

DocJie saMeHbI (n - l)(n - 2)/2 TOlfeK nepeceqeHH5! noBepxttocTH ~2 c 
co6oii TaKHM )!(€ l!HCJIOM Tpy6oqeK Mb! rrpeBpaTHM «ccpepy» ~2 B (rna.uKyIO) 
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P11c. 9. f10CTpoett11e rJia.u.KOH nosepxttocrn 113 tta6opa n ccpep 

noBepxHoCTb M2 ccpephI c pyqKaMH, '-IHCJIO py'-leK g- &To q11cJio Tpy6o'-leK, 38-

MeHHBll!HX TO'-IKH caMorrepeceqeHHH «ccjlepbI» E2, TaK '-!TO g = (n- l)(n- 2)/2. 
Ha p11cyttKe 9 Bhill!e (cooTBeTCTBYIOW.eM n = 3) noJiyqaeTcH g = 1, TaK '-!TO 

noBepxHOCTh M2 po.aa l npe.acTBBJIHeT co6oif TOp. 

TaK MhI noJiyqHJIH </JopM.yAy PuM.aH.a-Typsul{a g = (n - l)(n - 2)/2. 
Hepasencmso Xapnww, yTBep)K.aa10w.ee, 4To Bew.ecTBeHttaH KpHBaH po.ua 

g HMeeT He 6oJJbWe g + 1 osaJia, HBJIHeTCH qacTHhlM cJ1yqaeM H.epaeeH.cmsa 
C.Muma 

(2) 

3.n.ecb Mic- KOMrrJieKcttoe aJire6paw-1.ecKoe Mttoroo6pa3He (ttarrpHMep, pH

MaHOBa IIOBepXHOCTb KpHBOH). Ecml 3TO MHOroo6pa3He 3a.uaeTC5I ypasHeHHeM 

c Bew.ecTBeHHblMH K03cpcpmi11eHTaMH, TO Ha HeM ,nel'IcrnyeT CHMMeTpHfl ( «HH

BOJIIOUHH») a: Mc _____,Mic KOMIIJieKcHoro conpmKemrn (nepeBOJl.HW.aH T0'-1.KY c 

KOMITJieKCHb!MH KOOpJJ.HHaTaMH Zj B T0'-1.KY c KOMTIJieKCHblMH KOOp.D,HHaTaMH 

z j = x j - iy j rrpH z j = x j + iy i). QqesH.D,HO, a 2 = 1, H sew.ecTBeHHOe MHOro

o6pa3He MJR COCTOHT H3 HeITO)l,BH)KHb!X TO'-leK HHBOJIIOUHH CT (oBaJIOB B CJiyqae 

KpHBOH). 

lJJ.JCJia bk B HepaseHCTBe (2)- 3TO «'-lHCJla neTTH» MH uerreii. C K03cpcp11-

U11eHTaMl1 s rpyrrrre Z2 113 JJ.Byx 3JieMeHTOB. 

,LlJIH OKPY*HOCTH l.J.HCJla neTTl1 11MelOT Bl1)], bo = b I = 1, bk> l = 0. 
,LlJIH pHM8HOBOH nosepxHOCTH po,'l.a g HMeeM 

bo = b2 = 1, bi= 2g, bk>2 = 0. 

3.aecb 2 g 0)1,HOMepHblX UHKJIOB - 3TO «rrapaJIJieJIH» 11 «MepH.D,HaHhI» g py'-leK. 

HepaseHCTBO CMHTa HMeer rro&TOMY B cJJyqae KpHBhIX po.aa g BHJl. 

2('-IHCJIO OB8JIOB) ~ 2g + 2, 

TO ecTb rronyqaeTcH HepaBeHCTBO XapttaKa: 

'-IHCJIO OBaJIOB ~ g + 1. 
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CaMo ttepaBeHCTBO Cwna ,noKa3aTh He o'l:eHb Tpy,ntto, paccMaTpttBa51 .nef:i

CTBHe HHBOJIIOU.HH a Ha BCeB03MO)!(Hbie u.erm (CHMMeTpH4:HOH OTHOCHTeJihHO 

HHBOJIIOU.HH a Tp11amyJI5IU.HH MHoroo6pa3H51). B cJiy<1ae pHMaHoBoH nosepx

HOCTH semecTBeHHOH KpHBOl1 HaH6oJiee Ba)KHOe coo6pa)KeHHe TeOpHH CMHTa 

COCTOHT B TOM, L!TO Me)K)ly ee OBaJiaMH MO)KeT cymecTBOBaTb mOAbKO oaHo 
roMOJ!OrH'l:eCKOe COOTHOllleHHe ( cyMMa OBaJIOB roMOJIOrHL!Ha HYJIIO) B 0,11,HOMep

Hb!X roMOJIOrH51X pHMaHOBOl1 rrosepxHOCTH, HHaqe 3Ta rrosepxHOCTb He 6blJJa 6b! 

CB513HOH, a pacrra,naJiaCb 6b! Ha CB5!3Hb!e ,11,ByMepHb!e KOMITOHeHTbl (o6pa30BaH

Hbie qacrnMH BH,na a 11 aa, r.ne .nsyMepttaH 1.1,errh a HMeeT rpatt11uea Jiesy10 qacTb 

COOTHOilleHH5! Me)K,ny OBaJiaMH). 

K 3THM 3aMel!aHH51M H3 Bemecrnettttol1 aJire6pa11qecKOH reoMeTpHH ,no-

6asJIIO eme, l\TO, KpoMe rpacpMKOB Mttorol!JieHoB, A.np11atta OpT11u-Po.np11rec 

paccMaTpHBaJia B CBOeH ,11,HCcepTaU.HH H rrapa6oJIH4:eCKHe KpHBble Ha JII06b!X 

aJire6paMl!eCKHX I10BepXHOCT5!X CTerrem1 n B TpexMepHOM semecTBeHHOM rrpo

eKTHBHOM rrpocTpattcTBe JRP3. B 3TOM cJiyirne L!HCJIO rrapa60JIH4:eCKHX KpHBhIX 

OI.l,eHeHO eIO CBepxy H CHH3Y BeJIHl\HH3MH an3 H bn3, rrp114:eM I10CTOHHHa5! a 
6oJihllle rrocTOHHHOH b rrp11MepHo B l 0 pa3. 

5I cpopMyJIHpyIO 3,ll.eCb 3TOT pe3yJibT3T ITOTOMy, L!TO Ha,neIOCh Ha cJiyrnaTeJieH, 

KOTOpbre 33XOTeJIH 6bi H3HTH TOL!HYIO CKOpOCTh poem 4:HCJia rrapa6oJIH4:eCKHX 

KPHBhIX, c6JIH3HB a 11 b. 
Pe3yJihTaThl fy.uKoBa o KpHBhIX cTeneHtt 6 nocJiy)!{HJIH ocHOBOH 3aMel!a

TeJihHOH HOBOH Teopm1, CBH3aBWeH semecTBeHHyIO aJire6pa11qecKyIO reoMeT

pH!O 16-11 npo6JieMbl fHJib6eprn c KB3HTOBOH Teopttei1 I10JI5! H c MHOroMepHol1 

TOI10JIOrnel1. 

Y.HcJia BHyTpeHHHX OB3JIOB B CITHCKe fy,11,KOBa KpHBhlX 6-11 CTenem1 c 11 
OB3JI3MH (1, 5 HJIH 9) He.uapoM H.LLYT qepe3 4. flepexo.u5! OT KpHBOH f (x, y) = 0 
K orpaHH4:eHHOH nosepxHOCTH c KpaeM M: f (x, y):;:;, 0, MhI np11xo.n11M K cJie

.uy10m11M qepe3 8 3HJiepOBhIM xapaKTepHCTHKaM. 

flepe611pa51 H3H)leHHhie B )lHCCepTal.l,HH fy.UKOBa semecTBeHHhle rrpoeKTHB

Hhie aJire6pa11qecK11e KpHBbie cTeneHH n = 2k, HMe10m11e Hatt60Jihrnee B03MO:>K

Hoe no TeopeMe XapHaKa l!HCJIO osaJioB, H 3aMeTHJI, l!TO ,!l,JlH HHX 3l1JiepoBhl 

xapaKTepttcTHKH noBepxHocTei1 M y.noBJiernopHIOT cpaBHeHllHM 

x(M) := k2 
(mod 8), (3) 

KOTOpb!e 51 H33BaJI «CpG8HeHU5lMU I'yaKOBG». 
CpaBHemrn no MO.LLYJIIO 8 (MH CHTHaryp cpopM nepecel\eHHtt) 5!BJIHIOTC5! 

CTaH.UapTHbIMH B TOITOJIOrHH IIeThipexMepHhlX 3aMKHYTbIX MHOroo6pa3Hl1, no-

3TOMY 51 CTaJl HCKaTb l\eTbipexMepttoe MHoroo6pa3He B TOITOJ!OrHH (oaHoMep
HbtX) semecrneHHblX aJire6paH4:eCKHX KpHBblX. 

TaKHM MHoroo6pa3HeM oKa3aJiacb KOMnAeKcucpuKal{Ufl noaepxHocmu c 
KpaeM M 2. 1ho6b1 KOMnJieKc11cp111.1,11posaTh rrosepxHOCTh, 3a.natttty10 HepaseH-
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CTBOM f (x, y) ~ 0, 51 3an11caJI 3TO reoMeTpwieCKoe HepaBeHCTBO B aJire6pa11qe

CKOM BH,Ue f(x, y) = z 2 . 3Ta ¢opMyJia orrpe.neJI51eT (B KOMITJieKCHOH o6JiaCTH) 

qeTbipexMepHoe B BeruecTBeHHOM CMbICJie MHOroo6pa311e: .UBYJIHCTHOe HaKpbl

THe ,UOTIOJIHeHH51 K pHMaHOBOH ITOBepXHOCTH (KOMITJieKCHOH KpHBOH) t (x, y) = 0 
B CP2, pa3BeTBJieHHOe B,UOJ!b 3TOH pHMaHOBOH ITOBepxHOCTH. 

IlpHMeH5151 K 3TOMY qeTbipexMepHOMY MHOroo6pa3HIO TOITOJIOrnqecKHe pe-

3YJibTaTbl 0 .neJIHMOCTH CHrHazyp Ha 8, 51 ,UOKa3aJI cpaBHeHHe (3) ITO Mo.nymo 

4, a 3aTeM PoxJIHH, rrp11MeHHB 6oJiee rny60K11e pe3yJihTaTbI .n11¢¢epem.1,11aJib

Ho-TorroJiornqecKoro 11ccJie,noBaHH5I rna,nKHX qeTbipexMepHbIX MHoroo6pa3HH, 

,UOKa3aJI H caMO cpaBHeHHe fy,nKOBa (3). 
11HTepeCHO, qTQ caM fy,nKOB, KOTopoMy 51 coo6UJ,HJI 06 3TOM cpaBHeHHH, 

Kor.na rr11caJI OT3bIB Ha ero .n11ccepTau1110, cq11TaJI ero HeBepHbIM, TaK KaK, 51K0-

6hI, pacrrOJiaraJI KOHTprrpHMepaMH K HeMy (KOTOpbie, O,UHaKO, OKa3aJIHCb CTOJ!b 

)Ke oum6oqHbIMH, KaK H pe3yJibTaT fHJib6epTa 0 KpHBb!X CTerreHH 6, orrpoBep

raBWHHC51 3Toli .n11cceprnu11ei'i). 

K HaCT051UJ,eMy BpeMeHH cpaBHeHHe (3) cTaJio ocHOBOH 6oJibWOro KOJI11qe

CTBa HOBbIX pe3yJibTaTOB H B BemecTBeHHOH aJire6pa11qeCKOH reoMeTpHH, H B 

.n11¢¢epeHu11aJibHOH TOITOJ!OfHH H .na)!{e B KBaHTOBOH TeopHH l!OJI51. Ho, K CO)!{a

JieHHIO, .na)!{e .UJI51 KJiacc11¢11Kau1111 TorroJiornqecKHX CTPYKTYP KpHBbIX cTerreHH 

8 B 16-H. rrpo6JieMe fHJih6eprn 3THX pe3yJibTaTOB He XBaTaeT. 

Bo3Bpama51Cb K 16-H. rrpo6JieMe, 3aMeqy, qrn fHJib6epT, rro-MoeMy, rrporry

CTHJI B 3TOH 3a,naqe caMbie rnaBHbie BOrrpOCbl. 

)leJio B TOM, qrn TorroJiornqecK11e CTPYKTYPhI MoryT pa3JI11qaTbC5! He TOJibKO 

y BemecTBeHHbIX aJire6pa11qecK11x KpHBbIX (.naHHOH cTerreHH) {f (x, y) = O}, HO 

H y MHOfQqJieHOB t: JR2 ---+ JR, KOTOpb!MH 3TH KpHBbie 3a,Ua!OTC51. 

fHJib6epTy CJie,noBaJIO 6bI BKJIIQqHTb B ¢opMyJIHpOBKY CBOeH rrpo6JieMbl 

He TOJlbKO BOrrpoc 0 TOITOJIOrnqecKOH KJiacc11¢11KaUHH rrpoeKTHBHbIX Beme

CTBeHHbIX ITJIOCKHX aJire6pa11qecKHX KpHBbIX .naHHOH CTerreHH, HO H BOrrpoc 0 

monoJt02U'leCKOU KJtaccu</JuKatfUU caMUX MH020'l/leHOB, 3aOalOUfUX amu 

KpUBbte. 

3TOT Borrpoc He peweH, HaCKOJ!bKO MHe H3BeCTHO, y)!{e ,UJI51 KpHBbIX CTerreHH 

n = 4 (r.ne KpHBbie pacKJiacc11¢11u11poBaJI eme )leKapT). 5I o6cy)/{y Terrepb 3TOT 

Borrpoc 0 TOITOJIOrnqecKOH KJiacc11¢11KaUHH rna,UKHX ¢YHKUHH H MHoroqJieHOB, 

r.ne MHOroe .no CHX rrop HeH3BeCTHO (OTqacTH no BHHe fHJib6eprn). 

§2. CTaTHCTHKa rJia)l.KHX il>YHKU,HH 

lfro6b1 orr11caTb TorroJiornqecKyIO CTPYKTYPY rna,nKoli BemecrneHHOH ¢YHK

UHH, COITOCTaBHM eli rpacp, TOqKaMH KOToporo 51BJI5llOTC51 CB513Hble KOMITOHeHTbl 

rnrreprroBepxHOCTeli ypoBH51 3TOH ¢YHKUHH. 

)lJI51 HeBbipO)!{,UeHHOH «cjJyHKUHH Mopca» f: sn ---+JR, n > 1, TaKoii rpacjJ 

oKa3brnaeTC51 .nepeBOM, HMeIOUJ,HM T TpottHhIX ToqeK BeTBJieHH51, K = T + 2 KOH-
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ueBbIX ToqeK H P = 2T + l pe6po, coeAHHHIOIUHe K + T = 2T + 2 sepurnHbI 

rpacpa. 

flp11Mep 1. JlJrn ropbl 9Jib6pyc cpyHKUHH (Bb!COTa) HMeeT )I.Be ToqKH JIO

KaJibHOrO MaKcttMyMa, A H B, H OAHY ceAJIOBYIO ToqKy C, TaK qTO rpacp HMeeT 

BHA 6y~Bbl Y (pHC. 10). 

A 

B 

c 

D 

Pttc. I 0. fpacp H JJHHHH ypoBHH ropb1 3JJb6pyc 

Mb1 6yAeM 113yqaTb cpyHKUHH f: 1Rn-+ JR, BeAymtte ce6si KaK -r BAaJIH 

OT HaqaJia KOOPAHHaT, rrpOAOJilKaH HX B6JIH3H TOqKH 00 = 5n \]Rn TaK, qT06bI 

OHa 6bIJia TQqKOH JIOKaJibHOrO MHHHMyMa (rrpeAOCTaBJieHHOro Bb!We KOHUeBOH 

sepwHHOH D Aepesa). 

flp11Mep 2. JlJIH ropbI Be3ystti1. r10JiyqaeM KapTHHKY (pttc. 11). 

A~B 
~l ~ D 

------------- ----

Pttc. 11. fpacp H JJHHHH ypoBHH ropbI Be3ysttii 

B CTpyKTYPY rpacpa cpyHKUHH Mb! 6yAeM BKJIIOqaTb yrropHAoqeHHe ero sep

WHH no BbICOTe (f(A) > f(B) > f(C) > f(D) AJIH 9Jib6pyca, f(A) > f(C) > 
> f (B) > f(D) AJIH Be3yBHH), pa3JIHqasi rpacpbl rrpHMepoB 1 H 2, XOTH 3TH 

AepeBbH H roMeOMOpcpHbl. . 

JlJIH rrpOCTOTbl Mb! 6y)l.eM cqHTaTb, qTQ Bee 2T + 2 KpHTHqecKHe 3HaqeHHH 

cpyHKUHH f pa3JIHqHbI. JlJI51 cpyHKUHH Ha ccpepe 5 2 H3 3THX 3HaqeHHH T co

orneTcTByIOT ceAJiaM, a T + 2 - MaKCHMyMaM u MHHHMyMaM. fpacpb1 cpyHKUHH 

Mopca Ha ccpepax 5n' n > 2, ITOXOlKH Ha rpacpbl AJIH n = 2 H TO)Ke HBJIHIOTCH 
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JJ,epeBbRMH, HO Mb! npHMeHHM n03)Ke pa3BHT)'IO )J,Jl5l 113yqeHH5l 3THX ,LI,epeBbeB 

TeXHHKY H K CJiyqaJO cj:>yHKUHH Ha Tope T2 = 5 I X 5 I, rJJ,e rpacj:>bI HMeIOT UHKJ!bl. 

Hawei1 ocHOBHOH ueJibJO 6yJLeT HCCJie,LI,oBaHHe cTaTHCTHKH rpacj:>oB cpyHK

UHH (c ynopHJJ,OqeHHblMH no Bb!COTe BepwHH3MH), HMeIOLJJ,HX T TpOHHblX ToqeK: 

K3KHe H3 3THX yrropHJJ,oqeHHb!X JJ,epeBbeB peaJIH3YIOTC5l MHOroqJieH3MH COOT

BeTCTBYIOLUeH 3HaqeHHIO T CTerreHH? 

THrrHqHbIH MHOrOqJieH CTerreHH n OT JLBYX nepeMeHHb!X HMeeT He 6oJiee 

(n - 1 )2 KpHTHqeCKHX rnqeK Ha I1JIOCKOCTH JR2' 3TO COOTBeTCTByeT 3HaqeHH5lM 

2T + 2 = (n - 1)2 + 1, TO eCTb T = 2k(k - 1) TpOHHbIX BeplllHH rpacj:>a (ceJJ,eJI 

cj:>yHKUHH) )J,Jl5l MHOroqJieHOB CTerreHH n = 2k. 
TeopeMa t. l/uc;ia <p(T) (ynopHao'ieHHbtX) 2pa</JoB </JYHKl{UU (aepeBbeB 

c T mpoiiHbt.Mu mo'iKa.uu) npu T ~ 4 cymb 

T l 2 3 4 

<p(T) 2 19 428 17746 

YrropHJLoqemrn rpacj:>oB cj:>yHKUHH o6JiaJJ,a!OT cJie,LI,ylOLUHM CBOHCTBOM npa
BU.llbHocmu: cpeJLH Tpex coce,LI,ei1 JIIo6oi'! BepwttHbI BeTBJiemrn ecTb H 6oJiee 

BbICOKHe ( 1 HJIH 2) H 6oJiee HH3KHe (2 HJIH 1) BepwHHbl. 

'.:ho BbITeKaeT H3 Toro, qTo rpacj:>b1 3Jib6pyca H Be3yBHH (pttc. 9 H pttc. 10) 
yrropHJJ,OqeHbl npaBHJ!bHO, a TOI10JIOrnqecKoe CTpOeHHe cj:>yHKUHH OKOJIO ce)J,JIO

BOH KpHTHqecKoi1 ToqKH BcerJJ,a Jitt6o TaKoe, KaK y 3Jib6pyca, JIH6o TaKoe, KaK 

y Be3yBHH. 

CKopocTb poem qHcJia <p(T) rrpaBHJibHO yrropHJLoqeHHbIX rpacj:>oB c pocTOM 

qHcJia ce,LI,eJI T oueHHBalOT cJie,LI,yIOLUHe JLBa pe3yJibTaTa. 

TeopeMa 2. l/uC.llO <p(T) npaBU.llbHO ynopHao'ieHHblX aepe8be8 (cpa
</JoB </JyHKl{uii) c T mpoUHbl.MU BeputuHa.uu He .MeHbute, 'ieM c.lleay10U{afl 
Ol{eHKa CHU3y: 

(T) >- (T
2 + 5T + 5)(2T + 2)! 

<p ""' (T + 4)! . 

CTpH 2 ~ T ~ 4 rrpaBaH qacTb 3Toro HepaBeHCTBa HMeeT, cooTBeTcTBeHHO, 

3HaqeHHH 19, 232, 3690. OueHKa CHH3Y cKopocrn poCTa <p «no CrnpJittHry» 

JJ,aeT BeJIHqHHY 4(4/efTT >TT. 
TeopeMa 3. l/uCJto <p(T) npaBU.llbHO ynopHao'ieHHblX depeBbeB c T 

mpOUHblMU BeputUHG.MU He 60.llbUle, 'ie.M C.lledy/OU{Gfl Ol{eHKa CBepxy: 

<p(T) ~ r 2r' eCJLU T > 2. 

OcHosy JLOKa3aTeJibCTBa TeopeMbI 2 cocTaBJIReT rrpHMOH rroJJ,cqeT qttcJia 

Tex crreuttaJibHbIX yrropHJLoqeHHbIX JJ,epeBbeB, MR K0Topb1x T Tpoi'IHbIX ToqeK 
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cocTaBJIHIOT MOHOTOHHYIO A-uerrb, c KpurnqecKHMH 3HaqeHHHMH 

f(A1) > f(A2) > ... > f(Ar) 

B coce.umix seprnHHax rpacpa: Ar - A2 - ... - Ar. 
3.uecb H BCIO.lJY .uaJibWe Mbl 6y.ueM cq1naTb cpyHKUHIO, rpacp KOTopott Mb! 

u3yqaeM, 3a,UaHHOH H Ha 3TOM rpacpe: 3HaqeHHe HOBOH cpyHKUHH B KmK,ILOH 

TOqKe rpacpa paBHO 3HaqeHHfO HCXO,ILHOH cpyHKUHH B K3)!{)1,0H TOqKe TOH ru

rreprrosepxHOCTH ypoBHH, KOMIIOHeHTOH CB5l3HOCTll KOTOpOH 3T3 ToqKa rpacpa 

5l BJI 5l eTC 51. 

TeopeMa 4. l./uc;w npaBUJlbliblX ynop5lao1-1e1tut1 cpacjJa - aepeea c T 
mpotlHbtAJu mo1-1Ka.Mu, 06paay1014u,11,u ynopHao1-1eHHy10 A-!fenb, paeHo 

lj;(T) = (T
2 + 5T + 5)(2T + 2)! 

(T + 4)! 

TeopeMa 2 BblTeKaeT H3 TeopeMbl 4, TaK KaK qucJio cp(T) scex rrpaBHJib

HbIX yrropH,noqeHHH He MeHbille qucJia lj;(T) Tex rrpaBHJlbHb!X yrropH,noqeHHH, B 

Kornpbrx Tpottttbre ToqKu o6pa3yIOT MOHOTOHHYIO A-uerrb. 

3aMe\Jam1e. HeKOTOpb1e H3 ttawux rrpaBHJibHO yrropH,noqeHHbIX rpacpos HB

JIHIOTCH rpacpaMH MHOCOttJleHoB (cTerreHH n = 2k rrpH T = 2k(k - 1)), a HeKo

Topbre - He 5IBJ15l!OTC5l. 

DbIJIO 6br HHTepeCHo Y3HaTb, 6y.ueT JIH qucJio peaJin3yeMbIX MHoroqJieHaMH 

rrpaBHJlbHb!X yrrop51,noqeHHH MaJIO ITO cpaBHeHHIO c qllCJIOM scex peaJIH3yeMblX 

rJia,UKHMH cpyHKUHHMH yrropH,noqeHHH, HJIH, MO)KeT 6bITb, OTHOCHTeJibHO Ma

JlblM OKmKeTCH, HarrpOTHB, qHCJIO HepeaJIH3yeMblX MHoroqJieHaMH rrpaBHJlbHblX 

yrropH.UO'IeHHH ( acuMrrrnrnqecKn, rrpu T ---+ oo). 

lJ:HCJIO TOIIOJIOrnqecKH pa3Hb!X peaJIH33UHH peaJIH3yeMoro rpacpa TaK)Ke 

HHTepeCHo. 3.uecb CJie,UOBaJIO 6b! paccMOTpeTb H BOIIpoc 0 KJiaCCHcpHKaUHH 

TorroJiornqecKH pa3HbIX peaJil13Y!Olll.HX rna,nKHX cpyHKUHHX Mopca, H sorrpoc 

0 qucJie KOMIIOHeHT CB5l3HOCTH B npocTpaHCTBe peaJIH3Y!Olll.HX MHOroqJieHOB 

.uaHHOH CTeIJeHH (KOTOpoe MO)KeT OKa3aTbC5l 66JibWHM e,nHHHUbl .ua)Ke H B TOM 

CJiyqae, Kor.ua Bee 3TH peaJIH3Y!Olll.He MHOroqJieHbl TOIIOJIOruqecKH .upyr .upyry 

3KBHBaJieHTHbl). 

06a sorrpoca OTKpb!TbI, H H O)KH,Ua!O .uocTH)Kettntt oi CJiywaTeJiett. 

Jl 0 Ka 3 a Te JI b c TB 0 Te 0 p e M bl 4. 0603HaquM qepe3 a TY KOHeqtty!O 

seprullHy, coce,UHIO!O c Tpoi1ttoi1 seprullHOH A1 B rpacpe, r.ue KpllTHqecKoe 3Ha

'-leHue MaKCHMaJibHO, f(a) > f(A1). 
To'-IHO TaK )Ke, o6o3ttaqHM qepe3 z Ty KOHe'-lttyIO sepwutty, coce.utt!OIO c 

TpottHOH sepwHttoii Ar B rpacpe, r.ue KpllTHqecKoe 3Haqettue MHHHMaJibHO, 

f(z) < f(Ar). 
TpeTbfO coceJLH!OIO KOHeqHyIO sepwuHy TpoiiHoii seprnHHbI A1 B rpa¢e Mb! 

o6o3H3'-IHM (pHc. 12) qepe3 a. (oHa OTJIHqHa OT a u OT A2). Toqtto TaK )Ke 
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o6o3ttal!HM qepe3 w TpeThlO KOttel!HYIO sepw11tty, coce,ntt!OIO B rpacpe c Ar (otta 
OTJ!Hl!Ha OT z 11 OT Ar-1). 

v 
f' 
'Ar-1 

Ar 
z 

P11c. 12. OCHamett11e KOHU,eBbIX sepw11H A1 11 Ar u.enoqKH 

lJ:To6b1 pacKJ1accucpmwposaTb octtaw.ettHH TpoilttbJX sepw11tt A 1, ... , Ar 
rpacpa rrp11coe,D.HH5!eMb!Ml1 B Hl1X pe6paMH, Be,nyw.11Ml1 B KOHel!Hbie Bepw11Hbl 
rpacpa, 3aMeTHM rrpelli.,ne Bcero, l!TO Kp11Twi.ecKoe 3Hallett11e f (a.) rrp11tta,D.J1e
lli.HT ,n.orroJ1ttett1110 K cJ1e.ny10w.eMy MttoIB:ecTBy H3 T + I sew.ecTBettttoro q11cJ1a, 
Mettbruero, l!eM f(a): 

{f(A1), ... , f(Ar); f(z)}. 

CJ1e,nosaTeJ1hHO, HMeeTcH T + l TorroJ1ornqecK11 pa3Jll1l!HbIH cJ1y4aff, KO
r.na f (a.)> f(z), 11 ew.e 0,D.HH OTJ!Hl!Hb!H TOf10J!Of!14eCKH OT HHX CJ!yl!att, KOr,D.a 

f(a.) < f(z). 
3tta51 HHTepBaJI, B KoTopoM pacrroJ10IB:etto Kp11TttlJeCKoe 3Ha4ett11e f (a.), pac

cMoTp11M KpttTH'lecKoe 3Ha4eHHe /(w) > f (z). Otto ,D.OJl)!{HO orn114aTbC51oTT+2 
3Ha4eHHH 

{f(Ai), ... , f(Ar); f(a), f(a.)} 

Ha J1y4e {t > f(z)}, ecJIIJ f(a) > f(z) (6y,nyq11 OTJIIJl!HbIM OTT+ I 3Ha'leHH51 

{f(A1), ... , f(Ar); f(a)} 

tta Jiylle {t > f(z)}, ecJ111 f(a) < f(z)). 
1-froro Mb! ttaXO,D.HM 

(T + l)(T + 3) + l(T + 2) = T2 + 5T + 5 

monOJlOcU'leCKU pa3JlUlfflbtX munoB OCHGU,feHUU (a, w) mpOUHblX Bep

UJUH A1 11 Ar. 
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B KOHe4HOH Beprmrne a2, coe,!l,HHeHHOH B rpacpe pe6poM c TpoHHoH Bepurn

HOH A2, KpHTH4ecKoe 3Ha4ettue ,!l,OJDKHO OTJIH4aTbCH OT T + 4 yLKe BbI6pattHbtX 

3Ha4eHHH, 

{f(A1), ... , f(Ar); f(a), f(a), f(z), f(w)}, 

4TO 110,!1,pa3,!l,eJrneT KaLK,!l,bIH H3 H3Y4eHHbIX Bbm1e cJiy•rneB Ha T + 5 110,!l,cJiy4aeB. 

Bb16paB f(a2), Mb! 110Jiy4aeM T + 5 11pe11HTCTBHH ,Il.JIH Bbt6opa f(a3) H T.,!l,., 

,!l,JIH Bb16opa f (ai) 4HCJIO 11pe11HTCTBHH paBHO T + 2 + i: HYLKHO H36eraTb Bee 

3Ha4eHH5l 

{f(A1), ... , f(Ar); f(a), f(z), f(a), f(w); f (a2), ... , f(ai-1)}. 

3TH 11pe11HTCTBHH pa3,!l,eJIHJOT BemecrneHtty10 ocb Ha T + 3 + i HHTepBaJia, 

YMHOLKaH 4HCJIO 110,!l,CJiyqaeB B 011HCbJBaeMOH ttaMH KJiaCCHcpHKaLI,HH Ha MHO

LKHTeJib T + 3 + i . 
CToBTOpHH 3TO paccyLK,!l,em1e T - 2 pa3 (11pu i = 2, 3, ... , T - 1), Mb! 110,!l,

pa3,!l,eJIHM Ka)K,!l,b!H H3 T2 +ST+ 5 CJiy4aeB OCHameHHH KOHLI,eBblX TpOHHb!X 

BeprnHH A 1 11 Ar Ha MHoro 110,!l,cJiy4aeB, 4HCJIO KOTOpbIX paBHO 11po113Be,!l,eHHJO 

4HCeJI HHTepBaJIOB Ha 110CJie,!l,OBaTeJibHbIX rnarax HarneH KOHCTpyKLI,HH, 

(2T + 2)! 
(T + 5)(T + 6) ... (T + 3 + T - l) = (T + 4)! · 

Bee 3TH 110,!l,KJiaccbI ,!l,OCTaBJIHJOT Bee TOI10Jiorw1ecK11 pa3JIH4Hbie ocHamemrn, 

H Ka)K,!l,oe BCTpe4aeTC5l 110 O,!l,HOMy pa3y, 4TO H ,!l,OKa3bIBaeT TeopeMy 4. D 
1ho6bI ,!l,OKa3aTb TeopeMy 3, Mb! Ha4HeM co CJie,!l,yIOlllero (HH,!l,yKTHBHOro) 

11pe,Il..IIOLKeHH5I. 

JleMMa. /1..llfl ;uo6020 T ?: 2 uMeem Mecmo HepaBeHcmBo 

qi(T) ~ 4T2qi(T - 1). 

flp11Mep. CTpu T = 2, 3 H 4 MbI HaXO,!l,HM (11pHMbIMH 110,!l,C4eTaMH) 

(qi(2) = 19) < (16. 2 = 32); 

(qi(3) = 428) < (36. 19 = 684); 

(qi(4) = 177 46) < (64. 428 = 27392). 

B 3THX cJiy4aHx yrnepLK,!1,eHHe JieMMbI cnpaBe,Il.JIHBO. 

n 0 Ka 3 a Te JI b c TB 0 JI e M M bl. MaKCHMaJibHOe Kp11TH4eCKOe 3Ha4eHHe 

,!l,OCTHraeTCH B O,!l,HOH 113 KOHe4HbIX BeprnHH A CBH3ttoro rpa¢a c T TpOHHbIMH 

BeprnHHaMH. 3rn KOHLI,eBaH BepWHHa COe,!l,HHeHa pe6poM c O,!l,HOH H3 TpOHHb!X 

Beprn1rn, B. BbrKHHYB pe6po AB, Mb! yMeHblllHM HCXO,!l,HbIH rpa¢ c T TpOHHbIMH 

seprnHHaMH ,!l,O MCHblllero CB5l3Horo rpacpa c T - l TpOHHOH Beplll!iHOH. 
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TaKl!X MeHbllll!X (rrpaB11JibHO yrropH.!loqeHHbIX) rpa¢oB rp(T - 1) llITyK. l.JT0-

6b1 BOCCTaHOBl!Tb l!CXOJI.Hb!H 60Jiblll11H rrpaB11JibHO yrropanoqeHHbIH rpa¢, Hym:

HO BbI6paTb B MeHbllleM rpa¢e pe6po, IIOMeCTl!Tb Ha Hero HOBYIO TpOHHYIO 

Beplll11Hy B 11 coe.[ll!Hl!Tb ee pe6poM c HOBOH KOHUeBOH Beplll11HOH A, HaxonH

llleHCH Bb!llle BCex OCT3JibHbIX. 

nJI51 3T11X BbI60pOB Mb! pacrroJiaraeM 2(T - 1) + 1 = 2T - 1 pe6paM11 MeHb

lllero rpa¢a, Ky.!la noMeCTl!TCH Bepw11Ha B. 3HaqeH11e B BbI6paHHOH Bepw11He 

B .!lOJim:Ho orn11qaTbCH OT 2T 3HaqeH11H B Bepw11Hax MeHbwero rpa¢a, qTo 

JI.OCT3BJI51eT 2T + 1 BapwaHT (pa3Hb!X TOIIOJiorw1eCK1IX Tl!IlOB). 

06mee q11CJIO BapwaHTOB 06011x BbI6opoB paBHO (2T - 1)(2T + 1) = 
= 4 T2 - 1 < 4 T2, OTKy.[la 11 rroJiyqaeTC51 HepaBeHCTBO JieMMbl. D 

B .ueficTB11TeJibHOCTH MbI .uoKa3aJI11 6oJihwe, qeM yrnepm:neH11e JieMMbI, oue

Hl!B CBepxy He TOJibKO q11cJIO rpa¢oB ¢YHKU11H, rp(T), HO 11 60JibWee q11cJIO, 

cq11rn10mee w rnK11e «HenpaBHJibHbre» yrropHnoqeH11H Bepw11H nepeBbeB, y KO

TOpbIX BbICOTa K3KOH-JIH60 TpOHHOH TOqKl! Bb!llle Bcex Tpex Bb!COT COCeJI.HllX 

B rpa¢e BepWHH (HJI11 Hl!m:e BCex Tpex). TaKoro He MOm:eT 6bITb B yrrop51.[lO

qeHHOM rpa¢e ¢YHKUIU!, q11CJIO KOTOpb!X, Il03TOMy, MeHbllle 011,eHeHHOro HaM11 

'll!CJia. 

n 0 Ka 3 a Te JI b c TB 0 Te 0 p e M bl 3. CT pH T = 3 Mb! l!MeeM 

(rp(3) = 428) < (36 = 729). 

EcJI11 HepaBeHcrno TeopeMbI 3 crrpaBeJl,JI11Bo Jl.JJH T = 5 - 1, TO Mb! rroJiyqaeM 

H3 JieMMbl HepaBeHCTBO 

rp(5):::;; 452(5 - 1)25-2. 

11crrOJib3Y51 oqeBl!JI.HOe HepaBeHCTBO 

( 1 - ~)5 < ~ 
S e' 

Mb! H3XO.[l11M oueHK)' rrpaBOH qacT11 HepaBeHCTBa ( * ): 

452(5 _ l)25-2,,:::: 45
2 

(5 - I )
25 

5 25,,:::: _±_ 5
2 

5 25 
"' (5 - I )2 5 "' e2 (5 - I )2 • 

Ko3¢¢11u11eHT 452 /(e2(5 - 1)2) MeHbWe I rrp11 25:::;; e(5 - I), qTO BbmoJI-

1rneTcH rrp11 5 ~ 4. 
l1Ha•1e roBopH, eCJIH 5 ~ 4, TO HepaBeHCTBO TeopeMbI 4 .!lJIH T = 5 - 1 

BMeCTe c HepaBeHCTBOM (*) .[lOCTaBJI51eT HepaBeHCTBO rp(S):::;; 5 25 TeopeMbl 3, 
KOTopaH, TeM caMbIM, rrocJie.[lOBaTeJibHO .[lOKa3b!BaeTCH .!lJIH T = 4, 5, . . . D 

n 0 Ka 3 a Te JI b c TB 0 Te 0 p e M bl 1. PacCMOTpHM T TpOHHb!X TOqeK JJ,e

peBa c 2T + 2 Bepw11HaM1I. 0H11 o6pa3y!OT MHmKeCTBO BepW11H CB513HOro Il0.[l

rpa¢a, rroJiyqa10meroc51 113 11cxoJJ,Horo rpa¢a c T TpoHHbIM11 ToqKaM11 Bb1K11-

JI.b1BaH11eM T + 2 pe6ep, coeJJ,11HHI01ll1IX 11x c ero KOHUeBbIM11 Bepw11HaM11. 
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CTptt T = 1, 2 HJIH 3 OCTa!Olll.HecH (yrropH,11.0'-leHHbie) rpacpbI HMeIOT BH,11., 

H3o6pa)KeHHhIH Ha pttc. 13. 

0 I 
T=I T=2 T=3 

PHc. 13. YKopoqeHHbie rpacj>hl .nepesbes c T ~ 3 Tpoi\HbIMH sepumttaMH 

0cHalll,eHH51 nepec'-IHTb!BalOTCH, KaK B )1.0Ka3aTeJibCTBe TeopeMbl 3 B rrepBblX 

Tpex cJiy'-laHx, ,11.ocTaBJIHH 

<p( 1) = 2, <p(2) = 4 + 5 . 3 + 5 = 19, 

tjJ(3) = (9 + 5 . 3 + 5) . 8 = 232 

OCHalll,eHHH COOTBeTcTBeHHO. 

Ka)K,11.hIH H3 ocTaBlllHXCH ,11.Byx cJiy'-laeB pa36HpaeTcH aHaJIOI'H'-IHO ,11.0Ka3a

TeJihCTBY TeopeMbl 4 Bb!llle, )1.0CTaBJI5151 B Ka)K,11.0M cJiyqae 98 OCHalll,eHHH. 

PaBeHCTBO '-IHCeJI oCHalll,eHHH ::irnx ,11.Byx yrrop51,11.o'-leHHhIX rpacpoB 3apaHee 

O'-leBH,11.HO H3-3a CHMMeTpHH (OTpa)KeHHe B ropH30HTaJibHOH OCH), rrepeB0)1.51Ill,eH 

0)1.HH H3 3THX yrropH,11.0'-leHHb!X rpacpoB B ,11.pyroii. 

B cJiy'-lae T = 4 TpoiiHhIX BeplllHH rrpttxo,11.HTCH pa36ttpaTb 9 cymecTBeHHO 

pa3HhIX cJiyqaeB (pHc. 14). 

II III IV v VI VII VIIJ IX 

PHc. 14. YKopo4eHHbie rpacj>bI .nepesbeB c T = 4 Tpoi\HbIMH sepwHHaMH 

CJiy'-laH II, IV, V, VI, IX (Ka)K)].bIH) rrpe,11.cTaBJIHIOT rro ,11.Ba yrropH,11.0'-leHHhIX 

rpacpa, CHMMeTpH'-IHb!X OTHOCHTeJihHO ropH30HTaJibHOH OCH (rro,11.06Ho )1.BYM rro

CJie,11.HHM rpacpaM, paccMOTpeHHbIM Bhillle, rrpH T = 3). 



26 JleK11Jrn 1. CrnTHCTHKa TorroJJoruu 11 aJJre6pbI 

9rn CHMMeTplil!Hb!e .11.pyr .11.pyry yrrop51.ll.OqeHHble rpacpb! pa3JJHqHbl, HO 4HCJJa 

HX OCHarn.eHHH 0.11.HHaKOBbl (H3-3a HX CHMMeTpHH, rrpO.ll.OJJ.IB:aeMb!X .ll.0 CHMMeT

pttH. OCHarn.eHHH CHMMeTpH4Hb!X rpacpoB). 

l-J:ucJJa <J; ornaw.eHHH B 3THX 9 cJJyqa51x .ll.a!OTC51 Ta6JJHIJ,eH 

CJJyqai'J. I II III IV v VI VII VIII IX 

<J; 3690 1680 586 1360 1360 534 486 756 1180 

CaMbIH 6oJJbWOH cJJyqai'J., I, 11ccJJe.11.0BaH BbIWe, B .11.0Ka3aTeJJbCTBe Teope

MbI 2. CTo.11.cqeThI qttceJJ ocHarn.eHHH B oCTaJJbHbIX cJJyqa51x cJJe.lI.yroT TOMY JKe 
MeTo.11.y, HO .11.ernJJH CJJHWKOM MHOroq11cJJeHHbl, qTo6bI BCe HX ITOMern.aTb B 3TY 

JJeKUHIO: 51 rrpe,lI.rroqurnro paccMaTpHBaTb HX KaK eCTeCTBeHHOe yrrpaMHCHHe K 

HarneMy Kypcy. 

06w.ee qucJJO OCHarn.eHHH Bcex yKopoqeHHb!X rpacpoB, c y11eTOM CHMMCT

pttqHb!X rrap CJJyqaeB, .lI.OCTaBJJ51eTC51 cyMMHpoBaHHCM: 

cp(4) = lji(I) +<);(III)+ <);(VII)+ <);(VIII)+ 

+ 2(<J;(II) + <J;(IV) + <J;(V) + <J;(VI) + <J;(IX)) = 5518 + 2 · 6114 = 17746, 

4TO u .11.0Ka3brnaeT TeopeMy 1 (rrptt T = 4). D 
By.11.eT JJH aHaJJornqHbIH I cJJy11aH. Hau6oJJhWHM rrpu JJro6oM T > 4, 51 He 

3HaIO. 

3aMeIJam1e. Db!JIO 6b! HHTepeCHO HCCJIC.ll.OBaTb, KaK HMeHHO paCTeT Ha 

caMOM .11.eJJe BCJJHqHHa cp(T) c pOCTOM T: Bep051THO, OHa pacTeT B OCHOBHOM 

KaK rcT (B rrpeHe6pe.IB:eHHH «JJOrapttcpMH4eCKHMH» rrorrpaBKaMH BpO,lI.e constr). 

CTocT051HHa51 c (3aKJJI-04eHHa51 Mem.ey 1 H 2 rro TeopeMaM 2 H 3) KaJKeTc51 3M

rr11p11qecKH 6oJJee 6JJH3KOH K 2 (a MOJKeT 6bITb, H paBHa 2, B rrpeHe6pe.IB:eHHH 

«JJOrapttcpMHlieCKHMH» COMHO.lli:HTeJJ51MH) I. 

CTpuBe,11,eHHbre Bhrwe BbJqucJJeHH51 cpyHKUHH <J; .ll.JJ51 ,11,eBHTH cJJyqaeB (T = 4) 
ITO.ll.CKa3b!BaIOT HeKOTopyI-O 0,11,HOpO.lI.HOCTb pacrrpe,11,eJJeHH5I BCex OCHarn.eHHblX 

rpacpoB MeJK.ll.y orrucaHHbIMH ,11,eB5ITbro KJJaccaMH. HarrpttMep, .ll.JJH cneuuaJJbHO

ro nma rro,11,rpacpoB c T TPOHHbIMH BeprnuHaMH c KPHTH4eCKHMH 3HaqeHH51MH 

II(T) ={a,> a2 > ... > ar-1; a1 > b > a2} 

B rrocJJe.11.oBaTeJJhHbIX Bepw11Hax (B, Ai, A2, ... , Ar-1) acHMITTOTHKH q11ceJJ 

OCHarn.eHHH TaKOBbl, qro 

qi(II(T)) I 
qi(I(T)) ---+ "2 rrpu T ---+ oo, 

<J;(II(T))"" T
2 

• (2T + 2)!. 
2·(T+4)! 

13ry rHTIOTeay B 2006 ,n:oKaaaJJ Jl. HnKoJJaecKy, oaHaKOMHBwniicH c HacrnHmeii JJeKuneii 2005 
ro,n:a (Functional analysis and other mathematics. 2006. V I, N2 I). 
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l1HTepeeHO 6b!JJO 6b! BblqHeJIHTb !l0)1,06Hbie eOOTHOWeHH5l Me)K)l,y aeHM!l

TOTHK3MH qHeeJI oeHaUJ,eHHH )l.pymx yKopoqeHHblX rpacpoB: KaK OHH 33BHC51T 

OT reoMeTpm1 yKopoqeHHOro ( OCHaUJ,eHHOro) rpacpa H IToqeMy Il05lBJI5leTC51 OT

HOWeHHe 1/2 B eJiyqae mpbl I, II? Beer)l,a JIH rro)l,06Hb1e oTHoweHHH 6y)l.yT 

eTpeMHTeH K pa11,HoHaJibHbIM qHeJiaM? MeHbWe JIH OHH e)l,HHHll,bI? 

5I )l,3)Ke Ha)l,eJOeb, qTo H3 !l0)1,06Hb!X eoo6paiKeHHH MOJKHO 6y)l,eT H3BJie% 

011,eHKY eHH3Y 

cp(T) ? BT2cp(T - 1 ), 

e KaKoH-JIH6o ITOeTOHHHOH B, H )l.allie, Mo)KeT 6bnb, e B = 2. 
3Ta Ha)l,e)K)l,3 o6b5leH5leTe5l eJieeyJOUJ,HM (HeCTpornM) «cpH3HqeeKHM» pae

eylli)l,eHHeM. Mb! pa3o6paJIH Bb!We 4 T2 - 1 C!loeo6 )l,o6aBHTb HOBOe pe6po, 

Beeyw,ee K eaMoii BbieoKOH KpHrnqeeKoii ToqKe. E6JibWaH qaeTb ::irnx erroeo-

6oB )l,etteTBHTeJibHO )l,OeTaBJrneT HOBble rpa¢bl c 0)1,HOH HOBOH TpOHHOH Bepurn

HOH, I1pOH3BOJibHO Bb16paHHOH Ha O)l,HOM H3 2T - 1 pe6ep MeHbwero rpacpa e 

T - 1 TpoiiHoH Bepwrrnoli. Tpy)l.HOCTb coCTaBJIHeT TOJibKO Bb16op KpHTHqeeKoro 

3Haqemrn B HOBOH BepwHHe. llJIH 3TOro Bb!6opa Mb! paC!lOJiaraeM 2T + 1 HH

TepBaJIOM, HO rrptt 3TOM HOBOe KpHTH'IeCKOe 3Haqem1e w He )l,OJJ)KHO OK333Tbe5l 

MeHbllIHM, qeM o6a 3HaqeHH51 u H v B KOHll,eBb!X BepWHHax Toro pe6pa, r)l,e 

Bb!6paHa HOB35l BepWHHa. 

5e)l,a d TOM, qTQ (CM. pile. 15) Tpernii eoee)l, HOBOH TpOHHOH BepWHHbl-

3TO caMa5l Bb!eOK351 Beprmrna HOBoro yrropH)l,OqeHHoro rpacpa, !l03TOMy, eCJIH 

u > w H v > w' TO KpHTHqecKoe 3HaqeHHe w OK3)KeTe5l MeHbWHM, qeM Bee TPH 

KpHTHqeCKHX 3HaqeHH51 B eoee)l,HHX BepWHH3X rpacj:>a (qero B yrrop5l;i_oqeHHOM 

rpacj:>e xopowei1 cj:>yHKll,HH Mopea HHKor;i_a He 6brnaeT). 

' ' ' ' 

w 

------ v 

cTapbitt rpacji c 
T - I sepurnHott 

Pttc. 15. HeB03MO)l(Hbitt Bb16op HOBoro KPHTHqecKoro 3Ha'leHHH w 

DoeTapaeMeH 011,eHHTb, HaeKOJibKO 3TO rrperrHTeTBHe yMeHb11raeT l!HeJio pe

aJIH3yeMbIX 66JibWHX yITopH)l,oqeHHbIX rpacj:>oB, rroeTpoeHHbIX H3 ;i_aHHOro yKo

poqeHHoro rpacj:>a. 



28 J1eKu1rn l. CTarnCTHKa TOITOJIOrHH H aJire6phr 

3spttCTH'-IeCKOe (HeCTporoe) paccy)!{)].eHHe IT0)1.CKa3bIBaeT «BepOHTHOCTb» 

rropH)].Ka l / 4 )1.JIH co6bITH5l { w < u, w < v}' TaK KaK Ka)K)],Oe H3 HepaBeHCTB 

HMeeT, ITO-BH)].HMOMy, «BepOHTHOCTb» 1/2 H OHH Ka)KyTCH He3aBHCHMbIMH. 

EcJIH 3TO TaK, TO H3 o6mero q11cJia 4T2 - 1 66Jibw11x rpacpos rrpttLLeT

cH OT6pOCHTb qeTBepTb, MH KOTopoi'f He cymecTByeT cpyHK!J,HH c TaKHMH 

rpacpaMH. l1crrOJib30BaHHaH B 3TOM HecTporOM Bb!BO)],e aCHMITTOTHqecKaH «3p

f0)1_HqHOCTb» (pacrrpeLLeJieHHH 3HaqeHHH B sepw11Hax cJiyqai'fHoro rpacpa) -

TPYLLHaH rnrrOTe3a. KpoMe J1.0Ka3aTeJihCTBa, OHa MO:>KeT HCCJie)].OBaTbCH 3MITH

pnqecKH, rryTeM 3KcrrepttMeHTaJibHoro rrepeqncJieHHH scex rpacpos (cKa)KeM, 

c T = 5, 6, 7, 8 TpoHHhIMH TOqKaMtt), MH qero rroTpe6osaJIOCb 6b1 scero 

HeCKOJ!bKO qacOB pa60Tbl KOMflbIOTepa. 

CTpttHHB «BepoHTHOCTb» 1/4, Mb! 3aMeHHM K03cpcpttutteHT B = 4 Ha B = 3. 
Ho qncJia TeopeMbI l ITOJ1.CKa3bIBaIOT LLa*e MeHbWee 3HaqeHtte rrpeLLeJia (nptt 

T, CTpeMHlll,eMcH K 6ecKoHeqHoCTtt) ornoweHHH 

qi(T) 
T2qi(T - I)' 

KOTOpoe 6Jitt)Ke K 2, qeM K 3. 
3rn MeHbwee 3HaqeHtte K03cpcpttU,tteHTa B MO)KeT 6b1Tb o6bHCHeHo (3B

p11cT11qecK11, no MeHbilleH Mepe) CJie)].yIOil.L.HM rrperrHTCTBHeM K ITOCTpoeHHIO 

6oJihwero ynopHLLoqeHHoro rpacpa (CM. pttc. 16). 
CTpeLLITOJIO)KHM, qTo Hosoe 3HaqeHtte w Bhrwe 3Ha'-!eHHH B o6ottx KOHU,ax 

pe6pa, Ha KOTOpOM Bb!6paHa HOBaH TpOHHaH sepill.HHa: w > u, w > v. 

cTapb1ii rpacj> c 
T - I Bepwttttoii 

Pttc. 16. HeB03MmKHblii Bb16op HOBoro KpHTttqecKoro 3HaqeHHll w 

EcJIH rrptt 3TOM 3HaqeHHH pacrroJIO)KeHbI B rropH)].Ke 

v < u < w, 

TO BbI6op 3HaqeHH5l w B HOBOH TpOHHOH BepwttHe MO)KeT HCITOpTHTb cTapy10 

TpOHHYIO BepwttHy, me )1.0CTHraeTCH 3HaqeH.He u: 3TO CJiyqHTCH, eCJIH B o6ettx 

COCe)].H.HX c HeH B CTapOM rpacpe sepwttHax )1.0CTHraJIHCb 66JibWHe u 3Haqe

HH5l. B TaKOH cnryaU,HH B HOBOM yrropH)].OqeHHOM rpacpe 3HaqeHHe u (B crapo!1: 

TpOHHOH BepWHHe HOBOro rpacpa) 6y)1.eT MeHbille 3HaqeHHH BO scex rpex ee 
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coce)l,HMX (B HOBOM rpacpe) BepumHaX, qTQ HeB03MO}KHO )l,J15l rpacpa cpyHKUMH 

Mopca. 

Bb1qMcJIHH orrHTh «BepoHTHOCTb» HOBoro rrperrHTCTBMH, MhI JI.OJI»<HhI 6yJI.eM 

3aMeHMTh K03cpcpHUMeHT B = 3 Ha ero TPM qerneprn, rroJiyqaH B = 9/4. 9To 

(rroJiy3MI1HpHqecKoe) rrpeJI.ITOJIO)KeHMe He CJIMlllKOM Jl,aJieKO OT Ha6JIJO)l,eHHbIX 

3HaqeHMH: OTHOllleHMe 
(cp(T = 4) = 17746) 

(cp(3) = 428) 

He CMJibHO OTJIMqaeTCH OT BeJIMqHHbl rrpOH3Be]leHM51 

(B = 9/4)(T = 4)2 = 36. 

Pa3yMeeTcH, 3TH rroJiy3MITMpttqecKMe BhIBOJlhI cJie.n.osaJio 6h1 rro.n.KperrHTh He 

TOJlhKO )l,OKa3aTeJihCTBOM (KOTopoe MO}KeT 6hITb BOBCe He rrpocTblM) ccpopMy

JIHpoBaHHbIX Bbillle rnrroTeT11qeCKMX yrnep»<JI.eHHH 3pro)l,HqecKOH TeopHM CJiy

qaifHhlX rpacpos (rrpMBOJI.Hlll,HX K B = 9/4), HO H qncJieHHhIM 3KCrrepnMeHTOM 

(JlJIH KOTOporo Hy»<HO JIM6o BhlqMcJIMTb HeCKOJlbKO CJie]lyJOill,MX 3HaqeHMH rp(T), 
Jrn6o rrpHMO rrepeqMCJIHTh HJIM JI.a»<e JIHlllh rrpeJI.bHBJIHTh cJiyqaf!Hh1e yrropHJI.O

qeHMH CJiyqaifHhlX JI.epeBbeB, qTQ )l,OJI»<HO 6hl Tpe6osaTb MeHblllero KOMITb!O

TepHoro speMettH). 

TaK HJIH HHaqe, c KaKoif 6b1 rrocTOHHHOH B HM rroJiyqaJioch HepaseHCTBO 

rp(T) > BT2<p(T - 1 ), 

OHO rrpHBeJIO 6hI K pocry BeJIMqHHhl <p(T), ITO]l06HOMy pocry BeJIMqMHhl T2T 

(rrpeHe6peraH 3aBMCHW,HMM OT K03cpcp111.1.MeHTa B «JiorapmpMMqecKM MaJibIMM» 

no cpaBHeHMIO c r 2r MHO»<HTeJIHMM BPOJJ.e constr). 

B JI.eHCTBHTeJibHOCTH sepxHHH oueHKa TeopeMbI 3 JI.OKa3aHa Bhirne JI.JIH 

60JiblllerO, qeM <p(T), qMCJia yrropHJI.OqeHHblX rpacpoB, BKJI10qa51 M He peaJIH3ye

Mbie KaK yrropHJI.OqeHHble rpacpbl cpyHKUMH (He peaJIM3yeMble rpacpbl )l,OITYCKa!OT 

TaKMe TpOHHbie BeplllMHbl, KOTOpb1e Bb!We scex Tpex coce)l,HMX B rpacpe sepllIMH 

MJIM HM»<e scex Tpex, qero B yrropHJI.oqeHHhIX rpacpax cpyHKUMH He 6hrnaeT). 

l.J:T06bl M3BJie% M3 )l,OKa3aTeJibCTB 3TMX oueHOK csepxy oueHKY CHM3y, Hy»<

HO 6blJIO 6hi 3HaTb «Bepo51THOCTM» OITMCaHHblX BbIWe HerrpHHTHOCTeH, HO MX 

Bb1qncJieHMe Tpe6yeT TPYJI.HhIX pe3yJihTaTOB 3proJI.MqecKoH TeopMH cJiyqaf!HhIX 

yrrop51JI.OqeHMH CJiyqaHHblX rpacpos, KOTOpb!X 5l He CMOr rroJiyqMTb (HM )l,OKa3aTh, 

HM ITO)l,TBep)l,HTb q11cJieHHbIM 3KCrrepHMeHTHpOBaHHeM). 

11MeHHO B Ha)l,e»<)l,e Ha ycrrexn CJiywaTeJieH B 3TOH HOBOH M HeH3Be)l,aHHOH 

o6Jiacrn 5l BKJI!OqHJI rrpHBeJJ.eHHYIO ITOJIY3MITHp11qeceyIO TeOpMIO B HaCT051W,yIO 

JieKUMIO. 

KpoMe TorroJiornqecKOH KJiacrncpHKaUHM yrropHJI.oqeHHhIX rpacpos cpyHK

UHH, MHTepeceH 11 sorrpoc 0 TOITOJIQrMqecKOH KJiaCCHcpMKaUHM caMMX cpyHKUHH 

( c )l,aHHblM rpacpoM r) Ha cpHKCHposaHHOM MHoroo6pa3HM M. 
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B CJiyqae .nsyMepHoro MHoroo6pa31151 (Harrp11Mep, ccpepb1 5 2) yrropH.noqeH

HhIH rpacp (c .naHHb!Mil KpHrnqeCKHMil 3HaqeHH51MH) orrpe.neJI51eT, I10-Bl1Al1MO

MY1, TorroJ1ornqecK11i1 THrr cpyHKUHH Mopca. flp11 6oJibWei1 pa3MepHocrn rroJ10-

IKeH11e CJIOIKHee Il COOTBeTCTBYIOWJ1H BapHaHT Hawei1 KOM6HHaTOpHOH TeopH11 

He ITOCTpoeH: He51CHO, CKOJlbKO Tl1ITOB cpyHKUHH Mopca Ha 5 3 COOTBeTCTByeT 

3a.LI.aHHOMY rpacpy, .LI.a*e ecJIH cpHKcHposaTh HH.LI.eKchI Mopca 11 KpHrnqecKHe 

3HaqeHH51, COOTBeTcTByIOUlHe sepw11HaM rpacpa. 

cf>yHKUH51 f Ha M ITOJiyqaeTC51 113 cpyHKU1111 f Ha CBOeM rpacpe f rrpII ITOMO

lUil ecTeCTBeHHOrO OT06pa}f(eHl151 TI: M --; f, COITOCTaBJl51I01Uero Ka)!(AOH TOqKe 

o6JiaCTil orrpe.neJieHH51 cpyHKUilil KOMITOHeHTy MHO)!(eCTBa ypoBH51, co.nep}f(alUYIO 

3TY Toqey o6JiaCTH orrpe.neJieHHH: 

TorroJ1or11qecKHe (Harrp11Mep, roM0Torr11qecK11e) HHBap11aHTb! ecTecTBeHHoro 

OT06pa)!(eHl151 TI AOCTaBJIHIOT IlHTepeCHble TOITOJIOmqecK11e l1HBap11aHTbl cpyHK

U11H f (c .naHHblM rpacpoM f), 11 6b!JIO 6hI 11HTepeCHO Y3HaTb, KaKOBbl OHl1 

(11 KaKHe OT06pa)!(eHl151 TI peaJil13YIOTC51 rJiaAK11Ml1 cpyHKU1151Ml1 f Ha .naHHOM 

MHoroo6pa311H M). 
HarrpHMep, 3TOT sorrpoc, Ka)!(ym11i1c51 JierKHM AJIH M = 5 2, HHT.epeceH .LI.JI51 

TPl1fOHOMeTp11qeCK11X MHoroqJieHOB OT ABYX rrepeMeHHblX, f: T2 --; R CoOT

BeTCTBYIOIUl1H rpacp f 11MeeT OAHH U11KJI (g U11KJIOB AJ151 ITOBepXHOCTl1 M2 po.LI.a 

g). )loKa3aTb 3TO CBOHCTBO rpacpa f - ITOJie3HOe yrrpa)!(HeH11e Ha ITO,lI.CqeT 

3HJiepOBOH xapaKTep11CTHK11: 

x(M2) = 2 - 2g, 

X(f) = (q11CJIO BepW11H) - (qHCJIO pe6ep) = 
= (T + K) - (3T + K)/2 = 1 - (q11cJ10 uHKJios s r). 

)lJIH Tpl1rOHOMeTp11qecKoro MHoroqJieHa f .naHHOH CTerreH11 n TOITOJIOrl1-

qecKaH CJIO)!(HOCTb OT06pa)!(eHH51 TI: T2 --; f AOJl)!(Ha, B11Al1MO, OUeHl1BaTbC5! 

HeKoTopoiI (rroKa He HaiI.neHHoiI) cpyHKU11eiI OT n. DbIJIO 6h1 11HTepeCHo Y3HaTh, 

CKOJ!bKO pa3Hb!X fOMOTOirnqecKH KJiaCCOB OTo6pa)!(eHl1H TI peaJ1113yeTC5l TpH

roHOMeTp11qecKl1Mil MHoroqJieHaMl1 .naHHOH CTerreH11 n (11J!Il c .naHHblM crreK

TPOM, 5IBJIHIOIU11MC5! KOHeqHb!M ITOAMHO)!(eCTBOM B peweTKe BOJIHOBbIX BeKTO

poB, Z2) 2 . 

I CTporoe ,1\0Ka3aTe.IIbCTBO CJ!e,1\0BaJIO 6b! ony6JJHKOBaTb: OHO, KalKeTCH, He ony6JJHKOBaHO. 
2 f1epsbre pe3yJ1hTaTbI B 3TOM ttanpasJJeHHH ony6JJHKOBaHbI B 2006 ro,1\y: ApttOJJb,1\ B. 11. CTarn

CTHKa H KJ!aCCHcpHKaUHH TOIIOJ!OrHH nepH0,1\H'!eCKHX cpyHKUHH H TPHfOHOMeTpw1eCKHX MHOf04Jle-
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<PyttKUH51 Mopca f: T2 ---+ JR c T Ce,ll.JlOBbIMH KpHTifl.!eCKHM TOqKaMH H K 
TOqKaMH M3KCHMyMa H MHHHMyMa HMeeT rpacj:> c T (TpOHHblMH) ToqKaMH BeTB

.JieHH51 H K = T KouueBbIMH ToqKaMH. 3TOT rpacj:> (cM. pHc. 17) HMeeT p = 2T 
pe6ep H O,ll.HH UHK.JI (ocuameHHb!H rrpHMb!K3IOIUHMH Kero TQqKaM JJ.epeBb51MH). 

Pttc. 17. rpacpbl c O)l.HHM UHKJIOM H T TpOttHb!MH BepWHHaMH 

npuMep. PaccMOTpHM 4:eTbipexrrapaMeTpH4:eCKOe ceMettCTBO TPHfOHOMeT

pH4:eCKHX MHOf04:JleHOB 

fA.s,c,n(x, y) =A sinx + B siny + C sin(x + y) + D cos(x + y). (1) 

Mb! 6yJJ.eM ClJ:HTaTb nx cpyttKUHHMH ua Tope, 

T2 = {x (mod2rr), y (mod2rr)}. 

KaK Mb! YBHJJ.HM, MaKCHMa.JibHbre 4Hc.Jia HX KpHTH4:eCKHX T04:eK (JJ.J151 tteBbI

po)K)l,ettttb!X cj:>yHKUHH Mopca) cyTb 

K = T=4, 

TaK 1.J:TO 4:HCJ1a Bepurnu H pe6ep rpacpa cyTb 

B =8, P=8 

(ua caMoM ,ll.eJle MaKCHMYMbI Mettbrue, K = T = 3). 
Do,1J.c4:eT rroKa3bIBaeT, qrn ifUcflo ynopHaotteHHbtX c:pac/JoB c:AaaKux 

cpyHKlfUU Ha mope c maKUMU 3HaifeHUHMU napaMempoB ecmb 550, npu
ifeM MHOCOi/JleHbl ( 1) aocmaBflHJOm He 6oJLee a8eHaa4amu U3 3mUX 550 
npaBUJlbHO ynopHaoifeHHbtX c:pac/JoB. 

HOB// Tpylthr I1HcTrnyrn MaTeMaTHKH H MexaHHKH YpO PAH. 2006. T. 12, NQ 1. C. 15-24; Ar
nold V. I. Topological classification of trigonometric polynomials related to affine Coxeter group A2. 
The Abdus Salam International Centre for Theoretical Physics, ICTP. 2006. IC/2006/039. 15 p. 
http://users.ictp.it/-pub_off/preprints-sources/2006/IC2006039P.pdf. 
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fHrroTeTH4eCKH rrpH ITOBbIWeHHH CTerreHeH TPHfOHOMeTpH4eCKHX MHOf04Jie

HOB peaJIH3yeMa5l HMH qacTb rpacpoB 6yJJ.eT COCTaBJIHTb Bee MeHbWYIO )].OJllO 

MHOMeCTBa BCex rrpaBHJ!bHO ynopH,lI.04eHHbIX rpacpoB c TaKHM Me 4HCJIOM Bep

WHH, H H Ha)].elOCb, 4TO CJiyWaTeJIH cyMeJOT rrpO,lI.BHHYTbCH B HanpaBJieHHH 

,lI.OKa3aTeJibCTBa 3TOH rHTIOTe3bl. 

HapHJJ.Y c KJiacCHcpHKaII.Hefl yrropHJJ.04eHHbIX rpacpoB TpHroHoMeTpH4ecKHX 

MHOf04JieHOB ,lI.aHHOH CTerreHH HHTepeceH H Borrpoc 0 TOITOJIOfH4eCKOH KJiac

CHcpHKaUirn caMMX MHoroqJieHOB . .6oJiee Toro, ,lI.aMe TorroJiornqecKH 3KBHBa

JieHTHbie TpHrOHOMeTpH4eCKHe MHOf04JieHbl ,lI.aHHOH CTerreHH HJIH c ,lI.aHHblM 

crreKTpOM MOryT o6pa30BbIBaTb HeCKOJibKO CBH3Hb!X o6JiaCTeH B rrpocTpaH

CTBe BCex TaKHX TpHroHOMeTpH4eCKHX MHOf04JieHOB, H H3Y4HTb TOITOJIOrHIO 

3THX o6JiaCTeH (B qacTHOCTH, HX 4HCJIO) - HHTepeCHbIH Borrpoc, KOTOpb!H H 

3)].eCb yrroMHHaIO pa,lI.H TOro, 4T06bi CJiywaTeJIH rrpHHHJIH yqaCTHe B ero pe

weHHH. 

CTpH 3TOM KpoMe rrpocTpaHcTBa Bcex TpHroHoMeTpH4eCKHX MHoroqJieHOB 

,lI.aHHOH CTerreHH HHTepeCHO TaKMe HCCJie)].OBaTb 6oJiee o6w.ee rrpocTpaHCTBO 

TpHroHOMeTpH4eCKHX MHOf04JieHOB c JIJ06bIM ,lI.aHHb!M crreKTpOM s 

f(z) = ~ fkei(k,x), f E ir z E irm L..,; k IL-, IL- • 

kES 

3)].eCb «BOJIHOBbie BeKTOpbl» k E 5 C zm rapMOHH4eCKHX BOJIH Ha m-Mep

HOM Tope rrpHHa,lI.JieMaT KOHe4HOMY «CITeKTPY» s. lfro6bi cpopMyJia 3a,lI.aBaJia 

Bew.ecTBeHHbIH TpHroHOMeTpHY.eCKHH MHOfOY.JieH f: rm ---t R K03cpcpHUHeHTbl 

JJ.OJIMHbI yJJ.OBJieTBOPHTb ycJIOBHJO Bew.ecTBeHHOCTH U-k = fk). HarroMHJO, 4TO 

3HaKOM (. ' . ) Bb!We o603Ha4eHO 3pMHTOBO CKaJIHpttoe rrpoH3Be,lI.eHHe B npo-
m 

CTpaHCTBe Cm (3a,lI.aHHOe cpopMyJIOH (k, z) = "£(kjZj) ,lJ.JIH BeKTOpOB k HZ C 
j=I 

KOMITOHeHTaMH k i H z j' r)].e z = x - iy rrpH z = x + iy' T. e. 3HaK qepTbl 03HaqaeT 

KOMITJieKCHOe corrpH>KeHHe). 

51 npe,lI.ITOJiaraIO, 4TO cJiywaTeJIH 3Ha!OT OCH08bl meopuu zapMOHUtteCKUX 

80//,li H3 WKOJ!bHOfO eypca cpH3HKH (HJIH H3 3JieMeHTapttoro yqe6HHKa J1aHJJ.ay 

H J1HcpWHUa), TaK 4TO ITOHHMaJOT, 4TO rrpe,lI.blJJ.YW.He KOMITJieKCHbie cpopMyJibl 

MO:>i<:HO rreperrHCaTb B Bew.ecTBeHHOM BH)].e 

L(ak cos(k, x) +bk sin(k, x)), 
k 

r)].e x E JRm, k ES, (k, x) = "£(kjXj)- eBKJIHJJ.OBo cKaJIHpHoe rrpoH3Be)].emre. 

B KaqecTBe cneKTpOB oco6eHHO HHTepeCHbIX TpHrOHOMeTpH4eCKHX MHoro-

4JieHOB MOMHO 6paTb «pacwHpeHHbie CHCTeMbl KOpHeH acpcpHHHbIX rpynrr OTpa

MeHHH» (KOTOpb!e H 3)].eCb He 6yJJ.y OITHCbIBaTb). 3aMeqy TOJibKO, 4TO ,lJ.JIH rrpo-
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CTel1wel1 rpynnhI A2 (coorneTcTByIOme11 CHMMeTpHHM npaBHJibHOro TpeyroJJb

HHKa) COOTBeTCTBY!Olll.HH cneKTP COCTOHT H3 6 BeKTOpOB (±ct, ±p, ±(ct+ p)) 
JJ.ByMepHOH TIJIOCKOCTH. 

CoorneTCTBYIOW.He 3TOMY crreKTPY TpttroHoMeTptt4eCKHe MHoro'-IJJeHbI HMe

IOT BHA (I). 0HH o6pa3yIOT He wecTttrrapaMeTptt4ecKoe, a '-1eTb1pexrrapaMeTpH-

4ecKoe CeMeHCTBO, TaK KaK Ha caMOM ,ll.eJie HYMHbl 6bIJIH 6bI eme KOM6:1rnal(HH 

cfJYHKUHH cos x H cosy' HO OT HHX MOMHO H36aBHTbC5l BbI6opoM B Ka'-leCTBe 

Ha'-laJia KOOp,ll.HHaT HYMHOH TO'-IKH Topa T2, TaK '-ITO 06W.HH CJJy'-laH '-IJieHa 

wecTttrrapaMeTptt'-lecKoro ceMe11crna CBOJJ.HTCH K cJiy'-laIO (I) C,ll.BlffOM Ha'-laJia 

KOOp,ll.HHaT. 

T1epeHeceH11e H3JiaraeMol1 HHMe JI.JIH cJiy'-laH rrpocTeflwero ceMel1crna ( l) 
TeOpHH Ha CJJY'-laH TpHroHOMeTpH4eCKHX MHOfO'-IJJeHOB 6oJJee BblCOKHX CTerreHeH 

(HJIH CB5l3aHHblX c 6oJJee o6mHMH CHCTeMaMH KOpHeH, HJIH ,ll.a)!{e c JJI06blMH 

crreKTpaMH) - O,ll.Ha H3 uerrefl BKJIIO'-leHHH OTIHCbIBaeMOH HHMe 3JleMeHTapHOH 

TeopHH B HaCTOHW.YIO JieKl(HIO. 

3,ll,eCb, HeCOMHeHHO, B03MOMeH 6b!CTpbIH rrporpecc (c HHTepeCHblMH HOBbl

MH Hay'-IHblMH pe3yJibTaTaMH), He Tpe6yIOW.HH KaKHX-JIH6o rrpe,ll,BapttTeJibHblX 

3HaHHH. 3TO - 3a,1l.a'IH BTOporo THTia B KJiaccmpHKal(HH T1yaHKape. 

06paTHMC5l Terrepb K KJiacettcfJHKal(HH rpacpoB cpyHKUHH Mopca Ha rnpe T2
• 

Onpe)l.eJJeHHe. flpaBU.llbflO ynopRiJo£teflflbtM 2pac/JoM Ha3oBeM rpacp c 

T TpOHHbIMH sepumHaMH 11 K KOHUeBbIMH seprnttttaMH, KOTOpbIM np11nttcaHbI 

pa3JIH'-IHbie 3Ha'-leHHH TaK, '-ITO HH B KaKOH Tpoi1HOH BeprnttHe 3Ha'-leHHe He MO

MeT 6b!Tb MeHbllle, '-leM BO BCeX Tpex coce,ll,HHX B rpacpe BeprnHHax, H He MOMeT 

6hITb 60Jibrne, '-leM so Bcex Tpex coce,ll,HHX B rpacpe BeprnttHax. MbI 6y.neM Ha-

3b!BaTb yrropH.LlO'-IHBaIOmHe 3Ha'-leHH5! «Bb!COTaMH» sepWHH. 

npaBHJibHbie HenpaBHJibHbie 

Pttc. 18. flpaBHJibHbie H ttenpaBHJibHbie ynopHJ\O'leHHH BepwHH rpacpa Y 
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ToqHbie 3HaqeHHH BbICOT BepwHH B onpe.ueJieHHe ynopH.uoqeHHH rpaqia He 

BXOJl,HT: ,Zl,Ba Ha6opa BblCOT BepillHH cqHTalOTCH 3a)],a!Olll,HMH O,Zl,HHaKOBbie yno

pH,UoqeHH51, eCJIH OJ],Ha BepumHa HHMe .upyroi'I B o60HX Ha6opax O,Zl,HOBpeMeHHO. 

TeopeMa 5. l/ucAo monoAocu'lecKu pa3HbtX npaBu!lbHbtX ynopH8o'le
HUU cpa¢oa c o8HUM tfUKAOM u T = 4 mpourtbtMu aepwurtaMu (K = 4 
KOHtfeBblMU mo'lKQMU up= 8 pe6paMu) paBHO 550. 

Ll 0 Ka 3 a Te JI b c TB 0. TaKOH rpa4> HMeeT pOBHO 0.II.HH ll,HKJI, COCT051lll,HH 

H3 2, 3 HJIH 4 pe6ep. ToqKH sernJieHHH rpacpa o6pa3yIDT OJlHY H3 I I KOHcpH

rypauHi'I A-K pHCYHKa I 9. 3.uecb H .uaJiee Mb! o6o3HaqaeM TOqKH BeTBJieHHH 

KBa.uparnKaMH, a KOHll,eBbie TQqKH ( OTCYTCTBYIOW,He Ha pHC. I 9)- MaJieHbKHMH 

OKpyMHOCTHMH. 

Pttc. 19. YKopoqeHHbie rpacjib1 c OJI.HMM UHKJJOM H 4 TpoiiHbIMH sepw1rnaMH 

3.uecb BbICOTbl H306paMeHbl 3HaqeHHHMH opJ],HHaT BepWHH, HCKJIIOqaH 

TOJibKO cJiyqai'I G, r.ue op.UHHaTbI .UBYX Bepw11H Bb16paHbI OJlHHaKOBbIMH. 

Mb1 JlOJIMHbI Tenepb cocIIHTaTb qHcJia npaBHJibHO yr10pH.uoqeHHbIX rpacpoB 

KaM.uoro H3 3THX I I rnnoB. lfa CHMMeTpHH (oTHOCHTeJibHO ropH30HTaJibHOH 

OCH) HCHO, qTO 3TH qHcJia YLlOBJieTBOpHIOT COOTHOWeHHHM 

IAI = IDI, IBI = IEI, IFI =IHI, 
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TaK qyo cymecrneHHo pa3JIH'JHbI TOJibKO 8 cJiyqaes, A, B, C, F, G, I, J, K, 
KOTOpb!e Mb! Terrepb 11 pa36epeM. 

CJiy'laH A. l13 sepxHeH ToqK11 sernJieH115!, ypoBH51 a, o6513aHo BbIXO.ll.HTb 

(MaKCHMaJibHoe) pe6po BBepx, (aa'). l13 Hl1:tKHeH ToqKH, ypoBH51 b, 06513aHO 

Bb!XO.ll,HTb (MHHHM8JlbHOe) pe6po BHH3, (bb'). 
0cTalOTC51 eme .[lBa pe6pa (aa) 11 (cp), Bb!XO.[l51Ill,11e H3 ToqK11 BeTBJieHH51 

ypoBH51 a 11 113 ToqKH BeTBJieHl151 ypOBH51 c (cooTBeTCTBeHHO). 

fpacp orrpe.[leJI51eTC51 BblCOTaMl1 Beplll11H (I( H p. l.J.eTb!pe 3HaqeHl151 B TOqKaX 

BeTBJieHH51 H 3HaqeHHe b' .[leJI51T ITOJIYOCb 3HaqeHHH, MeHblllHX 3HaqeHH51 a', Ha 

6 qaCTeii, TaK qrn .ll.JIH Bb16opa 3HaqeH115! a eCTb 6 (rnrroJiornqecKH pa3HhIX) 

B03MO:tKHOCTeH. 

CTocJie TOfO, KaK 3HaqeH11e (I( BbI6paHO, .ll.JIH Bb!6opa 3HaqeHH51 P OCb 3Ha

qeHHH pa3.[leJieHa qeTblpbMH 3HaqeHH51MH B TOqKax BeTBJieHH51 H Bbl6paHHblMH 

y:t1<e aHaqeH11HMH (a', b', a) Ha 8 qacTeH. 

l1Toro, rroJiyqaeM 48 (TOITOJIOrnqecKH pa3Hb!X) CJiyqaeB, TaK qTo liUCJW 
npaauAbHbtX He3KBUBaAeHmHbtX ynowiaolieHHbtX cpa¢oa muna A paa
HO 48. 

3aMeqam1e . .llJI51 .[laJibHei1rnero aHaJI113a Tp11roH0MeTpttqecKHX MHoroqJie

HOB ITOJie3HO Bbl.[leJI51Tb Te CJiyqaH, KOr.[la qHCJIO rnqeK rpacpa Ha Ka:tK.[lOH Bb!COTe 

He rrpeBOCXO.[lHT 2. 
9To - TOJibKO TPH cJiyqa51 a1, a2 H a3 H3 wecTH Ha pttc. 20. 
CTptt BbI6ope BbICOTbI a1 .ll.JIH BbI6opa p 11MeeTC5! 2 B03MO:tKHocrn (Bbillle 11JI11 

H11:t1<e BbICOTbI c). CTp11 Bb16ope a 2 B03MO:tKHOCTeH To:tKe .ll.Be (o6e HH:tKe a 2). CTp11 

Bb16ope a3 B03MO:tKHOCTei1 Bb16opa BbICOTbI p HeT. l1Toro, ycJios1110 (He 6oJiee 

.ll.BYX ToqeK rpacpa Ha Ka:tK.[lOH BbICOTe) Y.ll.OBJiernop51IOT scero 4 (yKa3aHHbIX 

Bbirne) cJiyqa51 113 48 rrpaBl1JibHbIX yrrop51.ll.oqeHHH rpacpa rnrra A. 
CJiyqaii B. 3HaqeHHe BbICOTbI a B qerneprnii ToqKe seTBJieHl151 MO:tKeT Ha

XO.ll.HTbC51 B qeTb!pex HHTepBaJiax, o603HaqeHHb!X Ha pttcyHKe 21 3HaKaMH a1, 

a2, a3, a4. 

EcJIH 3HaqeHtte a Bb16paHo, TO .ll.Jl51 orrpe.LLeJieHHH yrrop51.ll.OqeHHoro rpacpa 

OCTaeTC51 Ha3HaqHTb 3HaqeHH51 B o6ettx coce.ll,HHX BeprnHHax ToqKH BeTBJieHH51 

Bb!COTbl a. 

06o3HaqHM MeHbrnee H3 3THX .ll.BYX 3HaqeHHH qepe3 p (OHO MeHbllle Bbl-

6paHHOfO .ll.JIH (I( 3HaqeHH51 ak) . .llJI51 BbI6opa BToporo 3HaqeHH51, y, OCTaeTC51 

CTOJ!bKO HHTepBaJIOB, Ha CKOJibKO .[leJI5IT HHTepBaJI y > p y:tKe Bb!6paHHble 3Ha

qeHH51. B cJiyqae Bb16opa 3HaqeHH51 a THrra a1 Mb! rroJiyqttM qttcJia HHTepBaJioB N 

Bbr6op k B P1,k 1 2 3 4 

N 4 5 6 7 

CoseprneHHO TaKHM :tKe o6paaoM Bb16op 3HaqeHl151 a Tttrra a2 rrpHBO.ll.HT K HHTep-



36 JleKUliH 1. CrnrncrnKa TOITOJIOrHli tt aJire6pbI 

'Xt 

C£5 

Pf!c. 20. Pa3Hbie ocHaw,eHHH yKopoqeHHoro 
rpa<)Ja mna A 

Pttc. 21. Pa3Hbie oettameHHH yKopol!ettttoro 
rpacpa rnna B 

BaJiaM ~2,k (k = 1, 2, 3) c 4HCJiaMtt (N = 5, 6, 7) HHTepBaJIOB JJ.JHI ITOMerueHtt5l 

3Ha4eHttH y. 
B cJJy1rne 3Ha'-!eHttH a rnrra CJ.3 rroJiy'-laeTCH ,!lBa ttHTepBaJia ~3,k (k = 1, 2) c 

41iCJiaMtt (N = 6, 7) HHTepBaJIOB Jl.J15l ITOMerueHli5I 3Ha'-!eHH5l y. 
HaKOHeu, JJ.JIH Bb16opa 3Ha4eHttH a Tttna a4 rroJiy4aeM eJJ.HHCTBeHHbIH ttH

TepBaJI ~4,1 (pacrrOJJO:>KeHHbIH Htt)Ke ypOBHH Ci.4), KOTOpblH ITOJJ.eJieH Ha N = 7 
'-laCTefI. 

CyMMttpyH see 3TH '-leTbipe rro,!lcJiy'-laH, Mbt naxoauM (4 + 5 + 6 + 7) + 
+ (5 + 6 + 7) + (6 + 7) + 7 = 22 + 18 + 13 + 7 = 60 npaauAbHO ynopHaotten
HbtX 2paf/Joa muna B. 

3aMe4attue. Htt B OJJ.HOM tt3 Httx He oTcyTcTByIOT rop1130HrnJ111 c 6oJiee 4eM 

JJ.BYMH T04KaMl1 rpacpa. )leJIO B TOM, 4TO 113 BepurnHbl co 3Ha4eH11eM Ci.k Bb!XO,ll.5IT 

m160 BBepx, J11160 BHl13 JJ.Ba pe6pa, nepeceKa10ru11e OJJ.HY rop1130HTaJib, a qacTb 

(be) rpacpa JJ.OCTaBJIHeT TpeTb!O TO'-IKY Ha TOH :>Ke rop1130HTaJ111. 

CJiy4ait C. 0603Ha'-!11M '-Iepe3 a H c 3Ha'-!eHl15l B BepxHeli 11 B Hm1rneli TO'-!Kax 

BeTBJiemrn. Bb1rne ypoBmr a 3ase,U0Mo ecTb KOHUeBbie T04KH pe6ep, BbIXOJJ.H

ru11x 113 a. 0603Ha'-!11M '-1epe3 a' MaKCHMaJibHOe 113 3Ha4eHHH B 11X KOHUeBb!X 

Bepw11Hax. AHaJIOrtt4Ho, o6o3Ha4ttM qepe3 c' MIIH11MaJibHOe tt3 3Ha'-lem1li B KoH

uax pe6ep, Bb!XO.D.HIUHX 113 BepillHHbI ypoBHH c. 
YrropHJJ.o4eH11e OripeJJ.eJIHeTCH paCrIOJIO:>KeHIIeM 3Ha'-leH11H a (so BTopoM co

CeJJ.e BeprnttHbl ypoBHH a) tt y (so BTOpOM COCe)J.e seprnHHbl ypoBHH c) - CM. 

p11c. 22. 
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y 

PHc. 22. Pa3Hbie octtameHJ.rn yKopo4eHttoro rpa<jia nma C 

Dp11 Bb16paHHOM 3Ha4eH1111 BbICOTbI a ocb (MeHbllll1X a') 3HaqeH11H no)l,pa3-

.ll.eJieHa 4eTblpbM51 3HaqeHl151Ml1 B ToqKax BeTBJieHl1H 11 3HaqeHHeM c' Ha 6 qa

CTeH (ak). Dp11 Bb16ope 3HaqeHHH y ocb 3Ha4eHHH (66JibllIHX c') ITO.Ilp33.ll,eJieHa 

Ha 7 HHTepBaJIOB (4eTblpbM51 3H34eHl151MH B T04K3X BeTBJieHl1H 11 BbI6paHHblMl1 

3Ha4eH1151M11 a' 11 Cl.k, eCJil1 k ::;:; 5, B CJiyqae Me k = 6 11 11HTepBaJIOB TOJlbKO 6, 
TaK KaK \:/.5 < C

1
). 

I1TaK, o6ruee 411CJIO npaBl1JlbHO yrrop51.ll,04eHHbIX rpacpoB THITa c COCTaBJIHeT 

5·7+6=41. 
3aMeqaHHe. 0TCYTCTBHe ropH30HT3JlbHbIX CJIOeB c 6oJiee qeM .IlBYMH T04-

KaM11 BeTBJieHl151 BCTpeqaeTCH TOJlbKO rrp11 k = l l1 2 (B rrpe.ll,bl.ll,ylUl1X 0603Ha

qeH11Hx), HHaqe pe6po (aka) l1 l.I,11KJI nepeceKJJl1 6bI O.ll,HY rop1130HT3Jlb Tpl1M.ll,bl. 

CTp11 3TOM .ll,Jl51 BbJ6opa 3H34eHl151 y TOMe l1MeeTC51 TOJlbKO ITO 2 Bap113HTa 

(4To6b1 pe6po (ye) 6bIJIO HHMe 1.1,11KJJa). YlrnK, us 41 npaBU!lbHOco cpafj;a mu
na C ycA0Bu10 omcymcmaw1 mpex mo1JeK cpaf/Ja Ha oiJHou copusoHma!lU 
yiJoB!lemeop5110m mo!lbKO 4 npaBU!lbT-tbtX cpaf/Ja, on11cattHb1e Bbillle. 

CJiyttaii F. 5I ocTaBJIHIO B Kaqecrne 3a.ll,3l!l1 rro.ll,c4eT 4HCJia npaB11JibHO 

ynopH.ll.Ol!eHHbIX rpacpos THrra F (11x 6 · 8 = 48). H11 O.ll,11H 113 3THX rpacpoB He 

Y.ll.OBJJernopHeT ycJIOBl1!0 OTCYTCTBl151 Tpex T04eK rpacpa Ha O.ll,HOH rop1130HTaJJH. 

CJiyttaii G. TaK11x rrpaBHJlbHO yrropH.ll,04eBHbIX rpacpos 2((7) + (7 + 6) + 
+ (7 + 6 + 5)) = 76. H11 O.ll,HH H3 HHX He Y.ll.OBJieTBopHeT ycJIOBl1IO OTCYTCTB11H 

Tpex T04eK rpacpa Ha 0.ll,HOH BbICOTe. JloKa3aTeJibCTBa 3THX cpaKTOB OCT3BJJ51-

!0TC51 CJIYlll3TeJI51M B Ka4eCTBe 33.ll,a4H. 

CJiyttaH /, I, K. l.J:11cJJa rrpas11JibHO ynopH.ll,04eBHbIX rpacpos 3THX Tl1ITOB 

cocrnBJIHIOT, coorneTCTBeHHO, 7 · 8 = 56, 56, 3 · 3 = 9. HH O.Ill1H 113 3THX yrro

PH.ll.04eHHbIX rpacpos He Y.ll.OBJiernopHeT ycJJOBHIO OTCYTCTBHH Tpex TOIJ:eK Ba 

O,I\HOH rop1130HT3JIH (3a.ll,aqa). 
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0 K 0 H q a H H e )I. 0 Ka 3 a Te JI b c TB a Te 0 p e M bl 5. CyMMHpyH q11cJ1a 

rrpaBHJihHO yrropH)I.oqeHHbIX rpacpos pa3HbIX THITOB, yKa3aHHbie BbIWe: 

JAi = 48, IBI = 60, IC!= 41, ID!= 48, 1£1=60, 

IFI = 48, IOI= 76, IHI= 48, \I\= 56, \!\ = 56, \Kl= 9, 

Mb[ ITOJiyqaeM 06w:y10 cyMMy, c yqeTOM CHMMeTpHqHb!X CJiyqaeB, 

2(48+60)+41+2(48+56)+76+9=216+41 +208+85=257 +293=550. 

3aMelfaHHe 1. 5I rreperrposepHJI 3TH c1<yqHbie BbrqucJieHHH )I.O rex rrop, rro

Ka coBepweHHO pa3Hbre crroco6b1 nepequcJieHHH npaBHJihHO ynopH)I.OqeHHbIX 

rpacpoB He CT3Jll1 )I.3B3Tb O)],HH3KOBbJe OTBeTbl, H nocJie PHJJ.3 OWH6oqHb!X ne

pequcJieHHH )I.OCTHf yBepeHHOCTH B rrpaBHJlbHOCTH OKQHqaTeJibHOfO OTBeTa H 

Bcex rrpoMem.yTOqHbIX. 

Ho nposo)I.Htb aHaJiornqHbie noJJ,cqeTbI, cKam.eM, JJ,JIH T = 5 HJJH T = 6, H 

He CTaJI, XOTH 3TO H 6bIJIO 6b! oqeHb IlOJie3HO )],JIH OT!<pb!THH COOTBetCTBY!OW:HX 

o6w:ux rnnOTe3 (ttarrpHMep, o poCTe qucJia npaBHJibHO ynopH)I.oqeHHhIX rpacpoB) 

e JI.aHHbIM queJIOM U.HKJIOB (y Hae 1) c pocTOM q11eJ1a T TpottHhIX Bepw1m. 

3aMelfaHHe 2. Y:tteJio npaBHJlbHO ynop51JJ,OqeHHblX rpacpoB Beex THilOB, y)I.o

BJieTBopH!Olll,HX yeJIOBH!O oreyTeTBHH rpex ToqeK rpacpa Ha OJJ,HOH fOP,H30HT3JIH, 

eoeT3BJI5leT 

4(A) + O(B) + 4(C) + 4(D) + (0(£) + ... + O(K)) = 12. 

5I npe.[lCTOJiaraIO, qTQ Bee 3TH 12 rpacpoB peaJIH3YIOTeH TpHroHOMeTpuqe

eKHMH MHoroqJieHaMH 

(x, y) =A sinx + B siny + C sin(x + y) + D eos(x + y), 

HO He npoBepHJI 3Toro, XOTH MO)!{HO Ha.[leHTbeH peaJIH30B3Tb Bee 12 eJiyqaeB 

.[lam.e B OKpeeTHOeTH TOqKH 

A=I, B=l, C=-1, D=O 

yKa3aHHoro qeTb1pexMepHoro rrpoCTpaHerBa TpHroH0MeTp11qecKHX MHoroqJie

HOB1. 

EucpypKaU,HOHHaH )l.HarpaMMa, o6pa30B3HH3H 3HaqeHHHMH (A, B, C, D) E 

E JR4 ' eooTBeTCTBYIOW:HMH cpyHKU,HHM c Bb!pOm.)l,eHHOH (He MOpeoBeKOH) KpH

THqeeKOH TOqKOH HJIH e KpaTHb!MH (npHHHMaeMbIMH B HeCKOJlhKHX roqKax) 

KpHTHqeeKHMH 3H3l!eHHHMH, 33CJJym.HBaet HBHOro TOilOJJOrHqeeKoro H aJJre6-

paHqeeKoro Ii3yqeHH5! (xorn 6bI e ITOMOW:b!O KOMilbIOTepa, XOTH MO)!{HO C.[leJJaTb 

3TO H BpyqHyIO). 9Ta rpexMepHaH rnrreprroBepXHOCTb B JR4 HBJJHeTeH KOHYCOM 

1 B .neikTBHTeJibHOCTH ,D,J!SI TaKHX TpHrottoMeTpH'!eCKHX MHOfO'!JleHOE 'IHCJJO ce,!J,JloBbIX T04eK 

T ~ 3, TaK '!TO ynoMHHYTbie 12 rpacpoB tte pa3JlH'!aJOTCH, a pa3JlH'!aJOTCH JlHWb ttapttcosaHHbie 

HH>Ke 2 rpacpa c T = 3 (cM. c. 47, r.ne orneTbl HanttcaHbl no.npo6ttee). 
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Ha)], CBOHM ce'-!eHHeM TpexMepHOH IIJIOCKOCTb!O (HarrpHMep, mrreprrJIOCKOCTb!O 

C =I), TaK l!TO pel!b B 3TOH 3a)l,a'-!e HJl,eT o pucosaHHH Jl,ByMepHOH (aJire6pau

qecKoi1) rrosepXHOCTH B o6bl'-IHOM TpexMepHOM rrpoCTpaHCTBe. 

f1pH ITOilbITKaX KOMIIbIOTepHoro HCCJie)l,OBaHH51 TaKHX 3a)l,a'-! 51 o6HapyMHJI, 

'-ITO )l,eJiaIO Bpy'-IHYIO rrpHMepHo BTpoe MeHbWe ourn6oK, '-IeM KOMITbIOTep (Ha

npHMep, )l,aMe npH rrpOCTOM rrepeMHOMeHHH copoKa3HalJHbIX '-IHCeJI). f1pHTOM, 

B TO speM51 KaK Herrpe)l,CKa3yeMbie KOMIIbIOTepHbie OWH6KH rrpOHCXO)l,51T OT 

KaKHX-TO KOCMH'-!eCKHX '-!aCTHU, MOH ourn6KH OKa3aJIHCb BCer)l,a 0)1,HHaKOBbIMH 

H JierKO KOHTpOJIHpyeMbIMH. 

A HMeHHo, BC51KHH pa3, KOr)l,a BbilJHCJieHue He yMemaeTc51 Ha O)l,HOH CTpa

HHUe H ero rrpHXO)l,HTC51 nepeHOCHTb H Ha CJieey10my10, HeKOTOpbie (MHOr03Ha'-!

Hbie) '-IHCJia npHXO)l,HTC51 KOIIHpoBaTb. l1MeHHO 3TO nepenuCblBGHUe H BHOCHT 

ow116K11: 51 IIHWY MeJIKHM ITO'-IepKOM ITOXOMHe umppbl 2 H 9, a TaK)Ke 3 H 5 -
OHH-TO H OKa3bIBaIOTC51 rreperrucaHHb!MH HeBepHo, 3a HHMH-TO H Ha)l,O CJie)l,HTb 

(B03MO)KHO, He MHe 0)1,HOMy). 

§4. AJire6paHqecKaSJ reoMeTp1rn TpHroH0MeTpH11ecKHx MHoroqJiettoB 

L(JI51 cpasHeHH51 rpacpos crreu11aJibHb!X nepHO)l,H'-!eCKHX cpyHKUHH 

f A,B,c,D(x, y) =A sin x + B sin y + C sin(x + y) + D cos(x + y) (1) 

c rpacpaMH o6mttx cpyHKUHH Mopca (c TaKHM Me 'lHCJIOM KpHTHYeCKHX TOYeK) 

Ha Jl,ByMepHoM Tope 51 ycTaHOBHJI cJieeyIOULHH yJl,HBHTeJibHbIH Jl,JI51 MeH51 cjJaKT. 

TeopeMa 6. <:/JyHKlfU5l Mopca (I) uMeem Ha mope He 60Jtee 8 Kpu

mu'lecKux mo'leK. KpuBafl (HeKpumutJecKozo) ypoBHfl amoii c/JYHKlfUU -

aMunmu'lecKafl Kpuaafl (poiJa g =I), ee ae14ecmBeHHbte mo'lKU 06pasy-

10m Ha mope He 6oAbute iJayx KOMnoHeHm CB5l3Hocmu. 
Ha caMoM Jl,eJie KpHTHlJeCKHX To'-!eK y TpHroHoMeTpH'-IecKoro MttorolJJie

Ha ( 1) He 60J!b!lle 6, HO Mb! 3)1,eCb He 6y)l,eM 3Toro )l,OKa3bIBaTb. 

Ynop5liJotteHHbtii zpacp mpucoHoMempu'lecKozo MHocottAeHa (1) c 6 
KpumutJecKuMu mottKaMu ecmb oiJuH us cJZeiJy1014ux iJayx zpacpoa (yno

p5liJo'leHue aeputuH - no Bbtcome): 
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OcTaJJbHbie 14 yrropH,ll.OIJeHHbIX rpacpos rna)l.KHX tPYHKU,HH Mopca Ha )l.By
MepHOM Tope, H:Me!OIUHX 6 KPl1THIJeCKHX TOIJeK, He BCTpeIJa!OTC5! HH y 0,ll.HOro 
Tp11roHOMeTpHIJeCKOro MHOfOIJJJeHa ( 1). 

Bee c/JyHKlfUU Mopea Ha mope e oiJuHaKoBbtMU ynopRiJotteHHbtMu 
6-septuUHHblMU cpa</JaMU, UMelOU{Ue KpumutteeKUe 3HatteHU5l {l, 2, ... 
. . . , 6}, nepesoiJRmCR iJpy2 B iJpyea iJurjJ</JeoMopcpu3MaMu mopa. 

Cyutecmeyem 6eeKoHettHoe MHoJtCeemso c.!laiJKux </JyHKlfUU Mopea Ha 
iJeyMepHOM mope e 6 KpumuqeeKUMU mottKaMU u KpumutteeKUMU 3Ha
'ieHUflMU {1, 2, ... ' 6}, ynopRiJotteHHbte cpacpbl KomopblX Bee oiJuHaKOBbl, 
Ho HU oiJHa U3 Hux He nepeeoiJumrn B iJpy2y10 20MomonHoLM moJtCiJeemey 
iJu<jJ</Jeo.MoprjJu3MOM mopa. 

H3 amoeo 6eeK0HettH020 MHOJ/Ceemea nonapHo HeeeoiJuMotx </JYHK
u,uu Mopca e ynopRdO'ieHHbtM 2pa¢0M, yKa3aHHbLM Bbttue, mo.!lbKO mpu 
</JyHKlfUU CBOiJRmeR K mpueOHOMempu'ieeKUM MHOW'i.!leHaM (1) nocpeiJ
emeoM iJu</J</JeoMop</JU3MOB mopa, npuHaiJ.!leJICaU{UX eBR3HOU KOMnOHeH
me eiJuHULfbt B epynne iJurjJ</Jeo.uop</Ju3MOB iJsyMepHoco mopa. 

ToIJKa (o6ruero noJJo.lKeHHH) Ha UHKJJe rpacpa cpyHKU.H« Ha )l.ByMepHOM Tope 
11306pa.lKaeT HeCTHrHBaeMylO Ha TOpe npoCyYIO 3aMKHYTYIO KpHByIO. 3Ta KpH
BaH, MH rro)l.XO)l.HIUeii rJia)l.KOH tPYHKU.HH Mopca c 6 KpHTHIJeCKHMH TOIJKaMH, 
MO)!(eT 6b!Tb JI106oii 3aMKHYTOH Kp11BOH Ha Tope (OTIJero If noJiyqaeTC51 6ecKO
He'l.HOe KOJJHIJecTBO He CBO)l.HMbIX ,ll.pyr K ,ll.pyry cpyHKUHH Mopca). 

D..!lR mpucOHOMempu'ieeKoeo MHOCO'i.!leHa (1) npoemafl 3aMKHymaR 
KpueaR Ha mope, onueaHHaR Bbtute, npuHaiJ.!leJ1Cum K oiJHoMy u3 mpex 
munos: amo .!lu6o napa;ute.!lb, Au6o .uepuiJuaH, .!lU6o iJuaeoHa.!lo (x =canst, 
y = const u.!lu x + y =canst), omtteeo u no.!ly'iaemeR mpu K.!laeea </JyHKLfUU, 
yno.MflHymote Bbttue. 

Jl o Ka 3 a Te JI h c TB o. BocnoJJh3yeMCH pau11ottaJJbHOCTb10 OKPY.lKHOCTH, 
T. e. 11cnoJih3yeM o6bI'l.Hbie Koop,ll.HHaTbI t E JRP1 11 -r E JRP 1 Ha OKPY*Hocrnx {x 
(mod 2n)}, {y (mod 2n)}: 

l - t2 • 2t 
cos x = 1 + 12 , sm x = 1 + t2 , 

I - -r2 
• 2-r 

cos y = 1 + ,z , sm y = 1 + ,2 . 

Kp11TH'leCK11e TO'lKH cpyHKUHH ( 1) onpe,ll.eJJ5!IOTC5! CHcTeMoH ypaBHeHHH 

{
A cosx + C cos(x + y) - D sin(x + y) = 0, 

B cosy+ C cos(x + y) - D sin(x + y) = 0. 

I-fa 3THX )l.Byx ypaBHeHHH Mb! HaXO)l.HM 

I - t2 l - -r2 

A I + 12 = B I + ,2' (2) 
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OTKy..Qa CJie)l.yeT, 'ITO 

2 A(t 2 
- 1) + B(t 2 + I) P2(t) 

'=-A(t2 -l)+B(t2 +1)-Q2(t)' 

r..Qe P2 11 Q2 - MHOfO'IJieHbl BTOpoil CTerreHl1, 

P2 = (B - A)+ t2 (A + B), Q2(t) =(A + B) + t2 (B - A). 

HaM rroTpe6yIOTCH 11 Bb!TeKaIOI11,11e 113 3TOro cpopMyJibl 

I+ , 2 = 2B(I + t 2)/Q2, 1 - -r2 = 2A(l - t 2)/Q2. 

B qacTHocrn, 11MeeT MeCTo y..Q11B11TeJ1bHbIH cpaKT: 

eCJil1 f 2 = -1, TO -r2 = -1 (TaK 'ITO 1-1"2 =2). 

MbI ttcnoJib30BaJI11 O..QHO 113 ..QBYX ypasHeHl1H KpHTH'!eCKl1X TOlJeK. BTopoe ypas-

A cos x + C cos(x + y) - D sin(x + y) = 0 

rreperr11Cb1BaeTCH B o6oaHa'!eHl1HX t H "t B BM..Qe 

YlHblM11 CJIOBaM11, BblflOJIHHeTCH KBa..QpaTHOe ypaBHeH11e 

"t
2 u + "t v + w = 0 

c K03cpcpm.1.11eHTaMH 

U =(A - C)(l - t2
) + 2Dt, V = -4tC + 2D(t 2 

- 1), 

W =(A+ C)(l - t 2
) - 2Dt. 

(3) 

Do..QcTaBJIHH BMecro -r2 yKa3aHHYIO BbIWe ..Qpo6b P2/Q2, Mbl noJiyqaeM 113 

ypaBHeHMH (3) peweHHe 

p4(f) '= q
4
(t), P4 = UP2 + WQ2, q4 = -VQ2. 

Tenepb ypasHeHtte c2 = P2/Q2 npttHttMaer Btt..Q 

piQ2 = q~P2, 

TO €CTb BH..Q 

(4) 

(5) 

3TO ypasHeHHe OTHOCHTeJibHO nepeMeHHOH t MMeeT CTeneHb 10, TaK 'ITO 

Mb! flOJiyqaeM H3 Hero 10 KOMITJieKCHb!X KpttrnlJeCKHX TO'leK (t' "t). 
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0,11,ttaKO JJ,Be H3 HHX 3aBeJJ,OMO He semecrneHHbI: 3TO (i, -i) H (-i, i), r,11,e 

t2 =-l, -r2 =-1, t-r=l, t+-r=O. (6) 

)leHCTBHTeJibHO, rrpH t2 + 1 = 0 Mb! rroJiyqaeM 

P2 = -2A, Q2 = 2A, V = -4(/C + D), 

U = 2(A - C + tD), W = 2(A + C - tD), 

TaK 'ITO JieBa51 'laCTb COOTHOWemrn (5) rrp1106peTaeT MHO)!(HTeJib 

[-4A(A - C + tD) + 4A(A + C - tD)]2 + 16(/C + D)24A2 = 
= 16A2 (2C - 2tD)2 + 64(tC + D)2 A2 = 

= 64A2(C2 + t2D 2 
- 2tCD + t2C2 + D 2 + 2tCD) = 64A 2(C2 + D 2)(1 + t2

), 

06pammom11ilc51 B HYJib rrp11 1 + t2 = 0. 
l1TaK, ypaB1-te1-tue (5) UMeem He 6oAee BOCbMU BeU{eCmBeHHblX KOp-

1-teii t' aocmaB/l5l/OU{UX, 8 CUAY coom1-tOUle1-tUR (4), 1-te 6oAee 8 BeU{eCmBeH-
1-lblX KpumuttecKux motteK c/Jy1-tK4uu (1) 1-ta mope. D 

)lJI51 HCCJie)l,OBaHH51 KOMIIJieKCHOro MHO>Kecrna ypOBHR {(x, y: t (x, y) = c }, 
HCI10Jib3YeM (act>ct>HHHble) KOOp,11,HHaTbl t H ' Ha KOMilJieKCHblX npoeKTHBHbIX 

np51Mb!X - COMHOJKHTeJI5!X npOH3Be,D,eHH51 CP1 x CP1 (KOMIIJieKCHcpHUHpy10-

mero HCX0,11,Hb!H Top). 

Ypasttettne MHOJKecrna ypoBH51 HMeer s11,11, 

A2t(l + -r2) + 82-r(l + t 2
) + C[2t(l - -r2) + 2-r(l - t 2

)] + 
+ D[(l - t2)(1 - -r2) - 4t-r] = c(l + t 2)(1 + ,2)_ (7) 

Dpn cj:JHKCttposaHHOM 3Ha'leHHH t 3TO Ksa,11,parnoe ypasttett11e OTHOCHTeJib

HO '· CTo3TOMY KOMrrJieKcHa51 JIHHH51 ypoBH5! {f (x, y) = c} rrp11 rrpoeKTttposaHHH 

re: e,pl x e,pl ____.,cpl' 

33,!l3HHOM cj:JopMyJioH rc(t' -r) = t' JJ,BYJIHCTHO (pa3BeTBJieHHO) HaKpblBaeT ccpepy 

PHMaHa CP1 c acj:Jcj:JHHHOH KOOp,11,HHaTOH t. 
To<IKH seTBJieHH5! t orrpe,11,eJI5l!OTCH ycJioBHeM A(t) = 0, r,11,e A- ,11,ttcKpH

MHHaHT KBa,11,parnoro ypaBHeHHH (7) OTHOCHTeJibHO HeH3BeCTHOH '· 



§ 4. AJire6pawiecKa51 reoMeTpH51 TpHrQHOMeTpH4eCKHX MHoroqJieHOB 43 

I-fa cpopMyJibl (7) BH.ll.HO, 4TO 3TOT .ll.HCKpHMHHaHT - MHOfO'lJieH CTerreHH 4 
OTHOCHTeJibHO t. LlJIH THITH4HOrO MHOMecrna ypoBH51 THITH4HOro TpHrOHOMeTpH

qecKoro MHOfO'lJieHa ( 1) .ll.HCKpHMHHaHT HMeeT 4 pa3JIH'lHb!X KOpH51 (a 60Jibllle 

OH He HMeeT HHKOf.ll.a). 

LlBYJIHCTHOe HaKpb!THe ccflepbl, pa3BeTBJieHHOe B 4 TO'lKax, HaKpbrnaeT ccpe

py rrosepxHOCTbIO TOpa. B 3TOM MO/KHO y6e.ll.HTbC51, HarrpHMep, coc'lHTaB 3H

Jieposy xapaKTepHCTHKy, HJIH )Ke «HT8Jlb5!HCKHM» MeTO.ll.OM, 3aJJ,aB HaKpbITHe 

cpopMyJioii 

w2 = (z2 
- 1)2 

- s (r.ll.e rc(z, w) = z). 

CTpH s = 0 rrpoeKTHpyeMaH KOMrrJieKCHaH KpHBa51 (pHc. 23) rrpe.ll.cTaBJIH

eT co6oii JJ,Be ccpepb1 PHMaHa (w = z 2 - 1 H w = 1 - z 2), rrepeceKaIOmHeCH 

(TpaHCBepcaJibHO) B .ll.BYX TO'lKaX (z = ±1, w = 0). 

~ co 
P11c. 23. l1TaJJbHHCKHH cnoco6 HCCJJe)lOBaHHH llJJYJJHCTHOfO HaKpb!THH ccjlepbl c l!eTblpbMH 

TO'lKaMH BeTBJJeHHH 

CTepeXO.ll. K € -j. 0 3aM€H51eT rrapy TO'leK rrepeceqeHH51 rrapoii COe.ll.HH51!0lUHX 

.ll.Be ccpepbr Tpy6o'leK H rrapa ccpep rrpespamaeTC51 B TOP (rrosepxttoCTb po.ll.a 

g = 1). 
LloCTaTO'lHO TaJOKe pacCMOTpeTb 3JIJIHITTH'leCKYIO KpHByIO, 3aJJ,aHHYIO ypaB

HeHHeM (pHC. 24) 
w2 = z(z - l)(z - 2)(z - 3), 

H ee rrpoeKI.I,HIO Ha OCb z rrapaJIJieJibHO OCH w (51BJl51IOLUYIOC5! .ll.BYJIHCTHb!M 

HaKpbITHeM, pa3sernJieHHbIM Ha.ll. TO'lKaMH z = 0, 1, 2 11 3). Pa3pe3bl [O, l] H 
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[2, 3) CTJTOCKOCTH nepeMeHHOH z AOCTaBJTHIOT LI.Ba JTHCTa W1 H W2 HaKpb!THH, 

CKJTeeHHbie BLl,OJTb pa3pe30B, KaK yKa3aHO, CKJieHKH H AOCTaBJTHIOT Top. 

Pm:. 24. CKJie1rnam1e p11MaH0Boii noBepxHocrn 3JJJmnrnqecKoii Kp1rnoii H3 ABYX ccjlep P11MaHa c 
napoii pa3pe30B Ha K3lK)l_OH 113 HHX 

l13 scero 3TOrO CJTeLl,yeT, '-!TO (tteoco6aH) JTHHHH ypoBHH cpyHKUHH ( 1) -
3JTJTHnTHqecKa5l KpHBaH (c TOpHqeCKOH pHMaHOBOH r10BepXHOCTblO poLl,a g = 1). 

Ho Bew,ecTBeHHaH 3JTJTHnTw1ecKaH KpttBaH He MOH<:eT HMeTb 6oJibUie g + 1 = 
= 2 KOMCTOHeHT CB5I3HOCT!l (no TeopeMe XapHaKa, o6cyMAaBWeHC5I BbJWe, B 

§2). 
CTo3TOMy sew,ecrneHHaH JTHHHH ypoBHH TpHroHOMeTpH4ecKoro MHoroqJieHa 

( 1) He MO:lKeT HMeTb Ha Tope 

{x (mod 2rr), y (mod 2rr)} 

60JibWe AByx KOMITOHeHT CB5l3HOCTH. 

l13 3TOro CJie;1yeT, qTQ B COOTBeTcTByJOw,eM rpacpe Ha OAHOH ropH30HTaJTH 

He MOMeT 6bJTb 6oJibWe ABYX rnqeK. 

Uo Ll,OKa3aHHOMY B §3, H3 550 rrpaBHJTbHO yrropHAOqeHHb!X rpacpOB cpyHKUHH 

Mopca Ha Tope c T = 4 ceJJ,JTOBbIMH T04KaMH HMe!OT He 60JTbWe asyx T04eK Ha 

Bcex ropH30HTaJTHX scero 12 rpacpos. 

3HaqHT, TOJTbKO TaKHMH MoryT 6bJTb rpacpbl Tp!lrOHOMeTpuqeCK!lX MHOro-

4JTeHOB ( 1): HMH peaJTH3YIOTC5l He 6oJTee 12 !l3 BC ex 550 TOITOJIOrI14eCKH B03-

MO)KHb!X rpacj:>os c T =4. 5I rrpeL1,noJTara10, qTo see 3Tll 12 rpacpos peaJTH3YIOTCH 

TpHroHoMeTpwi:ecKHMH MHOroqJieHaMH ( 1)' H TO, qTo caM 5I He cyMeJI HX peaJT!l-

30BaTb, nOCJIY)!<llJTO rrpuqHHOH paccKa3aTb H 0 TpHroHOMeTpHqecKHX MHOf04JTe

Hax B 3TOH JTeKUHH 0 16-H rrpo6JTeMe fuJTb6epTa, ITOCB.Hlll.eHHOH semecTBeHHOH 

aJTre6pau4eCKOH reoMeTpllH 06bJqHblX MHOroqJieHOB. 

Hu Bb\qucJiuTeJTu c ux KOMITbIOTepaMH, HH aJTre6pauqecKHe reoMeTpbI co 

CBO!lM!l aKC!lOMaTUKaMH He BHeCJI!l rroqT!l HllKaKoro BKJTaJJ,a B peweHue 3THX 

HaCT05llll.llX (real, IR) 3aAa4. Hau6oJTbW!le AOCTHMeHHH B 3TOH o6JTacrn, tta

qaTOH ,lleKapToM H HbIOTOHOM, fypsuueM H KJTefiHOM, XapHaKoM H fuJTb-

6epToM, rrputtaAJieMaT poccHHCKOH MaTeMarnqecKofi WKOJie: 11. r. CTeTpoBCKO-
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My H B. A. PoxJJHHy, 0. R Bttpo H B. M. XapJJaMosy, r. M. DoJJOTOBCKOMY H 

E.11. lliycrnHy. 

Ho, K cm1<aJJeHHIO, caMbie eCTeCTBeHHbie sonpocbI o TonoJJornqecKoii 

CTPYKType o6bI4HbIX H TpttroHoMeTpttqecKHX MHoroqJJeHoB ocrnJJHCb, Ka)!{eTc51, 

OTKpb!TblMH BO BCeX 3THX HCCJJe)l,OBaHH51X. 

PaccMOTpttM, Hanp11Mep, TonoJJornqecKyIO KJJacc11cl>11Kall.HIO semecrneHHbIX 

MHOroqJJeHOB OT 0).LHOH nepeMeHHOH cTeneHH n + 1 c n semecTBeHHbIMH KpH

TH4eCKHMH T04KaMH c pa3Hb!MH KpHTH4eCKHMH 3Ha4eHH51MH, co CTapWHM qJJe

HOM xn+ 1• 

4ttcJJa N TOTIOJJOrtt4eCKHX THCTOB npH He60JibWHX n HeTPYAHO COC4HTaTb'. 

n 0 1 2 3 4 5 6 7 8 

N 1 1 1 2 5 16 61 272 1385 

(Mb! paccMaTpHBaeM 3).LeCb «TOnOJJOrtt4eCKHe THCTbl» c T04HOCTb!O ).LO TOnOJIO

rnqeCKHX npeo6pa30B3HHH, coxpaH51IOUJ.HX op11eHTall.HH oceH: KOOpJ.LHHaT). 3Ta 

3aMe4aTeJibHa51 nocJJei.LOBaTeJJbHOCTh q11ceJJ N (n ), JierKo y3ttasaeMa51 no 4HCJJY 

3H:JJepa 61, AOCTaBJI51eT pa3JIO)!{eHtte B p51A TeH:Jiopa AJJ51 TaHreHca: 

00 

N(nW L --1 - = sec t + tg t, n. 
n=O 

I 2 3 16 5 
tg t = TI t + 3f t + 5f t + ... 

TeopeMbI HaCT051W.ei1 J1eK11.1111 noJiyqeHbI np11 nonbITKe nepeHeCTH 3TH pe3yJih

TaTbI Ha cPYHKll.HH HeCKOJlbKHX nepeMeHHb!X. 

Bonpoc o TonoJiornqecKoii KJJaccmp11Kall.HH semecrneHHbIX MHoroqJieHOB He 

6b!JI BKJIIO'-JeH fHJib6epTOM B ero KJiaccHqecKyIO cpopMyJJHpOBKY npo6JieMbl, a 

3TH AOrMaTH4eCKHe cPOPMYJJHpOBKH rnnHOTH3HpyIOT HCCJie).LOBaTeJJeH, CTpeM51-

W.HXC51 CKOpee npeycneTb B peweHHH KJiaCCH4eCKOH 33.U34H, qeM pa3o6paTbC51 

B cyTH .ueJia. 

Ha Me)!(JJ.yHapoi.LHOM MaTeMarnqecKOM KOHrpecce B CToKrOJJbMe B 1962 
ro.uy 51 paccKa3hIBaJI o csoeM peweHHH npo6JieMbI ycTott4HBOCTl1 .611.pKrocl>a 

AJI51 Hepe3oHaHcHbIX noJIO)!{ett11i1 pasHosec1151 CHcTeM faMHJJbTOHa. Peums 3TY 

KJJacc11qecKyIO npo6JieMy, 51 He 3aMeTHJI, 4TO .uoKa3aJI 60J10Wee, a HMeHHO 

YCTOH4HBOCTb B 6oJibWimcTBe pe3ottaHCttbIX cJiyqaeB (.UJIH pe3ottaHcos no

p51.UKa 5 H Bblllle), CTOTOMY 4TO B KJiacCH.4eCKOH npo6JieMe HCKJII043JU!Cb BCe 

pe3oHaHCbI. AMepttKaHCKHH MaTeMaTHK IO. Mo3ep TYT )!{e OTMeTHJI 3TO AOKa-

3aHHoe MHOH o6cT051TeJJbCTBO (ycTOH4HBOCTb .UJI51 «CJia6bIX pe3oHaHCOB» ), HO 

KJ1acc11qecKa5I cpopMyJIHpOBKa KJJaCCH4eCKOH npo6JieMbl CTOMewaJia MHe caMO

My BKJII04HTb 3TOT CBOH pe3yJibTaT B .uoKJia.u Ha KoHrpecce. 

K cqacTbIO, HH .uoKJia.UbI tta KOHrpeccax, HH Bb16opb1 B aKa.UeMHH HayK, HH 

BKJII04eHHe npo6JieM B CTIHCOK fttJib6eprn, HH Harpa).Lbl spo.ue cPHJI.UCOBCKOH H 

H06eJieBCKOH He OKa3bIBaJIH 60JJblUOro BJJH51HH51 Ha pa3BHTHe MaTeMaTHKH, ).La H 
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.11.pyrnx HayK, TaK qTo 51 Ha.11.eIOCb, qTQ BJJl15!Hl1e WKOJJbl B 1ly6He 6y.11.eT 66JibW11M 

(11 npHBe.11.eT K peweHHIO cJiyWaTeJIHMH xorn 6bJ qacTH 3a.11.aq, o6cy)f(Ll,aBWl1XC5! 

B HacTomueii JJeKu1111). 

Harrp11Mep, Jl. H11KoJiaecKy, npoLI.OJI)KaH 11ccJieL1,0BaH11H LI.y6H11HCKOH JieKu1111 

2005 roLl,a, ,Ll.OKa3aJI B 2006 fOJI.Y C0,!1.ep)Karuy10rn B HeH rnnoTe3y 0 CKOpOCTl1 

poem nop5!,!1.Ka r 2r '-IHCJia Tl1TIOB cj:>yHKU11H Mopca c T Ce,L1.JiaM11 Ha 5 2 (CM. ero 

CTaTblO «Morse function statistics» B )KypHaJie «<PyHKU110HaJTbHb!H aHaJil13 

11 ,ll,pyraH MaTeMaT11Ka». 2006. \!. I, Ng l. C. 97-103). KaK paCTeT q11cJio 

Tl1TIOB MHoroqJieHOB CTenem! n, HeHCHO (B03MO)KHO, KaK CTeneHb n, a He KaK 

3KCTIOHeHTa '-!11CJia n). 

Pa6oTa H11KoJiaecKy ycrnHaBJJHBaeT YLI.HB11TeJibHYIO CBH3b Me)K,Ll.y 3aLl,aqefi 

KJ1acc11cj:>11Kau1111 TO!loJJornqecK11x THITOB cj:>yHKU11H Mopca Ha 5 2 11 Teop11eil 3ep

KaJibHOH Cl1MMeTp11H KBaHTOBOl! Teop1111 ITOJIH (ITOCTpoeHHOH A. 5. fHBeHrnJJeM), 

XOTH B CTaTbe H11KOJiaecKy 06 3TOH CB5!311 HBHO He CKa3aHO. 

,IleJIO B TOM, '-ITO OH HaWeJI peKyppeHTHOe COOTHOWeH11e Me)KJI.Y q11cJia

Ml1 cp(T) Tl1ITOB cj:>yHKUHH Mopca Ha ccj:>epe c T ce,L1.JiaM11, .11.0Ka3hIBa10ruee, qTo 

3Tl1 q11cJia TOTIOJIOrnqecKHX THITOB (177 46 I! T. ,LI..) IT05!BJl5!IOTC5! ITPH 11CCJie,Ll.OBa

Hl1H pa3.ITO)KeHHH HeKOTOpb!X 3JIJil1ITTl1'-IeCKl1X HHTerpaJIOB B p5!Ll,bl ITO CTeITeHHM 

ITapaMeTpa, OT KOTOporo (pau110HaJibHO) 3aBHC5!T ITO,[l,b1HTerpaJ1bHbie cj:>yHKU11H 

(x3 +ax+ b)- 112. 

1loKa3aTeJibCTBa TeopeM fHBeHTaJIH 0 3epKaJ!bHOH Cl1MMeTpH11 TaK)Ke oc

HOBaHbl Ha Bb1pa)KeH1111 UeJJoq11cJ1eHHb1x xapaKTep11cTHK q11ceJ1 XOJI.)Ka (KoM

IT.'leKCHbIX aJ1re6pa11qecKHX MHOroo6pa311H KOMITJieKCHOH pa3MepHOCTl1 3) qepe3 

K03cj:>cp11u11eHTbl pa3JIO)KeHH5! B pH,!1. HeKOTOpb!X CITeu11aJ1bHbIX a6eJ1eBbIX 11HTe

rpaJIOB (B,ll,OJ!b U11KJIOB «3epKaJ!bHOro o6pa3a» MHOroo6pa3115!). 

CTp11'-IeM TaKaH >Ke TOTIOJ!OrH'-!eCKaH xapaKTepHCTHKa MHOf006pa3115!-06pa3a 

Bbipa>KaeTCH TaKl1M )Ke o6pa30M qepe3 aHaJ!ornqHbie 11HTerpaJibl B,Ll.OJ!b U11KJIOB 

11CXO,ll,H0f0 TpexMepHoro MHOroo6pa3115!. I1HTepeCHO, qTo AByMepHblM aHaJ!OfOM 

3epKaJ!bHOH Cl1MMeTpH11 ¢11311.KOB OKa3aJiaCb paHee OTKpb!TaH «CTpaHHaH ,Ll.BOH

CTBeHHOCTb» TpeyroJibHHKOB Ha TIJIOCKOCTl1 J1o6aqeBCKOro (ApHOJ!b,LI., 197 4). 
lfro OKa)KeTCH 3epKaJJbHbIM o6pa30M 3a,[l,a'-!11 0 TOITOJIOrH.qecKOH KJ1acc11.

cp11.Kau1111 rnaAK11x cj:>yHKQ11ii Mo pea ITO ccj:>epe 5 2, ocrneTCH, K co>KaJ1eHmo, 

HeHCHbIM. 

TonoJ1ornqecKaH KJ1acc11.cj:>11KaU11H Tp11roH0MeTp11'-IecK11x MHoroqJ!eHOB 11. 

¢YHKU11H Ha TOpe, Ha'-!aTaH Bb!We B § 3, ITplrneJJa MeHH K HeO)K11Ll,3HHb!M pe-

3YJ!bTaTaM, KOTOpb!e 6yAyT on11caHbl Ha JleKQl111 B 1ly6He B 2006 fOJI.Y'. KJ!aCCOB 

B HeKOTOpb!X KJ1acc11¢11KaQl10HHb!X 3a,[l,aqax KOHe'-IHOe '-!11CJIO, a B HeKOTOpb!X -

6ecKOHe'-!HOe. 

OrneTbI B 3aAaqe o KJ1acc11¢11Kau1111 Tp11roH0MeTp11qecK11x MHorO'-IJ!eHoB ( 1) 
H rJJ3Ll,Kl1X cj:>yHKUl1H c 6 cp11Kc11poBaHHb!MH Kp11rnqecKl1Ml1 3Ha'-!eHl15!M11 Ha rnpe 

IlOJIY'-IHJIHCb TaK11e: 
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AHaJIH3 c=: rJia,llKHe 
cpyHKUJIH Mopca c 6 

16 KJJaCCOB 00 KJiaCCOB 
KpHrn:qeCKHMH TOqKa-
MH Ha TOpe T2 

AJire6pa: TpHroHoMeT-
6 KJiaCCOB MHoroqJie-

pttqeCKHe MHoroqJieHbl 2 KJiacca MHOfOqJieHOB 
(1) 

HOB 

Diffo(Tz) KJJaCCH-
Diff(T2) KJiacrncpHKa- cj:nfKaIJ,HH cpyHKI.1,HH 
UH51 cpyHKUHH C TOqHo- (c roqHOCTb!O .no 
CTb!O ,no ,nttcpcpeoMop- roMOTOITHb!X TO}(()l.eCT-
cpH3MOB Topa BeHHOMY ,nHcpcpeoMop-

cpH3MOB Topa) 
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JIEKUHSI 2 

KOMBHHATOPHA51 CJlO)l(HOCTb 11 CJlYLfAHHOCTb 

4e.noseKy CBOHCTBeHHO OWH6aTbCH, HO 

no-HacrnmueMy 3aTIYTbIBaer see 

TOJibKO KOMTiblOTep. 

/13 «3aKOHOB Mapcfiu» 

Bepa H 3Ham1e - JI.Be '!aWH secos: 

'!eM BbIWe 0.[l.Ha, TeM HHlKe ApyraH. 

A. llfoneHeayap 

Cero.nHHWHHH JieKU11H rrJioxo yKJiaJJ.bIBaeTcH B Tpa.n11u110HHoe .neJieH11e Ma

TeMaT11K11 Ha qacTl1 (Bpo.ne «Teop1111 q11ceJI» 11 «TeopeTl1KO-MHO)!(eCTBeHHOH 

TOITOJ!Or1111»). 

Borrpoc 0 TOM, 1-taCKOJlbKO CJlytWUHa aanHafl rjJyHKl{Ufl UJ/,U nocJle8oBa

meAbHOCmb, He ITOCTaBJieH MaTeMaT11qecKl1, XOTH Ka)!(JJ.blH 113 ttac ITOHl1MaeT, 

qTO, ttanp11Mep, ITOCJie)].OBaTeJibHOCTb 

001 001 001 001 

Mettee cJiyqaAtta, qeM ITOCJie)].OBaTeJibHOCTb 

010 010 111 001. 

5I ITOITb!Ta!OCb Teneph np11.naTb 3THM CJIOBaM HeKOTOpb!H MaTeMaT11qeCKl1H 

CMbICJI. A 11Metttto, MhI CBH)!(eM c TaKHM11 nocJie.noBaTeJibHOCTSIMl1 HeK0Topb1e 

reoMeTp11qecK11e o6beKTbI, 11 11x ecTecrneHtthre reoMeTp11qecK11e xapaKTep11cT11-

KH 6y.nyT CJIY)!(l1Tb Mepott CJIO)!(HQCTl1 11CXOJJ.HOH nocJieJ].OBaTeJibHOCTl1. 

9ToT aHaJIH3 MO)KHO OTHeCTl1 11 K reoMeTp1111 KOHeqHb!X cpyttKU110HaJibHblX 

rrpocTpaHCTB, H K KOM611HaTOp11Ke, 11 K apmflMenrKe KOHeqHb!X ITOJieH, 11 K CTa

Tl1CTHKe CJiy<!aHHb!X rrpouecCOB, 11 K Jil1HeHHOH aJire6pe MaTp11u, 11 K Teop1111 

rpacpoB, H K ap11cpMeT11Ke :lKOpJJ.aHOBblX HOpMaJibHb!X cpopM orreparnpoB, H K 

Teop1111 KOHeqHblX pa3HOCTeH 11 q!fcJieHHOrO l1HTerp11poBaHl1S!, HO SI rrpe.nrroq11-

TaIO He BKJIJOqaTb ero Hl1 B 0)].11H H3 3Tl1X Y3Kl1X pa3J].eJIOB MaTeMaTHKl1. 

§ 1. feoMeTpHSI 6HttapHbIX nocJie)l.OBaTeJibHOCTeH 

DycTb x - rrocJieJJ.OBaTeJibHOCTb 113 n HyJiett 11 e.n11tt11u, 

l\i\HO)KeCTBO NI BCex TaK11x ITOCJie)].OBaTeJibHOCTeH KOHeqHO, OHO COCTOl1T H3 

2n 3JieMeHTOB. 9Tl1 3JieMeHTbl MO:lKHO cq11TaTb Beprn11HaM11 n-MepHoro Ky6a 



§ 1. feoMeTp1rn 61rnapttbIX nocJieJI.oBaTeJibHOCTeii 49 

(pHC. 1), a MOMHO C'llfTaTb MHOMeCTBO Z2 BeKTOpHblM npoCTpaHCTBOM pa3-

MepHOCTlf n (Hall. noJieM Z2 H3 ll.Byx 3JleMeHTOB 0 If 1 c onepauHHMH MHTpo

cpaHyWKH, 

1 + 1 = 0 + 0 = 0, 0 + 1 = 1 + 0 = 1, 

0·0=0·1=1·0=0, l·l=l). 

llJIH HCCJ1e,ll.OBaH!f51 3aKOHOMepHOCTlf nocJie,ll.OBa

TeJibHOCTlf x Mb! 6y,ll.eM paccMaTpHBaTb ee KaK 

¢YHKl{u10 co aHatteHURMu 0 u 1, onpeoe.11BHHy10 
Ha .MHOJJCecmae us n 3.1/BMertmoa j: 

x: { 1, 2, .. ., n} ---+ Z2 

(TaK 'ITO x(j) =Xj). 

:011 111 

001 I 101 

.._ ___ .,. ____ --------
_,/ 010 --- 110 

000 100 

Puc. 1. BepwHHbI n-Mepttoro 
Ky6a npH n = 3 

4rn6bI HCCJie,ll.oBaTb TaKYJO cpyHKUHJO, MbI nocJieJI.yeM peuemy HbJOTOHa If 

cocTaBHM noc.11eooaame.11brtocmb ee pa3rtocmeu, 

Yi =Xj+l -xi EZ2. 

4T06b! nocJie,ll.OBaTeJibHOCTb pa3HOCTeH COCTOHJia no-npeMHeMy ll3 n 3JieMeH

TOB, Mb! onpe,ll.eJIHM Xn+l KaK x,' 3aMKHYB Hawy nocJie,ll.OBaTeJibHOCTb ,ll.JilfHbl n 
,ll.0 UHKJia (HJI!f C'llfTaH cpyHKUHIO x HazypaJibHOro 3JieMeHTa j rrepHO,ll.lf'leCKOH, 

c rrepHOJI.OM n). B 3TOM CMbICJie Mb! MOMeM C'lHTaTb o6JiaCTbJO orrpe,ll.eJieHHH 

cpyHKUHl! x KOHe'lHYJO OKPY*HOCTb H3 n TO'leK, 

Zn= Z/(nZ). 

3Ta cpyHKUlfH 

BOBCe He npe,ll.ITOJiaraeTCH 3,ll.eCb JIHHefrnolt 

Cpe,ll.H TaKl!X cpyHKUl!H caMbie rrpocTbie-rrocTOHHHbie, x = 0 11 x = 1. Mb1 

6y)l.eM C'lliTaTb MHOfO'lJleHbl MeHhllleH CTerreHli 6oJiee rrpoCTbIMH <PYHKUHHMH, 

'leM MHOro'lJieHbI 6oJibweii cTerreHH, Ii rrp11se,ll.eHHbie ,ll.aJiee orrpe,ll.eJieHHH rrp!i

JI.aJI.YT 3TOMY 3aMbICJIY TO'lHbIH CMbICJI. 

CornacHo HbJOTOHy, JI.JIH MHOro'lJieHOB cTerreHl! MeHbWe m (11 TOJibKO Jl.JIH 

HHX) orrepaUHH B3HTlfH pa3HOCTeii rrpl!Be,ll.eT K HYJIJO ITOCJie m-Kparnoro rrp!i

MeHeHHH: 

Orreparnp B3HTl!SI pa3HOCTeii A: z2---+ z2 JlliHeeH, TaK 'ITO Am - 3TO m-H 
cTerreHb Jil!HeiiHoro orreparnpa A. 

C ll.pyroii crnpoHbI, orrepau11H A: M ---+ M oTo6paMaeT Kotte1rnoe MHOMe

CTBO M ITOCJie,ll.OBaTeJibHOCTeH B ce6H. CTo3TOMY Mbl MOMeM CBSI3aTb c Heii 
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CJie,U)'IOW.HH 3aMel!aTeJJbHbIH 2pa¢ onepaquu c jMj = 2n Bep1mmaM11 x: U3 
1w:J1Coou aeptuuHbt x Bbtxooum poatw oiJHa cmpeA1w, u oHa aeiJem U3 
aepwurtbt x a eepUturty Ax. 

Cocl!HTaeM, HarrpHMep, 3TOT rpacp )l.JIH cJJyl!aH n = 3, KOr)l.a BepWHH 8. no 

orrpe)l.eJJeHHI-0, Mb! HaXO)l.HM 

A(O, 0, 0) = (0, 0, 0), A(O, 0, 1) = (0, 1, 1), A(O, 1, 0) = (1, 1, 0), 

A(O, 1, 1) = (1, 0, 1), A(l, 0, 0) = (1, 0, 1), A(l, 0, 1) = (1, 1, 0), 

A(l, 1, 0) = (0, 1, 1), A(l, 1, 1) = (0, 0, 0). 

1-ho6bl He ITHC3Tb TaKHX )l.JlHHHblX cfiopMyJJ, Mb! HCI10Jlb3yeM B KatleCTBe 

o603Hal!emrn )lJI51 x = (xi' ... ' Xn) 11.eJJoe l!HCJIO (HJJH Bbil\eT ITO MOLI.YJIIO 2n) 
c T3KHMH 6ttHapHblMH 11.11cppaMH (B )l.BOHl\HOH CHCTeMe Cl\HCJJemrn, KaK B KOM

ITblOTepe): 

B 3THX o6o3Ha'leHHRX aepunma Ky6a x = (1, 1, 1) rrpeBpaw.aeTCH B l\HCJJO 

X = 7. BCH rrpeLI.blLl.Ylll.aH rn6m1ua LI.eHCTBHH orrepau1111 B3HTHH pa3HOCTei1 A 
6ttHapHblX ITOCJJe)l.OBaTeJlbHOCTeH rrepttO)l.a n = 3 rrpHHHMaeT BH)l. optteHTttpo

B8HHOfO rpacpa c BOCeMblO Bep1mrnaMtt: 

1-0~ 
1 '-,,,., 
3-

\/ 
6 

t 
2 

B rpacfie JII06oro OT06parKeHH51 KOHe'lHOfO MHOX<ecrna B ce651 113 KarK)lOH 

BepWHHbl Bb!XO)l.HT poBHO O)l.HO pe6po. Jlemo )l.OKa3bIBaeTC51 

TeopeMa l. Ka:J1CiJaR KoMnoHeHma CBR3Hocmu 2pa¢a A106020 omo6-
pa:J1CeHUR K0He 1mo20 MHO:J/Cecmea B ce6R coiJep:J1Cum oourt u moAbKO oiJuH 
lfUKA. 

Brn KoMnoHeHma noAy'taemrn U3 amoco npumR2uaa10ll.{eco lfUKAa
ammpaKmopa iJo6aeAertueM K Ka:J1CiJoii eepUturte npumR2uaaeMoco K Heii 
aepeaa. 

HarrpttMep, )lJI51 orrepall.HH B3HTHH pa3HOCTeH B z~ Mb! H3Il1JIH LI.Be KOM

ITOHeHTbl, c 11.HKJI3MH Ll.JJHH 1 H 3, OCHaw.eHHb!MH rrpoCTeHillHMH )l.epeBbHMH c 

LJ.BYMH BepwnHaMH: 

·----· 
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Jl 0 Ka 3 a Te JI b c TB 0 Te 0 p e M bl l TaKOBO. PaeeMOTpHM op6my Ka

KOH-JIH6o TOYKH x npH npHMeHeHHH OT06pa)!(eHHH A (oHa eoeTOHT H3 TOYeK X, 

Ax, A2x, A3x, ... ). 
00CKOJlbKY Bee OT06paJ1<aeMOe MHO.tKeeTBO KOHeYHO, IlOCJieJI,OBaTeJihHhie 

T04KH op6HTb1 He MOiyT Bee 6bITb pa3JIHYHbIMH: AP x = Aq x JI.JIH HeKoTopbIX 

(HepaBHbrx) p H q. OycTb, eKa)!{eM, p > q. Tor JI.a A' y = y JI.JIH r = p - q, 
y = Aq x, T. e. Mb! HalllJIH 11,HKJI nepHo)l.a r (B KOMITOHeHTe Jl!06oi1 TOYKH X, T. e. 

B Jl!060H KOMITOHeHTe rpa<j:Ja). 

EeJIH 6bl B OJI.HOH KOMilOHeHTe 6bIJIO JI.Ba UHKJ!a, COeJI.HHeHHblX KOHeYHOH 

uenoYKOfl pe6ep rpacpa, (a, b, ... , z), To pe6po a 6bIJio 6br HanpaBJieHo K rrep

BOMY UHKJiy, a pe6po z KO BTOpoMy. T103TOMY B uerrOYKe HalllJiaCb 6b! BeplllHHa, 

!13 KOTOpofl Bb!XOJI.HJUl 6bl pe6pa K o60HM UHKJiaM, YTO HeB03MO:>KHO, TaK KaK 

H3 Ka)KJI.OH BeplllHHbl Bb!XOJI.HT TOJlbKO OJI.HO pe6po (a pe6po, Bblllle)l.lllee H3 

BeplllHHbl UHKJia, BCe npHHaJI.Jie/KHT 3TOMY UHKJiy). 

HTaK, UHKJI B KOMITOHeHTe OJI.HH, a Bee OCTaJlbHbie pe6pa (ero KOMilOHeHTbl) 

BeJI.yT K HeMy, H TeopeMa I JI.OKa3aHa. D 
Mbr BBeJI.eM eJieJI.yIOlll.He o6o3HatreHHH: uHKJI H3 m pe6ep o6o3HaIJaeTCH 3Ha

KOM Om. EeJIH T - HeKOTopoe KOpHeBoe JI.epeBo, TO Om* T 6yJI.eT o603HaYaTb 

rpa<j:J, COCTaBJieHHbIH H3 m KOITHH KOpHeBoro JI.epeBa T' r)l,e pe6pa Ka)!{JI,OH KO

IlHH HarrpaBJieHbl K KOpH!O JI.epeBa, a 3TH KOpHH Beex m JI.epeBbeB eoeTaBJI5I!OT 

UHKJI Om B rpacpe. 

B 3THX o6o3HaYeHHHX npeJI.bIJI.Ymee orrttcattHe onepau1111 B35ITH5I pa3HOCTefl 

A: z~----+ z~ npHHHMaeT BHJI. rpacpa H3 .Il.BYX KOMilOHeHT, (01 * T2) H (03 * T2). 
3HaKoM T2n Mb! 6yJI.eM o6o3HaYaTb 611HapHoe KOpHeBoe .Il,epeao (c n 3Ta

)!{aMH Bb!We KOPHH H 2n BeplllHHaMH), pe6pa KOToporo HarrpaBJieHbl K KOpH!O 

(ptte. 2). 

·-· 
• 

\ ·-· I 
• 

.'-....... 
/. . ~ 

.'-....... / 
/ . 

• 

P11c. 2. 611HapHbie KopHeBbie AepeBbH 

·-· 
Ts 

5ttttapHOeTb JI.epeaa 03HalJaeT, YTO B Ka)!(JI.Y!O BeplllHHY Jll06oro 3Ta)!(a, 

KpoMe rrepBoro H caMoro aepxHero, rrpHXOJl.HT poBHO 2 pe6pa (BbI!lleJI.urne H3 

aeplllHH cJieJI.YIOlll,ero 3Ta)!{a, a JI.JI5I HaXOJI.5lIJJ.eroc51 Ha nepBOM 3Ta)!(e KOpH5I -

H3 (eJI.HHCTBeHHOH) BepWHHbl BToporo 3Ta)!{a). 
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HarrpHMep, 3HaK (02 * T4) 03HaqaeT HarrpasJieHHhIH rpacp c soceMb!O sep

lllHHaMH, ll306pa)KeHHblH Ha pHc. 3. 

• • 
\ ~ I 
·-· 02 ·-· 102 * T4I =8 I ~ ~\ 

• • 

PHc. 3. Jlec JJ.epesbeB T4 Ha UHKJJe 02 

Halll ITJiaH HCCJie,ll,OB3HIIH CJIO)KHOCTII ITOCJieJ(OB3TeJibHOCTII X E Zz COCTOIIT 

B TOM, qT06b1 paccMaTpHsaTb ToqKy x KaK sepruHHY rpacpa orrepaUHH HbIOTOHa 

(B35ITlle pa3HOCTett) A; z2 ---+ z2. 
CTocJie,11,osaTeJibHOCTb x 6y,n,eT cqHTaTbCH TeM 6oJiee CJIO)KHOH, qeM 6oJib

lllett KOMITOHeHTe rpacpa orrepau11H A rrpHHa,11,Jie)KHT 3Ta ToqKa x (T. e. qeM 

60JibWe ,11,JIHHa UHKJia 3TOH KOMITOHeHTbl H qeM 60Jibllle Jiec OCHamaIOlllJIX 3TOT 

UHKJI B KOMnoHeHTe )l.epesbeB), a TalOKe np11 cpHKCHpOBaHHOH )l.JIHHe UHKJia )l.JI5I 

CJIO)KHOCTII Ba)KHO, HaCKOJibKO J(aJieKO OT UHKJia pacnOJIO)KeHa TOqKa X, Ha 

CKOJib Bb!COKOH BeTKe ,11,epesa OHa HaX0,11,HTCH. 

L(JIH 3Toro Mbr, rrpe)KJl,e scero, rrepeq11cJIHM see KOMITOHeHTbI rpacpa, 11x 

UHKJibl H Jieca. 3TO - y)Ke He JierKaH 3a)l.aqa H 5I ITOJIHOCTb!O 3Ha!O OTBeTbl 

TOJibKO rrp11 n :::;; 12. 

§2. fpalf>bi onepaU,HH B3SITHSI pa3HOCTeH 

CT0,11,06Ho TOMy, KaK 3TO c)leJiaHo BhIWe JlJIH rrep110,11,11qecK11x nocJie,11,osa

TeJihHocTett JlJIIIHbI n = 3, H cocq11raJI rpacpbI orrepau11if B3HTIIH pa3HOCTeH 

rrep110,11,11qecKIIX 611HapHb!X ITOCJie)lOBaTeJibHOCTett rrepl!O)la n, A : z2 ---+ z2 )lJI5I 

scex n:::;; 12. 
CTp11 66JibWIIX n H 3Toro He cJ(eJiaJI rrnToMy, qrn q11cJio sepw11H rpacpa, 2n, 

paBHoe rrp11 n = 12 scero 4096, eme rro3BOJIHeT B 3TOM cJiyqae Hap11cosaTb secb 

3TOT rpacp Ha 0,11,HOH CTpamuJ,e, TOrJ(a KaK rrp11 66JibWHX 3HaqeHmIX n OH 3aHil

MaeT HeCKOJibKO CTpam1u lJ. 5I Haq11Ha!O rryTaTbCH B CBOIJ.X (6eCKOMflb!OTepHblX) 

BbJq11cJieHIJ.5IX. 

Me)KJlY TeM, rrpOJlOJI)KIJ.Tb 3TH MOH Bb1q11cJiemrn Ha 66JihlllIJ.e 3HaqeHHH n 
6b!JIO 6bI oqeHb IIHTepecHO, B oco6eHHOCTII, nOTOMy, qTo y)Ke aHaJIIl3 CJiyqa

eB n:::;; 12 rrp11BOJlI1T K ueJIOMY pHJlY ysJieKaTeJibHhIX rnnoTe3, KOTOpb1e xoTe

JIOCb 6bi nposepl!Tb 3KCnep11MeHTaJibHO, npe)K,11,e qeM I1b!TaTbC5I IIX )l0K33bIBaTb. 

I1MeHHO 3Ta B03MO)KHOCTb 6hICTpo (11 HI!qero 3apaHee He 3HaH) rrpo,11,0JI)KHTb 

MOii HCCJie,11,osaHHH no6y,11,11Jia MeHH BKJI!Oql!Tb 3TY TeMy B HaCT05Illl.IIH Kypc 
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JieKUJ1H )],Jl5{ WKOJlbHHKOB B Lly6He: 5! Ha)l,e!OCh, l!TO CJiywaTeJIH )l,06blOTCH HOBblX 
ycrrexoB. 

TeopeMa 2. rpa</Jbl onepa4utl A 83HmU5l pa3Hocmetl 6unapHblX nepu
oiJu'ieCKUX noc!leiJoBame!lbHocmetl iJ!lUHbt n::;; 12 u.Me10m maKue cmpyK
mypbt, KaK yKasaHo B c!leiJy10U1eii ma6!lu4e: 

n b KOMrrotteHThI rpacjla orrepau1m A COOTHOWeHHe 

2 1 (01 * T4) A2 =0 
3 2 (03 * T2) + (01 * T2) A4=A 
4 1 (01 * T15) A 4 =0 

5 2 (015 * T2) + (01 * T2) A16 =A 
6 4 2(06 * T4) + (03 * T4) + (01 * T4) As=A2 
7 10 9(07 * T2) + (01 * T2) A8 =A 
8 1 (01 * T256) A 8 =0 

9 6 4(063 * T2) + (03 * 7'2) + (01 * T2) A64 =A 
10 10 8(030 * T4) + (01s * T4) + (01 * T4) A32 = A2 

11 4 3(0341 * T2) + (01 * T2) A342 =A 
12 24 20(012 * T16) + 2(06 * T15) + (03 * T16) + (01 * T15) A16 =A4 

B CTOJI6ue b ( «l!HCJIO 5eTTH») yKa3aHO l!HCJIO KOMITOHeHT CB5!3HOCTH rpacpa, 
rrepel!HCJieHHhIX B cJieey10meM crnJI6ue. 06o3tta'leHHe 20(012 * T15) B CTpo
Ke n = 12 03HaqaeT, l!TO HMeeTC5! 20 (H30MopcpHblX J:J,pyr J:J,pyry) KOMITOHeHT c 
UHKJ13MH rrepHO)l,a 12, OCHameHHhIMH B Ka:IB:)l,OH T04Ke UHKJia KOpHeBbIM (qe
Tblpex3T3:IB:HbIM) 6HHapHbIM J:J,epeBOM c 16 sepurnHaMH. 

TaKHM o6pa30M, rrpH n = 12 Bee 24 KOMITOHeHTbl rpacpa Jl,OCTaBJIHIOT CJie
)J,y!OIUee l!HCJIO BepWHH: 

20· 12· 16+2·6· 16+ 1·3·16+ 1·1·16=(240+ 12+3+ 1)16=256· 16=212, 

(KaK H CJie)l,OB3JIO )],Jl5! 1Zi2 I = 2 12). 4HCJIO BCex BepumH Bcex HX UHKJIOB co
CTaBJI5!eT rrpH 3TOM 20. 12 + 2. 6 + 1 . 3 + 1 . 1 = 256. 

B rrocJie)],HeM cToJI6ue rn6JIHUhI yKa3aHo TO:IB:,ll,eCTBO, KoTopoMy y,ll,oBJie
TBOpHeT JIHHeHHhIH orreparnp A. HarrpHMep, Jl,JIH KOMITOHeHThI ( 03 * T2) rrpH 
n = 3 MhI 3aMeqaeM, 4TO TOl!Ka y =Ax Bcer,ll,a rrpHHa)],Jie:H<HT UHKJiy, rro3TOMY 
A3y = y, TaK l!TO A4 =A. 

3TO TO:H<J],eCTBO, O)],HaKO, MO)KHO 6hIJIO 6h! JiefKO rrpe,ll,BH)],eTb 3apaHee aJI
re6paHl!eCKH, )],0 Bbll!HCJieHH5! rpacpa (rroCTpOHTb KOTOpb!H TO:H<)],eCTBO IlOMO
raeT). 

0603H34HM qepe3 0: Z2 ---+ Z2 JIHHeHHbIH orrepaTOp UHKJIH'leCKOfO C,ll,BHra 
rrocJie,ll,oBaTeJihHOcTH MHHhI n (TaK 4To (ox) i =xi-I MH j E Zn). 

QqeBH,ll,HO, A = 1 + o (rnK KaK Jl,JIH BhI4eToB no MOJ:J,yJI!O 2 pa3HOCTh cos
rra,ll,aeT C cyMMOH), H On= 1 (TaK KaK 0 - UHKJIH'leCKHH C,ll,BHr rrpaBHJlhHOfO 
n-yroJihHHKa Ha yroJI 2n./n). 
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Terrepb, )l.JJH n = 3, Mhl rrocJJe)l.oBaTeJJbHO BhI4HCJrneM cTerreHH orrepaTOpa 

B351THH pa3HocTeH. A raK: 

A= 1 + o, A2 = l + 28 + 82 = l + 82
, 

A3 = (l + o)(l + o2
) = 1 + 5 + 52 + 53 = o + o2 

(rrocKOJihKY 53 = 1, 1 + l = 0). HaKoHeu, 

A4 = (l + o)(o + o2
) = o + 02 + 02 + 53 = o + i =A. 

TaKHMH )Ke BbIKJia,ll,K3MH AOK33b!B3!0TC51 H OCT3JibHb!e COOTHOWeHH51 no

CJie,ll,Hero CToJJ6U,a Ta6JJHUbl. 

3aMe11am1e. Pa3rJJ51,ll,bIB351 Ta6JIHUY, MO)KHO C,ll,eJiaTb p51A HHTepeCHblX Ha-

6JIIO.ll.eHHH, HeKOTOphle H3 KOTOpblX yMe rrpespameHb! cero)l.H51 B )l.OKa3aHHhie 

TeopeMbI. 

HanpHMep, ecJIH n = 2k, TO KOMilOHeHTa B rpacpe scero o,nHa, H rreptto,n 

paaeH I, T3K qTo Beeb rpacp CBO,ll,HTC51 K OCHall(a!Oll(eMy KOpeHb x = 0 ,nepesy 

T2n C 22
k BeplllHH3MH. 

B 3TOM CJiyqae see cpyHKUHOHaJJbHOe rrpocTpaHCTBO n-nep110,n11lJ'.eCKHX 

cpyHKUHH co 3HaqeHHHMH B Z2 cosna.11.aeT c KOJJhUOM «MHoroqJieHOB» (a 06-

meM CJiyqae DO,ll,KOJlbUO «MHOroqJJeHOB» COCTaBJI51eT BblITHC3HHYIO CTOCJie,ll,HeH 

KOMDOHeHTy CB513HOCTH 01 * T,, mer= 22
k ,ll,JI51n=2k(2l + 1)). 

CTo.11. «MHOrDqJJeHOM» 5l DOHHM3IO 3)J.eCb MHOroqJJeH C p3U,HOH3JlbHb!MH K0-

3cpcpHU,HeHTaMH H ueJiblMH B ueJJblX TOl!KaX j 3Hal!eHH51MH 

x(j) = aojm + a1jm-I + ... +am, 

np11ae)l.eHHb1H no MO)J.yJI!O 2, tiT06hI 3Ha4eHH51 norraJIH s Z2 . 

CTp11MepaMH TaKHx «MHoroqJieHOB» HBJIH!OTCH Y.11.HBHTeJibHbIM o6pa3oM ue

J1oq11c.rreHHh!e 'lHCJJa CO'leTaHHH 

c2 = j(j - 1) 
f 2 ' 

c3 = j(j - l)U - 2) 
f 6 H T./1.. 

«MHoroqJieHbl» nep110,ll,a n o6pa3yIOT IlO,ll,KOJibUO KOJlbUa n-nepHO/I.H'leCKHX 

cpyHKUHH (co 3HaqeHHHMH s Z2). 
,ilJIH .11.aJibHeffwero HHTepeceH sonpoc, KaKoH nepHOA HMeeT «MHoroqJieH» 

x(j) =Cf (mod 2) np11 cpHKCHposaHHOM k, a TaK.1Ke KaKoBa pa3MepHOCTh BeK

TopHoro npocTpaHCTBa «MHOro4JieHOB» nep110.11.a n co 3HaqeHH51MH B Z2 (HaA 

noJieM Z2), TO ecTh cKOJihKO H3 «MHoroqJJeHOB» JIHHeHHO He3aB!1cHMbI. 

3TH sonpOCbl ap11cjJMeTHKH 6HHOMH3JlbHh!X K03cpcp11u11eHTOB no MO.ll.YJl!O 2 
JJefKO pewaeT reoMeTpH51 TpeyroJibHHK3 0aCK3Jl51, H 51 OCTaBJI51!0 HX CJiylllaTe

Jl51M B Ha,ll,e)K.11.e, qTo OHH r)l,e-H116yAb BH)l,eJJH 3TOT TpeyroJJbHHK (XOT51 ero H HeT 

B cOBpeMeHHhlX yqe6HHKax TeOpHH BepOHTHOCTeH jl.JI51 WKOJibHHKOB). 
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OcTaBJIH!O rroKa cJiylllaTeJIHM II pa3ra)l.ey 3araJJ.OqHoro rroBe)l.eHIIH rrpII II3-

MeHeHIIH n HaH60JibllIIIX (II ,n,pyrnx) rrepIIO)lOB T UHKJIOB KOMITOHeHT rpacpa 

orrepaTOpa B3HTIIH pa3HOCTeH B Z2: 

n 2 3 4 5 6 7 8 9 10 11 12 

T 1 3 1 15 6 7 1 63 30 341 12 

EcJIII rrepIIOJl. T HaII60Jihwero UIIKJia ornIIqeH OT 1, TO OH ,n,eJIHTCH Ha n, II 

B)l06aBOK qacTHOe ITO'IeMy-To IIMeeT BH)l. 2s - 1. 
HanpIIMep, 341 = 11 · 31. 
Y:IIcJio 341 )lOCTaBJIHeT rrepBbIH np11Mep, orrpoBeprnyBWIIH npo,n,ep)KaBwee

CH HeCKOJibKO ThlCH'IeJieTIIH KIITaHCKOe 06pameH11e «MaJIOH TeopeMbl <t>epMa». 

,LlpeBHIIe KIITaHUhI ,n,yMaJIII, 'ITO eCJIH 2a = 2 (mod a), TO 'IHCJIO a npocTOe. Ho 

,ll,JIH a = 341 3TO cpaBHeHIIe BblITOJIHHeTCH, ITOCKOJibKY 

211 =2 (mod 11), 211 = 2 (mod 31), 

231 = 2 (mod 11), 231 = 2 (mod 31). 

YJl.IIBHTeJibHO B Ta6JIIIUe u TO, qTo Ka)K,D,aH KOMITOHeHTa CBH3HOCTH rpacpa 

IIMeeT BII,ll, Om* T2k, r,11,e 6IIHapHoe ,n,epeBo T2k - TaKoe Me, KaK Jl,JIH KOJibUa 

«MHOro'IJieHOB» COOTBeTCTBY!OW.ero rrepIIO)l.a. 

3TOT cpaKT o6bHCHHeTCH 3JieMeHTapHOH reoMeTpIIeH JIIIHeHHOro orrepaTOpa 

A: Z2--+Z2. 

'.:>Ta reoMeTpIIH yrnep)!(,n,aeT, '-!TO MHO)!(eCTBO Ker(A 8
) peUieHIIH X-JIHHeH

Horo 0,ll,HOpOJJ,HOro ypaBHeHIIH 

A8 x =0, 

HBJIHeTCH BeKTOpHblM ITOJl.IlpOCTpaHCTBOM BeKTOpHoro rrpOCTpaHCTBa Z2, a MHO

)KeCTBO peweHHH HeO)lHOpO,ll,HOro ypaBHeHIIH (c npaBOH qacTb!O y)- napaJI

JieJihHOe eMy acpcp1IHHOe ITOJl,rrpocTpaHCTBO. 

Oo,n,npocTpaHCTBa peweHHH oJl,HopoJJ.HhIX ypaBHeHHH c pa3HhIMH s o6pa3y

IOT pacryw.y10 ITOCJie,llOBaTeJihHOCTb 

Ker(A) ~ Ker(A2) ~ Ker(A 3) ~ ... ~ Ker(A 00
) 

(r,n,e Ker(A 00
) 03HaqaeT npocTo Ha1160Jihlllee II3 npocTpaHCTB nocJie,lloBaTeJih

HOCTII). 3HaK «Ker» rrpOHCXOJl,HT OT CJIOBa «Kernel»= «HJJ.pO», KaKl!M Ha3h!

Ba!OT rrpocTpaHCTBO pellleHHH OJl,HOPOJJ.HOfO ypaBHeHHH. 

3To npocTpattcrno Ker(A 00
) u ecTb KOJibUO «MHOro'-!JieHOB», TaK KaK, no 

TeopeMe HhlOTOHa, «MHoroqJieHbl» 06pa3y10T 06be)lHHem1e Beel'! nocJieJ].oBa

TeJibHOCTH (npoCTpaHCTB MHoro11JieHoB pa3HhIX CTenettei1). B rpacpe onepaum1 

A 3TO KOMITOHeHTa, rrprrrnrnsaeMaH aTipaKTopoM 0 nepttoJJ.a 1. 
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,Ll,pyry10 rroCJienoBaTeJihHocTh nonrrpocTpaHcTB 06pa3y10T o6pa3hI CTeneHeH 

onepaTopa A: 
Z2 2 A(Z2) 2 A2 (Z2) 2 A3 (Z2) 2 .... 

3rn nocJienosaTeJibHOCTb BeKropHblX no,anpocrpaHcTB y6hrnaeT. DepeceqeHtte 

Bcex 3THX nonnpoCTpaHCTB 5I o6o3Ha'ly qepe3 A 00 (Z2) (He 3a6orncb, KaK H B 

cJiyqae npocTpaHCTBa peureHHH onHoponHoro ypaBHeHH5I, o CMbICJie orrepaTo

pa A00
). 

DpocTpaHCTBO A00 (Z2) HMeeT B TepMttHax rpacpa onepaUHH A npocToe orrtt

caHtte: eMy rrpttHanJieMaT B T04HOCTH BCe TO!JKH scex UHKJIOB scex KOMfIOHeHT 

(H TOJihKO mrn:), TaK KaK JII06m1 npyra5I BepurttHa rpa¢a, Jieca KoToporo HMe

IOT BbICOTy h, He HMeeT BepwHH Bblllle ce65I 60JibUie qeM Ha h, a fIOTOMY He 

npttHa,nJieMHT 06pa3y onepaTopa Ah+ I. 
HarrpttMep, H3 Bcero 3Toro cJie.rryeT, 4TO cyMMa L: ,ll,JIHH Bcex UHKJIOB rpa

cpa 5!BJI5!eTC5! CTeneHblO JlBOHKH (a HMeHHO, 2q, ecJIH BeKTOpHoe rrpocTpaHCTBO 

A00 (Zf!) HMeeT pa3MepHOCTh q Han Z2), 'lTO H Ha6JI10naeTcH B Harnett Ta6Jittue: 

n 2 3 4 5 6 7 8 9 10 11 12 

L: 1 4 1 16 16 64 1 128 256 1024 256 

Bee yTBep)!{,ll,eHH5! TeopeMbI 2 11posep5!10TC5! HerrocpencrneHHhIMH BhI4HCJJe

HH5!MH, H SI He rrpHBOMY 3THX BbllJHCJieHHH B Hane)Kne, !JTO CJiyrnaTeJIH (soopy

IB:eHHbie, B03MOIB:HO, KOMITb!OTepaMH) rrpoBe.rryT HX caMH He TOJibKO rrpH n ~ 12, 
HO H Jl.JJSI ropa3)l0 66JiblliHX rrepHOJlOB n rrepHOJlH4eCKHX 6ttHapHblX ITOCJieno

BaTeJibHOCTeit 

§3. Jlorapucl>MlflleCKaSI cf>yttKU,HSI " ee CJJO}KHOCTb 

Ta6JIHUa 110Ka3bJBaeT, 4TO eCJIH n - He CTerreHb JlBOHKll, TO He BCHKaSI 

n-rreptto,nttqecKaH cpyHKUHH co 3Ha4eHH51MH 113 Z2 HBJrneTCH «MHOroqJieHOM». 

B 3TOM cJiy1rne Mb! 6y.n.eM CIJ:HTaTh 3TH HerroJIHHOMHaJibHble cpyHKUHH x «60Jiee 

CJIOX<HbIMH, qeM see MHOrotiJieHhI». Dptt :lKeJJaHHH MO:lKHo 6b1JI0 6b1 11ponoJI-

11<aTb ttepapXHIO cpyHKUHH Haruero KOHe4Horo cpyHKUHOHaJibHOfO rrpocTpaHCTBa 

(B KOTOpOM Bcero 2n 3JleMeHTOB) - pacCMOTpeTh 3KCI10HeHTbl, CHHYCbl, KBa-

3HMHOfO!JJieHbl H T. n., H cpaBHHBaTb HX «CJIO/KHOCTH» (B 3aBHCllMOCTH OT Toro, 

KaKOMy rrpOCTettWeMy ntt<tJcpepeHUHaJibHOMY ypaBHeHHIO OHM y,nOBJieTBOpS!!OT, 

HanpttMep). 

Ho 51 He 6y.rry ceJ1qac 3Toro neJiaTh, a paccMOTpIO onHy cneuttaJihHYIO cpyHK

UHIO - JJ.HCKpeTHblH «TeopeTHKO-lJHCJIOBOH JIOrapttcpM» co 3HaqemrnMH 0 H 1, 
KOTOpblH fIOlJeMy-To OKa3blBaeTC5! «04eHh CJIO:lKHOH» B HaWeM CMbICJie cpyHK

uueI1. 

,Ll,JIH onpeneJieHH5! 3TOfO apmflMeTHlJeCKOfO JIOrapttcpMa H npe,l1.110JIO)l{y, 'lTO 

n + 1 = p - Heqernoe npocToe 4HCJIO. 
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CTycTb a-ITepBoo6pa3HbIH ocrnTOK OT )J.MeHHH Ha p, TaK 'ITO aP-l = 1 (p) 
H n OCTaTKOB 

{ 2 p-1} a, a, ... , a 

)J.OCTBBJIH!OT Bee HeHyJieBbJe OCTaTKH k OT )J.eJieHHH Ha p. 
B cJiyqae, KOr)J.a 

a1 = k (mod p), 

Mb! 6y)J.eM Ha3bIBaTb 'IHCJIO l (HJIH Jiyqrue OCTaTOK OT )J.eJieHHH l Ha n = p - 1) 
apuc/JMemu'leCKUM JlOcapuc/JMOM l 'IHCJIB (HJIH OCTaTKa) k: 

l = loga k. 

Mb! oITpe,/1.eJIHJIH cpyHKUHIO l apryMeHTa k. HyJKHaH HaM cpyHKUHH l co 

3Ha'leHH51.MH B Z2 - 3TO OCTBTOK OT )J.eJieHHH 'IHCJia l Ha 2: 

l(k) =I (k) (mod 2). 

3aMeTHM, 'ITO, ITOCKOJ!bKY 'IHCJIO p - 1 qerno, TO 3Ha'leHM.e l(k) 0,/1.H03Ha'IHO 

OITpe,/1.eJieHO (HeCMOTpH Ha TO, 'ITO l OITpe,neJieHO J!Hillb KaK OCTaTOK OT ,neJieHHH 

Ha p - 1). 
Mb1 6y,neM paccMaTpHBaTh 3TH 3Ha'leHHH KaK 6HttapttyIO ITOCJie,noBaTeJib

nocTh )1.JIHHbI p - 1 = n: 

l(l), l(2), ... , l(n). 

3Ha'leHHe B TO'IKe k paBHO HYJIIO, ecJIH H TOJ!bKO ecJIH k=faO 51.BJIHeTCH 

KBa)J.paTH'IHblM BbI'leTOM ITO MO,UyJI!O p, H paBHO 1, ecJIH k =I 0 51.BJIHeTCH KBa,U

paTH'IHblM HeBbI'leTOM. 

}fa 3TOfO BH)1.HO, 'ITO Harn «apmpMeTH'leCKHH 6HHapHblH JiorapHcpM» 

l: Zn -.. Z2 He 3aBHCHT OT Bb16opa Toro rrepBoo6pa3HOro ocTaTKa a, ITPH 

ITOMOllJ,H KOTOporo Mb! ero orrpe,IJ.e.nHJIH, a 3aBHCHT TOJibKO OT 'IHCJia n = p - 1. 
rJ pHMbie Bbl'IHCJieHHH paCITOJIOMeHHH 3TOH «JIOrapH!pMH'leCKOH» cj:iyHKUHH 

B rpacpax TeopeMbl 2 ITOKa3bIBB!OT, 'ITO ama cne!fUa.llbftaJl ¢YHKlfU5l OKa-

3bt8aemC5l .1tu60 M.aKCUMa.llbHO C.llO:JICHOU (cpe,UH BCeX 6HHapHb!X cpyHKUHH 

ITepHO)J.a n), JlU6o no'lmU MaKCUMa.llbfiO C.llO:JICHOU (B CMb!CJie CJIOMHOCTH 

oITpe,/1.eJieHHOH HaMH reoMeTpHeii: rpacpa OITepau,HH B35ITHH rpacpa). 

3TH BbllfHCJieHHH, caMH ITO ce6e He CJIOMHbie, ,/1.0BOJibHO )J.JIHHHbl, H )J.JIH 

OITHCamrn HX pe3yJibTaTOB Mb! 6y)J.eM 38,/1.aBaTb cpyHKll,HIO l E Z~ )J.BOH'IHblM 

'IHCJIOM X < n UHcppaMH L(k): · 

X = l(l)2n-l + l(2)2n-2 + ... + l(n)2° (mod 2n). 

B ITpocTefrweM cJiyqae p = 3, n = 2, JiorapHcpMH4ecKa51. cpyHKUHH l BhI4HC

JIHeTCH rrpH ITOMOllJ,H reoMeTpH'IeCKOH rrporpeccHH n OCTBTKOB 

{21 (mod 3)} = (2, 1). 
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CTaJIO 6b!Tb, l (2) = 1, l ( 1) = 2, TaK l!TO 

L(l) = 0, L(2) = 1, X = 1 (mod 4). 

fpacp orrepau1111 A 11MeeT B CJiyqae n = 2 B11,ll, 

x =CD 
\ 
3--+0~ 

I 
2 

Tol!Ka X = 1 - Ha1160Jiee CJIO:tKHaH 611HapHaH cpyHKU11H rrep110,ll,a 2, TaK KaK 

3Ta Beplll11Ha ,ll,epeBa T4 y,ll,aJieHa OT u11KJia (KopHH 0) Ha1160Jiee )l,aJieKo. 

CTp11 cJie,ll,y10rn,11x rrpocTbIX 3Hal!eH11Hx (p = 5, 6, 11, 13) Bbil!l1CJieH11H co

BepllleHHO atta.JIOfl1l!Hbl, HO 60.Jiee )l,Jll1HHbl, 11 H np11Be.ny TOJ!bKO 11X pe3yJibT3Tbl. 

TeopeMa 3. Apu¢Memuqec1we AOcapu¢Mbt L docma8!lfl10m 8 zpa¢ax 

onepa11uu 83Rmw1 pa31wcmeu 6w-tapHbtX nocAedoBameAbHocmeu nepuo
aa n = p - 1 8eputUHbt X, npu8edeHHbte dAfl p = 5, 7, 11 U 13 8 CAedylOUfUX 

ma6Au11ax. 
fl pu p = 7, 11 amo - caMbte CAOJICHbte 6u1tap1tbte ¢YHK4uu nepuoaa 

n = p - 1, a npu p = 5, 13- noqmu caMbte CJWJICHbte (BeputuHa X pacno
AOJ1ce1ta 8 nep80M cAy'lae Ha 1tau60JtbuteM paccmoJutuu om l!UKJta, a 80 
BmOpOM- Ha 1 6AUJ1Ce). 

CJiyqai-i p = 5, n = 4. Bh1611paH a= 2, Haxo)l,11M 

/(1)=0, /(2)=1, l(3)=3, l(4)=2, 

oTKy,ll,a rroJiyl!aeTcH ,ll,JIH «ap11cpMernl!ecKoro 611ttapHoro Jiorap11cpMa» X = 6. 
Hy)KHaH KOMITOHeHTa rpacpa 11MeeT Bl1,ll, 01 * TI6, a 11MeHHo 

15-o~ 



§ 3. .norapH¢MH4eCKa51 ¢yHKUH51 H ee CJIOMHOCTb 59 

CJiyqaii p = 7, n = 6. Bb16Hpa51 a = 3, npHXOAHM K «apmpMeTw.iecKoMy 

6HHapHOMY JIOrapHcpMy» x = 11. 
HyMHa51 KOMl10HeHTa rpa¢a HMeeT BHA 05 * T4, H 51 Bbll1HWY TOJibKO op6HTY 

TOl!KH x B 3TOM rpacpe: 

CJiyqaii p = t t, n = t 0. Bh16Hpa51 on51Tb rrepsoo6pa3HbIH ocTaTOK a = 
= 2, Mb! ITOJiyl!aeM reoMeTpH4eCKYIO rrporpecCHIO (2, 4, 8, 5, 10, 9, 7, 3, 
6, 1) (mod 11), OTKyAa L = (0, l, 0, 0, 0, l, l, l, 0, l), x = 285. 

CooTBeTcTBy10ma51 KOMnoHeHTa HMeeT BHA 030 * T4, H 51 BbmHwy H3 ee 120 
TOl!eK TOJlbKO 32 BepwHHbl op6HTbl 6HHapHoro apH¢MeTH'-IeCKOro JJorapHcp

Ma X: 

x =@-807-+-··· 

• 216-+360-+952-+-201-+-347-+-100~ 54-+ 90 -+-238-+-306 

• 645-+-387-+-766-+-725-+-588-+-571-+-534-+-525-+-507-+-854 

• 910-+-147-+-437-+-735-+-864-+-417-+-734-+-804-+-365-+-951 

CJiyqaii p = 13, n = 12. ITpHMHTHBHbIH ocTaTOK p = 2 AOCTaBJJHeT npH 

k = (1, 2, ... ' 12) 3Hal!eHH51 

log2 k = (12, l, 4, 2, 5, 11, 3, 8, 10, 7, 6), 

OTKYAa ,nJJ51 61mapHoro apHcpMeTHl!eCKoro JJorapH¢Ma noJJyl!aeTc5l X = 1266. 
cha BepwHHa npHHa,ll,JJeMHT caMOH 60JJbWOH KOMITOHeHTe rpacpa, 012 * T15. 

{13 192 BepwHH 3TOH KOMITOHeHTbl B op6Hry 6HHapHoro apHcpMernl!eCKOro JJO

rapH¢Ma X nonaAaeT TOJJbKO 15 sepunm, KOTOpbie 11306paMeHbI Ha cJieAy10mei'I 

CTpaHHUe. {13 3TOro BH,l],a KOMilOHeHTbl CJJeeyeT, l!TO 6HHapHbIH apH¢MeTHl!e

CKHH JJorapH¢M nepHo,na 12 - nol!TH caMa51 cJJOMHa51 113 6HHapHbIX ¢YHKUHH 

neptto,l],a 12. 3ra BepwHHa x npHHa)],Jle)KHT KOMITOHeHTe c HaH60JJbillHM ne

pHO,I(OM UHKJJa, H B Hei'I yAaJJeHa OT UHKJJa Ha IT04TH HaH60JJbWee paCCT051HHe 
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(paaHoe 3, B TO apeMH KaK caMbre aepxyruKH ocHaruaIOruero UHKJI Jieca y,11.aJieHbI 

OT 11,llKJia Ha paCCT051Hlle 4). 
BcH ODHCaHHa51 BbIWe TeOpll51 OCTaeTC5l DOKa 3MDllpllqecKott: HH ee nepe

Hecem1e Ha CJiyqaif n > 12, HH ,Il,OKa3aTeJibCTBa Bb!CKa3aHHb!X MHOroqllcJieHHb!X 

mnoTe3 (HanpHMep, mnoTe3bl 0 60JibWOH CJIO)KHOCTH 6HHapHoro apmpMeTH

qecKoro JiorapmpMa npH 66JihWHx 3HaqeHHHX n) erue He H3BecTHbL 

KpoMe Toro, pa3BHTaH 3,11.ecb TeopHH 6HHapHbIX cpyHKUHH (co 3HaqeHHH

MH B Z2), TO eCTb ITOCJie,Il,OBaTeJibHOCTeH HyJieH H e,Il,llHllll., ,Il,OJI)KHa 6hI 6b!Tb 

o6o6rueHa Ha cJiyqaif cpyHKU.HH c 66JibllillM qucJIOM 3HaqeHHH (HanpHMep, ,Il,Jl51 

cpyHKU.HH co 3HaqeHHHMH B Zp HJIH B Zn)· 
::ho OTHOCllTCH, Hanp11Mep, K BOnpocy 0 CJIO)KHOCTI! onpe,11.eJieHHOH Bbillle 

cpyHKU.HI! l(k) = loga k apryMeHTa k E Zp \ 0 co 3HaqeHHHMI! B Zp-1. B03HHKa

IOIUHMI! B Cl!TyaIJ,Hll MaJIOH TeopeMhl <l>epMa: HaCKOJlbKO 6ecnopH,Il,OqHQ (cJiy

qaii:HO) pacnpe,11.eJieHbI JiorapttcpMbI nocJie,Il,oBaTeJihHhIX q11ceJI (11JIH, o6paTHbIM 

o6pa30M, 3JieMeHThI reoMeTpuqecKHX nporpeccuii: BbrqeTOB)? 

§4. CJio.>KHOCTb H cJ1y11aiittocT& Ta6JIHU. noJieii faJiya 

AHaJiomqHbie aonpocb1 o cJiyqaii:HOCTH B03HHKaIOT H B TeopHH noJiefl fa

Jiya: noJie Zp - O,II,HH H3 npHMepoa, o6ruHe noJIH faJiya 11Me10T pk 3JieMeHTOB, 

HanpHMep, ITOJI51 ll3 p 2 3JieMeHTOB y)Ke ,Il,OCTaBJIHIOT MHOfO CJiyqaHHblX Ha Bll,Il, 

Ta6JIHU, HO llX CJIO)KHOCTb He ll3Mepetta noKa HHKaKOH TOqHo onpe,II,eJieHHOH 

Mepofl, a OCTaeTC51 JIHllib 3MilllpHqeCKH tta6JIIO,Il,eHHb!M cpaKTOM. 
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BoT np11Mep TaKOH «cJiyqaiiHOH» rn6JJl1UbI 113 p 2 KJieToqeK, 3anoJIHeHHbIX 

qHcJiaMH OT l .IJ.O p 2 . 

OycTb A = (~ ! ) - MaTpttua BToporo rropH.IJ.Ka, 3JieMeHTbI KOTopoii -

OCTaTKfl OT .IJ.eJieHHH Ha rrpocrne qHcJIO p, o6Jia.IJ.8!0W.851 TeM CBOHCTBOM, qTO 

ace p 2 - l MaTpHUbI Ak (1 ~ k ~ p 2 - 1) paaJIHqHbI H AP
2

-
1 = 1. 

TaKoe cJiyqaeTcH: .Il.JIH JIJ06oro npocToro qf!cJia p TaKaH MaTpHua cyw.e

cTByeT. Harrp11Mep, rrp11 p = 5 ro.I1.11TcH MaTpHua 

A=(~ ;). 
B 3TOM cJiyqae A 2 = ClA + ~ ( B npHMepe a= 2, p = 2), qrn noaaoJJHeT Jierno 

A3 = a.A2 +~A= (a.2 +~)A+ a~ 

11 TaK .IJ.aJiee, Ak = ukA + vk (r.IJ.e 0:.,:;; u < p, 0 ~ v < p). 

PacrroJJoMHM q11cJio k B KJieToqKe c KOOp.IJ.HHarnM11 (vk, uk) Ta6JIHUbI pa3-

Mepa p x p. OoJiyqeHHbie MaTpHUbI Ak c JJ.06aaJ1eHHeM MaTPHUbI 0, .Il.JIH k = oo, 

u00 = v00 = 0, 06pa3y10T noJie faJ1ya H3 p 2 3JieMeHTOB. Onepau1111 B 3TOM noJJe 

TaKHe: 

r.IJ.e * - orrepauHH CJIO)KeHHH MeCT B Ta6JJHUe, 

CHMBOJI A 00 03HaqaeT 3.IJ.ecb HyJ1eBy10 MaTpHu,y. Ta6JI11ua B cJiyqae p = 5, 
nocTpoeHHaH ITO on11caHHOMY rrpaBHJly, HMeeT BHJl., H306paMeHHbIR Ha pHC. 4. 

13 15 5 16 20 

7 10 9 14 23 

19 11 2 21 22 

l 8 4 17 3 

00 24 18 6 12 

PHc. 4. Ta6Jim.1.a noJill faJiya H3 25 3JieMeHTOB 

fJIH.Il.5! Ha 3TH qHcJia, MO)KHO y6e.IJ.HTbC5!, qTQ OHfl 3anoJIH5!!0T Ta6JJHUY «CJIY

qaHHbIM o6pa3oM». Optt nonhITKe npoBepHTb «qacTOTbI» pa3JIHqHbIX co6b1rnii, 
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KOTopb1e rrpe,UcKa3bJBaeT «CJiyqafiHoe» 3arroJ1HeHtte, rroJiyqaIOTC51 TeM 6oJiee 

6JIH3Ktte K O)KH,UaeMblM pe3yJibTaTbl, qeM 60Jibllle p. 
fHrrOTernqecKH 3TO acHMITTOTH'leCKH TaK MH rrorraJJ.aHHH rrepBblX N 1mceJJ 

Ta6JIHUbl B JII06yl0 (He CJ!Hll!KOM CJIOX<.HO orrpeJJ,emieMyIO) o6JiaCTb: O)KH)l,ae

MOe 'IHCJIO 3THX rrorraJJ,aHHH paBHO fJN' eCJIH OTfIOWeHHe I1JIOULa,ll}I o6JI3CTH K 

I1JIOllL3JlH Ta6JIHUbl COCTaBJl5leT fJ. 
Bo3bMeM, HarrpttMep, rrepsb1e N = 10 H3 25 3HaqeHHH (k = 1, ... , 10). ITep

Bbie ,UBa CTOJI6ua Ta6JI!1Ubl H3 5 CTOJI6UOB COCTaBJI5l!OT fJ = 2/5 ee ITJIOULaJJ,H. 

CJiyqati.Hoe 3arroJ1HeH11e 3aCTaBJI5leT O)KHJJ,aTb (2/5)N rrorra.uattttH. B Ta6Jittue 

3TO 3Hal.feHHH k = 1, 8, 7, l 0- HX KaK pa3 4. CToJih TOIJHOe cosrra,Ue1me qHcJia 

rrona.ummti. c f}N HMeeT MeCTO He Bcer.ua, HO TOlJHOCTb I10Bb!WaeTC51 c pocTOM 

Ta6JIHUbl, eCJIH o6JiaCTb onpe,ll.eJieHa He CJIHWKOM CJIO)KHblM aJiropttTMOM. 

CJiywmeJIH MoryT caMH BbI6HpaTb KpHTeptttt «cJiyqati.HOCTH» H 3KCrrepH

MeHTaJILHO rrposepmb 11x. HeKoTopoe KOJI11qeCTso rrp11Mepos HMeeTc51 B Moen 

CTaTbe «feoMeTpH51 11 ,ll.HH3MllK3 ITOJieH faJiya» (Ycrrex11 MaTeM. HayK. 2004. 
T. 59, M 6. C. 23-40) H B KHHmKe «.IlttHaMHKa, CTaTHCTHKa H npoeKTHBHaH 

reoMeTpHH rroJiett faJJya» (M.: MUHMO, 2006). 
YrnepX<.ll.eH11e, IJTO Kp11Tep1111 crnxaCT111rnocrn Bb!I10JIH5!IOTC51 rrp11 p --+ oo B 

rrpe,UeJie TO'IHO, xopowo I10)],TBepfK,IlaeTC51 3KcrrepHMeHT3MH, HO )l,OK333HO )l,3-

JieKo He scer.ua, 11 51 paccKa3bJBalO 3,ll.ecb o HeM HMeHHO B tta.Ue*.Ue Ha rroMOULb 

'IHTaTeJieH B (xorn 6b! 3KCI1epHMeHTaJlbHOM) HCCJie,ll.OB3HHH 3TOro BOrrpoca. 

CJie.uyIOULHH 3Kcrrep11MeHT OTHOCHTC51 K Teop1rn TacosaHHH KapT. Mb! co

rrocrnBHM Ta6Jittue ITOJI51 faJiya H3 p 2 3JJeMeHTOB CJJe,ll.yIOULYIO rrepecTaHOBKY 

p 2 3JieMeHTOB. 

Ka)K,ll.OMY HOMepy k (1 ~ k < p
2

) corrocrnsttM a.upec K = puk + Vk TOH 

KJieTKH Ta6JJttUhI, r.ue 3TOT HOMep pacrroJio.IKeH. HarrpttMep, B rn6JJHI_(e pttc. 4 
rroJiy'laeM K (1) = 5, K (2) = 12, ... , K (20) = 24. 

f11rr0Te3a COCTOHT B TOM, '!TO 3Ta nepecTaHOBKa CTOJ!b JKe «CJiyqai'J.Ha», K8K 

xopowa51 rreperncosKa KOJIO.ll.bl 113 p 2 - l KapTh1 (Ka'lecrno rncoBKH yJiyqwa

eTc51 rrptt p --+ oo). 

f1pH )!<eJJaHHH MO)KHO .uo6aBHTb eme O,ll.HH 3JleMeHT, rrepeCTaBJl5151 see p 2 

3JJeMeHTOB rroJIH faJiya . .IlJIH 3Toro Ha.uo 3aMeHHTh cttMBOJI A 00 Ha 0 (noJJaraH 

k = p 2 BMecrn oo), ,Uo6aBHB a,Upec K = 0 MeCTa, r.ue cTOHT HyJJesm1 MaTp11ua. 

HacKOJJhKO «cJiyqafiHa» noJ1yqa10ma51c51 rrepecrnHoBKa p 2 = 25 3JJeMeHTOB 

I10JI51 faJJya, Mb! o6cy,ll.llM B CJie,ll.yIOmei'J. JieKUHH . 

.IlJJ51 ITOJieti. faJiya H3 pn 3JJeMeHTOB Ta6JJHU3 J10JI51 33I10JJH51eT n-MepHblH Ky6 

co cTopoHoli p. Otta ocHoBaHa Ha Bb1pa)KeH1111 n x n MaTp11u Ak, 3JJeMeHTbI 

KOTOpb!X - OCTaTKH OT .ueJieHH51 Ha p, B BH,ll.e JlHHettHbIX KOM6HHaUHH n MaTpHU 

l, A, A2, .. ., An-1: 
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«CJiyqm'i:HOCTb» Ta6JIHII. TaKHX fIOJieH paCTeT npH p -t 00 fIO)l,06Ho TOMy, 

KaK 3To Bbl11Ie o6bHCHeHo Jl.JIH n = 2. CJiyrnaTeJIH MOfYT caMH npoBepttTb 3TO 

3KCnepHMeHTaJlbHO, XOTH )l,OKa3aHo 3TO )l,aJieKO He BCer,Ila. 

CKaMy eiue o cooTHorueHHH «CJIOMHOCTH» H «CJiyqaifHOCTH», paccMaTpH

saBWHXCH B HaCT05lIUeli JieKU.HH, co CJIO)KHOCTbIO H CJiy'-!aHHOCTbIO, onpe)l,eJI51-

eMblMH COBeprueHHO HHaqe B TeOpHH aJiropHTMOB H B TeOpHH Bepo51THOCTelt 

CTaTHCTH'-!ecKaH TO'-!Ka 3peHHH Ha 3TH TIOHHTHH COCTOHT B TOM, '-ITO 06-

IUHe CTaTHCTH'leCKHe 3aKOHbl (BpO)l,e «3aKOHa 60JiblllHX '-IHCeJI» 0 CTpeMJieHIIH 

qacTOT ycnexa B IIOBTOp51IOIUHXC51 HCTib!TaHH51X K BepOHTHOCTH ycnexa B 0)),

HOM HCITbITaHHH) BbIITOJIHHIOTCH JIHlllb )l.JIH 60AbUlUHcmaa TIOCJie)l,oBaTeJibHblX 

HCflbITaHHH. 

EoJibllll1HCTBO H3y•rneMbIX HaM11 nocJie)],oBaTeJibHOCTeli ToMe «cJIOMHbI» B 

HarueM CMbICJie, f!OTOMY '-ITO 66JiblllaH qacTb BepruuH COOTBeTCTBYIOIUero rpacpa 

pacnoJIOMeHa Ha KOMfIOHeHTax c ,ll.JIHHHblMl1 11.HKJWMH, H npHTOM Ha sepxHHX 

BeTB51X OCH8IU8IOIUHX 3TH 11.HKJ!bl )],epeBbeB. 

fonoTe3a COCTOHT, 0)],HaKo, B TOM, '-ITO KpinepHH CTOXaCTH'lHOCTH Bb!TIOJI

HHIOTCH (c TeM 60JibllleH TO'-IHOCTbIO, '-!eM 60Jibrue )l.JIHHa n paCCM3TpHBaeMbIX 

nocJie)],OBaTeJibHOCTeli) He TOJibKO )l.JIH THITH'-!Hb!X ITOCJie,ll.OBaTeJibHOCTeif (T. e. 

)l.JIH 60JlblllHHCTB3 11x), HO H )l.JIH HeTHITH'-!HbIX TIOCJle)l,OB3TeJibHOCTeH:, KOTOpble 

«CJIO)KHbl» B H3WeM CMblCJie. 

HeKOTOpbre craTHCTH'-!eCKH «Tttn11qHhre» o6beKTbI MOfYT oKa3aThC51 He 

CJIO)KHblMH B HarueM CMb!CJie, HO OHH, rrpeJJ.nOJIO)KHTeJibHO, COCT3BJ1HIOT MaJJyIO 

)l,OJIIO Bcex (KaK 11 CTaTl1CTH'-leCKl1 HeTl1TI11'-!Hble «CJ10)!(Hb!e» B HaweM CMbiCJie 

ITOCJle)l,OB3TeJibHOCTH, eCJIH OHH cyiuecTByIOT). 

Mo:»rno Tal()Ke rrpe)],noJiaraTb, '-ITO KoHe'-!Hbie MO)],emt aJirop11TM11'-!eCKH 

HeBbJqHCJ111Mb!X ITOCJle)l,OBaTeJibHOCTeH: OKaMYTCH, K3K rrpaBHJIO, 6oJiee CJIO)K

Hb!MH B HaweM CMb!CJie, qeM aHaJiomqHbie KOHe'-!Hbie MO,ll.eJIH aJiropHTMJ1qecKH 

BblqHCJIHMb!X ITOCJie,ll.OBaTeJibHOCTeH. 

Ho 3T3 rHITOTe3a He TOJibKO He )l,0Ka33Ha, HO II He ccpopMyJIHposaHa ITOKa 

Jl.OCTaTOqHo TO'-IHO, qT06bI ee MO)KHO 6bIJ10 ITblT3TbC5l Jl.OKa3blBaTb (H cpopMyJIH

pOBKl1, H Jl.OKa3aTeJibCTBa 5l 0)!(11)1,310 OT cJiywaTeJieif, KOTOpb!M )l.JIH Toro 0 Hl1X 

H paCCK33blBaJI). 

MHome MaTeMaTHKH cqnrn10r, qyo rroHHTh TeopeMy MOMHO, TOJihKO 0606-

IUHB ee, '-!T06bl HaHJJ,eHHbie 3aKOHOMepHOCTH OK838Jil1Cb pacrrpoCTpat!eHHblMH 

Ha 6oJiee WHpOKHH Kpyr 5IBJieHl1H. 

CTo3TOMY 5l He OCTaHOBHJlCH Ha OITHC3HHOH Bb!llle Teop1111 CJIO)KHOCTH rro

CJ1e)l,OB3TeJibHOCTeH JI.BOH'-!Hb!X u.mpp, a npoBeJI aHaJiornqHbie 3KCnepHMeHTbl 

Jl.J151 TIOCJie)l.oBaTeJibHOCTeH:, COCT051IUHX H3 HHbIX 06beKTOB, Hanp11Mep, )l.JIH 

TepHapHbIX 110CJie)l,oBaTeJibHOCTeH, COCTOHIUHX H3 OCT3TKOB OT )l,eJieHHH Ha 3 
(T. e. 3aMeHH51 ocrnTKH {O, I} OT ,ll.eJiemrn Ha 2 ocTaTKaMH {O, I, 2} OT JJ.eJieHH51 

Ha 3). 
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BoT npocTeiiurne pe3yJJbTBTbI 3THX 3KcnepHMeHTOB (ornocmIJ.HecH K nocJie

,!l.OBaTeJihHOCTHM lf3 n ~ 7 3HaKOB, COCTaBJlHIOIIJ.lfM MHO}KeCTBO lf3 3n 3JleMeH

TOB). 

OnepaTOp A = 0 - 1 : z3 _____, z3 ,!l.eikrnyeT no npe}KHeH cpopMyJie 

(Axh = Xk+l - Xk (r,!1.e Xn+l = X1). 

CTpHMoe BhJq!fcJieHHe rpacflos 3THX onepaTOpoB npHBO,!l.HT K cJie,I1.y10meH: Ta6-

JIHUe OTBeTOB: 

n b KOMCTOHeHTbl rpacpa COOTHOllleH!fe 

2 1 (01 * T3) A2 =A 
3 1 (01 * T27) A3 =0 
4 6 3(0s * T3) + 3(01 * T3) A9 =A 
5 2 (Oso * T3) + (01 * T3) As1 =A 
6 11 8(03 * T27) + 3(01 * T27) A6 =A 
7 3 2(0354 * T3) + (01 * T3) A365 =A 

B TepHapHbIX ,!1.epeBhHX (T3 H T27) Ka}K,!l.aH sepruHHa, KpoMe caMbIX sepxHHX, 

HMeeT 3 npoo6pa3a: 

• • • • • • • • • • • • • • • • • • 

\!/ \!/ \!/ \!/ \!/ \!/ 
• • • • • • 

(01*T27)= ~! !~ 
.""' / . 

• 
0 

5I npe,!1.0CTaBJlHIO q!fTaTeJIIO nepeHeCTH Ha CJJyqaH: OCTaTKOB OT ,!l.eJieHHH 

Ha p npe,!1.hI,!l.yIIJ.He TeopeMhl 0 6HHapHbIX nocJie,!1.0BaTeJihHOCTHX, HanpHMep, 

lfCCJie,!l.OBaB «,!1.epeBo MHOroqJieHOB» (01 * T3k) B Ka}K,!l.OH KOMCTOHeHTe npe,!1.hl

,!l.ylll.eH Ta6JIHUb!. 

CTepHO,!I. T = 3 caMoro ,!l.JllfHHOfO UHKJia rpacf>a onepaU.Hlf A : z~ _____, z~ (B 

cJiyqae n = 6) He JJ.eJIHTCH Ha n, raK qyo o6o6meHHe coorneTcrnyiomero csoii

crna 6HHapHbIX nOCJie,!l.OBaTeJihHOCTeH He TpHBllaJlbHO. 

CJiyqaii n = 7 Harueii ra6JIHUhI HBHO cBH3aH c acTpOHOMHeii ro,!l.a H3 

364 = (26 - 1)/2 ,!l.HeH If 364/28 = 13 MeC5!UeB. 
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.[ly6HHHCKa51 JieKUHSI 2005 ro.n.a nopo.ll.HJia npo.n.om1rn10w.He ee HCCJie.ll.OBa
HHSI 0. KapneHKOBa H A. fap6epa. nocJie.ll.HHH, B qacTHOCTH, o6Hapy>KHJI, 4TO 
eCJIH n = p - l He .ll.eJIHTC51 Ha 8, TO «J!OrapHCpM» CJIO>KeH (HanpHMep, .lJ.J151 
p = 4k + 3), HO Jl.Jl51 p = 73 «JiorapH$M» npHHaJl,Jle>KHT UHKJ!y. 0. KapneHKOB 
o6Hapy>KttJI, 4TO .n.po6b T / n - He scerJl,a yMeHbUieHHa51 Ha l cTeneHh .lI.BOHKH. 
HarrpttMep, JJ.JISI n = 23: T = 204 7, T / n = 89. 5l HaJJ.eJOCh, 4TO see 3TH pe3yJih
TaTb1 6yJ1.YT BCKope orry6JIHKOBaHb1. CM TaK>Ke: Arnold V. Complexity of finite 
sequences of zeros and ones and geometry of finite spaces of functions // 
Functional Analysis and other mathematics. 2006. V. 1, NQ l. P. 1-18. 



JIEKUHSI 3 

CJIYlJAHHblE nEPECTAHOBKH 
H ,ll.HAfPAMMbl IOHfA HX 1..1,HKJIOB 

Ka)!(ll,biii cq11TaeT ce651 3KcnepToM B TOM, 

lJTO 3HaeT xy)!(e Bcero. 

0. Yau;iba 

Ony6J1HKOB8HHbiii Ma11ycKp11m no11,06e11 

ny6J1H'JHOii /KeH11.J,HHe. 

ll.JK. CBuf/Jm (co21iarno B. Ha6oKoBy) 

KmK,DMI nepecTaHOBKa n '1JieMeHTOB pa36HBaeTCH Ha UHKJibI. HanpHMep, 

)J,Jl5! CJieJIYIOW,eH nepecTaHOBKH, nepeBO,UHW,eH UHcppy x B UHcppy y: 

x 0 1 2 3 4 5 6 7 8 9 

y 8 4 2 5 3 l 6 9 0 7 

UHKJIOB 5, a HMeHHO 

0~8 

7~9 

TaKHM o6pa3oM, noJiyriaeTCH pa3611em1e l!HCJia n Ha Ll.JIHHbI UHKJIOB: 

10 = 4 + 2 + 2 + l + l. Pa3611ett11e ttaTypaJibHoro l\llCJia Ha HaTypaJibHbie 

CJiaraeMh!e o6b!lJHO H3o6pa.)l<aeTC5! CBOeH «)J,HarpaMMOH lOHra», HMe!OW,eH B 

Hall!eM npHMepe BH)J, 

r 
,U.nH pa36HeHHH n = X\ + ... + Xy, X\? X2? ... ? Xy B nepBOH CTpoqKe )J,Ha

rpaMMbl lOHra CTOHT X1 e,!l.llHlll\Hb!X KBa,!!.paTOB, BO BTOpOH X2, HT.,!!.. ,no caMOH 

KOpOTKOH H3 y CTpOK. 

l.J.ttcJia X1 H y H33b!B3!0TC5! 0/lUHOU H Bbtcomou ,!l.HarpaMMbl. ,UttarpaMMa 

lOHra pa36HeHHH ,!l.eCHTH UHcpp Ha UHKJibl Hawert nepecTaHOBKH HMeeT, TaKHM 

o6pa30M, ,!l.JII1HY x = 4 H Bb!COTY y = 5. Otta 3aITOJIHHeT B OITHCaHHOM BOKpyr 

Hee npHMoyroJibHHKe (co CTOpOH3MH x H y) ITJIOW,3,!l.b n H .ll,OJllO A= n/(xy) 
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('A= 10/20 = 1/2 B HaweM npttMepe). 3Hal\eHHe 'A 5l 6y.ny Ha3bIBaTb no;momou 
.nttarpaMMbI. 

B 3TOH JJeKutt11 MbI ttccJJe.nyeM .nttarpaMMbI lOHra HeK0Topb1x crreuttaJJbHbIX 

rrepeCTaHOBOK. 

Bcero rrepecTaHOBOK n 3JJeMeHTOB HMeeTc5! n! unyK, H HHTepecHo, Ka

KHe ,LlHarpaMMbl lOHra pa36!1eHH5l n Ha UHKJ!b[ BCTpe11aIDTC5! cpe.n11 3THX n! 
«CJJy11aHHhIX» rrepeCTaHOBOK 11ame, a KaK11e pe.1Ke: KaKOBhl B cpe.nHeM ,LlJJHHa, 

w11p1ma, noJJHOTa .nttarpaMMhr IOttra, 11To o6bI11HO 6oJJbWe, ,LlJJHHa HJJH wttp11Ha? 

flptt He60JJbWl1X n 3Tl1 BOITpOCb! MO.IKHO pew11Tb, rrepe1111CJJl1B Bee JJ,Ha

rpaMMbl lOHra nJJowa.n11 n Bcex n! nepecTaHOBOK, HO 11x l\HCJJO Pn c pocToM n 
CTaHOBHTC5l 60JJhWl1M: 

n I 2 3 4 5 6 7 8 9 IO 

Pn 1 2 3 5 7 11 15 22 30 42 

flp11 60JJbw11x 3Ha11eHl15!X n npome rrol!T11 rryTeM 3Bp11cTtt11ecKoro 3Kcrrep11-

MeHTa: C03,LlaTb 11CKyccTBeHHO 0.LlHY «CJJy11al!HyID» nepeCTaHOBKY n 3JJeMeHTOB 

(cKa.IKeM, c n = 100) 11 coc1111TaTb ee .n11arpaMMY lOHra (rrpe11noJJaraID, 'lTO 

.n11arpaMMhI lOHra 6oJJhWl1HCTBa H3 I 00! nepecTaHOBOK I 00 3JJeMeHTOB rro

xmKH Me.IK,LlY co6oH, l!TO, KOHel!HO, BOBCe He Ol\eBH,LlHO, KaK He Ol\eBH)lH3 H 

THITl111HOCTh 11CKycCTBeHHO C03,LlaHHOH nepecTaHOBKH). )lJJ5! npoBepK11 Tl1IT1111-

HOCTYI CTOHT ITOBTOPHTb 3Kcnep11MeHT HeCKOJ!bKO pa3 H cpaBI-!HTb, ITOXO.IKl1 JJl1 

OTBeTbl. 

KpoMe Toro, Mb! cpaBHl1M «cJJy11attHbie» rrepecTaHOBKH c .nocTaBJJ5leMbIMH 

aJJre6poil 11 Teop11eil 1111ceJJ rrepecTaHOBK3Ml1 TOl!eK B ,Ll11H3MH1!eCKHX CHCTeMax c 

KOHel!Hb!M cpa30Bh!M npocTpaHCTBOM (11TO MO,LleJJ11pyeT T3K.1Ke KOHel!Hbie UliKJJhl 

rrepHO)llllleCKHX TOl!eK B )lllH3Ml111eCKl1X CHCTeMax c ,LlHCKpeTHbIM BpeMeHeM). 

§ l. Crnn1cT11Ka ,L1,11arpaMM lOttra nepecTaHOBOK 

tte60JibWOro lfHCJia aJieMeHTOB 

flp11 He6oJibWHX n He cocTaBJI5leT Tpy,Lla nepel!HCJ111Tb Bee pa36ttemie n Ha 

HaTypaJJbHbie cJJaraeMhie. HarrpttMep, rrp11 n = 3 Hx Bcero 3, c ,LlttarpaMMaMH 

IOttra 

EP 
a l!MeHHO 3 = 2 + 1 = 1 + 1 + 1. 

)lJ15! COKpaweHl!5! o603Ha11eHl!H 5l 6y,Lly 33ITl!CbIBaTb pa3611eH11e n = X1 + ... 
. . . + Xy B BH,Lle «O}l,HOl!JieHa» 

a" b~ ... , a > b > ... , 
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ecJIH Hatt6oJibUJee cJiaraeMoe x1 =a rroBTopeHo B pa36tteHHH a pa3, cJiecyJOmee 

ITO BeJIHqHHe - p pa3 H TaK ,LJ,aJiee. 

Tp11 rrepeq11cJieHttbIX pa36HeHH51 qHcJia n = 3 cooTBeTCTBYJOT O,ll,HOqJieHaM 

D = 3, 2.1 H 13 (rroKa3aTeJib l He yKa3brnaeTcH). 

fpynna 5(3) H3 rneCTH nepecTaHOBOK Tpex 3JieMeHTOB MOMeT paccMaTpH

B3TbC5! KaK rpynna CHMMeTpHH npaBHJibHOrO TpeyrOJibHHKa (nepecTaBJIHIOUJ.351 

ero TPH Bepurntth1). 

Otta COCTOHT H3 TO)!{,LJ,ecTBeHHOfO npeo6pa30B3HH5!, ,LJ,BYX ITOBOpOTOB (Ha 

120° H 240°) TpeTbero nop51,ll,Ka H Tpex CHMMeTpHH BTOporo nop51,ll,Ka (oTpa

MeHHH OTHOCHTeJibHO Bb!COT TpeyroJibHHKa). 

}lttarpaMMbI IOttra 3THX npeo6pa30BaHHH HMeIOT, cooTBeTCTBeHHO, BH,ll, 

I I I I J1.J151 ITOBOpOTOB; 

EP 
§ 

J1.J151 TO)!(,LJ,ecTBeHHOro npeo6pa30B3HH51. 

Mbr 3anttIIJeM 3TH BbIBO,ll,bI B BH,LJ,e Ta6JIHU,b1. 

CJiyqau n = 3. K;wccbt conpR:J1CeHHbtX aAeMeHmoB cuMMemputtec1wu 

zpynnbl 5(3) (cuMMempuu npaBUAbHoco mpeycoAbHUKa). 

D 3 2.1 13 

x 3 2 I 
y l 2 3 
N 2 3 1 

B CTpOKe N yKa3aHo q11cJio rrepecrnttoBOK c ,LJ,attHOH ,ll,ttarpaMMOH IOttra D. 
Bee 3TH rrepecTaHOBKH, rrp11 ,LJ,aHHOH ,LJ,HarpaMMe I0Hra, «O,LJ,HHaKOBbl» (rro,LJ,o6ttbr 

B rpyrrrre S(n) nepecTaHOBOK n 3JieMeHTOB) H pa3JIH43JOTC51 TOJibKO o6o3Ha

qeHH51MH nepeCT3BJI51eMb!X 3JieMeHTOB: OHH «Hepa3JIH411Mbl c peJIHTHBHCTCKOH 

T04KH 3peHH51». 

06mee l\HCJIO BCeX nepecTaHOBOK eCTb cyMM3 no BCeM ,ll,HarpaMMaM ITJIO

UJ.3,ll,H n, 
n! = 2:,N(D), 

D 

TaK KaK K3)!(,ll,351 nepeCTaHOBKa e,LJ,HHCTBeHHb!M o6pa30M pa36HB3eTC51 Ha 

U,HKJ!bl. 
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f1oACqHT3Tb q11cJio N (D) npe,!1,cT3BJieH11i1 nepecTaHOBK3MH ,ll,JIH A3HHOH 

Al13rp3MMbI lOHra D - 3JieMeHT3pH351 KOM61rn3TOpH35I 33A3q3, HY)KHO TOJib

Ko YK333Tb 1IHCJIO crroco6oB p3CCTaBHTb CHMBOJlbl ( 1, 2, ... ' n) B KJJeTK3X 

AH3rp3MMbl lOHra, npHBO,ll,Hmux K p33Hb!M nepecTaHOBK3M. 

,ilJJ51 ,!l,HarpaMMbI H3 OAHoro u,r1KJia ,IJ,JIHHbl n (rAe D = n) IIHCJIO p33HblX 

nepeCTaHOBOK cocTaBJJ51eT N(n) = (n - l)!, H3I1pHMep, N(4) = 6. 
,Uef!cTBHTeJJbHO, B UHKJie nocJJe o65133TeJibHO BXOAHmero B Hero 3JieMeHT3 l 

cJJeeyeT 0,ll,HH 113 OCTaJlbHbIX (n - 1) 3JleMeHTOB, 3aTeM - O,ll,HH ll.3 OCT3BUIHXC51 

(n - 2) 3JieMeHTOB, H T. ,!l,., TaK 1ITO 1IHCJIO Bcex p33HblX UHKJJH.qecKHX nepecTa

HOBOK MHmKeCTB3 ll.3 n 3JleMeHTOB paBHO (n - l)(n - 2) ... = (n - l)!. 
CJJyUI3TeJJH JJerKo cMoryT C3MH AOK333Tb pe3yJJbT3TbI o rrepecT3HOBK3X 

n ~ 7 3JleMeHTOB, 3H3JIOrH.1IHbie rrpuBe,IJ,eHHOH BbIUie ,ll,Jl51 n = 3 Ta6JJHUe. 

TeopeMa 1. Pa36ueriuH zpynn S(n) nepecmaHOBOK n aAe.uerimoB Ha 

KAaccot conpHJ1CeHHotx 3JleMeHmoa (c iJuazpa.u.ua.uu !OHca dAUHbt x u 
Botcomot y dAH N (D) conpHJ/CeHHblX dpyz dpyzy nepecmaHOBOK) docmaa

M/OmcH npu n ~ 7 CJledy10U{uMu ma6Autta.uu. 
CJ1y'laH n = 4. KAaccoi conpHJ/CeHHbtX a.1ie.uerimoa cu.u.uempu!iecKoii 

2pynnbt 5(4) (cu~tMempuii mempaadpa). 

D 4 3.1 22 2.1 2 14 

x 4 3 2 2 1 
y l 2 2 3 4 
N 6 8 3 6 1 

CrnJJ6eu N (22) = 3 cooTBeTcTByeT TpeM OCHM CHMMeTpHH TeTpa3,IJ,pa, coe,IJ,H

HHIOmuM cepe)l.HHbl npOTHBODOJIO)KHbIX (cKpemHB3IOmuxc51) pe6ep. ::hu TpH 

CHMMeTpHH TeTp33)l.p3, BMeCTe c ero TO)K,IJ,ecTBeHHbIM rrpeo6p330B3HHeM, o6-

p33YIOT 3aMeq3TeJJbHYIO KOMMYT3THBHYIO rroArpyrrrry Z2 x Z2 C 5 ( 4), 6JJ3fOA3P51 

KOTopoii 3JJre6paH1IeCKHe yp3BHeHH51 CTerreHH 4 peUI3IOTC51 B p3,ll,HK3Jl3X. 

CJJyi.iait n = 5. J(twccot conpHJ1CeHHblX 3Jle.ueHmoa cu.u.uempu'ieCKOU 

2pynnbt 5(5). 

D 5 4.1 3.2 3.1 2 22 .l 2.13 15 

x 5 4 3 3 2 2 l 
y l 2 2 3 3 4 5 
N 24 30 20 20 15 10 1 

3rn Ta6JJHUa ,ll,OCTaBJIHeT BCIO reOMeTpHIO rpynnbI CHMMeTpHH AO,IJ,eK33)l.pa, 

c ero 12 rpaHHMH, 20 BepUIHH3MH H 30 pe6p3MH. 

K3)K,IJ,351 rp3Hb rropmKA3eT AB3 IJ.HKJJHIIecKux Bp3meHH51 ITHTOro nopHAKa, 

K3)!(Jl.351 BepUIHB3 - coxp3HHIOmMe ee spameHHH rrop51AK3 3, K3)K)l.Oe pe6po -

coxpaHHIOmee IT3PY rrpoTMBonoJJo)KHbIX pe6ep Bp3meH11e nopHJl.K3 2. 
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L!T06bi HHTeprrpernposaTb CHMMeTpHH AOAeKa3Apa KaK rrepeCTaHOBKH 5 
3JleMeHTOB, KenJlep BI1HCaJ1 B AOAeKa3)lp nHTb Ky6os, pe6pa KOTOpbIX HBJ1H

IOTC5l AHaroHaJlHMH rpaHei'! AO)leKa3Apa. BoT KaK OH HX CTpOHJl (pHC. 1 ). 

Puc. 1. BrrucaHHhlH B )lO)leKa3!lP Ky6 KerrJJepa 

8bt6paB )lHaroHaJlb d O)lHOH H3 rpaHei1, MO)KHO rrposecrn qepe3 ee K0Hue

sy10 sepurnHy 0 )lBe AHaroH3JlH d', d" ABYX COCeAHHX rpmreH, noJlyqa!OUJ,HeCH 

113 Bb!6paHHO~l )lHaroH3J111 coxpaHH!Ollil1Ml1 ynoMHHYTYIO sepw11Hy BpameHHHMH 

;J,0;1eKa3Apa. TioJJyqeHHbie 3 )lttaroHaJ111 rpaHei'I opToroHaJibHbI Apyr Apyry. 

TiosTOpm1 3TY KOHCTpyKu1110 B cso60AHblX Kottuax yJKe noJJyqeHHbIX Tpex 

AttaroHaJJet'! rpattei1 llOAeKa3L!,pa, Mb! 6yAeM CTpOHTb HOBbie ;urnroHaJlH rpa

Hett, llOKa f10CTpOeHHbie 12 AHarottaJ1ei'! rpaHeH He COCTaBHT Ky6 (11Me!Oill,HH 110 

pe6py Ha Ka)K)lOH 113 12 rpaHeH LlOAeK33Apa). 

B 3ae11cHMOCTH OT Toro, c KaKoi'I 113 nHTH AttarottaJlei'I HCXOAHOH rpaHH 

Ha'laJlaCb 3Ta KOHCTPYKUH5l, noJly'laTcH nHTb pa3HbIX snttcaHHbIX B AOAeKa3AP 

Ky6os KerrJJepa, KOTOph1e H nepecrns.~HIOTCH rpynrroi1 CHMMeTptti1 AOAeKa3,llpa. 

CJ1y11ai1 n = 6. K;iaccbl conp5l:J1CeHHbtX &AeMeHmoa CUMMemputtecKou 
2pynnbl 5(6). 

D 6 5.1 4.2 4.1 2 32 3.2.1 3.1·3 23 22.12 2.1 4 16 

x 6 5 4 4 3 3 3 2 2 2 1 
y 1 2 2 3 2 3 4 3 4 5 6 

N 120 144 90 90 40 120 40 15 45 15 1 

CJiy'law n = 7. K;iaccbt conp5l:J1CeHHbtX &AeMeHmoe CUMMempu tteCJWU 

2pynnbt 5(7). 

D 7 6.1 5.2 5.1 2 4.3 4.2.1 4.1 3 

N 720 840 504 504 420 630 210 

D 32.1 3.23 3.2.1 2 3.1 4 23 .1 22.i s 2.1 5 17 
N 280 210 420 70 105 105 21 1 



§ 1. CrnTHCTHKa ,nHarpaMM lOHra nepeCTaHOBOK 3JieMeHTOB 71 

JloKaH<eM, HanpHMep, 'lTO N (32. l) = 280. UHKJI Jl.JlHHhl l MOH<eT cocrnB

JIHThCH Jl!06b!M H3 7 3JleMeHTOB H onpe,neJieH nepeCTaHOBKOH c ,11.HarpaMMOH 

D = 32 .1 o,nHo3Ha11Ho. Ocrn10m11ecH 6 3JieMeHTOB Hy)!<HO pa36HTh Ha ,11.sa UIIK

Jia no 3 3JieMeHTa. 0,11.Ha TpOHKa Bb1611paeTC5! C~ = 20 cnoco6aMH, HO pa3-

Hb!X pa36HeHHH ITOJIYl!aeTCH 10, TaK KaK HeH3BeCTHO, KOTOpaH H3 ,11.Byx TpOeK 

nepBaH. 

EcJIH pa36HeHHe cpHKCHpoBaHo, TO ocrneTCH Bb16paTb UIIKJIII11ecKIIH rro

pH,11.oK s Ka)!(,11.011 H3 TpoeK (He3aBHCHMO OT ,11.pyroH.). UHKJIH11ecK11x nopH,11.Kos 

m = 3 3JieMeHTos HMeeTCH (m - I)!= 2. flo3TOMY pa3HblX Bb16opoB UHKJIH

l!ecKHX nopH,11.KOB B o6eHX TpOHKaX 2 . 2 = 4, a BCero Hy)!(Hb!X nepecTaHOBOK 

,ll.3HHblX 6 3JJeMeHTOB rroJJy11aeTCH 4 . 10 = 40. 
Y4HTbIBaH npoH3BOJJbHOCTh ce,11.bMoro tteno,11.BII)!(HOro npH nepecTaHOBKe 

3JieMeHTa, noJiy11aeM o6mee l!IICJIO nepecTaHOBOK c ,11.HarpaMMOH D = 32. l paB

HhIM npOH3Be,ll.eHIIIO 40 . 7 = 280. 
OCTaJibHbie 3JieMeHTbI Ta6JIHUbI BbillHCJIHIOTCH aHaJiorHl!Ho. 

flp11se,11.eHHhie Ta6JIIIUhl CT03BOJIHIOT Bhll!HCJIIITh (np11 n ~ 7) ,11.JIH JII06ol1 

cpyHKUHH f OT ,11.11arpaMMbI lOHra D nJioma,11.H n ee cpe,11.Hee 3Ha4eHIIe f no 

BCeM n! nepeCTaHOBKaM n 3JieMeHTOB: 

f(n) = ~(N(D)f(D))/n!. 
D 

TeopeMa 2. Cped1-tue 3/iGt/,eHUfl xapaKmepucmuK auaepaMM (dAUHbl X, 
Bbtcombt y, tzOAftombt A.= n/(xy), acUMMempuu µ= y/x) UMetom npu n ~ 7 
CAedylOUfUe 31-lGtJ,eHUR: 

[J 

2 3/2 = 1,50 3/2 = 1,50 1,00 5/4= 1,25 

3 
l 

2 6 >::::: 2,17 
5 

l 6 >::::: 1,83 7 /8 >::::: 0,88 10/9 >::::: 1,11 

4 
19 

2 24 >::::: 2,79 
1 

2 T2 >::::: 2,08 
29 
56 >::::: 0,80 

137 
144 >::::: 0,95 

5 
17 

3 40 >::::: 3,42 
17 

2 60 >::::: 2,28 
325 
432 >::::: 0,75 

184 
225 >::::: 0,82 

6 
31 

4 720 >::::: 4,04 
408 

2 720 >::::: 2,57 >::::: 0,72 >:::::0,76 

7 ~4,68 >::::: 2,71 >::::: 0,69 ~0,10 

XoTH 3Ta crnrncrnKa noJiy'leHa JIHWh npH ,11.oBOJibHO He6oJihWHX 3Ha'IeHII

HX n, OHa no,11.cKa3bmaeT ueJihIH pHA npe,11.noJio)!(eH11!1. 
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HaITpHMep, MO)l<HO ITpe,11,IToJiaraTh, 'ITO epe,11,H5151 ,11,JIHHa ,11,uarpaMMhI paeTeT 

e poeTOM ee ITJIOW,a,11,H n ITpH6JIH3liTeJihHO JIHHefrno, x "'C1 n (Ta6JIHUa IT0,11,eKa-

3bJBaeT 3Ha'leHlie K03cpcpHUHeHTa C1, 6JIH3Koe K 2/3). 
HaITponrn Toro, epe,11,H5151 Bbieorn .zJ.HarpaMMhI paCTeT e ee ITJiow.a,11,bJO ro

pa3,11,o Me,11,JieHHee, ITpe,11,IToJJmKHTeJihHO ,11,a)!(e 

[J "'x2 Inn 

(BbJeOTa ITPliMepHO y,11,BaHBaeTe5I npH B03Be,11,emrn n B KBa,11,pat). 

Cpe,11,HHH K03cpqmuueHT 3aITOJIHeHH51 ITp51MoyroJihHHKa ,11,HarpaMMOH Me,11,

JJeHHo y6hrnaet e poeTOM ITJJow.a,nu n, Ta6JIHUa IT0,11,eKa3bJBaet ero noBe,11,eHue 

THITa 

(e yMeHbllleHHeM K03cpcpHUHeHTa 3aITOJIHeHH51 ITPHMepHO B,11,SOe ITPH so3se,11,eHHH 

ITJJOW,a,11,H n B Ksa,11,paT). 

BeJIHIIHHa epe,11,HeH aeHMMeTpHH µ y6hrnaeT B TOM eMhieJie, 'ITO, no Mepe 

poCTa ITJ!Olll,a,11,H n, THITH'IHble ,11,HarpaMMbl YITJJOW,aJOTe51 ll eTaHOB51Te51 see 6oJJee 

HH3KliMH ll ,11,JIHHHhlMH. 

0,11,HaKO Ksa,11,paTHIIHOe epe,11,Hee 3Ha'leHHe JIOrapttcpMa aeHMMeTpHH µ eo

eTaBJJ51eT a;:::::; 0,30 ITPH n = 2 H Bb1paeTaeT ,11,0 o;:::::; 0,42 ITPH n = 7. 3TOT poeT 

SeJIH'IHHbl 0 ITOKa3brnaeT, 'ITO ,11,0SOJ!bHO 3Ha'IHTeJibHa51 aeHMMeTpH51 eoxpaH51-

eTe51 y 3Ha'IHTeJibHOH ,11,0JIH ,11,HarpaMM ll ITPH 60JiblllOR ITJJOW.a.IJ:H n, TO eeTh 'ITO 

.n:uarpaMMbl He see eTaHOS51Te51 ITpH poCTe ITJIOW,a,11,H 6oJiee eHMMeTpH'IHhIMH, a 

HaITpOTHS, ,11,oernraJOT 66Jiblllef0 pa3H006pa3H51 cpopM, BKJIJO'laJOw.ero ll ,11,JIHH

Hble .11.uarpaMMhI e µ < I, H BhieOKHe .n:uarpaMMhI e µ > I (KaKaH H3 3THX JJ:Byx 

aeHMMeTpHH HMeeT MeeTO, epe,11,H5151 KBa.n:paTH'IHa51 BeJIH'IHHa (j He pa3JIHIJaeT). 

§2. 3KcnepuMeHTHpoBaHHe co CJiy'laHHblMH nepeCTaHOBKaMH 

60JJblUero 'lHCJia 3JieMeHTOB 

Xorn KOMIThJOTepHb1e BhIIIHeJieHH51 MornH 6h1 ITpo,11,0JI)!(HTh BhIIIHeJieHHe 

epe,11,HttX xapaKTeptteTttK ,11,ttarpaMM lOHra ITepeeTaHOBOK ITPH 66JihWHX, IJeM 

B § 1, 3H3'leHH51X n, 3TH BblIJHeJieHH51, Tpe6yJOW.He eyMMHpOBamrn ITO BeeM n! 
ITepeeTaHOBKaM n 3JieMeHTOB, oernHyTe51 HepeaJibHhlMH (JJ:a)Ke e HeITOJ!b30-

BaHHeM KOMITbJOTepoB) ITPH TaKHX, HaITpHMep, 3Ha'leHtt51X n, KaK 100: 100! 
e.1araeMhIX eJIO)l(ll.Tb He y.11.aeTeH. 

Oo3ToMy 51 H3o6peJI ,11,pyroii (eCTeerneHHO-HayIIHhIH eKopee, IIeM MaTeMa

THIIecKHH) IIO,ll)W,11, K 3TOH 3a,11,aqe: BMeCTO eyMMHposamrn ITO seeM 100! ITepe

eTaHOBKaM, 51 peaJitt30SaJJ 0.llHY ITepeCTaHOBKy eOTHH 3JJeMeHTOB, Bb16paB ee 

,11,eHCTBttTeJibHO eJiyqaHHbIM o6pa30M ll paeeMaTp1rna51 xapaKTeptteTHKH ee .IJHa -

rpaMMbl lOHra pa36tteHtt51 'ltteJJa n = l 00 Ha ,11,JJHHbl UttKJIOS KaK THITtt'IHble 

xapaKTeptteTHKH ,11,HarpaMMbl ITJJOW,a.IJ:H n «eJiyIIaHHOH» ITepecTaHOBKH. 



§ 2. 3KcnepHMeHrnposaHHe co CJIYliaHHb!MH nepecTaHOBKaMH 73 

1\1oii cnoco6 IIOCTpoeHH51 «CJiyqaiiHOH» nepecTaHOBKH n 3JI€M€HTOB 6hlJI 

TaKHM (51 onmny ero HH)Ke .UJIH n = 100, qyo6br ynpocTHTb o6o3HaqeHH51). 

HaqHeM c KaKott-JIH6o nocJie.nosaTeJibHOCTH cJiyqaiiHhIX umpp. 5I orrnwy 

HH)Ke HeCKOJibKO HCTOqHHKOB TaKHX IIOCJie.UOBaTeJibHOCTeH: HCIIOJib30BaJIHCb 

TeJJecpoHHbre HOMepa qJieHoB HauHoHaJibHOH aKa.neMHH HayK CWA B O.UHOM 

CJiytrae H HOMepa aBTOM06HJieii, npoes)KaBWHX Ha yJIHUe BaBHJIOBa MHMO 1\1a

TeMarn11ecKoro HHCTHTyTa PoccHiicKoii aKa.neMHH HayK B .upyroM, H pesyJJhTaTbI 

noJiyqHJIHCb CXO.UHble. 

EcJJH B cJiyqaiiHoii nocJie.nosaTeJibHOCTH u.ttcpp a p yo . . . paccMaTpttsaTb 

(cr~) KaK .UBY3Ha1IHOe 1IHCJIO, TO Mbl Haq118aeM nepeCTaHOBKy (TO eCTb ynop51-

.U01leHHe) scex 100 .usysHaqHbIX 1IHCeJI. (00, 01, ... , 99) c 1IHCJJa (a~). EcJIH 

q!fCJIO (y 0) OTJI!fqHO OT (a~), TO Mbl IIOCTaBHM erO BTOpb!M qJieHOM nepeCTaB

JieHHOH IIOCJie.UOBaTeJibHOCTH .UBY3HaqHblX q!fCeJI, a eCJIH HeT, TO rrponycTHM ero 

H nepeii.a.eM K cJie.a.y10meMy qttcJJy, (i::Q. H WK .uaJJee: ecJJH HecKOJibKO rrepsb!X 

qJJeHOB rrepecTaBJ!eHHOH IIOCJie.uosaTeJibHOCTH y)Ke Bbi6paHbl, TO B KaqecTBe 

cJ1e.uy10mero ee 3JJeMeHTa 6y.ueT 6paThC51 nepsa51 H3 nocJie.a.y10IUHx nap 1IJJeHOB 

HCXO.UHOH IIOCJJe.UOBaTeJ!bHOCTH cJJyqattHbIX uttcpp, KOTopa51 OTJ!HqHa OT scex 

y)Ke Bbr6paHHbIX nap. 

3TOT aJJropHTM cos.uaeT B KOHue KOHUOB CJJyqaiiHyIO nepecTaHOBKY Bcex 

100 .UBy3HaqHbIX q11ceJI. Ho, no Mepe np116J11i)KeHH5I K KOHily, OH pa6oTaeT Bee 

Me)l,lleHHee 11. Me)l,lleHHee, TaK KaK .no BCTpeq11. Hosoro (eme He Bbr611pasweroC5!) 

JLBY3HaqHOro qJiCJia npHXOJLHTCH JLOJiro JLBHr8TbCH cpe.UH yH<e IIOBTOp51!01llHXCH 

KaH.Uli.UaTOB, HCIIb!TbIBa51 HX Ha HOBH3HY OJLHOro sa .upyrnM. 

A 11.MeHHO, ecJJH Mb! nepecTaBJI51JIH 6br n 3JieMeHTOB, TO q!fcJio KaH.n11..uarns, 

KOTOpb!X npHillJIOCb 6br paccMaTpHBaTb, 6b!JIO 6hl, KaK 3TO o6b51CHeHO HHH<e, 

nop51.UKa n Inn. ,IlJI51 n = 100 noJiyqaeM ln 100 ~ 4,6, To eCTb HY)KHO pacnoJia

raTb Ta6JIIfUeii rrpHMepHO 500 CJiytiattHbIX JLBY3HaqHb!X qHCeJI. 

CnHCOK aKa.neMHKOB )l,1151 3Toro .uocrnrnqHo seJIHK, H 51 BbI6ttpaJI B KaqecTBe 

«CJiyqaHHbIX» .UBY3Ha1IHblX qHCeJI napbl UHcpp, o6pa30BaHHb!e qeTBepTOH H Il51-

TOH uttcppoii ceMH3HaqHoro TeJJecpoHHoro HOMepa aKa.neMHKOB (ynop51.uo11eHHhIX 

B cnpasoqmixe no aJ1cpas11.Ty). 

B cJ1e.a.y10rueM npoToKoJie TaKoro 3KcnepHMeHTa no.up51.U BbIIIHcaHhI BbI-

6paHHbre .UBY3Ha1IHbie qHCJia, a OTBeprnyTb!e KaH.UH.UaTbl 3aKJ110qeHbl B CK06KH. 

B 3TOM 3KcnepHMeHTe B 100 nonbrTKax Bbr6paHo 64 .UBY3HaqHbIX qHcJia, H qa

CTOTa IIOBTOp51!01llHXC51 KaHJLH.UaTOB B KOHUe pa60Tbl CHJibHO ee TOpM03HT. 

47 
43 
87 
74 
41 

99 
17 

(65) 
05 
72 

07 
65 
29 
36 
38 

32 
76 
16 
48 
61 

02 91 52 66 
28 63 08 94 
20 80 10 25 

(24) 73 (48) 90 
(73) (73) (63) ( 11) 

21 
11 
37 
18 
24 

81 27 
01 95 

(65) (32) 
75 12 
83 56 

82 70 
(52) (76) 
35 (21) 

(02) 15 
(32) (7 4) 
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06 84 (56) (81) 67 14 03 (83) (56) 
97 (08) (37) 89 (02) (97) (38) (52) 44 

(01) 13 69 (20) (17) (84) 88 53 (61). 

96 (48) (27) (37) 
19 (24) (28) (12) 

lfro6bi 6opOTbC51 c 3THM 3aMeJ.I.JieH11eM B KOHQe BbI6opa, 51 H306peJI ew.e 

HecKOJibKO ycosepweHCTBOBaHHH. Bo-rrepBbIX, MO)KHO BMecTO n Bb16paTb 

TOJ!bKO n/2 3JieMeHTOB, a ITOTOM H3 OCTaB!liHXC51 n/2 KaHJ.I.HJ.I.aTOB Bb16paTb 

n/2 3JieMeHTOB TeM )Ke nptteMOM. HanpttMep, MO)KHO KaK-JIH6o 6tteKTHB

HO OT06pa3HTb OCTaBweec51 MHO)KeCTBO Ha y)Ke fOTOBbie n/2 nepeCTaBJieHHblX 

3JleMeHTOB, a 3aTeM ynop51J.I.Ol!l1Tb HX rrpH OOM0111.H y)Ke roTOBoro ynop51J.I.Ol[eHH51 

n/2 BbI6paHHb!X 3JleMeHTOB. 

)J.pyroi'! cnoco6 COCT011T B TOM, l!T06bi HCITOJ!b30BaTb B Kal!ecrne HOBOH 

Ta6JIH11.bl CJiyl[aHHbIX J.I.BY3Hal!Hb!X l[l1CeJI (J.I.JI51 BTopoi'I ITOJIOBHHbl ynop51J.I.Ol!e

HH5!) He HCXOJ.I.HYIO 110CJieJ.I.OBaTeJibHOCTb (a~)(yo) ... ' a 110CJieJ.I.OBaTeJ!bHOCTb 

(~y)(5s) .... 
TpeTHH crroco6 COCTOHT B HCI10Jlb30BaHHH J1.Jl51 ynop5!J.I.Ol!eHH5! m = 100/ k 

3JleMeHTOB nocJieJ.I.OBaTeJibHOCTb OCTaTKOB OT J.I.eJieHH51 HCXOJ.I.Hb!X cJiyl!aHHbIX 

J.I.BY3Hal!Hb!X l!HCeJI (a~), (y5), ... Ha J.I.eJIHTeJib m l!HCJ!a 100. 
Ka)KJ.I.bIH 113 3Tl1X cnoco6os Il03BOJI51eT 6bICTpo «CJiyqaf!HO» ynopHJ.I.Ol!HTb 

Bee n = 100 J.I.BY3Hal!Hb!X l!HCeJI, l[TO H 3a).l.aeT Hy:t1rnyIO «CJiyqai'!HyIO» nepecTa

HOBKY MHO)KeCTBa 113 n 3JieMeHTOB. 

flpH n = 16 51 f!OJIYl!HJI TaKHM nyTeM H3 cJiyqaHHOH ITOCJieJ.I.OBaTeJib

HOCTH OCTaTKOB OT J.I.eJieHHH Ha 16 CJieJ.I.yIOW.YIO nepeCTaHOBKY 3JleMeHTOB 

{O, 1, .. ., 15}: 

0 4 3 12 9 8 7 14 5 1 2 11 6 15 10 13. 

CooTBeTCTBy10111.11e rrepecTaHOBKe 11.HKJibI Jierno BhILJHCJIHTb: 

0 -+ (0) J.1.JIHHbl 1; 
1-+ 4-+ 9-+ (1) J.1.JIHHbl 3; 
2-+ 3-+ 12-+ 6-+ 7-+ 14-+ 10-+ (2) J.I.JIHHbl 7: 
5-+ 8-+ (5) J.I.JIHHbl 2; 
11 -+ (11) )1.JIHHbl 1; 
13-+ 15-+ (13) J.1.JIHHbl 2. 
l1TaK, J.I.ttarpaMMa IOnra Halliei'! «cJiyqai'!Hoi'I» nepeCTaHOBKH 16 3JieMeHTOB 

ecTb D = 7.3.22.1 2 . 

flapaMeTpbl 3TOH J.I.HarpaMMbl HMeIOT 3Hal!eHH51 

x = 7, y = 6, A= 16/42 ~ 0,38, µ = 6/7 ~ 0,86. 

0HH yJ.I.OBJiernopHTeJibHO yKJiaJ.I.b!BaIOTCH B mnOTeTttl!ecKoe noseJ.I.eHHe cpeJ.I.Hl1X 

xapaKTep11CTl1K, npeJ.I.CKa3aHHOe Ha c. 72 Ha OCHOBaHl1H Ta6Jll111., me l[l1CJIO 

3JleMeHTOB 6b!Jl0 n:::;: 7. 



§ 2. 3Kcrrep11MeHTHpOB3HHe co CJ1Y'-13HHbIMH nepecTaHOBK3MH 75 

3aMe4am1e. Bb1pa>Kem1e n ln n JJ.J1H l.\HCJia H3IllHX rronblTOK cJiyqaliHo yrro

PH.ll.O'-IHTb n 3J1eMeHTOB HMeeT CJ1e.lJ.Y10mee 3BpHCTH'-!ecKoe 06bHCHem1e. 

flocJ1e.ll.HHH 113 n BbI611paeMblX 3J1eMeHTOB BCTpe'-laeTCH npH npOJJ.OJ1)KeHHH 

HallleH CJ1Y'-13HHOH HOCJ1e,UOBaTeJ1bHOCTH c BepOHTHOCTblO l / n, T3K '-!TO ero no

HBJJeHHe 0)!(11,UaeTCH B cpe,nHeM nocJJe n 110Hb!TOK. 

,IlJJ5l Bb16opa npenrrocJJe,D.Hero 3JJeMeHTa yna'-leli 6yneT BCTpe'-!a J1106oro 113 

,nsyx eme He Bb16paHHbIX 3J1eMeHTOB !13 n B03MO)!(HbIX. O)KH,UaeMoe l.\HCJ1o no

ITbITOK, CT3J10 6b!Tb, eCTb n/2. 
Bb16op npe,D.bIJJ.ymero 3J1eMeHTa rroTpe6yeT B cpenHeM n/3 nonbITOK, 11 TaK 

Ll,3J1ee. l1Toro o6mee l.\HCJ10 HOHbITOK O)KH,UaeTCH B cpeLI,HeM TaKOe: 

n (~ ~) rv nlnxl? rv nlnn 

r;.dx 
(Mb! 11cnoJ1b30BaJ111 coornollleH11e J x =In x). 

CxonHoe 3BpHCTH'-!ecKoe paccym)1,eH11e rroKa3bIBaeT, no'leMy 4HCJ1o UHKJ10B 

y nepecTaHOBKH n 3J1eMeHTOB O)KHLI,aeTC5l nopRL\Ka e2 Inn. 
EcTecTBeHHO L\YM3Tb, '-!TO B cJJy'-laliHoli nocJ1eLI,oBaTeJ1bHOCTH He3aBHCHMbIX 

BbI6opoB H3 n 3J1eMeHTOB rrepsoe IlOBTOpeHHe H3CTYI1HT 110CJ1e en HOHbITOK, 

me e - HeKOTOpa5l KOHCTaHTa. 3TO LI,aeT 0)KHLl,3eMyKl Ll,JJHHY en nepBoro UHKJ13. 

c 3TOro MOMeHTa BbI6op rrpOH3BOLl,HTC5l 113 n1 = n - en= (1 - e)n K3HLl,H

Ll,3TOB. 3TO HOLl,CK33bIB3eT Ll,JJ5l BTOporo UHKJJa O)KHLI,aeMyKl Ll,JIHHY en 1, 11 ITOCJ1e 

ero C03Ll,3HHH OCT3HeTC5l n2 = ( 1 - e )n l = ( 1 - e )2 n K3HLl,HLl,3TOB. 

Tam1M Me o6pa3oM, rrocJie C03JJ.3HH5l y U.HKJJOB l.\HCJ10 ocTaBillHXC5l KaHLI,H

LI,aToB 6yLI,eT ny = ( 1 - e )Y n. 
Ho BCH rrpoueL1ypa 3aKaH'-!HBaeTC5l np11 ny rropRLI,Ka 1. 3rn coorno1lleH11e 

Ll,OCTaBJIHeT Ll,J15l l{l1CJ13 UHKJ10B y cJieLI,y10mee Bblpa)KeHJ1e: 

yln(l -e)+lnn~o, 
Inn 

y ~ ln(l - c)-1 rv e2 Inn. 

flponeJJaB )l.OBOJlbHO MHOro 110LI,06Hb!X 3KCrrep11MeHTOB, 5l HOJJY'lHJJ CJJeLI,y

lOW,He ,n11arpaMMbl lOHra «CJIY'-13HHblX» nepeCTaHOBOK n 3JieMeHTOB: 

I n II D I x I y I A µ 

16 7.3.2:!.F 7 6 0,38 0,86 
25 9.7.5.3.1 9 5 0,56 0,56 
64 35.15. 7.3.2.1 :! 35 7 0,26 0,20 
100 42.36.18.2.1 2 42 6 0,40 0,14 
100 90.4.3.2.1 90 5 0,22 0,06 
100 88.9.1 3 88 5 0,23 0,06 
169 147.13.8.1 147 4 0,29 0,03 
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Bee 3TH xapaKTepHCTHKH 3Mrmp11qecKH «cJiyqaifHbIX» nepecraHOBOK y.D,o

BJiernopHTeJibHO cornacyIOTCH c rnrrOTe3aMH c. 72. Ho, KOHeqHo, .D,aJibHeifruaH 

3Kcrrep11MeHTaJibHaH rrposepKa (oco6eHHO c 66JiblllHMH 3Haqem:rnM11 n) 6brJia 

6b! oqeffb iKeJlaTeJlbHa, c O)l.HOH CTOpOHbl, 11 He Tpe6yeT rrpaKTH'leCKH Hl1KaKl1X 

npe.D,Bap11reJibHb!X 3HaHHH 11 )l.OCTYITHa lllKOJibHl1KaM - c .D,pyroi1. 

Bee iKe 5I nposeJI eru,e O)l.HY He3aBHCHMYIO nposepKy, 11cnOJib30BaB KaK 

HCTOqH11K CJiy'laHHb!X nepecraHOBOK ra6JI11uy ITOJieH faJiya 113 p 2 3JieMeHTOB. 

§3. CJiyqantt&1e nepecrnttoBKH p2 aJieMeHTOB, 
nopO}l{ll,eHHbie OOJISIMH fa.11ya 

CToCTpoeHHe 3Tl1X rrepecraHOBOK o6b51CHeHo B §4 JieKu1111 2. HanoMHIO, qTo 

noJie faJiya 113 p 2 3JieMeHTOB COCTOHT 113 MaTpHU 

011Ak, l~k<p2 , r.D,eAk=ukA+vk; 

A= (~ ~)- MaTp11ua, 3JieMeHThI KoTopoif HBJIHIOTCH ocrarKaM11 OT .D,eJieHHH 

Ha npocTOe q11cJio p 11 raKaH, qTO 

AP2-l = l, Ak<p2-I of. 1. 

CTepecTaHOBKa MHOiKeCTBa 113 p
2 

3JleMeHTOB l ~ k ~ p 2 
onpe.D,eJI51eTC51 3Tl1M 

noJieM raK: 3JieMeHTY k < p 2 corrocraBJI51eTc51 a)l.pec K = ukp + Vk MaTp11-

UbI Ak = ukA + vk B ra6Jmue rroJIH, a )l.Jl51 k = p
2 

rroJiaraeM K = 0 (raK qTO 

Up2 = Vp2 = 0). 
3aMeTl1M, qTQ a,IJ.peca 3JieMeHTOB ra6Jil1Ubl ITOJI51 npo6eraIOT MHO)KeCTBO 

0 ~ K ~ (p - l)p + (p - l) = p2 - l 113 p2 TOqeK (raK qTO MbI MO)KeM 11cTOJI

KOBbIBaTb 11 k, 11 K KaK ocraTKH OT ,IJ.eJieHl151 Ha p 2). 

OT06pa)KeH11e k -+ K HBJrneTC51 nepecTaHOBKOH 3Toro MHO)Kecrna 113 p 2 

3JieMeHTOB, 11 Mbl MO)KeM rrp11MeHl1Tb K 3TOH nepeCTaHOBKe rrpe,ll.bI,IJ.yru,yIO TeO

pH.!O: pa3JI0)KHTb ee Ha UHKJlbl, ITOCTpOH.Tb ,ll.HarpaMMY lOHra, H8HTl1 ee xapaK

TepHCTl1KH - )l.JIHHY x, Bbl COTY y, ITOJIHOTY 'A, acHMMeTpmo µ. 
C,IJ.eJiaB 3Tl1 Bbl'111CJieHl15! rrp11 p ~ 13, 51 ITOJI)l'111JI YA11Bl1TeJJbHO rroXO)KH.e Ha 

,IJ.11arpaMMbl lOHra CJiyqaHHbIX rrepecraHOBOK oTBeThl, np11Be,IJ.eHHble B CJie,IJ.yIO

w.eii ra6JI11ue. 

TeopeMa 3. Euaipa.M.Mbt !01-tca nepecma1-toeoK ma6Autf noAeii I'aAya 
U3 p 2 3Ae.MeHmOB maKOBbt: 

I P I n II D µ 
3 9 6.2.l 6 3 0,50 0,50 
5 25 14.5.4.1:! 14 5 0,36 0,36 
7 49 16.11. 7.6.4.3.1 :! 16 8 0,38 0,50 
11 121 65.39.5.33 .2.1 65 8 0,25 0,12 
13 169 98. 55.12.2.1 2 98 6 0,29 0,06 



§ 4. CrnrncrnKa UHKJIOB aBTOMopqm.3MOB <l>tt6oHaqqH 77 

CpaBHeHtte 3TOH Ta6JJHUbI c npe.nb1.nyrn.eff Ta6JJHUeif MOMHO cqHTaTb rro.n

TBepM.netttteM rnrrOTe3bI o TOM, qrn rn6JJHUbI rroJJeif faJJya 06JJa.na10T, oco6eHHO 

rrptt 6oJJbWHx p, crnrncrnqecKHMH CBOHCTBaMH rn6JJHU cJJyqaifttbIX qttceJJ (Ha

rrpttMep, qrn 3a.naBaeMbJe 3THMH Ta6JJHU,aMH rrepeCTaHOBKH 3JleMeHTOB IIOJ151 

o6JJa.naIOT CBOHCTBaMH THIIHqHbIX cJJyqaifHb!X rrepeCTaHOBOK). 

LlJJ51 3Toro Bb!BO.!la HeT, KpoMe rrpttBe.neHHblX 3MIIHpttqeCKHX ,naHHbIX, HH

KaKHX TeopernqecKHX OCHOBaHHH, H 3TO 51BHJ10Cb OJLHOH H3 rrptt4HH, rroqeMy 51 

BKJIJOqHJl OIIHCaHHe 3THX 3KCrrepHMeHTOB B HaCT051UJ.He JJeKU,HH. 

c .npyroff CTOpOHbl, rrpHBe,neHHa51 Ta6JJHU,a JLOCT3BJJ51eT HOBblH JLOBOJL B 

ITOJlb3Y nmoTe3 c. 72 JLJJ51 cJiyqaifHbJX rrepeCTaHOBOK (ecJIH Mbl COrJiaCHMCH 

C4HTaTb rrepeCTaHOBKy, 3a.naHHYIO Ta6JIHU,eH TIOJJH faJiya, CJJy4aHHOH). 

§4. CTaTHCntKa U.HKJIOB aBTOMopcl>H3MOB <l>116ottalf'IH 

B Ka4ecTBe ern.e o.nttoro aJire6paHqecKoro rrpHMepa rrepecTaHOBOK KOHe4-

HbIX MHOMeCTB Mb! paCCMOTpHM rrepHO,LLHqeCKHe rnqKH cneuHaJibHbIX JLHHa

MHqecKHX CHCTeM Ha JLByMepHOM Tope - TaK H33bIBaeMblX rnnep6oJJHqecKHX 

aBTOMopcpH3MOB. 

ABTOMOpcpH3M TOpa T2 = JR2 /Z2 3a,naeTC5! ueJioqHcJieHHOH MaTpttueff A E 
E S L(2, Z) orrpe,neJIHTeJIH 1. JlHtteffttoe npeo6pa3oBaHHe A : IR2 ~ IR2 rrepeBo

JLHT peweTKY UeJJOqHCJieHHbIX BeKTOpOB Z2 B ce651, a IlOTOMY ,nmjlcpeoMopcpH3M 

nepeBOJLHT B ce651 H mp. 

CTepHo.nnqecKtte T04KH 3Toro aBTOMopcptt3Ma (KOTOpbIH Mb! 6y,neM rro

rrpexrneMy o6o3Ha4aTb A)- 3TO peweHHH ypaBHeHHH 

Mb1 6y.neM rrpe.nrroJiaraTb, 'ITO OHH H30JittpoBaHbI, T. e. qTo det(A k - 1) # 0. 
B 3TOM cJiyqae rreptto,ll,HqecKHe ToqKH rrpttHa,nJieMaT KOHe4HbIM rnpaM 

COCT051UJ.HM H3 rnqeK c paUHOH3JibHbJMH Koop.nHH3T3MH 

z = (z1, z2), zi = uifn, ui E Zn= Z/(nZ). 

Orn6paMeHHe A rrepecT3BJI51eT rnqKH KOHeqHoro MHOMeCTBa M, H 3Ta rre

pecTaHOBKa pa36IrnaeTC51 Ha UHKJibI. 

Mb! co6ttpaeMC51 Terrepb HCCJie,ll,oBaTb .nnarpaMMbI IOHra 3THX pa36HeHHH. 
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PaccMOTpHM cneuHaJibHbIH aBmo.uopc/Ju3M c:/Ju60Ha11ttu (cB5!3aHHbIH TaK

Me c 30JIOTbIM ce4eHHeM), coorneTcrny10mHi'! MaTpHue A= (7 ;) : 

(1) 

l.J.To6b1 ynpocTHTb o603HalJ:eHH5l, Mb! MOlli:eM YMHOlli:HTb Cnpo6Hb1e) Koop,ILH

HaTbI Ha o6mHH 3HaMeHaTeJib n, TO ecTb C4HT3Tb KOMITOHeHTbl Z1 H Z2 OCTaT

KaMH OT ,ILeJieHH5l Ha n: 

G~) E M=Z~. 

,LlHarpaMMa lOttra aBTOMopqm3Ma A : M -> M KOHe4Horo rnpa M B ce65l 

HMeeT ITJIOlU3,llb n2' H Mb! co6HpaeMC5l HCCJ!e,ILOB3Tb ee cpopMy ,ILJl5l aBTOMop

cpH3Ma <l>H6oHa4l!H npH pa3HbIX M. 
3aMe'latt11e. ABTOMopcpH3M A H H33bIB3!0 aBTOMopcpH3MOM <I>1160Hal!l!H no

TOMY, 4TO OH ,ILeikrnyeT Ha 6a3HCHbie BeKTOpb1 cJie,ILyIOULHM o6pa3oM: 

KoMrroHeHTbI 3THX BeKrnpoB 06pa3y10T nocJie,noBaTeJibHOCTb <l>tt6oHal!4H 

1, 1, 2, 3, 5, 8, 13, ... , a HX OTHOWeHH51 CTpeM51TC51 K 30JIOTOMY cel!eHHIO, 

v'S-1 3±!5 
--

2
- ~ 0,6 (rnK KaK co6crneHHbie l!HcJia MaTpHQbI A paBHbI --

2
-). 

foBopm TaKMe, '!TO ,nmpcpeoMopcpH3M A : T2 
-t T2 roTOBHT !13 KOWKH 

OKpOWKy, T3K K3K o6pa3 BJIOMeHHOH B T2 KOWKH C CT3HOBHTC5l ITOCJ!e rrptt

MeHeHH51 HeCKOJibKHX HTepauHi'! coxpaHHIOULero rrJioma,nH orn6paMeHH5l A 
«p33M333HHblM no Topy» Ol!eHb paBHOMepHo (pttc. 2). 

Pttc. 2. TipttroTOBJJeHtte OKpOWKH H3 KOWKH 

Dp51MbIM rro,ILcl!eToM HTepautti'! orn6paMeHH51 A ,ILOK33brnaeTC51 
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TeopeMa 4. /1.ua2paMMa IOHca D aetlcmBUJl aBmOMOpc/JU3Ma <Pu6o
Ha'tJtU (I) Ha KOHettHbte mopbt Z~ npu n ~ 20 uMe10m C!leay10Ufue napa
Mempbt: 

I n II D Ix I y I A~ µ~ 

2 3.1 3 2 0,67 0,67 
3 42 .1 4 3 0,75 0,75 
4 35.1 3 6 0,89 2,00 
5 102.23.1 10 5 0,50 0,50 
6 122 .42 .3.1 12 6 0,50 0,50 
7 86. l 8 7 0,88 0,88 
8 68.35.1 6 14 0,76 2,33 
9 126 .42 .1 12 9 0,75 0,75 
10 302 .102 .62 .3.22. I 30 10 0,33 0,33 
11 524. I 5 25 0,97 5,00 
12 1210.42.35.1 12 18 0,67 1,5 
13 1412 .1 14 13 0,93 0,93 
14 246.86.3.1 24 14 0,58 0,58 
15 208 .102 .410 .22 .1 20 23 0,49 1,15 
16 1216 .68.35.1 12 30 0,71 2,50 
17 1816 .1 18 17 0,94 0,94 
18 1226 .42 .3.1 12 30 90,90 2,50 
19 940.1 9 41 0,98 4,8 
20 3010 . I 02 .610 .35 .22 .1 30 30 0,44 1,00 
41 2084 .1 20 85 0,99 4,25 
97 9896 .1 98 97 0,99 0,99 

3aMeqattHe. 3rn TeopeMa noJJ.CK33brnaeT p51JJ. rnnoTe3, HanpttMep, JJ.JJ51 npo

CTbIX 3H34eHHH n = p > 5 )J,HarpaMMbl HMe!OT CTaH)J,apTHbIH rrpocTOH BH)J, c 

CHMBOJIOM D = xz .1, z = y - 1. BttJJ.Ha TaKMe CB513b MYJ!bTHITJIHKaTHBHoro xa

paKTepa, D(pq) CB513aHo c D(p) H D(q). 
To4Hbie cpopMyJJttpOBKH p51JJ.a TaKHX rnrrOTe3 51 ocTaBJl51IO cJ1ywaTeJJ5IM (Ha

JJ.e51Cb, 'ITO OHH )J,3Me )J,OKaMyT co BpeMeHeM HeKOTOpbie H3 HHX). 

HeK0Topb1e crreuttaJ!bHbie JJ.ttarpaMMbI JJ.Jl51 HeKoTOpbIX cneuuaJ1bHbIX aBTO

Mopcptt3MOB 6b!JIH Bbl4HCJ!eHbl paHbille nepcHBaJJeM, BttB3Jlb)J,H, IlattCOHOM H 

LlPYrHMH. Ho ux crreuttaJJbHbie rrpttMepbI cocTaBJl51IOT MaJJyIO JJ.OJIIO Bcex cJ1y

qaeB, 11 51 tte pewaJIC51 6bi )J,eJ!aTb H3 HHX KaK11e-Jrn60 BbIBO)J,bl 0 Tl1ITH4Hb!X 

)J,HarpaMMaX )J,JIHH UHKJlOB (JJ.aMe )J,J151 CJJY4351 3BTOMopcp113Ma ¢1160Ha44H rrpH 

THITl14Hb!X 3H34eHH51X n). 
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BMeCTe c KOHel!HbIM TOpOM M = z~ MO}l(HO pacCMOTpeTb KOHel!HYJO rrpo

eKTHBHYJO rrpHMYJO 

OHa COCTOHT H3 p + l TOl!KH. 

JlHHeHHhIH orrepaTOp A: M--+ M ,LI.eH.cTByeT Ha P KaK crreumpHl!ecKaH (rrpo

eKTHBHaH) rrepecTaHOBKa 3THX TOl!eK, 

Ap E GP(Zp) c S(p + 1). 

Pa36HeHHe 3TOH rrpoeKTHBHOH rrpHMOH Ha UHKJihI rrpoeKTHBHOH rrepecrn

HOBKH Ap orrpe,LI.eJIHeT ,LI.HarpaMMY IOttra (rrJIOIUa,LI.H p + 1). 
TeopeMa 5. J(uaipaMMbl !Ottca l{UKJWB npoeKmUBHbtX nepecma

HOBOK Ap, nopo:J1C8eHHbtX aamoMop¢us,w,a,w,u C/Ju6oHa'l'lU A(z1, z2) = 

= (2z1 + z2, z1 + z2) (mod p) u,w,e10m npu p < 20 cAe8y1014ue 3Ha'leHUfl 
napaMempoa: 

I p II D I x I y I A~ I µ ~ I 
2 3 3 l 1,00 0,33 
3 22 2 2 1,00 1,00 
5 5.1 5 2 0,60 0,40 
7 42 4 2 1,00 0,50 

11 52.12 5 4 0,60 0,80 
13 72 7 2 1,00 0,29 
17 92 9 2 1,00 0,22 
19 92.12 9 4 0,53 0,44 

41 l 04 .1 3 IO 6 0,70 0,60 
97 492 49 2 1,00 0,04 

TeopeMa 5 ,LI.OKa3bIBaeTCH rrpHMhIMH Bhil!HCJieHHHMH BMecTe c TeopeMoH. 4, 
Ho ee MO}l(HO H rroJiyl!HTh H3 TeopeMhI 4, cpaKTopH3YH ,LI.ei'!.cTBHe rrepecTaHOBKH A 
ITO IIO,LI.rpynrre CKaJIHpOB. 

Bnpol!eM, MO}l(HO H o6paTHO, Hal!aTh c 6oJiee npocTbIX Bhil!HCJieHHH Teope

MhI 5, a TIOTOM Ha,LI.CTpaHBaTb npoeKTHBHbie nepeCTaHOBKH JIHHeHHblMH onepa -

TOpaMH. 

CTepCHBaJih H BHBaJih,LI.H lllJIH HMeHHO 3THM rryTeM, HO CKpblJIH BCJO npOCTylO 

rrpoeKTHBHyJO reoMeTpHIO CHTyaUHH 3a CJIO}l(HOH aJire6poH. TeOpHH pacurnpeHHH 

IIOJieH. 

CpaBHHBaH TeopeMbI 4 H 5 c xapaKTepHCTHKaMH cJiyl!aHHhIX rrepecTaHOBOK 

H3 § 2 H § 3, MhI 3aMel!aeM, l!TO ,LI.HarpaMMhI IOttra aBTOMopcpH3MOB KOHel!HhIX 

TOpOB CHJ!bHO OTJ!Hl!aIOTCH H OT ,LI.HarpaMM THIIHl!HblX CJiyl!aHHblX rrepecTaHOBOK 
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TOro )!(e '-IHCJia 3JieMeHTOB, H OT ,ll.HarpaMM lOHra ITepeCTaHOBOK, OITpe,ll.eJieHHblX 

Ta6Jrn11,aMH ITOJieJ°.i faJiya. 

A HMeHHO, ITapaMeTp ITOJIHOThl A. B cJiy'-lae asToMopcpH3MOB ITpHHHMaeT 3Ha

'-IHTeJibHO 66JlbWHe 3Ha'-leHHH, ITpH'-IeM Ha6JIID,ll.aJOW.eecH ,ll.JIH CJiy'-!aHHblX ITepe

CTaHOBOK yMeHbWeHHe ITOJIHOTbl ITO Mepe poem ITJIOW.a,ll.H ,ll.HarpaMMbl B CJiy'-!ae 

aBTOMopcpH3Ma cf>H60Ha'-l'-IH, BHJl.HMO, oTcyTcrnyeT. 

AcHMMeTpHH µ ,ll.HarpaMM asTOMopcpH3MOB TO:iKe 3aMeTHo BbIWe, '-leM Jl.JIH 

cJiy'-laHHbIX ITepeCTaHOBOK H ,ll.JIH ITepeCTaHOBOK, ITOpO)!(,ll.eHHbIX Ta6JIHU,aMH ITO

JieH faJiya. CTpH 3TOM ,ll.HarpaMMbI ,ll.JIH aBTOMopcpH3MOB '-law.e 6brnaIDT BbICOKH

MH (µ > 1 B TeopeMe 4), B TO speMH KaK ,ll.HarpaMMbl CJiy'-!aHHbIX ITepecrnHOBOK 

6oJibworo '-IHCJia 3JieMeHTOB o6bI'-IHO HH3KHe (µ < 1 ), a ITPH yseJIH'-!eHHH ITJIO

w.aJl.H ,ll.HarpaMMbI cpe,ll.Hee ornoweHHe µ = y / x BbICOTbI ,ll.HarpaMMbI K ,ll.JIHHe 

CTpeMHTCH, Ka)!(eTcH, K HyJIIo. 

3Ha'-!HTeJibHaH acHMMeTpHH ,ll.HarpaMM lOHra aBTOMOpcpH3MOB ,ll.eJiaeT HX 

CTaTHCTHKY CHJlbHO OTJIH'-!aIDw.el1cH He TOJlbKO OT paBHOMepHo-ycpe,ll.HeHHOH 

ITO BCeM n! ITepeCTaHOBKaM CTaTHCTHKH, KOTOPYID Mb! Bbl'-IHCJIHeM B § 1, HO H 

OT CTaTHCTHKH BepWHKa-CTJiaHwepeJIH, B KOTOpOH cpe,ll.Hee 3Ha'-leHHe OTHO

weHHH y / x pasHo 1. 
Ha OCHOBaHHH Bcero 3TOro Mb! ITpHXO,ll.HM K Bb!BOJl.Y, '-ITO pacITpe,ll.eJieHHe ITe

pHO,ll.H'-!eCKHX TO'-leK aBTOMopcpl13MOB KOHe'-!HOro rnpa ITO ITepHO,ll.aM ITpHBO,ll.HT 

K HOBbIM aCHMITTOTHKaM ,ll.HarpaMM lOHra (ITO cpaBHeHHID c Jl.BYMH H3y'-leHHbl

MH - paBHOMepHOH H ITJiaHwepeJieBCKOH) y:iKe ,ll.JIH aBTOMopcpH3Ma cPH60Ha'-1'-1H 

u (2 1) c MaTpHu.eH 1 1 . 

Mo:iKHO Jl.YMaTb, '-ITO cxo,I1.Hb1e HBJieHHH (Mo:iKeT 6bITb, ,ll.a:iKe c TaKOH )!(e 

YHHBepcaJibHOH aCHMITTOTHKOH ITPH n -+ 00, a MO)!(eT 6bITb, H c 3aBHCHMOCTblD 

3TOH aCHMITTOTHKH OT COOTBeTCTBYIDW.eH MaTpHu.e u.eITHOH ,I1.po6H) HMelOT MeCTO 

H ,ll.JIH Jl.pyrnx aBTOMopcpH3MOB rnpoB. 

DbIJIO 6b1 HHTepecHo H3Y'-IHTb ITOBe,ll.eHHe ITPH n-+ oo cpe,ll.HHX 3Ha'-leHHH ITa

paMeTpos x, y, A.,µ ,ll.HarpaMM IOttra 11.HKJIOB aBTOMopcpH3MOB A n 2-To'-!e'-!Horo 

rnpa M B,ll.OJib BCeH rpyITIThl aBTOMopcpH3MOB (HJIH xorn 6bi ITOBe,ll.eHHe HX '-!e-

3apoBCKHX cpe,ll.HHX ITPH n-+ oo). 

DbIJIO 6bI TaK)!(e HHTepecHo cpaBHHTb cpe,ll.HHe ITO BCeH CHMMeTpH'-!eCKOH 

rpyITITe S (n) co cpe,ll.HHMH ITO ITO,ll.rpyITITe ITpoeKTHBHbIX ITepecTaHOBOK n = p + 1 
TO'-IKH KOHe'-!HOH ITpOeKTHBHOH ITPHMOH pl (Zp ). 

B CJiy'-!ae aBTOMopcptt3MOB KOHe'-!HOro m-MepHoro Topa ITPHJl.eTcH paccMaT

pHBaTb «ITpoeKTHBHbie ITepecTaHOBKH» MHO)!(ecrna H3 n = pm- I + ... + p + 1 
TO'-!eK KOHe'-!HOro (m - 1)-MepHoro ITpoeKTHBHOro npocTpaHCTBa pm- 1(Zp). 
B 3TOM cJiy'-lae cJieeyeT, B03MO)!(HO, pa3JIH'-laTb B 3TOM KOHe'-!HOM rrpoeKTHBHOM 

npoCTpaHcTBe ero JI06a'-!eBcKy10 '-!aCTb A (MOJl.eJIH KJieJ°.iHa) H ,ll.OITOJIHHTeJibHbIH 

KOHe'-!HbIH peJIHTHBHCTCKHH MHp ,ll.e CHTTepa, pm-I\ A. 
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HaKoHeu, noBe.11,eH11e Bcex 3Tl1X o6beKTOB np11 cTpeMJieH1111 K 6ecKoHeIJ

HOCTH pa3MepHOCTl1 m MO)!(eT rrp11BeCTl1 K HOBblM 11HTepeCHbIM 3Cl1MITTOTl1K3M 

«60Jibllil1X ,n,11arpaMM lOHra». lleJio B TOM, IJTO ,ll,JI51 aBTOMopcp113MOB m-Mep
HOro Topa 

3TJ1 ac11MITTOTJ1IJeCKHe xapaKTep11CTl1Kl1 MOryT 33BHCeTb OT MHOfOMepHOH uen

HOH .11,po611 orreparnpa A E GL(n, Z). Hanp11Mep, oTBeThI MOryT 3aB11ceTb OT 

«Tp11aHryJIHU1111» BhIITYKJibIMl1 ueJIOIJHCJieHHbIMH MHororpaHHJ1K3Ml1 HenpepbIB

HOro TO pa (5 Ir- l, onpe.11,eJIH!Olll,eH reoMeTp11!0 «nep110.D,OB» MHOrOMepHOH 

uerrHoii ,n,po6n orreparnpa A. 
B KaIJecTBe «.11,HarpaMM lOHra u11KJIOB» B 3TOM cJiy'lae HY)!(HO 11cnoJih-

30BaTb, BepoHTHO, He TOJihKO .D,Jil1Hhl u11KJIOB onepaTopa A, HO 11 orrncaH11e 

,n,eHCTBl151 BCeH KOMMyTaTl1BHOH rpymlbl zm- l Cl1MMeTp11H nep110.ll,114eCKOH MHO

rOMepHOH uenHOH .11,po611. 

lla)!(e cpe.11,H11e 3HalJeHHH napaMeTpoB ,n,11arpaMM lOHra u11KJIOB oneparnpoB 

A, ycpe.11,HeHHbie no Bceii rpyrrne aBT0Mopcp113MOB (11 y)!(e He 3aB11CHIU11e OT uen

HOH .upo611) 3acJiy)!(11Ba10T BHHMaTeJihHOro 113y4eH11H (xorn 6hI 3M1rnp114ecKoro, 

c nOMOW,b!O 3KCrrep11MeHTOB, IIOJJ.06HblX OIIJ1C8HHbIM BbIWe). 

3aMeqaHHe. f1epeCT3HOBKa nm TOIJeK KOHeIJHoro TOpa Z';:, 33.ll,3HH351 MaT

p11uei1 A E SL(m, Z), 11MeeT orrpe.ueJieHHbIH neptto.u T(A, n), .D,JIH KOToporo 

AT(A.n) = 1 (mod n). 

Bee .D,JIHHhI UHKJIOB 3TOH rrepecTaHOBKl1 nm 3JieMeHTOB .11,eJIHT, olJeBH.D,HO, 

ueJioe IJ11cJio T(A, n). 

Tio3TOMY MO)!(HO 6bIJIO 6bI cpaBHl1B3Tb CT3THCTl1KY JJ,ttarpaMM lOHra U11KJIOB 

oneparnpoB A (.ua)!(e onepatopa <l>1160HalJIJH A = (; !) ) np11 n ___, oo He co 

CT3Tl1CTHKOH BCeX .UHarpaMM lOHra Bcex nepecTaHOBOK nm 3.JieMeHTOB, a co 

CTaTl1CTl1KOH JIHlllb Tex H3 HHX, Bee .ll,J111Hbl UHKJIOB KOTOpbIX .11,eJIHT .11,aHHOe 

ueJioe lJHCJio T(A, n). 

HeHCHO, HaCKOJibKO 3Ta cTaT11CT11Ka OTJ!HlJaeTcH OT o6mei1 cTaT11CT11K11 Bcex 

nm! nepecTaHoBOK MHO)!(eCTBa 113 nm= IZ':I 3JieMeHTOB. HeHceH 11 (HecoMHeH

HO, 6oJiee JierK11i1) Bonpoc o noBe.11,eH1111 nep110.11,a T (A, n) np11 n ___, oo - Hl1 .D,JIH 

Matp11UhI <l>1160Ha'IIJH A= (; !) , HH .UJIH cJiyIJaHHoH MaTpHUhI A 113 SL(2, Zn), 

HH .D,JIH cJiyIJattHOtt MaTpHUhI 113 SL(m, Zn), HH JJ.JIH 11x (paccMaTp11BaBw11xcH 

Bb!llle, Ha c. 80) npoeKTHBHbIX Bepcttn. 

Bee 3Tl1 cJiylJaH 11HTepecHbI 11 ,n,oczynHhI cJiywateJmM (no MeHbweii Mepe 

3KcrrepttMeHTaJihHO). TeopeMa 4 .11,octaBJIHeT .11,JIH n = (2, 3, ... , 20) CJ1e.uy10m11e 
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nep11onhr T(A, n) JLJJH MaTp1111,h1 <l>1160HalJlJH A= (7 :) : 
T(A, n) = (3, 4, 3, 10, 12, 8, 6, 12, 60, 5, 12, 14, 24, 20, 12, 18, 12, 9, 60). 

5I BbllJHCJIHJI npH n = 5 cpenH11e 3HalJeHl15l xapaKTepHCTHK nepeCTaHOBOK no 

BCeM nepeCTaHOBKaM n2 = 25 3JleMeHTOB, Jl_Jll1Hbl BCex 11,HKJIOB KOTOpblX neJJHT 

lJHCJJo T (7 ~) = 10, 11Me10u111M, KaK 11 nepecTaHOBKa <l>1160HalJlJH, poBHO on11H 

11,HKJI Jl_JIHHbl 1. 
4HCJIO TaKHX nepecTaHOBOK- np11MepHo 25!!. 22 . 35 . 7. 11/5, rne (25)!! = 

= 25 . 23 . 21 ..... 3 . I. 
CpenHHe 3Hal!eHHH napaMeTpoB ::irnx nepecTaHOBOK rroJ1ylJ11J111Cb TaK11e: 

xr ~ 10,00, Yr~ 6,96, "Ar~ 0,56, µr ~ 0,70. 

Ha6J110neHHbie JLJJH nepecTaHOBOK <l>1160HalllJH rrpH n = 5 3HalJeH11H 

x = l 0, y = 5, "A = 0,50, µ = 0,50 

6JJJ1)Ke K npHBeneHHbIM Bb!We cpenHHM ITO nepecTaHOBKaM, Jl_JIHHbl 11,HKJIOB KO

TOpb!X neJJHT lJHCJJO T, lJeM K cpenHHM no BceM 25! nepecTaHOBKaM 25 3JJe

MeHTOB, rrpHBeneHHbIM Ha c. 75 H paBHblM 

x ~ 9, fJ ~ 5, i. ~ 0, 56, µ ~ 0, 56. 

Ho BCe )Ke Ha6J11oneHHbie 3HalJeHH5l CHJlbHO OTJIHlJalOTCH H OT yKa3aHHOH 

BbIWe CTaTHCTHKH no nepecTaHOBKaM, JLJJHHbI U,HKJJOB KOTOpbIX neJJHT lJHCJJo T. 
floBeneH11e 3THX CTaTHCTHK npH n _, 00 OCTaeTCH Hel13BeCTHbIM. 5I He 3Hal0 

na)!(e, KaK BeneT ce6H npH 60J1bw11x n CTpattHa5l cpyHKl!H5l T ( (7 : ) , n) OT 

lJHCJJa n, orrpeneJIHIOil!ero rrepecTaBJJHBII111?ic5! Bbiille KOHelJHbIH Top 113 n 2 3Jie

MeHTOB. flpHseneHHbie Bb!We nepBbie Jl_Ba necHTKa 3HalJeHHH 3TOH cpyHKl!l1l1 He 

n03BOJll1Jll1 MHe npencKa3aTb KaKylO-JJH6o rnnOTe3y 0 ee noBeneHHH, HO CJIY

waTeJJH MOrJJH 6bI 3.IJ_eCb 6bICTpo rrponBHHYTbC5!, XOTH 6b! BbllJHCJIHB CJ!e,IJ,yl01Ul1e 

3HalJeHHH nep11ona T, rrp11 66J1bw11x n. 
411TaTeJ111 JJeKU,HH 2005 rona y)j(e rrponomKHJIH MOH BbllJHCJJeHHH (rrp11 no

M01Ul1 CBOHX KOMnblOTepoB). Yix BbIKJJa.IJ_KH nonrnep)!(J]_3IOT cnpasenJJHBOCTb 

MOHX rnnoTe3 0 xapaKTepHCTHKax CJJYlJ3HHbIX no,IJ,CTaHOBOK ( c. 71)' a JJ_JIH aB

TOMopcp113MOB <l>1160HalJlJH KOHelJHbIX Topos neMOHCTp11py10T poCT Jl_JIHH 11 Bb!COT 

n11arpaMM rropHnKa KBanpaTHOfO KOpHH 113 lJHCJJa TOlJeK KOHelJHOfO Topa, np11 

cpenHeH: rroJJHOTe rrp11MepHo 0,8 11 np11 cpenHeH: ac11MMeTp1111 nopHnKa rnro )Ke 

KBanpaTHOfO KOpHH. 

Ll,JJH nepeCTaHOBOK <l>1160HalJlJl1 KOHelJHOH npoeKTHBHOH rrpHMOH HX n11a

rpaMMbl IOttra oKa3aJIHCb ITOlJTH npHMoyroJibHHKaMH (sttna ka HJIH ka .1 2 c 

lJeTHbIM a, KOTopoe paBHO 2 B 60% cJJyqaes, cornactto M. Ka3apHHY 11 B. KJJen

l!hIHy). 
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51 Ha)l.elOCb, qro q11raTeJIH )l.OKamyr H 3TH HOBbie fHilOTe3bl. 
CM. raKme CTaThIO: Arnold V. Statistics of Young diagrams of cycles of 

dynamical systems for finite tori automorphisms // Moscow Mathematical 
Journal. 2006. V. 6, N2 1. P. 43-56. 



JIEKUH~ 4 

fEOMETPH51 4HCEJI <l>P06EHHYCA ,Ll.Jl51 
AMHTHBHblX IlOJIYf PYnn 

MaTeMaTl!Ka no11,06Ha J1106s11: B 06011x CJJyqaHx 
Ha1160J1bU1ee YAOBOJlbCTBl!e 11,0CTaBJJHeT n03HaHl!e. 

«TeMHOTa HbJOTOHa» 
(«Newton's Darkness», 

C. Djerassi, Imperial College Press, 2003). 

A ow116ycb - MHe 3TO TpbIH-Tpasa: 
5l see pasHo c 011rn6Koii He paccrnHycb. 

B. JI. flacmep1taK- A. A. Ax.MamoBoiJ. 

OpeJJ.MeT 3TOH JieKUHH OTHOCHTC5I K caMhIM npocThIM sonpocaM ap11cpMe

T11K11: KaK11e 'll1CJ!a MO:>KHO nOJJY'll1Tb 113 ,I.l.aHHbIX CJJaraeMbIX, CKJia)J,b!BaH 11X 

( B Jll060M KOJll11leCTBe)? 

OycTb, CKa:>KeM, 11Me!OTC51 MOHeTbl ,I.l.OCTOl1HCTBOM 3 KOneHKl1 (aJJTbIH) 11 5 
KoneeK (nHrnK). 

KaKHe cyMMbI MO*HO cocTaBHTb H3 a.JITbIHOB H mnaKoe? 

QqeBHJ1.HO 1, 2 11 4 KOneHKl1 COCTaBl1Tb 113 3THX MOHeT HeJ!b35l, 3, 5, 6 
KoneeK MO:>KHO, 7 HeJ!b35l. )laJJee CJJeJJ.YIOT 

8 = 3 + 5, 9 = 3 + 3 + 3, 10 = 5 + 5. 

A 113 3Toro Bl1J1.HO, 'ITO Mo:>KHo noJJy'll1Tb JJI06oe 6oJJbWee UeJJOe 'll1CJJO 

(J1.0CTaTO'lHO J1.06aBJJ51Tb TpexKoneeIIHbie MOHeTbl K 8, 9, 10). 
I1HTepeCHO HapHCOBaTb MHO:>KeCTBO scex )J.OnycTHMbIX cyMM: OHO 06pa3yeT 

a,ll,1],HTHBHYIO ITOJJyrpynny, T. e. c JII06bIM11 J1.BYMH CB011Ml1 3JleMeHTaMH x 11 y 
COJJ.ep)f(11T H HX cyMMy, x + y. HoJJb Mb! TOMe BKJIIO'lHJIH B 'lHCJIO cyMM. 

OoJJyrpynna c o6pa3yIOIUHMH 3 H 5 11306pa:>KeHa Ha p11c. 1 (KBaJ1.parnKaMH). 

-3 -2 -1 0 2 3 4 5 6 7 8 9 10 11 

P11c. 1. CTonyrpyrma, nopo)K11,eHHaH aJJTbIHOM 11 nHTaKOM 

I1HTepeCHo OTMeTHTb, 'ITO ,I.l.ODOJIHHTeJ!bHOe MHO:>KeCTBO UeJ!blX 'll1CeJJ pac

nOJIO:>KeHO CHMMeTpH1IHO 3TOH noJJyrpynne (CM. KBa,I.l.paTHKH Ha pHC. 2). 
A HMeHHO, eCJIH x BXOJ1.HT B rroJJyrpynny, TO 7 - x BXOJ1.HT B J1.0DOJJHeHHe. 

Hanp11Mep, B noJJyrpynny BXOJ1.HT see ueJJbie IIHCJJa, 60JJblllHe HJll1 paBHbie 8, a 
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-4 -3 -2 -I 8 9 10 

P11c. 2. llorJOJJHeHtte K noJJyrpynne, nopOlK.UeHHOH aJJTbJHOM 11 nHraKoM 

B ).lOTIOJIHeHHe - see UeJibie llHCJia, MeHblllHe ,11,0TIOJIHHTeJibHOfO K 8 l!HCJia -1 
(ttJIH paBHbie eMy). 

§ 1. TeopeMa C11J1hBeCTpa 11 4HCJJa <l>po6ett11yca 

CTepBbIH aMepttKaHCKHH MaTeMaTHK Jl:IB.. CttJihBeCTp ).lOKa3aJI, l!TO 110J10IB.e

HHe 6y,neT aHaJJOfHl!Hb!M ,11,JIH IlOJiyrpyrmbI, nopmK).(eHHOH JIJ06b!MH HaTypaJih

HhlMH l!HCJiaMH a H b, y KOTOpb!X HaH60JihWHH 06m11i1 ).leJIHTeJJh paBeH 1. ::ha 

110JJyrpyrma COCTOHT 113 BCeB03MOIB.HhIX KOM611Hau11i1 xa + yb (c ILeJlb!MH HeOT

p11uaTeJ1bHhlMH K03cpcp11utteHTaMH x H y). 
TeopeMa 1 (C11J1hBeCTp). nopOJICOeHHafl 83aUMNO npocmbtMU IJUCJtaMU 

a u b noAycpynna cooepJ1Cum BCe 4eAbte IJUCAa, Ha'iUHafl c N (a, b) = 
=(a - l)(b - 1). 

Mb1 ,noKallieM TeopeMy 1 HHIB.e, B § 6. 
CttMMeTpHH (c ueHTpoM (N -1)/2) TOIB.e scer,na HMeeT MeCTo: x npuHaOAe

J/CUm noAycpynne, eCAU u mOAb/W eCAU y = N - 1 - x He npuHaOAeJ/Cum eu. 

3a,.riaqa <l>po6ett11yca COCTOHT B TOM, l!T06bi TIOHHTh, KaK o6CTOHT ,neJIO B 

cJiyl!ae 60.1Jee l!eM LlBYX o6pa3yI01UHX. CTycTb, Hanp11Mep, Bhr6paHbI n o6pa3y

I01UHX (HaTypaJibHbIX 4HCeJI) 

EcJIH HaH60JihWHH ).leJIHTeJib scex 3THX l!HCeJI paseH 1, TO aooumUBHafl 

noAycpynna ux 4eAOIJUCAeHHblX KOM6UHal{UU 

{a= X1a1 + ... + Xnan}, Xs?: 0, 

COOepJ1Cum BCe l{eAbte IJUCAa, 60AbU1e UAU paBHbte HeKomopOcO IJUCAa 

c/Jpo6eHuyca N(a1, ... , an). 

3rn JierKo Bbrnecrn H3 TeopeMbI C11J1bBeCTpa, ,no6aBJIHH o6pa3yIOHLHe. 

3a).lal!a <l>po6eHHyca COCTOHT B TOM, 4T06bl Bhl4HCJIHTh 4HCJIO <l>po6eHH

yca N (a 1, ... , an) HJIH xorn 6hr 11ccJJe).loBaTh ero nose).leHHe nptt H3MeHeH1111 

o6pa3YI01UHX as (Hanp11Mep, np11 as -+ oo). 

<l>opMyJJa CttJJhBeCTpa yKa3brnaeT np11 n = 2 Ha poCT nopH).lKa npo113Be).le

HHH o6pa3y!OHLHX, N(a, b) rv ab. 
np11 n 06pa3y10mttx, KaK Mb! YBH,11,HM HH)Ke, pOJJb npOH3Be).leHH51 ab Hal!HeT 

11rpaTb BeJJHl!HHa 

No(a1, ... ,an)= n-y'(n-l)!a1 ... an. 
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HarrpHMep, .n.nH n = 3 cj:JopMy.na TaKaH: 

No(a, b, c) = v2abc. 

npuMep t. 3Ha4eHH51 N (a, b, c) .n.nH a+ b + c = 7 o6pa3yIDT c.neeyIDlll,HH 
paBHOCTOpOHHHH Tpeyro.nbHHK (B KOTOpOM 51 OTMeTH.n ero 3 OCH CHMMeTpHH). 

N(l, l~5)=0 

N (2, c;{;~o : ::::~"I ~o 
,/" : \\ 

,// \\, 

N{3, 1,;c;;~O N{2,2,3)-2 N{l,\3J~O 

N,1'./ '2~-0 N(3,2:2\~;L;,::~, N(>~~~o 
N (5, l (~{~~~---N-(4,2;-l)-=-0---N-(3.-3l-l)-=-0---N-(2,4;-l)-=-0---~:fi~),, 1) =0 

fipuMep 2. )J,.nH a+ b + c = 19 4Hc.na <Dpo6eHHyca N(a, b, c) o6pa3yIDT 
c.ne.nyIDlll,HH paBHOCTOpOHHHH Tpeyro.nbHHK. 

/~\ 
,0 : o, 

0 1!4 ·o 
0

1 
2 l 2 \Q 

,a" 12 ~ 12 \1, 
.0' 4 6!6 4 'o, 

,o· 10 8 3b 8 10 'o. 
ff 6 18 12[12 18 6 ''Q 

0:_ 8 12 12 3i2 12 12 8 _:'Q 
0· s··-1-4_ 18 10\ 10 18_H"s \1 

/~10: l~~~;tiO!~i~~~;8: 1~'.\ 
,0 12 6 ,,30' 12 12 18 i 18 12 12 '30., 6 12 0, 

,,o' ~---24-"5 8 18 12 * 12 18 8 5-·-24 ___ 2 ·o .. 
,0 _H 2 12 4 10 6 8 : 8 6 10 4 12 2 ·g __ 0, 

o'~:~-0-- -{)-, , {)---{)----0---0 --0- --6---0---{)---{l- --{)- ---0---0---0 >~ti 
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KaK MbI ysttJ.1,HM Htt)Ke (CJieJ.1.yH pa6oTe ApHOJihJl. B. H. CJ1a6b1e ac11Mmo

THKH q11ceJ1 perneHHH Jl,HOCpaHTOBblX 3a)l,aq // <l>yHKU. aHaJIH3 Ii ero rrpttJI. 1999. 
T. 33, .N'2 4. C. 65-66), rrptt poCTe cyMMhI a= a1 + ... +an '>TH 3arroJ1HeHHH 

(rrpaBHJihHhIX n-MepHbIX CHMrrJieKcos) q11cJ1aM11 <l>po6eH11yca N (a1, .. ., an) 
nopofK:J.1,aIOT csoeo6pa3Hble aCHMITTOTHqecKtte 33KOHOMepHOCTH, HeKOTOpbie 113 

KOTOpb!X Mb! )l,aJiee )l,OKa)KeM, J.1.pyrne )Ke OCTaHYTCH eCTeCTBeHHO-HayqHblMH 3a

KOHOMepHOCT5lMH, 0)KH)l,3I0lll.HMH CTporoii MaTeMarnqecKOH Teop1111 (B03MO)KH0, 

OT cJiyrnaTeJieH 3THX JieKUHH). 

§2. 3aropa>KHBatOlll,He )l.epeBhR Jieca 

TI peJ.1.ITOJIOfK:HM, qTo seJiornrreJ.1,ttCT eJ.1,eT no rrpHMOMy wocce (pttc. 3) 11 

ITOJl,be3)!{3eT K yrny Jieca. fJIHJ.1,51 Ha 3TOT yroJI, OH CHaqaJia BHJ.l,HT KpaiiHee 

,11,epeso, HO ITOTOM J.1,epeBbeB CTaHOBHTCH see 60Jibllle, H, Haq11Ha5l c HeKOToporo 

MecTa N, Jiec cTaHOBHTCH crrJIOWHhIM. 

X2 

• • • • • • • • 
xi 

0 N 

Pttc. 3. flpoeKUHH it KBa!l.paTHo-rHe3)l.OBoro JJeca Ha wocce 

EcJIH Jiec nocam:eH KBa,11,paTHo-rne3Jl,OBhIM cnoco6oM, TO Te Mecrn wocce, 

me BeJIOCHneJl,HCT, CMOTpH T04HO nepneH,11,HKYJIHpHo eMy, YBHJ.l,HT ,11,epeso, o6pa-

3YIDT 3,ll,ll,HTHBHYID flOJiyrpyrmy (BJl.OJib wocce, me HaqaJio KOOp,11,ttHaT Bb!6paHo 

B 6Jitt)Kattrueii K yrny Jieca ToqKe). 

ToqHo TaK )Ke 11 06my10 3a,11,aqy 06 aMHTHBHhIX noJ1yrpyrmax MOMHO pac

cMaTpttsaTb KaK 3a,11,aqy 0 JIHHeHHOH npoeKUHH 

rr: z~ ---+ JR. 

n-MepHoro KBa,11,paHTa {x1, ... , Xn}, Xs ;)! 0, Xs E Z. TipoeKUHH 11 conoCTaBJIHeT 

«J.1,epesy» x E Z'.j._ 3JieMeHT noJiyrpynrrhI 
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He 3a6orncb BHaqaJie o MaTeMarn:qecKoif CTporocTH, rrocrnpaeMc51 011,eHHTb 

TO MeCTO N' HaqHHa51 c KOTOporo Jiec Ka)l{eTC51 CITJIOlllHbIM. 

B Hallleif MO)l.eJIH Mb! 6y)l.eM npe)JJlaraTb o6pa3yIOW.He rroJiyrpynnhI (a 1, ... 

. . . ' an) HaTypaJibHblMH qHcJiaMH, TaK qTQ BC51 rroJiyrpyrrrra rt(Z'.lJ COCTOHT H3 

11,eJibIX qHCeJI. 

00CTapaeMC51 ITOH51Tb, CKOJibKO H3 HHX MeHbllle cpHKCHpOBaHHOro qHCJia [ 

HJIH paBHO eMy (pttc. 4). 06o3HaqHM 3TO qHcJio qepe3 M(l). 

M(l) = 10 

0 

PHc. 4. CHMnJJeKc nepBbIX JJ,epeabeB 

ny)l.eM cqHTaTb, qTQ ITJIOW.a)l.b (n-MepHb!H 06beM rrpH n > 2) 0)1.HOro KBa)l.pa

Ta (n-MepHoro Ky6a) KBa)l.paTHo-rne3)].0Boro Jieca paBHa l. Tor)l.a qHcJio M(l) 
6y)l.eT rrpHMepHO paBHO ITJIOW.a)l.H (n-MepHOMY o6beMy) TpeyroJibHHKa (cHM

ITJieKca pa3MepHOCTH n) S(l) B !Rn, 3a)l.aHHOro HepaBeHcrnaMH 

S (l) = { X E !Rn: Xs ~ 0, t Xs ~ l}. 
s=l 

KaTeTbI 3Toro rrp51MoyroJibHOro TpeyroJibHHKa ( CHMITJieKca) HMeIOT )l.JIHHbI 

l/as. 
·l l l 

CTo3TOMY 3Ta ITJIOW.a)l.h ecTb V (l) = -2 - - . B n-MepHOM cJiyqae n-MepHbIH 
a, a2 

o6beM CHMrrJieKca S(l) ecTb 

n 

V(l) =_.!_II.!_. 
n! as 

s=I 
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l1TaK, Mb! rrpHXO,II,HM K rHITOTeTH'-IeCKOH rrpH6JimKeHHOH cpopMyJie ,II,JIH qHCJia 

,II,epeBbeB B CHMITJieKce s ( l): 
ln 

M(l) ~""""Irr' n. 

n 

r,II,e II= IT as. 
s=l 

1-ITo6bI rrpoeKUHH TC rroKpbIBaJia TQqKy l, Hy:arno, qTQ6bJ BblITOJIH51JlOCb Hepa

BeHCTBO M(l) -.M(l - 1) ~ 1. 
CqHTaH l 6oJibWHM H 3aMeHHH pa3HOCTH rrpoH3BO,II,HbIMH, Mb! rroJiyqaeM 

YCJIOBHe dM/dl ~ 1, T. e. 
[n-1 

(n - l)!II ~ l, 
HJIH 

l ~No= n-\j(n - l)!II. (1) 

Il pH n = 2 rroJiyqaeTCH rrptt6JIH)KeHHoe ycJioBHe l ~ a 1 a2 ( 6JIH3Koe ac11Mrr

TOrnqecK11 K TOqHoMy ycJIOBHJO CHJibBeCTpa l ~ (a1 - 1 )(a2 - 1) ). 
Bonpoc o CTporoM MaTeMarnqecKoM o6oCHosamm cpopMyJibl (1) oqeHb He 

npoCT, H Mb! o6cy,II,HM ero HH)Ke, B § 3 H § 4. 

§3. feoMeTpHSI 4HCeJI 

IlorrbITKY o6oCHOBaHHH cpopMyJibi ( 1) Mb! HaqHeM c oqeHb npoCTbJX coo6-

pmKeHHH (MHHKOBCKoro), CBH3b1Bmom11x qHcJio ueJibIX TOqeK M(l) c o6be

MOM V(l): B KaKoM HMeHHO CMbICJie M(l) ~ V(l)? 06o3HaqaeM qepe3 a cyMMY 

a1 + ... +an. 
TeopeMa 2. HMe10m Mecmo HepaBeHcmBa 

V(l) ~ M(l) ~ V(l + cr). 

,11oKa3 a Te JI b c TB o. Ka:>K,II,OH ueJioli ToqKe x 3aMKHYTOH o6Jiacrn S (l) 
conoCTaBHM e,II,HHHqHb!H n-MepHblll Ky6 (pHC. 5) 

{y ElRn: Xs ~Ys ~Xs + 1, S = 1, ... , n} 

06beJJ,HHeHHe TaKHX Ky6oB, nocTpoeHHblX ,ll,JIH Bcex ueJJblX T04eK x 3a

MKHyTOro CHMnJieKca S(l), 06pa3yeT MHororpaHHHK P. 3TOT MHororpaHHHK 

CO,II,ep)KHTCH B 3aMKHyTOM CHMITJieKce s (l + cr). 

)leHCTBIITeJJbHO, ,ll,JIH T04KH y Ky6a, noCTpoeHHOfO no TOqKe X, Mb! HaXO,ll,HM 

(a, y) ~(a, x) +(a, 1) = l +a. 

MHororpaHHHK P co,D,ep)KHT 3aMKHYTbIH CHMrIJJeKc 5(1). 
)leHCTBHTeJibHO, 3aMeHHM Ka)K,D,y!O KOOp,ll,HHary Xs T04KH x H3 s (l) ee ueJIOH 

qaCTblO Zs. IloJiyqeHHaH T04Ka z TaK)Ke JJe)KHT B 3aMKHYTOM CHMITJieKce s (l), 



§ 3. feoMeTpHH 'IllCeJI 

a, = 3, a2 = 5, l = 18. 

M(/) = 17 

V(/) = 10,8 V(l + 1) = 12~. 
8 

V(l +a)= 2215 . 

v(t + ~) = 16~ < M(/), 

v(1+ 0

;

2
) = 17~ >M(l) 

Pttc. 5. OnttcaHHbIH MHororpaHHHK P CHMnJieKca S 
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D03TOMY HCXO,ll.HaH TO'IK3 x npttH3,ll.Jie)!(IJT Ky6y, noCTpOeHHOMY no 1.1,eJIOH TO'l

Ke z, a 3Ha'IHT, x npttHa,ll.Jie)!(ttT MHOrorpaHHHKY P. 
I-fa ,ll.OK333HHbIX BKJI]{)'leHHH MHOrorpaHHHKOB 

S(l) ~ P ~ S(l +a) 

BhITeKaeT HepaBeHcrno TeopeMbI 2 Me)!(JI.Y o6beMaMtt 3THX MHororpaHHHKOB. D 
3aMe'laHHe. TipHMepbl DOK33b!B3]{)T, 'ITO HMe]{)T MeCTo ropa3,ll.O 6oJiee HH

TepeCHbie HepaBeHCTBa JI.JIH 'lHCJia M (l) 1.1,eJihIX TO'leK B 3aMKHYTOM cttMnJieKce 

S(l): 

( a-2) ( a+2) V l + -
2

- ~ M(l) ~ V l + -
2

- . 

CpeJI.Hee apmpMernqecKoe JieBoii 11 npaBott 01.1,eHHBa]{)IUHX BeJIH'lHH ,ll.aeT oco-

6eHHO xopowee nptt6Jitt)!(eHtte K 'IHCJJY 1.1,eJihIX TO'leK M (l). 
OpttMep. ,LlJIH TpottKH {as}= {3, 5, 8} JTerno BbI'lHCJJHTb 3Ha'leHHH. B 3TOM 

cJ1yqae a/2 = 8. 

l 10 

V(l) 8 

M(l) 
25 
-
18 

M(l) 

V(l) 

11 12 

10 11 

0 1 

1 1 
1 

0 720 

13 

13 

2 3 4 

I 2 2 
1 3 4 

90 80 45 

14 15 

15 17 

5 
3 
25 
144 

16 

20 

6 7 8 9 

4 4 6 7 
3 343 32 81 
to 720 45 so 

17 18 19 

22 25 28 

20 21 

31 35 

1,84 2,4 3,05 3,81 4,69 5,69 7,60 8,10 9,52 11,11 12,86 

CJiy'latt 'leTHOH H He'lernott cyMM a HeMHoro pa3JIH43]{)TCH, no3TOMY rrptt

BeJI.y eme T36JIHUY ,ll.JIH TpOHKH {as}= {3, 5, 7}, a= 15, (a+ 1)/2 = 8. 
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l 0 l 2 3 4 5 6 7 8 9 
M(l) l l l 2 2 3 4 5 6 7 

V(l) 
1 8 3 

0 
630 

- 70 0,102 0,198 0,343 0,544 0,812 1,157 
630 

l 10 11 12 13 14 15 16 17 18 19 20 

M(l) 9 10 12 14 16 19 21 24 27 30 34 
V(l) l,59 2,11 2,74 3,49 4,35 5,36 6,50 7,79 9,25 10,88 12,69 

3.uecb HepaseHCTBa 

v(t + 
0

; 
1
) = V(l +7) ~M(l) ~ V(l +8) = v(l + cr; 

1
) 

Bb!ITO.JIH5llOTC51 rrpH l ;;,: 3, HO rrpH l = 2 ITO.JIO)KeHHe HHOe: 

(v(1 ~) ~o.984) < (M(2) = l) < V(8). 

5I He 3Hal0 o6mero ,UOKa3aTe.JibCTBa OTMeIJeHHb!X 3,UeCb HepaBeHCTB, .uaMe 

,U.Jl51 c.Jiy4a51 n = 2 IT.JIOCKHX MHOroyro.JibHHKOB (r.ue BCe.JIHIOT Ha,UeM.uy coo6pa

)KeHH51 CHMMeTpHH ITO OTHOWeHHIO K TOIJKe rrpHMOH (a, x) = l + ~). 
Terrepb Mb! HCrrO.Jib3yeM ,UOKa3aHHYIO BbIWe TeopeMy 2 .U.JIH 011.eHKH IJHC.Jia 

<l>po6eHHyca CHH3y. 

PaccMoTpHM HHTepsa.JI N ~ l < N + r, r.ue N - IJHC.JIO <l>po6eHHyca. Jl.JIH 

Ka)K,UOH TOIJKH l 3TOro HHTepBa.Jia cymecrnyeT u.e.JiaH TOIJKa x (Xs ;;,: 0), B KOTO

poi1 (a, x) = l. CTo3TOMY B CHMn.JieKce S(N + r - 1) .JieMHT He MeHbWe IJeM r 
IJ.e.JibIX TOIJeK: 

M(N+r-l)?r. 

no.ucTaB.JI5151 011.eHey IJHC.Jia u.e.JibIX TOIJeK M csepxy H3 TeopeMbl 2, Mb! rro

.JiyIJaeM 011.eHey CHH3Y ,l!JI51 06beMa COOTBeTCTBYIO!lLero CHMIT.JieKca, a 3HaIJHT, 

011.eHHBaeM CHH3Y H IJHC.JIO <l>po6em1yca N. 
113 TeopeMbI 2 Mb! 3aK.JIIOtiaeM, IJTO 

· (N+cr+r-lt 
r~M(N+r-l)~V(N+a+r-1)= n!II 

Jl.JIH 3HaIJeHH51 r = f..(N + cr - 1) Mb! HaXO,UHM 

\(N -1) ~ (N +cr-W(l +).Y 
A +cr ~ 'II ' n. 

OTey,Ua 

( 
)..n! II ) l/(n-1) 

N + cr - 1 ? (I+ )..)n • 



§ 4. OueHKa 'UICJJa cI>po6eHttyca CBepxy 

HrnK, 
I 

N~wITn-1 -a+l, 

r.ne K03cpcpHUHeHT w HMeeT CJJe.nyJOW.HH BH.LI.: 

I 
flpH A= --1, n-

( 
An! )n~l 

w(A.) = (I + A)n . 

( 
A ) n~1 n - I I 

(l+)..)n =nl+n~l~4' 

TaK 4TO Hawa oueHKa 4HCJJa cI>po6eHttyca HMeeT BH.ll. 

I I 
N ~ 4(n!II) n-1 - a+ 1. 

93 

I 
3TO HepaBeHCTBO yKa3bIBaeT Ha HMeHHO TaKOH poCT ITO PH.LI.Ka II n-1 , TO ecTb 

an/(n-ll, KaK .naJJH H3lllH 3BpHCTH4eCKHe paccy)!()l.eHH5l B §2, xorn K03cpcpHUH

eHT B Terrepb .LI.OKa3aHHOH oueHKe rrpH n = 2 MeHbllle, qeM B cpopMyJie CHJJh

secTpa, No= II - a+ l. 

§4. O~eHKa 'IHCJia <l>po6ettHyca csepxy 

Hawa ouettKa 6y.neT HCITOJib30BaTb rrpocTb1e o6mHe cpaKThI reoMeTpHH 4H

ceJJ. 

PaccMoTpHM B eBKJJH.ll.OBOM rrpoCTpaHCTBe ]Rn 6a3HC (Pi, P2, ... , Pn) H 

rropO.LI.HM 3THMH BeKTOpaMH peweTKy zn c JR.n. Mb! oueHHM Terrepb csepxy HaH-

60JJblllHH B03MO.>KHhIH pa.iwyc R wapa B 3TOM rrpocTpaHcTBe, He co.nep.>Kamero 

HH O.LI.HOH T04KH peweTKH: 

TeopeMa 3. HJ.teem .Mecmo HepaBeHcmao 

V Rf + Ri + ... + R~ 
R ~ 2 , 

cae Rs 03Ha'iaem paccmOHHUe om mo'iKU Ps ao npocmpaHcmaa, nopo:>IC

aeHHOCO BeKmopa.Mu (P1, ... 'Ps-1). 
Jl o Ka 3 a Te JI h c TB o. fl pH n = 1 3TO o4eBH.LI.HO: R ~ IP11/2. flpe.nrroJJo

.>KHM, 4TO npH n = k 3TO y.>Ke .ll.OKa3aHO. 

PaccMOTpHM B rrpoCTpaHcTBe JRk+ 1, rropo.>K.neHHOM seKTopaMH (P1, ... 

. . . , Pk+1), rnrreprrJJOCKOCTb Q, rropo)!()l.eHHYJO seKTopaMH (P1, ... , Pk), H 

napaJJJJeJlbHbie efI rnneprrJIOCKOCTH Qi, rrpOXO.ll.5IW.He qepe3 T04KH jPk+l COOT

BeTCTBeHHO (pHC. 6). 
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Qa 
3Pk+I 

Q2 
2Pk+I 

~ Q1 
pk+! IRk+l 

"'\ 
Q 

0 P1 

P11c. 6, nycrnii wap B npoCTpaHCTBe c peweTKOH pa3MepHOCTH k + I 

UeHTp nycTOro wapa B npoCTpattcrne ~k+l nona)leT B O)lHH H3 cJJoeB TOJJ
mttHbI Rk+! MefKJlY rnnepnJioCKOCTHMH Qi, a noToMy yJlaJJeH OT O)lHOH 113 HHX 
He 6oJJee qeM Ha paccTOHHHe Rk+i/2. 

CTepeceqeHHe Haruero nycTOro ruapa C 3TOH rnnepnJJOCKOCTblO Qj nycTO B 
3TOH rnnepnJJOCKOCTH, a noToMy ero pa)lttyc p ym:e oueHeH npe)l110JJara10meilcH 
H3BeCTHOH nptt n = k TeopeMOH 3: 

~ v'Rr + ... + R; 
p "' 2 

Do TeopeMe CTmparopa Mb! 110JJyqaeM 

R2 ~ p2 + (Rk+i/2)2 =(Rf+ ... + R~ + R~+1)/4, 
qeM 11 )lOKa3aHa TeopeMa 3. D 

Tenepb Mb! npHMeHHM 3TY TeopeMy K perueTKe ueJJbIX T04eK B nJJoCKOCTH 

{x E ~n: (a, x) = l}, 

B KOTOpoii HeT UeJiblX TOlfeK B oprnHTe Xs ~ 0. CHMCTJieKC pa3MepHOCTH n - 1, 
no KOTopoMy rnnepnJJOCKOCTb nepeceKaeT opTaHT, MbI o6o3HalfHM qepe3 S(/). 
Pa3)leJJHM 33BHCHMOCTb cpyHKUHH OT BeKTopa a= (a1, ... , a 5 ) Ha 3aBHCHMOCTb 
OT ero 11anpaBJJeHHH a(a) = a/o(a) H OT ero «pa3Mepa» o(a). 

TeopeMa 4. Paauyc utapa, snucaHHOco B cuMnAeKc S(l), paseH 

~(a)/ /o(a), 2ae 6e3pa3111epHbtii Ko3¢¢u4uertm ~, 3aBUC5lUfUU AUutb om 
HanpasAeHUH seKmopa a, ecmb 

~(a)= _n_---'1---'al __ 
.L (as vlal 2 

- an 
s=l 

npHMep. CTptt n = 2 3Ta cpopMyJJa HMeeT BH)l 

~(a)= M = ~ ~ v'2. 
2II 2a1 a2 

CTptt JJ1060M n ~(a)~ Jn/(n-1) ~ 1. 
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)loKa3aTeJibCTBO TeopeMbI 4. flttpaMHJJ,a c ocHoBaHHeM S(l) 
1 n ( l ) zn 

HMeeT o6neM V (l) = 1 TI - = ~II. B TO m:e BpeMH 3TOT o6neM Bbipa-
n. s=l as n. 

m:aeTCH qepe3 o6neM IS(l)I oCHoBaHH51 H JJ,JIHHY h orryw,eHHOH Ha Hero H3 0 
BblCOTbC 

V(l) = .!_hlS(l)I, 
n 

IS(l)I = nV(l) = 1n-llal 
h (n - !)!II 

zn- 1a(a)lal 
(n-l)!II. (1) 

C JJ,pyroif cTopoHbI, o6neM cttMrrJieKca S(l) paBeH n ~ 
1 

OT rrpoH3Be.JJ,e

HH51 pa.JJ,ttyca r BrrttcaHHoro B Hero wapa Ha cyMMY rrJiow,a.JJ,ett ISs I ero rpaHeif 
{Xs = O}, f103TOMY 

n-1 
r = -n -IS(l)I. 

l::Ss 
s=I 

BbI4HCJI5151 rrJiow,a.JJ,tt rpaHeil no cpopMyJie (1), Mb! rroJiyqaeM 

S _ ~ asJla21- a?_ a 2 (a)ln- 2asJla21- a? 
s - (n - 2)! II - (n - 2)!II · 

flo.JJ,CT3BJI5151 B cpopMyJiy (2) Bb!pam:eHH51 ( 1) H (3)' Mb! HaXO)J,HM 

(n - l)l"- 1a(a)ial (n - 2)!II la! 
r = (n - 1)1 II " a(a) n ' 

· a2(a)[n- 2 L (an/lal 2 - afl L (as Jlal 2 - afl 
s=l s=l 

(2) 

(3) 

qrn H JJ,OKa3brnaeT TeopeMy 4. D 
3aMeTHM Terrepb, qTQ eCJIH B CHMrrJieKce s (l) HeT ueJiblX rnqeK, TO HX HeT 

H BO BITHCaHHOM B Hero wape. fl03TOMY pa.JJ,ttyc 3TOro BrTHCaHHOro wapa He 
MOMeT rrpeBOCXO)J,HTb rpaHHUbl, )J,OCT3BJI51eMOH TeopeMOH 3 (rrpHMeHeHHOH K 
(n - 1 )-MepHoil rnrreprrJiocKocrn {x E Rn: (a, x) = /}). 3rn TeopeMa JJ,OCTaB-
JI51eT HepaBeHCTBO 

[3(a)l '.'( v Rf + ... + R~-1 
a(a) "' 2 ' 

'.'( a(a) J 2 2 
l "' 2[3(a)R, + ... + Rn-1 · (4) 

TeopeMa 5. /J.Jlfl BeKmopa a= (a1, ... , an) E Rn ;uo6oco HanpaBABHUfl 
a= a/cr(a) u.ueem .uecmo 04eHKa '-tuc;w cPpo6eHuyca cBepxy 

N(a) ~ 1 + y(a)cr2(a) 

(c yKa3aHHOU B doKa3ameAbCmBe nocmoflHHou y). 
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)lo Ka 3 a Te JI b c Tso Teo p e M bl 5. PaccMoTpHM qJJiar H3 rro.11.rrpo

cTpaHcTB JR 1 C JR2 c ... c JRn, r.11.e JRs HaTHHyTo Ha rrepBbie s Koop.11.ttHaTHbIX 

oceil. (p11c. 7). 

JR.3 

PHc. 7. CTocJie)l.OBate.nhHbie BhICOThl Rs H napaJIJie.nemrneJJ.bI As npH n = 3. BMecto nJiocKOCTH 
(A3, x) = 0 HapHcoBaHa nJiocKocth (A3, x) = const, r)l.e peruetKa r2 taKa11 )!(€. 

3a.11.a.L1.HM B JRn rnrreprrJIOCKOCTb wn-I ypaBHeHHeM a1X1 + ... + anXn = 0. 
MbI BBe.11.eM B Ka:iKJJ.OM rrpocTpaHCTBe JRs BeKTOp As KOMITOHeHTaMH a 1, ... , as 11 

orrpe.11.eJIHM B JR5 opToroHaJibHYIO 3TOMY BeKTopy rnrrepITJIOCKOCTb ws-l ypaB

HeHHeM 

Mb1 orrpe.ll.eJIHJIH, TaKHM o6pa30M, ¢Jiar BeKTopttblX eBKJIH.ll.OBbIX rro.11.npo

cTpaHCTB B rHITepITJIOCKOCTH wn-I: 

0 c W1 c ... c wn-I 
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(HarrpHMep, w I - 3TO rrpHMaH Ha ITJIOCKOCTH JR.2' 3aJJ.aHHaH ypaBHeHHeM 

(A2, X2) = 0, TO ecTb ypasHeHHeM a1x1 + a2x2 = 0). 
CTepeceqeHHe rnrreprrJIOCKOCTH ws c UeJioq11cJieHHOH perneTKOH zs+l rrpo

CTpaHCTBa JR.s+l orrpeJJ.eJIHeT B 3TOH S-MepHOH rnrreprrJIOCKOCTH S-MepHyIO pe

rneTey f s. 

JleMMa. 06'be.M ¢y1taa.Me1tmaAbHOCO s-.MepHoco napaMeAenuneaa As 
pewemKu I's B eBKAuaoao.u npocmpa1tcmae ws paaeH !As l=IAs+il/ds, 1:ae 
ds - HaU60AbU1UU 06U{UU aeAumeAb •mceA (a1, ... , as+i) U !As 1

2 = ai + ... 
. . . +a;, maK itmo IAsl- eBK/luaoaa a/luHa BeKmopa As. 

,ll 0 Ka 3 a Te JI b CT B 0 JI e MM bl. cPyHJJ.aMeHTaJibHbIH rrapaJIJieJieITHITeJJ. pe

rneTKH zs+l B rrpocTpaHCTBe JR.S+l MO)!(HO rroJiyqHTb H3 rrapaJIJieJiemme.11.a As 
perneTKH I's B ws, Jie)!(amero B rnrrepnJIOCKOCTH ws ao6asJieHHeM 6JIH)!(aH

wero K 3TOH rnrreprrJIOCKOCTH ueJioqHcJieHHOro seKTOpa x E zs+l (pHC. 8). 
CKaJIHpHoe rrpoH3Be.11.emi:e 3Toro BeKTOpa c HOpMaJihHbIM K rnrreprrJIOCKO

CTH ws seKTopoM As+I HMeeT HaHMeHbrnee rroJIO)!(HTeJihHoe 3HaqeHHe, B03-

MO)!(Hoe JJ.JIH ueJioq11cJieHHbIX JIHHeHHb!X KOM6HHaUHH 

3HaqeHHe 3TOH KOM6HHaUHH .11.eJIHTCH Ha o6w.ee Kparnoe ds ee K03cpqmuH

eHTOB, 11 ee HaHMeHbrnee 3HaqeHHe eCTb ds. lfraK, JJ.JIH 6JIH)!(aifrnero K rnrrep

ITJIOCKOCTH ws He Jie)!(amero B HeH ueJioqHcJieHHOro BeKTopa x BbIITOJIHHeTCH 

COOTHOllleHHe (As+!, x) = ds (pHC. 8). 

P11c. 8. 8bI411CJiett11e o6beMa JLls J tjJy11,11.aMeHTaJibttoro napaJIJieJien11ne,11.a Lls peweTKll I's B ws 

Haif.11.eM Terrepb paccTOHttHe OT 3Toro 6JIH)!(aifwero seKTopa .11.0 rnrreprrJioc

KOCTH ws (pHC. 8). 
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.LlJIH 3TOro rrpose.11.eM HOpMaJib K rnrreprrJIOCKOCTH, {y = \y\As+i/\As+i\}. 
ToqKa y Ha 3TOH HopMaJIH Jie:>1rnT OT rnrreprrJIOCKOCTH ws Ha TaKOM )Ke paccrn

HHHH p= \y \, KaK H 6JIH)!(at!lliaSI ueJiaSI TOqKa X, eCJIH (As+l • y) = (As+l • x) =ds. 
YMHO)!(aH y CKaJIHpHo Ha seKTop As+l • Mb! HaX0.11.HM 

(As+l• y) = \y\(As+l• As+i)/\As+i\ = \y\\As+i\ = ds, 

OTKy.ll,a p = \y\ = ds/\As+i \. 
l1TaK, 06beM cpyH.ll,aMeHTaJibHOro rrapaJIJieJieITHITe.11.a perneTKH zs+l B eB

KJIH.11.0BOM rrpocTpaHCTBe JRs+t ecTb \As\\Y\ =p\As\· Ho 3TOT o6beM paseH 1, 

TaK KaK zs+l - CTaH.ll,apTHaSI UeJioqHCJieHHaH perneTKa. 

3HaqHT, \As\ = 1 / p = \As+ 1 I/ ds, H JieMMa .ll.OKa3aHa. 0 
Cne,11,cTBHe. P.1tufta Rs BbtCOmbt ¢yniJa.Menma1tbno20 napaMe1tenune

oa As pewemKU I's B eBK/tUOOBO.M npocmpancmae ws' OCHOBanue.M Komo
poco JlBAJlemCR </Jynoa.MenmaJtbftbtU napaJtJte1tenuneiJ As-I noopetuemKU 
I's-1, paena 

.Ll o Ka 3 a Te JI b c TB o c JI e .II. c TB HSI. s-MepHbIH o6beM \As\ rrapaJIJie

Jierr1:1rre.11.a As paseH rrpo1:13se.11.eHHIO (s - 1)-MepHoro o6beMa \As-ti rrapaJIJie

Jierr1:1rre.11.a-oettosaHHH Ha .11.JIHHY Rs BbICOTbI (pttc. 7). 0 
HaM 6y.11.eT y.11.06Hee 3aITHCbIBaTb 3TY cpopMyJiy .11.JIH .11.JIHHbI Rs oqepe.11.HOH 

BbICOTbl B BH.11.e 

R2 _ (ai + ... + a~+1)d;_1 
s - (af + ... +and; (1) 

3aMeTHM, qTQ q1:1cJIO ds-1 .11.eJIHTCSI Ha ds HaUeJIO (TaK KaK HaH60JibillHH 

06m1:1i1 .11.eJIHTeJib Ha6opa q1:1ceJI HBJIHeTCH .11.eJIHTeneM JI106oro ero rro.11.Ha6opa). 

TaKHM o6pa30M, rrocJie.11.osaTeJibHOCTb UeJibIX q1:1ceJI q5 = ds-1/ds HMeeT 

B TO speMSI KaK rrpOH3Be.11.eHHe .ll.JIHH Bb!COT HMeeT BH.11. 

2 2 IL\i/
2 

IL\21
2 IL\n-1' 2 

IL\n-11
2 

R1 ... Rn-I= IL\o\2 \L\1 \2 ... \L\n-2\2 = ~· 

0.11.HaKo. HaM H3BeCTHbI rpaHHqHbie ycJIOBHH \Ao\= \Ai\/di = a1/a1 = I, 
\An-1\2 = \An\2/d; = \An\2/1. l13 HHX Mb! 3aKJIIOqaeM, qTQ rrpOH3Be.11.eHHe 

.ll.JIHH scex n - I BbICOT .11.aeTcH Y.lf.HBHTeJibHOH cpopMyJioff 

R2 R2 2 2 
I··· n-1 =al+···+ an. (2) 

::ho paBeHCTBO H .11.acT HaM oueHKH .ll.JIHH Bb!COT CBepxy . .LlJIH 3TOro CHaqaJia 

oueHHM HX CHH3y. 
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I13 cpopMyJibI (I) ,11,JIH ,11,JIHH BbICOT cJie,11,yeT, LITO R'i > 1 (nocKOJibKY 

)As+i )2 > )As )2 
H qs ";? l ). 

fio'1TOMY ll3 cpopMyJlbl (2) ,ll,JlH npOH3BeJJ,emrn Jl.JlllH Bb!COT BbITeKatOT oueHKH 

Jl,JlllH Bb!COT CBepxy: 

3THM Jl,OK333HO HepaBeHCTBO 

n-1 
""2 2 2 L..,Rs < (n - l)(a 1 + ... +an)· 
s=l 

3Ta oueHKa KBaJJ,paTOB JJ,JJHH Bb!COT CBepxy nopo)!(,11,aeT, corJWCHo Teope

Me 3 (§ 4), OUeHKY CBepxy paJJ,Hyca r nycTOro wapa B rttnepnJJOCKOCTH wn-! 
(He HMetaI.Uero 061.UHX TOLieK C peWeTKOH I'n-1 = zn n wn-l): 

2 :< n - 1 )A 12 r ""' 4 n . (3) 

fio TeopeMe 4 B rttnepnJIOCKOCTll wn- l cymecrnyeT nyCTOH wap paJJ,11yca 

a/a) 0(a) (c 33BHCHI.UeH J!Hlllb OT HanpaBJJeHHH a BeKTOpa a 110CTOHHHOH 0), 

ecJJ11 l = N(a) - I (TaK KaK B CHMnJJeKce An(x) = l, xi) 0, HeT ueJJbIX TOLieK, 

TO HX HeT H B BCTHC3HHOM B Hero wape). 

I13 HepaBeHCTB3 (3) Mb! H3XOJJ,llM Jl,JlH l oueHKY CBepxy 

12 
2 n - 1 2 

a2(a)0 (a)~ -4-)An) ' 

OTKYJJ,3 

y'i1=-1 
N(a) = l + l :::; l + 2r/An/a(a). 

Ho )An)2 =a}+ ... + an= o 2 (a)(a7 + ... +a~), TaK l[TO Mb! noJiyLiaeM oueHKy 

LIHCJJa <Ppo6eHuyca cBepxy, 

./n=l 2( I 2 2 N(a):::; I+ 2p(a) a a)ya1 + ... +an, 

u ~let! 
4TO 11 ,ll,OK33bIBaeT TeopeMy 5 Ha c. 95 (c CTOCTOHHHOH y(a) = 2p(a) ). D 

BnpoLieM, rrnor,11,a noJieJHee ,ll,OCT3BJIHtalUaH MeHbWYID oueHKY LIHCJ!a <Ppo-

6eH11yca CBepxy ouenKa 

(4) 



I 00 .DeKI.Urn 4. feoMeTpHH qHceJI <I>po6eHHyca )JJIH aMHTHBHbIX rroJiyrpyrm 

c Bbrpa*eHHHMH (I) )JJIH R'f. HarrpHMep, Kor.ua seeds= I, Bee ,UJIHHbI BbICOT Rs 
3aBHC5!T TOJlbKO OT HarrpasJieHH5! \/. BeKTOpa a, HCKJIIoqa51 Jlliillb Rf = ar +a§. 

3aMe11auue. Ou,eHKa qHcJia <I>po6eHHyca N cHH3Y (§ 3) HMeJia BH.U 
1 I+ I 

N ~ const(a)IIfi=T (~ const(a)cr n-1 ). 3Ta BeJIHIIHHa pacrer c cr Me,n:JieH-
Hee, qeM cr2, rrpH n > 2. HarrpHMep, rrpH n = 3 ou.eHKa CHH3Y rroJiyqaeTcH 
N ~ const a312 , a CBepxy N ~ const a2 , qTQ ropa3.UO 6oJibUie. 

CJie,UyJOru.mi npHMep rroKa3brnaeT HeH36e)KHOCTb 3Toro srnJieHm1: Mb! rrpH
Be,UeM rrpHMepbI, r.ue, .uelicTBHTeJibHO, N(a, b, c) ~ const a2 (qTO rrp11 6oJibllIHX 
a BO CKOJlbKO yro,UHO pa3 60Jibille, qeM a312), TaK qTQ ou,eHKa CBepxy BeJIHqHHOH 
poem a312 rrpH n = 3 HeBo3MO)KHa. 

DpuMep. PaccMoTpHM TPH (B3aHMHO rrpoCTbre) qncJia 

a, b, c =a+ b. 

B 9TOM cJiyqae q11cJio <I>po6eH11yca JierKo Bbrq11cJIHTb: 

N(a, b, c) = N(a, b) 

(rrocKOJibKY cyMMbl KorrHii qnceJI (a, b, c) HBJIHJOTCH cyMMaMtt KOITHH q11ceJI a 
H b). 

vhaK, N(a, b, c) =(a- l)(b - 1) (rro cpopMyJie CHJibBeCTpa). HaM Hy)KeH 
6y.uer Jlliillb KBa.uparnqHblH pocT ITO a, ,UOKa3aHHb!H Bblllle H 6e3 cpopMyJibl 
CHJibBeCTpa (BrrpoqeM, ,n:oKa3aHHoil HH)!(e, B § 6). 

DpeJIJIOJIO:>KHM Terrepb, qTO 1/9 < a/b < 9, a> 2, b > 2 (pHc. 9). Tor.ua 
a - 1 > a/2, b - 1 > b /2, IT09TOMY BblTIOJIH5leTC5! HepaBeHCTBO 

N(a, b, c) =(a - l)(b - 1) > ab/4. 

b =9a 

(
10)2 Pttc. 9. CeKTOp, B KOTopoM (a+ b)2 < 3 ab 

Ho ab> (9/lOO)(a + b)2 B ceKTope 1/9 < a/b < 9. llelicTBHTeJibHO, cpyHK
U.HH a+ b .uocrnraeT Ha oTpe3Ke rnrrep6oJibI ab= 1 B HallleM ceKTOpe MaKCH-
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1 1 
MyMa B KOHUeBbIX TO'IK3X 0Tpe3K3, r)l.e a = 3, b = 3 HJIH a = 3' b = 3, T3K 'ITO 

BCIOJI.Y B 3TOM ceKTOpe 
1 10 

a+b::;;3+ 3 = 3 . 

3tta<mT, ITO OJI.HOPOJI.HOCTH H ITPH JII060M 3H3'leHHH ab B 3TOM ceKTOpe BbIITOJI

HHeTCH ttepasettcrno (a+ b)2 < (10/3)2ab. lfraK, BCIOJI.Y B yKa3aHHOM ceKTope 

BblITOJIHeHO ttepaBeHCTBO 

T.e. 

B IIaCTHOCTH, oTttornettHe 

ab 9(a + b)2 

4 > 400 ' 

9 2 N(a, b, c) > 
400

a . 

N(a, b, c) 9 r= 
a312 > 400 v a 

ITPHHHMaeT B TO'IKax yKa3aHHOH o6JI3CTH (co B33HMHO ITpOCTbIMH a H b) CKOJ!b 

yroJI.HO 60JibWHe 3Ha'leHHH, )l.eJiaH ou.eHKY csepxy BHJl.3 

N(a, b, c) < const(a)a312 

HeB03MO)KHOH (JI.JIH MHOrHX TpOeK B U.eJIOM ceKTOpe H3ITp3BJieHHH, a). 

TaKI:IM o6pa30M, ITPHMepbI KB3JI.parnIIttoro ITO a(a) poem IIHCeJI ct>po6ettl:ly

ca HMeIOTCH. TeM He Mettee, H He cyMeJI Bb!HCHI:!Tb, 1-tacKOJtbKO MHOcO'iUCJteH

Hbt TpOHKll, o6JI3)1.3!0lll,He OITI:IC3HHblM Bb!We CBOHCTBOM KB3JI.p3Tll'IHOro poem 

'IHCJia ct>po6eHHyca N c a: THTIH'IHbl OHH HJIH HCKJI!O'IHTeJibHbi? 

)leJio B TOM, 'ITO paccy)KJl.eHHH ITPHBe)l.eHHOro Bblllle JI.OKa3aTeJibCTBa Hepa

BeHCTBa N ::;; const a2 JI.OK33bIBaIOT B JI.eHCTBHTeJibHOCTH 6oJibllle (CM. Bb1rne 

2 I+ I 
HepaBeHCTBO ( 4)). 8eJIH'IHH3 a BMeCTO a n-1 ITOJIYIIHJI3Cb !13-33 TOfO, 'ITO 

Mb! ou.eHHJIH pocT scex JI.JIHH BbICOT Rs BeJIH'IHHOH 1Anl2, B TO speMH KaK Mb! 

3HaeM, 'ITO c 3TOH CKOpOCTb!O pacTeT TOJ!bKO HX ITPOH3Be)l.eHHe 

Rf ... R~-1 = IAnl2
, 

TaK 'ITO caMH JI.JIHHbl Bb!COT paCTyr Me)l.JieHHee. 

B cJiyIIae, KOrJI.a see omHOUteHUfl JI.JIHH BbICOT Rs/ Rt orpattHIIeHbI csep

xy tteKoTopoi1 (He 33BHcHrn.el1 OT IAni) ITOCTOHHHOH, H3 ITPHBeJI.eHHoro Bbipa

)KeHHH (2) JI.JIH ITpOH3Be)l.eHHH ITOJIY'l3JIHCb 6bI ou.eHKH JI.JIHH Bb!COT ropa3)1.0 
2 

MeHbllleH BeJIH'IHHOH, R; ::;; const I An I n-1 ' 'leM HCITOJ!b30B3HHOe y Hae I An 12. 

PaccMOTpHM, ttanpHMep, cJiyIIai1, Koma Ko3<P<PHU.HeHTbI (a1, a2, ... , an) 
MO)KHO pacnoJIO)KHTb B T3KOM nopHJI.Ke, 'IT06bi Bee H3H60JibllIHe o6rn.He )l.eJIH

TeJIH ITepBbIX H3 HHX, 

d1=(a1,a2), d2=(a1,a2,a3), ... , dn-2=(a1,a2, ... ,an-1), 
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6hIJIH paBHbl 1, TaK T{TO cpopMyJia (1) rrp11HHMaeT He 33Bl1C5!WJ1H OT o(a) BH,ll 

2 2 2 2 

R2 = al + · · · + as+l = (l(l + · · · + (l(s+l = ff• ( ) 
s 2 2 2 2 "'s CJ.· 

al+ ... + as (l(l + ... + (l(s 

B 3TOM cJiyqae ycJIOBHe orpaHHl!eHHOCTH ornoweHHH .IlJIHH BhICOT Rs/Rt BbI

,neJI51eT C€KTOP B rrpoCTpaHCTBe HarrpaBJI€Hl1H, B rrpe,neJiax KOTOporo ,nei1cTByeT 

l+ I 
01~eHKa N ~ 1 + const a n=T, rnK 4TO acHMITTOTHKa 4HcJia <l>po6eHttyca N no-

n l 
p51JlKa a n=T (ro ecTb II n-1 ) HMeeT MeCTo )lJIH o,nHHX HarrpaBJieHHH, a rrop51JlKa 

a2 (TO eCTb II2/n)- ,llJl51 ,npyrnx, l1 BOrrpoc 0 TOM, K3Kl1X HarrpaBJI€Hl1H 60Jiblll€, 

He rrpocT. 

)laMe Bonpoc o noseneHHH B 3aBHCHMocrn OT a cpeJlHHX 3HatJeHHH N (a) 
4HCeJI N (a) rro BCeM HarrpaBJieHH51M BeKTopos a c ,naHHOH cyMMOH Koop,nttHaT 

a(a) He rrpoCT l1 3aCJIYMHBaeT 3KcrrepHM€HT3JlbHOro l1CCJie,llOB3Hl151. 

5I c,neJiaJI B 3TOM HarrpaBJieHHH TOJibKO rrepBbte warn, HO rrptt rrpHBJietJemrn 

H3,llJieMaW.ei1 KOMITbJOTepHOH TeXHHKH MOMHO 6bICTpo rrpo,nBHHYTbC51 Brrepe.n B 

3Tl1X 3MI111pH'l€CKHX l1CCJI€.Ll,OBaHH51X. 

CTp11Be.L1,eHHb1e H11Me l!HcJieHHbie ,naHHbie rro,ncKa3bIBaJOT ,nocT11MeHHe cpen

HllMH 'll1CJI3Ml1 <l>po6eHHyca f.; poem co CKOpOCTb!O MeHbille o
2

' HO OH MOMCT 

3aMe,il.Jil1TbC51 rrp11 60Jibilll1X 3HalJeHJ1HX cyMMbl a =a + b + c (51 )lOllleJI TOJlbKO 

.no a= 41, HO CM. OITHCaHHe ITOCJie)lyJOW.HX pe3yJibTaTOB Ha c. 104). 

§5. Cpe,11.m1e 3Ha'lettusi 'IHceJI <l>po6em1yca 

.IlJIH cpaBHeHH51 ,UOKa3aHHb!X oueHOK c peaJibHOCTb!O 51 COCl!HTaJI 51BHO BCe 

3Ha4eHH51 lJHCeJI <l>po6eHHyca N (a, b, c) ,nJI51 a = 41, T. e . .UJI51 scex 780 TpoeK 

HarypaJibHbIX T{l1CeJI c cyMMOH a + b + c = 41. 
B Ka4eCTBe cyMMbl a 51 BbI6paJI rrpocTOe 4HCJIO .UJI51 TOro, 4T06b1 HCKJIJ04HTb 

CJiyqai1 «COH3MepHMOCTH», KOr,ll,a BCe 4l1CJia as HMeJOT HeTpHBHaJibHblH o6W.HH 

.JleJittTeJib, TaK T{TO rropOM,ll€HHa51 HMH a,ll,)lHTHBHa51 ITOJiyrpyrrrra He co.uepMHT 

Bcex ueJibIX 4HCeJI, Hal!11Ha5I c N, HH npH KaKoM N. 
TpottKH l!HCeJI N(a, b, c) c naHHOH cyMMOH a ecTecTBeHHO 06pa3y10T pas

HOCTopoHHHH TpeyroJibHHK. )lJI51 a = 7 l1 19 TaKHe TpeyroJibHHKH rrpttBe,UeHbl 

BbIWe, Ha c. 87. CTptt a= 41 JJ.OCTaTO'lHO pttcoBaTb TOJibKO qacTb Bcero 3Toro 

TpeyrOJibHHKa (6 CHMMeTpHH KOTOporo JierKo IT03BOJI51!0T BOCCTaHOBHTb H€,UO

CTaIOWJ1€ qacrn), CM. c. 103. 
l·fa scex rrp11Be,UeHHbIX Bb1we rn6JIHU 3Hal!eH11i1 N(a, b, c) BH.UHO, l!TO oT-

HOllleHHe 
{) = N(a, b, c) 

(2abc) 112 

MOMeT CHJibHO MeH51TbC51 )laMe npH He60Jibilll1X l13MeHemrnx apryMeHTOB 

a, b, c. 
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0 26868m12H56IB2050MWM30D383838D30MWM5020IB56Hl2m866820 
0382344D6308WIOW12MHBIB20IBIB20IBBHU12WIOW8306D4342380 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

OpuMep (npua+b+c=41). 

N(7, 14, 20) = 114, ropa3JI.O 6oJibllle, '-leM V2 · 7 · 14 · 20 ~ 62,4. 

N(7, 15, 19) = 47, ropa3JI.O MeHbllle, '-leM V2 · 7 · 15 · 19 ~ 63,2. 

B rrepBOM cJiy'-lae ~ ~ 1,82, a BO BTOpOM ~ ~ 0, 7 4 B,l.l.BOe MeHbllle, XOTH 

TpOHKH - coce,l.l.H. 

5I ,l.l.aBHO y)Ke Bb!CKa3aJI mrrOTe3y, '-ITO 3MI1HpH'-1eCKH eCTeCTBeHHaH «aCHMIT-

( 
n ) l/(n-1) 

TOTHKa» N,...., (n - l)! TI as JI.OJI)!(Ha C'-IHTaThCH cJia6of!, T. e. '-ITO rrpH-
s=l 

6JIH)KeHHe K HeH B03HHKaeT (rro Mepe poem BeJIH'-IHHbl o(a)) Jllflllb )l,l!SI cpe,!.1.HHX 

3Ha'-leHHH N ITO BeKTopaM a, HarrpaBJieHHSI KOTOpb!X, ct, rrpo6eraJOT HeK0Topy10 

o6JiaCTb B rrpocTpaHcTBe HarrpaBJieHHH (CJia6b!e aCHMITTOTHKH '-IHCeJI pellle

HHSI JI.HOcpattTOBbIX 3a,l.l.a'-1 II <l>yHKU. aHaJIH3 H ero rrpHJI. 1999. T. 33, Bhm. 4. 
C. 65-66). 
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3rn mrroTeaa OCTaeTCH HeJI,oKaaaHHOH, HO 51 pelllHJI rrosepHTb XOTH 6bi 

ITOBeJI,em1e cpeJI.HHX attaqeHHH cpyHKU.HH N n I = JabC ITO sceMy CHMITJieKcy 

{a+ b + c =a, a;;;:;: 1, b ;;:=:: 1, c ;;:=:: l}. 
3rn BbJqHcJieHHH, )J,JIH ITPHBeJI,eHHb!X Bblllle Ta6JIHU, c (J = 7, 19 H 41, ITpH

BeJIH K cJieJI.YIOllLHM cpeJI.HHM aHaqeHHHM, N n l. 

(J LN Ll N = (L N)/(L 1) LI l = (L l)/(L 1) 
7 6 15 0,4 43,04 2,87 
19 1332 153 8,7 1880 12,29 
41 33126 780 42,47 31068 39,83 
97 909930 4560 199,546 
199 12975216 19503 665,293 

Ha 3THX JI,aHHbIX MO)KHO JiorapncpMnposattneM H3BJie% nopHJI.OK ITpeJI.ITOJIO)KH

TeJibHOH CTeITeHHOH aCHMITTOTHKH, 

lleifcrnnTeJibHO, ecJIH In N =In C + u In a, TO K03cpcpnu,HeHT u HaxoJI,HTCH KaK 

HaKJIOH rpacpnKa aasncnMOCTH N (a), HapncosaHHoro Ha JI.BOHHOH JiorapncpMH

qecKOH 6yMare: 

lnN(o2) - lnN(o1) 
u~-~~--~~ 

lno2 - lno1 

llJIH CTJ = 7, CT2 = 41 H JI,JJH CTJ = 19, cr2 = 41 ITOJJyqaIOTCH 

3,83 + 0,92 2 5 3,83 - 2,20 2 1 
U ~ 3,70 - 1,95 ~ ' H U ~ 3,70 - 2,94 ~ ' . 

Bb16op ( a1 = 41, a 2 = 97) rrpnBOJI.HT K ttaKJiotty ITPHMbIX u = 1,8, a Bb16op 

(a1 = 97, a2 = 199) - K u ~ 1,6. 3r11 ITptt6JIH)KaIOmneCH K 1,5 qncJJa orqa

CTH ITOMep)KttBaIOT MOIO mIToreay 1999 roJI.a, qro ITpn 6oJJblllHX seKropax a 
q11cJia <I>po6ett11yca N(a) pacryr B cpeJI,tteM KaK a B CTenett11 1+1/(n - 1), 
TO ecTb KaK a B CTeITeHH 3/2 ITPH n = 3. Bb1q11cJJeHHH )J,JIH a= 97 n 199 -
KOMITbIOTepHbie, nx ITposeJI no Moeif ITpocb6e A. foJI.ep. 

AttaJJomqHh1e Bb1q11cJJemrn )J,JIH J ITPHBOJI.HT cKopee K u ~ 1,5, qro JI,aIOT n 

JI,OKa3aHHbie Bblllle acHMCTTOTHKH (a TaK)Ke coo6pam:eHH51 CTOJI,06HH, rrpnMeHeH

Hbie K HHTerpaJiy OT cpyttKU,HH I = J(ibC ITO CHMCTJJeKcy a+ b + c =a). 

§6. )1.oKa3aTeJibCTBO TeopeMbI CHJibBecTpa 

Pe% HJI.eT o u,eJJbIX ToqKax (x ;;:=:: 0, y;;;:;: 0) Ha ITp51MOH ax+ by= l B ITJIOCKO

CTH JR2 (mean b- ttarypaJibtthre saanMHO ITpOCTbie qncJia, l - u,eJioe qncJio). 

TeopeMa 6. Ec;w l = N - 1 =ab - a - b, mo 1-ta yKasa1uw.M ompesKe 
a Hem lfUlbtX molfeK, a eC/lU l;;;:;: N =(a - l)(b - 1), mo ecmb. 
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,Il o Ka 3 a Te JI b c Ta o. PaccMoTpHM CHal!aJia Bee u.eJibie T04KH Ha rrpHMOH 

ax+ by= 0. 00CKOJibKY X H y B3aHMHO rrpOCTbl, l!HCJIO X ,LLeJIHTCH Ha b, a l!HCJIO 

y Ha a. 003TOMY 6JIH)K3HlllaH K 0 HeHyJieBaH U.eJI3H T04K3 p HallleH rrpHMOH 

HMeeT KOOp,LLHHaTbl x = b, y =-a (pHC. 10). 

ax+ by= 

ax+ by= 

l ........ 

0 ""-. 

' ~ 
......... 

y 

""" ' 
"-- 0 

"--
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I'-.- Lt 
'-

" ['.._ "--
Lo~ I'-...... ""' ['.._ 
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Puc. 10. lleJ1b1e TOqKu Ha npHMbIX ax+ by= l (a= 3, b = 5) 

x 

CJie.noBaTeJibHO, paccTOHHHe Me)K,LLJ coce,LLHHMI1 u.eJibIMI1 TOl!KaMH Ha Harneif 

rrpHMOH ecTb L = v' a2 + b2. 
Ha BCHKOH rrapaJIJieJJbHOH eif rrpHMOH ax+ by= l (c u.eJJbIM l) u.eJihie T04KH 

o6pa3yIOT TaKyIO LKe pellleTKY c lUaroM L (pHc. 10), TaK KaK 3TH rrpHMhie rrepe

BO.LLHTCH .npyr B JJ.pyra coxpaHHIOlll.HM perneTKY u.eJiblX TOl!eK C,LLBlffOM IlJIOCKOCTH 

(rrOCKOJlbKY ypaBHeHHe ax+ by= 1 pa3pell1HMO, l(TO BHJJ.HO, HarrpHMep, H3 aJI

ropHTMa EBKJIHJJ.a .LLJIH HaxoLK.neHHH HaH60JihIIIero o6mero JJ.eJIHTeJIH 1 l!HceJI a 
H b). 

J.fa Bcero 3TOro cJieJJ.YeT, l!TO rrpH l 3 ab Ha oTpe3Ke rrpHMOH ax +by = l, 
rJJ,e x ~ 0, y 3 0, u.eJible T04KH ecTb (TaK KaK JJ.JIHHa 3TOro OTpe3Ka eCTb 

J (~/ + (~/ = :b Ja2 + b2 3 L). 
TeM caMhIM srnpoe yrnepLK,LLeHHe TeopeMhI JJ.OKa3aHo ,LLJIH l 3 ab. 
PaccMoTpHM Terrepb rrpHMyIO, Ha KoTOpoif ax+ by= ab (pHc. 11). 
Ha Heif Jie)!(aT T04KH A(x = b, y = 0) H B(x =·o, y =a). 
To4KH A'(x = b - 1, y = -1) H B'(x = -1, y =a - 1) Jie)!(aT Ha rrpHMOH 

ax+ by= l, rJJ,e l =ab - a - b = N - 1. 
PaccTOHHHH JABI H IA' B'I paBHhI L, IT03TOMY Ha OTpe3Ke A' B' rrpHMOH 

ax+ by= l' HeT u.eJihIX TOl!eK, KpoMe KOHU.eBhIX roqeK A' H B'. 
TeM caMhIM rrepBoe yrnep*JJ.eHHe TeopeMbI (o rrycTOTe OTpe3Ka rrpHMOH c 

l = N - 1) .noKa3aHo. 
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y 

B 

B' 

x 
ax+by =N 
ax +by = l > N - 1 

ax +by =N -1 

P11c. 11. ITpHMbie C!!JibBeCTpa ax+ by= N(ab) - 1 11 ax+ by= l > N(ab) - 1 

11.JIH ITOJIHOro .noKa3aTeJibCTBa BToporo yTBepM.neHl!H TeopeMbl OCTaeTC51 

rrposep11Tb ero JI11lllb rrp11 N ( l <ab. B 3T11X ycJIOB1151X rrp51Ma51 ax+ by= l rre

peceKaeT mrnroHaJI11 (AA') 11 (BB') 3all1TpHxoBaHHbIX y TOIIeK A 11 B KBa,LI,paToB 

B TOIIKax At 11 Bt cooTBeTCTBeHHO, rrp1111eM B At 0Tp11uaTeJibHaH Koop.n11HaTa 

y, a B B1 0Tp11uaTeJihHa5I Koop.n11Harn x. 
PaccT05IH11e JAt Bt I paBHO L, rro.no6Ho paccT051H11JO IAB I· CTo3TOMY Ha OT

pe3Ke AtBt o6513aTeJihHO ecTh ueJia51 TOIIKa (x1, Y1). B 3TOH ue.n.oli TOIIKe o6e 

KOOp.11.HHaTbI HeoTpHUaTeJihHbI, TaK KaK rrepece11eHHH OTpe3Ka AtB1 rrpHMOH 

ax+ by= l c 06JiacrnM11x<011 y < 0 JieMaT BHYTP11 3all1Tp11xosaHHhIX KBa.n

paTOB (p11c. 11 ), r.ne ueJibIX TOIIeK HeT. HaJI111111e ueJioli TOIIK11 (x1, Yt ), r.ne x1 ~ 
~ 0, Y1 ~ 0, ax1 + byt = l ~ N, .noKa3brnaeT TeopeMy C11JihBeCTpa .no Ko Hua. D 

§ 7. feOMeTpHSI ~eITHblX .npo6eu lIHCeJI cJ>po6eHHyca 

CTp11se.neHHbie Hl!Me reoMeTp1111ecK11e TeopeMbl 0 'll!CJiaX <l>po6eH11yca 51 

rrp11.nyMaJI B 1999 ro,rry, Kor.na 1111caJI pa6oTy o cJia6hIX ac11M11TOT11Kax 1111-

ceJI pellleH11H .n11ocpaHTOBbIX 3a.na11 11 Bbl'l11CJ151JI Tb!C511I11 'll!CeJI <Ppo6eH11yca 

N(a, b, c). Ho 51 He orry6JI11KOBaJI 3T11X pe3yJibTaTOB, c1111rn51 11x TOr.na CJIHlll

KOM 011eB1l.ll.HbIMH. 3rn HX 011eB1l.ll.HOCTb Hl!Me H .11.0Ka3bIBaeTc51. B OTJ1111I11e OT 

.noKa3aTeJibCTB, OTKpbITHe 3T11X reoMeTp1111ecKHX cpaKTOB BOBCe He rrpOCTO. 

CTycTb (a, b, c)- 110JioM11TeJibHb1e ueJibie 1111cJia, He HMe10m11e 60Jiblllero 1 
o6mero .neJittTeJI51. PaccM0Tp11M cpyHKUHIO co 3Ha11eHHHM11 l (y, z) =by+ cz Ha 

3aMKHYTOM 110JIO:lK.11TeJJ.bHOM KBa.npaHTe { (y ~ 0, z ~ 0)}. 

Onpe.neJieHHe t. PeaJtusamopoM. ocrnTKa k OT .ne.n.eHH51 Ha a Ha3bIBaeT

C51 TaKa51 ueJia51 TOIIKa r Ksa.npaHTa, r.ne 3HaIIeHtte l (r) .naeT rrp11 .neJieHHH Ha 

a OCTaTOK k, rrp1111eM 3Ha11eH11e l(r)- Ml!HHMaJibHOe (cpe.11.11 scex .naJOIUHX B 

OCTaTKe k rrp11 .neJieHl!H Ha a 3Ha'leH11ll B TO'IKax 3aMKHyTOro 110JIO:lK.11TeJibHOro 

KBa.npaHTa {(y ~ 0, z ~ O)}). 
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OnpeLI,e.Jiettue 2. 061wcmb10 D(a, b, c) TpoH.Ktt (a, b, c) Ha3brnaeTC51 
MHOMecTBo Bcex pea.JI113aTopoB Bcex a OCTaTKOB (k = 0, 1, ... , a - 1 ). Pn
coBaTb YA06Hee He KOHeqHoe MHOMeCTBO pea.JIH3aTOpOB, a COOTBeTCTBYJOW.YIO 
Belll,eCTBeHHYIO 06.JiaCTb, me OHll .JieMaT (CM. TeopeMy 7). 

Bee ocTaTKH pea.JIH3YJOTC51, ec.JIH (a, b, c) = 1- 3TO c.Jie)J,yeT 113 a.JiropHTMa 
EBK.JIH,II,a. KaK rrpas11.JI0, y KaM,II,Oro ocTaTKa TO.JibKO O,II,HH pea.Jitt3aTOp, B 3TOM 
c.Jiyqae 'IHC.Jio scex pea.JIH3arnpos paBHO a. Ho ec.JIH pea.JI113aTOpos 60.Jibwe, 
TO 3TO HaM He ITOMewaeT. 

TeopeMa 7. 02paHUl/,UBa10UfaH o6Aacmb D Ao.MaHafl HBAHemrn Bce2aa 
cmyneflqamou AecmHu4eu (aua2pa.u.uou IOH2a): ecAu moqKa q AeJ1Cum 
Bl-le o6Aacmu D, mo A106aH moqKa Q? q (c KoopauHama.uu {(y(Q)? y(q), 
z(Q)? z(q))}) mo'J/Ce Ae'J/Cum Bl-le o6Aacmu D. 

flpuMep. Jl.JI51 a= 21, b = 31, c = 45, BbinHCbIB351 y K31K)J,OH Ue.JIOM TOqKH 
q = (y, z) OCTaTOK OT LI,e.JieHH51 q11c.Jia l(q) Ha a, Mb! ITO.JiyqaeM Ha6op OCTaTKOB, 
,II,OCTaB.JI51!0lll,llll BbI)J,e.JieHHble MllpHbIM wpmpTOM pea.JIH33TOpbl, o6pa3yJOmHe 
o6Be)J,eHHYJO .JiecrnnqHoH. .JIOMaHoH. 06.JiaCTb D. BHe 3TOH 06.JiaCTH Te JKe ocrnT
KH )J,OCTHraJOTC51 (s Ue.JibIX rnqKax rro.JIOJKHTe.JibHoro KBa)J,paHTa { (y? 0, z? O)}) 
rrp11 66.JiblllllX 3HaqeHH51X cpyHKUllll. 

t 06JJaCTL D 
12 11 • • 
9 19 8 18 7 17 6 16 5 • • • • • • • • 
6 16 5 15 4 14 3 13 2 12 

• • • • • • • • • 
3 13 2 12 11 0 10 20 9 19 • • • • • • • • • • 
0 to 20 9 19 9 18 7 17 6 16 5 

--~ 

M 

P11c. 12. JleCTHllYH351 JIOM3H351 TpOHKll (21, 31, 45) 

PaccM0Tp11M sepunrny M orpatt11qnsa10meH. 06.JiaCTb D .Jiecrn11qHoH. JIOMa
HOH, r,II,e 3HaqeH11e L JIHHeifHoH. cpyHKUHH l MaKcttMaJibHO (TaKHX «MaKCHMaJib
HbIX BeprnHH» MOMeT 6bITb HeCKOJlbKO). 

TeopeMa 8. l/ucAO c/>po6eHUyca N(a, b, c) aaemrn ¢op.uyAOU 

N=L-a+l. 

TipHMep. B rrpe,II,bI,II,ylll,eM rrp11Mepe (e)J,HHCTBeHHa51) MaKc11MaJibHa5! sepw11-
Ha M HMeeT Koop)J,11HaTbI y = 8, z = 0, TaK qTo 

L=/(8,0)=8·31+0·45=248 (=17 (mod21)). 

TeopeMa 8 yTBepM)J,aeT B 3TOM c.Jiyqae, qrn N(21, 31, 45) = 248 - 21+1 = 
= 228, qTo BepHo, HO He TaK yJK .JierKo )J,OKa3bIBaeTC51. 
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)loKa3aTeJibCTBO TeopeMbI 7. EcJIH ToqKa q Jie:lKHT BHe o6JiaCTH D, 
TO B D eCTb peaJIH3aTOp r co cpaBHHMbIM c l(q) ITO MOJ:l)'JIJO a 3Haqett11eM 

l(r) < l(q). CTycTb Q?: q, ,LJ,oKa:lKeM, qTo TOqKa Q TO:lKe Jie:lKHT BHe o6JiacTH D. 
PaccMoTpHM BeKTOp R = r + (Q - q). I1MeeM l(R) = l(Q) (mod a), l(R) < 

< l ( Q), IT03TOMY ToqKa Q He peaJIH3aTop 11 Jie:lKHT BHe 06JiacT11 D. D 
)l 0 Ka 3 a Te JI b CT B 0 Te 0 p e M bl 8. 
JleMMa l. lfuc1to l - a He axoiJum a aiJiJumuaHy10 no1tyepynny 

p ={ax + by +CZ, x ?: 0, y ?: 0, z ?: O} IWM6UHal{UU c l{e/lblMU K09l/J
¢ul{UeHmaMU (x, y, z). 

)l 0 Ka 3 a Te JI b CT BO JI e MM bl 1. EcJIH 6bi HMeJIOCb ITpe,D,CTaBJieHHe 

l - a = aX + b Y + cZ, X ?: 0, Y ?: 0, Z ?: 0, 

TO TOqKa Q c Koop,D,HHaTaMH (Y, Z) y,LJ,oBJiernopHJia 6b1 ycJIOBHHM 

(l(Q) = bY + cZ) ~ (aX + bY + cZ = l - a)< (l = l(M)). 

(1) 

3ttaq11T, ToqKa M He 6b1Jia 6hI peaJIH3aTopoM, BOITpeKH cBoeMy OITpe,D,e.neHHJO. 

CToJiyqe1rnoe ITPOTHBopeqHe ,LJ,OKa3bIBaeT HeB03MO:lKHOCTb ITpe,L1,CTaBJieH115! (1). 
JleMMa 1 ,LJ,OKa3aHa. D 

JleMMa 2. J/Jo6oe l{e1toe ttuc1to K > l - a exoiJum B aiJiJumueHy10 no-
1tyepynny P. 

)l 0 Ka 3 a Te JI b CT B 0 JI e MM bl 2. PeaJIH3aTOp r OCTaTKa OT ,LJ,eJieHH51 

ue.noro ti11cJia K > l - a Ha a ITp11Ha,LJ,Jie:lKHT 06JiacT11 D TpoiiKH (a, b, c). Do-

3TOMY BbmOJIHHlOTCH HepaBeHCTBa l (r) ~ l < K +a (Be,LJ,b qHcJio l- MaKCHMYM 

cpyttKUHH l Ha peaJI113aTopax). 

OcTaTKH OT ,LJ,eJieHHH 06011x q11ce.n K H l(r) Ha a O,LJ,HHaKOBbI. 3Haq11T, 

H3 ttepasettcTBa l (r) < K +a BbITeKaeT HepaBeHCTBO l (r) ~ K. Do::>TOMY K = 
= l (r) + xa, r,LJ,e ueJioe tIHCJIO x HeOTPHUaTeJibHO. 0603Haqa51 KOOp,L!,HHaTbl Toq

KH r qepe3 (y, z), Mb! ITOJiyqaeM paBeHCTBO 

K =ax +by + cz, 

,LJ,OKa3bIBalOW,ee JieMMY 2. D 
TeopeMa 8 BbITeKaeT H3 JieMM 1 11 2: qHCJIO <I>po6eH11yca N 60Jibllle l - a ITO 

JieMMe 1 11 He ITpeBOCXO,LJ,HT l - a+ 1 ITO JieMMe 2, a ITOTOMY paBHO l - a+ 1. D 
npHMep. B cJiyqae a= b Mb! HaXO,LJ,HM B Katiecrne MaKCHMaJibHOro peaJIH-

3aTOpa ToqKy M c Koop,L1,11HarnM11 (y = 0, z =a - 1), IT03TOMY l = c(a - 1) 11 

TeopeMa 8 ,LJ,OCTaBJIHeT OTBeT N (a, a, c) = c(a - 1) - a+ 1 =(a - l)(c - 1), TaK 

qTo Mb! ITO-HOBOMY ,LJ,OKa3aJI11 TeopeMy C11JibBecTpa: N(a, c) =(a - l)(c - 1). 
)lJIH 6b1CTporo BbitiHCJieHHH 06JiacT11 D (a 3Haq11T, ITO TeopeMe 8, 11 q11cJia 

<I>po6ett11yca) ITOJie3HO cJieJl)'lOIUee OIT11catt11e JieCTH!fqHoii rpattHUbI 06JiacT11 D. 
TeopeMa 9. Ec1tu mottKa Q 1te:J1Cum BHe 061tacmu D Ha 1 BbtUte eopu

aoHmaAbHoeo yttacm1w epaHUl{bt (ede z = const), mo ttuc1to l ( Q) cpaaHuMo 
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no Moay;uo a co 3Ha'leHUeM l (R) 8 oaHoii U3 mo'leK R HUJ/CHeii cpaHUtfbl 
o6Jtacmu D (2ae z = 0). 

BoJtee moco, Jt106oii peaJtu3amop R ocmamKa om aeJteHUR 'lUCJta l(Q) 
Ha a JteJ1Cum Ha HUJICHeM Kpa10 o6Jtacmu D. 

1l o Ka 3 a Te JI b c TB o Teo p e M bl 9. EcJIH 6b1 B peaJIH3aTOpe R BbIITOJI

HHJIOCb HepaseHCTBO z(R) > 0, TO o6JiaCTH D rrp11Ha.nJieX<aJia 6bI Ta!OKe TO'!Ka 

r = (y(R), z(R) - 1). B 3TOM cJiyqae TO'!Ka q = (y(Q), z(Q) - l) .nasaJia 6b1 

rrpH .n:eJieHHH 3Ha'leHH51 l(q) Ha a TaKOH )!<e OCTaTOK, KaK OCTaTOK OT .neJieHH51 

Ha a MeHbrnero 3Ha'leHHH l(r). 
no3TOMY TO'!Ka q JieMaJia 6bi BHe o6JiaCTH D (He 6bJJia 6bI peaJIH3aTOpOM 

ITO rrpH'IHHe cyw.ecTBOBaHH51 correpHHKa r). l1Hb!MH CJIOBaMH, eCJIH 6bI z(R) 
6b!JIO ITOJIO)KHTeJibHbIM, TO HCXO.ll.Ha51 TO'!Ka Q He MOrJia 6b! JieMaTb cpa3y Ha.n 

ropH30HTaJibHbIM yqacTKOM rpaHHUbI o6JiaCTH D, sorrpeKH ycJIOBHJO. 3Ha'IHT, 

z(R) = 0, 11 TeopeMa 9 .noKa3aHa. D 
3aMe11auue. MeHHH MeCTaMH y 11 z, Mb! rroJiyqaeM aHaJIOrH'IHoe Teope

Me 9 orr11caH11e eepmuKaJtbHbtX yqacTKOB (y = const) rpaHHll,bI o6JiaCTH D: 
l(Q) = l(R = (0, z(R)) (mod a) Ha CJie.ny10w.eii sepTHKaJIH 3a rpaHH'IHOH. 

CJie.lJ.CTBHe. 3a Jtl06oii exoaRUfeU eeputUHOU cpaHU'lHOU JteCmHU'lHOU 

JtoMaHou (HanpaeJteHHoii 3aecb ocmpueM K Ha'laJty KoopauHam) 3Ha

'leHue ¢YHKtfUU l B omcmORUfeu Ha l u om 2opu30HmaJtbH020, u om 
BepmUKGJlbHOCO ompe3K08 JlOMaHOU mO'lKe V aeJtUmCfl Ha a. 

1l 0 Ka 3 a Te JI b c TB 0 c JI e .ll. c TB Ii 51. PeaJIH3aTOp r OCTaTKa OT .neJieHH51 

'IHCJia l (V) Ha a .ll.OJI)KeH rrpHHa.ll.Jle)KaTb Ii OCH y = 0, Ii OCH z = 0 (rro Teope

Me 9). 3Ha'IHT r = 0, l (r) = 0, a ITOTOMY l (V) .neJIHTC51 Ha a. D 
npuMep. Ha pHC. 13 BXO.ll.51W.a51 BepWHHa V HMeeT KOOp.lJ.HHaTbl y(V) = 6, 

z(V) = 2. B Hett yKa3aH ocTaTOK HYJib, TaK KaK 3Haqett11e l (V) = 186 + 45 = 
= 231=21 . 11 .neJIHTC51 Ha a= 21. 

PHC. 13. noCTpoeHHe CTHJ!bl II c 3y6uaMH Kq 

J13 TeopeM 7-9 cJie.nyeT 6bICTpbIH crroco6 rroCTpoeHHH o6JiaCTH D (a CTaJio 

6bITb, Ii Bbl'IHCJieHH51 'IHCJia <l>po6eH11yca). 
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A HMeHHO, pacCMOTpHM peweTKY r Tex ueJib!X T04eK q f!JIOCKOCTH c KO

opJJ.HHaTaMH (y, z), B KOTOpb!X 3Ha4eHHe l(q) )J.eJIHTCH Ha a. HarrpHMep, B HX 

4HCJIO BXO)J.HT T04KH (c, -b) H (a, 0) (He o6513aTeJibHO 06pa3y10mtte 6a3HC 

perneTKH I'). 
PaCCMOTpHM TY 4aCTb r + peweTKH r ( <<ITOJiypeweTKY» ), r)J.e cpyHKUHH 

l =by + cz rrpHHHMaeT rroJIO)KHTeJibHbie 3Ha4eHHH. Ka)KJJ.OH TO'!Ke q H3 rroJiy

peweTKH I'+ COITOCTaBHM 3aMKHYTb!H «3y6eu» 

Kq = {Q ~ q: y(Q) ~ y(q), z(Q) ~ z(q)} 

c BeprnHHOH q. PaccMOTpHM (pHc. 13) ITHJIY H3 Bcex TaKHX 3y6uoB 

II= LJ Kq· 
l(q)>O 

TeopeMa 10. 06Aacmb D npeiJcmaa/lflem co6ou iJonoAHeHue K nuAe II 
B noAo:J/CumeAbHOM KBaiJpaHme JR~ = {y ~ 0, z ~ O} (nAocKocmu c Koop
iJuHamaMu y u z): 

D =JR~\ II. 

lloKa3aTeJibCTBO TeopeMbl 10. 
JleMMa 1. HuKaKou KBaiJpaHm Kq He nepeceKaemcfl c 06Aacmb10 D. 
Jl 0 Ka 3 a Te JI b CT B 0 JI e MM bl J. ]leHCTBHTeJibHO, eCJIH TO'!Ka q Jie)KHT 

B ITOJIO)KHTeJibHOM KBaJJ.paHTe f!JIOCKOCTH, TO (eJJ.HHCTBeHHb!M) peaJIH3aTOpOM 

ocTaTKa OT JJ.eJieHHH 4HCJia l (q) Ha a HBJIHeTcH TO'!Ka 0 E D, rro3TOMY q -j. 0 He 

rrpHHaJJ.Jie)KHT o6Jiacrn D 
EcJIH y(q) > 0, z(q) < 0, TO Mb! paccMOTpHM pa3JIO)KeHHe 

q = q' - q", q' = (y(q), 0), q" = (0, -z(q)). 

B 3THX o6o3Ha4eHHHX 

l (q') = l (q) + l (q") > l (q"), 

I103TOMY TO'!Ka q' He rrpHH3)].Jie)KHT o6JiaCTH D (tt6o B TO'!Ke q" OCTaTOK OT 

)J.eJieHHH l Ha a TaKOH )Ke, a 3Ha4eHHe MeHbrne). 

CTo TeopeMe 7 BeCb KBa)J.paHT 60JibillHX q' TOlieK He rrepeceKaeTCH C 06-

JiaCTb!O D, rro3TOMY H Beeb KBaJJ.paHT Kq 6oJibWHX q TOl!eK c o6JiaCTbIO D He 

rrepeceKaeTcH (BeJJ.b B D BCIOJJ.Y z ~ 0). 
I1TaK, D n Kq = 0 H B paccMaTpHBaeMOM CJiyqae, TaK 'ITO JieMMa I )J.OKa-

3aHa. D 
JleMMa 2. EcAu moiixa Q E JR~ He npuHaiJAe:J/Cum HU oiJHoMy u3 KBaiJ

paHmoa Kq (ziJe l(q) > 0), mo motfKa Q npuHaiJAe:J1Cum o6Aacmu D. 
lloKa3aTeJibCTBO JieMMbI 2. PaccMOTpHM (pttc. 14) peaJitt3aTop 

RED OCTaTKa OT JJ.eJieHHH l!HCJia l(Q) Ha a. EcJIH l(R) < l(Q), TO B TOl!Ke 
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q = Q-R BbIITOJIHeHbl TaKHe ycJIOBHH (pHC. 14): pa3HOCTb l(q) =l(Q)-l(R) > 
> 0 ,neJIHTCH Ha a, Q;:;:: q (T. e. y(Q);:;:: y(q), z(Q);:;:: z(q)). 

z 

Q 

R 
D 

0 y 

Pttc. 14. K JJ.OKa3aTeJJbCTBY JieMMbI 2 

3HaqHT, Q E Kq ,UJIH ToqKH q rroJiypeweTKH, r,ne l (q) > 0 (ToqKa q He o6H-

3aHa JieMaTh B D). 
CJie,nosaTeJibHO, ecJIH TOqKa Q He JieMHT HH B O,UHOM H3 KBa,npaHTOB Kq TO

qeK rroJiypeweTKH, TO l (R) = l ( Q), T. e. ToqKa Q caMa 51BJI51eTC51 peaJIH3aTopoM 

H rrpHHa,nJieMHT o6JiaCTH D. 
J1eMMa 2 ,noKa3aHa. D 
TeopeMa 10 HBJIHeTCH rrpHMbIM o6be,UHHeHHeM yrnep)K)l.eHHH JieMM 1 H 2, 

TaK qTo oHa Terrepb ,noKa3aHa. D 
,lloKa3aHHbie Bbillie pe3yJibTaTbl 0 CTpyKType o6JiaCTH peaJIH3aTopoB 

D(a, b, c) MOMHO rrepecpopMyJIHposaTb B TepMHHax TeopHH u.errHbIX ,npo6eH: 

CJie,UyIOllI,HM o6pa30M. 

PaccMoTpHM ,UJIH Tpoii:KH u.eJibIX qHceJI (a, b, c) ITJIOCKOCTb II= {(x, y, z): 

ax+ by+ cz = O} B JR3. 

TpH rrpHMbie (X, r,ne x = O; Y, r,ne y = O; Z, r,ne z = 0) ,neJIHT ITJIOCKOCTb 

II Ha wecTb «KaMep Beii:JIH». 

UeJibie ToqKH ITJIOCKOCTH II o6pa3yIOT ,UByMepHyIO peweTKy r. HarrpHMep, 

oHa scer,na co,nepMHT «ToqKH KornyJIH» 

±(x = 0, y = c, z = -b), ±(x = -c, y = 0, z =a), 

±(x = b, y =-a, z = 0), 

HO 6a3HCHbie BeKTOpbl perneTKH f MOryT 6bITb H HHblMH. 

0TJIHqHbie OT 0 TOqKH perneTKH r B Ka)K,UOH (3aMKHYTOH) KaMepe Beii:JIH 

K 06pa3y10T TaM a,U,UHTHBHYIO rroJiyrpyrrrry. BhmyKJiaH o6oJioqKa 3TOH rroJiy

rpyrrrrbI orpaHHqeHa JIOMaHOH (o6paw.eHHOH BbIITYKJIOCTb!O K HYJIIO), KOTopaH 

Ha3bIBaeTC51 4ennou opo6bl0 (TpOHKH (a, b, c) B KaMepe K). 
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Bee 9TH 6 u,enHhIX .upo6eii 06pa3y10T 3Be3.U'JaThIH rnecrnyroJihHHK Ha rrJioc

KOCTH Il C BepUlHHaMH B TQqKaX perueTKH r, BHyTpH KOTOpOrO Jie)KHT TOJlhKO 

0.11.Ha TOqKa Q perueTKH r (pHC. 15). 

• 
• • 

• 
• • 

• 

Pttc. 15. WecrnyroJibHHK uentth!x Apo6eii peweTKH c TpeM11 npHMhIMH 

Teneph MhI orrHrneM o6JiaCTh peaJIH3arnpos D(a, b, c) B TepMHHax reoMeT

pm1 3THX u,enHbIX ,11_po6eii (TaK qTo H qHcJio c:f>po6eHHyca N TpoiiKH (a, b, c) 

IIOJiyqHT OIIHCaHHe B TepMHHax u,errHb!X ,11_po6eii). 

3aMeqaHHe. Moll<Ho Ha,11_eHThCH, qrn 3TH reoMeTpHqecKHe KOHCTPYKU.HH 

CT03BOJIHT B ,ll,aJibtteilrneM o6o6ULHTh qHCJia c:f>po6eHHyca Ha CJiyqail HeCOH3-

MepHMbIX apryMeHTOB (a, b, c) (rro,11_06HO TOMy, KaK 06hJqHa5I TeOpHH u,errHhIX 

.upo6eli II03BOJIHeT o6o6ULHTh aJiropHTM EBKJIH.Ua HaXO)K,ll,eHHH HaH60JihWero 

o6ULerO KpaTHOro Jl.BYX ueJibIX llHCeJI, nepeX0/1.H OT KOHe'lHblX BhlllYKJihIX JIOMa

HhlX K 6eCKOHeqHblM). 

l1TaK, HaqHeM c Tpex rrpHMhIX, rrpoxo,11_HULHX qepe3 TOqKy 0 IIJIOCKOCTH JR3 

c KaKOH-JIH6o perneTKOH r (c HallaJIOM 0). Bb16epeM 0/1.HH H3 6 YrJIOB, Ha 

KOTOpbie 9TH rrpHMhie .neJIHT IIJIOCKOCTh. 

06o3HaqHM 9TOT yroJI qepe3 K, cocTaBJIHIOULHe ero crnpOHhI - qepe3 

(Y' Z), a TpeTb!O rrpHMy!O - qepe3 x (pttc. 16). 0603HaqHM qepea r + TY 
IIOJiyperueTKy perueTKH r, KOTOpaH COCTOHT H3 ToqeK perueTKH r, Jie}Kall.LHX 

OT rrpsiMoii X cTporo rro TY }Ke crnpoHy, qrn H yroJI K. CTepeHeceM yroJI K 
rrapaJIJieJibHO B Ka)K,Zl,y!O TOiley q IIOJION<HTeJibHOH ITOJiyperueTKH I'+• TaK qTO 

IIOJiyqHTCH yroJI Kq c BeprnttHOH q E r +. 
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• r 
• • 

• 

P11c. 16. 11cxoJIHhie A3HHbie .ll,TIH nocTpoett11H 06J1acT11 D: yroJI K, peweTKa r 11 Tp11 npHMbie 
(X, Y 11 Z). 

Onpe,11,eJieHHe. 06Jlacmblo D ycJla K (MH perneTKH r H TpOHKH rrpH
Mb!X X, Y, Z) Ha3bIBaeTCH ,norroJJHeHHe B yrne K K 06be,n11HeHHIO Bcex rrepe
HeceHHbIX yrnoB Kq c Bepw1rnaMH q Er+: 

OycTb TPH nOJIO)!{HTeJJbHbIX 11,eJibIX IJHCJia a, b, c He HMeIOT 6oJibillero 1 
o6mero .neJIHTeJIH. 

TeopeMa 11. npu npoeKmupoBa/iUU mpexMepHOCO npocmpaHCmBa c 
KoopauHamaMu (x, y, z) Ha nJZocKocmb c KoopauHamaMu (y, z) (BaoJlb 
ocu x) o6Aacmb D yCJZa K (cae y? 0, z? 0) nJZocKocmu II= {(x, y, z): ax+ 
+by + cz = O} c pewemKou r ee tfellbtX motteK u mpouKou npHMbtX 

(X: x = 0, Y: y = 0, Z: z = 0) 

npoeKmupyemrn Ha o6Aacmt> D(a, b, c) peaAusamopoB q = (y, z) ocmam
KOB om aeJleHUfl Ha a 3HatteHUU JlUHeUHOU c/JyHKLfUU l(y, z) =by+ CZ. 

3aMelfaHue. l13 3TOH TeopeMbl CJie;zyeT, B IJaCTHOCTH, COBITa,UeHtte IJHCeJI 
<Ppo6eH11yca Bcex wecTH 11,errHbIX ,npo6ei1 KaMep BettJIH Ha nJIOCKOCTH II, caMo 
rro ce6e reoMeTpHIJeCKH BOBce He oIJeBHJJ.HOe: Be.Uh N (a, b, c) = N (b, c, a)= ... 
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,ll 0 Ka 3 a Te JI b CT B 0 Te 0 p e M bl 11. 3arrmneM ypaBHeHtte ax + by + 
+ CZ = 0 ITJIOCKOCTH II B BH)J.e 

T.e. s Btt)J.e z =-l(y, z)/a. 
!-fa 3TOH cpopMyJibl CJieeyeT, 'ITO TO'IKH peWeTKH f (UeJib!X TO'IeK ITJIOCKOCTH 

II) rrpoeKTHpy!OTC51 B TO'IHOCTH B Te ueJibie TO'IKH q ITJIOCKOCTH c KOOp)J.HHaTaMH 

(y, z), r)J.e 3Ha'IeHHe l(q) )],eJIHTCH Ha a. 
Orr11caH11e JieCTHH'IHOH rpaHHUbl o6Jiacrn D(a, b, c) Ha nJiocKocrn c Koop

)],ttHaTaMH (y' z)' )],aHHOe B TeopeMax 7 -10, )],0CTaBJI51eT B TepMttHaX rrpoeKUHH 

(113 TpexMepHoro rrpocTpaHCTBa Ha ITJIOCKOCTb c KOOp)],HHaTaMH (y, z) B)],OJib 

oc11 x) B TO'IHOCTH rrp11se)],eHHoe BbIWe reoMeTptt'IecKoe orr11caH11e o6JiaCTH D 
)],JIH yrna K (rAe y ~ 0, z ~ 0) Ha rrJIOCKOCTH II (CHa6)!(eHHOH peweTKOH ueJibIX 

TO'IeK r H TpOHKOH rrpHMbIX (X, y' Z))' 'ITO 11 )],OKa3bIBaeT TeopeMy 11. D 
3aMeqaHHe. KpoMe )],OKa3aHHbIX Bhiwe TeopeM MOH )],aBHHe BbI'IHCJieHttH 

Tb!C51'I 'IHCeJI <l>po6eH11yca rrpHBeJIH 11 K COTH51M ,ll.pyrnx Ha6JIIO)],eHHH, He rroJiy

'IHBWHX rroKa Hay'IHbIX 06bHCHeH11i1 11 06m11x cpopMyJI11posoK. BoT HeK0Topb1e 

113 3THX CTpaHHbIX 3KcrrepttMeHTaJibHbIX Ha6JI10)],eH11i1: 

N(l3, 32, 52) = 372 = 
2 

N(9, 43, 45) = 336 = 
2 

N(l3, 33, 51) = 186 ' N(9, 42, 46) = 168 ' 

N(5, 35, 57) = 224 = 
2 

N(4, 20, 73) = 216 = 
4 

N(5, 34, 58) = 112 ' N(4, 19, 74) = 54 ' 

N(4, 6 + 4k, 87 - 4k) = 90 (k = 0, 1, 2, ... , 14, k-/= 8), 

N(9, 9k ± 3, 88 - (9k ± 3)) = 168 (k = 1, 2, ... , 7). 

I1HTepeCHO 6bIJIO 6bI ITOH51Tb, K8K CB513aHbl Me)!(ey co6oi1 a)].)1.HTHBHbie rro

JiyrpyrrrrbI 11 uerrHbie Apo611 pa3Hb!X 'IJieHOB 3THX cep11H: TpOeK 'IHCeJI, )],Jl51 TpOeK, 

HMe!OlllHX CB513aHHble Me)!(ey co6oH: rrpttBe)],eHHbIMH Bb!We cpopMyJiaMH 'IHCJia 

<l>po6eH11yca. 

DepeHeCeHHe OITHC8HHOH Bb!We Teop1111 Ha CJiy'IaH 'IHCeJI <l>po6eHttyca 

N(a 1, a2, ... , an), r)],e n > 3, MaJio 'ITO Mem1eT B Hell, TOJibKO uerrHhie AP0-

611 - MHOfOMepHbie. 

DpoAOJI)!(eHtte 11ccJie)],0BaH11i1 acttMITTOTtt'IecKoro rrose)],eHttH 'IHCeJI <l>po-

6eH11yca 60JibWHX BeKTOpOB TpexMepHoro rrpocTpaHCTBa, CO)],ep)!(8ill11XC51 B 

JieKUHH 2005 ro)],a B ,lly6He, orr11caHo B CTaTbe: Arnold V. I. Geometry and 

growth rate of Frobenius numbers of additive semigroups // Math. Phys. 

Anal. Geom. 2006. V. 9, Ng 2. P. 95-108. 
3TH pe3yJibTaTbl, ITO)],TBep)!(,ll.a!OlllHe aBTOMO)],eJibHOCTb ycpe)],HeHHOro pac

rrpe)],eJieHH51 'IHCeJI <l>po6eH11yca ITO n-MepHOMY rrpocTpaHCTBY BeKTOpOB, rroKa-
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I 
3hIBaIOT, qTQ pocT qnceJI <I>po6eHnyca rropHJ.I.Ka CT B cTerreHH 1 + n _ 

1 
BCTpe-

qaeTcH qame, qeM poCT rropHLI.Ka CT
2 (scTpeqaIOmniicH B pe3oHaHCHbIX Mecrnx). 

B qacTHOCTH, cpeLI.HHe 3HaqeHHH qnceJI <I>po6eHnyca N(a, b, c) rro Tpe
yroJibHHKaM a+ b + c =CT pacryT, ITO-BHJl.HMOMy, KaK CT

3/2 rrpH 60Jibll1HX 3Ha
qeHH51X CT. 

TloLI.p06HOCTH 3THX HCCJieLI.OBaHHH 6yLI.yT orry6JIHKOBaHbl B 60Jibll10H cTaTbe 
Arnold V. I. Arithmetical Turbulence of Selfsimilar Fluctuations Statistics of 
Large Frobenius Numbers of Additive Semigroups of Integers // Moscow 
Mathematical Journal. 2007. V. 7, N2 2. P. 173-193. 

§8. Pacnpe)l.eJiemte TO'leK aMHTHBHOH noJiyrpynnhI 
Ha oTpe3Ke AO 'IHCJia <l>po6ettuyca 

CHJibBeCTp Jl.OKa3aJI, 1ff0 mO'lKU aaaumUBHOU n0Jiy2ynnbl c aayMfl 83a

UMHO npocmbtMU 06pa3y10UfUMU (P = {xa + yb}, x )! 0, y )! 0) 3anoJlH5l10m 
pOBHO llOJl08UHy1 u,eAO'lUCJleHH020 ompe3Ka {O, N - l} ao 'lUCJla <Ppo6e

Huyca N(a, b) (a UMeHHO, ux 'lUCJlO paBHO N /2, npu'leM mo'lKa p JleJ/Cum 

B n0Ay2pynne P, ecAu u moAbKO ecAu conpHJ1CeHHafl mo'lKa q = N - 1 - p 
He npuHaaJleJ1Cum n0Ay2pynne P). 

EcJIH qncJio o6pa3yIO!lLHX 6oJibll1e 2, TO n0Ay2pynna P 3aHuMaem He 

6oJlee noAOBUHbt ompe3Ka {O, N - 1 }. JleiicTBHTeJihHO, ecJIH TOqKa p Jie)imT 
BP, TO corrpmKeHHa51 TOqKa q =N - 1 - p JieMaTb B p He MO)KeT (HHaqe cyMMa 
p + q = N - 1 BXOJl.HJia 6b! B ITOJiyrpyrrrry p' qTQ rrpornBopeqHT MHHHMaJibHOCTH 
H3 orrpeLI.eJieHHH qncJia <I>po6eHnyca N). 

B HeKOTOpbIX cJiyqa51x rroJiyrpyrrrra c TpeMH o6pa3YIO!lLHMH 3aHHMaeT poBHO 
rroJIOBHHY UeJIOqHcJieHHOro OTpe3Ka {O, N - 1}. 

OpHMep. N (3, 4, 7) = N (3, 4) = 6, TaK KaK TpeTbH 06pa3y10maH 7 He A0-
6aBJIHeT Hnqero B rroJiyrpyrmy: P(3, 4, 7) = P(3, 4). ¥fa 6 ToqeK {O, ... , 5} B 
3TY rroJiyrpyrrrry BXO}l,51T 3: {O, 3, 4}. 

B LI.pyrnx cJiyqa51x 3aHHTaH rroJiyrpyrrrroH: qacTb ueJioqncJieHHoro OTpe3Ka 
AO qncJia <I>po6eHnyca MeHbllle ero rroJIOBHHbI. 

OpHMep. N (4, 5, 7) = 7, a H3 7 ToqeK UeJioqncJieHHoro oTpe3Ka {O, 1, ... 
. . . , 6} B ITOJiyrpyrrrry P{4, 5, 7} BXO}l,51T TOJibKO TPH TOqKH {O, 4, 5}, H 3/7 < 
< 1/2. 

Tlo-BHAHMoMy, rroJiyrpyrrrra P(a, b, c) scerLI.a rroKphrnaeT He MeHee Tpern 
TOqeK ueJioqncJieHHoro oTpe3Ka {O, 1, ... , N(a, b, c) - l} (MoMeT 6bITb, HHM
HHH rpaHh 3aHHMaeMOH e10 AOJIH 4aMe 6oJibll1e 1/3). Ho 3TO He Jl.OKa3aHo. 

1cfacJJo N TO'leK 3rnro UeJioq11cJJe1111oro oTpe3Ka qerno, TaK KaK N =(a - l)(b - I) 6b1JJ0 6b1 

HetieTHb!M, TOJJbKO ecJIH o6e 06pa3y10w,11e 6h!Jll1 6b! 4eTHb!Ml1, 4TO HeB03MO)l{HO 113-33 B33llMHOH 

npoCTOTbl. 
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DorrhITKH rroHHTh, rroqeMy rroJiyrpyrrrra He MO)!(eT 33HHM3Th CJIHllIKOM Ma
JIYIO qacTh OTpe3Ka {O, 1, ... , N - l}, rrpHBeJIH K yJLHBHTeJibHhIM 3KcrrepHMeH
TaJihHhIM tta6JIIO.ll,eHHHM. 5I paccKa)!(y 3.ll,eCh 0 HHX ITOTOMy, qTo Ha.ll,elOCb Ha 
yqacrne llIKOJ!bHHKOB ,Uy6HHHCKOH llIKOJlbl B .ll,OKa3aTeJibCTBe (HJIH orrposep
)!(emm) Y.ll.HBHTeJibHhIX nmoTe3, ccpopMyJI11posaHHhIX HH)!(e. 

CTycTb p E {O, 1, ... ' N - l}, r.ll,e N = N(a, b, c)- qHCJIO <Ppo6eH11yca 
Tpex o6pa3yIOllIHX (a, b, c) aM11THBHOH rroJiyrpyrrrrhr P = {xa + yb + zc: x:;::: 0, 
y ;;;::, 0, z ;;;::, O} (x, y, z E Z+ ), He 11Me10lll,HX 6oJiblllero 1 o6mero .ll,eJIHTeJIH. 

Onpe.n.eJiem1e 1. lfocJio p Ha3bIBaeTcH ( + )-ttuc.1wM, ecJIH OHO BXOJLHT B 
rroJiyrpyrrrry P. 

IlpHMep. 0 HBJIHeTCH ( + )-q11cJroM, a N - 1 HeT. 
Onpe.ll,eJieHHe 2. 411cJio p Ha3brnaeTCSI (-)-ttuc.1wM, ecJIH otto He BXOJLHT 

s rroJiyrpyrrrry P. 
IlpHMep. 411cJio N - 1 HBJIHeTCH (-)-qHcJIOM, a q11cJio a - HeT. 
Onpe.n.eJieHHe 3. 411cJio q Ha3bIBaeTCH conpRJtCeHHbtM K qHcJiy p, ecJIH 

p + q = N - 1. 06o3HaqeH11e q = p. 
QqeBH.ll,HO, corrpH)!(eHHblM qHCJIOM K corrpH)!(eHHOMY K q11cJiy p HBJIHeTCH 

caMo q11cJio p. 
EcJIH p HBJIHeTCH ( + )-qHcJIOM, TO corrpH)!(eHHoe K HeMy qHcJio jJ HBJIHeTCH 

(-)-llHCJIOM. 
I16o HHaqe qHcJio p + jJ = N - 1 BXOJLHJIO 6br B rroJiyrpyrmy P, sorrpeKH 

orrpe.ll,eJ1eH1110 qHcJia <Ppo6eHHyca N. 
Onpe.n.eJieHHe 4. 4HcJio p tta3bIBaeTCH (-, - )-ttUC.llOM, ecJIH 11 OHO, H 

corrpH)!(eH!me eMy q11cJIO HBJIHIOTCH (-)-q11cJiaM11: 

p rf_ P, jJ rf_ P. 

Halllef.i 6JIH)!(aHllleH u,eJiblO 6yJLeT HCCJie.ll,0BaH11e MHO)!(ecrna scex 
(-, -)-q11ceJI 11 qHcJia #{(-, -)} ero 3JieMeHTOB. 

3aMe4aHHe. KoJI11qecrna #{(+)} (+)-qHceJI, #{(-)} (-)-q11ceJI H #{(-, -)} 
(-' - )-q11ceJI CBH33Hbl CJieJLYIOlll,llMH oqeB11.ll,HbIMH COOTHOllleH11HM11: 

#{(+)} + #{(-)} = N, #(-) - #{(+)} = #{(-, -)}. 

3To cJieJLYeT 113 Toro, qrn 

#{(+)} = #{(+, -)} = #{(-, +)}, 

#{(-)} = #{(-, -)} + #{(-, +)} 

(rJLe #{(a., ~)} ecTb q11cJio ToqeK p KJiacca a., JLJIH KOTOpbIX corrpH*eHHaH rnq
Ka jJ rrpmia)I,Jie)!(11T KJiaccy ~). 

B qacTHOCT11, 

N = 2 #{(+)} + #{(-, -)}, 
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IT03TOMY ilUCJlO <Ppo6eHuyca N u ilUCJW moileK (-, -) oauHaKOBOU ilem
HOcmu. 

B 11acTHOCT11, ecJtu ilUCJto <Ppo6eHuyca N(a, b, c) HeilemHo, mo 
#{(-, -)} > 0, m. e. mottxu muna (-, -) cyUfecmBy10m (11ero He 6brna
eT MH rroJiyrpyrrrr c ABYMH o6pa3yIOW.11M11). 

npHMep. N(5, 17, 19)=34. lfacJia nma (+): {O, 5, 10, 15, 17, 19, 20, 22, 
24, 25, 27, 29, 30, 32}. I1x 14. 

lfacJia nma (-): {l, 2, 3, 4, 6, 7, 8, 9, 11, 12, 13, 14, 16, 18, 21, 23, 26, 
28, 31, 33}. 9rnx 1111ceJI 20. 

lfaCJia Tl1ITa (-, -): {2, 7, 12, 21, 26, 31}. 9Tl1X 1111ceJI 6. 
6 1111CeJI Tl1ITa ( - ' - ) o6pa3yIOT 3aMetiaTeJibHYIO )J.11arpaMMY 

2~7~12 

! ! 1 
21~26~31, 

r)J.e «---t» 03Ha11aeT «rrp116as11Tb a= 5», «l» 03Ha11aeT «rrp116as11Tb c = 19». 
06o3Ha1111M 11epe3 m Ha11MeHb!llee 113 1111ceJI T11rra (-, -), a 11epe3 M -

Ha1160J1b!llee 113 1111ceJI Tl1ITa (-' - ) . 
fHnoTe3a 1. Pa3Hocmo Mum- Bcezaa ilUCJto muna (+). 
npHMep. B rrpeAbIJlYI.UeM rrp11Mepe M = 31, m = 2, M - m = 29 = 2a + c 

(rrOTOMY l!TO rrp11Be)J.eHHaH Bblllle rrpHMoyroJibHaH )J.11arpaMMa 11MeeT )J.Jll1HY 2 
HarrpaBJieHl1H a 11 Bb!COTY 1 HarrpaBJieHl1H c). 

OcHOBaH11e rHITOTe3bl COCTOl1T B TOM, l!TO 1111CJia rnrra (-, -) B MHOf01111C
JieHHb!X rrp11Mepax o6pa3yIOT rrpHMOJll1HeHHbie, rrpHMoyroJibHbie 11Jll1 rrapaJIJie
Jierr11rre)J.aJibHbie )J.11arpaMMbl, ITO)J.06Hb!e rrp11Be)J.eHHOMY rrpHMoyroJibHl1KY 113 6 
TOl!eK Tl1ITa (-, -). 

npHMep. N(lO, 13, 48)=56, {(-, -)}={8---t2l ---t34---t47}-0Tpe30K 
(b = 13)- HarrpasJieH11H 113 4 sep!llrrn. 

20 29 

npHMep. N(9, 13, 19) = 44, {(-, -)} = i)-+;1 
14 -----+- 23 

rrapaJIJieJierr11rre)J. 113 8 sep!ll11H c pe6paM11 «---t» a-HarrpasJieH11H, «l» b-Ha
rrpasJieHirn, «/» c-HarrpasJieH11H )J.Jil1HbI 1. 

fHnoTe3a 2. MHo:>JCecmBo mott,eK muna {(-, -)} Bcezaa npeacmaBJlJl
em co6ot1 napaMeJtenunea (pa3.MepHocmu 1, 2 uJtu 3), pe6pa Komopoco 



118 J1eKUHH 4. feoMeTpHH '-IHCeJI <l>po6eHHyca JJ,JIH 3M11Tl1BHbIX ITOJiyrpyrm 

coeouHH10m aepUIUHbl m u M HanpaBABHHblMU ompesKaMu, uso6paJ1Ca-
10UfUMU yaeAU'leHue aepwuHbt Ha a, Ha b uAu Ha c. A uMeHHo, ecAu 
M =m+ (ua+vb +we), mo pe6pa a-HanpaaAeHUH uMe10m OAUHY u, b-Ha
npaB.!leHUH- o;umy v, c-HanpaaAeHUH- oAuHy w. 

5l ccpopMyJI11poBaJI 3JJ,ecb 3TH rHITOTe3bl He ITOTOMy, '-!TO yMe!O 11X JJ.OKa-

3bIB3Tb, a ITOTOMy, '-!TO HaJJ,eIOCb, '-!TO 3KCrrep11MeHTbl Y'-13ll.L11XCH .Lly6Hl1HCKOH 

WKOJibl (B03MOMHO, KOMITb!OTep11311poBaHHbie) ITOMOryT JI1160 orrposeprnyTb 11X 

KOHTprrpHMepoM, Jil160 ITOITOJIHl1Tb 11Me!Oll.Ll1ecH y MeHH CITl1CKl1 ITOJJ,TBep:»<JJ.3!0-

llLl1X rrp11MepoB 6oJiee y6eJJ,11TeJibHb!M11 JJ,OBOJJ,3M11 B ITOJib3Y 3Tl1X rHITOTe3. 

Hane:»<JJ,a 11crroJib30BaTb orr11caHHYIO Bb1we rrpenrroJiaraeMyIO cTpyKTy

py MHO:»<eCTB {(-, -)} JJ,JIH oueHKl1 KOJil1'-!ecrna (+)-To'-leK CHl13Y OCHOBaHa Ha 

HaJJ,e:»<JJ,e 113BJie'lb 113 3TOH CTpyKTYPbI oueHey KOJil1'-!ecrna (-' - )-TO'-leK csepxy. 

Harrp11Mep, 'lm06bt OOKasamb OlfeHKY #{(+)}~EN oocmamO'lHO 6blJlO 
6bt npoaepumb, 'lmo #{(-, -)} ::::; (1 - 2t-)N. 

B 113BeCTHbIX MHe rrp11Mepax HepaseHCTBO #{ ( - , - ) } ::::; N /3 scerna BbIITOJI -

HeHo (c 3arracoM) TaK, '-!TO BbIITOJIHeHo 11 ttepasettcrno #{(+)} ~ N /3 (11 JJ,a:»<e 

6oJiee CHJlbHOe HepaBeHCTBO), HOB o6mei1 c11zyau1111 3TH ou,eHKH He JJ,OK333Hbl. 

HeKOTOpbitt aHaJior 3THX rnrroTernqecK11x ou,eHOK JJ,OCTaBJIHeT cJieey10maH 

3anaqa, KaKy10 'lacmb o6'beMa mempaaopa MOJ/Cem noKpbtBamb 4e
JlUKOM COOepJ1CaUfUUC5l 8 HeM napaMeAenuneo? 

ll 
3 

(o6beM napaJJJJeJJenttne,na) ~ n! 
HnOTe

3
a . (o6beM CIIMTIJJeKca B JR.n) "'-" nn 

OpHMep. Dp11 n = 2 rrpasa51 qacTb paBHa 1/2, 11 conep:»<am11J1c51 B Tpe

yroJibHl1Ke rrapaJIJieJiorpaMM MO:»<eT ITOKpb!Tb ITOJIOBl1HY ero ITJIOll.L3JJ.11 11 He 

MO:»<eT ITOKpb!Tb 60Jibille, '-!TO JierKO JJ,OK333Tb. 

Dp11 n = 3 rrpasa51 '-!aCTb n!/nn pasHa 2/9. TaKy10 JJ.OJIIO o6beMa rr11pa

Ml1JJ.bI HeTPYJJ.HO HaKpb!Tb ITOJJ,XOJJ,51ll.Ll1M JieMall.Ll1M B Hett napaJIJieJierr11rreJJ,OM. 

Harrp11Mep, JJ,JIH rr11paM11JJ,bI {x ~ 0, y ~ 0, z ~ 0, x + y + z ::::; 1} JJ,Be JJ,eBHTbIX 

ee o6beMa rroKpbrnaeT Ky6 {O::::; x::::; 1/3, 0::::; y::;:; 1/3, 0::;:; z::::; 1/3}. LloKa3aTb, 

'-!TO HeJib351 ITOKpb!Tb 66JibWY!O 2/9 '-13CTb 06beMa, He TaK rrpocTO (Ho, JJ.YMa!O, 

He CJI11WKOM 11 TPYJJ.HO JJ,JIH ny6H11HCK11x WKOJibHl1KOB). 

Hane:»<JJ,a 11crroJib30BaTb 3TY 3aJJ,a'-ly JJ.JIH oueHK11 csepxy q11cJia ueJibIX T04eK 

rrpenrroJiaraeMoro rrapaJIJieJierr11rrena {(-, -)} ocHoBaHa Ha TOM, 4TO pe3yJibTa

TbI BbIITYKJIOH reoMeTp1111 MHOrorpaHHl1KOB 06bi'-IHO HMe!OT B reoMeTp1111 M11H

KOBCKOro u,eJIO'-IHCJieHHbie aHaJIOrH (rne pOJib o6beMa MHOrorpaHHl1Ka 11rpaeT 

'-111CJIO ero ueJibIX TO'-!eK). 

3aMeqaHHe. lfocJio <l>po6ett11yca N - He '-111CJIO u,eJibIX T04eK B rr11paM11JJ,e 

{x ~ 0, y ~ 0, z;? 0, ax+ by+ cz::::; N - l }, KyJJ.a rrpe)l.ITOJiaraeTCH BKJiaJJ,bIBaTb 

rrapaJIJieJierr11rren {-, -} , a csoeo6pa3Hbitt 4HcJieHHbitt aHaJior BbICOTbI 3TOH rr11-

paMl1JJ.bI (orrymeHHoi1 Ha «rnrroTeHy3y» 113 sepw11Hb1 0). TaKoi1 :»<e «BbICOTOtt» 

HBJIHeTCH H ou,eH11BaeMoe CBepxy 411CJIO T04eK T11rra (-' - ) . 
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CTo3TOMY AJJH AOKa3aTeJJbCTBa oueHKH qHcJJa ToqeK THrra (-, - ) csepxy 
qepe3 qHcJJo <t>po6eHHyca N (a, b, c) rnrroTe3a 3 HeAOCTaToqHa (xorn oHa, 
sepo51THO, rrpaKTHqecKH Heo6XOAHMa AJif! H306peTemrn 3TOro AOKa3aTeJib
crna). 

Bee /Ke o6oeM rrttpaMHAhI oueHeH csepxy BeJJHq1rnoi'! rropH,UKa N (rrpH 
AOKa3aTeJJhCTBe B § 3 oueHKH qHcJJa <t>po6eHHyca CHH3Y N )! const -a312). BhI
cora #{ (-, - ) } rrpeADOJJaraeMoro rrapaJIJieJiemmeAa He rrpesocxomn q11cJia 
ero ueJJhIX ToqeK, KOTopoe HarroMHHaeT ero o6oeM, oueHHBaeMhIH rnrroTe-
30H 3. CTo3TOMY r11rr0Te3a 3 rro3BOJIHeT HaAeHThCH Ha oueHKY qHcJia ToqeK 
Tttrra (-, - ) csepxy BeJ111q11Holi orrpeneJJeHHOH ,UOJJH q11cJJa <t>po6eH11yca, 
#{(-, -)} :::;; (1 - 2s)N. 

Dh!JlO 6bi HHTepeCHO HCCJieAOBaTb He TOJlhKO ITOJJHYIO Macey rnqeK rro
JJyrpyrrrrhI Ha oTpe3Ke AO qHcJia <t>po6em1yca, HO 11 xapaKTep pacrrpeAeJieHHf! 
ToqeK ITOJiyrpyrrrrhI Ha 3TOM 0Tpe3Ke. 

3MrrHpHqecKa51 ITJIOTHOCTh 3Toro pacrrpe,UeJJeHHf! qacTO OKa3b!BaeTC51 pac
Tymei'! rrpttMepHo cTerreHHhlM o6pa3oM ( c rrpenrroJiaraeMhIM rroKa3aTeJJeM 2, 
rrpespamaIOIUHMCH B n - l AJJH rroJiyrpyrrrr c n o6pa3y!OIUHMH). 

CToKa3aTeJJh n - l 060HCHHeTCH coornoweHHeM din = nfn-I dl (p11c. 4 Ha 
c. 89). Ho pe3oHaHChI (spoAe coornoweHHf! P(a, b, c) =P(a, b) rrpH c =a +b) 
Hapywa!OT CB513b Me/KAY qHCJIOM TQqeK rrpoeKI.l,HH ueJJblX ToqeK n-MepHOH ITH
paMHAbl H in, l103TOMY rrpespaTHTb yKa3aHHOe Ha6JJIOAeHHe pocTa ITJIOTHOCTH 
B TeopeMy He TaK YIK JJerKo. 

5I ccj:JopMyJIHpOBaJI BbIWe rrporpaMMY oueHKH qHcJJa rnqeK THITa ( +) CHH-
3y AJIH cJJyqa51 Tpex o6pa3yIOIUHX rroJiyrpyrrrrbI. Ho aHaJJornqHaH rrporpaMMa 
rrpHrDAHa H AJJH n > 3 o6pa3yIOIUHX (c rrpe,UITOJIOIKeHHOH eme B MOeH l.l,HTHpO
BaHHOH Bb1we pa6oTe 1999 roAa rnrroTeTHqecKoii oueHKoli #{ ( +)} ? N / n H c 
fl!l10Te30ll 0 poCTe ITJIOTHOCTH). 
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