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§ 1. OcHoBHbie onpeaenerus

Ilnst no6oro HaTypaibHOrO YMcna 7 B rpynne BuiyeToB Z, =Z/nZ no
MOAYMO 1 NEeXHT MyJAbTHNNIWKaTHBHasi nodrpynna I'(n) CZ,, o6pasopaHuas
BblUETAMH, B3aHMHO TIPOCTLIMH C 7.

Uucno ¢(n) snementoB rpynnsl I'(n) Taycc HasBan 3HaueHHeM B Touke 71
Pynkyuu irepa p.

Onpepnenenune. fpynnod Jdarepa I'(n) naspinaercss MyJAbTHNAHKATHBHAS
rpynna B3aHMHO NPOCTBIX C 12 BblYETOB O MOAYAIO 1.

TakuM o6pasoM, rpynna Diiiepa siBASIETCS KOMMYTATHBHOH rpynnoi no-
psiaka ¢(n). B To Bpems Kak dyHkuus Diinepa MHOrO HeeaenoBanach (Pepma,
SunepoM, [ayccom, Jlexkannpom, kobn v apyrumu), rpynna Sitnepa nactons-
KO XK€ HHTepecHee, YeM uYHc/a (rn1), AocTaBasieMble pyHKUMell Diinepa, na-
CKQJIbKO TPyfinbl rOMOJOrHii HHTepecHee uhced Bertu.

[lpuBenense no MoLy a0 a onpenedisieT €CTECTBEHHbIE TOMOMOpPHH3M
I'(ab) — T'(a). Hacrosiwias pa6oTa nocBsillieHa OMMHCaHHO Tpynn diliepa H
3THX eCTeCTBEHHbIX NrOMOMOP(H3IMOB.

3ameuanue. § He cTa;n BLIHCKHBATb, KTO NEPBLIM OTKPLIT TOT HJIH WHOW
coobulaembiii HHXKe BakT, HO B auTepatype (cp. [4]—[8]) moxHo HaiiTH, B HHBIX
TepPMHHAX, ONHCAHHA THNA: «3TOT pe3yabTaT Oblt H3BecTeH Pepma, 6ula cdop-
MyJiipoBaH DiaepoM H 6bia AoKa3aH [aycdom (noKasaTtenbCTBa KQTOpPOro Ouliiu
no3xe ycoBeplweHncTBoBanbi NN)». f npeanounraio cuutath nocnenyioiee
H3/IOXKeHHeM [OCTOMHOI BOHTH B 3MeMeHTapHble yUeOHHKH «TeopHH Diiniepa»,
He 3a00TAcb 06 OTCYTCTBHM B ero nyG6JauKauusaX Kak (GOpMyJIMPOBOK, TaK H
J0Ka3aTeNbCTB.

§ 2. Orcrynaerue o PyHkuuu anepa
3HayeHHe HYHKUHH Ditiepa Jerko BbIYHCASCTCS NO pas3noxKeHUI0 apryMeH-
Ta Ha [POCTbIE MHOXHTENH, n1=p{' - -- pu*, a UMeHHO

a,—l .

p(n)=(pr— pP' ™" (o — Dy~

Hanpumep, p(p)=p—1, ¢(9) =6, p(15)=8 (npuuem, no onpenenexuio,
(p( ]) = ])

IlelicTBUTEALHO, BCE BblUeThl O MOAY/IO MPOCTOro YHCIA P, KPOME HyJIs,
B3aHMHO MPOCThl ¢ HHM, TaK uTo (p)=p — |.

N3 p® BbiueTOB Mo MoayJio 71 = p® He B3aWMHO NPOCTHI C /1 B TOYHOCTH Ae-
ASILLUKECS Ha P BbIYETbI, YHCAO0 KOTOPHIX paBHO p?~!, TaK uto (p?) = p? — p*~ 1.

HaxkoHel, eciiu npocThix fesiMTesed p; Y UHCAA 11 UMEeTCS R, TO B3aUMHO
MPOCTOH C 77 OCTATOK 0 MOJAYJIO /2 HMeeT B3aMMHO MPOCTOH-C p; OCTAaTOK 7;
Mo MOAY/IO p;' ¥ onpelensieTcsi STHMH 0CTaTKaMH 7; OfIHO3HauHO (popManbHoe
AOKa3aTenbcTBO ¢M. B § 6, rae 310 csenyer u3 TeopeMsl 1).
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[Tpu GonbluMX 3HAUEHHSIX apryMeHTa n 3HaueHHe (rn) pacTeT, B CPeIHEM,
Kak cn, rae ¢ =6/m% 6ansko k 2/3 (cp. [3]). «Pocr B cpesHeM», BBeleHHbIN
B [3], 03HayaeT paBeHCTBO eaMHHLE Npefena NpH 71— oo OTHOLUEHHS CYMM 71
MepBbIX 3HA4YeHHH,

lim (1) +o2)+...+ () _
n—oo C-l+¢-24...4cn

On He HCKMOYAET JOBOABHO GOMBILHX OTHYHI HEKOTOPLIX 3HayeHUui ¢(n) oT
Cr, 03Hauasl TOJNbKO, UTO OHH pPEeAKH.
[ocTosiHHAs ¢ — 3TQ BEPOSATHOCTb HECOKPATHMOCTH IPO6H X/ ¢ ¢ LesbIMH X
W y, onpenensieMasi Kaxk npeien npH R — oo OTHOUIEHHs YHMC/1a HeCOKPaTHMbIX
nap (x,y) B Kpyre x2 + y? < R% x ynucaty Bcex Takux nap (pactylemy ¢ R Kak
7R?).
ITa BeposiTHOCTH BhiYHceHa [ayccom u onyGaukoBana dupuxae [13]. Oas
aHaJIOMMUHON 3alayd 0 BeKTopax M3 Z™ BeposiTHOCTb HECOKPAaTHMOCTH paBHa
c=1/¢(m), rne dsema-pyuxyusa Jisepa onpenensieTcs Kak cymma psiia

| 1 1
C(m)= lm+2m+3m+~-- .

Iloka3arenscTBo GopMydbl 15 ¢ TaKOBO. BeposiTHOCTb COKPaTHMOCTH Ha 2
paBHa 1/2™ (Tak Kak Ha 2 JO/DKHA JENHMTLCS KaXKAas M3 /7 KOMIOHEHT Bek-
Topa). BeposiTHOCTB COKPAaTHMOCTH Ha npocToe YyHucno p ecth 1/p™, a Bepost-
HOCTh HECOKPaTHMOCTH Ha p ecth | — 1/p™

[TockobKy COKPAaTHMOCTH Ha pa3Hbie NPOCThi€ YHCIA P OYEBHIHO He3a-

. 1
BHCHMbI, BEPOSITHOCTb MOJIHOK HECOKPATHMOCTH paBHa ¢ =] —— (npowus-

- —

i

BelleHHe N0 BCeM NpocThiM). Ho U3 eaMHCTBEHHOCTH pa3noXeHUs YyuCaa n Ha
MPOCThIE MHOXKHTE/H BbITeKaeT 3a/0XKHBLUIAs HAYa/lo TeOPHH rpajlyHpPOBaHHbIX
anre6p dopmyaa Dinepa

—

,1
p 1——&

p

-X

(CymMMHpOBaHHe N0 BCeM HaTypa/fbHbIM 3HauyeHHsAM n). Popmyna 3inepa Bbi-
TEKaeT H3 Bbipa)KeHHA A5l CyMMbl re0MeTPHYeCKOH NporpecCHu

.
—

BCJAeACTBHE €IHHCTBCHHOCTH Pa3fIOXKEHHs uHCJa 71 Ha NMPOCThble MHOMKHTENH.,
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Harowel, dopmyna ¢(2) =72/6 1% 3HaueHHs A3eTa-DYHKLUHHE ClefyeT U3
TeopuH psifoB Pypue. A UMeHHO, paCCMOTPUM 2m-NnepHOAHYECKOE TTPOLOJIKe-
Hue [ GyHkumH |{| — 7/2, 3anannoii Ha otpeske |{| < w. Koadduunentsl Gypue
nerko Bbluucasiotes (M y6uiBaotT Kak 1/n%), u suipaxenne f(0) = —m/2 uepes
3T KO3 pHLHeHTb focTapasier s Y | /n? snauenne w2/6.

Takum o6pa3om, UccrenoBanne pocTa QYHKUHH DiAjepa ¢ BK/OUAET BCIO
MaTeMaTHKy, oT psnoB Pypbe 10 TeopHH BeposfTHOCTEH U TEOPHH rpaayHpo-
BaHHBIX anreop.

DyHKUHA f, BCTpPETHBLIAACA NMPH BblUMCAEHHH 3HaueHHs ((2), aBJjseTcs
OJIHUM H3 Y/€HOB 3HAMEHHTON MNOCAEeNOBATENbHOCTH NEPHOAHUECKHX (BYHKUHMII
Kosmoropoga, HaunHamwollelcs ¢ Gynkund F = sign cos f 1 npoposmxKaouleHcs
no npasuay F, = F,.

Konmoropos uzobpen 3tH QyHKUMH (annpoKCHMHPYIOULHE CHHYChl H KO-
CHHYCbl KYCOYHO-TQJIMHOMHANbHLIMY (YHKUHMAMH pacTyLUHX CTeneHeid, QT
crynenuyatodl Fp H nunoo6pastoit £y 1o napabonyyecky annpoKCHMHpPYOLIeH
HenpepblBHO AHddepeHipyeMoit Fo U n pa3 HenpepbiBHO AUddepeniupye-
Mo#i F,41) padu pelueHHst 3aMeuaTelbHOW IKCTpeMasibHOH 3a1auH: HaHTH Hau-
6onbliee 3HaYeHHe NPOMEXYTQYHOH R-H NpOM3BOAHOR y 27W-NepHOAHUYECKOH
(GYHKUHH C 3aJlaHHBLIMH OTpaHHYEHHsIMH CBepXy Moay/eil camoil QyHKUMH M
CTaplei (m-id) NpoU3BOAHOH.

Ero ouenka nomckasaHa teopHeit pa3MepHOCTH MM NPHHLIMIIOM aBTOMO-
AeabHOCTH JleoHapao na BHHUKM, YUHTBIBAIOLIHM OTPasKeHHYO B 060311a4eHHsAX
JlefiGHUI1a pa3MepHOCTbL NPOU3BOHOHN,

. d'y  dimy
dim (dx)"  (dimx)"

Ouenka Kosnmoroposa nmeer BUA

b

L0l < cpype | 8,
@] > dn)”
rae paudoHanbHble NoKasaTeM a u b pasibi b=k/m, a =1 — b no npuUny

apTomozenbHocTH. TlocTosinias C pocTHraercs Ha noaxodsinuei QyHKUHH ce-
pud KosMoropoBa (npHueM, ecain nepuon T oT/HYEH OT 27, TO COOOpaxKeHHs
nono6us AUKTYIOT M BHA 3aBUCUMOCTH noctosinHoit C ot 7).

Hanpumep, nepBasi npoH3BOAHAA OLEHUBAETCA KOPHEM KBAAPATHbIM M3
Npou3BeeHH MAKCUMyMOB moay.ael (yHKUMH H BTOPOH NPOH3BOAHON. DTOT
yaCTHbi caryyai Teopembl Kosmoroposa 6bis1 paHee ycTatoBJeH (He3aBUCHMO
Apyr oT apyra) Anamapom u JIUTTABYIOM.

O61iee HepaBeHCTBO KosMoropoBa siBU/IOCH, MO CYLUECTBY, NEPBbIM pe-
3yJbTaTOM COBPEMEHHOH TeOpHM ynpaBJisieMblX AHHAMHYECKHX cHCTeM (cae-
JIaBuIelics UIMPOKQ W3BECTHOR MHOro nosxe, koraa [loHTpsardH ony6/HKOBa
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CBOW «TIPHHUMI MakcuMyMa»). [lokasaTenncTBO KoaMoroposa, onuparolieecs
Ha O61UHI reoMeTpHUecKHi npHHuMn [lofireHca TeOPHH pacnpOCTpPaHEHHA BOJIH
(BapHaHTOM KOTOPOTo SBJSETCS H <PHHLMI MaKCHMYMa»), IPHMEHHMO, C He-
60AbUIHMH H3MEHEHHSMH, B B oO6LUell TeopuH yrnpasJsieMblX cHcTeM (Mofa6HO
TOMY, KaK peleHHe 3ajayd 0 OpaxHCTOXpPOHE COAEPXKHT, B CYLIHOCTH, BCE
BapHalHOHHOE HewHeenre). [aBHoi Haeel siBJsieTCs 31ech fepexon oT NpHH-
uMna orubaliux BOJMHOBLIX (PpoHTOB [lokreHca K ero MHGHHHTE3NMaJ bHOMY
BapHaHTy, ABJAIOLEMYCs CHCTeMOR KaHOHHYecKHX yparHeHuit [aMunbTOHA B
¢azoBom npocTpaucTBe.

[1pakTHyecKu?t BLIBOA M3 3THX 0OILMX COOOGPa)KeHHH COCTOMT B TOM, YTO
B 3a4a4ax ynpasJjeHusi ¢ orpaHHYeHHAMH JJIs ONTHMH3aUKHH HY>KHO BCe BpeMs
AaBaThb ynpasJieHuio (B 3anaye KosMoroposa — BbiCiLeH POM3BOAHON) IKCTpe-
MaJjibHOe 3Hayenwe. HanpuMmep, Bropasi NpoM3BoAHas B cuTyauMu Anamapa H
JIUTTABY @ Ro/KHA NPUHHMATDL BCe BPEMsi TO MaKCHMAJIbHOE, TO MHHHMaJbHOE
3HAUEHHE, YTO Cpa3y W NPHBOAMT (TMpPH yueTe NEpHOAHYHOCTH) K MpONOpUHO-
HanbHON Fp akcTpeManu B 3T0i 3apave. Tak KoJaMOropoB W npuules K cBoei
MOCNeAOBATENLHOCTH PYHKUHA Fj. :

Yto kacaercs pana Pypbe yeTHON GYHKUHH f=F), HYKHOrQ Ajsi Bbi-
yucsenus ((2) =n2/6, T0 U3 HOpMyAbl, NpeAcTaBAsiollleli [ 3THM PSAOM,
[(t) =) apcos(kt), Mbl HaxoauM, 4TO @p=0 Tp¥ YeTHHIX R, TOrAA KakK MIs
HEUETHOro & Ko3PdpuumeHT Dypbe HAXOAUTCSH HHTErPHPOBAHHEM MO YACTSM:

Tap = § f(£) cos(kt)dt =2 §tcos(kt) df =
x 3

=9 (% sin(kt))

Htak, Mbl Bblukciuar koabduuuentsl Pypbe ¢ HEYeTHLIMH HOMEDPAMH: OHH
CYTb -
_(_4 1

Crano 6bithb, 3Hauenue f(0) =—-12E paBHO cymMe psina Pypoe

x ) 2 . g
- —2§sm(kt) d(kt)| = 2 (cos(k))|y = T

= o

f(0) = :L;,m (—%) ,

H Mbl BbIYHCJIHJAH CYMMy psila OGpaTHbIX KBaApaTOB HeYeTHbIX YHCeN

2
m
Z (2m+1)2 8"
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. Brenem o6GosHauenve B 15 MCKOMO# CyMMbl pPsila 06paTHbIX KBaApaToB
BCEX HaTypaJsibHbIX yuces

e T 1 = 1

Z 72 Z g+ Z -

o k b (2m+1) ot (2m)

Torna, NOCKOMBLKY KaXioe HATYpadbHOe YHCAO JUGO HeueTHO, JHGO YETHO, Mb

[PeACTaBHM HCKOMYIO CYMMY B BHae B =A + B/4. Cnenoparenbto (nocKosIbKy
Mbl y2Ke 3HaeM HeueTHyIo yacTb, A =n%/8, u3 psana Pypoe),

4 2
(9=B=3A=T

§ 3. Tabauua rpynn diinepa

[TpsiMble BLIYMCACHHS NAIOT AAS NEpBLIX 3HAUEHH 71 rpynnbl Jinepa
['(n), npusenenHbie B chenyiowei Tabnuue. O6oanayenve Bpoae 29.3°.4¢
B 3TOH TabsHue 03HayaeT KOMMYTAaTHBHYIO Tpynny, H3oMOD(HYyIO rpynne
(Z2)® % (Z3)® x (Z4)° (nopsnoK KoTopoit paBeH npausseneHyio @ = 243°4¢).

Paaymeercs, rpynna 22.3% ecTb Ta XKe rpynna, 4to M rpynna 6%, Ho rpynna
27.4% oTaHyaeTcs oT rpynnbi 8% u rpynna 22% otavuaercs ot rpynns 49,
Mrak, poT TabJxLa nepBbIX rpynn Jivepa.

n |314|516]7| 8 |9|10|11]| 12 |13]14] 15

rn)|2]|2]4(2]l6| 22 16|4)10] 22 [12]6| 4.2

A EEHEEEE HHE I EHEAD
n | 16| 17 |18] 19 | 20 | 21 | 22 23 24
Pin)| 42| 16 [6] 18 | 42 | 62} 10 292 23
& |B.7)|7:aua | 1 | ioasas | B 11| @5)| 5.7 | islozianse | (5:7.13)

n 25 26 27 28 29
T(n)| 20 12 | 18 6.2=22.3 28
gi |32|3 7'.%,223 |751 |19 |f:?i2.gs (3,13),(13,27,9) | s I%.aé;:g:;iss.f |'.I 12 é.l |47'.I;7'.l2%.l29|' .22::5.24
n 30 31 32 33 34 35
T(n)| 4.2 30 8.2 10.2 =225 16 {122

g (@ 1) ] SR 1(3,15) [ (2,10), (10,32, 4) | 5545 | (2,6)

Uucna g;, yKa3aHHble B TPeTbeil CTPOKE Tabmilbl (115 LHKJIHYECKUX TPy
I'(n) C Z,) — 310 nMkiHuecKrHe o6pasyiollie YKa3aHHbIX LMKIHUECKHX rpynn,
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TaK uTo BblueTol uncen g* (0 < & < p(n)) coctaasitot rpynity I'(n). [pu stom
noi Kaxaof o6pasyollieli g ykasana o6patHas eii o6pasyioulas A (Tak uto
gh=1 (mod n)). Linknnueckue obpasyioune rpynnsi I'(7) 1123bIBalOTCH TaKKe
nep8oobpaAIHHIMI KOPHAMU NO MOOYAIO N.

ILns HeUMKAHYECKHX TPynM B CTPOKe 06pa3yioiiHX yka3aH B CKoOKaxX BO3-
MO>XHBII HaG0p LMKJIHUECKHX 06pa3ylolluX rpynn-coMHoXuTenel (apyrue ta-
KHe Habopbl JIerko nosfiyyaloTcsi 3aMeHOlH 3THX 0OpasyolUMX UX CTEeneHsMH H
NPOM3BEACHHSIMH).

Hloka3arenbcTBO npHBeneHHOR B Tabaule Teopembl NMOJMYYaeTcs MpsiMbl-
MH BBIYHCACHUSMH FeoMeTpHYeckHXx mporpecchit a* (mod n). Ins onosuauus
HEUMKJIHYECKHX rpynn JDiiiepa yno6HO COCTaBJATH OpHEHTHPOBaHHbIH rpad,
BepUIHHAMH KOTOPOTO ABJAIOTCH 3JIEMeHTHl TPYynnsl, a CTPeJKH BeAyT K KBa-
Apaty 3Jjementa (B aJAHTHBHOM 3aMUCH — OT X K 2X).

fpumep. Tpadsl rpynn nopsaka 8 takosbi:

e
N 1/ J
NN/ \o/
!
O
8::Zg 4.2=Z4 XZQ
O
23 =173

[TonesHo takxke cocraBaaTh TabMuLy KOAWYECTBA 3/IEMEHTOB Pa3JIHuHbIX
nopsiAKoB B rpynne. B npeabinylileM npumepe 3TH TabsnLbl TaKHe:

lezxs
Zg 1 1 2 4
“ZuxZo 11 3 4 0
z3 7 0 0




-

§ 4. Ipynnbi ditnepa nponsseneHuni

Anamu3 Tabmuubl § 3 cpasy NMpUBOAMT K CJEAYIOLHM BbiBOAAM (m0Ka3a-
TeNbCTBA 00CYXKAaI0TCS HHXKe, cM. § 6).

Teopema 1. Ecau uucra a u b 83aumno npocmol, mo epynna Jii-
Aepa ux npoussedenus — npamoe npoulsedenue ux ecpynn 3iepa:
I'(ab) =T'(a) x I'(b).

Teopema 2. Ecau uucno n=p npocmoe, mo epynna Jirepa T'(p) =
=Z,-| — YuKALYecKas epynna.

Teopema 3. Ecau uucro n=p® — cmenendb Heuemrnoco npocmozo -
caa, mo ez2o epynna Jirepa — yuxkauyeckas 2pynnda,

T(p®) =Zpipr) = Lip1ype--

Teopema 4. Ecau uucro n=2°%, a>2, — cmenenv 08ouxu, mo €20
epynna Jiirepa ecmb npous3sedenue YUKAHECKUX 2pynn nopsiokos 2 u
0a—2.

I'(2%) = Zg X Zga-2.

ITH ueTbipe TeOpeMbl NOCTABMSIIOT BCe rpynnbl Jisepa, Tak Kak moboe
HATYPaNbHOE YHCJIO MOKHO Pa3iOKHTb Ha MPOCTHIE MHOMKHTEJIH.

Chnencreue. [pynna 3isrepa T'(n) asagemca yuxasuueckou ecau u
MOALKO ecau 4UCAo n pasHo aubo 2, aubo 4, aubo cmenenu He4emHo2o
npocmeoeo uucaa, b0 yoBoerHOU cmeneny Hewemno2o npocmo2o wucaa.

Teopema 2 — 310 npocTo «Matias Teopema» Gepma, noMoNHeHHAA DAepOM
(mepBoo6pa3HocTh) H [ayccom.

§ 5. Tomomopdu3m npuBeneHus no mopynw a, I'(ab) — I'(a)

Bynem o603HauaTb puBeeHHE N0 MOAYJIO @ BBIYETOB MO MOAY/0 ab uepe3
w1 Lap — Zg (0603HAUAS HHOTA TEM K€ CHMBOJIOM TaKxKe orpaHHueHHe 3TOrg
npuBedenus o I'(ab) — I'(a) wau ero nericTeue Ha Z).

3amevanne. w(I'(ab)) CI'(a) no cnenyiouedl npHudHe: ecau Obl BbiueT
x (mod a) He Gblr B3aWMHO ApoCT € a, To BbiueT x (mod ab) He Gbl1 Obl
B3aHMHO TIPOCT € ab.

Kak mbl cefiuac pokaxkem, w(I'(ab)) =T'(a) (xoTs 3T0 H He COBCeM oue-~
BHIHO).

[lycts uucsio x B3auMHo npocTo ¢ a, T. €. (x,a) = 1. OTbllueM BbiueT no
MOAYJ0 ab, npoeKkTHpylowMiics B BblueT X (mod @). Mbl no/IXKHbI HCCeN0BATh
Bce npoo6pa3sbl Buiueta x (mod a) B Zgp W Cpea HHX HalTH B3aHMHO NPOCTOH ¢
ab snement rpynnil I'(ab). Hokaxem uytb 6onee abuiHit BAPHAHT «KUTaNCKON
TeopeMbl 00 ocTaTKax». i

Teopema Tp . B apugpmemuueckoii npoepeccuu {x+nD} (n=0,1,...)
C 83AUMHO npocmoimy uneHom x u pazvocmeio D (max umo (x,D)=1)
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ecme 83auUMHO npocmoi ¢ B uaen:
VB dn: (x+nD,B)=1.

Hoxaszameavcmao. Teopema T) g oueuaHa. Tenepb Mbl 6yaem npenrio-
naraTbh BepHbIMH TeopeMbl Ty ¢ d < D v BbiBeleM U3 HUX Teopemy Tp g. HTak,
nycts (x, D) =1.

O603HaukM yepes § HauGoMbLIMA OGLUMA neanTens yncen B u D, Tak uto

B=ps, D=ns, (By1)=1

MepBuitt cayuai. y=1, D=4.
Batomcnywae B=BD>2unuxe f=1,B=D EcauB=D, 10 (x,B)=1
Mo yCNOBHIO, TaK 4TO TeopeMy Tp p AoKaswiBaeT Bhibop 71 =0.
B cnyuae xe 8> 1, xorna D < B, mnt npuxonum npw D > 1 (xoraa 8 < B)
K HMIJIMKALWH
Tpps = Tp.s,

MOCKONBKY M3 B3aUMHOH NpoCTaThl yHCna X + nD ¢ [3 BhiTeKaeT ero B3aHMHas
npoctoTa ¢ B=34 (C § 3T0 YHCNO, KAK H X, B3AHMHO NPOCTO MO YCJIOBHIO
IoKa3biBaeMoH Teopemsl 1p g (rae D=4)).

Hrak, Teopema Tp g CBeieHa K TeopeMaM € TakuM ke D, Ho ¢ MeHbiIWMK B
(mpuueM, Kak Tonbko B < D, ycnoBue y=1 6onbiiie BhiNoNHAThCS He OyierT).

Bropoit cayuai. y> 1, 6 < D.

B 3ToMm caiyuae Mbl BeiBeseM TeopeMy Tp g H3 TeopeMbl 755, rie D =44,
B=ps, (B.v)=1.

M3 yeaoBust (x, D) =1 cnefyer B3auMHasi MPOCTOTa YHC/IA X C AGNIHTENEM
0 uucna D. [lo TeopeMe Tj g, cylilecTBYeT Liefioe UHC/O /M TakKoe, YTO YHCJIO
r = X 4+ mg B3auMHoO npocTo ¢ . ,

W3 B3auMHO#H npocTOTHl 3 M < chenyeT BO3MOMHOCTb NpeacTaB/fieHHs
I =pB+ gy (c uensiMd p v g). Teneps Mbl MOXKeM NpPeCTaBHThL 7 B BUHJIE

r=x+d(mpB+mgy)=x+mpB+nD,

rae n=mgq.
PaccmoTpHM flokassiBaloLlee TeopeMy YHCO

R=x+4nD=r—-mpB.

DTo YKCAO B3aMMHO MPOCTO ¢ B, TaK KakK 7 B3aHMHO npocTo ¢ B (no Teopeme
Tsp v BoiGOpy uncna m). Kpome Toro, R B3aHMHO NPOCTO € YHCAOM §, TaK Kak
(x,6) =1 no ycnoBHIO A0Ka3blBaeMOH TeapeMb! 7p g, a uncsia D = v4d penutes
Ha .
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‘Crano 6biTb, YHCI0 R B3aHMHO MPOCTO W C NpoH3BefieHHeM 36 = B, uto H
L0Ka3biBaeT TeopeMy Tp g (npHueM B KauecTBe 72 BbIGHPAETCs YHCIO mg).

Teopembl Tp p noKa3aHbl Tenepb npu awobbix D u B.

M3 unx caenyer coornowenune w(I'(ab)) =T'(a), Tak Kak no teopeme Ty
cpeny BblueroB uncen x+na, n=0,1,2,... (mod b) umeercs B3auMHO Npo-
ctoi ¢ b Bwuet (ecan (x,a) =1, 1.e. korna x €'(a)).

Pasymeercs, udciao 7 MoXHO 3aecb 6paTtbh H3 uHTepBana [0, 1,....6— 1},
TaK Kak MpH yBeJIHUEHHH 72 Ha b BblueT yHcna x +na (mod ab)) ne meusercs.

Chaencreue. Yucao npoobpasos xaxdoud mouku x €'(a) npu omo-
b6paxcenuu =« I'(ab) — I'(a) odunaxoso.

Loxazameavcmeo. 1o otobpaxkenHe w — romomopduam rpynnsl I'(ab)
na epynny T'(a), Kak Mbl TOJNbKO YTO JOKa3aiH. Tak YTO yKaszanHoe YHCI/O
npoo6pa3oB paBHO NMOPAAKY AAPa 3T0ro roMoMopduama, | Ker w| = p(ab)/p(a).

§ 6. doka3areabcTsa Teopem o rpynnax Jiaepa

[lokasameavcmeo meopemut 1. Cpasuum 06a roMmoMopdHsMa fipHBeJe-
HHST 10 MOAYNIAM a H b:

x: T(ab) > T(a), p: L(ab)—T(b).

Myets x€T(a), 7~ (x) ={X+na}, 0<n<b.

Bce b soiyeros uucen X +na (mod b) pazanuHbl, yHaue YHCI0 7, — N9a
aenunocb 6ul Ha b npu |n; — no| < b, BoNpekH npeanonaraeMou B Teopeme |
B3aHMHOMW MPOCTOTE YHCeNn a H b.

3uaunT, B Z,, HafmeTcst 3/eMeHT ¢ BbiyetoM X (mod a) u ¢ Jobbim
BbiuetoMm (mod b). M3 3Toro caenyer takxke, uto oTobpaXkenue

n X p:. I'(ab) = T'(a) x I'(b)

nokpoigaem gce npoussederue (ToT 3N1eMeHT 2 H3 Zgp, KOTOPBIH CPABHUM C
x€T(a) (mod a) u ¢ y e'(b) (mod b), o6s3aTenvho aexut B I'(ab), Tak Kak
H3 B3aHMHO#M NPOCTOThI YHCAA Z C COMHOXKHTENAMH a H b ciieflyeT ero B3aiMHas
NMPoCTOTa ¢ NMpoH3BelieHHeM ab).

C npyro#t CTOpOHbI, A0p0 OMOOPANEHUA T X p MPUBUAALHO, TAK KaK
€ro 3/7eMeHTbl CpaBHHMBbI ¢ | W Mo MomyJ/o @, ¥ Mo MOAYAIO b, a 3HAUWT, HX
pa3HoCTb B Zgp AeNHTCS Ha NMpousBefieHHe ab, T.e. paBHa HyMO (NOCKOJbKY a
v b B3auMHO NMpocThl B Teopeme 1).

Teopema 2 — 310 Manas Teopema ®epma, nonosHeHHasi CylleCTBOBAHH-
eM MepBoo6pasHbiX KOpHell Mo MOAY/I0 MPOCTON0 UHCAA (IOKAa3aHHBIM HHXKeE
B § 12). CywecrBoBaHue nepBooOPa3HOTO KOPHS HYXKHO AJIst TOTO, YTOGL! MO-
PANOK TPYMNiibl HE OKa3a/lCs MeHbLLKHM, YyeM p — 1.
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[Lokazameavcmeo meopemor 3. Tlpencrasum yucno p?t! rpe p — ue-
yeTHOE MPOCTOE UHHCJO, B BHAE NPOH3BEREHHS p - p%, H pacCMOTPHUM COOTBET-
CTBYIOLLHH NPHBEACHHIO 7 (11O MOAYMO p) TOMOMOPGH3IM Tpyni

m: T(p**") = T(p).

O6pazom sisnsiercss Bes rpynna I'(p), kortopasi siBasieTcst LHKJIHYeCKo#
rpynno# nopsaka p— 1 (no reopeme 2). Mayuum sxpo romomopdusma .

Jlemma. 510po comomoppusma  aganemes yukauweckold epynnod no-
paoka p°.

Hokazameavcmeo. O6Gpasyoleld sigpa sBAsieTcs, HanpHMep, 3JeMeHT
I + p (paccmarpuBaembiit Kak Bxofawmit B rpynny I'(p®*') Buuer no moayno
pa+l)_

JleicTBHTEIbHO, BBHIYHCAHM CTEMEHH 3TOT0 1eMEHTa B p-afHyecKo# ci-
creMe cuncAenus. [lo dopMyne 6unoMa Hulorona,

(1+p)*=1+pk (mod p?),

nostomy npu £=0,1,2,...,p—1 Mbl noayuum (mod p?) Bce p 3HaueHHl
g (mod p) Ansa yxcha

(1+p)*—1=pq.

3 toit ke dopMynbl 6HHOMa caenyeT, YTo

(14+p)P=1+p* (mod p%).

BosBoas stot anemenr 8 crenenn £ =0,1,2,..., p— I, Mbl Nosyyaem TOYHO
TaK XK€ HayaJbHble YNeHbl P-aHYECKOTO Pa3oKEeHHS

(1+p)* =1+kp* (mod p°),
(1+p)” =1+p° (mod p?).
CoBepuieHHo Tak Xe BbiBOAATCH hopMybl
(1+p)* =1+kp™*" (mod p**?),
JIOCTaBAsIOLIHE KpaTHbIE BbICILIHM CTeNeHsM p claraembie,
k=0,1,2,...,p— 1.

[lepemHOXKasn (OPMy/bl, COOTBETCTBYIOILIHE @ YleHAM p-afHYecKOro pa3-
JI0XKEHHSA

R=Fky +k1p+k2P2 +. ..-I-ka—lpa--l (mod p%),
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Mbl oJlyyaem yno6Hoe npeacTaBieHye Jo60ro s/1eMenTa UHKAHYeCKOH Py b,
OpOXKIeHHOM obpa3sytowedl | 4 p:

(14p)* = (1 + pko)(1 + p°k1) ... (1 + p®ha—1)  (mod p®tY).

M3 aroit dopmynsl BHAHO, YTo Bece nodyuenuble (npu 0 < & < p9) p e-
entoB rpynnel I(pa+!), Bxonsume 8 smpo romomopqanama m, paBJIH'-IHbI 3ua-
wm* 370 s1Apo (umelotee nopanok p(p®th)/v(p) p/(p =p?) —
LUMKJIHyeckas rpynna (nopsigka p?).
Htak, a6enesa rpynna I'(p?t') paccioena nan Zp_l co cnoem Zy. Ilo-
pAnkH (p — 1 1 p?) 3THX LUHKIHYECKHX IPYNM B3aHMHO NPOCTHI, NO3TOMY pac-
C/IOCHHE 7 SIBJSIETCSA MPSAMBIM NPOH3BENEHHEM (H LUHKIHUYECKOH TPYTINON)

T(p*t") R 2yt X Zpa = Loy,

YTO W J0Ka3blBaeT Teopemy 3.

Jloxaszameascmeo meopemot 4. PaccMoTpum roMoMopdH3m NpHBEACHHUS
no moayao 4, w: I'(2%) — I'(4). O6pa3 cocTont 13 BbluetoB | ¥ 3 (mod 4), H
Mbl MOXKEM 3aMKcaTh KaXKIbli 31eMeHT u3 rpynnbl ['(2%) kak BblueT yucaa

x=142+4u, 0<a, u<2%2
B YAaCTHOCTH, UMEETCH Cl’leLlHaJ]belﬁ JEMENT BTOpOl‘O NnopsakKa
w=2%""-1, a(@)=1424+4+...4+42973=293_1  yw)=

Jlis storo snementa w? =1 (mod 29), T. k. uncna 220—2 y 2.2 pensres
Ha 2% npu a2 2 (yro a 22, mbl npeanonarany B Teopeme 4). Mol nonyuaem
noarpynny {1, w}.

JIlo60H 3n1eMeHT X u3 I‘(2“) MOXXHO OJHO3HAYHO 3aMnucartb JH6o B BHAE
x=1+4u (xorma wx=1), au60 B BHae x =w(l +42) (korma wx =3, Kak H
m(w)).

370 cheayer H3 cooTHoWeHUs m(wx) =m(w)w(x) =9=1 (mod 4): Hcko-
Mblit MHOXHTesIb | 442 eCTb NPOCTO WX.

HMrak, vbl npeacrasuau rpynny I'(2?) B BHae npsmMoro npon3pefeHHs Herne-
pecekatowxcs noxrpynn Zg = {1, w} u {1 + 42}, rne 0 < 2 < 222, Teopema 4
BbITEKAET H3 CNIEAYIOUIEro (akTa.

Jemma. /pynna {1442} (0<2<2%7%) gouemos no modymo 2° —
yukaueckan: {1 + 4z} =~ Zga-2.

IMpoussenenne (1 + )X, rae 0 < K < p®, He MOXeT GbiTh PaBHBIM EAHHHLE, TAK KAK NepBas
13 OTJIHUHBIX OT HyAs KOMAOHEHT K; pasnoxenust K =3 Kip* nocrasaser oTanunbiil o1 0 ocTaTox
mod p*t! oTanuus or 1 nponasenenus.
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Hokaszameascmso semmol. Jokaxem (nogo6HO NMpHBEAEHHOMY Bblllie 40~
Ka3aTeJbCTBY Teopembl 3), UTO LMKAHUeCKoH 06pa3ylollell SBASETCA 3JIeMeHT
| +4 =5, KOTOpbIii Mbl 3aMHiEM B BHAE

go=1+4A0+8Dy, Ap=1, Dy=0.

[Tyctb Teneps B I'(29) mau snement Q=1+ 22+ 4 4 23+,
Bbluucnenne ksaapara no ¢opmy/e GHHOMA AaeT OTBET B BHAE GHHOMH-

anbHO# opmyabl
Qi’ = | 4 22Hi+) 47 4 93++1)

rae A’ = A (uncno D’ uenoe notomy, 4To 1J15 He BLINHCAHHBIX IBHO TPEX UIEHOB
6HvHOMa cTenexelt ABoek Goablue: 2(2+i) 23+ (i+ 1), 2B8+i)>3+(i+ 1),
I+ @+ +B+)>3+(@+1)).

Ipumensia 31y dunbTpoBaHyo 6nHOMIANbHYI0 GOPMYNY K cayuato @ = g
(rae i =0, A=Ay, D= Dy), Mbl nonyuaeM pas g = Q2=q§ Bblpa)keHHe

g =1+22114, 423D, (rne A, = Ay).

I'lpnmeﬂﬂn Hawy OHHOMHaNbHYI0O dopMy K =g, Mbl HaxoAHM An%
g2 = g3 =q° BbIpaXKenue

g2=1+2"124,+ 242D, As=A,.
HPOJIOJI}Kaﬂ BO3BEAEHHA B KBaIlpaT, HaXoAuM nocCJieAOBRaTENIbHO
Je=gp = Joor=1+2"18A, + 28D, (e Ag=Ag))

s g=0,1,2,...,a—3. Tlph g=a—2 mbl Noayyaem g,_2=g3 ‘=14

+2%A,_9+2%'D,_o=1 (mod (2%), T. e. uncio 52" =1 (mod 28) nocra-
BjifleT efunuuly rpynnsl I'(29).

Hanpotus Toro, Bce npeablayllise cTeneHn yucaa 5 OTIHUHB OT eAMHHULbI
no moaynio 2¢. IeiicTBuTeNbHO, 0603HAYHM ABOHYHOE pa3fioXKeHHe uucaa N,
MeHblLero, yem 2972, yepes

N=No+N -2+ Ng-22+. .+ Ny_3-2°73,
rre Bce N; — HYJH ulu elHHMLBL.

Toraa anst 5¥ mbl nonyuaem srpaxenne

No N N -3
9 =409} 45" ... 453
O6o03nauuM uepes i nepblit HeHyneBoi M3 kosdduurento No, Ny, ..., N3
ABoHuHOrO pasnoxenns uncna N. M3 nokasanubix Bolilie hopMya 418 gg cae-
JIYeT, UTo
gy =1+22  (mod 22+,

Tak uto gf Z 1 B I'(2%) (nockoabky i < a — 3).
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_ 3uaum, Bee 2°~2 anementos rpynnsl {1 +4z} (mod 22), koTopbie Mbl 0=
ctpound B uae 5V (mod 2%), pasauunbl, Tak uto 3Ta noarpynna {1+ 4z},
cocTosan H3 BCero 22 aemenToB, Heuepnana ssiementamu suaa 5 u aBns-
ercs LWHKIUMIECKOil.

Jlemma noka3aHa, W 3TO 3aKaH4YHMBaeT J0Ka3aTe]bCTBO TeopeMbl 4.

§ 7. lnnamMnueckas cucrema Pepma—3Ifinepa

3aduxcupyem B3anMHO NPOCTOE C 72 HHCJO @ 1 PaCCMOTPHM YMHOXKEHHE Ha
a kak npeo6Gpasosanue A MHoxecTBa I'(7) B3auMHO NPOCTBIX C 72 BbIMETOB MO
Moyt 11 B ce6si: OHO NEePEBOANT BLIYET HKCAa X B BbiUeT yucaa ax (KoTopoe,
KakK H X, B3aiMHO npocTo ¢ n). Ml onpenennnu nepecratosky A: I'(n) — I'(n),
X—ax.

[Tpeo6pasosaniie A muHoxecTBa I'(n) B cebs, kak u 1060€ B3aMMHOOA~
HO3HaYHoe npeo6pa3oBanKe, pa3buBaeTcs Ha LMKIbl 3TOH nepecTanoBku ¢(n)
3JIEMEHTOB.

Teopema (Ifinepa—®Pepma). Bce yuxaor nepecmanosxu Pepma—3il-
aepa A: T'(n) — I'(n) umerom odunaxoswii nepuod T(n, a).

Hokaszameascmeo. Jloboii anement y rpynnsl I'(n) nonyuaercs u3 ato-
60ro Apyroro ee 3JeMeHTa X YMHOXEHWEM CMpaBa Ha HEKOTOPbLIH JNEMEHT 2.
[TosTomy

ATy=AT(x2) = (ATx)z=xz =y,

T. €. NeproA 7 3JeMeHTa X siBJsfeTCs NepHoaoM H ON% Y.

Chepcreue. Muoxecmao T'(n) 83QumHO npocmulx ¢ n Bui4emO8 no
Mo0yar0 n paszbusaemca na N(n,a)=@(n)/T(n,a) nenepecexarouuxcs
opbum npeobpasosanus Pepma—3Iisepa, mak wmo wucao opbum N,
KaK u nepuod T, asasemcsa Oeaumensem 3HAueHUn Qyukyuu 3daepa,
o(n) =NT; u eunoansemcs cpasnenue epma—3iisrepa

a®™N =1 (mod n).
Mpumep. Ecau uHesio 1 = p npocTtoe, To HMEET MECTO CpaBHEHHe
a*~'=1 (mod p).

D70 — ucxoAHas «Mmanas Teopema» Pepma, KOTOPYIO Mbl, TaKHM 06pa3oM,
AOKa3zadi.

DiiJlep nepenec 3Ty TEOPeMY HA COCTaBHblE YHC]a 72 BMECTO P, 3aMETHB,
4TO NOKasaTtesdb p— | =@(p) HYXKHO Ast 3TOr0 3aMeHHTb Ha ¢(rn), OTKyna u
npousowna pyHKuus Jiaepa . )

Ecav npeo6paszosanre Gepma—3itsiepa umeer JHWb 0aHy opbuty (N =1),
TO nNepHon ectb T = p(n), Tak 4to cpaBlieHie Pepma—Iinepa CBOANUTCA K €ro
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nmpocreiilent hopme

a?” =1 (mod n),

B KOTOPOH OHO BEPHO H KOTZa OpPGHT Goablue.

Bonpoc 0 noBeaeHus nepHoAa W uMcNa OPOMT B 3aBUCHMOCTH OT UuC/a
n BecbMa Henpoct. HuxXe paccka3zaHo 06 (3kcnepHMeHTaNbHbIX, B 0CHOBHOM)
A2NHBIX, MIONYYEHHBIX NYTEM BblUHCAEHHA 3HauyeHHH ynkuuin N(n) v T(n) mas
npocTeiliero cayuas a =2 (B NPeAnoNOXEHHH HEUETHOCTH YHCAA N, T. €. B3a-
HMHOW €ro MpOCTOTbl C OCHOBaHWEM a).
3uauenus uicna opbur N(n) v neprosa T(n) onepaumn A yMHOXeHust Ha
G =2 1/19 NepBblX MATH AECATKOB HEUETHHIX MOAYJeH N yKasaHbl B caeayioLleH
Tabdaulle.

nt315|719|11|13[15(17[19{21]23|25(|27|29(31}33(35(37}39
NiLEtH2rrrfrp2 22 2(1)11p1{61212(1}2
T12)14|3(6(10(1214|8|18/6]11]20]18}28]5 j10[12(36(12

n (41143|45|47|49|51153(55(57|59|61|63|65|67(69{71(73|75|77
Nl2p3|2(2(2|1411 (22|11 |6]41]2]|218]22
20114(12(23(21| 8 [52|20|18]58]60] 6 |12{66]22}35| 9 20|30

ﬂ

n|7981|83|85|87|89(91(93(95({97|99

2{1(1|8({2]|8]|6]|6|2]|2]|2
3915482 8 128(11[12{10|36|48|30

~{ =

[IpocTele uncna n BhinesieHbl 3aech NOMYKUPHbIM WprdToM. [lns Kaxmnoro
U3 HUX NT =n ~ |, B apyrux cayuasx npousseaeHue NT = p(n) mMeHblue.

Teopema Ditnepa—®depma o3Hauaer, uro anarpamma IOura, onucoiBaioLLas
pa3buenue mHoxectBa I'(n) Ha op6uThl npeo6pazoBanns Pepma—Diinepa A,
Bceraa npeacrasisieT co60H MPAMOYTOJbUMK MJIOWIAAH (/1) C OCHOBaHHEM
anuibl T(n) v N(n) ctpokamu TakoH aaunbl T(n).
Kaxnas ctpoka npencrasiser coboil op6UTY meiCTBHs MpeobpasoBaHus
A, 1 Mbl BLIMKCbIBaeM ee aneMeHTH B nopsike (x, Ax, A%x, ...). Ina n=15
51a amarpamma OHra TakoBa:

7 [1af13]11] (11-2=7)
2148 (8-:2=1)
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‘§ 8. CraTHCTHKA reOMeTPHYECKHX NPOrpeccHi §

Poct ¢ynkumu T(n) ¢ pocToM Molyas n TipeacTaBJisieTcst AOBOAbHO Hepe-
ryAsipHbIM, Tak Kak cpea adarpamm lOHra BerpeualoTest H BbICOKHE (C OTHO-
CHTEJIbHO GONbLIHM OTHOLIEHHEM N/T, xak pis n=511,rae N=48, T=9% u
HH3KHe (C MaabiM oTHowenHem N/T, kak 1/82 nast n=83)."

CymMbl necsiTkoB 3naueniit | €n<19,21€n<39,41<n<59,61<n<
<79, 81 €17 <99 ¥ AeCATKOB COOTBETCTBYWLIHX 3HaueHHi nepHonoB T obHa-
PY’KHBAOT Gosee peryisipHylo 3aBHCHMOCTb: '

Y n | 100 | 300 [ 500 [ 700 | 900
ST | 68 | 158 | 246 | 299 | 329

DTH AaHHBIE NMOJACKa3biBaOT AnHelHbH poct T ¢ n (rpy6o roeops, B cpef-

Hem nopanka T'=Cn, rre C as%— npu n ~ 70 .MeL/leHHO yObIBA€T C POCTOM 7).

Hukaknx TeopeM Ha 3ToT cuer s He 3Halo. Bot, oanako, HeKOTOpre co-
o6paXKeHHsi HeMaTeMaTHUYeCKOro XapaKTepa.

BoapacraHHe norpeltHocTe!! B 3HaYeHHH X MPH yMHOXEHHH X Ha Gonbluoe
npu GoblUKX BpeMexax ! uuciio a’, ocylecTaisieMoe 3a BpeMs { AHHAMHYECKO
cucremoii Pepma—3inepa A: I'(n) — I'(n), HaBOAUT Ha Mbic/b, uTo opbuTa
{a‘x, t=1,...,T} nomxua Gurtb pas36pocasa BHyTpH ['(n) (M maxe BHyTpH
Zn = Z/nZ) XaoTHUECKHM 06pPa30M.

Havna waw nepron T 3Tolt OpBHTHI ONpenesieTCst TeM YC/NOBHEM, HTO
Bce T «cayyalHbix ToueK» a‘x NO/MKHbI 3aHHMATh PasHble MOJIOMEHHs! CPefH
m=(n) Touex MHOXecTBa I'(7) (HAH cpemn BceXx m=n ToUeK MHOXe-
ctBa Z,). Iloaromy Bo3HHKaer wuges cpaBHHTL T(n) ¢ AMHHOM THNHYHOM
CAyuaRHoOH MocienoBaTeNIbHOCTH He3aBHCHMbIX BbIGOpOB ONHOR H3 1M TOueK
KaKoro-nmM60 MHoXXecTBa, B KOTOPO# Bce 31eMeHThl 3TOH clyuaiiHoR nocneno-
BaTeJbHOCTH OKa3alHChb Pa3NHYHbIMH. -

DJta 3afauya  TeOpHH BepoATHOCTedl OOGbMHO Ha3blBaetcs 3apmauedl o AHAX
poxaeHHus (T — YHCJIO CTyAeHTOB B rpynmne, m = 365 — 4yHcN0 BapHaHTOB AHA
poxcaeHus). CnpauiHBaeTcs, KAKOB2a BEPOSATHOCTb TOTO, YTO AHH POXKIEH HA Beex
T CTYAeHTOB B rpyfnne pasjHyHbi?

JicHO, uTO 3Ta BEPOSITHOCTb TEM MeHblle, YeM GoJbllie YHCAO CTYAECHTOB
T, H coBceM Mana, HauMNas C¢ HeKOTOPOro MX uHciaa (1 jpaxe paBHa Hydo
npu T > m). HanpoTHB, ec/iH YHCNO CTYAeHTOB T Mafo, TO Mana BEpPOATHOCTD
HaNHYHS COBnafieHHH.

Kpurnueckuis pasmep rpynnii T,, rae BepOATHOCTb COBNafeHHH Mana npu
T <T. v senuka npH T > T, pacTeT ¢ m Kak KBaJipaTHbIH KOPeHb U3 M.

B 3T0M npoute Bcero y6eauThesl, pa3nesus Ydcno HabopoB Henepecekato-
LLIKXCS NOCaeI0BaTeNbHbIX BBIOOPOB T 3/1eMeHTOB H3 M (paBHOE NPOH3BEACHHIO
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T muoxureneit m(m—1)...(m—T+ 1)) na uucno BceBO3MOXHbIX HaGopOB

(pahoe m’): [ . ,
pm1(1-4)(-2) . (-151)

IMpeanonaras uncno T He6oablUHM TIO CPaBHEHHIO C /M (HANpHUMep, ycTpemass

M K 6ECKOHEUHOCTH NMpH PrKcHPoBanHoM T), Mbl NoslyyaeM (He OCTaHaBJ/IHBa-
T—1
SICb HA A€TaNsX OLeHKH OWHOKH) np= ~ Y j/m.
=1
Takum 06pazoM, NpHbaKKeHHas HopMyna s BEPOATHOCTH HeCOBMaJeHHS
€CcTb
-1
pre m

ATo uHcAo Malo, Koraa T3> v2m, u 6ausko k I, korna T < v2m, Tak uto
IJiMHA OTPe3Ka m-3HauHOH clyyalHoH MNoc/eloBaTelbHOCTH 6e3 COBMaaeHHA
pacTeT C YHC/IOM 3HaueHHH KaK KBaApaTHbIH KOPEHb H3 3TOro YHcJaa.

3ameuanne. § aymalo, uTo repexof OT MaNbiX 3Ha4YEHHI p K GOJMbLIHM NPH
nepexone T yepes KPHTHYECKOE 3HAYeHHe TOPSKA /711 ONHCbIBaeTCst YHHBEP-
canbHOl dyHkuHed erf (HHTerpanoM oT rayccoBoH MJOTHOCTH) NPH COOTBET-
CTBYIOLIMX (3aBHCALIMX OT M) eAHHULAX H3MepeHHs OTKJIOoWeHHs 3HaveHHs T
oT KpuTHyeckoro. Ho, k coxanenHio, 51 He BHAEN B JIHTEPaType 10Ka3aTellbcTBA
COOTBETCTBYIOLLEH TeOpeMbl, HeCMOTPS Ha €€ ABHLIH HHTEepeC A MHOTHX MpH-
JNOXKEHHH: 3TOT BOMPOC, BHAHMO, CHUIKOM NpocT, 4To6bl ero paccMaTpHBaTh
BEPOSITHOCTHHKAM.
CpaBHHBas yKa3aHHbli (akT TEOPHH BePOATHOCTEH ¢ Halled TabJaHLeH
uncesa T(n), Mbl NMPUXOAHM K BBIBOAY, UTO HabJalofeHHble nepHoawt T(n) reo-
MeTpHUECKHX nporpeccuéit 2! pacTyT ¢ YHCJAOM BHLIGOPOB 72 GbICTPeE, 4eM NpH
MOAHOH He3aBHCHMOCTH T 3HauenH# (6ymeM M Mbl CYHTATh HX NMpHHaMLIEXKa-
LIHMH MHOXECTBY Z, H3 /M =1 3I1EMEHTOB WJH Xe ero noamMHoxecTBy I'(r2) U3
m = p(n) 3AeMeHTOB, MOCKOJbKY /77 PacTeT «B CpPefHeM» Kak cn). _

A ¥MeHHO, MOXHO c(OpPMYNHPOBATb 3TO HabJIOAeHHe Kak yKa3aHHe Ha
MPHCYTCTBHE KAaKOT0O-TO (He H3Y4EHHOTO ellle) OMMAaAKUBAHUS YI€HAMH reo-
Merphueckoi nporpecchn {2! (mod n)} apyr or apyra. HM3-3a storo pacran-
KHBaHHs OpPOHTA Aa/leKO He clyyaliHa H coBnafeHHH (HNH Aaxe GJAH3KHX MpPH-
6nikenuit) Touek 2/ (mod n) Apyr K ApYyry OKa3biBaeTcs MeHbllle, YeM eciiH
6bl mocaenoBaTesibHble TOuKH (f=1,2,...,T) Bui6HpanHch HE3aBHCHMO APYT
OT Apyra B m-3neMeHTHOM MHoxecTBe (Z, wiH I'(n)).

§ 9. Uamepenne crenenH caytalHOCTH NOAMHOXECTBA

Hs toro, yTo6bl HeeseoBaTh, HACKOJbKO CYUaHO pacnofoKeHbl TOUKH
op6utht {a’} npeobpaszosanns Pepma—3Ifinepa cpear Bcex BbIYETOB, BXOMS-
KX B Zy (MK cpean m = p(n) B3aHMHO NPOCTLIX C /7 BbIYETOB, COCTABAIOLIHX
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rpynny D#nepa I'(n)), s pelwumn H3MepATb «pacTaJKHBaHHE» 3MEMEHTOB T -
3/IEMEHTHOTO MHOXKECTBA TOHEK OTPe3Ka ApYr ApPYroM NpPH NOMOLLM caeayloLled
BEJIHUHHBI.

O6o3naynm uepes {x|,...,X7r} NOCNEROBATENIbHOCTb PACCTOAHUN MEXMY
COCeHHMH TOYKAMH.

HMes B BHAY NPUNOKEHHS K BblueTaM, s CKJI@HA KOHLIbI OTPE3Ka B OKpPYX-
HOCTb, TAK YTO CyMMa MOJIOXKHTEJIbHBIX YHCEN X; paBHA JJHHe L 3TOro OTpe3ka
H/H OKPYXKHOCTH.

Jast usMepenHs NMPUCYTCTBHA HAH OTCYTCTBHS GJH3KHX CONMHXKEHHI TOYEK
MHOXECTBa 5 UCTIONIb30BaN «napamemp cmoxacmuynocmu» (randomness)

R=x’+...+x%

Yro6bl crenatb napaMerp 6e3paaMepHbiM (He 3aBHCALLHM OT eAHHHLL H3Me-
peHust, T. €. OT LHHbl L), 1 HOpMHpoBan ero, nogo6Ho npeobpa3oBas OTPE30K, K
cnyuao L = 1: nopmaauszosannuiil napamemp cmoxacmuusocmu T mouek
ecme

r=R/L%.

DTy HOPMANH3ALMIO HYXKHO [enaTh, TNPUMEHsis TEOPHIO K BblueTam u3 Z,
(rae L = n) wau K 3nementam rpynnsl dinepa I'(n) (rae L =m u «paccTosaHus»
Xi — 3TO yHcao cBOGOAHLIX OT 3jemeHtoB rpynnbl I'(n) gyr mexiay aByMms
3/JIeMEHTaAMH 3TOH TPYMIbl, PACCTOAHHE MEXIY KOTOPbIMH H3MEPSET LIeJI0e YHK-
cJIo X;). :

BceBosMoxHble KoHdurypatmn 7 TOYEK OKPYXKHOCTH LJHHbL | OnucbiBa-
torest (T — 1)-MepHbIM CHMMIEKCOM

{x=(x1,....x7), 0<x; <, in= 1}

(C TOYHOCTBIO IO FIOBOPOTA OKPYXKHOCTH).

[MapameTp CTOXaCTHUHOCTH 7 ABASIETCSE MOMEHTOM HHEPLWH TOUKH X OT-
HOCHTEJIbHO Ha4ana KoOpAHHAT (KBaapatoM paccrosiivs ot x a0 0). [Tosro-
MY ero HaWMeHblliee 3HAueHWe COOTBETCTBYET LEHTPY cHMmniekca: x;=1/T,
rmin = T(1/T)2 =1/7, a nauboabluee 3nauenne — Beplinte (x; = 1, ocTanbHble
HYNMH): Fmax = 1.

Ins cpaBHeHHs MHOXECTB € pa3HbIM YHCNAMH 31eMeHTOB | eCTEeCTBEHHO
BBECTH OUHOPMAAUZOBAHHIL napamemp CmMoxacmuuHocmu

s=r/rmn=TY_(x/L)%.

HurepBan H3MeHeHHs 3TOrO NapaMeTpa fpH pasyiHiHbIX BbI6OpaX MOAMHO-
XKECTB OKPYXXHOCTH H3 T 3/IeMeHTOB eCTb -

(Smin=1) <8 < (Smax=T).
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MunuManbHoe 3HayeHue, S = |, JOCTHraeTcs Ha NPaBHALHOM, Ka3apMeH-
HOM pacnofoxexnH (apudpMeTHUECKOH NPOrpecCHH) BEPLUHH NPaBHABHOTO T-
yroabuuka X; = 1 /T (cuuras L =1). B 370M cilyyae MOXHO rOBOPHTL O €CHJb-
HOM pacTaNKHBaHWU», He NOMNYCKalOLLEM COJIHXKEHHS: TOUEK.

MakcumanbHoe 3Hauenue, s =7, NOCTHraeTCsl Ha CKY4EHHOM KJacrepe u3
T cnuBWIKXCA TOYEK, AJIsi KOTOPOTO BCe PAaCCTOSIHMA X; paBHu HY/I0, KpOMe
OAHOTrO, PABHOIO eNHHHLE.

B 3toM cayyae MOXHO rOBOPHTb O «CHALHOM NPHTSXKEHHW», cobpaBLieM
BCE TOYKH B OAHO MECTO. : '

O6cyanm Tenepb HCTHHHO cayuaiiHbie pacniofoxenusi T He3aBHCHMO pac-
MOMOXKEHHBIX HA OKPYKHOCTH Toyek. OkasbiBaercsi, 6GHHOPMa/H30BAHHBIA Na-
paMeTp CTOXaCTHYHOCTH TaKHX PACIIONIOKEHWI HWMeeT BIIOJIHE OfpefeneHHoe
3Hayenue Sy, 6nu3koe (npH GoanblioM yHeae Touek T) K 3HaueHuto s = 2, Ceii-
YacC Mbl BbIYUCJHM 3TO «yKa3hiBalollee HA XaOTHYHOCTb MHOXECTBa» 3HayeHHe
$1. Ero MoxHo Ha3BaTh «C8060004106UB6M 3HAMEHUEM», YKA3LIBAIOILMM Ha
OTCYTCTBHE KaK OTTaNKHBaHHS, TaK W NPUTHKEHUS TOYKH HCCAEAYEMOTO MHO-
XKecTBa €e cocefnaMH. Menblune 3HaueHWs mapamerpa, BO/OTb 00 3HAUEHHS
Smin = 1, COOTBETCTBYy!OLLLEr0 Ka3apMeHHOMY perylsipHOMY CTPOIO PaBHOOTCTO-
SILIMX TOYEK, YKa3blBAKOT HA pPacTalKHBaHHe.

Boablne, yem cBobonoN06HBOE 3HAUEHHE S ~ 2, 3HAYEHHS 61HOpMaNH30-
BAHHOTO MapaMeTpa CTOXaCTHYHOCTH YKa3blBalOT Ha B3aHMHOE NPHTKEHHE TO-
UeK MHOXECTBA, KPaHHHM MPOSBACHHEM KOTOPOro SABJAETCH COOTBETCTBYIOLLE
MOMHOMY CKYYHMBaHHIO MaKCHManbHoe (MpH cbchnpOBaHHOM YHCNe 3/1EMEHTOB
MHOX€eCTBa) 3HaueHue 7.

§ 10. Cpennee 3nauenne napaMerpa CTOXaCTHYHOCTH

PaccMoTpum caiyuaiinoe pacrnipefefieHie TOYKH X B CHMILIEKCE pasmepuo-
ctuT-1

C MOCTOSIHHOM OTHOCHTENILHO N€6eTrOBOH Mepbi MIOTHOCTHIO (Y4TO COOTBETCTBYET
H PacCTOSAHHAM Mexay T TOuKamH, He3aBHCHMO cayyaiiHo HabpocaHHbIMH Ha
OKPYXXHOCTb AJIWHbI 1).
Teopema. Cpednee 3nauenue napamempa CmOXACMUYHOCMU S =

T
=T Y x? pasuo «c8060004106UE0MY 3HAYECHUIO»
i=|
2T
TH+1°

loxasameabcmeo. BuluncauMm cpefHee 3HaueHHe AIS KaXKIOro cJarae-
MOTO X? M CNOXKHM 3TH cpeHHe (NoAb3ysiCh HX HEe3aBHCHMOCTbIO).

S =
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"O6beM CN0f Halllero CHMIIEKCa MEXIY X;i=U W X;=U-+€ paBeH B
nepBoM NpubawXenun no & npoussenenno Ce(l —u)’~2 (tak kak 37OT
(T — 1)-mepHbifi c0o#t ToawmHb € onupaetcs Ha (T — 2)-MepHblii cHMIIEKE
{0 <1 —u, Y xj=1—u,rnej#i} o6vema C(1 —u)"2).

Crano 6biTh HHTErPAJ OT X7 NO BCeMy (T — 1)-Mepnomy cnmnnexcy ecTb

u=|
1=\xdx™"' = SCu2(1 )T-Qdu:chT“?(l'—--v)?do.
0

el

[Mocnenunit MHTErpan BHLIUUCASETCH YXKe Jerko (Mnepexof K aBTOMOAENLHOH
12 + 1
T-1 T T+1

Kak 06beM Beero Haiero T — 1 -MepHOro CHMMEKCa paBeH aHANOTHYHOMY HH-
Terpany 6e3 muoxurens u?, 1.e. 6e3 (1 —v)?,

C

————
-

r-1

nepeMeHHOR U o6n3atesieH) K papeH / =C( ), B TO BpeMs

Htak, cpenHee 3HaueHde cymmbi T charaembix Tx? ects s, =T2I/M=

=7‘2(1 _AT=1) T ) _Pa+y -2’1 -n+1r(r-1 _ 2
T T+1 T(T+1) T+1’

M [IOKa3bIBAET TEOPEMY. 5 |

CpaBuuBas HabJOAeHHbIE 1S FeOMETPHUECKUX NMPOrPECCHi 3HAYEHNs Na-
paMeTpa CTOXAaCTHYHOCTH § CO CBOGOAOMIOGHBLIM. 3HAaUeHHEM §), i OOHapy-
Xun, B GonblunHeTBe nporpeccuil {2' mod n}, MeHbulne cBo60AONOGHBOIO
3HaueHHsn, 1,4 <s<s;, 6anskne o6biuHO K 1,6, uTO yKa3biBaeT Ha 3ameTHoe
pacTaNKUBaHHe BbIYETOB UNEHOB reOMeTpHUECKHX MpOrpecCuH.

Ho Hnkakux reopem 06 aCHMNTOTHKE BeAHYUHBI S(77) NpH GONLIINX N 51 He
NOKa3adn. '

3ameuaHue. Bbi1o Obl HHTEPECHO pacCMOTPEThb HE TO/IBKO CpefiHee 3Haye-
HHe S7, HO ¥ ApYyrHe XapakTepHCTHKYH HCTHHHO CIYYaRHbIX MHOXKECTB — Hanpu-
Mep, (PYHKUHIO pacnpefefieHHsi BEJWUUHB X;, WK ee MOMEHTHl, WK pacnpe-
nejeHue BeposiTHOCTER pa3niMyHbIX pa3bueHnii cymmbl L Ha T LeloyncCeHHbIX
cnaraeMbiX X; (B Clyuae LEOYHCTICHHBIX 3HAYEHHI NepeMeHHbIX X;)2,

qTO

2¥nomaAHy AWk, 4TO B [1] 10K33aHO, YTO BEPOATHOCTH Py BCTPETHTH JYTH AAHHGL £ Cpean
T nyr, HA KOTOPbiE€ AENSAT KOHEYHYIO OKPYKHOCTb Zy T pasHbix CAyyaHO BHIGPAHHBIX TOuEK,
NPONOPUHOHANbHB OGHHOMHANBHBIM KOIPPHLUHEHTAM, CTOAUIHM HA NAPaANeNbHONA cropoue NPSMOH
H3 PacCTORHHH T — 2 o1 CTOPOHDI 'rpeyroanuKa IMackana: ‘

Hanpuwmep, s T=4 c.nyuaﬁuux TOYEK BEPOATHOCTH BAAHH RYT COOTHOCATCH KaK
1:3:6:10:15...

(HauMeHbLUYIO BEPORTHOCTb HMeeT HauGoabluas LIWHA AyrH, pasHas m — T — ).
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Bce 3Ti HHTETpaNy 5BHO BBIMHCAHMBI H 334AK0T KYCOYHO-NONHHOMHAJILHBIE
pacnpeneneHnsi (Hanpumep, A% BEJIHUMHEL S, 3aBUCALLEH OT MPOGEraloLero
CHMIJIEKC CAy4YalHOTro napaMeTpa x).

BeposiTHO, 3T pacnpenenednn (n 0COGEHHO WX yHHBEpCalbHble acHM-
NTOTHKH BOJAH3H CBOGog0MO6HBOrO cpenHero 3HayeHus S| npu Goablinx 7T)
3aCJaYXKHBAKOT CMNEUHANLHOTO H3YUeHHsi B TEOPHH BEPOATHOCTEH MJIM B CTOXa-
CTHYECKOH FeOMeTpHH.

Hro e KacaeTCR cTaTHCTHKH reOMETPHYECKHX MPOrPecCHii BLIUETOB, TO
30€Ch paCNpENeeHUs OKaXXyTCs APYTHMH, H HX H3y4yeHue, Naxe 3KCNepHMeH-
TaNbHOE, MOXKET NPHBECTH K HOBbIM OTKPBITHAM B 3TO#H 3IprogHyecKol TEOPHH
yHces.

S1 nonweitanca Hcenenopath, KpoMe reoMeTpHueCKHX NMporpeccui, Takxe
apH¢MeTHueCKue nporpeccun Buuetos {df (mod n), t=1,2,3,..., T} u MHo-
’KECTBa B3aMMHO NpOCTHIX ¢ 71 BbiveToB, I'(n) C Z,.

B o6oux caydasx nabmopaiorcsi 3akjioueHHble Mexay | u 2 3HayeHns
napaMmeTpa CTOXaCTHUHOCTH S, T. €. pacTaslkuBaHue cocenel npyr apyrom. Be-
POATHO, A1l CyYyas apudMeTHyeCKHX NPOrPeCcCHit ITH Pe3yabTaThl MOXKHO 10-
Ka3aTb NpH NMOMOLIM uenHwx apoGeii (1 Hamaexallnx o606UIeHHH TeopeMbl
Kyabmuna).

§ 1. JlononHHTensHble 3ameqanus o anHamike Pepma—Iiinepa

IJKCrepHMeHTaNbHoe neeaenosanne GyHKunit T u N nepeMeHHOR 7 npu-
B&JIO MEHA K COTHAM HalniopeHHH, HeKOTOpbleé W3 KOTOPhIX CTasli CerofHs
TeopeMaMu. Bot npocreiiwmii npumep.

Onpepnenenne. Heyetnoe yncso n npunapnexur Kaaccy N, ecu yaosae-
TBOpAETCA cpaBHeHHe Gepma—Iiinepa

)
2?7%?_ =1 (mod n).

Teopema. Kracc N npedcmasasem coboii udean 8 KomMmymamusroil
MYALMUNAUKAMUBHOU 2pynne HEYemHbiX HUCeA: eCAu n NPUHAOAexcum
kaaccy N, mo u npousgedenue n na a1060e HewemHoe HAMYPatbHOE YUCAO
moce emy npuradiecum.

Mpumep. Knaccy (34) npunamnexkar uncna 31, 43, 63, 91, 93, 117, 129,
133, 1585, 1587, 171, 189, 215, 217, 223, 229, 247, 259, 273, 279, 283, 301
(nosty>KHPHBIM BHIIEJIEHH NPOCTHIE YHCJIA).

OG6paayiowMH Nogyrpynnsl ABAKIOTCS T M3 HUX, KOTOPble He KpaTHbI
APYTHM: 3TO BCE MPOCThie aneMeHTh W ewte 63, 91, 117, 133, 171, 247, 259.

Crpantoe Habaionenne, 1is KOTOPOTO He BUAHO NMOKA HUKAaKKHX OCHOBaHHHA,
COCTOHT B TOM, YTO BbiyeThl BCEX 3THX 06pasyloulMx no moaynio 9 seasiorcs
KBaZipaTHUHbIMH (NpHHapnexar yerBepke {0, 1,4,7}).

22




AnanortuHbiii pesyabtaT (Tak XKe KakK W 3TOT, SIBAAIOLUIMACH TONBKO Ha-
6n10AeHUEM B NpefenaX UMelouMxes tabaud, NpoCTHPAIOWMXCS, BIpoyeM, 40-
BOJILHO AafleKo) BepeH Jif Kjaacca (D+) W BHIYETOB NO MOAyn0 20.

Ins HekaTophX ApyrdXx N KBafipaTHUHbIMH OKa3blBAlOTCH BhIYETHI MO MO-
aymo N2 He Bcex, a npocmuix o6pasyolmx naeana N.
Knace (N—) onpenensiercs cpaBHenneM

9¢/N = 1 (mod n)

ISl eT0 3J1eMEHTOB 1.
Ecau yncno ¢(n) neaurcs Ha 4 W HeyeTHOE YUCNO 11 NPHHALIEKHT KJaaccy
(2+), To n nexur au6o B (4+), 60 B (4—): NO MO0 11

(Q‘P(n)/4 _ 1)(299('1)/4 +1)= (Q‘P(n)/? ~ )= 0

Mo TeopeMe JiJepa.

Ho yka3athb sIBHO, KakKHe U3 3JleMeHTOB Kjacca (2+) aexar B (4+), a Kakue
B (4—) He yaaercs (Kak ¥ He ynaeTcsl okKa pa3yivuuTh noaxaacch (8+) u (8—)
BHYTpH Kiaacca (4+)).

YcnoBus NpUHAANEKHOCTH K PA3HOro poAa KiaaccaM HHOrAa 6bIBalOT A0-
BOJILHO siBHBIMY. HanpuMep, B cratbe [1] AoKa3aHa :

Teopema. Ecau HeuemHoe wucao n umeem R uau 6orvuie pasHolx
npocmolx deaumenedl, mo oHo npunadrexum xaaccy (2%+).

3HauuTeNbHYI0 HHPOPMaALHMIO O KJAacce YyHCaa-Npon3BefeHHa aeT HHOrAa
ONUCaHWe KnaccoB coMHoXutened. Hanpumep, B crathbax [1] u [2] umeercs
(BocxogAalLlas, BepoATHO, K Jinepy, ecau He K Pepma)

Teopema. Heuemnoe wucno p® aexwum 8 kaacce (2+), ecau npocmoe
yucao p daem npu Oeaenuu va 8 ocmamoxk | uau —1, u 8 xaacce (2-),
ecau oHo daem ocmamox 3 uau —3.

Tak yro pacnosHatb MPHHALAEIKHOCTD JIOGOr0 HEYETHOro yucha KJjaccam
(2+) nuan (2—) nerxo. Ho yxe ana knaccos (4+) u (4—) (4 naxe a1s npocTuix
yuceJl 3TUX KJacCOB) NONOXKEHHe CAOXKHEe U KPUTepHH HesiCeH.

Hanpumep, yncana

17, 41, 57, 97,

npuHanexar Kaaccy (4—), a yicna
65, 73, 89, 113

— Kkaaccy (4+), HO NPHUUYHHBI 3TOTO HESICHDI.

TaGanub NOACKa3LIBAOT AeCATKH pa3HOOGPA3HBIX TMNOTES, YaCTb M3 KO-
TOPBIX YXKe CTa/la TeOPEMAMH.

Hanpumep, B [1] nokaaaHo, uto ecau npocmoe wucrop==8c+ | (Bpone
p =73) npunadrexmcum Kraccy (4+), mo sce npoussedenusn p°q®, 20e q—
dpyaoe HewemHoe u npocmoe 4ucao, npuradaexcam kaaccy (8+).
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§ 12. NepBoo6pasHbie KOPHH NPOCTOr0 MOAYAR

3nech Mbl IoKaxkeM TeopeMy 2 U3 § 4, U3 KOTOPO#i Bbiilie 10Ka3aHa TO/IbKO
noJoBuHa: 10, yto a?~! =1 (mod p) ans npocroro Moay.s p.

Ocraercs 10Ka3aTh UMKJAMYHOCTL rpynmel I['(n), T.e. cyulecTBoBaHue
TaKol reoMeTpuueckoii nporpeccur {a'} mod p, Bce p~ | ujeHOB KoTopoil
(c 1<t<p—1) paanuynul (Tak yro a’ Z 1 (mod p) npn 0<t < p—1).

Takoe ochoBaHue a € I'(p) Ha3biBaercs nepsoobpasnein Kopresm. Oka-
3blBaeTCA, YHCJIO TAKHX KOpHe# paBHO ¢(p — 1).

Jloka3aTeNbCTBO CyLIeCTBOBAHHA MepBoO6GPa3HOro KOPHA OCHOBAHO Ha 3a-
MeuaTelbHOM TOXKAeCTBe Jitnepa: cymma 3Hauenull ¢pyukyuu Jirepa 80
gcex Oeaumenax d 4ucaa n pagHa COMOMY IMOMY HUCAY 1.

o) +...+(d) +...+p(n)=n.

Hanpumep, nenmrensmu yucaa 6 seasiorca d = 1, 2, 3, 6, 1 ToxXecTBo cBo-
JUTCA K COOTHOLLIEHHIO

(1) +0(2) +pB) +p(6) =1+ 1+2+2=6.

Iloka3aTenbCTBO TOXKAECTBA Jiijiepa NoAydyaeTcs u3 pazbueHus BeeX Bbl-
YETOB MO MOAYJ/IIO 17 B 3aBUCHMOCTH OT HX HAaHOOJbIUNUX OOLIMX NeNHTENeN.

Hau6onbiumni o6iunit genntens d ¢ YHCJIOM 12 UMEET BhIYeT BiAa Rd, npuyeM
YHCJIO R HOJDKHO GHITh B3aHMHO NPOCTHIM ¢ n/d (MHaue ofuwmil nesnrens d
BbiU€TOB C YHCJIOM 71 He Obial Obl HAHGOBILUM),

Hrak, unucso BuiyeTos, Han6obiiHA OOUIMA NeNUTeb KaXKAOrO H3 KOTOPhIX
¢ n ectb d, paBHo @(n/d).

Bce 1 BoiueToB mod 71 pa36uBaloTca no aeqaurensm d Quca n Ha Kjacchl
(BblyeTOB, HAaWOGOMbILINI OOLLM{ NeNUTeNb YNEHOB KaXa0ro 13 KOTOPLIX C 71 eCThb
d) u3 @(n/d) 3nementoB.

[TostoMy ofuiee YuC/IO BHIYETOB MPEACTABREHO B BUIE CYMMbl MO BCEM

neanrtensm d yucaa n, ‘
n=> o(n/d).
d

A Tak Kak uncno k= n/d Takxke SBASeTCS JenUTeNeM uudcaa n, U AonoJ-
HUTeJbHble AenTeNIn d W k B3auMHO ONpefensioT ApYr Apyra, To MocJenHss
CyMMa MOXKeT ObiTh MepenucaHa W B Buae

n=>Y_ k),
k

rae CyMMHpOBaHWe ONAThL PaclpocTPaHeHo Ha Bee AesuTend uneda 7. Toxne-
CTBO DiJepa 10Ka3aHo.

Mpumep. Ias n=6 HauGonbuiee obuwme nenntresn d=(1,2,3,6) c
yucsioM =06 umelor BbiueTHl (1,9), (2,4), (3), (6) coorBercTBeHHO. Yncna
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BbLIYETOB, MMEIOMIHX TaKHe Hau6oabiuve obllue AenuTesd ¢ n =0, pasHbl
k=p(6/1)=2, p(6/2) =2, p(6/3) =1, p(6/6) = |, cooTBeTCTBEHHO, TaK YTO
o6ulee yuc/10 BbiyeToB (1 =6) npeacraBfeHO YKa3aHHbIM WX PasGUeHHEM Ha
KAacChl ¢ pasHbIMKA Han6oAbIIHMY OOLLIMMH AeAUTeNsMH d C YHCNIOM 1 B BUe

6 = (6/1) + ©(6/2) + p(6/3) + (6/8) = p(6) + ¢(3) + ¥(2) + ().

PacemoTpyM TeMeph reoMerpuueckue nporpeccun Buga {a’' mod p}, rae
— HeyeTHOE NPOCTOE YUCJIO U rae a B3aumHo npocto ¢ p. [To Teopeme dep-
ﬂa aP~! =1 (mod p), HO ANs HEKOTOPBLIX OCHOBAHHH O MHHHMAJILHbII NEPHOR
NMPOrpeccund MOXKeT OKa3aTbCH paBHbiM He p— 1, a onHOMY W3 neautenein T
yucna p— 1.
a’=1 (mod p).

B amoii npoepeccuu umeemcsa moeda posro o(T) urenos b=a' (ede
0 <t < Ts3aumno npocmo cT), uJue;owux MOMm He MUHUMANbHBLL nepuod
T npoepeccuu {b'} (mod p) | :

HeiictButensHo, b7 = a'’ = (a’)! = [(p), a meubluum, uem T, nepuon 6HTH
HE MOXKeT, TaK Kak b’ =a'"=a", rae u — meHbiunit T ocTaToK OT aenenus {r
Ha T, TaK uto, ecsn 6bl b" 6bIN0 eAuHHUEH NO MOAYNIO P, TO NEPHOA T He Obin
Obl MUHHUMANLHBIM U /i1 OCHOBAHHUA 4. :

Ipyrux pewenuit cpaBuenns a’ = t(p), kpoMe T unenos nporpeccun. {a'},
Mo MOAYJIO p HeT, TaK Kak cpaBHeHWe cTerneHd T MO MpOCTOMY MOAYJI0 p
co crapiuum KodpduuneHToM | He MoXKeT umeTh Goabiue T pelleHnd (no
Teopeme Bueta). 3Haunt, ¢(7) — 370 NoAHOE uncio Beex pememm yXa3aHHoro
CpaBHEHUA.

Takum o6pa3om, pacnpenesenne Bcex p— 1 uncen 0<a<p (koropbie
BCe B3aWUMHO MpPOCTH € p) MO MX MHHHUMANBHLIM Nepuosam T -fporpeccuii
{a' (mod p)} (ABASKOIMMHCA NPUTOM HEJUTENAMH UHCNA p — 1) uMeer BuA

p—1=> (), (¥)

rAe CYMMHpOBaHHE HAET M0 TeM aeautensMm T uucha p — 1, i KOTOphIX ORHA
u3 nporpeccuit {a'} umeer HauMeHbwHit nepuon T.

Mo ToxnectBy dinepa yncao n=p — 1 paBHo cymme 3Hayenuit p(d) no
gcem penurensm d uucna p — 1. 3Hauut, 1 B cyMMe (%) HW OIMH aeautens d
He MOXeT OTCYTCTBOBaThb. [JOKasaHa

Teopema. Hucao ocmamxos 0<a <p ¢ nHaumenvwum nepuodom d
y npoepeccuu {a' (mod p)} pasuo o(d) 642 a06020 Geaumenrs d uucaa
p-1,

B yactHocTy, AenutesieM sBaAseTCA Huucno d=p—1.

Cnencreue. YHucao nepsoobpasnvix Kopuel no uo0yatl0 p pasHO
w(p — 1) (u, 8 vacmuocmu, makue KOpHu 8ceeda ecme).
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Mpumep. s moayns p =7 uucno nepBooGpasHbix KOpHe# ectb @(6) =2.
Mporpececun {a' (mod 7)} ({=1,2,...) (riea=1,2,...,6) 1 uX HauMeHblLIKe
nepuoabl 7(a) cytb: ‘

{1,1,...}, T=1,

{2,4,8=1);2,...}, T=3;
{3,(9=2),6,(18=4),(12=5),(15=1);3,...}, T=6;
{4,(16=2),(8=1);4,...}, T=3;
{5,(25=4),(20=6), (30=2), (10=3), (15=1);5,...}, T=6;
{6.(36=1);6,...}, T=2,

[TepBoo6pastbie KOopHH — 310 2 =3 ¥ @ =15. Yucno KopHeii neprona T=3
TaKXKe pPaBHO (3) = 2.

§ 13. Y30p koopaHHAT KBaApaATHYHBLIX BbIYETOB

Mcnoab3yem nokasanHbie Bbillie aKThi O FeOMeTpHYeCKUX MpPOrpeccHsix
IS ONMKCAHHA TeOMETPHH KBAAPATHYHBIX BLIYETOB 10 HEUETHLIM MpPOCThIM MO-
NyaSM P.

O6o3nauum yepez A KakoH-HuGynb nepBooGpasHbifi Bbider mod p, 0 <
< A < p. TeoMerpuueckas nporpeccus {A'}, 0< t < p — |, conepxur (no paay)
BCe HeHyJleBbie BHIYETH N0 MOAYJIO p. KBaJpaTHuHbe HEHyMEBbE BbiteThl CO-
OTBETCTBYIOT YETHLIM 3HaYeHHAM .

O6o3HauuM yepe3 7 HauMeHbLUWH NEepHOA reOMETPHYECKOH NpOrpeccHH
{2/}, 2" =1 (mod p), u o6o3uaunm uepes N uncio cTpok auarpammbl HOu-
ra nepecTaHOBKH «yMHOXKEHHe BbiueTa Ha 2» MHOXecTBa BceX @(p) =p — |
HeHyJIeBbIX BbIUETOB Mo MoAy/o p (Tak yto TIN=p — ).

OcHoBHoe npepnoxenne. Bee TN sviuemnos (mod p) uucen

A2 (0<s«<T, 0<r<hN)

Pa3AUYLHbL. )

Zokazamenvcmeo. B cayuae coBnajeHHs NBYX BHIYETOB Mbl MOJYYHJH
Ob! paBeHCTBO €NUHHLE OIHOI0 H3 TaKHX XK€ BHIYETOB (a UMEHHO, PaBHOTrO
OTHOLIEHHIO QBYX COBNANAIOLLHUX),

A“2=1(p) (O0<<u<T, 0Kv<N).

Ecan u n v He 06a HysH, TO, BO3BEAR 3TO CPaBHeHHE B CTeNeHb 7, Mbl MOKY4HAH
Obl cpaBHeHue

AT = ATt = | (mod p), rae 0< Tu< TN =w(p),

T. €. BbiyeT A He Obin Obl MepBOOGPA3HLIM 110 MOAYJIO .
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Hrak, ocHOBHOe npepioxeHue A0Ka3aHO. Mbl 6yaeM UCNONb3OBATh Bblue-
ot § (mod T) u r (mod N) B KayecTBe KoopQuxam touek Auarpammbl FOHra
u BoiyetoB AP = A2° (mod p).

Onuwem mecma, 3anumaemole 8 Imux KOOpOUHAMAX K8AOPAMUYHbI-
mu 8vtvermamu. Oun o6pa3yloT 3ameyatelibHble y30pbl Ha MAOCKOCTH (7, S).
[To camomy onpenejieHWlo, BCe BbiYEThl C YeTHbIMK 7 W S KBaApaTHyHbl. Ho
HX YHCJIO COCTABASET BCEro OKOJMO ueTBepTH obulero yucia p — | HeHysleBbiX
BbIYETOB, B TO BPEMSAl KaK YHCJIO KBAJPaTHYHLIX BbiYETOB PaBHO HMX MOJOBUHE,
T.e (p—1)/23.

3HayHT, CYLIECTBYIOT W Apyr1e KBaapaTHuHble BblYeThl, MPOHCXOAALIME H3
kBanpatoB BuiyetoB A'2. Oun pasun A%2% = A72° (mod p), rae r# 2i.

Mecra (r,s) 3THX KBaApaTOB pacCrfofioKeHbl Ha auarpamme IOHra mno-
pa3HOMY, B 3aBHCHUMOCTH OT OCTaTKa MNpY AeJeHHH MpOCTOro MOAYAs p Ha
BOCEMb.

Teopema. Ecau p=8c x|, mo xsadpamuinoimu A8A10MC 8CE Bbi-
uemot yemuolx cmpok, A¥25 u moavko onu. [Tpu smom uucaro cmpox N
scee0a wemHo.
Ecau p=8cx3, mo keadpamuurvie sotiemst COCMasAiiom nOLOBUHY,
kandoil cmpoKu, @ UMEHHO, K8adpamuinu suiuemo A22%, A2m—192m—I
U MOAbKO OHU.

[1pu amom wucao cmpok N sceeda newemno, a Oaunvt T cmpok wemmol
(deasmcesa na 4 npu p=8c—3 u ne deaamcesa Ha 4 npu p=8c + 3).

BoT HeckoNbKO npuMepoB 3HaueHW yucea ctpok N K ux aiuH T

p | T| N c| p | T|N
2 | 178 2 0 3 |21

p=8+1:{ 9 | 731 9|8 p=8+3:| 1 |11 ]10] 1|
14|113{28]| 4 5| 43 | 14| 3
29123329 | 8 31 {251 |50 5
c | p TN p N
0| 5 | 4 I : 0| 7 |3]2

p=8+5:| 1 |13 |12 1} pP=8+7:{3|31]|5]6
4 |37 136 1 151271 7 | 18
1310936 3 53 | 431 | 43| 10

Mutepechniit Bonpoc 0 pocte uncest T u N ¢ pOCTOM uHCsta p uayyeH Jinillb
IMIUPHUECKH, H IKCMEPHMEHT MOACKA3LIBAET Yallie ropa3fio MeHbiuue, yem T

3Onepauks BO3BeAEHHS BLIYETa B KBAPAT CK/AALIBAET MHOXKECTBO HEHY/EBLIX BLIYETOB MOTMO-
naM TIOTOMY, 4TO KBaapaT | HMeIoT ToAbKO BbiveThl 1 H —1, nMo3TOMY KaXKabifi HeHyeBO# KB3ApaT
fIBAAETCS KBAAPATOM B TOYHOCTH ABYX BblueToB, L.
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3HayeHHa N (KoTophie B cpelHeM, ObiTb MOXET, laXe OCTaloTCH orpammen-
HbIMH).

KBanpatnuHbie Bbiyethl (mod p) HaGpaHbl NOAYKHPHLIM mpmbmm B cJe-
AYWOUHX yetbipex auarpammax KOHra, cTpOKH KaxJaoH K3 KOTOPbIX — BbiyeThl
yucen A'2° ¢ pnkcupoBaHHbLIM r-(KoopdeaTa s=0,1,...,T~1 pacrer 3zecb
cjieBa HanpaBo, a koopauHara r=0,1,...,N—1 — cBepxy BHH3, KaK 3TO M
O6bIYHO 111 MaTPKLL). . .

. Mt paccmoTpum yetbipe npumepa (¢ ocratkamu 1, 3, S u 7 yucsa p no
monysio 8).

p=17:N=2, T=8,

1[2] 4 [8[16]15[13] 9 [(18=1)
3l6[12]7]14]11] 5 [10](20=3)

p=43 N=3,T=14,

t[2]4]8T16]32]21]a2]a1]39]35]27]11]22](4a=1]
3| 6 [12]24] 5(10]20[40]37]|31[19]38]33{23[(46=3)|;
9[18]36[29]15]30]17|34[25| 7 14|28 13]26](52=9)

p=13 N=1,T=192, |
1[2]4|8(3]6[12[11|9f5/10{7|[(14=1)

- s

 p=31: N=6, T=5,

418116 (32=1)
316(12|24(17| (34=3)
18/ 510{20| (40=9)
27123[15|30|29} (58=27)
19| 7 | 14[28(25| ' (50=9)
26211112213 (26-3=16)

Jlerko yBuaeTb ¥3 3THX TaOJHLL, 4TO YKCAO A =3 — nepBooGpa3Hbiil BbiyeT
s mopynen p=17, 43 u 31. INpensinyias reopema yTBepXKaaer, UTo y30ph,
06pa3oBaHHble KBaAPaTHYHbIMK BBIUETaMH Ha 3THX QHarpamMMax, He CJy4aiHbi:
NpHBeneHHOe HHXKe I0Ka3aTebCTBO NOKa3biBaeT, YTO HMEHHO TaKoe pacnoao-
XKEHHEe KBAPaTHUHbIX BblYeTOB (pa3Hoe B 3aBUCHMOCTH OT OCTaTKa NPH JeIeHHH
monyns p Ha 8) nena6exuo.
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Hokasameabcmso meopembl. 3aMeTHM Npexie BCETo, YTO ecau uncno N
yeTHoe, TO B CTpoKax A'2° ¢ HeueTHBIMH 7 KBAJApaTOB HET, NOITOMY B CTPOKAX
C YETHBIMM 7 KBaPaThl HE TOJIbKO Te (OueBHIHbIE) BHUETHI, Y KOTOPbIX § YETHO.

Ecaun kakoii-mu6o uuer A29227~! gpaserca xBaapaTHuHbIM, TO KBajpa-
THUHbIMK OyayT ¥ BCE OCTaJbHble BbIYEThl BUAA TAKOW XK€ YETHOCTH,

A2a220—l _ A2rA2"‘I(A“-r20—")2.

Hrak, npu wemnom N keadpamuunoie svivemol — Imo 8Ce 8bi4emol
uemnvtx cmpok, {A%*2°}, u moavko onu.

Ecau sce wucro cmpok N HedemHo, mo, Kak Mbl celyac 0KaXKeM, K64a-
Opamuyrble 8oivemsl COCMABARIOM NOAOBURY KANOOE CMpoKu: 3mo 8bi-
uemst {A"2°}, e0e r u s odnol wemnocmu.

Ins nokasatenbeTBa 0603HauuM HeueTHoe uncso N yepe3 2r — | (4 3ame-
THM, uTO nepuon T npu HeueTHOM N yeteH, TaK Kak npoussegenve NT=p~1—
YeTHOE YHCJO).

Ksanpar anemenra A" ectb ANt = ANA,

Jlemma 1. Hmeem mecmo cpasmnenue 3nemenmos N-i u Hyresoll
CMpoK,

AN=9" (mod p),

2de i — nHekomopoe yeroe wucro, 0<i<T.
Lokasameascmso. [lpousBenenns Buna

A'2" (rpeO0<u< N, 0<u<T)

ucuepnbiBaloT Bce NT = p(p) BblueToB N0 MOAYNI0 p MO A0KA3aHHOMY Bbille
oCHoOBHOMY npeanoxenuio. [Toatomy Bhiuer AN*! cosnasaer ¢ onHum u3 uux.

 OH He MOXeET COBMACTb C BHIYETOM 3JeMeHTa A¥2' KakKoH-N1160 NPOMEXy-
TOuHOM cTpoku (a8 kotopoit 0 < w < N) no ToMmy >Ke OCHOBHOMY Nnpenjioxe-
Hu10. 3HauuT, w =0 u JieMMa N0Ka3aua.

[pencrasnas Tenepb BblueT KBajpaTta snemeHTa A’ B Buie CTOSLIEro B
nepBoii CTpoKe BbiueTa A2, Mbl 3aKJIIOYaeM, YTO KBAaAPATHUHBIMH ABJARIOTCH
TaKXKe BCE BbiUETHl /IEMEHTOB BceX cTpok A“2“ a, cremoBaTesibHO, W BCeEX
3/1eMeHTOB BuAa A2, Ille j KMeeT TaKyIO YKe YeTHOCTb, Kak id.

TakuM 06pa3oM Mbl MONY4HIH B KaXKI0# u3 N cTpok fio T/2 KBaapaTHUHBIX
BbIUETOB, T. €. BCEro ((p)/2 KBaApaTHUHbIX HEHYJIEBbIX BLIYETOB, 4 3HAUMT, Mbl
MOJIyYH/IH Bce KBaJpaTHUHbIE BHYETDI.

Kpome Toro, Mbi 3aKJ1104a €M, UTO YHCJO i HeHeTlO, TaK KaK HHaue caM Bbiuer
A okazaJics 6bl KBapaTHuecKuM, Tak uto A = A% (mod p), A~ =1 (mod p),
¥ HeyeTHOe YMC0 25 — 1 IOMKHO 6bi10 66 NenuTbes Ha ueTHblit nepuon ¢(p)
ofnepaliiy YMHOXKEHUS BBIYETOB Ha NMepBoobGpa3sHblii BolueT A.
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M3 HeyeTHOCTH YMcCna i BHITEKAET OQUHAKOBOCTb YEeTHOCTEH 0601X NnoKasa-
Tesefl u, U KBaJAPaTHYHRIX BbiyeToB A“2Y B cllyyae HEYeTHOCTH uHcaa cTpok N.

Utobbl 3aKOHUMTL Tenepb N0Ka3aTeNbCTBO TEOPEMbBI, HCCJIENyeM YETHOCTh
yncaa cTpok N (B 3aBHCHMOCTH OT OCTATKa MPH [€ieHHH NPOCTOro MOLYJAs p
Ha 8).

Jlemma 2. Ecau p=8cx 3, mo uucao cmpok N nHewemmo.

Hoxaszameavcmnso. Ecnu 6b1 uncno cTpok N 6bi10 6bl YETHLIM, TO Mbl
HalWJH Obl, 415 YKa3aHHBIX NPOCTHIX YHCEN p, COOTBETCTBEHHO,

w=8c+2=2(4c +); @e=8c—4=4(2c—1);

N=2m; N=2m wau N =4m;
4c + | = mk; 2c— 1 =mk:
T=Fk T=2kuwn T=Fk

(toe yucno k Besne HeYeTHO KaK NeMTEb HEYeTHOro uMcJa (p/2 WK /4
COOTBETCTBEHHO, PaBHOTO mk).
M3 ykazaHHBIX (opMyJl Mbi NIOJlyyaeM cpaBHeHue

2¢/2=9mk = (9Ty" = 4| npu p=3 (mod 8).
Ecau xe p=8c— 3, To umeer MecTo JM6O cpaBHEHHe
2(p/2 _ 22mk (27)m
B MepPBOM yKa3aHHOM Bhillie cJayyae (koraa N ==2m), n160 XKe cpaBHeHHe
2cp/2 2mk — (27')2"? =+1

BO BTOPOM, Korna N =4m. 1o BO BCeX TPeX CJyyasx npoTHBOPEYHT CBONCTBY
p € (2—) npocTuix yucen p=8¢c £ 3, T. e. BLINOJHAOUIEMYCS /151 HUX CPaBHe-
HHlo Pepma—D3iinepa (MMetouiemyca B crathe {2])

2902 =_1 (mod p).

Jlemma 2 nokasaHa.

Jlemma 3. Ecau p=8cx |, mo uucao N uwemno.

Hoxkazamesvcmso. Tlyete p=8c—1. Torna ¢p=8c—~2=2(4c— 1), u,
ecu 6b1 yucyio N 6b110 HeyeTHBIM, TO Mbl Halty 6b1 YeTHBIR nepuon 7 =2m,
4c—1=mk, N=k.

Mbl noayyuau 6b1 Torna 4ns nocaenoBaTenbHoceTy pbiueros {2/ (mod p)}
nepuon T=2m (no teopeMe ditnepa uau Pepma, yto p € (2+4)) # ¢(p)/2=
= m~k. Y13 HeueTHOCTH NOCNeAHETO YHCNA CIIEAYET, UTO Nepuos T He MHHAMAJIEH,
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BQNPEKH CBOEMY ONpeleNeHHIo. 3HaUHT, NIPEAnoJOKeHHe O HEUETHOCTH YHCa
CTpok N HesepHO, H JIEeMMa JioKa3aHa 8 Cayyae p =8¢ - l.
IlokasaTensctso 8 cayuae p=8c+ | cnoxHee, U Mbl pacCMOTPHUM criepsa
HEKOTOpble BCNIOMOraTe/bHble KOHCTPYKIMH.
Mo Teopeme Pepma—3IJiinepa, MMeeT MeCTo CpasBHeHHe (0Ka3aHHOe, Ha-
npumep, 8 [2))
2¢¥) _1=0 (mod p).

[NpeactasuM 4yucao @(p) =8¢ 8 sule npoussencHus ¢(p) =2%n, rae uu-
c/o nn HeuetHo (a > 3). Pasnaras pa3HOCTH KBaiparToB Ha MHOMHTENH, Mbl
nepenuileM cpasHeHne PepMa—3iiniepa B sHAe

@ +1)...(2"+1)...(2"+ 1)@ = 1)=0 (mod p),

rme t;=2"'n, 1<i<a.

Onxa u3 3THX CKOOOK — HyJ/1esoi BblUeT, U Mbl pazbepem Mo Ouepesn Asa
clyyasl.

Cayyai |. Himeer MecTo cpasHehue

2"=1 (mod p).

Yreepxaenne. B amoum cayuae nepuod T — neuemnwii deaumensd wu-
caa n=7Tm, a uucao cmpok yemuo, N=2°m.

J1eACTBUTENbHO, HEUETHOE UHCO 77 sisasieTcs (Mo ycnosuio I) oaHHM K3
Nepuoa0s YMHOXEHHS BHIUETOS Ha 2, 8 3HAUMT, KPAaTHO HauMeHbLLEMY TIePHOLY,
KOTOpbIf, C/le0BaTe/lbHO, HeueTeH. 3HauMuT, YHCJIO CTPOK N U€THO, TaK Kak
TN = p(p) — ueTHoe uucao.

Cayuan Il. Hmeer mecto cpasHenne

2= —1 (mod p).

Yreepxaenune. B amom cayuae yucao N wemso.
IleAcTsuTenbHO, Bo3BeNs cpasHenue Il B kBaapat, Mbl y6eIUMCS, YTO UHCIIO
2t; =2°~"*1n gapnsieTci OAHHM M3 NEpHOJOB ONMEpaLHd YMHOXKEHHS BHIUETOS
Ha 2, W, cnefosaTeNbHO, KpaTHO HauMeHbllemy rniepuony 7.
C npyro#i CTopoOHbl, 3HaK MHRYC B cpasHeHuH 1l nokasbisaer, uro camo
yucao ¢ =24"in 3TOMy nepuofly 7 He KpaTHO. 3HAuuT, ydcno T neuTCs Ha
2a-i+1 y ymeer nosToMy BHA

T = 2a-—|’+lm'

r1e 1 — HEeUYETHbIN JEeNINTENb HEYeTHOro Yuchia 11 = mk.
Ctano 6bith, yncno N=@(p)/T =2°mk/(2°~*'m) =2"-'% uerno, ecan
i>1.

31




Ecau 6bl uncno i paBHanoch 1, To Mbl HMenH Gbl
2¢0)/2= _1 (mod p)

Bonpekn Teopeme Jinepa—Pepma (8c+ 1 €(24)), cornacHo koTopod (cM.,
Hanpumep, ctatbio [2))

2¢/2= 11 (mod p).

Htak, Mbl ipoBepuaH, uto N HeueTHO, H 3aKOHUM/IH J0Ka3aTe/lbCTBO JeMMbI 3.
Coenunusas noayueHHyio WHpopMauHio o 4yerHoctH uYncen T u N ¢ npo-
BEICHHBIM B Haua/le A0Ka3aTesbCTBa TEOPEMb! aHaAH30M KOODAMHAT # W U
KBaJpaTHUHbIX BbiueToB A“2Y B 3aBUCMMOCTH OT YETHOCTH uncen T u N, Mbi
3aKaHUMBaeM J1I0Ka3aTesIbCTBO TEOPEMBI.

§ 14. Npuaoxenus K KBaAPaTHYHBIM CPABHEHHAM

M3 nokasaHHoro B npeabiaylleM naparpade ofucaHHA y3opa KOOPIMHAT|
KBajpaTHUHbIX BblUeTOB Cpa3y CNeAYIOT yAMBHTENbHbIE pe3ynbTaThl O NpeacTa-
BJIEHHH UMCeJl KBaapaTHYHbIMH PopMamn (onHcaHHe 3TOH TEOPHH H ee CBSA3eH
C PeISTHBHCTCKHM MHpOM 1e CutTepa uMeercs B cratbe {9)).

Teopema l. Ecau wucao x* + y* deaumca na npocmoe uucao p=4c+ 3,
mo u X u Y 0CAANCA HA HE20.
HHbiMu crioBamu:
Teopema 1’. Cpasnenue x* + y?> =0 (mod p) ne umeem nenyiresoix pe-
wenutl x (mod p), y (mod p), ecau p daem npu desenuu na 4 ocmamox 3.
Caeacraue. Ecxzu ypasnenie x 24 y?=n umeem yeaouuUCACHHOE pe-
wenue, u n=1] p{' [14% — pasromenue npasoi wacmu n wa npocmote
MHONCUMeu, ede p; =3 ( mod 4) 041 8CAK0O20 i, MO umeem YeAo U UCIeHHOE
pewenue yxe u ypasuenue 6e3 mroxumenreil p; 8 npasoil ywacmu, m.e.

2 +yt=m,

ede m=T]q¥
3ameuarne 1. B qacruocm HU OOHO W3 uncen n =3,27,21,63 He npen-
CTaBHMO B BHIE X2 + Y% C LEBLIMH X H Y.

3ameyaHne 2. B neficTBUTENbHOCTH BCe NpOCThle uMcha q—l (mod 4)
(M cnegoBartesbHO, COrNacHo cTathbe [9), Bce nponsBeneHns HX cTeneHei) npea-
CTaBHMb! B BHIE X° + 42,
Paspeiinmoctb 3THX ypasHEHHH 115 HEHyNeBbIX BbIUETOB CJefyeT W3
pesyNbTaToB npeablayulero naparpada, HO CaMy NpeACTaBHMOCTb g == X2 4 y?
(Hanpumep, S5=4+1, 13=944, 17=16+1) Mbl 10Ka3uiBaTh He Oynem,
OrpaHMuMBasCh UCC/IEN0BaHHEM CPaBHEHHH.

Teopema 2. Ecau uucao x*+2y* deaumcsa na npocmoe qucio p=
=8c+5 uau 8c+7, mo u yesvte HucAQ x u Y 0eatmea Ha Heeo.
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' * Tlomo6Ho TeopeMe 1’ U ee CNeACTBHIO, TeopemMa 2 CBOAHT pellieRHe ypaBHe-
HHSA x2 + 2y% = 11 K CNydaro, KOra KaXblil POCTOi MHOXKHTENb ) uHCAa 11 NaeT
npu Nenesuy Ha 8 B ocratke | uau 3. B sToM cayuae ypashenne x2 4+ 2y% =p
HMeeT Ha CaMOM feJie LeJIOYHC/IeHHoe pelledHe (OTKyAa CaefdyeT, COracHo
ctatbe [9], v pa3pellMMOCTh ypaBHeHHs ¢ N060i NpaBOH yacTbio 72, AensenCs
JHIIb Ha Takue npoctbie uncaa)., Ho mul He 6ynem storo pokasbiBath, orpa-
HHYWBLLHCH JHLLIb JIeTKO BbITEKAIOWHM H3 Nipeabiayulero naparpada aHannsoM
CpaBHEHHH (TeopeMoi 2).

Mpumep. Hnst p=95 BceBO3MOXKHKbIE 3HAaueHWs BblueToB X, ¥ H GOpMbl
x2 4 242 (mod 5) coctaBasiOT MaTpHLy.

NN

2
W N - O
. =
NWWNO| O
W O
—_— NN = ] W
Wb W

—_— NN = N

Hynesas no modyato 5 cymma x* + 2y® scmpedaemca moavko 8 00HOM
cayqdae, x=0=y (mod 5).

Teopema 2 0606wiaer 310 HabaoaeHHe Ha Cayuail TPOU3BOJLHOIO NPOCTOrO
Ydcsia p BMECTO O, HO NpH YCJIOBHH, UTO OHO NaeT MpH ResieHHH Ha 8 oCTaToK
O HAH 7: B MaTpHue 6yaeT TOrAa TOJMbKO OAHH HY/b.

HOas p=1 uan 3 (mod 8) nonoxkerne CoBEpLIEHHO HHOe, PEilleHHS! eCTb
(Bns CpaBHEHHH BMECTO ypaBHEHHH, MOXKHO 6bl10 Obl MOJMYUYHTb MOJHOE pellle-
HHE M3 pe3y/IbTaToB npefbiAyllero naparpaga). 310 ypaBHeHHe ObL10 H3YUEHO
Akobu, Sinepom u Pepma.

Mpumep. Gopmoii x2 + 2y npencraBuMbl NPOCThie YHCNA

17=32+2.2°=1 (mod 8),
19=1242.32=3 (mod 8)

H Boobule Bce npocmule yucaa, cpasrumvie ¢ | uau ¢ 3 no modyato 8, a
makxe sce ux npoudsederun (yTBEPXKAEHHUE O NPOH3BENEHHAX ClEAyeT H3
cratbH [9)).

Jas Bonpoca 0 npeacTaB/ieHHH LeNoro YMCa LEeJIOYHCIEHHON KBaapaThy-
HO# GOpMOii ROKa3aHa ero NPHHUWNHaNbHas CBOAHMOCTh K CPaBHEHHAM: ecau
KAK Cpasrerue no 0oCmamo4HO MHOSUM MOOYAIM YypasHeHue cmenenu
08a pa3pewumo, mo OHO UMEEM U HACMOAWEE YCAOHUCACHHOE DEULEHUE
(«npuHUMn Xacce»).

33




Hanpotus, ans anodhanToBbIX ypaBHeHHi Goee BbICOKHX CTeneHel BeTpe-
yaeTcs CJyuyail paspelluMOCTH NO JIGOMY MOLYJMIO NpPH OTCYTCTBHH HAcTOsI-
LWEFo LeIOYHCIEHHOrO pellleHns (He 3Hat, HACKOJbLKO 4acTo 3TO 6blBaeT).

Bonpoc 3nech cxonen ¢ npobJieMoii CXOAMMOCTH (POpMalibHbIX CTeneHHbIX
PAROB L/15l peuleHHs 3ajay aHanu3a. M3 cyumectBoBanust Takoro popMabHOro
psana cnenyer paspelidMOCTh YpaBHeHHsl N0 MORY/IO CKOJb YrONHO BbiCOKHX
cTeneHell nepeMeHHbIX, HO He cliefyeT, Boobile roBopsi, CyleCTBOBaHHe aHa-
JINTHUECKOTO pellleHHA: Pl MOXKeT PacXoaHThCS.

Hoxkaszameavcmso meopemst 1. Tlyets cHauana p =8c + 3. Bocnonb3y-
eMCSl ONMMCaHHEM y30pa KOOPIAMHAT OCTATKOB OT JeJieHHsl Ha p KBaapaToB He-
HyJleBblX BblYeTOB

=A%2% ymn A*'2%71 npn p=8c+3.
[To reopeme 3iinepa—®Pepma, p € (2—), T. €. HMeeT MECTO CpaBHeHHe
(292 = 9%+ Y= —1 (mod p).

M3 3toro cpaBHeHusi Mbl 3akiilouaeM, UTO NPOTHBOMNOJOXKHbBIE KBadpaTaM
BbiyeTht 06pa3yloT AONOJMHHTEAbHBIA Y30p,

_yQEAQr—-122s WK A2"223-1.

Iostomy cpaBhenne x2 + 42 =0, T.e. x2 = —y? (mod p), He UMeeT HeHy.eBbIX
pelleHui, u meopema | dokazana 8 caywae p =3 (mod 8).

[pu p =8¢+ 7 HenyneBbie KBaApaThl BbIYETOB MMeloT BHA x2 = A%2° (no
Teopeme 0 KOOpAMHATAX KBaIPATHYHHLIX BLIYETOB).

M3 cpashenus x% + y? =0 (mod p) npu y? = A%**2° mbl nodyuniu 6ul

A249°(1 4+ AX="25-%) =0 (mod p),

uTO, KaK Mbi Ceifyac yBMAMM, HEBO3MOXKHO.

JleACTBUTENBHO, BHIYET — | NO MORY/IO P MOXET MMETb TOJILKO OtHa CTe-
neHb nepBooGpasHOro Bhuera A, a uMenHo A¥/2 = A%+3 (pens ksampar 37oil
BeJIMYHMHBI JO/DKeH ObiTh BbiueTOM |, Tak UTO yIABOEHHBIA NOKa3aTelb CTeNeHH
NO/KeH NeNUTLCS Ha nepuog @(p) nporpeccun {A'}).

Hrak, npu x% 4+ y?> =0 (mod p) Mbt noayunnu 6bi cpasHenue

AAr—w)9s—v — A4c+3 (mod p).

Hcnonb3ys cpasiedne 27 =1 (mod p) u onpenenenne uncna ctpok N, Mbt
PHUBOZMM €ro K CpaBHEHHIO BHIA

A92¢=1 (0<d<N, 0<e<T)
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C HeyeTHbIM NoKasarteneM d. JTO noc/elHee cpaBHeHHE NPOTHBOPEYHT IoKa-
3aHHOMY B NnpeabiiyuieM naparpage OCHOBHOMY NPEANOKEHHIO O Pa3HUHH BCEX
NT BblueToB Takoro sMia.

Crano 6biTb, cpasrenue x* + y*> =0 (mod p) ne umeem nenynesvix pe-
wenuil suda p=8c+7.

Teopema | nokaszana (OTKpbI JH ee nepBbiM Pepma Hau ToAbKO Dinep, A
He CyMeN MOHATD).

Hokaszameavcmeso meopemot 2. Tlycts onsitb p=8c+7, Tak uto y3op
KBaJpaToOB WMeEET BHL

?=A%2, y¥?=A4%"2" (mod p).
B 3TOM C/lyuae HMeeT MECTO CpaBHeHHe
2422 = AT 4 AP (mod p).

Hepa3peuidMocTb 3TOro cpaBHeHHS OTHOCHTENbLHO He HyJieBbIX BMecTe Bbi-
ueToB X, Yy yXe jokasaHa (npu pasbope cayyaa p=8c+7) B NOKasza-
TeAbCTBE TeopeMbl |. 3HAUUT, He HYyaseBuoix BMecme pewieHul cpasHeHue
x2 +2y% =0 (mod p) ne umeem.

[lycTb Tenepb p =8¢+ 5. B 9TOM caiyuae U3 TeopeMbl 0 KOOpAHHATaX KBa-
JIpaTHYHbIX BLIYETOB Mbi HaXOAHUM CPaBHEHHS nAs y3opa HeHyNeBbiX KBaapaToB

2=Ar2% (0gr<N, 0€2i<T),
P =A4"2% 0<u<N, 0€2u<T).

CaenoBatenbHo, 3 cpaBhenns x° + 2y2 =0 (mod p) (c He HyNeBbIMU BMe-
CT€ BLIYETAMH X H i) BLITEKAET CpaBHeHHe

AT2% 4 A#9@+D) =0  (mod p).

C npyroii cToponb!, o Teopeme Gepma—diinepa «p € (2—)» u3 {2] umeer
MECTO CpaBHeHHe
(202 = 9%+ = 1 (mod p),

TaK UyTO Mbl MOXXEM ﬂpHBECTH npemamym.ee cpaBHeHne K BHAy
Ar22i+4c+QEAu220+l (mod P)
370 CpaBHenHe ONATb MPOTHBOPEUHT Hepa3peliMMOCTH CpaBHEeHHH BHAa

A%2¢=1 (0gd<N, 0ge<T)

(rne (d,e)#(0,0)), noka3aHHOMy B OCHOBHOM MpelJIOXKEHHH Mpeablaywero
naparpacda (o pa3idund Bcex NT BblueTOB Takoro Buaa).
Teopema 2 nokasana.
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Bce 3TH nprMepbl NpHMeHEHHS FEOMETPHH y30pOB, 00pa3yeMbiXx KBaapa-
THYHBIMH BblueTaMH A92¢ Ha NJIOCKOCTH C KOOPAHHATaMH d U €, NOLCKa3biBa-
10T BO3MOXHOCTb MCMOJIb30BaHHA HalIMX Pe3yJIbTATOB M HX €CTeCTBEHHbIX
06o6uieHHii Ha nporpeccud {a@'} AN HCCAENOBAaHHA MYJBTHIIHKATHBHOM
NOJYTpynnbl LEJbIX YHCeN, o6pa30BaHHOH BCEMH 3HayeHHAMH OHHapHOMW KBa-
ApaTHuHol GopMul mx? + ny? + kxy. Tloayrpynny sHauenus ¢opmbi 0Gpa-
3yi0T, Hanpumep, ecau Gopma npeacTaBaseT eAHHHLY (KaK ee npeactasis-
eT BcAKas GopMa Buaa x2-ny’). Ilpyroéi npuMep noAyrpynnsl 06pasyioT
3Hauenusi {Nf}, rne N — onHo W3 3Hauenuil ¢opMbl [ (ckaxKeM, 3HaueHHs
dbopmbl 4x% 4+ 2ny® =2(2x% + ny®)). MHOro ApPYrHX nNpHMEpOB OIHCaHO B
craTbe [9].

Bce 3TH MyJbTHIUIMKATHBHBIE NOJAYrpyniibl Oblji0 Obl HHTEPECHO HCCAIENO0-
BaTb B FEOMETPHUECKHX TePMHHaX MHororpaHHHKoB HbloToHa, 06pa3oBaHHBIX
BEKTOPHLIMH NOKa3aTeNsiMK CTeNeHEN BXOAALLUMX B SN€MEHTh! OAYrpynnbl npo-
CTbIX MHOXHTEJIEH:

n=23"5°7¢. ..

Bektopbl G€CKOHEUHOMEPHOFO TNpOCTpaHCTBA C KOMNOHeHTaMH (a,b,c,
d,...), COOTBETCTBYIOWIME BXOASILLKM B MNOJYFpynny 3HAa4E€HHH 4YWCJAaM 7,
0o06pa3yloT yxe ailMTHBHYyI MOJYrpynny,” H HHTepecHo ObWo Obl Y3HaTh,
ROMYCKAeT JiH OHa CTOJNIb NPOCTOE ONMHCaHKHe, Kak NoJyrpynna sHaueHui Gopmbl
laycca kBagpaTa HOPMbI KOMIVIEKCHBIX uHcen X%+ y2, rle 370 OnucaHue
TakoBO: nokazameau (b,d,...) npocmeix 4ucea, Oaouux npu OeseHuu
Ha 4 8 ocmamxe 3, doaxcrol Goimb yemubimu.

B cnyuae dopMbl x2 + 242 onkcaHHe NOAYrpyninbl 3HaUeHHR TOXe Npo-
CTO: yemuoimu QoaHHb Goims noKa3amenu nPocmolx 4Uces, 0aouux npu
derenuu Ha 8 8 ocmamke 5 uau 7.

Ho Boo6uie, rosopsi, afAMTHBHBIE NOJYIrPYNNbl LEJTOYHCIEHHBIX BEKTOPOB
MOLYT UMETb KyRa GoJiee CAOKHYIO CTPYKTYpY (Hanpumep, Ais noAyrpynn Bek-
TOPOB Ha MJIOCKOCTH HJH B TPEXMEPHOM MNpOCTPaHCTBE).

bbio 6b1 HHTEpecHO y3HaTb, BCTpeYaloTCA JIH TakHe CAOXKHOCTH B noJy-
Fpynnax TeOPHH YHCEN, HIH XKe, MOXKeT ObiTh, NOJYrpynna 3HaueHHH KBaiapa-
THYHOH (OpMbI BCeraa A0nyCcKaeT npocToe onucaHue, Nogo6Hoe npHBeIeHHbIM
Bbille NIpUMepaM (MK KOHEYHOCTH 6a3nca NOJHHOMHaNABHOIO HAEaa).

B o6oux HawMx npumepax, orpaHH4YeHHs HAKNalbiBaJHChb TOJBKO Ha
BEKTOpHYIO O0O0JIOYKY aANHTHBHOH noJsyrpynnbl (yCJOBHA Y€THOCTH HEKOTO-
PblX KOOpAMHaT), Toraa kKak B ofuieldl ajAWTHBHOH nOJyrpynne BO3MOXKHbI
elle OFpaHHueHHsi THNa HepaBeHCTB, MOXXHO B35iTb, HallpUMEp, B KauecTse
aJIMTHBHON NOJYFpynIibi MHOXECTBO TeX LeJbiX TOueK HEKOTOpPOW pelleTKH,
KOTOpble A€XKaT BHYTPH Kakoro-Ju6o BbiNyKAOro KOHyca (HJAH MHOrorpaHHHKa
Heiotona).
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Hu onxoro npuMepa nosyrpynn 3HaueHWH KBaApaTHUHbIX (DOPM C TaKHMH
HETPHBHAJbHbIMH MHOrorpasiikamn HbioToHa S He 3Halo.

B camoi reoMeTpun afaMTHBHBIX [MOJYTpYI, Aa)Ke COCTOSAIIMX NPOCTO M3
HaTypaJIbHLIX UHCeJl, TOXKE MHOFO OTKPBLITbIX Bonpocos. Hanpumep, noayrpynna
{mx+ ny}, nopoxnaeHHan ABYMS B3aHMHKO IPOCTbIMH HaTypalbHbIMH YHCNAMH
X n Yy (M COCTOALLAA M3 MX JIMHEHHbIX KOMOHHALUMIA C HEOTPHLATENbHLIMU Lie-
JIbIMH KOS((HUHEHTAMH), COLEPIKHT BCE LENbIE YUCNIA, HAUMHAS C YKA3aHHOTO
CunbsectpoM npenena K= (m— 1)(n— 1), a ot uyns 1o storo rpegena rno-
NYrpynra COJepXHT POBHO [MOJIOBHHY Lie/bIX YHCEN (a MMEHHO, €CJIH YHCJO C
BX0oaHT, T0 K — | — ¢ He Bxoaut B noayrpynny). Ilpumep: x=3, y=5, K=8,
gxomar {0, 3,5,6}; ne sxoasr— {7,4,2, 1 }.

O6o6uienns 3Tux pe3yastatoB CHIbBECTPA Ha Chyuai GObILIEro ABYX YH-
c/la 06pasyoLiMX OCTAIOTCA [1OKA FMITOTE3aMH, Jaxe eC/li OFpaHnuMBaTbhes (KakK
3TO M Pa3yMHO 3/eCb e/laTh) yCPeAHEHHbBIMH aCHMNTOTHKAMH BEAWYHH BpOLE
K(x,y,2) ana 60onbluvHCTBa 6ONBWHX BEKTOPOB (X, y, 2), NpeHebperas penko
BCTpEYaIMMHCH OOMbLIWM OTKJIOHEHHWAMH (rMoApobree 06 3TOM HanucaHo B
cratbe {3)).

HHTepecHo TakKe nccsie10BaTh YHCO NpeacTaBaernit 60blIero s1eMeHTa
NoNyrpynmnb cyMMaMu OOpasyloliuX: 3eCb TOXKe MMEIOTCS, BMAWMO, KpacH-
Bble OTBETHI, €C/IM He THATLCA 3a TOYHLIMH (POPMYJAMH, a OrpaHHYHBATHLCH
CPEAHHUMH acCHMNTOTHKAMH, OMHCHIBAIOLLMMH KPAaTHOCTH NPOEKUMHA MHOMKeCTBa
Le/IbIX TOYEK COOTBETCTBYIOLLErO BbillyK/JI0r0 MHOrOFPaHHHKA Ha THIHYHbBIE Le-
JOUHC/IEHHbIE TpsiMble (M MpeHebperas pelaKO BCTpevaloMMHCS GOJIbLUIHMH
YKJIOHEHHSIMH OT CPEeAHHX). ‘

[lepexon Kk noaOGHLIM YCPELHEHHbLIM AaCHMITOTHKaM SfBASETCH CaMbiM
MHOroO6€WALHM NOAX0AO0M KO MHOTMM 3alauam AHO(dAauTOBOH reoMeTpuH,
BKJIIOYAS M 3a1a4H O UENOYHCAEHHBIX KBALPATHYHBLIX (POPMAX H O LENOYHCIEH-
HbiX FEOMETPHYECKHX NPOrpeccHsX, paccMatpuasllrecs PepMa u JiinepoM u
OnUcaHHble Bhile (cM. TaKkxe [3]).

JTa nporpamMma NpUMEHHMA, HanpuMep, K HCCJENOBaHHIO ACHMIITOTHKH
HauMeHbllero nepuopa T(a,n) reoMerpuyeckoit nporpeccun {a' (mod n),
f=1,2,...} npn 60NbLIKX 3RAUEHHAX MOLY/IA /7: BEPHO JK, uTo nepuon T(2, n)
pacter (B cpelHeM) Kak cTeneHHas QyHKUMS OT 7 (MNM, BO BCSIKOM CJiyuae,
6bicTpee, yeM n'~%, uan uem n/inn)? Kax pacrer nepuon T(3,n)? Uro
MPOHCXOINT C MEpHONOM IPH OLHOBPEMEHHOM pOCTE W @, W 1 (NpH 3HAUEHHAX
a NOpsilKa cn)?

3nech GblH Gbl HUTEPECHB! 1aXKe NPOCTO YHCJIEHHbBIE SKCTIEPHMEHThI: HMEH -
HO Tak PepMa OTKpbI CBOIC «Majylo Teopemy», a JlexaHap — 3aKkoH pacnpe-
IeNeHnst NIpOCThIX unced (co cpented naotHoetsio 1/1Inn). -

Ta6nuua nepnonos T(a,n) reomerpuueckux nporpeccuit {a’ (mod n),
f=1,2,...} HauHHaeTCA CO CAefyiolMX 3HAUEHHIA HaWMEHbW KX NEePHOLOB:
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a

20

19 2
18 2

7 2 9 4
16 2 9

15 2 8 18

4 2 16 18

13 2 414 4 3 18 4
12 2 : 16 6

tl 2 12 3 214 16 6 3 2
10 2 6 16 t8

9 215 3 3 2 8 9 2
8 2 10 4 8 6

7 2 3 4110 2 412 16 3 3 4
6 2 10 2 i6 9

5 2 6 2 6 5 2 4 6 4 16 6 9

4 2 3 3 S 6 2 4 9

3 2 4 6 2 4 |5 3 6 4 16 18 4
2 2 4 3 6 10 12 4 8 18

{1 U8 NN A A U A NN AN A AN SN NN NN SRR N U A N N N B N

23 4 5|6 7 8 9 10|11 12 13 14 1516 17 18 19 20|n

Sl 4 7 18121 43 50 71 82145 152 227 248 271|294 465 486 669 694
MI11,51527511,535 1,75 35 2,75/63 1,756,256 35 29129 10,7 35 10,2 3,1

B rpade S BHu3y Tabauubl yKazaHa LA KaXKOOr0o MOAYJS /1 CyMMa BCEX
nepronos, S=>_ T(a,m), a1a | < a < m (B3anMHO NPOCTLIX C M) IS Npekbli-
AyWHX Mopyned, Bkiwouas 2 (mas m < n). Cymmuposanne obaeryaer aHanms
aCHMITOTHK, Urpas pPoJib YCpPEIHEHHS. _

B rpage M ykasan cpennuit (no a) nepHon 1Asi KaxKiaoro moayns n. 3Ha-
yeHWs1 a 6epyTCca TONAbKO B3aMMHO MpOCThbie C 7.

OpHeHTHPOBOYHbLIE BLIBOALI O NOBEAEHHH B CpelHEM NMOACKA3bIBAIOT, 4TO S
pacTer noaobHo cn?/2 (c koadbduurentom ¢ nopsaaka 1/5), a cpennui nepuon
M — nopo6Ho gn (c koshdHumenToM g nopsanka 1/3).

OTH HabMOAEHNS MHTEPECHO CPaBHHTb C TeM OOCTOSTEJNLCTBOM, UTO J15
NPOCTOr0 17 MaKCHMaJIbHOe 3HayeHHe nepHoaa, T(a, n) = ¢(n), nocTuraercsa Ha
@(p(n)) neproobpa3HbiX BoiYeTax a Mo MOAYAIO n. Ecan ydecTb, 4T0 HYHKLMA
ditnepa p B cpennem pactert Kak (6/7%)n, u ecan (He3akoHHO) BOCNO/IL30BATH-
Csl NpeAblAyluHM 06CTOATENLCTBOM ANS HE MPOCThIX /2 TOXKeE, TO NOJYUHACH Obl
BKJIa THX HaHOO/ILILMX MEePHONOB B X cyMMy nopsaaxa (6/72)%n, a B cymmy
S no npenwiaywnm Moayasm — nopsaxa (6/7%)3n?/2~n?/7.

B xayecTse onpaBAaHMsi He3aKOHHOro rfnepexona OT MNPOCTHIX 77 K NPOU3-
BOJIbHBIM, 3aMeuy, uTo 415 p(n) nepexol ot @(p) =p — | K cpenHeMy pocTy
@(n) xax (6/7%)n nuib MeHsieT B acuMnTOTHKE Koadduument | Ha 6/72 ~ 2/3.
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. J1nsl cpeRHero rnepHoAa Takoe e (He3aKOHHOE) paccyXieHHe RaeT JHHeH-
Hbli POCT C MOJIYJIEM, /1: 0/l MGKCHMAaJIbHBIX 3Hau€HHHA NEPHONOB COCTABJISET B
cpenHeM nopsitka 2/3 ot Beex nepronos T(a, 1) (npH HKCHPOBaHHOM Monye
n), Tak uTo MOXHO rpy60 OLEHHBATb CPeNHHH NepHod KaK aBe TPeTH Mak-
cHMadibHoro, pasHoro @(n). [lpernonarast nocaeaHui pacTywmm Kak (2/3)n,
nonyuaeM rpy6yio OLIEHKY CpeHero N0 @ nepHoaa nopsaka (4/9)n. Ho, koueu-
HO, MPOCTbIe 3HaUEHHs! /1 COCTABAIOT JHWb Mayio 00 BCeX, (1a H p(n) ans
HHX mopsiaKka 1, a He (2/3)n), Tak uto pacnpoctpaHedne GopMy., HMEIOLUX
MeCTC /1t MPOCTOrO MOLYNs, Ha cpeaHue Mo 71 3HaUEeHHA HAANEXHT CONpPOBO-
RUTb HALNEXAWMMH H3MeHeHHAMH (XoTst 6bl 3HaueHHi KosddHUKeHTOR), ANst
OCYLUECTBJEHHS KOTOPLIX MpeRbliyillyto TabJHLUy NepHOROB HyXHO Oblo Obl
NPOLOJLKHTbL FOPA3A0 AaJibllle.

Ilnsi reoMeTpHUecKHX nporpeccHil ¢ HHKCHPOBAHHLIM OCHOBAaHHEM A Ta-
6/Hua TOXE NPHBOAHT K IMAHPHYECKHM AaHHbIM 00 YCpeRHEeHHOM no 2 pome
nepHopa T (a,n) ¢ pocToM Moayas 72 (B3aHMHO IPOCTOro ¢ a).

B nepepenax npusefeHHOM Bbile TabAHubl NPUOIHMKEHHE HMEET JIHHEH-
Holt BUL T(2,n)~un, u=~0,38, a 11 ocHoBaHus a=3 — sua T(3,n) xun,
v~ 0,31. Ho 3170 — 10o/1IbKO ycpenHeHHe, OTKNOHEHHUS OT HHX ROBOJIBHO BEJIHKH
(T(2,15) =4, Ho T(2,19) = 18). IlpoBepernbie MHOIO NPH GOMBIIHX MOLYNSIX
1, BOAOTb R0 n=9511, BHuHCNeHHs nepHona T(2,7) NoKa3biBAalOT B CpeAHeM
JIHHERHDBIA 110 11 POCT ¢ HECKOLKO MEHBIUHM NPH 60/bIUKX 77 KO3 PHUHEHTOM 1
H He HCKJIOUYAIOT BO3MOXKHOCTH YObIBAHHSA 3TOF0 «KO3(DOHULHEHTA> C POCTOM 7
(ckaxeM, Kak 1/ Inn).

Hanpumep, T(2,511) =9, Ho coceanne Moaynu RatoT ropasno 60abLIHe ne-
pronni: T(2,499) = 166, T(2, 503) =251, T(2,509) =508, a cpeanee nepuonos
T(2,n) no pecsTKy HeueTHbIx Moynel ot 2=493 no n =511 pasHo npuMepHo
158, uto cooTsercTBOBaNO 6b Ko3bdHUHKEHTY 4~ 1/3.

ITpoBeneHHbie no MoeH npocb6e ®. AukapaH BbUHCAEHHS 3HAYEHHA NepH-
onoB T(n) u uncen opbur N(n) npu mozyasix n< 2001 npHBOAAT K caieRyio-
WHM (YAHBHTENbHBIM) NPHONHKEHHBIM SMIHPHUECKHM (popMynaM, yLoBAETBO-
PHTENBHO ONHCBIBAIOWHM POCT 3THX (PYHKLUHI B CpeaHeM:

N~0.67n%% T~ 141n"5,

3TH «cnabble aCHMMATOTHKHY» MOJYYAIOTCs U3 NHHERHOH (HeoAHOpPORHOR) ari-
NPOKCHMALHH HAGMIOREHHOH 33BHCHMOCTH JIOrapH()MOB CyMM 3HaUeHHH

lg{ D _N(k) |, g Y T(k)

R~1 k=1

-

oT JaorapH¢Mma aprymeHnTa, lgn (rze CyMMHpPOBaHHE pacrnpoCTpPaHEHO Ha He-
yeTHbie 3HaueHHA k, ecld Hcchenyiotes nepHon T W umcao op6utr N cucre-
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Mbl DepMa—3iAnepa, onpenensioniell reOMETPHUECKYIO NPOrPECCHIO BbIYETOB
{2 (mod &)}). :
Ta6nnubl Avkapan LOCTaBASIOT, HanNpUMep, CELYIOLHe 3HaYEeHHA CyMM:

n | 9] 109 | 509 | 1009 | 1509 | 2009
SN | 5| 132 | 1017 ] 2625 | 4651 | 6921
n

ST | 15 | 1400 | 23607 | 82761 | 176016 | 302277

(a5 2001 < & < 2009 paHHble 3KCTPanoNHpPOBaHb!).
Ecni 66l 4HCIO OPOHT W NEPHOL HMENH aCHMITTOTHKH CTENeHHOr0 BHAA,

N(n)~an®, T(n)~bn®,

TO AN CYMM [ONYYHJIHCL Gbl (MHTErpabHble) aCHMITTOTHKH TOXKE CTENeHHOro
BHIE,

n n
D N(k)~an®*', Y T(k)~bnft.
=1} k=1
[Tostomy smnupuueckue naunbie o nosenedun » N u Y. T (CymM, KoTopbie
BenyT cebs ropasio MeHee XaoTHYeCKH, YeM CaMH CHAbHO OCLMANHPYIOLIHE
charaemble N ¥ T) f0CTaBASIOT MpHONHMKEHHDBIE 3HaueHHS KO3(PuuHeHTOB
(a,a; b, B), xoTopble H yKa3aHbl Bbillle.

3ameuanne. TNonydennbie W3 HaGMoJeHH 3nadenns a~2/5 u B~4/5
MOTYT YAMBJIATb, TaK Kak rnpoussenerne p(n) =N(n)T(n) pacter B cpentem
Kak cn (rne ¢ =6/72 ~2/3).

Kasanoch Obl, cyMMa rnokasatened aCHMOTOTHK, & H 3, 10/KHa Obl ObITh
MO3TOMY paBHOH €AMHHLe (MoKasaTeslo cNabod acHMMTOTHKH [poU3Bene-
HHS ).

Ho cna6asi acHMMnToTHK2 NMpOH3BENEHHSI MOXET.CH/bHO OTJAHYaTbCA OT
[TpOH3BeJeHMHsA CNabblX aCHMITTOTHK COMHOXHTENEH, TaK KaK Cpefiiee 3Hauehne
[POH3BEleHHs MOXKET CHIIbHO OTJIMYATLCA OT MPOM3BELEHNS CPENHHX 3HAUEHHH
COMHOXHUTeNneH, 0CobeHHo ecnu 6oJibline U Malble 3HaUEeHHSsI COMHOXKHTENS
[1epeMeXKaoTCs.

Mpumep. [Npeanonoxkum, u4to 3Havenuss comHoxutens N(n) nepemexa-
IOTCSl B OKPECTHOCTH 3H2YEHHS n CBOero aprymenrta tak: N NpHHHMaeT 1Ba
3HaYeHHs

(Ny=n")y>(Na=1) (O<u<l),

fpudeM repsoe B n¥ pa3 yaue, yeMm BTopoe (w > 0).
Jlas coxpanenns sHauenus nponssenedus N7 = n npeinonoKuM, 4To BTO-
POl COMHOXHTE/b MPHHUMAET, COOTBETCTBEHHO, 3HaUeHHA

(Ti=n""" < (Ta=n).
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B 3Toil cHTyaunn BKaaabl yKazaHHOH okpecTHocTH B 3 N u B Y T onpeznens-
I0OTCH, COOTBETCTBEHHO, B OCHOBHOM NEPBOH U B OCHOBHOM BTOPOH YaCTbiO: OHU
NpONOPUHOHA/BHBI, cooTBeTeTBeHHO, n“t® ¥ n! (ecan | —u+w < 1, uTOGHI
BkAag Y, T} Obli Menblue BKaaga », 7o).

TakuM obpas3oM, HabnonaeMble SMNHPHYECKH cJlaOble ACHMNTOTHKH CO-
MHOXHTeJeH Oblji Obl CTENEHHBbIMH, C NOKa3aTeaaMu

a=u+w, f[=1,

CyMMa KOTOpbIX OoJblle |,

1151 3TOro HY>KHO TOJILKO, KaK YKa3aHo Bbllle, yToObl NoKa3aTesb NepeMe-
MKAEMOCTH, W, TIPEBOCXOAUJ BEJIMYHHY NOKasaTens u.

Awnanu3 HabmonenHbX 3nadeHnit T(n) u N(n) nokasbiBaeT HX 3HAYWTEb-
Hy©O nepeMexxaemoctb. Hanpumep, 3Hauenus uumcna N(n) uameHsoTCs NpH
HeGOoJIbLIOM H3MEHEHHH apryMeHTa 1 B AECATKH pas:

N(1969) =2, N(1971)=72, N(1973)=1.

Hennoxyw B cpeiHeM annpoKCUMaUMI0 4acTOT Py 3HAYEHHH BEJIHYMHBI
N(n) npu W3MeHEeHWU aprymeHTa B OKPECTHOCTH HAaHHOTO 3HAuYeHUs MoayJs
n nawT (ana n < 2001) caenyiowne sMnupuyeckue NpubJiHKeHHbIE cllabble
acuMnToTHUecKHe dopmyanl (rne N=1,2,4,8 u N> 10):

—7/18
*

pi~Cn pa~Con="%, py~Cyn'’3, pg~Cyn'’®, psig~Cion'.

M3 3Tux opMys BHAHO, YTO OTHOLIEHUS YACTOT BCTPeYaeMOCTH OOJbLIUX
W ManblX 3HaueHuit N BenyT ce6s Kak cTeneHHbie (B cpefHeM) (YHKUHH OT 1
(nono6Hbie BeJIMUHHE 12 YACTOTH NEPEMEKaeMOCTH B pa300paHHOM Bhille Npu-
Mepe).

Bce 3TH, He noOATBepX/JeHHblE HUKAKUMU TeOpeMaMHu, 3SMIHUPHUECKHeE
NaHHble MOXKHO pacCMaTpHBaTh Kak MaTeMaTHYecKWe runortesbl. B ux nosbsy
rOBODUT YAWBMTEJbHO TOYHOE pacnoJioXeHWe PadUKOB COOTBETCTBYIOLUUX
(byHKUMA-cyMM [ U g, HapucOBaHHBIX Ha ABOIHHON JorapudMuueckor Gymare B
OKPECTHOCTAX COOTBETCTBYIOLUMX NPAMbBIX JIHHHIA.

Peub nner o dyHkuusax (onpenesieHHbIX 3HayeHussMH N(k) =y u T(k) =2,
BCTPEYaEMOCTb KOTOPbIX H3ydaeTcs):

fy(n)=(#k: N(k)=y, ]

SREN);
g:(n)=(F#k: T(k)=2, I<

R<
k < n).

[TpAMOsIMHEHHOCTD WK MOYTH NPAMOJUHEANOCTb HX TPaPHKOB Ha ABOHHOM
norapudmuueckoi GyMare o3HauaeT npubanKeHHble GOpPMYybi

lgfy(n)~A,lgn+B,, Igg.(n)=~C.lgn+D, (A,=1+a,,C.,=1+3,).

4]




Yxa3aHHble BHILLE NOKa3aTeJH ay, [, CTENEHHLIX aCHMATOTHK (o =-7/18,

..) HaiIeHbl HMEHHO TYTEeM PHCOBAHWA STHX NPAMBIX, AaNPHOPHBIX OCHOBAHHH
n,na palMOHaJLHOCTH ITHX NOKa3aTeNell A He 3HAK (KPOMe, pa3Be, TEOPHH
TYpOYJIEHTHOCTH).
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