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IIpenucaosue

PaccinenoBanue youiicTBa MpHUBEJIO KHHOPEXKUCCEpPa (B He-
TeKTUBHON mnoBecTn «Koppupa» B.TokapeBoit) K BEIBOAY:
«MaTeMaTHKa — 3TO TO, YTO MOXXHO OO'BSACHHTBH».

OcHOBHOM BKJIaJ] MAaTEMaTHUKHN B €CTECTBO3HAHHE COCTOUT
BOBCe He B (hOpMaJIbHBIX BBIUHCJCHUAX (MJIM APYTHX IpPH-
MEeHEHHMAX IOTOBBIX MaTeMaTHUYECKHX JOCTHKEHHUI), a B HC-
CJIeJOBAHUM TeX He(OpMAaJILHBIX BOIIPOCOB, I'Jile TOYHOE BHI-
SICHeHHe IIOCTAaHOBKHM Bompoca (Toro, 4ro MMEHHO CJIELYyeT
HCKATh U KaKue MMEHHO MOJEJIM MCIIOJIb30BaTh) COCTaBJISET
OOBIYHO IOJIZeJiA.

CobOpanHble HM)Ke 38 OUYEpKOB HpECJeAYIOT MMEHHO 3Ty
eJib: HAYYUTh YUTATENIA HEe CTOJBKO YMHOXKATH OoJblHue
ypcaa (4TO MHOrZA TOKe IPUXOAHUTCA MeJjiaTb), HO U JO-
ragblBaThCAd O HEOKHUAAHHBIX CBA3AX HEMOXOHX HA BHJ
SAIBJICHMH M (PAKTOB, OTHOCAINMXCA IIOPOM K pas3HBIM o0OJia-
CTAM €CTEeCTBO3HAHMA U APYIrUX HAYK.

IIpuMepsl yyaT He MeHBIIIe, 4YeM IIPpaBUJIa, & OINMOKH —
OoJibllle, YeM IIpaBUJIbHBIE, HO HEIOHATHBIE JTOKAa3aTeJbCTBA.
PasrasariBasg pHCYHKHM HACTOAINIEHM KHHUIMW, YHUTATEJIb CMO-
JKeT MOHATH OoJIbIlle, YeM BBIYYHMBas JECATKU aKCHOM (maske
BMECTEe C BBIBOJOM M3 HHX CJIEACTBHI O TOM, KyJa BIaJaeT
Bojsira 1 4TO emAT JomIamM).

B.IlacrepHak mmcaj, 4TO «BOIPOC O IOJIb3€ II033MH BO3-
HUKAaeT TOJIbKO IIPDM €€ yIaJKe, B TO BpeMd KaK B IIEPUOJLI
eé ImpolBeTaHNA HUKTO He COMHEBaeTCA B IOJIHOM eé Oecro-
JIE3HOCTH » .

MaTtemMaTnKa — He COBCEM II033UdA, HO A M B HEHM CTpeM-
JIIOCh He INONYCTHUTh YIaJOYHMYEeCTBa, MPOIMOBEAYyeMOro Bpa-
raMyu BCe€X €CTEeCTBEHHBIX HAYK.

HobGasiio emié, uro Hunbc Bop menus BepHBIE yTBEpIKAe-
HUA Ha [Ba KJjacca: TPMBUAJBbHBIE M NeHHAJIbHbIE. A HMMeEH-
HO, OH CUHMT&J BEPHOE YTBEPJACHNEe TPUBHAJIBHBIM TOrAA,
KOrza IPOTHBOIIOJIOXKHOE YTBEp)KIeHUNE SABJISAETCA OYEeBHU[-
HO HEBEPHBIM, U IeHHAJbHBIM TOrZa, KOrJa OHO CTOJIb JKe

3



HEOUYEeBHHO, KAK M HCXOZHOEe YTBEPKIeHHe, TaKk UYTO BO-
IIPOC O CIOPaBEAJIMBOCTH YTBEPXKIEHMUS, INPOTHBOIOJIOMKHOIO
K HCXOZHOMY, MHTEPECeH M 3aCJyKHUBaeT HCCJIeLOBaHMA.

IToawsayrock cayuaeMm nobaarozaputh H. H. AHnpeeBa, 3a-
CTaBMBIIIEr0O MEHS HAINCATh 3Ty KHUKKY.



JKCIEHTPUCHTET KeIliepoBoii opouTsr Mapca

MaremaTuueckasn MOZeJIb CJIeAYVIOIMUX 3aJa4Y OAMHaKoOBa.

T'unomenys3a npamoyzoavbHo20 mpeyzorvHUKAG umeem Oau-
Hy 1 m, a kamem — 10 cm. Haiimu OauHy 8mopozo Ka-
mema.

MaremaTuueckoe «pelreHne» —mo Teopeme IIudaropa
v1-(1/10)2 m
— HEYAOBJIETBOPUTEJBLHO. [leJlo0 B TOM, 4YTO, IOCKOJIbBKY

(1-a)’ =1-2a+a%*~1-2a

(upu MaJBIX @ ¢ BecbMa Majoit ommbkoit a?),
Vi-A=x1-A/2.
1

B cayuae A=1/100 moaxyuaerca 1 — 300 M T-€ 99,5 cm:

OJIUHHBIM KaTeT Ha BHUJ HEOTJNUYHM IO AJHHE OT I'MIIOTEHY-
3bl, Pa3HHUIA B MIOJIIPOLEHTA HE3aMETHA, XOTA MAaJIBIi yroJ
TPEeyroJbHUKA He TaK YK MaJj (oxojso 6°).

JKcyenmpucumem kenJaeposa 3saaunca Mapca cocmas-
asem npumeprno 0,1. Kozda Kennep napucosan' op6umy
Mapca, on npunan eé 3a OKPYICHOCMb, CO CMEU,EHHbLIM U3
yenmpa Coanuem. Ilowemy on max owubcsa?

Pemenue. I9JIJINIC — 3TO TI€OMETPHUUECKOE MECTO TOYEeK
IIJIOCKOCTH, CYMMa PACCTOAHMI KOTOPBIX Z0 ABYX (DMKCHPO-
BaHHBIX (HasbsIBaeMBIX (poxkycamm) ToueKk P m @ mocTosHHA.
OGozHaunM 3Ty cymMmy paccrosHuii uepe3d 2a. Torma npna

lHa ocHoBaHMM riasoMepHBIX HabaiofeHMI cBoero yumtensa Tuxo
Bpare, cpeiaHHBIX 3a MHOI'O JeCATKOB JieT B o0GcepBaTopuM YpaHH-
6opr, Ha npumHazJge:xkaBmeMmM Tuxo Bpare ocrpoBe MexAy OJIBCHHOPOM
u KoneHraresom: BmocieAcTBHHM HEBIOTOH IOCHLIAN B 3Ty 00CEepBaTOPHIO
lannes ¢ TeneckomoM, 4TOOH JOKa3aTh, YTO M TeJeCKoNMUYecKHue HabJIo-
JEeHUA MOTYT JaBaTh CTOJIb K€ BHICOKYIO TOYHOCTh, UTO M HaOJIIOZeHHuA
Tuxo Bpare.



suumnca ¢ mearpom O (mocpeauHe MekAy (PoxycaMu) M IO-
ayocamu OX u OY MBI HaxoauMm

|0X| = a (mockonbky |PX|+ |QX| = 2a);

|QY| = a (mockoneky |PY|=|QY|, |PY|+ |YQ|= 2a).

|OQ| = ea (sT0 — OmpezeneHNe 3KCUEHTPUCHUTETA €).

b;

(,)dk.

N3 npamoyroabHOro tpeyroibHuKa OYQ MBI HaXOZUM

|0Y|=+/|QY |2 — |0Q|2 = v a? — a2e? =a\/1 —e2 ~a(l —€?/2).

HIna skcuenrpucurera e = 0,1 ¢Goryc CABHHYT OT LEeHTpa
Ha 10% pnaues Gosbimoit moayocu, |OX|=a, a mamas ochk
Kopoue OOJIBIIIOM BcCero Ha MOJIPOIEeHTa (Kako¥ pasHUIbI
Kennep BHauajle 1 He 3aMeTHJI).




Cnacenne XBOCTOBOroO OnepeHuns CaMOJIETOB

Peaxmuenasa cmpys u3 mMomopoé nepevlx pPeaxKmuéHbulx
camonémos cixuzana xeocmoeoe onepenue. Ho roncmpyx-
mopuL npednoHUuUaU CrezKa nogepHymv momopst (Ha HebOoab-
woit yeon a). Cmpya nepecmana ciauzamev X60Ccmosoe one-
penue (omrxaonuswucv Ha ltga, 20e | — paccmosnue 0o
Hezo).

Kaxoit wacmvio cuave mazu 2F npuwaocy 0as 3mozo
noxcepmaeosamu?

Pemenue. Pe3ysbTHUpyIOIaA CHJIA TATH COCTaBJIAET
2F cos a ~ 2F (1 — a?/2).

IIpn BHOJIHE 3aMEeTHOM OTKJIOHEHHM B 3° HaAXOOUM O =
~ 1/20 paguaHa, T.e. morepa a2/2 cocraBaser 1/800 cu-
JIbI TATH, YTO IpeHeOpexmmo MaJyo (Torza Kak OTKJIOHEHHE
crpym ltg a ~1/20 mocTuraer HECKOJbKHX METPOB).



BosBpameHnue Mo CHHycOMAe

Bosepawascvy domoii no cunycoude, nvanuya Yyoaunsem
ceoit nymv. Bo ckoavko pa3 on ezo ydruwnsem?

D

Pemenue. Ilpumepro Ha 20%. BoJabIIMHCTBO AyMaer,
YTO CHHYCOHJA BJABOE€ MJUHHEe IPAMOMH, HJIH XOTA Ol
pasa B moatopa. Ho Ha camMoM Jejie gake IHJI000pasHBIM
nyts ABCDE pnuusee mpsmoro (AE) Bcero B V2 pas,
T.e. npumepHo Ha 40%.

CunycouzaJbHBIN Ke IIyTh ropaszo kopode. lleso B ToM,
YTO YacThb CHHYCOHJbI, I'Zle OHAa HakJoHeHa K AE moxg yr-
JOM &, AJMHHEe CBOEM IpPOoeKIuM Ha npamyio AE npu-
MepHO B V1+ a2~ 1+ a?/2 pas. IlosToMy Hmaxke Te dacTu
CUHYCOHJBI, I'Zle OHa HaKJoHeHa Ha 20°, JJHHHee CBOHUX
npoeknuit Bcero Ha (1/3)%2/2 ~ 1/20 cBoeit mmuabl (5%).
Cepré3HO YAJIMHAIT NYTh TOJBKO OJIM3KHME K TOYKaM IIe-
peruba (A, C n E) yuyacTKH, HO OHU HEBEJIHUKH, IIO3TOMY
CYMMapHOe YJAJHHEeHHe HOYTH M IOJYy4aeTcd CTOJb MAJILIM:
BZIOJIb OOJIBIIIEH YAaCTH CHMHYCOMLI YVAJHHEHHE MAJO3aMeTHO.



HaTterpan [Iupuxiae um omeparop Jlanaaca

Membpany z=0 caabo usoznyau (6 mpéxmepHom npo-
cmpancmee ¢ Oexapmosuimu Koopdunamamu (x, Yy, 2))
maKk, wmo OHAa cmaaa 2paguKom Maaol QYHKYuUU 2z =
=cu(x, y) (z0e € mano).

Hackxoavko naow,ade u3oznymoii memb6panvt Gonvwie nJo-
wadu ucxodHoii naockoil. memOpaHwvL?

Z ()3

.

0 Ju

Pemeane. B mnepBomM (HemcuesamoleMm) IPHUOIMIKEHUH,
OKOJIO KaXKJo¥ TOYKM MeMOpaHa BBITATMBAETCS B HaIpasB-
JeHMn rpagmeHta gradu ¢yHKIMM u (KaK TIUIOOTEeHy3a
II0 CPaBHEHHUIO C OOJIBIIMM KAaTeTOM IPAMOYIOJILHOrO Tpe-

nIpupaiieHye 3JIeMeHTa IJoImagyu 8, C TOYHOCTBIO [0 g2,
IPONIOPIMOHAJIBHO KBaZApPaTy OTKJIOHEHHUS:

oa=getvur =5 ((3) + (%)):

NHBIMM cJIOBaMH, IpUpallleHHue Bceill IJomazu MeMOpaHBI
ects uHTerpan ([upuxie)

255 §((32)'+ (32))awansoeh.

3ameuanue. Mo)XHO IIOKasaTh, 4TO HHTerpaa Jlupuxje
BhIpA’KaeT He TOJIbKO IpHUpalleHue Iomazn MmeMOpaHbI, HO
TaKKe U eé IMOTeHINaJbHYI0 3Hepruio (T.e. pabory msrmba-
omeil MeMOpaHY CHJILI IIPH IIEPEeBEI€eHUU €€ U3 COCTOAHUA
z2=0 B cocroanme z = cu(x, y)).
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IToxkasaTeabCTBO 3TOro (HeoUYEeBHAHOro) GaxKTa MOMKHO
HaliTH, HanmpuMmep, B KHmKKe B.MW. Aproabzga «Jlekmuu o6
ypaBHEHHAX C YacTHBIMH NPOM3BOAHBIMHM» (Pasmuc, 1997,
c. 68—70). OgHOBpEMEHHO TaM [AOKa3bIBA€TCA IPOIOPIIM-
OHAJILHOCTh uarubaromeil (M pacrAruBaiomnieit) mMeMOpaRy
cuabl Jgannacumany Au ¢yExnum u (rme A = divgrad),
IIPUUYEM

W(Vu)?dxdy=- ((uAudzady,
M M

ecau u =0 Ha rpammnne obsactu M.

Oneparop A, mepeBoaamuii ¢dyHxnuio u B Au, BbIpaka-
erca (B JeKapTOBBIX KOOPAMHATAX X; B €BKJHIOBOM IIPO-
crpanctBe R") dopmyion

2, 2
Au = gx2+...+g‘; (%)

IInsa apyrux cHUCTeM KOOPAMHAT B TOM K€ €BKJIMJOBOM
nmpocTpaHcTBe ¢dopmyJsia apyras. Hanpumep, A IOJAPHBIX
KoopauHAT (r, ) Ha IJIOCKOCTH (X; =rcosq, Xz =rsin @)
orneparop Jlammaca ¢pyHKIMM U BBEIYMCIAETCA IO (PopmyJie

Au = Ou  1ou  10%
or? ' Tor r2 d¢?’
Ha dyHKkmmm u Ha Jgi060M pPMMAHOBOM MHOrooOpasuMy 3TOT
ormepaTop mnepeHocuTca Tak: Au = divgradu. Pusuueckmit
CMBICJI 3THX (OpMYJ — TAKOM Ke, KaK B PacCMOTPEHHOM
BbIllle IpuMepe ¢ HHTerpajom Jupuxise (rme peup ILjIa
O pacTsKeHHH IJIoIazei).

Bparu ¢usuKu ompezenAoT B MaTeMaTHYECKHMX yueOHU-
Kax omepatop Jlannaca dopmyoi (%), mesaromei ator ¢u-
3UYECKNII OOBEKT peJATHBMCTCKH 0OecCMBICJIEHHBLIM (3aBU-
CAIIMM He TOJBKO OT (PYHKIHH, K KOTOpPOH IIpUMEHAETCS
omepaTop, HO M OT BhIOOpa cmcTreMbl KoopauHaTt). Hampo-
TUB, omeparopsl div, grad, rot, A 3aBHCAT He OT CHCTEMBEI
KOODAWHAT, a TOJHbKO OT PMMAaHOBOII METPHKH.
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3axon CHeJuiMyca NIpeJOMJICHHA Jydeu

Cropocmbv deusxcenus (no niob6omy HanpaséaeHul0) 8 eepx-
Hel noaynaockocmu y > 0 (nrockocmu ¢ dexapmogvimu Ko-
opdunamamu (x, y)) pasna v, a 8 HuUMHell NOAYNIOCKOCTU
y <0 ona cocmasasem w = (3/4)v (0na pacnpocmpaHeHus
ceéema 8 603d0yxe v=1, 6 8ode w=3/4).

KEpamuaiiwuii no epemenu dsuxenus nyme ABC u3
mouku A eepxHell noaynaockocmu 6 mouky C HudwucHel
noaynaockocmu npedcmaéasem coboii aomanyio ABC c us-
aomom B na zpanuuye pasdena.

Onpedenumdb coomuouwenue mexdy yzaamu o u B ny-
meii AB u BC c¢ Hopmaavio K zpaHuye pasdena.

A a'h

C

Pemenune. Paccmorpum 6iam3kyio K B Touky B’ Ha rpa-
Hune paszena: |BB/|=e¢. Ilyrs AB' pnunrnee mytm AB Ha
orpe3ok B’'D, mamHa KOTOpOro cocrasisfeT € sina + O(e?).

Touno Tak e, nyTs CB' Kopoue nmyrm CB Ha OTpe3OK
BD', gnuHa KoTOporo cocrasiser € sinf + O(g?).

ITosaTomy BpeMs mpoxoxkaeEuns nytn AB'C 6Gosabine Bpe-
MeHHU npoxoxkaeHus nytu ABC Ha

i €sin
A(e)zes:)na_ wﬁ+0(82).

Yro6Bl Bpema npoxoxkiaeHusa nytu ABC OblJI0 MUHMMAJb-
HbIM (IIpu Ji000M 3HaKe €, T.e. KaK 4adA Touek B’ nmpasee B,
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raKk M Aasa Todek B’ neBee B), Heo6xoxmmo, 4ToObl A(€) =0
(B mepBOM HIPHUOGIMMKEHHH IO €), T.€. YTOOHI

sing _ sinpf
=—". ()
v w

OOpaTHasA CKOPOCTH BeJIMUYMHA HA3bIBAeTCA IIOKas3aTejieM
npesiomyieHus (ob6o3Hauaercss oO6blyHO OykBO#t n = 1/v). Ilo-
JIyYeHHBIH BBIIIIe 3aKOH IpeJIOMJIeHUA (%) Ha rpaHUIle Cpef,
C IOKas3aTeJAMH HpeJiIoMJeHusa n; =1/v u ng =1/w 3anm-
chiBaeTcA B Buae 3axkoHa CHesmyca

nisin a; = ng sin as.

IIpumep. na nyua cBera, HOepexonAIlero M3 BO3AyXa
(ny=1) B BOogy (nz =4/3), 3aKOH IpeJIOMJIEHUA NPUHUMAET
BUJ

sina; = % sin as.

Ecau yrosn i BXomdaliero u3 Bo3Ayxa B BOAY Jiydya C Bep-
THKAJIbHOM HOPMAaJIbI0 K INOPH30HTAJIbHOM IIOBEPXHOCTH BO-
OBl MaJl, TO YroJl (2 IPEJOMJIEHHOrO Jiyda C BEPTHKAJIbIO
elié MeHbIlle, OH COCTaBJigeT nmpumepHo (3/4)a;.

MB&I BBIBEJIM BBIILIIE 3aKOH IIPEJIOMJICHUSA JIydel U3 «IpPHUH-
nuna PepMa», IO KOTOPOMY JIVYM CBeTa JOCTHUTalOT Il 3a
KpaTuaiiinee BpeMs.

Cam CHeysIMyC OTKPBIJ 3TOT 3aKOH IIPEJIOMJIEHHUS 3KCIIe-
PUMEHTAJILHO, U3MEepPAA YIJbl O U ,B B MHOJKeCTBe IpuMe-
POB.

YuraTeno, 3HaKOMOMY ¢ npmHOunoMm I'ioiireHca (OmHCHI-
BAaIOIIUM pPAacOpoOCTPaAHEHHE BOJIH IIPM IIOMOINM Orubarommx
CEeMEeNCTB JIOKAJBLHBIX BOJIHOBBHIX (DpPOHTOB), OyZeT HNPHUATHO
YBHUZETh, 4TO M3 3TOoro npuHImNna I'ioiiresca sakoH CHeju-
yca JIerKo BhITEKaeT (B BHJAE IIPOCTOrO YaCTHOIO CJydas).

HNHaTEepecHO, UYTO BO BCEeX 3THX IpHMepax IpPHUpoJa pac-
MIPOCTPAHAIONINXCA BOJH MaJjiocyinecTBeHHa. Hanpumep, aky-
CTUYECKUE HJHM OITHYEeCKMe JIYyYM U (PPOHTHI BeAyT ceds
CXOZHBIM 0OpasoM M Ta JKe MaTeMaTHKa INPHUMEeHHMa K Teo-
PMH DaCIpOCTPaHEHUs 3IUAEeMHM.
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I'ryOuHa BOABI M KapTe3MaHCKAdA HAYKa

Hackoavko xacmpioas ¢ 600oil, cmoawas Ha cmoae, Ka-
HEemcsa cMOmpAw,emMy HaA Heé ceepxy 3pumenio MeHee 2Jy-
00KOil, Yem e€ ucmuHHas 2aYybuna?

| n=1

¢

C N
D%

N )

]\

\\

4
d

Pemenue. Tpeyronrauku BAC m BAD npsMoyroJbHBIE,
|AB| = |AC| tg oy = |AD| tg a.
s Majioro yrja majeHUss of; HaXOAUM

|AD| _tgay sinay 4
|AC| tgaz sinas 3’

TO €CTh Kakymasacsa rayoumHa |AC| Ha dUeTBepTH MeEHBIIIE
VCTHHHOM rinyomasl |AD|.

3ameuanue. Ha 3Ty xacrproiio cronyo Obl B3rIIAHYTH le-
KapTy, KOTOPHI# yTBep:kaaJ, OyATO CBET pacopoCTpPaHAETCA
B Bozie Ha 30% OnicTpee, YeM B BO3AYXeE. '

K 3ToMy BHIBOAY OH NIpPHIIEN IIOTOMY, YTO 3HAJ, 4YTO
3BYK pacIpoOCTpPaHAETCA B BOZe OBLICTPee, YeM B BO3ZAYXe
(upuMepHO BHIATEPO).

HeayKTUBHBIE 3aKJIOYEHNSA Ha OCHOBAHHH TAKUX aHAJIO-
rMil KpaiHe OIlIaCHBI — MX BCerjia cJjefyeT IPOBEPATH 3KC-
nepuMmenTaMu. Ho JlexkapT TopKecTBEHHO OOBABHJ, UTO HAa-
YKa — 3TO IOCJIeOBATEJBHOCTh HAXOMKACHUA NeAYKTHUBHBIX
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CJIeACTBUH M3 IPOM3BOJLHBIX aKCHMOM, a 3KCIEPHMMEHTAJb-
Hasd [IPOBEPKAa 3TUX aKCHOM B HayKy He BXOAUT (XOTA M MO-
JKeT OKasaThbCA IIOJIE3HOM IJIA PLIHOYHON 3KOHOMHKM).

N3 HEeCKOJBKHUX HECATKOB HOAOOHBIX «IPHHIHNIOB» [le-
Kapra omacHee Bcero Takxoi: «IIpaBuTesnbcTBY ciexyer He-
MeAJIEHHO 3alpeTUTh BCe JApyrue MeToAbl IpenoiaBaHUA,
KpOMEe MOE€ro, TaKk KaK TOJbKO MOM MeTOoJ IOJUTHYECKU
KOPPEKTEeH: ABUrasich MOMM NOyTEéM, JI000¥ Tynouia mnpe-
ycIleBaeT CTOJIb ke OBICTPO, KaK Hu Ji00oi reHM#, B TO
BpeMA KaK IIPHM BCeX APYIrHX MeToZax OOydYeHHA TaJaHThI
JOCTABJAIOT 00y4aeMBIM IIPEMMYIIIECTBA».

Crnenysa 3THM CBOMM IpPHHIWIIAM, [leKapT M3rHaJ U3 reo-
METPHH YEpPTEeXH, KaK, C OZHOM CTOPOHBI, CJIEALI 3KCIEpH-
MEHTOB C PHMCOBaHHMEM INPAMBIX M OKPYKHOCTEeH, a C Jpy-
roifi — HUINY IJA BOOOpa’keHMudA, KOTOpoe OH M3 HAYKH CTa-
pajyicd HUCKJIIOYHTD.

BriBmnii npesunesT @parnum Hax IlIupax ckasan MHe
(12 mora 2008 roxa, B Kpemie), 4To MMEHHO 3a 3TH YEPTHI
KapTe3HaHCKON HAYKH C JEeTCTBAa HEHaBUAUT MATEMATHKY.
Ho om pgob6aBusn (mo-pycckm): «Bmpouem, BepoOsTHO, 3TO OT-
HOCHUTCHA TOJBKO K (DpaHIy3CKOM, OypOaKMCTCKOM MaTeMaTH-
Ke, a 37lech A BCEé IOHHMMAIO, YTO Thl 'OBOPMIIb. Beap Ball
denop UBaHOBHUY He 3pA CKasaJ:

¥Ymom Poccuio He MOHATS,
AprminHOM 06IMMM He M3MEPHTh:

Y He#l ocoGeHHas CTaTh —

B Poccuio MOXXHO TOJIBKO BEPUTH».

B Poccum HUKTO He BepuT B Teopmio llexapra, OyarTo
CBEeT pacHpoCcTpaHAeTCA B BoJie ObICTpee, YeM B BO3AyXe, —
3aTO €ro 3aMedaTeJibHas TeOpHA paAyrd HN3BeCTHa 3/ecCh
Oosbire, yem Bo ®paHIMH.

14



Kanna Boasl, mpejoMadomas CBeT

Ha raxoii yzon ¥ omrxaoHumcsa om 6038pauwjeHus 600.b
nadawuwezo aywa ayy, nonaswuil Ha cghepuveckyio Kaniio
600b. paduyca r H@ pPACCMOAHUU X Om npoxodau,ezo yepes
YeHmp Kanau napannenvhozo emy ayia OD?

A

R
1 s

ol

Pemenue. Yron BOD pasen 8 — (a — ) =26 — a.

Vron orkjgoHeHus U BABoe Ooiiblle (BBHAY CHMMETPHHU
oTHocuTeabHO ocu OB): ¥ =4 — 2a.

ITo sakoHy mpejomyeHud sina =nsinf, a mo ompezee-
HUIO napalomero Jgyda rsinoa = x. Iloatomy a = arecsin(x/r),
B = arcsin(x/(nr)),

9 (x) = 4 arcsin 3% _ 9 arcsin %.

4r r
Xora 3Ta GOpMYyJa DeIIaeT BOIPOC, €8 CMBICJH BBISC-
HAETCA TOJBKO IIOCJIe IIOCTPOEeHHA rpadmKa BHEIUYMCIEHHOMR
byaxkoun 9. A HMeHHO, TAaKOe WCCJIeLOBaHHWE OOBACHAET
1 [OPAa3HUTeJBHBIM 6JIeCK POCHHOK, M PaAyry Ha LOXKIAEeBOM

Hebe.
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HauGoapmui yroJ OTKJIOHEHHUS JIyda

Kaxoil u3 nadarvwux Ha cpepuveckylo Kannio 800v. LYy
OMKJIOHUMCA OM 8038paujeHus 800ab cebs HA HAUOOAbLWULL
y20on Omax (U Ha Kaxoil umenno yzon)?

Pemenune. O6o3nauum 3x/(4r) uepes u, Torma x/r = nu,

4 = 2 arcsin u — arcsin nu.

2

IlpoussosHaa QyHKIuM U/2 mo nmepeMeHHOM U HOJKHA
obpamaTrsca B 0 fuA Jgyda HamGOJBIIEro OTKJIOHEHUS Umax:
IJISL 3TOro Jyda

2 — n 4 _ n?
\/]_—u,2 \/l—nzuz’ 1—u? 1—n2u2’

TaK 4TO

4 — n? 04 . .
uz = 37 —5 > = 2arcsin Umax — arcsin NUmax.
IIpu n =4/3 MBI HaxoauM

Wy =5/12,  Umex=LS, e =/5/3-2/3.

ITockonbky 5/3~ 1,666, MBI JIerKo BEIUMCJIAEM

v 9/3~+4/166,6/10 ~ 1,29.

Umax ~ 0,645, NUpax ~ 0,86.

Hrax,

ITockoabKy
sin(r/6) = 0,5, sin(rn/4) ~ 0,707, sin(n/3) ~ 0,86,

MBI HaXOAUM

arcsin nupy,y ~ /3, arcsin Uy, ~ n/4 — n /40,
OTKyZa
Umex T _ T _ 9 ~E_ I
2 2 20 3 max— 3 10’

T.e. OKOJIO 42°.
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Panyra

ITouemy padyza eudna nabarwdamenio Kax Oyza ¢ uew-
mpom 6 npomueoCONLHeYHOl mouke, paduycom orxoao 42°?

O 0
o

IS

Pemenne. Haubosee oTKJIOHAIOIMECS NPEJIOMJICHHUEM JIy-
YM HECYT HauOOJIBIIYIO 3HEPruIio:

\\\Y\(lbm@ooou«wwﬂ

ronpob apxr

OHeprusa ny4dka Jydeil ¢ HampasjeHMaMH oT ¥ mo ¥ + €
He MaKCHMAaJIbHOI'O OTKJIOHEHUS IPONOPIUOHAJBHA €, a 3HEP-

17



I'Ms Oy4YKa Jyded B yriie Takoid iKe IIMPUHBI € OKOJO Umax
ropaszo Gosbime (0OHa IPONOPIUOHANBHA +/€).

o A
3 VE _
nax

E4EINN

~
-/

IToaToMmy 3TM JIydM 3aMeTHBI, OHH M BOCIPHMHMMAIOTCS
KaKk paayra. leqo B TOM, 4YTO IOKas3aTeJU IIPeJIOMJIEHUA
CBETOBBIX JIyuyeHd pasHbIX I[BETOB HECKOJIBKO pas3jNdalTcH,
TAK UTO ¥ BEJIWYHHA YIIa MaKCHMAJLHOIO OTKJIOHEHMUS Umax
HECKOJIbKO pasjindaeTcsd IAJA Jiyueil pasHBIX nBeToB. OT 3TO-
ro pazyra M HOJIy4aeTcs PasHOLBETHOM.

3ameuanue. Bropasa pazayra (BHYTPHM OCHOBHOI) IPOU3-
BOAUTCA JydYaMM, OTPA3UBIIMMHUCA OT 3aJHEeH IIOBEPXHOCTH
OoJibIlle ofHOrO pasa. IlJiga HMX yrojJ MakCHMAaJIbHOI'O OTKJIO-
HEeHUsA HeMHOro MeHbIme 42°,

l'onybnsHa mnBera Heba To)Ke HMMeeT MaTeMaTH4YECKOe
oObACHeHMe: raAxA cOoky Ha naredoHHYIO IJIACTHHKY,
MOJKHO 3aMETHTh paAy’KHble IBeTa, O0BbACHAEMBIE HHTEP-
(¢epeHIIMEH CBETOBHIX BOJIH Ha pelIéTKe 60po3j MJIaCTHHKH
(3TO ABJIEHHME CXOZHO C MYapoM — AJHMHHOIEPHUOLUUYECKUM
y30pOM Ha IPOEKIHH OXHOro 3abopa Ha ApYroi).

I'ony6oit nmBer mocraBasgeT HeOy aHAJOrHYHAA Myapy HHTEp-
(hepeHIIMA COJIHEYHBIX Jyuel Ha (IYKTyaIuMAX IJOTHOCTH
paspeskeHHON aTMocdepsl.
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Mupaxu

IToxazameav npenomaenus n(y) eo3dyxa Ha Bvicome Y
Haod nycmuiHell maxKcumanen Ha Hexomopoil evicome Y (20e
MAKCUMANbHA NAOMHOCMb 8030Yyxa: HazpesaHue NYCmMbuLHU
20HUM HUNCHUEe CJ0U 86epx, a Ha 00abULOiL 6bicome nJaom-
Hocmb ammocpepovl ybvieaem 00 HYAA).

O0sachumb 803HUKHOBeHUEe Mmupaxceil npu maxKom nose-
deHuu noxa3amens NPerOMIEHUSA.

~

\{ R
7 h 2
L
Pemenue. Hccrenyem xox nyueint y = f(x), moab3ysack
3aKOHOM IIpeJIOMJIEHMA nsin a = const, rme o — yros Jjyda

C BEpPTHKAJIBIO.
Msu1 nosyuaeMm (nn(p(pepennna.nbnoe) ypaBHEHUEe Jiy4dei

a(y) = arcsin —/—

()

IIapameTp C ompegeinserca BLIOOPOM HCCJIEAYEMOrO Jyua.
Mm 3akJio4aeM, 4TO Jy4 (¢ (PMKCHPOBAHHBIM OKOJIO BBICO-
Tl Y 3HayeHueM C) Bech 3aKJIO4EH B moJoce, rze n(y) > C
(mpuuéM OH KoJebyieTcA MeXAYy e€é KpasMu):

N

ya )

\//\/\

n< >
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Ot KoJeOaHHA [OeJaloT JIyd BOJIHOOOpasHBIM (C 3aBHUCH-
meit or mocrosHHOM C niamHOI BOJMHBEI X).

Koreunocty 3HaueHus X (C) mosydaeTca B TOM cJiiydae,
Korga 3HaueHune C He ABJIAETCA KPUTHYECKHM 3HAUEHUEM
IJIs MOKasaTeJsA mpejiomyeHus n: dn/dy # 0 B Toukax, rze
n(y) =C.

IIpn yBenmuenuu mocTtoAHHOM C 0 KPHUTHMUYECKOro 3HA-
yeHus n(Y) mokasaTens mnpesiomyieHUs: niauHa BOJHBI X (C)
pacTéT n0 0ECKOHEYHOCTH, a €€ aMILINTyZa CTPEMHUTCH K HY-
JII0, JIy4 MEePeXOofHuT B IpPAMYyIO y=1Y.

Yro6bl HOHATH, KAK M3BHJINCTOCTh Jiyded BJIHMSET Ha
n300pa'keHNsa YAAJE€HHBIX I[aJIbM, IOOCMOTPHM N3 TOYKH
(x=0, y) Ba manpMy, pacTyulyio Ha PacCTOSHHUU X.

Hapucyem sgyum a u b, Beayimme B TOUKY HaOJIOneHUA
(x=0, y) or BepHIMHLEI NAJbMbI XU OT €€ OCHOBaHMA.

B Touxe nHabmiogenusa (0, y) ayu a, uaymuii or Bep-
IINHLI, PacloJIO}KeH HMKe Jyua b, MAyIIEero or OCHOBAHUA
naasbMbl. [loaToMy m300pakeHHe MNaJIbMBI IEepPEeBOPAYHMBAaEeT-
CA—3TO U €CTh ABJICHUE MHpaxa.

3ameuanue. YToObI MOHATH BCE 3TO, HYYKHO SACHO IIOHH-
MaTh, KaK IeOMeTpHs CBETOBBIX JIyuel CBsA3aHa C cO3zaBa-
€eMBIMU MMM IJI HaOJIozaTeJa M300paKeHUAMH HCIYCKalo-
IOUX 3THU JIYYM OOHLEKTOB.
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Jdra CBA3h («IOCTpPOEHME H300pakeHHu#») B IIKOJIbHOM
Kypce (Gu3MKM O0OBACHAETCA IPH OMHCAHMHM JIMH3, HO Ma-
JIO KTO IOHHMaeT 3Ty Teopuio. (3a mMupaxaMu He 00a3a-
TEJbHO €XaTh B IYCTHIHIO: IJIANS JIETOM BJOJb ILIaTdOp-
MBI B OJKHUJAAHUU 3JEKTPUUKH, JIETKO YBHAETh BIAJNHU JIYXKH,
XOTsA mjaTdopMa COBEpPIIEHHO CyXxa: pasyMHBIE JeTH, 3aMe-
THB 3TO, NPUXOAAT K TEOPHMH, PAaCCKa3aHHO#M BhIIle, HO HX
MaJIo.)
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Bpemsa npuauBa, asjenue I'm66ca m Tomorpadus

ITpunue 6 zopode N Ovin cezodnsa 6 noadenv. Kozda ow
6ydem 3aempa?

Pemenue. IlpunuBel 00bACHAIOTCA NpUTMKeHNEeM JIyHEI:
rpy6o roBopsi, Ha IIOBEPXHOCTH 3eMJIM IIOJ BJIUAHUEM 3TO-
ro IpUTAXKEHHUA oOpasyloTca nBa ropba (ogMH HampasJieH
B cTopoRy JIyHEI, a APYyroili B IPOTHBOIOJOXXHYIO CTOPOHY)
SKBHUIIOTCHIIMAJBHEIX IOBEPXHOCTEH I'PABUTAIIMOHHOI'O0 IIO-
asal. Boga okeaHOB NHOA BJMSAHHMEM 3TOrO IMOJA CTPEMHUTCH
pacImoJIOXKUTECA TaK, 4YTOObl €€ IIOBEPXHOCTH CJexoBaJia
3TOM SKBUIOTEHIUAJNBHON IOBEPXHOCTH (Obljla «TOPU30H-
TAJIbHOM » ).

OTO M BHI3BIBAET NPUJMBBI: BeAb 3eMJI BpallaeTcs BO-
KpYT CBoeil ocH, gejiag o0opoT 3a 24 yaca, IO3TOMY BEpIIH-
Ha HampaBJeHHOro K JIyHe (mam oT He€) ropba naBHKeTCHA
OTHOCHTEJIbHO MATEPHNKOB 3eMJIH.

11 Kennep, u KonepEuk o6cy:xcAanu ABe BO3MOMHOCTM CHJBI Ipa-
BUTAIIMOHHOIO IPUTAXKEHUS — OHHM JAyMajii, 4YTO 3Ta CHJa yOhIBaer
C paccTossHHMEeM Ju00 oO0paTHO IPONOPIMOHAJBHO PaCCTOAHHIO, Janb6o 06-
PaTHO IIPONOPIMOHAJBLHO €ro KBaApaTy. 3aKJIOUeHHe 3Toro obcyxaeHuns
OBLJIO TAKMM, 4YTO oOpaTHasA MPONMOPIMOHAJBLHOCTh KBAJApaTy PacCTOAHUA
6onee mpaBpomozo6HAa, MHAaYe NPHJIMBHEL ObLIM OBl Ha HOpPAZOK OoJiee
BBICOKMMH.
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Kak wusBecTHO, JIyHa IBH)KETCA BOKPYr 3€eMJH M COBEp-
ImaeT IOJHBIA 00OpOT 3a Mecan (IpuMepHO 3a 28 xHei),
B IIJIOCKOCTH (9KJHMITHUKHU), HEe OYeHb CHJILHO HaAKJIOHEHHOM
K IIJIOCKOCTM 3€MHOI'0 3KBaTOpa, BpalllasiCh B «Ty e CTO-
poRy» (c 3amaza Ha BocTok, ecamu cmorpers ¢ CeBepa), 4TO
M BpalmeHue 3eMJIM BOKPYI' CBOEi OcH.

3a cyrku Jlyma cmecrmrcas Ha 1/28 o6GopoTra OTHOCH-
TeJIbHO 3eMJIM, IPMMEPHO B CTOPOHY €€ coOCTBEHHOro Bpa-
meauna. I'op6, npuraryrwiii JlyHoii, Oyaer 3aBTpa B HOJ-
IeHb HampaBJieH K HOBOMY HOJIOXKeHMIO JIyHBI, M, 4TOOBI HO
Hero npobpancsa ropox N, 3emiie HYKHO NOBEPHYTHCA eIIé
Ha 1/28 ob6opora. A Tak Kaxk 3eMJA COBepIIaeT IIOJHBIHN
obopor 3a 24 uyaca, TO eii morpebyercss, uToOBl ropox N
ImonaJj moj IPUJINBHON rop0, Bpamartbca emeé 24/28 ugaca,
T.€. npuMepHO 50 MUHYT.

HUrak, 3aBTpa OpUJIUB HACTynuT B ropoze N B 50 MuUHYT
IIEPBOTO.

3ameuanue. Pazymeercs, Mbl MCIOJIb30BAJI O4YE€HBb YIIPO-
IIEHHYIO MOZEJIb CJOXKHOI'0 SABJICHHS IPHUJINBA, CUUTaAA, UTO
BOJIa YCIIEBAEeT OTCJIeKHUBATh ropObl 3KBUIOTEHIIMAJIBHOM IIO-
BEPXHOCTH. B ZeHiCTBMTEJIHLHOCTH OHA OT HHUX HECKOJIBKO OT-
craér (Io-pasHOMY B pas3HBIX ropozax), Hallla MOJeJb OnljiIa
Obl TouHee, ecau Obl 3eMJyA Bpamiajgach MezJeHHee. IIpursa-
sxeHne CosHIIA TaK)Ke co3maéT mpuauBe (OHM cjabee JIyH-
HBIX, HO 0COOEHHO 3aMEeTHO CKAa3bIBAIOTCA B NEepHOALI Be-
CeHHero M OCEHHero pPaBHOAEHCTBUM, Korjga npubaBiIsIOTCS
K JIYVHHBIM, a He BBIYMTAIOTCSA M3 HUX).

Ho orBer —3amasawpiBanue Ha 50 MHHYT — XOpOIIIO HOX-
TBepKgaeTca HaOmiogeHMAMHU. Buaumo, 3zech CKa3bIBA€TCH
TO, YTO OTCTABAaHMWA BOJALI OT JIBUXKEHUA ropba cerogHs
H 3aBTpa NIPUMEPHO OAWHAKOBBI.

HeTajlbHOE IIpeACKasaHNEe IOPUJINBOB B OIpeleIeHHBIX
reorpadmyecKMX NOYHKTax TpeOyeT 3HAYMUTEJbHBIX MaTeMa-
THYECKNX PacuyéeToB.

3aHNMasACch 3THUMH pacuéramu, J[x.I'm66c oOHapPy:KUI
9KCIEePMMEHTAJIbHO CJIENYIOIMUI MmopasuTeJbHBIH (akxT (ce-
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rofHsa Ha3bIBaeMblil «aBJieHMeM I'mO6ca», HO He BXOAAIUHA,
K COXXaJIEHWIO, B KYPChl MaTeMaTHYeCKOro aHaJN3a):

npeden zpaduroe Qyrryuil cxodaweiica nocaedoéamenv-
HOCMU MOJXCem Cepbé3H0 Omauiamuvcs om zpajdukra npe-
OenbHOll pYHKYUU.

Heno, pasymeercsi, B TOM, UYTO IIOCJIeAOBATEIbLHOCTH MO-
JKeT CXONHUTHCA HepaBHOMepHo. I'm66c 3ameTmy 3TO, pasjia-
rafd paspheIBHYIO QYHKIHUIO B pAx ®Pypre. OK0JI0O TOUKH pas-
peIBa (ImpocTeilrero THIIA) npezes rpadmMKoB YaCTHBIX CYMM
COJIEPKHUT, KPOMe OTpe3Ka, COeNUHAIONIEro IpefesbHbIe Jie-
BO€ M IIpaBoe 3HaA4YE€HHs, ero npopomxenusa (AB piuHHee
yem A'B’ npumepHo Ha 9%).

A Jﬁ:

T

Cerogasa ato aBjeHMe I'm606ca McHmoJIb3yeTcss B TOMOrpa-
¢dun, roe oHo o0BACHAET HabilozaloIeca Ha TOMOrpaMMax
«apTedaKThI»: IOBBIIIEHNE SAPKOCTH CEYEHHUS Tejia IIJIOCKO-
CThIO B TOYKAX JABOMHBIX KacaTeJbHBIX M KacaTeJbHBIX IIe-
pernba K cCe4eHHUAM KOCTEH.
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Bpamenune KHIKOCTH

Cmarxan uwas nocmasuniu HA PABHOMEPHO 6PAU,AIOWUILCA
namegonnuvLii duck (Hanpumep, Ha cepeduny amozo ducka,
maxK 4mo O0Cb 6pawjeHus coenadaem C OCbl0 CcumMmempuil
cmakaHa).

Raxyio ¢opmy npumem noeepxrocmbv uas?

Pemenue. I3 cuMMeTpuu sCHO, 4YTO 3TO OyZeT moBepX-
HOCTh BpallleHusd, ¢ ypaBHeHHMeM Bujxa z = f(r), rme r—
paccTossHME OT OCH BpAaIlleHMUs, a 2 — BBICOTA 4Yad.

ITlerTpobe)xHas cuia, AedCTBYIOIIadA Ha Maccy m Ha pac-
CTOAHUHU I OT OCH BpAaIleHUs C YIJIOBOM CKOPOCTBIO (W, CO-
cTaBJAeT Mmw?r, a cuia TATOTEHUS COCTABJAET mg.

e,
—
——
—_—
—

NED)

YcsoBHue OPTOroHAJLHOCTH pe3yJbTHpPYIomen cuisl R mo-
BEPXHOCTH Yas COCTOMT B TOM, YTO TAHIeHC yrIJjia & 3TOH
IIOBEPXHOCTHU C N'OPHM3OHTAJBHBIM PaZWyCOM CTaKaHa paBEH

mawir

mg

=cr,
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(rme mMOCTOAHHAA C = w?/g He 3aBHCHT OT TOYKHM IOBEPXHO-
CTH uasdg, HO OBICTPO PacTET ¢ YIJIOBOM CKOPOCTBHIO Bpale-
HUA ).

Mgz monyyaeMm ana GyHxunuun [ nuddepeHnuaibHOE ypaB-
HeHMe, (yKasblBalollee HAKJIOH rpadpuka 3Toil QPyHKIHNH):

_=cro
dr

Ero pemenue

f(r) =£(0) + 5r’

IIOKAa3bIBaeT, YTO IIOBEPXHOCTh 4Yasg MMeeT BHJ napabosionza
BpallleHus.

3ameuanue. Hame nuddepennuanrHoe ypaBHEeHUE O3HA-
yaeT, YTO KacaTeJbHad K mapaboJie AeJHUT IIONOJIAaM OTPE30K
ocu aberucc: |OT|=|0X|/2, Tak rak (cr?/2)/(cr) =r/2.

£

0 i
T x

HOna napabonbl creneHM a ObLIo OBl (Kak 3HaJa emé Ap-
xumern) |[TX|=|0X|/a: pna xybudeckoit mapaGonsl T BaBOE
oamxe K X, gyem K O.
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Kakasa cuixa roHuT BejocHumnexn Buepén?

Huocnioo nedanv HenoOBUICHO CmMoAuez20 HA 20PU30H-
maavHoM noay eeaocuneda nomanyau Hasad. Kyda nepe-
Mecmumca eeaocuned u 6 KAKYI0 CMOPOHY CMeCmMusach
nomsaxHymas Ha3ad HUMCHAA nedanb OMHOCUMENbHO noaa?

Pemenue. O6o3naunMm uepes | aauBpy maryHa (OT mezanu
N0 KapeTKH), 4Yepe3 © M I PaAUyChHl IepeiHed U 3ajHeH
3BE€3/I04YEK, 4yeped R paguyc 3agHero KoJjeca.

O6o3HaUMM Yepe3 X IepeMeleHHe Hnefajyl OTHOCHTEJIb-
HO KapeTKM (HampaBJjieHHoe Hasax). HuixkHum 3y06 nmepemHein
(a 3HaumT, M 3aJHEN) 3BE3NOYKM IIEPEeMECTHUTCS Hasaj Ha
paccroarue y = x(p/l).

3HauuT, 3aJHEee KOJIeCO IIOBEPHETCA Ha TAKOM YroJi, 4TO
TOYKA KaCaHMA €ero ¢ ImOoJIOM IPOHAET pacCTosHUe

o=1(8)==() ()

ITornaneB Ha BesocuIelx, MBI OIleHMBaeM 3HAUYEHHA IIa-
paMeTpoOB Kak
l~2p, R=~10r.

3H&‘IHT, IIepeMeIneHe 2 BeJIOCHuIIeJa OTHOCHUTEJIBHO IIoJia
COCTaBHUT pacCTOsAHUE

z2~ bx (Bmepén!).
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Tax cMmelaeTcsa KapeTKa, Hefajb K€ CABUHETCA OTHOCH-
TeJHHO KapeTKH Ha X HasajJ, a OTHOCHTEJbHO IoJjia Ha 4x
BIIEpEL.

OtBer. Besiocunes czaBUHETCA BIIEpEXN, M IOTAHYTaA Ha-
3a] HW)KHAS Iefajib TOXKe BIepEéN, HO OHAa CABUHETCA BIIe-
pén Ha 20% mMeHbIIIE, Y4eM BeChb BEJIOCHIE[.

3ameuanue. Kaxerca yIuWBHUTEJNBLHBEIM, 4YTO HAaIpaBJIEH-
Hasi Hasaj (ODpUIokKeHHas K Iejajii) CHja CABHUHYyJa Be-
Jocunen Buepén. Ho BpamieHEme 3aJHEro KoJieca BBI3BAJIO
B TOYKE ero KacaHUs C IIOJIOM HaIPaBJEHHYIO BIEPEN CHUIIY
TPeHNs, KoTopas U mobexuia.
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dnmuncel 'yka 1 Kemepa m ux xondopmHabie
npeoO6pa3oBaHUA

Touka eexaudosoii naockocmu, npumszueaemas Ha4a-
J0M Koopdunam ¢ cuaoi, nponopuuona.nbnou paccmosHuo
do nezo («3axon I'yxa», Z = —w?3), deuremca no aarauncy
I'yka ¢ yenmpom 6 navane xoopdunam:

x =acos(wt), y=>bsin(wt) (*)

npu Hadaexawem 6vL00pe Oexapmosvlx KoopduHam X u Yy
HQ nJaockocmu 08UNCEeHUS.

'~
N “x
la,:—wzi

I'pasumayuornnoe noae (npumasaicenus, Cura KOmMopozo
00pamHO npPonopyuUOHALbHA Keadpamy pAcCmoOAHUAL OMm Ha-
Yaana kKoopdunam) 3acmaénsiem npuUmMAZUBAEeMYl0 MOYKY
(npu He cauwrxom Oonvwoil HawaabHOU CcKopocmu) 08u-
zamvca no aaauncy KRenaepa, 6 odnom u3 ¢poxycoe rkomo-
Poz2o Haxodumca npumasazuealwuil yewmp.

Hoxaxume, umo ecau ciumamv e6KAUO08Y NIOCKOCMb
dsuicenus KomnaekcHoii npamoii (2= x + iy) u eo3zsecmu
mouku z aaaunca I'yka 6 keadpam, mo OHU 3aanym an-
aunc Kenaxaepa.

e

F &5
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Pemenune. PaccMOTpUM KOMILJIEKCHOE YWUCJIO MOAYJIA I
M aprymMeHra wt, '

{ =re'®* = rcos(wt) + irsin(wt).

1

O6paTHOe KOMILJIEKCHOE YKCJI0O MMeeT MOAYJbL I - M ap-

IrYMEeHT —wt:
{t=r"1cos(wt) —ir!sin(wt).
CiezoBaTeJbHO, CYMMA 3THX ABYX KOMILIEKCHBIX UYHCEJ
Z=C+{1=(r+r1cos(wt) +i(r—r1) sin(wt)

ODPpUHAAJIEeKNT 3janncy I'yka, Ijgsd KOTOporo
a=r+rl, b=r—r1,

M=l OyzeT mpenmoJiaraTh AJIsE IPOCTOTHI, uTo r > 1. Torga
asumnne I'yka mmeeT OOJIBIIYIO MOJIYOCH @ M MANyI0 MOJY-
ock b. IIBmkymasica mo 3akoHy I'yka Touka mpoberaeT omuH
pas 3TOT 3JLJIMIIC, KOrja Touka ( mpoberaer ofMH pa3 BCIO

okpyxHOCTH |{|="r.
N

DoKyChl HOJYYEHHOI'O 3JIJIUICA HAXONATCA IIO TeopeMme
IIndaropa c? =a? — b?> =4, Tak uTO paccTosiHMe OT IIeHTpa
no ¢oryca paBHO 2.

Bce ammuncel ¢ TaKMM pacCTOSHHMEM MeXAy (orycaMu
IOJIy4alOTCA 3TOM KOHCTPYKIMEH (IpHM HOAXOAAINEM pajgmny-
ce r UCXOZHOM OKpYsKHOCTH). Bce BooOImIe ajutunchl (C IeH-
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TPOM B Hayajle KOOPAWHAT) IIOJYYaIOTCHA 3TOM KOHCTPYKIIH-
el IpM HDOAXOAAINEM BbIOOpe HANpaBJIEHUSA OCe KOOpAMHAT
M eJUHHIBI MacIluTaba. :

BosBeéM B KBajgpaT KOMIUIEKCHBle umcaa Z = + (!
nocTpoeHHoro 3junnca I'yvka. Mel Haizém

52+C2+2.

Korza Touka { npobGeraeTr oavH pa3 OKPYXHOCTH pa-
nuyca r, { = re’“t, 'roqrca {2 = r2e?«t ppoberaer ABAMKABI
OKPY’KHOCTBL pajuyca re.

IloaTroMy ToOuKa

wW=_%+ 2—X-HY

¢
npoberaer pnBakAbl 3Jumnc I'vka ¢ meHETpoMm B Touke 0
K pacCTOSHHEM 2 OT IeHTpa o0 PoKycoB (B Toukax ¢ = +2):

X =Acos(2wt), Y = Bsin(2wt).

Ho Z2 =W + 2. IlosTomy Touka Z2? mpobGeraer (ZBaibl)
asnunc ¢ pokycamm 0 um 4 (t.e. snmnmnnc Kensaepa), 4ro
U TpebOBaJIOCH.

3ameuanue 1. Ilombupasa nooxxoxdAImuili HadYaJIbHBIN 3JI-
Junc (¢ meHTpoM B Hauyajie KoopauHart Z = 0), MOXHO ITIO-
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JYy4ATH B KadeCcTBE MHOMKECTBA ToueK Z2 mio6oil sumc
¢ ¢oxkycom B Touke 0. ITO mosiydaeTrcsi M3 IIPUBELEHHO-
ro pacCCMOTPEHHMSA CIEeNHAaJIbHBIX 3JIJIAICOB (%) BHIOOpOM Ha-
IIpaBJIeHUiI oceil KOOpAWHAT M eOWHHUILI MacluTaba.

3ameuanue 2. [[BuxkeHume no 3akoHy I'yxka BZoJb 3JI-
aunca I'vka He mepexoZUT IIPM BO3BEAEHMM TOUYEK 3JIJIMIICA
I'vka B KBajgpaT B ABMKeHMe mo aJjanuncy Kemepa, cooT-
BeTcTByIOIee 3aKoHYy Kensepa. llelicTBHTEJNBLHO, IIOCTOAH-
Hblé CEKTOPMAJIbHBIE CKOPOCTH IIPU BO3BEJEHMM KOMILIEKC-
HBIX TOYEK B KBaJpaT IepecTaloT OBITh IOCTOAHHBIMH (Tak
KaK, XOTA YIJIOBble CKOPOCTH BCEro JHIIL YJABauMBaIOTCH,
KBaJpaThl PacCTOAHUA IO Hadajla KOOPAMHAT YMHOMKAIOTCH
IIPM BO3BEJEHMHM KOMILIEKCHBIX YHCeJ B KBaJApaT Ha pasHbIe
qyucia).

3amMeuanue 3. YAMBHUTEJLHBIM 00pa3soM BO3BEIEHHE KOM-
IUIEKCHBIX YHCeJI B HAJJIEKAaINyl0 CTeleHb IIEPEBOJUT Op-
OMTHI ABM)KEHUA B IEHTPAJHLHOM IIOJie, CHJIa IIPUTAKEHUSA
KOTOPOro IIPONOPIIMOHAJIbHA PACCTOAHUIO O IIeHTpa B CTe-
IIeHN O, B OpOMTHI ABM)KEHUS B I€HTPAJIbLHOM IIOJie, CHJIA
MIPUTAMKEHUS KOTOPOro IPOINOPIHMOHAJBHA PACCTOAHUIO 0
IleHTpa B cTemenu [.

3pech mokasatenu o U [ ABOMCTBEHHBIX 3aKOHOB IIPHUTA-
KE€HHUS CBA3AHBI COOTHOIIEHUEM

(x+3)(B+3) =4.

IIpumep. 3axkon I'yka coorBercTByeT o =1, a 3aKOH BCe-
MHMPHOTO TATOTEHMA COOTBETCTBYeT [ = —2.

IloxaszaTens cTemeHM, B KOTOPYIO HAJ0 BO3BECTH TOYKH
OpOMTHEI B (-T0JIe, YTOOBI MOJYYUTEH TOYKH opOuTH B 3-moie,
cocrasisaer y = (a + 3)/2.

Hanpumep, npu o =1 nmonydaem Yy =2, T.e. 3JUIHAICHI
I'vka mepexomar B asiuncekl Kemiepa npu Bo3BeJeHUHM KOM-
IUIEKCHBIX YMCeJI B KBajpar.

A npu a = -2 mnoaydyaem Yy = 1/2, T.e. asnuncer I'y-
Ka moaydalorca u3 aJjuuncoB Kemsepa npu M3BJIeYeHUM M3
KOMIIJIEKCHBIX 4YHCeJl KBaJpaTHOIO KOPHA.
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HNuTepecHO, uTO (ABOMCTBEHHBIE APYT APYry) 3akoHH I'y-
Ka ¥ BCEMHUDPHOI'O THATIOTEHHUS OMMCHIBAIOT JABAa €JWHCTBEH-
HBIX IEHTPaJbHBIX IIOJI, B KOTOPBIX Bce OpOMTHI, OJH3KMeE
K KpPYroBBIM, 3aMKHYTBI: B JAPYrHMX CJy4YasgX OHM WMeEIOT
nofoOHBIN 3MUIMKJIOUAAM BHJI (B KOJBIAX MEXAY AaIolleH-
TPaMMU M NEPUILEeHTPaMH).

3ameuanue 4. YKasaHHOe Bblllle IIpeobpasoBaHME OPOUT
IBMKEHMA B IEHTPAJIBHOM IIOJIE CTEIEeHW ! B OpPOUTHI IBHU-
XeHUA B IEHTPaJbHOM IOjie JBOWCTBeHHOH cTemeHM [ co-
XpaHfAeTCad ¥ B KBAHTOBOM MeXaHUKe: pEIIeHNsA ypaBHEHUA
IIIpénuHarepa, COOTBETCTBYIOIHE IIEPBOMY IIPHUTATHBAIOIIE-
My IOJIIO, IEepPeXOomAT IpPH 3TOM IpeoOpasoBaHMM IIJIOCKO-
cTu B pemreEnsa ypaBHeHus Illpéaunarepa, cooTBeTCTBYIOIHE
BTopoMy (R.Faure, 1953: Transformations conformes en
mécanique ondulatoire. C. R. Acad. Sci. Paris. T. 237.
P. 603—605).

XoTs 3TOT BBIBOA M MOXKHO IIOJIYYHUTHh IPAMBIMH BBIUHC-
JeHUAMH (DOZOOHBIMM NPUBENEHHBIM BHIIIE), I'Opasfo IIPo-
Ime mnpeoOpa3oBeIBaTh, He perneHusa ypaBHeHuit Illpéaunre-
pa, a JlarpaH)KMaHbl BapMaIMOHHBIX IPHUHIIMIOB, KOTOPHIE
€My 3KBHBaJICHTHHI (IpeoOpa3ys COOTBETCTBYIOIIUM 00pasoM
TaK)Ke 3HAYEeHUA IIOJIHOM 3HEpPruM M coOCTBEHHBIE YMCJIA).

HNHTEpECHO OTMETHUTH, YTO BCS ONHCAHHAA BHIIIE TEOPUA
ABOIICTBEHHOCTH MeEXKJy IOJAMH C HNOTeHImajaMu |Ow/0z|
U |0z/0w| mepeHocHuTCA (M B Caydae KJIACCHUECKOH MeXaHM-
KN, U giaa ypaBHeHua llIpéauarepa) co cayuas KoHOpPM-
Horo orobpaskeHus w = 22 aBoiictBeHHOCcTH I'yka—Kensepa
He TOJIbKO Ha caydai w =2 (Bbimre Oblio y = (o + 3)/2
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naa cuin cremenedt o m 3, (x+ 3)(B8 + 3) =4), HO Tak Xe
¥ Ha ciaydail «Yy = 0o0», COOTBETCTBYIOIIUNA KOH(POPMHOMY
oroOparkeHnio w = e®, z=Inw. (Bo3Hukalomee 3xech CTpaH-
Hoe coorHomeHMe «w® =Inw» 0O6BACHEHO HUKEe B OUYEPKe
«MaTeMaTH4ecKoe HOHATHE MOTeHIMajla», cM. ¢c. 89—100.)
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Y CTOMYHMBOCTH INEPEBEPHYTOr0 MAaATHHKA
M mBeiiHag MamuHEKAa Kanmuier

ITycmv mourxa nodseca masmhuka cosepwaem Koaeba-
HUA 6 6epmuKaabHOM HanpaséaeHuu, 2 = acos(f2t). Ecau
yacmoma () amux kKoaebarnuil docmamoyHo 8enUKA, MmO ne-
peééprymulii 86epx Hozamu maamuukr (Ha pucynxe @ =0)
6ydem Yycmoiiiueo cmosmb 66epx HO2ZAMU.

4

2

<

Pemenne. Ilepexona Kk (HeMHepUMAaJIbHOM) CHCTEME KOOP-
OUHAT, B KOTOPOM TOYKA IIOABeCa HENOABHKHA, MBI JOJIXK-
Hbl OyzeM npubGaBUTh K JHEHCTBYIOIIEHl HAa MASATHUK CHJE
TATOTEHUS CHJY HWHEPINH, IPONOPIIMOHAJIBHYIO YCKOPEHHUIO
CHCTEeMBI KOOPZHHAT,

2 = 0%acos(Nt).

ITO 3KBHUBAJIEHTHO COOTBETCTBYIOIIMM KoJieDaHUAM IIO-
CTOSHHOM TAroTeHUs g B OOBIYHOM ypaBHEHHHU (IIepeBEPHY-
TOr0) MasTHUKA JJIUHEI [,

® = (l/g) sin .

HUccnepoBanne Bo3HUKaOIEro auddepeEnualbHOr0 ypas-
HEHHUs BTOpPOro mopsazka (C mepHoAMYECKH MEHSAIOIMMHUCH
CO BpeMeHEeM KO3(pdHUIMeHTaMM) HOCTABJIAETCA «TeopHuei
KAM» (cMm., Hanpumep, kBUry: B.ApHONbA, A.ABen «9p-
roguyeckue npoOsieMbl KJacCHUYEeCKOM MexaHUKM», 1967,
nepens3gasHyo B 1999 rogy B MkeBcke pemaxkuuii KypHa-
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na «PerynspHad ¥ XaoTWdyecKasa JAWHaAMUKa», c. 87—90,
245—263).

3aMeHAA TPYAHOe HeJIMHEeHHHOe YpaBHEHHE JABM)KEHUIl Ma-
ATHUKA JMHeapusaluei, mojiyuaeM JIMHeHHHoe «ypaBHEHUeE
MaJIBIX KoJie0aHUii» IepeBEPHYTOro MaATHUKA

®=(l/8) .

CobOcTBeHHBIE UHCJIa olmepaTopa MOHOAPOMHUM 3TOr0 JIH-
HEefHOr0 ypaBHEHMA C IIEePHUOAUYECKMMH Ko3(dduimueHTaMH
MOKHO BBIYUCJHNTH, XOTsI OBl IPUOIMKEHHO, MHTErpUpPYydA
3T0 ypaBHeHue B TeueHme nmepuosa (0 <t < T=2n/?) xom-
IIBIOTEPOM HJIM C IIOMOINbIO TEOPMH BO3MYILIEHUM (KakK 3TO
ONMCAaHO, Hanmpumep, B KHuUre: B. ApHoabl «OOBLIKHOBEHHbIE
nuddepeEInalbHEIE YPABHEHUA», €. 281—289 B yeTBEPTOM
n3gaann, Uxesck, 2000).

B pesynsTaTe s IEPEeBEPHYTOr0 MAaATHUKA IJIUHOH
l=20 cM M aMIJIHUTYyZOH TOYKH moaBeca 1 cm cobGcTBeH-
Hble YHCJIa OIllepaTopa MOHOAPOMHMH JIOCTABJIAIOT YCTOMNYM-
BOCThb IIOJIOXKEHMs paBHOBecus ¢ = 0 JIMHeapu30BaHHOIO
YpPaBHEHHA IPM BEPTHUKAJBHBIX KOJIE0AHHAX C YacTOTOH
bosiee 30 xosebaHML B CEKYHIY.

BriBOZ, UTO 3Ta YCTOMUYHUBOCTH COXPAHAETCA U IJIA HEJH-
HEeMHOro MasTHHKA, BOBCE HE OUEBHJIeH, HO BepeH.

3ameuanue. IlpuBezéHHasA 3aaua BO3HUKJIA B TEOPHUU
yckopuresieii. OQuH U3 IPOEKTOB OCHOBBIBAJICA HA YCTOM-
YHUBOCTH IIEPEBEPHYTOr0 MASATHHKA C BEPTHKAJLHO KOJIeO-
JIIOIIeMcA TOUKOM moaBeca (Bompoc 00 YCTOMUYMBOCTH KpY-
rOBOro JBHKEHHUA YCKOPAEMBIX UYACTHUIL, CBOAHJICA K TaKOMY
’Ke ypaBHEHUIO).

II. JI. Kanuna npemyiosKmj, IOpe)Kie 4YeM TPaTHUThL MHJI-
JIMOHBI HA CTPOMTEJLCTBO YCKOPHUTEJISA, 3KCIEPUMEHTAJIBHO
IpOBEPUTHh BHIBOA O MaATHHMKe. OH mepenesaj 3JEKTpUUe-
CKYI0O IIBEMHYIO MAIIMHKY TaK, YTO €€ BpallleHue AOCTaBJIA-
JIO BEPTHUKAJIbHBIE KOJIEOAHMS TOUKHM IIOABECca MaATHHKA.

MaATHHUK YCTOHYMBO CTOSJ BBEPX HOraMM, a Ipu HebOJIb-
IIIOM OTKJIOHEHWH B CTOPOHY HAYMHAJ KadyaTbCA BOKPYT 3TO-
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ro BEpTHKAaJbHOIO IIOJIOJKEHUsSA, KaK KadaeTcA OOBIYHBIM Ma-
ATHHAK OKOJIO CBOEro HM)KHEro HOJIOKEHHS PaBHOBECHUS.

Korpa II.JI. Kanunma Oblnm mpexacezaTesieM OPrKOMHTETA
(pU3UIECKOMN OJIMMIIMAZABl IIKOJBHUKOB, a B.W.ApHoabg —
MaTeMaTU4eCKo#, npuuyém oba oprkomurera 3acegayu (B Un-
cruryte ¢(usnpobisiem) cosmectHo, II.JI. mokasan uyieHaMm
3TUX OPrKOMHTETOB CBOIO INBEHHYIO0O MAIIMHKY C MAasTHH-
KOM, COXPaHUBIIYIOCSA B CocelHEM KaOMHeTe KaK pPEeJIMKBHA.

He unmMess aneKTpuuecKo#l IBeifHON MamuHKH, B.MHU. Ap-
HOJIbJ] IIPMCIIOCOOMJI JJI CO3JAaHUSA BEPTHKAJBHBIX KoJieba-
HUM TOUYKHU IIOoABeca MasgsTHHUKA 3JeKTpoOpuTBy «HeBa» (BuOG-
panuoHHOro THma)l.

/—\ 7 K
{9
2 (r, j%_} 5

\_,/

BepxHee moJsio)xeHMe paBHOBECHUS OKAa3aJIOCh HEYCTOMYH-
BBIM, TaK KakK AJuHa MadaTHHUKa [ =20 cM Omlia CIOAMIIKOM
Beauka. Ilpumaocs mpozesnath (JIMHeapM30BaHHBIE) BBIYNC-
JIeHNs, pe3yJIbTAaThl KOTOPBHIX IIpMBEJEHbI BHIIIIE.

Ilocnre ymMeHbLIEHMA MAJUHBI MaasTHHKa a0 10 cm ero
KosebaHus (OKOJI0O BEPXHEro IOJIOYKEHUS PAaBHOBECHA) CTaJIN
YCTOMYMBEIMH, U Torza B.W.ApHoJbZx AOKasaj 3Ty YCTOM-
9uBOoCTh npu nmomoimmu Teopum KAM (yxe ¢ 1961 roma pac-
IoJlaraBImIel HY KHOM oO0mieit «TeopeMoii 00 yCTOMYMBOCTH
QIUIMNITUYECKNX HENOABM)KHBIX TOYEK», OOOCHOBBHIBAIOIIEHM
BO3MOXXHOCTh CYAHTHL 00 YCTOMYMBOCTU HEJIMHENHOM cucre-
MBI 110 €€ JIMHeapHu3alum).

!Bupneosanuce paGoTs Toit camoii 3JICKTPOOPHUTBEI €CTh Ha caiiTe
«Maremarrueckue atioasi» (http://etudes.ru).
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YckopuTeay OBLIM K TOMYy BPEMEHH YiKe IIOCTPOEHBI, TakK
KakKk (U3MKOB yZOBJIETBOPMUJIA 9KCIIEPUMEHTAJIbHAA IIPOBEPKA
yCTOMYMBOCTH B ombiTax Kamunbl co IIBeHOM MAaIIMHKOM
(HecMOTpPs Ha TO, YTO OHM He pacHmojiarajii eiié MaTeMaTH-
yeckoit Teopueit KAM, cTporo mokaspiBaloIeil 3Ty HETpH-
BHAJIbHYIO HEJIMHENHYI0 YCTOMYUBOCTB).
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Kocvuueckuit moaér 3ariaymku or (poToOKaMepsl

Kocmonaem aemawezo no kpyzoeoii opbume wxopabas
opocun K 3emae 3azaywky om gomoannapama (Craxcem,
co cxopocmvio 10 m/cex). Kyda ona noaemum?

Onucamdv opbumy 3azaywkKu OMHOCUMENbHO KocMuye-
cK020 Kopabas (6 naockocmu opbumbt).

Pemenne. O003HauMM duYepes3 I pacCTOAHME JO IEHTpA
3eMIM M 4Yepe3 ¢ IEHTPaJbHBIA yroj (OTCYUTHIBAEMEIH OT
KaKoM-anbo Touxkm opbuTel). IIpmMem paamyc opOuTHI 3a
eIMHUILY JJUHBI, 8 €IUHUIY BPEMEHM BhIOEpeM TaK, UTOOBI
nepuos obxoxa opbuTer ObLI 27.

\

HuddepernuanbHble YpaBHEHUSA 3aKOHA BCEMHPHOI'O THA-
rOTeHUA 3aIllUCHIBAIOTCA B 9TOM cHUCTeMe KOOpAMHAT B BHJE
4 r
r—=—-—r.

3
Mbel wmcciaenyeM pelleHHs 3TOrO YpPaBHEHUd, OJM3KMe
K Kpyropomy aBmKeHMIO (ro=1, @o=1t). Umem ux B BHUJE
(r=ro+r, @ =¢o+ ¢1) U moay4aeM I BO3MYIIEHHUI
r M @, Docje JUHeapu3alWu{, YPDAaBHEHUSA B BapHalUAX

ry=38r; + 2¢1, g.bl = —2r;.

PemaeM aTH ypaBHEeHHA NpH 3aJaHHBLIX B 3a7jaue HAYaJb-
HeIx yeaoBuax (r1(0) = ¢1(0) = ¢,1(0) =0, r1(0) = -1/800,
TaK KaK IepBad KOCMHUYECKas CKOPOCTb, paBHadA 1 B Hameit
CHCTEeMe KOOPAMHAT, COCTaBJAET OKOJIO 8 KM/CeK).
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ITonyuaerca 7y = —ri;, YYATHIBaAsg HadYaJbHLIE YCJIOBHUA,
MBI IOJIy4aeM

r1=—§%sint, galzﬁ
9TO O3HAYaeT, YTO 3arjyllKa JABMMKETCA II0 JJIIHICY
¢ 0OJIBIIIOM OCBhIO MPHUMEPHO 32 KM M MAaJIOil OChIO IPHMMEPHO
16 kM, HmeHTP KoToporo HaxoxutcA 3a 16 KM oT Kopab-
Jsa BHepenu Ha opOure. Yepes mnpuMepHO ©oOJTOpPa dYaca
(mepmon oOpameHMA KopabJyia) 3arjymkKa IPOHIET CBOIO
CTOKHMJIOMETPOBYIO 3JLIMITHYECKYIO OPOMTY OTHOCHTEJILHO
KopabsA M BepHETCA K HEMYy CBepxXy, IpoHaA oT Kopabis
B HECKOJIBKMX JIeCATKaX METPOB BCJIEJICTBHE OTJHUYHUA CBOEro
IBUIKEHUSA OT PACCMOTPEHHOrO IIEPBOro HIpHOJIMIKEeHHI.
3ameuanue. OnMcaHHBIM DOJET 3arjymIKH HMeJ MECTO
IIPH BBHIXOJZEe B KOCMOC KOCMOHaBTa JleoHOBa (pacckas Ko-
Toporo m npuBés B. B.Besenxoro Kk npuBeféHHBIM BHIIIE
BBIYMCJICHUAM).

JleoHOB, OZHAKO, CKas3aj, 4To OpollleHHAss MM K 3eMJie
3arJIyIIKa «Tyha M IoJIeTejia»: OH He OMKHAAJ, 4YTO OHAa
(uepe3 mosiTopa daca) BepHETCA oOpaTHO. ITO OIMMCAHUE IKC-
IIepMMEHTa NPaBHJIBHO: IEPBHIA KHJIOMETP CTOKHJIOMETPO-
BOI'0 3JUIMICA MaJI0O OTJIMYAETCA OT NIPAMOro OTpe3Ka HIYTH
K 3eMjie, a Ha OOJBIINX PACCTOAHMAX 3arjylIKy yKe He

OBILJIO BHIHO.

cost.

40



IInaHeTHBIE KOJBIIA

Heuzasacv no ceoeit opbume e6okpyz Coanya, naare-
ma ¥Ypaun 3azopoduna coboii om SBemau (Ha Hexomopoe
Heboavbwoe epemsa) 0anéxyio 36e30y. ACmpoOHOMbL 20MO6U-
AUCL K 3momy cobvimuio 3a00n20, HO, 6 HYNCHYIO HOUD,
36e30a cmaaa Hesudumoii paHvwe epemenu. ITomom oHa
nos6ULACh, UCHe3na Oonambv, U MAaKUX uciesnHoseHull 00
«npoxoxcdenus Ypana no Oucky 36e30bl» HAOGAINVOANOCH
yemablpe.

ITocne amozo 36e30a ckpwuinacv 3a Ypanom, Kax npeo-
CKQ3bl8ALU ACMPOHOMYL, Oblla 3a20p0XHCEHA UM npednoaa-
zasuleecs 8pems, CHO8a NOABUNLACHL — HO 3amem HaA HebOJlb-
wue eépemena uciesana ewé 4 paasa.

Kax o6sacHumb amu ucue3noseHus?

22,

Pemenue. HaubGoJsiee ecTecTBeHHOe IIPEAIOJIOXKEHUE —
4TO IJIaHeTa YpaH, nomo6Ho CaTypHY, OKpyXeHa KOJb-
oDaMy. YeThipe KOHIEHTPUUECKHUX KOJIbIIa, pas/ieiéHHbIe
(kax u y CaTypHa) measaMy, LOJKHBI 3arOPaKMBATh 3BE31Y
4 pasa 0 1 4 pasa mocjie MPOXOXKJEHUA YpaHA MHMO Heé.
Ha6monerusa gocTaBiasioT pasMephl KoJiell M Imeseii.

3ameuanue. Illean mexay xoabmamum CarypHa 00BSCHA-
IOTC BO3MYILIAIOIIUM BJIUSAHUEM IIPUTSKEHUS COCTABJIAIO-
MUX KOJIbLla I'ILIO JIbAa CO CTOPOHBI CIYTHUKOB IIJIAHETHI.
Takoe BoaMymeHMe HenaeT HEYCTOMUMBBHIM JABHIKEHHE IJIbI-
Ob1 mo op6uTe Ha TakOM pacCTOAHWHM OT IIAHETHI, 4TO 00-
PameHue mo 3Toil opOuTe coBepIIaeTCA B pe30HAHC C obpa-
MeHneM COYTHUKA (CKakeM, CO BABO€ MEHBINIHNM IIepHOAOM,
9eM nepuoj obpammeHNsa COYTHHMKA: OIMACHEI AJIA YCTONYMBO-
CTH panmyoOHaJbHbIE OTHOIIEHUS IEPHUOAOB).
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Pa3sMepsl HaOGJNIOAEHHBIX IIPM IPOXOXKIEHHMHM YpaHa Ime-
Jei MeXXJAy ero KoJbIaMH IO3BOJHJIH acTpoHOMaMm (Ppux-
MaHy ¥ Ap.) OpefcKasaTh pajguychl OpOMT OATH BO3MYIAlO-
IMMX CIYTHHKOB YpaHa, KOTOphle He OBLJIM €Ilé M3BEeCTHHI
(20 OBLIM 3aTeM OTKPHITHI IIPH IOCJexoBaBIIeM mojiéte «Bo-
amKepa» MHMO YpaHa).

HHTEepecHO, YTO MEXKAYHAPOAHBIN aCTPOHOMHYECKHH KYyp-
HaJl OTKa3aJicid ONyOJMKOBATH IPEACKa3aHUs COBETCKHX acT-
POHOMOB, MOTHUBUPYS 3TO TEM, UTO «XXYpPHaJl H3LaéTCH
B CTpaHe, I'Zle TOCIOJACTBYET Apyras TeOpHs Iejieil B KOJIb-
max CarypHa».

JTa «Apyras TEOpHUA» TOXKe IIpeACKasbIBajia CIYTHUKHU
YpaHa, HO UX-TO KaK pa3 He OKas3ajJloCch Ha MeCTe B Jei-
CTBHUTEJBbHOCTH, I aMepHMKaHCKadA sKcmeauuusa <«Bosmsxepa»
X He OOHapyXKHja.

M=ue kKaxxercsa, HobOeseBckue nmpeMuy cCHemUaJIbHO CO3Za-
Hbl JJI7 YBEHUYMBAHHS MMEHHO TAKMX HAYYHBIX OTKPBITHH,
MOATBEPKIAEHHBIX BIIOCJIECTBHH 3KCIIEPMMEHTAMH HWJH Ha-
OJII0IecHNAMH, KaK ONMCaHHaAA TeopHsa KoJjeln YpaHa.

Ho amMepumkaHCKHE aCTPOHOMBI, C KOTOPBIMH S 3TO BIIO-
CJIEZICTBHH OOCYJKJaJl, BO3pa3uUJIN: «HAIlla IIeJIib — IOANEePIKH-
BATh AaMEPHKAaHCKHE TEOpPHH, a He POCCHMCKHE».

K cuactbio, Hn HoOeseBckue mpemMuu, HHU (DHUILCOBCKHUE
MeZasnu, HU JApyrue mnonoOHble Harpajabl He OKAa3bIBAIOT CY-
II[ECTBEHHOI'0O BJIMAHMA HA IOCTYIATEJBbHBIA XOJ Pa3BUTHUSA
€CTEeCTBEHHBIX HAYK, KOTOpPhIe ABMIKYT HE CTOJBLKO pelIeHnd
pasHBIX AKaleMuii, CKOJILKO JII0003HATEJIHLHOCTh HMCCJIeLOBAa-
TeJeil, K KOTOPLIM A M oOpaliaiock B HACTOAIIEH KHHUXKKE.

3eJbZ0OBNY, IIOCMEHBAsACh, IoBapuBajl, 4TO ¥ OH, U 4,
n CaxapoB, 1 KosMOropos — Bce MBI OTHOCHMCSH K KaTero-
pun UYBAH (oT riarojia «4BaHUTHCA») — OYKBaJIbHO «YJIeH
Bcex Axagemmii Hayk». Ho KosiMOropoB 1eHuJI TOJBKO OJX-
HO ©noxoO0HOe OoTJNuYue — BXOMKJIEeHHEe B CHHUCOK IlouérHBIX
jieHOB JIOHZOHCKOro MareMarmuyeckoro obmecrBa. OH ObLI,
KOHEYHO, ¥ YJIeHOM JIOHZOHCKOro KOPOJIEBCKOro ooOIimecTBa
(AxagemMun Hayk AHIIIMM), HO 3TO IeHWJ MEHBIIe: Iep-
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BHIM POCCHMCKHM 4YJICHOM TyJa NPUHAJJH, IO IPUIJIALICHHUIO
npesuseaTa Heiorona, Anekcanapa [lasunosnya MeHMuKO-
pa (KOTOpHBI# OBl Ge3rpaMOTEeH M IOAIKCAJ CBOE. corjacue
BCTYIHUTH, HanmucaHHoe xjs Hero Illa¢pupoBeiM, UYeTBIPBMSA
KpecTaMH, KOTOPhIe MHe IIOKa3aji, BKJIaAblBasg IPOTOKOJ
Moero M30paHUA B Ty JKe IMamKy poccHiickux u4yieHOB Kopo-
JIEBCKOro o0IecTna).

43—



Cummerpuu (v npuruun Kiopu)

IIposecmu uepe3 uyenmp 00HOPOOHOZO KYyba nNPAMYIO
max, 4molb. e20 MOMEHM UHepUUU OMHOCUMEeNLbHO 3IMmoil
npamoi Ovli MAKCUMAJbHBLM.

Pemenne. PaccmoTpuMm ssnuncons mHepnuu Kyba (oTHO-
CUTEJIbHO ero neHtpa). Ky0 mmeer yeTmipe ocM CHMMeETPHUU
TpeThero nopsaxaka (ero moBopoT Ha 27/3 BOKPYr KaXJaoi U3
ero OoJBIIMX AHAaroHajeil mepeBoAUT KyO B cebs).

CiemoBaTeJIbHO M €ro 3JIIMIICOMJ HWHEPIUHM MMEET TaKue
JKe 4YeThbIpe OCH CHMMETPHMH TPEeThEro MopsaaKa.

Ho snanuncouy mmMeeT och CHMMETPHUM TPETHETO INOPAAKA,
TOJIBKO €CJI OH fABJISAAETCHA 3JIJIMIICOHMAOM BpalleHusd (OTHOCH-
TEeJIbHO 3TOI OCH).

CiemoBaTesbHO, 3JJIMICONZ HHEPIIMM OZHOPOLHOro Kyba
(OTHOCHTEJILHO €ro IeHTpa) MMeeT UYeThIpe OCH BpallleHHud,
a moromy aBJjsgeTcaA chepoii.

Crano ObITh, MOMeHmMbL UHepYUuU 00HOPOOHO020 KYyba om-
HOCUMENbHO 6CeX NPAMbLX, NPOX00AWUX Yepe3 ez0 YeHmp,
00UHAKO08bL.

3amMeuanue. BMmecTo OmHOPOAHOro Kyb6a MOYKHO B3ATH
Ky0 c Jso0o#f cucremMoil Macc, MMEIOIIEHl €ero CHMMMEeTPHUH.
Hanpumep, MOXHO pasMecTUTh 8 OZMHAKOBBIX MacC B €ro
BepmnHax. MBI 3akJjiouaeM, 4TO0 cymma 8 Keadpamos
paccmosHuil eocobmu 6epwur Kyba om a000i npamoil,
npoxodaweil uepe3 ezo yenmp, o0uHaAK08a, KAKyw ObL. nps-
MYI0 He 834Amb.

B TakoMm BuZe mpuMBeNEHHAA 3azadya mMeeTca B «KBaHTO-
BoM Mexanuke» Jlamgay m JIupmuna. Tam BMecTo mMomeH-
Ta WHEPIIUM paccMaTpPMBAaIOTCA COOCTBEHHBIE OCH KOJieOaHM
CHMMETPHUYHBIX MOJIEKYJI: AJIA MOJIEKYJIBI C CHMMeTpHe Ky-
0a coOcTBEHHOH OCHIO OKa3bIBaeTcA Jiobasa (mpoxopdAmas de-
pe3 LeHTp) mpamad.

II. Kropu cuuTaJ CBOHMM IJIaBHHBIM OTKPBITHEM CJIELYIO-
IOy OpuHOUN (CerogHsa IUTHPYEMBIN Kak «nopuHIun Kio-
PH»): CHMMETPHUHU CJEACTBUH OTPa’Xal0T CHMMETPHH IIPHU-
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qyuH, IO3TOMY Bcerza cjenyeT AOUCKHUBATHCA N0 IOCJENHHUX,
gabaonaa nepsble (HanpuMep, BHASA CHMMETPHH KpPHUCTAaJI-
jla, MCKATh UX IPUYUHBI B CTPOEHHH COOTBETCTBYIOIIHUX MO-
JIEKYJI).
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Omu6bounsie Teopemsl Kypanra

Ha z20pu3onmanbHblX penvcax cmoum naam@opma, Ha
Komopoil. YykpenaenHa nepneHOUKYAAPHO peabCcam 2OPU3OH-
MmaavHas 0Cb B8PAW,CHUSL «NEPeBEPHYMO20 MAAMHUKA», KO-
moputilt moxcem c80600H0 8paujamuvcsa 8 (NapannienvbHoll peav-
cam) eepmurxanvhoit naockocmu. Ilnamgopma deuixemcs
no 3axkony x =f(t) (20e f— enadxasa na ompesxe [0, T
PYyHKYUA epemeHu).

Hoxaszame, ymo cywecmeyem marxoe HAYAAbHOE COCMO-
anue maamuurxa (x(0) = ¢, (da/dt)(0) =0), uvmo on He
ynadém na naampopmy 3a 6cé eépema T eé deuixcenuas.

b b =
—

Pemenue (Kypanra). Eciu ¢ =0, To a(t) =0 Bcerna,
U ecnu ¢ =m, To a(t) =n npu Bcex t.

W3 HenpephIBHOM 3aBHCUMOCTH pellleHMs (ryIagxoro) aud-
(epeHIMATLHOrO YPaBHEHUS OT HAYAJbHOr'O YCJIOBHUA ¢ 3a-
KJIOYaeM, II0 TeopeMe O IIPOMEXYTOYHOM S3HAYE€HHUH, UYTO
MeXxay HadaJabHBIMH ycaoBuaMu «(0) =0 u a(0) = m cyme-

crByeT Takoe 3HaueHHe A(0) =¢, uro a(f) mpm 0t T
3aKJIIOUYeHO ctporo Mexay 0 m m, TaKk 4YTO MasATHHK HeE

najgaer.
oL

! u

a

P =A(tt)

S - ol(0)
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3amMeuanue. MHorme BO3paKajlu IIPOTHUB 3TOro (OIIM-
OOYHOI'0) JOKAa3aTeJbCTBa, TAaK KakK, Jaxke ecau Obl Oblia
onpezeyieHa HenpephiBHaa ¢yHkoua o(-, T), HadYaJIbHOrO
MIONIOKEHUA (@, U3 €€ OTIAWYMUA OT HYJA M 7 IpPH Ha-
qaJbHOM YCJIOBMM - = () He CcJexyeT oriauuue yriaa o ot 0
# OT T BO BCe IPOMEXYTOUHBLIE 3HAUEHUSA MOMEHTHI Bpeme-
g, 0<t<T.

BeposaTHO, MOXHO OBIJIO OBl pacCMOTpPeTH pasyMHoe 0000-
meHue paccyxiaeHunii KypanTa, B KOTOpoM 3HaUueHUS (PYHK-
nuu a(¢p,t) ompeneneHbl €CTECTBEHHBIM IPOJOJIMKEHNEM I10C-
Jle MOMEHTOB yzapa o miaardopmy (rae a(@,t)=0 unu r). Ho
B JIUTEPATYpPE TaKoe 000OILeHHe OTCYTCTBYET, U CTPOroe Jo-
Ka3aTeJbCTBO IIPUBEAEHHON runoressl KypanTa HEeM3BECTHO.

PasnuuyHble BO3paskeHHUA K PAas3JMYHBIM IIOOBITKaAM o06oc-
HoBaTh BBIBOZ KypaHTa onybimukoBanu JIx.JIuTTaByn u
apyrue (HampuMep, HEKOTOPHIE U3 «KOHTPIPHMEPOB» K OJ-
HOMY M3 TaKHX O0OCHOBaHHI OKa3aJINCh HEAEHCTBUTEJIBbHBI-
MH, €CJIH CKOPOCThb df/dt MeHbIIle CKOPOCTH CBETAa).

Ho s He BMZes pa3syMHOro aHaJiM3a 3TOH 3ajjauyM ¢ yd4eé-
TOM yZapoB.

OnucanHaa TeopeMa Owijia momelneHa KypanTom B 3a-
MeyaTeJIbHbIA 3jeMeHTapHbIA yuyeOHUMK: KypanT u Po60unC
«4YTto Takoe mMaremaTuka?», CO CCHLIKOM Ha YUTHH.

Hpyrasa ommubouyHas Teopema Onlja BKJIOueHa KypaHTOM
B 3HamMeHHuTYI0 KHUry Kypanta m I'miasb6epra «Merommr ma-
TeMaTU4YecKoil (PU3MKH». ITa TeopeMa HOCTABJSAET TOIOJIO-
F'HYecKoe ONMCAHMe JIMHEMHBIX KOMOMHAIMiI IEepBHIX n CO0-
CTBEHHBIX (PYHKOUM omeparopa Jlamjgaca: MX HYJH JOEJIAT
KoyneOiomeecss MHOrooopasue He 0oJibllle, 4YeM HAa 1 4acTeii.

Kypanr npasunpHO HoKasan 3To AJA n-ii coGCTBeHHOM
byHEKIuM, HO ANA eé KOMOMHaIMWil ¢ IpeABIAYIIMMH COO-
CTBeHHBIMM (PYHKIIMSIMU 3TO He BcerJa Taxk. B ciydae onxHO-
MepHOro xosebsiomeroca Tejia (CTPYHBI) yTBepkiaeHHe Ky-
PaHTa, BepoATHO, BEpHO.

H.M.Tenbdpanx pacckasal MHe HAEI0 CBOEro HoKasa-
TeascTBa 3TOrOo yrBepKkAeHuMs KypaHta. OHO OCHOBaHO Ha
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samMeHe 003eBCKOro ypaBHeHHUs Jlamimaca ¢epMueBCcKMM (I
n B3JIEKTPOHOB, Ha (PUKCHUPOBAHHOM, HAIpUMEP, OKPYMX-
HOCTH).

IIpumMeHsass K IepBOM aHTHUCHMMETPUYHON COOCTBEHHOMH
¢byHKIUM 3TOil n-MepHOM 3ajauyu Teopemy KypaHTa 0 4m-
CTBIX COOCTBEHHBIX (GYHKIUAX ¥ (PUKCHUDPYA MOJOXKEHUA
BCeX 3JIEKTPOHOB, KpoMe oxHoro, I'ensdanpa obemian moJry-
YATh HA (PUKCHPOBAHHON OKPYKHOCTH JIIOOYIO JIMHEMHYIO
KOMOMHAIIMIO IEepPBHIX N COOCTBEHHBIX (PYHKIMI OmxHOMEP-
HOM 3ajauM.

Ho mnosHOro mokasaTesbCcTBa HMKTO IIOKa He omnyoOJu-
KOBAaJI.
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HexoppekTHble 3aZau¥ MeXaHHKH

Tpu (nHesecomvix) udeanrvhvix O620Ka coeduHeHbl, KAK NO-
xa3ano. Haiimu yckopenue zpy3a, nodeulenHoz0 K HUNCHe-
my OJNOKY.

LLL)//

LA
[

Pemeane. O603HaunMM 4epe3d [ HaATAXKEHHNE BEPEBKH, UAY-
meil ¢ moToJKa K cpenHemy Osoky. Torma Harsyxenmne F Be-
PEBKM, COeNUHAIONIEN CpefHUHA OJIOK ¢ HMXKHUM, Oyxer F =
= 2f, Tak KaK BTOpas BeTBb BEPEBKM (COeAUHAIOINAA BepX-
HUM OJIOK CO CpeZHMM) TAHET BBepX CpPEeZHMI OJIOK C CcH-
Joit f (BBMAY ero mieaibHOCTH).

TouHO TakK ke cuiaa, C KOTOPOHl TSAHET BBEePX HWXHUIA
670K BepéBKa, COEAUHAIOMIAA €ro ¢ BEepXHUM GJIOKOM, ecThb f
(BBuay maeanpHOCTH BepxHero 6ioka). M, HaKOHeIl, Haeayhb-
HOCTH HHM)KHero Osoka naér ypaBHeHMe f = F (paBeHCTBa CHJI
HaTs)KeHUsaA o0enx BEpPEBOK, HA KOTOPHIX OH BHCHT).

HUrak, Mel moayumam 2 COOTHOIIEHMS CHJ HATAMXKEHUS,
F=2f u F=f. U3 HUX caexyer, uto f = F = 0. Br0 03Haua-
€T, 4TO0 mpemuili 610K HU HA 4ém He nodseweH, a nNOmMomy
nadaem, emecme co ceoum 2py3om, ¢ ycrKopernuem g c60000-
HOz0 nadenuas.

3ameuanme. Yuér Macc 6GIOKOB (a TakyKe WHEPOWH WX
BpameHNs) CHJIBHO YCJOXKHAET 3azady. Mel He 6ygeM 3xech
O0OCHOBBIBATL CTPEMJIEHHME K & YCKODEHHUS HMMKHEro GJIOKa
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IIpY CTPEeMJIEHMH Macc OJIOKOB K HYJI0 (KoTopoe Obuio ObI,
MaTeMaTH4eCKM TOBOpPHA, HY)KHO IJA OOOCHOBaHMA IIpHBe-
IEHHOTrO «(M3NYECKOro» pelIeHHdA 3ajgadu).

Yucyao momoOHBIX «HEKOPPEKTHO IOCTABJIEHHBIX» 3ajad
B CAMBIX Pa3HBIX 00JIACTAX IPHUJIOKEHHH OrpOMHO — yIOoMdA-
HY XOTA OBl BCe «CTATHYECKH HeOoIIpeZeJIEHHbIe» CHUTYyalluH,
BpOZie pacIpezieJIeHUs Beca OaJIKM MeXJAYy TpeMs HOAJLepPIKU-
BAIOII[MMU €€ ONNHAKOBHIMM KOJIOHHAMH.

v A

L| C -

EcTs coTHH paboT, AOCTABJIAIOININX «aJITOPHUTMBI» pelie-
HUA NONOOHBIX 3aZla4, M HEKOTOpPhIE M3 IOCTPOEHHBLIX HIJIfA
3TOro MaTeMaTHYeCKMX Teopuil (Hampumep, HeJaBHHE pa-
oorer JI. HupenGepra) odyenr KpacuBbl. Ho Bompoc 06 ux
IIPaKTUYECKON IIPMMEHHMOCTH — COBCEM JAPYTroOM.

A.H. KpeiioB BcmoMHHAJ, 4TO BoJsbTeppa najs cTporoe
MaTeMaTH4YeCKoe AOKAa3aTeJbCTBO YCTOMUYMBOCTH JKEJIE3HOMO-
POKHOI'O MOCTa, II0 KOTOpPOMY HAET mnoe3x macchkt M co
CKOPOCTBIO U, IPHM YCJOBHH UTO M He CIMIIKOM BEJHKO.

Ho oH ykasmiBaeT, 4To Macca M (B mpaKTHYEeCKH HHTe-
PeCcHBIX IIpuMepax) moJaydajiack 10 rpamMm: «TeopemMa mpa-
BMJIbHA, ¥ JOKAa3aTeJbCTBO TOXKe, HO K JeJly OTHOIIeHUS
He ,uMeeT». OH yMeJ BBIUMCIATH PeaJUCTHYECKHE IIpefe-
JBI Macckl M, IpM IPEeBHIIIEHMM KOTOPHIX MOCT MOI' 00Opy-
IINBAThCA, HO CTPOroro AOKAas3aTeJhCTBA YCTOMYMBOCTH IIPH
MEeHbIINX 3HaueHuAX M He ObLIO.

Yuyenuxk Kprwurosa, C.TumolieHKO, MOCTPOMJ M paccyu-
TaJ MHOXeCcTBO (caMbIX 3HaMeHHTHIX) mocTtoB CIIIA, BKJIIO-
yasgd BOCCTAHOBJICHME YIaBlllero BcJeacTBHe @uarrepa Ta-
KOMCKOI'0O MOCTa — HO OH MCXOAWJ He M3 JAOKAa3aHHBLIX olle-
HOK BoJsbTeppa, a M3 NpaBMJbHOI'O IMOHHMAHUA CYTH HeJa.
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PauyorajJpHBIE JOJHM IOTOKOB

Pazdeaumenv (moanwvt, udyweii no wxopudopy) Hanpas-
aaem 00HO020 Yeso8exa Hae80, a 0pyzozo HAnpaeo, mak
ymo nomok Oeaumcs HA wacmu O00UHAKO0B80U MOuwHOCMU,

HanpaeJleHHble 8 pa3Hvle CMOpPOHbLL:

W
1%%

\

(

5

Z4

ITpu nomowu HeckKoavbKux maxkux pa3deaumeneil. MONWHO
omdeaumv uemeepmb NOMOKA ULU MPU B0CbMbLX €20.
A MmoxcHO au omdenumdv mpemb nomora?

o\

-~

Pemenne. CKoMOMHNpPYeM [ABa pas3fejIUTEeNs TaK, YTOOBI
IepBLIil pasfesyiasl BeChb BXOAAINMNM B HEro IOTOK, a BTO-
poii —oxHy M3 oOpasoBaBIIMXCA IIOJIOBHMH IOTOKa. M3 ABYX
o0pa3oBaHHBIX TaK 4YeTBEepTeil NOTOKA, BXOAAINEro B IIep-
BRI paszesuTesb, ONHY M3 YeTBepTeil oTmpaBuM oOpaTHO,
BKJIIOYMB €€ BO BXOAAIIHUM IIOTOK:

4%

27X

2°C x

1
x

ITycTs mcxomHbIi BXOAAIMUI B HAIY CHCTEMY IOTOK OBLI
MomHOocT 1 (ckakeM, 100 uemoBek B MuHyTy). OOO03HA-
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YHMM MOIIHOCTH BO3BpalllaeéMOM 4eTBEepPTH IIOTOKA, BXOHAAIIe-
ro B IIEPBBIN pasfejinTelib, Yepesd X.

Torza Bech 3TOT (BXOZAIIUM B IIEPBbIH pasfejIMTEJNb) IIO-
TOK HMEEeT MOIIHOCTD

1+x=4x,

T.¢. X=1/3, 4TO ¥ pelraeTr 3azauy.

3ameuanue. Vcnonsaya 6oJibllle CTAaHZAPTHHIX pas3mesu-
TeJlell IOTOKOB HAa JBé pPaBHBIE YAaCTH, MOYKHO OBLIO OBI
OTHEJIUTH JIIOOYI0 paIMOHAJBHYIO ZOJII0 MCXOZHOrO IIOTOKAa
(x=p/q).

ITH MaTeMaTHUYeCKHe TEeOPEMBI OBIIM OTKPBITHI 3KCIIEpTa-
MM II0 IPOTHBOIIOXKApHO 000pOHE, NOTOBUBIIMMHCHA K OII-
THMaJBLHOMY HCIOJHL30BAHHIO METPO IIOCJIe aTOMHOHi OoM-
OE'KKH.
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IlyremecTBHe K LEHTPY 3eMJH

Kamenv nadaem (6e3 nHauwaavbHOil cxopocmu) 6 waxmy,
duamempanibHO NPOCEEPAUBAIOWYI0 6CI0 ChepuiecKylo n.aa-
Hemy.

Hccanedosamv ezo 0dsuxcerue nod Oeilcmeuem zpasuma-
YyUuoHHO20 noas (cuumasn naamemy o00HOPOOHOU, umeroueil
NOCMOAHHYI0 NJAOMHOCMDb).

Pemeane. CorisiacHo Teopeme HploTOHa, yike IpoiifeH-
Hble (OZHOpPOAHBIE) chepHUYeCKHe CJIOM KaMeHb He IPUTATU-
BalOT, a ellé He IPOMJeHHble INPUTATHBAIOT TaK, KaK eCJH
Obl MX Macca Obljia B IeHTpPe NJIaHETHI.

O6o3HauMM paccToOgHHE OT KaMHs JO0 IIeHTpa IJIaHeTHI
uepe3 r. Torma o6béM (a 3HauuT, U Macca M) ocTaBIINX-
CA HeNpOHJeHHBIMH CJIOEB 6Gymer mpomopumuoHateH ro. Ilo
3aKOHY BCEMHPHOI'O THATNOTEHHUS CHJIAa NPUTAKEHUA TaKOH
Maccoif, HaxoAdAIeica B IleHTpe IJIaHeThl, YOBIBAeT ¢ r, KaK
M/r?=r,

3HAUUT, KaMeHb B TAKOM IaxTe [JBMXKETCA B COOTBET-
CTBMM C CHJIOBBIM moJieM 3akoHa I'yka:

r=—w?r, r=Rcos(wt).

3necys ammauTtyza R ecTh paguyc IJIaHETHI.

Hrak, KaMeHb coBepIIaeT BOKPYI IleHTpa IJIAHETHI rap-
MoHMYecKHue KojiebaHMA. OH BepHETCA B MCXOLHYIO TOUYKY P
4Yepe3 nepuox T =2n/w (moObIBaB B cepefHMHE 3TOro IIEPHO-
Aa y aHTHUIIOLOB).

53



Yrob6sl u30exaTh MJINHHBIX BBIYHCJIEHHN Ko03hdhuiueH-
ta w? B ypaBHeHMM noJua I'yka, paccMOTpUM OJM3KHH CIYT-
HVWK, BpaIaloOIUiCA BOKPYr IJIAHETHI IO IPOXOAAIINEeN dUe-
pe3 P okpy:xkHOCTH OoJsiblIOro Kpyra. OproroHajnbHas IIpoO-
eKI[NSA 3TOro CIYTHHMKA Ha AUaMeTp IIaxXThl COBEpIIaeT IIPH
ero JABM)XKE€HUH rapMOHHYECKHe KoJieOaHUs ¢ aMIauTynou R.
B Touke P rpaBMTaIlMOHHOE IIOJIe, JEHCTBYyIOIee Ha 3TOT
KaMeHb M Ha CIOYTHHK, OAMHAKOBO (TaK KaK KaMeHb He
IIPOILEJ ellé HU OZHOro c(heprMuecKoro CJos).

ITosromy mepuon T kosebaHWMI KaMHA B IIIaxTe pPaBeH
IIepHOAY IPOXOKAEHUSA OJM3KMM CIYTHUKOM BcCell cBoel
KpPyroBoii opOuThl (HJs IJIaHETHI 3eMJIZ 3TO IPUMEPHO
IIoJiTOpa 4aca).

9T 3aK0oHBI HbIOTOHA O0BACHAIOT YAUBUTEJNbHBIN COCTaB
KoJsiem CarypHa: raelObl JIibJa, U3 KOTOPBIX OHM COCTOAT,
UMeIOT B cpenHeM pa3mep oT 10 no 20 meTpos.

CayuaitHO aBrkymuecsa mno (He COBCEM KPYroBBIM) Kell-
JIEPOBCKMM opOuTaM rJbiObl, €CTeCTBEHHO, MOrYT CTOJIK-
HYTbCA, M CPEJHAA CKOPOCTh yJapa BBIYHCIAETCH, HUCXOLA
N3 CpeZHEro pasMmepa TIJbI0: OHAa 3aBHCHUT OT pPa3HOCTH
CKOpOCTeH ABM)KEHHsA IO OJM3KMM KeIJIepOBBIM OpOHTaM.

OCKOJIKM OT COyZapeHHMs MMeIOT TeM OGOJIBIIYI0O CKOPOCTD,
yeM OoJibllle CKOPOCTh yZapa. BBIUHCIEHMA NIOKAa3bIBAIOT,
uyro AJga 60apmux 20 M riasl6 3Ta CKOPOCTh OCKOJKOB 00JIB-
me (BTOpOH) KOCMHMYECKOH ckKopocTH (yXoZa OCKOJIKOB Ja-
JIEKO OT POAMBIIEH HX TIJBIOBI), TAK YTO TakKasd IJbI0a OT
CTOJIKHOBEHUI OyaeT yMeHbIIATHCH.

Ecan xe rapiba mMeer pasmep MmeHbIIe 10 mMeTpos, TO
OCKOJIKM BBLJIETAIOT C MEHBIIMMH CKOPOCTSIMH, M OHH BO3-
BpaijanTcsa ob0paTHO — XOTA OBl OZHA U3 CTOJKHYBIINXCH
ABYX I'JILIO pacTer.

ITa-T0 AUHAMMKA M NIPHUBOJUT K YCTAHOBJIEHMIO Hace-
JIEHHOCTH KOJIbLIa M HEe CJMIIKOM OOJIBIIMMM, M HE CJIHII-
KOM MaJbsIMH TIJbIOaMu (KoTopas M oOOHapy:keHa Oblia,
IIocJjie ONHCAHHBIX BBIIIIE BBIYMCJICHMWII, HOpu moJjétre Bo-
AnxxKepa).
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Cpennsasa gyacrora B3psiBOB (1. B. 3easmoBnu)
u mup ae Currepa

ITpouecc co e3pvieamu onucwviéaemcsa 3axonHom (Bepuya-
AU) 3680aI0YUU

% —a(t)x® +b(t)x + c(t).

Ilpumep ypaenenus x = x° nokasviéaem, Ymo peuleHue
Mmoxcem yiimu Ha OGeCKOHELHOCMb 3a KOHEYHOe 8pems, 3mo
U onucvieaem 83pble:

2

x(0)
1—tx(0)° ()

Ho pewenue MmO¥iHO npodonxumb 3a MOMEHM 63pblLéa
(0o60iidsa noaroc t=1/x(0) 6 KomnaexcHOll oxpecmHOCMU
€20).

Heszadonzo 0o cmepmu A.B.3eav0osuy cgopmynuposan
caedyrowuil 6v.800 C80€20 UCCAEJ08AHUA ACUMNMOMUYLECKO-
20 GHAAU3G NPUBEIEHH020 YPABHEHUA B3PbLEHLLX NPOYECccos
(o umen 6 6udy, 6 nepsyio ouepedvb, KOCMONO0ZUIO) 3a 00J1b-
woe epema.

ITycmv xoagpgpuyuenmsvt (a, b, c) — nepuoduuveckue zaad-
Kue gynryuu epemenu t. Tozda wucao N 83pvieoé 3a 60.4b-
woe epemsa T umeem 6pemenHoOe cpednee

. N(T) —
Jim —5==N.

x(t) =

Ecau smo cpednee uucao 63pvi6o8 3a nepuold payuo-
HANbHO, MO npoyecc 0KaA3bleaemcsa nepuoduvecKum, a ecau
UppayuonanivHo — mo Hem.

Pemenne. Pa3oBbIM INPOCTPAHCTBOM {X} HYKHO CUH-
TaThb HEe BEIIECTBEHHYIO oCchb R, a IPOEKTHMBHYIO NPAMYIO,
T.e. okpy:kHOCT, RP! ~ Sl (BKiaNOUalOmy0 TOUKy X = 00).

Hanpumep, dopmyna (%) o3mauaer, uTro mpeobpasoBaHUE
¢basoBoro moroxa (mepeBozamee x(0) B x(f)) ABaseTca mpo-
€KTHBHBIM IIpeoOpasoBaHMEM (Ha30BOro IPOCTPAHCTBA.
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Ocr BpemeHM {l} TOXKe HYXHO CUHTATh OKPYKHOCTBIO,
R/(TZ) ~ S} (oxpy»xHOCTH (hassl H3MEHEHHS Koahduu-
€HTOB).

Torna guddepeHnnalIbHOE YPaBHEHHE 3BOJIIOIIMH IIpeBpa-
IaeTcA B IJIaZlKkoe IIoJie HaIpaBJIEHWH Ha Tope-mpousBeje-
HUN

T? = 8! x SL.

//////

ke //////ﬂ B

IIpumeHsas K 3TOM AMHAMHYECKON CHCTEeMe Ha TOpe Teo-
puio Ilyankape (cm., Hanpumep, «llomosHUTENLHBIE IJIaBBI
Teopuu OIlY»), MBI HaXOAUM, YUTO CYILIECTBYET «4MCJIO Bpa-
meHuA» Ilyankape N.

Korza oHO panmmoHaJbHO, 3Ta CHCTEMa MMEET aTTPaKTO-
POM 3aMKHYTYI0O Ha TOpe KPHUBYIO, KOTOpad M OIMCHIBAET
MIEPUOANYECKHIl XOJ IpoIliecca.

3ameuanue. 1. B. 3enpgoBuu pemmns 3Ty 3azady 3a Hene-
a0 no cmeptu. OH He 3Haa Teopum IlyaHKape, a HpPOCTO
n300péa ee. Ho oH He ycmes onmyOGJMKOBATH CBOIO TEOPHIO.
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NHTEpPECHO, YTO HU OAWH MAaATEeMATHK HE YKas3aJ 0 TOro
3TUX npumMeHeHuM tTeopum Ilyamkape. Ileso B ToM, 4TO Teo-
pud 3eJIb0BHYA OCHOBaHA HA CMEJOM H3MEeHEHHH TOIOJIO-
r'MYECKON CTPYKTYPhI ()a30BOro IPOCTPAHCTBAa: OH 3aMEHUJI
apdurHyI0 npamyio R npoextusHo#t npamoit RP!, nuddeo-
MOP(}dHON OKPYKHOCTH.

MaTtemaTuxkn mu30eraloT TaKMX IIEPEeCTPOEK Mozesei (uc-
KJIIo4asi, pasBe, IPUMMEHSEMBIl M3peAKa IIepexojk OT ILIoC-
xoctn EBkiuza x miaockoctu JloGaueBckoro), mpepmouyuTas
JACCJIeAOBATh TOUYHO IIOCTABJICHHBIM MaTeMaTHMYeCKH BOIIPOC.

Hanporus, B (pusmke mgaBHO ObITyeT MHEHME, YTO «IO-
MOJIOTMHM HJIM KOI'OMOJIOTHM — 3TO Te Ke (hu3uUecKue IoJid,
TOJIBKO C OCOOEHHOCTSIMM ONpEJeJIEHHOr0 BUJa Ha OecKkoHeu-
HOCTH» .

IIpnBeny, BIpouyeM, IpHUMEpP, MAaJO H3BECTHHIA Jake
1 ¢usmxkaM: npocrpaHcTBo JlobGaueBckoro (B mozenun Koa-
m—HKineiina) nmpu npozoKeHHM 3a abcosoT O0eCKOHEYHO
VAAJIEHHBIX TOYEK CTAHOBUTCA (PEJIATHBUCTCKHUM) MHUPOM
ne Currepa.

B ka)xmoil TOUYKe MAOIOJHAIOIIEro Kpyr mozeaun Kamau—
Kineitna g0 mpoexTuBHO# niockocT MmMupa ge Currepa me-
PecekaloTca nIBe HpAMBIe, Kacawlquecsa «abcoJioras», orpa-
HUYUBAIOIEro IJIOCKOCTL JloOaueBCKOro mMozeam. I9TH JBe
OpAMEIEe OIpPEAEJAIOT CBETOBBIE Ieo/ie3NUecCKHe peIATHBHCT-
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ckoro mMupa zxe Currepa: OHM paszeynAlOT BpeMANOAOOHEBIE
¥ IPOCTPAHCTBEHHO-IONOOHbIe HAIIPaBJIEHWA.

IToT (IOMOJMHUTENbHEINA K ILIOCKOCTH JloGaueBcKOro) Mup
ne Currepa TOmOJIOTMYECKM IpencraBiadeT coboit jsucrt Me-
Omyca (KOTOpPBHI MMEHHO TaK M ObLIT OTKpPHIT MéOmycom —
ero MOXHO OIIMCATh KAaK JOIOJIHEHWEe K OKPECTHOCTH OIHOM
TOYKH HA IPOEKTHBHOM IJIOCKOCTH).
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®donransl Bepaynnun Hukxosoropckoro mocra

Ha mocmy uepes Mockey-pexy 6 cene YcnencKom Oblno
(do anpeas 2007 zoda) deeradyamv Jvip Ons cmora 0oxc-
desoil 600bL, cKanausasweiica Ha Kpaw acpaavma, y mpo-
myapos.

B 1980 200y 6 cuavryro zpo3y eeanocuneducm (B.H.A.),
npoe3dkcaswuil. no 3momy mocmy, xomen 3azAAHYMb 6 00-
HY u3 amux Ovlp, nocmompemv, Kax cmekaem 004 0esoil
nomok.

Ho Huuezo myda ne cmexano— Hanpomus, u3 Kaxdoil
dvipb. 86epx Oun ponmaHn 600v. (mempa 6 3 8biLcomoil).

Yem obsacuaomca amu 12 ¢ponmanos?

Pemenue. 3akoH BepHyJuIn «CKopocTb 0o0Jiblile — ZaBJie-
HUEe MEHBIIe» OOBJACHSEeT, B YEM JZeJIo.

Breille MocTa BAOJb PEKH AYJ CHJILHBIN BeTep, a HUXKe
MoOCT ero 3aropaskuBaji. IlosToMy y BepxHero orsepctus A
TPYOBI JJIA CTOKA BOALI CKOPOCTH BeTpa ObLia 0OJblleil, ueMm
y HM)KHero, oOpaméHHOro K pexke, orBepcTtus B.

™"AY TT T

Z
Z. 7

B

4 >
B

BosauKawimee BHH3Y 00JbIllee AaBJIEHHE M CO3LaJI0 TOT
HAIop, KOTOPBIM 3acTaBMJy ONTh HaOJJIOAEHHBIE (DOHTAHEI.

3ameuanue 1. OnucanmHas BBIIIe HCTOPMA OBLIa pac-
CkasaHa B.HM.A. Bo Bpema mnoe3axu ¢ Huxoamnuoii I'opsl
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B HoBo-IlappuMHO B IepecekaBlIeil YIOMAHYTHIH MOCT Ma-
muHe H. H. ArnpeeBa (MHMIHMaTOpa HAIIMCAHUA HACTOAINEH
KHMKKH). CiymareseM ObLJ TeJeBU3WMOHHBIN HWHTEPBBLIOED
A. H. Mapyras.

Moct M OTKpBIBAIONIMHCA C Hero BuJ (3amedyaTsIEHHBIN
naxe JleBuraHoM) OBLNI IIOKasaH B pe3yJbTHUPYIOINEi Iepe-
naue kaHana «Kyasrypa» («OctpoBa»). IIpu aTom BMAHO,
yro B.M.A. uTo-TO paccKaskIBaeT — HO 3BYK OBLI Ha 3TO
BpeMs OTKJIIOUEH, TAK YTO HeKeJIaTeJbHOH CCHLIKM Ha MAaJio
KOMY HM3BECTHBIN 3aKOH BepHyJ/JIM TeJeBU3MOHIIUKAM yha-
Joch M30eKaThb.

B cymecTBoBaHMe HaOJIOZAaBIINXCA Ha MOCTY (DOHTAHOB
MaJyi0o KTOo Bepua yxke B 1980 roay (BHoab pEeKH HOJIMKEH
IYTh O4YeHb CHJBLHBIA BeTep, 4YTOOBI OHM OBIIM BHIHEI),
a ceiuyac ux OoJibllle HET: ABLIPHI 3aJeJIajIi IIPH PEMOHTeE
mocTta BecHOM 2007 ropa.

3ameuanue 2. Uepes HECKOJIBKO MHUHYT IIOCJIe Ilepeceue-
HUA MOCTa CIpaBa OT LIOCCE IIOABMJICA €INé OAMH O0BEeKT,
BBI3BABIIINN MHTEPECHBIH paccKas3, TaKKe MCKJIIOYEHHBIN Te-
JIeBU3HOHIIIUKAMH.

A uMeHHO, IOcce mepecekayo TaM peuky CiesHio, Ha
KOTOpPOM 4YyTh BEIIIIE MocTa OBLI ycTpoeH npyx (mIpuHaAn-
JIeXKaluili COBMMHOBCKOMY IIOCEJIKY <«¥CIeHCKoe»). Bmoib
Oepera 3Toro 06JIarOoyCTPOEHHOrO INIpPyAa TAHYTCA JEpPEBAH-
Hble MOCTKM JJIA 3aropamomux. Pacckas cocTosys B TOM, 4TO
3TO — Te caMble MOCTKH, C KOTOPhIX ynaJy B Boxy B. H. Ens-
nuH (XOTHA JlereHaa XxodeT, 4TOOBI «ero copocumam B Mock-
BY-PE€KY C BBICOKOI'O MOCTa y ¥YCIEHCKOIro»).

BpicoTa ommcaHHOrO BBIIIIE MOCTAa Y ¥ CIIEHCKOrO — MeT-
poB 10, u maseHue, AeHCTBUTEJNLHO, OBLJIO OB HENIPUATHBIM.
Ho ¢ moctka Hajx Ciesnedt Ko BOALI MEHbIIIE MeETpa.

K coxanenuo, B ¢puiabM «OCTPOBOB» 3TOT MOCTOK HAaJ
Cne3neil He BKJIIOUEH. 3aT0 MapyTdaH OTBHICKaJ (IIOJIB3YACH
U3rOTOBJIEHHOM MHOIO KapToOi) pacHoJIo’KeHHOe KHJIOMeTpax
B 15 or CinesHm KJIIOKBeHHOe 00JI0TO (HEZajleKO OT ceJia
HOMurpoBckoro, asopua Ilarpmapxa Asexcusa mox Hcrpoit
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x IepKBH, y Koropo#l JlxkeZMHTDHMI BCTpedas exXaBIIyIO0 U3
[Ionpmyu Mapuny). 3apacraiinee charsymMoM JeZHUKOBOE
o3epo Iocpexu Baroro 6ojsioTa XOCTaBJIAET MHE €XKEerofHO
HECKOJIBKO BéJep 4yJAEeCHOM KJIOKBBI, a BBIMJIAAUT OHO
B ¢punbMe MapyTsaHa BIOJHE IO-KapejabCKH.

Ha 3ToM 6oJioTe, HAPAAY C KJIIOKBOH, CTOJb K€ OOMJIbHA
JMI0AOeAKa-POCAHKA — 3Ta 0OJIOTHASI TpaBa IIUTAETCH YKUBHI-
MM HACEKOMBIMHM, KOTOpPble IPHKJIEMBAIOTCA K €€ JIHMCTOY-
xaM. JIMCTOUYEeK Torza cBopauuBaeTcsa (B BHJE MHBIIIEJOBKH)
¥ IepeBapMBaeT NONAaBIIYIOCSA MYIIKY.

Emeé JseT COpOK HasajJ CO MHOH JeJIMJIN KYIaHbE B 3TOM
JIEAHNKOBOM O3epe JIOCH M KabaHBI OKpECcTHOr'o Jieca, HO
rennepb Ka0aHOB C'hHEJIH, & JIOCH JNOKHIAIOTCH, YTOOBI A yBE3
CBOIO KJIIOKBY Ha BeJioOCHIEJeE.
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dopMmooOpa3oBaHue B TPEXJIHUTPOBOM OaHKe

Rannume Kanaio uepHua uau mywu 6 HenodeuMHO
cmoawylo mpéxaumposyio 06ankKy c¢ e600oli (u3bezas Ha-
YaAbHOZ0 MOAYKA, M.e. OCMMOPONCHO «nodeecué» Kanaio Ha
noeepxnocmu 800bL).

Kax ona 6ydem monymu?

Pemenue. BHauajie «moaBellleHHasA» Kalljisgd, PacILJIbIBIIA-
SICA BIOJIb IIOBEPXHOCTH B BHJE MAaJEHBKOrO IIJIOCKOIO Kpy-
ra, cobepércs B ero IeHTpe M IpoBalUTCA (Ha mapy CaHTH-
MEeTpPOB) BHUS.

ConpoTHuBiieHHE BOJABI PACILIIOIIAT IAZAIOIIyI0 BHU3 Kal-
JIO, TAK 4YTO OHAa IIPEBPATHTCA B OKpalIeHHLIM TOp, Bpa-
INAaoImuiica BAOJb MepuamaHoB. CHH3Yy 3TOT TOp 3aTAHYT
TOHKOM IJIEHKOM YEepHMJ, U3 IIeHTPa KOTOPOH BBEPX TAHET-
Ccs 3aMEeTHBIN cjiell IPOJIETa KaIllJId.

—
— —
Lt

(@1 2
o

3aTeM IBHIKEHHE IIaJalollero Topa CTaHOBUTCA HEYCTOM-
YUBBIM, 1 OH TepaeT cUMMeTpHuio. OOBIYHO CHMMETPHYHBIHN
«OyOomnK» medopMHUpPYeTCA B KOJIBLIEBYIO CBA3KY H3 IIIECTH
«COCHCOK», Ka)Jasd M3 KOTOPhIX HAIOMHHAET WCXOLHYIO
Kamiao (XOoTs M IPOAOJIKaeT BpallaThCH).

——

7 f@
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Yepe3d HEKOTOpPoe BpeMs Bce 3TH 6 «Bpamjammuxca Ka-
mejib» IPOBaJIMBAIOTCA BHM3, KaK 3TO CHeJjiajla BHadajie HcC-
xonHaa xKaniasa. O6pasyerca cBoeoOpasHas «JIIOCTpa» M3 Ie-
cTH IMOJBEIIEeHHLIX TOPOB.

—

P

ITanbHEHIIaA 3BOJIONUA 3THX TOPOB — TaKas JKe, Kak
y IIepBOTo: JIIOCTPA CTAHOBUTCH ABYXITAaXKHOM.

!

Ecnn penats BCEé 3TO aKKypaTHO, JaB BHadaJie BoZAe XO-
POIIO OTCTOATHCA, 4YTOOBI OHA ObljIa HENOABUIKHOM, M He
OOAHOCA Jake PYK OJMM3KO K OaHKe C BOZOM, 4YTOOBI u3-
6ekaTr BOBHMKHOBEHHS JIBMIKEHUS BOJBI M3-32 I'DafMEHTOB
TeMIIepaTypbl, TO MOXXHO HAaOJIOZATH B OOBIYHON TPEXJIUT-
PoBoli GaHKe HeJBIX 6 3Ta)keil, mpe)xJe YeM MHOTHE COTHH
TOPOB JIOCTHUTHYT AHA. |

Crpororo mMaremMaTH4ecKoOro IOKAa3aTeJbCTBA OMMCAHHAS
KapTuHa, KasKkeTcsd, ellé He MMeeT, HO OHa Xopolno HabJio-
A8eTcsa B YKCIIepHMEHTaX.

Hanpumep, P.ToMm, pacckazaBmuii 06 3TOM M MHe, IpO-
Y€1 ommcaHWe 3TMX #ABJEHUiHl B cTapuHHON KHure II’Apcu
Tomncona «06 o6pasoBanuu dopm» (rze 3TH «JIIOCTPHI» CO-
CélcTBOBAIM C ONMCAHMAMHU POCTA PA3HBEIX KOPAJLJIOB).
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3amaua JIngoBa 0 NMpHIIYyHEHHHM pPaKeT

TexHnonozus npuvarueanus KOpabas K NPUCMAHU CO-
cmoum 8 moM, umo 8 nocnedHuii momeHm mampoc Opo-
caem Ha Oepez kaHam, a 3amem, CnpvizHYé myda cam,
Hamambvleaem 3mom KaHam HA KHexXxm U 6PY4HYI0 npu-
masazueaem cydHo, 6bl0Upas pykamu memp-0éa Kawnama

Ob6sacrhumb, novemy Heobxodumocmv nodobHOzZ0 PY4HO20
npuvaauearus obycarasausaemcs meopemoi. eduHCmeEeHHOo-
cmu, pabomarwueil 30ecb npomué Hac.

Pemenue. llesjo B ToM, 4TO MHTErpajibHble KPUBBIE HUD-
epeEIMAIBHOTO ypaBHeHUsaA dx/dt = —x ¢ HadYaJIbHBIMH
yeaoBuaMu x(0) =1 u x(0) =0 aABHO mepecexkalTCA Ha
J06oM KoMOepOTEPpHOM rpaduke: npm ¢t =30 (mam gaxke 10)
MeXJY 3THMHM KPHMBBIMHM HE BCTABHUIIb M aTOMa.

OOpIuHBIE NPUHIUIB TEOPHUM VIPABJEHUA [IBUKEHH-
eM TpeOyIOT BBIOMpATh CKOPOCTh HPMONMIKEeHHA K Oepery,
dx/dt, npu momMoumu meTJu oOpaTHOl CBA3HU, TO €CTh BHIOU-
pas CKOPOCTh B 3aBMCHMOCTH OT OCTAaBIIIErocs PacCTOAHUA,
dx/dt = f(x).

HMess 3T0 B BUAY ¥ mpenmonaras QYHKIHUIO [ IJIagKoH
(nam xoTsa OBl YZAOBJIETBOPAIOIIEH YCJOBHIO JImmmiuiia), MBI
BBIBOJMM M3 TEOPEMBI €IWHCTBEHHOCTHU, YTO BpeMA IpHya-
JUBAHUA INOJIKHO OBITH OECKOHEUYHEIM.

NAnun xe ciaexyeT mojaraTbCsa Ha HEHYJEBYIO CKOPOCTH
OpUOJIMIKEeHUSA B IOCJHEAHHUM MOMEHT, TO €CTh yJAap O IpH-
cTaHb (pazu 4yero e€ Kpaifi M oOBelmIMBaeTCsd HCIOJL30BaH-
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HBIMHM aBTOHNOKPBIIIKAMH, Aa’Ke B cJyuae, KOrja 3aKJIOUYHu-
reJILHBIM LIAr NPUYAJIMBAHUS BBINOJHSETCA BPYYHYIO).

3ameuanue. Moit Osmusxkuit apyr M. JI. JIupoB Owin Be-
AyIOUM OaJITMCTUKOM, DPACCUMTHIBAIOIIMM OPOMTHI MCKYC-
CTBEHHBIX HeOEeCHBIX TeJ, CIOYTHUKOB, JYHHBIX 3KCIEIHU-
Ui U T.IO.

Oxsakapl, npuMepHO okoJyio 1960 roma, oH ckasasn MHe:
«TeopeMa €IZMHCTBEHHOCTH TBOEro Kypca TEOpPHH OOBIKHO-
BeHHBIX auddepeHIUANBbHBIX YpPaBHEHUM COBEPIIEHHO He
BepHa, HECMOTPA Ha COBEPIIEHHO CTPOroe €€ aoKasaTelib-
c¢TBO» («B KOTOpPOM, — n00aBHMJI OH, — A HE COMHEBAIOCH»).
B xauecTBe MOATBEPKJAECHHA OH paccKasaj 3Ty 3ajauy.

IIpnuuHa, o KoTtopoi JInzoB 3HaJ BCe 3TH JEeTajH IIPH-
yaJNBaHUA KopabJiei, COCTOAJIa B TOM, YTO €My HYYKHO OBI-
JIO ca)XaTh paKeThl Ha NOBEPXHOCTh JIyHEI. YiIpasiseMmas
MATKaA IMOoCaiKa MPOTHBOPEYUT U 3/eCh TeOpeMe eIUHCTBEH-
HOCTH. BrIOpaHHBIN IPAKTUYECKHU METOJZ COCTOMT B JeMIldu-
POBAHMM 3aKJIIOYHUTEJHLHOIO yAapa 3a CUET HEHOJITMX OCI[HJI-
JAINN KOJIEH «HOr'> TPEHOr'M PaKeThl.

JINIOBY mpHMHANJIEKHUT MHOI'O 3aMedaTeJbHBIX JOCTHIKe-
HUI B KOCMHYecKoil Oannuctuxe. Hanpumep, oH mcciaemo-
BaJI 3BOJIIOIIHIO <«IICEBIOJIYHBI» — CIIYTHUKA 3eMJH C Opbu-
TOi pasMepoB op6uThI JIYHEI, IPH YCJIOBHM YTO HAKJOHEHHE
3TOM OpPOMTHI K IIJIOCKOCTH SKJIUITUKHU (B KOoTOopoi 3eMis
BpamaeTrcsa BOkpyr CosiHIa) He majio (Kak y Hacrosmle# Jly-
HBI, I'Zle OHO OKOJI0O IATH rpajycoB), a, HAIIPOTHUB, BEJIHUKO.
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IIpn HaxkjaoHeHum okoyo 80° ananus JimgoBa mpUBET €ro
K BBIBOAY, YTO TaKas IICEBAOJIYHA ymaJja Obl Ha 3eMJII0 IIpH-
MepHO 3a 4 roza (BciencTBUe GBICTPOrO PoCTa 3KCIEHTPUCH-
TeTa OpOMTEI BCJEACTBME Bo3MyInaoero Bausana CoiHIa).

b [1013«0#‘3*‘4&
DeMAS
@
Samne KRUMepa_
< 20 > < 20 >

OTOT YAUBUTEJBHBIN peayabTaT JIMzoBa He IPOTHBOpE-
yuT Teopeme Jlamimaca o HEM3MEHHOCTH CpeZHEro paccTo-
AHUA @ 3BOJIOIMOHUDPYIOIIEH TPaeKTOPHH BO3MYIIaeMOro
(3mecr — npursaxkerueM CoJIHIIA) KemjepoBa 3JIJIMIICA OT
IIPUTATUBAIOIIEro IeHTpa (37ech — 3eMJIn).

IHaxe mpu majeHUM ICEBIOJYHBI Ha 3eMJII0 eé cpedHee
paccTogHNe OT 3eMJIX ocTaérca mpexHuM (a =~ 380000 km).
Ho sxcueHTpucureT sToro ajuuinca Kemepa 3a deTwipe ro-
la BBIPACTET CTOJIb CHJIBHO, YTO 3TOT 3JIIMIC HAYHET IIe-
peceKkaTh 3eMJI0 (He ABJAIOINYIOCA MaTepHAaJbHOM TOYKOM,
a UMelIyl paaunyc oxkoso 6400 xm).
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HacTynieHusa M OTCTYILUICHHA JIEXHHUKOB

Cozaacrno meopuu Jlazpania eexosvix 803Myuw,eHuil naa-
HemHblX opObum naockoil 3adaiu n naaHem, eexmop Jla-
naaca 2, coedunawwuii ConHye ¢ YyeHmpom MmzHOBEHHO2ZO0
KenJaepoea 3aaunca kaxc0oi. naanemui, npedcmasasem Cco-
60ii CYmMMYy n PABHOMEPHO BPAWAIWUXCA C Y2A08blMU CKO-
POCMAMU (), 8EKMOPO8 NAOCKOCMU OBUNCEHUSL PUKCUPOBAH-
Hotx Oaun ap (=1, ..., n):

n
2= E aye' "
k=1

(6 mepmuHnax KomnaexcHoil KoopluHambv. 2 HA NJAOCKOCMU
dsuicerHus).

BenuywuHna 3Kcyenmpucumema, nponopyuoHasbHas |z2|,
u Hanpaenenue nepuzeaus, ¢ (t) =argz, cLOMHbLM 00pPA30M
MEHAIOMCA CO 8peMEeHeM.

Jlazpamnae npednonoxun, ¥mo cyusecmeyem ezo cpednee
dsuiiceHue

@ (t)

Q=Ilim —/,

t—o00 t

U npednoXun BbliUCIUMb 3MO cpedHee 3HAYeHUE Y2/1080iL
cKopocmu 08UJdceHUS nepuzenus.

dBosionua BekTopa Jlamnaca z(t) sABaAsgeTcA OXHOM U3
IIPDUYMH HACTYNJIEHUS JIEAHUKOB, TaK KaK, KOrza 3TOT BEK-
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TOP BEJIMK, KEIJIePpOB 3JIJINIIC IIOJIYYaeTCA CHUJIBHO 3KCIEH-
TPUYHBEIM. B 3TOM cJyiyyae mjaHera OoJibllle BpeME€HM IPO-
Bopgutr Baaam or CosHIA, ¥ CpefHAA TeMIepaTypa Ha Hei
nagaer.

Hanpumep, KOJIMYECTBO 3HEPruM, NOCTABJIIEMOM COJIHEY-
HbIMH JiydamMB Ha mmuporte IlerepOypra koJebJerca (3a ka-
KOH-HNOYAb MNECATOK THICAYEJIETHII) MEXAY KOJHYeCTBaMH,
moJydyaeMbIMH Ha mupore TaiimbIipa M Ha mupore Kmesa.

3ameuanue. Eciu OZMH H3 CKJIAABIBAEMBIX BEKTOPOB

AJIMHHEe CyMMBI OCTajdbHBIX (T.e. |aj| > ) |ax|), TOo cpenmeit
kA
YIJIOBOM CKOPOCTHIO ABMIKEHHUS mepureaus OyzeT yriosas

CKOPOCTb 3TOro cJjaraemoro, a; (Jlarpamx).

OxkasnsiBaeTCA, B peajIbHOM COJHEUYHOM CHCTeMe JeJio 00-
CTOMT MMEHHO Tak AJsa OosbInMHCTBa miaaHer. Ho aaa 3em-
Ju U aasa BeHephl MMeeTCA IO HECKOJIBKO CJIaraeMbIX IIPH-
MEpPHO OJZHOM [JMHBI, TAaK 4YTO 3aJada CTAHOBUTCHA COIep-
JKaTeJbHOM YyIKe MIJA cJydad TpEeX IJIaHeT, Korjga 4ucja
lai|, |az|, |as| ABAAIOTCA AIMHAMM CTOPOH TPEYroJbHUKA:

B aTom cayuae 3amaua ObLia pemreHa I'. Beitiem, u orBer
MMeeT BHJ cpenHero apmpMeTHYECKOro

Q=p1w1 + paws2 + psws (*)

C BeCaMH, IIDOIIOPIMOHAJIBHBIMH yIJIaM YIOMAHYTOI'O Tpe-
VYroJIbHUKA.
pj = j / T.

OTO 3HAYEeHMe CpefHei YIJIoBOoil CKOpocTH (He 3aBHCAIIEE
IIPUTOM OT HAYAJBbHBIX IIOJIOKEHHI BpAIAIOIUXCHA BEKTO-
POB) IOJIyYaeTCA P HOUYTH BceX (B cMmbIcjie Mephl JleGera)
3HAYEHMAX YIJIOBBIX CKOpOCTeil w; (mocTraToyHa, HaIpuMep,
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ax apudMeTHUeCKas HE3aBUCHMOCTb, T.€. OTCYTCTBHE pe30-
HaAHCOB
miwi + maws + mgwz =0

¢ meJibIMH BeKkTopamu m # 0).

IIpn Hajmuuuy pPe30HAHCOB OTBET MOJYKET 3aBUCETh OT HAa-
yaJIbHBIX IIOJIOXKEHHM, HO B CpefHEM TaKoM ke (Ipu ycpex-
HEHMH II0 BCEBO3MOJKHBIM HAUYaJLHBIM ITOJIOMKEHMAM Bpala-
JOITUXCA BEKTOPOB).

IIpu GOnpIIEM TPEX YMCJIE N He CJAUINKOM AJUHHBIX CJa-

raeMbeIX (T.e. |aj| < ) |ag|) oTBer Takke maérca aHasOrmy-
k#j
HBIM (%) cpeJHUM apH(pMETHYEeCKHM YIJIOBHIX CKOpOCTei, HO

pOJIb YIJIOB TPEYrOJIbHUKA IEPEeXOJHUT K CJeAYIOIMUM «0006-
IMEHHBIM yIJaM» pg.

Paccmotrpum (n — 1)-mepHBIH Top T""! ¢ yriaoBeiMu Ko-
OpAMHATAMM @, k # j. CocTaBMM 3aBHCAINUMA OT TOUKH §

TOpa BEKTOP
E(p) =) are®.
k]

Il HEeKOTOPHIX j-ONMACHBIX TOYEK (¢ IJMHA 3TOr0 BEKTO-
pa MensIme uuciaa |a;j|: |<(¢)| < |a;

Bec p; npeacraBiaser coboil Mepy MHOXKeCTBa j-OIaCHBIX
TOueK ¢ (BBIDAKEHHYI0O B TAKHX EAMHHIAX, 4YTOOBI Mepa
Bcero Topa Oniia 1).

B cayuae n =3 3TO ompenesieHMEe IPHMBOAUT K BecaM
Pj=a;/m, KaK JIEeTKO COCYHUTATb.

YTBepKIeHue, 4TO CymMMa BecoB p; + ...+ p, paBHa 1
opu jg1060M n BepHO, HO He Cpady O4YEeBHAHO (XOTdA M JO-
CTaTOYHO B3ATH OJM3KMEe K () HE3aBHMCHUMBIE YIJIOBBIE CKO-
POCTH @j, 4TOOBI JOKAa3aTh 3TO TOMKIECTBO MEXKAY OIMCAaH-
HBIMM BRIIIIE BeCaMH p;).

Ilogpo6GHOe peleHMe 3aza4y¥ O CpefHEM ABHMIKEHUH IIie-
burenqueB onucano I'.BeiseM B JByX HAJMHHBIX CTAThAX,
H HU)Ke BOCHPOM3BEJEeHa TOJILKO ero muaes. JJis IPOCTOTHI
PaccMOoTpUM ciy4yail TpEx ciaraeMmIx, n = 3.
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PaccmoTpuM TpéxMepHBIH Top T° ¢ YIJIOBEIMM KOODZAH-
HATaMu @1, @2, P3, X Ha HEM BEKTOPHOE IIOJIe BpAIEeHUH
C YIJIOBBIMM CKOPOCTSMH Wi, W2, W3:

1= w1, P2 = W3, $3 = wW3.
Kaxx10i#f TOYKe TOpa COIOCTABMM KOMIIJIEKCHOE YHCJIO
w(Q) = a,1€'%! + aze'?? + aze's.

AprymMeHT 3TOro KOMIIJIEKCHOI'O 4YMCJIa KOPPEKTHO OIIpe-
IeséH (C TOYHOCTBIO JO KpaTHOro 271 cjaraeMoro) TamM, rue
w(p) #0.

Toukum ¢ Topa, rae w(p) =0, obpasylor B HEM 3a-
MKHYTYIO KPHBYIO, OIPAaHHYHMBAIOINYIO IIOBEPXHOCTHL S, Ha
KOTOPOH KOMIIJIEKCHOE€ YHCJO W IOJOMXHUTEeJbHO (M TIae

argw(p) =0).

O.'Z%\U'-'-‘O S Z
W=0

JTa IOBEPXHOCTh KOOPMEHTHPOBaHa (HampaBJIeHHEM poO-
cTa aprymeHTra). OT/JIOKHM OT KaKZAOM TOYKHU ITOM IIOBEpX-
HOCTH S BEKTOpP YIJIOBHEIX CKOPOCTEH,

0 0

@ = 0154 + wrgg; + Ovg

+ w3 303 .

Bce oTiokeHHBIE BEKTOPHLI ONpPEAENAT 3-Ielb 2 B TO-
pe T2 (BO3MOXKHO, CaMOIEPECEKAIONMVIOCS M He TJIafKYIO).
Onpenenvm Ha Tope T° ¢yHKIMIO f, 3HaAUYeHHME KOTOPOIi
B KaXXZIO¥ TOYKE ¢ PaBHO KPATHOCTH IPOXOMKAECHHUSA IIO-
CTPOEHHOM Ienu J' uepe3 3Ty TOYKy (Ha pucynxe f=0

BCIOAY, KpOME 3allITPUXOBaHHOI obsactu, rzme f=1).
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Cpenuee aBmkeHme () ABiaAeTcA Tenepb (C TOYHOCTHIO HO
MHOXKUTEJIA 27) BPEMEHHBIM CPEJHUM IIOCTPOEHHON (PYHK-
nuu [ BAOAL opOMT AMHaAMUUYecKoi cucreMhbl @ (t) = ¢ (0) +
+ wt.

A3 He3aBHCHMMOCTH YacCTOT CJIeAYeT 3ProAUYHOCTH ITOM
(coxparamwomeil Mepy Jlebera) auHaMmMKM, a 3HAYUT — COB-
najJleHue BPEeMEHHOr'0 CPeZHEro ¢ IMpPOCTPAHCTBEHHBIM.

IIpocTpaHCTBEeHHOE CpeZHee 3aBHCHT OT BeKTopa da-
CTOT (), IPHU IIOMOIIM KOTOPOrO INOCTPOEHa ILiellb M ycpexn-
HaeMas ¢byHKIuA f Ha Tope.

Ho sTa 3aBHCHMOCTH OT BEKTOpa () HABJIAETCA JUHEHHOH
(HampuMep, 3TO cJefyeT M3 IIpeACTaBJEHHUA HMHTerpaja OT
dbyEKIMKN [ B BUAE IOTOKA IOJA () 4Yepe3 IOBEPXHOCTH S).

3HAYNT, AJNA BLIYNCJIECHHA IIPOCTPAHCTBEHHOI'O CpEZHEro
OOCTATOYHO IIOCUHUTATH €ro 3HAUYEeHMA IJA TPEX OasMCHBIX
BEKTOPOB BHZAa W = J/0¢, (He 3aborsack Gosee 06 aprommy-
HOCTH COOTBETCTBYIOILIEr'O IIOJIO IIOTOKA).

ITocnenHee BHIUMCJIEHHE yKe HECJIOMKHO, HAIIpMIMep, MOMK-
HO BOCIIOJIb30BATHCA TE€M, YTO €CJIM BpAaIlaeTCs TOJbKO OJHO
claraemMoe, TO cpejHee BpalleHHe cyMMbl paBHO 0, eciau OHO
KOpo4e BEKTOpa CYMMEI ABYX APYTHX cjaraeMbIX.

Ecam ke Bpammamwleecs cjiaraemMoe Az IJIWHHEE 3TOrO
BEeKTOpa CYMMEI, TO CpefHee BpallleHNe COBIAJAeT C YIJIOBOM
CKOPOCTBIO 3TOr'0 BPAIlAIOIIErocs cjaraeMoro, ws.

ITosToMy cpemHee (IO BceM HAaIpPaBJIEHUAM HEIOABUIK-
HBIX cJjaraeMelx A; u Ajy) coBmajaeT C noJie TeX HaIpas-
NeHui#t () M Pz BTUX CIAraeMbIX, IPH KOTODPHIX |A; + A <
< |A3|, xakoBasm moms m pgoasm o3/m yria IPOTHB CTODPO-
HEl |A3| =|as| TpeyrosbHEKa CO cTOpoHaMHu |a,|, |az| ¥ |a|
B CyMMe YIJIOB 3TOr'0 TPEYTroOJIbHHKA.

3ameuanue 00 3pProagM4YecKo TeOpUH

HameuenHoe BhINIEe BHIYMCIEHHE CPEZHEro ABU)KEHUSA IIe-
purenues BbinojsHeHO I'. BeitnmeM nmpu momomm upeir «3pro-
AUYECKOM TEeOPHUH», IMO3BOJAIOIIUX CBECTH [AEeJO K HaXO0X-
A€HHIO IIPOCTPAHCTBEHHBLIX CPEAHUX NOAXOAAINEH (HYHKIIMH
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Ha (a3oBoM mpocrpaHcTBe T° AMHAMHYECKON CHCTEMBI P
— @ + wi Ha TOpe.

IIpocTpaHCTBEHHBIE CpEeJHHE dYacTO Jierde BBIYHCIATH,
yeMm BpeMeHHBIe. Ha 2TOifi HMZee oOCHOBaHa BCS CTATUCTH-
yeckad ¢(pusuka. CoBmazeHue BpPeMEHHBIX CpeAHUX (BAOJB
OopOUT XaOTHYECKMX JHHAMHYECKHX CHCTEM) C IPOCTpPaH-
CTBEeHHBIMH cpeZHHMHU (IO BceMy (hasoBOMY IPOCTPAHCTBY)
KaxxkeTca (pusmxaMm caMo co0oii pasyMeOmMMCHA, ¥ OHU Bce-
rza OIPMMEHSIOT 3Ty «3pProgudecKyio» rumnoredy (Co BpeMEH
JI. BoasiimaHa).

Ho mMaremMaTHKM 3HAIOT, YTO TaKoe COBHaJIeHHE CPEeIHHUX
MMeeT MeCTO He Bcerjia: CHcTeMa JHOJI’KHa ObITh «3proauue-
CKOM», M Jla’Ke 3ProAUYHOCThL He rapaHTHPYeT COBIAaZleHUue
CPeAHUX IIPHU BCEeX HAYAJbHBIX YCJOBHAX AUHAMUKM (XOTHA
n obecrmeumBaeT ero IJis IMOYTH BCEeX HAYAJbHBIX YCJIOBMII).

B cmenmuanbHOM ciiydyae DaBHOMEDHOIO IBMIKEHHA ¢ —
— @ + wt mo Topy T" (C He3aBHCHMMBIMHM YacCTOTAMH Wj)
I'. Beiinip Jokasaj coBHaJleHHE BPEMEHHOr0 ¥ IIPOCTPAaH-
CTBEHHOI'0 CpefHero KaXJOW HeIpephIBHON (MJIMU XOTA OBl
nHTerpupyemoit mo Pumany) dyskmmm f: T" — R Ha Tope
obréma 1:

T
. 1 _
71'5110(7’ (S)f(go + wt) dt) = STS f(p)deo.
IIpumep. IlycTs f— xapakrepucruueckas GyHKIuA (MU3-
mepumoii no Pumany) ob6sactn X HaA TOope

f(p) =1 mpm p€eX,
f(p) =0 npm ¢ €T\ X.

Torza crodaimuii B JIeBOM YacCTH MHTErpajl BhIPa)KaeT Bpe-
MA, KoTopoe oTpe3oK 0 <t < T opbuTH AMHAMHUYECKOH cH-
CTeMBl @ — @ + wt mpoBoAUT B obmacTu X.

IIpenen B JeBO# Y4acTH €CTh MO3TOMY [OJII BPEeMEHH, KO-
TOpoe opbuTa mpoBOoZUT B obsacTn X 3a BeCh 6ECKOHEUYHBIH
nepuox t > 0.
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HNHTerpas ke B IpaBOil YaCTH PaBE€H IJId XapaKTepHCTH-
yeckor (pyHKnum obmactm X o00béMy 3TOoit ob6sactu. Ecam
Bcé (asoBoe mpocrpaHcTBO (y Hac T") mmeer o6béM 1, TO
3TOT HWHTErpaJl BBIpa)kaeT TaKxKe HoJio o0BbéMa (haszoBoro
NPOCTPaHCTBa, 3aHMMaeMylo obisacTeio X.

CoBraieHre CTOAILErO CJieBa BPEMEHHOro CpPeAHEero Xxa-
PaKTEePUCTHUUYECKON (YHKIMHM CO CTOAIIMM CIOpaBa eé IIpo-
CTPAHCTBEHHBLIM CPEeAHMM HAa3BLIBAE€TCS PaBHOPACIpPeleJIEHHO-
CTBIO OPOMT M3yuaeMoOil ZMHAMHUYECKOH cHCTeMBI IO (a3oBo-
My IpocTpaHCTBY. Eciu amHaMHKa cucTeMBbI 00JiaZlaeT 3TUM
CBOMCTBOM paBHOMEPHOro pacupepesieHus (aaa Jixo6oi 006-
adacta X, msMepumoii nmo Pumany), TO ABMIKyIIasca TOY-
Ka IPOBOAMUT B Pas3JIMUHBIX 4YacTAX (ha3oBOro IIPOCTPAHCTBA
BpeMeHa, IIPONOPIMOHANbHEIE 00bEMAM 3THX YacTei.

N3 paBHOMEPHOro pacipezejieHMsa OpOUT AMHAMHUYECKOM
cucTeMbl B (pa30BOM IIPOCTPAHCTBE BBITEKAET COBIAJAECHUE
BPEMEHHBIX M IPOCTPAHCTBEHHBLIX CpPeZHHX Bcex (IO MeHb-
meil Mepe M3MepHMBIX 0 PuMmaRy) GyHKIHII. ITO cIenyeT
U3 TOro, 4YTO TaKyl0 (YHKIHIO MOXHO aIIpPOKCHMHPOBATH
JMHEMHOM KoMOMHauell xapakTeprMcTU4YeCKNX (GyHKIMII Hec-
KOJIbKMX olJiacTei.

OxHOBpEeMEeHHO C JOKa3aTeJbCTBOM pPaBHOMEPHOro pac-
npeneeHus AUHAMHMYECKON CHCTeMBl ¢ — (@ + wi ¢ Hempe-
PEIBHEIM BpeMeHeM Ha Tope 71" I'.Beinp pgokasan aHa-
JIOTUYHYI0 TeopeMy O PpaBHOMEPHOM pacHpeiejleHUM IJis
ANHAMHUUYECKOM CHCTEeMBI C AUCKPETHBIM BpPEeMEHEM

g: T —T", g(p) =¢ + A

Op6uTHl 3TOi AWHAMHKM DAaBHOMEPDHO pacIpejeseHbl Ha
Tope T", ecau BeKTOp HOBOpoTa A o6JjajzaeT CJaeLYIOLIUM
CBOMCTBOM pAaIMOHAJBbHOI HE3aBHCHMOCTH KOMIIOHEHT: Iie-
JIOYNCJICHHAaaA JINHeNHaA KOMOMHaIusa

miAL + ...+ muA, + myg

obpamaercas B 0, ecliM M TONBKO ecJM BeKTop m € Z'+!
PaBeH HYJIO.
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IIpumep. IIpu n =1 npeoGpasoBaHue g ecTb IOBOPOT
OKDYXHOCTH, & YCJIOBHE HE3aBHCHUMOCTH COCTOHT B TOM, YTO
yroJ 3TOr0 IOBOPOTA HECOM3MEPHM C Das3BEPHYTHIM YIJIOM

(c 2rm). 2
& (7 4(19)
g
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JdproguvyecKkas TEOPHA reOMETPHMUYECKHX IIPOrpeccHi

Paccmompum nepsvie yu@pv. UNeH08 zeomempuieckoil
npozpeccuu wucen 2!, t=0,1, 2, ...

1, 2, 4, 8, 1, 3, 6, 1, 2, 5, 1, 2,

Kaxyio 0doxnio cocmaensaiom 6 amoil nocaedosamenbHocmu
edunuyvl? B nepgom decamie 4leH08 nocaiedo8amenbHOCMu
3 eduHuywvl, mpebyemca Haumu npedea p; =limp_. (duc-
10 HaxuHaowuxca ¢ 1 yucen 2' cpedu nepevix T unenos
npozpeccuu).

Pemenue. PaccMoTpuM gecATHUYHBIE JorapudMbl 4J€HOB
Halneif mporpeccun: 1g 2t =tA, rone A=1g2.

IlepBasa mudpa MOJOKHUTEJILHOrO UYHCJA 2 paBHa Rk, eClH
9HCJIO 2 JeKUT B uHTepBaye k10° <2< (B+1)10%, rme a—
nesoe yucygo. UHBIMU cioBamu, a+1gk<lgz<a+1g(k+1),
TO €CTh ApPoOHAs YacTh YHcCJa lg 2z JIeXKUT B IMOJYHMHTEpPBaJe
aauBbl pp=1g(k+1) —1gk=1g(1 + 1/E).

Yucao A =1g2 wuppanuoHajibHO (B IPOTHMBHOM CJy4ae
uMeso Obl MecTo paBeHCTBO 10P/¢ =2, T.e. 10P = 29, uro
npu p > 0 HeBO3MOYKHO, MOCKOJbKY 27 He IeJuTCsa Ha 5).

ITo Teopeme TI'. Beiins mociemoBaTenbHOCTH {tA}, t=0, 1,
2, ... TOUeK Ha OKpYXHOoCTH JpoOHBIX moneit R/Z paBHO-
MepHO pacupejnesieHa. I[ojis BpeMeHH, KOTOpoe opOHTa Ipo-
Bogur B uHTepBajie [0, 1g2) okpyskHOCTH APOGHBIX HoJeil,
paBHA, M3-3a PAaBHOMEPHOI pacHpezesi€HHOCTH, NJHNHE 3TOro
HHTepBaja: p; =lg2~0,30.

C exumaun HaumHaerca okojJo 30% umeHOB reome'rpnqe-
CKOil mporpeccum umcen 2°.

3ameuanue. Taxoe ke paccy’kAgeHHe ¢ IPOCTPAHCTBEH-
HBIM CPeZHHM JIOCTaBJIIET HOOJIO IABOEK, P3, HOJIO TPOEK,
P3, 1 T.nO.:

pk=lg(k+1)—1gk=lg(1+%):

E o ||1]2|3|4|5/6/7]|8]|9
100p, (3018|1210 |8 |7|6|5]|4
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BMecTO reoMeTpHYECKOM IPOrpecCHMH cO 3HaMeHaTeJjieM 2
MOKHO OBIJIO OBl paccMaTpMBaTh Jpyrue reoMeTPHUUECKHE
mporpeccuu, a' (Hampumep, B3ATh a = 3) — HOJA P UHUCEN
Imporpeccuy, HaYMHAKINUXCA ¢ kB, BCé paBHO OyzeTr Takas
)Ke, Kak Aaa nporpeccuu 2!, BadXHO TOJBKO, 4TOOLI 3HaMe-
HaTeJb @ He OBl pamHMOHAJIbHOM cremeHbIo umcaa 10: caBur
A=1ga B suHaAMMYECKOii cHCTeMe Ha OKPYKHOCTH APOOHBIX
IoJIe JOJIKeH OBITh MPPAaIMOHAJBHBIM YMCJIOM, YTOOBI Op-
6uTa OblJIa pPaBHOMEPHO paclpeziesieHa Ha OKPYXHOCTH.

3ameuanue. B CIIIA npuHATO HA3BLIBATHL 3Ty TEOPEMY
Beiina «3akoHOM Beadopza», B uecTs (pu3MKa, 3aMeTHBIIIE-
ro (oxkoso 1930 r.), 4To mepBBIe CTPaHHMILI TaOJHI Jora-
pudpmoB B Oubimorexe rpsasHee mnociaesHuXx. OH 00BACHAI
3TO TEM, YTO «CJIydalHbIe YHCJIa» BCEerza dalme HaYMHAIOTCH
¢ 1, yueM ¢ OGOnpIIMX LHUPP, HDO3TOMY UYHCIA HAYAJBLHBIX
CTPaHUIL dalle NPUXOXUTCA JIOrapu(MHpPOBATh.

Ho Bexndopxa omubasnca: HanpuMep, B CTATUCTHKAX IJHH
PEK HMJH BBICOT I'Op C €IWHUI, HAYMHAIOTCA CTOJILKO YHCeJ,
CKOJIBKO C JEBATOK.

31ech HeMCTBYeT OOBIYHBIM «3MOHMMHWUYECKWH ITPUHITHMII»:
HUKaAKOe OTKPBLITHE HE HOCHUT HMMEHM IEepBOOTKpPhIBaATeJdd,
BCEé IPHMIHCHIBAETCA APY3bAM TeX, KTO HaeéT umA (Hampu-
Mep, AMepuka He HasbIBaeTca KosnymOwmeii).

Anrmniicknii pusuxk M. Beppu HasBajJ 3TOT 3MOHMMHYe-
CKMH NPUHINN <«IOPUHOUIOOM ApHOJBAA», HOOABMB K HEMY
ellé ¥ BTOpOM: «mpuHUIUN Beppm».

ITOT InoHumuueckuil npunyun DBeppu riacur: «IpHH-
nun ApHoJba IPUMEHMM K camMoMy cebe» (T.e. He Ap-
HOJIAOM H300peTEH).
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MaasTy3aMaHCKHM IIepeles MHpa

Paccmompum cmpaHv. mMupa u nociumaem, 6 CKOLbKUX
U3 HUX 4ucCJao0, 6blparcaioujee KOAuYecmeo HaceleHus Hadu-
Haemca ¢ yugpol k.

Y6edumecv, umo Oons marxux cmpan cocmaensem py =
=1g(1 + 1/k) (kax 0as zeomempuueckoii. npozpeccuu 2!
u Kax 8 mabauye, npuéedénnoii Ha c. 75).

Pemenune. CorsacHo 3akoHy MajabTyca, 4HMcJia, BhIpaka-
IOIMe KOJHNYEeCTBO HaCeJIeHUA CTPAHBI B IOCJIeLOBaTEJIbHbIE
roabl, o0pasyoT reoMeTpuuecKyio Imporpeccuio. Iloatomy
IOJISL 3THX YHCeJ, HaUdWHAIOIMUXCA ¢ Iudpsl Rk, cocraBjd-
eT pPg.

CorsacHO 3progn4ecKoMy IPHUHIUIY, BPEMEHHOE CpelHee
(c ycpenHeHMEM IO COCTOSHHIO OZHOI CTpaHbl B pasHbIE
roZbl) paBHO IIPOCTPAHCTBEHHOMY (CpeZHEMY IO COCTOSHHUAM
BCeX CTpPaH MHpPa B HBEIHEIIHEM TIozay).

3amMeuaHHe. 3aMEHHUTE IIOCJIEAOBATEJHLHOCTH YMNCEJI, BbI-
pPaKalOIMNX KOJUYECTBO HACEJEeHUSA CTPaH, KaKUMH-JIHO00
IPYTHMH II0CJIEIOBATEJIbHOCTAMY — HAallpyMep, BBICOTaAMH Iop,
WIN OJINHAMU pPeK, WJIM 4YWcJaMM CTPaHHUI, KHUTI' Ha JIobu-
MOM KHHKHOH IIOJIKE.

B sTux cayuasx Bce mepBble HaudaJibHble Iu@ps 1, 2, ...
..., 9 BCcTpeyalTCA IPUMEPHO C OAWHAKOBOM YaCTOTOHM pi =

=ps=...=pg=1/9 (B To BpeMA Kak BbIpakaloliue HaceJe-
HUSA YuCJia HAYMHAIOTCA ¢ 1 B ceMb-BOCEMBb pa3 yaime, 4eM
c 9).

Heno B ToM, 4YTO HA PEKH, HU ropbl, HI KHUI'¥M He pac-
TYT B reOMETPHUYECKOI IPOrpecCHMM — a BBIYMCJIEHHOE BBIIIE
pacupenenenue p, = 1g(1 + 1/k) xapakTepHO MMEHHO XA
reoMeTpM4eCKMX IPOrpeccui.

Y IMBUTEJBHO, HO IJIOINAAU cTpaH Mupa (OyzeM Ji MBI
UX N3MepATh B KBaJAPaTHBIX KHJIOMETpax, MJHM B KBajparT-
HBIX MMJAX, WJIN B KBaApPaTHBIX AIOMMax) ZOCTABJAIOT Ta-
Koe )Xe pacmpejejieHNe IepBhIX Iudp, KaKk reoMeTpuYeCcKue
IpOrpeccuu.
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9T0 ABJEHHWEe MOXXHO OOBACHHUTH TE€M, YTO CTPaHBI Bpe-
Ms OT BpeMEeHU OO0BbeZUHAIOTCA (YTO IPHMBOAUT K pacTyiien
reoMeTPHUYECKOIl IPOrpeccMM co 3HaMeHaTejeM 2 Ipu o0b-
eIVHEHNH CO CTPaHOM CXOZHOro pasMepa), a BpeMs OT Bpe-
MEeHH JeJIATCA IomoJjiaM (YTO IOpOMKIaeT YOBIBAIOIIYIO reo-
MEeTPHUYECKYIO0 IIPOrpeccHIo, I'Ze paBHOMEpPHOe pacmpejeJie-
HUe JAPOOHBIX HoJiel Jiorapm(dMOB TOXKE MMEEeT MECTO).

Ina mpocreHmIMx Mojesie mnozoOHOro mepexpesa MHUpa
IIOsIBJICHNE OMMCAHHOrO paclnpejejieHNuA HepBbIX IHUPP MOXK-
HO JIOKa3aTh, HO KOMIIbIOTEDHBIE 3KCIEPMMEHTHI! IMOKAa3bl-
BalOT, 4TO TOT e 3((deKT BO3HHKAET U B 0ojiee CIOMKHBIX
Mozenax (HampuMmep, Korjga oOObeOUHATHCA MOYKHO TOJIBKO
C cocensaMH), XOTA OOOCHOBBIBAIOIME IIOABJIEHHE pacmpeze-
JeHus pp =1g(1 + 1/k) TeopeMbl B 3THX CIy4YadX HUKEM He

AOKa3aHbI.

Mposenérnrre @®.Aukapau B Cuctmame (Mrammsa) m M. Xecuuoit
B ToporTO (Kanapna).
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Ilepkoassiuua M rUAPOAHMHAMHKA BceJeHHOM

Paccmompum N mouerx 8 raxoii-rubo obaracmu esKaudo-
éa npocmparcmea (Hanpumep, 8 edurnuunom kybe I" C R”,
ckaxcem, 8 xKeadpame HaA e8KAUA080IL NAOCKOCMU).

Ecau wucao r docmamouno mano, mo wapv. paduyca r
C YeHmpamu 8 3Mmux moyKax He nepecexaiomcs.

Ecau awe paduyc r 6oavwe, mo He MOAbKO HeKOmMOpbLe
wapbvL nepecexkalmcs, HO HeKOmopbvle nepecexanwuecs wa-
pyL Oaxce obOpa3syiom uyenu OauHvt nopsadxa 1, u no amum
yenam moixucHo dobpamuvcs om 00HOLL cmopoHbvl Kyba 0o npo-
mueononoNCHOU.

B smom caywae zogopam, 4mo npou3ouwina NepKONAYUS:
ecau ucxodnas obaacmb 3GnONLHeHA mamepuanom cocyoa,
8 rKomopom umeiwomca N 3apodviuteii nopokos, u KaxcowviLil
nopox ewvipoc 00 waposoil Ovipv. paduyca r, mo, ecau Ha-
cmynuaa nepKoaAyus, cocyd HAYLHEM meyb.

PagnycoM DEepKOJMALUM cucmemv. MmMoYeK HA3bL8ACMCA
Haumenvwuii paduyc r wapos ¢ YeHmpamu 8 3mux moy-
Kax, npu Komopom npoucxodum neprorAYUS.

Paduyc nepxoaayuu 3aséucum He MOJbKO OmM YUCAA YeH-
mpoe nepxonayuu N, HO u om zeomempuu uXx pacnoo-
HeHuA.
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3adava, Komopyio mvL ceiluac obcydum, cocmoum 6 Uuc-
caedos8anuu mozo, Kax ybvieaem paduyc nepKoOAAYUU I npu
pocme uucaa mouex OaAA pa3HblX pacnpedeneHuil amux
YeHmpoé nepKoaAyUU 6 mamepuane cocyoa.

JlJis OpaBHUJILHOIO PELIETYATOrO 3aIOJHEHUS TPEXMEPHO-
ro Kyoa N meHTpaMH PACCTOAHHE MEXKAY COCEZHUMH IeH-
TpaMu 6Gyzer mopsaxa 1/v/N, Tak uTO pajguyc HEPKOJA-
Uy — mopanka N—1/3,

A » ¢ o o ¢
VSR

ITOT BBIBOJ COXPaHSAETCA U IJIA MeHee PeryJapHOro pac-
npezeJieHNsA LEHTPOB, AaKe CJAy4YaHBIM obpasoM HabpocaH-
HBIX B Ky0: paamyc mnepkoJgAanmum cucrembl N Touek B I
y6bIiBaeT npu N — 0o, Kak mpasuio, kak C/N/™,

Eciu xxe N IEHTPOB IEPKOJAIMH PaCHOJIOXKEHBI B KY-
6e I® He XaoTHYecKH, a, HAIPpUMepP, BAOJb HEKOTOPOI IJaj-
KOM KpHBOM, TO pajuyC IEpKOJAIMN OyzeT ropaszo MeHb-
e, a umesso C/N.

HOna pacnosoxeAnsa N IEHTPOB NEPKOJALUY BAOJb IJIak-
KOl IIOBEepXHOCTHM, BJIOKeHHO# B Ky0 I3, paguyc nepko-
aanun Oyzer yOwmiBaTh mpu N — 00 IPOMEXKYTOYHBIM 00-
pasoM MeXAYy ABYMA omucaHHbIMU: r ~ C/NY2 (mna pac-
npeznejeHus N IeHTPOB BAOJIb E-MepPHOro ImOAMHOrooopasms
B I" TO JKe paccy’KJeHHe NaET pPaguyC NEPKOJAIUU IMOPALKA

1/Nk),
o

QL /W
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Crporue mareMaTHuYeCKHe NOKAa3aTeJbCTBa BCEeX Iepeduc-
JICHHBIX Pe3yJIbTAaTOB He IPOCTHI, IpPeXxje BCero MOTOMY, 4TO
HY’KHO TOYHO ONIPEZENIATh M YTO TaKOe «CJIydaiHoe 3amoJi-
HEeHMe» HmoAMHoroodbpasma N IeHTpaMHM INEPKOJALIMNHN, U Ka-
KHe IIOAMHOroo06pasmusi HOIMYCKAIOTCH.

Ho ¢usmKy, XMMHKHA ¥ aCTPOHOMBI CMEJIO HCIOJIb3YIOT
mofO0OHYI0 «CTOXaCTHYECKYI0 IeOMeTpHIO», He OuYeHb 3a00-
TACh O CTPOTrMX OOOCHOBAHHUAX — M IOJIYYAIOTCS BIEYATJIAIO-
e HeTPHUBHUAJIBHEIE BHIBOJLI.

Hanpumep, B KOCMOJIOTMM Ba’XKHO IOHATH, KaK pacipe-
ZIeJieHbl BO BcesleHHO# raJlakTHKH: TATOTEIOT JIM OHH K pac-
IIOJIOXKEHUIO BAOJIb KAaKMX-JIM00 IOBEPXHOCTEH WM JIMHUM,
MK 00pasyIOT CKOIJIEHUA raJIaKTHK B OTHEJbHBIX TOYKaX —
NJIN K€ PaBHOMEPHO pacIpezesieHbl IOBCIOAY, KaK Ciaydai-
HO HabpocaHHbIe B Ky0 N ToueK mpezmiaymnero mpumepa?

OTBeThl Ha 3TH BOIPOCHI O CTPYKTYPE CKOILJIEHMH rajak-
THK MOTIYT IPOJIUTH CBET Ha TPYAHeHInIue mpobseMbl Hcclie-
IOBaHUA MX IIPOMCXOXKIEHUA.

IlepBoii ocobeHHOCTBIO pacmperesieHusa HaOJMIOAEHHBIX acT-
POHOMaMHM TaJlaKTHK OBLJIO HaJW4YWe OrPOMHBIX IYCTHIX
MECT MeXXJY HHMMH, I'Je raJJaKTUK HeT.

OTH IBIPHI HaBeJH HA MBICJIb, UTO TaJIAKTHUKH IIOYEMY-TO
IIPeAIIOYNTAIOT paclojiaraTbCA He Hayraj, a BJOJIb HEKOTO-
PBIX CIEIMAaJbHBIX ABYMEPHBIX IIOBEPXHOCTEN MJIM OZHOMEP-
HBIX KPHMBBIX (KOTOpBIE, IIepeceKasch, MOTI'yT TaKke obpaso-
BbIBATh CETH).

ACTPOHOMBI M KOCMOJIOTM BBIYHMCJIMJINA PagNyC HEPKOJIA-
IOIMH CHCTEMBI ThICAY HaAOJIOJEHHBLIX rajJJakTUK. PasmepHOCTBH
MHoroob6pasmus, rje OHHM CKAILJIMBAIOTCA, IOJy4YMJach M3
CPaBHEHHUs 3TOro pajguyca HepxKoJaAnuu ¢ yuciaom N Ha-
OJIOAEHHBIX TaJIaKTHK. PaZuyc HEepKOJAIMM OKasajicd, IO
nopaaky BeanunHbl, C/N%, rge 1/2<a < 1.

ITO O3HA4YaeT «MHOrooopasye pasMEpPHOCTH IIOJITOpa» —
IIO-BUAMMOMY, 3TO He OYeHb IJagKad IOBEPXHOCTh, rIhe
IUIOTHOCTh pachnpeziejieHus TrajJlakTHK OoJjblile, 4eM B [JO-
MOJHUTEJNBHBIX <«OYCTHIX» obsactax (dim = 2), HO Ha 3TOM
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IIOBEPXHOCTH BBIZEJAIOTCA emié oTaesbHbIe JuHNM (dim = 1),
rze IJOTHOCTb eIné OoJsibllle, 4yeM Ha IOBepxXHocTH (He
NCKJIIOYEHO eIé M JOIOJIHUTEJIbHOE IOBBIIIeHHE IIJIOTHOCTH
OKOJIO 0COOBIX Touek 3Tux JuHUi (dim = 0)).

Bce 3T BBIBOABI M3 HAWJEHHOM BeJMYMHBI paguyca mep-
KOJALMU IOATBEPKJAEHBbl JeTaJbHBIM aHAJN30M IIPOCTPAH-
CTBEHHOI'O pacIpeziejieHnsl raJJaKTHK (Za M «THIPOAUHAMU-
Koii BcesieHHOM», OO'BACHAIOIENA IIPOMCXOMKIEHUE 3THX OCO-
OeHHOCTEell IJIOTHOCTH CJYYailHHIMH HEOZHOPOAHOCTAMHM HC-
XOJHOr'0 IOJII CKOPOCTeM pasJieTaloIHUXCsA ITocJie «DOoJIBIIIOoro
B3pBIBa» uacTeii BcesieHHOI).

IIpenMyimecTBO MaTeMaTHUUYECKOr'o IIOAXO0Za, OCHOBAHHOI'O
Ha pajuyce HEPKOJIAIUM, IIepel HeIOCPEACTBEHHLIM pa3rJif-
IBIBAaHMEM HaOJNIONEHHOIO IIPOCTPAHCTBEHHOIrO pacIpeneJie-
HUA COCTOHUT B TOM, UTO YEJIOBEKY CBOMCTBEHHO O0OBEIUHATH
caydyarHOo Osnmskme 0OOBEKTHI B 0Oosiee eMy ymoOHBIE CTPYK-
TypHl (paszensas, HallpuMep, 3BE3AHOEe He00 Ha CyO'BEKTHBHO
ompezeaseMble co3Be3nusa — B Kurae 7 3Bé3x KosBima Boib-
moit MexBenuubl M3ZaBHA paclipefieJIeHbI Ha ABa CO3Be3nUd,
coCcTOofAIMEe U3 KOHEM U KapeThl).

IlepkoNAIMOHHBIA IOAXOJ 3aMEHSET 3TH CYOBeKTHBHO
OIpeJieIEHHBIE CTPYKTYPHl OOBEKTHBHON XapaKTEPHUCTHUKOM
pacnpeieIeHUA H3yYaeMbIX OOBEKTOB, He 3aBUCAINEH OT
IIPOM3BOJIA MCCJIeOBATEJIA.
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3anaua Bro¢gdora m MHETEerpajbHas reoMeTpMsa

Bpocum cayuwaiino uzay Oaunvt. 1 Ha 20pu30HMANbLHYLE
aucm O6ymazu, pa3aUHOBAHHbLLIL NAPANNEALHLIMU NPAMLLMU
maK, ¥mo paccmosHue mexcoy coCeOHUMU NPAMbIMU MAK-
Je paéHno 1.

IToemopum amom onvtm mHoz20 pa3 (N — o). Kax Oy-
dem pacmu ¢ N 4uucno nepecewenuit M ynasweil uzavl

¢ AuHuamu 6ymazu?

Pemenue. OTBeT yAUBUTEJICH:

Jm ¥ =%
TaK 4YTO, OpOCHB HIJIy MMUJLJIMOH pa3, MOXHO IOJIYYHUTH
HeIlIoXoe IpUOJIM)KeHne K YHCIy T.
O0bsACHEeHNe 3TOro YAUBUTEJIBHOI'O OTBETA COCTOMT B CJie-
nyomeM. IToEaTHO, uTo mpm N — 00 YHCJO IIepecedueHuit
M(N) ~¢cN (c HeKOTOpOilI HOCTOAHHOH C, O3HAYalolIeil Be-

POATHOCTL IaJIecHUA Ha JHUHHIO IIPM OZHOM OpocaHUM).

-

3amMeHMM uray AJUHBI 1 BaBoe 0OoJiee AJMHHOM HIVIOM.
Torza umcio mepeceyeHMit TOXKe YyBeJHUHTCA (B cpexHEM)
BABOoe. [leCTBUTENILHO, YAJHUHAIOIIAA NOJOBHHA MIJIBI TOXKE
uraa aauHEbl 1, ¥ oHa ToXe majgaeTr cayuaiiHo. IloaTomy
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oHa K00aBHUT CTOJIBKO K€ IlepecedyeHMi, CKOJbKO HOCTaBJIANIA
UCXOLHAsA WrJja AJUHBL 1.

Her HeoOxXommMoCTH, 4YTOOBI HMIja AJHHBI 2 Oblja npA-
moii. Eé MOXXHO M30rHyTH B BHJEe Kouepru (B cpegHeil TO4-
Ke) —o0e IIOJIOBUHBI JAaAyT IIpekHee YHCJIO IlepecedYeHuH,
a BMecTe — BJBoe 0oJIbllle IIPEXHEro.

\
—

M3 onmcaHHBIX paccy’XJIeHUH BLITEKaeT, 4To, Opocad Jio-
OyI0 IJIOCKYIO «KPHUBYIO HUIJIy» AJHHBI [, MBI IOJY4YUM IPH
N — oo acumnroTudecku cNI Todek mepeceueHHud.

Bynem, B wacTHOCTH, OpocaTh OKpYXHOCTH nuamerpa 1.
HOiauaa | 3TONl OKPYXHOCTH €CTh 7M. ACHMITOTHYECKHM OHa
moctaBuT nocjye N OpocaHmMili cNmT TOUeK mepecedeHud.

Q

Ho Takas OKpPY>XHOCTH IIpH JI0O0OM OpOCAaHMHM IOCTaBJIAET
IIBe TOUKH II€peceuyeHus.
Nrak, MBI yOeguiauch, 4TO

¢cNrn =2N,

T.e. ¢=2/m, 4TO U TPeOOBAJIOCH HOKA3ATh.

OnucanHasa 3xech 3amada BroddoHa mopoamnia ey HO-
ByI0 o00JacTh MaTeMaATHKH — TaK Ha3bIBAEMYIO HHTErpaJib-
HYIO IeOMeTpHIO.

Ho mcTOYHMKOM 3TOifi HayKM IIOCJYKHMJIO HE HCCJIeZoBa-
HUe CJIECTBUII M3 KaKUX-JIN00 aKCHOM, a KeJlaHWe IOHATH
IIPOCTHIE 3KCIEePHMMEHTHhI, N300peTéHHLIE, BIOOABOK, NAJIEKH-
MH OT MaTeMaTHUKM HCCJIEeIOBATEJIAMM.

Cerogaa mHTErpajJbHafg reoMeTpuUs — OZHA M3 HamboJiee
aKTHBHBIX o0OJiacTel TeopeTmueckoili maremaTuxku. Ho oHa
IIOCTOAHHO IIPMMEHJEeTCA M B JAPYrux o6JIacTAX eCcTeCTBO-
3HAHUA — HaIpUMep, YTOOBI U3YUYUTH CJOKHBIE TPEXMEpHEIE
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reOMETPUYECKHE CTPYKTYPhl KPHCTAJIJIOB, PaCTeHUH MM
SKMBOTHBIX II0 CTATHCTHKE HMX CJYYaMHBIX ABYMEPHBIX Cpe-
30B MJIA TOMOrpaMM (BKJIIO4Yasi MCCJIeJOBaHHE CJHy4YalHBIX
MPOEKI U, TeHei IIPM OCBEINeHUHU CJYYaHO PaCIOJIOKEeH-
HBIM MCTOYHMKOM HJIM OTPaXeHUH cayuailHO IaJaloIiero
Ny4YyKa JIyded HCCJIefyeMBIM O0BEeKTOM).
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Cpennasa niaomans MpoeKIMH

Haiimu naowade opmozoranvHoll npoexyuu kyba c peob-
pom edurHuya HA CAYHAUHYIO NJAOCKOCMDb.

Pemenune. Paccyxzgaa kak B 3amaue DBioddoHa, MBI
IIPUXOAUM K BBIBOZLY, YTO 3Ta CPEAHAA ILJIOIIAAb IPOEKIIUH
He 3aBHUCHUT OT (opMbl IPOEKTHUPyeMoro (BBIIYKJIOrO) TeJa,
a 3aBHUCHUT TOJIBKO OT ILJIOIIAJU €ro IOBEPXHOCTH.

IloaTomy cpezHsasa mIomIaZhb IPOEKINHM Ky0a MeHbIne
IIJIOIIAaAYN €ro MOBEPXHOCTH BO CTOJIBKO K€ pa3d, BO CKOJBKO
IJIOIIaAb 3KBATOPHUAJIBHOIO CEeYEHMA IIIapa MeHBIIe IJIoIia-
I ero IMOBEPXHOCTH.

Iaa mapa pagmyca 1 miomazab 3KBaTOPHUAJIBHOrO ceye-
HuA (ABadAOIIeroca KpyroMm paauyca 1) cocrasiaser m. Ilo-
BEPXHOCTH Iapa pazmyca 1 mmeer miomane 4.

3HAYUT, CpefHAA ILJIOINAaAb IPOEeKINH Kyba B 4 pasa
MEeHbIIIe IJIOLIAAM ero moBepXHOCTH, paBHOM 6. UTak, cpen-
HAA IUIOMIaAb IPOEKINH eJUHMYHOro Kyba cocrasiseTr 3/2.

3ameuanue. Hanmenrsmyio miaomans (paBHyio 1) mmeeT
npoexkuusa BAOJb pebpa. Hambospinyo miaomiazbk KOCTaBJIAET
(mrecTuyrosibHas) OPOEKIMA BIOJbL AJHUATOHAJH KyoOa.

C

Hduarosanu rpaHeii kKy0a, HepmeHAWKYJAPHBIE HAIpaB-
JICHUIO NIPOEKTHPOBaHUSA, COXPAHAIOT NPH IIPOEKTHUPOBAHHH
cBou amumb: |[P4Pp|=|AB|=2.
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N3 paBHOCTOpPOHHEro TpeyrojbHuUKa OP,Pp MBI HaXOLUM
|OPp| = 2(|P4P3|/2)/V3 = /2/3 (mockomsky tg60° =+/3).
ILlnouiagp 3TOro TPEYroJIbHUKA COCTABJISAET IIO3TOMY
1 V2, [2_ 1
2

2 3733
Bea mromans mpoexknuu P ky6a pasaa 6/(2v/3) = /3.
HNrak, HalileHHAsA HAMU CPEAHAA IJIOIIAAb MPOEKIUHU 1%

3aKJIIOUeHa MeXKAy HauMeHbIned (paBHOM 1) m Hambosbimen
(paBHO# V/3) miomAaLAMM TPOEKIHH.

OTO HNOATBEpKIaeT HANJEHHBIH BHIIIIE OTBET O4YepKa «3a-
naya BroddoHa m uMHTErpajJbHas reomerpus». B dusmke
TaKhe KOHTPOJIbHBIE CPaBHEHUS CPeJHHX C KpalHUMHU CJy-
yagMH ABJAIOTCA 00A3aTeJIbHBIM 3JIEMEHTOM KaXXJAOro Mc-
cJefOBaHMA, M MaTEeMaTHKaM TOXKe CJIeOBaJio OBl MX He
3a0bIBaTh AEJAaTh.

s raagxkoil rpaHUIBI 00JIACTH IIOBEPXHOCTH B EBKJIH-
IoBOM ImpocrpaHcTBe R” paccMoTpuM k-MepHBI#A 00BEM S,
€é OPTOroHaJILHOM IPOEKIMH B CJIYUYAHHYIO R-MEPHYIO ILJIOC-
KOCTb.

OxaspiBaeTcd, 3T0 (YCpeZHEHHOE IIO BCeM KE-MEepHBIM
IIJIOCKOCTAM, IpeAlnoJiaraeMblM PaBHOBEPOATHLIMU) cpelHee
3HaueHHe CYIIecTByeT — HampuMep, y IoBepxXHocTH B R3
€CTh CPEeZHAA IJIOLIaAb MPOEKIUH U CPeAHAA IJUHA IPOEK-
UM,

OTH cpenHUEe k-MepHble OOBEMBI OKAa3bIBAIOTCA pPaBHBI-
MM CpPeAHHUM II0 BCel IOBEPXHOCTH 3HAUYEHUAM CHMMETPH-
YeCKUX (YHKIOHMIH OT I'IaBHBIX KPHMBHU3H IIOBEPXHOCTH.

OHM y4acTBYIOT TakKXe B (YAMBHUTEJbHOI) (opmyie Iasa
00béMa h-OKPECTHOCTH IIOBEPXHOCTH

V(h) =Vo+Vih+V3h® +...+ V,h"

(a nmenno, Vo — 06éM moBepxHOCTH, V; — (n — 1)-MepHBIit
00bEéM rpaHWIBI, IPONOPIHMOHAJBHEINA CpefHEeMYy 3HaUYeHHIO
oT 1, yuciao V;, mponopmuoHANBLHO S; M BBIpA’KaeTcA depes
CpefHVEe 3HAYEHHUA OT NMPOU3BEAEHMSA K IJIaBHBIX KPHUBU3H).
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B cayuae n =3, T.e. IByMEpHOH TIJIaKOi IOBEPXHOCTH
B TPEXMEPHOM €BKJNJOBOM IIPOCTPAaHCTBE, U3 I'IABHBIX KpH-
BU3H k) M k2 B KaMJOM TOYKE MOXKHO COCTaBUTHb CpPeOdHION0
Kpusu3ny ky + k2 m zayccosy xpueusny K = kiks.

B aTom ciyuae 00b€éM A-OKPECTHOCTH IMOJIYyYaeTCs

V (k) =Vo+ hS + h?V, + B3V,

rge Vs IponopnuOHAJBbHO MHTErpajly OT cpefHeill KPUBM3HBI
II0 BCeM IIOBEPXHOCTH, a V3 — OT rayccoBOii:

Vi = %n(SSKdS).
Hanpuwmep, ansa chepnl paguyca R
V(h) = $7(R+h)*=SnR® + h- (4nR?) + h? (4TR) + Sk,
3zech
kBi=ky=1/R, ky+ky=2/R, kiks=1/R?,
\\ (&1 + k2) dS=8nR,
SS (k1k2) dS =4n (dbopmyna I'aycca—DBoHHe).

Koadpodunuenr V3 He 3aBHCHT 37eCh OT JAeTajieil IOBepX-
HOCTH, a 3aBHCHUT TOJILKO OT €€ 3MJIEPOBOM XapaKTEePHCTHUKH.
ITO 00CTOATENBCTBO HIPHUBEJO OOHapyKmBIIero ero I'epma-
Ha Beissa K TeopuH XapaKTEPHUCTHYECKHMX KJIACCOB M Xa-
PaKTEepHUCTUUYECKUX 4duces, obobmaromux dopmyay I'aycca—
Borue, B ero pabore «06 o6bémax TpyO» mo mosoxy V (k).
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MaTremaTHuecKkoe NMOHATHE IIOTeHI HAJIA

MaremaTuueckas MoAeJdb (MPU3HYECKHX «MAaTEePHAJIbHBIX
TOUEK» M «TOUYEUHBLIX 3apALOB» Ha3bIBaeTcs O-(QyHKIUe.
PU3UKHA ToBOPAT, dT0 0(x) =0 mpum mo6om x #0, B TO

(o o]
BpeMs KakK S 0(x) dx = 1. Pazymeercss, B MaTeMaTHUKe Ta-
-—00

KUX (yHKIUI He ObiBaeT. Ho MaTreMaTmuecKoe IOHMMAaHUE
TAKOBO: €CJH (opMyJsa COZEPKHUT O-QPYHKIHIO, TO, UTOOHI
IpuAaTh ed CMBICJ, HYXXHO 3aMEHHUTh B Hell O-QYHKIIHIO
«CIIaKeHHBIM BapMaHTOM» O.(x), rae riaagkas HeOTpHIA-
TeJbHAA (QYHKOuUA O, paBHa O BCIOAY BHe E£-OKPECTHOCTH
ToukM 0 M MMeeT eAMHWYHBIA MHTErpaj, a IMOTOM IepedTH
K npepeny npu € — 0.

w— t >

IIpumep. IlycTs f— HenmpepbiBHasg QYHKIUA Ha OPAMOM.
BrruucauTs S f(x)0(x —y) dx.

Pemieane. ®yHKnua O.(x — y) aprymMeHTra X SABJIAETCH
CrIa)KeHHOH O-pyHKIueil, mepeHecéHHOH U3 0 B TOUKY V.

{0
§(x-%)
A

¢

IIponssenenne f(x)0.(x —y) pasHO 0, Korma |x —y| > ¢,
TAK YTO MHTErpaj JOCTAaTOYHO OpaTh B £-OKPECTHOCTH TOY-
KM y ocm x. Ho TamMm ¢pyHKIUMA f Mamo OoTaIMUYaeTcA OT 4YHC-
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aa f(y). Iloaromy
lim § 7(x)6c(x-y)dx=F@) § 6c(x -y dx=7().

HNrak, MBI ZOKa3aJd PaBeHCTBO

o0

f@) = § F(x)6(x - y) dx.
—00

3ameuanue. Eciu Obl MBI OblIM (U3NKaMH (M OTOMK-
IECTBJIAJN HHTErpajibl ¢ CYMMaMHK), MBI MOIJIN OBI IIPOYECTh
IIOJIyYeHHOEe PaBE€HCTBO TaK: BcAKaA (HempepbiBHadA) (PYHK-
nuda [ aprymMeHTra Yy SABJIAETCA <«JUHEHHON KoMOMHAaIumel»
O0-QYHKOUH aprymMeHTa Y, IEPeHECEHHBIX BO BCE€ TOUYKH X
ocHu y (mepeHecéHHasa GQYHKIUA apryMesra y ectb 0 (x — y)).
KoaddunmenTraMu 3Toi JMHEHHONH KOMOMHAIIMH SBIAIOTCS
3HauyeHudA f(x) pasmaraemMoii GpyHKIIMHM BO BCE€X TOYKaX.

3agmaga. Buiuucaums émopyo npou3eodnyio Qyrryuu |x|

om X.

o o

Pemenue. IlepBaa nmpousBogHaa sgnx pasHa 1 npu x>0
u —1 opu x < 0. Ho oHa — mHTerpajJ OT BTOpPO# mIpOHU3-
BOAHOM. 3HAUUT, BTOpad mpousBoxHas paBHa O mpm x #0
n uMeer HMHTerpaia (or Jmoboro a < 0 xo Jroboro b > 0),
paBHEIX 2 (npupainenue GyHKIuM sgnx). Cranmo OBITH,

d®|x|
T = 26 (x).

3apaua. densemca au O6-pynkyus 00HOpPodHOIL?
OpsopozHas GyHKUUA [ cTemeHHM k omnpeieaseTcsa TeM,
4TOo

f(cx) = c*f(x) pna mo6oro ¢ > 0.

IIpumep. Pyaxkuua 1/x ogHOpoxHasA, crenenu k= —1.
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Pemenne 3agauu. AnnpoxcumupyeMm 0 (2x), paccMOTpMM
0:(2x). I'padur 3Toit «6-06pas3HOil» PYHKIMU OT X IOJY-
yaeTcsa u3 rpadpuxka pyHKOum O, (OT x) ciKaTHMeM BIBOE:

ZE% (S‘e(ﬁc) % 58(2 %)
0 * o=

‘Mpbl 3akiiouaeM, 4To 3HaueHMe (QyHKHuH O (2x) paBHO
0 opu mob6om x # 0, a mHTerpas 3rToit pyHKIuMM (IO Bcei
OpAMOI) BABOEe MEHbIIIe, YeM HHTerpaj or O0-pyHxmuu (pas-
HBIHA 1).

Crajyo OBITBH,

5(2x) =38(x),  8(cx) = ¢b(x),

TaK 4TO O-QYHKIMA — ONHOPOAHAsA QYHKIMA cremeHH —1.

3anava. Jeasemca au o0HOpPoOHOil O-PyHKYUs om n ne-
pemennvix (komopas eciody, kpome mouxku 0 6 R", pasna 0
u umeem unmezpan 1).

OrBer. OTa QYHKIUA ONHOPOAHA, CTEIEHU —I.

OTO JOKa3bIBaeTCd, KakK chejaHo Belime ansa n=1. Ho
MOYKHO BOCIIOJI30BATHCH M IIOJIE3HBIM JIENKO JOKA3hLIBA€MBIM
TOYKJECTBOM

6 (X1, X25 .oy Xn) = 0(x1)6(x2) ... 0 (%)

— Belb IIPOM3BEeZeHHE ONHOPOAHBLIX (YHKIMHA cremeHeil &
U |—opzHOpPOZHAA (PYHKIMA cTeneHH K + [. '

Oneparop Jlamnaca. Ilycts f—raagxasa GyHKIUS B €B-
KJHIOBOM IIpocTpaHCTBe (padmepHOocTH n). Paccmorpum cde-
py Majioro paauyca r ¢ LeHTpoM B Touxke x. CpemHee 3Ha-
yeHMe ¢yHKIMHM [ mo 3Toil chepe OJaM3KO K 3HaYeHHIO [(X)
B €€ IleHTpe, HO He COBCEM COBIIQJIa€T C HUM.

3agava. Karozo nopadxa eeauvuna pasHocmu mexndy
cpednum 3HaveHuem u 3HaueHuem 8 yeumpe npu r — 0?
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Pemenue. IIpn n =1 MBI mosydyaem cpexHee

Pagnaraa ¢yaxkuuo f B panx Teitaopa f(x+r) =f(x) +
+rf'(x) + !-zz—f” (x) +..., MBI moay4aem

A

f() = F() + 27" (2) +0(),

IIO3TOMY Ppa3jinnuue

f() = 1(x) = 51" (x) + 0(r?)

MMEeeT BT O P O¥M IOPANOK BEJWYHMHBI IIO0 OTHOLIEHHUIO K pa-
auycy cdepsl r.

IIpu n060M n paccyXieHue IOYTH Takoe Ke. JIMHeMHBIN
yneH pana Teitnopa npu ycpenneruu no chepe maér 0, Tak
KaK NPUHHMAET IIPOTHBONIOJIOXKHBIE 3HAUEHUS B IIPOTHBOIIO-
JIOXKHBIX TOYKaxX c¢epsl.

Kybunueckue uJjieHBI M uJeHbl 0ojiee BBICOKOM CTeleHH
HOCTABJIAIOT MAaJylo II0 CPaBHEHMIO ¢ r? mompaBKy o(r?).
CrnemoBaTesibHO, M3yuyaeMass PasHOCTb HMeEET BTOPOM mopsA-
ZIIOK MAaJIOCTH:

f(r) = f(x) =Kr? + o(r?).

Koadpdunmerr K HaswpiBaeTcs 3HaueHHEM (B II€HTPAaJIb-
HOM TOUuKe Xx) JamjacuaHa, obozHauaemoro Af, mpu Hajaje-
JKaleil HOPMHMPOBKE.

3amaua. Buiuucaumoe 8vipaxcenHue koagpguyuenma K ue-
pe3 eémopvle wacmHbvle npou3sodnvie pyHryuu f.

Pemenue. Unenwm psaza Teisopa, cozepskainue pasHbIe
OLHOUJIEHbl BTOPOH cCTeleHM (IO OTHOLIEHHIO K IpUpale-
HUIO apryMeHTOB) HAJO YCPeZHHUTH IO cdepe pazuyca r.

O OpocTOoThHl BBIYMCJIEHMHE OyZeM CYMTATh ILEHTPOM
cheprl Toury 0, a meKapTOBBl KOOPAMHATHI BEKTOpa IpHpa-
IleHua ob6o3HauuM yepesd (X, y) (cuuras n = 2).

Cpexnnue sHauenus Gynxnuit x2 u y? Ha chepe (OKpPY«K-
HOCTHM) OJHMHAKOBBLI, a CpefHee 3HaYeHWEe (PYHKIUH XY IIO
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aToil cpepe paBHO 0 (Tak KaK M3MeHEHHE 3HAKa KOOPAWHA-
THI X MEHsdeT 3HaK (QYHKIHNM).

Ho cpennee smauenuwe pysxnum x2 + y? mo coepe (ox-
pysxkraoctn) {x% + y? =r?} ecrp r?. IloaToMy cpefHHMe 3Ha-
yenns GyHkOouit x?, y? u xy mo sroii chepe paBHBI r?/2,
r2/2, 0. U3 dopmynasl Teitsopa MBI mosyuaeM KBagpaTH4-
HBEIM BKJAJ

&f x2 | 8%fy* | 0%
5222 "oz 2 T oxoyY
CO CpeIHUM 3HaAYeHUEeM
&Frr  &fr
0x24 Oy 4’°
oTKyza (opm n = 2) HaXOAMM HCKOMOE€ BBEIpaKeHHE IJIA KO-
apdbumenTa:
_ _1_(32f o°f )
k=4 o2 T oy2)’
B cayuae sioboro uucja n IOeKapTOBBIX OPTOHOPMHPO-
BaHHBIX KoopauHaT (Xi,..., X;,) B EBKJHAOBOM nN-MEPHOM

IIDOCTPaAHCTBE TaKoO€ K€ DPacCCyXJeHHne NOCTaBJIAE€T OTBEeT

_ 1 (& | 8% 32)’)
K=2n (6x-‘12 + 0x2 Ox2

+...+

(rak Kak cpegHee 3HaYeHHE (DYHKIUM x“l’ no coepe x’f +...
...+ x%2 = r? pasno r?/n).
3amaua. Haiimu cgepuuecku cummempuynoe peuieHue
ypasnenus Au= 06 6 esxaudosom npocmpancmee R”.
Pemenne. B mpocrpancrse R" \ 0 cohepuueckm cummer-
puYHasa QyHKOUA U UMeeT BUL

u(xy, ..., xa) =f(r).

YpaBHeHUMe Au =0, npuMeHéHHOe K f, NaéT OOGBLIKHOBEHHOE
AuddepeHnInaIbHOE YPaBHEHME 2-T0 NMOpAAKAa; y Hero 2 JH-
HEeMHO He3aBHCHMBIX pemeHns. OZHO M3 HHX, OUYEBHUIHO,
f=1. B KauecTBe BTOpPOro pelIeHHMs MBI HaHZéM ceifuac
OZHOPOAHYIO QYHKIMIO U, AJA KOTOpod Au=290.
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Ecau ¢pyHKIMA u OZHOPOJAHA cTeneHM k, To GyHKOMA Au
TOXKEe OJHOPOZHA, HO CTeleHH k — 2.

IMockonbky O-pyrkummss B R" oxHOpOZHA CTemeHH -1,
ofHOPOAHAA (MYHKIHUS U NOJKHA MMeTh cTeneHb 2 — n. Mbl
HaxXoAuM, IOpH N # 2,

f(r) =cr?™".

ITocTossHHEYIO ¢ MBI cefiyac BeIYMCJIUM. [[n1s1 aToro same-
tuM, uro Au =divgradu. I'paguent byrkmun r?—" — coe-
pHUYECKH CHMMMETPHUYHOE II0JIe, KOMIIOHEHTH KOTOpPOro HMe-
IOT CTE€IeHb ONHOPOAHOCTH 1 — n:

2—-n n

gradr< " =cixr ".

KoadodunueHnr ¢; onpepenserca IMOBeJeHHEM 3TOro IoJjA Ha

OCH KOODAMHATHI X;: Tam r2—" =x>"

2—n
dx]
dx1

=(2—-n)x; "= (2—-n)xr ",

TaK 4TO C; = 2 — n.

IToTox BekTOpHOro moas gradr?~" uepes chepy x?+...
...+x%2=r? mo6oro paguyca r paBeH IPOU3BEAEHHUIO (2 —n) X
X r'™» ma o00BéM cdepbl pasMepHOCTHM n — 1 paguyca r,
T.€. 3TOT IIOTOK €CTb

2—n)-w(n-1)
rage w(n — 1) —ob6wém (n — 1)-mepHOi#t cdhepsl paguyca 1:

n || 1] 2] 3
wmn-1)| 2|2 |4n

IIo Teopeme CTOKCa 3TOT IOTOK paBeH HHTErpaly Au-
BepPreHIUM YKA3aHHOrO IIOJA II0 OrPAHHYEHHOMY YKa3aHHOH
chepoil mapy.

IloaTomy

S divgradr*~2dx;...dx,= (2 -n)w(n —1).
Rn
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N3 3Toro caexnyer, uro B R" BBIDOJHEHO TOXKIECTBO
Ar" %= (2-n)w(n - 1)4.

HNrak, ypaBHeHne Au=0 B R"” umeer npu n # 2 chepnu-
yeCKM CHMMMETPHYHOE DeIleHHe

— 2—-n — 1
u=cr ’ rme ¢ (2—-n)co(n——1)'

ITO pelleHVe Has3bIBaeTCsa (HYyHAAMEHTAJbHBLIM pelIeHHeM
(vpaBHeHusa Jlamnaca).

IIpumep. B TpéxmepHOM mnpocrpaHcTBe (n =3) ¢dyHAaA-
MEHTAJIbHOE pellleHHe eCTh

u= r
9TO — 3aKOHBI I'PaBHUTAIIMOHHOIO IIOJII M 3JIEKTPOCTaTH4e-
cxkoro noJjsa KyJioHa.

IIpu n =1 nmonyuaerca (GyHIZaMeHTaJIbHOE pEIIeHUWEe U =
=cr, rge c=1/2 (To ecTp u = |x|/2).

3amaua. Hccaedosamev pyndamenmanvHoe peuierHue ypae-
nHenus Jlanaaca Au= 06 8 esxaudosoii naockocmu.

Pemenue. Ecay 661 MBI ObLIM (DMBMKaMH, TO MBI CKA3aJIM
6bI, uTo (GYHKOMA U =cr’ ™", n =2, JOJKHA NOHMMATHCH
KaK IpejeJ JonpenenbHBIX GbyHKOuM npu n=24+¢, € — 0.

M5l mONy4YHuSIA OBI

r¢n = @-minr _ o=¢lnr _ 1 _ clnr+ o(c).

Koncranta 1 focraBisfieT rapMOHHMYECKYI0O (DYHKIIHNIO
(Au =0), a nuHeilHOe MO € cJjiaraeMoe JOCTaBJIAeT (PYHK-
nuio Inr, rapmoruueckyio B R? mpu r # 0.

Paccysxkzas, KaKk BBIIlIe, JIETKO IIPOBEPUTh, UTO (yHZA-
MEHTAJIbHOE pelleHNe MMeeT BUJ

1

u=cln7

(BEIUMCIIEHHE IOCTOAHHOM ¢ MOACYETOM AMBEPreHIIUU rpaju-
€HTa 3TOH (QPYHKIMH OCTaBJAEM UYHUTATEJIO).
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3ameuanue. Bojiee «mMaTemMaTHMdecKoe» H3JIOMKEHHE TOTO
JKe pacCy’KIeHHs COCTOHUT B TOM, YTOOBI paccMaTpuUBaTh pe-
menue ypaBHeEMaA Au =0 (gna u=f(r)) xak coGCcTBeHHEIE
¢dyaKIMN (¢ cobctBeHHBIM uumcioMm () omeparopa A Ha mpo-
CTpaHCTBe (hyHKIMIi.

PasymeeTrcsi, npuBeNE€HHBIN BhIlIle aHaAJAN3 (QyHIaAMEH-
TAJIbHBIX pelleHu# naa omneparopa Jlammaca B R" pocras-
JsgeT (GopMyJsbl AJITI NOTEHI HAaJOB COOTBETCTBYIOIIUX
CHJIOBBIX IIOJIe¥ (IrpaBHUTAIlMOHHOTO M 3JIEKTPOCTATHYECKO-
ro).

Camu mosa (gradu) moay4aroTcsa, COOTBETCTBEHHO, BHUJA

1-n X
Fror™a PL

KaK IpU n # 2, TaK ¥ B HUCKJIOYNTEJbHOM cJydae n = 2.

B ciyuae n # 2 aTOT omepaTop MMeeT ABYKPATHOE CO0-
ctBeHHOoe uucjyo 0 ¢ aBymMsa (M3y4YeHHBIMH BHIIIIE) cOOCTBEH-
HBIMHM BEKTOpPaMH.

Ho omepaTop Taxk 3aBHCHUT OT IapaMeTpa n, 4TO IIpH
n = 2 BO3HHUKAaET XOpPAAHOBa KJIETKA BTOPOro MopAxKa: cob-
cTBeHHOe umucyio 0 ZBYKpaTHO, HO cOOCTBEHHOe HalpaBJIeHHE
eIUHCTBEHHO.

B 3ToM ciyuyae IJIOCKOCTH, HATAHYTBbIe Ha o6a coOCTBeH-
HBIX BeKTOpa (COOTBETCTBYIOIIMX CJydYal 71 # 2 omepaTo-
POB), CTPEMATCA IPH N — 2 K IpPeJeJIbHOMY IOJIOXKEeHHUIO.
Jra mnpeiejbHAsA IJIOCKOCTh HATAHYTA HA COOCTBEHHBIA M
IIPHUCOEAUHEHHBI BEKTOPHI KOPAAHOBOM KJIETKH.

ITOT NPHUCOEIMHEHHBIM BeKTOpP (Inr) MBI M BEIYMCIAIHU
B IPUBEJNEHHOM BHIIIE «(DH3NUECKOM» PEIIeHHH.

I'paBuTanmmnorHOE (MJIM 3JIEKTPOCTATHYECKOE) ITI0Jie Ha ILJIOC-
KOCTM MOYKHO IIOJIYYHUTH M3 IIOJA B TPEXMEPHOM IIPOCTPAaH-
CTBe, paccMaTpuBasg NPUTATUBAIOIIME MAacChl MJIHU 3apanbl,
pacrnosoKeHHble IUJINHAPHUYECKH (C IIOTHOCTRIO P (X, ¥), HE
3aBHCAINEH OT OPTOrOHAJBLHON KOOPAHMHATHI 2).

WHBIME cJIOBAMH, HYKHO HOCUMTATH IPUTAMKEHHE TOU-
KaMH OZHOPOZHOM mpamoit x =y =0 B R® nyrém wunre-
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rPUPOBAHUA CHJI NPUTAMKEHHUIN pa3HBIMH TOYKAMH 3TOM
IIPAMOH.

OcraBial0 4YHATATENAM B3TO IPOCTOE BBIYKCJIEHHE, TIe
IIOJIE3HO MCIOJb30BaTh cpasdy e cummerpuo (x, y, 2) —
— (x, Yy, —2), paccmaTpuBasi OGJHOBPEMEHHO CyMMapHOe IIpH-
TAMXEHUEe CUMMETPHUYHBIMM MACCaMH.

Z

[

1

A\ 4

xy

®dusukyn GHOpMYyJUPYIOT AOKA3aHHYIO BEIIIIE TEOPEMY O
byHZaMeHTaAJIBLHBIX pellleHuAX omnepatopa Jlammaca Ha esB-
KJIMZOBOM IIJIOCKOCTH B BHJe (MaTeMaTHYeCKH HeBepHoro 6es
nosicHeHwuit) yrBepsxkaeruda r’ =In(1/r).

OnucanHas Beime «0-QpyHKHUA [[upaxa» SBIAETCA IPO-
CTEHINNM YacCTHBHIM cJIiyduaeM o0OOImEéHHBIX (QYHKIMI, Teopus
KoTophIX ObL1a mocrpoeHa H. M. I'torTepom B 1916 roxy mox
Ha3BaHMEM «TeopMH (YHKIUE OT objsacTeif»: 3TH «0000-
MEéHHble QYHKIUN» He ONPeeAITCA CBOMMH 3HAUEHUAMH
B TOYKaX, HO OIpeAeJAIOTCS CBOMMHM HMHTErpajaMH IIO Bce-
BO3MOYXHBIM 00JIaCTAM.

I''oHTEp IHOCTPOMJI 3Ty TEOPMIO pagM JHdOKAa3aTebCTBa
TeOpeM CYINEeCTBOBAaHUA (M eJUHCTBEHHOCTH) pellleHHil ypas-
HeHU# ruapoxumHaMuku, HaBre—Crokca. C HacTymieHu-
eM peBoJyionuu I'IOHTEep cTajJ mnDoABeprarbcAd OOBHHEHHAM
B apHCTOKpaTHU3Me CBOEM «aHTHUIIPOJIETAPCKON» IBOPAHCKOM
HayKu. UToOBI 3aIUTHTHCA, OH OPraHM30BaJl CEMHHAp AJIA
KOMMYHHCTOB M KOMCOMOJIbIIeB. Ero y4yacTHHK, Yy4YeHHK
I''oarepa C.JI.CoboseB, wuccienosaJ ero merozoM o0006-
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IMEéHHBIe peIlleHUdA JIMHEHMHOIO BOJIHOBOI'O ypaBHeHMs (rhe
paspeIBHBEIE, O0OOINEHHEIE pellleHHMA HYXXHBI IIpojeTapuary,
HaIpuMep, B CeliCMOJIOrHH).

Pa6otrel CoGosieBa Obliiu mepeBeseHBI (¢ (paHIY3CKOro)
Ha aMepukaHcKu# A3bIK JI. IIIBapmem, mOCTPOMBIIMM 3THUM
IIYTEM CBOIO «TEOPMIO pacIpefesieHU#», YAOCTOEHHYIO (uJ-
IICOBCKOM MeIaJiu.

B 1965 roxy Jlopan IIIBapm pacckasays MHe, 4TO «(uijg-
COBCKYIO MeZaJib AaJIi eMy 3a TO, UYTO OH MCIPaBHJI OIIMOKH
B 3aMeuaresbHOil pabore Cobesema». 1 ary pabory uuran
M HHKAKMX OIIMOOK B He¥M He BHJeEJI, 4 IOTOMY IOIIPOCHJI
yKasaTh HX.

IIIBapu, orBeTmy: «CobOosieB OnmyOJMKOBAJ CBOM pPE3YJIb-
TaThl Ha A3BIKE, KOTOPOrO HUKTO He IOHHMAJI, B ropopne,
rze HUKTO He HMHTEPecOBaJICA HAYKOM, Ja ellé B JKypHaJe,
KOTOPBIM HUKTO HE UUTAJ».

XoTa A 3HAJN, rge ObLIa onyboamxkoBaHa cratbAa CobosieBa,
s 3TO CKPBLJI M IIOIIPOCHUJI Has3BaTh A3BIK, I'OpPoA U KYypHAJI,
n IlIBapn orBermin: «lIlo-dppamnyscku, B Ilapuske, B [o-
kJaagax ITapmixckoit akagemunm Hayk» (Comptes Rendus de
I’Académie des Sciences).

BepryBmucs k¥ 1966 rogy B MockBy, a BeITammua Cep-
rea JIsBoBuua CobosieBa M3 AMBI, B KOTOPYIO OH 3aexaJl
Ha CBOei MalllMHe OKOJI0O PhIHKa B 3BeHHropoze (moexaB 3a
MOJIOKOM), H pacckasan emy o Teopum IlIBapua.

Cepreii JIbBoBHu oTrBeTMI: «JlopaH —uyZecHBIN YeJIOBEK,
M O4YeHb XOpPOIIO OTHOCHUTCA K HaM o0OoumM, HO OH Tebe Ha-
Bpaji: B cBoeil paboTe, HarpaxXJeéHHOH (PHUIACOBCKOM Mexa-
JbI0, OH He TOJIBKO IIEPEeBEJI MOIO CTAThIO, HO €eIlé M A00aBMJI
CBOHM TeopeMbl O IIpeoOpazoBaHHUAX Pypbe MOMX OO0O0OIIEH-
HBIX pelleHU#, KOTOPHIX A U He 3HaJ!»

Bonpoc o BzammoorHomenuu pabor IlIsapma m CoGoseBa
pemian Torza Azamap, Che3ZUBIIMII paau 3Toro B MOCKBY,
uTo6Bl mocoBeToBaThcA ¢ Cepreem JIbBoBHUEeM. ITO eMy He
yaanoch, Tak kak C.JI. Co6oses 6w TOrma B Jloc-Apsamace
(CapoBe) samecturenem Kypuarosa. Amamap obpaTuics 3a
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coBetroM K KoiMoropoBy, M TOT mpenmodés oOOMM «HCTHH-
HOoro aBTopa» — I'loHTepa (paGoTel KOTOpPOro o0 «PYHKIIUAX
oT obsacreii» mpuBesu KosimMoroposa K ero Teopumy KOromo-
JIOTHH).

Hupak BBéx cBow O-GyHkmuio okoso 1930 roza. Om
nycajl, 4YTO €UHCTBEHHBIN NPaBHUJILHBIN CIOCO0 CO3JaTh HO-
BYI0O QU3NUYECKYIO TEOPUIO — 3TO, IIpeXXJe BCero, «0TOPOCHTH
Bce Qu3nUeCcKHe IIpeJCTaBJIeHUsA, KOTOPhIe BeAb €CTh IIPOCTO
BEXKJIUBBIA IICEBJOHHM JJA IPEAPACCYLKOB IIpPELIIeCTBYIO-
IIIUX IIOKOJIEHUM».

Ilo ero ciroBaM, HAYMHATH HYXXHO C KaKoi-aubo co-
IepJKaTeJIbHOM MaTeMaTH4YeCKOM TEOPHH: «eCJM OHAa IOo-Ha-
CTOAIlEMYy KpacuBa, TO €€ pe3yJbTaTbl 00a3aTeJbHO Haii-
OyT, CEerogHsa HJIM 3aBTpa, IOJIe3HbIe (hU3MUECKHe IPHJIIO-
KEHHUA» .

IIpn cBOEM IOCTPOEHMM TEOPHM CIIMHOB 3JIEKTPOHOB [lu-
pPaK CTOJIKHYJICA CO CJIEAYIOIIEN TPYAHOCTBHIO: (DHUIMKH He
MOIJIH IIOHATH, IIOYEMY STH CIOMHBI JOINYCKAIOT /ABa 3HAa-
yegua (+1/2 m —1/2), X0oTsA OIMCHIBAIOT OJHO M TO XK€
«BpalieHne 3JeKTPOHAa».

CymHOCTh [Hejia COCTOMT 3JIeCh B COZep KaTeJIbHOM To-
IIOJIOTUYECKOH TeopeMe: (pyHIaMEHTAJNbHAs I'pyINna rpynmnbl
BpallleHUii TPEXMEPHOro IIPOCTPAHCTBA COCTOMT U3 ABYX 3Jie-
MEHTOB, T.e. T1(S0(3)) ~ Z,.

OTO 3HAUYUT, 4YTO NMOBOpoT Ha 360° He Bo3BpaIlllaeT COOT-
BETCTBYIOIIYI0O (PHM3UUECKYI0 XapaKTEPUCTUKY BpallleHUs Ha
MecTo. YToOBI OHa BEpHYJIACh K MCXOXHOMY COCTOSTHMIO, Ha-
A0 NPOAOJIXKUTL BpallleHMe TaK, 4YTOObI yrojJ IIOBOPOTa CO-
craBuJg He 360°, a 720°. '

Jdra TpyAHasa TeopeMa ObliIa HENMOHATHA (PU3MKAM U BHI-
3pIBajla HeJOBEpHE K TEOPHH CIIHHOB.

Torga Hdupak Hamén eé (Toke HEOUEBHIHOE) CJIEACTBHE
B MaTE€eMaTHYECKOM TEOPHHM KOC: OH IIOCTPOHMJ «chepuue-
CKYI0 KOCY M3 YEeThIPEX BOJIOC», NOCTABJAIOIIYI0O B IpyIIe
chepuyeCKNX KOC 3JIEMEHT BTOpoOro mnopsaaka. OObIYHBIE KO-
Chl «IIJIOCKHE», MX IpyIIa ecThb (QyHAaMEHTaJIbHAA rpylnmna
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IPOCTPAHCTBa KOHGMUIypanmui n pasjudHBIX TOYEK Ha IIJIOC-
KocTH (IJIf KOC M3 n HUTEH).

Z 8 Qf >

AN

o

B 3Toi1 rpynmne mJOCKMX KOC 3JIEMEHTOB KOHEUHOro IIo-
pAAKa HET: 3aBA3aB Ha KOHIIE KOCHI BTOPYIO TaKYIO K€, MbI
eé He pa3BAMKeM.

A nna chepuuecKHX KOC Takoe pasBA3biBaHHWEe [lupaky
YAAJIOCh IIPOJEMOHCTPHPOBaTh (U3MKAM B 3SKCIEpHMEHTe
(ero HUTH coegMHAIHN 3 KOHIEHTPHYECKMX chephl M pas3Bs-
3aJINCh, KOIJZla OH CJKEr CpenHIOI M3 HUX).

Yrobsl mpHAyMaTh 3TOT (pHU3UUECKUN 3KCIepuMeHT, J[u-
pPaK HCIOJIb30BAJI MOHATHYIO eMy (KpacHBYIO M HETPHMBHAJIb-
HYI0) MaTeMaTHYeCKYIO TEOPHIO 3JIMITHUYECKHUX (QYHKIIMIM.

A mmenHO, paccmorpuM Ha chepe Pumana CP! uernipe
(pasnuuHBIe) TOUKHU. [IBYJHCTHOE HaKpBITHE cdepnl, BeT-
BAIleeCA B 9THUX TOYKAX, HABJIAETCA JBYMEPHBIM TOPOM
(pP¥MMaHOBOII MOBEPXHOCTHI0O GYHKIUH Yy = v/xt+ ax? + bx,
T. €. 3JUIMOTUYECKOM KPHUBOIi). ITO 0OGCTOATESIBCTBO OIpeje-
JfeT IpeJCTaBJIeHNe Ipynnbl cepuuecKUX Koc U3 4 HUTeH
B IPyNNny aBTOMOP()H3MOB IpyHNEl Z2 roMOJIOTMIl 3JIIHNTH-
YeCKOH KpHBOM.

Beraucaasa aTu aBTomMopdusmel, [Iupak u Hameés chepu-
YeCKYI0 Kocy M3 4 HHTeH, JOCTABJAIOIIYIO B IpyIIe KoC
3JIEMEHT BTOPOro HOpAIKA.

Ecaun 6l upak He Jg100MJ 3TOM MaTeMaTHKH, (HHU3UKHU
He INOJy4YuJay Obl TeOpHMM CIHHOB 3JIEKTPOHOB.
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HHBepcus B IMIMHAPHMYECKHX 3epKaJiax MeETpPO

Bce e8udeanu c80¢ ompaxenue 8 nNJAOCKOM 3epKane —
ompaxceHue JaeewWu ABAAEMCA npasuioil, HO 6 O0CMAaJLbHOM
u3obpaixcenue cxo0HO ¢ npoobpas3om.

Ho xmo euden c60é ompaixenue 6 Kpueom 3epkaae,
mom 3Haem, KAKOe OHO CMeuLHoe.

Paccmompum, 0aa npocmombvi, YuiuHOpuueckKoe 3epKa-
n0. Cnpawueaemcsa, KaK 6blzAa0Am OMPAHEHUA PA3AUY-
HblX npedmemos 8 HéM?

Mmnozo yuanundpuueckux 3epxan (U cmoawux eepmu-
KAAbHO YUAUHODPOB-CINOEK, U 20PU30HMAJLbHbLX NOPY4Heil)
umeemcsa 6 Kaxodom e6azone mempo. H3obpaxcenus oxpy-
HAOWez0 Mupa 6 3Mux YuaUHOpUYeCKUX 3epKaaax coeep-
weHHOo HeoOvliHbl. Kaxoev. oHu?

¥Ykas3anmue. IIpome Bcero pasobpaTscs ¢ OTpaXeHHMEM Of-
HOI'0 TOYEYHOr'o MCTOYHHMKA cBeTa. Ero orpakeHue B IIUJIMH-
IPUYECKOM 3epKajie TeCHO CBA3aHO C MAaTEeMaTHUYECKOM WH-
Bepcueill — omepanuei, COIOCTABJAIOIIEH KaMAOM TouKe A
€BKJIMZO0BOM IIJIOCKOCTH, Ha KOTOPOM (PHKCHPOBaHA OKPYK-
HOCTb pagumyca r ¢ meHTpoM O, TOuKky B, «CHMMETPHYHYIO
OTHOCHUTEJILHO 3TOH OKPYKHOCTH», JIEKAIIYI0O Ha TOM JKe
BeIXOAAmMEM Hu3 meHTpa O Jjyde, UTO U OTpakaeMasa TOU-
Ka A, HO Ha TeM OOJBIIIEM pacCTOSHHH OT IeHTpa O, uem
OJamixe K HeHTpY Oblja Touka A:

|OA| - |0B| = r?.

Puc. 1. UHBepcusa mepeBOAUT TOYKY A B TOuKy B
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2

Puc. 2. HHBepcusa KOIIKH BBIBOAHUT €€ M3 KJIETKH,
a MHBEpPCHUA NPAMOM 3aKpyIJAEeT eé

Pemenue. Ka)xaplit Jiyd, BRIXOAANIUN M3 TOUYKH A M me-
pecexkanIquil 3alaHHYI0 OKPYKHOCTh, OTPaXaeTcA OT Heé II0
3aKOHY «YroJl majJiecHus paBeH YIJy oTpakeHusa» (puc. 3).

oL’ A

Puc. 3. Orpaxenune nyya AC B Buge ayua CA’ (yriasl
o u o paBHBI)

JJIg IJIOCKOro 3epKajia Bce JIyYH, BBIXOAAIIHE M3 HC-
TOYHHKA A OTpa)kaloTcs B BHJE Jyuell, IPOXOLAIIUX IIpU
IIPOJOJIXKeHUN B 3a3€PKaJibe uepe3 ONHY M Ty Ke TOUKy A”.
Ilonyuaerca Takoii ke mydok Jayueii {A*A’}, moaTomy MBI
U BUAMM OTPaXeHME TOUKHM A B 3a3epKAaJIbHOHl Touke A*
(puc. 4).

Inss KpUBOro 3epkajia NPAMOJIMHEHHBIE JIyUYH, OTPAXKEH-
Hble B pa3HBIX TOUYKaX, YyKe He 00A3aTeJbHO IIPOXOLAT
yepe3 OOLIYI0 TOYKY, AaKe eCJM HX IPOJOJIKHTHL 3a 3epKa-
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Puc. 4. Orpaxkenue nyuya AC B Buzse ayua CA' B mpsa-
MOM 3epkKajie M TouKa A* B 3azepkaJibe

go'. Uro6el B 3TOM pasobpaTbcs, AOCTATOYHO pPa3o6paTh
KaKoN-HUOyZb IIpUMEp, HAIPHMMEP — OTPa’Ke€HHE 3epPKaJIoOM-
OKPY’KHOCTBI0 IYYKa HNapaLUIeJbHBIX Jyded, NPUXOAAIIAX
M3 OXHOI M TOH Ke 0OeCKOHEUYHO YZAJIEHHOM TOUKH A.
SIBHBIE BBIYMCJIEHHA JIy4Ye€ll, OTPA’KEHHBLIX B Pa3JINYHBIX
TOYKaX KPYroBoro 3epKaJila, He O4YeHb CJIOKHBI (ZJ1A 3HAIO-
IMUX TpuroHomerpmio). Ho HapucoBaTh 3TH Jy4YH €IIE€ NIPO-
me (puc. 5). Oyru CD n CD' nmMeoT OAWHAKOBYIO IJIHUHY

Dl

Puc. 5. IlocTpoeHne oTpaKéHHOro OKpYKHOCTbIO ayua CA’

(BcaeacTBME 3aKOHA «yroJ IaJieHUs paBeH YIJy OTpake-
HUA» B Touke oTpaskeHua C). 3To mosBojigeT OBICTPO IIO-
CTPOUTH OTPAXEHHBIE JIYUH.

II/ICKJIIO‘IGHHG_JIY‘IH, napaJjijieJIbHbI€e OCH H&p&ﬁOHH‘IGOKOI‘O 3€pKa-
Jia, OHH COGHp&IOTCﬂ, ImocJjie OTpaXeHHud B napaﬁone, B OAHY TOUKY.
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HapucoBaB 3TH OTPaXE€HHBIE JIYYM AOCTATOYHO aKKypaT-
HO, 4 MOJIYYHUJI CIEAYIOIIYI0 KapTHHKY (puc. 6).

Y,

Puc. 6. CeMeiicTBO OTPa’XE€HHBIX OKPYKHOCTBIO JIy4ei,
NPUXOAAININX U3 OECKOHEUYHOCTH, U ero orubaromias
KpuBas

ITonyueHHOE OnHOIapaMeTpPHUUYECKOe CEeMEHCTBO OTPaKEH-
HBIX NPAMBIX Ha IIJIOCKOCTHM HMMeeT orumbaromyio (IoxasaH-
HYyI0 Ha puc. 6 >XMpHOM JMHHEH). ITO — KpuBag, B TOU-
KaX KOTOpPOM IpsMBIe OTPaXEHHOro ceMeicTBa JiyueH mepe-
CeKalTcA ¢ 0eCKOHEUYHO OJM3KMMM OTPaXE€HHBIMU IIPAMBI-
MM TOro e ceMeicTBa Jydei. T npaAmMble (IIPOXOJIKEH-
HBIEe OTPAKEHHEBIE JIYYH) KacaloTCA IIOCTPOEHHOI ormbaroiiei
KpuBOii. MoXXHO emmé ckasaTh, YTO 3Ta KpuBasg oOpasoBa-
Ha «(POKAJBLHBIMHM TOYKAMH» OTPAKEHHOI'O ceMeicTBa Jiyuel
(bokanbHBIE TOUKH B ONTHKE — 3TO TOUYKHU IIepecedeHusd Oec-
KOHEYHO OJM3KMX Jiyueil ceMeMcTBa IPHU HX IPOJOJIKEHHH).

Orubaromasa cemeiicTBa Jiydeil Ha3BIBAeTCA KayCTHKOHU
(«xrymeii»), Tak KaKk Ha Heill cBeT ceMelCTBa KOHIEH-
Tpupyerca (hoKycupyercsa), ero sHeprua OoJsblme, 4YeM B
OCTAJIbHBEIX MecTaXx. AMEHHO IpHU IOMOIIU KayCTHKH CHCTe-
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MbI 3epkas ApxXumMeJ, COIJIAaCHO JereHZe, CYKEr BparKecKue
xopabiau, ocaxxnasmmue Cupaxysbll.

Bo Bcakom ciyuae, GoJsbIIasg 4acTh OTPAXKEHHBIX JIydeil
UIET TaK, KaK ecju Obl OHM MCXOAMJIM K3 TOYEK KayCTH-
KH, TaKk 4YTO Hu300pa’keHWe HaIlleil MCXOAHOHl OecCKOHeuYHO
VAQIEHHON TOYKM A OyzeT kKasaThCsd pasMa3aHHOM BIOJb
KayCTHKHU JIMHUEH, a He TOUKOH.

Heso, ogHaKO, OOCTOMUT CJIOKHEe, IMOTOMY 4YTO SAPKOCTh
n300pa’keHus BIOJHh KAYCTUKM BOBCE He IIOCTOSSHHA — HEKO-
TOphIe €€ MecTa sipye (M MMEHHO MX MCIOJBL30BaJl, IJA CBO-
eil cucreMnl Jyudei, Apxumen).

A uMeHHO, KayCTHKa HAIIEro ceMeicTBa OTPAKEHHBIX
Jydeil pucyHKa 6 — He rjagxas KpuUBas: OHa HUMeeT 0COOyIo
TOYKY S (HeTpyAZHO IOCUHTATh, UTO OHA MAEJUT IOIOoJaM
pazuyc).

BOsu3m 3TO¥M TOYKM ceMeHCTBO (IIPOZOJIPKEHHBIX) Jydeit
KOHIEHTPUPYETCA €eIlé CHJIbHee, YeM JaKe B OCTAJbHBIX
Toukax KaycTuxkm?. IloaToMy, XOoTsa wu300pa’keHMe CBeTH-
meica (0ecCKOHeYHO YHaJIEHHOH) TOYKM A M pasmMas3aHO
BIOJIb KayCTHKH, OCOOEHHO APKO CBETHTCA HMMEHHO €€ 0COo-
6aa Touxka S (a ocTajJbHBIe TOYKH HEJOCTATOYHO BHHMA-
TEJIbHBIM 3PHUTEJIb MOYKET M He 3aMETHTh).

BcanencrBue Bcero 3Toro HabisiozaeMoe 3KCIEePHMMEHTATO-
poM m3oOparxkeHne ToOuKM A Oyzer He JIMHMelH, a €IUHCTBEH-

1 Apucrodpar B «Obmaxax» mpunuchiBaer Cokpary emé Gosee paHHee
HCIIOJIb30BAHME KAYCTHK B AEJIOBHIX BOIIPOCaX: OH COBETYEeT CBOEMY KJIM-
€HTy BHIOpaTh Ha 3aCefJaHMU CyAa COJHEYHOE MECTO M, KYIHMB B anTeKe
JNH3Y, CXeub KAayCTHMKOM COJIHEYHBIX Jy4deil CBOE JoJiroBoe o6sA3a-
TeJbCTBO, JEMOHCTPHpPyeMOe CYAY HNpPOTUBHUKOM. ApucrodaH, mnpasza,
VKa3hIBaeT, 4YTO 3Ta NPHUKJaAHas MaTeMaTHKa M mnpusBesa CokparTa
K CMepTeJbHOMY IPHUIrOBOPY COrpakiaH.

2MosxHO DOCYMTATBH, YTO 3TA OCOGEHHOCTH — MOJYKYGHMUECKasds TOUKA
Bo3BpaTa (B OKPECTHOCTH KOTOPOM KAayCTHKa 3aJaéTCsd B IOAXOAAIINEH
IJIafikoii CHCTeMe KDMBOJMHEHHBIX KOODAMHAT ypaBHeHMeM y2 = x3).
Takasa ocoGeHHOCTH THNHMYHA (IJs CHCTEM Jydeil oOIIero moJoKeHud)
M ycToiiuuBa (He Mcue3aeT NMPH MAaJIOM IIIE€BeJIeHHHU ceMeiicTBa), eé u Huc-
noab3oBasin CoxpaT U ApxuMen.
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HOM TOYKOM S — TOUKOM HamOoJIbIlIe KOHIEHTPaIuM OTpa-
JKEHHBIX JIy4uel, IPOJOJIXKEeHHBIX B 3a3€pPKaJibe.

TpuroHomMeTpuYecKue BBLIYWCJIECHHA, KOTOPHIE S OCTaB-
JISI0 YATATEJNI0, IOATBEPKAAIOT M 3TH BBIBOJBI, U UX YCTOM-
YUBOCTH: HAIpMMEp, IJA MCTOYHHMKA cBeTa A, pacIioJio-
JKeHHOro B JAPYroM MeCTe, TOXKe IIOJIy4aeTcs KayCTHKa
IIPOJOJIXKEHHBIX B 3a3epKaJibe Jiyueil ¢ 0co0OM TOUKOIl BO3-
BpaTa, KOTOpas M BOCIPHHHMAaeTcs HaOMozaTesleM Kak
n3obpaxeEne A* TOYKM A B KPHMBOM 3epKaJe.

JdTa ToukKa A*, KaKk ¥ S B paCCMOTPEHHOM BBIIIIe IpHMepe
¢ OeCKOHEYHO YZaJIEHHOM TOUKOM A, JIeXKHT Ha TOM IKe
Jydye ¢ HadaJioM B nesatpe O 3epkajla, YTO M OTpakaeMas
Touka A. Ho mojsoxeHMe 3TOM TOYKHM Ha COOTBETCTBYIO-
IIIeEM paguyce OKPYKHOCTH 3aBHCHT OT PACCTOAHHSA TOUKHM A
OT LIEHTpPa OKPYKHOCTH (KOrZa 3TO paccTogHMe OeCKOHeu-
HO, OTpaXKEHHasd TO4YKAa JEeJUT pajguyc IIomojJiaM, a Korja
TOYKa A JIeXKHUT Ha OTpaKallleil OKpPY)KHOCTH, ToukKa A*
BBIPOJKIaeTcA B A).

Brruucienue mojyioxkeHuss m3obpaskenma A* Ha jgydue OA
npu gaHHOM paccroaHuM |OA|= XR npuBefeHO Ha puc. 7.

Paguycsl oTpakaiomeil OKPYXHOCTH MMEIOT IJINHEI

|OR| = |0C| =

Manpiii IeHTPaJIbHBIN YIroJl  HOCTABJISET KATeThl TPeyroJb-
HuKa OCP:

|OP| = Rcos a, |CP| =Rsina.

IIpamoyroasHsblii TpeyroabHUK ACP nocTaBjsfseT aCUMITOTH-
YeCKOe BHIpA’KeHHe MAaJIoro yrja ¢:

_|ICP| _ Rsina a o
= 1P T RX-cosa) “X-1° P~ %1

IIpamoyroasueiii TpeyronbHMK OCP pocraBiasieTr AJA Y-

2X-1,
na PCQ Buipaxkenue y = (n/2) — (¢ +2a), ¢ +2a ~ ——— x-1¢
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Puc. 7. Ilepeceuenue B 3asepkrajibe 6EeCKOHEUHO OJIM3-
Kux npameix AR u AC

IIpamoyroapuslit TpeyroabHUK CPQ mocTaBiseT IJA Ka-
TeTa IPOTUB yrjia Y BBIPaYKEHUeE

cos(¢ + 2a)

PQ| = [CPtg Y = |CP| Gr b5

Hajinennble Bbillle acCMMOTOTUKH BeauuuH [CP| u ¢ + 2«
HOCTABJAIOT AJIA IOBefeHUs paccTosHuss oT P po @ mpm
a — 0 BBIpa’KeHHE

Rsin a X-1
|PQ| ~ =, — Rax—

PaccTosiHKe OT OTPaXKE€HHOM TOYKH @ 10 cCepeAUHBI S pagu-
yca OR cTpeMUTCA IIPH 3TOM K

R _pX-1___ R
2X -1 2(2X-1)°

Q@S[=|PS| - |PQ| — 5

Orpaxaemas Touka A OTCTOMT OT cepeauHbl S pazmyca OR
Ha pacCTOsHHEe

2X -1
5 R.

|AS| =|AO| - |SO|=R(X —1/2) =
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Mp!I 3aKJI0Ya€M, YTO PACCTOAHHUA OT TOYKH S IO OTpa-
’KaeMoOM TOUKM A M 0 e€ oTpakeHus ¢ B3aMMHO OOpaTHBI:

@S| - |AS| = R*/4.

TeM caMBIM MBI JOKa3aJM CleAyIOIHH (YAUBUTEJIbHBIN)
pe3yJbTar.

HabaozaTesnb BUAUT B MUJIMHIPUYECKOM 3epKajie MHBEp-
CHIO OKPY’KaIOIllero MHpa OTHOCHTEJILHO BABoe 0ojiee TOHKO-
ro DUJINHAPA, Kacalollerocsi OCH OTpPa’kalolero IHUJINHApAa
(B HaAIIMX IJIOCKMX O0O3HAYEHMAX — MHBEPCHUIO B OKPYXXKHO-
cTH C¢ ueHTpoM S pazmyca R/2).

ep\(Q AO

Puc. 8. OrpakeHne B HUJIMHAPUYECKOM 3€pKaJjie — UH-
BepcUsa B (KMPHOM) OKPYHHOCTH

gerrp
(g
Ho.On 0 %A TN unbepeun

MoxxHO OBLIO OB mOAYMATh, YTO, IJIAAA HA IUJINHIDH-
yecKoe 3epxajyio (Hanmpumep, Ha MOPYYHH B METPO), Mbl YBH-
INM MHBEPCHOE M300paXeHHe OKPY’KAaIoIUX IIPeJMEeTOB.

Yro 3TOrO0 He MOXKeT OBIThH, SICHO y:Ke M3 ONMCaHHA pac-
IIOJIOXKEHUSA MHBEPTUPYIOLIEN OKPYKHOCTH (MJIM LIMJIMHADPA)
II0 OTHOIIEHUIO K OTParkKaloIle OKPYXHOCTH Ha IIJIOCKOCTH
(MM TUINHIPUYECKOMY 3€PKaJly B IIPOCTPAHCTBe). A MMeH-
HO, MHBEPTHUPYIOIINHA LUJIMHAP HaAIpPaBJIEeH OT OCH OTpaka-
IOIIEero IWJIWHAPA B ONpPENEeJIEHHOM HaIpaBJIEHMH, B TO Bpe-
MA KaK, BCJEACTBHME CHMMETPHH OTpaKalollero IUJINHAPA
OTHOCHUTEJILHO BpallleHUH BOKPYr ero OcH, BCe HampasJe-
HUAA yXoZa OT OCH BpallleHHuA MOJIKHBI ObITh paBHONPABHBI-
MU ¥ HHKaKoe U3 HHX He MOYKEeT OKas3aThCA IIpeIodYTH-
TEJbHBIM.
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B 1nedicTBUTENBLHOCTH NPHBEAEHHBIE BBIINIE BBIYHCJICHUSA
YCTaHaBJIMBAIOT, YTO OTPAKEHHE KaXKJOro MCTOYHMKAa CBeTa
SABJIAETCA Ppe3yJbTATOM NIPUMEHEHHA OINHMCAHHOM HWHBEPCHUU
K TOYKEe MCTOYHHMKA TOJBKO JJA TOYEeK Jiydya, IIPOXOAsIIe-
ro 4yepes3 IeHTP OTpaXalolleil OKPYKHOCTH U Ija3 Habiro-
natens (opMaJIbHO 3TO BBIPAXKAJIOCh B IIpeAIioJiaraslleics
B BBIYMCJIEHHM MAJIOCTH yTrJja ().

Ha 3TOM NIeHTpaJlbHOM Jiydye 3peHHs H3o00pakeHmMsa A*,
B*, C*, D*, Touexk A, B, C, D (puc. 9) zneiCTBUTEJbHO

g

- A

O

R HasAwoaTe AL

Puc. 9. Uszob6paxkenuas A*B*C*D* touex ABCD nen-
TPAJILHOI'O JIyda

MHBEPCHBI M300pakaeMbIM TOYKaM, IIO3TOMY M BOJIM3U IIeH-
TPaJIbHOrO Jiyda 3pPEeHUs OTpakeHHe NPUOIMIKEHHO OIMMCEHI-
BaeTrcAa mHBepcueili. Ho mo mMepe yzajeHENsa OoT HEHTPAJLHOIO
Jiyya 3peHHUsA OTpakKeHHNe ONHCHIBAeTCA WHBEPCHUAMH OTHOCH-
TeJHLHO BCEé 0ojiee HMOBEPHYTHIX MHBEPTHPYIOIIUX OKPYIKHO-
CTei, TaK 4YTO B IIeJIOM pe3yJbTaT K OXHOM HHBEpPCHH He
CBOILHTCHA.

Hob6aBnenne. O cBoMCTBAX MHBEpPCHH

XoTa MHOrue 4HTAaTeJH, BEPOATHO, 3HAIOT 00 3THX 3amMe-
JaTeJbHBIX (hbaKTax, i KPaTKO OMMINY HMX 3I€eCh.
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Teopema. HHueepcus nepesodum OKPYMICHOCMU, He NPO-
xodawue uepe3 e€ ueHmp, 6 OKDPYICHOCMU, @ npoxodawjue
yepe3 yenmp — 6 npamsvie (puc. 10).

Puc. 10. HMuBepcusa nepeBOAUT OKPYKHOCTHL C B OK-
PYKHOCTb C*, a OKpy>XHOCcTh C B npamyio C*

Iloka3aTeJIbCTBO BTOPOrO YTBEPKIAEHUSA 0COOEHHO IPOCTO,
Korja oKpy»kHocTh C mepecekaeT MHBEPTHUPYIOIIYVIO OKPYIK-
HOoCcTh (puc. 11).

Puc. 11. NuBepcus okxpyxkHOCTH C, mpoXoAsieil uye-
pe3 neHTp O MHBEPTHUPYIOIIEN (KHPHOM) OKPYKHOCTH

IIpamoyronbpHbie TpeyronabHUKH OB*A* u OAB mnopmo06-
HbI, moaToMy |OB*|/|OA*| = |0OA|/|OB|, Tak uro |OA|-|OA*| =
= |OB| - |OB*|.

Husi cnyuas A= D mbl Haxogum |OB|-|OB*| = R%. 910
JOKa3bIBaeT COBHajeHNe obpasa okpykHocTH C IIpHM HMHBEp-
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cuun c¢ npamoin C* (coepmHAWIIEH 00€ TOYKHM IE€pEeceYeHUdA
okpyskHocTH C ¢ MHBEepPTHUDYIOIIEH OKPYXHOCTHIO).

Cnyuait, xorga OKpPYXHOCTb C CJMIIKOM Maja, 4YTOOBI
mnmepecedb MHBEPTHUPYIOIIYIO OKPYKHOCTh, CBOZUTCA K paso-
OpaHHOMY cJiy4daio pacTskeHueM (romorermeil ¢ meaTpom O).
Korza okpyskHOCTH, C moaBepraeTca Takoili roMOTeTHH, pac-
TATUBAsACh B O pa3, eé o0pas3 IpPH MHBEPCHUH TOXKe IIoABepra-
eTcs roMoTeTuu c¢ neETpoMm O, a UMEHHO CXKaTHUIO B a paa.

IloaTomy cikaThiii 00pa3 — npsMasa, a 3HAYUT, U OO CiKa-
T oOpa3 Ol mpaAMOi (TOJBKO He IepeceKalolieil MHBEp-
TUPYIOIIYIO OKPYKHOCTB).

YTBepiKkAeHNE TeopeMbl 00 oOpase OKPY’KHOCTH C, He
IpoxozAIIel uepe3 HeHTP MHBEPCHHM, 0COOEHHO JIETKO JOKa-
3aTh B TOM Cjiydae, KOIZla 3Ta OKPYKXHOCTb C HE COJEPKHUT
B OrpPaHHYEHHOM €0 Kpyre meHTp uHBepcuum O (puc. 12).

5 E

Puc. 12. EBepcuA OKPY’KHOCTH C, HE OKPY KaloIlei
neHTp mHEBepcum O

B 3TOM ciydYae K OKPYKHOCTHM C MOKHO IIPOBECTH
u3 Toukun O [Be KacareJbHble. WX AJWHBI ONMHAKOBBI:
|OD| = |OE|. PacraruBas (MIH CKHMAas) IJIOCKOCTb I'OMOTE-
THeil ¢ meHTpoM O, MBI MOXXEM NIpPEBPaTHTh OKPYKHOCTb C
B IOMOTETHUYHYIO CHEIVAJNbHYIO OKPYXXHOCTBH, AJIA KOTOPOMH
AnuHB KacaTeldbHBIX |OD| = |OE| = R coBmajgaioT C MAJIH-
HoM R paamyca WHBEPTHpPYIOLIEHl OKPYKHOCTH (TaKk dYTO
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cnenyajJbHaA OKPYKHOCTH OyZeT mepeceKaTh MHBEPTHPYIO-
IMYI0 XUPHYIO OKPY’KHOCTh B ToukKax D m E mox npaMBIMH
yrjaamu).

ITo Teopeme o cekymeit OA*A cmemuaJbHOM OKPYXXHO-
CTU ¢ MBI HaXOLUM

|OA*| - |OA| = |OD|?> = R®.

9TO TOMXKIECTBO O3HAYaeT, UYTO TOYKHM A u A* coenmaisb-
HOM OKPYXHOCTH C IIepPexXOoAAT IpPM Hallleil MHBEPCHUH IpPyTr
B JApyra, Tak 4Tro o0pa3 cCHenmuaJIbHOM OKPY’KHOCTH COBIIA-
JaeT ¢ Hell caMoM.

BosBpaijaiace K MCXOZHOM OKPYKHOCTH CXKaTHEeM CIeIH-
aJIbHOM OKPY’XHOCTH, MBI BHJIHM, UTO OOpas 3TOM CXKaTOi
(McxXoxHOM) OKPYXKHOCTH IIPM MHBEPCHHU IIOJIyYaeTcsa M3 CIe-
IHAJIbHOM OKPYKHOCTH I'OMOTETHUYHBIM pacTaKeHHeM. 3Ha-
YUT, 3TOT 00pa3 ¢* — ToXKe OKPYKHOCTD.

B cinyuae xorza OKpy:XHOCTb C OKpyskaeT ueHTp O, Teo-
pema To)xXe BepHa. Ho s He 3HaI0 CTOJIL IIPOCTOr'O JIOKasa-
TEJIbCTBA.

3ameuanune. CnenuanbHas OKPYKHOCTh OPTOrOHAJIbHA MH-
BepTupyiomeii. IIlpy mEBepcuM kKakaas M3 HUX HIEPEXOTUT
B cebsa. Iloaromy yron mexxay HMMH COXpaHsAeTCSA IPH HH-
BEepPCHH.

OxkasnsIBaeTcs, npeobpasoBaHMEe WHBEPTHPOBAHHA COXpa-
HSeT U YIJIBI MEXAY JIOOBIMM JIBYMS KPHUBBIMH (C TOYHO-
CTBIO JO 3HaKa). 9TO BHUAHO, Hampumep, u3 puc. 13, rze
OKpyskHOCTh C, mpoxoasinas depes IeHTp mHBepcum O, me-
peceKaeT MHBEPTHUPYIOMIYIO OKPYKHOCTb B Touke D (u me-
PexXoauT HIpM MHBepcuH B npamyio DE).

Hopmanu vHanpasiaeEuii OD (K MHBEpTHPYIOLIEH OKPYMK-
HocTn) 1 OB (X uMHBepcHpPOBaHHON KpuBoii C*) B TOYKe
nepeceuenua D obpasyior yroa « = ZDOB.

KacarenbHBle K MHBEPTHPYEMOH OKPYsKHOCTHM B TOYKAaX
O n D 00pa3yoT paBHOOEAPEHHBIH TPEyroJbHUK, IIO3TOMY
yrasl DOM u ODM paBHBI 7T/2 — A.
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Puc. 13. CoxpaneHue yria (¢ MHBEPTUPYIOLIEH OKPYK-
HOCTBHIO) IPY MHBEPCHUH

Kacarenrnas DB K MHBEPTUPYIOINEH OKPYXHOCTH B TOU-
ke D mpoxoxur uepe3 xKoHel, B puamerpa OB mHBepTHpYeE-
Mo okpyxxkHOCTH C, Tak Kak yroa BDO (MexIy KacaTeib-
HOM ¥ pajuyCcoOM HMHBEPTHUPYIOLIEHl OKPYXHOCTH) IIPAMOIA.

CnepmoBarensHO, yroa BDN (MexXay KacaTeJlbHBIMHU K WUH-
BEPTUPYIOIIEeNl U HWHBEPTHPYEMOl OKPYKHOCTAMH B TOY-
Ke HuX nepeceuenuss D) — rakoil e, Kak yroax DOB = «
MeXJy HanpaBJIeHUAMH, NEePIEeHAUKYJAPHBIMM K HWHBEp-
THPYIOIIel ¥ IPOMHBEPTUPOBaHHOM KpuBoi C* (0OH paBeH
T—n/2—- (/2 - a)=a).

HNrax, yrael Me)XAy HMHBEPTHPYEMOM M IIPOMHBEPTHUPO-
BAaHHOM OKPY’KHOCTAMH, C OZHOM CTOPOHBI, M HMHBEPTUDPY-
IOIIeN OKPYKHOCTBIO, C APYroi — B TOoukKe DD OAMHAKOBEI.

M3 aToro cienyer, YTO MHBEPCHA COXPaHAET YIJIbI BCEX
IMIPOXOAAINUX dYepe3 TOUKY [ KPHUBBIX C HMHBEPTHPYIOINEH
OKPYXHOCTBIO, & 3HAYHUT, OHA COXPaHAET M YroJl MeXAY
JIOOBIMM IBYMS KPHBBIMH, IIPOXOAAINMMH uepe3d Touky D.

Pa3ymeercs, COXpaHAIOTCA 3[eCh HEOPHMEHTHPOBaHHLIE
Yribl: MHBEPCHA, HNOAOOHO OOBIYHOMY OTPa’Xe€HHIO, MEHAET
OPMEHTaINI0 0TOOpakaeMoil IJIOCKOCTH M IIE€PEBOLUT «II0JIO-
JKHTeJIbHbI€» YIJIbl B «OTPHUIATeJIbHEIE» (TOro Ke MOAYJA).
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Hamu paccyXAeHHA HOKas3bIBAIOT COXpaHeHHe (HeopHeH-
TUPOBAHHBIX) YIJIOB B TOYKAX HHBEPTHDYIOINEH OKPYXHO-
ctu. Ho a100y10 (oTaumuHyo oT O) TOUKY IJIOCKOCTH MOKHO
IIOMECTUTh Ha 3Ty OKPYXHOCTH (pagmyca R) Hazjesxalei
romoreTneil (¢ meaTpom O).

T'oMoTeTHH COXPaHAIOT YIJbI, IO3TOMY TAKMMH IIOLOOHEI-
MU PACTSKEHUSAMHM M CXKATHUAMH IIJIOCKOCTH MbI BBIBELEM
coxXpaHeHWe YIJIOB NepeceueHHdA JIOOBIX KPHUBHEIX B JII00OMH
(orinuHO OT UmeHTpa MHBepcuu (O) TOuKe M3 MX COXpaHe-
HUSA B TOYKaX HWHBEPTHUPYIOIIEH OKPY’KHOCTH, IZe 3TO CO-
XpaHeHHe YIJIOB y)Ke NOKAa3aHO BHIIIE.

IIpeoOpasoBanus, coOXpaHAIOIINEe YIJbI, HA3LIBAIOTCA KOH-
¢dopmueBIMH. TakumM oOpasoM, MHBepcUsa — KOH(pOpPMHOe Ipe-
oOpa3oBaHNe IJIOCKOCTH (C BHIKMHYTOM Toukoi O), MeHdAIO0-
1I1ee OpHEeHTAINH.

3anaua. ITycmv f: C — C—awoboit mHozounen, paccmam-
pusaemvlii Kax omobpaxcenue (8 cebs) e8KAUA060U NAOCKO-
cmu C~R? ¢ dexapmosvimu OpmoHOPMUPOBAHHLIMU KOOD-
Jdunamamu (x, y) 0asa mouxku z=x + iy.

Hoxaxume, wmo omobpaxcernue [ Kongopmuo (6 niob6oil
HeKpumuyieckoll moyke MmHozouaeHa [, m.e. mam, 20e ezo
npous3goonas omauwna om 0).

Pemenne. HaunuTe ¢ JUHEHHOr0O MHOIOYJIEHA U MCIOJIb-
gyire 3aTeM opmyay Teisopa Ajis cBeaeHUus Jio6oro orob-
pakeHNsa K ero (JuHeHHOMY) nuddepeHIMaNy.

B stTux TepMmMHaxX MHBepcHA 3amaéTcsa (GopMyJIoH

f(2) =1,

rge Z2=x — iy, 1 eé KOHQOPMHOCTh BEITeKaeT U3 auddepen-
IUPYEeMOCTH:
d(1/2) _ 1
dz 22’
3amaua. KougopmHno au omobpaixeHue, nepegodaujee
mouky z€ C 6 2%, 60 ecex mouxax naockocmu?
Pemenue. IlepnesauKyiApHbIE OPAMbIE — BellleCTBeHHAA
u MHUMaa ocu {y =0} u {x =0} nmaockoctn C = {2} —mepe-
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XOZAT B IMOJIYOCH IOJIOKUTEIbHBIX M OTPHUIATENbHBIX 3HA-
yeHMi1 22, KOTOphle BOBCE HE OPTOTOHAJIBHHI.

JTO HapyumeHNe KOH(MPOPMHOCTH CHJIbHO HCKAa)XaeT BUJ
orobpaskaemMbIx ¢uryp (puc. 14).

\4
Y
%“"":’x >

(2} {w=2")

Puc. 14. HexondopMHOe nmpeoOpa3oBaHWE KOIIKH CHAe-
JajIo €€ IJIaiIKUM mOoAOOPOAOK HErJIaZKuM

HNuBepcusa — koHPoOpMHOe mnpeobpasoBaHHE, IIO3TOMY OT-
paxkaeMble (Urypnl 6ojiee OX0KH Ha cebs.

3amaua. O6pa3yiom au npeobpa3osanus uHneepcuu (¢ pas-
HbIMU UHBEpMUDYIOWUMU OKPYICHOCMAMU) 2pynny?

Pemenue. IaBepcuA MeHAET OPUEHTAIlMU, & OPMEHTAIIMNHA
IIJIOCKOCTh MMeeT TOJbKO aBe. IloaToMy mpomsBezneHHE ABYX
MHBepcUil (CoOXpaHAIOIIEe OPHEHTAIMIO IIJIOCKOCTH) He MO-
s)KeT OBITH MHBEpCHEH.

CoxpaHdarolye OpPHEHTAIIUI0 IIPOM3BEAEHUA WHBEPCH
(uMeoIMe 4YETHOE YHMCJIO COMHOMKHUTEJIEH) YyiKe o0pasyioT
rpynny. 9TO — rpynmna «ApoOHO-JIMHENHBIX» IpeoOpa3oBa-
HUH

=218
dysnamenransHas gua reomerpuu JlobGauesckoro (rme f
C BellleCTBEHHBIMH a, b, ¢, d u ad — bc =1 o6pasyioT «rpyim-
ny aBuxKeHU# B Mmozenu Ilyarkape»).
B aToit mozesu miaockocTu JlobaueBCKOro B BepxHeil Io-
agymiaockoctT Imz > 0, B oranume ot momenu Kaaum—Kiei-
Ha B Kpyre, oOcy)kaaBIlleiicsi BBIIIE, POJIb OPAMBIX HIpaioT
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He Bce mpsamble EBKJinAa, a Bce NpAMbie U OKPYXXHOCTH,
mepoeHAUKYJIApHBIe «abcomoTy» Imz =0 (puc. 15).

-
3 |12 vog . T ADckoCcT6
© 9
-4 g « o‘%@q. Aodone b ckoro
4K %
5
= oS coMloT

Puc. 15.

3aMeuaTeJbHBIM CBOMCTBOM 3TOM MOJEJN ABJIAETCA TO,
YyT0 yrJbl JIoOAUuEeBCKOro B 3TOH MOJEJH PaBHBI E€BKJIHIO-
BBIM yIJIaM MEXKJY COOTBETCTBYIOIIMMH KPHUBBIMH BepXHEH
IIOJIYIIJIOCKOCTH.

YaousButenbHo emEe M TO, 4To 00e momenu — Ilyankape
n Kanmu—KieliHa — 3KBUBaJIEHTHBI: OHH JOCTABJIAIOT IIPOCTO
pa3Hble KapThl OHOM M TOM Ke ILIOCKOCTH JloGaueBCKOro.

3amava. Hailidume duggeomopdusm eepxheii noaynaoc-
Kocmu Ha 6HYMPEHHOCMb eJUHUYHO0ZO0 KpYyza, nepesodauiuil
modenv Ilyanxape 6 modeav Kaau—Kaeiina.
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AnnabaTnyecKkne MHBaAPHAHTBI

Teopua aamabaTUyeCKoil WHBAPMAHTHOCTH — 3TO CTpPaH-
HbI¥ npuMep (pHU3NUYECKOM TEOPHUH, MPOTHBOpPeYaIley Ha BHJ
JIETKO IpOoBepAeMbIM MaTeMaTU4eCKHM (axKTaM.

HecmoTpA Ha Takoe HENPHUATHOE CBOMCTBO 3TOM «Teo-
pHH», OHaA JOCTaBHJa 3aMedaTeJIbHbIe (PU3NMUECKHE OTKPHI-
TASA TeM, KTO He I0o0O0sAJICA HCIOJIb30BaTh €€ BBIBOABI (XOTA
OHM M OBLIM MaTeMaTH4YeCKH HeOOOCHOBaAHHBIMH).

HiuBIilleecss mapy COTe€H JIeT Pa3BUTHEe HAYKH IIPHUBEJIO
B KOHIIe KOHIIOB K HEKOTOPOMY COIJIAIIeHHUI0 MATEeMaTHKOB
1 (PU3NKOB: MaTeMaTHKHU [HOKAa3aJil <«TeOpPeMBI O COXpaHe-
HUM aamabaTHuyeCKUX HHBAPHAHTOB» B HEKOTOPHIX (TOYHO
ONMCAHHBIX) IPEAIOJIOKEHNAX.

I'mnoTe3sl 0 BO3MOXXHOCTH CYIIECTBEHHBIX OcJIabJeHuM
3THUX HIPEAIOJIOMKEHMH TOXKe NOIYCKAIOT CerogHs Oojiee MU
MeHee TOYHbIe MaTeMaTuueckme (HopMyJIUpPoOBKH (OKUza-
IoIIe, OOHAKO, HOKasaTeJbCTB). B HacrodAlleM ouepke
IPpUBENEHO JIMIIL HECKOJIbKO IIPUMEpPOB, HaJIeKO He HC-
YepneIBAIOINUX Jake JOKa3aHHbLIE CErogHA TeopeMbl 00
aanabarnueckol MHBapHMaHTHOCTH. (0O030p MX CM. B KHHre
«JlomosIENTENbHBIE IJaBbl TEOPHMH OOBIKHOBEHHBIX Iubde-
pPEeHIMAJbHBIX ypaBHeHMii», §20.)

Peun Oyzer ceituac maTu o cucremMe nuddepeHInaIbHBIX
YpPaBHEHHMH C IIepeMeHHBLIMH CO BpeMeHeM KoadduimeHTaMu
OTHOCHUTEJbHO TOYKM X (pa3oBOro mpocrpaHcrsa M:

ax _y(x, t), x€M. 1)
dt _

YrBepaxkaeHue 00 agmabaTHUYeCcKOil MHBAPHMAHTHOCTH HEKO-
Topo¥ BexuuuHbl I(x, ) coCTOMT B TOM, 4YTO OHAa, XOTHA
M He SABJAETCA TOYHBIM II€ePBHIM HHTErpajioM YypaBHEHHMN
asmoxkenus (1), eé m3aMeHeHMe, TeM He MeHee, MaJI0 Jake
npu OOJIBIINX H3MEHEHHAX BeJHMUYMHBI x(t), IpH YCJIOBHH,
OZHAKO, YTO IpaBas 4acTh ypaBHeHUudA (1) «xocTaToO4HO MEA-
JICHHO» MEHAETCA C «OBICTPHIM BpemMeHeM» (.
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Yro6pl MaTeMaTHUYECKH TOYHO CHOPMYJIHMPOBATHL HYMKHOE
3zech oIpefieieHNe MeAJEeHHOCTH, PaCCMOTPMM BMECTO Heas-
TOHOMHOH cHucTeMBbl (1) ceme¥MCTBO AMHAMHYECKHX CHCTEM
(c TakuM ke (Ga30BBHIM IPOCTPaHCTBOM M), 3aBHCAINHUX OT
mapameTpa A (mpoGeraroiero xaxoe-jau6o mHOroot6pasme A):

%=v(x, A), xeM, AecA.

VcioBre MeAJIeHHOCTH HM3MEHEHHUA CHCTEeMBI (POpMYJIHpY-
eTcA Tellepb B TePMHMHAX 3aBUCHMOCTH 3HAYEHUS IapaMer-
pa A OT BpeMeHH:

A=1(2).

Yro6Bl cHeJIaTh CKOPOCTh M3MEHEHUA BEJHUYHHBI IIapaMer-
pa A MaJoii, pacCMOTPHUM, HapaAy C «OBICTPHIM BpeMe-
HeM» t, €IIé M «MeJJIeHHOe BpeMdA» T = €t (rme € — MaJblil
mapaMeTp, KOTOphIii OyaeT manee crpeMutrises K 0).

N3meHenne mapaMeTrpa A cO BpeMeHEM IIpeAINoJaraercs
Teneph 3aJaHHBIM €ro 3aBHCHMOCTBIO OT MeIJIEHHOI'O Bpe-
MEeHH,

A=f@)=F(r), t=¢t,

rae F— ¢ukcuposannasa 3asucumocms napamempa om meo-
JeHH020 8peMeHU.

Aduabamuueckas uneapuanmuocmev BenuduHbl I(x, A)
ommpezeyigeTcaA KaK MaJIOCTh Pa3HOCTH

[1(x(0), A(0)) — I(x(?), A(¥))| < x

g 0< <1, T.e. B TeueHNe OOJBLIIOrO MHTEpBaJja OBICT-
poro Bpemenn, 0 <t < 1/e (3a Koropoe (pasoBasg TOUKa cCMe-
maerca Ha paccroarue |x(t) — x(0)|~ 1), opm ycaoBuH 4TO
mapamMeTp A MeHseTCs JOCTATOYHO MEJJIEHHO:

A="F(et),

rfie € ZocTaTo4Ho Mayo (€ < €¢9(x)).
TpyzHOCTH fejia COCTOMT 37leCh B TOM, UTO OIMCAHHOE
yciaoBHe € < €o(X) MaJIOCTH CKOPOCTHM M3MEHEHHUs IIapaMeT-
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poB (X0oTA OHO M 00s3aTeJILHO HYYXHO) He Bcerjga rapaHTH-
pyeT elé MAaJIOCTh M3MeHeHHs BeJudYuHBl I (KoTopyio ¢mu-
3UKHM BCE K€ Ha3bIBaIOT «aanabaTHYeCKMM HMHBAPHAHTOM»)
3a Oospiioe Bexb BpeMmda 1/¢.

HaiineHHBIN CerogHsa BBIXOJ COCTOMT B TOM, YTO BO MHO-
rUX cjydasiX MaJIOCTh IpPHUpallleHUs BeJUUYMHBI I MMeeT Me-
CTO, ecJi¥ 3aBUCHMOCTh F mapamerpa oT MenJIeHHOI'O BpeMme-
HU — JIOCTATOYHO riafkas GyHKnus (ckaxem, F € C?). Poas
IVIaKOCTH COCTOUT 3ZeCh B TOM, 4TOOBI 3aMeHHUTH (hpusuuye-
CKOe IOHATHEe HeMH(POPMUPOBAHHOCTH.

@DU3UKU IOBOPAT, UTO «JIHUIO, MEHAIOINee 3Ha4YeHWe Ia-
pamerpa A B MOMEHT #, He JOJKHO pacroJarats HHQOP-
Manueil O MOJIoKeHMH TO4YKH Xx(f) B (asoBOM IPOCTpPaH-
CTBE».

TouHO MaTeMaTH4YeCKH chOpMyJIMpOBATh, UTO O3HAUAET
3TO «OTCYTCTBHME 3HAHHUA», TPyAHO. Ho oKasanmoch, ero Mox-
HO 3aMeHHUTb TpeboBaHMeM riaaxkoctd GyHKnuum F. Ecam
TAaKOM IJIAAKOCTH HET, TO, BhIOMpas HYXHBIE CKAUKU HJIH
M3JI0Mbl 3aBHCHMOCTH IIapaMeTpa A OT BpeMeHH, MOXKHO [O-
OMTHCA OOJBIIOrO M3MEHEHHUA BeJWUYMHEI I, a riIagKocTh MC-
KJIIOYaeT mojo0HbIE KOHTPIPHUMEDHI.

IIlpyrue mONBITKH JaTh NOCTATOYHBIE YCJIOBHA azmabaTu-
YeCKOM MHBAPHAHTHOCTH COCTOAT B TOM, YTO XOTA M3MeEHe-
Hue BeauuyuHB [(x, t) 3a Oosbuioe BpeMsa t ~ 1/ moxxer
OKa3aThCsA HEMAaJIbIM, CHJIbHbIe M3MeHeHudaA peaku (T.e. Ha-
OJI0maloTCA TOJIBKO AJIE MHOKECTBA MAJIOM Mephl MaJioBe-
POATHBIX HaYaJbHBIX Touek Xx(0) m3yuaeMbIX TpaeKTOpPMi
{x(t)} B dasoBoM mpocTpaHCTBe).

Hmxe s Oyay ynorpebisaTh TEPMUH «axuabaTmdecKuii
MHBApHMaHT» B OMMCAHHOM BHIII€ CMBICJIE€, OCHOBAHHOM Ha
raagxkocT GyHKIuU F, npegycMaTpUBaIOIIeM BLITEKAIOIIYIO
U3 3TOM IIaAKOCTH MAJIOCTh M3MEHEHUSA 3HAUYEHHUS BeJNUYH-
Hbl I BIOJb M3yUaeMOM TpPaeKTOPMH 3a BpeMsa 1/¢ mpm Bcex
HadYaJbHBIX YCJIOBHAX.

IIpumep 1. YpaBHeHHMe MAaJbIX KojJeOaHHMH MaTeMaTHde-
CKOr'o MasTHHKA.
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PaccMoTpuM ypaBHEHHE
d2x
W = —/\x, A>0. (2)
Ilpu ¢uKCHpOBAHHOM 3HAaYeHMM mapaMeTrpa A (asosas
KpUBas IpPeACTaBiiAeT co00M 3JIIHIIC

2 2
PP _ g
g tAg =

2 2
3aKoHa coxpaHeHus sHeprum H(p, q; A) = %— + A% (3zmecs,
KakK o0bluHO, p=dx/dt, =t u H— ¢pyrknua l'amuiabToHA
cucreMnl (2): ¢ =0H/0p, p=—0H/0q).

Pemenus cucreMsl (2) ¢ nocroaHHBIM A = w? —rapmonu-
yecKkHue KoJiebaHud,

q =asin(wt), p = wacos(wt).

dra syunTudeckas (asoBad KpuUBas orpaHnmumBaer (Ha
CHMILJIEKTHYECKOM IIJIOCKOCTH ¢ KoopauHatamu (p, q)) mio-
manb S = ma - (wa) = w - (ra?). Yriosas aMILINTYAQ @ 3TOTO
Koyie6aHua u ero sHeprua E = w?a? cBasanbl Mexnay coboit
«cooTHouIeHueM Ilnamka» E = ‘—;:-S. OxasnIBaeTcs, 8eaUYUHA
@asz080it naowadu

I(p, q¢; w) =

aensemcsa aduabamuyueckum uHeapuanmom cucmembvt (2).
OTa MHBApPHAHTHOCTh Ipom3BejgeHusa I o3HauaeT, B 4acT-
HOCTH, UTO €CJIM AJHHaA [ MaTeMaTH4eCKOro MaATHHUKaA (4
KOTOpOro BeAb w? = A=1/g) MefJIecHHO BHIpacTeT BABOE, TO
COMHOKHUTENb () YBEJIMYUTCH B /2 pas, IOITOMY COMHOMKH-
Tenb a? B mpousBeseHun I = ma?w ymeHsmmTCs B V2 pas.

nH@aQ)_ 2
—-—w-—-—n:a w
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NHBIMM cJIOBAMH, MaKCHMAJbHBEIN Yroj OTKJOHEHUS a
YMEeHBIINTCA B V2 pas IpHM MeAJIeHHOM YIABOEHWH IJIMHEI
MasTHUKA. A eCJIM JJINHA MagTHUKA BEPHETCA K MCXOLHOMY
3HAYEeHMIO, TO BEPHETCA K MCXOXHOM BeJWUYMHE M aMILIHATYZa
KoJieOaHUii.

ITopasuTesibHOM OCOOEHHOCTBHIO 3TOM TeopeMbl SABJISAETCHA
TO, YTO pe3yJbTAT COBEPIIEHHO HEe 3aBMCHT OT TOro, IO
KaKOMYy MMEHHO 3aKOHY IIPOXOJHNJIO YBeJHWYeHHe IJIUHBI Ma-
SITHUKA: HYYKHO TOJBLKO, 4YTOORI (pyHKIUA F, onpeamensiomas
usmeHenue A= F(ct), Oblaa riaagkoii.

Takum ob6pasom, B «azuabaTH4YeCKOM Ipenese» ABe (pu-
3UYEeCKN He3aBUCHMbIe BeJMUYHUHEHI (a u l) craHOBATCA PYHK-
IIMOHAJIBHO 3aBHCHMMBIMM. JTO HEOOBIYHOE (hHM3MUecKoe sBJie-
HUe cpasy BHIAEJAET aguabaTHUecKHe TEeOPHMH CPeAH MHOTHX
IPYTHUX.

IlokasaTeJbCTBO TeopeMBI 00 azmabaruueckol HMHBapH-
AHTHOCTH <«IlepeMeHHO# aeiictBusa» S(p, q; A) (BeIpaxkaro-
e yepe3 HaYaJbHYIO TOYKY (P, g) dasoBoro mpocrpaHCTBa
¥ 3HaueHMe mnapamMeTpa A ILIOINaAb, OTPAaHHUUYEHHYIO (Pa3oBoil
KPHMBOH,

Se.: V= || dPdQ),

H(P,Q)<H (p,q)

Pig

nMeeTca B yueOHHMKe «MaremMaTHuecKHe METOABI KJIACCH-
YeCKoil MexaHMKM» (aJA Ji000M raMHJILTOHOBOM CHCTEMBI
C OZHOH CTeleHBIO CBOOOABI), a Takke M B «I'eomeTrpuue-
CKHX METOJaX TeOPHM OOBIKHOBEHHBLIX AH(MdepeHInaJIbHBIX
YpPaBHEHUM » .

IIpuBenéHHBIE HUXKE IIPUMEPHI AOCTABJIAIOT APyrue aHa-
JIOTMUYHBLIe cJay4d4au (Tme [OoKasaTeJbCTBO ajxuabaTudeckou
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VHBAPDUMAHTHOCTH MOJKHO IIPDOBECTH TaK ’Ke) — UX MOXKHO
BBIBECTH ¥ M3 OIHCAHHOrO cJiydyasd TIaMHJbTOHOBOM CH-
creMbl ¢ (yHKnueit I'amuiasroma H(p, ¢; A) npu moMornm
HajJexaliero eé o0o00IIeHnsa, AONyCKalollero, HalapuMmep,
yZaphbl O XECTKHE CTEHKHW BMECTO IHOTEHIUAJIbHBIX CHJIOBBIX
IoJIeH.

IIpumep 2. PaccMoTpuM «OMABAPAHBIN IIap», ABHKY-
IMUiicCA MEeXJYy ABYMS HIapajlIeIbHBIMM CTeHKaMU, PacCTos-
HUEe MeXJY KOTOpPBIMH cocTaBisfer x. O003HAUMM CKOpPOCTBH
IBUM)KEeHUSA IIapa 4yepe3 v M OyZeM cuuTaTh, UYTO B MOMEHT
COyZapeHUsA CKOPOCTHh OTHOCHUTEJNHHO CTEHKH MEHAEeT 3HaK.

B sToM ciayuae agmabaTHUYeCKMM HWHBAPUAHTOM SBJISET-
ca npousBezeHue I = x|v| (mpomopLUOHAJBLHOE, KOHEUHO,
MJIOINaAM, OrPAaHMYEHHOM COOTBETCTBYIOIEM 3aMKHYTOil (a-
30BOM KpHMBOI IpPH IOCTOAHHOM 3HAYEeHUH Iapamerpa A).
AnnabaTnyeckad MHBAPMAHTHOCTh O3HA4YaeT 34eCh MAaJIOCTh
N3MeHeHHuda (3a OoJibliloe BpeMdA nopsaxka 1/€) mpomsBeneHNA
I=xlv

NHBIMM cllOBaMM, KOIZa pPacCTOSHHE MEXKIY CTeHKaMH
BBIPAaCTET BJBOE, CKOPOCTb IBHIKEHMA IIIapa MeXAY HUMH
IPUMEPHO BABOE YMEHBHINTCA (II0 KAKOM OBI IIaIKOMY 3a-
KOHY X = F(et) HU MeHAJIOCh PACCTOSHHWE B TeUEeHHE BpeMme-
HU t~1/¢€):

XA

x(1/€)
x(0)

TR L

Yo oTomBHraHNE CTEHKH YMEHBIIIAEeT CKOPOCTh COyAapH-
IOIIIerocs ¢ HeM Iapa, HIOHATHO, HO Teopuda aauadbaTnuecKon
MHBAPHAHTHOCTH IIPOM3BEJEHUA |U|x JOCTaBiIsAET YAUBUTEID-
HO TOYHOE OIMCaHHE ITOr'0 YMEHBIIEeHUS.

3ameuanue. XoTa 3Ta Teopus NPHMEHHMMa TOJIbKO IIPH
t~1/e, B cayuae aHamuTHM4deckoil 3asucumoctH (x = F(7),
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T = €t) pacCTOAHMA MEXKJAY CTeHKaMH OT BPEMEHH MOXKHO
HUCCJIeOBaTh [Jake IpUpalleHne aanabaTHYecKoro MHBapH-
aHTa 3a OeCKOHeUYHOe BpeMsd

I(x(4+00), [v(+00)|) — I(x(—00), |v(—00)

).

Onucanue »3TOoro mnpupaineHus (KOTOpOe OKa3bIBaeTCHd
npu € — 0 3KCHOHEHIHMAaJBbHO MAaJILIM) JOCTaBJIAETCH MC-
cjJefoBaHUEM NOBeleHUA rojiomopdHoii GyHKmuUM F B KOM-
IIJIEKCHBIX Toukax T (ero Hameén A.M. Iruixuae, JKITD 38,
Ne2, 1960, 570—578).

IIpumep 3. PaccMoTpMM B TpPEXMEPHOM €BKJIHAOBOM
IIPOCTPAHCTBE MArHUTHOE moJjie B M IBUIKeHHE 3apsKeHHOMH
YacTHIBI CO CKOpPoCThIO U. O003HAYMM Yepe3 v; HOpPMAJb-
HYI0 B KOMIOOHEHTY CKOPOCTH.

Eciu O6bl moJsie OBLIIO IOCTOAHHBIM, YACTHIIA OMMCHIBAJIA
OBl BOKPYr IOpAMOM CHJIOBOM JMHUM JIADMOPOBCKYIO CIIH-
pajib, BpaljaAch OT HE€ Ha IIOCTOAHHOM pacCTOAHHUHU r (Ha-
3bIBAEMOM JIADMOPOBCKMM pPaAWYyCOM U 3aBHCAIINEM OT BEK-
TOpOB B M v B HaYaJIbHOM TOYKE TPAEeKTOPHH).

AnmnabaTiyeCKMM HHBAPHAHTOM OKAa3bIBA€TCA B 3TOM CJIY-
yae BenMuMHa V2 /|B

Ilox apnabaTHyecKMM IIPEAEJIOM MOXKHO 3/eCh IIOHUMATD,
o KeJjlaHMIO, Ju6Go mpexen mpu |v| — 0, au6Go mpexen mpu
|B| — 0o (BaskHO Jjumb, yTo6Hl cTpemMmica K O JapMopoB-
cKkuil paauyc). B ciayuae riazxkoctu mojss B MOXKHO [o-
Ka3aTh MaJIOCTh M3MEHEHMUs YKa3aHHOro BhIlle azuabarudye-
CKOI'0O MHBApHaHTa B TeueHHe OOJILIIIOr0 BPEMEHH.

B uacTHOCTH, BCE 3TO NIPUMEHMMO K OOBACHEHHIO IIO-
JIAPHBIX CUSHUM: 3apAKEeHHbIe YaCTHUILI B CBOEM JIADMOPOB-
CKOM CIHPAJIEBUZHOM JIBHKEHHHM BOKPYI CHJIOBBIX JIMHUMA
MArHHUTHOTO IIOJIA 3eMJId JOXOIAT, Oiuike K MAarHUTHBIM
IIOJIIOCaM, A0 paioHa OOJBIINX 3HAUEHMWI HANPAXKEHHOCTH
MarEuTHOro mons |B|. CoxpaHeHue agnabaTHYeCKOro MHBa-
pPHaHTa IPUBOAUT B 3TOM CJyuae K OTpPaKeHUio axuaba-
THYECKH IBMIKYIIEHCA 4YacTHIBI OT «MArHUTHOH IPOOKH»,
U OHa BO3BpalllaeTcs BAOJb (IPyroi) MarHUTHON JIMHUM KO
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BTOPOMY IHOJIIOCY (32 MHKDOCEKYHAHOE BpeMd).

Oxosi0o npo6ox 00pasyioTCsa CKOMJIEHUS OXKMAAIOIMIUX OT-
PasKEHUsI YaCTHUI[ — 3TU-TO «O00JaKa» B3apsKeHHBIX YAacCTHUI]
¥ HAOJNIONAIOTCA KaK IOJIAPHBIE CUAHHUSA.

MaTeMaTHYeCKH TOYHOE ONHCAaHHE 3TOH CHUTyallMHd BO3-
MOYKHO, HO JOBOJIbHO JJWHHO, U s HE IIPUBOXKY €ro 3JecCh.
3aTo ciaeAyIOLINM BapHAHT CXOLHOM TEOpPHHU JIeTKO chopMmy-
JINPOBaTh TOYHO.

IIpumep 4. PaccMoTpuM riaskyio moBepxHocts M ¢ QHUK-
CHPOBaHHOM pPHMMAaHOBON MeTpHKOM. PaccMoTpmM Ha 3TOM
IIOBEePXHOCTH KPHMBYIO IOCTOAHHOM reofe3u4ecKoil KpPHUBH3-
HBI X.

B ciayyae eBKJIHMZOBOM ILIOCKOCTH M 3TO — 3aMKHY-
Tag (opum x > 0) OKpyXHOCTh, pazmuyca 7 = 1/x. Ecian
Temeph Treofie3auUYecKas KPHUBHU3HA MEHAETCA BJOJb KpH-
Bol (¥ = B(x), x € M), To dpyskuua B: M — R onpexe-
JIfeT «JIapDMOPOBCKHE OKPYKHOCTH» Ha IOBepxXHocTH M,
T.e. CIOHpaJIeBUAHOE MABM)KEHUE II0 IIePpeMEeHHOM «JIapMo-
POBCKOM OKPY’KHOCTH» C JABMMKYIIUMCH Baoab M IeHTpoM
U IIepeMeHHBIM PaJnyCOM.

Du3nyecKN MOXKHO HA3bIBATh 3TO ABHM)KEHHUE JBUIKEHU-
eM BAOJb M 3apsKeHHOH 4JacTHIH (B «IEepHEeHANKYJISAPHOM
nmoBepxHocTn M» MarsEuTHOM mnojie B).

ITO IBH)KEHHE JOIyCKaeT aamabaTHYecKoe OIHCAaHHE,
KOrjia pajguycChl JIADMOPOBCKHX OKPY)KHOCTeHl MaJjbl (pu-
BMYECKHM MOJYKHO pacCcMaTpuBaTh JHOO CHJbHBIE MArHHUT-

Hble nojasA, B — oo, Jaubo Majbsle HadYaJbHBIE CKOPOCTH,
v| = |dx/dt|).
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Eciun ¢ysknmus B riaagkas, To agmabaTM4eCKMM WHBa-
PUAaHTOM OKAa3bIBAaeTCA IIPOCTO reofe3nyecKas KpPHUBH3Ha eé
COOTBETCTBYIOINEH JIaDMOPOBCKOI OKPYXHOCTH II€PEMEHHOI'0
paguyca (B ¢pusmyeckux TepmuHax arto |v|?/|B|).

B uacTHOCTHM, TaKaA KpuBasg OOJIBIIOH 3aBHCAINEH OT
TOYKM reoie3N4ecKOoil KPHUBU3HBI Ha moBepXHOCTH M ocuwmi-
JUPpYyeT MeXAY ABYMs OJM3KMMM JHUHUAMH YPOBHSA HEIO-
CTOSSHHOM (QYHKIUM B, eciu KpUBH3HA BeEJINKA.

- B(ﬁd'-"cws{
08— T

Ecau xe dyHknusa B npexpcrasisger co00il IIOCTOAHHYIO,
TO COOTBETCTBYIOIIINE JIADMOPOBCKHE OKPYSKHOCTH OOJIBIIION
reofie3BNYeCKOM KPMBM3HBI X BCE€ PaABHO OCHWIJIUDYIOT B
KOJIbLIe MEXXJAY HABYMA JHUHHUAMH YPOBHA azuabaTH4eCKOro
MHBaApUaHTa, TOJbKO BMecTOo (yHKIuuU B: M — R HYy)XHO
paccMoOTpeTh rayccopy KpmBusny K: M — R.

Pasanna B 3TUX ABYX TEOPHMAX COCTOMT, OZHAKO, B TOM,
YTO IPH CTPEMJIEHMH JIADMOPOBCKOro pajzuyca K HYJIO Ma-
Jag CKOPOCTH [ABMIKEHHS IEHTpa JIADMOPOBCKOM OKPYKHO-
CTH BJOJb KOJIbIIa MEXAY ABYMA JUHUAMH YPOBHsA axmaba-
TAYECKOI'0 WHBAPHMAHTA HMMEEeT Pa3HbIil NOPANOK BEJIUUYUHBI
(upu B # const aTa ckopocTh ropaszo GoJsibire).

B oboux ciayuasx azmabaTuuyecKMil MHBaApHAHT MaJlo Me-
HseTcA He TOJIBKO 3a BpeMd |€|, HO 1 3a 6eCKOHeYHOe BpeMs
(aro carexnyer m3 «Teopuum KAM>»). |

BoaBpamasgck K MasTHHUKY IpuMmepa 1, 3aMeTHM, dYTO
agnabaTnuecKkas HHBAPHAHTHOCTHL OTHOLIEHUS €ro SHEpPruu
K ero 4acToTe Ka’KeTcsd IIPOTHBOpedaliel BO3MOXXHOCTH pac-
KauyWBATLCA HA KadeJfaX: IIPH CKOJIb YrogZHO MAaJIOM aMILIH-
TyZe U3MeHeHUusd 3(P(PeKTHBHOM AJUHBI Kadelei, l, HUXKHee
IIOJIOXKEHNEe PaBHOBECHA CTAHOBUTCA HEYCTOMUYUBBIM B CJIY-
qJagx ImapaMeTPUUYECKOro pe3oHaHca (Korjga mepuoj HM3MeHe-
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HUA | KpaTeH IeJIOMYy YWCJYy IOJYIEepHOAOB COOCTBEHHOTrO
KoJieOaHMA HEBO3MYILEHHBIX KaueJieil).

9To 3aMedYaHHE JOCTABJIAET «KOHTPIPHUMEDP» K YTBEp-
sKIeHuI0 00 aamabaTnueckoil WHBApPHMAHTHOCTH OTHOINEHUS
SHEPruM K YacToTe IIOTOMY, YTO 4YacToTa, MEIJIEHHO IIOKO-
JebaBIINCh, BO3BpAIlaeTCd K HCXOZHOMY HEBO3MYIIEHHOMY
3HAYEHHUIO, a aMIUINTYAa pacKaudaBIIMXCS KaueJjiell 3a 3TO
BpeMsl BBIpOCJA.

Ho HUMKakKoro mnpoTHBOpPeYMs 37eCh HET, IOTOMY YTO
IJIA pealu3aly PacKadyKM, HeoOxoamMma «oOpaTHas CBA3b»,
T.e. 3HAHUE TOro, CJEAYET JIH YBEJUUHBATHh UM YMEHBIIATH
3HaueHMe mnapamerpa | mpm HaOmozamomeica B JaHHBINA
MOMEHT (pba3e MIHOBEHHBIX COOCTBEHHBIX KoOJIeOaHMIA.

I'nagxocTs 3akoHa F u3aMeHeHMs mnapamerpa A = F(et),
IIpeAIoJIO}KEeHHasas B TeopeMe 00 aamabaTHyecKoil HHBapH-
AHTHOCTU NepeMeHHOi neiticteusa S(p, q; A), HCKII0OYaeT BO3-
MOKHOCTb TaKo# oOpaTHo#l cBA3u. Ho eciam 3Toil raagko-
CTHM He IpejmoJjarath, TO MaTeMaTUYeCKHEe KOHTPIPHMEpPHI
K (PM3MYECKOMY YTBEPKIEHHIO 00 ammabaTHYecKOd HWHBapH-
QHTHOCTH CTAHOBATCH BO3MOXXHBIMH.

HanpHeiilne 0000ImeHNss Teopun aamabaTHYeCKHUX HHBA-
PHMAHTOB ONMCaHBI B KHHre «['‘eoMeTpmuecKkue MeTOABLI Teo-
puu OOBIKHOBEHHBIX AuddepeHIaJIbHBIX YpaBHeHUuM», § 20,
rle YKa3aHbl ¥ MHOI'OUYHMCJIEHHBIE JINTEepaTyYPHbIe CCHLIKH.
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Y HHMBEpPCAJbHOCTh NMOKa3aTeJd XJKa NJHH pPeK

B snyurxaonedusax O0Ons MHOzux pex YKa3aHmv. u OauHa
pexu l, u naowadv eé Oacceiina, S. Cnpawusaemcs, Kax
Cc843aHbL. Imu 08a yucaa?

Pemenue. Eciu 6bl OacceifH pexku OblJ KPyroM ¢ IeH-
TPOM B cepefHHe NPAMON PEeKH, TO BBINOJHAJOCH OBl COOT-
HomeHnue | = ¢cS'/? (momckassiBaeMoe ¥ pa3MEepPHOCTAMHU 3THX
BEJIMUUH).

CorsiacHO aMepHMKaHCKMM JaHHBIM, CTATHCTHKA (110 60Jib-
IIIOMY YHCJY pPeK: U OOJBbIINX, M MaJbIX, M PaBHHHHBIX,
M TOPHBIX) HPUBOAUT B OOJBLIIMHCTBE CJy4YaeB K OOJIbIIEit
OJINHEe:

l~ cS*%,

rge o ~ 0,58 («mapamerp Hack’a»).

Bonbiuii MOJIOBMHEI IOKAa3aTeJb X3Ka o O0ObACHAETCHA
dbpaxkTaIbHON H3BHJNCTOCTHIO PEKH, HeJlaloleil eé 0oJee
IJUHHOM, 4eM nuaMeTp eé OacceiHa.

Ho mouemy mokasaTesib @ YHHBEPCAJIEH U MMEET MMEHHO
TaKoe 3HaUEeHHE — He fACHO (XOTA M JeJIaJUCh IONBITKH BBI-
BecTn ero m3 ypaBHeHH# Hasbe—CTOKCa rupogMHAMHKH,
HEYCTOMYMBOCTh PEIIEeHHH KOTOPBIX JeJIaeT PEKU U3BUJIH-
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creiMu). BoT naHHBIe AnA AI0KMHBI pek IlogMockoBbsA:

Pexa IOnuna (kM) | IInomaap (km2?) |  ~Inl/InS
MockBa 502 17640 0,64
IIpoTBa 275 4640 0,66
Bopsa 99 1160 0,65
Hy6ra 165 5474 0,56
Hctpa 112 2120 0,61
Hapa 156 2170 0,65
ITaxpa 129 2720 0,62
Cxonua 47 259 0,69
Bouryma 40 265 0,60
Ilexopka 42 513 0,59
CeryHb 38 187 0,69
HAysa 41 452 0,59

CpenHee 3HaueHHMe IOJYYEHHBIX 37ech 12 mokasareieit o
cocrasiasger 0,63.
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Pesonancel B IlllyxoBckoit 6amne, B ypaBHeauun CoGoseBa
M B 0aKax BpamarmImHXCA pakKeT

3anuMasach B 1958 roay 13-i1 npobaemoit I'mabbepra,
A U3ydaJ npejscTraBjieHNe (QYHKIHNN, 3aJaHHOM Ha IIJIOCKOM
KPHMBOM, B BHZe CYMMBI ABYX (YHKIHH, KaKaasd U3 KOTO-
PBIX 3aBHCHUT TOJIBKO OT OZHOM M3 KOODAMHAT:

u(P) =f(x) +2(®).

4\‘3(

P [

l

MHe ypajoch HCCIEeZOBaTh 3Ty 3azady, €CJH KpHUBasg —
nepeBo. Hanmpummep, BbiOepeM Ha xepeBe TouKy P m pas-
JIOKMM Hu3BecTHOoe 3HaueHHe u(P) B cymmy JIOOBIX ABYX
ciaaraeMeix, f(x) + g(y). Torgza B Touke P’ MBI 3HaeM 3Ha-
YeHHE cJjiaraeMoro g, M HaXOoJUM 3HaueHHe ciaraemoro f,
IIOCKOJIBKY 3HaYeHNe CYMMbI M3BECTHO.

A BoOT, OKazayioch, UTO JiI000e JAepeBO MOXKHO PpPacIoJio-
#uth B R® rak, uTo AnA a1000ii HenmpephIBHOH (YHKIIMM U
Ha HEM AaHAJIOTMYHBIM METOAOM MOXKHO IIOCTPOHUTHL IIpej-
CTaBJIeHMEe B BHJIe CYMMbBI TPEX HENPEepLIBHBIX (GYHKIIHUIA,
KaXXzasg M3 KOTOPHIX 3aBHUCHUT TOJBKO OT OZHOM H3 KOOp-
zuHar (x, Yy, 2):

u(P) =f(x) +g(y) + h(2).

PemmnB a3ty npobsemy I'manbepra, s pemma o0000IIHUTH
IOKa3aHHYIO TEOpEMY, 3aMEHHB JepeBo Jiob6oi kpusoii. Ec-
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Ju KpuBas# (Ha IJIOCKOCTH) MMeeT IIUKJI, TO Ha HEM BO3HU-
KaeT JUHaAMH4YecKad cuctreMa P—- Q- R—->S—...

N R S
P T
Q
] —
X

A oxasanoch, 4TO BO3MOYKHOCTH HYKHOIO IIpeACTAaBJIe-
HUA B3aBHCHT OT CBOMCTB 3TOM JIWHaAMHKH (oTOoOpakeHUA
IIMKJIa Ha cebs): ecau y 3Toil JMHAMHUYECKOH CHCTEeMbI eCTh
IIepuosuYeCKe TPAeKTOPHHU, TO IIPEACTaBJIeHME BO3MOYKHO
He Bcerjza, a €CaId HUX HET, TO BOINPOC B3aBHCUT M OT
IJIaIKOCTH pasjiaraeMod (QYyHKOHMH U, U OT apudmernue-
CKHX CBOMCTB AMO(MAaHTOBBIX 3a/ad Ha 3aJJaHHON 3aMKHYTOM
KPHBOM.

JlokasaB IeCATKH TeopeM B 3ToM obsmactm (KoTopas B3K-
BMBaJIEHTHA MCCJIeOBaAHUIO 3azauM J[MpuxJe AJIisg BOJIHOBOIO
YPaBHEHHs), A HamucaJ o0 3ToM cTaThbio. PeleH3eHTHI yKa-
3aJI1 MHe, 4YTO 3TOM 3aZjayed 0 MEHA 3aHNMAaJIUCh YUEHUKH
C.JI.Co6oneBa (P.A.Anekcannpsa, H.H.Baxasua), u ga-
ke cam CobOosieB (paboTra KOTOpPOro, OZHAKO, 3acCeKpeueHa
IO CHX IIOP, TAaK KaK OH IIPUMEHSJI CBOM TeOpPeMBI K HC-
CJIeOBAHMUIO IIOJIETA BpAIAIOIIMXCA CHAPAJOB C MKUIKUM
COAEPKUMEBIM).

Maue Cepreit JIbBOBHY TOrza ke paccKasaj, YTO HU3BECTHO
U 4TO HET — 3JIeCh s KOPOTKO OIMIIY 3TOT PacCcKas.

Emé Komu paccMaTpuBaJl BOIPOC O KECTKOCTH BBINYK-
JBIX noBepxHocTeil. Hampumep, ToHeHbKas 000JI0YKa BHI-
OYKJIOr0 AiIla YCTOMYMBO COXpaHAET CBOIO (OpMy, IOKa Ha
Hel HeT HMKaKoil TpemuHBI. Ho cTOMT HapymINTh €€ BIOJB
X0TsA OBl KOPOTEHBKOM AYyru — M HETPHMBHAJbHEIE ZedopmMma-
IIUM CTAHOBATCHA BO3MOKHBIMH.
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CaMonéTsl ¥ paKeThl OrpaHUYEHBI, OJHAKO, He BBINYKJIbI-
MU IOBEPXHOCTAMM — HAIpUMep, AJIA IPUCOEAWHEHUS KpPhI-
JbeB K (hrosessaky o0sa3aTesIbHO HYXKHBI runepbosmyeckue
IepexoxHble 00JIacTH.

IToaToMy BoIpoC O KECTKOCTH B runepb0OJIMYEeCKOM Ciy-
Yyae Ba’K€H B IPHUKJIAZHOM OTHOIIEHHUH.

IIpocreitmeit momenbio (A JIMHEHHBIX, T.€. OYeHb Ma-
JBbIX, Aedopmanuii) aBjaAeTCsa 37ech Kak pas3 3azada [upwu-
XJie JJii BOJIHOBOrO YPaBHEHHUSA

a?:gy -0, ulx, y)=71(x)+gWy),

(1 eé MHOroMepHbIe 00001I€eHUA).

CootBercrBylomasa pabora C.JI.Cob6oseBa (1943 ropxa)
ObLjIa elé CeKpeTHO#l, HO ero obobmiamomasa 3Ty paborty
cTaThs O TaK HasbiBaeMoM ypaBHeHHH CoboJjieBa yikKe IOSBH-
Jlach, ¥ OH HOOBLJI MHe pas3pelleHNe MOCMOTPETh B 3aKPBITOM
oraese HMHCTHTYyTAa MEXaHHMKH COOTBETCTBYIOIIHE 3KCIEPH-
MEHTBI, MCCJIEJOBABIIHNE MKECTKOCTh IHMIepOOJIHUYEeCKHX IIO-
BEepPXHOCTEH.

B xauecTBe Takoii ImOBEepXHOCTH Opajica IWJIMHIAP, BPO-
e KOHCEepPBHOM OaHKHM — s BHZEJ COTHM TOHKOCTEHHBIX
IUJINHIPOB TrHUIepOoJNYecKO KPHUBM3HBI pPa3HBIX pas3Me-
POB, U HEKOTOphIE M3 HMX CTOMKO COXpaHAJH ¢opmy npm
Ha)XaTUM Ha HUX, a JApPyrue InpaMo HObI-

IIaJu B pykax (XoTsa pasHHUIa, COCTaB-
nasmaa 1—2%, Ha BUA M He Onlia 3a- 0
MEeTHA). |
Okasayioch, 4TO 37eCh BaXXHBI CJIeLY-
onme pe3oHaHChl. M3 Toukm P HHXK-
HEero OCHOBAHUA BBIXOAHUT aCHMITOTHYE-
ckag kKpuBag PQ@ (ecau HOBEPXHOCTb —
runepbosions, Bpoze Oamam Illyxosa Ha
IITaGosroBKE, TO 3Ta AaCHMITOTHUYECKAA
JIMHUSA — OTPEe30K npsamoi, B Oamue Illy-
XO0Ba OH BBINIOJIHEH H3 CTAJH). P
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Briiina M3 TOYKM () BepXHeEro OCHOBAHHUA II0 BTOPOM
aCHMIITOTUYECKOM JIMHHHM, MBI BepHéMcA (B Touke R) Ha
HUKXHee OCHOBaHME.

Bosaukarmoiee orobpakenue P — R HM)XHEro OCHOBaHMA
B ceba MokeT MMeTh mnepuoaudeckue Touku T =P (uro Ha
«bamae IIlyxoBa» COOTBETCTBYEeT 3aMKHYTOM KOHEYHOM JIO-
maHo¥ PQRST wn3 cocraBiaAlIUX OalIHIO CTEepKHEM). ITOT
«PEe30HaHC» U IIPUBEAET K HEYCTOMYMBOCTU (B KOTOPOM IIO-
BEPXHOCTh HM30THETCA B MAaJIOM OKPECTHOCTH YKAa3aHHOM JIO-
MaHO¥ U3 XapaKTEPUCTHK).

HUccrnenoBaHne TaKUX HEYCTOMYMBOCTEM OBLIO IIOXOXKE
U Ha Moio pabory o 3amaue [{umpuxJjie AJisi BOJIHOBOI'O ypaBHe-
HUA, 1 HAa N3yYEeHHEe PEe30HAHCOB B IIJIAHETHBIX ABMIKEHHAX,
KOTOPBIM # CTaJl TOorja 3aHMMaThcA (pagM HCCJIeAOBAHUSA
YCTOMYMBOCTHA COJIHEUHOMH CHCTEMBI, TI'Zleé PE30HAHCHI TOXKe
OMacCHEI, BbI3bIBasg, HaIpumep, Imead B Koabnmax Cartyp-
Ha, NOAOOHBIE AOMOJNIHUTEJLHBIM HHTEPBAJIaM B MHOYKECTBE
KanTopa).

Pa6otsl C.JI. CoboseBa 0 pesdoHaHCax KoJeOGaHHII B MKHUI-
KOCTH B TOHKOCTEHHBIX 0axKax pakKeT C COOCTBEHHBIMH KO-
JebaHUAMM Kopmyca pakeTsl mossoauau B. . Pabunosuuy
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npemyaoxkutb C.II. KoponéBy cmocob, kKak wu30exxaTh 3THX
pe30HaHCOB (3acyHYB B OaHKH C IOpPIOUYMM HYKHBIE IIPEnsT-
CTBHf), U PAKeThl IIepeCcTajy JIOMaThCH. |

C Tex mop HpoOINJO MHOrO JIET, M fA JaKe IOJYYUJ M3
CIIA nucbma, rae MeHA YIpPEeKaJd B HaIpPacHBIX BOCXBa-
Jeanax Cepres JIsBoBmua CobojsieBa (IO IOBOAY 3THUX €ro
pabor 06 «ypaBHeHuu CobGosieBa»).

A uMeHHO, COBpeMeHHbIe aMepHKaHCKHue (usumKu (Moc-
KOBCKOI'0, BIIPpOYEM, IIPOMCXOXKJAEHHS) YKasajJy MHe, UYTO
«ypaBHeHMe CoboJieBa» ObLIO y2ke onyb6imkoBaHo B 1910
rogy OZHHM MAaTEeMAaTHKOM, MCCJEIOBABIIMM €ro TaKUM JKe
meronoMm, kKak C.JI.CoGosieB, 1 mOJyYHMBIIMM MHOrO HMHTeE-
PECHBIX pe3yJIbTATOB: OH HaIMcaJl 3TO YpaBHEHHE He paju
NCCJIeOBaHUA KoJieOaHMA TomJmBa B OaKax Bpalmalouieicsa
paxkeThl, a AJA HCCJIENOBAHUS METEOPOJIOTMUYECKHUX OCOOeH-
HocTeir arMocepsl IOnurepa (¢ ero «KpacHBIM HATHOM» —
IIMKJIOHOM MHOI'OCOTJIETHEr'O BO3pacTa), riae Bpamenune IOmnu-
Tepa ABJAETCA ONHUM M3 OCHOBHBIX (pbaKTOPOB.

Kax HmM yauBuTenbHO, 3TO ypaBHeHHe CobosieBa OBLIO IO
Hero uccieznoBaHo A. Ilyamkape.

Pagn mocrpoenuss cBoeit Teopuu C.JI.CoGosieB m300pé
00001eEne ruabpbepToBa mpocTpaHcTBa GyHKIMi, Ls. B ero
00001mieHE 3pMuTOBa (hopMa He ObljIa IOJIOMXKHUTEJIHHO-OIIpe-
neJéHHoi, kak y I'mnpbepra, a Oblja CKOpee pPeIATHUBUCT-
CKOili, UMes, Kak B MeTpuke JlopeHIa, OfMH KBaaApaT ApPY-
roro 3Haxa.

HUccnenysa ator Bompoc B 3Bakyanuu B Kasanm, CoGoseB
obpaTnijica 3a COBETOM K COCENy, TOXXe 3BaAaKYUPOBAHHOMY U3
MocKBBI, ¥ TOT nmoMor emy. Ho 3TOT HOMOIIIHMK 3aMETHJI:
«3ayeM Takas HeJienmad aKCHOMa — OAUH KBaJApaT JApPYyroro
3Haka. Hy)XHO paccMarpuBaTh cpasy Jio0oe KOHEYHOe HX
gucJol»

Korga cocen Hamucas cBolo paboTy o6 aTom 06001mmeHMH
ruabpbeproBa mpocrpaHcTBa, oH nompocus Cepres JIbBoBHua
JaTh TOYHYIO CCHBLIKY Ha CBOIO pabory (rze KsaapaTr Apyroro
3HaKa OJWH), 4TOOBI IIOMECTHTh €ro B CBOIO OmOyimorpaguio.
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Ho Cob6oJieB oTBeTHJI — «HH B KOEM cJiyyae, 3Ta padbora
He TOJBKO He onyOJIMKOBaHA, HO U COBEPINEHHO CEKPETHAa».

MHe OH pacckasajJ 00 3ToM, y»ke OOpsich 3a paccekpe-
ypBaHMNE 3TOM paboThl — ceilyac & MOry O Heil paccKasaThb.
Ho npocrpancTrBa CobOosieBa MmOJyYHMJIM TeM BpPEeMEHEM Ha-
nmMeHoBaHUe «II-mpocTpaHCcTBa» IO MMEHM 00OOIMBIIIErO MX
cocela, KOTOPHIA HMX TEOpHUI0 M onyOJmKoBaJ (0e3 cChlIKH
Ha CoboJieBa).

«II-mpocTpaECcTBaMM» OHHU HA3BIBAIOTCA IO MMeHM JIbBa
CeménoBuua IloHTpAruHa.

XoTA BCe 3TH JaBHUE MCCJIEHOBAHHUS CErogHA CTAJIHU YiKe
KJIACCHUECKMMHU, A YIOMSHY BCE Ke OZWH BOIPOC M3 3TOM
00J1aCTH, KOTOPBIH # MeuTaJl HCCJIEeAOBaTh B KOHIe 50-x
rogoB, HO KOTOPLI¥, HAaCKOJbBKO MHE H3BECTHO, BCE eIlé He
peLIéH.

PaccmMoTpuM Kakxoe-HMOYZAbL riagxoe Biaosxkenme T2 C R3
TOpa B TPEXMEPHOE EBKJHIOBO IIPOCTPaAaHCTBO. Takoe BJIO-
JKeHUe HAa3bIBaeTCA M ECMmKuUM, €CJIN BcaKoe Oimsxoe (M30-
MEeTPUYECKOE) BJIOKEHHUE IOJIydaeTcss M3 Hero (MajbiM) ABH-
’KeHHEeM EeBKJIMJIOBa IIPOCTPAHCTBA.

Bonpoc cocTosas B TOM, OBIBAIOT JIM HEe KECTKHE BJIOXKe-
HUA (M KaKuX OoJibIlle — dKECTKHX WM HEXKECTKHUX)?

S1 cawslman, OyATO cerogHA MAOKasaHa KECTKOCTh CTaH-
JapTHOr'O BJIOXKEHUS Topa BpallleHuA (MeXAy ABYMSA mapaJ-
JIeJIbHBIMHM IIJIOCKOCTAMM, KAacCalOIMUMMCS €ro II0 OKPYKHO-
CTAM).

Ho 3T0 He HCKJIOYAaeT HEXKECTKOCTH APYIrHX BJIOXKEHWM
(manpumep, Kak-1u60 3ay3JIeHHBIX): HACKOJBKO $ 3HAIO,
3TOT BOIIPOC HEe pelIéH Jgake IaJA OeCKOHEUYHO MAaJbIX
Aedbopmarimii.
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Teopusa BpameHUA TBEPAOro Tejla M T'HAPOAHHAMMKA

Mopsaku Bcrpetunuch K XVIII Bexky co ciexyiomeii Tpyxa-
HOCTBIO OIIpeZieJIeHHs CBOEro MecTa Ha KapTe: [JJA OPHMEHTH-
POBaHUA HU3MEPAJJHUCH KOOPAMHATHI 3BE3N Ha HebecHOil cde-
pe B MOMEHT HU3MEPeHUs, U HCIO0Jb30BAaTh 3TH HN3MEPEHUA
MOKHO OBLJIO, TOJIBKO 3HAA TOYHO, B KAKOM MMEHHO MOMEHT
N3MEepPeHUA IIPOU3BOAUNJIHCE.

CursajloB TOYHOrO BpPEMEHM II0 pPajguo Torza eIné He
IepefaBajid, II0O3TOMY JJIsl OIpPeJeJIeHUs BpPEMEHH IIPHUXO-
AWJIOCHh IIOJB30BAaThCA XpoHOMerpamu. Ho xpoHoMeTp, oco-
0OeHHO B AJNTEJHLHOM IIJIABAHWH, CKJIOHEH HAUMHATH CHJILHO
BpaTh. CKa3bIBalOTCA M KauKa, ¥ BpallleHNe 3eMJIM, M Bapu-
auy IIOJA TATOTEHUS, BIMAIOIINE Ha mepuoj coOCTBEHHBIX
KoJieOaHMIT MasATHUKA, M Jake KJINMaTHYEeCKHe YCJIOBHUA
(Tponnueckas xapa yAJHHAET MAATHHUK, a MOPO3Bl YKopa-
YHUBAIOT).

AHrjamiicKkoe agMUpPAJITEHMCTBO OOBABHIIO IIO3TOMY O00JIb-
IIYI0O IIPEMUIO 3a pelleHne npobseMbl OIpeleIeHUs TOYHO-
ro BpeMeHU. JWjiep NPHUAYMAaJ OCTPOYMHBIM IYTh pPeEIleHUs
3TOil mpoObJieMBbl: MCHOJIL30BATh B KadecTBe 4acoB JIyHy.

IIBusxkeHne ueThIpEX (OTKPHITHIX I'anuieeM) COYTHHUKOB
IOnurepa K TOMYy BpPEeMEHH YK€ IBITAJNCh MCIOJb30BaTh
BMecTO 4acoB. Ho za 3TOro Hy’sKeH, KpoMe Xopolleil Teo-
PHUM BOBCE He IPOCTOr'0 ABUXKEHHUS CIYTHUKOB, XOPOIIHI Te-
JIECKOIl, TaK Kak «IudepbiaT» 3THX YACOB YK OUEHb MAaJI:
IOnurep nmanexo, 1 COYTHUKH He BCErjJa XOPOIIO BUAHEI.

JIyHa ropaszo Oimike, HabOaozaTh €€ JIerKO, TaK 4YTO
3aaua Oblia OBl pelreHa, ecad Obl Obljla IOCTpOEHa [HO-
CTATOYHO TOYHAsA TeopMsa MaJbIX KoJebanuii JIYHEI OKOJIO
CBOEro IeHTpa TAXKeCTH (C y4€éTOM BO3MYILEHMIlI, BHOCHMBIX
npexxae Bcero ConHneM M 3eMJI€il B CIOKHOM OpOHTaJIbHOM
nBMKeHNN 3eMuan BOKPYr CosHnma u JIyHBI BOKPyr 3emJH).

Bor aTy-TO Teopuio Jiijiep M pemmJa cos3xarb. Ero same-
yaTeJbHasg paboTa Ha 3Ty TemMy Oblja omyOiamKoBaHa B 1765
rogy — OH paccCMaTpMBaJ He TOJIbKO JIyHYy, HO H JBHXKe-
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HUe JI000ro TBEPAOro Tejia BOKPYTr CBOEro IeHTpa THAMKECTH,
Impe)kje BCEro o WHEPIWH, & IIOTOM M BCJIEJCTBHE BO3MY-
IIAIOIMMX BJIMAHUN APYTHUX TeJ.

3amMeuaTeJIbHBIN pPE3yJIbTAT 3THX HCCJEJOBaHMII Jiljepa
IOCTaBJIET, IPeXJe BCEro, IOJIHOe pellleHHNe 3ajgadyu o0
MHEePIHNAaJbHOM [JBM)XKE€HUH IIPOMU3BOJIBHOIO TBEPAOro Teja
BOKPYI' CBOero IeHTpa THAXKeCTH. IJTa 3ajjada OKas3ajach
«BIIOJIHE MHTErpUpPYyeMOil raMHJILTOHOBOM cCHCTEeMOM», M Oi-
Jilep HaII€Jl HY)XKHYIO IOJIHYIO CHCTEMY NEepPBBIX MHTErpajioB
B WHBOJIIOIIVH.

A3 ero pe3yabTaTOB BHITEKAJIO, HaIpUMep, 4YTO CTaIH-
OHapHbIe BpaIleHUA BOKPYI BCEX TPEX OcCeH 3JIIuIcouza
MHEPU NN TBEPAOr'O TeJia CYLIECTBYIOT, HO BpallleHHEe BOKPYT
CpexHell ocH MHEPIMM HEyCTOMYMUBO, B TO BpeMA KaK U Bpa-
IIIeHUe BOKPYT OOJIBIION OCH MHEPIIMM, M BpallleHue BOKPYT
MaJIOil OCHM HMHEPIUU YCTOHYUBHI.

|

ITO 3HAYWUT, YTO, HAIPUMEP, CIUUYEUYHHIA KOpPOOOK, Opo-
IIeHHBII TaK, YTO OH BpalllaeTcs BOKPYr' MAJHHHOM WJIH
BOKPYI' KOPOTKOM OCH, Tak M OyzeT BpallaTbCA, a €CJH
OpocuTh ero, 3aKpysKHB BOKPYI' CpeLHeil ocH, TO OH 6yzeT
KYBBIPDKATHCA XaOTHUYECKH (YTO A He pas AeMOHCTPHPOBAJI
CTYAEHTaM Ha JIEKIIMH — 3JIeCch JIy4llle Bcero 6pocaTh yIako-
BaHHYIO KHUI'Yy, a He KMpPIN4Y, U IIIeCTh I'paHeii 6pocaemoro
TeJla JIy4dille BBLIKPACUTHh IO-pPa3sHOMY, 4YTOOBI HEYCTOMUYM-
BOCTh ObljIa cpasdy BHIHA).
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Tomnosornuyeckas IIPDNYNHa pPa3Jindnudad COCTOMT B pPa3HU-
II€ IIOBEACHUA JIMHUHA IIepecedyeHus aJJaIHUIICOnza COo c«bepamn
C IeHTPpOM B Hadajle KOOpAHHAT.

Oxkoso kKoHODA A OOJBIION IOJYOCH 3JIIMICOHZAA pac-
CTOAHME JO IeHTpa 3JLUIMICOUZA MaKCHMMAaJbHO, U JIMHHH,
rjle 3TO paccTOSHMEe HEMHOro MeHble IJUHBI OoJsbleit
noayocu QOA, ABAAIOTCA OKPYKAIOI[UMM TOYKY MaKCHUMY-
Ma A 3aMKHYTHBIMM KPHBBIMHM HA IIOBEPXHOCTH 3JIJIHMIICOMZA.
IIpy MajoM OTKJIOHEHMH HAIPaBJeHUA OCH BpAILlEeHUS OT
HanpasjJeHUss OA COOTBETCTBYIOIHI BEKTOP IEPEXOAUT OT
BeKTOpa OA Ha OAHY M3 TAaKMX 3aMKHYTHIX KPHMBBIX, OJIH3-
KMX K TOYKe A, ¥ HaUYMHaAEeT coBepmiaTh BOMm3u OA maibie
KoJieOaHHA, TaKk 4YTO [ABUIKEHME, XOTSA M IIEpPecTaéTr OBITH
CTaIlMOHAPHBIM BpAallleHNEM, OCTAETCA K HeMy OJM3KHUM.

TouHO TakKk ke, OoKoJio KOHHa C MaJyioili ocH pacCTOsSHUE
o nearpa O gocTuraeT MUHMMyMa, ¥ JUHUH, I'Zle OHO JIMIIb
HEMHOI'0 IpEeBBHIIIA€T MUHHMMaJbHOe paccrosame |OC|, —
3aMKHYTBbIle KPHUBBIE Ha ITOBEPXHOCTH 3JIIMIICOHAA, OMmM3KHe
K Touxe C. CoorBeTrcTBylollee BO3MYIIEHHOe BpallleHUe
ocTaércsa OJU3KMM K CTAIlMOHAPHOMY.

Hanporus Toro, oxojio KoHuma B cpexgHeil ocuM (pyHKIHSA
PacCTOAHHA JO IeHTpa sjumncousa O wuMeeT CeAJIOBYIO
TouKy. JIMHNA YpPOBHA, IJe paccTosHHe TouHO pasHO |OB|,
mpezcraBiasgeT coboil aBe (mepecexkalomuecss B TOoukKe B)
OKPY’XHOCTH, & JIMHUS YpPOBHA, Giauskoro K |OB|, cocTouT
N3 JBYX 3aMKHYTBIX KPHMBHIX, JAJEKO YXOAAIIUX OT TOY-
KM B (BOJIOTH Jaske JO0 IPOTHBOMNOJOXKHOrO KOHIa, —B,
cpenueit ocu). Ilpu BoaMyIIeHMM CTAaIlMOHAPHOI'O BpAallleHUA
BOKpPYr ocu OB BO3HHMKaeT COBEpPIIEHHO HEIOoXOoX<ee Ha HEro
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«KyYBBIDKaHHE», B pe3yJIbTaTe KOTOPOro TeJO0 MOXKeT Halke
IepeBepHYThCA MOYTH YTO BBEPX HOraMH.

JIyHa ceiidac 06J1aromoJiydHO COBeEpIIaeT MaJjible KoJjeba-
HUHA, OyAy4Yu NOBEPHYTa K 3eMJie BCerja B OCHOBHOM OIHOM
CTOPOHOM M JIMINb HEMHOro Ko0JIeOJICh OKOJIO 3TOro «Ma-
SATHUKOBOI'O» IOJIOKeHUs. HampoTuB TOro, MCKyCCTBEHHEIE
COYTHHUKH 3eMJId, B 3aBUCHMOCTH OT TOI'0, KaK MMM YIIpaB-
JIAIOT, MOT'YT COBEpIIaTh BCE€ ONHCAaHHBIE JHJIEPOM JIBHXKe-
HUA, TAK 4YTO TeopHMA OHJjiepa M CerofHs SABJIAETCA OCHOBOM
pacuéra 60pbOBI ¢ KYBHIDKaAHMEM COYTHHMKOB.

Teopusa Oiijiepa IO3BOJIET AETaJHLHO pasobpaTh KoJieba-
HUA JIYHBI OKOJI0O cBOero OOBIYHOrO IIOJIOXKEHHs, TaK dYTo,
HaOmonasa (dasy 3THX KoJjeOaHMII, MOXXHO HCIOJB30BATh €€
KaK CTPeJIKy 4YacOoB M y3HATh MOMEHT HaOJIIOfeHUI.

AnMmupanreiicTBo, OZHAKO, Harpajgujo He Jiijepa, a 4a-
COBIIIMKA, PeIIMUBIIEro mpobjieMy ompenejieHUs BpPeMEHH CO-
BEepPIIeHHO HHBLIM HOyTéM. A MMEHHO, OH IPEAJIOKHJI IIOoJBe-
muBaTh MaATHUK AD TpéxssBeHHbIM noaBecom ABCD.

LLUL UL

A

© @

Crepsxau AB u CD uMelOT BABOe MEHBIINH K0o3dduim-
€HT TEeIJIOBOrO paCIIMpPEeHMA, YeM COeAUHAIOIINN HX CTep-
KeHp BC. B pesyJsbraTe TemjgoBoe YAJHUHEHHNE CTep)KHeM
AB n CD onyckaer rpy3 D Ha CTOJIBKO e, Ha CKOJb-
KO IOAHMMAaeT ero TemjoBoe yaauHeHue crepxHA BC. Ilo-
aToMy 3(pdexTHBHaAA AJIMHA MaATHUKA AD OpH TemJIOBOM
pPacIIMpeHUM CTep’KHell He MeHAeTcs, a IIOTOMYy He MeHseT-

CA ¥ Iepuoyn KoJjebaHUil 3TOro MaATHHKA: XPOHOMETDP CTaJ
HEYYBCTBUTEJbHHIM K H3MEHEHHUIO TeMIepaTypsi!

138



Pas3bupasa K eé ABYXCOTJIETHIO CTaThi0 Jiljlepa O Bpale-
Hun Jlyepr, A samerms B 1965 roxgy, uro paccyxaeHus
Jdilylepa JOKa3bIBAIOT ropaszo OoJsbllle, YeM OH yKasal.
A wuMeHHO, BcaA Teopusa OJijlepa mouTH Oe3 WN3MeHEHMIl
IIEPEeHOCUTCA Ha MHCCJIeOBaHME TIeoJle3N4YeCKMX JIMHUHA Ha
MHOroo6pasuax rpynn Jiu, cHaGKEHHBIX JIEBOMHBaAPHUaHTHOI
(u1 IpaBOMHBApMAHTHOM) PHMMAaHOBOM METPHKOM.

Ecaun mauars ¢ rpynnel SO(3) BpalieHHMiI TPEXMEPHOro
€BKJIMJ0Ba IPOCTPAHCTBA, TO 3TH TI'eofie3UYEeCKHe HOCTaBJIfA-
IOT JBU)KEHHA TBEDPAOro TeJila OTHOCHUTEJIbHO ero IeHTpa Td-
JKeCTH, H3y4YeHHbIe JijepoM. Ho Teopuio Iitjiepa MOXKHO
OIPMMEHATh M K APYrHM IpyIIaM, M HOJydalolguecsa U3 ero
pes3yJIbTATOB 3aKJIIOUEHNA BOBCE HE OYEBHUHEI.

B kauecTBe OUYEHb IIPOCTOr0 IpHMMepa MOJKHO B3ATH
IABYMEpPHYIO rpynny adduHHBIX IOpeoOpasoBaHHII IPAMOM,
x+— ax +b. Cunrag npeobpa3oBaHUA COXPAHAIIIUMH OpPH-
eHTanuio (a > 0), MBI MOXKEM OTOXXJECTBUTH 3Ty Trpynmny
¢ IOJYILJIOCKOCThIO {a, b: a > 0}. B arom ciaydae JieBOMHBa-
pHUaHTHAA METPHKa Jijiepa HOCTaBJISET B TOYHOCTH MOZEJb
Ilyankape reomerpum Jlobauesckoro,
2 _ da® + db®

a’
TaK 4TO Teopusa OJiijepa mpeBpainaerca B reomerpuio Jloba-
yeBCKOro. Pojsib cTaIlMOHApPHBIX BpallleHWH Jijiepa HUIrpaioT
B 3TOM CJy4ae Te NpAMBIe M OKPYXHOCTH €BKJIHJAOBOM IIO-
JYILJIOCKOCTH a > 0 ¢ AexkapToBBIMM KoopaumHatamu (a, b),
KOTOpbIe NMEepHeHANKYJIAPHBI JUHUK «abcosora», a =0.

an

ds

’

J;"j‘(}w > E?ch%a Pither ,C:

AScomom V4
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B kauecTBe ropaszo 6osiee GoraTroro mpumMepa IpHUMeHe-
HUS TEOpHMH 3HJjepoBa BpallleHHA TBEPAOro Teja pPaccMoOT-
pum rpynny SDiff M «HecxxumaeMuix» auddeoMopdu3MoB
mHOroo6pasua M (r.e. pudpdeomoppusmo M — M, coxpa-
HAIOUX HEKOTOPHIN 3jieMeHT o0béma T Ha M). I'eomesnue-
CKMe IIPAaBOMHBAPHAHTHOM METPHMKH Ha 3TOH rpylme npen-
CTaBJAIOT CcO00¥M (3HJIEPOBBI) TeUEHHS HECKMMaeMOM KHI-
KOCTH BJAOJIb MHoOrooopasmsa M.

JiijiepoBa TEOPUA YCTOMUYUBOCTHU CTAIlMOHAPHBIX IBUKeE-
HUM TBEPAOro Tejia IpeBpalllaeTCad B 3TOM cjiydae B 0000-
meHue TeopeMbl Pajles 00 ycTOMUYMBOCTHM ABYMEPHBIX Teue-
HUM HEC)KMMaeMoO# JKHIKOCTH, Korga mnpodpujb CKOpocTei
He MMeeT TOodeK Ieperuba.

MUl YN I3

TeueHus c TouxkaMu meperuba OKa3bIBAIOTCA B 3TOM CJIY-
yae aHAJIOTMYHBIMHM CTAIlMOHAPHLIM BpallleHUSAM TBEPAOTO
TeJila BOKPYT CpefHeil ocn MHepIuM — o0Ias TeopeMa yCTOM-
YUBOCTH Jiijiepa IPUMEHsSEeTCA B 000UX cyuadax OZUHAKOBO,
HO IIpu mepexoze oT TpéxmepHo¥ rpynnsl SO(3) kK OGecko-
HeyHOMepHoM rpynne SDiff M m3 Tteopemsnl Jiijepa moJyda-
erca (00001énHaA) Teopema Pajes.

Ha ycTOoH4YMBOCTL reofie3aM4eCKMX MHOroo0pasusa OKasbl-
BaeT O0oJIbLIIOE BJIHUAHUE €ro «CEKIMOHHBIE KPHUBH3HBI IIO
ABYMEPHBIM HAaIpaBJIeHUAM». A HMEHHO, OTPHIATEJbHOCTH
KPHUBU3HBI BbI3LIBAET SKCIOHEHIIMAJIbHOE C TeYEeHUEM Bpeme-
HU pasberanme reozesnuyecKMx (¢ OJU3KMMHM HaYaJIbHBIMH
ycaoBusamu). Teopms Oiisepa mIDO3BOJISET BBLIYMCINTHL 3TH
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CeKIIMOHHbLIE KPHBHU3HBI ([JId IPyHI C JIEBOMHBAPHMAHTHBIMH
WJIN IIPaBOMHBAPMAHTHBIMHM METPHUKAaMM).

IIppuMeHNB 3TH BBIYMCJECHHUS K IpylnaM HECKHMaeMBIX
audpdeoMopdHU3MOB NMOBEPXHOCTEHM, A HOJYYUJ MHOro IBY-
MEepHBIX HaIpaBJIEHH#H CHJIBHO OTPHIATEJIbHOM KPHBH3HEI.
Hanpumep, NpMMeHASA 3TH OIEHKH K JBYMEDPHOM TMIpPOIM-
HaMHMKe Ha IIOBEPXHOCTH Topa (M K TEeUYEeHHAM IacCaTHOro
THIIA), A yOeauJcs, YTO MePBOHAYAJBbHO MaJibleé BO3MYIIeHUS
HAYaJbHOrO IIOJSI CKOPOCTeH BhIpacTaloT IpumepHo B 10°
pas3 (0T KHJIOMETPOBOro pasmepa I'po3bl O M3MEHEHUH mo-
roasbl IJIaHETApPHOro Macmitaba) 3a BpeMs HOpALKa Mecslia.

I9TO O3HAYaeT, YTO AWHAMHUUYECKHM IIDOrHO3 HOroAghkl Ha
CHJIbHO IIpEeBHIIIAIOINEE HeNeJI0 BpeMa OyaeT ocTaBaThCA
HEBO3MOYKHBIM, KaK OBl CHJIBHO HM OBIJIM YCOBEPIIEHCTBO-
BaHBI ¥ KOMIIBIOTEPhI, 1 METOAbLI BBIUMCJIEHNI, 1 PErucTpH-
pyIOIMe HMCXOZHOE COCTOAHHE IOroAbl AaTdyuku. lleiicTBm-
TeJbHO, CJIeTKa HN3MEHMB HAUaJbHBIE CKOPOCTH B KAaMJIOM
KyOnueckoM KuiaoMeTrpe (masxke Tak, 4YTOOBI CpefHHE IIO
cCOoCeHEMY [EeCATKY KYOMYeCKHX KHJIOMETPOB IIPDH 3TOM He
MEHAJNCh), MBI IPHIEM K TaKOMy HOBOMY HAaYaJIbHOMY
VCJIOBHIO, KOTOPOE€ JAaTUMKH HE OTJHYaT OT CTaporo, HO
KOTopoe npuBeneT TaudyH depe3 napy Hezeab He B Ho-
BeI OpJieaH, KyZa OH JOJIXKEH OBl momacTh IO CTaApoOMY
CIleHapHuIio, a, CKa)xeM, B BomoOeii.

Mo>XHO TOJIBKO HOpa’KaThCA, HACKOJbKO 3HAYUTEJIbHBI-
MM OKAa3bIBAIOTCHA IPUJIOKEHMSA (YHIAMEHTAJNBHBIX TeopHH
M uaei diljiepa na)ke B TeX cJIydaaX, KOrja caM OH Or'paHU-
YMJICA IPHU MX HBJIOKEHUH IIEPBBIM COZEepKaTeJIbHBIM CJY-
yaem (rpynnbel SO(3) B HamiemM IpuUMepe), a Bce JaJ€Kue
000011IeHNA MOJIYyUYeHBl JIUIINL HEeJZaBHO.
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