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ﬂpe,HI/ICJIOBI/Ie R TpeTbeMy H3JaHHUIO

IlepBbie ABe riaBbl KHUTU CUJIBLHO MepepaboTaHbl U 3HAUYKUTENBHO pac-
mupensl. [Jo6aBneHbl pa3aenbl 00 3jeMeHTapHbIX MeTo/laX WHTEerpupoOBaHuA
(0 MTUHEWHBIX OMHOPOJHBIX U HEOJHOPOIHBIX YPaBHEHUAX MEPBOro MOpAIKa,
00 OJHOPOJHBIX M KBa3UOJHOPOAHBIX ypPaBHEHHUAX), O JIMHEHHBIX U KBa3U-
JTUHENHBIX YPaBHEHHUAX C YaCTHBIMM IPOU3BOJAHBIMU MEPBOro NopfAjaka, 0o
yPaBHEHUAX, HEpa3pellleHHbIX OTHOCUTEIbHO MPOU3BOJHBIX, U O TeopeMax
[IITypma o HyJaAX JMHENHBIX YpaBHEHUH BTOporo nopaaka. Takum o6pa3oM,
B HOBO€ M3/JaHi€e KHUTH BRJIOUYEHBI BCe BONMPOCH] JeiicTBYOIIENH MPOrpaMMbl
o TeOpUU OOBIKHOBEHHBIX AU depeHlnalbHbIX YPaBHEHUIA.

N3naras cnenuanbHble NPUEMbI HHTETPUPOBaHNUA, aBTOP cTapalicad BCIO-
Iy BBIAABJIATbL I'€OMETPUUYECKYIO CYIIHOCTh pa3bupaeMbIX METOJ/IOB U MOKa-
3bIBaTh, KAk 3TH MeTOjibl padoTalOT B MPHUJIOHEHUAX, 0COOEHHO B MeXxa-
Huke. Tar, AjA pelieHUA JMHEHHOro HEOJJHOPOAHOI'O YpaBHEHUA BBOJUTCH
0-QpYyHKIIMA U BhIUMCIAeTCA 3ana3jbiBawoniaa GyHkuua ['puHa, KBa3auogHo-
poAHble YpaBHEHUA NMPUBOJAAT K T€OPUHU MOJ00MA U 3aKOHY BCEMHPHOIro TH-
roTeHus, a TeopemMa o AU dpepeHnpyeMOCTHU pPellleHUA 0 HayalbHbBIM YCJIO-
BUAM — K MCCJIE€IOBAaHHIO OTHOCUTEJbHOIO JIBUKEHUA KOCMUYECKUX TeJ Ha
Onu3KuX opbuTax.

ABTop mno3Boaua cebe BKIIOYUTL B 3TO IpeauciOBHe HECKOJIbKO HC-
TopuYyeckux otcrymienuii. [IuddepennunanbHele ypaBHeHUA H300peTEHbI
Hriotonom (1642-1727). Hpl0TOH cuuTal 3TO CBOE U300peTEeHHE HACTONbKO
BaskHbIM, UTO 3amudpoBal ero B BHJe aHarpaMMbl, CMbICI KOTOPOH B CO-
BpPeMEHHBIX TEPMUHAX MO#HO BOJIbHO NepefaTh TaK: «3aKOHbI NIPUPOALI BbI-
paarTca nuddepeHnalbHEIMU YPaBHEHUAMMUY.

OcHOBHBIM aHaJUTHUUYECKUM JocTUxeHneM HbloToHa GbLIO pasioxeHue
BCEBO3MOKHBIX PYHKIMI B cTeNeHHbIe PAALI (CMBICI BTOPOii, JIMHHON aHa-
rpaMmMbl HbloToHa B TOM, UTO [JiA pelleHUA JTHOO0ro ypaBHEHHA HYHHO
MOJCTABUTh B ypaBHEHUE PANl U NPUPABHATH YJIeHbl OINHAKOBOI CTENeHu ).
OcobeHHOe 3HaYeHUe UMella 3[ieCh OTKpbITad UM popMyiia 6uHoma HeioToHa
(pasymeeTcs, He TOJNBKO C LeNbIMU MOKa3aTeNAMU. JJIA KOTOPBIX HOPMYILy
3Hal, HanpuMmep, Buera (1540-1603), Ho 1, YTO 0cOGEHHO Ba#HO, C JPOOHbI-
MU M OTpHUIIaTeNbHBIMM NoKaszaTenfiMu). HbioToH pasnoxun B «pAnel Teii-
Jopay Bce OCHOBHbIE 3jieMeHTapHble QYyHKIUM (palMoHalbHbIE, paauKalbl,
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TPUTOHOMETPHUYECKHE, SKCIIOHEHTY U Jorapudm). To, BMeCTe ¢ COCTABJICH-
HOIl UM Tabnauiel nepBoobpasHbIX (KOTOpas mepelia B IOYTH HEM3MEHHOM
BUJIE B COBpeMeHHbIe YUeOHUKM aHalu3a), MO3BONANO €My, 110 ero clioBaM,
cpaBHMBATh IJOIIaau JIOOLIX GUTYP «3a MOJOBHHY YETBEPTU Yacay.

Hbi0TOH yKasbiBal, YTO KO3(p(PUIUEHTHI €ro PAJO0B IPONOPIHUOHANb-
HbI MocJeq0BaTelbHbIM POU3BOAHLIM (DYHKIIMH, HO HE OCTaHaBIUBAJCA Ha
3TOM NOAPOOHO, TaK KaK OH CIpaBelJIMBO CUMTAaJ, UTO BCEe BbIUMCJIEHUA
B aHaliu3e ygoOHee IPOU3BOAUTL HE MPU MOMOINU KpaTHbIX AuddepeHLu-
poBaHHii, a MyTeM BbIUKMCJIEHUA NepBbIX YieHoB paAaa. [aa HeioToHa cBA3b
Mexay KoaddullneHTaMu pAja U MPOu3BOAHBIMU Oblla CKOpee CpeicTBOM
BbIUMCJIE€HUA TIPOU3BOJHBIX, YeM CPeJCTBOM COCTaBJIEHHUA pALa.

OpnuM u3 BamHelmux goctusmeHuit HeloToHa sABiAeTcA ero Teopus
COJIHEYHOI cucTeMbl, U3joxeHHaAa B «<MaTeMaTnuyecKUX Havajlax HaTypalb-
Hoil ¢unocodpumny («Principiay) Ge3 momomm MaTeMaTHUYeCKOro aHalIM3a.
O6b14yHO MosaraioT, YTo HbIOTOH OTKPBLI NPU MOMOIIM CBOEr0 aHajln3a 3aKoH
BceMupHOro TaArotenud. B geiictBuTennbHoctu HoioTony (1680) mpunamie-
FMUT JUIIb JOKA3aTeJbCTBO AJIMITUYHOCTH OPOUT B MOJe MPUTHMKEHUA TI0
3aKOHY 00OpaTHBIX KBaJpaToOB: caM 3TOT 3aKoH Obll yKaszaH HbroTony I'y-
kKoM (1635-1703) (cM. § 8) u, mo-BUAUMOMY, yraabIBajcA ellle HeCKOIbKUMU
YUYEHBIMH.

C «Principia» HbioToHa HaunMHaeTcA coBpeMeHHad (pu3uKka. 3aBeplie-
HUe (OpMUPOBaAHUA aHa/IN3a KaK CaMOCTOATEJIbHON HAy4YHOH NHCHUIIMHBI
cBA3aHo ¢ uMmeneM Jleit6uuna (1646-1716). OrpomHoii 3acnyroii JleiiGHu-
1la ABIAETCA TaK#e IUPOKaA MponaraHa aHanusa (neppas nyGiuKanua —
craThaA 1684 1.) u JoBeJeHNe ero alropuTMOB! 10 OJHOro aBTOMaTH3Ma: OH
1300pesi TAaKUM 00pa3oM crocod Hay4YUTh MOJb30BAaThbCA aHAIN30M (U Tpe-
MojlaBaTh €ro) JO/ieil, BOBCE ero He MOHUMAIOIUX, — TEHJIEHI[UA, C KOTOPOW
npuxoauTcad 60poThCA ellle U CerojHA.

N3 orpomuHoro uucina pabor XVIII Berka mno auddepeHnuaibHbBIM
ypaBHEHUAM BbIiendoTcA pa6oTbl Jitnepa (1707-1783) u Jlarpan:xa
(1736-1813). B sTux pa6oTax Gblla Mpexsjie BCEro pa3BUTa TEOPHA MalbIX
KoJieOaHUil, a cllefoBaTellbHO — TeOpPUA JUHEHHBIX cucTeM AuddepeHIu-
allbHbIX YpaBHEHUIl; MOMYTHO BO3HUKJN OCHOBHbIE MOHATUA JUHEHHOI ai-
re6pel (COOCTBEHHbIE YNCia U BEKTOPHI B 1i-MEPHOM cliyuae). XapaKTepuc-
THYEeCKOe ypaBHEHHe JIMHEHHOro olnepaTopa J0JIro Ha3bIBall CEKYJIAPHBIM,

IMemny npouum, Jleiibuuny npuHaaiesaT NOHATUA MaTpULbl, 0603HaUeHUe aij,
a TaKke Hayajla TeOpPUHU olpedesiuTelell U TEOPUM CUCTEM JHMHEWHBIX ypaBHEHMi, Of-
Ha M3 NepBbIX BbIYMUCIUTENbHbIX MallKlH.
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TaK KaKk MMEHHO M3 TaKOor'o ypaBHEHHUA ONpeJeNAI0TCA CeKyJfApHbIe (BeKo-
Bbl€, T.€. Me/JIeHHbIE 10 CPABHEHUIO C TOJI0OBBIM JIBUKEHUEM) BO3MYILIEHUA
MIaHEeTHBIX OpOUT corjlacHo Teopuu MalbIX Kolebauuii Jlarpan:a. Benen
3a HeioTonoMm Jlannac u Jlarpan:x, a nos:xe I'ayce (1777-1855) pa3BuBaioT
TaK#e MeTO/lbl TEOPUU BO3MYIIEHUIA.

Rorpa 6buia JokaszaHa Hepa3pellMMOCTh alredOpanyecKUX YypaBHEHUId
B pagukanax, Jluysmiab (1809-1882) mocTpous aHaJOrMYHYIO TEOPUIO A
nuddepeHnnalbHbIX YPaBHEHH, YCTAHOBUB HEBO3MOHOCTh pellleHUd pA-
la ypaBHeHHUil (B TOM 4YKcClie TAKMX KJIAaCCMYECKHX, KaK JHHeilHble ypaBHe-
HIA BTOPOro MopA[Ka) B ajlieMeHTapHbIX QYHKIUAX U KBaapatypax. [los-
me C.JIu (1842-189Y), ananusupys Bonpoc 06 MHTErPUPOBAHUU YPaBHEHU
B KBajJpaTypax, Ipuiiel K HeoOX0JAMMOCTH MOAPOOHO HCCIeI0BaTh I'PYIIIbI
nuddeoMopdu3MoB (MoNyuuBIIKNE BIOCIeACTBUM UMA rpynn Jlu) — Ttak
n3 Teopun auddepeHNUaIbHbIX ypaBHEHHI BO3HUKJIA OJHAa M3 Haubolee
IJIOJIOTBOPHBIX obOjiacTeli COBpeMEHHONl MaTeMaTUKU, JalibHelillee pa3BU-
THe KOTOpPOii GbIIO TECHO CBA3aHO COBCEM C JPYTMMHM Bompocamu (aireGpbl
JIu eme panbie paccmatpuBaiu Ilyaccon (1781-1840) u, oco6enno, fko-
6u (1804-1851)).

HoBbiii 3Tan pa3BuTusa Teopuu auddepeHralbHbIX YpaBHEeHUN Hayu-
HaeTcd ¢ pa6oT Ilyanrape (1854-1912), co3naHHaa UM «KayeCTBEHHaf Te-
opua guddepeHnUaIbHbBIX YpaBHEHUI» BMecTe ¢ Teopueili GYHKIHNIH KOMII-
JIEKCHBIX NEPEMEHHBIX MpHUBeJa K OCHOBaHUIO COBpeMeHHoii Tonosioruu. Ra-
yecTBeHHad TeopuA NuddepeHNUaIbHBIX yYpaBHEHUI, UM, KaK Telepb ee
yallle Ha3bIBalOT, TEOPUA JUHAMHUYECKHUX CHUCTEeM, ABJIAeTcA ceiiyac Hau-
OoJiee aKTUBHO pa3BHBalolIelicA U MMerolleli Haubojee BaxHbIe MPUJIOHiE-
HUA B €CTeCTBO3HAHUU 00JlacThi0 Teopun nuddepeHnnalbHbIX YpaBHEHU.
Haumnaa c wrnaccuueckux pabotr A.M.JlanynoBa (1857-1918) mo Teo-
puUM yCTOMYMBOCTH ABUMEHUA B pPa3BUTHUMU 3ToH obGiacTu Oolibiloe ydac-
THe NPUHUMAIOT pyccKue MaTeMaTHKN (ynoMaHy pa6oTel A. A. AHIpoHOBa
(1901-1952) no Teopuu 6udypranuii, A. A. Augponona u JI. C. [lonTpaAruna
o cCTpPYKTYypHoil yctoituuBoctu, H. M. Kprinosa (1879-1955) u H. H. Boro-
no6oBa o Teopun ycpenHenus, A. H. KonmoropoBa 1o Teopuu Bo3aMmylleHuit
yCIIOBHOIIEPUOUYECKUX NBUMEeHN. Pazbop coBpeMeHHbIX NOCTUHEHUT, KO-
HEYHO, BHIXOJUT 3a paMKU HACTOAIIEH KHUTU (C HEKOTOPBIMU M3 HUX MOK-
HO NTO3HAKOMUTHCA, HAallpUMep, 0 KHUraMm aBTopa «llonoJHuTelbHbIE I1aBbl
Teopuu 0ObIKHOBEHHBIX AU depeHIIMalbHBIX ypaBHeHUi», M., 1978; «MaTe-
MaTU4YeCKHe MeTOoAbl Kilaccuueckoll MexaHukuy», M., 1974; «Teopusa kara-
ctpody, M., 1981).
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ABToOp GnarosapeH BceM YMTAaTeNAM NpPeabIAyIIuX U3JaHuii, cCOOOIUB-
IIIMM CBOU 3aMeYaHUf, KOTOphIe aBTOP NOCTapalicA y4ecThb IIpU nepepaboTKe
KHHUTH, a Takxe [[. B. AHOCOBY, MHOrouYHcJeHHbIe 3aMedYaHif KOTOPOro CIo-
coOCTBOBAJM YJIYUIlIeHUIO HACTOAIIEro U3JaHuA.

B. U. Apnoavd



IIpenucioBue K nmepBoMy M3OaHUIO

IIpu oT6ope maTepuana Ajid 3TON KHUTU aBTOP CTPEMUJIICA OTPaHUUYUTh-
cAi cTporo Heo6xoguMbIM MUHUMYMOM. IleHTpanbHOe MecTo B Kypce 3a-
HUMAaIOT ABa Kpyra BOMNPOCOB: TeopeMa 0 BBINMPAMIEHUU BEKTOPHOIO MOJA
(s3KBUBaNeHTHaA OOGBLIYHBIM TeOpeMaM CYIeCTBOBaHUA, €AMHCTBEHHOCTH U
nuddepeHnnpyeMOCTH pelleHu) U TeOpUA OJHONapaMeTPUUYECKUX TPy
JMHENHBIX peoGpa3oBaHuii (T.e. TEOPUA JUHEHHBIX aBTOHOMHBIX CUCTEM).
ABTOp mo3Boiua cebe He KacaTbcA pAAa 6Gojee clnelHalbHbBIX BOIPOCOB,
0OBIYHO BRJIIOYAEMbIX B KypChl OOBIKHOBEHHBIX AU (PepeHHalbHbIX ypaB-
HeHHil (3/eMeHTapHble OpHEeMbl WHTErPHPOBAHUA; ypaBHEHHA, He paspe-
[IeHHble OTHOCUTEJIbHO NPOM3BONHOI: ocoObie pemeHus; teopuda ILTyp-
Ma—JInyBUIIA; YpaBHEHUA ¢ YaCTHBIMH MPOU3BOJHBIMH IIEPBOrO MOPAKA).
YacThr U3 3TUX BONpocoB yo0Hee pa3obpaTh Ha yNpaxHEHUAX; MOCIEIHUE
e JIBe TeMbl eCTeCTBEHHEe OTHOCUTh K KypcaM YpaBHEHHIi ¢ YyacTHBIMU
NPOU3BOJHLIMYU WY BapualMOHHOTO UCYUCIIEHUA.

Bonee nogpo6Ho, yeM 3T0 OOLIYHO MPUHATO, pa3bupalOTCA MPUJIOHKEHUA
O0OBIKHOBEHHBIX NUd(depeHnalbHbIX YPaBHEHUI K MeXaHHKe. YpaBHEHHE
MaATHHKAa TMOABJAETCA Ha OJIHOW W3 MEPBbIX CTPaHUIl; B JalbHelleM 3¢-
(eKTUBHOCTb BBOJMMBIX NMOHATUIN U METOAOB Kax/blii pa3 NpoBepAeTCA Ha
3TOM npumepe. Tak, B naparpade o nepBeIX MHTeErpanax MnofBlfAeTCA 3aKOH
COXpaHeHUA PHEpPruu, U3 TeopeMbl 0 IuddepeHlnpoOBaHUH II0 NapaMeTpy
H3BJIEKaeTCA «MeTOJI Majloro rnapameTrpay, a TeOpHUA JUHEHHBIX ypaBHEHUIA
¢ mepuoAuYecKUMU K03(dPUllMeHTaMU eCTeCTBEHHO IPUBOJUT K HcCCJeJ0Ba-
HUIO Kaveneil («mapaMeTpuyecKuil pe3oHaHcy).

N3n0x#eHre MHOIMX BOIIPOCOB B Kypce CUJIBLHO OTJIMYaeTCA OT Tpaguliu-
OHHOro. ABTOp cTpeMuliicd BCIOAY BbIABUTh M€eOMETPUUYECKYIO, KaueCTBEH-
HYIO CTOPOHY M3Yy4YaeMbIX fiBlleHUuli. B cOOTBETCTBUM € 3TUM B KHUT'€ MHOT'O
yepTexell U HET HU OJIHOM CKOJIbKO-HUOYIb CIO#HON (POpMYJibl. 3aTO MOAB-
JAeTCH Uelbliil pAl pyHIaMeHTalbHbIX OHATHI, KOTOPbIE NIPU TPaAUuLMOH-
HOM, KOOP/IUHATHOM W3JIOKEHUU OCTaIOTCA B TeHU ((pa30Boe MPOCTPaHCTBO
1 ¢a30BbIe NMOTOKU, I'aJKue MHOroob6pa3ufa U pacciloeHn A, BEKTOPHBIE MOJA
M OJIHOTIapaMeTpHrueckue rpynmnel nuddeomopdusmon). Kypce 3HauuTennHo
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cOKpaTuJicA Obl, eciiyd ObI MOKHO ObLIO IpeJnojaraTh 3TH MOHATUA U3BECT-
HeIMU. K coskaneHnio, B HacTosllee BpeMA yYKa3daHHbIe BOIPOCHI He BKIIIO-
yaloTCA HU B KypChl aHajiu3a, HU B Kypchl reomeTpun. IloaTomy aBTOpy
NPUIILIOCH U3JaraTh UX JI0CTATOYHO MOAPOGHO, He Npearnojaraa y ynTaTels
HUKaAKUX TpeJBapUTelbHbIX 3HAHUI, BHIXOJAAIINX 38 PaMKU CTAHOAPTHBIX
3JleMEeHTapHBIX KypPCOB aHa/ln3a U JIMHEHOoil anre6phl.

OcHOBY HacTosAllleii KHUTU COCTaBHUJ T'OJOBOIl Kypc JeKIUii, KOTOpblie
aBTOp YMUTAall CTyJAeHTaM-MaTeMaTHKaM BToporo Kypca MocKOBCKOro yHHU-
Bepcuteta B 1968-1970 rr.

IIpu nmoaroroBKe Jekuuil K neyaTu 6oJbIIyIo nomolinb okasan P. H. bor-
naHoB. ABTop 6jarofiapeH eMy B BCeEM clyllaTelAM U KolllleramM, COOOL[HB-
UM CBOM 3aMeYyaHUA O poTanpuHTHOM TekcTe jJekuuii (MI'Y, 1969). ABTop
onaronapen penenseHTaMm /[l. B. AnocoBy u C.I.KpeiinHy 3a BHUMaTelbHOE
pelleH3upoBaHNe PYKOIUCH.

1971 r. B. Aproavd



HekrkoTophblie MoCcTOAHHO yrnoTpebiaeMbie
o0o3HauyeHUA

R — mHokecTBO (rpyImna, 1oje) BemeCTBEHHBIX YHCel.

C — mHomecTBO (rpynma, 1nojie) KOMIUIEKCHBIX YKCEl.

7, — MHO#€eCTBO (rpyImna, KoJbIl0) HelbIX YHCel.

x € X CY — sneMeHT x nogMHOxecTBa X MHoO#ecTBa Y.

XNY, XUY — nepeceyeHue u o6bequHeHUE MHO#eCTB X U Y.

f: X =Y — orobGpasenue f MHOomxecTBa X BO MHOECTBO Y.

x — y — oTobOpazieHue NepeBOAUT TOUYKY & B TOUKY Y.

f o g — npousBeseHne oTo6paneHuii (MpUMeHAETCA cHavala g).

3;V — cymecTByeT; AiA BCAKOrO.

* — He obsa3aTenbHasA (Gonee Tpy/aHasA) 3alaya UK TeopeMma.

R"™ — nuHeitHOe MPOCTPAHCTBO pa3MepPHOCTU 7 HaA moneM R.

Bo mHomecTBe R" MoryT paccMaTpuBaThCA W JApPyrue CTPYKTYPphl (Hampwu-
Mep, appUHHAA, eBKINI0BA WIM CTPYKTYpa MPAMOIro POU3BeeHUsA 1 MPAMBIX).
OGb1uHO 3TO GyeT crnernuainbHO oroBapuBaThcA («adduHHOE mpocTpaHcTBO Ry,
«€BRJIMIOBO MPOCTpaHCTBO R™», «koopauHaTHOE pocTpaHcTBo R™» u T. 1m.).

Bexmopamu Mbl Ha3biBaeM 3J€MEHTbI JUHEMHOro NMpocTpaHCTBa. BeKTopbl
06b1YHO 0603HaYalOTCA GyKBamMu noaysupHoro mpudta (v, & u T.1.). BekTOphI
KOOPAWHATHOIO MpocTpaHcTBa R" oToMaecTBIAIOTCA ¢ HabopaMHu 1 uucel. MbI
Oyaem nucaThb, Hanpumep, v = (v1, ... , Vp) = v1€1 + ... + vy €,; HAGOP N BEKTO-
POB €; Ha3bIBaeTcA koopdunamuuim 6a3ucom B R"™.

Ham yacto 6yayT BcTpeyaThbcA GYyHKIIUU BellleCTBEHHOI'O IeEpeMeHHOro £, Ha-
3bIBaeMoro spemenem. IlpousBoaHasn no ¢t Ha3pIBaeTCHA ckopocmbio U 0603HaYaeTcCA
yale BCero TOYKOI HaBepXxy: @ = dx /dt.



I'1AaBA 1
OcHoOBHbBIE NMOHATUA

§ 1. dazoBbIie MpocTpaHCTBAa

Teopusa 06b1KHOBEHHBIX AU(depeHIIUalbHbIX YPaBHEHU — OHO U3 OC-
HOBHBIX Opyﬂﬂﬁ MaTeMaTUUYeCKOro eCTeCTBO3HaHUA. JTa TEOpPHA MO3BOJIAET
n3yyaTh BCEBO3MO#KHbI€ 3BOJIOLIMOHHBIE Mpollecchl, obaaaloliue CBOUCT-
BaMU OemepMUHUPOBAHHOCMU, KOHeYHOoMepHOcmU U duddepeHyupyemocmu.
[Ipexne yueM JaTh TOUHBIE MaTeMaTHUYeCKUeE ONpeieJieHuA, pacCCMOTPUM He-
CKOJbKO NMPUMEPOB.

1. IIpuMepsbl 3BOJIIOLIMOHHBLIX mpoueccoB. [Iponecc Ha3biBaeTcsA
demepMUHUPOBAHHBIM, €CITU BeCh ero OyayIIuii Xoa U Bce ero MpoIiuioe of-
HO3HAYHO ONpeleNIAI0TCA COCTOAHNEM B HacToAlllee BpeMda. MHo#ecTBO Bce-
BO3MOKHBIX COCTOAHMIA Npoliecca Ha3biBaeTCA $a306vblM NPOCMPAHCITIBOM.

Tar, HanpuMmep, KjlaccuyecKkas MeXaHMKa paccMaTpUBaeT [BUMEHUE
cucTeM, Oyayliee 1 MpoIlJoe KOTOPbIX OJHO3HAYHO ONpeAeNfATCcA Havyalb-
HBIMHU TOJIOKEHUAMU U HayaJlbHBIMU CKOPOCTAMM BCEX TOYEK cUcTeMbl. Pa-
30BO€ MPOCTPAHCTBO MeXaHUUYECKOM CHUCTEeMbI — 3TO MHOKECTBO, 3JeMeH-
TOM KOTOPOT0 AIBIfieTcA Habop MOJOKEHUN U CKOPOCTel BceX TOYEK JaHHOM
CHUCTEMBI.

JIBuKeHNe YacTHll B KBAaHTOBOI MeXaHUKE He ONHMChIBaeTCHd JeTepMU-
HUPOBaHHBIM MpolleccoM. PacnpocTpaHeHue Temja — MOIYAeTepPMUHUPO-
BaHHBIN Iporecc: Oyayllee onpeaenaeTcA HaCTOAIIMM, a MPOoIJIoe — HeT.

IIponiecc Ha3bIBaeTCA KOHEYHOMEPHBIM, €CliU ero (ha3zoBoe NMPOCTPAHCT-
BO KOHEYHOMEPHO, T. €. €CJIM YKUCJIO TapaMeTPOB, Hy#HbIX [JIA ONIMCAHUA €ro
COCTOAIHUA, KOHeuHo. Tak, HanpuMep, HbIOTOHOBCKaAd MeXaHUKa CUCTeM U3
KOHEUYHOro yuclia MaTepualbHBIX TOUEK WU TBEP/bIX T€JI OTHOCUTCA K 3TO-
My Kiaaccy. PaamepHocTh (pa3oBoro nmpocTpaHcTBa CUCTEMBI U3 71 MaTepu-
allbHBIX TOYEK paBHa 6n, a cucTeMbl U3 N TBePAbIX Tel — 12n. JIBuxeHus
MUOKOCTHU, U3yuyaeMble B TUAPOJMHAMMKE, Mporecchl KojieOaHUil CTPYHBI
U MeMOpaHbl, paclpocTpaHeHHe BOJH B ONTHKE U aKyCTHUKe — IpUMephI
NpOIIECCOB, KOTOPbIE HEJb3A ONMKUCATh C MOMOIIbIO KOHEYHOMEPHOTO (ha3oBo-
ro IpoOCTpPaHCTBa.
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IIponiecc HaswiBaeTca duddeperuupyemovim, eciu ero ¢asoBoe Ipo-
CTPaHCTBO UMeeT CTPYKTYpPY AudPepeHLMpyeMoro MHorooopasus, a usme-
HEHVE COCTOAHUA CO BpeMeHeM oNuchiBaeTcA AuddepeHupyeMbIMU GYyHK-
HUAMMU.

Tak, HanpuMep, KOOPJAWHATBI U CKOPOCTU TOUYEK MEXaHUUYECKOU cUcCTe-
MbI MEHAIOTCA CO BpeMeHeM auddepeHupyeMbIM 00pa3om.

I BU#eHusA, u3yyaemMble B TEOPUM yjapa, cCBocTBOM auddepeHupye-
MOCTHU He 001ajarorT.

Takum o6pa3om, NBUHEHHE CUCTEMBI B KJlacCU4YeCKOl MeXaHUKe MOKEeT
ObITH ONMCAHO NPU NOMOLIU OOBIKHOBEHHBIX IuddepeHnualbHbIX YpaBHe-
HUil, TOrJa KaKk KBAaHTOBaA MeXaHUKa, TeOpus TemJIONPOBOJHOCTHU, TUAPO-
IUHaMMKa, TeOpuA YyIPyrocTu, ONITUKA, aKyCTUKa U TeOpUA yaapa TpeOyloT
UHBIX CPEJICTB.

Eie nBa npuMepa feTepMUHHNPOBAaHHBIX KOHEUHOMEPHBIX U AuddepeH-
[UPyEMbIX IMPOLECCOB: MpollecC paJuOaKkTHUBHOIO pacmnaja U mnpolecc pas-
MHO#eHUA OaKkTepuii Ipu JOCTATOYHOM KOJUYeCTBEe MUTATEIbHOIO BellecT-
Ba. B oboux ciyyasax ¢azoBoe NMPOCTPAHCTBO OJHOMEPHO: COCTOAHUE IPO-
jecca onpejelfgeTca KOJINYEeCTBOM BellecTBa UIW KOJIWYECTBOM OaKTepuid.
B o6oux cnyuasax npoijecc onucbiBaeTcA 0ObIKHOBEHHBIM AuddepeHIinalib-
HbIM YpaBHEHUEM.

3aMeTUM, 4YTO BUI JU(PepeHMalbHOI0 ypaBHEHUA IIpoliecca, a Tak-
e caMblii (paKT JeTepMUHUPOBAHHOCTU, KOHEYHOMEPHOCTH U AuddepeH-
UPYEMOCTHU TOrO WJIUA UHOIO Mpolecca MO#HO YCTAHOBUTH JIMIIb JKCIEpPU-
MEHTallbHO, CJIe[loBaTeJlbHO — TOJbKO C HEKOTOPOUl CTEeNEHbKD TOYHOCTH.
B manbHeiilieM MbI He OyieM BCAKMI pa3 MoJuyepKUBaTh 3TO 00CTOATENbCT-
BO U OyJeM rOBOPUTH O pealibHbIX Ipolieccax Tak, Kak eciu Obl OHU TOYHO
COBIaJalu ¢ HAUIUMU HJealu3VpOBaHHLIMU MaTeMaTHYeCKUMU MOJEIAMMU.

2. ®a3oBbie NOTOKU. TouHasa GopMYyIHMPOBKA U3J0#EHHbIX BbIlIe 00-
IUX MPUHIUIOB TpeOyeT NOBOJbHO abCTpaKTHBIX NMOHATUN: $a306020 npo-
cmparncmea U @Pazoeozo nomokra. YTo6bl OCBOUTHCA C 3TUMU MOHATUAMHU,
paccMOTpPUM NPUMEP, '€ y#e OJHO BBeJeHue (a30BOro NpocTpaHCcTBa M03-
BOJIiET PELIMTh TPYAHYIO 3ajayy.

3A71a4A 1 (H. H. KoacTAHTHHOB). U3 ropoga A B ropon B (puc. 1)
BelyT JIBe HelepeceKkawecd noporu. 3BecTHO, YTO IB€ MalllUHbI, BbIE3-
Aaroliie 1Mo pasHeIM Joporam u3 A B B 1 cBA3aHHbIe BEPEBKOI HEKOTOPOIi
JUIMHBI, MeHbInel 21, cMorinu npoexaTh U3 A B B, He nnopBaB BepeBKU. MoryT
M pa3sMUHYThCA, He KOCHYBIIKCh, IBa KPYTJIbIX Bo3a paguyca [, eHTPbI
KOTOPBIX [JBUKYTCA [0 3TUM JOPOraM HaBCTpeuy Apyr Apyry?
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Puc. 1. HayanbHoe noio- Puc. 2. ®a3zoBoe npocTpas-
#KeHle BO30B CTBO Napsbl 3KUMNaeit

PEMEHNE. PaccmoTpum kBampat (puc. 2)
M = {xy, z2: 0 < x; < 1}.

[lonosxenue qByx skunazeil (0quH — Ha MEPBOIi lopore, Ipyroit — Ha
BTOPOi1) MOKHO XapaKTepu3oBaTh TOUYKOIl KBaapaTa M: gocTaToyHO 060-
3HAUYHUTH Yepes x; J0JI0 paccToAHKuA oT A 10 B 1o i-ii jopore, 3aKJII0YEeHHY IO
Mekay A v HaXoOAIMMCA Ha 3TOMH Jopore 3KUIMAaxeM.

BceB03MO#HBIM MOJIOMKEHUAM 3KUNAEHl COOTBETCTBYIOT BCEBO3MOH-
Hble TOYKHM KBajapaTa M. ITOT KBajpaT Ha3bIBaeTCA (Ha306vlm NPoCmpa-
cmeom, a ero TOUKku — gasosvimu moikamu. Takum obpa3oM, Kamgaa da-
30Bafd TOYKAa COOTBETCTBYET OIpe/leIecHHOMY [I0JIOMEHUIO Mapbl IKUIaMei,
a BCAKOE [IBUKeHMe dKuINazieil nudobpamaerca aBuUxeHUeM (a30BOH TOUYKU
B (pa30BOM IIPOCTPaHCTBE.

Hanpumep, HauanbHOe 1oNoxeHne MaluH (B ropojie A) cOOTBETCTBYeT
JIeBOMY HUKHEMY yTiy KBajpata (x1 = xo = (), a IBUKeHne MaluH u3 A
B B usobOpamaeTcAa KpUBOIi, BeAyllleil B IPOTHUBOMNOJO#HBINA yT0Jl.

TouHOo Tak #e HayalbHOE MOJIO#E€HHE BO30B COOTBETCTBYET IpaBOMY
HUKHeMy yriry kBanpaTta (xy; = 0, x2 = 1), a qBUKeHUe BO30B M300parka-
eTcAd KPUBOH, BeAyllleil B MPOTUBOIOJOMHBINA yIroJl KBajgpara.

Ho BcAKue nBe KpuBbIe B KBajpaTe, COEIMHAIOLME pa3Hble Naphbl MPo-
THUBOIIOJIOKHBIX BepLINH, nepecekamTcA. IloaTomy, Kak Obl HU JABUTAlNCh
BO3bI, HACTYIIUT MOMEHT, KOr[la napa BO30B 3aiiMeT I0JIO#eHne, B KOTOPOM
Oblila B HEKOTOPbIii MOMEHT BpeMeHH apa MauuH. B 3ToT MoMeHT paccTto-
AHUE MeMY LleHTpaMu Bo30B OyneT MeHblie 2[. UTak, pa3MUHYTbCA He
yaaeTcH.

B paccmoTpeHHOM mnpuMepe He ydacTBoBaiu JauddepeHnualibHbIE
ypaBHEHUA, HO XOJ paccy#JeHuil OJIU30K K TOMYy, yeM Mbl OyJeM 3aHu-
MaTbCA [Jallbllle: ONUcaHue COCTOAHUM Ipolecca Kak TOYeK IMOJXOAALLero
(pa30BOro NpoCcTpPaHCTBaA YacTO OKa3bIBaeTCHA UpPEe3BbIUYAHO MOJE3HBIM.
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Hanpumep, cocTofiHMe Npoliecca JBUKEHUA CUCTEMBI 7 MaTepualbHbIX
TOYEK B KJAcCUYECKOil MeXaHUKe ONHChIBAeTCA 3HAUEHUAMU KOOpPAUHAT U
CKOpoOCTell Bcex MaTepualbHbIX ToueK. CieloBaTelbHO, (ha30Bo€e NMpPOCTpaH-
CTBO TaKOil cuUCTeMbl UMeeT pa3MepHOCTb 61 (10 TpU KOOPAMHATHI U TPU
KOMIIOHEHTHI CKOPOCTH Ha KamOylo MaTepuajbHYyIO TOuKy). ®@a3zoBoe mpo-
cTpaHcTBO cucTeMbl Tpex Touek (Connne, FOnutep, Catypn) 18-mepHo. Da-
30BO€ IPOCTPAHCTBO CUCTEMBI 7 TBEPJBIX TENl UMeEeT pa3MepHOCTh 12n (1o-
yemy?).

JIBUseHNe Bceil CUCTeMbl ONMChIBAETCA ABUMEHHEM TOUYKM 10 KPUBOMA
B (pazoBoM mnpocTpaHcTBe. CKOpOCTh ABU#EHUA (a30BO TOUKU IO ITOMH
KPUBOIi onpependeTcAa caMoii Touykoii. TakuM obGpa3oM, B KamJIoil TOUKe
(¢ha3oBOro npocTpaHcTBa 3a/laH BEKTOP — OH Ha3bIBaeTCA BEKTOpPOM (a3o-
BOii ckopocTU. Bece BeKTOpHI (ha30Boit CKOpocTH 06pa3ylOT BEKTOPHOE Iolie
(¢a3oBoii ckopocTu B ()a30oBOM IPOCTPaHCTBE. ITO BEKTOPHOE I0Jie OIpe-
nenfeT nuddepeHUaNbHOEe YpaBHEeHNE Mpoilecca (3aBUCUMOCTh CKOPOCTHU
ABUMEHNA (a30BOil TOUKU OT €€ MOJOHKEHUA).

OcHoBHaA 3ajaya Teopuum auddepeHIIUaNbHBIX YPaBHEHUI COCTOUT
B ompefeleHU WU UccleJOBaHUM NBUMEHUA CUCTEMbI 0 BEKTOPHOMY IO-
nio ¢azoBoii ckopocTu. Clojla OTHOCATCA, HallpMMep, BONpPOCKI 0 Buje (a3o-
BbIX KPUBBIX (TpaekTopuil ABUMEHUA (a30BOi TOUKH): YXOAAT JIH, CKa#eM,
(¢a3oBble KpUBBIE€ JJAHHOTO BEKTOPHOro IMoJfA B (pa30BOM NMPOCTPaHCTBE Ha
GECKOHEUYHOCTh WM OCTAlOTCA B OrpaHUYeHHOoil obaacTu?

B o6111eM Buje 3Ta 3afaya He OAJaeTCA cpeicTBaM COBpEMEHHOI MaTe-
MaTHKM U, 0-BUAMMOMY, B HEKOTOPOM CMbICIie HepaspemnrMa (B YyacTHOC-
TH 3TO OTHOCUTCA K YINOMHHaBIlleiicA nmpobieme Tpex Ten). B mpocreitmux
YaCTHBIX Cly4yafiX, C KOTOPbIX Mbl U HauHeM, 3ajlaya pellaeTcHd ABHO NpU
MOMOIIM Olepaluy UHTerpupoBaHuAa. BelunciauTenbHble MallMHbI MO3BOJIA-
IOT NpUOIUKEHHO HaXOAUTh pelleHuA OuddepeHNualbHbIX ypaBHEeHUII Ha
KOHEUYHOM OTpe3Ke BpeMeHH, HO He JalOT OTBeTa Ha KaueCTBEHHbIE BOIPOCHI
0 mnoBefieHMU (ha30BbBIX KPHUBHIX B IejoM. B panbHeilileM, HapAQy ¢ MeToO-
JaMu ABHOI'O pellleHUA crnelualbHbIX OuddepeHnnanibHbIX yYpaBHEHU, Mbl
npuBeleM TaK#e HEKOTOpble MeTObl KaUueCTBEHHOI'0 HCClel0BaHuUA.

IlonAaTre (as3oBOro MpocTpaHCTBa CBOOUT HU3yUY€HHE 3BOJIOLHOHHBIX
IPOLECCOB K I'eOMeTPUYECKUM 3ajlayaM O KPUBBIX, ONpeieigeMbIX BEKTOP-
HbIMUW noiAMU. Mbl HaUHeM ucciegoBanue guddepeHnnalbHbIX ypaBHEHUI
co cilefyiolleii reoMeTpruyYecKoii 3agayuu.

3. UHTerpanbHble KpUBbIe I0JA HanpaBiaeHuii. IIpeanonoxum,
YTO B Ka/JI0OW TOUKE HEKOTOpOI 06JlacTU Ha IJIOCKOCTU BbhiOpaHa MpOXo/A-
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ad yepes 3Ty TOUYRY MNpAmad. B Takom ciiyuyae roBopAT, 4TO B 06JacTH
3ajlaHo MoJie HampaBieHuii (puc. 3).

3AMEYAHHE 1. JIBe riagkue KpuUBLIE, IPO-
XoadAuiMe yepesd oJHy TOUYKY, 3afai0T B Hell oqu-
HaKoOBOe HallpaBlleHle, eclid OHU KacaloTcA. Ta-
KUM 00pa3oM, IpAMbIe B OIlpejleJIeHUH T0JA Ha-
NpaBjeHUuil MO#HO 3aMEHUTb IPOU3BOJbHBIMHU
riaajkMMU KPUBBIMM: BaHa JUlllb KacaTelbHad
K KpuBoii B Touke. Ha puc. 3 uzobpasena Jullb
MalleHbKaf yacTb IPAMOI OKOJIO Ka# A0 TOUKHU.

Puc. 3. Ilone HanpaBieHwuii
U ero MHTerpajlbHasa KpUuBas

3AMEYAHHE 2. 31ech U B JajlbHeiileM Bce
BcTpeyvawlyeca o0bekThl (pyHKUUU, OTOOpa-
HEHMH, . .. ) IpeAnoyiaralTcaA rajKkuMu, T. €. HelpepbIBHO NuddepeHupy-
eMbIMHM HY#HO€ UYHCJIO pa3, eclii He oroBopeHo npotuBHoe. Ilone Hanpasie-
HUil Ha3bIBAe€TCA HENMPEPBIBHBIM (TJIaJKKUM ), €CJIH MPAMBIE MOJA HeMPEPbIBHO
(rnmagko) 3aBUCAT OT TOYKM MPUJIOMKEHUA.

3AMEYAHHE 3. AHaloruyHbIM 06pa3oM ompeelfseTcs Mojie HanpaBiie-
HUil (IPAMBIX) B 7M-MEepPHOM IPOCTpaHCTBe (a Tak#e Ha JI0O0M IiagKoOM
MHOIooOpasuu).

Onpenenenue. JIluHuA, KoTopad B Kas Aol cBoeii
TOYKe KacaeTCA MMelolleroc B 3TOW TOYKe Halpas-
JIEeHUA TI0JIA, Ha3bIBA€TCA UHIMe2paibHOll Kpueoll MOoiA

R $ HanpaBJIeHUI.
R oo o

AL
% o o o

4 HasBaHue «uHTerpajibHble KpUBBLIE» 00BbACHAETCA
~  TeM, YTO B HEKOTOPLIX CIydYafX 3TU KPUBbIE MOH{HO
HallTU MpPU MOMOIIM oNlepalny UHTerpupoBaHuA.

Puc. 4. Ilone uHBa-
pUaHTHOE OTHOCHU-
TeJIbHO BepTHUKAalb- ITpuMEP. Ilpenmnonozum, 4TO HeMpepbIBHOE I0JI€

HBIX C/IBUT'OB HalnpasjeHuil Ha IUIOCKOCTU IepexoguT B cebA Ipu
BCEX CBHUIrax BIOJb HEKOTOpPOW NpAMOI U He codep-
JKUT MapalielbHbIX eii HanpaBieHuii (puc. 4).

Teopema. 3adava omviCKAHUA UHIME2PAALHBLY KEPUBHLEY MMAK020 NOASA
ecmbv 8 MmoYHoCMuU 3a0aia UHMe2puposarus 0aHHoll HenpepovleHoll PYHKUUL.

HJOKA3ATEJIBCTBO.
Bribepem cucteMy KoopAuMHAT, B KOTOpPOU NaHHad NpAMafd — BEPTH-
KaJlbHafA OCb OpPJMHAaT, a oCcb abcuucc ropusoHTailbHa. UHTerpaibHaa Kpu-
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Bafd noJig 6e3 BepTUKAIbHBLIX HallpaBlleHU#l ABIAETCA rpa@uKoM (QyHKIUU.
IIpou3BojHasA 3Toil GYHKIMM paBHA TaHTeHCYy yTJia HaKkJIoHa rpajguka K ocu
abcuucc. I'paduk — uHTerpajlibHad KpuUBafd Torja U TOJbKO Torja, Korjaa
3TOT TAHT'E€HC paBeH TaHreHCYy yrIJla HakJIOHa MPAMONM JaHHOIO IOJA K OCHU
abcuucc. Ho aToT nmocnequuii TaHreHc — u3BecTHaA QyHKIUA abciuccsl (1o-
CKOJIbKY TIOJIe TIepeXoquT B ceOA MpH cABHUrax BAOJIb ocu opauHat). Ciemno-
BaTellbHO, QYHKIUA, FPpapUKOM KOTOPOiIl ABJIAETCA UHTerpajlbHaa KpuBaf,
¥MeeT IPOU3BOJAHON U3BECTHYIO QYHKIUIO U, 3HAUUT, ABJIAETCHA ee [epBo-
o0pa3Hoil, 4yTO U TpeboBalOCh AOKA3aTh.

0O6o03HauuM abcuuccy OyKBoii £, opaiuHaTy — OyKBOU x, TaHT€HC yTJa

HaKJIOHA MPAMON MOJNA — u3BecTHad GYHKUuA v(t), UHTerpaibHasA KpH-

BaA — rpaduk HeusBecTHOil pyHKuMM . KpuBas & = ¢(t) unTerpanbHasd,
d

€CJIi U TOJbKO €ClU d—f = v(t). Ilo Teopeme Bappoy! ¢ = /v dt + C.

B o011ieMm ciiyyae 3ajjaya oThICKAHUA UHTErpajbHbIX KPUBBIX HE CBOIUT-
CA K omnepaluy MHTErpUpOBaHUA: Jame IJA OUueHb MPOCTO 3ajJaBaeMbIX IIO-
Jleii HampaBJIeHUIl Ha IJIOCKOCTHU ypaBHEHUA MHTErpajlbHbIX KPUBBIX HEJb3A
npeJcTaBUTh KOHEYHbIMH KOMOMHALUAMM 3jieMeHTapHbIX (QyHKUHH U HH-
Terpainos?.

4. IuddepeHuralibHOe ypaBHEeHHEe U €ro
pemeHMA. ['eomeTpuyeckas 3agaya oThICKaHUA HH-
TerpajlbHbIX KPUBBIX aHAJIUTUYECKU 3alKChbIBaeTCHA
KaK 3aJjlaya OTbICKaHUA pelleHuil auddepeHnalb-
HOro ypaBHeHuA. IIpeanonoxsumM, 4To moje Ha IJjoc-
KocTu (t, ©) He CONEpUT BePTHKAIbHBIX HalpaB-
neHMit (He mapajjellbHO OCH OpJuHaT, x (puc. 5)).
Torpa tanrenc v(t, x) yriia HakjJoOHa MPUIOHEHHOM
B Touke (f, x) NpAMOM MOJA K OCH abClUce KOoHe- Puc. 5. Tpadus perme-
YyeH U, MHTerpajbHble KpUBble ABIAIOTCA rpadpukra- M paddbeperuan-
M pyHrumi © = (t). HOTO ypaBHeHUSA

MsI OygeM mpeprnodiaraTb, 4YTO 00J1acThIO Ompe-
neneHua GyHRUUM  ABadeTcA uHTepBal I ocu t. OueBuHA

Teopema. /Jasa moeo wmobul epagur PyHryuu @ Obli UHIMEZPAALHOL
Kpueotl, Heobxodumo u docmamoyiHo, ¥mobvl. npu ecex t u3 I evinoauasoCy

1. Bappoy, 1630-1677, yuuTtens HbioTOHa, MOCBATMBIIMII KHUTY B3aMMHOIi 06part-
HOCTH 3aJjay O KacaTelbHbIX U IUIOMagAX.

2[lpuMep: TaKOBO Mojile, B KOTOPOM TaHTeHC yrja HaK/JIOHa MPAMOM, NPUJIO#EHHO
B Touke (t, x), ¢ ocblo & paBeH 2 — t (JIuyBuiub).

2 3akaz Ne U17
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COOIMHoOweHue

% = olt, (). (1)

Onpenenenuve. OyHKIMA @ Ha3bIBaeTcA pewerHuem nuddepeHynalb-
HOT'0 ypaBHEHUA

z = v(t, x), (2)

€CJIM OHa yJoBJeTBOpA€T COOTHOLIIEHNIO (1) (T. €. €CJI1 «IIpU nMoaACTaHOBKE €€
B ypaBHE€eHHEe BMECTO & ypaBHEHHE OﬁpﬂﬂlaeTCH B TO}H}IBCTBO»).

Onpepnenenuie. Penienue ¢ ydosaemeopsem HAYAALHOMY YYCA0BUIO
(to, o), ecaum (ty) = xo.

Takum obpa3om. pellleHHe — 3TO 3aJaHHafd Ha MHTepBaje QYHKIMA,
rpaduKk KOTOpPOli — HHTerpajlbHafd KpUBaf; pellleHUe YAOBIeTBOpAET Ha-
yaabHOMY ycloBHIO (g, (), €Clii UHTerpalbHad KpUBaf MPOXOJUT Yepes3
IaHHYIO TOYKY (puc. 5).

[TpuMEP. Pemienue npocreiiiiero ypaBHenusa @ = ov(t) ¢ HavyalbHbIM
ycioBueM (tg, xg) maerca gopmyaoti bappoy:
t

o(t) = wo + / v(T) dT.

to

Besakoe guddepennunanbHoe ypaBHeHue (2) onpejenseT Moje Halpas-
JIeHU Ha IJIOCKOCTU: NMPUJIO]KEHHad B TOUKe (f, ) mpAManA UMeeT TaHT€HC
yria HakJoHa v(t, ). ATO Moje KOpoye HA3bIBAETCH NO.LeM HANPABACHUL ¥
WU noaem Hanpasaenull ypaenenus (2).

5. JBOJIOINOHHOE ypaBHEeHHE ¢ OJHOMepPHbLIM (pa3oBBIM IIPO-
cTpaHcTBOM. PaccMoTpum ypaBHeHUe

x = v(x), x € R.

JTO ypaBHEHUE ONUCHIBAET 3BOJIOLMOHHBIN MpPoIecc ¢ OJHOMEPHBIM (haso-
BbIM NpocTpaHcTBOM. lIpaBasa yacTb 3amaeT eexmopHoe noae $asoeoll cko-
pocmu: B Touke x npuioxeH BekTop v(x) (puc. 6, cieBa). Takoe ypaBHeHue,
npaBaf yacTb KOTOPOI'0 He 3aBUCUT OT t, Ha3biBaeTcA asmoHomHbiM. CKO-
POCTh 3BOJIOLMYU aBTOHOMHOI CUCTEMBI, T.€. CUCTEMBI, HE B3aUMOJENCTBY-
[olleii ¢ JpyruMu, onpeaenfseTcAa OJHUM JHUIIb COCTOAHUEM 3TO CHUCTEMBI:
OT BPeMEHHU 3aKOHLI MPUPOJLI HE 3aBUCAT.
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Toukn, rue v oopamaerca B (0, Ha3bIBAIOTCA NO- XA A |
NONHCEHUAMU pasHOBecUuA (TaKHe CMAYUOHAPHBIMU MOY- T
KaMU WU 0cOObLMU MOYKaMU) BEeKTOpHOro nond. Ecau } a
a — T0JIo#eHNe paBHOBecufl, TO ¢(t) = a — pelleHue 2_\ \
ypaBHeHusA (Tpollecc. HayaBUIKCh B COCTOAHUH @, BCET-
na B HeM ocTaeTcs). Ha puc. 6 BuiHO o[JHO noJ0zkeHUe Puc. 6. BerTopHoe
paBHOBecHUA, a. BUJHO, 4TO 3TO MojoieHue paBHOBe- M01€ M IIOJIE HAllpAB-
CHA HEYCTONYMBO: IIPU MaloM OTK/IOHEHUH HavanbHoro o AUIH ypasHes
yCJIOBUA OT paBHOBECHOro (hazoBaf TOYKA ¢ Te€UYEHUEM HiA @ = v(7)
BpeMeHHU yIalfieTCA OT IOJIOMEeHUA paBHOBECHA.

Ha puc. 6 usoOpaxeHo TaKe IoJie HalpaBlieHUil paccMaTpUBaeMOro
ypaBHeHuA. IlocKodbKYy v He 3aBUCHUT OT {, mojie NnepexojuT B cebf Ipu
cIBUrax BIOJb OCH t.

CorsacHo Teopeme II. 3, 3ajjaya NOCTPOEHUA HUHTErpajbHbIX KPHUBBIX
3TOT0 TOJA pellaeTcA OAHUM HHTEerpupoBaHueM (B obiacTu. rje mojie He
napajieibHO ocH t, T.e. rie HeT paBHoBecuii, v(x) # 0). lIpeanonomum,
yTo (YHKIIUA v HelpephbIBHA U HUrJe He oOpaijaercA B (. Beinuinem ABHY1O
dbopMyly, onpeenfily0 HHTerpajlbHble KPUBBIE.

TaHreHnc yrina HakjoHa Hamero mnojis kK ocu x paBeH 1/v(z). Caeno-
BaTellbHO, no.ae Hanpasaenull ypasnenua dx/dt = v(x) coenadaem c noaen
nHanpaeaenull ypaswenua dt/dx = 1/v(x). 3HaUuT, COBNAAAIOT U UHTETPallb-
Hble KpuBbIe 3TUX ypaBHeHuii. Ho uHTerpanbHasa KpuBafs BTOpPOro naetcs
dopmynoii bappoy; B 1aHHOM cllyyae OoHa UMeeT BU/l

TR
Fo X
Fo R

L

T

. _ [ _d€
' t”‘/ o(€) )

Lo
Taxkum ob6pa3om AoraszaHa

Teopema. Pewenue x = p(t) ypasnenus & = v(x) ¢ HenpepwvleHol U He
obpawarwetica 6 0 npasoil wacmwio, ydosremeopawujee HAYAALHOMY ICAO-
eutw (to, xg), daemcsa gopmyaoti (3). O6pamno, gynryua r = p(t), onpede-
aseman gopmyaoil (3), aeanemesa pewernuem u yoosiemeopsem HALALLHOMY
yca06uio.

3AMEYAHUE. «MHeMoHMYecKMil» crmoco6 3amoMuHaHuAa (opmyusl (3)
COCTOHUT B cllefiylolieM. 3anuiieM UCXoJHoe yYpaBHenue B Buje dx/dt=v(x).
XoTA B Kypcax aHaiu3a NpU BBeJeHUU NMPOU3BOAHOI ydaT, uTo dz/dt He
npoOb, a eNuHbIN CUMBOJ, OyeM obOpalaTbCAd ¢ 3TUM CMMBOJIOM Kak ¢ Jpo-
ObIO U mepenuileM ypaBHeHHe, coOpaB Bce x clieBa, a Bce ¢ cripaBa, B BUJIe
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dx/v(x) = dt. UnTerpupys neBy1o U NpaBylO YacTH, MOJyYaeM COOTHOIIE-
nue t = [ dx/v(x), T.e. (3).

B neiicTBUTENBHOCTH 3TOT cnoco6. KOHEYHO. OojabIle. YeM MHEMOHHUYECKOE

npaBuio. JleiitbHun He cTan 6b BBOAUTHL ClIO#KHOe 0O03HayYeHUe d—x, eciau Obl He

dt

“Mell B BUY caMoil HacToAmel apobu: dx deaennoe Ha dt. [leno B ToM, 4yTO dx
U dt — BOBce He TaUHCTBEeHHbIE «DECKOHEYHO Mallble» BEJIUYNHBI, a BIIOJHEe KOHEY-
Hble 4YHclia, TOuHee — (YHKIHNU BEKTOpa.

A'é
Ax I
A
dx(A) y
dt(A) . I A,
bt I_I_I_g’.._l_l
Puc. 7. YucauTtennb u 3Ha- Puc. 8. Onpenenenue
MeHaTenb apobu dz/dt vHTerpana 1-¢opmbl

PaccmoTpum (puc. 7) NPUIOHEHHBINA B KaKoi-In60 Touke BeKkTOop A cropoc-
T IBUKEHHA Ha MIOCKOCTH, HAa KOTOPOil ¢puKcHUpoBaHbl KoopauHatsl (¢, x). Cko-
POCTh U3MEHEHHUA KOOPAWHATHI { MPU 3TOM ABUKEHUU ABIAETCA QYyHKIIHE 3TOro
BekTopa. OHa nuHeitHa. JTa IWHelHaA QyHKINA BeKTopa U o6o3HavaeTcA dt. Ha-
npuMep, 3HaUeHHe 3Toi PyHKIUKU Ha BeKkTope A ¢ KomnoneHTamu (10, 20) ecThb
dt(A) = 10. Touno Tak e onpenenserca dx(A) = 20 — CKOPOCTb U3MEHEHUA
KOOpPJIMHAaThl T MPU ABUKEHUU C BEKTOPOM cKopocTu A, Tak 4To A MMeeT KOM-
noHeHTs! dt(A), dz(A). OueBugHO

IIpennoskenue 1. /Jaa ai6ozo eekmopa A, kacarowezocs zpadukra 2aadkoil
dynryuu x = @(t), omnowenue dx(A)/dt(A) pasno npouseodnoii dx/dt Pymk-
yuu ¢ 6 coomeemcmeyiowell moyke.

TakuM o6pa3oM, ypaBHeHue dx /v(x) = dt ecTb coomHowenue mexcdy auneil-
Hboimu GYHKYUAMU om ceKmopa, Kacaru,e20cs UHMe2paLbHoll Kpueoill.

OyHKIIUY NPUJIOMKEHHOI0 BEeKTOpa, JIUHeliHble IpU (UKCUPOBAHHON TOUYKe
NpUIIOKEeHUA, Ha3bIBalOTCA dufdepernyuarvrvimu 1-dopmanu.

Besakasa aud epennuanbian 1-¢popma Ha miuockocTu (t, ) MoxseT ObITh 3a-
nvucaHa B Bujie w = adt + bdx, rge a u b — GyHKIUU Ha MIOCKOCTHU.

Mupdpepenunanbubie GopMbl MOHO HHTErPUPOBAaTh BAOJIb OPUEHTHUPOBaH-
HBIX OTPe3KOB KpUBLIX. BriGepeM Ha oTpe3ke I' KpuBOIl Ha MJIOCKOCTU OpPUEHTU-
pylouuii napameTp u, T.e. npencrasuM I' B Busie o6pasa riaaagkoro orobpaeHus
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v: I — R? (puc. 8) oTpeska ocu u B miIockocTb. MHTerpan ¢opmsl w Baoas I
onpeenfieTcA KaKk YUCIO

_ ! r_ dy
fw—/w('y)du, rae Y = o
T §

WHpIMU cloBaMM, MHTErpail — 3TO Npeje]l UHTEerpalbHbIX cyMM » w(A;), rae
A; = ~'(u;)Ai; 3mech u; — TOYKM JeleHUA oTpe3ka ]| Ha OTPe3KU [JIUH
A; = ui+1 — u;. BekTop A; Kacaerca ' u quImbp MalbIMU BBICHIErO IOPAIOKA OT-
HOCHUTENIbHO A; OTINYAeTCA OT BEKTOpa XOp/bl, COeUHAIOIIE!H ITocieqoBaTe/lbHbIe
ToukU JeneHud Ha I' (puc. 8).

3 TeopeMbl 0 3aMeHe NepeMeHHOI B oNpejieleHHOM MHTerpajie’ BhITEKaeT

IIpenaoskenue 2. Humezpaa 1-popmul no opuenmuposanrnomy ompesry Kpu-
601l He 3asucum om ev.60pa napamempa, co2Aaco08aHH020 ¢ opuenmauuetl (npu us3-
MEHEeHUU OpUeHMAayUlL UHmezpar MeHAem 3HAK).

OueBHHO

IIpennoskenue 3. Humezpaa 1-gopmot f(x) dx no ompesky kpueoil, Ha Ko-
mopom x MOMCHO MPUHAMb 3a napamemp, cosnadaem ¢ OObLYHbIM OnpedeseHHblM
unmezpaaom gyrnryuu f.

BepHeMcA K Toka3aTelnbCcTBY Gopmyisl (3).

3uauenua nud pepeHnuanbHbIX Gpopm dx/v(x) u dt Ha BeKTOpax, KacaroIuX-
CcA UHTerpailbHOI KPUBOIi, coBNIafaloT. SHAYUT, UX UHTEerpajbl BJ0Jb OTpe3Ka Kpu-
Boii paBHbI. CoriiacHO npeajoseHnIo 3, MHTerpail nepBoii GopmMbl paBeH NpaBoii,
a BTOpoii — zeBoii yacTu ¢popmyisl (3).

6. IIpriMep: ypaBHeHNEe HOpMaljlbHOro pasmMHoz:keHHA. [Ipenmno-
JIO#UM, YTO BeJIMYMHA OMOJOrMYECKOi monyiAnuu (HanpuMep, KOJIUYeCTBO
GaxTepuu B yanike [leTpu wiu peib B Ipyay) paBHa £ U YTO CKOPOCTH IPH-
pocTa MpoNoplIUOHalbHA HATUYHOMY KOJNYecTBY ocobeii. (JTo mpepmnoino-
JKeHMe MPUOINKEHHO BBITNIONIHAETCA, NIOKA MUIUA AO0CTATOYHO MHOTIO.)

Haile npeamnonoxeHue BbipamaeTcA duddepeHyuuaivbHblm YpaGHEHUEeM
HOPMAAbHO20 PA3MHOHNCEHUS

T = kx, k> 0.

[Io cmbicay 3agauun & > (, Tak UTO MoJie HaMpaBleHUH 3aJaHo0 B MOJYILIOC-
KOCTH; OHO M300paeHo Ha puc. 9. I3 Buja noyisa HanpaBlieHUil ACHO, UTO &

13Ta Teopema oTkpeiTa Bappoy MMeHHO Npu pemeHUM NpocTeimux auddepeHIrannb-
HbIX ypaBHEHUi, Telepb Ha3blBaeMbIX YPaBHEHUAMHU C Pa3felIAIOMKUMUCAH [TepeMeHHbIMMU.
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\x pacTeT ¢ pocToM f, HO HeAICHO, OyAyT U GeCKOHEeUYHbIE
£ F 3HaYeHUA & AOCTUTHYTHI 32 KOHEYHOEe BpeMA (BepTUKAIb-

o o o o Haf acCUMIITOTa Y UHTerpalbHOil KPUBOI1) WIH ke pelleHre
o~ o o~ o~ t OCTaeTcfi KOHeYHbIM mnpu Bcex t7 Hapany c Oynyumium He-

AICHO TaKKke W Tpoloe: OyAeT JU UHTerpalbHafd KpuBaf
Puc. 9. VYpas- crpemutrhed K ocu 2 = 0 npu cTpemieHuy £ K KOHEYHOMY
HeHHe pasMHO- oTpunaTelbHOMY Mpeaely UiIu K 6eCKOHeYHOMY !
HEHUA T = kz R cuacThio, ypaBHEeHHE pasMHOMKEHUA pelaeTcA ABHO
1o MmpeabIAyIeil TeopeMe: coryiacHo ¢opmyie (3),

H i

L — t[] = / ﬁ k(t — t[;) = ll’l(ﬁ,‘/ﬁ,‘[)), xr = Bk(t_tO).’E{).

ke’

Zo

100000
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(300)
100 |

Hucao s#ypHanos

10

(1665)170017501800 18501900 1950
TI'odwt

Puc. 10. Poct uwncina opurwm-
HaJlbHBIX U pedepaTUBHBIX Ha-
YUHBIX KypHajioB ([0 KHHIe
B. B. HanumoBa u 3. M. Mynib-
yeHko <«Hayrometrpus» (M.:
Hayka, 1969))

CrnenoBaTelibHO, pellleHUA ypaBHEHUA HOP-
MallbHOT'O PasMHOMEHUA HKCIOHEHIIUAIbHO
pactyT npu ¢ — +00 K 3DKCIOHEHIUAIbHO
yObIBalOT Mpu t — —00; HU OeckoHeuHble, HU
HYy/e6ble 3HAYEHUA T Npu KOHedHulT t He Jdo-
cmueawomca. [Inda yaiBoeHUA KoliMyecTBa Ha-
celleHU A, COrJIacHO ypaBHEHUIO HOPMaJIbHOTO
pasMHomeHud, TpedyeTcA, TakuM obOpazoMm,
Bcerja OJJHO U TO € BPeEMA, He3aBUCUMO OT
ero KoiuyecTBa (TMepuoj yIBOEHHA Hacele-
HuA 3eMnu ceifyac nopanaka 40 net). Hayka
no cepeauHbl XX BeKa TaKike pociia 3KCIo-
HeHIManbHO (puc. 10).

To e camoe auddepeHLnalbHOE ypaB-
HEHHe C OTpuUllaTeJbHbIM k oNuchIBaeT pa-
OUOaKTUBHBIN pacnaf. [afA yMeHbIIEeHUA KO-
JuyecTBa paguoaKkTUBHOIO BelllecTBa BIBOE
tpebyerca BpeMa T = k! In2, HezaBucuMoO
OT HavyaJIbHOI0 KOJUYecTBa BellecTBa. JTO

BpeMA Ha3bIBaeTCA nepuodom noaypacnada. Ilepuon monaypacnajaa MHUPOKO
M3BeCTHOro u3otomna paaua-226 — 1620 net, a Haubojee pacnpocTpaHeHHO-
ro uzorona ypasa-238 — 4.5 - 10° ner.

To e ypaBHeHHe BCcTpeyaeTcA M B OONBIIOM Yucle APYyrux 3aaad
(B mampHeiimeM MblI YBHIMM, YTO 3TO He CIy4YailHOCTb, a MPOABIEHUE 3a-
KOHA MPUPOAbI, IO KOTOPOMY «BCAKaA» (PYyHKIUA JOKAJIbHO NPUOIUHKEHHO

JVHEHA).
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3AAYA 1. Ha kakoii BeicOTe IJIOTHOCThL BO3JyXa BIBO€ MeHbIIe, yeM Ha
noBepxHocTu 3eminu’ TemnepaTypy cuuTaTh NOCTOAHHO, KyOoMeTp Bo3yXa Ha
noBepxHocTu 3emiau BecutT 1250 T.

OTBET. 8In2 kM = 5.6 KM — BbIcOTa Jianbpyca.

7. Ilpumep: ypaBHeHHe B3pbIiBa. llpeamnonoxsuM Tenepb, UTO CKO-
pPOCTh IpHpOCTa NPONOPIHOHAIbHA He KOJUYECTBY ocobeii, a KOJIUUYECTBY
nap:

i = ka?. (4)

B sToMm cnyuae npu 60JabIIKX 2 TPUPOCT UAET ropasjo
ObICTpee HOpMaJlbHOro, a IpU MallbIX — ropasjao meg- !
JeHHee (3Ta cUTyalUA BCTpedyaeTcA cKopee B (pU3UKO-
XMMHUYECKHX 3ajlayax, Ijie CKOpoCTh peaKkIluy IPoIop-
[IMOHAllbHA KOHIIEHTpaluAM 00OMX peareHTOB; BIPO-
yeM, B HAcTofAlllee BpeMA KUTaM HEKOTOPBIX BUJIOB Tak — — t
TPYJHO HaiTH cebe Mapy, YTO pa3MHOKeHHE KHTOB
MOJJUUHAETCA ypaBHeHUIO (4), IpUYeM x Malo). Puc. ll-oyPaBgeH“e
[Tone HampaBieHMii Ha BHUJ Majo oTiuyaeTca or DoPbIBA L =T
TAKOBOr'0 [UIA clyyasd OOBIYHOrO pa3MHOmeHUA (puc. 9), HO BbIYHCIEHUA
MOKa3bIBalOT, YTO HHTerpajlbHble KpUBble BeAyT ceOA COBEPIIEHHO IIO-

npyromy. Ilpeanonomxum pasa mpoctothl, yTo k£ = 1. Ilo ¢dopmyne Bap-

poy HaxoJuM penieHue t — d—§+C, T.e. T = — 10 npu t < C.
- —

UHTerpanbHble KpuBble — TnoNOBHHBI runep6on (puc. 11). I'umep6o-

la UMeeT BEPTUKAIbHYIO aCUMIITOTY.

Utar, ecau npupocm HaceaeHUus NPONOPYUUOHAAEH HUCAY NApP, MO KOAU-
Yecmeo HaceneHUs CMAHOBUMCA OeCKOHEYHO O60AbWUM 304 KOHEeYHOe 8peMs.
@u3nyecKH 3TOT BbIBOJ COOTBETCTBYET B3pPhIBOOOpa3HOMY XapaKkTepy Mpo-
necca. (Pazymeercs, npu t, ciumkom 6nuskom Kk C, ueanusanus, IpUuHATaA
Npy ONKUCaHUU Ipolecca AuddepeHnalIbHBIM ypaBHEHUEM, HeIpUMeHUMa,
TaK 4TO pealibHOe KOJMUYEeCTBO HaceJeHUA 3a KOHeYHOe BpeMA OeCKOHEeYHbIX

3HaueHUuil He IOCTUTaeT).

HTepecHO OTMETUTh, YTO BTOpad NnojoBuHa runep6onbl x = (C' — t)_1 Tak-
ke ABIAETCA UHTerpalbHOIl KPUBOII Hallero ypaBHeHUA (eciM NPONOIKUTL €ro
¢ noixyocu z > 0 Ha Bcio och z). Pemenus, cooTBeTcTBYIOMUE 06€UM MOJIOBUHAM
runep0oibl, JalOTCA OOHOM U TOM Ke GPOopMYJIoi, HO HUKaK He CBAA3aHbl ME# Yy CO-
6oii. CBA3bL Memay 3TUMHU pelleHMAMU BOCCTaHaBIWBaeTCH, €ClI CUYUTATh BpeMd
KOMIUIEKCHBIM WU eclId KOMIaKTU(GUIMpPOBaTh ap(PUHHYIO OCh & [0 NPOEKTUB-
HOW NMpAMOo# (cM. Ii. 5).
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3AJAYA™ 1. RKarue us auddepeHunalbHbIX YpaBHeHUN & = x"° onpenendioT
Ha adpUHHOI NNPpAMOM NoJje (a3oBoOil CKOPOCTHU, IpPoaoJKkarlleeca 6e3 oco6eHHOoC-
Tell Ha MPOEeKTUBHYIO NPAMYIO?

OTBET. n =0, 1 unu 2.

8. IIpumMmep: doructuuyecKkad KpuUBada. YpaBHeHHE OOBIYHOI'O pas-
MHOKEHUA & = ka NPUTOAHO, JUIIb MOKa YMCIO ocoOeill He CIUIIKOM Be-
nuro. C yBelnyeHueM 4ucia ocobeil KOHKYPEHIIUA U3-3a NUIIY NMPUBOAUT
K YMeHbIIEHHIO cKopocTu npupocta. IIpocTeiiliee npennosioxeHre cocTo-
UT B TOM, 4YTO K03 dUuueHT k 3aBUCUT OT T KaK JMHeilHaA HeOoJHOpOJHaA
GbyHRIUA (IpU HE CAUIIKOM OONBIIUX & BCAKRYIO MNaAKYIO GyHKIUIO MO#HO
anmnpoKCUMUPOBaTh JUHENHHON HEOOHOPOAHOI): k = a — bzx.

MbI npuxoguM TakuUM 00pa3oM K YpPABHEHUI0 PA3ZMHOMCEHUA C Y4emom
koukypenyuu @ = (a — bx)z. KosdpduumeHtsl ¢ U b MO#HO NpeBPaTUTh
B eJUHUIlYy BbIOOpOM MacumTaboB t u x. Mbl mojiyyaeM Tak Ha3bIBaeMOE
Aozucmuyeckoe ypasHeuue

z=(1—-x)x.

BekTopHOoe nose ¢a3oBoii CKOPOCTH v U TI0Jie HAaNpaBleHUil Ha MI0CKOC-
T (t, ) uzo6paneHbl Ha puc. 12.

A
Tp A AT
vy o~ Yo Yo. ol
-0 —-0- —-0- —O—
+ O O O O
Mo o o o
+ O~ O L0 0O t
(% —o- o~ o —o- ' ¢
Puc. 12. BerkTopHoe mnone Puc. 13. HHTerpaib-
U II0JIe HanpaBJeHUil ypaB- Hble KpHBbIE ypaBHe-
Henua ¢ = (1 — z)x HUaA ¢ = (1 — x)x

Mp1 3arioyaeM OTClOJla, UTO MHTerpalbHble KPUBBIE BBITJIAOAT. Kak
n3obOpaxeHo Ha puc. 13. Tounee ropopsa, Mbl BUAUM. YTO

1) mpouecc umeeT J1Ba nojioxeHus paBHoBecus: © = 0 u x = 1;

2) mexay Toukamu 0 u 1 none HanpaBieHo oTr 0 K 1, anpu x > 1 —
K Touke 1.

Takum o6pa3om, nonoxeHre paBHoBecud () HeycToOWYNBO (pa3 MOABUB-
leecA HacejleHe HaYMHAaeT pacTH), a NoJoeHre paBHOBecHA 1 ycToiunBo
(MeHbIllee HaceJleHUE pacTeT, a OoJblliee — YObIBaeT).
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HKarum 6vt Hu 6bln0 HavaavHoe cocmosanue x > (0, ¢ meveHuem epemeHu
npouyecc 6blxo0um K ycmoutiueomy cocmoaHuw pasHosecus r = 1.

N3 3Tux coobpaxeHUil HEACHO, OJHAKO, MPOUCXOAUT JIM DTOT BBIXO]]
3a KOHEYHoe uJM 3a GeCKOHeYHOe BpeMA, T.e€. UMEIOT JM HWHTerpajbHbIE
KpUBbIe, HauaBmuecA B obnactu ) < x < 1, obuipe Toyku ¢ npaAmoit x = 17

Mo#HO nokasaTb, YTO TAKUX OOIIMX TOYEK HET U UTO 3TU UHTErpalb-
Hble KPUBbIe aCUMITOTUYECKU CTpeMATcA K npAmMoint x = 1 npu ¢ — +00
U K npamMoi x = 0 npu £ — —00. ITU KpUBbIe HAa3bIBAIOTCA A02UCTUYECKUMU
kpusvimu. Takum obpasoM, JJorucTuyeckad KpuBad UMeeT JBe rOpHU30HTab-
Hele acuMnToThl (£ = 0 1 1) 1 onuckiBaeT nepexox ot ogHoro coctoauusa (0)
Kk apyroMmy (1) 3a 6eckoHeuYHOe BpeMH.

3AIDAYA 1. HaiiTu ypaBHeHHe JOTMCTHUYECKON KPUBOM.

dx T et
—_——=In—/—. mm x = :
z(1 — x) 1 -2’ 1+e

PEmEHME. Ilo dopmyne (3) t = /

JTta popmyia IoKa3bIBaeT YKa3aHHOE BbIlIE€ aCUMIITOTUYECKOE CBOMCTRBO JIO-
T'UCTUYECKON KPUBOIA.

3AJAYA 2. JlokasaTh, UTO UHTerpailbHble KpuBble ypaBHenus & = (1 — z)x
B o6iacT £ > 1 acCUMNTOTHYECKH CTPeMATCA K mnpAMoil x = 1 mpu t — +00
U UMEIOT BepTHUKalbHble aCUMITOTHI ¢ = const.

IIpn ManbIX « JorucTuyeckas KpuBaf INpaKTUYECKU HeOTIMYUMa OT 3KCIIOo-
HEHIIUaJIbLHOM, T.e. KOHKYpeHLUA Majlo BiugeT Ha pocT. OQHakKo II0 Mepe yBe-
NTMYEHHUA T POCT CTAHOBUTCH HESKCIOHEHIUANbHBIM U BONU3U T = '/, BKCIOHEH-
UajlbHafA KpUBadg pPe3K0 YXOOUT BBepX OT JOTMCTUYECKOI; B JalbHeiilleM Jo-
TUCTUYECKUIl POCT ONHUCHIBaeT HAChINIEHUE CHUCTEMbl, T.€. YCTaHOBIeHUe B Heil
paBHOBecHoOI'o pexxuMa (z = 1).

Jlo cepenunapl XX Beka HayKa pocila sKcrnoHeHIHanbHO (cM. puc. 10). Ecnu
TaKkoii pocT OyneT nponomkathbcA, To kK XXI Bery Bce HaceineHue 3emiu OyneT
3aHMMAaThCA HayKoil, a IJid MeyaTaHUA HAyUHBIX cTaTeil He XBaTUT BCeX JIeCOB
miaHeThl. CieloBaTelLHO, paHbllle JOJ#HO HACTYIIUThL HachlllleHUe: Mbl HaX0QUM-
cA B6IM3U TOro MecTa, rje JorucTuyeckad KpuBad HauMHaeT OTCTaBaTh OT 3KCIO-
HeHIuaiabHO. Hanpumep, unciio MaTeMaTU4YeCKUX cTaTeill B HAYUYHBIX #KypHalax
rocJjie BTOpPOii MUPOBO# BOMHBI 110 7(-X ro/ioB yBeIW4YUBaJIOCh KamIblil roj] Ha 7%,
a moclie[JHUe HECKOJILKO JIeT — MeJJIEeHHee.

9. IIpuMmep: KBOTHI O0TJ0BA. [l0 cuX Mop Mbl paccMaTpuBallu CBOOO/I-
HYIO MONYJIAIMIO, pa3BUBaIONIYIOCA 110 CBOUM BHYTPeHHUM 3akoHaM. Ilpen-

INIOJIOYKUM TeIllepb, YTO MbI OT/IaBJKMBaeM 4acCThb IIOIIYJ/JIAINHN (CHBHEBM, JJIOBUM
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pbIGy B npyay uinu B okeaHre). IlpeanonosuM, 4To CKOPOCThL BBLIOBA MOCTO-
AHHA. MbI npuxoaum K AuddepeHIMalbHOMY ypaBHEHHUIO OTJOBA

T=(1—-z)x —c.

Benuuuna ¢ xapakTepusyeT CKOpPOCTh BbLIOBa U Ha3bIBaeTcA keomoii. Bun
BEKTOPHOI'O MoJiA U MojA (a30BOii CKOPOCTU MPHU Pa3lUYHbIX 3HAUYEHUAX
CKOPOCTH BBLJIOBA ¢ NOKa3aH Ha puc. 14.

Mpr BUAMM, 4YTO NMPHU HE CIUIIKOM OOJbIIOF

AN A N\ c<1/4  cropoctu BhuioBa (0 < ¢ < Y,) cymecTBy1oT aBa
B nonozeHud paBHoBecud (A u B Ha puc. 14). Husx-

T / Hee MOJIOMeHUe paBHoBecus (xr = A) HeycToluu-

v My B ! Bo. Eciu 1o kakuM-n160 npuurHaM (nepeinos, 60-
X AX JIe3HU) B HEKOTOPBbIl MOMEHT BeJIUYMHA MOMYJIf-
! @ MU & ONYCTUTCA HU#ke A, To B JanbHeiilleM BcA

l \ NOMYJALMA 3a KOHEYHOe BpeEMA BBIMpET.
v 1 BepxHee nonoxeHnre paBHOBecua B ycToiluu-

x) /| | A ¢>1/4 ~ BO—— OTO CTAIMOHAPHBIH PE;RUM, Ha KOTOPbIH BLI-
XOOUT MOMYIALUA NPU NOCTOAHHOM OTJIOBE C.
\ % Ecnu ¢ > Y/,, To paBHOBecHii HET U BCA TOMYy-
\ t JnAnuA OyJeT OTIOBIeHa 3a KOHeYHoe BpeMd (cTel-
JepoBa KOpoBa U T.II.).
Puc. 1_4' YpaBHeHue OT- Ilpu ¢ = Y/, umeetca ogHo HeycToMUMBOE CO-
nopa & = (1 —x)T —¢  roaupe pasHoBecus (A = B = Y,). OT/I0B ¢ Ta-
KOI CKOPOCTBIO IPU J0CTATOYHO GOJIbINON HAYalbHON YUCIEHHOCTH IOIY-
JANNY MaTeMaTUYeCKU BO3MOKEH B TeUEHHUE CKOJIb YTOAHO JJIUTENbHOIO
BpeMeHH, OJIHAKO CKOJIb YT'OIHO Majloe KolieGaHue YUCIEHHOCTH YCTaHOBUB-
lielicAi paBHOBECHOU MOMYJIAINUYA BHU3 NPUBOJUT K MOJHOMY BBLIOBY IMOILY-
JAINY 328 KOHEYHOEe BpeMH.

TakuMm o00pa3oM, XOTH TeOpeTHUYEeCKHU MAOMYyCTHMBI JI0Oble KBOTBHI,
BILIOTH JI0 MakcuMaibHoil (¢ < Y,), markcumarvras keoma ¢ = Y, npueodum
K Heycmolivueocmu u Hedonycmuma. Bonee Toro, npakmuyvecku Hedonycmu-
mvl U Oauskue ¥ Y/, keomwl, Tak Kak NPU HUX ONAcCHBIA mopor A GIU30K
K yCTaHOBUBIIEMYcHA pexuMy B (HeGoibluue cilydaiiHble OTKJIOHEHUA OT-
OpachIBalOT MOMYIANMIO HUeE mopora A, mocie yero oHa noru6aer).

Ora3sbIBaeTCA, OJJHAKO, YTO MOHHO OpPraHU30BaTh OTIOB TaK. YTOOLI
YCTOWYMBO MOJYy4YaTh YJIOB CO CKOPOCTBIO Y/, 3a enuHuuy Bpemenu (6oib-
Iero Mojiy4yuTh Hellb3fl, TaK Kak /, — 5TO MakcMMalbHafd CKOpPOCTb pas-
MHOKeHUA HeoOlaBIMBaeMoil MOMYJIALNUN).

AC
ff—
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10. IIpumep: OTIOB € OTHOCUTEJIbHOI KBOTOIl. PuKrcupyem
BMECTO abCOJIOTHON CKOPOCTH OTJIOBA OTHOCUTEJIbHYIO, T.e. (GUKCUPY-
eM OTJaBIMBaeMYyl0 3a eIMHUI]y BpeMeHU [OJII0 Halu4HOi IOmyJAlUu:
= (1 — x)x — pr. Bug BeKTOpHOro MojiAd W WHTerpalibHble KpuBbIe (MpH
p < 1) usobpaneHsl Ha puc. 15.

HusxHee, HeycTOYMBOE MOJOMEHUE PaB-

HoBecufli Tenepb B Touke x = (, BTOpoe mo- i N
noxkeHue paBHOBecua B ycroitunBo mpu nio- YTP* ¢
6om p, 0 < p < 1.

Ilocne HekoTOporo mnepuoja ycCTaHOBJe- i
HUA TMOMYyJALUA BBIXOAUT HA CTalMOHAPHBI
pexum x = B. AGconoTHaA CKOPOCTh OTJioBa Puc. 15. YpaBHeHHe OTIIO-
ycTaHaBJWBaeTcA IpU 3TOM paBHOil ¢ = p[B. Ba &= (1-=z)zx—pzx
JTo — opAuHaTa TOYKM nepeceyeHUA rpapukoB ¢yHruuit v = (1 — z)x
u v = px (puc. 15. cieBa). UccienyeM noBeieHUe 3TOi BEIUUYUHBI ¢ IIPU U3-
MeHeHUHU p. IIpu ManbIX OTHOCUTENBHBIX BbUIOBaX (MalbIX p) YCTaHOBHBIIA-
AICA CKOPOCTD OTJIOBA TaK#e Maja; Ipu p — 1 OHa TOxe CTPEMUTCA K HYJIO
(mepenoB). Hauboabiee 3HaueHre abCONIOTHOM CKOPOCTH ¢ paBHO HAUOOJb-
meii opauHaTe rpapura ¢dyHrnuud v = (1 — x)x. OHO mocTuraeTrcsa, Korja
npAMad v = pr NPOXOAMT Yepe3 BepIIUHY mapaboibl (T.e. mpu p = Y,),
¥ paBHO ¢ = Y/,.

Bribepem p = Y/, (T.e. Ha3HAUUM OTHOCUTENLHYIO KBOTY TaK, 4TOOBI
yCTaHOBUBIIAACA MOIYJIAINUA COCTABIIANA MIOJIOBUHY HeobnaBiauBaeMoii). Mer
NOCTUTIU MaKCUMallbHO BO3MO#HOI CTal[MOHApHOW CKOpOCTU 00JiaBlKBa-
HUA ¢ = Y/, npuyeM crcTeMa ocTaeTcd yCToiunBoii (Bo3BpalaeTca K ycra-
HOBHUBIIEMYCA COCTOAHMIO NPU MaJIbIX OTKJIOHEHUAX HAYalbHOIl MOMYJIALUU
OT yCTaHOBHBIIEHCH).

11. YpaBHeHHA ¢ MHOroMepHbIM (a3oBBIM IPOCTPAHCTBOM.
B paccMaTpuBaBIIMXCA BbIllle NpuMepax (aszoBoe MPOCTPaAHCTBO ObLIO Of-
HOMepHBIM. B Gosiee clomHBIX ciydasax (HanmpuMmep, NpU ydeTe B3auMOJeil-
CTBHUA Me#/1y HECKOIbKMMHU MONYJANUMAMU) TOUYKa (a3oBOro MNpocTpaHCcTBa
omnpejeNnfAeTcA HECKOIbKUMU YKiciaMu (IBYMA UIAl ABYX MOMYJIANUN U T. 11.).
Onpepenenua nuddepeHIualbLHOr0 ypaBHeHU A, PEIIeHU U T. [I. B 9TOM CJIy-
yae aHaJOrM4YHbl BBEJEHHBLIM Bbliiie. [IoBTOpUM 3TH onpejeleHu .

IIyctb v — BekTOopHoe moje B obnactu U mn-mepHoro ¢asoBoro
npoctpaHcTBa. Aemonomnoe dugdepenyuarvroe ypasHenue, 3adaHHoe no-
AeM v, — HTO ypaBHEHHE

N

x = v(x), x e U CR".
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Pe weHuem Tanroro YPpPaBHCHHUA Ha3bIBaeTCH riragnoc 0T06pa}{{eHI/Ie
¢: I — U unTepBala ocu BpeMeHHU B (a30Boe NIPOCTPAHCTBO, AJIA KOTOPOTO
de

= = v(p(t)) npu Bcex t us I.

O6pa3 oToOpaseHUs @ Ha3bIBaeTcA Pa3060il kKpusoii, a rpadpuk’ oTobpa-
KEHUA @ — uHmezpaavHol kpueol. UHTerpaibHad KpuBafd JEHUT B MpPA-
MOM IPOM3BeIeHUU OCHM BpeMeHU Ha (pa3oBOe MPOCTPAHCTBO. JTO MPAMOE
npousBelieHre Ha3bIBaeTCHA pacuiupeHHvim Pasoevim npocmpancmeom. Pac-
lupeHHoe (a30Boe NPOCTPAHCTBO UMeeT pasMepHOCThb 7 + 1.

[Myctw (tg, ) — TOUKa pacuupeHHOro ¢aszoBoro npoctpaHcrba. Pe-
leHne @ ydosaemeopaem HavaavbHomy ycaoeuto (to, xp), eciu @(to) = xp,
T. €. eClIi MHTerpalibHasA KpUBafd MPOXOAUT Yepe3 TOURY (tg, Xp)-

Rak u B ciiyyae ogHOMepHOro (a3oBoro npocTpaHcTBa, UHTerpajlbHbIe
KpUBbIE MOMKHO ONKCATh MPU MOMOIIY IOJA HalpaBJeHUil B pacliMpeHHOM
(¢azoBoM npocTpaHcTBe. TaHreHc yria HaKJIoOHa K ocu abcuucc 3aMeHAeTCA
clefyolneil KOHCTPYKIUEN.

IIpennonoxumM, 4TO JaHO MoJie HaNpaBieHuii B ob6iacTtu V npAMoro npo-
uzBenenua R x R™ u uto HampaBieHue monfa HUrje He BEePTHKAIbHO (He
napamienbio R™). Ilyers ¢t — koopaunara B R, @ = (x4, ..., ) — B R"™.
Torpa B Kamaoil Toyke cyllecTBYyeT (M €IUHCTBEH) BEKTOP NMPUJIOHEHHO-
ro B 3TOll TOYKe HalpaBlieHWA, UMEIIINl TOPU30HTAIbHYIO KOOPAUHATY
(t-kommoHeHTY), paBHyio 1. Takum o6pa3oM, yKasaHHbIII BEKTODP HUMeEET
Bun (1, v(t, x)), rme v(t, *) — BekTop B R", 3aBuCANIMNIT OT TOYKH paciIu-
peHHoro ¢asoBoro npoctpancTBa. IHBIMU clloBaMU, HEBEPTUKAJIbHOE I10JIE
HanpaBJIeHU# B pacuiipeHHoM ¢$a30BOM NMPOCTPaHCTBE OINpejiesideT 3aBUCH-
llee OT BpeMeHU BEKTOpPHOe MoJie B (pa30BOM MPOCTPAHCTBE.

Rasxpasa uHTerpaibHaA KpuBafA AAHHOTO I0JIA HaMpaBlIeHUI OYeBHUIHO
yaoBieTBopAeT AU pepeHMalbHOMY YPaBHEHUIO

z =v(t. x),

T. €. AiBJiAeTCA rpadpuKoM oToOpaxkeHusA ¢ WHTepBaja OCU BpeMeHU B (aso-

BO€ IPOCTPAHCTBO, AJA KOTOPOIo (;—(‘: = v(t, (t)) npu Bcex t. O6paTHo,

rpaduK BCAKOI'O pellleHUuA — WHTerpajbHafd KpUBaf 3TOro IMoJif.
Penienue ynoBieTBopAeT HayalbHOMY yCIOBUIO (g, @), €CIU U TOIBKO
eclii UHTerpajlbHad KpuBafd MPOXOJUT 4Yepe3 3Ty TOUKY.

! I'pagur orobpamenun f: X — Y ecThb NogMHO#ecTBO NpAMoro npousseaeHua X XY,
cocTosAmee u3 Beex nap Bupa (z, f(x)), roe © € X; npamoe npouseedenue X X Y ecThb
MHOKECTBO BCeX YINOPANOYEHHBbIX nap (z, y), rae z € X,y € Y.
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3AMEYAHUE. B KOOpAMHaTHOI 3allCh BEKTOpHOe Iloje B 7:-ME€pPHOM IIpo-
cTpaHCcTBe 3ajaeTcA N QyHKHUAMM n nepeMeHHbIX. Hame nuddepenuuanbHoe
YpaBHeHHEe NIpUHUMAaeT M03TOMY BUJ «CUCTEMBbI 71 YpaBHEHUI NepBOro MOpPAAKan:

1 =01(; T1y vy Tn)y env s Tn = V(5 T1,y --- 5, Tn)-
Pemenune 3amaerca BeKTop-QyHEKIUER (@1, ..., ©n) NEepeMeHHOI t, NJIA KOTO-
dopy
poit % = vr(t; 01(t), ..., pn(t)), k=1, ..., n, npu Bcex t. HauanpHoe ycio-
Bue 3agaeTca n + 1 yuciaoM (o;x1,05 +++ 5 Tn,0)-

12. IIpumep: auddepeHpadIbHOe ypaBHeHHE CHCTEMbl XHII[-
HUK-kepTBa. llpocTeiinas, camaa rpybasa Mmoaeib, onuchiBamoiiaa 60pboy
OBYyX BHIOB — XHUIIHUKA U #KEPTBbl — COCTOUT B cienyloueM. PaccMmort-
pPUM IpPYJd, B KOTOPOM KUBYT PbIObI JBYX BUJOB, CKaxeM, Kapacu U LIyKHU.
Ecnu 651 yK He O6b110, Kapacu pa3MHOKaluCh Obl AKCIOHEHIIUAIbHO, CO CKO-
pocThio & = kx, NpONOpHHOHANBLHON WX KoJudecTBY « (MbI Mpejrnoiaraem,
4YTO cyMMapHaf Macca Kapaceii MHOTO MeHbIlle Macchl npyna). Ecnu y —
KOJIMUYEeCTBO LYK, TO cllelyeT y4decThb Kapaceil, ChbeleHHbIX L[yKaMu. MbI
NpeanojouM, YTO YUCIO BCTpeu Kapaceil co IyKaMu MPONOPLUOHAIbLHO
KaKk 4YKUCIy Kapaceil, TaKk U 4YHUCIYy UIyK: TOrja IJfA CKOPOCTU U3MeHeHUS
yuclia Kapaceil ojllydum ypaBHeHue & = kx — axy.

Yto racaeTcA YK, To 6e3 Kapaceili OHU BbIMU-

paloT: y = —ly, B IpUcyTCTBUU e Kapaceili HaUnMHa- VY -]
I0OT Pa3MHOKaThbCA CO CKOPOCTHIO, NPONOPLHOHAIb- 4 cN
HOI 4Mcly c'hbeJleHHbIX Kapaceii: 1 = —ly + bxy. ” D//\ A

Mb1 npuxoauM, TakuM o00pa3oM, K CHCTEME Y \ //B
ouddepeHIMalIbHbIX YPaBHEHUN MpocTeilieid Moje- N ’ A V4
JIA CUCTEMbI XUIHUK-#epPTBa: - x

Lo
Tz = kx — azy. Puc. 16. Ilone d¢azso-

BOl CKOpPOCTH XMHIII-
HUK-KepTBa

Y = —ly + bxy.

JTa MoJenb Ha3bIBaeTcA modeavio Jlomka—Boavmeppa 10 MMEHU aBTOPOB.
[IpaBas yacThb ompejenfeT BEKTOPHOE MOJe Ha MJIOCKOCTH: MPHIOKEHHbIN
B TOUke (Z, y) BEKTOp UMeeT KOMIOHeHTHI (kx — axy, —ly + bxy). ITO —
noje ¢as3oBoil CKOPOCTH.

®azoBbIM MPOCTPAHCTBOM ABIAeTcA yroa x > 0, y > 0.

BekTopHoe none ¢a3oBoii CKOPOCTH HETPY/HO HapuCOBaTh, NPOCIE/IUB
3a N3MeHeHHeM 3HaKoB KoMNoHeHT (puc. 16). Ocobasa Touka noad (xg = 1/b,



30

Tnaesa 1

yo = k/a) oTBeyaeT paBHOBECHOMY KOIUYECTBY Kapaceil U IYyK, KOria Inpu-
pPOCT Kapaceil ypaBHOBELIUBAETCA NEATENbHOCTHIO YK, @ IPUPOCT YK —
X eCTECTBEHHOI CMEPTHOCTBIO.

Ecnun navanbHoe uyucno LIyK MeHblle yo (Touka A Ha pUCYyHKe), TO
yyclla Kapaceil U IIYK pacTyT, MOKa Pa3MHOKUBIIMECA I[YKU He HAYHYT
chegath Oonble Kapaceii, yeM ux npupocT (Touka B), 3aTeM 4mcio Kapa-
ceif HauHeT yObIBaThb, a8 YKUCJO LYK OyJeT pacTH, IOKa HeXBaTKa NMUIIU He
MpUBEJET U LYK K BhIMHUpaHUio (Touka C'); 3aTeM YKCIO YK YMEHbIIUTCA
HacTOJNbKO, YTO Kapacu CHOBa HauHyT pa3MHozkaTbcA (Touka D); Hauas-
eecAd pa3MHO#EHNe Kapaceil IpuBeJeT K TOMY, 4YTO CO BpeMeHeM U IYKH
HAYHYT pa3MHoziaThbcA. Takum ob6pa3oMm OYAyT INPOUCXOAUTH KoJebaHUA
YKHCJIEHHOCTHU Kapaceil u IIyK BOJU3U paBHOBECHOI'O YHCJa TeX U JAPYTHX.

Bosnukaet, onHako, Bonpoc, OyayT JIM 3TH KojJieOaHUA NMepUoAnYeCKU-
MU uiu e HeT. Hama npubnuxeHHas kapTuHa nolf ¢$as3oBOil CKOPOCTH
He IM03BOJIAET OTBETUTH Ha 3TOT BOIPOC, MOMHO BOOOPasUTh paziUYHbIE
ciydyau, HanpuMep, u3oopaseHHble Ha puc. 17.

A D(A) o(4)|4 P4
L - - A -
Puc. 17. ®yHKuMA nociegoBaHUA
A
D(A) D(A) D(A) D(A)
. Al LA A A

Y
Y
Y
A
Y

Puc. 18. luarpammel Jlamepen

UToO6bl pazobpaThcAd B 3TUX ClIydaaX, paCCMOTPUM OTPE30K, COeJIUHA-
oyl 0codyo TOUKy ¢ ocbio x. Rampgaa Touka A sToro orpeska (He Je-
Ralafd Ha OCH ) onpejenfeT (a30BYIO KPUBYIO, KOTOpasA CHOBa Mepeceka-
eT OTpe30K B HekoTopoii Touke P(A). Pyurnua ¢ HasviBaeTcA @yHryuell
nocaedosanua (unn omoobpaxcenuem Ilyanrape, a Takse moHoOpomuetll MU
20n0HOMUell).
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Paccmotpum rpapur ¢yHriuu nocienoBanufa. OH HasbiBaeTcA Jua-
epammoti Jlamepes. [luarpammel Jlamepes [oiaA yeThIpex ciydaeB puc. 17
n3o0paxeHbl HaA puc. 18.

Ilo nuarpamme Jlamepes jierko nMocTpouTh MOCIENOBATEILHOCTh 00pa-
30B TOYKM A mnpu noBTropeHuu npeobGpasoBanua . [lna sToro ciaenyer mno-
CTPOUThL Tak HasbiBaeMmylo secmuuyy Jamepes (puc. 19), abcuuccol u op-
IUHATHI BepliuH KoTopoil cyTh A, ®(A), P2(A) = (®(4)),...

Touku nepeceuyeHus rpaduka GyHKIMHU [OCTIeI0Ba-

HUA ¢ auaroHanplo (rpapukom ® = A) cooTBeTCTBY- I
IOT 3aMKHYTBIM ()a30BbIM KPUBBIM (yuk.iam) Ha (has3oBoii

A
NJIO0CKOCTH. >

[lukn 3aBejOMO yCcTOHUYUB (HEYCTOHUYUB), €CliU B CO- /
oTBeTcTBYyIomeil Touke A umeem ¥'(A4) < 1(> 1). [lnn
HallMX 4eThIpex auarpaMm Jlamepes (puc. 18) B mepBom
cilly4dace Cl)ElSOBbIe KpHuBbI€ — CIIMpalilu, HaMaTblIBalOIINeECH Puc. 19.
Ha 0co0y10 TOYKY, BO BTOPOM — cMaThIBaloOlhecH ¢ Hee,
B TpeTheM — 3aMKHYyThbIe. B ueTBepTOM ciiyuae ¢a3oBbie
KpHUBbIe HAMATBLIBAIOTCA HA YCTONYMBBIN UK U3HYTPU U CHAPY#HU.

CooTBeTCTBEHHO, B IIEPBOM clyuyae ¢ TedyeHHeM BpeMeHHU YyCTaHaBJIH-
BaeTCA paBHOBECHOe HacelleHue Mpyja, KojebaHuA 3aTyxaioT. Bo BTopoMm
clyyae paBHOBECHOE COCTOfIHME HeyCTONunBO, KolebaHusa HapacTaloT. Ilpu
3TOM HacCTYNUT MOMEHT BPEMEHH, KOrja Yuclo Kapaceii (Iyk) 6yneT MeHb-
me 1; K 3ToOMy MOMEHTY Hallla MoJellb CTAHOBUTCA HeNpueMJeMoii, U Hace-
JAeHlue npyda evimupaen.

B Tpethem ciiyyae HabnogalOTCA NMepUoguYecKrde KojieOaHUA YHCIIEH-
HOCTH Kapaceil U YK BOKPYTI paBHOBECHOI'O COCTOAHUA; aMILNIUTYya KoJe-
OaHuil onpegenAeTcA HaYalbHbBIMU yCIOBUAMHU.

B 4ETBEPTOM dCliy4da€ TOHE HaﬁJIK),[IaIOTCH NNEPUOONUYECKHE KoJie0aHUuA
YHUCJIEHHOCTHU Kapaceil U YK, HO aMniumyda ycmaHosusuuxca Koie6arull
He 3asucum om HAYaAbHbLT Ycaoeull: M0bad ¢da3oBad cnupalb HaMaTbIBaeT-
CAl Ha NpeJeNbHbIl MKI. B TakoM ciiyyae roBOpAT, 4YTO B CUCTEMe yCcTaHa-
BIIMBAETCA ABIMOK0AEOAMEAbHbLI PEHCUM.

Rakoii e u3 cayuyaeB umeeT MecTo AiA cucteMmbl JJorka—BonbTeppa?
MbI noka He MozKeM OTBETUTH Ha 3TOT Bompoc (pelieHue ero cm. B §2).

13. IIpumMmep: cBo6oagHaAa yacTulla Ha npAmoii. CoriacHo «nepBo-
My 3akoHY» HbloTOHa, ycKopeHre MaTepualbHOil TOUKHU, HE MOJBEpPKEeHHOi
nercTBHIO BHEMHUX cui, paBHo 0: & = 0. Eciu Touka x npuHagiexut R,
TO TOBOPAT O €80600H0T wacmuye Ha npamol (MOKHO NMpeAcTaBiIAThL cebe
OyCHHRY Ha CIUIE).

Alo)e(a)

Jlect-
HuIa Jlamepesn
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Pa3oBoe NpOCTPAHCTBO UMEET pa3MEPHOCTh 2, TAaK KaKk Bce JBUMEHUE
onpejenfeTcA HauyalbHbIM MOJIOMKEHHEM U HaydalbHOIl ckopocThio. Ha ¢a-
30BOI1 MJOCKOCTHU C KOOpJAWHATaMM 1 = T, T2 = & BO3HUKaeT BEKTOPHOE
noJie $pa3zoBOil CKOPOCTHU:

1 = x2, x2=0,

ciieloBaTelbHO, KOMIIOHEHTH] 10Jd paBHBI (22, 0) (puc. 20).
Bce TOuku ocu x; ABIAIOTCA [0JIO-

L2 MeHUAMU paBHOBecudA. PaBHOBecue Takoro
6e3pas3nuUdHbIM
° o ,}__: o o CH__C o= g, BUJla B (U31Ke Ha3bIBaeTCA D ,
o——o0—>0 o—o—o——= 3 B MaTeMaTHuKe Heycmoiliuevim ([IO,[[XOL[H-
-0 -0 - .. -0
-0 <o <o [llee CKOJIb YroJHO Majloe U3MeHEeHHEe Ha-

yaJibHOU (pa30BOi TOUKHU BHI3bIBAET Yepes
nocTaTo4yHo O0JIbIlIOEe BpeMA HeMalloe u3Me-
HEeHHe COCTOAHNA).

(dazoBble KpUBbIE — rOPU30HTANIbHBIE IPAMbBIE 9 = cOnst U Bce TOYKHU
OCH T7.

Puc. 20. Ilone ¢azoBoii cropoc-
TH CBOOOJHOM 4YacTUIbI

3AIAYA 1. Haiitu pemenue ¢ HayaiabHBIM ycioBueM (a. b) mpu to = 0.
OTBET. p1(t) =a+bt, 2(t) =0.

14. IIpumep: cBo6oaHoe nageHue. CornacHo I'anunero, yckopeHue g
najamponuX BOJIU3U NOBEPXHOCTU 3eMIu Tes noctogaHHo. Eciau x — BreicoTa,

TO & = —&. BBO,L[H KROOpJMHAaThI Ha (IJEIBOBOfI INIOCKOCTH, KaK B IIpeAbigylieM
I[IpUMepe. nmojydyaeM CHCTEMY
3.3‘1 = T2, ii?z = —g.

BekTopHoe none, 3aganHoe NpaBoii YyacThio, U300paxeHo Ha puc. 21.

x, ),
VNN NN N A //', R
IR B NN
A A A Hhs’; .
AR AR N

g \\ ¥

Y A A A A — ,{/
Puc. 21. Ilone ¢a3oBoii cko- Puc. 22. [lone ¢a3o0Boii ckopoc-

POCTH Majarolieil YyacTUIlbI TH MaJIbIX KoJieOaHUM
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3AIAYA 1. lokazaThb, 4yTO ¢a30Bble KpHUBble — MapaboJibl.

15. IIpumep: manbie Kose6aHHUA. Bo MHorux ciaydasx cuia, BO3-
Bpalljalolafd CUCTEMY B IOJOMeHNe paBHOBecUsA, ¢ Oosblileil Wi MeHbIlei
TOYHOCTBIO IIPONOPIMOHANTbHA OTKJIOHEHUIO OT TOJIOKEHUA paBHOBecusA (3a-
KoH ['yKa U T.I.; CyIIHOCTBb Jejla B TOM, YTO B MOJIO#EHUU paBHOBECUA CH-
na 0, a B MajioM BcAKaa QyHKIMA NPUOIUMKEHHO JuHelHa). Mbl npuxoaum

K YPAGHEHUIO MAABLT KOACOAHUT
Tr = —kx.

Roa¢pdunuent £ > 0 MoxkHO coenaThb paBHBIM 1 BbIOOpOM MacuiTaba Bpe-
MeHU. YpaBHeHUe NIpUHUMaeT BUJ

r = —x.

BBoaa no-npexHeMy KOOpAMHATHI 1 = &, T2 = & Ha (pa3oBoil mioc-
KOCTHU, NlepenucbiBaeM 3TO ypaBHEHUE B BUIE CUCTEMBI

Ir1 — T2, Lo = —I1.
IlpaBas yacThb 3agaeT BEKTOpPHOe MoJe Ha (pa3oBOil IIOCKOCTU. JTO IIOJE
n3o0pa#eHo Ha puc. 22.
3A0AYA 1. JlokazaThb, 4yTO ¢a30Bble KPUBble — OKPY#HOCTH U UX LIEHTP.
PEIIEHUE. BekTop ¢a30Boii CKOPOCTU NEPIEHAUKYIAPEH paauyc-BEKTOPY.

3AJAYA 2. JlorasaThb, 4TO (pa3oBad TOUKa IBUETCA IO OKPY#HOCTH C IIO-
CTOAHHOH yTJIOBOI CKOpocThiO 1.

PENIEHUE. [lnuHa BekTOpa (a30Boii CKOPOCTU paBHa JJIMHe paJuyc-BeKTopa.
3AJIAYA 3. Haiitu pemenue ¢ HayanbHbIM yciaoBueM z(0) = a, z(0) = b.

PEMEHUE. CoriacHo npeaplaAyIllMM JABYM 3agadyaM, HY#HO IIOBEPHYTh BeK-
TOpP HavyalbHOTO ycloBuA Ha yroin t. [lonydaem

z1(t) = acost + bsint, x2(t) = —asint + bcost.

3AMEYAHUE. Takum ob6pa3oM, Mbl JOKa3aliu, YTO & COBepllaeT rapMOHUYeC-

3 x5

1 2

KHue KoleGaHuA, 1 YCTAHOBU/IU «3aKOH COXPaHEHUA SHEPrumy: BelndYrHa > + >

B/10Jb (a30BOii KpUBOIi IIOCTOAHHA.

3 3akaz Ne 117
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3ATAYA 4. Jloka3aTh 3aKOH COXPaHEHUA 3HEPruu > + —5 M CHCTeMBI
T1 = T2, T2 = —kx1.
2 k 2
2 . . L1
3AMEYAHUE. Benuuuna ~ HAa3BIBAETCA KMHETUIECKOH sHeprued, a —= —
MOTEeHIIUAJIbHOM.
3AAYA 5. JlokaszaTh, UTO WHTerpalbHble KpuBbie cucTembl (¢ k = 1) —

BHUHTOBEBIE JIMHHH.

16. IIpumep: MmaTeMaTuuecKuii MaaTHUK. PaccMoTpum HeBeco-
MblIii CTepsKeHb JIMHBI [, 3aKperieHHbI! B OJJHOM KOHIIE U HecyYIuii Ha ApY-
romM TouyeuHyro maccy m. O6o3HauuM 4depe3s € yrosn OTKIOHEHUA MaATHUKA
oT BepTuKanu. CorjacHo 3aKkoHaAM MeXaHUKH, YIJIOBOe YCKOpeHHe MaATHU-
Ka § IpOMOPLHOHAILHO MOMEHTY CUIbI Beca (puc. 23):

16 = —mglsiné.

rjge I = mlz — MOMEHT HHepHOHuHu (3H8P{ MHHYC oO0bAcHAETCA TEeM. 4YTO
MOMEHT CTPEMUTCA YMEHLIINUTD OTI{HOHGHHB).

A,
l o — T ~h
- [ ~
0 N Sagied vy N
Il Sl S S S S S 7 S
m P N S
TN el o~ -
R P
mg
Puc. 23. MaTtemaTtu- Puc. 24. Ilone ¢a3oBoii ckopocTH MagTHUKA
YeCKUl MagTHUK
Utak, ypaBHeHUe MaATHUKa uMeeT BUA § = —ksinf, k = g/l. Road-

¢unueHT k MO#KHO cJenaTh paBHbIM 1 BbIOOpOM MacuiTaba BpeMeHH. YpaB-
HeHue NpuHuMaeT Bujg f = — sinf.
(®azoB0o€e NPOCTPAHCTBO UMEET pa3MepHOCTh 2. 3a KOOPAUHATHI MOMHO

MPUHATH YToJl OTKJIOHEHUA £1 = 6 U YyTrIOBYIO CKOPOCTb X2 = 6. YpaBHeHUeE
NpUHUMAaET BUJl CUCTEMbI

3-71 = T3. 7’2 = — Sil’l.’L‘l.

IIpaBan yacTh 3ajaeT BeKTOpHOE MnoJe pa3oBoii ckopocTu. OHO U300pa-
#eHo Ha puc. 24.
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3AI0AYA 1. JJokasaTh, uTO Hayalo kKoopauHaT (1 = x2 = () U TOUKa
(1 = m, x2 = 0) ABAAIOTCA $a30BBIMU KPUBHIMH.

Buj ocTanbHbIX (pa30BbIX KPUBLIX MbI IOJPOOHO HCCIEAyeM B albHei-
mewm (§ 12).

3AMEYAHHE. I[Ipy manbpix yriax OTKJIOHEHHA Sinf 3KBHBajleHTEH
yray 6. 3ameHss sin 6 npubnuseHHbIM 3HaueHeM #, MbI CBOJIMM YpaBHEHUE
MafATHUKa K ypaBHEHUIO MalbiX Kojebanuii (1. 15). Bonpoc o Tom, HacKkonb-
KO BBIBOJIbl, C/lleJIaHHbIE NPU HCCJEJ0OBAHUM 3TOr'0 NMpOoCTeiillero ypaBHEeHN A,
NepeHoCATCA Ha MOJIHOe ypaBHEeHUEe MaATHHKAa, Hy#/J1aeTcd B clelnualbHOM
ucciefnoBaHuu. Mbl npoBesieM ero B panbHeiimeMm (§12).

17. Ilpumep: nepeBepHYTHINT MaATHUK. PaccMoTpuMm noBeneHue
MafATHUKa, MePEeBEPHYTOr0 BBepX HoramMu. B 3Tom ciyuae yroa 6 6au3ok
K 7, IO3TOMY €CTEeCTBEHHO BBECTHU YT'0J OTKJIOHEHUA OT BEPXHEr0 MOJIOHe-
Hud, ¥ = 6 — w. Toraa q,b = sint ¥ IpKU MalbIX 1 NPUOIUHEHHO

P = 1.

JTO ypaBHEHUE Ha3bIBaeTCA YpABHEHUEM (MANAbLT KOAeOaHUL» nepesepHymo-
20 masmuuka. Pa3zoBoe NpocTpaHCTBO AByMepHo. [[puMem 3a KoopaAMHATHI
xr1 = Y, x2 = . [lonyuyum cuctemy

Xr1 = T2, Lo = T1.

BexkTopHoe nose ¢a3oBoii ckopocTu n3o00paxeHo Ha puc. 25. Ero ¢asoBbie
KpUBbIe MbI MOAPOOHO HccieayeM B § 2.
18. IIpumep: maiblie KojebaHuA chepuuyecKkoro maaTHuka. Ot-
KJIOHEHUE OT BepTUKAIU XapaKkTepu3yeTcA ABYyMA yucjiaMu, T U Y.
YpaBHeHUA MalbIX KojleOaHUl UMeIOT, KaKk U3BECTHO U3 MeXaHUKU, BU/[I

r = —Z, Yy=-Y.

Pa3mepHocTh (a3zoBoro npocTpaHcTBa paBHa 4. 3a KOOpJAUHAThI B HEM IpPU-
HUMaeM 1 = &, L3 = T, T3 = Y, T4 = . YPaABHEHHUA 3aNNChIBAIOTCA B BU]E

1 = 9. L9 — —T1, X3 — &4, rgq = —I3.

HpﬂBaﬂ 4acCThb olipejnelideT BEKRTOPHOeE II0Jie B R4.

3AIOAYA 1. lorkasaTb, YTO (pa30Bble KpHBbI€ 3TOr0 MOJIA jJexaT Ha TpexMep-
HBIX cpepax xi + -+ + x5 = const.
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a0 ‘\0
Puc. 25. Ilone ¢a3oBoii ckopoc- Puc. 26. ®a3oBbie kKpuBbie chepu-
TU NepeBEPHYTOro MagTHUKA YeCKOro MafTHUKAa Ha TUIlepIo-

BEPXHOCTH INOCTOAHHOM 3HEPruu

3AIAYA 2. JlokaszaTb, 4TO (pa30Bbie KPUBbIE — OKPYH{HOCTHU OONBIINX KPYTOB
YKasaHHBIX cdep.

OpHako OKPY#KHOCTh He BCAKOro 60ib11oro Kpyra chepol — ¢da3oBaad KpUBas.

3AIAYA *3. JlokazaTb, UTO Bce (pa3oBble KpHBbIE Ha Ka[IOil TPeXMEepHOI
cepe canu oO6pa3yroT AByYMeEpPHYIO cdepy.

Tpexmepryio chepy S° Mo#HO npencTaBiAThL cebe Kak TpexMepHOe Mpo-
CTPaHCTBO R®, momorHeHHOe OHOH «6eCKOHEYHO ynaneHHoi» Toukoil. CienoBa-
TelbHO, pa3bueHue S° Ha OKpPY#HOCTH omnpepenseT pasbueHue R®> Ha okpymHOC-

TH U OJHY He3aMKHYTYIO KPUBYIO («yXooAmyio o60MMH KOHIIaMH Ha OeCKOHeu-
HOCTBY). DTO pa3bueHne U306paxeHo Ha puc. 26.

3A71A4A™4. IIpoBepUTh. UTO JIOGBIE IBE U3 OKPYKHOCTEH YKa3aHHOI0 pa3bu-
eHUsA 3aliellJieHbl Mexay coboii ¢ Ko3dulieHTOM 3allelJieHUsA, paBHbIM eJUHUIle
(ko3 PUNMEHT 3alelIeHUA YKa3bIBaeT, CKOIbKO pa3 O[Ha U3 KPUBBIX IepeceKaeT
IJIeHKY, 3aTATMBAIOLIYIO IpYTrylo, IpUYeM TOUYKM IlepecevyeHusl yYUThIBAIOTCH CO
3HaKaMHu).

8 2. BekTOpHBIE MOJA Ha NPAMOH

B sTom naparpade ucciaenyerca auddepeHuuaibHOe ypaBHEHUe, 3a-
JaHHOe BEKTOPHBIM I10JeM Ha NPAMOI, U CBOAALIMECA K HEMY ypaBHEHUA
C pa3felArIUMUCA epeMeHHbIMU.
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1. CymecTBoBaHie U eJUHCTBEHHOCTh pemneHuii. Ilycth v —
rnankas (HempepbIBHO quddepeHnupyeman) GyHKINA, 3alaHHad Ha UHTep-
Balie U BellleCTBEHHOI1 OCH.

Teopema. Pewenue ¢ ypashwenus & = v(x) ¢ HAYAALHBIM YCA08U-
en (to, o)

1) cywecmesyem dasn awbvix t € R,z € U;

2) eduHcmeeHHO 8 MOM cMbicae, LMo A00ble dea peuleHus ¢ OOGULUM
HAYAAbHbIM YCA0BUCM COBNAOAIOM 68 HEeKOmopoll okpecmHocmu moiku ty;

3) daemca dopmyaoti bBappoy:

w(t)

— = ﬁ ecau
t t(} = / f) . ’U(ZEO) 75 0,

o, ecau v(xrg) = 0.

Zo

e(t)

HOKA3ATEIBCTBO.

[lycTb £y — He mojoxeHue paBHoBecud. B § 1 MbI Bujenu, 4to: 1) pe-
IIIeHNe JaeTCA B OKPECTHOCTU TOUKHM ty hopmyioit Bappoy, 2) onpenenennas
3TON (opMyiioli QyHKIYA ¢ ABIAETCA pellleHueM U yJI0BleTBOpAeT Havyallb-
HOMY YCJIOBHIO.

B cnyuae, korja xoy — moloxkeHUe paBHOBecuA, GyHRUUA ¢(t) = xg
TaK#e OYEeBUJHO fIBJIAETCA pelleHueM, U TeopeMa JoKa3aHa.

3AJAYA 1. YrasaTh npo6Gel B IoKka3aTelbCTBE.

2. Onposepraromuii npumep. Ilycts v = £2/3 (puc. 27). JIBa pe-
menua @1 = 0, w2 = (t/3)% ynoBnerBopAlOT 06LIEMY HayalbHOMY YCIO-
Buio (0, 0), BONpeKy yTBEP#IAEHUIO O €JUHCTBEHHOCTH.

Koneuno, pyHkIua v He quddepeHnupyemMa, Io3TOMYy PUMeEp He OIpo-
BepraeT yTBep:#JeHrue TeopeMbl. OHAKO NpUBeJeHHOE I0Ka3aTelbCTBO He
MCI0JL30Balo IIaJKoCTH v: OHO NPOXOAUT M B TOM ciyyae, Korja QpyHK-
NuA v JUlIbL HenpepbiBHA. ClieloBaTelbHO, 3TO JOKA3aTelbCTBO HE MOMKET
OLITH BepHBLIM. U JeiicTBUTENLHO, yTBEPM#ACHNE O eIMHCTBEHHOCTH ObLIO
JI0Ka3aHo JHIIb NpH yciaoBUU v(xg) # 0. Mbl BUguM, 4TO eciu noje v ITULIb
HenpepbIBHO (a He quddepeHnupyemMo), To eAMHCTBEHHOCTU PelleHuii ¢ Ha-
yaJbHBIM YCJIOBHEM B IOJOKEHUU PaBHOBECHA MOeT W He ObIThb. OKasbI-
BaeTcA, 21adkocmy v 2apanmupyem eJuUHCMBEHHOCMb U 8 9MoM cayiae (CM.
. 3 HUMKe).
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A [IpuBeJeHHbIl NpUMep MOHO OINKCATh elle

/117Y11117111f1] tak: npu nBUmEHHU cOo cKopocTbio v(x) = x2/3

/1177477777747 momuo nonacts B nonoxenue pasHopecud (z = 0)
/177777 13 Jpyroil TOUKHW 3a KOHEYHOE BpPeMH.

P A g

PP B §1 MbI paccMoTpeny ABUKEHUE B JUHEN-

(s HOM nouie (co ckopocThbio v(x) = kx). B aToMm ciy-
IJ11117110/11777 yae JIIfl TOro, YTOObI MPUITH B IOJIOKEHUE PABHO-
IN11711710 1171 Becuf, TpeGoBanoch GeCKoHeYHOe Bpems (Hampu-
Puc. 27. llpumep Heequn- Mep, eciu v(x) = —x, To (pa3oBasA ToUKa NpUOIU-
CTBEHHOCTH JKAETCA K MOJOEHUIO PABHOBECHUSA TaK MeJIIIEHHO,

YyTO eil B JIt0OOK MOMEHT OocTaBajJloCchb ObI O HEro
IBUTraTbCA BpeMA, paBHOe 1, ecin Obl ee CKOPOCTb mepecTajla MEeHATbCA
B 3TOT MOMEHT).

[IpuurvHa HeeqUHCTBEHHOCTU B ciyyae v(x) = = COCTOUT B TOM,
YTO CKOPOCTH HEJO0CTATOYHO ObICTPO yObIBaeT MPU IOAXO0J€e K MOJOMEHUIO
paBHOBecusA. 3-3a 3Toro peiieHue U ycrneBaeT BOUTHU B 0cOOyIO TOUKY 3a
KOHEYHOe BpeMH.

3. JokaszaTeabcTBO eAUHCTBeHHOCTU. llpeanonoxum, 4yto ¢ —
pelieHne ypaBHeHUA & = v(x) ¢ riaagkoii mpaBoii yacTbio v. [lomycTum,
uTo (tg) = T¢ — NONOHEHUEe paBHOBecUA, p(t1) = X1 — He MONOHEHUe
paBHOBecuA (puc. 28). Ha oTpeske memay to u t; paccMOTpUM GiuKanIInii
K {7 MOMEHT BpeMeHU tz, B KOTOpbIi v(p(t2)) = 0. A nwob6oit Touku i3
Meay to u t; umeeM no dopmylie bappoy

2/3

t3 —t1 = %a r3 = @(t3).

1

FEcau dynryua v enadrkana, mo unmezpas cmpemumcs k OGecKoHeiHOCMU,
koeda xsz cmpemumcs K Ta. JleicTBUTENbHO, TAHI'€HC yTJa HaKJIOHa XOp[
rpaduKa riagkoil Ha oTpe3ke (GYHKIUM orpaHuuyeH (puc. 29), moatomy
lv(€)| < k|€ — 2|, rie mocToAHHasA k He 3aBUCUT OT TOUKHM & OTpe3Ka |1, T2]
(ycnoBue orpaHMYeHHOCTU HaKJIOHa Xopa rpadbuka (GyHKIUU Ha3bIBAIOT
ycaosuem Junwuya, a yucno k — nocmoannotl Junwuya). Utar,

T3 p
lts — t1] > /—k(g—gmz) .

Ty
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HOCHE‘,JIHHFI HHTerpal JJerkO BbIYUCIIUTb, OH CTPEMHUTCH K 66CROH€'—IHOCTH,
Rorjga rsg CTpeEMHUTCH R T2. B sTom nerko YGG,[U/IT]::CH N He BBIYUNCIIAA UHTEeI-
paJia: Belb OH paB€H BpeEME€HHN [ABUMMEHUA MeEMmAYy IBYMA TOYKaAMU B JIIMHEen-
HOM I10JIe, a 3TO BpeMA CTPEeMUTCH K 0eCKOHEeUYHOCTH, Korja oJHa U3 TOYEK
CTpeMHUTCH K IIOJIOEHUIO paBHOBECHHA.

v
f”
Xy A £
< o
\\\\
Puc. 28. JlokasaTenb- Puc. 29. Ycaosue Jlun-
CTBO €JUHCTBEHHOCTH HIMIa

UTak, yucino |t; — t;1| 6oabiie n060ro Hanepesa 3agaHHoro yucia. Yu-
cell, 6oabuIuX Noboro, He ObiBaeT. ClejoBaTellbHO, pellleHre ¢ HadyalbHbIM
yCJlOBUEM B IOJIOMKE€HUM paBHOBECHUA He MOMET NMPUHUMAaTh 3HAYEHUi, He
ABIAIOIINXCA NoJoxeHUAMHU paBHoBecusa. Crano ObITh, ecau ¢(ty) — no-
noxeHne paBHoBecus, To v(¢(t)) = 0 npu Bcex t. CremoBatenbHo, ¢ = 0.,
T.€. (¢ — KOHCTaHTa. EIMHCTBEHHOCTh JOKa3aHa.

3daMeTHM, 4YTO OCHOBHBIM B IPUBEAEHHOM JOKas3aTeJlbCTBe ObLIO cpaB-
HeHUe [IBUKEHUA B rlIaJKoM MnoJie v ¢ 6osiee ObICTPLIM JBUM#EHUEM B IOJ-
XoJA1IeM JUHEeHHOM noJie. [liAa nmocieqHero ABueHUA BpeMA BXoAa B [0JIO-
#eHre paBHOBecUf 6ECKOHEUHO, cllefjoBaTelbHO, OHO TeM 06ojiee 6€CKOHEUHO
A 6ojee MeAJIeHHOrO JIBUMEHUA B UCXOJHOM IIOJIe.

3AZAYA 1. MoryT nu MHTerpaibHble KpUBbIE IIaJKOr0 YpaBHeHUA & = v(x)
cOonukaTbeA npu t — +00 ObICTpee, YeM 3KCIIOHEHITUAIBHO?

OTBET. I‘]‘EJT,| €CJIM OoJHa M3 HUX OTBevyaeT ITIOJNOMEeHHNIO paBHOBECHA; Ja —
B IIPOTHUBHOM cCJIy4ae.

3AIAYA 2. BepHa n1u TeopeMa eIMHCTBEHHOCTHU B clly4yae, Korja IpOU3BOII-
HafA QYHKLUHU v cyllecTByeT, HO pa3pbIBHA?

OTBET. /la.

3ATAYA 3. [loka3aTh, 4TO 1JIA €IMHCTBEHHOCTH pellleHUA ¢ HayalbHbIM yCJO-
[de

v(§)

BHUEM (o AJOCTaTO4YHa pacXogHMMOCTb B o MHTerpaia /

o
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3a1A4A 4. IlokasaTh, 4TO [JIA €IMHCTBEHHOCTH J0CTATOYHO, YTOGBI QyHK-
uuA v yaoBieTBopana yciosuio Jlunmuna |v(x) — v(y)| < k|z — y| npu Beex z, y.

3AIAYA 5. [lokaszaTb €AUHCTBEHHOCTb YIOBJIETBOPAIOLIEr0 HadalbHOMY
ycnoBuio ¢(tg) = xo pemeHus ypaBHeHus & = v(t, x), roe v — raaakaa GyHKIUA.

YkaszaHue. 3aMeHOI x Ha & — ¢(t) cBeCcTU pelleHHe K HYIeBOMY U 3aTeM
CpaBHUTH I0Jle HanpaBleHUil ¢ MOAXOAANIUM JUHEHHbIM. JTO CpaBHEHUE [10Ka3bl-
BaeT €IMHCTBEHHOCTh MpHU 11060 pazaMepHOCcTH $a30BOro nNpocTpaHCTBa.

3ATAYA 6. [lokasaTb, 4TO (a3oBble KpUBBIE CHUCTEMblI XUINHUK-KepTBa
(§1, m. 12) He mepecekalOT KOOpAMHATHBIE OCH (HampUMep, NEPBOHAYAIBHO IIO-
JOKUTENbHOE YKCIO Kapaceil He MOKeT CO BpeMeHeM CTaTh OTPHUIATENbHbIM).

3AIAYA 7. JlokasaThb, UTO BCAKME [Ba pelleHus ypaBHeHuA & = v(x) ¢ riaa-
KO v, yIOBI€TBOpAOI[Ke 001[eMy HayalbHOMY YyCJIOBHIO, COBIAAAIOT BCIOAY, I'l€
o6a ompeeneHsl.

4. IIpambie npousBegeHUuA. PaccmoTpum aBa auddepeHnualibHbIX
YpaBHEHUA:

i‘l = ’U]_(ﬁl), I - Ul; (1)
.’f,'z = ’Uz(l‘z), To € Uz. (2)

IlIpamvim npoussedenuem 3TUX ypaBHEHUII Ha3bIBaeTCA CHUCTeEMa

.’i,‘l = ’01(371),
3
To = ’02(332)9 ( )

¢a30BLIM IIPOCTPAHCTBOM KOTOPOIi ABIAeTcA npAaMoe npousBegenune U da-
30BBbIX NMpOCTpaHCcTB ypaBHeHuii (1) u (2). U3 onpeneneHus HenocpeacTBeH-
HO BBITEKaeT

Teopema. Pewenus ¢ dufdepenyuarvrozo ypasnenusn (3), asaaowe-
2ocs npamvim npoussedenuem ypasvenuil (1) u (2), — amo omobpaxcenus
w: I — U suda p(t) = (p1(t).p2(t)), 20e 1 u py — pewenus ypasnenuil
(1) u (2), onpedeaernvie Ha o0HOM U MOM JHce UHMeEPBaA.Le.

B yacTHOCTH, nycTh (a3oBble npocTpancTBa Uy u Uy ogHOMepHBI. Tor-
lla Mbl YMeeM peniaTh Ka#aoe u3 ypaBuenuii (1) u (2). CiemoBaTenbHO, Mbl
MO3€eM fIBHO PELIUThb U CUCTEMY ABYX nuddepeHuanbHbIX ypaBHeHui (3).
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A vMeHHO, 10 TeopeMe 1. 5 §1 pemeHne ¢ ¢ ycioBuem (tg) = o MOMKHO
HaliTU B OKPECTHOCTU TOYKHU t = to U3 COOTHOLIEHUI

w1 (t) pa(t)

de =t—1tg = i

v1(§) v2(§)’

x1,0 2.0

ectu v1(x1,0) # 0 # v2(x2,0)-

Eciu v1(x1,0) = 0, TO mepBoe cCOOTHOLIEHHE 3aMEHAETCA Ha 1 = 1,0, @ €C-
nu vz (x2,0) = 0, TO BTOpoe — Ha p2 = x2,0. HakoHen, eciu v1(x1.0) = v2(x2.0) = 0,
TO Zo — 0cob6asg TOYKa BEKTOPHOIO II0JIA v U MOJIOM#EeHe PaBHOBECUA CUCTEMBI (3):
(p(t) = Zo.

5. IlpuMepsl NpAMBIX Npou3BeaeHUii. PaccMoTpuM cucTeMy ABYX
ypPaBHEHU 1

(xo = (21,0, T2,0)),

3'31 = I, :ilz — k:l:z.

3AIAYA 1. HapucoBaTh COOTBETCTBYIOI[ME€ BEKTOPHbIE IOJA HA IIOCKOCTH
mpu k =0, +1, Y,, 2.

Mpb1 yse peliniv KamJoe U3 JBYyX ypaBHeHUIl B oTaelbHocTU. UTaK,
pellieHNe @ ¢ HaYalbHBIM yCJIOBUEM ¢(ty) = xo UMeeT BUJ

p1 = 3?1,0€(t_t0)a Y2 = ﬂfz.oek(t_t(’)- (4)

CliegoBaTellbHO, BIOJIb Ka#Joil (a3o0Boil KpUBOH & = <,o(t) nMeeM Judo
|z2| = Claq|”, (5)

rage ' — mocToAHHaA, He 3aBUcAlIan ot t, 1ubo 1 = 0.

3AJIAYA 2. flBaseTcsa nu KpuBas Ha (Ha3oBOi MIOCKOCTH (x1,:x2), 3agaHHaA
ypaBHenueM (5), $pa30Boii KPUBOWT

OTBET. Her.

CewmeiicTBo KpuBbIX (9), rae C € R, umeet pa3Hblii BUJl B 3aBUCUMOCTH
oT 3HauyeHuA napamverpa k. Eciu k > 0, To 3170 — cemelicTBo «napabou’
¢ nmokasateneMm ky». Takue mapabosibl KacaloTcA Ocu 1, eciu k > 1, win
ocu x3, eciu k < 1 (puc. 30; npu k = 1 nonydaetcAa cemMeiicTBO MPAMBIX,
MPOXOAAINUX Yepe3 Hayajlo KoopauHaT). Pacnonoxenue ¢a3oBbIX KPUBBIX,

lHacTtoAamue napa6oab! nonyyaioTcd aumb npu k=2 u k = 1/2.
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Puc. 30. ¥Y3unb1: ¢a3oBble KpUBbIE CUCTEM &1 = 1, £2 = kxe nna k>0, k=1
5 O i<l Sl |

S

\ “ CrmlEms
Puc. 31. Cenno: ¢daszo- Puc. 32. ®a3zoBrIe Puc. 33. ®a3zoBrlie
Bble KPUBBIE CHCTEMbI KpPUBbI€ CHCTEMBI KpUBbIe IIEpEBEPHY-
T1=x1, L2=kx2, k<0 r1=x1, £2=0 TOro MafgTHUKAa

n3o6paxeHHoe Ha puc. 30, HasbiBaeTcA yaaom. [lpu k < 0 kpusble (5) UMeIOT
Bua runep6on’ (puc. 31) u 06pa3yloT B OKpPeCTHOCTH Havala KOOPAUHAT
cedao. Ilpu k = 0 kpuBble (5) npeBpamamTcA B npAMbIe (puc. 32).

U3 ¢popmyn (4) BUIHO, YTO Kamjgana ¢asoBad KpUBafA JEHUT LEIUKOM
B OJJHOM KBajipanTe (MM Ha KOOPAMHATHOM MOJYOCH, WJIK COBIajaeT ¢ Haya-
JIOM KOOpJAMHAT, KOTOpoe Npu Bcex k sABinfAeTcA ¢as3oBoii KpuBoii). CTpenku
Ha pUCYHKaxX yKa3blBalOT HalpaBlleHNe JIBUKeHUA TOUYKHU ¢(t) npu Bo3pac-
TaHuu t.

SATAUYA 3. I[OP{aH{HTe, yTO KaxiJaad u3 napadon xrs = a:% (k = 2) COCTOUT U3
Tpex ¢a30BbIX KpuBbIX. OnuiKuTe Bce Ga30oBbie KPUBbIE IIPU APYTHUX 3Ha4YeHUAX k
(bt A = B el P B = VR RO

NHTepecHO npocieqUTh, KAK OJJUH PUCYHOK IIEPEeXOUT B JPYyroii Ipu Hemnpe-
PHIBHOM H3MeHeHUH k.

lHacToamue runep6ossl noayyaioTca aumb npu k = —1.
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3AIAYA 4. Hapucyiite y3en, coorBeTcTBytomuii k = (0,01, u ceano, cooTBeT-
ctBymomee k = —0,01.

3AIAYA 5. PemuTh ypaBHeHUE NepeBEPHYTOr0o MafgTHUKA £1 = T2, L2 = X1
Y HapucoBaTb (pa30Bble KpUBLIE.

PEIIEHUE. BBenem Ha ¢a30Boii IIOCKOCTH HOBble KOOPAMHATBI: X = x1 + %2,
Y = x1 — x2. Cuctema pacnamaeTcA B NMpAMOE MPOU3BE/IEHUE: X = X, Y =-Y.
Ha mnockoctu (X, Y) ¢dasoBele KpuBble 06pa3yioT celio, kak Ha puc. 31. Cie-
JI0BaTelbHO, Ha IJIOCKOCTH (X1,%2) TaKke moiaydaem cemio (puc. 33). Orcrona,
B YaCTHOCTH, ClI€yeT, YTO npu OaGHHOM OMKAOHEHUU MAAMHUKA OM 8epMUKAAL
cyujecmeyem 00HA U MOALKO 00HA HAYAAbHAA CKOPOCIMb, NPU KOMOPOU OH ACUMN-
Momuy4ecky npubAuHcaemca ¥ 6eprremy noaoxenuio pasnosecusn npu t — +oo (co-
OTBeTCTBYIomasn (a3oBafd KpuBasg — MNPAMOIUHENHHbIN nyd, Bxogamuii B ). Ilpu
MeHbllle WiIu Oosbllell HavyalbHOM CKOPOCTHU MaATHUK NanaerT aAub0 He OOWIA
[0 BEpXHero MojoeHuf paBHOBecus, 1160 nepeBalvBIIMCL Yepe3 Hero (CooTBeT-
cTByMONe ¢a3oBble KPUBbIe — IMOJOBUHBI TUIIEp6OI).

Pemenusa umerotr Bug X = Xoe!, Y = Yoe %, otkyna x1 = Ae' + Be ™ =
= a cht + b sht, zo = Aet* — Be™* = a sht + b cht.

6. ypaBHEHI/IH C pa3daciiAiouaimMMHCH IIepeMeHHbIMH.

OnpeneneHue. YpasHeHuem ¢ pasdesfaoujumuca nepemeHHvlMU Ha3bI-
BaeTCA ypaBHEHUE

dy _ f(y)
de g(z)

(6)

Mg 6yneM npenmnosnaraThb, 4To f U g — riaaakue GyHKLUU, He oOpallia-
romuecda B () B paccMaTpuBaeMoil 06s1acTu.
PaccMmoTpuM HapAaay ¢ 3TUM ypaBHEHUEM CHCTEMY

i=g@), =) (7)

Teopema. QDasoevie kpusvie cucmemst (7) ABAAIOMCA UHIMEZPANLHBLMU
kpussimu ypasrenua (6), u, o6pamuo, unmezpasvHbvie Kpussvie ypasHerus (6)
asasaomea Gasosvimu KPUSHLMU CUCITIEMbL.

JTOKA3ATEJIBCTBO.

TaHreHc yria HakjJoOHa BeKTopa ()a3oBOii CKOPOCTH K OCH I €CThb
f(y)/g(x). 3uauut, pasoBas KpuBaA CUCTEMBbI B Kam/J0i CBOeil TOUKe Ka-
caeTcs I0Jid HalpaBJeHUli ypaBHEHNH.
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Ob6paTHOo, MycTb [JaHa WHTerpaibHaAa KpuBasa ypaBHenusa (6). Torpga
Ha Heil MO#HO BbIOpaTb napameTp { Tak, YTO MapaMeTpUUYeECKOe ypaBHe-
HUue KpuBoii OymeT = = ¢(t), y = (t), npuuem GyHKRLUA  — pellle-
Hue ypaBHeHUua & = g(x) (3mecb ucnonb3yetrca ycioBue g # (). Bropas
KoopJMHAaTa v TOYKU C NapamMeTpoM t y[IOBJIETBOPAET Torja COOTHOIIe-

Huto (dyp/dt)/(de/dt) = f(1p(t))/g(p(t)), T.e. ABNAETCA pelIeHNEM ypaBHe-
Hua § = f(y). CregoBaTenbHo, Hala KpuBaAd — ()a3oBafd KpUBaf CUCTEMBI.

Teopema. Pewenue ypasnenus (6) ¢ HawasvHbim ycaosuem (g, Yo)
cywecmeyem, eduncmeernno' u daemca gopmyaoti

A _ [ dn
. g(E)—y f(n)

T

JTOKA3ATENIbCTBO.

JdTo cienyeT U3 MpenblayIeil TeopeMbl U GOPMYI [UIA pelleHUdA ypaB-
HeHuit © = g(x) u y = f(y) c HavaabHbIMU ycnoBuamu (tg,zo) 4 (to,yo)
COOTBETCTBEHHO.

3AMEUYAHHE. «MHeMOHMUYeCKOe» MPaBUJIO pellleHUA ypaBHEHUA C pa3-
OeJIAI0UUMUCA IeEpEMEHHBIMU COCTOUT B TOM, YTOOLI paccMaTpuBaTh U Jie-
BYIO, U MIPaBylO 4YacTy ypaBHEHUA KaK [poOU U MepeHecCTU «BCE UJIeHBbI C T
B OJHY CTOPOHY, @ BCE WIEHHI C §y B JAPYTYIO»:

d,
glx)  f(y)
Hocne IATOro ((HpI/IpaBHI/IBaHI/Ie I/IHTel"pEl.TIOB» JaeT UCKOMOe€e COOTHOIIIeHne
d
Me/Iy & U Yy B BUJIe paBeHCTBa / dz_ _ [ 2Y + C naAa nepBoo6Gpa3HbIX
g(x) f(y)

HJIM B YRa3aHHOM B TeopeMe BUulie — IJIA ollpeJel]IeHHbIX MHTerpaloB.

Paszymeercs, 3T0 «<MHEMOHHMYECKOE» MPABUJIO ABIAETCH, IPU €ro MpaBUib-
HOM TNOHHUMAaHWH, BIIOJHE CTPOTMM BBIBOJOM (GOPMYIbI AiA peieHud. JelcTBu-
TelbHO, cooTHomeHUe (8) o3HauaeT pasencmeo 3navenull deyxr duddepenyuans-
Hblx opm Ha ao6om eexmope, Kacawowemcs unmezparviol kpusol ypaenerusn (6)
(1 o6paTHO, KpUBaf, Bce KacaTelbHbIe BEKTOPbl KOTOPOi YyOBIETBOPAIOT COOT-
HomeHuo (8), ABIAETCA UHTerpalbHOi 1uA ypaBHeHud (6)).

UuTterpansl ¢opM B 1€BOii U B NpaBoii yacTAX ypaBHeHus (8) mo ogHOMY
OTpe3Ky MHTerpaibHOil KpUBOil ypaBHeHUd (6) paBHbI (Tak Kak B ONpeJeleHNH

1B TOM CMBICJIEe, UTO BCAKHE [IBa TaKHeE PEII€EHUA CoBIlagaroT TaM, Ir'ie oba ornpenaelieHbl.
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WHTerpaia BIOJb KPUBOI y4yacTBYIOT JHIIb 3Ha4eHUA GOpMbI Ha KacaTelbHbIX
BEKTOpaX KPHUBOI, a Ha 3THMX BEKTOpaxX 3HauyeHUA ¢opM coBmajaoT). Hakower,
uHTerpan ¢opmsl dx/g(x) BOonb oTpe3ka KPUBOIl paBeH OOBIYHOMY HHTErpaily
¢byHknuu 1/g BOOIb NPOEKIHUH 3TOr0 OTpe3Ka Ha 0Chb T, U aHaJOTUYHO 1A ¢op-

msl dy/ f(y).

®opmyna (8) HaspiBaeTCA WHOrOa cummempuinoll gopmoil 3anvcu ypaBHe-
HuA (6).

3A1AYA 1. HapucoBaTh HMHTerpaibHble KpHUBble ypaBHeHuil dy/dx = y/x.
z/y, —y/z. —x/y.

3AJAYA 2. HapucoBaTh MHTerpaibHble KpuBble ypaBHeHuil dy/dz = Ic:z:“y*@,
siny/sinz, sinx/ siny.

3AZIAYA 3. HapucoBaTh (da3oBble KpUBble ypaBHEHUA MafATHUKA & = Y,
Yy = —sinz.

Yraszanue. PaccMoTpeTh ypaBHeHHEe C pa3IelAlIUMUCA [epeMeHHBIMU
dy/dx = —(sinz)/y.

7. llpumep: mognenb Jlorka—BoabTeppa. B n. 12 §1 mb1 pac-
cMaTpHUBalld MPOCTEHIIYI0 MOJelb B3aMMOAEHCTBUA Y XMUIMHUKOB (IIYK)
1 x #epTB (Kapaceii):

T = kx — axy, gy = —ly + bxy. (9)

Ho Mp1 He cmorau HapucoBaThb (I)EISOBBIB KPHUBBIE.

Teopema. Dazosvie kpusvie cucmemst (9) 3amrHymote (puc. 34).

NNOKA3ATEJIBCTBO.
da3oBble KpUBbIE€ CHCTEMBI (9) COBIIA/IAIOT C UHTerpajlbHbIMU KPUBBIMU
dy y(bx — 1)
ypaBHeHHH C pa3ﬂeJIHIOL[[PIMHCH HepEMEHHbIMI/I —_— = —— HJIN C (1]830—

dz  z(k — ay)
BLIMM KPMBLIMU yPaBHEHUA-TIPOU3BEJEHNA

de _ dy _ _y
dr  bx -0 dr k- ay

(B obnactu, rae «, y, bx —l u k — ay ornuuubl ot 0).
k—ay bx — 1
g W= =
rie p = bxr —llnx, ¢ = ay — klny. I'papuru dyHruuii p u ¢ umerOT

CnegoBaTenbHO, dx + C wnu p(z) + q(y) = C,
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AY \P Aq g
N2
vor | | ©
Yy
Yo/
‘ - Ly x Yo Y xn/ X
:I:G - - 2=
Puc. 34. ®a3zoBbie Puc. 35. IlocTtpoeHue ¢$a3oBbIX KPUBBIX MOJIeNIU
KpUBbIe  MoOJelu Jlorka — BoabTeppa

Jlorka— BoabTeppa

Buja AM. [loaTomy u rpaduk ¢pyHKIUM p + g uMeeT Bua AMbI (puc. 35). Cie-
JoBaTellbHO, TUHUU YPOBHA GYHKIUU P + ¢ — 3aMKHYTble KpuBbIe. Jlerko
NPOBEPUTH, UTO ¢a3oBble KpUBbIe YpaBHEHUA (9) HE TONBLKO MPUHAJJIEHKAT
JUHUAM YPOBHA p + ¢, HO U COBIajalT ¢ HUMH; TeopeMa JloKa3aHa.

N3 3aMKHYyTOCTH (ha30BbIX KPHUBBIX cllelyeT, YTO KoJMYecTBa Kapacei
U YK B Mojenu JloTka—BonbTeppa MeHAIOTCA cO BpeMeHeM NePUOANYECKH.
Ilepuion KonebaHuii 3aBUCUT OT HayaJdbHOrO YCIOBUA.

3A0A4YA 1. JlokamuTe, 4TO nepuoj konebanuii B Mmonenu Jlotka— BoabTep-
pa (9) ctpemutca K 6€CKOHEUYHOCTH, KOTr[a HayajlbHOE YCIOBHE MPUGINKAeTCA
K Touke (0,0).

3AMEYAHHE. MaTemaTuyeckoe cTpeMieHre K 6€CKOHEUHOCTU HY#KHO OTIU-
yaTh OT ¢usuueckoro. Hamnpumep, 1/¢ npu € — () [eHCTBUTENILHO CTPEMHUTCA
k 00 (manpumep, npu € = 10~ ° Bemmuuna 1/e peiicTBuTenbHO Benuka). B To
#e BpeMA |Ine| npu € — (0 npakTHYeCKH OCTaeTCA OrpaHUYEHHBIM (HampuMmep,
npu € = 10~° sT0 Bernuuna nopsaaka 10). [lpakTuyecku ¢ torapudMaMy B aCHMII-
TOTHUKAX 4acTO MO}HO oOpalmarbCcA KaKk ¢ KOHCTaHTaMU.

3AIAYA 2. Kak cTpemuTrcA K 6€CKOHEYHOCTU Nepuoj KojlebaHHII B MoJeau
Jlorka— BonbTeppa (9), Korjga HavyanbHOE yciloBHe uMeeT BUA (Xo,€), € — 07

OTBET. Jlorapudpmuuecku.

PaccMOTpUM HEKOTOpPbhIE BBHIBOABI M3 HALIMX BBIYKUCIEHUI.

Ina cuctemer Jlorka—Boabteppa (9).

1) CymecTByeT (1 equHcTBeHHO npu x > 0, y > () nonoxeHne paBHO-
BecuA (g, Yo)-

2) KonuuecTBa Kapaceil U I[yK MpY HEPaBHOBECHBIX HAYAlIbHBIX YCIO-
BUAX MEHAIOTCA CO BpEMEHEM IepPUOAUYECKH.

3) ®a3zoBbie KpHBbie cUCTEMbI (9) 3aMKHY THI.
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3aMeTHUM, 4YTO Halla MofAelb BPAMA JIM MOKET IpeTeHJ0BaTh Ha BIOJI-
He TOYHOe ONucaHue AeiiCTBUTEIbHOCTH, Jla#e eclii ocTaBaTbCA B paMKax
IByMepHoro ¢a3oBoro npocrpanctBa. Hanpumep, naxe B oOTCyTCTBUE YK
npu O0JbIIOM YHCIE Kapaceil CKOPOCTb Pa3MHOMEHUA NOJ#HA YMeHbIlIaTb-
cAl, MHaye KapacAM He XBaTUT IpyJa, 4 T.A. Mbl Mo#keM AyMaTb MO3TOMY,
yTO OoJiee TOYHAA MoOJellb UMeeT BUJl

i =x(k —ay + cf(z,y)),

§ = y(—1 + bz + eglz, y), (9e)

roe zef u yeg — oTOpOLIEHHbIE NPU WAealu3aluyd Malble NONpaBKU K Ha-
et Mojenu (mompaBKa B & JeJUTCA HA &, TAK KaK CKOPOCTb pa3MHOMEHUA
Kapaceit paBHa (, ecaiu ux yucio paBHo (; 1Mo 3Toi #e NpUUKMHE MOINpPaBKa
B ¢/ AenuTcA Ha y). Mbl Gynem cuutaTh f U g riaikuMu QYHKIUAMU (CTPO-
ro roBops, 3Jlech U Jajiee paccMaTpUBaeTcA orpaHUYeHHad 4acTb (Ha30Boi
IJIOCKOCTH, TaKk KaK JJA MaJlOCTHU MONPaBOK IPU 0OYeHb OONLIINX 3HAUYEHUAX
KOOpJMHAT HET OCHOBAaHMIl).

Mg1 6yqemM Ha3bIBaTh CBOMCTBO Mojenu (9) epyboim, eciii oHO (UK aHa-
JIOTMYHOe eMy OIM3K0e CBOICTBO) UMeEeT MEeCTO U 1A BCAKOI cucteMsl (Y. ),
MpU J0CTATOUYHO MAaJbIX €.

PaccMoTpuM ¢ 3Toii TOUKM 3pEeHUA clelaHHble BbIle BEIBOOHI 1)-3).

Teopema. Y cucmemwvt (9.) umeemcs 2nadko 3asucsauiee om Maro2o €
noaosxcenue pasnoeecun x(c), y(e) mawroe, ywmo x(0) = x9, y(0) = yo —
nosodcenue pasHosecusn cucmemvt (9).

JTOKA3ATEJIBLCTRBO.
IIo Teopeme o0 HeABHON (GYHKIUHN CHCTEMAa YpaBHEHUII OTHOCHUTEIb-

HO T, ¥
F(z,y,e) =0, G(z,y,e) =0

MeeT IJaJKo 3aBUcAllee OT Majoro € pemenue (z(e),y(e)) obpamaroiieecs

D(F,G
B (xo, yo) pu € = 0, eciu OTIANYEH OT HYNA AKOOUaH J = DIF,G) .
D(:L" y) (:EO'JyOaO)
B namewm cinyvae F' =k —ay +¢f, G = —l + bx + €g, cienoBaTelbHO,
J = |g _U“| # (0, yTo U TpeboBaioCh 10Ka3aTh.

Utak, BbiBog 1) rpy6: mojoxeHHe pPaBHOBECHA MMEETCA HE TONbKO
y cuctemsl (9), HO U y BcAKo# 6nu3Koit cucteMsl (9¢).

HanpoTus, BeiBoIbI 2) u 3) HerpyObl. [leiicTBUTENLHO, QYHKIMA NOCITE-
noBauuA A cucteMsl (9) umeet Bug P(A) = A. Jlna 6nuskoit cucteMsr (9 )
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rpadpur QYyHKIUU NoclieJoBaHUA OyneT OJU3KUM K AUaroHajiaud, HO He o0A3a-
TeJbHO OYyIeT coBnajaTh ¢ Heil. B 3aBucMMoOCTH OT Buja Bo3MylleHuii f u g
auarpamMmma JIamepeﬂ MOKeT OBbITh pacIiojJiosieHa BbIIIE WU HUMEe JuaroHa-
JIU UJIY NlepeceKaThb €€ B OJJHOM UM HECKOJbLKUX TOUKaX., COOTBETCTBYIOIIUX
YCTONYMBBLIM U HEYCTONUYUBBIM I[UKJIaM.

CrnenoBaTelbHO, 6b1600bL 0 3AMKEHYMOCMU (PA306blT KPUBHIT U NEPuoduy-
HOCMU K0A1e0aHUA YUCAEHHOCU Kapacel u wyk ¢ amnaumydoll, 3asucauell
0m HAYAALHBLT Yca08Ull, HezpyObl, XOTA y OMU3KOM cucTeMbl (9.) KamIblii
BUTOK (a30BOi KPUBOU U OJU30K K 3aMKHYTOMY LIUKJIY, OH HEe 3aMbIKaeTCH
B TOYHOCTH, U yepe3 Goabiioe Bpems (nopsagka 1/e€) ycraHnaBiuBaeTcH, Ha-
npuMep, aBTOKoJeOaTelbHbIll pemuM (paszoBad KpuBasg HaMaTbIBaeTCA Ha
npefelbHbIN [UKM).

CBoOICTBO cHUCTeMbl UMeTh NpeJelbHbIN UK YK€ ABIAETCA YCTONUYHBBIM
OTHOCUTEJIbHO MajbIX BO3MYIIEHUI cUCTeMbl YpaBHeHUil. TouHee, MpeanoioKuMm,
YTO IMKJI COOTBETCTBYeT HemojBu#HOIl Touke A = ®(A) pyHKIUM NochenoBa-
Hua ¢ u uro P'(A) # 1. B Takom ciryyae LUK HA3bIBAETCH HEBbLPOHCOCHHBLM.

FEcau cucmema, 3adannas eexkmopHulm nosem vg, umeem HeB8bLPOHCIeHHbLIL
npedeavrulil Yuka, npoxodaujuil wepes Ay, mo ecakan 6auskas cucmema (3adannasn
noaem ve, € mMaad) umeem bausrull yukra (npoxrodawuil wepes 6auskyio k¥ Ao mou-
Kl A(E)).

lna nokasaTelbCcTBa HYKHO IIPUMEHUTb TEOpPeMY O HEABHOUN GQYHKIUU
K ypaBHeHuio P(A,e) = A, A(0) = A,.

CnenmoBaTelbHO, 861600 0 HAAUYUL 8 cucmeme aA8MOK0AeOaHUl, ONUCHLBACMbLT
HeBvblPONHCOeHHBIM NpedenbHblM YUUKAOM. 2pY6: BO BCAKOU O6IU3KOI cucTeMe GyayT
O0nu3Kue aBTOKOJeOaHUA.

3aMeTUM, UYTO BBIPOKJE€HHbIE€ NpenelbHble UKIbI

MOT'YyT HcYe3aTh IPU MaJjioM IeBejeHuu cuctemMbl. OqHa-
1 KO OHU MOABJIAIOTCA HEYyCTPAaHUMBIM MalbIM IIE€BeleHU-
"’% eM, I'JIJaBHbIM 06pa3oM, B TOM cillyyae, Korja paccMaTpu-
i BaeTCA He OT/JellbHafA CUCTeMa, a ceMelicTBO CHUCTeM, 3a-
BUCALIUX OT NMapamMmeTpa. B 3ToM ciydyae npu oTaelbHBIX
3HaUeHUAX MapaMeTpa MOT'YT CIMBaThCcA MeAy coboii
— —_— | -

0 ° pasiuyHble UKIbI, IPUUYEM aHAJIOTUYHOE clufAHUe OyIeT
UMEeTh MECTO IPU HEKOTOPOM OJM3KOM 3HAaUeHUU Iapa-
MeTpa U B I060M 6IU3KOM ceMeiicTBe. B MoMeHT ciuf-
HUA ABY X HEBBIPO#AEHHBIX IUKJIOB U BO3HUKAET BHIPO#K-
neHHblM nUKI. [Ipu 3TOM, BooGlle roBopsa, U3 ABYX CIMBAIONIUXCA ITUKIOB OOUH
YCTONYUBBIN. a APYTroi HeyCTONYUBBIN. BbIposaeHHbIe IIUKIIbI, BO3HUKAIOIIUE IIPU
CIUAHUU ABYX HEBBIPO#IEHHBIX, IPEACTABIAIOT UHTEPEC IIOTOMY, YTO OHM BCEr-
Jla BCTpeyYaloTCcA Ha rpaHulle 06j1acTy CcyllecCTBOBaHUA Kojle6aTelbHOI0 pekruMa B
MPOCTPaHCTBE NMapaMeTpPOB.

Puc. 36. [IlepecTpoiirka
nuarpamm Jlamepes
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Hanpumep, Ha puc. 36 uszobpaxenbl auarpaMMbl Jlamepesa npu Tpex OyeHb
OGIM3KKX 3HaueHUAX napaMmerpa (kpuBblie 1, 2 u 3). /Iuarpamma 1 nepecexaer
OucceKTpUCYy B JBYyX TOYKaX; B 3TOM clly4yae B CHUCTeMe€ MMeeTCHA [Ba NpeJelb-
HBIX [UKJAa, YCTONYMBBII BHYTpU HeycToituuBoro (puc. 37). IlonoxeHnue paBHOBe-
CUA HEyCTOHUMBO; BCA 006JacTh BHYTPHM HEyCTOWUMBOrO IMKJIa ABIAETCHA objac-
ThIO MpUTHAMEHUA («GacceiHOMY) yCTOMYMBOrO LUKIA: MPU HadalbHBIX YCIOBHUAX
B 9Toii o6sacTu (HUCKJIIOYadA JIUIIb [0J0KEeHUEe paBHOBECHA) B CUCTEMe yCTaHaBIIU-
BalOTCH aBTOKoJe0aHusA, u300paxaemMble YCTOUYUBBIM IUKIOM.

AY AY Y

!Fg.g
W
“H

3 :

Puc. 37. IlepecTpoiika ¢a3zoBoro noprpera U noBeJleHUe pelieHuin

KpuBasa 2 cooTBeTcTByeT KpUTHYECKOMY 3HauyeHUIO NapameTpa: YCTOHYU-
BbIii [IUKJ CJIMBAETCA C HEYCTOMYMBBIM U CTAHOBUTCA BbIPO#JeHHbIM. Da30Bble
KpUBble, HAUWHAaION[eCA B OrpaHMUYeHHON LUKJIOM 00JlacTH, CTPEMATCA K LUKIY
npu Bo3pacTaHuu BpeMeHU. OlHAKO ycTaHaBIUBaIOUUIICA NIPU 3TOM KojebaTelb-
HBbII peXUM HeyCTOMUYMB: CKOJIb YTOJHO Majoe cily4daiiHoe U3MeHeHUe CIIOCOOHO
BbIOpOCUTH (pa30BYIO TOYKY 3a Npejeibl [UKIA.

[Ipu panpHeiimeM uM3MeHeHUM NapaMeTpa (KpuUBaf 3) LMKJ Hcye3aeT BOBCE.
Tarkum ob6pa3oM, ciufAHUE IUKIOB IPUBOJUT K CKAUYKOOOpa3HOMY M3MEHEHUIO I0-
Be[leHHA CHUCTeMbl: YCTOWUMBBIN aBTOKoJe6aTelbHbIN peKuM ¢ KOHeuHOIi obiac-
ThIO NIPUTHKEHUA BHE3allHO HUcye3aeT. [IBUMKEHUA ¢ HaYalJbHbIM ycjloBUeM B Gac-
celiHe Hcye3alollero NUKJIa YXOJAT IOcjle ero MCYe3HOBEHHUA B Jpyrue obiacTu
¢azoBoro npocrpancTsa (puc. 37). B Hamem npuMepe nocie nepexonaa napameTpa
yepe3 KPUTHUUYECKOEe 3HAaYeHUEe B MOMYJIAINUAX XUIIHUKOB U #KEePTB CKOJIb YTOJHO
Maljloe OTKJIOHEHVE Ha4dalbHbIX yCIOBUN OT PaBHOBECHBIX NPUBOJAUT K HeOrPaHU-
YeHHOMY HapacTaHUIO KojebaHuii U, cleloBaTellbHO, K BBIMHUPAHUIO.

[lepecTpoiiky KauecTBEHHOM KapTUHbI ABUKEHUA NPU U3MEHEHUHU MapameT-
poB u3yuaeT meopus 6ugyprayuil (6upypranua = pas3BOEHHE), a NPUIOHKEHUA
Teopun OMpypKanUi K UCCIeJOBAHUIO CKAYKO00Opa3HbIX peakIuii MeXaHUuUYeCKUuX,

4 3aka3z Ne U17
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(pu3nYeCKUX, XUMHUUYECKHUX, OMOJOrMYeCKUX, SKOHOMUYECKUX U UHBIX CUCTEM Ha
IJIaBHOE M3MEHEHHE BHENIHUX YCJIOBHUII MOJYyUYMIU B MoOcieHee BpeMsA Ha3BaHUE
meopuu kamacmpodg.

U3 pucyHka 36 BUIHO, YTO KOrja 3HaueHUe napamMeTpa OTJINYaeTCA OT KpU-
TUYECKOr'0 3HaUEHUA Ha Malylo BeJIU4YuHY A, paccToAHUE MeKIYy YCTOHYUBBIM
M HEyCTOMYMBBIM IUKIaMu nopsaaka vA. CileoBaTelbHO, CKOPOCTb COIMKEHUA
IIMKJIOB IIPU M3MEHEeHUH IlapamMeTpa ObICTPO pacTeT II0 Mepe NpubGIUKEeHUA Na-
paMeTpa K KPpUTUYECKOMY 3Ha4Ye€HUIO: B caMblii MOMEHT KaTacTpodnl o6a 1uKIa
IBUKYTCH HaBCTpeuy APYT APYTY ¢ 6€CKOHEYHOM CKOPOCThIO. ATO 0OBACHAET, I0-
yeMy TaK TPYJHO NpPeJoTBPaTUTh I'PO3AIIYI0 KaTacTpody NOTeEpU YCTOHUYMBOCTHU
CHUCTEMbI. KOT/Jla y#Ke cJellajlllch 3aMeTHBIMU €€ MPU3HaAKH.

3AITAYA 3. UccrnenoBaTh 6udypKanuy MUKIOB MPU U3MEHEHUM MapaMeTpa ¢
B cUCTeMe, 3aJlaHHOI B IOJAPHbIX KOOpPAMHATax ypaBHEHUAMU

F=cr—r°+7°, @ =1.

OTBET. Ilpu ¢ = () u3 nonoxeHusA paBHoBecUA r = () poxaaeTCA yCTONYUBBII
LMK paaunyca nopaaka y/c; npu ¢ = 1/4 oH ucyesaeT, CIUBLUIKCH C HEYCTONYMBBIM.

3AMEYAHHUE. Mo#HO NnoKa3aTb, UTO PO#iJ€HHE WM CMepTh IUKJIA B I0JO-
MEHUM paBHOBECUHA, KAK U pOMJIEeHHe WIU CMepThb Iapbl IUKIOB — TUIIUYHOE
fiBlleHHe, BCTpeyvarolleeca IIpU U3MeHeHUH IlapaMeTpa B o0IUX oJHONapaMeTpu-
YeCKHX ceMelicTBax nu@¢epeHUaIbHbIX yYPaBHEHUN.

YcToitunBble NMpeAelbHbIe UKL ONMHCHIBAIOT YCTAHOBUBIINECH MepUOanYec-
Kue KoleGaHuA CUCTeMbl, HAaXOOAIIeHCA B CTallMOHAPHBIX BHEIIHUX ycioBuAX. Ko-
nebaHUA, ONMCbIBaeMble YCTOMUMBBIMU [UKJIAaMU, HAa3bIBalOTCHA A8MOK0.AEO6AHUAMU,
B OTJIUYHE OT 8blHYHcOeHHblx KOTeOaHii, BBI3BAHHBIX MepUOAUYeCKUMU BHEITHUMU
BO3IECTBUAMU U OT KoJieOaHU THUNa cBOOOIHBIX KojeOaHUl MaATHUKA. Bo3HUK-
HOBeHHe aBTOKoJieOaHU caMo 0o cebe MOBOJBHO YOUBUTEIbHO, HO OHU BCTpeya-
I0OTCA, HallpuMep, B TAKUX CUCTeMaX, Kak 4yachl, IapoBad MalllMHa, 3JeKTPUYECKUN
3BOHOK, cepAlle, paguoliepegaTyuKk. lepeMeHHble 3Be31bl TUna nedeug — pabora
Kas{JI0ro U3 3TUX YCTPONCTB ONUChIBAETCA MpeneilbHbIM ILUKJIOM B COOTBETCTBY-
oueM (Ga3oBOM IPOCTPaHCTBeE.

OpHako He ciefyeT qyMaThb, YTO Bce KoliebaTelbHbI€e IPOLeCChl ONNChIBAIOTCA
npeleilbHbIMH LIHKIaMH: B MHOIOMEPHOM (pa30BOM IIPOCTpPaAHCTBE BO3MOMKHO I'O-
pas3no Oosee cioxHOe MmoBejieHrne Ga30BbIX KpUBBIX. [I[puMepaMu MOryT CIy#UTh
IIPOLeCCUA T'UPOCKOIIa, IBUKEeHMe IIIaHeT U UX CIIyTHUKOB U UX BpallleHhe BOKPYT
CBOMX oOceil (HemepruoANYHOCTb 3TUX JBUKEHUI OTBETCTBEHHA 3a CIOKHOCTh Ka-
JIeH1apA U TPYOHOCTH MNpEeBbIYNCIEHUSA MPUIKBOB), a TaK##€e IBUMKEHNE 3apAKEH-
HBIX YacTUIl B MAarHUTHBIX MOJAX (OTBETCTBEHHOE 3a BO3HHKHOBEHHE MOJAPHBIX
cusnuit). Mbpl pacCMOTPUM MIpoCTeiiline ABUMKEHHUA 3TOro poaa B §24 u §25 m. 6.
B cuctemax ¢ MHOroMmepHbIM (ha30BbIM MPOCTPaAHCTBOM ¢a30Bble KpUBbIE MOT'YT
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Puc. 38. ATTpakTop c pa3dberaHueM (pa3oBbIX KPUBBIX Ha HEM

Jlaxie BMECTO ITUKJA NpubIuKaTbCA K MHOKECTBY, Ha KOTOPOM Bce GIU3KUE Tpa-
eKTOopUM GBICTPO pacXoAaTcs ApyTr oT apyra (puc. 38). Takue mpurAruBarolime
MHOKEeCTBa IOJIYUYMIU B MoOclieJlHEe BpeMA Ha3BaHUE CMPAHHbLLT AMIMPAKIMOpOs:
OHM CBA3aHbI C ABJIEHUAMHU TUNA TYpOYJIEeHTHOCTHU U OTBETCTBEHHbI, HallpUMep,
3a HEBO3MOKHOCTB JOJTOCPOYHOI'0 IMPOTrHO3a MOro/Ibl.

§ 3. JIuHeliHble ypaBHEHUA

JlvHeliHble ypaBHEHUA OINHUCHIBAIOT BIMAHUE MallbIX KW3MEHEHUU Ha-
JallbHbIX YCJIOBUM WU MpaBbIX 4YacTell NPOU3BOJBbLHBLIX ypPaBHEHUN Ha UX
pelleHrdd. 30echk ABHO PELIAIOTCA M HCCIeAYIOTCH JIMHelHble OJHOPOOHBIE
Y HEOJHOPOJHbIE YpPaBHEHHUA C OJHUM 3aBHCHUMbIM I€PEMEHHBLIM: MOABJA-
IOTCA OllepaTop MOHOJAPOMUH, 0-byHKIUA, yHKIUA ['prHa U BRIHY# I€HHbIE
KoJieOaHUA.

1. JIuHeliHbIe OJHOPOJAHbIE YpPaBHEHUHA.

Onpenenenue. JuHellHbim 00HOPOOHBIM YpaBHEHUEM NeEePe020 NOpAJKad
Ha3bIBaeTCHA ypaBHEHUE

npaBas yacTh KOTOPOro — JMHelHad (0OAHOPO/HaA) QYHKIIUA OJHOMEPHOTO
3aBUCHMMOTI'0 NIEPEMEHHOTI0, ¥.

JTO YacTHBIH clyyaili ypaBHEHUA C pasfeldlomMMUCHA [epeMeHHbI-

Mu. Pemasa ero mo obmemy npaBuiy, HaXOOuUM dy = f(z)dz, In (%) =

v Y
= | f(§) d&.
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N3 3Toro BeiTEKaeT

Teopema. Bcakoe pewenue ypasnenus (1) npodoasxcaemcs Ha 6ecy uH-
mepean onpedeserHus gynkyuu f; pewerue ¢ HaiaibHbLM Yycaosuem (Lo, Yo)

J 1) a
daemcs gopmy.anoil y = yg €*°

3AMEYAHHE 1. Ilycth y = ¢(x) — pemenue ypaBHenusa (1). Toraa
niA 160l KoHcTaHThl ¢ QyHKIMA y = cp(x) — Tome pemenune. Cymma
OByX (ompefielleHHbIX HAa BCEM MHTepBale onpefeileHus f) pelleHuil ypas-
Henus (1) tome ABaserca pemeHuem. [loaTomy Bce Takue pelleHUA JU-
HeifHoro ogHopoaHoro ypasHenusa (1) obpasyroT auneilHoe npocmpancmeo.
PazmMepHOCTh 9TOr0 JUHEHHOTO MpocTpaHcTBa paBHa 1 (mouemy?).

SAMEYAHHE 2. PacTameHud pacmupeHHoro ¢a-
30BOr0 MPOCTpaHcTBa (T, y) BAOIb OCU Y NEPEBOAAT
oJie HanpaBJieHUil JUHEHHOT0 OJHOPOJHOI0 ypaBHe-
A (1) B ce6s. [loaTomy unmezpaavHvle Kpuevie nod
deticmeuem pacmsaxcerutl ocu y nepexodam dpyez e opy-
2a; Bce OHU MOTYT OBITh NOJYY€Hbl U3 OOHOM U3 HUX
TaKUMU pacTameHuamMHu (puc. 39).

2

JIvuHeiliHble ypaBHEHUA 3aHUMAaOT B TEOPUU TUD-
(pepeHlIMAIbHBIX ypaBHEHU ocoboe MecTo, MOTOMY
Puc. 39. HuTerpanb- 4YTO, COrJIaCHO OJIHOIM M3 OCHOBHBIX W€l aHallu3a, BCH-
Hble KpUBbIe IHMHeH- Kgag riajgkasd QYHKIUA B OKPECTHOCTH KamJIoi TOY-
timibn M S i KM XOPOIIO anlnpoKCUMUPYETCH JIMHEHHON (yHKIIMEN.
Bo3nuKkaromaa TakuM o6pa3oM olnepanud AuHeapu3ayul U MTPpUBOIUT K JIU-
HEMHBIM yYpaBHEHUAM B KayecTBe IIepBOro NpubIu#eHud IIpyu uccieJOBaHuun

IIPOM3BOJILHOIO ypaBHEHUA BOJIM3U KAaKOro-jinbo pelieHu.

PaccMmoTpum, HanmpuMmep, aBTOHOMHYIO CHCTEMY C JIByMepHOI (a30Boii miIoc-
KOCTbIO (z,y), UMelomyio npeaenbHbrii nuka (puc. 40). Beegem B okpecTHOC-
T nukida koopauHathl (X mod 7, Y) Tak, yToGbl ypaBHEHHE HHMKJIA MPUHAIO
Bujg Y = (0, a o6xon LMKJIa B HalpaBleHUHU (a30BOii CKOPOCTU COOTBETCTBOBAI
6b1 yBenuueHuto X Ha T. Torga ¢asoBble KpUBbI€ MCXOJHOM CHCTEMBI MPH OTO-
opamenun (x, y) — —(X,Y) nepeiilyT B MHTerpajibHble KpUBbIE€ ypPaBHEHUA

dy idXxi — a(Xiyi!

raie a(X,0=0, a(X+T,Y)=a(X,Y). (2)
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Jluneapusanusa 3Toro ypaBHeHuA no Y B Touke Y = () OPUBOAMUT K JIMHEHHOMY
YPaBHEHUIO
dY/dX = f(X)Y, rpe f(X)= 0a/0Y
Y =0
3ameTuM, yTo PpyHKUUA f umeeT nepuon 7.
MsbI npuxogum TakuM o6pa3oM K 3ajgade 00 MccieloBa-

HUM JMHEHHOro ypaBHeHHA C NepuoJudecKkuM Kodpdunuen- 4Y
ToM f.
2. JIuHeliHble OMHOPOAHbIE YPpaBHEHUA IIEePBO-
ro NMOopAgKa ¢ mnepuojuuyecKrMMH Ko3dduirieHTa- X
MH. x

Onpenenenue. JuHetHvimu 00HOPOOHBIMU YpABHE-
HUAMU nepeozo nopadka ¢ T -nepuoduieckumu kodgduuyu- Puc. 40. Cuctema
eHmaml Ha3blBalOTCA YpPaBHEHUA KOOpPOWHAT BOIU-

dY/dX = f(X)Y, rme f(X +T)= f(X). (3) @

Pemenus ypaBHenus (3) onpeaendior JMHe-
Hoe oToOpamenue ocu Y B ceba, conoctapifm- 4¥ Ly
mee 3HayeHuio ¢(0) npu X = () 3uauenue p(7)
Toro e pemenuda npu X = T > 0. ITo oTo- Sy
opamenue A: R — R HasbiBaeTcAa moHodpomuell . /\j
(puc. 41). (Msb1 cobupaemMca UCNONB30BAaTh aHAIIO- ?Y/—\/' x
TMYHBIN ONepaTop U B MHOTOMEPHOM ClyYae.) T 2T 3T

Teopema. Onepamop morodpomuu A: R—R Puc. 41. OnepaTtop mMoHO-
AUHellHo20 ypasHeHus (3) auHelinblll u Aeasemcs APOMHH
Onepamopom YMHOMEHUA HA noaoxumenvHoe wucao \. Ecau samo ducao A
(Hasvieaemoe myavmunauramopom) Goavuie 1, mo éce HeHy.ie6vle pelleHUR
cmpemamca « Geckoneynocmu npu X — 400, a ecau menvuwie 1, mo k Hy.i0;
ecau A = 1, mo e6ce peuterusn ozpaHuieHbl.

I[OEABATEJI]JCTBO.

JIuneitHocTh A BbITEKaeT U3 TOr0, YTO PaCTHAMEHHUA 10 ocu Y NepeBo-
AT UHTEerpajibHble KPUBbIE B MHTErpajibHble KpuBbie; A > 0, T.e. ocb X —
uHTerpaibHas KpuBasa. CaBuru Ha T BHoab ocu X Tak#e NepeBOJAT UHTEr-
palbHble KpUBbIe B MHTerpalbHble KpuBble (BBULY nepuoguuyHoctu f). U3
9TOr0 cjie[lyeT. YTO 3HAUYEHUA pellleHUudA ¢ HadalbHbIM ycioBueM p(0) =Y
npu X = T,2T,3T,... paBubl \Y,\?Y,N%Y,...; nosatomy o(NT) — o0
npu N — 400, eciu A > 1, u o(NT) — 0 npu N — +00, eciu A < 1.
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Kpowme Toro, caBuras pacuipesHoe ¢asoBoe npoctpancTBo Ha INT BIosb
ocu X, HAX0JUM

O(NT + S) = A"p(S),
OTKYJIa ClIeyIOT Bce JoKa3blBaeMble yTBep#aeHus (nouemy?).

3AMEYAHUE. U3 Teopemsl 11. 1 ciieqyeTt ¢popmyia Iid MyJbTUILIMKATOPA
T
In A = f £(€) de.
0

TarkuMm 00pa3oM. MYALMUNAUKAITOD (oAblULe eOUHULBL UL MEeHbule edu-
HUUDBL, 8 3ABUCUMOCITLLL OIT TT1020. NOJAOHCUITIEAbHO UL OMPUUAIMELbHO cpedHee
3HaveHue gynryuu f.

B nepBoM ciiyuyae HyJleBoe pellleHUe JIMHEHHOro ypaBHeHus (3) He-
yCTOHYHUBO, a8 BO BTOPOM — ycToi4YuBO (6osiee TOro, peleHus ¢ GIM3KUMHU
K (0 HavanbHbIMH ycinoBuaMu cTpeMATcA K (); B ciyyae A = 1 pelneHus
C HEeHYJIeBbIMHU HayallbHbIMHU YCJIOBUAMM NEPUONUYHEI (puc. 42).

o - “Y\ A<l Y aa1
= T VERNVZN 2N
— |7 21| 37| X T| 2T T~=+ X T| 21| 3T| X
= —
hd B N TN TN
\ /

Puc. 42. YeToliuMBOCTh HYJI€BOI'O pelleHUs

Bo3HuKaeT ecTecTBEHHBIN BONPOC, KaKOe OTHOIIEHHE Hallla TeopeMa O pellle-
HUAX JIMHeapU30BaHHOI'0 ypaBHeHHA (3) MMeeT K MCXOJHOI 3ajaye O IOBEJIEHUU
pelleHnii HelIMHEeHOro ypaBHeHuA (2), T. e. K 3a1a4e 0 (pa30BbIX KPUBBIX, OIU3KHX
K [UKIY?

3A0A4YA 1. JlokasaTh, 4yTO ecad A > 1, TO LUKI HeyCcTOWUYMB U ¢(as3oBble
KpUBble, HauaBlivecs BOJM3U LIMKJIA, ABIAIOTCA pa3dMaTbhbIBAIOIUMUCH CHHUpalf-
MU, YAAAAINIUMUCA OT Hero; eciu A < 1, To UK/ yCTONYMB U ¢a30Bble KPUBbIE,
HayaBlllieCcAd B ero OKpeCTHOCTH, ABIAIOTCA HaMaThIBalOIUMUCH Ha [UKI CIUpa-
IAMMU.

WHpIMU clioBaMU, B cly4dafX, Korja MyJbTUIINIMKATOP OTJIUYEeH oT 1, nuHea-
pu3anuf NIpUBOJAUT K NPAaBUILHOMY CY#KJI€HHIO 00 ycToliunBocTU nukKia. C npyroi
CTOPOHBI, eciii A = 1, To, XOTA pellleHUA ypaBHeHUA (3) U NepUOOUYHBI, ObLIO ObI
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HEBEPHO PacIpOCTPaHATH 3TOT BBIBOJ C IMHEAPU30BaHHOr0 ypaBHeHUA (3) Ha uc-
XogHOoe ypaBHeHUe (2), nnsA KoToporo 6auskue kK Y = () pemeHus, Boobie roBops,
He NIepUOJUYHbI, U 00 yCTONUYNBOCTHU IMKJA HeJlb3A CYyJUTH I10 JMHEeapU30BaHHOMY
ypaBHEHUIO.

YrazaHue. PaccmoTpeTh ¢yHKIUIO mocieqoBaHusa P, 3aJaHHYIO pelleHU-
AAIMU ¢ ypaBHeHHMA (2) U CONOCTaBIAKIYIO HadalbHOMY ycioBuio Y = ¢(0)
npu X = 0 3Hauenue P(Y) = (7). Jokasatb, uTo nuHeapusanua ® B Tou-
Ke Y = ( ecTh onepaTop MOHOJpPOMMHU.

3AIAYA 2. HccnenoBaTh yCTOMYMBOCTH MpeNeNbHOro NUKIa 7 = 1 1JA cuc-
TeMbl, 3aJlaHHOI B MOJAPHbIX KOOpPJAUHATaX yYpaBHEHUAMMU

F=(r’ —1)(2z — 1), p=1 (rme x = rcos ).

3. JIuHeiiHble HEOJHOPOJHbIe yYpPaBHEHUHA.

Onpenenenue. JlunetliHvim HEOOHOPOOHBLM YpABHEHLEM NEPBO20 NOPAO-
K@ Ha3bIBaeTCHA ypaBHEHHE

dy/dz = f(z)y + g(x). (4)

Ilon peleHueM noHumaeTcA pellleHUE, OINpe/le]IeHHOE Ha BCEM HMHTEpBAJIe
onpejenenua GyHKUuii f u g.

Teopema. FEcau ussecmHo 00HO wacmHoe peuleHue AuHelH020 Heo0HO-
podHozo ypaseHeHus, y = @1(x), mo ece ocmanvHble peuleHus umewm eud
y = p1(x) + po(x), 2de o — pewenue odnopodnozo ypasnenusn (1); scarasn
dynryua yrasannozo suda ydosaemeopsaem HeoOHOPOOHOMY ypaeHeHUio (4).

JTOKA3ATEJIBCTBO.
[lycty A: Ly — Lo — nuneiinbiii onepatop (puc. 43). Pemenus g
oJHopoaHoro ypaBHeHus Apg = (0 o6pa3yloT JWHEHHOe MPOCTPAHCT-

Bo Ker A C Ly. O6pa3 Im A = AL, oGpasyeT JiMHeiiHOe MOANPOCTPAHCTBO
B Ly. Eciu g € Im A, To pelnlenunsa HeoJHOpOAHOroO ypaBHeHUuA Ay = g obpa-
3yioT B Ly adpdunHoe noanpoctpancTBo @1 + Ker A, napannenbnoe Ker A.
B namem cinyuae Ap = dp/dx — fp. dTo nuHeitHbili oneparop!, nmosro-
MYy yTBep##JeHUe Hallleii TeopeMbl BhITEKAaeT U3 ajlredpandyecKoil TeOpeMbl
O pellleHUW JUHEeNHOr0 HEOAHOPOJHOrO ypaBHEHUA.

IpocTpancTBa L1 u Lo MoHO BeIOMpaTh No-pasHoMy. HanpuMep, MO#HO CUUTATh,
yto L1 — oauH pa3s HenpepbIiBHO nuddepeHuupyemsblie, a Ly — HernpepbiBHbIe QYHKI[MU.
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KerA ¢,+KerA HnAa HaxomJAeHUA 4YacTHOro pelieHnud
O 0 MO HO BOCIIOJB30BaThbCA METOIOM <«Bapua-
A: o—o— IIUHN INIOCTOAHHBIX).
O ImA g
L L MeTon Bapuanuy IOCTOAHHBIX YacTo
1 2

ynorpe06iseTcd IpYU U3y YeHUH BIUAHNA Bce-
Puc. 43. TlpocTpaHcTBo peme- BO3MOMHBIX BO3MyIllenuii. PaccMoTpum, Ha-
HUHA JHUHEHHOTro HEOJHOPOJHOIo IIpUMeEp, IBUMEHHUE IIJIaHET BOKPYT COIIHIIE:I.
ypaBHEHHUA B nepBoM npubaueHuu, He yYUThIBad MpU-

TAMEHUA IJIaHeT APYT JPyroM, Mbl IPHXO-
OUM K He3aBUCUMOMY [IBUKEHUIO IUIaHET 110 KeIJIEPOBBIM JUIUICaM. JTO —
pellleHVe HEBO3MYIIIEHHbIX yPaBHEHUI JBUKEHUA.

YueT Bo3MyIaloIlero BAMAHUA IIAHET APYT Ha Apyra MO#HO IpoBec-
TH TaK: CUATaTb, YTO [JIAHETHI COBEPIIAIOT KeIUlepOBO [IBUMKEHMe, HO Na-
pameTphl KeILIEPOBbIX BJUIMICOB ClerKa MeHAITCA co BpemeHeMm'. Takum
o6pa3oM, BeJIMYMHbI, ObIBIINE IOCTOAHHBIMU B HEBO3MYIIIEHHOM [IBU#EHUH,
paccMaTpuBalOTCA Telnepb Kak GyHKIUH BPEMEHHU.

ludpdepennnanbHble ypaBHEeHUd, ONUChIBalOlie HM3MeHeHus (Bapua-
IMM) 3TUX [OCTOAHHBIX, YacTo GbIBaeT INpolle peliaTb WM HCCIeloBaTh,
yeM UCXOIHble ypaBHeHUA. B yacTHOCTH, B NPUMEHEHHU K JVHEHHBIM He-
OJHOPOJHBIM yPaBHEHUAM, I'le POJb HEBO3MYIIEHHOI 3alayi UrpaeT OJHO-
poaHOe ypaBHEHMeE, a POJib BO3MYLIEHUA — HEOJHOPOJHOCTh, METO/ Bapua-
IMM OCTOAHHBIX IPUBOJUT K ABHOI ¢opmyJie 1A pelieHud. B aTom ciyuae
HUKaKoll MaJocTU BO3MylleHHA He TpebyeTcH.

Ms1 ye 3HaeM, UTO BCAKOE pellleHre 0OJHOPOAHOro ypaBHeHus (1) ume-
eT BUJ y = cp(x), rie ¢ — Nnpou3BoiibHafA NMOCTOAHHAA, a ¢ — KaKoe-ubo
HeHyleBoe pelleHue. [loctapaemces nogobpatek GyHRIUIO ¢ = ¢(x) Tak, YTO-
661 y = c(x)p(x) ObLIO pelleHreM HEOJHOPOAHOIO ypaBHeHUd (4).

TeopemMa. PeweHnue auHellHozo HeodHOpooHo20 ypaeHneHus (4) ¢ Ha-
yaavHum ycaosuem y(xg) = 0 cywecmeyem, edurncmeenno u daemcs gdop-
Mmyaotl

H i H i

y = f exp ! F(O d¢ | e de. (5)

Lo

lHanpumep, kone6aHKA 5KCIIEHTPUCUTETa OPOUTHI 3eMJIM — OJHA U3 NPUYKMH HACTYTI-
JIeHUA JIe[JHUKOB.
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JTOKA3ATEJIBLCTBO.
IloncranoBra y = c(x)p(x) B (4) naer

dp+cp = fep + g.
Ho ¢ — pemenue ogHopogHoro ypaBHeHud (1). 3uauut, ¢’ = fo u

T

8 8O
c=g o) /w(s)df'

Zo

[logcTaBnAA BMecTO ¢ U3BECTHOE pellleHre OJJHOPOJHOT0 YpaBHEHUA, MOTY-
yaeM (nmociie BHeceHUA ¢(x) moJ UHTerpai) Gopmyiy (5), 4yTo U TpeboBa-
JIOChb JOKa3aTh.

4. DyHKIMA BIUAHUA U J-o6pa3Hbie HeOgHOPOoaJHOCTH. Popmy-
na (5) umeeT npocToil «PU3NMYECKUl CMbICIY. KOTOPBI BBIACHAETCH CleMdy-
oM oopasom. OueBujieH

ITPUHIINT CYOEPNMO3UINU. Fcau 1 u s — peuwleHus AUHEUHbT He-
00HOpOOHbLX YpasHeHull Ap; = g1 u Aps = go, mo 1 + s — pewernue
ypasnenus Ap = g1 + g».

JTOT NPUHIUI MO3BOJIAET NPU pacyeTe BIMAHUA BCEBO3MOMHBIX BO3-
MYIlleHU pa3felidTh pa3Hble BO3MYIUIEHUA, BbIUUCIATh UX BIUAHUE 110 OM-
HOMY M CKJIafbIBaTh 3¢ GeKThl Bo3MYylLleHUdA (Hanpumep, eciu OpoCcUTh B BO-
0y JIBa KaMHA, TO MO#HO He3aBUCUMO paccuuTarb BOJIHbI OT KamJI0ro u3
HUX U CJOM¥UTh BO3MYIIEHUA; [IPU M0oJieTe CHapAJa MO#HO HE3aBUCUMO BHO-
CUTh IIOIIPAaBKM Ha BeTep U Ha OTKJIOHEHHE INIOTHOCTU BO3AyXa OT TabJuy-
HO#, U T. 1I.).

B npumeHeHuU K HalleMy HEOJHOPOJAHOMY ypaBHeHUIO (4) posib BO3-
MyuieHud urpaet pyHruusa g. Illocrapaemcs npeacraBuTh GQyHKIUIO g B BU-
e JUHEHMHON KOMOMHaLMU «3JleMeHTapHbIX BO3MYILleHUI»; Torja pelleHue
OyzeT Takoil e JMHeiHOWl KoMOMHalnuel pelleHUuil ypaBHEHUI C 3jleMeH-
TapHbIMU BO3MYI[eHUAMU B KayeCcTBe HEOJHOPOOHOCTHU g.

OnpepeneHue. §-o6pasnoil nocaedosamenbHOCIIbI0 HA3bIBAETCA I10-
cle[loBaTelbHOCTh h, HeoTpUllaTelbHbIX MMagKkux GyHKLUi, paBHbIX () BHe
crpemAamuxca K 0 npu N — 00 oKpecTHOcTell u obsafaouX Kamaaa uH-
TerpajioM, paBHbIM €JUHHUIIE.
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IIpumep Takoil mocienoBaTeIbHOCTU JETKO IO-
crpouth (puc. 41). ®U3MKK TOBOPAT, UTO <IIpeJel
nocinejgopaTeNbHOCTU hy ecTb d-¢pyHruuAa Jupaka,
paBHafA HYJIO Bcloay, KpoMme Touku 0, u uMelolas
nHTerpan 1.

RoneuHo. GyHKIMY § ¢ TAKUMU CBOHCTBaAMU He
Puc. 44. J0-obpasHaa cyllecTBYeT.

Nocj1eA0BaTeJbHOCTD Tem He MeHee MHOrve BeJWYUHBI, B onpejele-

HMe KOTOpPBIX BXOAAT ¢yHKuuu h,, npu N — o0
CTPEMATCH K ollpellelIeHHBIM IipefeliaM, KOTOpPble U Ha3bIBalOTCA COOTBET-
CTBYIOUIMMY BEIMYMHAMU, BbIYMCIEHHbIMU 1JA 0-QyHKkUuuu. Hanpumep, nins
n1000¥ HenpepbIBHOW QYyHKIIUU &

+o0
| Jim | [ by (@)g(z) do = g(0)

(morazkuTe!). ITosToMy no onpeneneHnIo

ToyHO Tak Mme, cABUrad Bce h.N Ha f [10 OCH . HaX0JIUM

+00
/6w—emwnm=g@»

T.€. 0(- — §) ecTh «J-QyHKIMA, COCPEJOTOUEHHAA B TOUKe &).

IlocnenHowo ¢popMyily MO#HO TaK#e BOCIPUHUMATh KaK MpejcTaBlie-
HUe 10001 riaJKkoi QYHKIVM g B BUJle <KOHTUHYAalbHOW JIMHEHHOW KOMOU-
Hanuu» d-pyHKIMI, COCPeJOTOUYEHHBIX B Pa3HbIX TOUKax &, ¢ Ko3ddUIMeH-
TaMU, paBHbIMU 3HAYEHUAM g B 3TUX TOYKaX.

TakuMm o6pa3oM, NPOU3BOJIbLHYI) HEOOHOPOAHOCTh g B ypaBHeHUu (4)
MOKHO pasiioUTh B KOHTUHYAalbHY IO JIMHEHHY0 KOMOMHAIINIO «COCPENOTO-
YeHHBbIX B TOUYKE» HEeOJHOpOAHOCcTeil BuAa cIABUHYTHIX O-pyHKnmii. Cornac-
HO NPUHIUNY CyNeplno3ulluu, IJiA HaXOxJEeHUA YaCTHOI'O pelleHUuA ypaBHe-
HYA (4) ¢ IPOU3BOILHOI HEOJHOPOJHOCTEIO JOCTATOYHO 3HATH 3TO PELIeHNe
A 0-o6pa3Hoii HEOJHOPOJHOCTH.
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Onpenenenuve. Pelllenne ypaBHeHUA

dy/dz = f(z)y +6(x - &),  £>0,

¢ HavanbHbIM ycioBueM y(0) = 0 Ha3biBaeTcA @yHKyUell 8AUAHUA 803MYULe-
Hus 6 momenm & na pewenue 6 momenm x (unu Pynryuet. I'puna') u 06o-
3HayaeTcA Tak: Yy = Ge(x).

Teopema. Dynruyusa I'puna daemcs gdopmyaoil
0 npux < &,

Ge(e) = exp jf({) d¢ npux > £.

(6)

3AMEUYAHHE. Kak o6bAcHeHO Bbillle, peub UIET O Npejele nocleaoBa-
TeJbHOCTU PELIeHUUN ypaBHEHU

dy/dz = f(x)y + hy(z = &), (7)

rae {h,} ectp §-ob6pa3nas nocienoBaTenbHOCTD, Ipu [N — 00.

IBPUCTHYECKOE JOKA3ATEJIBLCTBO.

led r < 6 pelieHrue paBHO HYIJ/IIO, TAK KAdK HEOJHOPOOHOCTHL HcCYHe3a-
eT. [Ipu x > £ pemieHue coBnajaeT ¢ HEKOTOPbIM pellleHWeM OLHOPOIHOIO
ypaBHEHUA, TAK KaK HEOJHOPOJHOCTh ucuesaet. Ilpu x, 6iu3kux K &, BTOpoe
ciiaraemoe B 1paBoil yacTu ypaBHeHud (7) BEJIMKO 110 CPABHEHMIO € IEPBBIM,
I[IO9TOMY HMHTerpail oT d?j/dﬁj 10 MajJloi OKPECTHOCTU TOYKHU f INO4YTHU paBeH
YHUCIY

+0o0

f hy(z — &) de = 1.

— 00

[lepexonsa k npeneny npu N — 00, BUIUM, YTO CKauyoK pemieHud y(x)
npyu nepexofie x 4yepe3 TouyRy & paBeH 1, T.e. mpu x > ¢ dyHruusa Gy
IIEpEMEHHOM & eCThb pelleHre OJHOPOJHOI0 YPaBHEHUA ¢ HayalbHbIM YCIO-
BueM y(£&) = 1, yTto u TpeboBanoch JOKa3aTh.

13ta pyHKUMA Ha3bIBaeTcA Takxke sanasdviealouwell gynryuet. I'puna, Bo nzbexaHue
cMmemaHnuA ¢ pyHKuuAMn 'puHa KpaeBbIX 3afay [JiA ypaBHEHUU BhLIIIE IEPBOro MopAgkKa,
KOTOPBLIX MBI TYT He KacaeMcH.
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JTO paccy#JAeHne MO#KHO cejaTh BIIOJHE CTPOTUM, HO IPOIIE MpoBec-
THU cllefylollee

MATEMATHYECKOE JOKA3ATEJLCTBO.

[lopcraBiaasa BMecTo g cABUHYTYIO Ha & ¢pyHKuuo hy B dopmyny (H)
[IA peliieHuA ypaBHeHus (4) u nepexojid K npejeny npu N — 00, MoiydaeM
Tpebyemoe:

Ge(w) = tim [exo | [ 106 | b -gav=exo | [ 101 ac].
o v £

ecin g < &€ < .

CnenctBue. Pewenue HeodHopooHo20 ypashenus (4) ¢ HeodHopooHoc-
movi0 g€ U C HYAe6blM HAYAAbHbLM ICAOBUEM 6blpaKHcaemcs Hiepes PYHKUUIO
BAUAHUSL NO opmy.ie

@) = [ Ge(@g©) d npuz>0.

KoneuHo, 3Ta ¢hopmyna s3xBuBaieHTHa ¢popmyie (5) (BBumy (6)).

d

3AIAYA 1. Peminth ypaBHeHUE d—yzy—l—hN, rae hy(x)=N npu |z — 1|<1/2N,
x

0 mpu |z—1| > 1/2N, ¢ HayanbHbIM yciaoBueM y(0) = 0, u HaliTH npegen peleHus

npu N — oo.

5. JIuHeliHbIe HEeOJHOPOJHbIE ypPaBHEHUA ¢ NepuoarUYeCKUMU
KO3 PpuLMeHTaMU.

Teopema. Fcau 6 ypasunenuu

dy/dx = f(x)y + g(z)

¢ nepuoduyeckoil (nepuoda T > 0 no x) npaeoil wacmvio cpedree no nepuo-
dy 3HaveHue f omauuHo om Hyas, mo ypasHerHue umeem 1'-nepuoduieckoe
peuleHue, u npumom posHo odHo (ycmoitivueoe, ecau cpedHee 3HAYEHUE OIM-
puyamenvHo, U Heycmoliusoe, ecal OHO NOALOHCUMEAbHO, PUC. 45).
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TOKABATEJIBLCTBO. \Y 151

PacecmoTpum otoOpaseHue 3a nepuop, \_//\-—/
conocTapifAollee HayalbHOMYy ycaoBuio ¢(0) @?\ N PZ
pemieHus ¢ 3HaudeHue @(7') Toro ke pelle- /\/_\\‘ "
HUA B MOMeHT 1. 9To oToOpameHue — Iu- T o 3T
HeiiHOe HeOTHOpPOoJHOe (Mmouyemy?); OHO UMeeT Y
Bun p(1') = Ap(0) + C, roe A — MyJIbTUILIH- \ ing
KaToOp OJIHOpPOAHOro ypaBHeHus. Jlorapupm A /\X/A\/
paBeH uHTerpany f mno mnepuony. CienoBa- — TN i i

TelnbHO, A # 1, ecniu cpeaHee 3HaueHue f He (),
OTKYyJa U BBITEKaeT JOKa3bIBaeMOe yTBepik-
JeHue.

Takum o6pasoMm, npu A < 1 & cucmeme
nocie HeKomopoz20 (nepexooHoz20 NpPoueccay YCMaHaA6AUBAEMC s, He3a6UCU-
MO OM HAYAALHO20 YCAOBUSA, 6NOAHE OnpedeneHHbll KoAeOameabHbLll PexcuM.
BosuuKkariomue 3ech KojlebaHUA HaA3bIBAIOTCA 6blHYM#OeHHbLMU, OHU BbI3Ba-
HbI IEPUOIMYECKUM BHEIIHUM BO3[IefICTBHEM Ha CUCTEMY, T.e. QYHKIUel g.

07 T 2T 3T

Puc. 45. YcraHoBieHHe BbI-
HY#J€HHOT0 KojleOaHUA

3AAYA 1. HaiiTu nepuoanyeckoe pelieHre YpaBHEHUSA
dy/dx = —y + sinz
U ¥ccleoBaTh ero yCTOMYUBOCT.

3AMEYAHUE. JIuHeliHble HEOJHOPOOHbIE YpPaBHEHUA €CTECTBEHHO BO3-
HUKAIOT B TeX clydasX, Korja Mbl UcclelyeM BIUAHUE MaJlbIX BO3MYIIEHUI
HavyaJbHOI'0 yCJIOBUA U OJJHOBPEMEHHO MajiblX BO3MYILEHU npaeoill wacmu
nuddepeHUaNbHOTO ypaBHeHUA Ha pelieHue (npeHeOperas BelMYWHAMU
BbIIlle IEPBOro NNOpPAAKA MaloCTU OTHOCUTENbHO Bo3MylleHuii). HeonqHopon-
HOCTb g B ypaBHeHUU (4) oTBeuyaeT UMEHHO 3a BO3MYIIEHUE YPABHEHUS.

Hanpumep, npu MajioM BO3MYIIIEHMU BEKTOPHOI'O MOJIA B OKPECTHOCTU
npeaelibHOro HUKJIA ¢ OTIUYHBIM OT 1 MyJbTUILNIMKATOPOM I[UKJ HE Hcye3a-
€T, HO JIMIlIb HEMHOT0 JedopMuUpyeTCH; NepuoJuyecKoe pelleHre coOoOTBeT-
CTBYIOIIEr0 JUHEHHOI0 HEOJJTHOPOHOI'0 YpaBHEHUA [laeT MepBoe NMpUubinHse-
HUe K 3Toil nedopManuu LUKIA.

3A0A4A 2. Ilycty ranagkaa ¢yssuua ¢(t,€) — pelleHue YpaBHEHUA
& = v(t, z; €), 3aBUCALIEro OT MapaMeTpa €, obpaljapileecs B pelienue o (t) ypas-
Henusa & = v(t,x;0) mpu € = 0. JlokamuTe, 4TO MPOU3BOJHAA PELIEHUA IO Ia-
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pamerpy, ¥ (t) = 0p/0¢€|c=0, yOOBIETBOPAET IMHEHHOMY HEOJAHOPOJHOMY YpaB-
Henuio ¢ = f(t)y + g(t), roe f u g — 3navenusa Ov/dx u Ov/de npu € = 0,
x = @o(t). dTo ypaBHeHHe Ha3biBaeTcA (HEOJHOPOJIHBIM) YPABHEHUEM 8 8apua-
yuAx, TaKk Kak 1) ONKMChIBaeT Malyl0 BapHalUIO pellleHuf Mof JAefCTBHEM Maloro
M3MeHeHNA ypaBHeHUA. oTBeyvarontero € = (.

§ 4. da3oBbie MOTOKU

MaTtemaTnueckada gopmanusanuf NOHATUA AE€TEPMUHHAPOBAHHOIO MPO-
[ecca NpuBOAUT K IMOHATHUIO OJIHONIapaMeTpPUUYeCKOol I'pyInibl peoOdpa3oBa-
HUH.

3ech onpeaenfAlOTCA U UCCIeyIOTCA OJHONapaMeTpuyecKue T'pyIIbl
quddeomoppr3MOB U UX CBA3U ¢ BEKTOPHBIMHU MojAMH. HaMm nmoTpebyetcs
HeKoTopas ajlrebpandyeckasa TepMUHoJoruA. Bece TeopeMbl 3Toro naparpada
B CYILIHOCTU OYEBU/IHDI.

1. deiicTBue rpynmnbl Ha MHoO:KecTBe. [Ipeobpasosaruem MHOEC-
TBa Ha3bIBaeTcCAd ero B3auMHO OJHO3Ha4yHoe oToOpaxeHue Ha cels.

3A1A4A 1. Kakue u3 Tpex ciedymomuX oToOpazeHnii — IpeoOpa3oBaHUA:

)R> R, z— e”; 2) R » R, =~ z°; St Gl e

OTBET. Tonbko BTOpOE.

Ilpouseedenuem fg npeobpazoBaHuil f U g OAHOrO MHOMECTBa Ha3bl-
BaeTcA npeoOpa3oBaHMe. MOy YalolleecH MocjeJoBaTelbHbIM IPUMEeHEHUEM

cHauana g, notoMm f, 1.e. (fg)(z) = f(g(x))-
3AAYA 2. llpuBenute npumep. Korga fg He coBnajaet c gf.

O6pamnoe & f npeobpaszoBanue f ! onpepnengerca ycioBuem: eciu f
nepeBOJUT « B 4, TO f~ ! nepeBOAUT ¥y B .

Ha6op npeoGpa3oBaHuii MHOKeCTBa Ha3bIBaeTCA 2pynnoil npeobpaszosa-
Hull, ecii BMecTe C KaxJbIM NpeoOpa3oBaHHEeM B HEro BXOJUT oOpaTHoOe
npeo6pa3oBaHUe U C KaxAbIMU ABYMA MpeoOpa3oBaHUAMHU — UX NPOU3BE-
NEeHUe.

3AIAYA 3. flBaserca au rpynmnoii npeo6pa3oBaHuii paBHOCTOPOHHEIo Tpe-
yYTrollbHUKa Habop U3 TPeX OTpasKeHMii B ero BbicOTax?

3A1AYA 4. CKOIBKO 3J€MEHTOB B IPYIIIEe H30MeTPHUii - paBHOCTOPOHHETO TPe-
yrojibHHKa, B I'PYIINe BpallleHuii TeTpasapa’

1 ¥zomerpusa — 310 npeobpasoBanue, coxpaHAomee pacCTOAHUA (TaK YTO PacCTOAHME
Me1y obpasaMu JIOOBIX JBYX TOUYEK PABHO PACCTOAHUIO MEMAY TOUYKaMM ).
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OTBET. 6, 12.

IlonAaTHe rpynnel npeodbpa3doBaHuii — OJHO U3 caMbIX (yHAaMeHTalb-
HbIX JJIA BCeil MaTeMaTUKU U OJJHOBPEMEHHO OJIHO U3 CaMbIX IIPOCTHIX: Yello-
BeYEeCKOMY MO3Tr'y CBOMCTBEHHO MbIIIJIEHVE B TEpMUHaX MHBAPUaHTOB TPyl
npeo6pa3oBaHuii (3TO CBA3aHO KaK C YCTPOMCTBOM 3peHUA. TaKk U C Hallei
CIOCOGHOCTBIO K aOCTpaKIuu).

Ilycte A — rpynna npeo6pazoBanuii MHO#ecTBa X . YMHOM#eHUE U 06-
paiieHue onpepaensAwT otobpamenua A X A - Au A — A (napa (f, g) ne-
pexoauT B fg, 3MeMeHT g B g~ 1). MHo#ecTBO A, cHab#eHHOe STUMHU JBYMA
oToOpaxeHuAMHU, Ha3bIBaeTCA afcmpakmmotl epynnotl (Uau, Kopoye, IPOCTO
rpynmnoii). Takum ob6pas3oM, 2pynna NoiydaeTcA U3 2pynnvl Npeo6pa30earull
[IPOCTO 3abvleaHuem NpeodpadyeMoro MHO#ecTBa.

BAJJ,AIIA 0. I[OKHH{HTG, yTO MHOKecTBO R Bcex BelleCTBEHHBIX YHCeJ CTa-
HOBHUTCH FpYHHOﬁ, eciii cHabJUTL ero onnepanuAaMMn OOBIYHOI'O CJIOKEHHUA 4Yucell
M USMEHEHHA 3HaRa.

Anre6pancTbl 00bIYHO ONpPeNeNAlOT IPYNIy Kak MHOKEeCTBO C IByMsA olepa-
[UAMHU, yI0OBIEeTBOPAOIUMU Habopy akcuoMm Bpoae f(gh) = (fg)h. 3Tu akcruomMbl
aBTOMaTHYeCKH BBIMOJHAIOTCA JJIA rpynn npeobpa3oBaHuii. B neiicTBUTEIbHOCTH
3TU AKCUOMBI O3HAyaloT MPOCTO, YTO I'pylia obpa3oBaHa U3 HEKOTOPOH I'PYIIIbI
npeobpa3oBaHuil 3ab0bIBaHUEM IIpeoOpa3yeMoro MHoO;ecTBa. 1Takue akCMOMbI, Ha-
pAOY C OPYIruMH HEMOTHBHUPOBaHHBLIMH OIIpedel;IeHHuAMMHM, ClIysHaT MaTeMaTHuRaM
r'liIaBHBIM 06pﬂ30M IJIA TOro, 4yTOOBI 3aTPpYAHUTDb HEIIOCBAIIEHHBbIM OBJIaJIEHHE CBO-
en HayHOﬁ N T€eM IIOBBICUTBb €€ aBTOPUTET.

Ilycte G — rpynna, M — mHozecTBo. ['oBopAT, 4TO 3aaHo delicmeue
epynnot G Ha mHoxcecmee M, eciu Kam/JI0OMy 3JIeMeHTY g rpynnesl G comno-
cTaByieHo nnpeobpasoBanne T,: M — M muomecTBa M, npuyem npoussee-
HUIO JTIIOOBIX IBY X 3JIEMEHTOB I'PYyIIbI COMOCTAaBJIEHO MPOU3BEJeHIE COOTBET-
CTBYIOLIUX 3TUM 3JieMeHTaM NpeoOpa3oBaHuii, a B3aUMHO 0OpaTHBIM 3lie-
MeHTaM CONOoCTaBleHbl B3aMMHO oOpaTHble npeoOpasoBanua: Ty, = TfT,,
Tg—l = (Tg)_l.

Rapas rpynna npeo6pa3oBaHuii MHOKeCTBa, eCTECTBEHHO, IefiCTByeT
Ha 3ToM MHo#kecTBe (1, = g), HO MOKeT AeiicTBOBaTh U Ha IPYTUX MHOMKeEC-
TBax. Hanpumep, paccMoTpuM paBHOCTOPOHHUII TpeyroibHUK. I'pynmna us
IeCTH ero U30MeTpuil JeificTByeT Ha MHOKeCTBe U3 ABYX €ro OpueHTalUii:
BpallleHUA He NepecTaBlAIOT, a OTPaseHuA NepecTaBld0T OpUeHTallu.

3A1A4A 6. Kakue mepecTaHOBKM TpeX OcCeil KOOPAMHAT OCYIIECTBIAIOTCHA
Npy JefCTBUM Ha UX MHOKECTBO I'pDYMIbl u3oMeTpuilt Ky6a max(|z|, |y|, |z|) < 17

OTBET. Bce 6.
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3AIAYA 7. Rakr geiicTByeT rpymnmna JUHefHbIX 3aMeH KOOpPAUHAT Ha MHOMKeC-
TB€ MaTpUI] JUHEHHBIX ONlePaTOPOB U3 NPOCTpPaHCTBa B cebA”

OTBET. T,m = gmg™'.

IIpeoGpasoBanue T, Ha3pIBaeTCA Tak#e delicmeuem s.aeMmeHma g rpyi-
nel G Ha M. JleiictBue rpynnbl G Ha M onpejenser eile oToOpare-
Hue T': G x M — M, conocraBiswiee nape g € G, m € M toury Tym.

Ecnu peiicrBue T' ¢urcupoBaHo, To pe3yabTaT Tgm nefcTBUA dlleMeH-
Ta g rpynnel G Ha TOYRY m MHoecTBa M Kopode 0003HAYaIOT MPOCTO
yepe3 gm. Takum obpazom, (fg)m = f(gm), noaTomy cKOGOK OOBIYHO He
MUIILYyT BOBCE.

3aduKcupyeM TOUKY m MHoxecTBa M u OymeM geiicTBoBaTh Ha Hee
BCceMU ayieMeHTaMu rpynnsl G. Mbl noidyuyum noamHoxectBo {gm, g € G}
MHOecTBa M. JTO MOAMHOMKECTBO Ha3bIBaeTcA opbumoti mouku m (mpu
JaHHOM [eficTBUM I'pyInbl) U o6o3HavyaeTca G'm.

3AIAYA 8. HaiiTu op6uThl rpynisl BpallleHMM IUIOCKOCTU BOKPYT HYIIA.

3AIAYA 9. JloramuTte, 4yTO JIOObIE ABE OPpOUTH OJHOro AeicTBUA JUO0 He
nepecerarTcd, JM60 coBNajaoT.

3AIAYA 10. CroabKO OPOUT MMeeT JieicTBHEe I'PYIINbI U30METPUII TeTpa3apa
Ha MHOKeCTBe HeyNOpPAJOUYEeHHBIX Nap ero pebep?

3A1A4A 11. CKoIbKO pacKpacoK IlecTU IpaHeil KyOa miecTbI0 KpacKkamMu
l,..., 6 cymecTBeHHO pa3ivyHbl (He MEPEBOOATCA APYT B Jpyra BpalleHUAMH
Kyba)?

OTBET. 6!/24=30.

OTtobpasenue ¢: G — H rpynnel G B rpynny H Ha3bIBaeTcAd 20M0-
MOpPU3MOM, €CITA OHO TIePEBOAUT NPOU3BeIeHNe B IPOM3BeeHE U B3aUMHO
obpaTHbIe 3JIeMEeHThl BO B3aMHO oOpaTHBIE:

e(fg) =e(HNele), el = (p(g)"

HleiicTBue rpynnel G Ha MHO#kecTBe M — 3T0 romomopdusm rpyninsl G
B rpyniy Bcex Npeobpa3oBaHuii MHOxecTBa M.

2. OgHonapaMeTpHuecKHe TrpyIlnbl npeob6pa3oBaHuii. I'pynna
Ha3bIBaeTCcA kommymamuserol (Unu abeneeoil), eciv NMpPOU3BeJeHUE He 3a-
BUCUT OT TMOpAJKa cOMHomuTenei: fg = gf nnAa nobbIX ABYX 3JIEMEHTOB
rpyIIbI.
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ITpuMEP 1. I'pynna Bcex uaoMeTpuii paBHOCTOPOHHEI'O TPEYTOJbHUKA
HeaOelleBa.

ITpuMEP 2. I'pynna Bcex cOBUI'OB BellleCTBEHHOI ocu abeseBa.

Onepanusa B abeneBoii rpynmne o6bIYHO 0003HaYaeTCcA 3HAKOM .

Hanpumep, nociegoBaTelibHO€e BBINIOJHEHUE CABUTOB Ha a U Ha b B Jo-
OoM nopsjiKe ecThb caABUT Ha a-+b. [loaToMy MHO6EeCTBO Beex BeljeCTBEHHBIX
yucen C omnepanueil clomeHUA fABJIAeTCA abelleBOil rpynnoii; ecTeCTBEHHOE
AeiicTBUE 3TOU IpyNIbl HA MPAMOU CONMOCTAaBIAET YUCIY a CABUI HA d.

Onpenenenue. Odnonapamempuyeckoil 2pynnoii npeo6pa3oearHull MHO-
Jcecmea Ha3bIBaeTCA JelicTBHEe Ha HeM I'PYIIbI BceX BelleCTBEHHBIX YKcell.

3AMEYAHHUE. [leficTBUA rpynmnbl BceX LENbIX 4ucel 7, WHOrIa Hasbl-
BalOT «OJHONMapaMeTPUUYECKUMHU I'pynnaMu ¢ JUCKpeTHbIM BpeMeHeMy. [l
takoro geiictBufa T, = (71)™. no3ToMy BCA rpyIna COCTOUT U3 CTeNeHeil
ofHOr0 Npeobpa3oBaHUA.

OpHomapaMeTpuuecKkad rpyimna npeobpasoBanuii MHoxecTBa M 00ObIU-
HO oGo3HauaeTcA 3HakoM {g'}. 3mecw g' : M — M — mupeoGpasoBanue,
coOoTBeTCcTBYIOIIee Touke ¢ u3 R.

Tarum ob6pa3omM, ogfHONIapaMeTpuyecKkad rpymnia npeobpasoBaHuii MHO-
secTtBa M — 3To Habop npeobpaszoBanuil g', 3anapaMeTpu30BaHHBLIX Be-
1leCTBEHHBIM ITapaMeTpoM £, TaKoi, YTO Jid JIIOObIX BellleCTBEHHBIX UKCell S

ut
Ngtt=g%". 2)gt=(g")""
[lapameTp ¢ 0ObLIYHO Ha3bLIBaeTCA 6peMmeHeM. Ipeobpa3oBanne g' Ha3bl-

BaeTcA npeobpasosanuem 3a epems t.

[lpuMEP 1. M = R, g* — cnBur na 2t (1.e. gtx = = + 2t). CBoiicTBa
1) u 2) oyeBUIHBI.

IIPUMEP 2. M = R, g — pacramenue B e¢! pas (T.e. glx = e'z).
CsoiictBa 1) u 2) oueBngubl. O603HaueHue g¥ — B naMATHL 06 3TOM NpUMepe.

[lpuMEP 3. M = R, gtz = x + sint. CBoiicTBO 2) BHINOIHEHO, a 1) —
net; {g'} — He onHonmapameTpuueckas rpynmia.

3AMEYAHUE. U3 cBoiicTBa 1) oyeBugHO cienyet, uto g° — TommecT-
BeHHOe Npeobpa3oBaHue, OCTaBlfALIee Kax Y0 TOURy Ha MecTe. [loaTomy

5 3akaz Ne U17
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cBoiicTBO 2) BhiTeKkaeT u3 1). CBoiicTBO 1) Ha3bIBaeTCA 2pynnoevim ceoticm-
60M.

OpHomapaMeTpuueckasa rpynmna npeoGpa3oBaHuii MHOkeCTBA — 3TO
MaTeMaTHYeCKUil SKBUBaIEHT (PU3UUECKOI0 NOHATHUA (IBYCTOPOHHE JeTep-
MUHMpOBaHHBIH mnponecey. [Iyete M — (QasoBoe mpocTpaHCTBO Ipolec-
ca. Touka 3TOro mpocTpasHcTBa — 3TO ONpeJeJeHHOe COCTOAHME Ipolec-
ca. [Ipeanonomsum, yTo B MoMeHT ¢ = () mporecc O6b11 B cocTosnnu x. Toraa
B IPYroii MOMEHT ¢ cocToAgHue nporecca 6yaeT nHbIM. 0603HaYMM 3TO HOBOE
cocToAHMe npoliecca yepes gla. Mbl onpefenuin AIA Ka#goro ¢ orobpase-
Hue g': M — M ¢asoBoro npocTpaHcTBa npoiecca B ce6sa. OTobpamenne gt
nepeBoJUT cocToAHKEe B MOMeHT () B cocToAaHue B MOMeHT t. OHo Ha3bIBaeTCA
npeobpasosaruem 3a epema t.

OTob6pamenne gt neficTBUTENLHO ABIAETCA Npeobpa3oBaHrieM (B3auMHO
O[IHO3HAYHBIM OTOOpazkeHueM Ha). JTO cleayeT U3 TOro, 4To, MO ONpeje-
JIGHHIO JeTePMUHUPOBAHHOCTH, Ka#/J0e COCTOAHNE OQHO3HAYHO ONpe/eisaeT
Kak Oyayllee, Tak M MpoILIoe mpolecca. I'pynnoBoe cBOWCTBO Tak#e BbI-
nosiHeHo. JlelficTBUTENLHO, IyCTh NMpolecc B HayalbHbIii MOMEHT HaXOAMJICA
B cocToguuu x. I[lepexon K COCTOAHKIO B MOMEHT ¢ + § MOKHO OCYLIECTBUTH
nmu6o cpasy (x — g't®x), nubo cHavyana paccMOTPETh MPOMEHKYTOUYHOE CO-
cToAgHMe g'x, B KOTOpoe Impoliecc NpUAeT 3a BpeMd ¢, a IOTOM NOCMOTPETh,
KyZa 3TO IPOMexyTOUHOe COCTOAHUe caBUHeTcA 3a Bpemda s. CoBnageHue
peayiabTaToB (gitéx = g®glx) o3navaer, 4yTo nepexo] U3 HAYAILHOIO COCTO-
AHUA B KOHeYHoe 3a (MKCHPOBaHHOE BpeMA MPOUCXOJUT BCeraa oJuHaKoBo,
He3aBHCHMO OT TOr0o, B KaKOil MOMEHT BpeMeHH MbI BBIXOAMM U3 Hayalb-
HOI'0 COCTOAHMA.

OpHonapameTpuuecKkas rpynna npeodpasoBaHuii MHOMecTBa M Ha3bl-
BaeTCA Takmke $Pasoevim nomorkom ¢ Gpas3oBbIM MpocTpaHcTBOM M (MO#HHO
npeacTaBiIAThL cebe pa3oBoe NPOCTPAHCTBO 3aNOJHEHHBIM #UJKOCThIO. Yac-
THULA T 4yepe3 BpeMsA ¢ NepexoiuT B TOUKy gix).

Op6uThl (ha30BOro MOTOKA HA3LIBAIOTCA €ro $asoevimu Kpuevlmu (WK
MpaeKmopunmu).

ITPUMEP. Ilycth g — moBopoT miockoctu Ha yrona t Bokpyr (. Oye-
BM/IHO, TPYIIIOBOE CBOWCTBO BbINOAHEHO. Op6uThl (hazoBoro notoka {gt} —
Touka () u okpy#HOCTU ¢ HeHTpoMm 0.

TO‘IHI/I, ABIAKOIIHNECH (I]E:l3OBI:»IMI/I KPHUBbBIMH, HA3bIBAlOTCH HenoosuU}CHbL-
MU modramu IMOTORaA.
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3. OgHonapameTrpudeckue rpynnsl avudpdpeomopdpusmosB. Ilpen-
MOJIOKUM Telepb, YTO paccMaTpuBaeMoe MHoxecTBO M HajelleHO CTPYK-
Typo#l raagkoro MmHoroo6pasus. IIlpumepamu riagkux MHoroo6pasuii ABIA-
foTcA: 1) nmo6asa obnacTh B €BKJIWJIOBOM NpOCTpaHCTBe; 2) chepa; 3) Top.
O6miee onpenenenue gaHo B . 9. Iloka Mo#KHO cuuMTaTh. UTO pedyb UAET 06
o0sacTU eBRIM/I0Ba IPOCTPAHCTBA.

Hudgdeomopduszmom HaspiBaeTCca oToOpameHue, riaJKkoe BMecTe CO CBO-
uM obGpaTHbIM. (OToOpaseHue Ha3bIBA€TCA TIaJKHUM, €Cld KOOPAMHATHI
TOYKU-0Opa3a — riajkue pyHKUUMU KOOpAUHAT TOYKHU IpoobOpasa, u 00-
paTHO).

3A7A4YA 1. Kakuwe u3 ¢yHrmmit . —x, x°, x>, arctg x 3agaior auddeomop-
¢u3M npaMoii Ha cebA?

OTBET. TosbKo nepBbie OBE.

Onpenenenue. Oduonapamempuyieckoil 2pynnotl dudgeomopduzmos Ha-
3bIBaeTCA OJHOllapaMeTpuUyecKkad Trpylna npeobpa3oBaHuil, ABIAIOUMX-
cA auddeomopdpusmamMu, yIoBIeTBOpAIONIaAA ele cleayoleMy YyCIOBUIO:
gtx rnagko 3aBUCUT OT 060MX apryMeHTOB, t U .

[IpuMEP 1. M = R, gt — ymHoxeHue Ha et.

ITpuMEP 2. M = Rz, g' — nosopot Bokpyr 0 Ha yron t.

3AMEYAHHUE. YcioBHe IllaJKoil 3aBUCMMOCTU OT BpeMeHU ¢ Heo6Xoaumo 1A
TOro, 4ro0Obl M30aBUTLCA OT TMATOJIOTMYECKUX I[IPUMepoB, Bpoje clielyIollero:
nycth {a} — 6a3uc rpynnsl R, T. e. Takoii Habop BelleCTBEHHBIX YKCEl, UTO Kark-
Jloe BellleCTBEHHOE YUCJO OJJHO3HAYHO NpelcTaBUMO B BUJe KOHEUYHOI JUHEeNHON’
KOMOMHaNUM 4uces Habopa c neiabiMu KodddurmeHTamu. ConmocraBuM KarkJIoMy
yuciay « U3 06a3uca cABUI IPAMOI Ha KaKoe-IuM0O paccTOAHHE, COBEPIIEHHO He
3a60TACh O JIPYTUX 3leMeHTax Gasuca. Ilomaras g®tt T = g*1 g% nMp1 mo-
JIYy4YUM OJHOIlapaMeTpUuUeCcKYIO I'pyIny npeobpa3oBaHuil, Kamloe U3 KOTOPbIX —
cOBUI IPAMOM M, cleioBaTeibHO, AuddeomopdusmM, ogHAKO gt B o01ieM ciyyae
3aBUCHUT OT t He IJIaJJKo U Jaie pa3pbIBHO.

BmecTo raagkocTu no ¢ MoxHO 6bLI0 Ob1 TPpeGOBaTh OOHOI JIUIIL HENPepPbIB-
HOCTH (M3 Yero riajJKocTh y#e BbITEKAaeT), HO HAM 3TO He HY#KHO.

Onpenenenuvie. Oduonapamempuieckorll 2pynnoil LuHelHbLX npeoipaso-
6aHull Ha3bIBaeTCA oJHONapaMeTpuueckasa rpynna guddeomopdpusaMoB. AB-
JAIUXCA JUHEHHBIMU IpeoOpa3oBaHUAMU.

[IPUMEP. PaccMOTpUM Ha IIOCKOCTHU ¢ KoOpAUHaTamH (,y) mpeobpa-
soBanue gt(x,y) = (e®tx, ePly).
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flcHo, yto g — nuHeiiHoe mpeobpasoBaHue (3a BpeMdA t OCh & pacTA-
ruBaeTcA B e pas, a ocb y — B €P! pa3).

['pynnoBoe cBoiicTBO, g¢ 1% = gtg®, BLITeKaeT U3 cBoOiiCTBA SKCIIOHEHTHI
(e%*? = e%eY), riankas 3aBUCMMOCTDb OT ¢ Take oyeBuaHa. Urak, {g'} —
oJlHONIapaMeTpuyecKas rpynna JuHelHbIX npeobpa3oBaHuii MIOCKOCTH.

[lycts, B yacTHoCcTU, @ = 1,3 = 2 (puc. 46). B aToM cnyuae dazoBbie
KpUBble — HENOJABU#HaA TOUKa HYJb, IOJOBUHbI KOOPAUHATHBIX OCeli U MO-
JIOBHUHBI apaboii; aeficTBUe OAHOI0 U3 Mpeobpa3oBaHuil (a3oBoro NoToka Ha
o6aacTh F nzobpaneHo Ha puc. 46. [[nomany obnacteii yBennunBamTCA NpU
peiicteun g* B €3t pas.

Lok
XLyA 2
gE [\o o0
A
E
Puc. 46. [leiicTBue ¢aso- Puc. 47. T'unep6oauyec-
BOr'0 NMOTOKa Ha 00J1acThb KUif TOBOPOT
Paccmotpum emte ciyyvait a = 1,3 = —1 (puc. 47). B aTom ciyuae npe-

oOpasoBaHKe g’ COCTOMT U3 caTUA B €' pa3 B HanpaBleHUH OCH Yy U PacTH-
seHud B €' pas B HanpaBieHuu ocu x. Takoe npeo6pa3oBaHue Ha3bIBaeTCH
2unepboauieckuM NO6opomoM, Tak Kak (a3oBble KpuBble nmotoka {g'} —
MOJOBUHBI runepbon xy = const (KOHeYHO, nojioxeHre paBHoBecud () u mo-

JIOBUHBI Oceil KoopAuMHAT — TakK#e (das3oBble Kpubbie). ['MmepGonuyeckue
MOBOPOTHI COXPAHAIOT ILIOIAAU, XOTA U CUILHO MCKaxKalT GopMy GUryp
(puc. 47).

3aMeTHM, YTO Halla OJHONapaMeTpHyecKkad rpymnna JUHEeHHbIX Npeos-
pa3oBaHUil MIOCKOCTH pacnajaeTcA B «NpAMOe MPOU3BeJeHUe» IBYX OIHO-
napamMeTpUyYeCcKUX TPy JUHEHHbIX Npeobpa3oBaHUil NPAMBIX (a UMEHHO,
pacTAxeHuil oceil).

3AJTAYA 2. Beakasa au oiHOMapaMeTpu4YecKas Ipyniia JUHEHbIX Mpeobpa3o-
BaHU IJIOCKOCTU pacnagaeTcd moJo6HbIM o6pa3omM?

Yrkasauue. Paccmorpute nosopotsl uiau casuru (z,y) — (z + ty,y).
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4. BekTopHoe mnoJie ¢pa3oBoii ckopocTu. PaccmoTpum oaHonapa-
MeTpudeckyto rpynny {g'} auddeomoppusmos obaactu M.

Onpepenenue. Bexmopom daszoeoti ckopocmu nomoka {g'} 6 mouke x
u3 M HasbpIBaeTCA CKOPOCThb BbIX0Ja TOYKM g’z u3 x, T.e.

d
(@) = o (g"x).
t=0
BekTophI (ha3oBoii CKOPOCTH TIOTOKA BO BceX TOUKax obmacTu M o6pa-
3YIOT TJajKoe BEKTOpHOe Nojle (Tak kak gtx rnagko 3aBucuT ot t u z). OHo
Ha3bIBAETCA NnoaeM $a3060t CKOPOCML.

3AITAYA 1. HaiiTu nona ¢pa3oBbIX CKOpPOCTE TIOTOKOB Ha IMPAMOIi gt:r: =x+1,

eta:, etz

OTBET. v(z) = 1,z, —=.

3AIAYA 2. HenoaBuzcHbIe TOUKU MOTOKA ABJIAIOTCA 0COOBIMH TOYKAMU MOJIA
($a30BOii CKOPOCTHU, T.€. BEeKTOp (a30BOil ckopocTu obpalllaeTcA B HUX B HYIb.
BepHo 1 o6paTHOE?

OTBET. [a, cp. m. 3 §2.

3abuKCcUpyeM TOYKY o M PacCMOTPUM ee [BHeHHe [ojJ AelcT-
BueM (azoBoro motoka g'. HbIMU clloBaMHU. pPacCMOTPUM OToOpame-
Hue ¢: R — M, onpenenennoe tak: p(t) = glxo.

Teopema. OmobGpajxcenue @ asasemcs peuleHuem ypasHenus i = v(x)
¢ HavaabHbim yeaosuem p(0) = .

HubpiMu ciioBamu: nod deticmeuem ¢azoeo02o0 nomokra ¢aszoeas moyka
dsuscemcs mak, YmMo 8eKImop ee CKOPOCMU 6 Kaxcovlll MOMEHM epemMeHl pa-
seH eexmopy gasoeoil ckopocmu 6 moil mouke asoeo20 npocmparcmea, 20e
0BUNCYULAACA TMOYKA HAXOOUMCA.

JTOKA3ATEJIBLCTBO.
IJTO BLITEKaeT U3 I'PyIimnoBoro cBolicTBa:

d - d ‘T+E . d T . T
dt giw—d—s g =0 g (g"x) =v(g x).
t=1 "~ le=0 e=0
Takum ob6pasoM, ¢ kasxcdoil odHonapamempuieckoil 2pynnoil dugdgeo-
mopdusmos ceazaro dugdepernyuarvroe ypasHeHue (3aJaHHOE BEKTOPHBIM
nojieM (a3oBOil CKOPOCTH); PEIIeHUAMH 3TOT0 YpPaBHEHUA ABJIAIOTCA [IBU-

MEeHUud (DHBOBI)IX TOYEK 10 JJelCTBUEM (1)830B01"0 IIOTORA.
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3AIAYA 3. BepHo au ob6paTHoe, T.e. BCAKoOe /M pelleHue gaeTcA GopMyioi
p(t) = g'wo?

OTBET. [la, no Teopeme eauHcTBeHHocTH (§2, 1. 3).

Ecnu ¢a3oBblii IOTOK onuchIBaeT X0 KaKoro-iubo mnpoiecca npu npo-
M3BOJbHBIX HaydallbHBIX YCIOBHUAX, TO auddepeHnalbHOE ypaBHEHUE, 3a-
JaHHOe ero BEKTOPHBIM IojieM ($a30Boii CKOPOCTHU, ONpPEJeNAET L0KAAbHbLL
3aKOH 2604A10UUU Npoyecca; TeopuAa NuddepeHIMaIbHBIX ypaBHEHUN O HA,
3Haf 3TOT 3aKOH 3BOJIIOIMH, BOCCTAHOBUTh MPOLLIOE U IpeackasaTh Oymy-
Iee.

@opMynrpoBKa KaKkoro-inubo 3akoHa Npupoabl B BUe auddepeHnalb-
HOTO ypaBHEHUA CBOAUT M00yIo 3asady o6 sBoionuu npoiecca (dpusnyec-
KOI'0, XUMHY€CKOI'0, SKOJIOTHYECKOT0 U T. [I.) K 2eomempuieckoll 3agade o 1o-
BeJJeHUH (pa30BbIX KPHUBBIX JJAHHOIO BEKTOPHOIO IOJIA B COOTBETCTBYIOIIEM
($a30BOM NpPOCTpPaHCTBE.

Onpenenenuve. Pazosvim nomokom JuddepenHyuuarbHo20 YpPaBHEHUS
& = v(x) Ha3bIBaeTCA OJHOMapaMeTpuueckad rpynmna nuddeomopdusmMoB,
IJA KOTOPOH v ABJIAeTCA BEKTOPHBIM MojieM (pa3oBoOii CKOPOCTH.

YToO6b1 HaliTH (a30BLIi NOTOK YpPaBHEHNA, JOCTATOYHO PEIUTh MOcje -
Hee: glxy ecTh 3HaueHWe B MOMEHT ¢ pelleHHA ¢ ¢ HayalbHbIM YCIOBH-
eM ¢(0) = xp.

[[PUMEPBI. Pa30BbIii MOTOK ypaBHeHuA = = kx ecTh rpynna {e*t}. da-
30BbIil IOTOK ypaBHEHUA MalbIX KoleGaHuil MaATHUKA (L1 = Xg, X3 = —X1)
COCTOUT U3 MOBOPOTOB IJIOCKOCTHU Ha yroa t. Pa3oBbIii IOTOK ypaBHEHUA Ma-
NbIX KoslebaHuili MepeBepHYyTOro MafATHUKA (&1 = X2, @2 = 1) COCTOUT U3
runep6oiMyecKuX MOBOPOTOB.

3AIAYA 4. Haiitu ¢azoBbie noToKu U PepeHnualbHbIX yYpaBHeHUd
z=0; 1; x—1; sinz, 0 <z <.

OTBET. g'x = z; = + t; (x — 1)e’ + 1; 2arcctg(e™ ! ctg z/2).

3AIAYA 5. HaiiTu ¢a3oBble NIOTOKU CUCTEM

r=1, r=1, T =8smy,

y = 0: y = 1: y = 0.

OTBET. (z +ty,y), (zx+ty+t’/2,y+1t), (x+tsiny,y).
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Bo3HuKkaeT Bompoc, 6csikoe au 2aadkoe 6eKmopHoe noae A6ASemcs no-
aem azoeoll ckopocmu nomoka?’
OTBeT Ha 3TOT BONPOC — OTpHUIIATENbHbI.

ITpuMEP 1. Pacecmotpum nuddepennuanbHoe ypaBHeHue £ = 1 ¢ ¢a-
30BbIM npocTpaHcTBoM () < x < 1. flcHo, 4yTo nmpeoGpaszoBanue g* MomeT
ObITh TOJAbKO CIBUTOM Ha ¢, HO npu ¢t # ( Takoil cABUT He MepeBOgUT (aso-
BO€ MPOCTPAHCTBO B ceOA.

ITPUMEP 2. PacemorpuM ciyuail v(z) = 22,z € R. Pemenue ypaBHe-
HUA & = v(x) ¢ HaYalbHBIM yCJIOBUEM X Npu ¢ = (0 HETPYIHO HAWTU ABHO:

de/z? =dt, —-1/z=t+C, C=-1/z9, T =z0/(1— zol).

Urak, gtz = x/(1 — tx). Herpyaso npoBeputsb, uto g't% = glg®, tak uto
Ha MepBbId B3rJA4 Mbl HAaULIX (Pa3oBbIi MOTOK.

K comanenuio, oro6pasenue g' HU npu KakoM ¢, KpoMe HyJIA, He AB-
nfetcAa quddeomoppuaMoM npAMoil (OHO Jazxe He Bcloay onpejeneHo). Ilo-
aTomy noae v(x) = x? He Aeanemca nosem $asoeoll ckopocmu HUKAKOI

odHonapamempuieckoll zpynnut duggdeomopgdusmos npamoii.

3AMEYAHHE. [Ipuuyunna, no kotopoii 06a npuBeAeHHbIX MOJIA HE UMEIOT
(pa30BBIX [OTOKOB, 3aKJIOYaeTCA B HEKOMIAKTHOCTHU (pa3oBOro IpocCTpaH-
cTBa. B panbHeiilieM Mbl YBUIMM, UTO TJaJJKkoe BEKTOPHOE I0jie HAa KOM-
NakTHOM MHoroo6pa3uu Bcerja omnpeneiseT ¢a3oBblii noTok. B yacTHoCTH,
nosne v(x) = x? Ha apPUHHON NPAMON MOKHO NPOJOJNMUTHL JO IJIaJKOro
Ha Bcell NMPOEKTHBHOM NpAMOil (BKJIOYad 6ECKOHEYHO yHajJeHHYIO TOUYKY)
BEKTOpHOro noidA. IIpoekTHBHaA npAMad KOMIaKTHa (TOMOJOTMYECKH 3TO
OKPY#HOCTh), U I'NIaJJKOe BEKTOpPHOeE I10Jle Ha Hell onpenensaeT (a3oBbIi I0O-
Tok. HaiifeHHble HaMu (GopMyJbl AJA oToOpaseHuil g Kak pas U ONUCHI-
BalOT 3TOT NOTOK: g' ecThb AuddpeomMopdu3M NPOEKTHUBHON NMPAMOii. a He
adppunHoiA!

3A0AYA 6. JJokamuTe. YTO BCAKOE IIaJKOe BEKTOPHOE Bole Ha MPAMOii. pac-
Tyulee Ha 6ecKOHeYHOCTH He GbicTpee auHeitHoro (|v(z)| < a + b|z|) ABaserca no-
neM (a30BOi CKOPOCTHU OHONAapaMeTpUYecKoi rpynnsl guddeomopdpramMoB mps-
MO¥A.

Yka3aHue. CpaBHI/IB JBUKeHHEe ¢ OoJee 6bICprIM JABHUMEHHEM B IIOAXOOA-
meM JUHEeNHOM I1oJie, JOKRa3aTb, YTO pE€II€EHUE HE MOMET yﬁTH Ha 6€CKOHEUYHOCTh
3a KOHeYHO€ BpeMA U, clieioBaTeJIbHO, IIpoaoJixaeTCHA Ha BCIO OChb i
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3AAYA 7. Onpepensier nu ¢a3o0Bblii MOTOK Ha NPAMOIl ypaBHEHHE & =
= e” sinz?

OTBET. [a.

3AJIAYA 8. PaccMoTpuM JMHMHEHHOE POCTPAHCTBO BCEX MHOTOWIEHOB P CTeme-
HU MeHbIlle . OT NlepeMeHHoit . Onpenenym npeoGpa3oBaHue 3a BpeMA ¢ Kak CIBUT
apryMeHnTa MHorounena Ha t (T.e. (g'p)(x) = p(x + t)). Hokamure. uto {g'} —

oJHOIlapaMeTpUyecKada rpylna JUHelHbIX NpeoOpa3oBaHUl, U HaWJUTe ee BeK-
TOpHOe 110Je $a30BoOil CKOPOCTH.

OTBET. BekTop moiA B TOUKe p ecTh MHorouieH dp/dz.

§ 5. HeiictBue auddeomopdpr3MoB Ha BEKTOPHbIE
[I0JIA U Ha I0JIA HalpaBJeHUuN

OcHOBHOI1 MeTO]] pellleHUA U Uccleao-
BaHuA JuddepeHMalbHbIX YpaBHEHUN —
3TO MoAGOp MoAXOoAIleli 3aMeHbI epeMeH-

--"‘_"‘x
f HbIX, T.€., B reOMeTpUuYeCKUX TepMHUHaXx,
noaxondaiero nuddpeomopdpusma, ymnpoiia-
¢ 0 f P ¢ I0lllero JaHHOe BEKTOPHOe IoJie WU IoJie

HalnpaBlieHuil. 3ecb Mbl IpUBOAUM (op-
MallbHble OIpefieleHUA HeOOXOOUMBIX IO-
HATUM. Mbl HauHeM ¢ HaOMUHaHUA HEKO-
TOPBIX MPOCTHIX cBeJeHul U3 nuddepeHInalbHOr0 NCUNCIEHNA.

1. HeiicTBUe raagkux orobpazieHuii Ha BeKTopkl. [Ipu pacemoT-
pPEeHUU BCEBO3MOMKHBIX MaTeMaTU4YeCKHUX 00bEKTOB I0JE€3HO HaApAAy ¢ 00b-
eKTaMU paccMaTpuUBaTh Tak#e oTobOpamenua’. HanoMHIo onpenenenue neii-
CTBUA I'ajkuX oToOpaxeHuil Ha BEKTOPHI.

Ilyctes f: M — N — raagkoe oTtobGpaxenune odnactu M nuHEHHOro
npocTpaHcTBa B o6jacTh /N JIMHEHHOrO MPOCTPaHCTBa, U NYCTh ¥ — BEK-
TOp, NPUJIOEHHBII B TOUKe x ob6aacTu-npoobpasa M, T.e. cTpejoyKka C Ha-
yajioM z (puc. 48). Torga B Touke-oOpase f(x) obnactu [N Tak#e BOSHUKAET
BEKTOpP, 0003HaUaeMblii, yepes fi, ¥ U Ha3bIBaeMbIil 00pa3om eexmopa v npu
omobpadxcenuu f. A UMeHHO

Puc. 48. lleiicTBHe riagKoro oTo-
Opa<eHHA Ha BEKTOP

1B 5ToM cocTouT Tak HazbIBaeMas «KaTeropHaf» TOuka 3peHHA. I'py6o roBops, KaTero-
PUA — 5TO COBOKYINHOCTb 060BEKTOB U 0ToOparkeHuii (MpuMep: KaTeropus BceX JHMHEHHBIX
MPOCTPAHCTB U MX JIMHENHBbIX oToOpameHuil Ipyr B apyra).
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Onpepenenue. O6pazom eexmopa v npu omobpaxcerHuu [ Ha3bIBaeT-
CA BEKTOpP CKOPOCTH, C KOTOpoil nBuymasaca Touyka f(op(t)) BeIXOAUT U3
TOuKM f(x), KOrga OBUMKYyLIaAcA TOYKa () BBIXOAMT M3 TOYKU & CO CKO-
pPOCTBIO v:

fov= 5| fe@), mee@) =z & e@H=v. (1

t=0 t=0

HNupiMu cnoBamu, cTpenouyka v cHusaeTca B 1000 pas, 3aTem nop naeii-
cTBUeM [ mpeBpallaeTcA B U30THYTYIO CTPENIOUYKY, 3aTeM IOCJeqHAA pac-
tAruBaetcA B 1000 pa3 u HarkoHen 1000 ycTpemnseTca kK 6€CKOHEYHOCTH.

3AIOAYA 1. lokassuTe, 4yTo o6pa3 BeKTOpa v He 3aBUCUT OT BbIGopa IBUHie-
HUA @, TUIIb 6bI TOYKa ((f) BBIXOOUIA U3 T CO CKOPOCTBLIO .

PEIEHUE. IIycTh 9 — Opyroe [BUeHMe, BBIBOJAILIEE U3 T C TaKOMl e
ckopocThio. Torma paccrosHue Memay Toukamu (t) u (t) npu mambix |t
ectb o(|t|). lockonbKy oToGpareHue f riajkoe, pacCTOAHUE MeMAY TOYKAMMU-
obpasamu f(p(t)) u f(¢(t)) B N Tarse ectb o(|t|), uTo u TpeboBanocs.

3A0AYA 2. IlycTh v — HOMOMUTENbHBIN OPT MPAMOM, MPUIOHEHHbIN B TOY-
ke a, u mycthb f(z) = z°. Haiitu f.qv.

OTBET. 2a-0pT.

BA,IIA‘IA 3. MOI"YT JU AB€ TOYKHU Ha INNIOCKOCTH, ABUMYHIHUECHA II0O pa3HbIM
OCAM ROOpPpJIHMHAT, BBIXOAUTHL M3 Ha4Yaljla ¢ OJMHAKOBBIM BEKRTOPOM CI{OpﬂCTH?

OTBET. [la, eciu ckopocTh HyleBad. [Ipumep: o(t) = (t2,0),¢(t) = (0, ).

MHo#ecTBO BceX BEKTOPOB CKOPOCTEN IBUMKEHNUH,
BLIXOJAUMX U3 TOUYKM x obnacTtu M, ABIAETCA JNHEH- x T M
HBEIM IIPOCTPAHCTBOM: 3TO IIPOCTO NPOCTPAHCTBO BEKTO- = =
pPOB, IPUJIOKEHHLIX B Touke . Ero pasamepHocTh paBHa
pasmMepHocTHu obsiactu M. TO MpocTpaHCTBO Ha3bIBa-
eTCHd KacameabHblmM Npocmparcmeom 6 moike x K 00- &M//
nactu M wu o6o3navaetca T, M.

BcarkoMy, KTO cTalKuBaeTcA ¢ 3TUM BIlepBble, TPYI-
HO OTOpBaTh KacaTejbHOe [POCTPAHCTBO K JUHeHHOMY IIpo- Puc. 49. KRacaTtenb-
CTpaHCTBYy OT caMoro JjuHeilHoro npoctpaHctBa. Cilegyio- Hoe MpoCTpPaHCTBO
niee 06061eHNEe TPU3BAaHO MIOMOYb CIIPABUTHCA C 3TOM TPY -
HOocTbIO. PaccMOTpUM Kakyo-mu6o riagkyio moBepxHocTb M B R3, mampumep,
cepy. BekTopsl cropocTeil, ¢ KOTOPbIMU ABUKYINAACA MO chepe TOYKA MOKET
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BBIXOJUTH U3 3aJaHHOM TOYKHU cdepbl, 0OUeBUIHO, 06pa3yIOT IIIOCKOCTh (JIBYyMep-
HOe KacaTelbHOe MPOCTPAHCTBO cdepbl B 3aJaHHON TOYKE X): 3Ta KacaTelbHasfd
miockocth T, M (puc. 49) ABHO oTaeleHa oT caMoii cepnl M.

OnpepenedHoe Bblllle oTOOpaseHne f., NepeBOAUT KacaTelbHoe Ipo-
CTpaHCTBO K obacTU-pooOpasy, M, B Touke x B KacaTelbHOe IPOCTPaH-
CTBO K o6iacTu-o6pasy B Touke f(x).

3AIAYA 4. JlokasaTh, 4yTo oToOpamenue fi,: 1o M — Ty(,)IN nuneiiHo.

PeEmEHHUE. Ilo popmyne Teiinopa
f(z +vt) = f(x) + (9f /0x)vt + o|¢]),
clleIoBaTeNbHO, [y, = Of/0x — nuHeiHbIN onepaTop.

Ecau B npocTpancTBax — mnpoo6Gpase u oOpase oTobpaxeHusa f — BBI-
GpaHbl eKapTOBbl KOOPAUHATH (L1,...,%m) U (Y1,..-,Yn) COOTBETCTBEH-
HO, Tak uTo f 3ajaeTcA Habopom n GYHKLUH f; OT m NepeMeHHBIX I, TO
KOMITIOHEHTBI BEKTOPA f4, ¥ BhIpaaloTCA Yepe3 KOMIOHEHTHI BEKTOpa v 10

popmyie
Z 0 f;
(f*:L' ’& - am‘?

Nuaue rosops, mampuya onepamopa f., cOCMAas.ieHa u3 YACmMHbLL Npo-
useodnoix (0f;/0x;).

OnpepeneHue. JluneiiHblii onepatop fi, Ha3bIBAeTCA NPOU3BOOHOU
omo6paxcerus f B TouKe .

3AOAYA 5. PaccmoTpum oTobpasse-

A Xy f A Y2 Hue f mOpAMONi B MIOCKOCThb, f(x) =
x, - = Yy, = (sinz,cosx). HaliTu 3HaueHue ero npous-
BOJIHO¥ Ha IOJIOKUTENLHO OPUEHTUPYIOIIEM
Kerf,. OCb x BeKTope v AauHbl 10, NMpuiIoseHHOM
B TOUKE Q.
Puc. 50. KpuTuyeckue TOYKU U OTBET. f.qv = (10cos @, —10sina).

KPpUTHYECKHNE 3HAYEHUA 0T06pame—

Huf YUTHU 3ATAYA 6. PaccmoTpuMm otobpasnie-

HUe [ INIOCKOCTH B IUNIOCKOCTH, f(%1,%2) =
= (a:‘l{’ + x122,x2) (puc. 50). HaliTu MHO£ECTBO BCeX TOYEK X, B KOTOPBIX JIMHEN-
HbIii orepaTop f., BBIPOHOAeTCA, U HAliTH o6pa3 3TOro MHOKECTBa NMpHU 0TOOpa-
seHUU [ (3TU ABa MHOKeCTBa Ha3bIBAIOTCA MHOMKECTBAMM KPUMUYLECKUT MOYeK
U KpUmMu4eckux 3HaveHuill COOTBETCTBEHHO).
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PEUNIEHHME. MaTtpuia onepatopa uMeeT BUM

322 + 22 11
0 1)’

I03TOMY NPOM3BOJHAA BBIPOi/IeHa Ha mapabone x2 = —3x7. Ee o6pa3 — momyky-
6uueckana napabona (y1/2)° + (y2/3)° = 0.

OTo6paskeHue 3TOi 3amayud HasbIBaeTCA omobpaxcenuem Yumuu (cooprot).
X. YUTHU AOKa3all, YTO 0COOeHHOCTh COOpPKM TUMHMYHA [JIA IIaJKuX oToOpaseHui
IUIOCKOCTH B [UIOCKOCTH (Hampumep. BesAkoe 6nu3koe K f riaajgkoe oToOparkeHue
uMeeT MOGIM30CTH OT Havala KOOPOUHAT MONOOHYI0 0COGEHHOCTH).

3AMEYAHHE. JluHeiiHasa cTpyKTypa (T.e. cllosseHre BEKTOPOB) B KacaTelb-
HOM K obinactu M B TOUKe x NPOCTPAHCTBE olpe/eleHa Bbille NP MOMOIU JIH-
HelHOoI CTPYKTYphl o6 beMitiomero VM npocTpaHCTBa, WM UHBIMU CI0OBaMU — NPU
IIOMOIIM CHUCTEeMBbI IeKapTOBbIX KOOpPJAMHAT.

B peficTBuTenbHOCTH, Kak MHO#eCTBO 1, M, Tak U CTPYKTYpPY JHUHEHHOro
IIPOCTpaHCTBa B HEM, MO#HO OIlpee]MTh He3aBUCHUMO OT BbIOOpa cCUCTEeMBbl KOOp-
OVHAT, laze KPUBOJIUHENHBIX, JUIIL ObI 3Ta cUCTeMa KOOpAuHAaT Oblia JOILyCTUMa,
T. €. CBA3aHa C CUCTEeMOI NeKapTOBbIX KOOPAMHAT IIaJKoil 3aMeHOll nepeMeHHBIX
(mudpeomopdusmom). HezaBrcHMOCTL KacaTelbHOTO MPOCTPAHCTBA OT CHUCTEMBI
KOOpJIMHAT He COBCEM OYEBHJHA, TAK KaK HapucoBaHHafA B obiactu M cTpenoyka
(npunosseHHbIN BeKTOp) npu aAuddeomoppusme nsruéaeTcs.

He 3aBucHIlee oT cucTeMbl KOOpJAUHAT oNpejelleHUe BeKTopa CKOPOCTU BbI-
Xo[a U3 TOYKHU & BBITIAJUT HECKOJIbKO abCTpaKTHO:

Onpenenenuve. KacameavHbim 6eKmopom B TOUKe X 06-
nactu M HasblBaeTCA KIacC KBUBaJI€HTHOCTHU TIafKUX JIBU-
seHuit ¢: R — M, nua kotopeix ¢(0) = z; SKBUBaleHTHOCTh
@ ~ 1t ompenelnAeTcA YCIOBHEM: PAacCTOAHUE MemJy TOYKa-
MU p(t) u 9(t) B Karoii-HuGy b (U Torja n060ii) cucTeMe Ko-
opauHat ecthb o(|t|) mpu ¢t — 0 (puc. 51).

flcHO, 4TO 3TO MENCTBUTENLHO OTHOIIEHHE SKBHBAlEHT-
HoCTH (p~ . o~ =P ~p, @~ ~x=¢~X). Pucb5l. HKiace
Kiacc sKBUBaNeHTHOCTHU JBUKEHUA ( onpeaensaeTca (Ipu GUK- »sKBUBAIEHTHBIX
CHPOBaHHOM CHCTEeMe KOOPANHAT) KOMIIOHEHTaMU BEKTOpPa CKO-  IBUKEHUI
pocTu Beixona ¢(t) us Touru ¢(0).

TakuMm o6pa3oM, Hall 6GECKOOPAUHATHO OIpe/IeJeHHbIN BEKTOpP MpeBpaniaeTcsa
B OOBIYHYIO CTPENOYKY, KaK TOJbKO CHCTeMa KOOpAWHAT (puKcupoBaHa. EauHCT-
BEHHOE, YTO HY#<HO JIOKa3blBaTh — 3TO HE3aBHMCHUMOCTh JMHEHHBLIX onepanuii Hajl
BEKTOPOM (CJIOKEHUA U YMHOMEHUA Ha YKUCIA) OT CUCTEMbl KOOPAUHAT, yYacTBY-
foleii B ux onpenenenun. Ho 3Ta He3aBUCHMMOCTh Cpa3y BbITEKAeT U3 TUHEHHOCTHU
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ornepaTopa NPOU3BOAHOII 0TOOpaxeHuA B TOYKe (HY#HO paccMOTpeTb B KayecT-
Be 0TOOpameHusd «3aMeHy IlepeMeHHBIX», T. e. AU Peomop pu3M, COOCTaBIAAIOIIU N
Habopy CTapbIX KOOpJAMHAT TOYKHU Habop ee HOBBIX KOOPIUHAT).

XoTA Halle omnpejeileHVe He 3aBUCUT OT CHCTe€Mbl KOOpPJWHAT, OCTaeTcH
ellle 3aBUCUMOCTh OT KJlacca BCeX [JONYyCTHUMBLIX CUCTEM KOOpPAUHAT, CBA3AHHbIX
riagfKkUMMU 3aMeHaMH IepeMeHHbIX. JTOT Kiacc HasblBaeTcA dugdeperyupyemotl
cmpyxmypoil, i OT Hero BBeJleHHbIe MOHATUA 3aBUCAT CyIleCTBEHHbBIM 00pa3oM.

[IpousBoaHasn oTobpaseHusa f B TOUKE & €CTh He 3a8UCAULUL HU Om cucmembl
koopdurnam e npoobpase, HU om cucmemvl KOOpOuHam 6 o6pase TUHEMHbIH onlepaTop
Jra: ToM — Tf,)N no camoMy cBoeMmy onpejenenuio (1) (puc. 52).

3AIAYA 7. Ilycts f — mudpdpeomopdpusam M Ha N. [lokamute, 4To 0TOGpa-
#eHne fy, — M30MOp(PU3M JIUHEUHBIX MPOCTPAHCTB.

3AIAYA 8. BepHo nu ob6paTHOE?

OTBET. Hert, name ecau fi, — usomop¢usm npu aobom x (cM. puc. 53).

f
N
f
—
Puc. 52. IIpousBonnasa otToGpase- Puc. 53. JloranbHbiii nuddeo-
HUA B TOUKEe MOp(puU3M MoOeT He ObITh Aud-

¢deomopdpu3mMoM B L[€JIOM

2. leiictBue nudpdpeomopdpraMoB Ha BEKTOPHbIE MOJIA.

Onpenenenue. B o6aactu M 3apaHo riiagkoe eexmopHoe noae v, ec-
A Ka# /10 TOYKE T COMOCTAaBIEH NMPUIOKEHHBIN B Heil BekTop v(x) € T, M,
riagKko 3aBUCAIIUN OT TOYKHM 2 (eciid cucTema m KOOpAWHAT BbiGpaHa, TO
1noJjie 3aJjaeTcA CBOMMM 71 KOMIIOHEHTaMU, ABJIAIIUMUCA MagkuMu QyHK-
HUAMH M nepeMeHHbIX ). BekTop v(x) Ha3bIBaeTcA 3HaYeHUeM TIOJNA U B TOY-
Ke .

IlocmMoTpuM, Kak BenyT cebGA pasiinuyHble OOBEKTHI NMPU TNIaJKUX OTO-
Opaxenuax. HacameavHvle sexmopsl npu oToOpamenuax g: M — N odsu-
scymea eneped (T.e. MoOA MAelCTBHEM g KacaTelbHbIi BeKTOp v K M
Mepexo/IUT B KacaTelbHbIil BEKTOP Gy, ¥ K V). QyHryuu npu oTobpaseHu-
ax g: M — N dsuaxcymcea Ha3ad, T.e. byHEIUA f Ha IV nopoxkjaaeT QyHKIUIO
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Ha M (ee 3HaueHue, B Touke x U3 M paBHO 3HaueHHIO f B o6pase TOUKH ;
aTa QyHRLIUA o603HavaeTcd g* f; 3Be3/l0UKa ceepry CUMBONU3UPYET JBUHKE-
HUe Ha3ad).

BekTopHble mMmoiA He oToOpamarTCA,
BoOOIlle TOBOPA, HU BHepel, HU Hazal. [eii-
CTBUTEJNBLHO, NPU OTOGpazKeHUu ABe TOUYKU g
npoo6Gpa3a MOryT NepeilTU B OJHY U IpHU-
HECTH TyJa pa3Hble BEKTOPbI, MI03TOMY I10-
e B mpooOpa3e He MEPEHOCUTCA Ha oOpas.
Kpome Toro, MHOrue KacaTelbHbI€ BEKTOPBI
B O/IHOI TOYKe MpooOpa3a MOT'yT UMeThb 00-
Uit o6pas, Mo3TOMy MoJjie B o6pa3e He MePEeHOCUTCA B Mpoobpas.

Puc. 54. [leiicTBue nuddeomop-
¢bu3Ma Ha BEKTOpPHOE IoJje

Onpepenenue. O6pazom eexkmopHozo noas npu dudgdeomopdusme Ha
Ha3bIBaeTCA BEKTOPHOE M0Jie, 3HaUeHe KOTOPOI'o B Kas 10l TOUKe ABIAETCA
0o6pa3oM BEeKTOpa UCXOJHOro mojid B mpoodpase AaHHoit Touku. O6pa3 nmosd v
npu gudpdpeomoppusme g 0603HaYaeTCa gy v.

Wuaue rosops, obpa3 g,v nond v B M npu dugdgeomopgdusme g ob6-
nactu M nHa N — st1o mone w B IN, onpepeneHHoe dbopmyinoit (puc. 54)

w(y) = (gx2)v(w), rie © = g .
3AIAYA 1. HaiiTu o6pa3 nonsa v(x) = 1 Ha npAMoii oA nedicTBueM auddeo-
Mopdusma g(x) = 2.

OTBET. (g:«v)(y) = 2.

BekTopHoe mojie Ha OcH x, €eAUHCTBEHHAaA KOMIIOHEHTa KOTOpPOI'o pas-
Ha v, 4acTo 0603HavyaeTcA' cuMBoioM vd/dx. YI06CTBO 3TOro 0603HaueHU s
COCTOUT B TOM, UTO MpH pacTAxeHUAX ocu 0/0x BeneT ceba kak 1/x. Ha-
npuMep, pelleHye Npeablaylieil 3aauyl MOHO 3anucaTh Tak:

Dl )
dr  a(y/2) 0y

B sTux o6o3HaueHuax dopmyina aeiictBua nguddeomopdusma npAamoii Ha

BEKTOpHOe II0Jle TIpUHUMaeT BUj cilefyrouieil ¢popmyibl 3aMeHbl NlepeMeH-

Hoil: ecnu y = g(x), TO il 0 — 10 ragum obpa3om, o6o3Haye-

9y ~ 0(glx)) g 0x

!B cymuocTu, v0/0x — 3T0 onepaTop AuddepeHIMPOBaHUA 110 HAMPABIEHUIO MOJA U
(cm. §10), HO Tak Kak omnepaTop vJ/0x u nolie v OAHO3HAYHO ONMPENENAIOT APYT APYra,
X 4YacTO OTOKJECTBIAIOT Mek Ay coOOii.
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Hue J/0x aBTOMaTH3UpyeT BbluucieHue neiicTBuA auddeoMoppuaMoB Ha
oJIA.

0

3AJAYA 2. HaiiTu o6pa3s nonsa x-— nop neiictBueM auddeomopdusma y=e”.

Ox
OTBET. ylny d/0y.

Ecau (x1,...,%,) — puKcupoBaHHaa cucTemMa KoopauHaT B R", To 6a-
3UCHBbIe BeKTOpHbIE oA (¢ komnoHeHTamu (1.0, ... ,0)....,(0. ... ,0,1))
o6o3Havaiotcs 0/0xy,...,0/0x,. llone ¢ komnonentamu (vy,....v,) 060-
3HaYaeTcAd Mo3TOMYy v10/0x1 + + -+ + v,0/0xy,.

3a71A4A 3. Haiitu oGpasbl «diinepoBa monsy v = x10/0x1 + x20/0x2 Ha
IUIOCKOCTH IO/ Ie¥icTBUEM cilenyomux auddeomopdusmon: 1) nopopoT BokpyT 0;
2) runep6GoaMYeECKUil MOBOPOT: 3) M060e NHHEHHOe Mpeobpa3oBaHue.

OTBET. v.

3AIAYA 4. [loraxute, yTo nuddeomoppusm, nepeBoAAlINil BEKTOPHOE I0-
jJe v B 1ojle w, lnepeBoAUT (a3oBble KpUBbIE I10JA v B (a3oBble KpPUBbIE II0JA W.
Bepno nu o6paTHOE?

OTBET. Het, npumep: v = £9/0z, w = 2x 9/0=x.

3. 3ameHa nepeMeHHbIX B ypaBHeHHHU. llycTb w — o6pa3 Bek-
TopHOro noia v B M npu apudpdpeomopdpusme g obnactu M Ha obaacte IV,
To eo w — g* v-

Teopema. JudgdepenyuanvHble ypasHeHUA

T = v(x), x €M (1)
y=w(y), yeN (2)
SKBUBALEHMHBL 8 MOM cMbicae, ¥mo ecau ¢: [ — M — pewenue nepeozo.

mo gow: I - N — peweHue emopozo ypasHerusa, u 06pamHo.

NHbIMM cliOBaMM: 3a.meHa nepemenuwvlr y = g(x) npeepawaem ypashe-
nue (1) 6 ypasnenue (2). Nnu eme: nodcmarnosra g(x) emecmo y npeepaujaem
ypasnenue (2) e ypasnenue (1).

JTOKA3ATEJILCTBO.
ITO O4YeBUHO. [/IHbIMI/I CJIOBaMHy, Iocjie10BaTeJIbLHO IIpPUMEHHAA IIpaBHUJIO
o pepeHUIMpOBaHUA CIOMHONM PYHKIIUU, ONpeie/ieHre pelleHUuA ¢ U onpe-

JelleHue TOJA gyv, HaXOOUM é—ltgo @ = Zexp(t) = geev(x) = w(y),

rae ¢ = ¢(t), y = g(p(t)), uTo u TpeboBanoch NOKa3aTh.
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3AJAYA 1. PemuTh ypaBHeHHe MalbIX KoleGaHHI MafATHHKA
T1 = T2, T2 = —2x1,
nepeiiia K MoJAPHBIM PiOOp,E[l/IHaTaMl MOJICTAaHOBKOMN 21 = 7 cos 6, £2 = rsiné.

PEIIEHNE. BpimonHuB moactaHoBry, HaxonuMm 7 = (0, # = —1, oTkyna
e =l i) COS(90 —_ t), S ii==iq) Sin(90 _ t).

3AIAYA 2. HccnenoBaTh (pa3oBble KpUBBIE CUCTEMBI

&1 = 2 + 21(1 — 22 — z3),

. 2 2
T2 = —x1 + x2(1 — 7 — x3).
PEIIEHUE. Ilepeiifia K NoAApHLIM KOOpAMHATAM, IOLYYaeM
- 2 -
r=r(l—r"), e

da3oBble KpUBbIE 3TON CUCTEMBI Ha MIOCKOCTH (7, #) coBHagaioT ¢ MHTErpailb-
HbIMU KPUBBIMM ypaBHeHud dr/df = r(r? — 1). HapucoBaB 5T kpuBsle (puc. 55)
¥ BO3BpalafAch K JeKapTOBBIM KOOpAWHATaM, MmoaydyaeM puc. 56. EmmHcTBeHHas
ocobaA ToYka — Hayajlo KoopauHaT. HaunHamomueca BOiMu3u Hee (pa3oBble KpH-
Bble HAMATBIBAIOTCA C POCTOM BPEMEHHU H3HYTPH Ha OKPYKHOCTb Z: + x3 = 1.
JTa OKPYKHOCTh ABIAETCA 3aMKHYTOIl ¢a30Boii KpUBOil (IpeJelbHbIM LUKIOM).
CHapy#xu Ha Hee TaKyke HaMaTbhIBAIOTCA (a30Bble KPUBBIE.

Ilepexon K MOJXAPHBIM KOOpPAMHATaM IMO3BOJIAET U ABHO NMPOUHTErpHUpPOBATh
HCXOOHYIO CHCTEMY.

4. NeiictBue qudpeomopdrsma Ha noJje HanpasjaeHuUii. IlycTs g
nuddeomopdusm obaactu M Ha obaacTh IV, u nycThb B obaactu M 3amaHo
nojie HanpaBieHuA. Torga B obnactu N TaKke BO3HUKaeT I0Jie Hampablie-
Huii. OHO Ha3bIBaeTCA 06pa3oMm UCXOOHO020 noas nod deiicmeuem duggdeomop-
gusma g U onpelieNiAeTCA TaK.

PaccmoTpuM Kakylo-nmu6o Toury y obmactu N (puc. 57). OHa umeeT
B M enuHCcTBeHHBIN npoobpas, x = g~ ' M. PaccMoTpuM HanpaBjieHue JaH-
HOT'O [0JIA B TOYKe Z. ITO — IpAMad B KacaTeJbHOM npocTpaHcTtBe 1, M.
Bo3bMeM n10060it HeHylleBoii BeKTOp 3Toil mpaAmoii. Ero o6pa3 noa neiict-
BUEM g eCTh HeHYJeBOoili BEKTOp B KacaTelbHOM npocTpaHcTBe 1, /N (Tak

lPasymeeTca, Heo6X0AUMBbI 0GbIYHBIE OTOBOPKH, CBA3aHHbIE ¢ HEOJHO3HAYHOCTBIO TI0-
JNAPHBIX KoopAWHAT: oToGparkeHue (r, 0) — (x1, x2) He ABaAeTcA AuddeomopduUaMoM
IUVIOCKOCTU Ha MiockocTb. Hanmpumep, MO HO paccMOTpeThb 3aflaHHbLIH 3THUM oToOpaie-
HueMm nuddeomopdpusm obaactu r > 0, 0 < < 7 Ha nMIOCKOCTb 6e3 MOJOMKUTENbHOM
MOJIyOCH &1 ¥ oTAedbHO — obaactu r > (0, —m < € < 7 Ha MIOCKOCTh 6€3 OTpULaTelbHOM
I10JIyOCH I1.
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Puc. 55. NHTerpanbHbI€e Puc. 56. ®a3oBble KpuUBbIE
KpHBbIe Ha IIOCKOCTH (7, 6) Ha miockocTy (x1, x2)

Kak g — nuddeomopdusm). Ilpamasn, onpeneneHHad 3TUM BEKTOPOM, He
3aBHUCUT OT BbIOOpa BEKTOpa MCXOJHOU MPAMOH (TaKk KaK Gy, — JUHENHbIH
onepatop). JTa HOBaA NMpAMad U e€CTh NMpAMaA HOBOrO IMOJIA HaNpaBleHUi
B TouKke y. OueBUaHA

Teopema. HumezpaavHble Kpusble ucrodH020 noas Hanpasaerull 6 M
nepexoodam npu duggdeomopduszme g : M — N 6 unmezparvHble KpUBHLE TLOASA
HanpasaeHutl 8 N, noayieHHoz2o deticmeuem g HA UCTOOHOE no.e.

llnAa nokasaTenbcTBa JOCTATOYHO JOCTPOUTH JaHHOE M0Jie HallpaBlleHUi
(B OKpECTHOCTHU Kam ol TOUKM o6nacTu M) 10 BEKTOPHOT'O MOJA, BEKTOPBI
KOTOPOro JiesaT Ha NPAMBIX 3aJaHHOIO IOJA HalpaBJeHU U OTJIUYHBLI OT
HYJIfl, @ 3aT€M IIPUMEHUTb TeopeMy II. 3.

3A,I[A‘IA 1. Bcakxoe au riiagnroe I1ioje HanpaBneHnﬁ B 00/1aCTU Ha IJIOCKOCTHU
MO HO OJOCTPOHUTH MO0 riIaJKroro BEKTOPHOIO moaA?

OTBET. Her, eciu obnacTh HeonHocBfi3Ha (puc. 58).

ChopmyaupoBaHHadA BhIllle TeopeMa IOKa3bIBaeT, YTO [JIA pelleHUA
IuddepeHIMaIbHOI0 ypaBHEHUA

dz/dt = v(t, x)

J0CTaTOYHO MOCTPOUTh Auddeomopdpusam, NpuBOAAIIUI M0OJie HaNpaBleHUM
K TOJIIO HalpaBJIeHUil ypaBHEHUA, KOTOPOE MbI y#e yMeeM pellaTb — Ha-
NpuMep, YPaBHEHUA ¢ pa3fielfAuuMucad nepeMeHHbIMU. UHBIMU clloBaMu,
J0CTaTOYHO nogoObpaTh 3aMeHy MepeMeHHbIX, CBOJAAIL[YIO YpaBHEHUE K yi#ie
pelieHHOMY.
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Puc. 7. [leiictBue nuddpeomoppusama Puc. 58. llone nanpasie-
Ha I110Jie HallpaBJIeHUI HUIl, He JoCcTpauBaeMoe

JO BEKTOPHOI'O ITOJIA

3AIAYA 2. llopobpaThk 3aMeHY IepeMeHHBLIX TaK, 4YToObl B YypaBHEHUU

2 2

de " —1t

—_— = BT IepeMeHHbIe pa3delIuIUuCh.
dt g% +¢

OTBET. FD,[[HTCH IMMOJIAPpHBIE KOOPAUWUHATHBI.

3A0A49A 3. Haittu nuddeomopdpusm, npeBpamarmuii Bce HHTerpalibHbIE
KpuBble ypaBHeHus dx/dt = x — 1 B mapaiienbHble TpAMbIE.

PEIIEHUE. Pemaem onHoponHoe ypaBHenue: x = Ce’. Haxonum uacTHoe pe-

menue HeogHoponsoro: Ce! = —1, C =e™ %, = 1.
CnenoBaTelbHO, Kazi[0e pelleHHWe HEONHOPOJHOI0 ypaBHEeHHA HMeeT BU[
x = 1 + ae’. OTo6pamenue, nepesonamee (¢, z) B (t,a), — uckomblit auddeomop-

¢usm (a = e *(x — 1), Tak KaK BIOIL MHTErpalbHBIX KPUBBIX @ — KOHCTAHTA.

JIPYroE PEIIEHUE: ComoctaBuM Touke (t,z) Toukry (¢,y), rie y — OpaAHHa-

Ta TOYKHU IepecedyeHrA MHTerpalbHOW KPHBOI. NMpoXojslleil dyepe3 Toury (&, x)
¢ ocwio opauHat (puc. 59).

Lo A

—

AX (
¢ (t,x) P C 55'1
Yy

b—

Yt

Puc. 59. Beinpamaenue Puc. 60. HeBoinpaMieHHoe noje
UHTEerpailbHbIX KPUBBIX HalpaBJIeHUl Ha MIOCKOCTHU

6 3arkaz Ne U17
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3AAYA 4. Beakoe iU riajakoe 1olsie HanpaBieHUi, 3aJlaHHOe Ha BCeil IIoc-
KOCTH, IIpeBpaniaeTcA B IoJie MapaliiedbHbIX NPAMBIX NpPU noaxoadmeM auddeo-
Mop pusme?

OTBET. Hert, cMm. puc. 60.

3AIAYA 5. MosHo 1u nuddpeomop drU3MoM INIOCKOCTHU NIPEeBpaTUTh B I10JI€ Ta-
palIenbHBIX NPAMBIX NoJle HanpapieHuii JuddepeHnnualbHOr0 ypaBHeHus £=x>7

OTBET. Mo#HO, XOTA ABHYIO (OpPMYIy HamucaTh HeJIerko.

5. leiictBue auddeomopdpusma Ha ¢PasoBbiii noToK. [lycThb
{g‘: M — M} — onHonmapaMmeTpmyeckasa rpynna nuddeomopdusmMoB.
u nyctb f: M — N — enle oauH audpdeomopdusm Ha.

Onpepenenue. 06pazom nomoka {g'} nod deticmeuem dugddeomopdus-
ma f nasviaercea notok {ht: N — N}, rue ht = fgtf—1.

WNHpIMU cioBaMu, AuarpaMMa
gt
M—=— M

£l K

N2, N
KOMMyTaTHBHA npu 106oMm f. ficHo, uTo f nepesoauT op6uTh rpynnel {g*}
B op6uThl rpynnsl {ht}.
Ecian paccmarpuBath audgeomopdpusM f Kak «3aMeHy NepeMeHHBIXY,
T0 npeobpasosanue h — 310 npocTo npeobpasoBanne gt, «3anucanHoe B HO-
BbIX KOOpJIUHATAX).

3AMEYAHUE. [lotorn {g'} u {h'} uaswiBaroTCA MHOrHa sKEUGALEHM-
Holmu (MU noJoGHbBIMU, U conpaxceHHblmu), a tudpdeomopdpusm f — ak-
susasenmuocmuio (Unu conpazawwum duggeomopdusmon).

3AIAYA 1. Jlokamurte, uto {h'} — omHonmapamerpuueckas rpynna auddeo-
MoOp $U3MOB.

3A0AYA 2. ComnpsaseHbl 11 oJiHOIIapaMeTpHUUYecKye IpyNbl BpalleHuii 1mioc-

KOCTH HU ee rnnepﬁoﬂnqecnnx HOBOpOTOB?

IlycTh v — BeKTOpHOE HoJe $pa3zoBoii CKOPOCTH OJHONapaMeTpHYeCKoi
rpynnet {g’}, a w — rpynnel {h'}, B KoTOpyIO ee nepeBonuT auddeomop-

duszm f.

OueBuHAa

Teopema. Juddeomopdusm f nepesodum nose v 6 nose w; o6pamuo,
ecau duddeomopdusm nepesodum v 6 w, mo on nepeeodum {g'} e {ht}.



§6. Cummempuu 83

3AAYA 3. IlepeBoaAaTca au ApyT B Apyra auddeomoppusMaMu BEKTOPHBIE
IOJIA HA MPAMOIi, 3ajJalol(ye cleayole NATh auddepeHualbHbIX YpaBHeHUI:
& = sinz, 2sinz, sin’ z, sin 2z, 2sinz + sin? z.

OTBET. BTOpOG IepeBoanuTCH B 4HeTBepToe U B ITATOE.

8§ 6. CummeTpuu

3aechb pelialoTcAd OJHOPOJHbIE W KBa3nMOOHOPOgHbIE nuddepeHnnaib-
Hble ypaBHeHHUA. X pellleHHe OCHOBAHO Ha HCIOJb30BAaHUHU OJHONApameT-
pUUYECKHUX T'PyIN CUMMETPUHN BEKTOPHBIX MOJIel U moJjieil HanpaBleHUil, KO-
TOpbI€ Mbl MIPE#Je BCero U U3y YuM.

1. I'pynnsel cuMMeTpUIi.

Onpenenenue. Hudpdpeomopdusm g: M — M Ha3biBaeTCA cummem-
puetll BeKTOpHOTO 1noJjiA v B M, eclii OH NepeBOOUT Mojie B cebf: g,v = .
I'oBOpAT Tak#e. 4YTO no.se v uHBAPUAHMHO OMHOCUMENAbHO CUMMEMmPUL g.

I[TPUMEP. IToBOpPOT MIOCKOCTH BOKPYT HYJA ABJIAETCA CHMMeTpHe 3ii-
nepoBa noiif x10/0x1+x20/0xy (BEKTOP KOTOPOro B TOUKE & €CTh v(x)=1,
puc. 61).

da3oBble KpHUBbIE MOJA OEepPeXOaAT MOJ JeHCTBHEM
CHMMETPHH M0JIA IPYyT B Apyra.

3A0AYA 1. llyers nuddeomopdpusm nepeBoaUT Gha3oBbie \ /

~
KPUBbIE BEKTOPHOTO NOMA APYT B ApyTa. flBAfieTCA M OH CUM- «— T 0 3 —
MeTpueit nona? ’H\\

OTBET. He o6a3aTenbHo. // l \\\

Onpenenenue. Hudpdpeomopdusm g: M — M Ha-
3pIBaeTCA cummempuetl noaa Hanpassenutl 6 M, ecnu on Puc. 61. Jinepo-
NepeBOAUT 3TO I0Jie HallpaB/ieHU B cebA; noje Torga Ha- BO I0JI€
3bIBaeTCH UHBAPUAHMHbLM OTHOCUTEJIbHO cUMMeTpuu. NHTerpanbHble KpH-
BbI€ I10JIA1 IepeXOonAT 0] AeificTBHeM CUMMeTpPHUHU APyl B apyra.

[ITPUMEP. Ilone HanpaBieHuii ypaBHeHuda & = v(f{) B pacliHpeHHOM
¢a30BOM NpPOCTpPaAHCTBE HHBAPHAHTHO OTHOCHUTEILHO COBHIOB BIOJIb OCH I
(puc. 4 Ha cTp. 16), a ypaBHenusa & = v(x) — Broib ocu t (puc. 6 Ha cTp. 19).

3AIAYA 2. Ilycts nudpdeomoppuaM nepeBooUT UHTErpalbHble KPUBBIE MOJA
HalnpaBlleHU# Apyr B apyra. fIpideTcA qu oH CUMMeTpUeil MojiA HalpaBleHUui?

OTBET. [la.
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Ilosie Ha3bIBaeTCA UHBAPUAHIMHBIM OMHOCUMEAbHO 2pynnbl nudHeoMop-
(u3MOB, eclii OHO MHBAPUAHTHO OTHOCHUTEJbHO KaxJoro npeodbpasoBaHud
rpynnel. B TakoMm ciaydyae roBopAT, YTO MoJie donyckaem OaHHYIO TpPYIMy
CHUMMETPU.

I[IPUMEP. JiiliepoBo nolie Ha MIOCKOCTH AOMYyCKaeT, CpeaH OPYTHX, cle-
OyIollie YeThipe I'pyIlNbl CHMMETPHUIi: oJHONapaMeTpuyecKkad rpyInna pac-
TAMmennii (r — e'r), ogHOmapaMeTpuyecKkad rpynna BpalleHHH Ha yroa f,
oJHONapaMeTpuyecKkad rpynina runepoojinyeckux MOBOPOTOB, FpyIia BcexX
NuHEHHBIX npeobGpa3oBanuii miockoctu, GL(2, R).

Bce cuMmMeTpnu gaHHOro nojia obpasyioT rpynny (nokamurte!).

3AIAYA 3. HaiiTu rpynmy BceX CUMMETPUIi 3iiepoBa MOJA Ha MIOCKOCTHU.
OTBET. GL(2,R).

2. IIlpuMeHeHHe oJgHomapaMeTpUUYECKOll IpyIlnnbl CHUMMeTpPUii
IJIA UHTEerpyupoBaHUA ypaBHEHUA.

Teopema. Ilycmv ussecmua odHonapamempuieckas 2pynna cumMmem-
puil noasa HanpaeseHull Ha naockocmu. Tozda MmoxHO A6HO NPoOUHMEZPUPO-
8amMb YpasHeHue, 3a0aHHOE SMUM NoAeM HANPABACHUL, 8 OKPECMHOCIU KaHC-
doli He cCMAUUOHAPHOT, MOYKU 2PYnnvl CUMMEIMPUT.

Touka Ha3bIBaeTCA HecmayuoHapHol NiA Tpynnbl Npeodpa3oBaHuii, ec-
U He Bce NpeoOpa3oBaHuA IPYNIbI OCTABIAIOT €e Ha MecTe.

Eciu rpynna cocTouT u3 CABHIOB BIOJb MPAMOI, TO ypaBHEeHUE C Ta-
Koii rpynmoii cuMMeTpuii pemeso B §1, ctp. 18 (popmyna Bappoy). Mbr
[OKaxeM, 4To o01uil cinyyai CBOAUTCA K 3TOMY MOAXOAAIUM nudpeomop-
¢u3MoMm (T.e. pa3yMHBIM BbIGOPOM JIOKANbHBIX KOOPAWHAT Ha INIOCKOCTH).

Jlemma. B oxpecmuocmu aw060il HecmayuoHapHol mMouku delicmeus
odHonapamempuieckoll z2pynnol JugddeomopPuimos Ha NALOCKOCMU MOHNCHO
svlpamsv Koopdurnamut (u,v) mak, ¥mo 0aHHAS 00HONAPAMEMPUYeCcKas 2pyn-
na dugdeomopgdusmos sanuuiemcs 6 eude 2pynnwvl cO6U2086:

g’ (u.v) = (u+ s.v) npu docmamouno masvir |u|, |v|, |s|-

Jdta popmyiia 03HayaeT, YTO KOOpAHHATa v HyMepyeT opOUTHI JaHHOM
rpynibl, a KOOpJUHATa % Ha Kax ol opobuTe eCThb MPOCTO BpeMA IBUMKEHUA
(oTcunThIBaeMoe OT HEKOTOPOIl JIMHUU HA IMJIOCKOCTH).
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JTOKA3ATEJIBLCTBO.

IIpoBenem uepe3 panHyo Touykry (O nunHuio I,
nepeceKaollylo TpaHCBepcalbHO (MO HEHYJEeBbIM
yrioM) TMpOXoAAllylo uyepe3 Hee (a3oByl0 KpHU-
Byto {g°0O} (puc. 62). IIlycTb v — KoopauHaTa TOY-
Ku 7y(v) Ha 3TOH JIMHUN, OTCUUTbIBaeMad OT TOYKH ().  Pyc. 62. Brimpamie-
PaccmotpuM oTob6pazxenue ® ninockocTu (u,v) Ha Ha-  Hue opHOmapaMeTpH-
Iy IMJIOCKOCTh, MepeBoOAllee TOYKY C KOOpAMHATa- 4YecKOoi rpynmnbl aud-
mu (u,v) B g*y(v). ATo oTobparenue — npuddeo- ¢eomoppusmon
mMop¢usM okpectHocTH Touku (0,0) HA OKpPECTHOCTD
touku (. [loatomy (u,v) — nokanbHble KoopauHaThl. B KoopauHatax (u, v)
geiicTBHe g NpUHHMAaeT HY#HBLINA BHJ, NOCKOILRY g°g® = g*tu,

Teopema cienyeT U3 1eMMbl, TaKk Kak B cucTeMe KoopAuHAT (u,v) Ha-
KJIOH TaHHOT'O MOJIA HalpaBleHUil He 3aBHCUT OT U.

3AMEYAHHE. [IpuBeneHHOe qOoKa3aTelbCTBO NAeT TaKike Memod A8HO-
20 UHMe2Ppupo6aHuUs ypPaBHEHHA; B KOOpPJMHATaxX JeMMbl OHO MPUHUMAaET
Bujg dv/du = w(v) (muHuio ' Hy»HO B3ATb He KacaTelbHOU Halpable-
Huio naHHoro noiad B (). IlpakTuyecku He Bcerga ynoOHO MOJb30BaThbCA
NMEeHHO 3TUMHU KoopauHaTaMu. /locTaTouyHo, 4TOObI JUHUM ¥ = const ObI-
a1 opOuTaMH JaHHOI ogHoMapamMeTpuyecKoil rpynmnbl quddeomMopdu3MoB;
B KauecTBe JPYyroil KOOpAMHATHI BMECTO % MOMKHO B3ATh JIO0YI0 (QyHK-
IUIO OT u, CKameM 2. BamHo nuuib, 4ToObl Npeobpa3oBaHuA g° nepeBoaniIu
IMHUK z = const gpyr B Apyra. B cucreme koopauHat (z,v) HCXOQHOE
noJie HaNpaBlieHUil ONpeNeluT ypaBHEHNE C pa3AelAIINMUCA epeMeHHbI-

mu dv/dz = w(v) f(z), roe f(z) = du/dz.

3A1A4A 1. IlycTs u3BecTHa ofHoNapaMeTpUyecKad rpynina CUMMeTPUM T0-
1A HanpaslleHuil B n-MepHo# o6aacTtu. CBecTu 3ajjaqyy UHTerpPUPOBaHUA COOTBET-
cTByMomero auddepeHualbLHOT0 ypaBHEHUA K HaX0#I€HUIO NHTerpajlbHbIX KpU-
BBIX I0JIAA HallpaBleHUii B 06;1acTU pa3aMepHOCTU 11 — 1.

YrasaHue. llpocTtpancTBOo 0OpOUT rpynibl CUMMeETpHUIl HMeeT pasMep-
HOCTb 1 — 1.

3. OgHOopoaHbIE ypaBHEHUA.

OnpeneneHre. YpaBHeHNe Ha3bIBaeTCA O00HOPOOHWIM, €CIIU 3a/alollee
ero rnojie HanpapleHUil Ha IOCKOCTH OJHOPOJHO, T.€. HHBAapHAHTHO OTHO-
CHTEJIbHO OHOMapaMeTPUUYECKoil pyNnbl pacTameHuil, g°(x,y) = e®(z,y)
(puc. 63).
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Puc. 63. Ilone mnam- Puc. 64. Koopau- Puc. 65. HHTerpannHbie
paBlleHUIi OJTHOPO/IHO- HaThl [UIA pelle- KpHBBIE OHOPOJHOI'0
ro ypaBHEHUA HUA OJHOPOLHOTO ypaBHEHUA
ypaBHEHUA

O6nacTb onpeneleHnA TAKOro NojfA — He 00A3aTeIbHO BCA MIOCKOCTh:
JOCTAaTOYHO, YTOOBI 3TO I10Jie ObLJIO 3aJaHO0 B Kakou-1ubo ob6iaacTu, HHBapu-
aHTHOM OTHOCHUTENIbHO pacTAMEeHUuM (Hanpnmep, B yrne).

3a1A4A 1. Kakue us ypaBuenuii dy/dx = y/z, z/y, nz—Iny (z > 0,y > 0)
OJJHOPOJHBI?

OTBET. Bce Tpu.

Teopema. 0Odunopodnoe ypasHenue dy/dxr = F(x,y) npusodumcs
K YpaeHeHUId C pa3deflnuumucs nepemMeHHuMU NOOCMAHOBKOU Y = U
(m. e. nepexodom ¥ roopdunamanm (x,v)) 6 obaacmu x > 0.

JTOKA3ATEJILCTBO.

Op6uTHI rpynnel pacTAMEHUH — 3TO Ny4u npoxonAamux yepes 0 nps-
MbIX (puc. 64). B ravectBe aunuu I' Bo3bmem npamyio £ = 1 ¢ 00bIu-
HbIM [lapaMeTpoOM y Ha Hell. YKa3aHHble B JeMMe KOOPAUHAThI ¥ U U —
3o u =Inz u v = y/x.

ITo 3ameuanuio n. 2 B KoopauHatax (,v) nepeMeHHbIE pa3IenfdloTCA.

3A1AYA 2. Pemuts ypaBuenue dy/dz = y/x + y*/z*, > 0.

PEMIEHUE. dy = vdz + xdv, dy/de = v + zdv/dz, cdv/dx = v°
—1/v=lnz+C,y=—z/(Inxz+ C).

Ecau K — uHTerpainibHafd KpuUBafd OQHOPOOHOT'O0 ypaBHEHUHA, TO TOMO-
TeTu4YHad el kpuBad e’ K Toe HHTerpainbHas (puc. 65). Takum obpazom,
IJIA WCCIeNOBaHNA BCEX HHTErpajlbHbIX KPHBBIX OQHOPOLHOI'O YpPaBHEHHA
JOCTATOYHO HApHCOBAaTh OJHY KPHBYIO B Ka#I0M CEKTOpe MI0CKOCTH.
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3AIAYA 3. HapucoBaTh MHTerpailbHble KpUBbIE YPaBHEHUA

dy/dx = 2y/x +y°|x”.

OTBET. CMm. puc. 65.

Onpenenenue. Oyukuua f Ha3bIBaeTCA 00HOPOOHOLl cmeneHu r, eClu
OHa yJOBJIE€TBOPAET TOJECTBEHHOMY COOTHOIIEHHUIO

fle*a) = e f(x). (1)

HHbIMU clloBaMu, 00HOpOOHAA (PYHKUUA cmeneHu 7 — 3TO OOLHUi cob-
CTBEHHBII1 BEKTOP BceX JUHEHHBIX onepaTopoB (e°)*, ¢ coGcTBEHHBIMU YHC-
namMu e”®.

Onepatop g* (meiicTBue nudpdeomopdusma g Ha GyHKIUH) ONpeeseH
B § 5, cTp. 77.

[IPUMEP. HapucyeMm Ha miockocTu p,q npamymo p + q = r. MHoro-
4ileH Y ap (Py? OMHOPOMHBIN CTENEHNU 7, €CIH U TOJbKO €ClU MoKa3aTeln
BCEeX BXOJALIUX B HEro ¢ HeHyJieBbIMU K03 puneHTaM OJHOYWICHOB JieaT
Ha 3Toil npAmoiil (Ha3biBaeMoit duazpammoil Hviomona).

Teopema (diinepa). Ymobw dynrkuusa f Goiaa odHopodHoil cmene-
HU T, Heo6xodumo u docmamoiHo, ¥mobvl OHA YO06.1eMmeE0PALA COOMHOULEHUIO

Jitrepa Y x;0f [0x; = rf.

CooTHomenne Jitnepa o3HauyaeT, 4YTo f — cOOCTBEHHBIII BEKTOp oOIle-
paTtopa guddepeHIIPOBaHUA BOOJb H300paxeHHOro Ha puc. 61 sitnepoBa
nojiA (nmoiA ¢as3oBoOil CKOPOCTH T'PYMNIbl pacTAmeHH#, e®) ¢ coOCTBEHHBIM
YHUCIOM 7.

J1OKA3ATEJIBLCTBO.

CooTHomeHne Jiinepa nonydaeTcA nuddepeHNpoBaHUEM oIlpeele-
HuA (1) ogHopogHo¥t ¢yHKnuu mo s npu s = (. CooTHomenue (1) momy-
yaeTcA M3 COOTHOIIEeHHA Jiilepa mHTerpupoBaHueMm nuddepeHInalIbHOro
ypaBHEHHUA C pa3delfAIINMUCA IepeMeHHbIMHE, 3aJlaBaeMOro COOTHOIIEHH-
eM Jiillepa Ha KamI0il opOouTe rpynnsl pactamenuit: df /dx = rf/x.

s mozo wmobGvl noae nanpasaenull ypaswenusn dy/dx = F(x,y) 6vlao
00HOPOOHBIM, HeoOXo0uUMO U OCMAMmoyYHo, 4mobvl npasas wacms Oblid 00HO-
podnotl gynryuetl cmenenu 0. Hanpumep, roquTca OTHOILIEHHE JIOObIX JIBYX
OJHOPOJHBIX MHOTOUYJIEHOB OJHHAKOBOI CTENeHH.
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3AMEYAHUE. Ilepexon ot koopausnart (z, y)
K koopauHataM (x, v = y/x) B obnactu x # 0
U K KoopauHatam (v = x/y,y) B ob6xac-
T y # 0 Ha3BIBAaeTCA CuzmMa-Npoyeccom WIU pas-
dymuem mouku (.

JTa KOHCTPYKIHMA HUMeeT IMPOCTOii reoMeT-
PUYECKHI CMBICI: OHA 0O3HAYaeT Mepexoj OT ILIOC-
KOCTH K IMOBEPXHOCTH, MOJyYalolleica U3 Hee BbI-
KHUbIBaHMEM Hayaja KOOpPAUHAT U BKJIEHBaHHEM
BMECTO Hero Iejloii NMpoeKTUBHOU npAmoii. Bot
Kak 3To NenaeTcA. PaccMoTpum oTo6pamenue (paccioenue) «: (R?\ 0) — RP!,
onpenefsollee NPOEKTUBHYIO NPAMYIO .

OTo6paseHne o COOCTaBIAET TOUKE INIOCKOCTHU MPAMYIO, COeIUHAIOIIYIO ee
¢ Hynem. I'padur otoGpamenusa « (puc. 66) npeacraBiager co6oii MOBEPXHOCTHL S
B npocTpadcTBe (R” \ 0) x RP'. Bnomxenue R? \0 B R? BrIajbpIBaeT 3TOT rpaduk
B npousBenedne M = R? x RP' (nuddeomopdHoe BHyTpeHHOCTH GapaHKU.).

Puc. 66. Curma-nponecc

3A0AYA 4. Jloka3aTh, yTO 3aMblkaHue rpadura B M npenactaBidgeT coboii
riIaJIkyl0 MOBEPXHOCTh.

YrazaHue. YpaBHEHHA y = V&, T = uy ONPeAeNAIOT IriagKkue NOBEPXHOCTH.

dTa noBepxXHOCTH Y (3aMblKaHue rpaduka) COCTOUT M3 caMOro rpaduka u
muann 0 x RP! (auddeomopdroit okpysuoctu). llpoektupoBanue M Ha nepBblii
COMHOHUTeNh, R?, onpefendeT riagkoe oToGpaseHNe MOBEPXHOCTH Y Ha ILIOC-
KOCTh. JTO oToOpasieHUe Ha3bIBaeTcA cdyeanuem. OHO MepPeBOOUT BCIO OKPY#Hi-
#Hocte 0 X RP! B Touyky 0 u gudpdeomopdHo oTobpamaeT OoCTalbHYIO UacTh X
(T.e. rpaduK) Ha INIOCKOCTDb Oe3 TOYKM.

3AJAYA 5. [loka3aTh, UTO NOBEPXHOCTH Y AuddeomoppHa aucty Mebuyca.

BceBo3moniabie reoMeTpruuyeckue 06bEKTHI, UMelONMe 0COGEHHOCTh B TOU-
ke (0, MOKHO MOJHATH C IIOCKOCTU 6€3 TOUKU Ha Y, N0JIb3YACh YKa3aHHbIM BbIIIE
nudpeomopdusmom. IIpu 3TOM OKasbIBaeTCA, 4TO NPU Iepexojae HaBepX (Ha X)
0COOEHHOCTH YNpOIIarTCH.

IloBTOPAA npouenypy pa3gyTHA, MO#HO, KaKk IOBOPAT, paspeutamds 0coOeH-
HocTu. Hanpumep, Mo#HO npeBpaTUTh M00YyI0 anrebpanyecKyo KPUBYIO C 0CO-
6eHHOCThIO B TOUKe () B KPpUBYIO. He UMEIONIY10 0COO0eHHOCTeN. KpoMe TOYeK 06bIU-
HOI'0 caMollepeceyeHu .

L ITpoexmuenoii npamoili Ha3bpIBaeTCA MHO#ECTBO BceX MPOXOAAMUX 4depes () MPAMBIX
Ha TuIockocTH. Boobme, npoexTuBHOe npocTpaHcTBo RP™ ™! ecTh MHOMECTBO NMPAMBIX,
npoxoaamux yepe3 0 B R™.
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3AITAYA 6. PaspemuTs 0coO6€HHOCTh IIONY-
KyOn4yecKoi napaboibl z? = y?’. v<_.... [__.X_,

OTBET. CM. puc. 67.

IIpyu wucciaegoBaHUM BEKTOPHBIX ToOJel U Puc. 67. Paspemrenne ocoGe-
nojieii HampaBlleHUWil TaKke Imojie3Ho pasayTtue HOCTH
C HeHTPOM B 0c0060¥ Touke. Bopiiie MbI BHUeNN, YTO B ClIydae OJHOPOIHOIO MOJA
HanpaBleHUil MepBoe e pa3fyTHe NPUBOAUT K yPaBHEHUIO C pasAeNfAlolUMUCH
nepeMeHHbIMH.

3AJAYA 7. JlokazsuTe, 4TO riIaJiIkoe BEKTOPHOE IoJie Ha IJIOCKOCTH, paBHoe ()
B Hayajle KOOpAUHAT, NOJJHUMAeTCA Ha OBEPXHOCTHL Y B BHU/E MOJA, INIaAKO MPoO-
HOJKalollerocd Ha BKJIeMBaeMyIO IPU CUI'Ma-Ipolecce OKPYHHOCThb.

4. KBa3uogHoOpoaHble ypaBHeHUA. 3JapUKCHpPyeM Ha IMIOCKOCTH
CHCTeMY JIHHEHHBIX KoopauHAaT (x,y) U 3aduKCHpyeM [Ba BelleCTBEHHbIX
yuciaa o u 3.

Onpenenenuvie. ['pynnoii kKea3uodHOPOOHLLT pacmsxceHUull n.ocKocmu
Ha3bIBaeTCA OJHONapaMeTpHUyecKad rpylina JUHeHHbIX Npeobpa3oBaHuil

g’ (2,y) = (e*°z,ey).

Uucna o u  Ha3viBaoTcA gecamu nepemenubix = u y. (Hapany ¢ «kBasuon-
HOPOOHBINY yNnoTpebIAIOTCA TEPMUHBI 836eUleHHO-00HOPOOHbL. 0600UeHHO-
00Hopoodnwlil). O603HaueHue: o = deg =, 3 = deg y.

Eciu a = 3 =1, To {g°} — oObluHaA rpynna pacTAeHuUi.

OnpeneneHue. YpaBHeHHEe Ha3bIBaeTCA KeaA3U0OHOpooHbLM (C 6eca-
Mmu o, (3), eciu 3ajaiollee ero noje HanpaBleHUI Ha MIOCKOCTH MHBapu-
AaHTHO OTHOCHUTEJIbHO I'PYyIIbl KBa3NOJHOPOIHBIX pacTHMKEHUI.

3A0A4YA 1. [logo6paTe Beca Tak. 4YTOObI 1oJie HalpaBleHUH YypaBHEHUA
dy/dx = —x/y® 6bLI10 KBa3HMOAHOPOIHBIM.

OTBET. o =2, = 1.

Teopema. HKHeasuodnopoonoe ypasnwenue dy/dx = F(z,y) c eecamu
degx = «. deg y = [ npusodumcsa k ypasHenuio ¢ pazdenfoWUMUCA Te-
pemenHblmu nepexodom ¥ koopdunamanm (x,y®/xP) 6 obracmu x > 0.

ITOKA3ATEJIBCTBO.
OpO6uTHI rpynnel KBa3UOAHOPOIHBIX PACTAMEHUI — MOJOBUHBI «apa-
60m» y* = Cx” (puc. 30, cTp. 42). Bribepem B KauecTBe Aunun I' (m. 2)
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npamMyo r = 1 ¢ napameTrpoM y Ha Heil. KBa3auogHOpoaHbIE pacTAMEHUA
nepeBOAAT MNapalliienbHble I' nmpAMble B napamienbHble. IloaToMy Teopema
BbITEKaeT U3 JIEMMBI 1. 2 U 3aMeYaHHuA K Heil.

BrisicauM Tenepb, KaKk y3HaTh [0 MpaBoOii YacTH yYpaBHEHHA, KBa3Ho-
HOPOJIHO JIA OHO.

Onpepenenvie. Oyukiua f Ha3bIBae€TCA K6A3UOJHOPOOHOLL, cmenenu 7,
ecil OHa yJoBJIeTBopAeT ToxaecTBy f(e**x,eP?y) = e f(x,vy).

WupiMu cnoBamu, f — o6muii coOcTBEHHBbIN BeKTOp onepaTopoB (g°)*
(roe g° — KBa3HOMNHOPOMHOE pacTAMeHne) ¢ COOCTBEHHBIMH YHcIaMu e”®.

[TPUMEP. MHorousneH KBa3MOQHOPOMIEH cTeneHN r (IpU Becax «, 3), ec-
M ¥ TOJbLKO €ClU NoKa3aTelll BXOJALIUX B Hero MoHOMOB zPy? nekaT Ha
nuarpamme Heuiotona ap + 3q = r (puc. 68).

RB&BI/IOHHOPOHHHH CTelleHb KBa3noOgHOPOIHOI'O

iq MHOTOY/IeHa HasblBaeTcd Takmxe eecom. Hanpumep,

N Bec T paBeH «, Bec y paBeH (3, Bec z2y3 paBen 2a+ 33

SN u T. 1. [IpunuceiBaHne BecoB Ha3bIBaeTCA TaKike 2pa-
\\\\,_ | P dyuposanuen.

3ANAYA 2. [logo6GpaTh Beca nepeMeHHbBIX Tak, YTOObI

Puc. 68. Jluarpamma  uorounen 2’y + y* 6bl1 KBa3UOTHOPOAHBIM cTeneHu 1.

HeroTona KBa3nuogHO-
pOHHOﬁ (DyHRHHH OTBET. deg Yy = 1/4, deg r = 3/8.

3ATAYA 3. loramute, yTo GYHKIUA [ MepeMeHHBIX Z; BECOB (v; KBa3HO/IHO-
poJHa CTeNeHU 7, €CI U TOJbKO €CJIU OHa Y/IOBJIETBOPAET COOTHOMIEHUIO Jiije-

pa Z azmgaf/aa:z = ?"f.

3AMEYAHUE. BekTopHOe moie Zagzcia/@a:i Ha3bIBA€TCA K6a3UO0OHOPOOHBIM
atineposvim noaem (3To — mosie Ga3zoBOM CKOPOCTH TPYIMIbl KBasHOOHOPOIHBLIX
pactsamxenuii). CooTHomenue Jitnepa o3HayaeT, YTO f — COGCTBEHHBIH BEKTOP
onepaTopa auddepeHIMpoBaHUA BJI0Jb 3iijiepoBa Mojf, ¢ COOCTBEHHBIM YMCIOM 7.

Teopema. /Jas mozo, umo6ul nose nHanpaeaenull ypaswenusn dy/dxr =
= F(z,y) 6bla0 K6a3uodHopoonvim, Heobxodumo u docmamoiHo, ¥mobul npa-
easn wacmov Ovlaa KBA3UOOHOPOOHOTl U ee K6a3UOOHOPOOHAS cmeneHb Oblia pas-
Ha pasHocmu cmeneHetl y u x:

deg FF=deg y —deg = = 3 — a.
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TOKA3ATEIBCTBO.

Ilox meiicTBrEM KBa3WOJHOPOAHBIX pacTAMEHUM g° BelUYHnHa y U, clie-
noBaTelNbHO, dy yBenuuuBaerca B €¢ pas, a x (u, ciegoBaTenbHo, dr) —
B ¢*® pa3. UToOblI moJie HaNpaBleHUii MepPenuIo NPy TaKOM PacTAKEeHUH B ce-
6A Hy#HO, YTOObl 3HaueHne F' B HOBOI TOYKe GLUIO BO CTOJNBKO #e pa3s
Gosbllle, YeM B CTapOii. BO CKOIBKO pa3 yBeluuuBaeTcs oTHouieHue dy/dx
(umn y/x), T.e. B e/~ pa3, uyTo u Tpe6GoBanOCh.

3AMEYAHHUE. Takum ob6pa3oM, NMpu BbBIYKMCIEHWM BECOB MO#HO obpa-
matheA ¢ dy/dz, Kak ¢ Apobblo, cuuTas d «MHOKUTeNeMy Beca Hynb. Toraa
Bec dr ecTh «, Bec dy ecth (3, Bec dy/dx ects 3 — a.

YcioBre KBa3uOJHOPOAHOCTU ypaBHEHUA COCTOMT B TOM, YTO Beca lJie-
BOM U MpaBoil yacTeil OOMHAKOBEI.
3AITAYA 4. [logo6paTh Beca mepeMeHHBIX TaK, 4ToObl auddepeHIUalbHOe

ypaBHeHUe (a30BbIX KpUBBIX ypaBHenns HpioTona # = Cz® 6110 KBasuomHoOpon-
HBIM.

PEIIEHUE. YpaBHeHUe (a30BbIX KpUBBIX dy/dx = Cz"® /y. CnenoBaTenbHo,
20 = (k+ 1)a.

5. CoobOpaxeHnua nogobuAa U pas3mepHocTeil. HAsaszuodnopodrbie
ypasHerusa ¢ ¢GazoBLIMU NPOCTPAHCTBaMU JI060ii pa3MepHOCTH OIpejlelf-
IOTCA aHaJIOTUYHO TOMY, KaKk 3TO CJeJaHO BbIIle JUIA JBYMEPHOIo CilIydas.
KeasuodHopodHvle eexmophule noas onpependoTcd ycaoBueM deg 0/0x; =
= — deg z;. Hanpuwmep. sitnepoBo mose umeet crenexsb ().

3AZIAYA 1. JlokasaTh, 4TO eciiu [ — KBa3WoOJHOpoAHAA QYyHKIUA CTENEeH!U T,

a v — KBa3WOJIHOPOJHOE II0Jie CTENeHU S. TO NMpOu3BoaHaA f BAOIb v — KBa3U-
ofHOpOoNHasA QYyHKIUA CTENeHU 1 + .

3AIAYA 2. Ilyets 2 = P, y = Q, rae P u () — ogHOpPOIHble MHOT'OYJIEHBI
cterneHu m. JlokaxuTe, 4YTO eciu Kakaa-Iu6o u3 (a30BbIX KPUBBIX 3aMKHYTa U
IPOXOOUTCA 3a BpeMA 1', TO IpHU pacTAXEHUU B e° pa3 U3 Hee MOJYUYUTCHA 3aMK-
HyTas (asoBafg KpUBasA ¢ nepuonoM obpamenus e ~™)T,

3A10A4A 3. Ilycts & = w(x), rle v — KBa3WOAHOPO/HOE IOJIEe CTENEHU 7.
HlokamuTe, yTo ecim T — nepuoj obpallleHUA N0 3aMKHYTOH KpUBO# vy U g° —
KBa3WOJHOPO/IHOE pacTHAkeHue, TO g°y — TOe 3aMKHYyTad ¢a3oBaf KpuBad U

nepuop obpamenusa — e~ °' 7.

3AJAYA 4. Kak 3aBHCUT OT aMIUNIUTYObl Tmax N€pHO] KolebaHUIl «(MATKOI0O
MafTHUKAY, & = ¥, § = —x 7

OTBET. O6paTHO MpoMnopiHOHaleH aMIUIUTY/Ie.



92 I'nasa 1

IIpu npuMeHeHUU cooOpaxeHuil nogoduaA YyacTo BCTpeyaroTCA He TOJb-
KO IlepBble, HO U BTOpbIe Npou3BoJHbIe. [locMOTpUM, KaK OHU BelyT cebfA
IpU KBa3UOJHOPOJAHBIX pacTAxeHuAX. OueBuHa

Teopema. Ilpu keasuodnopodnom pacmsasxcenuu (x,y) — (e**x,el%y)
epadur gynruyuu y = @(x) npeobpasyemcs 6 epadur gynryuu y = ®(x), dan
Komopotl

k d*
—j (f(e HO60U MmoukKe) = e(ﬁ_ka)sd—f(e cmapoti mouke).
- x

Hubivu cnoamu, d¥y/(dz)* npeobpasyerca kak y/x* (yem u o6bsac-
HAeTcA ynoO6cTBo o0o3HaveHns Jleiionuna). CiegoBaTenbHO, ¥mobvl y3Hams,
K8aA3U00HOPOOHO AU YpaeHeHUue, 8KAl0YdlouLee 6blcuile NPou3eodHble, docma-
mouHo npunucams 6ykee d eec Hyav u nompebosamdb 00UHAKOBOCMIU 6€CO8
A1e60ll u npaeoil wacmeil.

3AIAYA 5. JlokazkuTe, YTO €CIU YacTHIla B CUIOBOM I10Jie C OJJTHOPOIHOII cTe-
IIEHU M CUJIOH NMPOXOAUT TPAEKTOPHUIO ¥ 3a BpeMA 1', TO Ta e yacTHulla NpoiieT
rOMOTETHYHYIO TpaeKTopHio Ay 3a Bpemsa 1" = \(—™)/2T

PEILIEHUE. YpaBuenue HpioToHa d’x / dt? = F (x), B koTropom F' ogHOpOJHA
CTeIeHU M, IepexoJuT B cebd NIpU NOAXOAAIMX KBa3UOJHOPOAHbIX pPacTHAMEHUAX:
HY#KHO B3AiTh Beca « (A x) u B (nna y) tak, 4ytob6el a — 23 = ma. Bepem a = 2.
B =1 — m. Pactamenuio &' = Az coorBerctByer T' = A(1~™)/2T,

3ATAYA 6. JlokamuTe, YTO KBaJipaThl BpEMEHM MPOXO0#KI€HUA NI0I00HBIX Tpa-

BRT()pHﬁ B IIoJie TAT'OTEHUA OTHOCHATCH RKRaK Hyﬁbl JTMHEWHBIX paBMEPOBl.

PEMIEHUE. U3 npenpigymeii 3aga4yu npu m = —2 (3aKOH BCEMHUPHOI'0 TATrO-
Tenus) nonydaem T’ = X3/2T.

3ANAYA 7. BriacHUTe, Kak 3aBUCUT OT aMILUIMTY/Ib] TlepUo/l KosiebaHuii B CIIy-
yae BoO3Bpamaplleil Cuibl, NPONOPIHNOHAIbHON OTKJIOHEHHIO (WIMHEWHBIH OCIUJI-
NATOP») U KyOy OTKIOHeHUA («(MArKafy CUia).

OTBET. [lnf nuHeliHOro MagTHUKA IlepUOI He 3aBUCUT OT aMIUIMTYbI, a A
MATrKOro o6paTHO NpONOPLIMOHAJNEH eii.

1370 yacTHBIIT cayuaii 3-ro 3akoHa Kennepa, B KoTopoM nofo6ue TpaeKTOpHii He Mpej-
rnoJjiaraeTcA. 3aKkoH BCEMHUPHOI'o TAroTeHUA ObL1 HaiifjeH U3 ABYX NpeAblAylIMX 3ajady,
3akoH Kemuepa Gbl1 M3BeCTeH paHbIIe.
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2
3AJIAYA 8. YpaBHeHUE TeILUIONPOBOJHOCTU UMeeT BUJ g—? = a% (t — Bpe-
x
Mf, & — paccTofHue, u — TeMmnepaTypa). 3BecTHO, 4YTO BCieICTBHE TOJIOBBIX

KojsiebaHUl TeMnepaTypsbl 3eMiIAd B HEKOTOPOl MECTHOCTU IpoMep3aeT Ha MeTp.
Ha rakyio rayouHy oHa mpoMep3aia Obl BClIeACTBUE CYTOUHBIX KojlebaHUl TeM-
nepaTypbl TaKOU #€ aMIUNIMTYAbI?

PEIIEHUE. YpaBHeHUe NepexoquT B ce6f IpU KBa3UOJHOPOJAHBIX pacTAHEHU-
ax (t, z) — (ezst. e’x). CrenoBaTenbHO, YMeEHbIIEHHE Neprona B 365 pa3 Bieuer
yMeHblIleHUe riyO6uHbl npoMep3aHuAa B v/ 365 pas.

OTBET. Ha ray6uny 5 cm.

Hcnoab3oBanue coobpaxeHunii nogobud BocxoauT K I'anuiero, KOTopbIii
00bACHAN MMU OrpaHUMYEHHE pPocTa 3€MHbIX KHUBOTHBIX, BEC pacTeT Mpo-
NOPIMOHANIbHO KOy JIMHEHOr0 pa3Mepa, a IPOYHOCTh KOCTell — KBajpary.
JlnA BOOHBIX #UBOTHBIX 3TOT0 OrpaHUYeHUA HET, U KUThI JOCTUTAIOT ropas-
oo OONbIIMX pa3MepoB, YeM, CKaxeM, cJIOHbl. MHOrouncieHHble NpUMeHe-
HUA 3TUX cooOpaxeHUuil B pa3HbIX 00JacTAX eCTeCTBO3HAHUA HOCAT Ha3Ba-
HUA: meopus nodobus, meopus pazmeprHocmell, CK3UAUH2, ABIMOMOJALHOCTD
u ap.

6. MeTtoasl uHTerpupoBaHUuA aAuddepeHLHAJbHbBIX YypaBHe-
HUil. EcTb elle HECKOJIbKO MPUEMOB, MHOIAA MO3BOJIAIOIIMX ABHO PElIUTD
nud pepennuaibHoe ypaBHeHue. Hanpumep, paccMoTpuM ypaBHEHUE

dy _ P(z,y)

de Q(z,y)
HepenmueM ero B Bujae

Qdy — Pdx =0

(1-dopma paBHa () Ha BeKTOpaXx, KacalUIMXCA UHTEr palbHbIX KpuBbIX). Ec-
i1 ¢popma fBligeTcA NOJHbIM AuddepeHnrnaioM QyHKIIUM,

Qdy — Pdx = dF,

TO BJIOJIb Ka<J0ii MHTerpanbHoil KpuBoii pyHKuuA F' nocToaHHa.

3HaAd JUHUU YPOBHA (GYHKUMMH F', MO#HO HaliTU MHTerpalbHble KpU-
Bble. JloctaTouHo pame, 4yToObl dopma Qdy — Pdx cTtaHoBuJach NMOJHBIM
nuddepeHnraioM nocjie yMHOEHUA Ha MOAXOAALIyI0 GyHKIHIO (Beab oj-
HOBpeMeHHoe yMHoxeHne P u () Ha ogHY U Ty e (QYHKIMIO He MeHAeT
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1cxXogHOro ypaBHenud). Takaa GyHKIMA HA3bIBAETCA UHIME2PUPYIOULUM MHO-
scumenem. UHTer pupyonuii MHOKHUTENb Beerja cynecTByeT (B OKpecTHOC-
TH TOYKM, r'ie () OTIUYHO OT HYJA), HO HAfiTH €ro He Jierye, YeM PElIUThb
HCXOJHOE ypaBHEHUE.

OcHOBHOI1 MeToJi pellleHUA U H3yuyeHUA AuddepeHlralbHbIX ypaBHe-
HUiI — moa6op auddeoMopdusamMoB (3amMeH NEepPeMEHHBIX), MPUBOMALIMX
K NpocTeiillieMy BUAY COOTBETCTBYIOIIEE MoJie HanpaBlieHUil, BEKTOPHOE I0-
ne wiu ¢as3oBblii noTok. Hanpumep, 1A 0JHOPOJHBIX U KBa3WOJHOPOMHBIX
ypaBHeHUiI TaKue 3aMeHbl IepeMEeHHbIX yKa3aHbl BBHIIIE.

Cy1iiecTBYeT pAJl MPUEeMOB OThICKAHUA 3aMeH MepeMeHHBbIX AJIA UHTer-
pupoBanua AuddepeHNalbHbIX YPaBHEHUN cnenuanbHoro Buaa. Crnucku
TaKUX YpaBHEHU!l U NPHEMOB HMEIOTCA B 33aJlayHMKax (CM., Hampumep,
«COoopHUK 3amay mo guddepeHUANIbHLIM ypaBHeHUAMY A.d. Puiaumnmnonsa,
884, 5, 6, 8, 9, 10) u B cnpaBouHuKax (cM., Hanpumep, KHUry J.HKamre
«CnpaBoyHUK No auddepeHIIUalbHbIM YpPaBHEHUAMY, COAEPHKALIYIO OKOJO
1600 ypaBHenwit). Ramapiii MokeT pacIIMPUTL 3THU CIHCKM CJELYOUINM
oO6pa3oM: B3ATh J1000€ y#e pelleHHOe ypaBHEeHUE M clellaTb B HEM JIO-
Oylo 3aMeHy nepeMeHHbIX. MacTepa uHTerprupoBaHusa auddepeHHalIbHbIX
ypaBHeHnii (Hanpumep, ko6u) HocTUraiu 3TUM CHOCOG0M 3HAYUTEILHBIX
yCIEeXOB B pellleHMY KOHKPETHbIX MPUKIAAHBIX 3agau. B nocnennee necaTu-
JleThe Mbl ABJIAEMCA CBUAETEIAMH HEOMUIAHHOI'O BO3POMAEHUA HHTepeca
K HEKOTOPBIM cIelHalbHbIM TOYHO UHTErPUPYEMBIM yYpaBHEHUAM, KOTOPHIE
OKa3alliCh CBA3aHHBIMU ¢ TOHKMMM BOIlpocaMu alrebpanyecKkoii reoMeTpuu
C OHOI CTOPOHBI U (PU3UKHU YacTUIleoOpa3HbIX pelleHn ypaBHEHU B YacT-
HBIX MPOU3BOAHBIX (COIUTOHOB, MHCTAHTOHOB U T.I.) — C JIPYTO¥.

OnHako Bce 3T MeTO[bl MHTErPUPOBAHUA HMEIOT [Ba MNPUHIUIU-
allbHBIX HefocTaTKa. Bo-nepBbIX, y#e TaKoe NpPOCTOE YypaBHEHUE, Kak
dx/dt = x? — t, He pemaeTcA B KBagpaTypax, T.e. pellieHHe He BbIpaaer-
cAl B BUJle KOHEYHOI KOMOUWHAIUM 3JieMEHTapPHbIX U alrebpanyeckux QpyHK-
Uil ¥ MHTerpajoB oT HHUX'. Bo-BTopbIX, rpoMo3fikad ¢opMyia, AamoLlas
pellleHWe B ABHOM BHIe, 4YaCTO MeHee IoJie3Ha, YeM MpocTafd NMpubiukKeH-
Haf ¢dopmyna. Hanpumep. ypaBHeHHne z° — 3 = 2a MOHO AIBHO pelINThb

o dopmyne Kapaano z = va+ Va2 — 1 + v/a — Va2 — 1. Onsako eciu

1 TokasaTenbcTBo 3T0M TeopeMbl JIMyBUILIA GIU3KO K JoKa3aTeNbLCTBY HepaspenrMoc-
TU ypaBHeHMii cTeneHu 5 B paguranax (Pydd¢unu— A6ens —lanya): oHO BEIBOAMTCA U3
Hepa3pemKuMOCTU HeKoTopoi rpynmnel. B oranuyune ot o6biuHOit Teopun l'anya, peub uper
3ecb He 0 KOHEYHOil rpymnmne, a o HepaspemuMmoii rpynne Jlu. Hayka, 3anHumalomascsa
STUMHU BoIpocaMu, HasbiBaeTcA AuddepeHLnanbHON anredbpoii.
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Mbl XOTUM peliuTh ypaBHeHue npu a = (.01, To mone3Hee 3amMeTUTh, YTO
OHO MMeeT MpPH MalbIX a KOpeHb = & —(2/3)a — 06cToATENbCTBO BOBCE HE
ouyeBUJHOe ¢ TOYKU 3peHudA ¢opMmynbl Kapaano. TouHo Tak e ypaBHeHuUe
MafATHUKA I + sinx = ( pemaeTca B ABHOM Bu/[le IIPU NIOMOLIYA UHTErpajioB
(a3nnmuntuyeckux). OgHako GOJNLUIMHCTBO BOIPOCOB O TMOBEJEHUU MaATHU-
Ka IMpollle pelluTb, UCXOAA U3 NPUOIU#KEHHOr0 ypaBHeHUA MalbIX Koseba-
Huii (# + x = 0) U U3 KayeCTBEHHBIX COOGpaMeHUil, He HMCIOIb3YIONKX
ABHYI0 dhopmyny (cMm. §12).

TouHo peliaemble ypaBHeHUA ObIBAIOT I0JE3HBI B KauyecTBe IIPUMEPOB,
TaK KaKk Ha HUX MOMHO MHOI'Jla 3aMeTUTh fAABJIEHHA, KOTOPhIe UMEIOT MeCcTO
1 B Oonlee cloxHbIX ciayyasax. Hanpumep, vccieqoBaHve TOYHOIO pelleHUA
ypaBHeHUA & = kx no3BoifeT l0Ka3aThb TeOpeMy €JUHCTBEHHOCTH JJIA ca-
Moro obLiero ypaBHeHus ¢ riajkoil npasoit yacTteio (cM. § 2, . 3). Ipyrue
IIPUMeEpPEI JOCTaBJIAIOT TaKk Ha3blBaeMble aBTOMO/e/bHbIE pellleHUA YpaBHe-
HUI MaTeMaTUu4ecKoil (PU3UKU.

3A1AYA 1. Haittu pemenus ypasuenus Jlannaca'l B R? u B R3, 3aBucamue
TOJIBKO OT PacCTOAHUA TOYKHU JI0 Hayaja KOOpJuHAaT.

OTBET. C'In1/r + const, C'/r + const (HbIOTOHOBCKKE MOTEHIIMAIbI; CTPOrO
rosops, A(Inl/r) = —276 B R?, A(1/r) = —47d B R® (mouemy?)).

Bcakuit pa3, Korga HaiijeHa TOYHO pelllaeMas 3ajladya, OTKpbIBaeTCA
BO3MO#HOCTb NPUOINMEHHO HccleloBaTh OM3KUe 3ajayud MeToJaMU Teo-
pUM BO3MYIIEHUI.

OaHako onacHO pacnpocTpaHATh pe3yJbTaThl, IOy YeHHbIE IIPU U3y Ue-
HUU TOYHO pellaeMoi 3ajgauyu, Ha Oau3Kue 3agauyu oOllero Buja: Hepeako
TOYHO UHTErpupyemMoe ypaBHEHUe IIOTOMY U UHTerpupyercd, YTO ero pe-
eHUuA BeoyT cebA mpolle, yeM y OJU3KUX HEUHTerpupyembix 3agau. Ha-
npumMep, ypaBHeHUe (a30BbIX KpUBbIX Mojenu JloTka—BoabTeppa ynaercsa
NpouHTEerpupoBath (1. 7 §2) numb GrarogapA TOMY, UTO BCE 3TU KPUBBIE
3aMKHYTHI (B TO BpeMsA Kak y OOJbIIMHCTBa OMU3KUX HEMHTErPUPYEMbBIX
Mozeseil 60IbINHCTBO (pa30BbIX KPUBBIX — HE3aMKHYThIe CIIUpalu).

!OnepaTopom Jlannaca B eBKAMOOBOM mpocTpaHcTBe R™ HasbiBaeTCA ONepaTop
A = divgrad = Y 92 /B.Lf (z; — merapToBBI KoOpaAWHaThI). YpaBHeHue Jlannaca ume-
eT BuJ Au = (. PemeHusa »Toro ypaBHeHUA Ha3bIBAIOTCA 20PMOHUYECKUMU PYHKEYUA-
mu. Hanpumep, ycTaHoBuUBIIeecA pacrpefelieHle TemIepaTypbl 3alaeTCA rapMOHH YecKoi
¢yuryueii. Oneparop Jlannaca uamepaeT orauuyue cpeaHero 3HadeHuda GyHKLUU B MalloM
mape oT ee 3HaueHUA B LeHTpe mapa. CpenHee rapMoHuuyeckoil GyHKLUU 10 J060MY
mmapy TOYHO PaBHO ee 3HAUEHHUIO B LieHTpe mapa (mokazkute!).
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OcHoBHbIE TeoOpeMbl

B »Toi1 rnaBe GopMynupyrOTCA TeOpeMbl O CYyleCTBOBAHUU U €OUH-
CTBEHHOCTHU pelleHUil U MepBbIX UHTErpajioB, 0 3aBUCUMOCTHU pelleHUuil OT
HavyaJbHBIX JaHHBIX U OT napameTpoB. [loka3aTelbCTBa M3JO#KEHBI B Il. 4.
3[lech JHIIb 00CYy#/JaeTcA CBA3b 3TUX Pe3ylbTaToOB APYT C APYTOM.

8 7. TeopeMbl 0 BBINTPAMJIEHUU

3aecb GopMynupyeTcAd OCHOBHaf TeopeMa O BbINPAMJEHHUM MOJA Ha-
NpaBlieHUil, U U3 Hee BbIBOJAATCA T€OPEMbBI CyIllleCTBOBaHUA, €IMHCTBEHHOC-
TU U AudpepeHIupyeMoii 3aBUCMMOCTH pPellleHUA OT NapaMeTPOB W Havyallb-
HbIX YCIIOBUI, TEOpPEMBI O POAOJHKEHUU U O JIOKAIbHBIX (Pa30BbIX MOTOKAaX.

1. BeimpAMJ/IeHUre MOJIA HanpaBJ/IeHUIA.

PaccmoTpuM riaakoe nosie HanpaBlieHuit B oonactu U n-mMepHOro mnpo-

CTpaHCTBa.

8
S
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Puc. 69. BeinmpAamiaeHnue mno-
JIA HalnpaBlIeHUM1

Onpenenenue. BuwnpamaeHuem TONA Ha-
[paBiieHui Ha3biBaeTcA auddpeomoppusm, nepe-
BOIALIMI ero B mojie napajjielibHbIX Halpasle-
Huit (puc. 69). Ilone HaspiBaeTcA ewvinpamasne-
MblM. €CIIU CYLIeCTByeT ero BhINIpAMIICHUE.

Teopema 1 (ocHoBHasA). Bcakoe 2aadkoe
noae HAnpaeieHull 8bLINPAMAACMO 8 OKPECIHOC-
mu kaxcdoil mouku. Ecau noae r paz Henpepole-
Ho Jdugdepenyupyemo (kaacca C", 1 < r < 0),

mo u ewvinpamifowull duddeomopdusm moxcro evibpams raacca C”.

[TpuMEP. Ilone HanmpaBienuit ypaBHenuda & = x (puc. 69) BbIIpAMIA-
erca auddeomoppusmoMm (t, ) — (t, y = xe t). JelcTBUTENLHO, 3TOT
nuddpeoMopdusM NepeBoAUT MHTerpaibHble KpuBble £ = Ce! Ha miockoc-
TH (t, ©) B napamuienbHbie npAMble y = C' Ha miockoctu (i, y).
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3AOAYA 1. BeImpAMHUTH NOJA HaNpaBlIeHWW YpaBHEHUN & = t U & = x
B OKPECTHOCTU Hayalla KOOpJuHaT.

3AJAYA 2. BeAkoe 1M riajiKkoe moje HalpaBleHU Ha IMIOCKOCTHU BbINPAMIIA-
eMo B Lejaom?

OTBET. Hert, cMm. puc. 60.

3a1a4A *3. Iycte B R® pamo (rmagkoe) mojie ABYMEPHBIX ILIOCKOCTEM
(B Kak 0¥ TOYKe NMPUJIOKEHa INIOCKOCTh). Beeryia i1 Mo#HO BRIIPAMUTH €ro (mpe-
BpaTUTh B IM0Je MapaulelbHBIX INIOCKOCTEMN moaxoadamum auddeomopdusmom)?

YrazaHnue. BrinpamisieMoe 1noje ABIAeTCA I0JeM IJIOCKOCTeH, KacaTelb-
HBIX K CeMelCTBY NOBEPXHOCTENA.

OTBET. Het. PaccmoTpum, Hanpumep, noje MiIOCKOCTEMH, 3ajJlaHHOe ypaBHe-
HueM ydx + dz = 0 (BeRTop NpUHALIEeHUT IIOCKOCTU MOJA, €CJIU Ha HEeM 3Ta
1-dpopma obpanjaerca B Hyﬂb). He cymecTByeT Hu 00HOU MOBEPXHOCTHU, Kacalo-
mencs MmMIOCKOCTe 3TOro Mnojs.

JlokasaTenbCTBO OCHOBHOIT TeopeMbl 1 Oynet maHo B § 32. BoT nBe ee
nepedopMyJIUPOBKHU.

Teopema 2. Bce 2aadkue noaa HanpasieHuil 8 0044CcmMAT 00UHAKOB0O-
20 yucaa uamepeHutl aokaivHo Juddeomopdnvl (nepesodames opyz e opyza
dudpeomopdusmon).

JIOKA3ATEJIBLCTBO.

1 = 2: no ocHOBHO# TeopeMe Bce 1041 JIOKallbHO AudpeomMopPHbI OJHO-
MY CTaHJapTHOMY Moito. 2 = 1: u3 noranbHoil auddheomopdHoCcTU JItOOOMY
IOJIIO0 BbITEKAET, B YACTHOCTH, JIOKallbHad audPeoMopPHOCTb CTaHdapTHO-
MY, T. €. JOKallbHafA BBINPAMIAEMOCTD.

Teopema 3. Jufdepenyuasvnoe ypasnenue © = v(t, x) ¢ aaad-
kol npaeotll wacmvio vV JAO0KAALHO IKBUBANEHMHO npocmetiuiemy ypasHe-

Huto dy/dt = 0.

HupiMu cnoBamu: B okpecmnocmu kaxicooll mouku pacwuperHnoz2o0 ga-
306020 npocmpancmea (t, x) cywecmsyem donycmumas cucmema Koopou-
nam (7, y) (nepexod k romopoti — duddeomopdrasn 3amena nepemerHHbLT),
6 Komopoll ypaeHenue 3anucvieaemcs 6 npocmetiwem sude: dy/dr = 0.

JIOKA3ATEJILCTBO.
1 = 3: cHauyana BeIIPpAMUM I[10Jie HallpaBJeHUl v, a 3aTeEM pacCMOTPUM
A€eRapToBbl KOOpAWMHATbI, B KOTOPBIX OCb BpeME€HH T IlapajljelibHa IIpAMbIM

7 3axkaz No U17
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BBINPAMJIEHHOT'O 10JIAl HalpaBlieHUui. 3 = 1: BcAKoe IoJie HanpaBlleHUil Jo-
KaJlbHO 3allMCblBaeTCA Kak I0Jle HampaBlleHUui nopxonaAuero nuddepeHuu-
anbHOro ypaBHenusd. Ilepexos K fokanbHO# cucTeMe KOOpAMHAT, B KOTOPOW
ypaBHeHue umMmeeT Bul dy/dr = (), BRINIPpAMIAET 3alaHHOE TOJE.

3AIAYA *4. MoHO 71U BBIIPAMHMTL BO BCEM paclIMpeHHOM ()a30BOM Mpo-
crpancTBe R x R™ mone manpaBienuii ypaBHeHus & = v(t, x) ¢ riagKoii mpapoi
YacThlO, 3a/IlaHHOM BO BCEM 3TOM INpocTpaHcTBe?

3AIAYA 5. JJokamuTe, YTO CUCTEMY KOOPAUHAT T€OPEMbI 3 MOHO BhIGpaTh
TaK, YTOObI BpeMsA He MpeoGpa3oBhIBaloCch (7 = t).

3ATAYA 6. BeImpAMUTL mMolle HampaBieHWN ypaBHeHUA © — x + ¢ Ha Bcei
IUNIOCKOCTU COXpaHAIUM Bpema nuddeomopdusmom (¢, x) — (t, y(t, z)).

3AJAYA 7. Mo#HO MU BHIIPAMMTD II0Je HalpaBleHUil ypaBHeHUA & = = Ha

Bcell IJIOCKOCTHU cOXpaHAWIMUM Bpemsa nuddeomopdusmom?
OTBET. Her.

OcHoBHas TeopeMa 0 BBIIPAMIIEHUU OTKPbITa, B CyIIHOCTH, HbloTOHOM.
B 3namenuTom «BTOpoMm nucbMme» HbioToHa K cekperapio KoponeBckoro o6-
mectBa Onbaendypry (ot 24 oktabpa 1676 roga) on 3amudpoBan MeToa ee
JIoKa3aTelbCTBa B BUJie BTOPO# (NIMHHOIT) aHarpaMMBbl (nepenucky c Jleiio-
HuneM, xuBmuM B I'epmanun, HoioToH npeanountan Bectu yepe3 Onbaen-
Gypra). B coBpemeHHbIX TepMuHax MeTol HbI0TOHA COCTOUT B ClieIyIOIIEM.

[lycts nano ypaBHeHue & = v(t, ). byaem nckaTh BbINPpAMIAONIUI
nuddeomopdusm y = h(t, x), naa koroporo y = x npu t = 0 (Bpema He
npeo6pasoBbiBaeM ). U3 ycinoBusa y = () monydyaem nisa h ypaBHenue 0h/0t+
+(0h/0x)v = 0. Paznoxkum v u h B pAIbI N0 CTENEHAM t:

h=ho+thi+..., v=wv9g+tvg +...

Torna ho(x) = z. noatomy 0h/0x = E +thy+... llonctaBum pager nas h
¥ 1A v B ypaBHeHue anA h. PasBepHem zneBylo yactb B pAa mo t. [Ipu-
paBHAeM HyJI0 Koapduuuentel npu t°, t1,... B 3TOM pagy (Ha ocHOBaHUU
eIVHCTBEHHOCTU K03 dunueHToB pana Teitnopa). Mbl nomyuum mocieno-
BaTeJlbHO

hi +v9g =0, 2hs+ h1sv9 +v1 =0,

B ypaBHeHue assa hy BXOOAT, KpoMe HEro, JUIllb IPOU3BOAHbBIE OT A4, C MEHb-
mumMu HoMepamu. [[oaToMy MBI MoseM MocieloBaTeNbHO («PEKYPPEHTHOY)
HaiiTu cHayana hq, moTom hy ¥ Tak Bce WieHbl HICKOMOIO pAja.
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B saTom coctout memod Hviomona urnmezpuposarusn dudgdeperyuarbHuvlx
ypaeHeHuil ¢ nomouvio pados. YTo6bl IPUMEHATH 3TOT METOJ, HY#HO ObLIO
yMeTb pasjaraTh JaHHble GyHKINHU B pAlbl. [laa sToro HeioToHy npuinioch
OTKPBITh CcBOIO popmyny 6mHoma (1 +£)* =1+4+at + ...

3AAYA 8. Pemuth MeToaoM HbIOTOHaA ypaBHeHUEe & = & ¢ Ha4YaJIbHBIM YCIIO-
BueM p(0) = 1.

PEIIEHHE. ¢ = 1 +tp1 + t2ps + -+ = o1 + 22t + 3pst® +--- = 1 + p1t+
—l—(pzt2 + ..., ciepoBaTenbHO, @1 = 1, w2 = p1/2, s = ¢2/3,..., OTKyHa
¢r = 1/k!. Tark u Obl1 BrepBble BbIBEJIEH PAJ 1A SKCIOHEHTHI.

Bce nanpHeiinee pa3BuTHe aHalu3a Jazie U CErolHA cleayeT o HaMe-
yeHHOMY HblOTOHOM My TH.

Jloka3zaTeabCTBOM CXOAUMOCTHU NOCTpoeHHbIX HbIOTOHOM pAIOB MHO-
ro 3anuMainuch B XIX Bekre. CxomuMocTh pAnoB A h B aHaJIUTHYECKOM
ciyyae Obl1a fokasana Komu!. Teopema Komu 6b11a nepeHecena Ha ciryyau

KOHEYHOM I'j1agKoCTH HI/IHElpOM, €ro Jora3aTelIbCTBO U U3JIOHEHO B §32

OcHoBHasa TeopemMa 1 — yTBepsKJeHHE TAKOI'0 e XapaKkTepa, KaK TeOpeMbl
JTUHENHOM aireOpbl O NpUBEIEeHUN KBaJpaTU4YHBIX (POPM WKW MaTpUll JUHENHBIX
onepaTopoB K HopMailbHOMY Buay. OHa [aeT uMcueplbIBalolliee onucaHue JOKalb-
HOT'O MOBENEeHUA M0JA HallpaBleHUii, CBOIA BCe BOIMPOCHI K TPUBUAIbHOMY CJIydalo
napaijiellbHOro MOJIA.

B ananuse poAcTBEHHOIT TeOpeMOil ABIAETCA TeOopeMa O HeABHOI (QYHKIIUU.
I'mapkoe otobpamenue f: R™ — R"™ HaspiBaeTcA HeswvlposcdenHbim 6 moike 0,
€CJIi paHT MPOU3BO/IHOI B 3TOIf TOUKE UMeeT MaKCUMalbHOEe BO3MO#HOE 3HaUeHUe
(T.e. paBeH MeHbmieMy u3 uucea m u n). llycts f(0) = 0.

/IBa Takux otobGpameHus f, g Ha3bIBAIOTCA J0KAAbHO IKBUBANEHMHbLMU
6 moyke (), eCI OMHO U3 HUX MEPeXOauT B Apyroe 1noa aeiicteueM nuddeomop pus-
MOB NpPOCTPaAHCTB NMpoobpa3a u obpasa, octaBaaomux 0 Ha mecte: h: R™ — R™,
k:R" - R", foh=kog.

HHbIMU clloBaMU, 08a 0mo0paxceHus A0KAAbHO IKBUBANEHIMHbL, eCAl NPU NO0-
X00AU UL 6bL60PAX JONYCMUMBLL CUCTTIEM LOKAAbHBLE KOOpOuHAam 6 npoobpase u 6 06-
pase (c Hawaaom 6 0) oHu 3anucviearmcs 00UHAKOBbLMU Fopmyramu.

Teopema o HeABHOIT (QYHKUUU. B orxpecmHocmu HeBwblpO#IeHHLLL MO-
YeK ecakue dsa 2aadkux omobpaxcenus (npocmpancmes GHUKCUPOBAHHBLT pasmep-
Hocmell m U N) 3K6UBANLEHMHbL OpYy2 Opye2y.

1Ha Heo6x0aMMOCTDb /IOKa3aTelbCcTBa CXOJMMOCTU 06paTH BHUMaHUe eme Ditnep, 3a-
MeTPIBU.[Hﬁ, 4TO pAAObI, IIOoJly4dYaemMble aHAaAJO'MYHBIM IIYTEM B JJPYIMX 3ajgadax, HHOrga
pacxofATcA. Diisep Wckan B Bue pAna no i pemeHue ypaBHenusa dz/dt = (z — t)/t2,
paBHoe 0 npu t = 0. Honyunnca Bcloay pacxoasmuiica pan z = > (k — 1)! tF.
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B uacTHOCTH, 8cakoe omobpasxcernue skxeusarenHmHo ceoeil AuHelHOU wacmu
8 Heswvlpoxcdennoll moyke. lloaTomy chopmynrpoBaHHad TeopeMa ABIAETCA OJHOMN
13 MHOI'OYMCJIEHHBIX TE€OpPEeM O JuHeapHu3aluu.

B rayecTBe n0KanbHOI HOpMalbHOU (GOPMbI, K KOTOPOiI MPpUBOAUTCA 0TOGpa-
menue f nudpdeomopdpusamamu h u k. ecTecTBEHHO BbIOpaTh CIEIYIOUIYIO MPOC-

Tenyo: : .
Y Yi = x;, NOpU & < T, yi =0 npu > r,

rae » = min(m, n) — paHr NPOU3BOAHON f B Hyle, £; — KOOPAUHATHI TOYKH
B IIpoCTpaHcTBe-npoobpa3se, y; — B mpocTpaHcTBe o6pa3e. NHbIMU cioBamu, f —
BJIIOKE€HVe, eClIi pa3MepHOCTh IpooOpa3a MeHbllle, yeM oOpasa, U pacciloeHue —
B [IPOTUBHOM ClIyy4ae.

YuraTenb. NPUBBIKIIMNKI K 6o/ee Cl0KHBIM (GOpPMYyJIHPOBKaM TeOpeMbl O He-
ABHON (YHKIUU, JErKO NPOBEPUT UX 3KBUBAJIEHTHOCTH MPUBENEHHON IPOCTOM
reoMeTpUuyYeCcKoi popMyIUupOBEKE.

Bce nepeuncieHHble TeopeMbl 0 HOpMalbHBIX (popMax ONUCHLIBAIOT OPOUTHI
AeMCTBUI pa3muyYHbIX rpynn («3aMeH IepeMeHHBIX») Ha MHOKeCcTBax (Marpwi,
¢dbopM, modeit, oToGpaeHnii, COOTBETCTBEHHO).

2. TEOpEMb] cymiecTBOBaHMA U €eJMHCTBEHHOCTMH. N3 ocHOBHOI1
TeopeMbI lo BBIINIPpAMIJ/IEHHUHU BbITERAaeT

CanepncTtBue 1. UYepes wraxcdywo moukry obaacmu, 6 Komopoil 3adaHo
2aadkoe nose HanpasaeHull, nPpoxooum uUHMe2paLbHaAA KPUBAS.

JTOKA3ATEJIBCTBO.

PaccmoTpum BeInpAMIAOmUNA gaHHoe nosie auddeomopdusm. Boi-
npAMIIEHHOE I0JIe COCTOUT M3 mapajilelbHbIX HampaBieHuii. B Hem uepes
KaIyIo TOURY MPOXOJUT UHTErpaibHaa KpuBas (a uMeHHO npaMas). Jud-
dheomopdpusaM, 06paTHBIN K BEINPAMIAIOIIEMY, IEPEBOIUT ITY NPAMYIO B UC-
KOMYIO MHTerpajibHy0 KPUBYIO.

CnenctBue 2. /lee unmezpanvHvle Kpusvle 24a0K020 NOAA HANpAG.AE-
Hull, umetowue o6uLYy MOYKY, CO6NACAIOM 6 OKPECMHOCMU 3MOoll MOYKU.

JHOKA3ATEJIHCTBO.

JInA BBHINPAMJEHHOIO MOJA 3TO OYEBUIHO, a BhINpAMIAOMUii auddeo-
MOpP(}U3M NepeBOAUT MHTerpalbHble KPUBbIE UCXOJHOIO MOJIA B UHTErpallb-
Hble KPUBbIE BBIIPAMIEHHOTO.

CaenctBue 3. Pewenue dugdepenyuanvrnozo ypasnenus © = v(t, x)
¢ HavaavbHbim ycaosuem (tg, o) U3 obaacmu 2aadkocmu npaeoll wacmu cy-
wecmeyem u eJUHCMBEHHO (6 MOM cmblcae, YIMO 6CAKUE 084 PeUleHUS ¢ 00-
WUM HAYAALHBIM ICAO0BUEM COBNAOAOM 6 HEeKOmopol OKpecmHOCMmU IMmodY-
Ku to).
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JIOKA3ATEJIBCTBO.
[IpumeHum cnencTBuA 1 U 2 K MO0 HaNpaBleHU JaHHOIO ypaBHEHUA
B pacuiipeHHoOM ¢da3oBoM npocTpaHcTBe. [lonyuyaem cinenctBue 3.

3AMEYAHHE. B cnenctBum 3 u B ganbHeinieM x — TouyKa (a3oBOro
MpoCcTpPaHCTBa JI060i (KOHEYHOI) pa3MepHOCTH M. ITO Cle/ICTBUE Ha3bl-
BaeTCA meopemoll Cyuw,ecmeo8aHus U eOuHCMBEHHOCMU peuleHull cucmemol
m YpasHeHUll nepso2o nopsaoka.

3. TeopeMbl 0 HenpepbIBHOI U AU depeHILIpyeMoOii 3aBHUCU-
MOCTHU pellleHUilI OT HayajJbHOr'o ycJIoBHUA. PaccMoTpuM 3HaueHue pe-
meHuA ¢ auddepeHUaIbHOr0 ypaBHeHus & = v(t, ©) ¢ HaYalbHBIM YyCIO-
BueM ¢(tg) = x¢o B MOMeHT BpeMeHM ¢ Kak pyHruuo ® ot (to, xo; t) co
3HaYeHUAMM B (a30BOM IPOCTPaHCTBE.

N3 ocHOBHOIT TeopeMbl 1 0 BHINPAMJEHUUN BhITEKaeT

CaenctBue 4. PeuweHue ypasHeHusa ¢ 24a0koll npaeotl wacmvio 24a0K0
3asucum om HAYAAbHBLY YCA08ULL.

JTO 03HAYaeT, UTO YKa3aHHaA eviule Pynkuusa ® onpedenerna, Henpepvle-
Ha u 2aadka 6 okpecmuocmu Kaxcdol mouru (to, xo; to) (kaacca C”. ecau
v — Kaacca C).

JTOKA3ATEJIBCTRBO.

Ilna npocreiinero ypasuenus (v = 0) 31o oueBuaHo (¢ = xy). O6iee
ypaBHeHUEe CBOAUTCA K HeMy Auddeomopduamom (moJpoOHOCTU OCTaBIA-
IOTCA YUTaTEIO).

3AMEYAHHUE. Teopema o nquddepeHIMpyeMOCTH MO HaYallbHOMY yCIIO-
BUIO JOCTaBlAeT BecbMa 3¢ (PeKTUBHBIN MeTO] UCCleJOBaHUA BIMAHUA Ma-
JIoro BO3MYII[€HUA HauyallbHOTO yCJIOBUA Ha pelieHue. Eciu npu KakoM-1160
HavyallbHOM YCIOBUM pellleHHe U3BECTHO, TO JIA olpelieieHUA OTKJIOHEHUSA
pelieHUA ¢ GIU3KUM HadalbHbIM YCJIOBHUEM OT JAaHHOT'O «HEBO3MYIIEHHOTO»
pellleHUA MoJiydyaeTcAd B NMepBOM NPUOIUMEHUU JUHENHO OJHOPOAHOE ypaB-
HeHUe (ypaBHeHUe B Bapuanuax). Bo3HuKawIaa TakuM o0pa3oM «Teopuf
BO3MYII€HUI» — MPOCTO OOUH U3 BapuaHTOB MeToja panoB HerioToHa.

3A1AYA 1. HaiiTu npou3BogHYIO pelleHUs ¢ ypaBHeHUA & = x> + x sint mo
HavaibHOMY 3HaueHMIO ¢(0) = a npu a = 0.

PEunieHUE. Ilo cnencTBuIO 4 penieHue pa3naraeTcd no a no ¢opmyiae Teiino-
pa, p = po+awpi+... (MHOroTOUrMe — Manas NOpPAKa BhIIIE IEPBOT0 OTHOCUTENb-
HO a). 3[1eCh (9 — HEBO3MYIIleHHOe pelieHue (C HyleBbIM HavyalbHbIM YCIOBHEM),
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¢1 — UCKoMmasA npousBoaHas. [[na Hamero ypaBHeHusa ¢o = 0. IloacraBasasa pan
B YpaBHeHHe U NpHUpPaBHHUBafg B JIeBO M NpaBOil 4aCTU 4YieHbl C OJWMHAKOBBbIMU
cTelneHAMU a (Ha OCHOBaHWM €UHCTBEHHOCTH paAna Teiutopa), moiydaeMm A @i
ypaBHEHMe B BapUalMAX Y1 = 1 Sint ¢ HavyaabHBIM yciaoBueM ¢i(0) = 1 (moue-

My?).
OTBET. el ¢°5t,

3ADAYA 2. HaliTu 61u3kuii K ocu x oTpe3okK (a30Boii KpuBOii 000061EeHHOI
cuctemsbl JloTka— Boabteppa & = xz(1—ya(x, y)), y = y(x—1), npoxoasiei yepes
TOUKY = = 1, ¥y = € (¢ NOrpemHoCcThIO MOPAIKA 52).

PEIIEHUE. YpaBHeHue ¢aszoBbix Kpusbix: dy/dz = y(x — 1)/(z(1 — ya)).
HeBo3mymeHHoe pemenue: y = (. YpaBHeHue B Bapuanuax: dy/dx = y(xz — 1) /z.

OTBET. y = ee” ™' /x, nesasucumo om euda ynryuu a.

3A7AYA 3. HaiiTy npousBOAHYIO pelleHNs ypaBHeHNA MaaTHUKA 6 = — sin 6
¢ HayalabHbIM yciaoBueM 6(0) = a, 6(0) = 0 no a npu a = 0.

PEIIEHUE. [lnA npuMeHeHUsA clleICTBUA 4 ypaBHeHUEe HY#HO 3anucaThb B BU-
ne cuctembl. [lonyyaromasca cucTemMa ypaBHEHHI B BapUalufaX MoOeT ObITh 3a-
MycaHa B BUJ€e OJIHOI0 ypaBHEHUA BTOPOro MopsAaka. YA00HO BBINKUCHIBATh HE CHUC-
TeMbl U UX peIlIeHMA, a TOJIbKO YKBUBaJIEHTHbIE UM ypaBHEHUA BTOPOTo NMOPAAKA
u ux pemeHusda. HeBoamymeHnHoe pemeHue: § = (. YpaBHeHHe B BapyUallUAX — 3TO
ypaBHeHUHe MallbIX KojeOaHuiI MagTHUKA. 6 = —6.

OTBET. cost.

I[IPENOCTEPE/REHUE. Ilonb3ysack npubiInzeHHbIMH (OpMYyJIaMHu A
BO3MYIIIEHHOI'O pelleHUA, HOJyYeHHbIMHU NPH MOMOILIYM ypaBHEHUA B Bapu-
anufAx, He clelyeT 3abbIBaTh, YTO OHM JAIOT Xopollee NPUOIHKEeHNe NPH
(GUKCHUPOBAHHOM ¢ UM MajoM OTKJIOHEHHM € HayajlbHOro YCJIOBHUA OT HEBO3-
MYILIEHHOI'0: TIOrPelHOCTh Npy pukcupoBadHoM ¢t ecTh O(e?), HO HepaBHO-
MepHo 1o ¢t — oo (koHcTanTa B O pacteT BmecTe C t).

Hanpumep, noinydenHad B 3agade 2 ¢popMyJa jaja Gbl HEBEpHOE MpeJ-
cTaBlieHHe 0 Buje (Ha30BbIX KPUBBIX 00bIuHOI Momenu Jlorka—BonbTeppa,
eciy ObI MBI CTalll NPUMEHATH ee JUIA ONHCAHUA BHUJAa 3THUX KPUBBLIX B Iie-
oM (Kak MbI 3HaeM U3 § 2, 3TU KPUBbIE 3aMKHY ThI; JJaJieKas OT OCU T YacThb
KPUBOIl OTHIOIb He ONUCHIBAETCA OTBETOM 3ajauud 2).

TouHo Tak e pelleHUe MOJHOIO ypaBHEHUA MafgTHUKA C HayajlbHbIM
ycinoBueM (a, 0) GIU3KO K pelleHUI0 YpaBHEHUA MalbIX KoleGaHuii (¢ TeM
ke HavalbHBIM YCJIOBHOM) NpH (PUKCUPOBAHHOM f: UX Pa3HOCTh IMOPAJ-
ka O(a®) (noyemy?). OnnHako npu 1060M (pukcupoBadHoM a # 0 morpern-
HOCTh pacTeT C POCTOM ¢, U MPU JOCTATOYHO OOJLIIKUX ¢ MPUOIHKEHHOE pe-
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IIeHNe TepAeT CBA3b C BO3MYIIEHHLIM (13-3a pasiuuud NepruogoB MajbIX U
HCTUHHBIX Konebauwuii). [lepecTaBnaTh Mensay co6oii penenbHbIe MEPEXO/IbI
t = ooua— 0 Heabss!

3AAYA 4. HaiiTu nepBblii (IMHEUHBIN 10 @) WieH pa3ioxeHud B pAa Teii-
lopa pellleHUA ypaBHEHHs MATKOTO MafTHUKA & = —x° ¢ HayalbHBIM YCIOBH-

em z(0) = 0, £(0) = a.

PEIIEHUE. HeBo3amyeHHoe pemenue: x = (). YpaBHeHUe B Bapuauuax @i = 0.
HavanbHoe ycnoBue: ¢1(0) =0, ¢1(0) =1 (mouemy?).

OTBET. = = at.

N3 Teopemsbl 0 nuddepeHIIUPYyEeMOCTH clielyeT, UYTO omubKa 3Toil mpudiu-
#MeHHOU (opMyibl HE IPEeBOCXOOUT O(az) npu Kamjaom ¢urcupoBaHHom t. Op-
HaKo Mpu 1060M PUuKcUpoBaHHOM a # () NMpubINMEeHNe CTaHOBUTCA COBEPIIEHHO
HEYIOBI€TBOPUTEIbHbLIM IPU NOCTATOYHO O0AbIIUX t. ITO BUIAHO, HAlpuMep, U3
TOro, 4YTO NpUbGIUMEHHOE pellleHre HeOrpaHUYeHHO pacTeT, a HacTosAllee ONUCHI-
BaeT NepuoAuvYecKHe KoleGaHHA Maloil BMecTe C a aMIUIUTYbl (Beln4YnHa aM-
INIUTY/IbI IOPAZIKA 4/a 10 cooOpaxeHuaAM noao6us).

lnsa oneHKU 06/JacTU NPUMEHHUMOCTU NPUOINAEHHON (POpMyiibl MO#KHO CO-

CUUTaTh cleaymolue nNpuoauxeHusa: r = at + achg + (1,3(‘03 + ... IlogcraBaasa
B YpPaBHEHHE. NOJYy4YaeM a2c,'52 + a3g253 + o= =@ + ... 3Hauut, @2 = 0,
Ps = —t°, 93 = —t*/4, o3 = —t°/20, = =~ at — a®*t°/20 + ... Bropoii uien

~1/2 Yupimu cio-

Mall 110 CPaBHEHUIO C INEPBBIM, €CJIU a2t4/20 <Ll te.tKa
BaMM, 3Ha4yeHUe NPUOIUKEeHHOI'0 pelleHUA OO HO ObITh MalbIM II0 CPaBHEHMIO

C aMIUIMTY0ii ICTUHHOrO Koiebanusd, at < \/a.

3AIAYA 5. [lokazaTh, 4TO NPU YKa3aHHOM YCJIOBUU OTHOCUTeNbHAA MOTpell-
HOCTh NMPUOINKEHHOT0 pellleHUuA AeiCTBUTEIBHO MaJa.

PEIIEHUE. 9To cienyeT u3 coobpaseHuii nonqodbusa. KBa3monHopoaHbie pac-
tamenna X = ez, T = e °t mepeBOOAT ypaBHeHHMEe & = —z° B ce6d. Peme-
HUe ¢ HavyaldbHbIM yciaoBueM (0, a) mepexoauT B pelleHHe ¢ HavyalbHbIM YCJIOBH-
eM (0, A = e**a). llpubnusennoe pemenue = = at nepexoaqut B X = AT. BriGe-
peM s Tak, 4To6el A = 1. [Ipu A = 1 pemenvie X ~ T umMeeT MalyiO0 OTHOCUTEIb-
HYIO MOrpemHocThb, Moka 1I' € 1. Ho pacTAxeHUA He MEHAIOT OTHOCUTEIbHBIX
MorpemyocTeil. 3Ha4YUT, U OTHOCUTENbHAA INMOTrPEeNIHOCTb MpubIuMeHua © < at
mMata ipu T € 1. Ho T = e %t, a = ¢ %°. 3uauutr, T <€ 1 opu t € a /2.
Takum o6pa3oM, MpU MalbIX @ NPUOIUMKEHUE NaeT Malyl0 OTHOCUTEIbHYIO IO-
rPEeNIHOCTD, Jake MpU oueHb Ooabmux t, aumb Obl { ObIIO Malo MO0 CpaBHEHMIO
¢ GoabmwuM yuciom 1/+/a.

B npunoxeHuax teopuu gud pepeHnalbHbIX YpaBHEHUIT Beer/ia IPpUXOAUTCA
UMeThb J1eJ10 ¢ 60JbIIUM YUCIOM BEIUYUH, HEKOTOPbIE U3 KOTOPbIX «04YeHb Malbly,
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a HEeKOTOpble «0UeHb BelUKWy. Pa3zo6paThbCA, UTO BEIUKO MO CPaBHEHUIO C 4YeM
(T.e. B KAKOM MOpAJKe jAelaTh NMpeelbHbIE MEPEXO/Ibl), HE BCErja JIerko; hccie-
JIOBaHHe 3TOro Bolpoca — IOopoi nojajaena.

4. Ilpeo6pa3oBaHue 3a BpeMsA OT tg Ao t. Paccmorpum gudde-
peHnKanbHoe ypaBHeHue & = v (¢, ) ¢ MpaBoii YacThio, 3ajaoleil riagkoe
1oJie HaNpapJeHHil B 00JlacTU pacuiupeHHOro ¢a3oBoro NpocTpaHcTBa (Jio-
0oli KOHe4YHo#l pa3MepHocTH 1 + m).

Onpepenenuve. IlpeoOGpasoBaHuemM 3a BpemMsA OT i
Ax 1o t HasbpiBaeTcA oToOpameHHe obOnacTu (a3oBOro Mpo-
cTpaHCTBa B (ha30BOe INPOCTPAHCTBO, COMOCTAaBIAIOIIEE
[ 9%, 40,2, HaYaIbHOMY YCIOBHMIO B MOMEHT [y 3HaYeHUe DelleHWA

X0 , € 9THM HaYalbHBIM yCIOBMEM B MOMEHT t (puc. 70).
t, t JTo npeobpaszoBaHue 0603HaYaeTCA g‘o.
B o6o3HayeHusax cienctBuda 4
Puc. 70. IlIpe-
o6pazoBaHMe 3a t,To = P(to, To; t).

BpeMA OT to A0 ¢
N3 ocHOBHOIA TE€OpPEMBI O BBINIPAMJIEHUHN BbITEKaeT

CaenctBue 5. [Ipeobpaszosanusn 3a epemsa om t, do t daa ypasHnenus
¢ 2n1a0koll npaeoil 1Lacmuvio

1) onpedenenwvt 6 oxpecmnocmu rasxicdoi gaszoeoil mouku xy oasn t, do-
CmMamoyHo O0au3kux k to;

2) asaawmcea aokaavHuimu dugddeomopdusmanu (kaacca C", ecau npa-
eaa wacmy Kaacca C") u e2aadko 3asucam om t u om tg;

3) daa s u t, docmamouno 6auskux k ty, umeem mecmo moixidecmeo

t.T = glgl x (0an ecex x u3 docmamoyuno Ma0l OKPECIMHOCINU MOYKU To);

4) npu durcuposannom & Pynryus o(t) = gﬁ(ﬁ ecmbv peuleHue YpasHe-

Hua © = v(t, x), ydoeaemeopawwee HavarbHoMY Ycaosut p(tg) = &.

CrnencTBUe 5 ¢ OUEBUAHOCTBHIO BbITEKAaeT U3 MpPeAbIAYIIUX CleACTBUIL.
Mo:HO TaK#se BOCIOJIb30BaThCA BhINPAMIEHUEM, HEe MEHAIOIIMM BpEMEHH.
llna BeimpAmieHHoro ypaBHenua (¢ = (0) Bce mpeoOpa3oBaHUA 3a BpeMA
oT to 10 t TOJeCTBEHHbI, IOATOMY CBoOWcTBa 1)—4) BBINOJHEHDI.

PaccMmoTpuMm, B yacTHOCTH, cilIy4dail aBTOHOMHOI'O ypaBHeHUA & = v(x).
B 3ToMm ciyyae numeeT MecTo ouyeBUIHaA

Teopema. Omobpascerue 3a epemsa om ty do t daa a6mMoHOMHO20 Ypaes-
HeHUA 3aeucum moabKko om uMmepseana epemenu t — tog u He 3asucum om
HA4aabHo20 momenma ty.
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JJOKA3ATEJILCTBO.

CoBur pacimupeHHoOro (a3oBoro MpocTpaHCTBa aBTOHOMHOTO YpaBHe-
HUA BJIOJb OCH t MEepeBOAUT B ceOA MoJle HANMpaBleHU, a 3HAUUT, NIePEBO-
AUT OpyT B Jipyra MHTerpaibHble KpuBbie. Ilpu ciBure Ha s pelieHue ¢
C HavalbHBIM ycloBueM ¢(ty) = x(p MepexoJUuT B pelleHue 1 ¢ HayalbHBIM
ycnoBueM Y (tg + s) = xg. llpu mo6om t umeem (t + s) = ¢(t). Cnegoa-

TeNbHO, gf, = gfjfs, YTO U YTBEP#HKAAIOCh.

O603HauuM oToOpaxeHne gfu Kopoue: g7. OTobOpamenua g”

1) onpeneneHbl NpU JOCTATOYHO MalbIX |7| B OKpecTHOCTH U3OpaHHOMN
TOYKHU (a30BOr0 NPOCTPAHCTBA:;

2) ABasAwTcA auddeomopduzMaMu 3TO OKpeCTHOCTH B (pazoBoe Mpo-
CTPaHCTBO M I'IaJKoO 3aBUCAT OT T;

3) mpu Bcex AOCTAaTOYHO MaibiX |s| v |¢| U mpu Bcex & U3 HEKOTOPON
OKpPEeCTHOCTH M30paHHOI TOYKH BBLINOJHAETCA I'PYIIOBOe CBOMCTBO g°gla =
— g9+f,x;

4) npu purcupoanHoM ¢ GyHKIUA ©(t) = g'¢ ecTh pelleHue ypaBHe-
HUA & = v(x) ¢ HayanbHBIM yciaoBueM p(0) = &.

CemeiicTBo {g'} HasbiBaeTCA 0KAALHBIM FA306bLM NOMOKOM BEKTOPHO-
ro nojf v.

3A1A4A 1. IIpenmonoxum, 4yto ypaBHenue i = v(t, x) umeer T-nepuoau-
yeckue ko3¢ unments! (v(t+ 7, ) = v(t, x)) u yTO BCce 0TOOpaxeHUd 3a BpeMs
oT to 1o t [yiA Hero omnpejeleHsl Bcoay. JokaxuTe. 4yTo npeo6pa3oBaHuA 3a Bpe-
MeHa, kpaTHele T, o6pasyioT rpynmy: gi’ = A* npu mo6om nerom k. Kakoe us
IBYX CIeQYIOUUX COOTHOIIEHUH BEpPHO: ggT"'s Akgﬁ, g’“T""S Ak‘?

OTBET. BTopoe.

5. Teopembl 0 HenpepblBHOII U auddepeHIPyeMoOii 3aBLCU-
MOCTU OT napaMeTtpa. llpenmnonoxumM, 4yTo npaBaa yacTh JaHHOI'O ypaB-
HeHUA & = v(t, x; o) TIagKo 3aBUCUT OT NapamMmeTpa «, npoberarlero He-
KoTOopyIo o6nacTh A mpoctpancTBa R®.

N3 ocHoBHOI TeopeMbl 1 0 BhIIpAMIEHUU BbITEKAET

CaenctBue 6. 3HaveHue 6 momenm t peweHus ¢ HAYAALHBIM YCAOBU-
em p(tg) = x¢ 2aadKo 3asucum om HAYANLHO20 YCAOBUA. BPeMEHU U NAPa-
mempa .

O6o03Hauum 310 3HayeHue yepes ®(ty, xo; a; t). CneacTBUE yTBEp:H#Aa-
eT, uTo Pynryua ® (co snavenuamu e gazosom npocmparncmee) onpedeaena,
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HenpepvleHa U 2aadka 6 oxpecmHocmu Kaxcdoti mouku (tog, xo; ag, to) npo-
u3zeedeHusn pacuiuperHHoz20 $azoeo2o npocmpaHcmed Ha 0Cb 6pemeHU U HA 006-
aacmov uamenenusn napamempa (kaacca C”, ecau npasas wacmo kaacca C").

JIOKA3ATEJIBCTBO.
3lech Moje3Ha MalleHbKad XWUTpPOcTb. PaccMoTpuMm «pacuivpeHHoOe
ypaBHeHue» © = v(t, z; @), & = 0 ¢ pa3oBbIM NpPOCTPAHCTBOM pa3Mep-

HocTH m + a (rae m = dim |z|). Pemenue 3Toro ypaBHeHUA ¢ Ha4albHbIM
ycioBueM (tg. xg, @) ecTb napa (r = ¢(t). @ = «ag), NepBag KOMIIOHEHTAa
KOTOPOIi (p — pellleHrWe MCXOJHOT0 YpaBHEHUA NMPU @ = (Y9, yIOBJIETBOpA-
[olllee HayalbHOMY ycloBuIo ¢(tg) = x¢. Ilo cregcTBUIO 4 3Ta Napa riagko
3aBUCUT OT (tg, xo; t; ). ClienoBaTenbHO, U NepBaf KOMIIOHEHTa IJaJKO
3aBUCUT OT 3TUX apryMeHTOB, UTO U TpeOOBajoCh.

3AMEYAHHUE. TpIok ¢ pacmiypeHueM CBOAUT TeOpeMy O IaJKoil 3aBu-
CHMOCTH OT IapaMeTpa K IJIafKkoi 3aBUCHMMOCTH OT HayalbHBIX YCIOBUIA.
O6paTHO, U3 TJIaJKOl 3aBUCHUMOCTHU OT napameTrpa (nmpu (UECHPOBAHHOM
HayalbHOM YCIOBMM) JIETKO BBIBECTH TIIAKYI0 3aBUCMMOCTb OT HayalbHO-
ro yciosrf. JJocTaToyHO COABHHYThL ypaBHEHHe, YTOOLI HadajlbHOE yCJIOBUE
NnpeBpaTUTh B nmapameTp: v,(t, ) = v(t, x — a).

Teopema o guddepeHEpyeMOii 3aBUCUMOCTH OT MapaMeTpa JA0CTaB-
nAeT BecbMa 3 (PeKTUBHBINA MeTOJ NPUOIU#EHHOr0 pellleHUA ypaBHEHUM,
OJUM3KUX K «<HEBO3MYIIIEHHBIMY, IJIfl KOTOPHIX pelleHue u3BecTHO. [locTaToy-
HO IpeICTaBUTh pellleHre BO3MYIIEHHOI0 YPaBHEHUA B Bujie pAaa Teiinopa
[0 CTelNeHAM BO3MYIIeHUA, NOJICTaBUTh 3TOT PAJ B BO3MYIIEeHHOE ypaBHe-
HUe U NMPUPABHATHL WIEHBbI MPU OJUHAKOBBLIX cTelneHAX Bo3mylleHud. CBo-
OOOHBIN ulleH pAaa OJA pelleHUA OyneT U3BECTHBLIM pellleHHeM HeBO3MY-
IIIEHHOI'0 ypaBHeHUA. [lA onpeneneHua cleqyIOUKUX YIEHOB MOJy4YaTCcA pe-
KYPpPEeHTHO pa3peliaeMble ypaBHeHuA. Haubosee BaxHOe U3 HUX, ypaBHEHUE
IUIA 4JIeHOB IEepPBOii CTENeHU 110 BO3MYIIEHUIO — 3TO HEOJHOPOJHOE ypaB-
HeHUe B Bapuanuax (cp. §3).

OnucaHHbIi MeTO[ MOCTOAHHO MCNOJb3YETCA BO BCeX NPUIIOHEHUAX Te-
opuu auddepeHnvalbHbIX YpaBHEHUI MO Ha3BaHUEM Meopull 803MYu,eHUll
unu memod mano2o napamempa. OH ABIAETCA OAHONH U3 pasHOBUAHOCTEN
MeTojaa pAajaoB HbioToHa.

3A0A4A 1. HaiiTu npousBOOHYIO pelleHUA JIOTUCTUUYECKOr0 YpaBHEHUA
# = z(a — z) ¢ HavanbHpIM ycnoBueM z(0) = 1 mo nmapameTtpy a npu a = 1.
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PEIEHUE. IIycTh a = 1+ €, Bo3MyIneHHoe pelleHre = @o + £p1 + O(e?).
[Ipu nojicTaHOBKE B BO3MYIIEHHOE ypaBHEHHE I0JyYaeM ypaBHEHHE

(,bo +€(‘51—|-..._(g00+€(p1 +...)(1+E—(,00—E(,01—...).

HeBoamyuienHoe ypaBHeHue & = x(1 — x) umeeT pemenueM ¢o = 1. IIpupas-
HUBafA KO3 (PUIIMEHTHI NIPU €, MOJy4YaeM ypaBHEeHHEe B Bapualuax ¢; = 1 — 3
¢ HavyanbHbIM ycnoBueM ¢1(0) = 0 (mouemy?).

OTBET. 1 — e L.

3AMEYAHHUE. ®U3HK NpUBe/IEHHbIE BEIYUCIEeHUA 0dopMui 661 Tak. fcHo, 4TO
npu a = 1+¢ pemenue x = 14y mano orauyaercd ot 1. [Ipenebperxem oTanumnem x
nepej ckoGKoii B ypaBHenuu oT 1. [lonydyaem npubiauzeHHoe ypaBHeHNe & ~ a— .,
y~¢e—y,orkynay ~e(l—e ).

Tpa,[[HI_IHOHHaH MaTeMaTH4YeCKadAa «CTpOrocTh» 3allpeliaeT HpeHeﬁperaTb oT-
JunyreM OT eIMHHUIBI MepBOTr0 & B YpPaBHEHHH, HO HE€ BTOPOrIO. Ha camom pene
<((1)H3H116CH0€)) paccyxijeHnre 1npaBujibLHO — OHO IMPOCTO ABJIAETCAH y,ﬂ06H0ﬁ CTeHO-
FpaMMOﬁ IIpUBEJIE€HHLIX BLIIIE BbIYMCJIEHU.

3AAYA 2. HaiiTu npousBoaHYIO pelleHUA yYpaBHEHHA MaATHUKA C MOCTOAH-
HbIM KpPYTAIIUM MOMEHTOM, f = a — sin # no MomeHTYy a nipu a = (. B HauanbHbIi
MOMEHT MafATHUK nokoutcA (6 = 6 = 0).

PEMEHUE. 0 = ay+....a) =a—ay,§=1—y,y—1=2.2 = —2z, 2(0) = —1,
2(0) =0, z = —cost, y = 1 — cost.

OTBET. B nepBom npubnuseHun s3¢@deKT Maloro KpyTANlero MOMeHTa CO-
CTOUT B CIBUI€e MNOJOKEHUA paBHOBeCUHA B TOUKY a, IpUYeM MafATHUK cOBepllaeT
Maible KojdebaHUA ¢ 4acTOTO 1 BOKPYT 3TOI TOUKHU: NO3TOMY IPOU3BOJHafA pe-
IIeHUA 110 a paBHa 1 — cost.

IIPENJOCTEPE/REHUE. CTporo roBops, Bce Hallld NpUOJIU#EHHbIE pellle-
HH1A 000CHOBaHbI TeopeMoii 0 IHddHepeHINPYEMOCTH TOIbKO IIPU MalbIX |¢
B neiicTBUTENIbHOCTU HETPYAHO 000CHOBATh UX JiA JiIOOOI0 KOHEYHOrO WH-
TepBana BpeMeHH |t| < 7', eciiv TOIBKO BeIMYNHA BO3MYILEHUA € HE NPEBOC-
XOJIUT HEKOTOpO#, 3aBucAleit ot 7', Benuuunbl. Ha 3ToM nHTEepBaie BpeMe-
HU IIOI'PELIHOCTH [IepBOro NpubinxeHusa TeoOpuyu BO3MYIIEHU OlleHUBaeTcH
cBepxy BeanuuHoi O(g?), Ho kKoHcTanTa B O pacret ¢ poctom 7.

KpaiiHe prckoBaHHO pacnpoCTpaHATh NMOJy4YeHHbIe TAKUM 00pa3oM BbI-
BOJbI HAa OECKOHEYHbIl MHTEpBal BpeMeHU: llepecTaBlIATh pelelbHbIe Ie-
pexonbl t — 00 U € — () HeNb3A.
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IIPUMEP. PaccMoTpuM Bepo ¢ BOJIOii, B JHE KOTO-
poro uMeeTcA MalleHbKafd AbIpKa paauyca € (puc. 71).
Ina mo6oro 1" cymecTByeT CTOJIb Majloe €, UTO B Tede-
Hue 6onbuioro BpeMmenu (¢t < 7') Benpo noutu nonxo. Ho
npu Jrobom (purcrupoBaHHOM € > () BeIpo cTaHOBUTCH
Puc. 71. AcumnTo- HNOYCTBIM, KOrga BpeMfA CTpeMHUTCAH R 0eCKOHEUYHOCTH.
THYEeCKOe TIIOBejle-
HUe pelleHUuil BO3-
MYIIEeHHOI'0 YypaB-
HEHUA

PEIIEHUE. TouyHoe pemeHue gaetca ¢popmyioit § = coswt. CaegoBaTelbHO,
NMpoUu3BO/IHaA paBHa —t sint.

Ecau 6p1 Mbl 3HalIM TOYHOe pelleHHe TOJbKO NpU w = 1 U cTaau Obl HcC-
RaTb pelmeHue IJA W — 1 + € MeToaOOM Malioro ImapamMmeTrpa, TO Mbl ITIOJNY4YUIIH
661 0 =~ cost — et sint. MpI Morau 6b1 MogyMaTh, UTO UICTUHHOE pelleHue He orpa-
HUYEHO, ecli Obl 3a6bLIU, UTO NpUGIUMKEHUEM MOKHO MOJb30BAaThHCA TOJBKO MpPU
MalbIX €t.

t—co

3AJAYA 3. HaiiTu npousBogHYIO pelleHus ypaBHeHHUA
MalbIX KojleGaHHil MaATHUKA § = —w?6 ¢ HaYaIbHBIM YCIIO-
BueM 0(0) = 1, #(0) = 0 mo mapameTpy w npu w = 1.

6. Teopembl 0 nmpoaoaxkeHun. Paccmorpum auddepeHipaibHoe
ypaBHeHue & = (¢, x), 3aaHHOe riIaJKUM I0JeM HampabieHui B obiac-
T U pacuimpenHoro ¢asoBoro npoctpancTBa. [lyets I' — nmogmMHo#xecTBO
ob6nactu U.

Onpepenenue. Peienue ¢ ¢ HavyaabHBIM ycioBueM ¢(tyg) = x¢ npo-
doascaemcs eneped (nHasad) no I', eciu cyiecTByeT pelleHHe C TeM e
HavyalbHBIM YCJIOBHEM, I'paduKk KoToporo mepecexkaercsa ¢ I' B Touke, rae
t > to (< to).

Pemenune npodoasxcaemcs eneped (Hasad) HeoepaHUYeHHO, €CIH CY-
I[eCTBYyeT pellleHre C TeM e HayalbHBIM YyCJIOBHEM, OlpejeleHHoe IPU
Bcex t > to (npu Beex t < tg).

IIPUMEP. Hu onHo pemeHue ypaBHeHua & = x° + 1 He mpopon:kaeTca
HeorpaHMYeHHO HU BHepej, HU Hasaj.

Onpe,ue.lleHHe. MHo:ecTBO Ha3bIBaeTCA KOMNAKIMOM. €ClIU U3 JH000-
ro €ro NnmoKpeITUA OTKPBITBIMHU MHO!E€CTBaAMH MOMHO BblﬁpaTb KOHEeYHOe€
INIOATIOKPLBITHE.

KomnaxkTHble mogMHOKecTBa €BKJIMI0Ba I[IPpOCTpaHCTBa — 3TO €ro
3aMHKHYThbI€ U OrpaHu4YeHHbI€ MHOMECTBA.
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Fpanuuez‘j MHOeCTBa Ha3dbIBaeTCHA MHOMECTBO TOYER, B 10060 ORpeCT-
HOCTH KOTOPLIX €CThb KaK TOYKH, IPpUHaAJemalnne MHOMECTBY, TAR U HE
I[IpuHagjeraumne eMy TOYRH. N3 ocHOBHOI1 T€eOpeMBbI O BBINIPAMIIEHHUHN O4YeE-
BUJIHO BbITERAeT

CanenctBue 7. PeweHue ¢ HAYAAbHBLM YCAOBUEM U3 KOMNAKMA 8 PAC-
UWUPEHHOM Pa3060M NPOCMPAHCINBE MOHCHO NPOOoAX UMb eneped u Ha3a0 0o
2PAHUUDBL 31020 KOMNAKMA.

HHbIMUY clloBaMU, Yepe3 .t00yi0 6HYMPEHHIOW MOoY-  AX
Ky KOMNakma npoxodum uHmezpasbHas Kpueds, ne-
pecekawwas 2paHuyy Komnakma kax ¢ 00HOU, Mak
u ¢ dpyeoill cmoporsl om Hawa.avHol mouku (puc. 72).

IIpodoascenue eduncmeeHHo 6 mom cmwlcae, LMO
6cAKUe 084 peuleHus ¢ O0UUM HAYAALHBIM lJCAOBUEM
cosenadaiom eciody, 20e oba onpede.eHbl.

Y~

Puc. 72. IIpoponse-
HHE pelmieHud Jio
rpaHullbl KOMIaKTa

3AIAYA 1. BepHo 1n, 4TO UHTErpajdbHYIO KPUBYIO JII060r0 Ii1ajKoro nois Ha-
1paBieHuii B 06/1aCcTU eBRJIKI0Ba IPOCTPaHCTBa, IPOXOAANIYIO Uepe3 TOUKY KOM-
naxkTa K, MO#HO IPOJONUTh A0 €ro rpaHuIlbl?

OTBET. HeT, nmpumMep — mnosie HanpaBieHHi1 ¢(a30BbIX KPHUBBIX MafATHHKA
B obOiacTu :Bf + :c% >0, K — wounbio 1 < :c% + 3:% < 2.

Taxum obpa3oM, [JIA CIpaBelNIMBOCTUA Te€OpPeMbl CyllleCTBEHHO, UTO I0Jie Ha-
IpaBjleHUuii B pacliipeHHOM (pa30BOM INPOCTPAHCTBE «HeBepPTUKAIbHOY.

JTOKA3ATEJIBLCTBO CJIEICTBUSA 7.

BHavasie nokaxeM eJUHCTBEHHOCTb. PaccMOTpPUM TOYHYIO BEpPXHIOIO
rpaHb 3HaueHUii BpeMeHHU, NMPU KOTOPLIX JBa pelleHHuA ¢ OOIIMM Hayvallb-
HbIM YCJIOBHEM cOBINajalT. JleBee 3Toil TOUKM pelleHUA coBnagaioT. Eciu
B 3TOil TOUuKe oba omnpejelieHbl, TO OHU COBNAAAIOT W B Hell, TAK KaK OHMU
HenpepbiBHBI. Ho Torjga oHu coBmapaioT u npaBee (IO JIOKaIbHOI TeopeMe
e[IMHCTBEHHOCTH ). 3HAUUT, YKa3aHHasA TOUKa — KOHeIl OJJHOT0 U3 UHTepBa-
JIOB omnpepelieHUA. ITO JOKa3bIBaeT €IMHCTBEHHOCTb NMPONOJIKEHUA BIiepe]
(1A MpOOOJKEHUA Hasaj pacCy#/JeHuA aHajoruuHel). Temepb mocTpoum
NPOJI0JKEHUE.

Ilo nokanbHOIl TeopeMe CyIIECTBOBAaHUA Y Kax[0i TOYKHU paclliupeH-
HOro ¢a3oBOro NpOCTPAHCTBA €CTh TaKafA OKPECTHOCTh, YTO pellleHue C Ha-
YyaJlbHbIM YCJIOBHEM B JI1000Ii U3 TOUEK 3TON OKPECTHOCTU MPONOJIHKAeTCA
Briepell U Ha3aj Ha OOLIMU [JiA BCeX TOUYEK 3TOH OKPECTHOCTU HHTepBal
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BpeMeHU. I3 NOKPLITUA KOMIMAKTa TAKMMU OKPECTHOCTAMU BbLIOMpaeM KO-
HeuyHoe MnoanokpeiTHe. U3 KoHeuHoro Habopa HMHTEpPBAJOB BpPEMEHM, COOT-
BETCTBYIOUIUX BbIOPAHHBIM OKPECTHOCTAM, BbIOMpaeM caMblii KOPOTKMIA.
O603HayuM ero yepes €.

PenieHue ¢ HavyalbHBIM YCJIOBHEM B HMCXOJHOIl TOYKE MPOIOJKaeTCA
Bllepe]l Ha € (Tak KaK 3Ta TOYKA NMPUHAANEHUT KOMIAKTY U, 3HAUYUT, IO-
KpbITa OHOM U3 HALIMX OKpecTHOCTeil). Bo3abMeM 3HaueHne 3TOro peleHns
Jyepe3 BpeMA £/2 mocie UCXOAHOr0 MOMeHTa. Eciy cooTBeTCTBYOIad eMy
TOYKa MHTErpajbHOIl KPUBOIi ellle JexUT B KOMIIAKTE, TO peElIeHue C Ha-
yalbHbIM YCJIOBUEM B Heil MpojoJkaeTcs Brepe] elle Ha € (UTOro Ha 3¢ /2
OT UCX0JHOro MoMeHTa). ONATHL ciBUraeM Bpems Ha £/2 (T. e. paccMaTpuBa-
eM 3HauyeHUe MPOJIOJHEHHOI0 PellleHUA B MOMEHT Yepes € MocJe UCXOJHOI0)
U ONAThb NPOJoJxaeM pelleHue Ha €, U T. . Yepe3 KOHEYHOE YHCJO IIaroB
VMHTerpajlbHafd KpUBafA MOKMHET KOMMAKT (TaKk KaK ero npoeklud Ha ochb ¢
He MozKkeT ObITh HEOrpaHUYEeHHOW, a [ Ha KamKJOM Ilary yBeJn4YuBaeTcCA
Ha £/2). CnefoBaTenbHO, HACTYNUT MOMEHT, KOrla MHTerpajlbHad KpUBas
nepeceyeT rpaHUlly KOMIaKTa, YTO U TpeboBaloCh.

3AAYA 2. JlokamuTe, uTo noboe peleHue ypaBHeHusa x = v(t, x), 3amaH-
HOro nosieM HanpaBiaeHuii B R x R™, npogonsaercsa HeorpaHU4eHHO, €CIIA ¥ PacTeT
Ha GeCKOHEYHOCTU He GhICTpee, YeM MepBas CTeneHb Z, T.e. ecau |v(t, )| < k|z|
npu Beex t u |z| > 7, rie r u k — mocToAHHbIE.

Yrazanue. CpaBHUBafA C JBUKEHHEM B nojie & = kx, IOCTPOUTh KOMIIAKThI,
[0 TPaHUIl KOTOPBIX NMPUAETCA NOOHPAThCA CKOJb YTOJHO J0JrO.

IIpeanonoxsum Tenepb, 4TO 06JacTh ONpe/lelieHUA NMPaBoil YyacTu ypas-
HeHUuA © = v(t, ) comepxut quauHap R x K, rie K — KoMIakT B ¢a3o060m
NpPOCTPAaHCTBE.

Onpenenenuve. PenieHue ¢ ¢ HayanlbHBIM ycioBueM ¢(tg) = xg mpo-
monzkaeTcA Brepel (Hasal) M0 rpaHUIbl KomnakTa K, eciu cyliecTByeT
pellleHre ¢ TeM #e HayallbHBIM yCJIOBHEM, IPUHUMAaloIlee 3HaUeHUA U3 rpa-
HUIBI KoMnakTa K npu HekoTopoM t > to (t < to).

ns3 cjleCTBUA 7 O4YeBHHO BbITEHKaeT

CnencTBue 8. PeueHue ¢ HAYAAbHBIM 3HAYEHUEM U3 OAHHO20 KOM-
nakma K e ¢azoeom npocmpancmee npodoadxcaemca eneped (Hasad) .aubo
Heo2paHu1eHHo, Aubo do epanuybt kKomnarkma K.
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IIPUMEP. PellleHve ypaBHeHUA MaATHUKA &1 = T2, £2 = —T1 C Ha-
yaJbHBIM yciioBUeM 1 = 1, o = 0 He nmpojoi:xKaeTcA 10 rpaHUIlbl KOMIaK-
Ta 3 + x5 < 2.

HOKABATEJIBCTBO CJIEICTBHUSA 8.

PaccmoTrpum oTpesor A = [a, b] ocu ¢, conepmamuii to. Hunuaap A x K
B pacuIMpeHHOM ¢a30BoM npocTpaHcTBe (puc. 73) komnakTteH. Ilo npenbr-
Aylleit TeopeMe pellleHHe NPOAOKAaeTCA [0 ero rpaHulibl. ITa rpaHula co-
CTOUT U3 ABYX «TopuoBy (a x K u bx K) u «6oxoBoii noBepxHocTu» A x (0K)
(mo ¢opmyne Jleitonuna, J(A x K) = (0A) x K + A x (0K)). Eciu npwu
no6oM b > ty uHTerpanbHad KpuBafd nepecevyeT Topen b X K, To peleHue
NpojioaeTcA BIepe/l HeOrpaHMUYEHHO: ecli #e NpU KakoM-116o b nepece-
yeT GOKOBYIO NIOBEPXHOCTh — TO JI0 I'PaHUIbl KOMIaKTa.

CinenctBue 9. Pewenue asmoHomMH020 Ypas-

HeHua & = v() ¢ HAYAAbHBIM 3HAYEHUEM U3 Al060- | Ax(0K)

- AxK ./
20 Komnakma $asoeo02o NPoOCMpancmea npooosxHca XK o bx K
emcs eneped (Hazad) aubo Heoepanuienno, auto do | K —=="(tp, 1)
2PaHUYbL D020 KOMNAKMA. a A b t

H60 uununaap R x K npuHagleuT pacliu-
peHHoMY (a3oBOMY IPOCTPAHCTBY aBTOHOMHOIO
ypaBHeHUA A Joboro komnakta K B ¢da3zoBoMm
IIPOCTPaAHCTBE.

Puc. 73. Ilpoponsenue
00 rpaHulbl (a3oBoro
KOMIIaKTa

3AIAYA 3. JlokasxuTe, YTO BEKTOPHOE MoJjie v onpelensaeT ¢a30Bblil NOTOK,
eclii BCe pellleHUA ypaBHEeHUA & = v (&) MpOJoJIKalOTCA HeorpaHUuYeHHO.

7. BeinnpAMJIeHH e BEKTOPHOro 1noJjd. PaccMoTpuM riajgkoe BEKTOP-
Hoe nosie v B obaactu U.

Bunpamaenuem nona HaspviBaeTcA audgeoMopdpusM, npeBpaliarouui
ero B I10J1e napaijejbHbIX BEKTOPOB ONMHAKOBOI IJIUHbI B €BRIUIOBOM IIPO-
cTpaHcTBe (puc. 74).

N3 ocHOBHOI1 T€OpeMbI O BBINIPAMIIEHUHN JIETKO BhITEKAET

CaenctBue 10. Bcakoe zaadkoe sexmopHoe noae JA0KAAbHO BbIMPAM-
AfeMO 8 oKpecmHocmu, Kadxdoill Heoco6oll mouku (moyuku, 2de 6ekmop noasn
OMmAuUYeH om HYAR).

JTOKA3BATEIBCTBO CIEICTBHA 10.
BeI{TOpr IIOJIH B OKPECTHOCTH Heoco00OUM TOUYKHU OTJIUYHBI OT HYIJHA U,
3HA4YUT, ONpEJeNA0T Ioje HalpaBlieHUil B 3Toil objacTu (¢a3oBoro mnpo-
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Puc. 74. BeinpAaMieHue Bek- Puc. 75. IlocTpoeHue BbI-
TOPHOIO IOJIfA NPAMIAIONMX KOOPAUHAT

crpaHcTBa. [lo ocHOBHOII TeopeMe 3To mojie BbINpAMIAEeMO. BbINOIHUM BbI-
npamiadomuit guddeomopdusm. Mul Jo6beMcA napaiielbHOCTH BEKTOPOB
1oJiA, HO UX AJUHBI OOy T, BOOOIIe rOBOpA, 3aBUCeTh OT TOUYKKU. B BeImpAM-
JAONUX KOOpAUHATaX ypaBHeHUe, 3a/laHHOe HallluM I0JieM, IPpUMeT BUJ

1 =u(x), Xo=---=a,=0, npuyem u(0) # 0.

BBelleM BMecTO 1 HOBYIO KOOpAUHATY &, onpeaenuB & (&) Kak BpeMA ABHUHe-
HUA OT MIIOCKOCTH 1 = 0 10 ToukM x (puc. 75). Pelias ypaBHeHMe, HAXOOUM

€T
dn

u(n; Tae...y Ty)

3T0 Bpems 1o ¢popmyne HoioTona: {(z) = / . B Koopnuna-

tax (&, x2,..., T,) ypaBHeHUue npuHumaetr Bug & = 1, @9 = -+ = &, = 0,
T. €. T10Jie BBINPAMIIEHO.

3AMEYAHHE. TeopeMma o BbIIpAMIEHUN BEKTOPHOIr'O MOJIA — ellle 0JJHa
nepeopMyIMpOBKa TE€OPEMbI O BHINPAMIEHUU MOJA HanpaBlieHUuil (4TOObI
BbIBECTH BTOPYIO U3 NEPBOil, JOCTATOUYHO BbIOpATh 10 BEKTOPY, MNaJKO 3a-
BHUCAILlEMY OT TOUKH, HAa IPAMBIX JAHHOT'O N0JIA HalpaBlleHUi, YTO JIOKaIbHO
BCerja JIerko clenarTh).

BoTt eme nBe oueBuHbIE NepedopMyaupoBKU cienctBua 10:

CaepctBue 11. Jlio6vie dea 2aadkux 8eKMOPHHLT NOAA 8 004ACMAT 00U-
HAK06020 Yucaa usmeperHull nepeesodamcs opyz e opyza dugpdeomopdpuzmamnu
68 docmamoyiHo MAALLT OKPECMHOCMAL A06bLY Heocoblx MoYek.

CunenctBue 12. Bceakoe dugdepenyuanvroe ypasnenue & = v(x) mo-
aHcem Gvlmed 3ANUCAHO 68 HOpMaAAbHOU Popme &1 = 1, x9 = -+ = &, = 0 npu
nodxodauwem evl6ope KoopouHam 6 docmamoyHo Ma.noll okpecmHocmu Aw6otl
Heoco60ll MmouKu noas.
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HHbIMU clloBaMU, 6CcAKkoe YpasHeHUue & = 'U(a:) NAOKAABHO IK6UBANAEHINMHO
npocmetiuemy YpasHeHuw T = v ('v 75 0 He 3asucum om :17) 6 oKpecmHocmu
A10601T Heocoboll MmouKl.

3ANAYA 1. BeimpaAMuTh BeKkTOpHOe 1ojie ¢a30BOil CKOPOCTH MaATHHUKA
220/0x1 — £10/0x2 B OKpecTHOCTU TOYKH =1 = 1, 22 = 0.

PEIIEHUE. ['opAaTcA nonsapHeie KoopauHaTel. Ilycts 21 =7 cosf, x2 = — rsinf

(r > 0, |#] < 7). B aTux koopauHatax ypaBHeHue umeetT Buj 7 = 0, § = 1, mos-
TOMY I0JIe BBIIIPAMIEHO: OHO uMeeT Buj 0/06.

3AJIAYA 2. BeINpAMUTH IOJA

1) £10/0x1 + 2220/0x2 npu x1 > 0;

2) 0/0x1 + sinx10/0x2;

3) £10/0x1 + (1 — x7) 0/Ox2 mpu x7 < 1.

8 8. IIpuMeHeHUA K ypaBHEHUAM BbIIIE€ IIEPBOr0
MopAaKa

OcHOBHBIE TEOPEMBI O CHUCTeMaXx JIFo6oro yucia ypaBHeHUl J10060r0 mo-
pANKa BBIBOOATCA 3[€Cb U3 aHAJOIMYHBIX TeOpeM [IJf CUCTEM YpaBHEHUI
MEePBOro MopAIKa.

1. dKBUBaJEHTHOCTbL YPaBHEeHUA 7 -T'0 MOPAAKA U cHUcTeMBbl
7. ypaBHeHUi1 NepBOro nopAaka.

Onpenenenue. /Juddepenyuarvivim ypasHernuem n-20 nopadkra Has3bl-
BaeTCA ypaBHEHUE

d"x dx d"lz
W—F(t;,’ﬂ, E,...,dtn_l). (1)
rne F' — nuddepennupyemas (knacca C”, r > 1) pyHKUMA, 3aJaHHaA B 00-
nactu U npocTpaHcTBa pa3dmepHocTH 1 + n (BpeMA ¢ U IPpOU3BOJHbIE HEU3-
BeCTHOU GYHKIMM MOpAAKOB OT () 10 7 — 1 BRIIOYUTENBHO).

Pewenuem ypaBhenus (1) uaswiBaeTca C™-oToGpamenue p: I — R
MHTEepBaja BellleCTBEHHOI 0CH B BellleCTBEHHYIO OCh, JJIA KOTOPOI'0
1) Touka ¢ koopaunatamu (7, ¢(7),..., cp”_l('r)) IpUHAJJIEKUT obac-
t™a U npu mo6om 7 us I;
2) npu nwb6oM T u3z I
mn
T =P o))

T

8 3ara3 Ne U17
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\x [IPUMEP. PelieHvieM ypaBHeHHA MajbIX KojeOaHUMi

oo <3 MafATHUKa, & = —x, ABIAeTcA QyHKRUuA ¢(t) = sint,

a Takme ¢pyHRIUA @(t) = cost (puc. 76). CrenoBaTennb-

! t  Ho, epaduku pewenull ypasHeHUs 6MOPO20 NOPAOKA MO-

/4 N 2ym nepecerkamscs (B oTIMYMEe OT rpadUKOB pelleHui

ypaBHEHHA MEpPBOro MopsAaKa, T.e. MHTerpajlbHbIX KpH-

BbIX, KOTOpbIE 110 TeopeMe e[IMHCTBEHHOCTH IGO0 He Ie-
pecekaloTcA, OO0 COBNANAIOT Ha IIeJIOM UHTEpBale).

Puc. 76. I'padurwu
JBYX pelieHuin
ypaBHEHHU1 BTOPO-

ro nopAaaka Pa3oBbIM IPOCTPAHCTBOM YpaBHEHUA MafATHUKA

ABNAETCA IUJIOCKOCTh C KoOpAWMHATamMu (&, ): 3aJaHhe 3TUX ABYX YHUCEN
B HayvaJbHbIli MOMEHT oOmpejendeT Bce NBUMeHUe MaATHUKaA. PaccMoTpum
BOIIPOC O pa3MepHOCTH (pa30BOro NpocTpaHCcTBa [JiA 001LIero ypaBHEeHUA N-TO
nopaAnka (1): CKONbKO 4YKceNn HY#HO 3aJaTh B HayalbHbIi MOMEHT, UYTOObI
OJIHO3HAYHO ONpedeluTh pelleHre BO Bce MOMEHThl BpeMeHu?

Teopema. Ypasnenue n-20 nopadka (1) sreusanenmHo cucmeme
N YpasHeHUll nepeoz0 nopadka

.’53] = TL2geess Zi’,‘n_l = Tp, xn = F(t. Lleoenn Zt’,‘n_l) (2)

8 MOM CMbICAC, YN0 ecau p — peweHue ypaerenus (1), mo sexmop us npous-
600HBLT (. Py ... " 1) — pewenue cucmemvt (2), a ecau (P1,..., Pn) —
pewenue cucmemst (2), mo ¢ — pewenue ypasrerus (1).

[loka3aTenbCTBO OYEBU/IHO.

Utak, ¢a3oBoe NpocTpaHCTBO Ipolecca, onucbiBaeMoro auddepennu-
albHBIM YpaBHEHHEM INOpAAKa N, UMeeT pa3MepHOCThb Nn: Bce TeueHue Npo-
1ecca () onuchIBaeTCA 3aaHeM B HayalbHbIi MOMEHT BpeMeHU ty HabGo-
pa n yucen — 3Ha4YeHUI NMPOM3BOJHBIX ¢ MOpAJKa MeHbIe 1. B TOUYKe {p.

3AMEYAHHE. [IpuumHa, no KoTopoil AJiA OAHO3HAYHOIO OIpeJelieHUuA
pellleHUd ypaBHEHUA N-T0 MOPAJKA HY#HO 3agaTh B HayalbHbIi MOMEHT
7. HayaJlbHbIX YCJIOBUIi, CTAHOBUTCA, ObITH MOKET, IOHATHEE, €CIIM PacCMOT-
peThb auddepeHnalbHOE YpaBHEHNE KaK Mpejell pa3HOCTHBIX.

3aburcupyeMm uucio h > 0 (HasbiBaeMoe marom). llepsoil pasnocmoio
NaHHOW GYHKIMM ¢ ¢ maroM h HasbpiBaeTcA (QYHKIUA, 3HAUEHUE KOTOPOW
B Touke ¢t paBHO ¢(t+h)—p(t). [lepBas pazHocTh o603HauyaeTca Ap. Bropas
pazHocTh A%y onpenenserca kak A(Ayp).
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3A1A4YA 1. JlokazaTh, uto (A%p)(t) = o(t + 2h) — 2p(t + h) + ©(t).
Amnanoruuso omnpenenseTca n-a pasHocTb A"p = A(A" ).

3AAYA 2. JlokazaThk, yTo A" ¢ = 0, eciu u Tonbpko eciau ¢(t + kh) — mHo-
royjeH CTeneHu MeHkblle n oT k € Z.

Hanpumep, eciy BeINKCaTh MOAPAL 3HaYeHUA k2, CTPOYKOI HUHE — UX pas-
HOCTH, 3aT€M pa3HOCTH pa3HoOCTeil, TO B TpeTheill CTpoKe OyAeT BCIOAY CTOATH
ypclo 2; eciu Ha4yaTh ¢ k°, TO B 4eTBEPTOil CTPOKe — BCIOAy 6, U T. [I.:

1 4 9 16 25
3 9 7 9
2 2 2
1 8 27 64 125
7 19 37 61
12 18 24
6 6
Pasnocmuoe ypasneHue nepeozo nopadka — 3TO ypaBHEHUWE BHUJA
t+h)— ot
AA—(’; = v(t. ¢), T. €. abilun ’1 Al v(t. p(t)). U3 Takoro ypaBHeHUA, 3HAA

ofiHO uucno ¢(tg), MoxHo HaUTu ¢(to + h), no Hemy @(top + 2h), u T.n1.
IIpu h — 0 pa3HOcTHOe ypaBHeHUe nepexoquT B AuddepeHuanbHoe. Iloa-
TOMY HEyJAHBUTEIbHO, YTO U ANA AuddepeHHUalbHOr0 YpaBHEHUA EePBOro
MopA/iIka pelleHue onpejelAeTcA 3HaUeHHeM B HavalbHbIil MOMEHT OJHOI0
qucia.

Pasnocmuoe ypasnenue 6mopozo nopadka ivMeeT BUJ

Ay Ay
=F |t o ==
(At)2 (ta @, At) ’

p(t +2h) — 20t +h) +ot) _ (f, p(t +h) - so(t)) _

h2 ‘9 (10’ h

JHaf 3HauyeHUdA ¢ B [IBa pa3/lelieHHbIX UHTepBaloM h MOMeHTa BpeMe-
HU, Mbl MO{€M HaliTH U3 3TOr'0 ypaBHEHUA 3HaUeHue  elle yepe3 Bpem4 h.
Urak, Bce 3HaueHus ¢(to + kh) onpenendaroTcAa IBYMA NMEePBbIMU U3 HUX.

IIpu h — 0 pa3HOCTHOE ypaBHEHHEe BTOPOTro MOpAAKa NepexoguT B qud-
(epeHnuainbHoe. [loaToMy HeyIUBUTENbHO, UTO U AJA qUPPepeHUalbHOTO
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ypaBHEHUA BTOPOI'0O MOPAJKA pelleHue onpelendeTcd 3aJaHueM B Havyalb-
HbIl MOMEHT JIBYX yucel (n 4ucel Ald ypaBHeHUA n-ro nopajaka). Teopema
Ha cTp. 114 Kak pa3 U 0OOCHOBBIBAaeT BO3MOMKHOCTb Ilepexojla K mpeleiy
npu h — 0.

3AMAYA 3. JlokasaTh, yTo ypaBHeHHIO d"z/dt" = ( ynoBi1eTBOPAIOT Bce
MHOI'OWJIE€HbI CTENeH!U MEHbIe N U TOJIbKO OHH.

3AJIAYA 4. HaiiTu pa3amepHOCTh MHOroob6pasus penieHuii ypaBHeHUus ['enbMm-
0%u n 0*u
0z® 0y’
AHUA [0 Hayajla KooOpauHaT.

roJjipIa +u = 0 B o6nactu =2 + y2 > (), 3aBUCALIUX TOJLKO OT paccTo-

PEIIEHUE. Hckomasa GyHKIUA OT 7 I0JA#HA y/IOBIETBOPATh YPaBHEHUIO BTO-
poro MopfAnka, cieaoBaTelbHO, PelleHUA oNpenelfAloTCA IByMA YHCIaMHU.

2. TeopemMbl cylllecTBOBaHUA U eqUHCTBEeHHOCTU. U3 Teopembl
n. 1 ¥ TeopeM cyIlecTBOBaHUA U €IUHCTBEHHOCTH JI CUCTEMBI Y paBHEHMIA
nepBoro nopsajaka (§7) BeITekaeT

CnepctBue. Illycmo u = (ug; u,..., U,) — moika obaacmu U onpe-
deaenusn npaeotl wacmu ypasHenus (1). Pewenue ¢ ypasnenus (1) ¢ Hawars-
HBLM YCAOBUEM

(,O(U(}) — Uy, 9.0(?—50) = U2y ey ‘:On—l(uﬂ) — Unp (3)

cywecmeyem u eduHcmeeHHo (68 MOM cmbicae, YMO 6CAKUE 06a peuleHUus
C O0WUM HAYAALHBLM YCAOBUEM COBNAOAIOM HA TNepeceieHUul UHMepea.nos
onpedeseHus).

[Ipy 3anucu HavalbHOro ycioBuA ypaBHeHUA (1) oO6bIYHO BMecTO ¢
NUIIYyT T.

IIPUMEP. PemeHus cost n sint ypaBHeHUA MafgTHUKA & = — & yJIOBJie-
TBOPAIOT Npu ¢ = 7 /4 HaYaNbHBIM ycIoBUAM x(7/4) = ‘/5/2, z(mw/4)= — \/2_’/2

n z(r/4) = V¥, &(r/4) = V?/, coorBeTcTBeHHO (puc. 76). DTH HayalbHbIE
YCIOBHA pPa3NUYHbI, IO3TOMY HEYJAUBHUTENLHO, YTO rpadUKM pelleHUu! Ie-
pecekaloTcs, He coBnajad. TeopeMa elUHCTBEHHOCTH 1A ypaBHEHUA BTO-
poro nopfijka 3anpeljaeT HecoBnajamuM rpapukaM JUllb UMETb B TOUKe
nepeceyeHus oOMLIYIO KacaTelbHY0. ['paduKM pelieHun 0JHOr0 ypaBHEHUSA
TPEThero NopsAjgKka MOTyT KacaThCA, HO Torja o6fA3aHbl UMETh B TOUKE Ka-
caHufA pa3Hble KPUBU3HBI U T. II.
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3A1A4YA 1. IlycTh usBecTHO, yTO ypaBHeHue (1) ume-
eT pemeHuAMU GyHKUUM ¢ U sint. HaiiTu nmopanok ypas-
HEHUA N.

PEHIEHUE. Y ¢yHEuuu t U sint B HyJe COBINagaiOT
3Ha4YeHUA Npou3BoAHBIX NMOpANKoB 0, 1 u 2. Eciu 661 oHU
YIOBIETBOPAIN 00lleMYy YpaBHEHHIO TpeThero MopfAlka,
OHU coOBMNajianu Gbl 10 TeopeMe €IMHCTBEHHOCTHU. YpaBHe-
HUe NnopAfKa n > 4, KOTOPOMY y/IOBIe€TBOPAIOT 06e QyHK-
UM, IPUAYMAaTh HecloHo, Hanpumep, (™) + 2("~2) = (

Puc. 77. HeBo3mos-
HO€ pacIojioxKeHue
rpaguxoB

OTBET. n > 4.

3AJIAYA 2. MoryT au rpadUKu ABY X pemeHuii ypasuenus & + p(t)x + q(t)x=0
UMeTh U300pasKeHHbIM Ha puc. 77 BUO?

PEIIEHHE. HeT, Tak Kak peleHUs cy; U @2 UMeIOT 00lllee HayalbHOE YCJO-
BUE U He COBIIaJaloT.

3A7AYA 3. PaccmoTpuM ypaBHeHue 2z = t2%. Pemenua z = 0 u « = t2 o6a
YIOBIETBOPAIOT HavalbHOMY ycioBuio £ = ¢ = (0 npu ¢t = 0. I[louemy oHu He
coBIagaroT?

PEIIEHHE. Teopema eqUHCTBEHHOCTH OTHOCUTCA K ypaBHeHuUAM Buaa (1),
T.€. ypaBHEHUAM, pa3pelleHHbIM OTHOCUTEIbHO CTaplleii MpOu3BOJHOI, a pac-
cMaTpUBaeMoe ypaBHEHUE Hellb3Al 3allicaTh B TAKOM BH/Ie (B OKPECTHOCTH HYJIA).

3AIAYA 4. Pemutsh pasHocTHoe ypaBHeHue A%y = (0 ¢ HayaJIbHBIM YCIOBU-
em (0) =0, (Ap)(0) =0, (A%p)(0) = 2 npu ¢, kpaTHBIX mary h = 1.

PELIEHUE. ¢ = a + bt + ct®, Ap = b+ 2ct + ¢, A?p = 2¢. VI3 HayanrbHBIX
yciopuii c =1, b= —1, a = 0.

OTBET. ¢ =t —t.

3. Teopemsl auddepeHLLIpyeMOcTU U npoaoJizkeHUA. Ilockonb-
Ky y#e yCTaHOBJieHa 3KBHBaJIeHTHOCTb yPaBHEHUA N-T'0 MOPAJKa CHUCTe-
Me ypaBHEHHII NepBOro nopsAaka, Mbl 3aKjii04yaeM, 4YTO pellleHre ypaBHEHUA
n-To NopAlKa rilaJKo 3aBUCUT OT HavyallbHbIX YCJOBUII U mapaMeTpoB (eciu
nmpaBaf 4yacThb TJaJlKO 3aBUCUT OT IapaMeTpoB); YMTAaTelb JIerko chopmy-
JTUPYeT U TEOPEMY O MPOJOIHKEHUN.

3AAYA 1. HaiiTu B nepBoM npubiuzKEeHUM 10 € BIMAHUE Majoro CONpOTHUB-

nenus cpensl eF(x, ) Ha IBUMEHUE MaJalolero ¢ BbICOTHI h Tena.

PEIIEHUE. Peub unet 06 ypaBHenuu & = —g+eF'(x, &) 1 HaYaIbHBIX yCJIO-
susax z(0) = h, z(0) = 0.
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Ilo TeopeMe o auddepeHIIPyeMOCTH N0 NapaMeTpy, pelleHhe UMeeT BUJ
©=¢o+epr+..., rne go(t) = h — gt’/2. Nopcrapnaa = = @(t) B ypas-
HeHVWe WM [pHUpaBHMBafA WieHbl pAfa N0 €, HaxoouMm ¢1 = F(po, ¢o), OTKyna

t s
p1(t) = [ [ F(po(7), ¢o(7))drds. Hanpumep, eciu F = —i, To @1 = gt° /6. 3ua-

00
YUT, OTCTaBaHH€ BO BpEMEHU IIaJIeHHA B IIEPBOM npnﬁ.ﬂnmem«m MMpoNopOoruoOHAaJbHO

BBICOTE: —E(1/P0 = €t /6 = eh/3g.

3AAYA 2. JlokaxuTe, YTO BCE pelleHUA ypaBHEHUA MafATHUKa, § = —sinf
NIPOJOJI#AalTCA HeorpaHuYeHHO.

3AIAYA 3. Ilpu Kakux HaTypaidbHbIX k HEOrpaHUYEHHO MPOMOJI#AaIOTCA BCE
pelleHNs ypaBHeHus & = x~?

OTBET. Toabko npu k = 1.

4. Cuctemsbl ypaBHeHuii. Ilong cucmemotl dugdpdepenyuarvrvir ypas-
HeHull MbI OyJIeM NOHUMAaTh CUCTEMY YPaBHEHUM OTHOCUTEIbHO 11 HEU3BECT-
HbIX QYHKIUIA

d"ix;
dt™i

rie cpequ apryMeHTOB Kaaoil u3 ¢yHrnuil F; HaxogATCcA He3aBUCHMOE
nepeMeHHoe ¢, 3aBHCHMbIe IepeMeHHble T; U UX TPOU3BOAHbIE MOPAIKOB
MeHblle n; (j =1,..., n) COOTBETCTBEHHO.

Pemenue cuctembl onpejendeTcd, kak B n. 1. CiaeayeT nogyepKkHYTh,
YTO pelleHreM CUCTEeMbl ABIAETCA BEKTOpHad (pyHKUUA, 3aJlaHHafd Ha UH-
tepBaie. Takum obpazoM, (1, ..., P,) — ITO HE N pelIeHuii, a OIHO pelle-
HUe CUCTEMEI 11 YpaBHEHUl — 3aMeyaHue, paBHO OTHOcAlLlleeca K cucTeMam
ainrebpanyeckux u auddepeHuralIbHbIX YpaBHEHUN.

IIpexine Bcero BrIACHUM, Kakoe (ha3o0Boe MPOCTPAHCTBO COOTBETCTBYET
cucreMe (4).

= Fi(t; z....), i=1.....n, (4)

n
Teopema. Cucmema (4) skeusasenmua cucmeme N = Y n; ypaeHe-
Huil nepeozo nopadka. i=1

UHbIMU clloBaMuU: pazmeprocms $asoeozo npocmpancmea cucmemst (4)
pasHa N.

[lna norasaTelbCcTBa Hallo BBECTU B KauyecTBe KOOpAUWHAT B (pa3oBOM
IPOCTPaHCTBe NPOU3BOJHbIE T; NOPAJKA MEHbILE 7.

Hanpumep, nyctb n = ny = ng = 2. Torga cuctema uMeeT BUJ

fi’:‘l = Fl(t, 171,.’]._’?1, T, .’]._'?2), fi‘g — Fz(t, .’El,.’j?l, L2, .’i?z)
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U 9KRBHBAJIEeHTHa CUCTEME U3 YEeThIpEX ypaBHeHHﬁ
1 — T3, Lo = T4, I3 = Fl(t, 35’), Trq4 = Fg(t, IL'),
rae « = (x1, T2, 3, L4q).

ITPuMEP. Cuctema n auddepeHnnalbHbIX YPaBHEHUI BTOPOIro MOpPAJ-
Ka MexaHuku HbloToHa

oU

0q;

rge U — I[IOTEHIHUaJlbHad BHepFHH, m; > 0 — MaCCbI, IJKBUBAJIeHTHAa CHUCTe-
Me 2n ypaBHeHuii 'amMmunbTOHa

. OH . O0H
QE - 8pz’ p% aqi 2

0‘30
Il

miq; = —

1.....n, (5)

=1,.... 1,

roe p; = m;¢, a H = T + U — nonunana sueprua (T = > m;¢?/2 =
= Y p?/(2m;) — kuHeTuyeckan sHeprus). Takum o6pasoM. pa3MepHOCTh
¢da3oBoOro MpocTpaHcTBa cUCTeMBI (5) paBHa 27.

TeopeMbl 0 cyllecCTBOBaHUM, eIMHCTBEHHOCTH, QU depeHUpPYEeMOCTH
10 HayaJbHLIM YCIOBUAM M NapaMeTpaM, a TaK#e TeOpeMbl O MPOoJIHe-
HUM NIEPEHOCATCA Ha CUCTeMBI Bua (4) aBToMaTUYeCKU: A OTHO3HAYHOI'0
onpejeleHlA pelleHUud A0CTAaTOYHO B HavalbHBIII MOMEHT 3aJaTh NPOU3-
BOJHbIE T; TIOpAJKa MeHbIe n,;. Hanpumep, nia cuctemsl ypaBHenuii Heio-
ToHa (H) HOCTATOYHO 3a4aTh 7. KOOPJUHAT U N CKOPOCTEH B HayalbHbIN
MOMEHT.

3A0AYA 1. Ha maTepualbHYyIO TOUKY Macchl m, ABUMKYIIYIOCA OTHOCUTEILHO
3eMili CO CKOPOCThIO v, AeMcTBYyeT (B cBA3aHHOI ¢ 3eMileil cucTeMe KOOpANHAT)
cuna Kopuonuca F = 2m|v, §2], rne € — BeKTOp YrioBOil CKOPOCTH 3€MIIH.
Kamenn 6pomeH (6e3 HaYalbHOIl CKOPOCTH) B IAXTy riay6uHoit 10 M Ha mupoTe
Jlenunrpana (A = 60°). Hackonbko cuna Kopuonuca OTKIOHUT €ro OT BepTHKAIN?

PEmEHUE. Ilo ycnoBuio & = g+ 2[&, €2]. BenuuuHy yrioBoii ckopocTu 3eM-
m, O~ 7.3-107° ¢!, cunraem mansiM napamerpom. Ilo Teopeme o auddepeH-
qUpyeMocTu, € = xo + Qy + O(Qz). T = gt2/2. lloncraBiAfa & B ypaBHeHUe,
nonyuaem Qf = 2[gt, ], y(0) = ¢(0) = 0. 3uauut, Qy = [g, 2]t*/3. Crenosa-

TelbHO, [Qy]| = %|h||ﬂ|cos A

OTBET. KaMeHb OTKIOHUTCA Ha BOCTOK Ha 0.3 MM.

3AMEYAHHE. 3ajaya 06 OTKJIOHEHUM KaMHA chirpaja BbIJalOLIyIOCH pPOIb
B HMcTOpUM (u3UKU. JP(PeKT OTKIOHEeHUA KaMHA Ha BOCTOK (a He Ha 3amnaj, Kak
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3TO KameTCA Ha IepBbli B3riAn) 6bla npeackasad HeioToHoM B mucbme K I'yRy ot
28 HoAOpA 1679 ropa; HeioToH npocun I'yka npoaenaTh 3KCNEepUMEHT C KaMHEM
IUIA JoKa3aTelbCTBa BpallleHUuA 3eMilM, Torja He o0Lenpu3HaHHOr 0.

B orBeTHOM muceme (oT 6 sAuBapsa 1680 roga) I'yk chopmynupoBan 3akoH
BCeMUPHOTro TAroTeHuA. HEIOTOH B TO BpeMA HETOYHO NpeJicTaBlAl cebe opoUuTy
KaMHA. Bo3HukIaa Auckyccusa 3actaBuila HeloTOHa oTKa3aThbCA OT €ro Hamepe-
HMA OCTaBUTh 3aHATHUA HAYKOHM W MOCIy?kuia NOBOAOM HanucaHufg «Marematu-
YyeCKHX HayvajJ HaTypalbHOU puirocodpuny — 3HaMeHUTHIX «Principia», ¢ KOTOpPbIX
Hayajach COBpeMeHHad (pU3UKa.

B nuceme I'yka mpaBuUibHO yKa3aH IOKa3aTelb —2 B 3aKOHe€ TATOTEHUA
(B Principia HeroTon numet, uto Bpen, I'yk u 'anneii He3aBucuMo Apyr oT apyra
HallUIK, YTO TPeTHuii 3akoH Kemiepa cooTBeTCTBYeT UMEHHO 3TOMY MOKa3aTello).
Kpowme 3akona Kennepa, ['yk ccointaeTca Ha HabmioneHusa ['annesa o6 oTcTaBaHUU
MafATHUKOBBIX YacoB IpU NMoAHATUU Ha ropy Cs. Enensl. B nuceme I'yka ABHO cKa-
3aHO, UYTO KaMeHb JBUKET Ta e CHJla, KOTOpafd 3acTaBideT IJIaHEeThl JBUraThCA
II0 KeIUIepOBBLIM 3JUIMIICaM; KPUTHUKYA HapucoBaHHyl0 HrbioToHoMm cnupanb, I'yk
yTBep##gan, 4yTo op6uToii KaMHA B OTCYTCTBHE CONpPOTHBIEHHA Bo3gyxa OyneT
(KCIEHTPUYECKU DILTUIITOUIY.

HbIOTOH HCTONKOBal 3JUIMOTOUI KaK 3JIUIIC U 3auHTepecoBalcA, Kak ['yk
Hamen opouTty. Ilocae 6onbmuX TPYOOB eMy yOajloch NOKas3aTh, YTO opOuTa geii-
CTBUTEILHO 3JIUIC (KaK MpU NageHuy Ha 3eMIII0, Tak U BHYTPH IaxThl). JJokasa-
TEeIbCTBO GbLIO (M OCTAaeTCA) CTONb TPYAHBIM MaTeMaTudecku, uTo HepioToH npu-
e K 3aKII04eHNIo, 4To ['yK «yTBep#iaan 6onbiie, Hexkenu 3Haly. B nanbHeinem
OH HUKOTr[la He cchllajcA Ha nmucbMo ['yka. B nmuceme k ['annero o cBoeit auckyc-
cuu ¢ 'ykom Hbl0TOH nman onuvcaHue pa3HMIBI MexIy MOAX0JaMH MaTeMaTUKa U
(pu3UKa K eCTeCTBO3HaHUIO, OcTalollleec akTyalbHbIM U ceroJHfa: «MaTteMaTuKH,
KOTOpbI€ BCe OTKPHIBAIOT M YCTAaHaBIMBAIOT U IPOJEIbIBAIOT BCIO paboTy, AOMKHBI
JIOBOJILCTBOBATBLCA POJBIO CYXHX BBIUHCIHNTENEl U yepHOpabouunXx; APYyToii, KOTO-
pBIF BCero JMIIbL BCe cXBaThlBaeT U Ha BcCe NIpeTeHAyeT, IIpucBauBaeT cebe Bce
n300peTeHNA KaKk CBOUX IocieoBaTelleil, TaKk U CBOUX Npe/lieCTBEHHUKOB).

I'yk 6pocan ctanbHbIe mapsl ¢ BbIcOThI 10 M U yTBep#gan, 4To Habaroaan cuc-
TeMaTUYeCcKoe OTKIOHEHHEe Ha IOro-BOCTOK (YTO NMpaKTUYECKU HEeBO3MOHO M3-3a
KpaliHell MajoCTH 3TOr0 OTKJIOHEHHUA II0 CPAaBHEHHUIO C a’3poJAMHaMHU4YeCKHMMU 3¢-
¢exTamu). B oTcyTcTBHE CONPOTUBIEHUA KaMeHb BHYTPH IIaXThl B OJHOPOMIHOM
3emile nogquuHANCA Obl 3aKkoHy ['yka (cuila MpUTAMKEHUA MPAMO MPONOPLHOHAb-
Ha PacCTOAHUIO /10 LeHTpa 3eMiH), HO caM ['yK BpAA au Mor 06 3TOM 3HATh.
OpbuTta KaMHA B 3TOM cllyyae — 3JuIC (B HeBpamawuieiica ¢ 3emieil cucrteme
KOOP/IMHAT), ¢ IEHTPOM B [EHTpe 3eMIIU U Majoii moayochkio okono 400 KM (moye-
My ?): opOUTa MPOXOMUTCA 3a TO #€ BPEMHA, 3a KOTOpoe 061eTaeT 3eMIII0 GIU3KUIA
CIIyTHUK, T. €. 3a NojTopa yaca (mouemy?).

3AJIAYA 2. U3 rasetr U3BECTHO, YTO KOCMOHABT JIeOHOB, BBIi/IA B OTKPBITHIM
KOoCMoc, Opocui K 3eMile 3ariyImKy oT KMHOKaMmepbl. Kyna oHa nmonerena?
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PEIIEHUE. JTo 3ajaya 0 BIUAHUU MA.L020 BO3MYIIEHUA HAaYalbHOI'0 YCIOBUA
Ha pelleHHe. YpaBHEHUE [IBUKEHUA 0 3aKOHY BCEMHUPHOI0 TATOTEHUA MOHSHO
zamucaTh B Buje i* = —vr/r>. JIBuseHre U KOCMOHABTa, U 3arlyIIK{ HPOMC-
XOAUT B IUNIOCKOCTH KPYTOBOH OpPGHTHI, IO3TOMY MOHO CUHTaTh, 4TO T € RZ.
danuuieM ypaBHeHUe NBUKE€HUA B IOJAPHBIX KoopnuHaTaX. [liaA 3Toro BBeaem
OpPTHl €, = 7/r U NepHneHANKYJIAPHBI# eMy €,, HalpaBlIeHHbI!l BIepe]l BIOJb
KpyroBoii op6utsl. flcHo, 4yto €, = pe,, €, = —¢e,. ludpdepeHnupyna Beau-
YUHY T = Te,, Mbl HAXOIUM ©* = 7€, + rpe,, i = i'e, + 21rpe, + rpe, — rp’e,.
CaenoBaTenbHo, ypasHenue Hviomona e noasapuwvlx koopdunamaxr NIpUHUMAaET BUJ
CHCTEMBI IByX ypaBHEHHII BTOPOro nopaaka

i —rp’ = —yr’, rd+ 2rg =0.

BriGepeM 3a eIUHHIY UIMHBI paJiiyc KpPyroBoii op6uTel ctannuu (~ 6400 xm).
Enununy BpeMeHu BbiOepeM TaK, UTOObl yTIioBad CKOPOCTh [BHKEHHUA IO Op-
6uTe Oblla paBHa eauHuIle. Torga aBUxKeHUE 1Mo opOuTe onuckiBaeTcAa dopMyia-
Mu r = 1, ¢ = t, u, 3Ha4uT, vy = 1. HauansHele yciaoBua qia craniuu (U KOCMoO-
HaBta): 7(0) = 1. 7(0) = 0. ¢(0) = 0, $(0) = 1. HayanbHble yclIoBUA AIA 3ariyl-
KU OTIMYAIOTCA JuIlb TeM, 4To 77(0) = —v — cKopocTh GpocKa, T.e. HadalbHasf
CKOPOCTh 3ariylmIKM OTHOCHUTEIbHO KOocMoOHaBTa. llpeamonosuM, 4To CKOpPOCTb
O6pocka, ckamem, 10 m/c. Torma v =~ 1/800 (Tak kKak Hama eqUHHUIA CKOPOCTHU
61U3Ka K MEepBOM KOCMHUYECKON CKOPOCTH, T.€. COCTAaBIAET IpUMepHO 8 KM/c).

Beanuuna 1/800 mana mo cpaBHeHMIO ¢ 1, HO3TOMY MBI JOJ#HBI HCCIEN0-
BaTh BIMAHUE MAA020 U3MEHEHUS HAYAAbHO20 JCA08UA HAa HEBO3MYILIEHHOE pellle-
Hue r =1, ¢ =t. Ilo Teopeme o guddepeHUIMpPYEMOCTU MO Ha4yalbHOMY YCJO-
BHIO, pelleHUe, 6JM3K0e K HeBO3MYIIeHHOMY, ulleM B Buge r = 1 + 71 + ...,
@ =t+ @1+ ..., I/le TOUKHN 03HAYaIOT Maible nopaaka v>. llogcTaBiAd 5TU BbI-
pameHus B ypaBHeHnsa HpioToHa ¢ v = 1 u or6GpacsiBag Maible MOpAgKa v, HO-
Iy4aeM YpaeHeHUS 6 8apUuayUAL

’};1 — 37’1 + 2(;91, (;51 + 27‘1 = (.

Pemenve ypaBHeHMII B BapvalMAX C HaydajbHbI-
Mu ycaouamu saraymsu  (r1(0) = ¢1(0) = ¢1(0) = 0,
71(0) = —v) nerko HaiiTH, 3aMeTHB, 4TO Y1 + 271 = 0 u,
3HA4YUT, 77 — r1. ITO pellleHHe HMeeT BUI 71 = —vSint,
¢1 = 2v(1 — cost). Ilo Teopeme o auddepeHUpPYyEMOCTH,
UCTUHHOE pelleHHe ypaBHeHMii HploToHa oTiauuaeTca oT
HaiiIleHHOr0 MalbIMH Topaaka v’ (Ipu He ciumkoM G6onp- Puc. 78. JIBuskeHue

mux t). CnegoBaTenbHO, 3ariyllKka ONKChIBAaeT OTHOCHU- 3arilylIKH OTHOCH-
TeJILHO KOCMOHaBTa 3jutunc (puc. 78) ¢ moiyocAMu v U 2v. TeIbHO CTaHLIUU
Hama enuHuna mouHel — paguyc opouThl, a v = 1/800.

S3HauyuT, [JUNIMHBI NI0Jyoceli 3JIiIica coCTaBIAIOT OKoJIo 8 U 16 KM.
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Buauaine 3ariaymika aBuieTcsa BHH3 (K 3emile), HO 3aTeM HauyMHaeT OOGrOHATH
KOCMOHaBTa U yXOJUT Ha 32 KM BIepe] no opOuTe: HAKOHEI], OHAa BO3BpalllaeTcs
CBEpPXY, ONKCaB MPUMEPHO CTOKHJIOMETPOBBIII 3JUIMIIC KaKk pa3 3a BPeEMA OTHOI0
o0opoTa cTaHIUM 110 opOuTe.

PasymeeTcs, B 3TOM pacyeTe Mbl NIpeHe6periy BeIWYHMHAMU MOPANKa v,
U Ha caMOM Jelle IBUKeHMe 3ariylIKi OTHOCUTEIbHO KOCMOHaBTa He GyJeT Iie-
pUoANYeCKUM (BUTOK He 3aMKHETCH, IPUYEM IOrpelHoCTh 6y et nopaaka 1/800
OT pa3Mepa 3JUIMIICa, T.€. 3arjiyllka MPoJeTUT Ha paccTOAHUU nopAnaka 10 M ot
ctanuuu). Mp1 npeHe6perin Tak#e MHOrUMH 3¢ ¢exTaMu (CBETOBBIM JaBleHU-
eM, OTIIMYMeM HamnpaBieHUA OpocKa OT BepTUKalIM, OTIWYHEM OpOUTHI CTAHIIUU
OT KpPyTroBO#i U T. 1.), AAIOMMNMU GOJNbIINE OTPEIIHOCTH.

B. B. benenkuii, u3 yBlieKaTelbHOW KHUT'U KOTOporo «Quepku o IBUKEHUU
KocMmuyeckux He6ecHpix Tem (M.: Hayka, 1972) 3aumcTBOBaHa 3a/1aya o0 3ariyli-
Ke, 3aMeyvaeT, UTO 3ariylKa BpAl Ju Oblla BUJHA Ha pacCTOAHUM 6olblle KUJIO-
MeTpa, a MepBblii KMIOMETP 3JUIMIICA OUeHb OJU30K K NpAMOoii, mosatomy JleoHoB
yBHel, Kak OpolleHHaA UM 3ariyllKka noiemead npamo ¥ 3emae.

5. TepmuHoJoruuyecKkre samMeudyaHufa. PaccMoTpeHHbIe BhIIIE ypaB-
HEHHA U CUCTEMbI HHOT'Ia Ha3bIBAIOT HOPMAAbHBLMU UIH PA3PeULeHHbLMIL O
HOCUMEeAbHO CMApPWUX Npou3sodHsvlx. B 3ToM Kypce HUKakue ApPyrue ypan-
HEHUA U CHCTEMbI HE pacCMaTpPHUBalOTCA, TAK UTO TEPMHH ypaBHEHHE WU
CHCTeMa Bcerjia 03HayaeT HOpMalbHY IO CUCTEMY HJINU CUCTEMY, SKBUBAJEHT-
Hy10 HOpMallbHOIl (Kak, Hanpumep, cucTeMa ypaBHeHnii HeioTona (5)).

QyHKUNH, BXOJAIINEe B MpaBYyIO 4YacTh CHCTEMbI, MOT'YT 3aJaBaThCA
pasHbIMHU criocobaMu: ABHO, HEABHO, IapaMeTPUUYECKHU | T.II.

[IPUMEP. 3anuch #? = x ecTh COKpalleHHoe 0003HaueHHe ABYyX pas-
HBIX JuddepeHnuanbHbIX YpaBHeHU, & = v/ U & = —+/2, Ha30BbIM IPO-
CTPaHCTBOM Ka/JI0r0 U3 KOTOPBIX CAY#HUT noiynpamad x > (0. ITu ypaBHe-
HUA 3aal0TCA IBYMA pa3HbIMH BEKTOPHBIMHU NOJAMH, rNagkumMu npu > 0

VAN

Puc. 79. HHTerpanbHble KpUBBIe [IByX YpaBHeHUI, O0OObeJUHEHHBIX 3allu-

cplo 22 = 1
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IIpu HeABHOM 3ajaHNu NpaBoii YacTH cleAyeT BHUMATEIbHO OTHOCHUTh-
CA K BbIAACHEHUIO ee 00JIaCTU OllpeJlel/ieHUA U OcTeperaTbCA ABYCMbICIEHHBIX
0003HauYeHu .

N\ /)

Puc. 80. HHTerpaibHble KpUBbIEe [IByX ypaBHEHMI, 3allMCaHHBIX BMeCTe B BHJE
ypaBHeHus Kiaepo

ITPUMEP. Ypasuenuem K.aepo maspiBaeTcAa ypaBHeHue x = it — f(&).
YpaBHenue Kiepo

T =it —i?/2 (6)

ecTh KpaTKaf 3anuch ABYX pasHbIX AuddepeHnualbHbIX ypaBHEHMil, 3a-
nauubiX npu = < t2/2. Kammoe U3 HEX yJOBIETBOPAET TeopeMe CyLlecT-
BOBAaHUA U €[IHHCTBEHHOCTHU B objacTu 1noj napaboinoii, © < t2/2 (puc. 80).
Yepes ram/yr0 TOUYKY 3TOH 06JacTH NPOXOJAT ABE KacaTelbHble K Iapa-
6one. Kaxmaa KacaTenbHad COCTOMT U3 ABYX IoJyKacaTelbHbIX. Kamnas
nojyKacaTeJlbHad — HHTerpajlbHad KpuBaA OQHOIO M3 JBYX YypaBHEHUIA.
o0bequHeHHbIX GopMyoii (6).

3A0AYA 1. HccrenoBath ypaBHeHue Kiepo x = it — i°.

3AMEYAHHE. [Ipu mccnegoBaHuu ypaBHEHHil, IpaBaf 4acTb KOTOPBIX
3ajlaHa HefIBHO, T.e. ypaBHeHuii Buna F(t, x, &) = 0, yacTo GbIBaeT noses-
HO paccMaTpHUBaTh 3aJaHHOe 3THM ypaBHEHHEM Ilojie HalpaBjieHHii He Ha
MJIOCKOCTH ¢ KoopauHaTami (t, =), a Ha noBepXHOCTU ' B TpeXMEPHOM IIpo-
cTpaHCTBe ¢ KoopauHatamu (¢, x, p), 3ananHoi ypaBHenuem F'(t, x, p) = 0
(puc. 81).

dTo TpexMepHOe NPOCTPAaHCTBO Ha3bIBaeTCA NPOCTPaHCTBOM l-cTpyiil
¢byHEnuii. Ero Touknm — 3TO BceBO3MOKHbIe HeBepTHKalbHbIE (T.e€. Hema-

lk-cTpyeit pyHKLUU Has3biBaeTcA ee MHorouwieH Teitnopa ctenenu k.
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pajielbHbIEe OCH ) HalpaBleHHA BO BceX TOUukax miockocTH (t, x). Tou-
ka (t, x, p) — 3To HampaBieHue npavmoil dr = pdt B Touke (¢, x). 1-pop-
Ma @ = dx — p dt 3agaeT onncaHHYIO HUK€ KOHTaKTHYIO CTPYKTYPY B MHO-
roobpasun 1l-cTpyii. BekTophl, npuio#eHHble B TOUKE TPEXMEPHOrO IpPO-
cTpaHcTBa CTpPyi, Ha KOTOpbIX 3Ta popma obpaljaeTca B HyJb, COCTaABIAIOT
miockocTh. OHa Ha3bIBaeTCA KOHMakKmHol naockocmsio. KoHTakTHaAA nioc-
KOCTb BepTHUKalbHa (CoIep/KUuT HanpaBieHue ocu p). Bce KOHTaKTHBIE MIIOC-
KOCTH 00pasyloT no.ae KOHMAKMHLX NA0CKocmell B IPpOCTPaHCTBe CTPY,
OHO U HA3bIBAETCA KOHMAKMHOL Cmpyxmypoii.

IIpennonoxkum, 4YTO TOBEPX-
AP Konwmaxmmnas HocTh F, 3ajamliad ypaBHeHHE,
rocrocmy riajkaf (3TO YCJIOBHE BBINOJIHEHO
nnAa ypaBHeHuii F'=0 c¢ F' obmero
nosoeHus). PaccMoTpuM nmpoekTu-
poBaHHe mnoBepXHocTH F Ha muioc-
KOCTh ¢ KoopauHaTamu (t, x) mapal-
JelibHO p-HanpaBiieHnio. Touyka Ha
IIOBEPXHOCTH Ha3bIBaeTCA pe2yaap-
HOll, eClli B Hell KacaTejibHafd [1JIOC-
KOCTh IIOBEPXHOCTU HE BepTHUKAIb-
Ha (T.€e. He COOEPKUT MPAMYIO p-Ha-
npaBieHusA). B okpecTHOCTU pery-
JAPHOW TOYKHM INPOEKTHUPOBaHUE —
Puc. 81. lloBepxHocTh E u cienpl KOH- nuddpeomoppusm (1]0 TeopeMe O He-
TAaKTHBIX MJIOCKOCTel Ha Heu ABHOIA (I)yHHHIfIH), a NOBEPXHOCTb —
rpaduk riaaakoit dyHrnuu p = v(t, ). ta PyHKIUA 3amaeT quddepeHn-
anbHOe ypaBHeHue & = v(t, x) (B OKPECTHOCTH NPOEKINH paccMaTpHBaeMoii
peryiAapHoii TOUuKH). B Ty e TOYKY IIOCKOCTH MOTYT NMPOEKTHPOBAThCA
Ipyrue TOYKHU MOBEPXHOCTH, peryiApHble uium HeT. Kammgoii perynfapHoii
TOYKEe COOTBETCTBYET CBOE€ II0Jie HallpaBjeHUIl Ha IJIOCKOCTU U cBoe Aud-
(pepeHunanbHOE ypaBHeHNe; B ypaBHeHuu F' = () oObeluHeHbl Bce 3TU pas-
Ju4YHble U depeHnralibHble ypaBHEHUSA.

PaccmoTpuM B perynfapHoOii ToOUKe MOBEPXHOCTU [V KOHTAaKTHYIO TJ0C-
KocThb. OHa mepecekaeT KacaTellbHYIO IJIOCKOCTBH Mo npAMoil. Takum o06-
pa3oM, B OKPECTHOCTH PeryJiApHOi TOYKHN Ha F BO3HUKaeT riajKoe IoJie
HanpaBJIeHHl — ToJie cjie[loB KOHTaKTHBIX MJIocKkocTeil. OueBuHa

Teopema. Ilpu npoekmuposanuu noeepxrnocmu E, 3adaunoii ypaeme-
Huem p = wv(t, x), Ha naockocmsv (t, x) 6doav ocu p nose c.aedoé KoH-
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makmuulx naockocmetl Ha F nepexodum e noae Hanpaeaenull ypaeHe-
Hua dz/dt = v(t, x) na naockocmu.

CJ]GJICTBPIE. Yra3aunHoe npoerxmupoeaHue nepesoaum UHMmeepaJibHble
Kpuesle noas caedos Ha E s UHmeepaivHsvle Kpuesle YpaeHeHUusaA HA TAO0C-
rocmu.

RacaTenbHas miIocKkocTh NoBepXHOCTH F/ B HeperynAapHBIX TOYKax Bep-
TuKailbHa. Ho oHa Bce paBHO MO#eT MepeceKaTbCA ¢ KOHTAKTHOH ILIOC-
KOCThIO 1O MPAMOii (1A noBepXHOCTH F 061Iero mojokeHus MOJHOE COB-
najJieHne KacaTeJlbHOI MJIOCKOCTH ¢ KOHTAaKTHOMH OyJeT JHIIb B OTAeJbHBIX
UCKJIIOUYNTENbHBIX TOYKAX).

B oKpecTHOCTH HEHCKIIOUHNTEIbHOI HeperyifapHOil TOYKH Ha MOBEPX-
HocTu FE ciieibl KOHTAKTHBIX IJOCKOCTEH 3aJaloT rJaJKoe IoJjie Halpabiie-
Huii. TakuMm obGpaszom, mosie cleJOB KOHTAKTHBLIX IJOCKOCTEl Ha IOBepX-
HocTu F npoponxaeTca B HEMCKIIOUNTENbHBIE HeperyidapHble TOUKkH. IIpo-
JOJKEeHHOoe I0Jie Ha3bIBaeTcA no.aem Hanpasierutll ypasrwenus F' = 0 na F,
ero HHTerpalbHble KPUBbIE HAa3bIBAIOTCH UHMe2ZPAAbHbLMU KPUBbLMU YPAGHE-
Hua FF =0 na E.

IIpoeknuy KyCKOB 3THX KPHBBIX MeJy HeperyjIApHbIMH TOUKaM{ Ha
MIOCKOCTh (&, ) TOKANIbHO ABIAIOTCA UHTErPalbHBIMU KPUBBHIMU COOTBET-
CTBYMIOIIUX ypaBHeHuit dx/dt = v(t, ) (B meJoM 3TO HEBEpHO, Jazke ecliu
HEperyJIApHbIX TOYEK HeT!).

Ilepexon oT miIockocTH K moBepXxHOCTH F yacTo ObIBaeT Mojie3eH Kak
I VccieoBaHUA, TaKk U UIA pelleHud ypaBHeHUA.

3AJIAYA 2. HaiiTu uHTerpajibHble KpPUBble ypaB-
HeHHA ©° = { Ha IOBEPXHOCTH p° = t M UX MPOEKIHU XA
Ha IJIOCKOCThD (¢, ). /

PEINEHUE. 3a koopauHaThl Ha F npumeMm p u x.

B 3THX KOOpAMHATax ypaBHEHHE CJIeJ0B KOHTAKTHBIX .-~ A

2 P t
miockoctelt (dx = pdt) npuaumaet Bug dx = 2p~dp. — - =
HuTterpanpubie KpuBble:  + C = 2p>/3. Ux npoek- h

UM — noryKy6udeckue mapa6oms (x + C)? = 4t /9
(puc. 82). HeperynapHble TOYKU O6GpasyloOT JIUHUIO
p = 0. Bce OHM HeUCKIIOYHTENbHLIE.
IIpoekuyA TMHUY HeperylfApHbIX TOYEeK Ha INIOCKOCTh (¢, &) Ha3bIBaeTcH Juc-
kpumunanmuotl kpusoil. B 1aHHOM cilyyae JUCKpMMMHAHTHAd KpUMBagd — OChb Z.
Touka Bo3BpaTa JeqUT NONyKybuueckylo nmapaGoidy Ha aBe yacTu. Kamnas
U3 HUX — HHTerpalbHasg KpUBas OJHOTO U3 JBYX ypaBHeHuil & = v/t (ui —+/t)

Puc. 82. Ilpoekuuu uH-
TerpajlbHbIX KPUBBIX
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B noaymniockoctu £ > (. Mox#HO nokasaTb, YTO NPOEKLMU Ha IUVIOCKOCTb UHTer-
palbHBIX KPUBLIX Ha F 1A ypaBHeHUA o01Iero mnojoxeHud UMeloT B obmell Toy-
Ke JUCKPUMHMHAHTHOI KpUBOIi TOUKY Bo3BpaTa (Gojiee TOro, B OKPECTHOCTH Ta-
KO TOYKM ypaBHeHUe NPUBOAUTCH K BUIY 2 = g peomMop pu3MOM IJIOCKOC-
™™ (t. 2)). OnHaKo 3TO BepHO He Al BCEX YpPaBHEHMIA.

3AAYA 3. HaiiTu uHTerpainbHble KpuBble ypaBHeHusa Kiepo x =t — f(x)
Ha noBepXHocTH = = pt — f(p), UX MPOEKIUU Ha IIOCKOCTh (f, £) U AUCKPUMU-
HaHTHYIO KPUBYIO.

PEIIEHHE. 3a kKoopauHaTel Ha F npuHuMaeM p u t. YpaBHeHHE CJIe/IOB KOH-
TaKTHBIX IuockocTel (dx = pdt) npunumaer Bun tdp + pdt — f'dp = pdt
uiu (t — f')dp = 0. Heperynspubie Touku: ¢ = f'. Bce OHM HMCKRIIOYUTENLHBIE.
NuTerpanbHble KpuBble Ha E: p = const (B obnactu, rae t # f'). 3To npaMble.
Nx npoekuuu Ha miockocTh (t, ) — Takme npameie: x = tC — f(C). YpaBHe-
Hue Knepo — 3To npocTo ypasuenue cemeiicmea npamvlr, 3anapamempu3oeaHHbly
Man2eHcoMm Y2aa HAKAOHA K ocu abcyucc. [JUCKpUMUHaHTHafA KpUBaf Iapamer-
pudecku 3agaerca ypaBHenuamu t = f'(C), ¢ = tC — f(C). B okpecTHocTH
ToukH, rae f" # 0, 3T GopMynsl 3a[al0T IIaJKyI0 KPUBYIO, ABIAIONIYIOCA Ipa-
¢urom pyHruuu x = g(t). lleticTBuTenbHo, B6MM3U TouykH, rae f' # 0, MO#HO
BbIpa3uTh C 4depe3 t u 3aTeM x yepes t. [Ipamasa ¢ = tC — f(C) racaeTca quCKpH-
MHUHAHTHOI KpUBO# B Takoii Touke (mouyemy?). Utak, duckpumunanmuan kpusas
ypasrnenus Haepo asasemcs ozubarwweil cemeiicmea npamvlr, ONUCHLEAEMO20 IMUM
YpasHeHueM.

[lepexon oT dpyHknuu f K yHKIIUM g Ha3bIBaeTCA npeobpasosaruem Jexcanod-
pa. llpeo6pasoBanueM Jlemanapa pyuxuuu g 6ynet cHoBa f (nokamure). Illoatomy
¢dyuKnuu f u g Ha3pIBalOTCA dsoilicmeerHbiMU Opy2 dpy2y.

3AAYA 4. Beruncauts npeobpasoBanmue Jexanapa pyusnuu [p|*/a (a > 1).
OTBET. |t|°/B, rne a™* + 71 = 1.

['eomeTpuyeckmii cMbica npeobpa3oBanud Jlemanapa COCTOUT B ClieLyIONIEM.
PaccMOTpUM MHO#€CTBO BCeX HEBEPTHUKAIbHBIX (He MapajllelbHbIX OCH &) MpH-
MbIX Ha miockoctu (t, ). lIlpamasa 3amaeTca cBouM ypaBHeHueM z = at — b.
Takum o6pa3oM, HeBepTUKalbHble NMPAMbIE MOMHO paccMaTpUBaTh KaK TOYKH
Ha IUIOCKOCTH C KoopAuHaTamMu (a, b). JTa MIOCKOCTh Ha3bIBAeTCA 060UCMEeH-
Hotl K ucrodnotl naockocmu. KoopanHaThl @ W b Ha3BIBAIOTCA MAH2EHUUAABHBLMU
koopounamamu npamotl.

[lnockocTh, nBOMCTBEHHasaA K MmiIockocTu (a, b), ecTb wuCXoOHaA IUIOC-
KocThb (t, ), BBUOY MOJHOW CUMMETpUH ypaBHeHUA x + b = af OTHOCUTEILHO
samensl (t, ) — (a, b): mpAMaA Ha IJIOCKOCTU NPAMBIX €CTh TOYKA KMCXOIHOM
IIOCKOCTH.
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PaccmoTpuM Ha miockoctu (¢, ) raagkyio kpuBylo, x = g(t). Kacarenn-
Haf K 3Toll KPUBOIl MeHAeTCHA IIPU JBUMKEeHUU BAO0JIb KpuBoii. CooTBeTCTBYyIOLIAA
KacaTelbHOIl TOYKa JBOMCTBEHHOI INIOCKOCTHU ONHMCHIBaeT NPU 3TOM HEKOTOPYIO
KpUBYIO. dTa KpHUBaf HasbIBaeTCA deolicmeenHoll k ucxrodnoil kpueoil. Kpusas,
IBOMCTBEHHasA K IOCTPOEHHOU, — ucxonHasa KpusBafd. Ecau 1A UCXOOHON Kpu-
Boii g’ # 0, To mBolicTBeHHasA KpuBas ABiIAeTcA rpapurom ¢yHruuu b = f(a).
®Oyuruuu f u g — npeobpasoBaHus Jlexanapa apyr apyra.

llokazaTeabcTBO 3THX (GaKkTOB (MMEIOIUX MHOrOYHCIE€HHbIE 0G00IIEHNA U
NPUJIOKEHUA BO BceX 06IacTAX MaTeMaTUKHU) OCTaBIAETCA MI0603HATEIbHOMY YH-
TaTeJlI0 B BUJle 3aayu.

§ 9. da3oBble KpHBbI€E aBTOHOMHOI1 CHCTEMbI

3llech paccMaTpuBalOTCA MpocTeiiliine reoMeTpruyecKre cBoiicTBa (a-
30BbIX KPUBBIX aBTOHOMHBIX CUCTEM, T.€. CUCTEM, IIPaBble YacTU KOTOPbIX
He 3aBUCAT OT BpeMeHHU.

1. ABTOHOMHbBIE CHICTEMBI.

Onpenenenue. Cucrtema auddepeHnualbHbIX ypaBHEHUIl Ha3bIBaeT-
CA aBMOHOMHOL, €CIIM OHA NepexXoJuT B cebGA NMpU NPOM3BOJbHBLIX CABHIrax
BIOJIb OCU BpEMEHM.

HHbiMU clioBaMM, cucTeMa HasbIBaeTCA aBTOHOMHOI, eclid ee IpaBas
yacTh He 3aBHCUT OT BpeMeHu. Hanmpumep, aBTOHOMHOE ypaBHEHHE 7N-TO
MOpPAJKa — 3TO ypaBHEeHUE

™ = F(z,..., "),

3AMEYAHHE. [Ipu onucanum 3BOMIOIMOHHBIX NMpoleccoB auddepeHIu-
allbHbIMU Y PaBHEHUAMU 0ObIYHO BO3HUKAIOT UMEHHO aBTOHOMHbIE CUCTEMBbI:
He3aBUCHMOCTD MPaBOil YacTu OT ¢ oTpaskaeT He3aBUCUMOCTb OT BpeMeHU
3aKOHOB NpUpPO/bI (6€3 Yero HEBO3MOHO Hay4yHoe ee usydeHue). TepMuH
«aBTOHOMHBI» O3HAYaeT «CaMOCTOATENbHBIN» U OTpaxaeT HE3aBUCUMOCTD
3BOJIIOIIMY COCTOAHUA paccMaTpuBaeMoii cucTeMbl OT Bcex apyrux. HeaBTo-
HOMHBIE CHCTE€Mbl BO3HUKAIOT MPU ONKCAaHUU MPUPOJbI Yallle BCEro cleay -
muM obpaszoM. Ilpeanonoxum, 4To Mbl paccMaTpuBaeM 4yacThb I husnyeckoi
cuctembl I4+11. Torpa, XoTA 3aKOH 3BOJIIOIIMU BCEll CUCTEMbI CO BpEMEHEM U
He MeHAeTcA, BIuAHKEe yacTu [l Ha yacTh I MoxeT npuBecTu K TOMY, UTO
3aKOH 3BOJIIOIMK YacTu I 6yJeT MeHAThCA CO BPEMEHEM.
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Hanpumep, Bausanue JIyHbl Ha 3eMilio BbI3bIBaeT NpuiinBbl. MaTeMma-
TUYECKU 3TO BJIUAHWE BbIpaxaeTcA TeM, UTO BeJIMYMHA YCKOPEHHUA CHUJIbI
THKECTHU, BXOAALlaA B ypaBHEHUE NBUMKEHUA 3€eMHbIX 00 bEKTOB, CTAHOBUT-
cA epeMeHHO.

B Takux ciyyaAax roBopAT, UTO BblJieJeHHad yacTh I HeaBToHOMHa. [lo-
3TOMY U BC€ CUCTEMbI, IIpaBaf YacTh KOTOPBIX fIBHO 3aBUCUT OT BpPeMeHH,
Ha3bIBalOTCA HEaBTOHOMHBIMU. Pa3dymeeTcd, HeaBTOHOMHbIE CUCTEMBI MO-
r'yT NOJYUYUTBCA U B JPYTruX cliyyafdXx, HalpuMep, B Mpoljecce npeobpaso-
BaHUH MPU pelleHnr aBTOHOMHBIX cucTeM. Ilpumep: nepexon K HeaBTOHOM-
HOMY YPaBHEHUIO ¢ pa3elAlIUMUcH epeMeHHbIMU P UHTErPUPOBaHUU
cuctembl JloTka—BoabTeppa (1. 7 §2).

3AJIAYA 1. ABTOHOMHO 1 ypaBHEeHU€e B BapuallUAX A Majloro BO3MYyIIeHUA
pelleHNA aBTOHOMHOI CHUCTeMbl IPU MajoM U3MEeHEHUU HadalbHbIX YCIOBUIi?

OTBET. Ecau HeBo3MYyllleHHOe pelleHNe — COCTOAHUEe paBHOBeCHHA, TO aBTO-
HOMHO, B 00Il[eM cllydyae — HeT.

2. CoBur no BpeMmeHu. Haunem ¢ npumepa. PaccMoTpuM aBTOHOMHOE
ypaBHeHUe 1-T'0 MOopAIKa

™ = F(z, &,..., #("Y). (1)

Teopema. Ilpednoaoxcum. wmo x = sint — pewenue ypasHenusn (1),
moeda gyuryus xr = cost — mooce pewerue.

JTO cpasy clegyeT U3 cllelyIlero npealoseHn.

Teopema. Ilycmv o: R — U — peweHue asmoHoMH0O20 YpaeHeHUS
T = v(x), 3adannoz0 eexmophbim nosem v 6 gaszosom npocmpancmee U,
u nyecmv h®: R — R — cdeue ocu spemenu, h*(t) = s +t. Tozda ¢ o h®
npu aw6oMm S modxce peulerue.

NubiMu ciioBamu, eciiu = ¢(t) — penienue, To © = @(t + 8) — Toe
pelieHue.

JTOKA3ATEJBCTBO.

5LV OoO4yeBH I HO: II0JIe HaﬂpaBJIeHl/IfI dBTOHOMHOI'O YpaBHEHUA IepexoauT
B cebA npm caBurax BOOJb OCHU BpEMEHU, ClieJoBaTe/IbHO, UHTETrpaJibHbIE
KPHUBLIE IIepexXondaT IIpu TaKkuX CABUI'aX B MHTErpalJIbHbl€ KPHUBEIE.

CnenctBue. Yepes rascdyw moukry dasoeozo npocmparncmea a6moHoM-
HOUl cucmemsvl Nporodum o0HA U MOAbKO 00HA $a308a48 KPUEAS.
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3AMEYAHHE. 31ech U HU#e BCIOAY MIeT pedyb 0 MaKCHMMalbHbIX (a-
30BBIX KPUBBIX, T.€. 0 ()a30BbIX KPUBBIX, ABIAOIMKXCA o6pazaMy pelleHni,
HENPoJoNKaeMbIX Ha Gonee NIMMHHBIN nHTepBal (pemenue @: I — U mMomer
He NPOJoNAKaThCA Iub0 NOTOMY, YTO HHTepBan I y#xe BcA npaMad, 1160 1o-
TOMY, 4TO ¢(t) moaxoauT k rpanuie ob6aactu U. korja ¢ NogXoguT K KOHILY
WHTEpBaa).

HOKA3ATEJIBLCTBO CJEICTBUS.

Ilpeanonoxum, 4YTO yepe3d TOUKY NPOXOAAT ABe (pa30Bble KPUBBIE —
o6pasbl peleHuii ¢ U 1, ofpeelleHHbIX Ha Bcel MpAMoii (clyJaii, Korja pe-
IeHUA He NPOJOJKal0TCA HeOTpaHUYEHHO, OCTaBlAeTCA ynuTaTelo). Torja
CYIIECTBYIOT MOMEHTBI BpeMeHu a u b, Takue, uto ¢(a) = 1(b) (T. K. obe
KPMBBIE IPOXOAAT Yepe3 OfiHy TouKy). CABUras oflHO U3 pelleHnii BAOIb OCH
BpeMeHH, Mbl II0Jly4aeM HOBOe pelleHHe, oh® %, JTo pelleHne nuMeeT ¢ pe-
meHueM ¢ obllee HayajlbHOe ycioBue npu t = b. 3HaUUT, OHU COBMNAJAAIOT.
CrnenoBaTenbHO, 1) TMolydyaeTcA W3 (o CIABUI'OM BIOJIb Oocu BpeMeHU. HTak,
oOpa3bl oTOOpameHuil ¢ U Y coBlajamT, YTO U TpebOOBalOCh AOKa3aTh.

3AMEYAHHE. PazoBble KpUBBIE Hea8moHoMHOU cucTeMbl (06pasbl pe-
meHuil B pazoBOM NMpOCTpaHCTBE) MOTYT IepecekaThcd, He coBnaaas. [los-
TOMY 3a pelleHWAMHU HeaBTOHOMHBIX CHUCTeM JIyYllle CJAeJUTh 10 UHTerpalb-
HbIM KPUBBIM.

3A1A4YA 1. IlycTs uepe3 rKamayo TOURY ¢a30BOro NpocTpaHCTBa CUCTEMbI
& = v(t, ) IPOXOAUT OJHA U TONBLKO ONHA (pa3oBas Kpusas. CieayeT U1 U3 3TOrO,
YTO cUCTeMa aBTOHOMHA?

OTBET. Hert, npumep: ¢ = 1 + t°.

3. 3amKHYThIe (pa3oBble KpuBble. MbI yi#e 3HaeM, UTO pasHbie ¢a-
30BbI€ KpUBbI€ aBTOHOMHOM cucTeMbl He nepecekaTcA. [locMmoTpum, MoseT
nu nepecekaThb cebda oaHa ¢azoBasa KpuBad. UHbIMU clloBaMU, MOKET JU pe-
IIeHie aBTOHOMHOM CHUCTEeMbI IIEPBOI'0 NOPAJKA HECKOJbKO pa3 MPUHUMATh
OJIHO U TO K€ 3HAUEHHUeE.

Teopema. Makcumarvnana gazoeasn kpueas asmoHOMHOL cucmemvl Au-
60 He camonepecerkaemcs, JAubo ceodumca k 00HOU mouke, Aubo seagemcs
samrnymotl dazoeoti kpueotl (uddeomopdroti oxpyrcnocmu).

C npuMepaMu 3aMKHYTBIX (pa30BbIX KPUBBIX Mbl Yi#e€ CTalIKHUBalIUCh
(Hanpumep, npefelbHbIe UKL, CM. § 2).
JlokazaTenbCTBO TeopeMbl OCHOBAHO Ha CIEQYIOIIMX YeThIpex jJeMMax.

9 3akaz Ne U17
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Jlemma 1. Pewenue ¢ a6monomuoll cucmemst nepeozo nopadka, 06axc-
Ovl npunsaewee odno 3navenue p(a) = p(b), b > a, moxHo npodosxcums

HA 6CI0 0Cb 8peMmeHU, 6 sude mnepuoduieckozo omobpaxcernus P c nepuo-
oom'T =b— a.

JTOKA3ATEJIBCTBO.

Bcsaroe s omno3znauHo npeactaBumo B Bujge s = nl' +o0,0 < o < T. Ilo-
noxum ®(a+s) = p(a+ o). Torna ® — pemenue nepuona 1', coBnaaaroiiee
C ¢ Ha oTpeske [a, b]. leficTBuTenbHo, ¢ coBnagaeT co CABUTOM PEIIEHUA
B OKPECTHOCTU KamOOW TOYKU M, 3HAUMUT, caMO ABIAETCA pelleHueMm (1o
TeopeMme 1. 2).

IlonyuyeHHOe pelieHue Mo#eT UMeThb, Kpome 1', npyrue nepuoibi. 13-
y4YUM MHOKECTBO BCeX NEPHUOJIOB 0TOOpazKeHuA MPAMOI.

Jlemma 2. Muoscecmeo ecex nepuodos 2106020 omoOpaxceHus npamoil
aeanemcs nodepynnoil epynnst R.

JTOKA3ATEJBCTBO.

qHCHO T aABIfAetTcH nepunoaom 0T06p8?{{eHI/IH f, eCqIM U TOJBKO ecCliu
caBur npamoit Ha T nepeBogutT f B ceba. CaBuru, nepeBoadauue f B ceb,
oOpa3yioT NMOATpPyIIy rpynibl Bcex caBuroB. 6o ecnu aBa caBura nepeBo-
oAT f B cebA, TO U UX Npou3BeJeHre, U oOpaTHbIe UM CABUTH MEPEBONAT [
B ce0H.

3AMEUYAHHE. JTO paccy#jJieHHe MOKa3bIBaeT TaKike, UTO eclii KaKas
yTOJIHO T'pyIna JeiicTByeT Ha KaKOM YTOJJHO MHO#€eCTBe, TO Bce Ipeobpaso-
BaHHUA I'PYINIbl, OCTaBIAOIME HA MecTe (GUKCHPOBAHHbIN 3JIeMEeHT MHOMKeC-
TBa, 006pa3yIoT NOArPYIIY HUCXOAHOM I'pylbl. ITa MOArpyIlna Ha3bIBaeTCA
cmayuorapHotl 2pynnotl GUKCUPOBAHHOI'O JIEMEHTA.

Jlemma 3. Muoscecmeo ecex nepuodose HenpepvleH020 0mMoOOPAXHCEHUS
npAmMotl 3aMEHYMO.

JJOKA3ATEJIBCTBO.
IIlycTh mociemoBaTelbHOCTb TNepuojoB 1; oToOpameHuA [ cxoauTcsA
k yncay 7', torga f(t + T) = lim f(t + T;) = lim f(t) = f(t) npu mobom ¢.
Urtar, mHoxicecmeo ecex nepuodos HenpepuleHo2o 0mobpaxceHus npamotll
aeaaemca 3amrHymotl nodepynnoil npamoil.

JemmMa 4. Bcakasa samrnymas nodepynna G 2pynnol 6euiecmeeHHblT
yucea R ecmv aubo R, aubo apudmemuyeckan npoepeccus, o6pa3o6anHas
yeablMu KpamHslmu Hekomopozo ducaa, aubo {0}.
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ITOKA3ATEJIBCTBO.

Eciu G # {0}, To B G ecTh MoJoUTeNbHbIE BIEeMEHThI (BMecTe C ¢
B G BXO#AUT —t).

Bo3moHbIEe aBa ciiyyas:

1) B G ecTh cKodb yroaHo 6nuskue K () MOJOMUTENbHbIE DIEMEHTHI;

2) pacctosHuA OT () 10 BceX MONOMUTENbHBIX 3I€MEHTOB I'PY bl 60Jb-
Ille HEKOTOPOT'O MOJIOKUTENLHOI0 Yucia.

B nepBoMm ciyuae G cogep*uT apudmMeTryec-
KKe [POrPecCcUy €O CKOJb YToJHO MallbIMU pa3Hoc-
TAMM, cliefoBaTelbHO, 3JieMeHThl (G eCTh B JI0O0M
OKpecTHOCTH Jito6oii Touku npamoii. [lockonbry G
3aMKHyTa, G = R. Bo BTOpoMm ciyuae paccmoT-
puM Oaukaiuii K 0 monoKUTeNbHbIN 3JeMeHT T’
rpynmnel (OH CylecTBYeT, Tak Kak r'pynna 3aMK- —y
HyTa). ApudMeTryecKas Nporpeccud HeabiX KpaT-
HBIX 3/eMeHTa 1’ NpuHannexuT rpynne. [lokamxeM, p, . g3
YTO HUKaAKUX JIPYyTHX 3JIEMEHTOB B TpyIIe HeT.
leficTBUTENbHO, JNI0OOOE pyroe uucio t npejacrta-
BuMo B Buie nT + 7, rme 0 < 71 < T.Ecmu t € G, 7ot —nT =7 < T —
MOJIOKUTEJIbHBIN 3JIeMeHT I'PYIIibl, BOIPEKU MUHUMAIbHOCTH 3jeMeHTa 1 .

oy

Xy

3aMKHYyTaf
NOArpynma IJIOCKOCTH

3AMAYA 1. Haiitu Bce 3amMKHyThle moarpynmbl: 1) mrockoctu R?. 2) mpo-
crpancTBa R", 3) oxpymuoctu S* = {2z € C: |z| = 1}.

OTBET. 1) u 2) — npAMbIe CyMMbI 3aMKHY ThIX MOArpYIN NpAMoii (puc. 83);
3) npaBUIbHBIE N-YTOIBHUKH, 06pa3oBaHHbIe KOPHAMM cTeneHu n u3 1, u S*.

O6benuuAsA neMMBI 2, 3 ¥ 4, MBI 3aKJII0YaEM, UTO MHONCECINBO 6CeX ne-
puodos HenpepvieH020 nepuoduieckoz2o omobpaiceHus npamoti Aubo cocmoum
U3 6Cexr UeAblT KPAMHbLT 00H020 HAUMEHbULe20 nepuodd. Aub0 cOCmaeifem
6cio npamyio (Torga oTobpaneHue — KOHCTAHTA).

B ugactHOoCTH, pemenue ¥ nemmbl 1 1u6G0 MOCTOAHHO (M TOrga COOT-
BeTCTBYIOIad (a3oBafd KpuBasfd — MOJO#EHNE paBHOBecHA), JUOO HMeeT
HauMeHbInui mepuon 6. Omnpenenum oToOpaxeHne A OKPY#HOCTH Ha ¢a-
30BYI0 KpuBYIO opmyioit A: (cosa, sina) — ®(af/27w). dTo oTobpanie-
Hue A onpepneneHo, Tak kak ® umeer mepuon 0. A muddepeHunupyemo,
Tak kak ¢ — pemenne. OTob6panenne A B3aiMHO OIHO3HAYHO OTOOpaxaeT
OKPY#HOCTh Ha (pa3oBYyIO KPUBYIO, Tak Kak ¢ He MomeT ABa# bl NPUHATD
OJIHO 3HaYeHWe BHYTpPHM HauMeHbInero nepuoja (mo jsemme 1).
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IIpousBognaa A no « Bcioay OTAMYHA OT HYJIfA, MHAUe pelleHue Mpu-
HUMajo Obl 3HaueHue, ABJAONleecH MOJOKEeHUEM paBHOBECUA, U Torja Io
TeopeMe €JIMHCTBEHHOCTH OblIo Obl KOHCTaHTOH. Ilo Teopeme 0 HeABHO
dyHKnuu, A norannHo nuddeomopdHo oTobpaxaeT ochk « Ha o6pa3 ® B da-
30BOM IMPOCTPAHCTBE, T. €. HA (a30By10 KPUBYIO. 3HAUUT, OTOOpa#eHue. 00-
patHoe A, nuddepeniupyemo. T.e. A — guddeomopdpusm.

Teopema nokasaHa.

He3zamKkHyThIe (pa3oBble KpUBbIE, XOTA U He MOTyT caMollepeceKkaThCHA,
MOT'YT CJO#HBIM 00pa3oM HaBUBaThCA caMM Ha ceOd.

BA,I[A‘IA 2. HaiitTu 3amMbpikaHuA q)aSOBle KPHUBBIX HBOﬁHOFO MadATHHRA,
:2‘1 == —I, 2.1'32 = —2.’132.

OTBET. Touka. okpy#HocTU U TOpbl. CM. §24 u §25. n. 6.

8 10. IlpousBoaHaA Mo HanpaBJeHHIO BEKTOPHOI'O MoJA
1 MnepBble NHTEr pajbl

MHuorue reomeTpuyeckre NOHATUA MOKHO ONMCBhIBAaTh AByMA crocoba-
MU: Ha A3bIKE MoyYekK NPOCTPAHCTBA WU #e C MOMOIIbIO PyHKyUll, 3aJaHHBIX
Ha HeM. Takad gyanu3aluf 4acTO OKa3bIBaeTCA IM0Je3HOH B caMbIX pa3HbIX
oTJellaXx MaTeMaTUKHU.

B HYaCTHOCTU, BEKTOPHbLIEC IIOJIH MOMHO OIITMChIBATL HE TOJBKO C IIOMO-
b0 CKOpOCTell NBUMKEHUI, HO U KaKk duddeperuyuposarus GyHKIUI, a oc-
HOBHbIE TeOpeMbI Teopuu audpPepeHralbHbIX YPaBHEHUN MO#HO cpopMy-
JUPOBaTh B TEPMUHAX Mepevlr UHMe2pa.los.

1. IIpou3BoaHasA 110 HanpaBJ/IeHUIO BEKTO-

R pa. Ilycts v — npunoxeHHbIii B TOuKke x obaactu U

f f(x) BEKTOP, M MyCTh f: U — R — nuddepenuupyemas

¢byuruusa. Ilycts ¢: I — U — Kawraa-nubo napa-

U 7 %qp MeTpU30BaHHafA KpuUBasg, BBIXOAAL[AfA U3 T CO CKO-
I MO t

pocThio v, Tak 4To (0) = x, $(0) = v. Bo3uu-
KaeT CKBO3HOe oToOparieHre MHTepBana I BellecT-
Puc. 84. Tlpouspoguas BEHHOH OCH B BelleCTBEHHYIO ocb, f o ¢: I — R,

¢yurnuu f no manpas- (f © ¢)(t) = f(e(t)), T.e. BemecTBeHHasa QYHKIUA
JIEHUIO BEKTOpa v BellleCTBEHHOI'0 llepeMeHHoro ¢ (puc. 84).

Onpepnenenue. Ilpoussodnoil Pynkyuu f no HanpasseHuio sexmopa v
Ha3bIBaeTCA MPOU3BOAHAA MOCTPOEHHOUN (QYHKIUM B HYJIE.
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dTo uucyio o6o3navaerca yepes L, f (L — B yectb Codyca JIu). Uto-
Obl onpaBgaTh 3TO OlipedelieHre, HaJl0 NPOBEPUTh, YTO [OJYyUYEHHOE YUCIIO
3aBUCUT TOJbBKO OT BEKTOpa v, a He OT CIelMalbHOro BbIOOpa KpUBOH (.
JTO BUAHO, HAIPUMEP, U3 BhIpaeHUA MNPOM3BOOHOI 10 HaNpaBleHUIO Yepe3
KOOPJAMHATHI: 110 NpaBUILY ,unq)(pepeHquOBaHI/lﬂ CJIO#HOM PYHKI MU

of .

L f E o f oOp = e 8

rage nIpon3BoOJgHLIE 6epyTCH B TOYRKE IIPUIIOHECHHUA BEKTOpa: 31€Cb '; — ROOp-

AUHAaTbl B OKPECTHOCTH 3TOM TOUKHU, V; — KOMIIOHEHTHI BEKTOpa CKOpPOCTH
B 3TOH cuUcTeMe KOoOpauHAaT.

To e camoe MO#HO BbIpa3uTh MHa4ve, CKa3aB, UYTO va €CTh 3HaA4YeHue

1-dbopmbl df Ha BeKTope v.

3AJIAYA 1. BeruvcauTs npou3BoHYyI0 GyHKIMU H 110 HanpaBileHHIO BEKTOpa

s (0H 0 _0H 9
Op; 0q;  0q; Opi )’

OTBET. 0.

2. IIpou3BogHaA 10 HanpaB/JeHHIO BEeKTOpPHOro noJd. Ilycts Te-
nepb ¥ — BeKTopHoe mnoJsie B obnactu U.

Onpenenenue. Illpoussodnoil gynryuu f: U — R no nanpasaenuio no-
A5 v HasbiBaeTcA HoBaA GyHKuuA L, f: U — R, 3HaueHne KOTOpoOii B Ka-
[I0ii TOUKe & paBHO NMPOU3BOJHOI QYHKIIUM f [0 HANPaBJIEHUIO MPUJIOHEHHO-
ro B Touke x BeKTopa noif: (L, f)(x) = Ly(y) f. @yukuua L, f naseiBaerca
Tak#e npouszeodrnoti Jlu GyHrnuu f.

[TpuMEP. Ilycth v = 0/0x; — Ga3ucHoe BEKTOPHOE MoJie, KOMIIOHEH-
ThI KOTOPOroO B cUcTeMe KoopauHaT (q,..., ) paBHbl (1.0. ... .0). Tor-
na L, f = 0f/0x1 — vacTHas npousBogHasa yHKIuU f.

[IPENOCTEPE/KEHUE. IIpu pa6oTe ¢ 4YacTHBIMH NPOU3BOJHBIMHU HY#Hi-
HO TBepA0 MOHKMMAaTh, YTO B caMOM HX 0003HaueHUU KPOETCHA OMacHOCTh:
yacTHad NpousBoaHasa QYHKUUU f [0 21 3aBUCUT He TOJILKO OT TOro, Kakad
(GyHKIMA B paccMaTpUBaeMoiil 06/1acTy NPUHATA 3@ KOOPJUHATY X1, HO B ellle
GoJbllIeii Mepe OT TOro, Kak BeIOpaHbl npouyne KoopauHaThl. Hanpumep, Ha
JIOCKOCTH € KoOpAuHaTaMu (x, y) yacTHas npousBogHas d f /0x GyHKIUY y
paBHa HYJII0, HO YacTHaA npousBogHas J f /Ox Toii #e GYHKIUU TOYKH ILIOC-
KOCTH 110 TOii #e nepeMeHHol x B cucTeMe KoopauHat (x, z), rae z = £+,
paBHa —1. CrenoBano 661 mucath 0 f/0x|y=const, Of/0%| =const-
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Ilpou3BogHad (YHKIUMM MO HaNpaBleHHIO BEKTOPHOrO IMOJA JHUIleHa
YKa3aHHOI'0 HeJjocTaTKa YacTHOW MPOU3BOJHONM: 3TO reOMeTpUUYeCKuii 00b-
eKT, [10 CaMOMY CBOEMY OIllpeelIeHUIO He 3aBUCALIUNA HU OT KaKOil CUCTEMbI
KoopauHaT. Eciu rinagkue pyHknusa f u mone v 3apanbl, To L, f — BronHe
onpenenennas Gynkuua (knacca C*~1, ecniu f u v knacca C"). UHbiMH clio-
BaMU. eciiu quddeomopdpusmM nepeBogUT Ha HOBOE MECTO BEKTOPHOE MoJie U
(pyHKLUIO, TO IPOU3BOJHAA lepeHeCeHHON (YHKIMU 10 HAllPpaBIIEHUIO Mepe-
HECEeHHOI'o I0JIA COBIIaJlaeT C lepeHeceHrueM MPOU3BOJIHON UCXOIHON (YHK-
[IMM MO HampaBJeHUIO HCXOOHOro mojid. ITo cBOHCTBO omnepanuu audde-
peHlIMpOBaHUA MO HalpaBJIEeHHIO Ha3bIBaeTCA ecmecmeeHHocmbio. [Ipyrue
NpUMepbl eCTeCTBEHHbIX ollepalluil — ClOoMeHUe U YMHOMeHue QYyHKIUIA,
ClIOKeHUe MoJieil 1 YMHOMeHue QyHKIUI Ha [oJe.

3. CBoiicTBa NpoH3BOOHOI IO HamnpaB/IeHHIO. 31ech Mbl ONATH
3aiiMeMcA ¢opmanusanueil oueBUAHbIX (akToB. O603HauuM 4yepe3d F' MHO-
#ecTBO Bcex GeckoHeuHo auddepeHnupyemMbix pyHrnuii f: U — R. 1o
MHOKECTBO MMeeT eCTECTBEHHYIO CTPYKTYPY BelleCTBEHHOI'O JIMHEHHOIro
nmpocTpaHcTBa (Tak Kak clomeHne QyHKIMI coxpaHfeT auddepeHIUpye-
MOCTb), U Jase Koiblla (Tak Kak mnpousBegeHue GecKoHeYHO nuddepeH-
MpyeMbIX QYHKIUN nuddepeHupyeMo), uiu, Jydile cka3aTh, R-anreopol
(KonbIa, IJIA 3J€eMEHTOB KOTOPOI'0 ONpe/elieHo YMHOMKeHe Ha YUcia, YI0B-
neTBopAmOIIee 0OBIYHBIM TPeOOBaHUAM).

IlycTh v — 6eckoHeuHo nquddepeHnupyeMoe BeKTopHoe noje B U. Ilpo-
n3BoAaHaA GyHKUUM U3 F' no HampaBlIeHUIO MOJA v CHOBa MpuHaajiesuT F
(3mechb cymiecTBeHHa GeckoHeuHas auddepeHnupyeMocTh). Utak, nudde-
peHllMpoBaHUe M0 HampaBleHUIO Mojid v ecThb oToOpasenue L,: FF — F
anredbpel 6eckoHeyHO nuddepeHUMpyeMbIX QyHKINN B ceba. PaccMmoTpum
HEKOTOpPbIe CBOMCTBa 3TOro 0TOOpameHu:

L. Ly(f+8) = Lof + Lvg; 2. Ly(fg) = fLog + gLy f;

3. Lytv =Ly + Ly; 4. Lyy = fLy; 5. LyLy = Ly Ly,

(f u g — rnagkue GyHKIWU, 4 U ¥ — TJaJKKe BEKTOPHbBIE MOJIA).

3AAYA 1. JlokamuTe cBoiicTBa 1-5, KpoMe TOro U3 HUX, KOTOPO€ HEBEPHO.

TEPMUHOJOTUYECKOE 3AMEYAHHUE. Anre6paucThl Ha3blBalOT 0TOOpa-
seHue (KOMMYTaTUBHOIO) Kosblla B cebs duddepenyuposaruem. eciu oHO
obnagaet cBoiictBamu 1 u 2 otobpamenuna L,. Bce nuddepenuupoBanusa
KoJblla 06pasyloT Modyab HaL 3TUM KOIbIOM (MOIYJb Hag KOJIbIIOM —
o6o011eHe JUHEHHOro MpocTpaHcTBa Haj IR: aneMeHThI MOAYJIA MO#KHO
CKJIanbIBaTh Me Iy coOoif U YMHOMKATh Ha 3JIeMeHThI Kolblia).
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BerTopHbie nona B U o6pa3yioT Moayiab Haj R-anrebpoit F' yHRUmi
B U. CpoiictBa 3 u 4 o3HauyalwT, 4yTo omnepanud L, nepeBoaduiad mnoie v
B nuddepennuponanue L,, — romomopdusm F-monyna noneii B F-monyab
Bcex nuddepeHnupoBanuii anredpel F'. CBoOCTBO o, €ClIM OHO UMEET MECTO,
o3HayvaeT, yTo auddepenyupoanud L, u L, KOMMYTUPYIOT.

3AIAUA *2. flBaserca au romomopdusm L uzomopdpusmom?

AHanuTuKN Ha3wpIBalOT oToOpameHue L, auHellHbim 00HOPOOHBIM Oud-
depeHyUAAbHBLM ONEPAIOPOM NEePB020 NopAdkd. ITO Ha3BaHUE 0ObACHAETCA
TeM, 4To, corjacHo 1 u 2, onepatop L,: F' — F R-nuHeeH. B KoopauHaTax
3TOT omepaTop 3anuceiBaetca Tak: L, = v10/0x1+- - -+v,0/0xy,. Bbllie MbI
1 caMO BEKTOpHOE fojie v 0003HAYMIN TaKUM #e CUMBOJIOM (cTp. 77): nose
4acTO OTOKIECTBIAIOT C onepaTopoM AuddepeHIMpoBaHUA BIOJAb HEro.

Ananoruunsiii L, omnepaTop npou3BoaHOl JIu BOo/Jb BEKTOPHOro IMO-
JA ¥ MOMKHO ONpeneluTh He TOJbKO NiA GYHKUMI, HO IJA MPOU3BOJIbHBIX
nuddpepeHnIranbHO-TreoOMeTPUYEeCKX 00 bEKTOB, IeEPeHOCUMBbIX aAu¢dheoMop-
¢usmaMu (BEKTOPHBIX Moleii, GopM, TEH30pOB) — MPOU3BOAHAA KaI0ro
o6beKkTa OyaeT oObeKTOM TOH e Nmpuponabl. @paHily3bl Ha3bIBalOT olepa-
top L, nmpou3BogHOl pbiOaka: ppl0aK CUAUT Ha MecTe U AudepeHLUpyeT
00bEKTHI, MPOHOCHMbIE MUMO HEro (a3oBbIM MOTOKOM.

4. Anre6pa JIu BeKTOpHBIX mnoJieii. CBoOCTBO o 1A BEKTOPHBIX
moseil w4 W v BbINONHEHO He Bcerjga. Hampuwmep, mnda moneit uw = 0/0x
U v = £0/0x Ha ocu x UMeeM

L,L, = 0/0x + x0?/0x*, L,L, = x0?/0xz".

3A0AYA 1. [loramute, yTo nuddepennuanbubiii onepatop LoLy — LyL, —
He BTOpPOro MNOpAJKa, KaKk 3TO KaKeTCA Ha IepBblii B3TIAN, a [NepBOro;
L,Ly — LyL, = L., rie ¢ — HEKOTOpOe BEKTOPHOE II0Jie, 3aBUCAIlee OT mnojeii a
ub.

Onpenenenue. Ilone ¢ HazpiBaeTcA kKommymamopom unu ckobroil Ilyaccona
noieit @ u b u o6o3navaetcd [a, b].

3AIAYA 2. [loKaskuTe TpU CBOMCTBAa KOMMYTaTopa:

1. [@. b+ Ac] = [a. b] + A[a. ¢], A € R (1uHeitHOCTB).

2. [a, b] + [b, a] = 0 (KOocOCUMMETPUYHOCTH).

3. [[a, a], ¢] + [[b, c], a] + [[c, a], ] =0 (ToxpmecTBO HKOOM).

Onpenenenue. JIuHeiiHoe MpocTpaHCcTBO ¢ OMHAPHOI onepanueii, o6aanaro-
meit cBoiictBaMu 1, 2 u 3, Ha3bIBaeTcA aazebpoil Jlu.
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Utar, sexmophnbie noas c onepayuetl Kommymuposarus o6pasyom aszebpy Ju.
JTa omepanuf cTOlb #e QyHIaMeHTalbHa /A Bceill MaTeMaTUKH, KaK ClOKeHUe
U yYMHOMeHNe.

SAIAYA 3. [lokamuTe, YTO TPEXMEPHOE OPUEHTUPOBaAHHOE €BKJIUJAOBO IPO-
CTPaHCTBO CTAHOBUTCA airebpoii JIu, eciu onpeaeauTs onepamnuio Kak BEKTOPHOE
Npou3BeAeHUe.

3AAYA 4. [lokaskuTe, YTO MPOCTPAHCTBO KBaJpaTHBIX MaTpuI| NMOpAIKa 7
CcTaHOBUTCA anre6poii JIu, eciu onpenenuTs onepanuio kak AB — BA.

3AIAYA 5. O6pasyroT au anre6py Jlu cuMMeTpHUyHble MAaTPHUIbl ¢ TAKOM e
oneparueii? Kococummerpuueckue?

SAJIAYA 6. 3HaA KOMIIOHEHTHI noJieii @ U b B HEKOTOPOI cucTeMe KOOpAWUHAT,
HallTU KOMIIOHEHThbl UX KOMMYTaTopa.

OTBET. [a, b]i = Zajabg/aa:j — b_,,;aaz-/aa;j = L.,b; — Lpa;.

3A0AYA 7. Iycts {g'} — dasosbiit notok nona a, {h*} — nona b. Ioka-
MUTe, YTO NMOTOKW KoMmyTupywoT (g'h® = h°g') Torma u Tonbko Torma, koraa
KOMMYTaTOp IoJieii paBeH HYIIIO.

3A0AYA 8. IlycTh a., — mone ckopocTeil TOUeK Tela, Bpallalolleroc ¢ yr-
NOBOI CKOPOCTBIO W BOKpYT Touku 0 B R®. HaiiTu koMMyTaTop mnoneil a., ag.

OTBET. [@a,ag] = a,, rle ¥ — BEeKTOpPHOe Npou3BejeHue o u G.

5. llepBbie nHTerpaasbl. Illyctb v — BekTopHOe nose B obnactu U,
f: U — R — nuddepeniupyemas GyHKIUA.

Onpenenenuve. OyHKNUA [ Ha3bIBaeTCA nepeviM UHMeE2PA.lOM YPaB-
HeHUA & = v(x), ecliu ee MPOM3BOJHAA [0 HalpaBlIeHUIO TOJA vV paBHA
Hynwo: L, f = 0.

CTpaHHOe HaMeHOBaHHE «IePBbIii HHTErpal» OCTaloCh OT T€X BPEMEH,
Kor'Jla NbITajJuch PeluTh Bee nuddepeHnnaibHble ypaBHEHUA Iy TeM UHTer-
pupoBaHuA. B Te BpeMeHa UHTerpaioM (WM YaCTHBIM MHTErpajoM) Ha3bl-
Ballid TaKk#e TO, YTO Mbl Telleph Ha3bIBAaEM pelleHHUEM.

Cnenylolue aBa CBOCTBa MepPBOro MHTerpaljia OYeBUIHO SKBUBaJEHT-
HbI cooTHOIIEHUIO L, f = 0 u Morau 6b1 ObITH NPUHATHI 38 €ro olpejelieHue.

1. @yuruyus [ nocmoanuna edoav kKaxdozo pewenus p: I — U,
m. e. kaxcdas Pynryua f o nocmosHHa.

2. RKaxcoana daszoean kpusas noasa v npuHadiexrcum 00HOMY U MOALKO
odHomy muosxcecmey yposua gynryuu f (puc. 85).
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Puc. 85. ®a3zoBasa kpuBas Ije- Puc. 86. Cuctema 6e3
JUKOM JIe?KUT Ha OJHOM [o- MEePBbIX HUHTErpajioB

BEPXHOCTHU yPOBHA UHTerpaia

ITPuMEP. PaccmoTpum cucteMy, (pasoBbIM MPOCTPAHCTBOM KOTOPOii
ABIAETCA BCA MIOCKOCTb. &1 = X1, L9 = T2. Pa30oBbie KpUBbIE (JIy4H) HU3-
obpaxeHbl Ha puc. 86. [lokaxem, uTo 3Ta cucTemMa He MMeeT HU OJHOTO
NepBOro MHTerpalna, OTJIUYHOI0 OT MOCTOAHHOI. [/leficTBUTENbHO, MEepBBIi

HHTErpall — HelIpepblBHAA Ha BCel IJIOCKOCTH Q)yHHHI/IH, ITIOCTOAHHAaA Ha
Ram oM Jyde, BbIXOOAIlEM M3 Haydalla KoopauHart, cjleaoBaTellbHO, — IIO-
CTOAHHAaH.

3ATAYA 1. JlokasuTe, YTO B OKPECTHOCTHU MPEJIETbHOT0 IUKJIa BCAKUIL Mep-
BBbIIl MHTErpaji NoCTOAHEH.

3AIAYA 2. Ilpu rakux k cucTteMa ypaBHeHUM &1 = %1, £2 = ka2 Ha Bceill
INIOCKOCTH MMeeT HEeIOCTOAHHBIN MepBbIii UHTerpan?

OTBET. Ilpu k < 0 (cm. puc. 30 Ha cTp. 42).

3A0AYA 3. [lokazsuTe, 4YTO MHOKECTBO BCEX NEPBBIX MHTErpajioB JAaHHOTO
nojAa obpasyeT anrebpy: cyMMa U Npou3BeleHHe IIEPBbIX MHTErpajoB — MEPBBIN
UHTerpai.

HenoctosaHHbIE [IepBbi€ MHTEerpalbl BCTpe4yaloTCA pPeaRo. 3aTo B Tex
Clly4daaX, Koraga OH"u €eCTb U KOor'aa uxX yanaeTcHd HauTu. Harpanua ObIBaeT BeCh-
Ma 3HaYUTeJbHON.

I[TpuMEP. Ilycte H — nuddepenuupyemas (r > 2 pas) GyHRuuA 2n
nepeMeHHbIX (p1,..., qn). Cucrema 2n ypaBHenuiti p; = —0H/0q;,
¢; = OH/Op; na3viBaeTca cucmemoli KanHonuveckux ypaeHenutl Iamuavmo-
Ha. (lamMunbTOH mokasan, yto Aud¢epeHnUaNbHble YpaBHEHUA OGOIBILIOTO
yucia 3ajJay MeXaHUuKH, ONNTUKH, BapUallMOHHOT0 UCUKMCIEHUA U JPYTUX 00-
nacTeil eCTeCTBO3HAHUA MOKHO 3amucaTh B TakoM Bupae). @yukuua H Ha-
3bIBaeTcA gynkyuell I'amurvmona (B MexaHUKe 3TO OOBIUHO MOJHAA SHEPTUA
CHCTEMBI).
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Teopema (3aKoH coxpaHeHUA s3Heprum). Qyuryusa [amusbmona
Aeasiemcs nepevim UHMEZpasoM CUCeMbl KaHOHUYeckux ypaeHeHnull Ia-
MUABITIOHA.

JTOKA3ATEJIBCTBO.

_ N~ (0Hp | 9H,\ _~[0H (_OHY | 0HOH] _
LUH_izl (3Pr.~:pg+3q¢-:qz)_Z[3pé( 3%) 9g; 313'1:]_0'

YyTO U TpeboBaloCh.

6. JloraabHble mnepBble HHTerpaibl. OTCyTCTBUE HENOCTOAHHBIX
NMEPBLIX HMHTErpajioB CBA3aHO C TOMOJOTMYECKHMM YCTPOMCTBOM (ha30BbIX
KpuBbIX. B 0o0iem ciyyae (a3oBble KpUBbIe He YKIANbIBalOTCA B I€JI0M
Ha MOBEPXHOCTHU YPOBHA HUKAKON (JYHKIMHU, MO3TOMY HENOCTOAHHOIrO IMep-
Boro nHTerpaina u HeT. O[JHaKoO JIOKaJIbHO, B OKPECTHOCTU HEOCOOOl TOUKH,
(¢a3oBble KpPUBbIE€ YCTPOEHBI MPOCTO W HENOCTOAHHLIE INEpPBble MHTErPalibl
CYIEeCTBYIOT.

IIycts U — o6aacTb B n-MepHOM NpoCcTpaHCcTBe, v — AuddepeHupy-
eMoe BekTopHoe none B U, (o — Heocobasa Touka noias (v(xg) # 0).

Teopema. Cyuwecmsyem makras okpecmuocms V mouku xq, 4mo ypas-
Henue © = v(x) 6 V umeem n — 1 PynruuoHasbHo Hezasucumblll nepewlil
unmeepan, fi,.... fn—1, npuvem a1060U nepevili uHmMezpas ypasHerus 6 V

ecmdv Pynryus om f1,..., fn_1.

[HaGop m ¢yHruMil PyHKyuOHAIbHO He3a6UCUM B OKPECTHOCTU TOY-
KM X, €CIId PaHr MPOU3BOJHOI B Touke xo oToOpamenusa f: U — R™, 3a-
IaHHOTO 3TUMH GYHKIMAMHU, paBeH m (cM., Hanpumep, [. M. @PuxTeHronbi.

KRypc nuddepennuanbHoro u uHTerpanbHoro ucuucienuda. — M.: Hayka,
1970, T. I. ra. 6)].
HOEABATEHBCTBO.

JIna cranpaptHoro ypaBHenua B R" ¢ =1, 9o = --- = ¢, = 0, 3710
OYEBHMHO: IlepBble UHTErpaibl — Jio0ble riagkue QYHKIUU OT Y2, ..., Yn.

To e BepHO 1A DTOr0 ypaBHEHUA B JI000I BHIMYHKIOI obnacTu (061acThb
Ha3bIBaeTCA BBIMYKJON, €Cli BMecTe C JIIOObIMW TOUYKAaMH OHa CONEPHUT
COeIMHAIOUINM WX 0Tpe3oK). B BeinyKsoii ob6nacTu A1000i MHTErpala cTaH-
JapTHOrO ypaBHEHUA CBOOUTCA K (PYyHKIUHU OT Y2,..., Y,. BCAKOE ypas-
HeHUe B MOAXOJAIllell OKPECTHOCTU HeocoOOol TOYKM 3anuchiBaeTCA B MOJ-
XOOAUIMX KOOpAMHaTax y B cTaHZapTHOM BHJe. OKPECTHOCTb 3TY MO#KHO
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CYMTaATh BHIMYKJON B KOOpAMHATaX y (eciu 3TO He TaK, 3aMEeHHUM MeHbIlei
BBIITY KJION ).

OcTaeTcAa 3aMeTUTb, UTO KaK CBONCTBO (pYHKIMU ObITh NEPBLIM MHTEr-
pajioM, Tak ¥ pyHKIUOHAJbHAA HE3aBUCUMOCThb, OT CUCTE€MbI KOOPIAUHAT He
3aBHUCAT.

3A1AYA 1. [IpuBenuTe npumMmep ob6aacTu. B KOTOPOI cTaHJapTHOE YpaBHEHUe
vMeeT IepBbIil UHTerpal, He CBOOAIMNNCA K QYHKIUU OT Y2...., Yn.

7. IlepBbIe UHTerpaibl, 3aBucAllHe oT BpemeHU. Ilycts f — nud-
(depeHnmpyemad ¢GyHKIUA Ha pacliipeHHOM (a3oBOM NMpPOCTpPaHCTBE ypaB-
HeHuA = = v (¢, x), BooOIe roBops, HeaBTOHOMHOTO.

CocTaBUM aBTOHOMHYIO cUCTEMY, (ha30Bble KPUBbIE KOTOPOit Oy Iy T UH-
TerpajlbHbBIMU KPUBLIMU UCXOJHOI'0 ypaBHeHUA. [[JiA 3Toro paciiipuMm ypan-
HeHUe, N06aBUB K JAHHOMY YpaBHEHUIO TPHBMalbHOe ypaBHeHue { = 1:

X=V(X), X=(uz). V() =1 o).

Onpepenenuve. OyHKIKUA f HA3bIBa€TCA 3A6UCAWUM OM BPEMEHL nep-
8blM UHMezpasom ypaBHeHUA © = v(l, x), eclin oHa ABIAETCA MEPBbIM UH-
TerpajioM pacllipeHHOI'0 aBTOHOMHOIro ypaBHeHusA (puc. 87).

WHbIMU clioBaMU: Kaxicoas UHMe2pasbHas Kpu-
805 UCTO0HO020 YPABHEHUA AEHCUTTL 8 OOHOM MHOMNCEC-
mee ypoeHa PYHKUUL.

BexTopHoe none V B Hyinb He obpamiaeTrcs.
[Io Teopeme n. 6 & oxpecmuocmu wkaxcdoil mov-
KU pacuiupenHHozo (pa3oeo2o0 npocmpancmea ypas-
Hernue & = v(l, ©) umeem cmoavko PYHKEUUOHAAD-
HO He3aeucuMblx nepevir unmezpa.nos (3aseucawux Puc. 87. Unrterpanbheie
om epemenu) , Kakosa pazmeprHocmsv a3oeozo npo- KpUBbIE Ha IOBEPXHOC-
cmpancmea (YUcao KOMNOHEeHM eekmopa x); npu- TH YPOBHA [€pPBOTO HH-
yem Kawowll (3a6ucawuti om epemenu) nepeviti OFPATd, SABHCHIIEIO OT
UHMe2Pal 6bIPANCACTNCA Yepe3 dMU CheyudivHble P on
6 YKa3aHHOIl OKPecImHocmu.

B yacTHOCTH, aBTOHOMHOE ypaBHEHUE C N-MePHbIM (pa30BbIM [IPOCTPaH-
CTBOM MMeeT B OKPeCTHOCTH 100011 (He 00A3aTelbHO HeoCco00il) TOUKY 7 3a-
BUCALIUX OT BPpeMeH! (QPYHKIMOHAILHO He3aBUCUMBIX IEPBLIX UHTEr pajoB.

[lepBbIM MHTerpanoM auddepeHnranTbLHOro ypaBHeHUA (MU CUCTEMBI)
1100010 nopsAaKa HasbIBaeTCA MNEepBbIii MHTErpaj dKBHBAIEHTHON CHUCTEMbI
IepBOro nopAjKa.

Uk

?
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3AAYA 1. JlokamuTe, yTo cucTema ypaBHeHuil HeloTona # = —r/ r® UMeeT

nepBbIii MHTErpal, KOTOPhIi B MOJAPHLIX KOOpAMHATAX 3alMChIBAeTCA B BUMIE T ()
(r € R?).

JTOT UHTerpall, Ha3blBaeMblil cexmopua.avHoll ckopocmwvio, OTKEpbL1 HKemnnep
u3 HabmoieHuii 3a ABueHueM Mapca («BTopoii 3akoH Kemuepay).

SATAYA 2. [lokamsuTe, YTO CEKTOpUAJbHAA CKOPOCTh ABIAETCH IIePBbIM HUH-
TerpajioM ypaBHeHUA 7* = ra(r) npu do6oM Buie QyHKINH .

CuioBoe noiie Bujaa ra(r) Ha3pIBaeTcA yenmpaavHuim. Ilpeasiaymas 3agaua
MOKa3bIBaeT, Mo4yeMy M3 BTOporo 3akoHa Kennepa Henb3fA M3Blleub 3aKOH BCEMUP-
HOT'0 TATOTEHUA: HY#KEH TPETUil.

3ATAYA 3. JlokaskuTe, 4TO IPU [ABUMKEHUU B JIOOOM LEHTPaIbHOM IIOje
B TpPeXMEpPHOM IIPOCTPaHCTBe KaxiJafd N3 KOMIIOHEHT BEKTOPHOro Ipou3Beje-
HUA [r, "] ABIAETCA NMEepPBBIM HHTerpaioM («3aKOH COXpaHEeHHUA MOMEHTa KOIu-
yecTBa JABUMEHUAY).

3AIAYA 4. JlokamuTe, YTO eciau QyHKIMA ['amMunbToHa He 3aBUCUT OT ¢,
TO p; — IepBbIM UHTerpaa ypaBHeHuil 'amuiabToHa.

3A1A4YA 5. [IpennonozsuM, yTo Kamjoe pelleHWe ypaBHeHUA & = v(i, x)
¢ n-MepHbIM (pa30BbIM IIPOCTPAHCTBOM MOKHO IPOJONMHUTL Ha BclO ochb t. [loka-
#KUTe, YTO TaKoe YpaBHEHUe UMeeT BO BceM pacuivpeHHoM (a30BOM NPOCTPaHCTBE
n GYyHKIMOHAIbHO HE3aBUCHUMBIX NMEPBBIX MHTErpaloB (3aBHCAIIUX OT BpEeMeHH),
yepe3 KOTOpble Bce ero (3aBUCAINNE OT BpeMeHHU) MepBble MHTerpanbl ¢pyHKIHO-
HallbHO BbIpazkaroTcH.

§ 11. JIuHeliHble U KBa3WJIHHeliHble YpaBHEHUA IePBOro
[IOpPAAKA C YaCTHbBIMU IIPON3BOAHBIMU

YpaBHEHUA ¢ YaCTHBIMU MPOU3BOJHBIMU U3YyUYEHbI rOpa3fio Xyie, 4yeMm
¢ OObIKHOBEHHBIMU. TeopHio OOHOI0 ypaBHEHUA C¢ YACTHbIMU MPOU3BOIHBI-
MU [epBOro NopAKa yjJaeTcAd CBECTU K UCCIIeIOBAHUIO ClieUallbHbIX OObIK-
HOBEHHBIX auddepeHIIUalbHbIX ypaBHeHUI, TaKk Ha3bIBAEMbIX YpaABHEeHUI
xaparmepucmuk. CylUiHOCTh CBA3U Me]ly YpPaBHEHHEM C YaCTHBIMU IPO-
M3BOJHLIMU U ypaBHEHHEM XapaKTEPUCTUK COCTOUT B TOM, UTO IBUKEHUE
CILJIOIIHOM cpelbl MO#HO ONUCHIBATH KaKk C MOMOIIbIO OObIKHOBEHHBIX NHU(-
(epeHLIMAIbHBIX YPAaBHEHUI BUKEHUA €€ YacTull, TaKk U C [OMOUIbIO ypaB-
HEHUA C YaCTHbIMM MPOU3BOAHbIMU 1A nosd. Hume nogpo6Ho pa3oGpaHbl
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npocTeiillie YacTHbIE CIydyau JIMHEMHbIX U TaK Ha3bIBaeMbIX KBa3uJIHUHel-
HbIX ypaBHEHHI C YaCTHHIMHU INPOU3BOAHBLIMH IEPBOro NMOPAJKA U TaKHe
NpUBeeH pelenT pelleHuA o0liero ypaBHeHUA.

1. JInHeliHOe oJHOpPOJHOE ypaBHeHUeE.

Onpenenenue. JuneliHbim 00HOPOOHBIM YpasHeHUEM Nepe02o NopAdKa
B o6snactu U Ha3zbiBaeTcA ypaBHeHue L,y = 0, rie @ — U3BEeCTHOE BEKTOP-
Hoe noJie B obnactu U, a u — HeusBecTHaA GyHKUUA. B KoopauHaTax oHO
uMeeT BUA a10u/0x1 + -+ an0y [0z, = 0, ar, = ar(x1,.... x,). Pa3oBble
KpUBBbIe BEKTOPHOI'O MOJA a HA3bIBAIOTCA IAPAKMepucmukamu yYpaBHEHUA
L,u = 0. YpaBHeHUe & = a(x) Ha3bIBaeTCA Ypa6HeHUeM TaAPAKIMEePUCUK.

3AMEYAHHUE. IIpunaratenbHoe «xapaKTepUCTUUYECKHII» B MaTeMaTHKe
Bcerjla 0O3HayaeT «CBA3aHHbINl NHBapHaHTHOY» (B JaHHOM cllyyae UHBapHaHT-
HO OTHOCHUTENbHO BbIOOpa cucTeMbl KoopAuHaT). Tak, xapakTepucTuyeckas
NoJArpyIna rpyninsl — 3TO NOArpPYIIIa, nepexojadiias B ceOA NpU BceX aBTO-
MOp(pu3Max rpyInbl, XapakTepucTUuYeCKoe ypaBHeHHe MaTpUllbl olleparopa
He 3aBUCUT OT BbIOOpa Oa3uca, XapaKkTepUCTUYeCKHe KJacChl B TOIOJOIUU
nepexogAaT B cebA npu guddeomopdpusmax v T. 1.

XapakTepucTuku ypaBHeHusA L,u = () cBA3aHbI ¢ HUM HHBapUaHTHO OT-
HocUTelbHO auddeomopduamMoB: eciivu nuddeomopdpusM NepeBOOUT CTapoe
ypaBHEHHE B HOBO€, TO OH I€pPEeBOJUT XapakTepPUCTUKHU CTAporo ypaBHEeHUA
B XapaKkTepUCTUKH HOBoro. Mo#HO gaxe BAOOABOK yYMHOMUTh MOJie @ Ha
He oOpaumapiyocad B HyJlb (YHKIUIO — 3TO HE U3BMEHUT HU pelleHUi, HU
XapakTepUCTUK YpaBHEHUA.

3A1AYA 1. Haiitu xapakTepucTuku ypasHenus Ou/0z = y Ou/0y.
PEIIEHUE. £ =1,y = —y; y = Ce™ ".

Teopema. Qynruyua u asasemcsa peweruem ypasHenus L,u = 0, ecau
U MOABKO eCcAU OHA ABAAEMCA Nepevlm UHIMe2paLoM YPABHEHUA TaApaKmepuc-
Mmuk.

L OKA3ATEJIBCTBO.

JTO onpenelieHue 1nmepBoro uHTerpaia.

HECMOTPH Ha OYEBUOAHOCTh 3TOU TeopeMbl, OHa OYE€Hb II0JIe3Ha, TaR
RaR penaThb 0OBIKHOBEHHOE YpaBHEeHHE XapaKTepHCTHR Jerde, 4eM pelaThb
HCXO0JHO€e ypaBHEHHEe C YaCTHbIMHU IIPOHU3BOIHbBIMMU.
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3AIAYA 2. PemuTh ypaBHeHue 3amauu 1.

PEIIEHUE. u = ye” — pellleHue. Bce pelleHUd UCYepbIBAIOTCH QyHKIUAMU
OT 3TOro.

3AJ0AYA 3. Pemmnth ypaBHenue y Ou/0x = x Ou/0y Ha Bceil INIOCKOCTH.
OTBET. Pemenus — ¢yurnuu ot = + 2.

3AMAYA 4. HcuepnbiBaloTcs U pellleHus ypaBHeHus z Ou/0x = yOu/dy
Ha R? ¢pyukumamu ot zy?

OTBET. Hert, cymectByer pemenue, qisa koroporo u(1l, 1) # u(—1, —1).
2. 3agaua Komu.

Onpenenenuvie. 3adayveti Kowu nna ypaBHenusa L,u = 0 Ha3bIBaeTcH
3ajlaya o6 ompejeleHUU PYHKIUM % MO €e 3HAYEHUAM Ha JaHHOH rumep-
MmoBepxXHOCTH (runeprnoBepxHocThio B R™ HaswiBaeTcs (n — 1)-mepHad mno-
BepxHOcTh. Hanpumep, B ciyyae n = 2 rumnepnoBepXHOCTh €CTh KpUBad.
npu n = 3 — 00bIYHAA NOBEPXHOCTH).

JajaHHafd TUIepnoOBepPXHOCTh Ha3bIBAae€TCA HAYALbHOL 2UNepnoeeprHoc-
molo, a 3aJaHrde Ha Hell HCKOMOH (QYHKLUHUU — HAYAAbHLLM ICAOBUEM,
u|y = ¢. DYHRIMA @ Ha3bIBaeTCA HAYaAbHOll PyHkyuell. OHa 3ajaHa Ha Ha-
YyaJIbHOM T'MIEepPHOBEPXHOCTH.

3agjaua Komu He Bcerga umeer pemienue. Jleiict-
BUTEJIbLHO, BIOJb KamJIOW XapaKTepUCTHKH 3Ha4YeHHe U
noctogHHo. Ho xapakTepucTHMKa MoeT IepecekaTh Ha-
) YyaJbHYI0O MOBEPXHOCTh HecKoabKo pa3s (puc. 88). Ecau

Y 3HaUeHUA HayvalbHOH (GYHKIUM B 3TUX TOUKaX pasiuy-
HbI, TO COOTBeTCTByMIad 3ajgaya Komu He uMeeT pe-
IIeHUA HU B KaKkou objiacTu, codep:kalleil yKasaHHYIO
XapaKTePUCTHURY.

a

Puc. 88. Hepas-
peliuMas 3aja-
ya Kommu
Onpe,ueJIeHHe. Touyrka Ha HayvalbHOI 'UIIEPIIOBEPXHOCTH Ha3bIBaeT-
CcA Hexaparkmepucmu4eckoil, eCiu XapakTepUCTHKa, IIpoXoadilaa yepe3 3Ty
TOYKY, TpaHCcBepcalbHa (He KacaTellbHa) K HaYalbHOU I'HIEPIIOBEPXHOCTH.

Teopema. Ilycmv r — Hexapakmepucmuieckas moika Ha HAYAAbHOIU
2unepnosepxrocmu. Tozda cyuwecmsyem makas okpecmHOCMb MOYKU T, 4IMO
3adava Howu 6 amoil okpecmHocmu umeem peweHue, U NPUMOM TMOALKO
00HO.
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JIOKA3ATEJIBCTBO.
Ilo Teopeme 0 BhIIpAMIEHUHU MO#HO BbIOpaTb KOOPAUHATBI B OKPECT-
HOCTH TOYKHU & TaK, 4TO mnoje a OyneT umeTb KoMmoHeHTHI (1, 0,..., 0),

a HavalbHafg T'UNEpHoBepXHocThb mpumeT Buia x1; — 0. B 3TuX KoopauHa-
Tax 3agavya Komu npunumaet Bujg du/0x; = 0, 4|z, =0 = ¢. EnuHCcTBEHHOE
B BBIMYKJIOi o6aacTy perienue: u(ry, ..., Tn) = @(T2y..., Tp).

3A0A4A 1. Pemnth 3apmauy Komwm u|y,—¢ = siny maa ypaBuenusa Ou/0x =

= y Ou/0y.

PEIIEHUE. Ha xapakTtepuctuke y = Ce™ *; coriacHo HayallbHOMY YyCJIOBUIO,
u =sinC.

OTBET. u = sin(e”y).

3A1A4YA 2. Kakve Touku npaMoii £ = 1 ABIAIOTCA HeXapaKTePUCTUYECKUMU
nnda ypasHenus y 0u/0x = x Ou/0y?

OTBET. y # 0.

3a1A4A 3. Umeer am pemenue 3amava Komu ul,—1 = y2 JlJIA 3TOr'0 ypaBHe-
uufa Ha R? U eIUHCTBEHHO U pemenue?

OTBET. Pemenue cynecTByeT, HO He €IUHCTBEHHO.

3AMEYAHHE. Pemenus o6bIKHOBEeHHOro nuddepeHIialbHOro ypaBHe-
HUA 00pa3yloT KOHEYHOMEPHOE MHOrooOpasue: KaxiJoe pelleHue 3ajaeTcd
KOHEYHBIM HabopoM urcel (Ha4albHBIX ycinoBuii). Mel BUgUM, 4TO y JTHHE-
HOT'0 OJITHOPOJHOI'0 YpaBHEHMA C YACTHBIMH IPOM3BOJAHBIMH IEPBOr0 MOPAJ-
Ka OTHOCUTENbHO PYHKIHU OT 71 TEPEMEHHBIX «CTOJILKO pelleHUl, CKOJIbKO
cyuecTByeT GyHKIHI oT n — 1 nepeMeHHbIX». AHAJIOTMYHOE fIBJIEHHE HUMe-
eT MeCTO U IJiA OOIHX ypaBHEHHI ¢ YaCTHBLIMU MPOU3BOAHBIMU MEPBOIO
nopsAaka.

[IpyyrHa cTaHOBUTCA AICHOM, eclii paccMoTpeTh AuddepeHIualbHOe
ypaBHeHHE KaK mnpejes pasHOCTHBIX. Te e coobpaxeHHA INOJCKa3bIBalOT,
4TO IJI YpaBHEHHA C YaCTHBIMU MPOU3BOJAHBIMU BTOPOI'O NMOpPAAKA HYH-
HO 3aJjaBaTb Ha HayalbHOI T'MIEPNOBEPXHOCTHU JABe (QYHKUUM (3HAUYEHUA
pellleHUA U ero NMpOU3BOJHOI MO TpaHCBepcalbHOMY HayallbHO T'UIIEPIO-
BEPXHOCTHU HalpaBlleHUIO), U T. . PazymeeTcsa, 3TU cooOpaxeHUsa He 3ame-
HAIOT JI0Ka3aTelIbCTB COOTBETCTBYIOIMX TEOpeM CYIIeCTBOBAaHUA U €JIHH-
CTBEHHOCTH pelleHHii. ITH [0oKa3aTelbCTBa MOMKHO HallTH B yuyeOHHKax
10 TeOpUU YpPaBHEHHI C YaCTHLIMH IPOU3BOJHLIMH, HanpUMep, B KHUIE
P. KypanTta u JI. 'unb6epta, «<MeToasl maTematuueckoii ¢pusurkuy (M.: T'oc-
texusaat, 1951).
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3. JIuHeiiHOe HEOHOPOJHOE ypaBHEHUe.

Onpenenenuve. JurellHvlm HEOOHOPOOHBIM YpABHEHUEM NepB020 NOPAo-
ka B o6nactu U HasbiBaeTcA ypaBHeHue L,u = b, roe a — 3agaHHOe BeK-
TOpHOe nole, b — 3ananHasA GyHKIKA, u — UcCKoMafa GpyHKIUuA B obnactu U.
B rkoopaunaTHoOil 3anucu: a; du/0x1 + -+ + a,0u/0x, = b. roe ap u b —
HU3BeCTHbIe QYHKIUU OT L1,..., Lp-

38,[[8‘-18 Romu ctaBuTCA Tak Mme, KaK OJAd OJHOpPOOHOI'O YpaBHEHHHA.

Teopema. B docmamouro manoil okpecmuocmu a060il Hexaparmepuc-
muveckoll MoYKu HAYaAbHOU NoseprHOCMU peuleHue cyuiecmsyem u eduH-
CITIBEHHO.

JTOKA3ATEJIBLCTBO.

[Ipon3BoHAA HEM3BECTHON QYHKIMU 110 BpEeMEHU JBUKEHUA BIOJIb Xa-
paKkTepUCTHKYU U3BeCcTHA (paBHa b), I03TOMY ee NmpupalleHle BAOIb OTpPe3Ka
XapaKTepUCTUKU paBHO MHTerpanty oT b mo BpeMeHHU JBUMKEHUA BIOJb 3TO-
ro orpe3ka. Hanpumep, ecin a; # 0 B u3yvyaemoil Touke, TO yKa3aHHOE
npupaiieHue paBHo [ b/a; dz, BOOIb OTpe3Kka XapaKTepHCTHKH.

3A0A4A 1. Peummts 3amauy Komm u|,—¢ = siny nna ypaBaenusa Ou/0z =
= yOu/0y + y.

PEINEHUE. [Ipu uamMeHeHuu x co CKOpocThIO 1 3HaUeHMe © HAa XapaKTepPUCTU-

ke y = Ce” mensetcsa co ckopocthbio Ce™ “. ClienoBaTellbHO, NMpuUpalleHne U BAOIb
9TON XapakTepucTuku npu usmenennu x ot 0 qo X pasuo C(1 — e_X).

Touka (X, Y) nemut Ha xapakTepucTuke, rie C = e*Y. B »Toii Touke
u=sinC+ C(1 —e™¥).

OTBET. u = sin(e”y) + y(e” — 1).
4. KBa3sujiuHeliHoe ypaBHEHUe.

OnpeneneHuve. Hea3zuaunellHvlm ypasHeHUeM NepPe020 NOpsAoKa Ha3bl-
BaeTcA ypaBHeHHe Lou = (3 OTHOCHTENbHO (GYyHKUUH u, rae o(x) =
= a(z, u(x)), Bf(x) = b(x, u(x)). 3necb @ — BeKTOpHOe Tojie B I-MPO-
CTpaHCTBe, 3aBUCAIIlee OT TOYKH OCH U, KaKk OT mapameTpa, b — pyHRuuA
B x-IIPOCTPaHCTBe, TaK#e 3aBHUCAIaAd OT TOYKHM OCH u. KaKk OT IapameTpa.
B KoopauHaTHoIM 3anucu ypaBHEHHE UMEET BH/I

Ou . ou _
ay(x, u) D, + -+ ap(z, u) Free b(x, u).

OTnuyue OT NUMHEHHOrO ypaBHEHUA TOJbKO B TOM, UTO Koddduuuen-
mot a u b mozym 3asucemsv om 3HaveHus HeussecmHol PYHKUUL.
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IITPUMEP. PaccMOTpUM OAHOMEpPHYIO cpely W3 YacTHIl, OBUMKYIUXCA
Mo NPAMOI MO0 MHEPIUH, TAK UYTO CKOPOCTb Kax{Joi 4YacTUIbl OCTAETCA He-
n3MeHHoi. 0603HaUMM CKOPOCThb YacTHIIbI, HaXoaAlleiicA B MOMEHT ¢ B TOY-
ke x, yepe3 u(t, ). 3anuumem ypaBHeHUe HbiOTOHa: ycKOpeHHe YacTHIIBI

paBHO Hymo. Ecin x = (t) — nBumenue yactuubl, To @ = u(t, ¢(t)),
s _ OQu, duy _ du , . du , _
He FRLZ = iy + Ug Utak., no.se ckopocmeil cpedvl. u3 He

e3aumodeticmeyouur vacmuy yoosaemeopaem Kea3ULUHEUHOMY YPABHEHUIO
uy + uug, = 0.

3AIA4A 1. Iloctpouth rpadur pelleHUdA
B MOMeHT i, eciin u = arcctgx npu t = 0.

PEIIEHUE. [Iuddeomopdpusm ILIOCKOCTH
(z, u) = (x +ut, u) chOBuraer Kamayl IpH-
MyIO u = const BOOAb ocu x Ha ul U IepeBO-
nuT rpadur pemenusa B MoMeHT () B rpaduk pe-
meHus B MOMeHT ¢ (3ToT auddeomopdusMm ecTb Pyc. 89. I'padpuk pemenns
He 4YTO HMHOe, Kak IpeoOpa3oBaHue (pa3oBOro 1o- nonydaeTcs M3 rpapuka Ha-
TOKa ypaBHeHuA HbIOTOHa IIA YacTUL; MIOC-  yagpbHOrO YCIOBMA EHCTBH-
KOCTh (z, u) — (a3oBas MIOCKOCTh YaCTUIIbI). eM ($a30BOro MoToKa

Y8

OTBET. Cwm. puc. 89.

3AMEYAHME. Ilpu t > #/2 ranagkoro penienus He cymecTByeT. Hauuuas
¢ 3TOr0 MOMeHTa, YaCTUIIbI CTAJKUBAIOTCH. U IIpe/inojiodeHe 06 OTCYy TCTBUM B3a-
UMOJEeNCTBUA MeIy HUMHU CTAHOBUTCA PU3NYECKU HepealucTUdeckuM. B aTux
YCIOBUAX [BUE€HHe Cpellbl ONMChIBAIOT TaK Has3blBaeMble yJapHble BOJHBI —
pa3pbiBHbIe pellleHUd, YAOBIeTBOPHAIOIIMEe YpPaBHEHHUIO jleBee U IIpaBee pa3pbiBa
U yJIOBJIeTBOPAIOL[e Ha pa3pbiBe NONOJHUTENbHBIM YCIOBUAM (HU3NYECKOro Ipo-
UCXO34/IeHNA (3aBUCAILIIUM OT XapaKkTepa B3auMOJENCTBUA IIPU CTOJIKHOBEHUH Yac-
THII).

3AAYA 2. CocTaBUTH yYpaBHEHHE 3BOJIOIMU IIOJA CKOPOCTEH cpelibl U3 He-
B3aMMO/IEMCTBYIOIMX YacTHUIl B CUIOBOM Moje ¢ cuioii F'(x) B Touke x.

OTBET. u: + uu, = F.

3AJIAYA 3. PemuThb 3TO ypaBHeHHe ¢ HAYalbHBIM YCIOBHEM u|i—=o = 0 Ouas
cuael F(x) = —x.

PEIIEHUE. ®a30Bblil IOTOK COCTOUT U3 IIOBOPOTOB, N03TOMY rpaduk u(t, -) —
IpAMas ¢ yrioM HawkJoHa —t&.

OTBET. u(t, ) = —x tgt, |t| < w/2.

10 3axaz Ne 17
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3AIAYA 4. Haiitu Makcumanbayio mupuny nojockl 0 < ¢t < C, B KoTO-
poii cyllecTByeT pellleHHMe YPaBHEHUfl Ui + UU, = SINZT ¢ HaYalbHbIM YCJIOBU-
eM u|t:0 = (.

OTBET. C = 7/2.

5. XapaKkTepuMCTHUKH KBa3WJIWHeiiHoro ypaBHeHHUA. Pa3oOpaH-
HBIN MpUMep MOoKa3bIBaeT, KaK I0JIE3HO NepeiiTH OT YypaBHEHUA ¢ YaCTHBIMHU
NPOM3BOJHBIMH JIJIA NMOJA CKOpOocTeil K 0ObIKHOBEHHBIM YpPaBHEHUAM JBUHe-
HUA JacTull cpeabl. HeuTo aHanoruyHoe Mo#£HO clieslaTh U B cliy4ae o0Liero
KBa3sWJIHMHEWHOro ypaBHEHHA MepBOro nopAanka.

YpaBuenue Lg(y, y(z)t = b(x, u(r)) osnaya-
eT, 4YTO eCIi TOYKA & BBIXOOUT U3 Lo CO CKOpOC-
Thi0O a9 = a(xo, ug), Te uy = u(xg), TO 3HaYe-

HHe u(x) HauMHaeT MEHATbLCA CO CKOPOCThIO by =
= b(xg, wg) (puc. 90). NHBIMU croBaMu, Hpuio-
JKEHHBbI B TOuyke (o, ug) BeKTOp Ao NpAMOro
NpPOU3BENeHUA Z-NPOCTPAaHCTBA M OCU U, C KOM-

NIOHEHTaMHu ag U by, KacaeTcd rpapuka peuieHuUs.
IIycts Ay # 0.

Puc. 90. I'eomeTpuuec-
KUK CMBICJ KBa3uiunu-

HEMHOT'0 ypaBHEHNH. Onpenenenue. [Ipamas HanpaBileHUA BEKTO-

pa Ao Ha3bIBaeTCA xapakmepucmuieckum HanpasieHuem KBa3UINHENHOro
ypaBHeHHUA B TOUKe (Zg, Ug).

XapaKTepHuCcTUUeCKHe HallpaBJIeHHUA BO BceX TOYKax o0JacTH ompeje-
neHuA Ko3¢GUIMEeHTOB ypaBHeHUA 00pa3yloT MoJie HanpaBlieHuii. JTo noJje
Ha3bIBAaE€TCA Tapakmepucmuieckum noaem HanpasseHull ypaBHeHUA. B Ko-
OpPAWHATHON 3alUCU XapaKTepuCTUYeCKHUe HallpaBleHUA — ITO HalpaBlle-
HUA BEKTOPOB MOJIA

A= Zak(m u)—+b(x u)aau

MuddepeHnuanbHOe ypaBHeHHe, 3aJaHHOe IMoJeM XapaKkTepucTudec-
KUX HalpaBlleHUii, Ha3bIBaeTCA YpPa6HeHUeM TAparmepucmuk, a ero UHTer-
palibHble KpUBble — rapakmepucmukamu. TakuM oOpa3oM, XapakTEPUCTHU-
KU ABIAIOTCA (a30BbIMU KPUBBIMHU BEKTOpHOro mnossa A.

3AIAYA 1. HailTu xapakTepUCTUKM YpPaBHEHUA Cpellbl U3 HeB3aMMOJIeMCT-
BYIOIIUX YacTull, 4t + uu, = 0.
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PELIEHNE. & = u, t = 1, & = 0. XapakTepucTUKN — NIpAMbIe & = xo + uot,
U = Uug.

3AMEYAHHE 1. JluHeiiHoe ypaBHeHHe — 4YacTHBIN cllyyaii KBa3Wiu-
HEHOr0, HO XapaKTepUCTUKU JIMHEHHOI0 ypaBHEHUHA, paccMaTpuBaeMoro
KaKk KBas3WJIHHENHOe, OTJIHWYalOTCA OT €ro XapaKTepUCTHUK KaK JIMHEHHOro
ypaBHEHUSA: NepBbIe lekaT B (&, ©)-NIPOCTPAaHCTBE, 8 BTOPble — UX NPOEK-
UM B Z-TIPOCTPAHCTBE.

3AMEYAHHUE 2. KBa3winHeliHble ypaBHEHUA COXPaHAIOT KBa3WJIHHel-
HbI BUJ npu auddeomopdpusmax z-npocTpaHcTBa U pasxe npu auddeo-
MOp(pu3Max IpoCTpaHCTBa-IIPpoOU3BeJeHu A, I'je olpeaeieHbl ero Ko3gpunu-
eHThl @ U b. XapaKTepUCTUKN WHBAapUaHTHO CBA3aHblI C YypaBHEHUEM: €ClIU
Tarou augdeomoppusM epeBOJUT cTapoe ypaBHEHHE B HOBOe, TO XapaKkTe-
PUCTUKHU CTAporo nepexogaT B XapakTepUCTUKHU HOBoro. bosee Toro, ypas-
HEeHUe MOKHO YMHOMUThL Ha He oOpallamollylocd B Hylb (QYHKIUIO OT &
U «w — TpPU 3TOM HU pElIeHUA. HU XapaKTepUCTUKU He MeHAITCA (XOTA
BEKTOpHOe nojle A MeHAeTcA).

3AIAYA 2. JlokasmuTe, UTO KBa3UJINHelHOEe YpaBHEeHUEe IPUBOIUTCH IOIXO0IA-
UM JIOKaJbHbIM aKdPeoMopdru3MOM MPOCTPAHCTBA-IIPOU3BEJeHUA K CTaHAapT-
HoMy Buny Ou/0z1 = 0 B okpecTHOCTH 11060i1 TOUkM (x, u), B KOTOPOii 3Haue-
HUWe a HeHYIleBoe.

6. HUHTerpupoBaHMe KBa3W/JINHEIHOro ypaBHEHHA. YpaBHEeHUE
XapaKTePUCTUK [UIA ypaBHEHUA Y arOu/0x; = b NPUHATO 3amuChIBAThb
B TaK Ha3bIBA€MOM CUMMEMPUIHOM 6ude

a =T a T

BhIpaamwileM KOJUIMHEeApPHOCTb KacaTelbHON K XapaKTepUCTHKE C Xapak-
TEPUCTHUYECKHM BEKTOPOM (3TH COOTHOIIEHHA 03HAYAIOT paBEeHCTBO 1-GpopM
Ha BEKTOpax, KacalolllMXCA XapaKkTepUCTHKH, eCIM 3HaMeHaTelu OTINYHBI
OT HYyJIA).

Onpe,uenem/le. HOBerHOCTb Haa3blIBaeTCH unmeepaﬂbnoﬂ noeeprHoc-
muio I1I0JIA HaHpaBJIBHHﬁ, €CJIn HallpaBJIeHHuE I1I0JIA B Kam a0 TOYKe JIeHUT
B €e KacaTejJbHON MJIOCKOCTH.

Teopema. Ymobvl 2nadkas noseprHocmsy 6viaa UHME2PAAbHOL Nosepx-
HOCMbI0 24A0K020 NOAA HANPABAEHULl, HE0OX00UMO U O00CMAMOYHO, YIMobbl
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Kaxcoas uHMe2panvHas KPusas, umelowds ¢ no8eprHoCImbvio obwyo MoKy,
UeAUuKOM Ha Hell aedxcaad.

JTOKA3ATEJHLCTRO.
IIo Teopeme 0 BeINPAMIIEHUH I0JIe MO#HO JuddpeomMopdpru3MoM NMpeBpa-
THUTb B I10JI€ IIapaJijleJIbHBIX ITPAMBIX. ,I[JIH TaRroro IIoJiga TeopemMa o4dyeBHHa.
U3 onpeaejeHua XapakTepuCTU4YEeCROI'0O HallpaBJ/ICHUA BbITERaeET

Teopema. @Pyuryusa u mozda u Moabko moz2da ABAAEMCA peuleHuem
K6a3UAUHelH020 YPABHEHUS, K020a ee 2paPur A6AAEMCA UHIMe2PaibHOl no-
8EPXHOCIMbIO NOAA TAPAKMEPUCTUYECKUX HANPABAEHULL.

U3 ABYX IOCJI€AHUX TeOpeM HEIOoCpeaACTBEHHO BbITERAET

CaencTBue. QyHKUUA U M0o20a U MOALKO M020a ABAAEINCA peuleHueM
K8A3UAUHEH020 YpaBHeHUs, Ko20a ee 2padur codepicum emecme C Kaxicooll
ceoell moukoll uHmepeas TAPAKmMepucmuKu, npoxodauell vepes amy moyky.

TakuMm o6Gpa3oM, Haxo#JeHHEe pelleHUll KBa3WJINHEHHOro ypaBHEHUA
CBOOUTCA K HAXO#KJEHUIO €ro XapakTepucTUK. Ecin XxapaKTepUCTHUKU HU3-
BECTHBI, TO OCTaeTCH JHIIb COCTABUTh U3 HUX MOBEPXHOCThb, ABJIAIOUYIOCA
rpadpukoM pyHKUUU: 3Ta GYHKIUA OyaeT pelleHHeM KBa3UuJINHEHHOI0 ypaB-
HEeHMsA, U BCe pelleHud MoJy4yaroTCA 3TUM CIIocOO0M.

3AJAYA 1. JlokazaTh, uTO 3agadya Komwm [ KBa3duiINMHEMHOro ypaBHEHUH
IepBOro MopsAAkKa MMeeT pelleHre W IMPUTOM TOJBKO OJHO B JIOCTATOYHO Maloi
OKPECTHOCTH TAKOW TOYKU T¢ HAYaAIbHOI T'MIIEPIIOBEPXHOCTH M IJIA TAKOT'0 Ha-
YaJbHOTO YCJIOBHA, 4TO BeKTOp a(xo, u(xo)) He KacaeTcA HaYalbHOIl T'MIEPIO-
BEPXHOCTH.

3AMEYAHUE. B oTimuyme oT nuHeliHOro ypaBHeHHA, A KBa3WJINHENHHOI'O
YPaBHEHUA Hellb3fA I'OBOPUTh O XapaKTEPUCTUYHOCTH caMHX TOYEK HayalbHOI
runeprnoBepxHocTu: OyJleT JaHHAafA TOYKA XapaKkTePUCTUYECKON WINU HET 3aBUCUT
TaKkke M OT HAa4yaJbHOI'0 3HAYEHUH.

7. HeauHeiliHoe ypaBHeHMe ¢ 4aCcTHBIMU MPOU3BOJHBIMU Iep-
BOr'o NMOpAAKa.

Kak ¥ JuHelHbIe WK KBa3WINHeHbIe YpaBHeHUA, HeJIMHeliHbIe ypaB-
HeHUA caMmoro obujero Buja, F'(x, Ou/0x, u) = 0, UHTerpupyOTCA NP MO-
MolU xapakTepucTHk. Ho eciiy xapakTepucTUKY JUHEHHOI0 ypaBHEHHA OT-
HocuTenbHo pyHKIUU B R" nexat B R"”, a kBasununeiitnoro — B (n+1)-mep-
HoM npocTpaHcTBe R™ X R, To XapakTepUCTUKHM 001ero HeJUHEHHOro ypas-
HeHUA ABJIAIOTCA KpUBBIMU B (2n+1)-MepHOM npocTpaHcTBe 1-cTpyii QyHK-
1KMii, HAa KOTOPOM OIlpefiesieHa 3ajarollas ypaBHeHne GpyHxiua F.
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Onpepenenue. [IpoctpancTBoM 1-cTpyit QyHENMI OT & = (Z1,..., Ty)
Ha3bIBaeTcA (2n + 1)-MepHOe MpOCTPaHCTBO C KOOpAWHATAMU (X1,..., Tp;
Pls--+s Pni y). 1-cTpyA QyHRUUMHU ©u B TOUKE T — 3TO TOYKA 3TOr0 IpO-

cTpaHCTBa ¢ KoopAuHaTtamu (z, p = du/0z, y = u(x)). MHOmxecTBO 1-cTpyii
GYHKIIMM © BO BceX TOUKax « ee o6jacTH onpefelleHUA Ha3biBaeTcA 1-z2pa-
durom 3Toii GYHKIUU.

YpaBuenue F(x, Ou/0x, u) = 0 onpenenseT B mpocTpaHCTBe l-cTpyii
runepnoBepxHocth F, roe F(x, p, y) = 0. Pemenue ypaBuenua F' = (0 —
3T0 QYHKIHUA, 1-rpaduK KOTOpOIl NpUHALIEHUT I'UIeprnoBepxHocTu F.

Me1 6yneM nmpeamnosaraTb, YTO BEKTOP NPOU3BOAHBIX Fj, (¢ KOMIIOHEH-
tamu OF'/0p;) oTanyeH oT HylA: 6e3 3TOro TpeGOBaHUA ypaBHEHHE MOIJIO
Obl BoBce He cofiepsaTb Ou/0r u He ObLIo0 ObI qUddepeHnuanbHbIM. U3
ycnoBus Fj,, # ( BbITekaeT, 4TO runepnoBepxHoctb F — riaaakas (no Tte-
opeme o HefiBHOU ¢yHKIUU). Camasa TpyJHad YyacTb T€OPUU HEIHUHEUHOTO
YpaBHEHUA C YACTHBIMU NPOU3BOAHBIMHU MEPBOro MopAaKka — MNpUAyMaThb
clenyolee

Onpenenenue. Xapaxmepucmukamu ypaBHeHus F' = () Ha3bIBalOTCA
(ha3oBbIe KpUBBIE ClleyIolleil TPyAHO 3allOMHUHaeMoi cucteMbl auddepeH-
IMaJbHBIX YpaBHeHUiI Ha runepnoBepxHocTu F/ B npocTpaHcTBe 1-cTpyii:

x=Fy,, p=—F;—pFy,, y=pF,.

3ATAYA 1. lokamute, 4TO pa3oBad KPUBAA 3TOU CHUCTEMbl, HAUMHAIOLIAACH
Ha rulepnoBepxHoctu F, neiukoMm nesut Ha E.

PEmEHUE. F = F,i + Fpp + Fy5 = 0.

3AJTAYA 2. Jlokamute, yTo 1-2pagdur wraxicdozo pewenus ypasvenua F = (
codepicum emecme ¢ Kkadxdol ceoeill MouKOl UHIMEPEAA TAPAKMEPUCMUKL, NPOXO-
dawell wepes amy mouky. O6pamno, ecau 1-zpadur Pynryuu cocmoum u3 yeavlr
rapaxmepucmuk, mo GYHKYUA — peuleHue.

PELIEHUE. Bpoab 1-rpaduka pemenus dy = pdx u dp = (0°u/0x*)dz. Ina
XapaKTepUCTUYECKOr0 BEKTOpa NepBOe YCIOBHE OYEBHMIHO BBIIOJIHEHO, a BTOPOE
BbITEKaeT U3 paBeHCTBA HyIO cyxenus dF ua 1-rpajuk: cymenve Fydx+ Fpdp+
+F,dy na l-rpagpur umeeT BUI

(Fy + pF,)dx + F,0°u/0z’d.

Jloka3zaTelbcTBO 06PAaTHOrO (a Tak#e reOMeTPUUYECKYIO MOTUBHUPOBKY CTpaH-
HOT'0 OIlpelleJieHUA XapaKTEePUCTUK) MOKHO HaiiTu B KHure B.U. Apuonbaa «[lo-
[IOJIHUTeNbHbIE TJlaBbl TeOPUU OOBIKHOBEHHBIX IU(PdepeHIUalbHbIX yPaBHEHUMN»
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M., 1978, §8, uau B kuure B.U. Apuonbna «MaTeMaTu4eckue MeTOObI KJIACCHU-
yeckoii Mexanukmny, M., 1974, ctp. 333-334: oHu OcHOBaHBI Ha reoMeTpuHU IOJIH
KOHTAKTHBIX INIOCKOCTel B NMPOCTPaHCTBE CTPYIi.

Pe3ynbraT 3agaumn 2 cBOAUT MHTErPUPOBaHUE HEIMHEHHOTO ypaBHEHUA Tep-
BOro nopsanka (HanpuMep, OThICKaHUe pellenns 3ajaun Komm) Kk uHTerpupoBaHuio
crcTeMbl OOGBIKHOBEHHBIX AuddepeHInalbHbIX YPaBHEHUII — ypaBHEHUI Xapak-
TepucTuk. [lo HAYaIBHOMY YCIOBUIO CTPOMTCHA MOJAMHOroodpasue MpocTpaHCcTBa
1-cTpyii, npoxoasIue yepe3 HEro Xxapak TEPUCTUKHU 00pa3yoT 1-rpaduk HCKOMOI0
pellleHu .

3AIAYA 3. JlokamuTe, YTO XapaKTEPUCTUKU HEIUHENHOr0 YpaBHEHUfl, AB-
JAOIErocA KBa3WIMHEHHBIM, NPOEKTUPYIOTCA B XapaKkTepUCTUKM 3TOr0 KBa3u-
JIMHENHOTr0 ypaBHeHUd Mpu oToOpaxenuu (x, p, y) — (x, y).

3AIAYA *4. JlokazaThb, YTO XapaKTEPUCTUKHU HeIUHEHHOro ypasHenud F' = ()
WHBAapPUaHTHO CBA3aHbl ¢ ypaBHeHUeM: pu AuddeoMoppusMax x-IIpocTpaHCTBA
UK Jlasie Npou3BelleHUA Z-IIPOCTPAaHCTBA Ha OChb 3HAYeHU (QYHKIUU NPOU3BOM-
Hble IpeoOpa3yloTcA Tak, YTO XapaKTePUCTUKU CTaporo ypaBHEHUA MePEeXOOAT
B XapaKTEePUCTHUKU HOBOr0; NMpu yYMHO#eHUM F' Ha He ofpalaiounlyiocA B HYIb
GYHKIUIO XapakTEPUCTUKU HEe MEHAIOTCH.

3AMEYAHUE. B pelicTBUTENIBbHOCTH CBA3b Me#Oy TUIEepPINoOBEPXHOCTHIO F u
XapakTepUCTUKaMU Ha Hell MHBapUaHTHA OTHOCUTENbHO ellle 06ollee MUPOKOMU
rpynmel 1ugeomMoppu3MoB IPOCTPAHCTBA CTPYH, lepelly ThIBaloleil apryMeHThI
He TOJbKO CO 3HAaUYEHUWAMH, HO U C IPOU3BOJHBIMM: Ba#{HO JHUIIb, 4YTOOBI Oud-
¢dbeoMopPpu3M MPOCTPAHCTBA CTPYH COXpaHAI I0jle KOHTAKTHBIX IIOCKOCTel (3a-
naHHbIX ypaBHeHueM dy = pdz). Takue aAuddeoMopdusamMbl HA3BIBAIOTCH KOH-
makmusimu ¥ 00pa3yroT kKoHmakmuyio 2pynny, dyHIaMeHTAIbHYIO IJIA TeOpUU
YPaBHEHUI ¢ YaCTHBIMU NPOU3BOJHBIMU IIEPBOT0 MOpPANKa U JJIA reoMeTpuyec-
KOW ONTHUKU.

OnpeneineHue. YpaBHenueM ['amuinbToHa—fAkobu Ha-

3bIBaeTCA YpPaBHEHHEe ¢ YacTHbBIMU NPOU3BOJAHBIMM I€PBOr0

P NOpAJIKa, B KOTOPO€e ABHO He BXOJUT 3HaU€HVEe HEeU3BEeCTHOM
¢byukuy, 1. e. ypasuenue suaa H(xz. Ou/dz) = 0.

u(x)

Puc. 91. Pemenne 3AJAYA 5. Jloka3aThb, UTO paccTOAHUE OT TOYKU ILIOC-

YpPaBHEHUA I'a-  koctu mo rnamkoit kpusoit Ha maockoctu (puc. 91) ymosie-

MunbTOHa — fIko6M  TRopmer ypaBHenuio NammibTona-—fko6u > (0u/0x;)? = 1
B OKPECTHOCTHU 3TOH KpuUBOH (MCKIIOYaA caMy KPUBYIO).

3AAYA 6. Jloka3aTh, YTO pacCTOAHME OT TOYKHU €BKJINJIOBa IIPOCTPAHCTBA J10
rIafikoro noJMHoroo6pasus (11060l pa3MepHOCTH) B 3TOM MPOCTPAHCTBE yIOBIIe-
TBOpAET ypaBHeHuio lamunbTona—fko6u Y (0u/Ox;)®> = 1 B okpecTHOCTH TOA-
MHoOroo6pasus (MCKIOYasa caMo NoAMHorooGpasue).
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3AIAYA 7. JlokaszaTb, 4TO BCAKOe pelnieHue ypaBHeHUA 'amMuinbToHa — AKko6u
> (0u/0z;)® = 1B foCTaTOUYHO Majoit OKPECTHOCTH M060il TOUKH eBKIKI0BA IIPO-
CTpPaHCTBa ABIAETCA CYMMOIl pPacCTOAHUA O HEKOTOPOil IIaJikoil rUIeproBepX-
HOCTU U KOHCTAHTHI.

3AIAYA 8. [lokazaThb, YTO XapaKTEPUCTUKU ypaBHeHUA ['amuibToHa — HKoOU
H = (0 npoeKTUpYIOTCA Ha MPOCTPAHCTBO (, p) B BuAe $a30BbIX KPUBBIX ypaBHe-
Huit 'amunbrona @ = Hyp, p = —H,, nekamux Ha NOBEPXHOCTHU HYJEBOI'0 YPOBHA
¢yuknuu 'amunbToHa.

8§ 12. KoHcepBaTuBHaA cucTeMa C OJHOM cTeNneHbIO
cB00OObI

B rauecTBe mpuMepa NpHUMeHEHHA NEePBOro MHTerpajla K HcclieloBa-
HUIO nuddepeHInaIbHOr0 ypaBHEHUA Mbl pacCMOTPUM 3J7eCh MeXaHu4dec-
KYIO CHCTeMY C OJHOIl cTeneHblo cBOGOIbI, €3 TpeHUx.

1. Onpepnenenun. RKoncepsamuenoil cucmemoil ¢ 00HOll cmeneHnbvio C60-
600b. Ha3bIBAETCA CUCTEMA, onKcbiBaemMas nuddepeHIiualbHbIM Y paBHEHUEM

i = F(x), (1)

rae F' — nupdepennupyemas Ha HEKOTOPOM HHTepBase I BeleCTBEHHOM
ocu x QYHKILUA.
YpaBHenue (1) 3KBUBaJIeHTHO CHCTEMeE

.’1.?1 = T2, .’l'f,‘z = F(.’I?l), (.’171, .’1’32) e I x R. (2)

B mexaHuke IIPUHATAa cliejyromad TEpMHUHOJIOTUA:

I — roHpurypanvoHHoe NpocTPaHCTBO;
r1 = & — KOOpIUHATA;
T9 = & — CKOPOCTb;

2 — YCKOp€EHUe;
I X R — ¢a3oBoe NpoCTpPaHCTBO;
(1) — ypaBHenue HrproTona;
F' — cunoBoe moie;
F(z) — cuna.
PaccmoTpum emie caenyromue QyHKIUU Ha (a3oBOM MPOCTPaAHCTBE:

.2 2
_ oz _
T_2

72 — KUHemuvecras 9Hepeus,
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T

U=-— / F(&)d¢ — nomeHyuaavras aHepeus:

o
E =T + U — noanaa mexanuieckas sHep2us.
dU

OueBunHo, F'(x) = i TaK YTO NOMeHUUALbHAS IHep2usl onpedeasem
cucmemy.
[TpuMEP 1. lna maaTHuKa § 1 (puc. 92)
x WU £ = —sinx, x — Yyrol OTKJIOHEHUH,
© al = F(z) = —sing, U(z) = —cosz. lan
S [ ™ ypa.].?;HeHI/IH MaJlbIX KoJiebaHUulli MaATHU-
Kax=—2
2
Puc. 92. IloTreHnuanbHaa 3Hep- F(T) = —=z, U('r) — %

I'd MagdTHHURa
[lnsA ypaBHEHUA MalbIX KoJiebaHuii IepeBepHYTOro MaaTHUKa & = x (puc. 93)

QY
B

=

x

Puc. 93. HOTGHHI/I&JI]JH&H SHEpPIrma MadTHHRA BOJM3U HUMKHEro U BEPXHEIro II0JI0-
MEeHUum paBHOBECHUA

2. 3aKoH coXpaHeHHUA dHepPruu.

Teopema. [loanasn snepeusa E aeasemcsa nepevim unmezpasom cucme-
Mot (2).

I[OEASATEJIBCTBO.
Umeem

d [(r2(t)’ I gl —
2\ =5 HU@1(t) ) = zads + U'dty = maF (21) — F(z1)2 = 0,

YTO U TpBﬁOBEiJIOCb JORa3aThb.
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JlokazaHHaAa TeopeMa MO3BOJIAET UCCIeNOBaTh U ABHO «B KBaJpaTypax»
pemaTh ypaBHeHus Bujaa (1), HanmpuMmep, ypaBHeHUEe MaATHUKA.

3. JIuHuu ypoBHA 3Heprun. N3yuum dasoBbie KpuBbIe CUCTEMBI (2).
Rampgaa u3 HUX LEJIMKOM JIeKUT Ha OJHOM MHOKeCTBE YPOBHA 3HEPruH.
HcenenyeM 3TU MHO#eCTBa YPOBHA.

Teopema. Muosxcecmeo yposHa sHepauu

.’1’,'2

(21, 12): ?2 +U(z1) = E

asanemcs 21a0Koll Kpusoll 6 okpecmHocmu Kax#doll ceoell MoYKU, UCKANYAA
AUULD NOAONHCEHUA pasHosecus, m.e. moiku (xy, x3), 20e

F(Tl) :O, 9 = 0.

JTOKA3ATEJIBLCTRBO.
Bocnonb3yemca Teopemoii 0 HeABHOIN GyHKUHU. UMeeMm

oF _ _ OFE _
(9.’1,‘1 a F(xl), 8.’)?2 a

.

Ecnu onqHa 13 npon3BogHbIX oTaM4YHa oT (), TO B OKPECTHOCTHU paccMaTpuBae-
MO TOYKHM MHOecTBO ypoBHA E aBnserca rpapuxom auddepeHnnpyemoi
¢yHrIUY BUaa 1 = x1(x2) iU x3 = x2(x1). Teopema noxasana.

3aMeTuM, YTO WCKJIIOYEHHbIE€ BbIIE€ TOYKU (%1, T2), Tae F(x;) = 0
U 9 = 0, — 3TO B TOYHOCTH CTallOHAPHbIEe TOUKHK (MOJOEHUA paBHOBE-
cufi) cucteMbl (2) ¥ ocoGble TOYKM BEKTOPHOrO MojiAd (a3oBOii CKOPOCTH.
llanee, 3TU e TOYKU ABIAIOTCH KPUTUYECKMMH TOYKAMM' IIOJHON 3HEp-
run E(x;, x2). Hakonen, Touku x1, rae F(x1) = 0, — 3TO KpUTUUECKUE
TOYKH MOTEeHIKalbHOM sHepruu U.

Y1066 HapKCOBAaTh JMHUU YPOBHA 3HEPIrUH, M0JE3HO NpeAcTaBlIATh ce-
Ge apuK, KaTalUWICA B «OTeHUalbHOl AMe» U (puc. 94).

3aduKkcupyeM 3HauyeHue MOJHOM 3Hepruu F.

L Kpumuueckoil moukoil GyHKIMYN Ha3bIBaeTCA TOYKa, B KOTOPOil MOJHBIH AU depeH-
yual QyHKLMM paBeH Hy/I10. 3HaueHUe QYHKLMM B TaKOil TOYKe Ha3bIBaeTCA Kpumuiec-
KUM 3HAYEHUEeM.
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3aMeTHM, YTO KUHETHYeCKad SHEPruf He-
oTpunatenbHa. [loaToMy noteHnuanbHad 3HeEp-
A He IPEeBOCXOAUT MNONHOH. 3HAYUT, JUHUA
ypoBHA 3Hepruu E npoekTupyerca Ha KOHOUTY-
pallliOHHOE MPOCTPAHCTBO (Ha OCh 1) B MHOMeEC-
TBO He mpeBocxoaAamux F 3HayeHWit MOTEHIU-
anbHoll sHepruu {1 € I: U(x1) < E} (wapur
He MOKeT MOAHATHCA Bhllle YPoBHA E B nmorten-
UATLHOI fiMe).

llanee, ckopocTh Tem Gounbiie (1o abeomoT-
HOIl BelMYHMHE), YeM MeHblle NOoTeHIHalbHafA
Puc. 94. Ilapuk B noren- 2HEPTHA: o3| = +/2(E —U(z1)) (ckarbiBasch
nuanbHOi fAve u dasopan B fAMY, II8DUK HabMpaeT CKOPOCTb, & NOAHH-
KpUBas MafAch, TepAeT ee). B «Toukax moBopoTay. rie

U(x1) = E, ckopocTb paBHa ().

/13 yeTHOCTH SHEPrUU MO OTHOIIEHUIO K T2 CIEyeT, UTO IUHUA YPOBHA
SHEPTMHM CUMMETPHYHA OTHOCUTENBHO OCU 7 (LIapUK NMPOXOAUT KamIyIO
TOYKY TyJia 1 06paTHO C OIUHAKOBOI CKOPOCTHIO).

JTUX NPOCTHIX coobpameHuil NOCTaTOYHO, YTOOBI PUCOBATh JIMHUU
YPOBHA 3HEPruu CHCTeM C pa3HooGpas3HbIMU noreHnuanramu U. Pacemot-
pUM cHavazla mpocTeiimuii ciyyail (6eCKOHEYHO rTyGoKaf NMOTeHIHalbHaA
fiMa ¢ OJIHUM NPUTATUBAIOIUM LeHTpoM §), Koraa F'(x) MOHOTOHHO yObI-
BaeT, F'(¢§) =0, I = R (puc. 94).

Ecnu 3nauyenve nonHoii sHepruu E; MeHbIlle MUHUMYMa MOTEHIINATb-
Hoii Fs, To MHomecTBO ypoBHA F = F; nycto (nBuseHHe miapuka ¢u-
3MYECKU HEBO3MO#HO). MHosecTBo ypoBHA E = F3 COCTOMT M3 OJHOI
ToukH (£, 0) (mapuk nMokouTcA Ha [AHE AMBI).

Ecnu 3Hauenme FE3 monHoit 3Heprum Goiblle KPUTHUYECKOTO 3Haye-
uua Fy = U(&), To MHOMecTBO ypoBHA E = F3 — riaagkaa 3aMKHYTasn
CUMMeTpUYHasA KpuBafd, OKpy:karolias nojioxeHue pasHoBecus (¢, 0) Ha da-
30BOM MIOCKOCTH (IIApHK KaTaeTcA B fiMe B3aJl U BIEPe; OH MOJHUMaeTCH
10 BbicoThbI F3, B 3TOT MOMEHT €ro cKopocTh ob6pamaetcs B 0, U OH CKaThI-
BaeTcA 06paTHO B AMY, IPOXOAUT {. B 3TOT MOMEHT €ro CKOPOCTb MaKCHU-
MalbHa, MOJJHUMAeTCA C APYToil CTOPOHBI U T. I1.).

[Ipu uccrenoBanum Gollee CIOKHBIX CIydYaeB clefyeT NMOCTYNaThb IO-
NOGHBIM e 00pa3oM, MOCIeNOBAaTENbHO yBelWYMBad 3HAYEHUA MOJNHOM
sHepru F u ocTaHaBiIuBasAch Ha 3HaYeHUAX [, paBHBIX KPUTHYECKUM
3HaueHUAM mnoTeHuuanbHoii aHepruu U(&) (rme U'(€) = 0), cnena ram-
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IbIN pa3 3a KpuBbIMH CO 3HA4YCHUAMMU E, HEMHOI'0 MEHbIIIMMHU U HEMHOT'O O0J1b-
UMW KPUTHYECKUX.

IIPEUMEP 2. IlycTh noreHumnanbHasa 3Hep- [,

A
rua U uMeeT TpU KpuUTUYecKue TOUYKM: & (Mu- E| \ /
HUMYM), &2 (TOKanbHBII MaKCUMYM), €3 (TOKanb- E | i\ /E
Hplii MuHUMyM). Ha puc. 95 nmokasaHbl nuHUU E3:E4E:: ! i N
ypoua E; =U(&), U(&) < Ex < U(&), El'Eziiii: SHERE
By =U(&), Uls) <Ea<U(&), Es=U(&), e
Be > U(&). T
3azauA 1. HapucoBaT nuHHM YPOBHA SHep- . i i EHER Y
N . b g
IMU A ypaBHeHUA MafATHHKA & = —sinx M qiA E:l' REEH
ypaBHEHMIT MaATHHUEKa BOIU3U HUAKHEr0 U BEPXHEro m !
N0JIOKEeHUU paBHOBecUA (£ = —z U & = ). ] ’ @ x,
3ATAYA 2. HapucoBaTh TUHUM YyPOBHA 3HEp-

UM A 3adayu H'en.aepal U= _1 + % U JIJA I0-
r g Puc. 95. Jlunuu ypoBHA
TEHI[UaJIOB, MMpeACTaBIeHHBIX Ha puc. 96. SHepruu
Ul U U Ui
| x x 'E'c x

Puc. 96. HapucyiiTe TMHUU ypPOBHA 3HEPruu

4. JIuHNU yPOBHA 3Hepruu B6Ju3u ocoboii Touku. Illpu uccieno-
BaHUU MOBEJeHUA JUHUI YPOBHA BOJM3U KPUTUUYECKOT0 3HAYEHUA SHEPTrUU
M0JIE3HO MIOMHUTB O CJIEYIOMUX 06CTOATENbCTBAX.

3AMEYAHHE 1. Fcau nomenuyuaavHas svepeus — keadpamuyHas gop-
ma U = kxz?/2, mo aunuu yposHa sHepauu — KpUGble 6MOP0O20 TNOPAO-
ka 2F = x3 + ka?.

B cayuae nputasenus k > 0 (T.e. kputuuyeckaa Touka () — MUHU-
MyM noTeHiuainbHoil 3ueprun U (puc. 97)). B 3ToM ciiyyae nuHUU ypOBHA
SHEPTru¥ — TOMOTETHUYHBIE JUIUIICHI ¢ leHTpoM B (.

lypﬂBHeHHeM HeioToHa ¢ TakuMm [IoTeHuHaJioM OIIUCbIBA€TCA HM3MEHEHHE PAacCTOAHHA
[mJjiaHeT U KOMeT OT CDJ’IH].[H.
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\

B cayuyae orrtankuBanua k < 0
(T.e. KpuTHUYeckad Toyka 0 — MakKCHUMyM
noTeHUManbHOU 3Hepruu (puc. 97)). B aTom
clydyae IMHUM yPOBHA YHEPrUU — FOMOTE-
TUYHbIe runep6onsl ¢ neHTpoM B 0 U napa
MX aCUMINTOT: T3 = ++Vkz;. ITH acuMnTo-
ThI HA3bIBAIOTCA TAKMKE CENapampucaml, TaK
KaKk OHHM OTJAENAIOT APYT OT JApyra rumnep6o-
JIbI Pa3HbIX THUIIOB.

7N

Puc. 97. JluHuu ypoBHA 3Hep-

FdU Ui NPUTATUBAIOIEro U 3AMEYAHUE 2. B oxpecmHocmu Heebl-
OTTAJIKUBAIOUIET0 KBaApPaTUY-  pojycdeHHOTl Kpumuieckoll moikKu npupauie-
210 L S 2 U IS Hue Pynryuu Asasemcsa keadpamuyHol gop-

MOUL, ecau moavko Hadaexcaujum o6pasom 6vl-

6pamv koopouHamy.
Toura (0 ABIAeTcA KpUTHYECKON TOUYKOU AuddepeHpyeMoii (YyHK-

uuu f, ecnu f'(0) = 0. Kputuueckas Touka 0 nHeeviposcdena, eciu f"(0) # 0.

[Ipennonoxum, uto f(0) = 0.
Jlemma (Mopcal). B oxpecmuocmu Heevposcdennotl kpumuieckot

mouku ) modxcHo evibpams koopdurnamy y mak, wmo f = Cy?, C = sgn f"(0).

Taroit koopnuHaToil 6yneT, KoOHeYHO, y = sgn x4/ | f(x)|. YTBepxaenue
COCTOUT B TOM, YTO COOTBETCTBHE & —> y B OKpecTHOCTH Touku () nuddeo-
MOp (HO.

JlnA mokaszaTelnbcTBa yAOOHO BOCIOJNb30BaThCA CIEAYIOMUM HpeIoHie-

HUEM:

Jemma (Anamapa). llycmv f — duddepenuyupyeman (kaacca C™)
dynryusa, pasnana 6 mouke x = 0 nyaw. Tozda f(x) = xg(x), 2de g —
dudPepenyupyeman (kaacca C™' 6 oxpecmmocmu mouru x = 0) Pynryusa.

JTOKA3ATEJIBCTBO.

Nmeem 1 1 )
df (tx) / /
f(x) = dt = [ ff(tx)xdt =z [ f'(tx)dt;

0

1

dyuruua g(z) = [ f'(tz) dt knacca C"~', u nemma nokasaua.
0
IIpumenum nemmy Anamapa & dyHsuuu f nemmel Mopca nBasabl. Ha-

xomum f = z2p(x), roe 2¢(0) = f"”(0) # 0. Utak, y = z+/|p(z)|. lemma

106e neMMBbI MO#HO pacnpocTpaHUTh Ha (GYHKIMM MHOTHX Ie€pPeMeHHBIX.
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LA
Mopca pokaszaHa, Tak Kak (QYHKIUA lp(x) )
B OKpecTHoCcTH ToukM x = 0 auddepeHnupyema \ /
(r — 2 pa3a, ecnu f wnacca C"). 2 3
TakuM o00pa3oM, JMHUKM YPOBHA 3SHEPrUU /\
B OKPECTHOCTH HEBBLIPOMIECHHON KPUTHUYECKOI

TOUYKHU IpeBpanjaTcd JUbo B 3JUIUICHL, JU00 B I'u- Puc. 98. KacaTelbHbie K
nepOoabl npu auddpeomMopPHOM U3BMEHEHUU CUCTE- cemapaTpucaM OTTaTKH-

MBI KOOpAHAT (:1:1, T2) Baroneii ocoboii TOUKHU

3a1A4A 1. Haiitu kacaTenbHble K cenapaTpucam
orTankusawomeii ocoboit Touru (U (£) < 0).

OTBET. x2 = ++/|U"(£)|(z1 — &) (puc. 98).

5. IIpononxxeHnue pemneHuii ypaBsHeHrAa HpioToHa. Ilycte mo-
TeHIIUaJlbHafA SHEPrufA omnpejeieHa Ha Bceit ocu x. /I3 3aKoHa coxpaHeHUA

JHEPIrnu HenocpenCcTBeHHO BbITERaeT

Teopema. Ecau nomenyuaavraa snepeus U 6ciody nosoxcumeavHa',

mo kaxcdoe peuleHue YpasHeHUs

. dU
r=—== 1
I (11)
npoao.m:ﬂcaemc& HeoZpaHu1eHHOo.
Opumep 1. Ilyets U = —2*/2. Pemenue 2 = 1/(t — 1) Helb3A MpOXOMAUTE

mot =1.
YcTaHoBUM cHaualla cllefylollee yTBep##iJeHne, Ha3bIBaeMoe anpuopHoll
OueHKoll:

Jlemma. FEcau pewenue cywecmeyem npu |t| < 7, mo oo ydos.e-
meopsem Hepasencmeam |i(t)| < +2Ep, |x(t) — z(0)| < 2Epl|t|, 20e

. (2
z(0
Ey = (2) + U(x(0)) — HavaavHoe 3HaUeHUe SHepeuu.
JIOKA3ATEJILCTBO.
CorjiacHO 3aKOHY COXpaHeHHA SHEpPruu
x(t)?

u nockoiabKy U > (, mepBoe HepaBeHCTBO JIoka3aHO. BTopoe HepaBeHCTBO
t

BbITEKaeT U3 nepsoro, Tak kak x(t) — x(0) = [ &(6)df. Jemma noxasana.
0

lPasymeeTca, u3aMeHeHUe NMOTeHIMaNbHOM sHepruu U Ha KOHCTaHTY He MeHAeT ypaB-
HeHud (1;). CymecTBeHHo aumb, yTo U orpaHuyeHa CHU3Y.
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JOKABATEJIBCTBO TEOPEMBI.
IIycts T' — mpousBoibHOE MOJOMUTENIbHOE YHUCIIO.
Paccmotpum npamoyronbHuk 11 (puc. 99) Ha dasoBoii miaockocTu

.’132| S 2\/ 2E0.

xr1 — 131(0)| S 2 2EOT..

o PaccmoTpuM B pacumimpeHHoM ($a3oBOM Mpo-
2V2E, ctpaHcTBe (%1, T2, t) napamnenenunen [t < T,
2V2E,T (1, x2) € II. Ilo Teopeme O NpPOMONKEHUU pe-

x, IIeHWe MOMSHO NPOLOJAUTDL [0 FPaHUIbl NapaJie-
nenunena. 3 jeMMbl clenyeT, 4TO pelleHre Mo-

AKeT BBIATHU JMIIbL HA Te I'paHU Napaielenunesa,
Puc. 99. Ilpamoyrone- rpe |t| = T'. UTak, peleHre MO#HO NPOJOIAATE [0

HUK, OTKyJa (asoBafd nuGorot = =47, cleoBaTelbHO, — HEOTPaHHYEHHO.

TOUYKa He BBIHIET 3a

Bpema T 3AJAYA 1. [loka3zaTh HeorpaHUYeHHYIO IpPOJ0J-
KaeMOCTb pelleHuM cucTteMbl ypaBHeHHU HbioToHa

m;T; = ou i=1,....,N, m; >0, z € RY, B cnyuae nmonoxutenpHoii mo-

ox;’

TeHIuanbHoii sHepruu (U > 0).

6. HekpuTHueckure JUHUM yPOBHA 3Hepruu. llpennonoxum, 4to
noTeHNuanbHasA s3Heprua U onpeneneHa Ha Bceil ocu x. [lycts £ — Hekpu-
THUYECKoe 3HauyeHHe sHepruu, T.e. F He paBHO 3HaueHuio ¢pyHrnuu U HU
B OJTHOIl U3 €e KPUTUYECKUX TOYEK.

PaccMoTpuM MHO€CTBO ToOYeK, rje 3HaueHue U MeHblie K,
{z:U(z) < E}. 9to MHOoxecTBO (puc. 100) cOCTOUT U3 KOHEYHOTO WU
CUYETHOr0 YKclia HHTEPBAJOB, Tak Kak yHKIUA U HenpepbiBHA (Ba U3 3TUX
MHTErpajioB MOT'YT NMpOCTHpaThbcA B GeckoHeyHocTh). Ha KoHllax uHTepBa-
noB U(x) = F, cnepoBatenbHo, U'(x) # 0 (Tak kak E — HeKpUTHYECKOe
3HaueHue). KRampgaa Touka mHomectBa {z: U(x) < E} ABnserca mo sToii
MpUYUHE KOHIIOM POBHO OJHOTO MHTepBala MeHbIINX 3HauyeHuii. [loatomy
Bce MHO#ecTBO {x: U(x) < E} ecTh o6bequHeHNe He Gollee YyeM CUETHO-
ro yucjia MoNapHO HelepeceKalomUuXcA OTPEe3KOB U, ObITh MOMKET, OJHOTO
WU JIBYX YXOIAIUX B GECKOHEYHOCTH Jyueil, UK ke COBIAJaeT CO Bceil
OChIO .

Pacemotpum (puc. 101) onvH U3 TakuX OTPE3KOB, a < « < b,

U =UW0b)=E, U(x) <E mupua<zx<b.
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Uk
U\
E L
a b x
X
a b = 2 /—\
Puc. 100. MHo#tecTBO TOuek x, Puc. 101. ®azoBaa kpuBasd,
roe U(z) < E nu¢dpeomophHag OKPYHHOCTU
x5 Ul
Teopema. Ypasuenue 5 + U(x1) = E, 21\
a < 1 < b, 3adaem na naockocmu (x1,x2) \—/—\
2aa0dkyio Kpusyio, duddeomopdryio okpyrcHocmu. r "z,
. (% x -,
Jdma kpueas seanaemca Paszoeoll kpueoll cucme- 2 N
mot (2). \/\ 2
AHano2uyHolm o6paszom, ayd a < x < OC

(uau —o00 < = < b), 2de U(x) < FE, asasem-
ca npoekryueitl gdasoeoil kpueoll, dudgdeomopdroil
npamotl aunuu. Ha ocv x1 (puc. 102). Hakoneu,
6 cayae. ecau U(x) < E Ha scell npamoil. mHo-

Puc. 102. ®a3oBasa kKpuBasd,
nuddpeomoppHaa npAMoOMI

scecmeo yposus E cocmoum usz deyx azoewvixr KpuewLr

Xro =— :|:\/2(E - U(’Bl)).

HNTar, MHOMECTBO HEKPUTUYECKOTO0 YPOUBHA 3HEPTHUU COCTOUT U3 KO-
HEYHOI'0 WJIM CUETHOI'0 YHcia riiaJKuX (a3oBbIX KPUBBIX.

7. JokasaTeilbCcTBO TeopeMbl II. 6. 3aKOH cOXpaHEHUA DHEPTrUU
no3BoJiAeT ABHO peliuTh ypaBHeHUe HuroToHa. [leficTBUTeNbHO, IpU (QUK-
CHPOBaHHOM 3HAaY€HUU MOJIHOM 3Heprun F BennurHa (HO He 3HAK) CKOPOCTH

T onpeneildaeTcHd IMoJIoMeHueM x:

z = £4/2(E - U(z)),

(3)
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a 3TO — ypaBHeHUE ¢ 00HOMepHbIM PA30BBIM MIPOCTPAHCTBOM, KOTOPO€E MbI

y#e yMeeM pellaTh.
[lycth (1, £2) — TOYKa Halllero MHO#{eCTBa YPOBHA, MpuueMm xo > 0

(puc. 103). Pemenue ¢ ypaBHeHus (1) ¢ HauanabHbIM ycloBueM ¢(tg) = x1,
H(tg) = x2 vmem u3 cooTHomenus (3):

¢(t)

gy = de
= | v .

Ty

oA t, OIU3KUX K tg.

CXO0OUTCH,

b
3amMeTuM Tenepb, YTO WHTerpai % = / de
| VAE-U©)
tak Kak U'(a) # 0, U'(b) # 0. OTciona cienyet, uto ¢opmyna (4) 3ana-
eT HeMpEephIBHYIO HA HEKOTOPOM oTpeske t; < t < to QYHKIHUIO @, MpUYeM
o(t1) = a, p(tz) = b. JTa PpyHKLUA Be3[e yAOBIeTBOpAeT ypaBHeHu0 Hbio-
ToHa (puc. 104).

Lok XA

t t, ) t, r t
2 2
Puc. 103. IlonoBuny o¢a- Puc. 104. [IpononsxeHue pereHue
30BOi1 KpuBoO#i (0T a 110 b) ypaBHeHUuA HploToHa ¢ momonibio
¢a3oBafg ToOUKa IPOXO- OTparKeHmn it
OUT 3a KOHEUYHOE BpeMsA
T/2=t:—t1

UutepBan (t1,t2) umeer mauny 71'/2. llpogomsuM ¢ Ha clieqyomuii
uHTepBan JnHbI 1'/2 u3 coobpamenuii cummerpuu: ¢(ts + 7) = p(ta — 7),
0 < 7 < T/2, u nanee nepuoguuecku: p(t+71) = p(t). PyHruuda ¢, NocTpo-
eHHafd Telnepb Ha Bceil MpAMOIi, BCIOAY ynoBileTBopseT ypaBHeHuio HbioTo-
Ha. Kpome Toro, ¢(tg) = x1, $(tg) = 2.

WTak, Mbl MOCTPOWJIHU pellieHre CUCTeMbl (2) ¢ HavyalbHBIM YCIOBHU-
eM (21, x2). OHO OKa3anoch nepuoAnYecKuM, ¢ nepuojiom 71'. CooTBETCTBYIO-
mafd 3aMKHyTaf ¢a3oBafd KpUBafd €CTb B TOYHOCTH YAaCTh MHOMKECTBa yPOB-



§12. HKomncepsamuenasa cucmema ¢ 00HOiU cmenenvio c80600vl 161

HA F Hap orpeskoM a < x < b. 9ta kKpuBaa auddeoMoppHa OKPYHHOCTH,
KaKk BcAKaA 3aMKHYyTasA (a3zoBad KpuBas (cM. §9).

Cnyudaii, Korjla UHTepBal NpoOCTUpaeTcAd 10 OeCKOHEeYHOCTH (B OOHY
CTOPOHY UJIHU B 00€), Mpollle pacCCMOTPEHHOT0 U NMPEeNOCTaBIAETCA YN TaTElIO.

8. KpuTuuecKkue JUHUU YPOBHA. KpuTHyeckue JMHUM YPOBHA MO-
ryT ObITb YCTPO€HBI 0oliee CIO#HO. 3aMeTuM, YTO TaKkad JUHUA CcolAep-
UT HENOJBHUHbIE TOUKM (21, x3) (rme U'(x1) = 0, z2 = 0), rampgas
13 KOTOPBIX y#ke fiBjiAeTcA ¢as3oBoii KpuBoii. Eciu Ha otpe3ke a < < b
Bciogy U(x) < E, rpome U(a) =U(b) = E, u oba KOHLIa — KPUTHU-
gyeckue Touku (U'(a) = U’(b) =0), To nBe oTKpbiTbie ayru (puc. 105)
xy = +4/2(E — U(x1)), a < x1 < b, ABnAI0TCA $a30BbIMU KPUBBIMH. Bpe-
MA, 3aTpauuBaeMoe (pa3oBOi TOUYKON Ha MPOXOxOAeHUEe TaKoil Ayru, 6ecko-
HeYHO (Teopema NMPOAONKEHUA U3 N. 5 + eIMHCTBEHHOCTD).

U“ Ulk Uﬂ
E E E \/'\ /
a b a b a_ |b
x, x, Ly
Lo A Lok Ly A
| SN N N
\/_51 \/ x, _/

Puc. 105. Pa3buenue KpuTHuyecKkoii IMHUYM YPOBHA 3HEepPruU Ha (pa3oBble KpPUBbIE

Ecau U'(a) = 0, U'(b) # 0 (puc. 105), To ypaBHeHUE

2
x
72+U(:c1):E. a <z <b.

onpenenfeT He3aMKHYTYIO ¢asoByio kpuyio. Hawxowen, ecnu U’(a) # 0,
U'(b) # 0 (puc. 105), To yacTh MHOMECTBa KPUTUYECKOTO0 YPOBHA Haj OT-
peskoM a < 21 < b— 3amKHyTad (azoBas KpHUBasf, Kak B Clly4yae HEKPUTU-

yeckoro ypoBHsa FE.
9. IIpumep. lIpuMeHMM Bce CKazaHHOE K yPaBHEHUIO MaATHUKA

T = —sinx.

[lotennnanwuana sueprus pasua U(z) = — cosx (puc. 106). Kputnueckue Touku:
x1=km. k=0, £1, ...

11 3axaz NeU17
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3aMKHYyTble (a3oBble KpHBbIE BOIU-

/_\ 0 /\ 3u 1 = 0, 2 = (0 moxoxku Ha >3JIMI-
[l 1 o

= T x cbl. ITUM (pa30BBIM KPUBBIM COOTBETCTBY-
IOT Maljble KayaHUuA MafATHUKa. X nepu-

on T Mano 3aBHCUT OT AMILITUTY IbI, IIOKa
OHa MauJa. HpH 00JBIIMX 3HAYEHUHAX II0-

Ly
\/,—N/ CTOAHHOM 3HEPruM IO0JYdaloTcH OoJbllue
C C
B
i 4
D

A

'\\ 3aMKHYThl€ KPUBbIE, [IOKA 3HEPTUA He JI0-
)\\? //—(_3\ CTUTHET KPUTHYECKOI0 3HAYEHWUH, PAaBHO-
/ \ ;_4_?/ 1 o NOTEeHIMAaJIbHOI 3HepPruu MadTHUKA, Ie-
9‘\ D« = peBepHYyTOro BBepX Horamu. Ilepuon kome-

GaHuii Ipu 3ToM pacTeT (Tak Kak BpeMs
IBUKEHMA [0 cellapaTpucaM, U3 KOTOPbIX
COCTOUT KPUTHUYECKOE MHOMECTBO YPOB-
HH, OECKOHEYHOE).

BoapmuM 3HaYeHMAM 3HEPrUM COOTBETCTBYIOT He3aMKHYTble KpPUBhIe, Ha
KOTOPBIX 2 He MeHAeT 3HaKa, T.e. MAaATHUK He KauaeTcA, a Bpamaetrca. Ero
CKOPOCTh JocTUraeT Hauboipllero 3HaUyeHWA B HUKHEM. a HauMeHbIIero — B
BEPXHEM TOJIOKEHUU.

\

L~

QY

Puc. 106. ®a3oBbie KpuBbIE ypaBHe-
HUA MafATHUKa

3aMeTUM, 4YTO 3HAYEHUH T1, OTAMYAONIMecH Ha 2k7, COOTBETCTBYIOT OIM-
HAKOBBIM IOJIO?KEHUAM MaATHUEA. [l03ToMy (a3oBbIM MPOCTPAHCTBOM MaATHUKA
€CTEeCTBEHHO CYMTATh He IUNIOCKOCTh, a unuueiap {z1 mod 27, x2} (puc. 107).

Xy
T:L'l
T
C /‘ t
A x
D_~1B A PaN
| AV t
Puc. 107. Innuuapu- Puc. 108. Yroa oTrknoHeHusa Ma-
yeckoe (aszoBoe IMpo- ATHUKA UM CKOPOCTh €ro M3MeHe-
CTPaHCTBO MaATHUKA HUA NPU aMILIUTY ie, OJIM3KON K 7

HaBopaumBas Ha IMJIMHIOP HAPMCOBAaHHYIO y#Ke Ha IJIOCKOCTH KapTUHY, IO-
ny4uM (a3oBbie KPpUBbIE MaATHMKA HA MOBEPXHOCTU IMIMHApPa. Bce oHm — 3aMK-
HYTbI€ TIajJIkie KPUBbIE, UCKIIOYad JIBe CcTallMoHapHble ToOuku A, B (HuxHee u
BepXHee MoJ0MeHuA paBHoBecus) u ase cenapatpucel C, D.

3A0AYA 1. HapucoBates rpapuem yueuuu x1(t) u wx2(f) nna pemenus
C 3Heprueun, 6JIM3KON K KPUTUUYECKON 3HEPIUM B BEPXHEM IOJOMEHUM, HO HEMHOI'O
MeHbIIIei.
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OTBET. Cm. puc. 108. @yusumun x1(t), x2(t) BhIpazkaOTCca yepes 3IUIANTH-
YyecKUi CUHYC STl U 3JUIMIITHYecKuil kocuHyc cn. Korga E cTpeMuTca K MeHbIIeMy
KPUTHUYECKOMY 3HAYEHMIO, KoleGaHUA MaATHUKA NMPUOIMAKAIOTCH K TapMOHMYeC-
KHMM, a SNl U ¢N IepeXoAaT B Sin U cos.

3AIAYA 2. C Kakroll CKOPOCTHIO CTPEMUTCHA K 6eckoHeYyHocTHU nepuoj 1’ Ko-
nebaHuii MaATHMKAa, Korja sHeprusa E cTpeMuTCA K BepXHEMY KPUTHUUYECKOMY
3Havyenuro F,?

OTBET. C norapudpmuueckoit (~ C'In(E; — E)) .

Yrazanue. Cm. popmyy (4).

3A7a4A 3. HapucoBaTh ¢a3oBbie KPUBBIE CUCTEM C HOTEHIIMAIBHON SHEPTU-
eit U(x) = *xsinx, :I:%, + sin z?.

3AIAYA 4. HapucoBaTh (a3oBbie KpuBbie ypaBHeHMA HbIOTOHa ¢ cUIOBBIM

sin a
T

noaeM F(x) = *xsinz, + , £ sinz?.

10. MaJablie Bo3MYIlleHHMA KOHcepBaTUBHOI cucTeMbl. Hccieno-
BaB [BUMEHUA KOHCEPBATUBHOIl CHUCTeMBbl, Mbl MOeM u3ydyaThb OIU3KUe
cucTeMbl o0ulero BUuja Inpu MoMoIlu TeopeMbl 0 AU PepeHIpyeMOoCTH 110
napameTpy (cp. § 7. 5). Ilpu 3ToM MBI BCTpEeTHMM KauyecTBEHHO HOBHIE U
BecbMa Ba#Hble B IPUJIOMKEHUAX AIBJIEHUMA — TaK Ha3blBaeMbl€ ae6mokxo.ie-
OaHuA.

3AIAYA 1. HccnenoBaTh ¢a3oBbie KPUBBIE CUCTEMbI, OIM3KONH K cHUCTeMe
YPaBHeHUH MaJjblX KoJiebaHull MaATHUKA:

21 = x2 + ef1(x1, x2), 0 0 0
ekKl, zz1+z3 <R

&y = —x1 + ef2(x1, x2),

PEIIEHHME. Ilpu ¢ = ( nomyyaeM ypaBHEHMA MajbIX KojlleOaHUM MafATHHKA.
[To Teopeme o nuddepeHIUPyEMOCTH 10 TapaMeTpy IpU MaibiX € pelleHue (Ha
KOHEYHOM MHTepBaje BPeMeHM) OTJIMYAeTCH MONPaBKOM MOPANKA € OT FapMOHM-
YyeCKUX KosiebGaHmii:

x1 = Acos(t —to), x2 = —Asin(t—to).

CaenoBaTeinbHO, IPU H0cTaTOYHO ManoM € < £o(7") dhazoBasa Touka ocTaeTca BOIM-
31 OKPY#HOCTU paauyca A B TeuyeHue uHTepBasa BpeMeHu 1.

B orauume oT woHcepBaTuBHOro ciyuyad (¢ = 0), npu € # 0 ¢asosan
KpuBafA He 00A3aTeNbHO 3aMKHYTa: OHa Mo#eT uMeTh BuI cimupanu (puc. 109),
Y KOTOpPO¥ paccTofiHMe Meay COCeJHMMM BUTKaMu Maio (mopsagka €). YTo6wr
y3HaTh, NpubauxaeTca a1 (a3oBad KpUBafA K Hayaly KOOPAMHAT WM YXOIOMUT
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Puc. 109. ®azoBbie kpuBbie ypaBHeHUA Ban-nep-Ilonsa u npupailenue sHeprum 3a
OIVH 060pOT

2 2
R 7
OT Hero, pacCMOTpPUMM IpupalleHue sHepruu F = 5 -+ - 3@ ofuH 060poT BO-

Kpyr Havana KoopauHaT. Hac 6yneT oco6eHHO MHTepecoBaTh 3HAK 3TOr0 Impupa-
I[eHWA: Ha pacKpyuyuBaIOllelcA cOoupailu NpupalieHue IOJOMMTENbHO. Ha CHU-
MarlleiicA — OTpUlIaTelbHO, a Ha Hukie paBHo (. BriBemeM npubiuvseHHYIO
dopmyny (b) pns mpupamenusa 3Hepruu. [Ipou3Bo/IHYIO 3HEpruu Mo Halpasie-
HMIO Halllero BEKTOPHOIO IOJIA JIETKO BRIYMCINTD: OHA NPONOPIMOHAIBHA € M PaB-
Ha E(z1, x2) = e(x1f1 + x2f2).

lnA BeIYMCIEeHUA NpUpalleHuA SHepPruM 3a o060poT cieaoBaio 6bl IPOUHTET-
pupoBaTh 3Ty QYHKIMIO BA0JIb BUTKa (a3oBoil TpaeKkTOpUU, KOTOpad, K coxkale-
HUIO. HaM Heu3BecTHa. Ho MbI y#e BBIACHUIN, UTO 3TOT BUTOK OIM30K K OKPY#K-
HocTU. IloaToMy MHTErpasn Mo#KHO ¢ TOYHOCThIO J10 0(62) OpaThb M0 OKPY#HOCTH S
panuyca A:

27
AFE = E/E(A cost, —Asint) dt + O(e?).
0

HO,[[CTBBIIHH BbBIYHUCIIEHHOE 3HA4YeHHe E, HBXO,[[HMl

AE = eF(A) + O(e?). (5)

rae F(A) = % fidxa — f2dx1 (uHTerpan Gepercd Mo okpy#HocTU paauyca A

(IMPOTUB YACOBOI CTPENKNY).

Beruncaus ¢yuknuio F', Mbl cMoeM ucciedoBaTh MoBejieHre Ga30BbIX KpH-
BeiX. Ecin ¢@yuriua F' nonoxurtenbHa, To Npupanienue sHeprun AFE 3a o6opot
Take MOoNOMKUTENbHO (MIPU MalbiX MOJOKMTENbHBIX €). B aToM ciaydae ¢asoBan
KpMBafg — pacKpy4MBaloOladcHd CMpalb; cucTeMa coBeplllaeT HapacTaloliye Ko-
nebanusa. Ecim F < 0, To AFE < 0 u ¢asoBana cnupanb 3akpyuyuBaeTcd. B sTom
ciydae KolebaHUA 3aTyXaloT.

IMb1 nonb3yemes Tem, uto dz1 = x2 dt u dxes = —z1 dt Booab S.
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MomeTr cnyunthes, yto pyurnusa F' menset 3nak (puc. 109). Illycte A9 —
npocToit kopenb ¢yurinuu F. Torma npu Mmaneix € ypaBuennio AFE(x1, x2) = 0
yIOBJIETBOpPAET 3aMKHYyTafA KpuBafa I’ Ha ¢a3oBoil minockKocTH, 6IU3KaA K OKPY#H-
HOCTU paauyca Ao (3TO cieyeT U3 TeopeMbl O HEABHOU QYyHKIIUM).

OuyeBunno, kpusaf ' ABIAeTCA 3aMKHY TO¥ (a30Boil KpUBOHl — MpeaelbHBIM
[MKJOM Hallleli cucTeMbl.

BynyT nu 6auskue ¢aszoBble KpHUBbIE HaMaThIBaThCA Ha IMKJI HIW CcMa-
dF Ee
A c-

A=Ay
mm eF' > 0, To nuka HeycToiiuue, a eciu eF’' < 0 — ycToituus. JlelicTBUTENLHO,
B I[IEpBOM clly4dae pupalleHue 3Heprum 3a o6opoT OGoiablile HYNIA, ecau (¢a3oBad
KpUBafd HaXOJUTCH BHE L[MKJa, M MeHbllle HYIIH, eClid BHYTPU; N03TOMY ¢a3oBas
KpUBas Bcerja yJailfeTcAa oT LMKia. Bo BTopoM e ciiyyae ¢a3oBbie KpUBbIe IIPU-
O6MMRaIOTCA K IMKIY M U3HYTPH, U CHapPy#M, Kak Ha puc. 109.

. ’
ThIBATHCH C Hero, olpejaejgdeTcHA 3HAaKOM IIPpPOM3BOJHOM F

ITPUMEP 1. Pacecmorpum ypaBrenne & = —x +e2(1 —x?) (nasbiBaeMoe
ypaernenuem Bawu-dep-Iloas). Beiuucnaa unterpan (5) mpu f; = 0, fo =
4
= z2(1 — x?%), nonyuaem F(A) == (A2 — AT)

dTa QyHKIMA UMeeT mnpocToii KopeHb Ag = 2 (puc. 109), npuyeM npu
MEeHbIINX A OHa MOJIoKHUTENbHA, a TPU 6ONLIINX — oTpullaTelbHa. [loaTomy
ypaBHeHue Bau-nep-Ilona uMeeT npu MallbiX € yCTOMUMBBLIN MpenebHbIi
UK. 6IU3KUI K OKpy#HOCTH 22 + @2 = 4 Ha (a30Boil MIOCKOCTH.

CpaBHUM [IBUKE€HUA HCXOAHOIl KOHcepBaTuBHON cucTeMmbl (¢ = 0)
c TeM, UTO mpoucxoauT npu € # (. B KoHcepBaTUBHOI cucTeMe BO3MOH-
Hbl KosneGaHuA ¢ M0060i aMmIuTynoil (Bce ¢a3oBble KpPUBbIE 3aMKHYTHI).
AMnauTyjaa onpejenseTcAa 37ech HayaJlbHBIMU YCJIOBUAMU.

B HekoHcepBaTHBHOII cucTeMe BO3MO#KHbI KaueCTBEHHO UHbIe ABJIEHUA,
HanpuMep YCTOWUYMBHLIN NpeAelbHbIN UKI. B 3ToM ciyuyae npu BecbMa pas-
HbIX HavaJbHBIX YCIOBUAX yCTaHaB/IMBaeTCH epuoguyeckoe KojlebaHue oji-
HOI 1 TOMH ke, BIIOJIHE OINpe[elleHHON aMMIIUTYbl. JTOT yCTaHOBUBIIUICA
pesxUM Ha3blBaeTCH PEMUMOM aBTOKOJIeOaHUIA.

3ATAYA *2. HccnenoBaTh aBTokoNe6aTelbHBIE PEUMBI JBUNSEHUA MadTHU-
Ka ¢ MallbIM TPeHHeM Moj NelicTBUeM MOCTOAHHOIo Bpamawpmero MmoMmenTta M:

x+sinx +ex = M.
YraszaHue. JdTa 3ajauya NoJpoOHO palobpaHa mjdA JO6bIX € 1 M B KHUTe

A. A. Augponosa, A. A. Butta, C. . Xaiikuna «Teopusn konebauuity (M.: ®uzmar-
rus, 1959, ru. 7).
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JIMHeliHbIEe cuCcTeMbI

JluneiiHble ypaBHeHUA — eliBa JIM He €JIWHCTBEHHbIH 6O0JbIIOH Kiacc
au¢dpepeHIMaANIbHBIX yYpaBHEHUM, OJIA KOTOPbIX MMeeTCHA J0CTATOYHO IMOJ-
HaAd TeopuA. JTa TeopufA, ABIAIONIAACA, B CYIIHOCTU, BETBbIO JIMHEHHOMN
anreOpbl, [M03BOJAET MOJHOCTHIO PElIUTh BCe JMHeilHble aBTOHOMHbIE ypaB-
HEHUA.

Teopua NIUHEHHBIX ypaBHEHUI IoJie3HA B KauyecTBe NepBOro mnpubiau-
MEeHUA U MPU UCclieOBaHUM HellMHelHbIX 3anay. Hanpumep, oHa no3Boifer
rccieoBaTh yCTONYMBOCTD NMOJOMEHU paBHOBECUA U TOIMOJOTUUYECKUI TUII
0COOBbIX TOUEK BEKTOPHBIX MOJIel B cillydyaaXx oOuero mnojoMeHu .

§ 13. JIuHeiliHble 3amauu

PaccmoTpumM BHaualle 1Ba npuMepa CUTyalluil. rjle BOSHUKAIOT JIMHEM-
Hble ypaBHEHUA.

1. IIpuMmep: nnHeapusauuda. Paccmorpum aud dpepennpaibHoe ypaB-
HeHUe, 3aJlaHHOe BEKTOPHBIM IoJieM v B ()a30BOM INpocTpaHcTBe. Mbl yuxe
3HaeM, YTO B OKPECTHOCTH Heoco6oit Touku (v # () mosie ycTpoeHo MpocTo:
OHO BhINpAMIAeTcA Iuddeomopdusmom. PaccMoTpuM Tenepb yCTPOHCTBO
N0JIA B OKPECTHOCTU 0c0o00il TOUKHU, T.€. TOUKU, I'le BEKTOpP MNojA obpa-
maetca B (. Takaa Touyka x( ABIAETCA CTAallMOHAPHBIM pelleHWeM Halllero
ypaBHeHUA. Ecin ypaBHeHUe onuchIBaeT Kakoii-1u6o ¢pu3nvecKuii npoiecc,
TO T( — CTAllMOHAPHOE COCTOAHUE IMPOIeCcca, ero «IoJI0}eHue paBHOBECUAY.
[loaTomy ucciienoBaHve OKpecTHOCTU 0CO00M TOYKM — 3TO U3YyUYEHHE TOro,
Kak OyJleT pa3BuBaThCA NPoLECC IPU MaJOM OTKJIOHEHUU HavyallbHbIX YyCJO-
BUU OT PaBHOBECHBIX (IpUMep: BepXHee M HUKHEe MOJN0MEeHNA paBHOBECHUA
MafATHHUKA).

IIpu ucciienoBaHMY BEKTOPHOIO MOJIAl B OKPECTHOCTU TOYKHU X, I'/lE€ BEK-
TOp MoJiA paBeH (), ecTeCTBEHHO Pa3iiOUTh I0JI€e B OKPECTHOCTHU 3TOM TOY-
KU B pAn no ¢popmyde Teiinopa. IlepBriit unen pana Telinopa — AWHEHRHBIN.
OT6pacriBaHMe OcCTalbHBIX WIEHOB Ha3blBaeTcA JAuHeapusayuetll. JInuHeapu-
30BaHHO€ BEKTOPHOE I0Jle MO#HO pacCcMaTpuBaTh KaKk MPUMeEP BEKTOPHOIO
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noJig ¢ ocoboit Toukoii xy. C Apyroii cCTOPOHBI, MO#HO HaAEATHCA, YTO IIO-
BeJleHU€e pelleHNil NCXOMHOro U JMHeapu30BaHHOTO YpaBHeHUil GIU3Ko (Tak
KaK I[IpU JIMHeapu3alluu oTOpachiBalOTCA Majble Boicliero nopanka). Koneu-
HO, BOIPOC O CBA3M pellleHU MCXOQHOI'0 U JIMHeapu30BaHHOIO ypaBHEHUA
TpebyeT crenualbHOro UccieJloBaHuA. ITO HccieoBaHe OCHOBLIBAaeTCA Ha
nogpo6GHOM aHalu3e JUHEHHOro ypaBHEHUA, KOTOPbIM MbI U OyieM BHayJale
3aHUMAaThbCA.

3A0AYA 1. IlokamuTe, 4yTO NMHeapu3alluAd — WHBapUaHTHas, T.e€. HE 3aBU-
CAIIad OT CMCTEeMblI KOOPAMHAT, olepaluA.
Tounee mycth mone v B ob6nactu U 3amaeTcA B cucTeMe KOOPAWHAT &;

sommnonenTtamu v;(xz). IlycTs ocobas Touka uMeer koopauHatel x; — 0 (Tak
yto v;(0) = 0,72 =1, ..., n). Toraa ucxollHoe ypaBHEeHMe 3alMCHIBAETCA B BUJIE
CUCTEMBI

i =wvi(x), 1=1,...,n.

Onpenenenue. Juneapu3o8anHHviM YpasHeHUeM HA3BIBAETCHA ypPaBHEHHE

n
. . Ov;
&=) aij&, i=1....n ai;= 0
i=1

€
I lg=0
PaccmorpuMm kacatenbubiit BekTop € € ToU ¢ komnonentamm &; (i =1, ..., n).
JIluneapu3oBaHHOe ypaBHEHUE MO#KHO 3alllCaTh B BUJE
& = A¢.

rie A — nuneiinoe oto6pamenue A: ToU — ToU, 3ananHoe MaTpulei a;;.
YTBep#aaeTca, uyTo omobpaxenue A He 3asucum om cucmemvl KOOPOU-
Ham x;, yiacmeosasulell 8 e2o onpedeseHUl.

3ATAYA 2. JluHeapu3oBaTh ypaBHEeHMe MaATHHUKAa & = — Sina BOJIM3M IM0J0-
eHuM paBHOBecusA xg = km, x9 = 0.

2. Ilpumep: oqHONMapaMeTpUYecKHe I'PyNIbl JUHEHHbIX ITpeo6-
pasoBanuii R". Jlpyras 3anaua, cpasy cBoaAmanca K JUHEHHbIM nudde-
peHlMalbHbIM ypaBHEHUAM, — 3TO 3ajaya ONUcaHUA OJHONapaMeTpuyec-
KUX TPYIIN JUHEeHHbIX npeobpa3oBanuiil nuHeiiHoro npoctpaicTBa R”.

3aMeTUM, UTO KacameabHoe NPOCMPAHCMB0 K AUHEUHOMY NPOCMpPaH-
cmey R" 6 atb6oil moure ecmecmeenno omoxcdecmessemcs ¢ Camum AuHetl-
HblM NPOCMPAHCME0M. A UMEHHO, MbI OTO#AECTBIAEM 3JIeMEHT (Y KacaTellb-
Horo npoctpanctBa T, R", npeacraBuTeneM KOTOpPOro ABIAETCA KpUBas (:

lHanomHuMM, uTO MBI BKJIIOYaeM B onpejfielleHHe OfIHOMapaMeTpuyecKkoii rpynnel gt
nuddpepennupyemocts gl no  u t.
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I - R", ¢(0) = x, ¢c BeKTOPOM

t_
o — Jigg P8 7

Rn
t—0 t €

camoro npoctpaHncTBa R" (cooTBeTCTBHE ¥ <> () B3AHMHO OJHO3HAYHOE).

JTO OTOMEeCTBIE€HNE 3aBUCUT OT CTPYKTYPHI AUHEIH020 TPOCTPAHCT-
Ba R" u me coxpausercda npu audbdeomoppusmax. OnHaKo B JTMHEHHBIX
3ajjayax, KOTOpPbIMU MBI OyJeM Telepb 3aHUMaTbcA (Hampumep, B 3agade
00 oJHONapaMeTpUYeCKUX I'Pymnnax JUHEHHbIX Npeo6pa3oBaHmii), CTPYKTY-
pa nuHelHoro npoctpancTtBa B R" pas maBcerga ¢ukcuponana. [loatomy
MbL menepsv 6npeds 0o 6036pawjeHUs K HealuHellHbM 3a0aiam omoxciecmens-
enm T,R" = R".

IMycts {g’, t € R} — ogHomapameTpuyeckas rpyinna JUHEHHbIX Npe-
obpasoBanuii. Paccmorpum asusenne ¢: R — R”™ Ttousu xy € R".

3AnAYA 1. [lokamuTe, uTo (t) — pelleHye ypaBHEHUA

= Ax (1)
¢ HavanbHbIM ycioBueM ¢(0) = xo, rne A: R" — R" — nuueiinblil onepatop
(= R sumoMopuam), 3adaHHblii cooTHOmIeHneM Az = % (g'z) Vz € R".

t=0

Yrazanue. Cwm. § 4, n. 4.

YpaBuenue (1) HazviBaeTcA auretinbim. Takum o6pa3om, 1A onucaHuA
BCeX oJiHONapaMeTpUUeCKUX I'PYyII JMHEHHBIX TpeoOpa3oBaHuii JOCTAaTOUYHO
rcclieoBaTh pellleHuA JUHEeHHbIX ypaBHeHuit (1).

Mb1 yBUAUM [aliee, YTO COOTBETCTBHE Me#y OJHONapaMeTpUUYEeCKH-
mu rpynnavu {g’} nuHelHBIX NpeoGpasoBaHVK ¥ JMHEHHBIMU ypPaBHEHWA-
mu (1) B3auMHO 0JJHO3HAYHO: Kaablii onepaTop A: R" — R" 3amaeT omHo-

napameTpuyeckyto rpyniy {g}.

IlpumeP 1. ycth n = 1, A — ymHomenue Ha uncio k. Torga g8 — pacra-

senue B e pas.

3AJAYA 2. HaiiTu mnojie cKopocTell TOUYeK TBepIoro Teja, Bpallarollerocs
BOKPYT OCH, Ipoxojdileil yepe3 Touyky 0, ¢ yrioBoil CKOPOCThIO W.

OTBET. v(x) = [w, z].

3. JIuneiiHoe ypaBHeHue. Ilycts A: R" — R" — nuneiinsplii onepa-
TOp B BelleCTBEHHOM n-MepHOM NpocTpaHcTBe R”.
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Onpenenenue. Jluueilinvim ypasHeHuem Ha3blBaeTCA ypaBHeHUe ¢ da-
30BbIM NpocTpaHcTBoM R"™, 3anaHHOe BeKTOpHBIM moneM v(x) = A(x):

= Ax. (1)

[lonubrit TuTyn ypaBHenusa (1): cucmema n auHelHblx 00HOPOOHBLX O06bLE-
HOBeHHLLT JudeperHyuarbHbBLX YpasHeHUTl Nepeo2o NopadKa ¢ NOCMOAHHbLMU
roagduyuenmanu.

Eciu B R" ¢ukrcupoBana cuctema (JIMHEHHBIX) KOOPAMHAT &;,

i=1,....n. To ypaBHeHue (1) 3anuceIiBaeTcA B BHJe CUCTEMBI 1 ypaB-
n

HeHuit: &; = ), a;;rj, ¢ = 1, ..., n, rge (a;;) — MaTpuna oneparopa A
i=1

B paccMaTpuBaeMoii cucTeMe KoopauHaT. MaTpuna 3Ta Ha3blBaeTCHd Mam-
puuetl cucmembl.

Pemenue ypaBuenusa (1) ¢ HauanbHbiM ycioBueM ¢(0) = @y naetcs
B ciyyae n = 1 skcnoHeHToOl (t) = eflx,.

OrasbiBaeTcA, U B 001IeM cliyuyae pellleHUe JaeTcA Toi e GopMylioii:
HY#HO TOJbKO OOBACHUTb, YTO Ha3bIBAa€TCA IKCIIOHEHTOW JUHENHOro ole-
paTopa. JToii 3agayeil Mbl Telepb U 3aiiMeMCH.

§ 14. IloxkasaTeabHaa GbyHKIUA

dyuruuo e, A € R, MoxHO onpejeluTh MOGHIM U3 ABYX SKBUBa-
JIEHTHBIX CIIOCOOO0B:

A _ Az A3

e —E+A+§+§+..-, (1)
A_ - A\
e _nll»Hc}o (E+n) (2)

(rme E o3HavyaeT eIMHMUILY).

IIycts Tenepy A: R"™ — R"™ — nunelineiit onepatop. YTo6sl onpepe-
TUThb e, mpesie Bcero onpenenuM MOHATHE Mpelelia NoCIeI0BaTelbHOCTH
JMHENHBIX OllepaToOpOB.

1. Hopma onepaTtopa. 3apukcupyeM B R" ckanapHoe npousseneHue
u GyieMm o603HavaTh yepes ||z|| = /(x, ) (x € R") KopeHb u3 cranapHoro
KBajparTa .

IIycte A: R" — R"™ — nuneiiHblii onepaTop.
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Onpenenenue. Hopmoili A Ha3bIBaeTCA YUCIO

Ax
|A|| = sup | ”-
z#0 |||

l'eometpuuecku ||A|| o3nauaeT HamGoabmMii «K03(pOUINEHT pacTANEHUA»
npeobpas3oBaHua A.

3AAYA 1. Jloramure, uto 0 < [|A4]| < oo.

YrazaHnue. ||A|| = sup ||Az||, cbepa komnakTHa, a dyurnus ||Az|| Henpe-
llz|l=1
PhIBHA.
3anaua 2. Jlowkamure. uto ||AA|l = |A|||4]l, [|A+ B <||A|l+||B],

||AB|| < ||Al|[|B]|, rne A u B: R®™ — R™ — nuneiinsie onepatopbl, A € R —
4HCIIO.

3a1a4A 3. Ilyers (@;;) — marpuna onepatopa A B OpTOHOPMHPOBaHUEM
oasuce. [lokasure, yTO

max } aj; < |47 < ) aij.
i 2,7

Yrazanue. Cwm. I'. E. [lInnos. BBegenue B Teopuio JMHENHBIX IPOCTPAHCTB.

M.: TUTTJI, 1956, § 53.
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JTOKA3ATEJIBLCTBO.

IIpoBepuM, 4TO p — MeTpUKA.

ITo onpenenenuto p > 0, ecniu A # B, p(A, A) = 0, p(B, A) = p(A, B).
HepaBeHncTBo Tpeyroavuuka p(A, B)+p(B, C) > p(A. C) BbITeKaeT u3 He-
paBeHcTBa || X +Y|| < || X||+]|Y]| 3anaum 2 n. 1 (X = A - B,Y = B-C).
Nrtak, MmeTpuKka p npeBpamaetr L B MeTpuyeckoe npoctpancTBo. Ero moun-
HOTa TOK€e OYeBHHA.

3. loka3aTeabcTBO NOAHOTHI. Ilycts {A;} — nocnenoBarenbnocts Komm,
T. e. JuiA BeAKoro € > 0 naiiperca N (e) takoe, yto p(Am, Ar) < € mpu m. k > N.
[Iycte & € R". CoctaBuM mnociegoBaTelbHOCTh Touek x; € R", ®; = A;x. [lora-
#eM, yto {@;} — mocaenoBarenbHocTb Komwu B mpocrpancrBe R, cHabxeHHOM

eBRINJO0BOI MeTpuKoii p(x, y) = || — y||. LelicTBuTenbHo, 0 oNpeneneHuo HOP-
MbI onepartopa npu m, k > N

l&m — x|l < p(Am, Ar) [|2]| < ellz]|.

[lockoabRy ||x|| — ¢urcupoBanHoe (He 3aBHcAllee 0T m, k) YHCI0, OTCIO-
na cnepyet, 4yro {x;} — mocanegoBarensHocts KRomw. IIpoctpancrBo R™ moaxo.
MosTomy cymecTByeT mpejen

y = lim @; € R".
T— 00
3amerum, uto ||z — y|| < €l|x|| npu k > N(e), npudem N (€) To 7ke. YTO U BBILIE,
He 3aBHcAlllee 0T T YHCIO.

Touyka y 3aBHUCHUT OT TOYKHM & NUHEHHO (Ipeden CyMMBbI paBeH CyMMe Ipe-
nenoB). Mbl nononydaeM auHeliHblit onepatop A: R" — R", Az = y, A € L. Mnl
BUAMM, 4To npu k > N(¢)

p(Ar. A) = [| A — Al = sup 17— ¥l
=20 |||

3uauut, A = klim Ay v npoctpadcTBo L mosHo.
— 00

3AAYA 1. JlokazkuTe, YTO MOCIEIOBAaTeNbHOCTL onepaTopoB A; cxomurcs
TOrJa U TOJNBKO TOrJa, Korja CXoAUTCH [0oClef0oBaTelbHOCTb MX MaTpull B QUK-
CHpOBaHHOM ba3suce.

BreiBenuTe oTcrona apyroe IoKa3aTelbCTBO IOJHOTHL.

1) p(z, y) 2 0, (p(x, y) =0) & (@ =y);

2) p(z, y) = ply, ) Vz, y € M;

3) p(z, y) < plz, 2) + p(2, y), Va. y. 2 € M.
IocenoBaTeNbHOCThL &; TOYEK METPUUECKOro NMpocTpaHcTBa M HasblBaeTCA nocaedoead-
meavnocmeio Kowu,ecmn Ve > 03N : p(x;, x;) < €, Vi, j > N. IlocnefoBaTenbHOCTh Z;
crodumca k Touke &, ecau Ve > 03N : p(z, z;) < €, Vi > N. IIpocTpaHcTBO Ha3bIBaeTcA
NOAHBIM, €CIH BCAKAaA IoCclefoBaTelbHOCTh Komu cxoauTes.
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4. Papel. [lycTh n1aHo BelllecTBEHHOE JTMHEHOE MpocTpaHcTBO M, npe-
BpallleHHOe B MeTPUYECKOE MOJHOE MPOCTPAHCTBO METPUKON p TaKoil, 4ToO
paccTofAHMe MemJy OByMA TouykaMu M 3aBUCHUT JUIIb OT MX Pa3HOCTH,
npuueM p(Azx, 0) = [A|p(z.0), (x € M, A € R). Tarkoe npocTpaHcTBO Ha-
3bIBaeTCA HOPMUPOBaHHBIM. a GyHKIUUA p(z. () Ha3bIBaeTcA HOPMOH T U
ob6o3HavaeTcA ||x||.

[TpuMEP 1. EBraupoBo npoctpanctBo M = R"™ ¢ meTpukoii

p(z, y) — llz —yll = V(= — y) (= — y).

[TpuMEP 2. IlpocTtpancTtBo L nuHeitHbIX omepatopoB R" — R" ¢ merpu-
roit p(A, B) = ||A — B]|.

Meb1 6ymeM o603HaYaTh paccTOAHUE Mexay sjaemMeHTamu A u B uz M
yepes ||A — B]|.

[lockonbKy 3yneMeHThI M MO#HO CKIagbIBaTh U YMHOKaTh Ha 4ucia
1 nociegoBatenbHocT KRomu B M uMeloT mnpepenbl, TeOpUA PAJOB BHUjA
A1+ Az + ..., A; € M, 6yKBallbHO IOBTOPAET TEOPUIO UKMCIOBBLIX PAJIOB.

Teopusa ¢pyHKIMOHANIbHBIX PANOB TaK#e HENOCpPeICTBEHHO NePeHOCUT-
cA Ha QyHKIUU cO 3HaYeHUAMU B M.

3ATAYA 1. [loramuTe clenyioline JBe TEOPEMbI:

o
[IPU3HAK BENEPIITPACCA. Fcau pad > f; dyuwuud f; : X - M
i=1
MAHCOPUPYEICA CTOOAULUMCSA YUCAOBIM PACOM:

o0
Ifill <as, Y ai<oo, a;€R,

i1=1

mo oM cxodumca ab6coamHo U pasHOMEPHO Ha X .
JITN®OEPEHIINPOBAHME PANA. Ecau pad Y f; dynruuil f;: R - M cxo-

df;

dumcs u psad u3 npou3eooHbvL s cxodumcsa pasHOMEPHO, MO OH CXOOUMmMCs
d oo
K Npou3eooHoll 7 Y fi (t — roopaunaTa Ha npamoit R).
i=1

Yrazanue. [lokazaTenbcTBo A ciayudaad M = R uMeeTcAa B Kypce aHanu3a.
Ha o6muii ciydail oHO IEPEHOCUTCA [I0CJIOBHO.

5. OnpeneneHue sxcrnoHeHThI e, Ilycth A: R™ — R™ — nuHeii-
HBII omepartop.
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OnpepneieHue. JKCIOHEHTOI e onepaTropa A Ha3bIBaeTCH TMHEHHBIN
2 0 4k

onepatop u3 R" B R" ey :E—|—A—|—%+... = > % (rne B — Tom-
- k:o .

IecTBeHHbII1 onepaTop, Fx = x).

Teopema. Pad e? cxodumcsa npu awbom A pasHomepro Ha kaxcdom
muoxmecmee X = {A: ||A]| <u}.a€R.

JTOKA3ATEJIBCTRO.
IMycts ||A|| < a. Torma Ham paAn MamopupyeTcA 4YHCIOBBIM pA-
2
oM 1+a+ ;—, +. ..., cxonamuMed K e®. [To npusnary Beitepmtpacca pan e
paBHOMepHO cxonuTcd npu ||A|| < a.
3ATAYA 1. Beryucauts MaTpuIly et. ecnu MaTpunia A uMeer BUJ
0 1 0
1 0 0 1 0 1
(g 5) 2(0 o) (% o) oo o
0 2 0 0 1 0 0 0 0
OTBET.
: 1 t t°/2
t
e 0 1 ¢ cost sint
1) (0 ezt)’ 2) (U 1)’ 3) (—sint cost)’ 1) g (1) I

6. Hpumep. PBCCMOTpI/IM MHOM#€CTBO MHOI'OYJIEHOB CTe€IlleHU MEHb-
e 7 OT OJHOI'0 nepeMeHHOro @ ¢ BeumeCTBEeHHbIMH ROSQ)(DHHHGHT&MH.

IJTO MHOKECTBO UMEET €CTECTBEHHYIO CTPYRTYPY BeI€CTBEHHOI'O JIN-
HEMHOro [IpocTpaHcTBa: MHOIod/ieHbl MO HO CRJIaAbIBaTb U YMHOMATL HAa
qyucia.

3AAYA 1. HaiiTu padamMepHOCTh NPOCTPAHCTBA MHOTOYIEHOB CTE€NIEHU MEHb-
uie 7.

OTBET. n: 6aszuc. Hanpumep. 1, z, 22, ..., z" "L

By,ueM 0603Haanb [IpOCTpaHCTBO MHOI'OYJIeHOB CTelleHHU MeHBEBIIIe 1 4ye-
pes ]Rn.l HpOI/IBBO,[lHaH MHOI'O4YJIeHa CTelleHU MeHEBIIIe 711 eCTh MHOI'O4YJieH
cTelleHHU MeHElIlle 7. BOBHI/IP{EIET 0T06pa}1{eHue

dp

A: R" - R", Ap= e

1Takum o6pa3omM, MBI OTOMECTBIAEM MPOCTPAHCTBO MHOIOUJIEHOB, B KOTOPOM BhI-
OpaH ykasaHHbI# Bbille 6asuc, ¢ UBOMOPGPHLIM €My KOOpAMHATHBLIM NpocTpaHcTBoM R™.
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3AIAYA 2. JlokasaTb, YTO A — NUHEHHBIH onepaTop; HAaWTH ero AAPO U
ob6pas.

OTBET. Ker A =R', ImA =R" .

C nmpyroii cToponsl, o6o3HauuM udepes H! (¢ € R) onepartop cisura
Ha {, nepeBoaAwuii MHorowieH p(x) B p(x + t).

3A1A4YA 3. Jlokazatk. uto H': R™ — R"™ — nuneitnslii onepatop. Haiitu ero
Anpo u obpas.

OTBET. Ker H' = 0, Im H* = R".

Hakomel, cocTaBuM omnepatop e“?.

Teopema. et = H.

HNOKA3ATEJILCTBO.
B Kypce ananusa 3Ta TeopeMa HasbiBaeTca ¢opmydnoii Teiinopa nis
MHOI'O4YJIEHOB:

t dp | 2 d’p
r+1)=plx =+ =—=4...
ple+t) =p@) + {1t 9igez
7. OKcnoHeHTa AuaroHajJbHoOro omnepartopa. Ilycte maTpuia one-
paTtopa A guaroHalbHa, ¢ JUAroHaJlbHLIMH 3J€EMEHTaMH A1, ... , Ay. JlerKo

BUI€eThb, YTO MaTpHulia oriepartopa BA TaKkMe JuaroHalibHa, ¢ JuaroHaJlIbHbIMH

3NeMeHTaMu e)‘l, e M,

Onpepenenuie. Onepatop A: R — R" naswiBaetrca duazonasbHblm,
ecjii ero MaTpuIla B KakoM-HUOYyab Oa3uce gquaroHailbHa. Takoit 6a3uc Ha-
3bIBAE€TCH COOCIMBEHHDBIM.

3AIAYA 1. IlpuBecTH npuMep HeHaroHalbHOI'O olepaTopa.

3AIAYA 2. JlokamuTe, YTO COGCTBEHHbIE UKcia qUaroHajJbHOI0 onepaTtopa A
BellleCTBEHHBI.

3AIAYA 3. Ecam Bce n co6cTBeHHBIX uncen onepatopa A: R™ — R™ Bemect-
BEHHBI U Pa3iW4Hbl, TO OH JHaroHajieH.

IIyemvs A — Oduazonaavuwili onepamop. Toz0a eviiucaenue e” npowe
6cez2o0 nposodums 6 cobcmeeHHoOM bGasuce.
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1 1
ITpuMeEP 1. IlycTh MaTpunma omepatopa A uMeeT BHJ (1 1) B Oazuce
e1, ez. llockonbKy co6cTBeHHBIEe yMciaa A1 = 2, A2 = ( BelleCTBeHHBI U pas-

nuuHbl, onepatop A nuaronanen. Co6cTBeHHBIN 6a3uc: f1 = e1 + ez, fo = €1 — ea.

0 I[losTomy maTpuna
0 0) y pun

ez 0
0 1

Marpumna onepatopa A B coGCTBEHHOM (Gasuce ecThb (

A

onepaTtopa € B co6CTBEHHOM 0Oasnce uMeeT BU[ ( ) I/ITal-‘i, B HCXOIHOM

6a3uce Marpula oneparopa e? umeer BU]I
1 [(e2+1 e2—-1
2\e?—-1 €e*+1)°
8. 3[{('.IIOHeHTa HHUJIABIIOTEHTHOI'O onepaTopa.

Onpenenenue. Onepatop A: R" — R" uasbiBaeTcA Huabnomewm-

HblM, €CIIM HEKOTOpasa ero creneHb paBHa ().

3A0AYA 1. JlokasuTe, 4TO OomepaTop ¢ MaTpuIei (g (1)) HUJIbIIOTEHTHBIA.

Boo6uie. eciu Bce aneMeHThbl MaTpHUIlbl ollepaTopa Ha JUuaroHalu U HUzke paBHbI (),
TO ONlepaTop HUIbIOTEHTHBIM.

3AIOAYA 2. JlokasuTe, 4yTO onepatop auddepeHIMpoBaHUA di B IIpOoCTpaH-
x

CTBe MHOI'OYJIEHOB CTelleHH MeHblle 1 HUJIbIIOTEeHTHBIN.

A

Fcau onepamop A Huavnomenmuwlii, mo pad odaa e obpvieaemcs,

m. e. c600uUMCA K KOHEYHOll cymme.

3A1AYA 3. Borumennts et (t € R), roe A: R® — R™ — onepaTop ¢ MaTpu-

(01 O\

0 1

e

\ 0/

(1 TonbKO Haj IIABHOM AMArOHAJBIO).

Ykazanue. OguH u3 cnoco6oB pelleHUA 3Toil 3agayu — dopmyaa Teinopa

niafA MHorouiaeHoB. Onepartop audggepeHuMpoBaHUA d “MeeT MaTpUlly yKa3aH-

dx

HOT'0 BHJIa B HEKOTOpoM Gasuce (kakom?). Pemenue cm. B § 25.
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9. KBasumHorouneHsl. [lycte A — BenecTBeHHOe uncio. AeasumHo-
204.0€HOM C TOKa3amesem )\ HasblBaeTCA NpousBeneHue e p(x), roe p —
MHoroujeH. CTeneHb MHOTOUJIeHa p Ha3bIBaeTCA CTENEHbIO KBa3MMHOI04JIe-
Ha. 3apuKcUpyeM 3HauYeHUe MoKa3aTelf A.

3ANAYA 1. [lokamuTe, 4YTO MHOKE€CTBO BCEX KBa3sMMHOTOWIEHOB CTeNeHU’
MeHbIlle 11 — JUHelHoe NpocTpaHcTBo. HaliiuTe ero paamMepHoOCTb.

OTBET. n. Basuc, nanpumep, e*, ze’%, ..., 2" 1e’®.

3AMEYAHHUE 1. B noHATHMM KBa3sMMHOroudleHa, Kak M B IMOHATUH
MHOTOYJIEHa, KPOeTCA HEKOTOpad IBYCMBICIE€HHOCTh. MOHO HOHUMATh
(KBa3u-)MHOTOUJIEH KaK 6blpajceHue, COCTaBIeHHOe U3 3HAKOB U OYKB; B Ta-
KOM cliydae pellleHue npeabliayuieii 3agauu oueBugHO. C Opyroii CTOPOHBI,
MOKHO MOHUMAaTh Moj (KBa3u-)MHOrO4JeHOM ¢yHKYUIO, T.€e. OToOpaseHue
f:R—>R.

B npeiicTBUTENBLHOCTH 006a MOHMMaHUA pPaBHOCHIbHBI (Korjga ko3ddu-
IIEHThl MHOTOUYJIEHOB BellleCTBEeHHbIE WU KOMILIEKCHBIE YKciia; MBI ceifuac
paccMmaTpuBaeM (KBas3u-) MHOT'OUIEH C BellleCTBEHHbIMU K03 GUIUEHTaMH ).

3AIAYA 2. Jloramute, yto Kampngad GyHKUua f: R — R, KoTopylo Mo-
HO 3anucaTh B BHUJle KBa3UMHOI'0OYjieHa, 3alUChIBaeTCA B BHJle KBa3MMHOI'OUlIeHa
e IJUHCTBEHHBIM 06pa3oM.

Yrazanue. JlocTaTo4yHO [0Ka3aTh, YTO coOTHomeHHe e “p(z) = 0 Bieder
PaBeHCTBO HYIIO BceX K03p(PULINEHTOB MHoro4wieHa p(x).

0603HayuM 7n-MepHoe JINHEeHHOe MPOCTPaHCTBO KBA3MMHOIOUJIEHOB CTe-
IIeHy MeHbllle 1 ¢ nokasaTteneM A\ dyepes R".

Teopema. Onepamop dugdepernyuposarusn di — AUHellHbL onepamop
R™ — R", u npu awbom t € R I
2
e'dt = HY, (3)

2de H': R" — R"™ — onepamop cdeuea na t (1.e. (H'f)(z) = f(x +t)).

JTOKA3ATEJIBCTBO.

MuI OOJIKHBI NTOKa3aThb IIpexije BCero, 4To 1npon3BogHafad U CABUI' KBa-
3MMHOI'o4jieHa CTeleHU MeHbIe N ¢ IoKa3aTelleM A\ CYTb CHOBaAa KBa3MMHO-
royjieHbl CTENeHU MeHbIlle N ¢ IoKa3aTelleM .
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HelcTBUTENBHO,

d Az Ax A ! AMx+t AT A

2-(Xp(x)) = A p() + X' (2), @+p(2 + 1) = X (Mp(e + 1))
JIuneitHoCTh nuddepeHPOBaHNUA U CABUra COMHeHHil He BbI3bIBaeT. OcTa-
eTCH BHMQTI/IT]:), qTO pﬂﬂ Teﬁﬂopa JJAd KBa3MHOI'O4YJieHa abCoOJIIOTHO CXO-
IUTCA Ha Bceil mpAMoil (Tak Kak aGcomoTHO cxomaTcA paAnbl Teiinopa

A eM u naa p(x)) — 3To u BeIpamaeT dopMmyna (3).

3AIAYA 3. BerumcauTh MaTpHIy onepaTopa e’ !, ecau MaTpuna A UMeeT BH
Al 0
A
il
0 A

(Ha quaroHanu A, Haj auaroHanbio 1, ocranbHble (). Hanpumep, BBIUUCIUTD

1 1
expP \o 1)-

YraszaHue. lIMeHHO Takoii BUJ HMeeT MaTpulla oneparopa auddepeHIu-
poBaHUA B MPOCTPAHCTBE KBa3UMHOIowieHOB (B KakoM 6Gasuce?). Pemenue cM.
B § 25.

§ 15. CBoiicTBa 3KCIOHEHTHI

YcTaHoBUM Temepb pAn cBoiicTB omepatopa e : R™ — R™: sTu cBOIii-
CTBa MO3BOJAT HaM MCIOJNb30BaTh e 1A pelleHUA JUHEHHbIX nuddepeH-
[IMaJbHBIX ypaBHEHUIA.

1. I'pynnosoe cBoiictBo.Illycte A: R"— R"™ — nuneiinblii onepaTtop.

Teopema. Cemeiicmeo auneiinvix onepamopos et4: R™ — R", t € R,
Aaeasemcs odHonapamempuieckoll epynnotl auHelinvlx npeobpasosaruti R".

I[OEABATEJII)CTBO.
IlockolbKYy MBI y#e 3HaeM, 4TO €
TONbKO NMPOBEPUTh, UTO

tA __ nuHeitHbII orepaTtop, Hy#HO

e(t+s)A i etAesA (1)

12 3axka3z Noe 117
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1 uyTo €4 nuddepenuupyemo 3aBucut ot t. MbI q0KameM, 4TO

d 4 _ Aet4, (2)
dt
KaK U MOJIOMEHO 3KCIIOHEHTE.

YTo6bl [OKa3aTh IpyImnoBoe cBoiicTBo (1), nepeMHoxUM cHadana Gop-
MaJibHble PAABI [0 cTeneHaM A:

2 2
(E+tA+ %A2+'--)(E+SA+ %AZ‘F...):

2 2
—E+(t+s)A+ (%+ts+%) AZ 4.

Kos¢puuuent npu A* B npoussenenuu 6ynet paeen (¢ + s)*/(k!), Tak rak
¢opmyna (1) BepHa B ciayuae uucioBbix panoB (A € R). Ocraerca o6oc-
HOBATb 3aKOHHOCTH MOYJIEHHOT0 YMHOMEHHA. ITO MOMKHO clellaTh TaK e,
KaK JI0Ka3bIBaeTCA 3aKOHHOCTh IOYJIEHHOr0 YMHOMEHUA aOCOMIOTHO CX00M-

IUXCA YUCTOBBIX pANoB (panbl miA ef4 u e*4 cxogaTca abcomoTHo, Tak
rar panel eltl®, el®l*, rpe a = ||A||, cxogaTcs). MomHo U npAMo cBecTH
A0RKRa3aTeJIbCTBO K YHUCIOBOMY Ccliy4alo.

JIemma. Ilycmo p € R[z1, ..., zn] — MHO20w1€H ¢ HEOMPUYAMEALHBIMU KO-
saPuyuenmamu om nepemeHHvlr z1, ..., zZn. Hyecmsv Ai, ..., An: R" - R" —
AuHelinble onepamopst. Tozda

Ip(A1, - s AN < p([| Al - [[ANI]).

ILOKA3ATEJBCTBO.
ITO BBITEKAeT U3 HepaBeHCTB

1A+ Bl < [lAIl+1IBIl, IABII < [[All[IBIl, Il = XAl

JlemMma nokazana.
O6o3Hauum 4depes Sy, (A) dacTHyo cymMy psaaa mis e,

k=0
Sm — MHOTOYNIEH C HEOTPULATEeNbHBIMU K03} punreHTaMu oTHOCUTENbHO A. MbI
J0JIKHBI I0Ka3aTh, YTO PasHOCTh Ay, = Spy (EA) S (sA) —Sm ((t+s) A) ctpemutcea
K 0 npu m — oo.
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3ameTuM, 4T0 A,, — 3TO MHOTOYWIEH C HEOTPHUIAaTeJbHbIMU K03} puIreH-
TaMi OTHOCUTeNbHO SA u tA. JleficTBUTeNbHO, WieHbl CTelleHHU He Bbllie m mno A
B NIPOM3Be/IeHU! PANOB BCe MOIyYaloTCA NepeMHoMeHneM 4jeHOB CTelleHH He BbI-
me m B pAgax-coMHoxutensax. Hanee, Sy, ((s + t)A) — yacTHaa cymma pApa-
npoussenenud. llostomy A,, — 3T0 cyMMa BceX WieHOB CTelleHU Bblille m no A
B npousBeneHuu Sy, (tA)Sy,(sA). Ho Bce K03 dpuLieHTH TPOM3BEIEHUA MHOIO-
YJIeHOB ¢ HeoTpUILlaTelbHbBIMU K03 () GUIMeHTaMi HeoTpHUIlaTelbHbI.

[lo nemme ||A..(tA, sA)|| < An(||t4]], ||sAl]). O603naunm HeoTpunaTens-
Hble urchaa |[tA||, ||sA|| uepes 7, 0. Torna A, (7, 0) = S (7)Sm(0) — Sm (7 + o).

[lockonbky e"e’° = €17, npaBag uyacTh cTpeMurcd & (0 TIpuU m — OO.

Urak, lim A,,(tA,sA) =0 u coornomenue (1) gorazaHo.
m—00

Ilna nokasaTelnbcTBa cOOTHomeHUA (2) mpoaudpdepennupyeM pan et
no ¢ GopMalIbHO; NOJYyUYUM PAL U3 IPOU3BOJHBIX

> k
WYY

JTOT pAn cXoguTcA aGCOMIOTHO U paBHOMeEpHO B n06oii obnactu ||Al| < a
|t| < T, Tak #e Kak n ucxonHbiil pAa. IlloaToMmy npousBogHaA cyMMbI pAaa
CyllecTByeT U paBHa CyMMe pfna U3 NpousBoaHbix. Teopema nokasaHa.

3AIAYA 1. Bepno snu, 4TO e TB = ¢4eB?
OTBET. Her.
3AIAYA 2. Jlokamute, uto det e # 0.

Ykaszauue. e = (e?)”

3A0AYA 3. lokamuTe, 4TO eciu onepatop A B eBKINI0OBOM IPOCTpaHCTBE
KOCOCHMMEeTPUYECKHIA, TO 0IlepaTop e’ — opTOroHaNbHBbIIA.

2. OcHoBHaA TeopeMa TeOpUU JHHEIHbIX ypaBHEeHUI ¢ MOCTO-
AHHBIMU K03} puneHTamu. 3 nokaszaHHoii TeopeMbl HENMOCPEICTBEHHO
BbITeKaeT Gopmyia [Jjid pelleHuA JUHEHOro ypaBHEeHU A

x=Ax, x € R". (3)

Teopema. Pewenue ypasHenus (3) ¢ HavasvHvm ycaosuem p(0) = xg
ecmbo

p(t) = ey, teR. (4)
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HOKA3ATEIIBCTBO.
CoraacHo ¢opmyie nudpepeHupoBanusa (2)

do _ Al xy = Ap(t).
dt
Nrtak, ¢ — pemenue. llockonbry e’ = E, ¢(0) = xy. Teopema noxasana,
TaK KaK M0 TeopeMe eJUHCTBEHHOCTH BCAKOe pellleHhe B CBoeil o0jacTu
onpejelieHlA coBnajgaeT ¢ penieHueM (4).

3. O6muii B1 ogHonmapaMeTpPHUYeCKUX TpyNN JUHENHBIX Npe-
o6pasoBaHuii npocTpadcTBa R”.

Teopema. Ilycms {g': R" — R"™} — odnonapamempuuecras zpyn-
na auMelinvlx npeobpasosanuil. Tozda cywecmeyem aunetinviili onepamop A:
R™ — R"™ maxoii, wmo g* = eAt.
HOKA3ATEJIBCTBO.
dg* . g'—FE
Honoxum A = 28 —lim& —~

dt l4—o t—0 t
Mbl y#e mokasanu, 4To aBueHue ¢(t) = g'@y — 3TO pelieHue ypas-

Henus (3) ¢ HavanbHBIM ycaoBueM ¢(0) = xy. Cornacuo (4) glay = et xy,
4TO U TPeGOBANOCH.
Onepatop A HasbIBalOT npouzeodawum onepamopom rpynnst {g*}.

3AIAYA 1. JlokamuTe, YTO NPOU3BOAANIUI oNlepaToOp ONpe/iesieH I'py o oj-
HO3HAa4YHOo.

3AMEYAHHUE. Tarkum obpa3oMm, uMeeTcA B3aMMHO OQHO3HAa4YHOE COOT-
BETCTBHE Me# 1y TUHEHHBIMU QU PepeHUalbHBIMU YpaBHEHUAMH (3) U UX
¢azoBbIiMu moTokamu {g*}; npu 3TOM (Ha30BbIN MOTOK COCTOUT U3 JTUHEHHBIX
nuppeomMoppru3MoB.

4. BTopoe onpejejieHre 3KCIIOHEHTDI.
Teopema. Ilycmv A: R™ — R" — aunetinwiii onepamop. Tozda

eA = lim (E+A)m. (5)

m— 00 m

JTOKA3ATEJIBCTBO.
PaccMmoTpuM pa3HOCTD

m o0 k
A A _}: 1 Cm k
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A

m
(Pﬂ,u CXOOUTCA, TaK Kak (E — %) — MHOTOYJIEeH, a PAJ e* CXOJUTCH.)

3aMeTHM, 4To K03(p(PUIMEHThl Pa3HOCTH HEOTPULATelbHBbI:
1 S mm—1)...(m—k+1) 1
k!~ MMM k!

[loaTomy, nonaras ||A|| = a, Haxogum

eA—(E+%)mH<§: %—C—% ak:e”—(l—l—%)m.

k=0 m

HOCJ’IBJIHHH BeJIMYKMHa CTPEMHUTCH R 0 npu m — 00O, U TeopeMa OOKa3aHa.

5. IIpumep: ¢popmyna Jitnepa aaa e?. Ilyctr C — kommiekc-
HaA npAmad. Mbl MozseM paccMaTpuBaTh €€ KaKk BelleCTBEHHYIO TMJoC-
KOCTh Rz, a YMHOM€eHe Ha KOMIUIEKCHOE UHCJIO z — KaK JUHENHBIN olnepa-
top A: R? - R%. Onepatop A ecTh NOBOPOT HA yrod arg z ¢ pacTAmeHnuemM
B |z| pas.

3AI0AYA 1. HaiiTu maTpunly yYMHOKeHUA Ha z = u + ¢v B 6a3uce e; = 1,
e = i.

OTBET. (u —v) )
v Uu

Haitnem Teneps e. Ilo ¢opmyne (5) Hajo BHauale COCTABUTh OIle-

patop E + % IJTO0 — YyMHOseHHe Ha uucio 1 + % T.€. MOBOPOT Ha

1+ Z| pa3 (puc. 110).

yroa arg (1 + %) C pacTAMeHUEM B

3ATAYA 2. JlokamuTe, UTO NMPU N —> OO

1+ 2

tn
arg(l-l—%)zlm%—}-o(%), 2|tz
1 ©) ¢ 1) 5[

z| _ Z z

‘1"‘5 —1+Reﬁ+0(ﬁ)' Re,n

'
Onepato (E +- é) €CTh IOBOPOT Ha VIOl
patop n P Y Puc. 110. KomiiekcHoe

n
pa3. U3 uucno 1+ z/n

. z\ .. z
n arg (1 + ﬁ) ¢ pacTAxeHuemMm B |1 + &
dbopmyan (6) HaxXoJuM Ipejelbl yria IoBopoTa U
ko3 puIMeHTa pacTAKEHUA:

n

— eRez.

lim narg (1—|—%) =Imz, lim ‘1+%

n—oo n—oo




182 Trasa 3

Tem caMbIM JoKa3aHa

Teopema. Ilycmov z = u + iv — Komnaekrcroe wucao, A: R* - R? —
onepamop ymuoscenusa na z. Tozda e ecmv onepamop ymuoscenus Ha KOMT-
neKcHoe qucao e¥(cosv + isinv).

Onpepenenuve. KoMmmiiekcHoe 4KCIO

e“(cosv +isinv) = lim (1 + %)

n—oe

Ha3bIBaeTCH 9KCNOHeHmoll KOMIIJIEKCHOI'O YHucia z = u + 2v U o003HavaeTcH

e = e“(cosv + i sinw). (7)

3AMEYAHHUE. Eciu He oTIMYaTh KOMIUIEKCHOE YKCIO OT olepaTopa yM-
HOKE€HUA Ha 3TO YUCJIO, TO ONpefe/ieHre NpeBpallaeTca B TEOPEMY, MOCKOJb-
Ky KCIIOHEHTa olepaTopa y#e onpejelieHa.

1 27

3a71a4A 3. Haiitu €°, €', €', €™, e

3AIAYA 4. JlokamuTe, uTo €1 1%2 = e*1e*2 (2, € C, 22 € C).

3AMEYAHUE. HOCHOJII::I{y IKRCIIOHEeHTa oIlipeaeldeTCd Takme PHAIOOM,
HMeemM
2>

2!

(pAx cxoguTcA abCOMIOTHO U paBHOMEPHO B KamaoM Kpyre |z| < a).

ef=14z+%+..., z€C

3A71A4A 5. CpaBHuBasA 3ToT pAn ¢ dopmydioit Jitnepa (7), BBIBECTH PAABI
Teiinopa nnsa sinwv, cos v.

3AMEYAHUE. O6paTHo, 3HaA pAabl Teiinopa sin v, cos v, €*, MO#HO ObI-
10 Obl oka3aTh ¢opMyay (7), npuHAB hopMydy (8) 3a onpeneneHue e?.

6. Jlomanbie ditnepa. CoeaunHaAaa opmyusl (4) u (5), MbI NoxyyYa-
eM MeTOJ NpuOIUAKEeHHOro pelleHuA auddepeHnranbHOro ypasuenusa (3),
Ha3bIBaeMbIii Mmemodom aomanvlx Jiaepa.

PacemoTpum guddepenunaibHoe ypaBHEHHE ¢ JHUHEHHLIM (ha30BbIM
npoctpadcTBoM R", 3amaHHoe BEKTOPHBIM mojeM v. UToObl HaiiTu pelie-
HUe @ ypaBHeHuA & = v(x), * € R", ¢ HayalbHBIM yCIOBHEM Iy, MOCTY-
nuM clienyiomum o6pasom (puc. 111). CkopocTh B TOUke &y HaM M3BecTHa:
3T0 v(xp). Bymem aBUraThcA ¢ MOCTOAHHON CKOPOCTHIO v(Xy) U3 Xy B Tede-
Hue Bpemenu At = t/N. llonageM B Toury ¢; = xy + v(x)At. B TeueHnue
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cilenylonero orpesxa BpeMenu At GyjaeM JBUraThCA CO CKOPOCThIO v (&),
U T. [I.:
Tp1 = xp +v(x)AL, k=0,1,..., N —1.

O603Hauum yepe3d X () mociefHIOIO TOYKRY, &y. 3aMeTUM, 4TO rpaduk,
n3o0pazkaluil ABU#EeHNe ¢ KYCOYHO-TIOCTOAHHON CKOPOCThIO, — 3TO JIO-
MaHas JuHuA u3 [N 3BeHbeB B paciiipeHHoM (pazoBoM npocTpaHcTBe R xR"™.
JTa JoMaHasA U Ha3blBaeTcA JIoMaHoi Jilnepa. EcTecTBeHHO oxuaaTh, 4TO
npu N — 00 nocjegoBaTelbHOCTD JIOMaHbIX Jiijiepa CXOAUTCA K UHTer pallb-
HOIi KpUBOI, TaKk 4TO nociegHAA Touka Xy Oyaet npu O6onbmux N 61u3Ka
K 3HAUEHUIO pPelIeHUA ¢ ¢ HavyalbHBIM ycioBueM (0) = xy B Touke f.

Teopema. /Jas aunetinozo ypasrenus (3)

lim Xn(t) = ¢(t). (1)
N—oo

JIOKA3ATEJIBCTBO.
Ilo onpepenenuio nomaHoi Jiinepa npu

N
v(z) = Ax uvmeem Xy = (E—i— %) xp.

Ilostomy lim Xy = et4axy (em. (5)). Urak,

N—co .
t 2t 3t t R

lim Xy =¢@(t) (cMm. (4)). nom m

N—o00

Puc. 111. Jlomanasa diinepa
3AIAYA 1. JlokaxuTe, 4YTO HEe TOIbKO KOHeEI]

noMaHoM Jitnepa crpeMuTca K (t), HO U BCA NOCIENOBaTENIbHOCTb KYCOYHO-
TUHEUHBIX QYHKIUI ¢, : [ — R", rpadprkaMu KOTOPBIX CIyKaT JoMaHble Jitiepa.
paBHOMEPHO CXOOUTCA K pelleHuIo ¢ Ha otpeske [0, t].

3AMEYAHHUE. Jlomanasa Jitnepa B o61em ciyuae (Korga BEKTOPHOE IO-
Je v 3aBHCUT OT & HEJUHEMHO) TaK:e MOzieT ObITh 3amucaHa B BH]IE

N
Xy = (E + %) Xy, rie A — HenuHelHbINM omepaTop, MepeBOAANINN TOY-

Ky B Toury v(x). B manbHeiiieM Mbl yBUAMM, 4YTO U B 3TOM CIyuae
nocjeoBaTeIbHOCTE JOMaHbIX Jilepa CXOOAUTCA K pelleHuio, o KpaiiHei
Mepe IpH AocTtaToyHo Manbix [t (§31,9). Takum o6pa3om, BeipaxeHue (4),
B KOTOPOM BKCIIOHEHTa ompejeleHa ¢opmyinoit (5), gact pemeHue BoobIe

Bcex auddepeHnualbHbIX ypaBHeHuii .

IpakTuueckr NpuOGIUzKEeHHO pellaTh ypaBHEHHE ¢ MOMOIIBLIO JOMaHbIX Jilnepa He-
yno6HO, TaKk Kak TNpUXoAuTCA OpaTh odyeHb Madablii mar Af, 4To6bl MONYyYUTH 3ajaH-
HYIO TOYHOCTL. Yale noab3ylOTCA pa3iiMYHbIMHU yCOBEPUIEHCTBOBAaHUAMMU 3TOr0 MeTOoAa,
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JiisiepoBa TeoOpUA SKCIOHEHThI, elJMHOOOpa3HasA Bo BceX CBOMX BapuaH-
Tax OT onpejieJleHud Jucia e, GopMyJibl Jitnepa aiua e?, dopmyusl Teiinopa,
dopmynel (4) oA pelieHUA NTUHEHHBIX YpaBHEHWI U [0 MeTOJa JOMaHbIX
Jiinepa, UMeeT MHOI'0 APYTUX NMPUMEHEHUI, BLIXOAALIUX 38 paMKH Halllero

Kypca.

8 16. OnpenenuTenb 3KCIOHEHTHI

Ecau onepatop A 3amaH cBoeii MaTpulleii, BIYKCIeHUE MaTPUIIb] OIle-
paTopa e MomeT Tpe6oBaTh MIMHHBIX BBIKIANoK. OMHAKO ONMpefequTeNb
MaTpUIbl e MO#HO, Kak MBI ceiiuac yBUIUM, BHIYMCIUThH OYEHb JIETKO.

1. Omnpepenutens onepartopa. llycte A: R® — R"™ — nuneiinslii

ornepaTop.

Onpenenenuvie. Onpedeaumenem onepatopa A HazpIBaeTCA onpenenu-
Tellb MaTpullbl onepaTopa A B KakoM-HMOyAbL Gasuce e, ..., €,; 0003Ha-
yeHue: det A.

Onpepenutenb MaTpuIlbl onepaTopa A He 3aBUCUT OT Oasuca. [leiict-
BUTEeNbHO, eciu (A) — maTpuua onepatopa A B 6a3uce ey, ... . €,, TO MaT-
puleii onepatopa A B apyrom 6asuce 6yner (B)(A)(B~1), u

det(B)(A)(B™1) = det(A).

0npe§e.fmme.ﬂ,b mampuybt — 3mMo opuenmupoeannbta’ o6sem napaanene-
nune@al, peobpa Komopozo 3adaromesa cmoabuamnu MAmMpuybl.
r1 I2

Hanpumep, npu n = 2 (puc. 112) onpeneiauntens oy eCTh IJIO-
1 Y2

ajb napajielorpamMmMma, HaTAHYTOro Ha BeKTOpbl &;, & C KOMIIOHEHTa-
MU (21, Y1) U (T2, y2), B3ATAA CO 3HAKOM IUIIOC, €CIIU YIIOPANOYEHHAA napa
BeKTOpPOB (&, &,) 3alaeT Ty e OpPHEHTAaIUIO R?, yTo U GasucHas napa
BEKTOPOB (€1. €3) U CO 3HAKOM MUHYC B MPOTUBHOM ClIyYae.

B KOTOPbIX MHTerpaljlbHad KpuBaf alllpOKCHUMHUPYETCA He OTPe3KOM IMpPAMOW, a oTpes-
KOM napaboJibl TOi uiu MHON cTeneHu. Haubosee yacTo ucnonb3yroTcAa MeToabl Anamca,
IIITepmepa u PyHre. C HUMH MO#{HO MO3HAKOMUTBLCA 10 yue6HUKaM MpUbIUEeHHBIX BbI-
YUCJIEeHU.

Napannenenunen ¢ pe6pamu £, ..., &, € R™ ecTs nogmHosecTBo R"™, cocToaAmee
13 BceX Touyek Buja 1§, + ...+ €, 0 < z; < 1. llpu n = 2 napannenenunen Ha-
3bIBaeTCA napajieiorpaMmom. Eciin Bbl 3HaKOMBI ¢ KakuM-1u60 onpenesneHueM obbeMma,
TO JIETKO [I0Ka<eTe BblJlelieHOe yTBep:##JeHue. Eciu e HeT, TO MoKeTe NPUHATL €ro 3a
ornpeneneHve ob6beMa napalielnenuresna.
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. ezik
CTonﬁeu C HOMepOM 7T B Manuue o11e-

paTopa A B Gasuce e;, ..., €, COCTaBlleH U3 £
KoopauHaT obpasa GasucHoro BekTopa Ae;. y

[losTomy onpedeaumeav onepamopa A — 3
2Mo opueHmMupoearHviil o6sem o0pasa edu-
HuuHo20 Kyba (napasreaenuneda c pebpa-
MU €1, ..., €,) Npu omobpaxenuu A. T €

3A0AYA 1. Ilyets II — napannenenu- Puc. 112. OnpepenuTens Mat-
neJ C JUHENHO He3aBUCUMBIMU peOpaMU. PpHULBI paBeH OpPHUEHTHPOBaH-
JlokauTe, YTO OTHOIIEHUE (OPUEHTUPOBaH- HOH IUIOMAAM TNapajjienorpam-
Horo) o6bemMa ob6pasa napannenenunega AIl Ma, HATAHYTOro Ha ee CTOJIOLBI
K (opueHTupoBaHHoMy) o6bemMy Il He 3aBu-
cut ot II u paBHo det A.

3AMEYAHHE. Yurtatenb, 3HaKOMBIi ¢ Teopueil maMepeHUA 00HEMOB
B R", moxet 3amenuts II nmo60oit purypoii, umeroleii o6neMm.

HUTtak, onpedeaumenv onepamopa A — amo roadduyuenm usmeHeHus
OpUEHMUPOBAHH020 00%ema: npu npumerHeHuu A opuenmuposearHbvill o6sem
at060tl uzypot mensemes 6 det A pas. ['eomeTpruyeckn BoBce HE OYEBU/I-
HO, YTO pacTAxeHUe oObeMa Al BceX QUTyp OAMHAKOBO (Hake B clydae
IUIOCKOCTH), Belib opMa GUTypbI MpU JUHEHHOM NMpeo6pasoBaHUKM CHUILHO
MeHAETCH.

2. Cinen onepatopa. Caedom mampuuybt A Ha3bIBaeTCA CyMMa ee Iha-
roHanbHbIX 3j7eMeHToB. Ciie oGo3HauyaeTcA tr (0T aHrauiickoro «tracey)
win Spur (0T HEMENKOro «Spury):

n
tr A = Z Qi
=1

Cnen matpuiiel onepatopa A: R" — R"™ He 3aBucHT 0T 6Gasuca, HO JHUIIb
OT caMoro omnepartopa A.

3AJ0AYA 1. [JlokaskuTe, 4TO cjell MaTpUllbl paBeH CyMMe BceX 71 ee COOCTBEH-
HBIX YMCell, a ONpeeIUTeNb — UX MPOU3BENEHUIO.

Yxazanue. lIpumenute ¢popmyny Bueta kK MHorouneny

det|A — AE| = (=A)" + (0" ) aii+...

i=1
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Co6cTBeHHBIE UHclIa y#e He 3aBUCAT oT 0aszuca. JTO MO3BoOJIAET JaTh
cienyloiiee

Onpepnenenue. Caedom onepamopa A HasbIBaeTcsA clie]l €ero MaTPUIIbI
B KaKoM-HUOY[b (M Torjga B n060M) Gasuce.

3. CBa3b onpegeauTes u ciaena. Ilyerts 4 : R"® — R"™ — nunHelinbit
onepartop, € € R. Jlerko noka3bsiBaeTcA

Teopema. Ilpue — 0 det(E +ecA) =1+ etr A + O(e?).

JTOKA3ATEJIBCTRBO.

Onpepenutens onepatopa E + €A paBeH npousBeJeHHIO cOOCTBEHHBIX
qucen. Co6¢cTBeHHbIE Yncaa onepaTtopa E+e€A (c yyeTom KpaTHOCTeil) paB-
Hbl 1 + €);, rie A\; — co6cTBeHHbIe uncia A. IloaTomy

det(E +ed) = [[(1+eX) =1+e)_ X+ O(?),

=1 i=1

yTO U TpGGOBaHOCB JOoRKRa3aTh.

BTOPOE JOKA3ATEJBLCTBO. flcHo, uTO ¢(¢) = det(E+ecA) — MHOrousieH oTHO-
cuTenbHo €, npudeM ¢(0) = 1. HysHo mokazats. uto ¢’ (0) = tr A. Onpenenurens
MaTpuusl ||z;;|| o603nauum uepes A({zi;}). llo npaBuny nuddepeHuupoBanus
CIOMHON PYHKLIUHN

dy ~ 9A | dmi;
?
de | __, 52 Ozij |, de
0A
rae zi;(¢) — snemenTsl MaTpunbl E + ¢A. YacTHaa npousBogHas o paBHa
i | g

10 OIp€e/IelIEHUIO a4 det(E + he;;), roe e;; — MaTpulia, eAMHCTBEHHbIN HEHY-

dh

h=0
JNeBOIi 3lIeMeHT KOTOpoii — 3To 1 B i-if cTpoke, j-M cToabue. Ho det(E + he;j) = 1
npu ¢ # j u 1+ h. ecn ¢ = j. Utak, 94 =0.ecmu ¢ # j, u 1. eciun ¢ = j.
Ozij |,

[loaToMmy

dy — dz; &

de | 4 de Za '

e=0 i=1 i=1

4qTo U TpGﬁOBaJIOCb JAORas3aThb.
Memny IIpOYruM, MbI 3@HOBO JOKa3allu He3aBUCHUMOCTDL CcJjieia OT 0a3uca.
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CnepcTBue. Bausem auulv usmenenue Kaxcdoz20
pebpa 6 e20 co6CMBEHHOM HANPABACHUU; U3MEHEHUe
Jce 6 HanpasaeHuu opyzuxr pebep daem 6 u3MeHeHUe
o6sema AuUlULb 6KAA0 8IMOPO20 NOPAOKA MALOCMU.

AN

Hanpumep, niomank napanienorpaMmma, 6JIM3KO-
ro Kk kBajgpary (puc. 113), ManbiMu BTOpPOro Mmopsj-
Ka MaJIOCTH OTJIWYaeTCA OTIAUYaeTCA OT IuIollaau 3a-
HITPUXOBAHHOI'O IPAMOYTI'OJIbHHURKA. Puc. 113. HpHﬁJ’[H-

MosHo OblIO ObI [IOKa3aThb 3TO CIEIACTBUE jkeHHOE ONpeHeleHUe
N3 JIEMEHTapHO-reOMeTpHuUYeCHRUX cooﬁpameﬂmifi; I9TO miomaagu mnapalieio-
npuBeio Obl K TeOMeTPHUYECKOMY JOKa3aTelbCTBYy TIpaMMa, OIM3KOro K
npeabiayliei TeopeMsl. KBanpary

4. OnpefenuTeab onepaTopa ef.

Teopema. /Jlasa a6oz20 auneiinozo onepamopa A: R" — R"

det e? = et 4,

JOKA3ATEJBCTBO.
CoriacHo BTOPOMY oIlpeaelieHnI0 3KCIIOHEHThI

det e? = det (n’}l_r)nDO (E - ,_,‘;1,&) ) = m!l_f}Iloo (det (E + ;:,11) ) .

160 onpejeluTelb MaTPUIlbl — MHOTrouWwieH (U, clieoBaTelbHO, HENpephIB-
HaA QyHRIUA) OoT 3neMeHTOB. [lanee, no npegpiayeil TeopeMe

det (E—I—%) = (det (E—|- %)) =
:(1-I—ltrA—|—O(L)) . m — 0.
m?

m
Ocraerca 3ameruth, yro lim 1+ = 4 1+ 0 (12)) = e pua nobo-

m—r0o0
ro a € R, B yactHocTH 1adA a = tr A.

CnenctBue 1. Onepamop e? nesviposcden.

CnenctBue 2. Onepamop e? coxpansem opuenmauyuro R"™

(T.e. det A > 0).
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CnenctBue 3 (popmyna JIuysunasa). Pasoeviti nomok {g'} auneti-
H020 YpaeHeHUs

. n
= Az, x=€R", (1)
3a epems t mensem ob6sem a060l Puzypv. 8 €** pas, 20e a = tr A.
IeiicTBuTeNbHO, det gt = det et = et At = ttrd,

B 4aCTHOCTH, OTCIOJa BbITE€RAeT

CnenctBue 4. FEcau caed A pasen 0, mo dasoeviii nomok ypaehe-
nus (1) coxpansem o6semovt (m.e. g* nepesodum aw6oti naparsesenuned
6 napaanesenuned mozo e o6sema).

lleiicTBUTENBHO, ¥ =

ITpuMEP 1. PaccMoTpyuM ypaBHeHHe MagTHUKA ¢ KO3()PUIMEHTOM Tpe-
Hua —k

= —x+ kx,

il = T2,
.;’*}2 r1 + kﬁf}g

IJKBHBaJIEHTHOE CUCTeMe

I

¢ matpuneii (puc. 114)

t k<0

"4\ gtU

\
Y

Puc. 114. IloBeneHue miomnianeii npu npeobpasoBaHUuAX (Ha30BOro NMoToka ypaBHe-
HUA MaATHUKA

Cnen »stoii maTpunbl paBeH k. UTak, npu k < 0 npeobpasoBaHue ¢a-
30Boro noroka gt (t > 0) mepeBoAMT Ka#Aylo 061acTh (HasoBOil MIOCKOC-
TU B o0siacTb MeHbllel miomanau. B cucteme ¢ oTpunaTelbHbBIM TPEeHUEM
(k > 0), nao6opot, miomans obnactu gtU, t > 0, Gonbue miomanu U. Ha-
KoHell, kKorjga Tpenus Her (k = 0), ¢pas3oBelii NOTOK g' coxpaHAeT IUIomagu
(HeyIMBUTENbHO: B 3TOM Clly4yae, KaKk Mbl y#e 3HaeM, g* ecTh MOBOPOT Ha
yroun t).
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3AJAYA 1. [IycTh BelecTBEeHHBIE YAacTH BceX COOCTBEHHBIX uucen A oTpu-
narenbHbl. JlokazuTe, yTo (azoBblil MOTOK g' ypaBHenus (1) ymeHbIaeT 06b-

emsI (t > 0).
A A
3a1A4A 2. JlokamuTe, 4TOo cOGCTBEHHBbIE 4YKC]a OlepaTopa e~ paBHHI €'¢,
rae \; — coOCTBeHHbIe yncia onepaTtopa A, BeiBeanTe 0TCI01a I0Ka3aHHYO BhIIIE

TeopeMy.

§ 17. IIpakTHUuyecKoe BbIYHCJIEHUE MaTpPUIlbI
3KCIIOHEHTbI — cliy4yail BelleCTBEHHbIX
1 pa3iiMyHbIX COOCTBEHHBIX 4YKCell

IIpu npakTuyeckoM pelnieHun AuddepeHINalIbLHBIX ypaBHEHUI onepa-
TOop A 3ajmaH cBoeii MaTpuIleii B HEKOTOpoM 0Oasuce, U TpeOyeTcA ABHO BbI-
4UCIUTh MaTpully oleparopa e B ToM e 6aszuce. Haunem c [IpoCcTenero
clly yad.

1. luaroHaiabHbIil onepaTtop. PaccmoTpum nuHeiliHOe nud depeHIu-
allbHOE ypaBHEHUE

x=Ax, x € R", (1)

rae A: R® — R"™ — nuaronanbubiii onepatop. B Gasuce, B KOTOpoM MaT-
puiia onepatopa A gquaroHanbHa, oHa UMeeT BU/

A1 0
0 AL
rge A\; — coOcTBeHHbIe yucia. MaTpuna onepatopa el ymeer quaroHalb-
HBIN BU
et
HTakr, pelnieHue ¢ ¢ HavYalbHBIM YCIOBUEM (pO(U) = (:1:10, AR xno) UMeeT
At

B 3TOM 0Oa3uce BUI @y = e *'xp,. K aToMy 6a3ucy u Hajgo nepeiTu, eciu
MaTpuIia onepatopa A naHa B apyrom 6Gasuce.

Ecnu Bce n co6CcTBEHHBIX 4Mcel onepaTopa A BellecTBEHHBI U pa3iny-
Hbl, TO OH guaroHaneH (R" pacnagaeTcAa B NpAMYIO CYMMY OJHOMEPHBIX
WHBapUaHTHBIX OTHOCUTENbHO A TMOANPOCTPAHCTB).
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IlosaTomy pemaTth ypaBHeHue (1) B ciiyuyae, Korja co6CTBeHHbIe yucia
ornepaTopa A BellleCTBEHHBLI U pa3iUYHbI, Hy#HO CIeIyIOIKUM 00pa3oM:
1) cocTaBUTh 6€K060€ UIN XAPAKMepuUcmuieckoe ypaBHeHHe

det|A — AE| = 0;

2) HAWTHU €ro KOPHU A1, ..., A\,; MBI MpeJNojJaraeM, YToO OHH BelecT-
BEHHBI U Pa3/IuYHBI;
3) HaiiTu coOCTBeHHble BEKTOPHI &, ..., &, U3 IMHEHHBIX ypaBHe-

Huit A&, = A&y, & # 0;

4) pasioxuThb HAadYalbHOE€ YyCJIOBHE IIO coOCTBEHHbIM BEKRTOpaM

m =Y Ciéys

k=1

5) HanucaTh OTBET

p(t) = Z Cretg,.

k=1
B yactHOCTH, NONYyYaeM

CnepctBue. Ilycmv A — duazonaavhuiii onepamop. Tozda saemernmol
mampuyst eAt(t € R) 6 atofom 6asuce A6AAI0MCA AUHETHBLMU KOMOUHAUUA-
Mmu sxcnonenm e kt, 20e N\, — cobcmeennvie wucaa mampuust A.

2. IIpumep. PaccMoTpuM MasTHUK C TPEHHEM

Iy = T2,

i’z = —T1 — ka’;’z.
ManI/IHa orepaTtopa A numMmeet BUJ

0 1

-1 -k
[losToMy XapakTepucTuyeckoe ypaBHeHUe nMeeT BUJ A2 +kA+1 = (; KopHU
BE€IIE€ECTBCHHLI U pPa3/IndHbI, KOT'Ja JUCKPUMMWHAHT IIOJIOMUTEJ]IEeH, T. €. ROI'-
na |k| > 2. Urak, npu gocTaTo4Ho GOJBLIIOM (MO abCOIIOTHON BelUuYKHe)
K03 duieHTe TpeHus k omepaTtop A AuaroHales.
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Pacemorpum cayuait k£ > 2. B aTtom cay- AY:

yae o6a KOpHA A1, A2 oTpullaTedbHbl. B co6cCT- Y
BEHHOM 0Oa3uce ypaBHeHUe 3alulleTcA B BU/JIE

7 = My, A<0,
gz = )\zyz, A2 <0.

OTciona, Kak B § 2, mojlyyaem pelieHune
Puc. 115. ®da3oBbie KpuBbIe

y1(t) = eMty(0),  ya(t) = e™2tys(0) MaATHUKA C CHIbHBIM Tpe-
HUeM B co6cTBeHHOM Oasuce
M KapTuHRy (y3en, puc. 115). llpu ¢ — +o0

Bce pelleHuA cTpeMATcA K (), OYTH Bce MHTerpajlbHble KPUBBIE KacalTCA
ocH y1, eciu |Ag| Gonbiie |A\;| (Torma ys crpemurca k 0 GeicTpee y; ). Kap-
TUHKA Ha INIOCKOCTH (71, To) NMOIYyYaeTCA JUHEHHBIM MpeoObpa3oBaHUEM.
IlycThb. Hanpumep. k = 3'/;. Tak uro
A= Y5, Ao = 3.
Co6cTBeHHBINT BeKTOp &; HaX0IWM
U3 YCIOBHA 1= — 3T2; MOIyYaeM o1
&, = ey — 3e;. Ananoruuso €, = e; — 3es.
[MockonbKry |A1| < [A2|, dpazoBbie KpuBbIE
UMeIOT BUJ, u3o0paxeHHbIii Ha puc. 116.
PaccmatpuBasa puc. 116, Mbl npuxogum
K cledyioleMy yIuBUTEILHOMY BBIBOLY:
eciu Ko3(pPUIUEeHT TpeHuA k JocTaTOYHO
Beduk (k> 2), To MAaATHUK He CcOBepIla- \
eT 3aTyXalolUX KojlebaHuii, a cpasy uaeT g,
K IMOJIOMEHHUIO PABHOBECHA: €ro CKOPOCTh
Lo MeHAeT 3HaK He Oojiee OJHOro pasa.

\xg

J
I II III

H"

Puc. 116. ®a3oBble KpuBbIE ypaB-
3ATAUYA 1. KakuM JBUMEHUAM MafgTHU- HEHUA MaATHHKA C CWIBHBIM Tpe-

Ka COOTBETCTBYIOT ¢a3oBble Kpubble 1, I, III Huem B 06GbIYHOM Gasuce

Ha puc. 1167 HapucoBaTh npumepHblii rpa-

¢ux xz(t).

3AJAYA 2. HccnepmoBaTh [ABHKEHHE NEpPeBEPHYTOro MaATHHUKA C TpPeHU-
eM, & = x — kx.

3. HucrpeTHbIii ciyuaii. Bce ckazaHHoe 0 nokasaTelbHOU (YHK-

nuu et HenmpeprIBHOrO apryMeHTa ¢ OTHOCHTCA M K IOKa3aTelbHON (YHK-

nuu A™ guckpeTHoro aprymenTta n. B yactHocTH, ecin A — guaroHaibHbIM
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ornepaTop, TO A BbluucieHua A™ ynoOHO mepeiiT K JuaroHajlbHoMy Oa-
3ucy.

I[IpuMEP. IlocnemoBaTenpHocTh ®Pubonauum 0, 1, 1, 2, 3, 5, 8, 13,... ompe-
OelfAeTCA TeM, YTO Ka/Ablil cleqyIOlUil YieH paBeH CyMMe JIBYX IpeablayluX,
Qn = Qp—1 + Qpn—2, U IByMA HaUYaIbHBIMHU wieHaMu ao = 0, a1 = 1.

3A0A4YA 1. Haiitu dopmyny anfa a,. [lokasats, 4TO a, pacreT, Kak reoMeT-
pudecKas NMporpeccuf. U HallTH

Ina, _

lim
n—oo 1

YrazaHue. 3ameTuM, 4To BeKTOp &, = (@n, Gn—1) BBIpaKaeTcA IMHEIHO

yepesz £, _,: €, = A€, _,, A= (i (1)), npuueMm &, = (1, 0). llosTomy a, ecThb

nepBaA KOMIIOHeHTa BekTopa A" ¢, .

vh+1) ATy
2 L] n — ’\/5 bl

OTBET. a« = In — cobeT-

1++5
ez = LEVD)

BeHHbIe yuciaa A.

Takroe ke paccyk/JieHUe CBOJAUT HccleqoBaHMe 000 peKyppeHTHOI mocie-
N0BaTeIbHOCTHU G, MOpANKa k, 3aJJaHHON MpaBUJIOM

anp = C1Qn-1+C20n—2+ ... +Crp_, n=12,...,

U k HavambHBIMHM 4WiIeHaMH' , K U3y4YeHHIO INOKasaTelbHOHl OGyHEnum A", rge
A: R¥ - R¥ — nuneitnpnit onepartop. [losToMy, Koria Mbl Hay4YHMCH BBIYHUCIATH
MaTpHUIy 3KCIOHEHThl. Mbl OJHOBpPEMEHHO MU3y4YHM BCe peKyppeHTHbIE IOCJe/I0-

BaTeJbHOCTHU.

Bo3sBpaijasace K o011eii 3ajaye 0 BbIYUCIEHUU eA‘, 3aMeTUM, UYTO KOPHU
xapakTepucTryeckoro ypaBuenus det(A — AE) = () MoryT GbITh KOMIITIEKC-
HbIMU. YTOOBI U3Y4YUTh 3TOT clydyail, Mbl BHayaje pacCMOTPUM JIMHEHHOe

ypaBHEHNe ¢ KOMILUIEKCHBIM (pa3oBbIM npocTpaHcTBoM C”.

8 18. KommiekcuduKalnuva U oBellecTBIEHUE

IIpexae yem u3yuyaTh KoOMIUIEKCHbIe nuddepeHIMalbHble YypaBHEHUA,
BCIIOMHUM, YTO TaKoe KOMILIEKCHU(UKALUA BelleCTBEHHOIO NMPOCTPaAHCTBA
U OBelleCcTBIIEHHE KOMIIJIEKCHOTO.

IToT ¢arT, uTo A onpeeleHUs pPeKypPPeHTHOI NocienoBaTelbHOCTU k-To Mnopsaaka
Ha/l0 3HaThb k ee MepBBIX YJIEHOB, TECHO CBA3aH C TeM. YTO (pa3oBoe MpPOCTPaHCTBO Nud-
(pepeHLIMaNbHOrO0 ypaBHeHUA nopAjka k uMeeT pa3mMepHocTb k. 9Ta CBA3b CTAaHOBUTCH
TMOHATHOM, eciu 3anucaTbh AuddepeHLInalbHOe ypaBHeHHe B BUJle Npefesa pa3HOCTHBIX.
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1. OBemecTBiaenue. Yepes C" mMbl Gynem 0603HaYaTh n-MepHOE K-
HeiiHoe MPOCTPaHCTBO HaJ mojieM KomiiaeKkcHbIX uucena C.

Oseuecmeaenuem npoctpancTBa C" HasbIBaeTcA BellleCTBEHHOE JIH-
HeiiHoe ImpocTpaHCcTBO, KoTopoe coBnagaeT ¢ C" kak rpymnmna u B KOTOPOM
yMHOEHNe Ha BellleCTBEeHHbIe uucia onpeneneHo kak B C", a yMHo#xe-
HUe Ha KOMIUIEKCHbIe umcia He omnpepeneHo. (MHbIMu ciioBamu, oBemiect-
BUTh C" — 3T0 3HauuT 3a6bITh 0 cTpyKkType C-Moayis, coxpaHff CTPYK-
Typy R-monyns.)

Jlerko Bujethb, yTo oBemjecTBieHue npoctpancTtBa C" 6yner 2n-mep-
HBIM BeIlIeCTBEHHBIM JIMHEHHbIM npocTpaHcTBoM R?™. Mbl GyneM 0603Ha-
yaTh OBelllecTBIeHNe 3HakoM R cBepxy cieBa, Hanpumep: RC = R2.

Eciu (e1, ..., e,) — 6asuc B C", T0 (€1, ..., €y, €1, ..., 0€,) —
6asuc B RC" = R?".

Iycte A: C™ — C"™ — C-nuneitnbiii onepatop. Oseujecmeanenue one-
pamopa A — 310 R-nuneitnslit onepatop *A4: RC™ — RC". coBnaparomuii
¢ A notoueyHo.

3Aa1A49A 1. Ilycts (€1, ..., €,) — 6asuc npoctpanctea C™, (fi, ..., fu) —
6asuc mpoctpanctBa C", (A) — maTpuna omnepatopa A. HaiiTu maTpuiy oBe-
IleCTBIEHHOT0 onepaTopa A.

OTBET. (g _f), rae (A) = (a) + ().

3A1AYA 2. JlokamuTe. uto (A + B) ="A+ "B, *(AB) = *A"B.

2. Komniuexcudpuranusd. Ilycte R — BemecTBenHOoe n1HeiiHOe IPO-
crpadcTBo. Komnaekcudurayus npocmparncmea R" — 3T0 n-MepHoe KOMII-
JleKcHOe JIMHeifHOe poCTPaHCTBo, o6o3Hayaemoe yepe3 CR™, koTopoe cTpo-
UTCA ClefyIOIUM 06pa3oM.

Touru npoctpancTBa “R"™ — 310 mapm (£, i), rme & € R", n € R™.
Takaa napa o6o3HavaeTca € + 7). Onepanuu cloMeHUA U YMHOMEHHUA Ha
KOMIUIEKCHBIE YKciia ONpeeliAloTCA OOLIYHBIM 06pa3oM:

(u + v)(§ +in) = (u€ — vn) + i(v€ + un),
(& +iny) + (& +imy) = (&1 + &) +i(ny + m3).
Jlerko mpoBepuThb. 4TO moidyuyeHHbIii C-Mongynb ABIAETCA N-MEPHBIM
KOMIIJIEKCHBIM JINHENHBIM IIPOCTPAHCTBOM: CR™ = C"™. Eciin (e1yceey €) —

6asuc B R™, To BekTOpHI € + i0 o6pasyior C-6azuc B C" = CR".
BekxTopsr € + 10 o603HaualoTCcA Kopoue yepe3s €.

13 3axka3z Ne U17
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IIycte A: R™ — R" ecte R-nuneiinwiii onepatop. Komnaerxcugurayus
onepamopa A — 3to C-nuneitnslit onepatop “4: “R™ — CR", onpenenen-
HbIil cooTHomeHueM CA(€ +in) = A€ + iAn.

3a144A 1. Ilyers (ei. ..., €,) — 6asuc B R™, (f1, ... . frn) — 6asuc B R".
Mycts (A) — maTpuua onepatopa A. HaiiTu MmaTpuny KoMiiekcupUIMpOBaHHOTO

onepatopa (“A).
OTBET. (CA) = (A).
3A1AYA 2. Jlowamute, uto “(A+ B) =“A+“B. “(AB) = “A°B.

TEPMUHOJIOTHYECKOE 3AMEYAHHUE. Onepanuu KoMILuleKCUPUKALUU U
OBellleCTBJIEHUA Olpefe/ieHbl KaKk JJIA NMPOCTPAHCTB, TaKk U AJA oToOpaHe-
HUi. Anre6pancThl Ha3bIBalOT TaKOTo poja onepanuu @gyHrmopamu.

3. KomniekcHoe conpAz;xeHHe. PaccMoTpuM BelllecTBEHHOE 2n1-Mep-
Hoe 1uHeitHoe mpocTpancTBo R*™ = RCR™, nomyuennoe nz R™ kommiekcu-
¢duranueii, a 3aTeM oBellecTBIeHHEM. B 3ToM npocTpaHCTBE JNEHKUT N-Mep-
HOe MOANMpOCTpaHCTBO BekTopoB Bujga € + i0, £ € R". Ono Ha3sbiBaeTcsA
sewecmeennoll naockocmoio R™ C R?™.

n

iR iR
y I / \o
‘, ™
“‘I‘Rn
Puc. 117. OnepaTtop ywm- Puc. 118. Komnaekc-
HOKEHUA Ha HO€ CONpAMEeHUe

IlognpocTpancTBo BekTOpoB Buaa 0 + i€, & € R", Ha3biBaeTcA MHUMOTL
naockocmouio iR™ C R?™. Bee npoctpancTBo R*” ecTh npAMas cyMma 3THX
IBYX N-MEPHBIX MOANPOCTPAHCTB.

Oneparop iF ymHomxenus Ha i B C" = CR"™ nocie oBelecTBIeHUsA Npe-
Bpamlaetca B R-nuneiinbii onepatop R((E) = I: R*™ — R®", (puc. 117).
OnepaTtop I uzoMmophHO oToOpaxaeT BelleCTBEHHYIO INIOCKOCTh B MHUMYIO.
a MHUMYIO — B BelllecTBeHHYI0. KBagpaT onepatopa I paBeH MUHYC eau-
HUYHOMY.

3a71a4A 1. Ilycers (e1, ..., €,) — 6asuc R", (e1, ..., €, i€1, ..., 0€,) —
6asuc R?" = ®CR"™, Haiitu maTpuny oneparopa I B 3ToM Gazuce.
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OtBET. (I) = (g _OE).

O6o3nauuM uepesd o: R?" — R*" (puc. 118) onmepaTop KOMIUIEKCHOTO
conpsmenun: o(€ + in) = & — in. lelicTBue o 0603HaYaeTCA YAaCTO YEPTOIi
CBEpPXY.

OnepaTop ¢ coBnajaeT ¢ eJMHUYHBIM Ha BelleCTBEHHOH MJIOCKOCTH M
¢ MUHYC eJUHUYHbIM — Ha MHUMoii. OH uHBOMIOTUBEH: 02 = E.

Iyers A: CR™ — CR™ — C-nuneitnblit onepatop. KomnaekrchHo co-
npsscennvim k A onepamopom A uaspiBaerca omepatop A: CR™ — CR",
onpejielIeHHbIIl COOTHOIIEHUEM

Az = AZ nnd Besakoro z € CR™.

3AAYA 2. Jlokamute. uto A aBisgetrca C-TUHEHHBIM onepaToOpOM.

3AIAYA 3. JlokamuTe, uTO MaTpuIla onepatopa A 68 seuecmseenHom basuce
KOMILUJIEKCHO colpA#eHa MaTpule A B ToM #e 6asuce.

3A7A9A 4. Joxramure, uto A+ B =A+ B, AB=AB, AA =\ A.

3AIAYA 5. JlokazkuTe, YTO KOMILIEKCHBIH TMHeHHbIH onepaTop A: CR™ —CR™
AIBNAETCA KOMIUIeKCUdUKalueil BelleCTBEHHOro TOrja W TOJIbKO ToOrja, KOr-

na A = A.

4. OKCNOHEHTAa, oNpeaeJuTel]b U cje]] KOMIIJIEKCHOr0 orneparTo-
pa. JKCIOHEHTa, oNpeAeluTellb U cle]l KOMIJIEKCHOTO olepaTopa ompeje-
JAIOTCA B TOYHOCTHU TaK #e, KaKk B BellleCTBEHHOM ciy4yae. OHU oOnagaoT
TaKMMMU e CBOCTBAMU, YTO U B BelleCTBEHHOM cllyyae, pa3Hulla COCTOUT
JUIIb B TOM, UTO ONpeJeluTellb, Oya1y4yd KOMIUIEKCHBIM UMCIOM, HEe paBeH
o0bemy.

SAIAYA 1. JloramuTe cBOMCTBA 3KCIIOHEHTHI:

R(eA) _ GHEZA, G—A _ GZ, (C(BA) — GV‘A

3ATAUYA 2. JlokamxuTe cBOMCTBa ONpeaeluTeNd:

det®A =|det A|?2. detA=detA. det®A = det A.

3AITAYA 3. [loramuTe cBoiicTBa cleja:

tr®A=trAd+trd, trAd=1trd, tr®4=1trA.
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3AJTAYA 4. JlokamuTe, YTO U B KOMIIJIEKCHOM Clly4dae

det e? = T4,

5. Ilpou3sBogHaA KpUBOIi ¢ KOMILJIEKCHbIMU 3HaUYeHUAMMU. [lycTb
@: I - C" — oTobpamenue untepBajia I BelecTBeHHOI ocu ¢ B KOMIUIEKC-
Hoe nuHeiiHoe npocTpadcTBo C". Ml 6yemM Ha3pIBaTh @ KPUGOL.

IIpouseodnas wpuBoit ¢ B Touke ty € I onpenenseTcA 0ObIYHBIM 0Opa-

30M:
dep _ i Plo +h) — o(to)
R = 11ms .
dt |,_, ~ h—0 h

—Lo
1o BekTOp mpocTpancTBa C".
IIPuUMEP 1. yctb n=1. ¢(t) = e (puc. 119). Torga (fi—cf =
t=0

Paccmotpum ciyyaili n = 1 nogpo6Hee. IlIocKolbRy
dp B C ompepneneHo yMHO€HHEe, KPUBbLIE CO 3HAUEHUAMU
)\ | dt B C MOHO He TOJBLKO CKJIagbIBaTh, HO U YMHOMATh:

\ 1 (1 + ©2)(t) = 01 (t) + pa(t),
(P1p2)(t) = 1 (t)pa(t). teEL

3ATAYA 1. JlokaziuTe cBoiicTBa NPOU3BOJHOIL:

C]

Puc. 119. [Ipous-

BOJIHasA oToOpa#e- d de dep
it i — o < -
Hufa t — e B Tou dt (1 + ) dt i dt ’

ke () paBHa 1

d _ dpy dey
dt(solfpz) LA

B yacTHOCTH, NPOM3BOAHAA MHOTOUWIEHA C KOMIUIEKCHBIMU K03dduiiueHTa-
MU faeTcA TOil e (GOpMYyJIoi, 4TO AJA clydasa BelleCTBEHHBLIX K03 (UIu-
€HTOB.

Eciau n > 1, To nepeMHOMUTH [Be KpuBbie co 3HaueHUAMU B C" Hellb-
3a. Ognako, mockoabky C" ecthb C-mMomyib. MOMHO YMHOMHTH KPHBYIO
@: I — C" na pyurnuo f: I — C:

(fo)(t) = f(t)p(t)-
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3AIAUA 2. JlokamuTe cBOiiCcTBa MPOM3BOJIHOIM:

d®e) Rdp ¢ “dp dp dp

dwc, _ap ap _dp

@ @ @' P aw @ dt'
dlpr + o) _dpy | depy  d(fe) _ df

dt -~ dt + dt ’ dt +f

PasymeeTCH, 3J€Chb npeamnogaraeTca, 4To nMporu3BOJHbIE CYIIECTBYIOT.

Teopema. llycmv A: C" — C" — C-aurneiinviii onepamop. Tozda cy-
wecmeyem npu awbom t € R C-aunetinviii onepamop us C" e C"
d 1A _ AetA

i€

JTOKA3ATEJIHCTBO.
JTO MOHO AJOKa3aThb B TOYHOCTH TaR #e, KaKk B BellleCTBEHHOM cCJlly4ae,
HO MO#HO M cociaThcA Ha Hero. 6o OBelleCTBUB (qu IMNoJIy4YynuM

R d tA) _ dr/tAy _ d t("A) _ (R g\ t("A) _ Ry 4 tA
(dt ) AR () - € ) _ (= ) (Act4).

§ 19. JIuHeliHOe ypaBHEHUE C KOMILJIEKCHbIM (ha30BbIM
IIPOCTPaHCTBOM

RoMmiekcHbIl ciyyail, Kak 3TO 4acTo ObIBaeT, MpoIlile BellecTBEHHO-
ro. OH BameHn caMm 1mo cebe; KpoMe TOro, U3yuyeHHe KOMIUIEKCHOTO cliydas
IIOMO?KeT HaM HcCclieJoBaTh BellleCTBEHHDIIA.

1. Onpenenenud. Ilycte A: C" — C — C-nuneiinbiii oneparop. Ju-
Helinbim ypasrenuem' ¢ pazoBbiM npoctpadcTBom C" Mbl 6ygem HasbIBaTh

ypaBHEHUe
z2=Az, =zeC". (1)

Pewenuem ¢ ypaBuenusa (1) c¢ HavanbHbIM ycioBueM @(tg) = 2o,
to € R, 2y € C", nasniBaetca orobpamenue @: I — C" unreppana I Be-
mectBeHHoi ocu t B C", ecin

1) nna Bearoro 7 € I, fl_gto = Ap(7);
t=

Hlonuerit TUTYN: cucTeMa N TMHEHHBIX OJHOPOAHBLIX AuddepeHualbHBIX ypaBHEHU
MEPBOro MopAAKa ¢ KOMIUJIEKCHBIMU MOCTOAHHBIMU K03¢dULIUEHTaMU.
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2) to € T u p(ty) = 2.

NubiMu ciioBaMu, oToOpamenne @: I — C" HasbiBaeTcA pelleHHEM
ypaBHenus (1), eciu mociie oBemjecTBienus npoctpanctBa C" u omepato-
pa A otobpasmeHue @ OyneT pellleHUeM ypaBHEHUA C 2n-MepHbIM BeIlecT-
BEHHBIM (pa3oBBIM MPOCTPAHCTBOM 2 = RAz, z € R?" = RC™,

2. OcHoBHasa Teopema. Cienyioliye TeOpeMbl JOKa3bIBalOTCA TOYHO
TaK ke, KaKk B BellleCTBEHHOM ciydae (cM. § 15,2, 3):

Teopema. Pewenue ¢ ypasnenus (1) ¢ nararvHvim ycaosuem p(0) = 2y
daemcs gopmyaoti p(t) = eltz.

Teopema. Bcakaa odnonapamempuyeckas zpynna {gt(t € R)} C-au-
Helinblr npeobpasosanutl npocmparcmea C" umeem eud gi = eAt, 20e
A: C" — C" — nerxomopwiii C-aunetinoiii onepamop.

Hama oeJqib Telnepb — HCciienoBaTb U ABHO BbBIYUCIIUTD €At.

3. IuaronanbHsbIii cayydaii. [Iycte A: C" — C" ecty C-nuHeiinHbIit
onepaTtop. PaccMoTpuM xapaKkTepuCTHYECKOe YpaBHEHHE

det|A — AE| = 0. 2)

Teopema. FEcau n kopuell A, ..., A\, Xaparmepucmuieckozo 1paes-
HeHus nonapro paszauydnvl, mo C" paszaazaemcs e npamyio cymmy uHea-
puanmuulx omuocumeavio A u e* odnomepnvir nodnpocmpancme C" =
= (C}—I——I—(Ci, npuiem 6 Ka#0oMm O0OHOMEPHOM UHBAPUAHMHOM NOONPO-
cmpaxcmee, CKaj}cem 6 (C;lg, eAt ceodumesa k yMHONCEHUID HA KOMNAEKCHOE
yucao e t,

IleiicTBUTeNnbHO, onepatop A uMeer! n NMHeilHO He3aBUCHUMBIX COGCT-

BeHHBIX npAMbIX: C" = (C%% e %(C,,ll. Ha npamoii (C}c onepaTtop A geiicTByeT

KaKk YMHOMKEHHe Ha A, I03TOMY onepaTop e4! nelicTByeT Kak YMHOKEHUe
Ha e t,
PaccMmoTpuM Tenepb noapo6Hee ogHOMEpPHLIi ciayyaii, n = 1.
4. Ilpumep: AuHeliHoe ypaBHeHUMe, (ha30Boe NPOCTPAHCTBO KO-
TOPOro — KOMILIeKcHada npAMasa. Takoe ypaBHeHUe UMeeT BHUJ
dz
t

1310 — enuHCTBEeHHOE MecTo, rjle KOMIUIEKCHBIH cilyyaii OTIMYaeTCA OT BelleCTBeH-
Horo. [IpuunHa Goabmieil CI0KHOCTU BeNIECTBEHHOro ciy4dafd — airebpauyeckas He3aM-
KHyTOocTh noasa R.
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Mgl y#e 3HaeM ero pemeHus: @(t) = e*z,. HccienyeM KOMILIEKCHYIO
GyHKLUIO e BelllecTBEHHOro epeMeHHOro ¢:

MR — C.

Ecnu \ BemecTBenHo. To pynknua e BemectsenHa (puc. 120).

e n/ \J\ Mt A M
/ \
t t t
A>0 A<0 A=0

At

Puc. 120. I'padpuru dyHKnuii e’ npu BelleCTBEHHBIX A

€ _t

e | — h ]R'
R
v /
Puc. 121. ®azoBaa wu Puc. 122. ®@azoBaa u uH-
HHTerpajlbHaA KpPUBBIE TerpajlbHafAd KpUBbIe ypaBHe-
YPaBHEHUA z = Az NpHU HUA Z = Az IpU A = a + w,
YHUCTO MHHUMOM A a<0,w>0

B 3ToM ciyuyae ¢a3oBbIii NIOTOK ypaBHeHHA (3) COCTOUT U3 pacTAMEHUH
B e pa3. Eciu \ uucto MHUMO, A = iw, TO Mo dhopMyile diinepa
e = et = coswt + isinwt.
B stom ciyuae ¢asoBblii noTok ypaBHeHus (3) — 310 cemeiicTBo {g*} mo-

BopoToB Ha yroia wt (puc. 121). HakoHnen, B o6iieM ciydae A = «a + iw

¥ yMHO#eHMe Ha e’ ecTh npousBejeHre yMHO#eHUA Ha et U yMHO#eHud
Ha et (em. §15,5):

M — e(a—i—zw)t — @t . piwt (4)
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Takum o6pasom, npeobpasoBanue gt pasoBoro noToka ypasaenud (3) —
3TO pacTAxeHue B e*! pa3 ¢ oHOBpeMeHHbIM NIOBOPOTOM Ha yroa wt.

PaccmoTpum Teneps dazoBbie KpuBsble. IlycTh, Hanpumep, a < 0, w > 0
(puc. 122). B TakoM ciryuyae nipu pocTe t pasoBas Touka e 2y 6y et npubau-
#aThbCA K Hayally KOOpJuHaT, 00X04A BOKPYT HEro B HalpaBJIEHUH «IIPOTUB
yacoBoii cTpeakuy» (T.e. oT 1 K ).

B nonsapHbIX KOOpauMHATaX, IPU COOTBETCTBYIOIIEM BhIOOpe Havala OT-
cyeTa yrioB, (pa3oBad KpuBafd 3ajaeTCA ypaBHEHUEM

— ko _ « _ 1.—1
r=e (k—a), um @ =k Inr.
Takafa KpuBaf Ha3bIBAETCA 102apUPMULECKOL CNUPALLIO.

a<0 , o<V a>0 a>0
>0 <0 >0 w<0

N A

Z2AN\)

Puc. 123. YcroiiuuBbie ¢GoKyChI Puc. 124. HeycToituruBbie ¢GOKYCHI

Y
\

(b

IIpu apyrux koMOMHaLMAX 3HAKOB & U w (pa3oBble KpUBble TaK:ke OY-
ayT JorapudMuyecKUMU cnupanamMu (puc. 123, 124).

Bo Bcex cnyyaax (kpoMe A = () Toura z = () ABIAeTCA eIMHCTBEHHOM
HeIO/IBU#HON TOYKOH (pa30BOro moToka (M eIMHCTBEHHOH 0co00i TOYKOIi
COOTBETCTBYIOLIEro ypaBHeHUIO (3) BEKTOPHOTO MOJA).

re®!

a>( AL L X a<()
M\ /&m
[ 't
27 27
@ 2]
Puc. 125. llenTp Puc. 126. BemectBennas uacth €' kar pyHKUUA

BpeMeHU
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JTa ocobas TouKa Ha3bIBaeTcA gorycom (MblI peanonaraem, 4to « 7 0,
w#0). Eciu @ < 0, To p(t) — 0 npu t — +00 U GOKyc Ha3bIBaeTCHA
ycmotivuesvim, a ecia a > 0, To Heycmolvuswvim.

IIpn a = 0, w # 0 dhaz30BbIle KpUBbIE — OKPYHHOCTH, a 0cobasd TOUKa —
ux neHtp (puc. 125).

Bri6epem B C' koopmumarty: z = x + iy. HcclnenyeM u3MeHeHHe Be-
eCTBEHHOW U MHUMOWM vacteit x(t), y(t) npu aBUmeHUH (Ha30BOM TOUKH.
U3 (4) naxogum

z(t) = re* cos(p + wt), y(t) = re* sin(p + wt),

rje MOCTOAHHbIE 7" U (o ONPEeeNfA0TCA HavyalbHbIM ycioBueM (puc. 126).
Takum oGpasom, npu a > () koopauHatel z(t) u y(t) UCHBITHIBAIOT «rap-
MOHHYECKHe KojllebaHUA ¢ YaCTOTON w M C 3KCIOHEHIIMalbHO HapacTaroleil
aMIuTy o re®y, a npu a < 0 — saryxaomue KonebaHus.

I3aMeHeHHe x WJIM Yy CO BpeMeHeM MOKHO 3amnucaTh TaK#e B BH-
e Ae® coswt + Be®“tsinwt, rue nocrogHHsle A u B onpepensiooTca Ha-
JajlbHbIMU YCJIOBUAMHU.

3AMEYAHUE 1. HccnenoBaB TakuMm o6Gpa3oM ypaBHeHue (3), MbI Of-
HOBpPEMEHHO HCclie/IoBallkd Bce ofiHonapaMeTpuueckue rpynnbl C-ITuHeiHbIX
npeoOpa3oBaHU KOMILJIEKCHOU MPAMOIA.

3AMEYAHHUE 2. B To e BpeMA MbI U3YUYWIN CUCTEMY JIMHEHHBIX ypaB-
HEHUI Ha BelleCTBEHHOU MIOCKOCTH

T = ar — wy,

y = wz + ay,

B KOTOPYIO NepeXonUuT ypaBHeHUe (3) mocie oBellecTBIEHUS.

N3 Teopem mnm. 2, 3 ¥ BbIUMCIEeHUI II. 4 HENOCPEJACTBEHHO BBITEKAET
ABHaA Gopmyia A pemenuii ypaBHenus (1).

5. CnegcrBue. Illycme n kopHell A1, ..., A\, Xaparmepucmuiecrozo
ypasrerus (2) nonapro pazauyunsl. Tozda ecaroe pewenue ¢ ypasuerus (1)
umeem eud

n
_ At
p(t) = E cre™*tE,, (5)
k=1
2de &, — He 3asucaujue OmM HAYAAbHHIX YCAO06ULl NOCMOAHHble 6eKMopa,

Cr — 3aseucAdauwi,ue om HA1AAbHbBLTY ycnoeuz‘i KOMINAEKCHblLE TIOCIMOAHHDbLE. Hpu
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A1060m 6vi6ope dmuxr nocmoauuelx @dopmyaa (5) daem pewenue ypaeHe-
Husa (1).

Ecnu 2, ..., z, — JuHeiiHasa cuctema koopaunat B C", To BemecT-
BeHHad (WM MHUMasf) 4acTh KamIod KOOPOUHATHI 2; = x; + iy; GyneT me-
HATbCA CO BpeMeHeM, Kak JuHeiiHaAa KoMmOuHauua yHKOUil e coswyt.
e+t sin wy t:

Iy =

[M]=

g, 1% cos(@y,; +wit) =

7~
I
ot

(6)

Ak,gea’“t cos wit + B;‘;,ge‘”"it sin wyt,

M-

x~
I

1

rue A\p = Qg +iwg, a r, ¢, A, B — BellleCTBEHHbIE IOCTOAHHbIE, 3aBUCAIILE
OT HavyalbHBIX YCIOBUIA.

Ilnd [oKasaTenbCcTBa JOCTATOYHO PA3NOMUTh HadyalbHOE YCIOBHE IO
co6ecTBeHHOMY Gasucy: ¢(0) = c1&; + ... + ¢p€,,-

8§ 20. Komnnekcuduranua BeljecCTBEHHOI 0 JUHENHOro
ypaBHeHUA

Bocnonb3yemcesa pesylibTaTaMHM HCCleJOBaHUA KOMIUIEKCHOTO ypaBHe-
HUA [JIAd U3YyUYEeHUA BelleCTBEHHOI'o cilyyas.

1. KomniaekcudpuuupoBaHHoe ypaBHenue. Ilycty A: R"” — R"™ —
JIMHENHBIN omepaTop, 3aJaoluil JUHEeHOe YpaBHEHUE

r=Az, x=€R". (1)

Kommuekcuduranua ypaBHeHus (1) — 3To ypaBHeHHE ¢ KOMILUIEKCHBIM
(pa3o0BbBIM NPOCTPAHCTBOM

2 =%4z, zeC"=°R" (2)

Jlemma 1. Pewenus ypasnenus (2) ¢ KOMNAEKCHO CONPAHCEHHbBLMU HA-
YAALHBIMU YCAOBUAMU KOMNACKCHO CONPAHCEHDL.

JTOKA3ATEJIBCTRBO.

IlycTb ¢p — pelneHue ¢ HavYalbHBIM ycloBUeM @ (to) = 2o (puc. 127).
Torpga ©(tg) = Zo. llokamem, uto p — pemenne. Torga Jemma OyaeT J0-
KazaHa (BBUAY €IMHCTBEHHOCTH).
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IIpu mobom 3HayeHUU t UMeeM /
L 2
dp dp “

& ~Tap =Tdp =g,
/ K/

dt ~ dt

4TO U TpeﬁoBaJIOCb AJORas3aThb.

3AMEYAHHUE. BmecTo ypaBHeHus (2) MbI Mor-
1 ObI B3ATHL OoJiee 0011ee ypaBHEHUE

@(t)
3 =F(z,t), z¢cC‘R",

Puc. 127. KommiaekcHo

ITpaBad 4YaCTb KOTOpPOIro npuHHHMaeT KOMIINIEKCHO CONpPSAKEHHbIE PeLIeHU

CoNmpfieHHbIe 3HAYEHUA B KOMILJIEKCHO COIPAHKEH-
HbIX Toukax: F(Z.t) = F(z. t).

Hanpumep, 3ToMy yclioBHIO yIOBIETBOPAET M1060H MHOTOYJIEH OT KOOP-
OUHAT zj, BEKTOpa z B BellleCTBEHHOM 0Oa3uce, K03()(PULNEHTHI KOTOPOIo —
BellleCTBeHHbIe (YHKIUU OT t.

CunenctBue. Pewenue ypasHenusa (2) c¢ eewecmeeHHbLM HAYAALHBLM
ycaosuem sewecmeerHo u ydosaemeopaem ypasueruio (1).

H60 ecniu 661 @ # ¢ (puc. 128), To Hapymanach ObI TeopemMa eIMHCT-
BEHHOCTH.
B cnenyioieii neMMe TUHEHHOCTh YpaBHEHUA CyllleCTBEHHA.

Jemma 2. Pyuryua z = @(t) mozda u moavko mozda asaaemcs pe-
weHuem Komnaercuduyuposanrozo ypasHerus (2), koeda ee seujecmeenHasn
U MHUMAA Yacmu yodos.iemeopaiom ucxroornomy ypasreruwo (1).

IeiicTBuTennHo, “A(x + iy) = Az + iAy, 103ToMy OBellecTBIEHNe
ypaBHeHUA (2) pacnajaeTcA B NpAMOe MPOU3BeIeHUE:

x= Az, xcR",
y=Ay, yeR"

U3 nemMm 1 u 2 BUAHO, KaK, 3Had KOMILIEKCHbIE peIlIeHUA YypaBHe-
HUA (2), MO#HO HAXOIUTh BellleCTBeHHbIe penieHus ypaBuenus (1), u o6pat-
Ho. B wacTtHoCTH, fopmyant (6) . 5 § 19 darom asHwiil 6ud pewenus 6 cayiae
HEeKPAMHbLT KOpHell XapaKmepucmu1eckoz2o YpasHeHUs.

2. IuBapuaHTHbIe MOJANPOCTPaHCTBa BellleCTBEHHOr'o olepa-
Ttopa. Ilyecte A: R™ — R" — BemecTBeHHBIl JMHEHHBIN onepaTop.
IIycTb A — oauH U3 KopHeil xapakTepucTuyeckoro ypaBHenud det |A—AE)|,
BooOIlle TOBOPA, KOMILIEKCHBIH. OueBUIHA
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Jemma 3. Ecau € € C" = CR™ — cob6ecmeennuiti eexmop onepamo-
pa CA ¢ co6cmeennvim snavenuem N, mo & — co6cmeeHHbLll 6eKmop ¢ col-
CMGBeHHbIM 3HaveHuem A\. Apamnocmu co6cmeeHHblx Yucea A u A cosnadaiom.

IleiictBuTensHo, nockonbky €A = CA, ypaBnenue © A€ = \¢, sxBuBa-
nenTHo “ A€ = )\ € u xapaKkTepUcTHYeCKOe ypaBHEHUe MeeT BellleCTBEeHHbIe
KO3 PULIUEHTHI.

T et
/) < w/ ——s

\ ®
_ l——l’
7] H
Puc. 128. Pemnienue c BemecT- Puc. 129. Cob6cTBeHHBIE Yucia
BEHHBIM HayajlbHbIM YCIOBHEM BellleCTBEHHOIo onepaTopa
He MOKeT [OPUHUMATh KOMII-
NEeKCHBIX 3HAYEHUI
IIpednoaosxcum menepv, wmo cobcmeerHvle wucaa \q, ..., A, € C one-

pamopa A: R"™ — R"™ nonapro pasauyunst (puc. 129). Cpeau HuUX MMeeTcH
HEKOTOpOe YHUCJO V BelleCTBEHHBIX COOCTBEHHBIX UMCell U HEKOTOpOe YHC-
J10 p1 KOMILJIEKCHO COTPAMKEHHBIX nap (nmpuyeM v+ 24 = 1, TAK YTO YETHOCTD
yuclia BellleCTBEHHbIX COOCTBEHHBIX UMCell paBHa YeTHOCTU 7). Jlerko 1o-
Ka3bIBaeTCA

Teopema. Ilpocmpancmeo R" pacnadaemcs e npamyio cymmy v uHea-
PUGHITHBLT OMHOCUMEAbHO A 00HOMEPHBLT U |1 UHEAPUAHMHBLY OMHOCUIMENb-
Ho A deymepHblx nodnpocmparcme.

lleificTBUTENbHO, BENIECTBEHHOMY COOCTBEHHOMY UMCIY OTBedaeT Be-
IleCTBEHHBIN COOCTBEHHBIN BEKTOpP U, 3HAYUT. OJJHOMEpPHOe MHBapUaHTHOE
noanpocTpancTBo B R"™.

Ilyctb A\, A — ogHa U3 Nap KOMIUIEKCHO CONpPAMEHHBIX CcOOCT-
BeHHbIX uuced. CoOCTBEHHOMY 4YHCIYy A OTBedaeT COOCTBEHHbIN BeK-
top € € C" = C*R"™ roMmmuekcudbunupopanHoro onepatopa CA.

ConpsseHHbIl BeKTOp & 1O JeMMe 3 TaKke ABIAETCA cOOCTBEHHBIM,
¢ cOGCTBEHHBIM 3HAYeHHeM .

KommuekcHas miockocets C?, HaTAHYTasA Ha cOGCTBEHHbIE BEKTOPHI &,
£ UHBapHaHTHa OTHOCHTeIbHO onepaTopa C A. BelllecTBeHHOE MOANPOCTPAH-
ctBo R™ C “R" Takme unBapuanTHo. Il03TOMy UX IepeceueHUe TaKke HH-
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BapuaHTHO oTHocuTelbHO CA. IlokaseM, YTO 3TO NepecedyeHHe ABIAETCH
IBYMEpPHOI BeleCTBEHHON IIOCKOCTHIO R> (puc. 130).

leficTBUTENIbHO, pPacCMOTPUM BellleCTBEH- £
HYIO U MHUMY1IO 4aCTH COOCTBEHHOI'O BEKTOpPa g: ’,rr”(g;
1
1 = 1 " . <€
w=5(E+E ER", y=5:(6-EER" A ] 1/
By,uqu C-nuHeiiHpIMH KOMOMHAIUAMHU BeK- 3

TopoB € U &, BEKTOpPbl & U Y NpUHAIJIEMHKAT Ie-
poB £ 1 £, 2 np yup . Puc. 130. BemecTBenHasa
peceuennio C°NR"™. Bekropsl & u y C-nuHeitHo
- YyacTh KOMILIEKCHOro co06-
He3aBHCHMbI, TAK Kak yepe3 HUX JUHEHHO BhIpa-

— CTBEHHOI'0O BEKTOpa IIpu-
#arwTcA C-He3aBucuMbIe BEKTOPHI &, &: HAUIEKUT HHBAPUAHTHOM

BellleCTBEHHOH IIJIOCKOCTHU

E=z+iy, &==x—iy.

HNTak, ka#abiii BEKTOP MJIOCKOCTH C? oHO3HAYHO 3aNUCHIBAETCH B BYI-
e KOMIIJIEKCHOU JIMHEMHON KOMOMHAaIUU BellleCTBEHHbIX BEKTOPOB & U Y:

n=ax+by, acC, beC.

Taxoii BeKTOp BelllecTBeHHeH (1) = 7]), €cld U TOIbKO eclu G + by =
— ax + by, T.e. a u b BemecTBenHbl. NTak, nepecevenue C* N R™ — amo
dsymepHas eewecmeennan naockocms R2, namanymas na eexmopsl T u 7
seujecmeeHHol u MHumoll Yacmell cobcmeeHHo20 sexmopa &.

CoGCcTBEeHHBIE YNcia cyeHNa onepatopa A Ha miockoctb R? — 310 A
u A

lleiicTBUTENBbHO, KOMILIEKCU(UKaALMA HE MEHAET COOCTBEHHBIX 4YHUCE.
Mocre kommiaekcuburanun cysmenua A #a R? nomyunrtes cymenne CA
Ha CA. Ho nnockocrs C? HaTAHyTa Ha cOGCTBEHHbIE BEKTOPBI ONEpaTo-
pa ©A ¢ cobcTBeHHBIME uMcaaMu A, A. MTak, co6cTBeHHbIe yncia A | R?
CyTb A U .

OcTaeTcA nokasaTh, YTO MOCTPOEHHbIE OJJTHOMEPHbIE U JBYMEPHbIE UH-
BapMaHTHbIe NoJNpocTpadcTBa npocTpancTBa R" R-nuHeiiHo He3aBUCHUMBI.
JTo cpasy ciegyeT U3 TOTo, YTO 7 COOCTBEHHBIX BEKTOpPOB omepaTopa - A
C-nuHeiiHO He3aBUCHUMBI U JMHEHHO BbIpaMalTcAd Yyepe3 Hallll BEKTOPbl &,
(k=1,...,v)ux, y, (k=1.....p).

Teopema poka3sana.

Takum o6pa3oM, 6 cayiae, kKozda 6ce cob6CmBeHHble HucCAd Onepa-
mopa A: R" — R" npocmole, auneiinoe ouddepenyuarvroe ypasHeHue
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= Az, x € R", pacnadaemca e npamoe npouszeedenue ypaeHeHuil ¢ 00-
HOMEPHBIMU U 08YMEPHBIMU PA308bLMU NPOCMPAHCMEAMU.

3daMeTHM, YTO MHOro4YJeH o6liero Buja KpaTHBIX KOpHell He HMMeeT.
NTak, nna vcciaeqoBanud JUHEHHBIX OUddepeHIualbHbIX YpaBHEHUI Heo6-
XOJMMO TIpe# /e BCEro pacCMOTPETh JIMHeliHbIe YpaBHEHUA Ha MPAMOit (UTO
MBI y#€e U cIeNalu) U Ha MIOCKOCTH.

3. JIuHeiiHOe ypaBHEHME Ha IJOCKOCTHU.

Teopema. Ilycme A: R"™ — R" — aunetinwiii onepamop ¢ neeewecm-
BEHHBLMU COOCTNEEHHBLMU YUCAAMU N, .

Tozda A npedcmasasem coboii osewecmeaenue onepamopa A: Ct — C!
YMHONMCEHUS HA KOMTACKCHOE YUCAO .

Tounee, miockocTs R? MOMKHO CHAGOUTH CTPYKTYPOH KOMIUIEKCHO
npamoii C!. tak yto R? = RC! u 4 = RA.

JIOKABATEIBCTBO — HeCKOJbKO TaMHCTBeHHas BbIknagxal. IlycTb
x + iy € “R™ — KoMmmIeKcHbII coOCTBeHHbII BekTOp onepaTopa ©A ¢ co6-
CTBEHHBIM 3HaUYeHHeM A\ =  + iw. BeKTopsl & U y 06pasyioT Gasuc B R2.

NmeeM, ¢ 0HOI CTOPOHBI,
CA(z +iy) = (a +iw)(z + iy) = az — wy + i(wz + ay)

U, C Ipyromu,
CA(z +iy) = Az + iAy,

OTKYyJa
Az = ax — wy, Ay =wx + ay

T.e. onepatop A: R? — R? B Gasiice &. y UMeeT Ty He MaTPHUILY

(%)

yTo onepaTop A yMmHomeHus Ha A = o+ iw B 6asuce 1, —i. tak, uckomas
2 .
KOMIUIEKCHaA CTPYKTypa Ha R” nmony4uTces, eciiu IpUuHAThL € 3a 1 1 y 3a —1.

1 BLiknagKky MoKHO 3aMEHUTDH CIEAYIOMUM paccyskaeHueM. IlycTb A = a + iw. Onpe-
neauM onepatop I: R2 — R2 ycnoBueM A = aF + wl. Takoit onepatop I cymecTByeT,
Tak Kak w # 0 no ycnobuio. Torga I?2 = —E, Tak kak onepaTtop A yJIoBIeTBOpPAET CBOe-
My XapaKTepUCTHUYecKOMY ypaBHeHuio. [Ipunumas I 3a yMHokeHuUe Ha i, noay4daeM B R2
HY#HYIO KOMIUIEKCHYIO CTPYKTYPY-
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CnepctBue 1. Ilycmov A: R? — R? — aunetinoe npeobpasosanue ee6-
KAUJOB0TL NAOCKOCTU C HeBeu,ecmeeHHbLMI COOCMBEHHLLMU YUCAAMU N, .
Tozda npeobpasosanue A afdunno sxeusarenmuo pacmsaxceruro 6 |A| pas
C NOBOPOMOM HA Y204 arg .

CnenctBue 2. Q@asoevili nomor aumetinozo ypasHenus (1) Ha es-
kaudoeoii naockocmu R? ¢ HesewjecmeeHHbLMU COGCMBEHHBIMU HUCAAMU
A\, X = a+iw afdunno sxeusasenmen cemeiicmey pacmsaxcenull 6 e*t pas
C 00HOBpeMEHHbIM epaujeHuem HaA yz2oa wi.

—

Puc. 131. AddunHbili o6pa3 Puc. 132. 9nnmunTudecKuii m1oBOpoOT
JorapupMuUYeCcKoON crimpaiu

B uyacTHOocTH, ocobasa Touka () sABideTcA GorycoM, a ¢a3oBble KpU-
Bble — adpPuHHBIMU oOpasaMu JiorapupMUUYeCKUX clupanei, npubiuxa-
IOLIKMXCA K Hayaly KoopAauHaT npu ¢ — +00 B cliyyae, Korja BellecTBeHHas
4yacTh @ COOCTBEHHBIX UHCEl A, A oTpullaTelbHa, U yJaldAIIuXCcH B cllyyae,
rorga a > 0 (puc. 131).

B cnyuae a = 0 (puc. 132) ¢as3oBble KpUBble — ceMeHCTBO KOHIEHT-
pUYECKUX 3JUIMICOB, a ocobaad Touka — UX uexHmp. B 3ToMm ciydyae npeo6-
pa3oBaHUA (Pas3oBOro NOTOKA HA3bIBAIOTCH 2AAUNMUYECKUMU TOBOPOMAMU.

4. Rnaccuduraira oco6bIX TOYEK Ha MJIOCKOCTU. IlycTh Tenepb

& =Ax, xcR? A:R?-> R?

— IIPOU3BOJIbHOE JIMHeliHoe ypaBHeHHe Ha MiocKkocTHU. [lycTh KopHU Aq,
A2 XapaKTepUCTUYECKOro ypaBHeHUA pas3iuuHbl. Eciu oHU BeliecTBEHHbI
u A1 < A9, TO YpaBHEHNe pacnajaeTcA Ha ABa OAHOMEPHBIX U MbI TMOJy4dYaeM
ONVH U3 Clly4YaeB, y#e u3ydyeHHbIX B . 1 (puc. 133, 134, 135).

3lech MpomylleHbl MOrpaHuyYHble cilydau, Korjga A\; uwinm Ay paBHO (.
OHu npejcTaBiAOT ropasfio MEHbIINM HHTepec, Tak KaKk BCTpevyalTcd pej-
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A<A,<0

Puc. 133. YcToiiuuBble y3ibl

Puc. 135. HeycToii-

YUBBIN y3el

S

///L
DI

A<0<4,

S1

A=2,<0

Puc. 134. Cenno

o>

—

g @

Puc. 136. YcToituuBbie GoKyChI

RO U He COXPaHAIKTCHA IIpHU CROJb YI'OAHO MajlOM BOSMYUIEHHH. I/ICCJIGJIOBH-
HHEe UX HURaKHuX pr,[[HOCTeﬁ He MmpeacTaBlifdeT.

a=0

O 6

Puc. 137. llenTpsl

5. IIpumep: MaATHHUK € TpPEeHUHEM.

Eciu e KOPHM KOMIUIEKCHBI, A1 2 = « *
iw, TO B 3aBHUCHMOCTH OT 3HAKa « MOMKET IIO-
OYy4YUTCA OJWH U3 clIydaeB, IpeJcTaBlIeHHbIX Ha
puc. 136, 137, 138.

Cnyuyaii 1eHTpa MABIAETCA HCKIIOUYUTEIb-
HbIM, HO OH BCTpeuaeTcs, HallpuMep, B KOHCep-
BaTUBHbBIX cucteMax (cm. § 12). Cayyam kpaT-
HBIX KOpHell TaKike ABIAIOTCA MCKIIOUYUTENbHbI-
Mu. YuTaTenio npegocTaBifeTcA IPOBEPUTh, YTO
#KOPIaHOBOI KJE€TKe COOTBETCTBYET cliyyaii, u3-
oGpameHHbIi Ha puc. 133 (A1 = A2 < 0; Tak Ha-
3bIBAaEMbIii BHIPO#IEHHBIN y3el).

IIpumeHuM Bce cKaszaHHOe

K YPaBHEHHIO MallbIX KonebaHWuil MafTHUKa ¢ TpeHueM & = —x — ki (kK —
ko3¢ puLneHT TpeHus). CocTaBUM 3KBUBAJIEHTHYIO CUCTEMY:
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r1 = T2,

Lo = —&1 — k.ﬁCz

Hccnenyem xapakTepucTHYeckoe ypaBHeHUe. MaTpuna cucTeMbl

(52

uMeeT onpenenutelb 1 u cien —k. KopHu xapaKkTepUCTUUYECKOIro ypaBHe-

HuAa A2 + kXA + 1 = 0 wommiekcHsl npu |k| < 2, T.e. NIpu He CIULIKOM

60JbIIOM TPEeHUu'.

a>0 f ol
g f
Puc. 138. HeycToituuBble GpoKycChI Puc. 139.  ®a3zoBas

IIJIOCKOCTh MaadTHHRAa
C MaibIM TpeHHeM

BemecTBeHHas yacTh Ka#/0ro U3 KOMILUIEKCHBIX KOPHell A\ 2 = a *iw
paBHa —k /2. UHBIMU CIIOBaMH, NPU NOAOHCUMEALHOM He CAULLKOM GOAbULOM
koagguyuenme mpenus (0 < k < 2) HuscHee nosoxceHue pasHosecus Mma-
amuuka (x1 = x9 = 0) 6ydem ycmotivusvim gorycon.

Ilpu k£ — 0 poryc npeBpaliaeTca B LIEHTP; YeM MeHbIle KO3(hPUIUEHT
TPeHUufl, TeM MejllIeHHee (pa3oBad TOUKa NMpUOGIUMKAETCA K IMOJOMEHUIO PaB-
HoBecusA npu t — 400 (puc. 139). ABHbIe GOpMYyJIbI 1A UBMEHEHUA T1 = &
CO BpeMeHeM IodydaloTcA U3 clieJcTBUA 2 . 3 u ¢dopmya n. 4 § 19:

z(t) = re® cos(p — wt) = Ae™ coswt + Be®' sinwt,

rae Ko3pPUIUUeHTHI 7" U @ (mm Au B) OlpeaeNArTCA U3 HaYallbHbIX YClO-
BU.
Hrakr, konebanua MaaTHUKA OyayT 3aTyXalollUMH, ¢ IepeMeHHOol aM-

nauTynoi re®t u ¢ nepuomom %’r Yem Oonbiie K03GPUIUEHT TPEHUA, TEM

1Cnyuaii BemecTBeHHBIX KOpHeil paccmoTpeH B § 17, m. 2.

14 3axkaz Ne U17
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Puc. 140. Ilepexon ot 3aTyxaomux koiebaHuili kK HeKole6aTeIbHOMY [IBU#KEHUIO
MafATHHKAa: (pa3oBble KpUBbIe U Irpad@UKU pelleHUl IIpU TpeX 3HaYeHUAX K03 Pu-
[[IeHTa TPeHUA

2
6picTpee yMeHbInaeTca ammiutyaal. Yacrtora w = — lz YMEHbIIIaeTCA

c yBennuenueMm koad¢unuenta tpenus k. llpu £k — 2 yactora cTpemuTtcs

2
k 0, a mepriog — & o0 (puc. 140). Ilpu maneix k w ~ 1 — % (k > 0), Tar
YTO TPEHHe YBelNYHMBaeT MEPUO] OUeHb HE3HAUUTENbHO, U €ro BINAHHEM
Ha 4acTOTY BO MHOTHMX pacyeTax MO#HO MpeHeOperars.

3A0AYA 1. HapucoBaTh ¢a3oBble KpuBble HeJIMHeapHU30BaHHOI'0O MaATHHKA
¢ TpeHueM, & = —sinx — kx (puc. 141).

Yra3zanue. CocuuTaiiTe NpOM3BOAHYIO IIOJHOII 3HEPruv B0OJIb ¢(ha30BoOii
KPUBOIA.

6. O6G1iee pelleHUe JUHEIHOT0 ypaBHEeHHUA B ciiydae MPOCTbIX
KOpPHeil XapaKTepHCcTUUYeCKOro ypaBHeHHUA. Mbl y#e 3HaeM, 4TO BCA-
KOe pellleHUe (¢ KOMIUIEKCU(ULMPOBAHHOI'O ypaBHEHUA AIBIAETCH JUHEHHOM

111 Bce sxe npu mo6om 3HaueHMM k < 2 MagTHUK NelaeT GeCKOHEYHOE KOJIMYECTBO
pa3maxoB. Eciu e k > 2, MaATHUK MeHAET HamnpaBlieHHe [IBUKEeHUA He OoJjiee OJHOTro
pasa.
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KoMOUHaluell sKcnoHeHT (cM. § 19, 5):
n
‘ro(t) - Z ckeAktgka
k=1
rae &, — Kakoi-HuUOyIb cOOCTBEHHBII BEKTOpP C COOCTBEHHBIM 3HAaUeHMU-
eM Ar. Buibepem cobcmeenHble 6eKMOPHL C 8eu,eCmMBeHHbLMU COOCIMBEHHBLMU
3HAYEeHUAMU BeU,eCMBEeHHbIMU. A C KOMNAEKCHO CONPAMCEHHbIMU — KOMN-
AEKCHO CONPANHCEHHBLMU.
Mb1 yie 3HaeM, UTO pellleHUA BEelIleCTBEHHOI0 ypaBHEHUA — 3TO pellle-
HUA ero KoMIUIeKCUu(pUKalUU ¢ BellleCTBEHHbIMU HayalbHBIMU YCIOBUAMMU.
UTto6b1 BeKTOP ¢ (0) ObLI BelllecTBEHHBIM, HEOOXOIUMO U I0CTATOYHO, YTOObI

n n
D by =) g,
k=1 k=1

lnsa sToro roadduyuenmst npu KOMNAEKCHO CONPAHCEHHBLE 6EKMOPAX
004%CHBL ObLMb KOMNACKCHO CONPAXCEHHbLMU, A NPU 6€U,eCMEEHHbT — 8e-
uecmeeHHbvLMU.

Puc. 141. Ilociie HECKOABKUX OﬁopOTOB MaATHHR HAYHHAaeT Ka4YaTbCH BO3JI€ HHUM -
HEro II0JI0O¥KeHHA paBHOBECUA

3amMeTHM, YTO 72 KOMILUIEKCHBIX MOCTOAHHBIX ¢ (IpU (PUKCHPOBAHHOM
BbIGOpe cOGCTBEHHBIX BEKTOPOB) ONMPENENAIOTCH pelleHneM KOMILIEKCHOTO
ypaBHeHHA ogHOo3HauHOo. UTak, noka3aHa

Teopema. HRadxcdoe pewenue eeuwjecmeeHnHo20 yYpasHeHUA €OUHCMBEH-
Hbolm 00paszom (npu @urcuposaHHoMm 6bL60pe COGCMBEHHBLY 6€KMOpos) 3anu-
cvleaemcs 6 sude

v v+u _
p(t) = Z ape ¢, + Z cre e, + erettE, (1)
k=1 k=v+1

20e ap — 6€WeCInBEeHHble, d Cp, — KOMINAEKCHble NOoCMmosHHblE.
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®opmyna (1) HasbiBaeTcA o6uwjum peweruem ypaBHeHusA. Fe MozHO me-
penucaTh B BUJE

v+pu
p(t) = E are* ¢, + 2 Re E cre ey,
k=v+1
3aMeTHM, 4YTO ofllee pelleHHe 3aBHCUT OT V + 2y = 7 BelleCTBEHHBIX

IIOCTOHHHBIX A, Re Ck, Im Ck. IJTHU NOCTOAHHLbIE OAHO3HA4YHO OIIPpede/IHIOTCH
Ha4daJlbHbBIMH YCJIIOBUAMMU.

CaenctBue 1. Illycmv ¢ = (p1.....¢%n) — peweHue cucmemsl n
AUHEUHBLY BewecmeeHHblY JuddepeHyuarbHblX YpasHeHUll nepeoz2o nopadka
c mampuuetl A. Ilycmov 6ce KOpHU TaApakKmepucmuieckozo YpaeHeHuUs Mampu-
uvt A npocmute. Tozda kaxdasa us gynryul @, feisemcsa AuHelHOl KomOu-
nayuet gynryut et u et coswyt, et sinwyt, 20e \, — sewecmeennue,
a o t iwy — KOMNAEKCHble KOPHU TapaKmepucimuyecko20 ypasHeHus.

JLOKA3ATEJIBCTBO.

Paznoxum o6uee pemieHve (1) mo KoopAHHAaTHOMY Oasucy: ¢ =
= p1e1 + ...+ pne,. YunteBas, uto e(FiWr)t — okt(cosw,t +4sinwyt),
oJlyuyum Tpebyemoe.

IIpy mpakTHYEeCKOM pelleHUuH JHMHEWHBIX CUCTEM MO#HO, HaillgAa col-
CTBEHHbIE 4YHCJa, UCKaTh pellleHuA B BHUje JIMHeHHON KoMOuHanuu (QyHK-

U e’\kt, e t coswyit n e*** sinw,t MeTomOM HeolpefeleHHbIX K03(hdUIn-
€HTOB.
CnencrBue 2. Ilycmv A — eseuwecmeerHHas Keadpamuas Mmampu-

ua, cobcmeenHvle wucaa romopoil npocmul. Toz2da Kaxcovlil u3 saemeHmos
mampuust et ecmv aunetinas rombunayus @ynryuii e t, e**tcoswyt,
e tsinwit, 2de N\, — eewecmeenHnvle, @ o £ iwy — KOMNAEKCHBlIE KOPHU

raparkmepucmuiecroeo YypaHeHUsl.

JLOKA3ATEJIHCTBO.

Ramabiii cTonbel; MaTpunbl e’ cocTaBlieH U3 KOOpAuHaAT obpa3a Oa-
3MCHOI'0 BeKTopa noj AeiictBueM (a3oBOro NoToKa cucTteMbl nuddepeHnu-
allbHBIX ypaBHeHUi#l ¢ maTpuneii A.

At

3AMEYAHHE. Bce ckasaHHoe BbIllle HENOCPEICTBEHHO MEePEeHOCUTCA Ha
ypaBHEHUA U CHUCTEMbI YpaBHEHHUl NopAaKa Bhllle 1, TaK KaK OHU CBOOATCH
K CHCTeMaM NepBoro nopsaaka (cm. § 8).
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3AIAYA 1. HaiiTu Bce BellleCTBEHHbIE pPelIEHUA YpPaBHEHUIA

18%

2"V + 4z = 0, =z, Z+x=0.

§ 21. Knaccudpuranua ocobbIiX TOUEK JUHEHHBIX CHCTEM

Brime MbI Biend, 4TO B 001[eM ciiydae (Korja y XapakTepHUCTHYeCKOoro
ypaBHeHHsA HeT KpaTHBIX KOpPHeli) BellleCTBeHHas JIMHeiiHafA cucTeMa pac-
najgaeTcA B MpAMoOe NPOU3BeJeHHe OJJHOMEPHBIX U ABYyMepHbIX. [lockonbRY
OJIHOMEPHBIE U IBYMEpPHbIE CUCTEMbI MbI y#€ U3YyUYHJIH, Mbl MO#€EM Telepb
ncclieloBaTh MHOI'OMEPHbIE CHCTEMBI.

1. IIpumep: ocobGbie TOU- 0 0
KU B TPeXMEPHOM IpoOcCTpaHcT- | ————O0— 1 —O—e—e—o—
Be. XapaKTepHCTHUYeCKOe ypaBHe- 0 0
HUe — BellleCTBeHHoe Kybnueckoe. 26— O—@ 2'6¢—O0—0—0—
BemecTBenHoe Ky6ruyecKkoe ypaBHe- ’ 0 0 ’
HUEe MOeT MMeTh TPH BelleCTBeH- 3 l —O 3'—O ® l
HBIX KOpHHA, JU60 OJUH BelleCTBEH- ? 0 1
HBII ¥ JBa KOMILIEKCHBIX. B 3aBucn- 4 —* 1 O 4'—O 1 ®
MOCTH OT PAaCIOJIOHEHHA 3TUX KOp- ’ 0 0 ’
Hell A1, A2, A3 Ha MJIOCKOCTU KOMII- 9 L O—e 5'e0O l

JIEKCHOI'O INIeEpeMeHHOoro A BO3MOH{HO

MHOI'O pa3HbIX CJyYaeB.
O6paTuM BHHMaHHe Ha MOPA-
NOK M 3HAKM BeleCTBEHHbIX Yac-

Puc. 142. Co6¢cTBeHHbIE UMCiIa BelleCT-
BeHHoOro omnepatopa A: R® — R3. I'py-
Oble ciyyau

Teii. Boamoxub 10 «rpyObIx» cinyua-
eB (puc. 142) u pAn «BBIPOKIEHHBIX» clyuaeB (CM., HampuMep, puc. 143),
KOrja BellleCTBEHHafA 4acTh OJHOr0 M3 KOpPHElHl paBHa HyJIO WU BellecT-
BEHHOH 4acTU He COIIPpHAMEHHOI'0 C HUM KOPHH (MBI He pacCMaTpuBaeM cen-
yac cllyyau KpaTHBIX KopHeii). UccnenoBanue noBeeHus (pa3oBbIX KPUBBIX
B KasKJIOM U3 DTUX CIyyaeB He IpeJcTaBideT Tpy.a.

YuuteiBas, yto e*t (ReX < 0) mpu ¢ — +00 crpemutea Kk 0, U TeM
obicTpee, yeM MeHbIe Re A, MbI nostyyaem usobpaxeHHble Ha puc. 144148
(ha3oBble KpUBhLIE:

©(t) = Re(cret€, + cae??'€, + czestE,).
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Cayuau 1')-5") monyyarorca u3 ciydyaeB 1)—5) u3aMeHeHHeM Hampabiie-
HUA ocH t, Tak 4yTo Ha puc. 144-148 Hamo AWML 3aMEHUTL BCE CTPEIKU
IIPOTHBOIOJIOHHBIMH.

3A71AYA 1. HapucoBathb ¢a3oBble KpuBbIe B ciyyaax 6), 7), 8), 9) puc. 143.

0 0 0 0
64—% 7%—& 8@—} 9-0—0—o

Puc. 143. HexkoToprbie BbIpO#JeHHbIE CIIy4Yau

2

A 4,0 4 }!\C

Puc. 144. ®a3oBoe mpocTpas- Puc. 145. Cay4ait A1 < A2 <
CTBO JIMHENHOro ypaBHEHUA B < 0 < A3. CmaTue mo AByM
ciydyae A1 < A2 < A3 < 0. HanpaBlleHUAM, pacTAKeHue
®da30BbIil NOTOK — CyKaTHE IO 10 TPETheMY

TpeM HallpaBJIeHUAM

2. JIuneiinasa, nudpepeHLIipyeMasna U ToIoJornyecKkaa 3KBUBa-
JIeHTHOCTh. BcAKkasa KiaccuduKanvda OCHOBbIBAeTCA HAa KaKOM-HUOY/lb OT-
HOIIIEHUU 3KBUBalleHTHOCTHU. CyIIeCTBYIOT 10 KpaiiHelli Mepe TpU pa3yMHbIX
OTHOILEHUA 3KBUBAJIEHTHOCTU AJIA JUHEHHbIX CUCTEM; OHU COOTBETCTBYIOT
airebparnyeckoMy, nudpepeHIupyeMOMY U TOIOJIOTMYECKOMY IOAXO0/1aM.

Iycts {f*}, {g'}: R" - R"™ — ¢azoBble NOTOKMU.

Onpepenenue. Ilotoku {f*} u {g'} skBuBanenTHer!, eciu cymect-
ByeT B3alMHO OJIHO3HauHoe oToGpamxenue h: R™ — R", nepeBonsmee no-

1BBeneHHOE 37€Ch OTHOIIEHNE SKBUBAJEHTHOCTH Ha3bIBAIOT TaKKe CONPANCEHHOCTIHIO
u nodobuem.
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Puc. 146. Cnyuait Re A\1.2 < A2 < 0. Puc. 147. Cnyuyaii A3 < Re 1.2 < 0.

CsxaTue no HanpasieHuio €, Bpame-  CrkaTue 1o HanpaBieHHIO £, Bpalle-
HHe ¢ Golee OBICTPBHIM CKaTHeM B HUe ¢ Gojlee MeIJIEHHbIM CKaTHUEM B
mnockoctu (&4, €,) miaockoctu (€, &,)

Puc. 148. Cnyuyait Re 1,2 < 0 < A3. PactameHnue no HanpasieHuio £, BpalleHne
co caTheM B miIockocTu (&, &)

tok {f*} B motor {g*}, Tak uto ho ft = gt oh pna mo6oro t € R (puc. 149).
Mbl MomeM cKasaTh, 4To noTok {f°} mpespamaerca B {g’} npu 3amene
KoopauHart h.

IIpy 3TOM MOTOKH Ha3bLIBAIOTCH:

1) aunelino skeusaieHMHBLMU, €CIU CYIIECTBYeT TaKkoe oTobpanme-
e h: R" — R", apaaiomeecs auretinvimn usomopgusmon, h € GL(R"™);

2) dugdepenyupyemo sK6UBAAEHMHBLMU, €CITH CYLIECTBYEeT TAKOE OTO-
opamsenne h: R" — R", apnaomeecsa dugdgeomopdusmon;

3) monoaozuvecku sK6UBANEHMHBLMU, €CITH CYIeCTBYeT Takoe 0ToOpa-
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menne h: R" — R", aBnamomeecsa 2omeomopdusmom, T.e. B3aUMHO OJHO-
3HAaUHbIM U B3aMMHO HeENpPEPbIBHBIM 0TOOpa#eHueM.

3AIAYA 1. JlokamuTe, YTO U3 JIIMHENHON 3KBHBAa-

,:j//;tx JIEHTHOCTHU BbITekaeT auddepeHuupyemas, a u3 gudpde-
PEHLpPYyeMOil — TOIOJIOIMYyeCKas.

lh 3ameTuM, 4TO oTOGpazxeHne h nepeBoauT Gas3oBbie
KpuBble moToKa { f'} B dazoBbie KpuBbie noToka {g*}.
t . o <
(ﬁ.:hfx 3ATAYA 2. BeAruili nu JNuHEHHBIH aBTOMOP(U3M

y=nhx h € GL(R"), nepeBoasamuii ¢asoBble KpHUBBIE MOTO-
ka { f'} B pasoBbie KpuBble noToka {g'}, ocymecTBaner
Puc. 149. dxBuBa- JHHEHYIO 5KBUBalIEHTHOCTDb MOTOKOB?

JJeHTHBI€ IIOTOKH

OTBET. Her.

VYrasanue. Paccmorpers n = 1, flz = elx, gtz = e?'x.

3AZIAYA 3. JlokaszaTb, UYTO OTHOIIEHUA JUHEHHOH, auddepeHIiupyemMoit
1 TONOJIOTMYECKOIl PKBUBAJEHTHOCTH ABJIAIOTCA HACTOAIIMMU OTHOIIEHUSA-
MU 3KBHBaJIEeHTHOCTH, T. €.

J~ T, (fwg):}(gwf)a (fwg,gwk)i(fwk)

B yacTHOCTH, BCe cka3zaHHOe MPUMEHHMO K (a30BbIM MOTOKAM JIUHE-
HbIX cucTteM. llnA KpaTKocTH MbI OyjJieM TOBOpPUTH 00 3KBHUBaJE€HTHOCTH
caMUX CHUCTEM.

HTakr, Bce NMHeliHbIE CUCTEMBI MBI TPEMA criocobamMu pa3buiu Ha Kjac-
Cbl 3KBHBAJEHTHOCTHU (JNHHEIHOM, OuddepeHIupyeMoii, TOMOJOTrHYeCcKoii).
HN3yuyum 3THU Kiacchkl noapoOHee.

3. JInHeiiHaA KiaaccuduUKaiuA.

Teopema. Ilycmv A, B: R" — R" — auneiinsie onepamopst, ece co6-
cmeeHHble Yucaa komopsvlx npocmst. Toz2da cucmemvl
z=Axz.z € R". u 9Y=DBy.yeR".

AUHEIIHO 2KBUBAAEHMHbL M0o20d U MOAbKO mozda, Ko20a coOCIMBEeHHble YUCAd
onepamopos A u B coenadaiom.

ITOKA3ATEJIBCTRO.
Insa nuHelHON SKBUBAIEHTHOCTHU THHENHHBIX CHCTEM HEOGXOUMO U JI0-
cTaToyHo, 4To6b1 B = hAh™! npu mexoropom h € GL(R"™) (puc. 150) (u60
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4y = h&t = hAx = hAh~'y). Co6cTBeHHbIe ynciaa onepatopoB A u hAh™!
coBnagaloT. (3aech MpocToTa cOGCTBEHHBIX YHCEN HecylleCcTBEHHA. )

O6paTHO, MycTh COOGCTBEHHbIE UKC-
n1a A npocThle U cOBNaaalmT ¢ cCOOCTBEH- ,-;-l-t L Z/
HeIMH yuciaamu B. Torpa A u B pa3sna- -~ -
raroTcA B IpAMbIe IPOU3BEIEHUA OJIUHA- A
KOBBIX (JIMHEIHO YKBHUBAJIEHTHBIX) OHO- \ /7 v
MEpHBIX U [BYMEPHBIX CHCTEM corJjac-

HO § 20; N03TOMY OHM JIMHEHHO DKBUBA-
JIEHTHBI.

Puc. 150. JInHeitHO sKBUBaIeHTHBIE
CHCTEMBI

3AIAYA 1. IlokassuTe, 4TO CHUCTEMBI
T1 = X1, L2 = T2 U T1 = X1 + T2, T2 = T2 JTHHEHHO He SKBHBaJEHTHBI, XOTHA
UX coGCTBEHHbIE YKCia U OJUHAKOBBI.

4. IuddepeHuripyemasa RKiaaccudurainuda. OueBugHa

Teopema. /ee auHetliHble cucmembl
z=Ax, =Bz, z¢cR",

Jugddepernyupyemo sxeusaseHmHbl moz20a u MoaAbKO mozda, Koz20a OHU AU-

HellHOo QHBHBGﬂGHmetl .

JIOKA3ATEJIBLCTBO.

[Iycte h: R" — R" — muddeomopdpusm, nepeBonsamuii ¢Ga3oBblii MOTOK
cucteMbl A B ¢azoBblii MoTOK cucteMbl B. Touka & = ( HemoaBuxHa auA da-
3oBoro notoka cuctembl A. [lostomy h mnepeBoguT 0 B 0JHY U3 HENOOBUMKHBIX
TOYEeK ¢ MOTOKa cucTteMbl B, Tak uto Be = 0. Iupdpeomopdpusm d: R” — R"
caBura Ha ¢ (dx = x — ¢) nepeBoauT ¢Ga3oBbIii NOTOK B B cebs: ((x —¢) =& =
= Bx = B(x — ¢)). Ilupdpeomopdusm h; = do h: R" — R"™ nepeBoaut norox A
B 0TOK B u octaBiaset 0 Ha mecte: hi(0) = 0.

O6o3nauum uepes H: R" — R"™ mpousBognyio audpdpeomopdusma hy B 0.
Hudpdpeomopdpusmel hi o et = eP* o hy coBnaparor npu ao6bix t. [loaTomy npu

n060M ¢ coBnajalOT U UX NPOU3BOJHBIE npu x = (:
At Bt
He™" =e€ "H,

qTOo 1 TpBﬁOBaJIOCb JOoKa3aTh.

1He cnemyer ogHako AymaTb, UTo BeAKUil auddeomopdusM, ycTaHaBIMBAIOMUI MX
SKBUBaJeHTHOCTb JuHeeH. [Ipumep: A = B = (.



218 I'nasa 3

§ 22. Tomnonornueckasa KiaaccuduUKalrA 0COObIX TOUYEK

PaccMOTpHM [iBe JUHEHHbIe CHCTEMBI:
z=Ax, &« =Bz, z=¢cR",

M TPEAINoJo¥UM, YTO BellleCTBEHHbIe YacTHU BCEX MX COOCTBEHHBIX YHCEJ
oTinyHbl 0T (. O6o3HAUUM yepe3d 1m_ 4YKUCI0 COOCTBEHHBIX UUCE] C OTPH-
aTelbHOI BelleCTBEHHOI YacThbiO U Yepe3 1M YHUCIO0 COOCTBEHHBIX YHUCEel
C MOJIOMUTENbHOH BeleCTBEHHOI YacThblO, TAK UTO M_ + My = n.

1. Teopema. /Jlas monoao2uieckoll skeusareHmHocmu 06Yx AUHETHbLLT
cucmem, He UMeUUT COOCMBEHHHLIT Yucea C HYAes0l sew,ecmeeHHoll dac-
mbvi0, He06x00uMO U AOCMAmMoO4HO, MO6bl KOAUYeCME0 COOCMEEHHLLT HUcen
c ompuyameavHoll (noaoxumenvHoll) seujecmeeHHoll wacmovio 8 moil u 6 opy-
201l cucmeme 6bln0 00UHAKOBO:

m_(4) =m_(B), my(A)=m,(B).

q_\/i/.h Nﬁi/_/.:,,@ ! N
IS AN

Puc. 151. Tononorunyecku 3KBUBajJeHTHLIE U HEAKBUBAJIEHTHbIE CHCTEMBI

dTa TeopeMa yTBep:#JaeT, Ha-

{ “ nMpuMep, UYTO YCTONUYMBBIE Y3IbI

u ¢orycel (puc. 151) Tomosnoru-

YeCKH BKBHBAJIE€HTHBI [pYyr Opy-

| ' ry (m— = 2), HO He SKBHUBAJEHTHBI
cepny (m— = my = 1).

Ilogo6HO MHIEKCY UHEPIUHN He-
Puc. 152. Tononoruyeckasa 3KBUBajJeHT- BBIPO#IEHHON KBajgpaTU4HOil ¢dop-
HOCTBb CUCTEMBI U €€ JIMHEapHu3alun MbI, YHUCJIO TN _ HBJIHETCH €JHHCT-
BEHHBIM TOMNOJOTMYECKUM WHBapu-
AHTOM CHCTEMBI.

¢

3AMEYAHHUE. AHaloruyHoe npeglomxene ClpaBelinBO JAOKAAbBHO
(B OKRPECTHOCTH HEIOABU#HHOM TO'-IP{I/I) OJIA HeAUHeUHbLT CUCTEM, JIMHEWHbIE
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YyacTH KOTOPbIX HE MMEIT YMCTO MHUMBIX cOGCTBEHHBIX uuceld. B uact-
HOCTHU, TaKad CUCTeMa B OKPECTHOCTH HENOJABUH#HOW TOYKH TOIOJOrMYEeCKU
SKBUBalleHTHA CBoeil JuHeliHON vacTu (puc. 152). Mbl He MoxeM ocTaHa-
BIMBaTbCA Ha [OKa3aTelbCTBE 3TOr0 IpPeNJOoxeHUdA, BeCbMa BaxHOro IJIA
hccleJOBaHNA HeNIMHEeNHHbIX CUCTEeM.

2. Peaykuua K cayuaro m_ — 0. Tononoruyeckas 3KBUBajeHT-
HOCTb JINHEHHBIX CHCTEM C OJIJMHAKOBBIMU M _ W M BBITEKaeT U3 Cllelylo-
IMUX TpeX JIeMM:

Jlemma 1. Hpﬁmue npousee@enuﬂ monoJaocuvecru I9KR6UBANEHITIHbLLY
cucmem monoaocudecru IKe6UBAAEHITIHDbL.

To ecThb eciii cUCTeMbl, 3aJaHHble onepaTopamMu A;, Bi: R™1 — R™1: A,,
By: R™2 — R™2, nepeBoAATCA IpYyT B Apyra romeoMmoppusmamu hi: R™t — R™1,
ho: R™2 — R™2, 1o cymecTByeT romeomopdusm h: Rt 4+ R™2 — R™1 4 R™2,
nepeBOAMMI (Ha30BbIii MOTOK CHUCTEMBI-IPOU3BeAeHUA &1 = Aix1, 2 = Asxs
B (ha30BbLIii TOTOK CHCTEMBI-TIpOU3BeNeHUuA &1 = Bix1, 2 = Baxs.

JIOKA3ATEJBLCTBO OYeBUIHO: HAMO MONOMUThL h(x1, x2) = (h1(x1). ha(®2)).
3 Kypca nuHelHO# anre6pbl U3BeCTHA

2NN
=+ (\\ ./

Puc. 153. UuBapuaHTBhI Puc. 154. Bce HeycToliuKnBbI€ y3ibl TO-
NOJINIPOCTPAHCTBA oOIle- MOJIOTUYECKU SKBUBaJE€HTHBI

paTopa. He HMeIolero

YUCTO MHHUMBIX c06CT-

BEHHBIX 4ucel

|

Jemma 2. Ecau y onepamopa A: R" — R" nem wucmo muumoiz co6-
cmeeHHbLX wucen, mo npocmpancmeo R" pacnadaemes 6 npamyio cymmy deyx
uHeapuanmuuvlx omuocumeavro A noonpocmpancms, R" = R™~ +R™+, max
umo ece co6cmeenHble wucaa cyiernus A na R™~ umerom ompuyameavrole
eewecmeenHble wacmu. a Ha R™+ — noaoscumenvroie (puc. 153).

JTo clenyeT, HAIpUMep, U3 TEOPeMbl O #Op/JaHOBOI HOpMalbHOI dop-
Me.



220 I'nasa 3

JlemMmbl 1 U 2 CBOJAT J0OKa3aTeJbCTBO TOMOJOrMYECKOl YKBHBaJIEHT-
HOCTH K CllelylolleMy 4acTHOMY Clydyalo:

Jemma 3. Ilycmv A: R" — R"™ — auneiinwtii onepamop, ece coo-
CMBEHHBLE YUCAA KOMOPO20 UMEIOM NOAOHUMEAbHYI 6eU,eCMEEeHHYI0 Yacmb
(puc. 154). Tozda cucmema

z=Azx, xzcR"

monoao2uecku sxeusarenmua cmandapmuoti (puc. 154):

z=x, xcR".

JTa JleMMa MMoYTH OYeBHJHA B OJHOMEPHOM cliyyae U B cliyuyae (oKyca
Ha IJOCKOCTH, a 3HAaUUT, — 1o JieMMe 1 — u B n1060ii cucTeMe 6€3 KpaTHbIX
KOPHENA.

Meb1 npoBenem Jalnee AOKa3aTelbCTBO JIEMMBI 3 B 00IlleM ClIyydae.

3. dyurnua JIanyHoBa. /loka3aTelbCTBO JeMMbI 3 OCHOBAHO Ha IO-
CTPOEHHMHU clelHalbHON KBagpaTU4yHO (opMbl — TaK Ha3bIiBaeMoil (QyHK-
nuu JlamyHosa.

Puc. 155. lloBepxHOCTH ypOB- Puc. 156. [loBepxHOCTH ypOBHA QYyHK-
HA GyHKIUU JIAmyHoBa nuu Jlanynosa B C"
Teopema. I[lycmv A: R" — R"™ — aunetinotii onepamop, ece cobem-

BEHHblE HUCAA KOMOPO20 UMEIOM NOAOHCUIMEAbHYIO BEU,ECIMBEHHYI0 aACb.
Toz0a 6 R" cywecmeyem marasa eexaudosa cmpyrmypa, wmo eexmop Ax
6 Kaxcdotl mouke x # 0 ob6pasyem c paduyc-eekmopom x ocmpwulil y2o..

NupiMu cinoBaMu:
Cywecmeyem makas noOAOHUMEAbHO oONpedeseHHAs KeadpamuiHasn
gopma r2 6 R", umo ee npouszeodnas no HANPasAEHUIO BEKMOPHO20 NOAA Ax
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no0A0HCUMEeAbHA:
Lazr> npu z #0. (1)

Nu eme:

Cywecmesyem saauncoud ¢ R" ¢ uenmpom 6 0 maroii, umo 6 Kaxcdot
e20 mouke x eexmop Ax nanpaeaen Hapydxcy (puc. 155).

Jlerko nmpoBepuUTb, YTO Bce Tpu (HOPMYJIHPOBKU dKBUBaleHTHbI. MbI
nokaxeM (u OGygeM UCIONb30BaTh B AalibHeiillleM) 3Ty TeopeMy BO BTOpOIi
¢bopmynupoBEke. [loka3biBaTh ee ynob6Hee B KOMIIJIEKCHOM Cllyydae:

ITycmov 6ce cobcmeennvie wucaa Ny, onepamopa A: C" — C" umerom no-
AoxcumenvHovle sewecmeennsvle wacmu. Tozda cyuwecmsyem noaoHUMEAbHO
onpedenennan readpamuunas gopma r?: RC" — R, npouseodnas romopot
Nno HANPABAEHUIO0 BEKIMOPH020 Noas XAz ecmv no.aoscumenvHo onpedeneHHAsA
keadpamuyiHnasn gdopma:

Lp, > >0 mpu z#0. (2)

[Ipumensasa HepaBeHCTBO (2) B ciyuae, Korja omepatop A ABnAeTcH
KOMILIeKcU(UKanvell BellleCTBEHHOro olepaTopa, a 2z MNpUHAMJIEMUT Be-
I[eCTBEHHOMY MOJANpOcTpaHcTBy (puc. 156), nmoiydyaeM BellleCTBEHHYIO Te-
opemy (1).

4. [IocTpoeHue pyHKUU JIanyHoBa. B kauecTtBe pyHKIUU Jamy-
HoBa r? Mbl OyieM 6paTh CyMMy KBaJpaToB MOAYJeil KOOPAMHAT B MOAXO-

n
[ALIEeM KOMIUIEKCHOM Gasuce: 72 = (2, Z) = Y, 2;2x. [Ipu dUKCHpPOBaHHOM

k=1
0asuce Mbl MO#EM OTOMIECTBUTH BEKTOp Z C HEGODOM YUCCIl Z14 «ee 4 Zp

u onepatop A: C" — C" ¢ matpuneii (ay;). Boiuucienue noxkaseiBaet, 4To
npou3eodHas A6Asemca KeaopamuiHotll gopmoii:

Lg,. (2. %) = (Az. Z) + (2. Az) = 2Re(Az. 2). (3)

Ecnu 6a3uc co6cTBEeHHBI, TO MoJlyuyeHHadA ¢opMa MOJI0O#UTENTbHO Olpe-
feneHa (puc. 157). [leficTBUTeNbHO, B 3TOM Cllyyae

2Re(Az,Z) =2 ) ReXg|z|”. (4)

k=1

[Io ycnoBuio Bce BellleCTBEHHbIE YACTH COOCTBEHHBIX UKUCEN Ay MOJNOKUTENb-
Hbl. [loaToMy ¢dopma (4) monoKUTeNbHO oNpejielieHa.
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Ecinu onepatop A He MMeeT co6CTBEHHOro 6Gasu-
ca, TO OH UMeeT MOoYTU cOOCTBEeHHBIN 6a3uc, KOTOPbIM
MO#HO C TAKUM #€ yCIIeXOM BOCMOJIb30BaThCA IJIA MO-
cTpoeHusa ¢pyHKUMU JAanyHoBa.

TouyHee. cripaBeJINBa

Jemma 4. Ilycmos A: C" — C" — C-aunetinwiii
onepamop u € > 0. Tozda ¢ C" moxcno mar evi6pamo
6asuc&q, ..., &, ., wmo mampuya A 6ydem eepxrnempe-
Y204bHOU U 6Ce 2aeMeHMbl 6blule Jua2oHaAl 6ydym no
MOOYAI0 MEHbLUE E:

Puc. 157. Ilonoxu-
TeJbHaA OIpe/eleH-
HOCTb ¢opmbl (4) B
ciyyae n =1

Al <€
@w=| -

HOEABATEHBCTBO.

CyumecTBoBaHue 6a3uca, B KOTOPOM MaTpulla BepXHeTpeyTrojlibHaf, clie-
oyeT, HallpuMep, U3 TeOPEeMbI O HOPJIaHOBOKW HOpMallbHOU (dopMe.

Takoit 6a3uc Jerko MOCTPOUTh MHAYKIMEH 10 71, HOJb3YACh JHUIIb CyIeCT-
BOBaHHEM Yy BCAKOro JuHeitHoro omepatopa A: C" — C" coO6CTBEHHOI'0 BeK-
topa. Ilycte &, — »3ToT BekTOop (puc. 158). Paccmorpum ¢akrTop-mpocTpaH-
ctBo C"/C¢, = C"~'. Onepatop A 3amaeT Ha (aKTOp-NPOCTPAHCTBE oOIlepa-
TOP A:Ctt 5 L, Ilyets 19, ..., ,, — 6a3uc B C", B koTOpoM MaTpula
orepaTopa A BepxHeTpeyroibHasa. O6o3HauumM 4yepes &,, ... , £, KaKUX-HUOYIb
npeacTaBuTeNeil KIaccoB 1)y, ... , 1,, B C". Torpa 6asuc &,, &,, ... , §,, — UCKoO-
MBIIA.

[lycts MaTpuia onepatopa A B 6asuce £, ... , £, BEpXHeTpeyroibHas.
IlokaxeM, 4yTo HadduazoHasbHblE YAEHBL MOHCHO COeaamdb CKOAb Y200HO Ma-
AbLMU, 3AMEHAA 6eKMOPbL 6a3uca HA NPONOPYUUOHALbHblE UM 6eKmopbl. Jleii-
CTBUTENbHO, MYCTh Gf; — 3JIeMeHThl MaTpullbl onepatopa A B 6asuce &,

!
Tak 4To ap; = 0 mpu k > I. B 6asuce &, = N*&, anemenTH MaTpuls! one-
A6 o= apN'TFET N [ >k
paTopa yOyT Gy = Qg . Ilpu pmocratouno manom NN niasa Bcex [ >
!
oynet |ay,| < €.

Jlemma 4 nokaszana.

CyMMy KBaapaToB MojyJieii KOOpAUHAT B BLIOPAHHOM <«£-TIOYTHU COO-
CTBEHHOM» 0a3uce Mbl U BO3bMeM B KaudecTBe (yHENNM JlanyHoBa (mpu
IOCTaTOYHO MallOM €).
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5. Ouenka npousBogHoii. PaccMoTpuM MHO- Tél c"
JKECTBO Bcex KBaapaTUyHbIX ¢opMm B R™. 10 MHO- - ¢
. 3
#EeCTBO UMeeT €CTECTBEHHYIO CTPYKTYPY JUHENHOro /
m(m-+1) gz l
npoctpaictBa R 2,
OueBuaHa y 773/
n—1
JJemma 5. Muoacecmso nosoxcumesvHulx onpe- C
desennblx KeadpamuyuHvlr Gopm 6 R™ omrpsimo
P pop P Puc. 158. Iloctpoe-
m(m+1)
6 RT. HHE 633[’1(38, B KOTO-
" poOM MaTpHulia onepa-
To ecThb eciu popma a = Z Qp TR NoJoxKu- TOopa TpeyrojibHad
k,1=1

TeJLHO ONpejelieHa. To cylecTByeT € > () Takoe. 4TO
BeAKad popma a+b, rae |by| < € (nnaBeex k, 1,1 < k,
[ < m), Toe MONOMKUTENBHO ONpe/elieHa.

INOKA3ATEJILCTBO.

m
(I)opma a TOJIOXKUTelIbHA BO BCeX TOUKaX e JUHUYHOU C(l)epbl E 33% = 1.
k=1
Coepa KomnakTHa, a popMma HenpepbiBHaA. [[03TOMy HUMHAA rpaHb JOCTHU-

raeTcA W, 3Ha4UT, Bclony Ha cdepe a(z) > a > 0.
Ecau |by| < €, To Ha cdepe |[b(z)| < Y |br| < m2e.
[losTomy npu € < -% dopma a + b nonoxuTeNbHA Ha chepe U, 3HAYUT,
m

INOJIOUTEJIILHO OIIpeaelieHa. JlemMma norasaHa.

3AMEYAHHME. U3 Hamero paccy#JeHUA BbI-
TeKaeT TaKme, UTo Ji06ad MoJoKUTEeIbHO ONpe-
JIelleHHaAd KBaJpaTU4yHafa ¢opMa yJ0OBJIeTBOpPAET
Be3Jle HepaBeHCTBY

ol|lz||? < a(z) < Bl|z||?, 0<a<B. ()

3AITAYA 1. JlokamuTe, 4YTO MHOKECTBO HEBBI-
PO AEeHHBIX KBaJpaTUYHBIX (GOpPM C JaHHOII CHUTHa-
TYpPOii OTKPHITO. Puc. 159. I[IpocTpaHcTBO
KBaJipaTUYHBIX ¢opm

[TPuMEP 1. IIpocTpaHCcTBO KBaJpaTUUYHBIX popM
OT JIBYX NepeMeHHbIX ax’ + 2bxy + cy’ — 5To Tpex-
MepHOe MPOCTPAaHCTBO C KOOpAMHATaMu a, b, ¢ (puc. 159). Konyc b> = ac penut
3TO MPOCTPAHCTBO HA TPU OTKPBIThIe YACTU COOTBETCTBEHHO CUTHaTypaM.
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Mgl ucnonb3yeMm JieMMYy b, 4TOObI JoKa3aThb cleaylollee: NpU JocTa-
TOYHO MalloM € NPOU3BOJHAA N0 HANpaBJIE€HHIO BEKTOPHOro nond NAz ot
CYMMBbI KBaJpaTOB MOJyJeil KOOpAUHAT B «£-TMOYTH cOOCTBEHHOM)» OGasuce,
BbIOpAHHOM IO JieMMe 4, MOoJIOMUTEIbHO OlpeJelieHa.

CornacHo ¢opmyie (3) aTa npousBo/IHaA ABNAETCA KBaipaTUYHOM dop-
MO#i BellleCTBEHHBIX U MHUMBIX YacTeil KOOpAWHAT 2 = Xk + 1Yk-

BeigenuMm B ¢opmyine (3) craraeMble ¢ quaroHalbHBIMHM M Hajgauaro-
HaJIbHBIMM 3JieMeHTaMu MaTpuilbl (A):

LRAzrz =P+(Q, rope P= 2Re2ak;zkfg, Q = 2ReZak;zkE;.
k=1 k<l

3amMeTuM, YTO JUaroHalbHble 4lleHbl TpeyroibHoil MaTpuubl (A) —
3TO coGcTBeHHbIe yucna Ay, onepatopa A. Iloatomy keadpamuyunas dopma

n
P =Y 2Re(z} + ;)

k=1

nepemMeHHbulr Tk, Y NOAOHCUMEAbHO onpedeseHd U He 3a8UCUIM O 6bl60pa
6asuca'.

Ilo nemme 5 3akaoyaeM, 4TO NMPU OOCTAaTOYHO MajoM € dopma P + @)
(6nuskas K P) Tak:xe nonoxuTelbHo onpeaeneHa. 6o koad punreHTsI Gpop-
MbI () TepeMeHHbIX T, Yr NPU NOCTATOYHO MAaJIOM € CTAHOBATCA CKOIlb
YTOAHO MalnbIMU (NOCKONBRY |ag;| < € npu k < 1).

HepaBenctBo (2), a ¢ HuM u (1), nokasaHo.

3AMEYAHHE. [lockonbky L 4,7? ABIfAeTCHA MONOMUTENbHO ONpeeleH-
HOIl KBaJIpaTUYHO# ¢opMOii, UMeeT MecTO HepaBeHCTBO Buaa (H):

ar? < Lazr? < pr?, (5')

rae 3 > « > () — HeKoTopble NOCTOAHHEIE.

Tarkum o6paszom, chopmyliupoBaHHasA B 1. 3 Teopema o ¢yHKHuUMU Jla-
yHOBa JIoKa3aHa.

Cnenyiomasa cepuf 3ajgay NpUBOOUT K JPYrOMY NOKa3aTelbCTBY ITOM
Te€OpeMBI.

1CnenyeT oTMeTHTBb, UTo 3anaHHoe dopMmoii P orobpasenue *C? — R 3aBUCHT OT
BbIOOpa 6asuca.
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3AJAYA 2. JloxamuTe, uTo AuddepeHIupoBaHNE 10 HANPaBIeHUIO BEKTOP-
Horo noiAa Ax B R" 3apmaer nuHeiiHbIii onepaTop L4 : RIED 2 pnGeEs) 2
IIpocTpaHCTBa KBaJgpaTU4HbIX ¢opm Ha R" B cebs.

3AIAYA 3. 3HaA coOCTBeHHbIEe uKucia A; onepaTtopa A, HaliTu cOOCTBEHHBIE
yucia oneparopa L4.

OTBET. A; + 2,113, 7 <n.

YraszaHue. Ilycts A umeet co6cTBeHHbl 6a3uc. Tora co6cTBEHHBIMU BEK-
Topamu L4 O6ynyT kBajgpaTHuyHble (HOpPMbI, paBHble INONAPHBIM IPOU3BeJIeHUAM
JTVHEUHBbIX GopM, ABIAIOMUXCH COOCTBEHHBIMU BEKTOpPaMU ollepaTopa, AyajlbHOro

K A.

3AIAYA 4. Jlokamute, yTo onepatop L4 ABAAeTCA U3oMopdusMoM, ecaiu A
He MMeeT MPOTHUBOIOJOM#HBIX COOCTBEHHBIX umceld. B yacTHocTH, eciu BemecT-
BeHHbI€ YacTH BceX COOCTBEHHBIX 4YHCelNl omepaTopa A ogHOro 3HaKa, TO KaxkJaf
KBajJipaTu4yHasA ¢opMma Ha R" ecTh npou3BogHaA HEKOTOPOI KBaJApaTUYHOM GOPMBI
10 HAaIlpaBJIEHUIO BEKTOPHOIO nojaA Ax.

3AAYA 5. JlokaxuTe, YTO e€ClU BelleCTBEHHbIE YacTH BceX COOCTBEHHBIX
yucel omepatopa A NONOKUTEIbHBI, TO (Gopma, NPOU3BOAHAA KOTOPOU MO Ha-
IpaBIeHMIO oA AT NOJOKUTENLHO Ollpe/ielieHa, caMa IOJI0UTENbHO ONpe/ieleHa
U, cleloBaTelbHO, YOBIETBOPAET BceM TpeOOBaHUAM [I0Ka3bIBA€MOIl T€OpEMBI.

Yra3zanue. llpencraButh ¢GopMy B BUOe UHTerpaia ee NpPOMU3BOJIHOIN BIOOJb
(¢a30BBIX KPUBBIX.

6. IlocTpoeHue romeomMop-
¢usma h. Ilpuctymaem K [JoKa-
3aTelbCcTBY JeMMbl 3. T'omeoMop- X
¢usm h: R® — R", nepesons-
muii ¢asoseiil notok {f'} ypaBue-
nua & = Az (Re A > 0) B dasoBsrii
notok {g'} ypaBHenusa & = x, Oy-
JileM CTPOUTH CleJyIOIUM 06pasoMm.
PacemoTpumM chepy?!

ftmﬂ h 9330
___',_.---P'

Puc. 160. Iloctpoenne romeomop-
¢usma h

S={zecR": r*(z) =1},

rae 72 — ¢yuknuda Janynosa us (1).
Touku 3Toii cheprl romeoMopdusm h OyneT ocTaBIATL Ha MecCTe.
[lycth &y — Touka cdepsl (puc. 160). Toury fixy dasoBoil TpaekTopuu

lEcnu yropso, snnuncous.

15 3akaz Ne 117
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ypaBHeHud & = Ax oTobpasmenue h GyneT nepeBoJUTh B TOUKY g’xy (daso-
BOIi TPAeKTOPUU YPaBHEHUA L L:

h(fley) =gty VteR, x € S. h(0)=0. (6)

Mb1 mon#HBI IPOBEPUTH:

1) uto popmyna (6) ogHO3HAUHO ompejieiAeT 3HaueHue h B Mo6oit Tou-
ke ¢ € R";

2) uto otoOpamenue h: R"” — R™ B3aMHO OAHO3HAYHO U B3aUMHO
HelpepPhIBHO:;

3) uto ho f* = gtoh.

JlokazaTenbCcTBa BCeX 3TUX YTBEP#IEHUIN 0YEeBHUIHBI.

7. loka3zaTeJbCTBO JeMMBbI 3.

JJemma 6. IIycmv p: R — R" — kakroe-Hubydv omauunoe om 0 pewernue
ypasrnenuna ¥ = Ax. Cocmasum cyuecmeenHylo GYHKUUIO eewecneeHH020 nepe-
MEHH020 T :

p(t) = Inr*(p(t)).
Tozda omobpasxcenue p: R — R asaaemca duddeomopdusmom, npuiem

dp
< — < 6.

JIOKA3ATEJbLCTBO.
Ilo TeopeMe eJUHCTBEHHOCTH 7 (e(t)) # 0 Vt € R. Coraacuo (5'), Haxogum
2

%):L:'—zrnueﬂﬂyag at
U3 nemmb1 6 cienyer, 4To:
1) Kawdas mouka ® # 0 npedcmaeasemca 6 eude © = f'@y, 2de xo € S,
t R, {f'} — dasoswiii nomor ypasnenus r = Ax.

JleficTBUTENBHO, pACCMOTPUM peEllIeHHEe (p ¢ HaYaabHbIM ycioBrueM ¢(0) = x.
o nemme 6 npu HeroTopoM 7T GyneT 72(@(7)) = 1. Touka @y = (7) NpuHaIIe-
mut S. llonaras t = —7, monyuum & = f'(xo).

2) Takoe npedcmasaerue eduHCcmMEeHHO.

JleficTBUTENbHO, pa3oBas KpuBasf, BbhixoadAman us ¢ (puc. 160), enuHcTBeHHA
U mepecekaeT cdhepy B OJHOU Touke o (Mo deMme 6); eMUHCTBEHHOCTD ¢ TaK#e
cleyeT U3 MOHOTOHHOCTHU p (1emma 6).

HTaK, Mbl MOCTPOUIM B3aMHO OJIHO3Ha4YHOe O0TOOpaxieHne MPAMOIo Mpou3-

Oaf < B, uTo u TpebGoBaloCh JI0Ka3aTh.

Bell€eHHH HpHMOﬁ H CCpepr Ha €BRJIUO0BO IIPOCTPaHCTBO oe3 O,[[HOﬁ TOYKH

F:Rx S" ' 5R"\0, F(t @)= f .
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W3 TeopeMbl 0 3aBUCHUMOCTH pelleHUs OT HaYalbHbIX yCIOBHIl BhITEKAeT, YTO KaK
oToGpasmenue F, Tak n o6paTHoe oToOpaykeHHe HelpepbIiBHO (U Haxie ABIAETCA
nu¢ddeoMoppusmMoM).

3aMeTHUM Tenepb, YTO [UIA CTAHAAPTHOrO YpaBHeHUA & = & umeeM dp/dt = 2.
MosTomy oTo6pamenue G: R x S"~1 — R"™ \ 0. G(t, ®) = g'xy Tarme B3auMHO
O[IHO3HAYHO U B3aMMHO HenpepbiBHO. OToGpaskenue h mno onpenenenuio (6) copmna-
naet ¢ oro6pazenueM G o F~': R™ \ 0 — R" \ 0 Bciomy, kpome Touku 0. Takum
o6pa3oM, MbI JIoKa3ainu, 4To h: R" — R" — B3auMHO o/lHO3HaYHOE 0TOOpareHue.

HenpepoiBHocTh b 1 h™' Bciony, kpome Touku 0, ciieyeT U3 HENPEPbIBHOCTH
F, FF'u @G, G (B meiictBuTenbHocT h — nuddeomopdpusM BcrOLy, KpoMe
touku 0; puc. 161).

/ ‘ ]Rm+
—h“" >0 R™
\ v
Puc. 161. 'omeomopdpusm h aAB- Puc. 162. CrangapTHOe ceiio
afgeTcAa guppeomoppu3MoM BCIO-
oy, kpome (0

HenpepoiBaocTs h 1 h™! B Touke 0 cremyeT u3 neMMbl 6. DTa JTeMMa 103BO-
NAeT TMOMy4YuThb Jaxe ABHYIO oneHky - (h(z)) yepes (&), ||z|| < 1:

(r* ()" < 7*(h(2)) < (r* ().

DleiicTBuTenbHO, mycTh ¢ = F(t, @), t < 0. Torma Bt < Inr’(z) < ot u
Inr?(h(z)) = 2t. Hakonen, npu = # 0 umeeM & = f*xy, nos3TOMY

(ho f)(z) = h(f'(f*(20))) = h(f***(20)) =
=g () = g'(8°(w0)) = &' (h(2)) = (g' o h) ().
Ipu = 0 tarme (ho f*)(x) = (g° o h)(z). Urak, yrBepmuaenus 1), 2), 3)
n. 6 nokasaHbl. JloKa3aTeIbCTBO JeMMBbI 3 3aKOHYEHO.

8. Jloka3aTeJbCTBO TeOpeMbl O TOMOJOTHMUYECKOl KiaccudpuKa-
uuu. U3 nemm 1, 2, 3 cnenyert, yTo BcAKad JMHelHaA cucteMa & = Awx,
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y kotopoii onepatop A: R"” — R" He uMeeT coOCTBEHHBIX YMCeN C HyJe-
BOil BellleCTBEHHOI 4acTblO, TONOJOrMYeCKU 3KBUBaleHTHA CTaHAapTHOMY
MHOroMepHoMmy ceany (puc. 162):

m_ m
r = —I, Lo — Ta, (BleR ’ :EQE]R Il

CrnenoBaTeslbHO, AB€ TaKKhe CUCTEMbI C OJUHAKOBBIMU YHCIAaMU M _, M4
TONOJIOTUUYECKH YKBUBAJIE€HTHBI APYT IPYTY.
3ameTum, 4yto noamnpoctpaHcTBa R™~ u R™* unBapuanTHBI OTHOCH-

TeJIbHO ($a30BOro NoToKa {gi} IIpu yBennuenuu ¢ Bcaxkaa Touka R~ npu-
onuskaerca k 0.

3AIAYA 1. Jlokamute, uto gl — 0 npu t — +00 Toraa ¥ TOALKO
Torga, Korga @ € R™~.

IMosTtomy R™~- — wuaseiBaeTca erodauwum ycom cedaa. TouHo Tak
me R™* naspiBaetca evirodauium ycom. Beixonammii ye onpegeingeTcs ycio-
BueM gle — 0 npu t — —o0.

Jlokaxem Tenepb BTOPYIO YacTb TeOpPeMbl O TOINOJOTUYECKOl KJiaccu-
GUKaUUU: § MON0A0UYECKL IKBUBANEHITIHBLL cucmem 00UHAK080 KOAUYECIT-
80 COOCMBEHHBIT YUCeA C OMPUUAMEAbHOTL 8eu,eCmBeeHHOl Yacmbio.

JTO KOJIMYECTBO €CTh pa3MepPHOCTh m_ Bxojaduiero yca. Utak, gocra-
TOYHO JI0Ka3aTb, YTO PA3MEPHOCMU 8XO00AULUT YCO8 Y TMONOA02UYECKU IKBU-
8aANEHMHBLY ceden 00UHAKOBL.

3aMeTUM, UTO BcAKUIT romeomMopdusM h, nepeBojAmuii ¢ha3oBbiii Mo-
TOK OJHOro cejjia B (a30BbIii MOTOK JApyroro, o6A3aH NepeBOJAUThL BXOMAA-
Uil yc OJIHOr0 BO BXOAAILIUI yC APYroro (HockoibRy cTpemieHue K () npu
t — 400 coxpaHfetrca npu romeomop¢usme). [loatomy romeomopdusm h
OCylllecTBJAET TaKk#ke romMmeoMopdHoe oToOpa#eHne BXOIAIIEr0 yca OJHOI0
cejlljla Ha BXOJAIIMI yc¢ Apyroro.

CoBnajieHrie pa3MepPHOCTEN yCOB BhITEKAeT Telephb U3 clieAYIOIIero To-
MOJIOTUYECKOT 0 MpeIJIO#EeHUA:

Pasmeprnocmv npocmpancmea R" — monoaoeuveckuti uneapuanm.
Huvimu caosamu, 2omeomopgusm h: R™ — R" cywecmsyem moavko mescoy
npocmpancmeamu 00UHAK080L pa3mepHOCU.

XoTA 3TO mpejlo#eHre U KameTcA OYeBUJHBIM', J0Ka3aTelbCTBO €ro
He MPOCTO U He OyJeT 3/1eChb MPUBOJAUTHCA.

lCymecTByIoT, 0oqHaKo, B3aMMHO ONHO3HauHble oToOpameHua R™ — R™, a Tarme
HenpepbIBHbIe oTobOpamenusa R™ wa R™ npu m < n (Hanpumep, R! — R?).
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3AIAYA 2. JlokamuTe, 4TO 4 celyia ¢ TPeXMEPHBIM (pa30BbIM IIPOCTPAHCTBOM
uc(m—,my)=(3,0), (2, 1), (1, 2), (0, 3) TomojgornyecKu He SKBUBaNIEHTHbI (He
NONb3YACh HEJOKA3aHHBIM TOMOIOTUUYECKUM IpeIIoKEeHHEM ).

Yrazanue. OgHOMeEpHBIT yC COCTOUT U3 TpeX (a3oBbIX KPUBBLIX, a Oosee
yeM OJJHOMEpHBII — K3 6eckoHeyHoro yucia (puc. 163).

Tarkum obpa3om, Tomojioruyec-

Kad KiaccuuKanua JUHEHHBIX Ccuc- \ / / T \

TeM C HEeHYyJeBbIMM BellleCTBEHHbBI-
MU YacTAMH COOCTBEHHBIX 4YMCel /0--———— =0
B R', R? u R® npoBenena monHoc- / \

TblO, Torga Kak B R"” mpu n > 3

MbI BBIHY#€Hbl CChbLIaThbCA Ha He- /

OJOCHRa3daHHO€ yTBEpMICHHE O TOIIO- /4 \\ \/
» /

JIOrUYeCKOoM WHBapuMaHTHOCTHU pasa-

MepPHOCTH. \ l\ / / ~
3A1A4YA 3. lIpoBecTu ToOMmoONIOrM- / \

YeCKYIO RKiaccupuKanuio JHMHEeHHBbIX

. DN n _
onepatopos A: R" — R", He umero Puc. 163. Ycbl TpexMepHBIX celiel
IUX cCOOGCTBEHHBIX YHcel ¢ MoayiaeM 1.

el

\}

8 23. YcTONUMBOCTH MOJIOKEHUI paBHOBECHA

Bomnpoc 06 ycToiiunBoCTH MOJO#EHUA paBHOBeCUA HeJIMHENHON cucTe-
MbI pelllaeTcA TaK #e, KaKk Jid JIMHeapu30BaHHON cUCTEMBbI, eCliu y Mocie/-
Hell HeT cOOCTBEHHBIX YKCell HA MHUMOM OCH.

1. YeToiiuuBocTh no JIanyHoBy. PaccMoTpuM ypaBHeHHe

z=wv(x), zecUEecR", (1)

rie v — r > 2 pa3 IuddepeHunpyemoe B 06jacTu U BeKTopHoe mnoJe. [Ipen-
MOJ0#UM, UTO ypaBHeHUe (1) MMeeT mosoxieHue paBHOBecud (puc. 164).
Bri6epemM KoopAMHATHI &; TaK. 4TOOBI NOJO#EeHUe paBHOBecus ObLIO Haya-
nom koopaunat: v(0) = 0.

Pemnienne ¢ HauanbHbeIM ycioBueM @(tg) = 0 ectb ¢ = 0. Hac untepe-
cyeT NoBeJleHNe pellleHuil ¢ 6IM3KMMU HavyalbHbIMU yCIOBUAMHU.

Onpepenenue. Ilonoskenne paBHoBecus & — (0 ypaBHenus (1) Ha-
3bIBaeTCA ycmotvusvim (Mnu ycmotvusvim no Janynosy), ecnu A IO-
6oro € > 0 cymecTByeT 0 > ( (3aBUcAlllee TOILKO OT € U He 3aBUCHA-
mee oT t, 0 KOTOPOM HJIeT pedb HUMKE) TaKoe, UTO [JIA BCAKOIO &y, A
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e
N\\t

Puc. 164. Octanytca Puc. 165. YcrtoiiunBoe u He-
au BOIM3U MOJI0MKEHUA yCTONYMBOE TMOJOMKEHUA paB-
paBHOBecusa (a3oBbie HOBeCUA: pasiuuyue B NoBele-
KpUBbIe, HAUMHAIONIU- HUU MHTErpajlbHbIX KPUBBIX

€CHA B ero gocrtaTo4yHo
MaJoi OKPECTHOCTH

kotoporo! ||xp|| < &, pemenune ¢ ypaBHenua (1) ¢ HayalbHBIM YCIOBHU-
eM ¢(0) = x npojonxaerca Ha Bclo moinyoch £ > (0 U y[OBIE€TBOPHET
HepaBeHCTBY || (t)|| < € mna Bcex > 0 (puc. 165).

UHpIMH CIOBaMH, YCMouvueocms nonoyxeHus pasHosecus no Jlanywo-
6y — 2mo paernomephan Ha unmepsaae [0, +00) crodumocmsv (kK nocmosHHo-
MY peuLenuio) peuleHull, HavaabHble IHAYeHUS KOMOPbLT CMPEeMAMCA K Pac-
cmampueaemony noaoxcenuio pasosecus. CXoquMOCTh 3HAYEHUI pelleHuu
npu J1060M GUKCUPOBAHHOM | rapaHTHPYeTCA TeOPEMOii 0 HellpepPbIBHOI 3a-
BHCHMOCTH PelIeHHA OT HaYalbHOI0 yCIOBHA: BaHa MMEHHO paBHOMepHas
CXOIMMOCTb, T.e€. He3aBUCUMOCTh § OT t.

3AJIAYA 1. HccnenoBaThk YCTOWUMBOCTD MOJOEHUIT paBHOBECHUS:

1) ¢ =0, 3) T1 = T2, 2 3:31:331, 5) T1 = T2,

2) & = x; Tz = —T1;3 Ty = —T2; T2 = —sinzi.

3AIAYA 2. JlokazsuTe. YTO NpHUBEIEHHOE ONpe/ielieHle KOPPEeKTHO, T.€. 4YTO
YCTOMUMBOCTH MOJIOKEHUA PAaBHOBECHUA He 3aBUCUT OT CUCTE€Mbl KOOPJAUHAT, y4ac-
TBOBAaBIIIeil B ONpe/ieJIeHUN.

3AJTAYA 3. Ilycth u3BecTHO, uTo OiA dob6oro N > 0, € > (0 cyumecTByeT
Takoe peuleHue  ypasHenus (1), uro ana mexoroporo t > 0 || (t)|| > N||@(0)|,
npuueM ||(0)|| < €. BbiTekaeT 11 0TCIOa HEYCTOHYUBOCTD MONOEHHUA PaBHOBE-
cua x = 07

lBen ¢ = (21, ..., Tn), T0 ||2||? =22 + 22 + ... + 22.
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2. AcuMniToTHUYeCcKad yCTONUUBOCTD.

Onpenenenue. Ilonoxenue paBHoBecusa & = () ypaBHeHus (1) Ha3bl-
BaeTCH ACUMNIMOMUYeCKU Ycmoli1ussvim, €ClIU OHO ycToiuuBo (mo JlamyHo-
By) U

lim ¢(t) =0
t—>+oo<p( )
I BCAKOI'O PelleHUA ¢ ¢ HayalbHbIM yciaoBueM ¢(0), nemamum B gocTa-
TOYHO MaJjloil okpecTHOCTH Hynd (puc. 166).

0(0) [ /5 \/\ ¢
0 N——

Puc. 166. AcuMnNTOTUYECKH YCTOMUMBOE IOJIO#E€HUEe paBHOBECHUA: HHTerpajlbHbIe
KpUBbIE

3AnAYA 1. Pemuth 3amaum 1), 2), 3) m. 1, 3aMeHUB Be3lle yCTOHYMBOCTH
aCUMIITOTUYECKON YyCTONUYUBOCTLIO.

3AIAYA 2. BeiTeraeT au yCTOHUYMBOCTH MOJO#EHUA paBHOBecUA 10 JIAnyHo-
By U3 TOr0, YTO KamJoe pelleHre CTPEeMUTCHA B 3TOMY IOJOKEHUIO paBHOBECUA

npu t — +00?

/\o/"//(l) N - I’l
e -

Puc. 167. ®a3oBble KpHUBbIe ypaBHe- Puc. 168. Co6cTBeHHbIE
Huit (1) u (2) yucia onepatopa A

3. TeopemMma 06 ycToiiuBOCTU 110 NepBOoMYy npubiauxeHuro. Ha-
pany c (1) paccMoTpuMm JHeapu3oBaHHOe ypaBHeHue (puc. 167)

= Az, A:R" - R" (2)

Toraa v(x) = v + v, vi(x) = Az, vo(x) = O(||z||?).
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Teopema. Ilycmv 6ce co6cmeennbie wucaa A onepamopa A aexcam
6 sesotli noaynaockocmu: Red < 0 (puc. 168). Tozda noaosxcenue pasho-
secus * = 0 ypasnenusa (1) acumnmomuyecku ycmotivueo.

3AHAYA 1. IIpuBenuTe npuMep HeycToiuuBoro (no JIAMYyHOBY) MonoMeHUA
paBHOBecus ypaBHenus (1), nna kotoporo Bce Re A < 0.

3AMEYAHUE. MosKHO /I0Ka3aThb, UTO €CJIM BellleCTBEHHafA 4acTh XOTHA Obl O]I-
HOI'0 COOCTBEHHOI'0 YHCIa A NOAOHUMEAbHA, TO NOJNO}EHE PAaBHOBECUA HEYCTOi-
yuBO. B ciiyyae HyleBbIX BellleCTBEHHBIX YacTeil YCTONYMBOCTDH 3aBUCUT OT 4ile-
HOB pAna Teiinopa Bblllle NepBOil CTENEeHU.

3AIAYA 2. YcroiunBo au (10 JIANYHOBY U aCHMITOTUYECKHU) HyJIeBOe II0JI0-
sKeHHe paBHOBECHUA CHUCTEMBI L1 = X2, T2 = —T17

OTBET. Eciu n dyerHo, HeycToiuuBo (mo JIAMyHOBY); eciu HEUYETHO, TO
ycroitunBo (1o JIAnyHOBY), HO He aCUMIITOTUYECKH.

4. [NokasaTtenbcTBO Teopembl. Cornac-
, HO § 22, n. 3 cymecTByeT QyHKIUA JIAMyHOBa: moJso-
r=const kyTenbHO onpejeneHHad KBajpaTUyHad ¢opma 1?2,
IIPOM3BOJJHAA KOTOPOIi M0 HanpaBJIeHUIO JIUHEHHOTO

II0JIA v; OTpULaTelIbHO OIlpeelieHa:

L,, r? < —271"2,

Puc. 169. IloBepxHOoCTb

ypoBHA ¢yHKuMM JlAmy-
HOBa Jlemma. B docmamovno manoil okpecmuocmu

mouku x = 0 npouszeodnas dynryuu Janynosa no
HANPaeAeHul0 HeAUHEH020 NoAsL V yooeaemeopaem HepaseHCcmey

rjie v — MoJoxuTelbHad nocrofaHHas (puc. 169).

L,r* < —r2. (3)

JIOKA3ATEIBCTBO.
HeitctBuTenbHO, Lyr? = Ly 12 + Ly, r?. TlokameM, 4To NIPU MalbIX 7
BTOpOE cllaraeMoe ropasjo MeHbllle NepBoro:

Loy,1% = O(r). (4)
B camom pene, pis mo6oro nois w U n060i GyHKIUUA f

Luf = Z gg.ui.

i=1 ¢
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B namewm ciayuyae (u = vo, f = 72) u; = O(r?) u 8f. = O(r) (nouemy?),

ox;

OTKYy/la ¥ BhITEKaeT cOOTHolleHue (4).

Urak, cymectBytoT C > 0, 0 > 0 Takue, yto 1y Bcex & ¢ ||z|| < o
BBITIONTHEHO HepaBeHCTBO |L4, 72|, < C|r?(x)[*/2. lpaBaa yacTh He 601b-
me yr? Npu I0CTAaTOYHO ManbiX ||&||, Tak YTO B HEKOTOPOH OKPECTHOCTH
Touykn & = 0

L,7° < =291 + 4r? = —r2.
JleMma JokasaHa.

[lycTh ¢p — pemienue ypaBHeHus (1), oTIMYHOE OT HYJIEBOT0, C HAYANb-
HBIM YCJIOBHEM B JIOCTATOYHO Malloii OKpecTHOCTU ToukH & = 0. Onpenenum
GYHKINIO BpEMEHH p COOTHOIIEHHEM

p(t) =Inr*(p(t)), t>0.

ITo Teopeme enuncTBeHHOCTH 72 (0 (t)) # 0, Tak YTO QYHKUUA p ONpeeeHa
u qudpdepennupyema. CornacHo HepaBeHCTBY (3)

1 d 2 Lv'rz
= — = < —A.
Topdi” CP= ST

Orcioga BeITekaeT, 4To 72(¢(t)) MOHOTOHHO yGbiBaeT U cTpeMurca K 0
npu t = 400:

p(t) < p(0) —4t, 7%(p(t)) < 7 (¢(0))e™ " = 0, (5)
yTo U Tp@ﬁOBa.ﬂOCb JOKAa3aTh.

3AJAYA 1. YrasaThb npo6ea B IpUBeAeHHOM J0Ka3aTelbCTBE.

PEIIEHUE. Mpb1 He JORasalli, 4TO pelleHHue @ IpoaoJ::raeTCA BIIEpeEn
HeorpaHu4eHHOo.

Paccmotrpum Takoe o > 0, uto npu ||x|| < o BHINOIHEHO HepaBeHCT-
BO (3).

PaccMoTpuM KOMIAKT B pacuimpeHHoOM (pazoBoM npoctpaHcTBe (puc.170)

F={z,t:r*(z) <o, [t| <T}.
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7 PaccMmoTpuM peliieHue ¢ ¢ Ha4albHBIM YCII0-
F| 20— L | guem ¢(0), rme r*(p(0)) < o. Io Teopeme
O TPOMONKEHUU (P MOHNHO IPOJOIKUTHL BIIE-
\ pen mo rpauunbl HuwiuHapa F. Ho mnoka Tou-
Ka (t.(t)) npunagnemut F', npousBoaHas GbyHK-
uuu r?(¢(t)) orpunarenvHa. [MosaTomy pemienue
He MOKeT BBINTH Ha GOKOBYIO NMOBEPXHOCTH IIH-
mauapa F (rge r? = 0?) u, 3HaYnT, NpofoNHKaeT-
cA go topua t =1T.
IMockoabky T npousBodbHO (M He 3aBU-
CUT OT ), pelleHHe ¢ TMpOoJoJi#aeTcAd BIepel HeOrPaHUYEeHHO, IpHU-
yem 7%(p(t)) < 0 u HepaBeHCTBO (3) uMeeT MecTo npu Beex t > 0.

gy o

Puc. 170. Heorpanuues-
Hafd MPOJIOJIA{aeMOCThb pe-
IIEeHUA Brepes

3AMEYAHHE 1. MbI gokasanu 6ojblie, YeM aCUMITOTUYECKYIO YCTOM-
4MBOCTh NOJOMeHUA paBHOBecus. I3 HepaBeHcTBa (5) BUAHO, UTO CXOIM-
MocTh ¢(t) — 0 paBHOMepHas (OTHOCUTENbHO HaYalbHBIX YCIOBHil &y, H0-
cTaTOYHO GIU3KKUX K 0).

Kpowme Toro, HepaBeHCTBO (H) YKa3bIBaeT CKOPOCTb CXOAMMOCTH (IKC-
MOHEHIINATLHYIO).

Ilo cymecTBy, Teopema yTBep#/aeT, UYTO paBHOMepHaA 3KCIOHEHI[U-
albHafA CXOJUMOCTDb (pelIeHHil JTUHEeHHOro ypaBHeHUA (2) K HyJIO He Ha-
pyluiaeTcs Npu HeluHeiiHOM BoaMyineHuu v (x) = O(||x||?) npasoit yacTu
ypaBHeHMA. AHAOTMUYHOE YTBep#IeHNe CpaBelJIuBO JJIA Pa3JuUHbIX BO3-
MYyleHnii 6osee obieli npupoabl. Hanprumep, Mo#HO Gb110 OB pacCMOTPETH
HeaBTOHOMHOe Bo3MYylleHue vz(x, t), aaa Kotoporo ||vz(z, t)|| < (|z|),
rae ¢(|x|) = o(|x|) npu & — 0.

3AAYA 2. JlokakuTe, UTO B yCIOBUAX TeopeMbl ypaBHeHud (1) u (2) Tomo-
JOrUYecKU SKBUBaJEHTHbI B OKPECTHOCTAX IOJOMEHUA paBHOBECUHS.

3AMEYAHHE 2. B ¢BA3M ¢ JoKa3aHHO# BhINIe TEOPEMOH MbI IPUXOIUM
K cilenymomleli aire6panveckoil 3ajave (Tak HasbiBaeMas npobGieva Pay-
ca—['ypBuna):

TpebyeTca y3HaThb, Jexcam Au 6ce KOPHU 0AHH020 MHO204A€HA 6 Ae6O0ll
NOAYNAOCKOCITIU.

JTOT BONPOC peliaeTcA KOHEYHbIM YHCIOM apudMeTHUYEeCKUX AefiCTBUM
HaJa Ko3ddunueHTaMu MHoroujieHa. CooTBeTCTBYIOIINE aJIlrOPUTMBI OIKCa-
HbI B Kypcax anrebpsl (kpumeputi I'ypeuya, memod Illmypma) n KoMIUIEKC-
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HOro nepeMeHHoro (npunuyun apeymernma, memodot Buiwezpadckozo, Hatik-
sucma u Muxatinosa). Cm., HanpuMep, A.I. Kypou, «Kypc Briciueii anreo-
pe» (M.: Hayka, 1968), ra. 9; M. A.JlaBpentheB, b. B.IIla6at, «MeTomaml
Teopuu (YHKLUMM KOMIIeKcHOro nepeMeHHoro» (M.: ®usmartrus, 1958),
ria. V; cm. takme M. M. IloctHuKkoB, «YcToiiunBbeie MHOrowieHsl» (M.: Ha-
yka, 1981). Mbr BepHeMcA & npo6iaeme Payca—I'ypBuna B § 36, 5.

g 24. Cayuaii yMcTO MHUMBIX COOCTBEHHBIX UMcell

JIvHeliHbIe ypaBHEHUA 6€3 YHCTO MHUMBIX COOCTBEHHBIX UKCell JleTalb-
HO uccienoBanbl B §§ 21, 22. Ix ¢a3oBble KpuBbie BelyT ceOA NOCTATOYHO
npocto (cemno, §22, m. 8).

JIvHeliHble ypaBHEHUA C YUCTO MHUMBIMHU COOCTBEHHBIMU YUCIAMMU J10-
CTaBAT HaM IpuMephbl 6ojiee CIO#KHOro noBejeHuA Ha3oBbIX KPUBBIX.

Takrue ypaBHeHUA BcTpeyalOTCH, HAlpuMep, B TeOpUU KojleOaHUi KOH-
cepBaTUBHBIX cucteM (cM. § 25, m. 6).

1. Tononoruuyeckaa HKiaaccudpuranua. Ilycth Bce cobcTBeHHbIE
yucaa A, ... . A, JUHEHHOT0 ypaBHEHUA

z=Az, zcR", A:R" - R", (1)

4JUCTO MHHUMBI.
B kakux ciyvasx aBa ypaBHeHUA Buna (1) Tomoiornyecku SKBHBa-
JIEHTHBI?

3AIAYA 1. JlokamuTe, YTO B cilIydae INIOCKOCTH (n = 2, A1,2 = Liw # 0)
IUIfl TOTIOJOTUYECKO! SKBUBAJeHTHOCTH JIBYX ypaBHeHuUii Buaa (1) Heo6xoauma u
aocTaToyHa anrebpanyecKkas SKBUBaleHTHOCTD, T. €. OJIMHAKOBOCTH COOCTBEHHBIX
YHCell.

B HacToAmee BpeMA aHAIOTMYHbIM pe3yabTaT JOKa3aH U IpU n > 2.

2. IIpumep. PaccmMoTpuM ypaBHEHHE B R*

G —
r1 — wWixay, .
. /\1,2 = :I:zwl,
L2 = —Wid1,

1 . (2)

Iz = Wel4 .
. ’ )\3q4 = :I:zwg.

\ T4 = —W2I3,

[IpocTpancTBO R* pacnagaeTca B NPAMYIO CyMMY [OBYX HWHBapUaHTHbIX

mockocteit (puc. 171):
[R4 — Rl,z —|— R3,4.
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Cuctema (2) pacnagaetcs Ha /Be He3aBU-
CHUMBbIe:

93'1 = W12
.  (z1,%2) € Ry,
Lo = —Widy,

(3)

(4173, :23'4) - R3,4.

-’17.73 — W2y,
L4 = —WeT3,

B ramgoii u3 miockocTteii ¢a3oBble Kpu-

Bble — OKPY#HOCTH
Puc. 171. ®a3oBoe npocTpaHCTBO

CHCTeI\:bI (2) PR St={z € Ria: a7 + 25 =C >0}
unu Touku (C' = 0), u ¢$a30Bblil IOTOK COCTOUT U3 BpalleHUU (Ha yron wit
U wol COOTBETCTBEHHO).

Kasjan ¢asoBasa KpuBasA ypaBHeHUA (2) NpUHAJIEHKUT NPAMOMY MPO-
n3BeleHNnI0 (a30BbIX KPUBBIX Ha miockocTAX Rj 2 m Rs3 4. IlycTh aTH nABe
KpUBbIE — OKPYHHOCTH.

IIpaAMoe npousBeieHNEe ABYX OKpPY#HHOCTE

T?=8'xS'={zxcR*: 22+ 22 =C, 22+ 22 = D}
Ha3bIBAETCA 06YMEPHLLM TTLOPOM.

P A
27D 2D,

2r| W% /a4

70 s
0 77 2zl %y

Puc. 172. Top Puc. 173. Raprta Topa

YT06bI Myullle NpeacTaBUTh cebe Top 72, MO#HO NOCTYNUTh CledyIOo-
mum o6pazom. Paccmorpum B R® moBepxHOCThL GapaHKH (puc. 172), nomy-
YeHHYIO IpU BpallleHUU OKPY#HOCTH BOKPYT Jezsalleil B ee MIIOCKOCTH U He
nepecekalonieii ee ocu. Touka TaKkoil IOBEPXHOCTHU 3aJaeTCA AByMSA yTJIOBBI-
MM KOOpIUHaTaMu @1, @2 mod 2. KoopauHaThl ¢ U ¢ 3agaioT audoeo-
Mop($U3M OBepXHOCTH OapaHKM M NIPAMOro npousBeneHud T2 IByX OKpy#H-
HOCTeIi.
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RoopauHaTel ¢; U @9 MO#HO Ha3BaTh doszomoill u wupomotl. Kap-
Ty Topa T? (cM. puc. 173) MomHO u3o6pasuTh Ha kBaapate 0 < ¢; < 2,
0 < w2 < 27 mnockoctH (1. 2), «criaeuBy» Toukn (@1, 0) u (1, 27)
u (0, p2) u (27, 2). Mo#HO TaKk#e CUUTATh KaPTOil BCIO MIIOCKOCTD (01, (2),
HO Torja KasjJafd TOuKa Topa OyaeT uMeTh O€CKOHEUYHOe YKCJI0 u3obpase-
HUil Ha KapTe (MOZOOHO NBYM u30OpaseHUAM UyKOTKU Ha KapTe Mojdylla-
puii).

®azoBbIii M0TOK ypaBHeHus (2) ocraBiaser Top T2 C R* Ha mecre.
®dazoBble KpuBble ypaBHeHus (2) nemart Ha noepxHoctu T2. Eciu ¢, mo-
JAPHBIN yroa miaockocTu Ry 2, oTCUUTHIBaeMblil OT opTa T2 K OPTY &1, TO
cornacHo (3) ¢1 = wi. AHaNIOrMYHO, OTCUUTHIBAA Y3 OT X4 K X3 MONyYa-
eM ¢ = wo. UTaK:

(Pasosvie mpaexmopuu nomoka (2) na noseprrocmu T? ydosaemeopsiom
duddeperyuaivHomy YpasHeHUIO

Y1 = w1, P2 = wa. (4)

[upoTa u goarota ¢pa3oBoil TOUKN MEHAIOTCA PABHOMEPHO, U Ha KapTe
TOpa [ABHUKeHUe n300panaeTcA NPAMON JIUHNUEl, a Ha IOBEPXHOCTH GapaHKK
noiyyaeTcA «oOMoTKay (puc. 174).

Do A

Puc. 174. O6MmoTKa Topa

3. ®a3oBbIie KpUBbie ypaBHeHUA (4) Ha Tope. Yucna wy, wy Ha3bI-
BalOTCA PAUUOHAALHO HE3ABUCUMBIMU, €CTU U3 kiwq + kows = 0 ¢ nenaviMu ky
u ky crenyet k; = ko = 0. Hanmpumep, V2 u /8 palyoHalbHO 3aBHCHMBI,

a v/6 u /8 uer.

Teopema. Fcau w; u ws payuoHaibHo 3a8UCUMbL, MO 6CAKAA Pa306asn
kpueasn ypashenusn (4) nHa mope s3amkHyma. Ecau sce wy u wy payuoHaivHo
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| +a
/’k P+2 ¢ o+Ta
/'H/’( p+3a @
/ p+b6a

<
E /a p+ia P+da

Puc. 175. Beoay naot- Puc. 176. O6pa3pl TOUYKHU
HafA KpuBaf He Tope OKPY#HOCTHU IPU MOBTOpe-
HUY NIOBOPOTAa Ha yTol «

1

Hezasucumovl, Mo 6CAKAA Paszoean kpueas ypaeHenus (4) eciody naomua" Ha

mope T? (puc. 175).

HupIiMu cioBaMu.

Ecnu B ramjoi KieTke 6€CKOHEYHOM MaXxMaTHOM JIOCKU CUAUT OJMHaAKOBBIM
(¥ omIMHAKOBO PacIOJIOAHEHHBI) 3afll, U OXOTHHUK CTPeJIAET 110 HalpaBlIeHUuIo C Up-
palnuoHalbHbIM TAaHI'€HCOM yrIJja HaKlIOHa K JMHHUAM JOCKHU, TO OH IonajeT XOThb
B oJiHOro 3aina. (fcHo 4To ecim TaHreHC yrila HakjJOHa pallMoOHalleH, TO JOCTa-
TOYHO MaljlbIX 3aiilleB MO#KHO pPacloiOKUTh TaK, YTO OXOTHUK IPOMaXHEeTCH.)

Jlemma. Paccmompum nosopom okpyscrocmu S na yzoa o Hecousme-
pumniii ¢ 27 (puc. 176). Tozda o6pa3vt aw060ti MoKU HA OKPYICHOCMU NPU
noemopeHuu nosopoma

v, pt+a, p+2a, p+3a, ... (mod 27)

o6pa3yom MHOHCecmeo, 6Ci00Y N.AO0MHOe HA OKPYHCHOCTIU.

HlokazaTenbCTBO MOHO U3BJeUb U3 CTPOEHUA 3aMKHYTBIX MOATrPYIIN
npAaMoii (cMm. §9). MbI npoBejieM ero 3aHOBO.

[TPuHIUND ANIUKOB [AUPUXIE. Fcau 6 k auwurax aexcum k+1 npedmem,
mo xomsa 6bl 6 00HOM AWUKe O60abUe 00H020 npedmema.

PazenuM OKpy#HOCTb Ha k paBHBIX NOJYUHTepBalnoB JIUHbI 27 /k.
[lIo npuHUMNY AIIMKOB cpeau nepBbIX kK 4+ 1 Touyek Halel nocienoBaTelb-
HOCTU eCTh 2 TOYKHW B OJHOM mnoiayuHTepBaje. IlycTh 3To Touru ¢ + pa
u ¢+ qa, p > q. PaccMoTpuM s = p — q. Yroi noBopoTra S OTINYaeTCA
OT KpaTHOro 27w MeHblle yeM Ha 27/k. B mocnemoBaTenbHOCTH TOYEK ¢,
© + sa, ¢ + 2sa, p + 3sa, ... (mod 27) (puc. 177) Kamable 1Be coceqHUe

IMHO?HBCTBO A BCHOOY IIJIOTHO B IIPOCTpPaHCTBE B. eciin B CKOJIb YrogHo Maliou ORpeCT-
HOCTH JII0O0I TOUKHU [MpocTpaHCcTBa B ecTb TOouka MHOecTBa A.
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?s A
.;(p+2sa PorcQ )
Narl :’/‘ o7 P2 I
’ // ﬁﬁl
Pa0

1 T

'
27k @

Puc. 177. Touku ¢ + Nsa Puc. 178. Penyknusa TeopeMsl K ieMMe

TOYKM OTCTOAT Ha OJJUHAKOBOE paccTofHue, MeHbllee yeM 27 /k. IlycTh na-
Ho € > (. BriG6paB k noctatoyHo GonblKMM, MBI MO#eM clenaTh 2w /k < €.
B m1060i1 e-okpecTHOCTH 11060i1 Touku S! ecTh TOukM NMocieJoBaTelbLHOCTH

¢+ Nsa (mod 2m).

Jlemma jokasana.

3AMEYAHHUE. MbI He UCHOJNb30BalN HECOU3MEPUMOCTDh « ¢ 27. Memxay
Te€M OYEBUOHO, YTO MPH (¢, COU3MEPUMOM C 277, JeMMa HeBepHa.

BAIIAIIA 1. HaiiTu 1 BOCIOJHUTBH npoﬁen B JOKa3aTelbCTBE JE€EMMBbI.

JOKA3ATEJIHLCTBO TEOPEMBI.
Pemenne ypaBHeHus (4) uMmeeTr BHU[

©1 (t) % | (O) + u)lt.. P2 (t) = P2 (O) + wgt. (5)

IlycTh wi U wo palMOHANBLHO 3aBUCUMBIL: kiwy + kaws = 0, k? + k2 # 0.
YpaBHEeHUA OTHOCUTENbHO T

wlT = 27'["{‘,2, (.dzT = —27Tk1

coBmecTHbI. Ix pemenue T u ABIAETCA NEPUOJIOM 3aMKHY TOM (ha3oBoii Kpu-
Boi1 (D).

[MycTs wy ¥ wy panuoHandbHO He3aBucuMbI. Toraa wy /we — uppanuo-
HalbHOe uncno. PaccMoTpuM nocieioBaTenbHbIe TOUKH TepeceueHud ¢aszo-
Boii KpuBoii (5) ¢ Mepuguanom 1 = 0 (mod 27) (puc. 178). IllupoTsl 3TUX
TOYEK OyayT

P2k = P2,0 T 271‘3—?14: (mod 27).
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[lo neMMe MHO#eCTBO TOYEK TepeceuyeHUA BCIOAY ILIOTHO Ha MepuuaHe.
3aMeTuM, UTO NpAMbIe, IPOBeJeHHbIe U3 TOYEK MHOKeCTBa, BCIOY MIOTHO-
ro Ha NIPAMOii, Jeallleil B INIOCKOCTH, 10 HallpaBJeHUI0, He COBIafawlleMy
C HampaBlieHWeM 3TOi MpAMOI, 00pa3yloT BCIOAY MIOTHOE€ MHOMECTBO Ha
nminockocTu. IloaTomy nsobpaxeHue

510 =10 - 2n | 2|, Ba(t) = oalt) 2 | L2

¢a3oBoii kpuBoii (5) Ha kBagpaTe 0 < @1 < 27, 0 < P2 < 27 BCIOAY IIOTHO.
Urak, ¢asoBaa kpuBasa ypaBHenus (4) (v, 3HauuT, ypaBHeHus (2)) Bciogy
IUIOTHa Ha TOpe.

4. CnepgctBuAa. Pan npocTrix cheacTBUil JOKa3aHHOH TeOpeMbI BbIXO-
OUT 3a paMKHM Teopuu OOBIKHOBEHHBIX M depeHnnantbHbIX ypaBHeHUIH.

3AIAYA 1. PacemoTpuM nociiejoBaTelbHOCTh NEPBbIX LM(QP CTeNeHU ABONKU:
) AR g e SR T W AR5 0 R L A S

BeTpetuTes nmu B 9Toit nocienoBaTenbHOCTH 77 Boo6ie, ¢ mr060ii 11 KoMOUHALIUU
nudp HaunHaetca 2" 7

3ATAYA 2. JlokasuTe, yTO sup cost + sin V2 = 2.
0<t< o0

3AJAYA 3. Pacecmorpum rpynmy S' KOMILIEKCHBIX YMCeNl. II0 MOJYJIO pap-
HbIX 1. HaiiTu Bce ee 3aMKHyThle NOATPYIIIEI.

OorseT. 1, S*, { ¥1}.

5. MHuoromMmepHsbIii cayuaii. IlycTtb coGcTBeHHble 4ucia ypaBHe-
HuA (1) B R*™ npocTsl 1 UMEIOT BUJ

Paccy#gan, Kak B npumMepe 1. 2, MbI IOKa#eM, UTO ()a30Bble KPUBBIE JIeKaT
Ha 1M-MepHOM Tope

1 1 m m
M YIOBJIETBOPAIOT YPABHEHUAM (D] = Wi, P2 = W2y «v+ » Py = Wip. dUC-
na wi, ..., Wy PAalMOHAILHO HE3aBUCHMBI, €CJIU NPU HelbIX k

(kw1 + ...+ kpwn =0)=> (k1 =... =k, =0).
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3A0AYA *1. JlokasaTh, 4TO €ClIM YaCTOTHI Wi, ..., Wy, PAlOHAIbHO HE3aBH-
CHMBI, TO Ka/aaA ¢asoBad KpuBad ypaBHeHus (1), nesxamas Ha Tope 1", Bcroay
IJIOTHA Ha HEM.

CaenctBue. Ilycmv kKond npvleaem ckaikamu (\/5, \/§) no noaio (puc. 179),
2de keadpamno-zne3dosvim cnocobom noceana kykypysa. Tozda on obszamenvHo
cwubem xromdv 00uH POCMOK.

6. PaBHOoMepHoe pacnpepgejeHue. Bcio- i

oy IUIOTHbIE KpPUBBIE, PacCMOTPEHHbIE BhbIlIE, 00- 9
lajalT 3aMeyaTelbHbIM CBOWCTBOM pPaBHOMEPHO

pacnpejeifaTbcA 1o noBepxHoctu TopoB. Chopmy- ¢ o
JUpyeM COOTBETCTBYIONIYIO TeOpeMy B IIPOCTEM-

mem ciyyvae. PaccMoTpuM nocienoBaTelbHOCTh TO-  © o—>

4eK i, P2, ... Ha okpymHocTH ST = {p mod 27}.
[locnenoBaTenbHOCTH Ha3bIBAETCA PABHOMEPHO PAC- Pyc. 179. dazopas KpH-
npedeaennotl, ecin nnA moo6oit gyru A C S' pasg cucrems ¢ =1,
yrciao N (A, k) ToueKk NIMHHOrO OTpe3Ka MOCIeNo- o = /2 ¢3 = /3 Bcio-

BaTelbHOCTU (Y1, ..., k) B A aCUMOTOTUYECKHM [y IUIOTHA Ha TPeXMep-
MPONOPLHHUOHANBLHO JiuHe A: HOM Tope
. N(Ak) _ |A]
lim = .
k— oo k 2T
3AIAYA *1. JlokasaTh, 4TO MOCIEAOBATEIbLHOCTh ©, ¢ + o, ¢ + 2a, ..., T'Oe

O — YT0JI, HeCOM3MEePUMBIii ¢ 27, paBHOMEpHO pacrpejeleHa Ha S'.

CanencrBue. Yucaa 2" wawe nawunarwomea ¢ 7 uem ¢ 8. FEcau Ny(k)
u Ng(k) — woauvecmea uucea (1, 2,4, ..., 2"’), navurawuwuzrcs ¢ 7 u 8 coom-
gemcmeenno, mo cyuecmeyem klim (N7(k)/Ns(k)).
— 00

3ATAYA 2. HaiiTu sToT npenen u yéeauTbcsA, 4To oH Gonabiie 1.

3AMEYAHUE. HavanpHbIil OTpe30K nocieoBaTelbHOCTH (CM. 1. 4) yKa3bIBa-
€T, KasKeTcA, Ha TO, YTO CeMEePOK MeHbIle. DTO CBA3aHO C TeM, YTO HppalnruoHalb-
Hee yucio lg2 = 0.3010... oyeHb 61M3K0 K panuoHaTbLHOMY yuciy 3/10.

§ 25. Cayyaili KpaTHbIX cOGCTBEHHBIX UMCE

Pemenvie nuHeiHOro ypaBHEHHMA C IOCTOAHHBIMU KO3 duUIeHTaMu
CBOJUTCA K BhIUYMCIeHHI0 MaTpulpl e“t. Eciu cofcTBeHHBIE YKcaa MaTpH-
bl A NMonapHO pa3iuyYHBI, TO ABHBIN BUJI MaTpulbl e“t ykazan B § 19, n. 5

lTlepBbie HUdPHI cTeneHeil TPOKK M HaceleHHUiI cTpaH MHUpa paclpefeNeHbl 0 TOMY
e 3aKOHY.

16 3axaz Ne 117
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u §20, n. 6. YToObl HaliTH ABHBIH BHJ MaTpuLbl e B ciydae KpaTHBIX

cOOCTBEHHBIX YlCell, Mbl BOCIOJb3y€eMCA #OPJaHOBOM HOpMaJlbHOM (POPMOIA.
1. Beruuciaenue e4?, rme A — xopaaHoBa KieTka. OnUH U3 cIo-
co60B BeruucieHus e, roe A — mopaaHoBa KieTKa:

()\ 1 \
A . R™ — R™.
1

Y

yka3aH B § 14: A ecTb MaTpulla onepatopa auddepeHINPOBaHuA B Ga3uce

e=tleM k!, 0<k<mn,

NpOCTPaAaHCTBa KBa3MMHOI'OUYJEHOB CTelleHU MeHbIle 71 ¢ nokasateieM A. Ilo
dopmyine Teitnopa s ecTh MaTpulia onepatopa cuBura f(-) — f(- + s)
B TOM e Oa3suce.

JIpyroii cnoco6 ocHOBaH Ha clenylolleil JjeMMe:

Jemma. Ilycmv A u B — aunetinvie onepamopot u3 R™ e R™. Ecau

onu kommymupyrom, mo et = edeB,

JTOKA3ATEJIBCTBO.
CpaBHUM ¢opMalibHbl€ PAJbI

2 2
edeP = (E+A+A7+...)(E+B+BT+...) _

:E+(A+B)+%(A2+2AB+Bz)—|—...,

eA+B:E+(A-|—B)—|—%(A+B)2+...:

1

—E+(A+B)+:(A°+ AB+ BA+ B?) +...

DN

Ecniu AB = BA, 10 pajbl coBnagaoT (Tak Kak e*1tY = e%e¥ nna yu-

cen). IlockonbKy pAabI abcomoTHO cxoaatces, eAtB = e4eB uto u Tpebo-
BaJloCh.
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IIpencraBuMm A B Buge A = AE + A, rgpe A — HUIBNOTEHTHAaA #opaa-
HOBa KJeTKa:
( 0 1 \

0
1

\ 0/
[lockonbky AE KOMMYTHUpyeT ¢ IIOGBIM ONEpaTopoM, TO e4t =
= tAE+A) — AteAt Byryyeaum MaTpuiy

242 n—1lyn—1
At p Aty AT AT (A™ = 0).
2 (n —1)!

3dameTum, uto A neiicTByeT Ha 6a3uc e, ..., €, Kak caBur: () < e; <
ey < ...<e,. lloatomy AF peiicTByeT Kak caBur Ha k MecT U HMeeT

MaTpuiy
(0 cee 0 \

HUrtak, nokasaHa

Teopema.
(1t t?/2 .- t"_l/('n,—l)!\
1 t ... :
At __ .
e t = 1 .. t2/2 y
;
\ co 1 } (1)
(eAt te,\t o tn—le)\t/(,n _ 1)1\
et .
At _
te/\t

\ By )
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Hamu BbIuKMCIeHUA NPOXOAAT 6e3 U3MEHEHHI B KOMILIEKCHOM CIIyuae
(AeC, A: C" > C").

2. lIpunoskenuda. U3 ¢popmyisl (1) HemocpeAcTBEHHO BhITEKAIOT:

CnepctBue 1. Ilycmv A: C" — C" — .auneiinoiti onepamop,
A1, ... , A\ — cobcmeeHHble Hucaa, Vi, ..., Vp — ux kpamuocmu, t € R.
Toz0a kascoviii saemenm mampuuyst et (e awbom gurcuposannom 6asuce)
ABAACNCA CYMMOL KBA3UMHO204AeH06 om t ¢ nokasameasamu A\;, cmenewetl
meHvuwe vy coomeemcmeenno (I =1, ..., k).

JTOKA3ATEJIBCTRBO.

PaccmoTpum mMaTpuily onepatopa e’ B 6asuce, B KOTOpoM MaTpulia A
nMeeT opjaHoBy ¢opmy. Hame yTBep:#aeHue Toraa cienyeTr U3 (1) die-
MEHTbl MaTpHllbl omnepartopa et B mo6om apyrom Oasuce ABIAIOTCAH JU-
HEeMHbIMU HOMﬁHHaHI/IHMI/I (C INIOCTOAHHBIMU HOB(IJ(I)I/ILII/IGHTEIMH) JJIEMEHTOB
MaTpHUIbl ollepaTopa edt B yKazaHHOM Oa3suce.

At

CinenctBue 2. Ilycmv ¢ — pewenue dufdepenuyuarvhoz2o ypasHe-
nua © = Az, ¢ € C", A: C" — C". Toz2da raxdas romnonenma eex-
mopa ¢ (6 awbom @urcuposannom 6asuce) AGAACMCA CYMMOL KEAIUMHO20-
y1eH08 om t ¢ Noka3ameaamu \; cmeneHetll meHvUle U COOMBEMmCMEeHHO:

k
wi(t) = > e’\“pj,;(t), 2de pj1 — MHO2041eH cmenenu < V.
=1

JleiicTBuTenbHo, @ (t) = e4tp(0).

CnenctBue 3. Ilycmv A: R™ — R"™ — auwneiinvii onepamop, A\
(1 <1< k) — ezo sewecmeentbie cobcmeenHble 1UCAA, Vy — UL KPAMHOC-
mu, o £ iw; (1 <1 < m) — kKomnaercHvle co6CmeeHHble YUCAA, [ — UX
kpamuocmu. Tozda kaxcowdl snemenm mampuust et u kascdas xomnowen-
ma pewenusn ypasHenus & = Az, x € R", asasemesa cymmoti komniekcHulx

K6A3UMHO204.1E€H08 C TOKA3AMEAAMU Aj, (q T iw; cmeneHnell meHvbue vy, i
COOMBeIncmeeHHo.

T&RYIO CYMMY MO HO 3allMCcaThb TaK#e B MEHEe y,[IOGHOM BUzeE:

k m
P (t) — Z e)“tpj,g + Z ea‘t[qj,g (t) coswit + 1 (t) sin w;t],

rae p, ¢, T — MHOT'OUJIEHBI ¢ sewecmeeHHbimu KO3 PULIMeHTaMu cTeneHei
MeHbIIIe v, fi;, jij COOTBETCTBEHHO.
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JleiicTBUTENBHO, €CIU 2 = T + iy, A = @ + iw, TO
Re ze = Ree®(x + iy)(cos wt + isinwt) = e*(x coswt — ysinwt).

Mexay nmpoyum, U3 3TUX GOPMYJ BUAHO, UTO €CJIM BelleCTBEHHbIE YacTH
BCeX COOCTBEHHBIX 4YMCeJ OTPUIATelbHbI, TO BCe pelleHuA cTpeMATcA K 0
npu t — +00 (Kak 3To U JOJ#HO OBITH corjiacHo §§ 22, 23).

3. IIpuMeHeHHUA K cucTeMaM ypaBHEHUil Bblllle IIEPBOro Io-
pAQKa. 3anucaB CUCTEMY B BHJE CHUCTE€Mbl ypaBHEHUI NMepBOro MopAaka,
MBI CBeJIeM 3aJauy K pacCMOTPEHHOii BbIllle U MOKeM €€ PelluThb, MIPUBeaf
MaTpully K moppaaHoBoii ¢opwme. IlpakTuueckn yacTo ygoOGHee MOCTyNaThb
uHaue. Ilpexge Bcero, coOCTBEHHbIE YHCIa SKBUBaJEHTHOW CHUCTEMBI Iep-
BOI'O MOPAJKa MOKHO HailTU, He BHINMKCHLIBAA €€ MaTPUI[bI.

JleiicTBUTENBLHO, COOCTBEHHOMY YHCIY A OTBe4yaeT COOCTBEHHBIN BeK-
Top u, 3HauuT, pemeHue @(t) = e p(0) >KBUBaNEHTHON CHCTEMBI
nepBoro nopAaaka. Ho Torma um ucxomaHaa cucTeMa HMMeeT pelleHUe BU-
na 1 (t) = e*p(0). MomcTaBum B ucxonHylo cucteMy 1 = e’€. Cucrema
[IONyCKaeT TaKoe pelleHue (HeHYJeBoe), eCli U TOJbKO €ClIu A YIOBIE€TBO-
pAeT anreOpanyecKOMY ypaBHEHUIO, U3 KOTOPOro Mbl U MOMEM HaiTu cob-
CTBEHHbIE YHuCla ).

CaMu pelieHUA MOA#HO 3aTe€M MCKaTh B BHJ€ CYMM KBa3WMHOI'OWJIEHOB
C TMoKazaTelAMU \; U ¢ HeolpeJeleHHbIMU K03 PUIIMeHTaMu.

IlPUMEP 1. 'Z" = x.
Iopctapasgem x = e '¢. Haxomum Meré =e e, A =1, My o3a=1, 1,4, —i.
Bcakroe penleHue Hamero ypaBHeHUA MMeeT BUJ

T = Clet + Cze_t + Cscost + Cysint.

I[IPUMEP 2. 1 = 2, T2 = X1.

logcraBageM z = e t€. Haxomum A2 = €a, A\2€; = £1. Dra cucrema iu-
HEMHBIX ypaBHEHUUN OTHOCHUTENBHO &1, {2 MMeeT HeTpPHUBHAIbHOE pelleHue, eClu U
Tonbko eciu A* = 1. BeAkoe pelieHue Hameil CHCTEMbI UMeeT BHUJ

z1 = Cie' + Coe™ ' + Cscost + Cysint,
T2 = Dlet -+ Dze_t + D3 cost + Dy sint.
[loncranoBka B cuctemy naet Dy = Ci1, D2 = C2, D3 = —C3, Dy = —Cl4.

Mpumep 3. 'V —2& + 2 =0.
HoncrapnseM z = e>t¢. Haxomum

M —2X24+1=0, N =1, Aiassa=1,1,-1, 1.
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Besakoe penieHnye NCXO0JHOT'O0 YpaBHEHUA NMeEeeT BU/I

(Cit + C2)e™ + (Cst + Cy)e M.
3AOAYA 1. HaitiTu »opaaHoBy HoOpMalbHYIO (OpMYy MaTpHUIlbl YeTBEPTOIro
IOpAAKa, COOTBEeTCTBYIOLell HalleMy ypaBHEHUIO.

4. Ciyyau oJHOI'0 ypaBHEeHUA N-Io nopAagKa. 3aMeTuM, UTO KpaT-
HOCTHU COOCTBEHHBIX YHCEN, BOOOIEe I'OBOPA, He ONPENeNAIT pa3MepoB #Op-
naHoBbIX KJeToK. IlonoskeHue ymnpoujaetca, eciii peuyb HUJET O JUHEHHOM
onepatope A, COOTBETCTBYIOIIEM OJHOMY AU PepeHHalbHOMY Y PaBHEHHUIO
n-To NopAjKa:

2™ =g 2"V + . +a,z. ac C. (2)

U3 caencTtBuAa 2 n. 2 BeITEKaeT

CaenctBue 4. Bcakoe pewenue ypasHenus (2) umeem eud

k
o(t) =3 eMipi(t), (3)
=1
20e \i, ..., A\ — KOPDHU XAPAKIMEPUCIMUYeCK020 YPABHEHUS
A =@ A"+ L+ ag, (4)
a p; — MHO20%1eH cmeneHu meHble v (2de vy — KpamHocmy KOPHA Aj).

ITOKA3ATEJBLCTRO.
IleiicTBUTENbHO, ypaBHeHUe (2) uMeeT pemeHue Buna e t(€), ecau u
TOJBKO eclii A — KopeHb ypaBHeHus (4). CnenctBue (4) nokasaHo.
IIepeiigeMm K SKBHBaJeHTHOM cHUCTeMe ypaBHEHUil MepBOro nopfAgka:

0 1
U
x=Azx, A= . (5)
1

\a, ok )




§25. Caywaill kpamubvlx cOOCMBEHHBLY YUCEN 247

IMonyuyaem

CnegctBue 5. Ecau onepamop A: C" — C" umeem mampuuy eu-
da (5), mo kaxcdomy e2o co6CMBEHHOMY HUCAY N OMBEHAEN POBHO 00HA HCOP-
daHoea kK.aemka, pasmep KOmMopoil paseH KpamHocmu .

I OKA3ATEIBCTBO.

lleiicTBUTENbHO, cornacHo ¢Gopmyie (3) Ka#aoMy coGCTBEHHOMY YHC-
1y A oTBeudaeT OJHO coOCTBeHHOe HampaBieHue. B camom pgene, nycth & —
cob6cTBeHHBIN BekTOp onepatopa A. Torna cpenu pemenuii Bujga (3) ume-
eTcA nepBasd KoMIoHeHTa e ¢, BekTopa e’¢. Ho Torma ocranbHble KOM-
MOHEHThI — 3T0 npousBoaHble: & = AF¢&,. IToaTomy uucio \ onpepenser
HanpaBlieHHe BeKTopa £ OJJHO3HA4YHO.

ITocronbry Kammoil #opaaHOBOI KJIETKE COOTBETCTBYET CBO€ COOCT-
BEHHO€ HallpaBlleHHe. Clle[CTBUE o NOKa3aHo.

3AAYA 1. Bearas nu nuHeiiHasg KOMOWHANWA KBa3uMHOro4ieHoB (3) ABasA-
eTcA pelleHUeM ypaBHeHus (2)7

5. O Bo3BpaTHBIX mnocjiegoBaTeJbHOCTAX. Halle uccnegoBaHue
SKCIIOHEHTHI ¢ HEelIPephIBHBIM NOKa3aTelaeM e’/ jerko mepeHecTu Ha sKCIO-
HEHTY ¢ QUCKPETHBIM NMoKkasaTeleM A™. Mbl Mox#eM, B 4aCTHOCTHU, UCCIEI0-
BaTh TeNepb 00y BO3BPATHYIO (= PEKYPPEHTHYIO) MOCJIEI0BaTENbHOCTD,

ornpenelIeHHyl COOTHOIIEHHUeEM
Tp = 01Tp—1 + .. + QxTn—k (6)

(Hanpumep, nocienoBatenbHocTh 0, 1, 2, 5, 12, 29, ... , 3agaHHYI0 COOTHO-
[IEHUEM T, = 2&Tp—1 + Tp—2 U HaYalbHBIM ycioBUeM xg = 0, 1 = 1).

CJIB,[[CTBI/IB 6. n-i waen eosepamnofi noc.edoeamenvHoOCImuU 3aA68UCUM
om n kKaxk cymma rKed3uMHO20411€HO0o6 OIT M.

qf'n—z/\zpl

2de \; — co6cmeenHvle wucaa mampuyst A, coomeemcmeyowel nociedo-
eameAnvHOCIMU, @ P; — MHO20%A€H CImeneHu MmeHvule vy (20e vy — Kpam-
Hocmb \p).
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Bcnomuum, yto matpuinia A — 3To mMaTpuiia onepatopa A: TRS{|= ]Rk,
nepeBo/iAIIEero OTPe30K NJUHbI kK U3 Hauleil mocieaoBaTelbHOCTH, &, ; =
=(Tp—ky--+ +Tn—1)s B CAeOYIOMUN OTPe30K MIUHBL K, &, =(Tpn—k+1+--- » Ty ):

(0 [1] \ {ﬂfn—k\ (ﬂi‘n—k+1\

A{n_lz i — :g'n‘
0 1

v @ @) \ewa)  \

BaxHo 3aMeTHTB, uTo onepaTop A He 3aBUcHUT OT n. [loaTomy x,, ecTb oJHa
13 KOMIIOHEHT BeKkTopa A™&, rome € — mocTofAHHBIN BekTop. Matpuna A
uMeeT BU (5). [lonb3ydAck caencTBueM 5 u npuBoasa A K #opaaHoBoit ¢op-
Me, Mojly4daeM ciaeacTBue 6.

[Ipy BBIYMCIEHWAX HET HY#Ibl HU BBINMKUCBHIBATH MaTPUIy, HU MPUBO-
OUTh ee K HopManbHOi popme. Co6cTBEHHBIN BEKTOP onepaTopa A cooTBert-
cTByeT pelieHuio ypaBHenusd (6) sBuga x = A". lloacraBnsas B ypaBHeHue (6),
HaxoJuM IJiA A ypaBHEeHUE

)\k = al)\k_l gL ey s % A

Jlerko y6eauThbCcA, 4TO 3TO U €CTh XapaKkTepUCTUYECKOe ypaBHEHHE olepa-
Topa A.

ITruMEP 1. [lna nocnegoBatenbHoctH 0, 1,2, 5,12, 29, ... (£,=2Tn—1 + Tn-2)
HaxomuM A2 = 2A+1, A1.2 = 1+ /2. [[05TOMY COOTHOIEHUIO Xy, = 2Tp—1 + Tn—2
yIOBIE€TBOPAIOT [OCIEI0BAaTeIbHOCTH T, = (1 + \/5)“, b R \/5)”‘, a TakKe

no6ble UX JUHEHbIe KOMOUHANNU (M TOJBKO OHU)
zn = c1(1+V2)" +e2(1 — V2)™

Cpeau 3TuX KoOMOMHAIUK Jerko noaobpath Takylo, OiA KoTopoii g = 0, 1 = 1:
c1+c2=0,v2(c1 —c2) = 1.
OTBET. z, = [(1+V2)" — (1 - v2)"]/(2V2).

3AMEYAHHE. Ilpu n — 400 nmepBoe ciaraemoe 3KCIIOHEHIMAJIbLHO pacTeT,
a BTOpoe 3KCIOHeHIMalbHO y6biBaeT. [loaTomy npu 6oabmux n

zn ~ (14 V2)"/(2V2)
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M, B YaCTHOCTH, Ty 41/Tn ~ 1+1/2. OTciona Mbl HAXOAUM 1118 /2 0UeHb Xopomue
npubaumenus: V2 x (Zny1 — n)/%n. HoacraBasas z, = 0,1, 2, 5, 12, 29,...,
HaXoIUM

V2= (1-0)/1=1; V2 = (5—2)/2 = 1,5;
V2= (12 -5)/5 = 1,4; V2 = (29— 12)/12 = 17/12 ~ 1,417....

JTo Te camble MPUGIHAEHNSA, C IOMOIBIO KOTOPBIX BBIYHCIAIN V2 B OpeB-
HOCTH; MX MOKHO NONYYHTh TaKe pasloeHHeM /2 B LemHylo npobb. lanee,
(Tn+1 — Tn) /2, ABIAETCA HAWIYYIIMM CPEAU BCEX PaIlOHAIbLHBIX MPUOINAEHUM
K V/2 co 3HaMeHaTelAMHU, He PEBOCXOAAMMMU Ly, .

6. Manbie koneb6anuAa. Mbl paccMoTpelu BbIllle cliyuaii, KOrga Kas-
JOMY KOPHIO XapaKTepHCTHUYECKOro ypaBHEHHf, KaKkoBa Obl HU Oblila €ro
KpaTHOCTb, COOTBETCTByeT OOWH COOCTBEHHBLIM BEKTOpP: clydail OJHOIO
ypaBHeHUA n-ro nopaaka. CyiiecTByeT B HEKOTOPOM CMbIC]e NPOTHUBOIIO-
JOHBIM cllydail, Korja KamJIoMy KOPHIO COOTBETCTBYET CTOJNbKO COOCT-
BEHHBIX UMCell, KaKkOBa KPaTHOCTH KOPHA. ITO — cllyuail MallbIX KoJebGaHuii
KOHCEpPBAaTHBHOI MeXaHNUYeCKOU CHCTEeMBI.

PaccmoTpuM B eskaudosom mnpoctpaHcTBe R™ KBagpaTuuynyo ¢op-
My U, 3agaHHy10 CUMMETPUYECKUM ollepaTopoM A:

Uz) = %(Aa:,a::), zcR", A:R" 5 R", A=A

PaccmoTpuM audpepeHnualbHOe ypaBHEHKE
x = —gradU (7)

(U — noteHuualibHasg dHEpPrus).

[Tpu uccnenoBanuu ypaBHenus (7) mojiesHo nNpeacTaBiATh cebe Iapuk,
KaTalouuiica no rpaguKry noTeHuuaibHOU 3Hepruu (cp. §12).

YpaBHenue (7) MoHO 3anucaTh B Bujge & = —Ax uiu B KOOpAUHAT-
HOM 3amuCcH B BUJE CUCTEMbI 7n JUHEHHBIX YpaBHeHu BToporo nopajgka. Ilo
obmieMy IpaBHIy HIleM pelieHue @ = e ¢ u HaxoguMm

MeMeg = —AeME, (A+NE)¢=0. det|A+ NE|=0.

1

!BexTopnoe none grad U onpenenserca yciosuem «dU (&) = (grad U, €) ana BcAkoro
BekTopa & € TRI». 3nech Kpyrible CKOOKM O3Ha4alOT €BKJIUJIOBO CKaJIAPHOE IPOU3-
BefgeHne. B nexapToBeIX KoopauHaTax (OPTOHOPMHUPOBaHHBLIX) BeKTOpHOoe moje grad U

ou ou

3ajgaeTcd KOMIIOHEHTaAMH sy o~ |-
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OTcioga HaxoguM 7 BelmecTBeHHBbIX (mouemy?) 3HaueHuili A\? u 2n 3Haue-
HUT ).

Ecnu Bce oHU pas3ivyHbI, TO BCAKOE pellleHue ypaBHeHHsA (7) eCTh Ju-
HellHafA KOMOWHalMA YKCNOHEHT. Eciu e uMeroTcA KpaTHble KOPHU, BO3-
HUKaeT BOIMPOC O KOPJIaHOBBLIX KJEeTKaXx.

Teopema. FEcau keadpamuunan gopma U Heevipodcdena, mo rkaxrcdomy
COOCIMBEHHOMY 3HAYEHUI0 A COOIMBEIMCIneYen CimoAbKo AUHEHO He3a6uUcu-
MBLE COOCIMBEHHLLT BEKIMOP06, KAK06G €20 KPAIMHOCMb, MAkK 4mo kKaxycdoe
pewenue ypasnenus (T) moxcHo 3anucamov 6 eude cymMmol SKCTLIOHEHM :

2n
_ At n
p(t) =) Mg, £ eCn
k=1
JTOKABATEJIBLCTBO.

OpToroHaabHbIM IpeoOpa3oBaHueM MO HO npuBectu dopmy U K 2aae-
HbLM 0CAM: CYIeCTByeT OPpTOHOPMHUPOBaHHLIN Oas3uc e, ..., €,, B KOTO-
poMm U 3anuceiBaeTcad B BHJIE

n
U 1 2 _
(x) =3 arxy, T =x1€ + ...+ THe€,.
k=1

HeBbiposnenHocTb ¢popmbl (7) 03Ha4YaeT, YTO HU OJHO U3 YKCENd ap He
paBHO (. B BbIOpaHHBIX KOOpAMHAaTax ypaBHeHUe (7) NPpUHUMAET BUJ

r1 = —a1x1, L2 = —U2TL2y oo s Ly = —UpIy

He3aBHCUMO OT TOro, €cTh JM KpaTHble kopHu?. Hama cucrema pacna-
nach B NpAMOe NpOM3BelJeHUe 1 «ypaBHeHUil MaaTHUKay. Kamnoe u3 HuX
(£ = —ax) MI'HOBEHHO pellaeTcH.

Eciv a > 0. 10 a = w? u

x = (7 coswt + Cy sin wt.

!nTepecHo oTmeTuTh, uTo JlarpaHsk, BrepBble HCCeOBaBIIMII ypaBHEHHe MalbIX
xonebanuii (7), BHavase omubea. OH yMai, YTo B ciiydyae KpaTHBIX KOPHel noTpeGyoTca
«BeKOBbIe» cllaraemMble Buja ter? (B BemecTBeHHOM cayyae tsin wt), Kak B n1l. 2, 4, 5 BhIIIeE.

23aMeTHM, YTO MbI CyIIeCTBEHHO KUCIOJb3yeM OPTOHOPMHUPOBAHHOCThL 6a3uca ey : eciu

1
Ob1 6a3uc He 6b1J1 OPTOHOPMUPOBAHHBIM, TO KOMIIOHEHTHI BeKTOpa grad ) > a,kar:i He Gblau

O0vL pasHbvl G}, T},.
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2

Ecimma <0, T0a = —a“u

2 = C; chat + Cyshat = Dye®t + Dye .

ATu GopMyIbl collepaT, B YaCTHOCTH, YTBEPHKIEHHE TE€OPEMBI.

Ecau popma U nonoxuTenbHO onpeaejeHHasn, TO BCE a4y MOJOUTENbHbI
U TOYKA & COBepllIaeT 7. He3aBHCHUMBIX KojJeOGaHWii 10 7 B3aHMHO IepIeH-
OVKYJIAPHBIM HanpaBleHUAM €1, ..., €, (puc. 180). ATu KonebGaHuA Ha-
3bIBAIOTCA 2/406HbLMU UIH COOCMEEHHbIMU, a YHUCIa Wi — COOCMEEHHbLMU
yacmomamu. OHY yJOBIETBOPAIOT ypaBHenuio det |A — w?E| = 0.

TpaerxTopusa Touku ® = p(t) B R" (rme ¢ — pemenne ypaBaenus (7))
ne:xuT B napainenenunene |ri| < Xg, rie X — amnaurtynaa k-ro cobet-
BEeHHOIro Kolie6aHusA. B yacTHOCTH npu 1 = 2 — B NPAMOYTOJbHUKE.

Ecau 4yacToThl w; U wy COM3MEPHUMBI, TO TPAEKTOPUA — 3aMKHYTas
kpuBad. OHa Ha3bIBaeTCA B 3TOM ciiyuae kpueoll Juccaxcy (puc. 181).

Ecnu ke w; U we HECOM3MEPUMBI, TO TPAEKTOPUA 3alMOJHAET MPAMO-
YTrOJAbHUK BCIOJY IUIOTHO. 9TO BhITEKAET U3 TeopeMbl § 24.

e ALy

= . [~ F

Puc. 180. HamnpasieHnus Puc. 181. OgHa u3 KpUBBIX
coOCTBEHHBIX KoJieOaHU Juccamy ¢ ws = 2wy

U JUHUM YPOBHA IOTEH-

LMaJIbHON 3HEpPruu

3A0AYA 1. HapucoBaThs kpuBble Jluccamy miaa w1 = 1, we = 3 U w1 = 2,
w2 — 3.

3AIAYA 2. JlokazaTh, YTO cpeau KPUBBIX Jluccamy ¢ w2 = nwi ecTh rpaduk
MHOT'OUjIeHa CTeNeHU N. ITOT MHOIOYJeH Ha3bIBaeTCA MHO2041eHom Yebwvluiesa,

T, (x) = cos n arccos .

3A70A4A 3. Kak BeIrasagaT TpaekTopuu & = (t) B ciyvae U = 3 — 237

3AIAYA 4. IIpu rakux U nonozxxenue paBHoBecus & = & = () ypaBHeHus (7)
ycToiiuuBo a) no JIanyHoBy? 6) acCUMITOTUYECKU !
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8 26. O KBa3sHMMHOro4jJeHax

IIpu pemenuu JMHEeHRHBIX ypaBHEeHUIl ¢ MOCTOAHHBIMU K03} pUuLeHTa-
MU HaM Bce BpeMA BCTpevaluch KBa3MMHOrouljieHbl. Mbl BHIACHUM TeNeph
IPUUYMHY 3TOr0 ABJIEHUA U JaJUM €My HEKOTOpble HOBbIE NPUJIOMHEHUA.

1. JIuHeiiHoe npocTpaHcTBO QYyHEKLHI. PaccMoTpuM MHOKeCT-
Bo I’ Bcex O6ecroHeuHo auddepeHnupyeMbIXx GYHKIUIN Ha BellleCTBEHHOI
ocd R ¢ KOMIIJIEKCHBIMY 3HAUYEHUAMHU.

MHoskecTBO F' UMeeT ecTeCTBEHHYIO CTPYKTYPY KOMIIJIEKCHOTO JIMHET-
HOT'0 mpocTpaHcTBa: eciu fi U fo — yHRUMU u3 F', To QyHKUUA ;1 f1 +c2 fo
(c1, ¢ — roHcTauThl U3 C) Takze npuHamnexut F.

Onpenenenue. Oyukuuu fi, ..., f, € F Ha3pIBalOTCA AUHEUHO He-
3a6UCUMBIMUL, €CIT OHU JTUHEITHO He3aBUCHUMb] KaKk BEKTOPBI JUHEHOro Mpo-
cTtpaHcTBa F'. T.e. ecin

(le1+...+cnanU):>((31:..._Cn:U),

rge ci, ..., ¢, € C.

3AnAYA 1. Ilpu kakux a, 8 pyHruMu sin at u sin St 1uHeHO 3aBUCUMBI?

At Ant
g o

3AJAYA 2. Jloka3aThb, UTO QYHKIMH € ., e

€CJIh BCe /\k: IIOIMapHO pa3/JIUYHBI.

JIMHENHO HE€3aBUCHUMBI,

Yra3zaHue. IJTO BBITEKaeT U3 CynmeCcTBOBaHUuA JIMHEMHOI' 0 YpaBHE€HHUA N-TO

nopsAnka ¢ pemenuamu e 1t ..., et (cm. m. 2).

Cpenn aneMeHTOB NpocTpaHcTBa F' MMeIOTcA KBa3MMHOT'OWIEHBI C T0-
KasaTejleM )\

v—1
f(t) = e Z ct"
k=0

U, 6oJiee 00IIUM 06pa:30M, KOHEeYHble CYMMbI KBaZMMHOI'OYJIEHOB C pa3dHbIMH
I[IOKa3aTelIfiMHU

k l/p—].
FO) =) MY amt™, N # )\ (1)
=1 m=0

3A0AYA 3. [lokamuTe, 4TO Kamaana ¢yHKUMA Buaa (1) 3anuceiBaeTCA B BUE
cyMMsI (1) equHCTBeHHBIM 00pa3oM. lHaue roBops:
Ecau cymma (1) pasna 0, mo rasxicdvii kosgduyuenm ci ., paser 0.
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Yrazanuve. OqHO U3 BO3MOKHBIX pelleHHMiI ¢cM. B 1. 2 (cleicTBHe Ha
cTp. 254).

2. JInHeiiHOe NpocTpPaHCTBO pelleHMil JUHEIHOr0 ypaBHEHUA.

Teopema. Muoxcecmeo X ecexr peurenuli AuHellH020 YpA6HEHUA
™ + a1V 4. fac=0 (2)

cocmasasem 6 F' auneiinoe nodnpocmparncmeo KoHeuHOU pazmepHocmu n.

,HOEA3ATEJI]JCTBO.
Paccmorpum onepatop D: F' — F', nepeBogaluii Kamayo pyHKIHUIO
B ee npousBonHylo. Onepatop D nuHeeH:

D(c1fi + caf2) = ec1Df1 + c2D fo.

PaccMoTpuM MHOroulieH oT omnepatopa D:
A=a(D)=D"+a; D" ' +... 4+ a,E.

Onepatop A ecTh nuHeiiHblii onepatop A: F' — F. Pemenusa' ypaBHe-
HuA (2) — 3To aneMeHThI Afnpa onepatopa A. Utak, X = Ker A.

Ho anpo Ker A nuHeiiHoro onepatopa ABJIAETCA JUHEHHBIM MPOCTPaH-
cTtBOM. IlloaTomy X — nuneiiHoe npocTtpaHcTBO. IlokaxmeMm, uTo X nszomopd-
o C".

Ilycts ¢ € X. ConocraBuM ¢QYyHKNUU @ HabOp 7 UYMCENl: Ha-
O6op 3HaueHuil B Touke { = (0 QYHKLUUM ¢ U ee NPOU3BOJHBIX @Y, =
= (¢(0), (Dp)(0), ..., (D™ 1)(0)). Monyyaem oToGpameHnue

B: X - C", B(y) = ¢p-

JTo oTobOpaxeHue nuHeiiHo. O6pa3 oToOpameHua B — 3To Bce MpocTpaH-
ctBo C". 60 mo Teopeme cyliecTBOBaHHA CYLIECTByeT pelieHne ¢ € X
¢ JI0OBIMU JaHHBIMU HayalbHBIMU YCIOBUAMMU .

Anpo otobpamenua B nyneBoe. 160 1o TeopeMe eJUHCTBEHHOCTU Ha-
yanbHble ycloBuA @, = 0 onpegensaioT pemenue (¢ = ) ogHo3HauyHO. U TaK.
B — u3omopdusm.

Teopema gorasana.

I Mu1 3apanee 3HaeM, uTo Bce pelleHUA ypaBHeHuA (2) GeckoHeuHo AuddepeHIUpye-
MblI, T.e. npuHamnexat F (cMm. §25,4).
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CaenctBue. Ilycmo A ..., A\, — KOpHU Xapaxmepucmu4ieckozo ypaes-
Henusn a(A) = 0 duddepenyuarvrozo ypaswenusa (2) u vy, ...,V — UI
kpamuocmu. Tozda kaxcdoe pewenue ypasHenus (2) eduncmeeHHbLM 06pa-
3om 3anucvieaemcs 6 eude (1) u raxcdana cymma keasumnozoirenos suda (1)
ydosaemeopsem ypasreruio (2).

JTOKA3ATEJIBCTBO.

®opmyna (1) 3amaet oroGpaxenue ®: C" — F, comocrapnfioliee Ha-
6opy n KO3 GULUEHTOB ¢; ., GyHKLUIO f. ITO oTOOpaxeHue auHeiiHo. Ero
oOpa3 cojiepsuT npocTpaHcTBo X pemenuii ypaBHenusa (2). 6o cormac-
Ho § 25 KamJoe pemieHne ypaBHeHnus (2) sanuceiBaetca B Buje (1). Ilo Teo-
peMe pa3MepHOCThb IpocTpaHcTBa X paBHA n.

Jluneiinoe oto6pamenne npoctpadcTsa C" Ha npocTpancTBo X Takroii
e pazMmepHocTU ecThb uzoMopdusMm. IloaTtomy P ocyuecTBiseT U30MOp-
¢usm C" u X. 3To U ecThb yTBepH#JAeHHE ClIeICTBYA.

3. HHBapUaHTHOCTb OTHOCHUTEJIbHO CIBUIOB.

Teopema. IIpocmparncmeo X pewenull duddeperyuanrvHozo ypaeHe-
Hua (2) uHeapuaHmHo omHocumeavHo cdeuzos, nepesodaujux gyunryuio o(t)
6 p(t+ s).

HeﬁCTBHTe.ﬂbHO, COABUI' pelIeHuA 6y,[[eT pelmieHueM, Kak U 1JId BCAROI'O

aBTOHOMHOr0 ypaBHeHus (cp. §10).
HpHMepr INOoAIIPOCTPAHCTB IIPOCTPaHCTBAa F, HMHBAapUaHTHBIX OTHOCHUTEJIBHO
COBHUI'OB:

[IpuMEP 1. OgHOMepHOe npocTpaHcTBO {ce™t}.

[IpuMEP 2. IIpocTpaHCTBO KBa3MMHOI'OUYJIEHOB {eMp<n(t)} pPa3MepHOCTH N.

ITpuMEP 3. Ilnockocth {c1 coswt + c2 sinwt}.
[TpuMEP 4. [IpoctpancTBo {p<n(t) coswt + g<n(t) sinwt} pasmepuocTy 2n.

MoiHO noka3aTh, YTO BCAKOE€ KOHEUYHOMEPHOE MOAIPOCTPAHCTBO MpO-
cTpaHcTBa F', MHBapUaHTHOE€ OTHOCUTENLHO CABUIOB, €CTh MPOCTPAHCTBO
pelieHuii HeKoToporo auddepeHUaIbHOIO YpaBHeHUuA (2).

WHbIMU clloBaMM, TaKoe MOANPOCTPAHCTBO Bcerja pacnajgaeTca B MpA-
MYIO CYMMY NPOCTPaAHCTB KBa3UMHOI0UJI€HOB. ITUM U 00bACHAETCA 3HaUe-
HUe K3a3VUMHOI'OUIEHOB [JIf TEOPUU JIMHENHbIX YpaBHEHU!l C NOCTOAHHbIMU
K03 pULIEeHTaMu.

Ecau karkoe-nu60 ypaBHeHUE€ WHBAapUaHTHO OTHOCUTEIbHO KaKOH-1160
rpyIibl npeoOpa3oBaHuii, TO IIPU pelieHUU 3TOr0 ypaBHEHUA Ba#HYIO POJb
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OyayT UrpaTth NpocTpaHcTBa QyHKLUUHN, UHBapUaHTHbIE OTHOCUTEIbHO 3TOM
rpynmsl. Takum nyTeM B MaTeMaTUKe BO3HUKAIOT pa3iiMyHbIe clieljialibHbIe
¢dyurkuuu. Hanpumep, ¢ rpynnoit BpailieHuii chepbl cBAzaHbl chepudecKkue
(yHKUMU — KOHEYHOMEpHbIe MpocTpaHcTBa (YHKIUU Ha cdepe, UHBaApU-
aHTHbIE OTHOCHUTEJbLHO BpallleHU.

3AAYA *1. HaiiTu Bce KOHeYHOMEpHbIE MOANPOCTPAHCTBA MPOCTPAHCTBA
raiagkux (QyHKIUI Ha OKPYMKHOCTHU, MHBapHaHTHble OTHOCHUTEIbHO BpalleHUil
OKPY#HOCTH.

4. UcTopuueckoe 3ameyaHue. Teopus nuHeliHbIX quddepeHInalb-
HbIX YpaBHEHMII C MOCTOAHHLIMU Ko3ddunreHTaMu Obliia co3aHa JitliepoM
u Jlarpan:;kem 10 Toro. Kak Obljia IOCTpPOeHa KopJaHoBa HopMalibHasA ¢opma
MaTpHII.

Paccyxpganu oHu ciepymomum obpaszoMm. Ilycte A1, A2 — nBa Kop-
HA XapaKkTepUCTUYeCKoro ypaBHeHuA. IM cOOTBeTCTBYIOT pemieHus e ?,
e*?t, ga koTopble B mpocTpaHcTBe F' HaTATMBaeTcA JByMepHaf IIIOCKOCTE
{creM?t + cpe*?t} (pue. 182). IlycTh Temeph ypaBHeHHE MeHAETCA Tak,
4TO Ao mpuGauaerca k A;. Toraa e*?t npubnumaerca k eMt unpu Ay = Ay
IUIOCKOCTDH BBIPO#/JaeTCA B MPAMYIO.

Bo3HuKkaeT Bonpoc: He CyIIecTBYET JIUM NMpPeaebHOro MoJOoeHUA MIoc-
KOCTHU, Korga s — A1 7

et KerA A_lf
éfi////,/f/’ :/gjt Iq 04 i ﬁi,. 9 I ImA
{c,e’+c,te™t) / ?xl L,

Puc. 182. IIpenenbHoe nonoze- Puc. 183. apo u o6pa3 onepaTopa A
HHe ILUIOCKOCTH HaTAHYTOH Ha
IB€ 3KCIIOHEHTHI

At Aot

BmecTo e ue B KauyecTBe 0a3uca MOMHO B3ATH (IpU Ay # A1)
eMt g er2t — Mt Ho e*2t — eMt x (N\y — A\ )teMt. Basuc Hameit mioc-
koctu (eMt, (e*?t — eM?)/(A\y — A1) nmpu Ay — A; nepexoaur B Oa-
auc (e*?, te’?) npenenvHoit miockocTu. Il03TOMy ecTecTBEHHO OMUIATh.
YTO pellleHUs MpelelbHOro ypaBHeHUA (C KpaTHbIM KOPHEM Ay = )p) Oy-
IyT JNeaTh B NpeflelbHOl miockocTu {cjet + cate*t}. Korma gopmyia
HamnKcaHa, ee MOHO NPOBEPATH MOJCTAHOBKON B ypaBHEHUe.

At
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TakuMm e o6pa3oMm oObACHAETCA BO3HUKHOBeHUMe pemreHmil tFert
(k < v) B cityyae v-KpaTHOTO KOPHA.

[IpuBeeHHbIE pacCcy#I€HUA MOKHO clelaTh BINOJHE CTPOrMMHU (Hanpu-
Mep. coclaBIIKCh Ha Teopemy o Aud pepeHnrpyeMoii 3aBUCUMOCTH pelleHuii
OT mapameTpa).

5. HeonHoponHbie ypaBHeHus. llycty A: Ly — Ly — nuHeHbI
onepaTop. Pemennem HeogHopoaHoro ypaBHenua Ax = f ¢ mpaBoii yac-
ThiO f Has3bIBaeTcA BCAKUI npoobpas x € L, snementa f € Lo (puc. 183).

Beaxoe pelenne HeOQHOPOJHOIO YpaBHEHUA €CTh CYMMa 4acTHOIO pe-

IEeHWA x1 U oOLIero pelieHuA oJHOpoaHoro ypaBHeHua Ax = 0:
A7 f =z, + Ker A.

HeongHoponiHoe ypaBHeHUe pa3pemunMo. eciu f NpUHAMJIEKUT JTUHEHHOMY
npoctpanctBy Im A = A(Lq) C Ls.
PacemoTpuM, B yacTHOCTH, AuddepeHualbHOe YpaBHEHHe

™ 4 a2V 4+ anz = f(1) (3)

(unetinoe HeoOHOpOOHOe YpasHeHUe N-20 NOPAJKA € NOCMOAHHbLMU KOIPPu-
yueHmamu).

Teopema. I[lycmv npasas wacme f(t) ypasnenus (3) ecmov cymma Kea-
sumHozousenos. Toeda ecakoe pewenue ypasrenus (3) aeasemca cymmotl
K6A3UMHO2041E€HO6.

PaCCMOTpI/IM IIPOCTPAHCTBO (Cm BCeX RBA3MMHOI'OYJICHOB

C™ = {eMp<m(t)}

cTelMeHU MeHbIlle m ¢ MokasaTenem . JIuHeiHblil onepatop D (nmepeBoas-
Ui BCAKYIO QYHKINIO B ee npousBoanyio) nepeBogut C™ B ce6a. [loaTomy
onepaTop

A=aD)=D"+a; D" ' +...+a,E:C"™ - C™

Take ABIdeTcA TuHeiHbIM onepaTopoM u3 C™ B ce6da. MbI MoxeM Tenepb
3anucaTh ypaBHenue (3) B Buge Ax = f. JlnA uccienoBaHuA ero paspelin-
MocTH Hy#HO HaiiTu o6pa3 Im A = A(C™) oTobGpanenusa A.
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Jdemma 1. Ilycmv A — He KopeHb TAPAKMEPUCMUYECKO20 YPABHEHUR,
m.e. a(\) #0. Tozda A: C™ — C™ — usomopgusm.

JOKA3ATEJIBLCTBO.

Matpuna onepatopa D: C™ — C™ B nogxoadmem Gasuce — #op-
JaHoBa KJeTKa ¢ A\ Ha auaroHanu. B Tom e Gasuce omepatop A nmeert
TpeyroibHyio matpuny ¢ a(\) Ha auaronanu. Urak, det A = (a(A))™ # 0
u A — usomopdusm.

CaenctBue. Ecau N — He KopeHb xaparkmepucmuieckoz2o YpasHeHUs,
mo ypasnerue (3) ¢ npaeotl wacmuio 6 6Ude KEA3UMHO204ACHA CIMENneHU MeHb-
ule m c nokazamenem A\ umeem iacmHoe peuleHue 6 sude K6a3UMHO204AeHA
cmenelu MeHbvule T C nokazamenem .

Jlemma 2. [lycmv A — KopeHd xapakmepucmuieckozo lYpasHeHUs
kpamuocmu v, m. e. a(z) = (z — X\)?b(z), b(A\) # 0. Toeda AC™ = C™™".

JIOKA3ATEJIBCTBO.

A = a(D) = (D — AE)*b(D). Ilo nemme 1 b(D): C"™ — C™ — wuso-
mMopdusm. OctaeTca mokasaTh, uto (D — AE)”C™ = C™™". Ho maTpuua
onepatopa D — AFE B 6a3uce

Lk

ep = Fe’\t, 0<k<m,
ABJAETCA HUILIIOTEHTHOMN #OPJaHOBOIl KIETKO. T. €. 3TOT oIepaTop JeicT-
ByeT Ha 6a3uc Kak caBUT: (< ey €< ... < e,,—1. Onepatop (D — AE)”
JeiicTByeT Kak cIBUT Ha v MecT U otobpamaer C™ wa C™ 77,

CaenctBue. Ilycmv A — KopeHb KpAMHOCIMU V TAPAKMEPUCTUYLECK020
ypasnenus, a()) = 0. Ilycms f € C¥ — keasumnozouren cmenenu mensvuse k
¢ nokasameaem . Tozda ypasnenue (3) umeem pewenue ¢ € C* g sude
K6A3UMHO204.1eHA C NoKa3ameaem \ cmenenu mervuie k + v.

I[JIH AdOKa3aTellbCTBa HYy#HO IIOJIOHMHUTDL 1T — k 4+ v B nemme 2.

IIOEABATE.TII)CTBO TEOPEMBI.

PaccMoTpHUM MHO#£€CTBO Y. BCEBO3MOMHBIX CYMM KBa3MMHOIOUYJIEHOB.
JTo — nuHeiiHOe GeCKOHEUYHOMEpPHOe MOJANPOCTPaHCTBO MpocTpaHcTBa F.
[lo mpeasiaymemy cieactBuio ob6pas A(X) omepatopa A =a(D): ¥ — X
COJEPUT BCE KBa3MMHOIOUWIEHbl. Byayuu IJIHMHEHHBIM HPOCTPAHCTBOM,

17 3arasz Ne U17
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A(X) coBnamaet ¢ Y. IloaTtomy ypaBHeHue (3) MMeeT YacTHOe pelIeHHe,
ABjIAOIIeecAs cyMMoii KBasuMHorowieHoB. OcTaeTca J00aBUTH oOlee pe-
IeHre OJJHOPOAHOrO0 ypaBHeHUA. OHO ABIAETCA CYMMOI KBa3UMHOT'OUYJIEHOB
corjilacHo § 25.

Teopema noka3sana.

3AMEYAHHE 1. Eciu f = e*p(t), To cymecTByeT yacTHOe pelueHue
ypaBHeHud (3) Buga ¢ = tYe Mg (t).

lleficTBUTENBHO, IO JiIeMMe 2 cylleCTBYeT YacTHOe pellleHUe B BUJle KBa-
3UMHOIOUJIeHa CTeleHu MeHblle k + v; HO cllaraemMble CTENeHU MEHbIIE vV
yIOBJIETBOPAIOT OJJHOPOJHOMY ypaBHEHHIO (CM. cleACTBHE 0. 2), I03TOMY
UX MOKHO OTKHHYTh.

3AMEYAHHUE 2. Ecan ypaBHeHue (3) u A, BelleCTBEHHBI, TO pelle-
HUe MOMHO MCKaTh B BHJEe BelleCTBEHHOro KBasMMHorouieHa. Ecim e
A = a +iw, To B Buze e*(p(t) coswt + q(t) sinwt). Ilpu 3TOM cuHyC B pe-
IIEHUH MOMeT NOABUThCA Jase U B TOM cilyyae, Korja B IIpaBoii 4acTH ObLI
TOJILKO KOCHHYC.

3AIAYA 1. B KakoM BHJe MOHO 3anucaTh YacTHbIE pelleHUd CledyIOmMX
13 ypaBHeHuii:

1,2) @&+w=t": 3,4) i+x=e":
5,6) &+x=te 7,8) itz =t>sint;
9,10) 4z = te’ cost; 11, 12) & + 2ix = t’e’ sint;

13) "V + 42 = t?e* cos t?

6. MeTo1 KOMILIEKCHBIX aMILIUTY. B ciiyyae KOMIIJIEKCHBIX KOp-
Hell 0OBIYHO MpPOoIlle NPOBOAUTEL BhIYKCIEHUA ClIeAyoIUM 06pa3oM.

[Iycth ypaBHeHue (3) BemecTBeHHO U pyHKUMA f(t) npencraBieHa Kak
BellleCTBEHHAaA 4acTh KoMIUleKcHol dyukuuu, f(t) = Re F(t). Ilycte & —
KOMIJIEKCcHOe penieHue ypaBuenus a(D)® = F. Torpa, B3AB BellleCTBEHHY O
yacTh, yoemnaemcd, uto a(D)p = f, roe ¢ = Re® (nockonbkry a = Rea).

Utar, vmobvl natimu, peweHus auHeliH020 HEOOHOPOOH020 YpasHeHUs
¢ npaeotl wacmovio f, docmamouHo paccmompemdv [ Kak eeujecmeeHHy0
yacms KomnaercHol ¢gyuruyuu F', pewwums ypasnenue c npaeotl wacmwvio I
U 83Mb BEU,eCMBEHHYI0 YACIMb PEULEHUS.
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[IpuMEP 1. IlycTh f(t) = coswt = Ree®t. Crenenb KBa3auMHOrouJIeHa
F(t) = €™ paBna 0, nosatomy pemenue & moxHo uckats B Buse Ct¥e'“?,
rne C — KOMIUIEKCHAA MOCTOAHHaA (KOTopasd M Ha3bIBA€TCA KOMNAEKCHOLL
amnaumydoll), v — KpaTHOCTb KOPHA iw. OKOHYATENbHO

©o(t) = Re(Ct¥e™?).
Eciu C = re*?, 1o
o(t) = rt” cos(wt + 0).
Tarum obpa3oM, KoMIuieKcHaa amminutyaa C cogepsuT uHGopmanuio u o6
ammiutyne (r), u o ¢ase () BelleCTBEHHOT0 pelleHUA.

IIPUMEP 2. PaccMmoTpuM moBedeHHe Ma-
ATHUKa (puc. 184) (unu uHON JNUHEHHOU KO-
nebaTellbHOM CHCTEMbI, HalpuMep rpys3a Ha
NpY:HUHE UIH 3JeKTPUYECKOro KojebaTeJbHOro
KOHTYpa) NPy BO3JIeMCTBUM BHEIIHEH MepHOaU-
YeCKOM CUJIbI:

i+ w?x = f(t), f(t) =cosvt =Ree™. — f

7
XapakTepucTuyeckoe ypaBHeHHe A2 +w?=( m%

uMeeT KOpHU A = +iw. Ecmm v? # w?, To =
yacTHOe pelleHUe cleayeT HCKaTb B BUJle

d = Ce™t. MlogcTaBnaAd B ypaBHeHue, HaxonuMm Puc. 184.  KoneGarennbnas
cucteMa IOl JOeHCcTBHEM
C = 1 (4) ®HemHeit cunsl f(t) = cosvt

wz—uz

Benununny C MozHO 3anucaTh B TpUroHoMeTpuuyeckoM Buze: C' = 'r(u)ew(").

CornacHo ¢opmyine (4), amnautyla r» U pasa 6 UMelOT yKa3aHHbIe Ha
puc. 185 snauenus'. BemecrBennas yacte ¢ pasna r = cos(vt + 6). HUrak.
o6liiee pelleHrue HEOJHOPOJHOr0 ypaBHEHUA UMeeT BU]

x = rcos(vt + 0) + C; cos(wt + 61),
rae C1 v ; — Npou3BOJIbHbBIE IOCTOAHHBIE.

CnenoBaTenbHO, KoiebaHUe MAAMHUKA Nnod e030elicmeuem 6HeulHell Cu-
AbL COCIMOUM U3 «BblHYHCOeHHO020 Koaebanuay 1 cos(vt+60) ¢ wacmomotl enew-
Hell cuavl U «c80600H020 KOAeOAHUAY ¢ COOCMBEHHOL Ytacmomoll w.

1BLi6op § = —7 (a He +7) nNpu v > w onpaBAaH NPUMEPOM 3 HUKe.
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TA —Qn

@ \Y% [0 \%

Puc. 185. AMmiuTyna u ¢pasa MaATHUKa 6e3 TpeHUA Kak GYyHKIMA YacTOThI BHEIII-
Hell CUJIBI

3aBUCHUMOCTb aMIUIMTY[bl 7 BBIHY#JEHHOIo KojJe6aHHA OT YacTOThI
BHEIIHEe! CUJIbI ¥ UMeeT XapaKTepHbI pe30HaHCHBIN BU/I: yeM OJiuKe YacTo-
Ta BHEIIHe# cUibl K COOCTBEHHOI YacToTe w, TEM CUJIbHEE OHA pacKayuBaeT
CHUCTEMY.

JTO fABJeHHEe pe30HaHca, HalJIJaeMoro MNpy COBNAJEHUU YacTOThI
BHeIIHel cUJIbl ¢ cOOCTBEHHOI 4acTOTOl KojebaTelbHOH CUCTEMBI, UMEET
oyeHb OoJbllIOe 3HAUeHUe B npuioxeHudax. Hanpumep, npu pacuetax BcA-
KOTo pojia COOpPY#eHUI MPUXOAUTCA CIEeJUTh 3a TeM, UTOObI cCOOCTBEHHbIE
YacTOThl COOPY#EHUA He ObIIU OJIM3KU K YacToTaM BHEUIHUX CUJI, KOTOPbIE
oHO OyJeT HUCHBIThIBaTb. B mpoTHMBHOM cllyuyae faxse manaf cuila, JeicT-
By B TeueHUe NIUTEIbHOI'0 BPEMEHHU, CMOMET pacKkayaTh COOPYHKEHHE U
pa3pyuiuThb ero.

AQ

Puc. 186. Cymma IByX rapMoHUK ¢ GIM3KMMHU 4yacToTaMu (GueHHA) U ee Mpeped
B Cllyyae pe3oHaHca (pacKaydka)

(daza BBIHY#JE€HHbIX KojJebaHUU # cKAauyKOM HM3MEHAETCA Ha —7r MpHU
nepexoje v yepe3 pe3oHaHCHOe 3HayeHue w. llpu v, 6IU3KUX K w, HAOIIO-
naioTca «oueHus» (puc. 186): aMmmiuTyna KojlebaHuii MagTHUKA TO pacTeT
(moka cooTHomeHue ¢a3 MaATHUKA W BHEIIHEil CUIbI TAKOBO, YTO BHENIHAA
CUJiIa packauyuBaeT MaATHUK, cooluiag eMy 3Hepruio), To yobiBaeT (Korjaa
cooTHolleHne ¢a3 MeHAeTCcA TaK, UTO BHEIIHAA cUJia TOPMO3UT MaATHUK).

Yem Oimse 4acTOThHI ¥V U w, TeM MejlJileHHee MeHAETCHA COOTHOIIEHUE
¢da3 u Tem Oonblie nepuoa 6uenuii. Illpy v — w nepuoa 6MeHU cTpeMUTCA
K 6€CKOHEYHOCTH.
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IIpu pesonance (v = w) cooTHoueHne pa3 NOCTOAHHO U BLIHYHJEHHEIE
KojJieGaHMA MOT'YT HapacTaThb HeorpaHudyeHHO (puc. 186).
llelicTBUTENbHO, IO O0OIIEMY MpaBUly MIpU V = w YacCTHOE pellleHue

umeM B Busie * = Re Cte™?. [logcrapnsad B ypaBHeHUe, HaxoauM C' = (21—),
iw
OTRyJa T = % sin wt (puc. 186). BeiHysk 1eHHbIE KONeGaHUA HEOT PAHUYEHHO
HapacTaroT.
I[IPUMEP 3. PaccMoTpuM MafATHUK C TpeHUEM I+ .
+ki + w?x = f(t). XapakTepucTuyeckoe ypaBHeHHe ® i;g
A2 + kX + w? = 0 umeer kopHu (puc. 187)
A
2 -
A2 =—axid. rge a= —%. O =1/w? — %
—1Q)
IIpeanonoxkum, 4To Ko3(pPULKNEHT TpeHUA k moio- %—zw
mutenen u Hepenmk (k? < 4w?). PaccMoTpuM rapmo-
HUYeCKYIO BHemH0 cuny f(f) = cosvt = Reeivt, Puc. 187.  Co6-

CTBEeHHbI€e 4YHCJIa
YpaBHEHUA MafAT-
HHUKa C TpEeHHeM

Eciu roapduinuent tpenusa k orauden ot 0, To iv He
MO#eT ObITh KOPHEM XapaKTEePUCTUUYECKOro ypaBHEHUSA
(Tar Kar Aj 2 UMeIOT HeHyJeBble BelleCTBEHHbIEe YacTH).
[loaTOMy pelleHUe clefyeT Uckath B Buje x = Re Ce'?t.
[lonpcTaBnAaA B ypaBHeHUe, HaligeM

C = 1 (5)

w? — 1?2 + kiv

3anumem C' B TpuroHoMmerpudeckoii ¢popme: C = retf, I'padpuku 3aBuUCH-
MOCTH aMIUTUTYAbI 7 U (a3bl 6 BbIHY#I€HHOTO Kojle6aHUA OT YacTOThI BHEIII-
Hell cuJIbl UMeIOT, coryacHo (H), BUll, u3obpaxseHHblil Ha puc. 188.

TA —6A
T

) Ry, ) hY

Puc. 188. AmMnautyna u ¢asa BBIHYK/I€HHOI0 KojlebGaHMA MafATHHUKa C TPeHUeM
KaK QYHKIUM 4acTOTbl BHEIIHEN CHUIIbI
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JTu rpaduKky MOCTPOEHHI cieaywmuM oopasoMm. PaccmoTpum 3Hame-
HaTelb Apodu (H), T.e. 3HaUEHUE XapaKTepPUCTUYECKOI'0 MHOTOWIEeHa p Ha
MHUMO# ocu. O6pa3 orobpasenus v — p(iv) = w? — v? + kiv HasbiBaeTcA
kpueoll Muxaiinoea. I3 ¢opmyisl (5) BUAHO, YTO 3Ta KpuUBaA (AJIA Halle-
ro ypaBHeHUA) fiBifeTcA mnapa6oioii. OHa uzoOpanena Ha puc. 189. Eciu
ko3 dunueHT TpeHud k man, napaboia «O6Ju3Kay K JBa# /bl NPOJIEHHOMY
Iy4y BellleCTBEHHOI OCH.

Imp Tenepr nerko moctpoutTh o6pas oTobpa-
menua v — C(v) = 1/p(iv) — »s3ta Kpu-
Baf Ha3bIBaeTCA amniumyoHo-@a3oeoll Xapak-
TepucTukoii. [lnAa ee mocTpoeHuA JOCTATOYHO

. 2 ] o wr
v<0 / o Rep npojenaTh ¢ KpuBoii MuxaiijoBa MHBEpPCUIO U
oTpasieHue B BellleCTBeHHOU ocu. YacTh Kpu-
p(iv)=0=v4kiv Boii MuxaiinoBa, 6niu3kad k (), IouTHU HEOTIUYU-

Ma OT Iapbl OTPE3KOB NPAMBIX U COOTBETCTBY-
Puc. 189. 3nayenus xapak- er oxpecTHOCTAM pajuyca Hopsanka k Touek w
TEPUCTUMHECCROTO MHOTORIC™  y —u ocu v. Ilpu uHBepcUy NpsAMbIE NEPEXOAAT
Ha Ha MHHMOH OCH B OKPY#HOCTHU, [I03TOMY aMIUIUTYIHO-(pa3oBas
XapaKkTepUCTHUKA CONEPUT [Ba yyacTKa, OIU3KUX K OOJLIIMM OKPY#HOC-
taAM (nquametpa 1/(kw)) (puc. 190). Ha ocu v 3TU OKPY#HOCTH OTBEYaIOT
MaibiM (nopAnka k) OKPEeCTHOCTAM Pe30HAHCHBIX 3HAYEHWi, w U —w: BCA
ocTajbHaA 4YacTh OCH V COOTBETCTBYET COeNMHAIOUIEl OKPYKHOCTHU Mepe-
MBbIUKE ¥ KOHIIEBBIM JyraM.

N3yuyuB TakuM oGpasdoMm oTobpanenue v — C(v), Mbl y#xe Ge3 Tpyna
rcellelyeM 3aBUCHMMOCTh OT ¥ MOAYJA U aprymMeHTa KOMIUIEKCHONM aMIlIu-
tyabl C: ux rpaduKM U NpuBeleHb] Ha puc. 188.

O61ee pelleHrie HEOQHOPOAHOIO ypaBHeHUA

rT=r (‘,()S(Vt 1 9) + Cle_“t (‘,OS(Qt -+ 91)

nosyyaeTcA 1006aBleHHeM K 4YaCTHOMY pelleHHIO 001ero peleHns OIHOPOI-
Horo ypaBuenus Cie~ " cos(2t + 6;).

Ilpu t — +00 3TO cnaraemoe cTpeMHUTCA K (. TAK YTO OCTAETCA TOIBKO
OJJHO BbIHY#JIeHHOe Konebanue x = r cos(vt + 6).

CpaBHUM IOBeJleHHe MaATHMKA Npu HyjaeBoM (puc. 185) u npu noso-
#muTenbHOM (puc. 188) 3HaYeHMAX K03 (PUIMEHTa TPeHUH.

MBI BUAMM, YTO 6AUAHUE MAA020 MPEHUS HA PEIOHAHC NPUBOOUM K MO-
MY, ¥mo amnaumyda Korebanull npu pesornance pacmem He 6ecKoHeuHo, a do
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onpeodeneHHOll KOHEYHOll 8eAUYUHbl, 00PAIMHO NPONOPUUOHAALHOL Ko3PPulu-
eHmy MmpeHus.

lleiicTBuTENLHO, GOyHKIUA 7(V), BhIpamaroas
3aBUCMMOCTb aMIUIUTY[bl yCTAHOBUBIIUXCH KoOJe-
6aHuii OT 4yacTOThl BHEIIHEH CUJIbl, UMeeT BOJIU3U
Y = w pe3Ko BbIpakeHHbINl MakcumyMm (puc. 188).
3 popmyisl (5) BUAHO, YTO BHICOTA 3TOT0 MaKCH-
MyMa pacTeT NpH yMeHbIneHun k, kak 1/(kw).

C «pusryecKoii» TOUKU 3peHUA KOHEYHOCTh aM-
NJAUTYAbl YCTAHOBUBIIMXCA BBIHY#JIEHHBIX KoJeba-
HUM IIPU HEHYJIeBOM 3HaYeHUU Ko3(pPuuueHTa Tpe-
HUA JIETKO NpeJBUIETh, MoJAcUunuTaB 6alaHC dHEPrUU.
[Tpu GonbuIMX aMIIUTYAaX NMOTePA YHEPTUU Ha Tpe-
HUe OoJibllle, YeM 3Hepruf, coodmaeMaa MagTHURY
BHelllHel cuioii. IloaTomy amnautyaa OyaeT yMeHb-
maThbCA, NIOKA He yCTAHOBUTCH PEHUM, B KOTOPOM
NOTEepU YHEPruM Ha TPeHUe ypaBHOBeLIMBalOTCA pa-
60Toil BHelIHel cuiibl. BellMunHa aMIUIMTY/Ibl yCTa-
HOBUBIIKXCA KojiebaHMU pacTeT 0OpaTHO MPOIMOp-
IIUOHAbHO KO3} GUILMEHTY TPEHUA, KOTr/la OH CTPEMUTCA K HYIIIO.

CaBur ¢asbl § Bcerja oTpulniaTeleH: 6vlHYHOeHHoe KoaebaHue omcmaem
om 8vlHYyxHcOawuLell CULbL.

Puc. 190. 3aBHCH-
MOCTb  KOMILIEKCHOI
aMILUIMTYAbl OT 4YacTo-
Thl BHEIIHEI CHIJIB]

3AJAYA 1. Jloka3aTh, YTO BCAKOE pelleHUe JUHEHON HeOoJHOPOJHOM cuc-
TeMbl YpaBHEHUU C MOCTOAHHBIMHM KO3 duIMeHTaMH U IpaBoil 4yacThbi0 B BHUJE
CYMMBbI KBa3UMHOIOYJE€HOB C BEKTOPHbBIMU K03 PuiimeHTaMu

f= Z oAt Z Ck,ltk
1 k

ABJIAETCH CyMMOﬁ KBA3UMHOTI'OYJIEHOB C BEKTOPHBIMH HOB(D(I)HHHEHT&MH.

3AJIAYA 2. Jloka3aTh, UTO BCAKOE pelleHNe JINHEeIHOro HeOJHOPOJHOI'0 BO3-
BpPaTHOr0 ypaBHEHUSA C MpPaBoii 4aCcThIO B BUJe CyMMbl KBa3MMHOI'OUJIEHOB

Tn+01Tpn—-1+ ... +arTpn_r = f(n)

ABJAETCA CyMMOol KBaszuMHorouwieHos. HaiiTu ¢popmyny aia obuero yieHa mnocie-
noBatenbHoctH U, 2, 7, 18, 41, 88, ... (zy = 2Zn—1 +n).

7. IIpyuMeHeHUe K pacuyeTy cJjabo HeJIMHEIMHBIX KoJieOGaHUIi.
IIpu uccleqoBaHUM 3aBUCMMOCTU pellleHUA YpaBHEHUA OT apaMeTpPOB MpPU-



264 Inasa 8

XOQUTCA pellaTh JUHelHble HEOQHOPOJAHbIe YPaBHEHUA — ypaBHEHUA B Ba-
puanuax (cM. § 3). B yacTHoCTH, eclu «HEBO3MYIIIEHHaA» cCUCTeMa JINHEHHa,
TO 3ajlaya 4yacTO CBOJUTCA K pellleHUIO JUHEeHHbIX ypaBHeHUl ¢ IpaBoii yac-
ThIO B BHJl€ CYMMbI KCIIOHEHT (MU TPUTOHOMETPUYECKUX QYHKUUI) UIU
KBa3VMHOI'OYJIEHOB.

3AITAYA 1. HccnepoBaTh 3aBUCMMOCTBL NepuoAa KojlebaHuil MagTHUKA, ONU-
ChIBAEMOI'0 ypaBHEHUEM & = — SIN &, OT aMIJIUTY/Ibl A, cyuTad NnocjegHIOI Ma-
JIOM.

2
OTBET. T = 27 (1 + f—ﬁ + O(A4)).

Hanpumep, npu yrie oTkJIoHeHud 30° mepuoj 6oiblie nepuoja MajiblX Kole-
oanuii Ha 2%.

PEIIEHUE. PaccMoTpuMm pelieHue ypaBHEHNMA MagTHUKA C HaYalbHBIM yCIO-
BueM z(0) = A, £(0) = 0 rak ¢pyHrOUO OT A.

Ilo Teopeme o AudpepeHnrpyeMOii 3aBUCUMOCTH OT HavalbHbIX YCIOBUI 3Ta
¢yuruuda roaakas. Pasnoxum ee B paa Teitnopa no A B6ausu A = 0:

x = Ax1(t) + A’z (t) + A%z3(t) + O(A%).

Torpa
i = Ai1 + A’xs + A%%s + O(A4Y),
i = Ay + A%y + A%is + O(AY),
sing = Az, + A’xs + A® (:113 — %azf) +0(AY).
YpaBHeHHe I = — sinx BbINOIHEeHO npu M06oM A. OTcrola HaXoAUM ypaBHEHUA

oA 1, L2, 32

T1=—x1, xo2=—xT2, 3= —T3+ 7. (6)

6

HavanbHoe ycnoBue x(0) = A, #(0) = 0 BoimonneHo npu ao6om A. Otciona
HaXoJUM HavalbHble YCIOBUA AIA ypaBHeHuUi (6):

z1(0) =1, @2(0) = z3(0) = #1(0) = 22(0) = 3(0) = 0. (7)
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Peman ypaBuenus (6) npu ycnoBusax (7), Haxogum x; = cost, x2 = 0, a q1da x3
110y YaeM ypaBHeHUe

i3+ 3 = 1 cos® t, x3(0) =3(0) =0.

6
Pemas 3To ypaBHeHUe (XOTA ObI METOIOM KOMIUIEKCHBIX aMILUIUTY/[I), HAX0JUM
x3 = a(cost — cos 3t) + Bt sint,

roe a = 1/192, g =1/16.
UTtak, BIMAHNE HEINHEHHOCTH (Sinx # x) Ha KoleGaHHA MaATHHUKA CBOIMT-
ca' k nobasnenuto ciaraemoro A3xs + O(A4):

@ = Acost + A’[a(cost — cos 3t) + Btsint] + O(A?).

[lepuon wonebauuit T HaXOAUTCA KaK TOUYKa Makcumywma z(t), 6auskad K 27
npu Maneix A. 9ta Touka HaxoautceA us ycaousa (7)) =0, T.e.

A{—sint + A’[(8 — a)sinT + 3asin 3T + BT cosT] + O(A*)} = 0.

Pemrim s3T0 ypaBHeHue npubauxseHHo nmpu Manbix A. [lonoxum T = 27+ u. A u
MOy YMM ypaBHEHUE

sinu = A2[2ﬂ'ﬁ + O(u)] + O(A3).

2
ITIo Teopeme o HeaABHOM byHKIMU © = 271 BA’+O(A?), T.e. T =27 (1—|— A —I—O(Az)) .

16
Beuny uerHoctu T mo A, o(A?) = O(A*).

3AJIAYA 2. UccrnenoBaTh 3aBUCUMOCTD HepUona KolnebaHUil OT aMILIMTY bl A
IUIA ypaBHEHUA
. 2 2 3
T+ w'x+ax” +bx” = 0.

27 5a2 3b 2 2 ]
OTBET. T = 2= |1+ — A° 4+ o(A%)].
w [ (12w4 8w2) (4%

3A1AYA 3. IlonyunThb Te ke pe3yibTaThl U3 ABHOM (GOPMYIBI UIA Neproja
(§12, m. 7)

13pech monesHo BCMOMHUTL O JLIPABOM Bezipe (CM. mpeaocTepexenue B §9, nm. 5): us
NOABJEHUA «BEKOBOro» ciaraemMoro tsint B ¢opMyiie 1jA 3 Helb3f [ejaTb HUKaKUX BbI-
BOJOB O MNOBeJeHUM MafATHHUKa Nnpu t — o0o. Hame npubauieHune cnpaBelMBO JUIIb Ha
KOHEYHOM MHTepBale BpeMeHU; Npu Gonbmux ¢ ciaraemoe O(A*) cTanoBuTCcA GonbmUM.
N peilicTBUTeNbHO, HacTOAIlee pelleHUe YpaBHEHUA KoJebaHUil MaATHUKA 0CTaeTCH orpa-
HUYEHHbIM (BennuyuHoil A) npu Bcex f, Kak 5TO BUJHO U3 3aKOHA COXPaHEHUA SHEPruu.
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§ 27. JIuHeliHble HEaBTOHOMHbIE ypaBHEeHUA

Ta yacThb Teopuu JTUHEHHBIX ypaBHEHMil, KOTopafd He 3aBUCHUT OT HH-
BapUaHTHOCTH OTHOCHUTEIbHO CABHUIOB, JIETKO NMEPEHOCHTCA Ha JUHEHHbIe
ypaBHEHHUA U CUCTEMbI C IIepeMeHHbIMU K03(dPUlleHTaMU.

1. Onpenenenue. Junetinvim (00HOPOOHBIM) YPAGHEHUEM C NEPeMeH-
HblMU KodPPuyuenmamu’ Mbl OyJeM Ha3blBaTh yYpaBHEHUE

& =Alt)z, x€R", A(t): R" - R", (1)

rae t npuHagJe;suT HHTepBany I BelieCTBEHHOI 0CU. TOT UHTEPBAJI MOKET
COCTaBJIATh BCIO ochb R.

['eomeTpuuecku pemenud ypaBHeHus (1) uzoOpamalOTcA UHTErpalib-
HEIMKM KpUBBIMHM B mosoce I x R™ pacmmpensoro ¢a3oBoro npocrpaHcTsa
(puc. 191). Kax o6b1uH0, MBI 6y1eM npeanonarath GyHknuio A(t) roagkoi?.

n
R
Z
XA |
1
1
1
1
1
1
|
x
X, i
L] t{] I | i
Puc. 191. UnTerpanb- Puc. 192. Rayeau Puc. 193. Henpononska-
Hbl€ KpUBbI€ JUHEITHO- eMoe pelleHre ypaBHe-
ro ypaBHEHUSA HUA & = x°
IIPUMEP 1. PaccMoTpuM ypaBHeHHe MafgTHUKA & = —w?x. YacToTa w
ornpejgeldeTcsa }IHI/IHOﬁ MaaTHUKA. Roebanua MmaaTHUKA HepeMeHHOﬁ JJIINHBI
ONKCBLIBAIOTCA aHAJOTMYHLIM ypaBHeHMeM: ¥ = —w?(t)z. dTo ypaBHeHHe

I Mu1 npeanonaraem, uTo k03¢ GUIMEHTHI BelllecTBeHHbI. KoMmiekcHbIil ciyuail BroJ-
He aHaJlorM4YeH.
2 locTaTouHo GbLIO GBI MpeanonaraTh GyHuNUIO A(t) HempepbIBHO# (cM. Huzmke § 32,

n. 6. cTtp. 313).
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MOKHO 3amucaTh B Buje (1):

.’1-91 = T2, 0 1
{532 = —w?(t)z1, Alt) = (_wz(t) 0) .

[I[pumepom MaATHUKa NepeMeHHOMH JJIMHbBI ABIAIOTCA Kavyelau: U3MeHAA I10-
JIOKE€HUEe CBOEro [eHTpa THMECTH, YEJOBEK Ha KadeJfAX MNepUoJUYEeCKU U3-
MeHAeT BellMUMHY napamerpa w (puc. 192).

2. CymecTBoBaHUe pemeHuii. OnHo pelienre y ypaBHenus (1) Bua-
HO cpasy: HyJeBoe. [lyif mo6bIX HaYalbHBIX ycioBuit (tg, 2p)) us I x R"™ mo
o0mKUM TeopemaM Iil. 2 CylleCcTBYeT pelleHle, onpeel]eHHoe B HEKOTOPOi
OKPECTHOCTHU TOYKHU tg. 1A HelMHEelHOro ypaBHEHUA 3TO pelleHue MOMKeT
He npojoikaThea Ha Bech uHTepBal I (puc. 193). Oco6eHHOCTBIO IMHEHHbIX
ypaBHeHUIl ABIAETCA TO, YTO JJIi HUX yXOI B OECKOHEUYHOCTh 3a KOHEUYHOe
BpeMA HEBO3MOEH.

Teopema. Bcakoe pewenue ypasnenus (1) mosxcHo npodoaxcumv Ha
eecv unmepea. I.

HquHHa 3anjiroyaeTcd B TOM, 4YTO OJA JIMHENHOI'0O YpPaBHEHUA
||| < C||z||, n noaTomy pemenue pacter He 6bicTpee €.

AKKypaTHOe [10Ka3aTelbCTBO MPOBOAMTCHA, Hanpumep, Tak. llycts [a,b] —

KOMIAKTHBIN oTpe3ok B I. Torma Ha orpeske [a,b] Hopma' onepatopa A(t) orpa-

HH4YeHa:

|A(t)]| < C = C(a.b).

JlokaseM cilefAyIOIMYO0 AIIPHOPHYI) OIEHKY:
Ecau pewenue @ onpedeaeno na ompeske [to, t] (a < to <t < b) (puc. 194),

mo
C(t—

le@Il < e““* (ko). (2)

Ilna HyneBoro pemeHusa sto oueBuaHO. Eciu ¢(to) # 0, To ¢(7) He obGpamaeTca

B 0 no Teopeme enuHcTBenHOCTH. [lonomum 7(7) = ||¢o(7)||. @yuruusa L(7) = Inr?

onpeneneHa npu to < 7 < ¢.

Io yeaoBmio L < 2r7/r? < 2C. Hostomy L(t) < L(to) + 2C(t — to), uTo u
NOKa3bIBaeT anpUOPHYIO OLIEHKY (2).

IIycTs Temeps ||Zo||> = B > 0. PaccMoTpuM KOMIAKT B pacIIHpeHHOM (haso-
BOM npocTtpaHcTBe (puc. 195)

F={t,z:a<t<b, |lz||* < 2Bezo(b_a)}.

1Mb1 npennonaraem, uto B R™ BhiOpaHa kakaAa-HUOYOb €BKJINAOBa MeTpPHKa
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e P
¢ / Rﬂf\—//f\’_
!

Puc. 194. AnpuopHasa olleHKa Puc. 195. IIpomonsxenue pe-
pocTa pelleHuA Ha [a, b] meHusa 10 t = b
[To Teopeme mpomdoneHUs, pelleHre ¢ HauyalbHBIM ycioBueM (tg) = @ mpo-

HonkaeTca Brnepej N0 rpaHunsl nuwinHapa F. I'panuna qunuanpa F cocToUT U3
TopuoB (t = a, t = b) u Gorosoii noBepxuoctu (||z||*> = 2Be’*“(®~*). Ha 6o-
KOBYIO IMOBEPXHOCThb peIlleHHe BHIATU He MOKeT, TaK KaK, COrJacHO alpHOpPHOM
onenke, ||p(t)||> < Be??®= %), Hrak, pemenne npogonmaercsa Bupaso no t = b.
AHaloru4yHo J0Ka3bIBaeTCA MPOIOIAKEHNe BIeBO 10 { = a.

BBH/ly MpoU3BONBHOCTU @ U b, Teopema NoKa3aHa.

3. JIuHeiliHOe mnpocTpaHCTBO pelieHUil. PaccMoTpuM MHOMeCT-
Bo X Bcex pemeHuit ypaBuenus (1), onpeeneHHbIX Ha BceM uHTepBaie I.
[MockonbKy pemenusa — 3To oTo6paxenus @: I — R" co 3HayeHuAMYU B IU-
HeifHOM (pa3oBoM npocTpascTBe R"”, To KX MOMHO CKIaAbIBATh U YMHOMATh

Ha yucha: (c11 + c25)(t) = c141(t) + caeps(t).

Teopema. Muoxcecmeo X ecex pewenutl ypasnenus (1), onpedenen-
Hblx HA uHmepsase I, asaaemcsa AUHEUHbIM NPOCMPAHCITIBOM.

JTOKA3ATEJIBLCTBO.
IJTO 0OYEeBUIHO:

%(01‘91 + C2p3) = 11 + 23 = C1 AP + 2 Apy = Ac1py + C203)-

Teopema. Juneiinoe npocmpancmeo X pewenuil auHellHo20 YpasHe-
Hus usomopdro gaszoeomy npocmparncmey R"™ smozo ypasnenus.

JTOKA3ATEJIBLCTBO.
Ilycth t € I. PaccmMoTpuM oToOpaxeHue

Bti X — ]Rn, Bt(p = (p(t),

COIIOCTaBJAKOIIEC RamJOMy PEIICHUIO @ €0 3Ha4Y€HUE B MOMEHT t.
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OtobOpamenne B; nuHeiHo (Tak Kak 3HaYe€HHE CYMMbI pellleHHi paBHO
cymMe ux 3Hayenuii). Ero obpas — Bce daszoBoe npoctpancTBo R”, Tak Kak
0 TeopeMe CyllleCTBOBaHUA A Mo6oro xy € R™ cymecTByer pemnienue ¢
C HavalbHBIM ycioBueM @(tg) = xy. Anpo orobpamenus B; paBHo 0, Tak
KaK pelleHne ¢ HyJIeBbIM HavyalbHBIM ycloBHeM (lp) paBHO HYIIO TOH-
OeCTBEHHO 10 TeopeMe e€IMHCTBEHHOCTH.

Urax, B; — usomopgusm X na R". 3To — 0CHOBHOI pe3ynbTaT TEOPUU
JIMHENHBIX YpaBHEHUN.

Onpepenenune. QPyudamenmanvhoil cucmemoil pewenull ypaBuenus (1)
Ha3bIBaeTcA 6asuc JMHeHOro npocTpaHcTBa pelieHuii X.

3A7AYA 1. Haittu pyHgaMeHTanbHYO cUCTEMY penieHuii ypasuenus (1), rae

as (0.

N3 JIOKa3aHHOM TeopeMbI BbITERaroT:

CnenctBue 1. Beakoe ypasnenue (1) umeem gyndamenmanvryio cuc-
memy u3 n pewerull Y, ... . Q,,.

CnenctBue 2. Bceakoe pewenue ypasHernus (1) aeasemcsa aumetinotl
KomOuHayuetl peulenull gyHoameHmanrvHoll cucmemol.

CaenctBue 3. Bceakue n + 1 pewenutl ypasnenus (1) aunetino 3asu-
CUMDbL.

CiaenctBue 4. Coomeemcmeyiouue R .
ypasrenuio (1) omobpaxcerus 3a epema om tg R

do t1 (puc. 196) 9i W
gl =B, B;':R" > R"

) t t t
ABAAIMCA AUHETHBLMU UI0MOPPUIMAMLL. 0 !

4. Onpegenutenab BpoHckoro.llycty Puc. 196. Jluneiinoe npeoGpa-
€1, ..., €, — HEKOTOpbIii 6a3uc B (azopom 3SOBaHHE (pa30BOro NpOCTPAHCT-
npoctpadcTBe R”. Brifop Gasuca ¢purcupy- >o OCYMCCTBIACMBIC PEIICHI

n €M JIMHEMHOI'0O YpPaBHEHHHA 34
eT eauHuly o6bema M opueHTanuio B R".
. BpeMA OT o 10 {1

[losTomy wkamablii napannenenunen B ¢aso-
BOM IIPOCTPAHCTBE MMeeT Olpe/eleHHbIH 00heM.

PaccmoTpuM n BekTop-byHKuMii ¢, [ - R" (=1, ..., n).
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Onpenenenue. Onpedeaumenem Bporckrozo cucTeMbl BeKTOp-(YyHK-
uuii ¢; HasbiBaeTcd uucioBad ¢yHruua W: I — R, 3HaueHue KOTOpON
B Touke | paBHO (OpUEHTHPOBAHHOMY) 00beMy Mapaluienenunena, HaTAHY-

TOr0 Ha BEKTOPHI ¢ (t), ..., ¢, (t) € R",
SO]_,]_(t) °t (pnsl (t)
Wi(t)=|... cee |
P1,n (t) ... Pn,n (t)

@r(t) = ora(t)er + ...+ prn(t)en.

B yacTHOCTH, MyCTh (o), — pemnienunsa ypaBHenus (1). x oGpaswl npu
MOCTPOEHHOM BbIle U30Mopdu3amMe By — 3T0 BeKTOphI (ha30BOro NpocTpaH-
ctBa @, (t) € R". OHM JMHEHHO 3aBUCUMBI, €CJIU U TOIbKO €CJIU ONpeeu-
Telb BpoHckoro paBen 0 B Touke ¢. OTciopa:

CaenctBue 5. Cucmema pewenutl o4, ..., p, ypasHenus (1) aeasn-
emca PyndamenmanvHoll moz2da u MoAbKO moz2da, kKoz0a ee onpedeaumend
Bpomnckozo omauven om 0 6 karoti-Hubyds mouke t.

CanepctBue 6. Ecau onpedeaumeav Bpouckozo cucmemvt peuwienuil
ypaenenus (1) pasen () 6 odHotl moure. mo ox paser () mosxcdecmeenHo npu
ecex t.

3ATAYA 1. MoskeT nu onpenenuTtenb BpoHcKOro cucteMsbl JUHEHHO He3aBU-
CHMBIX BEKTOP-QYHKIUI (o, TOH#JeCTBEHHO PaBHATHLCAHA HYy 107

3AIAYA 2. [loramuTe, uTo onpenennTelb BpoHCcKoro yHnaMmeHTalbHOM CUC-
TeMbl pellleH’i MPoNnopIlMoHaleH onpeeauTeNio npeobpa3oBaHuA 3a BpeMA OT &g
no t:
W (t) = (detgl,) W (to).

Yxaszaunue. Pemenue cMm. B 11. 6.

5. Cayuaii ogHoro ypaBHeHuA. PaccMoTpuM OIHO ypaBHEHME 71-T'0
MmopA/IKa
™ + a2V 4. 4a,z=0 (3)

C mepeMeHHbIMH, BoOGIe ToBoOpA, ko3 dunuentamu ay = ak(t). t € I.
HexroTopble ypaBHeHU BTOPOro nopAaaka ¢ nepeMeHHbIMU Ko3d dpuiirieHTaMu
CTOJIb YacTO BCTPEYAIOTCA B IPUIOKEHUAX, UTO UMEIOT cOOCTBEHHbIe UM€eHa, a UX
pelleHNf U3y4YeHbl U 3aTabylInupoBaHbl He MeHee OAPO6HO, YeM CUHYC U KOCUHYC
(cm., HanpuMmep, E. Auke, ®. Imae, Tabaunsl ¢yuxnuit. — M.: Hayka, 1977).
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2
IIPuMEP 1. YpaBuenue Beccens: z + %(L’ + (l — :—2) xz = 0.

I[IPUMEP 2. I'unepreomerpuyeckoe ypaBHeHue ['aycca:

(a+ B8+ 1)t —1. af _
t(t —1) m+t(t—1)x_0'

ITpuMEP 3. YpaBHenue Matne: & + (a + bceost)x = 0.

Mpb1 Moriau ObI 3anucaTh ypaBHeHHe (3) B BHJIe CHCTEMBI 71 ypaBHEHUH
epBOro NMOpAAKa U NPUMEHHUTH INpeablayIlue paccy#IAeHu .

Mo:#Ho, omHaKO, pacCMOTpPeTh HENOCPEeNCTBEHHO NMpocTpaHCcTBO X pe-
meHui ypaBHeHus (3). ITo — JuHeitHOe npocTpancTBO GyHKuuii : I — R.
OHo ecTecTBEHHO U30MOP(HHO MPOCTPAHCTBY PellleHnil 3KBUBaJIEHTHOH cucC-
TeMbl 1 ypaBHeHHuii. 3omopdusam 3agaeTcA comnocTaBiieHHeM (QYyHKIUHU ¢
BEeKTOp-QyHKIUU @ = (¢, P, ... , go('"'_l)) 13 Npou3BOAHBIX . UTak:

CaenctBue 7. Illpocmpancmeo X pewenuil ypasnenus (3) uzomopgro
daszosomy npocmparncmey R" ypaenenus (3), npuwem uszomopduszm mosxcro
3adamv, conocmaeann kaxcoomy peuwienuro @ € X Habop 3HaveHUll npous-
B800HbLLT 8 KaKOU-HUOYdb mouke Ly:

P = (‘10(1:0)9 ﬁb(t(l)a AL 99(”_1) (tO))‘

Onpepnenenue. basuc nuHeiitHoro npoctpancTBa X HasbIBaeTcA PyH-
damenmaavHotl cucmemotl peurenull ypaBHeHuA (3).

3AIAYA 1. YKazaTh pyHAaMEHTAIbHYIO CHCTEMY pelleHuil ypaBHeHus (3)
B cllyuae, Korja ko3¢ UIUeHTH] ap noctoAaHHbl. Hanpumep, aaa & + ax = 0.

OTBET. {t"“e)‘f’}, rie 0 < r < v, ecIu A\ — KOpPEHb XapaKTEPUCTUYECKOI'O

VpaBHEHUA KpPaTHOCTU V. B ciyuyae KOMIUIEKCHBIX KopHel (A = a = iw) Hy#HO

3aMeHUTDb €' Ha e®? coswt u e*? sinwt. B yacTHOCTH, 11A & + ax = 0

coswt u sinwt, ectdt a = w? > 0;
chat u shatuwme** nue *, ecmm a=—a’<O0;
1 u t, eciu a = 0.

Onpenenenuvie. Onpedeaumenem Bponckozo cucmemvt PyHruull @y, :
I - R, 1 <k < n, HaspiBaeTcA yuciaoBad ¢yHkuua W: I — R, 3HaueHue
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KOTOpOIl B TOUKe { paBHO

1(t) e pult)
wi=| PO el
STV eI (1)

NHpIMU clioBaMHu, 3TO — onpenenuTeilb BpoHcKoro cmcteMbl BEKTOp-
GyHRUu @2 I — R"™, mosy4eHHBIX U3 ) OOLIYHBLIM 0OpPa30M:

op(t) = (or(®), ¢r(0), -, 0" D @),  k=1,...,n.

Bce craszaHHoe 00 omnpepenuTeine BpoHcKoro cucTeMbl BEKTOPOB-
pemennii ypaBHeHusi (1) mepeHocuTcA 6Ge3 M3MEHEHHII Ha ONpeeNHTelb
BpoHckoro cuctembl pemieHnii ypaBHenusa (3). B yacTHocTH:

CnenctBue 8. Ecau onpedeaumeav Bponckrozo cucmemvt peuweHull
ypasrnenus (3) obpawaemcsa 6 ) romv 8 00HOU moike, Mo OH MoAIeCMBEeHHO
pasen Hyaw npu ecex t.

3AIAYA 2. IlycTh onpenenutens BpoHckoro nByx ¢yHKUuit paBeH () B Tou-
Ke to. Crenyet nu oTciona. 4YTo OH TOxkIeCTBEeHHO paBeH (7

CanenctBue 9. Ecau onpedeaumeav Bponckozo cucmemwvt peweHull
ypasrenus (3) obpawaemcsa 6 0 xomv 6 00HOU MouKe, MO MU PEULEHUS
AUHELHO 3a8UCUMDL.

3A0A4A 3. Ilycth onpenenutens BpoHcKoro nByX ¢GyHKIUIT TO#AEeCTBEHHO
paBeH (. CienyeT au oTcroga, 4To 3TU GYHKIMUU JUHEHHO 3aBUCUMBI?

CaenctBue 10. Cucmema n pewenutl ypasnenusn (3) gyndamenmans-
Ha, ecau U Moabvko ecau onpedeaumend Bponcrkozo omauvern om 0 xoms 6 00-
Holl moukKe.

[IpuMEP 4. PaccMOTpPUM CUCTEM uxnuii eMt, ..., et AT byHK-
p y @y Yy

nuu o6pasyioT QyHaaMeHTalbHYIO CHCTEMY pelleHHil JHHeilHOro ypaBHe-
HuA Buga (3) (kakoro?). [loaToMy oHH JNHHETHO He3aBUCHMBI. 3HAYUT, UX
onpenenutenb Bpouckoro ornuyen ot 0. Ho aToT onpenenuTens paBeH

et ... et 1

At Ant
A]_B 1 P Ane n — 6(A1+“._|_An)t Al e An

n—1_X\t n—1_Apt n—1 n—1
AL ettt L. AT et A1 cee A
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CanenctBue 11. Onpedeaumenwv Bandepmonda

1 ciii 1
A1 ces A
i

omauyder om 0, ecau A\, nonapHo pasauiHol.

[IPUMEP 5. PaccMoTpuM ypaBHeHHe MaATHHKA i + w?z = (. OyH-
JlaMeHTalbHaf cucTeMa penieHuit: (coswt, sinwt). Onpenenurens BpoHcko-
coswt sin wt i
ro:1-— . = W MOCTOAHHBII. ITO HEYAUBUTEILHO, TaK
—wsinwt wcoswt
Kak (a30Bblii MOTOK ypaBHEHHA MagTHHKa coXpandeT miomany (cm. § 16, 4).

[locmMoTpuMm Tenepsb, Kak MeHAeTcA 00beM (uUryp ¢haszoBoro nNpocTpaH-
CTBa MoJ JeidcCTBHEM IpeoOpa3oBaHU gﬁo 3a BpeMA OT g no t B oOliem
clyyae.

6. Teopema JInyBunaa. Onpedeaumenv Bponckozo cucmemvl pewte-
Hull ypasnenus (1) aeanemca peweruem dufdepeHyuanvHo20 YypasHeHuUs

W =aW, rne a(t)=trA(t) (caed A(t)). (4)
CiaencrtBue.
JE a(t)dr j' a(7)dr
W (t) = e'o W (to), det g = e'o : (5)

llelicTBUTENLHO, ypaBHeHHe (4) Terko peluThb:

t

dWW:adt, an—an[]:/a(T)dT.

to

Mexpay mpouum, u3 ¢opmyisl (5) cHOBa BHIHO, YTO ONpPENEIUTENb
BpoHckoro cuctembl peuienuii nu6o paBeH () ToxagecTBEeHHO, JU60 He 06-
pamaetrca B () HU B OJHOU TOUKe.

3ANAYA 1. Haiitu o6bem ob6pasa equHuuyHoro kKyba 0 < z; < 1 noxg pedictBu-
eM 1npeofpa3oBaHuA 3a BpeMA ¢ (Ha3o0BOro MoToka CUCTEMbI

T1=2x1 —x2 —x3, T2=2x1+x2+ T3, X3=2T1 — T2 — X3.

18 3axkaz Ne 17
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PELIEHHE. tr A = 2, nostomy W (t) = e**W(0) = e*.

UIESI TOKA3ATEJIBCTBA TeopeMbl JIuyBuiiA.

Eciun Ko @uuueHTHI OCTOAHHBI, TO ypaBHeHHe (4) — 3To popmy-
na JlmyBunng u3 § 16. «3amopaxuBaay koaddunueHTsl A(t) (monoxus ux
paBHBIMU 3HAYEHHAM B HEKOTOPBI MOMEHT BpeMeHH (7), y6eaquMcA B cripa-
BeJINBOCTH paBeHCTBa (4) mnpu Jo6oM 7.

I OKA3ATEJBLCTBO.

PaccmoTpuM nHHeliHoe mpeoGpa3oBaHUe
R ¢a3oBOro IpoCTpaHCTBa gI"‘A: R" — R"
l—[ T+A

QL (puc. 197) 3a manoe Bpems oT 7 10 7 + A. 10

: npeoOpa3oBaHie MEePeBOOUT 3HAUYEeHHE JI060ro
pemeHusa ¢ ypaBHeHusa (1) B MOMEHT 7T B €ro
- > > 3HaueHre B MomeHT 7 + A. CoriacHo ypaBHe-

THA Huio (1),

]Rﬂ

[

/.

Puc. 197. ]leiicTBue ¢azoBoro p(t+ A) = (1) + A(T)p(T)A + 0(A),

II0TOKA Ha Iapajuienenunes, Ha- A — B 1A A(T) + 0( A)

5 T.€. g5
TAHYTHIA Ha HIaMeHTalb-

Y byHA . CnemoBaTenbHO, coriacHo § 16, ko3 Pu-
HYIO CUCTEMY pelleHUit

IIUeHT pacTA#eHHA 06beMoB IpU mpeobpa3oBa-
Hun g7 T2 pasen det g772 =1+ Aa + o(A), rae a = tr A.

Ho W (7) — »To 06bem napamienenunena I, HATAHYTOro Ha 3HaYEHUA Ha-
el CUCTeMbl pellleHuii B MoMeHT 7. IlpeobpasoBanue g7 T2 mepeBoauT 5TH 3Ha-
YeHHUA B CUCTeMy 3HauyeHMil Toil #e cucTeMbl peneHuii B MoMeHT T + A. Ilapan-
nenenunen 11, ;A HaTAHYTHI Ha 3TU HOBble 3HaYeHHA. UMeeT o6beM W (7T + A).
Hrakg,

W(r+ A) = (det gl T*)YW (1) = [1 + a(7)A + o(A)]W (1),

orkyna W = aW, uto u TpeboBanoch.

CaenctBue. Onpedeaumenv Bpouckozo cucmemwvl peweHull ypasHe-

Hus (3) pasen .
— [ ai(7)dr
W(t) —e '0 W (to).

3HaK MHUHYC NOABIAETCA M3-3a TOr0, YTO MpPHU 3alucu ypaBHeHusA (3)
B Buje cucteMsl (1) mpuxoantes nepenectu aqz(™ 1) B mpaByio yacTh. Ha
JUaroHajld MaTpPHIIbI MOJYYHBIIEHCA CHCTEMBI

0 1

CTOUT TOJIBbRKRO —daj.
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IIpuMEP 1. PaccmoTpuMm ypaBHeHne kaueneii & + f(t)x = 0.

Teopema. Illoaosmcenue pasunosecus ¥ = x* = (0 Hu npu kakom [ He
MoxHcem 6blmb ACUMNIMOMUYECKU YCIMOUYUBBLM.

HOKA3ATEJIBCTBO.

PaccmoTpuM Kakoii-HuOyab Oa-
3uc &, 17 B IMIOCKOCTH HayvalbHBIX n
ycaouit R? (puc. 198). Ycroitun- &;
BOCThL O3Hayana Obl, YTO gfof — 0
" gﬁon — 0. Torma pasa cooTBeTt- 5

CcTBYMIleil (GyHIaMeHTallbHOW CHC- >
t t
teme W (t) — 0.

Haile ypaBHeHHe SKBUBANIEHTHO  Pyec. 198. DazoBbii MOTOK aCHMITOTH-

IR2

CUCTeMe YeCKU YCTOMYUBON JTUHENHON CUCTEMbI
i?]_ = X2, é?z S —f(t).ﬁt?]
y 0 1
¢ MaTpuueii A = F o) [Tockoabkry tr A = 0. To W (t) = const Bompe-

ku W — 0.

3AIAYA 2. Paccmorpute kKauenu ¢ TperueM # + a(t): + w’(t)z = 0. Ilo-
KakUTe, YTO aCUMITOTHYECKad YCTOMYUBOCTh HEBO3MOMHA, €CIM K03 PUIIEHT
Tpennd orpunarenex (a(t) < 0 Vt).

BepHo 1, 4TO NpU NONOAKUTETHHOM K03 HIMEeHTe TPEHUA MOJ0AEHNEe PaB-
HoBecusA (0,0) Bcernga ycroitunBo?

3AMEYAHHUE. /JlusepzeHnuyuell BEKTOPHOIO IOJIA ¥ B €BKJIHIOBOM IIPO-

ctpaicTBe R" ¢ nexkapTOBLIMH KOOpAMHATaMH &; Ha3biBaeTCA (YHK-

" Ov;
na divoe = ‘.
i ?;1 Ox;

B uyacTtHOCTH, Oaa aunellno20 eexmoproz2o noas v(x) = Ax Jdusepzen-
yus — amo caed onepamopa A:

div Az = tr A.

I[I/IBepl"eHHHH BERTOPHOI'o IIOJIA omnpenejadeT CHKOPOCTb pacCTAMEHHA
00bEMOB COOTBETCTBYIOIIUM (1)83OBBIM ITOTORKOM.
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AL /

x5

k4
L\é

Puc. 199. ®a30Bblii I0TOK BEKTOP- Puc. 200. Pemenusa ypaBHe-
HOro noif nuBeprennuu ) coxpaHs- Huil dx =& =0
eT IUIomanu

IIycts D — 061acThb B €BKIUIOBOM [IPOCTPAHCTBe ypaBHeHHA & = v (&)
(He ob6sa3aTenbHO AuHeHOro). O603HaunM uepes D(t) o6pa3 o6nactu D non
neiicTBueM ¢aszoBoro notoka u yepes V(&) o6bem obnactu D(t).

SAJIAYA *3. JloKamuTe cleqyIOIYIO TeOpeMy.

Teopema JInyBuiiA.

ffi_‘:: f divodr  (puc. 199).

D(t)

CaenctBue 1. Ecau divwv = 0, mo gaszosviii nomor coxpansem ob6sem
410601l obaacmu.

Taroii (a3oBbIii IOTOK MOHO NpeACTaBUThL cebe KaKk TeueHlUe HeCu-
MaeMoi «(pa3oBoil HUAKOCTHY B (a30BOM IPOCTPAHCTBE.

CaepcTBue 2. @aszosvlii nomok ypasvernuil I'amusvmona

_OH . _OH .

pk:: 5&;7 Qk‘_'ggga -5 N,

coxpauﬂenloﬁﬁaﬂbh

JLIOKA3ATEJIBCTBO.

0.

oy _0*H _ _0*H
dive=) OqrOpr,  OprOqs

JTOT paKT urpaet GyHJaaMeHTaIbHYIO POJb B CTaTUCTUYECKOI (pU3HNKE.
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7. Teopemsnl IlITypMma o HyaAX pelleHHil ypaBHeHHIiI BTOpPO-
ro nopAaaka. Pelennsa NnHeHHbIX YpaBHEHUI BTOPOro nopfaaka obnagamoT
cBoeoOpa3HbIMHU cBolicTBaMu KojiebiaemocTu. IIITypm roBopui o «teopemax,
UMA KOTOPBIX A HMEIO YeCTb HOCHTD).

PaccMoTpuM ypaBHEHHA ¢ IOCTOAHHBIME Ko3d punnentamu (puc. 200):

F+wx =0, P —k*x = 0.

Pemenusa nepBoro ypaBHeHHA HMeIOT OeCKOHEYHO MHoro Hyleii. Paccros-
HHEe MemOy OBYMA MocliefjoBaTelIbHbIMU HYJIAMH JO00OI0 €ro HeHYJEeBOIro
peuieHuA paBHO 7/w. Kasioe pelenne BTOporo ypaBHeHuf, He paBHOE HY-
JI0 TOMKJIeCTBEHHO, UMeeT He 6ojiee ogHOro HynA. B o6oux ciaydaax Memay
KamIbIMH JIBYMA HYJIAMH JI000r0 He PABHOIO TOMJIECTBEHHO HYJIIO pelle-
HUA ypaBHEHHA €CTb HYJb JI060r0 IPyroro pelneHus.

Teopewmnl IlITypma nmoxkaspiBalOT, 4YTO aHaAJOTHYHbIE ABJIEHHA HMEIOT
MECTO U [JIA ypaBHEHHUil ¢ nepeMeHHbIMH K03(pulineHTaMu

&+ q(t)r =0 (6)

(6onee obmiee ypaBHenue & + p(t)x + q(t)x = 0 Jerko NpuBOJUTCA K BH-
ay (6))-

PaccmoTpuM s ypaBHeHusa (6) ¢a3oByIO MIOCKOCTb ¢ KOOpAHHATA-
mMu (z, y = &). ®a3oBble KpUBbIe HEABTOHOMHOI'O YPaBHEHHA MOTYT [epe-
cekaTbcA. TeM He MeHee HEKOTOpPYIO MH(POpPMaLHIO 00 3TUX KPUBBIX /A
ypaBHEHHA BTOPOro NMOPAJKA [MOJIYUYUTh MOKHO. dTa NUHGOPMALUA U JEHUT
B ocHOBe TeopeMsbl IIITypMma.

IIpennoskenve 1. QDasosvie kpussvie ypasHenus (6) nepecerxarom ayy
=0, y > 0 8 cmopony eospacmanun x, a ayv x = 0, y < 0 — 6 cmopony
yovleaHus x.

HOKA3ATEJIBLCTRBO.
danuuieM ypaBHeHue (6) B BuJe cuCTeMbl

&=y, g = —q(t)x.

Ha npamoii x = 0 BeKkTOp (a30BOil CKOPOCTH MpH JIOO0OM Yy UMEET KOMIIO-
HeHTHI (y, 0) (puc. 201), yTo U JOKa3bIBaeT mpenyoxeHue 1.

3ameTnm, uto npu y # 0 BekTop (a3oBoii ckopocTu Ha ocu = = ()
oTnnyeH ot HyJA. [loaTomy Hynu do6oro (He paBHOTO HYJIO TOI€CTBEH-
HO) pelleHuA ypaBHeHuA (1) M30aMpoOBaHbl U Ha JNIOG0M OTpe3Ke OCH } UX
KOHeYHOe YIlCJIOo.

I/I3 [npeajJoxeHus 1 HEIoCpeNCTBEHHO BbITERAET
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AY

-\ =
Puc. 201. ®azoBas Puc. 202. [oxra-
IJIOCKOCTh YpaBHe- 3aTeJLCTBO TeOo-
Hua & + q(t)z =0 pPeMBbI 0 HYJIAX

IIpennos:xkenue 2. U3 awbovlx 0syr nocaedosamesbHwvlr nepeceieHull
npamoti x = 0 gasoeoill rpueoil odno npoucxooum npu y > 0, a dpyeoe
npu y < 0.

O6o03HauuM yepes ¢ NMONAPHBINA YIoJl, OTCUNTHIBAEMbIi OT MOJOHUATENb-
HOI'0 HamnpaBllEeHHA OCH Yy B CTOPOHY IOJIOKUTEbHOI'O HalpaBleHUA OCH I.
U3 npepnoxeHna 2 BhITEKAET

IIpennoskenue 3. Meody deyma nocaedosamenvbHovlMU NepeceieHUAMU
ocu x = 0 gpazosoil kpuseoil seautuna ¢ 6doav Pasoeoll Kpueoll yseauiuea-
emcsa Ha T.

N3 sToro [HpegJoxreHud OYEBHHO BbITCRACT

Teopema. Ha ompeske wmedxncdy deymsa nocaedosamenvHulMU HYAAMU
4106020 pewenusn ypasrenus (1) ecmov Hyav a106020 dpy2020 pewleHus.

[leiicTBUTENbHO, 3aMeTalONUi MOJYIIOCKOCTD JY4 JOJIK€EH B Mpoliecce
IBHKEHNA 000rHaTh JI0O0H yU, ocTaloUuiicA B 3TOU MOJYIIOCKOCTH.

HHOKA3ATEJILCTBO.

PaccMoTpuM MOJApPHBIA Yrod ¢ BOOJAL I€pBOr0 U BTOPOr0 pelleHUuf
(puc. 202), ¢ = «(t), ¢ = B(t). [IlycTs HyIH NepBOro pemeHUs COOTBET-
cTByIOT t =¢1 u to. IlpeanonosuM, 4To OdA NepBOro pemeHuda npu t = &

y > 0 (ecaum »To He Tak, U3MEHUM 3HAK IepBoro pemenud). Torma Mbl MoO-
meM cuutath «ti) = 0. Ilo npennomxenuto 3 a(t2) = w. Mbl MosxeM cUMTaTh,
yto 0 < B(t1) < 7 (ecau 3To He Tak, UBMEHUM 3HaK BTOPOI'0 PELIEHUH).

Eciu pemeHusa NMHEHHO 3aBHCHMBI, TO HYJIHM HX COBIANalOT U BCe NOKasa-
Ho. Eciu ke penieHus IMHEHHO HE3aBUCHUMBbI, TO COOTBETCTBYIONIME UM BEKTOPbI
Ha (a30BOii [IOCKOCTHU B OG0 MOMEHT BPEMEHHU TO€ IMHEHHO He3aBHCHMBI.
CiemoBaTelnbHO, B 3TOM ciydae npu no6eix ¢ (3(t) # a(t).
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Utak, B(t1) < m = a(t2) < [(t2). CarepoBaTenbHo, Ha oTpeske [ti, ta2] cy-
mecTByeT t3 aiuA Kotoporo (3(t3) = m; 3T0 U €CTh HyJIb BTOPOTO pelIeHU .

BTopoe coobpaskeHue, nexkaiiee B ocHoBe TeopeM llITypma, cocTouT
B TOM, YTO YIJIOBafd CKOPOCTh NBHU#eHNA (a3oBoil Touku ypaBHeHus (6)
BORKPYTI Ha4vajla ROOpauHaT MOHKEeT ObITh ABHO BbIUMCJIEHA.

IIpennoskenvie 4. 06o3Hayum wepe3 Q CKOPOCMb UIMEHEHUA NOAAPHO-
20 yeaa @ npu dsusxceruu gazoeoti mouru (x(t), y(t)) ypasnenus (1). Tozda
3HaYeHue O 00uHaK060 045 6cex eekmopos (x, y), KOAAUHEAPHLLT JaHHOMY,
U paeHo
a2 +4°
2?4 y?

JTOKA3ATEJIBLCTRBO.

Ecnu r» — paguyc-BekTop ¢a3oBoii TOUKH. TO YOIBOEHHAA CEKTOpPHUAlb-
HafA CKOPOCTb paBHa [r, ©”| U B TO e BpeMA — rng (MI0CKOCTh OPUEHTH-
poBaHa KoopauHaTaMu (z, y), @ yroi ¢ OTCYUTHIBAETCA OT OCH Y K OCH X).
IToaTomy

Ty
A T O ('
¥ rz $2+y2

4TO U TPe6GOBalOCh JOKA3aTh.

U3 npennoxenusn 4 cienyet, YTO NPU PABHbLT 3HAYEHUAL NOAAPHO20 lye-
aa ¢ # km paduyc-eexmop $azoeoli moiku mozo ypasHeHus 6pauLaemcs
Ovlcmpee, Y Komopozo Kosdduyuenm q 6oavule.

OTcrona nerko BbITEKaeT

Teopema cpaBHEHUA.
Paccmompum dea ypasnenus euda (6)

Z+q(t)r =0, T+ Q(t)r =0

u npednoaoxcum. vmo () > q. Tozda Ha ompe3ske mexncdy awbbLMU 08YMA TO-
c21e0068aMeAbHBMU HYJAAMU 2106020 PeULeHUS Nepeo2o YpasHeHUs (¢ MeHbULUM
koadduyuenmom, q) ecmov HYab 4106020 peuleHUS 6MOP0O20 YPABHEHUS.

JIOKA3ATEJILCTBO.
IIpennonoxxumMm BHayane, uto () ctporo Goabmie ¢ npu Bcex t. O6o3Hauum
yepe3d ¢ = «(t) MONAPHBIA yroi BAOAb MEPBOro peueHud u 4depe3d ¢ = A(t) —
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BOOibL BTOoporo. Kak Bblmme, Mbl MomeM cuutaTh, 4yto «(t1) =0, a(t2) =,
0 < A(t1) < w. B HavyanbHbIii MOMeHT 1 umeeM A(t1) > «(t1). B manbueiimem,
npu t1 < t < t2 A(t) 6ynmet octaBaTtbeA Goabmie «t). lelicTBUTENBHO, eciu Gbl
GYHKIMA (v B HEKOTOPBI MOMEHT BpeMeHM T BlepBble o6oruana 6e1 A, To B 3TOT
MOMEHT BpeMeHHU 3HaueHusa o U A coBmanu 6bl ¥ O6blIM 6b1 OTIMYHBI OT kw. Ho
TOrZla B MOMEHT O6roHa paJnyc-BeKTOP NOTOHAIOIIEH TOYKU Bpamaica Obl CTPOro
MeJlleHHee (A('r) > &(7) cormacHo npepnoxeHuIo 4, Tak Kak () > ¢) u o6rosa He
npousomio 6v1. Utak, A(t2) > a(t2) = w. Ho A(t1) < w. 3HauuT, cymecTByeT
MOMEHT t3 € [t1, t2], rme A(t3) = 7. ATO U ecTh HyJIb BTOPOro YpaBHEHUH.
JlokasaTenbcTBO B ciydae () > ¢ moiydaeTcA NMpeneilbHbIM IEPeXonoM OT

cayyasa @) > q.

CaenctBue. Paccmoanue medxcdy A0bimu d6yma nociedo6amesvHblmU
Hyaamu ypaenerus (6)

a) He Goavwe T/w, ecau q(t) > w? Vi,

6) ne menvwe /82, ecau q(t) < Q? Vt. B wacmnocmu, ecau q(t) < 0 Vt,
HO HuKakoe pewenue ypashenusn (6), Kpome modxcdecmeeHHO paeHO20 HY.AI0,
He obpawaemcs 6 Hyib deaxicool.

JTOKA3ATEJIBLCTBO.

a) IlycTh cTporo Mesay mocienoBaTelbHbBIMH HYJIAMH MOMHO BCTa-
BUTb OTPE30K MIHHBI 7/w. nA moboro oTpe3ka MIHHBI 7/w MOMHO IO-
nobpaTh pelleHue ypaBHeHHA # + w?z = ( Tak, 4YTO 3TOT OTpPe30K OynmeT
orpaHuyeH mnocliefoBaTelbHBIMU HyJAMHU pelieHud. Ha 3ToMm oTpe3ke ypas-
HeHue (6) ¢ He MEHbLINM, 4eM w?, KO3(QPUIUEHTOM ¢ He HMeeT HyJIeil.

JTO NPOTHBOPEYUT TeOpeMe CpaBHEHUA. 3HAUUT, OTPe3Ka MIUHBI 7 /w
BCTaBUTb MeAy HYJIAMH ypaBHeHUA (6) Helb3A.

6) JlokasbIBaeTCA aHANOTHYHBLIM CpaBHEHHeM ¢ ypaBHeHueM Z+Q2x=0.

HccnenoBanue coOCTBEHHBIX KoJlebaHUii CILIONI-
6@ HBIX cpejl (3aKpeIUIeHHO CTPYHbI) MIPUBOAUT K clie-
nywomeit sadave IlImypma —JIuysuaas.
Puc. 203. Co6cTBEeHHEbIE Haiimu peweHus YypaeHerus

KoJe0aHUA CTPYHBI T+ (q(t) + )\);g =0, (7)

o6pawarnuiuecs 6 Hyav Ha kKoHyax danHozo ompeska 0 <t < 1.

3HaueHUA CNeKmpa.lbHo20 napamempa A, Npu KOTOPBIX Takue (He TO#H-
JIECTBEHHO paBHbIe HYJIIO) pelleHuA CYIeCTBYIOT, Ha3bIBAIOTCA COGCIMBEH-
HbIMU 3HAYEeHUAMU, @ CAMU pPelleHHuA — cOO6CMBeHHbMU PYHKUUAMU.

3ANAYA 1. HaiiTu co6cTBeHHBble GYHKIIMM U YKcaa B ciydae q = (.

OTBET. Co6GcTBeHHbIE QYHKIMM CYyTb Siny/Axt (puc. 203), a co6CTBEHHBIE
uncna A\, = kA1, A1 = (7/1)%.
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PEmIEHME. @4z =0, z(0) = z(I) =0 = A > 0 = z = acos VAM+bsin V;
£(0) =0=a=0= VA = kr = A\, = k*(n/l)>.

Teopema. /s awboil eaadkoii na ompeske [0, 1] gynryuu q 3adawa
IImypma — Juyeussn umeem GeckoHewHOE KOAULECBO COOCMEEHHBLE HUCEA:
coomeemcemeyouiue coocmeerHHvle GYHKUUL UMEIOMm HA IMOoM OmpesKke KAk
y200H0 MHO20 Hy.ell.

JTOKA3ATEJIBCTRBO.

Pacemotpum penienne ypaBuenus (7) ¢ HayanbHbIM yciaoBueM z(0) = 0,
2(0) = 1. Obo3naunm uepe3d ¢ = «(t, \) 3HaUeHHe MOJAPHOrO yTia
BIOJMb (a3oBoil KpuBoil A 3Toro pemenus; nycts a0, A\) = 0. PyHk-
nufa o« HenpepbiBHa. Paccmorpum 3Hauenmne o(l, \) Kak QyHKIHIO OT .
[Ipu A — +o00 Beauuuna «(l, \) cTtpemutca k 6eckoHeyHocTH. lleiicTBH-
TellbHO, MycTh ¢ + A > w?. Ecin w [0cTaTOYHO BENMKO, TO OTPE30K 7 /w
OynmeT ywiaabiBaThcA Ha oTpeske [0, I] kak yrogHo Gonbinoe uucio pas k.
3HAYUT, YHUCJIO HyJell ypaBHEHHA CO CTOJL OOJABIIIM A HA 3TOM OTpe3Ke He
menklie k (Teopema cpaBuenus). CinemoBatenbHo, (I, A\) > wk (npennosne-
aue 3). Utak, a(l, \) — oo npu A — +00. 3HAYUT CylIecTByeT GeCKOHEeY-
HbIiI HAOOp COOCTBEHHBIX uYmcenl A, MifA KOoTopbiX «(l, Ax) = wk. Teopema
JIOKa3aHa.

3AJIAYA 2. JlokazaThb, yTo lim )\k/kz = (7r/l)2.
k— o0

3AIAYA 3. IlepeHecTu pe3yibTaThl Ha ypaBHEeHUA BUJA
(pz)" + qx =0, p(t) > 0 Vt.

YrazaHue. Paccmorpers $azoBylo MIOCKOCTD (&, y), Tie Yy = pi.

§ 28. JIuHeliHble ypaBHEHUA ¢ NepPUOANYECKUMU
KO3 puimeHTamMmu

Teopusa NUHEHHBIX YpaBHEHUI C MepuoIuYeCKUMH KO3 PUlueHTaMu
00bACHAET, KaKk HaJl0 pacKkayuBaThCA Ha KavuelfaX U 10YeMy BepxHee, O0bIU-
HO HeEyCTOlluuBoOe, IO0JIO#EeHNe paBHOBeCHA MafATHUKa CTAaHOBUTCH YCTOMl-
YUBBIM, €CJIH TOYKa IojJBeca MaATHUKAa COBepllaeT AOCTAaTOYHO ObICTpbIe
KoJe0aHKuA 10 BEpTHUKAIIU.

1. OTob6paskenrie 3a mnepuoj. PaccmoTpum auddepeHnuanpHoe
ypaBHeHUe

=t x), v(t+ T, ) = v(t, x), x € R", (1)

C MepPUOIMYECKH 3aBHCAILIel 0T BpeMeHHU MpaBoit yacTeio (puc. 204).
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[IpUMEP 1. [IBuseHHe MaATHUKA

¢ IepuoJUYecKd MeHAIOIUMUCA [apa-

x=@(t) MeTpamu (Hanpumep, IBHMKeHHe Kadeleil)
ONHCHIBAETCA CHCTEMON ypaBHEHHIl BH-

na (1):

LEEETETTIT

o

:f,'l = I, 533‘2 = —w2 (t):L'l;
(2)

wit+T) = w(t).
Mu1 OyzeM InpepnojiaraTb, UYTO BCe pe-
Puc. 204. PacmmupenHoe ¢asoBoe MeHud ypaBHEHUA (1) NpoaoJIarTCH He-
MPOCTPAHCTBO ypaBHeHUA ¢ nepu- OI'PAHUYCHHO: 3TO 3aB€IOMO Tak UIA JIH-
OJUYEeCKUMU K03 purimeHTaMu HEWHBbIX YpaBHEHUI, KOTOpPbIe Hac 0coOeH-
HO MHTepeCyIOoT.

HepHOﬂH‘{HOCTh [IpaBOM YacTU YpPaBHEHUA IPOABIAETCA B Clielhalb-
HBIX CBOMCTBaXx CI)aSOBOI"O IIOTOKa ypaBHEHHHA (1)

0 T oT ¢

Jlemma 1. Ilpeo6paszosarue ¢asoeozo npocmparcmea 3a epems om tq
do ty gﬁf R"™ — R"™ ne mensemca npu oonoepemenHom yeeaudeHuu tq u to
Ha eeauduny nepuoda T npasotl, wacmu ypaeHeHnus (1).

JTOKA3ATEJBCTRO.

/ 4 Hy#Ho gokasaTh, uto caBur ¥(t) = @(t + 1)
R" A peuienus ¢(t) Ha Bpema T sABndetrca peumeHueM. Ho
O/”/ CABHT' pacliipeHHOro ¢a3oBoro mpoctpanctBa Ha T

V BIOJb OCH BpPEMEHHU IepeBONUT Iojie HampaBleHHil

¢ T - ypaBHenusa (1) B ce6a (puc. 205). [losTomy caBuny-

TaA Ha 1 WHTerpalibHad KpUBafd ypaBHEHHUA (1) Be3Je
Puc. 205. OTobpae- HKacaeTcs MojA HanpaBl/IeHHil U, cllejoBaTellbHO, OCTa-
HKe MOHOJPOMUU eTCA UHTerpalbHON KPUBOIl.

HNrar gffig = g{f, yTo U TpeboBalloch NOKAa3aTh.

PaccMOTpEM, B 4aCcTHOCTH, NpeoGpazoBaHue gi , ocyliecTBiaseMoe da-
30BbIM MOTOKOM 3a BpeMsA oAHOro nepuoja 1'. 3To npeobpasoBanue OyaeT
UrpaTh BaxHYIO poJib B JalbHelileM; Mbl OyJeM Ha3bIBaTh €ro omobpasice-
Huem 3a epema T u o6o3Hauath (puc. 205)

A=g;:R" - R".

[IpuMEP 2. [Insa cuctem

L1 ==I2, T2=—T15 L1 =1=TL1, T2= —I2,

KOTOpbI€ MO{HO CUNTATh NNEPHOAHUYECKHMH ¢ TI06bIM nepuoaoM 1', oTobpa-
#eHne A ecThb MOBOPOT U I'HNepOOJHUYECKHI TOBOPOT COOTBETCTBEHHO.
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Jlemma 2. [Ipeobpasosanus ggT obpa3syiom epynny ggT = A™. Kponme
mozo, gh' ¢ = gighT.

JTOKA3ATEJIBCTBO.
CornacHo nemme 1 gz’g“Ls = g5. [loaTomy gg’TH = g;’jg“gST = 8ﬁg3T°
[lonarasa s = T, HAXOAUM génH)T = AghT, orryna no uunyruun gft = A™.

JlemMma nokazana.
BceBo3MoHBIM cBoiicTBaM perneHuii ypaBHeHHA (1) cOOTBETCTBYIOT
aHaJlorHYHbIE CBOiiCTBa oToOpamenna A 3a nepuoj.

Teopema. 1) Toura xy ecmv Henodsuixcnas mouka omobpaxceHus A
(Axy = xp) moeda u moavko mozda, kKo2da peweHue ¢ HAYAAbHbLM YCAO0BU-
em x(0) = &y ecmv nepuoduyeckoe, ¢ nepuodom T .

2) Ilepuoduyeckoe pewenue x(t) ycmotivuso no Janynosy (acumnmomu-
YyecKku ycmotinueo) moz2da u moabKo mozdd, k0200 HenoosudcHas Mmovka I
omo6pascenus A ycmotiwuea no Janynosy (acumnmomuuecku ycmotivuea)®.

3) Ecau cucmenma (1) auneiina, m.e. v(t, €) = V(t)x — auneinasn
Pynryusa x, mo omobpaxernue A aumeilHo.

4) Ecau, kpome mozo, caed aumnetinozo onepamopa V (t) paeen my.io.
mo omooOpasxcenue A coxpansem o6vem: det A = 1.

JTOKA3ATEJIBCTBO.

VTBepmuenus 1) u 2) BHITeKalOT U3 COOTHOUIEHHA gy '° = gdA u u3
HellpepbIBHOIl 3aBUCUMOCTHU pelleHHd OT HayalbHbIX YCIOBHI Ha OTpe3-
ke [0, 7.

YTBep#/ieHUe 3) BbITEKaeT W3 TOr0, UTO CyMMa pelleHUi JTHHEHHOM
CHUCTEeMbI €CTh CHOBa pelleHue.

YTBepaenue 4) BoITeKaeT U3 TeopeMbl JlmyBuiiA.

2. YcaoBusa YycrtoituuBocTu. lIpuMenum pokasaHHyl0 TeopeMy
K oToOpaeHu0 A (a3oBoil IIOCKOCTH X1, L2 Ha ceGA, COOTBETCTBYIOIEMY
cucteMe (2). Tak kak cuctema (2) nuHeiiHa U cliell MATPHUIBI IPaBOil YacTH
paBeH (), noinydaem

CanenctBue. Omobpaxcenue A JAuHellHO U CcOXpaHsem nAouw,aou
(det A = 1). [aa yemotivusocmu ny.1e6020 pewenus cucmemvt ypaswerut (2)
Heobxoduma u docmamoyHa ycmoliueocms omobpaiycenus A.

!HenonBusuaa Touka ¥y oTobGpaxeHnua A HasplBaeTcA ycmotivueoli no Jlanywosy
(cooTBeTCcTBEHHO acumnmomuyecku ycmotvueoil), eciu Ve > 0 3 > 0 Taroe, uTo
us |& — xg| < 0 BeiTeraer |A"x — A"xy| < € nna Bcex 0 < n < o0 cpasy (cooTBeT-
ctBeHHO eme A"x — A"xy — 0 npu n — 00).
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3AJIAYA 1. JlokazaThb, UTO MOBOPOT IJIOCKOCTHU — YyCTOWUMBOEe oToOpaseHue,
a runep6oinYeCKUil IOBOPOT — HEYCTOWYUBOE.

HN3yuyuM Tenephb noapobHee JnHeliHbIe 0TOOpameHud INIOCKOCTY Ha ce-
0A, coxpaHAmwIIre miIonaib.

Teopema. Ilycmv A — mampuya coxpansiouezo naow,adv AuHelHO-
20 omobpadxcenusn naockocmu Ha cebn (det A = 1). Toeda omobpascenue A
ycmoiiwueo, ecau |tr A| < 2, u neycmoiiwueo, ecau |tr A| > 2.

Ty A>9 JTOKA3ATEJIBCTBO.
IIycts A1, As — coOcTBeHHbIe uynciaa A.
2, Oy y[IOBIE€TBOPAIOT XapaKkTEePUCTHYECKOMY
o~ ypaBHeHHIO A2 — tr A\ + 1 = ( ¢ BelecTBeH-
HbIMHU KO3} PpulueHTamu

1

(L

)\1—|—)\2 :tI‘A, AlAz :detAzl.

TrA<2
’ A KHopau A1, A9 3Toro BellleCTBEHHOro KBajpaT-

HOTO ypaBHEHHA BelleCTBEeHHbI mpu |tr A| > 2

a
S 1 U KOMIUIEKCHO CONpAseHbl npu |trA| < 2

(puc. 206). B nepBom ciyuyae ogHO H3 COOCT-

2, BEHHBIX 4uces Oolibllie, a Apyroe mMenbiie 1 mo

MoOAyI0; oToOpamenue A ecTb runepboiuyec-

Puc. 206. Co6cTBeHHble KHII MOBOPOT U HeycToiunBo. Bo BTOpoMm ciy-
qyyciia MOHOAPOMUH yae coOCTBeHHble YHCJA JekaT Ha eJUHUYHOMU
OKPY#HOCTHU:

]. = /\1)\2 — )\1E = |A1|2.
Otobpamenne A 3KBHBaleHTHO MOBOPOTY Ha yrol « (rae A o = eTi®)
T.€. CTAHOBUTCA INOBOPOTOM IPU COOTBETCTBYIOIIEM BbIOOpE €BKJIHIOBOIA
CTPYKTYPbI Ha miiockocTH (movyemy?). UTak, OHO ycTOIYHUBO.

Teopema noka3aHa.

Takum o6Gpa3oM, Bech BONpoc 00 yCTOMUYMBOCTH HYJIE€BOIo pelleHuA
cucTeMbl (2) cBelicA K BhIUHCIEHHIO ciena MaTpullbl A. KR cosanenuio, BbI-
YHCIHUTH dTOT cliel ABHO yaeTcd NHIIb B cllellialbHBIX ciayydaax. Ero Bcer-
Ja MO#HO HaliTu NMpubiIueHHO, YHUCJIEHHO HHTErpupyA ypaBHeHHEe Ha OT-
peske 0 < t < T. B BamHoMm ciydae, Korga w(t) 6nu3Ka K TMOCTOAHHOM.
IIOMOralT MpocThie 001IHe coobpameHu.

3. CuabHO ycToliuyuBbIe cucTeMbl. PaccMoTpuM JNHEHHYIO CHC-

temy (1) ¢ nByMepHbIM ¢a3oBbIM HpocTpaHCTBOM (T.e. ¢ n = 2). Takas

?
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cucTeMa HasbIBaeTCHd 2aMUALIMOHO60L, eCcld JUBEPreHIiia v paBHA HYIIIO.
JlnA raMuIbLTOHOBBIX CHCTEM, KaKk YKa3aHO BblIlle, (pa3oBbIii IOTOK COXpaHd-
eT maomanu: det A = 1.

Onpenenenvie. HyneBoe pellleHne JHHEHHON raMuILTOHOBOI CHCTe-
MbI CUAbHO YCMOUYU60, €CIIA OHO YCTOMYNBO U Y BCAKOM GIN3KOM JTUHEeHHOM
raMHiJIbLTOHOBOI CHCTEMBI HYJIeBO€ PellleHHe TO#e yCTONUYHUBO.

N3 npeapigymux IByX T€OpeM BbITEKaeT
CaenctBue. Ecau |tr A| < 2, mo Hy.nesoe peuteHue cuabHO Ycmotiiuso.

H60 ecnu |tr A| < 2, To nna otobpaxmenuna A’', cooTBeTcTBYyIOMIEro N0~
CTATOYHO GIM3KOI CHCTEMe, TOe BBINOIHEHO ycioBue |tr A'| < 2.

IIpuMeHNM 3TO K CHCTeMe ¢ MOYTH MOCTOAHHBIMHU KO3 dUIHEHTaMU.
PaccmoTpumM, HanpuMep, ypaBHEHHE

i=—-w’(l+ea(t))z, <1, (3)

rae a(t + 2m) = a(t), Hanpumep, a(t) = cost (MagATHUK, YacToTa KOTOPOIO
KoJIeOIIeTCA OKOJIO w ¢ Mallol aMIUIUTY 10l u ¢ nepuogom 2m)t.

Rampnyo cucremy (3) GyneM mszobpamaTb TOUKON Ha INIOCKOCTH Ma-
pameTpoB &, w (puc. 207). OyeBHHO, yCTONYNBBIE CUCTEMEI C |tr A| < 2
06pa3yioT Ha MIOCKOCTH (w, €) OTKPHITOE MHOMKECTBO, TaK #€ KAk U He-
yCTOMYHBbIE CUCTEMEI C | tr A| > 2.

['paHuna ycTOMYMBOCTHU JaeTcA ypaBHeHueM |tr A| = 2.

Teopema. Bce mouku ocu w, UCKAIOYAA Ueable U NoAyUeable MOYKU
w=£k/2,k=0,1,2,..., coomeemcmeywm cuibHO ycmoliusvim cucme-
man (3).

Takum 06pa3oM, MHO#ECTBO HEYCTONUMBBLIX CUCTEM MOMET MOAXOJUTH
K OCH w TONbKO B TOYKaX w = k/2. UHBIMEH clioBaMH, packayaThb Kadelln
MaJbIM [NEPUOJUYECKUM H3MEHEHUEM JIMHbI MOKHO JIUIllb B TOM clydae,
Korjia OuH NMepuoj U3MEHEeHUA IIUHBI OJIN30K K L[eJIOMY YHCIY MOIyNepuo-
IOB coOGCTBEHHBIX KojlebaHuii, — pe3yibTaT, BCEM M3BECTHbIN U3 dKCIEpPH-
MeHTa.

llokazaTenbcTBO chopMyIUpPOBaHHON TeopeMbl OCHOBAaHO Ha TOM, YTO
npu € = () ypaBHeHHe (3) HMeeT NOCTOAHHbIE KO3G(PHUINEHTHI U ABHO pella-
eTcH.

1B cnyuae a(t) = cost ypaBHeHue (3) HasbiBaeTcAa ypasnenuem Mamoe.
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EA
3AOAYA 1. BeluumciuTes OJIA cUCTe-

™Mbl (3) ¢ € = 0 maTpuiy npeobpasoBanusa A
3a nepuon 1" = 2w B 6asuce (zx, ).

DN | bt
(S
Do e

PeEnieHuE. O6iiee pemeHue:

QY

x = C1 coswt + C2 sin wt.

YacTHoe pelleHHe ¢ HayalbHBIM YCJIO-
BueM x = 1, = O:

Puc. 207. O61acTh HEyCTONUYNBOCTH x = coswt, T = —wsmwt.

IIpU NapaMeTPUYECKOM pe30HaHCce
YacTHoe pelieHUe ¢ HayalbHBIM YCIO-

BueM x = 0, © = 1:

x = (sinwt) /w T = cos wt.
OTBET. A — cos_27rw sin 27w /w .
—w Sin 27w COS 2TTw
[loaTomy |tr A| = |2 cos2wn| < 2, ecnu w # k/2,k=0,1, ..., u Teo-

peMa BbITeKaeT U3 MpeAbIAYIero cielcTBUA.

Bonee BHHMaTenbHbI aHanu3! mokasbiBaeT, 4yTO, BOOOIIE TOBOPSA
(u, B yacTHOCTH, pHu a(t) = cost), BOnu3u Touek w = k/2, k =1,2...,
061acTh HEYCTOWUYHBOCTH (3aumITpuxoBaHHaA Ha puc. 207) melcTBUTENLHO
MOAXOAUT K OCH w.

Takum o6pa3oM, NpH HEKOTOPHIX COOTHOIIEHHAX MEHAY 4YacTOTOMH
H3MEeHEeHNA NapaMeTpPOB M COOCTBEHHON 4YacToToil Kaueneil (w = k/2,
k=1.2,...) HUKHee TOJIO¥EHNe pPaBHOBeCHA Healu3MPOBAHHBIX Kaue-
neit (3) HeyCTONYHBO W OHUM paCKauyUBAIOTCA MPU CKOJNb YTOAHO MalloM Ie-
PHOANYECKOM M3MEHEHUHU JINHBI.

dTO fABJEeHHEe HA3bIBACTCH NAPAMEMPUYECKUM DEe30HAHCOM. XapaKTep-
HOIl 0COGEHHOCTBIO MapaMeTpPHUYECKOro pe3oHaHca ABIAETCA TO, YTO OH
CUJIbHEe BCero MpoABIAETCA B cllyyae, KOrjla yacToTa H3MeHEeHHsA NapaMeT-
poB v (B ypaBHeHuu (3) yactoTa v paBHa 1) BaBoe Goibllie cOGCTBEHHOM
YacTOTHI w.

3AMEYAHHUE. TeopeTnyecku napamMeTpHyeCKuil pe3oHaHC Habi0gaeT-
cA npu 6eckoHeYHOM HabGope cooTHomeHuil w/v = k/2, k =1, 2, ... Ilpak-
THYECKU HaOMoaeMbl 0ObIYHO NUIIL ciiyyYau, Koraa k HeBenuko (k =1, 2,
pexe 3). [leno B ToM, 4TO

1CM., HanpuMep, pa3o6paHHyIO Hue 3agauy 1 m. 4.
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i el
a) npu 6onbmux k 061acTb HEYCTOHYNBOCTH

MOAXOAUT K OCH w Y3KHM A3bIKOM U [ pe30-
HAHCHOI 4acTOThI w MNOJYyYalOTCA OYEHb #MeCTKHe
npezensl (~ ¥ naa a(t) = cost B (3));

6) caMa HEYyCTOWYHMBOCTH clabo BhIpazeHa
npu 6onbiux k. Tark Kak BennynHa | tr A|—2 HeBe-
NAKa U coOCTBeHHbIe yncia 6au3ku K 1 npu 60Jb- V27700
mux k;

B) CKOJIb YTOJHO Majoe TPEHUE MPUBOIUT K Puc. 208. BiugHue Mazo-
TOMY, UTO [/IA BOSBHUKHOBEHUA NapaMeTPHUUYECKO- ro TpeHHA Ha 06JIacTh He-
ro pe3oHaHca k-ro nopfajgka uMeeTci MUHHMAalb- YCTOHYMBOCTHU
HOe 3HaueHHe aMIIUTY bl €¥: NP MEeHBIINX € Ko-

nebanus 3atyxaioT. C poctom k € OLICTPO pacTeT

(puc. 208).

3aMeTHM TaK:e, YTO Uil ypaBHeHHA (3) B HEYCTOWYHBOM Clydae Be-
MU4YNHA T pacTeT HeorpaHu4yeHHO. B pealbHBIX cucTeMax KojieGaHHA NOCTH-
raiT JHUIlbL KOHEYHON aMIUIUTY[Abl, TAK KaKk NpU OOJNBLIIMX X caMo JUHea-
pu3oBaHHOE ypaBHeHHe (3) TepfeT CHIy M HY#HO YUYHTBIBATH HelUHeHHbIe

3P PerTHI.
4. BpiuucieHUuA.

1

D=
—

QY

3AIAYA 1. HaitTu Bua obnacteil ycTOHUYMBOCTH Ha INIOCKOCTH €, W IJIA CHUC-
Te€MbI, OIKMChIBAEMOIi ypaBHEHHEM

= —f(t)=, f(t+2m) = f(?), (4)

w+e npu 0<E<w
f(t) = A=
w—€e npu w<t<2m,

PEIIEHUE. U3 pemenusa npensiaymeii sagauun (1 m. 3) cruemyer, uto

A= AyA;, rpe
a=( 2, o,
—WESE Ck

Cr = COS TWk, Sk = Sin Twg, wi,2 =w=xeE.
[losToMy rpaHuiia 30HbI YCTOHUYHUBOCTH UMEET ypaBHEHUE
|tr A| = |2¢1c2 — (w1 /w2 + w2 /w1)s182| = 2. (5)

Tak kak € < 1, umeeM w1 /w2 = (w+¢€)/(w —¢€) = 1.
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BBegeM oGosHaueHne wi/ws + wa/wi = 2(1 + A). Torna, kak JIerko co-
cuutath, A = 2¢°/w® + O(e*) <« 1. llonb3ysAch COOTHOUIEHUAMH 2¢iC2 =
= €0S 27€ + €08 27w, 28152 = €08 27e —COS 27w, NepenuieM ypaBHeHUe (5) B BUJE

—Acos2me + (2 + A) cos 2w = £2

78000}
cos 2w = (2 + Acos2me) /(2 + A), (61)
cos 2w = (—2 + Acos2me) /(2 + A). (62)

B nepBoMm ciyuae cos2nw = 1. lloatomy monomum w = k + a, |a] < 1:
cos 27w = cos 2wa = 1 — 2w%a® + O(a?). Nlepenumenm ypaBuenue (61) B Bume

A

cos 2w =1 — —————(1 — cos 27e)

2+ A

7687
2r’a” + O(a*) = An’e® + O(e?).
HoncraBnas snauenme A = (2¢?/w?) + O(e*), Haxomum a = +e?/w? + o(e?),
T.e. w =k *e?/k® + o(¢®) (puc. 209).
AHanoruyHo pemaercs ypaBHeHUe (62); B pe3ynbTaTe MOILydYaeM

w = 3+ e/(mx) + o(e), x=k+1/2.
2 lé/\ Qé ZA |

Puc. 209. O6nacTh HEyCTOMYUBOCTH A ypaBHeHUA (4)

EA

3AOAYA 2. MozeT au BepXHee, 0ObIUHO HEYCTONYHBOE, MOJOMEHHUE pPaBHO-
BecHd MafATHUKA CTaTh YCTOMYMBBIM, €CIU TOUKa MoJBeca KojebleTCcA B BEPTHU-
KaJlbHOM HalpaBlIeHUM?
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PEmiEHKE. IlycTh nnaumHa MaATHUKa [, amMniauTyna kKojlebaHUl TOUKU MOA-
Beca a < [, mepuon koneGaHUiII TOYKM MojBeca 27, NPUYEM B TeUEHHE Kari-
[Oro Molylepruoia yCKOpPeHHe TOYKHU IoABeca MOCTOAHHO U paBHO +c¢ (Tor-
na c= 80,/7'2). OxaspIBaeTcA, NPH JA0OCTAaTOYHO OBICTPBLIX KojeOaHUAX MojBeca
(7 < 1) BepxHee MOOMEHNE pPaBHOBECHA CTAHOBUTCA YCTOHUYMBBIM. YpaBHEHUE
[BU#EHUA MO#HO 3anmucaTh B Bufle & = (w” £ o)z (3Hak MeHAeTcA uyepe3 Bpe-
MA T), e w? = g/l, a? = c/l. Eciu ronebGaHufa mojBeca J0OCTaTOYHO GBICTPBI,
o o > w? (o = 8a/(172)).

AHanoruusno npeasiayieii 3agaue, A = A2 A;, rue

L chkr k™ 'shkr T Nz O sinOr
1= \kshkr chkr ’ 27 \-QsinQr cos Q1
k? = a® + w?, 0?2 = a? — W,

YcnoBue yctoituuBocTH |tr A| < 2 uMeeT mosToMy BUJ
|2ch k7 cos Qr + (k/Q — Q/k) shkTsin Q7| < 2. (7)

[lokameM, uTo ycioBHe 3TO BBINOJHEHO NPHU JI0CTAaTOYHO OBICTPHIX KojleOaHUAX
TOYKM IOJIBeca, T.e. Korja ¢ > g. BBegem 6e3pa3mMepHblie nepeMeHHbIE €, [i:

all—c < I gle=p> < 1.
Torpa k7 = 2v/2e+/1 + p2, Q1 = 24/2e+/1 — p2, k/Q—Qfk = 2u° + O(u4).

[losTOMY IIpM MalbIX €, f& CIpaBeUIMBhI Pa3loeHUs ¢ TouHoCThIO o(e* 4 p):

chkr =1+ 4e®(1 + p?) +2e*/3+...,
cosQr =1—4e?(1— p®) +8*/3+ ...,
(k/Q — Q/k)shkTsin Q1 = 16e’p® + ...

Urak, ycnoBue ycroitunBoctH (7) NpUHUMaeT BUJ
2(1 — 16e* 4 166* /3 + 8% p” +...) +16e°p” < 2.

[Ipenebperaad MaibIMH BBICHIEro IOPAAKa, HaXoIHUM (2/3)16&34 > 32p%e? wm
p<e/V3, um eme g/c<a/(3l). ATo ycloBue MoxHO NepenucaTb B BHUJE
N > /3/32wl/a =~ 0,3wl/a, rne N =1/(27) — uucio koreGaHUil TOYKH NoJBeca
B equHUIly BpeMmeHu. Hanpumep, eciu nnuHa maatHuka | = 20 cMm, a amMmiauTyna
Kojie6aHuii Touku moaBeca a = lem, To N > 0,314/980/20 - 20 =~ 43 (kone6a-
HUi1 B ceKyHAY). B yacTHOCTH, BepXHee nosoxeHNe paBHOBECUA YCTOHYMBO, €CIIH
yucao KojebaHuil moaBeca B ceKyHAy 6Gosbiie 50.

19 3akaz Ne 117
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8 29. BapuanuAa nocToAHHBIX

[Ipu uccienoBaHuy ypaBHEHMI, OIU3KUX K Y#H€ UCCIEIOBAHHBIM, «HE-
BO3MYIIIEHHbIMY ypaBHEHHAM, 4YacTO Noie3eH cineaywoomuii npueM. IlycTs
¢ — TepBbIil HHTErpal «HeBO3MYIIeHHOro» ypaBHeHuA. Toraa oA 6IM3KUX
«BO3MYULIEHHbIXY ypaBHeHUN (QYHKIHA ¢ yxe He GyJeT NMepBbIM HHTErpa-
noM. OHaKO 4acTo yJaeTcA y3HaTh (TOYHO MM NPHONNKEHHO), KAK MeHA-
IOTCA cO BpeMeHeM 3HaueHUA c(p(t)), roe ¢ — pelleHne «BO3MYI€HHOTI0»
ypaBHeHHA. B yacTHOCTH, eclii HCXOJHOE ypaBHEHIe — JHHEHHOe OTHOPO/I-
HOe, a BO3MYIIeHHOEe — HEOJHOPOAHOE, TO 3TOT MPUEM NMPUBOJUT K ABHOM
¢opMyie nnA pelleHudA, NpUYeM B CUIIY JHHEHHOCTH ypaBHEHHA HUKAKOI
«MaloCTH» BO3MYLIEHUA He TpeGyeTcH.

1. IIpocTeiiniuii ciayyaii. PaccMoTpuM npocTeliniee JHHENHOE HEO/-
HOPOJITHO€ ypaBHEHHE

x = f(t), x € R", t €1, (1)
COOTBETCTBYIOIIlee NIpPOCTelieMy OMHOPOOHOMY ypPaBHEHHIO
z = 0. (2)

YpaBHeHue (1) pemaeTca KBaJpaTypoii:

o(t) = plto) + f £(6) dr. 3)

2. 06wumit cayyaii. PaccMoTpuM JHeiHOe HEOHOPOIHOE Y paBHEHEe

x = A(t)x + h(t), x € R", tel, (4)
COOTBETCTBYIOLIEE OTHOPOJHOMY YPaBHEHUIO

x = A(t)x. (5)

[Ipeanonosxum, 4To MBI YMeeM pellaTh OAHOPOJHOE ypaBHeHHe (D)
u * = @(t) — ero pemenue. Boibepem HauanbHble yclnoBusa ¢ = @(tg)
B KauyecTBe BBINPAMIAIOLINX HHTErpalbHble KpUBbIe ypaBHeHUA (H) Koop-
nuHaT (¢, t) B pacmupeHHoM ¢a3oBoM npoctpancTBe (puc. 210).
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B HOBBIX KoopaumHaTax ypaBHeHue (5) mpu-
meT npocteimuii Bug (2). Ilepexon K BeIimpAMIA- R" — R"
IOIMM KOOpJAWHATaM OCYIIEeCTBIAETCA JMHEHHBIM cO/ gt h"(z,O
no x npeobpasoBanueM. [loaToMy B HOBBIX KOOp/IU-
HaTaX HEOJIHOPOJIHOe ypaBHeHUe (4) MpUMeT mpoc-
teiimuit Buj (1), ¥ MBI €ro CMOMEM PEIIUTb.

3. BbluuciieHuA. bylneMm HWcKaThb pelleHHe
HEOIHOPO/HOTO ypaBHeHuA (4) B Buje

t, t

Puc. 210. HRoopaunaTsl
TOUKHU C ABIAIOTCA Iep-
BbIMU HHTErpajlaMH O/I-
HOPOJHOTO ypaBHEHUA

o(t) = gle(t), c: I - R"™. (6)

roe gt: R — R"™ — nuHeiiHslii onepaTop npeot-
pa3oBaHHA 3a BpeMA OT ty [0 ¢ 0JA OJHOPOOHOIO ypaBHEHUA (9).
Muddepenuupysda no t. HaXxoouM

p=glcetgle=Agc+ge=Ap +ge.

IozncraBissa B ypaBHenue (4), naxonum g*e = h(t). Utak, nokasana

Teopema. Qopmysa (6) daem pewenue ypasnerus (4). ecau u moavko
ecau ¢ ydosaemeopsem ypasneruio ¢ = f(t), 20e f(t) = (g*)"th(t).

[locnennee ypaBHeHue uMeet npocteimuii Buj (1). [Ipumenas ¢popmy-
ay (3). momydaem

CnenctBue. Pewenue HeodHOpoOHo20 ypasHeHus (4) ¢ HaAvAAbHBIM
ycaosuem @(ty) = ¢ umeem eud

t

o(t) =g C+/(g‘)_1h('r) dr

70

3AMEYAHHE. B KoopauHaTHO#I ¢opMe [0OKaszaHHYIO TEOPeMY MO#HO
chopMynMpoBaTh TaK:

Ymo6el pewums auHetinoe HeodHopodHoe ypaeHeHue (4), 3nasa dyHnda-
MEHMAaAbHYI0 cucmemy peuteHutl o0HopodHozo ypaeneHus (5), docmamoy-
HO nodcmasumev 6 HeoOHOpooHoe YpasHeHue AUHEUHYH KOMOUHAUUW peule-
Hull gyndamenmanvHoll cucmemol, cuuman koddduyuernmosl Heu36eCMHbLMU
Pynruuamu epemenu. /las onpedeserHuss amux KodP@uyuenmos noiy4umca
mozda npocmeiiwee ypasrenue (1).
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3AIAYA 1. Pemuts ypaBHenue & + x = f(t).

PEIIEHUE. CocTaBUM OJHOPOIHYIO CUCTEMY NBYX yPaBHEHMIA:
i’l = &2, dfg = —I.
Ee ¢pynnameHTanbHas cucTeMa pelleHHii U3BeCTHa:
(z1 = cost, x2 = —sint); (z1 = sint, x2 = cost).
[To o6memMy NpaBuiy UIEM pelleHue B BH/IE
x1 = c1(t) cost + c2(t) sint, x2 = —c1(t) sint + c2(t) cost.
JlnA onpeeneHnsa ¢1 U C2 NONy4YaeM CUCTEMY
¢1cost + ¢osint = 0, —¢1sint + ¢é2 cost = f(t).

CnenoBaTenbHO,
¢1 = —f(t)sint, ¢2 = f(t) cost.

OTBET.

z(t) = w(O)—/f(T) sin7dr | cost + :ic((])—t—ff('r)COSTd'r sint.
0 0



I'JIABA 4
I[OREISEITBJI]:CTB& OCHOBHBLIX TeopeM

B »Toii riaBe moKasbIBalOTCA T€OPEMbBI O CYleCTBOBaHUHU, €IUHCTBEH-
HOCTH, HENPEePLIBHOCTU U AU (PepeHupyeMOCTU pPellleHU OObIKHOBEHHBIX
nuddepeHalbHbIX YpaBHEHUl, a TaKk#e TeopeMbl O BbINIPAMIIEHUU BeEK-
TOPHOT'O MOJA U MOJA HalpaBJIeHUMN.

Jloka3aTenbcTBa cojep#saT TaKkH#ie crnocod NpUGIN#EeHHOro MoCTPOEHU A
pelieHui.

8 30. CsraTtblie oToOpaxeHUA

PaccMmoTpeHHBIN HU#€e METO] OThICKaHUA HENMOABUH#HON TOYKM O0TOOpa-
MEHUA MeTPUUYECKOro MpocTpaHcTBa B cebA nNpuMeHAeTCA paliee IJA MOo-
CTPOEHUA peunleHuil U PepeHIualbHbIX YPaBHEHUA. \Ax

1. Onpepenenue. Ilycte A: M — M — oTto-
OpaseHue MeTpuyeckoro mpoctpaHcTBa M (c MmeT-
pukoii p) B cebsa. Otobpamenne M Ha3bIBaeTCH coca- __—
mulMm, €CIU cylecTBYeT MocToAHHaa A, 0 < A < 1,

Takaf, 4To x

Az, Ay) < Mp(z,y) Yo,y € M. 1
p(Az, Ay) pla, y) Va,y (1) Puc. 211. HenoaBuz-

- n n —

[lpumeP 1. Ilyctp A: R™ — R Bel[eCTBEHHAA yag TOUKA CHATOLO
¢byHKIOUA BemecTBeHHOro nepemenHoro (puc. 211). Ecau 0TOGpazKeHu
Npou3BojJHadA A 1Mo MoAyqIi0 BCIOAYy MeHblle 1, To oToOpazieHne A MOKeT U He
ObITH ciaThIM. Ho oHO Gymer caaThiM, ecaun |[A'| < A < 1.

[TpuMEP 2. Ilycte A: R" — R"™ — nuHeiiHbiit onepatop. Ecau Bce co6eT-
BeHHbIe yncia A jeaT CTPOro BHyTPH eIMHUYHOro Kpyra, To B R" cymecTByeT
Takafd eBKINA0Ba MeTpuka (pyHruusa JlamyHosa, cM. § 22), yro A — ciaToe oTo-
OpaieHue.

3a71a4A 1. Rakwue u3 cienyromux oToOpakeHuil NpAMoii (¢ 06bIYHON MeTpU-
KOI1) B ce0A cRaThl?

1) y = sinz: 2) y =vax?+1; 3) y = arctg x.

3AIAYA 2. MosHO 1 3aMeHHUTh 3HaK < B HepaBeHcTBe (1) Ha <7
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2. Teopema o cxaTbIX oToOpasxkeHUAX. Tourka x € M Ha3bIBaeTcA

HenodsuxcHotl moykotl oroopamenua A: M — M, eciu Az = x.

Ilyemvy A: M — M — cacamoe omobpaxceHue noaH020 MEMPULecKo20
npocmparcmea M e cebs. Tozda A umeem HenodsuicHyo MouKy, U NPUIMOM
moavko 00HyY. Jlaa aboll mouku x u3 M nocaedosamenvHocms 06pasos moy-

ku x npu npumenenuu A (puc. 212)

z, Az, A%z, Az, ...

Cco0uUmcsa ¥ HenoodeuxcHoil moyke.

JIOKA3ATEJBCTRBO.
[ycts p(x, Ax) = d. Torna

p(A™x. A" ) < A"d.

o0

Pan > A" cxoputcs. [loatomy mocnenoBatenbHocts A”z.n = 0. 1. 2. ....

n=0

ABiAeTcA nocienoBateilbHocThi0 KRomu. IIpoctpanctBo M noaHo. IloaTomy

cymectByeT npeaen X = lim A™x.
n—oo

HOHH}P{BM, yro X — HelmogBuHHad TOYRAa A. BHMBTI/IM, qTO BCHROE€

ciaToe oToGpazxeHre HeNpepbIBHO (MO#HO B3ATh § = ¢). [loaTomy

AX = A lim A%z = lim A"y = X.

n—oo

X

Agx Ax x
Puc. 212. [Mocaeno-
BaTelbHOCTh o6pa30B

TOUYKHU & NPU NOBTOPEHUU
cxkaToro orobpasenusa A

n—oo

Puc. 213. Onenka To4HOC-
TU NPUGIUEHUA T K Helo-
OBUMKHON TouKke X
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IToramem, 4yTO BcAKadA HenoJABU#HaA To4yKa Y coBnajgaeT ¢ X. JleiicT-
BUTEJIBLHO,

p(X,Y) =p(AX, AY) < Mp(X, Y), A<1=p(X,Y)=0.

3. 3ameuanue. Touku =, Ax, A%z. ... Ha3bIBAIOTCA noc.iedosamens-
Hotmu npubauxceruamu ¥ X. Ilycts © — npubiumeHre K HemoJBUAKHOM
Touke X cmartoro orobpamennda A. ToyHOCTb 3TOro NpuGIUMEHUA JErKo
OLIEHUTh 4Yepe3 paccTogHue d Mexay ToukaMH x u Aw:

d
r. X)< ——.
160 d + Ad + N2d + ... = ﬁ (puc. 213).
g:-:_ xA /(A(D)
X S e
t B
t, t t
Puc. 214. UnTerpann- Puc. 215. Otob6pasnenue
HafAg KpuBaA ypaBHe- [lurapa A

Hufa & = v(t, x)

8§ 31. [lokazaTeibCTBO TEOPEM CylleCTBOBaAaHUA U
HeMpepbIBHOM 3aBHCHMOCTU OT HayvyajbHbIX
ycJ0BUM

3hech CTPOUTCA TaKoe cxaToe OToOpaxeHHe IOJHOr0 MeTPUUYEeCKOro
[IPOCTPaHCTBA, YTO €ro HelnoJABU#HAA TOUKA ollpeelfdeT pelleHrue JaHHOro
Iu(ddepeHIMaIbHOTO YpaBHEHUA.

1. IlocnepoBaTenbHblie npubau:xkeHua IIluxkapa. Paccmorpum
nuddepenuanpHoe ypaBHeHue & = v(t, ), 3agaHHOE€ BEKTOPHBIM IIO-
JeM v B HEKOTopo# objsacTu pacuupeHHoro ¢as3oBoro npocTpaHcTBa R™*1
(puc. 214).
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HaszoBem omo6paxcenuem [lurkapa orobpamenue A, nepeBoasiiee QyHK-
nuwo @: t — x B pyHrnuw Ap: t — x, rie

t

(A@)(t) = @ + f o(r, @(r)) dr.

to

FeomeTpuuecku nepexon oT ¢ Kk Ag (puc. 215) o3HayaeT mocTpoeHue
o KpUBOii () HOBO# KpuBoil (Ag), KacaTelbHaA KOTOPO NMpU Ka#aoM ¢
napalulelibHa JaHHOMY TOJI0 HalpaBleHuii, HO He Ha camoil KpuBoii (Ap) —
Torga Ae 6b110 ObI pelleHreM, — a B COOTBETCTBYIOLIEl TOUKe KPUBOit ().
HUmeem
@ — pewerue

C HAYAAbHBIM Ycaosuem <> (¢ = Ayp).

@(to) = xo
BooxHoBiAfAch TeopeMoii 0 cxaThIX OTOOpameHUuAX, PacCMOTPUM IIO-
clieoBaTelbHOCTh npubauxcenuti lukapa ¢, Ap, A%, ... (HauaB, ckaxeM,
C = @).
x x) x| |Ap  JAp
A
IS i wa
7 =S S iy
A s W
P = 9 /11 /A7)
7 =S S wo 4,
7 = X o \/ /7Y L L L L L L L L
Y s . SIS @
t — S
t
Puc. 216. Ilpubausxenue Ilu- Puc. 217. Ilpubausenue Iluka-
Kapa aia ypaBHeHusa & = f(t) pa Il ypaBHEHUA & = &

ITlruMEP 1. & = f(t) (puc. 216). (Ap)(t) = o + ff('r)d'r. B s3Tom ciayuae

tg
y#e IepBhlIil mar IpUBOJUT K TOYHOMY pelIeHUIO.

IIPUMEP 2. & = @, to = 0 (puc. 217). CxoauMoCTb NPUOGIUMKEHUNH B 3TOM
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cliydyae MO HO YCMOTpPE€THh HEIIOCPEJICTBEHHO; B TOUYKE t

=1,
t
Acp:1+/d7:1+t,
0
t
2 t°
Acp:1+./(t+'r)d'r=1+t+§.
0

aaaaaaaaaaaaaaaaaaaaaaaa

A" :1+t+£+ Ly
¢ 2 L n!ﬂ
lim A" = €.
n—o0

3AMEYAHUE 1. Takum o6pa3oMm, ABa onpejeieHruA SKCIIOHEHThI

n
1) ¢! = lim (1+%) ; 2)et:1—|—t—|—g—2—|—...
n—oo
COOTBETCTBYIOT ABYM croco6amM MNpUGIM#EHHOTO0 pelIeHUuA MPOCTEHIIero
nu¢d pepeHnUaIbLHOrO ypaBHEHUA & = x: CIocoOy JOMaHbIX Jitiepa U Mo-
ciegoBaTelbHbIM npubnuzkenuaM [lukapa. HcTopuyecku ucxoaHoe onpeje-
JleHre 3KCIOHEHThI GbIIIO MPOCTO:

3) €' ecThb pelenne ypaBHeHHA & = x ¢ HauyalbHLIM yciaoBueM z(0) = 1.

3AMEUYAHHUE 2. AHaloru4yHbIM oOpa3oM MOKHO JOKa3aThb CXOJAMMOCTb
npubnuxeHuii naa ypaBHenua & — kx. IlpuunHa cxogumocTu mnocieaoBa-
TeJIbHBIX NpUbIUMkKEeHU B 001IeM cllydyae 3arjilo4aeTcd B TOM, UYTO ypaBHe-
HUe & = kx «camoe IJI0Xoey: nocliefoBaTelbHbIe MPUOINKEHUA A JH000ro0
ypaBHEHUA CXOAATCA HE MeJJieHHee, 4YeM /JIfi HEKOTOPOro ypaBHEHUHA BU-
na r = kx.

I[J]H JOoRa3aTellbCTBa CXOIOUMMOCTH I1I0CJ/iedoBaTeJbHBIX HpHﬁHHH{eHI/Iﬁ
MBI IIOCTPOUM IOJHOE METPHUUYECROE INTPpOCTPaHCTBO, B KOTOPOM 0T06pame—
HHUe HHRapa CHaTo.
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BHauase HanmoMHIO HEKOTOpbIe GaAKTHI U3 Kypca aHalu3a.

2. [IpeaBapuTebHbIE OLIEHKH.

1) Hopma. Bynem 0603Ha4aTh HOPMY BEKTOpa & €BKIUIOBaA MPOCTPaH-
ctBa R" uepe3 |z| = 4/(x, ). [IpocTpancTBo R™ ¢ meTpukoii p(x. y) =
= | — y| — nonHoe MeTpuYecKoe MPOCTPAHCTBO.

OTMeTHM [Ba BaxHbIX HEpaBEeHCTBA: HEPABEHCTBO TPEYTONbHUKA

|z + y| < ||+ |y|
1 HepaBeHcTBO IlIBapnal

(2, y)| < |yl

2) Berkmopuuili unmezpaa. Illycts f: [a, b) - R"™ — BekTop-¢yHKIUA
co 3HaueHuaAMu B R", nenpepriBHad Ha [a. b]. BekTop-unTerpan

b
I/f(t)dteR”

onpejendeTca 0ObIYHBIM 00pa3oM (C MOMOIbIO UHTErPalbHBIX CYMM).

JemmMma.

b b
[ F(b) dt| < ] F(0)) de]. (1)

JTOKA3ATEJIBLCTRBO.
CpaBHHM HMHTEerpajlbHbl€e CYMMEBI C IIOMOIIBIO HEpaBE€HCTBaA TPEYIrolJb-

uuka: | Y f(t;)A;] <Y |F(t:)||A¢|, uTo n TpeboBanocy noka3aTh.

lHanmoMHNM [0Ka3aTenbCcTBO 3TUX HepaBeHCTB. IIpoBefieM uepes BEKTOPHI & U Y €B-
KJIMJIOBa MPOCTPAHCTBa [BYMEPHYIO IUIOCKOCTb. JTa IUIOCKOCTb HacheayeT usz R"™ eB-
KJIUJ0BY cTPyKTYypy. Ha eBKauaoBoit niaockocTtu o6a HepaBeHCTBa U3BECTHBI U3 3JIEMEH-
TapHOil reoMeTpuu. TeM caMbIM 3TH HepaBeHCTBa [JOKas3aHbl UM B JIOOOM €BKJIUI0BOM
npoctpaHcTBe, HanpuMep B R™. B yacTHOCTHM, MBI AoKazanu 6e3 BCAKUX BbIYUCIEHUI,

qTo
i b ) b b
<adoud |[tea] < [£af s

1 %

2
%

?

n
‘ E TiYi
i=1

n n

1
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3) Hopma onepamopa. Illycte A: R™ — R" — nuneiiHsblii onepaTop
13 OJJHOr0 €BKJIMJ0Ba NpocTpaHcTBa B Apyroe. Mel O0yjgeM oO0o3HayaThb €ro
HOpPMY uepe3 | Az|
|A| = sup —.
£ER™\0 ||
Torna
|[A+ B| < |A]+ (B, |AB|<|A||B]. (2)
MHoecTBO JUHeHHbIX onepaTopoB U3 R B R" cTaHoBUTCA NONHBIM
MeTPUYECKUM NPOCTPaHCTBOM, eciu noioxuth p(A, B) = |A — B.

x Ax
A
:OII R p2 -
Y Ay g
R
Puc. 218. YcioBue Puc. 219. [IpousBonnan orobpasenusa f

Jlunmuna p2 < Lps

3. YecaoBue Jlunmuna. Ilycte A : M; — Ms — oToOpasxeHue MeT-
pudeckoro nmpoctpaHcTBa M; (¢ MeTpUKOI p;) B MeTpUYeCKOoe MpOoCTpaH-
cTBO My (¢ METpUKOIL p3) U L — MONOMUTEIbHOE BelleCTBEHHOE YHUCIIO.

Onpenenenue. Otobpamenne A ydosaemeopsem ycaosurw Jlunwuya
¢ nocmosanuotl L (numetca: A € Lip L), eciv oHO yBelnuynBaeT paccTOAHUE
Mensay JIObIMU IByMA ToukaMmu M, He Gonee, yeM B L pa3 (puc. 218):

p2(Az, Ay) < Lpy(x, y) Ve, y € M.

OTob6paxenue A ydoseaemeopsaem ycaosuio Junwuya, €ciiv CyIecTBYeT
nocroaHHasa L Taras, yto A € Lip L.

3ATAYA 1. YOoBIeTBOPAIOT /M yCiI0oBHIO Jlunmuiia cieqyomue oToopameHus
(MeTpuKa Be3le eBKIUIOBA)?

) y=2": z€R; 2) y=vax, x>0

3) y=1/al+a3, (z1,22) ER’ 4) y=[a} —a3, x> a3;
zlnz, 0 <z <1,
b) e =

6)y=xa>, z€C, |z|]<1.
0 x =0;
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3AJTAYA 2. JlokasuTte, 4TO

cicamocmsv = ycaosue ./Yunwuu;a = HenpepuvleHOoCMb.

4. duddepeHuvupyemoctb U ycijoBue Jlunmmwuna. Ilycte f:
U — R" — raapkoe (knacca C", r > 1) orto6pamenue o6nactu U eBKIu-
noBa npoctpanctBa R B eBRaunoso mpoctpanctBo R" (puc. 219). Raca-
TeJIbHOE MPOCTPAHCTBO K €BRJIUAOBY NMPOCTPAHCTBY B KamiJ0oii TOYKe ca-
MO MMEET €CTECTBEHHYIO €BRIUJIOBY CTPYKTYypY. IlloaTomy npousBoanas f
B Touke € U C R™
f*m: TmRm — Tf(m)Rﬂ

€CTh JIMHENHBbIN orepaTop u3 O4HOro eBRJAMAOBA MPOCTPAHCTBAa B ApPYyroe.

A OuyeBuHa

Teopema. Henpepviero dugddeperyu-
pyemoe omobpascerue f Ha 6cakom evinyk-
AOM KOMNAKMHOM nodmHodxcecmee V 006-
R" aacmu U ydosaemeopaem ycaosuio Jlunwiu-

"~ uya ¢ nocmoannoii L, pasnoti eepxueti 2panu
Puc. 220. U3 uenpepsiBHOii qud- npoussodnolt f na V:

dhepeHIIUpyeMOCTH BbBITEKaeT

BBINOJIHEHUe ycaoBuA Jlummuna L = sup |fiz|-
zeV

ITOKA3ATEJIBLCTRO.

CoenquHUM TOYEM @, Yy € V orpeskom (puc. 220). z(t) = = + t(y — x),
0 <t < 1. Ilo dopmyne HoroTona—Jleiitbuuna

1 1
F0) - 1@ = [ LFEO) i = [ fumidr
0 0
13 ¢popmyan (1), (2) 0. 2 u u3 roro, 4TO 2 = Yy — T, UMEEM
1 1
[ ey dr| < [ Ly~ =l = Liy - o)
0 0

qTO U TpGﬁOBaJIOCb JORa3aTh.
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3AMEYAHUE. BepxHsAsA rpaHb HOpMbI pou3BoAHoil |fi| Ha V' mocTura-
ercd. JleficTBuTenbHO, 10 npegnonoxenuo f € C, u, 3HauuT, Npou3Boj-
HaA f, HenpepsiBHa. CrefoBaTelbHO, |fi| JocTuraet Ha komnakte L Makcu-
Myma L.

[lpvcTynasa K [0Ka3aTelbCTBY CXOAMMOCTU MUKAPOBCKMUX MPHUOIUHie-
HU, MbI PACCMOTPUM KX B MaJloil OKPECTHOCTH OIHON TOYKHU. JliA onmca-
HUA 9TON OKPECTHOCTH MbI UCNOIb3YeM CleyIOlIle YeThIpe YKcia.

5. Beauuunsl C, L. a’. b'. Ilycts npaBas yacts v auddepeHumans-
HOI'0 ypaBHEHUSA

=t x) (3)

onpepeieHa u guddepenunpyema (kaacca C”, r > 1) B o6nactu U paciuu-
peHHoro ¢daszoBoro npoctpancTBa: U C R' x R™. MbI puKCHpyeM eBRIMIOBY
cTpykTypy B R" u tem cambim B T, R".

t, t, t
Puc. 221. Hununap Il u konyc Ko Puc. 222. Onpenenenue h(t, x)

PacecmoTpum mi06yio Touky (tg, xp) € U (puc. 221). Hunuuap
O={t, x: |t —to] <a, |z—ax <b}

IIpU JOCTATOYHO MaibIX a U b nemut B o6aactu U. O603naunm yepes C' u L
BEpPXHHE I'paHU BEIWYUH |v| U |v,| HA 3TOM nununape'. OHU gocTHUralOTCA,
TaKk Kak OWIMHAP KommakTeH: |v| < C, |vi| < L.

Paccmotrpum konyc Ko ¢ Bepmmnoii (tg, @p), pactBopom C' U BBICO-
Toll a':

Ko={t, z: |t —to| <d', |z — 20| <Clt—tol}.

1 3Be3nouroii 31eck U ganee o6o3HavyaeTcd NpousBoaHad (110 x) npu puKcHUpoBaHHOM {.
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Eciu uyucno o’ mocraTouyHo mMano, To 3TOT KOoHyc Ko /emuT BHYTpU LK-
murapa 1. Ecau yucna o', b > 0 goctaTouyno manbl, To BHyTpu L memut
Take BcAKUil Konyc K, monyuennsrit us Ky napanienbHbIM niepeHeceHrieM
BEPUIMHBI B TOURY (tg, &), rae | — x| < b'.

Mz1 6yemM cuutaTh, 4yTo @’ u b’ BeIOpaHbI cTob ManbiMu, uto K, C II.
Pemenve ¢ ypaBHeHus (3) ¢ HayanbHBIM ycloBUeM @(tg) = & MbI GyneM
uckath B Buze ¢(t) = « + h(t, ) (puc. 222).

CooTBeTcTBYIOLIAaA MHTErpalbHas KpUBas JeMmUT BHYyTpU KoHyca K.

6. MeTpuueckoe npoctpaHcTBo M. PaccMOTpUM BCeBO3MO#SHbIE
HelpepbIBHbIe 0TOGpaxenua h uunuuapa |¢ — x| < b, |t — to| < o’ B eB-
KaIu0Bo npoctpancTBo R™. Yepes M Mbl 0603HaYaeM MHOMECTBO TaKHUX
oToGpaxeHnii, yJOBIETBOPAIOIUX €llle YCIOBHIO

h(t, z)| < Clt — to| (4)

(B wactHocTH, h(t, x9) = 0).
Beenem B M MeTpuRYy p. nojaaras

p(hl, hg) = ”hl — h2|| = max |h1(t, m) — h2(t, iL')|
|z—ao | <Y
[t—to|<a’

Teopema. Muoscecmeo M, chabicennoe mempukrotl p, ABAAEMCA NOJ-
HblM MempPUYeCKUM TLPOCTMPAHCITIBOM.

JHOKA3ATEJIBCTBO.

PaBHOMepHO cxopfAmascAa mnocliefoBaTelbHOCTh HENPEPhIBHBIX (PyHK-
Uil cXOAUTCA K HempepbiBHOHW ¢yHKUUH. Ecau gonpepeibHble GYHKIUU
yIOBIETBOPAIU HepaBeHCTBY (4), To U npeaenbHad QYHKIUA yIOBIETBO-
pAeT HepaBeHCTBY (4) ¢ Toil e noctoanHoi C.

3aMeTHM, UTO MpocTpaHcTBO M 3aBUCUT OT TPeX MOJOKUTENbHBIX UK-
cem: a’, V', C.

7. Cmatoe otobOpaxenue A: M — M. Onpegenum otobpae-
uue A: M — M, nonaras!

(AR)(t, @) = / o(r, © + h(r, x)) dr. (5)

to

Ipu cpaBHenuu c otobpasenuem Ilukapa mn. 1 ciegyeT UMeThb B BULY, YTO MBI Terepb
uieM pemnieHue B Buge ¢ + h.
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Bbnaronapsa nepaBenctBy (4) Touka (7,  + h(7, €)) NpUHALIEHUT KO-
Hycy K, u, ciegoBateibHo, 06JacTu onpejiejeHud MoJA v.

Teopema. FEcau 3navenue o' docmamouno mano, mo gopmyra (5) 3a-
daem cacamoe omobpaxcerue npocmparcmea M e cebs.

JTOKA3ATEJILCTBO.

1. Ilokamem, utro A nepesodum M e ceba. ®yuruua Ah Henpepbis-
Ha, TaKk KaKk MHTerpaljl HeNpepbIBHO 3aBUCAIIEN OT MapaMeTpa HENpepbIB-
HOIl (yHKIMU HENMPEPhIBHO 3aBUCHUT OT MapamMeTpa U OT BEpPXHEro Inpejena.
®dyurnua Ah ynoBreTBopseT HepaBeHCTBY (4), Tak Kak

t t
((AR)(¢t, )| < fv(...)dT < /Cdt < Clt — tol-
to to
Urax, AM C M.
2. [Toramem, yTo omobpaxcerue A cxcamo: /h,

|Ahy — Ahy|| < M|l — h2]|, 0< A< 1 ﬁ/hl

Ilns storo onenum 3Hauenue Ah; — Ahy B Toure (t, ). ¥
Umeem (puc. 223) .

L 4

(Ahy — Ahy)(t, ) = f('vl — vy) dr, Puc. 223. CpasHe-

HHUE V1 U V2

rae v;(7) = v(r, ® + hiy(7, x)), i =1, 2.

CornacHo Teopeme 1. 4 pyHKUUA v (7, ) NpU PUKCHPOBAHHOM T YIOB-
netrBopAeT ycioBuio Jlunmuna ¢ noctoAaHHoi L (1o BTOpoMy apryMeHTY).
IToaTomy

|01(7) — v2(7)| < L|ba (7. &) — hao(7. )| < L||hy — hal|.

CorsacHo nemme 1. 2
t

|(Ah1 — Ahz)(t, :E)| S /L”hl — hz” dr < La'||h1 — hz”
to

IIpu La’' < 1 oro6pamenue cxaro. Teopema qokasaHna.
8. Teopema cyliecTBoBaHUA U eJUHCTBEHHOCTU.

CanepctBue. Ilycmv npasas wacmev v OJufdepenyuarvHoz20 ypasHe-
Hus (3) Henpepwvieno Jugdepenyupyema e oxpecmmocmu mouku (tg, )
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pacwupenHozo ¢asosozo npocmpancmea. Tozda y mouku ty ecmv makas
OKpecmHOoCcmb, 4Mo 6 2moll OKpeCcmHOCMU onpedeseHO pelleHue YpasHe-
Hua (3) ¢ HavaavHoLM Ycrosuem p(ty) = x, 2de ® — aobas docmamod-
HO OAU3KAA K Xy MOYKA, NpuUiem MO peuleHue HenpepuleHo 3a8UCUIT Om
HAYAAbHOU MOYKU .

I OKA3ATEILCTBO.
C:kaToe otobparenue A, no teopeme § 30, UMeeT HEMOABUMHYIO TOY-
Ky h € M. llonoxum g(t. ) = x + h(t. ). Torna

t

sty 2) =2+ [olr, glr @) dr, E0T = o, g0, @)

to

Mpl BUAKMM, 4TO g NMpu GUKCHPOBAHHOM & YIOBIETBOpPAET ypaBHEHUIO (3),
a npu t = typ — HavaabHOMY ycloBUIO g(tg, ) = x. ODyHKIUA g Hempe-
phIBHaA, Tak Kak h € M.

CnenctBue JOKa3aHoO.

NTak, Mbl J0OKasald TeopeMy CyIecTBOBaHHA niA ypaBHeHus (3)
U NpeAbABUIM pellleHUe. HEIIPEPLIBHO 3aBUCHAIIlee OT HaYallbHbIX YCIOBUIA.

3AIAYA 1. JlokazaTh TeopeMy eOIUHCTBEHHOCTH.

PEMEHUE 1. Ionomum b’ = 0 B onpenenenuu M. I3 eqMHCTBEHHOCTHU He-
IOABUKHOM TOYKHU ciaToro oroopamenua A: M — M ciaenyeT eIMHCTBEHHOCTh
pelleHNA (c HaYalbHBIM ycloBueM @ (to) = xp).

PEIIEHUE 2. IlycTh (o, U (o, — nBa pellleHUdA ¢ OOLIUM HayalbHbIM YCIOBU-
eM @, (to) = ¢, (to), onpenenennsie npu |t —to| < . [lyets 0 < o' < . Monoxkum
lell = max e(t)]. Ameem

[t—tol<a’ ‘

21(t) = £at) = [ (7, @1(r)) — v(r, 9u(r)) dr.

to

[lpu pocratouno mainoM o« Touku (7, ¢,(7)) U (7, (7)) Nemar B UUIMHIpE,
rne v € Lip L. lloatomy ||, — ol < La'||p, — ¢,l|, oTkyna npu Lo’ < 1
BoITeKaeT ||¢; — @,|| = 0. Urak, pemeHus ¢,, ¢, B HEKOTOPO OKPECTHOCTH
TOYKM t( COBIaaaroT.

JlokannbHaAa Teopema eJUHCTBEHHOCTHU JOKa3aHa.

9. JIlpyrue npuMeHEHHA ciKaTbhbIX OoTOOpasKeHUH.
3AAYA 1. JlorazaTh TeopeMy 00 o6paTHOI (QYHKIIMH.

Yxazanue. Jloctatouno oopatuts C 1—0T06pameHHe C €eIUHUYHON JUHENHOM
yacteio y = ¢ + ¢(z), rae ¢ (0) = 0, B okpecTtHocTU Touku 0 € R™ (06mmii
clly4ail CBOJAMTCA K 3TOMY JIMHEHHOI 3aMeHOM KOOpIWHAT).
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Hmewm pemenue B Buge € = y + 1(y). Toraga noayyaem A 1 ypaBHeHHe

P(y) = —p(y +P(y))-

CrnenoBaTenbHO, UCKOMaA GYHKIUA 1P ABIAETCA HEMONBUMKHON TOYKOI OTO-
Opamenuna A, onpeneireHHOro GpopmMyioii

(AY)(y) = —(y + ¥ (y))-

OroGpamenne A (B moaxojsileili MeTpUKe) CHKaTO, MOTOMY 4YTO NpPOU3BOAHAA
GyHEUMU ¢ B okpecTHOCTH Touku 0 Mana (BBuay ycinosus ¢ (0) = 0).

3AIAYA 2. JlokazaTb, 4TO JoMaHaA Jillepa CTPEMUTCA K pelleHHIO, Korja
ee mar CTpeMUTCHA K HYJIO.

PEmMEHHE. Ilycts ga = @ + ha — noma-
HafA Jitnepa ¢ maroM A u HadanoM ga(to, ) = @
(puc. 224). Uupimu cioBamu, npu t # to + kA

%ga(t; ;‘c) = 'v(s(t), gA(S(t)a 33)))

.t s(t) ¢t t
rae s(t) = to + kA, k — uenas yactsb (t — to)/A.
OT1inyue nomaHoil Jiinepa oT pemeHUA g MOMHO  Puc. 224. Jlomanasa ditnepa
OLleHUTH 1o popmyie m. 3 § 30:

1
lga — gll = [[ha — k]| < ﬁllAhA — hal|.

Ho

t t

(Aha)(t, z) =fv(T, ga(r, x))dr,  ha(t, x) =/‘v(8(‘r), ga(s(r),z))dr.

to to

r ’
Ipu A — 0 pasHOCTb HOABIHTErPATbHBIX BhIPa’KeHUII paBHOMEPHO 10 7, |7| < a',
crpemutca K 0 (BcleacTBHe paBHOCTENEHHON HemnpepbiBHOCTH v). Iloatomy
||[Aha — ha|l — 0 mpu A — 0 u nomaHas ditepa CTPEMUTCH K PeIIeHHUIO.

3A71AYA*3. Pacemorpum auddpeomopdusm A okpectHoctu Touku (0 B R” Ha
okpectHocTh ToukM () B R", mepeBogamuii 0 B 0. IIpeanonosxum, uyto nuHeiiHanA
yactb A B 0 (T.e. nuHeiHbI onepaTtop A.o: R" — R™) He umeeT coGCTBeH-
HbIX ymcen ¢ moayiem 1. IlyeTs umcno co6cTBeHHBIX ymcen ¢ |A| < 1 paBHO m—,
a c |A\| > 1 paBHo my. Torga Ao UMeeT UHBapUaHTHOE MOANPOCTpaHCTBO R~
(BXomAmMil yc) M MHBapuaHTHOe moanpocTpaHcTBo R™+ (BeixogAmmii yc), Tou-
KU KOTOpbIX cTpeMaATrca kK 0 npu npumenenun AN, rne N — +4oo (mnma R™-)
wii N — —oo (mna R™+) (puc. 225).

20 3akaz No 17
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m_

R M™ JlokaszaTb, YTO ucrodrnoe HeauHeliHoe 0mo-
R™ [, Opaxenue A moxe umeem 6 oKpecmHOC-
I mu mouxku (0 uHeapuaHmHble NOOMHO2000pa-
[ sua M™~ u M™+ (BXOmAIWA U BBIXONAI[UIA
A, M™ A ? ychbl), kacawwueca 6 0 nodnpocmpancme R™~
u R™+; ANz — 0 npu N — +oo Ha M™—,

Puc. 225. Ycer orobpamenvs U npu N — —oo giua x € M™+).

ero JUHeWHOM 4acTu

YrasaHue. B3aTe kakoe-nmu6o monmHoroo6pasue I’y pasamepHocTu m4 (cka-
#eM, Kacatomeecsa R+ B 0) u npuMeHATh K HeMy cTeneHn A. MeTomom cKaThIX
oToGpaseHHii [0Ka3aTh CXOOUMOCTh TNOJYYeHHbIX npubmumenuii I'y = AN,
N — 400, &k M™+.

3AZIAYA *4. JlokazaThb CyleCTBOBaHNe BXOJALIEr0 U BHIXOALIETO YCOB Y He-
nuHeiHoro ceqna & = v(x), v(0) = 0 (mpeanonaraeTrcsd, YTO HU OJHO K3 COOCT-
BEHHBIX uucen onepatopa A = v,(0) He 1eUT Ha MHUMOI1 OCH).

8 32. Teopema o nuddpepeHIIpPyEMOCTHU

B sTom maparpade nokaspiBaeTcA TeopeMa O BBINPAMIEHUH.

1. YpaBHeHue B Bapuanuax. C nuddepeHnupyeMbIiM oToOparKeHN-
eM f: U — V cBA3aHO JHHeliHOe oToOpaxeHne KacaTellbHbIX MPOCTPAHCTB
B Kaxm 0N TOUYKe

f*g}: TmU — Tf(m)V-
TouHO Tak #e ¢ JuddepeHNHalIbHBIM ypaBHEHUEM
z=uv(t,x), xe€UCR", (1)
cBfA3aHa cucrteMa auddepeHnualbHbIX ypaBHEHUI

x =t x), x cU CR",

2
=0t x)y, yeT,U, 2)

Ha3bIBaeMas cucmemoll ypaeHeHull 6 eapuayuar AnA ypaBHenus (1) u au-
HellHas OTHOCUTENbHO KacaTelbHOro BekTopa y (puc. 226).

3Be3ouka B ¢hopmyie (2) (1 B manpHelmux GopmMyiiax) o3HavyaeT mpo-
M3BOAHYIO 10 & npu ¢uKcupoBaHHOM t. Tak, v, (t, ¢) ecTb TUHENHbIH OIe-
patop u3z R" B R".
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Hapsany c cucremoii (2) yno6Ho paccMmaTtpu-
BaTh CUCTEMY U
i
r=wv(t z), xecUCR", x ”
. N ¢ ) 7
Z=1v.(t, ®)z, z:R" — R",

Cuctema (3) nonyuena us cucteMsl (2) 3amMeHoOI t
HEM3BECTHOIO0 BEKTOpa Yy HEU3BECTHLIM JIMHEN-
HbIM TpeoOpaszoBaHueM z. Mbl 6ynem ynotpeo-
JATh Ha3BaHUE YpasHeHUe 6 8aPUAUUAT TaKke U
MPUMEHUTEIbHO K cucTeMe (3).

Puc. 226. Pemenue ypas-
HEHUA B BapUallUfAX C Ha-
YaJlbHbIM yCIOBUEM (Z. Y)

3AMEYAHHE. Boo6ie, eciiu AaHO JIHHeiHOe
ypaBHEHNE

y=Alt)y. yeR", (2')

TO TOJIE3HO PACCMOTPETh aCCOLMUPOBAHHOE ypaBHEHUE
z=A(t)z, =z:R"—>R", (3"

OTHOCHUTEJILHO JIMHEHHOro oneparopa z.
3HafA pelleHuA ogHoro u3 ypasHenwuii (2'), (3'), nerko HaiiTu pemeHus
apyroro (kak?).

2. Teopema o nuddepeHunupyemoctu. I[lycmv npasas wacmev v
ypasnenus (1) deasxcdvl Henpepoisro duddepenyupyema 6 Hexomopoil okpecm-
Hocmu mouku (to, @y). Toeda pewenue g(t, x) ypasnenus (1) ¢ HavarbHbLM
ycaosuem g(to, *) = T 3asucum om HAYAALHO20 YCAOBUSA X HENPEPLIBHO
dugepenyupyemo, kKozda x u t mensawomcea e Hekomopotl (Gvtmv moxcem,
menvuell) okpecmuocmu mouku (to, p):

veC’=geC,

kaacca C' no x).
(

JLOKA3BATEJIBLCTBO.

veC? = wv,€C. lloaToMy cucteMa ypaBHeHUil B BapualufxX (3)
yaoBJjieTBopdAeT YCIOBUAM U3 §31 U IHocjegoBaTelIbHOCTb INTHMKAPOBCKUX
HpI/IGJII/I}HeHI/Iﬁ PaBHOMEPHO CXOOHUTCA K €€ pPEIIEeHUIO B NO0CTaTO4YHO MaJjoun
OKRPECTHOCTHU TOYRKH t(). BblﬁepeM Haydal/lbHbI€ yCJIOBUA (,00 =& (,[[OCTEITO‘IHO
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GIU3KO K @), 9 = E. O603HaUMM NMUKAapOBCKHE NMPUOGIUAEHUA Yepe3 @,
(mna x) u P, (A1 z), T.e. NONOHKUM

Ousalty 2) = 2 + / o(, oo, ) dr, (4)

t to

tnralt, @) =B+ [ 0.0, @u(r, @)yn(r, ) dr. )
to

3aMeTuM, 4TO @y, = to. U3 onpenenenuit (4) u (5) UHAYKUKEH 10 N
3aKII04aeM, YTO @,, . 1, = YPp41. [loaToMy nocnegoBatenbHocTsh {7, } — 3TO
mociieJoBaTelbHOCTh MPOU3BOAHBIX MocienoBaTenbHocTH {¢,, }. O6e nmocie-
noBateinbHocTu (4), (5) paBHOMepHO cxomAaTcA (Kak IOCIeI0BATENbHOCTU
MUKapOBCKUX MPUOIMAeHUil cucTeMbl (3)) Mpu DOCTATOYHO MaloM |t — tol-
UTak, mociegoBaTelbHOCTh {(p, } CXOOMTCA paBHOMEPHO BMeECTe C IPOM3-
BoAHBIMU TI0 x. [loaTomy mpenenbHaa ¢yHruua g(t, ) = nlggo o))

HenpepbIiBHO N depeHnrpyemMa no &, 4To U TpebGoBalIoCh JI0KAa3aTh.

3AMEYAHHE. OJHOBpeMEHHO J0Ka3aHa

Yy et Teopema. I[Ipoussodnan g, peule-
Hus ypaseHeHnus (1) no HavaavHoOMY Ycao-
i %t,x) sulo x ydosaemeopsaem YpPaABHEHUIO 6
; sapuayuax (3) ¢ HAYAALHBIM IYCAOBU-

ty o em z(tg) = E:

%g(t, i AC AL

Puc. 227. JleiictBue mnpeo6pa3oBa-
HHUA 3a BpeMA OT {op 10 { Ha KPUBYIO

0
B (pazoBOM IquOCTpaHCTBe U Ha ee ag* (t, ) = v, (t, g(t, ®))g(t, x),
KacaTelbHbIil BEKTOP

2 (T oo} =Hae ST o8 (0 ol el === B

JdTa TeopeMa OOBACHAET CMbICI ypaBHeHUil B BapualUfiX: OHU OIU-
ChIBAIOT JeiicTBUe npeoOpa3oBaHUil 3a BpeMA OT fg OO0 { Ha KacaTelbHbIEe
BEKTOPbI K (a30BOMYy NpocTpaHcTBY (puc. 227).

3. Boicinue npousBogHble 1o x. Ilycth 7 > 2 — 1jenoe yucio.

Teopema T,. Ilycms npasas wacmov v ypasnenus (1) r pas HenpepwvleHo
duddepenyupyema 6 Hexomopoti okpecmuocmu mouku (to, xy). Tozda pewse-
Hue g(t, «) ypasnenus (1) ¢ Havanvhoim ycaosuem g(to, ) = T 3aeucum



§32. Teopema o duddepenyupyemocmu 309

om HavaavHo20 ycaosua x r — 1 pas Henpepvieno duddepenyupyemo, koe-
da x ut menaomea 6 Hekomopotl (Gbimsb MmoxHcem, MeHblell) okpecmHocmu
mouku (tg, xp):

gl = gliel @i

JTOKA3ATEJIBLCTRO.

v € C" = v, € C" 1. 3naunt, cucrema ypaBHeHuii B Bapuanusx (3)
yIOBJIeTBOpAET ycloBUAM TeopeMbl T,_;. Iloatomy Teopema T, r > 2,
BhITEKaeT U3 TeopeMbl 1) _q:

wlel@l= ol elo il i ==islel@in

Ho teopema 75 nokasana B n. 2. Utak, Teopema 7T, norkasaHa.
4. IIpousBoaHsie no = U t. [lycts 7 > 2 — nenoe yucio.

Teopema 7. B ycaosuaxr meopemvt T, pewenue g(t, ) Aeasemcs
dudpepenuupyemoti gynryueil kaacca C™' no nepemennvin x ut emecme:

M=t gl =it @ mbnl

JdTa TeopeMa — OUYeBHIHOe clleficTBUe npeabiayieii. Bor dopmanbHoe
I0Ka3aTelbCTBO.

Jdemma. IIycmov f — Pynryua (co snavenuamu e R™), onpedenennan Ha
npamom npouseedernuu obaacmu G eerxaudosea npocmpancmea R™ u ompeska I na
ocu t:

7 Gl B {R

COCTR(IBILM unmeepa.ft
t
e / e e | HEHE G el P
to

Ecaiir i ci@iiielc Chiinlimo|F lcla

lleiicTBUTeNbHO, NI00an r-A yacTHaA npousBogHad GyHKUuU F 110 nepemMeH-
HBIM x; U t, conep#aman nuddepeHupoBaHue 1o t, BeipaxaeTca yepel f U yacT-
HbIe TIpOU3BOAHbIe GYHKIUHU f MOpAJAKa MeHbIIE 7. a IOTOMY HelnpepbIiBHA; BCAKAA
#e r-A YacTHafa IPOU3BOJHAA 10 IlepeMEeHHBIM I;, HellpepbIBHA 10 yCJIOBUIO.
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HOKA3ATEJILCTBO TEOPEMBEI.

Nmeem
t

g(t, ) = @ + f o(r, g(r, z)) dr.

to
O6o3unauum f(7, ) = v(7, g(7, )) u 6ynem npumeHATsL deMmy. Haxomum
mpu 1< p<r
geC’™ ' NCL = geC’.

Cornacho Teopeme 7)., umeeM g € C¥ npu p < r. llocienoBaTenbHo nonydaem
geC’=>gelC' =...=>gecC" .

Ho, cornacho §31, g € C° (pemenve HenpepbIBHO 3aBUCUT OT (&, t)).
Teopema 7, nokasaHa.

3AJAYA 1. JlokamuTe, 4TO ecliu mpaBad 4YacTh AuUddepeHInalbHOro
ypaBHeHus (1) 6eckoHeuHo nuddepeHurpyema, To U pelieHre 3aBUCUT OT
HavyaJbHBIX ycjoBuii 6eckoHeuHo auddepeHpyeMo:

v €eEC® = gelC™.

SAMEUYAHHUE. Mo HO TaK:e [I0Ka3aTh., YTO €ClU MpaBafd YacTb ¥ aHa-
nuTuyHa (pasiaraetrcd B cxoadAmuiica K v pax Teiiopa B OKpecTHOCTHU
Kazk/JIoil TOYKM), TO U pellleHue g aHAIUTUYECKU 3aBUCHUT OT & M f.

IuddepeHnyanbHble ypaBHEHUA C aHATUTUYECKUMHU MPaBbIMU YacTH-
MU €CTeCTBEHHO paccMaTpHUBaTh KaKk IPU KOMIUIEKCHBIX 3HAUEHUAX HEU3-
BECTHBIX. TaK U (UTO 0COGEHHO Ba#HO) MPU KOMILIEKCHBIX 3HAUEHUAX Bpe-
MeHu. 06 3Toil Teopuu cMm., HanpuMmep, KHUry B.B.I'ony6eBa «JIeknuu mno
aHanuTU4YecKkoil Teopuu auddepennuanbHpix ypaBuenuity (M.: T'octexus-
nat, 1950).

5. TeopemMa o0 BeINIpAMIIEeHUM. JTa TeOpeMa — 0UYE€BHUIHOE ClIe[ICTBUE
teopeMbl 7). Ilepen nokasaTenbCcTBOM BCIIOMHUM IBa NPOCTHIX F€OMeETpU-
yeckux npepioxkeHud. Ilycts Ly u Ly — [1Ba JNUMHEHHBIX NOANPOCTPAHCT-
Ba TpeThero JuHeiHoro npoctpanctBa L (puc. 228). llonnpoctpancta L,
u Lo Ha3bIBalOTCA MPAHCBEPCALbHBIMU, ECIIN UX CYMMa €CTh Bce NMPOCTpaH-
crBo L : Li+Ls = L. Hanpumep, npamas B R® TpascBepcalbHa IIOCKOCTH,
eclii TepeceKaeT ee MoJ HeHYJEBbIM YTJIOM.
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IIpenno:kenue 1. /[Jaa wkaswcdozo k-meprozo

[
nodnpocmpancmea R* 6 R™ natidemcs mpanceep- / c/ / i

caavnoe emy (n — k)-meproe (npumom dasxice cpe-
du C* roopdunammnvir naockocmeti npocmpancm-
ea R").

Puc. 228. Ilpamaa L,

TpaHCBeEpcCaljJbHa IINOC-

kKocTu L2 B mpocTpaH-
IIpennoxenue 2. Fcau aunetinoe omobpasce- CTBE R®

nue A: L — M omobpaxaem kakue-iu6o o0sa

MpanceepcalsbHbvlr noonpocmpancmea Ha mpauceep-
caavHbvle, MO OHO — Ha 6ce npocmparcmeo M.

JlokazaTenbCTBO CM. B Kypcax JUHeHHo# anre6-
pbl (meopema o panze mampuunt).

JTOKA3ATEJIBCTBO.
AL = AL, + AL, = M.

JIOKABATEJILCTBO TEOPEMBbI O BBINPAMJIEHHN: HEABTOHOMHBIN CIIYYAW
{03, PRIl o) (A0 Tk ol 1 0 1) 1

PaccmoTpum oTobpamenne GG o6nactu npaMoro npoussenenna R x R"”
B pacuiupeHHoe (a3oBOe NMPOCTPAHCTBO ypaBHEHUA

x=v(t, z), (1)

3aganHoe ¢opmynoit G(t, ) = (t, g(t, x)), rne g(t, ) — pelieHue ypas-
HeHuA (1) ¢ HayanbHBIM ycinoBueM g(to, ) = .

IMokameM, yTo G B OKpeCTHOCTH TOYKH (tg, Tg) — BLINPAMIAIOLINI
nuddeomoppusm.

a) Omobpascenue G dupgepenyupyemo (knacca C™1, ecin v € C”) o
teopeme 1.

6) Omobpaxcenue G ocmasasem t na mecme: G(t. ) = (t, g(t, x)).

B) OmoGpaxcenue G, nepesodum cmaHOapmHoe 6eKmopHoe noae e

(=0,t = 1) B nanHoe none: G.e = (1, v) (Tar Kar g(t, *) — pele-
Hue ypaBHenus (1)).
r) Omo6paxcenue G 6 okpecmnocmu mouku (tg, €y) — Jugdeomop-

dusm. JleficTBUTENBHO, COCUUTAEM Cy#eHUA JuHeitHoro onepatopa Gyl x,
Ha TpaHcBepcalbHble miockoetd R™ u RY (puc. 229). Haxoguwm:

Gal|rrii=to = E;, Galplip—a,e =0+ €.
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[Inockocts R™ u mpaAMas ¢ HampapJAKIIMM BEKTOPOM v + € TpaHCc-
BepcailbHbl. UTak, G, ecThb JMHeliHOe 0ToOpaxmeHue R™! na R™*!, cneno-
BaTelbHO, n30MOppu3aM (Axo6uan G, B Touke (tg, €p) otauuen ot 0). Ilo
TeopeMe 06 obpaTHoit GyHENUN G — NoKanbHbIi nuddeomopdusMm.

Teopema oka3aHna.

Puc. 229. IlpousBogHasa oToOpane- Puc. 230. IlocTtpoenue nud-
uua G B Touke (to, xo) ¢peomoppusma, BBINPAMIA-
IOI[er0 BEeKTOPHOE IToJjie

JIOKABATEIILCTBO TEOPEMBI 0 BBINPSIMIEHUN: ABTOHOMHBIN CIYYA# (§7,
n. 1).
PaCCMOTpI/IM dBTOHOMHO€ ypaBHEHHE

z=v(x), zeUCR". (6)

IIyctr BeKTOp vy ($a3oBoii CKOPOCTH B TOUYKe Xy OTaudYeH oT 0
(puc. 230). Torpa cymectByeT (n— 1)-MepHad runepioCKOCThb R Cc R,
MPOXOJAIIad Yepe3 &y, U TpaHcBepcalbHaa vy (ToYHee, COOTBETCTBYIOIIAA
IOCKOCTh B KacaTelbHoM npoctpancTse Ty, U TpaHcBepcanbHa npamoii R
HalpaBJIeHUA vy ).

OnpepmenuM oToGpamenue G obaactu R x R™ ™', rge R = {&},
R = {t}, B o6nacts R™ dopmymnoit G(t, &) = g(t, &), rae € nemur na R" '
BONMM3U xy, a g(t, £) ecTh 3HauUeHWe pellleHUA ypaBHeHHA (6) ¢ Hayaib-
HeIM ycioBreM @(0) = &€ B momeHT t. Ilokamem, 4To B JOCTAaTOYHO Maoii
OKPEeCTHOCTHU TOYKHU (€& = @y, t = 0) oTo6pamenue G~! — BrIIpAMIAIOIIKIA
nudpdpeomoppusm.

a) Omo6paxcenue G duddepenyupyemo (G € C*™ 1, eciu v € C”) 1o
TeopeMe 7.
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6) Omo6pasxcenue G~ evinpamasiowee, Tak Kak G, NepeBOAUT CTaH-
JapTHOe BEKTOPHOE IoJje e (E =0, {=1) B Gye = v, nockonbky g(t, &)
yZloBieTBoOpAeT ypaBHeHUIO (6).

B) Omobpasxcenue G ecmv aokaavhwlil dugddeomopdusm. elicTBUTEND-
HO, cocuuTaeM JNMHelHbIi onepaTop Gy, z, HA TPaHCBepCaAlbHBIX MIOCKOC-
tax R®™! u R'. Haxogum Gy|pn-1 = E, Gy|p1e = v.

HUtak, onepatop Gxlt,,«, NEPEBOAUT Napy TPaHCBePCAIbHBIX HOJIPO-
crpadetB R"™! u R' € R™ B napy TpaHCBepCalbHBIX MOAIPOCTPAHCTB.
[ostomy Gylt,, o, — MHMHelHOe oToOpaxenue R" na R", cnenoBarenbHo, —
uszomopdusmM. Ilo Teopeme 06 obpaTHoit GyHKIMU G — JNOKalbHBIN qUddeo-
Mop¢usMm. Teopema JorazaHa.

3AMEYAHHE. IlockoibKy Teopema o auddepeHIIpyeMoOCcTH AOKa3aHa
c notepeii ogHoii mpousBoaHoii (v € C" = g € C™™1), To u y BRIIpAMIA-
omux audpdeomMopPu3aMoB Mbl Tak#e rapaHTUpPyeM JUIIb KJiacce riaagkoc-
™ C"~1. B geiicTBUTENbHOCTH IOCTPOEHHBII BHINPAMIAIOIUI q1ddeomop-
¢u3Mm umeet Kiaacc C"; qokasaTelbCTBO NMPUBEJEHO HUKE.

6. Ilocaennaa npousBoaHaa. B Teopeme o auddepeHupyeMocTu
(m. 2) MBI penoNarany Mnoje v JBa# bl HENPepPbIBHO AUd PepeHIpPYeMbIM.
B neficTBUTENbHOCTH JOCTATOYHO OJHOKPATHOI HemnmpepbIBHOI AuddepeH-
[[PYEMOCTH.

Teopema. Fcau npasaa wacmv v(t, ) Juddepernyuarvrozo ypaeHe-
Hua & = v(l, ) HenpepvieHo duddepenyupyema, mo pewerue g(t, x) c Ha-
YyaavHuimM ycaosuem g(tg, ) = x 3asucum om HAYAALHHIX YCA06ULL Henpe-
povleHo duddepenyupyemo:

veC' = geCl. (7)

CaepgcTBUA.

H)velC" = gelC" npur > 1.

2) Ilocmpoennvie 6 n. 5 svinpamasowue dugddeomopdusmvt v pas He-
npepviero dudgdepernvyupyemot, ecau v € C.

CnencTBuUA BBIBOAATCA U3 cOOTHOUIeHUA (7) NOCIOBHBIM MOBTOPEHUEM
paccyaenuit nm. 3,4,5. JJokazaTenbcTBO #e camoii Teopembl (7) TpebGyeT
HEKOTOPBIX YXHUIIPEHUIA.

I[OP{ASATEJII::CTBO TEOPEMBEI.
HauHeM co ciegyromux 3aMedaHUId.
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Jlemma 1. Pewenue aunetinozo ypaenenusn § = A(t)y ¢ nenpepvieno 3asucs-
weil om t npaeoil wacmvio cywecmeyem, HeNnpepvleHo, onpedesiemcs HaYaibHblMU
ycaosuamu p(to) = yo 00HO3HAYHO U 3a8uCUmM OM Yo U T HENPepbvlBHO.

JleficTBUTENBbHO, OKa3aTeIbCTBO TEOPEM CYIIECTBOBaHUA, € JUHCTBEHHOCTHU
U HenpepbIiBHOCTH (§ 31) Mcmonb3oBalo TOMbKO MU depeHIrpyeMOCThb M0 & NpHU
¢uKcupoBaHHOM ¢ ((paKTHUYEeCKU Jazxe ToNbKO ycioBHe Jlunmuna no ). [loaTomy
N0Ka3aTeIbCTBO COXPAHAET CHUIY, €ClH 3aBUCUMOCTL OT ¢ IpeanojaraThb JHUIb
HelnpepbIBHOIL. JleMMma noka3aHa.

3aMeTHM, UTO OT Yo pellleHUe 3aBUCUT JIMHEIHO, a OT { — HeNpepbIBHO au-
¢epeHIpyeMo, O3TOMY NMpUHamIeAUT Kiaaccy C' mo yo u t BMecTe.

Jlemma 2. Ecau aunetinstil onepamop A 6 aemme 1 3asucum ewe om napa-
mempa o, mar vmo Pynruusa A(t, o) Henpepviena, mo u peuenue 6ydem Henpe-
puleroll pynkryuetl om yo, t U «.

JleficTBUTENbHO, pelleHHe MO#{HO IMOCTPOUTH KaK Ipejel IOocjel0BaTellb-
HOCTU MUKapOBCKHX npuonukenuii. Kaxaoe npubiuxseHre HeNpepbIBHO 3aBUCUT
OT 9o, t U . IlocnenoBaTenbHOCTh MPUOINAEHU CXOIUTCA PABHOMEPHO OTHOCH-
TEIbHO Yo, t U x, MEHAIOIUXCA B JOCTATOYHO Maljoii OKpPeCTHOCTH JI000ii TOU-
K4 (9o, to. o). [loaTOMy npenen — HenpepbiBHAaA GYHKIUA OT ¥o, ¢ U Q.

JlemMma 2 nokazaHa.

[IpumeHuM neMMy 2 K ypaBHEHUIO B BapuallUfX.

Jlemma 3. Cucmema ypasneruill 8 sapuayuax
= v(ts 33)7 'y = ’U*(t, a:)y

umeern peuleHue, romopoe onpeae.fmem(:ﬂ CE0UMU HAYAAbHBIMU OAHHBILMU O0O0HO-
JHAYHO U 3aeucum om HUX HenpepsvléHO. eCaAl IMOAbKO Nnoae U Kaacca 01.

JleficTBUTENbHO, EpBOE€ YpPaBHEHHE CHUCTEMBI UMeEET pelleHHe M0 TeopeMe
cyumecTBoBaHUuA §31. ITo pelieHUe ONpejieleHO CBOMMM HayalbHBIMHU YCIOBUA-
mu (to. €p) ONHO3HAYHO W 3aBUCUT OT HHMX HempepbiBHO. [logcTaBuM 3TO pemnieHue
BO BTOpoe ypaBHeHue. [lonyuum nuHeiiHOe ypaBHeHUe OTHOCUTeNbHO Y. Ero mpa-
Bafd 4YacTh HENpPEepPbLIBHO 3aBUCUT OT ¢ U — KaK OT mapaMeTpa — OT Ha4dalbHOI'0O
YCIOBUA &) pacCMaTpUBAeMOro pelleHus nepsoro ypasuenus. [lo rtemme 2 310 nu-
HeifHoe ypaBHeHHe MMeeT pelleHHe, KOTopoe oIpeAelfeTcA CBOUMU HadyalbHbIMU
NaHHbIMU Yo U ABIAETCH HelpepbIBHOU GyHKIMel OT ¢, Yo U mapaMeTpa &o.

Jlemma 3 pokasana.

TakuM 06pa3oM, YPAGHEHUA 6 6APUAUUAT paspewsumv. U 8 cayiae v € CL.
3ameTuM, 4TO B caydyae v € C? Mbl [OKa3ald, YTO NMPOU3BOJHAA pelIeHHA IO
HavyalbHBIM JaHHBIM Y/IOBJIETBOpsfeT ypaBHeHHIO B Bapuanuax (3). Temepb e
MBI HE MOKEM 3TOr0 yTBEP#K/JaTh: BeJlb MbI €llle He 3HaeM, CYIIeCTBYeT JIU TaKaf
MPOU3BO/IHAA.
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UTo6bI NoKa3zaTh AudhepeHPyeMOCThb pelleHUA 10 HayalbHbIM YCIOBUAM,
paccMOTpPUM cIliepBa YacTHBIN CIyyJaii.

Jlemma 4. Ecau sexmophoe noae v(t, €) kaacca C' pasno 0 6 moure z =0
npu ecex t emecme co ceoetll npou3eooHOll Vs, Mo peuwleHue ypasHenus & = v(t, )
dudpepenyupyemo no HavarbHoim ycaoeuam e moike x = (.

JleiicTBUTENbHO, 10 yeaoBuio |v(t, )| = o(|z|) B okpecTHOCTH ToukM & = (.
O1leHUM MOrpPemHOCTb NTPUGIUMEHUA £ = Xy K pemeHuo € = @(t) ¢ HayalbHBIM
ycaoBueM ¢ (to) = xp no ¢popmyie . 3 §30. IIpu mocTaTouHo manbix |xo| u |t — to]

Haxoagum
t

1 .
|l — @o| < T /’U(‘T. xo) dr| < thg?:}étv(?-. x0),

to
rjae KoHctaHTa K He 3aBHCHUT OT &p.

UTtak, | — x| = o(|xo|), oTkyna crenyer, uto ¢ nuddepeHEpyeMo Mo o
B HyJle, UTO U Tpe6GoBaloCh /I0Ka3aTh.

A Tenepn MbI cBeJileM 06K coy4daii K CllellUalbHOM CUTYal[UuM JIeMMBI 4: 1A
3TOr0 JOCTATOYHO BLIOPATh B paclIipeHHOM (a30BOM IPOCTPAHCTBE MOAXOIANLY IO
cucteMy KoopauHat. Ilpessie Bcero, Mbl Bcerjia Mo#eM CUMTaTh paccMaTpUBae-
MOe€ pellleHre HyJIeBbIM:

Jdemma 5. Ilycmv * = (t) — pewenue ypasHenus & = v(t, €) ¢ npa-
goil wacmuio kaacca C', 3adannoil 8 obaacmu pacuiupennozo $aso08020 NPoCmMpa-
cmea R x R™. Tozda cywecmeyem C'-dugdeomopdusm pacwupennozo gasoeozo
npocmpancmea, coxpanawwuil epemsa ((t, ) —— (t, #1(t, ¢))) u nepesodawjuii
pewenue @ 6 x1 = 0.

JleiicTBUTENbHO, TOCTATOYHO CIeNaTh CABUT &1 = £ —(t), HOCKOIbKY @ € C o

Jlemma 5 nokasaHa.

B cucreme woopaunat (f, 1) mpaBag 4YacTh Hamero ypaBHeHUA paBHa ()
B Touke x; = (. [lorasxkeM, 4yTO MPOU3BOJHYIO NIPABOI YaCcTH MO &£ MOMKHO TaKKe
oO6paTUTh B HyJb IPU IMOMOIIM MOAXOAAIIEl JUHEeHHON M0 & 3aMeHbl KOOp/ANHAT.

Jlemmva 6. B npednoaoxcenuax aemmovr 5 roopdunamer (t, 1) MOHCHO 6bL-
6pamv mak, wmo ypashwernue & = wv(t, €) Oydem >sKEUBALEHIMHO YPABHEHUIO
x1 = v1(t, 1), 20e noae v1 pasno 0 6 moure £y = 0 emecme co ceoeil npous-
6odnotl Ovy /0. Ilpumom Pynruuio x1(t. ) moxcro svibpams aunelinoll (He 00s-
3ameavHO 00HOPOOHOU) OMHOCUMEAbHO L.

CormacHo 1eMMe 5 MO#HO cUMTaTh, 4TO v1(t, 0) = 0.
YTo6b1 nOKa3aTh JeMMy 6 pacCMOTPHUM cIiepBa ee YacTHBII clIyyJaii:

Jlemma 7. Ymeepocdenue aemmur 6 cnpasedauso oana auHeillH020 ypasHe-
Hua € = A(t)x.
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JleficTBUTENBHO, TOCTAaTOYHO NMPUHATHL 3a & 3HAYEHME pPelleHUA ¢ Hadalb-
HBIM ycioBueM @(t) = x B ¢uKcupoBaHHbIH MOMeHT to. CornacHo jemme 1
x; = B(t)z, roe B(t): R" — R™ — nuHeiiHbIi onepaTop kiacca C' no t. B koop-
nuHaTtax (t, ¢;) Halle nMHeliHOe ypaBHeHUe IpUHUMaeT Bup ¢ = (.

Jlemma 7 npokasaHa.

JIOKA3ATEJBLCTBO JEMMBI 6 . JluHeapusyem ypaBHeHue & = v(t, ) B HyIe,
T. €. COCTaBUM ypaBHeHHe B Bapuanuax & = A(t)x, roe A(t) = v« (¢, 0).

Ilo ycnoButo. v € C!, nostomy A € C°. Ilo nemme 7 MoHO BrIGpaTh C'-Ko-
opauHaThl 1 = B(t)® Tak, 4TO B HOBBIX KOOpJAWHATaX JMHEapHU30BaHHOE YypaB-
HeHue npuMeT Bunx & = (. Jlerko nmpoBepuThb, YTO B 3TOM CHCTEME KOOPOUHAT
npaBafd YacThb MCXO/IHOTO HEJIMHEHHOro ypaBHEeHUA OyIeT UMeTh HYIEBYIO JUHEMH-
HYIO 4acThb.

IleiicTBUTENLHO, BBeieM oGo3HaueHua V. = Az + R (torma R = o(|z|))
ux = Cz (torna C = B™'). luppepennuanbHoe ypaBHeHUE A &1 HNOTydaeTcs
U3 & = v nojctaHoBkoii € = C'x;. Ilonyuyaem

éﬂ?l +Cx = ACz + R.

Ho, mo onpenenenuio C, nepsble (JuHeiiHbIE 10 ;) claraeMble clieBa M CIIpaBa
paBHbI. UTaK,

T = C_IR(t, 02131) = O(|331|)

JlemMma 6 JorkaszaHa.
Coenunasa nemmbl 6 U 4, IPUXOOUM K CleayIONIEMY 3aKJIIOYEHUIO:

Jlemma 8. Pewenue dufdepenyuarvrnozo ypasrwenuna & = v(t, ) ¢ npasoil
wacmuio kaacca C' dufdepenyupyemo 3asucum om HauarvHozo ycaosus. Ipous-
600HAA Z peuleHUA NO HAYAALHOMY Ycao0eulo ydosaemeopiem cucmeme YpasHeHUll
8 8apUAUUAX

z=v(t,x), z=wvt,x)z, z(to)=F: R" - R".

Ilna nokasaTenbcTBa JeMMbl 8 NOCTAaTOYHO 3alKcaTh ypaBHEHHE B CHCTEME
KOOpJUHAT JeMMbl 6 ¥ IPpUMEHUTh leMMYy 4.

Jlnsa nokazaTelbCcTBa TEOPEMBI OCTANOCh YOEIUTHCA B HENPEPLIBHOCTU IIPOU3-
BOJIHOI pellleHUA M0 HavalbHOMY YycioBuio. CoriacHo jieMMe 8 3To NMpOU3BOAHaA
CyLleCTBYeT U YIOBJIETBOpAET CUCTeMe ypaBHeHMiII B Bapuauuax. U3 nemmbl 3
cllefyeT HellpepbIlBHaA 3aBUCUMOCTh pelleHUH 3TOi cucTeMbl OT &y U t.

HUTtak, Teopema Joka3aHa.



['JIABA 5

HIudpdepeHnuaibHble YpaBHEeHHUA Ha
MHOroooOpa3uax

B 3Toii riaBe onpepenAaTcea auddepeHnupyeMble MHOroo6pa3us u J10-
Ka3blBaeTCA TeopeMa O CyIllleCTBOBaHMU (Pa3oBOro MOTOKAa, 3aJlaHHOTO BEK-
TOPHBIM I0JIeM Ha MHOrooOpasuu.

B Teopuu nuddepeHnnanbHbIX ypaBHEeHUT Ha MHOT000pa3uAX Moy ye-
HO MHOI'O UHTEpPEeCHbIX U I'IIyOOKHX pe3ylbTaToB, O KOTOPBLIX Helb3fl ObLIO
ycneTh paccka3aThb B HacTOAIlEl riaBe, ABIAIONIENCA JUIllb KpaTKUM BBe-
JeHueM B 3Ty 00JlacTh Ha CThIKE aHalu3a U TOIOJOTHUU.

8 33. MuddepeHnupyemnie MHOroobpasud

IlonaTue nuddepeHnupyemMoro, Uiy riajgKoro, MHOrooopasuf Urpaet
B reOMETPUU U B aHAJIM3€e CTOJb #e QPyHIaMeHTalbHYIO POJib, Kak B alredpe
MOHATHUA T'PYNNLI U JUHEHHOro IpoCcTpaHCTBa.

.
e ()

T2

Puc. 231. IIpumeps1 MHOroo6pasuii

1. IIpumepsl MHoroo6pa3suii. Korjga Huske OyngeT naHo ompepene-
HUie MHOrooOpa3uf, To MHOrooOpa3suaMU OKa:iyTCH, HallpuMmep, cleqyljue
00beKThI (puc. 231):
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1. Jluneitnoe mpoctpancTBo R"™ uam nmoGasa ero o6aacth (OTKpbITOE
nmogMHozkecTBO) U.

2. Chepa S™, 3afaHHan B eBRIMAOBOM npocTpancTBe R™H!

ypaBHEHHEM

$%+...+xi+l :]..

B yacTHOCTHU, OKpYy#HOCTDL St.

3. Top T? = S* x S? (cp. §24).

4. IlpoerTuBHoe npoctpanctBo RP" = {(xy : 1 : ... : ,)}. Benom-
HUM, YTO TOYKaMHM 3TOr'0 MPOCTPaHCTBaA ABIAIOTCA NMPAMbIE, MPOXOAAIINE
yepe3 Havano koopauHaT B R"1!. Takas npamas 3agaeTca moGoil cBoeii
(ormuunoit ot 0) Toukoii. KoopauuaThl sToit ToukH (xq, ..., ) B R™H
Ha3bIBaIOTCA OJHOPOJHBIMM KOOpPJAMHATaAMU COOTBETCTBYIOIIEH TOYKH MPO-
€KTHUBHOI'0 MPOCTPAaHCTBa.

Ilocnennuii npumMep ocobeHHo noyuuteneH. [Ipu paccMoTpenun cieny-
IOIIUX ONpejiesIeHUii MoJe3Ho UMeTh B BUAYy addUHHBIE KOOPAUHATHI B MPO-
eKTHBHOM MPOCTpPaHCTBe (cM. mpumep 3 m. 3 HUKe).

2. Onpepenenun. [ludpdepenunpyemoe mHoroo6pasue M — 3To MHO-
mecTBO M BMecTe co CTPYyKTypoil nuddepeHurpyeMoro MHOrooopasus
B HEM.

B mHosecTBe M BBejeHa cmpykmypa MmHO02000pa3usl, €CIU 3agaH am-
AdC, COCTOAIINI U3 Kapm, KOTOPbIE CO2.10COB8AHbL.

Onpepenenuie 1. Kapmoii HasbiBaeTca obnacte U C R" BMecTe ¢ B3a-
MMHO OJHO3HA4YHBIM oToOpaskeHueM : W — U nonmHoxectBa W MHO-
mectBa M wa U (puc. 232). Me1 HazoBeM ¢(x) uszobpasxcenHuem TOUKU
x € W C M na raprte U.

PaccmoTrpum kapthl (puc. 233) ¢;: W; — U; n p;: W; — Uj;. Ecan
MHoxecTBa W; u W; nepecerarorca. To ux nepeceyenune W; N W; nmeer
n3o0OpaxeHua Ha o0eux KaprTax:

Uij = i(Wi NWj), Uji = ¢;(W; N W5).

[Iepexon ¢ ogHO#t KapThl Ha OPYTYIO 3alaeTCA OTOOPaMeHueM nodMHOHIEeCms
AUHEIHbLX npocmpancme

~1
vij: Uj = Uji,  pij(x) = j(p; ().
Onpenenenue 2. JIse raptel @;: W; — U;, ¢;: W; — U; Ha3biBa-
IOTCHA C02.1ACO06AHHbIMUL, €CIIH
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Puc. 232. Rapra Puc. 233. CornacoBaHHble KapThbl

1) muomxectBa U;;, Uj; OTKPBITHI (ObITH MOKET, MyCThI);
j» Yji ) 5
2) oTobpaseHus @;; U @;; (onpenenenHele, eciu W; N W, HemycTo)
asinAoTca guddeomopdusmamu obnacreit R”.

3AMEYAHHE. B 3aBucUMoOCTH OT KJacca rnagrocCTHu 0T06pa}l{eHIfIﬁ Pij
INoJyqyaroTCHa pa3dHbl€ RJIaCChbl MHOFOOﬁpBBI/Iﬁ.

Eciu noa puddeomopdpusamomMm mnoHumath auddeomopdusm Kiac-
ca C", 1 < r < 00, To MHOroo6pasue (KOTOpoe Mbl ONpEAeNUuM HUKE)
OyneT Ha3bIBaThCcA duddepenyupyemvim muozoobpazuem raacca C". Ecnu
nosioxuTh r = 0, T.e. TpebGoBaTh NHUIlb, YTOOBI ;; ObLIKM roMeoMOpGu3-
MaMU, MOJy4YUTCA OIpeie]ieHrue monoao2uieckoz2o muoz2oobpasus. Ecau Tpe-
6oBaThb, YTOOBI (;; ObLIN aHaIUTUYeCKUMH', TO MONYy4YUM QHAAUMUYECKUE
MH02000pa3us.

EcTtb 1 apyrue Bo3mosxnoctu. Hanpumep, ecinu pukcuponsats B R™ opu-
eHTaluio U TpeboBaTh, YTOObI OUdPeoMoppu3Mel @;; €e COXpaHAIU (AKO-
6MaH (;; B KaJ0il TOUKe NOJIO#NTENeH), TO ONyYUTCH ONpefielieHle opu-

EHMmupo6aAHHO20 MHOZOOﬁpa.?U.R.

Onpepenenuvie 3. Amaacom Ha M HaspIBaeTCA COBOKYIHOCTH KapT
p;: W; = U;, ecau

1) moGble JBe KapThl COracoBaHb;

2) nmobasa Touka x € M uMeeT uzoOpaseHHe XO0Thb Ha OIHON KapTe.

1(DyHP{L[HH aHaJIUTHU4Ha, €CJI1 €€ pAld Teﬁnopa CXOOUTCA K HEl B OKPEeCTHOCTH Ka»gon
TOYKH.
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Onpenenenuve 4. J/IBa atnaca Ha M skeusaseHmHbl, €ClIU UX 00beAU-
HeHMe ecTb CHOBa aTijac (T.e. eciu Jno6ag KapTa IepBOro atiaca Corjaco-
BaHa ¢ J10060ii KapToii BTOPOro).

Jlerko BHUJIE€Tb, YTO OIIpeael]ieHHue 4 JEeNCTBUTENBbHO 3aJaeT OTHOIIeHUe
IKBHUBAJEHTHOCTH.

Onpenenenue 5. Cmpyxmypoii dugdeperyu-

pPYyemozco MHOZOOﬁp(ISLER Ha M HazbIBaeTcHA Kiacc 3K-
BUBaJIECHTHBIX aTjiaCoB.

OTmMeTUM 3/ieCh #e ABa yCJIOBHA, YACTO HaKJa-
p(x) ?(y) U ObIBaeMble Ha MHOrooopasuf, 4yToObl u3bekaThb na-
@ TOJIOT HiA.

1. Omdeaumocmsv: y noObIX [ABYyX TOUYEK
x,y € M ecTb HelepeceKaml[UeCA OKPECTHOCTU
(puc. 234). To ecTb au0O CyLIECTBYIOT JIBE€ KapThl
pi: Wiy = U; n pj: W; — U, c Henepecekarolu-
vuca W;, W;, comep:mamyMu £ U y COOTBETCTBEHHO, IU0O CyllecTByeT
KapTa, Ha KoTopoii n3o0bpaxeHbl 06e TOUKHU . ¥.

Ecau ue TpBﬁOBaTb OTaAeJInMOCTHU, TO MHOFOOﬁpHSHeM 6yneT MHOMECTBO, II0-
nydyeHnHoe u3 aAByx npameix R = {x}, R = {y} oTompaecTBieHunem Touek c pas-
HbIMH OTpPUIIaTENIbHbBIMU KOOpPAWHAaTaMH Z, y. Ha TakoM MHoroo6pasuu HeBepHa
TeopeMa eJUHCTBEHHOCTH MNPOJOJIKEeHUA pelleHuil nuddepeHnnalibHOIr0 ypaBHe-
HHA, XOTH JIORA/IbHA"dA TeopeMa €eJUHCTBEHHOCTHU M BEPHAa.

2. CvemHocms: cylecTByeT atiiac M u3 He OoJjiee yeM CUETHOIro Yucia
KapT.

lanee cinoBo «MHOroo6pasue» o3HavaeT quddepeHLnpyeMoe MHOroo6-
pasue, yJIOBIeTBOpAOIIee YCIOBUAM OTAEIUMOCTH U CYETHOCTH.

3. IlpuMmepsl aTiacoB.

1. Chpepy S?, zagaHHyl0 ypaBHeHHeM T2 + T3 + 'rg =18 R3, MO~
HO CHaAOAUTHL aTjacoM U3 [IBYyX KapT. HallpuMep — B cTepeorpaduyeckoi
npoeknuu (puc. 235). 3mech

Puc. 234. OTnenumMocThb

Wi =82\ N, U, =RZ%
W2 ZSz\S, U2 :Rg

3AIAYA 1. Hanucath ¢opmyusl AjafA oToOOpameHHU @12 U NPOBEPUTh, UTO
Hallu JBe KapThl COIIacOBaHBI.
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Puc. 235. Ataac cdepsl. CeMeiicTBO Kacaomuxca B Touyke [N OKpy#HOCTeMH, Je-
Mmalmux Ha cdepe, n3oOpaxiaeTca Ha HUMHEH KapTe ceMelCTBOM IlapalleJbHBbIX
IIPpAMBIX, 8 HA BEpXHell — CeMelCTBOM KacalolUXCA OKPYHHOCTel

Puc. 236. Atnac Topa Puc. 237. Addunnble KapThl
MPOEKTUBHOMN MIOCKOCTH

AnanoruyHeiM obpasom, auddepeHIUpyeMyIo CTPYKTYpy S™ MO#HO
3ajlaTh aT/iacOM U3 ABYX KapT.

2. Atnac Topa T? cTpouTcA C MOMOLIBIO YIIOBBIX KOOPAMHAT: MUPO-
ThI (0 U JoaAroThl 7 (puc. 236). Hanpumep, Mo#HO paccMoTpeTh 4 KapThl,
COOTBETCTBYIOIINE U3MEHEHUIO ¢ U 1) B UHTepBajlax

0<p<2r, —7mT<p<m
Oicgiiiogy = =gy i o

21 3axa3z Ne U17
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Puc. 238. CornacoBaHHOCTH KapT NPOEKTHUBHOI IIOCKOCTH

3. ATiac npoeKTUBHON miockocTy RIP? MOMKHO COCTaBUTh U3 TpeX «ad-
¢uHHBIX KapT» (puc. 237):

I X2
vo Y1 = ggr Y2 = g, €cIH xo # 0,
# x x
o1 0 2
To:T1:XT2 — 21 = =, 29 = -—, ecaun x; #0,
P2 L1 €
> =20 oy =L ecmu @ #0
1_:,62’ 2_:L-2') 2 .

dTU KapThl corjacoBanbl. Hampumep, coriiacoBaHHOCTh o U (1 O3HAyYa-
eT, 4To oToOpameHue g1 obmactu Up1 = {y1,y2: y1 # 0} miockoc-
TH (Y1, y2) Ha obnacth Ujg: 21 # 0 mnockoctu (21. 22), 3agaHHoe ¢op-
MyJaMu z; = yy ~, Zs = Y23y . ABNAeTcA auddeomopdusmom (puc. 238).

JTOKA3ATEJIBLCTBO.
Y1 =21 5 Yo = 2227
AnanornyHeIM oOpa3oM, auddepeHpyeMas CTpYKTypa B MPOEKTHUB-
HoMm npocTpaHcTBe RP" 3amaerca atinacom u3 n + 1 abduHHON KapThI.
4. RoMnnakTHOCTS.

Onpepenenue. IlonvHoxecTBo G MHOroobpasusa M HasbIBaeTCA 0m-
kpolmuim, eciu ero usoopamsenue (W N G) Ha ramgoii kapte p: W — U

AIBIAETCA OTKPBITHIM MOAMHOKECTBOM 00JAaCTH U JIMHEHHOr'0 MPOCTPAHCTBA
(puc. 239).

3AIAYA 1. JlorkasuTe. 4TO NMepecedyeHue IByX U oObelMHEeHHE TI000ro yucia
OTKPBITBIX MOJIMHOKECTB MHOIroo0Opa3us OTKPBITO.

Onpepenenue. IlogmHoxecTBo K MHorooopasus M HasbiBaeTcA
KOMNAKMHbLM, €CJIA U3 BCAKOTO NMOKPBITUA MHO#ecTBa K OTKPBITHIMU MHO-
KecTBaMH MO#KHO BbIOpaTh KOHEYHOE MOJANOKPhITHE.
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Puc. 239. OTkpsiToe Puc. 240. KomnaxTt-
IIOIMHO?K€CTBO HO€e ITOJIMHOKECTBO

3ANAYA 2. JlokaykuTe. uTO chepa S” romnaxTHa. KoMIMaKkTHO U MIPOEKTUB-
Hoe INpocTpaHcTBo RP"?

YrasaHue. ,HJIH pelieHruA MO{HO BOCIIOJNB30BaATbCHA CJIG,[[yIOH.Ieﬁ TeﬂpeMOﬁ.

Teopema. Ilycmv nodmnoxcecmeo F' muozoo6pasusa M (puc. 240) se-
anaemca o6seduHeHuem KOHeYH020 ducaa nodmuoxcecms F;, rasxcdoe us ko-
mopulx umeem KOMNAKMHoe usobpaxceHue Ha oowoll us kapm F; C W,
wi: Wi = U;, p;i(F;) — komnaxm e R". Tozda F komnaxmmuo.

T OKA3ATEJIBCTBO.
Ilycte {G;} — oTkpbiToe nOKpbITHe MHOMecTBa F. Torpa
{pi(G; N W;)} npu KamaoM ¢ ecTb OTKPBITOE MOKpPLITHE KOMMNaKTa ;(F;).
BribupaeM 1“3 Hero KOHeYHOe MOJNOKpPbITHE. 3acTaBifAfd j npoberaTh IO-
TyuyeHHOe KOHeYHOe MHO#eCTBO 3HaueHMii, nojyyaem KoHeyHoe uucio G,
nokpeiBaromux F'.
5. CBA3HOCTL 1 pa3MepPHOCTh.

Onpepenenuve. MHoroo6pasue M Ha3bIBaeT-
cA ceasnbim (puc. 241), ecnu anAa JOOLIX IBYX €ro
TOYEK I, Yy CcyllecTByeT KOHeYyHaf IleloyKa KapT
p;: W; — U; tarux, uto Wy copgepxut x, W, co-

nep#ut y u W; N W;4q Vi Henycto, a U; cBasno!.

Eciaun mHoroo6Gpasue M He CBA3HO, TO OHO ec- Puc. 241. CesazHoe

TeCTBEHHBIM 06pa3oM pacnafaeTcad Ha KOMIOHeHThpI MHOroo6pasue M m
CBA3HOCTU M: "HecBasHoe M7, U Ms

1To ecTh mo6bie aBe Touku U; MO#HO coeiMHUTH JoManoii B U; C R”
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3AJAYA 1. CBaA3HBI I MHOT0OOpa3uA, 3afiaHHble ypaBHeHuAMHU B R® (B RP?)

24y’ —2"=0C, C#0?

3AITAYA 2. MHomecTBO BceX MaTpHIl NMopAdKa o ¢ oTAUYHBIM oT () ompefe-
JUTeNeM HMeeT e€CTeCTBEHHYIO CTPYKTYpPY AuddepeHHupyeMoro MHoroobpasus
(o6macth B R™). CKOTbKO KOMIIOHEHT CBA3HOCTH MMeET 3TO MHOroo6pasue?

Teopema. Illycmv M — ceasnoe mHoz2o00pasue, p;: W; — U; — e2o
kapmut. To20a pasmeprocmu ecex aurelinvlx npocmparcme R", obaacmamnu
6 komopulx aeaaomcs U;, 00unaroswl.

I OKA3ATEIBCTBO.

dTo cineayeT u3 Toro, 4yto AuddeoMopdusM Memxay obracTAMU JU-
HEMHBIX MPOCTPAHCTB BO3MOKEH UL MPU PaBHBIX Pa3MEpPHOCTAX Mpo-
CTPaHCTB, U U3 TOro, 4To BeAKkKe aBe obnactu W; u W, cBA3HOro MHOr0o6-
pa3usa M MoKHO COeJUHUTb KOHEUHOIl 11e[I0YKOli IoNlapHo NepeceKarommnXxce
obJsacreii.

OmnpeneneHHoOe B T€OpeMe YUCIO 7. Ha3bIBAETCH PA3MEPHOCIIbI0 MHOTO-
obpas3ua M u obo3navaetca dim M (ot aHria. «dimensiony).

Hanpumep, dimR" = dim S™ = dim 7" = dim RP" = n.

HecBAzHoe MHOroo6pasue Ha3bIBaeTCH N-MEPHBIM, €ClU BCe €ero KOM-
IOHEHTHI CBA3HOCTHU UMEIOT OJIMHAKOBYIO Pa3MepHOCTh 7.

3A71AYA 3. Cuabauth MHOzkecTBO O(71) Becex OpTOroHaAbHBIX MaTPUI] MOPA-
Ka n CTPYKTYpou auddepennupyemoro MHoroobpasus. HaiiTu ero KoMnoHeHTbI
CBA3HOCTH U UX pa3MepHOCTh.

n(n — 1)
5

6. IuddepeHripyemble oTobpa;eHUA.

OTBET. O(n) = SO(n) X Zz, dimO(n) =

Onpepnenenue. Otobpamenue f: My, — M, oanoro C"-MHoroobpa-
3ufl B Ipyroe Ha3biBaeTcA dugdepenyupyemvin (knacca C"), eciu B I0OKalb-
HbIX KoopauHaTtax Ha My u M, oHo 3agaeTcaA quddepeHuupyeMbIMU GYHK-
nuAaMK (kaacca C").

HubpiMu cnoBamu, nycthb ¢1: Wi — Ui — rapta M, usobpaskampoman TOUYRY
x € Wi, p2: Wo — Uz — wapta Mo, nusobpasaromasn Toury f(x) € Wa (puc. 242).
Torpa 3ajlaHHOe B OKPECTHOCTH TOYKH (1 () oToOpareHue obaacTeil eBRINIOBbIX
IPOCTPaHCTB 2 O f 0 801—1 noiHO ObITh quddepennupyeMbim Kiaacca C”.
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Poefeop;!

\J

Puc. 242. ludpdpepennupyemoe oTobpaseHue

ITpuMEP 1. Ilpoeknusa cdepbl Ha miaoC-
KocTb (puc. 243) ecThb nuddepeHpyeMoOe 0TO-
6pamenue f: S2 — R,

Mp1 BuauM, 4To o6pas auddepeHIrupyeMo-
ro oroOpaxeHua — He 06A3aTelbHO qUddepeH-
upyeMoe MHorooopasue.

IIPUMEP 2. Kpusoii' na mHOroo6pasun M.
BBIXOJIAAlllel B MOMEHT fy U3 TOYKU = € M,
Ha3biBaeTcA NuddepeHnpyeMoe oToOpareHue

Puc. 243. Ilpu npoekTu-

poBaHuu cdepbl Ha ILIOC-
f:I — M copepmamero ty unTepBana I Be- yocry, nonyuaercs samMuHy-

ecTBeHHON ocu ¢ B MHorooGpasue M, MPU- Tpiii kpyr
geM f(tg) = .

ITPUMEP 3. Hugpdeomopdusmon M
f: My — My mHoroo6pasusa M; Ha MHO-
rooopasue Mo HasbpiBaeTcA auddepeHn- f
pyemoe oTobpaxeHue f, obpaTHOe K KO-
topomy f~': My — M; cymecTByeT W I
augpepeHupyemo.

L

Puc. 244. KpuBaa Ha MHorootpa-

Muoroo6pasua M, u Ms duddeo- zuyu M
MOpPHBL, eclin cyllecTByeT auddeomMop-
¢u3M ogHoro Ha apyroe. Hanpumep, chepa u annuncous nuddeomMophHEI.

'Wnu napamempusoeannoil kpueoil, Tar Kak KpUBbIMU Ha M WMHOr[a Ha3bIBAIOT TaK-
ke OJHOMepHbIe MoJMHoroo6pasua MHoroobpasua M (ompepeneHue cM. HUe. B M. 8).
Y nmapaMeTpHU30BaHHOI KPUBOH MOryT GbITh TOYKHM caMollepeceuyeHHd, TOUKU BO3BpaTa
u T. 0. (puc. 244).
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7. 3ameuaHue. Jlerko BujeTh, YTO BCAKOE CBA3HOE OJHOMEPHOE MHO-
roo6pasue quddeoMopPHO OKPYHHOCTH (€Cii OHO KOMIIAKTHO) UJIU MPAMOM
(ecy OHO HE KOMITAKTHO).

[Ipumepamu ABYMepHBIX MHoOroot6pasuii AaBinfwTcA cdhepa, Top (Aud-
¢eomMopHbIil «chepe ¢ oaHOI pyuKoily) U «cdepa ¢ n pyuykamuy (puc. 245).

Puc. 245. Hengud peomopdHbie AByMepHbIe MHOr006pa3ud

B Kypcax Tomojoruu AoKa3bIBaeTCA. YTO BCAKOEe IBYMeEpHO€ KOMIAKTHOE
CBA3HOE OpUeHTHpyeMoe MHorooo6pasue auddeomopdno chepe ¢ n > (0 pyuyramu.
O TpexmepHbIX MHOroo6pa3uax u3dBecTHo mMaino. Hanpumep, Heu3BeCTHO, BCAKOE
M KOMIIAKTHOE OHOCBA3HOE TpexMepHoe MHorooOpasue auddeomopdHo che-
pe S3 (eunomesa Ilyankape) unu xotsa GbI TOMEOMOP()HO €iA.

B 6onbmux pasdmepHocTAXx OuddepeHIupyeMas U TONoOJOTHYecKas KiIaccH-
¢uranua MHoroo6pasuii He coBnajaT. Hanpumep, cymecTByeT poBHO 28 riaaj-
KHX MHoOroo6pa3uii, romeomopdHBIX chepe S 7, Ho He auddeomop pHBIX APYT APY-
ry. Ouu HaseiBaioTcsa cgepamu Muarnopa.

Cdepy Muanopa mozsHo 3amaTh B C° ¢ KOOpAMHATAMH 21, ... , 25 CIELYIO-
IIUMHU OIBYyMA ypaBHEHUAMM:

2R a4+ =0, |z 4.+ =1
Mpu k =1, 2, ..., 28 nonyyaem 28 chep Muanopa®. OnHO U3 3TUX 28 MHOr006-
pa3uii nudpdpeomopdHo chpepe S,

8. IloomHoroo6pasuna. Coepa B IR3, 3ajJjaHHafd ypaBHeHueM x2 + y?+
+Zz — 1, AJOCTaBJ/IHET IIpUMED IIOAMHOMHECTBA €eBRINI0BaA IIPOCTpaHCTBa, Ha-
CJeIYyIOIIEero oT HEro eCTeCTBEHHYIO CTPYKTYPY AuddepeHnupyeMoro MHO-
roo6pasusfi — CTPYKTYpY nodmmozoobpasus R>. Obuiee ompenelneHue moj-
MHOrooopasuf cieayoliee:

Onpenenenue. llogvuomecTtBo V' MHoroo6pasus M (puc. 246) Ha-
3bIBaeTcA nodmMHo2000pasuem, eciii Kamaaad Toyka x € V HMeeT TaKylo

1 MHuoroo6pasue olHOCBA3HO, €CilM BCAKUI 3aMKHYTBIH MyTh B HEM MO#HO HelmpepbIB-
HO CTAHYThb B TOYKY.

2Cm. E.BpuckopH. Ilpumepsl u3 auddepeHLUalbHOH TOMOJOruu ocobeHHocTeil. —
c6. nep. «Marematukay», 1967, 11, 6, cTp. 132-143.
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okpectHocTb W B M u Taryiwo kapty ¢: W — U, uto (W NU) saBas-
eTcA 061acThI0 HEKOTOPOro adp(pUHHOIO MOANPOCTpaHcTBa TOro ad(pUHHOIO
npoctpadcTBa R", B kotopom nemut U.

IlogmHOrooGpasue V camMo KMeeT ecTecT-
BEeHHYIO CTPYKTYpy MHoroo6pasua (W/'=WnV,
U'=p(W')).

Caenymomuii ¢yHOaMeHTalIbHbIl (GakT INpPHUBO-
ouTcA 6e3 JoKkas3aTelbCcTBa U He OyleT UCII0/Ib30BaTh-
CA B JallbHeuIIeM.

Teopema. Bcakoe muozoobpasue M™ dugdeo- ‘ %U

MOPPHO TOOMH02000pa3ul0 e68KAUA06A TPOCIMPAHCINBA ,

v N
docmamouHno 6oavwotl pasmeprocmu R (nanpumep,

docmamouno N > 2n. 2de n = dim M™). Puc. 246. IlogmHoro-
oOpa3sue

Takum ob6pa3om, abCTpaKTHOE MOHATHE MHOTIO-
obpasuAa B JeficTBUTEIbHOCTH OXBaThIBAeT He 0OJIb-
Kl KpyT 00b€KTOB, YeM «7-MeEPHBIE€ MMOBEPXHOCTHU B [N-MEPHOM NMpPOCTpPaH-
cTBey. [IpenmyniecTBo abCcTpaKkTHOrO OAX0Ja COCTOUT B TOM, UTO OH cpasy
oXBaThIBaeT U Te clyuyad, Korja 3apaHee He JaHO HUKaAKOro BJIOKE€HUA B
€BKJINIOBO MPOCTPAHCTBO, a €ro NpuBjeyeHre NPUBEJO Obl JIUIIbL K HEHY -
HBIM YCIIOKHEHUAM (mpuMep: npoeKkTuBHoe npocTpancTBo RIP™). Ionoxe-
HUe 3[]leCh TaKoe e, KaK ¢ KOHEYHOMEPHbIMU JIMHEWHBIMU MPOCTPaHCTBA-
MU (OHM Bce U30MOpPGHBI KOOPAMHATHOMY NpocTpaHCcTBY {(Z1, ..., Tyn)},
HO MpUBJIeYeHHe KOOPAUHAT YacTo JIUIIb YCIOMHAET JIeN0).

M,=SO(3)
M ={(acy:x;:x5:2c5)} [ ) T
O M, (S
g LA Som
R /\
() - .

Puc. 247. llpumepsbl TpexmMepHbIX MHOrooOpa3uii

9. IIpumep. PaccmoTpum B 3akiiodyeHne MATH HHTEPECHBIX MHOroo0pa3uii
(pHC. 247). M, = SO (3) €CTb 2pYnna Opmo20HAAbHBLT MAMPUY, TPEThero Nnopaaka
c onpenenuteiem 1. [lockonbky maTpulla umeetr 9 snemeHToB, M; ecTh moj-
MHO?K€CTBO IIPOCTpaHCTBa R®. Jlerxo BUJIeTh, UTO 3TO IOJMHOXECTBO fIBIAETCA
B JEUCTBUTEIbLHOCTU INOJMHOroobpasuemM.
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M, = T15% ecThb MHOKECMB0 BCEX KACAMEALHBT 6eKmMOpos diunvl 1 K ce-
pe S’ B TpexMepHOM €BKJMIOBOM MpOCTpaHCTBe. BBecTH cTPYKTypy Audde-
peHllpyeMoro MHoroo6pas3ua B 3TOM MHO;KeCTBe IIpeJocTaBlIfAETCA YUTAaTelIO

(cp- § 34).

M3 = RP? — 3T0 mpexmeproe npoexmusroe npocmpancmeo.

M4y — wonduzypayuonnoe npocmparncmeo meepdozo mead, 3aKpelIEHHOTO
B HenoABUHOH Touke (.

Ms — nodmmozoo6pasue npocmpancmea R® = *C 3, 3adannoe ypasnenusmu

21+ 25 +25 =0, |z1|° +|z2|® +|23]* = 2.

3A0AYA*1. Kaxue u3 mHoroo6pasuii M1—Msy nuddeomopdpHb?

8 34. RacateabHoe pacciioeHve. BeKTopHbIe MOJIA Ha
MHoOrooopasuu

C ramabIM riaagkuM MHoroo6pasuem M cBfizaHO Jpyroe MHoOrooopa-
3ue (BABoe OoJblleii pa3MepHOCTH ), Ha3bIBaeMO€ KaCameabHblM PaAcCA0eHU-
em' M u o6o3nauaemoe T M. KacaTenbHoe pacciioeHle NO3BOJUT HaM cpasy
nepeHecTH Ha MHOroo6pa3ufl BCIO TeOpHIO0 OOLIKHOBEHHBIX AU} depeHnalb-
HBIX YpaBHEHU.

1. KacaTeabHoe npocTpaHcTBO. llycth M — riagkoe MmHorootpa-
3ue. RacameavHoim £ M 6 mouke x eexkmopom £ Ha3bIBaeTCA KilacC SKBU-
BaJIEeHTHOCTY BBIXOJAIIUX U3 & KPUBBIX: IBe KpuBble (puc. 248)

yi: I - M, ~9: 1M

SKBUBAaJIEHTHbI, €ClIM UX U300paxeHUA Ha Kakoii-1ubo rapte ¢vy;: I — U,
¢y2: I — U 3KBUBalleHTHBI.

3aMeTuM, YTO MOHATHE YKBUBAJEHTHOCTU KPUBBIX HE 3aBUCUT OT BbI-
Gopa KapThl atiaca (cM. § 5): U3 IKBUBAJEHTHOCTU HA KapTe (; CleqyeT
3KBHMBaJleHTHOCTb Ha JII000M Jpyroil ¢;, Tak Kak Iepexoj ¢ OJHOH KapThl
Ha Ipyrylo, ¢;;, ecTb audpdeomoppusm.

MHosecTBO BEKTOPOB, KacaTelbHbIX K M B x, UMeeT CTPYKTYpY Ju-
HeiiHOro MpOoCTpaHCTBa, He 3aBUCAIIYIO OT BbIGopa KapThl (cM. § 5). 1o
JIMHeHOe NMPOCTPaHCTBO Ha3bIBaeTCA KacameavbHulm npocmpancmeom k M
6 r u obo3nauvaetca 1, M. Ero paamepHoCcTh paBHa pa3mepHocTu M.

lKacaTenbHoe pacciioeHne — 4YacTHBIH ciyyail BEKTOPHOTO pacclloeHUs; ele Ooee
obuiee NMOHATHE — PacCIOeHHOe NMPOCTPaHCTBO. Bece 5TH MOHATHA OTHOCATCA K YHUCIY OC-
HOBHBIX B TOIOJIOTUY U B aHa/M3€e, HO Mbl OI'PaHUYMMCHA JIMIIb KacaTelbHbIM paccilOeHUueM,
KOTOpoe 0COOE€HHO BaKHO JIA TeOPUM 006blKkHO6eHHblx NV pepeHIMalbHbIX ypaBHEHU.
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M

o ‘

¢ _ —( /U,

Puc. 248. RacaTenbHblii BeKTOpP

o

ITpuMEP 1. IIycts M™ — noamHoroo6pasue ahGHUHHOTO MPOCTPAHCT-
Ba RY (puc. 249). Torga T, M™ MoHO npeacTaBUTh cebe B BUjEe N-Mep-
HOW miockoctd B RY , mpoxoasAmeii yepe3 x. IIpu 3ToM, ogHako, cieayeT
NOMHUTh, YTO KacameavbHbvle npocmpancmea k M 6 pasHulr moukax x, y He
nepecexawomea: T, M NTy,M = &.

X, A
U
Xy
Puc. 249. Racarenn- Puc. 250. KoopaunaTel kKacaTeibHO-
HO€ MPOCTPaHCTBO ro BEKTopa

2. RacaTeabHoe paccliioeHue. PaCCMOTpHM o0belMHEeHVe KacaTellb-

HBIX MIPOCTPAHCTB K MHOroo6pasuio M Bo Bcex ero Toukax TM = |J T, M.
zeM

MuomectBo T'M umeet €CTEeCTBEHHYIO CTPYRTYPY I'iiaaroro MHOI000-
pasuf.

IeficTBUTENbHO, paccMOTpPUM KaKkylo-HUOyIb KapTy Ha MHoroo6pasuu M,
U nyctb (1, ...,%n): W — U C R" (puc. 2560) — noxanbHble KOOpPOUHATHI
B okpecTHocT W Touku z, 3ajaiomue 3Ty KapTy. BeAakuit BekTop £, KacaTenb-
upiii Kk M B Touke x € W, 3agaerca Habopom cBoux kKommoHeHT (&1, ..., &n)
B yKazaHHO! cucteMe roopiauHat. Umenno, ecau vy: I — M — wkpuBas, BbIXO-

d

AfAMafA U3 x 1o HamnpasieHuio € B MOMeHT to, To & = ¥ z;(y(t)). Takum

t=tg
o6pa3oM, BCAKUII BekTop £ KacaTelbHblii K M B ogHoii u3 Touyek obmactu W,

3afaeTrca HaGopom 2n yucen (X1, ..., Tn), (€1, --- , €én) — N KOOPAMHAT (TOYKH
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NPUIOKEHUA» T U 11 «<KOMIIOHEHT» &;. MbI noayuyunnu kapTy yacTu MHoxkecTBa 1" M:

¢:TW_>R2na "17(6):(3:13 cee gy Lny 617 agn)

Pasnuunbie waptel T'M, cooTBeTCTByIONIME pa3HbIM KapTaMm atiaca M,
cornacoBansl (kmacca C"™', eciu M wnacca C"). JleficTBUTeNbHO, IycTh
(Y1, --- » Yn) — Apyras JokanbHad cucTeMa koopauHaT Ha M u (N1, ... , Jn) —
KOMIIOHEHTBI BEKTOpa B 3TOIl cHcTeMe; Torja

— ( Oy .
Yi = Yi(T1, . 5 Tn), 7[%‘22(6—3:_)63‘ (i=1.....n)
J

i=1

— raagkue @yHKUUU OoT z; U &;.
HNrar, mHosectBo T'M Bcex KacaTedbHbIX K M BEKTOPOB IONYyYHIO CTPYK-
TYpY I'1agKoro MHoroo6pa3ufi pa3MepHOCTH 27.

Onpenenenue. Muorooo6pasue 1T'M Ha3bIBaeTcA KacamenbHulM pac-

caoenuem' MHoroo6pasua M.

CyimecTBYIOT ecTecTBeHHbIe oToOpasenud i: M — T M (nyaresoe ce-
venue) u p: TM — M (npoeryusn): i(x) ectb HyleBoil BekTop T, M. a p(§)
ecTh Ta TOUKa x, B KoTopoii £ kacaerca M (puc. 251).

3AIAYA 1. JlorazkuTe, 4TO OoTOOpaskeHud 2, p NUPPpepeHIupyeMbl, UYTO ¢ fAB-
nsaetcA auddeomopdusmom M ua i(M) u uto poi: M — M — ToxIeCTBEHHOE
oToOpaieHue.

IIpoo6passl Touek x € M npu otobpasxenuu p: T M — M Ha3bIBalOT-
cA caoamu paccinoenus T'M. Ramabiil cioil uMeeT CTPYKTYPY JIUHEHHOTo
npocTpaHcTBa. MHoroo6pasue M Ha3biBaeTcAa 6asoil paccioenusa T'M.

3. 3ameuaHure 0 mnapajuieiusyemMocTu. HacaTtenbHoe paccliioeHne
adpuuHoro npoctpadcTBa R" wim ero o6nactu U uMeer elie JOMOJHUTENb-
HYIO CTPYKTYypy npsamoro npousseaenua: TU = U x R".

lleiicTBUTENbHO, KacaTelbHbIN BeKTOp K U Mo#HO 3agaTh napoit (z, &)
rie x € U, a £ — BekTop JuHeiiHoro mpoctpaHcTBa R", miaAa KoToporo
yKa3saH JIuHeiiHblil usomoppusm ¢ 1T, U (puc. 252).

Mo#iHO BbIpa3uTh 3TO MHaYe. CKa3aB, YTo apprHHOE MPOCTPAHCTBO Na-
paneau306aro: 1A KacaTelbHbIX BEKTOpoB K o6aactu U npoctpanctea R”
B pasHbIX TOUYKaX T U ¥y Ollpe/ie]ieHO paBeHCTBO.

1Mbl 6y,ueM HUCITIOJIb30BaTh 3TO KpaTHoOe Ha3BaHHe BMECTO 6oJiee nmegJaHTUYHOIO Tep-
MHHa npocmpaHcmeo KacameabHo20 pacCCAOEHUA.
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M,

x O

M S~ J’p
E
o M
x
Puc. 251. RacaTtenbHoe pac- Puc. 252. IlapannenusoBaHHoe U Hela-
clloeHue palien3yeMoe MHOrooopasus

RacaTenbHoe pacciioeHrie MHOrooOpa3ua BOBce He MPAMBIM MPOU3Bejie-
HUEM, U, BOOOIIle TOBOPA. HENb3A JAEJUTh PABEHCTBO BEKTOPOB. IMPUJIOHEH-
HBIX B pasHbIX oOpasua M.

[lonoskeHue 3meck Takoe #e, Kak ¢ auctom Mebuyca (puc. 253), KoTo-
pblii ABIAETCA pacciioeHueM ¢ 6a30ii OKPY#HOCTb U CJIOeM NpAMas, HO He
ABJIAETCA NMPAMBIM NPOU3BEAEHNEM OKPY#HOCTU Ha NMPAMYIO.

Puc. 253. Paccioenue, He ABIAIO- Puc. 254. Teopema o exie
meecA MPAMBIM NPOU3BeIeHHEM

Onpenenenue. Muoroo6pasue M Ha3bIBaeTCA napasnenu3o8aHHbLM,
ecjii B ero KacaTellbHOM pacclloeHUU BBeJeHa CTPYKTYypa NPAMOro Mmpous-
BeleHNd, T.e. 3agad auddeomopdusm TM™ =2 M™ x R", nuneiiHo nepe-
Bopamuit T, M B x x R". MHoroo6pasue napaiieiusyemo, €Ciii OHO MOMET
OLITH MapaielIn30BaHo.

ITepuMEP 1. JIiobasa obnacTth B €BRJIUIOBOM IIPpOCTPaHCTBE €CTE€CTBEHHO IIa-
pajliiejin3oBaHa.

3AIAYA 1. JloxkazsuTe, yTo TOop 1" mapamienusyeM, a duct Mebuyca HeT.
Teopema *. U3 cdep S™ naparnesusyemvt moavko caedyoujue mpu:
St, 83, S7. B wacmnocmu, deymepras cgepa nenapassesusyema:

TS? # §% x R2.
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(OTcroga BhITEKaeT, HAIPUMeEP, UTO €Ka Hellb3fl MpuyecaTh: XOTh O/IHA
uria OyeT nepneHAUKYJIfApHa NMoBepXHocTHU (puc. 254).)

UurtaTtenb, pemiuBIIKii 3ajlauy B KoHIle § 33, erko AoKakeT Hemapall-
nenusyemocThb S? (yKasanue: RP? % §% x S1). Ilapannenuzanua oKpy#HHOC-
tu S oueBuana. [lapannenusosats S° — noyuntenbHoe ynpasHenue (yKa-
3anne: S — 3To rpynna, a UMeHHO I'pylna KBaTEPHHOHOB ¢ MoayJjeMm 1).
IlonHoe mokasaTenbcTBO cHOpPMYJIMPOBAHHOU TeopeMbl TpeOyeT HOBOJIbHO
riy6G0KOro NpOHMKHOBEHUA B TOMOJOTUIO; OHO OBLIO MOJyYeHO OTHOCUTEIb-
HO HeJlaBHO.

AHallMTHKEN CKJIOHHBI CYUTATh BCE PACCIOEHUA MPAMBIMU MPOU3BEE-
HUAMU M Bce MHOroo6pasuf napajieln3yeMbIMH. JTOH OMIUOKH cleayeT
ocTeperaThbcH.

Puc. 255. IIpousBoanasa oto6paseHuda f B TOUKe &

J>|| |||J>
T™M f. TN

P4 Po
Y
/—o\ .
oM SRy

Puc. 256. RacaTteabHoe oToGpaseHne

4. RacateabHoe oTobpasxseHue. Ilyctey f: M — N — raagkoe oTo-
Gpamenue MHoroo6pasus M B mHoroo6pasume N (puc. 255). O603Hauum
yepe3 fi, UHAYIHPOBaHHOE OTOOpaxeHUe KacaTelbHbIX npocTpaHcTB. OHO
onpepensaeTcA, Kak B § 6, U ABIAeTCA JTUHEHHBIM OTOOpaxkeHHEM OJHOTO
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JMHEWHOro NpocTpaHCTBa B Jpyroe:
Joa: TeM — Tpq)N.
[Iycth & nmpoGeraet M. Ilpenpinyiaa ¢opmyia onpenendaeT oToOpameHne
fra: TM = TN,  filp,p = feo

KacaTelbHOro paccioeHusa M B KacaTeilbHoe pacciioeHue [N. 9To oToOpa-
menne nuddepennupyemo (mouemy?) u auHeiiHO oToOpazaer ciou T M

B ciou TN (puc. 256).
OTtobpaseHue f, Ha3bIBaeTCA KacamesbHulm omobpaxcernuem ¥ f (ynorpe6-
nfeTcA Takke o6o3Hauenne T f: TM — TN).

3A0A4A 1. IIyete f: M — N u g: N — K — raaakue oToOpaseHUs,
go f: M - K — ux cynepno3unus. Jlokasatb, 4To (g0 f)x = (g«) o (fx), T.e.

LN N

TEPMHHOJIOTUYECKOE 3AMEYAHHUE. B ananuse sTa ¢popMmyna Ha3bIBaeTCA Npa-
BUJIOM U@ pepeHIMPOBaHUA CI0#HON QPYHKIMM, B alrebpe — (QpyHKTOpHUaIbHOC-
ThIO (KOBapHaHTHOI1) Nepexo/ia K KacaTelbHOMY 0TOOpaeHHIO.

5. BekTopHble noad. llycts M — raagkoe (knacca C"1) MHOroo6-
pa3ue, T'M — ero KacaTelbHOe pacclloeHHe (puc. 257).

v(x) N
T™M, P
x M <

Puc. 257. BekTopHoe noie Puc. 258. Ilone ckopocTeii
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OnpepneneHue. Bexmophnoe noae' (knacca C”) v Ha M ecTb raag-

Koe (kmacca C") oroGpamenue v: M — TM Takoe, 4To oTOGpake-
HUue pov: M — M — TosIecTBEHHOe: MarpaMma

TM

KOMMYTaTHBHa, T.e. p(v(z)) = x.

3AMEYAHHE. Ecim M — o6nacth npoctpancTtBa R" ¢ KoopauHaTamu
X1y «.. » Ty, TO ITO OMpPeEJENIEHNE COBMAJAET CO cTapbiM (§ 5).

O,[[HEIHO B HOBOM oOIllpeaelieHN HUKaRad clieljuajibHad CucTemMa KooOpaun-
HaT HEe y4YacTBYeET.

ITPUMEP. PaccMoTpum cemeiicTBo g' Bpamenuii chepel S? BOKpYT
ocu SN na yron t (puc. 258). Kaxnaa Touka cdepbl € S? onuceiBaer
npu BpallleHUW KpuBylo (mapaiieib) U UMeeT CKOPOCTh

_d 2
v(z) = 5| gle € TS
dt|,_,
Meb1 nonydyaeM otobpamsenne v: S2 — T'S?; oueBugno, pv = E, T.e. v —
BEeKTOpHOe Tojle Ha S2.

Boo6ie, eciu gt: M — M — opgHomapaMeTpuuyecKkasa rpynna aud-
(eomoppusmMoB MHOroobpasua M, To Bo3HUKaeT BEKTOPHOe moJie ja3oBoii
ckopocTd Ha M, ToUb-B-TOYb KaK B § .

Besa nokanbHas TeopusA (HenuHENHHBIX) OGBIKHOBEHHBIX OudepeHIn-
albHBIX ypaBHEHUil HeMe[JIeHHO IepeHOCUTCA Ha MHoroobOpasuf, Tak Kak
MbI 103a60TUIUCH CBOEBPEMEHHO (B § ) 0 HE3aBUCMMOCTH OCHOBHBIX MOHSA-
TUH OT CUCTEMBbI KOOpJAUHAT.

B yacTHOCTH, Ha MHOroOOGpa3uf NepeHOCUTCA OCHOBHAA JOKalbHafA Te-
opeMa O BBINIPAMJIEHUU BEKTOPHOI'O MOJIA U JIOKaJbHble TEOPEMb] CYIIECTBO-
BaHUA, €JUHCTBEHHOCTHU, HENpPepbIBHOCTU U AU depeHupyeMOoCTH Mo Ha-
qanbHbIM yciaoBuAM. Cneundura MHoroobpasufa NpoABIAeTCA JUlIb NPU
paccMOTpPEeHUM HeJIoOKalbHBIX BompocoB. [IpocTelimiuMu u3 HUX ABIAIOTCA
BOIIPOCHI O NPONOJMEHNUN pelleHUil U O cyllecTBOBaHUM (pa3oBOro NOTOKA
C JaHHBIM IoJieM (pa3oBO CKOPOCTHU.

1Y110Tpe6nﬂe'r(:ﬂ TaKk#¥e TepMHH ceieHlue KacameabHozo paccaAoeHUA.
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8 35. da30BbIii NOTOK, 3aJaHHbII BEKTOPHBIM I0JIEM

[lokaszanHaA HuMe TeopeMa ABIAETCA NMpocTelilleil TeopeMoii KayecT-
BEHHOI Teopuu Aud@PepeHNUalIbHbIX YpaBHEHUI: OHa [JaeT YyCJIOBHUA, IPHU
KOTOPBIX MMEET CMBICI CTaBUTh BOINPOC O MOBeJeHUHU pelleHUil nuddepeH-
[UaJbHOI0 YpaBHEHUA Ha O€CKOHEYHOM HWHTepBalle BpeMeHU.

13 3T0i1 TeopeMbl BbITEKAeT, B YACTHOCTH, HENIPEPBIBHOCTL U Aupde-
pPEeHLMpYeMOCThb pellleHUA 10 HayalbHbIM JaHHBIM B I[eJIOM (T.e. Ha JI000M
KOHEYHOM HMHTepBajle BpeMeHU). JTa TeopeMa MoJie3Ha TaK#e KaKk TeXHU-
yecKkuii MeToj AiA KoHcTpyupoBanua nuddeomopdusmon. Hanpumep, c ee
IIOMOILIbIO MO#HO [OKa3aTh, YTO BCAKOE 3aMKHYTOe MHoroobpasue, uMer0-
mee riagkyro QyHKIUIO JHUIIbL ¢ OIByMA KPpUTHYECKMMU TOYKaMu, roMeo-

Mop(dHO cdepe.

()
T™M
|P
IK ]
e M

Puc. 259. BekTopHoe none, paBHoe () BHe kommnakTa K

1. Teopema. Ilycmv M — 2aadroe (kaacca C”, r > 2) mHoz0006pasue
(puc. 259), v: M — TM — sexmopHoe noae. Ilycmv eexmop v(x) om-
Auver om Hyaeeozo eexmopa T, M moavko auwv 8 Komnakmuol wacmu K
mHoz2000paszus M. Toeda cywecmeyem odHonapamempuieckas zpynna oug-
peomopdusmos gt: M — M, daa komopoil noae v asasemes noiem $as3osotl
cKopocmu:

d
ag’tm = v(g'z). (1)

CaenctBue 1. Bcakoe sekmopHoe nose v HA KOMNAKMHOM MHO2000-
pasuu M sasasemcs noaem $azoeoll ckopocmu Heromopoil odHonapamempu-
yeckoll epynnvt dugdeomopduszmos.

B YaCTHOCTHU, B YCIIOBUAX TEOPEMBI UJIKX B YCJIIOBUAX CJIEICTBUA 1 numeet
MeCTO
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CinenctBue 2. Bcesakoe pewenue dugdepernyuarvrozo ypasHeHus

t=v(x), €M (2)

MOHCHO npoaomfcamb enepea u Hasad HeoZpaHUY€eHHO. HPU, amom 3HadeHue
peuwlerHus gia: 6 momenm t 3aeucum om i u om HAYAAbHO20 ycaosus x 2Aa0Ko.

3AMEYAHHE. YcioBHe KOMIAKTHOCTH Helb3A OT6pOCHTb.

IIpuMEP 1. M =R, & = z? (cm. § 1. 1. 7): pelleHUA Helb3f NPONOIHKATh
HEOr pAHHM YEHHO.

IlpuMEP 2. M ={z: 0<x <1}, £ =1.

IIpuctynaem K [10Ka3aTelbCTBY T€OpPEMBI.

2. IlocTpoenue auddeomopdusmoB gt npu manpix t. Jasa kar-
dotl mouku x € M cywecmeyem omrpuimas oxkpecmuocms U C M u wuc-
a0 € > 0 marue, wmo das awboti mouku y us U u das awbozo t c |t| < e
pewenue gly ypaenenus (2) ¢ Havarvhoim ycaosuem y (npu t = 0) cywecm-
syem, edurcmeeHnHo, dugdepenyupyemo 3aeucum om t u om y u ydossemeo-
psiem ycaosuio

g =g'g"y, (3)

ecnu |s| <e, |t| <e, |s+t]| <e.

[lelicTBUTENbHO, TOUKa x u300paxkaeTcA Ha HEKOTOpOil KapTe, a IJA
ypaBHeHU# B obsnacTu adGUHHOrO MpOCTpaHCcTBa Hallle YTBep:i/IeHrue ToKa-
3aHo (cM. 1. 2 u ri1. 4)%.

HUtak, koMmnakTHoe MHO#ecTBO K noKpbiTo oKkpecTHOocTAMU U. Mbl
MozkeM BbIGpaTh KoHeuHoe mokpbiTue {U;}.

IIlycTb €; — cooTBeTCTBYMOIIME YHCIA €; BO3bMeM €9 = mineg; > 0.

Torna npu |t| < €9 onpeneneHsl 6 yenom nuq)(peomopq.wlsmmgt: M — M,
gits = glg® ecau |s|, |t|, |s +t| <e, go = x npu = BHE K.

1 lorazaTenbcTBO eIUHCTBEHHOCTU TpebyeT HeGONLIIOro MOMNOJHUTENLHOTO PacCy-
OEHUA: HYKHO MPOBEPUThb, UTO U3 €NUHCTBEHHOCTH PeIIeHHWA ¢ JaHHBIMU HayvalbHbIMU
YCIOBUAMM Ha KamAoro GUKCHPOBAHHOI KapTe BbITE€KaeT €JUMHCTBEHHOCTb Ha MHOIr006-
pasuu. Ha HeoTmenumom MHOroo6pasuu eIMHCTBEHHOCTU MOKeT U He GbIThb (mpumep:
ypaBHeHue & = 1, y = 1 Ha MHoroob6pasmuu, moiydyeHHOM U3 AByX npambix {z}, {y}
OTO{JECTBIEHUEM TOYEK C PaBHBLIMU OTPHULATEILHBIMM KoopauHaTamu). Ecaum e MHo-
roo6pasue M oTHENMMO, TO NMPOXOAMT [0Ka3aTelbCTBO €AUHCTBEHHOCTH u3 § 7, m. 6.
(OTmenuMocThb UCMONB3YETCA NPU JOKa3aTeNbCTBE COBNAeHUA 3HaueHui pemenuii @1 (1)
u @2(T) B nepBoii Touke T', HAUMHAA ¢ KOTOPOii OHM He COBIAJAIOT.)
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HelicTBUTENbHO, XOTA ONpe/elieHHbIE C MOMOIIbIO pa3HbIX KapT pellle-
HUA ypaBHeHuA (2) ¢ HavyalbHbIM yciaoBueM z (npu ¢t = () a priori pa3nny-
HbI, OHU cOBNAaloT npu |t| < €9 BBUAY BbIOOpa €9 ¥ JOKAJIbHOU TEOPEMBI
€IMHCTBEHHOCTH.

llanee, o JoKanabHO Teopeme AU epeHupyeMoCcTH ToYKa g'x 3aBu-
cut guddepennupyemo ot t U x, a nockoabky g'g~t = FE, To oTo6pasenue

gt: M — M — mudpdeomopdusM. 3amMeTuM, 4TO i‘ glx = v(x).

3. IlocTpoenue g' npu aw06eIx t. [Ipeacrasum t B Bune neg/2 + 7,
rie n — unenoe u 0 < r < g9/2. Takoe npexacraBineHune cyllecTBYeT U

emuHcTBeHHO. Juddeomopdusmbr g50/2 n g" yue onpepeneHsl.
Monomum gt = (gEO/z)”g”. Idto pudpdeomoppuam M na M. Ilpu
It| < €0/2 HOBOEe onpeneneHue cornacyeTcd ¢ NpeabIAyIuM (cM. m. 2) omnpe-

nenenueM. IlloaTomy % gi:c = v(a;)
t=0

Jlerko BUaeTh, YTO NpU JNIOOBIX S,

gt =g (4)

HeiicTBUTENbHO, MYCTh

_MEo ., _ T _keo .
§= 5 +p. t= 5 +q. s+t= 2 + 7.

Torna neBas u npaBaf YacTu paBeHCTBa (4) NIPUHUMAIOT BH]
&°*)g" u (g% g% (g *)"g"
BO3MOH{HBI ABa ciliyydas:
)m+n=k p+qgq=r, 2)m+n=k—1, p+q=r+ (e0/2).

3amMeTuM, 4TO MOCKOIBRY |p| < €0/2, |q| < €0/2, To puddeomoppuamsl g~/%, g°
u g? xommyTtupyiot. OTciona BeiTekaeT popmyia (4) Kak B mepBOM ciydae, Tak
u Bo BTopoM (g°°/?g" = gPg?, Tak Kak |p|, |q|, |r| < €0/2, p+ q =€0/2 +1.)

OcTaeTcsA NpoBepUTb, YTO TOYKa g'x 3aBUCUT OT ¢ U x AudepeHIy-
pyemo. JTo cleayeT, HanpuMep, u3 Toro, uto gt = (g/N)N, a gt/N npu
poctaToyHo Gonbiiux N 3aBucutT auddepennupyemo ot t u = (cM. m. 2).

Utak, g* ecTb oqHONapameTpuyeckas rpynna auddeoMopru3MoB MHO-
rooopasuna M ; coorBeTcTBYIOIIee nosie ¢a3oBoii CKOPOCTU €CTh ¥, U Teope-
Ma JloKa3aHa.

22 3aka3z Ne 17
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4. 3ameuaHnue. I3 nokazaHHoii TeopeMbl JIETKO BLIBECTH, UTO Kaxcdoe
peuleHue HeasmoHOMHO020 YPA6HEHUS

z=v(t,x), €M, teR,

3a0aHH020 3a8UCAULUM OM 6pemeHU T BeKMOPHbIM NoAeM U HA KOMNAKIMHOM
MHO2000pasuu M, moxicHo npodoaxcams HeoZpaHUYeHHO.

JTUM OOBACHAETCA, B 4YaCTHOCTH, BO3MOM#HOCTb HEOTpaHUUYEHHOIO
NPOJOJEeHUA pellleHUuil JMHEeHHOT0 ypaBHEeHUA

z=v(t, x), v(t.z)=At)z., teR, z=eR". (5)

B camom pnene, 6ynem paccMatpuBaTh R" Kak apduHHYIO YacTh NPOEKTUB-
Horo npoctpadcTBa RIP". IlpoctpanctBo RP" monyuaerca us cBoeit adp-
(¢UHHOII yacTu OoGaBieHueM OeCKOHeYHO yhajeHHoH miockoctu: RP" =
= R"URP" .

[lycth v — nuneiiHoe BekTopHoe mone B R"(v(x) = A(x)). Jerko
npoBepAeTcA

JJemma. Bexmoproe noae v na R"™ mosxcrno eduncmeennvim obpaszom
npodoaxcums do 2aadko020 noas v' na RP". Ilose v' na Geckoneurno yoa.ren-
noti naockocmu RP"™ ! racaemea RP™ 1.

B uyactHOCTH, mpogoimum (nmpu Kammom t) Tmo-
ne v(t), 3anawoiiee ypasuenue (5), 1o nois v’ (t) va RP".
PaccmoTpum ypaBHeHMe

r=12v'(t, z), x=€RP", teR. (6)

IIpoekTuBHOE nMpocTpaHcTBO KomnakTHo. CiegoBaTelb-
Puc. 260. llpogon- HO, Kamjoe pelleHNe ypaBHEHUA (6) MozkHO mpomOI-
seHMe JuHeiiHoro KaTb HeorpaHudeHHo (puc. 260).

—-1
BEKTOPHOr0 IOJA Pemenne ¢ HayanbueiM ycaoBuem B RP"™° Bcerpa
-1 -1
Ha TpoekTHBHoe ocTaeTcA B RP"™°, Tak Kak moae v’ kacaerca RP"™ .
IIPpOCTPaHCTBO Ilo TeopeMe eIMHCTBEHHOCTHU pellleHUA ypaBHEHUA

¢ HavyaJlbHBIMM ycloBuaMU B R" ocraloTca B npeje-
nax R" npu Bcex t. Ho B npenenax R" ypasuenue (6) umeet Bun (5). Urak,
Kailoe pellleHue ypaBHeHUA (D) MpPoJoi#aeTCA Heor paHU YEHHO.

3AIIAYA 1. JlokasaTh jJeMMYy.

Pemenue 1. Ilycts (%1,...,%n,) — addunHBIe KoopaumHaTel B RP",
(Y1,--. ,Yyn) — Opyrue adppUHHBIE KOOPAMHATHI:

91:331_13 Yk :wkajl_l (k:23 7n)a
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YpaBHeHue RP"~! B HOBBIX roopauHatax: y1 = 0. fmn—l
NuddepennuanbHoe ypaBHenue (5) \\ T
,..., 177
%:Zaé,jal'j, i1=1,...,n, \\ f//y‘
= N |~

B HOBBIX KOOp/IMHATaX 3amuchkiBaeTcA B Buje (puc. 261)

Puc. 261. IloBene-

d(
% = —yi(a1,1 + Zal,kyk), k> 1; HI€ [POJOIHEHHOr0
noinda BOauU3M Oec-
dyr, KOHEYHO yJalleHHOM
af k1t Z ar1y — yr(a1,1 + Z a1,1y1); IOCKOCTH
E>1, 1>1.
13 3Tux ¢dopmyi, BepHbIX npu y1 7 0, BUAHO, KaKk JOONpeAeNauTh noie npu y; = 0.
dyl
[Ipu y1 = 0 Haxoaum e 0, 4TO U JTOKa3bIBaeT JIeMMY.

PENIEHHUE 2. AdduHHOe npeobpa3oBaHUe MO#HO pacCMaTpUBaThb Kak Mpo-
eKTHBHO€, OCTaBlIfAloNlee HAa MecTe 6€CKOHEUHO yalleHHYIO IIOCKOCTh, HO He ee
ToukHd. B yacTHoCTH NHMHeliHBIe TpeoGpa3oBaHuA e ' npomoIkaloTea 10 T beo-
MOp(U3MOB NMPOEKTHUBHOIO NPOCTPAHCTBa, OCTABIAIOIMX Ha MecTe 6eCKOHEUHO
yIaleHHYI0 NI0CKOCTh. ITH Ouddeomopdpu3Mbl 00pa3yloT ofHONapaMeTpHyec-
KYIO TpyImny; ee noije $a3oBoii CKOPOCTU U €CTh ¥’ .

§ 36. MHaeKchl 0coOBIX TOUEK BEKTOPHOIO IOJIA

3lecb paccMOTpeHbI NMPOCThbIe NMpUMEHe-

HUA TOIOJIOTMU K ucclieoBaHulo nuddepeH- 1
MaJbHbIX YPaBHEHUIA. K

1. UHaerc kpusBoii. Haunem c Haraag- 3 0
HBIX pacCcy#iJeHUil; Huxe OHU OYAyT IoMd- 4 -~

KpervieHbl TOYHBIMU OllpeelIeHUAAIMU U JIoKa-
3aTelbcTBaMK (cM. m. 7). PaccMoTpum Bek-
TOPHOE I0Jle, 3aJaHHOe Ha OPUEHTUPOBAHHON  Pyc. 262. Kpupasa unpekca 1
eBRIANAO0BOH MmiockocTu. IlycTh Ha niockocTu

JaHa 3aMKHYyTad OpUeHTHpPOBaHHafA KpuUBaf, He NpPoXojAllafa yepe3 ocoOble
Touku noia (puc. 262). IlycTh Touka 06XOUT KPUBYIO B MONOMUTEIbHOM
HanpaBiieHnu. BekTop nosiAa B paccMaTpuBaeMoii TOUKe NMpU JBUMKEHUU TOU-
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K1 OyIeT HemnpepblBHO moBopaunBaTheAl. Korga Touka, 06oiiia KpHBYIO,
BEepHETCA Ha MECTO, BEKTOP TO#e€ BEepHETCA K HCXOAHOMY mooxeHuo. Ho
IIpY 3TOM OH MOKeT JiejlaTh HECKOJIIbKO 000POTOB B TY WU APYTYIO CTOPOHY.

Yucnio 060poTOB BEKTOpa noJid Npu o6Xxoje KpUBOil Ha3bIBaeTCA UHOEK-
com KpuBoii. Ilpu 3Tom 4ucio o6opoToB GepeTcA €O 3HAKOM ILIIOC, €ClU
BEKTOp BpalllaeTcA B CTOPOHY, 3a/IaHHY0 OpUeHTaluell mIocKocTu (0T mep-
BOr0 OpTa KO BTOPOMY), M CO 3HAKOM MUHYC B MPOTUBHOM CIIy4Yae.

[IpuMEP 1. MHAekchl KpPUBBIX «, (3, ¥, 6 Ha puc. 263 paBubl 1, 0, 2, u —1
COOTBETCTBEHHO.

[TpuMEP 2. Ilycth O — Heocobas Touka nois. Torga uHAEKC BCAKON KPUBOIA,
nezkanieii B JoCTaTOYHO Malnoii okpecTHocTy Touku O, paBeH 0.

JlelicTBUTENLHO, HaNIpaBieHue NoJA B Touke () HeNPepbhIBHO U B JOCTATOYHO
Majloil ee OKPECTHOCTH MeHfleTcA MeHbllle YeM, CKaeM, Ha 7 /2.

Puc. 263. KpuBble ¢ pa3HbIMH HMHAEKCAMU

3ADAYA 1. 3agaguM BEKTOPHOE I0Jie Ha ILIOCKOCTHU R? = ®C 6e3 Touru O
dbopmyioit v(z) = 2" (n — uenoe yucio, He 06A3aTENbLHO MONOMkKUTENLHOE). Cocun-
TaTh MHIEKC OKPYHOCTH z = e'¥, OpHeHTHPOBAaHHOI B CTOPOHY BO3pacTaHHA
(mI0CKOCTH OpHEHTUpOBaHa penepoMm 1, 7).

OTBET. n.

2. CBoiicTBa UHOEKca.

CBoiicTBO 1. IlIpu HenpepvieHoll deopmayun 3aMEHYMOTL KPUBOTL ee UH-
dekc He MeHAemcs, NOKa Kpueds He nNpoxoduimn iepes ocobvle MOYKU.

lleificTBUTEeNbHO, HallpaBleHne BEKTOpa MOJIA BHE 0COOBIX TOUEK MeHHA-
eTcA HeNpepPbIBHO; MO3TOMY YKCJIO O0OOPOTOB TaK#i€ HENPEPHIBHO 3aBUCUT
OT KpuBOil. Byayuu neabiM 4ymciioM, OHO NMOCTOAHHO.

1Y 10651 clenuTh 3a NOBOPOTOM BEKTOPa, YI0GHO CHECTHU BCe BEKTOPHI B 0HY Touky O,
cilelyfl eCTECTBEHHO! INapajieiu3aluu MI0CKOCTH.
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CBOMCTBO 2. HHOerc kpusoli He meHsemcCA npu HenpepuleHoll degop-
MAUUL BEKMOPHO20 NOAA, €CAL MOALKO NPU IMOM HA KPUBOL 80 6Ce 8pemMs
dedpopmayuu Hem 0cobbLT MOYeK TOAR.

I3 3TuX OBYX CBOICTB, HHTYUTUBHO JOCTATOYHO OYeBUIHBIX', BbITe-
KaeT MHOXECTBO I'IyOOKHX TE€OpeM.

3. IIpumMepsl.

ITPUMEP 1. PaccMoTpuM BeKTOpHOeE MoJie Ha miaockocTu. Ilyects D —

KpPYT, a S — ero OKpy#HOCTb>.

Teopema. Fcau underc kpueotl S omauwen om (), mo eHympu o2paHu-
yernHoll e obaacmu D ecmv xomdv odHa ocobas mouka.

B camom pnene, eciiu 0coObIX TOYEK HET, TO S MO#HO BHYTpu D nedop-
MHUPOBaTh HENPEPLIBHO U HEe MPoOXojd yepe3 ocobble TOYKHU, TAK 4YTO MOCie
nedopMaluy MOJYUYUTCA CKOJIb YTroJHO 6au3Kas K ogHoii Touke 0 KpuBas
(mozkHO naze mpocto gedopmupoBats S B Toury O). UHIekc nomyyeHHO
MalleHbKoit KpuBoii paBeH (. Ho npu nedopmanuu MHIeKC He MeHAETCH:
3HAYUT, U BHavaje oH Obla paBeH (.

3ATAYA 1. [Joramute, 4TO cucteMa auddepeHUaIbHbIX YPaBHEHUN

5&:$+P($ay)a 3}:3/"‘@(33,3/),

rae P u () — orpaHuueHHble Ha Bceil INIOCKOCTU QYHKIIUU, UM€EEeT M0 MeHbIIekk
Mepe OJHO MOJIOKEHNE PaBHOBECUA.

ITPUMEP 2. JlokaxeM OCHOBHYIO Te€OpeMy alreopbl:

Beaxroe ypasnenue 2" +a12" 1 +...+a, = 0 umeem no menvuieil mepe
00UH KOMNAEKCHBLI KOPEHD.

PaccMmoTpuM BEKTOPHOE MoJie ¥ Ha INIOCKOCTU KOMIIJIEKCHOTO IlepeMeH-
HOT'O 7z, 3afianHoe GopMmyioil v(z) = 2" +a12" ' +... + a,. Ocobbie TOUKH
[0JIA ¥ — 3TO KOPHU Haulero ypaBHeHUA.

Jlemma. Hndexrc okpyscHocmu docmamoiHo 6oavuio2o paduyca 6 no-
cmpoeHHoMm noae paseH n (OpUEHTAlMM — Kak B 3ajgade M. 1).

L AkkypaTHaa GOpMYJINPOBKA U IOKa3aTelbCTBO CHOPMYJIUPOBAaHHBIX YTBEPHIEHUI
TpebyIOT HEKOTOPOM TOMOJOrMYeCcKoil TEXHUKMW: TOMOTONUI, FOMOJIOTUI WU Yero-Hubyab
B 3TOM pofe ([ajlee Mbl BOCIOJb3YeMCA € 3TOM Leabio ¢dopmydaoii I'puna). Cm., Hanpumep,
kHury H. Ctunpoga u Y. Yuna, «IlepBbie nouatusa Tonosoruny (M.: Mup, 1967).

2MoHO TaKe paccMOTpeTh Gojlee o6muii ciayudaii, korga D — mobas miockasa o6-
JacTh, OrpaHUYeHHasa IMPOoCTOoil 3aMKHYTON KpuBOii S.
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B camom pene, popmyia
v(2) = 2" +t(a1 2"+ ...+ ay), 0<K<t<K1,

onpejendeT HelpephIBHYIO AedopMalio UCXOOHOro nojsA B nojie z". Ilycts
r > 1+ |ai| + ...+ |ay|. Torma ™ > |ag|r™ ' + ... + |ay,|. [losTomy Ha
OKPYKHOCTHU pajuyca r Bo Bce BpeMA JedopManuy HeT ocobbix Touek. Ilo
CBOICTBY 2 UHJEKC 3TOIl OKPY#HOCTH B MCXOIHOM IIoJie U B 1oJjie z" oJuHa-
KoB. Ho B mone z™ oH paBeH n.

Jlemma nokasana.

Ilo npeawiayieit TeopeMe BHYTPU Kpyra pajuyca r eCTh 0coOble TOUKHU
BEKTOPHOI'O MOJIfl, T. €. KOPHU Hallero ypaBHeHUA.

Teopema oka3saHa.

ITPUMEP 3. [lokaseM cliefyOIIyIO TEOPEMY O HEMOABUHHON TOYKE:

Teopema. Bcakoe zaadkoe' omobpascerue f: D — D 3amrnymozo
Kpyza 6 cebs umeem Tomv 00HY HENnoOBUNCHYIO MOYK].

Bbynem cuuTaTh, 4TO Ha INIOCKOCTH Kpyra I) BBeJeHa CTPYKTypa
NMHEeHHOr0 MpOCTpaHCTBa ¢ HayaloM B IieHTpe Kpyra (puc. 264). Heno-
OBUMHbIE TOYKK OoTOOpameHus f — 3TO ocobble TOUKU BEKTOPHOI'O IOJA
v(z) = f(x) — .

IIpenanonosxuM, 4To 0coObIX TodyeK B D HeT. Torga ux HeT U Ha OKPY#H-
HOCTH.

Jlemma. Hnoerc oxpyscrnocmu kpyza D 6 nose v pasen 1.

llelicTBUTENLHO, CyllECTBYET TaKas HenpepbiBHAA nedopMalid Mojf v
B MoJie —&, YTO BO Bce BpeMA JedopMaluy Ha OKPYKHOCTH HET OCOOBIX
TOYeK (Hampumep, JOCTATOYHO MONOMKUTL v (x) = tf(x) —x, 0 <t < 1).
[ToaToMy MHAEKCH OKPY#HOCTH B MOJAX Y9 = —& U v; = v oguHakoBbl. Ho
MHJIEKC OKPY#HOCTH |&| = 7 B NoJIe —& JIETKO COCYNTATh HENMOCPEACTBEHHO:
OH paBeH 1.

JleMMa foka3saHa.

ITo Teopeme mpumepa 1 BHYTpU Kpyra ecTh ocobad TOYKa MOJIA v,
T. €. HENOJIBUM#HAA TOYKa oToOpaeHus f.

IBTEI TeopeMa cripaBejinBa HOJIA Jrboro HernpepbIBHOT'O 0T06pa}i’iEHHH, HO MbI 3ecCb
CUHuTaeM BcCe OTﬁpﬂ}KeHHH rNiagJeuMHu KM JOoKameM TeopeMy (CM. II. 7) TOJIBKO B 3TOM
MnpearojioxeHu .
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Puc. 264. Otob6pa-  Puc. 265. Unnekcrsl npocThIX 0cOObIX TOUEK paBHBI 11
#eHue Kpyra B ce6d

3

ALY

4. Mugexc oco60it TOUKU BeKTOpHOro moJda. Ilyecte O — usonu-
poBaHHasA ocobaf TOYKA BEKTOPHOIrO I0JA Ha MJIOCKOCTH, T.€. IyCTh B He-
KOTOpOii oKkpecTHOoCTH TouykM O HeT ApPYrux ocobbix Toyek. PaccMoTpum
OKPY#£HOCTb JOCTATOYHO Majioro pajuyca ¢ eHTpoM B Touke (O; mpemmno-
JIO#HMM, UTO INIOCKOCTb OPMEHTHPOBAHA U UTO OPUEHTAIMA Ha OKPY#HOCTH
BbIOpaHa MOJIOKUTENbHON (Kak B 1. 1).

Teopema. Huoerc okpyxcHocmu docmamoyHo mano2o paduyca ¢ yeHm-
pom 8 uszoauposearHoll ocobotli mouke O He 3asucum om paduyca OKPYHCHOC-
mu, Aullb 6bl OH Obli OCMAMOYHO MAA.

B camomMm fiene, Be TaKkue OKPY#HOCTHU MOM#HO HelpepbIBHO Ipojaedop-
MHUPOBaTh OJHY B JIPYTYyl0, He IPOXOAA Yepe3 0coOble TOUYKMU.

3aMeTUM TaKike, YTO BMECTO OKPY#HOCTU MO#HO ObLIO Obl B3ATh JIIO-
Oy10 JIpyryro KpuBYIO, 00XoaAmy BoKpyr O oJMH pa3 B NOJOKUTEIbHOM
HalpaBJIEHUH.

Onpepenenvie. Uunekc kakoii-HuGyab (M Torga Mo6oii) NOCTATOYHO
MaJIoil IOJIOHUTEIbHO OPUEHTHUPOBAHHOI OKPY#HOCTU C LIEHTPOM B H30-
JMPOBaHHON 0c000i1 TOUKE BEKTOPHOIO MOJIA Ha3bIBaeTCA uUHOeKCOM 0c0o601l
MoyKU.

[IPUMEPBI. IHIeKChI 0COOBIX TOYEK THIA y3el. ceuio U GoKyc (MIu HEHTP)
paBHbI +1, —1, +1 cooTBeTcTBeHHO (puc. 265).

Ocobaf TouKka BEKTOPHOIO IOJIA Ha3bIBAETCA NPocmoil, eclii ONepaTop
JNWHEeNHON YyacTu NoJiA B 3TOH TOo4YKe HeBbIpO#iJeH. [IpocThie ocoObie TOUKH
Ha MJIOCKOCTH — 3TO y3Jbl, cenia, GoKycbl U LeHTpbl. Takum obpa3om,
MHJEKC MMpocToi 0co00i TOUKU paBeH Bcerga 1.
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3AI0AYA 1. IlocTpouThk BeKTOpHOE Ioje ¢ 0coboii TOUKON MHAEKca Nn.
YxaszaHue. CM., HannpuMep. 3agavy 1. 1.

3AOAYA 2. JlokamuTe, 4TO MHAEKC 0COO0OM TOUYKU He 3aBHCHUT OT BbIOOpa
OpHUEHTaIUH MIO0CKOCTH.

YraszaHue. HpH N3MEHEHHHU OpUEHTalluid OJHOBPEMEHHO USMEHAITCAH U I10-
JOXUTEJIbHOE HAllpaBJIEHHUE obOxoaa OKPY*RHOCTH, U IIOJIOUTEIbHOE HAIIpaBJI€HHE
cyeTa 4yucia 060p0TOB.

5. Teopema o cymme mMHAeKcoB. Ilycte D — KommnakTHaA ob6iacThb
Ha OPUEHTHPOBAHHOI IIOCKOCTH, OrpaHUeHHasA NpocToii KpuBoii S. OpueH-
THpPyeM KpUBYIO S, Kak MojaraeTcA OpueHTUpoBaThb rpanuny D (T.e. Tak,
4yT0OBI 06nacTh I ocTaBaiach Mpu 00Xofe cleBa). ITO 3HAYKUT, YTO pemnep,
oOpa3oBaHHbIli BEKTOPOM CKOpPOCTU 00XoAa U BEKTOPOM HOpMaJu, Halpas-
JIeHHbIM BHYTPb D), [oJi#eH 3aJaBaTh MOJOMUTEIbHYIO OpUEHTAIUIO IJI0C-
KOCTH.

IlycTh Ha MJIOCKOCTH 3aJaHO BEKTOpPHOEe Mojie, He HMelollee 0coObIX
TOYEK Ha KpPUBO S M MMelollee JUIIb KOHEYHOE YKUCIO 0COOBIX TOUEK B 00-
nactu D.

Teopema. Hndekc kpusoilli S pasen cymme uHdercos ocobvlx MoOYer no-
AA, aexcawux eHympu D.

Ina nokasaTenbcTBa 3aMeTHUM, YTO MHJEKC KPUBOI oblagaeT cliefyio-
S IIMM CBOMCTBOM aJJUTHBHOCTH.
PaccMoTpuM [B€ OpMeHTHUPOBaHHbIE KPUBBIE
Y1, Y2, TIpOXodfAlMe yYepe3d OOHY TOUKy. Mo#HO
obpa3oBaTh HOBYIO OPHEHTHPOBAHHYIO KPHUBYIO
Y1 + 2. poiiiA cHayana 7y;. a IOTOM 7.

Dl L4
Jlemma. HUndekc kpueoli y;+y2 pasen cymme
UHOeKC08 KPUBLLT Yy U 7Ys.
Puc. 266. Nugexc kpu- lelficTBUTENIbHO, BEKTOP IMOJA clelaeT 7N

Boii S paBeH cymMme MH- OOOpPOTOB Mpu 00XoIoe KPUBOK 7y; U elle ng 000-
OEeKCOB KPUBBIX Y1 U Y2 POTOB IpU 00X0Jle KPUBOH Y2, UTOTO N1 + N2 000-
poToB. JleMMa [1oka3aHa.

Tenepb pazodbbeM DD Ha yacTtu D; Tak, 4To-
Obl BHYTPU Ka#JIoi M3 HUX ObLIO He OoJiblle OJHOM 0co0oii TOYKM MOJA
(puc. 266), a Ha rpaHunax 4ToObl OCOOBIX TOoYeK He GbLio. OpuUeHTUpyeM
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KpUBbI€ 7;, OTpaHMYUBAaIOIINe 3TN YacTH, KaK IojaraeTca OpMeHTUPOBaTh
rpaHuisl (puc. 266); Torjga no geMmme

indz%- = ind S-I—Zindéj ,
i J

rge 0; — 3aMKHyTas KpuBas, NpejcTaBlfAloLlaf yacTh IpaHullbl obiac-
T D;, HaxoadAmyocAa BHYTpu D U npoiileHHYIO iBa pa3a B pa3Hble CTOPO-
HBI.

Nupexrc ramaoit KpuBoii §; paBeH (0, Tak Kak 3Ta KpUBaf CTATMBaeTCH
B TOUYKY, MHHYA 0coOble TOuKM mojisa (cm. m. 8). UHaekc KpuBoiil ; paBeH
MHJIEKCY TOi 0co60il TOYKH, KOTOPYIO 3Ta KpuBas oxBaThiBaeT (unu 0, ecnu
B obnactu D;, oxBaThIBaeMoii 3TOil KpUBOii, 0coObIX To4yeK HeT). Teopema
JOKa3aHa.

3AIAYA 1. IlycTh p — MHOroYIeH CTelNeH! 1 OT KOMIUIEKCHOIO IepeMeHHO-
ro z, D — o6i1acTh Ha MIOCKOCTHU II€PEMEHHOr0 2, OrpaHuYeHHasA KpUBoi S.

[IpeanonossuM, 4To Ha KpUBOM S HeT KOpHel MHorouwieHa. JlokazuTe, 4ToO
YHCI0 KOpHeil MHoroudineHa BHyTpu D (¢ ydyeTom KpaTHOCTeil) paBHO HHIEKCY
KpuBoii S B noie v = p(z), T.e. unciay o60opoToB BokpyT 0 Kpunoii p(S5).

3AMEYAHHE. MBI nony4yaeM TeM caMbIM croco6 pelneHusa npo6iaeMsl Pay-
ca—I'ypBuna (cm. § 23):

Haiimu 4ucao n_ kopuell danH020 MHO204.1€HA 8 N1€601 NOAYNAOCKOCITIU.

C 3T0i1 Henabio paccCMOTPUM NOTYKPYT AOCTATOYHO 60JIbIIOT0 paguyca B 1eBOi
MONYTUIOCKOCTHU € IIEHTPOM B Touke z = () U ¢ quaMmeTpoM Ha MHUMOM ocu. Yucino
KOpHe#i B JIeBOil MOMYIIOCKOCTH PaBHO MHIEKCY I'PAHMIIBI 3TOr0 MOMyKpyra (eciu
ero paJuyc NOCTATOYHO BEIWK W y MHOrOYIeHa HET YKWCTO MHHMMBIX KOpPHEii).
[lna BRIYUKMCIEHUA WHJIEKca KPpUBOil S AOCTATOYHO COCUUTATh YHUCIO V 060POTOB
ob6pa3a MHUMOI1 0CH, OPUEHTHPOBAHHOIl OT —¢ K ¢ BOKpPYr Hayala KOOpJHHaT.
JleiicTBUTENbHO, JIETKO IPOBEPUTH, YTO

n_:indS:V—l-%,

TaK Kak oOpa3 MONyOKPYHOCTU JOCTATOYHO OOJBIIOro pajuyca Ipu oTobGpae-
HUU p OelaeT NpUOGIU3UTENbHO 11/2 060pOTOB BOKPYT Hauala KOOpAUHAT (TeM
TOuHee 71 /2, yeM Goiblle paauyc).

B yacTHOCTH, 6ce KOpHU MHO204AEHA CMENEeHL 11 AexHam 6 Ne60l noiynioc-
Kocmu, ecau u moavko ecau mowka p(it) npu usmenenuu t om —oo do +00 o6xodum
Hawaao koopdurnam n/2 pas (6 cmoporny om 1 & 1).



346 TI'nasa 5

6. Cymma uHAaeKcoB oco0ObIX TOUeK Ha coepe.

3AJAYA*]. JlokamuTe, YTO UHIAEKC 0CO000ii TOUKM BEKTOPHOIO IOJA Ha
IJIOCKOCTU coxpaHfeTcA npu audpdeomopdpusme.

Tarkum oOpa3oM, UHIEKC — IOHATHE IeOMeTpPUYECKOe, He 3aBUCAIIEE
OT CHUCTEMBI KOOPJAHHAT. ITO OOCTOATENLCTBO MO3BOJAET ONPEIeIUTh HH-
IeKc 0c000li TOYKU He TOJbKO Ha IJIOCKOCTH, HO U Ha JIloOOM 1By MEPHOM
MHorooo6pasuu. l[leicTBUTENbHO, 1OCTATOYHO pPacCMOTPETh MHAEKC 0co0oii
TOUKHU Ha KaKoU-HUOy1b KapTe: Ha IPYyTrUX KapTaX oH Oy[leT TeM #e€ caMbIM.

ITPuMEP 1. Pacemorpum chepy z2 + y? + 22 = 1 B eBRIMJOBOM
TpeXMepHOM MpocTpaHcTBe. BekTopHOe Mojie CKOpOCTH BpallleHHsA BOKPYT
o z (& =y, y = —x, 2 =0) uMeeT Be 0coOble TOUKH: CEBEPHBIN U FOHi-

HBII Mostockl (puc. 267). NHpexc Kamaoli u3 HUX paBeH +1.

N IIpennonoxum, 4To Ha chepe JaHO BEKTOPHOE
noJjie, UMelolllee JUlllb N30JMPOBaHHbIE 0COOLIE TOY-
Ku. Torga ux KOHeUYHOe 4uciio, TaKk Kak cdepa KoM-
NaKkTHa.

Teopema*. Cymma undercos écex ocobvir mo-
Yyex noas Ha cdepe He 3asucum om 6vlO0pPa NOAA.

W3 mpenbimyiiero mpuMepa BUAHO, UTO ama
cymma pasHa 2.

S N IEAd HOKA3ATEJIBCTBA. PaccmoTpum KapTy
cdephl, IOKPLIBAIOIIYIO €€ BCIO, KpoMe OJHOi TOo4-
Puc. 267. BekTopHOe K1, KOTOPYIO MBI Ha30BeM IOJIOCOM. B eBRINI0BOI
none Ha cgepe, UMEIO-  [ocKOCTH ATOi KAPTHl PACCMOTPUM KOOPIHHATHOE
mee ABe 0CoObIe TOUKM  perrophoe mole €. [lepeHeceM 3To molne Ha chepy.
uHpexca 1 Torpa monyuum moje Ha cdepe (He onpeneieHHOe
B OJIHOM JIMIIb TOJIFOCE), KOTOPOE MbI MO-TIPEHKHEMY

Oynem o0o3HayaThb 4yepes e;.
PaccMmoTpuMm Tenepb KapTy oKpecTHocTH nodioca. Ha niockocTu a3Toit
KapThl MbI TaKKe MOKeM HaplcoBaTh BEKTOPHOE 1oJie Ha cdepe e; He olpe-

neleHHoe Tuiib B ogHOM Touke (. Kak oHo GyjeT BHITVIANETH, IOKA3aHO Ha
puc. 268.

JJemma. HUnderc samrnymotl kpueotl, obxodawetl odur pas moury O
8 NOCMPOEHHOM Noje HA NAOCKOCMU, PA6eH 2.
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[Ina nokasaTenbCcTBa JeMMbI 10CTATOYHO ABHO IpoJelaTh OlMCaHHbIe
Bblllle ollepalvi, B3AB B KaueCTBe [BYX KapT, HallpuMep, KapThl cdepbl
B cTepeorpaduyeckoil npoekuuu (puc. 235). IllapanienbHblie npAMble 1epBOit
KapThbl Nlepelily T Ha BTOPOI B OKPY#HOCTU pUcC. 268, U3 KOTOPOIr'o ACHO, YTO
MHEKC paBeH 2.

PaccmoTpum Tenepb BekTopHOe mnojie v Ha cdepe. Bribepem 3a moiioc
HeocoOy10 TOo4yKy mnosid. Torga Bce ocoOble TOYKM MMoJA M300pamaloTcA Ha
KapTe JomnojsiHeHuA K noiarocy. CymMma MHIEKCOB BceX 0COObIX TOYEK IMOJA
paBHa WHJEKCY OKPY#HOCTU NOCTATOYHO OOJLIIOro pajguyca Ha MIOCKOCTHU
3TOi KapThI (1m0 Teopeme 1. H). [lepeHecem 3Ty OKpPY#HOCTH Ha cdepy, a co
cepsl Ha KapTy OKpecTHOCTU noiatoca. Ha aToii kapTe MHAEKC MOy YeHHOM
OKPY#HOCTH B HcclielyeMoM noJie paBeH (), Tak Kak MoJioc — Heocobasa TOY-
Ka nond. OcraBaAach Ha 3TON HOBOIl KapTe, Mbl MO#€eM UCTOJIKOBaTh UHJEKC

OKPY#HOCTHY Ha NepBOI KapTe KaK «YUCI0 000POTOB MOJA ¥V OMHOCUIMEAbHO
noaa ep;» nNpu 006xojie OKPYH#HOCTH.

7, : N
W AR
"%”f#ﬂllllllllllI|.I||ll||lll|[I'I|1'l‘“‘:R\\ ===
’5”Hm|{||||||||llIllmll||l|I|I“| R
Uy NI TNy — — —

T sy

Puc. 268. BexTopHoe mnone, Puc. 269. Ha rax oM ocTpoBe
napajuieJibHO€e Ha OJTHOI Kap- CyMMa yuclla BEpUIMH C YUC-
Te cdepbl, HO HapUCOBaHHOE JOM KOTJOBUH Ha 1 Oonabliie
Ha Jpyroi yucia rnepeBajoB

JTO 4uCIIO paBHO +2, TaKk KaKk Ha HOBOIl KapTe MpU 00Xojle N0 OKPY#H-
HOCTU BOKPYTr TOYKH () B MOJIOMUTENbHYIO I NEepPBOil KapThl CTOPOHY

n3oOpaxeHHOe Ha HOBOII KapTe Iojie e; coBepliaeT 2 obopoTa, a mnoje v —
0 o6opoToB.

3A0AYA *2. Iyetp f: S? — R' — ruagkas ¢yHknus Ha cdepe, Bce KpH-
TUYECKHEe TOYKU KOTOPOH OpPOCTHI (T.e. BTOpPOil AudpdepeHIuan B Kax/I0il Kpu-
THUYECKOl TOYKe HeBbIpomaeH) [oramure, 4To mo — mi + ma = 2, rae mi —
YHMCIO KPUTUYECKUX TOYEK, Y KOTOPBIX OTpULIaTeIbHbIN UHIEKC UHEPLIUU BTOPOIO
nuddepeHiipasa paBeH 4.
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NHbpIMU clloBaMU, ecau om 4ucaa MUHUMYMOB OMHAMb YUCAO0 ceden U npuba-
UMb YUCAO MAKCUMYMO8, MO 6cezda noayiumcsa 2. Hanpumep, ynciio BceX rOpHBIX
BeplIVH Ha 3eMile ILUIIOC YUCJIO BCeX KOTJIOBUH Ha 2 Goiblle, yeM YHUCIO IepeBa-
noB. Eciu orpaHuyuThCA OAHUM OCTPOBOM WJIU MaTEPUKOM, T.€. paccMaTpUBaTh
GyHKIUY Ha Kpyre 6e3 KpUTHUYECKHX TOUEK Ha Kparwo, TO mo — mi + mg = 1

(puc. 269).
Yrkazanue. Paccmorpute rpaaveHT GyHKUuU f.

3ATAUYA*3. lokamuTe TeopeMy Jiijiepa 0 MHOTOIpaHHUKAX:
s ecarozo evinyka020 02pAHUYEHHO020 MHO202PAHHUKA C (o 6EPULUHAMU,
a1 pebpamu u a2 2pamamu oo — o1 + oz = 2.

YrkaszaHue. ITY 3ajjayy MO#KHO CBECTH K MpeabIayieii.

3AJAYA *4. JlokamuTe, 4TO cymma UHOEKCO8 Y 0COOLLT MOYeK 6EeKMOpPHO20
noas Ha A060Mm 08YMEPHOM KOMNAKIMHOM MHO2000pA3UL He 3ABUCUIM OM NOASA.

Yucno y HasbpIiBaeTcA al.aeposoll rapakxmepucmukol MHoroo6pasuda. Hanpu-
Mep, BbIIle MBI BN, UTO 3illepoBa XapaKkTepucTuka chepsl x(S?) paBHa 2.

3A0AYA 5. HaiinuTte sitnepoBy XapaKTepHCTUKY Topa, KpeHAeld U cdepsl
¢ n pyuykamu (puc. 245).

OTBET. 0, —2. 2 — 2n.

3AI0AYA*6. IlepeHecuTe pe3ynbTaThl 3aau 2, 3 co chepsl Ha J060€e AByMep-
HOe KOMIaKTHOe MHoroo6pasue M:

mo —mi1 +me = ap — a1 + az = x(M).

7. O6ocHoBaHue. [laguM Tenepb TOUYHOE olpejelieHUe yucia 060po-
1M06 BEKTOPHOI'O TOJIA.

IIycTs v — riagkoe BeKTOpPHOe MoJie, 3ajjaHHoe B obinacTu U miockoc-
TH C KOOpAUHATaMU (1, £3) CBOUMU KOMIOHEHTaMU v1 (X1, T2), v2(x1, 2)-
Cuctema KoopauHaT (1, T2) 3alaeT HA MIOCKOCTU OPUEHTAIMIO U €BKJIU-
AOBY CTPYKTYPY.

Boikunem u3 obnactu U ocoOble TOUKHU MOJiA U 0003HAYUM OCTaBIILYIO-
cA obnacth uvepes U'. 3amanuM oTobpasenne obmactu U’ Ha OKpPY#HOCTH
dopmymoit f: U' — S, f(z) = v(z) :

|[v(=)]

dTo oTobpameHue riagkoe (Tak Kak Mbl UCKIIOYWIN 0COOble TOYKU

noif). PaccMoTpuM Karyro-HHOyab Touky x oGnactu U’. Ha okpysHOCTH
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B OKpecTHOCTH oOpasa f(x) TOYKU & MOKHO BBECTH YTJIOBYIO KOOpPAMHA-
TY . MbI osy4yaem Torjaa onpejieJieHHY10 B OKPECTHOCTU TOUKU & TIaJKyI0
BellleCTBEHHYIO QYHKIUIO ©(T1, T2).

CocuuTaem ee noaueiii quddepennuan. Umeem npu vy # 0

'Uzd’Ul — ‘Uld’U’z
v? + v3

dp = darctg g—f — . (1)

JleBasa yacTb paBHa npaBoit u npu v; = 0, vy # 0. Utak, xoTa cama ¢pyHEK-
LIAA  oNpeelieHa TOJbKO JOKaJIbHO U TOJIbKO C TOYHOCTHIO 10 NpubaBiieHuA
KpaTHOro 2w, ee nuddepeHlnal ecTh BIOJHE oNpeaeleHHad riagkaa aug-
¢depennnanbHada ¢opma Bo Beeit obaactu U’'. Mer 6ynem o6o3HayaTh 3TY

dbopmy uyepes dp.

Onpenenenuvie. Hndexcom opueHmupoearHHoll 3amrHymoil Kpueoll
v: S'— U’ uaseiBaerca unterpain ¢popmsl (1) mo KpuBoii vy, momeneHHbIH

Ha 27
ind~ = L
indy = o fdgo.
Y

Tenepb MbI MO#€eM aKKypaTHO JOKas3bIBaTh NpUBEJIEHHbLIE BhbIIIE TEO-
pemebl. [lokaxem, HanpuMep, TEOPEMY O CyMMe MHJAEKCOB (CM. M. 5).

JLOKA3ATEJIBCTBO.

[Ilycte D — obnacTh ¢ rpaHuleii S, BHyTpH KOTOpPOii AaHHOE Mole v
MMeeT KOHEeYHOe YHCiIo 0coObix Toyek. O603nHauum uyepes D' obnacTh, mo-
JTy4yeHHYIO0 U3 ) BbIKUbIBAHMEM MalbIX KPYTOBbIX OKPECTHOCTE 0COOBIX

touek. Torga rpanuna D’ ¢ yyetom opuenTauuu ectb 0D’ = S — > S;,
)
rae S; — OKPYKHOCThb, 00XOAAIIafd BOKPYT ¢-il 0cO00I TOYKHU B IOJIOHHU-

TenbHyI0 cTopoHy (puc. 270). IIpumenum K ob6nactu D’ n unTerpany (2)
dopmyny I'puna. Ilonyuyum

Z/ozfdgo—;jd@.

CneBa ctout 0, Tak Kak ¢opma (1) NOKaIbHO ABIAETCA MOJHBIM AUG-
depennuanom. Beuny onpenenenus (2) nonyyaem indS = Y ind S;, uto u
TpeGoBalloch JOKA3aTh.
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y yi’ y.\'!
Puc. 270. O6nactb, B KOTOpOIi Puc. 271. Oto6pa-
npumeHsetcsa ¢opmyua ['puna #eHHe CTeleHH 2

3AJAYA*]1. JlokamuTe, 4TO MHIEKC 3aMKHYTOH KPUBOH — Llejloe YHCJIO.

3A0AYA*2. TIpoBecTH MOTHOCTHIO NOKA3aTeNbCTBO YTBEPHIACHUM . 1. 1, 2,
3, 4.

8. MHoromepHbIii ciayuaii. MHoromepHoe 060061eHre MOHATUA YUCAO
060pomose Ha3bIBaeTCA CTeNeHbI0 0OTOOpameH .

CTeneHb 0TOGpameHUA — DTO YUCJIO NPooOpa3oB TOUKU C yUYETOM 3Ha-
KOB, onpejeideMblx opueHTanuAaMu. Hanpumep, crenenb oToOpaxeHus opu-
€HTUPOBaHHOIl OKPYMHOCTH HAa OPUEHTHPOBAHHYIO OKPY#HOCTh, HapHCO-
BaHHOI'O Ha puc. 271, paBHa 2, TaKk KaKk YUCJI0 Npoo6pa3oB TOUKU Y, YUUTHI-
Bad 3HaKW, paBHo 1 +1—1+4+1 = 2.

YTtoObl maTh oOlllee omnpejeleHue, MOCTyNaeM cleayloluM oOpa3oM.
ycts f: M{* — MJ — ranagkoe oTtoOpaskeHHe OJHOTO 7.-MEPHOr0 Opu-
€HTHUPOBaHHOI0 MHOroobpas3uf Ha [pyroe Ttakoe #e. Touka = € M7
MHOroo6pasuf-npoodpasa Ha3bIBaeTCA pe2yLApHOll MOoYKoll, €CIv TIPOU3BO/I-
HaA oToOpasmeHud f B TOUKe - eCTh HEBBIPOMIEHHbBIN JMHEHHbBIN onepaTop
Jaa: Te M7 — Tp M3

Hanpumep, Touka x Ha puc. 271 perynsapHa, a Touka =’ HeT.

Onpepnenenue. (menenvio omobpaxcenus f 6 pezyasapHoil mouke x Ha-
3pIBaeTcA uucio deg, f, paBHoe +1 uiu —1 B 3aBUCHMOCTH OT TOro, mepe-
BOJUT JU [, 3aJaHHYIO OopHeHTalnuio npoctpaHctBa 1, M{* B 3ajaHHYIO
opueHTanuio npocrpaicTba 1'¢(,) M3 WM B IPOTUBONOJIOHAHYIO.

3AIAYA 1. JlokamuTe, 4TO cTeneHb JuHeiitHoro astomopdusma A: R" — R"
BO BCceX TOYKax oAuHakoBa u paBHa deg, A = sgndet A = (—1)"~, rne m_- —
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KOJIMYEeCTBO COOCTBEHHBIX 4YHCel ornepaTopa Ac 0TpnuaTean0ﬁ BellleCTBEHHOM
YacCThbHO.

3ATAYA 2. Ilyctp A: R" — R"™ — nuHeiiHblii aBTOMOPGU3M B €BKJINOBOM
npoctpaHcTBe. Onpeaenum otobpaxeHue eqUHUYHOUN cdepbl Ha cebAa GopMyoii
f(z) = A(x)/|Az|. HaiiTu cTeneHb oTobpaseHusa f B TOUKe .

OTBET. deg, f = deg A.

3A1A4YA 3. IlycTs f: s§n—l 5 gn-1__ oToOpazieHue, epeBofAllee KamIayo
TOUYKy cdepsl B JUaMeTpalbHO NMPOTHUBONOIOX#HYI0. KakoBa ero creneHb B TOY-
'?
Ke 17

OTBET. deg, f = (—1)".

3AIAYA 4. Ilycte A: C" — C" — C-nuneitnsiii aBTomopdusm. Haiitu cre-
IleHb €ro OBElIeCTBIeHUA T A.

OTBET. +1.

PaccMoTpuM Tenepp Kakywo-HUOYyIb TOYKY Yy MHOroo6pasus-obpa-
3a M3'. Touka y € M, Ha3pIBaeTCH pe2yaspHublM 3HAYEeHUeM O0mobpadice-
HuA f, ecliv Bce TOYKM ee MOIHOro npoobGpasa f~ 1y perynapusl. Hanpumep,
Ha puc. 271 Touka y ABIAETCA peryiApHbIM 3HAYEHHEM, a TOYKa y' HeT.

[IpeanonoxumM Tenepr AONOJIHUTENBHO, YTO Halld MHoroo6pasusa M
u M, KOMNaKkTHBI U CBA3HBI. Torja uMeer MecTo

Teopema.

1. PezyasapHvle 3HAYEHUS CYULeCBYION.

2. Qucao mover npoobpasa pe2yrapHoz2o 3HAYEHUS KOHEYHO.

3. Cymma cmeneneil omobpaxceHus 60 6cexr MoYKaAxr npoobpasa pe2yiap-
H020 3HAYeHUA He 3a8UcCum Om IMmo20, KakKoe UMEHHO pezyisipHoe 3HaYeHue
Mbl PACCMAMPUBAEM.

HOEHBBTBHBCTBO ATOH TeopeMbl OOBOJIBHO CJIOHO U HE 6y,1:[eT 31€eChb

IIPUBOJAUTBCH; OHO UMEETCH B y'-IeﬁHI/lHaX TOl'[OJIOl"I/lI/Il.

3AMEYAHHE 1. B pmelicTBUTEIbLHOCTU pPeryifApHbIMU 3HAUEHUAMMU AB-
JAITCA IOUYTH Bce TOYKU MHorooopasusa M.,': HeperyifapHble 3HaueHUuA 00-
pasyoT MHo#ecTBO Mephl (.

3AMEYAHHE 2. YcjoBHe KOMIAKTHOCTH CYIeCTBEHHO He TOJbKO JJiA
BTOPOro, HO W JJiA TpeThbero yTBep#aeHusa TeopeMbl. (Paccmorpute, Ha-
NpUMep, BIOKEHUE OTPULIATENLHOM MOMYyOCH B YUCIOBYIO MPAMYIO.)

1CmM., HanpuMep. «OcobenHocTu auddepeHupyeMbix oTobpanenuity (M.: Mup, 1968,
cTp. 38-40).
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3AMEYAHHUE 3. Ywucio Touex mpoobpasa (6e3 yuyeTa 3HaKOB) JJIA pas-
HBIX PEryJifApHbIX 3HAUYEHUI MOKeT ObITh pa3HbIM (Hampumep, Ha puc. 271
y 3Ha4YeHHA y UX 4YeThIpe, a y 3HayeHudA y'' Bcero nBa).

Onpepnenenue. Cymma cteneHeii oTtoOpaxeHusa f Bo BceX TOUKax Mpo-
o6pa3a peryifapHoOro 3HaueHUA Ha3LIBAETCH CIMeneHbvlo 0mobpajiceHus:

degf= ) deg,f.

z€f~ly
3A71AYA 5. HaiiTu cTeneHb oTOGpaseHUA OKpY#HOCTHU |z| = 1 Ha cebs, 3a-
nanHoro ¢popmynoi f(z) = 2", n=0,%1, £2, ...
OTBET. n.

3ADAYA 6. HaiiTu cTeneHbp oToOpaseHUA eOUHHYHON cdepbl B €BKIUJIO-
BoM npocTpaHcTBe R" Ha ce6s, 3aganHoro ¢opmyinoit f(z) = Az/|Az|, roe A:
R"™ — R"™ — HeBBIPO#JEHHBIN JUHEHHBIN oepaTop.

OTBET. deg f = sgndet A.

3AIAYA 7. HaiiTu cTeneHb oToOpaskeHUA KOMIUIEKCHONW NMPOEKTHUBHOM MpH-
moit CP! Ha ce6s, 3aganHOr0 popMynoii a) f(z) =2";6) f(z) =2

OTBET. a) n; 6) —n.

3A1AYA 8. HaiiTu cTenens oTo6pasenns KoMmiekcHoi npaMoii CP! Ha ce6s,
3aJJaHHOT'0 MHOT'OW/I€HOM CTeNeHU 7.

OTBET. n.

3A0AUA*9. JlokamuTe, YTO MHIEKC 3aMKHYTOi KpuBoii v: S' — U’, onpene-
JIEHHBIH B 1. 7, COBNaJlaeT CO CTEMEHBIO ClieIyIoNero oToopaseHua h OKpY#HOCTH
Ha OKPY#HOCTb.

IDycrs f: U — S' — nocTpoeHHoe B 1. 7 ¢ IOMOIbIO BEKTOPHOI'0 MOIA ¥
B o6nactu U’ oto6pasmenue. Ilonoxum h = fo~y: S' — S'. Torza

ind vy = deg h.

Onpepnenenue. Hndexcom usoauposaruoil ocoboii mourku () BeKTOp-
HOro MoJifl v, 3aJlaHHOro B cojep:kalieil () obnacTu eBKJIMJOBa MpOCTpaH-
crBa R", HazpIBaeTcA CTeNeHb COOTBETCTBYIOIIEro MO0 OToOpameHusa h
chepbpl Maloro paguyca r ¢ IeHTpoM B Touke ( Ha cebsa. Otobpa-
menne h: S"1 — Sl §n=l —{p € R™: |z| = r} sapmaerca ¢opmymnoii

ha) = [ip




§36. Hndercvl 0coObLX MOYeK 6EKMOPHO20 NOAA 393

3AAYA 10. IlycTe onmepaTop vxo JIMHEHHON YacTH NMojA v B TOuKe () HeBBI-
pospeH. Torga unjgekc oco6oit Touku () paBeH cTelneHU 3TOro onepaTropa.

3AJAUYA 11. Haiitu uHgerc oco6oit Touku () moiaa B R™, coorBeTcTBYIOMEr0
YPaBHEHUIO & = —x.

OTBET. (—1)".

IlonaTre cTeneHu mno3BoifgeT cHOpMYIIH-
poBaTb MHOI'OMEpPHbIE aHaJIOT'W pPacCMOTPEH-
HBIX BBIIIE€ IBYMEPHbIX TeopeM. [lokazaTenbeT-
Ba MOHO HalTU B yyeOHHMKax I10 TOIOJIOTUU.

B vacTHOCTH, cymma uHdercos ocobblx mo-
YeK, 6EKIMOPHO020 NOAA HA KOMNAKIMHOM MHO20-
obpa3uu A10601 pasmepHocmu He 3a8UCUITL OM
evlO0pa noas u onpedeasemcs ceolicmeamu ca-
MO20 MH02000pa3us. JTO YUCIIO HA3bIBaeTCA Iil-
Aepoeoll xapakmepucmukoi MHOT0oOpa3us.

YT0O6bI BLIUMCIUTD 3iJIEPOBY XapaKkTepuc-
TUKY MHOrooopasus, 0OCTaTOYHO UcclenoBaTh
ocoOble TOYKU KaKoro-HuOyab ogHoro audde-
peHLMalIbHOIO0 ypaBHEHUA, 3aJaHHOI0 Ha HEM.

Puc. 272. JIuneapuzanun
nuddpepeHIMAIBLHOIO ypaB-
HeHUA Ha cdepe BOMU3U ero
0COOBIX TOYEK

3AJTAYA 12. HaiiTu s3iiepoBy XapakTepUCTU-
Ky chepol S”, npoekTuBHOro npoctpancta RP", Topa T".

OTBET. x(S") = 2x(RP") =1+ (—-1)", x(T™) = 0.

PEIIEHHE. Ha Tope nm1060i1 paamepHocTU ecTh auddepeHualbHOEe ypaBHe-
Hue 6e3 0co6bIX ToueKk (cM., HampuMmep, § 24, m. 5), moatomy x(7") = 0.

flcHo, uto x(S™) = 2x(RP"™). eiicTBUTENbHO, pacCCMOTPUM OTOOpaxeHHe
p: S™ — RP", nepeBojsmee Kakayo Touky cbhepsl S” C Rt npamyto, coenn-
HAIONIYIO ee ¢ HayailoM KoopauHaT. OToOpaxeHue p lokanbHO AuddeomopdHO;
IIPU 3TOM NpooOpa3 KaxJ0il TOUKH NPOEKTUBHOI0 NPOCTpaHCTBa — 3TO IBe AUa-
MeTpalbHO MPOTUBOMOIOMHEIEe TOUKHU cdepsl. ClienoBaTelbHO, BCAKOE BEKTOPHOE
noie Ha RIP" onpenpenutr Ha S™ moie ¢ BABOe GOJBLIIMM YHCJIOM OCOOBIX TOYEHK,
MpuYeM HHIEKCHhI KaJI0i M3 JBYyX NMPOTHBOIOJOM#HBIX 0COOBIX TOUEK Ha cdepe
OyoyT Takue #ie, Kak WHJEKC COOTBETCTBYIOIIEeil UM TOYKHU B MPOEKTHUBHOM IpO-
CTpPaHCTBE.

Yto6b1 cocuntaTh X(S™) 3amaguM chepy ypaBHeHUeM g+ ...+ z2 = 1 B eB-
kaugoBoM npoctparctBe R™T! u pacemorpum dyHEIMIO 20: S” — R. CocTaBuM
I dpepeHIalILHOE ypaBHeHUe Ha cepe

T = grad o

23 3akaz No 17
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U ucciefyeM ero oco6eie Touku (puc. 272). BektopHoe none grad zo ob6pamaerca
B 0 AByx Toukax: B ceBepHoM montoce N (zo = 1) u B 1omuoM S (o = —1).
JIuneapusys aud pepeHnuaibHOe ypaBHEHNE B OKPECTHOCTH CEBEPHOTO M IOHHOI0
NOJIOCAa COOTBETCTBEHHO, MOLYYUM ypPaBHEHUA

E=—¢ ¢teR"=TnS"; H=mn,neR"=TsS".

CnenoBaTenbHO, HMHJEKC ceBepHOro mojioca paBeH (—1)", a 1omHoro pa-
BeH (+1)", 3Hauut, x(S") =1+ (—1)".

B yacTHOCTH OTCIONa BBITEKAeT, UYTO 8CAKOE BEKMOPHOe Noje HA “emHoMmep-
Holl cepe umeem xomv 00HY 0COOYIO MOUKY.

3A0A4YA 13. IlocTpouTh Ha HeYeTHOMEpPHOIiI cdepe §2n—1 BEKTOpPHOEe I10Je
0e3 0coObIX TOUEK.

Yraszanue. Paccmorpers nuddepesnnaisHoe ypaBHeHNe BTOPOro NopAaKa
x=-—x,xcR".



IIporpamma 3k3amMeHa

1. Teopema o BeinpAMIeHuu (§ 7, n. . 1, 7) u ee nokasaTeabcTBo (§ 32, m. 5).

2. TeopeMsl 0 CyIleCTBOBAHHM, €IUHCTBEHHOCTU U AU} PepeHIupyeMOCTH
(§7, m. m. 2-5 u §31, m. m. 1-8; §32, n. n. 1-4). CskaTeie oTobpanenus (§ 30).

3. Teopema o nponomxkenuu (§ 7, m. 6) U Teopema 0 TOM, YTO BEKTOPHOE TI0JI€
Ha KOMIIAKTHOM MHoOroo6pa3uu 3ajgaeT ¢a3oBbIii noTok (§35, o. m. 1-3).

4. ®a3zoBble KpUBbIe aBTOHOMHOM cucTeMbl. T'eopeMa 0 3aMKHYThIX (pa30BbIX
KpuBHIX (§9).

5. IIpousBoaHasA no HanpaBlIeHUIO BEKTOPHOIrO IOJA U IMepBble WHTErpalbl
(§10, §12).

6. JKCIOHEHTa JUHEWHOro omepaTopa. JKCIOHEHTa KOMIUIEKCHOTO 4Yucia U
SKCIIOHEHTAa KOpJaHoBoil kieTku (§ 14; § 15, n. n. 4, 5; §25, m. 1).

7. Teopembl 0 cBA3U ($a30BBIX MOTOKOB. JIMHEHHBIX ypaBHEHUIi, OoJIHONapa-
MeTpPUYECKUX I'PYII JUHEHHBIX Tpeobpa3oBaHuii U sKCcNoHeHT (§4, m. m. 2—4; § 13,
n. n. 1-3; §15, n. m. 1-3).

8. CBA3L ompeienuTeNlA, SKCIOHEHTHI U ciena. Teopema JInyBunaa o6 onpe-
neautene Bponckoro (§16; § 18, m. 4; §27, n. 6).

9. Knaccudpuranua ocoObIX TOYEK JIHHEHHBIX CHCTEM Ha miIockocTu (§2,
n. m 4, 5: §17, n. 2; §19, n. 4; § 20, n. m. 3-5).

10. PemeHue TMHEHHBIX OJHOPOJHBIX AaBTOHOMHBIX CHCTEM B KOMIUIEKCHOI U
BellleCTBEHHOM 06J1acTH B cilydae INPOCTBhIX KOPHEM XapaKkTepHUCTHUYEeCKOIr'o ypas-
Henusa (§17, n. 1; §18, n. 5; §19; § 20).

11. PemeHue IMHENHBIX OJHOPOJHBIX ABTOHOMHBIX ypaBHEHUI M CHCTEM
B cilyyae KpaTHBIX KOpPHel XapaKTepHCTHUYeCKOro ypaBHeHUA (§ 25).

12. Pemenvie TWHEWHBIX HEOJHOPOJHBIX aBTOHOMHBIX YpPaBHEHHN C MpaBoii
YyacThiO B BUJIe CYMMbI KBa3UMHOTro4wieHoB (§ 26).

13. JluHeitHbIe OMHOPOIHBbIE HEABTOHOMHBIE YpaBHEeHUA U cucTeMbl. Onpene-
nutenb BpoHckoro. Cinyyait nepuoguyeckux ko3gduiuenton (§27 u § 28, n. 1).

14. PemeHue TUHEHHBIX HEOJHOPOJHBIX ypPaBHEHUIl € MOMOIILIO BapHUaluu
nocToAHHBIX (§29).

15. TeopeMa 06 yCTOMYHUBOCTH 10 TUHEHHOMY MpubaukeHuto (§ 22, m. m. 3-5;
§23).

16. ®a3oBble KpUBBLIE JWUHENHOI0 YpPaBHEHHA C YHCTO MHHUMBIMH KOPHAMU
XapaKTepUCTHYECKOro ypaBHeHUA. Maible KoleGaHUA KOHCEPBATHBHBIX CHCTEM
(§24 u §25, o. 6).



*
OﬁpaBHbI IR3aMeHallMOHHLbIX 3aja4d

1. InA ocTaHOBKU peYHBIX CYJOB y IPUCTAaHU ¢ HUX cOpachiBalOT KaHarT,
KOTOPBII HaMaThIBalOT Ha cToN0, cToAmUiT Ha npuctanu. Kakaa cuna 6yaet Top-
MO3UTh CYyJHO, €ClIM KaHaT JejaeT 3 BUTKa BOKpPYT cToifa, Ko3GPUIueHT TpeHUusA
KaHaTa 0 CcToJI0 paBeH 1/3 U paboyuii Ha NPUCTAaHU TAHET 3a CBOOOJHBLIN KOHeI|
KaHaTa ¢ cuyoit 10 Krc?

2. HapucoBaTh Ha NMOBepXHOCTHW LMWJIMHApa ¢a3oBble KpHBble MaAgTHHUKAa, Ha
KOTOPBI AeicTBYeT IMOCTOAHHBIN KPYTAIIWI MOMEHT:

=1+ 2sinx.

Kakue nBuseHUA MaATHUKAa OTBeYalOT KPUBBIM pPa3HbIX THUIIOB?
3. Beruncants MaTpuny et
ero nopsajaka.
4. HapucoBath o6pa3 kBajparta |x;| < 1 npu npeob6pasoBaHuM (azoBoro mo-
TOKa CHUCTEMBI

, rage A— AaHHaAd MaTpula BTOPOro Hinu TpeThb-

T1 = 2x2, T2=1x1+ T2

3a Bpemsa t = 1.

5. CKOILKUMHU JeCATUYHBIMU 3HAaKaMU 3alllChIBA€TCH COTBIN 4YieH I0cieno-
BaTeilbHocTH 1, 1, 6, 12, 29, 59, ... (p = Tn-1+2Tn_2+n, 1 =22 =1)?

6. HapucoBaTte (a3oBy10 KPUBYIO CHCTEMEI

rt=xz—y—2, y=x+vy, z=3x+z,

npoxojaamyio yepes Toury (1,0,0).

7. Haiitu Bce «, 3, 7y, Ipu KOTOpPbIX TpU GYHKHUM Sin at, sin Bt, sinyt au-
HeilHO 3aBHCHMBI.

8. HapucoBaTh Ha miockocTH (1, £2) TPAEKTOPUIO TOYKHU, COBepIIAIONIeil
Maiible KoleGaHUA:

o

5 U— (5xF — 8x172 + 5x3)
TR i 2 I

HavanbHble ycinoBusa: 1 = 1, 22 =0, 1 = 2 = 0.

*
Bo Bcex umcioBbIX 3ajayax jgonyckaercA norpemHocts B 10-20% otsera.
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9. Ha nepBoHayalbHO NMOKOUBIIUIICA MaTeMaTUYECKU MagTHUK JIUHB 1 M
1 BecoM | Krc B TeueHue 1 ¢ geiicTBoBana ropusoHTanbHasa cuia 100 r. Haiitu am-
INIUTYIYy KojebGaHUii, KOTOpble YCTAHOBATCA MOCIe NpeKpalleHud AeMCTBUA CUJIBI

(B cm).
10. HccnegoBaTh, yCTONYMBO a1 10 JIANYHOBY HyJl€BO€ pelleHHe CHCTEMBI
e s My 0.4 nmpu 27k <t<(2k+ 1)m,
Ty = —w2x1, il 0,6 mpu (2k—1)7 <t < 2km,
Reli== D a2

11. Haiitu Bce ocoOble TOUKHU CUCTEMBI
) P A S Yoo

HccnenoBaTh UX yCTOHUUBOCTH, ONpPENENUTh TUIBI 0COObIX TOYEK M HAapuCOBaTh
(a3oBble KpUBLIE.
12. HaiiTu Bce oco6ble TOUKU cucTeMbl Ha Tope {(x, y) modd 27 }:

£ = —siny, ¢ =sinx + siny.

HccnenoBaTh MX yCTOHUMBOCTH, ONpeeNUTh THUIBI 0COObIX TOYEK M HapucOBaTh
(pa3oBble KpUBbIe.

13. 3 skcnepyuMeHTa U3BECTHO., UTO [PHU TpeJOMIEeHUM CBeTa Ha IpaHulle
pasjena IBYX cpel CHHYChI yrioB, 00pa3oBaHHBIX NajaroliM U IpeJoMJIeHHbIM
Jy4yaMH ¢ HOpMalblO K IOBEPXHOCTHU pasjeia, 00paTHO IPONOPLUOHAIbLHBI IOKa-
3aTejAM IpeloMIeHUA cpel: 11 Sina; = N2 Sin ae.

HaitTu ¢opmy cBeTOBBIX Iydeii Ha INIOCKOCTH (&, Y) ¢ OKa3aTeleM IPelIoOM-

nenus n(y). PaccmoTpers cayuait n(y) = % (B momyminockoctu y > ( ¢ Takum

NoKa3aTelleM MpeJoMIeHUA peanusyeTcAa reomeTpus JlobaueBcKoro).

14. HapucoBaThk 1yum, BEIXOAAIIME 10 pa3dUYHbIM HalpaBleHUAM U3 Haydala
KOOp/JMHAT Ha INIOCKOCTH ¢ MOKazaTeleM npeiomiaenus y* — y? + 1.

Pemenue 3Toii 3agauu o6bAcHAET fABIeHUe Mupaa. [lokazaTens npeaomie-
HHUA BO3JyXa Haj IIyCThbIHEel MMeeT MaKCHMYM Ha HEKOTOPOIl BBICOTE, TaK Kak
B Oojlee BHICOKMX M B 0ojlee HU3KHX T'OPAYUX CIOAX BO3AYyX Oollee pa3pe#ieH,
a roKasaTellb IpeJoMIIeHUA 00paTHO MPONOpLHOHaleH ckopocTu. Rone6aHuna nyya
BOJIM3U CJIOA ¢ MaKCHUMaJbHBIM 3HaUeHHEeM MNOKa3aTelf MpeJoOMJIeHUA U BOCIIPU-
HUMAaIOTCA KaKk MHUPa.

IIpyroe siBieHHe, 06bACHAEMOEe TeMHU #e KollefaHUAMHU Jyda, — 3BYyKOBOIA
KaHall B OKeaHe, 110 KOTOPOMY 3BYK pacHpoOCTpaHAETCA Ha COTHH KHJIOMETPOB.
[IpyynHa 3TOro ABIEHUA — Urpa TeMIlepaTyphl U JAaBleHUA, IPUBOAANIaA K oOpa-
30BaHUIO CJIOAl ¢ MAKCHUMAalbHBIM MOKa3aTeleM IpeloMiIeHHA (T.e. MUHUMAalbHOM
CKOpPOCTBIO 3BYyKa) Ha riay6ure 500-1000 M. 3ByKOBOII KaHal MOHO HCIOJIb30-
BaTh, HAalIlpuMep, JJIA NMpeayIlpexIeHUs O IIyHaMu.
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15. HapucoBaTh reojesnyeckue Ha TOpe, NOJIL3YyAch TeopeMoii Kiepo: mpo-
HU3Be/leHNe pacCTOAHUA /10 OCU BpallleHHWA Ha CUHYC yrIia reoje3nydyeckoii ¢ Mepu-
IUAaHOM BJIOJb KamiJIoU reofe3anveckoil Ha MOBEPXHOCTU BpallleHUA MOCTOAHHO.

16. BoinpAMHUTE (a3oBble KpHUBble YpaBHEHUA & = 7 — 22> B OKPECTHOCTH
Touku & = 0, = = 1.

17. BeinpAMUTEL UHTEerpajibHble KpUBbIe YpaBHEHUA & = & + coSt.

18. BeINpAMUTE Nojle HanpaBleHuil ypaBHeHHA & = x + te’.

19. BeinmpamuTthk noie ¢as3oBoii CKOPOCTU ypaBHEHUA & = & BOJM3U TOY-
ku x = 0.

20. B KaKux KoopJaMHaTax pasjieIAIOTCA IIepeMeHHble B YpaBHEHUU

21. Pemuth ypaBHenue & = x + 6(t — 2).

22. HaiiTu npousBoJHYIO pelleHUs ypaBHeHMA & = &° + Az® ¢ HavalnbHBIM
yciaoueM z(0) =1, ©(0) =0 mo A mpu A = 0.

23. HaliTu co6cTBEeHHbIe Yncia U BEKTOPBI ollepaTopa MOHOAPOMUU 27r-TiepU-
OJIMYECKOro pelleHUus ypaBHeHUsA & — x = sint.

24. Pemutn ypaBHeHue & = Atx + x, roe A: R" — R" — nuHeitHbli onepa-
TOP-

25. MoryT nu onepatopbl A U B HE KOMMYTHpPOBaTh, €CIU

A B A+B .
e =eP =P = E?

26. HaiiTu Bce He 3aBHCHIMe OT BpeMeHU HellpepbiBHble Ha Bceil (pa3oBoii
IIJIOCKOCTH IlepBble UHTerpaibl CUCTEMBl & = ¥, Y = T + ¥.

27. Uucna 1 u i — co6erBennble qua A: R® — R3. Hmeer mu ypasHe-
HUe & = Az HenpepbIBHbIe B R® HemocToAHHBIE NepBble UHTErPajibl?
28. Yncna 1 u —1 — co6erBennble aaa A: R® — R3. Hmeer 1u ypasHe-

HUe & — Az HenpephIBHbIE B R3 HemocToAHHBIE IepBble UHTErpaibl?!
29. Pemuts 3agauy Romwu

TUy +uy =0, wu| _,=sinz.

y=0

30. Ypasuenne (™) = F(t,x, ..., a:("’_l)) nMeeT pemeHus ¢ u sint. Onpe-
NeIUTh Nn.

31. IIpomomskaloTcA U pellleHUA YpaBHEHHUA © = x° Sin Ha BCIO 0Ch BpeMe-
HU?

32. IlpomonsaioTca au Bce peunieHusa ypaBHeHusa HelooTona = — gradU,
U=z +z122 + 3, HEOrpaHUYEHHO?

33. [IpomonskaroTcA M HEOrpaHUUYEHHO BCe pelleHUA YpaBHEHUA

=14 2sinz?
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34. MoseT 11 mnojoeHUe paBHOBecuA ypaBHeHUA HbIOTOHA GBITH YCTOMYM-
BbIM 10 JIAMyHOBY, He GyAy4H TOYKOIl JOKAILHOr0 MUHHUMYMa IMOTEHIIHAIbLHOI
SHEPrum?

35. MoeT iU nmepuoAnuvecKoe pellleHre aBTOHOMHOI CHCTeMbI, U300paiae-
Moe Ha (a30BO IIOCKOCTH MpeNelbHBIM IIHUKIOM, OBITh aCUMITOTUYECKH YCTOM-
YUBBIM?

36. MoaseT 1 mepruoinvecKoe pelieHre aBTOHOMHOM CUCTeMbI ObITh HEYCTOM-
yuBbIM M0 JIAMYHOBY, eciin Ha (Ha30BOM IIOCKOCTH OHO M300pazkaeTcA Hpeeib-
HBIM IIMKJOM, Ha KOTOPBIl CHapy#H U U3HYTPH HAMAThIBAIOTCA CIHPAIbHO MPHU-
GauKaoNMec K IUKIYy NpPU JBUKEHUM B HaIpaBlIeHUUW BO3pacTaHUA BpPEMEHU
¢a3oBbIe KpUBbBIE?

37. MoskeT 11 HeycToHuYnuBoe 110 JIANYHOBY I0J0€H1e PaBHOBECHSA ClelaTh-
CA mocje JUHeapusalud YCTOWUYUBBIM? aCUMITOTHYECKH YCTOMYUBBIM?

38. MoskeT 1M acCMMITOTUYECKH yCTONHYHBOE I0JIOKEeHUEe PaBHOBECHA CTaTh
HEYCTONYUBBLIM 110 JIANYHOBY nocie JuHeapu3anuu?

,I[OHOJIHI/ITGJIBHI:IG dajgauu

1. UmeeT 11 orpaHMUYeHHbIE Ha BCell 0CU BpeMeHU HeHYJleBble pellleHUA ypaB-
HeHUe B BapuUallUfiX Il YypaBHEHUA I = — SINZ BIOJb pelleHUA C HadalbHbIM
ycioBueM zo = 0, o = 27

2. HMmeeT 11 HeorpaHM4YeHHbIE pellleHUA YpaBHEeHHE B BapUallUAX BJIOJb pe-
HIEHUA ¢ HaYalbHBIM yciioBueM &g = (0, £o = 1 Toro e ypaBHeHUA?

3. PemuTsr ypaBHeHHe B Bapualufax 3ajauu 1.

4. HaiiTu co6¢cTBeHHbBIE YKCiia 1 BEKTOPhI olepaTopa MOHOJPOMUH JIfl ypaB-
HEeHHMHA B BapualuAaXx 3ajauyu 2.

5. HaiiTu npousBogHyI0 27-NE€pUOANYECKOTr0 pellleHUA YpaBHeHUA T +Sinx =
= ¢ cost, oOpamawmeroca npu € =0 Bz = 7, no € npu € = 0.

6. HaiiTu Hauboabiliee 3HaueHue ¢, IpyU KOTOPOM pellleHre 3agauu Rommu

ut + ut, = —sinz, ul,_, =0

nponomkaetca Ha [0, t).

7. HaiiTu Bce KOHeUHOMeEpPHbIE MOANPOCTPAaHCTBa MPOCTPaHCTBa H€CKOHEUHO-
audpdepeHuupyemMbiX GYHKIMNM Ha OpPAMOI, MHBapUaHTHbIE OTHOCHUTEILHO BCeX
CIBUI'OB MPAMOIA.

8. llycTts PyHEKEUMA v MMeeT B HYyle 2-KpaTHBI KopeHb. [loKaxuTe, UTO
ypaBHeHue & = v(x) quddeomopdU3MOM OKPECTHOCTU HYJA NPUBOAUTCA K BULY
Yy = y2 +C y3 (noctosinHasa C' onpenensAeTcA MOJIEM).

9. JlokamuTe. UTO HYJIU JUMHEHHON KOMOMHALMU MEPBbIX 71 COOCTBEHHBIX
¢yHKnuii 3agauu ltypma—JInyBuiansa

Uge + q()u = Au. u(0) =u(l)=0, ¢g>0

nenat orpe3ok [0, I| He Gonee yem Ha n yacTeii.
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Yraszanue (M. M. T'eabdpang). Ilepeiitu &k dpepMu-yacTuiam, T.e. K KOCO-
CUMMETPUYECKHUM peIIeHUAM yPaBHEHUA Y  Ug;x; + 9 ¢(Zi)u = Au, U BOCHOJIb-
30BaThCA T€M, 4TO €ro nepsas coOCTBeHHaA (YHKIMA He MMeeT HyJjel BHYTpH
¢dyHaameHTanbHOro cuMiniekca 0 < 1 < ... < xp, < l.

10. (H. H. Baytun). Jorasure, uto o6061meHHas cuctema Jlorka— BoawTeppa
z=z(a+kx+1ly), y=1y(b+mz+ ny)

He MMeeT NpeJelbHbIX [IMKIOB: €€ 3aMKHYThle HeTOUeuHbIe (pa30Bble KpUBbIE, KOT-
Jla OHU eCTh, 3alOJHAIOT IeIMKOM KojblieoOpa3Hble 00JacTH.

11. PaccmoTpuM [BUAseHME MaTepUM IO OKPY#HOCTHU NOJ AeHCTBHEM Iepe-
HOCA I0JIeM CKOpOCTel U mManoit nuddysun. Jlokamure, 4TO eCiy IMoje CKOPOCTEMH
YMeeT cTallMiOHapHble TOUYKHU U 0011ero Mojo#eHnd, To IOYTH BCA Macca cobepeTca
B KOHIIE KOHIIOB B OKPECTHOCTH OJHON M3 NPUTATUBAIOIKNX TOYEK.

[YpaBHeHUE 5BOMIONUY INIOTHOCTU: U = EUgqy — (UV)4, [Oe v0/0x — mone cKo-
pocTteil. Ha HakphiBaoleil OKpy#HOCTh NMPAMOI Ioje NMOTeHNUanbHo: v = —U,.
Ecnu none ckopocTeil moTeHuanbHo, T.e. GyHKIUA U nepuoandHa, TO CTaIHO-
HapHoe pelleHHe JaeTcd pacnpeaeneHueM I'n66ca

u(z) = Ce~ Ve,

[Ipu ManeIX € 3TO pacnpejeieHre COCPeJI0TOUEeHO BOIM3U MUHUMYMa IoTeHI[hana.
Eciu ¢yHrnua U cTtpeMuTcd K —OC Ha —O0OO, TO CTallMOHapHOe pelleHHe
MeeT BU]I

IS, / JMVO-U@/e ge.

OHo cocpenoToueHo BOIM3M TaKOro JOKalbHOI0O MUHMMYMa IOTeHIUalna, oA Ko-
TOPOro NpeBbIlIEHHE MaKCHUMalbHOI'0 3HaUeHUA MOTeHI[Majla Ha IO0JyoCHU JieBee
3TOr0 MUHMMYMa HaJl 3TUM MHHUMAalbHBIM 3HaUeHUEM MaKCHUMalbHO. |

12 (A. A. laBbiioB). HHeoatoyuetl Ha3piBaeTcA nudpeomop pusm, KBaapaT Ko-
TOPOr0o — TO#KJleCTBEHHOe Npeobpa3oBaHue. HBoOMIOLNMA INIOCKOCTU Ha3bIBaeTCH
donycmumoti OTHOCUTEILHO BEKTOPHOIO MOJfA, €Clli HENOJBU#Hble TOYKU HHBO-
TIONUY 00pa3yloT KPUBYIO U O] AeiCTBUEM MHBOJIOIMHN BEKTOPHI MOJA B TOYKaxX
3TON KPUBOM MEHAIOT 3HAaK.

JokaxuTe, 4TO B OKPECTHOCTU HeocO0O0il TOUKM IOJA Bce JONyCTHUMbIe WH-
BOJIOIMH 0O6IEro IojioAeHnA 5KBUBaJeHTHBI (IIepeBOJATCA ApPYT B Apyra coxpa-
HAIOMMMU Kax/Iy1o (a3oByl0 KPUBYIO Noid AuddeomoppusMamu).

[Pemennie 5Toii 3ajlauM JOCTaBIfAET HOPMalbHYIO (poOpMY p> = x ypaBHe-
HUA, He pa3pelleHHOro OTHOCUTEIbLHO NMPOU3BO/IHON, B OKPECTHOCTU HEperyldp-
HOI1 TOUKM 0o011ero nojoxeHud (oHa HaiifeHa Jl. [lapa u 0. Bpoackum). YpaBHeHune
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F(z,y, p) = 0 omnpeaensieT NMOBEPXHOCTh B TPEXMEPHOM MpoCTpaHCTBe. B He-
peryisapHoii TOUKe ee KacaTelbHaA IUIOCKOCTh BepTHKalbHa (KacaeTcA OCHU P).
B okpecTHOCTU HeperylsapHO TOUKU 001Iero MnojoxeHnuf BO3HUKaeT WHBOJIOLUA
(oHa mepecTaBifeT OIM3KHE TOYKU IepeceyeHUA MOBEPXHOCTH C BepTUKaIbHOI
IPAMOI1). Ta MHBOIIONKA J0MYyCTHMa OTHOCUTEIbHO BEKTOPHOIO MOJIfA, KacaTelb-
HOI'0 K UHTerpajlbHbBIM KPUBBIM ypaBHEeHUA Ha NoBepxHocTU. lIpuBenenue uHBO-
TIOLVUYA K HOpMajJbHOU (opMe 3KBUBAJEHTHO HOpMalu3alul ypaBHEHUA JIOKaJb-
HBIM Auddeomoppuamom miockoctu (z, y¥)].

13 (npomonsenue). [lycTs HemoaBusHaA KpuBaA MHBOIIOLUU, JTOIYCTUMOI
OTHOCUTEJIBHO BEKTOPHOIO I0JA ¢ 0c000i TOUKOM TuUna ¢poKyc, cemyio Ui y3el,
IPOXOIUT yepe3 0cobylo TOYKY, IpUYeM MOAYJIH COOCTBEHHBIX UMcel cela WK
y3ia pa3inyYHBbI.

JlokaxuTe, 4TO N100BIE IBE TAKKE UHBOJIIOLMY 3KBUBaleHTHbI B OKPECTHOCTHU
0co00¥1 TOUKH, eClIi KacaTellbHble K X HEIlOJBUKHBIM KPHUBBIM B 0C000¥ TOUKe
He pa3sfeileHbl COOCTBEHHbIMU HallpaBJI€eHUAMMU.

[9Ta Teopema [laBbigoBa JocCTaBifeT HOpMaibHyIO dopmy (p — k:L')2 =y
ypaBHEeHUA 00LIero MoJ0#eHUA, He pa3pelleHHOr0 OTHOCHUTEIbLHO IPOM3BOAHOM,
B OKPECTHOCTH HeperyJifapHON TOYKH, B KOTOpPOH INIOCKOCTh dy = pdx racaet-
ca noBepxHocTu F' = 0; kK — enuHCTBeHHBIII Mooylb (MHBapUaHT OTHOCUTEIbHO
nudpeoMopdU3MOB) BO3HUKAIOLIEr0 «CJI0EHHOro (oryca, cejia UIU y3iaay, 06-
Pa30BaHHOI'0 MPOEKIUAMHN UHTErpajlbHbIX KPUBBIX Ha IUIOCKOCTH (z, y)].

Pemenusa 3amau 12-13 pgocrtaBiAlT Tak#e HOpMalibHble (GOPMbI CEMENCTB
TpaeKTOpPUM MeJIEHHOI'O IBU{EHUA B TEOPUU pejlakcallMOHHbIX KojebaHuil ob1e-
ro mNoJo¥KeHUA NpU ABYX Me[JIeHHBbIX NepeMeHHbIX. B 3Toii Teopuu B Tpexmep-
HOM IIPOCTpPAaHCTBE, pPacCilO€HHOM Ha BepTHUKAa/lbHble NpAMbIe HaJl «IJIOCKOCTBIO
Me/IJIEHHBIX NEePEMEHHBIX» 3a/laH0 [IBa BEKTOPHBIX MONA: OJHO («GhICTpPOE») Bep-
THUKalbHO, a Apyroe («Bo3Mymaromeey) npousBoibHo. Hynu 6picTporo moisa o6-
pa3yloT «Me/JIeHHYIO NoBepXHOCThy. IlnockocTy, HATAHYThIE HA BEKTOpPbI 060MX
1oJjieil, BhICEKAlOT Ha Me[JEeHHOI IOBEPXHOCTHU II0Je HalpaBJIeHUN «MeIJeHHOI'O
nBuskeHusA». Peuyb uzeT o cemelicTBe NMpoeKluii UHTerpajlbHbIX KPUBBIX 3TOr0 IO-
1A ¢ MeJJI€HHO¥ IOBEPXHOCTHU Ha INIOCKOCTh MeJJeHHBIX IIepeMeHHBIX.

KpuTuyeckue 3HaueHUA MPOEKTUPOBAHUA Me/IJIEHHON MOBEPXHOCTH Ha IJIOC-
KOCTh MeJJIEHHBIX IepeMeHHbIX 06pa3yioT (B cucTeme OOGINero MoJoeHUs) IKC-
KPUMMHAHTHYIO KPHUBYIO C OTAelbHbIMH TOYKaMu Bo3BpaTa. B okpecTHocTH
o01ell TOUKU 3TOM KPHUBOM ceMeMCcTBO NpoeKuil nuddeomMopdpHO CeMenCcTBY I10-
TyRy6udeckux napaborn (y — c)2 = z° (3TO ciaegyeT U3 HOpMalbHOI GOPMBI 3a-
naun 12). B oToenpHBIX TOYKAaX IIagKOCTU JNCKPUMHHAHTHOI KPUBOII ceMeii-
cTBO Ipoeknuii nquddeomMopdHo cioxkeHHOMY GOKycy, ceainry wiu y3iry (3anaa-
ya 13). Kpome Toro., B cucTeMe OOIIEro TMONO#EHUA BCTPEYAIOTCA OTHAelbHbIe
TOYKM IIaJKOCTU AUCKPUMHHAHTHONW KPUBOIM, B OKPECTHOCTHU KOTOPBIX ceMeli-
CTBO MOKHO olucaTh cilefyiomuii obpasomM. 3aHyMepyeM HUHTerpajlbHble KpUBbIE
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napaMeTpoM C U PacCMOTPHM CEMEMCTBO MX MPOEKIUM Ha IIOCKOCTh (x, ¥) Kak
MOBEPXHOCTh B TPEXMEPHOM IPOCTPAHCTBEe ¢ KOOpAUWHaTaMHu (z, ¥, ¢), pa3buTyIo
Ha JTUHUM ¢ = const. ITa noBepxHOcTh AuUddeomMopdHa (IOKaILHO) MOBEPXHOC-
TH «CJI0#€HHOro 30HTHKa» u’ = v w?, pa36uToii Ha IUHUM u + v + w = const.
Hakonen, B okpecTHOCTU TOUYKM BO3BpaTa NUCKPUMHHAHTHON KPUBOI CeMeNCT-
BO IPOEKIMIi ONKUChIBAaeTCA aHaJOrM4YHbIM o0pa3oM INpHU NOMOIIM pa3ObueHUdA Io-
BEPXHOCTH «IaCTOYKMHOTr0 XBocTay (u, v, w: A* + ul® + v\ + w UMeeT KpaTHBIIA
KopeHb) Ha KpuBble u = const. [lociegHee cemeiicTBO MpoeKnUii, B OTINYHUE OT
OIIMCAaHHBIX paHblle, UMeeT O€CKOHEeUYHOe YUCIO MoJayleill fade OTHOCUTENIbHO Io-
MeoMOp pU3MOB IIIOCKOCTH (x, y) (B ciyyae clO¥KeHHOro 30HTUKaA MOJYyJeil HeT
C TOYHOCTHIO 10 OeckoHeuHO-auddepeHpyeMbIX nuddpeomMophr3MOB, HO B aHa-
TUTUYECKOM CIIy4dae MOABIAETCA GECKOHEYHOEe YKCIO HE3aBUCUMBIX MOMIYJIEN).

Pemenus 3anay 12 u 13 onuckiBalOT Tak#e 0COGEHHOCTU CEMEMCTB acUMII-
TOTUYECKHMX JUHUM Ha IOBEPXHOCTH TPEXMEPHOIo MpocTpaHcTBa (ceMeiicTBO Io-
AIyKyOuuyeckux napabos B oOmeil Touyke mapab0inyeCcKOil JIMHUU U CIOMEeHHBIN
(poryc, y3ea uiu cefiio B OTAENbHBIX TOYKAaX KacaHUA aCUMIITOTUUYECKOr0 Halpas-
NeHudA napaboindecKoil TUHUMN).
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