










































































































































































posaHa UE!J1b,. a B. nJIOCKOCTl{ 1toM.n.11e1'c• 
[SOJ.. . . . . 

. fpynllf so (ti) COCT()ffT HS OpTOf9B8Jlb• 
H.biX MaTpHJJ. noJ>AAtta n c e.IJ.HHHqHhlM onpeAemrre.nea1, 8Jf'­
re6pa 'JIH $Q(n) -- HS scex .$elll;eeTBeHHblX .· 
uarp!fll nopn,l{l(a n. c RyJieBhlM CJ!eJlf>M.) . . . . . · · · 
.. 119, c. 179], qro mo()oA aBTOMOpcl>HsM rpynnhl 

SO(n) HMeeT BH,lJ. ·. · · ·· · · 

(36) 
rJJ.e Tes<>' (n). KaK H 1,:cJJYflae rpynn&t SU {n), MO>KBO noKa­
aaT&, qro MaTpHlla T )1.0JUKHa . uaxo.,D.HTbCff c T()qaQCTbIO .n.o 
UO)J.05HJI B rpynne Cne.aoaateJibHO (41, c. 451}, MaT- . 
PHUY T. MOlltHO HCK81'.b s Bli.U:e · 

(T1, > .. , T,, T,+1, T,.a), (37) 

T. 1 = · r··.En1. a 1 - sin a, ·] ·, 
. En, sm a, En, cos a, .. . 

(38) 

l =-= 1, . • • , r; a, + a1; sina, + O; 
T,+1 ==......., E,1, Tr+I:;::: E ••.. 

Y.CJIOBHe 8BTOMOJJCPH8M& (36) Ha 
a, OfipeAeJieHHble orp&BHTleHHH, KO'ropble ae BJUUlIOT Ha pe'." 
&yJlbT8T. · . . . . . · ·. · 

h ure6pbl so (n), no)J.rpyn­
ne so (n.)4>, COCTOHT ·.1(3 M8TpHU. B, yp,oBJieTBOp$UC>mHX 

TB =BT. . (39} 
IlpeJ.tCTaBHM MaTpHUy B a KJieTO'IHOM BH,lJ.e. Tor..n.a HS yp8s­
HeHH.R (39) no. JIY'laeM. TJ..B. 0 =: .Bu T t• rAe 1 l <; r. 3amnueM 
M81'pHu;y Bu s sK,zte (29. Tor.ita · . 

r 
L cos a, - N sin tt, · M cos a, ...:.. Q sin a, ] _ 
L sin a1 + N cos a, M sin a, + Q cos a 1 · · :--

= [ 
OrczoJJ;a, ucnoJJ.&SYH .uMeeM N !:: 

== -M, Q = L. 'VttHThlB8Jl ¥8.'tpllµ.hl Bw 
H8XOJl.HM . . . . ... . . ' . , · c 

. .., - [ L, M, ]' . . 
Dtt :-- -M, L, ·. • 

I 

(40) 



rAe L,. Mi- KOC<>CHMl!:fe'tpe:lleeKaH e: ·cHMMer~~IWI MarpH~ 
llhl COOTaeTCTl)eHHO. 3aMetaM. qro \ M&TPHU.W. (!9) .o6pa~yIOT 
~~CSpy JlH Jl..J1.ft rpYllllli JlH, .CC>cTaBJieHHOA • ~Cl'.~HfthJX 
opT()ro~HO-CIJMn~KTH~JQsx M8TpJm. ~y~~ ,()(5b$Ha'll8Tb 

ST.Y .. rP!n··.n.y qe~ .. W (n1.·) ..• ···.K .... a." e:ssecrH.o (.58, ···~.·.· .. ····.·.·.·.37 .... · ... o]t o. ··a·a· usoMOpq>aa rpynne U (n1). · · . · •. · .·. · · 
PaccMQTpHM YPaJlleHKe T1Bt.J= BuT1, rP.e 1 ~i, J~r+ +. 2, l + J. 3anKc&maJI MaTpHU.Y Ba B BH,l{e (80)~ 1 n<mytl8eM 

\' ' ' _,.,·' 

[ ~:::;~:=:~::·:;:t::.·] =-

= r~::; ! t::;:~:~ !~:::J. 
OraoA& Li~cosai-cose,) +Lasincz1 +L,sin«1=0, l 
' 

1 

-~sinci1+L,(ce>sci1-cosci1)+ L,sina,=0, (41) 

-Li.sin .. ci1+La.· (cos. ci1-co. .s.a;,)+. L, sin. a;1 =0, .J.· 

-Lasin «t-Ls sin ci1+L, (cos "r-cos cz1)==0. .· . 

. eect~= ~rpL~°L:, l~':~::4 =~=ff~: 
lfee, KU H CHCTeMB CKSJJRpHWX JIJfReftmlx O,llHOPOJUU:iZX 
'}JH18aeimA. JterKo nposep'H'I.'&, tiro onpe,11.emrreJl& cHCTe­
·~· (41) . 

4 ..:.. ((eds a;1- cos a;1)J + ($in• a;1....; sfn' ci1)Ji + 
+ 4. (cosa1 -.cos a;1)

1 sin a, 

OTJIH1l~H or Hy.iu1 H nostowy Li . · 0, La = 0, L8 , 0, Li =O 
T.e. 8 11 0, lE;; l, ·J<r+2, l=;laj. }'paaHeu~ (39) ee 
H8KJI8,lll:llB8eT BHK8KH"i;. ()fp8Hlfllemdi HI MaTpmtbl ~+1,r+l H 

Qr.,.~., olSpasoM, mo0aR no.zxrpynna SO (n)<I> rp~;~ (n) 
eonpnceua ~· no.u.rpynnoft · _ , ; ' < 

S(W(nJX •.. xW(n,)xO(fir+1)XO(nt+.)). ' -(42) 



· reoMeTp~ . HHTe.. ~pnpet.· au.il.11 nonytietl. aoro pesyJt&it .. a'fa 
· COCTOHT B CJleA'YlOl.I.\eM. rpynna S0 (n) JIOKIJJl>HO HaoMopclra8 · 
rpynne )(.BK)kerndi (n -- l)-uepuoro · Bel.I.\ec~tmoro M/lB.rrtH· 
trecKoro .npocTpaHCTB& Sn:-i• ,:r. e• semecTBeHHoro npoeicrirs-
Horo npocTpal{C'l'Ba Pn ... i: c aqcQ/llOTOM · 

n 

l:<*')' = o. 
l•I 

¢>Hrypa, .RBJUllOUJ.&ftCjl TQU:()A O,IUiOPOAHOrO npocTp8HCTBa 
SO .(n)/SO (n)4', cocrollT as. r + 2 nJiocK.ocTel . 

n1, ..• , 11,, n,.+v n,+. 
nppeTpaHCTBa Sn_1, nsam.mo ' no.ri,pHblX OTHOCHTMl>HO a6co­
JµOTa, npW1eM B K8lK,ltoA H3 naocl¥ocreA ll1, ••• , fi, ci>HtcCH· 
posaHa napaTBKTHtlecttaft ;xoarpysHIJ.irn (30J. 

rpynoa Sp (n) ecTb rpyntta KOMI1JleKCH14 MaTpHt.l DOPHk 
Ka 2n, OCTAMHIOW.HX HHBapHaHTHhlMH BHeWHIOIO H' lpMHTOBY 
~ . I 
~hi: . • ' . . ' 
. . il{\t'+l + "1A'f'+1 + · · · + r'Azl"~ . 

z9. + ~ii+ ... + 1""?n. 
A.Jire6pa JIH sp (n) rpynnhl Sp (n) COCTOHT H3 M8TPHJJ. 

·r·· . Mi Ms ] 
-Ms M1 I 

r,JJ.e M1,·Ma- KOC09pMlrl'OB8 H 'KOMUJieKCH8ff CHMMeTpitqecK&R 
M8Tplmbl COOTBeTC~HHO.. ·. . . . · 

Jlro&A 8BTOMOpCi>lmM rpynnhl Sp(n) HMeeT BH)l 
.ell: Sp (n)-+ Sp (n), A-+ "tAT-1, 

r.ne T E Sp (n.) I 19, .. c. 180}. J<ax .H s rpynnax SU (n) a SO (n), 
. MaTpHU.a T. .n;on>KHa Bbl6$1paTDCH c ToqHOCTYO ll.O noao6wt , B 
tpynne Sp (n). HasecTao. U9, .~ 180], irro .JIIO(Sasl MaTpHJla 
rpynnbl Sp (n) no,JJ.o6aa MaTpHU.e BHAa 

T ( ta1E '"ro -1111~ .· . -ra,.E ) . = e .. n1' •••t e 4"on,,' e ' i.;.n1, ... , e nr ' (43} 

,1.a11 ~ e=ta.q, ,111,.:1; = ~ l, e'a.r = 1. 

KaK u B CJiyqa~ rpyanhl SO (n), ycJit>elle nepao~HllllOCTH as-
TOMOp4JHSMa <I> · MQ>KHO ae yqHTblBan; . ·.· .. · .. · · ... · .. · .. · . . · 

1 Oo,JJ.anreOpa h ~re6phl sp (n), c~'.l'C1'}'10Ut8H no.nrpyn~ · 
: ne Sp (n)111, cocTOHT us MaTpim; B, yAoBJleTlsop.RIOUlHX ycJio-
;,, BHIO (39), rAe T-M&Tplru.a {43). 3anHIUeM Ma'l'pgey BB KJ1e-
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, :i ··-w\~,j_ .. _;\,f{:·f:;,, 
' ' '· ,:,.•.',• 

, . . . . . I , . '·' . •'4;• 
'J'O"IHQM BHJl.~ B ; (B11) H DOJIO»CHM e 0P=,~, ••• ft.;,~ ~r+p· '(o-
r..lla Jl3 (39) nOJI.yqae}d ·.. . . . . . . . ,,:.>::t, ··. 

~1811 =e1B,,, 1 <£. l' 2r, l~:lhc 
C!le)loB8TeJt1iHO.. BtJ:;::: 0, l< i, j <;:r, l~·,J,:i,luaJlorHqao 

Br+t• r+i = 0, l ~ l, J <, r, lllJI.): ' , 
B1,r+J = 0, Br+J,i = 0, BJ,r+I = 0, B,.+I,/ ::;:ii. 0 

;tJUI l <i~r, 1 ~l~r-2; 

Br-1,ar.== 0, Br,1r..;.1:::i: 0, Bar~1,r= 0, B.,.,r .... 1'- O. 
·Ha MaTpmtW B,,, h~l~2r, a T8K>Ke Br-1,tr-tt B,~tr• Blr-1,r-1' 
B.,.,, ypaBB8HHe .(39) .ae HaKJiaJ).'blBaeT. HBKaK.HX orpauut1eHHA. 

B HTOre noayqae;,, 11TO JI~. noArpynna Sp (n)~ conpn· 
meHa . c .no.n;rpyn.not · · 

s (V ("1} x ... xv (n,) x Sp (m~) x Sp (m1)), 

rae J.'(n,)-- rpynna, H30MQ1l4>wu1 rpynne U(n.1) u coCTOHma11 
. 11$ M8TpHll (35) · . , 

fiepexo~llM· K· re•Tp111tecKoft ~urrepnpeT&U.l:IH nonytteHHO· 
ro peayJI1»TaTa. rpynna Sp (n). JIOKaJlbllO. HSOMOP<l>aa rpynne 
JlBH>KeHHI {n "'"'.'"" l)·MepHoro KBatepHHOHH:oro ysHTapHo-9JIJlun., 
THtreeicoro npocTpaxcTSa Kn..:..1 (i, j), T· e. KBSTepHHOHHoro. 

, npoeKTHBHoro npocTpaH.cTBa P11 _,_ (i, J) c a6cOJDOTOM 
n 

'_21x1i 1 = o. 
1-1 . 

<l>Hrypa, .HM.SOOU\8JJCSI T01lKOA OABOpOJlHOro npOCTpaBCTBa 
Sp (n)/Sp (n)~, cocTOHT lta s + 2 IJJJocxocireA 

n1, ••• , n,. nl+1, n-+• 
ripoerpa~cTBa Kn._1 (l, j), BSaHMHo no;n1pHb!X. OTHOCH'reJibHO 
a~a {44), nplflleM B. KalKAOI RS nJIOCKQCTeA Ill' · ••. , Il, 
cl>HKcaporwra · HOPM8Jl&H&SI · iten& [30J; · 

! • 

§ 3. rtepNOAM..-CICMe OAllOPOANllll8 npocypaHCTN 
C IC1141CCH't8CICNMN HelCOMftaKTHWMN OCHOIHWMH 
rpynnalt\M cep..- A 

. ' , . . ' \ 

l(naccHipHKa~H$t nepHO}J:H'CltCKHX aBTOMOp<l.>HSM()ft ~ ~OOT· 
seTCT:eyJOllU~X. . O'AHOpOJ(HblX .. npocTpaHCTB MeK~~J{THbIX 
KJl8CCH'!eCJCH:>t rpynn noJiy'!laetcs Ha OCHOBe: a) J>eSY;1lil;i1aTOB 

~ ' . 

. 88 



§ 2.; 6) KaHOlUil.leCKH~ 4>.op.M aBTOMOp$HlHIOB. KJtaCCH.'lleCl<HX 
rpynn. HSBCCTHblX H3 pa6oTbI )I( . .nbe.D:QHHe [18] H CJie,!I.yIO· 
in~ft TeopeMbl C. Koxa. 

TeopeMa t. (89] .. K.oHeqnast rpynna 8BTOMOP4>HSM08 CBRS­
HOA rpymtbI JllfOCTtlBJIReT HHBapHaffTHOA HeKqTopy10 M8J(Cff~ 
MaJibHYIO ~Ol\tililKTH)'IO no.a.rpyony. . 

rpynna SL{n, R.) cocTOH1' H3 acex aeine-craeHHblX Mar­
PHll nop5t.n1<a n c e>1.1pe)J;ef!HTeJieM 1. 0Ha JioKaJt&Ho 11s0Mopcp-
11a rpynne KOJlJIHHeaue:A . ·. seinecTsealior? ... npoernft&Horo 
r.pocTpaHcraa P n-i· A1Ire6pa sl (n, R) rpyrmm .SL (n. R) 06-
pa3oaaHa sewecTBeHR.&JMH M8TPHU8MH .·JIQPffJl.Ka ft~· HyJle­
BblM cJieJJ.OM. MaKCHMaJI~Has KOMnaKraa.R no.a.rpynna rpyn· 
nbl SL(n, It) ec'l'h rpynna SO(n). .. . · · 
. J[l()6oA aBrotitopq>HSM rpynnw SL(n, R) MO>KeT 6bITb 

. npe'ACT8BJieH B BH,zte . ' 

<I> :.SL (ti, R),... SL (n, R), A~ TAT-1' (l) 
HJIH 

cI>:SL(n, R)-+SL(n, R), A~TA'-1r-1, (2) 

. rJJ.e TE SL (n, R) [18}. . . 
· PaccMoTp.HM auaqaJJe asTOMOpq.>BsM ( 1). Ka.K H B § 27 
TIOKaShlBaetcfl, 11.TO M8TpHu.a T MO>K~T B!i6Hpa1't.efl c Toq­
HOCTbi<> . .n:o noAo6Hft n rpynne SL (n, R). By.AeM 6patb '3TY 
MaTPHitY B eei:necT.BeaHoA lKOp.llaHoBOi HOpMaJI.&aoi cpopMe 
[41, c. 3601·. Tax xas: neHTp rpynnhl SL(n, R) coCTOHT Ha 
MaTpHU ± E:, 8BTOMopcpH3M ( 1) 6y.a.eT HMeTb nopHJJ.OK k TOr­
;r.a H TOJlbKO TOr)l.a., Kor.a.a 

Tk = ± E. (3) 

,UJI~ Toro qro6&1 MaTpuu,a T YAO'BJienops,11a ycnouHK> (3), 
Heo6XOJI.HMO R )I.OCtaroqHO, 'IT06bl STOMy ycJI08HlO YAOBJie·r­
BOpRJia >Kop.naHona ct>opMa •aTpHUJ:it T. 

HTaK, sa.zr.aqa CBOAH'fCR K pasbtcKaHHIO acex lKOpAa­
HOBblX MaTpHI( HS SL (n, .R), yJJ.oBJJeraopsuomHx yc.nosHIO 
(3). Ma (3), B qacTHOCTH, BWTeKaer, qro aJI~MeHTapuble .lle,. 

JIHTe.tJH MaTpKltbl A;E-.;.. T npocTue. CJ1eAosa:te.TibHO, /1.JIB. .aeTo­
Mop.>d>HsMa ( 1) M8TPHU.Y T MOlKHO 6parb B sn.u.e (37) § 2~ 

MaTpHUbl B noAa.itre6pbl h aJire6p!ll sl (n, R), cOOTBeT­
crsy10meA noJJ.rpynne SL(n, R) 0 , Haxo.zu1TCH raK me, KaK H 
8 ·~ 2. Ilo.naJire6pa h COCTOHT ff3 MaTpH~ BH.zta 

I 

B = (81• · • • 1 Br-I' C1, <;), 
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B, = [ . L, Mi ]· I 

--M1 Li 
(4) 

;~T:~~fp~ny···Jfv~~~=:s;:;s:~~pe1h~~~;; 
BHJ.ta (4), 6y,aeM ~H~qaTJ> Gi;(n,). Ch-a rpynna lf30M01'4>Jla 
rpynne GL (1:11, C). . . 
· TaKHM oOpasoM, nio6a11 no;1:\rpynna SL (n, R)4> rpynn:&t 

SL(n., R,), COOT:aeTCTB}'lOW.aH BHyrpeHa.eMY aa'l'O:MoJXl>HSMY (I), 
conpa>f(eua c . no,1.U'pyn~ · · 

S (GL (tii) x ... xGL (tt.j xQL (tlli, R) x<lL (~, R)). 
. . . 

CllH. ryp ..... a.·.·· R. BJtRl()m.aff. ·. · CR TO'CU<. · o. A. o· ID.. HO. pQAHor·o· . npoc. · Tp.aHcTB.a SL (n,. R)/SL(n, R)c3>, COOTBe"r~ayiornero aBTOMop<l>HSMY (1), 
COCTOHT H3 B + 2 DJIOCKOC'feA Iii, ... , fl.,..11 00m.ero DOJIO)Ke­
HHJI upocTpaHct&a p n-1' npH1leM B K81K40A MS IlJlOCKOCTeA . 
fl1, • • • , If• l\JHJCCHpOB81l8 MJIHDTH"'let~ JIHHeAHaR KOHrpy• 
9HllHff {30}. . ' 

PaccMOTpSM asToMOptj>HSM (2). IlOJIY111fl\f yCJioBHe. conp11~ 
>KeS.HOCTH 11.syx noArpynn BHJ\& SL(n. R)cJ>. ,U.ns A, S, TE 
ESL (n, R) HMeeM . 

. StA'-1T.;. 1s-~.:: (STS') (S~- 1)'- 1 (STS'(1 • 

. OTcto,na · BHAHo. 1110 ecJIU · Matpm.J.a A y,n;oBJJe-raop.11eT yCJiosmo 
TA' -ir-1.= A,, . . (5) 

To MaTpHUa B = SAs-1. - yCJIOBHIO 

(STS') B (STS')-1= B (6) 
JI o6paTH0 Ha (6) CJI~ (5). Cne,itosaTeJibHO, MarpH~a.T A~ 
nyeKae-r.sattteHY.BHAa T1 .... STS'. r.ne.SESL(n, R).·. · .. 
. . JidAeM ycJIOBHR Ha M&TPllllY T, npH ahlaOJiueJUtH ~oro .. 

pbIX aBTOMQ)$18M (2) (Jy}letr HMeT& KOHeqli&IA nopAAOK . k· 
()qe&HJ{HQ, 'ITO k .ll<>Jl>K.60 C5blTb ll.eTHblM 1JHCJJOM! k==2qt. TI~ 
Jiytme:M 

(TT'-1)m :f: B. (7) 

ll COOTBeTCTBHH C TeOpeJ.lOft 1 § 3 MOXC:HO C1Dl'l'I .... ~ ~9
1

i~TO· 
1.1optf>u3M (2) oproroHaJJbHhle MaTpHUhl nepeso.iurr. tr. ~J>'l'Oro" 
HaJlbHble. ·IlYCTb A-opTOroHaJlbH8R M8Tpuna. rpecsy,., "l'l'P6H 
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M&TpHu,a TA'- 1T-1 &iJia optOroHaJI&Hoft,: D:OJiyt1aeM AT'T = 
= T'TA, r. e. MBTpIW.a T'T nepecTaHOB01lH8 co Bee.MM opto· 
rOHaJibHblMll MaTpHuaMll. IlOSTOMY 

' 
. T'T =-E (8) 

HJIH 
T'T = E. (9) 

¥paBHeHHe (8) ~e HMeeT aem.ecTBellHblX peweHHA, a HS .(9) 
CJIAAyeT,. 11To M&Tpuua T oproroHaJI&Ha. Yt1HT&1BU·· yCJionae 
(7), noJIYifaeM, 11ro MarpHuy T .zvu.r BBTOMoP4'asMa (2) Mo>KHO 
()paTb B BHAe (37) § 2. . . 

HaA:,zteM M&TPHJJ.bl n0Arpynm21 SL (n. R)4> H ee ~rec5pbl JIH h. 
Y cltoaHe npHHaJVleJKHOCTH M8TPHU.f>! A ESL (n, R) noJ{rpynne 
SL (n, R)4> HMeeT BHA . 

TA' .. 1r-1 =A. 

Orcio_.zta cn~yeT, (60, c.·14, 17), 11To ~aTpHil.a BEsl(n, R) npH· 
Ha.zf.JIE!lKHT h TOl',JJ.a H TOJIWCO TOr.1(8, KOr,l(S OHS YJ{OBJJeTBOP11· 

eT YCJIOBHIO 

BT=-TB'. (10) 

3anHCYB8R M8TPHULl B KJieToqJloM BHJJ.e, HMeeM H8 {10) cu­
cTeMy ypaBHemdl 

B11qr; = - r;a~P· ) 
BpqTq=r -T1Sqp 

(U) 

>S8TPJ:«l Bpq H a;p, .1 ~-p, q.:!(r+2 •. BBEWI 

MO>KHo CB.ecTH CHCTeMY (11) K CJI~YIO~eA CHCTeMe ypasHemn't 
JJ.JIH MSTPHU L1, Ls, ... I Lt: 

/.

9

L
1 

+ ApL

5 ~ 0, A."L, +·. .• 1. ···P·······L·· .. ~ = 0 .. •· ·.1· µqL1 - µPL, = 0, J.l.qL, + µ..pL1 =0~ 
µ.qL1 + µpL8 = 0, · J.LqL, -:--:-!LpLe =0, · 
A.qL8 + i.p.Le = 0, ~qL, + 1s.pL8= O. 

(12) 
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On~eJIHTeJI& noA O)lHOpO.llHOA CHCTeMY 
. . ·.· 2 2 2 21 

. ~·. I 

A = (Ap Jolt - Aqp.11) • 
IlOJIOlKHM 

'-p=cosap. f.'p=sinap, A.q-cosa.q, µ.9==sin«q 
H HCCJie.AYeM yCJIOBM paaeHCT8a H}'JllO '1:. 

cos* &p sin' a.q = cos' ~q sin' &p. (13) 
1) Ilyc11> l<P=q~, A.p+O. Tor.Ila ypaeHeHHR (12) MIOT 

L1=-L&, L1=L7• L1=-L8, L8:=;:-L9' 
L8=--L,, L,=-La, L1-L~, L,=-L8, 

'I'. e. 

Bpp = [ -t t } (14) 

. B;, =I -t =t: l · (lS) 

·eonocTaBJIRR (14) H (15), nOJiyqaeM, .qro L1, L9 - xoc<r 
-CH.MMeTpH11ecxa.s H CRMMeTpH11ecKaft ld8TPHIJ,bl COOTBeTCTBeHHO. 

2) Ilycn l~p=q ~ r,. Ap=O. Tor.Ila .Hs ypaBHelld (12) 
H&XO~HM ' 

Bpp.= [ ~: -~; l (16) 

rJJ.e L1 - ttpOH3BOJibH8.ft K88JlP8THast. MaTPHU.a, a L9, L,-cHM .. 
MeTpH1!etKHe MBTpHU,hl. Haeec.THO {58, C. 374], 'ITO M8TJ>Hllbl 
(16) 06pasym· anre6py JlH rpynnbl Sp(np, R). 

3) Ilycn 1 <:: p, q ~ r, p + q. Tor.Ila HS (13) 
tg9 &q = tg•a.p. (17) 

Tax KSK KopaH A.p + iµP H ~9 + if.'9 He MOryT 6b1Tb KoMn­
JleKcao:conpH>KeBHl:ilMH, ns-(17) CJle.zlYeT l.11= ~A.p, ft11= J!.p• 
YpoHeBu (12) JJ.illoT · 

B,.= [ t ~~ J. a •• =[ ~L~n 
r.zr.e L1, L1.,-npOHSBOJibHhle KBaApBTRble MITPHD.bl· 

4) HaK<>aett B8XOAHM, t1TO HeffYJreBbJMH 6ym Ta~ CJ1e· 
)lylOlU,He KJie'l'KH: . , . , . . 

Br+t,r+l = - Bt+t.r+lt Br+2,r+2 = - Br+2,r+2• l (18) 
BH211'+1 = Br+t,r+a· . J 



KaK HSBectao [58, c. 373J, Ma'l'pHU.bl 

, (· Br+l,r+l B,.+1,r +I ] , ( i 9) 
Br+e,r+l Br+2,r+ll 

y.n.oe.ilereops11om.He · ycJIOBHHM.. (18), o6pa3yIOT aJire6py JIH 
rpynnbl SO($, t), . · . . 

TaKHM o6pasOM, MaTpHIJ;bl noAaJire6pct h, cOOTleTc'l'BytOUXe.fl 
aDTOMopqnlSMY (2), MOryT 6orra npHBe)J.eHbl K BH.ItY 

B= (B1, ••• ,.· Bp.• C1, •• ~ •.. C", D, F), 

(20) 

L1, M1 - KOCOOHMMerpH'le¢Kcuf H CHMMetpH'lecKas MarpHU.bl 
COOTBeTCTBeHHO, . 1 

, B1 ={ ~! ~,} (21) 

CJJ -- M:aTpHU,IX. · sw (20), 

i P1~ ( ~; - ~; } 

Ml! N_.t - npoHS80JlhHlie KBaJlpaT!lWe. MaTpHllbl; D - MarpHJ.J.a 
O 6), F -M3TpHJ.J.a (19). 06osftaqHM trepea A (nJ) rpynny Jb1, 
aJire6pa JIH KOTopoA cqcTOHT HS Marpttu (21). Tor.n;a rpynna 
SL (n, R)«>, · coorseTCTByJOUJ'.8B aaToMoP<tmMY · (2), HMeeT BB.II. 

'S(A(ni)x .•. xA(np)XV·(mJx ... XV(n:tq)XSp(tn,, R)X~s. I)) .. 
rpynna SU (p, q) ecTb rpynna MaTPHll 83 SL (p + q, C), 

oCTaBJI.RIOIUHX HRBapH8.HTHOA spMHTOBY <ix>PMY ' '. '' 

-zii1- ... -z"a" +z"+tzp+1+ ... +zP+f.ip+•. (22) 
rpynna SU (p, q), p1+ q=n JIOKSJibHO~HSQMOptHa ··rpynne 

~mKeHd (n - l)·MepHoro KOMnJieKCHOro yHHTapHo·ncel:IAo· 
9JIJIHIITHqecKoro npocTpaHCTea HH)leKca p- "Kn-l (i), Tl. e. 
npoeKTHBHoro npocrpaHcTBa Pn ... dl) c a6cOJIIOTOM 

-zii1- •• • -iizP+zP+ii'p+1+ ... +zp+q'ip+q =0. (23) 

Anre6pa Jla · su (p, q) rpynnhl SU~(p, q) coct01t! HS M&TPHU. 1 

B =[ ~~ Ma ].• (24) · Ms M, 
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· r.ii;e M1, Ms-KocoapMHTOB&l Ma.TpHU&l nOllffAKOI ·P iJ q, M3~ 
npolf3BOJJJiHaff KOMilJI~CH8JI pXq- ~TpHu.a, trM.:1.+ trMa=:;O 

.Ma!CCllMM&HaJJ KOMnaKTHU noarpynna K rpym1&r SU(p, q) 
COCTOHT HS M8TpHU 

(25) 

rAe Lt H La- YHHTapHue MaTpHUbl DOJ>11AKOB p H q; aJZre6l)a 
JlH k rpynnhl /(-HS Ma'l'PHB. 

(Ml, M1), (26). 
rAe .M1 H M.-xoco~pMHTOBht :MaTpHUhl uop.ff,llKoa p H q. 

DpoHSBOJI&H:&tft aeToMoPtj>HaM rpynn&I SU (p, q) HMeeT Bu.zt 

. . fl>: A-+ TAr-1 (27) 

flJ : A-+ TAt.:.1, . (28) 

r.u.e T ESU (p, q) 118}. . . ·. 
· Habtw ace aetoMOp4>ffsMLI rPy1111LI SU (p, q), ocrasmno­
~. He. . HH.· BapH8HTH.oft k. 811(,ll}'IO M8TpHI{. . y. HS M8KCHMa,JlbHOil 
KOMD8KTHOA: no.nrpynnw /(. Jll0(5oft 8BTOMOP4>H3M anre6pY 
SU (p, q) HMeeT. BH)l; ., 

q> ; SU (p, q) 4- SU (p, q), B 1-+ rsr-1 (29) 
HJIH 

~:su(p,~q)-+su(p, q), a ...... rsr-1, . (SO) 

rAe. TESU(p, q). 38)1.aqa cBOAHTC.ff K oTHcxaHHIO scex asro­
Mop4>R8Mc>s (29) H (30), OCTBBJIJl~HX HHB8pH8HTHOft K8>1CA}'IO 
M81'plfllY BHAa (24). . · 

Ha1JHeM c a&TOMOP<l>H3Ma (29). Ecnu npeact~llT& M&TpH· 
~ T B aH,11.e · 

. .. T =[ T1 ·Ts ·]' 
. T, T1 

TO ycJlOBH.fl HH88pHaHTHOCTH MaTpHUJil (24) OTHocHTeJlbHO ae­
TOMOpc)JISMa (29) npHBO,IlRT K ypasaeHHRM 

.. M1T1 :;::: T,Ms. (31) 
M.T, = T,M1, (32) 
M.1T1 = T 1M.1, (33) 

~T1 = T1M.. (34) 
· VpaBH.eHHe (31) OTHOCHWu,HO MaTp~ T1 AQlllKll~ y.noe­

.nenopnTbefl AJISI . .rno&ix B~~TUeHHblX KOCOCllMMeTP1'•KHX 
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MaTp~ .M1 H M,.. OrCI0.1ta ~yer, "Ito T8 = O. AH&JIOrH1UlO 
~·. y~sHeHIUI (31) OQ./IY1UieM T' = o. Ha ypaBHeHBA . (33) . H 
(34) ·lweeM .. . . ·. 

1:'1 = ~Ep, T1= s.E9 , 

r.ite s'l = 1~ ~i~= 1, T. e. 
T = (s1E P' a.Eq)• (35) 

PaccMoTpJIM aaTOMopej>HaM (30). BMecTo ypaakemdl (31)-. 
(.84) H&XO,!J.HM ypaBHeHH.ff ·· . · . ·. · 

.M1 T8 = T aM1, {36) 
I . -.M, T, :t: T,.M1, (37) 

M1Ti. = T1M1, (38) 

Ma T1 = T1M.. (39) 
TaK KaK e puccy>K,11,eHHstx Jl.JIH asroMopq,HsMa (29) yqa~ 

c'l'&OBaJiH 'roJlbKd e~ecrseHHhle . varpHn1:i1 M.~ ll M~, M&t 

CH·O.· Ii3 npH. X.O)l.HM· .. · K Bl:il··· a. o .. .n;·y .•.. ·'q ... T ..... o M·a .. T. p.Hna .. · .. T. ·. ,IJ.~ltrna ... ".Me·r· b . SHA (85). Hs (38) H (3&) (:Jle.ZlyeT, 'lf'ro T""'70· 3-ro osHaqae1'.. 
'liTO He cymecTsyer 8B'J'OMOp$HSMOD (30), OCTaBJUIIOlllHX J:lH-
'B8PH8li'fHOA K8lKJ4Y10 J:i3 MaTplill BH)l,a (24}.. • . . . 

HTaK, JU060ii asTOMopcl>HSM rpynm>1 SU(p, q), ocraujt~~ 
JQJnHH UHB8pH8,HTHOA K81KJ1.Y.IO MaTpHUY H3 M8KCHM8JibHO:A 
KOMrraKTHoA noJlrpynnw K. ecr& a:BTOMOPcl>HaM (27) c Mar· ~ 
p11uea (35). . . · . 

B COOTBeTCTBHH c TeopeMoA l § 3 Mbl MOJKe?.( paecM:aTpH:- . 
aaT& JIHIU& Te asT0Mop<j>HaM1i1 rpynnw SU (p, q), Koropble 
ssJu1mes npoJJ.OJI}l(eHHJIMJf asroMopct>aaM~B rpynnhl K. npa 
onHcaHHH &BTOMo)>4>HaMoB rpynnbl K/>YJJ.YT HCIIOJJ&soaat&cs 
pesyJibTftTl:iit § 2, B KOTOpOM HaA,neHbl KSHOHH'leCKHe cpopMbl 
8BT~Mopcl>H3M08 rpynn&t $U(1tJ). . . 
· · BOat.MeM: anToMoJ><j>HaM (27) rpym11i1 K, nopoJK,11aeM1i1ii ·. 

M8TPHAeA. 

(40) 
/ 

T = (s1Eni' · .• , B1En.; Ba+tEn,+t' • •. , ·a,Ent)~ 
r..zte n1+ ... +n.=p, n,+1+ ... +nt=q. li1l=l. 

3TOT 8BT()?tJOJ>4>~ pacnpocTp8HJte1'al Ha BCIO rpynny 
SU (p, q). HabeM rpynny SU (p, q)•, COCT0'11Uyto HS MaTPHU 
AESU (p, (/), nepecTaHOBO'IHPIX c M8TpeueA ( 40), . TipeJ.(CT8BJIHff 
1Vl8Tpuuy A e KJieTO'IHOM Bit.lle A = (Ault n pm:oJJ,HM x CHcreMe 
ypa~HeH~ e1All = e1Au. 9ru ypaaH:eHJIH lie · uaua,ab1BatoT 
HHI<~KHX:. orpaall'!ead Ha ,nuaroH&Jihffble Wi'.t'P~hl A11, a Taxme 



Ha. M81'p~LI·Au _c s, = s,. 0cTaJJbHble M8Tp~·~i1··_.ao.lJ>KHbl 
6b1T& Hy.neB&tMH .• HTaK, no.iu'pynna SU(p, q)ib rPY~llW SU (p, q), 

. coorBeTCTByJOJlJ.aH 8BTOMOpPH3My (27), . H90MOp(j>H8 ·. rpynne 
S (lJ <P1, q1)X ... XU (p,, q,)) •. 

<l>H1')'pa B. PK~1 (l),. HBJisuow.aS1cH TOt1KoA o.u'.itopo.n.aoro 
llpoctpaHcrea SU (p, qJ/SU (p, . q)•, COCTOHT us l nJtocK~tt, 
nOJI.apm,ix Jlpyr Apyry OTHOCHTeJJbHO aCScoJuora (28). . ·, J 

PaccMoTpHM · aeroMOp<IJJf3M (28) rpynnbl K, nopo>KJ.(aeMhdi 
~~rpaneA. . · · · 

T = (P1, • ; • , P,, Q1, Q9; P,+1, ... , P,, Q3, Q,), (41) 

rae Q1, Q,- e)tHHH'IHble M8T}lHIJ.l:.I, 

Q. = (-~ ~ J, · Q,=[ ~ --: l pt= [ s,~ ~ } 

. )a,l = 1, c~ ei_, • ~ • , s,. Her KOMtlJieKCao-conp}I:me111U:il · 
TaK .a,ce, DK H. CptWI Er+i' ••• , ~ ••. STOT. asrOMopcl>H3M pac-

.n. _:i_·_, _o ·.C .. T ;p&IDlerc. · .. ff.· .. Ha. ·sc. IO·.r·p.yn···."Y_ .. s __ u_._._<P_· '.··q.) •. Hab. eM. no.· }lrpynny SU (p, q)~ H coor~yJ01JJ.y10 -ell no.n.aJire6py h ure6pbl 
· su (p, q). MatpHJ,l.bI B .a.rJ~pbl, b .HBJISJIOTCH pemeHHHMH ypae-

SeHHH · 

BT= TB, (42). 

r;te T..:... M8TpH~a (41). npe.n.cTaBHM Matpmr.y B .B KJl~HOM 
BHAe B = (B,1). }lJIH MaTpHUbl 

Bt='"'"'[.•·. B,.+1,r+1 ~r+1,1+~_-.· .]_ 
·· · B,+a,r+l Br'+a,a+a 

HS ypaeHeJmn (42) ~onyqaeM 11:1. ~ 81. Of®Aa cMJ{yeT,. 'ITO 
B,+:t,r+l H B,+a,,+a "'""!"' B~ecTBeHHhle KOCOCHMMeTpHt1ecxR~ :MaT· 

pmr.bl, Br+t,e+a · - iipoHsBOJI&HaH eem.ecrseHHM Matplfua H 

B.+~,r+l = a:+1.a+S· A11re6pa JIH MaTpHU Bi. ecTb stf(,p, q). 
PaccMOTpHM M8TpHi.uiz . ' ·. ,· .. .· 

-Mn Mi11 M11 Mu..,. . 

. Bi==( Br+11r.+1 · B,.+11,1+• ·.] = M.1 Mu Ma ,M., · 
· B,+4,r+- B,+,,a +4 , M,1 .. Mas M,, .MA 

_M..1 Mu Ma~ i• 
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0 Enl 0 0 

T1= 
-En 0 0 0 

1 

0 0 0 -En 
II 

0 0 En
11 

0 
Hs ypasHeHUa (42) HUOt(HM 

M11 Mu M.t8 M1• 

B, == · .. (43) 
- M11 Mu . .. Mu - },la 

M81 M33 · M88 M86 

_ Maa -M81 ~ ~;- 14.a _ .. \, .· 

Ha npHlt&J.VlelKHOCTH STOA MaTpHUbl ·aJJre6pe su (A, q1) Bbl· · 
TeK&JOT CJie,!J.yJOUJ.He yCJIOBHff .. : M11, ~ - .!?OO~PMHTOBW! Mu, 
~ - CHMMeTpHtleCKHe MaTpHitllf, .M81 ==M1a •. Mai= Ml•· 

JlerKO UOK838Tb, 'll'O Ma.TPHJJ.8 ( 43) fiOAo6Ha M8TpHU.e 

Mu . . M11 · M11 Mu 

M;a Ma M;4 Ma& (44) 
- Mu M14 M11 - M18 

Mi. -M,. ,_....M;a Mn _I 
113secTHO [58, c. 374}, 1iTO MaTpUllbl (44) ot:pasylOT 'aJJre6py 
JIH sp (p,, qJ. .. . . .. 

flpe.tr.nOJIO:>KKM, ·qro K8KOe-TO HS liHCeJI 811 , •• , 8,. p8BHO 
O,ztHOMy HS 11KCeJl Br+l• ••• ' e,, HanpHMep 81 = 8r+l = 8. 

JlyCTb . 
....., 

Lu Lu L_a Li, 

Ba= ( 
Bu . B1,r+• ]== Ln Laa Lu L11 

' (45) 
B,+a,1 Br+a',r+• · Ltt Ln L., La& 

- La 1 .. Lo- Le._ 
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- 0 En1 
0 0 

Ta= 
eEn1 

0 0 0 

0 0 0 E,,, J 0 0 eEn
1 

O 
lb ypaBKelUIR (42) CJie)lyeT, 111'0 M8TpHua ( 45) HMeeT BH)J. 

Lu 0 Li1. 0 

0 Li1· 0 L (46) J.I 

r;a 0 Lu 0 

I,_ 0 L18 O i,._ 
r.zte 111, L.,- KOC03pMHTOP&f MaTpJU,Ui. JierKo BHJJ.eT&, qro 
anr«5p~ JlH M8TPHU.. BH)Ul .(46) HSOMOpcl>Ha a.nre6pe u (p3, q,). 
. npe.n,noJiq]l(HM, · 11TO C})eAH BJ., •• ~ , · .. 87 .ecT& 11HCJIO, KOMR· 
.neKCHO"COnpmKelutoe c X8KHlNJHl:io H3 llHCeJJ e,.+1, ••• , e,, 

Hanpmiep · e, = ~· PaccMOTpliM MatpBll.bl 

Nu ·Nu No Nt, 

_B,, .·] .• ~ Nu. N1_1 N,, . N1, 

B,. .· · N81 N81 N88 NH 
·_.: .. ·.:· ··_[ ... B. B. .. ,.,. . ,= . . B . ,,. 

_ Nu. . Na N:43 Nu 
O E 0 0 -n,. 

e En·. 0 
T. = , , 

.. 0 '. 0 

0 0. 

0 0 B,.B,., 0 
M3 ypalJHeHHH (42) c yqeroM roro, 11TO MaTpHua B, npu-

HSJlJleJKHT aJire6pe ·u (p,, tfJ, fiOJJ}7tlaeM . .. 

B,= 

- N'11 0 0 Nu -

0 N11 e,N1, 0 . 

0 ~Ni, Naa .0 
N;, o o N._ . 

(47) 

rAe N11., N,.-KocoapMHTOBDI M8TPHI.Uil, a N1,.:...npo~as 
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KOMnJleKCHtUI Ma'l'pHila. .MoJKHO nOK838Tb, llTO aJire6pa Jiff 
M8TpH~ (47) H30M0p<l>Ha anreGpe u.(p,, q~. . . . 

ECJIH .D.JlH KaKOro·JIH6o Ha llHceJl e1, ••• , e,., Hanpm.tep St, 
cpe,u.u qHceJI 8r+lt ••• ' &. HeT paBHblX 81 ~H KOMllJleKCHO· 
conpSilKeHHblX c HHM, TO, K8K H B § 2, M8TpHUa Bu HMeeT BH.lt 

au = (S1,. S1) I ( 48) 
rAe S.i....:. t<OCOSpMHTOBa MaiTJ>aD.a., ;\Jlre6pa MaTpHU. (48) :HSO· 
MOJ14>aa 'aJire6pe u(p.) • .M<;l>KHO noJ<asan (bf. §2), .~.ace 
.MaTplfllbl B0 , OTJfHQHble OT paccMOTpellH&IX B.blWe, - HY11eawe~ . 

TaitHM o0pl)SOM, no.Arpynna SU (p, q)tb, COOTBe'J'CTBYfOUltUI 
rum>MOptj>H3My (28), HSOMOpct>Ha rpynne . 

. S(U(p1, '11)>< ... xU(pz, q1)XO(p1+1• '11+JXSp(pz+s• f/1+1»· . 
ny~b p::::q. B 9TOM CJiyqae BOSMQ>KeH 8BTOMONH3M (~7), 

nopo)l(AaeMhlft MaTpH~eA · ·. . . · 

· T = [ ~ ! l (49) . 

.MaTpm::u>1 noA~nre<Spw h ru.retoT BHJJ. 

I . .M L ]' 
B= L M .. ·• 

(50) 

r.ne M - KOC09pMHTOBa, a L - spMHTOBa MaTpH!Uil. MaTpHIJ.ht 
(50) o6pasyIOT no.zta.11re6py B ure6pe SU (p, •. p}, :OCTUJl.ffIODlYIO 
HHBapuaHTHOA K8JK.ztYIO H3 .neyx OJIOCKHX o6pasyiom.ux a6co· 
JUOTa (23): " , ·. .. . . . . ·. · 

z' + zp+t = 0, i == I, ... , p, 
zt'-zP+l=O, i= 1, •.. , p. 

MoAeJI&to npocrpaaCTBa . SU (p, p)/SU (p, p)'1> JUl.fl&eTCsr : B 
9TOM CJiy'l&e MHOroo6paSHe nap (p- 1)-MepHblX nJIOCKHlt .oes. 
pasyt<>UtHx a(SconIOTa. \lto&t onpe.lleJmT&. CTPYlCTYPY rpyntlhl 
SU(p, p)'1>, ueo6x.oJJ,HMO B 11poerpmtCTBe PKn-l (l) nepeATlt K 
HOBblM KOOPAHH8T8M: 

'z' == z' + zP+t • ; = 1, 2, • .. • p, 
'z"+' = z' -zP+l, i L l; 2, :. : , p. 

Maf. puu.a (50), paccMaTpRB.· 8eM8.R K81<. M.1'.plfWI······ .. ·.· .911Jl0., .. pci>BSMa. '· 
npHMeT SHA (M + L, .M~'L). ~·.· ~JJIJIO, 1ITO rpynna 
SU (p, p}'l> HSOMOptj>Ha rpynne GL (p, C). .. 
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'fil•' ' 
'-,\,/".·,", 

flpu p s::,q 1\-10.>KHO' paccMOTpeTb TaK>Ke ~~~$M (28) . 
i:pynnw SU (p, · .. p), nopo~aauxA: MSTpHL\eA (49)~ nqixanre6pa 
b . C()CTOHT ·HS . MaTpHll ·· · . 

[ Mi .. Ma ] (51) 
. M, M1 , ·. •. ' 

r,lle ~lt. Me-- KOCOSpMUTOB8 JI KOMUJlt:lKCH8.ff CHl\fMeTf>ll"lect<811 
. M&'rpHJU>i COOTBeTcTBeHHO. MaTpHU.hl (51) o($paayi<>T TaK}llO DOA·) 
. &11re6py B anre6pe SU (p, p), KOropast OCT8BJISleT intBapnaHT· 
Hol . BHemHk>lO foPMY ' . . 

z1Azttt +~ /\t'+t + ... +.ti Az"" 
H CBJJ98HRI:1dl. c ,lieIO JIHHeAIJld 'KOf.{DJleKC I(. Muoroo6pasue 
Ji~Hei\Hfil ltOl\mJieKcoB, noJiyqeHHhlX H3 KO~mJieKCa K )J.BtuKe­
HRRMll np<>C't'paHCTBa PK1p_1 (l); cJiy>KHT. MO)J.eJJblO npocrpa11-
c'l'Ba SU (p, p)/SU (p, p)<'ti. Anre6pa .nH M8TpHtf. (51) HaOM<>J>4l· 
ua anre6pe sp (p, ft). 

PaccM<>TpHM aBiOMOptpH3M (28) rpynm11 SU (p, p), nopo­
xmael\lblA npoH$Be.l(elJHeM MBTpHtl (35) H (49), T. e. M8TpHU.eA 

T = ·r· 0. e1E .·]· (S2) 
e2E 0 

Ms ypmme~HH (42) AJI» MaTpUI.\hl (24) 

- .. . Bi ' , ('e;-) , Miz=M1, M, = - Ma====? - Ma. 
e, . . s, 

(53) 

BoaMOlKHM .u.ea .· pasmlCJHblX CJIYtraff. 

1) .·Si .. + (·~ )· Tor,Aa ns (63) Bhl'J'eK. aer, lJTO M8= 0 11 · s, e, . 't 

Ma'J.'pHlJ.H Mte6p1i1 h HMetoT BHA · B = (M1, M.i), r!J.e M1 ~ KO· 
cospwtT<>Ba MaTpHua. f pynna ~U lP~ p)~ nsoMoPtl>Ha rpynne 
S\l{p). . . .• . . .• . . .·· . . ... , 

2) Bi = l, ·e, = - l. Hs ypaeHemm ( 42) no.1!yttaeu 

B _:r· . M1. ·Ms.] - - - , ... -Ms· M1 · 
(54) 

r,lle Mi, M, ...... KOC03pMHTOBa H XOMJ;JJieKCHa.fI KOCOCH~eTpH­
'lecK8B MaTpHIU){ COOTBeTCTBeHHO. MsBeCTHO (CM. § 4), ll1'Q }.(8T• 
l?liULt (54) o«Spasym uret>py Jlu rpynn1>1 SO* {2p). 9'r<.)·•!f1Q<a11 

... n<>». ~pynna B rpynne SU (p, p), , xoropas OCTSBJI.fle'J'.. .x~.!•PH· 
lH'l'd .KB8APHJCY . . · ·• ..•.. 

tao 



,, 
I z'i"+' = o. 
l=l 

(55) 

MHoroot'.Spasne KBa.rlpHK, nOJIYtreHHbIX H3 KB&ApHKH (55) 
Jf.BH>KeHH$1MH npocTpaHCTBa "K•P-1 (J), o6p83yeT MO,llMb npo· 
crpaHcT!la SU (p, p)!SU (p, p)ft)~ 

rpynna SU* (2n) ecTb rpynna MaTpHU. H3 SL (2tt, C), KO· 
rophle nepeCT~HOB01lffhl c npeo6pasosaaHeM 

(z1, ••• , z", zn+1, .~ •• zl'2)1-+(fi+1, ••• -, t}n, -it, ... , -i'> 
npoctpaHCTBa tan. AJire6py J1H SU* (2n) rpynnbl SU'• (2n) 
o6pasyIOT M8TpHll&I 

(56) 

r.zr.e L1, L1-KOMnJieKcHl:il:e Ma1'pHllLI nopSl.D.Ka n, tr L1+tr L1 = 
-.:. O. MaKCHMM&Han. K.QMnaKTHU no.zr.rpynna I( rpynn& 
SU-(2n) ecr& rpynna Sp (n), ee anre6pa JlH k cOCTOHT us Matpun 

[
. Mi M. ] 
-Ms Mi ' 

rAe Mi,. Ms - KOC09pMHTOB8 H KOMnJleKCH8H KOCOCHMMeTpH-
11ecKaH M8'1'.pHll& COOTBeTCTBeHHO. . . . . 

KaK YK838HO B § 2, .rno&A aaTOMOpcl>HsM rpynnbl Sp (n} c . 
TOllHOCTblO )1.0 conpSUICeHttOCTH B rpynne BHytpeHHHX 8BTOMOP-
cl>H3MOa HMeeT BH.lf. '· · .. 

. <I>: A 1-.. TAT-1, (57) 
rAe 

. T = (~a. 1 En, , ... , J«r En,, e-.a., ~n1 , ••• , e:-.ta.,. E1ir), (58) 

e'(f,P + e=imq, p :=A q, tftx.r-1 = - I. t°'r = L 
> ·.,· , ' 

ABTOMOp<l>H3M (57) MQ. *.H() J>8.··· ... ·cc.··.n ... P ..... 'oc .. Tp.aa. HT&.aa. BCIO. r. pyµ~y.· su•c2n.). MaTpHU.bl no,ztanreopbl h, COOTBeTCTByIOtUeA. no.a.· 
rpynne SU* (2n)~. H8XO)lBTCJt TaK me, K8K H B § 2. no.zr.rpyn ... 
na SU* (2n)4i HSOMopcl>Ha rpynne, ' . 
S (GL (n1 , C) x · · • x OL (n,._8, C) x Q• (2nr_1) x U* (2n,.)). (59) 

AaTOMOptpffSM rpynm,r su• (2n~, ,· OCTaBJISIJOIUHii Toqeqao· 
aeno,naH:>KHoft MaKCHMaJl&Hyro KOMD&KTHf° no)lrpynny K == 
=Sp (n), HMeeT BHJl _

1 
-

<I> : A 1-+ A' ; (60) 
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COOTBeTCTBYJOII~ldl aBTOMOJl4>H3M aJire6pbl JIH ..... (~n) -

cp:B,~-B'. (61) 
PaccM<JTpHM npOHSse.n.eHHe aBTOMOJ>cl>HSMOB (57) H (60). 

no.ZlaJire6pa h, COOTBeTCTBylOllVlH no,D;rpynne . HeJ1<M:8Hll(HbIX 
TOtreK, . COCTOHT H3 MBTpHU. B, YAOBJleTBOpSUOOUIX YCJIOBMIO ' .. 

BT = ...... TB', "' (62)· 

r.ae T'-MaTpHu.a (58). EcJill nOJJo>KHT& e'tX.m=em H :npe.n.cTaBHT& 
MaTpHll.y B e · 1<neTC>11H~ SHAe, as ypaeKeHHH (62) noJtyltHM 

B,_1, r-1 = - a;~t ,r-1 , 
T. e. M8TpHl(a KOC09pMHTOBa, 

_.., _, 
Brr = - Br,' B1r-1, Jr'-1 = - B2r-l, 2r-t , 

. B.,.,.,. = - e;,,2,, _, . ' _, / -

. 8,. ... 1,r = B,,,._., B, ... 1, .,._1 == - B2,-1 ,,..._, , 

B,._1,., = s;,.,,_i. B.,._1,., = 8;,,2,-1t 
B,.,.,_1 = a;,_l ,rt a,.,.,.=.,,;_ a;,,,. 

. Y°qHTblBS"• trto MaTpHU,a B .ll<llI>KHa HMeTb' B».Zt (56), Ha· .. 
XO,llHM NIB COOTDeTCTBy10meA. nom.mtpHUbl 

B,_1,r-1 B.r .. 1,r B . B,_1, tr -r-1, lr-1 

s;_ •. , B,, -a;_. ,2, B,,"' 
....:. 

- 8,._1,1r B . B,_1,r 
'(63) 

- B,_1,tr-1 r-1, r-1 
_, 

-B,,1r s;-1,, 8,,. Br-l ,2T -:; 

r.zte .B,_1, 17_1, B,.,.,.- c1'MMetpuqecKue . Matpffllbl. YMJIO>KHB 
BtOpyIO CTJ>OKY U trropojl CT()JJ6eU. MaTpHL\bl (63) f:f8 ..-. 1 
(11'ro paBHOCHJtbHO s&Meae · Oasaca), no.nyqaeM · 

a,,.,1, r-1 -B,._1,r B,..,.,., 1r-1 Br-a,lr' ... 

s' . B,.r e;-1,2r - 13,.,i,.. 
,, 

- r_;,l ,r 
. :\ -· 

- Br-1, tr-1 8,._1," Br-J, r:..1 8, .. 1,,. 

n;_1,2r 8,.,,, s;_J ,r 8,, 
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HasecTHO [pa, c. 374}, ttT0'3TO ecTb MatpHUbl 8Jlre6pw sp(P, q). 
PaccMOTpHM MaTpHU.y 

[
Bu · B1,r+1 ] 

Br+i,1 Br+l,r+l . ·. • 
(64) 

Hs ypaBHeHHH (62) RMeeM ' · · 

Bu = ..:... Bil• Br+1, r+l == - B~1 ,r+l -- KOCOSpMHTOa!i MST .. 
PHUbl . . . . 

. ' 81 B1,r+l = ~ siBJ+1.·1, ~Br+I,l :::_ 8;,B; .r+1 • · 
Ore10.n:a . , 

· 2-r . -2-• · 
B1,r+l = -.BJ Br;-1, 1 = - 81 Br+t, 1 • 

. 803MO.>Kffbt ,!{~ CJIYlJSH: 

1) sf +er, 'l'. e. e1 + ± 1. TorAa ~TpHUa (64) c y"lemM . 
YCJI<>&Hs (56) npm~aeT BH!\ 

[~~' ~nl· 65) 

r.zte Bu - KocospMHTOBa, MaTpHIJ.a. 
2). 81 = '· Tor.zta Br+ltl = e; ,r+l. H c yqeTOM (56) MaTpH .. 

ua (64) npHaQMaeT BHA 

·r ~u ·. ~l~r+l]· , 
. . - B1,r+1 811 

(66) 

r,n.e 811, 81,,.+1-:- KOCOSJlMHTOBa H KOMnJleKcHas KOCOCHMMeT­
pl111eCK8Sl M8Tpffllbl COOTBe'l'CTBeHHO.. HaeecTHO {78}, 'ITO ~T· 
PHU.bl (66) . 00p~y10T SJire6PY JIH so• (2s). . 

T&KHM o6pasOM, ec,ttH aatoMO~ Cl> rpynnw SU*(~n) 
ecrT& ltl>QHSBeAeHHe asrouoP4>ffsMos · · (57) H (60), no»,rpynna 
SU* (2n)"' HSOMOp<l>Ha rpynne . · . . .. 

S(V(nJ x · · · xU(nr~~ x 0*(2h,_1) x Sp(p, q)). (67) 

fpynna SL (n, C). ecT& rp;yqna seex KoMnneKcHf:1X.M8TPHn 
nopSIAKa n c onpeJJ.eJIHTeJI'M .L ¥re6pa JlH sl ( n, C) rp¥nn&l 
SL (n, C) COCTOHT HS acex KOMM'eltC!fWC Na.TPHU nopR.U.K~ t:i c 
ayJieBblM CJie,u.oM . .MaKCHM~~ ,R~~naKtaa& no.u.rpynna K 
rpynnw SL (n, C) - rpynria SU(n.). . .. · · 

. HssecTHO (18}, llTO JilQ(SoA (Jlel'lpepbIBHblA) 8BTOMOP4>ff3M 
, rpynnbt SL (n, C) MOllCet &ltb npeJtC'l'S~ll B BHAe 

Cl> : A 1-+ T AT-1 (68) 
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(69) 

PaccMOTflHM . CR8ll8JI8 aBTOMOP<l>HaM (68). KaK K B cnytJae 
rpynnbl SL (ti, R), u KatrecTee t. ·HaAO Opan, mopaaaosy Mat­
pm:ty, yJ.(oBJteTaopxIOW.yIO yc.noBHIO Tk = E, .T. e, .¥$~!%:r,,.1 ,. 

T = (e1E11
1

, • • • • SrE11,), . . . . " '('70) 
r.ae 81, ••• I e, - paMHtlHbte KOpHH k·lf CTeneHK ~ 1. no.!l­
rpynna .SL<. n, . C)cf>··· HaXO. • .... ,r\Htcs 1'8K me, ({aK H a CJiyqae rpynnhl 
SL .. (n, ~), H MMeeT BHJ.( . 

S (GL(ti1, C) >< • • • x GL (n,, C)). . (71) 
feOMeTpHlleCK8SI .HHTepnpetaUHB D~lJeHHOTO pesyJJbT8T8 

saKJ110118eTCu s ·. tJte.n;ytomeM. f pynna ·SL (n, C) JtOIWJI&Ho·HSO· 
MOp4>aa rpynne KQJIJIHRe&qHA KOMn.fieKCHOro n~KTHBHOro 
npoctpaHCTBa Pn-t (i). 4>Hrypa, .RBJIR1ouuu1cH rotucoA . o.itHo­
p<>AHoro npocrpaaCTaa SL (n, C)/SL (n1 C)q), cOOT$e'l'CTBYJOJ.U.e­

. fO 8BTOMop4>ll$MY (68), COCTOHT HS r n1'JOCK<>CTeft o6m.ero 
~>tcelUISI. . . . 
ne~eM K SBTOMOpt1>ff3MY (69). KaK H B cnyqae rpynnht 

SL (~~ R), · Ma'l'pHUa T MQ>Ke'l' &lll&lpatbCff c TO'lHOCTblO .zto 
saMe~ 

T-+S.TS'• 
r.ne SESL(n, C). B cooTBeTCTBJ{H .c TeopeM<)A }, § 3 6yJ.J.eM 
ucKaTb aarOMoJlCPHaMbt (69) rpynllH SL (n., C), ocraBJI.s101UHe 
HHaapHBttTHOA MaKCHMaJl&HYIO. KOMnaKTHy10 no.n.rpynny K = · 
=SU (n). nycr& M8TJ>HU8 A YHHTapHa, T. e. A';;::: A-1. no­
Tpe6yeM, 11ro&l MaTpaua TA' -11-1 raK>Ke, &J.na yaHTapHOA: 

A1 (T'T) = (f'T) A'. 
· . HTal(~ M8tpnu.a T'T nepecriuio&o'!Ha co BC$JKaA ylUl'fapHoA 
Ma'l'pHUeA. Otc10.n.a cJie)lyer · 
. . T'T == aE, (72) 

.. r.zte rz.n = l .. TaK KaK~ MaTpMua T'T HMe~T . BeIUeCTseijao1e He·. 
OTpHll8TMbHble .ZlH8I'OH8JlbHWe. 3JleMeHTbt, TO (72) ~)tlfl'CH 

. K sff)ly. r~r = E, .T. e. Ma'l'pHll8 T yHHTapHa. . . . . \ •. ; ··.. . 
CJie.n.oaateJibHO, AJUl Knacc1Hf>HK81UIH nepHO.ll~~~~> .:~BTO· 

~oPiJH3MOB (69) rpynn&1 SL(n, C) .llOCTaTOQHO or~~~fltbeff 
YHHTaplthlMa MaTpHUaMH T. ,ll.a.nee, xax u a CJl1,~;rpypnbt 
SU(n), noKasweaeTCJi, 11ro MaTpH:UY T MO>KHo npHBeC'rffK 1n1.IJ.y 

' .. ' ' i'" . 

T = (P1, ••• , P,., Q1, Q1), (73) 
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Q, = E. Q, = I-~~ l · P, = [~,E ~] . 
eP = 1, e + ::l:: l. cpe,ztH el• . . . • gr JteT KoMnJieKCHO-COµpR-
>KeHHblX. . 

. . .. Ilycn h- DO,llaJirefii>a B a.nre6pe sl(n, C), COOTSeTCTByK>-
~aR no,a;rpynne SL (n, C)4'> wm aBTOMOp<l>HsMa (69). M$TpHll.8 · 
B Eh Y.llOBJie'l'BOflReT ypasMeHHIO 

BT== ..... TB', . (74) 

rae T ...;_. M8TpHU& (73). IlpeJ(CTaBJlff.ff MarpuuY B B KJ:teTOttHOM 
BH,11.e, nOJJYIJaeM HS (74) ' i '. ' 

B0 P, = - P,Bk . (75) 

·. -_ [C M1-
B~, = N Q ' 

ltMeeM H3 ypaBHeHHfl (75) 

.M' = e1M. Q = L', N :i== e1~'.· 
· OrcioAa M' = e,2 M', N ==el N. TaK xaK e:f+ I, TO .M ;:;;: 0, 
N = 0. HtaK, ' 

Bit =' (L, · L '). (76) 
·. PaccMOTpHM yPasHeHHR 

BuP1 =-PaB/i- B11P1 =-P1a;1 •. l~l, J<:r, l+J. 
Il()JUlraH, 

. B 1 = [Li {;,] 
I La L, .• -

118XOAHM 

(78) 

tos 



TaK KIK e1 .P e1, To La === 0, M1 = 0. Aaanorir~~\-eM 
. Li -o, L8 = 0, t,= o,' M1 =0, Ma= O; M,';i::i; O. 

HTaB:, Bu 0, f~ l,j ~r, i + /. ' 
. ,lluee . MO>KHo nOJtyttlffb paeeacraa 

Bi,r+i = 0, Br+1, 1 = 0, i = 1, 2, •.. , r, r + 2,f\;' ';':' 
B1,r+• = 0, Br+t,J = O, 1 = l, 2, . ~ . , r, r .+ t; · · 

YpaBHellHe. ·.. . · · 
. ·. · Br+1,r+1 Qi = - Q1B:+1 ,r+l (Q1, = E) 

r~plf.T 0 TOM, q10. MaTPHIJJll Br+l,r+1 o6pasyIOT ~re<Spy . J!H 
o(p, C). . . ·. . . .. 

Ha ypaaaeaaa. . . . · 
·· Br+a,r+IQI = -Q.8;+2,r+2 

15ht'l'eK8eT, i:rro MaTpHu.a . B,+1,r+t m..eeT BH.lt 

. B [Ni .N1 ] 
. r+l,r+ll = Na .,..... N; , · (79), 

r.n,e N1, .N.8 - KoMnJieKCHhle c. HMM. eTpfftleCKue MaTPHI.l.bI, a ~ -. · 
npoH9BOJibH8H KOMnJieKCH8ff M8Tplfll8. J1sseCTHO (58, c. 3~13}, 
llTO WJTPHllbl (7~) ~Y19'f aJI~py sp im, C). . . 

. . Ta:KHM o6paaOM, no.nrpynna SL (Ii, C) , COOTBeTCTBYlOutafl 
8BTOMOJXPHSMy (69), HMee'I' .BRA . . , 

S(Gl(n1) x • • • x0L(n,._2)xO(n,..;1, C) x ~p(n,, C}), (80) 

rae rpynna Gt (ti1) HSOM01>4>ua rpy:ane GL(n1, C) H cQC'l'oHT 
U9 MMpB.ll BM.Ila (76). . · . . 

PaCCMOTpl!M conps>Kes:ae .. MI'Mpbt sl (n, C) OTHOCHTeJI&H.o 
no.n,ute6p1>1 $U(n): .· · · 

B 1-+- ...... B'. (81) 
9ro mo6pameHUe He ecTb , 8BTOMOJ>4>HSM KOMnneKcilol M• 
re6pbl JTH sl(n, C),. Ho RBJIRetcH aBToMof'IP~oM sem.ecTBeH· 

.
n.ot .M· .. re.·5. pbI JIH s·.l(n, C). B .. 9'l'O·M··. c .. ··nyttae h = su(i·"'.•.J. ... • .. ' .. ···.•.··.··· .. · BosMleM 8BTOMOJ>cl>HBM 8em.ecraeauoA ure6pbt nH .$1 (;~, ,C), 
ff1'JUOOID.miCJI npo~,lleHJteM . J,J;H4M1>epeHUIWI8 8B~Q~Ma 
{68) H conpJUKeHHH (81): . . . 

q> :B 1-+- - T.Wr-
1
, ... · .. ·.··.•. (82) 

r.lle T - WBTpHIJ.a (70). Haii,zr.eM M&TpHiJ.bl B no.-enre«S~Ji == 
= sJ (n, C) • HS ypasHeHHR · < ': · .. ·• 

BT= -TB'. . . . _(83) 
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npe,n;craBJJ.fl.R Matp11uy B B MeT01IHOM Bwte, J1Qq~ J(3 (83): 

Bu= -B~, 1 ~i<r, (e4) 

s1Bu = - s,B/, , e1B1l = - e1B,j , (S5} 

l~i, j~r, l+J. 
Ha ypaesemdl (85) H8XOJ1.HM 

' -
Bu = - . 

8
' .. Bj, ~ -(i) Bit . , e1 . , e1 

B~o)Kffbl CJ1e.ny10I11.He cnyqaH: . . 
l} e1 +-e,. Tor.Ila Hs (86) CJ1e.ztyeT .a,,,= O; _, 
2) e, = -e,. Tor.n.a; HS (86) nOJIY,-meM B.u == ~ a,. 
H'faK, · e. CJiyq&e 2) npuxo.11.nM K MaTpHU.e . 

. (~; :::J. 

(86) 

(87) 

r.ne Bu, e,, - KOCQ9pMHTO!lbl M8TpHU.b1, .,. .. Ba- npOH380Jlbll8Sl 
xoMnJieKCHaH M8TpHua. KaK . y>Ke ~tiaJlo.¢& sblllle, MBTpHlt&l 
~87) .. o6p83yIOT a.7Ire6py JJH U (p, q). . , . , . . . 

CJJ'.e.nosamn&Hd; ·no.11.rpynna ·SL (n, C)0~ .. coOTBeTCTByiou.tas 
aaToMoPfl>H3Mf (82) aJire6pbl sf (n, · C), asoMop<PHa rpynne · \ 

S (U (p1, qJ'x · • • x U (p,, q,)). (88} 
PaccMOTpHM . a&TOMOJXl>HS~ ,,eute<:TBeHHoii: . ure6pw .fJ.n 

st (n. C), ffBJUIIOuudiCff npoHSDe,n;eu~eM .n:H<PlJepeHUH&lll mo• 
MOJ><l>mMa (69) H conpR>KeHHJI (81): ' 

s1-.rsr1, (89) 

r.ne · T - MaTpHU.& (73),. M.arpHilDl B rio.nanretipbt h aaxo)lS{TCff 

HS. ypaBH. ea. HR BT== TB. 9To .... y· r1)8B.· HeSJte.. .pemae.·TCff .. T8 .. K llee, 
xaK H B § 2. fpynna SL (n, C}• . B paCCMBTpHBaeMOM s.JJ.ec:& 
CJIY'I&e HWeeT BM'A ' 

A . A . ·· .· · 
S(Gt,(nJ X • • • x GL(ti11)xGL(~, R)xU*(~)), 

A .... •·.· .. 
r.tJ.e GL (n1) - rpynna, cocToftntaJ( ··~. MaTpHU 

'i : ' : .. '· 

V (n,) ::;:: (W (n,1), W (n,)), W (f11),~ Q~,(n1 , C) 
H H30Mopci>HaH rpynn~ GL (n1, C). · · , ' · 
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.,.,, 

,· J 4. h•....-•actte OAMOpoAHwe np~,''.:,, 
C 1C"41CCH'18CHHMN HeH0Mft81CTHWMH OCH0811WMM ... 
rpynnaMH cepH~ B If /) ' ' · 

fpynna SO (p, q) ecTb rpynna MBTPHll HS SL <P+ q, Jt), 
0CT8BJIBJOtnHX HHB8PJU!HTHOA . KBBJlpaTHtutyio cl>oPt.IY 

_ (xt)• _ ••• _ (x")"' + (x1>+1)• +.,,. + (xP+t)•. 

AJire(ipa nH· SO (P, q) rpynnbl S0 (p, q) COCTOHT Ha MaTpHll. 

B= lL~. L. •)., 
· La, Lt . 

· r.ne L1, L1 --- KOCOcHMMeTpH11ett1u1e MBTpR~ nopfl.1\Ij:OB p n 
'I• a i.. .,,,;_ npOH31JOJI&H8ff .. p x q~!tf&TJ>~· .• MaKCHM8JiblUUl .ICOM· 
naKTHasr no,llrpynna rpynllbl SO (p, q) COCTOHT ns M&q>lm 

A = CM1, .MJ, (1) 
rae M1 H Me - opToroaan.bHtiJe Jtt.~PHU,bl nops,nKoe p H · q 

· fAl=L . . . 
" ... Jho6oit aBTOMOp4>H3M rpynflbl so (p. q) HMeeT, BHJJ. 

C):SO(P, q)-..SO(p, q),·At+TAT .. 1, (2) 
rJte r ESO(p, q) (18J. Hcn;~b3Y~·- 'l'eOpeMy 1 § 3, MOJKHO 
npeACTBBH'fb MaTpHI1,y T s BHJl.e . 

T = (T1, .•• , T,., T,+1, .•. , T.}, (3) 

T 1 ~ f ::: ~==: -::; ~: :1J , . (4) 

2 (n1 + • · · + n,:) = p~ 2 (nr+l + · · · + n.) = q, 
T.r..;.1 = - Ean 1 ' T,. = Ean • . ~. r 

T. 1 = - 'R , T .. =.E1n •. .. - . ~•-1 • • ' 
· · _no.11.ure6pa h .a~re6pbt so(p, q), coOTBeTCTByibma.R no.n· 

rpynne SO(P, q)<b, COCTOHT M3 M8TpH1t B, y.u.oaneT80pHIOW,HX 
. . YCJlOBHIO ' . . ' . 

. TB= BT, (5) 
r.n:e T eCTb M8TpHU8 (3). EcnH 

{an1, ..• ' ~",.~• }(l {an,+1' ... ' ~"•-•}.,;, (?)·~ , (6) 

. ypaaHeHHe (5) JJ.Jif4 MaTPffll.&I B pewaercs TaK ·E,. KIK H B 
¢.1JY11ae reynm.t so (n). B HTOFe nOJtyttaeTCft rpyn~ .. (p~. q~, . 
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H30MOpq>H8SI rpynne 
. S (U (m1) X • • • X U (m,) X 0 (P1, qJ X 0 (p2, q2)). (7) 
f eoMeTpHllecKaH HHtepnpeTaUHH DOJiyqeHHOfO pesyJtbT8Ta 

aaKJuoqaeTCH ·a 'CJie,nyromeM. fpynna SO (p, q), p + q = n + 1 
JIOKaJlbHO·H30MOP<l>Ha rpynne ~BHX<eHHA n·MepHoro aemecTseH .. 
Hora nceBJt03JJJIHnTH'lecKoro .. · npoCTpaHCT:sa MJJ.neKca p- P Si,,., 
T. e. · BeW.ecTBeHHoro npoeKTHBHoro npoctpaHc'rSa P n c at5co~ 
JIIOTOM 

_ (xi)t _ ..• _ (xP)2+{x~1)1 + ... + (.ti+1)2 = o. (8) 

<l>Rrypa, SBJISUOID.UCH rormoii .o,n1u:>pOJJ.Horo npOCTpa~cTBa 
SO(p,q)I S()(p, q)4> e no.nrpynnoA H90'J'poneu ·(7) CQCTOHT H3. 
t + 2 n.rtocKocreA · . . i · · 

· n~,. ·" • , n,, nt+1• · nc+••. . 
BaaHMHO·TIOJIHpHhlX OTHOCHTeJibHO a6cOJI10Ta.· (8), '. npHlleM : a' 
l<8>KJJ.OA us DJIOCKOCTeA ll1, ... , II, l}>HKCHpo:saHa. napaTaKtH· 
'leCK8SI KOHrpy3HlJ.WI { 30]. . . ' 

PaccMOTpHM CJiyqaA, Kor.na yCJioeHe (6) He c()(5./I10Jta~TCH. 
}J,Ju1 ynpoUleHJu1 Bb1'UfCJ!eHR(l npeAnOJio~, trrq MaTPIUla T' 
mreeT BHA T:::;::; (T1, T1), rAe MaifPHU.W T1 H Te onpe.llMHIOT¢JI 
$QpMyJJoA ( 4), l = 1, 2. npHlleM ·a1 .,._ ct2 +kn. 3anHCblB8SI 
M&TpHuy B B KJieToqHoM su.ne, H3 ypasHeHJm (5) nOJiyttaeM 

B11 = - B19, 819 = 811, 8 28 "== ..,.... Bus B.., ::=:: B1a• · 
B41 = - B81, B41 = 031; B48 = - Bu, 844 = ·B38• 

Y11~.ff, qTo BE so (p, q), npHXo.ztHM K · CJieAyro~eMy 
S)'JlbT8Ty: 

Ma , Ma .. Me -

B= 
-Ma 

'M' 

M1 -M, M. 
. M·, ' ' 

' (9) 
5 .- •6 

M~ .M.& -- M~ Ma 
r)l,e M1, M, - KococHMMeTpH'leeKRe Ma:rpttllbl, Mt, M.,:- caM., 
MeTpHtlecKHe MatpHUbl, a M11, ·.Me .. ·.·..,.... n. p.oHSBOJI.&Hble. l\:f8TpmtbI. 

TaKHM o6paaoM, B cJiyqae amoMoJ>fllH3Ma (2) c MaTpnu.eA: 
(3) rpynna $0 (p, q)tb H30MOpcl>H8 np.RMOMY npoH3se~~HHIO 
rpynnbI (7) Ha HeKOTopoe qHCJJO rpynn, B.11re6p&1 RH KOTO- · 
pwc' o<SpasylOT M8TpHIJ.bl BH,ll8 (9). > ·.. . . 

IlyCTb p = q. Tor.n.a Mat<ClfMaJI&aas KoMn.aKTHa.ff noarpyn-
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... , ,,' 

na rpyntlhl SO (p,. p),. cOCTonmasi H3 . · MBTPHll ( ''·: ·~i.?;,¢JIQ sa 
Heft H BCJI rpynna SO (p, p) . .n.onycxaeT QTOMOP~ (2) c 
!!(81'ptf1:telt . , . 

T [~ .~ l·· ... '· (10) 
Mtr:rpH!Oil no.7("1'Jre6pw h ecr& Ma1'pHU&J a.nre6pH so (JJ,: p). r;1e· 
peC'l'aHOBOtfMWe C MaTpJW.eft (10), . .ff HMeIOT BHJ.l . · ;. 

. [~ ~] ' ,, (11) 

r. ... ~.·. e M .. l• ~.· ·.··•· - .. KOCOCUMMe··. le1]> .. I IA. ec .. Kfl .. ".·· ·H. . CHMM. MJ>R"leC.. . . . KU : Ma'l]>H·. l.JJ,t COOTBe'l'CTBeHKO. A.rlreopa Jla, BKilllOQl;llOIIUIS! M81'pBllY (ll), 
HSOMOptJ>Ha anre6pe ,. (p, ~). ct>Hry~, RSllJDOIIWICSf TOtlKoA 
Q,JJ.KOpo)J.HOl'O npOCTpaHCTBa SO(p, p)/SO(P, p)'I>, COCTOHT H3 
syx nJiocK~ 06pasytom.n · 

..,,,+.· . ...D+t -o ... l == ·t: ·p . ..,. 4w•, - .,. - f' • ~ .. I , - f 

..,,, . .,.,,+, -0 . i ...:.. l · ' ·p 
' .. "" - *"': - ' t - f"-,' ••• t 

atlcomara (8). . . . ·. ·. .·· ' . i . . . .· 
· .. np»f p := q BQ3MO>K'H T&K?Ke aB'ftDt()pcl>HSM (2) C. M8TpHU.eit 

.. T.=;.···r.· "·J} .E. ]· .. ·· .: · , -:-E 0 , 
Ilo.n.aJtre6py h B &TOM· CJlyUe ... o6pasytOT MaTPffltbI 

I ' l. 
[ 

·M,.· L] 
-1.1. Mi , 

(12) 

tAe L1, M1 - KOCOCHMMeTpH'leCKHe Ma!J>~· .A.nre(Spa JIH 
M8TpHJJ. (12) H39Mopcj>H8 anre6pe so (p, C). To11KoA OAHOPOJ.t· 
aoro npocrpauCTaa SQ (p, p)/SO (p, p)<r> SIBJISteTCH ncea.n.ona­
paraKT~ecKaH KOHrpysau».st f30J. 
. fpynna S01' (2n). 3,Z{eCb Mhl OTCT)'IJHM ctr <iCSosuaqea11A, 

· npHimt&IX X~racoHoM [58]1 u BOS&MeM · donee YAo6Hoe . ,nJiff 
Hae npe11cnBileHHe.rpynnH S0*(2n) no KapTaHY. [78]: fpyn· 
na S0•(2n) ecTb rpyn.na MaTPHll as OL(2n, C), ~~w.mc 
HBsapeaHTHl>IMK KBa.npaTHllllyto 4><>J>MY. . . . . 

n . . 

Fi= I z' fl+' (13) ,_1 

(14) 
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ILTrn reoMeTpH'leCKoro . HCTOJIRooaKHH nd.i:lyqaeMWX pesyJibTaToB 
BJ;SO,IJ.HM npOCTpaHCTBO s;n-I' Onpe,neJil(B ero KaK KOMn.rreKC­

Hoe npoeKTBBHoe npOCTpaHCTBO Psn-iCl), B KOTOPOM sa<f>HK· 
CHpoBaHbl ,llBe KBa,llpmrn: 

IJ 

~zlz";;'=O, (15) 

n n . - I z'Zi + ~ tt+,?+, == o. 
.£=1 &=I 

(16) 

fpynna ABH>KeHHA npOCTp8HC1'88 s;n-P T. e. KOJtllHHeanlrl\, 
OCTaBIImoutHX HHBapuai,TJ&MH KBa.llpHKH (15) H (16); .1JOK8llb· 
HO·HSOMopq>H:a rpynne- SO* (2n). · 

A.1Ire<5pa JlH so*.(2nJ rpynn&1 SO" (2n) COCToHT H3 M:aTp_uu 

r 
Mi .. Ms] 

---Mt ~ ' (17) 

rile M1 - KOC09pMHTOB8 M8TpHu,a, a Ms- K0MMeKCH8ff KOCO• 
CHMMeTpHtreCK8H MBTpHUa. A.7Ire6pa JJH k M8KCm.f8.JlbHOH KOM• 
naKTHoA no)U'pynfihl I( rpynn1:i1 S0*(2n) BK.J11011ae-r M&TpHUhI 
(M1, Mi) H Bhl.lleJIHercsi: HS SJire6pbl so• (2n) c nOMOI.U.bIO aato· 
MOpq>H3M8 . 

fl): B 1-+.TBT-1, (18) 
r.ne 

. T =(-En., En)· (19) 
Bos&MeM 8BT0Mo1>4'HSM ( 18) rpynnhl K, onpe,.!leJJHe.MblA 

MSTpHiteA 

T1 = (SiEn,, • • •, e,Enr' -8iEn1 , • • •, i,Enr). {20) 
By,neM cqHT&T&, qro s,. ... 1=--l, e,71, a OCTa,71.b~ e,--Heaell.(e;. 
cTBeHHble KopHH .. ·HS. I .. · 31'0T aBToMop<l>HaM pacnp()CTp&HHeTcs: 
Ha BCIO 'rpynny $()* (2n). Haxo~HM MaTpHllbl B no.n.8Jlfe6p~ 
h, pewaJJ ypaeHeuue BT1 = T1B~ · IlJ)e;lc1'aBHM M8TpHU.Y B s 
KJieTpl,JHOM BH.l.le B ·=: (B0) •.. Pac~•TPJIB8H ~TpuUh1 . · 

-tn Lit L1a L1,-

B = [ B,. __ 1,r-1 B,._1,r]• = . Lu .Lu Lsa Ls, , (21L 
· Br,r-1 Brr . La1 . Lu L. L_., 

_ L41 Lia L43 L.._ 
T2 = (-EP •. Eq, -E,, E,) (22. 

I 

Ul 



B1= 
1 L1a 0 .f.u·O 

_o -C1, o in_ 
r1J,e Liv L.s- KOCO:tpMHTQBbl MaTPHllbl, a .Lu, i.....:..•,.m­
nexcmie KOCOCHMMeT .. pHlletKHe M8Tp. HJ.ti». .AJire<Jpa nH M,l'l'pHU. 
(23) HSO~ptl>H& aJire6pe so• (2p) $ so• (2q). . . . · 

Cpe,itn e1, •• •· , e,_1 Moryr OKS38TLCSI llHCJla, paBHb(e ··ll~ 
. I«)TOpixM .ltS qHCeJI ii. ~ .. ' !;_.. npe.n.no.no>KHM, nanpllMep, 

· .. - , - r . . ·,, 

'lTO S,. =Sa, H paccMOTpHM M8TpH1Ui 

· - Bu Bu B1,r+1 

Bu Ba 

Br.i.1,1 . Br+1,1 

Ba,r+l 

Br+1,r+1 

Bi,r+s 

Brt1,1"+1 

Br+s,1 B,.+s,s Br+r,r+1 Br+1,r+1..,.. 

T8 = (e1En1 , 8;,En•' 8;,&1 , 81En,). 
PewaR JJ.Jift 3THX MaTpH~ ypaau.eaHe (22), H&XOAHM 

- B11 0 0 B1,r+111 
• 

-B1,r+1 0 · 
Bi::;;: 

0 - s;,r+2 Bu 0 

0 

- B1,r+11 () 0 Bn -

(24) . 

rJJ..e B,1·v Ba - xocospMHTOB~ A!aTpHUbl, a Bi,r+s - nponssoJlb­
HaR 'KOMnJieKCH&ff ·M8TpHJ.ta. A.Ttret>pa. . n11 M&TpHu . (24). H30· 
MOJ>4>Ha anre6pe U (p, q). OC'ra.rlbHbte KJleTKH 81j 6y.n,yT KO· 
CQ9pMHroB1>WH MSTPHI.{aMH, .~ Bu =0. .·. 

TaKHM o6paa<>M, no.n,rpynna SO* (2n)4', ooOTBeTC'l'~yiomaR 
8BToMOMlHSMY {19) c MaTpHneA (21), H30MOp!PHa rpynne 

S (U(k1, 11) x · · · x V (k.,, l,,) x SO* (2qJ x 50"(2q1)). (25) 

nepe!l.n.eM K BHewaliM 8BTOMOp\j>H3M8M rpyn11&1 K. KaK cne· 
'JJ.Yf!r HS pesyJibT8T08 § 2, JIIOt5oA T&KOit 8BTOMO.ptlmsM MO>KeT 
OhtTb npHee,a.eH K BJl.IJ.Y 

Cl>: A 1-+ TAr-1, (26) 
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T = (P1, ••• , Pr, Q1, Q1, P1 , ••• , P,., .QJ., QJ, (27) 

Ql = Ep, Q2 = L- ~q ~q] ' P, = [~tEn, ~ni] ' 
ei_, ••• ' er--' He8eJ.UecTBeHHQte KOPHH H3 1. PacnpocrpaHMM 
:rror. 8BTOM01>4lH3M Ha 8CIO . rpynny ·SO* (2n) H HaJiAeM llQJl• 
aJJre6py h, iroropaH ~HT HS MaTpuu B E so*(2ti), y,u.oBJier· 
BOpftIOIUl1X ypaaHeHHIO . . ' 

BT = TB, . (28) . 

r.u.e T - MaTpuna (27). 
JletKO BHJJ.eTb, tlTO 

·(· Br+1.,r+1 B,"'1,sr+1 J = .r···· L1 ·LL.
1

] , (29) 
, B2r+1,r+1 B1r+1,.,+1 . · - Ls 

r.u.e .L1, L1- BeUJ.ecT8eHHble KococHMMeTputretKHe MaTpH~~. 
OepeBeASI M!TpHilY (28) B. KOMnJieKCH)'IO <)x>pM}', nony11aeN.1 
KOMnJJeKCHYJQ . KOCOCHMMeTpH11ec:Ky10 M8Tpuuy. TaKHM o6pa30M, 
anre6pa M8TPHll (28) H30MOp$Ha MJ'e6pe 0 (m, C). . . . 

PaccMOTpHM M8Tf>HUbl 

1'111 Ma M1s Mu -

:: :: :: ::. , (30) 

-~1 Mu Mu M..-

[ ~~ ~])· T =(·(. 0 E1·. • -E o·' 
I· 

. Ha ypasHeHHR (28) tIOJiyllaeM 

Mu Mu MlS M1, -

Ba....,. 
-Mu Mu -M1, Ml8 

(31) 
-Mia ~M1• ~11, M11 

M1, Mu ._..Mu Mu.._ 

r.u.e M11 - RocospMHTOBa MaTpHtta, · .M;is _. KOMttJieKtHan cHM• 
MeTPH~ecKM M8TpH~a. M13 - KOMDJlf:KCliaH K~H~eTpH'Iec­
K8ff MaTpm.~a u M14 -.apMHTOBa uaTpJ1u.a. Pac~M9TPHM noJJ.-
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npocrpaaCTBO s:m-l npocrpaHCTB3 s:n-1' onpeAe.il~e MaT-
PrmeA B8, c O]lHOpoJJ.HblMH K:oop.n.HHaTaMH . · • · 
, · ...m ..m+1 1m ~+i .· 2am -llnl+i ·.~,,. 

i t • ,• • ' ~ t " .' t •• • • '' Z ' z ' ' I I • t ' t ~now, I ,., •• : • ••. ~- • '. 

nepeA.zleM K HOEJblM K~p)J.HH8T8M: \ 

: 'z' = zJ + 2am+i, 1zn+1 = zn+1 + ~m+1, 
'z"'l+l = i 1-itnl+t, 'ztnl+t = zn+1-tm+1' l = l, 2,; ... , tn. 

JIHHeftHoe npeotlp830B8Htle f. npocrpaHC'r~a s:m-l' 0.D~ff· 
~qe a ctapm J(00p)J.HH8T8'( M8TpHU.eA (31), 15 HO~ KOOp· 

· )1.HHBTU fif AeT S8)l.8B8T&CH MaTpHD,eA , 

- ·Mu+Mu 0 O ~,f .. Mu·-
J;JJ. - . . 11 . 

O ·Mn-M1, .. -M11 -M1a 0 

0 0 
. (32) 

_M11-M11· o . O M11+Mu _ 
Ha KOOPJf.HH&THOli llJIOCJ<OCTH 'i1, ••. , 'Z":, '~+1, · ••• , 'ztm 
orpa:HH'leHHe npeo6pa90saem1 f · s&AaeTCSI Ma'l'pHUeA 

[ ·~. N ·] ' (33) 
--N. M 

r.zte M H N - nrHSB<>JlbHble . KOMnJieKCHble MaTpHllbl. . Kaic 
. yK8SLIB8JIOCb B 3, M8TpH~bl (32) o6pasyror aJire6py JlH 
u*(2m). . . 

P8CCMOTPHM M8TpHllbl 

B ..._ r Bu Bi,r+l+t · ] '.- . ' 
· Br+l+f,f Br+t+l,r+l+l · 

T, = (P,, P1), I ~l~r. , 
Pemast .zvrs 9THX MaTpHu ypasaeeHe (28), HSXOA!lM B, = 
- (L, L, L,. L), rJJ.e 'L - Koa>9PMHTOBa Marp~a. 

· Mo>ICHO noKasar&, 141'0 see. M&TpHUbl Bu. lie yil,OMJJHY'fble 
Bblllle, HBJUl'IOTCSI Hy.neBblMH. TaKHM o6paaoM, rpynna S0"'(2n)'Z1, 
COOTBeTCTB~aH -aBTOMOp<l>JJSMy (26), HSOM01>4'HB rpynne 

S (U(n1) x • · • x lf.(n,.) x 0 (m1, C) x ~ (2fn.>). (34) 

rpynna so (n, C) ecrb rpynna. KoMnJieKCHwt OpTorollil.rlh-' 
HbtX M81'.pHU: nop.H,l\K8 n' c eAHHH'IHbIM onpeJJ.eJIHTe.lleM, ee 
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anre6pa JlH so (n, C) COCTOHT HS BCeX KOMnJieKCHhIX Kaeo~ 
cHMMeTpHilecKHX MaTpHI.~ nopSJAKa n c. ayneeblM cJieAOM. MaK· 
CHMSJlhHOA KOMnaKTHoA no.n:rpynnoA: rpynnbl SO (n, C) 
JJBJUleTCH rpynna SO (n). . .. · 

Kaic H3BecTHo [18), niOOoA aBTOMop¢H3M rpynn1:r1 SO (n, C) 
MQ)KHO npe,p.craBHTb B BH)J.e 

Cl>: A j-.TAT""1 (35) 
HJIH 

Cl>: A j-+TAT""'1, (36) 
r,lle T ESO (n, • C). . · · · . . 

PaCCMoTpHM cttaqa.11a asTOMOJ>4>H3M (35) .. ·B cHJJy te0peMbl 
1 § s orpaHHtlH,>JICH TOJibl(O TSKHMH aaTOMOpPH3MaMH, KOTO· 
phle ·nepeso,AHT JII06yio _Betl(ectBeHHYIO··OpTOroHaJlbHYIO MaTpH· 
u.y A cHOBa s eemectaeHayio o}Yl'oroHan:bHYJO MaTpMlly TAT-1 

•. 

Orc10.na B~reKaer c.oo.ny10m.ee. yCJ,IOBH~ Ha MatpHny T: 

(T'T)A = A(T'T), vAESO(n), 

T~ e. l'datpHI~a T'T nepecTaHOBOt.JHa . c nJ06oA eemecTBeHHOA 
oprorOH8JibffOA . MaTpuu.eA. Ilo3TOMY 

T'T = ciE, · q,n = l. (37) 

Tax KSK Ha )J.H8rOH8JJH M8TpHU.bl T'T CTOSIT BeUJ.ecTBeHHhie He· 

· orpHU.aTeJJblnire tmCJJa, (37) rrpHHHMaeT BHA T'T = E .. 
Hrax, T- oproroHaJI&Haa H yauTapHan MaTpHua, .T. e. 

TE SO (n). AaJILneAwee HCCJJe.noeaHHe aBTOMop¢HsMa (35) npo~ 
BOJI.liTCSf. npHMepHO T8.K )Ke, KaK H B CJiyqae rpypnbl so {ft)' 
H MbI ocraHOBHMCH ea HeM KpaTKo. MaTpHI.la T npHBOJJ.kTcil 
K KBHOHHtleCKOMy BRAY (37) § 2. ilyCTb B .....,. IIPC>H3BOJibH8ff 
MBTpHUa H3 no~aJire6pb1 h aJire6pb1 so (n, C), cooreercTByio­
m.eA no.n.rpynne SO(~, C)~. Ms ypaslieum1 (39} § 2 nonyqa­
eM, l{TO B - KB8SH)lH8I'OH8JlbHaH M8Tpm~a. y KOTopofi .11.ee 
KJieTKH .HBJIHIOTCR KOCOCHMMeTpffll,ecKHMH MaTpHU.8MH. a JIJ()(5aff 
,npyraH KJleTKa HMeeT BHJI, 

BPP = [-~ ~:l, (38) 

r.n.e Lp, Mp - KOMnJieKCHble KOCOCH~eTpKqecKast H CHMMeTpH· 
qecKan: MaTpHJJ.bI COOTBeTCTBeHHO.. nonaraR . 

s !-1~ k]· 
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1 •• ' 

HaXO,llHM . . 

. .· $"."1BppS = [Lp-iM11 0 • ] • 
. . · 0 L11 +iMp . 

Orc!O)la c.11e.ayer, ll10 MaTpHUbl (38) o6paayior anre6py ;JH. 
HSOMOP<l>HYJO aJire6pe gt (m, C). fpynny Jiu,. COOTBeTCT8Y.l<>-
m.yto a.Tire6pe JIH MaTpHll (38), o6oSHallHM OL • (m). . . · 

· TaK.HM o6pa30M, no.arpynna SO (n, C)¢>, coo'J'BeTcTByIOlnan 
aBTOMOpcj>H3M)' (35), HSOMOpcpHa rpyrme . 

S(GL*(m1) x • · · xGL*(m,)xO(n1, C)xO(n1, C)). · 

feoMerpa11ecxoe ucTOJJKOBaHHe nonyqeHiioro.pesy.n&ra-ra ;t.a· 
en:.s .ftlK >Ke,. KaK H a cnyt.18.e rpytinbl SO(n). 

nepetzteM 'it; 'a8TOMO~MY (36). ·KaK ff A.JUI &BTOMOl>" 
cl>Hsra (35), M&Tpuuy T MO>KHo tip&T& a•· BH.ZJ.e 

(39) 

T, · .[.En1 ~sa, -.En1 sin a,] , (40) 
En, sma, En, cos a, 

l = J, ... , r; ai + a1, ecJIH i =Ff; sin a,+ 0; 

Tr+i = - Es,• T,+1 == E,, . 
.MatpHlI.bl B no,aanre6p1:i1 h :aaxo.aHTCff us ypaBHeHHH 

TB= BT. (41) 
n~aBJISUI. MaTpHJJ.y B .B KJiel'01lHOM ~e, noJJyqaew H3 
ypaBHeHHSI ( 41) 

",. . - I 

T pBpp = Bpp T 11• (42) 

Bpp = (L1 + ll.i • M1 + iM. ]. , 
. . . N1 + tN1 · Q1 + lQ1 . 

r.ae L1, La. M1, .M1., N1, N1, · Q1, Q1- seiuecTBeHHble MaTplfllbl. 
Ms ypaaHeHHH (42) HSXO.IUIM . 

Ni= -.Mi, Qi= Li_, (43) 
2L9 oosa, + .M1 slna71 -N9 sinap 1_.o, 
L1sinap- 2M9 cos aP · + Q1 sina11 = b~. 

(44) 
L1 sin aP + 2N1 cos ap + Q1 sin ap =i 0, 

+2Q1cosa11=0. 
llf) 



OnpeAeJIHteJib CHCTeMhl (44) OTHOeHTeJlbHQ HeHSBecTH~ MaT· 
pHU L1, Mg, N9, Q2 

A= - 8 (1 + cos•"t> (1 + sin9 exp)] 
OTJIHtieH or HyJin, no9TOMY L1 = M. = N9 = .Q9 = 0. 

· HTaK, , 

Bpp= I-~ rJ. (45). 

r.n.e L, M - seutecTBeHHajl KOCOCHMMeTpHqecxa11 H ee~TBeH· 
HBH CHMMetpH11ecKaH MaTpHUbl COOTBeTCTBeHHO. Kax tirMe1ui· 
JIOCb a § 3, MaTpHllbl (45) o6pasyioT a.nre6py Jlu rpynnbl 
w (n,) oproroHSJibHo-CHMnJieKTHqecKHX ~arpHll; r:opff)J.K8 2n,' 
Ji30MOp<IJaoA: yHHTapH()ft .rpyn11e U (n1) • 

.UaJiee H3 ypa8HeHHR ( 41) nOJiyqaeM 

·(Br+1,r+1 B,.~1,,.~•1. == ··[ . L; Mi· , (46) 
Br+t,r+l Br+t,r+t - M N 

t)f.e L H N..:... BeUJ.ecTBeHHble KOCOCHMMeTpHtreeKHe MaTpHttbl 
lIOPSJJ.KOB p H q, a M = iQ, nput1eM Q- aeur.ecTBeHHaff 
p X q·Marpeua. HseecTHO [58, c. 228], '!TO M&TpHUbl (46) o6-
paay10T. a.nre6py Jin "SO (p, q), HsOMO~HYIO a.11re6pe so (p, .q). 
Mo.>KHO noKasaT&, qro ace OCTaJI&Hble KJieTKH MSTpHUbl B-HY· 
JJeBble. . . 

· T8.KHM o6pasoM, JIJ06afl no.n.rpynna SO (n, C)«l>, cooTBe'I'CT .. 
BylOUJ.811 aBTOMOpcl>HSMY (36), conpflJKeHa c .noJlrpynnoit 

S (W (nJ>< · · · X W(n,.) X 0 (p, q)). 

§ $. nepHOAM'MCICke .O"lfepGANwe npoCTPIHCTa8 
c KnlCCN'lectCNMM H8KOMn8K'rHWMM ;OCNOBHWMM 
rpynnaMN C~MH c 

fpynna Sp (n, R) . ec1'& rpynna MaTpHLt H3 GL (2n, R). 
OCTaBJJSUOlll,HX HHB8pH8HTHOft 13HeWHtolO ij>opMy 

x1 f\x11+1 +x• f\xn+-2 + ... +xe f\x"". (l) 

f pynna . Sp (n, · R) JIOKaJI&HO·HSO¥OPtt>tta rpynne ABJDKeuHi 
(2n - I )-MepHoro seutecTlaenuoro cuMnJJeJCTHqecKoro npoc1paa· 
CTBa Sp2,._1 , T •. e. seru.ecTseaaoro . npoeKTHBJiOFO npocrpaucT•. 
sa P211-t , a . t<oropoM sa<IJHKCHpoeau JIIUleihnidi KOMnJieKc 
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(a6comoT), ortpM.e.naeM&Jft cpapMOi ( 1 ). Anre6pa ; nff'. ;sp{n~ R) 
rpynnw Sp (n, R) coc'l'OHT HS MaTp1m. 

· · [ L L ] 
B = L: -L: ' 

r~e L1 - npoasllOJI&Han . eem.ectseHaaff · .. MaTpHu.a nopHAJ<a n., 
a L1, L3 -- Bea{ecrseHHhle .. CHMMeTpHllecKHe MaTpHnor. Anre6p& 
lIH k MSKCHMaJ!bHoA ... KOMU8KTHoA no»,rpynnbl rpynllbJ. 
Sf.' (It, R) . ®CTOHT . HS Ma'l'pHU. . . . 

[ 
. L M.1· , 

.·· 4-M L. ' 

r.ite .L - KOCOCHMMeTp~~ecxasr M8TPJIUtl nopR;lK8 n, a M-CHM-
Metpuqecxa.R M8Tp'"18· . .. . • . . .• 

nocTpoHM . llpeACTSBJreHHe. 8Jlre6pb1 k B aJire6pe JlH: 
gl (ti, C). J1ycTf>· A1 = (apq)-npoff9BOJJbHU KoMnneKcsu. 
urpuna nopsmu n, npHqeM apq; <x.pq + itlpq. noctaBHM. 
8 .COOTBeTCTBffe Ml!TpHUe··At ):leUtecT~HJiflO .MaTpHUY nopAA·· 
~a 2n 

.· A · .. ·.·r···(X··· pq .;.....·.~ ... :P11 .. 1· .· . l . . Pn ~Pq 
' ' ', \ < 

(2} 

B pesyJibTaTe .. noJiyqHM HSOMOPcl>HsM Mtetlpbt JlH gl (n, C} . 
B Mre6py JIH. gl {2n. R). OirelHJtllO, qro npH 9TOM BSOMOp-
4>H$Me anre(Jpe k 6y.n,eT COOTBeTCTBOBaTb Mre6p$ U (n), COCTOll•· 
1IJ.WJ .· H~ ~OCO$p'td11TOpblX 14arp1111. nopst.!001 ··. n. 

TaKHM .. o(Sp890M, MUCHMa.rI&aaa KOMnH'.Tuaa no.llrpynna, 
rpynnbl Sp (n, R) H90Mopct>Ha . · npoHSBe.D.eHmo rpynnhl Sll (n) 
H8 O)tHOtmel{HyIO rpyrmy H Jllllt OltpeJteJieHHR nepHO.llfflreCKHX 
aaroMOJXl>B3MoJJ/ rpytmhl Sp (th J~) MO>l<eM· ~()B8TbCJl 
TeOpeMoA l §.a H ·pe3YJib~1'.Bl\m. § 2.. . .. . ·. 

PaCCMOTpm.f aB'l'OMOpfl>H3M 

<I>:Sp(n, R)~Sp(n, R)., Ar-+TAT-1• 

KOMnJieKcau1 !lx>p~ MatpHllbl T · 11seecrHa HS § 2: 
Ti = (Bi.En, , •• '. , s,En,). 

. (3) 

s, = A.1 + if.1,1:;:: cos (ti+ i sin~,; e, + e,, '+,J. (4) 
' . -,- '. __ · ' ',·, . ;''• ·' ' ,' ,_· ' ' 

By.l(eM cqHTaTD, qro Sr-t == __. J, e, = l, 13, =F 0 NUl l.~ J~ 
· ~ r ..._ 2. Orct0.D.J cne,zr;yeT, ilro MaTpmr.a t '91eeT Blf4i · 
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A.1En1 .0 ..,.... JAoiEn, 0 . . . 
0 f.aEn, 0 -µ1En, 

T= . . . . • . . . . (5) 
f.11.En, 0 A.1En, 0 

. 
0 ~En. . . 0 "'9En • . ,, . . . . . . . 

Mc~.zzyeM no)1.aJire6py ~ aJire6pbl sp (n, R), cocrom;uy10 
' HS M81'pHU, nepecTaHOBO'llHhlX c MaTpRlleA (5), H COOTBeTCTByJO­

inyto eA no~rpynny Sp (n, R)tt> rpynn&1 Sp (n, R). IlpeJJ.nOJio. 
>KHM, 'ITO cpe,!1.H tJHCeJJ (4) HeT KOMDJleKCHO·conpH>KeHHhlX, 
Tor,na, HCDOJ1b3Yft pesyn&TBTbl § 2, nerKO DOK8S8.T&, qro rpyn-: 
na Sp (n; R)tt>, COQTBeTCTByrom.aff asroMOp!1>H3My (3), H30Mopcl>-
aa rpynne · 

S (U (n1) X • · • X U (tt,.-2) X Sp (n,._1, i() X Sp (n,., R)). 

PaccMoTpHM CJIY'laii naphl KOMn.JieKcao·COIJpH>KeflablX ~<>P· 
Heft~ IlyCTb 

· , [ 1'.1E. n1 0 - f.l.1En1 0 ] 
T = 0 A.iEn, 0 JAoiEn, · . 

. 1A1E11
1 

0 . A.iEn, . 0 . • 
· 0 · - µ1En

1 
, 0 A.iEn

1 

Pemag Jl,llfl M&TJ)Jtnhl B ypasHeHHe BT == TB, noJJyllaeM . 

r 
M.1' M8 M, M6 

B= Ms Ms M~ M1 

. -·M,.· Me Mi ~Ma , l ~ -Mi -M; M1 

(6) 

r.!\e M1, Ma- KOCOCHMMeTpHqecKH~ MSTpHUbI nopB,nKOB pH (/; 
. ~. M6 - CHMMeTpaqecKa:e Marpun;& nopB,nKOB p H q; M8, 
Me- npoHSBOJibHble p X q-MaTpHJUil. ,llJu1 BhUICHeHH.ff CTPYK· 
TYPbt anre6pbl JlH, COCTOHII.leA HS MSTpHil (6), nepeAP.eM B npo· 
CTpaHCTBe Sp2n-1 K HOBblM (KOMnJJeKCHbtM) KOOp,tr.HH&TaM: 

zl =xi +Jxn+J,, 
1!'+1 = xl-dxn+J, r= l, .....• t n. 

JlHHeAHoe npeb6pasoaairne f, Bbtpama8Moe B crapLIX Koop• 
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AHHaTaX MaTpHueii (6), B HOBblX KOOPJJ.HHaTax OyJJ,~r 3a;J.a· 
B&TDCR M8TpHUeH 

[.
B

11

-iB.
13

. · 0 , . 0 Bu.+ iB.u].·.····· 0 812 - iB14 811 + iB28 0 
0 811 - lBi, B11 + iB13 0 .. . 

B11 - 1818 0 . 0 Bn + lB14 

OretoJJ,8 BH.D;HO, q'fO , apeo6pa.10eaHHe f OCTaBJIReT HH8'1pHaH't· 
H'1JMH .ztBe ltOMnJieJCCHO-CODPB>KeHHhle UJIOCKOCTli: 

xi +··· ixn+I = 0, } 
x1 --' ixn+t :=0, .· · 

(7) 

~::;: . ~:} (8) 

r.n.e 1-<: l <.- p, p + 1 < j ~ n. no]l.anfe6pa b, K8K BH}J.HO H3 
~. IlpeACT&BJieHHH Ha K8HCJJ,OA: HS OifOCKOCTeA: (7), (8), H30· 
MOJ>4>Ha a.nre6pe nH u (p, q). , 

TaiCHM o6pasoM, no)\rpynnt1 Sp (n, R)<D, coaraercTBy10ru.as1 
aBTOMopci>HSMY (3) c MaTpnueA (5), H30MOp<l>Ha rpynne 

S (U (P1• q1) X ~ · • X U(p,_2, q,_2) X 

. X Sp (n,_1' R) X Sp (n,, R)). (9) 

PaccMOTpHM aBTOMOp<i>HSM <1> rpyrtnbl Sp (n, R), nopolK. .. 
aaeMblA aaroMOJ>4>HsMOM 

«>1: U (n)-+ lJ (n), A1 I-+- T1A1 T11
• (10) 

KaK HSeecrHo us § 2, MaTpHJ.J.a T 1 MO>JCeT · dbITh npM~eHa 
K BHJJ.Y 

s1 = A1 + lµ.1 (1 ~ / ~ r) - xopHH HS l, orJIH'lffltre or d::.: l. 
HaAJI.eM no,1laJtre6py h aJJre6pDI sp (n, R) .JVJS aBTOMop­

Q>HsMa <1>, COOTBeTCTBytOllleto <I>1 • EcJIH (2) - npOH3BOJlbH8H 
Ma.rp11u.a .. Hs aJI. re6pbI. sp (n, R), yCJIOBHe ee Cl>-HHBapuaHTHOCTH 
· HMeet BRA BT =TB; rne . . . , . 
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0 . . . . . •. . . . . . .. . . . , . . 
T= . . . . , . . . . . . . • (12) 

0 0 . . . 0 

. . . . .. . . . "' . 0. • • ·J. . . .. 
PaccMotpHM BHaqa.ne 'llSCTHhle cnyqaH .ypaBHeHtul BT=BT. 

flycTb 

f 0 E 0 

~l 1E 0 -µE 

T=l E I· ' 0 0 0 

o·J . .. -t-iE 0 -A.E 

Mi Ms Ma ~1 Ma ~' M; M, 
B= -M; . Me M10 -M; 

M;o ~ ...-M; ~M~J 
Ha ypasHeHWt BT= TB nonyqaeM 

~~µ.M.,=~. M1 = M,, 
. . . .· .· , I 

- JJ.M.-:A.~,.=Mr , -M• ='M6, . 

~-fl..Me=AM1-~a• M9::· A.M.-µM10, 
-µM,-AM,=~+µM;, . -M;= A.M,+µM;, 

"-M1off.1.M;=-M;o, M8=-Me, 
. (13) 

-!lM10+AM;=M~, M; =M~, 

~+µM~=-µM1-AM8, M~o=7µM1-AAfu, 
~ µM,+A.M~ =-µM,+A.M;' M; =-:-JJ.M1f )..M; 

IlyCTb '· = - 1, f.I. = 0 (9TO CQOTBe'rcTByeT KJie'l'KeQ, B (ll)}. 
Tor.Ila M,-= M!t M8 = - M1• Mt i== ~ .M8, M., = M; , M8 = · 
==-Ms, M10 =Mio, T. e. MaTpHua 8 .JtMeeT an~ 
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f L1 Ls Ls L, 

r~: 
L1 L, -Lit, 

(14) 
La -L; t; 

Le ~L, --t; -t; 
rAe L1, La.,..... ttpo~nhlible, a L,. L,, L6, Le - CHMMeTpH1.1e~ 
- ... ·. . . n .. 

. CH;He M8TPKW»:. nOpff.!lKa m = - . 1.ITO&t . BbtHCHHTb ' eT-pyK. 
. - . 2 . ·.· . 

TYPY aJJreflpbl ,,Jlu, . COCTO-.Rlllf!A H3 MaTpHu (14), nepellieM 
K HOBblM (KO:f.UL1ieKCHb1M) KoOp)\HH8TaM: 

• zl = ii+ lx"'+I, 11"-_+I = x8rtt/ + ix2m+J, 
z2m+/ = y,1-lxm+I, zain+J = x_am+f-'ix2m+ly 

i = l, ... , m. 
Jl¥aeboe npeo(SpaaosaHHe f npocrpauCTsa Sp2~1 , HMeIOltlee 
B CTapblX KOOp)JJl$m1Jt MaTpHUY (14), a HOBblX KOOpAHH8TU 
S8,!l8eTCR MaTpHUeA . 

L1 - it_ L,-- lL8 

Le + lL1 .-... t;+ iL; 
0 

0 

0 

0 

0 0 ·Li+ iL1 L,+ £L1 

0 0 l..8'-i~ _.L;-iL; 
01'CIOJJ.8 BffAHO, ·qro aJire<Spa h HSOMOp4Jaa aJire6pe Jia 

sp <Jiy!· renep1:i ~+o .. Tor.aa HS ypasae~HA (13) no~eM 
AJIS MaTpHl{W B: I 

Mi Ma Ms M1 
u ____ 2' M ' M #-" .· ·.. 1 M7 . --- I 

. - M, M., 1\1.1 - · . .M., 

'""' M; ~ -M; ~M1 
rAe M1 - KOCOCal\.fMerpHtreCKa.R. MaTpHua, ··Me -cu~pHtre· 
CKag ~TpHU.a, l'1.- npoH3BOJlbH8R Ma'l'PHit& H . ··. . .. 

. ~ - . 
. 1 . , 

M, =. ~ (i.Mz- M2)· . µ. 



Mo1KH0 nOK838Tb, 'lTO · aJire6pa h a 9TOM c.iryqae HSOMOJ>4'Ha 
gl (m, C). ·· . 

PacCMoTpHM ew;e O.lf.HH 118.CTHLnl cn:ytWt ypaaHeHHst (12), 
. Kor.a.a B HMeeT BH.1( (2), a T = (E1 - E). Tor,na pemeime 

ypaBHeHHH (12) ecTb MaTp1u.ta B = (L1 - L;) H, O'teBHJtHo, 
sa.n.aeT aJire6py h, H30MOPcl>HYIO gl (n, ll). . 

06p&na.flcb K o6Il(eMy CJ1yqa10 ypaBHeHHB (12), fiOJIYqaey, 
,lff() ero pemeakeM <Sy,n.eT KBBSHAH&rOHaJI&HaH MaTpuu:a B, BHA 
Jl.H8J'OH8JlbHbIX KJieTOK .xoropoA H8MH .Y>Ke BbHICHelt. :raKHM 
o6pasc>M, no)(rpynna Sp {n, ll) fl> rpynnhl Sp (n, llh COC>TBe'l'~­
BytOUtaH 8BTOMOp<l>H3MY ( l 0). H30MOPcl>Ha rpynne 

S (GL {n.i, C) X · · • X GL (n.1!" C) X 
X GL (q, R) X Sp (m, C)). 

OcTaHOBHMCJI Kpanco. Ha reoMeTpHqecKOM HCTOJIKOBaHHH 
pesyJI&TaTOB, nonyqeHHblX J];Jisr rpynnbl Sp(n, ll). To11KOA nft>. 
ooro O;:J.HOpoAHOI'O npocrp8ffCTB8 Sp.(n •. ll)/Sp (n, R)4> ·.RIWH~T­
CH coBOKynHOCTf> n.nocxocreA IIi. . .. , II,. npocrpaHCTBa Sp!n-J • 
B38HMHO-nOJUlpHb1X OTHOCHTeJibHO adcoJiioTa, npHtieM B $THX 
DJIOCKOCTHX. MoryT qmKCHpoB&TbC.R. HeKQT<>pwe F'eOMeTpMttecKR-e 
o6pashl. Hanpmrep, B CJ1y11ae rpynnlJI (9) B t<l>KAOA H3 nJio· 
CKOCTeA: Ill, .- •• ' Ilr-2 $HKCHpyerea: CHMnJJeKmtJecKaH JIHHeH· 
Haff KOHrp~HIJ,IUI [3Q}. . · . · 

fpynna Sp (p, q) ecr& rpynna MaTpHU H3 SL (2n, C)(n := 
= p + q), OCT8BJISllOUJ;HX HHBapHaH'J.'HhlMH B~lllHIOlO H SpMH· 
'l'OBY <f>opMbl: · .· ' 

z1/\zn.+1 + z' j\zn+2 + . ·. +ti j\z1n, (15) 
P n . -I (z1Zl + in+1Zis+i) + ~ (zlZi + zn+t°ii+I). (16) 

l=l 1-P+l 
11.JISI reoMeTpHqecxoro HCTOJJKOB8HHH nonyqaeMbJX peayJih· 

raros onpep.e.nHM npocTpaHCTB<> PSp211_ 1 (i) KaK npoeKTHBHOe 
npocTpaHcTBO P2n-1 (l), B KoropoM salj>uKcHpoBaHbl JIHHeHHi>IH 
KOMOJICKC, Oilpe.llMHeMblA <f>opMOA (15), H KBS'ApHKa, onpeJI,e­
JIBeMaH ypaaueHHeM 

P n 
- ~ (z'Zl + zn+'M'>+ ··~ (zlzl + zn+fzz+i) = o. (17) 

l=I . /-P+t 

fpynna Sp (p, q) JIOKaJir>HO-HSOM<>pcplta rpynne )(BHJKeHHA 

ttpoCTpaHCTBa PSP2n-1 (i). . . 
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A..1Ire6pa JIH sp (p, q) rpynnhl Sp (p, q) o6paaosaHa MaTpH­
WlMH 

M11 .·M:1,2 Mis M14 l . 
M~2 M,s M;4 .Mu I (18) 

-Mu .Mu Mu -M,, J' 
~;4 -Mu -M;2' M111 

. :J:'Ae. ·. Mu - KO.MnJiexcHble M&TpHIJ.hl, M11 · H Mu - Koci>9pMH· 
TOBbl MaTpHD,li nopH,ltKOB p H q; Ma H . Ms.a - CHMMe'l'pHqe­
CKHe M&TpHU.bl nopH)t.KoB p H q; Ma H M11 - npoH3BOJJbHhle 
p X q-MaTpHl{W. . · 

Anre6pa Jin k OJtHOI H3 MBKCHMaJibHhlX KOMnaKTHhlX no.n­
rpynn K rpynnw Sp(p, q) COCTOHT us MaTpHD. 

r~n ~~a~ 
·1-Mu. !. Mu ·o 

0. -·Mu 0 M.2 

. (19} 

fpynna K HBJI»eTaI npHMWM npoH3BeAeHHeM .u.syx rpynn: 
K '== Sp (p) X Sp (q). ABrot.toJxt>HSMb1 31.'0A rpynnhl HHJJ.yuupy· 
IOTCff 8BTOMOpci>H3M8MH rpynn-COMHO>KHTeJ'leA H nepecraaoBKOH 
9',l'HX COMHO}l(HTeJleA. . . 

PaCCMOTpHM aBTOMOP4>1fsM 

4>: A1-+TAT-1 (20) 

rpymll:il K, nopolK,ZUleMblii. MaTpHU.eA 

T = (la.1En,' ... I e'a.,.E'7, 
Ja.•E . -ia.e 8-l~,c ) 

~ • • • • e n,; e' .a.:..n. ' • t • ' ' Mn; ' 

n1 + • · · + n,. = p, nr+l + · · · + n, = q, 
e'"'···l = e'a.;.1 = - 1, e'a.r = e'«a = 1. (21) 

AsroMoP<!>HSM (20) MO>KHO pacnpocrpaHHTb Ha Beto rpynny 
Sp (p, q). MaTpHJJ.bl B no)l.aJire6phl h = sp (p, q)fP HaxO.IJ)ITCfl 

.. ll3 ypaBHeHHff 

TB= BT. . . . (22) 

TipeACT8BJlffH M8TpHU.Y B B KJieT011HOM BHJJ.e H DOJiaras 
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. e 11li = e1 , e-i<Xt = e1 ...:._ Ss+t , SaMeHffeM ypaBHeHHe (22) CHCTe­

MOii ypaaHeHMA 
· e1Bu = eiB,J> 1 ~ l, j ~ 2s. (23) 

~H ypaBHeHHft He H8KJl8)1.blB8IOT HHK8KHX orpaHH'lemm Ha 

MaTpHU.bI Bu, a T&K>Ke Ha Te MaTpHllbI B0 , 11.Jlff KotophlX 
e, = t1. B 'laCTHOCTR, m>JiytiaeM 

I Br-1 • r-1 Br-I , s-1 

B _ Bs-1, r-l Bs-l. s-1 
1-

lBs.+r-l, r-t Bs+r-. l, s-1 

B2s-1, l'-1 B2s-l, s-1 

Br-I, s+r-i Br-1, 2s-1 l 
Bs-1, s+r-1 · Bs-l, 2s-l j 
Bs+r-1, s+r-1 Bs+r-1, 2s-1 = 
B2s-l, s+r-1 .B2s-l, 2s-l · 

{ 

:~ Li1 

= L12. Ln 
~ru ti l i;. -C.: 

Lla 

r.n.e M.aTpHUbI L11 y.n;oDJieTBOpfflO'l' T&KHM >Ke yeooeHHM, KaK · !f 
COOTBe'I'CTBYJODJ.He M.aTpHn.w . MiJ HS (18). Cne,ztosaTMbHO. 
81 Esp (nr-t • n,,_1). AllaJIOtHllHO 

B" B,.. Br, s+r Br, 2s 

B,,. B,. B,,s+, Bs, 2s 
Esp (n,., n,) . . 

Bs+r. s Bs+r. s Bs+r, s+r Bs+r. 2, 
B2s, r B2s, s B2s, s+r B2s, 2s 

flpe,n;OOJI()llCHM Tenept>, 'ITO 8t = er+1 • Tor.n;a. 

B,= 

Bu B1, r+t B1, s+1 B1, s-i-r+,i 

Br+l, I 

Bs+1. 1 

Bs+r+1, 1 

Br+1. r+l 

Bs+l. r+l 

Br+1~s+1 

Bs+t. s+t 

Br+t, s+r+1 

B;+1, s+r+l 
= 
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r.u.e MaTpllll.bl N11 y,n.oMeTBOpHIOT TaKHM me yCJIOBHHM,. KaK 
" C()01'Be'l'C'I'~e MaTpHUhl Mu H3 (IS). Jlerxo »H)leT&, 1110 
MaTpHUbl B1 o6pasytoT SJ1re6py JIH, HSOMopqmy10 · anre(}pe 
u (n1, n.). -

TaxHM o6paso.M, no.21.rpynna Sp (p, q) tJ>, cooTsetcTBy10uuu1 
aBTOMOpq>HsMy (20), H30MOpq>Ha rpynne 

S (U (pl, qJ X • • • X U (pH qi) X 

_ x Sp (tni. m1) x Sp (lfla, m,)). (24) 

JJ.ns rpynnbl Sp (p, p) MO>KHO paCCMOTpeTb aaroMOpt\lH3M 
(20), nopolK,lUleMbdl MaTpmieA 

0 E 0 0 

T = E 0 0 0 (2S) 
0. 0 0 E 

0 0 E 0 

Ilo,u.aJtte6pa h ~ sp(p, P)(b COCTOHT H3 M8TpHU. 

M11 M11 Mia Mi, 'I . 
Ba= 

Mi, Mu Mu Mia 
(26) 

-Mis. Mx, M11- -:: 1· Mu -Mu -Ma 

r.ae Mu - KBa,llpaTHQle MaTpHUbI nopHAKa p; M11 - KOC09p­

MHTO. Ba MaTpHua,· Mu.-sp.MHTOsa M8TpH118; M11 H M14.-xol\m­
JieKCHble CHMMeTpH'leCKHe M8TPHUhf. l-Jro&I BhlSICHHTh CTpyK­
T'YPY Mre6J>!i IIH, COCTOmtteA H3 MaTpHIX (26), nepeime.M B 
npocTpaH.CTBe "Sp4p-l{i) K HOBbIM KOOp,lUIHaTaM: 

'z' = z' + zP-1-1, , zP-1-l = z' - zP+1, 

, z2P-l-l = z2P-f-' + z3P-l-l, 'zaP+t = z2P+' _ z3P+t, 

i = l, ...• p. / 

I<onnuneamrs f npocrpaHCTBa "Sp4p-J (l), onpe.n.MHeAWI e era-. 
pblX KOOpAHH8TaX MaTpuueA (26), B HOBLIX KOOPAffH8Tax 38· 
Jl,3eTCSI M8'rpHU.eft 
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f Mu;M12 
0 M11+Mu 0 l 

Mu-Mu 0 Mia-M1, - - j . (27) 
0 Mu-Mu _ 0 _ 

-M1,-M18 / O Mu+Mu 

. 
I ..::.. -l M1,~Mu 

0rCIO.na CJie~yeT, qro no.nrpynna Sp (p, p)<t> OCTaBJIHet HHsa-
pHaHTilwn ABe OJIOCKOCTH: . 

zl + zP+l == 0, l = 1, .... , p, 2p+ 1, ... , 3p, 

zi - zP·H = 0, i = 1, ... , p, 2p + l, ... , Sp, 

(28) 

(29} 

n pHHa,zv1e}K8UlHe KBa,npHKe ( 17) H nom1pH&1e OTHOCHTeJlbHO 

KOMI1JleKca ( 15)., Mo.zteJILIO · npocrpaHCTBa Sp (p, p)/Sp (p, p) • 
CJiy)l(HT MHOroo6paaHe 1'8KHX nap IlJJOCKOcreA. fio.D.rpyrtna 
l@OTponHH m>ro O,llHOpo.zt.HOI'O npocTp&ICTBS, . KaK . BPIJJ.HO HS 
ee ·npe,ncTaBJieHHH Ha WIOCKOCTH (28), RSOMOPcl>Ha rpynne 
Sp(p, C). . . . ·. 

P8CCMOTpHM aeTOMONHSM (20) rpynflhl Sp (p, p), nopolK­
.n;aeMbdi npoHSBeAeHHeM MaTpHll (21) H (25) .. PemHM BH&ti:aJie 
ypaeHeHHe (22) .lVIR HeKomphlX 1.1aCTHblX CJiyqaee. · flyCTL 

0 0 
0 0 

(30) -
0 . 0 s;,Enp 

0 e~Enq 0 

Bhl,lleJIHM CJ1e.llyIO~He ~acTHhle c.iJyqaH! .· 
l) eP = Bp = l, sq= sq= -1. Tor.na ~·~ M11, Mu · 

= - M; 2, M1, = - Mi 4, M18 = Mu,. TioAMre5pa h B m>M 
CJ1yqae HSOMOp<f>Ha SU (p, p) E& t1; 

2) Sp = eq = i, e~= eq = -i. Tor.na Mzs =Mm Mu. . 
= M.;2, M14 = -M.;4, Mz, = _:_M18• IloAaJire0pa h B &TOM 

CJiyqae HSOMopq>Ha su* (2p) E0 t1; _, 

3). e;, =sq+± l, ± i. TOFJ18 M.'11 =-M11, Mu= Mu , 
M1, = 0. Mu1 = 0. Ma, = 0. no.u.a.ri:re6pa h B 91'0M CJ1y11ae 
HSOMOpq>Ha anre6pe il (p, C). . . . . . 

B o&n.eM CJIY?tae no.nanre6pa · h SIBJlfleTCR npHMOA CYMMOi'I 
Mre6p yKa38HHhlX Tpex BHJlOB. 
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f pynna Sp (n, C) ecn, rpynna MaTpHu H:i <.iL (!ln, , C), 
QCT8.BJffllOill:HX HHBapHBHTHOit BHeIIIBJOIO <lx>PMY 

rAz"+1 + .zt Azn+2 + ... +ti f\z211
• (31) 

f pynna Sp (n, C) JJOKaJibHO-H30Mopcpaa rpynne , JJ.B~~fflQ{ 
(2n- 1)-MepHOro KOMMei<cHoro CHMnJleKTHqecKoro npoti'pa'il­
CTBa Sp2n-l (i), T. e. npoeKTHBHOI'O npoCTpaHCTBa P2n-..i (i), 
D KOTOpoM sa(j>HKCHpoBaH JlHHeiffhlA KOMUJieKC (a6coJUOT), 
ODpe.ll.eJIHeMblA cjlopMOA (31). 

A.7Ire6pa JIH sp (n, C) rpynmll Sp (n, C) cocroHT H3 MaT-
PHU 

(32) 

rJJ.e L1 -:-- npo~n&Hast KGMnJiet<CHaH :Ma.Tpuaa nopHAKa n, a 
L,, L8 - KOMn.lleKCHhle CHMMe'l'pfilleCKHe M8TpHUbl. B t<atretTee 
Mal(CHMaJ11>HoA KoMnuTHOA no,llrpynm,a. rpynnbl Sp (n, C) 
M01KHO BSHTb rpynny Sp (n) (CM. , § 2). · · 

. Pacacol'pHM BBTOMOp$1SM · 

<I>: A 1-+ TAT-1 (33) 
rpynll!il Sp(n), onpe.n;eJifleMblit wlTJ>HlleA (43) § 2. STOT asro­
MOpcl>H3M MOlKHO pacnpocTpaHHTb mi ecio rpynny Sp (n, C). 
Ilo,ll,rpynna Sp (n, · C) 12> H8XOJJ.HTCB TaK l{[e, KaK H u CJiyqae 
.rpynnbl Sp (n), H HSOMOpcpHa rpynne 

S(GL(n1, C) x · · · x GL(n,, C) x 
x Sp (tni. C) x Sp (nz., C))~ (34) 

O»:npBlKeliHe aJire(ipw sp (n, C) OTHOCHteJibHO no;i;anre6pb1 
sp (n) ecTb 01'06p8lKeHHe 

'J':sp(n,. C)-+-sp(n, C), B-+-B'. . , (35) 

Oro6palKeHHe ,,, SIBJifteTC.R aBTOMOp<l>HSMOM BeUl,ecTBeHllOA aJI-

re6plil Jin sp (n, C) H h = Ji> (n, C)• · sp (n). . · 
P8CCMoTpHM ~M<>µ4>HsM q>=d<I> o t eew;ecTBeHHOA: aJire6-

p:b1 JlH sp (n, C): · . 

q> :sp(n, C)-+sp(n, C), B -+-TB'T-\ · (36) 

r)J.e T-:MaTpnna (43) § 2. Hai,Ae~ noJ(aJire6py h=sp(n, C)'P. 
MaTpHua B · 91'01 no.u.anre6pbl SIBJIReTCH peweHHeM • ypaeaeHHH 

BT -:- - TB'. (37) 
128 



' 
Pa30uaas MaTpHtJ.y B Ha KJientH H · pewae ypaaHeaHe (37), 
noJiy'laeM, trro oTJIHttllblM1f OT HYJieBhlX. · 6yP.yT JIHWb CJ1e.zcy10- . 
UUie KJleTKH: · 

r 
Br-I, r-1 Br-1, r Br-1, 2r-l Br-l, 2r ]. · 

l) Br, r-1 B" Br, 2r-:l Br, 2r tSp{p,q). 
B2r-I, r-,J B2r-l ;I B2r""'"'.1, 21'-l B2r-J. ,. 2r . 

• B2r, r-1 BJr,r B2r, 2r-1 B2r, 2r · 

2) nycrb e'~, = t. Tor.l(a 

[ 
B11 · Bi.t+t . ·] ·[ M N] (3S) 
Br+1.1 Br+1.r+1. = -N M '. 

r.n.e M, N - KOC09pMuroaa H xoMnJieiCcuu cHMMeTpHtreCK8H 
M8TpHU.bl COOTBeTCTBeHHO. H3BeCTHO [78}, tffO. dlre6pa JlH 
M8TpHll (38) H30MOpft>Ha aJire6pe. Sp (n, . R). . 

3) EcJIH re•=#= ± I, i, "l'O 

[ 
B91 . 82, r+2 ] _ [ M 0 ] (39) 
Br+2. 2 Br+2, r+2 - 0 M ' 

r.l(e M - KOC03pMHTOB8 MaTpHu.a. OtleBHJJ.HO, tfl'O MaTJ>HlUit (39) 

o(SpaayIOr aJire6py Jln, BsoMOpcfmyJO 8Jll'e6pe U ( i ) • 
TaKHM o6paaoM, no.n.rpymm Sp (n, C) ~,, COOTBe-rcT!iyrOutaa 

aBTOMQJXlmsMY Cl>1, rAe dil>1 = q>, H30MOlJ4lHa rpynne 

S (Sp (n1, R)x U ( i ) x- • · · . x U ( nr;2 
) x Sp (p, q)) . 

r n • • • IV. OCOIWE nEPMOAM'IECKME nPOCTPAHCTIA. . 

§ f. Heolxo~we a9,qeHN• N3 TeOpMN 
KOMRMTHWX rpynn ftM 

npu.Be)leM · CBO.l(ley O()o3uattead H peayJlbT8TOB, HCllMbaye-
MhlX B H8CTORUJ.eil rJiaae (CM. 105, 1121. IlytTb 

G - KOMil8KTHafl .CBff3H8JI rpynna nu; . 
g - anre6pa Jiu: rpynnbl G; -
T" - n-MepHblH rop, .T. e. n-Mepuall a6eJlesa csmHaH rpyn­

na Jin; 
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. t" - aJtre6pa nH rpynnbi T'\ . 
. T .-. M8KCHM8JlbHblii · rop rpynnhr G; . 

t - aJireCSpa JIH rpynn.bl T, aasblBaeMaJI no.nanre6poit Kap· 
T8H8 8Jire6pbI g; ' 

ao- KOMIJJJeKCHBH OtioJIOlJKa SJire6pbI g; .· .. ·· .. · 
to -- KOMnJieKCHaJI o6oJI01lKa a.11re6pbI t, RBJUlIOl.®.R(:a ttOJJ.· 

aJJre6poA KaPT&Ha ·. ure6pbI g0 ; ·. ·. · · 

R . {a.} - CHcTeMa KOpHeit aJire6pbI &:; · 
B = {a.1, ••• , a.r}- CHCTeMa npOCTbIX KopueA, HJIH 6aauc 

CHCTeM&I R; 
g<& - KOpHeaoe no~npocTpaHCTBO B ge, COOTeeTCTBytatnee 

Kopmo a; 
R* = {a*} _:. C.llete\fa oopaTHbIX KOpHeA aJire6pbI fie· 
HMeI<Yr .recro paa.n<>>Kemu1: 

~=fc+~ g«, 
asR 

(1) 

(2) 

. ' nycr& Tenep& rpynna .G no.rrynpocra. Ha no.n.npocTpaH· 
CT~ t* ~ it KOptm npHHHMalOT aew:ecTBeHHLte 3H8tJeHHH. JlAA 
ya ER nOJIOJKHM . 

. . t"= {XE t*l a (X) E Z}. 
M.HoJKectao D · U ta HaswaaeTCH .llHarpaMMOA; A1 -:-

. . , . aeR 1 . 
= - exp-1 (Z (G)) = n ta - neHTpSJI&HoA perueTKOH; 

· 2ni cxeR 

A (G) = o~. . ~xp-1 (e) .- e,zl.HHHqHOH peiµeTICoii (e - e,ZlHBHua 
~ni .. 

rpynnhl G); Ao......: no.n.rpynna, nopo>K,D.eHHaH MHO>KecTBOM R*-
cpyH,llaMeHTaJJbttoA pemeTi<oA: rpynnht G. · 

HMeeM Ao c A (G) c A1; .A., = A (G), ecJIH G ~HOCBRSHa; 
A1 =A (G) = A, ~ o iodeeT rpuauaJI&Hhlii neHTp. 

B ,naJibHeiiweM 6yMM CllHTaTb, ~To rpynna G o6JISAaeT 
TpHBHaJlbHbIM u.eHTpOM. · .. · 

B MH01KeCTBe .R ~ecTByeT MSKCHMaJI&HbUl KOpelib . 

130 

f 

f.t = ,I m,a,, 
1-1 

(3) 



06.1Ia.u.a10W.Hit TeM .caoi\cTBOM, qro A.JUI .. JllO&ro .,11.pyroro Kopmt 
r 

a. == _I n1a.1 ,_, 
llMeeM n1 <:m,, eCJIH J ~ l <:r. B npocTpaHcTBe t• ,onpe.rte-
JIS:eTCfl cHMnJieKc · 

p =={XE t*J a., (X) ~ 0, µ (X) ~: l}, (4) 
nepmHHbl xoropc>ro )(0, Xv •.. , X,. onpe)leJUOOTcst paseHCT· . · 
-~ . ' . . 1 

X0 = 0, a.1 (X1) == - fJlJ JI.JUI L<; I, j <;.r. (5) 
m1 . , 

l(a)l(,il~ 3JteMear rpynna (1 conps>Keu c HeKOTOpPIM SJieMeff• 
'TOM Ha MHO>Kec'rBa p = exp (2nip). Ilcmo:My npH KJia«Mitm· . 
JC&U.HH BHy.TpeHHHX asroMOp$HSMOB aJire6pb1 g MOX<HO orpa· 
HH11HTbCil aeTOMOpcl>HSMaMH .· BHJta 'q> = Ad a, r.11.e a E P. 

IlyCTb 
XE p, a == exp (2nlX), q> = Ad a. 

Tor.na wioX<ecTBO g11> HenoABIDKHblX · roqeic asrOM01'4>HSMa cp 
sa,ztaeTCR 4>opMyJJOli . . 

ti>= t +. ~. 1n<t'+ g-~>. (6) · 
~"llfx> 

. C>O · 
rJJ.e 

R{X) = {a.E RI a. (X} EZ}. (7) 

fpyriny BeA:Jia W MOlKHQ ·pacctdlTpHBaTb KaK rpynny npeo6-
p83088HHA npQCrpaacTBa t•. Ha &TOM xce npocTpaHc'l'Be .n,eikT~ 

. ayer pacmepesaaJi rpynna BeA:.rnl, BM.flrouta1fcH nOJiyrrpHMhlM 
npOHSseAeHH~M 'W * A: . 

(w, .Y):t*4-t*, X4w(X)+Y. 

§ J. ••TOMOpcl»N1MW HOlte'IHOro nopRAfC8 npocTwX 
KOMll8KTHWX anrelp Jbl . 

. npHBe,11.eM HeK01'0pble pesyJtbT8Tbl Jl>K. Bo.nb<I>a HA. fpesi 
1112} OTHOCHTeJlbHO aeTOMOpel>HSMOB KOHetlHOro nopH,ZJ.Ka npoc· 
TblX KOMrI8KTHblX aJire6p JIH H nMy'IHM CJle)tCTS:rul HS &THX 
pesyJI&T8TOB, ,HeOOXO,D.HMWe ,ZJ.Jlff KJlaccHCpDUUJ.HH nepHO,ZJ.H'leC· 
KHX. OAHOpO,ll,HblX. npocTpaHCTB c npoc'l'lilMH oco6blMH OCHOB· 
Hl:llMH rpynnaMH. . 
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.TeopeMa l fl 12}. HycTb X1, X2 Et* u 
cp1 = ,Ad (exp 2niX1), q>1 = Ad (exp 2niX1). 

ABTOMopip.HsM&I·· 'Pt H 'Pa. conpR>Kelrbi: a rpynne .BHYTpeHHHX 
••'l'OMOpcj>H3M<>B aJire6pli g roraa H TOJI&Ko TOt.lI.a, Kor,11,a X1 
H X1 Haxo.1urrcJ1 ua o.u.aoA W • A-opt5HTe. · 

. TeopeMa 2 f112J. flycTb XE t• H k - TaKoe u.enoe n&m­
:m:oren&HOe qHCllo, trro XE A, ao kX E A. nepese.n.eM x B p 
c n~C>UlMO npeo«SpasosalOOI ,,, e.w. A H DOJIOJ,KHM . 

. . 1 r 

w<X)·- - ~ rz1m,x1• (1) 
k , ... , . 

BW(jeptM npeo6~saaHe ,,, TaKHM odpasoM, .irro6&r cy"MMa 
, 
I n,m, , .... 

6&rna MHHHMaJQ,HOA. Tor.zta , 
a) O<;n, <k, 0< I n,m1 ~k; 

l•I , ' ' \ 

6) ,I n1m, = k, n1+o+m1> l; 
1-1 I 

k 
s) m1 = l•n1~ -; . 2 

... r) ecJiH It== {ii n, ~ t} H 11,f-'IHCJtO SJteMewroB .. ~ 
· c;rsa I,, r<> . • · · ·. · 

.· .. k. . k 
1111>1, IJ,I< T Ht> 2•11,1 =0. 

TeopeMa 3 [112}. UyCTb. 
I , 

X = ~ c,X, Ei>, ·qi =Ad (exp ·2ntX)~ · 
e•l 

TorJta cuCTeMa B (X) npoCTbIX KOpHeA no.itynp¢r()A ciacTH 
ttOAaJire6p:W .tp 3aA8eTC.fl <l>opMyJlaMH . . . 

B (X) = {a,.e B(c, = O}, ecJIH ,... (X) < 11 (2) 

B (X) = {a, E Bl c1 = O} U {- Jt}, ecJJH µ {X) = L {S) 

1~2 



TeopeAta 4 [112}. flyCTL 
, ' 

X = }: c,Xi Et*, x+o, 
l•l. 

aopMaJIHSOeaa B COOTBeTCTBHH c Teo~A 2 H q> ~Ad (expx 
x 2nlX). .llJJn TOro '{TOtShl a.BTOMOPfl>HSM q> ' HMM KOH~ 
110pSIJJ.OK k > 1, . Heo6XOJtHMO H Jl.OCTRTOtlHO, 1fl'06bl tlHCJI8 

n1 = .J!:.L = a1 (kX) . m 
l ' 

YAOBJiersop$1JIH CJI~yiomeMy yCJioBu'°: {n1f c1 > O} ecTL ae-
nycme MHO)KecTBO BSaHMNO•npocTblX 'IHCM. . ·.·, . ' 
· flpuee.iteM PM TeOJ>$f, KOHKpeTH3HpyK>JUHX TeOpeM.y 2 AJlH. 
8BTOMOP<l>HSMOB MaJJbl~ 110P'1$0B. Ilo,npo6H8~ . <lx>PMyJIHpQJn(a 
H .D:OK83aTeJiflCTBO tSyay'l' AlHhl JIHlllb JVJSI O,l\HOA T~peMN (oc-
TaJlbHhle 8HaJIOrHt(Hht). . . ' . 

· TeopeM& 5 f 105, c •. 121)., l(a)KJlblA BHYTPeHHHA aeTOMOp· 
flmSM nop.ff)tKa k == 2 (HHBOJDOTHBHLIA 8BTOMopctmaM) npocroA: 
KOMnaKmOI aJirOOpbl . nu g conps>KeH B rpynne BHyTpeHHHX 
3J:lTOMOp$uaMOB a.nre6p&1 g c aeKOTOPhlM 8BTOMO}$f8MOM 

1 
Ad (exp2niX), rae X= X1 c m, = 2 HJIH X = T x. c 

m, = 1. . 
TeopeMa 6 ( 112]. k = 3. 

1 . x = a m,x,. 1 < m, ~ 3, 

1 . . . ··. ' ' x = - (X, +X1), m, =m1 =I. 
3 . ' 

TeopeMa 7. k = 4. 
1 

X = - m,x,, t~·m,.~4; 
4 ' 
1 

X::::: 2 m,X,, 1 ~me ~2• 

I . . . . 
X = T (m,X, + m1X1), 1 ~m1~ mA ~2; 

1 
X = 4 (2X,+ X1), m, =. m1 == 1; 



X ~ _!_ (X, + X1+X1), m, = m1 = m1 = l. 
4. 

Teope&ta 8 [112). k = 5. 
. 1 
X = 5 rn,X,, l ~.m1 ~5; 

2 X= - m,x,, 1 ~m, ~2; . 5 .. 

l 
X = 7 (m,x, + m1X1), 1 ~m1~m.~2; m1=1, m,= 

·=3; m} = 2, m, = 3; · 
l ·. ·.·.· .. · . . .···. ·. . 

.X = ¥" (2m1X1 + m1X 1), 1 ::; m, ~ m1~2; 

X 'L (X, + X,), m, ~ m1 = I; 5 . . . . .. 

X = ! (X, + X1 + ~~. m1 = m1= m, = 1;. 

1 
X= - (2Xc + X, + X,), l - mz = m1<:mi~2; 5 . . 

X== ! (X,+X1+X,+Xp), m1 =m1 =m,=m,,=1.. 
TeopeMa 9. k = 6. 

· I 1 x == - m1X1, J < m, < 6; x = ._;.,. m1X,, l~m,~3; 
6 3 
1 

X = T m,x,, I ~m, <;2; 

x, = ! (m,X, + m1f(1), I ~ m1 ~ m, <;; S; m1= I, m, = 

== 4; m1 :a: 2, mt = 4; 

X = J_ (m1X,+2m1X1), l ~ m1, m1 ~2; m1.::-J, m,= 
6 
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1 . . . 
X = -S- (2Xt + 3X,), m, = m1 = l; 

1 
X = - (m,X, + m1X1 + m,X1), 1 ~mi~m1~m1 ~2, . 6 \ 

mz = m1 · l, mt= 3; ' 
.. 1 ' 

X= - (m1x,+x,+2x~,· t =m,·=m1 ~·m,~2; 6 . . . 

X= _!_ (2X1 +2X1 +X1), m1 =m1 =m1=1; 
6 . 

. I . 
X = - (Xt + X1 + 3X1), m1 = m1 = m, = 1; 

.. 6 . 

1 
X = - (X1 + X1 + X1 + mpJ<..,,), 1 =mt= m1 = m,~ 

6 . 

~m11 ~2; , 1 . X=a (Xi+Xr+X,+2Xp), m1 =m1 =~1=m.,,=1; 

1 . . 
X=7~+~+~+~+~, ~=~=~= 

= 'ifox~12a=;!~bCTBO. nycTb q> '."""" npoHSBOJlb~ BHyrpeH· 
aatt aBTOMOpcl>HSM mecroro nopRAKa aJire6pbl g. K.&K OTMeqa~ 
JlOCb s § 1, .cp conpRX<eH c aBTOMopt\>HSMOM Ad (exp 2nlX), 
ue XE p. ByAeM c'IHTaT&, tITO X . aopMaJIHSO&aH a COOTBeT· 
CTBHH c TeopeMoA 2: 

1 . 
X = 6 I.n,m1X1• 

H3 reopeMl>l 2 r) CJie~yer, llTO 1~/111~5, 1~111/ ~2, /131 = 
= 1, jftl = 0, ecJIH t> 5. . 

ECnH 1111 = 1, n, . 1, TO us reopeMW 2 a) HMeeM 
1 . 

X == 6 m1x,. I ~m, ~6. 

ECJIH 1111 = I, n, = 2, To 
' J . 
X = - m,x,, l~m, <S. 

3 
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Ec.itH 1111 = 1, n1 = 3, TO 

r 
X = 2 m,x,, 1 ~ m1 ~ 2. 

npe.!lnOJIOlKHM, llTO If 1l = 1 t n, > 4. Tor.11a H3 TeOpeMY 2 
a) CJie,llyer, trl'O m1 = l, trl'O npoTHBOpe11HT -reopeMe 2 s)~ . 

Tiycth 1111 = 2, n1 = n 1 = 1. Tor.a.a ·. B COOTBeTCTBHH. · c '1'80-
peMOA .2 a) 803M0lKHbt CJieAYlOlll.He CJiy•m11: m,= m1 '? l; mj= 
=l, m, = 2; m, = m1 =2; m1 =2, m1 = 3; m, = l, m1=3; 
m1 = m1 =·3; m1=1. m, == 4; m1=2, m, = 4 ... 
· HraK, , . · 

1 
X = T (X1 + X1), m, = m1 = l; 

1 . . 
X= 6 (2X1 +X,), m1 =1, m, = 2; 

X= _!_ (X1 + X1), m, = m,= 2; 3 . 

X = 1- (3X, + 2X1), m1 = 2, m1 = 3; 
6 

X.= ! (3X1 + X1), triJ = 1, m.1 = 3; 

1 . . . . ' x = T (X, + x,), m, = m, = 3; 

X..:.. .!... (4X1 + X1), m1 s= 1, m1 =·4; 6 . 
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Xii= ! (2X1 + X1), m1 = 2, mi =4. 

EcJilf 1111=2, n, = It n1 = 2, TO 

l . 2 . l X === - (X1 + X1), m, == m1 = ; 
6 

X = _.!_ (X, + 4X1), m, = l, m1=2; 
6 . 

X = _.!_ (X, + X1), m1 = 1-, rn, = 2; s 



1 
X =a (X, + 2X1),_ m1 = mJ = 2; 

l . . . 
X = -.- (3X, + 2X1), m.1 = 1, mi =3. 

6 
Cnyqaft !Iii= 2, n 1 = ni = 2 He803MOlKeR, TaK tc.aK ~ 

npoTHBOpellRT re<>peMe 4. 
Ec.nH 1111 =.2, n, = l, n1 = 3, TO 

. l 
X=- (X1 +3X1), m1 =m1 =1; 

. .6 . 

x = __!_ c2x, +ax,), m1 = t, m, =2. 
6 . . 

EcJIH !/11=='=2, n, =2, ltJ =3, TO 

X = t (2X1 + SX,), m1 = m, .= 1. 

Ha .&'IOM BOSMOlKHOCTH CJiytUlff 111! = 2 MCt1epilh1B810TCH, l(al( 
81'0 CJleAYet Ha TeOpeMhl 2 a). · 

nycT.& I/ii= a, n, = n, = n, = I. TorJ(a 
. 1 

X =:= - (X, + X1 + Xz), n1 = n, = n1 = 1; 
. 6 

. 1 . . . 
X =s (2X, + X1+XiJ, m, =2, m, =ml= I; 

. 1 
X = 6 {2X1 + 2X1 + .. X1), m, = mi,= 2, m1 = lt 

. . 
. 1 .· . . . . .. 

X = - (X1 + X1 + X1), m1 = m1 = m, = 2; . 8 
1. . . ' . . .. 

X = - (3X1 + X1 + X1), mi =3, m1 =m1=1 •. 6 . .. . . . .. · . . . . .' 

ECJIH j/11 = 3, n, · n, = l, n.1 = 2, TO 

1 
X = 1f' (X, +X1 + 2X1), m, = m1 = m, =1:. 

r . 
X = - (2Xl + X1 + 2X1), m, =2, m, = m, = 1. 6 ·.. . .. . . 
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Ec.nH Llil = 3, ni = ni =2, n1 = 1, TO 

I . 
X = 6 (2X, + 2X1 + X,), m, = mJ = mJ = 1. 

Ee.nH 1111=3, n, =3, nJ = 11:.i = 1, To 
l ' . . . . 

X = - (3X, + X1 + X1), m, = m1 = m, =- 1. 6 . . 
CJtyqaA l/11- 3 HcqepnaH. 

IlyCTb 1111 = 4, n1 = n1 == n, = nP = l. TorJia 
1 . . . . . 

X = 6 (X1 + X, + X,+ Xp), .m, = m1 =m,=m,. =1;. 

X = ! (2X1 + XJ +x,+ Xp), m,=2, m1=m1-m11=1. 

Ec.n1:1 j/11=4, n1 = 2, n1 = nz = n» = 1, TO 

X= J_ .(2Xi + X1+ X1 + Xp), mi =m1 =mi= m,, = 1. 6 . . . .· 
HaKoHeu, ecJIH If ii'= 5, n, ::= n J = nl = n1' = nq .~ 1, TO. 

1 
X = 6 (X, + )(1 + X1 + X11 + Xq), mi = m1 = m1 = 

=mp=mq= l.Q 

§ '· nepNOAM'18CKHe. DAHOp.,.ttwe npoctpaHCQ8 
/ c ICOMnalCTHWMH· QCHOIHWMH rpynnBMN 02 It p 4 

I 

flepeq.HCJIHM see .110KaJl&Hble o.zuropoJlffble npoctpaactsa, 
nopa11<:AaeMble . nepHO)J.H'ieCKHMH aBTOMOpc}:>H3M8MH oco6blX KOM. 
nu'l'Hbiix rpynn G, H F ,. · 

. fpynna a,. PaccMOTpH,l'd • pacmHpeHxyIO CXeMY .llHHKHHa 
a.nre6p1>1 g, rpymu~ · 02: 

(1) 

p. = 3a1 + 2e;. (2) 
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Haii.D:eM · HHBOJIIOTHBHble aawM9p<f!HSMhI aJire6pht g1• · Cono­
CTaBJisuI TOOpeMy 5 § 2 H cxeMy (1), sal{Jitoqae~, 1lTO cym.e­
CTBYeT acero JIHWb OAl'JH HHBOJUOTHBliblA BHyTpemum aaTOMQP• 
tl>HSM anre.6fibl g1-<p = Ad (exp 2niX), . rJJ.e X = X1• TaK xax 
B cUJiy . (5) § 1 H (2) p. (X) = l, nQ cpopMyne (3) § 2 nony­
'JBeM ;11.JIH CHCTeMbt B (X) npocTblX KopReft a.1Ire6pu .ii : 

B (X) = {a.1, .a.o}. 
3 2 

11TaK. cxeMa Jl.bUIKHHa aJJre6pbI g~ HMeeT BHP. • 0 it 

D09TOMY 
~ ~ SU (2) $SU (2). I (3) 

HseecTHo 1105, c. 99), ;qro anre6pa g1 He HMeet BHeWHHX 
8BTOMOp$H3MOB. 

TaKHM ct6p830M, cyul;ecTByeT e,ztHHCTBeHHOe c TOllHOCTbIO 
IJ.O JIOKtlJJ:bFIOro M301ilOPc1>HSMa o;:utopoAHoe CHMM«.n'P,HtieCKOO 
npocrpaHCTllQ. c OCHOBHOA rpynnoA o,, JI..JliJ. KOTOporo . aJire6· 
pa. nu rpynIIhl H30TpollRK 38.A8eTCff «l>c>PMYJIOft (3). 3-roT pe· 
ayn&TaT npBHa.D.Jie>KHT 3. Kap:raHy {78]. · , 
. Haft;.\ey 8BTOMOp$H3Mhl TpeThero nopff.II..Ka 8Jlr00phl gj. 
c nOMOID;&IO reopew 6 § 2 H <l><>PMYJI (5) § 1, (3) § 2, (:t) 
UOJiytlaeM 

_ X = X1, B (X) = {a.1, ct1J, gf ~ su (3) (4) 
MH 

2 
X = a X1, B (X) = {a.1}, g~ ~ su (2)EB t1•· (5) 

CJte.zt,OBaTeJl&HO, CyutecTByeT )~Ba JIOKBJibHblX O,!l.HOpQ,.llHblX 
npoctpaBCTBa nopj!AK8 3 c OCHOBHoA rpynnoA Gll, HX a.IIrOOp:&I 
HSOTpOnJ{H $8.ZJ.8IOTC.ff q>opMyJiaMH (4) H .· (5). 3roT peayJihT8T 
npHHaAJle.H<HT .rta<. BoJ™Py H A. fpe10 U 12]. · · 

A.Huoraquo no.nyqaeM npocTpaHcTBO · qeneproro nop.R,aKa 

3 x = 4 X1, B (X) == {c;}, at Q!; SU (2)Et>t1 (6) 

H npocTpaHCTBO naroro nopfl,ZJ.Ka 

X = + (3X1 + 2X1), B (X)::::: {a0}, gf ~su(2)EB t1• (7) 

HaKoueu, seKTQP · 

X = _t (3X1 + 2XJ (8) 
6 . 
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( 

nopoJK,11,aeT QTOMOp<l>HSM q>= Ad. (exp 2niX), AJIR Koroporo 

If= t•, (8') 
r,11e t• - MaKCHMaJibHa.H at:>e.rresa no'AaJire6pa aJire6pDI. g2~ 

TaK KaK ece no.n.cxeMhl cxeMbX (7) H&MH pacCMOTpeHht, 
q>opMyJlht (3)-(8) .naior ace JIOKaJJ&Hble OAnopo.ztwe npocr· 
paHCTB8, onpe;te.JIHeMble aBTOMOJXPH3M8Mlf rpynnbl Ga. 

fpynna F ,. PacwHpeimas cxeMa JlblHKHHa aJire6pw JlHf4 
rpynmll F, HMeeT 8HA 

2 4 3 2 

• • () 0 0 

fXt «2 r:x. Q(4 ()(~=-~ f 

· µ = 2a1 4a11 + &i8+ 2<1,. 
TeopeMa. 1. npuse;teHHbtA HHlKe .cnHCOK ucqepnblBaeT ace 

noicaJI:oawe OAHOpOJJ.Hble.npoctpa~a, onpe,n.emiewe astOMOp~ 
cl'HSMaMH oco6oA KoMnaKrHo.I! rpynnfiI F ,. · · 

(.lloKa38.TeJibCTBO on:ycKae'l'Cff, T8K K&K. 01{0 8lillJIOrHttao 
.ztoKasateJihC'l'By JlJU1 rpynribJ G,.) . 

CuMMemputtf!CK.tf.e npoctnpaH£tf18a: 

X = X1• B (X) = {a:., a 3, a,, a.0}, fT a!i!i so (9); 

X = X,, B (X)' = {a1, a 2 , a;3; a 0}, ff ~ sp (3) esu (2). 

fl pocmpaHcmea nopR.aKa 8: 

X = ~ X1, B (X) = {a2, a3, a,}, fT G¥ so (7)$t1; 
3 ' . - .· 
2 .• ·. . . . .. · 

X = - x,. B (X) = {aL, ~· a8}, t: aap (3)e t1; . 3 . . . . 

X. = X8• B (X) = {a1, ~; a,, a0}, f? .~ su (3) E&su(3)·: 
flpocmpaHCmBa n()!JM/Ca 4: · .. 

3 . . . . . . 
X = 4 X~, B(X) ={ai. a2.; aJ, ftG¥su(8)E&su(2)$~1; 

X = X2, B (X) = {a1, as; a,, a0}, fl'~ SU (2) @su ( 4); 

. X = -1 (X1 + XJ, B (X) = {a1, CXa; ao}, tT ai; s0 (5) e 
2 . . . . 

@SU (2) $ t1. 
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n pocmpaHcmBa MPMKll 5: 
' 4 - ' 

x = ~ Xa, B (X) = {«1; <X3, a4}, IT~ SU (2) esu (3) e ', 5 
$tl; 

~ ' ,. ' 

X = 5. (X1 + X,), B (X) = {«2, a 8}, if;;¥ so(5)€9 fl'; 

l 
X === S (3X3 + 2X1), B (X) = {ct1; cx4 , a0}; ff--

~ SU (2) $SU (3) $ tl; 
·1 ' ' ' ~ 

X = 5 (3X3 + ~XJ, B (X) = {a,u a2; a.0}, fT~su (3) e 
e su(2)$t1• 

ll pocmpaHcmBa -nopR.OKll . 6: 

1 x = ""6 (3Xa + 2XJ' B (X) = {a.; a,}. tT::::::::: SU (2) e 
esu(2) et'; 

. 1 
X = .- (3X, + 2X,), B (X) = {a1, ~}, t? .-.- ~u (3) e ti; . 

6 
l ' ' ' 

X = - (2X1 + X1), B (X) = {a8, a 4 , et0}, tT~su (4)Eet1
; 

3 

X = + (2X1 + XJ, B (X) = {a1; a1;_ a.0}, t? ,,_,SU (2) ED 

$SU (2) $SU (2) $ t1; . 

• fl pocmpaHC/118a MpROKa . 7: 

'X = 2- (X1 + 2X1), B (X) = {a8, a,}; ff a; su (3) $ t1
; 

7 - ~ 

x - ~ (X, + 2X,), B (X) = {a1; a3}, IT~ SU (2} e 
1 

em~E9~ - ' . 

X = + (4X1 +3X3), B(X) = {a1; a,, ·ao}, .ft~u(2)E9 
$SU\3) et1

: 
1 ' ' X = - (2X1 + 3X3 + 2X4), B (X) ={et11; a.0}, if~ 
7 ' -

Qd SU (2) $SU (2) E9t1• 
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fl pocmpaHCl1UJO. tiOp!liJKlJ 8: 
1 . . . . 

X = 8 (4X1+3Xa)f B(X) = {a1; aJ, fT~su (2)@ 

esu(2) et1; 

1 . ·. . . . 
X = -- (2X1 +3X8 + 2XJ, B (X) = {a1}, tf-::=::su (2)$t1; 

.. 8 . 
I 

1 
X = - (X1 + 2X1 + X,), B (X) = {a8; a0}, ft~ . 4 

~su(2} esu(2) $t1• 

O'pocmpancmsa nop!l.OK11 9: 
• 1 

X . 9 (2X1 + 4X1 + 3X8), B(X),= {a,, ao}, ff~ 
gs sq (3) $t2; . · 

. l . . 
X = g- (4X2 + 3X8 + 2XJ; B (X) ..:.. {a1; ~), ff:::: 

9' SU (2) $ SU (2) $ t1; 

1 · . I • 

X :=- -9 (2X1 +4X2+2X.J, B (X) = {a8}, ftE¥su(2)$t3. 

Dpocmpaxcmsa nop!WKa 10: 
1 . 

x = -- (2X1+4X.+3Xa), B (X)= {aJ. rr::::: SU (2)$t3; 
10 

X = 
1
1
0 

(4X,+3Xa+2X,), B{X)={te1}, ff s.¥ su(2)fI;)i8• 

flpocmpancmao. nopRiJKll 11: . : 

X = Ti- (2X1 + 4X11 + 3X8 + 2XJ, ··B (X) ...: {a0}, tT e£ 

. QiS SU (2) $t3. 
fl pocmpa1tCtn80. nopRiJKa Jj: 

1 . ·. 
X = l2' (2X1+4X2+3Xa+2XJ, ft= t', B(X)= 0. 

r.D.e t'- MSKCBMMbHasr aee.neaa no.n.anre6pa a.n:re<Sp&t f,. 
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' ' 

§ A. nepNO"lf'feCtcM OAHOPOAHW• nponpattcr•• 
c KOMnatCTHWl!\M OC"°'1'IWMM • rpyn.M.M Es. E1 M Es 

I , 

.n.1111 oco6brx KOMll8}{THhtX rpyttn e., E.,, Ee MO>KHO 6b!JtO 
.®Tb taKyIO >Ke KJ1acta<l>HK8UJIIO 0)1.HOpo,nHbIX ·'. npoerpaacTB, 
xax H .zvm rpynn Ga ·~. F,. O.u.aaKo cOOTBe'fcTBy10u.ore pesyJt1;1-
TBTPI 6htJlli ()bl M8Jl0. o6oapHMbIMH, fl09TC>.My SA~b 6yA~ Jt8H8 
0.0Jtee rpy6aS1 KJI.accm\>MKfmKH JioK.aJtbRblX OJJ.HOpo.n.ablX NPOCT· 
paaCTB, nopommteMhlx aBTO'MOpc:t>H$MaMH rpynn ·. E,, A'!~ E8• 

A HMeHHO, Mbl He 6y.n.eM pas.na11aTb .D.Ba JioKaJihHLtX OJJ.Hopo.n:· 
·HblX npoctpaHcTsa c. odtOBHOA rpynnoA G, y tcorop&tX IlO,ll· 
rpynnht H30Tpomm JIOKaJI&llo, 'H30Mop<t>Hhl. · 

f pynna £,,. P8CUillpeHHas cxeMa ,llhJHJ<HHa a.rrre6pbt JlH ee 
rpynnbl E,, HMeeT BHA , 

(1) 

Bbt.l{eJIHM BoSMOlKHWe ,u.orlycTHMhte no)lcxeMhl cxaui (1), T. e. 
T8l(He no)lcxew, KOTOpbte COOT8eTCTBYlOT HeKoTOpJ:ilM ' aJtre6-
paM /IH. ,llanee IIOK~eM, tlTO JI.Jiff KU<)1.0A H3 9THX no.ztcXeM 
uabeTCR BB1'0M~ tp aJire6phl e, TaKoit, lJTO KOPHH HS et 
o6pasym CHCTeMY npocThIX KopaeA nOJiynpOC'I'oi . tJaCTH a.11· 
re6pu e:~ IlpH ~OM (jyJJ,yT BH6HpaTbCft 8BTOMOp4msMlit Hal{~ 
Meilhµlero . nopssaita, YAOBJietBPpRioIU.He · ygaaaHHQM}' yCJioBKJO. 

PaccMarpHM, HanpHMep, c.ite,nyromy10 no.n:cxeMy CXeMhl (1}· 

{a1, ~; a,, a.}. (2} 

HcnOJihSYR TeOpeMH 3, 6-9 § 2 H cTpyxTypy CXeMli (1), 
non.y1.1aeM, llTO aBTQMop<t>M3M q> == Ad (exp :tiX)-.HBHMeHhmero 
nop1u1,Ka, A~H KO'l'Opor.o 

B (X) = {c.t1, a1; °'•• a.} 
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1 
. ~& 9;°Mop4nra~ · mecToro. ,nop'WCa, ... no.pc>~)laeMh!~ eeKTOpoM• 
X = ~ (3X3 + 2X8). KaK ue11yeT fl8 (2),. . · ·. 

er~ su(3) eso(3) et11 • 

.ll.Jist H:8lK,1J,Oi aonyCT11Mo1t no.ztcxeMii CXeMLt ( l) . yKa11<eM; a) 
COO'.I'Be1CT.EJYIOllIJdi BeKTOP x;. 6) nopR.ztOJC k aB'l'OMO~Hl <p:::::; . 
. = Ad (exp 2niX); a) CTJ>Yl<'l'YPY aJtre<ipbl ei: · · · 

{ ct1, • • • , eta; ~}, Jt,, k = .2, sU .(6) $SU (2); 
. J .. ·· •' .. · .. · .. 

{ix,, .•• , o:.}, - :Xi, k = 2, so (10) E9 t1; 
.. · . 2 '· . . 

{a1, ~; a,,. a,, a,; exo}, X3, k = 3, 
SU (3) E9 SU (3) $ SU (3); . 

2 
{a1, ~; a.,, aa; a.,}. -- x,, k ==3, . . 3 . . 

SU (3) E9 su(3) e SU (2) $ t1; . 2 ·. . ··. 
{a.1; °'a' • • ·, a.8}, - X1, k =3, SU (5) $sU(2) $f1; 

3 . 
l ... 

{a., as, . a,, ae), - (X1 + XJ, k =3, so (8) E9 t1; 
. 3 . 
. · . l . ·. 
{~; aG; a,, «a, ao}, 2 .· (X, + XJ, k =. 4, 

SU (4) $ SU (2) $SU (2) EE) t1; 

. {a1, a,.; a.,, a.5; ~.}, ..!_ X8, k =4, 
. · .. ·· . . . . 4. 

SU (3) $ SU (3) (& SU (2) $ t1; 
. .· . 1 . . ... · . . . . . 
{a.i, ... , aJ, ·~· (X1 +2X8), k = 4, su(5) $ t9; 
.. · ·.· . 4 .• . . .. ·. 

2 
{a1, ~· a.3; a6}, 5 (X, + X8}, k = 5,. 

SU (4) $SU (2) E9 f1 j 

{ci1; ~, a.,; ct11}. ' ~ (X1 ·+ XJ, k = 5, · 

SU (3) E9 SU (2). EE) SU (2) $.ti; 



,) 1• I" 

. . ··•·· .. 1 . . .. ··... . 
{a,., IX31 a.J,. 5 (X1 + Xrs+2Xa), k = Q, su(4).$t8; 

l . ·. . 
{cx1, a,.; a,, a 0}, . T (3X8 + 2X6), k =6, 

.SU (3) E9 $U (3) E9 t'; 

. ..· ·... l .· . . . 
{a1; et8; a 11; ao}, ---""" (X1 + X, + X6}, k = 6, 

3 . 

SU (2) e SU (2) e SU (2) e SU (2) $ t 11; 

{a5; ~' ~J. +- (X1 + 2X1 + 2.X,),,, k = 6, 

SU (3). $ SU (2) E9 t8; 

1 . . . . ' 
{a1; a8; a6}, - (X1 + X1 + Xe), k = 6, 

3 
SU (2) $ SU (2) Ef)· SU (2) E9 t8; 

1 . . . . . 
{a,., as}, 7 (X1 + 2X, + X1 + 2XJ, k = 7, SU (3) E9t'; 

' 

1 . . . 
{a1; as}. - c2x1 + 2x, + x, + 2Xe), k = s, 8 ' 

. SU (2) @ SU (2) $ t'; 

{<i,}, ! (X1 + 2XJ + 2X1 + X5 +' 2X1}, . k = 9, 

SU (2)E9 f6; 
1 . .· . . ' 

0, }i (X1 + 2X9 + 3X8 + 2X, + X1 + 2X6}, k ~12, 

t• - M&KCHM&JI&Has a($e.llei;m · no,11.&Jire6pa ure6pH e6. 
fpynna E,, . . PacmHpeHHSSI cxeMa .Ll&UIKHHa anre6pDI e1 

rpynnH E1 HMeeT BH.Zl · 
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. .. npHee.AeM enHCOK .·.· nepHO,l(HllecKHlC OA~poJlHWC: . npocT­
PWlCTB c oc~BHOft rpynooA E7, noc1poeHHwA no TOA ~e cxe-
Me, 'ITO H Jl.Jf.H rpynm~t .E.: . 

{a1, ••• , a6, <l0}, X7, k = 2, su (8); 
. {a1; tt8 , ••• , a,, cio}. X8, k::::: 2, so (12) $ su (2); 

. l . . '· . 
{t:;, •.. , a,}, _.:.,. X1, k :::i. 2, ~. E9 t1; 

2 
{<11, ••• , a,, a,; a., CXo}1 Xa, k =3, SU (6) E9 SU (3); 

. . . . . . . . 2 - ·. ·. . .· . . .. 
{<Xi; «:£a, ·" 1 <X;}t S Xll' k-"'. 3, so(lO) E9 su (2) E9 tt; 

{a1~ . · ·, eta, a7}; ~· X8, k ==.3, so{l2) E9 t1; , 

. 2 . ·, . . ·.· .. · . . . · ... 
(ai, ... ' a.}, ·-... Xi, k = 3. SU (7) E9 tl; 3 . . . ., . 
{a1, a,, a.; a5, a:e, «o; a.,}, X,, k = 4, 

SU(~) ~.SU (4) 'SU (2}; 
I . . , 

{ct1; ~. • •• , a,; ao}; -·-.. (X2 + Xs), k = 4, 
\ . . . 2 .• . . 

SO($) $SU (2) $ SU (2) $ t1; 

. . l . . . . ' . 
{Cts, et1, a,, a,;tt8, a.,}, T (J1 + 3XJ, k =4, 

SU (5) $ SU (3) ~ t1; 
1 . . •.. . . . . . 

{a1; a.. ., .. , a1, a0}, - (X1 + X7),, k = 4, 
. . . ,2 . . . 

SU (6). Ef) Slt (2) E9 t1; 
l 

{ct.a, ••• , tta}, +- (X1 j- 2X.1), k =;= 4, ~~. (6) E9 t•; . 

. . 1 . . . . . . 
{a2 , .••• , a,, et7}, 

4 
, (X1 +.2X1), k':==4, $0(10) E9 t2; 

. . . .. • . 1 . . . .. . 
(ai; a3, a,, a,; a8, rlo}, - (2X1 +SXJ, k= 5; ,·. . 5 . 

su (4) E9 su (3) E9 •u (2) EB t1
; 
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1 . . . . 
{a2, a~, ~~, ~; ~}, ·5 /(X1 + 3Xa), k =5, 

SU (5) e SU (2) er; 
2 

{/Xi; a,, a,, a6, ai,}, 5 (X11 + X~, k = 5, 

SO (8) $ SU (2) El). t 1; 

{cii, ~; a,, a.,; a.. cto}, ! (X8 + X5), k = ~, 
SU (3) f> SU (3). e SU (3) $ t1; 

{ax; lJa• a4, a11 ; au}, ! (X• + X8 ·+·X7), k =6, 

· su <•> e su (2) e su (2) e t1
; 

. . . ··. . 1 .··· . 
{av a,; ~; a6 , a8, a.,}, - (X1 + 2Xi), k =6, - .. . ·. . .3 . 

SU (4) $SU (2) E'.& SU (2) $SU (2) E9 t1; 

.... . . 1 . 
{<ii, ~· a3; eta• "•' a;,},. T (2X, + X,), k = 6, 

su(4JEB su(4) et1;· 

. . . l 
{cii, a., a,, a1, ~}, T (3X8 + 2X8), k = 61 

. · :SU (4) $SU (3) E9 t1; . 
1 . . . 

{a,, · · · , a;a}, 6 (X1+ 2X9 + 2X7), k =6, su (5) e t•; 
. 1 . 

{a.a, a,, °'•• ct,}, 6 (X1 +2X1 +2Xo), k =6, so (8) et'; 

. • J 
{a1; a,, a,; a8, ~}, T (2X2 + 3X1+2X7), k = 7, 

SU (3) E9 SU (3) EB SU (2) ED t2; . 

l . . . · .. · 
{ix., a4, °'•; etc}, 7 (X1 + 2Xe'+ 2X8 + 2X7), k = 7, 

su(4) E9 su(2) e ti'; 
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1 
{«,a, aa; a5; a;.i a0}, T (X1 + 4X, + 2Xe), k = 7, 

1 

SU (3) $ SU (2) $ SU (2) $ SU (2) $ fl; 
1 . 

. {Cli; aa; a,; a1;. ao}, ~· (X1 + 2X, + Xe), k = 8, 

SU (2) $ SU (2) $ SU (2) $ SU (2) $ SU (2) $ t1; 

1 . . .· . 
{a1, cc8~ a,, a.}, B (X1 + 4X, + 2X7), k = 8, 

su (3) E9 su(3)°$ t8; · 

1 , 
{Cli;, aa• a,; a.}, . °8"" (2X1 + 3X6 + 2X7), k = 8, 

. SU (3) E9 SU (2). E9 su._(2) Ee t'; 
l .· ·. .· .. 

{~, a,, a 11}, S (X1 + 2X9 + 2X8 + 2X7), . k == B, 

. SU (4)$ t'~ · 
. 1 . . . . . . . 

{a,. a,; a8}, g (X1 + 2X1 + 3X1 + 2X,), k =1a. 9, 

SU (3) $ SU (2) E9 t'; 

{~; tla;. aa; ·~}~ i<2X1+ 4X,+2X,)~ k = 9, 
. SU (2~ $ SU (2) E9 SU (2) E9 SU (2) E9 t1; 

·. {cx1; «,; a;J, 'ilO (X1 + 3X8+ ax,+ 2X1), k = 10, 

SU (2) ED SU (2) ED SU (2) E9 t'; 
1 . 

{<ia, aJ, IT (X1 + 2X~ + ax. + 2Xa + 2X1), k = 11, 

SU (3) $ t6; 
1 . ' ' . . . 

{a8; a 6}, 
12 

(X1 .+ 2X1 + 4X,+2X,+ 2X,), k = 12, 

SU (2) $ SU (2) E9 ·tll; 



1 .·' ' ' ' ' '. 
{a,}, U(X1 + 2X2 + 3X8 + 3X5 + 2X, + 2X1), k~ 14, 

su (2) e t 6
; 

' ' 

-
1
-. {X1 + 2X2 + 3X8 + 4X, + 3X6 + 2X8 + 2X7), k -:- 18, 

18 . ' ' 
· t" ·- MRKCHMMbHa.st a6e.neWi noABJire6pa anre6pbI e,. 

rpynna EB' PacwHpeHHaH cxeMa }1.htHKHH8. Mre6pbl ea 
rpynnb1 E9 HMeeT BHJ.\ 

2 4 f) 5 I. . 
'/" J 2 

0 0 

l"· 
.0 0 0 0 0 

o<, 0(.2 ex' (Xf Ct.4 CX.7 «o='"j-1. I( 

5 a' 
·8 

HmKe npnee,n.eH CDHCOK IiepHOAH'll~HX OAHOpo,llHbIX npo­
CTpaaCTB c OCHOBHO/t rpynnoA EJ., nOCTpoeHHhtA no roA ·JKe 
cxe¥e, 11To H J.f.JIH rpynn Ee H .t;: · 

{<;, . , as, ~}~ X1, k = 2, so(l6); 
{0'.1, • , a.. as; a,,}, x.,, k= 2, ·~ e su (2); 

{0'.3, • • • , O'.s; tXi}, Xa, k= 4, SU (8) $SU (2); 

{a1, as. a 8, a", a8; a 8, a.,, a 0}, Xri, k-,4, so(lO) $su(4); 

{a1, .•. I O:;}r ! Xa, k = 4; su(8)~t1; 
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. . . l . . . . . . 
{a., . "· , a,, tts; ao}, 2 (X1 + X1)1 k = 4, 

SO ( 12) e· SU (2) E9 t1; 
{ai, t:;, et,, a8; a6, a8, cx.h ~0}, X4 , k == 5, 
· su (5) e su (5); 

1 
{ai, • • · ~ ae; cio}, 5 (2X7 + 3Xs}, k = 5, 

SU (7) $ SU (2) E9 tl; 
. 4 . I 

{~, a., tt8, et4 , «~; a8 a,}, S X6, k = 5, 

$0 (10) $SU (3) E9 t1; 

{~, . . . , a0, a~}, : (X1 + X.,)~ k = 5, so (12) $ tt; 
{a,, · · · • a,, ao; tt.1• a., as}, Xa, k ::f:::::· 6, 

{~ . 
SU (6) $ SU (3) $ SU (2); 

• 1 
. . . , ao,;·a,, CXo}, '"f(X,+XJ, k =6, 

SU (6) $ SU (3) E9 t1; 
. 1 

· · • , a., tta; ex,}, 6 (2X1 + 3X8), k = 6, 

so (10) $ so (2) E9 t•; 
. . . . 1 

. . . , a,, a,; a6; a.,}, - (2X6 + X7), k = ~ 
3 

SO f10) $SU (2) $SU (2) $ t1; 

{~, a,, a4, a8; a8, a.,, a0}, ! (X1 + 2XJ, k = 6, 

so (8) E9 su{4) ·e ti; 

{a1; a8, ••• , a8, cig; ~}, -.!.. (2X8 + X7)', k == 6; 
.· . 3 

SU (6) $ SU (2) $ SU (2) $ t1; · . 



1 : . . . 
{a1, • ·, • , a 8}, 6' (2X7 + 3Xa), k = 6, su (7) $ti; 

{c-t1, • • • , a 6, a~}, ~ (3X8 + 2X7), ~ = 6, e. $ t11
; 

l ' 
{a1, • • , , a,; a 6, a,, ac,}, - (4X .. + 3X8), k = 7, 7 .. .. . 

SU.(5) Q) SU {4) Q) t1; 

{ 
1 . 

IXi, a., C£a, ~i aa, a.~ ao}, 7 (5X, + 2X1), k = 7, 

SU (5l E9 su(3) E& SU (2H':9 t1; 

3 
{tXi, • • • , a 11; a.,}, 7 (X,.+ X8), k = 7, 

SU (6) $ SU (2) $ t 11 ; 

. 2 . . 
{a11, ci,, a,, as; a 8, a.,}, 7 (X1 + 2X11), k =,.7, 

· S0(8) $SU (3) El) ti; · 
. . 1 
~a3 , a,, a8; a6 , a,, c;; a1}, - (X1 + X 11), k = 8, 

. . 2 . .. . 

SU (4) e SU (4) e SU (2) e t1; 
1 

{a,., a._; a,, a 6, a,; a 8; a0}, 4 (3X8 + X"), k = 8, 

SU ( 4) $ SU (3) $ SU (2) $ SU (2) Q) t1; 

. l . 
{a1 , ••. • , a,; a 8, ~}, S (4X6 + 3X8), k = 8, 

SU (5) e SU (3) e t2
; 

1 
{a11 , cx3, a,, cx8; a6, ao}, -... (X1 + 2X1 + X~), k = 8, 

' . 4 . . . 
50{8) e su (2) e su{2) E9 t'; · 

1 . . .· 
{a11 , • • • , a8}, - (2X1 + 2X, + 3X8), k = 8, su(6)EIH8; 8 . . . i 
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. . I . . . 
{<ls~ • • ·, rt5, a.a}, ·s- (2X1 + 3X8 + 2X7), k = 81 

SO. (10) $ t8; ' 

{ct.i'. a.; a.,, ~; a.,, etg; as}, ! (2X8 + X8), k = .9, 

SU (3) $.SU. (3) $ SU (3) EJ) SU (2) $ t1;· 

{ct.i, a.,, aa, a.a; a.&; a1},. ~ (5X, + 3Xe), k - 9, 

SU (5) e SU (2), $ SU (2) e t1~ 
. . . 1 ' ' 

{«i, a_, as; a.,, a.a, a.,}, g (SX, + 3Xa), k = 9, 

SU (4) $ SU(4)·$ t1; 

. ' . 1 
{eta. a,, a;; a,, ~a; t.to}, 9(2X1 + 5X. + 2X7), k = 9, 

SU '(4) ED SU (3) ED SU (2) ED t1; 

. {as, . ~ . , a,; a.,}, -.!.. (2X1 +ax. + 3X8), k = 9, . . 9 . . 
'su(5) ~ su(2) e t8; 

2 . . . . . . . 
{c;, a.,, a,, as; a.,}, g (X1 + 2X11 + X7), k = 9, 

so (8) ED stt (2) E9 t8; 

{cc,, a6 ,i a.8; a.1; a.8 , a.o}, + (X1 + 3X8 + X.,), k = 10, 

SU (4) ED SU (2) ED SU (2) EDsu (2) ED t1; 

1 . . . .. 
fa,., Cl.a• a.,; r;, "7}, IO (2X1 + 4X11 + 3X8), k = 10, 

SU (4) ED SU (3) E9 t8; 

. . I 
{a.1 , a.,; a,, a 11;: a 7; a8), 

10 
(6X8 + 3Xe), k = 10, 

su ca> e su cs> ED <2> e su <2> ED t•; 



,!, ' ', ' ',, '' ' ' 1 ' '' ' ,' ' ' ' ' 
{a1; as, , ex,, a6; ~}, It (4X1 + 3Xe + 3Xe)~ k, = 11. 

SU (4) $ SU (2) E9 SU (2) $ t8; 

' \ l ' ', ', ' ' 
{c;, · ~ . , as}, U (2X1 + 3X8 + 2X1 ~ 3Xs), k = ll. 

SU (5) $ t'; 
' ' ' ' ' l 

· . {a;1, as; ct,; «8; «a; ao}, a (3X8 + 2X, + X7), k ~ 12, 

SU (3) $ SU (2) E9 SU (2) $ SU (2) $ SU (2) $ t9; 
' ' '' ' ' ' l ' ' '•·,· ' 

{a8, a,; a;,, ~; a1}, 
12 

(4Xs + 4X1 +3Xa), k:=;: 12, 

SU (3) E9 SU (3) E9 SU (2) $ t'; 

{a,, a;3, «,; as}, :
2 

(2X1 +4X,+ ax;+ 2X,), k :=:12, 

so(S) E9 t'; 

{a., f%a, a,; ae}', :
2 

(2X1 + 4X~ + 2X1 f 3.X8), k:r::. 12, 

,u (4) E9 SU (2) E9 t'; 
2 ,· ',· ' . 

{«1, a1; a,; rx,; a:e; ,ao}, lSJ (3X8 +~2xa + X7), k = 13, , 

, SU (3) $, suJ2) $ SU (2) $ SU (2) $ SU (2) $, t1; 

{c;, rx8; a,, C"£8}, 
1
1
3 

(2X1 .+ 5X, + 2X7 + 3Xs), k = 13, 

- SU (3) E& su(3) Elft'; 
' ' ' ' 1 

{~; ~,; a,; ~; ao}, 7 (X1 + 3X8 +2X1 f- X7), k:-14, 

SU (2) $ SU (2) '$_SU (2) $ SU (2) e SU (2) e. t•; 
1 ' ' ' ' 

{«a, a,; a.1; a 8}, 
14 

(4X8 + 4~1. + 2X, + 3X8), k= 14, , 

SU (3) $ SU (2) @, SU (2) $ t; 
1ss 



. . l 
~, ·""•' «i,}, 15 (2X1 + 4X11 +ax. +.2x1+~x,), k= ts, 

. . 

SU (4) e t6; 
1 

{<li; t;i; a1;. a1h 16 (4X1 + 5X, + 3X1 + 3XJ, k = 16t 

SU (2) E9 SU (2) e SU (2) e SU (2) E& t'; 
1 . . . . . 

{a.' ~; a 11}, . 
16 

(2X1 + 5X, + 3X0 + 2X.7+3Xa), k= 16. 

su cs> e su (2) e t6; 
1 . . . . . ·. . . . ' 

{a:,; e,; «,}, --(2X1+6X8.~4X8+2X.,+3X,), k= 18, 
l . 18 

SU (2) $ SU (2) e SU (2)' e 't6; 
1 '·. . . . .· . 

(~, aJ, 
19 

(2X1+4X1+4.x,+ax.+2x1+3X8), k=- 19, . 

su(3) e 1'; 
• ' ' '< 

{ix1; a 11}, ~· (2X1+4X9+5X,+3X0-f.2X7+3X8), k=20,. 

SU (2) $ SU (2) $ t1; 

{c;),! ;
4 

(2X1+4X2+5X,+4X11+3X,+2X7+3X3), 

k = 24, SU (2) @ t7; 

J . . . . . .· ' . . 
· 
30 

(2X1+4Xa+6X8+5X,+4X1+ 3X8+2X,+~X8), 

k = 30, t1 - M8KCHMaJihH8H a6e.nesa 00,!J.aJire(Spa a.n:re6pbl ea. 

r n a • a v. nEPMOAM'fECKMli OAHOPOAHWl nPOCTPAlfCTIA 
C f PYntlAMH (OCllAOl EIKnHAOBWX A8HHC. . ·· . IHMR 

'' ' ' ' 

§ t. hpoCTpaHcna c ea1C11H14oaoii rpynncNI· 

P~M<>TPHM n -MepHoe' CBKJIHAOBO · .. tJpocTPBHCTBo Rn· 
fpynna ,ll.Bffmemut npocTpa.HcTBa Rn ecTb · noJi'ynpRMoe npo-
,HSBe,l\eaHe T n "' OJti) rpynnbl Tp8HCJUUlHA T~ Ha rpynny apa· 

154 



Ulead <f(n) •.. :sy.neA« oro>KJtecr.sJ1ar1> rpynny r •• o (n) c 
rpynnol ~TPJl!t 

A= 

r.ne 

At= 

Cli1 • • • aln al -
an · • • ~n a. 
. . . . . . . 

~1. . . ann ~· 

0 . • . 0 1' 

- au . • • tlin -
n.1 . . ·• O.n 

- an1 • Onn-

(1) 
• 

Iii 

ecT& optoroHaJJbHaR MaTpHua, a a,. ••••• a"-npoHSBOJihHHe 

BelltecTBeHHbte IDlCJla. Am:e6pa na g rpynnot G = T n • 0 (rt)' 
COCTOBT H3 MaTpHD; 

- bu . . . bin b -
1 

bu . bin b. 
B= 

; ; ~"t,'.~ .~~ . . . . (2) 
bnl bnn b.ll 

0 0 0 
rAe 

-bu bin ·-
B1= bai . . . bsn 

. . . . . . : 
.b 

nn -

ecTb KOCOCHMMeTpHtJecKU MaTpH~a, a b1• , • :• , b.,. - JJpPH3• 
BOJibHble BeUJ.ecTBeHHNe qHcJJa. . MaKCHMaJJhHaR KQMnaKTHaH 
noArpynna I( rpynnbt G o6pa3C>saaa MBTpHu.aMB 

(A1, I). (3) 

Ilony'IHM KJiaCCH<l>HK8UHIO nep~O,!tH_qecKHX O,lUIOp<>All'YX upo~ 
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CTpaHCTB c ~BiiOltrpynrtoit Tfi:110(n). orUrpQCb HR Teo.r>e­
MY l ' § a rJI. III H CJie,llyl()IllHA: peayJibtaT H. B.· BeAblCO • 

. TeopeMa .l [3). JlK>OOA 8BT0Map<}m3M rpynnbl T n•O(p, q) 
HMeeT BH.zt 

tZi 
~· 

C1 

~= 
Ai 

I-+ 
ToA11o1 (4) ' 

a" Cn 

0 0 1 0 - . . . 0 1 

rJJ.e T 0 - Marpm.i;a, yJJ.oanersopJIIOIIUlJJ yCJIOBHIO 
, . ' 

ToEpq T0 = ::i:: Epq, {5) 

E,11 == (..,._ 1, .•. , - 1, l, ... , 1), 
p q (6) 

'(~) [I l (c) I ~ J 
C9$l38Hht .pal5eHCTBOM 

(c) = A.T0·(a) +(A- E) T0 (b), (7) 

[ 

b1 ]''. 

(b) ;. 

ec.Tl> npoHSBOJlbllblA CTOJI()eu. 
B COOTBerCTBHH c TeOpe.MoA 1 §. 3 rJI. III MOJKeM pacCMa­

TpHaan. Jllflllb ~ nepHo,llJiqecKRe . aBTOMOpti>H3Mbl l'pynnhl 0, 
KO'l'Ophte OCT&BJlffl()T HHeapuaHTHOA M8KCHM8JlbHYJD . KOMnaK'l'­
liYJO llOJJ.rpynny 1(., COCTO~YIO H3 MaTl>MU (3). Hs <}lopMyJibl 
(7) sa,11,HO, YTO A. = ± l, .a (b) ~ ayne:eoi\ CTOJit5eu. · 
' EcJIH A = I, sonpoc CBOJJ.HTCH K pacC:~OTpeHHIO BHyrpea· 

Hero' 8BTOMOpcfm3Ma . 

(8) 



I.' ',.;I 
,''• 

rpynnhl G, m>.pollcAaeM<lru .. MaTplltJ.eA 

. . T = (T0 , I), . (9) 
rAe ToEO(n).: ·~aK H B § 2 rJI. III, MaTpauy T0 r.to>KHO npH· 

. secTH K SHAY (37). HraK, 6y.neM c11HTaTb, 'lTO MaTt>Hua (9) 
HMeeT BH,ll 

T == (T1, ••• ·, T,., T,.+1, T,.+1), (10) 

T -[ · En1 COS Ct.t · - Eni sin a, ] 
. 

1 
- · En

1 
sin a1 . . · En

1 
cos a;, - · ' 

i = 1, •.. , r; a;1 + a1, ec.rIH i ::;I;: j; sin at+ O; (11) 

T,.+1 = ..._ E,1, Tr+t = E, •. 

flOJtMl'eCSpa h 8Jlre6pli JIH g rpynnbl G = rn.o (n), .cc;.· 
cromnag Jf3 . aeno)lBH>KHblX 9.JleMeHTOB 8BTOMO JXl>HSMS (1'1>., O(j. 
pasonaaa l'datpHI18MH B, y,noBJie'roopHIOU\HMH ypBBHeHHto 

TB= BT, (12) 
r.zr.e T- Matpuua (10). Pemeane ypaeueHHff (12) npoao,nHTea 
T8K >Ke, K&K H s § 2 rJI. III. B peayJI&TaTe nonyqaeM, q'f() 
MaTpHll,bl nop,anre6pbl h HMelOT BHJJ. . ' 

B = (B1, ••• , B,., Br+i• B,.+1), 

rJJ.e ]J.JIH 1 _ ~:i ~ r 

Bi = r L, M, ·J.· ' · -Mt L, . 

c 
Br+I. = 

Cs, 

0 . • • 0 

L; = ~ L,, M; = M,; s;+1 = -- B,.+i• C' = -:-- c, · 

(13) 

(14) 

a c1, ••• , c,, - npoHSBOJlbHble seinecue:aHl:ile QHCJia. KaK; 
yKa&.,-maJI()Cb B § 2 NI •. tu, MatpEU.bl (13) O()p&a}'IOT &11re(Spy 

Jlu . rpynnhl · W ( · i ·.) opTOtoHa11i,Ho.cmmneK'lH'tecKHX M&t~. 
pIW., a M8TpHlJ.bl. { 14) - . aJ1re6py nu rpynllbl Ts,* 0 (sJ .. 
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.TexHM olSpaao.M, J1106aS1 JtQ,llrpynna fP rpynllhl G .:::= T n * 
•O (n) conpR>Keua c noArpyrtnoA · · · · 

. s(w(2;)x ... xw(t)xo~Si)X 
x (T,1•0s1)}. (15) 

EcnH ). = -1, noJJ.rpynna ~ cqnpSJ>Keaa c no.zr.rpynnoA 

. . S ( W ({-) x . . . x W ( ~) x 0 (st) >< 0 (&a)) • . 
. ' • . . . (16) 

f · 2. l1poctpaHcr11 c .ncu.qoe1HnMA0901i rpynnoA 

. Pacc¥01'pHN. neea. .Ao .. eQ~H)l.OBO nwctpaHCT~ PRn paaMep-
HOCTH n .H H1fAeKCa p. t'pynna .ztBH:JKeHHA npoCTpaacTBa 'R.,. 
ecT& noJiyripmcoe rtpoHSBeAeliHe T n •O (P, q) (n = p+q) rpyn­
Illil T}>4HCJimuril T n aa rpynny Bp~eud-0 (p, q). 6y,zr,CM 
ofu»<.n.ecTBJUlT& rpynn T n • 0 (p, q) c f pynnoft G M8TP.HI.t 
. au ... 01n "1 

A= 
•• It' •.••• 

. (1) 
) 

0 . . . 0 1 -
r,n;e 

Ai= r· ·au . • . "1 .. " .]·· Eo (p, q), 
anl • • • llnn 

41,. • • • ' a,. - J:tJ>OHSBOJI&Hble Belµ.ecTBeHHhle 'QHCJI8. A.1Ire6-
pa JIH rpynflbl G o6pasoBaaa MaTpHU.aMH . 

bi 

Bi . . 
B= . . (2) 

bn 

0 0 
r,lle Bi.Ee> (p, q), a b1, • ~ • , bn - npoHsBOJI&HE>Ie aemectaeH­

. lll>Ie '!IHCJia • .MaKcHMaJI&HaH KOMilBKTHaff no.ZJ.rpynna rpynnhl 
G cOCToHT .~ M8TpMU . 

(M1, M,, .1), (3) 
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r.n;e M1 •. MJ-~cH'MMeTpliqedCHe MSTPJUU:i n~n.z(KoB·· .. p· Ji.q •.. 
. · .l\aK H B § 4, .MO>KHQ n<>K&SaTb, 1l'l'O mo(Soft .· .. 8BTOMOp<l>HSM. 

rpynnbl ,(J ffMeeT BHA . ·, ' 

• . . 
<I>: . (4) 

On Cn 

... _e ... ·o 1 _ o • • . o 1 _ · 

r.zte T0ESO(P, q), a (c) = A.T0 (a), A.- :I::: I. . ·. . (5) 
WH A..= 1, TO ( 4) - BHyTpeHHHA 8M'OMOPti>HSM 

a>:G-+-G, A-::+-TAT-1, (6) 

nopo.>KAaeMld MaTpHneA 

T =.(T0, 1). (7) 
MenOJlhsys pesyJJ&TaTbI § 4 . rn. III. i:JpeAcTasnu uaTpau.y · T 
B BHJ{e 

T = (T1, ••• , Tr, Tr+t• ... , T.), (8) 
r.n.e 

T, = ·[ E.n.1 ~s a. 1 - En1 sin a, ] , (g) 
E,., SUl ci, En, cos ci, .. 

2 (n.1 + . . . +nr) = p, ·2 (IJi.+t• + . . ·. + n.) = q, 
T,_1 = - E2n,_1, T, = E2n,. T,_1 .·. - E2,.,_

1 
, T, =. B2n,· 

flo~aJJre6pa h HenO)lBH>KHhlX roqeK 8BTOM01'4>H8M8 d(l)e COCTO· 

HT. HS MaTpHU BE g, y,11.oBJieruop.RK>m.mt ypaBHeHHIO 
· TB= BT. ~10) 

3ro YpaBHeHHe pemaercs TaK ~e, KSK ,H B § 4 rn. III, H Mb( 
orpasuqHMCJt npHBeAeHHeM cooT8e'l'cTByioruero pesyJlbTaTa. 

IlycTb · . . .. · ·. ·.·· 
{«n1 , • • • , «nr~• ) ff{an,+1 , • · • Y ctn,_1 } = 0. (II) 

Tor)la rpynna GtS> HSOMopct>Ha rpynne ·1 

S (U (n1) X • • • X U (n,_.) X U (nr+il X • • . 

. . • x U(n,_z) xO(pi., Q1)iX CTm•O(p2, '12))}.: (12) 

EcJiu: yCJioBHe {I I) . Hapywae-rca, ro aeKoropbie .. npoHsaeJ.teHHff 
U (nr) X U .(n J) B rpynne ( 12) S8MeH.9IOTCJl rpynnaMK, 8.nre6pbl 
nH KO'l'OphlX COCTOHT HS MaTpHU (~) § 4 fJI, III. 

13 C.ilr!ae 8B'l'OMOpcl>lisMa (4), (5) c A=~ I IIOJIYqJ{M no~­
rpynny (j<l>' OTJIH118l()UJ.YIQCB .OT rpynnbl (12) IDUllb nocJ1e~HHM 
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eeTh npoHSBOJibHblft. cTOJ1(5eu. 
npH p = q · BOSMOlKeH Ta~ BHyrpemmft aato~OJKPHSM 

rpyttnbI (J, nopo>K,U.aeMhtA MaTpHU.eft 

· r·· o· E OJ 
T=.· .. -B 0. 0 · (15) 

. 0 0 l . 

.MaTpHIUl l!OQTBe~TByIOW;eA llC?AaJirOOpbI h = g4:1 HMelOT BH)l 

l-~;: l 
r,ke Mi, Ma - i<dcQc1utMerp.Hllect<He MaTpHD;li. 
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