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IIpeaucJweue 

reoMeTpHIO C'l:HTalOT TPY,ll;HbIM npe,z:i;MeTOM. A Tpy,z:i;HOCTb ee B TOM, 'ITO 

no cpaBHeHHIO c aJire6poii: OHa MaJIO aJirOpHTMH3HPOBaHa. IlO'lTH Ka2K,1J;YIO 

co,z:i;ep2KaTeJihHYIO 3a,z:i;aqy M02KHO peIIIHTh HeCKOJibKHMH cnoco6aMH, HCnOJib-

3Y.l'I pa3JIH'l:Hb!e MeTO,ll;hl. Ilo3TOMY reoMeTpH.H co,z:i;ep2KHT B ce6e orpOMHbIH 

noTeHii;HaJI ,ll;JI.l'I pa3BHTH.l'I rH6KOCTH yMa, nJiaCTH'iHOCTH MhIIIIJieHH.l'I H KOH

CTPYKTHBHhIX cnoco6HOCTeii: yqarn;nxc.si:, ,ll;JI.l'I BOCnHTaHH.l'I y HHX qyBCTBa 

npeKpacHoro. 

B xo,z:i;e pe¢opMhI mKOJihHoro MaTeMaTH'lecKoro o6pa30BaHH.H, noBJieK

meii: 3a co6oii: nepecTpoii:Ky yqe6HbIX IIJiaHOB H nporpaMM Ha MaTeMaTH'ie

CKHX ¢aKyJibTeTax ne,z:i;arornqecKHX HHCTHTYTOB, ,z:i;onyrn;eHhl cyrn;ecTBeHHhie 

npocqeTbI H nepern6bl. Co cTpaHHIJ; mKOJihHbIX yqe6HbIX noco6nii: no reoMeT

pnn Hc'l:e3JIH MHorne 3aMe'l:aTeJibHhie reoMeTpnqecKHe ¢aKTh1, CBoero po,z:i;a 

reoMeTpH'l:eCKHe «2KeM'l:Y2KHHhl», HCnOJib30BaBmHeC.H npH ,ll;OKa3aTeJihCTBax 

TeopeM H pemeHHH 3a,z:i;aq. HoBbie 2Ke MeTO,ll;hI - BeKTOpHbiii:, KOOp,L1;HHaTHb1ii:, 

MeTo,z:i; npeo6pa3oBaHHii: - He 3aH.HJIH ,z:i;oJI2KHoro MeCTa B npeno,z:i;aBaHHH reo

MeTpHH H HM Bee MeHhme y,z:i;eJI.si:eTc.si: BHHMaHH.si:. B 3TOM, Ha Moil: B3rJI.H,ll;, 3a

KJIIO'l:aeTC.H o,z:i;Ha H3 OCHOBHbIX npH'l:HH 3Ha'l:HTeJibHOrO IlOHH2KeHH.H ypOBH.l'I 

TeopeTH'ieCKOH H rrpaKTH'leCKOH rro,z:i;roTOBKH no reoMeTpHH BhIITYCKHHKOB 

cpe,ll;HHX IIIKOJI. 

B CHCTeMe IIIKOJibHOrO MaTeMaTH'l:eCKOro o6pa30BaHH.H reoMeTpHH OT

BO,ll;HTC.l'I BTopoe, eCJIH He TpeThe, MecTo. « Ynporn;eHHe» reoMeTpHH n,z:i;eT no 

nyTH ee aJire6paH3aIJ;HH H H3'b.HTH.l'I reoMeTpH'l:eCKHX 2KeM'l:Y2KHH. "t!HCTO reo

MeTpH'l:eCKHe MeTO,ll;bl IIOCTeneHHO OTX0,11;.HT Ha BTopoii: nJiaH. Ba2KHeii:mHii: H3 

TaKHX MeTO,ll;OB - MeT0,11; reoMeTpH'leCKHX npeo6pa30BaHHH - ,11;0 CHX nop He 

HameJI CBOero MeCTa B IIIKOJibHOM Kypce reoMeTpHH. Ero IlbITaJIHCb H3y'l:aTb 

c caMoro Ha'laJia, paCT.HHYB Ha BCIO BOCbMHJieTHlOlO IIIKOJiy. Tenepb rrpe,z:i;

JiaraeTC.H 3aH.HThC.H HM B KOHu;e H3y'l:eHH.H rrJiaHHMeTpHn. Ho no-npe2KHeMy 

yqeHHKH He BJia,z:i;eIOT HM ,z:i;a2Ke Ha Ha'laJibHOM ypoBHe. 

,Il;aHHOe rroco6ne rrpH3BaHO B03p0,1J;HTb HHTepec K 3JieMeHTapHblM Me

TO,ll;aM B reoMeTpHH. 0Ho a,z:i;pecoBaHo BCeM, KTO 2KeJiaeT pacmHpHTh H 

yrJiy6HTb 3HaHH.H no 3JieMeHTapHOH reoMeTpHH, COBepmeHCTBOBaTb Tex

HHKY pemeHH.l'I rrJiaHHMeTpH'l:eCKHx 3a,z:i;aq 3JieMeHTapHbIMH cpe,z:i;cTBaMH. 

TaKHMH 'l:HTaTeJI.HMH .l'IBJI.HIOTC.1'1 npe)K,ll;e Bcero yqarn;Hec.H MaTeMaTH'l:eCKHX 

KJiaCCOB H IIIKOJI, HX nperro,z:i;aBaTeJIH, Y'l:HTeJI.H MaTeMaTHKH 06rn;eo6pa30Ba

TeJibHblX IIIKOJI, CTy,z:i;eHTbl ne,z:i;arornqecKHX BY30B. 

IlpH OT6ope MaTepHaJia Bcer.n;a eCTb onacHOCTh, c O,ll;HOH CTOpOHbl, YTO

HYTb B ,z:i;eTaJI.Hx, a c ,z:i;pyroii:- ynycTHTh He'l:TO Ba2KHOe c npaKTH'lecKoii: 

H n03HaBaTeJihHOH TO'leK 3peHH.H. Ilo3TOMY H3JI02KeHHblH 3,ll;eCh MaTepH

aJI y.H3BHM ,ll;JI.l'I KpHTHKH. OH He perJiaMeHTHpoBaH KaKOH-JIH6o 3a,z:i;aHHOii: 
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ITporpaMMoii:. ABTOp C'IHTaJI Heo6xo,n;HMhIM BKJIIO'IHTh «3a6hrThIH» MaTepH

aJI, pacmHpHTh MaTepHaJI IDKOJihHhIX yqe6HHKOB TeopeMaMH H cpopMyJiaMH, 

Henocpe,n;CTBeliHO CBR3aHHhIMH c H3yqaeMh!Mil B IDKOJihHOM Kypce, H ,z:i;o6a

BHTh MHOrHe cpaKThl H3 KJiaCCH'leCKOrO apceHaJia 3JieMeHTapHOH reoMeTpHH. 

3a paMKil noco6m1 Bb!HeCeHa Teopm1 reoMeTpH'IeCKHX ITOCTpoeHHH, MeTO,Ll; 

KOOp,LJ;HHaT H BOITpOChl TeOpHH H3MepeHH.H BeJIH'IHH B OCHOBHOM ITO ITpH'IHHe 

orpaHH'leHHOCTH o6'beMa IToco6H.11. 

qHTaTeJib BCTpeTnT 3,LJ;eCb HeCKOJibKO ,LJ;OKa3aTeJihCTB O,Ll;HOro H Toro )Ke 

reoMeTpH'IeCKOro cpaKTa. 9TH ,LJ;OKa3aTeJihCTBa IT03BOJI.HIOT Bhl.HBHTb pa3-

HOCTOpOHHHe CB.H3H ,n;aHHOro cpaKTa c ,z:i;pyrHMH, 'ITO BeChMa cyru;ecTBeHHO. 

KpoMe Toro, 3HaHHe pa3JIH'IHbIX ,z:i;oKa3aTeJihCTB o6ecITe'IHBaeT ITpeITo,n;aBa

TeJIIO cpaBHHTeJihHYIO CB06o,z:i;y B ITOCTpOeHHH CBOero Kypca reoMeTpHH B 

COOTBeTCTBilH c npHHHThIM ITOpjJ,LJ;KOM H3JI01KeHHH. 

B 3TOM ITOC06HH B CHCTeMaTH'leCKOM BH,LJ;e H3JI01KeH TeopeTH'leCKHH H 

3a,z:i;a'IHhIH MaTepHaJI ITO MeTO,LJ;Y reoMeTpH'IeCKHX rrpeo6pa3oBaHHH ITJIOC

KOCTH. OH IT03BOJIHeT opHrHHaJihHO H KpacHBO pemaTh MHOrHe reoMeT

pH'leCKHe 3a,z:i;a'IH. Oco6eHHO H xoqy ITpo6y,n;HTh HHTepec K 3TOMY MeTo

,z:i;y y MOJIO,LJ;bIX Y'IHTeJieii:, H6o 6y,z:i;yru;ee mKOJihI B Hx pyKax. CoBMeCTHO 

c P. r. Xa3aHKHHbIM ITpOBe,n;eH ,LJ;JIHTeJihHhIH 3KCIIepHMeHT H3y'leHIIH ITpe

o6pa30BaHHH B ,n;eBHTbIX H ,n;eCHThIX KJiaccax Ha ypoKaX H BHeKJiaCCHhIX 

3aHHTHHX. Mb! cTapanHCh noKa3aTb cyru;HOCTh Ka1K,n;oro BH,n;a ITpeo6pa3o

BaHHH, pemaH 60JihillOe KOJIH'leCTBO 3a,z:i;aq. 8TOT 3KCIIepHMeHT ITOKa3aJI, 

'ITO n;eJiecoo6pa3Hee H acpcpeKTHBHee Bcero 3aHHMaTbCH reOMeTpH'IeCKHMII 

ITpeo6pa3oBaHHHMH B nepBoii: 'leTBepTH ,z:i;ec.11Toro KJiacca rrepe,z:i; H3y'leHHeM 

CTepeoMeTpHH. 

BoJihmyro 'laCTb noco6HH cocTaBJIHlOT 3a,z:i;a'IH. Om1 B3HTbI H3 yKa3aHHOH 

JIHTepaTypbI, XOTH IIMelOTCH II 3a,LJ;a'IH aBTopa. 0HH rro,z:i;o6paHbl ITO TeMaM 

naparpacpOB H HMelOTCH ,z:i;aa CIIHCKa 3a,z:i;aq o6ru;ero co,z:i;ep1KaHHH, B KOTOpbre 

BKJilO'leHbl HeCKOJlbKO cepHH 3a,z:i;aq, COCTaBJieHHhIX TaJiaHTJIHBhIM rre,z:i;aroroM 

H MacTepoM no cocTaBJieHnro 3a,z:i;aq H nx perueHHlO npocpeccopoM 3. A. CKo

nen;oM. 0HH 6bIJIH ony6JIHKOBaHbl paHee B «MaTeMaTIIKe B IDKOJie» 3a 1966-
1993 rO,LJ;bI H B noco6HH 129]. XoTH aBTop II CTpeMIIJICH pacrroJI01KHTh 3a,z:i;a'IH 

B nopH,LJ;Ke B03pacTaroru;eii: Tpy,n;HocTII, o,n;HaKo TaKoe pacnoJI01KeHIIe 0Ka-

3a.n:ocb BeCbMa OTHOCIITeJibHh!M. Tpy,n;HOCTb 3a,z:i;aqn - nomITne B 6oJibIIIO:ii 

Mepe cy6'beKTHBHOe. Haii:,z:i;eTCH HeMaJio TaKIIX, KOTOphre MoryT rrpe,n;cTaBIITb 

HHTepec II ,LJ;JIH IIO,LJ;rOTOBJieHHOrO 'IIITaTeJIH. 

K 6oJibillIIHCTBY 3a,z:i;aq ,n;aHh! OTBeTbl IIJIII KpaTKne YKa3aHIIH. C'IIITaro, 

'ITO II3,LJ;aHHe 3a,z:i;a'IHIIKOB HerrpeMeHHO c IIOJIHbIMII pemeHHHMII IIMeeT 60Jih

mne HeraTHBHhre rrocJie,n;cTBHH. Y'lnTeJib, He pemaroru;nii: 3a,z:i;a'IH caM, 6b1-

cTpo TepHeT KBMIIcpHKaD;HlO. BpeMH, noTpa'IeHHOe Ha pemeHIIe Tpy,n;Hoii: 

3a,z:i;aqJI, OKYITHTCji CTOpIIn;eii:. 
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KHHra B ocHOBHOM rrpe,rvrn.3Ha'leHa ,n;m1 Y'iHTeJie:ll, pa6oTaIO~Hx B MaTe

MaTH'ieCKHX KJiaccax, r,n;e OHa MOJKeT CJIY)KHTb H yqe6HblM rroco6HeM ,Ll;JIH 

yqa~ca. Ee MaTepHaJI MO)KHO c ycrreXOM HCIIOJlb30BaTb H B Hecrrei::i;HaJIH-

3HpOBaHHblX KJiaccax KaK Ha ypoKax, TaK H Ha cpaKyJihTaTHBHbIX H Kpy:acKo

BbIX 3aHHTHHX. CTy,n;eHTbI H rrpeno,n;aBaTeJm rre,n;arorH'ieCKHX By3oB Hali,n;yT 

3,Ll;eCb HeMaJIO IIOJie3Horo ,Ll;J1H CBOe:ll rrpocpecCHOHaJibHOH rro,n;roTOBKH. 

Xoqy Ha,n;eHTbCH, 'ITO pa6oTa c ,n;aHHOH KHHro:ll 6y,n;eT rrpHHTHhlM 3am1-

THeM H IIOCJIY)KHT CTyrreHbKOH K cepbe3HOH MaTeMaTHKe. 

JI. II. IloHapuH 
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§ 1. lf3.Mepenue y21ioe, acco~uupoeannux 

c O'l'Cpy;JtCnocm 'b'l-0 

BcrroMHHM, 'ITO c OKPY)KHOCTbIO accou;nnpoBaHbI ( CB.H3aHhI) u;eHTpaJib

Hhle H BIIHCaHHbie B Hee yrJibI. U:eHTpaJibHbIH yroJI H3MepSieTCSI COOTBeT

CTBYIOIIJ;e:ii eMy ,zzyro:ii oKpy)KHOCTH, a BrrncaHHbI:ii - rroJIOBHHO:ii ,zzyrn, BbICe

KaeMo:ii Ha OKPY)KHOCTH CTopoHaMn yrJia n 3aKJIIO'IeHHo:ii BHYTPH yrJia. Pac

CMOTpHM eiu;e Tpn cJiy'IaSI B3aHMHoro pacrroJIO)KeHHSI yrJia n oKpy)KHOCTH. 

1.1. ¥roJI c BepIIIHHoii BHYTPH OKpy)KHOCTH. IlycTb BepmnHa S yrJia 

AS B Jie)KHT BHYTPH OKPY)KHOCTH, a ero CTOpOHbI rrepeceKaIOT oKpy)KHOCTb 

B TO'IKaX A n B (pnc. 1). IlycTh JIY'IH, ,n;orroJIHHTeJibHhie K Jiy'IaM SA 
n SB, rrepeceKaIOT OKpy)KHOCTb B TO'IKaX C n D. Ha:ii,n;eM 3aBHCHMOCTb 

Me)K,lzy rpa,zzycHo:ii Mepo:ii yma AS B n rpa,zzycHhIMH MepaMn ,zzyr AB 
n CD. YroJI ASE SIBJISieTCSI BHemHHM yrJIOM TpeyroJibHHKa SBC. Ilo 

TeopeMe o BHemHeM yme TpeyroJibHHKa LASE= LACE+ LDBC. A 3TH 

yrJihI H3MepSIIOTC.l'I cooTBeTCTBeHHO rroJIOBHHaMH ,zzyr AB H CD. IloaTOMY 
1 

LASE= 
2

(___,AB +'--'CD). 
TaKHM o6pa3oM, y20.11, c eepwuttou ettympu o""py:>1ettocmu U3.Mep.nemc.n 

no.11,ycy.MMOU aeyx ay2 :Jmou 01',py;J1Cttocmu, oatta U3 1',0mOp'btX 3a1',A10"1,etta 
.Me;J1Cay e20 Cmopotta.MU, a apyza.n - .Me;J1Cay UX npoao.11,;J1CettUR.MU. 

,Il;pyroe ,l.l;OKa3aTeJibCTBO 3TOH TeopeMbI IIOJIY'IHM, eCJIH rrpoBe,n;eM xop

,zzy BE, rrapaJIJieJibHYIO xop,n;e AC (pnc. 2). Tor,n;a LASE= LDBE = 
1 1 = 2'--'DE = 2('--'DC +'--'CE). ,llJ-Tn AB n CE paBHbr, rrocKOJibKY OHH 

CHMMeTpH'IHbI OTHOCHTeJibHO ,n;naMeTpa OKPY)KHQCTH, rreprreH,l.l;HKYJISipHOI'O 

xop,n;aM AC H BE. 

PHC. 1 PHc. 2 

1.2. ¥roJI Me)K,lzy ~YMSI ceKyIIJ,HMH c BepIIIHHoii BHe oKpy)KHOCTH. Ec
.11,u eepwutta y2.11,a .11,e:>1eum ette o""py;J1Cttocmu, a ezo cmopott'bt nepece,,,,awm 
:Jmy 01',py;JIC'liOCffi'b, mo O'li U3.Mep.nemc.n no.11,ypa31i0Cffi'b10 ay2, omCe'/l,ae.M'btX 
cmopotta.Mu y2.11,a u 3a,,,,.11,10"1,etttt'btX ettympu tte20. 
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,Il;eiicTBHTeJihHO, nycTh cTopoHhI yrJia AS B nepeceKaIOT ,n;aaayro OKpy)l{
HOCTh BTOpH'IHO B TO'IKaX CH D (pHc. 3). Tor,n;a ,n;m1 BHenrnero yrJia CBD 
TpeyroJihHHKa SBC HMeeM L.CBD = L.ASB + L.ACB, OTKy,n;a, nepexo,Zl;R K 
,n;yraM CD H AB, Ha KOTOphie onHpaIOTC51 BnHcaHHhie yrJihI CBD H ACB, 

1 
noJiy'!aeM ,n;OKa3hlBaeMoe cooTaomeaHe: L.ASB = 2('--'CD - '--'AB). 

B aToM M02KHO y6e,n;HThC51 c noMOID;hIO xop,Zl;hI BE, napaJIJieJihHoii xop,n;e 

AC (pHc.4): 

PHc. 3 PHc. 4 

1.3. Yron Me:xc,zzy ceKym;eii H KacaTeJibaoii MO)l{eT HMeTh BepmHHY Ha 

OKPY2KHOCTH (pHc. 5) HJIH )l{e BHe ee (pHc. 6). B nepBOM cJiy'!ae, ecJIH noT 

yroJI ASB ocTph1ii, TO OH paBeH pa3HOCTH np51Moro yrJia BSD H BnHcaHH0-
1 1 1 

ro yma ASD. CJie,n;oBaTeJihHO, L.ASB = 90° - 2'--'DA = 2'--'SD- 2'--'DA = 

=~'--'SA. ECJIH yroJI ASB Tynoii, TO aHaJiorH'IHhIMH paccy)K,Zl;eHH51MH noJiy

'!aeM TOT 2Ke pe3yJihTaT. llTaK, ,11;0Ka3aHo, 'ITO yzo.11, c BepWU'HOU Ha 011,py;)IC

'H,Ocmu Me;J1Cdy ee xopiJou u 11,acame.IL'bttou U3Mep.Remc.R no.11,oButtou iJyzu 

::>mou 011,py;J1Cttocmu, 3a11,.1L10<tettttou Bttympu dattttozo yz.11,a. 

ill 
S B 

PHc. 5 PHc. 6 

McnoJih3Y51 ,n;oKa3aHHhlii cpaKT (LS AB = ~'--'AB) , ,Zl;JI51 BToporo cJiy'la51 

(pHC. 6) IlOJiy'!aeM: 

1 1 1 
L.ASB = L.ABC - L.SAB = 2'--'AC - 2'--'AB = 2('--'AC - '--'AB). 
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11TaK, ec.n,u ce'/f,yw,a.R 'If, O'/f,py~Hocmu He npoxoaum "tepea mo"t'/f,Y '/f,aCaHU.R 

apyzou np.RMOU C :JmOU O'/f,py~HOCm'b'IO, mo y20.11, Me~ay HUMU U3MepRemc.R 

no.n,ypa3HOCm'b'/O ay2, Ha '/f,Omopue ae.n,umc.R mO"t'/f,OU '/f,aCaHU.R ay2a, 3a'/f,./l,'/O

"teHHa.R BHympu 3mo20 y2.11,a. 

3 a.n; a q a 1. qeThipexyroJihHHK ABCD BrrncaH B OKPY2KHOCTh. YroJI 

Me2K)J;Y rrpHMhIMH AB H CD paBeH ex, a yron Me2K)J;Y rrpHMhIMH AD H BC 
paBeH p. HaiiTH yrJihI ,n;aHHoro 'leThipexyroJihHHKa. 

Pe ill e H He. 06o3Ha'IHM rpa.n;ycHhie MephI .n;yr AB, BC, CD H DA qe

pe3 x, y, z Ht cooTBeTCTBeHHO. IlycTh y-yron Me2K)J;Y ,n;HaroHaJIHMH AC II 
BD (pHc. 7). Tor.n;a x + y + z + t = 360°. Ha ocHOBaHHH ,n;oKa3aHHhIX Te-

l 1 1 
opeM HMeeM: ex= 2(t - y), ~ = 2(x - z), y = 2(y + t). CJio2KeHHeM JIH6o 

BhI'IHTaHHeM 3TIIX paBeHCTB HaXO)J;HM: t = ex + y, y = y - ex, x = 180° + ~ - y, 
z = 180° - ~ - y. ,lI;aJiee IIOJiyqaeM OKOH'laTeJihHO: 

1 1 
LEAD= 2(y + z) = 2(180° - ex - ~), 

LABC = ~(z + t) = ~(180° +ex - ~), 

LBCD = ~(x + t) = ~(180° +ex+ p), 
1 1 

LADC = 2(x + y) = 2(180° - ex+ p). 

3 a .n; a q a 2. B TpeyroJihHHKe ABC OTpe3oK A1B1, coe)J;IIHHIOIIJ,Hii ocHo

BaHHH BhICOT AA1 H BB1 , BH)J;eH H3 cepe)J;IIHhI CTOpOHhI AB rro.n; yrJIOM ex. 

HaiiTH BeJIH'IHHY yrJia C 3Toro TpeyroJihHHKa. 

Pe ill e H He. TaK KaK H3 TO'leK A1 II B1 oTpe30K AB BH,n;eH rro.n; rrpa

MhIMH yrnaMH, TO OHH Jie2KaT Ha OKPY2KHOCTH c ,n;HaMeTpOM AB (pHc. 8). 

Ilo3TOMY LC= !L('-'AB - '-'A1B1) = !(180° - ex)= 90° - ~-
2 2 2 

c 

Pnc. 7 Pnc. 8 
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YnpaJtC'He'HUJt, 

1.1. He rroJib3YHCb c:PopMyJiaMH IIJIOID;aAH TpeyroJibHHKa, ,ll;OKa:>KHTe, 'ITO 

BbICOTa TpeyrOJibHHKa paBHa rrpOH3Be.n;eHHIO He COOTBeTCTBeHHbIX e:ll: CTO

poH, .n;eJieHHOMY Ha ,ll;HaMeTp OIIHCaHHOH OKOJIO 3TOro TpeyrOJibHHKa OKpy:>K

HOCTH. 

1.2. ,L(Be oKpy:>KHOCTH KacaroTC.ll BHeIUHe B TO'iKe A. 06m;a.11 BHeIUH.H.H Ka

caTeJibHa.H K 3THM OKpy:>KHOCT.llM KacaeTC.H HX B TO'iKaX M H N. ,ll;oKa:>KHTe, 

'ITO yroJI MAN rrp.HMOH. 

1.3. ,ll;ae oKpy:>KHOCTH KacaroTC.ll BHyTpeHHHM o6pa3oM B TO'iKe S. Xop

.zi;a AB 6oJibIUe:ll: OKpy:>KHOCTH KacaeTC.H MeHbIUe:ll: OKPY:>KHOCTH B TO'iKe P. 
,ll;OKa)KHTe, 'ITO JIY'i SP .n;eJIHT yroJI AS B rrorroJiaM. 

1.4. B TpeyroJibHHK ABC BIIHCaHa OKPY:>KHOCTb, Kacarom;aac.H cTopoa 

AB H AC B TO'iKaX DH E. ,ll;oKa:>KIITe, 'ITO n;eHTp OKPY:>KHOCTH, Brrncaaao:ll: 

B TpeyroJibHHK ADE, rrpnaa.n;Jie:>KHT rrepBo:ll: oKpy)KHOCTH. 

1.5. B OKPY:>KHOCTb Bnncaa 'ieTb1pexyroJibHHK ABCD. To'iKH A1, Bi, 
C1, D1 HBJIHIOTCH cooTBeTCTBeHHO cepeAHHaMH .zi;yr AB, BC, CD, DA. ,ll;o

Ka)KIITe, 'ITO np.11Mb1e A1 C1 II B1D1 nepneHAHKYJIHpHbI. 

1.6. 0KOJIO TpeyroJibHHKa ABC onIIcaaa OKpy)KHOCTb. BncceKTpHCbI ero 

yrJIOB A, B, C nepeceKaIOT 3TY OKpy:>KHOCTb cooTBeTCTBeHHO B TO'iKaX A1, 

Bi, C1• ,ll;OKa)KHTe, 'ITO npHMhle AA1 , BB1 , CC1 neprreH.zi;HKYJIHpHbI CTO

poaaM TpeyroJibHIIKa A1B1C1. 
1.7. Ilp.11Mb1e AA11 BB1 , CC1, co.zi;ep~m;IIe BbICOTbI ocTpoyroJibHoro 

TpeyroJibHIIKa ABC, nepeceKaIOT onIIcaaayro OKOJIO aero oKpy)KHOCTb B 

TO'iKaX Ai, B1, C1• ,ll;oKa)KHTe, 'ITO 3TH np.11Mble co.zi;ep~T 6ncceKTpHChl 

yrJIOB TpeyrOJibHHKa A1B 1 C1. 

1.8. BncceKTpHChl yrJIOB B H C TpeyroJibHHKa ABC nepeceKaIOTC.H B 

TO'iKe I. BncceKTpnca yrJia C BTOpH'iHO nepeceKaeT onncaaayro OKOJIO Tpe

yroJibHHKa ABC oKpy)KHOCTb B TO'iKe D. ,ll;OKa)KHTe, 'ITO AD= DI. 

§ 2. Ilponop71uo'HaJl'b'H'bte ompe3'K',U 

2.1. CBOHCTBO pSl,IJ;a paBHhlX OTHomemrli. EcJin HMeeM p.11.zi; paBHbIX OT-

HOIUeHHH 
a1 az an 
b; = bz = · · · = bn = k, 

TO a;= kb; (i = 1, 2, ... 'n). IlyCTb t1, tz, ... ' tn - JI IO 6 bl e .zi;e:ll:cTBHTeJib-

Hbie 'iHCJia, npn KOTOpbIX t 1b1 + t2b2 + ... + tnbn =/= 0. Tor.zi;a t1a1 = t1kb1, 
t2a2 = t2kb2, ... ' tnan = tnkbn' 0JIO)KHB 3TH paBeHCTBa, IIOJIY'iHM: t1a1 + 
+ tza2 + ... + tnan = k(t1b1 + tzb2 + ... + tnbn), OTKy.zi;a 

(2.1) 
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cho CBOHCTBO MO)KHO 3cpcpeKTIIBHO IICIIOJlh30BaTh B 3a,D;a'faX. B 'faCTHO

CTII, rrpH ti = t2 = ... = tn = 1 HMeeM 

ai + a2 + ... +an 
bi+ b2 + ... + bn 

r,n;e i = 1, 2, ... , n. 

HarrpHMep, eCJIII ai II bi - ,ll;JIIIHhl COOTBeTCTBeHHhIX CTOpOH ,ll;BYX no,n;o6HbIX 

MHOroyroJibHHKOB, TO 3TO paBeHCTBO 03Ha'faeT, 'ITO IIX rrepHMeTpbl OTHO

C~ITCH KaK COOTBeTCTBeHHhie CTOpOHbI. 

2.2. IIponop:u;1mHaJihHble OTpe3KH Ha CTopoHax yrna. Ec;iu cmopo
'H:bt yuia nepece"lett'bt napa/1,.11,e/l,'btt'bt.MU np.R.M'bt.Mu, mo ompea'tCu, omce'tCa
e.M'bte U.MU tta oattou cmopotte 3m020 yz-
/1,a, nponop'4uottaJ1,'btt'bt coomeemcmeetttt'bt.M 
ompe3'X:a.M, omce'tCae.M'bt.M U.MU tta apy20u 
e20 cmopotte (pHc. 9): 

OA 
OAi 

AB BC 
AiBi = _B_i_C_i = 

,Ll;JIH ,ll;OKa3aTeJibCTBa IIOCTPOIIM 0Tpe3-

KII AB2, BC2, ... , rrapaJIJieJihHhre cTopoHe 

OAi ,n;aHHoro yrJia c BepmnHoii: 0. Tpe

yroJihHHKll OAAi, ABB2, BCC2, ... rro
PHC. 9 

,n;o6Hhl B CIIJIY paBeHCTBa COOTBeTCTBeHHhIX yrJIOB npH rrapaJIJieJihHhlX npH

MhIX OAi, AB2, BC2, ... H cooTBeTCTBeHHhIX yrJIOB rrpH rrapanJieJihHhIX 

np.si:Mhlx AAi, BBi, CCi, ... 0Tcro,n;a cJie,nyeT: 

OA 
OAi 

IloCKOJihKY AB2 =Ai Bi, BC2 =Bi Ci, ... , TO ccpopMyJIHpoBaHHOe npe,n;

JIO)KeHHe ,ll;OKa3aHO. 

B 'faCTHOCTH, ecJIH OA =AB= BC= ... , TOH OAi = AiBi =Bi Ci= ... 
CJie,n;oBaTeJibHO, ec.n,u tta oattoil cmopotte yz.n,a om.tto:Heett'bl pa6tt'bte ompea
'X:U u "lepea ux -x:ott'4'bl npoeeaett'bt napa.1t/l,eJ1,'bttue npR.Mue, nepece-x:aw~ue 

apyzyw cmopotty 3mo20 y2.n,a, mo tta tteil omce'tCawmc.R ma'tC:Hee paettue om
pea'tCu ( T e o p e M a <I> a JI e c a). 

06paTHaSI TeopeMa. Ec.ttu tta oattoil cmopotte yzji,a om e20 eepwutt'bt 0 
Om/l,O:>feett'bl ompe3'tCU OA, AB, BC, ... u tta apy20i1 e20 cmopotte ma'tC
:Hee om eepwutt'bt 0 om/l,O:Heett'bt coomeemcmeetttto nponopu,uotta/l,'btt'bte u.M 
ompea'tCu OAi, Ai Bi, Bi Ci, ... (pHc. 9): 

OA AB 
= 

BC 
Bi Ci ... ' 

mo np.R.M'bte AA1, BBi, CCi, ... napaA.11,e/l,'btt'bt. 
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,Il;eil:CTBHTeJibHO, Ha OCHOBe rrpe,D,bI,Izyrn;ero CBOHCTBa pR,D,a paBHhIX OT-
u OB OA+AB OA OB OA 

HorneHHH OB1 = OA1 + A1B1 = OA1' T. e. OB1 = OA1. CJie,D,OBaTeJibHo, 

TpeyroJihHHKH OAA1 H OBB1 roMOTeTn'IHhI II II03TOMY AA1 II BB1. AHa

Jiorn<J:HO AA1 II CC1. 
B qacTHOCTn, eCJiu OA =AB= BC= ... u OA1 = A1B 1 = B1C1 = ... , 

mo np.nM:bte AA1, BB1, CC1, ... napalllle/l'b'H'bl. (06paTHaR TeopeMa 

<l>aJieca.) 

2.3. Ilponopn;u:oHaJihHble OTpe3KH Ha napaJIJieJihHhIX npRMhIX. Ee/tu 

iJae napalllle/l'b'H'ble npJt.M'bte nepece"le'H'bt np.n.M'bt.Mu, npoxoiJJtW,UMU "lepea 

oiJHy mo"l-x;y, mo Ha iJa'l-t'H'btX napallllell'b'H'btX 

npJt.M'btX omce-x;a10mcJt nponop'll,UO'Ha/l'b'H'bte 

ompea-x;u (pHc.10): 

AB BC CD 

,Il;eil:CTBHTeJibHO, 3a,D,a,D,HM roMOTeTHIO c 

IJ,eHTpOM B TO'IKe 0 rrepece'leHHR ceKyr.u;u:x 

rrpRMhIX ll napoil: COOTBeTCTBeHHhIX TO'leK 

Di A1 ----> A. 0Ha OTo6pa2KaeT B1 Ha B, C1 Ha C, 
D 1 Ha D, ... Ilo CBOiiCTBY roMoTeTHH pac-

Pnc. 10 CMaTpHBaeMhie OTHOIIIeHHR 0Tpe3KOB paBHbI 

K03cpcpmi;HeHTY rOMOTeTHH. 

,Il;pyroe ,D,OKa3aTeJihCTBO MO)KHO IIOJIY'IHTh, paCCMaTpHBaR rrapbl IIO,D,06-

HhIX TpeyroJihHHKOB OAB H OA1B1, OBC H OB1C1, OCD H OC1D1. 
2.4. CBo:iicTBo 6HcceKTpHc BHyTpeHHero H BHeWHero yrJioB TpeyroJih

HHKa. Bucce-x;mpuca y2/la mpey20/l'b'HU'X:a iJellum npomuaono/lo:JtCHy10 cmo-

poHy Ha ompea-x;u, nponop1J,UO'Ha/l'b'H'bte npulle:JtCa

W,U.M cmopo'Ha.M mpey20/l'b'HU'X:a. 

,1J; o Ka 3 a Te JI h c TB o. IlycTh CD - 6HcceK

TpHca TpeyroJihHHKa ABC (pHc. 11). IIocTpOHM 

BE II CD. Tor,D,a L.ACD = L.AEB H L.BCD = 
= L.CBE, a TaK KaK L.ACD = L.BCD, TO L.AEB = 
= L.CBE H rro::iToMy BC= CE. IIo TeopeMe rr. 2.2 
AD AC AD AC 
DB= CE' T.e. DB= BC' 'ITO H Tpe6oBaJIOCh ,D,O-

Ka3aTb. 

06paTHMCR Terreph K 6:ucceKTp:uce BHernHero Pnc. 11 

yrJia TpeyroJihHHKa. B paBHo6e,D,PeHHOM TpeyroJih-

E 

HHKe 6HcCeKTpHca BHernHero yrJia rrp:u o6rn;eil: BepIIIHHe paBHhIX CTOpOH 

rrapaJIJieJibHa TpeTbeH CTOpOHe ( OCHOBaHHIO) TpeyrOJihHHKa. B OCTaJihHhIX 

cJiy'laRx 6:ucceKTp:uca BHernHero yrJia rrepeceKaeT rrpRMy10, co,D,ep2Karn;yIO 
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rrpoTHBOIIOJIO:JKHYIO CTopoHy. To'!Ka rrepece'leHH51 o6Jia,n;aeT CBOHCTBOM, aHa

JiorH'lHhIM ,ll;OKa3aRHOMY Bbime: 

Ec.riu 6ucce'ICmpuca eneum,e20 y2.1ia mpey20.11,'bttU'/Ca ABC nepece'/Caem 

np.RMy?O, coaep:>1Caw,y10 e20 npomueono.11,0:>1Ctty10 cmopotty, mo paccmo.R

HU.R om mO"t'/CU nepeCe"tettU.R ao '/COH

'406 :Jmou cmopott'bt nponop'4uona.11,'btt'bt 

npu.11,e:>1Caw,uM cmoponaM mpey20.11,'bttu'/Ca 

(pnc.12): 
DA AC 
DB= BC. 

.IJ.o:ira3aTeJihCTBO He OTJIH'laeTC51 OT ,n;o
Ka3aTeJihCTBa rrpe,lJ;b1,n;yrn;e:ii TeopeMbI. 

A B D 

Pnc. 12 

2.5. CeKyIIQie K OKpy:lKHOCTH. Ilp51Ma51, nMerorn;a51 c oKpy:iKROCThIO ,n;Be 

o6rn;ne TO'IKH, Ha3hrnaeTc51 ceKyrn;e:ii K 3TO:ii OKPY:JKHOCTH. 

TeopeMa. Ec.11,u "tepe3 aanny10 mO"t'ICy, tte npunaa.11,e:>1Caw,y10 aannou 

0'1Cpy:>1Cnocmu, npoeeaena 'IC neu npouaeo.11,'btta.R ce'ICyW,a.R, mo npouaeeaenue 

ompe3'/C06 ce'/CyW,eu, coeautt.R10W,UX aantty10 mO"t'ICY C mO"t'/CaMU ee nepece

"tettU.R c 0'1Cpy:>1Cnocm'b10, ne aaeucum om 6'bt6opa ce'ICyw,eu . 

.Il,JI51 ,n;oKa3aTeJihCTBa rrpoBe,n;eM 'lepe3 ,n;aHHYIO TO'IKY M ,n;Be rrpon3BOJih

Rhle ceKyrn;ne AB n CD (pnc.13 n 14). TpeyroJihRHKH MAD n MCB 
rro,n;o6ahl, TaK KaK LB = LD n LA = LC no CBO:il:CTBY BrrncaHHhIX yrJioB. 

B CJiy'lae, Kor,n;a TO'!Ka M BHe OKPY:JKHOCTH, yrJihI MAD H M BC 51BJI51IOTC51 

CMe:lKHhIMH K paBHhlM BIIHCaHHbIM yrJiaM. }fa rro,n;o6H51 3THX TpeyrOJihHHKOB 
MA MC 

CJieµyeT MD = MB , mm .MA · A1 B = A1 C · A1 D, 'ITO n Ha!l,o 6hIJIO /1,0Ka-

3aTb. 

Pnc. 13 Pnc. 14 

2.6. Cpe,ZJ;Hee reoMeTpH'IecKoe. ECJIH HMeeT MecTo rrporrop11n51 

a :x=x: b, 

TO BeJIH'lHHa x Ra3hIBaeTc51 cpeanuM 2eoMempu"teC'ICUM ( cpe,n;HHM rrporrop-

11noHaJihHh1M) BeJIH'lHH a n b. Tor,n;a 

X2 =ab H X=~. 
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PaccMoTpHM HaH6onee pacrrpocTpaHeHHhie cny<raH, Kor,n;a o,n;HH OTpe3oK 

RBmieTCR cpe,n;HHM reoMeTpHqecKHM ,ll;BYX ,n;pyrHX. 

B rrpRMoyroJihHOM TpeyroJibHHKe ABC rrpoBe,n;eHa BhICOTa CD K rmrn

TeHy3e AB (pHc.15). lkrroJih3yeM 06II1errpHHRTh1e o6o3HaqeHHR: BC= a, 
CA= b, AB= c, CD= h, AD= b1, ED= a1. IlpRMoyroJihHhie Tpeyronh
HHKH ABC H ACD rro,n;o6HbI (HMeIOT 06II1Hii ocTph1ii yron A). AHanorHqHo 

A 

rro,n;o6HhI TpeyroJihHHKH ABC H BCD. Cne-

c ,n;oBaTeJibHO, rro,n;o6ttbI H TpeyronhHHKH AC D 

D c 

Pn:c. 15 

Pnc. 16 

n BCD. I-fa rro,n;o6HR TpeyroJibHHKOB B 3THX 

rrapax HMeeM COOTBeTCTBeHHO: 

c 

b' 
B OTKy,n;a 

c 
a' 

b2 = cb1, a2 = ca1, 

h 

l:ITaK, B np.RMOY20/L'b'J-iOM mpey20/L'b'HU'K:e 

B'blcoma, onyw,etttta.R tta 2unomettyay, ecm'b 

cpeatt.R.R 2e0Mempu"l,ec'K:a.R ee/LU'l/,U'l-ta npoe'K:

u,uu 'K:amemoe tta 2unomettyay, a 'K:a:m:a'btu ua 

'K:amemoe ecm'b cpeatt.R.R 2eoMempu'l/,eC'K:a.R ee-

,11,u'l/,utta 2unometty3'bt u e2o npoe'K:u,uu 'I-ta 2u

nomettyay. 

BepmHHa C rrpRMoro yrna ne2KIIT Ha 

oKpJ2KHOCTII c ,n;HaMeTpoM AB. Ilo::iToMy no 
2Ke CBOHCTBO M02KHO c¢opMyJIHpOBaTb eII1e 

TaK (pHC. 16): 
IIepnettau'K:y,11,.Rp, onyw,ett'H'btU U3 mO'l/,'/CU O'K:py:m:ttocmu 'Ha ee auaMemp, 

ecm'b cpea'J-t.R.R 2eoMempu'l/,eC'K:a.R Be,/l,U'l/,U'l-ta ompe31COB, 'Ha 'K:OmOp'ble O'H ae

,11,um auaMemp, a 'K:a:m:aa.R xopaa, coeautt.R'J-OW,a.R aatttty1-0 mO'l/,'K:Y c 1'01-tU,aMU 

3m020 auaMempa, ecm'b cpea'H.R.R 2eOMempU'l/,eC'K:a.R Be/LU'l/,U'l-ta auaMempa U 

npOe'K:U,UU 3mOU xopa'bl 'Ha aua.Memp. 

CJie.U,CTBHR. CKJia,ll;hrnaR paBeHCTBa a 2 = ca1 II b2 = cb1, rronyqaeM: 

a2 + b2 = (al + b1 )c = c2. IlpH IIO'!JieHHOM ,n;eJieHHH 3THX 2Ke paBeHCTB HMeeM: 

l:lTaK, IIOIIJTHO c rrpe,n;bI,lJ;YIIIIIMH CBOHCTBaMII IIOJiyqeHhl eII1e ,n;Ba: 
1) e np.R.Moy20,11,'bttOM mpey20,11,'bttu'K:e cyM.Ma 'K:eaapamoe 'K:amemoe paena 

'K:eaapamy 2unomenya'bl, 2) 'K:eaapam'bl 'K:amemoe np.R.Moy20,11,'bno20 mpe

y20,//,'b'l-tU'K:a omttoc.Rmc.R 'K:a'K: ux npoe'K:u,uu 'I-ta 2unomeHyay. 
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IlycTh H3 TO'IKH 111' JieJKam;eil: BHe OKpy:arnOCTH, rrpoBe,z:i;eHbI K Heil: ceKy

m;a51 AB H KaCaTeJihHa51 MC (pHc.17). Tor,z:i;a MC2 =MA· MB. ,II;eiicTBH

TeJihHO, TpeyroJihHHKH MAC H M BC rro-
C 

,z:i;o6HhI: OHH HMeIOT o6m;Hii yroJI lvf H paBHbie M 0<::;:,-------"""""/"7'1C""'<:C:---

yrJibI ACM H ABC (o6a H3Mep51IOTC51 rro

JIOBHHOii ,z:i;yrH AC). Ifa HX rro,z:i;o6H51 cJie,z:i;yeT 

,ll;OKa3bIBaeMoe COOTHOIIIeHHe. 

TaKHM o6pa3oM, ecJIH H3 HeKoTopoil: TO'I

KH rrpoBe,z:i;eHhI K oKpy)KHOCTH KaCaTeJihHa51 

H ceKym;a51, TO 0Tpe30K, coe,z:i;HH51IOIIl;HH ,z:i;aH-
Pnc. 17 

B 

HYIO TO'IKY c TO'IKOH KaCaHH51, eCTh cpe,ll;H5151 reoMeTpH'IeCKa51 BeJIH'IHHa 

0Tpe3KOB, coe,z:i;HH5110ill;HX 3TY )Ke TO'IKY c TO'IKaMH rrepece<J:eHH51 ceKym;eii H 

OKpy)KHOCTH. 

2. 7. 3oJIOTOe ce'!eHHe 0Tpe3Ka. c ,z:i;peBHOCTH H3BeCTHa TaKa51 3aMe<J:a

TeJibHa51 3a,z:i;aqa: pa3,ll;eJIHTh ,z:i;aHHhIH 0Tpe30K a Ha ,z:i;Be 'IaCTH TaK, 'IT06bI 

o,z:i;ua H3 HHX 6bIJia cpe,z:i;Heii reoMeTpH'IeCKOH BeJIH'IHHOH Me)K,z:i;y 0Tpe3KOM 

H ,z:i;pyroil: ero <J:aCThIO ( 3a,z:i;aqa o 30JIOTOM ce<J:eHHH oTpe3Ka). 

PeIIIeHHe ee rrpocTo. EcJIH x - o,z:i;Ha H3 HCKOMhIX qacTeii ,z:i;aHnoro oTpe3Ka 

a, TO corJiaCHO Tpe6oBaHHIO 

x2 =a(a-x), HJIH x 2 +ax-a2 =0, 

a v(a) 2 
v5-1 OTKy,z:i;a x = - 2 + 2 + a2 = --

2
-a. 

B 

A 
Ha ocHoBaHHH IIOJiy'IeHHOH cPOPMYJihI 

«30JIOTOH 0Tpe30K» x CTpOHTC51 no 3a,z:i;aH

HOMY 0Tpe3KY a c IIOMOID;bIO D;HPKYJI51 H 

a/2 JIHHeiiKH cJie,z:i;yrom;HM o6pa30M. CTpOHM 

rrp51MoyroJihHhIH TpeyroJihHHK ABC c Ka
a 

TeTaMH a H 2 (pnc.18). 

a S C Ero rHrroTeHy3a AB 6y,z:i;eT paBHa 

Pnc. 18 J ( ~) 2 

+ a2 • EcJIH H3 Hee BhI'!eCTh oTpe-

30K AP=~' TO rrony<J:HM HCKOMhiii OTpe3oK BP= x, a 3aTeM H TO'IKY S, 
,z:i;eJI51lJJ;YIO oTpe3oK BC= a B «30JIOTOM OTHOIIIeHHH» 

v5+1 
2 

v5+ 1 
Mppan;HoHaJihHOe 'IHCJIO "t = --

2
- ~ 1,61803398 ... He CTOJih xopoIIIo 

H3BeCTHO, KaK, CKa)KeM, 'IHCJIO 1t ( OTHOIIIeHne ,z:i;JIHHhI OKPY)KHOCTH K ee ,z:i;Ha

MeTpy), HO OHO BbipaJKaeT cPYH,ll;aMeHTaJibHOe OTHOIIIeHHe, B03HHKaIOm;ee B 
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1 
caMbIX HemKH,n;aHHbIX CJiy'IaHX. Jiro6orrbITHO, 'ITO - = 1: -1;:::o0,61803398 ... 

1: 
qHCJIO 1: - e,n;HHCTBeHHOe IIOJIO)l(HTeJibHOe 'IHCJIO, KOTOpoe rrepexo,n;HT B 

o6paTHOe eMy rrpH Bbl'IHTaHHH e,n;HHH~. 

MHoro HHTepeCHOro 0 30JIOTOM Ce'IeHHH H 'IHCJie 1: 'IHTaTeJib MO)l(eT Haii

TH B KHHrax r. c. M. KoKCTepa «BBe,n;eHHe B reoMeTpHIO» H M. rap,n;Hepa 

«MaTeMaTH'IeCKHe rOJIOBOJIOMKH H pa3BJie'!eHHH». 

3 a ,n; a 'I a 1. ~OKa3aTb, 'ITO KBa,n;paT 6HcceKTpHCbI yrJia TpeyroJibHHKa 

paBeH rrpOH3Be,n;eHHIO o6pa3yIOm;IIX ero CTOpOH 6e3 rrpOH3Be,n;eHHH 0Tpe3KOB, 

Ha KOTOpbie 6ncceKTPHCa ,n;eJIHT TpeTbIO CTOpoHy 

TpeyrOJibHHKa. 

p e III e H He. llycTb 6HcCeKTpHCa yrJia c Tpe

yrOJibHHKa ABC rrepeceKaeT cTopoHy ABB TO'I-

Ke D, a OIIHCaHHYIO OKOJIO TpeyroJibHHKa OKpy)l(

HOCTb -B TO'!Ke E (pHc. 19). EcJIH AD= m, A 
DB= n, CD= l, TO no TeopeMe o ceKym;Hx 

(rr.2.5) mn =l ·DE= l(CE- l) = l ·CE- l2
• Ifa 

rro,n;o6abrx TpeyroJibHHKOB ACE n CDB rroJiy'Ia-

eM: l · CE= ab. llo3TOMY mn = ab - l2, OTKy,n;a 

l2 = ab-mn. 

B 

E 

Puc. 19 

3 a ,n; a 'I a 2. ~aHbI ,n;Be rrpHMb!e l H li. qeTb!pe rrpHMb!e, rrpoxo~m;He 

'!epe3 o,n;Hy TO'IKY 0, rrepeceKaIOT rrpaMyro l B TO'IKaX A, B, C, D, a rrpx

MYIO li -cooTBeTCTBeaHo B TO'IKaX Ai, Bi, Ci, Di. ~oKa3aTb, 'ITO 

ArC1 AiDi 
CB : DB = C1B1 . D1B1. 

Pe me H He. IlpoBe,n;eM 'Iepe3 TO'IKH 

B H Bi rrpHMb!e, napaJIJieJibHbie npx

Moii: OA (pHc. 20). llycTb nepBaH rrepe

ceKaeT npHMbre OC n 0 D B TO'IKaX P 
li HQ, a BTopaH-B TO'IKaX Pi H Qi. To-

...... ~~~~~~~~.,...C-i~~D--<i> AC AO AD AO 
r,n;a = = = H = = =. llo'IJieH-

Pnc. 20 CB PB DB QB 
AC AD QB 

HbIM ,n;eJieHHeM 3THX paBeHCTB rroJiy'!aeM: CB : DB = p B . Ha Tex )Ke 

AiCi AiDi QiBr 
ocHOBaHHRX =- : =- = =-. Ho no TeopeMe o rrponopu;HoHaJibHbIX 

C1B1 DrB1 P1Bi 
QB QrB1 

0Tpe3KaX Ha rrapaJIJieJibHbIX rrpHMbIX = = =-. 
PB PrBr 

AC AD u 

0 II p e ,n; e JI e H H e. 0THOIIIeHHe = : = Ha3bIBaeTCR dBOU'HiblM ( C/W;)IC
C B DB 

H'blM) omnowenueM 'IeTb!pex TO'!eK A, B, C, D rrpHMoii. 
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,Il;OKa3aHHhIH pe3yJibTaT MO:>KHO CcpOpMyJIHpOBaTb KpaTKO: a60U'HOe Om

'HOWE'HUe "iEm'blpex mo"ien npR.MOU ne U3.ME'HRemcR npu '4ettmpaJ!'b'HO.M npo

enmupoeanuu npR.MOU na npR.My10. 

CoxpaHeHne )l;BOii:Horo OTHomeHna <JeThipex TO'IeK npaMoii: npII napaJI

JieJihHOM npoeKTHpOBaHIUI np.HMOH Ha npaMyJO O'IeBII,LJ;HO Ha OCHOBaHHII Te

opeMhI nyHKTa 2.2. 

Y npa;J1CnenuJl 

2.1. C¢opMyJIHpyii:Te II ,n;oKa:>KHTe TeopeMy, o6paTHYIO TeopeMe n. 2.3. 
2.2. B oKpy:>KHOCTH npoBe,n;eH ,n;HaMeTp AB. 1:.:Jepe3 TO'IKY A H npoH3-

BOJihHyro TO'IKY 1\!l 3Toii: OKPY:>KHOCTII npoBe,n;eHa npaMa.H, nepeceKarorn;a.H B 

TO'IKe N KaCaTeJihHYIO K OKPY:>KHOCTH B TO'IKe B. ,Il;oKa:>KIITe, 'ITO npoII3Be

,n;eHIIe Al\!1 · AN He 3aBHCHT OT Bhr6opa TO'IKH lvl Ha oKpy:>KHOCTII. 

2.3. ,Il;Be OKpy:>KHOCTII KaCaIOTC.H BHeIDHIIM o6pa30M. ,Il;oKa:>KIITe, 'ITO OT

pe30K o6rn;eii: BHeIDHeii: KaCaTeJihHOii: K HIIM, coe,n;IIH.HIOrn;IIii: TO'IKII ee Kaca

HII.H, eCTh cpe,n;Hee reoMeTpII'IeCKOe ,n;HaMeTpOB OKpy:>KHOCTeii:. 

2.4. ,Il;oKa:>KIITe, 'ITO KacaTeJihHa.H K oKpy:>KHOCTII, onIIcaHHOii: OKOJIO 

HepaBHo6e,n;peHHOrO TpeyrOJibHIIKa, B ero BepmIIHe ,n;eJIIIT npOTIIBOilOJIO)K

HYIO CTOpcmy BHeIDHIIM o6pa30M B OTHOilleHIIII KBa,n;paTOB npIIJie:>Karn;IIX 

CTOpOH. 

2.5. ,Il;oKa:>KIITe, 'ITO KaCaTeJihHaa K OKpy:>KHOCTII, OilIICaHHOH OKOJIO 

HepaBHo6e,n;peHHoro TpeyroJihHIIKa, B ero BepmIIHe nepeceKaeT npo,n;oJI

:>KeHIIe npOTIIBOilOJIO)KHOH CTOpOHhI B cepe,n;IIHe 0Tpe3Ka, KOH_n;hl KOToporo 

COBna,n;aJOT c OCHOBaHH5IMII 6IICCeKTpIIC BHyTpeHHero II BHeIDHero yrJIOB 

npII 3TOH BepmIIHe. 

2.6. B TpeyroJihHIIKe ABC yroJI C B,LJ;Boe 6oJihme yrJia B. Haii:,n;IITe 

,LJ;JIIIHY cTopOHhI AB II ,n;JIIIHY 6IIcceKTpIIChI yrJia C, ecJIII BC= a II AC= b. 
2. 7. OKoJio TpeyroJibHIIKa ABC onIICaHa oKpy:>KHOCTh, II K Heii: npoBe

,n;eHa KacaTe.JibHa.H B TO'IKe A, rrepeceKa10rn;a51 JIY'I BC B TO'IKe D. Haii:,n;IITe 

,n;JIIIHhI AD II CD, ecJrn II3BeCTHhI ,n;JIIIHhI a, b, c cTopoH TpeyroJihHIIKa ABC. 
2.8. ,Il;aH 'IeThrpexyroJihHHK ABCD. IlpaMaa, npoBe,n;eHHaa 'Iepe3 Bep

IDHHY A napaJIJieJihHO BC, nepeceKaeT ED B TO'IKe M. Ilp.HMa.H, rrpoBe

,n;eHHa.H 'Iepe3 Bepmnny B rrapaJIJieJihHO AD, nepeceKaeT AC B TO'IKe N. 
,Il;oKa:>KIITe, 'ITO 1\!l N n CD napaJIJieJihHhI. 

2.9. TpII OKpy:>KHOCTII IIMeIOT ,LJ;Be o6rn;rre TO'IKII. 1:.:Jepe3 o,n;Hy H3 HUX npo

Be,n;ena ceKyrn;aSI, nepeceKarorn;aSI 3TII OKPY:>KHOCTII BTOpII'IHO B Tpex TO'IKaX. 

,Il;oKa:>KIITe, 'ITO OTHOmeHIIe 3TIIX Tpex TO'IeK He 3aBIICIIT OT Bh16opa ceKy-

rn;eii:. (OTHomenHeM Tpex TO'IeK A, D, C npSIMOii: Ha3brnaeTcSI 'IIICJIO AB.) 
CD 

2.10. ,Il;ana oKpy:>KHOCTh w II TO'IKII P II K BHe ee. 1:.:Jepe3 TO'IKY P 
npoBe,n;ena ceKyrn;a.a K oKpy:>KHOCTH w, nepeceKa10rn;a51 ee B TO'IKa.x A II B. 
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,Il;oKa:iKHTe, 'ITO BTopaH TO'IKa rrepece<J:eHHH rrpHMOH PK c oKpy:iKHOCThID, 

rrpoxo,11..Hrn;e:ii 'Iepe3 TO'IKH K, A, B, He 3aBncnT OT Bh16opa ceKyII1e:ii AB. 
2.11. B yroJI BrrncaHhI ,z:i;Be oKpy:iKHOCTH, o,z:i;Ha H3 KOTOph1x KacaeTCH cTo

poH yrJia B TO'IKaX M H N, a ,z:i;pyraH - B TO'IKaX P H Q. ,Il;oKa.:iKnTe, 'ITO Ha 

rrpHMOH Jvl Q 3Tll OKpy:lKHOCTll OTCeKaIDT paBHbie XOp,ll;hI. 

2.12. ,Il;oKa:lKHTe, 'ITO paccTOHHHe OT TO'IKH OKPY:lKHOCTH ,z:i;o xop,z:i;hI 3TOH 

OKPY:lKHOCTH ecTb cpe,ll;Hee reoMeTpn'IecKoe paCCTOHHHH KOHD,OB xop,z:i;hI ,z:i;o 

KaCaTeJihHOH K OKpy:lKHOCTH B 3TOH TO'!Ke. 

2.13. ,Il;OKa:lKHTe, 'ITO ,z:i;naroHaJin rrpaBHJihHOrO IIHTHyrOJihHHKa ,z:i;eJIHTCH 

TO'IKOH HX rrepece'leHHH B 30JIOTOM OTHOllieHHH. 

2.14. Ha:ii,z:i;nTe OTHomeHne CTOpOHhI rrpaBHJihHOro rrHTnyroJihHHKa K pa

,z:i;nycy OIIHCaHHOH OKOJIO Hero OKPY:lKHOCTll. 

2.15. B OKpy:iKHOCTH c D,eHTpoM 0 rrpoBe,z:i;eHhI ,z:i;Ba rreprreH,z:i;nKyJIHp

HhIX ,z:i;naMeTpa AB n CD. To'!Ka E-cepe,z:i;nHa pa,z:i;nyca OA. Ha Jiy'le 

EB OTJIO:lKeH oTpe3oK EK, paBHhI:ii OTpe3KY CE. )J;oKa:iKHTe, 'ITO OTpe3oK 

Kc paBeH CTOpOHe rrpaBHJihHOro IIHTHyrOJihHHKa, BIIHCaHHOro B ,z:i;aHHYID 

OKPY:lKHOCTb. 

2.16. TeopeMa BaH-06eJIH.EcJin rrp.aMhie AP, BP, GP rrepe

ceKaIDT cooTBeTCTBeHHO rrpHMhie BC, CA, AB, co,z:i;ep:iKaII1He CTOpOHhI Tpe

yrOJihHHKa ABC, cooTBeTCTBeHHO B TO'!Kax A1, B 1, C1, TO nMeeT MeCTO 

paBeHCTBO: 

AC1 + AB1 _AP 
C1B B1C - PA1. 

2.17. IlocTpo:iiTe OKPY:iKHOCTh, rrpox0,11..HIIIYID qepe3 ,z:i;Be ,z:i;aHHhie TO'IKH n 

KaCaIDIIIYIDCH 3a,z:i;aHHOH rrpHMOH. 

2.18. IlocTpOHTe rrpHMyID, rrapaJIJieJihHYID OCHOBaHHHM Tparreu.nn, KOTO

paH ,z:i;eJinT 3TY TpaneD,HID Ha ,ll;Be rro,z:i;o6Hhie Tparrell,lln. 

2.19. IlocTpOHTe KBa,z:i;paT, O,ll;Ha CTOpOHa KOTOporo CJIY:lKHT xop,z:i;o:ii ,z:i;aH

HOH OKPY:iKHOCTH, a rrpoTnBorroJIO:iKHaH e:ii cTopoHa rrpnHa,z:i;Jie)KnT KaCa

TeJihHo:ii K 3TOH OKpy)KHOCTH. Ha:ii,ll;HTe OTHomeHne CTOpOHbl KBa,z:i;paTa K 

pa,z:i;nycy oKpy)KHOCTH. 

2.20. B rrpHMoyroJihHOM TpeyroJihHnKe ABC orryII1eHa BhICOTa CD Ha 

rnrroTeHy3y AB. Pa,ll;llyChl OKpy:iKHOCTe:ii, Brrn:caHHhIX B TpeyroJihHHKH AC D 
n BCD, paBHhI r 1 n r 2. Ha:ii,ll;HTe pa,z:i;nyc oKpy)KHOCTn, BrrncaHHOH B Tpe

yrOJihHHK ABC. 
2.21. B TpeyrOJihHHKe ABC npoBe,z:i;eHa BhICOTa BK n Me,z:i;naHa BM, 

rrpn'!eM AM= BM. Ha:ii,z:i;nTe Koc1rnyc yrJia KBM, eCJin AB= 1, BC= 2. 
2.22. "t.Jepe3 TO'IKY s' Jie:iKaIIIYID BHe OKpy:lKHOCTH c D,eHTpOM 0' rrpo

Be,z:i;eHhI ,ll;Be KaCaTeJihHhle, KacaIDlIIHeCH OKpy:lKHOCTH B TO'IKaX A n B, n 

ceKyrrraH, rrepeceKaIDII1aH OKPY:lKHOCTh B TO'IKaX Mn N. Ilp.aMhre AB n SO 
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nepecerouoTcli B TO'IKe K. ,Ll;oKa2KHTe, 'ITO TO'IKH NJ, N, K, 0 Jie:araT Ha 

O,IJ;HOH OKPY2KHOCTll. 

2.23. B oKpy2KHOCTb BnncaH qeTbipexyroJibHHK ABC D TaKoi'r, 'ITO Kaca

TeJibHbie K oKpy2KHOCTH B BeprnnHax A n C nepeceKaIOTCli Ha npliMoli B D. 
,Ll;oKa2KnTe, 'ITO KaCaTeJibHbre B BeprnnHax B n D nepeceKaIOTCR Ha npR

MOH AC, 6ncceKTpliCbr yrJIOB An C nepeceKaIOTCli Ha npRMoli BD, 6ncceK

TpncbI yrJIOB B n D nepeceKaIOTCR Ha npliMOH AC. ,Ll;oKa2KnTe, 'ITO 3TnM 2Ke 

CBOHCTBOM o6Jia,n;aroT 6ncceKTpllCbI BHeIIIHllX yrJIOB npn npOTllBOIIOJI02KHhIX 

BeprnnHax '!eTbipexyroJibHHKa. 

§ 3. OcttOB'H/bte .Mempu'lleC'K',Ue coomtwmettuJL 

6 mpey20J1,'b'l-lU'l\',e 

3.1. TeopeMa cmzycoB Tpa,n;nu;noHHO Bbrno,n;nTCR H3 paBeHCTBa Tpex BbI

pa2KeHnil: IIJIOIIJ;a,n;n TpeyrOJibHllKa. 0,n;HaKO ee M02KHO IIOJIY'IllTh COBCeM 

rrpOCTO H Bee IIOJIHOM co,n;ep2KaHllll 6e3 llCIIOJlb30BaHirn ¢opMyJibI IIJIOII1a,n;n. 

IlpoBe,n;eM pa,n;nyc OD oKpy2KHOCTH, orrHcaHHoil: OKOJIO ,n;aHHoro Tpe

yroJibHHKa ABC, nepneH,n;HKYJilipHbIIl: K CTopoHe BC (pnc. 21). Tor,n;a yrnbr 

BAG u BOD paBHbI, TaK KaK o6a H3MepRIOTCli IIOJIOBnHOH ,n;yru BC. To'I

Ka E nepece'IeHnli BC n OD -cepe,n;nHa BC. Ilo3TOMY n3 rrpHMoyroJibHOro 

TpeyroJibHHKa BOE nMeeM: ~ = RsinA, nJin a= A 

= 2R sin A, r,n;e R - pa,n;uyc omrcaHHoli OKpy2KHOCTH. 

AHaJIOrH'IHO b = 2R sin B H c = 2R sin C. 0Tcro,n;a 

_a_ = _b_ = _c_ = 2R. (3 1) 
sinA sinB sinC · 

HeTpy,n;Ho npoBepnTb, 'ITO B cJiyqae, Kor,n;a yroJI A 
Tynoli HJill npHMOH, pe3yJibTaT 6y,n;eT TOT 2Ke. D 

,Ll;Jili npaKTH'IeCKoro npnMeHeHHH TeopeMy cnHy- Pnc. 21 

COB IIOJie3HO 3HaTb H B TaKOH ¢opMyJIHPOBKe: K:a;J!Caa.R 
cmopotta mpeyZO/l,'b'H.UK:a paetta aua.Mempy onucatt'H.OU O'K:0/1,0 tteW OK:py;J1C
'H.Ocmu, yMttO;J!Ce'H.'H.OMy tta cuttyc y2.1ia, npomueoJ1,e::>1ea'U1e20 3mou cmopotte. 

B ,n;oKa3aTeJibCTBax HeKOTOpbIX cooTHorneHnli npn BbIIIOJIHeHnli TO)K,ll;e

CTBeHHbIX npeo6pa30BaHHH TeopeMy CHHYCOB M02KHO HCIIOJib30BaTb B BH,n;e: 

asinB=bsinA, bsinC=csinB, csinA=asinC. (3.2) 

3 a ,n; a q a. ,Ll;OKa3aTb, 'ITO paCCTOHHne Me2K,n;y OCHOBaHHHMH rreprreH

,n;HKYJIHpOB, npoBe,n;eHHblX K ,IJ;BYM CTOpOHaM TpeyrOJibHllKa ll3 OCHOBaHHH 

BbICOTbI, OTIYIIleHHOH Ha TpeTbIO CTOpoHy, He 3aBHCHT OT Bbl6opa BbICOTbI. 
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PemeHHe. IlycTh CD-BhICOTa TpeyroJihHHKa ABC, DP H DQ
nepneH,L1;HKym1pb1 KACH BC (pHc. 22). Ifa TO"IeK PH Q OTpe30K CD BH

,n;eH no.n; npsi:MbIMH yrJiaMH. Ilo3TOMY 3TH TO"IKH npHHa,n;Jie)KaT OKPY)KHOCTH 

c ,n;HaMeTpOM CD. Ilo TeopeMe CHHycoB PQ = 

= CD sin LAC B. Ho nocKOJihKY CD = ~~, r.n;e 

S-nJiorn;a,n;h TpeyroJihHHKa ABC, TO 

PQ = 23 . sin LACE=§_ 
AB R' 

r.n;e R - pa,n;Hyc OKPY)KHOCTH, onHcaHHOil: OKO

JIO TpeyroJihHllKa ABC. IloJiy"IeHHoe Bbipa)Ke

HHe ,ll;JIHHhI PQ .n;eil:cTBHTeJihHO He 3aBHCHT OT 

BbICOTbI. 

3.2. <l>opMyJlhl npoeK~ H HX CJie,D;CTBHSI. 

Pnc. 22 IlycTh D - opToroHaJihHasi: npoeKII,llSI BepIIIHHhI 

A TpeyroJihHllKa ABC Ha npsi:Myro BC. ,ll,Jisi: 

onpe,n;eJieHHOCTH 6y,n;eM C"IHTaTh yroJI B ocTphrM, a ,n;Jisi: yrJia C paccMOT

pHM TpH cJiyqasi:: 1) yroJI C ocTphlil:, 2) yroJI C Tynoil:, 3) yroJI C rrpsi:

Moil: (pHc. 23). Tor.n;a cooTBeTCTBeHHO 1) a= BD +DC, 2) a= BD - DC, 
3) a=BD. Bo Bcex Tpex cJiyqasi:x BD=ccosB, HOB cJiyqae 1) DC=bcos C, 
B cJiy'Iae 2) DC= -bcos C, B cJiyqae 3) DC =0= bcos C. Ilo3TOMY ,n;Jisi: Bcex 
Tpex cJiyqaeB <l:>opMyJia e,n;HHa: 

B 

1) 

a = b cos C + c cos B. 

b = ccosA + acosC, c= acosB + bcosA 

D C B c 
2) 

Pnc. 23 

D 

LJA 
B CD 

3) 

(3.3) 

chH COOTHOIIIeHHSI HOCSIT Ha3BaHHe <f>op.My/L npoe?C'4UU ,Il;JISI TpeyrOJihHH

Ka. Mx BeKTOpHhl:il: Bhrno.n; He Tpe6yeT oT,n;eJihHoro paccMoTpeHHsi: yKa3aHHhIX 

Tpex cJiyqaeB. Bo3hMeM BeKTOpHoe paBeHCTBO BC= BA+ AC H YMHO)KHM 

26 



ero CKallilpHo Ha BeKTOp BC: BC2 =BA· BC+ AC· BC. A 3TO 3KBHBa

JieHTHo paBeHCTBY a 2 = ca cos B + ba cos C, HJIH 

a = b cos C + c cos B. 

lfa cpopMyJI (3.3) BbITeKalOT Ba2KHbre CJie,n;cTBHSI. IIocKOJibKY KOCHHYC He 

6oJihlIIe e,n;nHHJ:V>I, TO rrpn OT6paCbIBaHHH KOCHHYCOB B ¢opMyJiaX (3.3) rro

JiyqaeM HepaBeHCTBa: 

a < b + c, b < c + a, c < a + b, (3.4) 

Ha3hIBaeMbie ttepa6ettcm6a.Mu mpey20.11ib'HU'IW. 

,Il,aJiee, YMH02KHB COOTHOIJleHml (3.3) COOTBeTCTBeHHO Ha a, b, c H CJI0-

2KHB, Haxo,n;nM: c2 
- a2 

- b2 = -2abcosC HJIH 

c2 = a2 + b2 
- 2abcos C, (3.5) 

T. e. noJiyqnJIH meope.My ~ocuttyco6 ,n;m1 TpeyroJibHHKa. 

IIocKOJihKY ab cos C = CA · CB, TO TeopeMa KOCnHycoB M02KeT 6b1Tb 

rrpe,n;cTaBJieHa B BeKTOpHOM BH,n;e TaK: 

(3.6) 

lfa cPOPMYJI rrpoeKu;nil: BblBO,ll;HTCSI TaK2Ke 3aBHCHMOCTb Me)K,ll;y KOCH

HyCaMH yrJIOB TpeyroJibHHKa. PaBeHCTBa (3.3) 6y,n;eM paccMaTpnBaTh KaK 

JIHHeil:HylO O,n;HOpo,n;Hyro CHCTeMy ypaBHeHHH OTHOCHTeJibHO a, b, c: 

{

-a+ bcosC + ccosB = 0, 

acosC- b + ccosA = 0, 

acosB + bcosA- c = 0. 

9Ta CHCTeMa 3aBe,n;OMO HMeeT HeHyJieBoe peIDeHHe (a, b, c), 'ITO B03MOJKHO 

Tor,n;a n TOJihKO Tor,n;a, Kor,n;a ee orrpe,n;emneJih paBeH HyJiro: 

1

-1 cosC cosBI 
cosC -1 cos A = 0. 
cosB cosA -1 

(3.7) 

9To n eCTh ncKoMaSI 3aBHCHMOCTb. PacKpbrnaSJ: orrpe,n;eJIHTeJih, rroJiy'IHM 

cos
2 A+ cos

2 B + cos
2 C + 2 cos A cos B cos C = 1. (3.8) 

,Il,JISI 'IHTaTeJIH, He 3HaKOMOro c MeTO,ll;OM peIDeHHSI JIHHeHHblX CHCTeM 

c IIOMOIIJ;blO orrpe,n;eJIHTeJieil:, rrpnBe,n;eM ,n;pyroil: BbIBO,n; TO)K,ll;eCTBa (3.8) 
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rryTeM rrp.HMOro HCKJUO'Iemrn ,!l;JlHH a, b, c CTOpOH TpeyrOJihHHKa H3 CH

CTeMbl (3.3). IlO,!l;CTaBHM B rrepBylO H BTopyro cpopMyJihI (3.3) Bbipa:lKeHHe 

c = a cos B + b cos A II rrony'IeHHhie ,!l;Ba paBeHCTBa 3arrIImeM TaK: 

a(l - cos2 B) = b(cosC + cosAcosB), 

b(l - cos2 A)= a( cos C +cos A cos B). 

Ilo'IJieHHhIM YMHO:/KeHHeM rrony'IaeM: 

(1- cos2 A)(l - cos2 B) = (cosC + cosAcosB) 2
, 

'ITO 3KBHBaJieHTHO (3.8). 
3.3. HeKOTOpble <PopMyJibl miow;~ TpeyroJibHHKa. B mKOJihHhIX y'Ie6-

HhIX noco6n.11x ,!1;0Ka3bIBaIOTC.H CJie,!l;YIDIIIIIe cpopMyJihl IIJI01IIa,I1;II TpeyrOJibHII-
Ka: 

5 =~ah, 5 = ~absinC, 5 =pr, 5 = abc 
4R' 

r,I1;e r H R - pa,!l;IIyChl COOTBeTCTBeHHO ero BIIHCaHHOH H OIIHCaHHOH OKpy)K

HOCTeH, a p = ~ (a + b + c) - rronyrrepHMeTp TpeyrOJibHHKa. 

,II;n.11 ycrrerrrnoro pemeHH.H 3a,!l;a'I rrone3HO 3HaTh H ,!l;PYrHe cpopMyJihI rrno

IIIa,!l;H TpeyroJihHHKa. ,Il;OKa:/KeM eI11e II.HTb cpopMyJI. 

1) llcX0,!1;.H ll3 ¢op My Jlhl 5 = ~ab sin c, Bhrpa3IIM IIJIOI11a,!l;b TpeyrOJibHIIKa 

a2 + b2 - c2 
'!epe3 ,!l;JIHHhI ero cTopoH. IIo TeopeMe KOCHHycoB cos C = 

2
ab . Haxo-

( 

(a2 + b2 _ c2)2) 
,!l;IIM 452 = a2 b2 sin2 C = a2 b2 (l - cos2 C) = a2 b2 1-

4
a 2b2 , OTKy,!l;a 

1652 = 4a2 b2 
- (a 2 + b2 

- c2
)

2 = (2ab + a2 + b2 
- c2 )(2ab - a2 

- b2 + c2
) = 

= ( (a+ b )2 
- c2

) ( c2 
- (a - b )2

) = (a+ b + c) (a+ b - c) (a - b + c) (-a+ b + c). 

IIocKOJihKY, HanpnMep, a+ b - c =a+ b + c - 2c = 2(p - c), TO 

5 2 = p(p - a)(p- b)(p- c). (3.9) 

chy cpOpMJJIY Ha3bIBalOT cpOpMyJIOH f e p 0 H a, XOT.H OHa 6hlJia IIOJiy'IeHa 

ropa3,!l;O paHbIIIe A p x n M e ,II; o M. 

2) Coe,n;IIHIIM 11eHTP 0 orrIIcaHHOH OKOJIO TpeyronhHIIKa ABC OKpy:lKHO

CTII c ero BepmIIHaMII. EcnII TpeyroJihHIIK ABC ocTpoyronhHhIH, TO TO'IKa 0 
ne:lKIIT BHYTPII Hero. 0'IeBII,!l;HO, yrnhI BOC, GOA, AOB paBHhI cooTBeT

CTBeHHO y,!l;BOeHHhIM yrnaM TpeyronhHIIKa ABC. Tor,I1;a 

5Asc = 5soc + 5coA + 5Aos = ~R2 
sin 2A + ~R2 

sin 2B + ~R2 
sin 2C. 
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S = ~R2 (sin 2A +sin 2B +sin 2C). (3.10) 

EcJin 2Ke, CKa2KeM, yroJI A TpeyroJihHHKa Tyno:ii:, TO nJiom;a,IJ,b TpeyrOJibHHKa 
BOC cJie,II,yeT BbPieCTh, 'ITO n BhITIOJIH5IeT ¢opMyJia (3.10), TaK KaK TOr,II,a 
sin2A < 0. 

3) Ilpn TOM 2Ke nocTpoeHHH BbICOTa TpeyroJihHHKa BOC, orrym;eHHa5I Ha 
1 

cTopoHy BC, paBHa R cos A (pnc. 21). 3Ha'!HT, S = 2aR cos A n II03TOMY 

1 
S = 2R(acosA + bcosB + ccosC). (3.11) 

::ha ¢opMyJia HMeeT MecTo ,IJ,JI5I TpeyroJibHHKa mo6oro THna. 

4) 0603Ha'IHM ,II,JIHHhI OTpe3KOB cTopoH TpeyroJihHHKa OT BepITIHH A, B 
n C ,IJ,O TO'leK KaCaHH5I c BnncaHHO:ii: B TpeyroJihHHK OKPY2KHOCTblO 'Iepe3 x, 
y n z coOTBeTCTBeHHO. Tor,II,a a= y + z, b = x + z, c = x + y (pnc. 24) n 

B y z 

P:ec. 24 

2p =a+ b + c = 2(x + y + z). 0Tcl0,IJ,a IIMeeM: 

x = p - a, y = p - b, z = p - c. (3.12) 

Coe,IJ,HHHM 11,eHTP I Bnn:caHHO:ii: oKpy2KHO
CTH c BepITIHHaMH TpeyrOJibHllKa ll c TO'l
KaMll KaCaHII5I ee co CTopoHaMII. }fa np5I
MoyrOJibHOrO TpeyroJihHIIKa AI B 1 noJiy'la-

A A c eM: r = x tg 2 = (p- a) tg 2 . Tor,z:i;a ¢opMyJia 

S = pr np1rnnMaeT Bll,ll;: 

A 
S = p(p - a) tg 2 . (3.13) 

A 
5) ,Il,aJiee, 3aMe'la5I, 'ITO p- a= rctg 2' Ha OCHOBaHHll cPOPMYJibl (3.9) 

A 
HMeeM: S 2 =p(p-a)(p-b)(p-c) =pr(p-b)(p-c) ctg 2 . IIocKOJihKY pr=S, 

TO rrpn COKpam;eHIIH 3TOrO paBeHCTBa Ha s rroJiy'!aeM: 

A 
S = (p - b)(p - c) ctg 2 . (3.14) 

3.4. 3a:BHCHMOCTb Me:>K,Zzy KOCHHycaMH yrJIOB TpeyroJibmura H p~yca
MH ero BIIHcrumoi 11 oIIHcrumoi 0Kpy2K11ocTei. McnoJib3Y5I ¢opMyJihI (3.3) 
npOeKn;n:ii:, HaXO,ll;HM: 

2p = a + b + c = ( b + c) cos A + ( c + a) cos B + (a + b) cos C = 

= 2p(cosA + cosB + cosC) - (a cos A+ bcosB + ccosC). 
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28 2pr 
ComacHo ( 3.11), a cos A + b cos B + c cos C = R = R. TaKnM o6pa30M, 

2pr 
2p = 2p( cos A + cos B + cos C) - R, OTKy,n;a 

r 
cos A+ cosB + cosC = 1 + R" (3.15) 

Cne,zi;cTBHe. Cy.M.Ma d1 + d2 + d3 opuettmupoeatttt'btx paccmo.11,ttuu om 

'4ettmpa onucatt'/iOU O'IW.ftO mpey201t'b'/iU'IW 01',py:>tettocmu ao e20 cmopott 

paetta cy.M.Me R + r paauycoe ezo onucattttou u enucattttou oi.py:>tettocmeu 

(TeopeMa KapHo). 

B caMOM ,n;eJie, COOTHOIIIeHne (3.15) MO.lKHO HaTIHCaTh TaK: 

RcosA + RcosB + RcosC = R + r. 

IlocKOJihKY RcosA=d1 , RcosB=d2 , RcosC=d3 , TO 

IlpHMeqam1e. EcJin ,n;aH TpeyroJihHMK ABC n TOqKa M, He TipnHa,n;

JieJKaru;a.H TIP.SIMOR AB, TO opneHTnpoBaHHOe paccTO.HHne OT TOqKn M ,n;o 
Tip.HMOii: AB cqnTaeTc.H no1to:>teume1t'btt'bt.M, ecJin TO'IKM M n C JieJKaT TIO 

o,n;Hy cTopoHy OT Tip.HMoii: AB, n ompu'4ame1t'b1i'bt.M, ecJin 3TH TO'IKH Haxo

,n;.HTC.H TIO pa3Hhle CTopOHhI OT TIP.HMOH AB. 
3.5. ,lJ;JIHHa 6ucceKTpHChl TpeyroJibHHKa. Bhrne,n;eM ,n;Be ¢opMyJihI ,n;Jin

HhI 6ncceKTpnchI TpeyroJihHHKa. 

IlycTh 6ncceKTpnca yma C TpeyroJihHHKa ABC TiepeceKaeT cTopoHy AB 
B TO'!Ke D. TaK KaK TIJIOID;a,ll;h TpeyroJihHHKa ABC paBHa cyMMe TIJiom;a,n;eii: 

TpeyroJihHHKOB ACD n BCD, TO nMeeM paBeHcTBO: 

OTKy,n;a 

lbl . c 1 l . c 1 b . c 2 c sm 2 + 2a c sm 2 = 2a sm , 

l 
_ absinC 

c- c 
(a+ b)sin 2 

c 
2abcos 2 

=--~~ 

a+b 
(3.16) 

Bhlpa.lKeHne le qepe3 ,n;JIHHhl a, b n c CTopoH TpeyroJihHHKa ABC Haii:,n;eM 

BeKTOpHhlM MeTo,n;oM. HanoMHHM, 'ITO ,n;JI.H mo6oii: TO'IKH 0 H3 Toro, 'ITO 
AM - OA+A.OB 
MB = A, cJie,n;yeT 0 M = 

1 
+ A. , A =fa -1 ( ¢opMyJia ,n;eJieHH.H OTpe3Ka 

AB B ,n;aHHOM OTHOIIIeHnn A). )],JI.SI ,n;oKMaTeJihCTBa 3Toii: 3KBHBaJieHTHOCTH 

,n;ocTaTO'IHO yqecTh, 'ITO AM= OM - OA n MB= OB- OM. 
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IlyCTh CD - 6HcceKTpHca TpeyroJihHHKa ABC. Ha ocHoBaHHH rr. 2.4 
AD b 
DB = -;;; H II03TOMY 

CD= CA+ (b/a)CB = aCA + bCB 
l+b/a a+b 

Haxo,n;HM 

CD2 = (a~ b)2 (a
2CA2 + 2ab(CA ·CB)+ b

2
CB

2
) = 

1 2 2 - -
(a+ b)2 (2a b + 2ab(CA ·CB)). 

Ilo TeopeMe Koc1rnycoB 2CA ·CB= a2 + b2 - c2. CJie,n;oBaTeJihHO, 

[
2 = ab (2ab + a2 + b2 

- c2
) = 

c (a+b)2 

ab (( b) 2 _ 2 ) = ab(a + b + c)(a + b - c) 
(a+b)2 a+ c (a+b)2 . 

HJIH 

z2 = ab(a + b + c)(a + b - c) 
c (a+ b)2 

z2 - 4abp(p - c) 
c - (a+b)2 . 

(3.17) 

(3.18) 

3 a .n; a q a. ,ll;oKa3aTh, 'ITO eCJIH ,n;Be 6HcCeKTpHCbl TpeyroJihHHKa paBHhI, 

TO OH paBH06e.n;peHHhIH ( TeopeMa ill Te ii: Hep a-JI e Myca). 

cha 3a,n;aqa 6hIJia IIOCJiaHa B 1840 ro.n;y BeJIHKOMy IDBeii::u;apCKOMY reo

MeTpy 5lKo6y llITeii:Hepy C. JI. JleMycoM c rrpoch6oii: ,n;aTb 'IHCTo reoMeT

PH'leCKoe ee pemeHHe. ,ll;oKa3aTeJihCTBO llITeii:Hepa 6hIJIO o'leHh CJIO:lKHhIM 

H rro6y,n;HJIO .n;pyrHX MaTeMaTliKOB HCKaTh 6oJiee rrpocToe. 3a,n;aqa aKTHBHO 

pemaJiacb 6oJiee 20 JieT. HeKOTOpb1e MaTeMaTHKH o6pam;aJIHCh K pemeHnro 

3TOH 3a.n;a•rn H B xx BeKe. 

AJire6paH'lecKoe pemeHHe no <l>opMyJie (3.17) ,n,ocTaTO'IHO rrpocTo. TaK 

KaK no ycJIOBHIO la = lb, TO 

be( a+ b + c)(b + c - a) 
(b + c) 2 

'ITO 3KBHBaJieHTHO paBeHCTBY 

ac(a + b + c)(c +a - b) 
(a+ c) 2 

b(a + c) 2(b + c - a)= a(b + c) 2 (c +a - b). 
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IlpoH3Be,n;£ YMHO)KeHne H Ha,n;Jie:aranzyro rpyrrrrHpOBKY CJiaraeMbIX, IIOJiy
'IHM: 

(a 3 b - ab3
) + 3abc(a - b) + c2 (a2 

- b2
) + c3 (a - b) = 0 

H ,n;aJiee (a - b)(a2b + ab2 + ac2 + bc2 + c3 + 3abc) = 0. 
qHCJia a, b H c IIOJIO)KHTeJibHbI, II03TOMY cyMMa BO BTOpbIX CK06Kax 

rroJIO)KHTeJihHa. CJie,z:i;onaTeJihHO, a - b = 0, a = b. 

Ynpa;J1C'He'HUJ1, 
3.1. ,Il,OKa2KHTe, 'ITO ,n;mr IIp5!MOyroJibHOro TpeyroJibHHKa c KaTeTaMH a 

II b H rnrroTeHy30H c HMeeT MeCTO paBeHCTBO: 

3.2. ,Il,OKa2KHTe, 'ITO BbICOTa rrp£MoyroJibHOrO TpeyrOJibHHKa, orrym;eH

Ha£ Ha rmwTeHy3y, paBHa cyMMe pa,z:i;Hycon OKPY2KHOCTe:ii:, B1rn:caRRh1X B 

,n;aHHbIH TpeyrOJibHHK H B TpeyroJibHHKH, Ha KOTOpbie ero ,n;eJIHT 3Ta Bbl:COTa. 

3.3. ,Il,OKa2KHTe, 'ITO IIJIOm;a,n;h rrp5IMOyroJibHOro TpeyrOJibHHKa paBHa 

rrpoH3Be,n;emrro ,n;mrn OTpe3KOB, Ha KOTOpbie ,n;eJIHT ero rHIIOTeHy3y TO'IKa 

Kacann£ BrrncaHHO:ii: oKpy2KHOCTH. 

3.4. ,Il,aH KBa,n;paT co CTOpOHOH a. qepe3 ero :u;enTp, Beprrrn:Hy H cepe,z:i;HHY 

cTopOHbI, ne co,n;ep:aram;e:ii: 3TY BepmnHy, rrpoBe,n;eHa oKpy2KHOCTb. Ha:ii:,n;nTe 

ee pa,n;nyc. 

3.5. EcJIH p n q - pa,z:i;HyChI OKPY2KHOCTe:ii:, rrpoxo,L1;5Im;nx '1epe3 Bepmn

Hy A TpeyroJibHHKa ABC n Kacarom;nxc5I rrp.si:Moii: BC B TO'IKaX B n C, TO 

pq = R2. ,II,oKa2KHTe. 

3.6. ,II,oKa2KHTe, 'ITO ,Ll;JI5I JII06oro TpeyrOJibHHKa HMeeT MeCTO TO)f(,Ll;eCTBO: 

a( sin B - sin C) + b(sin C - sin A)+ c(sin A - sin B) = 0. 

3. 7. EcJin ,n;naroHaJIH BrrncaHHoro '!eTMpexyroJihHHKa rreprreH,n;HKYJI5Ip

HhI, TO cyMMa KBa,n;paTOB ero rrpOTHBOIIOJIO)f(HbIX CTOpOH paBHa KBa,n;paTy 

,n;naMeTpa om1caHHoii: oKpy2KHOCTH. ,Il,oKa2KHTe. 

3.8. IIocTpo:ii:Te TpeyroJihHHK no ,n;ByM CTopoHaM, ecJin Me,n;naHa, rrpoBe

,n;eHHa£ K TpeTbeH CTOpOHe, ,n;eJIHT yroJI TpeyroJlbHHKa B OTHOmeHHH 1: 2. 
3.9. qepe3 BepmnHy A TpeyroJihHIIKa ABC BHYTPH Hero .rrpoBe,n;eHbI ,n;Be 

rrpJIMhre, 06pa3yrom;ne paBHhie yrJihI co cTopoHaMII AB II AC II rrepeceKaro

m;ne cTopoHy BC B TO'IKaX lY! II N. ,II,oKa2KHTe, 'ITO 

BM EN AB2 

CM. CN Ac2 
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3.10. ,Il;OKa:lKHTe, 'ITO paCCTO&Hlle Me:lK,Izy OCHOBaHH&Mll neprreH,LJ;llKYJI&

poB, npoBe,n;eHHhIX H3 KaKoii-Jin6o BepmnHhI BrrncaHHoro B OKPY:lKHOCTh qe

ThlpexyroJihHHKa K ABYM ero CTOpOHaM, He 3aBHCHT OT Bbr6opa BepmHHbI. 

,Il;oKa:lKHTe CJie,izyrom;ne ¢op My JihI rrJiom;a.n;n TpeyrOJibHHKa ( 3 .11-3 .20). 

3 11 S = ~ 2 sinAsinB 
• • 2c sinC · 

3.12. 5 = 2R2 sin A sin B sin C. 
3.13. S = ~(a2 sin2B + b2 sin2A). 

3 5 z A B C .14. =p tg2tg2tg2. 
3.15. S = Rr(sin A+ sin B +sin C). 

A B C 
3.16. 5 = 4Rr cos 2 cos 2 cos 2· 

3 17 5 2 b . A . B . C . . =a cpsm 2 sm 2 sm 2 . 
pz 

3.18. 5 = ) . 
ctg(A/2 + ctg(B /2) + ctg( C /2) 

3.19. 4S2 = CA2 
• CB2 

- (CA· CB) 2
• 

3.20. 16S2 = a2 (b2 + c2 
- a2

) + b2 (c2 + a2 
- b2

) + c2 (a2 + b2 
- c2

). 

3.21. ,lJ;oKa:lKHTe, 'ITO B JI1060M TpeyroJibHHKe ABC 

4R
. A . B . C 

r = sm 2 sm 2 sm 2 . 

3.22. Ha cTopoHe AB TpeyroJihHHKa ABC B o,n;Hoii noJiynJIOCKOCTH c 

HHM nocTpoeH npaBHJibHbIH TpeyrOJihHHK ABC1 • ,lJ;oKa:lKnTe, 'ITO 

cc~= ~(a2 + b2 + c2
) - 25Vs, 

r.n;e a, b n c- ,n;JIHH'-..I CTopoH 'rpeyrOJibHHKa ABC, S - ero IIJIOm;a,LJ;b. 

,Il;oKa:lKHTe CJie,izyrom;ne COOTHOilleHH& .LJ;Jl& npOH3BOJlbHOrO TpeyrOJlbHllKa 

ABC (3.23-3.25). 
3.23. a2 = b2 + c2 

- 45 ctg A. 
A 

3.24. a2 = (b + c)2 - 4S ctg 2· 
A 

3.25. a2 = (b- c) 2 + 45tg 2· 
3.26. YrJihI TpeyrOJibHHKa ABC CB&3aHhI ycJIOBneM: 

cos2 A + cos2 B + cos2 C = 1. 

Orrpe,n;eJinTe ero Bn,n;. 

3.27. 0Kpy:lKHOCTb pa.n;nyca R npoxo,n;nT 'Iepe3 BepmnHhI A n B Tpe

yrOJibHHKa ABC n KacaeTC& np&Moii AC B TO'IKe A. Hali,n;nTe nJiom;a,n;h 

TpeyrOJibHHKa ABC, ecJin L.BAC =a. n L.ABC = ~-
3.28. ,Il;oKa:lKHTe, 'ITO B TpeyroJibHnKe ABC opToroHaJihHa& npoeK:a;n& 

2p(p - c) 
6ncceKTpncbI CD Ha CTopoHy CB HMeeT ,n;JinHy b . 

a+ 
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3.29. B TpeyroJibHIIK ABC mrncaHa OKPY2KHOCTh pa,n;IIyca r. Haii,n;IITe 

,ll,JIIIHbl CTOpOH TpeyrOJibHIIKa c BeplllIIHaMII B TO'IKaX KaCaHIIR, eCJIII yrJihl 

TpeyroJihHIIKa ABC paBHhI a, ~ II y. ,Il;oKa2KIITe, 'ITO 1m0111a,n;h 3Toro Tpe
pr2 

yrOJibHIIKa paBHa 2R . 

3.30. ,Il;OKa2KIITe, 'ITO ,ll,JIR mo6oro TpeyrOJibHIIKa BbIIIOJIHReTCR COOTHO

llleHIIe: 

a2 + b2 + c2 = 2p2 
- 2r2 

- 8Rr. 

3.31. Haii,n;IITe OTHOllleHIIe rrpoII3Be,n;eHIIR 6ncceKTpnc ocTpb1x yrJIOB 

rrpRMoyroJihHoro TpeyroJibHHKa K rrpon3Be,n;eHnIO pa,n;nycoB ero orrncaHHOii 

II BIIIICaHHOii oKpy2KHOCTeii. 

§ 4. T..f em'blpe 3a.Me'l/,ame.ll'b'H/bte mo'l/,n,u mpey20.ll'b'Hun,a 

B reoMeTpnn TpeyroJibHIIKa Ba2KHYIO pOJih IIrpaIOT ero 'IeTbipe 3aMe'Ia

TeJihHb1e TO'IKH: TO'IKa rrepece'IeHIIR Me,n;IIaH - v,enmpoua' :a;eHTpbl BIIIICaH

HOH II orrIIcaHHOii OKPY2KHOCTeii, TO'IKa rrepece'!eHHR BhICOT - opmov,enmp. 

PaccMoTpIIM rro,n;po6Hee nx cBoii:cTBa. 

4.1. IJ;eHTpOH,LI; TpeyroJibmnra. Ero cyi:a;eCTBOBaHIIe II OCHOBHOe CBOHCTBO 

ocHoBaHo Ha cJie,n;yroi:u;eii TeopeMe o rrepece'IeHIIH Me,n;IIaH TpeyroJibHIIKa. 

TeopeMa. Tpu .Meauatt'bt mpeyW/t'b'l-tU'/Cll nepece'/'i,aWmC.ft 6 oanou mo"t-

1',e G' 1',0mopa.Ft ae/tum 1',a:JICayw U3 '1-tUX 6 omnowenuu 2 : 1, C"tUma.Ft om 

BepWU'l-t'bt mpeyW/t'b'/-tU'/'i,a. 

A 

c }fa MH02KeCTBa IIMeIOI:a;IIXCR ,D;OKa3aTeJibCTB 

3TOii TeopeMbI rrpnBe,n;eM 'IeTbipe. 

,Il;oKa3aTeJibCTBO 1. IlycTb A1, B1 

II C1 -cepe,n;IIHhI CTopoH BC, CA II AB Tpe

yroJibHIIKa ABC cooTBeTCTBeHHO (pIIc. 25). 
IlycTb G - TO'IKa rrepece'IeHIIR ,D;Byx Me

,n;IIaH AA1 n BB1 • ,Il;oKa2KeM cHa'IaJia, 'ITO 

B AG:GA1=BG:GB1=2. 
Pnc. 25 ,Il;JIR 3TOro B03hMeM cepe,n;HHbl p II Q 0Tpe3-

KOB AG n BG. Ilo TeopeMe o cpe,n;Heii JIHHIIII 

TpeyroJibHIIKa OTpe3KII B 1A 1 II PQ paBHhl rrOJIOBIIHe cTopOHhI AB n rra

paJIJieJibHhI eii:. Ilo3TOMY 'IeThipexyroJihHIIK A 1 B 1PQ- napaJIJieJiorpaMM. 

Tor,n;a TO'IKa G rrepece'IeHnR ero ,n;naroHaJieii P A1 n QB1 ,n;eJinT Ka2K,lJ;YIO 

H3 HIIX rrorroJiaM. CJie,n;oBaTeJihHO, TO'IKM P II G ,n;eJIRT Me,n;naHy AA1 Ha Tpn 

paBHhie 'IaCTII, a TO'IKII Q II G ,n;eJIRT Me,n;naHy BB1 TaK2Ke Ha TPII paBHhie 

qacTn. llTaK, TO'IKa G nepece'IeHHR ,n,Byx Me,n,naH TpeyroJibHHKa ,n,eJIHT Ka2K

,n;yIO II3 HMX B OTHOllleHIIM 2: 1, C'IMTaR OT BeplllIIHbl. ,Il;oKa2KeM Terrepb, 'ITO 
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TpeTMI Me,n;HaHa CC1 co,n;ep)KHT TO'lKY G. CorJiacHo ,n;oKa3aHHOMy, TO'lKa 

rrepece"'!eHmI Me,n;HaH AA 1 H CC1 ,n;eJIHT Ka)K,n;yJO H3 HHx B OTHOIIIeHHH 2: l. 
Ha Me,n;HaHe AA1 TaKoil: TO'IKOH ~rnm1eTca TO'IKa G, rroaTOMY oHa H 6y,n;eT 

TO'IKOH rrepece"'IeHHH rrpaMhIX AA1 H CC1. ~OKa3aTeJihCTBO 3aKOH'IeHo. 

~ o Ka 3 a T e JI h c TB o 2 ( BeKTOpnoe). Bhr6epeM rrpOH3BOJihHYIO TO'I

KY 0 B Ka"'IeCTBe o6ru;ero Ha"'IaJia BeKTOpoB. Ha Me,n;HaHe AA1 B03hMeM TO"'I

KY G, ,n;eJiam;y10 ee B OTHOIIIeHHH 2: 1, C"'IHTaa OT TO"'IKH A (pHc. 26). Tor,n;a 

lJii: 
Ha OCHOBaHHH cPOPMYJihI ,n;eJieHHH 0Tpe3Ka B ,n;aHHOM 

OTHOIIIeHHH (rr. 3.5) 6y,n;eM HMeTh: 

H 

A B 0Tc10,n;a 

Pnc. 26 ( 4.1) 

B 3TO Bhrpa)KeHHe BeKTOphr 0 A, 0 B H OC BepIIIHH TpeyroJihHHKa ABC 
BXO,lJ;HT paBHOrrpaBHO ( CHMMeTpH"'IHO). IIoaTOMY BeKTOphI TO'IeK, ,n;eJIHIIl;HX 

,n;pyrHe ,n;Be Me,n;HaHhl B OTHOIIIeHHII 2 : 1, 6y,n;yT HMeTh TO )Ke Bhipa)Ke

HHe (4.1). 9TO H 03Ha'!aeT, 'ITO ,n;eJiaru;He TO"'IKH COBrra,n;aIOT. 

Cneµ;CTBHe. To"t'/i:a 0 coanaaaem c v,e1-1,mpouao.M G mpey20.!t'b1iU1'a ABC 
mo2aa u mo.!t'b'li:o mo2aa, 1'02aa 

OA+OB +OC=O, 

u1-1,a"te 206opR, paae1-1,cm60 

( 4.2) 

ecm'b xapa'li:mepucmu"tec'/i:oe caoucm6o v,e1-1,mpouaa G mpey20.!t'b1iU1'a ABC. 
TpeThe ,n;oKa3aTeJihCTBO TeopeMhI o Me,n;Hanax TpeyroJihHHKa ocHoBaHo 

Ha TaKOM xapaKTepHCTH'IeCKOM CBOHCTBe Me,n;HaHhI Tpe

yrOJihHIIKa. 

JleMMa. ,4.!tR mo20, "tmo6'bt mo"t'li:a M npu1-1,aa.!teatea

.!ta npR.MOU, coaepaicaw,eu .Meaua1-1,y AA1 mpey20.!t'b'H,U'/i:a 
ABC, 1-1,eo6xoau.MO u aocmamO"t'liO, "tmo6'bt mpey20.!t'b'H,U-

1'U AM B u AMC 6'bt.!tu pa61i06e.!tU1'U u npomuBono.!toate-
1-1,0 opue1-1,mupoaa1-1,u. 

H e o 6 x o ,n; HM o c T h. IlycTh A 1 - cepe,n;HHa CTopo- Pnc. 27 

Hhr BC H ME (AAi). IlpoBe,n;eM BhICOThI BE H CD B 

c 

TpeyroJihHHKaX Alvl B H Alv!C (pHc. 27). ¥13 paBeHCTBa rrpaMoyroJihHhIX 

TpeyroJihHHKOB BEA1 H CDA1 (no rHITOTeHy3e H ocTpoMy yrJiy) cJie,n;y

eT paBeHCTBO BE = CD, KOTopoe BJie'IeT 3a co6oil: paBeHCTBO IIJIOilla,n,eil: 

TpeyrOJihHHKOB Al\!! B H A.Al C. 0HII opHeHTHpoBaHhI rrpoTHBOIIOJIO)KHO. 
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JI, o c Ta T o 'I H o c T b. IIycTh TpeyroJihHHKH AN! B n AA1 C paBHOBe

JIHKH n npoTHBonoJI02KHO opneHTnpoBaHhI. Tor.n;a BE= CD. EcJin np51-

Ma51 AN! nepeceKaeT np£MYIO BC B TO'-IKe Ai, TO Ai -cepe,n;nHa cTopo

HhI BC. 9To cJie.n;yeT M3 paBeHCTBa Tex 2Ke np£MoyroJihHhIX TpeyroJihHMKOB 

BEAi n CDAi (no KaTeTy n ocTpOMY ymy). EcJin 6hr AN! 6hrJia napaJI

JieJihHa BC, TO TpeyrOJihHHKM AM B M AMC 6bIJIH 6hr paBHOBeJIMKM, HO 

OpHeHTHpOBaHhI O)l;MHaKOBO, 'ITO npoTHBOpe'-IHT yCJIOBHIO. 

JI, o Ka 3 a T e JI h c T B o 3 ( TeopeMbI o Me.n;naHax). IlyCTh G - TO'!Ka ne

pece'!eHH£ Me,n;naH AAi n BBi. Tor.n;a corJiacHo JieMMe TpeyroJihHHKH AGE 
n AGC paBHOBeJIMKn, TpeyroJihHHKn AG B n EGG TaK2Ke paBHOBeJIMKll. 

0Tc10.n;a CJie.n;yeT paBHOBeJIMKOCTh TpeyroJihHHKOB AGC n EGG, KOTOpa£ 

no .n;ocTaTO'IHOMy ycJIOBHIO JieMMhI 3KBHBaJieHTHa TOMy, 'ITO GE ( CCi)· 
TpeM£ Me,n;naHaMn TpeyroJihHHK ABC pa36HJIC51 Ha IIIeCTh paBHOBeJIHKHX 

TpeyrOJihHHKOB. Ilo3TOMY 

AG: GAi = SAGC: SA1GC = 2. 

AHaJiorn<J:HO BG: GBi = 2 H CG: GCi = 2. 
3aKOH'-IHB 3TO ,n;oKa3aTeJihCTBo, c,n;eJiaeM o,n;Ho 3aMe<J:aHne. B CHJIY paB

HOBeJIHKOCTH TpeyroJihHHKOB ABC, ECG n GAG TO<J:Ka G nepece<J:eHH51 

Me,n;naH TpeyroJihHHKa ABC <J:acTo HOCHT Ha3BaHne '4ettmpa m.R-:>1eecmu 
3Toro TpeyrOJihHHKa, nOCKOJibKY )];JI£ MaTepnaJibHOrO TpeyrOJibHMKa, npe,n;

CTaBJI£10IIJ;ero co6oli O.n;HOPO.n;HYIO nJiaCTHHKy, 3Ta TO'!Ka COBna.n;aeT c qm-
3H'-leCKHM n;eHTpOM T£2KeCTH. 0,n;HaKO eCJIH MaTepnaJibHbIH TpeyrOJibHHK 

c 

B 

PHC. 28 

A 

npe,n;cTaBJI£eT co6oli COBOKynHOCTb Tpex O,n;HOpo.n;

HbIX CTep2KHeli, TO ero ¢n3H'IeCKHH n;eHTP T£2KeCTll 

y2Ke He coBna.n;aeT c TO'-IKOH nepece<J:eHII£ Me,n;naH, a 

6y,n;eT n;eHTpOM OKPY2KHOCTH, BnncaHHOH B cepe.n;nH

HhIH TpeyroJihHHK AiBiCi. 
,Ll, 0 Ka 3 a T e JI b c T B 0 4 ( MeTO,!l;OM napaJIJieJib

HOro npoeKTnpoBaHn£). Me.n;naHy CCi pa3,n;eJIHM 

TO<J:KaMH M n G Ha Tpn paBHhre '-laCTn: CM = 
=MG= GCi, npoBe,n;eM np5IMYIO AG n: napaJIJieJih-

Hhle eii np£Mhie MP n Ci Q, nepeceKarorn;ne CTopoHy 

BC B TO'-IKaX Ai, P n Q cooTBeTCTBeHHO (pnc.28). Ha OCHOBaHHH TeopeMbI 

<l>aJieca (n. 2.2) cTopoHa BC pa3,n;eJinJiacb TO<J:KaMH Q, Ai n P Ha <J:eTbipe 

paBHhre '!aCTH. CJie,n;oBaTeJihHO, Ai - cepe,n;nHa BC. AHaJIOrH<J:Ho np£Ma£ 

BG nepeceKaeT AC B ee cepe.n;nHe Bi. TaK KaK PM - cpe,n;H£51 JIHHH51 Tpe

yroJihHHKa Ai GC n QCi - cpe,n;H£51 JIHHH51 TpeyroJihHHKa ABAi, 
AAi _ 2QCi _ CCi _ 

3 GAi - 2PM - CM - ' 

OTKy,n;a AG: GAi = 2, H aHaJIOrH'-IHO BG: GBi = 2. 
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4.2. IJ;euTp BIIHcrumoi B TpeyroJlbHHK oKpy:>ICHOCTH. BncceKTpnchI Tpe

yroJihHnKa nepeceKaJOTC.H B o,n;Hoil: TO'!Ke I, KOTopa.H paBHoy,n;aJieHa OT Tpex 

CTOpOH TpeyrOJibHllKa n IlOTOMy .HBJI.HeTC.H :u;eHTpOM BilllCaHHOil: B TpeyrOJib

HllK OKpy1icHOCTll. ~OKa3aTeJihCTBO nMeeTC.H B IIIKOJibHblX y'le6HllKaX. 

B KaKHx OTHOIIIeHn.Hx ,n;eJI.HTC.H 6ncceKTpnch1 TpeyroJihHnKa TO'!Koil: I nx 

nepece-qemrn? PemnM ::JTY 3a,n;a'ly. 

IlycTh 6ncceKTpncb1 TpeyroJibHHKa ABC nepeceKaJOT ero cTopOHhI AB, 
c 

BC n CA cooTBeTCTBeHHO B TO'IKaX C1, A1 II B 1 • Tor.n;a BA1: A1C = b 
ac ab 

(n.2.4) n BA1 +A1C=a, OTKy,n;a BA1 = -b- n A 1C= -b-. TaK KaK CI -
+c +c 

6ncceKTpnca TpeyroJihHHKa AA 1 C, TO 

AI _ AC _ b . ab _ b + c 
IA1 - A1C - . b+c - -a-. 

b+c 
a 

c+a 
-b-, 

a+b 
c 

(4.3) 

~aJiee, cpnKcnpyeM HeKOTOpyro TO'IKY 0 B Ka'ieCTBe Ha'laJia BeKTOpOB 

(pnc.29) n Bhlpa3nM BeKTop OJ :u;eHTpa BnncaHHoil: OKpy:>ICHOCTn 'Iepe3 

BeKTOpbr 0 A, 0 B, OC BepmnH TpeyroJihHHKa n 

A 

Pnc. 29 

c )l;JlllHbl ero CTOpOH: 

a 

B 

OA = bOB+coc 
1 

b + c ' 

DA+ b+coc 
01= a 

1 
b+c +-

a 

OJ= aOA + bOB + cOC. (4.4) 
a+b+c 

CJie,n;cTBHe. To'l/,na I Jt6J1,JtemcJt mo'l/,nou nepece"l,ettuJt 6uccenmpuc mo2aa 

u mOJl,'bno mo2aa, no2aa 

(4.5) 

4.3. OpTo:u;eHTp TpeyroJlbHHKa. Cyi:u;ecTBOBaHne ::iToil: 3aMe'!aTeJibHOil: 

TO'!Kll yTBep)l(,n;aeTC.H TeopeMoil: o nepece'!eHnn BbICOT TpeyroJihHHKa. 

TeopeMa. JipJt.M'ble, coaep:J1Caw,ue 6'btCOm'bt mpey20.1t'bttuna, nepecena10m

CJI, 6 oattou mO'l/,'K:e ( OHa Ha3bIBaeTC.H opmou,ettmpOM TpeyrOJibHHKa). 

PaccMoTpnM TPH ,n;oKa3aTeJihCTBa ::iToil: TeopeMbI. 
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,IJ; o Ka 3 a Te JI h c TB o 1. qepe3 Bepurn:Hhl TpeyroJibHHKa ABC upoBe

,n;eM np5.!Mhie, rrapaJIJieJihHbie ero rrpoTHBOIIOJI02KHbIM CToponaM. Tor,n;a 

TO'IKH A, B n C 6y,n;yT cepe,n;HHaMn cTopoH rroJiy'IeHHoro TpeyroJih

HHKa A2B2C2 (pnc. 30). ,ll,eii:cTBHTeJibHO, 'IeTbipexyroJibHHKH ABA2 C n 

ABC B2 - rrapaJIJieJiorpaMMbI n rroaToMy C A2 = AB = C B2. AHaJiorn'IHO 

TO'IKH A n B - cepe,n;HHhl oTpe3KOB B2C2 B2 C A2 
n C2A2. Bb1cOTbI AA1 , BB1 , CC1 TpeyroJih-

A 

HnKa ABC cyTh cepe,n;nHHbie rreprreH,n;HKYJI5.!

pbI K cTopoHaM TpeyroJihHHKa A2B2C2. 0Hn, 

KaK H3BeCTHO, rrepeceKaIDTC5.! B O,D;HOH TO'I

Ke - n;eHTpe OKPY2KHOcTn, orrncaHHo:ii: OKOJIO 

TpeyroJibHHKa A2 B2 C2 • 

CJie)J;CTBne. /..(e'Hmp onuca'lt'HOU 01w.11,o 

mpey20A'b'HU1w O'/\,py;JfC'HOcmu .R8A.Remc.R op-

Puc. 30 mo'4e'Hmpo.M mpey20A'b'HU'/\,a c 8epwutta.Mu 8 

cepeau'ltaX cmopO'H aa'lt'lt020 mpey20A'b'HU'/\,a. 

,IJ; o Ka 3 a Te JI h c TB o 2 (BeKTOpHoe). ,Il;JI5.! Jiro6hIX 'IeTb1pex TO'IeK A, 
B, CH D nMeeT MecTo BCKTOpHoe TO)f()J;eCTBO: 

AB ·CD+BC·AD+CA·BD=O, (4.6) 

B qeM JierKo y6e,n;nThC5.!, BbIIIOJIHHB rro,n;cTanoBKH: CD= AD - AC, BC= 
=AC-AB, BD=AD-AB, CA=-AC. EcJin, B qacTHOCTn, BC·AD=O 
H CA. BD = 0, TO H3 T02K,n;ecTBa (4.6) CJie,n;yeT, 'ITO H AB. CD= 0. reo

MCTpH'IeCKH 3TO 03Ha'IaeT, 'ITO ecJIH rrp5.!Mb1e BC n AD rreprreH,n;HKYJI5.!pHbI 

H np5.!Mhie CA H ED nepnen,n;nKyJrnpHhI, TO rrepneH,n;HKYJI5.!pHbI H rrp5.!Mhle 

AB H CD. I1HhIMH CJIOBaMn, ecJIH TO'!Ka D ecTb TO'!Ka rrepece'!eHH5.! ,n;Byx 

BbICOT AA1 H BB1 TpeyroJibHHKa ABC, To qepe3 nee rrpoxo,n;HT H TpeTb5.! 

BbicoTa CC1. 

OpTon;enTp TpeyroJibHHKa ABC 6y,n;eM 060- C 

3Ha'!aTb 6yKBOH H, ecJin na TO HeT .n;pyrnx yKa-

3aHIIH. 

O'IeBn,n;no 3aMe'!aTeJihHOe CBOHCTBO opTo

n;eHTpa H HeIIp5.!MoyroJibHoro TpeyroJibHHKa 

ABC: '/\,a;JfCaa.R ua "lem'bipex mo"le'/\, A, B, C, H 
.R8A.Remc.R opmou,eHmpoM mpey20A'b'HU'/\,a, o6pa-

308a'H'H02o mpeM.R apy2U.MU ffiO"l'/\,aMU. 

,IJ; o Ka 3 a Te JI h c TB o 3. PaccMOTpHM Tpe

yroJihHHK A1B1 C1 c Bepurn:HaMn B ocnoBaHH5.!X 

A B 

Puc. 31 

BbICOT ocTpoyroJibHoro TpeyroJibHHKa ABC (pnc. 31). On Ha3hIBaeTc5.! op-
CA1 CAcosC CA 

mompey20A'b'/tU'/\,O.M TpeyrOJihHHKa ABC. Haxo,n;nM: CB1 = CBcosC =cs· 
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Ilo3TOMy 6A1B1C~6ABC, BCJie,LJ;CTBHe qero L'.CA1 B 1 = L'.BAC rr, 3Ha'IrrT, 

L'.AA1B1 =goo - L'.A. AHaJiorrrqHo Haxo,a;rrM, 'ITO L'.AA1 C1 =goo - L'.A. CJie

,a;oBaTeJihHO, AA1 -6rrcceKTprrca yrJia B 1 A1 C1 • Ha paBHhIX rrpaBax BB1 

c 

Pn:c. 32 

H CC1 - ,LJ;Be ,a;pyrne 6ncceKTpHChI TpeyroJihHH

Ka A1 B 1 C 1 • JihaK, eucomu ocmpoy20.!l'b'H020 mpe

y20.1t'b'HU'IW .nBJt.i!'/Omc.i! 6ucce'K:mpuca.Mu e2o opmo

mpey20Jt'b'lt'U'K:a. 0HH rrepeceKaIOTCH B 1leHTpe Brrn

caHHOii: B Hero OKPY)KHOCTH. TeopeMa AOKa3aHa ,LJ;JIH 

B ocTpoyroJihHoro TpeyroJihHHKa. IIycTh Terreph yroJI 

BAG Tyrroii: n BhICOTbI BB1 II CC1 TpeyroJihHHKa 

ABC rrepeceKaIOTCH B TO'I:Ke H (pnc. 32). Tor,a;a ymhr 

TpeyroJihHHKa BCH ocTphre (::iTo HeIIpHMhre yrJihI 

rrpHMoyroJibHbIX TpeyroJihHIIKOB) II C B1 II BC1 - ero 

BhICOThr, rrepeceKarorrrnecH B TO'IKe A. IIo ,a;oKa3aHHo

MY TpeThH BhICOTa rrpoxo,a;nT 'Iepe3 A, T. e. HA J_ BC. 
~0Ka3aTeJibCTBO 3aKOH'IeHO. 

Cne.n,cTBHe. Opmov,ettmp ocmpoy20.1t'btto20 mpey20A'b'HU'K:a c.11,y;JfCum v,ett

mpo.M O'K:py;JfCttocmu, enucauuou e e20 opmompey20.1t'b'HU'K:. 

TeopeMa. Ec.11,u 0 - v,ettmp O'K:py;JfCuocmu, onucattuou O'K:OJto mpey20A'b

uu'K:a ABC, H - e20 opmov,eump, mo 

(4.7) 

~ o Ka 3 a Te JI h c TB o 1. ~aHHhIH TpeyroJihHHK ABC roMoTeTn'IeH ero 

cepe,ll,IIHHOMY TpeyroJihHHKY A 1 B1C1 rrpn roMOTeTHH c 1leHTPOM G II K03cP-

cPHIIHeHTOM k = -~. Ilpn 3TOH roMoTeTim A-; A 1 n H-; 0 (rrocKOJibKY 

- l-
O-opTOI1eHTp TpeyroJihHHKa A 1 B 1 Cr). IIo::iToMy OA 1 =-2HA, 'ITO 3K-

l - - 1- -
BHBaJieHTHO 2(0B + OC) = - 2(0A - OH), OTKy,a;a n cJie,a;yeT (4.7). 
~ o Ka 3 a T e JI h c T B o 2. ~JIH TO'IeK H II 0 3arrnmeM BeKTopHhie ycJio

BHH AH. BC= 0 II OB2 = OC2
• IIpe,LJ;CTaBIIM IIX TaK: 

(OH - OA)(OC- OB)= 0, (OC + OB)(OC- OB)= 0. 

Bbr'I:HTaH, rroJiyqnM: (OH - OA - OB - OC)BC = 0. AHa.rrorH'IHhIM o6pa-

30M (OH - OA- OB - OC)CA = 0. 
BeKTOpbr BC n CA HeHy.rreBhre n HeKOJIJIHHeapHhr. IIo::iToMy noc.rreAHHe 

,a;Ba paBeHCTBa MOryT BblllOJIHHThCH COBMeCTHO Jlliillh Tor,a;a, Kor,a;a 

OH - OA - OB - OC = 0. 

4.4. CBH3b MeJKAY qeThlpbMil 3aMeqaTeJibHhlMH TO'lKSMH TpeyroJibmnca. 

Ec.rrn 0 - 1leHTp orrncaHHoii: OKOJIO Tpeyro.rrhHHKa ABC oKpy:>KHOCTH, TO 
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paBeHCTBa (4.1) H (4.7) BhIIIOJIHRIOTCR COBMeCTHO, a H3 HHX CJie.izyeT: 

0H=30G. 

9To 3Ha'IHT, 'ITO mO't'ICU 0' G' H .11,eateam 'Ha oa'HoU npRMOU, npu'te.M 
V,e'Hmpoua G ae.11,um ompe30'X: OH 6 om'HOWe'HUU 1: 2. IlpRMaR, co.n;ep2Karn;aR 

3TH TO'IKH, Ha3bIBaeTCR II p RM 0 il: 9 il: JI e pa TpeyroJibHIIKa (pIIC. 33). 
PaccTORHHe Me)K.izy :a;eHTpaMH 0 H I 01rncaHHOil: H BrrIIcaHHOil: OKpy)K

HOCTeil: n pa.n;nychr R n r 3THX OKPY)KHOCTeil: CBR3aHhI 3aMe'!aTeJihHoil: ¢op

Mynoil:: 

012 = R2 
- 2Rr, (4.8) 

Ha3hrnaeMoil: <Pop My JI oil: 9 ii: JI e pa. BoT ,n;Ba ,n;oKa3aTeJihCTBa 3Toil: ¢op

MYJihI. 

A B D 

PHc. 33 PHc. 34 

,II; o Ka 3 a Te JI h c TB o 1. IlycTh 6ncceKTpnca yrJia C TpeyroJihHHKa 

ABC rrepeceKaeT orrncaHHYIO OKOJIO Hero OKpy)KHOCTh B TO'IKe D (pnc. 34). 
IIpoBe,n;eM .n;naMeTp DP 3TOH oKpy)KHOCTH H rreprreH,n;nKynap I K H3 :a;eH

Tpa I BrrncaHHOil: oKpy)KHOCTH Ha cTopoHy AC. Tor.n;a IK = r, DP= 2R. 
IlycTh rrpRMaR 0 I nepeceKaeT OKPY)KHOCTh B TO'IKaX M n N. Ilo TeopeMe 

o ceKyrn;nx (rr. 2.5) 

CI · ID = IM · IN = ( R + d) ( R - d) = R 2 
- d2

, 

r.n;e d =OJ. 9To )Ke rrpon3Be,n;eHne CI· ID BhI'IHCJIHM nHa'!e. Ifa rro.n;o-

6nR npRMoyrOJihHhIX TpeyroJihHHKOB PAD H CK I (no paBHhIM ocTphIM 
CI r 

yrnaM rrpn BepmnHax PH C) HMeeM 
2
R = AD. Ho AD= ID (3a,n;a'la 1.8). 

IIoaTOMY CI· ID= 2Rr. CJie,n;oBaTeJihHO, R 2 
- d2 = 2Rr, 'ITO comra.n;aeT 

c ( 4.8). 
,II; 0 Ka 3 a Te JI b c TB 0 2. 06paII1aRCh K paBeHCTBY ( 4.4)' 6y,n;eM Teneph 

rroJiaraTh, 'ITO TO'!Ka 0 - :a;eHTp orrncaHHOil: oKpy)KHOCTH. Tor.n;a Haxo,n;nM 
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rrocneAoBaTenhHO: 

01
2 = 4~2 (aOA+bOB+cOC) 2 = 4~2 (a2 OA2 +b2 OB2 +c2 OC2 + 

+ 2ab( OA ·OB)+ 2ac( OA · OC) + 2bc( OB· OC)), 

rrpn'leM OA =OB= OC = R. IIo TeopeMe KOCHHycoB (3.6) 20A ·OB= 
= 2R2 - c2, 20 A· OC = 2R2 - b2

, 20 B · OC = 2R2 - a2
• Ilo3TOMy, BbIITOnH.s:.s: 

ITOACTaHOBKH H rpyrrrrnpOBKY cnaraeMbIX, rrony'lHM: 

012 = R 2
(a + b + c) 2 

- abc(a + b + c) = R 2 _ abc. 
4p2 2p 

abc abc 
BcrroMHHa.s:, 'ITO S ABC = 

4
R =pr, OTKyAa 

2
P = 2Rr, rrpHXOAHM K AOKa3hI-

BaeMoii ¢opMyne ( 4.8). 
3 a A a q a. 1-faBeCTHbl yrnhI TpeyronbHHKa. HaiiTH OTHOIITeHn.s:, B KOTO

pbIX opTo:a;eHTp TpeyronhHHKa AennT Ka)K,lzylO H3 BbICOT. 
PerueHne. IlycTh AA1 H CC1 -BbICOThI TpeyronhHHKa ABC, rrepe

ceKalOIT!Hec.s: B TO'lKe H (puc. 35). TorAa TpeyronhHHKH CHA 1 n AHC1 
rroA06Hbl. CHa'!ana HaXOAUM: 

CAcosC cosC 
CA cos A cos A· 

C u AH HC1 APyrou cTopoHhI, TaK KaK = . HAG 
Sill 1 

HC1 CH CH 
= cosB' TO AH= HCi cosB. CneAOBaTenhHO, 

CH cosC 

He cosB=-A' 1 cos 

cosC 
cosAcosB· 

c 

PHC. 35 

(4.9) 

Ecnn oTpe3KH BbICOT C'IHTaTh HarrpaBneHHhIMH, TO 3TOT pe3ynhTaT BepeH H 

AR.H TyrroyrORbHOro TpeyronhHHKa. 

Y n pa:.HCnen UR 

4.1. HaiiAHTe OTHorneHH.H, B KOTOpbix Aen.s:Tc.s: MeAHaHhI, 6ncceKTpHCbI 
ll BbICOTbl TpeyronbHHKa COOTBeTCTBeHHO ero :a;eHTpOHAOM, :a;eHTpOM BITH

caHHOH OKpy)KHOCTH H opTo:a;eHTpoM, rronh3Y.HCh TeopeMoii BaH-06en.s: (3a

Aa'la 2.16). 
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4.2. ~OKa2KHTe, 'ITO TO'IKH, CHMMeTpH'IHbie opTOI1eHTPY TpeyrOJibHHKa 

OTHOCHTeJibHO ero CTOpOH H cepef);HH CTOpOH, Jie:JKaT Ha OIIHCaHHOH OKOJIO 

TpeyrOJibHHKa 0Kpy2KHOCTH. 

4.3. To'!Ka H - opTOlleHTp TpeyroJibHHKa ABC. ~OKa2KHTe, 'ITO OK

PY2KHOCTH, mrncaHHhie OKOJIO TpeyroJibHHKOB ABH, BCH, CAH, paBHhI. 

4.4. ~HaMeTp OIIHCaHHOH OKOJIO TpeyroJibHHKa OKPY2KHOCTH H ero Bbl

COTa, BblXOf];5IIIIHe H3 Of];HOH BepIIIHHbl 3Toro TpeyrOJibHHKa, CHMMeTpH'IHbl 

OTHOCHTeJibHO 6ucceKTpHChI, BbIXOA5111Ieii: H3 TOH )Ke BepIIIHHhl. ~0Ka2KHTe. 

4.5. To'IKa A1 CHMMeTpH'IHa 11eHTPY 0 mrncaHHOH OKOJIO TpeyroJibHHKa 

ABC OKPY2KHOCTH OTHOCHTeJibHO cTopoHhI BC. ~OKa2KHTe, 'ITO 'leTbrpex

yroJihHHK AO NIH - rrapaJIJieJiorpaMM ( H - opT011eHTp TpeyroJibHHKa). 

4.6. ~OKa2KHTe, 'ITO B rrpaBHJlbHOM TpeyrOJibHHKe COBna,n;aIOT '!eTbrpe 

3aMe<J:aTeJibHhie TO'IKH 0, G, I, H. 
4.7. ~OKa2KHTe, 'ITO eCJIH B TpeyrOJibHHKe COBna,n;aIOT KaKHe-JIH6o f);Be 

H3 TO'leK 0, G, I, H, TO TpeyroJihHHK rrpaBHJihHhrii:. 

4.8. To'IKH A1 u B 1 -ocHOBaHH51 BhrcoT AA1 u BB1 TpeyroJihHHKa ABC. 
~OKa2KHTe, 'ITO AiB1 =AB !cos c1. 

4.9. ~OKa2KHTe, 'ITO paccT05IHHe OT BepIIIHHhr C TpeyroJihHHKa ABC ,n;o 

ero opTOlleHTpa H paBHO 2R !cos c1. 
4.10. ~OKa2KHTe, 'ITO paccT051HHe OT BepIIIHHhI C TpeyroJibHHKa ABC 

,i::i;o ero opT011eHTpa H paBHO AB lctgCI. 

4.11. ~OKa2KHTe cooTHOIIleHHe f);JI51 JI106oro TpeyroJihHHKa ABC: 

a2 + AH2 = b2 + BH2 = c2 + CH2 = 4R2
• 

4.12. ~0Ka2KHTe, 'ITO BO BC5IKOM TpeyrOJibHHKe HMeeT MeCTO 3aBHCH-

MOCTb: 
CH a 2 + b2 

- c2 

R ab 

4.13. ~OKa2KHTe, 'ITO OH2 = 9R2 
- (a

2 + b2 + c2
). 

1 
4.14. ~OKa2KHTe, 'ITO OG2 = R2 

- 9(a
2 + b2 + c 2

). 

4.15. To'IKa G -11eHTpou,i::i; TpeyroJihHHKa ABC, P- rrpoH3BOJihHa51 TO'l

Ka IIJIOCKOCTH. ~0Ka2KHTe, 'ITO 

3PG2 = PA2 + PB2 + PC2 
- (GA2 + GB2 + GC2

) 

( ¢opMyJia JI e ii: 6HH11 a). 

4.16. To<J:Ka M CHMMeTpH'!Ha 11eHTPY orrucaHHOH OKOJIO TpeyroJibHHKa 

ABC OKPY2KHOCTH OTHOCHTeJibHO CTOpOHhI AB. ~OKa2KHTe, 'ITO 

CA12 = R2 + a 2 + b2 
- c2

. 

4.17. ~OKa2KHTe, 'ITO B ocTpoyroJihHOM TpeyroJibHHKe ABC 

AH+BH+CH=2(R+r). 
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KaK H3MeHn:Tc.sr 3TO paBeHCTBO ,n;JI.sr TyrroyroJihHoro TpeyroJibHHKa? ,Il;JI.sr 

rrp.srMoyroJibHoro TpeyroJihHHKa? 

4.18. ,Il;oKa2KIITe, qTo ecJIII AA1 , BB1 , CC1 -BbICOThl TpeyroJihHIIKa 

ABC, To AH· HA 1 = BH · HB1 =CH· HC1• 

4.19. B ocTpoyroJibHOM TpeyroJibHIIKe ABC rrpoBe,n;eHbI BhlCOTbI AA1 , 

BB1 , CC1• ,IT,oKa2KIITe, qTo 

A 1 ( 2 2 2) H · AA1 + BH · BB1 +CH· CC1 = '2 a + b + c . 

KaKo:il: BII,Ll; rrpIIMeT TO)K,Ll;eCTBO ,n;JI.sr TyrroyroJihHOro TpeyroJibHIIKa? 

4.20. YroJI TpeyroJihHIIKa paBeH 60°. ,Il;oKa2KIITe, qTo 11eHTp BIIIICaHHo:il: 

B Hero OKPY2KHOCTII paBHoy,n;aJieH OT 11eHTpa mmcaHHO:il: OKPY2KHOCTII II op

TOI1eHTpa. 

4.21. Llepe3 11eHTp BIIIICaHHo:il: B TpeyroJibHHK ABC oKpy2KHOCTH rrpo

Be,n;eHa rrp.srMa.sr, rrapaJIJieJibHa.sr AB. ,Il;oKa2KHTe, qTo oTpe30K 3TO:il: rrp.srMo:il:, 

u (a+b)c 
OTCeKaeMbIII CTOpOHaMII TpeyroJibHIIKa, paBeH a + b + c . 

4.22. EcJin: BHYTPII BhlIIYKJioro qeThlpexyroJihHHKa ABC D cy111ecTByeT 

TOqKa M TaKa.sr, qTo TpeyroJihHIIKH MAB, MBC, MCD, MDA paBHOBe

JIIIKII, TO o,n;Ha II3 ,L1;1IaroHaJie:il: ,n;eJIHT .n;pyryro IIOIIOJiaM. ,Il;oKa2KIITe. 

4.23. ,Il;aHbl qeTbipe rrp.HMbie, H3 KOTOpbIX HIIKaKIIe TPII He rrpoxo,n;.srT 

qepe3 0,Ll;HY TOqKy II HHKaKIIe ,n;Be He rrapaJIJieJihHbl. ,IT,oKa2KIITe, qTO eCJIII 

o,n;Ha II3 HHX rrapaJIJieJihHa Me,Ll;IlaHe TpeyroJihHIIKa, o6pa3oBaHHoro TpeM.sr 

.n;pyrIIMII, TO 3TIIM 2Ke CBOHCTBOM o6Jia,n;aeT Ka2K,n;a.sr H3 Tpex OCTaBilIHXC.H 

IIp.HMbIX. 

4.24. ,Il;oKa2Kn:Te, qTo ,L1;1IaMeTp orrn:caHHO:il: OKOJio TpeyroJihHHKa ABC 
OKPY2KHOCTn:, rrpoBe,n;eHHhI:il: qepe3 Bepllln:Hy A, ,n;eJIHT CTopoHy BC B OTHO

IlleHn:n: sin 2C : sin 2B, cqn:Ta.sr OT BepmHHhl B. 
4.25. ,Il;oKa2Kn:Te, qTo ocHoBaHIIe A 1 BhICOThI AA1 TpeyroJihHHKa ABC 

,n;eJIIIT CTopoHy BC B OTHOilleHn:n: tg C : tg B, cqn:Ta.sr OT BepllIHHhI B. 
4.26. ,Il;oKa2Kn:Te, qTO ,n;JI.sr rrpon:3BOJihHO:il: TOqKn: P BeKTOp PO 11eHTpa 0 

orrn:caHHO:il: OKOJIO TpeyroJihHHKa ABC OKPY2KHOCTH n:MeeT Bhipa2KeHIIe: 

PO= PAsin2A + PBsin2B + PCsin2C 
sin 2A + sin 2B +sin 2C · 

4.27. ,Il;oKa2KHTe, qTO ,n;JI.sr rrpon:3BOJihHO:il: ToqKn: P BeKTOp PH opT011eH

Tpa TpeyroJihHHKa ABC n:MeeT Bb1pa2KeHn:e: 

PH= PAtgA+PBtgB+PCtgC 
tg A + tg B + tg C . 
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,Il;oKa:>KIITe CJie,IzyIOIIJ;IIe cooTHOIIIeHII51 ,LJ;JI51 TpeyroJihHIIKa ABC ( 4.28-
4.36). 

4.28. CJ2 =ab - 4Rr. 
4.29. OH2 = R2(1 - 8 cos A cos B cos C). 
4.30. IA· IB ·IC= 4Rr2

• 

4.31. GJ2 = (1/9)(p2 + 5r2 
- 16Rr). 

4.32. ECJIII AA1, BB1, CC1 -Me,n;IIaHhI TpeyroJihHIIKa ABC, TO 

AA1+BB1+CC1=0. 

4.33. EcJIII AA1, BB1, CC1 -6IIcceKTpIIChI TpeyroJihHIIKa ABC, TO 

a(b + c)AA1 + b(c + a)BB1 + c(a + b)CC1 = 0. 

4.34. EcJIII AA1, BB1, CC1 -BhICOThI TpeyroJihHIIKa ABC, TO 

a 2 AA1 + b2 BB 1 + c2CC1 = 0. 

4.35. EcJIII 0 - :u;eHTP orrIIcaHnoii: OKPY:>KHOCTII, TO 

sin 2A · 0 A + sin 2B · 0 B + sin 2C · OC = 0. 

4.36. EcJIII H - opTo:a;eHTp TpeyroJibHIIKa ABC, TO 

tg A · HA + tg B · H B + tg C · H C = 0. 

§ 5. B'Heenuca'H'H'ble O'l\',py;J1C'Hocmu mpey20.!l'b'HU'l\',a 

5.1. Cym;ecTBOBrume BHeBIIHCaHHhIX oKpy:>KHOCTeii o6ycJIOBJieHo Teo -

p e M 0 ii:: 6ucceK:mpUC'bt aeyx BHeWHUX YZ.!WB mpeyzo.!lib'HU'K:a U 6ucceK:mpuca 

Bttympettttezo yz.n,a, He C.Me:>tC'H.020 C 3mUMU aey.M.H, BHeWHUMU, nepeceK:a

WmC.R 6 oattoU mO"t'K:e, 'K:Omopa.R .RB.!t.Remc.R v,ettmpo.M OK:py:>tettOcmu, K:aCa10-

W,eUC.R oattou cmopOH'bt mpey20.1t'b'HU'K:a U npoao.1t:>tCeHUU aeyx apyzux cmo

pOH ( etteenucattttaa 0K:py:>te1t0cm'b). 

,II; o Ka 3 a Te JI b c TB o. B JI1060M TpeyroJibHIIKe ABC ,n;Be 6IIcceKTpIICbI 

BHeIIIHIIX yrJIOB (BHeIIIHIIe 6IIcceKTpIICbI) Bcer,n;a nepeceKaIOTC51. B caMOM 

.n;eJie, cyMMa Tpex BHeIIIHIIX yrJioB paBHa 360°, rroaToMy cyMMa ABYX II3 

HIIX MeHhIIIe 360° II, 3Ha'IIIT, cyMMa IIOJIOBIIH ABYX BHeIIIHIIX yrJIOB MeHh

IIIe 180°. Tor,n;a ,n;Be BHeIIIHIIe 6IIcceKTpIIChI nepeceKaIOTC51 (B Toii: rroJiynJioc

KOCTII OT CTOpOHbl TpeyrOJibHIIKa, KOTOpa51 3TOT TpeyroJibHIIK He co,n;ep:>KIIT)' 

TaK KaK eCJIII 6hl OHII OKa3aJIIICb napaJIJieJibHbIMII, TO cyMMa BHyTpeHHIIX o,n;

HOCTOpOHHIIX yrJIOB 6nwa 6hl paBHa 180° (pIIc. 36). To'!Ka I 1 nepece'leHII51 

BHeIIIHIIX 6IIcceKTpIIc paBHoy,n;aJieHa OT np51Mhlx, co,n;ep1Kar:u;IIx CTOpOHhI AB 
II BC. IloaToMy 'Iepe3 Hee rrpoxo,rzyi:T 6IIcceKTpIIca BHyTpeHHero yrJia A. 
0Kpy:>KHOCTb c :u;eHTpOM Il II pa.n;IIycoM rl' paBHbIM paCCT05IHIIIO OT TO'l

KII I 1 ,n;o cTopoHbI KacaHII51 TpeyroJibHIIKa ABC, KacaeTC51 CTOpOHhI BC B 
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ee BHyTpeHHeft TO'IKe X 1 II rrpo.n;oJIMeHIIH cTopoH AC II AB B TO'IKax Y1 

II Z1• 0Ha Ha3hrnaeTc.H B'Heenuca'H'HOU Ot;;py:J1C'Hocm'b10 TpeyroJihHIIKa. 

Bcero cyrn;ecTByeT TPII BHeBrrIIcaHHhre OKPYMHOCTII TpeyroJihHIIKa, co

OTBeTCTByIDrn;IIe TpeM ero CTOpOHaM (pIIC. 37). 

PHc. 36 

PHC. 37 

5.2. 0Tpe3KH .KaCaTeJibHbIX H3 BepIIIHH TpeyrOJ!bHH.Ka K ero BHeBIIHCaH

HhIM oKpyMHOCTsi:M. BBe,n;eM o6o3Ha<IeHII.H, JKa3aHHhre Ha pIIc. 37. I1crroJih-

3J.H paBeHCTBO 0Tpe3KOB KaCaTeJibHhIX, rrpoBe,n;eHHhIX II3 0,ll;HOH TO'IKII K 
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0Kpy2KHOCTH, HMeeM: 

Tor,n;a Haxo,n;nM: 

AY1 = AZ1, AY2 = AZ2, AY3 = AZ3, 

BX1 = BZ1, BX2 = BZ2, BX3 = BZ3, 

CX1 = CY1, CX2 = CY2, CX3 = CY3. 

2p= AC+ CB+ BA= (AC+ CXi) + (X1B +BA)= 

=(AC+ CYi) + (BZ1 +BA)= AY1 + AZ1 = 2AY1 . 

AHa.JIOI'H'IHO IIOJIY'IHM 

,Il;a.Jiee, CX2 = BX2 - BC= p - a. AHa.JIOrwrno 

CX2 = CY2 = BX3 = BZ3 = p - a, 

CX1 = CY1 = AY3 = AZ3 = p- b, 

AZ2 = AY2 = BZ1 = BX1 = p - c. 

(5.1) 

(5.2) 

5.3. 3aBHCHMOCTh Me:>K,Jzy pa,IJ;HYCaMH BIIHCaHHOH, BHeBIIHCllHHhIX H OIIH

CaHHOH OKpy:>KHOCTeii TpeyroJihHHKa. Caa'!aJia ,n;oKa2KeM TaKne cpopMyJihI 

IIJIOID;a,n;H TpeyrOJihHHKa: 

(5.3) 

r,n;e r 1, r 2, r 3 -pa,n;uychr BHeBrrncaHHhIX oKpy2KHOCTeii c u;eaTpaMH 11 , I2, 
!3 COOTBeTCTBeHHO. 

06pa1IIaHch K puc. 36, 3aMe'!aeM, 'ITO 

1 1 1 1 
SAsc=SAs11 +SAcI1 -Ssc11 =2cr1+2br1-2ar1=2r1(b+c-a)=r1(p-a). 

C paBHhIM rrpaBOM S = r 2 (p - b) = r 3(p - c). Teneph c noMOID;hlO cpopMyJI 

(5.3) H cpopMyJihl s =pr HaXO,ll;HM: 

__!_ + __!_ + __!_ = p - a + p - b + p - c = 3p - (a+ b + c) = !!_ = ! 
r1 r2 r3 S S S S S r" 

lfTaK, 
1 1 1 1 -=-+-+-. 
r r1 r2 r3 

llMeeT MeCTO e1IIe O,n;HO 3aMe'laTeJihHOe COOTHOIIIeHHe: 
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Henocpe,z:i;CTBeHHOH npoBepKO:ii: y6e2K,z:i;aeMC51 B IICTIIHHOCTII paBeHCTBa 

p(p- b)(p- c) + p(p- c)(p- a)+ p(p- a)(p- b) - (p- a)(p- b)(p- c) = abc. 

IIocKOJihKY abc = 4S R, TO 

p(p- b)(p- c) + p(p- c)(p- a)+ p(p- a)(p- b) - (p- a)(p- b)(p-c) = 4SR. 

I1cnoJih3Y51 cpopMyJihr (5.3) II (3.9), noJiyqaeM: 

52 52 52 52 
4SR= -- + -- + -- - - = S(r1 +r2 +r3 -r), 

p-a p-b p-c p 

OTKy,z:i;a 4R = r1 + r2 + T3 - r. 

Y npa:JfC'He'HU.fl 

,ll;oKa2KIITe CJie,z:i;yronvre yTBep)K,z:i;eHII51 ( 5. l -5. 5). 
5.1. TpeyroJihHIIK ABC 5IBJI5IeTC5I opToTpeyroJihHIIKOM TpeyroJihHIIKa 

l1I2I3 (cM. n.4.3). 
5.2. 0nIIcaHHa51 oKOJIO TpeyroJihHIIKa ABC OKPY2KHOCTh ,z:i;eJIIIT nonoJiaM 

Ka)K,Il;hr:ii: II3 Tpex OTpe3KOB, coe,z:i;IIH5IIOnrIIx u;eHTp BnIIcaHHO:ii: oKpy2KHOCTII 

c u;eHTpaMII BHeBTIIICaHHhIX OKpy)KHOCTe:ii:. 

5.3. ,ll;Be BepITIIIHhl TpeyrOJihHIIKa, u;eHTp BTIIICaHHO:ii: OKPY2KHOCTII II 

u;eHTp BHeBTIIICaHHOH OKPY2KHOCTII, COOTBeTCTByIOm;e:ii: TpeThell BepITIIIHe, 

Jie2KaT Ha O,Il;HOH OKpY2KHOCTII. 

5.4. B np5IMOyroJihHOM TpeyroJihHIIKe u;eHTP BTIIICaHHo:ii: OKPY2KHOCTII, 

cepe,z:i;IIHa KaTeTa II TO'IKa KaCaHII51 ,z:i;pyroro KaTeTa c BHeBTIIICaHHOH 0Kpy2K

HOCThIO Jie2KaT Ha o,z:i;Ho:ii: np51Mo:ii:. CcpopMyJIIIpy:ii:Te II ,z:i;oKa2KIITe o6paTHOe 

YTBep)K,Il;eHIIe. 

5.5. IlpOII3Be,IJ;eHIIe paCCT05IHIIH OT BepITIIIHhl TpeyrOJihHIIKa ,z:i;o u;eHTpa 

BTIIICaHHOH OKpy)KHOCTII II ,z:i;o u;eHTpa COOTBeTCTByrom;eli 3TOll BepITIIIHe BHe

BTIIICaHHOH OKpy:»rnOCTII paBHO npOII3Be,z:i;eHIIIO CTOpOH TpeyrOJihHIIKa, cxo

,Il;5IIIJ;IIXC51 B 3TOH BepmIIHe. 

5.6. ,ll;oKa2KIITe, 'ITO npII npOII3BOJihHOM Bhr6ope TO'IKII p 

Pii = bPB + cPC - a PA 
b+c-a 

,ll;oKa2KIITe CJie,z:i;yrom;IIe COOTHOIDeHII51 ( 5. 7 -5 .19). 
5.7. OI'f = R2 + 2Rr;, r,z:i;e i = 1, 2, 3 (cpopMyJia 9:ii:Jiepa ,IJ;JI51 BHeBTIIICaH

Hhrx 0KpJ2KHOCTe:ii:). 

5.8. r1r2 = p(p - c). 
5.10. r1r2r3 = pS. 

c 
5.12. J1 J2 = 4Rcos 2· 

5.9. rr1 = (p - b)(p - c). 
5.11. rr1r2r3 = S 2. 
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5.14. AI· II1 = 4Rr. 
5.15. r1 + r2 = 4R cos2 C. 
5.16. r + r 1 + r2 - r3 = 4RcosC. 

5.17. II1 · II2 · Il3 = 4rR2
• 

5.18. IIi + I2Ii =II~+ f3li = IIi + Iili-

5.19. II1 : II2 : 1!3 =sin~: sin~: sin~-
5.20. qepe3 ,D;Be BepIIIHHbI TpeyrOJibHHKa H u;eHTp BilHC3HHOH B Hero 

OKPY.IKHOCTH npoBe,n;eHa oKpy.IKHOCTh. ,Ll;oKa.JKHTe, 'ITO OTpe30K KacaTeJih

Hoii:, npoBe,n;eHHoii: K 3TOii: OKPY.IKHOCTH n3 TpeTheii: BepIIIHHhl, ecTb cpe,n;mur 

reoMeTpH'leCKa.H BeJIH'IHHa Me.JK,ey CTOpOHaMH TpeyroJibHHKa, CXO,Il..HIIl.HMHC.H 

B 3TOH BepIIIHHe. 

§ 6. OnpyJIC'HOCm'b aeB.Rmu mo'l/,e'X: mpeycO./l,'b'HU'X:a 

6.1. Cy:m;ecTBOBaHHe oKpy1KHOCTH .u;eBHTH TO'IeK. MMeeT MecTo 

TeopeMa. B mo6o.t.t mpey201t'bttU'/Ce octtoBattu.n B'btcom, cepeduHu, cmopo'lt 

u cepedUtt'bt ompea'/CoB, coedutt.n10w,ux opmo'4ettmp c aepwutta.Mu, 1te::>team 

'fta od'ftoi.l o'ICpy:>ICHOcmu c '4ettmpo.t.t B cepedutte E ompea'/Ca 0 H u paduy-
1 

COM 2R. 
,Ll;oKa3aTeJibCTBO 1. IlycTh A1, B 1, C 1 -cepe,n;MHbI cTopoH BC, 

CA, AB TpeyroJihHHKa ABC, H 1, H 2, H 3 - OCHOBaHH.H cooTBeTCTByrom.n:x 

BbICOT H A 2 , B 2 , C 2 -cepe,n;HHbI oTpe3KOB AH, BH, CH cooTBeTCTBeH

HO (puc. 38). Tor.n;a 'leThlpexyroJihHHKH B 1 C 1B2C2 H C 1A1 C2A 2 .HBJI.HIOTC.H 

npaMoyroJihHHKaMH. B caMOM ,n;eJie, OTpe3KH B 1 C 1 n B 2C 2 KaK cpe,n;Hne JIH

Hnn TpeyroJihHHKOB ABC n HBC napaJIJieJihHbI BC n paBHbI ee noJIOBHHe. 

IloaToMy '!eTbipexyroJibHHK B 1C 1B 2C 2 -napaJIJieJiorpaMM. KpoMe Toro, B 

HeM B 1 C 2 II AH, HO AH ..L BC, noaTOMY B 1 C2 ..L B 2C 2• ,Ll;JI.sr 'leTbrpexyroJih

HHKa C1 A1 C2A2 ,ll;OKa3aTeJibCTBO aHaJIOI'H'lHO. chn: rrpaMoyrOJibHHKH HMeIOT 

o6m.yro .n;uaroHaJib C1 C2. 3Ha'!HT, ux .n;n:aroHaJin: paBHbl n: nepeceKaIOTC.H B 

o,n;Hoii: TO'IKe E. Ilo3TOMY TO'IKH A 1, B 1, C1, A2 , B 2 , C2 Jie.JKaT Ha o,n;Hoii: 

OKPY:JKHOCTH c u;eHTpOM E. TaK KaK H3 TO'leK H 1, H 2, H 3 .n;naMeTphr 3Toii: 

OKPY.IKHOCTH BHAHbI no.n; np.srMbIMH yrJiaMn, TO 3TH TO'IKH eii npuHa,n;Jie:JKaT. 

TpeyroJihHHK A 1B 1 C 1 rro.n;o6eH TpeyroJihHHKY ABC c K03cpqmu;n:eHTOM no-

.n;o6u.sr k = ~, BCJie,n;cTBHe qero pa.n;uyc onucaHHoii: OKOJIO Hero OKPY.IKHOCTH 

B.D;BOe MeHhIIIe pa,n;Hyca R oKpy.IKHOCTH ABC. TpeyroJihHHKH A 1 B1 C 1 H 

A 2 B 2C2 CHMMeTpH'IHhI OTHOCMTeJihHO TO'IKH E. CJie,n;oBaTeJibHO, nx opTO

u;eHTpbI 0 n: II cnMMeTpH'IHbI OTHOCn:TeJI:bHO E ( 0 - u;eHTP oKpy.IKHOCTH 

ABC). 
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,lJ; 0 Ka 3 a Te JI b c TB 0 2. IlpnMeM BO BHHMaHIIe, "ITO TO'iKH, CHMMeT

pH"IHbie opTOD;eHTPY H TpeyroJihHHKa OTHOCHTeJihHO ero CTOpOH H cepe,L\HH 

CTOpOH, npnHa,n;Jie2KaT onucaHHOH OKOJIO TpeyroJihHHKa OKPY2KHOCTH ( 3a,n;a-

"!a 4.2). 3a,n;a,n;nM roMoTeTnIO c u;eHTpOM Hu Ko3¢¢uu;neHTOM ~. Ilpu noii 

rOMOTeTHH npoo6pa3aMn ,n;emITH TO'ieK, paccMaTpirnaeMhIX B TeopeMe, .HB

JI.HIOTC.H TO"!Kll OTIUCaHHOH 0Kpy2KHOCTH (puc. 39). roMOTeTU.H OT06pa2KaeT 

onncaHHYIO OKOJIO TpeyroJihHIIKa ABC OKPY2KHOCTh ( O; R) Ha OKPY2KHOCTb 

( E; ~R), KOTopoii npnHa,n;Jie2KaT Bee ,n;eB.HTh yKa3aHHhIX B TeopeMe To"!eK. 

IlocKOJihKY 0 --+ E, To E - cepe,n;nHa 0 H. 

c 

B 

Pnc. 38 Pnc. 39 

0Kpy2KHOCTb ( E; ~ R) Ha3hIBaIOT ox:py:>1C'l-t0Cm'b10 aee.Rmu mo"ie'K: Tpe

yrOJihHHKa. «cha 0Kpy2KHOCTh - nepBoe BOJIHYIOID;ee, c 'ieM Mbl BCTpe-qaeM

C£ B Kypce 3JieMeHTapHoii: reoMeTpHH», - rOBOpHJI ,l:i;aHII3Jlh IlH,n;o. 

JihaK, OKPY2KHOCTh ,n;eB£TII TO"IeK TpeyroJihHHKa roMoTeTH"!Ha ero 

orrncaHHOH 0Kpy2KHOCTH OTHOCHTeJihHO opTOD;eHTpa 3TOrO TpeyrOJihHHKa. 

0Kpy2KHOCTh ,n;eB£TH TO'ieK TpeyroJihHHKa ABC orrncaaa OKOJIO ero cepe

,n;nHHoro TpeyroJihHIIKa A1B1C1 H OKOJIO ero opToTpeyroJihHIIKa H1H2H3 • 

6.2. TeopeMa <I>eiiep6axa. B 1804 r. oKpy2KHOCTh ,n;eB.aTH TO'ieK 6hma 

y2Ke ll3BeCTHa. lfHor,n;a ee IlpHilHChIBaIOT n. 9ftJiepy, KOTOpblll B 1765 r. 

,ll;OKa3aJI, qTo cepe,n;IIHHhIH TpeyrOJibHHK Il opTOTpeyrOJihHHK ,n;aHHOro 

TpeyroJihHHKa HMeIOT 06ru;y10 orrncaHHYIO OKPY2KHOCTh. KapJI <I>eiiep6ax 

(1800-1834), HeMeD;KIIH MaTeMaTHK, 6paT Il3BeCTHoro ¢HJIOCO¢a J1ro,n;BH

ra <I>eiiep6axa, "!aCTH"IHO nepeoTKphIJI pe3yJihTaT 9iiJiepa n B 1822 ro,n;y 

,ll;OKa3aJI eiu;e O.ZJ;HO y,n;nBIITeJihHOe CBOHCTBO 0Kpy2KHOCTII ,n;eB£Tll TO'leK. 
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TeopeMa «l>eiiep6axa. Q,,,,py;JIC'liOCm'b ae6amu mo"le1', mpey20Jt'b'/-/,U1',a 1',aca

emca, B'liympe'li'l-te e20 Bnuca'li'liou O""PY;J1CH0cmu u ""acaemca B'Jieume ""a;J1Caou 

U3 mpex B'lieBnuca'Ji'li'btx O""PY;J1CHocmeu. 

,Il;oKaJKeM ctta'laJia BHyTpettttee Kacam1e oKpyJKHOCTH ( E; ~ R) II BIIH

cattttoil: OKPYJKHOCTII (I; r). 0'!eBHAHO, 3a,n;aqa CBO,IJ;HTC2I K ,n;oKa3aTeJihCTBY 

paBeHCTBa 

EI=!R-r. 
2 

l1crroJih3YeM pa3JIOJKeHII2I (4.7) H (4.4) BeKTOpOB OH H OJ: 

- l - - -
OJ= 

2
P (aOA + bOB + cOC). 

- 1-
Y'IHTbIBa2!, 'ITO OE= 2oH, ttaxo,n;uM: 

----1 - - -
EI= OJ - OE= 

2
P ((a - p)OA + (b - p)OB + (c - p)OC). 

(6.1) 

IlocKOJibKY 20A· 0B=2R2 -c2
, 20B · OC=2R2 -a2

, 20A-OC=2R2 -b2
, 

TO 

EI2 = 4~2((p-a)2R2+(p-b)2R2+(p-c)2R2+ 

+ (p-a)(p-b)(2R2 -c2
) + (p-a)(p-c)(2R2 -b2

) + (p-b)(p-c)(2R2 -a2
) ). 

CyMMa CJiaraeMbIX, co,n;epJKam;ux R 2
, paBHa p2 R2

. Ilo::iToMy 

EI2 = !R2 
- -

1 
(c2 (p - a)(p - b) + b2 (p - a)(p - c) + a2 (p - b)(p - c)). 

4 4p2 

a2 (p - b)(p - c) + b2 (p - a)(p - c) + c2 (p - a)(p - b) = 4p2 r(R - r). (6.2) 

,Il;JI2I 3TOro 3aMeTIIM CHa'!aJia, 'ITO 

( - a)( - b) = 52 =pr . r3(p - c) = TT3 
p p p(p - c) p p - c 

H aHaJIOrH'IHO 

(p- c)(p- a)= rr2 , (p- b)(p - c) = rr1 . (6.3) 

IlocJie BblIIOJIHeHirn 3THX 3aMeH II IIO,IJ;CTaHOBKH 4R = r1 + T2 + T3 - T ,IJ;OKa-

3bIBaeMoe paBeHCTBO (6.2) rrpIIHIIMaeT BH,n;: 

(6.4) 
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a2r1 + b2r2 + c2r3 = a(pr1 - S) + b(pr2 - S) + c(pr3 - S) = 

= p(ar1 + br2 + cr3) - (a+ b + c)S = p(ar1 + br2 + cr3 - 2S). 

9ToMy :iKe Bhrpa:iKemuo paBHa II rrpaBaR qacTh ,n;oKa3hIBaeMoro paBeHCTBa 

(6.4): 

p(pr1 + pr2 + pr3 - 5pr) = 
= p(ar1 + S + br2 + S + cr3 + S - 5S) = p(ar1 + br2 + cr3 - 2S). 

IITaK, cooTHorneHIIe (6.2) ,n;oKa3aHo. B cmry ero 

TaKIIM o6pa3oM, BepHo (6.1) II TeM caMhIM ,n;oKa3aHa rrepBaR '!aCTh TeopeMhI 

<l>eii:ep6axa. ,Il;oKa3aTeJibCTBO BHernHero KaCaHIIR OKpy:lKHOCTII ,n;eBRTII TO'IeK 

c BHeBnlICaHHbIMII OKpy:lKHOCTRMII BbIIIOJIHReTCR BIIOJIHe aHaJIOrlI'IHO. c IIC-
- 1 - - -

rroJih30BamieM rrpe,n;cmBJieHIIR BeKTopa 011 = 
2
(p-a) (bOB +cOC-aOA) 

npoBepReTCR ycJIOBIIe BHernHero KacaHIIR EI1 = ~R + r 1• Tpy,n;omo61IBhrii 

'IIITaTeJib c,n;eJiaeT 3TO caM. 

,Il;pyr1Ie ,Ll;OKa3aTeJibCTBa TeopeMbl <l>eii:ep6axa IIMeIOTCR B KHIIraX [10], 
[13], {33], a TaK:lKe B «3a,n;a'IHIIKe no reoMeTplIII» B. ,Il;eJIOHe H 0 . .IK1ITO

M1IpCKoro. 

Y n pa:.>tC'He'H UR 

6.1. ,Il;oKa:lKIITe, 'ITO orr1IcaHHaR OKOJIO TpeyrOJibHIIKa ABC OKpy:lKHOCTh 

RBJIReTCR OKPY:lKHOCThIO ,n;eBRTII TO'!eK TpeyroJibHHKa 111213 c BepIIIHHaMII 

B n;eHTpax BHeBrrncaHHhIX oKpy:lKHOCTeii TpeyroJibHIIKa ABC. 
6.2. ,Il;OKa:lKIITe, 'ITO paccTORHHe OT n;eHTpa OIIIICaHHOH OKOJIO TpeyroJih

HIIKa OKPY:lKHOCTII ,n;o ero cTopoHbI B,n;Boe MeHhme paCCTORHIIR OT opTon;eH

Tpa ,n;o npOTIIBOIIOJIO:iKHOH BeprnlIHbI. 

6.3. ,Il;oKa:lKIITe, 'ITO paCCTORHHe Me:lK,n;y n;eHTpaMH BIIHCaHHOH II OIIH

caHHOH OKPY:lKHOCTeii TpeyroJihHHKa ecTb cpe,n;Hee reoMeTplI'IeCKoe Me.JK,Ll;Y 

AHaMeTpOM OIIIICaHHOii: OKpy:lKHOCTII II pacCTORHIIeM Me:lK,n;y n;eHTpaMH BIIII

caHHOH OKPY:lKHOCTII II OKPY:iKHOCTII ,n;eBRTII TO'IeK. 

6.4. ,Il;OKa:lKIITe, 'ITO paccTORHHe Me:lK,n;y n;eHTpaMII orrncaHHOii: II BHeBIIH

caHHOH OKPY:lKHOCTeii TpeyroJihHHKa eCTh cpe,n;aee reoMeTplI'IeCKoe Me:lK,Ll;Y 

,n;1IaMeTpoM OIIIICaHHOii oKpy:iKHOCTH II paccTORHIIeM Me:iK,n;y n;eHTpaMII 3TOii 

BHeBIIIICaHHOH OKPY:lKHOCTH II OKpy:lKHOCTII ,n;eBRTII TO'IeK. 
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§ 7. Bnucm-t'H'bte u onuca'H'H'bte "-tem'blpexy20.11/b'Hux;u 

EcJin nee nepIIIHHhI <JeTbrpexyroJibHHKa rrpnHa,n;Jie1fffiT OKpJ:lKHOCTH, TO 

OH Ha3bIBaeTC.II 6nUCa?-t'H'bl.M B 3TY OKpy:lKHOCTb, a OKpy:lKHOCTb - onuca'H'HOU 

OKOJio Hero. EcJin OKPJ:lKHOCTh KacaeTC.II Ka:iK,n;on CTO

pOHhr qeTbipexyrOJibHlIKa BO BHyTpeHHeii: TO<JKe 3TOH 

c CTOpOHhI, TO OH Ha3hIBaeTC.II onuca'H'H'bt.M OKOJIO 3TOll 

OKpy:lKHOCTH, a OKPJ:lKHOCTb - 6nucattttoil B Hero. 

CJie,n;y.H Tpa,n;nu;nn, MhI HCKJIJO<JaeM n3 paccMOTpe

HH.II <JeTbipexyrOJibHlIKlI c caMorrepece<JeHHeM CTOpOH, 

rrpnMep KOToporo npe,n;cTaBJieH Ha pnc. 40, r,n;e B qe-

PHc. 40 TbrpexyroJibHHKe ABC D rrpoTHBOIIOJIO:lKHhre CTOpo-

HhI AB n CD rrepeceKaIOTC.II n cnonx nHyTpeHHHX TO'l

Kax. "lleTbrpexyroJihHHKH 6e3 caMorrepece<JeHH.II cTopoH Ha3bIBaJOTC.II npo

cmu.Mu qeThrpexyrOJihHHKaMH. 

BnncaHHhre n onncaHHbie npocTbre <JeThrpexyroJihHHKH .HBJI.IIJOTC.II Heo6-

xo,n;nMo 6'btnY1bJl,'btMU. 

7.1. KpnTepHH BlllIC8HHoro 'ICTbipexyroJThmura. TaK KaK u;eHTP onn

caHHon OKOJIO <JeTbrpexyroJibHHKa oKpy:lKHOCTH panHoy,n;aJieH OT ero nep-

IIIHH, TO OH npnHa,n;Jie:lKHT cepe,n;HHHblM nepneH,n;HKYJI.HpaM K ero CTOpOHaM 

H ,n;naroHaJI.HM. 06paTHO, ecJin cepe,n;uHHhre 

rreprreH,D;lIKYJI.llpbl K TpeM CTOpOHaM 'leTbipex

yrOJibHHKa nepeceKaJOTC.II B o,n;Hoii: TO'IKe, TO 3Ta 

TO'!Ka 6y,n;eT panHoy,n;aJieHa OT ncex ero nepIIIHH 

H II03TOMY 6y,n;eT u;eHTpOM OIIHCaHHOll OKOJIO 

Hero OKpy:>KHOCTH (pnc. 41). 
JihaK, OJ1,J£ mo20, "'tmo6u 01bO/l,O "'temupex

Y20/l,'b'HU1ba MO'JIC'HO 6'bt/l,O onucam'b o1bpy'JIC

ttocm'b, neo6xoi:Ju.Mo u i:Jocmamo"'ttto, "'tmo6u ce

pei:Jutttt'bte nepneni:Ju1by/l,Rp'bt .,,, mpe.M e20 cmopo

'Ha.M nepece1ba/l,UC'b 6 oi:Jnoil mo"'t1be. 

,npyron Kp1nepnll. BrrncaHHoro <JeTbrpex-

yrOJibHHKa CB.II3aH c ero yrJiaMH. 

D 

PHC. 41 

TeopeMa. ,4j/,J£ mo20, "'tmo6u 01bO/l,O "'temupexy20J1,'b'HU1ba MO'JIC'HO 6'bt/l,O 

onucam'b 01bpy'JICnocm'b, neo6xoi:Ju.Mo u i:Jocmamo"'ttto, "'tmo6u cyMMa e20 

npomu6onoJ1,0'JIC'H'btX y2J1,06 6uj/,a pa6tta 180° ( m. e. cyMM'bt e20 npomu60-

noJ1,0'JIC'H'btX y2J1,06 6'bt/l,U pa6tt'bt). 

He o 6 x o ,n; n Moc Th 3Toro ycJIOBH.II oqenn,n;Ha: cyMMa yrJion A n C 
nrrncaHHoro <JeTbrpexyroJibHHKa ABC D (pIIc. 41) H3Mep.HeTC.II noJiycyMMoii 

,n;yr BCD II BAD, cocTaBJI.HlOIIIIIX IIOJIHYJO OKPY:lKHOCTh, n IIOTOMY paB

Ha 180°. 
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,II; o c Ta To q Hoc Th. IlycTh LA + LC = 180°. Tor,n,a 3TII yrJihI He 

MOryT 6hITh o6a OCTpbIMII IIJIII o6a TYIIhIMII. )J;mr orrpe,n,eJieHHOCTII 6y,n,eM 

C'IIITaTh, 'ITO LA ~ goo. OrrIImeM OKOJIO Tpe

B yroJihHIIKa ABD OKpy:iKHOCTh II ,D,OKa:lKeM, 

'ITO TO'IKa C en IIpIIHa,D,Jie:lKIIT. )J;mr 3TOrO 

Heo6xo,D,IIMO orrpoBeprHyTh ,D,Ba B03MO:lKHhIX 

A 
c rrpe,n,rrOJIO:lKeHmr: 1) TO'!Ka c HaXO,D,IITCR BHe 

OKPY:lKHOCTII, 2) oHa Jie:lKIIT BHYTPII oKpy:lK

HOCTII. II pH. rrepBoM rrpe,n,rroJio:iKeHIIII II yCJio

BIIII LA~ go 0 cTopOHhI BC II DC rrepeceKaIOT 

Pnc. 42 
OKpy:lKHOCTh BTOpII'IHO B CBOIIX BHyTpeHHIIX 

TO'IKaX E II F (pIIc. 42). Tor,n,a ,D,JIR BIIIICaH-

HOro qeThlpexyroJihHIIKa ABED no Heo6xo

,D,IIMOMY ycJIOBIIIO 6y,n,eT LA+ LEED= 180°. Ilo TeopeMe o BHemHeM yrne 

TpeyroJihHIIKa LEED> LC II rroTOMY LA+ LC< 180°, 'ITO rrpOTIIBope'IIIT 

ycJIOBIIIO. BTopoe rrpe,n,rroJIO:lKeHIIe aHaJiorII'IHO rrpIIBO,D,IIT K rrpOTIIBope'IIIIO 

LA + LC > 180°. )J;oKa3aTeJihCTBO 3aKOH'IeHo. 

EcJIII rrpIIHRTh BO BHIIMaHIIe cJiy'Iaii, rrpe,n,cTaBJieHHhIH Ha pIIc. 40, r,n,e 

TO'IKII A II C Jie:iKaT B o,n,Hoii rroJiyIIJIOCKOCTII OT rrpRMOii BD, TO IIMeeM 

6oJiee o6:rn;IIii KpIITepIIii rrpIIHa,n,Jie:lKHOCTII 'IeThrpex TO'IeK A, B, C, D o,D,Hoii 

OKPY:lKHOCTII: 

j(A.R mo20, 'l/,m06'bt mO'l/,'ICU A, B, C, D Ae:JICaAu 'Ha OO'HOU o?Cpy:J1C'Hocmu, 

'Heo6xodu.Mo u oocmamo'l/,'HO, 'l/,ffi06'bt Y2A'bl BAD u BCD (uAU :JICe Y2A'bl 

ABC u ADC) B cy.M.Me cocmaBA.RAU 180° UAU :J1Ce 

3ffiU Y2A'bl 6'btAU pa6'H'bl. D 

7.2. KpuTepIDI OIIHCaHHoro '!eTblpexyroJlhHHKa. 
TaK KaK u;eHTp OKPY:lKHOCTII, BIIIICaHHOii B 'IeThrpex-

yroJihHHK, paBHoy,n,aJieH OT ero CTOpOH, TO OH IIpII

Ha,D,Jie:lKIIT 6IIcceKTpIIce Ka:lK,D,oro II3 ero yrJioB. CJie

,n,oBaTeJihHO, 6IIcceKTpIIChI yrJIOB OIIIICaHHOro 'IeTbI

pexyroJihHIIKa rrepeceKaIOTCR B 0,D,HOH TO'!Ke - u;eHTpe 

BIIIICaHHOH B Hero OKpy:lKHOCTII. 06paTHO, eCJIII 6IIC

ceKTpIIChI Tpex yrJioB '!eTbrpexyroJihHIIKa rrepeceKa- A 

IOTCR B 0,D,HOH TO'!Ke, TO 3Ta TO'!Ka 6y,n,eT paBHOy,n,aJie-

Ha OT BCex ero CTOpOH, T. e. 6y,n,eT u;eHTpOM BIIIICaHHOH 

B 3TOT '!eThrpexyroJihHIIK OKPY:iKHOCTII (pIIc. 43). 

B 

Pnc. 43 

llTaK, OAR mo20, 'l/,mo6'bt 6 B'btny?CA'btu 'l/,emupexy20At>'HU'IC .MO:JIC'HO 6'btAo 

enucam'b O?Cpy:JIC'HOCmt>, 'Heo6xoou.Mo U oocmamO'l/,'HO, 'l/,ffi06'bl 6ucce?Cmpucu 

mpex ezo y2AOB nepece?CaAUC'b B oO'HOU mo'l/,?Ce. 

)J;pyroii KPIITepIIH OIIIICaHHOro qeThrpexyrOJihHIIKa CBR3aH c ero CTOpO-

HaMII. 
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TeopeMa. J(.11,R mo20, "tmo6bt 6 B'bmy-x;.11,uu "temupexy20.11,'bttU'X: MO:>tetto 

6'bt.ll,0 Bnucam'b o-x;py:>te'l·tOCm'b, tteo6xodUMO u oocmamo"ttto, "tmo6bt CYMM'bt 

e20 npomuBono.11,o:>tettux cmopott 6u.11,u paettu. 

Heo6xo,n;JIMOCTh 3Toro ycJIOBJISI cJie,n;yeT JI3 paBeHCTBa oTpe3KOB Ka

caTeJihHhrx K OKPY:lKHOCTJI, rrpoBe,n;eHHhIX JI3 o,n;Hoii: TO'IKJI: AB + CD = 
= (x + y) + (z + t) = (y + z) + (x + t) =BC+ AD (pJic. 44). 

06paTHO, rryCTh 'IeThipexyroJibHJIK ABC D BhIIIYKJihIH JI AB + CD = 
=BC+ AD . .IJ:oKa:iKeM, 'ITO B Hero MO:lKHO BIIJICaTh OKPY:iKHOCTh • .IJ:eii:CTBJI

TeJihHO, 6JicceKTpJichr yrJIOB ABC JI BAD Bcer,n;a rrepeceKaIOTCSI, TaK KaK 

cyMMa 3TJIX yrJIOB MeHbIUe 360°' 3Ha'IJIT, cyM-

Ma JIX IIOJIOBJIH MeHhrue 180°. To'!Ka I rrepece'!e

HJISI 6JICCeKTpJIC 3TJIX yrJIOB eCTb rreHTp OKpy:iK

HOCTJI, Kaca10rrreii:cSI cTopoH AB, BC JI AD 'Ie

ThrpexyroJihHJIKa (pJic. 45). IlOKa:lKeM, 'ITO 'IeTBep

TaSI CTOpOHa c D TaK:iKe KacaeTCS! 3TOH OKpy:iK

HOCTJI. Bo3MO:lKHhI ,n;Ba rrpe,n;rroJio:iKeHJISI: 1) CD 
He rrepeceKaeT oKpy:iKHOCTh, 2) CD rrepeceKaeT 

oKpy:iKHOCTh. IlpJI rrepBOM rrpe,n;rroJio:iKeHJIJI rrocTpo-

JIM KaKyIO-HJI6y,n;h KacaTeJihHYIO C1D1 K OKpy:iKHO- B 

CTJI, He rrepeceKaIOIIIYIO oTpe30K CD. Tor,n;a no Heo6-

XO,ll;JIMOMY YCJIOBJIIO ,ll;JISI OIIJICaHHOI'O 'IeThipexyrOJib

HJIKa ABC1 D1 JIMeeM: AB+ C1D1 = BC1 + AD1 • 

Ho TaK KaK BC1 =BC- CC1, AD1 =AD - DD1 , 

TO AB+ C1D1 =BC - CC1 +AD - DD1 , OTKy,n;a 

C1 D1 + CC1 + DD1 =BC+ AD - AB. 
lfa ycJIOBJISI AB+ CD= BC+ AD cJie,n;yeT BC+ 

+AD -AB= CD. CJie,n;OBaTeJihHo, C1D1 + CC1 + 

H~ 
~y 

A x y B 

Puc. 44 

A 

Puc. 45 

+ D D 1 =CD. 0Ka3aJIOCh, 'ITO B 'IeThrpexyroJihHJIKe CC1 D 1 D o,n;Ha cTopoHa 

paBHa cyMMe Tpex ,n;pyrJix, 'ITO HeB03MO:lKHO. AHaJIOI'JI'IHO orrpoBepraeTCSI 

BTopoe rrpe,n;rroJio:iKeHJie. TeopeMa ,n;oKa3aHa. 

B 

A 

Puc. 46 

D 

0TMeTJIM, 'ITO ycJIOBJie BhIIIYKJIOCTJI 'IeThrpex

yrOJihHJIKa cyrrrecTBeHHO, IIOCKOJihKY cyrrrecTBYIOT 

HeBhIIIYKJibre '!eTbipexyrOJihHJIKJI, y KOTOpbIX cyM

MhI rrpOTIIBOIIOJIO:lKHhIX CTOpOH paBHhI. 0,n;HaKO B 

HeBbIIIYKJihIH 'IeTbipexyroJibHJIK HeJih351 BIIJICaTh 

oKpy:iKHOCTh (He BhIIIOJIHeHo Heo6xo,n;JIMOe yCJio

BJie). IlpJIMep HeBhIIIYKJIOI'O '!eTbipexyroJihHJIKa, 

JIMe10rrrero paBHbie cyMMhI rrpOTJIBOIIOJIO:lKHhIX CTO-

poH, MO:lKHO IIOJIY'IJITh, eCJIJI ,ll;JISI OIIJICaHHOI'O 'IeThI

pexyrOJihHHKa ABC D rrocTpOJITh TO'IKY K, CJIMMeTpH'IHYIO C OTHOCJITeJih

HO BD (pnc. 46). Tor,n;a AB+ CD= BC+ AD JI BC= BK, CD= DK. 

54 



Ilo3TOMY AB+ K D =BK+ AD n 'leThipexyroJihHHK ABK D HeBhIIIYK

JihIH. 

7 .3. HeBbIIIYKJibrH 'leTbipexyroJibllliK, accoIJ,HHpoBamn.m c OllllCa.H
HhlM 'leTbipexyroJibllliKOM. MmKHO rroJiy'IHTh ~yrne rrpaKTH'leCKH rroJie3-

D Hhie KpnTepnn orrncaHHoro '!eThrpexyroJihHHKa 

qepe3 corryTCTBYIOIIIllll eMy HeBhIIIYKJiblll 'leThI

pexyrOJibHllK. 

TeopeMa. Ilycm'b BD - 6'HCW'H.H.H dua20-

'Hll.llib 'HC6'bmynJw20 'i,Cm'blpexy20.11,'b'Huna ABC D 
u e20 npomueono.11,oJtC'l-t'bte cmopo'l-t'bl nepecena

B wmc.H 6 mo'i,nax Br u Dr (pnc. 4 7). J!,.11,.H mow, 

'i,m06'bt 6 'i,Cm'blpexy20.11,'b'l-tU'K: AB1 C D1 .MOJtC-

1-tO 6'bt.11,o Bnucam'b onpyJtC'HOCm'b, 'Heo6xodu.Mo u 

iJocmamo'i,'1-tO, "tmo6'bl B'blno.11,H,.11,.11,oc'b od'Ho U3 dByx yc.11,oeuu: 

A 

Pnc. 47 

1) cy.M.M'bl npomuBono.11,oJtC'H'blX cmopo'H "tem'btpexy20.11,'b'HUna ABC D 
pa6'H'bl, 

2) BB1 + DB1 = DD1 + BD1. 
,Il;oKa:JKeM CHa'laJia H e 0 6 x 0 ,n; ll M 0 c T b 3TllX ycJIOBllll. IlyCTb B 'leThI

pexyroJihHllK AB1 C D 1 BrrncaHa OKPYLKHOCTh, KacaIOIIIa51c51 ero CTopoH B 

TOqKax P, NJ, Q, N (pnc.47). Tor,n;a rroJiyqaeM: AB+ CD= AM+ lv!B + 
+ DQ-CQ n AD +BC= AP+ PD+ BN - CN. TaK KaK AM=AP, 
BM= BN, DP= DQ n CQ = CN, To AB+ CD= AD+ BC. ,Il;aJiee aHa

JIOrII'IHO Haxo,n;nM: BB1 + DB1 =BM - MB1 + B1Q + QD =BM+ QD n 

DD1 +BD1 =DP-D1P+D1 N +NB=DP+NB. IlocKoJibKY BM=BN 
H DP= DQ, TO BB1 + DB1 = DD1 + BDr. 

,Il;oKa:lKeM Terrepb ,n; 0 c Ta T 0 q H 0 c T b Ka:lK,n;oro H3 ,Il;BYX ycJIOBllll TeO

peMhI. 

1) IlycTb AB+ CD= BC+ AD n AB> AD. Tor,n;a BC> CD n AB -
- AD= BC - CD. Ha Jiyqe CB OTJIOLKHM CF= CD n Ha Jiyqe AB OTJIO

:JKHM AE=AD (pnc.48). Tor,n;a BE=BF (mK KaK AB-AD=BC-CD). 
TpeyroJihHHKH ADE, BEF, GDF paBHo6e~eHHhie, IT03TOMY 6ncceKTpHChI 

nx yrJIOB npn BepIIIHHax A, B, C cooTBeTCTBeHHO coBna,n;aroT c cepe,n;nHHhI

MH nepneH,n;HKYJI51paMn K ocHoBaHH51M DE, EF, FD. To'!Ka I nepece'leHH51 

cepe,n;nHHhIX nepneH,n;HKYJI51pOB K CTopoHaM TpeyroJihHHKa DEF paBHoy,n;a

JieHa OT Bcex cTopoH qeThipexyroJibHHKa AB1 C D 1 n, 3Ha'!nT, 51BJI51eTC51 :u;eH

TpOM BnncaHHoil: B Hero OKPYLKHOCTH. Ilpn AB= AD 6y,n;eT B1C = CD1, 
AB1 = AD1 H IT03TOMY AB1 + CD1 = AD1 + B1C. cho 3Ha'IHT, 'ITO B qe

TbipexyrOJibHHK AB1 C D 1 MO:lKHO BrrncaTh oKpyLKHOCTh. 

2) IlycTh BhIIIOJIHeHo ycJioBne: BB1 + DB1 = DD1 + BD1, 'ITO paB

HOCHJihHO DB1 - DD1 = BD1 - BB1 (6e3 orpaHn'!eHH51 o6r:u;HOCTH paccy

:lK,Il;eHnil: MO:lKHO ITOJiaraTh, 'ITO 3TH pa3HOCTll IIOJIO:lKHTeJibHbI). 0TJIO:lKllM 
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DE=DD1 H BF=BD1 (pnc.49). Tor,n;a EB1 =FB1 , TpeyroJibHIIKII B 1EF, 
DD1 E, BD1 F &BJI&IOTc.a paBHo6e,n;peHHhIMII. BIIcceKTpIIChI IIX yrJIOB rrpII 

BepIIIIIHax B1, D, B &BJI&IOTC.a cepe,n;IIHHhIMII rreprreH,n;IIKyJI.apaMII K cTopo

HaM TpeyroJihHIIKa ED1 F. To'IKa I rrepece'leHII& 3TIIX rreprreH,D;IIKyJI.apoB 

paBHoy,n;aJieHa OT cTopoH qeTbipexyroJibHIIKa AB1CD1 II rroToMy CJIY:lKIIT 

11eHTpOM BITIIcaHHoii: B Hero oKpy:lKHOCTII. 

B 

A 

Pnc. 48 Pnc. 49 

3 a ,n; a q a 1. 'liepe3 TO'IKII A II B rrepece'leHII& ,n;Byx oKpy:lKHOCTeii: rrpo

Be,n;eHhI rrpOII3BOJihHhie ceKy111ne MAN n P BQ ( TO'IKII M II P Jie:iKaT Ha 

o,n;Hoii: OKpy:lKHOCTH, a N II Q - Ha ,n;pyroii:). ~o
Ka3aTh, 'ITO rrp&Mbie lvl P II NQ rrapaJIJieJihHhI 

(pIIC. 50). 
Pe III e H II e. YrJihI M II ABQ paBHhI, TaK 

KaK Ka:lK,lJ;hIH H3 HIIX ,n;onoJIH&eT yroJI AB P ,n;o 

180°. AHaJiorn'IHO LN = LABP. Ho TaK KaK 

L_ABP + LABQ = 180°, TO LM + L_N = 180°, Pnc. 50 

BcJie,n;cTBIIe qero MP JI N Q. 
3 a .n; a q a 2. ~aHhI 'leTb1pe np.aMbie, HHKaKIIe TPII II3 KOTOpbIX He npoxo

.n;&T qepe3 o,n;Hy TO'IKy. ~OKa3aTh, 'ITO oKpy:lKHOCTn, 01rncaHHhie OKOJio 'leThI

pex TpeyroJihHIIKOB, o6pa3oBaHHbIX 3TIIMH rrp&MblMII, IIMeIOT 06111YIO TO'IKJ. 

Pe III e H n e. IllecTb TO'leK rrorrapHoro rrepeceqeHII& ,n;aHHhIX 'leThipex 

np&MbIX o603Ha'l:eHhl Ha pIIC. 51. IlycTb p - BTOpa.a TO'!Ka rrepece'leHII& 

oKpy:iKHOcTeii: BDF II CDE. Tor,n;a LBAC + LBPC = LBAC + LBP D + 
+ LD PC. CyMMa 3TIIX Tpex yrJioB paBHa cyMMe yrJioB TpeyroJihHIIKa 

AEF, T. e. paBHa 180°, TaK KaK LBP D = LBF D II LDPC = LAEF 
(Ka:lKAhIH II3 HHX B cyMMe c yrJioM DEC cocTaBJI&eT 180°). PaBeHCTBO 

LBAC + LBPC = 180° 03Ha'laeT, 'ITO TO'IKa P Jie:lKIIT Ha oKpy:iKHOCTII 

56 



ABC. AHaJIOrIP'IHO ,n;oKa3brnaeTca, -.:i:To -.:i:epe3 TO-.:i:Ky P rrpoxo,n;HT oKpy:iK

HOCTh AEF. 
3 a A a 'I a 3. ,Ll;oKa3aTb, 'ITO B OIIIICaHHOM -.:i:eTbipexyroJibHIIKe cepe,IJ;IIHbI 

,n;HaroHaJieii: Jie:iKaT Ha o,n;Holi rrpaMoli c I!eHTpOM ero BIIHCaHHOH oKpy:iKHO

CTII ( TeopeMa H h 10 T o H a). 

Pe III e H n e. IlycTb -.:i:eTbrpexyroJihHIIK ABC D orrIIcaH OKOJIO OKpy:iKHO

CTII c I!eHTpoM 0, TO'IKII M II N -cepe,n;IIHhI ,n;naroHaJieli AC II BD. Tor,z:i;a 

lvl N - Me,n;naHa TpeyroJihHHKa lvl BD (pnc. 52). ComaCHo JieMMe rr.4.1 ,n;Jia 

A D 

Pnc. 51 Pnc. 52 

Toro, 'IT06b1 TO'!Ka 0 rrp1rna,n;Jie:iKaJia rrpaMoli lvl N, Heo6xo,n;nMo II ,z:i;ocTa

To-.:i:Ho, 'IT06hl TpeyroJibHHKII OB!vl n ODM 6hIJIII paBHOBeJIIIKlI. ,Ll;oKa:iKeM 

::JTo. MMeeM: 

1 
SABO+ ScDO = 2(AB + CD)r, 

1 
SBco + SADO = 2(BC + AD)r, 

r,z:i;e r - pa,z:i;nyc OKPY:iKHOCTH. Ilo Heo6xo,n;nMoMy ycJIOBHIO orrncaHHoro -.:i:e

TbipexyrOJihHHKa AB+ CD= BC+ AD. CJie,n;oBaTeJihHO, 

1 
SABO+ ScDo = SBco + SADO = ;:;,SABCD· 

TaK KaK SABM = SBcM n SADM = ScDM, TO 

SABM + ScDM = SBcM + SADM = ~SABCD· 
Bhr-.:i:TeM H3 paBeHCTBa (7.1) paBeHCTBO (7.2): 

(7.1) 

(7.2) 

'ITO ::JKBIIBaJieHTHO SMAO + SMBO = SMco + SMDO· Ho nocKOJihKY SMAO = 
= SM co, TO H3 rrocJie,n;Hero paBeHCTBa CJie,n;yeT S.rvI BO = SM DO, 'IeM n 3a

KaH'IIIBaeTca ,z:i;oKa3aTeJihCTBO. 
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Ynpa;J1C'J-le'J-lUJf, 

7.1. PemIITe 3a,n;aqy 4.2, noJih3YSICh KpIITepIIeM BIIIICaHHoro 'leTb1pex

yroJihHIIKa. 

7.2. B 'leThipexyroJibHIIKe ABCD cyMMa ymoB BAG II ACD paBHa 

cyMMe yrJIOB BC A II CAD II paBHa 90°. )J;oKa)KilTe, 'ITO ,n;IIaroHaJin 'leThl

pexyroJihHilKa rreprreFI,n;IIKY JISipHbI. 

7.3. 0KoJio oKpy)KHOCTII orrncaHa paBHo6o'IHaSI Tparre11mi:. ,Il;oKa)KIITe, 

'ITO ee BbICOTa eCTb cpe.n;Hee reoMeTpII'leCKOe OCHOBaHIIll. 

7.4. )J;oKa)KIITe, 'ITO B OIIIICaHHOM 'leTbipexyroJibHIIKe paBHbl cyMMbl 

yrJIOB, rro.n; KOTOpblMlI BII.IJ;Hbl II3 11,eHTpa BIIHCaHHOll OKPY)KHOCTH rrpOTH

BOIIOJIO)KHbie CTOpOHbI. 

7.5. B '!eThipexyroJihHIIK ABCD MO)KHO BnncaTb oKpy)KHOCTh. )J;oKa

)KIITe, 'ITO OKPY)KHOCTII, BIIIICaHHhie B TpeyroJibHIIKII ABC II ACD, Kaca

IOTCJI. 

7.6. Ka)K.IJ;aSI II3 '!eThipex OKpy)KHOCTeii: BHenrne KacaeTcSI ,n;Byx .n;pyrIIx. 

)J;oKa)KIITe, 'ITO TO'IKil KaCaHIISI Jie)KaT Ha o.n;Hoii: OKPY)KHOCTII. 

7.7. 0Kpy)KHOCTh, BIIIICaHHaSI B TpeyroJihHIIK ABC, KacaeTcSI CTO

poH AB II AC B TO'IKaX D II E. ,Il;oKa)KIITe, 'ITO TO'IKII rrepece'IeHIISI 

rrpSIMoii: DE c 6IIcceKTpIIcaMH yrJIOB B II C Jie)KaT Ha o.n;Hoii: OKPY)KHOCTII 

c TO'IKaMII B II c. 
7.8. BncceKTpIIChI yrJIOB, o6pa3oBaHHhlX upoTIIBOIIOJIO)KHbIMil CTopo

HaMII BbIIIYKJIOro '!eTblpexyrOJibHIIKa, neprreH,IJ;IIKYJISipHbI. ,Il;OKa)KHTe, 'ITO 

OKOJIO 3Toro '!eTbrpexyroJihHIIKa MO)KHO omrcaTh oKpy)KHOCTb. 

7.9. B TpeyroJihHIIK ABC BnncaHa OKPY)KHOCTh II K Hen npoBe,n;eHa 

KaCaTeJihHaSI, napaJIJieJihHaSI cTopoHe AB. Haii:,n;IITe .n;mrny OTpe3Ka, oTce

KaeMoro Ha 3TOH KaCaTeJihHOll CTOpOHaMII TpeyroJibHIIKa, eCJIII Il3BeCTHbl 

.IJ;JIIIHbl a, b, c CTOpOH .n;auHoro TpeyrOJiblIIIKa. 

7.10. ,Il;OKa)KIITe, 'ITO IlJIOlll,a,n;h rrpHMOyrOJibHOll Tparre11,IIH, B KOTOpyro 

MO)KHO BITHCaTb OKPY)KHOCTb, paBHa npOII3Be,n;eHIIIO ee OCHOBaHIIll. 

7.11. ,Il;OKa)KIITe, 'ITO IlJIOlll,a.n;h paBH060'IHOll Tparrell,IIII, B KOTopyro MO)K

HO BITIICaTb OKpy)KHOCTh, paBHa rrpOII3Be,n;eHHIO cpe.n;Hero apIICpMeTII'IeCKOro 

II cpe.n;Hero reoMeTpIIqecKoro ee ocHoBaHIIii:. 

7.12. ,Il;OKa)KIITe, 'ITO KBa.n;paTbl paCCTOSIHIIll 11eHTpa OKpy)KHOCTII, BIIII

CaHHOll B '!eTbrpexyroJihHIIK, .n;o ,n;Byx ero rrpoTIIBOITOJIO)KHhrx BepmIIH oT

HOCSITCSI KaK rrpOII3Be,n;eHIISI CTOpOH, CXO,n;SIIIJ;HXCSI B 3TIIX BepmIIHaX. 

7.13. BuyTpII TpeyroJibHIIKa ABC B3HTa TO'IKa lvl. IlpHMbie MA, NIB, 
l'vJC rrepeceKaIOT cTopoHbI BC, CA, AB TpeyroJihHIIKa cooTBeTCTBeHHO 

B TO'IKaX A 1 , B 1 , C1 . )J;oKa)KIITe, 'ITO ecJIII ,n;Ba II3 qeThrpexyroJibHIIKOB 

AB1 MC1 , BC1 MA 1 , CA1 l'vJB1 SIBJISIIOTCH onIICaHHhIMII, To II TpeTIIii: TaK

)Ke SIBJISieTCSI OITIICaHHbIM. 

58 



7.14. ,Il;aH '!eTblpexyroJibHHK ABCD, OTJIH'IHhiii OT Tparre!IHH H napaJI

JieJiorpaMMa. "llepe3 BepmHHhI A H C rrpoBe.n;eHhI npHMhie, rrapaJIJieJibHhie 

cooTBeTCTBeHHO CD H AB H rrepeceKaIOII!He rrpHMhie BC H AD cooTBeT

CTBeHHO B TO'IKaX Bi H Di. EcJIH '!eTbipexyroJibHHK ABC D HBJIHeTCH orrH

caHHhIM, TO H 'leTbipexyronhHHK ABi C Di orrHcaHHhI:ii. EcJIH 2Ke '!eTbipex

yroJihHHK ABC D HBJIHeTcH BIIHCaHHhIM, TO BIIHCaHHhIM 6y.n;eT H 'leTblpex

yroJihHHK ABi C Di. ,Il;oKa2KHTe. 

7.15. B OKPY2KHOCTb BIIHcaH 'leTbipexyroJibHHK c rrepneH.n;HKyJrnpHbIMH 

,n;HaroHaJIHMH. OcHoBaHHH nepneH.Il;HKYJIHpoB, onyII!eHHhIX H3 TO'IKH nepe

ce'leHHH ,n;HarOHaJieii Ha CTOpOHbI, HBJIHIOTCH BepmHHaMH BTOporo '!eTblpex

yrOJibHHKa. ,Il;oKa2KHTe, 'ITO B Hero MO)KHO BIIHCaTb OKpy)KHOCTb H OKOJIO 

Hero MO)KHO OIIHCaTb OKPY2KHOCTb. 

7.16. lh OCHOBaHHH Ka)K.Il;OH BbICOTbl TpeyrOJibHHKa onyIIIeHbI rreprreH

.Il;HKyJrnpbl Ha .n;Be .n;pyrne ero CTOpOHbI. ,Il;OKa)KHTe, 'ITO OCHOBaHHH BCex 

mecTH neprreH.n;HKyJrnpoB Jie)JffiT Ha o.n;noii OKPY2KHOCTH. 

7.17. ,Il;HaronaJIH BhlIIYKJioro '!eThrpexyroJihHHKa rreprreH.n;HKYJIHpHhI. 

,Il;oKa2KHTe, 'ITO opToroHaJihHbie npoeKIIHH TO'IKH HX nepece'leHHH Ha 

cTopOHhI Jie)JffiT Ha O.n;HOii OKPY2KHOCTH. ,Il;oKa2KHTe o6paTHOe yTBep2K

.n;eHHe. 

7.18. "lleThipexyroJibHHK ABCD BIIHcaH B OKPY2KHOCTh. ,Il;oKa)KHTe, 'ITO 

B '!eThlpexyroJihHHK, BepmHHaMH KOTOporo CJiy)JffiT OpToroHaJihHble rrpoeK

IIHH TO'IKH rrepece'!eHHH .n;HaroHaJieii_ Ha CTOpOHhI, MO)KHO BIIHCaTh 0Kpy2K

HOCTb. 

7.19. "lleTblpexyroJibHHK BIIHCaH B O.n;HY OKPY)KHOCTb H OIIHCaH OKOJIO 

.n;pyroii. ,Il;oKa2KllTe, 'ITO TO'IKH KaCaHHH BIIHCaHHOH 0Kpy2KHOCTH .n;eJIHT rrpo

THBOIIOJIO)KHbie CTOpOHbI '!eTblpexyroJibHHKa B paBHbIX OTHOmeHHHX. 

7.20. "lleTbipexyrOJibHllK BIIHCaH B OKPY2KHOCTb H OIIHCaH OKOJIO 0Kpy2K

HOCTH. ,Il;OKa2KHTe, 'ITO rrpHMbie, coe.n;HHHIOII!He TO'IKH KaCaHHH npOTHBOIIO

JI02KHbIX CTOpOH, rreprreH,Il;HKyJrnpHbI. 

7.21. ,Il;nH Toro, 'IT06b1 B TparreIIHIO ABCD c ocHoBaHHHMH BC H AD 
MO)KHO 6bIJIO BrrncaTh oKpy2KHOCTh, Heo6xo.n;nMo H .n;ocTaTO'IHO BhIITOJIHeHHH 

O.n;HOrO H3 .n;BYX paBeHCTB: 

TB+BP=DP, 

TC+AP=AD+CP, 

r.n;e P - TO'IKa rrepece'!emrn 6oKOBhIX cTopon, T - rrpoeKI!HH D Ha BC. 
7.22. Tparren;HH ABCD HBJIHeTCH orrHcaHHOii Tor.n;a H TOJihKO Tor.n;a, 

A B 
Kor.n;a ee ocHoBaHHH BC n AD HMeIOT OTHOmeHne tg 2 : tg 2 . 

7.23. B TparreIIHIO BIIHcaHa OKPY2KHOCTh. Haii.n;HTe IIJIOII!a.Il;b Tpane!IHH, 

eCJIH ll3BeCTHbI .Il;JIHHa a o.n;noro OCHOBaHHH H .Il;JIHHbI m H n 0Tpe3KOB, Ha 
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KOTOphie ,n;eJIHTC5! TO'IKOH KaCaHH51 0,IJ;Ha H3 6oKOBhIX CTOpOH ( 0Tpe30K m 
npHMhIKaeT K ,n;aHHOMY OCHOBaHHIO). 

7.24. IIocTpo:ll:Te 'leThrpexyroJihHHK no '!eThrpeM ero cTopoHaM, ecJIH oKo

JIO Hero MO:lKHO OITHCaTh OKpy:lKHOCTh. 

§ 8. TeopeMa CuMco'!-la u meopeMa Ilmo.JieMe.fl 

B ,n;onoJIHeHHe K ocHOBHhIM KpHTepH51M BnHcaHHoro 'leThrpexyroJihHHKa 

(§ 7) ,n;oKa:lKeM em;e ,n;Ba ,n;pyrHx -TeopeMy CHMCOHa H TeopeMy IIToJieMe51. 

8.1. TeopeMa CnMcoua1
• ,l(.11,.R mo20, "lmo6tt "lemttpe mo"l'ICU npmwa.11,e

:J1Ca.11,u oai-wu 01'py:J1Ci-tocmu, i-teo6xoau.MO U aocmamo"li-to, "lmo6tt opmo20-

'l-tll.//,"b'l-ttte npoe1''4UU oai-toU U3 1-tUX 'I-ta mpu np.R.M'bte, onpeae.11,.Re.Mtte mpe.M.R 

ocma.11,"bi-ttt.MU mo"l1'a.Mu, 6u.11,u 1'0.11,.11,ui-teapi-ttt. 

Ilp5!Ma51, Ha KOTopo:ll: Jie:lKaT 9TH rrpoeKJJ;HH, Ha3hIBaeTC5! np.R.Mou Cu.M

coi-ta TO'IKH OKPY:lKHOCTH, onHcaHHOH OKOJIO TpeyroJihHHKa. 

,Il;OKa:lKeM He 0 6 x 0 ,II; HM 0 c Tb YKa3aHHOrO B TeopeMe ycJIOBH51 cy

ru;ecTBOBamrn onHcaHHo:ll: OKOJIO '!eThrpexyroJihHHKa ABC D OKPY:lKHOCTH. 

IlyCTh '!eThlpexyroJihHHK ABC D BITHCaH B 

oKpy:>KHOCTh K A1 , B1, C1 -op-roronaJih

Hhie rrpoeKJJ;HH BepnrHHhI D Ha np51Mbre 

BC, CA, AB cooTBeTCTBeHHO (pIIc. 53). 
lfa TO'!eK A1 H B 1 CTopoHa CD BH,IJ;Ha 

no,n; np5!MhlMH yrJiaMH, Il09TOMY '!eTbipex

yrOJihHHK A 1 C B1 D BnIIcaH B oKpy:lKHOCTh 

c ,n;IIaMeTpoM CD. To'!HO TaK :lKe 'leTbipex

yroJihHHK AC1B 1D BnncaH B oxpy:lKHOCTh 

c ,n;HaMeTpoM AD. 0Tcro,n;a cJie,n;yroT paBeH

CTBa BIIHCaHHhIX B 3TH OKPY:lKHOCTII yrJIOB: 

L.CDA1 = L.A1B1C II L.ADC1 = L.AB1C1. 
KpoMe Toro, L.DAC1 = L.DCA1, TaK KaK 

Pnc. 53 
Ka:lK,Il;hIH 113 3TIIX yrJIOB B cyMMe c yrJIOM 

BCD cocTaBJI51eT 180°. 9To nocJie,n;Hee paBeHCTBO BJre'leT 3a co6o:ll: paBeH

CTBO yrJIOB ADC1 II CDA1 (B np5!MoyrOJihHhIX TpeyroJihHHKaX ADC1 H 

CDAi). B pe3yJihTaTe HMeeM paBeHCTBO yrJIOB A1B1C H AB1C1, KOTopoe 

03Ha'!aeT KOJIJIHHeapHOCTh TO'leK Ai, B1 , C1, II6o TO'IKH A, B1, C KOJIJIH

neapHhl. 

1 Po6epT c ll Mc 0 H (1687-1768)- IIIOTJiaH,D;CKllll MaTeMaTnK, nponaraH,D;llCT reo

MeTpnn .r1peBHnx y<teHhIX. HcTopnKn He HaIIIJill .r1aHHOH TeopeMbI B ero pa6oTax. B .r1en

CTBnTeJibHOCTn oHa 6bIJia noJiy<teHa B 1797 ro.l\Y BnJih><MOM Yo JI JI e co M. 
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,LI, o c Ta To 'I Hoc Tb. IIycTb TO'IKH A 1, B 1, C 1 KOJIJIHHeapHbr. IIocTpo

HM OKPY2KHOCTH c AHaMeTpaMH AD u CD. IIepBasr H3 HHX co,n;ep2KHT TO'IKH 

B 1 u C 1, BTopasr-TO'IKH A 1 u B 1. Ifa paBeHCTBa BepTHKaJibHbIX yrJioB 

AB1C1 u A 1B 1C cJie,n;yeT paBeHCTBO yrJIOB ADC1 u CDA 1 u 3aTeM paBeH

CTBO yrJIOB DAC1 H DCA1 • IIoaToMy LDAB + L.DCB = 180° u, 3Ha'IHT, 

'leTb1pexyrOJibHHK ABCD BrrncaH B OKPY2KHOCTb. 

TeopeMy CnMcoHa M02KHO c¢opMyJinpoBaTb ellle TaK: opmowna.11,'b'Hibte 

npoe'l'i:'4UU mO"t'l'i:U '/-la np.R.M'ble, COOep:J1CaW,Ue cmop01-l'bl mpeyZ0.11,'b'/-lU'l'i:a, '/'i:O.l/,

.11,U1-leap1-l'bl mozoa U m0.11,'b'l'i:O mozoa, 'l'i:OZOa .9ma mO"t'l'i:a .11,e:J1Cum 1-ta onuca'/-l1-lOU 

o'/'i:o.11,0 .9mow mpeyzo.11,'bnU'l'i:a o'l'i:py:J1Cnocmu. 

8.2. TeopeMa 11ToJieMeSI1 • JJ:.11,.R mow, "tmo6'bl O'/'i:o.11,0 "tem'blpexyzo.11,'bnu'l'i:a 

.MO:JIC'/-lo 6'bi.11,o onucam'b o'l'i:py:J1Cnocm'b, neo6xoou.Mo u oocmamo"tno, "tmo6'bi 

cy.M.Ma npouaBeoenuu ew npomuBono.11,o:J1C1-l'blX cmopon paBn.R.11,ac'b npouaBe

oenu10 ouazona.11,eu. 

cha TeOpeMa M02KeT 6bITb IIOJiy'leHa KaK CJie)l;CTBHe rrpe,ll;bI)l;YllleH TeO

peMbl CnMCOHa. IIycTb '!eTbipexyroJibHHK ABC D BrrncaH B OKPY2KHOCTb. 

IloJib3YSICb TeMH 2Ke o6o3Ha'leHHSIMH n OKPY2KHOCTbIO c AHaMeTpoM CD, 
110 TeopeMe cnHycoB rroJiy'lnM: A 1B 1 = CDsinL.A1CB1 = CDsinL.BCA 
(puc. 53). Ilo TeopeMe cnHycoB u3 TpeyrOJibHHKa ABC nMeeM: AB= 
= 2RsinLBCA (R-pa,n;nyc OKPY2KHOCTH ABC). IIonoMy 

AnaJiorU'IHO 

TO 

HJIH 

AB·CD 
A1B1 = 2R . 

BC_ BC·AD 
i i - 2R H 

CA _ CA·BD 
i i - 2R . 

AB·CD BC·AD 
2R + 2R 

CA·BD 
2R 

AB · CD+ BC · AD= CA · BD. 

(8.1) 

(8.2) 

(8.3) 

3,n;ecb cy1IIeCTBeHHO ucrroJib30BaH TOT ¢aKT, 'ITO TO'IKa B 1 Jie2KHT Me2K,n;y 

TO'IKaMu A 1 u C 1. 9To Bcer,n;a HMeeT MecTo rrpu pacrroJio2KeHuu TO'leK A, 
B, C, D Ha OKPY2KHOCTH B ,n;aHHOii rrocJie,n;oBaTeJibHOCTH. 

06paTHO, eCJIH COOTHOIIIeHHe (8.3) BbIIIOJIHeHo, TO TO'!Ka D Jie2KUT Ha 

OKPY2KHOCTH, orrucaHHOii OKOJIO TpeyroJibHHKa ABC. B caMoM ,n;eJie, ,ll;JISI 

1 KJiaB,!IHH IlToJieMen (II B. H. 3.) - ,llpeBHerpeqecKnn y'ieHhrn-acTpOHOM, KOMMeHTaTop ~ 
EBKJIH,lla, ,!IOKa3hIBaJI ero Il>IThIH rrocTyJiaT. 
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mo6oii TO'IKH D IIJIOCKOCTH nee opToroHaJihHhIX rrpoeK11nii A 1, B 1 , C1 Ha 

rrpSIMhle BC, CA, AB HMeeM paBeHCTBa (8.1), B CHJIY KOTOphIX (8.3) rrpn

HnMaeT BH,n;: 

OTKy,n;a A1B1 + B 1C1 = C1A 1• 9To 03Ha'laeT, 'ITO TO'IKH A 1, B 1 , C1 KOJIJIH

HeapHhI. ITo ,n;ocTaTO'IHOMY ycJIOBHIO TeopeMhI CnMCOHa TO'!Ka D Jie:arnT Ha 

D 

PHC. 54 

OKPY2KHOCTH ABC. 
BTopoe ,n;oKa3aTeJihCTBO cooTHome

H n SI ITT o JI e Me SI. ITocTponM Ha ,n;naroHaJin AC 
BrrncaHHoro '!eTbipexyroJihHHKa ABC D TO'IKY K 
TaK, 'ITO L.ADK = L.BDC (pnc. 54). Tor,n;a TpeyroJih

HHKH ADK H BDC rro,n;o6HhI, OTKy,n;a AD: BD = 
=AK: BC. lfa rro,n;o6uSI TpeyroJihHHKOB DKC H 

ABD (L.DKC=L.DAB u L.DCK=L.DBA) nMeeM: 

DC: BD =KC: AB. 9TH rrporrop11nu ,n;aIOT paBeH

CTBa AD ·BC=BD ·AK H AB ·DC=BD ·KC, rrpH 

CJI02KeHHH KOTOpbIX IIOJIY'IHM: 

AD· BC+ AB· DC= BD(AK +KC)= BD ·AC. 

T p e T h e ,n; o Ka 3 a T e JI h c T B o c o o T H o m e Hu SI IT T o JI e M e SI, 6e3 

HCIIOJih30BaHHSI ,ll;OIIOJIHHTeJihHbIX IIOCTpOeHHii, OCHOBaHO Ha TeopeMe KOCH

HYCOB. ~SI coKpa:rn;eHHSI 3arrucu IIOJI02KHM AB= a, BC= b, CD= c, DA= d, 
AC= e, BD = f. lfa TpeyroJihHHKOB ABC u ACD no TeopeMe KOCHHycoB 

HMeeM: 

~+~-~ 2+~-~ 
cos L.ABC = 2ab H cos L.ADC = 2ed 

ITocKOJihKY L.ABC + L.ADC = 180°, TO cos L.ABC + cos L.ADC = 0 u 

a2 + b2 - e2 e2 + d2 - e2 
II03TOMY 2ab + 2ed = 0, OTKy,n;a 

2 ed(a2 + b2
) + ab(e2 + d2

) (ae + bd)(ad +be) 
e = ab + ed = ab + ed · 

AHaJiorH'IHO 
J2 = (ab+ ed)(ae + bd). 

ad+ be 

(ef) 2 = (ac + bd) 2
, ef = ac + bd. 

(8.4) 

ITorryTHO IIOJiy'leHbl IIOJie3Hbie Bbipa2KeHHSI (8.4) KBa,n;paTOB ,n;uaroHaJieii 

BIIHCaHHOro 'leTbipexyroJihHHKa, ll3 KOTOpbIX CJie,n;yeT paBeHCTBO 

e ad+ be 

f ab+ ed' 
(8.5) 
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T. e. )l;IIaroHaJUI BIIIICaHHOro 'IeTbipexyrOJibHIIKa OTHOCRTCR KaK cyMMbl rrpo

II3Be.ri;eHIIH CTOpOH, CXO)l;RillIIXCR B KOHr:i;ax )l;IIaroHaJie:ii. 

3 a A a 'I a 1. ,Ll;OKa3aTb, 'ITO TO'IKII, CIIMMeTpII'IHbie TO'!Ke, rrpIIHa.ri;Jie)Ka,

ru;e:ii OIIIICaHHOH OKOJIO TpeyrOJibHIIKa OKPY:lKHOCTII, OTHOCIITeJihHO CTOpOH 

3Toro TpeyrOJibHIIKa, Jie)Ka,T Ha rrpRMOH, rrpOXO)l;Rille:ii qepe3 OpTor:i;eHTp 3TO

ro TpeyroJibHIIKa. 

Pe III e H II e. IIycTh D - TO'IKa Ha orrIIcaHHO:ii OKOJIO TpeyronhHIIKa ABC 
OKPY:lKHOCTII II A 1B1C1 - rrpRMaR CIIMCOHa 3TO:ii TO'IKII (pIIc. 55). foMo

TeTIIR c u;eHTpoM D II K03cPcPIIr:i;IIeHTOM k = 2 rrepeBO)l;IIT TO'IKII A 1 , B 1 , 

C1 cooTBeTCTBeHHO B TO'IKII A2 , B2 , C2 , CIIMMeTpII'IHhre TO'!Ke D OTHOCII

TeJihHO BC, CA, AB. Cne.ri;oBaTeJihHO, TO'IKII A2 , B2 II C2 KOJIJIIIHeapHhI. 

,Ll;oKa:iKeM, 'ITO opTor:i;eHTp H TpeyroJihHIIKa ABC ne:iKIIT Ha 3TO:ii rrpRMoii:. 

,Ll;JIR 3TOro BbIIIOJIHIIM TaKIIe IIOCTpOeHIIR: p - BTOpaR TO'!Ka rrepece'!e

HIIR rrpRMoii: CH c oKpy:iKHOCThro, (DP) n (AB)= E, (HE) n (DC1) = K. 
To'IKII H II P CIIMMeTpII'IHhI OTHOCIITeJihHO AB (3a)l;a'Ia 4.2). Tor.ri;a rrpR

Mhie DP II K H, a TaK:iKe TO'IKII D II K CIIMMeTpII'IHhl OTHOCIITeJihHO 

AB. 3Ha'IIIT, TO'IKII K II C2 coBrra.ri;aroT. IIpe.ri;cTOIIT )l;OKa3aTh, 'ITO rrpR

Mhle HC2 II A2B2C2 coBrra.ri;aroT. IlpRMhie B2C2 II B 1 C 1 rrapanneJibHhI, 

rrocKOJihKY roMoTeTII'IHhI. IloKa:iKeM, 'ITO HC2 II B1C1. B CIIJIY rro.ri;o6IIR 

TpeyroJihHIIKOB EH P II EDC2 yrnhr DP H II DC2 H paBHhI. C .ri;pyroii: cTo

pOHhI, LDPH = LDAC = LDC1B 1 (TO'IKII A, C1 , B1 II D Jie)Ka,T Ha o.ri;Hoii: 

OKPY:lKHOCTII). Ilo3ToMy LDC2H = LDC1B 1 • Cne.ri;oBaTeJihHo, HC2 II B 1C1 
II B1C1 II B2C2, oTKy.ri;a cne.ri;yeT, 'ITO HE (B2C2). 

p B 

Pnc. 55 

3 a A a 'I a 2. ,D;oKa3aTh, 'ITO '!eThrpe opTor:i;eHTpa '!eThrpex TpeyroJih

HIIKOB, o6pa30BaHHbIX 'IeTblpbMR rrorrapHO rrepeceKaIOII!IIMIICR rrpRMblMII, 

HIIKaKIIe TpII II3 KOTOpbIX He rrpOXO)l;5IT qepe3 OAHY TO'IKY, rrpIIHa)l;Jie)Ka,T 

O)l;HOH rrpRMOH. 
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Pe Ille H II e. Ha ocHoBaHIIII 3a,n;a'III 2 § 7 'leThrpe OKPY:iKHOCTII, ormcaH

Hhre OKOJIO TpeyroJihHIIKOB ABC, AEF, DCE, EDF, IIMelOT 06nzy10 TO'l

KY P (pIIc. 51). Ka:JK,n;hre ,n;Ba II3 3TIIX TpeyroJihHIIKOB IIMeIOT no ,n;Be o6~x 
rrpRMhIX II3 'leThrpex 3a,n;aHHhrx, BCJie,n;cTBIIe qero '!eTbrpe npRMhre CIIMCOHa 

TO'IKII P OTHOCIITeJihHO 3TIIX TpeyroJihHIIKOB c0Bna,n;a10T. CorJiaCHO npe,n;hr

,n;yru;eli 3a,n;aqe, OpTOIJ;eHTpbI 3TIIX TpeyroJihHIIKOB Jie:lKaT Ha o6ru;eli npRMOH 

CIIMCOHa TO'IKII P (pIIc. 56). 0Ha Ha3hIBaeTCR npaMou 06epa '!eThrpexcTo

poHHIIKa. 

3 a ,n; a 'I a 3. ,Il;aHa noJiyoKpy:iKHOCTh c ,ll;llaMeTpoM AB. IlocTpOIITh BIIII

caHHYIO B Hee Tparreu;II10 ABCD, B KOTopy10 MO:lKHO BIIIICaTh OKPY:lKHOCTh. 

A 0 a B 

Pnc. 56 Pnc. 57 

Pe Ille H II e. TaK KaK IICKOMaR Tparreu;IIR BIIIICaHa B OKPY:lKHOCTh, TO 

OHa paBH060'!Ha5!. 0Ha JierKO CTpOIITCR, eCJIII 6y,n;eT Hali,n;eHa 6oKOBaR CTO

poHa AD=BC=x. 06o3Ha'IIIM AB=a, CD=b, AC=BD=m. CorJiacHo 

Tpe6oBaHII5IM 3a,n;a'III IIMeeM: a + b = 2x (ycJIOBIIe OIIIICaHHOro 'leThipex

yrOJibHIIKa), x 2 +ab= rn2 (TeopeMa IlTOJieMeR -ycJIOBIIe BIIIICaHHOrO 'le

TbipexyroJibHIIKa), x
2 + m 2 = a

2 
( OCHOBaHIIe Tpaneu;IIII CJIY:lKIIT ,n;IIaMeTpOM 

,n;aHHoli oKpy:iKHOCTII). Ilo,n;cTaBJIR5.! b = 2x - a II m 2 = a 2 - x 2 B paBeHCTBO 

:c2 + ab= rn 2 ' IIOJiy'laeM ypaBHeHIIe x
2 + ax - a 2 = 0 OTHOCIITeJihHO IICKOMOH 

6oKOBOH CTOpOHhl x. 06parri;aRCh K rr. 2. 7, BCIIOMIIHaeM, 'ITO x eCTb 0Tpe30K 

30JIOToro ce'leHIIR ,n;aHHoro ,n;IIaMeTpa AB= a. IlocTpoeHIIe ero y:iKe II3BecT

Ho (pHc.18). 0Kpy:lKHOCTb (A, x) nepeceKaeT ,n;aHHYlO IIOJIYOKPY:lKHOCTh B 

IICKOMOH TO'!Ke D (pIIc. 57). Tpaneu;IIR Bcer,n;a cyrri;ecTByeT II e,n;IIHCTBeHHa. 

Ynpa{)fC'He'HUJl 

8.1. ,Il;OKa:lKMTe COOTHOllieHIIe I1ToJieMe5! ,ll;JIR BIIIICaHHOro 'leThipexyroJih

HIIKa, IIOJib3YRCh TeopeMOH CHHYCOB. 
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8.2. EcJIH TO'IKa M Jie:lKHT Ha oKpy:lKHOCTH, 01rncaHHO:ii OKOJIO rrpaBHJib

Horo TpeyroJibHHKa ABC, TO o,n;HH H3 oTpe3KOB MA, lvl B, MC paBeH 

cyMMe ,n;Byx ,n;pyrnx ( TeopeMa II o M rr e 10). AoKa:lKHTe. 

8.3. EcJIH TO'IKa P Jie:lKHT Ha ,n;yre CD oKpy:iKHOCTH, orrncaHHO:ii OKOJIO 

KBa,n;paTa ABCD, TO PA(PA +PC)= PB(PB +PD). AoKa:lKH'.re. 

8.4. qepe3 BepmHHY A rrapaJIJieJiorpaMMa ABCD rrpoBe,n;eHa rrpoH3-

BOJIJ>Ha5! OKpy:iKHOCTb, rrepeceKarom;ag BTOpH'IHO rrp5!Mbie AB, AC, AD co

OTBeTCTBeHHO B TO'IKaX B1, C1, D1. AoKa:iKHTe, 'ITO 

AC· AC1 = AB · AB1 +AD · AD1 . 

8.5. To'IKH A, B, C, D - nocJie,n;oBaTeJIJ>Hbie BepIIIHHbI npaBHJihHOro ce

MHyroJibHHKa. AoKa:iKHTe, 'ITO 

8.6. IIpoH3Be,n;eHHe 6oJihIIIHX ,n;naroHaJie:ii BnncaHHoro IIIecTnyroJibHHKa 

paBHO cyMMe npOH3Be,n;eHHH ero CTOPOH, B35!TbIX qepe3 O.n;Hy, H npOH3Be

,n;eHHH ero npOTHBOITOJIO:lKHbIX CTOpOH Ha He rrepeceKaIOIIJ;YIO HX 60JibIIIYIO 

,n;naronaJih. AoKa:lKHTe. 

8.7. IIpoH3BOJihHa5! OKpy:iKHOCTh, npoxo,n;g111a51 qepe3 BepIIIHHY ,n;aHHoro 

yrJia, OTCeKaeT Ha ero CTOpOHax H 6ncceKTpHCe COOTBeTCTBeHHO 0Tpe3KH a, 
a+b 

b, c. AoKa:lKHTe, 'ITO OTHOIIIeHHe -- He 3aBHCHT OT noJIO:lKeHH5! OKPY:lKHO
c 

CTH. 

8.8. B OKpy:iKHOCTh BnncaH qeTbipexyroJihHHK ABCD. AoKa:lKHTe, 'ITO 

ecJIH ,n;naroHaJih BD 5!BJI5!eTC5! 6HcceKTpHco:ii O,n;Horo H3 yrJIOB 'IeThipex

yroJibHHKa, TO BD2 =AB· BC+ AD· DC. AoKa:iKHTe o6paTHYIO TeopeMy. 

8.9. TeopeMa Ca JI h Mo Ha. EcJIH qepe3 TO'IKY OKPY:lKHOCTH npoBe,n;e

HhI TPH npOH3BOJibHbie xop,n;hl, Ha KOTOpbIX KaK Ha ,n;HaMeTpax ITOCTpOeHbl 

oKpy:iKHOCTH, TO 3TH TPH OKPY:lKHOCTH nonapHo nepeceKaIOTC5! BTOpH'IHO B 

Tpex KOJIJIHHeapHhlX TO'IKaX. AoKa:lKHTe. 

8.10. Ilp5!Ma5! CHMCOHa TO'IKH P oKpy:iKHOCTH, onncaHHO:ii OKOJIO npa

BHJihHOro TpeyroJihHHKa, ,n;eJIHT nonoJiaM pa,n;nyc OP. AoKa:lKHTe. 

8.11. Ilp5!Ma5! CHMCOHa TO'IKH p OITHCaHHOH OKOJIO TpeyrOJihHHKa 

ABC OKpy:iKHOCTH napaJIJieJihHa np5!Mo:ii AQ, r,n;e Q - TO'IKa nepeceqe

HH5! OKpy:iKHOCTH c neprreH,n;HKYJI5!poM, rrpoBe,n;eHHhIM qepe3 TO'IKY P K 

cTopoHe BC. AoKa:iKHTe. 

8.12. BeJIH'IHHa yrJia Me:iK,n;y rrp5!MhIMH CHMCOHa ,n;ayx TO'IeK M H N, 
Jie:iKam;HX na orrncaHHOH OKOJIO TpeyroJibHHKa OKPY:lKHOCTH, paBHa yrJIOBOii 

Mepe ,n;yrn MN. AoKa:lKHTe. 
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§ 9. Te ope.Ma l/ eBu 

TeopeMa "t.JeBhl1 5.!BJHieTC5.! KpinepneM nepece'IeHH5.! Tpex np5.!MbIX B o;rr,

Ho:il: TO'IKe H IlOTOMy HaXO)J,HT nmpOKOe npnMeHeHHe B 3a;rr,a'Iax Ha )J,OKa3a

TeJibCTBO H Bbl'IHCJieHHe. 

9.1. TeopeMa l:J:eBhl. Ilycm'b tta np.ii.M'blX AB, BC, CA, onpeae.11,.ii10w,ux 

mpey20./l,'b'H,U1C ABC, aattu mO"f,'ICU C1, A1, B1. ,l(.n,.ii mow, "{,mo6u npR.M'bte 

AA1, BB1, CC1 nepece'ICaAUC'b 6 oattou mO"f,'ICe U./l,U 6'bt.!l,U napa.11,.11,e.11,'b'H,'bt.MU, 

tteo6xoau.MO U aocmamO"f,ttO, "f,m06u 

AB1 CA1 BC1 _ l 
B1C . A1B. C1A - . (9.1) 

Heo6xo;rr,HMOCTb. IIycTb np5.!Mbie AA1 , BB1 , CC1 nepeceKaJOTC5.! B 

TO'IKe P. IlpoBe;rr,eM 'Iepe3 BepurHHY A TpeyroJibHHKa ABC np5.!Myro, napaJI

JieJibHyro np5.!MO:il: BC (pHc. 58 H 59). Ifa no;rr,o6n5.! TpeyroJibHHKOB AB1N 
AB1 AN 

H BB1C cJie;rr,yeT, 'ITO = = =· I-fa no;rr,o6H5.! TpeyrOJibHHKOB AC1M n 
B1C BC 

BC1 BC 
BCC1 cJie;rr,yeT, 'ITO = = =· Ilo TeopeMe o nponopu;noHaJibHbrx OTpe3-

C1A MA 
CA1 MA 

Kax Ha napaJIJieJibHhlX np5.!MbIX (§ 2) = AN· 
A1B 

M A N 

B 

P11c. 58 

N 

c 

P11c. 59 

IlepeMHO:lKHM no'lJieHHO Tpn noJiy'IeHHbre nponopu;nn. °Y'lHTbIBa5.!, 'ITO 

OTHOIIIeHHe COHanpaBJieHHbIX BeKTOpOB paBHO OTHOUieHHJO HX )J,JIHH, a 

OTHOIIIeHHe npOTHBOilOJIO:lKHO HanpaBJieHHbIX BeKTOpOB paBHO 'IHCJiy, npo

THBOilOJIO:lKHOMY OTHOIIIeHHJO HX )J,JIHH (HeKOJIJIHHeapabre BeKTOpbI ;rr,eJIHTb 

HeJib35.!!), IlOJiy'IaeM )J,OKa3bIBaeMoe COOTHOUieHHe (9.1). 
Ilp5.!Mhre AA1 , BB1 , CC1 Ha3bIBaJOTC5.! "{,eeuatta.Mu TO'IKH P. 

1 q e Ba ,LI::acoaaHHH (1648-1734)- HTa.Jlb.HHCKHH HHJKeHep-rH,n;paBJIHK H reoMeTp. 

Co3,n;a.JI y'leHHe o ceKyrn;11x H noJIOJKHJI Ha'la.JIO HOBOH CHHTeTH'lecKoii reoMeTpHH. ,IJ:aHHa.H 

TeopeMa ony6JIHKOBaHa a 1678 ro,n;y. 
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IlycTh Teneph npHMhie AA1 , BB1 , CC1 napaJIJieJihHhI (pnc. 60). Tor,n;a 

no TeopeMe o nponopn;noHaJihHhlX oTpe3r<ax Ha cTopoHax yrJia (§ 2) 

H 

IloaTOMY paBeHCTBO (9.1) TaK)Ke BblIIOJIH5IeTC5!. 

BC 
CA1. 

,II. o c Ta To q Ho c Th. HMeeM coOTHOIIIeHHe ( 9.1). IT pe,n;cTOHT ,n;oKa3aTb, 

qTo npHMhre AA1 , BB1 , CC1 nepecer<aIOTCH B o,n;Ho:il: ToqKe HJIH napaJIJieJih

Hhl. ,ll.JIH ,n;Byx npHMhIX AA1 H BB1 B03MO)l{HbI JIHIIIb ,Lt;Ba cJiyqag: a) OHM 

nepecer<a10TCH B HeKOTopo:il: TOqKe P, 6) OHM napaJIJieJihHhl. PaccMaTpH

BaH nepBhIH cJiy-qa:ii, ,n;or<a)KeM, 'ITO npHMaH CC1 upoxo,n;HT -qepe3 TO'IKY P. 
IlycTh aTo He TaK (pnc.61). IlpoBe,n;eM rrpHMYIO GP, KOTopaH nepece'!eT AB 
B TO'lKe 0 2 • Tor,n;a no Heo6xo,n;HMOMY ycJIOBHIO TeopeMhI qeBhI 

PHC. 60 PHc. 61 

Ecm1 npHMhle AA1 H BB1 uapaJIJieJihHhI, TO npHMaH CC1 ,n;oJI)KHa 6hITh 

HM napaJIJieJihHa, TaK KaK ecJIH 6br CC1 uepeceKaJia BB1 , To uo ,n;oKa3aHHO

MY BhIIIIe -qepe3 TO'IKY nx uepece'leHHH npoxo,n;HJia 6hI npHMaH AA1 , 'ITO 

npoTHBope'IHT npe,n;rroJIO)KeHHIO AA1 II BB1 • ,lI.oKa3aTeJihCTBO 3aKOH'leHo. 

9.2. TpmoaoMeTpH'lecIGUI (ymoBrui:) <l>opMa TeopeMhl qeBhl. EcJIH BBe

CTH B paccMOTpem1e op He HT Hp o Ba H H bl e yrJihl et1 = LBAA1 , et2 = 
= LA1AC, Y1 = LACC1 , y2 = LC1CB, ~ 1 =LCBB1 , ~2 = LB1BA (pHc.62), 
TO COOTHOIIIeHHe ( 9 .1) TeopeMbI qeBhI MO)KHO upe,n;cTaBHTh B 3KBHBaJieHT

HOM mr,n;e -qepe3 CHHYChl 3THX yrJioB. B caMoM ,n;eJie, no TeopeMe cnHycoB 

AB1 AB 
sin~2 sinAB1B 

H 
EiC BC 
sin~1 sinCB1B. 
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TaK KaK CHHYChl cMe)KHhIX (o,n;HHaKOBo opHeHTHpoBaHHbix) yrJioB paBHhI, 

TO HMCeM paBeHCTBO ( c y'leTOM HanpaBJieHHM BeKTOpOB): 
AB i AB sin 132 
EiC= BCsinl3i. 

AHanorH'IHO 

Pnc. 62 

CAi 
AiB 

Jio3TOMy 

ACsinai:2 
AB sina:i 

BCi BCsinn 
CiA - ACsinri· 

ABi CAi BCi sinl32 sinai:2 sinn 
EiC. AiB. CiA = sinl3i . sina:i . sinri 

MTaK, ,n;mr Toro, 'IT06br np51Mble AAi, BBi, 
CCi rrepeceKaJIHCb B o,n;Hoii TO'!Ke HJIH 6bIJIH na

paJIJieJihHhlMH, Heo6XOAHMO H ,n;ocTaTO'IHO, 'IT06hr 

sin a:1 sin 131 sin Yi l 
sin ai:2 . sin 132 . sin Y2 = · (9.3) 

B -qacTHOCTH, ecJIH AA1 , BB1 , CC1 -MeAHaHhr TpeyrOJihHHKa ABC, TO 

Ka~Oe H3 OTHOilleHHii B JieBoii '!aCTH paBeHCTBa (9.1) paBHO e,n;HHHrr;e, OT

Ky,n;a c O'leBH,n;HOCThIO CJie.n;yeT rrepece'leHHe nx B O,n;Hoii TO'IKe. EcJIH )Ke 3TH 

IIp51Mbie CJIY)KaT 6ncceKTpHCaMH yrJIOB TpeyrOJibHHKa, TO cr1 = cr2, ~i = ~2' 
Yi = y2 H rroToMy O'leBH,lJ;HO BhlIIOJIHCHHe yCJIOBH51 (9.3). CJie,n;oBaTeJibHO, 

6ncceKTpHChl yrJIOB TpeyrOJibHHKa nepeceKaIOTC51 B O,n;HOH TO'IKC. 

9.3. H3oToMH'leCKoe H H3oroHaJILuoe cooTBeTCTBH.H. IlycTh rrp51Mbie 

AAi, BBi, CC1, rrpoxo,n;51II1He -qepe3 BepmHHhI TpeyrOJihHHKa ABC, rrepe

ceKaIOTC51 B TO'!Ke PH rrepeceKaroT rrp51Mbie BC, CA, AB cooTBeTCTBeHHO 

B TO'IKax Ai, Bi, Ci. IIocTpOHM TO'IKH A2 , B 2 , C2 , 

C CHMMeTpH'IHbre cooTBeTCTBeHHO TO'IKaM Ai, Bi, Ci 
OTHOCHTCJihHO cepe,n;HH oTpe3KOB BC, CA, AB. To

r,n;a rrp51Mhie AA2 , BB2 , CC2 TaK)Ke rrepeceKaroTC51 B 

O.n;HOH TO'!Ke (pnc. 63). ,II;oKa)KeM 3TO. EcJIH TO'IKH Ci 
H C2 CHMMeTpH'IHbI OTHOCHTeJihHO cepe,n;HHhI E OTpe3-

A C c B AC1 BC2 
1 2 Ka AB, TO o'!eBH,n;Ho, 'ITO = = =· AHanorH'IHO 

Pnc. 63 - - - - C1B C2A 
BAi CA2 CBi AB2 
= = = H = = =· Ilo3TOMY eCJIH COOTHOme
Ai C A2B BiA B2C 

HHe (9.1) TeopeMbI qeBbI BhlIIOJIHeHo ,ll;JI51 TO'leK Ai, Bi, Ci, TO OHO 6y,n;eT 

BhIIIOJIHeHo H ,n;JI51 TO'leK A2 , B2 , C2 , H o6paTHO. 

To'IKH P H Q rrepece'leHH51 paccMaTpnBaeMhIX ,n;Byx TpoeK rrp51MbIX 

Ha3hlBaIOTC51 U30mO.MU"tec-x:u conp.n:>ICe'H'H'bL.MU OTHOCHTeJibHO TpeyrOJibHHKa 

ABC. I'oBop51T, 'ITO OHH Haxo,n;51TC51 B u3omo.Mu"tec-x:o.M coomGemcmGuu, 
3a,n;aHHOM TpeyrOJihHHKOM ABC. 
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IlycTh, ,n;aJiee, npaMhie AAl H AA2 CHMMeTpH'IHhI OTHOCHTeJihHO 6Hc

ceKTpHchr yrJia A TpeyroJihHHKa ABC, rrpaMhie BB1 H BB2 CHMMeTpH<rHhI 

OTHOCHTeJihHO 6ucceKTpHChI yrJia B, CC1 H CC2 CHMMeTpH'IHhr OTHOCHTeJih

HO 6ucceKTPHChI yrJia C. Tor,n;a eCJIH nepBaa Tpoil:Ka rrpaMhIX HMeeT o6:rnyro 

TO'IKY p, TO o6:rnyro TO'IKY M HMeeT TaKlKe H BTOpaa TpOil:Ka rrpaMbIX. 9To c 

o<reBH,n;HOCThlO cJie,n;yeT H3 yrJIOBOil: ¢opMhI (9.3) TeopeMhI "lleBhI. B caMOM 

,n;eJie, ecJIH npaMaa AA1 o6pa3yeT c rrpaMhIMH AB H AC opueHTHpoBaH

Hhie yrJihI cr1 H cr2, TO rrpaMaa AA2 06pa3yeT c AB H AC cooTBeTCTBeHHO 

yrJibl <l2 H <l1. Il03TOMy eCJIH COOTHOIIIeHHe (9.3) HMeeT MeCTO ,n;Jia O,n;HOH 

Tpoil:KH rrpaMbIX, TO OHO 6y,n;eT HMeTb MeCTO H ,n;Jia BTOpoil: TPOHKH rrpaMhIX. 

To'IKH P H M Ha3hrnaroTca u302ona.n,'bttO conpRO!Cetttt'btMU OTHOCHTeJihHO 

TpeyroJihHHKa ABC. foBopaT, 'ITO OHH naxo,n;aTca B u302oi-w.n,'bttOM coom

BemcmBuu, 3a,n;aHHOM TpeyroJihHHKOM ABC. 
Y6e,n;HTeCb, 'ITO u;enTp 0 onHcaHHoil: oKpy:>KHOCTH H opTou;eHTp H Tpe

yroJihHHKa ABC H30rOHaJibHO corrpa:>KeHhI OTHOCHTeJihHO 3Toro TpeyroJih

HHKa. 

3 a,n; a 'I a 1. Ha CTopoHax TpeyroJihHHKa ABC BHe ero rrocTpoeHhI rrpa

BHJihHhle TpeyroJihHHKH BCA1 , CAB1 H ABC1 • ,Ll;oKa3aTh, 'ITO npaMhre 

AA1 , BB1 , CC1 rrepeceKaroTca B o,n;Hoil: TO'IKe (p:ac. 64). 
Pe III e H He. l1cnoJih3YeM o6o3Ha'lemrn yrJioB, rrpHHaThre B n. 9.2, H 

np:aMeHHM TeopeMy "lleBhI B TpHroHOMeTpH'IeCKOM BH,n;e. Ha,n;o ,n;OKa3aTh 

cooTHOIIIeHHe (9.3). CHa'laJia 6y,n;eM rroJiaraTh, 'ITO yrJihI TpeyrOJihHHKa 

ABC MeHhIIIe 120°. l13 TpeyroJihHHKOB ABA1 H 

CAA 1 no TeopeMe CHHycoB HMeeM: 

sin(60° + B) 
a 

sin ix1 
H 

sin(60° + C) 
a 

. ) 

smcx2 

r,n;e a= BC, B H C -yrJihI TpeyroJihHHKa ABC. 
0Tcro,n;a 

sin ix1 sin( 60° + B) 
sin ix2 = sin( 60° + C) ' 

sin ~1 sin( 60° + C) 
sin~2 = sin(60° +A)' 

sin Y1 sin(60° +A) 
sin Y2 = sin(60° + B) · 

Bn,n;HM, 'ITO ycJIOBHe (9.3) BhIITOJIHeHo. 3Ha'IHT, 

rrpaMhie AA1 , BB1 , CC1 rrepeceKaroTca B o,n;Hoil: 

TO'IKe. 

PHc. 64 

EcJIH LACE= 120°, TO TO'IKH B, C, B 1 KOJIJIHHeapHhI, TO'IKH A, C, A1 

KOJIJIHHeapHbI. Ilo3TOMy paCCMaTpHBaeMbie npaMhie rrepeceKalOTC51 B TO'l

Ke C. EcJIH LAC B > 120°, TO B ,n;oKa3aTeJihCTBO CJie,n;yeT BHecTH He6oJihIIIHe 
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KoppeKTHBhl. Tor,n;a npRMbie AA1 n BB1 6y.zzyT npoxo)l;HTb BHe TpeyroJib

HHKa ABC, n II03TOMY yroJI 60° + C aaMeHReTCR ymoM 360° - (60° + C), 
'ITO He H3MeHHT peayJibTaTa. 

3 a ,n; a 'I a 2. qepea TO'IKY l'vl npoBe,n;eHbI K OKPY:JKHOCTH KaCaTeJibHbie 

MA n MB n ,n;Be npoH3BOJibHhle ceKy~e CD n EF (pnc.65). ,Il;oKaaaTb, 

'ITO npRMhle CF n DE nepeceKaIOTCR 

Ha npRMoii: AB, coe,n;nnRrom;eii: TO'IKH 

KaCaHHR. 

p e III e H He. IlpnMeHHM TeopeMy 

qeBbl B yrJIOBOii: cpopMe K npRMhlM 

AB, CF, DE, npoXO)l;RIIIHM qepea 

BepIIIHHbI TpeyroJibHHKa AEF. Ha 

OCHOBaHHH TeopeMhl CHHYCOB CHHYChl 

BIIHCaHHbIX yrJIOB IIpOIIOPllHOHaJibHhl 

xop,n;aM, Ha KOTOpbie OIIHpalOTCR 3TH 

yrJibl. Ilo3TOMY aa,n;a'Ia CBO)l;HTCR K 

)l;OKa3aTeJibCTBY paBeHCTBa: 

BE DF CA 
BF . DA . CE = 1. 

Pnc. 65 Ila Tpex nap no,n;o6HhlX TpeyrOJib

HHKOB MAC H MDA, MCE H 

MFD, MEE n MBF nMeeM cooTBeTCTBeHHO: 

AC 
AD 

MA DF MD 
MD' CE= ME' 

BE ME 
BF MB. 

IlocKOJibKY MA = MB, TO npn IIO'IJieHHOM nepeMHO:lKeHHH 3THx Tpex 

nponop11nii: B npaBOii: 'IaCTH IIOJiy'IaeM e)l;HHHey, 'IeM H 3aKOH'IeHO peIIIeHHe. 

Onym;eHHbie no,n;po6HOCTH 3Toro peIIIeHHR 'IHTaTeJib MO:lKeT BOCIIOJIHHTb ca

MOCTORTeJibHO. 

3 a ,n; a 'I a 3. ,Il;aH TpeyroJibHHK ABC H ,n;Be TO'IKH M n N. IlpRMhle 

AM, BM, CM nepeceKaroT npRMhle BC, CA, AB cooTBeTCTBeHHO B TO'l

Kax A1, Bi, C1. IlpRMhle AN, BN, CN nepeceKaroT npRMbie B 1C1, C1A1, 

A1B1 cooTBeTCTBeHHO B TO'IKaX A 2 , B 2 , C2 (pnc. 66). ,Il;oKa3aTb, 'ITO npRMhle 

A1A2, B 1 B2, C1 C2 nepeceKaIOTCR B o)l;Hoii: TO'!Ke. 

Pe III e H n e. B KOHlle naparpacpa 2 (aa,n;a'Ia 2) 6I:>mo ,n;oKaaaHo, 'ITO npn 

11eHTpaJibHOM npoeKTHpOBaHHH IIpRMOH Ha IIpRMylO coxpaHReTCR )l;BOHHOe 

OTHOIIIeHne 'IeTbipex TO'IeK IIpRMOii. Ha. 3TOM OCHOBaHHH HMeeM: 

BA1 BN1 
A1C. N1C 
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OTKy,D;a 

BA1 C1A2 BN1 C1M1 
AiC. A2B1 = NiC . MiB1. 

8THM 2Ke nyTeM IIOJiy<rneM e:ru;e ,n;Ba aHaJIOrH'!HbIX paBeHCTBa: 

CB1 AiB2 CN2 AiM2 
-===- . ===-- = -=- . =--' 
B1A B2C1 N2A M2C1 

AC1 B1C2 AN3 B1M3 
C1B . C2A1 = N3B . M3A1. 

IlepeMHO)KHM IIO'!JieHHO TPH IIOCJie,D;HHX paBeHCTBa: 

B cnJiy Heo6xo,n;HMoro yCJIOBHX TeopeMhI LleBhI npon3Be,n;eHnx B nepBbIX, 

TpeTbHX H '!eTBepTbIX CK06Kax paBHbI e,n;1rnnn;e (np5lMbie COOTBeTCTBYIO~X 
TpoeK nepeceKaIOTC5l B O,ll;HOH TO'!Ke). 0Tcro,n;a CJie,n;yeT, 'ITO H IIPOH3Be,n;emrn 

BO BTOpbIX CK06Kax TaK2Ke paBHO e,n;HHHn;e, 'ITO H Ha,n;o 6bIJIO ,ll;OKa3aTb. 

PHc. 66 

Y npa:J1Cttettu.R 

9.1. ,Il;OKa2KHTe, 'ITO IIpHMbie, coe,n;HHHIO:ru;He BepIIIHHbI TpeyrOJibHHKa c 

TO'!KaMH KaCaHHH npOTHBOIIOJI02KHbIX HM CTOpOH c BIIHCaHHOH OKpy2KHO

CTbIO, nepeceKaIOTCH B O,ll;HOH TO'!Ke. 
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9.2. BHeBirncaHHhie OKPY:JKHOCTH TpeyroJibHHKa ABC KacaIOTC51 ero cTo

poH BC, CA, ABB TO'IKaX A1 , B1, C1. ,II;oKa:JKHTe, 'ITO npSIMbie AA1 , BB1 , 

CC1 nepeceKaIOTC51 B o~oli TO'!Ke. 

9.3. IloJih3Y51Ch TeopeMoli qeBhl, ,n;oKa:JKHTe, 'ITO BbICOThI TpeyroJihHHKa 

nepeceKalOTC51 B 0,ll;HOH TO'!Ke. 

9.4. B TpeyroJibHHK ABC BTIHCaHa noJiyoKpy)KHOCTh, ,D;HaMeTp KOTopoli 

npHHa,n;Jie:JKHT cTopoHe BC. CTopoHbI AB H AC KacaIOTC51 noJiyoKpy:JKHO

cTH cooTBeTCTBeHHO B TO'IKaX C1 H B 1 • ,II;oKa:JKHTe, 'ITO np51Mhre BB1 H CC1 

nepeceKaIOTC51 Ha BhICOTe AA1 TpeyroJibHHKa ABC. 
9.5. Ha Me,n;HaHe AA1 TpeyroJibHHKa ABC B351Ta npOH3BOJihHa51 TO'l

Ka M. Ilp51Mhre BM H CM nepeceKaIOT npSIMhie CA H BA cooTBeTCTBeH

HO B TO'!KaX B 1 H C1. ,II;oKa:JKHTe, 'ITO qeThlpexyroJibHHK BC B 1 C1 - Tpa

ne:u;HSI. 

9.6. ,II;oKa:lKHTe, 'ITO np51Mbie, coe,n;HH5110Il!He cepe,D;HHbl CTOpOH Tpe

yrOJibHHKa c cepe,D;HHaMH COOTBeTCTBYIOil!HX BblCOT, nepeceKaIOTC51 B 0,ll;HOH 

TO'!Ke. 

9.7. ,II;oKa:lKHTe, 'ITO opTo:u;eHTP TpeyroJibHHKa H :u;eHTp OilHCaHHOH OKOJIO 

Hero OKPY:lKHOCTH HaXO,ll;}lTC51 B H30rOHaJibHOM COOTBeTCTBHH OTHOCHTeJibHO 

aToro TpeyroJibHHKa. 

9.8. Ha CTOpOHax TpeyroJibHHKa BO BHeillHIOIO CTOpOHY IlOCTpoeHbl KBa,n;

paTbI. ,Il;OKa:lKHTe, 'ITO TPH np51Mbie, Ka:JK,ll;a51 H3 KOTOpbIX coe,n;HH51eT Bep

illHHY TpeyroJibHHKa c cepe,n;HHOH npOTHBOilOJIO:lKHOH CTOpOHbl KBa,n;paTa, 

IlOCTpOeHHoro Ha npOTHBOilOJIO:lKHOH CTOpOHe TpeyrOJibHHKa, nepeceKalOTC51 

B O,ll;HOH TO'!Ke. 

9.9. Ilp51Mhle AP, BP, GP nepeceKaIOT CTopoHbI BC, CA, AB Tpe

yroJibHHKa ABC cooTBeTCTBeHHO B TO'!Kax A1, B 1 , C1 • 0KoJio TpeyroJihHHKa 

A 1 B 1C1 onHcaHa OKpy:iKHOCTh, nepeceKaIOnraSI BTOpH'IHO np51Mhre BC, CA, 
AB B TO'!KaX A2 , B 2 , C2 • ,II;oKa:JKHTe, 'ITO np51Mhle AA2 , BB2 , CC2 nepece

KaIOTC51 B o~oli TO'!Ke. 

9.10. Ha OCHOBaHHH 3a,n;aqH 2 § 9 BbIBe,D;HTe cnoco6 DOCTpOeHH51 KaCa

TeJibHOH K OKPY:JKHOCTH, npoxo,ll;}lnreli qepe3 ,n;aHHYIO TO'IKY M, c noMOil!bIO 

o~oli JIHHeHKH (6e3 HCilOJib30BaHH51 :u;HPKYJI51). 

9.11. B ,n;onoJ1HeHHe K 3a,n;aqe 2 § 9 ,n;oKa:JKHTe, 'ITO npSIMhre AB, CE, 
DF nepeceKaIOTC51 B o~oli TO'!Ke (pHc. 65). 

9.12. ,Il;JI51 Toro, 'IT06bl ,D;HaroaaJIH AA1 , BB1 , CC1 BTIHCaHHoro B oKpy:JK

HOCTb mecTHyroJibHHKa AB1CA1BC1 nepeceKaJIHCb B o~oli TO'!Ke, Heo6-

xo,n;HMO H ,ll;OCTaTO'IHO, 'IT06bI BbIIlOJIH51JIOCb COOTHOmeHHe 

,II;oKa:JKHTe. 
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§ 10. K.!laccu'l/,ecnue meope.M/bt 

o no.!l.!lU'Heap1-wcmu mpex mo'l/,en 

10.1. TeopeMa MeaeJiasi1
• Ilycm'b tta np.n.M'btX BC, CA, AB, c0Jep:J1Ca

'14UX cmopott'bt mpeywJL'bHU?W ABC, JaH'bt coomeemcmeetttto mo"ticu A1, 

A B 

Pnc. 67 

Pnc. 68 

B1 , C1 • /l:JL.n mow, "imo6'bt :Jmu mo"iim JLe

:JICaJLu Ha odttoil np.n.Moil, tteo6xoou.Mo u 

Jocmamo"itto, "imo6'bt u.MeJLo .Mecmo paeeH

cmeo: 

AB1 CA1 BC1 _ l 
B1C. A1B . C1A - - . (10.1) 

He o 6 xo.n;n Moc Th. IlycTh TO'IKH A1, 

B 1, C 1 KOJIJIHHeapHbI (pHc. 67). "llepe3 Bep

IIIHHY B npoBe,n;eM npsiMyIO BK II A1B1, 

KE (AC). IIo TeopeMe o nponopu;noHaJih

HhIX OTpe3KaX Ha CTOpoHax yrJia (§ 2) IIMC-

CA1 CB1 BC1 KB1 
eM: = = =, = = =· IIo,n;cTaHOBKa 

A1B B1K C1A B1A 
3TIIX OTHOIIIeHHH B .D;OKa3bIBaeMoe paBeHCTBO 

(10.1) CBO,n;IIT ero K O'IeBH,21,HOMy: 

,LI; 0 c Ta T 0 q H 0 c T b. IlycTb ycJIOBIIe 

(10.1) BhIIlOJIHeHo. ,LI;oKaJKeM, 'ITO TO'IKH A1, 

B 1, C1 KOJIJIHHeapHbI. EcJIH 6hI aTo 6.hIJIO He TaK H npSIMbie AB H A1B1 nepe

AB1 CA1 BC2 
ceKaJIHCh B TO'IKe C2, TO no ,n;oKa3aHHOMY = · = · = = -1. fi3 3Toro 

B1C A1B C2A 
BC1 BC2 

paBeHCTBa H paBeHCTBa (10.1) cJie.n;yeT, 'ITO = = =· CJie,n;oBaTeJihHO, 
C1A C2A 

TO'IKH C1 n C2 c0Bna,n;a10T. 

KaK II ycJIOBHe TeopeMhI "lleBhI nepece'l:eHIISI Tpex np5!MhIX B O.n;HOH TO'IKe 

(IIJIH nx napaJIJICJihHOCTn), ycJioBne (10.1) TeopeMbr MeHeJiaSI npIIHa,n;Jie2K

HOCTH Tpex TO'IeK 0,n;HO:ii np5!MOH 3KBHBaJieHTHO TaKOMy: 

sin Cl1 sin ~1 sin Y1 _ 
1 

sin Cl2 • sin ~2 • sin Y2 - - ' 
(10.2) 

r.n;e ct1, ct2, P1 1 P2, Y11 Y2 - op n e HT n po Ba H H hI e yrJihr Me)K.D;y np5!MhIMH 

corJiaCHO pIIC. 68. ,LI;oKa3aTeJihCTBO II3 TI. 9.2 nepeHOCHTC5! 6e3 II3MeHeHH:ii. 

1M e He JI a ii AJieKCaH,11;pniicKHH (I-II B. H. s.)- rpe'!eCKHH MaTeMaTHK n acTpoHOM. 
)Knn B PnMe. 
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10.2. TeopeMa raycca. EC,/l,U np.n.Ma.R, tte npoxoa.nw,a.n "tepea eepwuttu 

mpey20,/l,'bttu'ICa ABC, nepece'ICaem ezo cmopott'bt BC, CA, AB coomeem

cmeetttto a mo"t'ICax A1, B1, C1, mo cepeauttu ompe31C06 AA1 , BB1 , CC1 
'IC0,/1,,/1,Utteapttu. 

PHc. 69 

)J;eikTBHTeJihHo, cepe,n;HHhI M, N, P 
OTpe3KOB AA1 , BB1 , CC1 Jie:HmT Ha np.H

MbIX B2C2, C2 A2, A2B2, co,n;ep2Kam;nx 

CTOpOHhl TpeyroJihHHKa A 2B 2C2 c Beprrm

HaMH B cepe,n;HHax CTOpOH TpeyrOJibHHKa 

ABC (n.2.3) (pHc.69). Ilo TeopeMe o npo

nop~OHaJibHhIX 0Tpe3KaX Ha napaJIJieJib

HbIX np.HMbIX 

A2P BC1 B2M CA1 
=-- = -====-, =- = =, 
PB2 C1A MC2 AiB 

C2N AB1 
= NA2 B1C. 

II01.1JieHHhlM nepeMHO)KeHneM :3THX paBeHCTB noJiy1.1aeM: 

AB1 CA1 BC1 C2N A2P B2M 
B1C. A1B. C1A = NA2. PB2. MC2. 

IIocKOJibKY T01.J:KH AA1 , BB1 , CC1 KOJIJIHHeapHhl, TO no Heo6xo,n;HMOMy 

yCJIOBHIO TeopeMbl MeHeJia.H JieBa.H qacTb paBeHcTBa paBHa -1. Tor,n;a no 

,n;ocTaT01.J:HOMY yCJioBHIO :3Tou TeopeMbI T01.J:KH M, N, P KOJIJinHeapHbI. 

,ll;oKa.3aHHa.H TeopeMa faycca HMeeT o6paTHyro. 

HeTpy,n;Ho 3aMeTHTh, 1.J:TO 1.J:eTbipe np.HMhle AB, BC, CA, A1B1, yqacT

Byrom;ne B TeopeMe faycca, paBHOnpaBHbI. "l:JeTBepKa np.HMbIX, HHKaKHe ,n;Be 

H3 KOTOpbIX He napaJIJieJibHbl H HHKaKHe TPH He npOXO,n;.HT qepe3 O,n;Hy T01.J:

Ky, Ha3hlBaeTC.H "temupexcmopottttu'ICO.M. Ilp.HMa.H MN P, Ha KOTopo:ii Jie2KaT 

cepe,n;HHbl yKa.3aHHblX 0Tpe3KOB, Ha3bIBaeTC.H np.R.MOU I'aycca qeTbipexCTO

pOHHHKa. 

10.3. TeopeMa ,IJ;e3apra1 • Ec,/l,u np.R.M'bte AA1 , BB1, CC1 , coeautt.n'IOw,ue 

aepmuttu mpey20,/l,'bHU'IC06 ABC u AiB1 C1, nepece'ICa'/OmC.R 6 oanou mo"t'ICe s 
U,/l,U napll,/1,,/1,e,/l,'bttu, mo mo"t'ICU nepece"tettu.n np.n.Mux AB u A1B 1 , BC u 

B1C1, CA u C1A1 (eC,/l,U O'H,U cyw,ecmey'IOm) M~am tta oanou np.R.MOU. 

)J;oKa3aTeJibCTBO. PaccMOTpHM cHaqaJia CJiy'1a:ii, Kor,n;a np.HMbie 

AA1 , BBi, CC1 nepeceKaIOTC.H B T01.J:Ke S (pnc. 70). IlycTb (AB) n (A1B 1) = 
= P, (BC) n (B1C1) = Q, (CA) n (C1A1) = R. IIo TeopeMe MeHeJia.H ,Ll;JI.H 

1)l;e3 a p I' )KHpap (1591-1661)-<t>paHl:zy3cKHH MaTeMaTHK, 3a.JIO:lKUBIIIHH OCHOBbI 

npoeKTHBHOH H Ha'tepmTeJihHOH reoMeTpHH. Bhm apxHTeKTOpoM H aoeHHhIM HH:>KeHepoM. 
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TpeyroJibHJUra SAE H np.s:Mo:li AiB1 

SA1 AP BB1 _ l 
AiA . PB . BiS - - . 

Ilo TO:li )Ke TeopeMe ,n:JI.s: TpeyroJihHHKa SBC H np.s:Mo:li B 1C1 

SB1. BQ. CC1 =-1. 
BiB QC C1S 

Em,e pa.3 npHMeHHM TeopeMy MeHeJia.H K 

TpeyroJihHHKY SCA H np.s:Mo:li C1A1: 

SC1. CR. AA1 =-1. 
C1C RA AiS 

IloCJie nepeMHO)KeHH.H noCJie,n:HHX Tpex pa

BeHCTB noJiyqHM: 

(~~. ~~. ~~). (~:~. ~:~) x 

x (SB1 . BB1). (SC1 . CC1) = -1. 
BiB B1S C1C C1S 

s 

p 

PHc. 70 

Ka)K,ll;oe H3 Tpex IIOCJie,n;nnx npOH3Be,n:eHH:li B CKo6irax paBHO 1, noaToMy 

AP. BQ. CR= -1. 
PB QC RA 

A 3TO 3HaqnT, qTo ToqKH P, Q, R KOJIJIHHeapHbI. 

IIycTb Tenepb np.s:Mhie AA1 , BB1 , CC1 napaJIJieJihHbI (pnc. 71). IlycTh 

(AB)n(A1B1)=P, (BC)n(B1C1)=Q, (PQ)n(AC)=R, (PQ)n(A1Ci)=R1. 

p 

PHC. 71 

Ilpe,n:cTOHT ,n:oKa3aTh, qTO TOqKn R n R1 
coBna,n:aroT. Ilo TeopeMe MeHeJia.s: ,n:JI.s: Tpe

yroJihHHKa BPQ n npaMoii AC 

BA . PR. QC= -1. 
AP RQ CB 

Ilo 3TOH )Ke TCOpeMe ,D;JI51: TpeyroJibHHKa 

B 1PQ H np.s:Moii A1 C1 

B1A1 PR1 QC1 _ l 
AiP . RiQ. C1B1 - - . 

BA BiA1 QC QC1 ) 
TaK KaK = = -=- H = = =-- (n. 2.2 , TO H3 .n;Byx npe,n:hl,n:ym,nx co-

AP AiP CB C1B1 
u PR PR1 

OTHOIDeHHH CJie,n:yeT = = =, T. e. TOqKH R H R1 coBna,n:aroT. 
RQ RiQ 
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llMeeT MecTO 06pamtta.11, meopeMa ,l(eaapea. ,Il,Jrn: ee ,ri;oKa3aTeJibCTBa ,ri;o

cTaTO'IHO npHMeHnTh npHMYIO TeopeMy ,II,e3apra K TpeyrOJihHHKaM AAiR 
H BBiQ. 

cl>Hrypa Ha pHc. 70, HJIJIIOCTpHpyrom;aH TeopeMy ,Il,e3apra, co,ri;ep.arnT 10 
TO'ICK ll ,ri;eCHTb IIpHMbIX, npll'ICM Ha Ka)K,D;OH npHMOH JIC:affiT no Tpll TO'IKll 

H qepe3 KaJK,D;yIO TO'IKY npoxo,ri;HT Tpn npHMhle. TaKy10 q:mrypy Ha3hrnaroT 

1wtt<;fmeypau,ueu ,l(eaapea. To'IKa S Ha3bIBaeTCH ,ri;e3apr0Boii ToqKoii, a npH

MaH PQR - ,ri;e3apr0Boii npHMOii ,ri;Byx ,ri;e3aprOBhIX TpeyrOJihHHKOB ABC H 

A 1 Bi Ci. KompHrypa11HH ,IJ,e3apra o6Jia,ri;aeT HHTepeCHbIM CBOHCTBOM: JII0-

6yro ll3 10 ee TO'ICK MOJKHO B3HTb 3a ,ri;e3aproBy TO'IKy, TOr,ri;a O,il;H03Ha'IHO 

onpe,ri;emIIOTCH ,n;e3aprOBbl TpeyrOJibHHKH ll ,ri;e3apr0Ba npSIMaH; KaJK,D;yIO H3 

10 npHMbIX MO:lKHO npHHHTb B Ka'IeCTBe ,ri;e3aprOBOH npSIMOH, TOr,ri;a O,IJ;H0-

3HaqHO onpe,n;emIIOTCH ,z:i;e3aprOBhl TpeyroJibHHKH H ,n;e3aproBa TO'IKa. Ilpo

BepKy 3TOro CBOHCTBa OCTaBJIHeM 'IHTaTeJIIO. 

10.4. TeopeMa IlacKaJISii )J,Jl51 TpeyroJibmn<a. Kacame.n:ott'b/,e e eepwuttax 

ttepae'l-to6eape'!-t'!-tOW mpeyw.11:0'!-tU1"'a ,,,., onucatt'l-tou 01w.11,o '1-tew o1"'py:»e'l-tocmu 

nepece1"'a'/Om npJl,M'bl,C, coaep:»eaw,ue npomUBOnOAO:»C'/-t'b/,e cmopO'l-t'b/, 3ffiOW 
mpeyW.fl,'IJ'H,U7'a, 6 mpex ffi0"1,1"'ax, .11,e:»eaw,ux 'I-ta oa'J-toU np.11,.M,OU ( npaMOU IIa
C1',a.11,.11, mpeyw.11,'b'l-tU1"'a). 

,II,mi ,n;oKa3aTCJibCTBa ncnoJih3yeM TeopeMy MeifeJiaH B TpnroHoMeTpH

qecKoii ¢opMe (10.2). IlycTb KacaTeJihHhre B TO'IKaX A, B, C nepeceKaIOT 

rrpHMhIC BC, CA, AB cooTBCTCTBeifHO 

B TO'IKaX Ai, Bi, Ci (pHc. 72). Tor,ri;a 

]cxi] = LBAAi =LC, icx2i = LAiAC =LA+ 
+LC, r,n;e LA, LB, LC-yrJibl TpeyroJih

~t.='-----"~----'""""B"'"i~ HHKa ABC. TaK KaK yrJihI cxi H cx2 opHeif

Puc. 72 

THpoBaHhr npoTHBOIIOJIOJKHO, TO 

sinC sinC sin 1)(1 
sin 1)(2 sin(A+C) = - sinB" 

AHaJiorH'IHO 

sin~1 sin A 
sin ~2 = - sin C ' 

siny1 sinB 
sinn = - sine· 

(yrJihI ~i, ~2 , y 1, Y2 H3o6pa:a<:eHbl Ha pHc. 68). CJre,ri;oBaTeJibHO, YCJIOBHe 

(10.2) BhIIIOJIHSieTCH H no3TOMY TO'IKH Ai, Bi, Ci KOJIJIHHeapHhl. 

10.5. TeopeMa IlacKaJI51 )J,Jl51 BDHcaBHoro mecTuyroJlbHHKa. Bo enuca'l-t
'1-tO.M e o1"'py:»e'!-toCm'b wecmuyw.11,'b'l-tU'K:e mo""nu nepece"l,e'l-tUJI, ( ec.11,u o'l-tu cy-

1 TI a c Ka JI h BJie3 (1623-1662)- <f>paHizy3CKHii MaTeMaTHK, <f>n3HK u <f>uJioco<f>. Te

opeMy 0 BilllCaHHOM meCTHYI'OJibHHKe OH BbIBeJI B 16-JieTHeM B03pacTe. 0Ha HBJI.lleTCH 

0,D;HOH H3 nepBbIX H Ba:>KHbIX TeopeM npOeKTHBHOH reoMeTpuu. 

76 



w,ecmaywm) npomuaono.n.o:>tett'btX cmopon .n.e:>1eam na oiJnou np.a.Awu ( np.n
.MOU Ilacna.n..a anucatttto20 w,ecmuy20.n.'b'HU'/Ca). 

Pnc. 73 

,II, o Ka 3 a Te JI h c TB o. IlycTh B OKPY:lKHOCTh Bim:caB 1IIecT11yroJih

HlIK AB1CA1BC1 (plIC. 73). ,Il,oKa:lKeM, 'ITO TO'!Kll M = (AB1) n (A1B), 
P= (BC1) n (B1C), N = (CAi) n (C1A) KOJIJIHHeapHbl. BBe,n;eM B pacCMOT

peHne TO'IKn X = (ABi) n (CA1), Y = (BC1) n (CA1), Z = (AB1) n (BC1), 
rrpe,n;n:oJiara.SI nx cym;ecTBOBanne. IIo cBoiicTBY ceKym;nx 

XA·XB 1 =XC·XA1 , 

YB·YC1=YC·YA1, 

ZB·ZC1=ZA·ZB1. 

(10.3) 

Ha OCHOBaHnn TeopeMhI MeHeJia.SI rrpHMeHHTeJihHO K TpeyroJibHIIKY 

XYZ II rrpHMhIM AC1, CB1, BA1 nMeeM cooTBeTCTBeHHo: 

XM ZB YA1 _ l 
MZ. BY. AiX - - . 

IlepeMHO:lKHM IIO'IJieHHO 3TH paBeHCTBa. B JieBoii <raCTH rroJiy<reHHoro pa

BeHCTBa B cnJiy (10.3) rrpoII3oii,n;yT COKpam;eHnH ,n;po6n. BcJie,n;cTBHe 3TOro 

IIOJIY'IHM: 

XM. ZP. YN =-l 
MZ PY NX ' 

oTKy,n;a CJie,n;yeT KOJIJIIIHeapHOCTh TO'leK M, P, N. 
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3 a ,n; a 'I a 1. qepe3 ,n;Be ,n;aHHbie TO'IKH M n N rrpoBe,n;eHbl ,n;Be Kaca

TeJibHbie MP n N Q K OKpJ:lKHOCTH, He co,n;ep:JKa111e:ii aTn TO'IKH. ,LI:oKa3aTb, 

'ITO rrp.SIMa.SI, npoxo,n;.Sirn;a.SI 'Iepe3 TO'IKH P n 

M Q Kacamrn, nepeceKaeT np.SIMJIO MN B Ta

-::?"-<t--.-::::-----5'~---p KO:ii TO'IKe L, ,n;JI.SI KOTopo:ii (pnc. 74) 

PHC. 74 

ML MP 
LN NQ" 

(10.4) 

PemeHne. IlyCTb (MP) n (NQ) = s. 
Ilo TeopeMe MeHeJia.SI ,D;JI.SI TpeyroJibHHKa 

SM N n np.SIMO:ii PQ L HMeeM: 

SP . ML . NQ = -1. 
PM LN QS 

IIocKOJibKY SP= SQ, TO OTcro,n;a CJie,eyeT (10.4) 
3 a ,n; a 'I a 2. ,LI:oKa3aTb, 'ITO BO BIIHCaHHOM 'IeTbipexyrOJibHHKe TO'IKH 

nepece'IeHH.SI npOTHBOIIOJIO:lKHblX CTOpOH H TO'IKH nepece'IeHH.SI KaCaTeJib

HblX B npOTHBOIIOJIO:lKHbIX BepmnHaX Jie:JKaT Ha 0,ll;HO:ii np.SIMO:ii ( TeopeMa 

IIacKaJI.SI ,D;JI.SI BnncaHuoro 'IeTblpexyroJibHHKa) (pnc. 75). 
Pe III e H n e. IlyC'l'b 'IeThlpexyroJibHHK ABC D Bnncau B oKpJ:lKHOCTb, 

KaCaTeJibHbie B BepmnHax A n C nepeceKaroTc.SI B TO'IKe M, KaCaTeJibHbie 

B BepmnHaX B H D nepeceKaIOTC.SI B TO'IKe N H (AB) n (MN)= P. Ha 
u MP MA 

OCHOBaHHH npe,ll;bl,eyrn;en 3a,n;a'IH p N = NB . EcJIH ( c D) n (MN) = Q' TO 

MQ MC 
Ha TOM :JKe ocHoBaHnn NQ = ND. IIocKOJibKY MC= MA n ND =NB, TO 

PHc. 75 

MP MQ 
PN QN, OTKy,n;a CJie,eyeT, 'ITO TO'IKH P n Q coBna,n;aroT. YhaK, ,n;oKa3aHo, 

'ITO TO'IKa P nepece'IeHH.SI npoTHBOIIOJIO:lKHbIX cTopoH AB n CD Jie:JKnT Ha 
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rrpsrMoii MN, coe,n;Hmnom;eii TO'IKH rrepece'IeHmI KacaTeJibHhlX B IIPOTHBO

IIOJIO:lKHhlX BepmHHax. c paBHbIM IIpaBOM Ha TOH :iKe IIp.llMOH Jie:lKHT TO'IKa 

rrepece'IeHH.ll rrpaMhIX BC HAD. 

Ynpa::>1C'He'/-£U.R 

10.1. BHcceKTpHChI ,n;Byx BHyTpeHHHX yrJIOB TpeyroJihHHKa H 6HcceKTpH

ca BHemHero yrJia, He cMe:iKHoro c HHMH, IIepeceKaroT IIp.llMhie, co,n;ep:iKam;He 

COOTBeTCTBeHHbie CTOpOHbI TpeyrOJibHHKa B Tpex KOJIJIHHeapHbIX TO'IKaX. 

,Ll;oKa:iKHTe. 

10.2. ,Ll;oKa:lKHTe, 'ITO 6HcceKTpHCbI BHemHHX yrJIOB HepaBHo6e,n;peHHOro 

TpeyrOJibHHKa rrepeceKalOT IIP.llMhie, co,n;ep:iKam;He IIpOTHBOIIOJIO:lKHhie CTO

POHhI, B Tpex TO'IKaX 0,ll;HOH IIp.llMOH. 

10.3. Ilp.llMaa IIepeceKaeT IIp.llMhle BC, CA, AB, co,n;ep:iKam;He CTopo

HhI TpeyroJihHHKa ABC, cooTBeTCTBeHHO B TO'IKaX Ai. Bi, Ci. To'IKH A2 , 

B2 , C2 CHMMeTpH'IHhl TO'IKaM Ai, Bi, Ci cooTBeTcTBeHHO oTHOCHTeJihHO 

cepe,n;HH cTopoH BC, CA, AB. )J;oKa:lKRTe, 'ITO TO'IKH A2 , B2 , C2 Jie:iKaT 

Ha o,n;Hoii IIp.llMoii (IIp.llMhie AiBi Ci n A2B2C2 Ha3hrnaroTC.ll uaomo.MU"l,eC'li:U 

conpa{>!Cetttt'bt.Mu OTHOCHTeJihHO TpeyroJibHHKa ABC). 
10.4. ,Ll;oKa:iKRTe TeopeMy CHMCOHa (§ 8), IIOJih3Y.llCh TeopeMoii MeHeJiaa. 

10.5. ,Il;oKa:lKHTe, 'ITO cepe,n;:irna BbICOTbI TpeyrOJibHHKa, n;eHTp BIIHCaH

HOH B Hero OKpy:iKHOCTH H TO'IKa Ka.Camm CTOpOHhI, Ha KOTopyro OIIym;eHa 

BbICOTa, c COOTBeTCTByrom;eii BHeBIIHCaHHOH OKPY:lKHOCTblO Jie:iKaT Ha O,n;HOH 

IIp.llMOH. 

10.6. Cepe,n;HHHhle IIepIIeH,n;HKYJI.llphI K 6ncceKTpncaM TpeyroJibHHKa rre

peceKaroT IIp.llMhie, co,n;ep:iKam;He ero COOTBeTCTBeHHbie CTOpOHhl, B TO'IKaX, 

Jie:iKam;nx Ha IIp.llMOH. ,Ll;oKa:iKHTe. 

10.7. BM'IHCJIHTe OTHomeHH.ll (4.3) H (4.9), IIOJih3Y.llCh TeopeMoii Me

HeJiaa. 

10.8. )J;oKa:iKHTe, 'ITO BO BIIncaHHOM mecTnyroJihHHKe ABi CAiBCi ,n;Ha

roHaJIH AC H AiBi, BBi n Ci Ci, AB n Ai C1 IIepeceKalOTC.ll B TO'IKaX O,n;HOH 

IIp.llMOH. 

10.9. ECJin A, B, C - Tpn npoR3BOJihHhie TO'IKH O,n;HOH IIP.llMOH n Ai, 
Bi, Ci -TpH IIPOH3BOJibHbie TO'IKH ,n;pyroii IIp.HMOii, M = (ABi) n (AiB), 
N = (ACi) n (AiC), P= (BCi) n (BiC), To TO'IKH M, N, P Jie:iKaT Ha o,n;Hoii 

rrp.llMOii ( TeopeMa I1 a II II a). )J;oKa:iKHTe. 

10.10. ,Ll;oKa:lKHTe, 'ITO IIp.llMhie, coe,n;nH.HIOIIJ;He OCHOBaHH.ll qeBRaH TO'I

KH p B TpeyrOJihHHKe, IIepeceKalOT ero COOTBeTCTBeHHble CTOpOHbI (rrp.HMble) 

B Tpex KOJIJIHHeapHbIX TO'IKaX. 

10.11. TeopeMa B pH a H mo Ha. B OIIHCaHHOM 'IeThlpexyroJibHHKe rrp.H

Mhie, coe,n;HH.lllOIIJ;He TO'IKH KaCaHH.ll IIPOTHBOIIOJIO:lKHbIX CTOpOH, rrpOXO,IJ;.llT 

qepe3 TO'IKY IIepece'IeHH.ll ero ,n;HaroHaneii. )J;oKa:iKHTe. 

79 



10.12. B ormcaHHOM 'leThlpexyroJibHHKe ABCD rrpRMhle AA1 II CC1, 

coe,n;IIHRIO:rn;IIe ,n;Be rrpoTIIBorroJio:lKRbie BepmIIHbI A II C c TO'lKaMH A1 II C1 
KacaHHR cTopoH BC II AB, rrepeceKaIOTCR Ha ,n;IIaroHaJIH BD. 

10.13. Cepe.n;1rna ocHoBaHHR TparreIImr coe,n;IIHeHa c BepmIIHaMH .n;pyro

ro OCHOBaHHR. 9TH rrpRMbie rrepeceKaIOT .n;naroHaJIH TparreI!HH B TO'!KaX p 
H Q. )J;oKa:lKHTe, 'ITO rrpRMaR PQ rrapaJIJieJibHa OCHOBaHHRM II ee OTpe3oK, 

3aKJIIO'leHHbIH Me:lK.n;y 6oKOBbIMH CTOpOHaMH TparreIIHH, ,n;eJIHTCR TO'lKaMH p 
H Q Ha TPH paBHhie '!aCTH. 

10.14. ,Il;aHbI ,D;Be rrapaJIJieJibHbie rrpRMbJe H Re IIpHHa,n;Jie:JKam;aR HM TO'l

Ka. IloJib3YRCb TOJibKO O)J;HOH JIHHeil:KOH (6e3 I!HPKYJIR), rrpoBe)J;HTe '!epe3 

,n;aHHYlO TO'IKY rrpRMyIO, rrapaJIJieJibHYIO ,n;aHHbIM IIpRMbIM. 

§ 11. M empu'l(,eC'X',Ue coom'Howe'HU.R 

B 'l(,em'btpexy20Jl'b'HU'X',e 

11.1. IJ;eaTpOH,IJ; '!eTblpexyroJlbmnra. 0Tpe3KH (a TaK:lKe rrpRMbie), co

e,n;nHRIOIIIHe cepe,n;HHbI rrpOTHBOIIOJIO:lKHblX CTOpOH 'leTbipexyrOJibHHKa, Ha-

3blBaIOTCR ero cped'J-lU.MU Jl.U'J-lUR.MU. 
TeopeMa. Cpednue Jl.U'J-lUU ""emupexy20J1.'b'J-lU'IW u ompeaox:, coeaun.11,10-

w,uii cepedU'J-l'bt e20 dua20'/-laJ1.eU, nepecex:a10mc.11, 6 Od'J-lOU mO"J,'X:e U deARffiCJI, 
ew nonoAa.M. 

,II; o Ka 3 a Te JI b c TB o 1. IIycTb MN H PQ - cpe,n;Hne JIHHHH 'leTbipex

yroJihHHKa ABC D, TO'IKH E n F - cepe,n;HHbI ero .n;uaroHaJieil: AC u B D 
(pnc. 76). Tor.n;a no CBOHCTBY cpe,n;Heil: JIHHHH TpeyroJihHHKa oTpe3KH lvl P 

A Q 
PHC. 76 

II N Q rrapaJIJieJihHbI .n;uaroHaJIH AC H 

paBHbI ee rroJIOBHHe. CJie,n;oBaTeJibRo, 

'!eThrpexyroJihHHK MP N Q - rrapaJIJie

JiorpaMM. C paBHhlM rrpaBOM '!eTbipex

yrOJibHHKH MENF n PEQF-rrapaJI

JieJiorpaMMhl. Ifa 3THX Tpex rrapaJIJie

JIOrpaMMOB Ka)K,D;bie ,D;Ba HMeIOT o6m;yro 

D .n;uaroHaJib. 0Tcro.n;a H CJie.n;yeT HCTHH

HOCTb )J;OKa3bIBaeMoro CBOHCTBa. 

,Il;oKa3aTeJibCTBO 2. IlpHMeM 
- 1- -

rrpoH3BOJibHYIO TO'IKY 0 3a na'!aJio BeKTopoB. Tor.n;a 0 M = 2 ( 0 A+ 0 B) H 

- 1- -
ON= 2(0C +OD). IIycTb G-cepe,n;IIna MN. Tor.n;a 

OG =~(OM+ ON)= ~(OA +OB+ OC +OD). 
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B aTo Bhlpa)KeHHe BeKTOphl BepmHH 'leTbipexyroJibHHKa BXO~T paBHorrpaB

HO. IIoaToMy TO'!Ka G 6y,n;eT H cepe,D;HHOH OTpe3KOB PQ H EF. 
0 rr p e ,n; e JI e H H e. To'IKa rrepece'!eHHa cpe,n;HHX JIHHHii '!eTbrpexyroJib

HHKa Ha3hlBaeTca v,ettmpouao.M aToro 'leTbipexyroJibHHKa. 

BeKTop n;eHTpoH,n;a G HMeeT Bhlpa)KeHHe: 

OG= ~(OA+OB+OC +OD). (11.1) 

IlpH coBrra,n;eHHH TO'leK 0 HG 6y,n;eM HMeTb: 

GA+GB+GC+GD=O. 

TeopeMa. f./emupe ompea'ICa, '/Ca:>/Ca'b/,U U3 'ICOmopux coeau'H.Rem 6epwutty 

"temupexy20.11:1>ttu'/Ca c v,ettmpouao.M mpey20.1L'bHU'ICa, 06paao6atttto20 ocma6-
ULU.Muc.11, mpe.M.R, 6epwutta.Mu, nepece'/Ca'/Omc.11, 6 v,ettmpouae "tem'btpexy20.1L'b

Hu'/Ca U ae.1L.R,mc.11, U.M 6 OmHOUL€HUU 3 : 1, C"tUma.11, om 6epULUH. 
B caMOM ,n;eJie, ecJIH G1 -n;eHTpoH,n; TpeyroJibHHKa BCD, TO )l;JIR mo6oii: 

TO'IKH 0 corJiaCHO (4.1) 

- 1- - -
OG1 = "3(0B + OC +OD). 

Pa3,n;eJIHM oTpe30K AG1 B OTHomeHHH 3 : 1. BeKTop ,n;eJiaIIIeii TO'IKH pa-

'leM H 3aKaH'IHBaeTC.sI )l;OKa3aTeJibCTBO. 
11.2. ,Ll;JIHHLI cpe,IJ;HHX mnmii H paccTomrae Mexc,rr,y cepe)l;HHaMH ,D;Ha

rouaneii 'leTbIJ>exyroJibBHKa. BbIBe,n;eM crrepBa y,n;o6HyIO B rrpHMeHeHH.si:x 

cpopMyJiy )l;Jl.sI CKaJI.si:pHoro rrpOH3Be,n;eHH.si: rrpOB3BOJibHbIX BeKTopoB AB H 

CD. I10JI1>3y.si:c1> TeopeMoii: KOCHHycoB (3.6), Haxo,D;HM: 

2AB ·CD= 2AB(AD - AC)= 

= 2AB ·AD - 2AB ·AC= AB2 + AD2 
- BD2 

- AB2 -AC2 + BC2
• 

2AB ·CD= AD2 + BC2 
- BD2 -AC2

• 

0TCIO,D;a CJie,n;yeT: 

AB ..l CD {:} AD2 + BC2 = AC2 + BD2
, 

AC ..l BD {:} AD2 + BC2 = AB2 + CD2
• 

(11.2) 

(11.3) 

TaKHM o6pa30M, a6e npomu6ono.ILO:JICH'b/,e cmopOH'b/, "tem'btpexy20.1L'bHU'/Ca 
nepnettau'/Cy.ILRpH'bt mo2aa U mOA'b'ICO mo2aa, 'IC02aa CY.M.Ma 'IC6aapam06 a6yX 
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iJpy2ux npomuBono.11.0:>1ett'btX cmopott paBtta cy.M.Me iwaiJpamoB iJua20tta.11.eil. 
,l(ua20tta.11.u "l,emupexy20.11.'bttu1.a nepnettiJuicy.11.Rptt'bt mo2iJa u mo.11.'bico mo2iJa, 
1w2iJa cy.M.Mu icBaiJpamoB npomuBono.1w:>1ettux cmopott pa6tt'bt. 

BBe,n;eM rrocTOXHHhie o6o3Ha'lemrn: AB= a, BC= b, CD= c, DA= d, 
AC= e, BD = f. 3annmeM ,n;Ba rrpe.n;cTaBJieHnx BeKTopa MN: MN= MA+ 
+AD+ DN H MN= NIB+ BC+ CN. CKJia,n;bIBax nx H Y'IHThrnax, 'ITO 

MA + MB = 0 n D N + C N = 0 (pnc. 77), no-

A 

Pnc. 77 

JIY'IHM: 

2MN=AD+BC. (11.4) 

AHaJiorH'!Ho 2PQ =BA+ CD n 2EF =AD+ 
+CB. 

,Ii,aJiee Haxo.n;nM, pyKOBO,ll;CTByxch ¢opMy

Jioii (11.2): 

B 4MN2 =AD2 +BC2 + 2AD ·BC= 

= AD2 + BC2 + AC2 + BD2 -AB2 
- DC2

• 

1 
lfraK, M N 2 = 4 ( b

2 + d2 + e2 + f2 - a2 - c2). AHaJIOrH'IHO 

PQ2 = ~(a2 + c2 + e2 + j2 - b2 - d2), 

E p2 = ~ (a 2 + b2 + c2 + d2 - e2 - f2). 

IIocJie.n;ttroro H3 3THX ¢opMyJI Ha3hrnaroT <fiop.My.11.ou 9u.11.epa. 
PaccMoTpHM HeKoTophle 'laCTHhle cJiy'lan. 

(11.5) 

1) ECJIH qeTbipexyroJihHHK ABC D - rrapaJIJieJiorpaMM, TO cepe.n;n:HhI E 
n F ero .n;naroHaJieii coBrra.n;aroT. CJie,n;oBaTeJihHO, 

a2 + b2 + c2 + d2 = e2 + j2, (11.6) 

T. e. cyMMa KBa.n;paTOB .n;naroHaJieii napaJIJieJiorpaMMa paBHa cyMMe KBa.n;

paTOB BCex ero CTOPOH. 

2) EcJIH '!eThipexyroJihHHK ABC D - Tparre11nx c OCHOBaHHXMH AB 
n CD, To (11.2) rrpHHHMaeT Bn,n;: -2ac=d2 +b2 -e2 - j2, OTKy.n;a e2 + f2 = 
= b2 + d2 + 2ac H II03TOMY 

1 
PQ2 = 4(a2 + c2 + 2ac), 

1 
EF2 = 4(a2 + c2 - 2ac), 

1 
PQ=-(a+c), 

2 
1 

EF = 2ia - cl-

3) TpeyroJihHHK MO:>KHO paccMaTpHBaTh KaK Bbipo:>K,n;eHHhiii '!eTbrpex

yroJibHHK c ,ll.ByMx coBrraBmHMH Bepm:n:HaM:n. CKa:>KeM, ecJIH TO'IKH C H D 
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c0Bna,n;a10T, To cepe,~1rna N oTpe3Ka CD coBna,u,aeT c HHMH (pnc. 78). Cpe,u,

Haa JIHHHa NIN qeThlpexyroJibHHKa cTaHOBHTca Me,u,naHoli TpeyroJibHH

Ka ABC, a cpe,n;Ha5! JIHHH5! PQ coBna.n;aeT c EF H 6y,u,eT cpe,u,Heli JIHHneli 

TpeyroJibHHKa ABC. Tor,u,a e = d, b = f, c = 0 
II03TOMY H3 rrepBOH cPOPMYJibl (11.5) rroJiyqaeM 

cPOPMYJIY )l,nHHhl Me)l,HaHbl TpeyrOJlhHHKa 

NIN2 = ~(2b2 + 2d2 
- a2

), 

a BTOpa5! H TpeTb5! cPOPMYJibl ,u,aIOT: 

1 
PQ=EF= 2a. (11. 7) 

A 

lb ¢opMyJI (11.5) BbITeKaIOT ern;e H TaKHe CJie,n;cTBH5!: 

4) BhlrrOJIHeHo paBeHcTBO 

M 

Pnc. 78 

NIN2 + PQ2 + EF2 = ~(a2 + b2 + c2 + d2 + e2 + J2). 

F 

B 

(11.8) 

5) Cpe)l,Hne JIHHHH 'IeThlpexyroJibHHKa paBHbI Tor,u,a n TOJibKO Tor,u,a, 

Kor,u,a paBHhl cyMMhl KBa.n;paTOB ero npOTHBOIIOJIO)KHblX CTOpOH. 

6) PaccToxHne Me:lK,IJ;Y cepe,u,nHaMn )1,HaroHaJieli qeTb1pexyrOJibHHKa paB

Ho )l,JIHHe ero cpe)l,HeH JllIHHH Tor,u,a lI TOJlbKO TOr,u,a, Kor,u,a cyMMa KBa.n;paTOB 

.n;naroHaJieH paBHa CYMMe KBa.n;paTOB npOTHBOIIOJIO)KHblX CTOpOH, co,u,ep.iKa

rn;nx KOHI.V>I 3TOH cpe)l,Heli JIHHHH. 

11.3. 3rumcHMOCTb Me)K,ll,Y AJIBHaMH CTOpOH H .n;naroHaJieii qeTblpeX

yroJibHHKa. IIIecTb paCCTOXHHH Me)K,u,y qeTbiphMX npOH3BOJibHbIMH TO'IKa

MH IIJIOCKOCTH, B3XTblMll nonapHo, CBa3aHbl COOTHomemieM: 

a2c2(b2 +d2+ e2+ J2-a2 - c2) +b2d2(a2+c2 + e2 + f2-b2 -d2) + 
+ e2 f 2(a 2+c2+ b2+ d2- e2- / 2) = (abe) 2+ (bcf) 2+ (cde) 2+ (da/) 2. (11.9) 

,11,oKa3aTeJibCTBO 3TOH 3aBHCHMOCTlI BbIXO)l,HT 3a paMKH HaCTOXIIlero IIO

co6nx. 

B CHJIY ¢opMyJI (11.5) cooTHOllleHne (11.9) 3KBHBaJieHTHO TaKoMy: 

(2AB ·CD· NJN) 2 + (2BC ·AD· PQ)2 + (2CA · BD · EF)2 = 

=(AB·BC-CA)2+(BC·CD·DB)2+(CD·DA·AC)2+(DA·AB·BD)2. 

PaBeHCTBO (11.9) MO.iKHO npe.n;cTaBHTb ern;e H B TaKOM Bn,n;e: 

0 a e d 1 
a 0 b f 1 
e b 0 c 1 =0. (11.10) 
d f c 0 1 
1 1 1 1 0 
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11.4. TeopeMa KocmiycoB ,IVISI 'leTblpexyroJibmnca. ,Il;JIH mo6h1x 'leTbI

pex TO'leK AD= AB+ BC+ CD. Bo3Be,n;eHHeM B KBa,n;paT noJiy'!aeM: 

AD2 = AB2 + BC2 + CD 2 + 2AB ·BC+ 2AB ·CD+ 2BC ·CD. 

0cBo6o)f(,Zl;aHCb OT CKamipHbIX rrpOH3Be,n;eHHH H nepexo,n;.a K rrpHH.HTbIM o6o-

3Ha'leHHHM, HMeeM: 

d2 = a2 + b2 + c2 
- 2abcos B - 2accosw - 2bccos C, (11.11) 

r,n;e w - yroJI Me)f(,Zl;y np.HMbIMH AB n CD (pnc. 79), B n C - yrJibI 'leTbI

pexyroJihHHKa ABCD npn BepnmHax B H C. 

BA\ r> 

~~ 
A D A D 

TaKHM o6pa30M, ?Caaapam cmopoi-t'bt "le
m'btpexy20.11,'b'H,U?Ca pa6e'H, cy.M.Me ?Caaapamoa 

mpex apy2UX ezo cmopO'H, 6e3 yaaoei-ti-t'blX 

npou3aeaettuu 3mux cmopo'H,, 63.Rm'btX no
napi-to, u ?Cocui-tycoa y2.11,oa .Me~ay i-tu.Mu. 

cho COOTHOllieHne, Ha3bIBaeMOe Teope

MOH KOCHHYCOB ,ll;JIH '!eTbipexyroJibHHKa, 

HMeeT MeCTO KaK ,ll;Jl.H BbIIIJKJihlX, TaK H 

,ll;JlH HeBblllJKJibIX '!eTbipexyroJibHHKOB, a 

TaIOKe ,ll;JISI 'leThlpexyroJibHHKOB c caMone-
PHc. 79 pece"lettue.M CTOpOH (pnc. 79). YroJI w BO 

Bcex cJiy'laSix paBeH 1t - (A+ D). Ilo3TOMY 

3aBHCHMOCTb (11.11) M02KHO 3a1mcaTb B 3KBHBaJieHTHOM eii BH,n;e: 

d2 = a2 + b2 + c2 
- 2abcos B - 2bccosC + 2accos(A + D). (11.12) 

TeopeMy KOCHHycoB ,n;JISI '!eThlpexyroJibHHKa M02KHO noJiy'IHTh 6e3 nc

IIOJib30BaHHSI BeKTOpOB Ha OCHOBaHHH TeopeMbl KOCHHYCOB ,ll;JISI TpeyroJib

HHKa H TpeTheii: cl>opMJJibI (11.5). B caMOM ,n;eJie, CTOpOHbI ME H MF 
TpeyroJihHHKa EMF (pnc. 76) napaJI.rreJihHhl cooTBeTCTBeHHo DC H AB, no-

3TOMY LEMF=w. TaK KaK e2 =a2 +b2 -2abcosB H J2 =b2 +c2 -2bccosC, 

TO 

1 
EF2 = 4(a 2 + b2 + c2 + d2 

- a2 
- b2 + 2abcosB - b2 

- c2 + 2bccosC) = 

1 
= 4(d2 

- b2 + 2abcosB + 2bccosC). 

C ,n;pyroii CTOpOHhI, EF2 =ME2 +MF2 -2ME·MFcosw= (~)
2 

+ 

+ (i)2-2~ · icosw. 
IIpHpaBHHBaSI ,n;Ba no.rry'leHHhlX Bbipa2KeHHH ,n;JIH EF2 , rrpHXO,ll;HM K co

OTHOrneHmo (11.11). 
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11.5. CooTaoweHHe BpeTWHaii,zI.epa. ,ll;pyrnM aHa.rroroM TeopeMhI Kocn

HycoB ,ll;JUI TpeyroJihHllKa CJIY:lKRT llHTepeCHaH 3aBRCRMOCTb Me:lK,n;y 3JieMeH

TaMR rrpocToro 'IeThipexyroJihHRKa ABC D: 

(ef) 2 = (ac) 2 + (bd) 2 
- 2abcdcos(A + C). (11.13) 

.II; o Ka 3 a T e JI h c T B o 1. BhITIOJIHRM cJie,n;yrom;ne rrocTpoemrn. BHe 

,n;aHHoro 'IeThipexyroJihHRKa ABCD rrocTponM TpeyroJihHRKR ABF n 

ADE, rro,n;o6Hhre cooTBeTCTBeHHO TpeyroJihHRKaM CAD n CAB (pnc. 80). 
Ifa nx rro,n;o6nH nMeeM: 

AF 
a 

c 

~' 
BF 

a 
d 
~' 

AE b DE a c 
d-~, -=-

d e' 

ac bd ad B 
oTKy,n;a AF= - AE = - BF= DE= -. cr------1---0 

e' e' e 
CyMMa yrJIOB rrpn BepmnHax B n D B 'IeThI-

pexyrOJihHHKe B DEF paBHa cyMMe yrnoB Tpe

yroJihHRKa ABD, T. e. paBHa 180°. CJie,n;oBaTeJih

HO, BF II DE. TaK KaK, KpoMe Toro, BF= DE, 
TO 'IeTbipexyroJihHRK BDEF -rrapaJIJieJiorpaMM 

n FE=BD=f. B TpeyroJihHRKe AEF yroJI EAF 
paBeH LA + LC no rrocTpoeHnro. Ilo TeopeMe KO
cnHycoB n3 3Toro TpeyroJihHRKa nMeeM: 

!2 = (:c) 2 + (b:) 2 - 2a!cd cos(A + C), 

'ITO paBHOCHJihHO ,ll;OKa3hIBaeMOMY COOTHomeHHIO 

A 

Pnc. 80 

B 

( 11.13). A """1----i--.--»D 

.Il;oKa3aTeJihCTBO 2. Ha cTopoHe AD 
,n;aHHoro 'IeThipexyroJihHRKa ABCD BHe ero rro

cTpOHM TpeyroJihHHK ADC1, rro,n;o6HhIH TpeyroJih

HHKY ABC: LDAC1 = LBAC H LAC1D = LBCA 
d 

(pnc. 81). Ko3cl:>cl:>nu;neHT rro,n;o6nH paBeH - , IT03TO
a 

PHc. 81 

d d 
MY AC1 = -e, DC1 = -b. 0Tpe30K CC1 MO:lKeT rrepeceKaTh rrpHMYIO AD 

a a 
m160 BHYTPH cTopOHhI AD, JIH6o B TO'IKe D, Jin6o BHe OTpe3Ka AD. CooT-

BeTCTBeHHO 3THM cJiy'IaHM yroJI CDC1 paBeH Jin6o LB+ L.D, Jin6o 180°, 
Jin6o 360° - (LB+ L.D). B rrepBOM n TpeTbeM CJIY'IaHX H3 TpeyrOJihHHKOB 

ACC1 n DCC1 no TeopeMe KocnHycoB rroJiyqaeM (L.CAC1 =LEAD): 

(de) 2 de
2 

cc; = e2 + ~ - 2--;;- cos A, (
bd) 2 bed CC~= c2 + ~ - 20 cos(B + D). 

IlpnpaBH51eM rrpaBhie 'IaCTll 3THX paBeHCTB H 3aMeTHM, 'ITO 

a 2 + d2 
- 2adcosA = f2. 
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B pe3yJihTaTe 6y,n;eM HMeTh (11.13), nocKOJihKY cos(B + D) =cos( A+ C). 
bd 

EcJIH TO'IKH C, D, C1 KOJIJIHHeapHhI, TO cos(B + D) = -1, CC1 = c + - H 
a 

IIOJiy'IeHHbIH pe3yJibTaT OCTaeTC51 HCTHHHbIM. 

11.6. CJie,u;cTBH51 H3 cooTHoweHHSI BpeTWHaii,u;epa. EcJIH TO'IKH A, B, 
C, D HeKOJIJIHHeapHhI, TO cJiyqa:il:, Kor,n;a cos(B + D) = -1, HMeeT MecTo 

Tor,n;a u TOJihKO Tor,n;a, Kor,n;a 'IeThipexyroJihHHK ABC D BIIHCaH B oKpy:lK

HOCTh. Tor,n;a (11.13) npHHHMaeT Bn,n;: 

(ef) 2 = (ac) 2 + (bd) 2 + 2abcd, 

'ITO 3KBHBaJieHTHO paBeHCTBY ef = ac + bd. TaKHM o6pa3oM, noJiy'IeHhI np.R

Ma.R u o6pamHa.R meopeM'bl Ilmo1te.Me.R (§ 8). 
IlpaBas:r qacTb paBeHCTBa (11.13) MaKCHMaJihHa npn cos( A+ C) = 

= cos(B + D) = -1. 9To 3Ha'IHT, 'ITO 

(ef) 2 ~ (ac) 2 + (bd) 2 + 2abcd, 

HJIH 

ef ~ ac+ bd. (11.14) 

ECJiu TO'IKH A, B, C, D HeKOJIJIHHeapHhl, TO paBeHCTBO HMeeT MeCTO JIHIIIh 

,ll;JI51 BIIHCaHHOro 'IeTbipexyrOJibHHKa. 0,n;HaKO paBeHCTBO MO:lKeT HMeTh Me

CTO H B CJiyqae, Kor,n;a TO'IKH A, B, C, D KOJIJIHHeapHhl. ,IJ;e:il:cTBHTeJihHO, 

ecJIH LA = 0° n LC = 180° HJIH Hao6opoT, TO 

A D c B cos( A + C) = -1. 9TH ycJIOBHs:r BhIIIOJIH51IOTC51 To-
a) ---o-----o-----

r,n;a H TOJihKO Tor,n;a, Kor,n;a napa TO'IeK A H C 
6) --0--0--------- pa3,n;eJis:rIOT napy TO'IeK B H D (pnc. 82). 

D A B c Ilo,n;BO,ll;51 HTOr, HMeeM CJie)l;YIOIIIHH pe3yJihTaT. 

PHc. 82 ,41t.R 1t'I06'btX "tem'blpex mo"te'll: n1toc'll:ocmu u.Meem 

aB~b 
A~ 

D C 

PHc. 83 

.Mecmo HepaeeHcmeo: 

AC·BD ~AB·CD+BC·AD, 

npu"te.M aHa'l'i: paeeHcmea U.Meem .Mecmo /tUW'b 

e c1ty"ta.Rx, 'll:o2aa :Jmu mo"t'll:U 1te;J1Cam 1tu60 Ha 

o'll:py;J1CHocmu, 1tu60 Ha np.RMOU u napa (A, C) 
paaae1t.Rem napy (B, D). 

PaccMOTpHM cJiy'Ia:il: BhipO:lK,ll;eHHoro '!eThI

pexyroJihHHKa ABCD, B KOTopoM BepIIInHa D npHHa,ll;Jle:lKHT ,n;naroHaJIH 

AC (pnc. 83). B 3TOM cJiyqae LD = 180°, c + d = e H nonoMy 

(ef) 2 ~ (ac) 2 + (bd) 2 
- 2abcdcos(180° + B). 
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a2 + b2 - e2 
TaK KaK cos(180° + B) = - cosB = - b , TO (ef)2 = (ac)2 + (bd)2 + 

2a 
+ cd( a 2 + b2 

- e2
) = ca2

( c + d) + db2 
( c + d) - cde2 = ca2 e + db2 e - cde2

• I1TaK, 

ef2 = ca2 + db2 
- cde. (11.15) 

8Ta 3aBIICIIMOCTh HOCIIT Ha3BaHIIe TeopeMhl c T IO a p Ta. 
c d 1 

B 'laCTHOCTII, ecJIII BD- Meauatta TpeyroJihHIIKa ABC, TO - = - = -
2

, 
e e 

1 
cd = 4e2 II (11.15) npIIHIIMaeT BII,n;: 

J2 = ~(2a2 + 2b2 
- e2

). 

d a 
ECJIII BD-6IIcceKTpIIca yrna ABC, TO~=[;· Tor,n;a 

1 1 d 
-(ca2 + db2

) = -((e - d)a2 + db2
) = a2 + -(b2 - a2

). 
e e e 

ac (a+b)c 1 
IlocKOJihKY e = c + d = c + b = b , TO ;(ca2 + db2

) =ab II (11.15) npII-
HIIMaeT BII,D;: 

j2 =ab- cd 

(cM. §2, 3a,n;a'ly 1). 

Y npa;J1Cueuu.Fl 

11.1. ,II;aH 'leThipexyroJihHIIK ABCD . .ll:oKa2KIITe, 'ITO 'leThlpexyroJihHIIK 

c BepmIIHaMII B 11eHTpOII,n;ax TpeyroJihHIIKOB BCD, CDA, DAB, ABC ro

MOTeTII'leH 'leTh1pexyrOJihHIIKY ABC D. Haii,n;IITe 11eHTp II K03cPcPIIllIIeHT 
rOMOTeTIIII. 

11.2 . .ll:OKa2KIITe, 'ITO cpe,n;HIIe JIIIHIIII 'leThipexyrOJihHIIKa rreprreH,D;IIKY

JI5IpHhl Tor,n;a II TOJihKO Tor,n;a, Kor,n;a ero ,n;IIaroHaJIII paBHhI. 

11.3. BhlBe,D;IITe ,11;JI51 'leThipexyrOJihHIIKa ¢opMyJihI, aHaJIOrH'lHhie ¢op

MyJiaM (3.3) npoeKllIIH ,D;JI51 TpeyrOJihHIIKa. 

11.4 . .ll:oKa2KIITe TeopeMy KOCIIHYCOB (11.11), IIOJih3Y51Ch pe3yJihTaTOM 

rrpe,n;h1,n;y111eii 3a,n;a'lII. 

11.5. Ha CTOpOHax TpeyroJihHHKa BHe ero IIOCTpOeHhl npaBIIJihHhie Tpe

yrOJihHIIKII. ,II;oKa2KIITe, 'ITO 11eHTphl 3TIIX TpeyrOJihHHKOB 5IBJI5IIOTC51 Bep

IDIIHaMII rrpaBIIJihHOrO TpeyrOJihHIIKa. 

11.6. Ha cTopoHe BC TpeyroJihHHKa ABC BHe ero nocTpoeH rrpaBIIJih

Hhiil: TpeyroJihHIIK BCD . .D:oKa2KIITe, 'ITO 

AD2 
= ~(a2 + b2 + c2

) + 2v'3s, 

r,n;e S - IIJIOIIIa,Zl;h TpeyroJihHHKa ABC. 
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11.7. Ha CTopoHax TpeyroJihHHKa ABC BHe ero nocTpoeHhI KBa,rq>a

ThI c n;eHTpaMH Ai. Bi. C1 • ,Ll;oKa2KHTe, 'ITO AA1 = B 1C1 , BB1 = C1A 1 , 

CC1 = A1B1. 
11.8. Ha CTOpOHax BhIITYKJIOrO 'leTbipexyroJibHHKa BHe ero ITOCTpoeHbl 

KBa,rq>aThI. ,Ll;OKa2KHTe, 'ITO paCCTO.HHH.H Me:>K,Izy n;eHTpaMH KBa,rq>aTOB, no

CTpoeHHbIX Ha npOTHBOITOJI02KHbIX CTOpOHax, paBHbI. 

11.9. ,Ll;OKa2KHTe, 'ITO ,ll;JI.H BC.HKOro 'leTbipexyroJihHHKa cyMMa KBa,rq>aTOB 

ero cTopoH He MeHhme cyMMhI KBa,rq>aToB ero ,n;naroHaJie:it 

11.10. ,Ll;oKa2KHTe, 'ITO cyMMa KBa,rq>aTOB ,n;naroHaJieii: Tpanen;mr paBHa 

cyMMe KBa,rq>aTOB ee 60KOBbIX CTOpOH, yBeJIH'IeHHOH Ha y,n;BOeHHOe npOH3-

Be,n;eHHe OCHOBaHHH. 

11.11. EcJIH cyMMa npoTnBonoJio2KHhlX yrJIOB 'IeThipexyroJihHHKa paB

Ha 90° HJIH 270°, TO KBa,rq>aT npoH3Be,n;eHHSI ero ,n;naroHaJieii: paBen cyMMe 

KBa,rq>aTOB npOH3Be,n;eHHii: npOTHBOITOJI02KHblX CTOpOH. ,Ll;oKa2KHTe. 

11.12. ,Ll;oKa2KHTe, 'ITO B napaJIJieJiorpaMMe c yrJioM 45° KBa,n;paT npo

H3Be,n;eHHSI ,n;naroHaJieii: paBeH cyMMe 'leTBepThIX CTeneHeii: ero coce,n;HHX 

CTOpOH. 

11.13. ,Ll;oKa2KHTe cooTHomeHHe (11.15) CTioapTa, He noJib3YSICh cooTHO

menneM BpeTmHaii:,n;epa. 

11.14. ,Ll;OKa2KHTe, 'ITO paCCTOSIHHe OT BepmHHbl c npSIMOrO yrJia npSIMO

yrOJibHOro TpeyroJihHHKa ABC ,n;o npoH3BOJihnoii: TO'IKH D ero rnnoTeHy3hI 

Bhlpa2KaeTCSI ¢opMyJioii:: 

r,n;e a H b-KaTeThl, m H n-oTpe3KH rnnoTeny3hl. 

11.15. IlpoBepbTe, 'ITO ecJIH TO'IKH A, B, C, D Jie2KllT Ha rrpSIMOH H napa 

(A, C) pa3,n;eJISieT napy (B, D), TO 

AC· BD =AB· CD+ BC· DA. 

12.1. fllopMyJILI IlJIOID;8,IJ;H 'l:eThipexyroJibmnca o6w;ero BlfAa. IIycTh ,n;a

Hhl ,n;JIHHhI e Hf ,n;naroHaJieii: AC H BD 'leThlpexyroJihHHKa ABCD H yroJI <p 
Me:>K,Izy HHMH. IlpoBe,n;eM qepe3 BepmHHhl A n C npSIMhle napaJIJICJihHO 

BD, a qepe3 BepmHHhl B HD -npSIMble napaJIJieJihHO AC (pnc. 84). Tor,n;a 

noJiy'IHM napaJIJieJiorpaMM MN PQ, B KOTOpoM cTopOHbI paBHhl cooTBeT
CTBeHHO ,n;naroHaJISIM ,n;aHHoro 'ICTblpexyroJibHHKa, a yroJI napaJIJieJiorpaM

Ma paBeH yrJiy MC:>K,Izy ,n;narOHaJI.HMH 'ICThlpexyroJibHHKa. JlerKO BH,ll;CTh, 

'ITO IIJIOin;a~ :::>Toro rrapaJIJieJiorpaMMa B,n;BOe 6oJibme rrJI011i;a,n;n ,n;anHoro 
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qeTblpexyroJibHHKa KaK ,IJ;JIS BbIIlYKJIOro, TaK H ,ll;JIS HeBbIIlYKJIOrO qeTbipex

yrOJibHHKOB. CJie,IJ;OBaTeJibHO, 

SABCD = ~ef sincp. (12.1) 

B Q 

N p A c 
PHc. 84 

9Ta cpopMyJia rOBOpHT 0 TOM, qTo qeTblpexyrOJibHHK paBHOBeJIHK Tpe

yroJibHHKy, ,IJ;Be CTOpOHbl KOTOporo paBHbl H napaJIJieJibHbI ,I1;HarOHaJiaM 3TO

ro qeTblpexyroJII>HHKa. 

Bb1pa3HM nJiom;a)I,b qeTblpexyroJibHHKa qepe3 ,IJ;JIHHbl ero cTopoH n ,I1;Ha

r0Haneii. B cooTBeTCTBHH c cpopMyJioii (11.2) 

2AC. BD = AD2 + BC2 -AB2 
- CD2

, 

OTKy,IJ;a 

Jb2 + d2 - a2 - c2I 
!cos cpl = 2ef . (12.2) 

Haxo,ll;HM 

482 = (ef)2 sin2 cp = (ef)2(1 - cos2 cp) = 

= (ef)2. (1- (b2 + d2 - a2 - c2)2) = !(4e2 J2 - (b2 + d2 - a2 - c2)2) 
4(ef) 2 4 · 

(12.3) 

HJIH 

1682 = (2ef + b2 + d2 - a2 - c2)(2ef + a2 + c2 - b2 - d2). (12.4) 

)J,oKruKeM em;e o,IJ;Hy cpopMyJiy nJIOID;a,ll;H S qeTblpexyroJibHHKa ABCD: 

A+C 
8 2 = (p- a)(p- b)(p - c)(p- d) - abcdcos2 

-
2
-, 
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1 
r ,n;e p = 2 (a + b + c + d) - rroJiyrrepHMeTp qeTI,rpexyroJihHIIKa. ,nmr 3Toro errre 

pa3 HCIIOJlb3JeM (12.1): 

482 = (ef) 2 
- (ef) 2 cos2 cp. 

IlepBoe cJiaraeMoe (ef)2 3aMeHHM ero BblpaJKeHneM (11.13), a BTopoe-rro 

¢opMyJie (12.2). B pe3yJihTaTe 6y,n;eM HMeTb: 

482 = (ac)2 + (bd)2 
- 2abcdcos(A + C) - ~(a2 + c2 

- b2 
- d2) 2

• 

IlocKOJibKY (ac) 2 + (bd) 2 = (ac + bd) 2 
- 2abcd, TO 

1682 =4(ac+bd) 2 -(a2 +c2 -b2 -d2
)

2 -8abcd(l +cos(A+C)) = 

A+C 
=(2ac+2bd+a2 +c2 -b2 -d2 )(2ac+2bd-a2 -c2 +b2 +d2)-l6abcd cos2 

-
2
-= 

A+C 
= ( a+b+c-d)( a+b-c+d)( a-b+c+d)( -a+b+c+ d) -16abcd cos 2 -

2
-. 

Ilpe,n;cTaBHM a + b + c - d TaK: a + b + c - d = (a + b + c + d) - 2d = 2p - 2d = 
= 2(p - d). AHaJIOI'H'iHO a+ b - c + d = 2(p - c), a - b + c + d = 2(p - b), 
-a+ b + c + d = 2(p - a). 

IloCJie IlO,lJ;CTaHOBKH B BblpaJKeHHe ,n;mr 1682 H COKpam;eHH.H Ha 16 npn

XO,II,HM K ,D;OKa3bIBaeMOMY paBeHCTBY (12.5). 
12.2. Cne.n.cTBIDl H3 o6m,mc <l>opMyJJ IIJIOIU,8,IJ;H qen.ipexyroJlbHBKa. Ilpn:

MeHHM IIOJiyqeHHbie cPOPMYJibI K qeTbrpexyroJibHHKaM qacTHb1X Blf,D;OB. 

1. ECJin ,n;naroHaJIH qeTblpexyroJibHHKa ABCD nepneH,D;HKJJI.HpHl>r, TO 

sincp = 1 H comacHo ¢opMyJie (12.1) 

(12.6) 

2. EcJrn qeThrpexyroJibHHK ABC D BnncaH B OKPYJKHOCTh, TO LA + 
A+C + LC =LB + LD = 180° H II03TOMY cos -

2
- = 0. <I>opMyJia (12.5) npn-

HHMaeT Bn,n;: 

8 2 = (p - a)(p - b)(p - c)(p - d). (12.7) 

0Ha BnepBbie 6hIJia noJiyqeHa HH,lJ;HHCKHM MaTeMaTHKOM BpaxMaryrrToli :B 

VII BeKe n HocnT ero HM.H - ¢opMyJia B p ax M a r y n T bl ,n;Jix nJiom;a,n;n: 
BIIHCaHJIOI'O qeTbipexyroJibHHKa. 9Ta ¢opMyJia CJie,n;yeT TaK)l(e H3 (12.4), 
IlOCKOJlbKY ,D;JI.H BrrncaHHOI'O qeTblpexyrOJibHHKa ef = ac + bd. 

3. IlycTb BO Brrn:caHHOM 'ieThrpexyroJihHHKe ABC D BeprrrHHbI A H D 
c0Bna,n;a10T. Tor,n;a d = 0 H ¢opMyJia (12.7) nepexo,n;HT B ¢opMYJIY I'epoHa 

,n;mr nJiorrra,n;H TpeyrOJibHHKa ABC: 

S 2 = (p - a)(p - b)(p - c)p. (12.8) 
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4. lfa (12.5) BII,ll;HO, 'ITO 8 2 MaKCIIMaJibHa TOr,n;a II TOJibKO TOr,n;a, Kor,n;a 

cos A ; C = 0, T. e. Kor,n;a L'.A + L'.C = 180°. 

MTaK, "tem'btpexy20.11,'b'ltU'/C c aa'lt'lt'bt.MU cmop01ta.MU UMeem .Mais:CU.Ma.l/,"b

HY'IO n.n,o~ad"b e mo.M u moJL"b'IW e mo.M c.n,y•we, is;o2Ja ott enucatt e or.py;)IC

'ltocm'b. TaKoii '!eThipexyroJibHIIK Bcer,n;a MO:>KHO rrocTpOHTb (3a,n;aqa 7.24). 

5. EcJin 'leTbipexyroJihHHK ABCD onncaa OKOJIO oKpy:>KHOCTII, TO 

a+ c = b + d n nO'JTOMY b2 + d2 
- a2 

- c2 = 2(bd - ac). <l>opMyJia (12.4) 
rrplIHHMaeT BH,n; 

482 = (ef + bd - ac)(ef - bd + ac). (12.9) 

6. EcJin '!eTbipexyroJibHHK .~rnmreTC.H o,n;HoBpeMeHHO BrrncaaHbIM n orrn

caHHhlM, TO Ka:>K,n;aSI ll3 ¢opMyJI (12.7) II (12.9) npeo6pa3yeTC.H K BH,!ly: 

8 2 =abed. (12.10) 

3 a ,IJ, a 'I a 1. B BbIITJKJIOM '!eTMpexyroJibHHKe ABC D rrpoTHBOIIOJIO)K

Hbie CTopoabI AB H CD nepeceKaIOTC.H B TO'IKe K. To'!KH E n F - cepe,n;nHM 

,n;naroaa.Jieii AC H BD. ,II;oKa3aTb1 'ITO rrJim:~a,n;b TpeyroJibHHKa EFK paBHa 
'leTBepToii qacn1 rrJiom.a.n;n 'leTMpexyrOJibHlI.lra ABCD. 

Pe me a He. EcJIII np.HMhle AB H CD nepeceKaIOTC.H 3a cTopoaoii BC 
(plic.85), TO cepe,n;naa P CTOpOHbI BC Jie:>KHT BHJTPII TpeyroJibHHKa EFK. 
,II;eiiCTBHTeJibHO, TO'IKH P n K Jie:>KaT B 

o,n;noii IIOJIJIIJIOCKOCTH OT np.HMOH EF. 
KpoMe Toro, nocKOJibKY EP II AB, TO 
TO'IKH p H B - B Pa3HbIX IIOJIJIIJIOCKO

CT.HX OT npsrMoii EK (,IJ,IIaroHa.JIII Tpane

n;nn BE PK nepeceKaIOTCSI BHYTPH aee). 

TaK KaK FP II CD, TO TO'IKII C II P-B 
pa3HhlX noJJyIIJIOCKOCT.HX OT npaMoii F K. 
,Il;Jlsi: BHJTpeaneii TO'IKH p TpeyroJibHHKa 
EFK 

TaK KaK TpeyroJibHIIKH E PK H E PB 

A 

K 

D 

PHC. 85 

paBHOBeJIHKII H TpeyroJibHHKII F PK n F PC paBHOBeJIIIKH, TO TpeyroJib

HHK E F K paBHOBeJIHK 11eTbipexyroJibHHKY E FC B. ,II;HaroHa.JIH 'JTOro 

'leTbipexyrOJibHIIKa - noJIOBHHhI ,n;naroaaJieii ,n;aaaoro 'IeThrpexyroJlhHHKa 
1 

ABCD. Ha ocaoBamrn cpopMyJihI (12.1) 8EFCB = 4SABCD n, 3Ha'IHT, 

1 
SEFK = 48ABCD· 
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1 
CJie,ZJ;CTBHe. C paBHbIM npaBOM SsFL = 4sABCD (L-To•n<a. nepeceqemrn 

np11MDIX AD H BC). IloaToMy TpeyroJihHHKH EF K n EFL paBHOBeJIH

KH, n no JieMMe § 4 np11Ma11 E F npoxo,n;HT qepe3 cepe,n;1rny T OTpe3Ka LK 
(pnc. 86). lIMeeM TaKOH pe3yJibTaT: cepeaunu aua20ttaAeU 6Uny11:A020 'temu

pexy20A'b1-tU'X",a u cepeautta ompea'X",a, coeaunR10w,e20 mo't11:u nepece'tenuR ezo 

npomU60nOAOOIC'H.'btX cmop07-t1 .tieOtCam tta oanou npR.MOU. 9TO - ,!l;OKa3aHHaR 

paHee TeopeMa faycca (§10). 
3 a ,n; a q a 2. B OKPY2KHOCTb BITHCaH 'leTDipexyroJibHHK, ,n;naroHaJJn KO

Toporo nepneH,L1;1IKyJI11pHbI. JI3 TO'lKH nepece'leHH1! ,n;naroHaJieii onym;eHDI 

nepneH,!l;HKYJI11pbl Ha CTOpOHbI. ,ll;oKa3aTb, 'ITO B qeTDipexyroJibHHK c Bepnrn

HaMH B OCHOBaHHRX 3THX rrepnea,n;HKYJI11p0B M02KHO BIIHCaTb OKPY2KHOCTb. 

,ll;oKa3aTb, 'ITO OTHOIDeHHe IIJIOm;a,n;eii qeTbipexyrOJibHHKOB paBHO OTHome

HHIO pa,n;nycoB OKpy2KHOCTeH. 

Pe me H He. IlycTb Ai, Bi, Ci, Di - OCHOBaHHR yKa3aHHbIX nepneH,n;n

KyJI11poB, np1rna,n;Jie2Kam;He cooTBeTCTBeHHO cTopoHaM AB, BC, CD, DA 
'ieTbrpexyroJibHHKa ABCD (pHc. 87). Ha ocRoBaHHH pe3yJinTaTa 3a,n;a'IH 

n.3.1 

CD _ SAcD 
i i - R , 

r,n;e R-pa,n;nyc ,n;aHHOH OKPY2KHOCTH. Haxo,lJ;HM cyMMY AiB1 + CrD1 = ~' 
s 

r,n;e S - IIJiom;a,n;n ABC D. TO'!HO TaK 2Ke Br Cr + AiD1 = R. CJie,n;oBaTeJib-

HO A1B 1 + CiDi = B1C1 + A1Dr, H II03TOMy 'leTDipexyroJibHHK A1BrCiDr 
onncaH OKOJIO HeKoTopoH: OKPY2KHOCTH pa,L1;Hyca r. Ero nJiom;a,!l;b Si paBHa 
1 1 
2(A 1Bi +Bi Ci+ Cr Di+ DiAi)r. JI3 paBeHCTB 2(ArBi +Br Cr+ C1Dr + 

2S + DrAr)r =Sr H ArBr +Br Cr+ Cr Dr+ D1A1 = R cJie,n;yeT S: S1 = R: r. 

A L 

Pnc. 86 Pnc. 87 
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Ynpa:J1C'/-f,e'/-l,UJl 

12.1. ,II;.JKa:>KHTe, 'ITO IIJIO~a,IJ;h 'leTbipexyroJibHHKa paBHa rrpOH3Be,n;eHHIO 

ero cpe.z:t;HHX JIHHHH ll CHHyca yrJia Me:>K.n;y HHMH. 

12.2. ,II;Be rrpOTHBOIIOJIO:>KHbie BeprrrnHbl 'leTbipexyroJibHHKa rrepeHeCeHbl 

Ha HeKOTOpbIH BeKTOp. ,II;oKa:>KHTe, 'ITO IIOJIJ'leHHbIH '!eTbipexyrOJibHHK paB

HOBeJIHK ,n;aHHOMy. 

12.3. BHyTpn BhlIIJKJioro '!eThipexyroJihHHKa c ,n;aHHoii rrJio~a,n;bIO S 
B3.SJ:Ta TO'!Ka n IIOCTpoeHbl TO'IKH, CHMMeTpH'IHbie eii OTHOCHTeJibHO cepe

,n;HH Bcex cTopoH ,n;aHHoro '!eTb1pexyroJihHHKa. Ha:ii,n;HTe IIJIO~a,n;b 'leThI

pexyroJibHHKa c BepmnHaMH B 3THX TO'!KaX. 

12.4. Cpe,n;ttne JIHHnn '!eTbipexyroJibHHKa pa3,n;eJI£IOT ero Ha '!eTbipe '!e

Tb1pexyroJihHHKa. ,II;oKa:>KHTe, 'ITO CJMMbl IIJIO~a,n;eii HeCMe:>KHblX 'leTbipex

yrOJibHHKOB paBHbI. 

12.5. EcJin TOJihKO o,n;Ha n3 cpe,n;Hnx JIHHnii '!eTb1pexyroJibHHKa ,n;eJinT ero 

Ha ,n;Be 'laCTH paBHOH TIJIO~a,n;H, TO 3TOT '!eTbipexyroJibHHK eCTb Tpane1IH£. 

,II;oKa:>KHTe. 

12.6. ,II;m1 JII06oro (npocToro) 'leTb1pexyroJihHHKa ABCD 

4S2 = AC2 
• BD 2 

- (AC· BD) 2
• 

12.7. B oKpJ:>KHOCTb c IIeHTpOM 0 BTIHCaH 'leTb1pexyroJihHHK ABCD, 
,n;narOHaJIH KOTOporo rrepneH,IJ;HKJJI.sipHbI. ,II;oKa)KHTe, 'ITO 'leTbipexyrOJib

HHKH ABCO H AOC D paBHOBeJIHKH. 

12.8. Ilp£Ma£, npoxo,n;£~a£ 'Iepe3 cepe,n;HHhI E n F ,n;HaroHaJieii AC H 

BD '!eTbipexyroJihHHKa ABCD, nepeceKaeT CTOPOHhI AB n CD B TO'IKaX K 
H L. ,II;oKa)KnTe, 'ITO TpeyroJibHHKH ABL n CDK paBHOBeJIHKH. 

12.9. ,IJ;Ba HerrepeceKaIO~nxc.a OTpe3Ka ,n;eJI.sIT Ka:>KAJIO H3 .z:t;Byx npoTH

BOTIOJIO)KHbIX CTOpOH BbIIIJKJIOrO 'leTbipexyrOJibHHKa Ha TPH paBHbie '!aCTH. 

,II;oKa)KHTe, 'ITO TIJIO~a,n;b '!eTbipexyrOJibHHKa, OTCeKaeMoro HMH OT ,n;aHHOrO 

'leTbipexyrOJibHHKa, paBHa TpeTheii '!aCTH ero IIJIO~a,IJ;H. 

12.10. Cepe,n;HHhl M H N cTopoH AB H CD BbIIIJKJioro '!eTb1pexyroJih

HHKa ABCD coe,n;HHeHbI c BeprnHHaMH oTpe3KaMH MC, MD, AN, BN. 
,II;oKa:>KHTe, 'ITO TIJIO~a,n;b '!eThlpexyroJibHHKa, 3aKJIIO'leHHOro Me)KAJ 3TH

MH 0Tpe3KaMH, paBHa CJMMe TIJIO~a,n;eii TpeyrOJibHHKOB, npmieraIO~HX K 

cTopoHaM AD HBC. 
12.11. Ilp£Ma£, npoxo,n;£~a£ 'Iepe3 cepe,n;HHY ,n;HaroHaJIH BD '!eTbipex

yroJihHHKa ABCD napaJIJieJihHO ,n;naroHaJIH AC, nepeceKaeT CTopoHy AD 
B TO'IKe T. ,II;oKa)KHTe, 'ITO np£Ma.a CT ,n;eJIHT 'leThlpexyroJihHHK ABCD 
Ha ,n;Be '!aCTH paBHOH TIJIO~a,n;H. 

12.12. qepe3 cepe,n;HHY Ka)K,IJ;OH ,n;HarOHaJIH BbIIIJKJIOro '!eTbipexyrOJib

HHKa npoBe,n;eHa np£Ma£ rrapaJIJieJibHO ,n;pyro:ii ,n;HaroHaJin. To'!Ka nepece

'leHH£ 3THX rrp.sIMbIX coe,n;HHeHa c cepe,n;HHaMH CTOpOH '!eTbipexyrOJibHHKa. 
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,Ll;OK.a)KHTe, 'ITO 3TH 'leTbipe 0Tpe3K.a ,n;eJrnT 'leTbipexyrOJJbHHK Ha 'leTbipe 

paBHOBeJJHKIIe qacTH. 

12.13. ,Ll;OK.a)KHTe, 'ITO IIJJOll1a,II,b 'leTbipexyrOJJhHHK.a MO:>KHO BhI'lHCJJHTb 

no cpopMyJJe: 

1 
482 = (ab) 2 + (cd) 2 

- 4(a 2 + b2 
- c2 

- d2
)

2 
- 2abcdcos(B + D). 

12.14. qeThrpexyroJJhHHK ABCD BirncaH B oKpy)KHOCTh pa,IJ,Hyca R. ,Ll;o

K.aJKHTe, 'ITO 

1682 R 2 =(ab+ cd)(bc + ad)(ac + bd). 

12.15. ,Ll;OK.a)KHTe, 'ITO IlJJOll1a,IJ,b TpeyrOJJbHHK.a, ,II,Be CTOpOHhl KOTOporo 

paBHhl H napaJJJJeJJhHhI npOTHBOilOJJO)KHbJM CTOPOHaM BhIIlJKJJOrO 'leTbipex

yroJJhHHKa, paBHa pa3HOCTH IlJJOm;a,n;eii TpeyroJJhHHKOB, KOTOpbie OTCeK.a

IOTC.K OT ,II,BJX BepTHKaJJhHhlX yrJJOB MeJK,n;y ,n;HaroHaJJ.KMH ,II,BJM.K ,n;pyrH

MH rrpoTHBorroJJ02KHhIMH cTopoHaMH. KaK H3MeHHTC.K ::>Ta 3aBHCHMOCTh ,n;JJ.sr 

HeBhlITJKJJoro 'leThrpexyroJJhHHK.a? 

12.16. ,Ll;OKa2KHTe, 'ITO IIJJOll1a,II,b napaJJJJeJJorpaMMa, BepmHHaMH KOTO

poro .KBJJ.KIOTC.K cepe,n;HHhl ,n;HaroHaJJeii H cepe,IJ,HHhl ,ll;BJX npOTHBOilOJJO)K

HhlX CTOpOH BhIIlJKJJOro 'leTblpexyroJJbHHK.a, paBHa noJJypa3HOCTH IlJJOm;a

,n;eii ,ll;BJX TpeyrOJJhHHKOB, OTCeK.aeMhIX OT ,D;BYX BepTHK.aJJhHhJX yrJJOB MeJK,n;y 

,n;HaroHaJJ.KMH 3THMH npOTHBOilOJJO)KHbIMH CTOpOHaMH. 

12.17. EcJJH EH F - cepe,IJ,HHhl ,II,HaroHaJJeii AC H BD BhlnyKJJoro '!eThI

pexyrOJJhHHKa ABCD H TO'IK.a nepece'leHH.K ,n;uaroHaJJeii JJe2KHT MeJK,n;y E 
n C u MeJK,n;y F H D, TO 'leThlpexyroJihHHKH CD E F, ADE F H CB E F paB

HOBeJinKn, 'leTb1pexyroJJhHHKH ABED H GEED paBHOBeJJHKH. ,Ll;oK.a)KHTe. 

12.18. ,Ll;oK.a)KHTe HepaBeHCTBa ,ll;Jl.K BhIIlJKJJOrO 'leTbipexyrOJJbHHKa 

25 ~ ab+ cd, 28 ~ ac + bd. 

B K.aKOM CJiyqae HMeeT MecTo paBeHCTBO B Ka)K,ll;OM H3 Hux? BhlnOJIH.KIOTC.K 

Jill 3TH HepaBeHCTBa ,ll;JHI HeBhIITYKJIOro 'IeThipexyroJihHHK.a? 

§ 13. I'eo.Mempu'l/,eC'Jl,Ue 'Hepaee'Hcmea 

,Ll;JI.sr reoMeTpH'leCKHX BeJJH'lHH cpHryp CJll1eCTByeT Heo6o3pHMOe 'IHCJIO 

HepaBeHCTB, He rro,n;,n;aIOll1HXC.H KaKoii-mr6o Hx KJiaccHcpHK.alJ,HH. C,n;eJiaeM 

IlOilbITKY CHCTeMaTH3aIJ;HH MeTO,ll;OB HX ,IJ,OKa3aTeJJhCTB. 

13.1. HcIIOJib30Brume aepa.BeBCTB Me.»<,n,y cTopoBaMH 11 yrJiaMH Tpe

yroJibBHKB.. B mKOJihHOM Kypce reoMeTpHII ,n;OK.a3bJBaeTc.si:, 'ITO ,ll;Jl.H mo6hlx 

Tpex TO'leK A, B H C HMeeT MecTo HepaBeHCTBO: 

AB~AC+CB, (13.1) 
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Ha3hIBaeMoe Hepa6e1iCm60M mpey20.!L'bHU1'a, rrpir'leM paBeHCTBO llMeeT MeCTO 

B TOM u TOJihKO B TOM cJiyqae, Kor,n;a TO'!Ka C Jie.11mT Me:JK,Izy A H B. CTporoe 

HepaBeHCTBO AB < AC + CB nMeeT MecTo Tor,n;a H TOJihKO Tor,n;a, Kor.n;a 

TO'lKll A, B, C neKOJIJinneapnhl. 
0TCIO)J,a CJie,nyeT, 'ITO KaJK,D;aH CTOpona TpeyroJibHHKa 6oJibme pa3HOCTH 

,D;BYX ,n;pyrux CTOpOH. 
HepaBeHCTBO ( 13.1) qacTO ucrroJih3yeTca ,D;JIH ,n;oKa3aTeJibCTBa ( BhIBo,n;a) 

,n;pyrnx reoMeTpH'ieCKllX nepaBeHCTB. 

n pH Me p 1. CyMMa ,D;HaronaJieH BhIIIYKJIOro qe

TbipexyroJihHllKa ABC D 6oJihme cyMMhr ,n;Byx npoTu

BOIIOJIO)KHhIX CTopon (puc. 88): l:!1 AC+BD>AB+CD, 

AC+BD>BC+AD. 
(13.2) 

B A 

,11,elicTBllTeJihHO, ecJIH (AC) n (BD) = 0, TO AB< 
<AO+ OB ll CD< CO+ OD. CKJia,D;h!Ba.a 3TH Hepa-

Pnc. 88 

BeHCTBa, IlOJiyqaeM: 

AB+CD < (AO+OC) +(BO+ OD) =AC+BD. 

IlpuMep 2. CyMMa paccToaHnli OT TO'IKH 0, Jie)Karn;ell: BHYTPll Tpe

yrOJibHHKa ABC, .n;o ero BepmnH 6oJibme ero noJiynepnMeTpa: 

OA+OB+OC> ~(AB+BC+CA). (13.3) 

B caMOM ,n;eJie, TaK KaK AB< AO+ OB, BC< BO+ OC, CA< CO+ 
+ OA, TO AB+ BC+ CA< 2(0A +OB+ OC), 'ITO "aKBllBaJieHTHO (13.3). 

A 

II pH Me p 3. Bo BC.HKOM TpeyroJibHHKe ABC 
C )J,JIHHa me Me,D;HaHbI CM y,n;oBJieT:aop.HeT uepa

B 

Pnc. 89 

BeHCTBaM: 

(13.4) 

,11,JI.H )J,OKa3aTeJibCTBa IIpO)J,OJI)KHM Me,D;HaHy 

CM 3a TO'lKY M ua ee ,ll,JIHHY (pHc. 89). To

r,n,a HMeeM: CD< AC+ AD, T. e. 2me < b +a, 
1 

OTKy,n,a me< 2(a+ b). ,11,aJiee, BC< CM+ BM 
c c 

Il CA<CM +AM, HJIH a<mc+ 2 H b<me+ 2· 
1 

IIonoMy a+ b < 2me + c, 3Ha'IHT, 2(a + b - c) <me. 
II pH Me p 4. B mo6oM TpeyroJihHHKe ABC cyMMa cnnycoB ,n,Byx yrJioB 

6oJibme CHHyca ero TpeTbero yrna: 

sin A+ sin B > sinC. (13.5) 
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B caMOM .n;eJie, corJiacuo TeopeMe cnuycoB a= 2RsinA, b = 2RsinB, 
c = 2R sin c. IIo3TOMY HepaBeHCTBO a + b > c 3KBHBaJieHTHO HepaBeHCTBY 

(13.5). 
IIocKOJihKY sin C =sin( A+ B), TO (13.5) 3KBHBaJieHTHO HepaBeHCTBy: 

sin A+ sinB > sin(A + B). (13.6) 

B 'laCTHOCTH, sin 1° + sin 2° > sin 177° = sin 3°. 
A+B B+C C+A 

TaK KaK -
2
- + -

2
- + -

2
- = 180°, TO cym;ecTByeT TpeyroJihHHK 

c 3THMH yrJiaMH, ,ll;JI.Sf KOToporo Ha OCHOBaHHH (13.5) HMeeM: 

. A+B . B+C . C+A 
sm -

2
- + sm -

2
- > sm -

2
-. (13.7) 

Bo MHOrnx CJIY'la.HX npn .n;oKaaaTeJihCTBax uepaBeHCTB 6a30BhIMH CJiy

)K(lT TPH cJie.n;yrom;nx HepaBeHCTBa: 

1) 60 6CJt'IWM mpey20.11.'bHuice npomu6 60.11.'bweu cmopoH'bl. .11.e:>1eum 60.11.'b
wuu y20.11., u o6pamHo; 

2) 6HewHuu y20.11. mpey20.11.'bHuica 60.11.'bwe ica:>1edo20 e20 6HympeHHe20 
yz.11.a, He CMe:HCHOZO c 3fflUM 6HeWHUMj 

3) ec.11.u d6e cmopoH'bl. oiJH020 mpey20.11.'bHuica pa6H'bl. coom6emcm6eHHO 
d6yM cmopOHaM iJpy2020 mpey20.11.'bHuica, a yz.11.'bl. Me:>1edy 3mUMu cmopotta
MU He pa6H'bl., mo npomu6 60.11.'bweu cmopoH'bl. .11.e:>1eum 60.11.'bwuu y20.11., u 
o6pamHo. 

II pH Me p 5. 0TpeaoK, coe.n;nH.srrom;nii: BepmnHy TpeyroJihHHKa c npo

H3BOJihHOH TO'lKOH ero npOTHBOilOJIO:lKHOH CTOpOHhI, MeHhme 60Jihmeii: H3 

~ 
A M B 

PHC. 90 

.D;BYX .n;pyrnx CTOpOH. 

B caMoM .n;eJie, nycTh TO'lKa M npHHa,D;Jie)KHT cTo

poHe AB TpeyroJihHHKa ABC H AC> CB (pnc. 90). 
Y6e.n;nMc.sr, 'ITO CM< AC. B CHJIY yTBep)K,ll;eHn.sr (1) 
H3 AC> CB CJie.n;yeT LB> LA. Ha ocaoBaHHH (2) 
LAM C > LB. CJie.n;oBaTeJihHO LAM C > LA, n no-

3TOMY AC> CM. 
II pH Me p 6. ECJIH .n;naroHaJih AC 'leThipexyroJih

HHKa ABCD .n;eJIHTC.H .n;naroHaJihIO BD nonoJiaM n AB> BC, TO AD> DC. 
IIycTh AO= OC (pnc. 88). CTopOHhI OA H OB TpeyroJihHHKa AOB 

paBHhI COOTBeTCTBeHHO cTopoHaM OCH OB TpeyroJihHHKa BOC, a Tpe

ThH CTOpOHhI 3THX TpeyrOJihHHKOB He paBHhI (AB> BC), Tor.n;a npoTHB 

6oJihmeii: H3 HHX Jie)KHT 6oJihIDHH yroJI: LAOB > LBOC, 'ITO paBHOCHJihHO 

LCOD > LAOD. IIo 3TOH )Ke TeopeMe ,ll;JI.Sf TpeyroJihHHKOB AOD H COD 
noJiy'laeTc.sr, 'ITO CD > AD. 

13.2. HepaBeHCTBa KaK cne~CTBWI TO:>K,ZJ;eCTBeHHhlx paBeHCTB. B HMe

rom;eMc.sr TO)K,ll;eCTBe IlO,D;Me'laeM, 'ITO HeKOTOpa.sr BeJIH'lHHa Bcer.n;a HeoTpH-
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u;aTeJibHa (mm HeIIOJIOJKHTeJibHa). 9TOT ¢aKT CJIYJKHT HCTO'IHHKOM Hepa

BeHCTB. 

II p H M e p 1. llMeeM ¢opMyJiy ( 4.8) 9ib1epa 0 I2 = R 2 - 2Rr. TaK KaK 

012 ;;::: 0, TO R2 - 2Rr;;::: 0, OTKy,n;a 

R;;;: 2r, (13.8) 

r.n;e paBeHCTBO HMeeT MecTo JIHmb rrpu coBrra,n;eHHH TO'IeK 0 H I, T. e. ,ll;Jl.SI 

rrpaBHJibHOro TpeyrOJibHHKa. llTaK, B mo6oM TpeyrOJibHHKe pa.n;nyc OIIHCaH

HO:ii OKPYJKHOCTH He MeHI>me .n;uaMeTpa BIIHCaHHO:ii B Hero OKPYJKHOCTH. 

Ilp HM e p 2. PaccMoTpHM cooTHomeHHe (3.15) ,ll;JI.SI rrpOH3BOJibHOro 

TpeyroJibHHKa ABC: 
r 

cos A+ cosB + cosC = 1 + R,· 

IIocKOJibKY 0 < r / R ~ 1/2 (13.8), TO rrpe,ll;bl,ll;YID;ee paBeHCTBO rrpHBO,lJ;HT K 

3 
1 < cos A + cos B + cos C ~ 2. (13.9) 

II pH Me p 3. ,Il;JI.SI mo6oro TpeyroJibHHKa ABC HMeeM cooTHomeHHe 

"(yrrp. 4.13): 
OH2 = 9R2 - (a2 + b2 + c2). 

TaK KaK OH2 ;;::: 0, TO 9R2 - (a2 + b2 + c2);;::: 0, OTKy,n;a 

R2;;::: ~(a2 + b2 + c2), (13.10) 

rrpH'IeM paBeHCTBO HMeeT MeCTO JIHillb ,ll;Jl.SI rrpaBHJibHOro TpeyrOJibHHKa. 

II pH Me p 4. llcrroJib3Y.SI 3aBHCHMOCTb (yrrp. 3.22) 

cc;= ~(a2 + b2 + c2) - 2sJ3, 

a2 + b2 + c2 ;;::: 4J3S (13.11) 

MeJK,n;y ,ll;JIHHaMH CTopoH H IIJIOID;a,ll;bro rrpoH3BOJibHoro TpeyroJibHHKa. Pa

BeHCTBO HMeeT MeCTO TOJibKO rrpH COBIIa,ll;eHHH TO'IeK c H C1, T. e. ,ll;JI.SI 

rrpaBHJibHoro TpeyroJibHHKa ABC. 
II pH Me p 5. TpeTb.SI H3 ¢opMyJI (11.5) rropoJK,n;aeT HepaBeHCTBO 

e2 + J2 ~ a2 + b2 + c2 + d2 (13.12) 

,ll;Jl.SI CTOpOH H ,ll;HarOHaJie:ii rrpOH3BOJibHOro 'IeTbipexyrOJibHHKa, r.n;e 3HaK pa

BeHCTBa HMeeT MeCTO JIHillb ,ll;Jl.SI rrapaJIJieJiorpaMMa. 
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IT p n Me p 6. Kaa,IWaT mo6oii: CTOpOHhl 'leTh!pexyroJihHHKa MeHhme 

yTpOeHHOH cyMMhl KBa,IWaTOB OCTaJihHhIX ero CTOpOH: 

(13.13) 

,Il;m1 ,D;OKa3aTeJihCTBa rrpHBJie'leM BeKTOpHOe paBeHCTBO d = ii + b + c 
(pnc. 91) H 3arrnmeM ero cKaJIRpHhiii: KBa,IWaT: 

A 

c 

J D 

Pnc. 91 

d2 = a
2 + b2 + c 2 + 2ab + 2iic + 2bc. 

ITpon3ae~ 3aMeHhI 2iib = a 2 + b2 
- (ii - b) 2

, 2iic = 
= a 2 + c 2 

- (ii - c) 2
, 2bc = b2 + c 2 

- (b- c) 2
, rroJiy'lnM: 

d2 = 3( a 2 + b2 + c 2
) - (ii - b) 2 

- (ii - c) 2 
- (b - c) 2

• 

ITocKOJihKY (ii- b) 2 > o, (ii- c) 2 > o, (b- c) 2 > o, To 

OT6paCbIBaHHe 3THX BeJIH'lHH rrpHBO,D;HT K CTporoMy 

HepaBeHCTBY (13.13). 
13.3. llcrroJib30BaJme orpaHWieHHOCTH cpyHI{~ CHHyca H KOCHHyca. 

Caoii:cTBa -1 ~ sin x ~ 1 H -1 ~ cos x ~ 1 MO:lKHO ycrremHo HCIIOJih30-
1 

BaTh ,D;JIR ,D;OKa3aTCJihCTBa HepaBeHCTB H IIOJIY'ICHHR HOBhIX HepaBeHCTB. 

IT p n Me p 1. <l>opMyJia (12.1) S = ~ef sin <p rrJiom;a,n;n 'leThipexyroJih

HHKa rrpH OT6paCh!BaHHH sin <p rrpHBO,D;HT K HepaBeHCTBY 

2S ~ ef. (13.14) 

3,n;ech paBeHCTBO HMeeT MeCTO JIHillh B CJiy'lae, KOr,n;a sin <p = 1, T. e. Kor,n;a 

,n;narOHaJIH 'lCThipexyroJihHHKa rreprreH,D;HKYJIRpHhl. 

IT pH Me p 2. ITo TeopeMe KOCHHycoB ,D;JIR TpeyroJihHHKa cos C = 
a2 + b2 - c2 

2
ab . CJie,n;oaaTeJihHO, 

a2 + b2 - c2 

-l < 2ab < l. 

Jieaoe H3 3THX HepaBeHCTB 3KBHBaJieHTHO HepaBeHCTBY c2 < (a + b) 2' HJIH 

c <a+ b. ITpaaoe )KC HepaBeHCTBO paBHOCHJihHO HepaBeHCTBY (a - b) 2 < c2, 

HJIH la - bl< c, OTKy,n;a JIH6o a< b + c, JIH6o b <a+ c. 9THM caMhIM ,D;OKa-

3aHO HepaBeHCTBO TpeyrOJihHHKa: Ka)K,ll;aR CTopoHa TpeyroJihHHKa MCHhme 

cyMMhl ,n;ayx fWYI'HX ero CTOpOH. 

IT p n Me p 3. ,Il;JIR mo6oro TpeyroJihHHKa 

1 
S < 6(ab +be+ ca). (13.15) 
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B caMOM ,n;eJie, TaK KaK S = ~ab sin C, TO S ::::; ~ab H aHaJiorH'!HO S ::::; ~be, 
1 s::::; 2ca, npH'IeM paBeHCTBO MO:iKeT BbIIIOJIHHTbCH JIHIIIb B O,ll;HOM H3 3THX 

Tpex HepaBeHCTB. llx CJIO:iKeHHeM IIOJiy'!aeM CTporoe HepaBeHCTBO (13.15). 
II pH Me p 4. IIJiorn;a,ll;b S TpeyroJibHHKa ABC MO:iKHO BhI'IHCJIHTh no 

<f>opMyJie (ynp. 3.13) 

OTKy,n;a 

(13.16) 

3HaK paBeHCTBa HMeeT MeCTO JIHIIIb ,ll;JIH TpeyroJibHHKa, B KOTOpOM yrJihl 

npn BepmnBax A H B paBHhI 45 °. 
13.4. HcnoJIL30Brume HepaBeHCTB ,n;JISI CKaJISipHoro npoH3Be,n;eHHSI BeK

TopoB. lfa orrpe,n;eJieHHH CKaJIHpHoro rrpOH3Be,n;eHHH BeKTOpOB iib = ab cos cp 
BeKTOpOB CJie,n;yeT: 

ii2 = a2 ~ 0 H iib ::::; ab. (13.17) 

IIocJie,n;Hee HepaBeHCTBO Ha3hIBaeTCH Hepa6e'Hcm6oM Kowu-By'HR'IW6c1w20. 

3,n;ech B rrepBOM HepaBeHCTBe paBeHCTBO HMeeT MeCTO JIHIIIb ,ll;JIH ii= 0, a BO 

BTopoM - JIHIIIh ,n;JIH coHarrpaBJieHHhIX BeKTopoB. McrrOJih3yeM 3TH HepaBeH

CTBa ,n;JIH ,ll;OKa3aTeJihCTBa ll IIOJiy'leHHH reoMeTpH'IeCKHX HepaBeHCTB. 

II p n M e p 1. ,Il,oKa:iKeM, 'ITO KOCHHYChI yrJIOB 

TpeyrOJibHllKa y,n;OBJieTBOpHIOT HepaBeHCTBy: 

3 
cos A+ cosB + cosC::::; 2· (13.18) 

Bo3bMeM e,n;HHH'!Hble BeKTOpbl e1, e2, e3, COHa

npaBJieHHble cooTBeTCTBeHHO BeKTOpaM AB, BC, 
CA (pHc. 92). HepaBeHCTBO (e1 + e2 + e3)2 ~ 0 aK

BHBaJieHTHo HepaBeHCTBY (13.18). ,II,eiicTBHTeJibHO, 
PHC. 92 

pacKpbrnaH CKaJIHpHbIH KBa,n;paT cyMMhI BeKTopoB H Y'IHTbIBaH, 'ITO 

ei = e~ = e; = 1 H e1e2 = - cos B, e1e3 = - cos A, e2e3 = - cos C, rroJiy'!aeM 

3 - 2(cosA + cosB + cosC) ~ 0, 

OTKy,n;a H CJie,n;yeT (13.18). PaBeHCTBO HMeeT MeCTO Jilllllb B CJiy'!ae, KOr,n;a 

e1 + e2 + e3 = 0, T. e. Kor,n;a TpeyrOJibHllK ABC paBHOCTOpOHHHH. 

II pH Me p 2. ,Il,JIH Jiro6oro TpeyroJibHHKa ABC 

3 
cos 2A + cos 2B + cos 2C ~ - 2. 
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Bo3hMeM e~HH'IHbie BeKTOpbI ei, e2, e3 c Ha'la.JIOM B u;eHTpe 0 OIIHCaH

HOH OKOJIO TpeyroJihHHKa ABC OKPJ:lKHOCTH (pnc. 93), coHanpaBJieHHhre co

OTBeTCTBeHHO BeKTOpaM OA, OB, oc. TaK KaK yroJI Me:JK,rzy BeKTOpaMH e2 
H e3 paBeH YAIJOeHHOMY yrJiy A, TO HepaBeHCTBO (e1 + e2 + e3)2 ~ 0 npH

BO,n;HT K HepaBeHCTBY 3 + 2( cos 2A + cos 2B + cos 2C) ~ 0, 'ITO paBHOCHJih

HO (13.19). PaBeHCTBO BhIIIOJIH~IeTCSI JIHIIIh ,n;JISI npaBHJihHoro TpeyroJibHHKa. 

Pnc. 93 

II pH Me p 3. Ha OCHOBaHHH cpopMJJihI (11.2) 
H HepaBeHCTBa Konrn-ByHSIKOBCKoro HMeeM ,n;JISI 

npoH3BOJihHhrx TO'leK A, B, C, D: 

2AC · B D = AD2 + BC2 
- AB2 

- C D 2 ~ 2AC · B D, 

r.zi;e paBeHCTBO BbIIIOJIHSieTC.H TOJihKO ,n;JI.H COHa

npaBJieHHhIX BeKTOpoB AC H BD. CJie,n;oBaTeJihHO, 

IIpH IIpHH.HTbIX paHee o603Ha'!eHH.HX (§ 11, pnc. 77) 

2ef ~ b2 + d2 
- a 2 

- c2
• (13.20) 

PaBeHCTBO HMeeT MeCTO .n;JI.H Tpaneu;nn ABDC c 

OCHOBaHH.HMH e H f, a TaK:JKe .n;JI.H '!eTbipex KOJIJIHHeapHhrx TO'leK A, B, C, 
n npn Ac n BD. 

IIonyTHO .zi;oKa3aHo, 'ITO y.n;BoeHHoe npoH3Be,n;eHne OCHOBaHHii Tpaneu;nn 

paBHO pa3HOCTH Me:JK,Izy CJMMOH KBa.n;paTOB ee .zi;naroHaJieii H CJMMOH KBa.n;

paTOB ee 6oKOBbIX CTOpOH. 

PaBeHCTBO 2AC. BD = IAD2 + BC2 
- AB2 

- CD2
1 CJIJ:lKHT MeTpH'Ie

CKHM KpHTepneM napa.JIJieJihHOCTH oTpe3KOB AC H BD. 
13.5. IlpHMeHeHHe aJil'e6plllrlecKHX aepaBeHCTB .n;JISI cpe,D;HHX BeJIH'IHH 

.lQIYX IIOJIO)KHTeJibHbIX 'IHCeJI. ,Iljrn ABYX IIOJIO:lKHTeJihHhIX 'IHCeJI a H b HJIH 

0Tpe3KOB c .n;JIHHaMH a H b onpe,n;eJI.HIOTC.H HX cpe,n;HHe BeJIHqHHhI: 

a+b 
2 

.jab 

Ja2 ~ b2 

2 2ab 

l/a + I/b a+ b 

cpe,n;Hee a pH <PM e TH q e c Koe, 

cpe,n;Hee r e o M e T p H q e c Ko e, 

cpe,n;Hee KB a .n; p a T H q e c Ko e, 

cpe,n;Hee rap M o H H q e c Ko e. 

0HH CB.H3aHhI Me:JK,Izy co6oii TaKHMH HepaBeHCTBaMH: 

(13.21) 

npnqeM BO BCex CJiyqa.HX 3HaK paBeHCTBa HMeeT MeCTO TOJibKO npH a = b. 

100 



8TH HepaBeHCTBa ,n;OKa3hIBaIDTca rrpocTo. B caMOM ,n;eJie, 

~aJiee, 

a+ b {;;2+bi (a+ b)2 a2 + b2 

-2- ~ v----z:----2- {:} 4 ~ -2- {:} -(a - b)
2 ~ o. 

IlocJie,n;Hee HepaBeHCTBO O"IeBH,n;HO. HaKoHeu;, 

2ab v;;b 4a
2
b
2 

{:} _ ab(a - b)2 ~ O 
a+ b ~ ab {:} (a+ b)2 ~ab (a+ b)2 "' , 

"ITO TaKlKe O"IeBH,n;HO. 

HepaBeHCTBa BH,n;a (13.21) HMelOT MecTo ,n;Jia cpe,n;HHX BeJIH"IHH n ~ 2 
IIOJIO:JKHTeJibHhIX "IHCeJI. IIpH n = 3 OHM HMelOT BH,n;: 

(13.22) 

HepaBeHCTBa ,n;Jia cpe,n;HHX BeJIH"IHH MO:JKHO ::i<P<PeKTHBHO HCIIOJib30BaTb 

,ll;JIH ,ll;OKa3aTeJibCTBa reoMeTpH"IeCKHX HepaBeHCTB. 

II pH Me p 1. ~Jia rrpoH3BOJibHoro TpeyroJibHHKa ABC 

S = ! b i C ~ ! b ~!(a+ b)2 ~ ! a2 + b2 
2a s n "'2a ""2 2 ""2 2 . 

(13.23) 

PaBeHCTBO BbIIIOJIHHeTca TOJibKO rrpH a= b H sin C = 1, T. e. ,n;Jia rrpaMoyroJib

aoro paBao6e.n;peHHoro TpeyroJibHHKa. 

II pH Me p 2. IIMeeM HepaBeHCTBO (11.14) IIToJieMea ef ~ ac + bd ,n;Jia 

mecTH paccTOHHH:il: Me:JK,n;y "!eThlpbMH TO"IKaMH, B3HTbIMH rrorrapHo. ECJrn 
9TH TO"IKH He Jie:JKaT Ha O,ll;HOH npaMo:il:, TO paBeHCTBO HMeeT MeCTO B TOM H 

TOJibKO B TOM cJiy-qae, Kor.n;a 9TH TO"IKH Jie:JKaT Ha oKpy:JKHOCTH. TaK KaK 

_,- 1 ( 2 + 2) H bd ::-'.'. _21 (b2 + d2), ac::::: 2 a c :::::: 

TO 

(13.24) 

T. e. npOH3Be,n;eHHe ,n;HaroHaJie:il: "IeTbipexyrOJibHHKa He rrpeBOCXO,n;HT IIOJiy

cyMMhl KBa.n;paTOB BCex ero CTOpOH H paBHO e:il: JIHillb Tor.n;a, Kor.n;a "IeThl

pexyroJibHHK HBJIHeTCH npaMoyroJibHHKOM. 
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II p II Me p 3. ,Il,oKa2KeM, 'ITO KOCIIHYChI yrJIOB TpeyrOJibHIIKa y,n;oBJie

TBOp5HOT HepaBeHCTBy: 

1 
cos A cos B cos C ~ S. (13.25) 

ECJIII Bee KOCIIHYCbl HeOTpmi;aTeJibHbI, TO B CIIJIY BTOporo II3 HepaBeHCTB 

(13.22) 

ijcosAcosB cosC ~ ~(cos A+ cosB +cos C). 

Ha ocHoBaHIIII (13.18) no CBOHCTBY TpaH3HTHBHOCTH HepaBeHCTB rroJiy<JaeM: 

ij cos A cos B cos C ~ ~, 

'ITO 3KBIIBaJieHTHO (13.25). EcJIII O.n;HH II3 KOCIIHYCOB OTpna;aTeJieH (Tpe

yroJibHIIK TyrroyrOJibHhiii), TO HepaBeHCTBO (13.25) BbIIIOJIH51eTC51 c O'leBII,Zl;

HOCTblO. 

13.6. IloJiy'leHHe aepaBeHCTB H3 H3BeCTHbIX TO:lK,ll;eCTB H HepaBeHCTB. 

IlplIMeH5151 TO:lK,ll;eCTBeHHbie rrpeo6pa30BaHII51 K IIMelOIIJ;IIMC51 HepaBeHCTBaM, 

M02KHO IIOJiy'laTb 3KBIIBaJieHTHbie HM HepaBeHCTBa. IIoJib3Y51Cb TpaH31ITIIB

HhIM CBOHCTBOM paBeHCTB II HepaBeHCTB, M02KHO IIOJiy'laTb 1!3 II3BeCTHbIX 

T02K,D;eCTB II HepaBeHCTB HOBbie HepaBeHCTBa. 

II p II Me p 1. I1crroJib3Y51 ¢opMyJiy cos 2ix = 2 cos2 ix - 1, HepaBeHCTBo 

(13.19) rrpeo6pa3yeM K BH,n;y: 

3 
cos

2 A + cos
2 B + cos

2 C ~ 4, 
a OHO 3KBIIBaJieHTHO TaK2Ke HepaBeHCTBy: 

sin
2 
A+sin

2 B+sin2 C~ ~-
II p II Me p 2. Ifa HepaBeHCTB (13.10) II (13.11) CJie,n;yeT: 

4v'3S ~ a2 + b2 + c2 ~ 9R2 

II II03TOMY 

S ~ 3v'3R2 
"' 4 . 

abc 
TaK KaK s = 4R ' TO OTCIO,n;a HMeeM: 

abc ~ 3v'3R3
• 

(13.26) 

(13.27) 

(13.28) 

(13.29) 

IlplIBJieKa.H ¢opMyJiy S = 2R2 sin A sin B sin C rrJiorri;a.n;H TpeyroJibHIIKa, II3 

HepaBeHCTBa (3.28) rroJiy<JaeM: 

. A . B . C _,. 3v'3 sm sm sm ::::::: -
8
-. (13.30) 
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II pH Me p 3. IlycTh a, b, c - ,D;JIHHhI CTOPOH TpeyroJihHHKa ABC. Co

macHo (13.22) 

3;-;- 1 ) 2 
vaoc~ 3 (a+b+c = 3p, 

s 
IIocKOJihKY abc = 4S R H p = - , To 

r 

ss2 

4R ~ 27r3. 

b 8 3 
a c ~ 27P. 

IlpHBJier<a.a HepaBeHCTBO R ~ 2r, CM. (13.8), rroJiy<J:aeM: 

S ~ vf27r2
. 

J.iTaK, IIJIOrn;a,n;h TpeyroJibHHKa 3aKJIIO<J:eHa B rrpoMe2KJTKe 

vf27r2 ~ S ~ v; R2
• 

9TOT IIPOI!eCC IIOJIJ'IeHH.H HepaBeHCTB M02KHO rrpO,D;OJI)KHTb. 

(13.31) 

13.7. HcnoJlb30Brume qepTe:>Ka, ,n;onoJIHHTeJlbBhlX nocTpoemrli Hepe,n;Ko 

npe,n;cTaBJI.HeT co6oii: cyrn;ecTBO pemeHH.H 3a,n;a<J:H Ha ,n;oKa3aTeJihCTBO reo

MeTpH<J:eCKOro HepaBeHCTBa. Tor,n;a Ba2KHO CJie,D;HTb 3a TeM, <J:To6hl He orpa

HH<J:HTb o6IIIHOCTb ,D;OKa3aTeJibCTBa KOHKpeTHbIM qepTe)KOM, paCCMOTpeTb 

Bee B03M02KHbre CJiy<J:aH. Oco6eHHO acpcpeKTHBeH MeTo,n; ,n.orroJIHHTeJibHbIX 

IIOCTpoeHHH (rrepecTpOeHHH cpnryp) B 3a,n;aqax Ha HepaBeHCTBa, B KOTOpbIX 

Tpe6yeTC.H cpaBHHTb IIJIOIIIa,D;H ,IV3JX cpnryp. 

3 a ,n; a q a 1. IlpOTHBorroJI02KHb1e cTopoHhI B A 1 

BbIIIJKJIOro mecTnyrOJibHHKa AB 1CA1BC1 rra

panJieJibHbI. ,Ll;oKa3aTb, 'ITO rrJiorn;a,n.b TpeyroJib-

HHKa ABC He MeHbme noJIOBHHbI rrJiorn;a,n;n 3TO-

ro meCTHyrOJibHHKa. 

Pe me H He. l.Jepe3 BepmHHbI A, B, C rrpo

Be,n;eM rrp.HMbie, rrapaJIJieJibHbie COOTBeTCTBeHHO 

npOTHBOIIOJIO)KHbIM CTOpOHaM ,n;aHHOrO meCTH

yroJibHHKa (pnc. 94). ECJin 3TH rrp.HMbie nepece-

KalOTCH B 0,D;HOH TO<J:Ke, TO IIJIOrn;a,n;b TpeyroJibHH-

C1 C 

A 

Pnc. 94 

Ka ABC paBHHeTCH IIOJIOBHHe IIJIOIIIa,n;n S ,n;aHHoro mecTnyrOJibHHKa. EcJIH 

JKe OHH He HMelOT 06IIIeii: TO'IKH, a CBOHM rrepece<J:eHHeM o6pa3JIOT Tpe

yroJibHHK MN P (rraK rrpe,n;cTaBJieHo Ha pnc. 94), TO 

S = (SAB,CP + ScA1 sN + Ssc,AM) + SMNP· 

c ,n;pyroii: CTOpOHbI, 

1 
SAsc = 2(SAs,cP + ScA,BN + Ssc,AM) + SMNP, 
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OTKy,n;a 

1 1 
3Ha'l1n, S = 2SABc - SMNP• OTKy,n;a SABc = 2(s + SMNP) > 2s. Ofrhe,n;n-

1 
HSU! o6a CJiy'lasI, HMeeM: s ABC ~ 2 s. 

3 a ,n; a 'l a 2. To'IKH M H N - cepe,n;HHhI cTopoH BC H CD BhinyKJioro 

'!eTbrpexyroJibHHKa ABCD. ,l1;oKa3aTb, 'ITO SABCD < 4SAMN· 

P e III e Hu e. "lfope3 BepIIIHHbI TpeyroJibHHKa AM N npoBe,n;eM np.si:

Mbre, napMJieJibHbie ero npOTHBonoJIO:>KHbIM CTopoHaM. Tor,n;a noJiy'lHM 

TpeyroJibHHK AiMiNi (pHc. 95), nJiom;a,ll;b KOTOporo B'leTBepo 6oJibIIIe nJio

m;a,n;n TpeyroJibHHKa AM N. Tenepb HY:>KHO cpaBHHTb SABCD H SA 1 M 1 N 1 • 

TaK KaK TpeyroJibHHKH MA i C H M Ni B CHMMeTpH'lHbI OTHOCHTeJibHO 

TO'IKH M, a TpeyroJibHHKH NA i C H N Mi D CHMMeTpH'lHbI OTHOCHTCJibHO 

TO'IKH N, TO SMA,c = SMNiB H SNA 1 c = SNMiD· IlocKOJibKY MiNi 11 BD 
n '!eTb!pexyroJibHHK ABCD BhIIlYKJihiii, TO OTpe3oK MiNi He nepece

KaeT CTOPOHbI '!eTbipexyroJibHHKa. Bo3MO:>KHhI ,n;Ba cJiy'lasi:: 1) TO'lKa C 
Jie:>KHT BHYTPH TpeyroJibHHKa M AiN (uJIH :>Ke Ha O,ll;HOH H3 ero CTopoH 

MAi u NAi), 2) TO'!Ka C Jie:>KHT BHe TpeyroJibHHKa MiAN (pnc. 96). 
B rrepBOM CJiy'lae TpeyroJibHHK AiMiNi paBHOBeJIHK rr.si:TuyroJibHHKY 

BCDMiNi, nJIOID;a,ll;b KOToporo O'leBH,n;HO 6oJibIIIe nJiom;a,n;n 'leTbipexyroJib

HHKa ABCD (Ha CYMMY SABNi + SAvMJ· Bo BTOpOM CJiy'lae BepmHHa 

B Jie:>KHT BHYTPH TpeyroJibHHKa AM Ni. IlocKOJibKY SBMN1 = ScA1 M H 

SABN1 = SAvM1 (ANi = AMi H MiN 11 BD), TO SA 1 M 1 N 1 > SABCD (Ha 

cyMMY ScA 1 N + SAvMJ· 

PHc. 95 PHc. 96 

IlpH ,ll;OKa3aTeJI:&CTBe HeO,n;HOKpaTHO rrpHXO,ll;HJIOC:& OilHpaTbC.H Ha BbIIIyK

JIOCTb 'lCTb!pexyroJibHHKa ABCD, xoTsi: ::lTO H He Be3,n;e OTMe'leHo. HMeHHO 

no npH'IHHe BbIIIYKJIOCTH He HMeeT MCCTa CJiy'laH, KOr,n;a TO'!Ka c Jie:>KHT 
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BHe TpeyrOJibHHKa A 1 MN n o~oBpeMeHHO Toq.Ka Jie)KHT B BHe TpeyroJib

HHKa NiAM. 
Bb1qnCJIHTeJibHOe pemeHne <iToii 3~a'in TaKoBo. IlycTb E - cepeAH

Ha AC. B BblIIYKJIOM 'l:eTblpexyroJibHHKe ABCD TOqKa 0 nepece'l:eHHH 

,n;naroHaJieii Jie)KHT BHYTPH Hero (pnc. 97). TaK 
KaK MN - cpe,n;HHH JIHHHH TpeyroJibHHKa BCD, 
TO TO'i.Ka T ee nepece'l:eHHH c AC 6y,n;eT cepe

,n;nHoii OC (TeopeMa <l>aJieca). CJie,n;oBaTeJibHO, D 
1 1 

AC> OC => 2AC > 2oc ¢:>-EC> TC. TaK KaK 

AT+ TC= AE +EC, To AT> AE. Tenepb cpaB
HHM nJiom;a,D;b S qeTblpexyroJibHHKa ABC D c 

y'ieTBepeHHoii nJiom;a,D;bIO TpeyroJibHHKa AM N: 

S =~AC· BDsincp = AE · BDsincp, cp = LBOC; 

c 

A B 

PHC. 97 

4SAMN = 4 ·~MN· ATsincp = BD · ATsincp; AT> AE ¢:>-4SAMN > S. 

Ynpa;JK;tte'HUJ£ 
,l(OKa]l(l{Te HepaBeHCTBa ,n;JIH npaMoyroJibHOro TpeyrOJibHHKa (13.1-

13.9). 
1 

13.1. h ~ 2c. 

13.2. c < a + b ~ cJ2. 
13.3. c + h > a + b. 

1 1 c 
13.4. r < -

2
a, r < -

4
c, r ~ rn). 

2(1 + v2 

13.5. h ~ (1 + J2)r, 0,4 < ~ < 0,5. 

13.6. R;:;:: VS, R + r;:;:: v'2§. 
13.7. ab+ be+ ca< 2c2

• 

r 2 3- J8 
13.8. 2 2 ::::; --5-

ma + mb 
13.9. an + bn < en npn n > 2. 
,l(O.KB.)KHTe HepaBeHCTBa ,n;JIH OCTpoyrOJibHOro TpeyrOJibHHKa (13.10-

13.12). 
13.10. a + b + c > 4R. 
13.11. mu + mb + me > 4R. 

3 2 mu ma ma l R 1 .l . -h + -h + -h ~ + -. 
a a a r 

,l(O.KB.)KHTe HepaBeHCTBa ,n;JIH npOH3BOJibHOrO TpeyroJibHHKa ( 13.13-
13.35). 

13.13. a2 + b2 + c2 < 2(ab +be+ ca). 
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13.14. a(b - c) 2 + b(c - a) 2 + c(a - b) 2 + 4abc > a3 + b3 + c3
• 

13.15. (a+ b- c)(a - b + c)(-a + b + c) ~ abc. 
13.16. a2 b(a - b) + b2 c(b - c) + c2a(c - a);;:: 0. 

13.17. a2 + b2
;;:: ~c2 • 

13.18. ha + hb + he < 2p. 
13.19. ha+ hb +he?;: 9r. 
13.20. a+ b + c::::; ,/27R. 

9 
13.21. m" + mb +me~ 2R. 

13.22. m~ + m~ + m~ :( 
2
; R. 

2 2 9 2 13.23. ma+ mb ?:: 3c . 
13.24. la + lb + le :( J3p. 

13.25. l~ + l~ + l~ ~ p2
• 

13.26. sin .:!:
2 
~ ~. 

2vbc 

13.27. c? (a+ b) sin~-
13 28 

. A . B . C ,.... 1 
• • sm 2 sm 2 sm 2 ::::: 8. 

3r 
13.29. cos A + cos B + cos C ?;: R . 

13.30. sin A + sin B + sin C ::::; 
3~. 

13 31 
. A . B . C ,.... 3 

• • sm 2 + sm 2 + sm 2 ::::: 2. 
A B C 3v'3 

13.32. cos 2 +cos 2 +cos 2 :( -2-· 
1 1 1 1 

13.33. a2 + b2 + c2 :( R2 . 

13.34. p2 ~ 3J3S. 
13.35. a2 + b2 + c2 

- (a - b) 2 
- (b - c) 2 

- (c - a) 2
;;:: 4J3S. 

13.36. To'!Ka D rrpuua,n;Jie)l(HT cTopoue BC TpeyroJibHHKa ABC. ,II,o
Ka)l(HTe, 'ITO pa,II,Hyc OKpy)l(HOCTH, BIIHCaHHOH B TpeyroJihHHK ABC, MeHh

rne cyMMhI pa)J.nycoB OKpy:>KHOcTeii, BIIHcaHHhIX B TpeyroJihHHKH AB D 
uACD. 

13.37. TpeyroJibHHKH ABC H ABD HMeIOT paBHbie ymI>1 rrpu Beprnu

aax CH D. ,IT,oKa)l(HTe, 'ITO ecJIH JAG - CBI< JAD - DBJ, TO a) rmo:rn;a,n;h 
TpeyroJibHHKa ABC 6oJibllle IIJIOIIra)J.n: TpeyrOJihHHKa ABD, 6) rrepn:MeTp 
TpeyroJihHHKa ABC 6oJibrne rrepHMeTpa TpeyroJibHHKa ABD. 

13.38. ,IT,oKaJKHTe, 'ITO rrpOH3Be)J.emrn JII06bIX )J.BYX CTOpOH TpeyrOJibHlll<a 
6oJihrne 4Rr. 
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13.39. ,Ll;oKa:>KHTe, 'ITO cyMMa pa,n,uycoB BilHCaHHOH H onucaHHOH OKpy)l(

HOCTe:ii: TpeyrOJihHHKa He rrpeBOCXO,ZJ;HT ero Han60JibIITe:ii: CTOpOHhI, ecJIH B 

3TOM TpeyroJihHHKe HeT Tyrroro yrna. 

13.40. Ecnu b u d - ,n,JIHHhI 6oKOBhrx cTopoH Tparre~H, e H f - ,n,JIHHhI 

ee .u;naroHane:ii:, TO le - f I > lb - di u e + f > b + d. 
13.41. lfoTh1pexyroJihHHK ABC D BrrucaH B OKpy)l(HOCTh. ,Ll;oKa)l(HTe, 

'ITO 
1 1 ::::::1(1 1 1 1) 
e2 + J2 '"" 4 a 2 + b2 + c2 + d2 • 

13.42. BucceKTpHChI yrnoB TpeyroJihHHKa ABC nepeceKaIOT ero orru

caHHyro oKpy)l(HOCTh BTOPH'IHO B TO'lKaX A1, B1, C1• ,Ll;oKa)l(HTe, 'ITO 

SABC ~ SA,B1C1. 

13.43. ,Ll;aH TpeyroJihHHK ABC. Ha nyqax AB, BC, CA OT To'leK 

B, C, A OTJIO)J(eHhI cooTBeTCTBeHHO oTpe3KH BB1 , CC1, AA1 BHe Tpe

yroJihHHKa TaK, 'ITO BB1 =AC, CC1 =AB, AA1 =BC. ,Ll;oKa:>KHTe, 'ITO 

13.44. Ha cTopoHax TpeyroJ11>HHKa ABC BHe ero rrocTpoeH1>1 rrpaB1m1>

Hh!e TpeyroJihHHKH c :u;eHTpaMu A1, B 1, C1. ,Ll;oKa:>KHTe, 'ITO rrnom,a,n,1> Tpe

yrOJihHHKa A1B1C1 He MeH1>IIIe IIJiom,a,n,H ,n,aHHoro TpeyroJihHHKa ABC. 

§ 14. I'eo.Mempu'l{,eC'Jf,Ue 9'Jf,Cmpe.My.M'bt 

HaH60J11>IIIee ( MaKcuMaJ11>Hoe) u HauMeH1>IIIee ( MHHHMan1>Hoe) 3Ha'leHua, 

KOTOphle npHHHMaeT rrepeMeHHaa BeJIH'IHHa IIpH HeKOTOpbIX 3a,n,aHHhIX 

ycnoBuax, Ha31>rnaroTcz ee :nccmpe.Ma.ft'bH'bt.MU 3Ha'!eHuaMH (aKcTpeMy

MaMn). 

Ecnn HMeeTca HecTporoe HepaBeHCTBO BH,n,a x ~a (x ~a), B KOTopoM 

O,n,Ha qacTb IIOCT05IHHa, a ,n,pyraa nepeMeHHa, TO 3Ta IIOCTOXHHaa ecTh 3KC

TpeMyM ,n,aHHO:ii: nepeMeHHo:ii:. Bo3hMeM ,n,nz npuMepa HepaBeHCTBO (13.18) 
3 

cos A + cos B + cos C ~ 2. Ha MHO)KeCTBe Bcex TpeyroJ11>HHKOB cyMMa KOCH-

l:T 3 u TT~ u 
HYCOB BX yrJIOB rrepeMeHHa. -iHCJIO 2 eCTb MaKCHMYM 3TOH cyMMbI. """1'YI'OH 

rrpnMep. 0Kono OKPY:>KHOCTH 3a,n,aHHoro pa.u;nyca r onnc1>rnaeTcz 6ecKoHe'l

HOe MHO:>KeC'fBO TpeyrOJihHHKOB. ,Ll;nz HX ITJIOIIJ,a,n,e:ii: ,Il;OKa3aHO HepaBeHCTBO 

s ~ Y27r2 (rr. 13.6). 1lucno Y27r2 XBJI5IeTC5I MHHHMYMOM BeJIH'lHHhI s. 
14.1. 3KCTpeMaJibBhle cnoiicTBa cyMMbl H npou3ne,n,emu1 nono:>KHTeJib

BhIX 'IHcen. PaccMOTpHM Hau6onee THIIH'IH1>1e aneMeHTapHhle cnoco61>1 pe

meHua 3a,n,aq Ha ,Il;OKa3aTeJibCTBO reoMeTpH'leCKHX 3KCTpeMyMOB H HX OTbIC

KaHHe. 
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06paTHMCH K HeCTpOI'HM HepaBeHCTBaM (13.21) H (13.22) ,IJ;JIH cpe,IJ;HHX 

BeJIH'IHH IIOJIO)KilTeJibHbIX 'IHCeJI. B HHX paBeHCTBO HMeeT MeCTO Tor,n;a H 

TOJibKO Tor,n;a, KOI',n;a 3TH 'IHCJia paBHbl. 0TcIO,n;a MO)KHQ c,n;eJiaTb BeCbMa rro

Jie3Hbie BbIBO)l;bl rrpn ,ll;BJX rrpe,n;IIOJIO)KeHmrx: 1) CJMMa 'IHCeJI rrepeMeHHa, 

a nx npon3Be,n;eane rrocTO.SIHHo, 2) rrpon3Be,n;eHne 'IHceJI rrepeMeHHO, a nx 

CJMMa IIOCTO.SIHHa. 06pam;a.srcb TOJibKO K HepaBeHCTBy ,n;JI.SI cpe,n;Hero reo

MeTpH'IeCKOI'O H cpe,n;Hero apn<J>MeTH'leCKOro, HMeeM TaKHe pe3JJibTaTbl. 

1 °. Ec//,u npou3eeaei-me noJ1,0;>1Cume.l!'b'H:btX "lUCeJ! nocmoai-mo, mo ux 

cyMMa npui-tuMaem i-tau.Mei-t'bw.ee 31-ta"lettue mo//,'b1W npu paeei-tcmee 3mux 

"lUCeJl.. 

2°. Ec.l!U cy.MMa noJ10;>1CumeJ!'btt'btX "lUCeJ! nocmoatti-ta, mo ux npou3-

eeaettue npUHU.Maem ttau60//,'bW.ee 31-ta"lei-tUe mO.l!'b'/W npu pa6ei-tcmee 3mUX 

"lUCeJ!. 

lkrrOJib3JeM 3TO B 3a,n;a'laX. 

3 a ,n; a 'I a 1. ,D;oKa3aTb, 'ITO H3 Bcex TpeyrOJibHHKOB c ,n;aHHbIM rrepn

MeTpOM Han60JibillJIO ITJIOID;a)l;b nMeeT rrpaBHJibHblH TpeyrOJibHilK. 

p e ill e H H e. 06paTHMC.SI K <J>opMyJie repoHa 

8 2 = p(p - a)(p - b)(p - c), 

r,n;e no ycJIOBHIO 3a,n;a'IH p rrocTO.SIHHO. TaK KaK (p - a) + (p - b) + (p - c) = 
= 3p - 2p = p, TO Ha OCHOBaHHH 2° BeJIH'!IlHa 8 2 MaKCHMaJibHa IIpH p - a = 
= p - b = p - c, T. e. rrpn a = b = c H TOJibKO B 3TOM CJiy'!ae. 

3 a ,n; a 'I a 2. qepe3 ,n;aHHJIO TO'!Ky, Jie)Kam;yIO BHJTPH ,n;aHHOI'O yrJia, 

rrpoBeCTH rrp.srMyIO, OTCeKaIOIIl;JIO OT CTOpOH yrJia 0Tpe3KH, CJMMa KOTOpbIX 

0 

MHHHMa.JlbHa. 

Pe me H n e. IIycTb aeKOTopa.SI rrp.srMa.SI, co,n;ep)Ka-

111a.SI ,n;aHHJIO TO'IKY M, rrepeceKaeT cTopoHhl ,n;aHHO

ro yma c BepmnHOH 0 B TO'!KaX P n Q (pnc. 98). 
IlpoBe,n;eM 'Iepe3 P n Q rrp.srMhle, uapaJIJieJibHhle cTo

poHaM yma. IIycTb OA=a, OB=b, AP=x, BQ=y. 
Tor,n;a OP+ OQ =(a+ b) + (x + y). IIocKOJibKJ cyM

Ma a + b IIOCTO.SIHHa, TO 3a)l;a'la CBO,ll;HTCH K HaxO

)K,ll;CHHIO YCJIOBHii, npH KOTOpbIX MHHHMaJibHa CJMMa 

PHc. 98 x + y. 3aMeTHM, 'ITO 3amTpHXOBaHHble napaJIJieJio-

rpaMMhI paBHOBemiKH. TaK KaK oan nMeIOT cooTBeT

CTBeHHO paBHh1e yrJin1, To xy =ab= const. CorJiaCHO 1° cyMMa x + y MHHH

MaJibHa npn x=y. Tor,n;a x 2 =ab n OP+OQ=a+b+2vfab= (Ja+ Vb) 2 -

HCKOMOe MHHHMaJibHOe 3Ha'leHne cyMMbl 3THX 0Tpe3KOB. Ilo ¢opMyJie 

x = V'(;b OTpe3oK AP= BQ CTponTc.sr n3BeCTHhIM crroco6oM, a 3aTeM n nc

KoMa.sr rrp.srMa.sr PQ. 0Ha e,n;nHCTBeHHa. 

108 



14.2. 3KCTpeMaJILHl>Ie 3HaqeHHa CHHYCa H KOCHHyca MoryT 6bITb HCIIOJib-

30BaHhl B reoMeTpH'leCKHX 3a,n;a'lax Ha 3KCTpeMyMhl. ::ha n,n;ea 6bma y:iKe 

HCilOJlb30BaHa B § 12 (n.12.2), r,n;e H3 <PopMyJihl (12.5) IIJIOII.t,a,n;H 'leTbipex

yrOJibHHKa c,n;eJiaH BbIBO,!l; 0 TOM, 'ITO H3 BCeX 'leTbipexyrOJibHHKOB c ,n;aHHbI

MH ,!l;JIHHaMH CTOpOH MaKCHMaJibHYJO IIJIOII.t,a,ll;b HMeeT TOT, OKOJIO KOTOporo 

MO:lKHO OIIHCaTb OKpJ:lKHOCTb. 

PaccMoTpHM .n;pyrHe rrpnMepbr. 

3 a .n; a 'i a 1. ,Il;oKa3aTb, 'ITO H3 Bcex TpeyroJibHHKOB c ,n;aHHOH CTOpo

HOH a H ,n;aHHbIM rrpoTHBOIIOJIO:lKHbIM yrJIOM Cl. HaH60JibillHH nepHMeTp HMeeT 

paBHo6e.n;peHHbIH TpeyroJibHHK. 

p e ill e H He. TaK KaK BCe TaKHe TpeyrOJibHHKH BIIHCaHbl B O.n;HY OKpy:lK

HOCTb pa,n;Hyca R, TO 

2p =a+ b + c =a+ 2R(sin B +sin C) = 
. B+C B-C . it-ix B-C 

=a+ 4Rsm -
2
- cos -

2
- =a+ 4Rsm -

2
- cos -

2
-. 

lt - IX 
l.focJia a H 4R sin -2- IlOCTO.HHHhl, II03TOMY 2p MaKCHMaJibHO rrpn MaKCH-

B - C B-C 
MaJibHOM cos --

2
-, T.e. rrpu cos --

2
- = 1, OTKy,n;a CJie.n;yeT LB= LC, a 

3Ha'IRT, TpeyroJibHHK paBH06e.n;peHHbIH. 

3 a .n; a 'I a 2. B .n;aHHyro oKpJ:lKHOCTb BIIHCaTh 

Tparreu.mo c ,n;aHHbIM OCTpbIM yrJIOM a, KOTOpaa 

nMeJia 6bI HaH60JihillYJO IIJIOII.t,a,!l;b. 

p e ill e H He. IloCKOJibKY TpaneD,H.H BIIHCaHHa.H, 

TO oaa paBH060'lHaa, n S = id2 sin cp, r,n;e d- ,n;JIH

Ha ,n;naroHaJIH, cp - yroJI Me:lK.n;J ,n;naroHaJI.HMH. Ilo 

TeopeMe cnHycoB d = 2R sin r:1. ( R - pa,n;nyc ,n;aH-

HOii: OKPY:lKHOCTH). Ilo3TOMY S = 2R
2 

sin
2 

r:1. sin cp. 
IlocKOJibKY R n r:1. 3a,n;aHhl, TO S MaKCHMaJib

Ha npu sin cp = 1, T. e. Kor.n;a ,n;naroHaJIH Tpane-

Il,HH rreprreH,n;nKyJia:pHbI (pnc. 99). B 3TOM cJiy'lae 

LM AB = LM BA= 45°. CJie,n;oBaTeJibHO, rrpn r:1.:::;; 45° 

PHC. 99 

IIIaeTC.H B TpeyrOJihHHK. IlocTpOeHHe HCKOMOH TpaneD,HH MO:lKHO BhIIIOJIHHTb 

TaK. B ,n;aHHYJO OKpJ:lKHOCTb BIIHCbrnaeM yroJI BeJin'inHoii: a. Xop,n;a, Ha KO

Topy10 OH onnpaeTc.H, paBHa ,n;naroHaJin TpaneD,Hn. Ilo,n; yrJIOM 45° K 3TOH 

xop,n;e npoBO,ll;HM .n;naMeTp oKpy:lKHOCTH. BTopaa ,n;naroHaJib cnMMeTpn'laa 

rrepBOH OTHOCHTeJlbHO 3Toro ,n;HaMeTpa. 

14.3. 06 3KBHBaJieHTHOCTH 3a,lJ;a'i Ha 3KCTpeMyMbl. 3a.n;a'IY 0 HaXO)K,ll;e

HHH O,n;HOro 3KCTpeMyMa MO:lKHO CB€CTH K 3a,n;a'le 0 ,n;pyroM 3KCTpeMyMe, 

KOTOpbIH y:lKe H3B€CTeH HJIH HaXO,lJ;HTC5! rrpom,e rrepBoro. 
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3 a ,n; a 'I a. )l;aHhI cTopoHbI AB =a, BC= b, CD = c 'leTbipexyroJibHIIKa 

ABCD. ll3BeCTHO, 'ITO B Hero MO:lKHO BIIIICaTb OKpy:iKHOCTb. KaKoe HalI-

6oJibIIIee 3Ha'leHIIe MO:lKeT rrplIH.HTb pa,n;IIyC 3TOH OKpy:lKHOCTII? 

Pe III e Hue. llMeeM: S =pr, r,n;e p =a+ c = b + d. TaK KaK p rrocTo.HHHO, 

TO MaKCIIMYM S II MaKCHMYM r ,n;ocTIIraIOTC.H o,n;HOBpeMeHHO. A 3Ta 3a,n;a'la 

y:lKe peIIIeHa: II3 Bcex '!eTbipexyrOJibHIIKOB c ,n;aHHhlMII CTOpOHaMII BIIHCaH

HhlH B OKPY:lKHOCTb IIMeeT Ha1I60JiblliJIO IIJIOII1a,D;b, KBa,n;paT KOTOpoli paBeH 

(p - a)(p - b)(p - c)(p - d). B CIIJIY Toro, 'ITO a+ c = b + d = p, IIOJiy'!aeM 

S2 = abed II d = a - b + c. llTaK, MaKCIIMaJibHOe 3Ha'!eHIIe r paBHO . 

S ../abc(a - b + c) 
r---------

- P- a+c · 

14.4. IlpHMeHeHHe reoMeTpll'leCKHX rrpeo6pa30Bamdi. ,Il;BH:lKeHII.H IIJIOC

KOCTII (:a;eHTpaJibHa..H II oceBa.H CHMMeTpHII, rrepeHOC, IIOBOpoT) B p.H,n;e 3KC

TpeMaJibHbIX 3a,n;a'l HaXO,D;.HTC.H BHe KOHKypeHIJ;HII c ,n;pyrHMH MeTo,n;aMH no 

0 

PHc. 100 

A 

N 

PHc. 101 
B 

KpaTKOCTII, y6e,n;1ITeJibHOCTH H II3SHIJ;eCTBY 

pemeHHH. 

3 a ,n; a 'I a 1. BHyTplI ocTporo yrJia ,n;a

Ha TO'IKa A. IlocTpOHTb TpeyroJibHHK ABC 
HaHMeHbIIIero rrepHMeTpa, BepIIIHHhl B II C 
KOTOporo rrpHHa,n;Jie:iKaT CTOpOHaM yrJia. 

Pe III e H II e. IIocTpoHM TO'IKII 1-.1 H N, 
CHMMeTplI'IHbie TO'!Ke A OTHOCHTeJibHO CTO

pOH ,n;aHHOro yrJia. Ilp.HMa.H MN rrepece

KaeT ero CTOpOHbl B HCKOMbIX TO'IKaX B 
H C (pnc. 100). ,Il;elicTBrITeJihHO, ecJin B1 

n C1 - KaKHe-Jiu6o ,n;pyrHe TO'IKH Ha cTopo

Hax yrJia, TO AB1 + B1 C1 + C1A =NJ B1 + 
+B1C1 +C1N> MN=MB+BC+CN= 
=AB+ BC+ CA. CJie,n;oBaTeJihHO, Tpe

yroJibHIIK ABC HMeeT HaHMeHbIIIHH nepn

MeTp. 9TIIM ,D;OKa3aHO H TO, 'ITO 3TOT Tpe-

yrOJibHIIK e,n;nHCTBeHHbIH. 

3 a ,n; a 'I a 2. Ilo pa3Hhie CTOpOHhI OT peKII Haxo,D;.HTC.l'I rryHKThI A II B. 
I',n;e HJ:lKHO rrocTpOHTb MOCT, 'IT06h1 rryTh H3 A B B 'Iepe3 Hero 6hIJI KpaT

'lalimlIM? 

Pe III e H He. IlycTb rrapaJIJieJihHbie rrp.HMhle a n b II3o6pa:iKaIOT 6epe

ra peKII (p1Ic. 101) H Tr - rrepeHOC B rreprreH,n;HKJJI.l'IpHOM IIM HarrpaBJieHIIH, 

rrpH KoTopoM a--+ b. EcJIH rrpH 3TOM rrepeHoce A--+ A 1 II M - rrpoo6pa3 

TO'IKH N = b n (BA1), TO IIJTb II3 A B B IIO JIOMaHOH AM NB KpaT'!aH-
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IIIJIH, TaK KaK ,D;JIJIHa MN MOCTa orrpe,n;eJieHa IIIJIPJIHOH peKJI, a cyMMa 

AM+ NB= AiN +NB MJIHJIMaJibHa. 

3 a .n; a q a 3. B ,n;aHHOM ocTpoyroJibHOM TpeyroJibHJIKe ABC naliTJI Toq

KY p' .n;m1 KOTOpoli cyMMa paCCTO.HHHH .n;o BepIIIJIH TpeyrOJibHHKa MHHH

MaJibHa (3a,n;aqa <I> e p Ma). 

P e III e H JI e. McnOJib3YeM noBopoT OKOJIO BepIIIJIHbI B Ha 60°. IlycTb npH 

3TOM rroBopoTe A--+AI> P-. Pi (pHc.102). TaK KaK TpeyroJibHJIK BP Pi paB

HOCTopoHHJiii, TO BP= P Pi JI rro3TOMY PA+ PB+ PC= Pi Ai+ PiP +PC. 
cha cyMMa MJIHHMaJibHa TOr,n;a H TOJibKO Tor,n;a, Kor.n;a TOqKJI Ai, Pi, P, c 
KOJIJIJIHeapHbI. B 3TOM cJiyqae LBPC = 120° JI LAP B = LAiPiB = 120°. 

Ilo::JTOMY JI LAPC = 120°. IfraK, HCKOMOii TOqKoH p .HBJI.HeTC.H TOqKa, JI3 KO

TOpoii Ka)K)l;a.H CTopoHa TpeyroJibHHKa ABC BJI,n;Ha rro.n; yrJIOM 120°. 0Ha Ha-

3brnaeTca mo""-x;ou Toppu""e.11,.11,u TpeyroJibHJIKa. qeTbipexyrOJibHJIK AP BAi 
.HBJI.HeTC.H BIIHCaHHbIM B OKpy)KHOCTb. Ilo3TOMY TO"IKY ToppJiqeJIJIJI Tpe

yroJibHJIKa ABC MO)KHO nocTpOHTb KaK ToqKy rrepeceqenJia rrp.HMOii CAi 
JI oKpy)KHOCTJI, orrJicaHHoii OKOJIO rrpaBHJibHOro TpeyroJibHJIKa ABAi. 

A 

B 

Puc. 102 

B ::JToii 3a,n;aqe BepIIIHHbI TpeyroJibHHKa ABC paBHOrrpaBHbI. Ilo::iTo

MY TOqKy ToppJiqeJIJIJI MO)KHO rrocTpOHTb em;e n KaK TOqKy rrepeceqenn.H 

rrp.HMbIX, coe,n;HH.HIOID;HX BepIIIHHbI ,n;aHHOro TpeyroJibHHKa c TpeTbHMH Bep

IIIJIHaMJI rrpaBHJibHhIX TpeyrOJihHJIKOB, IIOCTpOeHHhIX Ha ero CTOpoHax BO 

BHeIIIHIOIO CTOpoHy (pnc. 64). 

Tpe6oBaHne ocTpoyrOJibHOCTH TpeyroJibHHKa ABC 3a:abrIIIeno: peIIIe

nne OCTaeTC.H B CHJie, KOr,n;a yr.JibI TpeyrOJihHHKa He 60JihIIIe 120°. Ec.JIJI 

LA = 120°, TO ToqKa P COBrra,n;aeT c BepIIIHHO:ii: A. 
14.5. 9KcTpeMaJ1bHhle 3HaqeHHSI KBa,n;paTHoro TpexqJleHa. ECJIH nc

cJie.n;yeMa.H ¢YHKII1Ul .HBJI.HeTC.H KBa.n;paTHqHoii: y = ax2 + bx + c, TO OHa 

BCer,n;a HMeeT e,n;nHCTBeHHOe 3KCTpeMaJihHOe 3HaqenHe - MHHHMaJibHOe IIpH 

a> 0, MaKCHMaJibHOe rrpn a< 0, KOTopoe ,n;ocTJiraeTC.H rrpn x = -b/2. EcJIJI 

b
2 

- 4ac;:;;,: 0, TO 3TO 3HaqeHJie x COBrra.n;aeT c cepe,n;JIHO:il: rrpoMe)KyTKa Me)K,ll;y 

KOpH5IMH TpexqJieHa. 
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9TH CBOHCTBa MO:>KHO HCil0Jlb30BaTb B reoMeTpH'ieCKHX 3a,n;aqax. 

3a,n;aqa 1. Ha cTopoaax AB, BC, CD, DA KBa,n;paTa ABCD B3HTbl 
cooTBeTCTBeHao TO'iKH Ai, Bi. Ci, Di TaK, 'ITO AAi = BBi = CCi = DDi 
(pnc.103). Ilpn KaKOM OTHoIJJeHHH AAi : AB nJIOW:a,D;b 'ieTblpexyroJibHHKa 
A1B1C1 D1 HanMeHhmasi.? 

Pe III e H He. IlycTb AB= 1, AAi = x. qeTblpexyroJibHHK AiB1 C1Di HB
JIHeTCH KBa,n;paTOM (noBopoT OKOJIO n;eHTpa ,n;aHHoro KBa,n;paTa ua 90°). Ero 

nJiom:a)l;b paBHa A1 B: = x 2 + (1- x) 2 = 2x2 - 2x + 1. 
1 

Be>----o.-----<:>c 9Ta <l>YHKIJ;HH HMeeT MHHHMYM npH x = 2' T. e. Kor,n;a 

A 

PHC. 103 

BepmHHbl BToporo KBa,n;paTa HBJIHJOTCH cepe,n;nHaMH 

Ci CTOpOH ,n;aHHOro KBa,rq>aTa. 
3 a ,n; a q a 2. lfa Bcex Tparren;n:H, BrrncaHHhlX B 

,n;aaayro OKPY?KHOCTb H HMe10m:nx o6m:nM ocuoBa
HHeM )l;Ha.MeTp OKpy:>KHOCTH, HaHTH Ty, y KOTOpoii: 

D nepRMeTp aan6oJibmH:ii:. 

Pe me H He. IIycTb R - pa,n;nyc OKPY:>KHOCTH, 
x - 6oKOBaH CTOpoaa, y - MeHbmee OCHOBaHHe Tpa-
rren;nn. Tor,n;a no TeopeMe IIn<l>aropa Ka)l(,Ll;aH ,n;na

roHaJib Tparren;RH pasaa v' 4R2 - x 2 • Ha ocaoBaHHH TeopeMbI IlToJieMeH 
2R2 

- x 2 

4R2 
- x2 = x 2 + 2R . y, OTKy,n;a y = R H II03TOMy rrepHMeTp Tparre-

1 
D;HH paBeH 2x + y + 2R = R(-x2 + 2Rx). <PyHKD;HH -x2 + 2Rx rrpHHHMaeT 

aan6oJibmee 3Ha'ieane rrpH x = R. A Tor,n;a H y = R. lfTaK, aan6oJibIDHH 

rrepHMeTp HMeeT Tpanen;ns, y KOTopoii 60KOBhle CTOpOHbI H MeHbmee OCHO
BaHHe paBHhl pa,n;nycy OKpy:>KHOCTH. 

3a,n;aqa 3. Ha cTopoaax AB HBC npHMoyroJibHHKa ABCD ,n;aHhl 

TO'iKH N H P, BN = n, BP= m. qepe3 npon3BOJibHYJO TO'iKY M OTpe3-

Ka P N rrpoBe,n;eHhl rrpHMble ME n MF, rrapanJieJibHhle CTopoHaM rrpH
MoyroJibHHKa (pnc.104). Ha:ii:TH MaKCHMaJibHOe H MHHHMaJibHOe 3Haqeune 

rrJiorn;a,n;n S rrpHMoyroJibHHKa MFDE, eCJIH BC= a, AB= b. 

a E 

P1i1c. 104 
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Pe III e H He. IIycTb x, y-,n;JIHHbI cTopoH DE H EM rrpaMoyroJibHH

Ka MFDE. Tor,n;a MK=EA=a-x, KN=AK-AN=y+n-b. Ifa 
a-x m 

rro,n;o6Ra TpeyrOJibHHKOB MKN H PEN HMeeM: b = -, OTKy,n;a 
y+n- n 

1 
y = -(-nx +an+ lYm - mn). Ilo3TOMY 

m 

1 
S=xy=-(-nx2 +(an+bm-mn)x), x;;::a-m. 

m 

TaK KaK a> m H b> n, TO an+bm -mn =(a -m)n + bm > 0. <I>yHK~Ha 
an+bm-mn 

-nx2 +(an+ bm - mn)x HMeeT MaKCHMYM IIPH Xo = 2n . 

llccJie,n;yeM, rrpH KaKOM ycJIOBHH x 0 :;:;; a. HepaBeHCTBO 

an+bm-mn,,::: 
2n "' a 

b a 
3KBHBaJieHTHo ycJIOBHID mn ;;::: bm - an, HJIH - - - :;:;; 1. IlpR 3TOM ycJIOBHH 

n m 
rrJio:rn;a,n;h S rrpaMoyroJihHHKa MF DE MaKCHMaJibHa H paBHa 

(an+ bm - mn) 2 

4mn 

b a 
IlpH - - - ;;::: 1 6y,n;eT x 0 ;;::: a. B 3TOM CJIY'Iae Ha rrpoMe:lKyTKe [a - m, a] 

n m 
cPYHK~HSI s CTporo B03pacTaeT. Ilo3TOMY OHa rrpHHHMaeT IIPH x = a - m 
MHHHMaJibHOe 3HaqeHue b( a - m) H npH x = a MaKCHMaJibHOe 3HaqeHHe 

a(b- n). llTaK, rrJio:rn;a,n;h S rrpsrMoyroJibHHKa MFDE MHHHMaJibHa, Kor,n;a 

TOqKa M coBrra,n;aeT c P. CBoe MaKCHMaJibHOe 3Ha'leHue oHa npBHHMaeT npu 

mn > bm - an BO BHyTpeHHeii ToqKe M oTpe3Ka P N, a npH mn < bm - an -
B KOHe'lHoii TO'lKe N. 

B cJiyqae MaKCHMyMa nJio:rn;a,n;H S ,n;mr BHyTpeHHeii ToqKH M OTpe3Ka 

PN 3TY TOqKy M MO:lKHO rrocTpOBTh c nOMOIIJ;bID OTpe3Ka DE= x 0 no rro

Jiy'leHHoii ¢opMyJie, npe,n;cTaBHB ee B Bu,n;e: 

x0 = ~ ( (a - m) + b:). 
licKOMhlii OTpe3oK DE paBeH rroJiycyMMe oTpe3KOB GP= a - m H BT= bm 

n 
rrpH ycJIOBHH AT II PN: 

DE= ~(GP+ BT), AT JI PN. 

9To 3HaquT, qTo oTpe3oK DE paBeH cpe,n;Heii JIHHHH Jiro6oii Tpane~B c 

ocHoBaHnaMn:, paBHhlMH GP H BT. 'YcJIOBHe DE;;::: CP (x;;::: a - m) 3KBH

BaJieHTHO BT~ GP. B CJiyqae, Kor,n;a BT= GP, T. e. Kor,n;a mn =an - lYm 
MaKCHMaJihHOe 3Haqemrn ,n;ocTRraeTcsr rrpH M = P. 
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YnpadlCHeHU.fl, 

14.1. Ifa Bcex rrpaMoyroJibHbIX TpeyroJibHHK01:1 c ,n;aHHO:il: BhlCOToii: Haii:

,n;n:Te TpeyroJibHHK HaHMeHhmero rrepn:MeTpa. 

14.2. ,Il,aH ocTpbrii: yroJI n: Ha o,n;Hoii: ero CTopoHe oTpe30K AB. IIocTpoii:Te 

Ha ,n;pyroii: cTopoHe yrJia TaKJIO TO'IKY C, 'IT06hl yroJI ACE 6hm Han:6oJih-
IDHM. 

14.3. BHyTpH KBa,n;paTa ,n;aHa TO'!Ka lvf. IlpoBe,n;n:Te qepe3 Hee rrpaMyro, 

OTCeKaIOIIzyIO OT KBa,n;paTa TpeyroJibHHK a) MHHHMaJibHOH IIJIOIIIa,n;n:, 6) MaK

CHMaJibHOH IIJIOIIIa,n;Il· 

14.4. Ifa Bcex rrpaMoyroJibHhIX TpeyroJihHHKOB Haii:,n;n:Te TOT, y KOTOporo 
R Hu OTHOIDeHn:e - MHHHMaJibHO. an:,n;n:Te 3TO OTHOmeun:e. 
T 

14.5. Ha,n;n:aroHaJIH AC Tpane!IHH ABCD (AB II CD) Haii:,n;nTe TO'IKY M 
(pn:c.105), ,n;na KOTopoii: cyMMa IIJIOII!a.n;eii: TpeyroJihHHKOB AMP u CA1Q 

E\ 
A B 

Puc. 105 

MHHHMaJihHa (PQ II AB). 
14.6. ,Il,aH TpeyroJihHHK ABC. Haii:,n;n:Te TO'IKJ, 

cyMMa KBa,n;paTOB pacCTO.HHHH KOTOpoii: ,n;o Bep-

IDHH TpeyrOJibHHKa MHHHMaJihHa. 

14.7. ,Il,aH 'leThipexyroJibHHK ABCD. Haii:,n;n:Te 

TO'IKy, ,n;na KOTOpoii: cyMMa KBa,n;paTOB paCCTO.H~ 

HHH ,n;o era BepIIIHH MHHHMaJibHa. 

14.8. Haii:,n;n:Te BHYTPH ,n;aHHoro TpeyronhHHKa TO'IKY, npon:3Be,n;eHn:e pac

CToaun:ii: OT KOTOpo:il: ,n;o CTOpOH TpeyrOJihHHKa MaKCHMaJibHO. 

14.9. BHyTpH TpeyrOJibHHKa ABC B3aTa TO'IKa M, 'l:epe3 KOTopyro rrpo

Be,n;eHbI npaMble I\![ A, MB, MC, nepeceKaIO!IIHe cooTBeTCTBeHHO cTopoHhI 
AM BM 

TpeyroJihHHKa B TO'IKaX A1 , B 1 , C1. ,Il,oKaJKHTe, 'ITO cyMMa MAi + MBi + 
CM AM BM CM 

+ MCi n npoH3Be,n;eHn:e MAi · MBi · MCi ,n;ocTn:raroT MHHnMyMa B I!eH-

Tpon:,n;e TpeyrOJihHHKa. 

14.10. l.Jepe3 TO'IKY M, ne:iKarrzyro BHYTPH ocTpoyron1>uoro TpeyroJih

HHKa ABC, npoBe,n;eHhI rrp.aM1>1e A1 A, MB, MC, nepeceKaIOIIIHe CTOpOHhI 

BC, CA, AB cooTBeTCTBeHuo B TO'IKaX A1 , B 1 , C1 . Ilpn: KaKOM noJioJKeunn 

TO'IKH M nepn:MeTp TpeyroJihHHKa A1B 1C1 Han:MeHhmn:ii:? 

14.11. IlpoBe,n;n:Te qepe3 BepllIHHy A TpeyroJihHHKa ABC npaMyIO TaK, 

'IT06b1 cyMMa paccToaun:ii: ,n;o Hee OT Bepmn:H B n C 6hIJia Han:6onhme:ii. 

PaccMOTpnTe CJiyqan ocTporo, np.aMoro n Tyrroro yrJioB c ,n;aHHO:ii Bepmn:Hoii: 

TpeyrOJibHHKa. 

14.12. Ha ocHoBaHHH AB Tparre!IHH ABCD ,n;aHa TO'IKa M. IIocTpoii:Te 

Ha OCHOBaHHH CD TaKyIO TO'IKY N, 'IT061>1 ITJIOII!a,n;h 'IeTbipexyroJibHHKa, 

nonyqeHHoro rrpn: rrepece<J:eHHH rrpaMbIX AN, BN, CM, Dlvf, 6h!Jia HaH-

6oJihme:ii. 
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14.13. ,Il;OfilDKHTe, 'ITO MHHHMaJibHa51 cyMMa pacCT051HHH BHyTpeHueii: 

TO'IKH TpeyroJibHHKa ,ll,O ero BepmnH paBHa 

J~(az + b2 + c2 + 4J3S). 

§ 15. 91\,cmpe.Ma.11,'b'H'ble ceoilcmea 

npaBU.!/,'b'H,'blX .M'H020y20.11,'b'H,U'l\,06 

15.1. lfaorrepHMeTpWiecKa9 3a,ZJ;a'la. B rrpe,n,hilJ,Yru;eM naparpacpe 

(n. 14.1) 6bIJIO ,ll,0Ka3aHo, 'ITO H3 Bcex TpeyrOJibHlIKOB ,n,aHHOrO nepH

MeTpa uaH60Jihmy10 nJioru;a,n,h nMeeT npaBHJihHhiii: TpeyroJibHHK. B § 12 
6hIJIO ,D;OKa3aHO, 'ITO H3 Bcex 'leTbipexyroJibHHKOB c ,n;aHHbIMH CTOpoHaMH 

uaH60Jihmyro m1oru;a,n;h nMeeT BnHcaHHbIH 'leThipexyroJibHHK. Ero Bcer,n;a 

MO)f{HO IlOCTpOHTb (ynp. 7.24). IlOKa2KeM, 'ITO 1I3 Bcex Ilp51MOyrOJibHHKOB 

,n,aHHOI'O nepnMeTpa 2p HaH60JibillYIO IIJIOIIJ;a,ll,h HMeeT KBaro>aT. ,Il;eil:CTBH

TeJibHO, IIJIOIIJ;a,ll,b s npaMoyroJibHHKa paBHa 

s = x(p- x) = ~
2 

- (~ - x r, 
OTKy,n,a BlI,ll,HO, 'ITO MaKCHMaJibHa OHa TOr,n,a H TOJlbKO TOr,n,a, Kor,n;a p/2-x = 
= 0, T. e. Kor,n,a x = p - x = p /2. CJie,n,oBaTeJihHO, rrp51MoyroJihHHK - KBaro>aT. 

TaKoro po,n;a 3a,n,a'III Ha3hIBaIOT u3onepu.w,empu"lec-x:u.Mu 3ada"laMu. 
B o6ru;eii: ¢opMyJinpOBKe H3orrepuMeTpH'IeCKa51 3a,n,aqa TaKOBa: cpedu n.n,oc
-x:ux </Juzyp 3adatttto20 Mttoa1eecmaa, uMew~ux paBtt'bte nepu.w,emp'bt ( 011utt'bt 
2pattU"ltt'btX -x:puaux), ttaumu my, -x:omopa.11, uMeem ttau60.n,'bwy10 n.11,o~aO'b. 

cha CJI02KHa51 3a,n;aqa pemaJiaCh ,ll,JI9 pa3JilI'IHbIX MH02KeCTB cpnryp B Te

'leHHe XVIII-XIX BeKOB IDBeii:u;apCKlIMH reoMeTpaMu r. KpaMepoM, C.JlIO

HJibe u .H. lllTeii:HepoM. OcHOBHhIM MeTO,D;OM pemeHH51 H3onepnMeTpII'leCKHX 

3a,n;a-q CJIY2KlIT Bapnau;uoHHOe lIC'llICJieHHe . 

.H. llheil:Hep ,lJ,0Ka3aJI, "ITO H3 Bcex IlJIOCKHX <l>:nryp ,n;aHHOro nepnMeT

pa Han60JibillYIO m10ru;a,n;b HMeeT Kpyr. ,ll;OKa3aTeJibCTBO llheiiuepa KpaTKO 

lI H351Ill;1IO, HO co,n,ep)KHT cyru;ecTBeHHbIH npo6eJI: OH rrpe,n,noJIO)KlIJI (HO He 

,D;OKa3aJI), 'ITO ¢nrypa MaKCHMaJihHoii: m10ru;a,n;n cyru;eCTByeT. A 3TO rrpe,n;

CTaBJrneT co6oii: o,n,ay H3 TPY,ll,HhIX 3a,n,a"I, pemeane KOTopoii ,n;aJieKo He 3Jie

MeHTapHo. 

Hn)Ke paccMoTplIM pemeHne (aerroJIHoe) H3orrepnMeTpnqecKoii: 3a,n,aqn 

,ll,JUi MHOroyrOJibHHKOB. Ilpe,n,rroJIO)KHB cyru;ecTBOBairne MHOroyroJihHHKa 3a

,n,aaaoro rrepHMeTpa H lIMe10ru;ero MaKCHMaJibHYIO UJIOIIJ;a,ll,b, ,ll,OKa)f{eM, 'ITO 

TaKOBbIM 51BJI51eTC51 npaBHJibHblll MHoroyrOJibHHK H TOJibKO OH. 

15.2. 06IIJ,lle cBoiicTBa H3orrepHMeTpH'IeCKHX <l>nryp MaKCHMaJibaoii rrJio

ru;a,n;n pacCMOTpHM ,ll,JI51 MH02KeCTBa MHOroyroJibHllKOB. 
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1°. MttozoyzoA'b'HU'I(;, U.Me?O'LJ!UU aaJattWbLU nepu.Memp u ttau60A'bwy10 

nAO'LJ!aih, tteo6xoJu.Mo 6'btny,,..11:bLu. B caMOM ,[l.eJie, ecJIH 6b1 HeBhIIIYKJihIH 

MHoroyroJihHHK ABC DE (pnc.106) ,[!.aHHoro rrepHMeTpa HMeJI HaH60Jihmy10 

rrJiom;a,ll.h, TO, OTpa.3HB BepmHHy A era yrJia, 6oJihmero 180°, OT BHemHeli 

,[l.HaroHaJIH BE B TO'IKY F, MhI IIOJIY'IHJIH 6b1 MHOroyrOJihHHK BCDEF 
6oJihme:il: IIJIOII1a,[l.H H Toro 2Ke rrepHMeTpa. 

2°. Bc.R,,.a.R np.R.Ma.R, JeA.R'LJ!a.R nonoAa.M aaJanttuu nepu.Memp Mttozo

yzoA'b'HU'l(;a .Ma,,.cu.MaA'bttou nAO'LJ!aau, JeAum nonoAa.M u ezo nAo'LJ!aa'b. 

8To CBOHCTBO TaK)Ke rrpoCTO ,il.0Ka.3hIBaeTC.H c IIOMOII1hl0 oceBo:il: CHMMeT

pHH MeTO,il.OM OT npOTHBHOro. IlycTh rrp.HMa.H m ,[l.eJIHT IIOIIOJiaM rrepHMeTp 

MHOroyroJihHHKa ABC DE (pnc. 107), T. e. PA + AB + BQ = PE + ED + 
+DC+ CQ, HO He ,n;eJIHT rrorroJiaM ero IIJIOII1a.n;h: SPEDCQ > SPABQ· 0Tpa-

3HB MHoroyrOJihHHK P EDCQ OT 3TO:il: up.HMO.ii: m, IIOJIY'IHM MHOroyrOJihHHK 

PEDCQC'D'E', HMerom;H:il: B,LJ;Boe 60Jihmy10 IIJIOII1a.n;h, <IeM SPEDCQ, T.e. 

60Jihmy10, qeM rrJiom;a,Ll;h ,[!.aHHoro MHoroyroJihHHKa ABCDE, H paBHhiii c 

HHM rrepHMeTp. EcJIH IIOJiy'IeHHhIH MHOroyrOJihHHK HeBhIIIYKJibIH, TO corJiac

HO 1° ero MO)KHO 3aMeHHTb MHoroyrOJibHHKOM Toro )Ke nepHMeTpa em;e 

60Jihme:il: nJIOII1a,[l.H. 

D1 
C1 

E1 

c m 

E 
c 

E D 

P11c. 106 P11c. 107 

,Il;JI.H MH02KeCTBa npOH3BOJibHhIX IlJIOCKHX qmryp ,LJ;OKa3aTeJibCTBa 3THX 

.n;BYX cBoiicTB no cym;ecTBY HH'IeM ne OTJIH'IaIOTC.H OT H3JimKeHHhlX. Onn 

npHHa,n;Jie2KaT 5!. lllTelinepy. 

15.3. ~e IlOA!'OTOBHTeJihHble 33,D;a'IH, KOTOphie 6y,ll.yT HY2Klibl ,il.JI.H ,Ll;OKa-

3aTeJibCTBa OCHOBHOro 3KCTpeMaJihHOro CBOHCTBa rrpaBHJihHbIX MHOroyrOJih

HHKOB. 

3 a .n; a q a 1. lfa BCex TpeyrOJibHHKOB, HMeIOII1HX ,[l.aHHyIO CTOpOHY c H 

,n;aHHbIH nepHMeTp 2p, na:il:TH TpeyrOJibHHK HaH60Jihme:il: IIJIOII1a,[l.H. 

Pe me H He. Ilo <PopMyJie repoHa 5 2 = p(p - a)(p - b)(p - c), r,D.e p H 

p - c IIOCTO.HHHhI. IloaTOMy s MaKCHMaJibHa TOr,n;a H TOJihKO TOr,n;a, Kor.n;a 
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MaKCHMaJibHO rrpoH3Be,n;eHHe (p - a) (p - b). Ho rrocKOJihKY cyMMa (p - a) + 
+ (p - b) = c IIOCTOHHHa, TO rrpOH3Be,n;emre (p - a) (p - b) MaKCHMaJibHO JIHUlb 

rrpH paBeHCTBe COMHO:IKHTeJieii: p - a= p - b, T. e. rrpH a= b (rr.14.1). 

lhaK, H3 Bcex TpeyroJibHHKOB, HMeIOIIJ;HX ,n;aHHYIO CTOpOHy H ,n;aHHhlH 

rrepHMeTp, HaH60JibIIIYIO IIJIOrn;a,n;b HMeeT TpeyrOJibHHK, B KOTOpOM paBHbl 

,D;Be ,n;pyrHe CTOpOHbl. 

3 a ,n; a q a 2. B ,n;aHHhiii yroJI BIIHCaHa OKPY2KHOCTh. Ha 6oJihIIIeii ( MeHh

meii:) H3 ,n;yr, Ha KOTOpbie OHa ,n;eJIUTCH TOqKaMH KaCaHHH co CTOpOHaMH 

yrJia, HaiiTH TOqKy, B KOTopoii: KaCaTeJihHaH K 3TOH OKPY2KHOCTH OTCeKaeT 

OT ,n;aHHOro yrJia TpeyrOJibHHK MHHHMaJihHOH (MaKCHMaJibHOii:) IIJIOrn;a,n;n. 

Pe me H n e. IlycTh PQ - KacaTeJihHax K OKPY2KHOCTH B rrpOH3BOJih

HOii: ToqKe M 6oJihUieii: H3 YKa3aHHhIX ,n;yr OKPY2KHOCTH (pnc.108). Ko

r,n;a ToqKa M rrpn6Jin:1KaeTca K O,lJ,HOii: H3 ToqeK KacaHna, rrJiorn;a,n;h Tpe

yroJibHHKa PQC HeorpaHnqeHHO yBeJinqnBaeTca. Ilo3TOMY nMeeT CMhlCJI 

HCKaTb MHHHMYM 3TOH IIJiorn;a,n;n. 

IlpoBe,n;eM KaCaTeJihHYIO AB B ce

pe,n;nHe E 3TOii: ,n;yrH H cpaBHHM 

rrJiorn;a,n;n TpeyroJihHHKOB PQC n 

ABC. QqeBH,lJ,HO, SPQC > SAsc Ha 

pa3HOCTh SsQK - SAPK· CJie,n;oBa

TeJihHo, MHHHMYM IIJIOIIl;a,u,H s PQC 

,n;ocTnraeTca, Kor,n;a M coBna,n;aeT 

c E. IlpoBe,n;sr aHaJiornqHhie pac

cy:IK,D;eHna ,D;JIH rrpOH3BOJibHOR TOq

KH N MeHbmeii: ,n;yrH, rrpHxo,n;HM K 

Q B c 

PRC. 108 

BhIBo,n;y, qTo MaKCHMYM rrJiorn;a,n;n TpeyroJibHHKa P 1Q 1 C 6y,n;eT B cJiyqae, 

KOr,n;a TOqKa coBrra,n;aeT c cepe,n;nno:ii E 3TO:ii ,n;yrn. 

JtlTaK, eCJin B ,n;aHHbI:ii yroJI BIIHCana OKPY2KHOCTh, TO KaCaTeJihHhie K 

3TO:ii OKPY2KHOCTH B ToqKax ee rrepeceqeHHH c 6HcceKTpHco:ii yrJia OTCeKaIOT 

OT yrJia TpeyrOJibHHK MaKCHMaJibHOll UJiorn;a,n;H (no cpaBHeHHIO c ,n;pyrH

MH KacaTeJihHhIMH B ToqKax MeHbme:ii ,n;yrn OKPY2KHOCTn) H TpeyroJibHHK 

MHHHMaJibHOll IIJiorn;a,u,H (no cpaBHeHHIO c ,n;pyrHMH KaCaTeJibHhlMH B ToqKax 

60Jihlliell ,n;yrH). 06a 3TH TpeyrOJibHHKa paBH06e,n;peHHhle. 

15.4. lfaonepHMeTp:K'leCK8.SI TeopeMa ,IJ,JISI MHoroyroJibHHKOB. lfa Bcex 

MHOroyrOJibHHKOB 3a,n;aHHOro rrepnMeTpa c ,n;aHHblM qucJIOM CTOpOH HaH-

60JibUIYIO IIJIOrn;a,n;b HMeeT rrpaBHJibHhlll MHOroyroJihHHK . 

.II; o Ka 3 a Te JI h c TB o. IlycTb MHoroyroJihHHK A1 A 2 .•• An HMeeT 3a

,n;aHHhIH rrepHMeTp 2p H MaKCHMaJibHYIO IIJIOrn;a,D;b ( cyrn;ecTBOBaHHe ero 

rrpe,n;rroJiaraeM, ,n;OKa3aTeJibCTBO ue3JieMeHTapHo). Ha ocHoBaHHH cBo:iicT

Ba 1° (n.15.2) OH BhlIIYKJlbIH. )J;oKa:IKeM, qTo OH rrpaBHJibHbIR. 3aq>HKCHpyeM 

Bee ero BepmHHhl, KpOMe o,n;uoii: BepUIHHhI Ai. Tor,n;a B TpeyrOJihHHKe 
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A;_ 1A;A;+1 6y,n;eT rrocTOZHHa cTopoHa A;_ 1A;+ 1 H rrocTOZHHa cyMMa ,n;Byx 

.n;pyrnx CTOpOH (rrepnMeTp MHOroyroJibHHKa 3a,n;aH). 9TOT TpeyrOJibHHK 

nMeeT MaKCHMaJibHYIO IIJIOin;a,ll;b, Kor.n;a Ai 3aHHMaeT TaKoe IIOJIOJKeHne, 'ITO 

A;A;_ 1 = AiAi+i (3a,n;aqa 1 rr.15.3). TaK KaK BepmnHa A; rrpon3BOJibHaz H3 

BCeX BepmIIH ,n;aHHOro MHOroyroJibHIIKa, TO BCe ero CTOpOHbl paBHbI. 

3acpIIKCIIpyeM Terrepb (He3aBIICIIMO OT rrpe,ll;b1.n;y111ero cpIIKCIIpOBaHII5I 

BepmnH) BCe rrpZMbie, Ha KOTOpbIX Jie)f(aT CTOpOHbl BbIITYKJIOrO MHOro

yroJibHIIKa A1 A2 ••. An, KpoMe O,n;HOii rrpzMoii A;A;+i· ,Il,oKaJKeM, 'ITO 

rrpIIJie)Ka~e K 3TOH CTopoHe a; yrJihl MHOroyrOJibHIIKa paBHbl. 0TCIO,ll;a 

6y,n;eT CJie,ll;OBaTb B CIIJIY rrpOII3BOJibHOCTH BbI6opa 3TOH CTOpOHhl, 'ITO BCe 

yrJibI MHOroyrOJibHIIKa paBHhl. 

PaccMoTpIIM TPII MhlCJIIIMhlX CJiyqaz: 1) rrpZMbre, co.n;ep)Kam;He CMeJKHhle 

c a; CTOpOHbI, rrepeceKaIOTCZ B TO'!Ke 0' Jie)Ka111eii B .n;pyro:ii IIOJIYIIJIOCKOCTII 

A' 
' 

I 
I 

B 

I 
I 

I 

A; 

Puc. 109 

Puc. 110 

0 

0 

OT rrpzMoii ai' HeJKeJIH ,n;aHHblll MHOro

yrOJibHHK, 2) TO'!Ka 0 nx nepece"<IeHirn Jie

JKIIT B O,ll;HOH IIOJIYIIJIOCKOCTH c MHOroyrOJib

HHKOM OT rrpzMOH a;, 3) 3TH rrpZMbie rrapaJI

JieJibHbI. 

IlepBbiii cJiy"<Iaii rrpe,n;cTaBJieH pncyH

KOM 109. B TpeyroJibHIIK OA;A;+ 1 BIIH

meM OKPYJKHOCTb. CyMMa IIJIOillaAH a 3TO

ro TpeyroJibHHKa II IIJiom;a,n;H s MHOrO-

yroJibHHKa A1A2 ••• An IIOCTOZHHa, TaK KaK 

Bee rrpZMbie cpHKCHpOBaHhl, KpOMe rrpzMOH 

A;A;+i, a OHa Ha 3TY cyMMY He BJIHZ

eT. Ilo3TOMY s MaKCHMaJibHa JIIIillb TO

r.n;a, KOr,n;a MHHIIMaJibHa (J. Ha OCHOBa

HHH 3a,n;aqn 2 rr.15.3 TpeyroJibHHK OA;A;+ 1 

,ll;OJIJKeH 6hlTb paBH06e.n;peHHbIM, H 3Ha-

'!HT, yrJihl MHOroyrOJihHHKa rrpH BepmH

Hax A; H Ai+1 ,ll;OJIJKHhl 6hITb paBHhl. ,Ii,Jiz 

.n;pyroii KacaTeJibHOii A;A:+i MHOroyroJib

HHK A1A2 .•• A;A:+i ... An HMeeT MeHbmyro 

rmom;a,ll;b H TOT JKe rrepnMeTp ( TeopeMa 

II. 7.3). 
Bo BTopoM cJiyqae nocTponM BHeBrrIICaHHYIO OKpyJKHOCTb TpeyroJibHH

Ka OAiAi+l (pnc.110). Pa.3HOCTb a - S IIJIOI11a.n;n TpeyroJihHHKa OA;A;+ 1 H 

IIJIOm;a.n;n MHOroyrOJibHHKa IIOCT05IHHa (B CHJIY ycJIOBIIZ cpHKCHpOBaHH5I rrpz

MhIX). Ilo3TOMY an S .n;ocTnraIOT MaKCIIMyMa O,n;HOBpeMeHHO. Ha ocHoBaHHH 

3a,n;aqn 2 rrpe,ll;hl.n;y11Iero rryHKTa 3TO 6y,n;eT JIHIIlb Tor.n;a, KOr,n;a TpeyroJihHHK 

OA;A;+1 paBHo6e.n;peHHbiii, 'ITO BJie"<IeT paBeHCTBO yrJIOB MHoroyroJihHIIKa 
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npn BepmnHax A; H A;+i· ,n;JI51 ,r:i;pyroil: KaCaTeJihHoil: A;A:+i nJiom;a,r:i;h MHO

royrOJihHHKa A 1A2 ... A;A:+i ... An 6y,r:i;eT MeHhme, a nepnMeTp ocTaHeTCSI 

TeM Me, TaK KaK A;A; + A;A;+ 1 = A;+ 1A;+ 1 + A;+ 1A; (::iTo cJie,r:i;yeT H3 onn

caHHhrx 'IeThipexyroJihHHKOB A;BCA;+1 , n A;BCA;+i). 
B TpeTheM CJiy'Iae, Kor,r:i;a A;_ 1 A; 11 Ai+1A;+2 (pnc.111), npoBe,r:i;eM ,r:i;naro

HaJih A;_ 1Ai+2. IloJiy'IeHHa51 TpanerrH51 uMeeT 3a,r:i;aHHYIO BhICOTY h, 3a,r:i;aH

Hhiil: nepnMeTp n 3a,r:i;aHHy10 60K0By10 CTopoHy A;_ 1 A;+z· CJie,r:i;oBaTeJihHO, 

6y,r:i;eT IlOCT051HHa cyMMa l =a+ b + x, x = 

= AiA;+i· IlJiom;a,!l;h ~(a+ b)h ::iToil: TpaneIIHH Ai+1 b Ai+2 
6y,r:i;eT MaKCHMaJihHa npu MaKCHMaJihHOil: cyM-

Me a+ b = l - x' T. e. npn MHHHMaJihHOH 6oKOBOH x 

CTOpoHe x, 'ITO HMeeT MeCTO J!Hillh rrpn ycJIO

BHH A;A;+1 l_ AiAi-i· 3Ha'IHT, n B 3TOM cJiy

qae yrJihI MHoroyrOJihHHKa npn BepmHHax Ai 
H Ai+l paBHhI. IIocKOJihKY rrpHMa51 A;A;+ 1 rrpo

H3BOJihHa, TO MHOroyrOJihHHK MaKCHMaJihHOH 

ITJ!Olll;a,!l;H ,!l;OJI2KeH HMeTh BCe paBHbie yrJihI. 

A; a 

Pnc. 111 

MTaK, MHoroyroJihHHK MaKcnMaJihHOil: nJiom;a,r:i;n rrpn 3a,r:i;aHHOM rrepn

MeTpe ,!!;OJI2KeH 6bITh paBHOCTOpOHHHM H paBHoyroJihHhIM O,!!;HOBpeMeHHO, 

T. e. npaBHJihHhIM. 

CJie,D;CTBHe. HeTpy,n;Ho rro,r:i;C'IHTaTh, 'ITO rrJiom;a,n;h npaBHJihHoro n-yrOJih-
1 180° 

HHKa c rrepnMeTpOM 2p paBHa -p2 ctg --. Ilo ,!!;OKa3aHHOH TeopeMe ,IJ;JI51 
n n 

JII06oro n-yrOJihHHKa c TeM 2Ke nepHMeTpOM HMeeT MeCTO TaK Ha3hIBaeMoe 

uaonepuMempu"tec?Coe nepaeencmeo: 

s,,::::: 1 2 t 180° 
"';;;,Pc g7, (15.1) 

B KOTOpOM paBeHCTBO ,!J;OCTHraeTC51 JIHillh ,!J;Jl51 npaBHJihHOro n-yrOJihHHKa. 

lfa HepaBeHCTBa (15.1) CJie,r:i;yeT, 'ITO II3 BCex n-yrOJihHHKOB .n;aHHOH IlJIO

m;a,r:i;n s (npH cPHKCHpoBaHHOM n) HaHMeHbillHH nepHMeTp HMeeT rrpaBHJlh

HhlH n-yroJihHHK. 

15.5. 3KCTpeMaJibnoe CBOHCTBO npaBHJibHOro MHOroyroJibHHKa H3 MHO

)KeCTBa MHOroyrOJibHHKOB, BIIHCaHHhIX B ,D;aHHYIO OKPY)KHOCTh. }[3 M'H0-

::>1Cecmaa ecex n-y20.rt'bttU'IC06 c iJatttt'blM "lUC.rtOM cmopott, enucannux e oiJny 

O'ICPY::>ICHOCm'b, npaBU.rt'b'H'btU M'l·W20Y20.ff,'b'HU'IC UMeem ttau60.ff,'bWY'IO n.ff,ow,aiJ'b 

u ttau60.ff,'bWUi1 nepuMemp. 

,n; o Ka 3 a Te JI h c TB o. IIycTh BnncaHHhril: B .n;aHHYIO oKpy2KHOCTh w n
yroJihHHK M He 51BJI51eTC51 npaBHJihHhIM. Tor.n;a y Hero o6513aTeJihHO Hail:

.n;eTC51 CTOpOHa, Me'H'bWa.R. CTOpOHhI a BilHCaHHOro B 3TY OKppKHOCTh npa

BHJlhHOrO n-yroJihHHKa l'v10 • He cyMa51 o6m;HocTu .n;oKa3aTeJihCTBa, M02KHO 

noJiaraTh TaK2Ke, 'ITO y M HMeeTC51 cTopoHa, 60.ff,'bWaa a. 9Toro He cJiy-
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'IHTCR JIHillb TOr,n;a, KOr,n;a MHOroyrOJibHHK M IIOJIHOCTblO BIIHCaH B .n;yry 

OKpy:lKHOCTH w, MeHhmyro 1/n-R qacTH :)TOR oKpy:lKHOCTH. B 3TOM cJiyqae 

MHoroyroJihHHK M 6y,n;eT :a;eJIHKOM Jie:iKaTh BHYTPH MeHhmero cerMeHTa, 

cTarnBaeMoro xop,n;oR ;::t;JIHHhl a. A Tor,n;a, o'leBH,D;Ho, SM < S Mo. OcTaBJiaa 

Tenepb 3TOT cJiy'laR B CTOpoHe KaK He npoTHBOpe'IaID;HR ,lJ;OKa3blBaeMOR Te

opeMe, 6y,n;eM MeHaTb MecTaMH CTopOHhI MHoroyroJibHHKa M, 'IT06b1 Han-

6oJihmaa H HaHMeHbmaa ero CTOpOHbl OKa3aJIHCb COCe,D;HHMH. 8To BCer,n;a 

MO:lKHO c,n;eJiaTb, TaK KaK H3MeHeHire nopa,n;Ka ,ll;BYX 

B1 CMe:lKHblX cTopoH AB H BC BIIHCaHHoro MHoro

yroJihHHKa M coxpaHaeT nJiox:a;a,ll;b TpeyroJibHHKa 

ABC (pnc. 112) H noaTOMY coxpaHaeT nJiox:a;a,n;b 

A c MHOroyrOJibHHKa. IloBTOpaa 3TY onepa:a;nro Hy:lK-

HOe 'IHCJIO pa3, MO:lKHO c,n;eJiaTb coce,n;HHMH JII06hle 

,n;Be CTOpOHbl BIIHCaHHOro MHOroyrOJibHHKa. 

PHc. 112 IlycTb AB - HaHMeHhmaa cTopoHa n BC -
Han60JibillaR CTOpoHa IIOCJie 3THX nepecTaHOBOK 

(ecJIH OHH 6blJIH Heo6xo,n;HMb1). Ha .n;yre ABC oKpy:lKHOCTH w nocTpOHM 

TO'IKY B1 TaKyro, 'ITO xop,n;a AB1 paBHa cTopoHe a npaBHJihHoro BnncaHHO

ro MHoroyroJibHHKa M0 (AB < AB1 < BC). IlJiox:a;a,ll;b TpeyroJibHHKa AB1 C 
6oJihme nJiox:a;a,n;n TpeyroJibHHKa ABC, TaK KaK OHH HMeIOT o6x:a;yro CTopoHy 

AC, a BhICOTa nepBoro 6oJibme BbICOThl BToporo. TaKHM o6pa.3oM, nepBOHa

'laJihHbIR BnncaHHblR MHOroyroJihHHK M oKa3aJica 3aMeHeHHblM HeKOTOpbIM 

BnncaHHhIM MHoroyroJihHHKOM M 1, HMeIOI:a;HM 6oJihmyro nJIOI:a;a,ll;b, 'leM M, 
H o,D;Hy CTopoHy AB1 , paBHYIO a. ECJin noJiy'leHHhIR MHoroyroJihHHK M 1 He 

RBJIReTca npaBHJibHblM, TO rrpo;::t;OJI:lKHM OIIHCaHHbIR npo:a;ecc, IIOJiyqaa HO

Bble BIIHCaHHbie MHoroyroJibHHKH 6oJihilleR n 6oJiblleR IIJIOI:a;a;::t;H. He 6oJiee 

'leM qepe3 n marOB 3TOT npo:a;ecc 3aKOH'IHTCR npaBHJibHblM MHoroyrOJibHH

KOM M 0 , ,n;Jia KOToporo 

,ll;OKa3aTeJibCTBO MaKCHMMbHOCTH rrepHMeTpa no cyx:a;eCTBY He OTJIH'la

eTCH OT npe,ll;bl.n;yx:a;ero c TOR JIHillb pa3HHD;eR, 'ITO npHXO,ll;HTCH HCIIOJib30BaTb 

CBORCTBO, ,ll;OKa3aHHoe B n.14.2 (3a;::t;a'la 1), corJiaCHO KOTOpOMY H3 ,ll;BYX 

BIIHCaHHbIX TpeyrOJibHHKOB, HMeIOI:a;HX o6x:a;yro CTOpoHy, 60JiblliHR nepnMeTp 

HMeeT TOT, y KOTOporo 60Jibme BbICOTa, onyx:a;eHHaa Ha 3TY CTOpOHy. 

15.6. 9KcTpeM3JlbHOe CBOBCTBO IIpaBHJibHOro MHOroyroJibHHKa H3 MHO

JKeCTBa MHOroyrOJibHHKOB, OIDICaHHhIX OKOJIO 0,ll;HOB OKpyJKHOCTH. Jf3 M1t0-

:Heecmea ecex n-yzo.11:1>HU'ICOB c aattH'btM "LUC.llOM cmopott, onucai-ti-t'btX o'ICo.110 

oattou O'ICpy:>teHOCmU, npaBU.ll'bH'btU n-yZO.ll'bHU'IC UMeem HUUMe1t'bWY'IO n.110-

w,aa'b u i-taUMett'bwuu nepuMemp. 
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,Ii; o Ka 3 a Te JI h c TB o. IlycTh M H Mo - npOH3BOJihHhr:ii H npaBHJihHhlH 

n-yroJihHHKH, onncaHHhre oKoJio ,n;aHHO:ii OKpy2KHOCTH w. OnnnreM oKoJio lvfo 
OKPY2KHOCTh H paccMoTpHM Kpyr K, ,D;JIH KOToporo aTa oKpy:IKHOCTh HB

JIHeTcH rpaHn:a;e:ii. IlJionra,n;h MHoroyroJihHHKa M 0 paBHa pa3HOCTH SK -
- ( (j 1 + (j 2 + ... + (j n) Me:IK,ll;y IlJIOnra,n;hIO s K Kpym K H cyMMOH IlJIOnra

,n;e:ii <1; (i = 1, 2, ... ' n) cerMeHTOB 3TOrO Kpyra, OTCeKaeMhIX CTOpOHaMH 

MHoroyroJihHHKa M 0 (pnc. 113). Ba2KHO 3aMeTHTh, 

'ITO CTOpOHbI MHOroyrOJihHHKa Ji.I OTCeKaIOT OT Kpy

ra K cerMeHThr, paBHhle TeM, KOTOpbre oTceKalOTCH 

CTOpOHaMH MHoroyrOJibHHKa Mo, HO B OTJIH'IHe OT 

nepBbIX OHH MOryT HMeTh HenyCTbie nepece'IeHHH. 

Ilo3TOMY IlJIOnra,n;h (j, 3aHnMaeMaH ofrhe,n;nHeHHeM 

BTOpbIX cerMeHTOB, 6y,n;eT MeHbnre <11 + <12 + ... + <1n 

( 3a C'IeT HaJIO:IKeHHH H aenyCThIX nepece'IeHHH). 

IlycTh Kn M = F (3anrTpHXOBaHO Ha pnc. 113). 
llMeeM: 

SM:;:: SF= SK - (j >SK - (a1 + <12 + ... +an)= SMo· 

PHC. 113 

TaK KaK nJionra,n;h S H nepnMeTp 2p MHoroyroJihHHKa M, onncaaHoro 

OKOJIO OKPY2KHOCTH cu pa,n;nyca r, cm.13aHhI 3aBHCHMOCThIO S = pr, TO npH 

3a,n;aHHOM r HaHMeHbnrHe 3Ha'IeHHH s H p ,ll;OCTHI'aIOTCH O,lJ;HOBpeMeHHO, T. e. 

no ,ll;OKa3aHHOMY BhIIlle ,ll;JIH npaBHJibHOrO n-yrOJibHHKa. 

3 a ,n; a 'I a. IlycTb R1, R2 , R3 - paccTOHHH.a OT TO'IKH M ,n;o BepnrHH 

TpeyrOJibHHKa ABC. ,.[l;oKa3aTh, 'ITO 

R 1 + R 2 + R3 ?: 2J735 ~ 6r, (15.2) 

r,n;e r - pa,n;nyc BIIHCaHHO:ii B TpeyroJihHHK ABC OKPY2KHOCTH. 

p e III e H He. I!OCTpOHM TO'IKH, CHMMeTpH'IHhie TO'IKe M OTHOCHTeJihHO 

cTopoH TpeyroJihHHKa ABC. Coe,n;nHHB nx nocJie,n;oBaTeJihHO c BepIIInHaMn 

,n;aHHOro TpeyrOJihHHKa, IlOJIY'IHM IIIeCTHyrOJihHHK c IlJIOnra,D;blO 2S H nepH

MeTpOM 2(R1 + R 2 + R 3 ). llcnoJih3yeM H3onepnMeTpH'IeCKoe HepaBeHCTBO 

(15.1) npn n = 6: 

OTKy,n;a 

R1 + R2 + R3 ? 2JhB. 
TaK KaK S:;:: ./27r2 (13.31), TO 

R1 + R2 + R3 ?: 6r. 

PaBeHCTBO ,n;ocTHraeTCH TOJihKO ,D;JIH npaBHJihHOro TpeyrOJihHHKa n ero 

:a;eHTpa. 
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§ 16. Paaux;a.11/b'ltaR oc'b u paaux;a.!l'b'lt'blu ~ettmp 

ox;py:J1Cttocmeu 

16.1. CTeneHh TO'IKH OTBOCHTeJThHO oKpy:>KHOCTH. Bo3BpaTHMcx K Te

opeMe 0 xop,n;ax lI ceKy~x (§ 2). IlycTb qepe3 BHeillHIQIO OTHOCHTeJibHO 

OKpy:>KHOCTH c.u(O, R) TO'IKY M rrpoBe,n;ena rrpOH3BOJihHaH ceKyru;ax, rrepe

ceKaroru;aH 3TY OKpy)KHOCTh B TO'lKaX AH B (pHc.114), H KaCaTeJibHaH MT. 
Tor,n;a MA· l'vl B = MT2 = 0 M 2 

- R 2
• cha BeJIH'lHHa He 3aBHCHT OT Bb16opa 

ceKyru;eil:, a 3aBHCHT OT Bh16opa TO'IKH M. 
EcJIH TO'IKa M Jie:lKHT BHYTPH oKpy:iKHOCTH c.u, To rrpoBe,n;eM qepe3 nee 

,n;Be xop,ll;bI - rrpOH3BOJihHYIO xop,n;y AB H xop,n;y CD, rreprren,n;HKYJIXpnyro 

OM (pHc.115). Tor,n;a MA-MB=MC·MD=-MC 2 =-(OC2 -OM2)= 
= OM2 

- R2
• HaKonel!, B CJiy'lae, Kor,n;a ME c.u, o'!eBH,n;Ho, OM2 

- R2 = O. 

c~ 
)(::_jw 

Pnc. 114 Pnc. 115 

lfraK, BeJIH'lHRa OM2 
- R2 

rrpH 3a,n;annoil: OKPY:lKHOCTH c.u(O, R) 3aBH

CHT TOJihKO OT rroJio)KeHHH TO'IKH M. Ona na3hIBaeTCH cmenei-t'b'IO mo"t?Cu l'vl 
OTHOCHTeJibHO OKpy)l{HOCTH c.u. CTerreHH TO'leK, Jie:ara~x BHe OKPY:lKHO

CTH c.u, noJIO:lKHTeJibHhI. CTeneHH TO'leK, Jie:ara~x BHYTPH oKpy:iKHOCTH c.u, 
OTPHI!aTeJihRhI. CTerrenH TO'leK OKpy:iKHOCTH w paBHbI HYJIIO. 

16.2. Pa,n,mca.Jlbnasi och lJ>lYX oKpy:>KBocTeii onpe,n;eJIHeTCH KaK MHO:iKe

CTBO TO'leK IIJIOCKOCTH, Ka)K,ll;a5l H3 KOTOpbIX HMeeT paBHbie CTeneHH OTHO

CHTeJibHO 3TlIX OKpy:iKHOCTeil:. 

TeopeMa. EcAu dee dai-ti-tue o?Cpy;JfCi-tocmu ( 0 1, R1) u ( 0 2 , R2) i-te?Coi-t

'4ei-tmpu"tec?Cue, mo ux padu1WA'bi-ta.11, oc'b cyw,ecmeyem u RBARemc.11, npRMou 

Aui-tueu. 

~ 0 Ka 3 a T e JI b c T B o. IlyCTb TO'!Ka Jlvl HMeeT paBHbie CTeneHH OTHOCH

TeJibHO ,n;aHHhIX OKpy:iKnocTeil:: 0 1M 2 
- Ri = 0 2Jlv/2 

- R~, OTKy,n;a 0 1l'v/2 -
- 02l'vf2 = Ri - R~. ,ILrrx orrpe,n;eJiennoCTH noJiaraeM R1 ~ R 2 • EcJin R1 = R2 , 

TO 011YI = 02M H II03TOMY HCKOMOe MHO)KeCTBO TO'leK l'vl eCTb cepe,n;HH

HhlH neprreH,n;HKyJixp K OTpe3KY 0 1 0 2 . IlpH R1 > R 2 rrocTpOHM oTpe30K a, 
,n;JIX KOToporo Ri - R~ = a2

, H nocTpOHM rrpOH3BOJihHhIH rrpRMoyroJibHhiii 

TpeyroJihHHK ABC c KaTeTOM BC = a, no TaKoii, 'IT06b1 AB + AC > 0 1 0 2 

(pHc.116, 6). Tor,n;a OKPY:lKHOCTH (01, AB) H (02, AC) rrepeceKaIOTC5£ H HX 
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o6ra;He TO'-IKH M H N rrpHHa,11;Jie2fffiT HCKOMOMY MHO)KeCTBy. ~eiicTBHTeJihHO, 

a) 6) 

PHc. 116 

lITaK, HCKOMOe MHO)KeCTBO TO'feK HerrycTO. ~OKa)KeM Terrepb, '-ITO 3TO 

MHO)KeCTBO TO'-!eK eCTb rrpHMaH JIHHHH, rreprreHAHKYJIHpHaH JIHHHH 01 02 

n;eHTpoB ,11;aHHhIX OKPY)KHOCTeii. IlycTh M - cPHKCHpoBaHHaH TO'IKa, a X -
rrpOli3BOJibHaH TO'-!Ka 3Toro MHO)KeCTBa. Tor,11;a 0 1M

2 
- 0 2M

2 = 0 1X 2 -

- 02X2 H II03TOMY 01M2 + 02X
2 

- 01X
2 

- 02M
2 = 0. c ,lJ;pyroii CTOpOHhl, 

corJiaCHo cl>opMyJie (11.2) 0 1M
2 + 0 2X

2 
- 0 1X

2 
- 02M

2 = 20102 · XM. 
CJie,11;0BaTeJibHO, 0 1 0 2 · X l\!l = 0 H 01 0 2 ..l X M ,ll;JIH 

mo6o:ii TO'-!Kli x paAHKaJibHO:ii OCH. IloCKOJibKY TO'f

Ka M cPHKCHpOBaHa, TO pa,lJ;HKaJihHaH och ,ll;Byx OKpy)K

HOCTeii ecTh rrpzMaH, rrpoxo,II.51ra;a51 -qepe3 M rrep

rreHAHKYJIHpHo JIHHHH IJ,eHTpOB ,11;aHHhlX OKpy)KHOCTeii 

(pHc.116, a). IlocTpoeHHe TO'-IKH M y)Ke paccMOTpeHo. 

EcJIH ,11;aHHb1e oKpy)KHOCTH rrepeceKaIOTCH 

(pHc.117), TO TO'-IKH nepece'-!eHH51 HMelOT paBHbie (Hy

JieBbie) CTerreHH OTHOCHTeJibHO 3THX OKpy)KHOCTeii. 

CJie,11;0BaTeJihHO, HX pa,11;HKaJibHaH ocb - rrpHMaH, co

,11;ep:arara;aH 3TH TO'-IKH. 

EcJIH ,11;aHHb1e oKpy)KHOCTH KacaroTcH BHeIIIHHM HJIH 

BHyTpeHHHM o6pa30M, TO HX pa,ll;HKaJlbHa51 OCb COBIIa

,11;aeT c o6ra;e:ii KacaTeJibHoii B TO'-!Ke KaCaHirn oKpy)KHO

cTeii (pHc.118). 

EcJIH OKPY)KHOCTH Jie:araT O,ll;Ha BHe ,ll;Pyroii, He Ka

PHc. 117 

PHc. 118 

caHcb, TO cepeAHHa M HX o6ra;eii KaCaTeJibHOii HMeeT paBHhle CTerreHH OT

HOCHTeJibHO HX H IIOTOMy rrpHHa,ll;Jie)KHT paAHKaJlbHOii OCH (pnc.119). 
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IloHXTile pa,IJ;HKaJibHOH OCH )J;BYX OKPYJKHOCTeH OCTaeTCX B cune Il B 

TOM cJiy'lae, Kor,n;a o,n;Ha u3 Hux Bb1po)J(,ll;aeTca B TO'IKY - <<HyneByro oKpyJK

HOCTb». Ilpu R2 = 0 CTeneHh TO'!Kll JYI OTHOCUTeJibHO TaKOH OKpyJKHOCTil 

6y,n;eT paBHa 0 2M 2
• IIoaTOMY pa,n;uKaJihHaa och OKpyJKHOCTil ( 0 1 , R 1 ) u 

TO'IKH 02 eCTb MHOJKeCTBO TO'leK, cTeneHb Ka)J(,ll;OH Il3 KOTOpbIX OTHOCil

TeJibHO 3TOH OKPYJKHOCTH paBHa KBa,n;paTy paccTOXHna ee ,n;o TO'!Kll 0 2 

(pnc.120). 

PHc. 119 PHC. 120 

16.3. Xapru<:TepHCTK'!ec:KHe cBoiicTBa TO'leK pa,!1;HK8.JlhHoii oc11 OKpy)KHo

cTeii. KpoMe CBOHCTBa TO'l'.eK pa,n;uKaJihHOH ocu, 'Iepe3 KOTOpoe OHa onpe

PHc. 121 

,n;eneua, TO'IKH aToli ocu nMeIOT ern;e ,n;pyrue 3aMe'la

TeJihHhle CBOHCT:Ba, IlCIIOJih3yeMbie npu perneHUil KOH

CTPYKTHBHhlX 3a)J.a'l. 

HanoMHHM CHa'lana noHaTue opToroHaJihHhIX 

OKpy1KHOCTeli. ,UBe nepeceKarorn;ueca oKpyJKHOCTil Ha-

3hlBaIOTca opmozotta.!L'bttt>t.Mu, ecnu KaCaTeJihHhle K 

HHM B HX o6rn,e:ii TO'!Ke nepneH,II,HKYJI51.PHhI (puc.121). 

ll,eHTP Ka)J(,ll;OH Il3 ,JJ;Byx opTOI'OHaJibHhIX OKpy)lrnO

CTeH JieJKUT ~a KaCaTeJibHOH K ,n;pyroli B IlX o6rn;eli 

TO'!Ke. 

C :B o li c T B o 1°. Bttewttue omttocume.!L'bttO 'lf;a;)IC
dou ua iJayx daHttux o.,,.py;)!Cttocmeu mo"t'lf;U ux pa
au.,,.a.!L'bttou OCU ;16.!L.R:IOmC.R '4ettmpa.MU O'/f;py;J/C'H.OCmeu, 
'lf;a;)!Cda.R ua .,,.omop'btX opmowtta.!L'btta o6eu.M da'H.tt'bl.M 
O'K:py~ttocm.R.M. 06parriHo, ec.!LU O'K:PY;)ICHOCm'b op
mow'H.a.!L'btta day.M da'H.'H.U.M o.,,.py;J/CttOcm.R.M, mo ee 
'4e1-tmp nputtad.1Le;)!Cum ux padu'K:a.!L'bttoil ocu. 

PHc. 122 B caMoM ,n;eJJe, eCJin TO'IKa A npuHap;neJKuT pa

,JJ;HKaJJhHOH OCH l OKpyJKHOCTeH CX1' Il CX2 Il JJeJKHT BHe 

aTnx oKpyJKHOcTeli, To KacaTeJihHhie, upoBep;eHHhie H3 

TO'IKH A K aTnM OKPYJKHOCTXM, nMeroT paBHhle ,JJ;JIHHhI r (puc.122). Tor,n;a 

OKpy2KHOCTh (A, r) opToroHaJihHa Ka)J(,ll;OH u3 p;aHHhIX OKPYJKHOCTeli. 
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06paTHO, ecmr OKPY:lKHOCTh (A, r) opToroHaJibHa Ka:iK,n;oii H3 OKpy:iKHO

CTeii cx.1 H cx.2 , TO ee u;eHTP A ecTb TO'IKa IIepece'IeHH.H KaCaTeJibHhIX K 3THM 

oKpy:iKHOCT.HM B nx TO'IKaX nepece'IeHn.H c oKpy:iKHOCThIO (A, r). Tor,n;a 3TH 

PHc. 123 

KaCaTeJibHhle HMeIOT paBHbie ,ll;JIHHhI, II03TOMY 

TO'IKa A HMeeT paBHbre CTeIIeHH OTHOCHTeJibHO 

OKpy:lKHOCTe:ii n, CJie,n;oBaTeJihHO, Jie:lKHT Ha HX 

pa,n;nKaJibHO:ii OCH. 

C B o ii c TB o 2°. Bnympennue omnocu

me.n,'bno 1'a;>K;aou U3 a6yX aa'H'H'btX 01'py;>K;'HO

cmei1 mo"l1'u ux paau,,.a.n,'bnoil ocu J1,6.n,J1,10m

CJ1, '4ettmpaMu o1'py;>K;ttocmei1, 1'a;>K;aaJI, ua 1'0-

mopux ae.n,umCJI, nono.n,a.M o6eUMU aa'H'H'bt.MU 

01'pya1C'HOCffiJ1,.MU. 06pamtto, ec.n,u a6e aa'H'H'bte 

01'pyaicttocmu ae.n,Jl,m nono.n,a.M mpem'b'IO 01'pyaicttocm'b, mo ee '4e'Hmp .n,e

aicum tta paau,,.a.n,'bttoil ocu 3mux 01'py;J1Cttocmei1. 

,ll;e:ikTBHTeJihHO, rrycTb TO'IKa A rrp1rna,n;Jie:lKHT pa,n;nKaJibHO.ii ocH l 
OKPY:lKHOCTeii cx.1 H cx.2 n Jie:iKnT BHyTpn Ka:lK,ll;Oii H3 Hnx (pHc.123). PaBeH

CTBO CTeIIeHeii TO'IKH A OTHOCHTeJihHO OKpy:iKHOCTeii 03Ha'IaeT paBeHCTBO 

IIOJiyxop,n; 3THX oKpy:iKHOCTeii, co,n;ep:iKa~x TO'IKY A H IIepIIeH,n;HKYJI.HpHbrx 

cooTBeTCTBeHHO 0 1A n 0 2 A (II.16.1). 11o3TOMY OKPY:iKHOCTh (A, r), r,n;e r -
,n;JIHHa YKa3aHHhIX noJiyxop,n;, ,n;emITC.H IIOIIOJiaM Ka)K,ll;oii H3 OKpy:iKHOCTeii cx. 1 

H cx.2 • ,II,oKa3aTeJibCTBO o6paTHoro YTBep:iK,n;eHH.H TaK:iKe IIpOCTO. 

16.4. Pa,n;mram.m.rli u;eaTp Tpex oKpy:>KHOCTeii. 9To IIOH.HTHe ocHoBaHo 

Ha cJie,n;yrorn;e.ii TeopeMe. 

TeopeMa. Ec.n,u '4ettmpu mpex 01'py;J1Cttocmei1 tte1'o.n,.n,utteapttu, mo mpu 

paau,,.a.n,'btt'bte ocu 3mux o1'pyaicttocmei1, 63J1,ffi'btX nonaptto, U.Meiom o6w,yio 

mO"l1'y. 

B caMOM ,n;eJie, IIYCTh pa,n;nKaJihHa.H OCh a oKpy:iKHOCTeii cx. H y n pa,n;H

KaJihHa.H OCb b OKpy:iKHOCTeii ~ H y IIepeceKaIOTC.H B TO'IKe p (p:uc. 124). 

Tor,n;a TO'IKa p HMeeT paBHbie CTeIIeHH OTHO-

CHTeJlhHO Ka:lK,ll;Oii H3 Tpex oKpy:iKHOCTeii cx., P 

~' y. Ilo3TOMY OHa Jie:lKHT Ha pa,n;nKaJihHOH OCH 

oKpy:iKHOCTeii cx. H ~· 

0 II p e ,n; e JI e H :u e. 06rn;a.H TO'IKa pa,n;H

KaJihHhrx oceii Tpex oKpy:iKHOCTeii, B3.HThIX IIO

IIapHo, Ha3hrnaeTC.H paau,,.a.n,'btt'bt.M '4ettmpoM 

3THX OKpy:iKHOCTe:ii. 

IIocTpoen:ue pa,n;nKaJihHOii oc:u ,n;Byx PHc. 124 

OKPY:lKHOCTe:ii paccMoTpeHo B II. 16.2 BMecTe 

c ,ll;OKa3aTeJibCTBOM TeopeMbI o pa,n;nKaJihHOH OCH. BBe,u;eHire IIOH.HTH.H pa,n;n

KaJihHoro u;eHTpa Tpex OKPY:iKHOCTeii rro3BOJI.HeT 3Ha'IHTeJihHO yrrpocTHTh 

125 



IIOCTpOeHHe pa.n;HKaJibHOH OCH B CJIY'Iae, KOr.n;a 3TH OKPY2KHOCTH He nepece

KalOTCH, 'ITO BhlIIOJIHeHO Ha pHc.124 ,ll;JIH 0Kpy2KHOCTeii: ()( H ~· 9TOT cnoco6 

OCTaeTCH B CHJie H B CJiy'!ae, KOr.n;a o.n;Ha H3 OKPY2KHOCTeii: ()( H ~ Jie2KHT 

BHYTPH .n;pyroii:. 

Y n pa;)IC'H,e'/-1,U.R, 

16.1. IlocTpoii:Te OKPY2KHOCTb, opToroHaJibHYIO K TpeM .n;aHHbIM OKpy2K

HOCTHM. 

16.2. Ha .n;aHHOH OKPY2KHOCTH Haii:.n;HTe TO'IKy, 'IT06b1 KacaTeJihHbie H3 

Hee K .n;pyroii: .n;aHHOH OKPY2KHOCTH 6bIJIH paBHbl 0Tpe3KY OT HCKOMOH TO'IKH 

.n;o .n;aHHOH TO'IKH A. 
16.3. IlocTpOHTe OKpy2KHOCTb, KaCaTeJibHbie K KOTOpoii:, npoBe.n;eHHbie 

II3 .n;aHHbIX TO'leK A, B, C, 6hlJIH 6b1 paBHbl coOTBeTCTBeHHO TpeM .n;aHHbIM 

OTpe3KaM a, b, c. 

16.4. IlocTpoii:Te OKPY2KHOCTb, npoxo.n;Hmyro 'Iepe3 .n;Be .n;aHHbie TO'IKH A 
II B II opToroHaJibHyro .n;aHHOii: OKPY2KHOCTH ex. 

16.5. IlocTpoii:Te OKPY2KHOCTb .n;aHHoro pa.n;Hyca, opToroHaJibHYIO .n;BYM 

.n;aHHhlM OKPY2KHOCTHM. 

16.6. qepe3 ,n;Be .n;aHHhle TO'IKH A II B npoBe.n;HTe OKPY2KHOCTh, .n;eJIH

myrocH .n;aHHOH OKpy2KHOCTblO ()( IIOIIOJiaM. 

16.7. qepe3 .n;Be .n;aHHbie TO'IKH A II B npoBe.n;HTe OKPY2KHOCTb, KOTopaH 

.n;eJIIIJia 6bl .n;aHHYIO OKPY2KHOCTb nonoJiaM. 

16.8. IlocTpOHTe OKPY2KHOCTb, KOTOpaH .n;eJIIIJiaCb 6bI nonoJiaM Ka)K,ll;OH 

H3 Tpex .n;aHHhlX 0KPY2KHOCTeii:. IlpH KaKHX ycJIOBHHX OHa cy1IIeCTByeT? 

16.9. Ha CTopoHax BC, CA, AB ocTpoyroJihHOro TpeyroJibHHKa ABC 
B3HThl cooTBeTCTBeHHO TPII npoH3BOJibHbie TO'IKH A1 , B1 , C1 • ,Il;oKa2KHTe, 

'ITO Tpn 061IIne xop.n;b1 nap OKPY2KHOCTeii: c .n;naMeTpaMH AA1 , BB1 , CC1 

nepeceKaIOTCH B opTou;eHTpe TpeyroJibHHKa ABC. 

§ 17. lly"l~u o~py:J1C1-wcmeu 

17.1. Onpe,n;eJieHHe rry'IKB. OKpy:>KHOCTeii. BH,ll;bl ny<IKoB. Ilpe,n;Bapn

TeJibHO y6e.n;nMCH B HCTHHHOCTH TaKoro YTBep)K,ll;eHHH. 

Ec.11,u np.R.Ma.R l .R6A.Remc.R paduicam,Hou oc'b'/O oicpy:JtCHocmeu ex u ~ u 

.R6.11,.Remc.R paduicaA'b'HOU OC'b'/O oicpy:JtCHocmeu ~ u y, mo o'Ha ecm'b maic:Jtee 
u paduicaA'b'Ha.R oc'b oicpy:JtCHocmeu ex u y u u,eHmpu :Jmux mpex ox;py:JtC'HO
cmeu 'IC0./1,./1,U'/-teap'H'bl. 

,II;eii:CTBHTeJibHO, no onpe.n;eJieHHIO pa.n;HKaJibHOH OCH H ycJIOBHIO .n;oKa-

3bIBaeMoro YTBep)K,ll;eHHH npOH3BOJibHaH TO'!Ka p npHMOH l HMeeT paBHble 

CTeneHH OTHOCHTeJibHO OKPY2KHOCTeii: ()( H ~ H paBHhie CTeneHH OTHOCHTeJibHO 
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OKpy)KHOCTeii 13 H y H, 3Ha'IHT, paBHhie CTerreHH OTHOCHTeJihHO OKPY)KHO

CTeii a. H y. Ilo3TOMY TO'IKa p rrp1rna,r:i;Jie)KHT pa,r:i;HKaJihHOH OCH OKPY)KHO

CTeii a. :rr y. IIocKOJihKY P - mo6aR TO'IKa rrpRMOH l, TO l - pa,r:i;:rrKaJihHaR 

OCh OKPY)KHOCTeii a. :rr y. Ka)K,r:i;aR :rr3 Tpex rrpRMhIX, co,r:i;ep~liIHX 1IeHTph1 

,r:i;Byx OKPY)KHOCTeii, nepneH,r:i;:rrKyJIRpHa l. CJie,r:i;oBaTeJihHO, 3TH Tp:rr npRMhie 

COBna,r:i;alOT, T. e. IIeHTphI OKpy)KHOCTeii a., 13, y KOJIJIHHeapHhI. 

Ba)KHhIM np:rrMepoM MHO)KeCTBa OKPY)KHOCTeii, Ka)K,JJ;hie ,r:i;Be :rr3 KOTO

ph1x HMelOT 0,D;HY II TY )Ke pa,r:i;HKaJlhHYlO OCh, RBJIReTCR MHO)KeCTBO BCex 

oKpy)KHOCTeii, nMelOliIHX ,r:i;Be o6liine TO'IKH A n B. Tor,r:i;a npRMaR AB n 

eCTh pa,r:i;HKaJihHaR och Ka)K,JJ;bIX ,r:i;Byx OKPY)KHOCTeii H3 3Toro MHO)KeCTBa 

(pnc.125). KaK yBn,r:i;nM ,r:i;aJiee, 3TOT npnMep He RBJIReTcR e,r:i;nHCTBeHHhIM. 

0 n p e ,r:i; e JI e H n e. MHo)KeCTBO Bcex oKpy)K

HOCTeii, Ka)K,ll;hie ,r:i;Be H3 KOTOphIX HMelOT 0,JJ;HY II 

TY )Ke pa,r:i;:rrKaJihHYIO och l, Ha3hrnaeTc.a ny•1:1>:0.M 

O'Jf,py;)IC'l-£0Cmeu. Ilp.aMa.H l Ha3hIBaeTCR pa,r:i;HKaJih

HOH OChlO 3Toro ny'!Ka. 

11,eHTphI BCex OKpy)KHOCTeii ny'!Ka Jie~T Ha 

0,JJ;HOH npRMOH, rreprreH,JJ;HKYJIRpHOH ero pa,r:i;n

KaJihHOH OCH. 

PaccMOTpHM TPH B03MO)KHhIX cJiy'laR, np:rrBo

,r:i;RIIIHX K KJiaccmpHKaIIHII ITY'IKOB OKpy)KHOCTeH. 
PIIC. 125 

1) IlycTh KaKne-Jin6o ,r:i;Be OKpy)KHOCTH ny'IKa nepeceKaroTc.a B TO'IKaX A 
n B. Tor,r:i;a 3TH TO'IKH npnHa,r:i;Jie~T nx pa,r:i;HKaJihHOH ocn n ,r:i;OJI)KHhI nMeTh 

paBHhie (HyJieBhle) CTeneHH OTHOCHTeJihHO Ka)K,ll;OH OKpy)KHOCTH ny'!Ka. 

CJie,r:i;oBaTeJihHO, Jil06aR oKpy)KHOCTh ny'IKa npoxo,r:i;nT 'Iepe3 3TH TO'IKH. 

TaKHM o6pa30M, ny'IOK COCTOHT H3 OKpy)KHOCTeil, HMelOIIIHX ,r:i;Be 06IIIHe 

TO'IKH. TaKoii rry'IOK Ha3hIBaeTc.a rry'IKOM rrepeceKaIOIIIHXC.H oKpy)KHOCTeii, 

PHc. 126 

HJIH 3J1,J1,Unmu"teC'Jf,U.M ny"l'N,O.M oKpy)KHOCTeii 

(pnc.125). 

2) IIycTh KaKne-Jin6o ,r:i;Be oKpy)KHOCTH ny'l

Ka KacaroTcR B TO'IKe A (BHyTpeHHHM HJIH BHem

HHM o6pa3oM). Tor,r:i;a nx pa,r:i;nKaJihHaR och l 
ecTh o61IIa.a KacaTeJihHaR K HHM B TO'!Ke A. Jlro-

6a.a TpeThR oKpy)KHOCTh ny'IKa no onpe,r:i;eJie-

HIIIO HMeeT Ty )Ke pa,r:i;HKaJihHYIO OCh c nepBhIMII 

,JJ;ByM.a n noTOMY KacaeTCR npRMOH l B TO'IKe A. 
I1TaK, ny'IOK COCTOIIT H3 Bcex OKpy)KHOCTeii, norrapHO KacaIOliIIIXC.H B 061IIeii 

TO'!Ke. TaKoil ny'IOK Ha3hIBaeTC.H napa60J1,U"teC'Jf,U.M ny"t'Jf,O.M OKpy)KHOCTeil 

(puc.126). 

3) IIycTh KaKHe-Jin6o ,r:i;Be OKPY)KHOCTH ny'IKa He HMeIOT o6liIHX TO'leK. 

Tor,r:i;a :rr Jil06h1e ,r:i;Be OKPY)KHOCTH 3TOro ny'!Ka He 6y,r:i;yT HMeTh o6liIHX TO'IeK, 
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TaK KaK B rrpOTHBHOM CJiy'lae 'Iepe3 HX o6ru;He TO'IKH rrpOXO,ll;HJIH 6bI BCe 

OKPY:lKHOCTH 11y'!Ka. Ho Bb16paHHhie 11epB0Ha'laJihHO ,n;Be OKPY:lKHOCTH 11y'l

Ka He 11epeceKaroTcsi:. Ily'loK He11epeceKaIOI11Hxcsi oKpy:lKHOCTeii: Ha3hrnaeTcsi 

2unep60.1tu"teC'X:UM ny"t'X:OM oKpy:lKHOCTeii:. IlocTpoeHHe OKPY:lKHOCTeii: 3Toro 

11y'!Ka paccMoTpHM 'lYTh II03:lKe. 

17.2. KpiuepHH ny'IKa OKpy:>KHOCTeii. 3a,n;aHHe 11y'IK3. ,Il,oKa)KeM ,n;Ba 

Heo6xo,n;HMhIX H ,n;ocTaTO'lHhIX ycJIOBHSI Toro, 'ITO HeKOTOpoe MHO)KeCTBO 

oKpy:lKHOCTeii: ecTh 11y<IoK. 

K pH Tep H ii: 1. Mtto;J1Cecmeo ecex o'X:py;J1Cttocmeu, opmo20na.1t'b'H'btX oiJ

nou O'X:py;J1Cttocmu, '4ettmp'bt 'X:OmOp'btX .1te;J1Cam tta oanoil, np.ftMOU, ecm'b ny

"lO'X: O'X:PY;JIC'HOCmeii,. 

B caMOM ,n;eJie, B03hMeM ,n;Be 11poH3BOJihHhie OKPY:lKHOCTH 0t.1 H Ot.2 H3 

3a,n;aHHOro MHO)KeCTBa M OKpy)KHOCTeii:, u;eHTpbI KOTOpbIX Jie~T Ha IIpSI

MOH m H KOTOpb1e opToroHaJihHhI ,n;aHHOii OKpy)KHOCTH cu c u;eHTPOM A 
(pnc.127). Ilo CBOHCTBY 1° TO'leK pa,n;HKaJihHOii: OCH (11.16.3) TO'!Ka A 11pn

Ha,n;Jie)KHT pa,n;HKaJihHOii: ocn l OKPY:lKHOCTeii: Ot. 1 H Ot.2 • Ho 3Ta 11psi:Masi: l He 

3aBHCHT OT Bh16opa OKpy)KHOCTeii: Ot.1 H Ot.2 II3 3a,n;aHHOro MHO:lKeCTBa M' TaK 

KaK oHa 11poxo.n;nT 'lepe3 IIOCTOSIHHyro Tff'lKY A 11ep11eH,n;HKyJisipBo 3a,n;aH

Hoii: 11psi:Moii: m. IlTaK, JII06hie ,n;Be oKpy:lKHOCTH 3a,n;aHHoro MHO)KeCTBa M 
HMeroT o,n;ny H TY )Ke pa,n;nKaJihnyro och. CJie,n;oBaTeJihHO, 3To MHO:JKeCTBO M 

w 

P:ec. 127 

OKPY:lKHOCTeii: 11pHHa,n;ne)KHT 11y<IKY oKpy)KHO

CTeii: c pa,n;HKaJlhHOH OChlO l. 
06paTHO, IIYCTh x - IIpOH3BOJibHaSI OKpy)K

HOCTh IIY'!Ka c pa,n;HKaJihHOH OChlO l, KOTOpo

MY 11pnna,n;Jie:iKaT OKpy:lKHOCTH Ot. 1 H 1)(2 • Tor,n;a 

ee u;eHTp Jie:lKHT Ha JIHHHH u;enTpOB oKpy:lKHO

CTeii: Ot.1 H Ot.2, T. e. Ha IIpSIMOH m, H OKpy:lK

HOCTh x OpToroHaJihHa w ( CBOHCTBO 1 ° TO'leK pa

,ll;HKaJlhHOH ocn). l'lTaK, 3a,n;aHHOe MHO:lKeCTBO M 
OKPY)KHOCTeii eCTh 11y<IoK OKPY)KHOCTeii. 

CJie,n;cTBHe. Ec.ttu tte'X:omopa.ft O'X:py;J1Cttocm'b 

opmo2otta.1t'b'Ha aeyM O'X:py;J1C'HOCm.ftM ny"t'X:a, mo 

ona opmo20tta.1t'btta 'X:a;J1Caou o'X:py;J1Cnocmu 3mo-

20 ny"t'X:a. 

K pH Tep H ii: 2. Mtto;J1Cecmeo ecex O'X:py;J1Cttocmeu, opmo2ona.1t'btt'btX . 

aeyM aatt'H'btM O'X:py;JIC'HOCm.ftM, ecm'b ny"tO'X: O'X:py;J1CttOcmeiJ,. 

,II,eii:cTBHTeJihHO, u;enTphl Bcex oKpy:lKHoCTeii: 3a,n;annoro MHO)KeCTBa 11pn

Ha,n;Jie~T pa,n;HKaJihHOii OCH ,n;Byx ,n;aHHhIX OKPY:lKHOCTeii:. Ha ocHOBaHHH 

KpHTepHSI 1 3TO MHO:lKeCTBO oKpy:lKHOCTeii eCTh 11y'IOK OKPY)KHOCTeii:. 

Ifa 011pe,n;eJiennsi: 11y'!Ka OKPY:lKHOCTeii H ero KpHTepHeB BhITeKaroT cno

co6'bt aaaattU.ft ny"t'X:a OKPY:lKHOCTeii: 
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1) ~YM5I rrp1rna.n;Jie~m;HMH eMy OKpy:lKHOCT5IMH, 

2) OKpy2KHOCThJO 9Toro rry'IKa Hero pa,n;HKaJihHOH ochro, 

3) JIHHHeil: n;eHTpOB OKPY2KHOCTeil: rry'IKa H o,ri;Hoil: opToroHaJibHOH HM 

OKPY2KHOCThlO, 

4) ~YMB OKPY2KHOCT5IMH, opToroHaJihHhlMH OKPY2KHOCT5IM rry'!Ka. 

17.3. OpToroHaJibHhle rry'IKH OKpy:>KHOCTeii. lfa cJie,n;cTBH5I H KpH

TepHB 2 rrpe,ll;bl.ri;ym;ero IIYHKTa CJie.ri;yeT, 'ITO cym;eCTByeT 6ecKOHe'!HOe 

MH02KeCTBO OKPY2KHOCTeil:, Ka)K,ll;aB H3 KO

TOphlx opToroHaJihHa Ka)K,ll;OH OKPY2KHO

CTH .n;aHHoro rry'!Ka OKPY2KHOCTeil:, H 9TO 

MH02KeCTBO ecTb TaK2Ke rry'IOK OKPY2KHO

cTeil:. TaKHe ~a rry'!Ka OKPY2KHOCTeil: Ha-

3hIBaJOTC5I opmo2otta.11ib'H'bt.MU HJIH conp.R

:>teettttu.Mu ny"l.'X:a.MU OKPY:lKHOCTeil:. Pa.n;H
KaJibHaB OCb 0,ri;HOro H3 HHX 5IBJI5IeTC5I JIH

HHeil: n;eHTpOB .n;pyroro H Hao6opoT. 

5ICHO, 'ITO eCJIH 0,n;HH H3 ~yx op

TOroHaJibHblX rry'IKOB OKpy2KHOCTe:li rra

pa6oJIH'!ecKHH, TO H BTOpoil: TaK2Ke rra

pa6oJIH'leCKHH (pHc. 128). ECJIH 2Ke .n;aH

HhIH rry'IOK rHrrep6oJIH'lecKHH, TO opToro

HaJihHhlH eMy rry'IOK 5IBJI5IeTC5I 9JIJIHIITH

'leCKHM, H Hao6opOT (pHC. 129). 0,ri;HaKO 

9TOT ¢aKT Tpe6yeT II05ICHeHH5.!. IlyCTb .n;a-

Hbl ~e HerrepeceKarom;HeC5I 0Kpy2KHOCTH Cl 

H p. IIocTpOHM Hx pa,n;HKaJihHyro OCh l H 

B03hMeM Ha Heil: npOH3BOJihHyro TO'IKY A 
(pHc.130). ~HHa r KaCaTeJihHblX H3 TO'l

KH A K OKPY2KHOCT5IM cr H p 6oJihme, '!eM 

paccT05IHHe OT TO'IKH A .n;o JIHHHH 0 1 0 2 

n;eHTpoB OKPY2KHOCTeil:. IIo::iToMy OKpy2K

HOCTh w(A, r) rrepeceKaeT rrpBMyro 0 10 2 B 

,D;Byx TO'!KaX 11, 12. lhaK, rrpOH3BOJibHa5I 

OKPY2KHOCTh w rry'IKa OKpy2KHOCTe:li, op

ToroHaJihHoro .n;aHHOMY rHrrep60JIH'!eCKO

MY rry'IKy, rrepeceKaeT pa,n;HKaJihHyro och 

0102 CBOero IIY'!Ka. qepe3 TO'IKH rre

Pnc. 128 

Pnc. 129 

Pnc. 130 

pece'!eHH5I rrpoxO,ll;5.!T Bee OKPY2KHOCTH rry'!Ka, T. e. OH 9JIJIHIITH'leCKH:li. 

06m;He TO'IKH 11 H 12 OKPY2KHOCTeii 9JIJIHIITH'!ecKoro rry'IKa Ha3hl

BaIOTC5I npeae.l!'b'H'bt.MU mo"l.'X:a.MU OpTOrOHaJibHOro eMy rHrrep60JIH'leCKOrO 

IIY'!Ka. 
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17.4. 3a,n;rume OKPY)KHOCTH .u;rumoro rry'IKll. EcmI 3a.u;aH rry'IOK oKpy)K

HOCTeii, TO HCKOTOpyro ero OKPY)KHOCTb MO)KHO BbI)J;eJIHTb H3 IIY'!Ka 3a.u;a

HlleM 0,ll;HOH ee TO'IKH, T3K KaK HMeeT MeCTO TeopeMa. 

TeopeMa. Ifepe3 '/Ca:JtCiJy10 mo"i'ICY n;wc'/Cocmu, tte nputtad.rte:J1Caw,y10 pa
iJu'ICa.rt'bttou ocu ny"i'/Ca o'ICpy:JtCttocmeu, npoxoiJum oiJtta u mo.rt'b'/Co oiJtta 

o'ICpy:JtCttocm'b :Jmo20 ny"i'/Ca. 

,II; 0 Ka 3 a Te JI b c TB o. ,Il;JUI 3JIJIHIITH'!eCKOro H rrapa60JIH'leCKOrO rry'l

KOB TeopeMa O'leBn,u;Ha (pnc.125 n 126). B rrepBoM rry'!Ke 3Ta OKpy)KHOCTh 

orrpe.u;em:ieTCR TpeMR HeKOJIJIHHeapHbIMH TO'IKaMH, a BO BTOpOM - ,u;BYMR 

TO'!KaMH H KaCaTeJibHOH B O,LJ;HOH H3 HHX. PacCMOTpHM rirnep60JIH'!eCKHH 

rry'IOK OKpy)KHOCTeii:. 

IlycTh OH 3a,n;aH HerrepeceKaJOII!HMHCR OKPY)KHOCTRMH C£ 1 n C£2 (pnc.131) 

n .u;aHa TO'IKa M, He rrpnHa,u;Jie)Kam;aR pa,n;nKaJibHoii ocn l 3THX OKpy)KHO

CTeii. IlocTpOHM rrpOH3BOJibHYJO OKpy)KHOCTb w, opToroHaJibHYJO OKpy)KHO

CTRM C£1 H C£2. 0Ha rrpnHa,u;Jie)KHT corrpR)KeHHOMY IIY'IKY OKpy)KHOCTeii:, KO

TOpbIH RBJIReTCR 3JIJIHIITH'!eCKHM. Il03TOMY JierKO CTpOHTCR OKpy)KHOCTb ~ 

3TOrO IIY'IKa, co,n;ep)KaII!aR 3a,D;aHHYJO TO'IKY ]\.;[ ( OHa OIIHCaHa OKOJIO Tpe

yroJihHHKa I 1I 2 Jiv1). Terrepb ocTaJIOCh rrocTpOHTh HCKOMYJO OKPY)KHOCTh x, 
KOTOpaR rrpoxo.u;nT 'Iepe3 NI n opToroHaJihHa ~· KacaTeJII>HaR K ~ B TO'IKe M 
rrepeceKaeT rrpRMYJO 01 02 B I!eHTpe x 3TOH OKpy)KHOCTH. 

x""' 

Pnc. 131 

OcTaJicR 6e3 BHMMaHHR o,n;nn '!aCTHhIH cJiy'laii, 

Kor,n;a ME (010 2 ). Tor.u;a rrpe,u;hI,IJ;YII!MH crroco6 6ec

cnJieH, XOTR HCKOMaR OKpy)KHOCTb x CYII!CCTByeT. 

B 3TOM cJiy'lae rrocTpOHM OKPY)KHOCTb y c I!eHTpoM 

B TO'!Ke 0 rrepece'leHHR pa,u;nKaJibHOH OCH l H JIHHHH 

M 

Pnc. 132 

I!eHTpOB .u;annoro rry'IKa, opToronaJihHYJO C£ 1 n C£2 (pnc. 132). IlocTpOHM 

pa,u;MKaJihHYJO ocb m oKpy)KHOCTn y n TO'IKH M. 0Ha rrepeceKaeT JIHHHJO 

I!eHTPOB B I!eHTpe X ncKOMOii: OKPY)KHOCTH ( KpnTepnii 1). 
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E.i:i;nHCTBeHHOCTh OKPY2KHOCTH nrnra, co.i:i;ep:araru;eii .i:i;aHHYIO TO"IKY M, 
,ll;OKa3hIBaeTc.si paccy2K.i:i;eHHeM OT npoTHBHoro. IIycTb -.:repe3 M npoxo,ll;.s!T 

.i:i;Be OKPY2KHOCTH x 1 H x 2 ny-.:rKa, 3a.i:i;aHHoro OKPY2KHOCT51MH cx: 1 H cx:2. Tor.i:i;a 

-.:repe3 TO"IKY M ,ll;OJI2KHhI npoxo,ll;HTh Bce OKpyJKHOCTH ny-.:rKa, -.:rTo HeB03-

MOJKHO, TIOCKOJibKY M He npHHa,n;Jie.lKHT pa,ll;HKaJibHOM OCH ny-.:rKa. 

3 a .i:i; a -.:r a. IIocTpOHTh OKPYJKHOCTh, co.i:i;ep:araru;y10 .i:i;Be .i:i;aHHbie TO-.:rKH 

A n B H Kaca10ru;yroc51 .i:i;aHHoii OKPYJKHOCTH ex:. 
P e m e H H e. McKoMa.sI OKPYJKHOCTb x npnHa.i:i;Jie2KHT 3JIJIHnTn-.:recKoMy 

ny-.:rKy oKpy:iKHOCTeii, nepeceKaIOIIl,lIXC51 B TO"!KaX A H B. IlycTb w - npon3-

BOJibHa51 OKPYJKHOCTh 3Toro ny-.:rKa, 11epeceKa10m;a51 .i:i;aHHYIO OKPYJKHOCTh ex: 
B TO"!KaX M H N (pnc.133). Pa.i:i;HKaJihHbie ocn AB, lvlN Ht OKPYJKHO

CTeii ex:, w, x, B351ThlX nonapHo, nepeceKaIOTC51 B pa.i:i;nKaJibHOM n;eHTpe P, 
KOTOpbIM MOJKHO nocTpOHTh, TaK KaK np.sIMhie AB H lvl N HMeIOTC51. ,Il,aJiee 

CTp051TC51 TO"!KH T H T1 KaCaHH51 c OKPYJKHOCTbIO ex: np.siMhIX t H t 1 , npoxo,ll;.s!

Ill,lIX -.:repe3 TO"!KY P, a no HHM n n;eHTpbI X H X 1 HCKOMhIX OKPYJKHOCTeii. 

MccJie.i:i;oBaHne He3aTpy.i:i;HHTeJihHO. Bo3MOJKHhI 2, 1, 0 pemeHnii. 

Puc. 133 

Ynpa:HC'/-l,e'/-1,U.l(, 

17.1. IIocTpoiiTe oKpy2KHOCTh, Kaca10ru;y10c51 ABYX .i:i;aHHhlx OKPY2KHO

CTeii, npH 3TOM 0,ll;HOM H3 HHX B .i:i;aHHOM TO"!Ke. 

17.2. IIocTpoiiTe oKpy:iKHOCTh, npoxo,ll;.s!ru;yIO -.:repe3 .i:i;Be .i:i;aHHhie TO"IKH A 
H B H Kaca10ru;y10c51 .i:i;aHHO:il: np.sIMoii. 
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17.3. IIocTpoiiTe OKPY2KHOCTh, Kaca10nzy10c.H ,n;aHHoii: oKpy2KHOCTH w n 

,n;aHHoii: np.HMOii: B ,n;aHHOii: ee TO'!Ke A. 
17.4. ,Ll;oKa2KnTe, 'ITO ,n;Ba u;eHTpa roMoTeTnii: ,n;Byx OKPY2KHOCTeii .HB

JI.HIOTC.H KOHIJ;aMn ,n;naMeTpa OKPY2KHOCTH, KOTOpa.H npnHa,n;Jie2KHT ny'!KY 

OKPY2KHOCTeii:, 3a,n;aHHOMy ,n;ByM.H ,n;aHHhIMH OKPY2KHOCT.HMH. 

§ 18. Ilo.!l.Rpnoe coomBemcmBue 
18.1. Ilomi:pa TO'IKH OTHOCHTem.Ho oKpy)KHOCTH. To'!KH A n B Ha3hI

BaIOTC.H conp.H2KeHHhIMH OTHOCHTeJihHO OKPY2KHOCTH w(O, R), ecJIH 

lfa ycJIOBll.H (18.1) Henocpe,n;CTBeHHO CJie,n;yeT: 

1) yroJI AOB Jin6o ocTph1ii, JI:rr6o HyJieBoii:; 

2) TO'!Ka M COIIp.H2KeHa caMa ce6e Tor,n;a ll TOJihKO Tor,n;a, KOr,n;a OHa 

npnHa,n;Jie2KHT 6a3ncHoii: OKPY2KHOCTH w, TaK KaK 

OM· OM= R2 {::}ME w; 

3) u;eHTp 0 0Kpy2KHOCTH w He HMeeT COIIp.H2KeHHOH eMy TO'!Kll, IIOCKOJih

KY paBeHCTBO 0 · 0 B = R2 
npoTnBope'lnBo; 

4) ecJin TO'!Ka A=/= 0 Jie2KnT BHYTPH OKPY2KHOCTH w, TO conp.H2KeHHa.H 

eii TO'!Ka B Jie2KHT BHe ee, TaK KaK H3 paBeHCTBa 0 A · 0 B cos LAO B = R 2 

npn 0 A < R cJie,n;yeT 0 B > R. 
Jifa paBeHCTBa (18.1) JierKO TaK2Ke ycMaTpHBaeTC.H, 'ITO ,ll;JI.H 3a,n;aHHOH 

TO'IKH A, OTJIH'lHOii OT 0, HMeeTc.a 6ecKOHe'!HOe MH02KeCTBO conp.a2KeHHhIX 

c HeIO TO'leK B, y,n;oBJieTBOp.H10iu;nx ycJioBHIO 

B 

Bo 

PHc. 134 

R2 
OB cos qi= OA = OB0 , 

r,n;e OB n qi= LAOB nepeMeHHhre, a TO'!Ka 

B 0 - nocTO.HHHa.H TO'!Ka Jiyqa 0 A (pnc. 134). 
0Tpe30K 0 B 0 M02KHO nocTponTh KaK '!eT

BepThrii: nponopu;noHaJihHhrii: K oTpe3KaM R, 
R, OA: OA: R = R: OB0. To'!Ka B0 -eaun

cmeenttaJ£ TO'!Ka np.aMo:ii: OA, conp.a2KeH

Ha.H c TO'IKOH A OTHOCnTeJihHO w. PaBeHCTBO 

0 B cos qi= 0 B 0 (qi - ocTphI:ii: yroJI!) roBopnT o TOM, 'ITO TO'!Ka B 0 .HBJI.HeTrn 

opToroHaJihHOH npoeKu;ne:ii: TO'IKH B Ha np.HMYIO 0 A. 
CJie,n;oBaTeJihHO, .M'HOateecmBO.M ecex mo"ie~, conpRateC'H'H'blX c aannou 

mo"i~ou A omnocume.11:btto o~pyatenocmu w, J£6J1,J£emc.n np.n.Ma.n BB0, nep-
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nettau-x;y.1tapttaa -x; npa.Mou OA. 0Ha Ha3brnaeTC5I rr o JI 5I poll: TO'IKH A OT

HOCHTeJihHO ,n;aHHOH oKpy2KHOCTH w. To'IKa A no OTHOIIIeHHIO K cBoell: rro

JI5Ipe Ha3hIBaeTC5I no.!t?OCO.M 3TOH Ilp5IMOH. 

11,eHTp 0 oKpy2KHOCTH w He HMeeT rroJI5Iphr. II p5!Mh1e, co,n;ep2Ka111He 0, 
He HMeIOT IlOJIIOCOB. 

Cy111ecTByeT HeCKOJihKO cnoco6oB rrocTpoeHHfl 110JJ5Iph1 ,D;aHHOH TO"'IKH A 
OTHOCHTeJJbHO ,n;aHHOH OKPY2KHOCTH U). IloKa pacCMOTpHM ,D;Ba H3 HHX. 

0'IeBH,D;HO, ,D;OCTaTO'IHO IIOCTpOHTb JIHillh 0,D;Hy TO'IKY IIOJI5Iphl a TO'I

KH A - TO'IKY ee nepece'IeHHfl c rrp5IMOH 0 A. C 3TOH 11eJihIO rrpoBe,n;eM 

,n;HaMeTp CD OKpy2KHOCTH w, neprreH,n;HKYJI5IPHhIH OA (pHc. 135). IlycTh 

(AC) n U) = P, (PD) n (OA) = B. Tor,n;a TO'!-

Ka B - TO'IKa rromrphI a. )J;eiicTBHTeJJhHO, 

H3 rro,n;o6H5! 1Ip5IMOyrOJJbHhIX TpeyrOJibHHKOB 

AOC H BOD HMeeM OA/OC =OD /OB, T. e. 

0 A · 0 B = R 2
• IloJI5Ipa a TO'IKH A rrpoxo,n;HT 

qepe3 B rrepneH,n;HKYJI5IpHo 0 A. 
EcJJH TO'IKa A - TO'IKa OKPY2KHOCTH w, TO 

ee IIOJJ5Ip0H 5IBJJ5IeTC5I KaCaTeJihHa5I K U) B 3TOH 

TO'IKe, IIOCKOJihKY Ka2K,D;a5I TO'IKa OKPY2KHOCTH 

corrp5!2KeHa caMa ce6e. 

TeopeMa. Ec.1tu mo"l,-x;a A .1te:>1Cum Btte 

o-x;py:>ICHOCmU W, mo ee no.1tapa coaep:>ICUm 
mO"l,'X:U -x;acattUJt a6yX -x;acame.1t'b'H'bLX, npo6eaett
'H'bLX -x; w "l,epea mo"l,-x;y A. 

~ell:CTBHTeJJhHO, eCJJH AP H AQ - Kaca

TeJJhHhle KU) H (PQ) n (AO)= B (pHc.136), TO 

H3 rrp5IMoyroJihHoro TpeyroJihHHKa AO P HMe

eM OA ·OB= OP2 = R2
, T. e. TO'IKa B corrp5I-

2KeHa c A OTHOCHTeJJbHO w. 
CJie,n;cTBHe. Ec.11,u mo"l,-x;a A .11,e:>1Cum Btte 

o-x;py:>1Cttocmu w, mo ee no.11,apa a coaep:>1Cum 

06w,y10 xopay o-x;py:>1CHocmu w u o-x;py:>1Cttocmu 

c aua.Mempo.M AO. 
~yroii crroco6 IIOCTpOeHH5I IIOJI5Ipbl TO'IKH 

OCHOBaH Ha YTBep2K,n;eHHH 3a,n;a'IH 2 § 9: mO"l,'X:a 

nepeCe"l,ettua aua20tta.1Leu 6nucatt'H020 "1,em'bL
pexy20.IL'b'HU'X:a nputtaa.11,e:>1Cum no.11,ape mo"l,'X:U 

A 

c 

D a 

Pnc. 135 

Pnc. 136 

p 

nepece"l,ettua ezo npomuBono.11,0:>1Ctt'bLX cmopott. Pnc. 137 

0Tcro,n;a cJie,n;yeT cnoco6 nocTpoeHHfl noJI5IphI 

A 

TO'IKH p 0,n;HOH JIHReHKOH. qepe3 TO'IKY p npOBO,n;HM TPH ceKy111He K 6a3HC

ROH OKPY2KHOCTH w (pHc.137). Tor,n;a noJI5Ipa p TO'IKH P npoXO,n;HT qepe3 
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TO'IKH nepece'leHH51 ,n;HaroHaJie:ii: IIOJiy'leHHbIX BIIHCaHHbIX '!eTbrpexyrOJib

HHKOB. To'IKH ee nepece'leHH51 c OKPYJKHOCTbIO cyTh TO'IKH KaCaHHH ,n;Byx 

KacaTeJibHhIX K OKPYJKHOCTH, rrpoxo,n;am;Hx '!epe3 P. IloJiapa II03BOJI51eT no

CTpOHTb KaCaTeJibHbie K OKpyJKHOCTH O,D;HOH JIHHe:ii:Ko:ii:. 

IlpHHI1HII IIOCTpOeHH51 IIOJIHpbl TO'IKH p OCTaeTCH TeM :iKe H B TOM CJiy'lae, 

Kor,n;a TO'!Ka P Jie:iKHT BHYTPH 6a3HCHo:ii: OKPYJKHOCTH w. 
18.2. CBOHCTBO B3aHMHOCTH nomi:p. IloJiapbr TO'!eK OTHOCHTeJibHO 

OKpy:iKHOCTH o6Jia,n;aroT 3aMe'!aTeJibHbIM cBo:ii:cTBOM: ecJ1,U mO"i'ICa B J1,e
:Heum tta no,!1,Rpe a mo"i'ICU A, mo mo"i'/Ca A J1,e:J1Cum 'lia no,!1,Rpe b mO"i'ICU B. 

B caMoM ,n;eJie, H3 Toro, 'ITO TO'!Ka B JieJKHT Ha noJiape a TO'IKH A, cJie

,n;yeT, 'ITO TO'IKH A H B conp212KeHh1 OTHOCHTeJihHO OKPYJKHOCTH w. Ilo3TOMY 

TO'!Ka A JieJKHT Ha noJI21pe b TO'IKH B (pnc.138). 

Ha ocHOBaHHH 3Toro ceo:iicTBa B3aHMHOCTH noJiap nomi:pa c TO'IKH C 
nepece'leHH51 np.HMhrx a H b npoxo,n;HT -qepe3 noJirocbl A H B 3THx npaMbrx. 

Pnc. 138 

lfa Hero JKe cJie,n;yeT: nOJl,Rp'bt scex mo"ie'IC npR.Mou npo

xoaRm "iepe3 nomoc 3mou npR.MOU. 
0Tcro,n;a O'!eBH,n;eH cnoco6 ITOCTpOeHH51 ITOJIIOCa ,n;aH

HO:ii np51MOH: Ha,n;o Ha 3TOH np51MOH B3S!Tb ,n;Be npOH3-

BOJibHbie TO'IKH, IlOCTpOHTb HX ITOJIS!pbl, TOr,n;a o6m;aa 

TO'!Ka 3THX Il0JI51p H 6y,n;eT ITOJIIOCOM ,n;aHHOH npHMOH. 

18.3. ABTorromi:pm>rli TpeyroJibHHK •. IlocTpoeHHbrii: 

Bhmre TpeyroJibHHK ABC (pHc. 138) o6Jia,n;aeT 3aMe

'!aTeJibHbIM CBOHCTBOM: Ka)K,D;aSI ero CTOpOHa 51BJI51eT

C.H ITOJI51pO:ii: npOTHBOITOJIOJKHOH BeplllHHbI, Ka)K,D;a.H Bep

IIIHHa eCTb noJiroc npoTHBOJieJKam;eii: CTopOHbl. Bc21Knii: 

TpeyroJibHHK, o6Jia,n;arom;H:ii: 3THM CBOHCTBOM, Ha3hIBaeTCSI asmon0,!1,Rp'H.'bt.M 

mpeyWJl,'b'H,U'/CO.M OTHOCHTeJibHO OKPYJKHOCTH w. 
ll,eHTp 0 oKpyJKHOCTH w aeJiaeTC.H opmou,enmpo.M aBTOIIOJI51pHoro OTHO

CHTeJihHO Hee TpeyroJibHHKa, TaK KaK no CBO:ii:cTBY nomi:pbl OA J_ a, OBJ_ b, 
oc J_ c. 

AsmonOJ1,Rptt'btU mpey20J1,'bttU'IC ABC 6Ce2Ja mynoy20J1,'btt'btu, npu"ie.M 

6CpWUtta mynozo y2J1,a Jl,C:JfCUm 6ttympu O'ICpy:HCttOCmU W, a d6e dpyzue 
6epwutt'bt - 6tte ee. 

B CaMOM ,n;eJie, TO'!Ka Ii ee ITOJI51pa BCer,n;a JieJKaT B O,n;HOH IIOJIYIIJIOCKO

CTH OT npaMo:ii:, npoxo,n;a:w;e:ii: -qepe3 1IeHTp 0 oKpJJKHOCTH w napaJIJieJibHO 

3TO:ii: noJI21pe. EcJIH 6hr TO'!Ka 0 OKa3aJiacb BHYTPH TpeyroJihHHKa ABC, 
TO npe,D;br,n;y:w;ee JCJIOBlle He MOI'JIO 6bITb BblIIOJIHeHO. Ilo3TOMY opTOl1eHTp 

TpeyroJibHHKa ABC JieJKHT BHe 3Toro TpeyroJibHHKa H, 3Ha'IHT, OH Tyrro

yroJibHhr:ii:. 

EcJIH TO'IKH A H B BHemHHe OTHOCHTeJibHO w, TO HX noJI21pbI a H b 
rrepeceKalOTC.H BO BHJTpeHHe:ii OTHOCHTeJibHO w TO'!Ke c. 06paTHO, eCJIH 
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TO'!Ka c BHyTpeHH.IHI, TO ee IIOJI5rpa COCTOIIT TOJibKO II3 BHeillHIIX TO'IeK 

(n.18.1, CBOHCTBO 4). TaKIIM o6pa3oM, o,n;Ha II TOJibKO o,n;Ha l!3 Bepm1rn aB

TorroJI.apHoro TpeyroJibHIIKa Jie::lKIIT BHYTPII OKPY2KHOCTII w. BepmIIHa C 
aBTorroJI.apHoro TpeyroJihHIIKa ABC, BHyTpeRH5fR OTHOCHTeJibHO w, Jie::lKHT 

BHYTPII TpeyroJibHHKa 0 AB H HBmreTc.a ero opTm..i;eHTpoM, rro3TOMY Tpe

yroJibHHK GAB ocTpoyroJihHbIH, a yroJI ACE Tyrroft. 

18.4. Ilomqmoe COOTBeTCTBHe OTHOCHTeJlhHO OKpy)f{HOCTH. IlpHIDJ,Hll 

,D;BOHCTBeHHOCTH. EcJin ,n;aHa OKPY2KHOCTb c u;eHTpOM 0, To Me2K,n;y MHO

::lKeCTBOM TO'IeK IIJIOCKOCTII ( c IICKJIIO'IeHHOH TO'IKOH 0) ll MHO::lKeCTBOM 

rrpRMbIX (KpOMe rrp.aMbIX, co,n;ep2KaIIJ;HX TO'IKY 0) ycTaHaBJIHBaeTCR B3a

IIMHO O,D;H03Ha'IHOe COOTBeTCTBne: Ka2K,D;OH TO'!Ke COOTBeTCTByeT ee IIOJI.apa 

II Ka)f{,D;OH IIpRMOH COOTBeTCTByeT ee IIOJIIOC. IIpII 3TOM MH02KeCTBY Bcex 

TO'IeK rrp.aMOH COOTBeTCTByeT MHO::lKeCTBO BCex rrp.aMbIX IIJ'IKa, ll o6paTHO. 

cho COOTBeTCTBHe Ra3hIBaeTC5f nO.ttRp'li'bl.M COOmBemcmBUC.M OTHOCHTeJibHO 

OKPY2KHOCTII. 

IloJIHpHOe COOTBeTCTBIIe ecTeCTBeHHbIM o6pa30M rrpIIBO,!:t;IIT K nputt~U

ny dBOUCmBe'H'HOCmu B reoMeTpIIH, KOTOpbIH 3aKJIIO'IaeTC5f B CJie,n;yroiu;eM. 

)],JI.a JII06o:ii KOHcPHrypawrn, COCT05fIIJ;eH II3 

TO'IeK II rrp5rMbIX, B KOTOpoii: orrpe,n;eJieHHbie 

TO'IKII Jie::lKaT Ha orrpe,n;eJieHHbIX rrpHMbIX, cy

iu;ecTByeT ,D;BOHCTBeHHa.a e:ii KOHcPIIrypau;IIH 

II3 rrp.aMbIX II TO'IeK, B KOTOpo:ii orrpe,n;eJieH

Hbie rrpRMhie rrpoxo,n;.aT qepe3 orrpe,n;eJieHHbre 

TO'IKII. 

HarrpnMep, cl>IIrype, cocTo.arr.i;e:ii II3 <IeTbI

pex TO'IeK A, B, C, D, HHKaKIIe TPII H3 KO

TOpbrx He Jie::lKaT Ha 0,D;HOH IIp5IMOH, ll mecTII 

np.aMbIX, coe,n;IIH5fIOIIJ;IIX 3Tll TO'IKII nonapHO 

(pnc.139), ,ll;BOHCTBeHHa cl>nrypa, COCT05fIIJ;a5I 

II3 'IeThrpex np.aMhIX a, b, c, d, HIIKaKIIe TPII 

II3 KOTOpbIX Re rrepeceKaIOTC5f B O,D;HOH TO'!-

Ke, II meCTII TO'IeK, B KOTOpbIX rrorrapHO rre

peceKaIOTCR 3TII 'IeTbipe Ilp5IMbie (pIIC. 140). 

IlepBaR cl>IIrypa Ha3bIBaeTcR no.tt'li'bt.M "lem'bi

pexBepwutt'liU1W.M ( IIOJIHhIM '!eTb1pexyroJih

HHKOM), a BTopaR - no.tt'H/btM "lemupexcmo

ponttuiw.M. B rrOJIHOM '!eTbipexBepmnHHIIKe 

ABCD rrpRMh1e AB, BC, CD, DA, AC, BD 

b 

B 

N 

Pnc. 139 

c 

a A E 

Pnc. 140 

Ha3bIBaIOTCR ero CTOpOHaMII, TO'IKII M =(AC) n (BD), N =(AB) n (CD), 
p =(BC) n (AD) Ha3bIBaIOTC5f ero ,n;IIaroHaJibHbIMII TO'IKaMII, a rrp5rMbie 

MN, MP, P N - ero .n;naroHaJIRMH. 
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B rroJIHOM 'leTbipexcTopoHHHKe abed rrp.HMbie a, b, c, d Ha3bIBalOTC.H ero 

CTOpOHaMH, TO'IKH A = a n d, B = a n b, c = b n c, D = c n d, E = a n c, 

F = b n d - BepmHHaMH, a rrp.HMhle AC' B D' E F - AlfarOHaJI.HMH. 

0Kpy:lKHOCTH (i) KaK MHO:lKeCTBY BCex ee TO'IeK ~OHCTBeHHa qmrypa, 

rrpe,n;cTaBJI.HIOIIl;a.H co6oii MHO:lKeCTBO BCex KaCaTeJibHbIX K (i) (rroJI.Hp TO

'IeK (i)). A 3TO rroCJie,n;Hee MHO:lKeCTBO rrp.HMbIX orrpe,n;eJI.HeT TY :iKe caMyro 

OKPY:lKHOCTb (i) KaK KpHByro, Kacarorn;yroc.H Ka)K,.!l;OH rrp.HMOH ,n;aHHoro MHO

:iKeCTBa. 

Ka)K,.!l;OH TeopeMe 0 KOHcPHrypa~H rrp.HMbIX H TO'IeK COOTBeTCTByeT 

aeoucmeeH'HaR meope.Ma 0 ,ll;BOHCTBeHHOH KOHcPHrypa~H TO'IeK H IIp.HMbIX. 

BTopyro (,n;BOHCTBeHHYID) TeopeMy MO:lKHO rroJiy'IHTb H3 rrepBoii B3aHMHOH 

3aMeHOH CJIOB: 

TO'IKa - rrp.HMa.H, 

IIOJIIOC - IIOJI.Hpa, 

Jie:lKHT Ha - rrpOXOAlfT qepe3, 

KOJIJIHHeapHbie TO'IKH - IIp.HMbie, rrepeceKalOrn;HeC.H B 

O,ll;HOH TO'!Ke, 

TpexBepmHHHHK (TpeyroJibHHK) -TpeXCTOpOHHHK (TpeyrOJibHHK), 

'IeTbipexBepmHHHHK - 'IeTblpexCTOpOHHHK, 

KaCaTeJibHa.H - TO'IKa KaCaHH.H 

H T. ,n;. 06e TeopeMhl ~OHCTBeHHhl ,n;pyr ,n;pyry, T. e. O,n;Ha H3 TeopeM BepHa 

eCJIH H TOJibKO eCJIH BepHa BTOpa.H. 

II pH Me p 1. 06paTHMC.H K TeopeMe IIacKaJI.H (§ 10): TO'IKH rrepece-

'IeHH.H rrpOTHBOIIOJIO:lKHbIX CTOPOH BIIHCaHHOro meCTHyroJibHHKa Jie:lKaT Ha 

O,ll;HOH rrp.HMOH. B IIOJI.HpHOM COOTBeTCTBHH OT

HOCHTeJibHO OIIHCaHHOH OKOJIO Hero OKpy:lKHOCTH 

BepmHHaM 3TOro meCTHyrOJibHHKa COOTBeTCTBYIOT 

KaCaTeJibHbie B 3THX BepmHHax. CJie,n;oBaTeJibHO, 

D BIIHCaHHOMY meCTHyrOJibHHKY COOTBeTCTByeT OIIH

caHHbIH mecTHCTOpOHHHK (meCTHyroJibHHK). To'I

KaM rrepece'!eHH.H rrpOTHBOIIOJIO:lKHbIX CTOpOH BIIH

caHHOro meCTHyrOJibHHKa COOTBeTCTBYIOT rrp.HMhle, 

PHc. 141 COeAlfH.HIOrn;He rrpOTHBOIIOJIO:lKHbie BepmHHbl OIIH-

caHHOro mecTHyroJibHHKa. l1TaK, TeopeMe IIacKaJI.H 

6y,n;eT ,n;BOHCTBeHHa TeopeMa: e onucaHHOM wecmuy20A'b'HU'X:e npRM'bte, co

eau'H.R'IOW,Ue e20 npomueonOA0:1/C'H'bte eepWU'H'bt ( m. e. 60A'bWUe aua201-1,a.n,u), 

nepecena10mc.R 6 oa1-1,ou mo"tne (pHc.141). 

<l>paHey3CKHii MaTeMaTHK IIIapJib B pH aH mo H (1785-1864) ,n;oKa3aJI 

3TY TeopeMy B 1806 r., II03TOMY OHa HOCHT ero HM.Ii -TeopeMa BpHaHmOHa. 

IlpOCTbIX rrp.HMhlX ,ll;OKa3aTeJibCTB ee He HMeeTC.H. 
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IT p n Me p 2. B orrncaHHOM 'leThipexyrOJihHHKe rrp51Ma51, co.n;ep:irom1a51 

TO'IKH KaCaHH51 ,ll;BYX CMe:lKHblX CTOpOH, H 1Ip51Ma51, co.n;ep:JKam;a51 TO'IKH Ka

caHH51 ,ll;BYX OCTaJihHbIX CTOPOH, rrepeceKaIOTC51 Ha rrpO,ll;OJI:lKeHHH .n;naroHaJIH 

3TOro 'leThlpexyrOJibHHKa (pnc. 142). 8TOMY rrpe.n;JIO:lKeHHIO ,ll;BOHCTBeHHO 

rrpe.n;JIO:lKeHHe: BO BIIHCaHHOM 'leTbipexyroJibHHKe TO'!Ka rrepece'leHH51 Kaca

TeJihHbIX B ,ll;BYX CMe:lKHbIX BepmnHaX H TO'lKa rrepece'leHH51 KaCaTeJihHbIX B 

,ll;BYX OCTaBIIIHXC51 BeprrrnHaX Jie:JKaT Ha 0,ll;HOH 1Ip51MOH c TO'IKOH rrepece'leHH51 

,n;Byx rrpoTHBOIIOJIO:lKHhIX CTopoH (pnc. 143). Ha6Jiro.n;aTeJibHbiii: 'lHTaTeJib 

6e3 Tpy.n;a 3aMeTHT, 'ITO B 3THX ,ll;BYX pa3HbIX Ha rrepBbIH B3rJI51,ll; rrpe.n;Jio

:JKeHH51X no cym;ecTBY co.n;ep:lKHTC51 0,ll;HH H TOT :JKe ¢aKT. ,ll,oKa3aTeJihCTBY 

rro.n;Jie:lKHT TOJibKO 0,ll;HO H3 3THX rrpe.n;JIO:lKeHHii:.· ITpom;e ,ll;OKa3bIBaeTC51 rrep

BOe. C.n;eJiaii:Te 3TO B Ka'leCTBe HeCJIO:lKHOro yrrpa:iKHeHH51. 

Puc. 142 Puc. 143 

IT p H Me p 3. ITycTh A H B - ,n;Be rrpOH3BOJihHhie TO'IKH, a H b - HX 

IIOJI51pbI OTHOCHTeJihHO OKPY:JKHOCTH c u;eHTpoM 0, LAOB = cp. Tor.n;a yroJI 

Me:JK.n;Y rrp51MhIMH an b, B KOTopoM Jie:JKHT TO'lKa 0, paBeH 180° - cp. CJie.n;

CTBHeM 3TOro ¢aKTa 51BJI51eTC51 B3aHMHa51 ,ll;BOHCTBeHHOCTb ,n;Byx YTBep:JK,n;e

HHH: 1) BO BIIHCaHHOM 'leTbipexyrOJibHHKe cyMMa rrpOTHBOIIOJIO:lKHbIX yrJIOB 

paBHa 180°, 2) eCJIH 0-u;eHTp OKPY:JKHOCTH, BrrncaHHOii B 'leTbipexyroJih

HHK ABCD, TO 

LAOB + LCOD = LBOC + LAOD = 180°. 

Ynpa[)IC'He'HUR 

18.1. ,ll,OKa:lKHTe, 'ITO .n;naMeTpaJibHO rrpOTHBOIIOJIO:lKHbie TO'IKH O,ll;HOii: 

OKPY:lKHOCTH TOJibKO TOr.n;a corrp51:lKeHbI OTHOCHTeJibHO .n;pyroii:, Kor.n;a 3TH 

OKpy:lKHOCTH OpTOrOHaJibHbI. 

18.2. To'lKa M -cepe.n;nHa cTopoHbI AB TpeyroJibHHKa ABC, H -ero 

opTou;eHTp. ,ll,oKa:lKHTe, 'ITO 

MC· MH = ~AB2 • 
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18.3. To'IKII A II B corrpaJKeHhl OTHOCIITeJibHO OKPYJKHOCTil Tor.n;a II 

TOJibKO Tor.n;a, KOr,n;a KBa,n;paT paCCT05!HIHI Me)f(,lzy HIIMH paBeH cyMMe HX 

CTerreHeli OTHOCHTeJibHO 3TOH OKPYJKHOCTII. ,Il;oKaJKIITe. 

18.4. qeTb1pexyroJibHHK BITIICaH B OKPYJKHOCTh. ,Il;oKaJKHTe, 'ITO Tpe

yroJihHHK c BepillHHaMH B TO'IKaX nepece'IeHIIa ero rrpOTIIBOIIOJIO)KHbIX CTO

poH H TO'IKe rrepece'IeHII5! ,n;.rrarOHaJieli 5!BJI5!eTca aBTOITOJiapHblM OTHOCII

TeJibHO 3TOli OKPY)KHOCTII. 

18.5. To'IKH A II A1, B n B 1 corrpaJKeHbI OTHOCIITeJibHO oKpy)KHOCTII ui. 

,Il;oKaJKIITe, 'ITO TO'IKII c =(AB) n (A1B1) II C1 = (AB1) n (A1B) TaKJKe 

conpa)KeHhI OTHOC.rrTeJibHO ui. ,Il;oKa)KIITe, 'ITO oKpyJKHOCTII c .n;.rraMeTpa

MII AA1 , BB1 , CC1 npIIHa,n;Jie)f(aT o,n;HoMy rry'IKy. 

18.6. ,Il;aH TynoyrOJibHblH TpeyroJibHIIK. ,Il;oKaJKIITe, 'ITO cym;ecTByeT 

e,n;HHCTBeHHaa OKpy)KHOCTh, OTHOCIITeJihHO KOTopoli 3TOT TpeyrOJibHIIK 5!B

JiaeTC5! aBTOIIOJiapHbIM. IIocTpoliTe 3TY OKPYJKHOCTb. 

18. 7. ,Il;aHhl TPII OKpyJKHOCTII, 11eHTpbl KOTOpbIX He Jie)f(aT Ha 0,ll;HOH 

npaMO:il:. Ha:il:,n;IITe MHO)KeCTBO TO'!eK, ,n;Jia KaJK,ll;OH ll3 KOTOphlx TPII conpa

JKeHHhie ell: TO'!Kll OTHOCHTeJibHO ,n;aHHbIX OKpy)KHOCTe:il: COBrra,n;aIOT. 

18.8. ,Il;aHa oKpyJKHOCTh II Ha Heil TO'!Ka A. C rroMom;hIO o,n;Hoil mrneilKII 

rrocTpO:il:Te KacaTeJihHYIO K OKPYJKHOCTII B TO'!Ke A. 
18.9. ,II;au npaMoyrOJibHHK c n.eHTpOM B n.eHTpe 0 OKPYJKHOCTII ui. ,II;o

KaJKHTe, 'ITO ero o6pa30M B IIOJI5!PHOM COOTBeTCTBIIH OTHOCHTeJibHO Ul 5!B

JiaeTC5! poM6. 

18.10. IIocTpoii:Te KOH<t>.rrrypa1IHIO, ,ll;BOHCTBeHHYIO KoHct>.rrrypalilln Ilarr

rra (yrrp.10.9). Cct>opMyJmpy:il:Te TeopeMy, ,n;Bo:il:cTBeHuyro TeopeMe Ilanrra. 

18.11. Cct>opMymi:pyilTe TeopeMy, ,n;Bo:iicTBeHHYIO TeopeMe BpIIaHmoHa 

AJia omi:caHHoro 'IeTblpexyroJibHIIKa (ynp.10.11). 

1. CTopOHhI rrapaJIJieJiorpaMMa paBHhI a II b, a yroJI MeJK.n;y .n;naroHaJiaMII 

paBeH et. Haii,n;.rrTe rmom;a,ll;b rrapaJIJieJiorpaMMa. 

2. Ilrrom;a,ll;b poM6a paBHa S, cyMMa ,n;JinH ero ,L1;IIaroHaJieii paBHa m. 

Haii,n;IITe ,n;JinHy cTopoHbI poM6a. 

3. BbrCOTa n 6ncceKTpIIca rrpsi:MoyroJibHoro TpeyroJibHnKa, rrpoBe,n;eHHbie 

'Iepe3 BepmIIHY rrpaMoro yrJia, paBHbI COOTBeTCTBeHHO 3 n 4. HaifAnTe mrn

m;a,ll;b TpeyrOJibHIIKa. 

4. ,Il;aHa TparrelillSI ABCD c OCHOBaHnaMn AD= 3V3§ II BC= v:ili, 
L.BAD = 30°, L.ADC = 60°. qepe3 TO'IKY D npoBe,n;eHa rrpaMaa, ,n;eJisi:m;asi: 

Tparren.nro Ha paBHoBeJIIIKIIe 'IacTn. Haii.n;1ne ,n;JIHHY OTpe3Ka 3Toii: rrpsi:Moii:, 

Haxo.n;am;eroc& BHYTPll Tparre1IHH-
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5. Ha:ii,n;HTe CTopoHy KBa.rr,paTa, BirncaHHoro B npaMoyroJibHbI:ii Tpe

yroJibHHK c Ka.TeTaMH 3 H 4. 0,LVIa CTOpoHa KBa.rr,paTa npHH~e)KHT 

rHITOTeHy3e. 

6. B TpeyroJibHHKe ABC 6ucceKTpHca AK nepne~KyJiapHa Me,n;Haue 
BM, yroJI ABC paBeH 120°. Ha:ii,IT,HTe OTHOIIIeHHe nJiom;a,n;H TpeyroJibHHKa 

ABC K nJiom;a,IT,H onHcaHHoro OKOJIO Hero Kpyra. 

7. ~aHhI yrJibI ct, p, y TpeyrOJihHHKa ABC H Me,IT,HaHa AM= m. BbI'IHC

JIHTe ero 1mom;a,n;b. 

8. B Tpane11HH ABCD ,n;mrna ocHoBaHHa AD paBHa v'?. ~aroHaJIH 
ee nepeceKaIOTca B TO'IKe K, AK= 1, KD = 2, L_BAC = L_DAC. Ha:ii,n;HTe 

1mom;a,n;h TpeyroJihHHKa ABC. 
9. YroJI npn ocnoBaHHH paBHo6e.rr,penuoro TpeyroJibHHKa paBeH ct. B Ka

KOM OTHomemrn ,n;eJIHT nJiom;a,n;h 3Toro TpeyroJihHHKa npaMaa, ,n;em1m;aa ero 

OCHOBaHue B OTHOIJieHHH 2 : 1 n COCTaBJI.Sj:IOIIIag OCTpbl:ii yroJI ~ c MeHhmeii 

'laCTbIO OCHOBaHHH? 

10. Ilp51Mag AD ,n;eJIHT Me,n;naHy B!vl TpeyroJibHHKa ABC B OTHomeann 

5 : 1, C'IHTaH OT TO'IKH B. B KaKOM OTHOIIIeHHH 3Ta npaMaa .n;eJIHT IIJIOIIIa.n;h 

TpeyroJibHHKa ABC? 
11. Ha CTopoHax AB, BC, CD, DA BhIIIYKJioro 'leThlpexyroJibHHKa 

ABCD B351TbI cooTBeTcTBeHHO TO'IKH K, L, M, N, ,n.eJI5IIIIHe HX cooTBeT

CTBeHHO B OTHOIIIeHH5IX 2: 1, 1: 3, 1 : 1, 1: 5. IlJiom;a.n;b 'leTbipexyrOJibHHKa 

ABC D paBHa 1. Ha:ii,IT,HTe IIJIOII!a,II.b mecTnyroJibHHKa AK LCM N. 
12. Haii,IT,HTe IIJIOII!a,JJ.b TpaneI1HH c OCHOBaHH5IMH a H b (a > b)' y KO

Topo:ii ,IT,HarOHaJIH nepneH.n;HKYJI5IpHhI, a yroJI Me)K)J;y 6oKOBbIMH CTopoHaMH 

paBeH ct. 

13. B npaMoyroJihHO:ii Tpane11nH ABC D MeHbIIIee ocHoBaHne AD pan

HO a, 6oKoBaa cTopoHa CD, He nepneH.n;HKYJI5IpHaa K ocuoBaHnaM, paBHa 2a. 
To'IKa E - cepe;u,nu:i. CD, yroJI CB E paBeH ct. Ha:ii,IT,HTe ITJIOIIIa.n;h ,n;aHHoii 

TpaneIIHH· 
14. Bhl'IHCJIHTe ITJIOII!a,II.b Tpanen;HH, ecJIH ,n;aHbI ,D;JIHHhI e H f ee ,IT,Haro

HaJie:ii H ,n;JIHHa m oTpe3Ka, coe,n;HHaIOm;ero cepe,IT,HHhI ee OCHOBaHHii. 

15. "tlepe3 Bepmnuy C npaMoro ynm TpeyroJihHHKa ABC npoBe,n;eua 

np51Ma51 l, nepneH,IT,HKyJiapHaa Me,n;HaHe CM TpeyroJihHHKa ABC. To'IKH Ai 
n B1 - opTorouaJihHble npoeKIIHH BepIIIHH A H B Ha np5IMYIO l. ,ll;oKa)KHTe, 

'ITO 

1) nJiom;a,II.b Tpane11uH AA 1B 1 B B,ll;BOe 6oJihIIIe IIJiom;a.n;H TpeyroJihHHKa 

ABC, 
2) 4AA1 · BB1 =Ai Bi. 
16. B paBH06e,n;peHHOM TpeyrOJibHHKe ocHoBaHne H 6oKoBag cTopoHa 

paBHbl COOTBeTCTBeHHO 6 H 5. Haii,IT,HTe paCCTORHHe Me)K)J;y 11eHTpaMH BITH

caHHOii H onncaHHOii OKpy)KHOCTe:ii. 
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17. To'!Ka D Jie2KRT Ha cTopoHe AC rrpaBIIJihHOro TpeyroJibHHKa ABC. 
HaiI,n;nTe OTHOIIIeHIIe pa,n;nycoB OKpy2KHOCTeiI, OIIHCaHHbIX OKOJIO TpeyrOJib

HHKOB ABD n ABC, eCJIH AD : AC= n. 
18. ,Il,Be OKPY2KHOCTH KacaroTca: BHJTpeHHHM o6pa30M. Ilp&Maa:, rrpoxoAH

II1a££ qepe3 1IeHTp MeHbIIIeiI OKPJ2KHOCTH, rrepeceKaeT 6oJibIIIJIO oKpJ2KHOCTb 

B TO'!Kax A n D, a MeHhIIIYIO - B TO'IKaX B n C. HaiI,ll}ITe OTHOIIIeHne 

pa,n;nycoB OKpJ2KHOCTeiI, eCJIH AB : BC : CD = 2 : 4 : 3. 
19. 0Kpy2KHOCTh, BrrncaHHa££ B TpeyroJihHHK ABC, ,n;eJIIIT Me,n;1IaHy BM 

Ha TPII paBHhIX oTpe3Ka. HaiI,n;nTe OTHOIIIeHne cTopoH TpeyroJibHHKa. 

20. B rrpa:MoyrOJihHOM TpeyroJibHIIKe ,ll;JIHHbI KaTeTOB paBHbI a II b (a< b). 
Ha:iI,n;uTe pa,n;uyc OKPYJKHOCTH, npoxOAHII1e:iI qepe3 cepe,ll}IHY MeHbmero Ka

TeTa H KacaroII1elic££ nmoTeHy3bI B ee cepe,n;1rne. 

21. B rrp££MoyroJihHOM TpeyroJibHIIKe ABC rrpoBe,n;eHa BbICOTa CD Ha rH

rroTeHy3y AB. HaiI,n;IITe paccTO&HHe Me2K,UY 1IeHTpaMH OKPYJKHOCTeiI, BIIH

caHHhIX B TpeyroJibHHKII BDC H ADC, ecm1BC=4, AC= 3. 
22. BrrncaHHa££ B TpeyrOJihHHK ABC oKpyJKHOCTb KacaeTC££ cTopoHhI BC 

B Tff'IKe D, a BHeBrr1ICaHHa££ OKPYJKHOCTh KacaeTc££ CTOpOHhI BC B TO-'IKe E. 
HaiI,n;1ITe ,Zl;JIIIHY DE, eCJIII pa,n;nychI 3THX OKpJ2KHOcTeiI paBHbI 3 H 4, a yroJI 

EGA paBeH 120°. 
23. TparreIIHa: ABCD c ocHOBaHIIa:MH BC= 2 n AD= 10 TaKOBa, qTo 

B Hee M02KHO BIIIICaTh OKpJ2KHOCTh H OKOJIO Hee M02KHO OIIIICaTh OKpy2K

HOCTh. Orrpe,n;eJI1ITe rroJI02KeHue 1IeHTpa orrncaHHoiI oKpyJKHOCTH OTHOCII

TeJibHO TparreIIHII. Ha:iI,n;nTe OTHOIIIeHne pa,n;nycoB 3TIIX OKPY2KHOCTeiI. 

24. ToqKa E JieJKIIT Ha cTopoHe AC rrpaBIIJihHoro TpeyrOJihHIIKa ABC, 
TOqKa K - cepe,n;nHa OTpe3Ka AE. Ilp££Ma££, rrpOXOAHII1a& qepe3 ToqKy E 
rreprreH,n;nKyJI£rpHo AB, II rrp&Ma&, rrpoxOAHII1a& qepe3 ToqKy C rreprreH,n;n

KJJI£rpHo AB, H rrpa:Ma££, rrpoXOAHII1aa qepe3 TO'IKY C rreprreH,n;IIKYJiapHo 

BC, rrepeceKaIOTca: B TO'IKe D. HaiI,n;IITe yrJibI TpeyroJibHHKa BK D. 
25. PaBHo6e,n;peHHhie TpeyroJihHHKII ABC (AB= BC) n A1B1C1 

(A1B1 = B1C1) paBHbI. To'IKH A1, B1, C1 JJeJKaT cooTBeTCTBeHHO Ha JJy'Iax 

BC, BA, AC BHe ,n;aHHoro TpeyroJibHHKa ABC. CTopoHbI B1C1 H BC 
rreprreH,n;HKJJI£rpHbI. Haii,n;nTe yrJihI TpeyroJihHHKa ABC. 

26. 0Kpy2KHOCTh c 1IeHTpoM Ha rnrroTeHy3e AB rrpa:MoyroJihHoro Tpe

yroJibHHKa ABC nepeceKaeT rnnoTeHy3y B TO'IKaX NHL, KacaeTC££ KaTeTa 

AC B TO'IKe Mn KacaeTca: KaTeTa BC. HaiI,ll}ITe AB, eCJIII MN: AN= 1/6 
HAM= 10/27. 

27. ,II,naroHamr 'IeThipexyroJihHHKa ABCD nepeceKaIOTC.H B TO'IKe 0. 
,Il,oKaJKIITe, 'ITO 1IeHTpbl 0KpJ2KHOCTe:ii:, OIIHCaHHhIX OKOJIO TpeyrOJihHIIKOB 

OAB, OBC, OCD, ODA, .HBJia:IOTca BepmnHaMH rrapaJIJieJiorpaMMa. ,II,o

KaJKHTe, 'ITO ecJIH yroJI Me2K,UY ,n;1Iar0Ham1M1I qeThrpexyroJihHHKa paBeH 45°, 
TO 'IeThipexyrOJihHIIK H rrapaJIJieJiorpaMM paBHOBeJIHKII. 

140 



28. To'IKH P n Q-cepe,n;nHbI cTopoH BC H CD BbIIIYKJioro qeTbipex
yroJibHHKa ABCD. ,11,oKa)KHTe, 'ITO ecJIH rrpHMhie AP n AQ ,n;eJIHT ,n;naro

HaJib Ha TPH paBHbie qaCTH, TO 'leTblpexyroJibHHK - rrapaJIJieJiorpaMM. 

29. ,11,Be paBHhie oKpy)KHOCTH rrepeceKaroTcg B TO'IKaX A n B. "tlepe3 

TO'IKY A rrpoBe,n;eHa rrpHMaH, rrepeceKarom;aH oKpy)KHOCTH B TO'IKaX C n D, 
a qepe3 TO'IKY B rrpoBe,n;eHa rrpHMaH, rreprreH,n;nKyJIHpHaH CD. 9Ta rrp.sIMaH 

rrepeceKaeT oKpy)KlIOCTH B TO'IKaX E n F. ,11,oKa)KHTe, 'ITO TO'IKH C, D, E, 
F HBJIHIOTCH BepunrnaMH poM6a. 

30. "tlepe3 TO'IKY M ,n;naroHaJIH AC '!eTbipexyroJibHHKa ABCD rrpoBe,n;e

Ha rrpHMaH, rrapaJIJieJibHa.s.1 AB n rrepeceKaroll1aH BC B TO'IKe N. ,11,oKa)KMTe, 

'ITO ecJin TpeyroJihHHKH DAM n DB N paBHOBeJIHKH, TO AB II DC. C¢op

MyJinpy:iiTe n ,n;oKa)KHTe o6paTHoe YTBep)K,Ll;eHne. 

31. B TpeyroJILHHKe ABC yroJI B Tyrroii:, AC= 6. li,eHTp oKpy)KHO

cTn, orrncaHHo:ii OKOJIO TpeyroJibHHKa AC H ( H - opTon;eHTp TpeyroJibHHKa 

ABC), Jie)KHT Ha OKpy)KHOCTH ABC. Haii:,n;nTe pa,n;nyc OKPY2KHOCTH ABC. 
32. B rrpHMoyroJibHOM TpeyroJibHHKe ABC rrpoBe,n;eHa rrp5IMa5I <J:epe3 

BepIIIHHY An cepe.n;nHy BbICOThI CD, rrepeceKa10m;a.H KaTeT BC B TO'IKe M. 
,11,oKaJKHTe, 'ITO 

CM 2 A 
MB =cos . 

33. To<J:Ka I - n;eHTP BrrncaHHO:ii B TpeyroJibHHK ABC OKPY1KHOCTH. ,II,o

Ka1KHTe, 'ITO n;eHTp OKPYJKHOCTH, orrncaHHO:ii OKOJIO TpeyroJibHHKa I AB, 
rrpnHa,n;JieJKHT 6ncceKTpnce yrJia AC B. 

34. B TpeyroJihHnKe ABC rrpoBe,n;eHa 6ncceKTpnca ED. Haii:,n;nTe pa,n;n

yc OKpy)KHOCTH, BnncaHHOii: B TpeyroJibHHK ABD, ecJiu AB= 21, BC= 15 
5 

JI cosBAC = 7. 
35. IJJioll1a,D;b BbIIIYKJioro 'leTbipexyroJihHHKa ABCD paBHa S, a ero 

,n;naroHaJin rrepeceKaroTC5I B TO'IKe A1. ,11,oKa2KHTe, 'ITO ecJIH IIJIOll1a.n;n 31 
n S2 TpeyroJibHHKOB MAB n MC D y,n;OBJieTBOpHIOT ycJIOBHIO 

TO ,n;aHHbIH 'leTbipexyrOJibHHK eCTb Tpane1IH5I. 

36. Ilp5IMaH, rrapaJIJieJibHaH cTopoHe AB TpeyroJibHHKa ABC, rrepece

KaeT cTopoHy AC B TO'IKe A1 n CTopoHy BC B TO<J:Ke B1. "tlepe3 BepIIIHHY C 
rrpoBe,n;eHa npon3BOJibHaH rrpHMa5I, rrepeceKaIOll1aH CTopoHy AB B TO'!Ke D. 
,11,oKaJKnTe, 'ITO IIJIOll1a,Ll;b <J:eThlpexyroJibHHKa CA 1DB1 ecTb cpe,n;nee reo

MeTpn<J:ecKoe rrJiom;a,n;e:ii TpeyroJibHHKOB CAB n CA1 B 1 • C¢opMyJinpyii:Te 

n ,n;oKa2KHTe o6paTHOe yTBep)K,Ll;eHne. 
37. "tlepe3 TO'IKY M rrpoBe,n;eHbI ,n;Be npHMhie, Kacarom;necH oKpy)KHOCTH 

B TO'IKaX A n B. "tlepe3 TO'IKY A npoBe,n;eHa np5IMa5I, rreprreH,n;nKyJI5IpHa5I 
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,n;HaMeTpy BD H nepeceKarom;a.si ero B TO'!Ke N. ,.[I;oKa)KHTe, 'ITO np.siMa.si 

MD ,n;emIT OTpe30K AN nonoJiaM. 

38. ,.[I;HaroHa.Jih BD Tpane~H ABCD paBHa m, a )l;JIHHa 6oKOBo:iI cTo

pOHhI AD paBHa n. Ha:iI,n;HTe CD, ecJIH CD = CA = CB. 
39. B TpeyroJihHHKe ABC AB=20, AC=24. IfaBecTHO, 'ITO BepillHHa C, 

n;eHTp BnHcaHno:iI OKpy)l(HOCTH H TO'!Ka nepece'leHH.si 6HcceKTpHChI yrJia A 
co cTopouo:iI BC Jie::a<a.T Ha OKPY:iKHOCTH, I!eHTp KOTopo:iI npHHa,n;Jie)KHT cTo

poHe AC. Ha:ii,n;HTe pa,n;Hyc oKpy:lKHOCTH, onHcaHHO:ii OKOJIO TpeyrOJihHHKa 

ABC. 
40. ,.[I;JI.si Toro, 'IT06b1 opTon;eHTp TpeyroJihHHKa ABC Jie:iKaJI Ha np.si

Mo:iI, co,n;ep::a<am;e:ii ero cpe,n;HIOIO JIHHHIO, napaJIJieJihHYIO AB, Heo6xo,n;HMO H 

,n;ocTaTO'IHO, 'IT06hI cos C = cos A cos B. ,.[I;oKa:lKHTe. 

41. B OKpy:lKHOCTh pa,n;Hyca R BnHcaH TpeyroJihHHK ABC. ,.[I;oKa:iKHTe, 

'ITO 

JC2 =ab- 4Rr H ID 2 = 4R2 
- ab, 

r,n;e I - n;eHTp BilHCaHHO:ii oKpJ:lKHOCTH, a TO'!Ka D ,n;HaMeTpaJihHO npOTH

BOilOJIO:lKHa BepillHHe c. 
42. B TpeyroJihHHKe ABC nocTpoeHa TO'!Ka D, CHMMeTpH'IHa.si n;eHTPY I 

BilHCaHHOH OKpJ:lKHOCTH OTHOCHTeJihHO n;eHTpa 0 OilHCaHHOH OKpJ:lKHOCTH. 

,.[I;oKa:lKHTe, 'ITO CD2 = 4R2 - BC· AC. 
43. B OKPY:lKHOCTH w c n;eHTpoM 0 npoBe,n;eHhI ,n;Ba nepneH,n;nKyJI.sipHhIX 

pa,n;Hyca 0 A H 0 B. l".Jepe3 BepillHHy A TpeyroJihHHKa 0 AB H n;eHTp M 
BnHcaHHo:ii B Hero oKpy:lKHOCTH npoBe,n;eHa xop,n;a AA1 oKpy2KHOCTH w. BhI

'IHCJIHTe OTHOIIleHHe AM : MA 1. 

44. B OKPJ2KHOCTh pa,n;Hyca R BilHCaH rrpaBHJihHhl:ii TpeyroJihHHK ABC. 
l".Jepe3 BepillHHY C npoBe,n;eHa npOH3BOJihHa.si np.siMa.si, nepeceKarom;a.si np.si

MYIO AB B TO'!Ke M, a OKpy:lKHOCTh - BTOpn'IHO B TO'!Ke N. BhI'IHCJinTe 

rrpOH3Be,n;eHHe CM · C N. 
45. BhI'IHCJinTe yroJI npn BepillHHe C paBHo6e,n;peHHoro TpeyroJihHH

Ka ABC, eCJin n;eHTP ero onHCaHHO:ii OKpJ2KHOCTH rrpHHa,n;Jie:lKHT np.siMo:ii, 

npoxo,ll,Hm;e:ii qepe3 opToroHa.rrhHhie rrpoeKn;Hn BepillHH A n B Ha rrpoTHBo

noJI02KHhie CTOpOHbI. 

46. B rrapaJIJieJiorpaMMe ABCD AC= AB.J2. ,ll;oKa:lKHTe, 'ITO yroJI 

Me)K,!zy ,n;HaroHaJI.siMn paBeH yrJiy Me)K,!zy ero cropoHaMH. 

47. YrJihI rpeyroJihHHKa ABC y,n;oBJieTBop.siroT cooTHOIIleHHIO 

sin A+ sinB 
sinC 

sin 2A + sin 2B 
sin2C 

,ll;oKa2KHTe, 'ITO OHO 3KBHBaJieHTHO paBeHCTBY cos A + cos B = 1. 
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48. B rrp.aMoyroJihHOM TpeyrOJihHHKe ,ll;JIHHhI Me,n;naHhI H BbICOThl, rrpoBe

,n;eHHhIX K rnrroTeHy3e, paBHhI m n h. Haii,n;nTe AJIHHY 6ncceKTpHChI rrp.aMoro 

yrJia. 

49. ,LI;oKa:~KHTe cooTHomeHne ,n;JIH rrpon3BOJibHoro TpeyroJibHHKa ABC: 

JA2 JB2 IC2 

-+-+-=l. 
be ca ab 

50. ,LI;oKa::>KHTe COOTHomeHne ,ll;JIH rrpoH3BOJihHOro TpeyroJibHHKa ABC: 

2S = IA2 sin A+ IB 2 sinB + IC2 sinC. 

51. ,LI;oKa::>KHTe, 'ITO pa,lJ;HyChI T; BHeBrrncaHHhIX OKpy::>KHOCTeii TpeyrOJib

HHKa y,n;oBJieTBOpHIDT paBeHCTBy: 

r1r2 + r 2 r3 + r 3 r 1 = p2
• 

52. Haii,n;nTe 3aBHCHMOCTh Me::>K,D;Y pa,ll;HycaMn BHeBrrncaHHhIX OKpy::>KHO

cTeii rrpHMOyroJibHOrO TpeyroJibHHKa. 

53. ,LI;oKa::>KnTe cooTHomeHne ,n;JIH rrpon3BOJihHOro TpeyroJihHIIKa ABC: 

r + r 1 + r 2 - r3 = 4R cos C. 

54. B KBap;paT BITIICaH rrpaBIIJihHhIR TpeyrOJihHIIK TaK, 'ITO op;Ha ero 

BepmnHa COBrra,n;aeT c BepmIIHOll KBa,n;paTa. Haii,n;HTe OTHOIDeHIIe IIJIOIIJ;a,ll;H 

TpeyrOJibHIIKa K IIJIOII!a,ll;H KBap;paTa. 

55. Cepe,n;IIHHhlll rreprreH,ll;IIKyJI.ap K cTopoHe AB TpeyroJibHIIKa ABC 
rrepeceKaeT ero BhlCOTY BB1 B TO'!Ke K. Cepe,n;IIHHbIR rreprreH,ll;IIKyJI.ap K 

cTopoHe BC rrepeceKaeT TY ::>Ke BbICOTY B TO'!Ke M. Pa,ll;Hyc orrIIcaHHOii 

OKpy::>KHOCTII paBeH R, BK= a. Ha:ii,n;IITe l\II B. 
56. To'!Ka 0 - IJ,eHTp OKpy::>KHOCTII, orrncaHHoii OKOJIO TpeyroJihHIIKa 

ABC. Ilp.aMa.a, rrpoxo,n;.aII!aH 'Iepe3 B rreprreH,lJ;IIKYJIHpHo OA, rrepeceKaeT 

AC B TO'!Ke K. Ilp.aMa.a, rrpoxo,n;.aII!aH 'Iepe3 C rreprreH,ll;HKYJIHpHo OA, 
rrepeceKaeT ABB TO'IKe M. Haii,n;IITe BC, ecJIII BK= a, CM= b. 

57. Ha cTopoHe BC poM6a ABCD B3HTa TO'!Ka P. 0Kpy::>KHOCTh, orr11-

caHHa.a OKOJIO TpeyroJihHHKa ABP, rrepeceKaeT BTOpli'IHO rrp.aMyro BD B 

TO'!Ke Q. 0Kpy::>KHOCTh, OIIIICaHHa.H OKOJIO TpeyrOJibHIIKa c PQ' rrepeceKaeT 

BTOpII'IHO rrp.aMyIO BD B TO'!Ke L. ,LI;oKa::>KIITe, 'ITO TO'IKII A, P, L Jie::>KaT 

Ha Op;HOll rrpHMOH. 

58. ,LI;Be OKpy::>KHOCTII pa,ll;HycoB R n r KacaroTc.a BHyTpeHHHM o6pa30M 

B TO'!Ke A. Ilp.aMa.a, rreprreHp;IIKyJI.apHa.a JIHHIIII II,eHTpoB, rrepeceKaeT op;Hy 

oKpy::>KHOCTh B TO'!Ke B, p;pyry10 - B TO'!Ke C. Hall,n;nTe pa,n;IIyc oKpy::>KHO

CTII, orrncaHHOH OKOJIO TpeyroJibHHKa ABC. 
59. B TpeyroJihHnKe ABC yroJI C paBeH 60°, pa,ll;Hyc orrncaHHOH OKpy::>K

HOCTII paBeH 2V3. To'!Ka D ,n;eJIIIT cTopoHy AB B OTHOITieHIIII 2: 1, C'IIITa.a 

OT TO'IKII A. Han,n;nTe rrJio:rn;a,n;h TpeyrOJihHHKa ABC, ecJIII CD= 2v/2. 
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60. ~aH npRMoyrOJibHorii: TpeyrOJihHHK ABC (LC= 90°). BepnrnHa D 
TpeyroJihHHKa DEF Jie2KHT Me)K,lzy A H B, ToqKa A Jie2KHT Me)K,lzy D HE. 
TpeyroJibHHKH ABC H DEF HMeIOT o6m;yro cpe,n;Hroro JIHHHIO LK, napaJI

JieJihHyro AB. IlJiom;a,lJ,b qeTb1pexyroJibHHKa DK LB paBHa 5/8 nJiom;a,n;H 

TpeyroJihHHKa ABC. Haii:,D;HTe yroJI DEF. 
61. B BornyKJIOM qeTorpexyrOJihHHKe ABCD AD= DB, LCAD = 30°, 

LABC = 150°. ~OKa2KHTe, qTo ,D;HaroHaJih AC ,n;eJIHT yroJI BCD no

noJiaM. 

62. BorcoTa npaMoyroJibHoro TpeyroJihHHKa, onyru;eHHaR Ha rHnoTeHy-

3y, paBHa h. ~OKa)KHTe, 'ITO BepmHHbl OCTpbIX yrJIOB 3TOro TpeyrOJibHHKa 

H npoeKII)IH OCHOBaHHR BbICOTbl Ha KaTeTbl Jie2KaT Ha O,lJ;HOH 0Kpy2KHOCTH. 

~OKa2KHTe, 'ITO 3Ta oKpy2KHOCTh ,n;eJIHT BhICOTY B 30JIOTOM OTHomeHHH. Haii:

,n;1ITe ,D;JIHHY xop,lJ,bI 3TOii: OKPY2KHOCTH, OTCeKaeMo:ii Ha npRMoii:, co,n;ep2Kam;eii: 

BbICOTy. 

63. ~OKa)KHTe, qTo OTpe30K o6ru;eii: BHemHeii: KaCaTeJihHOH K ,LI;BYM 

0Kpy2KHOCTRM, 3aKJil'OqeHHblll Me)K,lzy o6III)IMH BHyTpeHHHMH KaCaTeJihHbl

MH, paBeH ,ll;JIHHe o6m;eii: BHyTpeHHeii: KaCaTeJibHOH. 

64. ~e 0Kpy2KHOCTH (;( H ~' Jie2KaIII)Ie BHe ,n;pyr ,n;pyra, nepeceKaIOT HX 

JIHHHIO 11eHTpOB B HaH6oJiee y,n;aJieHHorx ,n;pyr OT ,n;pyra ToqKax AH B, A E ex, 
BE~· qepe3 TOqKy A npoBe,n;eHhI ,n;Be KacaTeJibHhie K OKpy)KHOCTH ~' qepe3 /. 

B - ,n;Be KaCaTeJibHbie K ex. IlocTpoeHbI ,LI;Be oKpy2KHOCTH, O,LI;Ha H3 KOToporx 

KacaeTCR nepBbIX ,LI;Byx KaCaTeJibHbIX H oKpy)KHOCTH ex H3HYTPH, a ,n;pyraR 

KacaeTCR BToporx ,LI;Byx KacaTeJihHorx H OKPY)KHOCTH ~ H3HyTpH. ~OKa)KHTe, 

- 'ITO 3TH OKPY2KHOCTH paBHor. 

65. Ka)K,n;aa ,D;HaroHaJib 'IeTorpexyrOJihHHKa HMeeT ,n;JIHHY a, a cyMMa ero 

cpe,n;HHX JIHHHii: paBHa b. Bor'IHCJIHTe nJiom;a,n;h qeTorpexyroJihHHKa. 

66. B ocTpoyroJihHOM TpeyroJihHHKe ABC npoBe,n;eHhI BhICOTor AM H 

C N, 0 - 11eHTP onHCaHHoii: OKPY)KHOCTH. Haii:,n;HTe CTopoHy AC, ecJIH nJio

m;a,n;h 'IeThipexyroJihHHKa OMEN paBHa S, LABC = ~· 
67. B OKPY2KHOCTH rrpoBe,n;eHbI ,n;Be rrepeceKarom;HeCR xop,ll;hI AB H CD. 

Haxop,n;e AB B3RTaTO'IKa M TaK, 'IToAM =AC, auaxop.n;e CD-ToqKaN 

TaKaa, 'ITO DN =DB. ~OKa2KHTe, qTO eCJIH TOqKH M H N He coBrra,n;aroT, 

TO rrpRMaR Jvl N rrapaJIJieJibHa npRMoii: AD. 
68. EcJIH o,n;Ha H3 CTopoH 'IeTbipexyroJibHHKa RBJIReTcR ,D;HaMeTpOM onH

cauHoii: OKOJIO Hero OKpy)KHOCTH, TO npoeKII)IH CTOPOH, npHJie2KaIII)IX K 3TOH 

CTOpoHe, Ha rrpRMyro, co,n;ep2Kam;yIO qeTBepTyIO CTOpoHy, paBHbl. ~OKa)KHTe. 

69. B oKpy)KHOCTh BIIHCaHhl ,n;Ba qeThipexyroJibHHKa c cooTBeTCTBeHHO 

napaJIJieJibHblMH CTOpoHaMH. ~OKa)KHTe, 'ITO ,n;uarOHaJIH O,LI;Horo qeTbipex

yroJibHHKa COOTBeTCTBeHHO paBHbl ,n;HaroHaJIRM ,n;pyroro. 

70. ~aH qeThlpexyroJihHHK ABCD. 0Kpy2KHOCTH, mrncaHHbie B Tpe

yroJibHHKH ABC H ACD, KaCaIOTCR ,n;uaroHaJIH AC B TOqKax P H Q. 

144 



0Kpy)KHOCTH, BIIHCaHHbie B TpeyroJibHHKH AB D H BCD, KacaIOTca ,n;na

roHaJIH BD B TO'!KaX M H N. ,11,0Ka)KHTe, 'ITO PQ = !vf N. 
71. qepe3 BepmHHY A KBa.n;paTa ABC D rrpoBe,n;eHhI ,n;sa Jiy'la, 06pa3yro

nzyre yroJI 45°. 0,ll;HH JIY'l nepeceKaeT cTopoHy BC B TO'IKe M n ,n;naroHaJih 

BD B TO'!Ke N, .n;pyro:H - cTopony CD B TO'!Ke P H .n;naroHaJih B D B TO'l

Ke Q. ,11,oKa)KHTe, 'ITO TO'IKH C, M, N, P, Q Jie)f(aT Ha o,n;Ho:ii: OKPY)KHOCTH. 

72. ,11,0Ka)KHTe, 'ITO 0Tpe3KH, COe,ll;HH51IOIIzyie TO'IKH KaCaHH51 rrpoTHBO

IIOJIO)KHblX CTOpOH OIIHCaHHOro 'leTblpexyrOJibHHKa, paBHbl TOr,n;a H TOJibKO 

Tor,n;a, KOr,n;a '!eTbipexyrOJibHHK HMeeT napy paBHbIX IIpOTHBOIIOJIO)KHbIX yr

JIOD. 

73. EcJIH B DhIIIYKJIOM 'leThipexyroJibHHKe ABCD HH o,n;Ha H3 ,ll;Haro

HaJieii He ,n;eJIHTC51 .n;pyro:ii: ,ll;HarOHaJibIO IIOIIOJiaM, TO He cyrrreCTByeT TaKOH 

TO'IKH 0, 'IT06bl TpeyroJibHHKH AOB, BOC, COD, DOA 6bIJIH paBHOBe

JIHKH. ,11,0Ka)KHTe. 

7 4. B paBHo6o'!HYIO Tparre~IO BnncaHa OKPY)KHOCTb n OKOJIO 3TO:ii Tpa

rreu;nn onncaHa OKpy)KHOCTb, n;eHTp KOTOpo:ii: IIpHHa,n;Jie)KHT OCHOBaHHIO 

Tparren;nn. Hali,ll;HTe OTHorneHne pa,n;nycoB 3THX OKPY)KHOCTe:ll. 

75. B OKpy)KHOCTb BIIHCaH '!eTbipexyroJibHHK ABC D c rreprreH,ll;HKyJiap

HbIMH ,n;naroHaJiaMH. ,11,oKa)KHTe, 'ITO rrpaMbie, rrpoxo,n;aIIIHe -qepe3 cepe,ll;HHhI 

ero CTOpOH rreprreH,ll;HKYJI51pHO IIpOTHBOIIOJIO)KHbIM CTOpOHaM, rrpoxo,n;gT -qe

pe3 TO'IKY nepece'leHH.H ,ll;HaroHaneii 3Toro '!eThlpexyroJibHHKa. 

76. B OKPY)KHOCTb BrrncaH 'leTbipexyroJihHHK ABCD, B KoTopoM ,ll;Ha

roHaJib r:D npoxo,n;nT -qepe3 cepe,n;nHy ,n;naroHaJin AC. ,11,oKa)KHTe, 'ITO 

2BD2 = AB2 + BC2 + CD2 + DA2
. 

77. B OKPY)KHOCTb BIIHcaH 'leThlpexyroJibHHK ABCD, ,n;naroHaJIH KOTO

poro rrepeceKaIOTCa B TO'!Ke M. ,11,oKa)KHTe, 'ITO TO'IK.a M aBJiaeTca cepe

,n;HHOii BD Tor,n;a n TOJihKO Tor,n;a, Kor,n;a BA: AD= DC: CB. 
78. ,lLOKa)KHTe, 'ITO B II51THyrOJibHHKe, BIIHCaHHOM B OKpy)KHOCTb, cyMMa 

JII06hlx ,D;Byx yrJIOB, He rrpHJie)KanzyIX K 0)1.HOH CTOpOHe, 60Jibille 180°. 
79. ,lLaH rrpaBHJihHblH ceMnyroJihHHK A 1 A2 A3 A4 A5 A6 A7 • ,l:LoKa)KHTe, 'ITO 

80. ,lLoKa)KHTe, 'ITO rrJiorrra,n;I> S '!eTbipexyroJibHHKa ABC D MO)KHO BhI

'IHCJIHTh no cpopMyJie 

1 
S 2 = (p - a)(p - b)(p - c)(p - d) + 4(e2 j2 - (ac + bd) 2

). 

81. BbI'IHCJIHTe rrJiorrra,ll;b '!eTb1pexyroJibHHKa no 'leTb1peM ero CTopoHaM, 

eCJIH yrJibl Me)K,D;Y ero rrpoTHBOIIOJIO)KHblMH CTOpOHaMH paBHbI. 
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82. ,ll;oKa:lKHTe, 'ITO KBa,zqJaT IIJIOIIJ;aAJi OIIHCaHHOrO OKOJIO OKpy:lKHOCTH 

'ieTMpexyrOJibHHKa ABCD paBeH 

bd
.2B+D a c sm --

2
-. 

83. 1.Jepe3 TO'iKY M, B3.HTYIO Ha BbICOTe BD TpeyroJibHHKa ABC, npo

Be,n;eHbI np.HMhle AM H CM, KOTOpbie nepeceKaIOT cTopOHbI BC H AB 
cooTBeTCTBeHHO B TO'iKaX PH Q. ,ll;oKa)KHTe, 'ITO LPDB = LQDB. 

84. B qeTbipexyroJibHHKe ocTpbiii yroJI Me)K,ll;Y ,n;HaroHaJI.HMH paBeH ct.. 

1.Jepe3 Ka)K,ll;YIO BepmHHY npoBe,n;eHa np.HMa.H, nepneffAHKJJI.HpHa.H ,n;Haro

HaJIH, He npoxo,n;.Hm;eii qepe3 3TY BepmHHy. HaiiAUTe OTHomeHHe nJiom;aAH 

'ieTbipexyrOJibHHKa, orpaHH'ieHHOro 3THMH np.HMbIMH, K IIJIOIIJ;a,n;H ,n;aHHOro 

'leTMpexyroJibHHKa. 

85. lfaBeCTHbI yrJibI TpeyroJibHHKa ABC, Ka)K,ll;bIH H3 KOTOpbIX MeHb

me 90°. Haii,n;HTe OTHomeHHe nJiom;aAU TpeyroJibHHKa c BepmHHaMH B ocHo

BaHH.HX ero BbICOT K IIJiom;aAH TpeyroJibHHKa ABC. 
86. ;l];Be OKPY)KHOCTH :icacaIOTC.H CTopoH np.HMoro yrJia, O,n;Ha npoxOAJiT 

qepe3 n;eHTP ,n;pyroi!:. HaiiAUTe OTHomeHH:e HX paAUycoB. 

87. 0,n;Ha H3 BbICOT TpeyrOJibHHKa BH,n;Ha H3 n;eHTpa OilHCaHHOH OKOJIO 

Hero OKPY:JKHOCTH no,n; np.HMbIM yrJioM. HaiiAUTe 3aBH:CHMOCTb Me)K,ll;Y yrJia

MH 3TOro TpeyrOJibHHKa. 

88. ,ll;oKa:JKHTe, 'ITO eCJIH: ,n;JI.H TpeyroJibHHKa ABC HMeeT MecTo paBeH

CTBO 4S = B C2 + c A 2 ' TO 3TOT TpeyrOJibHHK .HBJI.HeTC.H np.HMOyroJibHbIM 

paBH06e,n;peHHbIM. 

89. BnHca1rna.H OKpy)KHOCTb KacaeTC.H CTopoH TpeyroJibHHKa ABC B TO'l

Ka.X A1, B1, Ci, a BHeBIIH:CaHHhle OKPY)KHOCTH KacaIOTC.H 3THX cTopoH B 

TO'Il<.aX A2, B2 , C2 • ,ll;oKa)KHTe, 'ITO TpeyroJibHHKH A1B1C1, H A2 B 2C2 paB

HOBeJIHKH. 

90. ,ll;oK.aJKHTe, 'ITO eCJIH opTon;eHTp TpeyrOJibHHKa Jie)KHT Ha ero OKpy)K

HOCTH ,n;eB.HTH TO'ieK, TO TpeyrOJibHHK IIp.HMoyrOJibHbIH. 

91. Tpu paBHhle nonapHo nepeceKaroIIJ;HeC.H OKPY)KHOCTH HMeIOT o6m;yro 

TO'IKY H. ,ll;oKa:JKH:Te, 'ITO BTOphle TO'IKH nepece'ieHH.H aTHX oKpy)KHOCTeii 

.HBJI.HIOTC.H BepmH:HaMH TpeyroJibHHKa, ,n;JI.H KOToporo TO'iKa H - opTon;eHTp, 

a OIIHCaHHa.H OKPY)KHOCTb paBHa ,n;aHHbIM OKpy:lKHOCT.HM. 

92. 1.Jepe3 TO'IKH nepeceqeHH.H ,n;BYX OKpy)KHOCTeii npoBe,n;eHbI napaJI

JieJibHbie ceKym;He. ,ll;oKa:JKH:Te, 'ITO 0Tpe3KH 3THX ceKyIIJ;HX, 3aKJIIO'ieHHbie 

BHYTPH oKpy:iKHOCTeii, paBHbI. 

93. ,ll;oKa)KH:Te, 'ITO np.HMbre, coe,n;HH.HIOIIJ;He cepe,n;HHbI ;rzyr, CT.HrH:BaeM:orx 

npOTHBOIIOJIO:lKHbIMH CTOpOHaMH BIIHCaHHOro B OKPY)KHOCTb 'ieTbipexyrOJib

HHKa, nepneHAHKYJI.HpHbl. 
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94. Tpn oKpy:iKHOCTH nonapHo KacaroTcs.r ,rwyr ,rwyra BHemHHM o6pa30M. 

,ll;oKa:lKHTe, qTo o6~e KacaTeJihHhie K ,z:i;aHHhIM OKPYJKHOCTSIM B nx ToqKaX 

KaCaHHSI nepeceKalOTCSI B O,ll;HOH TOqKe. 

95. Ha rnnoTeHy3e AB nps.rMoyroJihHOro TpeyroJihHHKa ABC B3SITa npo

H3BOJihHas.r ToqKa P. ,ll;oKaJKnTe, qTo OKPYJKHOCTH, onncaHHhie oKOJIO Tpe

yroJibHHKOB APC H BPC, opToroHa.JihHhI. 

96. B nps.rMoyroJihHOM TpeyroJihHHKe ABC npoBe,z:i;eHhI nepneH,ll;HKyJis.rp 

CD K mnoTeHy3e AB H 6HcceKTpHChI CE H CF yrJIOB ACD H BCD. 
,lJ;OKa:lKHTe, qTO 

SABC: ScEF ~ 1 + J2. 

97. ,ll;oKa:lKHTe, qTo )l;JISI yrJIOB J1ro6oro TpeyrOJlhHHKa ABC HMeeT MeCTO 

HepaBeHCTBO 

v1 sin A + v1 sin B > v1 sin C, n E N. 

98. ,ll;oKaJKHTe aepaBeHCTBO ,ll;JIH npoH3BOJihHOro TpeyroJlhHHKa ABC 

3 
cos 2A +cos 2B - cos 2C :( 2. 

99. ,ll;oKa:lKHTe, qTo B OKpy:lKHoCTH pa)l;Hyca R cyMMa )l;JIHHhI ee xop,ll;hI 

Hee paccTOSIHHSI ,z:i;o n;eHTpa He 60J1hme R,/5. 
100. ,ll;aH nps.rMoyrOJibHHK co CTOpOHaMH a H b. ,ll;Be OKpy:lKHOCTH pa)l;Hy

COB R1 H R2 nocTpoeHhI TaK, qTo Ka:lK,ll;aH H3 HHX npoxo)l;HT qepe3 BepmHHhI 

0,ll;HOH H3 ,z:i;BYX CMeJKHhIX CTOpOH H KacaeTCH npOTHBOIIOJIO:lKHOH CTOpOHbI. 
5 

,ll;oKa3a'fh, qTo R1 + R2 ~ 8(a + b). 
101. Ilpo,z:i;oJIJKeHns.r Me,z:i;HaH AA1 , BB11 CC1 TpeyroJihHHKa ABC nepe

ceKaroT onncaHHyro OKOJIO Hero oKpy:lKHOCTh B ToqKax A2, B2, C2 cooTBeT

CTBeHHO. ,ll;oKa:lKHTe, qTQ 

AA1 + BB1 + CC1 :( ~. 
AA2 BB2 CC2 4 

102. 0KoJio OKPY:lKHOCTH pa)l;Hyca r onncaH qeThipexyroJlhHHK ABCD. 
,ll;oKa:lKHTe, qTo AB + CD ~ 4r. 

103. 0KOJIO oKpJ:lKHOCTH onncaH qeThipexyrOJihHHK ABCD, y KOTOporo 

AD II BC. ,ll;OKa:lKHTe, qTQ AB+ CD~ 2VS (S-ero IIJIOID;a,ll;h). 

104. "tfepe3 n;eHTp I BIIHCaHHOii: B TpeyroJihHHK oKpy:lKHOCTH npoBe,z:i;eHa 

nps.rMas.r, OTCeKaroru;as.r OT Hero TpeyrOJibHHK c IIJIOID;a)l;hlO s. ,ll;oKaJKHTe, 'iTO 

s ~ 2r2 ( r - pa)l;Hyc BIIHCaHHOH OKpy:lKHOCTH). 

105. ,ll;Jis.r npOH3BOJibHOrO TpeyroJibHHKa ,ll;OKa:lKHTe aepaBeHCTBO 
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106. )J;oKaJKHTe, 'ITO ,n;m1 mo6oro TpeyroJibHHKa ABC 

3a2 + 3b2 
- c2 

)' 4v'3S. 

Kor,n;a nMeeT MecTo paBeHCTBO? 

107. )J;oKaJKHTe, 'ITO 1mom;a,n;b BbIIIYKJIOro qeTbipexyroJibHHKa He npe-

BblIIIaeT ~ cyMMbl KBa,n;paTOB ero CTOpOH H ,n;naroHaJie:ii:. 

108. )J;oKaJKHTe, 'ITO ,n;m1 npOH3BOJibHoro TpeyroJibHHKa ABC 11 rrpOI13-

BOJibHO:ii: TO'IKH M BhIIIOJIHHeTcH HepaBeHCTBo: 

AB· MC2 +BC· MA2 +CA· MB2 )'AB· BC· CA. 

Ilp11 KaKOM rroJIOJKeHn11 TO'IKH M nMeeT MeCTO paBeHCTBo? 

)J;OKaJKHTe HepaBeHCTBa 109-113 ,ll;Jlfl rrpOH3BOJibHOrO TpeyrOJibHHKa. 

A B C:::::: 3J3 
109. cos 2 cos 2 cos 2 "' -8-. 

9 
110. 9r ::::; ma + mb + me ::::; 2 R. 

111. z~ + z; + z~ )' 3J3s. 
112. 5R - r )' py'3. 
113. r 2 + r~ + r~ + r~ )' 7R2

• 

114. To'IKa A npnHa,n;JieJKHT OKPYJKHOCTH ex, TO'IKa B - OKPYJKHOCTH ~

,Il,oKaJKHTe, 'ITO OTHomeHHe cTerreHH TO'IKH A OTROCHTeJibHO OKPYJKHOCTH ~ 

K CTenenn TO'IKH B OTROCHTeJibHO OKPYJKHOCTH ex paBHO OTHomeHnro, B 

KOTopoM pa,n;HKaJibHaH och OKpyJKnocTe:ii: ,n;eJIHT OTpe30K AB. 
115. Ha rrpHMo:ii: AB .n;ana TO'IKa Mn rrocTpoeHa TO'IKa N, .n;JIH KOTopo:ii: 

AN AM 
= = -=· )J;oKaJKHTe, 'ITO oKpyJKHOCTh c 11eHTpoM MN (oKpyJKHOCTh 
NB MB 
AnoJIJiomrn) opToroHaJibHa JII06o:ii: oKpyJKHOCTH, co,n;epJKaIIIeii: ,n;aHHhie TO'I-

KH AH B. 
116. PaccTOHHHf! OT TO'IKH M, JieJKaIIIe:ii: BHYTPH TpeyroJihHHKa ABC, 

,n;o ero BepmnH paBHhl R1, R2, R 3 , a paccTOHHHfl 3TO:ii: TO'IKH ,n;o cTopoH 

TpeyrOJibHHKa paBHbl X1, X2, X3. )J;oKaJKHTe, 'ITO 

4R 
R1R2R3 )' -X1X2X3. 

r 

Ilpn KaKOM rroJioJKeHHH TO'IKH M nMeeT MecTo paBeHCTBO? 

117. B ocTpoyrOJibHOM paBHo6e,n;peHHOM TpeyroJibHHKe ABC yroJI npn 

ocHoBaHHH AC paBeH ex, a 6oKoBaf! cTopoHa paBHa a. To'IKa M JieJKHT na 

cTopoHe BC H HMeeT nanMenhmyro no cpaBneHHIO c ocTaJihHbIMH TO'IKaMH 

3TO:ii: CTopoHbI BC cyMMY KBa,n;paTOB paccTOHHH:ii: 1J..O npHMbIX AC n AB. 
Ha:ii:ll,HTe .n;JIHHY OTpe3Ka MC. 

118. B paBHo6e,n;peHHOM TpeyrOJibHHKe ABC yroJI npn ocHoBaHHH AC 
paBeH ex, a 6oKOBaf! CTopoHa paBna a. qepe3 TO'IKY M, JieJKaIIIYIO Ha 6oKo-
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BOH CTOpOHe, rrpoBeAeHhI ,n;Be rrp2!Mhle, rrapaJIJieJihHhie CTOpOHaM TpeyrOJih

HHiffi H 0TceKaIOII1He OT TpeyroJihHHKa ABC rrapaJIJieJiorpaMM Han6oJihme:ii 

IIJIOIIlaAH· HaliAHTe IIJIOIIlaAh 3TOro rrapaJIJieJiorpaMMa. 
119. ,Ll;aHa OKpy2KHOCTh pa,n;Hyca R c AHaMeTpOM AD. 0Kpy2KHOCTh c 

n;eHTpOM A rrepeceKaeT rrepByro OKPY2KHOCTh B TO'IKe B, a AHaMeTp AD -
B TO'!Ke c. IlpH KaKOM 3Ha'!eHHH paAHyca BTOpo:ii 0Kpy2KHOCTH AJIHHa OT

pe3Ka BC 6yAeT Han60Jihme:ii? 

120. Ha CTopoHax TpeyroJihHHKa ABC BHe ero rrocTpoeHhI KBa,n;paThI 

ABEF, BCPQ, CAM N. KaKyIO Han60Jihmy10 IIJIOIIla,ll;h M02KeT HMeTh me

CTnyroJihHHK EFMNPQ, ecJIH BC= a, CA= b? 
121. BHyTpH yrJia pacrroJI02KeHa OKpy2KHOCTh. HaliAHTe Ha 3TOH oKpy2K

HOCTH TO'IKH, cyMMa paCCT02IHHH OAHOH H3 KOTOphIX AO CTOpOH yrJia (HJIH HX 

rrpOAOJI2KeHn:ii) rrpHHHMaeT Han6oJihmee 3Ha'!eHne, a ,n;pyro:ii- HanMeHhmee 

3Ha'leHne. 

122. EcJIH paccT02IHHX OT TO'IKH, Jie2KaII1eli BHYTPH TpeyroJihHHKa, AO 

ero CTOpOH rrporropn;HOHaJihHhI 3THM CTOpOHaM COOTBeTCTBeHHO, TO cyMMa 

KBa,n;paTOB paccTOXHHll 3TOH TO'IKH AO CTOpOH TpeyroJihHHKa MHHHMaJihHa 

482 

H paBHa 2 b2 2 ( TO'!Ka JI e My a Ha). ,Ll;oKaJKHTe. 
,a + +c 

123. Ha rrpOAOJI2KeHHH ,n;HaroHaJIH AC 3a TO'IKY C Tparren;1rn ABC D 
B321Ta rrpoH3BOJihHa21 TO'!Ka P H 'Iepe3 cepe,n;HHhI lv! H N ocHoBaHHH AB 
H CD rrpoBeAeHhI rrpXMhie PM n P N, rrepeceKaIOin;He cooTBeTCTBeHHO 60-

KOBhie cTopoHhI BC n AD B TO'IKaX E H F. ,Ll;oKaJK:HTe, 'ITO rrpxMa21 EF 
rrapaJIJieJihHa OCHOBaHHXM Tparren;HH. 

124. ,Ll;oKaJK:nTe, 'ITO rrp21Ma21, rrpoxo,n;gII1a21 'Iepe3 cepeAHHY cTopoHhI AB 
TpeyroJ!hHHKa ABC H n;eHTp BIIHCaHHOH B Hero oKpy2KHOCTn, AeJIHT rro

rroJiaM OTpe30K, COeAHH2IIOin;Hll BepmHHY c c TO'IKOH KaCaHH2! BIIHCaHHOH 

OKPYJKHOCTH co CTOpOHOH AB. 
125. BHyTpH yrJia c BepmHHOH 0 AaHa TO'!Ka A H 'Iepe3 Hee rrpoBeAeHhI 

rrp21Mh1e, 06pa3y10II1ne c rrp21Moli 0 A paBHhie yrJihI n rrepeceKaIOII1ne CTopo

HhI yrJia B TO'!KaX X H Y. ,Ll;oKa2KHTe, 'ITO Bee rrpxMhie XY rrepeceKaIOTCX 

B OAHOH TO'!Ke. 

126. ,Ll;OKaJKHTe, 'ITO rrpxMa2! raycca (rr.10.2) H rrp21Ma2! 06epa (§ 8, 3a

Aa'Ia 2) rroJIHoro 'leThlpexyroJihHHKa rreprreflAHKYJIXpHhI. 

127. IIocTpoliTe TpeyroJihHHK no pa3HOCTH AByx CTopoH, paAHycy BrrH

caHHOH OKPYJK:HOCTH H paAnycy BHeBrrncaHHOli OKpyJK:HOCTH, Kaca10II1elic21 

TpeTheli CTOpOHhl. 

128. IIocTpoliTe TpeyroJihHHK no ,IT,BYM cTopoHaM H 6ncceKTpnce yrJia 
MeJK,IT,y HHMH. 

129. IIocTpoliTe TpeyroJihHHK no cTopoHe, rrpoTnBoJie2KaII1eMy yrJiy n 

6ncceKTpnce ::iToro yrJia. 
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130. Ha JIHHHH n;euTpOB ~yx uerrepeceKaIOID;HXCH OKpy.JKHOCTeii ua~HTe 

TO'IKy, OTpe3KH KaCaTeJibHblX H3 KOTOpoii K ,n;aHHblM OKPY.JKHOCTHM paBHbl. 

131. qepe3 ,n;aHHhle TO'IKH AH B rrpoBe)J;HTe OKPY.JKHOCTb, OTCeKarorrzyro 

OT ,!l;aHHOH IIpHMOH xop,n;y 3a,n;aHHOH )J;JIHHbl. 

132. IIocTpoiiTe rrpHMyro, KOTopaH ,n;eJIHT rrorroJiaM rrepHMeTp u rrnoID;a)J;b 

,n;auHoro TpeyroJibHHKa. 

133. Ilo TpeM ,n;aHHbIM TO'!KaM A, B, C nocTpoiiTe TO'IKY D TaK, 'IT06b1 

'leThlpexyroJibHHK ABCD 6blJI BrrncaHHbIM H orrncaHHblM. 

134. B OKPY.JKHOCTb c n;euTpOM 0 BrrncaH TpeyroJibHHK ABC, B Ko

TopoM ueT paBHblX CTOpOH. ,LI;oKa.JKHTe, 'ITO TO'IKH, B KOTOpbIX rrpHMbie, 

npoxo,n;gID;He qepe3 0 rrapaJIJieJibHO rrpHMbIM BC, CA, AB, nepeceKaIOT 

coOTBeTCTBeHHO xacaTeJibHbie B TO'IKaX A, B, C, Jie.JKaT na O,!J;HOH rrpHMoii. 

135. ,LI;aa TpeyroJibHHK AOC. To'IKa B BbI6paHa Ha cTopoHe AO TaK, 'ITO 

LCAO = LBCO. IIocTpoeaa OKpy.JKHOCTb w c n;eHTpOM 0 H pa,n;nycoM OC. 
0Kpy.JKHOCTb w1 npoxo,n;nT qepe3 TO'IKH B n 0 H nepeceKaeT OKPY.JKHOCTb w 

B TO'IKaX Mn K. ,LI;oKa.JKnTe, 'ITO TO'IKH A, M, K ne.JKaT Ha o,n;Hoii npHMoii. 

136. ,LI;OKa.JKHTe, 'ITO noJiyuepHMeTp p H UJIOID;a)J;b s qeTblpexyrOJibHHKa 

y,n;OBJieTBOpHIOT aepaBeHCTBY p2 ~ 4S. 
137. Cpe,n;n Bcex 'leThlpexyroJibHHKOB c ,n;aHHhlMH )J;JIHHaMn ,n;naroHaJieii 

H ,n;aHHblM yrJIOM Me.JK,n;y HHMH Haii,n;nTe qeTbipexyrOJibHHK HaHMeHbmero 

nepnMeTpa. 

138. IlpSIMble AP, BP, CP nepeceKaIOT cooTBeTCTBeHHO CTopOHbl BC, 
CA, AB TpeyroJibHHKa ABC B TO'IKRX A 1, Bi. C1• 0KOJIO TpeyroJibHHKa 

A1B1C1 on11cana OKpy.JKHOCTb, rrepeceKaroID;aH BTOpH'IHO npHMb1e BC, CA, 
AB cooTBeTCTBeHao B TO'IKaX A2 , B 2 , C2 • ,LI;oKa.JKnTe, 'ITO rrp.sJMble AA2 , 

BB2 , CC2 nepeceKaIOTC.sJ B O,!l;HOii TO'IKe. 
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qacT1> II 

IIpeo6pa3oBaHH.sI IIJIOCKOCTH 



BeeJe'Hue. Omo6pa;;+Ce'HU.R 

u npeo6pa3oBa'Hu.R .M'HO;;+Cecme 

Ilo.n; reoMeTplPieCKOH qmrypo:ii IIOHHMalOT HeKOTOpoe MH02KeCTBO TO'leK. 

MHo2KeCTBO TO'leK M02KHO 3a,n;aTb ero xapaKTepHCTH'leCKHM ( orrpe.n;em110-

ID;HM) CBOHCTBOM HJIH 2Ke rpacpH'IeCKH. MHo2KeCTBO, 3a,n;aHHoe xapaKTepH

CTH'leCKHM CBOHCTBOM ero TO'leK, ITO Tpa.n;m:.:~HH Ha3bIBalOT TaK2Ke reoMeT

PH'leCKHM MeCTOM TO'leK (rMT)' o6Jia,n;arom;Hx ,n;aHHblM CBOHCTBOM. 

Ba2KHbIM pa3,n;eJIOM reoMeTpHH KaK HayKH H TeMo:ii IIIKOJibHoro Kypca 

reoMeTpHH .SIBJI.SilOTC.SI oTo6pa2KeHH.SI H rrpeo6pa3oBaHH.SI cpHryp. Po,n;oBbIM 

IIOH.SITHeM ,ll;JI.SI OT06pa2KeHH.SI .SIBJI.SieTC.Sl IIOH.SITHe COOTBeTCTBH.SI Me)K,ll;y MHO

)KeCTBaMH. CTporoe orrpe,n;eJieHHe cooTBeTCTBH.SI 3,n;ecb He rrpHBO.n;HM, orpa

HH'IHBa.SICb TeM, 'ITO 0 HeM CKa3aHO B IIIKOJibHbIX yqe6HHKaX. 

1 °. "t!acTHblM BH,ll;OM cooTBeTCTBH.SI .SIBJI.SieTC.SI oTo6pa2KeHHe. Omo6pa;JtCe
ttue.M. 1 MH02KeCTBa x B MH02KeCTBO y Ha3b1BaeTC.SI COOTBeTCTBHe, rrpH KO

TOpOM 'J>:a;JtCao.M.y 3JieMeHTY X E X COOTBeTCTByeT eauttcm6e'H.'H.'bl!U ::meMeHT 

y E Y. "YrroTpe6JI.SieTC.SI 3arrHcb: 1: X--+ Y, y = 1 (x ), a TaK2Ke X .!... Y, x .!... y. 
9JieMeHT y Ha3hlBaeTC.SI o6paao.M. aJieMeHTa x, a 3JieMeHT x - npoo6paao.M. 
3JieMeHTa y rrpH oTo6pa2KeHHH 1 MH02KeCTBa X B MH02KeCTBO Y. B reoMeT

PHH o6pa3 3JieMeHTa x o6hl'IHO rrpHH.SITO o6o3Ha'laTb qepe3 x' : 1 ( x) = x'. 
MHo2KeCTBO X' o6pa30B x' Bcex aJieMeHTOB x MH02KeCTBa X Ha3hlBaeTC.SI 

o6paao.M. .M.'H.O;JtCecmea X rrpn OTo6pa2KeHHH 1· IlHIIIyT: l(X) = X'. 5IcHo, 

'ITO Bcer.n;a X' CY. CoBrra,n;eHHe 3THX MH02KeCTB X H Y He HCKJiroqaeTC.SI. 

2°. ECJIH l(X) = Y, TO roBop.SIT, 'ITO MH02KeCTBO X oTo6pa2KaeTC.SI tta 
MH02KeCTBO Y. 3.n;ecb BMecTo rrpe,ll;Jlora «B» yrroTpe6JI.SieTC.SI rrpe,n;Jior «Ha». 

"YrroTpe6JieHHe rrpe,n;Jiora «B», KOHe'IHO, rrpaBOMepHO H B 3TOM CJiyqae, HO 

rrpe,ll;J!Or «Ha» YTO'IH.SieT HHcpOpMaII,HlO: na;JtCa'bt'U 3JieMeHT MH02KeCTBa y 
.SIBJI.SieTC.SI o6pa30M XOT.SI 6bl o.n;aoro 3JieMeHTa H3 MH02KeCTBa x. 

3°. 0To6pa2KeHHe 1 MH02KeCTBa x Ha MH02KeCTBO y Ha3bIBaeTC.SI o6pa
mu.M.'bl.M. (B3aHMHO o,n;H03Ha'IHbIM), ecJIH o6pa3bl JI106b1x ABYX pa3JIH'IHblX 

3JieMeHTOB pa3JIH'IHbl. B 3TOM cJiyqae cym;ecTByeT o6pamttoe omo6pa;JtCe
ttue 1-1 MH02KeCTBa Y Ha MH02KeCTBO X. ECJIH l(x) = y H l(X) = Y, TO 

1-1(y) =x H 1-1(Y) =X. O'IeBH.n;HO, OTo6pa2KeHH.SI 1H1- 1 B3aHMHO o6paT

Hbl, T. e. u-1 )-1 = 1. 
4°. EcJIH l(X) C X, TO roBop.SIT, 'ITO MH02KeCTBO X OTo6pa2KaeTC.SI 6 

ce6R. IlpH l(X) = x rOBOp.SIT, 'ITO MH02KeCTBO x OT06pa2KaeTC.SI 'H.a ce6R. 
5°. 06paTHMOe OT06pa2KeHHe MH02KeCTBa Ha ce6.SI Ha3bIBaeTC.SI npeo6pa-

306a'H.Ue.M. aToro MH02KeCTBa. B IIIKOJibHOM Kypce reoMeTpHH paccMaTpHBa

lOT MH02KeCTBO BCex TO'leK IIJIOCKOCTH, MHO)KeCTBO BCex TO'leK rrpOCTpaHCTBa 

H roBOp.SIT COOTBeTCTBeHHO 0 npeo6pa3oBaHH.SIX IIJIOCKOCTH, rrpeo6pa30Ba-
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HM.SIX npocTpaHCTBa. Heo6xOAHMhIM H AOCTaTO'!HbIM npH3HaKOM npeo6pa-

30BaHH.SI MHO:lKeCTBa .SIBJI.SieTC.SI OAHOBpeMeHHOe BbIIIOJIHeHHe ABYX yc.JIOBHH: 

1) Ka:lKAbIH 3.JieMeHT MHO:lKeCTBa HMeeT eAHHCTBeHHbIH o6pa3 B 3TOM MHO:JKe

CTBe, 2) Ka)K,ll;b!H 3.JieMeHT 3TOro MHO)KeCTBa HMeeT eAHHCTBeHHhlH npoo6pa3 

B HeM. BTopoe yc.JIOBHe MO:lKHO 3aMeHHTh ABYM.SI yc.JIOBH.SIMH: 2 a) o6pa3hI 

mo6hlx ABYX pa3.JIH'IHbIX 3.JieMeHTOB pa3.JIH'IHhI, 2 6) Ka)K,ll;hlH 3.JieMeHT AaH

Horo MHO:lKeCTBa HMeeT HeKOTOpbIH npoo6pa3 B 3TOM MHO:lKeCTBe. 

6°. IlyCTb 1 H g - ABa npeo6pa30BaHH.SI MHO:lKeCTBa x H 1 ( x) = y' 
g(y) = z A.JI.SI npOH3BOJibHOro x E X. KoHe'!HO, y E X H z E X. OnpeAe

JIHM oT06pa:lKeHHe cp 3aKOHOM <p(x) = g(f(x)), HJIH cp(x) = z. Ha ocHoBaHHH 

Heo6XO,ll;HMOro H AOCTaTO'IHOro npH3HaKa npeo6pa30BaHH.SI OT06pa:lKeHHe Cjl 

.SIBJI.SieTC.SI npeo6pa30BaHHeM MHO:lKeCTBa x. Ilpeo6pa30BaHHe Cjl Ha3h!BaeTC.SI 

~o.wnoau~ueu (npoH3BeAeHHeM) npeo6pa30BaHH.SI 1 H npeo6pa3oBaHH.SI g. 

IImnyT: cp =go 1, HJIH cp = gl. 06paTHM BHHMaHHe Ha To, 'ITO npeo6pa-

30BaHHe, BhlIIOJIH.SieMoe B KOMII03H~H nepBhlM, 3aIIHCh!BaeTC.SI cnpaBa, TaK 

KaK no onpeAe.JieHHlO (go f)(x) = g(f(x)). 
7°. ,Ll;Ba npeo6pa3oBaHH.SI 1 1 H 12 OAHOro H Toro :lKe MHO:lKeCTBa X Ha-

3hlBaroTc.SI paBHbIMH ( coBnaAaro~MH), ec.JIH A.JI.SI Jiro6oro x E X ero o6pa3hl 

l 1(x) H l 2(x) npH 3THX npeo6pa3oBaHH.SIX COBIIaAaroT: l1(x) = l2(x). 
8°. Ko.wnoau~u.ft npeo6pa3oBa'l-tuu acco~uamuBHa, T. e. A.JI.SI Jiro6h!x npe

o6pa3oBaHHH 1' g' h AaHHOro MHO:lKeCTBa HMeeT MeCTO COOTHOmeHne: 

h 0 (g 0 f) = (h 0 g) 0 f. 

,[t;oKa3aTe.JihCTBO. IlycTI> A.JI.SI Jiro6oro x EX l(x) = y, g(y) = z, 
h(z) = t. TorAa (go f)(x) = z, (ho (go f))(x) = t. C ,n;pyroil: CTOpOHhI, 

(ho g)(y) = t, no3TOMY ((hog) o f)(x) = t. CJieAoBaTe.JibHO, (ho (go l))(x) = 

= ( ( h O g) O 1) ( X) H B CHJIY 7° h O (g O 1) = ( h O g) O j. 
Ko.wnoau~u.ft npeo6paao6a'l-tuu He~o.w.wymamuBtta. B qacTHbIX c.Jiyqa

.s:rx, O,ll;HaKO, KOMII03HI!HH npeo6pa30BaHHH MOryT 6b!Tb KOMMyTaTHBHhlMH. 

HanpnMep, KOMMyTaTHBHa KOMII03HIIH.SI Jiro6bIX ABYX nepeHocoB, ABYX no

BopoTOB c o6~M I!eHTpOM, KOMII03H~.SI oceBOH CHMMeTpHH H nepeHOCa B 

HanpaBJieHHH OCH 3TOH CHMMeTpHH. 0AHaKO HeKOMMyTaTHBHa KOMII03H~.SI 

ABYX IIOBOpOTOB c pa3HhlMH IIeHTpaMH, KOMII03H~.SI oceBOH CHMMeTpHH H 

nepeHoca He napa.JIJie.JibHO OCH CHMMeTpHH. 

9°. Ilpeo6pa3oBaHHe E MHO:lKeCTBa X Ha3brnaeTc.s:r TO)K,ll;eCTBeHHbIM npe

o6pa3oBaHHeM, ec.JIH A.JI.SI Jiro6orO-$ E X HMeeT MecTo E ( x) = x. Ilo3ToMy A.JI.SI 

Jiro6oro npeo6pa3oBaHH.SI 16yAeT Eo 1=1oE=1H1-1o1=1o1-1 = E. 
10°. Ilpu .11,1060..w npeo6paao6attuu 1 nepece"tettue .wtto:»eecmB omo6pa

:»eaemc.ft tta nepece"te'l-tue o6paaoe 3mux .wtto:»eecmB: 

l(A n B) = l(A) n l(B). 
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,11,o Ka3 aT e JI h CT Bo. IlycTb xE An xE B. ECJIH l(x) =x', TO x' E l(A) 
n x' E l(B), rronoMy x' E f(A) n f(B). l1TaK, o6pas mo6oro 3JieMeHTa x 
rrepece'IeHH.H ,n;aHHhlX MHOJKeCTB rrpnHa,n;JieJKHT rrepece'IeHHIO o6pa30B 3THX 

MHOJKeCTB rrpn rrpeo6pa30BaHHH 1. 06paTHO, rryCTb y E f(A) H y E l(B). 
Tor,n;a 1-1 (y) EA H 1-1 (y) EB, 3Ha'IHT, 1-1 (y) EA n B. CJie,n;OBaTeJibHO, 

BC.HKHH 3JieMeHT y rrepeCe'IeHH.H o6pa30B MHOJKeCTB HMeeT CBOHM rrpoo6pa-

30M HeKOTOpbIH ::meMeHT rrepece'IeHH.H ,n;aHHblX MHOJKeCTB. 

11°. Ilpn mo6oM rrpeo6pasoBamm 1 ofrhe,ZJ,HHeHHe MHOJKeCTB OTo6paJKa

eTC.H Ha o6'he,ZJ,HHeHHe HX o6pa30B: 

J(A U B) = f (A) U f(B). 

,11,oKasaTeJibCTBO aHaJIOI'H'IHO rrpe,ZJ,hI,ZJ,Yru;eMy. 

12°. Ilpeo6pa30BaHHe f MHOJKeCTBa Ha3brnaeTC.H 'U'lt60.!t'IOm'U6'H/btM, HJIH 

'U'H,60.!t'/OU,Ueii, eCJIH OHO COBrra,n,aeT co CBOHM o6paTHhIM, HO OTJIH'IHO OT TO)l(

,n;eCTBeHHOI'O, T. e. f = 1-1 
H f "I- E. llHBOJIIOTHBHOe rrpeo6pa3oBaHne MeH.HeT 

MeCTaMH 3JieMeHT x MHOJKeCTBa H ero o6pa3 x': ecJIH f ( x) = x'' TO f ( x') = x. 
llHBOJIIO~.H pasfornaeT ,n;aanoe MHOJKeCTBO Ha rrapbI COOTBeTCTBeHHbIX 3Jie

MeHTOB. Ilop.H,ZJ,OK 3JieMeHTOB B Ka)l(,lJ,OH H3 TaKHX nap Hecyru;ecTBeHeH. IlpH

MepaMH HHBOJIIOTHBHbIX rrpeo6pa30BaHHH CJIYJKaT u;eaTpaJibHa.H H oceB<UI 

CHMMeTpHH IlJIOCKOCTH. ECJIH rrpeo6pa30BaHHe f HHBOJIIOTHBHO, TO B CHJiy 9° 
f of= f2 = E. 

B mKOJihHOM Kypce reoMeTpHH H3y'IalOTC.H npeo6pasoBaRH.H nJIOCKOCTH: 

u;eHTpaJibHa.H CHMMeTpm1, oceBa.H CHMMeTpH.H, nepeHoc, IlOBOpOT, I'OMOTe

TH.H, rrpeo6pa3oBaHHe no,n,o6na. PaccMOTpHM O,ZJ,HH 6bITOBOii npHMep rrpeo6-

pa3oBamrn. 

B 3aJie onpe,n,eJieHHoe 'IHCJIO MeCT 3aHaTo nrpa10ru;nMn TaK, 'ITO HHKTO 

ae OCTaJIC.H 6e3 MecTa H HeT CB06o,n,HhIX MeCT. IIo CHI'HaJiy Hrparoru;He BCTalOT 

H xaOTH'IeCKH ,ZJ,BHffiIOTC.H no 3aJiy. 3aTeM no ,n,pyroMy CHI'HaJiy OHR ca,n,aTC51 

Ha nepBoe norraBmeeca MecTo. B pe3yJihTaTe MHOJKeCTBO Hrpa!OID;HX OTo6-

pa3HJIOCb Ha ce6a. Ka)l(,lJ,aa rrapa «3JieMeHT MHOJKeCTBa - ero o6pa3» onpe

,n,eJiaeTC51 MeCTOM: CH,ZJ,eBillHH Ha HeM ,n,o rrepBOI'O CHI'HaJia - ceBillHH Ha 3TO 

MeCTO no BTOpOMY CHI'HaJiy. 9To rrpeo6pa30BaHHe MHOJKeCTBa Hrpa!OID;HX. 

HeMaJIOBa)l(HO 3aMeTHTh, 'ITO ,n,Jia rrpeo6pa30BaHna He HMeeT HHKaKoro 

3Ha'IeHH51 TpaeKTopna ,ZJ,BH2KeHna, BpeM51, cKopoCTh H T. rr. Ba)l(Hbl JIHmh 

Ha'IaJihHOe H KOHe'IHOe IlOJIOJKeHne 3JieMeHTa. 
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I' ,11,aea I 

J( 6U;JICe'H UJI, n.JWCK;OCm u 

§ 1. 06'11-'iue ceoucmea aeu;JtCenuu 

1.1. Onpe;:i;e.rremu1 ,IJ.BH:>Kemu1 H paBHhlX $HI'yp. PaccMoTpHM oTo6pa:>Ke

HHe f llJIOCKOCTH Ha ce6.a, KOTopoe coxpaH.HeT paCCTO.HHH.H Me:>K,ZI,y Tff'iKaMH: 

ec.rrH f(A) = A1 H f(B) = B1, TO A1B1 =AB (,n;JI.a mo6hlx A, B). 9To oT06-

pa:>KeHne o6paTHMO (cM. 3°), TaK KaK H3 AB> 0 CJief1YeT ArB1 > 0, T. e. 

o6pa3hI mo6bIX ,LT.Byx pa3JIH'iHhIX TO'leK pa3JIH'!Hbl. CJie,n;oBaTe.rrhHO, f -
npeo6pa3oBaHHe (5°). 

0 n p e .n; e JI e H n e. Ilpeo6pa30Bamrn IIJIOCKOCTH, coxpaH.HJOIIl;ee paccTO.H

HH.H Me:>K,ZI,y Tff'IKaMH, Ha3hrnaeTC.H deu:>ICe'ltueM llJIOCKOCTH. To'l:Hee roBop.H, 

upeo6pa30BaHHe f llJIOCKOCTH Ha3hIBaeTC.H ,LV3H)KeHneM llJIOCKOCTH, eCJIH OHO 

BC.HKHe ,LT.Be TO'lKH A H B oTo6pa:a<aeT Ha TaKHe ,n;Be TO'IKH Ar H Bi, 'ITO 

A1B1 ='AB. 
C.rre)J;CTBHe 1. !Ipeo6pa306a'ltue, o6pamHoe d6U:>ICe'liU10, ecm'b aeu:>ICeHue. 

C.rre,n;CTBHe 2. KoMn03UV,UJ£ aeu:>ICeHUU .H,6,/1,.H,emc.n aeu:>ICeHueM. 

0 II p e µ, e JI e H He. ll>nrypa Fr Ha3brnaeTC.H pa6HOU ( KOHrpy3HTHOii) qm
rype F (F1 = F), ec.rrn cym;ecTByeT .n;m1)KeHne, OT06pa:a<arom;ee <Pnrypy F 
Ha qmrypy Fi. 

0THOllieHHe paBeHCTBa cpnryp pe¢.rreKCHBHO, CHMMeTpH'IHO H TpaH3H

THBHO. 

1.2. HHBapHaHThl ,LT.BH:>Kemm. BeJIH'lHHhI, cBoiicTBa cpnryp, ocTarom;ne

c.a HeH3MeHHbIMH npH npeo6pa30BaHHH, Ha3b1BalOTC.H UH6apuaHmaMU 3TOro 

npeo6pa3oBaHH.H. OcHOBHhlM HHBapnaHTOM ABH)KeHnii .HBJI.HeTc.H paccTO.H

HHe Me)KflY TO'!KaMH. 

PaccMoTpHM o6pa3hl np.aMoii, Jiyqa, no.rrynJIOCKOCTH H yrJia npn ,11.BH)Ke

HHHX IIJIOCKOCTH. 

TeopeMa. ,4eu:>1Ce'ltue omo6paateaem np.nMyio Ha np.nMyio. 

Iloµ, TaKOH cPOPMYJIHpOBKOH TIOHnMaeTC.H, 'ITO MHO)KeCTBOM o6pa30B BCex 

TO'leK ,n;aHHOH rrp.HMOH 5IBJl.HeTC.H HeKOTOpa.H np.HMa.H. 

)]; 0 Ka 3 a T e JI b c T B o. IlyCTb ,n;aHO ABH)KeHHe f llJIOCKOCTH H HeKOTO

paH npHMaH a. Ec.ryu Af: a, BE b, A -:f-B, f(A) =A1, f(B) =Bi, TO Ai -:f-B1 • 

PaccMoTpnM npHMYJO A~B1 n AOKa)KeM, 'ITO f(a) = (A1 B 1 ). IlycTh TO'lKa 

Mi - o6pa3 npoH3BOJibHOii TO'IKH M npaMorr a. Ec.rrn M Jie)KHT Me)KflY 

A n B, TO AM+ MB= AB. Ilo onpe.n;e.rreHnJO ,LT.BH:lKeHHH AiMi =AM, 
MiBi =MB, AiB1 =AB. IloaToMy A1Mi + lvl1B1 = A1Bi. 9To 03HaqaeT, 



'ITO Mi Jie)KHT Ha rrp.HMOii: AiBi (Me)K,rzy Ai H Bi)· B cJiy'la.Hx, Kor,n;a A 
Jie)KHT Me)K,Lzy M H B HJIH B Jie)KHT Me)K,Lzy A H M, aHaJiorH'lHO ,n;OKa3hI

BaeTc.H, 'ITO o6pa3 Mi TO'IKH M rrp.HMoii: a rrpHHa,n;Jie)KHT rrp.HMOii: AiBi. 
Heo6xo,n;HMO ellle ,n;oKa3aTh, 'ITO BC.HKa.H TO'lKa rrp.HMoii: AiBi HMeeT CBOHM 

rrpoo6pa30M rrpH ,ll;BH)KeHHH f HeKOTOpyro TO'IKY rrp.HMOH a, T. e. MHO)KeCTBO 

o6pa30B Bcex TO'leK rrp.HMoii: a ecTh rrp.HMa.H Ai Bi. A 3TO ,n;eii:cTBHTeJihHO TaK, 

rrocKOJihKY o6pa3 rrpoH3BOJihHOii: TO'IKH rrp.HMOii: A1B 1 rrpH ,n;BH)KeHHH 1-i 
rrpHHa,n;Jie)KHT rrp.HMOii: AB, B qeM y6e)K,ll;aeMC.H IIOBTopeHHeM rrpe,n;hI,Lzyliiero 

paccy)K,ll;eHH.H. 

Cne,n;cTBHe 1. ,l(euaicei-tue n.tWC'/Cocmu coxpai-tRem omi-towei-tue «.tteaicam'b 
MeaicJy» J.ttR mpex mo"'-e'IC npRMou. 

,Il;eii:CTBHTeJihHO, rrpH ,ll;OKa3aTeJihCTBe TeopeMhl IIOKa3aHo, 'lTO eCJIH TO'l

Ka M Jie)KHT Me)K,Lzy AH B, TO TO'lKa Mi Jie)KHT Me)K,Lzy Ai H B 1 • 

Cne,n;cTBHe 2. ,l(euaicei-tue n.11,oc'/Cocmu omo6paaicaem ompe3o'IC i-ta ompe-
30'/C. 

Cne,n;cTBHe 3. 06pa30.M, .11,y"f,a npu Jeuaicei-tUU Re.ttRemcR .ltY"'-· 
B caMOM ,n;eJie, Jiyq orrpe,n;eJI.HCTC.H qepe3 IIOH.HTH.H rrp.HMOH H «JIC)KaTh 

Me)K,Lzy»' KOTOphle HHBapHaHTHhI rrpH ,ll;BH)KCHHH. Ilo3TOMY Jiyq rrp.HMOH a 
OTo6pa)KaeTC.H Ha orrpe,n;eJieHHhlH JIY'l o6pa3a 3TOH rrp.HMOH. 

Cne,n;cTBHe 4. 06pa30M no.11,yn.11,oc'/Cocmu npu Jeuaicei-tuu J1,e.1tRemcR no
.11,yn.1tOC'/COCm'b. 

,Il;eii:CTBHTeJihHO, IIOJIYIIJIOCKOCTb a. c rpanmi;eii: l, co,n;ep)Kailia.H 'fO'lKY 

A tf. l, MO)KHO onpe,n;eJIHTh KaK MHO)KCCTBO TO'ICK M IIJIOCKOCTH TaKHX, 'lTO 

OTpe3KH AM He rrepeceKaroT l. B CHJIY ,n;oKa3aHHOii:. TeopeMhI H cJie,n;cTBHii: 2 
H 1 ,ll;BH)KCHHCM f IIOJIYIIJIOCKOCTh a. OT06pa)KaeTC.H Ha IIOJIYIIJIOCKOCTh a.' c 

rpanmi;eii: l' = f(l) H co,n;ep)Kauzyro TO'IKY A'= f(A). 
CJie,n;cTBHe 5. ,l(euaicei-tue n.11,oc'/Cocmu omo6paaicaem y20.1t i-ta (paei-t'btu 

eMy) yzo.11,. 
B I u 

caMOM ,n;eJie, yroJI, MCHhillHH pa3BepHyToro, MO)KHO orrpe,n;eJIHTh KaK 

nepece'ICHHC ,n;Byx IIOJIYIIJIOCKOCTeii:, a yroJI, 60JihIDHH pa3BCpHyToro, -

KaK o6~e,n;HHCHHC ,n;Byx rroJiyIIJIOCKOCTeii:. Ha OCHOBaHHH cJie,n;cTBH.H 4 H 

CBOHCTB 11° H 12° (CM. BBe,n;eane) o6pa30M yrJia 6y,n;eT yroJI. PaBeHCTBO 

3THX yrJIOB HMCCT MCCTO no orrpe,n;eJICHHIO paBHhlX qmryp. 

TeopeMa. ,l(euaicei-tue omo6paaicaem .lt'I06'bte Jee napa.1t.1te.1t'bi-t'bte npRM'ble 
a u b i-ta Jee napa.1t.1te.1t'bi-t'bte npRM'ble a' u b'. 

,II; 0 Ka 3 a Te JI b c TB o. EcJIH 6hI rrp.HMbie a' H b' rrepeceKaJIHCb B HCKO

TOpoii: TO'lKe M', TO ee npoo6pa30M 6hlJia 6br TaKa.H TO'lKa M, KOTopa.H 

npHHa,n;JIC)KaJia 6hl KaK rrp.HMOH a, TaK H rrp.HMOH b, 'ITO rrpOTHBOpC'lHT ycJIO

BHIO a II b. 
l1TaK, OCHOBHhlMH HHBapnaHTaMH ,ll;BH)KCHHH IIJIOCKOCTH .HBJI.HIOTC.51 pac

CTO.HHH.51 MC)K,Lzy TO'lKaMH, CBOHCTBa <i>Hryp 6bITh rrp.HMOii:, 0Tpe3KOM, JIY'IOM, 
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TIOJIYTIJIOCKOCTbIO, yrJIOM, OTHOITieHHe «JieJKaTb Me:lK,10'» ,D;JI.SI Tpex TO'IeK 

np.SIMO:il:, napa.nJieJibHOCTb np.SIMbIX. 

1.3. KoacTpyKTHBHoe 3a,n;rume ~H)l{eHH.SI IIJIOCKOCTH. 3a,n;aTb npeo6pa-

30BaHHe - 3TO 3Ha'IHT yKa3aTb TaKHe Ha'IaJibHbie ycJIOBH.SI, npH KOTOpbIX 

MO:lKHO O,ll;H03Ha'IHO TIOCTpOHTb o6pa3 Ka:iK,D;O:il: TO'IKH npH 3TOM npeo6pa30-

BaHlrn. MHbIMH CJIOBaMH, cym;ecTByeT e,n;HHCTBeHHOe npeo6pa3oBaHHe, npH 

KOTOpOM 3a,n;aHHble Ha'IaJibHbie ycJIOBH.SI HMeIOT MeCTO. 

TeopeMa (o 3a,n;aHHH ,ll;BH:lKeHH.SI TIJIOCKOCTH). Ilycm'b aan'bt mpu tte'ICOJl,Jl,U
'H,eaptt'bte mo"t?CU A, B, Cu mpu mo"t?CU Ar, Br, Cr ma'X:ue, "tmo ArB1 =AB, 
Bi Ci= BC, CiAi =CA. Tozaa cyw,ecmsyem u mo./l,'b'X:o oano asu::HCenue 
nJ1,0C'X:ocmu, 'X:omopoe omo6pa::HCaem mo"t'X:Y A na mo"l'ICY Ai, mo"l'h:Y B na 
mo"l'X:Y Bi u mo"l'X:Y C na mo"l'X:Y Ci. 

113 ycJIOBH.SI aeKOJIJIHHeapHOCTH TO'!eK A, B, CH paBeHCTB cooTBeTCTBY-

10m;HX paccTo.SiaH:il: cJie,n;yeT, 'ITO TO'IKH Ai, Bi, Ci TaK:lKe HeKOJIJIHHeapHbI. 

IlyCTb ct - 3aMKHyTa.SI TIOJIYTIJIOCKOCTb c rpa-

HH:a;e:il: AB, co,n;ep:aram;aa TO'IKY C, H ct i - 3a- N 

MKHyTa.SI noJiynJIOCKOCTb c rpaaH:a;e:il: AiBi, 

co,n;ep:aram;aa Tff'IKY c i • IlyCTb ii H iii - ,n;Be 

,n;pyrHe 3aMKHYTbie TIOJIYTIJIOCKOCTH COOTBeT

CTBeHHO c rpaHH:a;aMH AB H AiBi (pHc. 1). 
3a,n;a,n;HM npeo6pa30BaHHe f TIJIOCKOCTH CJie,n;y

IOI:a;IIMH ycJIOBH.SIMH: Ka:iK,D;O:il: TO'!Ke M nJioc-

KOCTH IIOCTaBHM B COOTBeTCTBHe TaKyIO TO'I

KY Mi, 'ITO AiMi =AM, BiMr =BM H Mr E 
E cti npH M E ct, ao Mi E iir npH M E ii. OT

c10,n;a, B -qacTHOCTH, cJie,n;yeT, 'ITO f(A) =Ai, 

f(B) =Br, f(C) =Ci H o6pa30M np.SIMO:il: 

AB npH npeo6pa3oBaHHH f .SIBJI.SieTc.SI npa

Ma.SI ArBi. ,llpKa:lKeM, 'ITO npeo6pa3oBaHHe f -
,D;BH:lKeaHe. IlycTo f(N) =Ni. Ha,n;o ,n;oKa3aTb, 

'ITO MrNr =MN. ECJIH TO'IKH A, M, N KOJIJIH-

HeapHbI, TO paBeHCTBO 3THX pacCTO.SIHH:il: O'!e-

A 

Pnc. 1 

B 

BH,n;HO. EcJIH :lKe 3TH TO'IKH aeKOJIJIIrneapHhl, TO H3 paBeHCTBa TpeyroJihHH

KOB AM B H ArMiBr H paBeHCTBa TpeyroJibHHKOB AN B H ArNiBi cJie,n;y

eT paBeHCTBO yrJIOB MAN H MrAiNi H 3aTeM paBeHCTBO TpeyroJibHHKOB 

MAN H MrArNi, oTKy,n;a MiNi = A1N. 
,l]OKa)l{eM e,n;HHCTBeHHOCTb ~H:lKeHH.SI f c 3a,n;aHHhlMH ycJIOBH.SIMH. Ec

JIH 6hI KpoMe f cym;ecTBOBaJio TaKoe ,D;BH:lKeHHe g, 'ITO g(A) =Ai, g(B) = 

=Bi, g(C) =Ci, TO Hanmacb 6hI TaKa.SI TO'IKa P, 'ITO f(P) =Pi, g(P) =P2, 

~ Pi/. P 2• To'IKH Pi H P 2 ,D;OJI:lKHbI 6hITb B o,n;Ho:il: noJiyTIJIOCKOCTH c rpaHH

~:il: AiBi. Ilo onpe,n;eJieHHIO ,lJ;BH:lKeHH.SI AP= Ai Pi= AiP2 H BP= Bi Pi= 
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= B1P 2• TaK KaK TO'!KH A1 n Bi paBHoy.n;aJieHbI OT TO'ieK Pi H P2, TO OHH Jie

:>KaT Ha cepe,D;HRHOM nepneR,D;HKymipe K oTpe3KY P 1 P 2 . 0Ka3aJIOCb, 'ITO TO'i

KH Pin P 2 Jie:iKaT B pa3Hblx rroJiynJIOCKOCTi!X OT npi!Mon AiBi. IloJiy'ieHHOe 

M 

~ 
c 

C1 

npoTHBopeqne orrpoBepraeT npe.n;noJio:>KeHne ff=. g. 

Ilpn ,ll;OKa3aTeJibCTBe 3TOH TeopeMbl o6Hapy2KHJIC51 

O)J;HH H3 crroco6oB IlOCTpOeHHi! o6pa3a TO'!KH rrpa ,ll;BH

:>KeHiiH c IlOMOID;blO O)J;HOro llHPKYJiil (pnc. 2). 
1.4. ,lJ;BIDKeHmI nepBOrO H BTOporo po.n;a. I'OBOpi!T, 

'!TO TpeyroJibHiiK ABC opneHTnpoaaH rroJio:>KHTeJib

HO, ecmr o6xo.n; no KOHTYPY TpeyroJibHHKa OT BepmHHbI 

A K aepnnrne B H 3aTeM K BepIIIHHe C coBepIIIaeTCi! 

npoTHB .n;BH:>KeHH5! qacoBoii cTpeJIKH. EcJIH :>Ke 3TOT 06-

xo.n; COBepmaeTC5! no )J;BH:>KeHHIO qaCOBOll CTpeJIKH, TO 

roaopi!T, '!TO TpeyroJibHHK ABC opneHTHpoaaH oTpn

:a;aTeJibHO. OpneHTa:u;n51 TpeyroJibHHKa 3aBHCHT TOJib-

KO OT rrop51)J;Ka 3aIIHCH ero BepmnH: eCJIH TpeyrOJibHHK . 

ABC opneHTHpoBaH noJIO:>KHTeJibHO, TO TpeyroJibHHK 

Mi BAG opneHTnpo.BaH oTpn:a;aTeJibHO. 

Bo3M02KHbI .n;Ba H TOJibKO .n;Ba cJiyqa51: 1) TpeyroJib-

PHc. 2 HHK ABC n ero o6pa3 A' B' C' rrpn )J;BH:>KeHHH nJiocKd-
CTH opneHTHpOBaHbl O)l;HHaKOBO, 2) 3TH TpeyroJibHHKH 

opHeHTnpoBaHbI npOTHBOilOJIO:>KHO. Mo:>KHO .n;oKa3aTb, 'ITO eCJIH TpeyroJib

HHK ABC n ero o6pa3 A' B'C' rrpn ,IJ;BH)KeHHH IIJIOCKOCTH HMeIOT o.n;nHa

KoByro opneHTa11HlO, TO O)J;HHaKOBYlO opneHTallHlO HMelOT Jil06on .n;pyroii 

opneHTHpoBaHHbIH TpeyroJibHHK H ero o6pa3 npn 3TOM ,rt;BH:>KeHnH. ECJIH 

:>Ke TpeyroJibHHKH ABC HA' B'C' opneHTHpoBaHbl rrpoTHBOIIOJIO:>KHO, TOH 

JII06on .n;pyron opneHTHPOBaHHblll TpeyroJibHHK rrpOTHBOIIOJIO:>KHO opHeHTH

poBaH co CBOHM o6pa30M. 

0 rr p e .n; e JI e H H e. ,lljm:>KeHne IIJIOCKOCTH, coxpam110:ru;ee opneHTallHIO 

TpeyroJibHHKOB, Ha3bmaeTC5! 06u:J1CeHueM nepao20 pooa. ~n:>KeHne, H3Me

H5!ro:ru;ee opneHTallHIO TpeyrOJihHHKOB Ha rrpOTHBOIIOJIO:>KHyIO, Ha3bIBaeTCH 

oau:J1CeHueM 6mopo20 pooa. 

,n.rrg 3a)J;aHH5! )J;BH:>KeHH5! yKa3aHHoro po.n;a .n;ocTaTO'iHO 3a)J;aHH51 .n;BYX 

rrap coOTBeTCTBeHHbIX TO'ieK. B caMOM ,rt;eJie, ecJin 3a,rt;aHbI o6pa3bI A' H B' 
TO'ieK AH B (A' B' =AB) n H3aecTeH po.n; )J;BH:>KeHn51, TO o6pa3 C' TpeTbeii 

,n;aHHon TO'!KH C O,rt;H03Ha'!HO onpe,rt;eJI5!eTc5!: )J;JI5! TpeyroJibHHKa ABC CTpo

HTC51 paBHbIH eMy TpeyroJibHHK HY:>KHon opneHTa:u;nn corJiacHo JKa3aHHOMY 

po,n;y .n;BH:>KeHH5!. 

lfraK, ecJIH TO'!KH An B pa3JIH'!HbI n: TO'!KH A' n B' Bb16paHbI TaK, '!TO 

A' B' =AB, TO cym;ecTByeT o,rt;Ho n TOJibKO o.n;Ho .n;Bn:>KeHne 3a.n;aHHoro po.n;a, 

KOTOpoe OTo6pa:iKaeT A Ha A' H B Ha B'. 
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KoMn03HII,m1 mo6oro 'IHCJia ,lJ,BH)l(eHH:ii nepBoro po.n;a ecTh ,D;BH)l(eHHe 

nepaoro po.n;a. KoMIT03Hn;m1 'IeTHoro 'IHCJia ,D;BH)l(emdi: BToporo po.n;a ecTb 

,lJ,BH:lirnHHe nepBOI'O po,ll,a, a KOMil03HIJ;HSI HeqeTHOI'O 'IHCJia ,ll;BH)l(eHHH BTO

poro po.n;a si:BJisi:eTcsi: ,D;BR)l(eHneM BTOporo po.n;a. 

§ 2. /.Je1-lmpa.!l'b1-la.fl CUM.Mempu.fl 

2.1. Onpe.n;eJieBHe H CBOHCTBa u;euTpaJ11>Hoii CRMMeTpIDI nJioCKOCTH. 

To'IKR M n M 1 Ha3hrnaroTcsi: cnMMeTpH'IHbIMH OTHOCRTeJibHO .n;aHHo:ii 

TO'IKH 0, ecJin TOqKa 0 si:BJISleTcsi: cepe.n;nHo:ii oTpe3Ka MMi. To'IKa 0 
C'IHTaeTCSI CHMMeTpH'IHOH caMa ce6e. Ilpeo6pa3oBaHHe IlJIOCKOCTH, KOTopoe 

OT06pa)l(ReT Ka.)K,lzylO TO'IKY M Ha CHMMe'I'pH'IHyIO e:ii TO'IKY OTHOCHTeJibHO 

,ll,aHHOH TO'IKH 0' Ha3bIBaeTCSI '4e'Hmpa.11:b'HOU CUMMempueil c 1IeHTpOM 0 H 

o6o3Ha'IaeTcsi: Z0 : Z0 (M) = M1 • 

QqeBH,ll,HO, 'ITO eCJIH Z0 (1vf) = M 1, TO Z0 (Mi) = M, T.e. npeo6pa3oBa

HHe, o6paTHOe n;eHTpaJibHOH CHMMeTpHH, eCTb Ta )Ke n;eHTpaJibHasi: CHMMeT

pnsi:: 

z0i = Z0 , Z0 o Z0 = E. 

liHbIMH CJIOBaMH, u;enTpaJibHasi: CHMMeTpHsi: SIBJISleTCSI U'l-t60Jt10'4UO'l-t'H'bLM npe
o6paaoea'ttueM (12°). ToqKH M H Mi B3aHMHO cHMMeTpH'IHbI OTHOCHTeJib

HO 0. 
<l>Hrypa F Hee o6pa3 Fi npH u;enTpaJibHO:ii CHMMeTpHR Z0 Ha3brnaroTcsi: 

CUMMempu"l.'1-t'bl.MU <fm2ypaMU OTHOCHTeJibHO TO'IKH (pHC. 3). 
TeopeMa • .Qei-tmpaJt'bi-taR CUMMempUR ecm'b aeu;Heei-tue . 

.LJ; o Ka 3 a Te JI b c TB o. ECJIH Z0 (A) =Ai H Z0 (B) =Bi, TO ,IJ,JISI JII06Mx 

TO'IeK An B DJIOCKOCTH AiB1 =AB, 'ITO Henocpe.n;cTBeHHO ycMaTpHBaeTcsi: 

H3 paBeHCTBa 'l'peyroJibHHKOB OAB H OA1B1 (pnc.4). B cJiyqae, KOI',ll,a TOq

KH 0, A n B KOJIJIHHeapHM, paBeHCTBO 3THX paccTOSIHHH TaK)l(e o'IeBH,IJ,HO. 

B 

~' 
Puc. 3 Puc. 4 

il;eHTpaJibHasi: CHMMeTpHSI IlJIOCKOCTH eCTb ,ll;BH)l(eHne nepBOI'O po.n;a. 

CorJiacno TeopeMe n. 1.2 u;eHTpaJibHasi: CHMMeTpHsi: oTo6pa)l(ReT Ka)l(,D,yIO 

npsi:Myro Ha npsi:Myro. CooTBeTCTBeHHble JIY'IH IleHTpaJihHOCHMMeTpnqHblX 
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rrp5!MbIX HarrpaBJieHbI rrpOTHBOIIOJIO:lKHO. Ilp5!Ma51, co,n;ep:iKa:rn;a51 I!eHTp CHM

MeTpHH, COBrra,n;aeT co CBOHM o6pa.30M. Ilp51Ma51, He co,n;ep:iKa:rn;a51 I!eHTP 

CHMMeTpHH, OTo6pa:iKaeTC51 3TOH CHMMeTpHeH Ha rrapaJIJieJibHYIO rrp5!MYIO· 

chO CJie)l;yeT H3 paBeHCTBa BHyTpeHHHX HaKpeCT Jie:iKa:rn;HX yrJIOB )l;JI51 IIp51-

MbIX AB H A1B 1 H ceKy:rn;eil: AA 1 (pHc. 4). 
I..(enmpoM cuMMempuu ifm2yp'bl F Ha.3hlBaeTC51 TaKa51 TO'IKa 0, I!eH

TpaJibHa51 CHMMeTpH51 OTHOCHTeJibHO KOTOpoil: OTo6pa:iKaeT 3TY qrnrypy Ha 

ce651: Z 0 (F) = F. HarrpHMep, I!eHTp OKpy:iKHOCTH 

51BJI51eTC51 I!eHTPOM CHMMeTpHH 3TOH OKpy:lKHOCTH. 

To'!Ka rrepeceqemrn ,n;HaroHaJieil: rrapaJIJieJiorpaMMa 

CJIY:lKHT I!eHTpOM ero CHMMeTpHH. IloJioca CHMMeT

pH'IHa OTHOCHTeJibHO JII06oil: TO'IKH CBOeil: cpeAffeH 
- Pnc. 5 

JIHHHH (pHc. 5). OAHaKo cpnrypa BOBce He o6513aHa nMeTb I!eHTp CHMMeTpHn. 

CKa:iKeM, rrpaBHJihHhlH TpeyroJihHHK He HMeeT I!eHTpa CHMMeTpnn. 

2.2. PemeHHe 3a,n;aq, PaccMoTpHM rrpHMephI rrpHMeHeHH51 I!eHTpaJibHOH 

CHMMeTpHH rrpH peIIIeHHH 3a,n;aq Ha ,IJ;OKa3aTeJibCTBO H IIOCTpOeHHe. 

3 a ,n; a q a 1. IlpoTnBorroJio:lKHbie BepIIIHHhI rrapaJIJieJiorpaMMa ABC D 
rrpnHa,n;Jie:iKaT IIp5!MbIM, co,n;ep:iKa:rn;HM rrpOTHBOIIOJIO:lKHbie CTOpOHbI ,n;pyroro 

rrapaJIJieJiorpaMMa MN PQ. ,Il;oKa3aTh, 'ITO 3TH 

rrapaJIJieJiorpaMMhI HMeIOT o6:rn;Hii I!eHTp. 

Pe III e H He. IlycTb (AC) n (BD) = 0 (pnc. 6). 

Pnc. 6 

Tor,n;a no CBOHCTBY TO'IKH rrepeceqeHH51 )l;Ha

roHaJieil: rrapaJIJieJiorpaMMa Z0 (A) = C. TaK 

KaK A E (MQ), c E (NP) H (MQ) II (NP), TO 

Z0 (MQ)=(NP). AHaJiorn'IHO Z0 (MN)=(PQ). 
Ilo TeopeMe 10° TO'IKa M rrepeceqeHH51 rrp51MhlX 

MQ H MN OTo6pa:iKaeTC51 Ha TO'IKY P rrepeceqeHH5! nx o6pa.30B (NP)· 
H (PQ): Z0 (M) = P. CJie,n;oBaTeJihHO, TO'IKa 0-cepe,n;HHa oTpe3Ka MP. 

3 a ,n; a q a 2. 11epe3 Ka:lK,Il;YIO H3 ABYX rrpoTHBorro-

JIO:lKHhIX BepIIIHH rrapaJIJieJiorpaMMa rrpoBe,n;eHhI rrep

rreH)l;HKYJI51phl K IIp51MbIM, co,n;ep~:rn;HM ero CTOpo

HhI, He rrpoxo,I1;51:rn;He COOTBeTCTBeHHO qepe3 3TH BepIIIH

Hbl. ,Il;oKa3aTb, 'ITO OCHOBaHH51 3THX rreprreH)l;HKYJI51pOB 

51BJI51IOTC51 BepIIIHHaMH IIp51MOyrOJibHHKa. Ilpn KaKOM 

ycJIOBHH OH 6y,n;eT KBa,n;paToM? 

Pe III e H He. IlycTh ABCD-,n;aHHbIH rrapaJIJieJio-

rpaMM H (AM) .l (BC), (AQ) .l (CD), (CN) .l (AB), 
(GP) .l (AD) (pnc. 7). EcJIH (AC) n (BD) = 0, TO H3 

Pnc. 7 

rrp51MOyroJihHHKOB AMCP n ANCQ CJie,n;yeT, 'ITO TO'!Ka 0 CJIY:lKHT HX 06-

:rn;HM I!eHTpOM H MP=AC=NQ. TaK KaK Z0 (M) =PH Z0 (N) =Q, TO qe

ThipexyroJihHHK MN PQ - rrapaJIJieJiorpaMM, KOTOphIH HMeeT paBHhie ,n;Ha-

160 



roHami:, H noToMy .lIBJHleTC.lI np.HMoyroJihHHKOM. To'IKH A, N, M, C, Q, P 
Jie2KB.T Ha OAffOH OKPY2KHOCTH c u;eHTpOM 0. IIoaTOMY L.BAD = l/2L.NOP . 
.LVi.H Toro, 'IT06hr np.HMoyroJihHHK MN PQ 6hIJI KBa,rq>aTOM, Heo6xo,n;HMO H 

,n;ocTaTO'IHO, '!T06hl L.NOP = 90°, T. e. '!T06hr L.BAD = 45° (rrpn yCJioBHH, 

'ITO yKa3aHHbre B 3a,n;aqe rrepneH,n;HKYJI.Hphl npoBe,n;eHbI qepe3 BepillHHbI A 
H C ocTpbrx yrJIOB ,n;aHHoro rrapaJIJieJiorpaMMa). 

3 a ,n; a q a 3. qepe3 ,n;aHay10 TO'IKY A npoBeCTH np.si:MyIO TaK, 'IT06br ee 

oTpe3oK c Koau;aMH Ha ,n;aHHhIX rrp.si:Mo:ii H OKPY2KHOCTH ,n;eJIHJIC.si: TO'!KO:ii 

IIOIIOJiaM. 

P e ill e H H e. IlycTb m n ct - ,n;aHHbre rrp.si:Ma.si: H OKpy2KHOCTb, CD - nc

KOMbr:ii oTpe3oK, CEm, DEct (pHc.8). Tor,n;a ZA(C) =D. EcJIH ZA(m)=m1, 
To D E m 1 n, CJie,n;oBaTeJibao, D E ct n m 1 . 

0TCIO,n;a BbITeKaeT TaKoe IIOCTpOeHne: CTpo

HM o6pa3 m1 rrp.HMO:ii m rrpH CHMMeT

pHH Z A, TO'IKH D H E nepece'leHH.H rrp.si:Mo:ii 

m 1 c ,n;aaao:ii OKPJ2KHOCThIO ct onpe,n;eJI.HIOT 

BMecTe c TO'IKO:ii A HCKOMhle rrp.HMbie DA 
H EA. llcCJie,n;oBaane He3aTpy,n;HHTeJibHO. 

3 a ,n; a q a 4. qepe3 ,n;aaHyIO BHYTPH 

yrJia TO'IKY rrpoBeCTH rrp.HMJIO, OTCeKa10-

ru;y10 OT 3TOrO yrJia TpeyrOJibHHK c HaH-

MeHbille:ii IlJIOID;a,LJ;hIO. 

PHc. 8 

Pe ill e H He. IlycTb Lab - ,n;aHHbI:ii yroJI H P - TO'!Ka BHYTPH yrJia 

(pnc. 9). IIpoBe,n;eM qepe3 P rrpoH3BOJibHJIO npsMy10 MN, M E a, NE b. )l;JI.l'! 
orrpe,n;eJieHHOCTH 6y,n;eM rroJiaraTh, 'ITO MP < P N. IIocTpOHM rrp.HMJIO a1 , 

CHMMeTpH'lHYIO a OTHOCHTeJibHO p. IlycTb b n a1 = B' a1 n (MN) = K' 
( p B) n a= A. Tor,n;a IIJIOID;a,n;h TpeyrOJihHHKa 0 AB MeHbille m10ru;a,n;n Tpe

yrOJibHHKa OMN. B caMoM ,n;eJie, TpeyroJibHHKH AMP H BKP paBHhl, 

0 a M 

PHc. 9 

A 

TaK KaK OHH CHMMeTpH'IHbI OTHOCHTeJibHO TO'l

KH P. Ho BoAB = SoMPB + SAMP = SoMPB + 
+ SsKP = BosKM < SoMN· B cJiyqae, Kor,n;a N 
Jie2KHT Me)K,ll;Y 0 n B (A Me)K,ll;Y 0 H M), 
aaa..rrorH'IHO IIOJIY'IHM TOT 2Ke pe3yJibTaT. IIo

CKOJibKY rrp.si:Mas MN rrpoH3BOJibHa.H, a rrp.HMa.H 

AB BIIOJIHe orrpe,n;eJieHHMI ,n;JI.H ,n;aHHoro yrJia H 

,n;aaao:ii TO'IKH P, TO TpeyroJibHHK 0 AB HMe-

eT HaHMeHbillYIO B03M02KHYIO IIJIOID;a,ll;b H3 BCex 

TpeyroJibHHKOB, OTceKaeMbIX OT yrJia np.si:MbIMH, rrpoxo,n;gru;HMH qepe3 P. 
ll3 3Toro aaa..rrn3a CJie,n;yeT cnoco6 nocTpoeHH.lI HCKOMO:ii rrp.HMo:ii AB: Hy2K

ao rrocTpOHTb a1 = Z P (a), Tor,n;a TO'!Ka B = a1 n b onpe,n;eJI.HeT rrp.HMYIO 

(AB)= (BP). llcKOMa.lI np.l!Ma.H BCer,n;a cyru;eCTByeT H e,n;HHCTBeHHa. 
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3aaa'l/,U 'Ha ao1-;;a3ameJl/bCmBO 

1.01. qepe3 ,n;HaMeTpaJibHO rrpoTnBorroJI02KHhie TO'IKH A n B oKpy2KHO

cTn rrpoBe,n;eH:&I napaJIJieJI:&Hble xop,n;hl AC n BD. ,lJ;oKa2KHTe, 'ITO oTpe30K 

CD - ,n;HaMeTp aTo:ii oKpy2KHOCTH. 

1.02. To'IKH E n F - cepe,n;nHhl rrapaJIJieJI:&H:&1x CTopoH AD n BC cooT

BeTCTBeHHO rrapaJIJieJiorpaMMa ABCD. )J;oKa2KnTe, 'ITO rrpaM:&Ie BE n FD 
.n;emrT ,n;HaroHaJI:& AC Ha Tpn paBH:&Ie '!aCTH. 

1.03. )J;aa '!eTbipexyroJI:&HHK ABCD c rrpaMhlMH yrJiaMn AH C. )J;oKa-

2KHTe, 'ITO TO'IKH ZA(D) n Zc(D) cnMMeTpH'IH:&I OTHOcnTeJihHO opTo:a;en

Tpa H TpeyroJI:&HHKa ABC. 
1.04. qepe3 TO'IKH, ,n;emn:u;ne Me,n;HaH:&I TpeyrOJihHHKa B OTHOIIIeHHH 1 ; 2, 

C'IHTaa OT BepmnH, rrpoBe,n;eHhl IIp51Mhle, rrapaJIJieJihHhie COOTBeTCTBeHHbIM 

CTOpOHaM aToro TpeyrOJibHHKa. ,lJ;OKa2KHTe, 'ITO TpeyrOJibHHK c BepmnHaMn 

B TO'IKaX rrepece-qenna 3THX rrpaMbIX paBeH ,n;aHHOMY TpeyroJihHHKy. 

1.05. B TpeyroJI:&HHK Birncaaa OKPY2KHOCT:& n rrpoBe,n;ea:&r KacaTeJI:&Hble K 

He.ii napaJIJieJI:&HO CTOpoaaM TpeyroJibHHKa. ,lJ;OKa2KHTe, 'ITO B IIOJiy'IeHHOM 

mecTnyrOJihHHKe npoTHBOilOJIO)KHbie CTOpOHbI paBHhl. 

1.06. B 'IeT:&1pexyroJ1:&HnKe ABCD yroJJ B paBeH ymy D, a .n;naro

HaJI:& AC ,n;eJinTca ,n;pyro:il: ,n;Haroaan:&ro nonoJJaM. )J;oKa2KHTe, 'ITO ,n;aHH:&ril: 

'leThlpexyroJI:&HHK - rrapaJIJ1eJ1orpaMM. 

1.07. To'!Ka 0 - :a;eHTP rrapanJieJiorpaMMa ABC D. ,1J;oKa2KHTe, 'ITO :u;ea

Tp:&I OKPY2KHOCTeil:, BrrncaHHhIX B TpeyroJI:&HHKH AOB, BOC, COD, DOA, 
51BJI51IOTC.SI BepmnHaMn poM6a. B KaKOM cJiy-qae aToT poM6 6y,n;eT KBa,n;paToM? 

1.08. Ha cTopoHax napaJIJieJiorpaMMa BHe ero nocTpoeH:&I npaBHJI:&H:&Ie 

TpeyrOJihHHKH. ,lJ;OKa2KHTe, 'ITO HX :a;eHTphl 51BJ151IOTC51 BepmnHaMH napaJI

JieJiorpaMMa. 

1.09. )J;aa rrapaJIJienorpaMM ABCD n rrpon3BOJI:&Haa TO'IKa M. qepe3 

BepmnHhl A, B, C, D rrpoBe,n;eHhl rrpsrMhle, napaJIJieJihH:&re cooTBeTCTBeH

HO rrpsrMbIM MC, MD, MA, MB. ,lJ;oKa2KHTe, 'ITO rrocTpoeHHhie npsrM:&Ie 

rrepeceKaroTcsr B o.n;aoil: TO'IKe. 

1.10. )J;aH:&I ,n;Be napanJieJI:&H:&Ie rrpsrMhle n rrpsrMo:il: yroJI c Beprrmaoil: 0 B 

:u;eaTpe CHMMeTpnn 3THX npsrMbIX. ,lJ;OKa)KHTe, 'ITO paCCTOSlHHe OT TO'IKH 0 
.n;o rrpsrMoii, coe,n;HHsrror:u;e:ii TO'IKH M n N nepeceqeHna ,n;aHHhIX rrpsrMhIX co 

CTOpoHaMH yrJia, He 3aBHCHT OT Bbl6opa CTOpOHbI yrJia. 

1.11. )J;oKa2KHTe, 'ITO TO'IKH, CHMMeTpH'IHbie opTo:a;eHTPY TpeyrOJibHHKa 

OTHOCHTeJihHO cepe,n;nH ero CTOpOH, Jie2KaT Ha onncaHHOH OKOJIO TpeyroJI:&

HHKa OKPY2KHOCTH. 

3aaa'l/,u ua nocmpoeuue 

1.12. BayTpn yrJia c Bepmnao:il: 0 ,n;aaa TO'IKa M. IIocTpoil:Te rrpa

MJIO OM, He ncrroJI:&3J.SI TO'IKY 0. 
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1.13. IIocTpoii:Te :a;eHTp ,n;aHHoro napaJIJieJiorpaMMa, He HCilOJib3y.a: ero 

BepmHHbl. 

1.14. IIocTpoii:Te KBa,n;paT, ecJIH ,n;aH ero n;eHTp H ,n;Be TOqKH, npHHa,n;

Jie:>1<ain;ne Ilp51MbIM, KOTOphle co,n;ep:araT ,n;Be npOTHBOIIOJIO:lKHble CTOpOHhl 

KBa,n;paTa. 

1.15. "llepe3 TOqKy nepeceqeHH51 ,n;BYX ,n;aHHbIX OKppKHOCTeii: npoBe,n;nTe 

np51Myro, Ha KOTopoii: 3TH oKpy:lKHOCTH OTCeKaJOT paBHbie xop,n;b1. 

1.16. IIocTpoii:Te napaJIJieJiorpaMM, y KOTOporo ,n;Be npoTHBOnoJIO:lKHhle 

BepmHHbl HaX0,1J,51TC51 B ,n;aHHbIX TOqKax, a ,ll;B€ ,n;pyrHe - Ha ,n;aHHOH OKpy:lK

HOCTH. 

1.17. ,JJ;aHhl qeThlpe rrorrapHo HerrapaJIJieJibHble np51Mbie H He rrpHHa,ll;Jle

:arai:a;ag HM ToqKa 0. IIocTpOii:Te rrapaJIJieJiorpaMM c n;eHTpOM 0, BepmHHbI 

KOToporo Jie:lKaT no O)l;HOH Ha ,n;aHHbIX IIp51MhlX. 

3aaa"iU a.Jl,JI, B'Hex;AaCC'HOU pa6om'bt 

1.18. ,JJ;Boe HI'pOKOB KJia,n;yT Ha Ilp51MOYI'OJibHhlH CTOJI II51TaKH, KOTOpbie 

pa3pemaeTC51 KJiaCTb JIHllib Ha CB060,n;Hble M€CTa. IlponrpbIBaeT TOT, KTO He 

MO:lKeT c,n;eJiaTb oqepe,n;Hoii: xo,n;. ,II;oKa:iKHTe, qTo nrpoK, KJia,n;yin;nii: mITaK 

nepBbIM, Bcer,n;a MO:lKeT BbIHrpaTb. 

1.19. OT rryHKTa A K nyHKTY B, Haxo,1J,51in;eMyc51 Ha ocTpOBe, Tpe6yeT

C51 rrpoBeCTH TeJiecl>oHHYJO CB513b. KaK, He nepeIIJihIBa.a: peKy, onpe,n;eJIHTb 

Heo6xo,n;nMyJO ,D;JIHHY TeJiecl>oHHOI'O Ka6eJI51? 

1.20. IlpOTHBOilOJIO:lKHble CTOpOHbl meCTHyI'OJibHHKa rrapa.rrJieJibHbl H 

paBHbl. ,JJ;oKa:lKHTe, 'ITO 3TOT meCTliyrOJibHHK HMeeT n;eHTp CHMMeTpHH. 

1.21. ,JJ;oKa:lKHTe, 'ITO 0Tpe3KH, coe,n;nH51IOI:a;He cepe,n;nHbl rrpOTHBOIIOJIO:lK

HbIX CTOpOH 'leTbipexyroJibHHKa, H 0Tpe30K c KOHII;aMH B cepe~Hax ero 

~aroHaJie:ii: nepeceKaJOTC51 B O,ll;HOH TO'IKe H ,n;eJI51TC51 ero IIOIIOJiaM. 

1.22. Ha OKpy:lKHOCTH ,n;aHhl '1€Tbipe TO'IKH. "llepe3 cepe,n;HHY Ka:lK)l;Oro H3 

0Tpe3KOB c KOHn;aMH B ,n;BYX ,n;aHHblX TO'IKaX IIpOBO,l1;51TC51 nepne~KYJI5Ipbl 

K np51MOH, co,n;ep:arai:a;e:ii ,n;Be OCTaBUIHeC51 TQqKH. ,JJ;OKa:lKHTe, 'ITO IlOCTpoeH

Hbie meCTb nepneH,ll;HKYJI51pOB rrepeceKaJOTC51 B 0,lJ;HOii: TOqKe. 

1.23. B OKPY:lKHOCTH ,n;aHM ,n;Be npoH3BOJibHbie xop,n;bI AB H CD. Ha 

xop,n;e CD 3a,n;aaa TO'IKa P. Haii:,n;nTe Ha OKpy:lKHOCTH TaKyro TOqKy M, 
qTo6bl np5!Mb1e AM n BM BbICeKaJIH Ha xop.n;e CD oTpe3oK, ,n;eJI.a:I:a;Hiic.a: 

TO'IKOH p IIOIIOJiaM. 

1.24. "llepe3 o6in;yro TO'IKY ,n;Byx OKpy:lKHOCTeii: npoBe,D;HTe np51MYlO TaK, 

qT06b1 aTH OKPY:lKHOCTH BhiceKaJIH Ha Heii: xop)l;br, p8.3HOCTb KOTOphlx paBHa 

,n;aHHOMY 0Tpe3KY a. 
1.25. B TpeyroJibHHKe ABC npoBe,n;eHbI Me,n;naHbI AM H CK. YrJibI 

BAM n BCK paBHbl 30°. ,JJ;oKa:iKnTe, 'ITO TpeyroJihHHK ABC npaBHJibHbl:ii:. 
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1.26. ,II;aH TpeyroJibHHK ABC H TO'IKa P. To'IKH P 1 , P2 , P3 - ee op

ToroHaJibHble rrpoeKu;HH Ha rrp.l'IMble BC, CA, AB cooTBeTCTBeHHO. To'IKH 

Q1 , Q2 , Q3 CHMMeTpH'IHbI TO'IKaM P 1 , P2 , P3 OTHOCHTeJibHO cepe,n;HH OTpe3-

KOB BC, CA, AB. ,Il;oKa)KHTe, 'ITO rreprreH,n;HKJJI.llpbI K rrp.llMbIM BC, CA H 

AB B TO'IKaX Q1 , Q2 H Q3 cooTBeTCTBeHHO rrepeceKaIOTC.l'I B O,n;Ho:il: TO'IKe. 

§ 3. Oceeaa cu.M.Mempua 

3.1. Onpe,n;eJieHHe H CBOHCTBa oceBoii CHMMeTpHH nJIOCKOCTH. To'IKH M 
H M1 Ha3bIBalOTC.l'I CHMMeTpH'IHbIMH OTHOCHTeJibHO 3a,n;aHHO:il: rrp.l'IMOH l, ec

JIH 3Ta np.llMa.ll .l'IBJI.l'IeTc.l'I cepe,n;HHHbIM rrepneH,n;HKJJI.llpOM K oTpe3KY M M 1 

(pnc.10). K~a.l'I TO'IKa rrp.l'IMO:il: l CHMMeTpH'IHa caMa ce6e. Ilpeo6pa3oBa

HHe IIJIOCKOCTH, IIpH KOTOpOM Ka)K,Zl;a.ll TO'IKa OT06pa~eTC.l'I Ha CHMMeTpH'I

HJIO e:il: TO'IKY OTHOCHTeJibHO ,n;aHHOH rrp.l'IMO:il: l, Ha3bIBaeTC.ll oceeou CUM

Mempueu c oc'b10 l H o6o3Ha'IaeTC.l'I S1 : S1 ( M) = l'vf1 • 

To'IKH M H M 1 B3aHMHO CHMMeTpH'IHhl OTHOCHTeJihHO l, rro3TOMY 

S1 (M1 ) = M. CJie,n;oBaTeJI1>Ho, rrpeo6pa3oBaHHe, o6paTHoe oceBo:il: CBMMeT

pHH, eCTb Ta )Ke oceBa.l'I CHMMeTpn.ll: sl-l = Sz, S1 0 S1 = E. I1Ha'Ie rOBOp.ll, 

oceBa.l'I CHMMeTpH.ll IlJIOCKOCTB .l'IBJI.l'IeTC.ll UH60J1,10mU6H'blM rrpeo6pa30BaHH-

eM (12°). 

06pa3 ,n;aHHO:il: TO'IKB rrpH oceBOH CHMMeTpHH MO)KHO rrpOCTO IIOCTpOHTb, 

IIOJih3J.llCh TOJihKO O.n;HHM u;npKyJieM. IIycT1> l - oc1> CHMMeTpnH, A n B -
npOH3BOJibHhle TO'IKH 3To:il: ocn (pnc. 11). Ecmr M ~ l H S1(M) = M1 , 

TO no CBOHCTBY TO'IeK cepe,n;HHHOro rreprreH,n;HKJJI.llpa K 0Tpe3KY HMe

eM: AM= AM1 H BM= BM1 • 3Ha'IHT, TO'IKa M 1 rrp1rna,n;JieLKHT ,n;ByM 

OKPY)KHOCT.l'IM: OKPY)KHOCTH c u;eHTpoM A pa,n;Hyca AM H OKPJLKHOCTH c 

u;eHTpoM B pa,n;Hyca BM ( M - ,n;aHHa.l'I TO'IKa). 

<I>nrypa F H ee o6pa3 F1 rrpH oceBo:il: cHMMeTpHH Ha31>IBa10TC.ll CHMMeT

pH'IHhIMH qmrypaMH OTHOCHTeJibHO np.l'IMOH l (pHc.12). 

M 

0 
A B 

PHc. 10 PHC. 11 PHc. 12 

TeopeMa. Oceea.R CUM.Mempu.R n.11,oc1wcmu ecm'b aeu:J1Cettue. 
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Ecmr AH B-mo6hle TOqKH IIJIOCKOCTH H S1(A)=A1 , S1(B)=B1 TO 

Ha,n;o ,n;oKa3aT:&, qTo A 1B 1 =AB. IIpe,n;JiaraeM 3TO c,n;eJiaT:& qHTaTemo, py

KOBO,ll;CTByHc:& pHc.13-17. 

lfa cpaBHeHH5.! OpHeHTan;n:ii TpeyrOJibHHKa H ero o6pa3a IIOJiyqaeM, qTO 

OCeBaH CHMMeTpH5.! IIJIOCKOCTH eCTb Jeu:J/Cettue BmOpOZO poJa. 

Ha OCHOBaHHH TeopeMhl II. 1.2 oceBaH CHMMeTpHa OT06pa)lffieT Ka)K,lzylO 

rrp5.!MJIO Ha rrpHMyro. B qacTHOCTH, Ka:lK)l;aH R3 rrp5.!Mhlx, rreprreH,n;HKJJI5.!p

HhlX OCH CHMMeTpHH, OT06pa)lffieTCH 3TOH CHMMeTpne:ii Ha ce65.!. 

t -f tr l l 

A 1 

B B A1 B1 

PHc. 13 PHc. 14 PHc. 15 

B 

~· 
A 

A1 
B1 A1 

PHC. 16 PHc. 17 

TeopeMa. Ilp;iMa;i, om.11,u•ma;i om nepnenau'K:y.11,;ipa 'K: ocu cuMMempuu, 

u ee o6paa npu :Jmou cuMMempuu nepece'K:a10mc;i na ocu CUMMempuu u.11,u 

eu napa.11,.11,e,//,'b'/-t'bt. 

,LI; 0 Ka 3 a Te JI b c TB o. IlyCTb ,n;aHa rrpHMa5.!, He rreprreH,n;HKYJIHpHa5.! OCH l 
CHMMeTpHH. ECJIH mnl =PH S1(m) =m1, TO m1 =f m H S1(P) =P, II03TOMY 

PE m 1 (pnc.18). ECJin )Ke m II l, TO m 1 II l, TaK KaK B rrpoTHBHOM CJiyqae 

corJiaCHO ,lJ;OKa3aHHOH rrepBOH qacTH 3TOH TeopeMhl rrpHMble m H m1 rrepe

ceKaJIHCb 6:&1 B TO'!Ke rrp5.!MOH l, 'ITO rrponrnope'!nT ycJIOBHIO m II l (pnc.19). 

m 

PHC. 18 PHc. 19 
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B cm1y orrpe,n;eJieHH.H paBHhIX qmryp, rrp.HMhie, CHMMeTpHqHbie OTHOCH

TeJibHO rrp.HMOH l, o6pa3yJOT c rrp.HMOH l paBHbie yrJibI (pHc.18). 

Ilp.HMa.H l Ha3hIBaeTC.H OC'b'/O cu.MMempuu rjJU2yp'bt F, eCJIH rrpH CHMMeT

pHH c ocbro l qmrypa F oTo6pa2KaeTc.H Ha ce6.H: S 1(F) = F. foBop.HT, qTo 

qrn:rypa F CHMMeTpHqHa OTHOCHTeJibHO rrp.HMOH l. 
HarrpHMep, BC.HKa.H rrp.HMa.H, co,n;ep2KaIIIa.H n;eHTp OKpy)KHOCTH, .HBJI.HeTC.H 

OChJO CHMMeTpHH 3Toii oKpy)KHOCTH. ,D;eiicTBHTeJihHo, rrycTh M - rrpOH3-

BOJihHa.H Toq:i<a OKpy)KHOCTH w c n;eHTpoM 0, 0 El, S1(M) = M 1• Tor,n;a 

S1(0) = 0 H OM1 =OM, T.e. M 1 E w. lITaK, o6pa3 Jiro6oii TOqKH oKpy)K

HOCTH rrpHHa,ll;Jle)KHT 3Toii OKPY)KHOCTH. CJie,n;oBaTeJibHO, S1 ( w) = w. 
Oc.HMH CHMMeTpHH rraphI HerrapaJIJieJibHhIX rrp.HMhlx CJiy21ffiT ,n;Be rreprreH

,n;HKYJI.HpHhle rrp.HMhle, co,n;ep2KaIIIHe 6HCCeKTpHCbI yrJIOB Me)K,n;y ,n;aHHbIMH 

rrp.HMhlMH. Ocbro CHMMeTpHH OTpe3Ka .HBJI.HeTC.H co,n;ep2KaII!a.H ero rrp.HMa.H, 

a TaK)Ke cepe,n;HHHbIH rreprreH,D;HKYJI.Hp K 3TOMY 0Tpe3Ky. 

3.2. PemeHHe 3a,zi;aq c noMOID;bIO oceBoii CHMMeTpHH. PaccMoTpHM HaH-

6oJiee THIIHqHbie CHTyaD;HH rrpHMeHeHH.H oceBOH CHMMeTpHH B 3a,n;aqax. 

3 a ,n; a q a 1. ToqKH M H N CHMMeTpnqHhI BepurnHe C TpeyroJibHHKa 

ABC OTHOCHTeJihHo rrp.HMhlX, co,n;ep2KaIIIHX 6nc

ceKTpnchI ero yrJIOB A H B. ,Il;oKa3aTh, qTo Toq:i<a P 
:i<acaHH.H cTopOHhI AB c BITHCaHHOii B TpeyroJihHHK 

ABC OKpy)KHOCThro .HBJI.HeTc.H cepe,n;HHoii OTpe3-

:i<a MN. 

c 

~ 
Pe me H He. IlycTb Q n T - TOqKH :i<acaHH.H A N PM B 

BITHCaHHOH OKpJ)KHOCTH COOTBeTCTBeHHO co CTOpo- PHc. 20 

HaMH BC H CA (pnc. 20). TaK KaK 6HcceKTpnca 

yrJia rrpHHa,ll;Jle)KHT ero ocn CHMMeTpHH H AT= AP, BQ =BP, TO Toq

Ka P CJIY)KHT o6pa30M ToqeK Q H T rrpH yKa3aHHhIX oceBhIX CHMMeTpH.HX. 

PHC. 21 

IlocKOJihKY CQ =CT, TOH MP= NP. 
3 a ,n; a q a 2. Ilpo,n;OJI)KeHH.H 6oKOBbIX CTOpOH 

AD H BC paBHo6oqHoii Tparren;HH ABC D ue

pece:i<aroTC}I B TOqKe s. ,Il;oKa3aTb, qTO OKpy)K

HOCTH, orrncaHHbie OKOJIO TpeyroJihHHKOB ACS 
H BDS, uepece:i<aroTc.H B n;eHTpe OKpy)KHOCTH, 

OIIHCaHHOH OKOJIO ,n;aHHOH Tparren;rrH. 

Pe me H He. IlycTb M - BTOpa.H Toq:i<a rrepe

ceqeHH.H oKpy)KHOCTeii ACS H BDS (pnc. 21). 

Ilp.HMa.H SM .HBJI.HeTC.H OChJO CHMMeTpHH 3THX 

OKpy)KHOCTeii H Tparre!IHH, II03TOMy OHa co,n;ep

)KHT n;eHTp OKPY)KHOCTH, OIIHCaHHOH OKOJIO Tpaue!IHH. ,Il;aJiee, L.ASM = 

= LBSM =}'-'AM= ..._,MC=} AM= MC. TaK KaK, KpOMe Toro, AM= 
=MB H D M =MC, TO Toq:i<a M paBHoy,n;aJieHa OT Bcex BepmHH Tparre!IHH. 
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3 a ,n; a q a 3. BHyTpH ocTporo yrJia ,n;aHa TO'!Ka A. IIocTpOHTh TpeyroJib

HHK ABC HaHMeHhIIIero nepHMeTpa, BepIIIHHhl B H C KOToporo npHHa,D;Jie-

2IffiT CTOpOHaM yrJia. 

Pe III e H He. IIocTpOHM TO'IKH M H N, CHMMeTpH'IHhre TO'!Ke A OTHOCH

TeJihHO cTopoH ,n;aHHoro yrJia. Ilp5.!Ma5.! MN rrepeceKaeT CTOpOHhl yrJia B HC

KOMhIX TO'IKaX B H C (pnc. 22). ,II;eil:cTBHTeJibHO, eCJin B1 n C1 -KaKne-nn6o 

,n;pyrne TO'IKH Ha CTOpoHax yrna, TO 

A1B1 + B1 C1 + C 1A1 = MB1 + B1C1 + C1N > 
>MN= MB+ BC+ CN =AB+ BC+ CA. 

CJie,n;oBaTeJihHO, TpeyroJihHHK ABC nMeeT Han

MeHhIIInii nepnMeTp. BMecTe c 3THM ,n;oKa3aHo, 

'ITO OH e,n;nHCTBeHHbIH. 

3 a ,n; a q a 4. ,II;aHa np5.!Ma5.! m n ,n;Be oKpy)K

HOCTH C( n p B IlOJIYIIJIOCKOCTH c rpaHnu;eii m. 
HaiiTH Ha rrp5.!MOii m TO'!Ky, KacaTeJihHble H3 

KOTOpoii K ,n;aHHbIM 0Kpy)KH0CT5.!M o6pa3ylOT c 

IIp5.!MOH m paBHhie yrJibl. 

P e III e H n e. IIycTh M - ncKoMa5.! TO'!Ka 

rrp5.!MOil: m, a t n p- KacaTeJihHhre K C£ H p, 
rrpoxo,D;5.1rrrne qepe3 M n o6pa3yrorn;ne c rrp5.!

MOil: m paBHhie yrJihl (pHC. 23). Ilp5.!Ma5.! m
OCb CHMMeTpnn rrp5.!MhIX t n p. IIoaTOMY ec

JIH oKpy)KHOCTh p1 cnMMeTpH'IHa p OTHOCHTeJih

HO m, TO rrp5.!Ma5.! t '/Cacaemc;i p1 (cM.10°). Ta

KnM o6pa30M, ,n;JI5.! Haxo)K,D;eHH5.! HCKOMOH TO'IKH 

M ,n;ocTaTO'IHO rrocTponTh o6rn;yro KaCaTeJibHYIO 

K OKPY)KHOCT5.!M C£ H p1. Ilpn 3a,D;aHHOM pacrro

JIO)KeHnn OKpy)KHOCTeii C£ n p OKPY)KHOCTn C£ 

n p1 nMelOT '!eTbrpe o6rrrnx KaCaTeJibHhIX. CJie

,n;oBaTeJibHO, 3a,n;aqa nMeeT '!eTbrpe peIIIeHn5.!. 

Ha pHc. 23 rroKa3aHo TOJihKO o,n;Ho n3 Hnx. 

3 a ,n; a q a 5. TpH ,n;aHHhie rrp5.!Mble a, b, c 
rrpoxo,D;5.1T qepe3 u;eHTP ,n;aHHOii OKPY)KHOCTn w. 
IIocTpOHTh TpeyroJibHHK, orrncaHHhrii OKOJio w, 
BepIIIHHbl KOTOporo Jie2KaT Ha ,n;aHHbIX IIp5.!MbIX. 

0 

PHc. 22 

PHc. 23 

PHC. 24 

Pe III e H He. IIycTb TpeyroJibHHK ABC HCKOMhlii H A E a, B E b, C E c 
(pHc. 24). IlycTh m = Sa(c) H n = Sb(c), TO TO'!Ka P KaCaHH5.! CTOpOHhI AB c 

OKPY)KHOCThlO w rrpHHa,n;Jie)KnT OCH CHMMeTpHH rrp5.!MhIX m H n (3a,n;aqa 1). 
IIocTponB TO'IKY P, cTpouM rrp5.!Myro AB. KacaTeJibHa.H K oKpy)KHOCTH w B 
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TO'!Ke P, rrepeceKa.HCh c rrpSIMhlMH a n b, ,n;aeT TO'IKH A n B. KacaTeJihHa.H 

B o,n;Hoii: H3 3THX TO'leK rrepeceKaeT rrp.HMYIO c B TpeTbe:ii: HCKOMOH TO'!Ke c. 
HccJie,n;oBaHHe orrycKaeM. 

3aaa"tU na ao?Ca3ameJ/,'bCffi60 

1.27. ~aHbl ,n;Be KOHI.J;eHTpH'leCKHe OKpJ)KHOCTH. 'l{epe3 ,n;Be TO'IKH 3THX 

OKPY)KHOCTe:ii:, Jie2Karri;ne Ha O,ll;HO:ii: rrpSIMoii: c :a;eHTpoM, rrpoBe,n;eHa rrpon3-

BOJihHa.H oKpy)KHOCTh. ~OKa)KHTe, 'ITO ,n;Be ,n;pyrne TO'IKH rrepece'leHH.H ee c 

,n;aHHbIMH OKpy)KHOCTSIMH TaK)Ke KOJIJIHHeapHbl c :a;eHTpOM. 

1.28. 0Kpy2KHOCTh, KOHII;eHTpH'IHaSI c BIIHCaHHOH B TpeyrOJibHHK OKpy2K

HOCThIO, rrepeceKaeT rrpSIMhie, co,n;ep2Karri;ne ero CTOpOHhI, COOTBeTCTBeHHO B 

napax TO'leK AH B, C n D, En F. ~OKa2KHTe, 'ITO AB= CD= EF. 
1.29. ECJIH OpTo:a;eHTp TpeyrOJibHHKa COBrra,n;aeT c u;eHTpOM BIIHCaHHOH 

B Hero OKPY2KHOCTH, To TpeyroJihHHK rrpaBHJihHhIH. ~OKa2KHTe. 

1.30. ECJIH opTou;eHTp TpeyroJibHHKa coBna,n;aeT c ero u;eHTpon,n;oM, TO 

TpeyroJihHHK rrpaBHJibHblH. ~OKa)KHTe. 

1.31. To'!KH A, B, C Jie2KaT Ha O,ll;HOH np.HMO:ii:. To'!Ka M He rrp1rna,n;Jie-

2KHT 3TOH rrpSIMO:ii:. ~OKa2KHTe, 'ITO OKPY2KHOCTH c ,n;HaMeTpaMn MA, MB, 
MC nMeIOT erri;e o)l;Hy 06rrzy10 TO'!Ky. 

1.32. ~OKa)KHTe, 'ITO TO'IKH, CHMMeTpH'IHble OpTo:a;eHTPY TpeyrOJibHHKa 

OTHOCHTeJibHO rrp.HMbIX, co,n;ep2KaIIJ;HX ero CTOpOHhI, Jie2KaT Ha orrncaHHOH 

OKOJIO TpeyroJihHHKa OKPY)KHOCTH. 

1.33. ECJin H -opTou;eHTP TpeyroJibHHKa ABC, TO OKPY2KHOCTH, orrH

caHHhle OKOJIO TpeyrOJihHHKOB HAB, HBC, HCA, paBHhI. ~OKa)KHTe. 

1.34. ~OKa2KHTe, 'ITO TO'IKH, CHMMeTpH'IHbie OpTo:a;eHTPY TpeyrOJibHHKa 

OTHOCHTeJibHO rrp.HMhlX, co,n;ep2Kani;HX ero CTOpOHhI, SIBJISIIOTCSI BepIIIHHaMH 

TpeyroJibHHKa, 6ncceKTpHCbl KOTOporo Jie2KaT Ha TeX )Ke np.HMbIX, 'ITO H 

BblCOTbl ,n;aHHOrO TpeyrOJihHHKa. 

1.35. Ha 6ncceKTpnce BHemHero yrJia C TpeyroJihHHKa ABC B3SITa TO'l

Ka M =f:. C. ~OKa)KHTe, 'ITO MA+ MB> CA+ CB. 

3aaa"tu na nocmpoenue 

1.36. c IIOMOIIJ;bIO IIOCTpOeHHH orrpe,n;eJIHTe paccTOSIHHe OT ,n;aHHOH TO'IKH 

Ha CTopoHe yrJia ,n;o ero BepmHHhl, ecJin 3Ta BepmnHa He,n;ocTynHa. 

1.37. 'l{epe3 ,n;aHHYIO TO'IKY npoBe,n;HTe npS1My10, rrepeceKa10rrzy10 ,n;Be ,n;aH

Hble IlpSIMble rro,n; paBHhIMH yrJiaMH. 

1.38. Ha IIJIOCKOCTH ,n;aHbI HenapaJIJieJihHhle rrp.HMhie a H b. IlocTpO:ii:Te 

IIpSIMYIO, rreprreH,n;HKYJISIPHYIO TpeTbeii: ,n;aHHOH IIpSIMOH m H rrepeceKaIOIIzyIO 

rrp.HMbie a H b B TO'lKaX, paBHoy,n;aJieHHblX OT m. 
1.39. IlocTpO:ii:Te KBa,n;paT, ,n;Be rrpOTHBOIIOJIO)KHbie BepIIIHHbl KOTOporo 

Jie)KaJIH 6b1 Ha ,n;aHHOii: IIpSIMOH, a ,n;Be ,n;pyrne - Ha ,n;aHHhIX 0Kpy2KHOCTSIX • 
. / 
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1.40. ,Ll,aHa np5!Ma.SI a H TO'lKH M H N B IIOJIYIIJIOCKOCTH c rpaHmi;eii a. 
Haii,n;HTe Ha np5IMOii a TaKyro TO'lKY P, 'lT06hI cyMMa MP + NP 6hma 

HaHMeHbmeii. 

1.41. IlocTpoiiTe 11eTb1pexyroJihHHK ABCD, y KOToporo ,n;ttaroHaJib AC 
npHHa,n;Jie)KHT 6ttcceKTpttce yrJia A, ecJin U3BecTHhI Bee CTOpOHhl 11eThlpex

yroJihHHKa. 

1.42. IlocTpoiiTe TpeyroJibHHK no ,D;BYM CTOpOHaM H pa3HOCTH IIpOTUBO

Jie:»rani;Hx HM yrJIOB. 

1.43. IlOCTpOiiTe TpeyroJibHUK no CTopoHe, pa3HOCTll ,D;BYX ,n;pyrnx CTO

poH H yrJiy, 3aKJIIO'leHHOMY Me)K,n;y ,n;aHHOH CTOpOHOii H 6oJihilleii ll3 ,D;BYX 

,n;pyrHX. 

3aaa'l/,U aJ/,.R, 6'He?CJ1,aCC'l-tOU pa6om'bt 

1.44. To11Ka M Jie)KnT Ha ,n;naMeTpe AB OKPY)KHOCTH. Xop,n;a CD npo

xo,n;HT 11epe3 M n nepeceKaeT AB no,n; yrJIOM 45°. ,Ll,oKa)KHTe, 'ITO cyMMa 

C M 2 + D M 2 He 3aBHCHT OT Bhl6opa TO'lKH M. 
1.45. B OKpy)KHOCTH, xi;eHTp KOTopoii He yKa3aH, npoBe,n;eHhl ,n;Be na

PaJIJieJibHhle HepaBHhie xop,ll;hl. Pa3,n;eJinTe 3TH xop,ll;bI nonoJiaM, IIOJih3Y5ICh 

TOJibKO O,ll;HOH JIHHeHKOH. 

1.46. ,LI,atthr ,n;ae nepeceKaroni;necg IIp5IMhle. IlocTpoii:Te xi;ttpKyJieM H JIH

HeiiKoii OCH CHMMeTpHn 3TllX IIp5IMbIX, IIOJib3Y5ICb xi;npKyJieM TOJibKO ,n;aa 

pa3a. 

1.47. 1:.Jepe3 TO'lKy, Jie:»rani;yro BHe ,n;aHHOH IIp5IMOH, npoBe,n;nTe npn IIO

MOIIi;ll Ii;HPKYJI.SI n JIHHeiiKn np.s:rMyro, napaJIJieJil>HYIO ,n;aHHOH, IIOJib3Y.SICb 

Ii;HpKyJieM TOJibKO ,n;aa pa3a. 

1.48. ,Ll,aHa np5!Ma.s:r m, He npHHa,ll;Jle:»rani;a5I eii TO'lKa M H oKpy)KHOCTb a. 
B o,D;Hoii IIOJIYIIJIOCKOCTH c rpaHHxi;eii m. Haii,n;nTe Ha ,n;aHttoii IIp5IMoii TaKyro 

TO'lKY P, 11To601 cyMMa paccT05IHH5I MP n ,ll;JIHHbI oTpe3Ka KacaTeJibHOii H3 

TO"IKH p K OKpy)KHOCTll 6oma HaHMeHbmeii. 

1.49. ,Ll,aHbI np5!Ma.s:r m n OKPY)KHOCTb a.. Haii,n;nTe Ha npaMoii m Ta

Kyro TO'lKY x' 'lT06bI Ilp.SIMaa m H O,D;Ha H3 KaCaTeJibHhlX, npoBe,n;eHHbIX K 

OKpy)KHOCTll a. 11epe3 TO'lKY x' 6bIJIH CHMMeTpH'lHbl OTHOCHTeJibHO ,n;pyroii 

KaCaTeJibHOH. 

1.50. ,LI,opora AB nepeceKaeT IIO,ll; OCTpbIM ymoM peKy BC. roHexi; Haxo

,ll;HTC.SI B TO'lKe P BHYTPH yrJia ABC. Ero KOHb xo11eT IIHTb, a roHexi; cnemnT 

BhlexaTb Ha ,n;opory AB. B KaKOM MecTe peKH roHexi; ,D;OJI)KeH HanoHTb KOHa, 

'lT06bI CKOpee IIOIIaCTb Ha ,n;opory? 

1.51. IlocTpOiiTe TpeyrOJibHHK IIO ,n;aHHhlM cepe,n;nHaM ,n;Byx ero CTOpOH 

H IIp.SIMOii, Ha KOTopoii Jie)KHT 6ncceKTpnca yrna, IIpOTHBOJie:»rani;ero O,ll;HOii 

ll3 3THX ,D;BYX CTOpOH. 
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1.52. IIocTpoii:Te TpeyrOJibHHK no CTOpOHe, COOTBeTCTByrom;eii eii BhlCOTe 

lI pa3HOCTH yrJioB, rrpHJie)lffim;Rx K ,n;aHHOH CTOpoHe. 

1.53. IIocTpoiiTe qeTbrpexyroJibHHK ABCD, B KOTOpbril: MO:>KHO BrnrcaTb 

OKPY:>KHOCTb, 3Ha51 cTopoHbI AB n AD H yrJibI rrpH Beprrrnaax B HD. 
1.54. Ha rrpHMoyrOJibHOM 6HJibHp,n;e ABCD HaXO'A5JTC51 ,n;Ba mapa M 

H N. KaK Ha,n;o TOJIKHYTb map M, "IT06br OH, OTpa3HBmHCb OT 6opTOB AB 
H BC, rrorraJI B map N? 

1.55. ,ll;aH OCTpbIH yroJI c BepmHHOH 0 lI BHYTPH Hero TO"IKH p H Q. 
IIocTpoii:Te TpeyroJibHHK ABC TaKoii, 'ITO AC= BC, CTopoHa AB rrpHHa,n;

Jie:>KHT O,n;Hoii CTopoHe yrJia, BepmHHa C - ,n;pyroii, a cTopOHbI AC H BC 
co,n;ep)lffiT TO"IKH p H Q. 

§ 4. Ilepeuoc 

4.1. OnpeAeJieHHe H CBOHCTBa rrepeaoca. IIepettocoM Tr IIJIOCKOCTH Ha 

3a,n;aHHhlii BeKTOp f Ha3bIBaeTC51 rrpeo6pa30BaHne IIJIOCKOCTH, KOTOpoe Ka:>K

,n;yro TO"IKY M OTo6pa)K8.eT Ha TaKyro TO"IKY M', 'ITO MM' = f. 
9To onpe,n;eJiemie orrpaB,n;ano TeM, 'ITO omo6pa:»eettue, y,n;oBJieTBOpHIO

m;ee YKa3aHHhlM B HeM 'ABYM Tpe6oBaHH51M, OT06pa:>KaeT IIJIOCKOCTb Ha ce651 

H o6paTHO, T. e. 51BJI51eTC51 npeo6pa306attueM IIJIOCKOCTH (5°). 
IIepeHoc Tr rroJIHOCTblO xapaKTepH3yeTc51 CBOHM BeKTopoM f. QqeBH,n;Ho, 

rrepeHOC Ha HyJieBoii BeKTOp 51BJI51eTC51 TO:>K,D;eCTBeHHhlM rrpeo6pa30BaHlleM: 

T0 = E. Ilpeo6pa3oBaHHe, o6paTHOe rrepeHocy Tr, eCTb rrepeaoc Ha npoTH

BOIIOJIO:>KHhlil: BeKTop: (Tr)-1 = T-r· 
TeopeMa. Ilepettoc ecm'b dau:»eettue. 
,ll;oKa3aTeJibCTBO. EcJIH Tr(M)=M' H Tr(N)=N', TO MM'= 

=NN'=f. CJie,n;oBaTeJibHo, MM'+M'N=M'N+NN', HJIH MN=M'N' 
H, 3Ha"IHT, MN= M' N'. 

CpaBHeHHe opHeHTa~ii 'ABYX cooTBeTCTBeHHhlX rrpH 

rrepeHoce TpeyroJibHHKOB IIOKa3hlBaeT, 'ITO nepettoc .11,a

AJ1,emc.11, aau:»eettUeM nep8020 poaa. 
CJieACTBHe. Ilepettoc omo6pa:»eaem np.11,M,y10 tta na

pa.11.11e.11'btty10 eii np.11,Myw, .11y"t - tta cottanpaa.11etttt'btii c 
PHC. 25 'HUM .11y"t . 

.n 0 Ka 3 a T e JI b c TB o. Ilepeaoc KaK BC51KOe )J;BH:>Ke

HHe oTo6pa)K8.eT rrpHMyro Ha rrpHMyro. EcJIH M H N - ,n;Be pa3JIH"IHhre TO"IKH 

rrp.s:Mo:ii a H Tr(M) = M', T,.(N) = N', TO MN= M'N' (pHc. 25), OTKy,n;a 

cJie,n;yeT Tr( a) II a. CooTBeTCTBeHHhre JiyqH 3THx rrpHMbIX coHarrpaBJieHbI. 

06paTHO, ec.11u d6U:»Cettue omo6pa:»eaem ?ca:»ea'btu .llY"t 'Hll COttanpae.11ett
'H'btU c 'HUM .11y"l, mo O'HO J1,8AJ1,emc.11, nepe'HOCOM. ,ll;eiiCTBHTeJibHO, rryCTb rrpH 
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~1nKemm f cpnKcnpoBaHHaSI TO'!Ka M oTo6pa:>KaeTCSI Ha TO'IKY M', a npo
H3BOJihHaSI TO'!Ka N - Ha TO'IKY N'. TaK KaK JIY'IH MN n M' N' no yCJIOBHIO 

coHanpaBJieHhl n MN= M' N', TO MN= M' N', 'ITO 3KBHBaJieHTHO paBeH

CTBY MM'= NN', T.e. f-nepeHoc. 

IlepeHOC, OTJIH'lHbIH OT TO)K,ll;eCTBeHHoro, He HMeeT HeIIO~HJKHhlX TO

'leK. Ka)K,D;aSI npSIMaSI, nMeIOliiaSI aanpaBJieHne nepenoca, oTo6pa:>KaeTCSI 

3THM nepeHOCOM Ha ce6SI, T. e. SIBJISieTCSI ,ll;BOHHOH (HHBapnaHTHOH) IIpSIMOH 

3TOrO npeo6pa30BaHHSI. 

4.2. PemeHHe 33,ll;a'l c noMo~ro nepeaoca. IlpnBe,n;eM ,n;JISI npnMepa pe

meHHSI HeCKOJibKHX 3a,n;a'l, r,n;e nepenoc nrpaeT cyII1eCTBeHHYIO pOJih. 

3 a ,n; a 'I a 1. Ha CTopoHe AB npSIMoyrOJihHHKa ABC D BHe ero nocTpo

eH TpeyroJihHHK ABE. qepe3 TO'IKH C n D npoBe,n;eHbI nepneH,n;HKYJISI

pbI CM n DN cooTBeTcTBeHHo K npSIMbIM AE n BE. ,ll;oKa3aTh, 'ITO TO"'l.Ka 

p = ( c M) n ( D N) npnHa,n;Jie:amT IIpSI-

MOH, co,n;ep:>Kaliieii BhICoTy TpeyroJibHHKa 

ABE (pnc. 26). 
P e m e H n e. IlycTb H - TO'lKa nepe

ce'leHHSI BhICOT TpeyrOJibHHKa. ABE. IIe

peHoc aa BeKTop BC oTo6pa:>KaeT npSI

Mhle AH, B H, EH cooTBeTCTBeHHO Ha 

npSIMhle DN, CM, EH. CJie,n;oBaTeJibHo, 

TPH IIOCJie,ll;HHe npSIMbie nepeceKaIOTCSI B 

TO'!Ke P, SIBJISIIOII1eHcSI o6pa30M TO'IKH H 
npn yKa3aHHOM nepeaoce. 

3 a ,n; a 'I a 2. ,ll;Be paBHhie oKpy:arno

CTH nepeceKaIOTCSI B TO'lKaX M n N. 
To'IKH P n Q 3THX OKPY)KHOCTeli npn

Ha,n;Jie)l{aT HX JIHHHH :u;eHTpOB H Haxo

,n;SITCSI B O,n;HOH IlOJIYIIJIOCKOCTH OT IIpSI

MOH MN (pnc. 27). ,ll;oKa3aTb, 'ITO cyMMa 

M N 2 + PQ2 He 3aBncnT OT paccTOSIHIDI 

Me)K,D;y :u;eHTpaMH OKpy)KHOCTeH. 

PemeHne. IlyCTh et. n et.1 -,n;aHHble 

E 

Pnc. 26 

ct 

OKPY)KHOCTH, P E et., Q E et.1. IlepeHoC Ha Pnc. 27 
BeKTOp PQ OTo6pa)l{aeT et. Ha et.1. EcJin 

ot1 

M1 = T?Q(M), TO M1 E Ct.i, TaK KaK ME et.. YroJI NM M1 npSIMOH n no-

3TOMY M N 2 + M Mf = N Mf. Ho MM 1 = PQ. 3Ha'lnT, M N 2 + PQ2 = d2
, 

r,n;e d - ,n;JIHHa ,n;HaMeTpa ,n;aHHbIX OKpy)KHOCTeii. 

3 a ,n; a 'I a 3. IIocTponTh napaJIJieJiorpaMM ABC D uo .n;BYM 3a,n;aHHhIM 
BepmHHaM A n B, ecJiu ~e ,n;pyrne BepmnHbl npuHa,n;Jie:>KaT ,n;aHaoH: OKpy)K-

HOCTH. 
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Pe rn e H n e. IlycTb w - ,n;aHHax OKPY2KHOCTh, ABC D - ncKOMhrli rra-

paJIJieJiorpaMM (pnc. 28). 3a,u:aqa CBO,U:HTCa K IIOCTpoeHHIO O,n;HOH H3 TOqeK c 
D 

Pnc. 28 

nJin D. 3aMeqaeM, qTo T;48 (D) = C. ECJin OKpy2K

HOCTb w1 ecTb o6pa3 OKPY2KHOCTH w rrpn rrepeHoce 

Ha BeKTOp AB, To CE wi, rrocKOJibKY DE w. :vlTaK, 

B c E w n W1, a OKPY2KHOCTb W1 JierKO CTpOHTCa. qHCJIO 

peuremi:li paBHO qncJiy o6m;nx ToqeK OKppKHOCTeli w 
H W1. 

3 a ,n; a q a 4. B oKpy2KHOCTH ,n;aHbI xop,ZJ;bl AB n 

CD. Haii:Tn Ha OKPY2KHOCTn TaKJIO TO'IKY M, 'ITo6bI 

xop,ll;bl AM n BM oTceKaJIH Ha xop.n;e CD oTpe30K, 

paBHbIIl ,n;aHHOMy. 

Pe III e H n e. Ecmi: Jvf -ncKoMaa ToqKa n (MA) n 
<>----=:=="1l B n (CD)= P, (MB) n ( c D) = Q, TO 3aµ:aqy CBe,U:eM K 

UOCTpOeHHIO TO'IKli p HJIH TOqKn Q. IlepeHOC Ha BeK
c 1>---....x..___:_-.rl...--...-1 D TOp T = Q p, ,U.JIHHa KOTOpOrO paBHa ,n;JIHHe a ,n;aHHOI'O 

M 

Pnc. 29 

OTpe3Ka, a HanpaBJieHne napaJIJieJibHO CD, npnBo

,U:HT K 2KeJiaeMoli n;eJin. IlycTb Tr(B) = B1 (pnc. 29). 
Bemfinaa a yrJia AM B orrpe,n;eJiaeTca xop,u:oli AB 
n ,n;aHHOH OKPY2KHOCTbIO. IIocKOJibKY (MB) I( (P Bi), 
TO LAP B1 = a. llTaK, H3 ToqKn P n3BeCTHbrli oT-

pe3oK AB1 «Bn,n;eH» no,n; naBeCTHhIM yrJIOM ex. Ilo

cTpoeane BhIIIOJIHaeM B CJie,u:y10m;eM nopa,LI.Ke: cTponM B 1 = T,.(B), Ha OT

pe3Ke AB1 CTponM ,u:yrn OKPY2KHOCTe:ii, aBJia1orn;neca MH02KecTBOM TO'leK 
nJIOCKOCTH, H3 KOTOphIX 3TOT OTpe30K «Bn,n;eH» noµ: yrJioM ex. HcKoMaa TO'I

Ka P aBJI.51eTca TO'IKOii nepeceqeHna aTnx µ:yr c xop,n;oii CD. IIocTpoeHne 

ToqKn Iv! y2Ke O'leBli,n;HO. HcCJie,u:oBaane npOBO,ll;HTh He 6y,n;eM. 

3aaa"l,U 'I-ta aonasameJl/bCffi60 U 6'bt"l,UCJte'/-£Ue 

1.56. ECJin B TpeyroJibHHKe ,n;Be Me,n;naHhI paBHhl, TO OH paBHo6e,n;peH

Hbr:ii. ,ll;OKa2KRTe. 

1.57. ,LJ;oKaJKHTe, 'ITO cyMMa 6oKOBblX CTOpoH TparreII,Hn 60JibIIIe paaHo

CTH ee OCHOBamdi, a cyMMa ,n.naroHaJieii: Tpanen;nn 6oJihme cyMMbI ocHoBa
Hnii. 

1.58. BHyTpn rrpaMoyroJibHBKa ABCD B3aTa TOqKa M. ,ll;oKaJKnTe, 'ITO 

cym;eCTByeT BblIIYKJlbIH 'leTblpexyrOJibHHK c nepneH,u:HKyJiapHbIMH ,n;naroHa

JIHMH, paBHhIMH AB n BC, n cTopoHaMn, paBHhlMH AM, BM, CM, DM. 
1.59. Ha rrpo,n;oJI2KeHHH OCHOBaHHa AB paBHo6e,n;peHHOro TpeyroJibHRKa 

ABC B3aTa npon3BOJibHaa TOqKa M. ,ll;oKa:a<HTe, 'ITO pa3HOCTh paccTOaHHii 
TO'IKH J\;f ll,O rrpaMb!X AC n: BC He 3aBHCHT OT Bb16opa aToii TO'IKH. 
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1.60. Haii:,n;HTe .JJ;JIHHY oTpe3Ka, coe,n;HHaIOrn;ero cepe,n;HHhI ocHoBaHHii: 

Tparre1IHH, eCJIH H3BeCTHbl ,D;.JIHHbl Bcex ee CTOpOH. 

1.61. ,lI;Be paBHhie OKpy:>KHOCTH KaCaIOTca BHeIIIHHM o6pa3oM B TO'iKe K. 
Xop,n;hl KA H KB 3THX OKPY:>KHOCTeii: rrepneH,n;nKyJiapHbI. Haii:,n;nTe AB, 
ecJIR pa,n;RycbI OKPY:>KHOCTeii: HMeIOT .D;JIRHY r. 

1.62. ,lI;Be paBHbie OKpy:>KHOCTH rrepeceKaIOTC.H B TO'iKaX p R Q. IlpaMaa, 

napaJIJieJihHa.H HX .JIHHRH 1IeHTpOB, rrepeceKaeT RX COOTBeTCTBeHHO B TO'iKax 

A R B, C R D (AB= CD). ,lI;oKa:>KRTe, 'ITO BeJIH'iRHa yma AFC He 3aBncnT 

OT BbI6opa 3TOH rrp.HMOH. 

1.63. ,lI;aH <JeThlpexyroJihHRK ABCD n BeKTOpbI il R v. EcJIR Ai =Tu(A), 
Ci =Tu(C), Bi =Tu(B), Di =Tu(D), 'ieTbipexyroJihHHK AiBiC1 Di paBHO

Be.JinK ,n;aHHOMy. ,lI;OKa:>KHTe. 

1.64. To'iKa H -OpT01IeHTP TpeyroJibHHKa ABC. ,lI;oKa:>KHTe, 'ITO 

AB2 + C H 2 = 4R2, r.n;e R - pa,n;Ryc onRCaHHoii: OKOJIO TpeyroJibHHKa oKpy:>K

HOCTR. 

3aaa"tu tta nocmpoettue 
1.65. Ha cTopoHe yrJia c Bepnnrnoii: 0 ,n;aHa TO'iKa M. IlocTpoliTe oTpe-

30K, paBHbIH oTpe3KY 0 M, He RcnoJII>3ya TO'iKY 0. 
1.66. IIocTponTe TpaneIIHIO no <JeThrpeM ee cTopoHaM. 

1.67. IIocTponTe TpaneIIHIO no 6oKOBbIM cTopoHaM, pa3HOCTR ocHoBaHHH 

H O.JJ;HOH ,n;RarOHaJIH. 

1.68. IlocTpo:liTe TpaneIIHIO no pa3HOCTR ocHoBaHHii:, ,n;RaroHaJIR H ABYM 

yrJiaM, npH.Jie:>KaIIIHM K O.JJ;HOMY OCHOBaHHIO. 

1.69. IIocTpo:iiTe TparreIIHIO no ee ocHoBaHR.HM n ,n;RaroHa.JI.HM. 

1. 70. IlocTpO:iiTe 0Tpe30K 3a,n;aHHOll .D;JIHHbl c KOH1IaMn Ha ,n;aHHbIX 

OKPY:>KHOCT.Hx R napaJI.JieJibHbIH ,n;aHHOH npHMoii. 

1. 71. ,lI;aHhI ,n;Be OKpy:>KHOCTn n npaMa51, He rrapaJIJieJihHa51 R He neprreH

,n;nKyJI51pHa51 RX JIRHHR JieHTpOB. IlapaJIJie.JibHO ,n;aHHOH np51MOH rrpoBe,n;nTe 

np51MYIO TaK, 'iT06hl ::iTn oKpy:>KHOCTH BhlCeKaJIH Ha ue:ii paBHhre xop,n;hl. 

1. 72. ,lI;aHhl Tpn IIP51Mhle, ,n;Be H3 KOTOpbIX rrapaJIJieJibHhl. IlocTpO:il:Te 

npaBH.JlbHblll TpeyrO.JibHHK no 3a,n;aHHOH ero CTOpOHe TaK, 'IT06bI ero Bep

IIIHHbl Jie:>KaJIH no O.JJ;HO:ii Ha ,n;aHHbIX rrp51MbIX. 

1. 73. IlocTpO:il:Te OKpy:>KHOCTb ,n;aHHOro pa.n;nyca, KaCaIOIJIYIOC51 ,n;aHHOH 

rrpaMoii n ,n;aHHO:ii oKpy)l(HOCTII. 

1. 7 4. IlocTpoliTe napaJIJieJiorpaMM ABC D, BepurnHbI KOToporo Jie:a<aT 

no O.JJ;HOH Ha np.HMbIX, co.n;ep:a<aIIIHX CTOpOHbI ,n;aHHOro <JeThlpexyroJibHHKa, 

ecJIH BeprnRHhI A R B 3a,n;aHhr. 

1. 75. IlocTpO:il:Te TpeyroJihHHK no TpeM ero Me,n;naHaM. 

1.76. IlocTpO:il:Te <JeThlpexyro.JibHHK ABCD, ecJIR H3BeCTHhI ero CTOpOHhI 

AB H CD, ,n;HaroHa.Jin n yro.JI MeM,n;y ,n;RaroHaJI51MH. 
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1.77. Ilo pa3Hble CTOpOHhl OT peKH Haxo,n;zTcz nyHKThI AH B. f,n;e Ha,n;o 

nocTpOHTh MOCT qepe3 peKy, qTo6hl nyTh H3 A B B qepe3 3TOT MOCT 6hIJI 

KpaTqaii:muM? 

3aaa'l/,U a/lR 6'H,e'K:/laCC'H,OU pa6om'bt 

1. 78. B Tpanen;uu ABC D c ocHoBaHHRMH BC u AD 6HcceKTpHChI yr

JIOB A H B nepeceKaJOTCR B TOqKe M, 6ucceKTpHChI yrJIOB C H D nepeceKa

JOTCR B TOqKe N. ,Il;oKa:iKHTe, qTQ IAB +CD - BC -ADI= 2MN. 
1.79. ,Il;aH npou3BOJihHhiii TpeyroJibHHK ABC, B KOTopoM cTopoHa AB 

Hau6oJibmaz. Ha CTopoHax AC H BC BHe TpeyroJihHHKa nocTpoeHbI npo

H3BOJihHble napaJIJieJiorpaMMhI AA1 C1C u BB2 C2C. IlpRMhie A1C1 H B2C2 
nepeceKaroTCR B TOqKe D. Ha cTopoHe AB TaK:iKe BHe TpeyroJihHHKa no

CTpoeH napaJIJieJiorpaMM ABB3 A3 TaKoii, qTo AA3 =DC. ,Il;oKa:iKHTe, qTO 

nJimn;a,IJ;b 3TOro napaJIJieJiorpaMMa paBHa cyMMe TIJIOin;a,n;eii: nepBhIX ,n;Byx 

napaJIJieJiorpaMMOB ( TeopeMa IIanna). 

1.80. Me:iK,IJ;Y nyHKTaMu A u B TeKyT ,n;Be peKH. f,n;e Ha,n;o nocTpOHTh 

MOCThl qepe3 peKu, qT06h1 nyTh H3 A B B 'Iepe3 3TH MOCThI 6hIJI KpaTqaii

mHM? 

1.81. l:Jepe3 TOqKy nepeceqeHHR ,n;Byx ,n;aHHhIX oKpy:iKHOCTeii: npoBe,n;HTe 

npzMyro TaK, qT06b1 oTpe3oK 3Toii npzMoii, 3aKJiroqennhrii BHYTPH OKpy:iK

nocTeii, 6bIJI paBeH ,n;aHHOMy 0Tpe3KY a. 
1.82. ,Il;aHhl ,n;Be OKpy:iKHOCTH u TOqKa A. IIpoBe,n;uTe qepe3 TOqKy A 

npRMYJO TaK, qT06bI 3TH OKpy:iKHOCTH BbICeKaJIH Ha Heii paBHbie xop,n;bI. 

1.83. IIocTpoiiTe qeThlpexyroJihHHK no qeTbipeM ero CTopoHaM H yrJiy 

Me:iK,IJ;Y npRMbIMH, co,n;ep:iKaTIJ;HMH ,n;Be npOTHBOTIOJIO:iKllhie CTOpOHbI. 

§5. lloeopom 
5.1. Onpe,o;eJieHJ1e 11 CBOHCTBa noBopoTa. lloeopomoM nJIOCKOCTH OKOJIO 

,n;aHHOH TOqKH 0 Ha 3a,n;aHHbIH opHeHTHpOBaHHbIH yrOJI BeJIHqHHbI Cl. Ha3hI

M' 

~~ 
~ 

BaeTCR npeo6pa30BaHHe IlJIOCKOCTH, KOTOpoe TOqKy 0 
OTo6pa:iKaeT Ha ce6z, a BCRKyro ,n;pyryro ToqKy M OTo6pa

:iKaeT Ha TaKyro TOqKy M', qTo OM'= OM u opueHTHpo

BaHHhIH yroJI MOM' HMeeT BeJIHqnay CJ. (pnc. 30). ToqKa 

0 Ha3hrnaeTCR ~ettmpoM noeopoma, a BeJiuqHHa CJ. - yuio.M 
noeopoma. 

PHc. 30 
l:JHCJIO Cl. cquTaeTCR IlOJIO:iKHTeJihHbIM, eCJIH yroJI 

MOM' opueHTHpoBaH npoTHB ,IJ;BH:iKeHHR qacoBoii cTpeJIKH, H OTpun;aTeJih

HhIM - B npOTHBHOM CJiyqae. IloBOpOT c n;eHTpOM 0 Ha yroJI Cl. o6o3Haqa

IOT R'Q. 
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-(36o0 -o.J -360° R Ro.+36o0 '=' 
JlerKo BH,n;eTb, 'ITO R0 = R 0 = R'Q H 0 = 0 . aTH ,n;Be 

c):>opMJJihl o6o6m;aIOTCR O,ll;HOH c):>opMyJIOH 

R o. - Ro.+
3500

k k 0 ±1 ±2 ±3 o - o ' r.n;e = ' ' ' ' ... 

Ilo3TOMy 6e3 orpaHH'leHHR o6m;HOCTH .n;mr mo6oro nOBOpOTa MO)KHO noJia

IBTb 0° :( CX. < 360° HJIH :a<:e -180° < CX. :( 180°. 
IIpeo6pa3oBamie, o6paTHoe noBopoTy R0, ecTb noBopoT c TeM :a<:e u;eH

TpoM, HO Ha npoTHBOIIOJIO:a<:HbIH yroJI: (R0)-1 = R"(/. B o6m;eM cJiyqae 

R o. _,_ R-o. R1soo R-1soo Z ( 31) 
0 r 0 ' HO 0 = 0 = 0 pHC. ' T. e. 

u;eHTpaJibHaR CHMMeTpHR eCTb qaCTHbIH BH,ll; no

BOpOTa. 3aMeTHM, 'ITO R~
0 = Rb600 = E. A B 

TeopeMa. llo6opom n11,oc'/Cocmu Jt6/l,.Remc.R d6u- a 

:>!CeHUC.M. 

IIycTb R'Q(A) = A 1 H R'Q(B) = B1. IloKa:a<:eM, PHc. 31 

'ITO ,D;JIR mo6b1x .n;Byx TO'leK A H B 6y,n;eT BbIIIOJI-

HRTbCR A 1B 1 =AB. 8To O'leBH,n;HO, Kor.n;a TO'IKH 0, A, B KOJIJIHHeapHbI. 

ECJIH OHH HeKOJIJIHHeapHhl, TO no onpe,n;eJieHHIO noBopoTa 6y.n;yT HeKOJIJIH

HeapHbI nx o6pa3bI 0, A1, B1• Ifa paBeHCTBa LAOA1 = LBOB1 OpHeHTHpo

BaHHhlX ymoB cJie.n;yeT paBeHCTBO LAOA1 + LA10B = LA10B + LBOB1 
HJIH LAOB = LA10B1 • TaK KaK, KpoMe Toro, OA = OA1 HOB= OB1, TO 

TpeyrOJibHHKH OAB H OA1B1 paBHbI H noaToMy A1B 1 =AB. 
lfa cpaBHeHHR opHeHTau;nii ,D;BYX COOTBeTCTBeHHhlX npn nOBOpOTe Tpe

yrOJibHHKOB BH,n;HO, 'ITO nOBOpOT - 06U:>ICC'H,UC nep6020 pooa. 

5.2. 'YroJI MeJK,IJY JIY'IOM H ero o6pa30M npH IIOBOpOTe. IloBopoT, KaK 

JII06oe ,ll;BH:a<:eHHe, OT06pa:a<:aeT npRMYIO Ha npRMyIO, JIY'l Ha JIY'l, 0Tpe30K 

Ha 0Tpe30K. 

Pl 

p 

PHc. 32 

TeopeMa. Opuettmupo6atttt'blU y2011, .Me:>1Coy 

11,y•w.M u ezo o6paaoM npu no6opome R0 pa6ett 

YMY ex. no6opoma. 

,II; o Ka 3 a T e JI b c T B o. EcJIH Ha'!aJio ,n;aHHO

ro Jiyqa h COBna.n;aeT c u;eHTpOM 0 nOBopoTa, TO 

3TO YTBep:a<:,n;eHHe HCTHHHO no onpe,n;eJieHHIO no

BOpOTa. EcJIH Ha'laJio Jiyqa p OTJIH'IHO OT 0, TO 

npoBe,n;eM JIY'l h c Ha'!aJIOM 0' COHanpaBJieHHbIH 

c JIJ'IOM p. JI106oe ,n;BH:a<:eHne nJIOCKOCTH OT06pa-

:a<:aeT COHanpaBJieHHble JIJ'lll Ha COHanpaBJieHHble 

JIJ'IH, noaToMy o6pa3hl h1 n p 1 Jiyqeu h n p TaK:a<:e coHanpaBJieHbI (p11c. 32). 
y roJI Me:a<:.n;y ,D;BJMR HanpaBJieHHRMII He 3aBHCIIT OT BbI6opa Jiyqeii 3THX 

HanpaBJieH1Iii. IIoaToMy op1IeHTnpoBaHHb1ii: yroJI Me:a<:.n;y Jiy'laMH p II p 1 pa

BeH opneHTIIpOBaHHOMY yrJiy Me:a<:.n;y Jiy'laMII h II h1' T. e. paBeH yrJiy ex. 
nOBOpOTa. 
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MmKHO ,n;oKa3aTh, 'ITO ec.ttu yao.tt .Me~ay ,,..;a~d'bt.M .tty'-to.M u eao o6pa
ao.M npu dGu~ettuu nocmo.nttett (He 3aBHCHT OT Bb16opa Jiyqa), mo .;1mo 
dGu~enue .n6.tt.nemc.n no6opomo.M. 

5.3. ,ll;Ba cnoco6a IlOCTpOeHHSI :o,eHTpa IlOBOpOTa. QeHTp IlOBOpOTa, OT

JllI'IHOrO OT TOlK,D;eCTBeHHOro, SIBJISieTCSI e,n;HHCTBeHHO:ii: ero aerro,n;BH)KHOH 

TO'IKO:ii:. EcJIH yroJI IIOBOpOTa OTJIH'IeH OT 180°' TO He cy:ru;ecTByeT ,ll;BOii:

HbIX IIpSIMblX IIOBopoTa. IloBOpOT KaK ,ll;BH:lKeHHe rrepBoro po,n;a MO)KHO 3a

,n;aTh ,D;BYM.SI rrapaMH A-> A11 B--.. Bi cooTBeTCTBeHHhlX TO'IeK c ycJIOBHeM 

AiBi =AB. IloJiaraeM, 'ITO HH o,n;Ha H3 TO'IeK AH B He coBrra,n;aeT co CBOHM 

o6pa30M. 

Ilpn AiBi =-AB HMeeM :o,eHTpaJibHYIO CHMMeTpnro. EcJIH 0-ncKo

MbI:ii: u;enTp noBopoTa, TO 0 Ai = 0 A H 0 Bi = 0 B. 3Ha'IHT, TO'IKa 0 neo6xo

,D;HMO rrpnHa,n;Jie)KHT cepe,n;HHHOMY neprreH,n;HKYJISIPY ,D;JI.Sl Ka)K,ll;Oro H3 0Tpe3-

KOB AAi H BBi. EcJIH o6:ru;aSI TO'IKa 3THX neprren,n;nKyJI.SipoB e,n;nHCTBeHna, 

TO OHa H 6y,n;eT HCKOMbIM u;eHTpOM 3a,n;aHHOro IIOBOpOTa (pnc. 33). CoBrra

,n;enne yKa3aHHbIX cepe,n;HHHhlX rrepneH,n;HKYJISipOB B03MO)KHO, O'IeBH,n;HO, B 

cJiy'Iae, Kor,n;a TO'IKH A n: Ai, B n: Bi cooTBeTCTBeHHO cn:MMeTpn:'IHhI OT

HOCHTeJibHO HeKOTOpoli npSIMOH l, IIpH 3TOM Jin:6o (AA1) =I- (BBi) (pn:c. 34), 
Jin:6o (AA 1 ) = (BB1 ) (pn:c. 31). B rrepBOM cJiyqae 0 =(AB) n (A1B 1), a BO 

BTOpOM-0 = l n (AB). 
PaccMoTpHM ,n;pyroli cnoco6 nocTpoeHHSI u;eaTpa 110Bop0Ta. IlycTh 11pSI

Mhre AB n: A1B1 nepeceKaIOTCSI B TO'IKe K (pn:c. 35). llcKOMhI:ii: u;eaTp 0 
110Bop0Ta SIBJISieTCSI BTOpoli o6:ru;eii: TO'IKO:ii OKPY:lKHOCTe:ii: AA1K n: BB1K. 
ECJin:, B 'IaCTHOCTH, A1 = K, TO OKpy)KHOCTh AA1K KacaeTcSI npSIMOli A1B 1 

B TO'IKe A1• 

0 

PRC. 33 PRC. 34 PRC. 35 

§ 6. Pewenue 3aaa'll c no.MOW/b'IO noeopoma 

B 11pn:Be,n;eHHhlX HH)Ke penreHn:.SIX 3a,n;aq Ha ,n;oKa3aTeJibCTBO BhI'IHCJieHHe 

II IIOCTpoeHHe ,n;eMOHCTpHpyeTC.SI HCIIOJib30BaHn:e IIOBOpOTa B Pa3JIH'IHbIX cn:

Tyau;n:SIX. KaK MO)KHO 3aMeTHTh, npn:eMhl 11pnMeHeHn:.SI noBopoTa aaaJiorn:'I-
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Hbl TeM, KaKHe HCilOJib30BaJIHCb B npHJIO)KeHHRX n;eHTpaJihHOH CHMMeTpHH, 

oceBoii CHMMeTp:u:u :u nepeaoca. 

3 a .n; a q a 1. B oKpJ2KHOCTb Bnucaahr ,n;Ba rrpaBHJibHhlx TpeyroJihHHKa 

ABC :u A1B1C1. ,ll;oKa3aTh, '!To TO'IKH A2 =(BC) n (B1C1), B2 =(CA) n 
n (C1A1), C2 =(AB) n (A1Br) RBJIRIOTCR BepIIIHHaMH npaBHJibHOI'O Tpe

yrOJihHHKa. 

p e III e H He. IlpH IIOBOpOTe OKOJIO n;eHTpa 0 OKPJ2KHOCTH Ha 120° TO'l

KH A, B, C OTo6pa2KaIOTCR cooTBeTCTBeHHO Ha TO'IKH B, C, A (prrc. 36). 
CJie,n;oBaTeJihHO, (AB)___, (BC), (BC)___, (CA), 
(CA)___, (AB) H aHaJIOI'H'IHO (A1B1) ___, (B1C1), 
(B1Ci) ___, (C1Ar), (C1A1) ___, (A1B1)· TaK KaK 

TO'!Ka rrepece'IeHHR rrpHMhIX OT06pa2KaeTCH Ha 

TO'IKJ rrepece'IeHHH :ux o6pa30B, TO C2 ___, A2, 

B 

A2--. B2, Bz--. C2. 0Tcro.n;a cJie.n;yeT, 'ITO Tpe- Ai CE---+-Mr-;:J 

yroJibHHK A2B2C2 rrpaBHJibHbIH. 

3 a .n; a q a 2. To'IKa B Jie2KHT Me)K,lzy A H C. 
B rroJiynJIOCKOCTH c rpaHrrn;eii AB rrocTpoeHbI 

rrpaBHJihHhie TpeyroJihHHKH ABM H BCP. To'l

KH K H E - cepeMIHbI OTpe3KOB AP H MC. 
,ll;oKa3aTh, 'ITO TpeyroJibHHK BK E rrpaBHJibHhlii 

(p:uc. 37). 
Pe III e H II e. IloBOpOTOM R~00 TO'IKH A H P 

OTo6pa2KaIOTC.H COOTBeTCTBeHHO Ha TO'IKH M H c. 
Ilo3TOMY oTpe3oK AP OTo6pa2KaeTCH aa oTpe30K 

MC. TaK KaK ,n;BH2KeHHe coxpattHeT OTHornen:ue A 

0Tpe3KOB, TO R~00 (K) = E. Ilo3TOMY BK= BE 
H L_KBE = 60°, a 3TO 3Ha'IHT, 'ITO TpeyrOJibHHK 

BK E rrpaBHJibHhIH. 

3a,n;aqa 3. TpeyroJihHIIK A 1 B 1 C CHMMeT

p:u'leH rrpHMoyroJibHOMY TpeyrOJihHHKY ABC oT

HOC:UTeJibHO 6:uccexTpHchl ero rrpHMOro yrJia C. 
,ll;oKa3aTh, 'ITO Me,n;:uaaa CM TpeyroJioHHKa ABC 
neprrea.n;:uxyJIHpaa np.HMoii A 1 B 1 (pHc. 38). 

P e m e H H e. BhIIIOJIHHM noBopoT R~00 • IlycTh 

R'/J
0 

(B) = B2, R9c;00 (M) =Mr. TaK Ka.K R'/J
0 

(A)= 
= A1 :u M -cepe,n;HHa oTpe3Ka AB, TO M1 -ce-

PHC. 36 

M 

B 

PHC. 37 

B 

c 

PHC. 38 

c 

A 

pe,n;HHa OTpe3Ka A 1 B 2 • Tor.n;a CM1 JI A 1 B 1 no CBOHCTBY cpe,n;Heii JIHHHH 

TpeyroJibHHKa. Ilo CBOHCTBY noBopoTa ( C M1) 1- (CM) H, cJie,n;oBaTeJihHO, 

(A1B1 ) 1- (CM). 
3 a .n; a q a 4. Ha rHIIOTeHy3e npHMoyroJihHoro TpeyrOJihHHKa BHe ero 

nocTpoeH KBa.n;paT. HaiiTH paccToRa:ue OT BepmHHhl npaMoro yrJJa Tpe-
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yroJibHHKa ,11,0 n;eHTpa KBa,zq>aTa, eCJIH cyMMa ,ll;JIIfH KaTeTOB TpeyroJibHHKa 

paBHa m. 
P e ill e H H e. IIycTh 0 - n;eHTp KBa,zq>aTa AB lvf N (p1Ic. 39). Tor.n;a 

Rb°
0
(B)=A, Ri'.f

0
(A)=N. EcmI R~00 (C)=C1 , TO TO'IKII C, A, C1 KOJI

JllrneapHbI, nocKOJibKY LCAB + LBAN + LN AC1 = 180°. TpeyroJibHHK 

COC1 rrpa:MoyroJibHbIH paBito6e,zq>eH-

M Hbiii II no yCJIOBIIIO CC1 = m. 0Tc10.n;a 

2002 = m2 II CO= m/V2. 
3 a ,rr, a q a 5. ~Be paBHhle OKpy2KHO-

B CTII nepeceKaIOTCJI B TO'IKaX A II B. ~OKa-

c 

M 

N 

PHc. 39 

PKc. 40 

A 

3aTb, 'ITO npaMaa, coe.n;1rna10rn;aa rrpon3-

BOJibHYIO TO'IKY O,IT.HOii 0KpJ2KHOCTII c ee 

o6pa30M nplI rroBopoTe OKOJIO TO'IKII A, 
OT06pa)KaIOID;eM 3TY OKpy2KHOCTb Ha ,zwy

ryro, npoxo,n;nT qepe3 TO'IKY B. 
Pe ill e H II e. IIycTb M - np01I3BOJib

HaJI ToqKa OKPY2KHOCTII rx II npa:Maa 

MB nepeceKaeT BTopn'IHO ,zwyryro 

oKpy2KHOCTb ~ B TO'!Ke M1. 06o3Ha

'IHM LOA01 = cp, r.n;e 0 II 0 1 - n;eHTpbI 

)J,aHHbIX OKpy)KHOCTeii CJ. II ~ (pnc. 40). 
0'leBH,IT.HO, R'j.(CJ.) = ~· Heo6xo,n;IIMO ,n;o

Ka3aTb, 'ITO R~(M) = M 1. Ho :=iTo ,n;eii:

CTBnTeJibHO TaK, nocKOJibKY LAMB = 
= LAM1 B = LA001 =LA010 (Ka2K,n;biii 

H3 3THX yrJIOB H3MepaeTCSI UOJIOBIIHOH ,n;y

rn AB) n, CJie,n;oBaTeJibHO, MA= M 1 A, a 

LMAM1=<Jl· 
3 a ,1J, a q a 6. IIocTpolITb npaBIIJibHbiii 

C TpeyroJibHIIK ABC, o,IT.Ha Bepm1IHa KOTO

poro aaxo,n;HTC.a: B ,n;aHHoii TO'lKe A, Bep

mnHa B - Ha ,n;aHHo:ii npaMo:ii l, a Bepmn

Ha c - Ha )J,aHHOH 0Kpy2KHOCTII CJ.. 
Pe me H He. IIycTb TpeyroJibHHK 

ABC y,II.OBJleTBOpaeT Tpe60BaH1Ia:M 3a

,n;a'III (pnc. 41). 0'leBII,11;HO, R~00 (C) = B. 
PKc. 41 IlycTb CJ.1 - o6pa3 OKPY2KHOCTII CJ. npn 

'3TOM no:sopoTe. TaK KaK C E CJ., TO B E CJ.1. 

KpoMe Toro, BE l H Il03TOMy BE II. n l. 9TO II .n;aeT KJIIO-'I K pemeHIIIO 3a,n;a

'lll. IIocTpoeHne BbIIIOJIHaeM B C.'Ie,n;yrorn;eM nopa,n;Ke: CTpOHM ct1 = R~
0 

(CJ.), 
l n 11.1 = {B, Bi}, Ha 0Tpe3KaX AB H AB1 CTpOIIM npaBIIJibHbie TpeyrOJib-
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HHKH ABC n AB1 C1 , BepmHHbI C n C1 KOTOphlx corJiacHo npoBe,n;eHHOMY 

aHaJIH3Y np1rna,n;Jie)KaT OKPY}KHOCTH a.. 'lncJio pemeHnii paBHO 'IHCJIY o6~x 

TO'feK npaMoli l H OKPY}KHOCTH a.1. 

3 a ,II, a q a 7. '1epe3 ,n;aHHYIO TO'IKY A npoBeCTH OKPY}KHOCTb ,n;aHHoro 

pa,n;nyca TaK, 'IT06hr H3 .u.pyroii ,n;aHHoii TO'IKH B oHa 6hma BH,IJ,Ha no,n; yrJIOM 

3a,IJ,aHHOH BeJIH'IHHbI cp. 
p e ill e H He. IloKa He 6y,n;eM Y'IHThIBaTb Tpe6oBaHHe, 'IT06bI HCKOMa.ll 

oKpy}KHOCTb npoxo,n;1ma qepe3 ,n;annyro TO'IKY A. IlocTponM npoH3BOJibHbIH 

yroJI c Bepmnnoii B 3a,n;aHHOH 

BeJIH'IHHbI <p H BIIHIIIeM B Hero 

oKpy}KHOCTh w 3a,IJ,aHHoro pa,n;ny

ca r (pnc. 42). lkKOMyIO OKpy}K

HOCTh MO}KHO noJiy'IHTb KaK o6pa3 

OKPY)KHOCTH w npn noBopoTe c u;eH

TpOM B Ha HeKOTOpbrii yroJI, BeJIH

q1rny KOTOporo MO}KHO HaHTH, pac

CMOTpeB BCIIOMOraTeJihHYIO OKpy)K-

B 

HOCTb ( B, BA). 0Ha nepeceKaeT Puc. 42 

OKPY)KHOCTb w B TO'IKaX P n Q, 
Ka}K,!I.aa H3 KOTOpbIX npe,n;cTaBJI.lleT co6oii npoo6pa3 TO'IKH A B Tpe6yeMOM 

noBopoTe. CJie,IJ,oBaTeJihHO, nMeeM ,IJ,Ba noBopoTa c o6~M u;eHTpOM B Ha 

yrJihl L.QBA n L.PBA. 06pa3hI oKpy:>KHOCTH w npn nnx noBopoTax n .siB

JI.siIOTC.si ncKOMhlMH oKpy}KHOCT.siMH. licCJie,IJ,oBaHne He3aTpy,Il,HHTeJibHO. 

3aaa"lU tta a01wsame.l/,'bCm60 

1.84. HeKOTopa.s1 <l:>nrypa F oT06pa)KaeTc.s1 Ha ce6.s1 npn noBopoTe Ha 

48° OKOJIO TO'IKH o. By,n;eT JIH OHa OT06pa)KaThC.sl Ha ce6:a npn IlOBOpOTe c 

u;eHTpOM 0 Ha 72°? Ha 90°? 
1.85. Ha cTopoHax AB n BC TpeyroJibHHKa ABC nocTpoeHhl cooTBeT

CTBeHHO KBa.u.paThI ABPQ n BCM N, npnqeM KBa.u.paT ABPQ n TpeyrOJib

HHK ABC HaXO,Il,.slTC.si B pa3HhIX noJiynJIOCKOCT:HX OT np:s:Moii AB, a KBa.u.paT 

BC MN - B O,IJ,Hoii noJiymmcKoCTH c 3THM TpeyroJihHHKOM OTHOCHTeJihHO 

np.:s:Moii BC. )l;oKa)KHTe, 'ITO OTpe3KH P N n AC paBHbI n nepneH,IJ,HKY

JI.:HpHhr. 

1.86. '1epe3 u;eHTp npaBHJihHOro TpeyroJihHHKa npoBe,IJ,eHhI ,IJ,Be np:s:Mhle, 

yroJI Me}K,Il,y KOTOpbIMH paBeH 60°. ,ll;OKa)KHTe, 'ITO 0Tpe3KH 3THX np.:HMhlX, 

:HBJI:HIO~ec:a HX nepeceqeHneM c TpeyrOJibHHKOM, paBHbI. 

1.87. '1epe3 u;eHTp KBa.u.paTa npoBe,n;eHhl ,n;ne nepneH,n;nKyJI.:apHhle np:a
Mbie. ,ll;OKa}KHTe, 'ITO TO'IKH nepece'!eHH:H HX co CTOpOHaMH KBa.u.paTa .:HBJia

IOTCa nepmnHaMH HeKOTOporo KBa.u.paTa. 
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1.88. To'IKH M, P, N, Q npHHa,n;Jie:iKaT nocJie,n;oBaTeJihHO np.SIMhIM, co

,n;ep:iKail!HM CTopOHh! KBa,n;paTa. )J,oKa:amTe, 'ITO ecJIH OTpe3Kll MN H PQ 
nepneH,n;HKYJI.SlpHbI, TO OHH paBHbI. 

1.89. )J,OKa)KHTe, 'ITO TO'IKH rrepeceqeHH.SI ,n;n:arOHaJieii rrpaBH.JibHOro II.Sl

THyrOJibHHKa C.JIY:iKaT Bepmn:HaMH TaK)Ke npaBHJibHOro Il.SITHyrO.JibHHKa. 

1.90. To'IKH M, N, P, Q-cepe,n;n:HhI CTopon AB, BC, CD, DA KBa,n;

paTa ABC D cooTBeTCTBeHHO. )J,oKa)KHTe, 'ITO TO'IKH rrepeceqeHH.SI np.S1Mh!X 

AN, BP, CQ, DM .S1B.JI.S110TC.S1 Bepmn:HaMH KBa,n;paTa. 

1.91. )J,aH poM6 ABCD, B KOTOpoM LB= 60°. I!p.S1Ma.S1 a rrepeceKaeT 

CTOpOHhI BC n: CD B TO'lKaX M H N TaK, 'ITO cyMMa CM+ CN paBHa 

,n;.rrn:He CTOpOHhI poM6a. )J,oKaJKHTe, 'ITO TpeyroJihHHK AM N rrpaBHJihHhrii. 

1.92. BHyTpH KBa,n;paTa ABCD B3.SITa rrpoH3BOJihHa.SI TO'!Ka P. 'Iepe3 

BepmHHhI A, B, C, D rrpoBe,n;eHbI rreprren,n;nKyJI.S1pb1 K np.SIMhIM PB, PC, 
PD, PA cooTBeTCTBeHHO. )J,OKa)KHTe, 'ITO 3TH rreprreH,n;HKYJI.Siphr rrepeceKa

IOTC.SI B o,n;no:ii TO'IKe. 

1.93. Ha rnrroTeHy3e rrp.S1MoyroJihHOro TpeyroJihHHKa ABC BHe ero rro

CTpoeH KBa,n;paT c u;eHTpOM 0. )J,OKa)KHTe, 'ITO JIY'l co eCTb 6n:cceKTpn:ca 

np.SIMOro yma AC B. 
1.94. Ha CTopoHax AB n: BC rrapaJIJieJiorpaMMa ABC D Bbr6paHhI co

OTBeTCTBeHHO TO'IKH H n: K TaK, 'ITO KA = KB H H C = CB. )J,oKa)Kn:Te, 

'ITO TpeyroJihHHK K DH paBao6e,n;peHHhiii H TO'IKH K, A, D, C, H Jie:iKaT 

Ha o,n;Hoii OKPY)KHOCTH. 

1.95. Ha CTopoHax AB n: AC TpeyrOJihHHKa ABC BHe ero nocTpoeHh! 

KBa,n;paTh! ABDE H ACPQ. )J,OKa)KHTe, 'ITO 

1) Me,n;naHa AK TpeyroJibHHKa ABC rreprrea,n;nKyJI.SipHa rrp.SIMO:ii QE H 

AK= ~QE; 
2) Me,n;n:aHa AM TpeyroJibHHKa AQE rreprreH,n;nKyJia:pHa rrp.SIMOii: BC n: 

1 
AM= 2Bc. 

1.96. Ha ,n;yre AB orrncaHHO:ii OKOJIO rrpaBHJihHOro TpeyroJibHHKa ABC 
oKppKHOCTH B3.SITa TO'!Ka M. )J,oKa)KHTe, 'ITO MC = MA + MB. 

1.97. )],Ba paBHhIX o,n;nHaKoBo opn:eHTHpoBaHHhIX KBa,n;paTa ABCD H 

AB1C1D1 HMeIOT o6nryID BepmHHY A. )J,oKaLKHTe, 'ITO np.S1Mhre BB1 , CC1, 

DD1 rrepeceKaIOTC.SI B o,n;noii: TO'IKe. 

1.98. )J,aHbI ,ll;Be OKPYLKHOCTH, Ka)K,ll;aa: H3 KOTOpbIX npoxo,n;HT qepe3 

u;eaTp ,n;pyroii:. 'Iepe3 TO'IKY rrepeceqean:a: OKPYLKHOCTeii: npoBe,n;eHa rrpa:

Ma.SI, nepeceKaIOru;aa: HX BTOPH'IHO B TO'lKaX Mn: N. )J,oKaJKHTe, 'ITO yroJI 

Me)K,ll;Y KacaTeJibHh!MH K OKPYJKHOCT.SIM B TO'lKaX M n: N paBeH 60°. 
1.99. Ha CTOponax AB H BC TpeyroJihHHKa ABC BHe ero nocTpoeHbI 

KBa,n;paTh! ABMN n: BCPQ. )J,oKa)KHTe, 'ITO u;eHTphr 3THX KBa,n;paTOB H 

cepe,n;HHhI OTpe3KOB AC n MQ .SIBJI.SIIOTC.SI Bepmn:HaMn: KBa,n;paTa. 
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3aaa"iu na nocmpoenue 

1.100. ,Ll,aHhl ,n;Be paBHhie oKpy:iKHOCTH, Ha o,n;Hoii: H3 KOTOPhIX ,n;aHa TO'!Ka 

A, Ha ,n;pyroii: TO'!Ka B. IlocTpoii:Te 1JeHTP noBopoTa, oTo6pa:iKaIOIIJero o,n;Hy 

oKpy:iKHOCTb Ha ,n;pyryro TaK, '!T06h1 TO'!Ka A oTo6pa3HJiach Ha B. 
1.101. ,Ll,aHhI ,n;Be paBHhie OKPY:iKHOCTH, o,n;Ha H3 KOTOpbIX oTo6pa:iKaeTc.H 

Ha ,n;pyryro IIOBOpOTOM Ha 45°. IlocTpoii:Te 1JeHTp 3TOro IlOBOpOTa. 

1.102. IlocTpoii:Te oKpy:iKHOCTb c JJeHTpOM B ,n;aHHoii: TO'!Ke TaK, 'IT06b1 

o,n;Ha H3 ee ,n;yr, oTceKaeMbIX ,n;BYM.H ,n;aHHhIMH OKPY:iKHOCTHMH, HMeJia 3a

,n;aHHyro yr.rroByro BeJIH'lllHY r:J.. 

1.103. IIocTpoii:Te OKPY:iKHOCTh c 3a,n;aHHhIM 11eHTpoM, KOTopa.s: KacaeTC.H 

CBOero o6pa3a npH 3a,n;aHHOM IIOBOpOTe. 

1.104. IlocTpOii:Te npaBHJihHblll TpeyroJihHHK, BblCOTbl KOTOporo nepece

KalOTC.H B ,n;aHHOH TO'!Ke, a ,n;Be BepmHHhl Jie:iKaT Ha ,n;aHHOii: OKpy:iKHOCTll. 

1.105. IlocTpoii:Te npaBHJihHblll meCTHyrOJibHIIK no ero 1JeHTPY II TO'l

KaM A H B, KOTOphle Jie:iKaT Ha np.s:MbIX, co,n;ep:iKaIIJHX ero cMe:iKHhre cTo

pOHhI. 

1.106. ,Ll,aHhl ,n;Be KOH1JeHTp1I'IeCK1Ie OKPY:iKHOCTn. IIocTpoii:Te KBa,n;paT 

TaK, 'IT06hr ,n;Be ero cMe:iKHbie BepmlIHhI .rre:iKaJIII Ha o,n;Hoii: OKPY:iKHOCTII, a 

,n;Be ,n;pyr1Ie - Ha ,n;pyroii:. 

1.107. ,Ll;aHbI TPH KOH1JeHTp1I'IeCKHe OKPY:iKHOCTH. IlocTpoii:Te npaBIIJih

Hhlii: TpeyroJibHIIK, BepmlIHhl KOTOporo Jie:iKaT TIO O,n;ttoii: Ha 3TIIX OKPY:iKHO

CT.HX. 

1.108. Ilp.s:Ma.s: a KacaeTc.s: oKpy:iKHOCTII B ,n;aHHOii: TO'IKe A. Mcno.rrb3Y.H 

noBopoT, npoBe,n;HTe KaCaTeJibHYIO K OKPY:iKHOCTII 'Iepe3 ,n;aHHyro TO'IKY M 
BHe ee. 

1.109. l:Jepe3 ,n;aHHYIO TO'IKY npoBe,!J;HTe np.s:Myro, nepece'leHneM KOTopoii 

c ,n;aHHbIM KpyroM .HBJIHeTC::iI xop,n;a 3a,n;aHHOii: ,ll;JJIIHbl. 

3aaa"iU a.11,.H, 6Ue'K:.11,acCUOU pa6om'bt 

1.110. Ha cTopoHe CD KBa,n;paTa ABCD B3H.Ta TO'!Ka E. B1IcceK

Tp1Ica yrJia BAE nepeceKaeT CTopoHy BC B TO'!Ke F. ,Ll,oKa:iKIITe, 'ITO 

AE=ED+BF. 
1.111 . .IJ:a.Hb1 ,n;Ba paBHhIX oTpe3Ka AB II AiBi. IlycTb 0-JJeHTp no

BopoTa, OTo6pa:iKaIOI1Jero A Ha Ai H B Ha B1, a 0 1 - 1JeHTp noBopoTa, 

0To6pa:iKa10IIJero A Ha B1 II B Ha A1. ,Ll,oKa:iKIITe, 'ITO npHMaa 001 ,n;eJIIIT 

IIOIIOJiaM 0Tpe30K, coe,n;IIHHIOIIJIIH cepe,n;IIHhI ,n;aHHbIX 0Tpe3KOB . .IJ:oKa:iKIITe, 

'ITO yrJihl 3TIIX IIOBOPOTOB OTJIH'lalOTC5I Ha 180°. 
1.112. ,Ll,aHhl ,!l;Ba npaBHJihHhlX paBHhIX Ii o,n;1IHaKOBO opHeHTIIpOBaHHhIX 

TpeyroJihHIIKa ABC H A1B1C1. 0,!J;IIH noBopoT oTo6pa:iKaeT BepIIIIIHhr A, 
B, C coOTBeTCTBeHHO Ha BepIIIHHbI Ai, Bi, C1, ,n;pyroii:-Ha BepmlIHhI B1, 
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C 1 , A 1 , Tpen1il: - Ha BepmHHhl C 1 , A 1 , B 1 . ,Ll;oKa)KHTe, 'ITO :u;eHTpb1 3THX 

nOBOpOTOB KOJIJIHHeapHbI HJIH COBna,n;aroT. 

1.113. ,Ll;aHhl ,n;Ba paBHblX KBa,n;paTa. ,Ll;OKa)KHTe, 'ITO B o6m,eM cJiy'!ae 

cym,eCTByeT '!eTbipe nOBOpoTa, OT06pa~l0Il1,HX 0,ll;HH KBa,n;paT Ha ,n;pyroil:, H 

'ITO :u;eHTphl 3THx noBopoToB KOJIJIHHeapHbI. Y6e,n;HTecb, 'ITO yrJihI 3THX no

BopoToB o6pa.3yroT nporpeccnro. KaKoBa pa3HOCTb 3TOii nporpeccnn? B Ka

KHX CJiy'!a.s:cx 'IHCJIO Tpe6yeMhlX nOBOpOTOB MeHbIIIe '!eTbipex? 

1.114. ,Ll;aH npaBHJihHhlii TpeyrOJibHHK ABC H TO'lKa P. ,Ll;oKa)KHTe, 'ITO 

,ll;JIHHa 6oJihmero H3 oTpe3KOB PA, PB, PC ne 6oJibIIIe cyMMbI ,n;JIHH ,n;Byx 

,n;pyrnx. IlpH KaKOM nOJIO)KeHHH TO'IKH p ,ll;JIHHa 60Jibmero H3 3THX 0Tpe3KOB 

paBHa cyMMe ,n;JIHH OCTaJibHbIX? 

1.115. Ha CTopoHax npoH3BOJihHOro TpeyroJibHHKa ABC BHe ero no

CTpoeHhl npaBHJibHhle TpeyroJihHHKR ABC1 , BCA1 , CAB1 • ,Ll;oKa)KHTe, 'ITO 

OTpe3KH AA1 , BB1 , CC1 paBHhI, nepeceKaIOTC.s:c B o,n;Hoil: TO'!Ke no,n; paBHhl

MH ymaMH H MA 1 =MB+ MC, MB1 =MC+ MA, MC1 =MA+ MB. 
1.116. IIocTpoil:Te KBa,n;paT TaK, 'IT06b1 npa:Mhle, co,n;ep~m,ne ero CTO

polihI, npoxo,n;HJIH 'Iepe3 3a,n;aHHble TO'IKH A, B, C, D no o,n;aoil: Ha Ka)K,ll;Oii 

H3 3THX np.S:CMblX. 

1.117. ,Ll;ana OKpy)KHOCTb c :u;eHTPOM 0 H He npnHa,n;Jie~m,ne eil: TO'IKH A 
H B. Hail:,n;HTe Ha OKpy)KHOCTH TO'IKH A1 H B1 TaKne, 'IT06b1 npa:Mble AA1 

H BB1 6blJIH napaJIJieJibHhl, a yroJI A 10B1 HMeJI 3a,n;anHy10 BeJIH'lHHY cp. 
1.118. ,Ll;aH KBa,n;paT ABCD H TO'!Ka S, npHBa,n;Jie~m,a.s:c ,n;HaroHa

JIH BD. l:..Jepe3 TO'IKY S npoBe,n;eHbI npa:Mbie PQ H MN, napaJIJieJihHhie 

CToponaM KBa,n;paTa, npn'IeM ME (AB), PE (BC), NE (CD), Q E (DA). 
,Ll;oKa::IKHTe, 'ITO OTpe3KH SC n MQ nepneH,n;HKyJI.s:cpHbI. 

1.119. B paBHo6e,n;peHHOM npa:MoyroJibHOM TpeyroJibHHKe ABC c np.s:c

MhlM yrJIOM C npoBe,n;eHa Me,n;HaHa AA 1. Ha cTopoHe AB B3a:Ta TO'lKa D TaK, 

'ITO oTpe30K CD nepneH,n;nKyJI.s:cpeH AA1 • BhI'lHCJIHTe OTHomenne AD: DB. 
1.120. l:lcnOJib3Y.S:C noBopoT, nocTpoil:Te o6ID,He KaCaTeJibHble K ,n;BYM 

0Kpy::1KHocT.s:cM w1(M, R) H w2(N, r), R > r. 
1.121. Tpn paBHhle OKpy::IKHOCTH HMeIOT o6m,yro TO'IKY H H nonapHo 

nepeceKaroTc.s:c em,e B Tpex TO'lKaX A, B, C. ,Ll;oKa::IKHTe, 'ITO oKpy::IKHOCTh, 

npoxo,n;.s:cm,a.s:c 'Iepe3 TO'IKH A, B H C paBHa ,n;aHHhlM OKPY)KHOCT.S:CM. 

§ 7. Ko.MnoaUV;UU iJeuateenuil 

7.1. KoMno3~ n;eHTpam.Bhlx CHMMeTpHH H nepeaocoB. Hail:,n;eM KOM

no3HD;HIO ,n;Byx :a;eHTpa.rrhHhlX CHMMeTpHil: c :a;eHTpaMH A H B. IlycTb ,n;JI.s:c 

npoH3BOJihHoil: TO'IKH M nJIOCKOCTH ZA(M) = M 1 H Zs(M1 ) = M' (pnc.43). 

Tor,n;a no TeopeMe o cpe,n;aeil: JIHHHH ,n;JI.s:c TpeyroJibHHKa M M 1 M' HMeeM: 
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MM' = 2AB. BeKTop AB nocTO.SIHHhiii, TaK KaK TO"'IKH A n B 3a,n;aHhl. I1o-

3TOMY KOMil03HllH.SI ZB o ZA ecTh nepeHoc Ha BeKTop 2AB. l1mK, 

(7.1) P
M' 

A 

Mi 
IlycTb 3a,n;aHhl .n;Ba nepeHoca Ta u T-;,. Ec

JIH Ta(M) =Mi n T-;,(Mi) = M', To MMi =a 
H MiM' = b, Il03TOMy MM'= MMi + MiM' = 

= a + b. TaK KaK TO'!Ka M npOH3BOJibHa.si:, a BeKTOp MM' IlOCT051HHbIH, TO 

HCKOMa.SI KOMil03Hn;H.si: eCTb nepeHOC Ha BeKTOp a + b: 

PHC. 43 

(7.2) 

KOMil03HIIH.SI nepeHOCOB KOMMyTaTHBHa, IlOCKOJibKY KOMMyTaTHBHO CJIO

:»CeHne BeKTopoB: Tb o Ta= Ta+b = Tb+a =Tao Tb. AHaJIOrH'lHbIM o6pa30M 

y6e)K,ll;aeMC.SI, 'ITO KOMil03HllH.SI mo6oro KOHe'lHOro 'lHCJia rrepeHOCOB eCTb 

rrepeHOC Ha cyMMY BeKTOpOB 3a.n;aHHblX rrepeHOCOB. 

KoMn03HI1H.S1 T,. o Z A 11eHTpaJibHOH CHMMeTpun n rrepeHoca Haxo.u,uT

cx c noMOIIIbID ¢opMyJihl (7.1): (ZB o ZA) o ZA = T2 AB o ZA. ITocKOJihKY 

JII06a.si: KOMil03HIIH.SI npeo6pa30BaHHH aCCOllHaTUBHa H z A 0 z A = E, TO 

ZB = T2 AB o ZA· IloJIO:»CHM 2AB = f, Tor.n;a 

AHaJIOrH'lHO Haxo,n;HM 

- 1 
AB= 2r. 

- 1 
AB= 2r. 

(7.3) 

(7.4) 

TaKHM o6pa30M, KOMU03HIIH.SI 11eHTpaJihHOH CHMMeTpnn c n;eHTpOM A n 

nepeHoca Ha BeKTOp f eCTb 11eHTpaJibHa.S1 CHMMeTpn.si:, 11eHTp B KOTOpoil: 
- 1 

orrpe.n;eJI.si:eTc.si: ycJIOBHeM AB = 2 f. 
I1oJih3Y.SICb acco11naTHBHOCTblO KOMil03HIIHH, Ha OCHOBaHHH rrpe~,ny

IIIHX ¢opMyJI rroJiyqaeM TaKHe BblBO.D;bI: 

1) KOMil03Hn;Ha '!eTHOrO 'lHCJia 11eHTpaJibHbIX CHMMeTpHH eCTb rrepeHOC, 

2) KOMil03HI1Ha He'!eTHOro 'lHCJia 11eHTpaJibHblX CHMMeTpHH eCTb 11eH

TpaJibHa.S1 CHMMeTpHa. 

7.2. KoMII03HII;Ha ~yx oceeh!X CHMMeTpui c napam1eJibHhIMH OCSIMH. 

IlycTh 3a.n;aHhl ,n;Be oceBhle CHMMeTpun Su H Sv CBOHMH OC.SIMH, rrpn'leM u II v 
(u =f. v), H Tpe6yeTc.si: HaHTH nx KOMil03HllHIO f = Sv o Su. ECJinM -npo

H3BOJihHa.si: TO'!Ka IIJIOCKOCTH H Su(M) =Mi, Sv(Mi) = M', TO J(M) = M' 
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(pHc.44). IlycTb (MMi) nu=P, (MiM') nv=Q, rrpH 3TOM qacTHbie CJiy'!air 

M = Mi = P HJIH Mi = M' = Q He HCKJIIO<JalOTC5I. Tor,i:i;a MM' = MM i + 
+ MiM' = 2PMi + 2MiQ = 2(PMi + MiQ) = 2PQ. Ho BeKTOp 2PQ He 

3aBHCHT OT BhI6opa TO'!KH M, a orrpe,i:i;emreTC5I TOJibKO IIpSIMblMH u H v: OH 

#i M' 
p Q 

u v 

rreprreH)l;HKymrpeH 3THM rrpHMbIM, HarrpaBJieH OT OCH u 
K OCH v H HMeeT )l;JIHHy, paBHYIO YABOeHHOMY paCCTOH

HHIO Me2K,lzy 3THMH rrpHMhIMH. CJie,i:i;oBaTeJibHO, )l;BHJKeHHe 

f = Sv o Su HBJIHeTCH rrepeHOCOM Ha 3TOT BeKTOp. IlpH u = v 
HMeeM TO)l(,ll;eCTBeHHbiii nepeHoc T0. Pe3yJibTaToM npoBe

,i:i;eHHhIX paccy)l(,ll;eHHii HBJIHeTCH TaKaH TeopeMa. 

Pnc. 44 
TeopeMa. KoMn03UV,UR aeyx ocee'btX CUMMempuu c na

pa.11,.11,e.11:0'1-t'btMU oc.aMu npeacmae.11,.aem co6ou nepettoc e tta

npae.11,ettuu, nepnettau,,.y.11,.apttoM oc.aM, om ocu nepeou cu.M.Mempuu "' ocu 

emopou CUMMempuu tta yaeoettttoe paccmo.attue Me:J1Cay ocRMU. 

7.3. Ilpe,n;cnumeIDie nepeuoca KOMII03IDJ,Heii oceBblX CHMMeTpd. Pe

mHM o6paTHYIO 3a,i:i;aqy. IlycTb 3a,i:i;aH rrepeHoc Tr H Tpe6yeTca rrpe,i:i;cTaBHTb 

ero KOMll03HD;Heii oceBh!x CHMMeTp:nii. IIpoBe.n;eM rrpoH3BOJibHYIO rrpaMyro 

u ..l f. IlyCTb ,Il.JIH npOH3BOJibHOH TO'!KH Tr(M) = M' H Su(M) =Mi. IIo

CTpOHM cepe,i:i;HHHhiii rrepneH,i:i;HKYJIHP v K OTpe3KY MiM' (npH lvfi = M' 
npaMaa v npoxo)l;HT 'lepe3 Mi rrapaJIJieJibHO u (pHc. 44). Tor,i:i;a S,,(Mi) = M' 
H KOMII03HIJ;HH Sv 0 Su OT06paJKaeT M Ha M'. TaK KaK MM' = r = 2PQ' 
B3aHMHOe pacrroJI02KeHHe oceii u H v He 3aBHCHT OT Bb16opa TO'lKH M, a 3a

BHCHT TOJibKO OT 3a,i:i;aHHoro nepeHoca Tr. IIocKOJibKY o6pa3bI rrpOH3BOJibHoii 

TO'!KH M npH rrepeHoce Tr H rrp:n KOMII03HIJ;HH Sv o Su c0Brra.n;a10T, TO (7°) 

lfrax, 6CR'ICUU nepettoc Tr MO:JIC'HO npeacmaeum'b 'ICOMnoaw~ueu aeyx oce-

6'b/,X cuMMempuu c napa.11,.11,e.11,'btt'btMU oc.aMu, nepnettau,,.y.11,.aptt'btMu ee'/i:mopy 

nepettoca, npu 3mOM oatta U3 OCeU 6'b/,6Upaemc.a npOU360A'b'H01 a apy2a.a 

Mi 

ao.11,:JIC'Ha yaoe.11,emeopRm'b yc.11,oeu10: nepettOCOM T(1/2)r 

oc'b nepeou cu.M.Mempuu omo6pa:J1CaemcR tta oc'b emo

pou cuMMempuu. 

7.4. KoMII03IDJ,HSI ,n;Byx oceBhIX CHMMeTpd c uena

A u pamieJJ:bBhIMH OCSIMH. IlyCTb 3a,i:i;aHbl )l;Be oceBbre 

"-;:!E-1"._,_'----~;.c;__~ CHMMeTpHH Su H Sv CBOHMH OC5IMH u H v, npH'IeM 

M 
u,jtv, H Tpe6yeTCH HaiiTH )l;BHJKeHHe f = Sv o Su. EcJIH 

Un V = 0 (pHC. 45), TO f(Q) = 0, TaK KaK TO'!Ka 0 
Pnc. 45 

HerrO)l;BHJKHa rrpH Ka)l(,ll;OH H3 CHMMeTpHH Su H Sv. 
0'leBH.n;HO, ,i:i;pyr:nx HeIIO)l;BH:lKHhIX TO<JeK )l;BH:iKeHHe f He HMeeT. IlycTb M -
rrpoH3BOJibHaH TO'!Ka IIJIOCKOCTH, OTJIH<JHa.SI OT TO'IKH 0. EcJIH S,, ( M) = Mi, 
Sv(Mi) = M', (MMi) nu= A, (MiM') n v = B, TO £.MOA = £.AOMi H 
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LM1 0B = LBOM'. IIonoMy 

LMOM' = LMOA + LAOM1 + LM1 OB+ LBOM' = 

= 2(LAOM1 + L.M10B) = 2LAOB = 2L.(u, v). 

A :::!TOT yroJI IIOCTOSIHHhlii, TaK KaK u H v 3a,n;aHhI. CJie,n;oBaTeJihHO, Sv o Su 
ecTh rroBopoT c u;eHTPOM 0 Ha yroJI 2L(u, v). IhaK, ,n;oKa3aHa 

TeopeMa. Ko.Mn03UV,U.R, a6yx oce6'blX CU.M.Mempuu c ttenapaJ1,.!1,eJ1,'b1i'bl.MU 

oca.Mu npeacma6J1,Jtem co6oi1 noBopom c v,ettmpo.M 6 mO"l'/'l,e nepece"le'Hua 

oceu 'H,a ya6oe'H1i'btU Y20.fl, om ocu nep60U CU.M.Mempuu ao ocu 6mopou CU.M

.Mempuu. 

7.5. Ilpe,n;CTaBJieHHe IlOBOpoTa KOMIT03HIJ;Heii oceBhIX CHMMeTpIDi. Pe

IIIHM o6paTnyro 3a,n;a'ly. IIycTh 3a,n;aH noBopoT R0. IIpoBe,n;eM qepe3 0 
npOH3BOJihHYIO npsrMyro u. IlyCTh M =f. 0, R0(M) = M' H Su(M) = M1. IIo

CTponM cepe,n;nHHhrii nepneH,n;HKymrp v K oTpe3KY 1111 M' (npH M1 =NI' 
o603Ha'IHM ( 0 M 1) = v). Tor.n;a Sv ( M1) = M'. lb 0 M = 0 M1 = 0 M' cJie.n;y

eT 0 Ev. EcJIH Teneph paccMOTpHM KOMTI03Hu;mo Sv o Su, TO OHa coBna.n;aeT 

c 3a,n;aHHhIM IIOBOpOTOM, nocKOJihKY rrpH R0 H npH Sv o Su o6pa3hI rrpOH3-

BOJlhHOii: TO'IKH M coBna.n;aroT. lITaK, 

R0 =SvoSu, unv=O, L.(u,v)=~. 

O'IeBH,n;Ho, TaKoe rrpe,n;cTaBJieHHe rroBopoTa KOMil03HD,Heii ,n;Byx oceBhIX 

CHMMeTpHii HeO,n;H03Ha'IHO, TaK KaK o,n;Ha H3 oceii u H v 6epeTCSI rrpOH3-

BOJlhHO, a BTOpasr orrpe,n;eJisreTcsr ycJIOBHSIMH: u n v = 0, L( u, v) = a./2. ECJIH 

U1nV1=0 H L.(u1, V1) = a./2 (pnc. 46), TO R'Q = Sv 0 

VI 0 Su = Sv 1 0 Su 1 • 

u 

Ta1rnM o6pa30M, 6CJt'/'l,UU noBopom .MO:JICttO npeacma-

6Um'b 1'0.Mn03UV,UeU a6yX OCe6'blX CU.M.Mempuu, OCU 1'0-

mop'blX nepece11:a10mca 6 v,ettmpe no6opoma, npu 3mo.M 

oatta U3 OCeU npOU360.!t'bHa, a apy2a.11, yaoo.1temeop.J1,em 

ycJ1,06u10: opuettmupo6atttt'blU y20J1, om ocu nep6oi1 cu.M

.Mempuu ao OCU 6mOpOU CU.M.Mempuu pa6eH nOJl,06U1ie 

y2.1ta no6opoma. 

Pac. 46 7.6. KoMIT03HIJ;H.H ~yx ITOBOPOTOB. EcJIH u;eHTph! A 
H B noBopoTOB R"A. H R~ coBna.n;aroT, TO KOMII03HI1,HSI 

R~ o R"A. ecTh rroBopoT OKOJIO Toro 2Ke u;enTpa Ha yroJI a.+~- BcJie,n;CTBHe 

Toro, 'ITO a. + ~ = ~ + a., KOMII03HI1,HSI IlOBOpOTOB c o6II1,HM u;eHTpOM KOM

MJTaTHBHa. PaccMoTpHM cJiy'la:ii:, Kor.n;a A =f. B. KoMn03HI1,HSI rroBopoTOB -

,ll;BH2KeHHe rrepBoro po.n;a. IlpH a. + ~ = 0 HJIH a. + ~ = 2n :::!Ta KOMTI03HI1,HSI 
eC'l'h rrepeHOC, OTJIH'IHhIH OT TO)K,ll;eCTBeHRoro, TaK KaK OHa OTo6pa2KaeT 

Ka)K,ll;hr:ii: JIY'l Ha coHanpaBJieHHhiii c HHM JIY'l H ( R~ o R"A.) (A) =f. A. ,LI,a

Jiee 6y,n;eM C'IHTaTh, 'ITO a.+~ =f. 0 H a.+~# 2n. Tor.n;a R~ o R"A. SIBJisreTcsr 
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IIOBOpOTOM Ha yroJI IX+~. IIOCKOJibKY yroJI Me:lK,Lly Ka:lK,ll;bIM JIY'IOM H ero 

o6pa30M paBeH IX+~· Ha~eM :u;eHTp C 3Toro rroBopoTa, rroJiara.H IX i= 0 
H ~ i= 0. TaK KaK TO'lKa c HeIIO,D;BH::lKHa rrpH KOMII03JJD;llll IlOBOpOTOB, TO 

ecJIJJ RA. ( C) = C 1 TO R~ ( C 1) = C. 0Tcro,n;a 3aKJIIO-

qaeM, 'ITO AC= AC1 HBC= BC1 • 9TH paBeHCTBa 

rroKa3hIBaIOT, 'ITO TO'lKH C H C1 CHMMeTpH'IHhI OT

HOCIITeJibHO np.HMOH AB (pJJc. 47.). B cnJiy 3TOH 

CHMMeTpHH HMeeM: LCAB = 1X/2 H LABC = ~/2. 
9TH yrJibI II03BOJI.HIOT ITOCTpOHTb :u;eHTP c ITOBOpo

Ta R"ctP = R~ o RA.: OH srnmreTC.H TO'IKOH rrepeceqe

HH.H np.HMhIX u n v TaKnx, 'ITO R°i.2 
( u) = (AB) n 

R~2 (AB) =v. 
C¢opMym1pyeM rroJiy'leHHhle BhIBO,IT,bI. 

c 
Pnc. 47 

TeopeMa. Ko.A-tn03UV,WZ aeyx noeopomoe RA. u R~ c pa3,//,U"t'H'bl.MU V,C'H

mpa.MU ecm'b nepettoc, ec,//,U IX + ~ = 0 U,//,U IX + ~ = 2it, u noeopom, ec,//,U 

IX + ~ i= 0 u IX + ~ f. 2it. II,eHmpo.M noeopoma JW,//,.R.emc.R mo"t1ca C nepece

"teHUJZ npJZM'blX u u v maicux, "tmo R°i.2(u) =(AB) u R~2(AB) = v. 

IlOJih3Y.HCb 3TOH TeopeMoii, HaXOAHM: 

Ra. o RP - R"H C1 = SAs(C). A 3- C1' 

7.7. KoMD03HD;H.H noBoporn H nepeHoca. IlycTb Tpe6yeTC.H HaHTH Tr o 

o R0. ,Djm ::1Toro, noJih3Y.HCh H3BeCTHOH cBo6o,n;o:H Bh16opa oce:H, noJIO::lKHM IX 
Ra=BvoSu H Tr=BtoSv, r,n;e unv=O, L.(u,v)=2 H t=T(l/2)r(v) 

(pHc. 48). Tor,n;a 

Tr o R';; =(St o Sv) o (Sv o Su)= St o (Sv o Sv) o Su= St o Su. 
O!. 

TaK KaK u.lft H L(u, t) = L(u, v) = 2' TO St 0 Su= Re;,,, r,n;e A= u nt. IfraK, 

A 

v 

Pnc. 48 

TroRQ=RA_. 

B 'faCTHOCTH, npn IX = 180° nMeeM: 

- 1 
r,n;e OA = 2r. 

HeTpy,n;Ho npoBepnTh ncTHHHOCTh paBeHCTBa: 

Tr o R';; = R';;
1 

o Tr, r,n;e 0 1 = Tr(O). 

0TcIO,n;a Bll,D;HO, 'ITO ITOBOpOT H nepeHOC He nepecTaHO-

BO'lHbI B KOMIT03HIJ;HH, 3a JJCKJIIO'leHHeM TpHBHaJibHbIX 

CJiy'laeB, KOr,n;a f = 0 HJIH IX= o. 
7.8. IlepeHOCHa.H CHMMeTpH.H. PacCMOTplIM KOMIT03HIJ;HIO oceBoii CHM

MeTpHH Si n nepeHoca T,. npn f II l n f f. 0. HeTpy,n;ao Bn,n;eTh, 'ITO na 
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KOMII03m:~HH KOMMyTaTHBHa: 

Tr o Si= Si o Tr, r 11 Z. 

B caMOM ,n;eJie, eCJIH M -npoH3BOJihHaH TO'!Ka H S1(M) =Mi, Tr(M1) =M', 
T,.(M) = M0 , TO Si(Mo) = M' (pHC. 49). Ilo3TOMY (Tr o Si)(M) = M' H 

(Si o Tr)(M) = M'. 
0 rr p e ,n; e JI e H H e. KoMn03HD;HH oceBoii CHMMeT

PHH H HeT02K,ll;eCTBeHHOrO nepeHoca napaJIJieJibHO OCH 

CHMMeTpHH Ha3bIBaeTCH nepe1-tOC1-tOU ( C'J(;0.!l'b3.WW,eu) 

CU.M.Mempueu IlJIOCKOCTH. 

IlepeHOCHyro CHMMeTpHro T,. o S1 = Si o T,. ( f JI l, 
f =/= 0) yCJIOBHMCH o6oaHa'laTb Wt. IlpHMaH l Ha3hIBaeT

CH OChIO nepeHOCHOii CHMMeTpHH, BeKTOp f - BeKTOpOM 

nepeHOCHOii CHMMeTpHH. 

PHc. 49 

Henocpe,n;cTBeHHO H3 3Toro onpe,n;eJieHHH BhITeKaIOT CJie,n;yro~e CBoii

CTBa nepeHOCHOii CHMMeTpHH. 

1) IlepeHOCHaH CHMMeTpHH eCTb ,n;BH:IKeHHe BTOporo po,n;a ( KaK KOMII0-

3HIJ;HH )l;BH:IKeHH.H BToporo po,n;a H ,n;BH:IKeHHH nepBOro po,n;a). 

2) Och nepeHoCHoli CHMMeTpHH ,n;eJIHT nonoJiaM BCHKlfH oTpeaoK, co

e,n;HHHIO~Hli TO'IKY c ee o6pa30M, ecJIH ,n;aHHa.a TO'!Ka He npHHa,n;Jie:IKHT OCH 

CHMMeTpHH. ,ll;eiicTBHTeJihHO, ecJIH (M M1) nl = P, (MM') n l = c (puc.49), 

TO P - cepe,n;HHa M lv11 H no TeopeMe <l>a;ieca TO'!Ka C - cepe,n;nHa MM'. 
3) BeKTOp i' nepeHOCHOH CHMMeTpHH onpe,n;eJIHeTCH opToroHaJihHhIMH 

npoeKIJ;H.aMH P H Q ,n;aHHOii TO'IKH M H ee o6paaa M' Ha Och l CHMMeTpuu: 

r=PQ. 
7.9. KoMIT03HIJ;HSI nepeaoca H oceBoii CHMMeTpHH. Hali,n;eM KOMIT03HIJ;HIO 

Si o Tr npH f .ft l. Ilpe,n;CTaBHM BeKTOp i' B BH,n;e f = p + q, r,n;e p 11 l, q .l l 
(puc. 50). Tor,n;a Tr= Tii o TP H rronoMy S1 o T;- = 

=Si o (Tii o Tp) =(Si o Tii) o TP. Ilpe,n;cTaBJIH.a Tii = 
=Si o Su, r,n;e u - npoo6pa3 rrpHMOii l npH rrepe

Hoce T(1; 2)ri HMeeM: Si o Tr= Si o (Si o Su) o TP = 
=(Si o Si) o (Su o TP) = W!, TaK KaK p II u. lhaK, 

7.10. ,Ll;BH)J{eIDIH JIJIOCKOCTH KaK KOMil03H- PHc. 50 

~ oceBblX CHMMeTpHii. IlpHBe,n;eM 6e3 )l;OKa3a-

TeJihCTB npHHIJ;HIIHaJibHO Ba:IKHhie cl>aKTbl TeOpHH ,n;BH:IKeHl!H IIJIOCKOCTH. 

u 

1) KoMn03HIJ;Heli oceBbIX CHMMeTpHli rrpe,n;cTaBnMo mo6oe ,ll;BH:JKeHHe 

IIJIOCKOCTH. 

2) BcHKOe ,n;BH2KeHHe rrepBoro po,n;a rrpe,n;cTaBHMO KOM11oaun;ueli ,n;Byx oce

BhlX CHMMeTpH.ii. 
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3) BcaKoe ,n;moKeHHe BToporo po,n;a ecTh Jm6o oceBaa CHMMeTp1rn, Jm6o 

KOMII03Hl:~rra Tpex OCCBbIX CIIMMeTpII:ii:. 

4) KoMII03IIJ:J;lI.H Tpex OCeBbIX ClIMMeTpIIH CCTb JilI60 oceBa.H CHMMCTpmr, 

Jm6o rrepeHOCHa.H ClIMMeTpmr. 

KJiaccmprrKau;mo ,n;BrrlKeHn:ii: rrJIOCKOCTII M01'KHO lIJIJIIDCTpnpoBaTb TaKo:ii: 

cxeMoii. 

,LI:BlDKEHlUI I1JIOCKOCTI1 

,!l,BIDKeHHH nepaoro po.n;a .n;auJKemrn aToporo po.n;a 

nepeHOChI IIOBOpOThI 
oceahie 

CHMMeTpHH 

nepeHOCHhle 

CHMMeTpHH 

n;eHTpa.JihHhie CHMMeTpHH 

§ 8. Pewenue aaaa'l(, c no.MOW/b'IO 

1W.Mn03U1.1iUU aeu;JtCe'ltUU 

3 a ,n; a 'I a 1. IIocTpOHTh illlTHyrOJihHHK A 1 A 2 A3 A 4 A 5 , ecJirr H3BCCTHhI 

cepe,n;HHhI P1, P2, P3 , P4, Ps ero CTOpoH AiA2, A2A3 , A 3 A4, A4A5 , A 5 A 1 

Puc. 51 

(prrc. 51 ). 
Pe Ille H He. PacCMOTplIM KOMII03H

n,nro f = ZP5 0 zp. 0 ZP, 0 ZP2 0 Zp, IISITH 

r:i;eHTpaJibHbIX CHMMeTprr:ii:. 0Ha SIBJI.HeTC.H 

r:i;eHTpaJihHOH CIIMMeTpneii (n. 7.1). 3aMe-

A5 'laeM, 'ITO f(Ai) =Ai, T. e. TO'IKa Ai -
r:i;ettTp noii CHMMeTpHII. Ero MOJKHO Haii:

TH, nocTpOHB o6pa3 M 5 npon3BOJihHo:ii: 

TO'IKII .NI npn KOMII03HI:i;HH f: M5 = f ( M). 
Tor,n;a Ai -cepe,n;1rna OTpe3Ka Jlv1M5 • ,Il;a

Jiee cTporrM A2 = Zp1 (A1), A 3 = Zp2 (A2), 
A 4 = Zp3 (A3 ), As= Zp4 (A4). 

3 a ,n; a 'I a 2. ~a nporr3BOJibHOH TO'IKH M onncaHHOii oKOJIO TpeyrOJib

HHKa ABC OKPJ1'KHOCTH nocTpoeHbI cnMMeTpH'IHbie e:ii: OTHOCHTeJii:.Ho np.H

MhIX BC, CA, AB cooTBeTCTBeHHO TO'IKH Mi, M2 , M3 • ,Il;oKa3aTh, 'ITO 
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TO'IKH M 1, M 2 , M 3 JieJKaT Ha o.u;Ho:ll: npHMo:ll:, npoxo.u;Hin;eu -qepe3 opTou;eHTp 

TpeyroJibHHKa ABC. 
p e ill e H He. 0Kpy2KHOCTH ctr' ctz, ct3, CHMMeTpH'IHbie onncaHHOH 0Kpy2K

HOCTH ct OTHOCHTeJibHO yKa3aHHblX np.SIMbIX (pnc.52), nepeceKalOTC.SI B opTO

u;eHTpe H TpeyroJibHHKa ABC (3a.u;a-qa 1.33). llo TeopeMe n. 7.4 ScA oS3 c = 
= R'bLBCA. TaK KaK aTOT noBopoT oTo6paJKaeT OKPY2KHOCTb ct1 Ha oKpy2K

HOCTb ctz H TO'IKY M1 Ha TO'IKY M2, TO B CHJIY pe3yJibTaTa 3a.u;a'IH 5 H3 § 6 
TO'IKH M 1, M 2 , H KOJIJIHHeapHbI. llo aHaJIOrH'IHOii: npH'IHHe KOJIJIHHeapHbI 

n TO'IKH M2, M 3 , H. Cne.u;oBaTeJibHO, Bee 'IeTbipe TO'IKH M1, M2 , M 3 , H 
Jie2KaT Ha O.LJ;HOH np.SIMOH. 

3 a .u; a -q a 3. Ha cTopoHax CA n CB TpeyroJihHHKa ABC BHe ero no

CTpoeHhI KBa.u;paThI CAMN n CBPQ c :a;eHTpaMH 0 1 n 0 2 • To'IKH D n 

F - cepe.u;nHbI OTpe3KOB MP n NQ cooTBeTCTBeHHO. ,ll;oKa3aTb, 'ITO Tpe

yroJibHHKH ABD n 0 10 2F np.SIMoyroJihHbie paBHo6e.u;peHHhie (pnc. 53). 

N 

ot1 

M 

PHc. 52 PHc. 53 

P e ID e H He. PacCMOTpHM KOMIT03HIJ;HIO noBopoTOB R9J!0 

o R9:0

• 0Ha 

npe.u;cTaBJI.SieT co6oii: ITOBOPOT Ha 180°' T. e . .SIBJI.SieTC.SI u;eHTpaJibHOH CHMMeT

pneii:, n OTo6pa2KaeT P Ha M. 3Ha'InT, :a;eHTpoM 3Toii CHMMeTpnn CJIY2KHT 

cepe.u;nHa D OTpe3Ka PM. Ilo TeopeMe o KOMIT03HD;HH .u;Byx noBopoTOB 

yrnbI DAB n DEA paBHbI nonoBnHaM yrnoB noBopoTOB, T. e. 45°, <reM 

n 3aKaH'IHBaeTC.SI .u;oKa3aTeJibCTBO .u;n.SI TpeyrOJihHHKa ABD. AHaJiorn<r

HO npoBO.u;HTC.SI .LJ;OKa3aTeJibCTBO .LJ;JI.SI TpeyroJibHHKa 01 02F c IIOMOI:a;bIO 

KOMil03HD;HH IlOBOpOTOB c n;eHTpaMH 01 H 02 Ha goo. 
3 a .u; a -q a 4. KoMrr03HIJ;H.SI '!eTb1pex noBopoToB c u;eHTpaMn A, B, C, D 

Ha goo eCTb T02K11,eCTBeHHOe npeo6pa3oBaHne. ,ll;oira3aTh, 'ITO oTpe3KH AC 
n BD paBHbl n neprreH.u;HKymrpHbI. 

p e ID e H He. PacCMOTpHM KOMII03Hll,HH R~00 0 R~00 = Rg00 
H Ri!]

0 
0 R9c::°° = 

= Rg
1
°0 

• llo ycJIOBHIO Rg3
1
°

0 

o Rb8°
0 

- T02K11,eCTBeHHoe npeo6pa30BaHue, 'ITO 
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B03MO:lKHO JIHIIlb npn 01 = 0. Ilo TeopeMe 0 KOMII03lll:J;HH ,n;Byx IIOBOpO

TOB £..0 AB = £..ABO = 45° n £..OC D = £..C DO = 45°. 0Tcro.n;a cJie.n;yeT, qTo 

R~00 (A)= B H R~00 ( C) = D. TaK KaK IIOBOpOTOM Ha 90° OTpe30K AC OTo6-

pa:iKaeTC.SI Ha OTpe3oK BD, TO 3TH oTpe3KH paBHbr H rrepneH,n;HKYJI.SipHbI. 

3a,n;aqa 5. Ha cTopoHax BC, CA, AB TpeyroJihHHKa ABC BHe (HJIH 

Bee BHYTPH) ero rrocTpoeHhI rrpaBHJihHble TpeyroJihHHKH BCA1, CAB1, 

Pnc. 54 

ABC1. ,II;oKa3aTb, qTo :a;eHTph1 01, 0 2 , 0 3 3THX 

TpeyrOJibHHKOB .SIBJI.SIIOTC.Sl BepIIIHHaMH rrpaBHJibHO

ro TpeyrOJibHHKa (pHC. 54). 
p e III e H H e. PacCMOTpHM KOMII03HD;HIO Tpex IIO

BOpOTOB R1200 
o R1200 

o R1200
• IIocJierroBaTeJibHbIM 03 01 02 ...... 

rrpHMeHeHHeM TeopeMbI o KOMII03HD;HH ,n;Byx rro-

BopoTOB (rr. 7.6) IIOJiyqaeM, qTo 3Ta KOMII03HD;H.Sl 

ecTb rrepeHoc, TaK KaK CJMMa yrJIOB IIOBOpOTa paB

Ha 360°. 3aMeqaeM, qTo rrpH 3TOH KOMII03HD;HH Toq

Ka A Herro,n;BH:lKHa. Ilo3TOMY rroJiyqeHHhIH rrepe

Hoc - TO:lK)l;eCTBeHHOe rrpeo6pa30BaHHe ( B rrpOTHB-

HOM CJiyqae rrepeHOC He HMeeT HeIIO,n;BH:lKHbIX TO

qeK). PaBeHCTBO R 1200 
o R 1200 0R1200 =E MO:lKHO rrperrcTaBHTb B Bnrre R 1200 

o 03 01 02 ...... ...... 01 

o R1200 = R- 1200 
HJIH R1200 

o R1200 = R2400
• Ilo rrocTpoeHHIO 11eHTpa 0 KOM-02 03 , 01 02 03 3 

no3HD;HH ,n;Byx noBopoToB yrJihI 0 30 20 1 H 02010 3 paBHbI noJIOBRHaM yrJIOB 

rroBopoToB, T. e. 60°. CJie,n;oBaTeJibHO, TpeyroJihHHK 0 1 0 20 3 rrpaBRJihHbIH. 

3aaa'l(,u 

1.122. Haii,rr,HTe KOMII03HIIRIO CHMMeTpnii OTHOCRTeJibHO ABYX rreprreH

,n;RKYJI.SipHbIX IIp.SIMbIX. 

1.123. ,lJ;OKa:lKHTe, qTo KOMIT03RD;He:ii: Tpex oceBbIX CHMMeTpn:ii, OCH KO

TOpblx nepeceKalOTC.SI B o,n;Hoii ToqKe (nJin napaJIJieJihHhl), .SIBJI.SieTc.SI oceBa.SI 

cnMMeTpH.SI. IIocTpO:iiTe ee ocb. 

1.124. Haii,n;nTe KOMil03RD;RIO qeTbipex CHMMeTpRH OTHOCHTeJibHO IlOCJie

,ll;OBaTeJibHO B3.SITblX BepIIIRH napaJIJieJiorpaMMa. 

1.125. ,II;aH TpeyroJibHRK ABC. Ilp.SIMhie l, m, p- cepe,n;nHHbie nep

neH,n;RKYJI.SipbI K oTpe3KaM BC, CA, AB cooTBeTCTBeHHO. IIocTpoiiTe ocn 

CHMMeTpn:ii, .SIBJI.SIIOI:a;HXC.SI KOMII03HD;H.SIMH oceBhIX CHMMeTpnii SP o Sm o S1, 

S1 0 Sp 0 Sm, Sm 0 S1 0 Sp. 
1.126. Ha:ii,n;nTe KOMIT03RD;HIO oceBhIX CHMMeTpnii OTHOCRTeJibHO rrp.SI

MbIX, co,n;ep:iKaID;HX 6ncceKTPRCbl ,n;aHHOrO TpeyrOJibHRKa. 

1.127. ,II;oKa:lKHTe, qTQ KOMII03RIIH.SI qeTbipex oceBbIX CHMMeTpn:ii, OCR KO

TOpbIX co,n;ep:iKaT IIOCJie,n;oBaTeJibHO 6HcceKTpHCbl yrJIOB qeTbipexyroJibHRKa 

o6I:a;ero BH,n;a, ecTh nepeaoc. 
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1.128. ,Ii,aH '!eThipexyrOJihHHK TaKOH, 'ITO KOMIT03HD;H5I 'leTbipex CHMMeT

pHH, OCH KOTOpbIX co,n;ep.LKaT noCJie,n;oBaTeJihHO ero CTOpOHhI, eCTh rrepeHOC. 

,Ii,oKa:lKHTe, 'ITO 3TOT '!eTbipexyrOJihHHK HBJIHeTC.H BIIHCaHHhIM B HeKOTopyIO 

OKPY:lKHOCTh. 

1.129. ,Ii,aH TpeyroJihHHK ABC. Hali,n;nTe KOMII03HD;HIO R~c o R~B o R~A, 
ecJIH OpHeHTan;HH yrJIOB IIOBOpOTOB rrpOTHBOIIOJIO:lKHa OpHeHTaD;HH Tpe

yroJibHHKa ABC. 
1.130. Ha cTopoHax BC, CA, AB TpeyroJihHHKa ABC BHe ero rro

CTpoeHhI rrpaBHJihHhie o,n;nHaKoBo opneHTHpoBaHHhre TpeyroJihHHKH BCAr, 
CAB1 , ABCr. ,Ii,oKaJKHTe, 'ITO KOMII03HD;HH rroBopoTOB c n;eHTpaMH A1, B 1, 

Cr na yrJihl 60° eCTh n;eHTpaJihHaH CHMMeTp1rn. Ha:ii,n;uTe ee n;eHTp. 

1.131. Ha CTOpoHax '!eTbipexyroJihHHKa BHe ero IIOCTpOeHhI KBa,n;paThI. 

,Ii,OKa:lKHTe, 'ITO n;enTpbl 3THX KBa,n;paTOB HBJIHIOTCH BepmnHaMH 'leTbipex

yrOJibHHKa, y KOTOporo ,n;naroHaJIH paBHhI H rreprreH,D;HKJJIHpHbI. 

1.132. Ha cTopoHax TpeyroJihHHKa BHe ero nocTpoeHhI KBa,n;paThI. ,II,o

Ka:lKHTe, 'ITO paCCTOHHHe MeJK,D;Y n;eHTpaMH ,D;BYX KBa,n;paTOB paBHO paccTo

HHHIO OT n;eHTpa TpeThero KBa,D;paTa ,n;o npoTHBOIIOJIO:lKHOH eMy BepmHHbl 

,n;aHHoro TpeyroJihHHKa. 

1.133. Ha cTopoHax AC H BC TpeyroJihHHKa ABC BHe ero rrocTpoeHbI 

irrpaBHJihHhie TpeyroJihHHKH ACP H BCQ. Ha:ii,n;nTe yrJihl TpeyroJihHHKa, y 

'· KOToporo BepmnHhI coBrra,n;aroT c cepe,n;nHoii: M cTopoHhI AB, TO'IKOii: P n 

1n;eHTpOM 0 TpeyrOJihHHKa BCQ. 
1.134. IlepeHOCHaH CHMMeTpH.Si sa,n;aHa rrapoii: COOTBeTCTBeHHbIX TO'!eK H 

BeKTOpOM rrepeHOCa. IlocTpOii:Te o6pas rrpOH3BOJibHOH TO'IKH. 

1.135. Ilpe,n;cTaBbTe rrepeHOCHJIO CHMMeTpHIO KOMII03HD;Heii: n;eHTpaJib

HOH H oceBOH CHMMeTpHH. 

1.136. ,Ii,aHbI ,D;Be paBHhie OKPJ:lKHOCTH. ,Ii,oKa:lKHTe, 'ITO OCH Bcex rrepe

HOCHhIX CHMMeTpHii:, OT06pa.LKaIOrn;Hx O,D;HY OKPY:lKHOCTb Ha ,n;pyryro, rrepe

ceKalOTCH B 0,D;HOH TO'!Ke. 

1.137. ,Il,aHbI ,D;Be paBHhie OKpy:lKHOCTH r::J. H p H Ha HHX COOTBeTCTBeHHO 

no TO'!Ke A H B. KaKHMH rrepeHOCHhIMH CHMMeTpHHMH MOJKHO OTo6pasHTh 

r::i. Hap, 'IT06hl rrpn 3TOM A---+ B? 
1.138. TpeyrOJihHHKH ABC H A1B 1Cr paBHhI H rrpoTHBOIIOJIOJKHO opn

eHTnpoBaHhI. ,Il,oKaJKHTe, 'ITO cepe,n;HHhI OTpe3KOB AA1 , BB1 , CC1 KOJIJIH

HeapHhI. 

1.139. ,Ii,aHbI ,D;Ba paBHbIX rrpOTHBOilOJIO:lKHO OpHeHTHpOBaHHhIX rrpaBHJih

HhlX TpeyroJihHHKa ABC n A 1BrC1. ,Ii,oKaJKHTe, 'ITO ocn Tpex rrepeHoCHhIX 

CHMMeTpHii, KaJK,D;aH H3 KOTOpbIX OT06pa.LKaeT O,D;HH TpeyroJihHHK Ha ,n;py

roii, rrepeceKaIOTC.H B 0,D;HOH TO'!Ke. 

1.140. ,Ii,aHhI ,n;Ba paBHhIX oTpe3Ka AB n A1B 1. 0,D;Ha rrepeHocHaH 

CHMMeTpHH OTo6pa.LKaeT A Ha A1 H B Ha B1 , ,n;pyrag -A Ha Br H B 
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Ha A1• ,IJ;oKa)KHTe, qTo ocn 3Tllx nepeHOCHbIX CHMMeTpnli nepneH,D;HKY

mipHbI. 

1.141. KaKnM npeo6pa3oBaHneM .srnm.ceTcH KOMno3nn;na nepeHOCHOH 

CHMMeTpHH H n;eHTpaJibHOH CllMMeTpnn, ecmi n;eHTp CHMMeTpHH JimKllT Ha 

OCH nepeHOCHOH CHMMeTpnn? 

1.142. KaKnM .n;mnKeHneM 51BJIHeTcH KOMTI03nn;na ,n;Byx nepeHOCHbIX cnM

MeTpnli, KaJK,ll;aH H3 KOTOpbIX oTo6pa)l{aeT OTpe3oK AB Ha OTpe3oK A 1B1? 

1.143. ,IJ;aH napa;menorpaMM ABCD, y KOToporo LA= 45°. Hali,n;nTe 

W DA wcD WBC WAB 
,LJ;BH:/KeHne (DA) 0 (CD) 0 (BC) 0 (AB)• 

1.144. B OKpy:IKHOCTb BnncaH qeTbipexyroJihHHK ABCD, .n;naroHaJill KO

Toporo neprreHAHKYJIHpHbI n rrepeceKaIOTCH B ToqKe M. ToqKn P n Q -
cepe.n;nHhI cTopoH AB n CD. ,IJ;oKa:IKHTe, qTO KOMTI03ll:a;HH Zq o ZM o Zp 
OT06pa:1KaeT .n;aHHYIO oKpy)l{HOCTb Ha ce6a. 

1.145. B )J,aHHYIO OKpy)l{HOCTb BilllIIIHTe TIHTHyrOJihHHK, CTOpOHbI KOTO

poro COOTBeTCTBeHHO napaJIJieJibHbI CTOpOHaM ,n;aHHOrO IlRTHyrOJibHHKa. 

§ 9. Koopau'l-Wm'H'bte rfiop.MyA'bt 

aeu;HCe'HUU nAOC'X',OCmU 

IlyCTb 3a)J,aHO )J,Bll:IKeHne f ll npHMoyroJibHaH ,n;eKapTOBa CllCTeMa KO

op,n;nHaT Oxy c 6a3HCHhIMll BeKTOpaMn z,]. Ecnn f(M) = M' n Toqxn M 
ll M' HMeIOT B 3TOH CllCTeMe COOTBeTCTBeHHO KOOp,LJ;HHaTbI (x, y) ll (x', y'), 
TO llCKOMbie <PopMyJlbI ,ll;Bll)l{eHHH )J,OJI)l{Hbl Bbipa)l{aTb x'' y' qepe3 x, y ll 

BeJinqnHbI, KOTOpbIMll 3a)J,aHO ,ll;Bll)l{eHne f. 
9.1. tJlopMyJihl nepeHOCa H D;CHTpRJlhHOH CHMMeTpHH. IlycTb r(a, b) -

BeKTop rrepeHoca. ECJJn M(x, y)-t M'(x', y'), TO no onpe.n;eneHnIO rrepeHoca 

MM' = r, T. e. x' - x = a n y' - y = b. TaKHM o6pa3oM, <l>opMynaMn 

x' = x + a, y' = y + b (9.1) 

3aTIHCbIBaeTC51 nepeHOC IlJlOCKOCTll Ha BeKTOp f(a, b). 
Benn S(x0 , y0)-n;eHTp cnMMeTpnn Zs n npn 3TO.Il CHMMeTpnn 

M(x, y)---; lvf'(x', y'), TO ~(x' + x) = x 0 , ~(y' + y) = y0 , OTKy)J,a nonyqaeM 

HCKOMbie <PopMyJJhI ,D;JIH Zs: 

x' = 2x0 - x, y' = 2yo - y. (9.2) 

9.2. tllopMyJihl IIOBOpora. Ecnn n;eHTp IIOBOpoTa COBrra.n;aeT c Ha'JaJIOM 0 
CllCTeMbI KOOp,LJ;HHaT, a yroJI ( opneHTllpOBaHHbIH) IIOBOpOTa paBeH <p, TO BbI

pa3HM Koop,n;nHaTbI x', y' o6pa3a M' TO'IKH M(x, y) qepe3 ee KOOPAHIIaThI 

x, y n yron cp. 06o3Ha'InM opneHTnpoBaHHbIH yron Me)l{.n;y OChIO Ox n BeK-
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TopoM OM -qepe3 a. (pHc.55), a ,IT,JIHHY BeKTopa OM --qepe3 r. Tor,n;a no 

onpe,n;eneHHIO KOCHHyca H CHHyca x = r cos a., y = r sin a.. TaK KaK ,D;JIHHa 

BeKTOpa OM' paBHa r, a yron Me)K,lzy OCbIO Ox H 3THM 

BeKTOpOM paBeH CJ.+ cp, TO TIO 3THM JKe cpopMyJiaM HMe-

x'=rcos(a.+qi), y'=rsin(a+cp). 

x' = r cos a cos cp - r sin i:x sin qi, 

y' = r sin a. cos cp + r cos ex sin qi. 

y M' 

M 

x 

Puc. 55 

3aMeHJIB r cos ex H r sin CJ. COOTBeTCTBeHHO Ha x H y' nony-qaeM OKOH'laTeJib

Hbie cpopMJJibl IIOBopoTa OKOJIO Ha'laJia 0 Ha yroJI qi: 

x' = xcosqi -ysincp, 

y' = x sin qi + y cos <p. 

B -qacTHOCTH, npH <p = 90° HMeeM x' = -y, y' = x. 

(9.3) 

9.3. cpopMyJlhl oceBOH CHMMeTpHH. IlyCTb npH CHMMeTpHH OTHOCHTeJib

HO npHMoii: ax+by+c=O TO'!Ka M(x, y) oTo6paJKaeTcH B TO'IKY M'(x', y'). 
Bb1pa3HM x', y' 'Iepe3 x, y H a, b, c. TaK KaK cepe,n;nHa OTpe3Ka MM' HMeeT 

x+x' y+y' 
KOop,n;nRaTbl -2-' -2- H JieJKHT Ha OCH CHMMeTpHH, TO 

~a(x + x') + ~b(y + y') + c = 0. 

B CHJIY Toro, 'ITO BeKTop M' M nepneH,D;HKy;rnpeu OCH CHMMeTpHn, T. e. 

nepneu.n;nKJJIHpeH BeKTopy p(-b, a), nony-qaeM: 

-b(x - x') + a(y - y') = 0. 

PaccMO'rpHM CHCTeMy nony'leHHbIX ypaBHeHHii: OTHOCH'reJibHO x', y'. 3anH

meM ee TaK: 

13- 5545 

{ 
ax' + by' = -ax - by - 2c, 

bx' - ay' =bx - ay. 

{ 

x' = x - a2 ~ b2 (ax+ by+ c), 

y'=y- 22bb2(ax+by+c). 
a + 
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B '!aCTHOCTH, ecJIH ocb CHMMeTpHH HMeeT ypaBHeHHe y = kx, TO ¢opMyJihI 
(9.4) CTaHOB.HTC.H TaKHMH: 

{ 

x' = 1: k 2 ((1 - k 2 )x + 2ky), 

y' = 1 : k 2 (2kx - (1 - k 2 )y). 

Ilpn k = 1 6y,n;eT x' = y, y' = x. 

(9.5) 

9.4. «l>opMyJlhl ,n;BIDKemrli I H II po,n;a. JierKo BH,Zl;eTh, 'ITO BC.HKoe 

,n;BmKeHHe nepBoro po,n;a npe,n;cTaBHMO KOMII03Hl\Heli IIOBOpOTa Ha onpe

,n;eJieHHbIH yroJI OKOJIO IIpOH3BOJibHOH TO'IKH H HeKOTOporo onpe,n;eJieHHOro 

nepeHoca. B caMoM ,n;eJie, ,ll;BH2KeHHe nepBoro po,n;a 3a,n;aeTC.H napoli paBHhrx 

TpeyroJihHHKOB o,n;Holi opneHTaIJ;HH: ABC--+ A' B'C' (n.1.3). CHa'!aJia Tpe

yroJihHHK ABC IIOBepHeM OKOJIO npoH3BOJihHOH TO'IKH 0 Ha TaKoli yroJI cp, 
'IT06hr cooTBeTCTBeHHhie cTopoHhI noJiy'leHHOro TpeyroJihHHKa A 1B1C1 H 

TpeyroJihHHKa A' B' C' OKa3aJIHCh napaJIJieJihHhIMH. Tor,n;a TpeyroJihHHK 

A1B1C1 oTo6pa3HTC.H Ha TpeyroJihHHK A'B'C' BllOJIHe onpe,n;eJieHHhIM ne

peHOCOM Ha BeKTop A 1 A'. 
IloBopoT 3anumeM ¢opMyJiaMH: 

a nepeHoc - ¢opMyJiaMH: 

x 1 = xcoscp - ysincp, 

Y1 = x sin cp + y cos cp, 

x' = X1 + a, y' = Y1 + b. 

IIo,n;cTaHOBKOli noJiyqaeM HCKOMhre ¢opMyJihI ,n;BH2KeHHH nepBoro po,n;a: 

x' = xcoscp -ysincp +a, 

y = x sin cp + y cos cp + b. 
(9.6) 

IIepexo,n;uM K BhIBO,n;y ¢opMyJI ,ll;BH2KCHHH BToporo po,n;a. I1cnoJih3Y.H ero 

KOHCTPYKTHBHOe 3a,n;aHHe napoli paBHbIX TpeyrOJibHHKOB npOTHBOITOJIO)l{

HOH OpHeHTaIJ;HH, JICrKO y6e)l{,ll;aeMC.H, 'ITO BC.HKOe ,n;BH2KCHHe BTOporo po,n;a 

npe,n;cTaBHMO KOMII03HIJ;HCH OCCBOH CHMMeTpHH c Hanepe,n; 3a,n;aHHOH OChIO H 

onpe,n;eJieHHOro ,n;BH2KeHH.H nepBoro po,n;a. B Ka'lCCTBe OCH CHMMCTpHH B03h

MeM ocb Ox np.aMoyroJihHOH ,n;eKapTOBoli cucTeMhl Koop,n;HHaT. 9Ta oceBaH 

CHMMeTpHl'I HMCCT npOCTbie ¢opMyJihl: 

X1 = x, Y1 = -y (M(x, y)--+ M1(x1, yi)). 

EcJIH npu ,n;BIDKeHHH nepBoro po,n;a M1(x1, y1)--+ M'(x', y'), TO 

x' = x1 coscp - y1 sincp +a, 

y' = X1 sincp + Y1 coscp + b. 
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Ilo,n;cTaHOBKOH noJiyqaeM HCKOMhle cpopMyJihI ,D;BmKeHH:li: BTOporo po,n;a: 

x' = x cos cp + y sin cp + a, 

y' = x sin cp - y cos cp + b. 
(9.7) 

9.5. PemeHHe 3~aq c HCTIOJib30BaHHeM Koop~aTHhIX <J>opMyJI ,n;BIDKe

mrli. 
3 a ,n; a 'I a 1. l.Jepe3 I1eHTp npaBHJihHoro TpeyroJibHRKa npoBe,n;eHa npo

H3BOJibHa.a np51Ma.a. ,ll;OKa3aTb, 'ITO CYMMa KBa,n;paTOB paCCT051HHH OT Bep

illHH TpeyroJihHRKa ,n;o 3TOH np51MOH He 3aBRCHT OT Bhl6opa npaMOH. 

Pe ill e H n e. CncTeMy Koop,n;nHaT Bhr6epeM TaK, 'IT06br B3aTa51 npaMa51 

cOBna.rra c OChIO Ox (pnc. 56). 
IlycTh BepillHHa A npaBHJihHoro TpeyroJihHHKa ABC HMeeT Koop,n;n

HaThI a, ~- Op,n;nHaTy y8 BepillHHhI B Haii,n;eM no cpopMyJiaM (9.3) rrp:H 

J3 1 cp = L.AOB = 120°: y8 = 2 a - 2 ~. AHaJiorH'lRO 

J3 1 
np:H cp = -120° noJiy'laeM Ye= -2a - 2~· To-

yB 

r.n;a Tpe6yeMaa CYMMa KBa,n;paTOB 6y,n;eT paBRa 
1 rr; 1 rr; 

Y~ +y1 +y~ =P2 + 4(av 3-p)2 + 4 (-av 3-~) 2 = 
3 3 

= 2(a2 +p2
) = 2R

2
, r.n;e R-pa.n;nyc OKPY:>KHOCTH, c~--+..!!..._=:::~ 

on:HcaHHOii OKOJIO TpeyroJlbHHKa ABC. 9Ta cyM- A 

Ma He 3aBHCHT OT Bhl6opa npaMOH. 

3 a .n; a 'I a 2. HanncaTb cpopMyJihI noBopoTa 

OKOJIO TO'IKH C(x0 , y0 ) Ha yroJI <p. 

PHc. 56 

x 

Pe ill e H n e. IlocKOJihKY noBopoT R"f:: ecTh ,ll;BH:>KeHne nepBoro po.n;a, TO 

OH ,ll;OJI:>KeH HMeTh cpopMyJihl BH,ll;a (9.6): 

x' = x cos cp - y sin cp + a, y' = x sin cp + y cos cp + b. 

OcTaJIOCh aaiiTH napaMeTphI an b. TaK KaK C(x0 , y0 )----. C(x0 , y0 ), TO 

x0 = Xo cos cp - Yo sin cp + a, Yo = Xo sin cp + Yo cos cp + b. 

Bh1pa3HM oTcro.n;a a n b n no,n;cTaBnM B npe,ll;hl.n;yIIIHe cpopMyJihl. B pe3yJih

TaTe HMeeM: 
x' = (x - x0 ) coscp - (y - Yo) sincp + x0 , 

y' = (x - x0 ) sincp + (y - Yo) coscp +Yo· 

9To n ecTh HCKOMbre cpopMyJihl noBopoTa R"f::. 
3 a .n; a q a 3. HaiiTn ypaBHeHne 06pa3a npaMoii Ax + By + C = 0 npn 

CHMMeTpHH OTHOCHTeJibHO npaMOH ax+ by+ c = 0. 
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p em e H He. 9Ta CHMMeTpHSI 3a,n;aeTCll ¢opMyJiaMH (9.4). 06paTHOe 

npeo6pa3oBaHHe - 3TO Ta JKe CHMMeTpHSI. Il03TOMY 

/ 2a ( I b I ) I 2b ( I b I ) x = x - a2 + b2 ax + y + c ' y = y - a2 + b2 ax + y + c . 

-YpaBHeRHe o6pa3a rrpaMoii Ax+ By+ C = 0 rroJiy<J:aeTCSI no,n;cTaHOBKoii B 

3To ypaBHeHIIe BMecTo x, y rrpe,ll;hr,n;yrn;Hx Bhipa:iKeaH:ii. IIocJie ynporn;eHH:ii 

noJiy<J:aeM HCKoMoe ypaBHeHHe o6pa3a npSIMO:ii Ax+ By+ C = 0 rrpH CHM

MeTpHH c OCbIO ax + by + c = 0: 

(a 2 + b2 )(Ax +By+ C) = 2(aA + bB)(ax +by+ c). 

lllTpHXH y nepeMeHHhlX x'' y' OT6pomeHhl. 

3 a ,n; a 'I a 4. HanncaTb ypaBHeHHSI npSIMhrx, Ha KOTophIX Jie:iKaT CTO

pOHhI TpeyroJibHHKa ABC, ecJIH H3BeCTHhI ypaBHeHHSI x + 2y - 13 = 0 H 

x - y - 5 = 0 npSIMbIX l H m, co,n;ep:iKalli;HX ,n;ae ero 6ncceKTpHChI, H KOOp,n;H

HaTbl BepmHHhr A(7, 8). 
Pe me H He. IlpoBepSieM, 'ITO BepmnHa A He npHHa,n;JieJKHT ,n;aHHhIM 6Hc

ceKTpncaM. IlycTb BepmnHa B JieJKHT aa npSIMO:ii l, a BepmHHa C - Ha npSI

MO:ii m. TaK KaK npSIMaSI l - ocb CHMMeTpHH npSIMhIX AB HBC, TO TO'!Ka A', 
CHMMeTpH'!HaSI A OTHOCHTeJibHO l, npHHa,n;Jie:iKHT npaMoii BC. Ilo aHaJio

rH'lHOii npH'IHHe TO'!Ka Ai, CHMMeTpH'!HaSI A OTHOCHTeJibHO m, npHHa,n;Jie

)KHT npSIMo:ii BC. CJie,n;oBaTeJihHO, ypaBHeune np51Mo:ii MOJKHO cocTaBHTh no 

KOOp,n;HHaTaM ,n;Byx ee TO'leK Ai HA', KOTOpbre Haxo,n;HM no ¢opMyJiaM (9.4): 
Ai(13, 2), A'(3, 0). Haxo,n;nM ypaBHeHHe npaMo:ii BC: x - 5y - 3 = 0. ,II,a

Jiee, Ha OCHOBaHHH pe3yJihTaTa npe,ll;hr,n;yrn;en 3a,n;a'IH 3 Haxo,n;HM ypaBHeHHSI 

npSIMhIX AB H AC: 23x + lly - 249 = 0 H 5x - y - 27 = 0. 

3aaa'l(,u 

1.146. ,Il,OKa:lKHTe, 'ITO ¢opMyJiaMH 3a.n;aaa oceBaSI CHMMeTpHSI, H Haii-

' 1 y'3 I y'3 I 
,n;HTe ypaBHeHJie ee OCH: x = 2x + 2Y, y = 2x - 2Y· 

1.147. KaKne ,n;BH:iKeHHa 3a,n;aHhl ¢opMyJiaMH? 

{ 

x' = ~(x - Vsy), { x' = -~(x + Vsy), 
a) I 6) I 

y' = 2( v'3x + y); y' = 2( v'3x - y); 

{ 

x' = ~(-x + Vsy), 
B) 1 

y' = - 2 ( v'3x + y); { 

x' = -~(x + Vsy), 
r) 1 

y' = 2(-v'3x + y). 

1.148. Haii,n;nTe ¢opMyJihI ,ll;BH)KeHHii nepBoro H BToporo po,n;a, KaJK,n;oe 

H3 KOTOphrx TO'IKH A(l, 1) H B(3, -2) oTo6pa:iKaeT cooTBeTCTBeHHo Ha To'l

KH Ai(4, 2) H Bi(l, 4). 
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1.149. )J;o.rraJKnTe, 'ITO rrpHMhre Ax + By + C = 0 n Bx + Ay + C = 0 
CllMMeTpM'lHhI OTHOCHTeJibHO rrpRMOH y = x. 

1.150. Hail:,n;HTe ¢opMyJibI rrepeHocHoil: CHMMeTpMM c OCblO ax+ by+ c = 0 
H BeKTOpOM f(-b, a). 

1.151. Hail:,n;nTe ypaBHeHne o6pa3a rrpRMOil: Ax+ By+ C = 0 rrpn rreH

TpaJibHOH CHMMeTpnn c rreHTpOM S(xo, Yo)· 
1.152. ,11,0KaJKnTe, 'ITO o6pa3 rrpHMOH Ax+ By+ C = 0 rrpn rroBopoTe 

OKOJIO TO'IKH S(x0 , Yo) Ha yroJI cp HMeeT ypaBHeHne: 

(x - x0 )(Acoscp - B sin <p) + (y-y0 )(Asin<p + B cos <p) + Ax0 + By0 + C =0. 

1.153. 0KOJIO OKPYJKHOCTn orrncaH KBa,n;paT ABC D n rrpoBe,n;eHa rrpo

H3BOJibHaH KaCaTeJihHaR. Ifa BepmnH KBa,n;paTa orrym;eHbI nepneH,n;HKJJIHpbI 

AA1 , BB1 , CC1, DD1 Ha 3TY KacaTeJibHyro. ~OKa)KHTe, 'ITO 

1.154. qepe3 BepmnHy C rrpRMoro yrJia rrpHMoyroJibHOro paBHo6e,n;

peHHoro TpeyroJibHHKa ABC rrpoBe,n;eHa rrpon3BOJibHaH rrpHMaH l H qepe3 

BepmnHbI A n B rrpoBe,n;eab1 napaJIJieJibHbie rrpRMbre, rrepece.rrarom;ne rrpR

Myro l cooTBeTCTBeHHO B TO'IKaX A1 n B 1. AoKa)KIITe, 'ITO cyMMa CAi + CBi 
3aBHCIIT TOJibKO OT yrJra Me)K,ll;Y rrpRMbIMH l n AA 1 (,n;;rn ,n;aHHoro TpeyrOJib

HHKa ABC). 

§ 10. Ko.M6unupoem-me .MemoiJa npeo6paaoeanuu u 
ee'l\,mopno20 .MemoiJa pew,ettU.ff, aada11J, 

10.1. ,-UBn:>Kem1e BeKTopa. B mKOJibHOM Kypce reoMeTpIIII BeKTOp orrpe

,n;eJIReTCR yrrpom;eHHO KaK HarrpaBJieHHbIH 0Tpe30K. Il03TOMY BBO,n;HTCH rro

HHTHe paBHbIX BeKTOpOB KaK paBHhIX n o,n;nHaKOBO HarrpaBJieHHbIX ( COHa

rrpaBJieHHbIX) 0Tpe3KOB. 0,n;HaKO B MaTeMaTIIKe rro,n; BeKTOpOM IIOHHMalOT 

MHO:lKeCTBO Bcex paBHbIX COHarrpaBJieHHbIX 0Tpe3KOB, Ka:JK,n;bIH II3 KOTOpbIX 

n 3a,n;aeT 3TOT BeKTop. Tor,n;a rroHRTIIe paBHbIX BeKTopoB cTaHOBHTCR HeHy:JK

HbIM, IIOCKOJihKY «paBHble BeKTOpbI» - 3TO O,ll;HH II TOT :JKe BeKTOp, 3a,n;aH

HbIH pa3HbIMH HarrpaBJieHHbIMH OTpe3KaMH. IlycTb f - HeKOTopoe ,n;BH:JKe

Hne II /(A)= A1, f(B) = B1• ~II:JKeHIIe f oTo6pa:iKaeT oTpe30K AB Ha 

paBHhiii eMy oTpe30K A 1 B 1 , HO yJKe, Boo6m;e roBopH, ,n;pyroro HarrpaBJieHII5I. 

roBOp5IT, 'ITO BeKTOp f1 = AiB1 eCTb o6pa3 eei.mopa f =AB npu aeuatee
'1-tUU f. TaKoe orrpe,n;eJieHIIe IIOH5ITII5I aeuatee'HUJ/, eei.mopa KOppeKTHO, Ta:K 

KaK He 3aBIICHT OT Bhr6opa HarrpaBJieHHOro oTpe3Ka AB, 3a,n;arom;ero BeK

Top f: BC5IKOe ,ll;BII:lKeHIIe rrepeBO,n;HT paBHhie COHarrpaBJieHHhie 0Tpe3KH B 
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paBHbie conarrpaBJieHHhie OTpe3KH. Mo)frno roBOpMTh o noGopome Genmopa 

(pHC. 57), 06 OCe60U CUMMempUU BeKTOpa (pHC. 58) H T.,11.. 

BBe,n;eHHe rrOHXTHa ,D;BH)f(eHH51 BeKTopa ,n;aeT B03MO)f(HOCTh HCITOJih30-

BaTb BeKTOpHbill MeTo,n; H MeT0,11. rrpeo6pa3oBaHHll B IIX B3aHMHOH CB513H, 

'ITO cym;eCTBeHHO lIOBbimaeT a<P<PeKTHBHOCTb Ka)K,ll;Oro II3 3THX MeTO,ll;OB. 

B 'laCTHOCTH, KaK 6y,n;eT rroKa3aHo HH:lKe, rrpn pemeHHH 3a,n;a<r o'leHb 3cP

<PeKTIIBHO IIClIOJlb3yeTC5l lIOBOpOT BeKTOpa. 

PHc. 57 

!.,,-?B Ar I 
I!~ 
I ~ I 

I I 

: I I : 
I - 1----...)1 

Ai~1 ; 
---.!, B1 

PHc. 58 

PaccMoTpHM ,n;Ba CBOHCTBa ,n;BM)f(eHnli BeKTopa. 

CBoiicTBO 1. Ilpu a6u:>1eettuu o6pa3 aenmopa, Jl.6JtJl.10W,eWCJl. JtUHeUttOU 

-x:oM6uttav,ueu aatttt'b/,X aenmopoa, ecm'b ae'/Cmop, npeacma6.itR10w,uu co6ou 

my :>lee /tUHeutty10 'ICOM6U1-tat1,U10 o6pa306 OaHH'blX 6e'/CmOp06: 

f(xa + yb + zc) = xf(a) + yf(b) + zf(c). 

,Ll.Jia ,ll.OKa3aTeJibCTBa ,n;ocTaTO'lHO y6e,n;HTbC51 B HCTHHHOCTH ,n;Byx pa

BeHCTB f(a + b) = f(a) + f(b) n f(xa) = xf (a). A oHn o<reBII,ZJ;HbI. )J;elicTBH

TeJihHO, rrepBoe H3 HHX YTBep)K,ll;aeT, 'ITO pe3yJibTaT He 3aBHCHT OT rropa,n;Ka 

BbIUOJIHeHH.H onepa~ii: cnoJKeHns:i: BeKTopoB n ,n;BH)f(eHns:i: BeKTopoB. BTopoe 

paBeHCTBO rOBOpHT 0 TOM, 'ITO pe3yJibTaT He 3aBHCHT OT nopa,n;Ka BbllIOJIHe

HH51 YMHO:lKeHH51 BeKTopa Ha 'IHCJIO H ,ll;BH)f(eHmr BeKTOpa. 

CBOHCTBO 2. Be?Cmop, Jl,6/tJl.'IOW,UUCJl, o6pa30M aaHH.020 aenmopa npu no

aopome, tte saaucum om v,e1-tmpa noaopoma. 

IlycTh ,n;aH BeKTop f n R'A(f) =i\, R'1(f) =f2.TaK KaK lr1I = jfj n lr2I = /rl, 
TO /f1 I= jf2/. KpoMe Toro, L.(f, fi) =CL n L.(f, f2) =CL, noaTOMY BeKTOpbI f 1 

H f2 COHarrpaBJieHbI. 3Ha'IIIT, f1 = f2. 

10.2. PemeBHe 3a,zi;aq c noMo~ro rroBopo:ra BeK:ropa. 
3 a ,n; a q a 1. ,Il;aHbI npaBHJibHhie 0,n;HHaKOBO opneHTHpOBaHHbie Tpe

yrOJibHHKH OAB, OCD, OEF. ,Il;oKa3aTb, 'ITO cepe,n;HHbI M, N, P cooT

BeTCTBeHHO OTpe3KOB BC, DE, AF .HBJIHIOTCH BepmnHaMII rrpaBHJihHOro 

TpeyrOJibHHKa. 

Pe me H He. I.fa 'leTbipexyroJihHHKa BEDC Haxo,n;HM: 

MN= ~(CD+ BE)= ~(CD+ OE- OB) 
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(pnc. 59). BhIIIOJIHHM rroBopoT 3THX BeKTOpOB Ha -60°, rroMIDI, 'ITO OH He 

3aBHCHT OT n;eHTpa rroBopoTa: CD-+ 0 D, 0 E-+ FE, 0 B-+ 0 A. Ha ocHoBa

HHH CBOHCTBa 1 o6pa30M BeKTOpa MN 6y,n;eT 
1- - - 1- -

BeKTop z.(OD +FE - OA) = 2(AD +FE)= E 

= P N. 0Tc10,n;a n cJie,n;yeT, 'ITO TpeyroJihHHK 

MN P rrpaBHJibHbIH. 

3a,n;aqa 2. Ha cTopoHax AB, BC, CA 
TpeyroJihHHKa ABC BHe ero rrocTpoeHhI paB- F c<----"---"*-._ \ 

HOCTopomme TpeyroJibHHKH ABC1 , BCA1 , 

CAB 1 . .IJ:oKa3aTb, 'ITO n;eHTpbr 3THX TpeyroJib

HHKOB HBJISIIOTCH BepIIIHHaMH paBHOCTOpOHHero 

c 

TpeyrOJibHHKa. B 
p e III e H He. IlyCTb 01, 02, 03 - n;eHTpbl 

TpeyroJihRHKOB BCA1 , CAB1 , ABC1 cooTBeT

cTBeHHO (pnc. 54). IlOJib3YHCb cpopMyJioii: ll,Jrn 

PHC. 59 

- 1- - -
BeKTOpa n;eHTpon,n;a TpeyrOJihHHKa, Haxo,n;nM: 0 1 0 2 = 3 (Ai A+ BB 1 +CC) = 
1-- -- -- 1- -- --

= 3(A 1A+BBi) H aHanOrH'IHO 0 30 1 = 3(AA1 + C1C). Ilpe,n;cTaBHM A 1 A= 

= A 1 B +BA. Ilpn rroBopoTe BeKTopoB A 1 B n BA Ha 120° noeyqaeM co

OTBeTCTBeHHO BeKTOpb1 BC n C1B. 3Ha'IHT, 3THM noBopoToM BeKTOp A 1 A 
oTo6paJKaeTcz Ha BeKTop BC+ C1 B = 
=BC - BC1 = C1C. AHanorH'IHO ,n;oKa-

3bIBaeTcz, "!'ITO BB1 -+ AA1 H II03TOMY 
- 1- -

BeKTOp 0102 = 3(A1A + BB1 ) oTo6pa-

1 - -
JKaeTC.H Ha BeKTOp 3(C1C + AA1) = 

= 0 30 1, 'IeM H 3aKaH'IHBaeTc.a pemeHne. 

3 a ,n; a q a 3. Ha cTopoHax 'ieTbipex

yroJihHHKa BHe ero IIOCTpOeHbI KBa,n;pa

TbI. .IJ:oKa3aTb, 'ITO :a;eHTpbI 3THX KBa,n;

paTOB .HBJI.HIOTC.a BepmnHaMH qeTbipex

yroJibHHKa, y KOToporo ,n;naroHaJIH paB

HhI H rreprreH,n;HKYJI.HpHbl. 

PHc. 60 
PemeHne. IlycTh 01, 0 2, 0 3, 04-

n;eHTphI 1rna,n;paTOB, IIOCTpOeHHbIX Ha 

cTopoHax AB, BC, CD, DA cooTBeT

CTBeHHO qeTbipexyroJihHHKa ABCD, opneHTnpoBaHHOro rroJI01KHTeJihHO, H 

M, N, P, Q-cepe,n;HHhl 3THX cTopoH (pnc.60). Tor,n;a 
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-- -- 1- 1- -
BhirrOJIHHM noBopoT BeKTopoB Ha go0

: 0 1M......,. MA= 2BA, 2AD......,. Q04 , 

1- -- -- 1- --2BC......,. 0 2N, P03 ......,. 
2

cD. CJie,n;oBaTeJibHO, BeKTOp 0 10 3 OTo6pa:>KaeTc.H 

Ha BeKTOp 

1- - -- 1- 1 - - -- --
2BA + Q04 + 02N + 2cD = 2(BA +CD)+ Q04 + 0 2N = 

= NQ + Q04 + 02N = N04 - N02 = 0204. 

3HaqnT, 0103 J_ 0204HJ0103J=102041. 

3aaa'4.u 
1.155. Ha CTOpoHax AB H BC TpeyroJihHHKa ABC BHe ero nocTpoeHbI 

KBa,n;paTbI ABM NH BCPQ. ,Il;oKa)J{nTe, 'ITO oTpe3oK MQ B,n;Boe 6oJihme 
Me,n;naHbI BE TpeyroJihHHKa ABC n nepneH,n;HKymi:peH eii:. 

1.156. Ha cTopoHax napaJIJieJiorpaMMa BHe ero nocTpoeHbI KBa,n;paTbI. 
,Il;o:KaJKHTe, 'ITO u;eHTpbI 3THX KBa,n;paTOB HBJIHIOTCH BepmnHaMH KBa,n;paTa. 

1.157. Ha cTopoHax AB HBC TpeyroJibHHKa ABC BHe ero nocTpoeHbI 
npaBHJihHhie TpeyroJibHHKH ABC1 H BCA1 • ToqKH M, N, P-cepe,n;H
HhI cTopoH AC, BC1 , BA1 coOTBeTCTBeHHO. ,Ii;OKa)l{HTe, 'ITO TpeyroJibHHK 
MN P rrpaBHJibHbiii. 

1.158. Ha cTopoHax AC n BC TpeyroJibHHKa ABC BHe ero rrocTpoeHbI 
npaBHJibHhie TpeyroJibHHKH ACB1 H BCA1 • Onpe,n;eJinTe yrJihI TpeyroJib
HHKa OMA1 , r,n;e M -cepe,n;nHa cTopoHbI AB, 0-u;eHTp TpeyroJibHHKa 

ACB1 • 

1.159. ,Il;aHbI KBa,n;paTbI A1B1 C1D1 H A2 B2C2 D2 o,n;nHaKoBoii opneHTa

IJ;HH. 0Tpe3KH A1A2 , B 1B2 , C1C2, D1D2 pa.3,n;eJieHhI ToqKaMH A, B, C, DB 
O,ll;HOM H TOM )Ke OTHomeHHH. ,Il;oKa)KHTe, qTo ABCD-KBa,n;paT (HJIH Toq

KH A, B, C, D coBna,n;aroT). 06o6In;HTe 3TOT pe3YJihTaT ,n;1ur npaBHJibHhIX 

MHOroyroJibHHKOB. 
1.160. qeThipexyroJibHHK ABCD noBepHyT OKOJIO HeKoTopoii TO'IKH 0 

Ha goo B noJIO)l{eHne A1 Bi Ci Di. To'IKH P, Q, R, S - cepe,n;HHbI oTpe3KOB 

AiB, BiC, CiD, D1A cooTBeTCTBeHHO. ,Ii;OKa)J{HTe, qTo OTpe3KH PR n QS 
paBHbI H nepneH,n;HKY.JIHpHb!. 

1.161. Ha cTopoHax AC n BC TpeyroJihHHKa ABC BHe ero nocTpoe
HhI KBa,n;paTbI ACM N n BCPQ. ,Il;oKa)KHTe, qTo npHMb!e AQ H BN rre

peceKaIOTCH B TOqKe, Jie)Kam;eii: Ha BbICOTe TpeyrOJibHHKa, rrpoBe,n;eHHOH K 

cTopoHe AB. 
1.162. ,Il;aH TpeyrOJibHHK ABC n rrocTpoeHbl TOqKn D = R~00 ( C) n 

E = R[/00 (C). ,Il;oKa:>KHTe, 'ITO paccTOHHne OT cepe,n;nHhl M OTpe3Ka DE 

,n;o npHMoii AB paBHO ~AB. 
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1.163. 0KOJIO OKPYJKHOCTH c n;eHTpOM 0 01mcaH n-yroJihHHK A1 ... An. 
)l;oKaJKHTe, 'ITO 

sin LA1 · OA1 +sin LA2 · OA2 + ... +sin LAn · OAn = 0. 

1.164. EcJIH AA1 , BB1 , CC1 -BhICOThl TpeyroJihHHKa ABC HBC= a, 
CA=b, AB=c, TO a2 AA1 +b2 BB 1 +c2CC1 =0. )l;oKaJKHTe. 

§ 11. Jlpu.Me'He'J-me JBU;JtCe'HUU x; nocmpoettU'IO 

2paifm 'IWB cfiyn K;V; u i1 

11.1. Ilepeuoc rpa$HKOB. EcJIH ,n;aH rpacj:mK cPYHKD;HH y = f(x), To rpa

cPHKH cPYHKD;HH y = f(x +a), y = f (x) + b, y = f (x +a)+ b noJiy<IaIOTCH rre

peHOCaMH ,n;aHHOrO rpa¢HKa. )l;eliCTBHTeJibHO, BCIIOMlrnaa ¢opMJJihI (9.1), 
paCCMOTpHM Tpll TiepeHOCa 

l) { x; = x - a, 
y =y; 

2) { x' = x, 
y' = y + b; 

3) { x; = x - a, 
y =y + b, 

~Ill H3 KOTOpbIX OT06paJKaeT I1pOH3BOJihHYIO TO'IKY l\II ( x' y) rpa¢nKa 

y = f ( x) Ha HeK0Topy10 TO'IKY M' ( x', y'). IIepeTimrreM 3TH ¢opMyJihI TaK: 

l) { x = x; +a, 
y=y; 

I '+ 
2) { x = x

1
, 3) { x = x

1 
a, 

y = y - b; y = y - b. 

9THMH TIO,LI;CTaHOBKaMH TIOJiyqaeM, 'ITO COOTBeTCTBJIOID;HMH TiepeHOCaMH Ha 

BeKTOpbl (-a, 0), (o;li), (-a, b) JIHHHH y=f(x) OTo6paJKaeTca COOTBeT

CTBeHHO Ha JlHHHH y' = f(x' +a), y' - b = f(x'), y' - b = f(x' +a). lllTpHXH 

B o603Ha'!eHHHX rrepeMeHHhIX yTpaTHJIH CBOe Ha3Ha'IeHHe ( CllCTeMa KOOp

,LI;HHaT o,n;na H Ta JKe)' Il03TOMY HX onycKaeM: y = f ( x + a)' y = f ( x) + b, 
Y = f (x +a)+ b. 

IhaK, rpa¢nK cPYHKD;HH y = f(x +a) noJiy<IaeTca: rrepeHocoM rpa¢nKa 

y = f(x) Ha BeKTOp (-a, 0), T. e. napaJIJieJihHO OCH Ox Ha paccTOHHHe !al B 

HarrpaBJieHHH, npOTHBOilOJIOJKHOM 3HaKy 'lHCJia a (pHC. 61). I'pa¢RK ¢yHK

D;Hll y = f (x) + b noJiyqaeTC.H nepeHOCOM rpa¢nKa y = f (x) Ha BeKTOp (Q,b), 
T. e. TiapaJIJieJibHO OCH Oy Ha paCCTOXHlle lbl B HarrpaBJieHm~, COOTBeTCTBYIO

in;eM 3HaKy qucJia b (pnc. 62). I'pa¢nK cPYHKD;HH y = f ( x + a) + b rroJiyqaeTC.H 

H3 rpa¢nKa y = f ( x) KOMil03HD;Heii npe~,Lzy!D;HX TiepeHOCOB' T. e. TiepeHOCOM 

Ha BeKTOp (-a, b) (pnc.63). 

B Ka'!eCTBe xopomero rrpnMepa paccMOTpHM TIOcTpoeHne rpa¢nKa 

,zu>06HO-JIHHeHHOH ¢YHKD;llll 

ax+b 
y= x+c' 
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y 

x 

y =f(x) 

Pac. 61 Pac. 62 

y 
Y = f(x +a)+ b 

y= f(x) 

i'= (-a,b) 

PHc. 63 

b-ac 
npe,n;cTaBHB 9TO ypaBHeHHe TaK: y = -- +a. Ilpe,n;noJiaraeTca, qTo 

x+c 
b - ac = k I O. CaMo co6oil: HanpamHBaeTca, qTo 3a HCXO,n;Hhlii rpaqmK 

k 
H8.,1Jp B3.l'!Tb rpacpHK cpyHKIJ,HH y = - , 

x 
.l'IBJI.l'IIO~HC.l'I paBHo6oqHoii rHIIep60JIOH. 
IloJib3Jj1Cb yKa3aHHbIM Bhime cnoco6oM, 
BhIIIOJIHHM nepeuoc Ha BeKTOp f(-c, a). 

k 
IloJiyqHM rpacpHK cpyHKIJ,HH y = -- +a, 

x+c 
T. e. rpacpHK 38.,ZI,aHHOH ,n.po6HO-JIHHeHHOH 

cpyHKIJ,HH (11.1). Ha pn:c. 64 rrpe,n.cTaBJieH 
3x+5 

-====~::::::..--f:~f=:;:::;::=;x rpacpHK cpyHKIJ,HH y = _x_+_2_, IlOJiyqeH-

Pnc. 64 

tta.n zunep6oAa c u,enmpoM 

oc.n.M 1wopiJuHam. 

1 
HbIH nepeHOCOM rpa<f>HKa y = - - Ha BeK

x 
TOp f(-2, 3). 

lfraK, zparfrux:o.M i)po6no-/f,UH.eUHOU 
ax+ b 

<fiytt'ICU,UU y = -- C/f,y:JfCum pa6'H060"t
x + c 

( -c, a) u acu.Mnmoma.Mu, napa/f,/f,e/f,'b'H'bt.MU 

11.2. IlpHMeHeBHe oceBoii CHMMe'.I'pHH ,n;aeT B03MO~HOCTb no rpa<f>nKy 

cpyHKIJ,HH y = f ( x) IlOCTpOHTb rpa<f>HKH <i>YHKIJ,HH y = - f ( x), y = f ( -x), 

202 



y = If ( x) j, y = f ( jx I) n rpac}:mK c}:>yHx:ri;nn, o6paTHOii: c}:>yHKII,HH y = f ( x) ( ecJIH 

TaKaH cyrn;ecTByeT). 
I I 

<I>opMyJiaMH I ' ll I ' 3aIIHCbIBaeTCH CllMMeTpHH OTHOCH-{
x = x { x = -x 
y =-y y =y 

TeJibHO OCH Ox H CHMMeTpllH OTHOCHTeJibHO OCH Oy COOTBeTCTBeHHO. 9THMH 

CHMMeTpllHMll KpHBaH y = f ( x) OT06pa)K(1eTC}l COOTBeTCTBeHHO Ha KPHBble 

y = -f(x) ll y = J(-x). lfraK, rpac}:>HKH c}:>yHKIJ,nii y = f(x) Hy= - f(x) CHM

MeTpll'IHbI OTHOCHTeJibHO OCH Ox (pnc. 65), a rpac}:>HKH y = f(x) Hy= f(-x) 
CHMMeTpH'IHbl OTHOCHTeJibHO OCH Oy (pnc. 66). 

IIocKOJibKY KOMII03Hn;nx ,n;Byx oceBbIX CHMMeTpH_ii: c rreprreH,n;HKYJIHPHbl

MH OCHMH eCTb n;eHTpaJibHaH CHMMeTpHH OTHOCHTeJibHO TO'lKll rrepece'leHHH 

oceii:, TO rpac}:>nKH c}:>yHKII,HH y = f(x) Hy= - J(-x) CllMMeTpH'IHbl OTHOCH

TeJibHO Ha'laJia KOOp,ll;HHaT (pHc. 67). 

y y=f(x) y=f(x) 

x 

y=-f(x) 

Puc. 65 Puc. 66 Puc. 67 

Ilo orrpe,n;eJieHHIO MO,lJ;YJIH 'lHCJia c}:>yHKII,HH y = If ( x) I cOBrra,n;aeT c c}:>yHK

ri;neii: y = f(x) Ha Tex rrpoMe)KyTKaX 'IHCJIOBOH OCH, Ha KOTOpbIX J(x) ~ 0, 
H COBna,n;aeT c c}:>yHKII,Heii: y = - f ( x)' eCJIH f ( x) ::s:; 0. Ilo3TOMY AJIX IlOCTpoe

HHH rpac}:>nxa y = If ( x) I Ha,n;o coxpaHHTb qacTH rpac}:>Hxa y = f ( x), Jie)f(aIII,He 

BbIIIIe (He HH)Ke) OCH Ox, a Te 'laCTH 3Toro rpac}:>HKa, KOTOpbie Haxo~TC.H 

Hll)Ke (He Bblme) OCH Ox, 3aMeHHTb CHMMeTpH'IHbIMH HM c}:>HrypaMH OTHO

CHTeJibHO Ox. Ha pHc. 68 rrocTpoeH rpac}:>HK y = lx2 - 4x + 3j Ha oCHOBaHHH 

rpac}:>nx:a y = x 2 - 4x + 3. 
AHaJIOrH'lHb!M o6pa30M c}:>yHKII,HH y = f (jxl) cOBrra,n;aeT c c}:>yHKII,Heii: 

y = f(x) rrpH x ~ 0 H c c}:>yHKD;Heii: y = J(-x) npH x ::s:; 0. Ilo3TOMY ,ll;JIH 

rrocTpoeHHX rpac}:>HKa y = f(lxi) Ha,n;o coxpaHHTb 'laCTb rpac}:>HKa y = f(x), 
Jie)Karn;yIO rrpaBee ocn Oy, n oTo6pa3HTb ee OTHOCHTeJibHO OCH Oy. qacTb 

rpac}:>nx:a y = f ( x), Haxo~rn;aHrn JieBee ocn Oy, oT6pacbIBaeTcx. Ha pHc. 69 
IIOCTpOeH rpac}:>HK c}:>yHKil,HH y = x

2 
- 4Jxl + 3. 

fpac}:>nK c}:>yHKII,HH y = If (Ix I) I rroJiyqaeTcx H3 rpac}:>nx:a y = f ( x) rroCJie,n;o

BaTeJibHbIM rrpnMeHeHHeM (B JII060M rropg,n;Ke) paCCMOTpeHHblX ,n;BYX rrpe

o6pa30BaHliH. Ha pnc. 70 rrocTpoeH rpac}:>nK c}:>yHKD;HH y = Jx2 - 4jxj + 3j. 
ECJin c}:>yHKII,H}l y = f ( x) Ha HeKoTopoM 'IHCJIOBOM rrpoMe)KyTKe Ka)K,ll;Oe 

CBOe 3Ha'leHHe rrpHHHMaeT TOJlbKO rrpH O,ll;HOM 3Ha'leHHll x, TO OHa HMeeT 
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x 

x 

-1 

y = x 2 - 4lxl + 3 

PHC. 68 PHC. 69 

x 

-3 -1 3 

y = lx2 
- 4lxl + 31 

PHC. 70 

o6paTHYIO cPYHKD;HIO Ha 3TOM rrpoMe)KyTKe. IlpH coxpaHeHHH o603Ha'le

HHH 'Iepe3 x H y ,n;Jrn 3Ha'leHHii apryMeHTa H 3Ha'!eHHii cPYHKD;HH rpa¢nK 

o6paTHOH cPYHKD;HH HMeeT ypaBHeHHe x = f(y), H3 KOTOporo Bblpa)KaeTC.H y 
'Iepe3 x: y =g(x). 

<I>opMyJihl (9.5) ,ll;Jl.H oceBOH CHMMeTpHH OTHOCHTeJihHO np.HMOH y = x 
rrpHHHMaIOT BH,n;: x' = y' y' = x. Il03TOMy oceBa.H CHMMeTpH.H OTHOCHTeJihHO 

rrp.HMOH y = x nepeBO,n;HT KpHBYIO y = J(x) B KpHBYIO x = J(y). CJie,n;oBa

TeJihHO, rpa¢HKH B3aHMHO o6paTHbIX cPYHKI.J;HH CHMMeTpH'lHbl OTHOCHTeJih

HO IIp.HMOH, co,n;ep)Kam;eii 6HcCeKTpHCbl rrepBoro H TpeThero KOOp,n;HHaTHbIX 

yrJIOB. 
3x+5 

,Ll;JI.H npHMepa paCCMOTpHM cPYHKI.J;HIO y = --2 ' rpa¢HK KOTOpoii x+ 
npe,n;cTaBJieH Ha pnc. 64. Ka)K,D;oe cBoe 3Ha'leHHe oHa np1rnHMaeT TOJihKO 

O,n;HH pa3, II03TOMY HMeeT o6paTHYIO cPYHKI.J;HIO c o6JiaCThIO onpe,n;eJieHH.H 

(-oo, 3) u (3, +oo) H o6JiaCThIO 3Ha'leHHH (-oo, -2) u (-2, +oo). fpa¢HK 
u 3y + 5 5 - 2x 

o6paTHOH cPYHKI.J;HH HMeeT ypaBHeHHe x = --2-' OTKy,n;a y = --3-. JlHHHH 
y+ x-
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3x + 5 5- 2x u 

y = --2- li y = --3 npe,n;cTaBJISUOT co6oli rpa¢BKli B3aBMHO o6paTHblX 
x+ x-

cPYHKIJ;BH li TIOTOMY Cll:MMeTpli'iHhl OTHOCB.TeJibHO np.HMOH y = x (pBC. 71). 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

y 

-----~----- 3 ______ _ 
I 
I 

3x + 5 I 
y=-- I 

x+2 ~-~ 

13 
I 
I 
I 
I 

x 

---~------------
1 
I 

5x - 2 : 
y=-- I 
x-3~ 

PHC. 71 

Ynpa;J1C1-1,e1-1,uJ£ 

I 
I 
I 
I 

1.165. ,Il,aH rpa¢liK cPYHKIJ;lili y = log3 x. IlocTpOHTe rpa¢nKli cPYHKD;Bii: 

y =log.! x, y = - log3(-x), y = log3 lxl + 1, 
3 

y = log3(-x), y = log3 \x\, y = log3(1 - x), 

Y = - log3 x, y = log3(jxj + 1), y = 3x. 

1.166. IlocTpOiiTe rpa¢nK cPYHKIJ;lili y = ~: ~ ! li rpa¢BK o6paTHOH eii 

cPYHKIJ;lili. 
1.167. PernnTe rpa¢B'ieCKB ypaBHeHn.H: 

x3 
- x2 + 2x = 1, 2 1 x =--. 

x+2 

1.168. ,Il,oKa:>IrnTe, 'ITO ypaBHeHB.e 3x-2 - 3x - 4 = 0 He BMeeT KOpHeii B 
npoMe)KyTKe [l; 2]. 
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I'.tia6a II 

fl oao6U.R U arjxpU'}--(,'}--(,1ble npeo6pa306a'}--(,U.R 

§ 12. I'o.Momemu.R 

12.1. Onpe,n;eJieHHe roMoTeTHH H ero cJie,n;cTBH&. IlycTb cPIIKCIIpoBaHa 

HeKOTOpaH TO'!Ka 0 IIJIOCKOCTII II 3a.n;aHO .n;e:ikTBIITeJibHOe 'IIICJIO k-=J 0. Ilpo

H3BOJibHOH TO'!Ke x IIJIOCKOCTH IIOCTaBHM B COOTBeTCTBHe TaKyIO TO'IKY x I, 
'ITO OX'= k ·OX . EcJIII X-=/- 0, TO no onpe.n;eneHIIIO np01I3Be.n;eHIIH BeKTO

pa Ha 'IHCJIO BeKTOpbI OX H OX' coHanpaBJieHbI nplI k > 0 II HanpaBJieHbI 

npOTIIBOIIOJIOJKHO npn k < 0. Cne.n;oBaTeJibHO, npn n1060M k-=/- 0 TO'IKII 0, 

X, X' KOJIJIHHeapHbI H noToMy o6pa3 X' TO'IKH X IIJIOCKOCTH npnHa.n;Jie

JKHT IIJIOCKOCTH. KpoMe Toro, H3 3aKOHa COOTBeTCTBHH HCHO, 'ITO Ka)K,ll;aH 

TO'!Ka IIJIOCKOCTH, BKJllO'la& H TO'IKY 0, HMeeT e.n;nHCTBeHHbIH o6pa3, o6pa-

3bI JII06bix ,D;Byx pa3JIH'!HbIX TO'leK pa3JIH'!HbI n Ka)K,ll;aH TO'!Ka nnocKocTn: 

HMeeT ( e,ll;HHCTBeHHbIH) npoo6pa3. 9To 3Ha'ln:T, 'ITO ycTaHOBJieHHOe ¢op

MYJIOH k ·OX= OX' coOTBeTCTBHe MeJK.n;y TO'!KaMH nnocKocTn HBJI&eTca 

npeo6p<lao6anueM :noii: nJIOCKOCTn. 

0 II p e .n; e JI e H He. I'oMomemueu c IIeHTPOM 0 H K03¢¢n:u;neHTOM k -I- 0 
IIJIOCKOCTH Ha3bIBaeTCH npeo6pa30BaHn:e IIJIOCKOCTH, KOTopoe Ka)K,ll;YIO TO'l

KY X oTo6paJKaeT Ha TaKy10 TO'IKY X', 'ITO OX'= k ·OX. 
I'oMoTeTHH c !IeHTpoM 0 n K03cPcPH!IHeHTOM k o6o3Ha'laeTCH H~. lfTaK, 

no onpe,n;eneHnIO 

H~(X) = X' <:} OX'= k ·OX. 

B qacTHOCTn, H~(O) = 0, TaK KaK k · 00 = 00. CJie.n;oBaTeJibHO, v,enmp 
ZOMomemuu Jl.6.tt.11,emc.11, ee ttenoa6U:>ICHOU mO"t'ICOU. 

Ilpn k = 1 HMeeM OX'= OX n, 3Ha'lnT X' = X ,ll;JIH n106oii: TO'IKH X, 
T. e. rOMOTeTHH c K03cPcPHfIHeHTOM 1 eCTb TO)K,ll;eCTBeHHOe npeo6pa30BaHne: 

Hb =E. ECJIH k=-1, TO OX' =-OX H TO'!Ka 0-cepe.n;nHa OTpe3Ka XX'. 
CJie.n;oBaTeJibHO, roMOTeTHH c Ko3¢¢nu;neHTOM -1 ecTb n;eHTpaJibHaa CHM

MeTpnH: Hb-i) = Zo. 
ECJIH k -I- 1, TO v,enmp 0 20.Momemuu H~ Jl.6.!1,Jl.emc.11, eauncm6ett1wu ee 

nenoa6u:>1Cnou mo"t'll:Ou. B caMOM .n;ene, ecJIII P - neno.n;BHJKHaH TO'IKa, To 

OP= k ·OP, OTKy.n;a (1- k) ·OP= 0. IlocKOJibKY 1 - k-=/- 0, TO OP= 0 II 
P=O. 



Ilpeo6pa3oBaHHe, o6paTHoe roMoTeTHH H~, 3a,n;aeTca ¢opMyJioil: OX= 
1-

= y;;OX' H nOTOMY TaKlKe aBJiaeTca rOMOTeTHeil: c TeM :lKe :a;eHTpOM 0 H 

o6paTHhIM K03cPcPHD;HeHTOM ~: (H~)- 1 = H1c~r. 
12.2. 06pa3 npaMOH npH roMOTeTHH. ,LJ;oKa:lKeM npe,n;BapHTeJibHO Ba:lK

HYIO JieMMy. 
JleMMa. EcJLu A' u B' -o6paa'bt mo"le?C Au B npu wMomemuu H~, mo 

A'B'=k·AB. 
,LJ; o Ka 3 a T e JI h c T B o. Ilo ycJIOBHIO 0 A' = k · 0 A H 0 B' = k · 0 B, no-

3TOMY OB' - OA' = k ·OB - k · OA = k ·(OB - OA), HJIH A' B' = k ·AB. 
Ha ocHOBaHHH JieMMhI H no onpe,n;eJieHHIO yMHO:lKeHHa BeKTopa Ha 'IHCJIO 

HMeeM IA'B'I = lkl!ABI. 3Ha'IHT, roMOTeTirn, y KOTopoil: lkl =/=- l, ae coxpa

HaeT paccToaHHa Me:iK,ey TO'lKaMH, T. e. He aBJiaeTca ,n;BH:lKeHHeM. ToJihKO 

npH !kl= 1 rOMOTeTHa 6y,n;eT TO)K,Il;eCTBeHHblM npeo6pa30BaHHeM HJIH :a;eH

TpaJibHOH CHMMeTpHeil:. 0TCIO,D;a aCHO, 'ITO TeopeMa 06 o6pa3e npaMOH npH 

rOMOTeTHH Tpe6yeT cne:a;HaJihHOro ,Il;OKa3aTeJibCTBa. ,II;aJiee, rOBOpa 0 rOMO

TeTHH, C'lHTaeM k =!=- ±1. 
TeopeMa. I'oMomemuR omo6pa~aem ?Ca~ay10 npRMy10 tta npaMyw. 
,LJ; o Ka 3 a Te JI h c TB o. IlycTo 3a,n;aHa roMOTeTHa H~ n HeKoTopaa rrpa

Maa a. IlycTh A Ea, BE a (A=/=- B) n H~(A) =A', H~(B) = B' (pnc. 72). 
Tor.n;a no JieMMe A' B' = k · AB. EcJin X - rrpoH3BOJihHaa TO'lKa rrpaMoii a, 
TO no KpnTepHIO KOJIJIHHeapaocTn BeKTopoB AX = t · AB, r.n;e t - .n;eiicTBH

TeJihHOe 'IHCJIO ( rrapaMeTp). Mao:iKeCTBO Bcex TO'leK npaMoii a aaxo,n;nTca 

BO B3aHMHO O,Il;H03Ha'!HOM COOTBeTCTBHH c MHO-

:lKeCTBOM BCex 3Ha'leHHH napaMeTpa t, T. e. c 

MHO:lKecTBOM Bcex .n;eiicTBHTeJihHhIX qnceJI. Pa

BeHCTBO AX = t · AB npe,n;cTaBJiaeT co6oii Ge?C
mopttoe ypaGttettue npRMou a, 3a,n;aaaoil: TO'lKa

MH A n B. B 'laCTHOCTH, rrpn t = 0 OHO .n;aeT 

TO'IKY A, a rrpn t = 1 - TO'IKY B. 
EcJIH H~(X) = X', TO corJiacHo JieMMe 

A 1 X' = k · AX. Ilo,n;CTaBJiaa B ypaBaeane AX = 
= t · AB BMecTo AX n AB paBHhle HM BeKTO-

Puc. 72 

pb1 COOTBeTCTBeHHO ~A'X' H ~A1B1 , noJiy'laeM: ~A1X1 = t. ~A1B1 , HJIH 

A 1 X' = t ·AB. IloCJie,n;Hee ypaBHeane onpe,n;eJiaeT co6oii o6paa npaMou a 
npH roMOTeTHH H~. KaK y:iKe OTMe'leHo, BeKTOpHoe ypaBHeHne TaKoro BH

,zi;a onpe,n;eJiaeT rrpaMyro a', npoxo,n;ai:u;yro qepe3 TO'lKn A' n B'. TaK KaK 

COOTBeTCTBeHHhie rrpn roMoTeTnn TO'IKH X n X' OTBe'!aIOT O,ll;HOMY H TOMY 

:lKe 3Ha'leHHIO rrapaMeTpa t (B COOTBeTCTBYIOIIIHX ypaBHeHH.ax), TO np.aMaa a 
OTo6pa:iKaeTca 3Toii roMOTeTneii Ha npaMyro a'. 
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ECJIH n;eHTP 0 roMoTeTHH He Jie:arnT Ha ,n;aHHoli rrp5IMoli a, TO a' II a, 

TaK KaK A'B' II AB. EcJIH JKe 0 Ea, TO a'= a, nocKOJihKY TO'IKH 0, X, X' 
KOJIJIHHeapHhl ,ll;JI5I mo6o:H TO'IKH x E a. I:lTaK, HMeeM ,n;Ba CJief];CTBH5I. 

CJie,II.CTBHe 1. llpR.MaR, He coaep;)l(;aW,aR '4eHmp 20.MOmemuu, omo6pa

;)l(;aemcR :Jmou 20.Momemueu Ha n a pa A A e A 'b H y 10 eu npR.My10. 

CJie,II.CTBHe 2. Ka;)l(;aa.R npR.MaR, coaep;)l(;aw,aR u,eHmp 20.MOmemuu, 

omo6pa;)l(;aemcR :Jmou 20.Momemueu Ha c e 6 R. 

12.3. 06pa3bl Jiyqa, rroJiyrrJIOCKOCTH H yrJia rrpH roMoTeTHH. TaK KaK co

OTBeTCTBeHHhie npH rOMOTeTHH TO'IKH x H X' COOTBeTCTBJIOT OAffOMY H TO

MY JKe 3Ha'!eHHIO napaMeTpa t B cooTBeTCTBYIOil!HX ypaBHeHH5IX AX = t · AB 
H A' X' = t · A' B' ,n;aHHOli rrp5IMOH a H ee o6pa3a a', TO roMOTeTH5I coxpaH5I

eT nop5If];OK TO'leK rrp5IMOH: Ha np5IMhIX a H a' OH COOTBeTCTByeT Il0P5IAKY, 

ycTaHOBJieHHOMY BO MHOJKeCTBe .n;eliCTBHTeJihHhIX 'lHCeJI t. 0TCIO,ll;a BhITeKa

IOT IlOCJie,n;oBaTeJihHO CJie.n;yIOID;He BhlBO,ll;hl. 

1) roMOTeTH5I OT06paJKaeT JIY'l Ha Jiyq. 9TH JIY'IH COHarrpaBJieHhI, eCJIIi 

K03cpq>HD;HeHT rOMQTeTHH IlOJIOJKHTeJieH, H rrpOTHBOilOJIOJKHO HanpaBJieHhl, 

eCJIH OH OTpHD;aTeJieH. 

2) roMOTeTH5I OT06paJKaeT IlOJIJilJIOCKOCTh Ha IlOJIYilJIOCKOCTh. 

3) roMOTeTH5I OT06paJKaeT yrOJI Ha paBHhIH eMy yroJI. 

12.4. 3a,D;am1e roMOTeTHH. IlocTpoeHHe o6pa3a TO'IKH. CorJiaCHO orrpe

,n;eJieHHIO 20.MOmemu?O .MO;)l(;HO aaaam'b ee U,eHmpO.M U 'IW:Jif><fmu,ueHmO.M. 

0AttaKo 9TOT crroco6 HHor.n;a Hey.n;o6eH AJI.H rrocTpoeHHli. BMecTo Koacp

cpnD;HeHTa MOJKHO 3a,n;aTh 06pa3 A' OAffOH TO'IKH A: H~(A) =A'. Tor.n;a 

OA' 
K09cpcpHJJ;HeHT k paBeH =' XOT5I ,ll;Jl5I IlOCTpOeHH5I o6pa3a rrpOH3BOJihHOH 

OA 
TO'IKH OH H He HJJKeH. l·fraK, IlJCTh 20.MOmemu.R aaaaHa U,eHmpo.M Q U 

napou coom6emcm6eHH'btX mo"t.e?C A --+ A'. Tpe6yeTc.sr rrocTpOHTh o6pa3 X' 
rrpOH3BOJihHOH TO'IKH x. Ilpe,n;rrOJIOJKHM CHa'!aJia, 'ITO x ~ (OA) (pHC. 72). 
TaK KaK X' E (OX) H (A'X') II (AX) (cJie,ll;CTBHe 1), TO HCKOMa.sr TO'!Ka X' 
ecTh TO'!Ka rrepece'leHH5I rrp5IMOH 0 x H rrp5IMOii, rrpOXO,ll;.HID;eii 'Iepe3 TO'IKY 

A' na paJIJieJihHO AX. EcJIH Y E ( 0 A), TO AJI.H nocTpoeHH.H ee o6pa3a Y' 
HCITOJih3JeM rrapy X--+ X' (pnc. 73): (X'Y') II (XY), Y' E (OA). 

Puc. 73 
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roMOTeTHIO MO::>KHO 3a,n;aTb H TpeTbHM CilOC060M - 6e3 yKa3aHHH D;eHTpa 

u Ko3¢qmn;ueHTa - npu noMo~ aadaHUR dByx nap coomBemcmBeHH'blX mo

"le?C A --> A', B --> B', y,n;oBJieTBOpHIO~x yCJIOBHHM: A' B' II AB, A' B' #- AB 
A'B' 

(puc. 74). Tor.n;a k = --=-, a u;eHTP 0 roMOTeTHH cTpOHTCH TaK. ECJiu Toq-
AB 

KH A, A', B, B' HeKOJIJIHHeapHhl, TO 0 =(AA') n (BB'). EcJIH :>Ke 3TH 

ToqKu KOJIJIHHeapHbI (puc. 75), TO nocTpOHM CHaqana o6pa3 M' npOH3-

BOJibHOii TOqKH M rf. (AB) KaK TOqKy nepeceqemrn npHMhIX, npoxo,n;gnrux 

qepe3 A' H B' napaJIJieJihHO cooTBeTCTBeHHO npHMbIM MA H MB. Tor.n;a 

0 =(AA') n (MM'). 

Pnc. 74 Pnc. 75 

§ 13. I'o.Momemu'l/,nocm'b ox;py:JtCnocmeu 
13.1. foMoTeTH'IJihle qull'yphl. cf>urypa <I>1 Ha3bIBaeTcH ZOMomemu"lHOU 

¢urype <I>' eCJIH cynreCTByeT roMOTeTHH, OT06pa::>KaIOnraH <I> Ha <I>1. 

HarrpuMep, roMoTeTnqHbI mo6hre ,n;Ba napaJIJieJibHbIX HepaBHhlX OTpe3-

Ka AB H A 1Bi, TaK KaK cynrecTBYIOT poBHO ,n;Be roMoTeTHH, Ka::>K.n;aH H3 

KOTOpbIX OTo6pa::>KaeT AB Ha A1B 1. 0,n;Ha H3 HHX 

3a,n;aeTCH napaMH ToqeK A--> A1 H B--> B 1, a .n;py

rag-napaMH A-> B1 H B--> A1. Ko3¢¢un;ueHTbI 

3THX rOMOTeTHH - npOTHBOilOJIO)KHble quCJia k H -k 
(puc. 76). roBOpHT, qTo 0Tpe3KH AB H A1B1 20MO

memU"l.'H,'b/, d6a;J1Cdu. ECJIH AB= A 1Bi, TO oTpe3KH 

AB n A1B 1 TaK::>Ke roMoTeTnqHbI, HO y::>Ke TOJihKO Pnc. 76 

npn o,n;Hoii roMOTeTHH: A --> B 1, B --> A 1• 

Bc.f£?Cue d6a Hepa6H'btX mpey20.11,'bHU?Ca ABC u 

A1B 1 C1 c coomBemcm6eHHO napa.11,.11,e.11,'bH'blMU cmo-

poHaMU ZOMomemu"lH'bl. ,ll;eiicTBRTeJibHO, 3a,n;aBaH B1 

roMoTeTHIO napaMH A --> A1, B --> B 1, Ha OCHOBa

HRR CBOHCTBa rrapaJIJieJibHOCTH COOTBeTCTBeHHbIX 

npn rOMOTeTHH npHMbIX IlOJiyqaeM, qTo 3Ta rOMO

TeTHH OTo6pa::>KaeT C Ha C1 (pnc. 77). 

Pnc. 77 

Omxowexue W.Momemu"tnocmu if>uzyp peif>.11,e?CCU6HO u CUMMempU"lHo, 

no He mpanaumuBHo. B caMOM ,n;eJie, Hb (<I>) = E (<I>) = <I> (pe¢JieKCRBHOCTb). 
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Ecmr HM <P) = <P 1, TO H ;f k ( <P 1) = <P ( CHMMeTpH'IHOCTh). B TOM, 'ITO TpaH3H

THBHOCTh rOMOTeTH'IHOCTH qmryp HMeeT MeCTO He BO BCex CJiy'la.Hx, MO:lKHO 

y6e.n;HTbCji Ha npOCTOM IIpHMepe. 

IlycTh .n;aH TpeyroJibHHK ABC H H~(LABC) = 6A1B1 C1 (pHc. 78). Ec

JIH HYi_k(LA 1 B 1 C1 ) = LA'B'C', TO TpeyroJihHHKH ABC H A'B'C' paBHhI. 

A A' 

B 

P11:c. 78 

B' 

0.n;nH H3 HHX OT06pa:iKaeTCj{ Ha .n;pyroii 

nepettoco.M. CJie.n;oBaTeJibHO, OHM Hero

MOTeTH'IHhI. Ilo.n;po6Hee 3TOT BOnpoc 

6y.n;eT paccMOTpeH npn HaXO:iK,ll;eHHH 

KOMII031IIJ;HH .n;Byx rOMOTeTHH (§ 15). 
13.2. foMOTeTH'IHOCTb )1,Byx OK

PY:>KHOCTeii. Bc51Ka51 roMoTeTH51 OTo6-

pa:iKaeT OKPY:iKHOCTh Ha oKpy:iKHOCTh, 

TaK KaK npH rOMOTeTHH BCe paCCTO-

51HH51 YMHO:iKalOTC51 Ha O,ll;HO H TO :iKe 

'IHCJIO - MOAYJih K03cpcpnIJ;HeHTa roMOTeTHH. Teneph Hae HHTepecyeT o6paT

Hhlii BOIIpoc: eCJIH Hanepe.n; 3a.n;aHhI ,n;Be OKpy:iKHOCTH w II W1, TO cym;ecTByeT 

JIM rOMOTeTH51, OT06pa:iKarom;a51 O,ll;HY H3 HHX Ha .n;pyryro? 

TeopeMa. ,ll,ae ttepa6tt'bte O'ICpy~ttocmu 20.MOmemU"l.'H'b£ aaa~a'bt. 

,II; o Ka 3 a Te JI h c TB o. EcJIH oKpy:iKHOCTH w n w1 HMeIOT o6IIJ;Hii u;eHTp 0 
H pa.n;nycb1 r H r 1 ' TO roMOTeTHH c o6IIJ;HM u;eHTpOM 0 H K03cpcpHIJ;HeHTa-

r1 r1 
MH ki = - H k2 = - - TaKOBhI, 'ITO Ka.:iK,n;a51 H3 HHX OT06pa:iKaeT w Ha W1. 

r r 
PaccMoTpHM CJiyqaii, Kor.n;a 0 1 i- 0 n r 1 i- r. IlycTh AB H A1B1 -napaJI-

JieJibHhle .n;naMeTphl 3THX OKPY:iKHOCTeii (pnc. 79). 3a.n;a.n;nM roMoTeTHIO H 

s 

P11:c. 79 

.n;BYM51 napaMH TO'leK 0-+ 0 1, A-+ A 1• IIocKOJihKY BC51Ka51 roMOTeTH51 OTo6-

pa:iKaeT OKpy:iKHOCTh Ha OKPY:iKHOCTh, a 3Ta roMoTeTH51 H u;eHTP 0 H TO'l

KY A oKpy:iKHOCTH w OTo6pa:iKaeT Ha u;eHTp 0 1 H TO'IKY A1 OKPY:iKHOCTH w1, 
TO H(w) = W1 (u;ettTpOM II O,ll;HOH TO'IKOH OKpy:iKHOCTb onpe.n;eJrneTC51 o.n;

H03Ha'IHO). I.I;eHTpOM rOMOTeTHH H CJIY:iKHT TO'IKa s = (OOi) n (AA1), a 
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OiAi -- --
Koa¢qm~eHT k paBeH OA 'npH'leM HHB) =Bi. ECJIH OiAi n OA, TO 

ri -- -- ri 
k = -; ecJIH :>Ke OiAi LT OA, TO k = --. 

r r 
AHaJiorH'lHblM o6pa30M roMoTeTn.a, 3a,n;aBaeMa.a napaMH 0 --> Oi n 

A-> Bi, TaKLKe oTo6pa:>KaeT w Ha Wi. II;eHTpOM aToii: roMoTeTHH .aBJI.lleTc.a 

( 
-OiBi -OiAi 

TO'IKaSi=(OOi)n ABi),aeeKoa<P<Pn11neHTpaBeH OB = OA =-k. 

3aMeTHM, 'ITO H;,k(B) = A 1 • 

llTaK, H~(w) = Wi H H;,k(w) = Wi, r,n;e k = o~~i' s = (OOi) n (AAi), 

Si= (OOi) n (ABi)· Cy111ecTBeHHO, 'ITO rOMOTeTHH H~ H H;,k He 3aBHC.llT 

OT Bo16opa napo1 napa;meJibHblX ,n;naMeTpOB AB H AiB1 OKPYLKHOCTeii:, TaK 

KaK Ka:>K,n;a.ll H3 HHX mo6oii: ,n;naMeTp OKPY:>KHOCTH w OT06pa:>KaeT Ha rra

paJIJieJibHhlH eMy ,n;naMeTp OKPYLKHOCTH Wi. 0Tc10,n;a CJie,n;yeT, 'ITO HHKaKOH 

TpeToe:ll: rOMOTeTHH, OT06pa:>KaIOllle:ll: w Ha Wi' He cy111eCTByeT. 

EcJIH oKpy:ilrnocTH w n cui KacaroTc.a B TO'IKe S, TO o,n;nH H3 n;eHTpoB 

roMoTeTn:ii coBrra,n;aeT c TO'IKO:ii S. B caMOM ,n;eJie, roMoTeTn.a, 3a,n;aHHa.a na

paMn 0-> 0 1, S-> S1, oTo6pa:>KaeT w Ha cu 1 H nMeeT HeITO,ll;BH:>KHYIO TO'IKY S, 
KOTopa.a H 6y,n;eT 11eHTpOM rOMOTeTHH. 

EcJin ,n;Be ,n;aHHhle OKPYLKHOCTH paBHhl, TO o,n;aa H3 ,D;Byx yKa3aHHhlX ro

MOTeTHli 3aMeHHeTCH rrepeHOCOM. 

§ 14. Pewettue 3aaa'l(, c no.MOW/bJO ao.Momemuu 

3 a ,n; a q a 1. ,ll;oKa3aTb, 'ITO OpTOrOHaJibHble rrpoeK~H TO'IKH, npHHa,n;

Jie:>Ka111e:ii OIIHCaHHOH OKOJIO TpeyrOJibHHKa OKPYLKHOCTH, Ha rrp.llMble, co,n;ep

LKalllHe ero CTOpOHbl, KOJIJIHHeapHbl (me

ope.Ma Cu.Mcona). 

Pe111eHHe. IlycTb Pi, P2 , ?3-op

ToroHaJihHhle npoeKn;HH IIpOH3BOJibHOH 

TO'IKH M oKpyJKHOCTH, onucaHHO:li: OKO

JIO TpeyroJihHHKa ABC, Ha np.aMoie BC, 
CA, AB cooTBeTCTBeHHO (pnc. 80). IIo

cTponM TO'IKH M 1 , M 2 , M 3, CHMMeTpH'l

Hhle TO'!Ke M OTHOCHTeJioHO 3THX npJI

MbIX. IIo ,n;oKa3aHHOMY B § 8 (3a,n;aqa 2, 
pHc. 52) TO'IKH Mi, M2 , M3 Jie:>KaT Ha 
o,n;Ho:ii np.aMo:ll:. foMOTeTn.a HJj2 oTo6pa-

c 

A 

PHC. 80 

:>KaeT nx cooTBeTCTBeHHO Ha TO'IKH P1 , P2 , P3, KOTOpore noaTOMY npnHa,n;

JieJKaT rrpHMOH, HBJIHID.llleii:cH o6pa30M np.aMOH M1M 2 rrpn 3TO:ii: roMOTeTHH. 
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3 a ,r:i; a 'I a 2. ,I1,oKa3aTb, 'ITO B HepaBHOCTopoHHeM TpeyroJibHHKe ABC 
n;eHTpou,r:i; G, opTm:i;eHTP H u n;eHTp 0 orrucaHHoil: OKpy:lKHOCTu Jie:lKaT Ha 

o,r:i;Hoii rrp11Moil:, rrpu'IeM G H = 20G. 
Pe me Hue. Ilo CBOHCTBY Me,r:i;uaH TpeyroJihHHK ABC roMOTeTH'leH Tpe

yroJibHHKY A1B1C1 c BepmuHaMH B cepe,r:i;uHax ero CTOpOH OTHOCHTeJihHO 

TO'IKH G rrepece'!eHu11 Me,r:i;uaH: A---+ A1, B---+ B 1, C---+ C1 rrpu roMoTeTnn c 
1 

n;eHTpOM G u Koacpcpuu;neHTOM k = - 2 (pnc. 81 ). CooTBeTCTBeHHhie CTOpo-

HbI 3THX TpeyroJibHHKOB rrapaJIJieJibHbr. Ilp11Mbie OA1, OB1, OC1 co,r:i;ep:lKaT 

BbICOThI TpeyrOJihHHKa A 1B1C1 . TaK KaK roMOTeTH51 coxpaH11eT BeJIH'IHHY 

yrJia, To BhICOThI AH, BH, CH TpeyroJihHHKa ABC yKa.3aHHoil: roMOTeTH

eii oT06pa:lKaIOTc11 Ha BhICOThI OAr, OB1, OC1 TpeyroJihHHKa A1B1C1 n:, 

c 

A B 

PHC. 81 

PHC. 82 

cJie,r:i;oBaTeJihHO, TO'!Ka H rrepece'leHH51 

BhICOT TpeyroJihHHKa ABC rrepexo,r:i;nT 

B TO'IKY 0 rrepece'leHH51 BhlCOT Tpe

yrOJibHHKa A1B 1C1• IlonoMy TO'IKH H 
H 0 Jie:lKaT Ha 0,IJ;HOH rrp51MOH c n;eH-

- 1-
TpOM G roMoTeTHH n GO= - 2GH, oT-

Ky,r:i;a GH = 20G. 
TI p51Ma51, co,r:i;ep:lKarri;asi: n;eHTpon,r:i; G, 

opTon;eaTp H u n;eHTP 0 orrucaHHoii: oKo-

JIO TpeyroJihHHKa OKPY:lKHOCTH, Ha3hrna

eTC51 np.n.Moil 9il/tepa mpey20/t'bttu'K:a. 
3 a ,r:i; a 'I a 3. ,Ll,oKa3aTb, 'ITO BO BCSI

KOM TpeyrOJibHHKe cepe,r:i;HHbI CTOpoH, 

OCHOBaHH51 BhICOT H cepe,r:i;n:Hhl 0Tpe3KOB, 

coe,r:i;n:H51IOIIJ;HX opTon;enTp c BepmnHaMn:, 

Jie:lKaT Ha O,r:i;HOH OKpy:lKHOCTH c n;eHTpOM 

B cepe,r:i;n:He OTpe3Ka 0 H H pa,r:i;uycoM, 

paBHhIM IIOJIOBHHe pa,r:i;nyca orrncannoii 

OKOJIO TpeyrOJihHHKa OKPY:lKHOCTH. 

Pe me Hue. PaccMoTpnM OKpy:lK-

HOCTh w, orrpe,r:i;eJI.SieMYIO OCHOBaHH51Mll 

H 1, H2, H 3 BhICOT TpeyroJihHHKa ABC 
(puc. 82). TaK KaK TO'IKH, CHMMeTpH'IHbre 

opTon;eHTPY H aToro TpeyroJihHHKa oT

HocnTeJihHO ero cTopoH, Jie:lKaT na orrucaHnoii: OKPY:lKHOCTH (3a,r:i;aqa 1.32), 
TO OKPY:lKHOCTh w eCTb o6pa3 onucaHHOM OKpy:lKHOCTH npn roMoTeTn:H c n;eH-

1 
TPOM H n Koacpcpnu;nenToM k = 2. Ilo3TOMY ee u;enTpoM .HBJI11eTrn cepe,r:i;n:Ha 

R 
OTpe3Ka 0 H, a pa,r:i;uyc paBeH 2 06pa3hI K 1, K 2, K 3 Bepmn:H TpeyroJih-
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HHKa ABC Jie:iKaT Ha oKppKHOCTH cu. 9Tn TO'IKH - cepe,n;HHhI oTpe3KOB, 

coe,IJ;HmnoIIJ,IIx opT011eHTP H c BepmnHaMH A, B, C. To'IKJI, CHMMeTpH'I-

Hhie opTOlleHTPY TpeyrOJibHHKa OTHOCHTeJibHO cepe,n;HH ero CTOpOH, Jie:iKaT 

Ha 01mcaHHOil: OKOJIO Hero OKPY:lKHOCTH (3a,n;a-qa 1.11). IIo::iToMy cepe,n;HHhI 

A1, B1, C1 cTopoH Jie:iKaT Ha paccMaTpHBaeMoil: OKPY:lKHOCTH cu. 

cha OKPY:lKHOCTb Ha3hIBaeTC.SI onpy:»e1-wcm'b'>o iJe6Rmu mo"len mpey20.1L'b

nuna. ,LI;oKa3aHo, 'ITO OKpy:lKHOCTb ,n;eB.SITH TO'IeK TpeyrOJibHHKa KacaeTC.SI 

ero BITHcaHHoil: OKPY:lKHOCTH H Tpex BHeBnncaHHhIX OKPY:lKHOCTeil: ( meope
Ma <Peilep6axa). 

3a,z:i;a'Ia 4. ,LI;aHhI TPH HeKOJIJIIIHeapHbie TO'IKH A, B, C, He Jie:lKaUIHe 

Ha ,n;aHHOil: np.si:MOH l. Hail:TH Ha np.si:Moil: l TaK1Ie TO'IKH M II N, 'IT06hI 

(AM) II (BN) H (CM) J_ (CN). 
Pe me H II e. PaccMOTpHM cHa'IaJia cJiy'Iail:, Kor,n;a (AB) -It l. IIycTb HC

KOMbie TO'IKH M H N nocTpoeHbI. ECJIH (AB) n l = 0, TO rOMOTeTII.SI c 

n;eRTpOM 0, oTo6pa:lKaIOUia.SI A Ha B, OTo6pa:iKaeT M Ha N (p1Ic. 83). Ec

JIII C1 = H~~8 (C), TO (Cl\I) I\ (C1N) II no::iToMy (CN) J_ (C1N). 0Tcro,n;a 

CJie,eyeT, 'ITO TO'IKa N npnHa,n;Jie:lKIIT OKPY:lKHOCTII y c 

,z:µraMeTpOM CC1 II, :ma'IIIT, NE (y n l). 9THM Haii,n;eH 

cnoco6 nocTpoenn.si: IICKOMoil: TO'IKH N. To'IKa M cTpo

IITC.SI cornaCHo yCJioBHIO (AM) II (BN). "t.!HcJio pemeH1Iil: 

3aB1ICHT OT 'IHCJia o6UIHX TO'leK oKpy:lKHOCTH y H np.si:

Moii l. Ha p1Ic. 83 nMe:!OTc.si: ,n;Be napbI HCKOMhIX TO'IeK 

M H N, M 1 II N 1. (foM0TeTm1, OTo6pa:iKaIOUia.SI B Ha 

A, npHBO,IJ;HT K TeM :lKe pemeHH.SIM.) Ilpn AB 11 l BMe

CTO rOMOTeTHII paccMaTplIBaeTC.SI napaJIJieJibHhlH nepe

HOC TAB· 
Tpa,n;HlllIOHHO roMoTeTH.SI HCnOJih3yeTc.SI npn peme

HIIII 60JibIDOro KJiacca KOHCTpyKTIIBHhIX 3a,n;a'I CJie,ey

IOilIHM o6pa30M. "YcJIOBII.SI 3a,n;a'III pa3,n;emIIOTCSI Ha ,IJ;Be 

qaCTH, o,n;Ha H3 KOTOpbIX xapaKTepn3yeT <j>opMy, a ,ll;py

raSI - pa3Meph1 HCKOMOil: <j>nryphr. llcnoJih3Y.SI nepByro 

'!aCTb ,n;aHHbIX, CHa'IaJia BMeCTO HCKOMOH <j>1Irypb1 CTpo

.SIT rOMOTeTH'IHYIO eil:, a 3aTeM no OCTaJihHhIM ,n;aHHhIM 

cTpo.si:T ncKoMyro lj>nrypy. IIpnMepoM MO:lKeT CJIJJKHTb 

cJie,eyro111a.si: 3a,z:i;aqa. 
Pnc. 83 

3 a ,n; a 'I a 5. IIocTpOnTh TpeyroJibHHK no ,IJ;BYM yrJiaM II nepHMeTpy. 

p e ill e H He. ,Ll;Ba ,n;aHHhlX yrJia onpe,n;eJISIIOT <j>opMy HCKOMOrO TpeyrOJib

HHKa, a rrepnMeTp - ero pasMepb1. CTpOHM HeKOTOphiil: TpeyrOJihHHK AB1 C1 
no ,IJ;BYM ,n;aHHhIM yrnaM LA H LB (pHc. 84). llcnoJih3YSI 3a,n;aHHhIR ne

pHMeTp, orrpe,n;eJinM roMoTeTHIO c 11eHTpOM A, KOTopaSI oTo6pa:iKaJia 6h1 

TpeyroJihHHK AB1C1 Ha ncKOMbiil: TpeyroJibHHK ABC. ,II,m1 3Toro Ha npo-
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H3BOJibHOH np.HMoii, co,n;ep)K8.m;eii A, OTJIO:IKHM oTpe30K AP ,ll;JIHHOH p ( 3a

,n;aHHhlii nepHMeTp) H OTpe3oK AP1 ,n;n.H KOToporo AP1 = AB1 + B 1 C + C1A. 
To'IKH P H P1 .HBJI.HIOTC.H cooTBeTCTBeH-

p P1 HbIMH B Tpe6yeMOH rOMOTeTHH c 11eH

TpOM A. l:Icrronh3Y.H nx, CTPOHM BepmH

HhI B H C HCKOMoro TpeyrOJihHHK<l ABC: 
B=H~1 -P(B1 ), C=H~1 -P(C1 ). PemeHHe 

e,n;HHCTBeHHO. 
A 

PHC. 84 

llHor,n;a K 11eJIH npHBO,n;HT roMOTeTH.H, 

11enTp KOTOpoii He npnHa,n;Jie:IKHT MHO:/Ke-

CTBY ,n;aHHhlX TO'IeK, a HaXO,ll;HTC.H ITOCTpO

eHHeM. BoT npHMep TaKoii 3a,n;a'IH. 

3 a ,n; a 'I a 6. IIocTpOHTh oKpy:IKHOCTh, fillcaIOm;yroc.H ,n;aHHoii 0Kpy:1Kno

CTH H ,ll;BYX HenapanJieJihHhIX np.HMhlX a H b. 
P e m e n H e. IIycTh ct - ,n;anHa.H oKpy:IKHOCTh c 11enTpoM 0 H a n b = A 

(puc. 85). McKoMa.H OKPY:IKHOCTh roMoTeTH'IHa 0Kpy:1KHOCTH ct OTHOCHTeJih

HO HX TO'IKH fillCaHH.H. 9TOH rOMOTeTHeH np.HMhie a H b OT06pa)K8.JOTC.H Ha 

napanneJihHble np.HMbie a 1 H b1, K£1Ca

rom;uec.H ct H ITOTOMY nerKO CTpO.HIIIHe

C.H. Ecnu a1 n b1 = A1 TO np.HMa.H AA1 
npOXO,n;HT 'Iepe3 11eHTp rOMOTeTHH. 3Ha

'IHT, TO'IKOH fillCaHH.H HCKOMOH H ,n;an

HOH OKPY:IKHOCTeii .HBJI.HeTc.H nro6a.H H3 

TO'IeK S H T nepece'IeHH.H np.HMoii AA 1 

c OKPY:IKHOCTbIO ct ( eCJIH TaKHe TO'IKH cy

IIIeCTByroT). IJ;enTp c HCKOMOH OKpy:IK

HOCTH npHHa,n;Jie:IKHT OCH CHMMeTpHH 

np.HMbIX a H b n np.HMOH SO (unu TO). 
TaK fillK cyIIIeCTBYIOT 'IeThlpe fill

caTeJibHbie K ct, napanneJibHhle ,n;aH

HbIM np.HMbIM a H b, H ITOTOMY 'IeTbI

pe Ilp.HMbie, BbICTynaIOIIIHe B pOJIH np.H

MOH AA 1 , TO onn ,n;aroT, Boo6m;e roBop.H, 

BOCeMb TO'IeK fillCaHH.H ,n;aHHOH OKpy:IK-

PHc. 85 

HOCTH ct c HCKOMhlMH. Cne,n;oBaTeJihHO, MaKCHMaJibHOe 'IHCJIO pemenuii paB

HO 8. B 3aBHCHMOCTH OT pacnoJio:IKeHH.H ,n;aHHhIX np.HMhlX H OKPY:IKHOCTH OHO 

MO:IKeT yMeHblliHTbC.H ,n;o 4. H.a puc. 85 noKa3aHo o,n;Ho H3 'IeThlpex pemeHHH, 

HMelOIIIHX MeCTO B 3TOM CJiy'Iae. 

PaccMOTpennhlii cnoco6 pemeHH.H He ,n;aeT noJIHoro 'IHCJia pemeHHH H 

,n;a:IKe MO:IKeT 6b1Tb BOBCe nenpnro,n;eH, KOr,n;a 11eHTp 0 ,n;aHHOH OKPY:IKHOCTH ct 

Jie:IKHT Ha OCH CHMMeTpHH np.HMbIX a H b. 
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3aaa"iU 'Ha ao~aaame.!l'bCffi60 U 6'bl"iUC.!le'HUe 

2.01. ,D;OKa:lKHTe, 'ITO o6pa3bl .n;aHHOH TO'IKH rrpH CHMMeTpHRX OTHOCH

TeJihHO cepe,n;HH CTOpOH 'IeTbipexyrOJibHHKa SIBJISIIOTCSI BepIIIHHaMH rrapaJI

JieJiorpaMMa. 

2.02. '1epe3 TO'IKY KacaHHR ,ri;Byx OKPY:lKHOCTeli rrpoBe,n;eHhI ,n;Be rrpoH3-

BOJihHh1e rrpsrMhie, rrepeceKarorn;He aTn OKPY:lKHOCTH BTOpH'IHO B TO'!Kax A, B 
n C, D, rrpH'IeM TO'IKH A n B Jie:iKaT Ha O,Ii;HOH oKpy:iKHOCTH, TO'IKH C n D -
Ha ,ri;pyroli. ,D;oKa:lKHTe, 'ITO (AB) 11 (CD). 

2.03. '1epe3 TO'IKY KaCaHHsr ,n;Byx OKPY:lKHOCTeli rrpoBe,n;eHa ceKyrn;asr. 

,D;oKa:lKHTe, 'ITO KacaTeJihRhle K OKPY:lKHOCTRM B TO'IKaX rrepece'IeHHR Hx c 

ceKyrn;eli napaJIJieJihHhI. 

2.04. ,D;aH TpeyroJihHHK ABC. To'IKH A1, B1, C1 -o6pa3hl TO'IeK A, B, 
c COOTBeTCTBeHHO rrpn CHMMeTpHH c n;eHTPOM B rrpOH3BOJihHOH TO'!Ke p. 
,D;oKa:lKHTe, 'ITO rrpsrMhle, rrpoxo,ri;srrn;He qepe3 TO'IKH A1, B1, C1 n cepe,n;HHhl 

cTopoH BC, CA, AB cooTBeTCTBeHHo, rrepeceKaIOTCR B O,Ii;HOH TO'!Ke. 

2.05. Haii:.n;nTe MHO:lKeCTBO n;eHTpon.n;oB Bcex TpeyrOJihHHKOB ABC, y KO

TOphIX BepmHHhI A n B rrocTO.HHHhl, a TO'IKa C rrpo6eraeT .n;aHHYIO rrp.HMyro. 

2.06. Bee xop,n;hl oKpy:iKHOCTH, nMerorn;He o6rn;nli KOHen;, pa.3,n;eJieHhI B 

paBHhIX oTHOIIIeHnsrx. Hall,n;HTe MHO:lKeCTBO TO'IeK .n;eJieHHsr. 

2.07. ,D;oKa:lKHTe, 'ITO BO BCSIKOH Tparreu;mr cepe,n;HHhl OCHOBaHHH, TO'I

Ka rrepece'IeHH.H ,n;HaroHaJieli n TO'IKa rrepeceqeHnsr rrp.SIMhIX, co,n;ep:iKarn;nx 

6oKOBhle CTOpOHhI, Jie:lKaT Ha O,ll;HOH rrpRMOH. 

2.08. '1epe3 TO'IKY rrepeceqeHH.H .n;naroHaJieli Tparre:i:µm rrpoBe,n;eHa rrp.H

Masr, rrapaJIJieJihHasr OCHOBaHHSIM. ,D;oKa:lKHTe, 'ITO 0Tpe30K 3TOH rrpRMOH, 

3aKJIIO'IeHHblll Me:lK,n;y 6oKOBbIMH CTOpoHaMH, .n;eJIHTCSI TO'IKOH rrepece'IeHH.H 

.n;naroHaJieli rrorroJiaM. 

2.09. B Tparreu;nH ABCD c ocHoBaHHRMH AB H CD ,n;naroHaJIH rre

peceKaIOTCR B TO'!Ke 0 . .D;oKa:lKHTe, 'ITO oKpy:lKHOCTH, orrncaHHhle OKOJIO 

TpeyroJihHHKOB AOB H COD, KacaroTcsr. 

2.10. ,D;Be OKPY:lKHOCTH KacaroTcsr BHeIIIHHM o6pa30M B TO'!Ke A, a o6rn;asr 

KacaTeJibHasr K HHM KacaeTcsr oKpy:lKHOCTeli B TO'IKaX B H C. ,D;oKa:lKHTe, 

'ITO yroJI BAG rrp.HMOH. 

2.11. ,D;Be OKpy:lKHOCTH KaCaIOTCSI BHeIIIHHM (coOTBeTCTBeHHO BHyTpeH

HHM) o6pa30M. '1epe3 n;eHTp roMOTeTHH c IIOJIO:lKHTeJihHhIM (cooTBeTCTBeHHO 

OTpHn;aTeJihHhIM) Koacpqmn;HeHTOM, oTo6pa:iKarorn;eli o,n;Hy OKPY:lKHOCTh Ha 

,ri;pyryro, rrpoBe,n;eHa rrpsrMasr, rrepeceKarorn;a.H OKPY:lKHOCTH B roMOTeTH'IHhIX 

TO'IKaX A n B. ,D;oKa:lKHTe, 'ITO H3 TO'IKH KacaHH.H oKpy:lKHOCTeli oTpe3oK 

AB BH,n;eH rro.n; rrpsrMhIM yrJioM. 

2.12. ,D;Be OKpy:iKHOCTH KacaroTcsr BHyTpeHHHM o6pa3oM B TO'IKe A. Xop

.n;a MN 6oJihmeli oKpy:lKHOCTH KacaeTcsr MeHhmeii OKPY:lKHOCTH B TO'!Ke P. 

215 



,Ll;oKaJKHTe, 'ITO JIJ'I AP ecn. 6ncceKTpnca yrJia MAN. CcpopMyJmpyil:Te H 

,ll;OKaJKHTe aHaJiorH'IHJIO TeopeMy ,n;m1 CJiy'IaH BHeIIIHero KaCaHHH OKpyJK

HOCTe:ii. 

2.13. ,Ll;Be oKpyJKHOCTH KacaIOTCH BHyTpeHHHM o6pa30M B TO'IKe A. Ce

Kym;aH rrepeceKaeT OKPYJKHOCTH B TO'IKaX M, N, P, Q, pacnoJioJKeHHhIX 

noCJie,n;oBaTeJihHO. ,Ll;oKaJKHTe, 'ITO yrJihI MAP H N AQ paBHhI. 

2.14. ,Ll;Be OKPYJKHOCTH KacaIOTCH BHeIDHHM o6pa30M. IlpHMaH nepeceKa

eT Rx B TO'IKaX M, N, P, Q noCJie,n;oBaTeJibHO. ,Ll;oKaJKHTe, 'ITO H3 TO'IKH Ka

caRHH oTpe3KH MQ H NP BH,n;Hhl no,n; yrJiaMH, cyMMa KOTOpbIX paBHa 180°. 
2.15. ,Ll;o.KaJKHTe, 'ITO npoH3Be,n;eHHe ,ll;JIHH 0Tpe3lWB ceKym;e:ii ,n;Byx 

OKPYJKHOCTe:ii OT 1IeHTpa roMoTeTHH oKpyJKROCTe:ii ,n;o ,n;Byx HeroMoTeTH'I

HhIX TO'IeK OKPYJKHOCTe:ii Re 3aBHCHT OT Bb16opa ceKym;e:ii. 

2.16. IlpoH3BOJihHaH TO'IKa P coe,n;nReHa c cepe,n;1rnaMH A1, B1, C1 cTo

poH BC, CA, AB TpeyroJihHHKa ABC. ,Ll;oKaJKHTe, 'ITO npHMhie, npoBe,n;eH

Rhle qepe3 ero BepmHRhI A, B, C napaJIJieJihHO cooTBeTCTBeHHO npHMhIM 

PA1 , PBi, PCi, nepeceKaIOTCH B O,n;HO:ii TO'IKe Q H QG=2GP, r,n;e G-
1IeRTpon,n; TpeyroJihRHKa ABC. 

3aaa"tu na nocmpoenue 

2.17. IlpoBe,n;nTe qepe3 ,n;aRRhle TO'IKH M 11: N napaJIJieJibHhle npHMhle m 
H n COOTBeTCTBeHHO TaK, 'lT06bI O,n;Ha H3 HHX OT06paJKaJiaCh Ha ,n;pyryIO 

3a,n;aHHO:ii rOMOTeTHe:ii. 

2.18. qepe3 ,n;aHHYIO BHe 3a,n;aHHO:ii OKPYJKHOCTH TO'lKY A npoBe,n;HTe 

npHMJIO, nepeceKaIOIIIJIO <iTy OKPYJKHOCTh B TO'lKaX B H C (B JieJKHT MeJK

,n;y A H C) TaK, 'ITO AB= 2BC. 
2.19. qepe3 06m;y10 TO'lKY ,n;Byx OKPYJKHOCTe:ii npoBe,n;HTe npHMJIO TaK, 

'lT06hI 3TH OKPYJKHOCTH BblCeKaJIH Ha He:ii 0Tpe3KH, OTHOIDeHHe KOTOpbIX 

paBHO OTHOIDeHHIO ,n;Byx ,n;aRHhlX 0Tpe3KOB. 

2.20. qepe3 ,n;aHHYIO TO'lKY npoBe,n;HTe npHMJIO TaK, 'lT06bI ee 0Tpe30K 

c KOHI1aMH Ha ,ll;BYX ,n;aHHhlX npHMhlX ,n;eJIHJICH ,n;aRHOH TO'lKO:ii B ,n;aRHOM 

OTHomeHHH. 

2.21. B ,n;aHHhl:ii yroJI BTIHmHTe OKPYJKHOCTh, npoxo,n;Hm;yIO qepe3 ,n;aH

RYIO TO'lKy. 

2.22. Ha ,n;aHRo:ii npHMO:ii l Ha:ii,n;HTe TO'lKy, paBHoy,n;aJieHHYIO OT ,n;aHRo:ii 

npHMO:ii a 11: ,n;aHHO:ii TO'lKH M. 
2.23. qepe3 ,n;aHHYIO TO'lKY npOBe,n;HTe npHMyIO, nepeceKaIOIIIJIO ,n;Be ,n;aH

Hhle OKPYJKHOCTH no,n; paBHhlMH yrJiaMH. 

2.24. IlocTpO:iiTe KBa,n;paT, O,n;Ha CTOpoHa KOToporo KaCaJiaCb 6hl ,n;aHHOH 

OKPYJKHOCTH, a npoTHBOTIOJIOJKHaH cTopoHa cJiyJKHJia xop,n;o:ii 3TO:ii oKpyJK

HOCTH. Ha:ii,n;nTe OTHOmeRHe CTOpOHbl KBa,n;paTa K pa,n;nycy OKpyJKHOCTH. 
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2.25. B ,IJ;aHHhlii Kpyronoii ceKTOp BIIHIIIHTe oKpy.arnocTb, Kacaronzy10c.H 

6oKOBbIX pa,n;nycon ceKTopa n ero .zzyrn. 

2.26. Jl,aHhI TpeyroJibHHKH ABC H A1B 1C1. IlocTpoiiTe TpeyroJihHHK 

A2B2C2 TaKoii, 'ITO (A2B2) II (A1B1), (B2C2) I\ (B1C1), (C2A2) I\ (C1Ai) n 

A2 E BC, B2 E (AC), C2 E (AB). 
2.27. IlocTpoiiTe napa.rrJieJiorpaMM no cTopoHe, OTHOIIIeHHIO ,IJ;HaroHaJieii 

n yrJiy Me2K.zzy ,n;naroHaJI.HMH. 

2.28. IIocTpoiiTe Tpaneu;nro no ,n;nyM yrJiaM rrpn O,IJ;HOM ocHOBaHnn, oT

HOIIIeHHIO OCHOBaHHll H BbICOTe. 

2.29. IIocTpoiiTe OKpy2KHOCTh, Kacaro:uzyroca ,n;aHHoii oKpy2KHOCTH H .n,aH

Hoii rrp.HMOll B ,n;aHHOil ee TO'!Ke. 

2.30. IlocTpoiiTe OKpJ2KHOCTh, Kacaronzyroca ,n;aHHoli oKpJ2KHOCTH B .n,aH

Hoil: ee TO'!Ke H ,n;aHHOll np.HMOH. 

3aaa"-lU a.11,JI, 6'He'K:AaCC'HOU pa6om'b£ 

2.31. Jl,aHhI rrp.HMa.H a H TO'!Ka A BHe ee, a TaK2Ke rrp.HMa.H b H TO'!Ka B 
BHe ee (a -=f- b H A -=f- B). Haii,n;nTe ycJioBna, rrpn KOTOphlx roMOTeTneli MO)KHO 

oTo6pa3HTh napy (a, A) Ha napy (b, B). 
2.32. To'lKa B Jie2KnT Ha rrpa:Moli l Me)K)zy TO'IKaMH A n C. Ha np.H

MOli l1, HerrapaJIJieJihHOli l, B3.HThI TO'IKH A1, B1, C1 TaK, 'ITO B1 Jie2KHT 

Me)K)zy A1 H C1 n AiB1: B1C1 =AB: BC. qepe3 TO'IKH A, B, C rrpoBe,n;e

HhI napa.rrJieJihHhie rrpaMhie a, b, c cooTBeTCTBeHHO, a qepe3 TO'IKH A1, B 11 
C1 - napa.rrJieJihHbie rrp.HMhie a1, b1, c1, HerrapaJIJieJihHbie rrpe,IJ;hl.zzym;nM np.H

MbIM. Jl,OKa2KHTe, 'ITO TO'IKH M =an al' N = b n bi' p = c n C1 KOJIJIHHeapHbl. 

2.33. B '!eThlpexyroJihHHKe ABCD rrocTpoeHhI u;eHTPOH,n;bI A1, B1, C11 
D 1 TpeyroJihHHKOB BCD, CDA, DAB, ABC cooTBeTCTBeHHO. ,ll;oKa)KHTe, 

'ITO '!eTbipexyroJibHHK A1B 1C1D 1 roMOTeTH'leH ,n;aHHoMy, H Hali,n;nTe K03cP

<Pnu;neHT H u;eHTP l'OMOTeTHH. 

2.34. To'IKH A1, B1, C1 CHMMeTpH'IHhl TO'!Ke M OTHOCnTeJihHO BepIIIHH 

A, B, C TpeyroJihHHKa ABC coOTBeTCTBeHHO. OxapaKTepu3yliTe npeo6pa-

30BaHne M ___, M 1, r,n;e M 1 -u;eHTpon,n; TpeyroJihHHKa A1B 1C1. 

2.35. ,ll;aHhl Tpn TO'IKH A, B, C. ,ll;.iI.H Ka)K,ll;OH TO'IKH M rrocTpoeH u;eH

TPOH,11; G '!eThlpexyroJihHHKa ABC M ( 3TOT 'leThipexyroJihHHK MO)KeT 6hITh 

Bh1po)K,ll;eHHhIM). OxapaKTepH3JHTe rrpeo6pa3oBaHHe M ___, G. (IJ;eHTPOH,11; 

'leThipexyroJihHHKa ecTh TO'!Ka rrepece'leHna ero cpe,IJ;HHX JIHHHH.) 

2.36. CTopoHhI o,n;Horo '!eThipexyroJibHHKa napaJIJieJihHhI cTopoHaM ,n;py

roro, a ,n;naroHa.rrH nepBoro rrapa.rrJieJihHhI ,n;naroHaJI&M BTOporo. I'oMoTeTH'l

HbI Jill 3TH '!eTbipexyroJibHHKH? 

2.37. ,ll.,aHhI ,n;na roMoTeTH'lHhlX TpeyroJibHHKa ABC H A1B1C1. 0Tpe3KH 

AA1 , BB1 , CC1 pa3,n;eJieBbI TO'IKaMH A2, B2, C2 B o,n;HOM OTBorneHHH k. 
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Bhl'IIICJIIITe rrJiom,a,n;h S2 TpeyroJihHIIKa A2B2 C2 , ecJIII 1mom.a.n;n ,n;aHHhIX 

TpeyroJihHIIKOB paBHhI SH S 1 cooTBeTCTBeHHO. 

2.38. qepe3 ,n;aHHyro TO'IKY S rrpoBe,n;HTe rrpzMyro, rrepece:Karom.yro TPII 

,n;aHHble rrpaMhle a, b, c, rrpoxo,n;aIIJ.He qepe3 TO'IKY M, B TaKIIX TO'!Kax A, B, C, 
'ITO OTHOIIIeHIIe AB : BC paBHO OTHOIIIeHIIIO ,n;JIIIH m H n ,n;aHHhIX OTpe3KOB. 

2.39. Ilp5IMhie a, b, c co,n;ep:aca.T CTOpOHhI HeKOTOporo TpeyrOJihHIIKa. Ila

PaJIJieJihHO ,n;aHHoii rrpzMoii rrpoBe,n;IITe rrpzMyro TaK, 'IT06bl oHa rrepece:KaJia 

rrpzMble a, b, c cooTBeTCTBeHHO B TO'!KaX A, B, C, ,n;Jiz KOTOphIX OTHOIIIeHHe 

AB : BC 6hIJIO paBHO OTHOIIIeHHIO ,ll;JIHH m H n ,n;aHHhIX oTpe3KOB. 

2.40. Ha cTopoHax AB II AC TpeyroJihHHKa ABC Haii,n;HTe TO'IKII M 
H N TaKIIe, 'ITO BM= lv1 N =NC. 

2.41. ,ll;aH qeThrpexyrOJihHHK ABCD, ,n;IIarOHaJIH KOToporo nepneH,n;nKy

JI5IpHhI n rrepeceKaroTcz B TO'!Ke M. ,ll;oKa2KHTe, 'ITO :u;eHTPOH,JJ;hl TpeyroJih

HHKOB MAB, M BC, MC D, Jvl DA rrpHHa,n;Jie:acaT O.n;HOH OKpy:arnocTII. 

2.42. Haii:,n;HTe MHOJKeCTBO TO'leK rrepece'leHnz BhICOT TpeyroJihHHKOB, 

BrrncaHHhrx B ,n;aHHyro oKpyJKHOCTh. 

2.43. Haii,n;HTe MHOJKeCTBO :a;eHTpOII,JJ;OB TpeyroJihHIIKOB A 1B 1C1 , BIIH

caHHblX B ,n;aHHhIH TpeyroJihHHK ABC. 
2.44. ,ll;aH TpeyrOJihHHK ABC. Haii,n;nTe MHO)KeCTBO cepe,n;1rn S OTpe3KOB 

MN, eCJin TO'IKII M H N rrpHHa,n;Jie:acaT cooTBeTCTBeHHO cTopoHaM CA II 
CB. 

2.45. BrrncaHHaz B TpeyroJihHHK ABC oKpy)KHOCTh :KacaeTC5I cTopoHhr 

AB B TO'!Ke M. -Y:epe3 ,n;naMeTpaJihHO rrpoTHBOIIOJIO)KHyro TO'IKY M 1 rrpo

Be,n;eHa npzMaz C M1 , nepece:Karom,az CTopoHy AB B TO'IKe N. ,Il;oKaJKHTe, 

'ITO AN=BM. 

§ 15. Ko.Mno3U'/1iUJl 20.Momemuu 

15.1. KoMII03~SI ,ll.BYX rOMOTeTHii:. IlycTh 3a,n;aHbl ,n;Be roMoTeTHH 

HA. II H~ c o6m,nM :a;eHTPOM A n K03cpqm:u;neHTaMn ix n p. ,ll;mr npoH3-

c BA' 

Pnc. 86 

A 
BOJihHOH TO'IKH X nMeeM: AX 1 = ixAX n AX' =~AX 1• 

CJie,n;oBaTeJihHO, AX'= (ix~)AX. 9To 3Ha'IHT, 'ITO KOM

rro3II:a;Heii ,n;Byx rOMOTeTHH c o6m,HM :a;eHTPOM SIBJI5IeTC5I 

roMoTeTH5! c TeM )Ke :u;eHTPOM, K03cpcpH:a;HeHT KOTopoii: 

paBeH npOH3Be,n;eHHIO K03cpcpHI.~HeHTOB ,ll;aHHblX roMOTe

TIIH. IlpII ixp = 1 HMeeM TO)K,ll;eCTBeHHOe npeo6pa3oBa

HHe. 9Ta KOMII03HD;H5! KOMMyTaTHBHa. 

Haii:,n;eM Teneph KOMil03n:u;nro ,n;Byx roMoTeTnii: HA. 
H H~ c pa3JIH'IHhIMII :u;eHTpaMII A H B. IlycTh ,n;Jiz rrpon3BOJihHOii TO'IKH X 
HA.(X)=X1 n H~(X1 )=X' (pIIc.86), T.e. AX1=ixAX H BX'=PBX1. 
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Ecmr H~(A) =A', TO BA'= ~BA. 0Tpe30K A'X' eCTb 06pa3 oTpe3Ka AX 
rrpn paccMaTpHBaeMoii KOMII03Im;HH, npn'IeM A' X' II AX. EcJin aTH oTpe3-

KH He paBHbI, TO cym;eCTByeT TO'IKa C =(AA') n (XX'). tfa rro,n;o6Hb1X 
CA' CX' A'X' 

TpeyroJII>HHKOB AXC n A' X'C nMeeM: = =-= = --=-· KpoMe Toro, 
CA ex AX 

-- -- -- A'X' -- --
A'X' = ~AX 1 = (~1X)AX. IloaToMy --=-=IX~ n CX' = (1X~)CX. TaK KaK 

AX 
CA'= (1X~)CA, TO TO'IKa C He 3aBncnT OT rrepeMeHHoii TO'IKH X. 9To 3Ha

'IHT, 'ITO ncKoMa.H KOMII03HIJH5I £BJiaeTC£ roMoTeTneii c 1JeHTpoM C: 

EcJin A' X' = AX, TO TO'IKa C He cym;ecTByeT, Tor,n;a IX~ = 1 n XX' = AA'. 
B 3TOM cJiy'lae KOMII03HIJHR roMoTeTnii ecTh nepeHoc. 

KoMII03HIJH5I H~ o HA HeKOMMyTaTnBHa, TaK KaK oHa nepeBO.n;HT A B A', 
HO o6pa3 TO'IKH A npn KOMTI03HIJHH HA o H~ He coBna,n;aeT c A'. 

Pe3yJihTaTOM 3THX nccJie,n;oBaHnii £BJiaeTc.i:r TaKa.i:r TeopeMa. 

TeopeMa. Ko.Mn03Utt,ueu a6yx 20.MOmemuu c tt,ettmpa.MU A u B u 'IC0-

3<fxfmtt,uettma.MU IX u ~ R6.tiRemcR 20.MomemuR npu IX~ =f- 1. Ec.tiu tt,ettmpu 

aatttt'btX 20.Momemuu pa3.tiU"l,'H.'bt, mo tt,ettmp no.tiy"i,€'H,'H.OU 20.MOmemuu npu

ttaa.tie:JICUm npJt.Mou AB. Ec.tiu IX~ = 1, mo 1w.Mno3utt,uR 20.Momemuu ecm'b 

nepettoc npu A =f- B u mo:J1CaecmBe1-moe npeo6pa3o6attue npu A = B. Ko.M

no3utt,uR 20.Momemuu c o6w,U.M tt,eHmpo.M 'IW.M.MymamuBHa. Ko.Mn03Utt,UR 

20.Momemuu c pa3.tiU"ittU.MU tt,eHmpa.Mu tte'IW.MMymamu6tta. 

H3 TeopeMbI Henocpe,n;cTBeHHO cJie,n;yeT, 'ITO OTHomeane roMoTeTn'IHOCTn 

qmryp TpaH3HTHBRO npn IX~ =I- 1 H ReTpaH3HTHBHO rrpn IX~ = 1. 
15.2. TeopeMa Ilarrna. Ec.tiu mo<J:'/CU A, B, C, Ai, Bi, C1 n.tioc'/Cocmu 

pacno.tio:J1CeHu ma'IC, <J:mo mo<J:11:u A, B, C 'ICO.ti.tiutteapH'bt, mo<J:'/CU A 1 , Bi, C1 

ma'IC:J1Ce '/COMUHeapHu u (ABi) II (A1B), (BCi) II (BiC), mo (ACi) II (A1C). 
,IT,oKa3aTeJihCTBO. IlycTb (AB) =m, (AiBi) =mi. Ilo yCJioBnro 

CE m n Ci E m 1. IlycTn m~m1 nmnm1 =0 (pnc.87). 

Pnc. 87 Pnc. 88 
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3a,n;a~M ,n;Be roM0TeT1rn: H0(A) = B n H~(C1 ) = B1. Tor,n;a, KaK 

HeTpy,n;Ho Bn,n;eTh, (H~ o H0)(A) = C n (H0 o H~)(C1 ) = A1. IlocKOJih

KY KOMII03HIJ;mI rOMOTeTHH c o6rri;nM u;eHTpOM KOMMyTaTHBHa, TO rraphl 

A---+ C n C1 ---+ A1 l'IBJil'IIOTCl'I rrapaMn cooTBeTCTBeHHhIX TO'leK rrpn o,n;Hoii n 

Toii 2Ke roMOTeTHH H'g, n rroToMy (AC1) 11 (CA1). 
EcJin m II m1 (m =/:- m1), TO H3 (AB) II (B1A1) n (AB1) II (BA1) CJie,n;y

eT AB= B1A1 (pnc. 88). Ilo aHaJiorn'!Hoii rrpn'lnHe BC= C1B 1. Tor,n;a H3 

AB+ BC= AC n C1B 1 + B1A1 = C1A1 cJie,n;yeT AC= C1A1, OTKy,n;a rroJiy

qaeM (AC1) II (CA1). 
15.3. B3tmMHoe pacnoJio:>KeHHe u;eHTpOB roMoTeTnii Tpex OKpy:>KaocTei. 

Jiro6hie ,n;Be HepaBHhie oKpy2KHOCTH roMoTeTH'lHhI ,n;Ba)K,ll;hI (rr.13.2). EcJIH 

,n;aHhI Tpn rrorrapHo HepaBHhle OKPY2KHOCTH, u;eHTphI KOTOphIX HeKOJIJIHHe

apHhI, TO, paCCMaTpHBal'I HX rrorrapHO, 6y,n;eM HMeTh Bcero IIIeCTh u;eHTpOB 

roM0TeT11ii 3THX OKPY2KHOCTeii. 0Hn o6pa3yroT 3aMe'!aTeJihHyro KoHqmry

pau;nro. 

TeopeMa. Ee/Lu '4ettmpu mpex nonaptto ttepaBtt'btX oro,py;JtCttocmeil ttero,o/L
/LUtteaptt'bt, mo wecm'b '4ettmpo6 20.Momemuil 3mux oro,py;JtCttocmeil, ea.11,mux 
nonaptto, /Le;JtCam no mpu tta "tem'btpex np.11,.Mux . 

.II; 0 Ka 3 a Te JI h c TB o. IlycTh ,n;aHhl OKPY2KHOCTH W1' W2' W3 COOTBeT

CTBeHHO c u;eHTpaMH 01, 02, 03 H 03 rt (0102). U:eHTphl roMOTeTHH OKpy2K

HOCTeii W; ll Wj o6o3Ha'IHM qepe3 S;j ll s:j, rrpH'leM IIITpnxaMH IIOMeTHM u;eH

Tphl roMOTeTHH c OTpnu;aTeJihHhlMH Ko::i<P<Pnu;11eHTaM11 ( i, j = 1, 2, 3; i =/:- j) 
(p11c.89). TaKKaKHs oH8 =Hs 11Hs' oHs~ =Hs1• (i, j, u=l, 2, 3n 

t} 'l.U JU 1.) t'U JU 

PHc. 89 
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Bee pa3JIH'lHbI), TO no TeopeMe o KOMII03HD;HH ,ll;Byx roMOTeTHH 5ju E (5ij5iu) 
H 5ju E (5:j5:J. CJie,n;OBaTeJibHO, meCTb TO'leK 8i2, 5~2' 823, 8~3, 8i3, 5~3 
rpyrrrrnpyroTCSI B 'leThipe TpoilKII KOJIJIHHeapHbIX TO'leK: 5i2, 523 , 5 12 ; 512 , 

5~3' 5~3; 5~2' 823, 8~3; 5~2' 5~3' 8i3, IIpII'leM 'lepe3 Ka:lK,ll;YIO TO'lKY rrpoxo,n;SIT 

,n;Be II3 IIOJiy'leHHbIX 'leTbipex rrpSIMbIX. 

15.4. TeopeMa MeHeJiaSI. Ilycm'b Ha npRM'btX BC, CA, AB, onpeiJe.1LR10-

UJ,UX mpey20.1L'b'HU'X: ABC, iJa'H.'bt mo"lnu Ai, Bi, Ci. ,ll,.!LR mow, "lmo6u 3mu 

mo"licu .1Le:Hea.1Lu Ha oiJH.ou npRMOU, 'H.eo6xoiJuMo u iJocmamo"ttto, "lmo6u 

ABi CAi BCi _ l 
EiC . AiB . CiA - - . 

0,ll;HOM OTHOmeHHH, 'lTO B03MO:lKHO JIHillb rrpH ycJIO

BHH (Ai Bi) II (AB), rrpoTHBOpe'lar:u;eM yCJIOBIIIO Te-

(1) 

opeMbI. KoMrro3n:u;neil roMoTeTnil H~~ H H~~ SIB- Ci 
JISieTCSI rOMOTeTHSI c Koa¢qm:u;neHTOM kik2 H :u;eH- ---:;;>o<=''---9-::-----:~-

TpOM (AB) n (AiBi) =Ci, rrpII'leM H~~k2 (B) =A. 
C ,n;pyroil CTOpOHhI, H~~ (B) =AB CHJiy rrpHHSIThIX 

o6o3Ha'leHnil. TaK KaK :u;eHTpOM Ci H rrapoil TO'leK 

Pnc. 90 

B--+ A roMoTeTHSI orrpe,n;eJieHa, TO H~~k2 = H~~, OTKy,n;a kik2 = k3 HJIH, c 

u AiC BiA CiB 
y'leToM o6o3Ha'leHHH, = · = =. A aTo paBeHCTBO paBHOCHJihHO 

AiB EiC CiA 
,ll;OKa3hIBaeMOMY paBeHCTBY (1). 

06paTHO, rrycTb BbIIIOJIHSieTCSI COOTHOmeHIIe (1) H Tpe6yeTCSI ,ll;OKa3aTh 

KOJIJIHHeapHOCTh TO'leK Ai, Bi, Ci. 
IIcrroJih3YH rrpe:lKHHe o6o3Ha'leHHSI, HMeeM: H~~ (B) = C, H~~ (C) =A 

n rroaToMy (H~~ o H~~)(B) =A. CyrrrecTBeHHo, 'lTO kik2 =fa1, TaK KaK H3 

kik2 = 1 H paBeHCTBa (1), KOTOpoe 3KBIIBaJieHTHO kik2 = k3, CJie,ll;OBaJIO 6hI 

k3 = 1, T. e. CiA = CiB, OTKy,n;a A= B, 'lTO rrpoTnBope'IHT ycJIOBHIO Te

opeMbI. lhaK, H~~ o H~~ ecTb roMoTeTHSI c Koa¢¢II:u;IIeHTOM ki k2 = k3 • 

C ,n;pyroil CTopOHhI, H~~ (B) =A. IlocKOJihKY roMoTeTHSI orrpe,n;eJrneTrn KO

a¢¢n:u;neHTOM ki k2 = k3 n rrapoil TO'leK B--+ A, TO H~~ o H~~ = H~~, OTKy,n;a 

cJie,n;yeT KOJIJIHHeapHOCTh :u;eHTpoB Ai, Bi, Ci aTnx roMoTeTnil. 
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§ 16. Pewenue 3aaa'l(, c noMOW/b'IO 1\,0Mn03U'4UU 

20Momemuu 

3a.n,aqa 1. ,ll;aHa Tpaneu;:mr ABCD c ocHoBamurMH AB n CD. Ilpo

H3BOJThHa.a: TO'lKa P np.a:Moil: BC, OTJIH'lHa.a: OT To'leK B n C, coe.n,nHeHa 

D 

A 

PHc. 91 

s 

y 

PHc. 92 

c 

p 

c BepmnHoii D n c cepe.u;nHoil: M ocHoBaHHH 

AB. ,ll;oKa3aTh, 'ITO ecJin (PD) n (AB)= X, 
(PM) n (AC)= Q, (DQ) n (AB)= Y, To To'l

Ka lvf HBJI.HeTc.a: cepe.u;nHoii oTpe3Ka XY 
(pnc. 91). 

Pe me H n e. 3a.n,a).l;HM roMoTeTnIO Hq, 
npn KOTopoil: A-. C, n roMOTeTnro Hp, oTo6-

pa:iKaromyro C B B. llx KOMn03HII,H.H oTo6-

pa:iKaeT A B B n nMeeT u;eHTP B TO'lKe 

(AB) n (PQ) = M. IIocKOJihKY TO'lKa M -
cepe).l;HHa AB, TO 3Ta KOMno3nu;m1 HBJI.a:

eTCH u;eHTpa.JibHOH CHMMeTpneil: z M c 11,eH

TpOM M. 3aMe'laeM, 'ITO Hq(Y) = D n 

Hp(D) =X. CJie,n;oBaTeJihHO, ZM(Y) =X, OT

Ky.u;a MX =MY. 
3 a .u; a q a 2. IIocTpOHTh OKpYJKHOCTh, Ka

caronzyroc.a: ,D;BYX ,n;aHHhIX OKPY1KHOCTeii: TaK, 

'lT06bI npHMaH, coe.n,HHHIOIIl,a.H TO'IKH KaCa

HHH, npoxo.n,nJia 'Iepe3 .u;aHHYIO TO'IKY p. 
Pe III e H n e. IIycTb HCKOMa.H OKPY1K

HOCTh. x KacaeTCH .u;aHHhIX OKPY1KHOcTeii ix 

H IX1 (c u;eHTpaMn 0 H 01) COOTBeTCTBeHHO B 

TO"'!KaX An B, rrpn 3TOM PE (AB) (pnc. 92). 
PaccMoTpnM roMOTeTHIO c 11,eHTpOM A, KOTO

paH OTo6pa:iKaeT IX Ha x, H rOMOTeTHIO c 11,eH

TpOM B, OT06pa:iKaromyro x Ha IX1. llx KOM

Il03HII,H.H B .n,aHHOM nop.a:,n;Ke OT06pa:iKaeT a 
Ha IX1 H IlOTOMY HMeeT CBOHM 11,eHTpOM TO'IKY 

S= (AB) n (OOi). 3Ha'1nT, npHMaa: AB orrpe

.u;eJIHeTCH TO'lKaMH p H s, a TO'lKa s CTpOHTCH 

KaK 11,eHTP roMOTeTnn OKPY1KHOCTeii IX n ix1 

(rr. 13.2). lI,eHTp X HCKOMOH OKPY1KHOCTH x 
HaXO).l;HTCH KaK TO'!Ka nepeCe'leHHH rrpHMbIX 

OA n 0 1B (rrpn ycJIOBnn, 'ITO npHMaH SP He HBJIHeTcH 06111,eil: KacaTeJihHOH 

K OKPY1KHOCTSIM IX n IXi). EcJin OKPY1KHOCTH IX n ix1 He paBHhI, TO cy111,ecTBYIOT 
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,n;Ba n;eHTpa S H S1 roMoTeTnii, oTo6paJf<aroru;nx ex Ha a 1. PemeHH.H cym;e

CTBYIOT, Kor,n;a XOT.H 6h1 o,2J,Ha H3 npaMhIX SP H S 1 P nepeceKaeT ,n;aHHhie 

OKPY)KHOCTH. Han60Jihmee 'lHCJIO pemeHnii: paBHO 'leTbipeM: ,n;Be OKPY)KHO

CTH x H y ,ll;JI.H n;eHTpa s I'OMOTeTllll c IIOJIO)KHTeJibHbIM K03cpqmu;neHTOM 

( cooTBeTCTBeHHO ,n;Jia nap A, B n M, N TO'leK nepece'leHH.H npaMoii: SP 
c oKpy)KHOCT.HMH) H ,n;Be OKPY)KHOCTH z n u ,n;Jia n;eHTpa S1 roMoTeTHH c 

oTpnn;aTeJihHhlM Koacpcpnu;neHTOM (cooTBeTCTBeHHO ,n;Jia nap C, D n E, F 
TO'leK nepece'leHn.H np.a:Moil: S 1P c OKPY)KHOCT.HMn). 

Kor,n;a OKpy)KHOCTH a n a1 paBHhI, pemeHne OTJIH'laeTC.H munh TeM, 'ITO 

npaMaa, coe,n;nHa101n;aa TO'lKH KaCaHH.H o,n;Hoii: n3 HCKOMhlX oKpy)KHOCTeii: c 

,n;aHHbIMll OKpy)KHOCT.HMH, napaJIJieJihHa JIHHHH n;eHTPOB 001. 
3 a ,n; a 'la 3. ,Il;aHa npaMaa a n He npnHa,n;Jie)Kam;ne eii: TO'lKH A, B, 

C, D. Haii:Tn Ra npaMo:il a TaKne TO'lKH M n N, 'lT06bl (AM) II (BN) n 

(DM) II (CN). 
Pe me u n e. IlycTh HCKOMhre TO'lKH Mn N nocTpoeHhr n (AB) n a= S, 

(CD) n a= T (pnc. 93), npn'leM S # T. 3a,n;a,n;nM roMoTeTnn H~(A) = B 
H H~(D) = C. Tor,n;a H~(M) =NH H~(M) =NH no3TOMY KOMII03Hu;H.H 

H!/1 o H~ OTo6pa)KaeT TO'lKY M Ha ce6a. Ecmr k # l, TO HCKOMa.H TO'lKa !Yi 
,ll;OJI)KHa 6b1Th n;eHTpoM roMoTeTHH, .HBJiarom;e:ilca KOMno3nn;ne:il H!/ 1 

o H~. 
,Il;JI.a: ee IIOCTpOeHH.H Haii:,n;eM napy COOTBeTCTBeHHbIX TO'leK npH 3TOH KOM

II03HD;HH. °Y'lHTbrnaa, 'ITO H!/1(C) = D, cTponM P = H!/ 1(B). Tor,n;a A-+ P 
npH paccMaTpHBaeMOH KOMII03Hu;HH H II03TOMY M =(AP) n (ST). IlocTpo

eHHe TO'lKH N y)Ke o'leBH,n;HO. 

ECJin (AB) II a HJIH (CD) II a, TO roMoTeTHH H~ n H~ 3aMeHaIOTC.H co

OTBeTCTBeHuo nepeHocaMH Ha BeKTOpb1 AB n DC. Ilpn k = l KOMII03nn;na 

H!/ 1 
o H~ eCTh nepeHoc, OTJIH'lRhIH 

OT TO)K,D;eCTBeHHOro, H II03TOMY Heno

)l;BH)KHbIX TO'leK ue cym;ecTByeT. CJie-

S B TC 
,n;oBaTeJihHO, npn SA = TD 3a,n;a'la 

He nMeeT pemeHna. B oco6oM cJiy

'lae, Kor,n;a S = T, 3a,n;a'la nMeeT 6ec

KOHe'lHoe MHO)KeCTBO pemeHniI. EcJin 

AB= DC= r Hr II a, TO KOMII03HD;H.H 

TAB o Tcv ecTb TO)K)l;eCTBeHHoe npe

o6pa30BaHne H pemeHne cym;ecTByeT 

s 

A 

a 

PHc. 93 

,n;JI.H mo6oii: TO'lKH M npaMoii: a. Ilpn ncKJIIO'leHHH Tpex noCJie,n;HHX 'laCT

HhIX CJiyqaeB cym;eCTBYIOT ,n;Be napbl TO'leK Ilp.HMOH a, y,n;oBJieTBOp.HIOID;He 

3a,n;aHHbIM ycJIOBH.HM. 0,n;Ho H3 3THX penreHnii: IIOKa3aHo Ha pnc. 93. BTo

poe noJiy'laeTca 3aMeHoii: roMoTeTHH H~ (nJin nepeHoca T"vc) o6paTHhIM 

npeo6pa30BaHIIeM. 
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3aaa"tu 

2.46. Mo:iKeT JIH KOMIT03Hn;m1 .n;Byx roMoTeTHil: c o,n;HHM n TeM :iKe Ko3¢

cPHD;HeHTOM H c n;eHTpaMn A n B 6hITb roMOTeTHeil: c n;eHTpOM B cepe,n;HHe 

oTpe3Ka AB? 
2.47. Hail:.n;nTe KOMIT03HD;llIO Tr o H~; H~ o Tr. 
2.48. CyID;eCTByeT JIH o6ID;nil: Ko3¢¢nn;neHT Tpex roMoTeTHil: c n;eHTpaMn 

B nepmnHax ,n;aHHoro TpeyroJibHHKa ABC TaKnx, 'IT06b1 nx KOMII03HD;llH 

6bma roMOTeTnell: c n;eHTpoM B n;eHTpon,n;e ,ll;aHHoro TpeyroJibHHKa? 

2.49. ,Il,aHh1 Tpn rrapaJIJieJibHhIX HepaBHblX OTpe3Ka MN, PQ, RS. ,II,o

Ka:lKHTe, 'ITO Tpn TO'IKH rrepece'IeHHH rrpHMbIX MP n N Q, MR H NS, PR 
H Q S KOJIJIHHeapHhr, TO'IKH rrepece'IeHHH rrpHMhrx M Q n NP, QR H PS, 
MR n NS TaK:iKe KOJIJIHHeapHbI. 

2.50. IlocTpoll:Te o6ru;yro rrapy cooTBeTCTBeHHbrx TO'IeK rrpn .n;nyx .n;aHHbIX 

rOMOTeTHHX. 

2.51. ,Il,oKa:lKHTe, 'ITO rrepeHOC H rOMOTeTHH HMeIOT o6ru;yro napy COOT

BeTCTBeHHblX TO'IeK. IIocTpoll:Te 3TY napy. 

2.52. To'IKH M n N HBJIHIOTCH cepe.n;HHaMH cTopoH AB H CD rrpHMO

yroJihHHKa ABC D' Q -1IpOH3BOJibHaH TO'IKa rrpHMOM AC' (QM) n (BC) = 
= P. ,II,orra:iKHTe, 'ITO rrpHMaH MN - ocb CHMMeTpHH rrpHMbIX NQ n NP. 

2.53. Lfepe3 TO'IKY M, Jie:iKaru;yro Ha CTopoHe AB napaJIJieJ1orpaMMa 

ABCD, rrpoBe.n;eHa npHMaH MP napaJmeJ1bHO AC (PE (BC)), a 'lepe3 

TO'IKY B-npHMaH BN napa;iJ1eJibHO MD (NE (DC)). ,Il,oKa:iKHTe, 'ITO 

TO'IKH D, Q =(AC) n (BN), p npHHa,ll;Jle:iKaT O,ll;HOM npHMOH. 

2.54. Ha CTopoHax BC, CA, AB TpeyroJihHHKa ABC .n;aHbl coOTBeT

CTBeHHO TO'IKH Ai, Bi, Ci TaKne, 'ITO npHMhie AAi, BBi, CCi rrepece

KaIOTCH B O,ll;HOH TO'!Ke (nJIH napa;iJ1eJibHbl). ,Il,oKa:iKHTe, 'ITO KOMil03HIJ;HH 

Tpex roMOTeTHH HA 1 (B) = C, H81 (C) =A. Hc1 (A)= B eCTb n;eHTpaJlbHaH 

CHMMeTpHH. C¢opMyJinpyll:Te H .n;orra:iKHTe o6paTHOe yTnep)K,ll;eHne. 

2.55. ,Il,aH rrHTHyroJihHHK ABC DE. IlpHMaH m rrepecerraeT rrpHMbie AB, 
BC, CD, DE, EA B TO'lKaX M, N, P, Q, S cooTBeTCTBeHHO. ,Il,oKa:iKHTe, 'ITO 

KOMIT03HD;llH H'S o H~ o H~ o H~ o H'fvr ecTb TO)K,ll;ecTBeHHoe npeo6pa30BaHne, 

MB NC PD QE SA 
eCJIH CJ. = f..1 A' p = NB' y = PC' o = Q D' c = SE. 

2.56. 0Kpy:iKHOCTH wi n w2 c n;eHTpaMH Oi H 0 2 KacaroTCH oKpy:iKHO

CTH w B TO'IKaX Ai n A2 • Lfepe3 TO'IKY M oKpy:iKHoCTH w rrpoBe.n;eHhl rrpHMhie 

M Ai H M A2, rrepecerraIOID;lle Wi n w2 BTOpH'IHO B TO'lKaX Bi H B2. ,II,orra

:lKHTe, 'ITO rrpHMble AiA2, B 1B 2 , 0 10 2 rrepeceKaIOTCH B O.n;Hoil: TO'!Ke mm: 

napaJ1JieJibHb1. 

2.57. ,Il,aH TpeyrOJlhHHK ABC n TO'lKa Q. To'IKH M, N, P- ee op

ToroHaJihHble rrpoeKD;HH Ha npHMbie BC, CA, AB coOTBeTCTBeHHo. l:fepe3 
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cepe,n;nHhI oTpe3KOB QM, QN, QP rrpoBe,n;eahr rrp.HMhre m, n, p rrapamreJih

HO coOTBeTCTBeHHO rrp.HMhIM BC, CA, AB. ~OKa:>KHTe, 'ITO TpeyrOJihHHK, 

CTOpOHhl KOTOporo rrp1rna,n;Jie:>KaT rrp.HMhIM m, n, p, paBeH TpeyroJihHHKY c 

BepIIIHHaMn B cepe,n;nHax cTopoH TpeyroJihHHKa ABC. 

§ 17. llpeo6pa3oBa'Hue nodo6uJt 

17.1. Onpe,n;eJieHHe no,n;o6usi u no,n;o6Bblx cpnryp. PaccMoTpnM oTo6pa

JKeHue <p IlJIOCKOCTH Ha ce6a, rrpn KOTOpOM paccTO.HHH.H MeJK.n;y TO'IKaMH 

yMHO:>KaIOTC.H Ha o,n;ao H To LK:e noJIO:>KHTeJihHoe 'IHCJIO k: ecJin cp(A) =Ai H 

<p( B) =Bi, TO Ai Bi = k ·AB (,n;mr JII06hIX A, B). 9To oTo6pa:>KeHne o6paTn

MO, rroToMy 'ITO n3 AB> 0 Bcer,n;a cJie.n;yeT AiBi > 0. 3Ha'IHT, OTo6paJKeHne 

<p - npeo6pa306a'Hue IlJIOCKOCTH. 

0 n p e ,n; e JI e H n e. Ilpeo6pa3oBaHne nJIOCKOCTH Ha3hIBaeTC.H npeo6paao
sanue.M noao6ust, HJIH noao6ueM, eCJIH ,ll;Jl.H JII06hIX ,n;Byx TO'leK A H B H 

nx o6pa30B Ai H B1 rrpn 3TOM npeo6pa30BaHnu BhIITOJIH.HeTCH paBeHCTBO 

Ai B1 = k · AB, r,n;e k - nocTo.HHHoe ( noJio:>KnTeJihHOe) 'IHCJIO, Ha3hIBaeMoe 

1w3<fxf>uv,uenmo.M noao6Ust. 
B qacTHOCTH, rrpn k = 1 rro,n;o6ne .HBJIHeTc.H ,n;BHJKeHneM. I'oMOTeTH.H c 

K03<PcpnII,HeHTOM k (k ::f. 0) eCTh no,n;o6ne c K03cpcpHIJ,HeHTOM jkj, TaK KaK no 

JieMMe o roMoTeTHH (n.12.2) AiBi = k ·AB, OTKy,n;a AiBi = JkjAB. 
KoMn03HII,H.H ,D;Byx no,n;o6nii: c KoacpcpuII,HeHTaMn k1 H k2 eCTh no,n;o6ne c 

K03cpcpmi;neHTOM ki k2 • B '!aCTHOCTH, KOMIT03HI1H.l'l'. ,D;BHJKeHH.l'l'. n roMOTeTnn 

c K03cpcpmi;neHTOM k 6y,n;eT no,n;o6HeM c K03cpcpHI1HeHTOM jkj. 
lfa onpe,n;eJieHn.H no,n;o6na cJie.n;yeT TaKJKe, 'ITO npeo6pa3oBaHne, o6paT-

. 1 
Hoe no,n;o6u10 c Koacpcpmi;neHTOM k, eCTb no,n;o6ne c KoacpcpnIJ,HeHTOM k: 

1 
AB= kAiB1. 

Wnrypa cl>1 Ha3blBaeTCil no,n;o6HOH cpnrype cp (nnmyT: cl>i rv cl>), eCJIH 

cyIIIeCTByeT no,n;o6ne, 0To6pa:>Ka10IIIee cl> Ha 1>1• 0THomeHHe cpnryp «6h1Th 

no,n;o6HhIMH» pecpJieKCHBHO, CHMMeTpH'IBO H TpaH3HTHBHO. 

TaK KaK ,D;BH:>KeHne -qacTHhIH Bn,n; no,n;o6na, TO paBHhle (KoHrpy3HT

Hhle) cpnryphl rro,n;o6HbI. O,n;aaKo no,n;o6Hble cpnryphl paBHhI JIHIIIb B '!aCTHhIX 

CJiyqaax. IloCKOJibKY rOMOTeTH.l'l'. eCTb no,n;o6ne, TO roMOTeTH'IHbie cpnryphl 

no,n;o6Hhl. 0,n;BaKo no,n;o6Hhle cpnryphl roMOTeTH'IHhIMH 6hITb He o6a3aHhI. 

~JI.H TpeyroJibHHKOB HMeIOTC.H H3BeCTHhie npH3HaKH no,n;o6na. ~yrne 

rro,n;o6Hble cpnryphl pacn03HaIOTC.H Ha OCHOBaHHH onpe,n;eJieHH.H: IlO,ll;bICKHBa

eTCH TaKoe npeo6pa3oBaHne no,n;o6na, KoTopoe oTo6pa:>KaeT o,n;ay cpnrypy 

Ha ,n;pyry10. 
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17.2. Ilpe)J,CTaJUieBHe ll0)J,06IDI KOMll03~eii rOMOTeTHH H )J,JJH)KelllUI. 

HHBapHa.BTLI no.n.o6Hii. Ilpe,n;cTaBJiemie rro,n;o6m1 ::iToii KOMII03Hu;ueii uMeeT 

pemaroru;ee 3Ha'IeHue ,n;mr u3yqeHu.H rro,n;o6uii. 

TeopeMa. Bc.R:x:oe noiJo6ue n.tioc:x:ocmu MO:JIC'Ho npeiJcmaeum'b :x:0Mno3u-

1.1,ueii 20Momemuu c npou3BO.ti'b'H'btM 1.1,eHmpoM u :x:o3<fxi>u1.1,ueHmoM, Mody.ti'b 
:x:omop020 paeeH :X:03<fxj>UtJ,UeHmy noiJo6UR, U He:x:omop020 iJBU:J/Ce'l-tUJl, . 

.II, o Ka 3 a T e JI h c T B o. EcJIH <pk - rro,n;o6ue c Ko::i¢qmu;ueHTOM k, TO 
KOMU03HJJ;H.H <pk o H:}(±k) roMoTeTHH H:}(±k) c rrpoH3BOJibHbIM u;eHTpoM 0 
H 3Toro rro,n;oforn ecTb HeKoTopoe .u;mrJKeHue f: <pk o H:)C±k) = f, TaK KaK 

1 
3Ta KOMrro3uu;u.a coxpaHHeT paccTo.aHH.H Me)f(,lly TO'IKaMH ( k · k = 1). Pac-

CMOTpHM KOMII03HD;HIO (<pk o H:}(±k)) o H6k = f o H6k. l1crroJih3Y.H accou;ua

THBHOCTb KOMII03HD;HH rrpeo6pa3oBaHuii u 3aMe'Ia.H, 'ITO H:)(±k) o H6k eCTb 

TO)K)J,CCTBeHHOe rrpeo6pa30BaHue, IIOJiyqaeM: 

<pk= f o Htk. (17.1) 

ECJiu Ha'IaTb )J,OKa3aTeJibCTBO c paccMoTpemi:a ,n;BmKeHua H:}(±k) o <pk= g, 
g -=!= f' TO aHaJIOrH'IHhlM o6pa30M 6y,n;eM HMeTb: 

(17.2) 

B 'laCTHOCTH, rrpH <pk = H~ ,n;BR>KeHua f H g .HBJI.RIOTC.H TmK,n;ecTBeHHhlMH, a 

rrpu <pk= f = g roMOTeTna H~ ( k = 1) eCTb To)K,ll;ecTBeHHoe rrpeo6pa30BaHue. 

l13 pa3JI01KeHHH (17.1) ll (17.2) .HBCTByeT, 'ITO CBOHCTBa ¢uryp, coxpa

H.HIOIJJ;HeC.H rrpH rOMOTeTHH H npH ,ll;BH1KeHHH, coxpam110TC.H H rrpH rro.u;o6uu. 

0Hn Ha3bIBaroTC.H HHBapuaHTaMH rro,n;o6uii. CpaBHHBa.a rr.1.2 c n.12.2 H 12.3, 

rroJiyqaeM cJie,n;yrom,He HHBapuaHTbI no,n;o6Hii: 

1) IIO)J,06He OT06pa:>KaeT rrp.aMyro Ha rrp.HMyro, 0Tpe30K Ha OTpe30K, 

2) rro)J,o6ue OTo6pa:>KaeT napaJIJieJihHbie rrp.HMbie Ha napa.rrJieJibHhle rrp.H-

Mbie (Ho o6pa3 np.aMoii He o6a3aH 6bITb rrapaJIJieJibHbIM 3Toii np.aMoii), 

3) no.u;o6ne 0T06pa:>KaeT JIY'l Ha Jiy'I, IIOJIYIIJIOCKOCTb Ha IIOJIYIIJIOCKOCTb, 

4) no.u;o6ne OTo6pa:>KaeT yroJI Ha paBHhiii eMy yroJI, 

5) Il0,1J,06ne coxpaH.aeT OTHOmeHne )J,JIHH Jll06hIX ,n;Byx 0Tpe3KOB, T. e. OT

HOmem1e ,ll;JlHH 0Tpe3KOB paBHO OTHOilleHHIO )J,JIHH HX o6pa30B. 

IIocJie,n;Hee CBOHCTBO Henocpe,n.cTBeHHO CJie,n;yeT n H3 orrpe,n.eJieHH.a no,n;o-

6n.H: eCJIH AB n CD-rrpoH3BOJibHbie oTpe3KH, A1B 1 n C 1D 1 -nx o6pa3bI 

npn no)J,o6nH, TO A1B 1 = k ·AB n C 1D 1 = k ·CD, Il03TOMY A1B 1 : C 1D 1 = 
=AB:CD. 

TaKHM o6pa30M, ocHOBHhIMH HHBapHaHTaMn no,n;o6uii: .aBJI.HIOTc.a cBoii

CTBa ¢nryp 6bITb np.aMOR (KOJIJIHHeapHOCTb TO'IeK), 0Tpe3KOM, JIY'IOM, rro

JIYIIJIOCKOCThIO, yrJIOM, a TaK1Ke rrapaJIJieJibHOCTb rrp.HMbIX, BeJIH'IHHa yrJia, 

OTHOilleHHe ,Ll;JIHH ,n;Byx 0Tpe3KOB. 
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§ 18. 3aam-me noao6UR nJLOC'K',OCffiU 

18.1. TeopeMa 0 3a,ZJ;amm rro,n;o6m1 IIJIOCKOCTH. EcJLU aaaatt'bt mpu ueno.11,

.ILU'Heapttue mo"lnu A, B, C n.11,ocnocmu u mpu mo"lnu Ai, Bi, Ci ma'll:ue, 

"lmo AiBi = k ·AB, Bi Ci= k ·BC, CiAi = k ·CA, mo cyw,ecmeyem oJtto 
U mOJl.'b'l\:0 oJtto npeo6pa306attue noJo6u.n n.11,ocnocmu, npu 'ICOmOpOM mO"l'ICU 

A, B, C omo6pa;J1Ca'/Omc.n coomeemcmeetttto 'Ha mo"lnu Ai, Bi, Ci. 
,z::t; o Ka 3 a Te JI b c TB o. PaccMOTpHM roMoTeTHIO H~ c u;eHTpOM B rrpo

H3BOJibRo:ii TO'!Ke 0. EcJin H~(A) =A0 , H~(B) =B0 , H~(C) =C0 , TO TO'IKH 

A0 , B0 , C0 HeKOJIJIHHeapHbI H A0 B0 = k ·AB, BoCo = k ·BC, C0 A0 = k ·CA. 
0Tcro,n;a H H3 ycJIOBH.sI TeopeMbI CJie,rzyeT: A0 Bo = A 1Bi, B 0 C0 = B1 C1, 

C0 A0 = C1Ai. Ilo TeopeMe o 3a,n;aHnn ,n;BHlKeHH.sI (rr.1.3) cyIIIeCTByeT e,n;nH

CTBeHHOe ,n;BHlKeHne f IIJIOCKOCTH TaKoe, 'ITO J(A0 ) =Ai, f(B0 ) =Bi, 
J(C0 ) =Ci. KoMrro3HD;H.sI f o H~ =<pk ecTb rro,n;o6ne IIJIOCKOCTH, rrpn: KOTO

poM A--+ Ai, B--+ Bi C--+ Ci. 9Tn:M cyII1eCTBOBaHne Tpe6yeMoro rro,n;o6n:.si: 

,n;oKa3aRo. 

,z::t;OKalKeM ero e,n.HHCTBeHHOCTb. IlyCTb HMeIOTC.sI ,n;Ba rro,n;o6na <p H 4 
TaKn:e, 'ITO cp(A) =Ai, cp(B) =Bi, cp(C) =Ci H 4(A) =Ai, 4(B) =Bi, 
4(C) =Ci. 0TclQ,n;a acHo, 'ITO K03cpcpn:u;neHTbI 3TlIX rro,n;o6n:ii ,n;omKHbI 

6bITb paBHbI. KoMII03HD;Ha 4-i o <p srnmreTcsi: ,n;BHlKeHneM, rrpn KOTopoM 

TO'IKH A, B, C Herro,n.BHlKHbI. ilo TeopeMe rr. 1.3 ,l1,BH1Kenne <)1-i o cp ,ll,OJIJKHO 

6hITb TO)J(,ll;eCTBeHHbIM: 4-i o <p = E, oTKy,n;a 4 = cp. 
BMecTe c 3THM ,n;oKa3aH rrpn3HaK rro,n;oforn TpeyroJibHHKOB no TpeM cTo

poHaM: eCJIH COOTBeTCTBeHHbie CTOpOHbl TpeyrOJibHHKOB rrporropu;1mHaJibHhl, 

TO TpeyrOJibHHKll no,n;o6Hbl. 

CorJiaCHO ,n;oKa3aHHOH TeopeMe, eCAU aea noJo6U.R U.Me'/Om mpu o6w,ue 

napu coomeemcmBetttt'btX mo"te'X:, mo onu coBnaJawm. 

18.2. ,ll;Ba po,n;a no,n;o6Hii. IlocTpoeHHe 06pa3a TO'IKH npu noµ;o6HH. 

MolKHO ,n;oKa3aTh, 'ITO eCJIH TpeyroJibHHK ABC H ero o6pa3 Ai Bi Ci rrpn 

no,n;o6RR IIJIOCKOCTH HMeIOT O,n;HHaKOBbie opneHTaI!HH, TO 0,ll;HHaKOBbie opn

eHTaD;Hll HMelQT J1106o:ii ,n;pyro:ii TpeyroJibHHK n ero o6pa3 rrpn 3TOM rro,n;o6nn. 

ECJin JKe TpeyrOJibHHKH ABC H AiBi Ci opneHTHPOBaHbI rrpoTHBOIIOJIO)K

HO, TO H mo6o:ii ,n;pyro:ii TpeyroJibHHK rrpoTHBOIIOJIO)KHO opneHTHpOBaH 

co CBOHM o6pa3oM. Mmi'le roBop.si:, cyII1eCTBJIOT ,n;Be n TOJihKO ,D;Be B03-

M02KHOCTH: HJIH rro,u.o6ne coxpaHSJeT opneHTau;mo B c e x TpeyrOJibHHKOB, 

HJIH lKe OHO MeHsi:eT opneHTaD;HIO B c e x TpeyrOJibHHKOB Ha rrponrnorro

JIO)KHyIO. 

Ilo,n;o6ne IIJIOCKOCTH, coxpaHSIIOIIIee opHeHTaD;HIO TpeyrOJibHHKOB, Ha3bI

BaeTCSI noJo6ueM nepeozo poaa. Ilo,n;o6ne, H3MeH.sIIOII1ee opneHTau;n10 Tpe

yrOJibHHKOB Ha IIpOTHBOIIOJIO)KHyIO, Ha3bIBaeTCSI noao6ueM 6mOp020 poJa. 

foMoTeTHSJ - rro,n;o6ne rrepBoro po,n;a. 

227 
15• 



EcJIH yK:a3aH po,n; rro,n;o6II.a, TO ,n;JI.a ero 3a,n;aHu.a ,n;ocTaTO'IHO 3HaTh o6-
pa3hI JIIIIDh AB y x TO'IeK: A___. A1 , B ___. B 1 • Tor,n;a ,n;JI.a mo6oii: BhI6paHHOii 

TO'IKII M O,ll;H03Ha'IHO cTpOIITc.a ee 06pa3 M 1 rrpn 3TOM rro,n;o6nn. Ecmr 

M 1- (AB), TO Ha ocHOBaHIIH rrpH3HaKa rro,n;oforn TpeyroJihHHKOB no ABYM 

yrJiaM Ha oTpe3Ke A1B 1 cTpOIITC.a TpeyroJihHHK A1 B 1 M 1 , rro,n;o6Hhiii: Tpe

yroJihHHKY AB!Vf II opneHTHpoBaHHhIH o,n;nHaKOBO HJIII rrpOTHBOIIOJIO:lKHO c 

TpeyroJihHHKOM ABM B 3aBIICIIMOCTH OT yKa3aHHoro po,n;a rro,n;o6u.a. EcJIII 

ME (AB), TO He3aBIICHMO OT YKa3aHHoro po,n;a rro,n;o6n.a ee o6pa30M 6y-
A1M1 AM 

,n;eT TaKa.a TO'IKa M 1 E (A1 B 1 ), 'ITO =-==='A. ,Il,JI.a ee rrocTpoeHII.a 
B1M1 BM 

,n;ocTaTO'IHO II3BeCTHhIM crroco6oM pa3,n;eJIHTh oTpe30K A1B 1 B ,n;aHHOM OT-

HomeHIIH 'A. Mo:lKHO rrocTyrrHTh H IIHa'Ie: cHa'!aJia HaiiTII o6pa3 N 1 TO'IKII 

N tj. (AB) II 3aTeM, ncrroJih3y.a rrapy N ___. N 1 , rrocTpOIITh c rroMOI.IJ;hIO rro

,n;o6HhIX TpeyroJihHIIKOB o6pa3 M1 TO'IKII ME (AB). 
IIocKOJihKY no,n;o6IIe ,n;aHHoro po,n;a 3a,z:i;aeTc.a ,n;ByM.a napaMII cooTBeT

CTBeHRhIX TO'IeK, TO ,n;Ba rro,n;o6II.a o,n;Horo II Toro :lKe po,n;a, HMeroru;ne ,n;Be 

o6ru;IIe rraphl COOTBeTCTBeHHhIX TO'IeK, COBrra,n;aIOT. 

TaK KaK KOMIT03IID;II.H ABYX rro,n;o6IIii: O)l;Horo po,n;a ecTh rro,n;o6ue rrepBoro 

po,n;a II KOMII03II:u;II.H ABYX rro,n;o6nii: pa3JIII'IHhIX po,n;OB eCTh rro,n;o6IIe BTOporo 

po,n;a, TO II3 TeopeMhl rr.17.2 BhITeKaIOT CJie,n;yroru;IIe CJie,n;CTBH.a: 

1) BC.HKOe rro,n;o6ne rrepBoro po,n;a rrpe,n;cTaBIIMO KOMII03IID;IIeii: rOMOTeTHH 

II ABH:lKeHn.a rrepBoro po,n;a, 

2) BC.HKOe no,n;o6IIe BTOporo po,n;a npe,n;cTaBllMO KOMil03II:u;IIeii roMOTeTIIll 

II ,n;BH:lKeHII.H BToporo po,n;a. 

§ 19. KJ1,accu<fiu1',a~UJl noao6uu nj/,OC'K,OCmu 

19.1. K11accmp~.a no.u;o6IDi nepBoro po.u;a rroJiy'IaeTc.a H3 KJiaccIIqm

Ka:u;IIH )l;BII:lKeHHii: rrepBoro po,n;a (Ra rrepeHOChl H IIOBOpOThl) rryTeM paCCMOT

pemrn KOMIT03HD;IIII roMoTeTIIII II 3TIIX ,n;BmKeHIIii. KoMrr03II:u;H.a roMoTeTIIII 

H nepeHoca, a TaK:lKe nepeHOCa n rOMOTeTHII eCTh roMOTeTII.H c TeM :lKe KO

::i<P<lm:u;IIeHTOM, HO c ,n;pyrnM :u;eHTpoM (3a,n;a'la 2.47). IIo::iToMy ocrneTc.a 

~ ~ 
Pnc. 94 

paCCMOTpeTh KOMTI03IID;IIII roMOTeTIIH H IlOBOpOTOB. 

KoMrr03II:u;II.a roMoTeTIIII II rroBopoTa c o6ru;uM :u;eH

TpOM KOMMyTaTIIBHa: 

'ITO JierKO ycMaTpIIBaeTC.H Herrocpe,U.CTBeHHO. ~eii:CTBII

TeJibHO, ecJIII Hi(M) = M1 II R't;(M) = M 0 , TO Ka:lK,n;a.a II3 3TIIX KOMII03II:u;IIH 

oTo6pa:iKaeT npoII3BOJihRyro TO'IKY M Ha o,n;Hy II TY :lKe TO'IKY M' (puc. 94). 
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KoMno3m::i;HR roMoTeTHH H noBopoTa c o6ru;HM :o;eHTpOM Ha3bIBaeTCR 20-

Momemu"l.ec11:uM no6opomoM (HJrn: no6opomHou wMomemueu). 

MHO)KeCTBO pa3Jin'lHhIX BH.D;OB no.n;o6nii nepBoro po.n;a o-'leHb HeBeJIHKO, 

TaK KaK HMeeT MeCTO CJie,rzyron:i;aR TeopeMa. 

TeopeMa. Bc.R11:oe noao6ue nep6020 poaa n.1ioc11:ocmu, Offi.fl,U"l,ttOe om 20-

Momemuu U a6u:>tCettU.R, .R6.fl,.Remc.R 20MOmemu<tteC11:UM n060pOmOM. 

,L:i; o Ka 3 a T e JI h c T B o. IIycTh no.n;o6ne <p nepBoro po,n;a 3a,n;aHo KOM

no3n:o;neii H~ o RA, r.n;e k -=j:. l, a. -=f. 0, a. -=f. n, TaK KaK B npoTHBHOM CJiyqae 

no.n;o6ne <p 6hIJIO 6bI .D;BH)KeHHeM HJIH rOMOTeTHeii, qTO HCKJIIOqeHo ycJIO

BHeM TeopeMhI. Ilpn A = B ,n;oKa3hIBaTb Heqero, H no3TOMY cqnTaeM 

A I- B. ECJIH H~(A) =A', TO <p(A) =A'. EcJIH B0 -npoo6pa3 ToqKH B 
npn noBopoTe RA, T. e. RA(B0 ) = B, TO <p(B) = B. CJie,n;oBaTeJihHO, no

.n;o6ne <p MO)KHO 3a,n;aTb ,IJ;BYMR napaMn: ToqeK: A-+ A', Bo--+ B (pnc. 95). 
PaccMoTpHM OKPY)KHOCTb w, npoxo,n;R~IO qepe3 

ToqKH A H A' H Kacaro~rocR npRMOH AB0 B Toq

Ke A. cha OKPY)KHOCTb Beer.a.a cym;ecTByeT, no

CKOJibKY npn yKa3aHHhIX orpaanqeHHRX ToqKH A, 
A', B0 HeKOJIJIHHeapHbr. Ilpn 3THX orpaHnqeHHRX 

BCer.n;a cym;eCTByeT H OKpy)KHOCTb, npoxo.n;Rm;aR 

qepe3 A, B, B 0 • 8Tn: ,IJ;Be oKpy)KHOCTH nepeceKa

IOTCR B ToqKax A n 0. Be3 cy)KeHHR o6m;HOCTH 

,n;oKa3aTeJibCTBa MO)KHO cqnTaTb, qTo \a.\ < n. To

r,n;a LAOA1 = LB0 AB = LB0 0B =a.. IlocKOJibKY 
A'B 

cp(AB0 ) =A' B, To, =- = k. PaccMOTpHM KOM-
ABo 

II03HIJ;HIO H~ oR0. EcJIH R0(A) =A1 H R0(B0 ) = 
= B 1, TO A1 E (OA'), B 1 E (OB), A1B 1 = AB0 H 

L.AB0 0 = L.A1B10. Ho, KPOMe Toro, L.AB0 0 = 
=LABO n: no::iToMy LABO= LA1 B 10. 3HaqnT, 

A'B 
A 1B1 I\ A' B H Ai Bi = k, OTKy.n;a BhITeKaeT, qTo 

Bo 

PHc. 95 

H~(A1 ) =A' H H~(B1 ) = B. TaKHM o6pa3oM, KOMII03Hr:i;HR H~ o R0 oTo6-

pa~eT A 1 B A' H B 0 B B, BcJie,n;cTBHe qero OHa coBna.n;aeT c 3a,n;aHHhlM 

no,n;o6neM cp. lhaK, 

cp = H; o RA = H; o R'"o, 

qTo TIO onpe.n;eJieHHIO H eCTb l'OMOTeTHqecKHH IIOBOpOT. 

TaKHM o6pa30M, BCRKOe no.n;o6ne nepBoro po.n;a ecTh JIH6o roMoTeTnR, 

JIH6o ,IJ;BH)KeHHe ( IlOBOpOT HJIH nepeHOC) l JIH6o rOMOTeTHqeCKHH IIOBOpoT. 

foMOTeTHIO H IIOBOpOT MO)KHO cqnTaTb qaCTHbIMH CJiyqaRMH rOMOTeTHl:Je

CKOrO IIOBOpOTa COOTBeTCTBeRHO npH a. = 0 H k = 1. 
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Ilpe,n;cTaBJieHHe rro,n;o6m1 rrepBoro po,n;a KOMMyTaTHBHOH KOMII03IIIJ;Heii 

IIOBOpom Il rOMOTeTHil c o6~M n;eHTpOM ,n; B y 3 H a 'I H o. ,II;ell:CTBHTeJibHO, 

ecJJH cp = H~ o R0, TO 3aMe"lrui:, 'ITO E = H6-l) o H6- 1 l = H6- 1 l o R0 rroJiy

<J:aeM: 

cp=H~ oE oR0 = (H~ 0H6- 1l) o (R0 o R'Q) =Hz/ o R'Q+"". 

llTaK, cp = H~ 0 R'Q = He/ 0 R'Q+"- . 
.I(pyrnx aHaJiorH"IHhIX npe,n;cTaBJienuii 3a,n;aHHOro no,n;o6m1 nepBoro po

,n;a 6bITb He MO:lKeT, TaK KaK no,n;o6ne, OTJIIl'IHOe OT ,ZJ;BH)f(eHIU:I, He MO)f(eT 

HMeTb ,ZJ;BYX HeIIO,J];Bll)f(HbIX TO'IeK, a ,n;m1 K03¢qmn;neHTa rOMOTeTHll HMe

IOTCSI pOBHO ,n;Be B03MO:lKHOCTH: rrpll ,n;aHHOM k OH MO:lKeT paBHSITbCSI Jillillb k 
HJIH - k. Ilo3TOMY rrpe,n;rroJIO:lKeHne o cyrn;ecTBOBaHHII TpeTbero rrpe,n;cTaBJie

HHSI IlpHBO,n;HT K ,ZJ;BYM IIOJiy'IeHHhlM. 

19.2. Knaccn<j>mau~m1 noµ;o6Hii BToporo poµ;a. KoMII03HIJ;HH roMoTeTHH 

H ,ll;Bll)f(eHHH BTOporo po,n;a eCTb KOMII03HIJ;HH roMOTeTHH H oceBOH CHM

MeTpllll H KOMII03HIJ;Hll roMOTeTHH ll nepeHOCHOH CHMMeTpHH. IlocKOJibKY 

KOMII03IlIJ;HSI rOMOTeTHH H rrepeHoca eCTb HeKOTOpasi: rOMOTeTHR, TO MH02Ke

CTBO Bcex rro,n;o6Hll: BTOporo po,n;a COCTOHT TOJibKO H3 KOMII03HIJ;HH roMOTeTHH 

H oceBhlX CHMMeTpllH. PaCCMOTpHM CHa'IaJia "laCTHbIH CJiy'IaH TaKOH KOM

II03IlD;Illl. 

KoMU03HIJ;Hsi: oceBoll: CHMMeTpHH n roMoTeTHH, n;eHTp KOTopoll: rrpuna,n;

Jie)f(HT OCH CllMMeTpHH, KOMMyTaTIIBHa: 

0 El. 

B caMoM ,n;eJie, eCJIH H~(l\!!) = l\!!1 H 81(1\!!) = !v10 , TO Ka:lK,n;asi: H3 3THX KOM

II03HIJ;Hii nepeBO,n;HT npon3BOJihHYIO TO'IKY M B o,n;Hy n TY :iKe TO"IKY M' 

0 

Puc. 96 

(pnc. 96). 
KoMII03HIJ;HSI oceBoll: cnMMeTpHH H roMoTe

THH, n;eHTp KOTOpoii Jie2KHT Ha OCH CHMMeT

pHH, Ha3bIBaeTCSI 20.Momemu"{eC?i:OU CU.M.M.em

pueu. 

Ilo,n;o6nsi: BTOporo po,n;a CBO,ll;SITCSI K roMO-

TeTH"leCKilM CilMMeTpllSIM H nepeHOCHbIM CHM

MeTpllSIM. 

TeopeMa. Bc.n?i:oe noao6ue 6mopow poaa 

nJtOC?i:OCffiU, OffiJtU"f,ttOe Om a6U;)!Cettu.f!, .f!6Jt.f!-

emc.n 20.M.omemu""ec?i:ou cu.M.Mempueu. 

,n: o Ka 3 a T e JI b c TB o. EcJIH cp - no,n;o6ne BToporo po,n;a, He si:BJisi:IOrn;e

ecsi: ,n;Bll)f(eH:KeM, TO Ha ocHoBaHnn CKa3aHHOro Bhrme rroJI02KHM cp = H~ o S1 

(k =fa 1). Ilpn 0 El ,n;oKa3hIBaTh He"lero. C"InTaeM, "ITO 0 ¢:. l, n npoBe,n;eM 

"Iepe3 0 npsi:My10 m nepneH,n;nKyJisi:pHo l. IlycTh m n l =A, S1(0) = 0 1, 
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H~(01 ) = O', H~(A) =A' (pnc. 97). Tor,n;a l(O) = O' n cp(A) =A'. Pac
cMoTpHM KOMII03HD;HIO roMoTeTHii Ht o H.~-l = Hy.k. Otta oTo6pa)K8.eT A 
na A', 0 Ha O'. IJ,eHTp T MO)KeT 6hITb rrocTpoeH 

no 3THM rrapaM cooTBeTcTBeHHbIX TO'IeK. KoMno-
3HD;HH Hy.k o Sm eCTb rro,n;o6He BToporo po,n;a H 

TaK)Ke oTo6pa)K8.eT A Ha A', 0 Ha O' H no3TO

MY coBna,n;aeT c cp. MTaK, <p = H3 o S1 = H;.k o Sm, 
TEm. 

TaKoe npe,n;cTaBJieHHe no,n;o6n:H BToporo po

.n,a KOMII03HD;Heii oceBoii CHMMeTpHH H roMOTe

THH c n;eHTpOM Ha OCH CHMMeTpHH ,n; B y 3 H a q H o . 

.II;eiicTBHTeJibHO, ecJIH qi= Hik o Sm, r,n;e TE m, 
TO 3aMe'Iax, 'ITO E=H}-l) oH~-l) =H~-l) oZr = 
= H~-l) 0 St 0 Sm, r,n;e t J_ m Ht nm= T, ITOJiyqa-

H -k S H-k E S (H-k H<-1l) eM: cp = T O m = T o O m = T O T O 

o (S1 o Sm o Sm)= H~ o Sz. MmK, 

cp=H!;oS1 =Hy.koSm, r,n;e tJ_m n: tnm=T. 

m 

0 

Puc. 97 

0 

Cyin;ecTByeT npocToii crroco6 nocTpoe- Mo c,.c.-~1---+----;,M 

HH.H n;eHTpa T roMoTeTH'IeCKoii CH.MMeTpnn 

cp =Ht o S1 = Hy.k o Sm. IlycTb ,n;Jrn npOH3BOJib

HOH TO'IKH M Si(M) = M1, H~(M1) = M' H 

Sm(M) =Mo. Tor,n;a (MoM') nm= T, TaK KaK 
Hy.k(M0 ) = M' (pn:c. 98). 

Ha OCHOBaHHH ,ll,Byx IIOCJie,lI,HHX TeopeM H 

A 

m 

Puc. 98 

KJiaCCH<pHKan;HH ,ll;BH)KeHHH (rr. 7.10) MO)KlIO ,n;aTb IIOJIHYIO KJiaccmpn::iran;nro 

rro,n;o6n:ii IIJIOCKOCTH. MJIJIIOCTpHpyeM ee CJie,n;yrollleii cxeMoii. 

no,n:OBIUI IlJlOCKOCTlf 

no.n;o6mi: nepaoro po.n;a 

rOMOTeTH•J:eCKHe 
IlOBOpOTbl rrepeHOCbI 

rOMOTeTllU llOBOpOTbl 

~eHTpaJibHb1e 

CllMMeTpnn 

TOJK)J;eCTBeHHoe npeo6p330BaHHe 
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roMOTeTU'ieCKne 
CllMMeTpllll 

nepeHOCHble 
CllMMeTpnH 



§ 20. YioA, '4ettmp u aeounue np.RM/bte noao6u.R 

20.1. YroJI no,u;o6m1. PaccMoTpHM cHaqa.na rro,u;o6He rrepBoro po,u;a. 0Ho 

rrpe,u;cTaBmieT co6o:il: JIH6o rrepeHOC, JIH6o IIOBopoT, JIH6o rOMOTeTHlO, JIH60 

KOMU03HIJ,Hl0 rOMOTeTHH H IlOBOpOTa. Ilpn rOMOTeTHH H nepeHoce np&Ma& 

OT06pa)IIBeTC& Ha napam1eJihHYIO e:il: IIp&Myro, a npH IIOBOpOTe yroJI Me)K,u;y 

JIY'IOM H ero o6pa30M IIOCTO&HeH: OH paBeH yrJiy IIOBOpOTa. CJie)J;OBaTeJibHO, 

rrpH BC&KOM rro,u;o6HH rrepBoro po,u;a opneHTHpOBaHHbIH yroJI Me)K)J;y JIJ'IOM H 

ero o6pa30M rrocTO&aea )J;Jia ,u;aaaoro no,u;o6H&. B 'laCTHOCTH, )J;JI& roMoTeTnH 

3TOT yroJI paBeH 0° HJIH 180°. 
Ilepe:il:,u;eM K rro,u;o6HHM BToporo po,u;a. Ilpe,u;cTaBHM Ka2K,u;oe no,u;o6He 

BTOporo po,u;a KOMII03HII,Heii oceBOH CHMMeTpHH c cPHKCnpoBaHHOH OCblO H 

rro,u;o6H& nepBoro po,u;a. IlonoMy Ka)K)J;OMY no,u;o6Hro BToporo po,u;a 6y,u;eT 

OTBe'laTb TaK)Ke HeKOTOpblii nocTOHHHhl:il: yroJI. BoJiee TO'IHO H B y,u;o6HoM 

)J;JI& npaKTHKH BH,u;e 3TOT <PaKT MO)KHO CcPOPMYJIHpOBaTb TaK. 

Ec.!!u q> - nodo6ue emopozo poaa, l - tf>u-x:cupoeatttta.R np.R.Ma.R u m -
npouaBO.l!'btta.R np.R.Ma.R n.l!oc-x:ocmu, mo opuettmupoeatttt'b1:u yzo.I! ex .Me:>1edy 
np.R.Mou S1(m) u np.RMOU q>(m) tte aaeucum om e'bl.6opa np.R.Mou mu paeett 
y2.l!y .Me:>1edy np.R.MOU l u np.RMOU q>(l). 

,LI; o Ka 3 a T e JI h c T B o. IlycTb q> = tj> o 81, r,u;e tj> - no,u;ofoi:e rrepBoro po,u;a. 

Tor,u;a q>(m) = (tj>oS1)(m) =tJ>(m1), r,u;e m1 =S1(m). KaK y)Ke 6b1JI0 Bhl&CReHo 

paHhIIIe, yroJI ex Me)K)J;y m1 n tj>(m1) IIOCTO&HeH )J;JI& )J;aHHOro rro,u;o6n& tj> 
nepBoro po,u;a, T. e. yroJI ex Me)K)J;y S1(m) n q>(m) nocTO&HeH ,ll.JI& ,ll.aHHoro 

rro,u;o6na q> BTOporo po,u;a n cPHKCHpoBaHHOH rrp&Moii l. B 'laCTHOCTH, rrpn 

m = l 6y,u;eT S1(l) = l n ex= L.(l, q>(l)). 
TaKHM o6pa30M, KaK rro,u;o6mo rrepBoro po,u;a, TaK H no,u;o6Hro BToporo 

po,u;a COOTBeTCTByeT orrpe,u;eJieHHblH lIOCTO&HHblH yroJI ex, rrpH'leM )J;JI& rro

,u;o6H& BTOporo po,u;a OH cy:w;ecTBeHHO 3aBHCHT OT Bb16opa cPHKCHpoBaHHOH 

rrp&MOH l. 9TOT yroJI Ha.3blBaeTC& y2.1WM nodo6u.R. 
20.2. D;eHTp rro,u;o6HSI. IlpH )J;OKa.3aTeJibCTBax TeopeM § 19 ycTaHOBJieHO, 

'ITO BC&KOe IIO,ll.06ne, OTJIH'lHOe OT )J;BH)KeHH:H, HMeeT HeITO)J;BH)KHJlO TO'l

KY - n;eHTp rOMOTeTn'leCKOrO IIOBOpOTa HJIH u;eaTp rOMOTeTH'leCKOH CHM

MeTpHH. IlpH k # 1 HeIIO)J;BH)KHa& TO'!Ka no,u;o6H& e,u;HHCTBeHHa, TaK KaK 

ecJIH 6bl HX 6hIJIO ,u;Be, CKa:>KeM, AH B, TO aeo6xo,u;HMO AB= k ·AB, OTKy,ll.a 

k = 1. 
lfa )J;BlDKeHHH JIHIIIb IlOBOpOT HMeeT e,u;HHCTBeHHJlO HeIIO,ll;BH)KHYlO TO'l

Ky. OcTaJibHhie )J;BH:>Kean& nJin He nMeIOT Heno,u;BH2KHhIX TO'leK ( rrepeaoc, 

nepeHOCHa& CHMMeTpH&), HJIH )Ke HMelOT HX 6eCKOHe'lHOe MHO:>KeCTBO ( oce

Ba& CHMMeTpH&, TO)K)J;eCTBeHHOe npeo6pa30BaHne). 

E,u;HHCTBeHHyro aerro,u;BH)KHJID TO'IKY rro,u;o6H& Ha3hIBalOT '4ettmpoM no
do6u.11,. 
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B II. 19.1 BMeCTe c ,n;oira3aTeJibCTBOM TeopeMbI Haii:,n;ea cIIoco6 IIO

CTpoemrn: 11,eHTpa no,n;o6mi IIepBoro po,n;a c IIOMOlll,bIO !J.BYX OKPYJKHOCTeiI 

(pnc. 95). B II. 19.2 yira3aa cIIoco6 IIOCTpoeamr 11,eaTpa IIO,n;o6mr BToporo 

po,n;a, KOr,n;a OHO 3a,n;aHO KOMII03Hlf,Heii: rOMOTeTHH H oceBOH CHMMeTpHH. 

IlpHBe,n;eM 6e3 !I,OKa3aTeJibCTBa elll,e O!I,HH 

IIpOCTOH CIIOC06 IIOCTpOeHHH 11,eHTpa IIO

,n;o6Hz IIPH 3a,n;aHHH no,n;o6nz ,n;ByMz IIapa-

MH COOTBeTCTBeHHbIX TO'IeK c YKa3aHHeM 

po,n;a. 

IlycTh IIo,n;o6ne cp yKa3aHHOro po,n;a 

3a,n;aao IIapaMH A-> Ai H B--> Bi. Ha 

0Tpe3irax AB H A1B1 IIOCTpOHM ,n;Ba 

KBa,n;paTa ABC D H A1Bi CiD1 cooT

BeTCTBY!Olll,eii: po,n;y IIO!I,06HH OpHeHTa-

11,HH (pnc. 99). EcJIH (AB) n (Ai Bi)= M, 
(CD) n (C1D1) = N, (BC) n (B1C1) = 
= P, (AD) n (A1D1) = Q, To TO'IKa o = 
=(MN) n (PQ)-11,eHTP 3a,n;aHHOro IIO

,n;oforn. 
Pac. 99 

20.3. ,ll,Ba no,D;o6HSI c o6~M n;eaTpOM. IlycTh IIo,n;o6ne IIepBoro po,n;a c 

11,eHTpOM 0 oTo6pa:>KaeT TO'IKH A H B cooTBeTCTBeHHO B TO'IKH Ai H B 1 • 

OAi OB1 A 
Tor,n;a OA = OB = k-K03cPcPHil,HeHT rro,n;o6nz H LAO 1 = ,{BOB1 = 
= cp - yroJI rro,n;o6Hz. TaK KaK TpeyroJihHHKH AO B H A 10B1 IIo,n;o6HbI, TO 

OB OB1 
.f..AOB = i_A10B1 = <.j> H OA = OA1 = k1. cho 3Ha'IHT, 'ITO TO'IKH B H Bi 
6y,n;yT o6pa3aMH TO'IeK AH Ai IIPH roMoTeTH'IeCKOM rroBopoTe c 11,eaTpoM 0, 
K03cPcPHil,HeHTOM ki H ymoM <.j>. lfMeeM TaKOH pe3yJibTaT. 

Ec;iu npu noao6uu nep6020 poaa c '4ettmpo.tt 0 A--> Ai u B--> Bi, mo 

cyw,ecm6yem noao6ue nep6020 poaa c '4€'HmpOM 0' npu iwmopo.M A --> B u 

Ai__, B1. 
20.4. ,ll,ao:imbie npsiMLie rro.n;o6IDI. Ilo,n;o6ne IIepBoro po,n;a, OTJIH'IHOe OT 

rOMOTeTHH H rrepeHoca, He HMeeT !I,BOHHbIX HHBapHaHTHblX rrpHMbIX. Ilo,n;o-

6ne BTOporo po,n;a, OTJIH'IHOe OT )l;BH2KeHHH, o6Jia,n;aeT !I,BYMH H TOJibKO ,n;By

MH IIeprreH!I,HKYJIHpHbIMH ,n;BOHHbIMH IIpHMbIMH. ,n:enCTBHTeJibHO, B II. 19.2 
Haii:,n;eHbl ,n;Be IIeprreH,n;HKYJIHpHbie IIpHMbie m H t, KOTOpb!e, O'IeBH,!l;HO, HB

JIHIOTCH !I,BOHHbIMH. foMOTeTH'IeCKaH CHMMeTpHH rrpH k =f. 1 He M02KeT HMeTb 

,n;pyrHX ,n;BOHHbIX rrpHMbIX, TaK KaK H3 BCex ,n;BOHHbIX IIPHMbIX roMOTeTHH 

H~ (HJIH H:;.k) 3aTeM IIPH CHMMeTpHH st (HJIH Sm) Ha ce6z OT06pa2KaIOTCH 

TOJibKO IlpHMbie m H t. 
HeTpy,n;HO BH,D;eTb, 'ITO aeoU'H'ble npJl..M'bte m u t noao6UJI. 6mopozo poaa 

c.1tyJ1Cam oc.R.MU CU.MMempuu ica:JtCaou nap'bt coomeemcmeett'H'btX npu 3mo.M 
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noao6uu np.R.M'blX, npoxoa.aw,ux "tepe3 '4ettmp noao6u.a. Il03TOMY npu H3-

BeCTHOM n;eHTpe no,n;o6HH ,ll;BOHHhie rrpHMhie JieI'KO CTPOHTCH. 

,Il.BmKeHHe BTOporo po,n;a HMeeT JIH6o e,n;HHCTBeHHyro ,ll;BOHHYIO npH

MYIO - OCb nepeHOCHOH CHMMeTpHH, - JIH6o 6eCKOHe'!HOe MHO:aceCTBO ,ll;BOH

HblX rrpHMbIX - OCb oceBOii: CHMMeTpHH H ny'loK nepneH,n;HKyJrnpHbIX eii 

IlpHMhIX. 

§ 21. Pewe'l-tue 3aaa'l{, MemoaoM noao6uR 

3 a ,n; a 'I a 1. ,LI;aa TpeyroJihHHK ABC, B KoTopoM yroJI npu BepnmHe C 
npHMoii u npoBe,n;eHa BbICOTa CD. ,Ll;oKa3aTh, 'ITO Me,n;uaHhI AM u C N B 

TpeyroJihHHKe ADC u DBC nepneH,n;HKYJIHpHbI. 

Pe III e Hue. TpeyroJihHHK CD B no,n;o6eH TpeyroJihHHKY ADC ( C-+ A, 
D-+ D, B-+ C), u 3TH TpeyroJihHRKH o,n;RHaKOBO opueHTRpoBaHhI (pRc.100). 

IIocKOJihKY D - Heno,n;mr:acHaH TO'IKa 3Toro no,n;o6HH 

H COOTBeTCTBeHHhie CTOpOHbl TpeyrOJibHHKOB nepneH- ~c 
,ll;RKYJIHpHhI, TO YKa3aHHOe no,n;o6ne HBmieTCH KOMII0-

3HD;Reii noBopoTa RljJ° n roMOTeTnn H1, r,n;e k = ~~. M 

Ilpu 3TOM no,n;o6nu TO'IKH C H N oTo6pa:.iKaIOTCH A D N B 

na TO'IKH A u M cooTBeTCTBeHHO. Ilo3TOMY OTpe3-

KH AM H C N nepneH,n;HKYJIHPHhl. 

PHC. 100 

3 a ,n; a q a 2. B oKpy:acHOCTb c n;eHTpOM 0 BnucaH '!eThlpexyroJihHHK 

ABC D. IloBopoT R'b, cp -=/= 180°, oTo6pa:.iKaeT ero Ha '!eThrpexyroJihHHK 

PHc. 101 

A1B1C1D1. ,Ll;oKa3aTh, 'ITO napbl npHMhIX 

AB n A 1B 1, BC u B 1C1, CD n C1D1, 
DA u D1A1 nepeceKaroTCH B BepIIIHHax 

napaJIJieJiorpaMMa. 

Pe III e Hue. IlycTb (AB) n (A1 B1) = 
=M, (BC)n(B1Ci)=N, (CD)n(C1Di)= 
=P, (DA) n (D1A1) =Q (pnc. 101). Op

ToroHaJihHbre npoeKD;HH E, G, H, F 
TO'IKli 0 Ha IlpHMhle, co,n;ep2KaID;He CTO

pOHbl "!eTbrpexyroJihHHKa ABCD, HB-

JIHIOTC.H cepe,n;uHaMH CTOpOH H, CJie

,ll;OBaTeJihHO, EC HF - napaJIJieJiorpaMM. 

Ilpu R'b TO'IKa E oTo6pa:acaeTrn Ha TO"IKY S. lIMeeM: OE= OS, 
L.OEM = LOSM = 90°, LEOS= cp, OTKy,n;a CJie,n;yeT, "ITO B np.s:MoyroJihHOM 

TpeyrOJihHHKe EOM 6y,n;eT LEOM = ~ u OM= OE· cos(~/2). Tor,n;a TO"I-

Ka M ecTh o6pa3 TO"IKH E npu KOMIT03HD;HH H~ o R2J
2

, r,n;e k = cos(~/2) 
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AHaJiorIPIHO MO:IKHO IIOKa3aTh, 'ITO TO'IKH N, P, Q RBJIRIOTCR o6pa3aMH 

TO'leK G, H, F npn TOH :IKe KOMII03llli;1rn, T. e. npn no,n;o6nn nepBoro po,n;a. 

0Tcro,n;a cJie,n;yeT, 'ITO '!eTbipexyroJibHHK Jvf N PQ - o6pa3 napaJIJieJiorpaM

Ma npn no,n;o6nn n IIOTOMY RBJIReTCR TaK:IKe napaJIJieJiorpaMMOM. 

3 a ,n; a 'I a 3. ,Ll,Be OKPY:IKHOCTH <X n <X1 nepeceKaIOTCH B TO'!KaX A n B. 
,LI,oKa3aTb, 'ITO O,!l;HY ll3 HHX MO:IKHO OT06pa3HTb Ha ,n;pyryro rOMOTeTn'!e

CKHM IIOBOpOTOM OKOJIO TO'!Kll A. ,1J,OKa3aTb, 'ITO npSIMaH, coe,n;HHHIOIIJ;aH 

TO'IKY o,n;Ho:ii: oKpy:IKHOCTH c ee o6pa30M npn 3TOM npe

o6pa3oBaHnn, npoxo,n;nT 'Iepe3 BTopyro TO'IKY B nepe

ce'!eHnH OKpy:IKHOCTe:ii:. 

p e III e H lI e. IlycTb 0 H 01 - I!eHTpbl ,n;aHHbIX 

OKPY:IKHOCTe:ii: <X n <X1 (pnc.102). KoMII03HI!HH H~ o R~, 

r,n;e <p = LOA01 n k = ~~, oT06pa:1KaeT 0 Ha 0 1, A 

Ha ce6z n, cJie,n;oBaTeJihHo, OKPY:IKHOCTb <X Ha OKpy2K

HOCTb <X 1 • IlycTb Jv[ - npon3BOJibHaSI TO'IKa 0Kpy2K

HOCTH <X, OTJIH'IHaH OT A n B, n M1 - ee o6pa3 

npn yKa3aHHOll KOMII03HIIHH· ,1J,oKa2KeM, 'ITO TO'IKH 

Jvf, B, M 1 KOJIJIHHeapHbI. ,Ll,Jiz 3Toro ,n;ocTaTO'IHO no

Ka3aTb, 'ITO LABM + LABM1 = 180°. ,LI,e:ii:cTBHTeJih-
1 1 

Ho, LABM = "2""'AM, LABM1 = 2"""'AM1. Ilpn yKa-

3aHHOM no,n;o6nn ,n;yra AM 0To6pa:1KaeTCH Ha ,n;yry 

N 

PHc. 102 

ABA-11 , n no3TOMY yrJIOBbie MepbI 3THX ,n;yr paBHbI. CJie,n;oBaTeJibHO, 
1 1 1 

LABM + LABM1 = 2"""'ABM1 + 2"""'AM1 = 2"(""'ABM1 +""'AM1)=180°. 

Pnc. 103 

TaKn:M o6pa3oM, O,lJ;HY H3 TO'IeK nepece'IeHHR 

ABYX OKPY2KHOCTe:ii: MO:IKHO npnHRTb 3a I!eHTP 

no,n;o6nR nepBoro po,n;a, OT06pa:1KaIOII!ero O,!l;HY 

OKPY2KHOCTb Ha ,n;pyryro. Tor,n;a npgMbie, npoxo

,!l;RII!He 'Iepe3 BTopyro TO'IKY nepece'IeHHR 3THX 

OKPY2KHOCTe:ii:, nepeceKaIOT 3TH oKpy2KHOCTH B 

napax COOTBeTCTBeHHhIX npn ,n;aHHOM no,n;o6n:H 

TO'!eK. 

0Tcro,n;a cJie,n;yeT, 'ITO I!eHTP no,n;o6n:g nepBoro 

po,n;a, npH KOTopoM Af ---+ M 1 H N---+ N 1, coBna,n;a-

eT c TO'IKOH nepece'!eHHR OKpy:IKHOCTe:ii:, onncaH

HbIX OKOJIO TpeyroJibHHKOB JvlNB H lvl1N1B, r,n;e B = (MM1) n (NNi). 
3 a ,n; a 'I a 4. IIocTponTh KBa.n,paT ABC D TaK, 'IT06b1 BepIIIHHa A Haxo)J;H

JiaCb B ,n;aHHO:ii: TO'!Ke, a BepIIIHHhI B n C npnHa,n;Jie:/Ka.Jin ,n;aHHO:ii: OKPY:IKHOCTH. 

Pe III e H He. IlycTb w = ( 0, R) - ,n;aHHaz OKPY:IKHOCTb, ABC D - HCKO

MhIH KBa,n;paT (pHc. 103). KoMII03HI!HR noBopoTa R~50 n roMOTeTHn H;{2 
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oTo6pa)K(teT B Ha C. Ec.JIH w1 eCTb o6pa3 OKPY:lKHOCTH w npH aToil: KOMno-

3H~H, TO c E (,) n C01. 0Tc10.n;a H BbITeKaeT cnoco6 IlOCTpoeHH51 TO'IKH c' a 
3aTeM H KBa,ri;paTa ABCD. CTpOHM oKpy:lKHOCTh w1 • Ee 11eHTP 0 1 51BJI51eTC51 

BepIIIHHoil: KBa.n;paTa co cTopoHoil: OA, a ee pa.n;nyc paBeH R ~· qHCJIO pe

IIIeHHil: 3aBHCHT OT 'IHCJia o6m;n:x TO'IeK OKPY:lKHOCTeil: (,) H W1, a OHO paBHO 2, 
1 u 0, Kor.n;a cooTBeTcTBeHHO OA MeHhIIIe, paBeH u 6oJihIIIe R(l + J2). 

3 a .n; a 'I a 5. ,Il;OKa3aTh, 'ITO rrp51Mble, co.n;ep:lKam;ue BhICOTbI Tpeyro.Jib

HHKa, nepeceKaIOTC51 B O,il;HOH TO'IKe. 

Pe III e H n e. IlycTh rrp51Mbie AA1 H CCi, co.n;ep)K(tm;He BhlCOTbl Tpe

yroJihHHKa ABC, nepeceKaIOTC51 B TO'IKe H. TaK KaK TpeyrOJibHHKH CHA 1 

u ABAi no.n;o6Hbl (no ,ri;ByM yrJiaM) H o,ri;nHaKoBo opneHTHpoBaHhI, TO cym;e

CTByeT rro.n;o6ue rrepBoro po.n;a, npn KOTopoM A 1 -+ A 1 , H-+ B, C-+ A. Tor.n;a 

cym;ecTByeT no.n;o6ue nepBoro po.n;a, rrpu KOTopoM A1 -+ Ai, H-+ C, B-+ A 
(n. 20.3). IIpn 3TOM no.n;o6nn JIY'IH A 1H H H B oT06pa)fffilOTC51 cooTBeTCTBeH

HO Ha JIY'IH A 1C u CA. Ho TaK KaK (A1H) 1- (A 1C), TO u (HB) 1- (CA), 
T. e. TpeTb51 BblCOTa rrpoXO,il;HT 'Iepe3 TO'I

B llol::,..---------"'"" c KY H. 
3 a .n; a 'I a 6. B np51MoyroJihHHKe 

ABCD npoBe,ri;eH nepneH,ri;HKyJrnp BK K 

N .n;naroHa.JIH AC. To'IKH M H N -cepe.n;n

HbI oTpe3KOB AK u CD cooTBeTcTBeHHo. 

,IJ,oKa3aTh, 'ITO TpeyrOJihHHK BM N np51-

A~---------~D MOyrOJihHblH (puc.104). 
Pe III e H He. lfa no.n;o6n51 Tpe-

yrOJihHHKOB BKC n DCA cJie.n;yeT: 
BK DC 
KC = AD =A. Ilpe,ri;cTaBJI5151 MN= 

P:11:c. 104 

1- - - -= 2 (AD + KC), no,ri;BepmeM BeKTOpbl AD n KC KOMIT03HllHH roMOTe-

THH c Koa¢qm~eHTOM A H IIOBopoTa Ha goo' 11eHTpb1 KOTOpbIX C'IHTaeM 

npon3BOJihHhIMH. Tor.n;a AD-+ CD= BA, KC-+ BK H noaToMy (§ 10) 
-- 1- - - -- --
MN-+ 2(BA +BK)= BM. 3Ha'IHT, MN l_ BM. 

3 a .n; a 'I a 7. CTOpOHbI BC, CA, AB TpeyroJibHHKa ABC nepneH

,il;HKYJI51pHhI cooTBeTCTBeHHO CTopoHaM B1C1, C1A1, A1B1 TpeyroJihHHKa 

A1B1C1. ,Il;oKa3aTh, 'ITO oKpy:lKHOCTH c .n;naMeTpaMn AA1 , BB1 , CC1 HMeIOT 

06IIIYIO TO'IKy. 
Pe me H n e. CooTBeTCTBeHHhle yrJihl ,ri;aHHhIX TpeyroJibHHKOB paBHbI, 

noaTOMY TpeyroJibHHKH rro.n;o6HbI. Ilo.n;o6ne, rrpH KOTopoM A-+ Ai, B-+ B1, 

C-+ C1, ecTb roMoTeTH'IecKnil: rroBopoT Ha goo OKOJIO HeKOTopoil: TO'IKH 0. 
PaccMaTpuBaeMbie OKPY:lKHOCTH c .n;naMeTpaMH AA1 , BB1 , CC1 npoxo.ri;51T 

'Iepe3 TO'IKH Q =(AC) n (A1C1), P =(BC) n (B1C1), L =(AB) n (A1B1) 
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COOTBeTCTBeHHO (pnc.105). Ha OCHOBaHHH pe3yJibTaTa 3a,z:i;aqn 3 OHH rrepe

ceKalOTCH B u;eHTpe 0 rro.n;o6nH. 

P:11c. 105 

3 a .n; a q a 8. B TpeyroJihHHKe ABC yron C OTJIH'ieH OT rrpHMoro. To'i

KH Ai n Bi HBJIHIOTCH ocHOBaHHHMH BhICOT AAi H BBi. ,[I;oKa3aTh, 'ITO 

TpeyroJihHHK Ai Bi C rro.n;o6eH TpeyrOJihHHKY ABC, 
H Haihn Ko::i¢qmu;neHT rro.n;o6nH. 

p e Ille H H e. 3aMe'iaeM, 'ITO TpeyroJibHHKH 

AiBiC H ABC opneHTnpoBaHbI rrpoTHBOIIOJIOJKHO 

(pnc. 106 n 107). IIo::iToMy na.n;o OThICKaTh rro.n;o6ne 

BTOporo po,n;a, rrpn KOTOpOM 0,II;HH H3 HHX OTo6pa

JKaeTCH Ha ,z:i;pyroli. EcJin o,n;nH H3 yrnoB A HJIH B 
npHMOH, TO perneHHe 3a,n;a'lH o6m;eH3BeCTHO. Ilo3T0-

My C'iHTaeM, 'ITO 3TH yrJihI HenpHMbie, H pacCMOTpHM 

,IJ;Ba cnyqag: 1) yron C ocTphlli, 2) yron C Tynoli. 

CnMMeTpneli OTHOCHTeJibHO 6ncceKTpHChI l yrna 

C TpeyroJibHHK ABC oTo6paJKaeTCH Ha A 2 B 2C, 
npH'ieM A 2 E (BC), B 2 E (AC). lfa TpeyrOJihHH

KOB AAiC u BBiC HMeeM: A 1C = AC\cosL'.C\ u 

Bi C = BC\cos L'.C\. TaK KaK AC= A 2 C u BC= B 2 C, 
TO Ai C = A 2C\cos L'.C\ H Bi C = B 2C\cos L'.C\. Ec
JIH yqeCTb pacnonoJKeHne TO'ieK B Ka)K,Il;OM H3 

A 

P:11c. 106 

paccMaTpHBaeMbIX CJiyqaeB, TO MOJKHO 3anucaTh: P:11c. 107 

CA1 = CA2 cos L'.C n CBi = CB2 cos L'.C. 9To 3Ha-

c 

'IHT, 'ITO HgsLC(A2 ) =Ai H HgsLC(B2 ) = B 1 • TaKHM o6pa3oM, rro.n;o6ne 

H(;°"Lc o S1 OTo6paJKaeT TpeyroJihHHK ABC Ha A1B1C n no::iToMy OHH 

no.n;o6HbI c Ko::i¢¢nu;neHTOM \cos L'.C\. 
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3 a .n; a 'I a 9. B 'IeThipexyroJihHHKe ABC D .n;naroHaJIH HerreprreH,n;nKy

m1pHbI. To'!KH Ai H Ci - opToroHaJihHhie npoeKil,HH Bepnmn A n C Ha 

rrpHMYJO BC, a TO'IKH Bi H Di - opToro

HaJihHhie npoeKu;nn BepIIIHH B H D Ha rrpH

MYJO AC. ,ll;oKa3aTh, 'ITO '!eThrpexyrOJib

HHK Ai Bi C1 Di no.n;o6eH 'IeThipexyroJihHH

KY ABCD (pnc.108). 

P e III e H n e. AHaJIOrH'IHO rrpe,n;hI)l;yll[e

MY CHMMeTpne:ii OTHOCHTeJihHO 6ncceK

TpHChI l OCTporo yrJia cp Me)K.n;y ,IJ,Ha

roHaJIHMH OTo6pa)KaeM 'IeThipexyroJihHHK 

ABCD Ha '!eTbipexyroJihHHK A2B2C2D2. 
TaK KaK OAi = OA cos cp, OB1 =OB cos cp, 
OCi = OC cos cp, ODi =OD cos cp H OA = 
=0A2, OB=OB2, OC=OC2, OD=OD2, 

B 

PHc. 108 

TO OAi = OA2 cos cp, OBi = OB2 coscp, OCi = OC2 coscp, ODi = OD2 coscp. 

0TCJO,IJ,a c y'IeTOM B3aHMHOrO pacrroJIO)KeHHH TO'!eK 3aKJIJO'!aeM, 'ITO ro

MOTeTHe:ll Hgsip 'IeThipexyroJihHHK A2 B 2 C2 D2 oTo6pa)KaeTCH Ha '!eThipex

yroJihHHK AiBi Ci Di. CJie,IJ,OBaTeJihHO, rro,IJ,06He H~os 'P o S1 OTo6pa)KaeT '!e

ThipexyroJihHHK ABCD Ha 'IeTI>rpexyroJihHHK AiBiCiD1, 'ITO n Tpe6oBa-

JIOCb ycTaHOBHTh. 

3a,IJ,a'!a 10. B TpeyroJihHHKe ABC BhICOThI AA1, BB1, CCi rrepe

ceKaJOTCH B TO'!Ke H. ,ll;oKa3aTb1 'ITO 6ncceKTpHchI yrJIOB H ACi H BC Ci 
nepneH,IJ,HKYJIHpHbI. 

PeIIIeHHe. IlpHMoyroJihHbre TpeyroJihHHKH HAC1 H HCA 1 no,IJ,06Hhr 

H opHeHTHpOBaHbI npoTHBOIIOJIO)KHO (pHc.109). Ilpe,IJ,CTaBHM IIO,IJ,06He BTO

poro po,IJ,a, 3a,IJ,aHHoe napaMH TO'IeK H--+ H, A--+ C, C\--+ A 1, KOMII03Hu;Heii 

oceBOH CHMMeTpHH OTHOCHTeJihHO 6HcceKTpHChI l 
c ywa H AC1 n HeKoToporo no,IJ,o6nH f nepBoro 

po,IJ,a. EcJIH TpeyroJihHHK AC0 H 0 CHMMeTpH'IeH 

TpeyroJihHHKY AC1H OTHOCHTeJihHO l, TO cooT

BeTCTBeHHhie npH ITO,IJ,06HH f CTOpOHhI TpeyrOJih

HHKOB AC0 H0 H CA1 H rreprreH,IJ,HKYJIHpHhI. CJie

,11,0BaTeJihHO, yroJI rro,IJ,o6HH f paBeH 90°. BHc

ceKTpHChI l H m COOTBeTCTBeHHhIX rrpH 3TOM no-

. A c1 Ho B ,IJ,06Hn ymoB CoAHo H A1CH HBJIHIOTCH rrapoii: 

Pnc. 109 
COOTBeTCTBeHHhIX rrpHMhIX H TaK)Ke rreprreH,n;H

KYJIHpHbl. 

3 a ,11, a 'I a 11. IlocTpOHTh 'IeThipexyrOJibHHK 

ABCD, ,IJ,naroHaJih KoToporo HBmieTCH 6ncceKTpncoii yrJia A, ecJin u3secT

HhI CTopOHhI AB n AD, ,IJ,HaronaJih AC n pa3HOCTh yrJIOB B HD. 
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Pe me H n e. IlycTh TaKoii 'leTblpexyroJihHHK ABC D rrocTpoeH 

(pnc.110). PaccMOTpHM roMoTeTH'leCKJIO CHMMeTpHIO c :u;eHTpoM A, ochIO 

AC H napoii cooTBeTCTBeHHbIX TO'leK D--+ B. Tor,n;a Ko3¢qm:u;neHT 3Toro 
AB 

rro,n;o6m1 paBeH k = AD . EcJIH C 1 - 06pa3 

TO'IKH C rrpH 3TOM rro,n;o6nn, TO LABC1 = 
= LADC n yroJI C1BC paBeH 3a,n;aHHOii 

pa3HOCTH ymoB ABC n ADC. TaK KaK 

AC1 = k · AC, TO oTpe3oK AC1 cTpoHT

cH Ha OCHOBaHHH rrponop:u;nn AD : AB = 
=AC: AC1 • 3a,n;aqa CBO,IJ;HTCH K nocTpoe

HHIO BepmHHhI B, a OHa o6Jia,n;aeT ,ll;BJMH 

Puc. 110 

CBOHCTBaMn: OTpe3oK AB H3BecTeH, a oTpe30K CC1 m1,n;eH H3 B no,n; 3a

,n;aHHhIM yrJIOM. CJie,IJ;OBaTeJihHO, TO'IKY B MOlKHO IlOCTpOHTh rraK TO'IKY 

nepece'leHHH OKPY2KHOCTH (A, AB) H ,n;yr oKpy2KHOCTeii, CTHrHBaeMhlX H3-

BeCTHoii xop,n;oii H BMell!aIOilJHX 3a,n;aHHh1ii yroJI, paBHhIH pa3HOCTH yrJIOB B 
n D. IlocTpOeHne TO'IKH D O'leBH,Il;HO. qHCJIO pemeHHii 3aBHCHT OT <IHCJia 

o6Il!HX TO'leK OKPJ:>KHOCTH (A, AB) H JKa3aHHbIX ,n;yr, a nx MO:>KeT 6hlTh 

He 6oJiee ,IJ;Byx. IloJiy'leHHhie ,n;Ba 'leTbipexyroJibHHKa CHMMeTpH'l:Hhl OTHO

CHTeJibHO o6IlJeii ,n;naroHaJIH AC. B cooTBeTCTBHH c Tpe6oBaHHHMH K 3a,n;aqe 

Ha IlOCTpOeHHe OHH rrpe,n;cTaBJI51IOT co6oii O,Il;HO ee pemeHHe. 

3aaa"iu 

2.58. EcJIH npeo6pa3oBaHne nJIOCKOCTH OTo6pa2KaeT Ka)K,Il;YIO rrpHMYIO 

Ha np51MYIO H yroJI - Ha paBHbIH eMy yroJI, TO OHO 51BJI51eTC51 rro,n;o6neM. 

~OKa)KHTe. 

2.59. B rrpHMOyroJibHOM TpeyroJibHHKe ABC H3 BepmHHhI C rrpHMoro 

yrJia npoBe,n;eHa BbICOTa CD. KaKHM no,n;o6neM MO:>KHO OTo6pa3HTh Tpe

yrOJihHHK ACD Ha TpeyroJihHHK ABC? 
2.60. qepe3 TO'IKY M npoBe,n;eHbI K OKPY:>KHOCTH ,n;Be ceKyll!He, BCTpe

'laIOil!He ee cooTBeTCTBeHHO B TO'IKaX A H B, C H D. KaKIIMH no,n;o6nHMH 

BTOporo po,n;a oTpe30K AC OTo6pa:>KaeTrn Ha OTpe30K ED? 
2.61. ~aHbI ,n;Be HepaBHhie OKPY:>KHOCTH c pa3JIH'IHhIMH :u;eHTpaMH. Ka

KHMII no,n;o6II51MH MO:>KHO OT06pa3HTb O,n;Hy H3 HHX Ha ,n;pyry10? 

2.62. Ilo,n;o6ne nepBoro po,n;a 3a,n;aHO .n;BYM51 napaMH COOTBeTCTBeHHhlX 

TO'leK A--+ B, B--+ C (AB--+ BC). ~oKa:>KHTe, 'ITO OC: OA = k2
, r,n;e 0 -

:u;eHTp H k - K03cPcPHD;HeHT no,n;o6H51. 

2.63. Ha ,n;aHHOH np51MOH HaH,IJ;HTe napy COOTBeTCTBeHHblX TO'leK npH 

3a,n;aHHOM rro,n;o6nn nepBoro po,n;a. 

2.64. IlocTpOiiTe OKpy:lKHOCTb c ,n;aHHbIM :u;eHTPOM, Kaca10my10c51 CBOero 

06pa3a npn 3a,n;aHHOM no,n;o6nn. 
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2.65. ,II,aHbl ,n;Ba o,n;nHaKoBo opneHTHpoBaHHhIX KBa,n;paTa OABC H 

OA1 B 1C1 . ,II,oKa)l{HTe, 'ITO rrpHMhie AA1, BB1, CC1 rrepeceKaroTCH B o,n;Hoii 

TO'lKe. Haii,n;nTe yroJI Me)l{,n;y Jiy'laMn AA1 H BB1, AA1 H CC1. 

2.66. ,II,aH paBH06e,n;peHHhIH TpeyroJihHHK ABC c ocHoBaHneM AB. Ilo

CTpoeHhI BhICOTa CD n rreprreH,n;HKymi:p DE K CTOpOHe BC (EE (BC)). 
To'lKa M -cepe,n;nRa oTpe3Ka DE. ,II,oKa)l{HTe, 'ITO oTpe3KH AE H Clvl 
rreprreH,n;HKyJrnplihI. 

2.67. ,II,aH KBa,n;paT ABCD. To'IKH PH Q Jie)KaT Ha cTopoHax AB HBC 
cooTBeTCTBeHHo, rrpn'leM BP= BQ. Ilpoae,n;eHa BhrcoTa BK TpeyrOJihHHKa 

BPC. ,II,oKa)l{HTe, 'ITO (DK) J_ (QK). 
2.68. lfa rrpoH3BOJihHOii TO'IKH M oKpy)l{HOCTH, orrncaHHOH OKOJio 

TpeyroJihHHKa ABC, rrpoBe,n;eHhI rreprreH,n;HKYJIHPhI M A1 H M B 1 K CTO·· 

poHaM BC H AC. TO'IKH P n Q-cepe,n;nHhl OTpe3KOB AB H A1B 1 cooT

aeTCTBeHHO. ,II,oKa)l{HTe, 'ITO L_PQ M = 90°. ,Il,OKa)l{HTe, 'ITO yroJI Me)l{,n;y 

rrp&MhIMH AB n A1 B1 paBeH yrJiy 0 MC, r,n;e 0 - u;eHTp oKpy)l{HOCTH, 

orrncaHHOii OKOJIO TpeyroJihHHKa ABC. 
2.69. TpeyrOJihHHK A 1 B 1 C1 &BJI&eTe& o6pa30M TpeyroJihHHKa ABC rrpn 

IIOBOpOTe OKOJIO u;eRTpa OIIHCaHHOH OKPY)l{HOCTH Ha yroJI 0: < 180°. ,II,oKa

)l{HTe, 'ITO TO'IKH rrepece'leHHH COOTBeTCTBeHHbIX CTOpOH 3THX TpeyrOJihHH

KOB 5.!BJI&IOTC& BepIIIHHaMH TpeyrOJibHHKa, rro,n;o6Horo TpeyroJihHHKY ABC. 
Haii,n;nTe K03cpcpm::i;neHT rro,n;o6n&. 

2. 70. TpeyroJihHHK ABC rroBopoToM OKOJIO TO'IKH P orrncaHHoii OKOJIO 

Hero oKpy)l{HOCTH OT06pa3HJICH Ha TpeyroJihHHK A1 B1C1 . ,Il,oKa)l{HTe, 'ITO 

TO'IKH rrepece'leHH& COOTBeTCTBeHHbIX CTOpOH KOJIJIHHeapHbI. 

2.71. IlpaMa&, rrpoxo,ri;Hrr:i;ax qepe3 o,n;Hy H3 TO'leK rrepece'leHH5.! oKpy)l{

HOCTeii w n w 1, rrepeceKaeT nx BTOpH'IHO B TO'lKaX An A1. ,Il,oKa)l{nTe, 'ITO 

BeJIH'lnHa yrJia Me)l{,IJ;y KaCaTeJihHhIMn K OKPY:JKHOCTH B TO'lKaX A n A1 He 

3aBHCHT OT BhI6opa ceKym;eii. 

2. 72. ,Il,Be OKpy:lKHOCTH rrepeceB::aroTCH B TO'lKaX A n B, qepe3 KOTOph!e 

rrpoBe,n;eHhI rrpon3BOJihHhie ceKyru;ne NIN n PQ, nepeceiraroru;ne BTopn'IHO 

o,n;Hy oKpy)l{HOCTh B TO'lKaX M n P, a ,n;pyryro - B TO'lKaX N H Q cooTBeT

CTBeHHO. ,II,oKIDKnTe, 'ITO xop,n;hl MP n N Q rrapaJIJieJihHhI. 

2. 73. IlpHMh!e m n n rrepeceKaIOTC5.! B TO'lKe S no,n; yrJIOM qi. "C{epe3 TO'l

KY S npoBe,n;eHhI np&Mbre a n b. To'IKH A n B - opToroHaJihHhie npoeKu;nn 

TO'IKH M Em Ra rrp5.!Mhie a n b, TO'lKn A1 n B 1 - opToroHaJihHhre npoeK

D;HH TO'IKH N E n Ha rrp&Mhre a n b. Haii,n;HTe yroJI Me)l{,IJ;y np&MhIMH AB 
H A1B1. 

2. 7 4. To'IKH A, B, M KOJIJIHHeapHhI. Ha oTpe3KaX AM H MB nocTpoe

Hh! KBa,n;paTh! B o,n;Hoii noJiyrrJIOCKOCTH c rpaHnu;eii AB. OKoJio KBa,n;paToB 

orrncaHhI oKpy)l{HOCTn, nepeceirarom;neca B TO'lKe N. Haii,n;nTe MliQ)l{eCTBO 

TO'leK N npH pa3JIH'IHOM Bhr6ope TO'IKH M Ha npaMoii AB. 
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2.75. qepe3 TOqKy nepeceqem1.SI xop,n; AC n BD oKpy)KHOCTH npoBe,n;eHhI 

np.SIMhie m n n, nepneH,n;nKyJI.SipHbie K np.SIMbIM AB n CD coOTBeTCTBeHHO. 
,Il,oKa)KHTe, qTo L(m, (AC))= L(n, (BD)). 

2. 76. Ilpn no,n;o6nn cp BToporo po,n;a cp( a) = b n cp( b) = c. ,II,oKa)KnTe, qTo 

np.SIMble a n c napaJIJieJibHbl. 
2.77. B TpeyroJibHHKe ABC AC> CB. KacaTeJihHa.SI B TOqKe CK onn

caHHo:il: OKOJIO TpeyroJihHHKa OKpy)KHOCTH rrepeceKaeT np.SIMYID AB B Toq

Ke D. ToqKn M n N - cepe,n;nHhI OTpe3KOB B D n CD cooTBeTCTBeHHO. 

,Il,oKa)KHTe, qTo 6ncceKTpnca yrJia ADC o6pa3yeT paBHbre yrJibI c rrp.SIMhI

MH ANH CM. 
2.78. B Tpane~n ABCD c ocHoBaHH.SIMH AB n CD ,n;naroHaJIH nepe

ceKalOTC.SI B ToqKe 0. ToqKn A 1 n B 1 cnMMeTpnqHhl TOqKaM A n B OTHO

cnTeJibHO 6ncceKTpHChl yrJia AOB. ,Il,oKa)KHTe, qTo yrJibI ACA1 n BDB1 

paBHbl. 

2.79. ,Il,aHhl TOqKn A(2; 1) n B(-3; 2), HMelO~e yKa3aHHbie Koop,n;nHaThl 

OTHOCHTeJihHO HeKOTopo:il: rrp.SIMOyroJibHOH ,n;eKapTOBOH CHCTeMbl KOop,n;nHaT. 

IIocTpo:il:Te ee ocn n 6a3HCHhie BeKTOpbr. 

2.80. IIocTpO:il:Te npaBHJihHhl:il: TpeyrOJibHHK, ,n;Be BepnrnHhI KOToporo 

npHHa,n;JieEaT ,n;aHHOH OKpy)KHOCTH, a npoeKD;H.SI O,ll;HOH H3 HHX Ha npOTH

BOnOJIO)KHYIO CTOpoHy COBna,n;aeT c ,n;aHHOH TOqKo:il:. 

2.81. IIocTpo:il:Te qeTblpexyroJihHHK no qeThrpeM ero CTopoHaM, ecJIH oKo

JIO Hero MO)KHO onncaTh OKPY)KHOCTh. 

2.82. IIocTpO:il:Te TPeyroJihHHK, no,n;o6Hbl:il: ,n;aHHOMY TpeyrOJihHHKy, TaK, 

qT06i:.1 ero BepmHHhl Jie)KaJIH no o.n;Ho:il: Ha Tpex ,n;aHHblX napaJIJieJihHhIX 

np.SIMhIX. 

2.83. ToqKn M 1, M 2, M 3 .SIBJI.SIIOTC.SI o6pa3aMn ToqKn M npn noBopoTax 

RA, R'B, R(: c pa3JinqHhlMH u;eHTpaMn. ,Il,oKa)KHTe, qTo TOqKn M 1, M 2, M 3 
KOJIJinHeapahl Tor,n;a n TOJihKO Tor.n;a, Kor,n;a KOJIJIHHeapai:.1 TOqKn A, B, C. 

2.84*. ,Il,aHbl Tpn noEopoTa RA, R~, R"i:J. Ha:il:,n;nTe MHO)KeCTBO Bcex TO

qeK M, ,n;JI.SI KOTOpblx ToqKn M 1 = RA(M), M 2 = R~(M), M 3 = H(:(M) 
KOJIJIHHeapHbI, eCJIH or. = ~ = 180°' y = -90°. 

2.85. IIocTpoihe TpeyroJihHHK, no,n;o6Hi:.r:il: ,n;aHHOMY TpeyroJihHHKy, TaK, 

qT06br o,n;Ha ero BepmnHa Haxo,n;nJiaci:. B .n;aHHO:il: TOqKe, a ,n;Be .n;pyrne JieEa

JIH no o,n;no:il: aa ,n;Byx ,n;aHHbIX oKpy)KHOCT.Six. 

2.86. IIocTpO:il:Te napaJIJieJiorpaMM no OTHomeHHIO .n;naroHaJie:il: n yrJiy 

Me)K,ll;y HHMH TaK, qT06bI ero BepmHHhl JieEaJIH no 0,ll;HOH Ha rrp.SIMhIX, co

,n;epEaru;nx CTOpOHhI ,n;aHHOro napaJIJieJiorpaMMa ABCD. 
2.87. ,Il,aHbl .rt;Be OKPY)KHOCTn, np.SIMa.SI l n npHHa.rt;JieEaru;a.SI e:il: TOqKa A. 

IIocTpo:il:Te TpeyroJihHHK ABC TaKo:ii, qTo np.SIMa.SI l co,n;ep)KHT 6ncceKTpHcy 

yrJia A, BepmnHhI B n C JieEaT cooTBeTCTBeHHO Ha ,n;aHHhIX OKpy)KHOCT.SIX 

H OTHomeHne cTopoa AB n AC paBHo OTHomeHHIO ,n;Byx ,n;aaai:.rx OTpe3KOB. 
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2.88. Ilo.n;o6ue nepBOro po.n;a 3a,n;aHO rrapo:ii COOTBeTCTBeHHbIX TO'IeK, 

Ko::i¢¢mi;ueHTOM H yrJIOM. IIocTpo:iiTe 11,eHTp 3Toro rro,n;o6m1. 

2.89. IIo.n;o6ue BToporo po.n;a 3a,n;aHO CBOe:il: OCbIO H napoii COOTBeTCTBeH

HbIX TO'IeK. IIocTpoiiTe 11,eHTp no.n;o6m1 H Ha:il:,n;uTe ero Ko::icpqm:u,ueHT. 

2.90. Ha oKpy)KHOCTH ,n;aHhI 'IeTbrpe TO'IKH. Cpe,n;H paccTORHHH Me)J(,ll;y 

HHMH HeT paBHhrx. Ha:ii,n;uTe MHO)KeCTBO 11,eHTPOB no,n;o6uii BToporo po,n;a, 

rrpH KOTOpbIX mo6hre ,n;Be H3 ,n;aHHhIX TO'IeK OT06pa~IOTCa Ha ,n;Be OCTaB

muecz. 

2.91. HepaBHbre oTpe3KH AB H A1B 1 Jie~T Ra O,n;HO:ii rrpzMo:ii. IIo

CTpo:il:Te ,n;BOHHhle IIPRMhie rro,n;o6Ha BTOporo po,n;a, 3a,n;aHHOro rrapaMH TO'IeK 

A--+ A1, B--+ B 1 • 

2.92. ,II;oK.a)KHTe, 'ITO 11,eHTpbI rro,n;o6u:il: rrepBoro H BTOporo po,n;a, rrpu 

KOTOpbIX O,ll;HH H3 ,n;aHHhIX HepaBHhIX KBa,n;paTOB OTo6pa~eTCa Ha ,n;pyro:il: 

(8 11,eHTpoB), npnHa,n;Jie~T o,n;Hoii OKPY)KHOCTH. 

2.93. B TpeyroJihHHKe ABC npoBe,n;eHhI BhICOThI AA1 H BB1. IIocTpoiiTe 

ri;eHTp H ,n;BOHHhie rrpzMhre no,n;o6ua BToporo po,n;a, rrpn KOTopoM A---+ A1, 

B--+B1. 
2.94. IIocTpoiiTe ri;eHTp no,n;o6mi:, rrpe,n;cTaBJIRIOID,ero co6oii KOMII03Hii;HIO 

,n;aHHOH rOMOTeTHH H ,n;aHHOro rOMOTeTH'IeCKOrO IlOBOpOTa. 

2.95. ,II;aHhl ,n;Ba rro,n;o6RbIX rrpOTH!"IOIIOJIQ)KHO opHeHTHpOBaHHhIX Tpe

yrOJibHHKa ABC H A 1 B 1 C1. ,Il;OKa)KHTe, 'ITO oTpe3KH AA1 , B B1, CC 1 MO)K

HO pa3,n;eJIHTh B TaKHX paBHhIX OTRomeHHax, 'IT06br TO'IKH ,n;eJieHHR npH

Ha,n;Jie~JIH O,ll;HO:ii npRMO:ii. 

2.96. KBa.n;paTbI ABCD n RPBQ o,n;nHaKoBo opueHTHpoBaHbI H pacno

JIO)KeHhI TaK, 'ITO TO'IKH PH Q npuHa,n;Jie~T rrpRMhIM AB HBC cooTBeT

CTBeHHO. ,II;oK.a)KHTe, 'ITO OKPY)KHOCTH, nocTpoeHHhie Ha OTpe3KaX AR, BP, 
CB, DQ K.aK Ha .n;uaMeTpax, nepecexa10Tca B o,n;Hoii TO'!Ke. 

2.97. ,Il;aHhl ,n;Ba rrpaBHJihHbIX npOTHBOIIOJIO)KHO opHeHTHpOBaHHhIX Tpe

yrOJihHHKa ABC H A1B1C1. ,II;oxa)KHTe, 'ITO Tpo:iiKH TO'IeK, ,n;emmi;ux oT

pe3KH AA1, BB1 H CC1 ; AB1 , BC1 H CA1; AC11 BA1 H CB1 B OTHomeHHH 

k = AB : A 1B 1, rrpHHa,n;Jie~T cooTBeTCTBeHHO TpeM rrpzMhIM, KOTOphre rre

peceK.aIOTCH B 0,n;HO:ii TO'!Ke. 

2.98. Ha cTopoHax TpeyroJihHHK.a ABC nocTpoeHhI no,n;o6Hhie o.n;uHaKo

BO opHeHTHpoBaHHhle TpeyroJihHHKH ABC1, CBA1 , ACB1 • JI:oK.a)KHTe, 'ITO 

C1A 1 C B1 - rrapaJIJieJiorpaMM. 

2.99. ,Il;aHhI ,n;Ba rro,n;o6HbIX (HeroMOTeTH'IHbIX) O,ll;HHaKOBO opHeHTHpO

BaHHhIX TpeyrOJihHHK.a ABC H A1B1C1. IlpRMhre AA1 , BB1 H CC1 nepece

K.aIOTCR B TO'!Ke P. JI:oK.a)KHTe, 'ITO TO'IKH A, B, C, P rrpuHa,n;Jie)KaT o,n;Ho:ii: oK

PY)KHOCTH n TO'IKH A 1 , B1, C11 P TaK)Ke rrpuHa,n;Jie2KaT o,n;Ho:il: OKPY)KHOCTH. 

2.100*. TpeyroJihHHKH ABC, A1B 1C1, A2B2C2 rro,n;o6HhI H o,n;uHaKoBo 

opueHTHpoBaHhr. Tpo:iiKH TO'IeK A, A1, A2; B, B 1, B2 ; C, C1, C2 KOJIJIHHeap-
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HbI. ,lJ;OKa)KIITe, 'ITO IJ,eHTpbl no,n.o6nii, OTo6pa:iKaIOIIJ.lIX Ka)K,Ll.bIH lI3 3TlIX 

TpeyroJibHlIKOB Ha .n.pyrne, coBna,n.aroT. 

2.101.B ycJioBnax npe,lJ.bI,Ll.YIIJ,eii 3a,n.aqn ,ll.OKa)KHTe, 'ITO TO'IKR A, B, 
C .n.emIT cooTBeTCTBeHHO oTpe3KlI A 1 A 2 , B 1 B 2 , C1C2 B paBHhIX OTHome

HlIRX. 

2.102. Ha CTopoHax AB, BC n CA OTpnIJ.aTeJibHO opneHTnpoBaHHoro 

TpeyroJibHHKa ABC c HepaBHbIMlI cTopoHaMH nocTpOeHhI noJIO)KHTeJibHO 

opneHTnpoBaHHhie no,n.o6Hbre TpeyroJibHRKH ABP, BCQ, CAR, B KOTO

pbIX LP = LQ = LR= 120°. )J;oKa)KHTe, 'ITO KOMII03HIJ.RSI Tpex roMoTeTH

qecKnx noBopoToB c n.eHTpaMH P, Q, R n HeKOTOpbIM K03cPcI>HIJ.HeHTOM k 
Ha yrJihI 120° ecTh roMoTeTna c n.eHTPOM B TO'!Ke B. 

2.103. CTopoHhI npaBHJihHoro TpeyroJibHlIKa ABC pa3,n.eJieHb1 no 06-

xo.n.y ero rpaHRIJ.bI B OTHomeHRlI k TO'IKaMH A 1 , B 1 , C1. CTopOHbI Tpe

yrOJibHRKa A 1 B 1C1 pa3.n.eJieHbI no o6xo.n.y ero rpaHHIJ.bI B OTHomeHirn 1/k 
TO'IKaMlI A2, B2, C2. ,lJ;oKa)KHTe, 'ITO TpeyrOJibHHKH ABC H A2B2C2 ro

MOTeTR'IHbI. Haii,ll.HTe Ko3<P<Pnn.neHT roMOTeTHR. 06o6ru.nTe pe3yJibTaT ,n.Jia 

npaBHJibHbIX MHOroyrOJibHHKOB. 

2.104. ,lJ;OKa)KHTe, 'ITO OpTOrOHaJibHbie npoeKIJ,HH TO'IKH OIIlICaHHOH OKO

JIO TpeyroJibHHKa OKPY)KHOCTH na npaMhle, co,n.ep:lKaIIIHe CTOpOHbI 3Toro 

TpeyroJibHlIKa, Jie)KaT Ha O,Ll.HOH npHMOii ( meope.Ma CU.McoHa). 
2.105. BoKOBbie cTopoHbI AD n BC Tpanen.nn ABCD rroBepnyThI OKOJio 

cBonx cepe,ll.HH Ha yrJihI 90°, rrocJie qero OHH 3aHHMaIOT noJIO)KeHna A 1D 1 

n B1C1• )J;o:ira)KHTe, 'ITO A 1 B1 = C1D1. 

2.106. )J;aHO MHO)KeCTBO Bcex no,n.o6HbIX .n.pyr .n.pyry TpeyrOJibHHKOB 

ABC, y KOTOpbIX Bepmnna A <PnKcnpoBaHa, a Bepmnna B npnna,n.Jie)KHT 

,n.anHoii npHMOii. Haii,n.n:Te MHO)KeCTBO BepmHH C 3THX TpeyrOJibHRKOB. 

2.107. Hail:,ll.nTe MHO)KeCTBO TO'leK nepeceqeHHH npHMbIX nyq:ira c u.en

TpOM S co CBORMH o6pa3aMH rrpn 3a,n.aHHOM no,n.o6nn nepBoro po,n.a. 

2.108. Haii,n.nTe MHo)KeCTBO TO'leK rrepece'!eHna npHMbrx rryq:ira napaJI

JieJibHbIX IIpHMbIX co CBOHMlI o6pa3aMH npn 3a,n.aHHOM no,n.o6nn rrepBoro H 

BToporo po,n.a. 

2.109. 0Kpy)KHOCTb CJ. npoxo,n.nT qepe3 BepmHHbI A H B TpeyroJihHHKa 

ABC. Haii,n.nTe MHO)KeCTBO BepmnH X TpeyroJihHHKOB AMX, no,n.o6HhIX 

TpeyroJihHRKY ABC n npoTHBonoJIO)KHO opneHTnpoBaHHbIX c HHM, eCJIH 

Bepmnua M nepeMeIIJ,aeTCH no oKpy)KHOCTR CJ.. 

2.110. ,lJ;aHbI npaBHJibHbie O,ll.HHaKOBO opneHTHpOBaHHhie TpeyroJibHHKlI 

ABC n A1B1C1. IlpHMbie AB n A 1B 1, BC n B1C1, CA lI C1A1 nepece

KalOTCSI B TO'IKaX M, N, P cooTBeTCTBeHHO. )J;oKa)KHTe, 'ITO oKpy)KHOCTH 

(MAAi), (NBB1), (PCCi) HMeIOT 06ru.y10 TO'IKy. 

2.111. )J;aHbI ,LI.Ba no,n.o6Hb1X O,Ll.HHaKOBO opneHTHpOBaHHbIX TpeyrOJibHlI

Ka A1B1C1 n A2B2C2. 0Tpe3KH A 1A2, B1B2, C1C2 pa3,n.eJieHb1 TO'IKaMlI A, 
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B, C B o,n;HOM OTHornemm. ,ll;o:rra)Kn:Te, 'ITO TpeyroJihHIIK ABC no.n;o6eH 

TpeyroJibHHKaM A1B1 C1 n: A2B2C2. 
2.112. ,ll;aHhl OKPY)KHOCTh w n: TO'IKa M. Hali,n;HTe MHO)KeCTBO o6pa30B Q 

TO'IKH M npII Bcex noBopoTax R';, TIJIOCKOCTH, r.n;e P E w n: a - ¢n:Kcn:po

BaHHhrli yroJI TIOBOpOTa. 

2.113. IlpII noBopoTe OKOJIO u;eHTpa I Bnn:caHHoli B TpeyroJibHHK ABC 
oKpy)KHOCTH 3TOT TpeyroJibHHK oTo6pa3HJIC51 Ha TpeyroJibHHK A 1B1C1 . 
,ll;oKa)KIITe, 'ITO yrJihI TpeyroJibHHKa A2 B 2 C2 c Beprnn:HaMn: B TO'IKaX 

Az =(BC) n (B1C1), B2 =(CA) n (C1Ai), C2 =(AB) n (A1B1) He 3aBn:C51T 

OT yrJia TIOBOpOTa. 

§ 22. llapa.!l.!le.!l'b'l-toe npoe'/f,mupo8a'l-tue n.!lOC'/f,ocmu 

'I-ta n.!lOC'/WCm'b 

3a,n;a,n;n:M ,n;Be TIJIOCKOCTH an: ct.1 II He napaJIJieJihHYIO HM np51Myro l. Ka)K

.n;oii TO'IKe M TIJIOCKOCTH a nocTaBHM B cooTBeTCTBHe TaKYIO TO'IKY M 1 

ITJIOCKOCTH ct.1, 'ITO np51Ma51 M M 1 napaJIJieJibHa l. 9TIIM ycJIOBIIeM 3a,n;aao 

B3aHMHO O,n;H03Ha'IHOe OT06p~eHHe IIJIOCKOCTH ct. Ha IIJIOCKOCTb ct.1, KOTO

poe Ha3hIBaeTC51 napaJt.n.e.n.'b'H:btM npoeicmupoaattue.M. nJIOCKOCTH r:1. aa rrJioc

KOCTb r:J.1 B HanpaBJieHHH rrp51MOii l. Ilp51Mbie H IlJIOCKOCTH, rrapaJIJieJibHhle 

IIp51MOii l, Ha3hlBaIOTC51 npoeKTlIPYIO:rn;IIMH np51MbIMH H npoeKTHpyrom;HMH 

ITJIOCKOCT51MH. PaccMOTpHM cBoiicTBa 3Toro OTo6pa)KeHn:51. 

CB oft c TB o 1. Ilpoeicv,u.ft npil.Mou ecm'b np.ftMa.H,. 

Puc. 111 

,ll;eliCTBlITeJibHO, BCe np51Mbie, npo

eKTHpyrom;n:e TO'IKH A, B, C, ... np51-

MOH m nJIOCKOCTH a, Jie~T B o.n;

aoii npoeKTHpyrom;eii IIJIOCKOCTH. Ilp51-

Ma51 m1 rrepece'IeHH51 3TOH IIJIOCKOCTH 

c IlJIOCKOCTbIO ct.1 51BJI51eTC51 o6pa30M 

(npoeKu;n:eii) np51MOH m (pn:c.111). 

CB o ii c TB o 2. Ilpoeicv,uu napa.n.
.n.eJt'btt'btX np.R..M.'btX napaJl,Jl,e.n.'btt'bt. 

B caMOM ,n;eJie, IIJIOCKOCTH, npoeKTH

pyro:rn;IIe 3a,n;aHabre napaJIJieJibHhle rrp51-

Mhle IIJIOCKOCTH a, napamieJibHbI. Ilo-

3TOMY JIHHHH HX rrepece'IeHH51 c IlJIOC

KOCTbIO ct.1 TaK)Ke napaJIJieJihHhl. 

C B o ii c TB o 3. Omnowenue npo
eicv,uu iJayx ompeaicoa, .n.e:>teaw,ux tta oiJnou np.R.Mou u.n.u tta napa.n..n.e.n.'btt'btX 
np.R..M.'btX, paatto omttowettuw iJatttt'btX ompeaicoa. 

244 



PaccMoTpHM cHa'IaJia CJiyqa:ll:, Kor,n;a ,n;aHHhie oTpe3Kll AB u CD Jie)Ka,T 

Ha o,n;Hoil: np.SIMOii (puc.112). IlpoeKTnpy10m;ue np.SIMhre AA1 , BB1 , CC1, 
DD1 napaJIJieJihHhr u Jie)Ka,T B o,n;Hoii npoeKTnpy10m;eii IIJIOCKOCTll. Ilo Te-

AB A1B1 
opeMe o nponopn;noHaJihHhIX oTpe3KaX nMeeM: CD= CiDi. IIycTh Tenepo 

,n;aHHhie OTpe3Kll AB u MN Jie-

)Ka,T Ha napaJIJieJihHhlX np.SIMhIX. 

IIocTponM npon3BOJihHhIH napan

JieJiorpaMM MN DC, B KOTopoM 

BepmnHhI C H D Jie)Ka,T ua np.a

Moii AB. CorJiacHo cBoii:CTBaM 1 
H 2 ero npoeKII,lleii 6y,n;eT rra

paJIJieJiorpaMM Jvl1N1D1C1, Bep

mnHhI C1 H D1 KOToporo Jie)Ka,T 

Ha np.SIMoii A 1B 1 • Ilo ,n;oKa3aHHO-
AB AiB1 

MY Bhrme CD= CiDi. TaK KaK 

CD= MN H C1D1 = M1N1, TO 
AB A1B1 
MN= M1N1. 

PHc. 112 

CB o ii c TB o 4. IIapa.;i.n,e.n:bttoe npoe?Cmupoaattue n.n,oc?Cocmu tta n.n,oc-
?Cocm'b coxpatt.1tem omttowettue n.n,ow,aaeu <fiuzyp. 

)], o Ka 3 a Te JI h c TB o. IlycTh qmrypa F IIJIOCKOCTn ex uMeeT rrJio

m;a,n;h S(F), a ee rrapanJieJihHa.SI rrpoeKII,ll.SI F1 Ha ITJIOCKOCTh C11 HMeeT rrJio

m;a.D;h S ( F1). IIpoBe,n;eM rrpoH3BOJihHYIO ITJIOCKOCTh ~, rrepneH,n;HKYJI.KPHYIO 
uanpaBJieHHIO l rrpoeKTHPOBaHn.H. OpToroHaJihHhle npoeKn;nn ( B HarrpaBJie

HHH l) qmryp F H F 1 Ha IIJIOCKOCTh ~ coBna,n;aIOT. EcJIH S0 - rrno1n;a.D;h 3TOH 

npoeKII;HH, TO ITO CliOHCTBY IIJIOin;a,n;H OpTOrOHaJihHOH rrpoeKD;HH qmryphl 

OTKy,n;a 

S0 = S(F) cos L(cx, ~) = S(F1 ) cos L( cx1 , ~), 

S(Fi) = S(F) cos L'.(C1, p) . 
cos L'.( a1, p) 

0TH01neHne KocnHycoB He 3aBHCHT OT Bh16opa qmryphl F B nnocKOCTH ct. 

)J,.rr.SI n106oii: qmryphI <P u ee rrapanneJibHOii rrpoeKn;nn <P1 Ha ITJIOCKOCTh ct1 

S(F1) S(F) 
Cne,n;oBaTeJihHO, S(<I>i) = S(<I>). 
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§ 23. A<fxfmtttt'bte omo6pa~e'HUJ{, 

23.1. Onpe,n;eJieHHe H 3a,n;rume a<l><l>HHHoro npeo6pa30BaHHSI IlJIOCKOCTH. 

IIapa.rrJieJibHOe npoeKTnpoBaHne TIJIOCKOCTll Ha TIJIOCKOCTh, a TaK2Ke Jno6asi 

KOMil03ll~SI TaKllX npoeKTnpoBaHHH Ha3bIBaeTCSI a<fxf>U'H,'/i'bl.M omo6pa;)!Ce

ttUe.M nJIOCKOCTn Ha TIJIOCKOCTh. B qacTHOCTll, ecJin ,n;aHHaR TIJIOCKOCTh coB

na,n;aeT co CBOHM o6pa30M Ilpll acl>cl>nHHOM OT06pa)KeHllH, TO OHO SIBJIHeTCSI 

acl>cl>nHHhIM npeo6paaoeanue.M 3mou nAociwcmu. 

Acl>ci>nHHhie oTo6pa2KeHn£ TIJIOCKOCTH Ha TIJIOCKOCTh o6Jia,n;aIOT CBoii

CTBaMn 1-4, ,ll;OKa3aHHbIMll B npe,n;hI,ll;YII!eM naparpacl>e. lIHa'!e rOBOpH, 

a<fxf>utttt'ble omo6pa;)!CettUJ1, omo6pa;)!Ca10m 1w;)!Cay10 np.R.Myio na np.RMyw, 

coxpatt.Rwm napaJ!J!CJ!'bttocm'b np.R.M'btX, omnowenue 'ICOJ!J!Utteaptt'btX ompea

icoe, omnowenue nAow,aaeu <fiu2yp. 

TeopeMa ( o 3a,n;aHnn acl>cl>nHHoro npeo6pa3oBaHnH TIJIOCKOCTn). EcJ!u A, 
B, c - mpu aaaatttt'ble ttC'ICOJ!J!Utteaptt'ble mo"l'ICU nJ!ocicocmu u Ai, Bi, C1 -
ma'IC;)ICC ttanepea aaaatttt'blC ttC'ICOJ!J!Utteaptt'blC mO"l'ICU 3mOU nJ!OC'ICOCmU, mo 

cyw,ecmeyem eauttCm6ettttOe a<fx;f>uttttOe npeo6pa306attue nJ!OC'ICOCmu, icomo

poe omo6pa;)!Caem A tta A1, B tta B 1 u C tta C1. 
J1I06oii TpeyroJihHHK ABC M02KHO oTo6pa3nTh Ha mo6oii TpeyroJih

HHK A1B 1C1 , Jie2KaIIIHii B TIJIOCKOCTn nepBoro TpeyroJihHHKa, KOMII03n~

eii He 6oJiee Tpex napaJIJieJihHhIX npoeKTnpoBaHnii IIJIOCKOCTH Ha IlJIOC

KOCTh (pnc. 113). ,ll,OKa2KHTe 3TO CaMH. cha KOMII03HI!HH H eCTb Tpe6ye

MOe acl>cl>nHHOe rrpeo6pa3oBaHne ,n;aHHOii IIJIOCKOCTH. E,n;nHCTBeHHOCTh 3TO

ro acl>ci>HHHOro npeo6pa30BaHlrn BbITeKaeT H3 Toro, 'ITO B CHJIY HHBapn

aHTHOCTH KOJIJIHHeapHOCTH TO'leK H OTHOIIIeHHSI KOJIJIHHeapHbIX 0Tpe3KOB 

o6pa3 M 1 npon3BOJihHOH TO'IKH M CTpOHTCSI o,n;H03Ha'IHO npH 3a,n;aHHhIX 

Tpex napax cooTBeTCTBeHHhIX TO'leK A.._, All B .._, B1 , C .._, C1 (pnc.114). 

Puc. 113 Puc. 114 

IIycTh (MC) n (AB)= P. 06pa30M TO'IKH p 6y,n;eT TO'!Ka P1 IIPRMOH AiB1 
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TaKa51, 'ITO A1P1 : P1B 1 =AP: PB. 06pa3 M 1 TO'IKH NI cTpOHTC51 Ha ocHoBe 

nponopu;nn C1M1 : M1P1 =CM: MP. 
23.2. qaCTHhle BH,lJ,bl acl>cl>HHHblx npeo6pa3oBamrli nJIOCKOCTH. B ycJio

BHH npe,n;hr,z:ty:cu;eii: TeopeMbI TpeyrOJibHHKH ABC n A1B1 C1 npOH3BOJibHbI. 

B qacTHOCTH, eCJIH OHM no,n;o6Hbr, TO 3a-

,n;aBaeMoe HMM acpqrnHHoe npeo6pa3oBa- c 
HHe ecTh no,n;o6ne (n.18.1). 

IlycTb SITH TpeyroJibHHKH HMeIOT 06-

:cu;yro CTopoHy AB (A 1 =A, B 1 = B). 
B CHJIY HHBapnaHTHOCTH OTHOIIleHH51 

AM : MB ,n;JI5I JII06oii: TO'IKH M np51MOH 

AB 3Ta TO'!Ka coBna,n;aeT co CBOHM o6-

pa3oM: M 1 = M (pnc.115). 

A B M 

AcpcpnHHOe npeo6pa3oBaHHe nJioc- Pnc. 115 
KOCTH, HMero:cu;ee np51MYIO ,ll;BOHHbIX TO-

'leK, Ha3brnaeTc51 poacmee'H'H'blM npeo6paaoea'HueM, HJIH poacmeoM, a np51-

Ma51 ,n;Boii:HbIX TO'leK Ha3hrnaeTc51 oc'b10 poacmea. B qacTHOCTH, po,n;cTBOM 

51BJI51eTC51 oceBaa CilMMeTpH51. 

B Ka'leCTBe HeTpy,n;HhIX ynpa2KHeHnii: ,n;oKa2KHTe TaKne CBOHCTBa po,z:i;

CTBeHHoro npeo6pa3oBaHH51: 

1°. CooTBeTCTBeHHbre npn po,n;cTBe np51Mhle nepeceKaIOTC51 Ha ocn po,n;

CTBa HJIH eii: napaJIJieJibHhI. 

Pnc. 116 

Pnc. 117 

2°. Ka)K,ll;a51 np51Ma51, co,n;ep2Kalll,a51 cooTBeT

CTBeHHhre npn po,n;CTBe TO'IKH, OT06pa2KaeTC51 3THM 

po,n;CTBOM Ha ce651. 

3°. Ilp51Mhie, Ka)K,ll;a51 Il3 KOTOpbIX co,n;ep2KHT co-

OTBeTCTBeHHble npn po,n;CTBe TO'IKH, napaJIJieJihHhI. 

HanpaBJieHne SJTHX np51Mhlx Ha3bIBaeTC51 HanpaBJie

HHeM po,n;cTBa. 

ECJin HanpaBJieHne po,n;cTBa coBna,n;aeT c Ha

npaBJieHneM ero OCH, TO po,n;CTBO Ha3bIBaeTC51 caeu-

20M (pnc.116). Po,n;CTBO, HanpaBJieHne KOToporo He 

COBna,n;aeT c HanpaBJieHHeM ero OCH, Ha3bIBaeTC51 

1COC'btM C:HCamueM. 

EcJIH npn po,n;cTBe c OCbIO AB TO'!Ka C nepexo

,ll;HT B TO'IKY C1 Il (CC1) n (AB)= p (pnc.115), TO 

PC1 
OTHOIIleHne k = -=- He 3aBHCHT OT Bb16opa TO'IKH 

PC 
c (noCT051HHO ,ll;JI51 ,n;aHHOro C2KaTml) Il Ha3bIBaeTC51 

1W3gx;fmv,ue'HmOM C:HCamuR. Ilpn k = -1 C2KaTHe Ha3hIBaeTC51 1COCOU CUM

Mempuei1. (pnc. 117). 
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Po,n;CTBO M01KHO 3a,n;aTh OChIO l H napoii cooTBeTCTBeHHbIX TO'!eK A~ A1 
(pHc.118). Tor,n;a Ha ocHoBaHHH cBoiicTB 1° H 3° JierKo CTPOHTCH 06pa3 X 1 

npoH3BOJihHoii TO'IKH X: (AX) n l = K, (XX1) II 
II (AA1), (KA1) n (XX1) = X1. 

23.3. IIoasITHe 06 a<l><l>HHHoii reoMeTpHH. Oc
HOBHhlMH HHBapHaHTaMH a¢¢HHHbIX npeo6pa30Ba

HHH HBJUUOTCH 1) KOJIJIHHeapHOCTb TO'!eK ( OT06pa

)KeHHe npHMOH Ha npHMYIO)' 2) napaJIJieJibHOCTb 

npHMbIX, 3) OTHOmeHHe KOJIJIHHeapHbIX BeKTOpOB 

Pnc. 118 AC 
( 0Tpe3KOB)' B qacTHOCTH, OTHOmeHHe = Tpex TO-

C B 
qeK A, B, C npHMoii, 4) OTHomenHe nJiom;a,n;eii <l>Hryp. Ifa 3THX HHBapHaH

TOB caMblM rJiaBHbIM SIBJUieTCH nepB:OIH: TeopHIO a¢¢HHHbIX npeo6pa30Ba

HHH MO)KHO IIOCTpOHTb Ha OCHOBe O,IJ;HOro ero, IIpHHHMa.H TIO onpe,n;eJieHHIO 3a 

a<P<l>HHHbie npeo6pa30BaHHH TaKHe npeo6pa30BaHHH, KOTOpbie OT06pa1KalOT 

npHM:ore Ha npHM:ore. Teopmo HHBapHaHTOB a¢¢nHHhIX npeo6pa3oBaHHii Ha-

3hIBaIOT a<fa/Juttttou 2eo.Mempueu. 

IlocKOJibKY a<P<l>HHHbie npeo6pa30BaHHH He coxpaHHIOT ,IJ;JIHHY 0Tpe3-

Ka H BeJIH'!HHY yrJia, TO B acp¢HHHOH reoMeTpHH HeT 3THX IIOHHTHH - HeT 

MeTpHKH - H II03TOMY HeT IIOHHTHii, 6a3HpyIOID;HXCH Ha HHX. HarrpHMep, B 

a<P<l>HHHOii reoMeTpHH OTCYTCTBYIOT nepneH,IJ;HKYJIHpRbie npHMhle, oKpy1K
ROCTH, npaBHJI:OHhle TpeyrOJihRHKH, npHMoyroJibHHKH n ,n;p. 

CBoiicTBo ¢nryphl Ha3bIBaeTCH a¢¢nHHhlM ( OTHOCHTCH K a¢¢HHRoii 

reoMeTpHH)' eCJIH OHO ae H3MeaHeTCH npH BCex a¢¢HHHblX rrpeo6pa30Ba

HHHX. <l>Hrypa Ha3hlBaeTCH a¢¢naHoii, ecJIH ee xapaKTepncTH'!eCKoe ( onpe

µ;eJIHrom;ee) CBOHCTBO HBJIHeTCH acp¢HHHhlM. BoT rrpnMep:o1. IlapanJieJio

rpaMM - <l>Hrypa a<P<l>HHHaH, IIOCKOJI:OKY ero xapaKTepHCTH'!eCKHM CBOH

CTBOM CJIY)KHT a<P<l>HHHhlii HHBapnaRT - rrapanJieJibHOCTb rrpHMbIX. Jlyq, 

yroJI, Tpaneu;HH, MHoroyroJI:oHHK - TaK1Ke acp¢HHHhle cpHryphl. K acpcpHH

HOH reoMeTpHH OTHOCHTCH IIOHHTHH Me,ll;HaHhl H cpe,n;Heii JIHHHH TpeyrOJib

HHKa, TaK KaK cepe,n;HHa C oTpe3Ka AB MO)KeT 6b1T:o onpe,n;eJieHa KaK TO'!Ka, 

,IJ;JIH KOTopoii AC/CB = 1. Ilo3TOMY TeopeMhl o cpe,IJ;Heii JIHHHH TpeyroJI:o

HHKa, 0 cpe,n;He:ii JIHHHH Tparren;HH, 0 nepeceqeHHH Me,ll;HaH TpeyrOJibHHKa, 0 

TO'!Ke rrepeceqeaH.>e ,n;HaroaaJien rrapaJIJieJiorpaMMa - a<P<Pnnahle TeopeM:o1. 

K a¢¢HnHoii reoMeTpHH OTHOC.HTCH TeopeMa Ilanna H TeopeMa MeHeJiasi:, 

,ll;OKa3aHRhle B § 15. 
c ,ll;BH1KeHH.HMH CBH3aao IIOHHTHe paBHbIX (Koarpy3HTHhlX) <l>Hryp; c 

no,n;o6H.>eMH - noasi:THe no,n;o6n:o1x ¢Hryp. AnaJiorH'!HO HM B a¢¢HHROii reo

MeTpHH onpe,n;eJIHeTCH IIOH.HTHe acf>cpHHHO 3KBlrnaJieHTHhlX cf>Hryp. ,11,Be <Pn

ryphl Ha3bIBalOTCH a<fa/Jutt'HO 3'/'6U6aAettm'H'b£MU, ecJIH cym;eCTByeT a¢¢Ha

ROe npeo6pa30Banne, OTo6pa1Karom;ee o,IJ;Hy H3 HHX aa ,n;pyryro. 
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06paTnMcx K rrpnMepaM. ConrncHo TeopeMe o 3a,n;aHnn acpcpHHHOro rrpe

o6pa3oBaHn5I IIJIOCKOCTH JII06ble ,n;Ba TpeyrOJlbHHKa acpcpHHHO 3KBHBaJieHT

HbI: cym;ecTByeT meCTb acpcpnHHbIX rrpeo6pa30BaHnil:, Ka)K,ll;Oe H3 KOTOpbIX 

OTo6pruKaeT O,n;HH H3 HHX Ha ,n;pyroii. Ilo3TOMY B acpcpHHHOH reoMeTpHH Tpe

yrOJibHHKH HeJib35I KJiaccncpn~poBaTb HJIH XOT5I 6bI Bbl,ll;eJIHTb KaKHe-Jin6o 

nx BH~I. IlpaBHJibHblil: TpeyroJibHHK acpcpHHHO 3KBHBaJieHTeH mo6oMy Tpe

yrOJibHHKy. 0TCIO,n;a CJie,n;yeT, 'ITO 6y,n;yT acpcpnHHO 3KBHBaJieHTHbl JII06bie 

,n;Ba rrapaJmeJiorpaMMa ABCD n MN PQ. B caMOM ,n;eJie, 3a,n;a,n;IIM acp

cpnHHoe rrpeo6pa3oBaHne TIJIOCKOCTH rrapaMn TO'leK A ---+ M, B ---+ N, C ---+ P. 
Tor,n;a B c1my HHBapIIaHTHOCTn napaJIJieJibHOCTH np5t:MbIX npn acpcpnHHbIX 

npeo6pa3oBaHn5IX (CD)---+ (PQ), (AD)---+ (MQ) n, 3Ha'lnT, D---+ Q. 
CJie,n;oBaTeJibHo, B acpcpnHHOil: reoMeTpnn H3 MH02KeCTBa napaJIJieJio

rpaMMOB HeJib351 BbI,ll;eJIHTb poM6bI, IIp5IMOyroJibHHKlI, KBa,n;paTbl. 

,11,.rm npoH3BOJibHblX Tpane~ii ABC D n MN PQ ( c OCHOBaHHXMH AB 
n MN) ,n;eJio o6cTOHT HHa'le. °YKa3aHHOe acpcpnHHoe npeo6pa30BaHne nepe

BO,n;HT D B Q JIHmb Tor,n;a, Kor,n;a AB : CD = MN : PQ. 9TO - Heo6xo,ri;nMoe 

H ,lJ;OCTaTO'lHOe yCJIOBHe acpcpnHHOH 3KBHBaJieHTHOCTH ,n;Byx Tpane:u;nil:. 

,LI;oKa2KHTe, 'ITO ,n;Ba 'leTblpexyrOJibHHKa acpcpnHHO 3KBHBaJieHTHbI JIHillb 

Tor,n;a, Kor,ri;a TO'IKH nepece'leHH5I nx ,n;naroHaJieil: ,n;eJIXT ,n;naroHaJin B cooT

BeTCTBeHHO paBHbIX OTHOmeHH51X. 
TaK KaK Bee acpcpnHHbie HHBapnaHTbI 51BJI5IIOTC5I TaK2Ke HHBapnaHTa

MH ,n;BH2KeHnii n no,n;o6nii, To ar/Jl;Pmt'Ha,R, 2e0Mempu.H, noA'Hocm'bw exoaum 

e ee'X:Auaoey 2e0Mempuw. 0,n;HaKo acpcpnHHyro reoMeTpn10 M02KHO paccMaT

p1rnaTb H TIOCTpOHTb He3aBHCHMO OT eBKJIH,ll;OBOH reoMeTpnn. 

§ 24. Pewenue 3aaa'l{, c no.MOW/bW a<fxfiuntt'btx 
npeo6pa3o6attuu 

MeTo,n; acpcpnHHhIX npeo6pasoBaHnii npnMeHHM JIHillb K pemeHHIO acp

cpnHHbIX 3a,n;aq, T. e. TaKHX 3a,n;aq, B KOTOpbIX HCTIOJib3YIOTC5I acpcpHHHbie 

n TOJibKO acpcpHHHbie CBOHCTBa cpnryp. c IIOMOID;blO acpcpHHHbIX npeo6pa-

30BaHnii 3TH 3a,n;a'IH MoryT pemaTbC5I HJIH Henocpe,n;CTBeHHO, HJIH 2Ke ny

TeM CBe,n;eHH5I K ,n;pyrnM MeTo,n;aM. Cym;HOCTb BTOporo cnoco6a COCTOHT B 

CJie,n;y10m;eM. HeKOTOpbIM acpcpnHHbIM npeo6pa3oBann:eM paccMaTpHBaeMa.a 

cpn:rypa <I> OT06pa2KaeTC.SI Ha TaKyIO cpnrypy cl>'' KOTOpa.SI c MeTpnqeCKOH 

(eBKJIH,ll;OBoil:) TO'IKH 3peHnx .SIBJI.SieTC5I 6oJiee rrpocToil:, 'leM ,n;aHHa5I. Bee 

acpcpnHHble CBOHCTBa TIOJiy'leHHOil: cpnrypbl <I>' COBna,n;aroT c acpcpnHHbIMH 

CBOHCTBaMn ee npoo6pa3a <I>. XoT5I MeTpn'leCKn:e cBoiicTBa 3THX cpnryp 
aeo,n;nHaKOBbl, HO 3TO pa3JIH'!He He M02KeT CKa3aTbC.SI Ha OKOH'laTeJihHOM 

pe3yJibTaTe B CHJIY acpcpn:HHOCTH 3a,n;a'IH. ,LI;aHHa5I 3a,n;a-qa pemaeTC.SI ,ll;Jl5I 
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qmryphI cl)' mo6hIMII cpe,rt;CTBaMII. IloJiy-<IeHHhIH pe3JJihTaT, SIBJISISICh a¢

cPIIHHhIM IIHBapIIaHTOM, IIMeeT CIIJIY II P,JISI qmryphI <I>. 
IlpoIIJIJIIOCTpIIpyeM CKa3aHHOe Ha npIIMepax. 

3 a A a q a 1. ,l(oKa3aTh, qTo BO BCSIKoii Tpanen;:mr ToqKa nepeceqemrn 

p,IIaroHaJieii, TOqKa nepeceqeHIISI npSIMhlX, co.n,ep2Ka.III,HX 6oKOBhie CTOpOHbI, 

II cepe,!I,IIHhI OCHOBaHIIii Jie2KaT Ha OAHOH npSIMOii. 

p e Ill e H II e. 3a,n;aqa CB060,rt;Ha OT MeTpIIqeCKIIX IIOHSITIIH II IT03TOMY ,ri;o

nycKaeT perneHIIe a¢¢IIHHhIM MeTo,rt;oM. PaccMoTpIIM paBH06oqHy10 Tpane

n;nro, a¢¢nHHO 3KBIIBaJieHTHJIO ,n;aHHoii. IIpsrMasr, co,n;ep2Kanrasr cepe,!I,IIHhI 

OCHOBaHHii paBH06oqHoii Tpanen;IIH, CJIJ:lKHT ee OChIO CIIMMeTpHII H II03TOMY 

co,n;ep:iKHT ToqKy nepeceqeHHSI npo,rt;OJI:iKeHHH 60KOBbIX CTOpOH. 

Mo:iKHO pernnTh 3a,n;aqy H Henocpe,ri;cTBeHHO ,rt;JISI ,ri;aHaoii Tpanen;IIn, npII

MeHsrsr KOCJIO CIIMMeTpIIIO OTHOCHTeJihHO npSIMOii, npOXO,rt;Sinreii qepe3 cepe

AIIHhl OCHOBaHHH. 

3 a A a q a 2. ToqKn M H N - cepe,n;nHhI CTopoH cooTBeTCTBeHHO BC 
H CD napaJIJieJiorpaMMa ABCD. HaiiTH OTHorneHHSI, B KOTOphlX TOqKa P 
nepeceqeHHSI OTpe3KOB AM H B N ,n;eJIHT 3TH OTpe3KH. 

p em e H He. 3a,n;aqa a¢¢HHHaSI. l1cKOMhle OTHOIIleHlrn He 3aBHCSIT OT 

BH,n;a napaJIJieJiorpaMMa. ,l(aHHhIH napanJieJiorpaMM ABCD a¢¢HHHO 3K

BIIBaJieHTeH JI1060My KBa.n,paTy A1B 1C1Di. npn 3TOM cepe.n,HHhl M1 H N1 
cTopoH B 1C1 H C1D1 KBa.n,paTa SIBJISIIOTCSI o6pa3aMII ToqeK M H N npH 

a¢¢IIHHOM npeo6pa3oBaHnn, oT06pa2Ka10rn,eM napaJIJieJiorpaMM ABC D Ha 

3TOT KBa.n,paT. Ilo3TOMY OHO OT06pa:iKaeT TOqKy p Ha TOqKy P1 nepeceqe

HHSI oTpe3KOB A1M1 II B 1N1. IIo CBOHCTBY a¢¢IIHHoro npeo6pa3oBaHHSI 
AP AiP1 BP B1P1 
= = =- II = = =-. ,l(nsr KBa.n,paTa A1B 1C1D 1 ,rt;aHHaSI 3a,ri;aqa 
PM P1M1 PN P1N1 
ynponraeTcsr, TaK KaK A1M1 1- B 1N1 (npnMeH'nTe noBopoT OKOJIO n;eHTpa 

KBa.n,paTa Ha 90°). IloJimKHM A1B 1 = 2. Tor,ri;a H3 npsrMoyroJihHOro Tpe-

A1P1 22 

yroJihHHKa A 1B 1M 1 HMeeM: =- = 12 =4. EcJIH Q1 -opToroHaJihHaSI npo
P1M1 

eKn;IISI TOqKn C1 Ha (B1N1), TO no ,ri;oKa3aHHOMy BiQ1: Q 1N1 =4. IIo-

CKOJihKY P1 -cepe,n;IIHa BiQ1, TO BiP1 : P1N1=2: 3. l1TaK, AP: PM= 4 II 
2 

BP:PN= 3. 
3 a.n, a q a 3. CTopoHhI BC, CA, AB TpeyroJibHIIKa ABC pa3,rt;eJieHhI 

cooTBeTCTBeHHO TOqKaMH A 1 , B1, C1 B OTHorneHHH 1 : 3. HaiiTH OTHomeHne 

nJiorn,a,!I,II TpeyrOJihHHKa ABC K nJionra,!I,II TpeyroJihHHKa c BeprnnHaMH B 

ToqKax nepeceqeHIISI npSIMhIX AA1 , BB1 , CC1. 

P e rn e H H e. A¢¢IIHHhIH xapaKTep 3a,ri;aqII He Bhl3hrnaeT COMHeHHH. 

TpeyroJibHHK ABC a¢¢nHHO 3KBIIBaJieHTeH npaBHJihHOMY TpeyroJibHH

Ky. PernIIM 3a,n;aqy ,ll;JISI npaBIIJihHOro TpeyroJihHIIKa, o6o3Haqasr ero CHOBa 

qepe3 ABC (pIIc. 119). ECJin (AA 1 ) n (BB1 ) = C0 , (BB1 ) n (CC1) = A0 , 

250 



(AA1) n (CC1) =Bo, TO TpeyroJibHHK AoBoCo npaBHJlbHbIH, B 'ieM y6e

)K,ll;aeMC51 noBopoToM oKoJio :a;eHTpa TpeyroJibHHKa ABC Ha 120°. 3aMe

-qaeM, 'ITO S(A0 BoCo) = S(ABC) - 3S(ABA1) + 3S(A1BC0 ). IlocKOJibKY 

S(ABC) 
S(ABC) = 3S(ABA1), TO S(A0 B0C0) = 3S(A1BC0). 0Tc10,n;a S(AoBoCo) = 

S(ABA1) 
= S(AiBCo). TpeyrOJibHHKH ABA1 H A 1BC0 no,n;o6Hbl. IloJIOJKHM AB= 1. 

IlOJib3Y51Cb TeopeMOH KOCHHYCOB, H3 TpeyroJibHH-

Ka ABA1 Haxo,D;HM AAi = 7 /9. 3Ha'lnT, A 

S(ABC) = S(ABAi) = AAi = 7 
S(AoBoCo) S(A1BC0) BAi . 

3 a,n;a-qa 4. To'iKH Ai, Bi, C1 ,n;eJI51T cooT

BeTCTBeHHO CTOpOHhI BC, CA, AB TpeyroJibHH

Ka ABC B o,n;HOM H TOM JKe OTHomeHHH. ,Il;oKa-

3aTh, 'ITO COBna,n;alOT :a;eHTpOH,ll;bl TpeyrOJibHHKOB 
C A B ABC, A1B1C1 n TpeyroJibHHKa c BepmnHaMn B 1 

TO'iKax nepece'leHH51 np51MblX AA1, BB1, CC1. PHc. 119 
Pe me H n e. 3a,n;a,D;HM a¢qmHHoe rrpeo6pa3o-

BaHHe cp rrJIOCKOCTH rrapaMH TO'ieK A -+ B, B ---+ C, C -+ A. 8THM rrpeo6pa-

30Bam1eM KaJK,n;ag Me,n;HaHa TpeyroJibHHKa ABC oTo6paJKaeTC51 rroCJie,n;o

BaTeJihHO Ha ,n;pyry10 ero Me,n;naHy. IIoaTOMY n;eHTpOHA G TpeyrOJihHBKa 

ABC Herro,n;BBJKeH rrpH qi. ,Il;pyrHx Herro,n;BHJKHblX TO'leK npeo6pa30BaHHe <p 
HMeTh He MOJKeT, TaK KaK nHa'ie OHO 6bIJIO 6b1 po,n;cTBOM, HO rrp51Mble AB, 
BC, CA He rrapaJIJieJihHbI. B cnJiy paBeHCTBa OTHomeHHH, B KOTOpbIX TO'iKB 

Ai, B1, C1 ,n;eJI51T oTpe3KH BC, CA, AB, TO'IKH Ali B1, C1 0To6paJKa.10T

c51 cooTBeTCTBeHHO Ha TO'IKH Bl> C1, A 1• TaK KaK TpeyroJibHHK A 1B 1C1 

OTo6paJKaeTC51 Ha ce651, TO HeIIO,n;BHJKeH ero :a;eHTpon,n;, KOTOpbIH II03TOMY 

,D;OJIJKeH COBrra,n;aTh c TO'IKOH G. TpeyroJibHHK A0 B0 C0 c BepmHHaMn B TO'I

KaX Ao= (BB1) n (CC1), Bo= (CC1) n (AA1), Co= (AAi) n (BBi) TaKJKe 

OTo6paJKaeTrn Ha ce651: cp(A0 ) = B 0 , cp(Bo) =Co, <p(C0 ) = A0 • IIoaTOMY ero 

:a;eHTpon,n; Heno,n;BHJKeH n, 3Ha'InT, coBna,n;aeT c TO'IKOH G. 

3aaa"iu 

2.114. Ha ,n;aHHOH rrp51MOH IIOCTpOHTe rrapy COOTBeTCTBeHHbIX TO'IeK rrpn 

3a,n;aHHOM a¢¢nHHOM rrpeo6pa30BaHHH IIJIOCKOCTH. 

2.115. qepe3 ,n;aHHYIO TO'IKY rrpoBe,D;HTe ,n;Be rrp51Mble, COOTBeTCTBeHHble 

rrpn 3a)l;aHHOM a¢¢nHHOM rrpeo6pa30BaHHll. 

2.116. ,Il;OKaJKHTe, 'ITO BC51KOe a¢¢HHHOe npeo6pa30BaHne IIJIOCKOCTH, 

OTJIH'IHOe OT rro,n;o6n51, eCTb KOMII03H:a;H51 po,n;cTtm ll rro,n;o6H51. 

2.117. EcJin a¢¢nHHoe rrpeo6pa3oBaHHe oTo6paJKaeT Ka)K,ll;ylO oKpyJK

HOCTh Ha OKPYJKHOCTb, TO OHO 51BJI51eTC51 no,n;o6HeM. ,Il;oKaJKHTe. 
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2.118. ,Ii;oKa:JKHTe, 'ITO ,n;Ba '!eThrpexyroJihHHKa a¢qmHHO 3KBHBaJieHTHhI 

TOr.n;a H TOJihKO Tor.n;a, KOr.n;a ,n;HaroHaJIJI 3THX 'leTbipexyrOJibHHKOB ,n;eJIHTCH 

TO'IKaMH nepece'!eHHH B COOTBeTCTBeHHO paBHbIX OTHOIIIeHJIHX. 

2.119. IlpHMaH, napaJIJieJibHaH cTopoHe AC TpeyroJihHJIKa ABC, nepe

ceKaeT ero cTopoHhr AB JI BC B TO'IKax M H P. ,Ii;oKa:JKHTe, 'ITO TO'!Ka 

nepece'!eHJIH npHMhIX MC JI AP Jie:JKHT Ha Me,n;JiaHe TpeyroJihHHKa ABC. 
2.120. qepe3 TO'IKY S nepece'!eHHH .n;n:aroHaJieil: Tparren;nn rrpoBe,n;eHa 

npHMaH napaJIJieJibHO ee OCHOBaHJIHM. ,Ii;oKa:JKHTe, 'ITO 0Tpe30K 3TOH npH

MOH, OTCeKaeMbIH 6oKOBbIMH CTOpOHaMJI Tpanen;JIH, ,n;eJIHTCH TO'IKOH s no

IlOJiaM. 

2.121. B napaJIJieJiorpaMMe ABCD TO'IKJI P JI K ,n;eJIHT cooTBeTCTBeHHO 

cTopOHbI BC JI CD B OTHomeHJIH 2: 1, C'IJITaH OT BepmJIH B JI C. Hail:,n;JITe 

OTHOIIIeHnH, B KOTOphix ,n;eJIHTCH OTpe3KH PD JI AK TO'IKOH JIX nepece'!e

HJIH. 

2.122. Ha cTopoHe AC TpeyrOJibHJIKa ABC B3HTbI TO'IKJI L JI K TaK, 

'ITO AL = KC JI 'Iepe3 HJIX npoBe,n;eHhr npHMbre l JI k napaJIJieJihHO cooT

BeTCTBeHHO AB JI BC. ,Il;oKa:JKHTe, 'ITO npHMaH, co.n;ep:JKam;aH BepmnHy B n 

TO'IKY nepece'leHnH npHMhIX l n k, co.n;ep:JKHT Me,n;naHy TpeyroJibHHKa ABC. 
2.123. To'IKa M -cepe,n;nHa ocHoBaHJIH AB Tpanen;nn ABCD. qepe3 

TO'IKY P nepece'leHHH npHMhIX DM H AC npoBe,n;eHa npHMaH, napaJIJieJib

HaH ocHOBaHHHM, KOTopaH nepeceKaeT .n;naroHa.n:h ED B TO'!Ke K. ,Ii;oKa:JKH

Te, 'ITO TO'IKJI P n K ,n;eJIHT oTpe30K npHMoii PK, OTCeKaeMhIH 6oKOBbIMH 

CTOpOHaMJI Tpanen;Jin, Ha TPH paBHhie '!aCTH. 

2.124. Ka)K,n;aH cTopoHa TpeyroJihHHKa pa3,n;eJieHa Ha Tpn paBHhie '!a

CTH. Ka)K,n;aH TO'!Ka ,n;eJieHnH coe,n;nHeHa c npoTHBOTIOJIO:JKHOH BepmnHoii 

TpeyroJibHHKa. ,Ii;oKa:JKHTe, 'ITO B o6pa3oBaHHOM 3THMH npHMhIMJI meCTH

yroJibHHKe .n;naroHaJIH, coe,n;HHHIOrnHe npOTHBOilOJIO)KHbie BepnrHHbI, nepe

ceKaIOTCH B 0,ll;HOH TO'IKe. 

2.125. To'!Ka G -u;eHTpon.n; TpeyroJihHHKa ABC. ,Il;oKa:JKHTe, 'ITO Tpe

yroJibHHKH GAB, CBC, GCA paBHOBeJinKn. 

2.126. B napaJIJieJiorpaMMe ABCD npHMaH, napaJIJieJibHaH AB, nepe

ceKaeT CTopoHy BC n .n;n:aroHaJib AC coOTBeTCTBeHHO B TO'IKaX N n K. 
,Ii;oKa:JKnTe, 'ITO TpeyroJibHHKH AD K n AB N paBHOBeJinKn. 

2.127. To'IKH A1, Bi, C1, D1 -cepe,n;nHbI cTopoH AB, BC, CD, DA na

paJIJieJiorpaMMa ABCD. ,Ii;OKa)KHTe, 'ITO '!eTbrpexyroJibHHK c BepmnHaMn B 

TO'IKaX nepece<J:eHHH npHMbIX AB1 , BC1 , CD1, DA1 -napa.n:JieJiorpaMM n 

Haii,n;wre OTHOIIIeHne ero nJiom;a.n;n K nJiom;a,n;JI ,n;aHHoro napaJIJieJiorpaMMa. 

2.128. Ha cTopoHax AB, BC, CA TpeyroJibHHKa ABC Bhr6paHbI cooT

BeTCTBeHHO TO'IKH M, N, P H nocTpoeHhI CJIMMeTpH'IHhre HM TO'IKH M1, 

Ni, Pi OTHOCHTeJibHO cepe,n;n:H 3THX cTopoH cooTBeTCTBeHHO. ,Ii;oKa:JKHTe, 

'ITO TpeyroJihHHKH MN P n M 1N 1P1 paBHOBeJIHKJI. 
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2.129. Ha cTopoHax AB, BC, CA TpeyroJihHHKa ABC ,n;aHbI TO'IKH Jvl, 
N, P. Ha cTopoHax CA, AB, BC rrocTpoeHhI cOOTBeTCTBeHHO TO'IKH lvl1 , 

N 1, P1 TaK, 'ITO (MMi) II (BC), (NN1) II (CA), (PP1) II (AB). )J;oira2KnTe, 

'ITO TpeyroJihHllKH MN P u M 1 N 1 P1 paBHOBem1Ku. 

2.130. AcpcpHHHbIM o6pa30M OKPY2KHOCTH HBmreTcsr 3JIJIHIIc. )J;oira2KnTe, 

'ITO cepe,n;RHbI Bcex rrapaJIJieJihHbIX xop,n; 3JIJIHrrca rrpRHa,n;Jie2KaT ero ,n;ua

MeTpy. 

2.131. l1crroJih3ysr acpcpllHHYIO 3KBHBaJieHTHOCTb OKPY2KHOCTH n 3JIJIHII

ca, ,D;OKa2KllTe, 'ITO IIJIOIIl;a,n;b o6JiaCTll IIJIOCKOCTll, orpaHII'IeHHOH 3JIJIHIICOM 

c IIOJIJOCHMII a ll b, paBHa rr.ab. 
2.132. ,Il;aH rrapaJIJieJiorpaMM ABC D. IlpOII3BOJibHasr rrpsrMaH rrepece

KaeT JIJ'IH AB, AC, AD cooTBeTCTBeHHO B TO'IKaX P, Q, R. ,Il;oira2KnTe, 

2.133. qepe3 TO'IKY P, Jie2KamyIO BHYTPH TpeyroJibHHKa ABC, rrpoBe,n;e

HbI rrpsrMbie l, m, n rrapaJIJieJihHO cTopoHaM AB, BC, CA cooTBeTCTBeHHO. 

EcJIII l n (BC)= A1, m n (AC)= B1, n n (AB)= Ci, To 

P A1 P B1 + PC1 _ l 
AB+ BC CA - . 

,1J;OKa2KIITe. 

2.134. ,Il;aH TpeyrOJibHllK c IIJI01I1a,D;bl0 s. J13 ero Me,n;naH IIOCTpOeH ,n;py

roli TpeyroJibHHK, 3aTeM ll3 Me,n;IIaH IIOJiy'IeHHOrO TpeyrOJibHHKa IIOCTpoeH 

TpeTIIH TpeyroJihHIIK n T. A· ,n;o 6ecKoHe'IHOcTII. Han,n;uTe cyMMy IIJIOIIla.n;eii 

BCex TpeyrOJibHIIKOB 3TOH IIOCJie,n;oBaTeJibHOCTII. 
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r A a Ba III 

If '1-W epcu.11, 

§ 25. lbwepcua n.J1,0C'K,Ocmu omttocume.J1,'b'HO 

O'K,py:J1Cttocm U 

25.1. Orrpe,n;eJiemrn HHBepcHH. IlocTpoeHHe o6pa3a TO'IKH npH HHBepcHH. 

3a)J,~M B IIJIOCKOCTH oKpyJKHOCTh w c u;eHTpoM 0 pa,n;Hyca R. IfttBepcueu 
IIJIOCKOCTH OTHOCHTeJihHO OKPYJKHOCTH (J) Ha3hIBaeTCH TaKoe npeo6pa30Ba

RHe 3TOH IIJIOCKOCTH, IIPH KOTOpOM KaJK,LJ;aH TO'lKa M' OTJIH'lHaH OT TO'IKH 0' 
oTo6paJKaeTCH Ha TO<IKY M', JieJKanzyIO na Jiy<Ie 0]}1 H y,n;oBJieTBOpHIOnzyIO 

YCJIOBHIO 

OM·OM'=R2
• (25.l) 

0KpyJKHOCTh (J) Ha3hIBaeTCH O'K:py;J1CHOCm'b10 U'H6epcuu, ee u;eHTp 0 - '4e'H

mpoM utteepcuu, a pa,n;nyc R - paJuycoM utteepcuu. 
I1MeeTcH npocToii cnoco6 11ocTpoeHua o6pa3a M' ,n;aHHoii TO'IKH M 11pH 

HHBepcHH. EcJIH TO'lKa M Jie:IKHT BHe OKPYJKHOCTH HHBepcHH, TO 11poBe

,n;eM 'lepe3 Hee KacaTeJihHYIO MT K OKpyJKHOCTH w H nep11eH,n;HKYJIHp H3 

M 

Pnc. 120 

TO'IKH T KaCaHHH Ha 11pHMy10 OM (pHc. 120). 
OcHoBanne Jvl' ::iToro 11epneH,n;nKyJrnpa H HB

JIHeTcH o6pa3oM TO'IKH M npn HHBepcHH OT

HOCHTeJihHO OKPYJKHOCTH w. I13 no,n;o6HH Tpe

yroJihHHKOB OMT H OM'T HMeeM: Olvl: OT= 
=OT: OM', OTKy,n;a OM· OM'= OT2 = R 2

• 

B 011pe,n;eJieHHH HHBepcHH TO'lKH Jvl H M' 
paBHonpaBHhI. IIo::iToMy, eCJIH M--+ lv1', TO 

M' --+ M' T. e. npeo6paao6attue, o6pamttoe aatt'HOU U'H6epcuu, coenaaaem c 
moil :»ee utteepcueu. CJie,n;oBaTeJihHo, HHBepcHH - 11peo6pa3oBaHHe HHBO

JIIOD;HOHHOe (HHBOJIIOD;HH). IIo ::lTOii npH'IHHe o6pa3 M TO'lKH M' cTpOHTCH 

B o6paTHOM nopH,ri;Ke. 

EcJIH ME w, To OM· OM= R 2 
H no::iTOMY To<J:Ka M oTo6paJKaeTcH Ha 

ce6H. 3Ha<J:HT, H BCH OKPYJKHOCTb w HHBepCHH OT06paJKaeTCH Ha ce6H (HB

JIHeTCH MHOJKeCTBOM HeITO,n;BHJKHhlX TO'leK). ,Ll;pyrHX Heno,n;BHJKHhIX TO'leK 

HHBepcHH He HMeeT. 

ll;eHTP 0 HHBepCHH He HMeeT o6pa3a, TaK KaK ,ll;JIH Hero paBeHCTBO (25.1) 
BhIIIOJIHHThCH He MOJKeT. IIo::iTOMy TO'IKY 0 C'lHTaIOT y,n;aJieHHOii :u3 nJioc

KOCTH, a ITJIOCKOCTh Ha3bIBaIOT npOKOJIOTOH B TO'!Ke 0. 



lfa paBeHCTBa (25.1) cJie,rzyeT, 'ITO npn O!vf < R 6yAeT OM'> Rn Hao-

6opoT. Ilo3TOMY BHyTpeHH.H.H o6JiaCTb Kpyra llHBepcnn OT06pa:iKaeTC.H 3TOH 

HHBepcneii Ha ero BHemHIOIO o6JiaCTb H o6paTHO. 

,IJ,pyroii cnoco6 nocTpoeHn.H o6pa3a AaHHoii TO'IKII npn nHBepcnn n3JIO

:IB:eH B ycJioBnn 3aAa'ln 3.01. OH rpa¢nqecKn 6oJiee TO'!Hhrii no cpaBHeHnro 

c ll3JIO:IB:eHHbIM Bhime. 

25.2. Koopµ;u:HaTHble cpopMyJihl HHBepcm1. 3aAaAHM np.HMoyroJibHYIO 

AeKapTOBY cncTeMy KOOPAHHaT c Ha'!aJIOM B u;eHTpe 0 nHBepcnn. EcJin 

M(x, y)->M'(x', y'), TO OM' =ID!vf npn A >0. PaEeHCTBO ONJ-0Nl'=R2 

-- R2 
3KBHBaJieHTHO paEeHCTBY )..0 M 2 = R2

, OTKYAa A = ==-. 3Ha'IHT, 
0M2 

OM'= R
2 

OM. 
OM2 

(25.2) 

:::ho - BCKTOpHMI ¢opMyJia IlHBepcnn. 0Ha 3KBilBa.JJ:eHTHa ,ll;BYM Koop,n:n-

HaTHbIM 
' R2x x =--

x2 + y2' 
(25.3) 

Mbr noJiy'IHJin HCKOMhre Koop,n;nHaTHbre ¢opMyJihI HHBepcnH. TaK KaK 

M'--> M npn 3TOH HHBepcun, TO 

R2 x' 
x= x'2 + y'2' 

Rzy' 
Y = x'2 + y'2 · (25.4) 

KaK Bn,n:nM, ::>TH ¢opMJJihI HeJinHeiiHhle. IIoaToMy o6pa30M npon3BOJihHoii 

np.HMoii Ax+ By+ C = 0 npn C-/= 0 He 6y,n;eT np.HMa.H JIIIHII.H, T. e. HHBepc1rn 

He .HBJI.HeTc.H a¢¢nHHhIM rrpeo6pa3oBaHneM. 

25.3. 06pa3bl npaMbIX H OKpy)f{HOCTeii npH HHBepcm1. CorJiacHo onpe

AeJieHnlO UHBepcuu, Ka:>K,n;hlii JIJ'l c Ha'!aJioM B u;eHTpe 0 nHBepc1rn oTo6-

pa:IB:aeTca ::>Toii nHBepcneii Ha ce6.SI. IloaToMy np.R.Ma.R, npoxo11.Rw,a.n "tepea 
~ettmp 0 utteepcuu (6ea mo"t?Cu 0), omo6pa
:J1Caemc.R tta ce6.R. 

QqeBH,n;HO TaK:IB:e, 'ITO OKpJ:IB:HOCTb pa

.n;nyca 0 M, KOHIJ;eHTpn'IHa.SI oKpy:IB:HOCTn w 
HHBepcnn, nepexo,n;HT B KOHu;eHTpll'lHJIO eii 

OKPJ:IB:HOCTh pa.n;uyca OM'. 
Haii,n;eM o6pa3 OKpy:IB:HOCTH y, co.n;ep:IB:a

ru;eii u;eHTp HHBepcnH (pHc.121). IIocTpOHM o6-

pa3 A' KOHIJ;a A ,n;HaMeTpa 0 A oKpy:IB:HOCTH y 
II qepe3 A' rrpoBe,n;eM rrp.HMJIO l rreprreH,n;H

/ 
wl 

I 
I 
I 
I 
I 
\ 
\ 

,./ 
/ 

' ' ,. ' / -----
Puc. 121 

KJJI.HpHO OA. IlycTb M -rrpoH3BOJibHa.SI TO'!Ka OKpJ:IB:HOCTH y (M =J 0) 
n: rrp.HMa.H 0 M rrepeceKaeT l B TO'IKe N. Ifa rro.n;o6n:.H rrp.SIMoyrOJihHhIX 
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TpeyroJibHHKOB 0 AM n 0 A' N nMeeM: 0 A : 0 M = 0 N : 0 A', OTKy,n;a 

Olvl ·ON= OA · OA' = R2
• CJie,n;oBaTeJibHO, TO'IKa N ecTh o6pa3 TO'IKH M 

H o6paTHO. 8To 3Ha'IHT, 'ITO OKpJ)KHOCTb y H npRMa.II l COOTBeTCTBYIOT ,n;pyr 

,n;pyry npn HHBepcnn OTHOCHTeJibHO OKPY.lKHOCTH w. 
IlTaK, o6paao.M 010,py{}fCttocmu, coiJep{}fCaw,eu v,ettmp Utt8epcuu, Jt8.l!Jt

emcJt npJt.MaR, nepne1-tou10,y.!!JtpttaJt .!!Uttuu v,ettmpoe :Jmou 010,py{}IC1·wcmu u 
OK:py{}fC1-tOCmU U1-t8epCUU. 06pa30M npR.MOU, He COOep{}fCaW,eU V,eHmp UH-

8epcuu, Jt8.l!JtemcJt 010,py:>1eHocm'b, npoxoiJJtw,aJt "£epea v,eHmp UHeepcuu. Ee 
oua.Mempo.M Jf,8.11,Jf,emc.st ompe301', OA, 2oe A - o6pa3 OCH08aHUJ/, nepneHOU-

10,y.11,.stpa, onyW,eHHOW U3 V,eHmpa UH8epcuu Ha OaH'H.Y'IO npJtMy'/O. 

IlyCTb Tenepb ,n;aHHaR OKpy.lKHOCTb y He npOX0,1I,HT 'Iepe3 :u;eHTp HHBep

CHH (p:ac.122). Bo3bMeM ee ,n,:aaMeTp AB, npnHa,n;JieJKa:i:u;nll: JIHHnn :u;eHTpoB 

OKPY.lKHOCTell: w n y. Ecmr M' - o6pa3 rrpon3BOJihHOH TO'IKH M E y n A', 
B' -o6pa3bI TO'!eK A, B, TO OM· OM'= OA · OA' =OB· OB'= R2 (R-

OM OA' OM OB' 
pa,ll,nyc OKPY.lKHOCTn w). Tor,lJ,a OA =OM' n OB = OM'. CJie.n;oBaTeJib-

HO, 60MA"'60M'A' n 6.0MB.....,6.0M'B', OTKy,ll,a LOMA=LOA'M' 
n LO!t-fB = LOB'M', n noaToMy LEMM'= Ll'vl'B'A'. TaK KaK cyMMa 

Tpex yrJIOB rrpn seprnnHe Jvf paBHa cyMMe yrJIOB TpeyroJihHHKa A' B' M' n 

yroJI AME rrpxMoii (orrnpaeTC.II Ha .n;naMeTp AB), TO yroJI A'M'B' TaK.lKe 

rrpxMoli. 0TCIO,ll,a CJie.n;yeT, 'ITO eCJin TO'!Ka M rrpo6eraeT oKpy.lKHOCTh y, TO 

ee o6pa3 M' npo6eraeT OKPY.lKHOCTh y', rrocTpoeHHYIO Ha OTpe3Ke A' B' KaK 

Ha ,ll,RaMeTpe. 

/ 

w/ 
/ 

,.,.
/ 

I 
I 
I 
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P11c. 122 

IiTaK, o6pa30M 010,py{}IC'H.Ocmu y, 'H.e cooep:>tCaw,eu v,e'H.mp U'H.8epcuu, .>t8-
./!Jf,emc.n oK:py:>tC'H.ocm'b y', maK::JtCe He coiJep:>tCaw,a.n v,e'H.mp u'H.eepcuu. TI;eH

Tphl OKpy.lKHOCTeH w, y' y' KOJIJIHHeapHbI. 

3aMeTHM, 'ITO :u;eHTpbl s H Q OKpy.lKHOCTeH y H y' He COOTBeTCTBYIOT 

,n;pyr ,n;pyry rrpn 3TOH nHBepcnn. 
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§ 26. HnBapumtm'H/bie 011,py;J1Cttocmu unBepcuu 

26.1. OpToroaaJlhHble oKpy)l{HOCTH. YrnoM Me)Kµ,y ,n;ByMH KpHBhlMH 

( B qacTHOCTH, Me1Kµ,y ,n;ByMH OKPY)KHOCTHMH) Ha3brnaeTCH yron Me1Kµ,y 

KaCaTeJibHblMH K 3THM KpHBblM B HX o6:r.u;eii TO'IKe. ,il,Be nepeceKaIO:tu;HeCH 

OKpy:JKHOCTH Ha3blBaIOTCH opTOI'OHaJibHbIMH (,n;pyr ,n;pyry)' eCJIH KacaTeJib

Hbie K HMM B TO'IKe nepece'IeHm1 nepneH,n;HKJJIHpHbl (pHc.123). CornacHo 

CBOHCTBY KacaTeJibHOii K OKPY:JKHOCTH ~eHTp 

Ka)K,D;Oii H3 ,n;Byx opToroHaJibHblX oKpy:JKHOCTeii 

Jie)KHT Ha KaCaTeJibHOH K ,n;pyroii OKPY:JKHOCTH 

B TO'IKe HX nepece'IeHHH. 

TeopeMa. 01Cpy:>1CHocm'b y, opmowHaJt'b
Ha.R. 'IC O'ICpy:>1CHocmu uHeepcuu, omo6pa:>1Caem
c.R. amou utteepcueu Ha ce6.R. ( utteapuaHmtta 
npu uHeepcuu). 

ECJIH M - npOH3BOJibRaH TO'IKa OKPY)KHO- Pn:c. 123 

CTH y H npHMaH 0 M rrepeceKaeT oKpy1KHOCTb y 

BTOpH'IHO B TO'IKe M', TO no CBo:iicTBY cexy:r.u;nx OM· OM'= OT2 = R 2
, T.e. 

TO'IKH Mn M' B3aHMHO HHBepCHhl OTHOCHTeJibHO OKPY:JKHOCTH w (pHc.123). 

CJie,n;oBaTeJibHO, OKPY1KHOCTb y oTo6pa1KaeTc.H Ha ce6H. 

TeopeMa (o6paTHrui:). Ec/l,U 01Cpy:>1CHocm'b y, omJtU'tHa.R. om 01Cpy:>1Ctto
cmu UH6epcuu, omo6pa:>1Caemc.R. uHeepcueu Ha ce6.R., mo otta opmo20HaJt'btta 
01Cpy:>1CHocmu UHeepcuu. 

,II, o Ka 3 a Te JI h c TB o. CooTBeTCTBeHHhie TO'IKH M H ]l,f' OKPY:JKHOCTH y 

Jie1KaT Ha 0,ll;HOM Jiyqe c Ha'IaJIOM 0' npH'IeM o,n;aa H3 HHX BHe, ,n;pyraH - BHY

TPH OKPY:JKHOCTH w HHBepcnn (pHc.123). IloaToMy oKpy:arnocTb y nepece

KaeT OKPY:JKHOCTb cu. IlycTh T - o,n;Ha H3 TO'IeK HX nepece'IeHHH. ,II,oxa:JKeM, 

'ITO OT - KacaTeJibHaSI K oKpy:JKHOCTH y. EcJIH 6h1 rrpHMaa OT nepecexa

Jla y e:r.u;e B ,n;pyroii TO'IKe T1, To no cBoiicTBY cexy:r.u;Hx OT · OT1 = R 2
• Ho 

OT = R H noaTOMY OT1 = R, T. e. TO'IKH T n T1 coBna,n;aroT, npaMa.H OT 
KacaeTc.H y B TO'IKe T, oKpy)KHOCTH w Hy opToroHaJihHbI. 

26.2. lfHBepcuSI KaI( CHMMeTpHSI OTHOCUTeJlhHO oxpyJKHOCTH. I1HBepcH.H 

OTHOCHTeJlbHO OKpy:JKHOCTH HMeeT xopornyro aHaJIOfiUO c oceBOH CHMMeT

pneii. 

TeopeMa. 01Cpy:>ICHOCm'b, coaep:>ICaW,a.R aee U'H6epC1t'bte mo't'IW, U'H.6apu
a1tmtta npu aatt'H.OU Utt6epCUU ( CJteaoeameJt'b'HO, opm020'HaJt'b'Ha O'ICpy:>ICHO
cmu uneepcuu). 

,II, o Ka 3 a Te JI h c TB o. EcJIH OKPY1KHOCTb y co,n;ep:JKHT TO'IKH A H A', 
COOTBeTCTBeHHbie rrpH HHBepcnn OTHOCHTeJlbHO OKPY:JKHOCTll w, TO ~eHTp 0 
mrnepcnn Jie:JKHT BHe OTpe3Ka AA', T. e. BHe OKPY:JKHOCTH y (pnc.124). IlycTb 

M - rrpoH3BOJihHa.H TO'IKa oxpy:JKHOCTH y H rrpHMa.H 0 M rrepecexaeT y BTO-
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pH'IHO B TO'!:Ke !VI'. Tor,n;a no CBoiicTBY ceKyru;Hx 0 !vi· 0 !VJ'= 0 A· 0 A'= R 2
• 

Ilo3TOMY TO'IKH lvf H lvf' B3aHMHO HHBepcahI, H oKpy:iKHOCTb y oTo6pa:iKa

(U ,-/ 
/ 

I 
I 

___ r, 

I 
I 
I 
\ 

', ,.,.,/ ....... ___ _ 

P11c. 124 

(l)/_,...--- ...... 

I 
I 
I 
I 0 
I 
\ 

' ' , __ 

eTC5l HHBepcaeii aa ce65l. 

CJie,n;cTBHe. Ec;m d6e nepece'X:a'IOw,uec.R 
O'X:py:>1C1-wcmu opmo2ona.11ib1-l'bt 'X: o'X:py:>FCnocmu 
un6epcuu, mo mo"i'X:U ux nepece"tettu.R 63au.Mno 

U1-l6epC1t'bl. 
,ll,eiicTBHTeJibHO, ecJIII A - o,n;aa H3 TO'!:eK ne

peceqemrn OKPY:lKHOCTeii a. H p, Ka2K,n;a5l II3 KO

TOpbrx OpTOroHaJibHa K OKPY2KHOCTII w IIHBep

CIIII, To rrp5IMa5l OA rrepeceKaeT KaK oKpy:lK

HOCTb a., TaK II oKpy:lKHOCTb p B 06pa3e A' TO'l

KII A (pHc.125). 

Maaqe roBOp5l, o6pa3o.M mo"t'X:U A, ne .!le:>FCa
w,eu na Oti,py:>FCnocmu Utt6epcuu, c.!ly:J1Cum 6mo

pa.R mo"tti,a nepece"ieHU.R .!l106'btX d6yx o,,.py:>FCno

cmeii, npoxod.Rw,ux "iepe3 mo"t'X:Y A u opmo20-
1-ta.l!'b1-t'blX ,,. o,,.py:J1Cnocmu un6epcuu. 

9To CBOHCTBO MO:lKeT 6bITb IlOJIO:lKeHO B 

OCHOBY orrpe,n;eJieHH5l HHBepCHH. 

Bo3bMeM Terrepb BMecTo OKPY:lKHOCTH w np5l-

P11c. 125 MYIO w KaK rrpe,n;eJibHbrii: cJiyqaii: OKPY2KHOCTH 

( OKPY:lKHOCTb 6ecKoaeqao 6oJihmoro pa,n;uyca). 

IJ;eaTpbI OKPY:lKHOCTeii a: H ~' opToroaaJibHbIX rrp5IMOii: w, Jie:iKaT Ha 3TOH 

IIp5lMOii. Ilpe,lJ;b1,n;yru;ee CBOHCTBO HHBepCHH ( BTopoe ee orrpe,n;eJieHHe) rrpH

BO,D;HT K ToMy, '!:TO TO'IKH AH A' nepeceqeHH5l oKpy:lKHOCTeii: a. n p CHMMeT

pn'!:HbI OTHOCHTeJibHO rrp5IMOH w (pn:c.126). 

P11c. 126 
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§ 27. Ceoiicmea y21we u paccmoJlttuii 

27.1. CoxpaHeHHe BeJlH'Uffi yrJIOB npu HHBepcHH. fiHBepcm1 o6Jia,n;aeT 

3aMe'faTeJibHbIM CBOHCTBOM: OHa coxpaHReT BeJIH'fHHY yrJia Me)K.n;y JIHHH-

5IMH. Y CO.It Me:>teay a6yM.R Jl.UHU.R.MU pa6ett y2.1ty Me:>teay UX o6pa3a.MU npu 

Utt6epcuu. 8To CBOHCTBO Ha3hIBaeTC5I C60UCm60.M 1wtt<f>op.Mttocmu HHBep-

CHH. 

TaK KaK yroJI Me)K,.!l;Y ,n;ByMR KpHBbIMH no onpe,n;eJiemno paBeH yrJiy 

Me)K,.!l;Y KaCaTeJibHbIMH IIPRMbIMH K 3THM KpHBbIM B HX o6II!eii: TO'fKe, TO ,n;o
CTaTO'fHO ,n;oKa3aTb CcPOPMYJIHpOBaHHOe CBOHCTBO KOHcPOPMHOCTH ,D;JIR .n;BYX 

rrp5IMhIX H nx o6pa30B rrpn HHBepcun. Ecm1 o6e ,n;aHHbie npRMbie npoxo

,D;5IT 'fepe3 u;eHTP HHBepc1rn, TO ,n;oKa3hIBaTh He<Jero. EcJIH o,n;Ha H3 ,n;aHHbIX 

rrp5IMhIX a n b co,n;ep)KHT u;eHTp 0 HHBepcuu, a .n;pyra5I ero He co,n;ep)KIIT, 

TO rrepBruI OT06pa)KaeTC5I Ha ce65I, a BTOpa5I -

Ha OKpJ)KHOCTb, npOXO,.!l;5IIIJ;YIO 'fepe3 TO'fKY 0 
(pnc.127). KacaTeJihHaR K OKPY)KHOCTII B TO'fKe 0 
napaJIJieJibHa rrpoo6pa3y OKpy)KHOCTII, OTKy,n;a II 

cJie.n;yeT paBeHCTBO yrJIOB L(a, b) = L(a', b'). Ko

r,n;a u;eHTp 0 IIHBepCIIII He rrpIIHa,n;Jie)KllT HII o,n;
HOH ll3 ,n;aHHbIX npRMbIX a II b, TO IIX o6pa3aMII 

6y,n;yT ,n;Be oKpy)KHOCTII a' II b', rrepeceKaIOII!IIecR 

B u;eHTpe 0 IIHBepcIIII II HeKoTopoii: TO'fKe P'
o6pa3e TO'fKII p rrepece'feHIIR ,n;aHHbIX npRMbIX a 
II b. YrJihI Me)K,n;y oKpy)KHOCTRMH a' n b' B TO'f

KaX 0 II P' paBHbI. Ilo3TOMy MO)KHO paccMaTpII

BaTb yroJI Me)K,n;y KaCaTeJibHbIMH a' ll b' B TO'fKe 0. 
A 3Tll KacaTeJihHhie rrapaJIJieJihHbI coOTBeTCTBeH

HO ,n;aHHbIM npRMbIM a H b (pIIc.128). 

B 'faCTHOCTII, ecJIII ,n;Be ,n;aHHbie rrpRMhie, ,n;Be 

oKpJ)KHOCTH, rrpRMaR II oKpy)KHOCTh opToroHaJib

HhI, TO IIX o6pa3bl rrpII IIHBepCIIII TaK)Ke opToro

HaJihHhI. ECJIII ,n;Be ,n;aHHble OKPY)KHOCTII KacaroT

CR, TO llX o6pa3aMII 6y,n;yT llJIII ,D;Be KaCaIOII!IIe

CR oKpy)KHOCTII, mm KacaIOII!IIecR oKpy)KHOCTb n 

rrp5IMaR, IIJIII ,n;Be napaJIJieJihHhie rrpRMhie. 

b 

PHC. 127 

a 

p 

PHC. 128 

27.2. lfaMeHeHHe paccTosmirli: npII HHBepcIDI. EcJIII rrpII IIHBepCIIII c u;eH

TpoM 0 II pa,D;HycoM R TO'fKH A n B OT06pa)KaIOTCR cooTBeTCTBeHHO Ha 

OA OB' 
TO'fKII A' n B', TO OA · OA' =OB ·OB' =R2

, OTKy,n;a OB= OA'. Ilo3TOMY 

Kor,n;a TO'fKII 0, A, B HeKoJIJIHHeapHhI, TpeyroJibHIIKH 0 AB II 0 A' B' no-

A' B' OA' OA' R2 

,n;o6HhI. Rx rro,n;o6IIe ,n;aeT: AB = OB, IIJIII A' B' =AB OB. Ho OA' = OA 
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H II03TOMY 

A' B' =AB. OA~20B 
::ha 3aBHCHMOCTh ocTaeTc£ B cnJie n B cJiyqae, Kor,n;a TO'IKH 0, A, B KOJI

JIHHeapHbI. IlpoBepbTe 3TO caMH. 

§ 28. Htteepcu.fl u 20.Momemu.fl 

IlyCTh OKPY2KHOCTH a. n a.' nHBepcHhI OTHOcnTeJihHO oKpy2KHOCTH (i). 

c ,n;pyro:ii: CTOpOHbI, mo6bre ,ll;Be HepaBHbie OKPY2KHOCTH £BJI£IOTC£ COOT

BeTCTBeHHbIMil npn ,n;Byx roMoTeTn£x (n. 13.2). 0Ka3hIBaeTc£, 'ITO n;eHTp 

HHBepcnn COBna,n;aeT c O,ll;HHM H3 n;eHTpOB 3THX rOMOTeTn:ii:. 

TeopeMa. Ec.11,u d6e O'J\,py:»cttocmu ui-wepctt'bt npu Utt6epcuu c '4C'H

mpoM 0, mo ottu 20Momemu"l'H'bt omttocume.n,'bttO moil :»ce mO"l'J\,U 0 . 
.II; 0 Ka 3 a Te JI b c TB o. IlycTb HHBepcn£ c u;eHTpOM 0 OT06pa2KaeT 

oKpy2KHOCTh a. Ha OKPY2KHOCTh a.' (pnc. 129), npn'leM TO'IKH M II N 

0 

A' 

Pnc. 129 

OKPY2KHOCTH a. oTo6pa2KaIOTc£ Ha TO'IKH M' n N' 
OKpJ2KHOCTH a.'. IlycTb A n A', B n B' - HHBepc

Hhie TO'IKH ,n;naMeTpoB 3Tnx OKPY2KHOCTe:ii:. lfa 
no,n;o6n£ TpeyroJihHHKOB lvl AO n NI' A' 0 cJie,n;y

eT paBeHCTBO yrJIOB MAO n A' M'O. TaK KaK 

LA' M' 0 + LN' B' A'= LM AO+ LM AA'= 180°' TO 

LN' B' A' = LM AA' n noaToMy np£Mhre Alvl n 

B' N' napaJIJieJihHhI. Ilo aHaJiorH'IHO:ii: npwmHe 

BM II A' N'. CJie,n;oBaTeJihHO, TpeyroJihHHKH AN! B 
n B' N' A' roMoTeTH"IHhI OTHOCHTeJihHO TO"IKH 0 
(A--+ B', B--+ A', M--+ N'). 3Ha'IHT, roMoTeTH'IHhI 

H OIIHCaHHhie OKOJIO HHX 0Kpy2KHOCTH a. H a.'. 
0,n;HaKo u;eHTP roMoTeTnn ABYX OKPY2KHOCTe:ii: He 

BCer,n;a CJIY2KHT H u;eHTpOM HHBepc1rn, OT06pa2KaIO

~e:ii: o,n;Hy H3 3THX OKpy2KHOCTeii: Ha ,n;pyryro. 

TeopeMa. Ec.n,u d6e ttepae'H'bte O'l\,py:»cttocmu ne

pece'J\,a'/OmC.R,, mo o6a '4e'Hmpa ux wMomemuu J1,6.l/,J1,

wmcJ1, '4e'HmpaMu u'Heepcuu, 'J\,aatCiJaJI, ua 'J\,Omop'btx 

omo6paatCaem oiJ'Hy ua iJatt'H'btX O'J\,py:»cHocmeu Ha 

iJpy2y10. Ec.11,u iJa'Htt'bte O'J\,py:»cHocmu tte uMewm o6'll!ux mo"le'J\, u.11,u 'J\,aca

'/Omc.R,, mo moA'b'IW oiJu'H ua '4C'Hmpoe ux 20Momemuu .n6.n,J1,emcJ1, '4e'HmpoM 

u'Heepcuu, npu 'J\,Omopou oiJtta ua 3mux O'J\,py:»c'Hocmeu omo6paatCaemcJ1, Ha 

iJpy2yw . 

.II; 0 Ka 3 a Te JI b c TB o. IlyCTb s - u;eHTp O.LJ;HO:ii: H3 rOMOTeTHH OKpy2K

HOCTeli a. n a.', npn KoTopoii A--+ A', B--+ B' (pnc.130). Tor,n;a SA'= )k)SA 
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n SB'= lklSB, r,n;e k-Koac:P<lmu;neHT aToii roMOTeTnn. 0Tcro,n;a SA'· SB= 
=SA· SB'= lklSA · SB. ,Il;JI.H ,n;a1rnoii OKPY)KHOCTH a. n ,n;aHHOH TO"IKH S 
rrpon:3Be,n;eHn:e SA · SB oTpe3KOB ceKym;eli AB He 3aBHCHT OT Bhr6opa aTon 

ceKyru;eli. llMeHHo, ecnn TO'!Ka S BHe oKpy)KHOCTH a., TO 3TO rrpoH3Be,n;e

ane paBHO KBa,n;paTy 0Tpe3Ka KaCaTeJibHOH, rrpoBe,n;eHHOll H3 s K a., ecJIH s 
BHYTPH a., TO OHO paBHO KBa,n;paTy IIOJiyxop,LJ;bI, rrpoBe,n;eHHOH 'Iepe3 s rrep

neH,n;HKYJI.HpHo ,n,n:aMeTpy, co,n,ep2Kam;eMy S. Cny'Ia:il: SE a. HCKJIIO'IaeTc.H. 

IlOJIO)KHM ik!SA. SB= R2
• 

PaBeHCTBa SA'· SB= R2 n: SA· SB'= R2 roBop.HT o TOM, 'ITO TO'IKH A' 
H B, AH B' cooTBeTCTBeaao HHBepcHbI OTHocnTeJibHO oKpy)KHOCTH c n;eH

TpoM S pa,n;Hyca R, ecnH TOJibKO TO'IKa S He npHHa,n,Jie)KHT oTpe3KaM A' B 
H AB'. A aTo Tpe6oBaHHe onpe,n,eneHH.H HHBepcnH BbIUOJIH.HeTc.H ,D,JI.H Ka)K

,n,oro n;eHTpa roMOTeTnii ,n,Byx rrepecerauom;nxca oKpy)J{HOCTe:ii: (pMc.130) II 

TOJibKO ,D,JIH O,ll,HOro n;eHTpa rOMOTeTHH ,ll;BYX HerrepeceKaIOIII,HXC.H (pnc.131) 

HJIH ,D,Byx Kacarom.nxc.H oKpy)KHOCTeli. 

Pnc. 130 PHC. 131 

§ 29. Ilpu.Me'l-le'J-lue U'l-leepcuu x; pewenuw 3aaa'll 

'l-la nocmpoenue U ao'K,a3ameA'bCmBO 

llHBepCH.H c ac:Pc:PeKTHBHOCTblO HCIIOJib3YeTC.H rrpn perneHHH 3a,n;a'I Ha IIO

CTpOeHHe H ,ll;OKa3aTeJibCTBO. B 3a,n,aqax Ha IIOCTpOeHHe rro,n,6n:paroT OKpy)K

HOCTb w HHBepCHH TaK, 'IT06bl HeKOTOpbie H3 ,n,aHHbIX HJIH HCKOMhIX OKpy)K

HOCTeH HHBepcHeH OTHOCHTeJibHO w OT06pa3HJIHCb Ha rrp.HMbre, 'ITO yrrpo

ru;aeT perneHHe 3a,n;a'IH. IlepBoHa'IaJibHa.H 3a,n;a'Ia rrepexo,n;nT B HeKoTopyro 

,n,pyryro 3a,D,a'Iy ,D,JI.H o6pa30B ,n;aHHbIX H HCKOMbIX cpnryp, perneHne KOTOpofi: 

3TOH HHBepCHeH rrepeBO,l],HTCH Ha perneHne ,n;aHHOH 3a,D,a'IH. 
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3 a ,n; a q a 1. IlocTpmITb oKpJ:>KHOCTh, rrpoxo,iVIm,yIO qepe3 ,n;Be ,n;aHHhre 

TO'IKH A n B n Kacarom,yroc5I ,n;aHHoii OKpy:>KHOCTII ci.. 

P e Ill e H H e. HcKoMaH OKpyJKHOCTb MO:>KeT cyI1IeCTBOBaTh, O'IeBII,ll;HO, 

JIIIIIIb TOr,n;a, Kor,n;a ,n;aHHhre TO'IKII A II B Jie:>KaT o6e Jm6o BHe 0Kpy.1KHO

CTH ci., JI1I60 o6e BHYTPII Hee. B Ka'IeCTBe oKpy:>KHOCTII w HHBepcHH Bb16epeM 

PHc. 132 

y 

PHc. 133 

y' 

PHC. 134 

OKPY:>KHOCTh (B, BA). Tor,n;a ,n;aHHag 

OKPY:>KHOCTh ci. rrepeBO,n;HTC5I HHBepc1Ieii B 

HeKOTopyro OKpy:>KHOCTb r::J.
1

' a HCKOMag 

oKpJ:>KHOCTh x - B rrp5IMYIO x'. To'!Ka A 
HeilO,n;BHJKHa. B CHJIY CBOHCTBa KOHcpOpM

HOCTII IIHBepCHII npHMaH x' HBJIHeTCH KaCa

TeJihHOH K OKpJ:>KHOCTH Cl.
1

• ,UaHHaa 3a,n;aqa 

CBeJiacb K 3a,n;aqe: qepe3 TO'IKY A npoBeCTII 

rrpaMyro x', Kacarom,yrocH OKPY:>KHOCTII ci.'. 

BbIIIOJIHIIB nocTpoen1Ie 3Toii KacaTeJihHoii, 

OT06pa:>KaeM ee 3a,n;aHHOH HHBepcneii: Ha HC

KOMYIO OKpJ:>KHOCTh x. IlocTpOeHne BblIIOJI

HeHO Ha plIC. 132. qlICJIO perneHIIH 3aBIICIIT 

OT B3alIMHoro pacnoJioJKeHHH TO'IKII A II 

OKPY:>KHOCTII ci.', T.e. MO:>KeT 6hITh paBno 2, 1 

IIJIH 0. Ha pnc.132 noKa3aHb1 ,n;Ba perneHHa. 

3 a ,n; a q a 2. Ka:>K,n;aa H3 qeTbipex 

OKpy:arnocTeii BHernne KacaeTca ,n;Byx ,n;py

rnx. ,Il;oKa:>KIITe, 'ITO TO'IKII KaCaHIIH Jie:>KaT 

na o,n;Hoii oKpyJKnocTn (plic.133). 

Pe rn e H II e. BhmOJIHHM HHBepclIIO c 

1IeRTpoM B TO'IKe A KaCaHIIH OKPYJKHo

CTeii ci. II ~- Tor,n;a 3TH OKpy:>KHOCTn rrepeii

,Il;JT B rrapy rrapaJIJieJibHbIX rrp.HMhIX Cl.
1 

H w' 
a oKpy:/KnocTn y II o - B oRpy:/KnocTn y' 
II o', KaCalOIIIIIeca ,n;pyr ,n;pyra B TO'!Ke C' 
II KaCaIOIIIHeCH COOTBeTCTBeHHO rrpHMblX w 
II ci.' B TO'!KaX B' II D' (pnc.134). 3a,n;a-

qa CBeJiaCb K ,ll;OKa3aTeJibCTBY Toro, 'ITO 

TO'IKII B', C', D' KOJIJIHHeapHhI. ,UeiicTBII

TeJihHO, eCJIII 3TO 6y,n;eT ,IJ;OKa3aHo, TO rrpo

o6pa30M npaMoii:, coe,n;HH.HIOI1Ieii: TO'IKII B', 
C', D', 6y,n;eT OKPY:/KHOCTh, co,n;ep:>KaI1Iaa npoo6pa3bI B, C, D 3TIIX TO'IeK 

II n;eHTP A 1IHBepc1I1I. IloJiy'leHnaa 3a,n;aqa JierKo pernaeTCH rrp1IMenen1IeM 

rOMOTeTHH c n;eHTpOM C', rrepeBO,n;.HI1Ieii: o' B y'. 9Ta rOMOTeTHH OTo6pa:>KaeT 

KaCaTeJihHYIO Cl.
1 

K OKpyJKHOCTII o' B TO'IKe D' B rrapaJIJieJibHYIO eii Kaea-
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TeJibHYIO W K oKpy)l(HOCTH y'. Ilo3TOMY TO'IKH D' n: B' Kacamrn 6y,nyT ro

MOTeTH'IHbI OTHocn:TeJibHO TO'IKH C' n:, 3Ha'In:T, KOJIJIHHeapHbI c TO'IKO:ii C'. 
3 a ,n; a q a 3. ,z::t;oKa3aTb, 'ITO BO BrrncaHHOM B oKpy)l(HOCTb 'IeTb1pex

yroJibHn:Ke cyMMa rrpOH3Be,n;eHHH rrpOTHBOIIOJIO)KHbIX CTOpOH paBHa rrpon:3-

Be,n;eHHIO ero ,n;narOHaJieii ( meopeMa II mo.f/,eMeR). 
Pe 111 e H n: e. BhlnOJIHHM HHBepcnro c n;eHTpOM B Bep111n:He A BnncaHHoro 

qeTb1pexyroJibHHKa ABCD. OrrncanHa.a OKOJIO Hero OKPY)KHOCTb oTo6pa

)KaeTc.a Ha rrp.aMyro, co,n;ep)KaIIzylO o6pa3bI B', C', D' BepIIIHH B, C, D, 
rrpM'leM C' Jie)KHT Me)K,ll;y B' n: D' (p»c.135). Ilo3TOMY 

B' D' = B' C' + C' D'. Ilo <PopMyJie § 27 

B'D'=BD AB~2AD' B'C'=BC AB~2AC' 
C'D' C R2 

= D AC·AD' 

r,n;e R - pa,n;»yc OKPYJKHOCTH HHBepc1m. Ilo,n;cTaHoB

Koii B rrpe,n;hl,nyru;ee paBeHCTBO IIOJiyqaeM: 

R2 R2 R2 

BD AB·AD =BC AB·AC +CD AC·AD" 

D' 

Pnc. 135 

AB·AC·AD 
IlocJie yMHO)KeHHH o6e»x qacTe:ii 3Toro paBeHCTBa Ha ---~-n2 
qaeM ,ll;OKa3bIBaeMoe COOTHOIIIeHue: 

AC· BD=BC·AD+AB· CD. 

IIOJiy-

3 a ,n; a q a 4. IlocTpon:Tb oKpy)KHOCTb, Kacaronzyroc.a Tpex ,n;aHHblX 

OKpy)KHOCTeii, 110 Kpa:H:Heii Mepe ,n;Be H3 KOTOpbIX rrepeceKaIOTC.a ( aaiJa"ta 

A no.f/,.f/,O'H u.ii). 

ll,n;e51 pemeHHH. llHBepc»a c n;eHTpoM B TO'IKe nepeceqeHHH ABYX H3 

,n;aHHbIX OKPY)l(HOCTeii OTo6pa)KaeT HX Ha ,n;Be nepeceKa10I11,Heca rrpHMbie, a 

TpeTblO OKPY)KHOCTb - Ha OKpyMHOCTb. 3a,n;aqa CBeJiaCb K IIOCTpoeHHIO OK

PYMHOCTH, KacaroII1eiica ,n;aHHoii oKpyMHOCTH H ,n;Byx ,n;aHHbIX HenapaJIJieJib

HhIX IlpHMbIX. cha 3a,n;aqa pemaeTC.a MeTO,ll;OM rOMOTeTHH (3a,n;aqa 6 § 14). 

3aaa"{u 

3.01. ,ll;aua OKPY)KHOCTh U> c u;eHTpoM 0. Ilpon:3BOJihHaa TO'lKa M co

e,n;nHeHa c KOHU,OM A ee ,n;HaMeTpa AB, nepneH,n;HKJJiapuoro 0 M, a BTopaa 

TO'!Ka P nepece'IeHH.a np.aMoii MA H w coe,n;HHeHa c TO'IKOH B. Ilp51Mbie BP 
n: 0 NI rrepeceKaIOTC51 B TO'lKe M'. ,ll;oKaMHTe, 'ITO TO'IKH M H M' HHBepcHbl 

OTHOCHTeJibHO OKpy)KHOCTH W. 

3.02. ,z::t;OKa)KHTe, 'ITO OTHOIIIeHHe paCCT051HHH Ka)K,ll;OH TO'IKH OKPYMHO

CTH ,n;o ABYX HHBepCHhIX OTHOCHTeJibHO Hee TO'IeK IIOCT051HHO. 
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3.03. B OKpyJirnocTh BITHCaH ( OKOJIO OKPY2KHOCTH onHcaH) npaBHJib

HbIH TpeyroJibHHK. IIocTpO:iiTe ero o6pa3 npH HHBepCHH OTHOCHTeJibHO 3TOH 

OKPY2KHOCTH. 

3.04. ,ll;OKa2KHTe, 'ITO KOMIT03HD;HSI ,D;BYX HHBepcHil: c o6IIJ,HM n;eHTpOM 

ecTh roMOTeTHSI c TeM 2Ke n;eHTpOM. Haii:,n;HTe Kos¢¢HD;HeHT 3Toil: roMoTeTHH. 

3.05. IIocTpoil:Te OKPY2KHOCTh, npoxo,n;Hnzyro <Iepe3 ,n;Be ,n;aHHhle TO'IKH H 

opTOI'OHaJibHYIO ,n;aHHOH 0Kpy2KHOCTH. 

3.06. IIocTpoil:Te OKPY2KHOCTh, npoxo,D;51nzyro <Iepe3 ,n;aHHYIO TO'IKY H op

ToroHaJihHYIO ,D;BYM ,n;aHHhlM 0Kpy2KHOCTSIM. 

3.07. IIocTpO:iiTe OKPY2KHOCTh, KacaronzyrocSI Tpex ,n;aHHbIX oKpy2KHO

cTeil:, HMeIOru;Hx o6nzyro TO'IKy. 

3.08. IIocTpo:iiTe OKPY2KHOCTh, KacaronzyrocSI ,D;Byx ,n;aHHbIX OKPY2KHO

cTeil:, npH'IeM O)l;HOH H3 HHX B 3a,n;aHHOil: TO'IKe. 

3.09. IIocTpo:iiTe OKPY2KHOCTh, npoxo,D;51nzyro <Iepe3 ,n;aHHyro TO'IKY A H 

KacaronzyrocSI ,n;aHHoil: OKPY2KHOCTH CJ. H ,n;aHHOil: npSIMoil: m. 
3.10. IIocTpoil:Te OKPY2KHOCTh, npoxo,D;51nzyro <Iepe3 ,n;aHHYIO TO'IKY H Ka

caronzyrocSI ,n;Byx ,n;aHHbIX OKPY2KHOCTeil:. 

3.11. qepe3 ,n;aHHYIO TO'IKY npoBe,D;HTe 0Kpy2KHOCTb, opTOI'OHaJibHYIO 

,n;aHHoil: OKPY2KHOCTH H KacaronzyrocSI ,n;pyroil: ,n;aHHOil: oKpy2KHOCTH. 

3.12. ,ll;oKa2KHTe, 'ITO <Iepe3 JII06hre ,D;Be TO'IKH, Jie2KaIIJ,He BHYTPH oKpy2K

HOCTH, M02KHO npoBeCTH TOJibKO ,n;Be Kacaroru;HecSI ee OKPY2KHOCTH. 

3.13. ,ll;aHhI ,n;Be HepaBHhle OKpyJirnocTH. IIocTpO:iiTe oKpy)l(HOCTh, OTHO

CHTeJihHO KOTopoil: 3TH OKPY2KHOCTH HHBepcHbr. 

3.14. EcJIH ,n;Be ,n;aHHhle HepaBHhie oKpy2KHOCTH nepeceKaIOTCSI, TO ,n;Be 

OKPY2KHOCTH HHBepCHH, Ka2K,n;aSI H3 KOTOpbIX OT06pa2KaeT O,ll;HY H3 ,n;aHHblX 

0Kpy2KHOCTe:ii Ha ,n;pyryro, OpTOI'OHaJibHbl. ,ll;OKa2KHTe. 

3.15. CyMMa npoTHBOITOJI02KHhIX yrJIOB A H C 'IeThipexyroJihHHKa 

ABCD paBHa 90°. ,ll;oKa2KHTe, 'ITO (AB· CD)2 +(AD· BC)2 =(AC· BD) 2
• 

3.16. ,ll;oKa2KHTe, 'ITO ,D;JISI JII06hlx '!eThlpex TO'IeK A, B, C, D ITJIOCKOCTH 

HMeeT MeCTO HepaBeHCTBO 

AB· CD+BC ·AD~ AC·BD, 

npH'IeM paBeHCTBO B03M02KHO JIHillb Tor,n;a, KOr,n;a BCe TO'IKH Jie2KaT Ha O)l;HOil: 

oKpy2KHOCTH HJIH npSIMOil: H napa TO'IeK A, C pa3,n;eJISieT napy To'IeK B, D. 
3.17. Ka)K,ll;aSI H3 'IeThlpex oKpy2KHOCTeil: nepeceKaeT ,n;Be ,n;pyrHe. Ec

JIH 'IeThlpe TO'IKH nepece'!eHHSI, B3SITbie no O)l;HOH H3 Ka)K,ll;OH napbl TO'IeK 

nepece<IeHHSI ,n;Byx OKPY2KHOCTeil:, Jie2KaT Ha o,n;Hoil: OKPY2KHOCTH HJIH npSI

Moil:, TO H 'IeTbipe OCTaBmHeCSI TO'IKH nepece'!eHHSI TaK2Ke Jie2KaT Ha O,ll;HOH 

OKPY2KHOCTH HJIH npSIMO:ii. ,ll;oKa2KHTe. 

3.18. TpH OKPY2KHOCTH HMeroT o6nzyro TO'IKY 0 H nonapHo nepeceKaIOT

CSI ew;e B Tpex TO'!Kax A, B, C. ,ll;oKa2KHTe, 'ITO cyMMa BHyTpeHHHX yrJIOB 
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KpHBOJIHHeiiHoro TpeyroJihHHKa ABC, o6pa3oBaHHoro ,izyraMH aTHX OKpy)K

HOCTeii, paBHa 180°. 
3.19. )J,oKa)KHTe, qTo A.JUI mo6h1x ~yx OKPY)KHOCTeii cyII1eCTByeT HH

Bepcm1, OT06pa)KaIOIIlaH HX JIH6o Ha ABe npHMhie, JIH6o Ha ABe KOHD;eHTpH

qeCKHe OKPY)KHOCTH. 

3.20. EcJIH HHBepCHH OTHOCHTeJihHO OKpy)KHOCTH U) OT06pa)KaeT OKpy)K

HOCTh cr Ha OKpy)KHOCTh ~, TO OHa nepeBOAHT J1106yro napy ToqeK, HH

BepCHhIX OTHOCHTeJihHO cr, B napy TOqeK, HHBepCHhlX OTHOCHTeJihHO ~

)J,OKa)KHTe. 

3.21. )J,oKa)KHTe, qTo JII06h1e ~e OKPY)KHOCTH MO)KHO oTo6pa3HTh HeKo

Topoii HHBepcneii Ha ABe paBHhie OKPY)KHOCTH. 
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Y'f{;a3a1-lUJl, omeem'bl, pewe'/-lu.Tl 

1Iacm'b I 

1.2. IlpoBe,n;:rrTe o6:uzyro KaCaTeJihHYID K OKPY:lKHOCT.HM B TO'!Ke A. 
1.3. IlocTpOii.Te o6:uzyro KaCaTeJibHYIO K OKpy:lKHOCTJIM B TO'!Ke s. 1.8. ~0-
Ka:lKIITe paBeHCTBO yrJIOB DAI II DI A. 

2.2. 8To rrpOII3Be,n;eH:rre paBHO KBa,n;paTy ,n;:rraMeTpa OKPY:lKHOCTII. 

2.5. 06paTHTe 3a,n;a'ly: B03hMIITe cepe,n;IIHY yKa3aHHoro OTpe3Ka II ,n;oKa

:lKIITe, 'ITO rrpJIMa.a, coe,n;nm1rorn;aJI ee c rrpOTIIBOJie:iKarn;en BepIIJIIHOii: Tpe

yroJihHHKa, JIBmJ:eTC.H KaCaTeJibHOH K OKpy:lKHOCTH (rr. 2.6). 2.6. Jb(a + b), 
ab abc ab2 

. 2.7. ~b2 , ~b2 • 2.8. CM. yrrp.2.1. 2.9. 8To OTHOIIJeH1Ie paBHO 
y1b(a+b) c - c -

OTHOIIJeHIIIO 0Tpe3KOB, coe,n;IIH.HIOIIl;IIX u;eHTpbI OKpy:lKHOCTeii:. 2.10. IlpoBe

,ll;HTe '!epe3 p KaCaTeJihHYIO K OKpy:lKHOCTII U). 2.12. llMelOTCJI ,n;Be rrapbl 

rro,n;o6HhIX rrpJIMOyrOJibHhIX TpeyrOJihHIIKOB. 2.13. 0THOIIIeHIIe ,D;IIaroHaJIII 

1+v5 J5-Y5 u K cTopoHe paBHO --
2
-. 2.14. --

2
-. 2.15. McrroJih3YIITe yrrp. 2.14. 

2.16. "Y:epe3 BepIIIIIHY A rrpoBe,D;IITe rrpJIMyro, rrapaJIJieJinHyro BC, n pac

CMOTpnTe TO'IKH ee nepece'leHHJI c npHMhIMH BP n CP. 2.18. Bbipa3nTe 

'Iepe3 OCHOBaHI:rn Tparreu;nn 0Tpe30K HCKOMOH rrp.aMoii:, OTCeKaeMbIH Ha 

Heii: 6oKOBhIMII CTOpOHaMII Tparreu;IIII. 2.19. 8: 5. 2.20. Jrr + r~. 2.21. 4/5. 

2.22. ~OKa:lKHTe, 'ITO H3 TO'leK 0 II M oTpe30K N K BII,D;eH rro,n; paBHhIMII 

yrJiaMn. 2.23. B TaKOM '!eThipexyroJibHHKe rrp01I3Be,n;emrn rrpoTIIBOIIOJIO:lK

HhIX CTOpOH paBHhI. 

aVIO 3.4. -
4
-. 3.7. IlpnMeHIITe TeopeMy CIIHycoB. 3.8. McrroJin3y.a TeopeMy 

CHHYCOB, Bbipa31ITe KOCIIHYC MeHhIIIero yrJia Me:lK,n;y yKa3aHHOH Me,n;IIaHOH 

H CTOpOHOH '!epe3 ,ll;JIIIHhI ,D;BYX CTOpOH II IIOCTpOiiTe 3TOT yroJI. 3.9. BnI

pa31ITe yKa3aHHhie OTHOIIIeH:rra '!epe3 cnHyCnI yrJioB TpeyroJihHHKa ABC 
IIJIH qepe3 cnHyCnI yrJIOB, o6pa3oBaHHhIX npJIMhIMH AJ\1 n AN co CTO

poHaMII AB II AC. 3.10. PeIIIeHIIe aHaJiorlI'lHO peIIIeHIIJO 3a,n;aq:rr rr. 3.1. 

8To paCCTO.HHIIe paBHO rrp01I3Be,n;eHHIO ,D;IIaroHaJieii 'leThipexyroJibHIIKa, ,n;e

JieHHOMY Ha ,n;naMeTp orr1IcaHHoil: OKPY:lKHOCTII. 3.26. TpeyroJihHIIK np.aMo-
u 2R2 sin3 

Cl sin f3 Cl f3 Y r.:; 
yroJihHhIII. 3.27. sin( Cl+ (3) . 3.29. 2r cos 2, 2r cos 2, 2r cos 2. 3.31. 4v 2. 

4.2. 06paTIITe 3a,n;aqy, T. e. ,ll;OKa:lKIITe, 'ITO TO'IKII rrepece'leHIISI rrpJI

MhIX, co,n;ep:iKaiu;nX BhICOTbI TpeyrOJibHHKa, c OIIIICaHHOH OKPY:lKHOCThlO 

CHMMeTplI'IHbI opTOIJ;eHTPY· 4.3. McrroJin3yil:Te rrpe,n;hl,n;yiu;ee yrrpa:lKHeH1Ie. 

4.4. 0Tpe30K, coe,n;nH.arorn;nii BTopoii KOHen; ,n;IIaMeTpa II TO'IKY nepece'le-



HRH BbICOTbI c OIIHCaHHOH OKPYJKHOCThIO, rrapaJIJieJieH CTOpOHe TpeyrOJib

HHKa. 4.5. OM= OB+ OC =OH - OA =AH. 4.8. 6.A 1BiC"" 6.ABC 
(n. 4.3). 4.9. Mo:lKHO HCIIOJib30BaTh yrrp. 4.3 H TeopeMy CHHycoB. 4.12. IlpH

MeHHTe ynp. 4.10 H TeopeMhI CHHYCOB H KOCHHYCOB. 4.17. llcnOJib3yii:Te 

yrrp. 4.10 H COOTHOmeHHe (3.15). Ecmr yroJI c TpeyroJibHHKa Tynoii:, TO 

AH+ BH - CH= 2(R + r). EcJIH L.C = 90°, TO cooTHomeHHe npHHHMaeT 

BH,n;: a+ b = 2(R + r). 4.18. CM. ynp. 4.2 H TeopeMy II. 2.5. 4.19. llc

IIOJib3YH rro.n;o6ne TpeyroJibHHKOB H TeopeMy KOCHHYCOB, .ZJ;OKaJKHTe, 'ITO 
1 

AH· AA1 = 2(b2 + c2 
- a2

). 4.21. ,Il;JIHHY HCKOMoro oTpe3Ka MO:lKHO rro.z:i;-

bc ac 
C'lHTaTh KaK cyMMY .ZJ;JIHH 2p H 2p 0Tpe3KOB, Ha KOTOpbie OH pa3,ll;eJIHeTCH 

n;eHTpOM I. 4.22. Mo:iKHO HCIIOJib30BaTb JieMMY rr. 4.1. 4.28. BocrroJIL3yii:TeCh 

pa3JIOJKemreM (4.4). 4.29. IlpnMeHHTe TeopeMy KOCHHYCOB K TpeyrOJibHHKY 

GOH, rrpHmrn BO BHHMaHHe yrrp. 4.9 H To, 'ITO L.OCH =IL.A - L.BI. Be3 

orpaHH'lemrn 06IIl;HOCTH .ZJ;OKa3aTeJihCTBa MOJKHO IIOJiaraTh yroJI c OCTpbIM. 
r 

4.30. 06paTHTech K puc. 34. ll3 TpeyroJihHHKa KC! CI= sin(C/2). ,II;a-

Jiee BOCIIOJih3YHTech yrrp. 3.17. 4.31. BocrroJib3YHTeCh <PopMyJioii: Jleii:6HHn;a 

(yrrp. 4.15) H cl>opMyJiaMH rrJiom;a.z:i;n TpeyroJibHHKa. 

5.2. chO yrrp. JIY'lIIIe BbIIIOJIHHTb COBMeCTHO C yrrp. 5.3, IIpHBJieKaH 

yrrp.1.8. 5.5. TpeyroJihHHKH BC! H ACI3 rro.z:i;o6HbI. 5.6. AHaJIOrHH c BhIBO

,ll;OM cPOPMYJihl (4.4). 5.7. ,Il;OKa3bIBaeTCH aHaJIOrH'lHO c n.4.4. 5.12. llcnoJib-

3yiiTe yrrp. 5.1 H 4.8. 5.13. I - opTOu;eHTp TpeyroJihHHKa 111213 • 5.14. Pe

meHne MO:lKHO IIOJIY'lHTb c IlOMOID;bIO yrrp. 5.2 H cPOPMYJibI 9ii:Jiepa (n. 4.4). 

5.15. PaccMoTpHTe TpeyroJibHHKH CJ1 Y;. H CI2 Y2 (pnc. 37) H ncnOJib3JiiTe 
ynp. 5.12. 5.20. CJie,n;yeT onnpaTbCH Ha ynp. 5.2 H 5.5. 

7.2. ,Il;OKa:lKHTe, 'ITO OKOJIO ,n;aHHOro qeTbipexyroJibHHKa MO:lKHO OilHCaTb 

OKPY:lKHOCTb. 7.5. ,II;oKaJKHTe, 'ITO paccTOHHHe Me:iK,n;y TO'lKaMH KacaHHH 

OKpy:iKHoCTeli c ,n;HaroHaJihIO AC paBHO HYJIIO. 7.6. IlpoBe.z:i;nTe o6m;ne Kaca

TeJihHhie K Ka:lK,ll;bIM .ZJ;BYM KaCaIOIIJ;HMCH OKpy:lKHOCTHM B TO'lKaX HX Kacamrn. 

7.7. IIycTh (CJ) n (DE)= M n (BI) n (DE)= N. ll3 To'leK B n M oT-
(a + b- c)c 

pe30K NC BH.ZJ;eH no.a; paBHhIMH yrJiaMH. 7.9. b . 7.12. Haii:,z:i;HTe 
a+ +c 

,z:i;Ba Bhipa:iKeHHH OTHOIIIeHHH IIJiom;a,n;eii TpeyroJihHHKOB AOB H COD (0-
n;eHTp OKpy:iKHOCTH, BnncaHHoii: B qeTbipexyroJihHHK ABCD). 7.13. IlpuMe

HHTe KpHTepHH II. 7.3. 7.14. llcrrOJib3YHTe TO, 'ITO rrpSIMaH, coe.z:i;nHHIOID;aH 

OCHOBaHHH .ZJ;BYX BbICOT TpeyrOJibHHKa, OTCeKaeT OT Hero rro,n;o6HbIH eMy 

TpeyroJihHHK. 7.15. ,II;oKaJKHTe, 'ITO TO'IKa rrepece'leHHH .z:i;naroHaJieii: .n;aH

Horo 'leTbipexyroJibHHKa HBJIHeTCH TO'IKOH rrepeceqeHHH 6ncceKTPHC yrJIOB 

BTOporo 'leTbipexyroJihHHKa. 3aTeM Bbipa3HTe cyMMY npoTHBOilOJIOJKHbIX 
yrJIOB BToporo 'IeTbipexyroJibHHKa qepe3 yrJihI .n;aHHOro. 7.16. ll3 noJiy

'IeHHhlX IIIeCTH TO'IeK MO:lKHO BbI.ZJ;eJIHTb TPH 'IeTBepKH TO'IeK, JieJKam;HX 
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Ha oKpy)l(HOCTRx. 9TII TpII oKpy)l(HOCTII coB1rn,n;a10T. 7.18. PaccMoTpIITe 

BIIIICaHHbie 'IeTbipexyroJibHIIKII, Ha KOTOpbie pa36IIBaeTCR ,n;aHHblH 'IeTbl

pexyroJibHIIK rreprreH)l;IIKyJIRpaMII K CTOpOHaM II3 TO'IKII rrepece'IeHIIR ,n;IIa

roHaJieii:. 7.19. EcJIII !vf II N -TO'IKII KacaHIIR cTopoH AB II CD c BIIIIcaH

HOii: OKpy)l(HOCThIO (I, r), TO rrpRMoyroJihHhie TpeyroJihHIIKII AlVI I II C NI 
rro,n;o6HhI, OTKy,n;a AM · NC = I !vf · IN = r 2

. AHaJiorII'IHO B Jvf · ND = r 2
. 

a2 + a(n - m) 
7.23. y'imi. 7.24. IIycTb M =(AD) n (BC). TpeyrOJihHIIKII 

a-m 
MAB II MC D rro,n;o6RhI. CTopoHhI JI106oro H3 HMX Bhipa)l(aIOTCR '!epe3 CTO

pOHhI :ucKOMoro 'IeTb1pexyroJihHMKa ABCD. IIo 3THM ¢opMyJrnM MO)l(HO ero 

IIOCTpOHTb. 3a,n;a'Iy MO)l(HO pelll:UTb c IIOMOIIJ;blO KOMII03Hl1HH roMOTeTHH Il 

rroBopoTa c IIeHTpOM A, 0To6pa)l(a10m;eii: B Ha D. EcJI:u C1 - o6pa3 TO'IKH C 
rrp:u 3TOH KOMII03HI1MM, TO TO'IKH C, D, C1 KOJIJIMReapHhI. 

8.3. IlpnMeHnTe TeopeMy IlToJieMeR K '!eThipexyroJihHHKaM P ABC 
:u PD AB. 8.4. IlpnMeRnTe TeopeMy IlToJieMeR K 'IeThipexyroJihHMKY 

AB1 C1D 1. ~OKa)l(MTe :u :ucrrOJih3YHTe rro,n;o6:ue TpeyroJibHHKOB AC D :u 

B1C1D1 . 8.5. PaccMoTpnTe 'IeTb1pexyroJihHIIK ACDE, r,n;e E-cJie,n;y10m;aR 

3a D BepmnHa ceMIIyroJihHHKa. 8.6. IIycTh mecTiryroJihRIIK AB1CA 1 BC1 

BIIIICaH B OKpy)l(HOCTb. IlpIIMeHIITe TeopeMy IlTOJieMeR K 'IeTbipexyroJib

HIIKaM ACA1 C1 , A 1BC1 B 1 , AB1CC1, AB1CA1. 8.7. IlOJih3YRCh TeopeMoii: 

a+b 
IlTOJieMeR, ,ll;OKa)l(IITe, 'ITO OTHOilleHIIe -- paBHO OTHOIDeHIIIO OCHOBaHHR 

c 
K 60KOBOH CTOpOHe paBH06e,n;peHHOro TpeyroJihHHKa, yroJI rrpII BepmIIHe 

KOTOporo IlOCTORHeH. 8.9. IlOKa)l(HTe, 'ITO BTOpbie TO'IKII nepece'IeHIIR 

oKpy)l(HOCTeii:, HMe10m;IIx ,n;IIaMeTphI MA, MB, Jvl C, ecTh ocHoBaHIIR 

nepneH,n;IIKYJIRpOB, onym;eHHhIX H3 TO'IKII M Ha npRMhre AB, BC, CA. 
8.10. IlpRMaR CIIMCOHa TO'IKII ,n;eJIIIT nonoJiaM oTpe3oK, coe,n;IIHRIOm;nii: 3TY 

TO'IKY c OpT01leHTpOM, a B paBHOCTOpOHHeM TpeyrOJihHIIKe OpTOIIeHTp Il 

IIeHTp onIIcaHHOH oKpy)l(HOCTII c0Bna,n;a10T. 8.11. BocnOJih3YHTecb pIIc. 55, 
CMeHIIB o603Ha'IeHIIR. 8.12. ilcrrOJib3YHTe yrrp. 8.11. 

9.5. ~OKa)l(IITe, 'ITO TO'IKaMII B1 II C1 cooTBeTCTBeHHO cTopoHhI AC 
II AB ,n;eJIRTCR B paBHhlX OTHomeHHRX. 9.7. ~OKa)l(IITe paBeHcTBO yrnoB 

OAB :u H AC. 9.8. CM. pemeHIIe 3a,n;a'In 1 § 9. 9.11. IlpIIMeHIITe TeopeMy 

qeBhI K TpeyroJihHIIKY BEF. 9.12. AHaJiorIIR c pemeH:ueM 3a,n;a'III 2 § 9. 
PaccMoTpIITe TpeyroJihHHK ABC II rrpRMhie AA1, BB1, CC1. 

10.3. CM. rr. 9.3. 10.5. IIycTh T-TO'IKa KaCaHIIR BnIICaHHOH B Tpe

yroJihHIIK ABC oKpy)l(HOCTII co cTopoHoii: AB, H3 - ocHoBaHIIe BhlCO

ThI, z3 - TO'IKa KaCaHIIR BHeBilIICaHHOH OKpy)l(HOCTH co CTOpOHOH AB, 
L=(CT)n(IE), r,n;e E-cepe,n;IIHa BhlCOThI CH3 • IlpIIMeHRR TeopeMy 

MeHeJiaR K TpeyroJihHIIKY CTH3, ,ll;OKa)l(IITe, 'ITO TO'IKII L, E, z3 KOJI

JIIIHeapHbI, OTKy,n;a 6y,n;eT cJie,n;oBaTh KOJIJIIIHeapHOCTh TO'IeK I, E, Z3 • 
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riiTe cPOPMYJibI (3.12) II (5.2) ,ll;JIIIH KacaTeJibHbIX. 10.6. IlpIIMe

pe:vry MeHeJiaH B TpIIrOHOMeTpwrecKoii ¢opMe. 10.8. IlpIIMeHIITe 

C1acKaJI5I K BIIIICaHHOMY «mecTIIyrOJibHIIKY» (3aMKHYTOH JIOMaHOH 

CC1 A 1 B 1 B. 10.9. PemeHIIe aHaJiorwrno rr.10.5. 10.11. IlpIIMeHIITe 

KaCaTeJihHhIX (§ 10, 3a,n;aqa 1). ,Il,oKa:JKIITe, 'ITO rrpHMhie, coe,n;II

TO'IKII KaCaHIIH rrpoTIIBOIIOJIO:JKHbIX CTOpOH, ,n;eJIHT ,n;IIaroHaJib B 

>THOIIIeHIIHX. 10.12. I1crrOJib3yll:Te rrpe,n;b!,n;yrny10 3a,n;aqy II TeopeMy 

.13. IlpIIMeHIITe o6paTHYIO TeopeMy ,Il,e3apra. 10.14. BocrroJih3yil

lmrypan;IIe.ii pIIc. 71. 

i= a cos A+ bcoscx.+ ccos D, cx.-yroJI Me:iK,n;y AD II BC. 11.4. CM. 

5. I1crroJih3YHTe TeopeMy KOCIIHycoB ,n;JIH 'leThipexyroJihHIIKa, Bep

KOToporo 5IBJI5IIOTC5I ,n;Ba YKa3aHHbIX n;eHTpa II cepe,n;IIHbI ,n;Byx CTO

oro TpeyroJibHIIKa. KBa,n;paT paccTOHHIIH Me:JK,n;y n;eHTpaMII paBeH 

+ c2 4V'3S). 11.10. I1crroJib3YHTe ¢opMyJihI (11.5). 11.13. Mo:iKHO 

BaTb TeopeMy KOCIIHYCOB. 11.14. IlpIIMeHIITe COOTHOIIIeHIIe BpeT

a K Bbipo)l{,!l;eHHOMY 'leTbipexyroJibHIIKY ACED. 
2S. 12.4. Coe,n;IIHIITe n;eHTpoII,n; c BepmIIHaMII qeThipexyroJibHIIKa 

>TpIITe BOCeMb IIOJiy'leHHhIX TpeyrOJibHIIKOB. 12.8. ,Ii,Ba)l{,!l;b! rrpII

eMMY § 4. 12.9. B Ka)l{,!l;OM II3 Tpex 'leTb1pexyroJibHIIKOB, Ha KOTO

IIJICH ,n;aHHbIH qeTbipexyrOJibHIIK, rrpoBe,ll;IITe ITO O,ll;HOH ,n;IIaroHaJIII, 

He IIMeIOT o6rn;IIX KOHD;OB, II pacCMOTpIITe o6pa30BaBIIIIIeC5I Tpe

~II. 12.10. CHa'laJia ,n;oKa:iKIITe, 'ITO 1morn;a,n;h TpeyroJihHIIKa ABN 
MMe 1m01n;a.n;eii: TpeyroJihHIIKOB Al\!! D II J\!I BC. 12.11. Coe,n;IIHII

IHhI A II C c cepe,n;IIHOii F ,n;IIaroHaJIII B D. -Y:eTbipexyroJibHIIKII 

4BCT, ADCF paBHOBeJIIIKII. 12.12. Ka:iK,ll;hIH II3 3TIIx '!eTbrpex qe

)JlhHIIKOB paBHOBeJIIIK qeTblpexyrOJibHIIKY~ BepIIIIIHaMII KOTOporo 

a cepeAIIHhI ,n;IIaroHaJiell: II ,n;Be CMe:JKHhie BepmIIHhI ,n;aHHoro qeTb!

·HIIKa. 12.18. B rrepBoM HepaBeHCTBe paBeHCTBo IIMeeT MecTo JIIIIIIb 

, Kor.n;a '!eTbipexyroJihHIIK ABC D BIIIICaH B OKPY:iKHOCTb c ,n;IIa-

4.C. Bo BTOpoM HepaBeHCTBe 3HaK paBeHCTBa 6y,n;eT ,n;JIH BIIIICaH

bipexyroJihHIIKa c rreprreH,n;IIKYJI5IpHbIMII ,ll;IIaroHaJIRMII. I1JIOII1a,ll;b 

rroro 'leThrpexyroJihHIIKa MeHhIIIe rrJIOID;aAII BhIIIYKJioro qeThipex

ra c TeMII :iKe ,ll;JIIIHaMII CTOpOH. 

Bo3Be,n;IITe ,n;oKa3hrnaeMoe HepaBeHCTBO B KBa,n;paT. 13.4. IIpII
ab 

BHIIMaHIIe, 'ITO r = b . 13.6. CM. yrrp. 13.1 II rrpIIBJieKIITe 
a+ +c 

~(a+ b). 13.8. I1crrOJib3YHTe HepaBeHCTBO yrrp.13.2. 13.11. IlycTb 

n;eHTP OIIIICaHHOH OKpy:iKHOCTII II n;eHTpOII,ll; OCTpoyrOJibHOrO Tpe

ra ABC. ,Ii,JIH orrpe,n;eJieHHOCTII 6y,n;eM C'IIITaTb, 'ITO TO'!Ka 0 rrpII-
2 2 

T TpeyrOJihHIIKY ABC. Tor.n;a AO+ BO (AG+ BG= 3ma + 3mb, 
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OTKy,n;a ma+ mb;:;,;: 3R. OcTaJIOCb ,ZJ;OKa3aTb, 'ITO me;:;,;: R. 13.12. IlyCTb Ai, 
Bi, Ci -cepe,ZJ;HHbl cTopoH BC, CA, AB ocTpoyroJibHoro TpeyroJihHH

Ka ABC, 0 - n;eHTp onn:caHHOH OKpy:>Irnocnr. Tor,n;a AAi ,,;; R + 0 Ai, 
1 1 1 1 

BBi:::;; R + OB11 CCi:::;; R + OC1. )J;oKa:>I<HTe, 'ITO -h + -h + -h = - H 
a b c r 

OAi OB1 OC1 ~ ha+!;;;+ kc= 1. 13.17. llcnoJib3YHTe HepaBeHCTBO TpeyroJihHHKa 

H (13.21). 13.19. )J;aHHOe HepaBeHCTBO 3KBHBaJieHTHO HepaBeHCTBY 

1 1 1 9 -+-+-;:;,;: . 
a b c a+b+c 

,D;anee HCilOJib3YHTe H3BeCTHOe HepaBeHCTBO :'.. + '1!. ?: 2 ,n;m1 IlOJIO:>I<HTeJib-
y x 

HbIX '!HCeJI x, y. 13.20. llcnOJib3YHTe HepaBeHCTBa (13.10) H (13.22). 
PaBeHCTBO ,n;ocTnraeTcSI TOJibKO B npaBHJibHOM TpeyroJihHHKe. 13.21. Hepa

BeHCTBO paBHOCHJibHO HepaBeHCTBY ynp. 13.22. 13.22. ,Il;JISI ,ZJ;OKa3aTeJib

CTBa MO:>I<HO HCilOJib30BaTb cPOPMYJIY Jleii6HHD;a (ynp. 4.15). 13.23. llc

IIOJib3YHTe ynp. 13.17. 13.24. HepaBeHCTBO 3KBHBaJieHTHO HepaBeHCTBY 

ynp. 13.25. Ilpn:Memne (13.22). 13.25. llcnOJib3YHTe COOTHOilleHHSI (3.18), 

(5.3), (5.4). 13.26. a2 = (b - c)2 + 2bc(l - cos A)?: 4bc · sin
2 4. 13.27. IIpe.n;

CTaBbTe IlJIOID;a)l;b TpeyrOJibHHKa KaK cyMMY nJiom;a,n;eii TpeyrOJibHHKOB, 

Ha KOTOpble OH ,n;eJIHTCSI 6n:cceKTpHCOii. 13.28. IlpHBJieKHTe yrrp. 13.26. 
13.29. llcnOJib3YHTe COOTHOilleHHe (3.15). 13.30. 9To HepaBeHCTBO 3KBH

BaJieHTHO HepaBeHCTBY (13.20). 13.31. IlpHMemne HepaBeHCTBO (13.18) 
it-A it-B 

K TpeyrOJibHHKY c yrJiaMH -2-' -2-. 13.32. ll,n;eSI perneHHSI Ta :>I<e, 

'ITO H B yup. 13.31. 13.33. fknOJib3yii:Te HepaBeHCTBO (13.22) Me)K)ly 

cpe,ZJ;HHM rapMOHH'!eCKHM Ii cpe,ZJ;HHM apHcl>MeTn'leCKHM Tpex IlOJIO:>I<H

TeJI:&HblX 'lHCeJI H HepaBeHCTBO (13.10). 13.37. TpeyrOJihHHKH ABC H 

ABD snncaHbl B o.n;ny oKpy2KHOCTb. IloJib3JSICb TeopeMoii cHHycoB, .n;o
Ka)l(HTe, 'ITO JL:CAB - L:CBAI < ILDAB - LDBAI. ,D;anee, npnMeHSISI 

oceByID CHMMeTpHID OTHOCHTeJibHO cepe,n;nnHoro neprreH,n;nKyJrnpa K AB, 
.n;oKa:>KHTe, 'ITO TO'!Ka C ,n;an:&me OT AB, '!eM TO'l:Ka D. 13.39. TaK KaK 

R + r = R( cos A + cos B + cos C), TO ,n;oKa3brnaeMoe HepaBeHCTBO R + r < c 
( c - HaH60JI:&IllaSI CTOpOHa TpeyroJibHHKa) CBO,ZJ;HTC.H K HepaBeHCTBY 

sin C > ~ (cos A + cos B + cos C). IIocKOJihKY 60° :::;; LC :::;; goo, To B CHJIY 

A 
(13.10) OHO HCTHHHO. 13.42. °'YrJibl TpeyroJibHHKa AiB1C1 paBHbI goo - 2' 

90° - ~' 90° - ~. Ilo3TOMY aepaBeHCTBO .D;JISI IIJIOID;a,n;eli 3THX TpeyroJib

HHKOB CBO,ll;HTC51 K HepaaeHCTBY yrrp. 13.28. 13.43. ,Il;oKa:>I<HTe H HCIIOJib-
a b c 

3yiiTe nepaBeHCTBO -b + - + - ?: 3. 13.44. BocnoJI:&3JHTeCh cl>opMyJioii, 
c a 
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IlOJIJ"IeHHOH B ynp. 11.5 . .Il;oKa3bIBaeMoe HepaBeHCTBO CBO,Ll;HTC5! K Hepa

BeHCTBY (13.11). 
14.1. IIpsrMoyroJibHbril: TpeyrOJibHHK, B KOTOpOM a= b = h,/2. 14.2. Toq

Ka KaCaHnsr cTopoHbI ynra c oKppKHOCThro, co,n;ep.JKaID,eii TO"IKH A n. B. 
14.4. IIpsrMoyroJibHbiil: paBHo6e,n;peHHhril: TpeyrOJibHHK. R: r = 1 + ,/2. 
14.5. 9Ta CJMMa IlJIOID,a,n;eil: MllHHMaJibHa, KOr,n;a T01'.£Ka lvl :HBJI:HeTC:H TO"IKOH 

nepeceqeHn.a ,n;naroHaJie:ii:. 14.6. IJ;eHTpon,n; TpeyrOJibHHKa. McnOJib3Jii

Te COOTHOIDeHne Jieil:6Hm:i;a (ynp. 4.15). 14.7. D;eHTpon,n; TpeyrOJibHHKa. 

14.8. IJ;eHTpon,n; TpeyroJibHHKa. 14.9. McnoJib3JHTe TO, "ITO 

AM 
MA1 

SMcA + SMAB 

SMBC 

MHHHMYM cyMMbI paBeH 6, MHHHMYM npoH3Be,n;eHH.H paBeH 8. 14.10. Ko

r,n;a TO"IKa M coBna,n;aeT c opTon;eHTpOM TpeyroJibHHKa ABC. CM. pemeHHe 

3a,n;aqn n. 3.1. 14.11. EcJIH yroJI A ocTpbrii, TO nCKOMa.H np.HMa.H nepneH,n;H

KYJIHpHa Me,n;uaHe AA1. EcJin 3TOT yroJI Tyno:ii:, TO ncKOMa.a np.aMa:H nep

neH,n;HKYJIHpHa BC. B cJiyqae, Kor,n;a yroJI A np.aMoii, pemeHneM cJiy)f((lT 

o6e 3TH np.aMbre. 14.12. ToqKa nepece11eHH.H ocHOBaHn.a CD c np.a:Moii MK, 
r,n;e K =(AD) n (BC). 14.13. CM. 3a,n;a11y 3 § 14. Haii,n;nTe KBa,n;paT CJMMbI 

paCCTOHHHH. 

16.2. lfcKoMasr TO"IKa npnHa,n;JieJKHT pa,n;HKaJibHOii ocn TO"IKH A n ,n;pyroii 

,n;aHHOii oKpy:arnocni. 16.3. IJ;eHTp ncKoMoii oKpyJKHOCTH eCTb pa,n;nKaJih

Hhiii xi;eHTp OKPYJKHOCTeii (A, a), (B, b), (C, c). 16.4. IJ;eHTP HCKOMOii 

OKPYJKHOCTH npnHa,n;Jie2KnT cepe,n;nHHOMY nepneHfJ,HKyJI.apy K oTpe3KY AB n 

pafl,HKaJibHOii ocn ,n;aHHO:ii OKpJ2KHOCTH H o,n;Hoii H3 fl,aHHbIX TO"IeK. 16.6. IIo

cTpo:iiTe paf!,llKaJibHbI:ii xi;eHTP P Tpex OKPYJKHOCTeii - ,n;aHHoii oKpJ2KHO

cTn <X, HCKOMoii OKPJ2KHOCTH x H npon3BOJibHoii OKpJ2KHOC'.L'H w nyqKa 

OKPYJKHOCTeii, nepeceKaIOIIl,llXCH B fl,Byx 3a,n;aHHbIX TO"IKaX. EcJIH 0 - xi;eHTp 

,n;aHHoii oKpJ2KHOCTH <X, TO H3 xi;eHTpa HCKOMoii oKpyJKHOCTH oTpe30K PO 
BH,n;eH no,n; npsrMbIM yrJIOM. 16.9. IlpoBe,n;nTe OKPY2KHOCTb c ,n;uaMeTpoM AB . 
.D;oKa2KHTe, "ITO 3Ta 0KpJ2KHOCTb ll JII06bxe fl,Be H3 3a,n;aHHbIX OKpyJKHOCTeii 

HMeroT pa,n;uKaJibHbr:ii xi;eHTp H -opTon;eHTp TpeyroJibHllKa ABC. 
17.1. Pememie aHaJiorH"IHO pemeHnro 3a,n;aqn B KOHn;e § 17. 
17.2. lfcKOMa.H 0Kpy2KHOCTb npHHafl,Jie2KHT 3JIJlllilTH1'.£eCKOMY IlJ"IKY 

oKpyJKHOCTeii c noCTO.HHHbIMH TO"IKaMH A H B. IIocTpoiiTe pa,n;nKaJib

HbI:ii xi;eHTP ,n;aHHO:ii OKPYJKHOCTH, HCKOMoii OKPY2KHOCTH n npon3BOJibHoii 

OKpJ2KHOCTH aToro ny"IKa. 17.4. EcJIH A n B - n;eHTpbI ,n;aHHbIX OKPYJKHO

cTeii pafl,nycoB R H r, To Jiro6asr TO"IKa Jvf JKa3aHHO:ii OKPY2KHOCTH o6Jia,n;aeT 
u MA R 

CBOHCTBOM MB=-:;: (oKpJ2KHOCTb AnoJIJIOHnsr). 
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3a,n;a'IH o6:m;ero co,n;ep:>KaIDI.H 

1 2 2 1 2 60 3v'3(v'i3-1) 
1. 21a - b I tgci:. 2. 2vm - 4S. 3. 72. 4. 13. 5. 

37
. 6. 

32
1t • 

2m2 sinC!sinf3siny 2v'3 1 11 
7. 

2 
. 2 • 2 • 2 • 8. -

9
-. 9. -

2
(7 + 9tgci:ctg~). 10. 5: 2. 11. 

12
. 

Sill f3 + 2 Sill y - Sill IX 

12. a;(~~~) tg a. 13. 8a2 sin a cos3 ci:. 14. J p(p - e) (p - f) (p - 2m), r.n;e 

p=~(e+f+2m).16. f5s.17. v'l-n+n2 • 18. R:r=3. 19. 5:10:13. 

20. L v' a2 + b2 • 21. v'2. 22. 3v'3. 23. ll,eHTp omrcaHHOH OKPY*HOCTH Haxo-
3 4 

,D;HTC.H BHe Tpanewm, R : r = 5 v'I4. 24. 90°, 60°, 30°. 25. cos ABC = 5. 26. 

80(1 + 3v'7) 20 + y'5 
1701 

mm 
24

y'5 . 31. 2v'3. CM. ynp.4.3. 32. IlpoBe,D;HTe CK II AM n 

CM AC2 J6 J6 
,JJ;OKa)KnTe, qTo MB= AB2 • 34. 8 (21-v'f65) mm 6 (14-v7o). 36. IlJio-

1 
rn;a,ll;h qeTblpexyroJJhHnKa C Ai DBi paBHa 2 Ai B1 · h, r,n;e h - BblCOTa Tpe-

yrOJihHnKa ABC Ha CTOPOHY AB. 37. IlocTpOii:Te TOqKy K =(DA) n (MB) 
1 

u ,JJ;OKa)KHTe, qTo KM= MB. 38. 2vm2 + n2 • 39. B TpeyroJibHHKe ABC 
LB= 2LC, R = 12, 5. 42. Mmirno npuMeHHTh cpopMyJiy ,D;JI.H KBa,n;pare 
MeAUaHbI CO TpeyroJJhHHKa CD!. 012 = R 2 

- 2Rr, CJ2 = r 2 
- (p - c)2. 

Haxo,n;HM CD2 =4R2 -ab. 43. v;. 44. 3R2
• 45. cosC= v'5

2
-

1
. 47. CM. 

cooTHomeHue (3.15). 48. h~. 49. Mo)KHO HCUOJih30BaTh paBeHCTBO 

R2 
(4.5). 52. r 1r 2 + r 2 r 3 + r 3r 1 = r~. 54. 2v'3- 3. 55. -. 56 . .Jab. 58. VJff-. 

a 

59. 3v'2. 60. sin DEF= ~· 62. hv's. 64. PaAUyc Ka:>K,D;oii: OKPY*Ho
v 17 

2Rr R u d CTH paBeH R d, r.n;e u r - pa,n;uycbl ,n;aHHhIX OKPY*HOCTeH, -
r+ + 

paccTO.HHHe Me1K.n;y HX n;eHTpaMH. 65. ~(b2 - a 2
). 66. 2.,/Stg~. 69. EcJIH 

11eTb1pexyrOJJhHHKH ABC D H Ai Bi Ci Di BnncaHhI B o,n;Hy OKPY:lKHOCTh H 
nx CTOpOHhI cooTBeTcTBeHHO napaJIJJeJJhHI:.I, TO AAi = BBi = CC1 = DDi. 
Bo3M01KHhl _ABa cJJy11rui:: 1) AC ,\t AiC1 H Tor,n;a AC= AiC1, 2) AC II AiC1 
H Tor.n;a 11eTblpexyroJJhHHKH n;eHTpaJihHO CHMMeTpuqHhI. 70. PQ = 

1 
= IAP -AQ\ = 2la + c - b- di= MN. 71. 0KoJio qeTblpexyrOJihHHKOB 
ABMQ H ANPD MO)KHO onncaTh oKpJ1KHOCTH. lfa ToqeK C, Q, N oTpe-

30K PM BH,n;eH no,n; np.HMhIMH yrnaMH. 74 . ../2 + v's. 76. ,Il;Ba:lK,!l;bl Bhrpa3HTe 
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BD2 no TeopeMe KOcnnycoB. 78. IIpoBe,Ll;IITe ,n;naroHaJih mITnyroJihHIIKa II 
HCIIOJih3yiiTe CBOHCTBO Birncattnoro '!eTbipexyroJihHHKa. 79. IIpnMeHIITe 

TeopeMy lIToneMeSI K 'leThipexyroJihHIIKY A 1 A 2 A4 A5 • 80. CM. BhIBO,LI; cpop

MYJihI (12.5). 81. 

ad+bc; 
S = 4\ad _be\ y (a+ b + c + d)(a + b - c - d)(a + d - b - c)(b + d - a - c). 

82. IIp:rrMeHIITe cpopMyny (12.5). 83. IIpoBe,i::t;:rrTe 'Iepe3 Bepurntty B rrpSI

Myro, rrapanneJibHYIO AC, n paccMoTpnTe TpeyroJihHHKII, o6pa3oBaH

Hhie 3TOii npSIMoii, BhrCoToii BD II rrpSIMhIMH AP II CQ. 84. 2 ctg2 a. 

85. 2 cos A cos B cos C. 86. 2 - J2 IIJIH ~(2 - J2). 87. 2 sin A sin B x 

x cos(A - B) = 1. EcnII CC1 -BhICOTa TpeyronhHIIKa ABC, TO L.OCC1 = 
= IL'.B - L'.AI. 96. 0THOIIIeHne IIJIOll1a,n;eii TpeyrOJibHIIKOB ABC II CEF 
paBHO ~ . Ho a+ b ~ cJ2. 97. CM. HepaBeHCTBO (13.5). 98. ,ll;oKa3a-

a + -c 
TeJibCTBO aHanorII'lHO ,n;oKa3aTeJihCTBY HepaBeHCTBa (13.19). PaccMoTpHTe 

CKaJI5IpHblll KBa,n;paT BeKTOpa e1 + e2 - e3. 99. EcJIII xop,n;a ,i::t;JIIIHbl m y,n;aneHa 

OT n;eHTpa 0 Ha paCCT05IHIIe h II BII,i::t;Ha II3 TO'!Kll 0 rro,n; yrJIOM 2<p, TO 

a + h = R( sin 2<p + cos 2<p) = 

= Rv'5 (~sin <p + Jg cos <p) - Rv'5 sin( <p +a) :::;; Rv'5. 

1 a+ b 
PaBeHCTBO ,n;ocTnraeTrn rrpII cos <p = v'5. 100. R1 + R 2 = Sab ( a 2 + b2 + 3ab), 

z b2 2 b n AA1 - a? n v a + ;? a . 101. ,,__.,oKa:IKIITe, 'ITO AAz -1 - 2(b 2 + c2). ,,_.,anee BocrroJih3YII-

a2 b2 c2 3 
Tech ttepaBeHCTBOM -b2 2 + -2--2 + ~b2 ? -

2
. 102. IIycTh LAOB = <p, +c c +a a + 

L'.COD =cj;. Tor,n;a <p + = 180°, AB;? 2rtg<p, CD? 2rtgqi, tg<p · tgcj; = 1, 
tg <p + tg qi ;? 2 tg <p tg qi= 2. Cne,n;oBaTeJibHO, AB+ CD ? 4r. PaBeHCTBO 

BbllIOJIH5IeTC5I TOJlbKO ,IJ;JI5I KBa,i::t;paTa. 105. llcrrOJih3YiiTe ttepaBeHCTBO qe6hI

IIIeBa: n(a1b1 + azb2 + ... + anbn);? (a1 + a2 + .. · + an)(b1 + bz + ... + bn), 
r,n;e o6e IIOCJie,i::t;OBaTeJihHOCTII a1, a2, ... , an II b1 1 b2, ... , bn HeB03pacTaIO

IIIIIe (IIJIII Hey6hIBIOll1IIe). 108. PaccMoTpIITe CKaJI5IpHhiii KBa,n;paT BeKTopa 

al\!! A + bl\![ B + cl\!! C. PaBeHCTBO IIMeeT MecTo ,n;n5.1 n;eHTpa BrrIIcanHoii 

OKPY:IKHOCTII. 116. ,Il;oKa:IKIITe cHa'lana, 'ITO 2R1 sin 4 ? x 2 + x 3 • 3aTeM 

v l 4a cos
2 

a. 1 2 , . 2 4 R 
IICIIOJih3YIITe yrrp. 3.2 . 117. 1 + 4 cos2 a.. 118. 4a sm a. 119. 3 . 120. 

IInorn;a,n;h 'leTbrpexyronhHIIKa HaII6onhrna5I rrpII L'.AC B = 135°. Tor,n;a 

otta paBHa 2(a2 + b2 + abJ2). 121. 1.Jepe3 n;eHTP 0 ,n;aHHO:ii oKpy:IKHOCTII 
rrpoBe,n;eM rrp5IMYIO l rrapanneJibHO 6:rrcceKTpIIce yrna. Tor,n;a B o,n;tto:ii lI3 
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TO'-!eK rrepece'-!eHirn: rrpaMoii l c OKPY:lK.HOCThlO yKa3aHHaa cyMMa rrpnHHMa

eT Han6oJihIIIee, B ,11;pyroii - HaIIMeHhIIIee 3Ha'-IeHIIa. 124. PaccMOTPHTe 

BhipO:lK.,ll;eHHhiii orrIIcaHHhrii '-!eThrpexyroJihHIIK AC1 BC ( C1 -cepe,11;IIHa 

AB) II rrpIIMeHIITe TeopeMy HhlOTOHa (§ 7, 3a,11;a-qa 3). 125. To'-IKa S, B 

KOTopoii rrepeceKaIOTCa rrpaMhre XY, Jie:lK.IIT Ha rrpaMoii, rrpoxo,11;mu,eii qe

pe3 A uepueH,lJ;IIKyJiapHo OA. ,Il;oKa:lK.IITe, 'ITO ,ll;BOiiHoe OTHOIIIeHIIe (§ 2) 
XS XZ 
=: = = -1, z = (OA) n (XY). 127. PacCTOaHIIe Me:>K,lJ;Y TO'-!KaMII Ka
SY ZY 
caHIIa cTopoHhI AB c BIIIICaHHOii II HeBIIIICaHHOH OKPY:>KHOCTmvrn paBHO 

la - bl. 133. 3a,11;a-qa CBO,ll;IITCa K IlOCTpoeHIIIO TpeyrOJihHIIKa no CTOpOHe, 

rrpoTIIBOJie:>Ka!IleMy yrJiy n pa3HOCTH ,11;Byx cTopoH. 135. IIycTh C1 - BTO

paa TO'-!Ka rrepece'-!eHna OKpy:>KHOCTH w c rrpaMoii AC. To'-IKH 0, B, C, 
C1 Jie:>KaT Ha o,11;Hoii oKpy:>KHOCTll. ,Il;aJiee MO:>KHO cocJiaThCa Ha TeopeMy o 

pa,11;n:KaJihHOM u;eHTpe Tpex OKpy:>KHOCTeil: (§ 16). 136. Ha ocHoBaHHH (12.18) 

( 
(a + c) + ( b + d) ) 2 

45 ~ ab + cd + ad + be = (a + c) ( b + d) ~ 
2 

= p2
• 

Lfacm'b II 

fmma I 

1.03. qeThrpexyroJihHHK ADC H - rrapaJIJieJiorpaMM. EcJIII Z A ( D) = Jiil 
H Zc(D) = N, TO npaMhie AH H CH npoxowT -qepe3 cepe,11;1rny oTpe3Ka 

Jiil N ( TeopeMa <I>aJieca). 3Ha'-In:T, 3TOii cepe,11;n:Hoii aBJiaeTca TO'-!Ka H nepe

Ce'-IeHn:a rrpaMhIX AH n CH. 
1.04. Ka)K,ll;aa n:3 rrocTpoeHhIX rrpaMhIX cn:MMeTpn:'-IHa rrapaJIJieJihHOii eii 

rrpaMoii, co,11;ep:>Ka!Ileii CTOpoHy ,11;aHHOro TpeyroJihHHKa, OTHOCllTeJihHO ero 

u;eHTpon:,11;a. CJie,11;0BaTeJihHO, rroJiy'-IeHHhrii TpeyroJihHllK CHMMeTpn:'-IeH ,11;aH

noMy. 

1.05. IIapaJIJieJihHhre KacaTeJihHhre K oKpy:>KHOCTn: cn:MMeTpn:'-IHhI OTHO

cn:TeJihHO ee u;eHTpa 0. Ilo3TOMY mecTn:yrOJihHllK CHMMeTpll'-IeH OTHOCll

TeJihHO 0. 0TCIO,ll;a CJie,lJ;YeT paBeHCTBO ero rrpOTllBOIIOJIO:>KHhIX CTOpOH. 

1.06. IlycTh 0- cepe,11;una oTpe3Ka AC. ,Il;oKa:>KeM, 'ITO Z0 (B) = D. EcJin: 

Z0 (B) = B 1, TO LAB1C = LCBA = LADC. Ilpn: B 1 =I- D paBeHCTBO rrpn

BO,ll;llT K rrpOTllBOpe'-IlllO c TeopeMOii 0 BHeIIIHeM yrJie TpeyroJihHllKa (rrpn:

MeHUTe ee ,11;Ba:>K,ll;hI). 

1.07. TpeyroJihHllKll AOB n: COD, BOC n: DOA cn:MMeTpll'-IHhI oTHOCH

TeJihHO 0 COOTBeTCTBeHHO, II03TOMY CHMMeTpll'-IHhl ll u;eHTphI llX BIIHCaHHhIX 

OKpy:>KHOCTeii COOTBeTCTBeHHO. TaK KaK, KpoMe Toro, 6ncceKTpHChI cMe:>K

HhIX yrJIOB rreprreH,ll;llKYJI.HpHhI, TO IIOJiy'-IeHHhIH '-IeThipexyroJihHHK - poM6. 
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OH 6y,rt;eT KBa,n,paTOM, Kor,rt;a ,rt;aHHhIH rrapamreJiorpaMM ABC D ~rnm1eTC5I 
poM60M. 

1.08. IlpaBIIJihHhie TpeyrOJihHllKII, IIOCTpoeHHbie Ha rrpOTllBOIIOJIO:lKHhIX 

CTOpOHaX rrapaJIJieJiorpaMMa, CIIMMeTpIPIHhI OTHOCIITeJibHO ero u;eHTpa. Ilo-

3TOMY CIIMMeTpIIqHbI II u;eHTpb! 3TIIX TpeyrOJihHIIKOB. 

1.09. ToqKa rrepeceqeHH5I rrocTpoeHHhIX rrp5IMhIX CIIMMeTpnqHa ToqKe M 
OTHOCIITeJibHO u;eHTpa rrapaJIJieJiorpaMMa. 

1.10. "lleTblpexyroJihHIIK c Bepm1rnaMII B ToqKax Iv!, N, Z0 (M), Z0 (N) 
ecTh po1116. YKa3aHHoe paccT05IHIIe paBHO rroJIOBIIHe paccT05IHII5I Me:iK,rt;y 

,rt;aHHhIMII rra paJIJieJibHhIMII rrp5IMhIMII. 

1.11. ,ll,oKa:lKHTe' qTo qeThipexyrOJihHIIK c BepmIIHaMII B BepmIIHax ,rt;aHHO

ro TpeyrOJihHIIKa II B o,rt;Hoii II3 Tpex yKa3aHHhIX TOqeK BrrncaH B oKpy:iKHOCTh. 

1.12. Ilp5IMa5I OM co,rt;ep:iKIIT ToqKy rrepeceqeHII5I o6pa3oB cTopoH yrJia 

rrpII CIIMMeTpIIII z M. 

1.13. IlocTpoiiTe rrp5IMhre, co,rt;ep:iKaru;IIe cpe,rt;HIIe JIIIHIIH napaJIJieJio

rpaMMa. 

1.14. Ka:iK,rt;a5I II3 rrp5IMhIX, co,rt;ep:iKaru;IIx ,rt;Be npoTIIBOIIOJIO:lKHhre cTopo

HhI KBa,rwaTa, orrpe,rt;eJiaeTC5I O,IJ;HOH II3 ,rt;aHHhIX ToqeK II TOqKoii, CIIMMeT

pIIqHOH ,rt;aHHOll TOqKe OTHOCIITeJibHO u;eHTpa 0 KBa,rt;paTa. 3a,rt;aHHhlll u;eHTp 

II03BOJI5IeT ,IJ;OCTpOIITh KBa,n,paT. 3a,rt;aqa IIMeeT e,rt;IIHCTBeHHOe pemeHIIe, eCJIII 

,rt;aHHhie TOqKII HeKOJIJIIIHeapHbl c u;eHTpOM. EcJIII OHII CIIMMeTpIIqHhI OTHO

CIITeJihHO 0, TO cyru;eCTByeT 6ecKoHeqHoe MHO:iKecTBO pemeHIIii. PemeHIIii 

HeT, KOr,rt;a ,rt;aHHhie TOqKII KOJIJIHHeapHbI c u;eHTpOM 0' HO He CIIMMeTpIIqHhI 

OTHOCIITeJibHO Hero. 

1.15. IlocTpOiiTe OKpy:lKHOCTb, CHMMeTpIIqHyIO O,IJ;HOH H3 ,rt;aHHbIX OTHO

CIITeJihHO YKa3aHHOH llX o6ru;eii TOqK:u. 

1.16. 0,rt;Ha II3 HeII3BeCTHhIX BepmllH rrapaJIJieJiorpaMMa 5IBJI5IeTC5I TOq

KOll rrepeceqeHIIa ,rt;aHHOii oKpy:iKHOCTH c CIIMMeTpIIqHoii eii OKPY:lKHOCTI>IO 

OTHOCHTeJibHO cepe,rt;HHh! ,rt;aHHOro 0Tpe3Ka. 

1.18. HaqIIHaIOru;IIii Hrpy KJia,rt;eT rrepBhiii m1TaK B u;eHTpe CTOJia, a Bee 

IIOCJie,rt;yIOru;IIe IIBTaKII - CIIMMeTpII'IHO rraTaKaM conepHIIKa OTHOCIITeJihHO 

u;eHTpa CTOJia. 

1.20. "lleThipexyroJihHIIK, ,rt;Be npOTIIBOIIOJIO:lKHbie CTOpOHhl KOTOporo cJiy

:iKaT napoii npOTIIBOIIOJIO:lKHhIX CTOpOH ,rt;aHHOrO meCTIIyrOJihHIIKa, 5IBJI5IeTC5I 

napaJIJieJiorpaMMOM. ,ll,oKa:lKIITe, qTo ,rt;Be He npIIHa,rt;Jie:iKaru;ne eMy BepmII

HhI ,rt;aHHOro meCTIIyrOJibHIIKa CIIMMeTpIIqHhl OTHOCIITeJihHO u;eHTpa 3TOro 

rra paJIJieJiorpaMMa. 

1.21. "lleThlpexyrOJibHIIK c BepmnHaMH B cepe,rt;IIHaX CTOpOH ,rt;aHHOrO 'Ie

TbipexyroJihHIIKa ecTI> rrapaJIJieJiorpaMM. "lleThipexyroJihHIIK c BepmIIHaM:u 

B cepe,rt;IIHax ,rt;Byx rrpoTIIBOIIOJIO:lKHI>rx cTopoH ,rt;aHHOro 'IeThrpexyroJihHIIKa 

II cepe,rt;IIHax ero AJiaroHaJieii - TaK:iKe rrapaJIJieJiorpaMM. 9TII ,rt;Ba rrapaJI-
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JieJiorpaMMa llMeIOT o6uzyro ,n.naroHaJib. 0TCIO,ll.a CJief!YeT llCTllHHOCTb ,ll.OKa-

3bIBaeMoro YTBep:lK,ll.eHnR. 

1.22. IIcrroJih3yeM 3a,n.a'Iy 1.21. CnMMeTpneil: c :a;eHTpoM B TO'!Ke rrepece

'!eHHR 0Tpe3KOB, coe,ll.llHRIOI:a;IIX cepe,n.HHbI npOTllBOITOJIO)KHbIX CTOpOH ,n.aH

HOrO '!eTbipexyrOJibHllKa, cepe,ll.llHHbie rrepneH,ll.llKYJIRpbI K ,n.aHHbIM rneCTll 

xop,n.aM OKPY:lKHOCTH OTo6pa:lKaIOTCR Ha yira3aHHbie B ycJIOBllll rreprreH,n.n

KYJIRpbI. Ilo3TOMY OHll rrepeceKaIOTCR B 06pa3e :a;eHTpa OKPY:lKHOCTll rrpn 

paccMaTpllBaeMOH CllMMeTpllll. 

1.23. IIocTponM TO'IKY A 1 = Z P (A). BeJIII'IIIHa cp yma AM B onpe,n.eJIR

eTcR ,n.aHHOH OKpy:lKHOCTblO II ,n.aHHOH xop,n.oil: AB. EcJIII (CD) n (MB)= K, 
TO (K A1) II (AM) ( CHMMeTpIIR) II II03TOMy LM K A1 = cp. IIcKOMaR TO'IKa K 
npIIHa,n.Jie:lKIIT wre OKpy:lKHOCTH, CTRrHBaeMOH ll3BeCTHOll xop,n.oil: A1 B H 

BMer:u;aror:u;eil: yroJI Jt - cp. IIccJie,n.oBaHIIe orryciraeM. 

1.24. IIcKoMaa rrpaMaR neprreH,n.IIKYJIRpHa rrpaMoil:, npoXO,ll.RI1leii '!e

pe3 :a;eHTp o,n;Hoii II3 ,n.aHHhIX oKpy:lKHOCTeii II Kacaror:u;eil:ca oKpy:lKHOCTll 

pa,n.nyca a/2 c :a;eHTPOM B TO'!Ke, CIIMMeTpll'IHOH :a;eHTPY ,n.pyroil: ,n.aHHOH 

OKPY:lKHOCTll OTHOCHTeJihHO paccMaTpnnaeMOH o6II1eii TO'IKH ,n.aHHbIX OK

PY:lKHOCTeil:. 

1.25. To'IKH A, C, !vl, K Jie:lKaT Ha o,n.Hoii OKPY:lKHOCTll w. PaccMoTpnTe 

oKpy:lKHOCTH, cnMMeTpll'IHhre OKPY:lKHOCTn w OTHocnTeJihHO TO'IeK !vl II K. 
1.26. IIocTpoiJ:Te cepe,n.nHHhie rrepneH,n.IIKYJIRpbI K cTopoHaM TpeyroJib

HHKa ABC. PaccMoTpnTe cnMMeTpIIIO OTHOCIITeJibHO :a;eHTpa 0 oKpy:lKHO

CTII ABC. IleprreH,ll.IIKyJiapbr K cTopoHaM TpeyroJibHIIKa B TO'!Kax Q1, Q2 , 

Q3 rrepeceKaIOTCR B TO'!Ke Q = Z0 (P). 
1.27. )];Be ,n.pyrne TO'IKII rrepece'IeHna TpeTheil: OKPY:lKHOCTII c ,n.ByMa 

,n.aHHbIMll KOH:a;eHTpH'IeCKllMll OKpy:lKHOCTRMll CllMMeTpII'IHbl COOTBeTCTBeH

HO rrepBbIM ABYM TO'IKaM !IX rrepece'IeHIIH OTHOCIITeJibHO JlllHllll :a;eHTpOB 

OKPY:lKHOcTeii. 

1.28. 0Tpe3KH AB, CD, EF rrouapHo cnMMeTpH'IHhI OTHOCIITeJihHO oceil 

CIIMMeTp!III yrJIOB ,n.aHHOrO TpeyrOJibHIIKa. 

1.29. BhICOThI TpeyroJibHHKa npIIHa,n.Jie:lKaT 6ncceKTpIIcaM ero yrJioB. 

Ilo3TOMY rrpn Ka)K,ll.OH ll3 CHMMeTpn:ii OTHOCHTeJibHO co,n.ep:lKaI:a;IIX llX rrpR

MbIX TpeyrOJibHHK OT06pa:lKaeTca Ha ce6a. 3Ha'IHT, OH rrpaBHJibHbIH. 

1.30. BhICOThI TpeyroJibHHKa conrra,n.aIOT c ero Me,n.naHaMn. Ka:lK,n.aa H3 

CHMMeTpnii, OCH KOTOpbIX co,n.ep:lKaT 3Tll 0Tpe3KH, OT06pa:lKaeT TpeyrOJibHHK 

Ha ce6a. 

1.31. ::ha TO'!Ka CllMMeTpH'IHa TO'!Ke !vl OTHOCHTeJihHO JIHHHH :a;eHTpOB 

,n.aHHhlx oKpy:lKHOcTeii. 

1.32. ,IJ,oKa:lKHTe, 'ITO 'IeTbipexyroJihHIIK c BepIIIHHaMll B BeprnnHax ,n.aH

HOrO TpeyrOJibHHKa II B 0,ll.HOH H3 paccMaTpnBaeMbIX TO'IeK BITHCaH B OKPY:JK

HOCTb. 
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1.33. Ifa 3a,n;aqn 1.32 cne,rryeT, 'ITO Tpn yrra3aHHbre oKppKHOCTII CHMMeT

pn'IHbI orrncaHHO:ii OKono TpeyrOJlbHHKa ABC OKpy:arnocTII OTHOCIITenhHO 

np.HMbIX, co,n;ep:a<am;nx CTOpOHbI TpeyronhHIIKa. 

1.36. "llepe3 ,n;aHHYIO TO'IKY npoBe,D;IITe nepneH,D;HKynap K co,n;ep2Kam;eii 

ee CTOpoHe yrna n nocTpo:iiTe np.HMyIO, CHMMeTpn'IHYIO np.HMOH, co,n;ep:am
m;e:ii ,n;pyryro CTopoHy yrna, OTHOCnTenhHO 3Toro nepneH,n;nKynapa. Mo1!rno 

TaKiKe Ha'!aTb c Il0CTpOeHH5I npaMOH, npOXO,D;5Im;e:ii qepe3 ,n;aHHYIO TO'IKY 

nepneH,n;nKyn5IpHo ,n;pyro:ii CTopone yrna. 

1.37. Benn ,n;aHHhre np.HMhle nepeceKaIOTca, TO qepe3 ,n;aHHYIO TO'IKY 

Heo6xo,n;nMo npoBeCTn ,D;Be np5IMhre, nepneH,n;nKyn5IpHble OC5IM enMMeTpnn 

,n;aHHhrx np5IMbIX. Benn ,n;aHHbre np5IMbre napannenhHhr, TO nro6a.H np5IMa5I, 

npoxo,n;mn;a5I qepe3 ,n;aHHyIO TO'IKY n He napamrenhHa.H ,n;aHHhIM np.aMhrM, 

y,n;oBneTBOp5IeT Tpe6oBanmo 3a,n;aqn. 

1.38. Eenn npzMa5I m He eo,n;ep:iKHT TO'IKY a n b, To ncKoMa5I rrp5IMa5I 

npoxo,n;nT qepe3 TO'!KY an b1, r,n;e b1 = Sm(b). B 3TOM cnyqae perneHne 

e,n;HHCTBeHHO. Kor,n;a npaMa5I m aBnHeTC5I oebIO CHMMeTpnn rrp5IMbIX a n b, 
mo6a5I rrpHMa5I, e:ii nepneH,n;nKymi:pHa5I, y,n;oBneTBOp5IeT Tpe6oBaHnIO 3a,n;a

'In. B ocTanbHhIX cnyqaax pernettn:ii neT. 

1.39. 0,n;Ha n3 HeH3BeeTHbIX BepIIIHH KBa,n;paTa 5IBn.HeTe.H TO'IKOH nepe

ce'IeHH5I ,n;aHHO:ii oKpy:iKHOCTH a n o6pa3a 01 ,n;pyro:ii ,n;aHno:ii oKpy:iKHOCTH 0 
npn CHMMeTpHH OTHoenTenbHO ,n;aHHOll np5IMOH. "llncno perneHn:ii eoBna,n;aeT 

e '!HCJIOM o6m;nx TO'IeK OKPY:lKHOCTe:ii an 01, T. e. MO:iKeT 6bITb paBHO 2, 1, 0. 
1.40. P =an (M1N), r,n;e M1 = SA(M). 
1.41. EcnH B 1 = S Ac(B), TO TpeyronhHnK B 1 CD eTponTeH no TpeM eTo

poHaM. 3aTeM Haxo,n;5ITC5I noene,n;oBaTenhHO TO'!Kn A n B. 
1.42. Benn B HCKOMOM TpeyronhHnKe ABC H3BeCTHhr cTopoHhI AC n 

BC, TO CHMMeTpHe:ii OTHOCHTenhHO cepe,n;nHHOro nepneH,n;nKyn5Ipa h K OT

pe3KY AB oTo6pa3nM TpeyronhHHK ABC Ha TpeyronbHHK ABC1 • Tor,n;a 

TpeyroJihHnK ACC1 CTpOHTC5I no ,n;ByM H3BeeTHbIM eTopoHaM n yrJiy CAC1 , 

Benn'IHHa KOToporo paBHa pa3HOeTH yrnoB An B. Ilp5IMa5I h cTponTe5I KaK 

cepe,n;nHHhr:ii rrepneH,n;nKyJrnp K CC1 , a B = Sh(A). 
1.43. IlycTh B neKOMOM TpeyroJihHnKe ABC ,n;aHa cTopoHa AB n rrp5I

Ma5I l co,n;ep:iKnT 6neceKTpncy yrna C. Ecnn A 1 = S1(A), TO TpeyronhHHK 

AA1 B eTponTe5I no 3a,n;aHHbIM 3neMeHTaM, a c nOMOID;bIO Hero eTponTe5I 

ncKOMbIH TpeyronhHnK. 

1.44. IlocTpO:iiTe TO'IKY C1, CHMMeTpn'IHYIO TO'IKe c OTHOCnTenhHO np5I

MOH AB. TpeyronhHnK C 1 A1 D np.aMoyroJihHbr:ii. Ero rnnoTeHy3a C 1 D He 

3aBncnT OT Bbr6opa TO'!Kn M. 
1.45. ECJin AB n CD - ,n;aHHhre napannenhHhle HepaBHbre xop,n;br, TO nx 

cepe,D;HHbI ne:a<aT Ha np5IMOH, npoxo,ll;5lm;e:ii qepe3 TO'!Kn S =(AC) n (ED) 
n 0 = (AD) n (BC). 

277 



1.46. Ilp0Be,n;1ue ,n;Be KOHIJ;eHTPII'IeCKHe oKpy)KHOCTH c u;eHTpoM B TO'!Ke 

nepece'IeHHR ,n;aHHhIX npRMhIX. To'!KH nepece'!eHHR ,n;naroHaJieii paBHo6o'I

HhIX Tparreu;nii, noJiy'IeHHbIX rrpII nepece'IeHIIII OKpy)KHOCTeii c rrpRMbIMII, 

Jie)KaT Ha HCKOMbIX OCRX CIIMMeTpIIII. 

1.4 7. c IIOMOIIJ;blO ,Ll;BYX OKpy)KHOCTeii IIOCTpOHTe TO'!Ky, CIIMMeTpII'IHYIO 

,n;aHHOH TO'!Ke OTHOCHTeJibHO ,n;aHHOH rrpRMOH (pIIc.11), a 3aTeM TO'IKy, ,Ll;IIa

MeTpaJibHO IIpOTHBOIIOJIO)KHYIO IIOJiy'IeHHOH. 

1.48. Cyru;ecTBYIOT ,n;Be TO'IKII, y,n;oBJieTBops:r10ru;IIe Tpe6oBaHHRM 3a,n;a'III. 

0HH RBJIRIOTCR TO'!KaMII rrepece'!eHIIR IlpRMOH rn c KaCaTeJihHbIMH, rrpoBe,n;eH

HbIMII 'Iepe3 TO'IKY Jvl K OKPY)KHOCTII C1.1, CIIMMeTpII'IHOH C1. OTHOCIITeJibHO m. 
1.49. Ecm1 l II t - KaCaTeJihHhie K ,n;aHHoii OKPY)KHOCTII cr (pa,n;IIyca r), 

rrpoBe,n;eHHbie 'Iepe3 lICKOMyIO TO'IKY x E m, H l - OCb CIIMMeTplIH rrpRMhIX t 
II m, TO oKpy)KHOCTh a.1 = S1(cr) KacaeTcs:r cr II m. II;eHTp OKPY)KHOCTH a.1 

Jie)KIIT Ha OKpy:>KHOCTII ~ pa,n;IIyca 2r' KOHIJ;eHTpII'IHOH cr, H Ha npRMOH, 

rrapaJIJieJihHoii rrps:rMoii m II y,n;aJieHHoii OT Hee Ha paccTORHIIe r. CJie,n;o

BaTeJihHO, lICKOMaR TO'!Ka x RBJIReTCR TO'IKOH rrepece'!eHIIR npRMOH m lI 

o6ru;eii KaCaTeJihHOH l OKpy:>KHOCTeii C1. II C1.1 B lIX o6ru;eii TO'IKe. "lllICJIO pe

meHHH paBHO 4, 2, 0. 
1.50. B TO'IKe rrepece'IeHirn nps:rMoii BC c rreprreH,lJ;IIKYJIRpoM H3 TO'IKH 

P1 = Ssc(P) Ha rrps:rMyIO AB. 
1.51. Ilo ,n;aHHbIM cepe,n;HHaM ,Ll;BYX CTOpOH TpeyrOJibHHKa c HCIIOJib30-

BaH1IeM OCH CIIMMeTpHII ero yrJia CTpORTCR CTOpOHbI 3TOro yrJia. ~aJiee 

HCIIOJib3YHTe I!eHTpaJibHYIO ClIMMeTpIIIO OTHOCIITeJihHO ,n;aHHOH cepe,Ll;IIHbI 

CTOpOHhl TpeyrOJibHlIKa. 

1.52. IIycTh B TpeyroJihHHKe ABC II3BeCTHhI AB, ILA - LEI= cr, BhI

coTa h K cTopoHe AB. IIpoBe,n;eM 'Iepe3 C nps:rMyIO l rrapaJIJieJihHO AB. 
EcJIH B 1 = S1(B), TO LACB1 = 180° - cr (,n;oKa:>KIITe). IIocTpoeHIIe MO:>KHO 

BhITIOJIHIITb B cJie,n;y10ru;eM rrops:r,n;Ke: AB, l, AB1 , TO'!Ka C cTpOHTCR KaK TO'I

Ka rrepece'IeHHR nps:rMoii l II ,n;yrn oKpy:>KHOCTH, CTRrHBaeMoii xop,n;oii AB1 

H BMeru;a10ru;e:iI yroJI 180° - cr. Cyru;eCTBYIOT ,n;Be TaKHe ,n;yrII. IloJiy'IeHHbre 

coOTBeTCTBeHHO HM TpeyroJibHHKH ABC 1I ABC1 CHMMeTpH'IHhI OTHOCII

TeJibHO cepe,n;HHHoro rrepneH,n;IIKYJIRpa K AB. 
1.53. IlycTb 0 - u;eHTp BIIHCaHHOii B 'IeTbrpexyroJibHHK ABC D oKpy:>K

HOCTII. ::ha OKPY:>KHOCTb KacaeTcs:r rrps:rMbIX AD 1I DC II 06pa3a rrps:rMoii 

BC rrp1I CIIMMeTpIIH OTHOCHTeJihHO 0 A. chII TPII KaCaTeJibHbie cTpORTCR no 

3a,n;aHHbIM ycJIOBIIRM. 3aTeM CTpOIITCR BIIHCaHHaR OKpy:>KHOCTb II IICKOMbIH 

'!eTbrpexyrOJihHHK. 

1.54. IlycTb P1 = Soc(P). 0Tpe30K P1Q BII,n;eH H3 TO'IKII C no,n; ymoM 

P 1 CQ, BeJIH'IHHa KOToporo Bhrpa:>KaeTcR qepe3 BeJIH'IHHY ,n;aHHoro yrJia. 

1.56. IlycTh AB u BN -paBHbre Me,Ll;IlaHhr TpeyroJihHHKa ABC 1I 

T1vM(A) = A1 , TNM(B) = B1. Tor,n;a TpeyroJihHIIK Alil B 1 paBHo6e,n;peHHhIH 
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n AA1 = A1B = BB1. Ilo3TOMY och cnMMeTpnn TpeyrOJihHHKa AA1 B1 JIBJIJI

eTCJI n OCbIO cnMMeTpnn TpeyroJihHHKa A 1J\!I B, OTKy.n;a CJie,n;yeT A1.LVI =NIB 
n 3aTeM AC= CB. 

1.58. IIocTpoliTe o6pa3 TO<rKH J\!1 rrpn nepeHoce Ha BeKTOp BA. 
1.59. YKa3aHHaJI pa3HOCTb paccTOJIHIIH paBHa BhICOTe TpeyrOJibHHKa 

ABC, orrym.eHHOH Ha 60K0By10 cTopoHy. 

1.60. ~ J2c2 + 2d2 - (a - b )2, r.n;e a n b- .n;mIHhI ocHoBaHHH Tparreu,mr, 

c ll d - ,Ll;JIHHbl ee 6oKOBbIX CTopoH. 

1.61. IlycTh KC-.n;uaMeTp OKPY)KHOCTH, co.n;ep:iKaII!e:ii: TO'IKY B. Tor.n;a 

(BC) II (AK) n TI<c(A) = B. Ilo3TOMY AB= KC= 2r. 
1.62. IIepeHoc TAc OTo6pa:iKaeT o.n;Hy OKpy)KHOCTh Ha .n;pyry10, KOTO

poii: rro3TOMY rrpIIHa,n;Jie)KHT TO'!Ka P1 = TAc(P). CJie,n;oBaTeJihHO, LAPC = 
= LPG P1. BrrucaHHhIH yroJI PC P1 orrupaeTCR Ha nocmoR'li'liy10 ;:zyry P P1. 

1.63. IlJIOII!a.n;b 'IeTbipexyroJihHHKa paBHa IIOJIOBHHe rrpOH3Be,n;eHHJI ,ll;JIHH 

.n;uaroHaJieil: H cnHyca yrJia Me)K;:zy HHMH. Ho A1C1 =AC, B1D1 = BD n 

(A1C1) II (AC), (B1Di) II (BD). 0Tc10.n;a CJie;:zyeT paBHOBeJIHKOCTh <JeTbipex

yroJibHHKOB ABCD H A1B1C1D1. 
1.64. 0Kpy)KHOCTH ABC n ABH paBHhI (3a,n;aqa 1.33). IlpRMaJI CH 

rrapaJIJieJihHa HX JIHHHH n,eHTpoB. IlepeHoc TcH oT06pa21<aeT OKPYMHOCTh 

ABC Ha OKpy)KHOCTh ABH. )J;oKa3hIBaeMoe YTBep)K,ll;eHHe 3KBHBaJieHTHO 

yTBep)K,ll;eHHIO 3a.n;a'!H 2 II. 4.2. 
1.65. IIocTpOil:Te o6pa3 rrpRMOil: OM npu rrepeHoce TAtN' r.n;e N -npo

H3BOJihHaJI TO'!Ka .n;pyroii: CTOpOHbl .n;aHHOrO yrJia, OTJIH'!HaJI OT TO'JKH o. 
1.66. EcJin ABC D - HCKoMa.H Tparren,nR c ocHoBaHHJIMH AB H CD II 

Tvc(A) = A1, To TpeyroJihHHK A 1BC cTpoHTCJI no TpeM cTopoHaM. Ero 

HeTpy.n;Ho ,ll;OCTPOHTb .n;o Tpanen,HH. 

1.67. CM. yKa3aHne K 3a,n;aqe 1.66. 
1.69. ECJm ABC D - HCKOMaJI Tparren,nH c OCHOBaHHJIMH AB n CD H 

Tric(B) = B1, To TpeyroJihHHK AB1C CTpOHTCJI no TpeM cTopoHaM. IIo

cTpoeHHe TO'IKH D o<JeBH,ll;HO. 

1.70. 0,n;HH ll3 KOHll,OB llCKOMOrO 0Tpe3Ka JIBJIJieTCJI TO'IKOH nepeceqe

HHJI o.n;Hoil: ll3 .n;aHHhIX OKPY)KHOcTeii c o6pa30M ,n;pyroil OKPYMHOCTH npn 

nepeHOCe rrapaJIJieJibHO .n;aHHOH npHMOH Ha 3a,n;aHHYIO ,ll;JIHHy. 

1. 71. IlycTh A II B - n,eHTphl .n;aHHhIX OKPYMHOcTeli a n ~ H m - .n;aHHaJI 

rrpaMaJI. EcJIH A1 II B1 - opToroHaJibHhie npoeKll,HH TO'IeK A n B Ha m, 

TO IICKOMaJI rrp.aMaH ,n;oJIMHa co.n;ep:iKaTh o6m.yro xop,n;y OKPYMHOCTeil ~ II 

<:1.1 = TA,B1 (a). 
1. 72. CHa<JaJia nocTpoiiTe rrpaBHJihHhlii TpeyroJihHHK, ,n;Be BepmHHhI KO

Toporo JieMaT Ha 3a,n;aHHhIX napaJIJieJihHhIX rrpRMhIX, a co.n;ep:iKaII!aJI Hx 

CTOpoHa paBHa .n;aHHOMy 0Tpe3Ky. IloTOM rrepeHOCOM OTo6pa3IITe ero Ha 
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HCKOMbIH TpeyrOJibHHK. EcJIH ,n;aHHaH ,n;mma a CTOpOHbI TpeyrOJibHlfKa 6oJib

rne paCCTOHHHH h Me:JK,lzy ,n;aHHbIMH rrapaJIJieJihHbIMH npa:MbIMH, TO HMe

eTCH 'IeThlpe perneHHH, npH a = h - ,n;Ba perneHHH, a npH a < h perueHHii 

HeT. 

1. 73. IIepeHeCHTe ,n;aHHyro npHMyro B rrepneH,n;IIKYJIRpHoM eii HanpaBJie

Hnn Ha 3a,n;aHHhlH pa,D;Hyc HCKOMOH OKpJ:iKHOCTII H nocTpoiiTe OKpy:iKHOCTb, 

KOH1IeHTpH'IHYIO ,n;aHHOii, pa,n;nyc KOTopoii paBeH cyMMe pa,n;nycoB ,n;aHHOll 

H HCKOMOll OKpy2KHOCTeii. 

1. 7 4. IIycTh a, b, c, d - npRMbre, KOTOpbIM npnHa,n;Jie:iKaT cTopOHhI ,n;aH

Horo 'leThrpexyroJibHHKa, n A Ea, BE b, CE c, DE d. TaK KaK T.,rn(D) = C, 
TO c = c n d1, r,n;e d1 = TAs(d). 

1.75. Ecnn: Me,LJ;HaHbI ncKoMoro TpeyrOJibHHKa ABC nepeceKaIOTCH B TO'l

Ke M n TAM ( M) = N, To TpeyrOJihHHK !vf NC CTpOHTCR no TpeM cTopoHaM. 

J(py20e pewenue. IlycTh A 1 n B 1 - cepe,n;nHhr cTopoH BC n CA coOTBeT

CTBeHHo, Tor,n;a CTOpOHhI TpeyroJibHHKa AA 1K, r,n;e K = TsA, (B1), paBHbI 

Me,D;HaHaM HCKOMOro TpeyroJibHHKa. 

1.76. Ecnn B1 =TiJc(B), TO TpeyroJihHHK AB1 C CTPOHTCH no ,n;nyM CTO

poHaM, paBHbIM 3a,n;aHHhIM ,n;n:aroHa.JIHM, n yrny Me:iK,n;y HHMH. TpeyroJibHHK 

ABB1 CTponTCH no TpeM cTopoHaM, a D = T313 (C). YcJIOBHHM 3a,D;a'IH y,n;o

BJieTBOpHIOT ,n;na 'leThlpexyrOJihHHKa, rrocKOJihKY Ha AB1 MO:iKHO rrocTpOHTb 

,n;na TpeyroJibHHKa c 3a,n;aHHblMH CTOpoHaMH. 

1. 78. IlocTpOiiTe OKpy:iKHOCTb, KacaIO~lOCH OCHOBaHnii_ ll O,IJ;HOH 60-

KOBOH CTOpOHhI Tpane1IHH. IlpoBe,n;nTe KaCaTeJibHYIO K 3Toii OKPY.JKHOCTH 

napaJIJieJibHO ,n;pyroii 60KOBOH CTOpoHe. 

1. 79. PerrreHne 3a,n;a'ln HMeeTcH B rnaBe 4. 
1.81. MmKHO ncnoJib30BaTb rrpHMoyroJihHhrii TpeyroJihHHK, rnnoTeHy3a 

KoToporo coe,n;HHHeT u;enTpbI ,n;aHHhrx oKpy:iKHOCTeil, a KaTeT paBeH OTpe3-

Ky a/2. 9TOT KaTeT napaJIJieJieH HCKOMOll npHMOH. 

1.82. EcnH o,n;Hy H3 ,n;aHHhrx OKPY2KHOCTeii nepeHeCTH napanneJihHO nc

KOMoii npHMOH l TaK, 'IT06hr paBHhre xop,n;hl 3THx OKPY.JKHOCTeii coBnann, TO 

MO.IKHO IIOCTpOHTb u;eHTp ee o6pa3a, HCITOJib3YH KaCaTeJibHYIO H3 TO'IKH A K 

,n;pyroii ,n;aHHOH OKPY.JKHOCTH. 

1.83. IIycTh B ncKOMOM 'leTbrpexyroJihHHKe ABC D H3BecTeH yron Me:iK

AY rrpHMhIMH AB n CD. Ecnn D1 = T0B(D), TO TpeyroJihHHK ABD1 cTpo

HTCH no ,D;BYM CTOpOHaM H yrny Me.JK,n;y HHMH. 3aTeM MO.IKHO nOCTpOHTb 

TpeyroJibHHK ADD1 (no TpeM cTopoHaM), a C = TiJ,v(B). llMeeTCH ,n;Ba 

perueHHH. 

1.84. PaBeHCTBO 48° · n = 72° + 360° · k, r,n;e n n k - u;enhre '!Hcna, BepHO 

npn n = 9 H k = 1. Ilo3TOMY ¢nrypa if>' OTo6pa2Ka.HCb Ha ce65I IIOBOpOTOM 

Ha 48°' a 3Ha'IHT, H Ha 48° . 9 = 432°' 6y,n;eT OT06pa:iKaTbC5I Ha ce6H H npn 

rroBopoTe Ha 72°. Ho paBeRCTBo 48° · n = 90° + 360° · k He HMeeT perrreHnll: 
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B n;eJJbIX 'iHCJiaX (,n:o:Ka:>KHTe). CJie,n:oBaTeJibHO, OTBeT Ha BTOpoii: BOIIpoc OT

pHn;aTeJlbHbIH. 

1.85. IIoaopoTOM R~00 OTpe30K P N OTo6paJKaeTc.a Ha AC. 
1.86. 0,rr,nH H3 YKa3aHHbIX 0Tpe3KOB OT06pa:>KaeTC.H Ha ,z:i;pyroii: IIOBOpo

TOM OKOJIO n;eHTpa TpeyrOJibHHKa Ha 120°. 
l.87. 0Tpe3KH ,n:aHHbIX rrpaMbIX, .HBJiarom;neca nx rrepeceqeHneM c Kaa,z:i;

paToM, paBHbI, TaK KaK 0,ll;HH H3 HHX OT06pa:>KaeTC.H Ha ,z:i;pyroii: IIOBOpOTOM 

OKOJIO n;eHTpa KBa,z:i;paTa Ha goo. IIocKOJibKY, KpOMe TOI'O, OHH HMelOT o6m;yro 

cepe,rr,nHy, TO .HBJiaroTca ,z:i;naroHaJI.s:rMn KBa,n;paTa. 

1.88. PemeHne cym;ecTBeHHO orrHpaeTca Ha npe,z:i;hI,z:i;ym;yro 3a,z:i;aqy. EcJIH 

rrpoaeCTH qepe3 n;eHTP KBa,z:i;paTa )l;Be rrpaMbie, COOTBeTCTBeHHO napaJIJieJib

Hbie npaM1>rM MN H PQ, TO nx nepeceqeHneM c KBa,z:i;paTOM 6y,z:i;yT ,z:i;Ba 

paBHbIX oTpe3:Ka. llM cooTBeTCTBeHHO paBHbI oTpe3KH i'vl N H PQ. 
1.89. IIoaopoTOM oKoJio n;eHTpa ,z:i;aHHOro n.s:rTHyroJibHH:Ka Ha 360° : 5 = 72° 

OH oTo6pa:>KaeTc.s:r Ha ce6a, a Ka:>K)l;aa H3 ero ,z:i;naroHaJie:ii - Ha coce,D.Hroro 

( B HanpaBJieHlrn IIOBOpOTa). IIoaTOMY Ka)K,ll;aa H3 BepmHH IIOJiy'ieHHOI'O 

n.s:rTnyroJihHHKa rrepexo,rr,nT B cJie,z:i;yrom;yro. B cnny aToro rraTnyroJJbHHK 

rrpaBHJlbHbIH. 

1.90. PemeHne aHanorH'iHO pemeHHJO 3a,z:i;aqn 1.89. 
1.91. TpeyroJ11>HHKH ABC H ACD npaBHJlbHbie n BJ\;l = CN. IIoaTo

MY rrOBOPOTOM R~00 TO'iKH B, C, M OT06pa:>KaroTca cooTBeTcTBeHHO Ha 

TO'iKH C, D, N. TaK :KaK R~00 ( M) = N, TO TpeyroJJbHHK AM N npaBHJlb

HbIH. 

1.92. 9TH nepneH,D.HKyJJapbI .liBJISllOTCa o6pa3aMH ,n:aHHbIX npaMbIX rrpH 

IlOBopoTe OKOJIO n;eHTpa KBa,z:i;paTa Ha goo H Il03TOMY nepece:KalOTC.H B o6pa3e 

TO'IKH p npn 3TOM IlOBopoTe. 

1.93. Emn Ci = R~
0 

( C), TO B E ( CCi) H TpeyroJJbHHK CO Ci rrp.HMO

yrOJJbHbIH paBH06e,z:i;peHHbIH. 

1.94. KoMn03Hn;Heii oceBhIX CHMMeTpHii OTHocnTeJihHO cepeAJIHHbIX rrep

neH,D.HKynapoB K OTpe3:KaM CD n DA OTpe3oK D N oTo6pa:>KaeTc.s:r Ha OTpe-

30K KD. 
1.95. IlycTb TpeyronbHHK ABC opneHTnpoBaH rrono:>KnTeJlbHO n Bi = 

= R~00 (B). Tor,z:i;a Ki -cepe,z:i;nHa BiQ H AKi _L AK, rroaToMy AKi II QE n 

AK= AKi = (l/2)QE. TaK KaK oTpe30K BC 3THM rrosopoToM oTo6pa:>Ka

eTca Ha BiQ, TO oHn paBHhl n neprreH,IT,HKyJI.s:rpHbI. IIocKOJll>KY AM II QBi 
H AM= (l/2)QBi, TO AM J_ BC HAM= (1/2)BC. 

1.96 . .Ll:oKa)KHTe, 'ITO TO'IKa M1 = R1Jf (M) Jle:>KHT ua oTpe3Ke MC. 
1.97. CorJiacHo 3a,z:i;aqe 5 § 6 npaMhle BB1 , CC1, DDi rrpoxo,z:i;aT qepe3 

BTopyro TO'iKY nepece'IeHmI OKpy:>KHOCTeii, onncaHHbIX OKOJIO KBa,z:i;paTOB. 

1.98. 0Kpy:>KHOCTH paBHbI n OT06pa:>KalOTCa O,D.Ha Ha ,z:i;pyryro IIOBO

pOTOM OKOJIO BTopo:il: TO'IKH nx rrepeceqeHHSI Ha 60°, rrpn aToM M _,, N 
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(3a,n;a'Ia 5 § 6). TaK KaK yKa3aHHhle KacaTeJihHhre .HBJI.HIOTC.H cooTBeTCTBeH

HhIMH rrpn paccMaTpnBaeMOM IIOBOpOTe, TO yroJI Me2Kµy HHMH paBeH 60°. 
1.99. CTopoHhl paccMaTpnBaeMoro 'IeTbrpexyroJihHHKa napaJIJieJihHhI co

OTBeTCTBeHHO MC n AQ n nMeroT ,n;JinHhI (1/2)MC n (1/2)AQ. Ho 9TH 

0Tpe3KH paBHhl n rrepneH,Jl;HKYJI.HpHhI, TaK KaK O,n;HH nx HHX OT06pa2KaeTC.H 

Ha ,n;pyro:il: noBopoToM oKoJio TO'IKH B Ha 90°. 
1.100. ll,eHTp IIOBOpOTa CTpOHTC.H no ,n;BYM rrapaM COOTBeTCTBeHHhlX TO

'IeK (rr. 5.3): A--.. B n Oi ---> 0 2 (:u,eHTphr ,n;aHHhIX OKPY2KHOCTe:ii). 

1.101. 11.cKOMbIH :u,eHTP IIOBOpOTa Jie:>KHT Ha cepe,n;nHHOM nepneH,Jl;llKY

JI.Hpe K oTpe3Ky, coe,n;umnom;eMy :u,eHTphr A H B ,n;aHHbIX oKpy2KHOCTe:il:. 

C ,n;pyroii CTOpOHhl, OH npnHa,n;Jie2KnT µyre OKPY:>KHOCTII, CT.HrIIBaeMoii xop

,n;oii AB II BMem;arom;eii yroJI 45°. Bcer,n;a cym;ecTByIOT ,n;Be II TOJibKO ,n;Be 

TaKne TO'IKH. 

1.102. EcJin ncKoMa.a oKpy:>KHOCTh c 3a,n;aHHhIM :u,eHTpOM 0 nepeceKa

eT ,n;aHHhie OKPY2KHOCTH y II w B TO'IKax A n B, TO Tpe6yeTcsi:, 'IT06h1 

L.AOB =a.. To'IKa A (nJin B) si:BmieTca o6m;e:il: TO'IKOii oKpy:>KHOCTeii y 
II Wi = RO((,)). 

1.103. IIocTpo:il:Te o6pa3 Ai ,n;aHHOro :u,eHTpa A IICKoMoii OKPY2KHOCTII 

npII 3a,n;aHHOM IIOBopoTe. To'IKa KacaHII.H oKpy:>KHOCTeii .HBJI.HeTC.H cepe,n;n

Hoii: oTpe3Ka AAi. 
1.105. ECJIII 0 - 3a,n;aHHhlll !IeHTp HCKOMOrO IIICCTHyrOJihHHKa H 

Ri/:!/° (A)= Ai, R~!/° (B) =Bi, TO rrp.si:Mhie AiB n ABi co.n,ep2KaT coce,n;Hne 
CTOpOHbI mecTnyrOJibHHKa. 

1.106. 0.n,Hy II3 BepmIIH, CKa)KeM A, ncKOMoro KBa.n,paTa ABCD M02KHO 

Bhl6paTh rrpOII3BOJihHO Ha 0,Jl;HOH II3 .n,aHHhIX KOHIJ,eHTpn'IeCKHX OKpy)KHO

CTCH a. II ~- EcJIH A E a. II B E ~' TO noBopoT R~00 OTo6pa2KaeT TO'IKY B Ha 

DE~- IIoaToMy Bepmnna D HaXO,n;HTCSI KaK TO'IKa rrepece'IeHII& OKpy)KHO

CTII ~ II o6pa3a r:J.i OKpy)KHOCTH a. rrpn 9TOM IlOBOpOTe. 

1.108. IlycTh 0 - :u,enTp ,n;annoii OKPY:>KHOCTH w n OKPY)KHOCTh ( 0, 0 M) 
nepeceKaeT npa:Myro a B TO'IKaX P n Q. Tor.n,a noBopoTaMII OKOJIO 0 Ha yrJihI 

POM n QOM np.si:Masi: a oTo6pa2KaeTc& Ha KaCaTeJihHhie K oKpy)KHOcTn w, 
npoxo,n;a:m;ne 'Iepe3 TO'IKY M. To'IKH KacaHH& cJiy)J(aT o6pa3aMn TO'IKII A 
npn yKa3allHbIX noBopoTax. 

1.109. CHa'IaJia nocTpoiiTe KaKyro-Hn6y.n,h xopµy OKPY2KHOCTII, nMero

m;yro 3a.n,aHHYIO ,ll;JlHHy, a 3aTCM IlOBOpOTOM OT06pa3HTC co.n,ep)Kam;yIO ee 

npaMyro Ha HCKOMYIO npaMyro. CpaBHHTc c penreHneM 3a,ll,a'In 1.108. 
1.110. IlyCTh KBa.n,paT ABC D opneHTnpoBaH OTPHI1aTeJihHO n Ei = 

=R~00 (E). Tor.n,a Ei E(BC) u BEi =DE. 3aMe'IaeM, 'ITO LF AEi =L.AFEi, 
OTKy.n,a AEi =FEi n no9TOMy AE=AEi =FEi =FB+BEi =FB+DE. 

1.111. Ka)K,ll,hIH n3 yKa3aHHhIX rroBopoToB oTo6pa2KacT cepe.n,nHy OT

pe3Ka AB Ha cepe,n;nHy OTpe3Ka AiBi, rro9TOMy npaMasi: OOi .HBJI.aeTca 
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cepe,n.HHHhIM nepneH,n.HKyJrnpoM K OTpe3Ky, coe,L1.Hmuoru;eMy cepe,n;nHhI OT

pe3KOB AB n A1B 1. Ilpn nepBOM noBopoTe JIY"'I AB OTo6pa1KaeTc.a Ha 
Jiyq A1B1, noaToMy yroJI noBopoTa paBeH yrJiy Me)K,Lly 3THMH JiyqaMII. Ilpn 

BTopoM noBopoTe Jiyq AB nepeXO,Ll.HT B Jiyq B1A1. 3Ha'IHT, ero yroJI paBeH 

yrJiy MelK,n.y 3THMH JiyqaMH. CJie,n.oBaTeJihHo, pa3HOCTb yrJIOB noBopoTOB 

paBHa yrJiy MelK,n.y JiyqaMH A1B1 n Bi Ai, T. e. paBHa 180°. 
1.112. KalK,Ll.hI:ii H3 Tpex JKa3aHHhIX noBopoToB oTo6pa2KaeT IIeHTP 0 

oKpylKHOCTH ABC Ha n.eHTp 01, OKPYlKHOCTH AiB1Ci. IloaTOMY n.eHTpbI 

3THX IlOBOpOTOB npHHa,n;Jie2KaT cepe,n.HHHOMY nepneH.zzyrKyJI.apy K OTpe3-

KY OOi, a npn 0 = 0 1 coBna,n.aroT. 

1.113. IlycTh ABC D n A1Bi C1Di - ,LI.Ba paBHhIX O,Ll.HHaKoBo opnenTH

poBaHHhrx KBa,lq)aTa. EcJIH B napax cTopoH 3THX KBa,lq)aTOB HeT rrapaJIJieJih

HhIX, TO cynrecTBYIOT qeTbipe IlOBOpoTa, Ka)K,Ll.bIR H3 KOTOpblX OT06palKaeT 

nepBbIR KBa,n.paT Ha BTopo:ii: 1) A-+ Ai n B-+ B1, 2) A-+ Bi H B-+ Ci, 
3) A-+ Ci n B-+ D1, 4) A-+ Di H B-+ A1. KalK,lI.hIH H3 3THX noBOpOTOB 

OTo6pa:iKaeT IIeHTp rrepBoro KBa,lq)aTa Ha IIeHTP BTOporo. IloaTOMY IIeHTpbI 

YKa3aHHhIX qeThrpex noBopoToB Jie:iKaT na cepe,n.HHHOM rrepneH,Ll.HKyJI.ape K 

OTpe3Ky, coe.zzyrH.aronreMy IIeHTphr KBa,lq)aTOB. YrJI.or rroBopoTOB paBHhr et, 
1t 3it et+ 2, et+ it, et+ 2. EcJIH CTopoH.or KBa,lq)aToB COOTBeTCTBeHHO napa.rmeJih-

Jt 3Jt 
Hbl, TO HMelOTC.H TOJI.bKO TPH IIOBOpoTa Ha yrJibI 2' it, 2· 

1.114. IlycTh PA ~ PB n PA ~ PC, TpeyroJI.oHHK AC P1 - o6pa3 Tpe

yroJibHHKa ABP npn: noBopoTe R~00 • TpeyroJI.hHHK AP Pi npaBHJihHbI:ii. 

TaK KaK P P1 !( PC + C P1, TO PA !( PB + PC. PaBeHcTBO 6y,n;eT HMeTh 

MeCTO Tor,n.a ll TOJibKO Tor,n.a, KOr,n.a ToqKa c Jie-

JKHT MelK,n.y TOqKaMH p H P1' T. e. B TOM II TOJib- B1 

Ko B TOM cJiyqae, Kor,n.a L'.AC P + L'.AC P1 = 180°, 
HJIH L'.AC P + L'.AB P = 180°. A aTo BhITIOJimieTCH 

JIHillh npH ycnoBnn, 'ITO TO'IKa P npnHa,n.neJKHT 

onHCaHHO:ii OKOJIO TpeyroJihHHKa ABC OKPJlKHO-

CTH. 

1.115. IlycT.o TpeyroJihHHK ABC opHeHTII

poBaH IIOJIOlKHTeJibHO. Tor,n.a R~00 (B) = A1 H 

R'lf 0 ( B1) = A (pnc. 136). 0Tcro,n.a cne,n.yeT, 'ITO 

OTpe3KH AA1 H BB1 paBHhl n nepeceKaroTc.a no.n. 

yrJIOM 60°. AnaJiorIIqnhlii cpaKT ,n.oKa3bIBaeTt:H 

,n;JI.a oTpe3KOB CC1 II BB1 noBopoToM R6J
0

• EcJIH 

(AAi) n (BBi) = M, To ME (CCi). B caMoM ;r,e

Jie, ecJIII R;,.600 (M) = M1, TO M1 E ( CC1) (TaK KaK 

Pnc. 136 

(BBi)-+ (CCi)), TpeyroJibHIIK AM M1 rrpaBIIJI.bH.Drii:, L'.AM1C1 =LA.MB= 
"""120°. CJie,n.oBaTeJI.oHo, L'.AM1M + L'.AJY11C1=60°+120°=180° n rroaToMy 
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ME (Mi Ci), T.e. TO'IKH M, Mi, C, Ci KOJIJIHHeapHhr. HaKoHeu;, H3 paBeH

CTBa MCi = MMi +Mi Ci CJie,n,yeT MCi =MA+ MB. 
1.116. IlycTh TO'IKH A, B, C, D Jie:>KaT Ha np5IMhIX, co,n;ep:iKaiu;nx nocJie

,n;oBaTeJihHO cTopOHhI KBa,n;paTa. IIocTpOHM TO'IKY P TaKy10, 'ITO AP J_ BD 
n AP= BD. CorJiaCHO 3a,n;aqe 1.88 TO'IKa P npnna,n;Jie)KHT rrp.aMoil:, co,n;ep

:iKaID;eii CTOpOHY KBa,n;paTa H npOXO,ll;5IID;e:ii qepe3 TO'IKY c. IlpoBe,ll;5.! qepe3 

TO'IKH B n D nepneH,n;HKym1ph1 K PC, naxo,n;nM CTopoHy HCKOMoro KBa,n;pa

Ta. llcrroJih3Y5I ee H TO'IKY A, CTpOHM KBa,n;paT. Cyiu;ecTBYIDT ,n;Ba KBa,n;paw, 

OTBeqaroID;He ycJIOBHlO 3a,n;a'IH. 

1.117. EcJin !VI - o6pa3 TO'IKH A rrpn noBopoTe OKOJIO u,eHTpa 0 Ha 3a

,n;aHHhiii yroJI cp, TO yroJI MeJK,n,y Jiy'IaMH AiA H Bi!Yf paBeH cp. Ilo::iToMy 

BeJIH'IHHa yrJia BBiM (nm~ eMy CMe:arnoro) paBHa cp. 0Tcro,n;a BhITeKaeT 

cnoco6 nocTpoeHH5I TO'IKn Bi: rroMnMo ,n;annoii OKPYJKHOCTH oHa rrpnna,n;

JieJKnT MHO:iKeCTBY TO'IeK, H3 Ka)K,ll;OH H3 KOTOpbIX 0Tpe30K l'vf B BH,Ll,eH no,n; 

ymoM cp (mm rt - cp). 
1.118. IloBopoT R~

0 

OKOJIO u,enTpa 0 KBa,n;paTa MBPS OTo6pa:iKaeT 

OTpe3oK MQ Ha OTpe30K SC. 
1.119. Pe III e H He 1. Ilpn rroBopoTe R'/J° A--+ B n Ai --+ Bi. Ilm1To

MY (AAi) J_ (BB1 ) u, CJie,ll;OBaTeJibHO, (CD) I/ (BiB). Ho B TaKOM CJiyqae 

AC: CB1 =AD: DB= 2: 1. 
Pe III e H n e 2. Ilpu noBopoTe Rtr oKoJio cepe,n;nnb1 M runoTeny3hI 

C--+ B, B--+ K, npa'IeM (CB) __L (BK), Ai--+ N, r,n;e N -cepe,n;ana BK, 
A--+ C. IlocKOJihKY (AAi)--+ (CN) a (AAi) J_ (CN), TO NE (CD). Ho 

CA: BN = 2: 1, U03TOMY AD: DN = 2: 1. 
1.120. IIpoBe,n;eM KaCaTeJibHyro l 1 K oKpy)KHOCTH Wi (M, R) B rrpoH3BOJib

Hoii TO'IKe A. 3aTeM Haii,n;eM noBopoT RA,n KOTOpbIM KacaTeJibHa5I li OTo6pa

:iKaeTc5I na KaCaTeJibHYIO l2 K w2 ( N, r). ,11,JuI ::iToro aa oTpe3Ke !VI A oTJIO)KilM 

oTpe3oK MP TaKoii, 'ITO !VIP= R- r. qepe3 TO'IKY P npoBe,n;eM np5.!My10 10 , 

napaJIJieJihayro l 1 • 0cTaeTC5I aaiiTH yroJI a. noBopoTa R~, rrpH KOTOpoM l0 

OTo6pa1KaeTC5I aa npSIMyro l, npoxo,n;51iu;y10 qepe3 N (3a,n;aqa 1.108). 
1.121. IIycTb ,n;anhl oKpy:iKaocTn a., p, y" pny ={A, H}, yna.= {B, H}, 

rt. n p = { C, H}. EcJIH npHH5ITb BO BHHMaHHe 3a,n;aqy 1.33, TO )J,OCTaTO'I

HO CKa3aTI,, 'ITO H - opTOll,eHTp TpeyroJibHHKa ABC. B caMOM ,n;eJLe, ecJLH 
D - BTOpasi: o6iu;a5I TO'IKa np5IMOH AH H OKpy:iKnocTH a., TO noBopoT OKOJIO 

TO'IKH C, OT06pa:iKaroiu;eii p aa a., nepeBO,ll;HT AB D (3a,n;aqa 5 § 6). CJie,n;o

BaTeJibHO, CA= CD. IloBopoT c u;enTpoM B, OT06pa:>Ka10ID;HH y na a., TaK:iKe 

nepeBO,ll;HT AB D, OTKy,n;a BA= ED. lfa noJiy'IeHHhIX paBeaCTB BhITeKaeT 

CHMMeTpH'IHOCTb TO'IeK A a D oTnocnTeJibHO (BC). 3na'IHT, (AH) J_ (BC). 
AnaJiorII'IHO (EH) J_ (AC) H (CH) J_ (AB). 

1.122. IJ;enTpaJ1bHa5l CHMMeTpHS!: OTHOCHTeJibHO TO'IKH nepeCe'IeHH5I oceii 

,n;aHHblX CHMMeTpHii. 
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1.123. EcJIH an b n c = 0, TO qepe3 TOqKy 0 npoBe,II.eM npRMYIO l TaK, 

'l:T06h1 L(a, b) = L(l, c) (yrJihI opHeHTnpoBaHHhie). Tor,n;a Sb o Sa= Sc o Si, 
OTKy,n;a Sc o Sb o Sa= Sz. B cJiyqae napaJIJieJihHOCTH npRMhIX a, b, c pemeHHe 

aHaJiorHqHo. 

1.124. To)K,ll;eCTBeHHoe rrpeo6pa3oBaHne. 

1.125. Ilpa:Mhie l, m, p rrepeceKaIOTCR B 1IeHTpe 0 mcpy)KHOCTH (ABC), 
II03TOMY Jra)K,ll;a.H H3 Jira3aHHbIX KOMII03HI~HH eCTb oceBaR CHMMeTpHR ( 3a

,n;aqa 1.123), OCh KOTopo:H rrpoxo,n;nT qepe3 0. KpoMe Toro, rrpn KOMTI03HII,HH 

SP o Sm o S1 ToqJ<a B Herro,II.BH)KHa. 3HaqnT, Sp o Sm o S1 =Sos· AHaJiorHqHo 

Si o SP o Sm= Soc H Sm o Si o SP= SoA· 
1.126. IlycTb I - ToqJ<a nepeceqeHHR 6ncceKTpnc TpeyroJihHHKa ABC. 

KoMn03HII,HR S1c o S1s o S 1A eCTh oceBaR CHMMeTpnR, och KOTOpoii co,n;ep

)KHT ToqKy I (3a,II.a'Ia 1.123). TaK KaK na KOMII03HIIHR OTo6pa)KaeT npRMJIO 

AC Ha ce6z, TO ee och rrepneH,n;nKyJI.srpHa AC. TaKHM o6pa30M, HCKOMoii 

ochIO .srBJiaeTC.H nepneH,II.HKyJrnp K AC, rrpoBe,II.eHHI>IH qepe3 1IeIITp I Bnn

caHHOH B TpeyrOJihHHK oKpy)KHOCTH. 

1.127. To'IKH nepeceqeHuR 6ncceKTpnc yrJIOB 'IeTI>IpexyroJII>HHKa cJiy

)KaT BepmHHaMH qeTbipexyrOJihHHKa, y KOTOporo CYMMa rrpOTHBOIIOJIO)KHbIX 

yrJioB paBHa 180°. IIoaToMy, ecJin a, b, c, d - rrp.HMbie, KOTOphrM rrpnH~

JIC)KaT nocne,II.oBaTeJihHO 6ncceKTpHChr, TO (Sd o Sc) o (Sb o Sa)= R~1800 -a.) o 

0 R~"- =Tr, r,II.e A= an b, B = c n d, IX= L( a, b)' L( c, d) = 180° - IX. 

1.1.28. Ec.nn a, b, c, d - np.srMhie, co,n;ep)Ka~He nocJie,II.oBaTeJibHO cTo

poHhI qeTbipexyrOJibHHKa, TO no YCJIOBHIO sd 0 Sc 0 Sb 0 Sa= T,., OTKy,n;a 

Sb 0 Sa= (Sc 0 Sd) 0 T;;. Ilo3T0My yrJibI IIOBOpOTOB Sb 0 Sa ll Sc 0 sd paBHbI: 

2L(a, b) = 2L(d, c). Ecm1 L(a, b)-BeJinqnHa BHyTpeHHero yma 'ieTh!

pexyroJihHllKa, TO c J'ieTOM BhI6paHHOH IIOCJie,II.OBaTCJibHOCTH npHMbIX 11 

op11eHTa1I11H yr.rm.a BeJIH'iHHa L(d, c) 6y,n;eT BeJIH'illHOH ettewtteeo yrna, 

rrpoTuBorroJIO)KHOro nepBoMy. Cne,II.OBaTeJihHO, cyMMa rrpoTnBorrono)KHhIX 

JI'JIOB qeTbipexyrOJibHHKa paBHa 180°. 
1.129. TaK KaK LA + LB + LC = 180°, TO 3a,II.aHHaR KOMrr03llII,HR Tpex 

rroBopoToB npe,II.cTaBJIReT co6oii IIeH'l'panhHJIO CllMMeTpnro. Haii,n;eM ee 

1IeHTp M. PyKoBo,n;cTBJHCh TeopeMoii o KOMII0311II,H11 ,n;Byx rroBopoToB 
(n. 7.6), HaXO,II.llM, 'ITO R~B o R7,.A = RfA+Ls = R}800 -Lc, r,II.e I -n;eHTp 

BirncaHHoii B TpeyrOJibHllK ABC OKPY)KHOCTll. IlpHMemrn e~e pa3 TY 

)Ke TeopeMy K KOMII03111IHH R§c o R}800 -Lc, nonyqaeM, 'ITO TO'IKa M 
.HBJIHeTcSI opToroHaJihHOii npoeKIIHeii TO'IKll I Ha AC, nocKOJihKY Tor,n;a 

LM IC= 90° - (1/2)LC 11 LMCI = (1/2)LC. 
1.130. CyMMa yrJIOB noBopoTOB paBHa 180°, rroaTOMY nx KOMrro311II,Heli 

6y,II.eT 1IeHTpaJihHaR CllMMeTplla:. ECJill TpeyrorrhHHK ABC opneHTHpoBaH 

OTpm1aTeJibHO, TO TO'IKa B JKa3aHHOH KOMil03HD;Heii OT06pa)KaeTCR Ha ce6a: 

11 II03T0MY SIBJISICTCH 1IeHTPOM 3TOH CHMMeTpHH. 
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1.131. K0Mrro3nu;na qeTbipex rroBopoTOB Ha go0 Ka2Kll:hIH OKOJIO u;eHTpOB 

KBa,n:paTOB eCTb TO:ac,n:eCTBeHHOe rrpeo6pa30BaHlie. Ha OCHOBaHHH 3a,ri:aqH 4 
§ 8 0Tc10,n:a CJie,nyeT AOKa3hIBaeMoe yTBep:ac,n:eHHe. 

1.132. IlycTb TpeyroJibHHK ABC opHeHTHpoBaH IIOJIO)KHTeJihHO H 0 1, 

0 2, 0 3 -u;eHTpbI KBa,n:paToB, rrocTpoeHHbIX Ha ero CTopoHax BC, CA, AB 
COOTBeTCTBeHHO. KoMII03HIJ;H.SI R~03° o R~1° eCTb u;eHTpaJibHaa CHMMeTp:ua c 

u;eHTpoM B cepeAHHe K CTopOHhI AC, TaK KaK cyMMa yrJioB rroBopoToB paB

Ha 180° n C--> A. CJie,n:oBaTeJihHO, TpeyroJibHHK 0 1K03 rrpaMoyroJibHhI:il: 

paBH06e,n:peHHh1::il:, LK =goo (rr. 7.6). ,Il;aJiee, HJt ( C) =Dz n R9:}
0 

( 0 3) = 0 1 
II03TOMY OTpe3KH C03 H 0 1 Oz paBHhI H neprreH,n:HKym1pHb1. 

1.133. KoMII03HIJ;H.SI R<J;i
0 

o R2?
1
°0 

o R1;j00 
eCTb TOJK,n:ecTBeHHoe rrpeo6pa-

30BaHue, TaK KaK cyMMa yrJIOB rroBopoTOB paBHa 360° n TOqlffi A Herro

ABHJKHa rrpH 3Toii KOMII03HIJ;HH. YrJihI TpeyroJibHHKa l'vfOP paBHbI go0
, 

60°' 30°. 
1.134. QqeBH,LViO, AOCTaToqHo IIOCTpOHTb OCb nepeHOCHOH CHMMeTpHH. 

A oaa rrpoXOAHT qepe3 cepeAHHY oTpe3Ka AA 1, coe,n:HHa10iu;ero ,n:aHHhie 

COOTBeTCTBeHHble TOqKH, rrapaJIJieJibHO 3a,ri:aHHOMY BeKTOpy f =f o. II pH 

AA1 II f (AA1 =/. r) HJIH AA1 J_ f 3a,n;aqa pemeHH.H He HMeeT. 

1.135. Wt= Z0 o Su= Sv o Zp, rrpHqeM u J_ l, v J_ l, u n l = P, v n l = 0, 
PO= (1/2)r. 

1.136. IlpH Ka2K,n:OH rrepeHOCHO:ii: CHMMeTpHH, OT06paJKa10iu;e:ii: OAHY H3 

,n:aHHblX oKpy2KHOCTe:ii: Ha ,n:pyry10, u;euTpbI OKPYJKHOCTe:il: .HBJiaJOTCa co

OTBeTCTBeHHhIMH TOqKaMH. BcJie,n:CTBHe 3TOro OCH BCex 3THX CHMMeTpH::il: 

npoxo,n:aT qepe3 cepe,n:HHY OTpe3Ka, coe,n:nHa10iu;ero u;eHTpbI oKpy:JKHOCTe:ii:. 

1.137. Cyiu;ecTByeT e,n;HHCTBeHHaa rrepeHOCHaa CHMMeTpHa, y,n:oBJieTBO

pa10iu;aa Tpe6oBaHH.HM 3a,ri:aqn. 0Ha 3a,n;aeTca rrapaMH ToqeK A -> B H 

0-> 01 (u;eHTpbI ,n;aHHblX OKpy)f{HOCTe:il:). 

1.138. Cepe,n;HHbl YKa.3aHHhIX OTpe3KOB rrpnHa,n;JieJKaT OCH rrepeHocHo::il: 

HJIH oceBo::il: CHMMeTpnH, 3a,n;aBaeMo:il: rrapaMH ToqeK A--> A1, B--> B1, 

C-> C1. 
1.139. Oen yKa3aHBhlx Tpex rrepeHOCHhIX CHMMeTpH:il: rrpoxo,n;aT qepe3 

cepeAHHY 0Tpe3Ka, coe,n:HH.HIOIIJ;ero u;eHTpbl ,n:aHHbIX rrpaBHJlbHblX TpeyrOJib

HHKOB. 

1.140. Cepe,n;uHhl cTopoH qeTb1pexyroJihHHKa AB 1BA1 aBJia10Tca Bep

mnHaMH poM6a. OcH YKa.3aHHhIX rrepeHOCHhIX CHMMeTpH:il: co,n;epJKaT ero 

,n;uaroHaJIH. 

1.141. IlyCTb wr =Si 0 Sv 0 Su, ZA =St 0 Si, rrpnqeM u II v, u J_ l, t J_ l. 
Tor,n:a ZA o Wz1' =(St o Si) o (Si o Sv o S,,) =St o Sv o Su. TaK KaK rrpaMbie u, 
v, t rrapaJIJieJlbHbl, TO 3Ta KOMII03HIJ;H.H 6y,n:eT oceBO:ii: CHMMeTpHe:il:, OCb p 
KOTopo::il: HM rrapaJIJieJihHa H aBJiaeTca npoo6pa3oM rrp.aMo:il: t npH nepeHoce, 

oT06paJKa10in;eM u Ha v (3a,i:i:aqa 1.123). 
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1.142. Ecm1 nepeHOcHaH CHMMeTprrn oTo6paMaeT A Ha Ai H B Ha Bi TO 

ee och npoxo,rµrT qepe3 cepe.n;HHhl oTpe3KOB AA1 H BB1 • PaBHhIM o6pa3oM 

och rrepeHocuo:ii cnMMeTpHH, npH KOTopo:ii A-+ B1 H B-+ Ai, co,n,ep:lKHT 

cepe.n;HHhI oTpe3KOB ABi H BAi. Cepe,rµrHhI cTopou qeThrpexyroJibHHKa 

AB1 BA1 HBJIHIOTCH BepmrmaMH poM6a, .n;RarouaJIH KOToporo npHHa,n,Jie

MaT OCHM YKa3aHHhIX nepeHOCHblX CHMMeTpHil. Il03TOMY HX KOMil03HIJ;HH 

ecTb n;eHTpaJibHaH CHMMeTpHa. 

1.143. 3a.n;aHHaa KOMil03Hn;HH qeTbipex nepeHOCHhIX CHMMeTpH:ii eCTb 

,lJ,BH:lKeHHe nepBoro po,n,a. Henocpe,n,CTBeHHOii npoBepKoii y6e:lK,n,aeMcH, qTo 

A - HenO,lJ,BH:lKHaH TO'iKa n AB - .IJ:BOiiHaH npRMaH 3Toro .IJ:BH:lKeHHH. TaK 

KaK OHO, O'ieBH,lJ,HO, OTJIH'IHO OT TO:lK)l;eCTBeHHOro, TO HBJIHeTCH CHMMeTpHeii 

oTHOCHTeJihHO TO'IKn A. 
1.144. KoMn03HIJ;HH Tpex n;eHTpaJibHhIX CHMMeTpnii eCTh n;eHTpaJihHaa 

CHMMeTpHH. ECJIH npn n;eHTpaJihHOll CHMMeTpHH OKpy:lKHOCTh OT06pa:lKaeT

CH Ha ce6H, TO n;eHTp CHMMeTpHH COBna,n;aeT c n;eHTpOM 0 OKPY:lKHOCTH, 

npH'IeM P MQO - napaJIJieJiorpaMM. OcmeTca ,D;OKa3aTh, 'ITO OQ =PM. 
B caMOM ,n;eJie, 

-1---1----1----
0Q= 2(0C+OD), OP= 2(0A+OB), OM= 2(0A+OB+OC+OD). 

- - - 1- - -
0Tcro,n;a noJiy'iaeM: PM= OM - OP= 2(0C +OD)= OQ. 

1.145. IlpoBe,n;eM 'Iepe3 n;eHTp 0 OKPY:lKHOCTH npHMhie a 1, a 2, a3 , a 4, 

a5 , nepneu,rµrKyJIHpHhle cTopoHaM AB, BC, CD, DE, EA ,n,aHHoro nHTH

yroJihHHKa. KoMn03HD;nH CHMMeTpnH OTHOCHTeJihHO nocTpoeHHhIX npHMhIX 

(B yKa3aHHOM nopa,n,Ke) oTo6pa:lKaeT BepmHHY A0 HCKOMoro nHTHyroJihHHKa 

Ha ce6H. Ha,n;o IlOCTpOHTh OCb l CHMMeTpHH, HBJIHIOID;eiicH yKa3aHHOH KOM

Il03HIJ;Heii. Tor.n;a TO'IKH nepeceqeHHH rrpHMoli l c OKpy:lKHOCThIO ,n;aroT ,lJ,Ba 

pemeHirn 3a,n,a'IH. 

1.146. MHO:lKeCTBO Heno,n,BH:lKHhlX TO'IeK (,n;Jia Ka:lK,ll;Oii H3 HHX x' = x, 
y' = y) HMeeT ypaBHe1rne x - ,/3y = 0 ( OCh CHMMeTpHH). 

1.147. a) R</:;°°, 6) R2]00
, B) R2f00

, r) oceBaH CHMMeTpmr OTHOCHTeJihHO 

npHMOll V3x + y = o. 
1.148. ,Ll;BH:lKeHne nepBoro po,n;a: 

{

x'= :
3

(-12x+5y+59), 

y' = 
1
1
3 

(-5x - 12y + 43). 

,Ll;BH:lKemre BToporo po,n;a: 

{
x' =y+ 3, 

y' = x + 1. 
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1.150. 

{ 

x' = x - a2 ~ b2 (ax+ by+ c) - b, 

y' = y- a2 ~ b2 (ax+ by+ c) +a. 

1.151. Ax+ By - (2Ax0 + 2By0 + C) = 0. 
1.153. CHcTeMy KOop,~1rnaT MO)KHO Bh16paTh TaK, 'iT06h1 KaCaTeJihHaH K 

OKPY)KHOCTH HMeJia ypaBHeHHe y = 1. IlyCTh BepnrnHa A HMeeT Koop,n;HHaTbl 

ix, p. Ilo yCJIOBHIO BhI6opa CHCTeMhI KOOp,rt;HHaT OA = /2, T. e. ix2 + p2 = 2 

(yCJIOBHe Toro, 'ITO KBa,n;paT OIIHCaH OKOJIO OKPY2KHOCTH x 2 + y 2 = 1). ~aJiee 
HanHIIIHTe ¢opMyJihI noBopoTa R'f}° H Hail:,n;HTe Koop,n;HHaThI BepmHH B, C, D. 

1.154. Bb16epeM CHcTeMy Koop,n;HHaT TaK, 'iT06h1 ocb Oy 6hma napaJI

JieJihHa npHMhIM AA1 H BBi. a Ha'iaJio Koop,rt;HHaT coBna,n;aJio c BepmH

HOil: C npHMoro yrJia. IIycTh npHMaH l HMeeT ypaBHeHHe y = kx. ECJIH 
TO'iKa A HMeeT KOOp,z:t;HHaThl ix, p, TO A 1(ix, kix), B 1(-p, -kp). Haxo,n;HM 

CAi +CBi =CA2(l +k2
). TaK KaK k=tg(::2 -cp) =ctgcp, TO 1 +k2 = ~ 

sm cp 
1 

H no9TOMY CAi + CBi = CA 2 
• -.-2-. sm cp 

1.155. IIycTh TpeyroJihHHK ABC opHeHTHpoBaH noJI02KHTeJihHO. 
- 1- -

IlpH noBopoTe BeKTopa BE= 
2

(BA +BC) Ha 90° noJiyqaeM BeKTOp 

1- - l-
2(BM +QB)= 2QM, 'ieM H 3aKaH'iHBaeTCH pemeHHe. 

1.156. IlycTh 01, 02, 03, 04 -n;eHTphl KBa,n;paTOB, IIOCTpoeHHhIX COOT
BeTCTBeHHO Ha cTopoHax AB, BC, CD, DA napaJIJieJiorpaMMa ABCD (ero 

C'iHTaeM opHeHTHpoBaHHhlM OTpHn;aTeJibHo). Tor,n;a 0 10 4 = 0 1A + A04. 

IlpH noBopoTe Ha 90° 0 1A--. 01B H A04 --> B0 2 , nonoMy Oi04 --> OiB + 
+ B02 = Oi02. CJie,n;oBaTeJihHO, BeKTOphl 0 10 4 H 0 10 2 nepneH,z:t;HKym1p

Hhl H HMeIOT paBHhie ,ZJ;JIHHhl. B CHJIY CHMMeTpHH OTHOCHTeJihHO n;eHTpa 
napaJIJieJiorpaMMa ABCD 'ieThlpexyroJihHHK 0 10 20 30 4 HBJIHeTCH napaJI

JieJiorpaMMOM, H BCJie,n;CTBHe ,ZJ;OKa3aHHOrO OH - KBa,n;paT. 
-- 1- -

1.157. BeKTOp MN= 
2

(AC1 +CB) noBopoTOM Ha 60° oT06pa)KaeTcH 

1- - -
Ha BeKTOp 

2 
(AB + C Ai) = MP. 0Tcro,n;a cJie,n;yeT, 'ITO TpeyroJihHHK JV! NP 

npaBHJlhHhlH. 

1.158. IloBopoTOM Ha 60° BeKTop Ai 0 = A 1 C + CO oTo6pa)KaeTrn Ha 

BeKTOp AiB+OA=(MB-MAi)+(MA-MO)=-(MAi +M0)=-2MD, 
r,n;e D-cepe,n;HHa OAi. 9To 3Ha'iHT, 'ITO TpeyrOJihHHK lv!OD npaBHJihHhiil:, 
LMOA1 =60°. ~aJiee Haxo,z:t;HM LOA1 M = 30°, LOMAi = 90°. 

- 1-- --
1.160. BeKTOp PR= 

2
(A1Ci + BD) oT06pa)KaeTCH Ha BeKTop QS = 

1 -- --
= 2(B1D1 +CA) noBopoTOM Ha 90°. 
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1.161. IlycTb TpeyroJibHHK ABC opHeHTnpoBaH rroJIO)KHTeJihHO H 

R 900 (AB)= CD. Tor,n;a BeKTOp AQ =AB+ BQ rroBopoTOM Ha goo 0To6pa-

21<aeTC.H Ha BeKTop CD+ BC= BD n NB= NA +AB-+ AC+ CD=AD. 
CJie,n;oBaTeJibHO, rrpHMhie CD, AQ, NB co,n;ep21<aT BhICOTbI TpeyroJihHHKa 

ABD, a 3TO coBna,n;aeT c ,n;oKa3bIBaeMbIM yTBep)K)l;eHneM. 
- 1- -

1.162. BbmOJIHHTe rroBopoT BeKTopa SM= 2(AD +BE) Ha go0
• 

1.163. PaccMOTpHM MHOroyroJihHHK B1B1 ... Bn c BepmmrnMH B TO'l

Kax KaCaHH.H. 0'leBH)VIO, BiB2 + B2B3 + ... + Bn-1Bn + BnB1 = 0. Ilpn 

IIOBOpOTe R~00 OTpe3KlI B 1B2, BzB3, ... , BnB1 OT06pa21<aIOTC.H Ha OT

pe3Kll C1C2 , C2C3 , ..• , CnC1 , napaJIJieJibHbie cooTBeTCTBeHHO oTpe3KaM 

OA1, OA2, •.• , OAn- Ho C1C2 + C2C3 + ... + Cn_ 1Cn + CnC1 =0, rrpn'IeM 

C1C2 =sinL'.A1 -0A1, C2C3 =sinL'.A2·0A2, ... , CnC1=sinL'.An·OAn
CJie,n;oBaTeJibHo, 

sin L'.A1 • OA1 +sin L'.A2 · OA2 + ... +sin L'.An · OAn = 0. 

1.164. IloBOpOTOM OKOJIO rrpOH3BOJibHOH IIJIOCKOCTll Ha goo TpeyrOJib

HllK ABC 0To6pa21<aeTC.H Ha HeKOTOpbIH TpeyroJibHHK A0 B0 C0 • 0'leBn,n;Ho, 

B 0 C0 =xAA1 , C0 A0 = yBB1, A0 B 0 = zCCll r,n;e 'lnCJia x, y, z IIOJI02KHTeJih

HbI (nJIH 2Ke BCe OTpnn;aTeJibHbI): 

Bo Co BC BC2 a2 

x = AA1 = AA1 = 25'" = 2S' 
c2 

z=-
2S 

(S -rrJIOID;a,ll;b TpeyrOJibHHKa ABC). TaK KaK B 0 C0 + C0 A0 + A0 B 0 = 0, TO 

xAA1 + yBB1+zCC1=0 n rro3TOMY a2 AA1 + b2 BB1 + c
2CC1 = 0. 

fmma II 

2.01. qeTbipexyrOJibHHK c BepmnHaMH B cepe,n;HHaX CTOpOH ,n;aHHOrO 

'!eTbipexyrOJibHllKa .HBJl.HeTC.H rrapaJIJieJiorpaMMOM. 06pa3bl ,n;aHHOH TO'!Kll 

rrpH yKa3aHHbIX CHMMeTpmi:x CJIY2KaT BepmnHaMH '!eTbipexyroJibHHKa, ro

MOTeTH'IHOrO 3TOMY napaJIJieJiorpaMMy. 

2.02. 0Kpy2KHOCTH rOMOTeTH'!HbI OTHOCHTeJibHO TO'!Kll KaCaHH.H. Ilpx

Mble AB n CD - cooTBeTCTBeHHhle npH 3Toii roMoTeTnn. 

2.04. TpeyroJihHHK A 1 B 1 C1 roMoTeTn'!eH TpeyroJihHHKY c BepmHHaMn 

B cepe,n;HHax cTopoH TpeyroJihHHKa ABC. 
2.05. IlycTh D - cepe,n;1rna AB n M - rreHTpoH,n; TpeyrOJibHHKa ABC. 

Tor,n;a HJj 3 (C) = A1. Ilo3TOMY ecJIH TO'!Ka C rrpo6eraeT rrpxMyro, TO TO'l

Ka M rrpo6eraeT rrpxMyro, eii napaJIJieJibHyro, KOTopyro JierKo rrocTpOHTb. 

2.06. 0Kpy2KHOCTb, KaCaIOII{a.HC.H ,n;aHHOH 0Kpy2KHOCTH B 06II{eM KOHI{e 

xop,n;. 
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2.07. llcrrOJib3YHTe )l;Be rOMOTeTHH: 1) rOMOTeTHIO c 11,eHTpOM B TO'lKe 0 
rrepece'teHHH .n;HaroHa.rre:ii: AC H B D Tparre11,HH ABC D, rrpH KOTopo:ii: A-+ C, 
2) rOMOTeTHIO c 11,eHTpOM B TO'IKe rrepeceqeHHH rrpO,lJ.OJI)KeHn:ii: 60KOBbIX CTO

poH AD HBC, rrpH KOTopo:ii: A-+ D. 
2.09. 9TH OKPYlKHOCTH rOMOTeTH'IHbI OTHOCHTeJibHO HX o6rn;e:ii: TO'IKH 0, 

IIOCKOJibKY OHH OIIHCaHbI OKOJIO roMOTeTH'IHbIX OTHOCHTeJibHO Hee TpeyroJib

HHKOB. To'IKa 0 rrpnHa.n;JielKHT JIHHHH 11,eHTpoB oKpylKHOCTe:ii:, 'ITO .n;oKa3bI

BaeT HX KaCaHHe B TO'!Ke 0. 
2.10. IlyCTb .n;aHHbie HepaBHhie OKpylKHOCTH w H Wi HMeIOT 11,eHTpbl 0 

H Oi, BE w, CE Wi H (BC) n (OOi) = s. Tor.n;a Hff~c(w) =Wi. EcJIH AD
.n;naMeTp OKPYlKHOCTH Wi, TO rrpH yKa3aHHO:ii: roMoTeTHH A -+ D H, 3Ha'IHT, 

(AB) II (DC), LBAC = LACD = 90°. Kor.n;a OKPYlKHOCTH w n w1 paBHhI, 

YTBep)K,ll;eHne oqeBH)l;HO. 

2.12. EcJIH rrpu roMoTeTHH, oTo6palKaIOIIl,e:ii: 60JibIIIYIO OKPYlKHOCTb Ha 

MeHhmyro, M-+ Min N-+ Ni, TO (MiNi) II (MN), OTKy.n;a '-'MP= ,_,pN 
n LMAP=LPAN. 

2.13. PaccMaTpHBaH o6pa3 ceKyrn;eii: rrpH roMOTeTHH c 11,eHTpoM A, 0To6-

palKa10I11,e:ii: o.n;Hy oKpylKHOCTb Ha .n;pyryro, o6HapylKnBaeM, 'ITO LP AQ = 

= LMAN, OTKy.n;a cJie.n;yeT LMAP = LNAQ. 
2.14. PaccMOTPHM roMoTeTnro c 11,eHTpoM A, rrpu KOTopo:ii: OKPYlKHOCTh, 

npoxo)l;HIIl,aH qepe3 TO'IKH ]\;[ H N, oTo6palKaeTCH Ha oKpylKHOCTh, co.n;ep

lKaIIl,YIO TO'IKH P H Q. IlycTh rrpH 3To:ii: roMoTeTHH ]\;[-+Mi n N-+ N 1• 

IlpoBe.n;H 06I11,Y10 KacaTeJibHYIO K oKpy:>KHOCTHM B TO'!Ke A, Haxo.n;nM: 

LM AQ + LN AP= LM AN+ LP AQ + 2LN AP= 

=~,_,MN+ ~,_,PQ + 2G,_,AN +~'-'AP)= ~'-'M1Ni + 
1 1 + 2'-'PQ + '-'AN1 +'-'AP= 2('-'M1Ni + ,_,pQ + 2'-'NiAP). 

IIocKOJibKY (MiNi) II (PQ), TO '-'NiAP = '-'MiQ. IIo::iToMy rroJiy'IeHHaH 

cyMMa yrJIOBbIX BeJIH'IHH .n;yr paBHa yrJIOBo:ii: BeJIH'IHHe OKPY:>KHOCTH H, 

3Ha'IHT, LM AQ + LN AP= (1/2) · 360° = 180°. 
2.15. IIycTb qepe3 11,eHTP S roMoTeTHH ,n;Byx OKPY:JKHOCTe:ii: rrpoBe.n;eHbI 

.n;Be rrpon3BOJibHbie ceKylll,He, o.n;Ha H3 KOTOpbrx rrepeceKaeT OKPY:JKHOCTH 

B cooTBeTCTBeHHbIX rrpH roMOTeTHH c 3THM n;eHTpOM TO'IKaX A H A 1, B 
H Bi, a .n;pyraH-B TO'IKaX c H ell D H Di. ,Il,oKa3bIBaeMoe paBeHCTBO 

SA· SB1 =SC· SD1 CJie.n;yeT H3 no.n;o6HH TpeyroJibHHKOB ACS H D1 B 1 S. 
2.17. IlycTb rrpH 3a.n;aHHo:ii: roMoTeTHH M-+ M 1 H N-> N 1. IlpHMaH M 1 N 

H rrapa.rrJieJihHaH e:ii: npHMaH, npoxo.n;Hrn;aH qepe3 TO'IKY M, cocTaBJIHIOT 

Hy:JKHYIO rrapy rrpHMbIX. ,Il,pyro:ii: TaKo:ii: rrapo:ii: HBJIHeTCH rrpHMaH M Ni H 

rrapa.rrJieJibHaH e:ii: rrpHMaH, rrpoxo.n;Hrn;aH qepe3 TO'IKY N. 
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2.18. IlycTb cr-,n;aHHa5! OKPY:IKHOCTh c u.eHTpoM 0 JI pa,n;JiycoM r. Ilo 

ycnOBJIJO 3a,n;aqJI H-;/ 3 
( C) = B. Ilo3TOMY TO'!Ka B npJIHa,n;ne:IKJIT o6pa3y ct1 

OKpy:IKHOCTJI C( npJI 3TOH rOMOTeTJIIl n, cne,n;oBaTeJibHO, 5!BJI5!eTC5! o6m;eii 

TO'IKOH 3TJIX oKpy:IKHOCTeii. IlpJI 0 A < 5r cym;ecTByeT ,n;Ba pemeHJI5!, npJI 

0 A = 5r - o,n;Ho, a npJI 0 A > 5r perneHnii HeT. 

2.19. IlycTb Tpe6yeTcH rrpoBeCTII qepe3 06nzy10 TO'IKY A ,n;Byx ,n;aHHbIX 

OKpy:IKHOCTeii ct JI p np5!MYJO MN ( M E cr, N E p) TaK, 'ITO MA : AN = m : n, 
r,n;e m JI n -,n;aHHhie oTpe3KJI. foM0TeT1rn H~ npJI k = -n/m oT06pa:1KaeT AI 
Ha N JI oKpy:lKHOCTb ct Ha oKpy:IKHOCTh cr1, npoxo,n;51m;yro qepe3 N. Ilo3TOMY 

TO'!Ka N ecTb 06m;a51TO'!Ka0Kpy:1KHOCTeii cr1 n p. EcnJI ,n;aHHhre OKpy2KHOCTJI 

nepeceKaJOTca, TO 3a,n;a'la JIMeeT ,n;Ba pemeH1rn; ecJIJI :/Ke OHJI KacaroTC5!, TO 

3a,n;aqa JIJIJI He JIMeeT pemeHJI5! HJIJI )Ke pemeHJIH 6eCKOHe'!HO MHOro. 

2.20. 3a,n;aqa pemaeTc5! aHanorJI'IHO npe,n;h1,n;ym;eii. 0Ha JIMeeT ,n;Ba pe

meHJI5!, cooTBeTCTBYIOnrJIX K03cpqm1J.HeHTaM k JI 1 / k roMoTeTJIH. 

2.21. IlocTpoiiTe KaKYlO-HJI6y,n;h oKpy)KHOCTh w, BITJICaHHYJO B ,n;aHHbIH 

yroJI c BeplIIHHOH 0' a 3aTeM rOMOTeTJieH c u.eHTPOM 0 OTo6pa3JITe ee Ha 

JICKOMYIO OKPY:IKHOCTb. EcJIJI w n (OA) = {P, Q}, TO HY:lKHbIMll rOMOTeTJI-

5!Mll 6y,n;yT roMoTeTJIJI H{;-A JI Hg-A. Cyru.ecTBYIOT ,n;Ba pemeHJI5!, eCJIJI 

TO'!Ka A npmrn,n;ne.lKIIT BHyTpeHHeii o6nacTn yrna. 

2.22. licKoMa5! TO'!Ka 5!BJI5!eTc5! u.eHTpoM OKPY2KHOCTJI, co,n;ep:1Kam;eii: TO'l

Ky M n Kacarom;eii:c5! rrp5!MOH a. ,II;anee pemeHJie aHanorn'IHO pemeHJIIO 

npe,Ll;br,n;ym;eii 3a,n;a'IJI. 
2.23. YroJI Me)K,n;y npaMoii JI oKpy)KHOCTbIO ecTb no onpe,n;eneHJilO yron 

Me)K,ll;Y 3Toii: np5!MOii: JI KacaTeJibHOH K oKpy)KHOCTJI B TO'IKe Jix nepeceqe

HJI5!. EcnJI np5!Ma5! nepeceKaeT ,n;Be oKpy2KHOCTJI no,n; paBHhIMJI yrnaMJI, TO 

KaCaTeJibHhie K 0Kpy:1KHOCT5!M B cooTBeTCTBeHHhIX TO'IKaX napanJieJibHhI, 

'ITO B03MO:IKHO JIJIIIIb npJI ycJIOBJIH, eCJIH np5!Ma5! npoxo,n;JIT 'Iepe3 u;eHTp ro

MOTeTJIH OKPY2KHOCTeii. EcJIJI ,n;aHHaH TO'!Ka A He coBna,n;aeT HJI c O,n;HJIM 

H3 u;eHTpoB 8 1 JI S2 roMoTeTnii: oKpy:IKHOCTeii, TO np5!Mhre AS1 JI AS2 -

,D;Ba pemeHJI.H 3a,n;a'IH rrpn ycJIOBHJI, 'ITO OHJI rrepeceKaIOT o6e 0Kpy2KHOCTH. 

3a,n;aqa MO:IKeT nMeTb ,n;Ba perneHJI5!, o,n;Ho pemeHJie, 6ecKoHe'IHO MHOro pe

meHnii: HJIH He JIMeTb pemeHHH B 3aBJICJIMOCTJI OT B3aJIMHOrO pacrrOJIO)KeHJI5! 

OKpy:1KuocTeii: JI TO'!Kn A. 
2.24. IlpoBe,n;eM KaCaTeJibHYID t K OKPY2KHOCTJI B Bbr6paHHOH Ha ueii 

TO'!Ke s. IlOCTpOJIM HeKOTOpbIH KBa,n;paT B 0,Ll;HOll nonynJIOCKOCTH c OKpy2K

HOCTblO OT rrp5!MOH t, CTOpoua KOTOporo rrp1rna,n;Jie:IKJIT t, a cepe,n;JIHa 3TOll 

CTOpOHbl COBrra,n;aeT c s. fOMOTeTJI5! c u;eHTpOM s OT06pa:1KaeT 3TOT KBa,n;

paT Ha JICKOMbIH. Pememrn Bcer,n;a cym;ecTByeT JI e,n;HHCTBeHHO ( c TO'IHO

CTblO ,n;o rrono:1KeHH5!). EcnJI a - ,D;JIJIHa cTopoHhI nony'leHHoro KBa,n;paTa n 

R - pa,n;nyc OKPY:IKHOCTn, TO no TeopeMe o cpe,n;HeM rrponopu.JioHaJibHOM 

(2R- a)a = (a/2)2, OTKy,n;a a/R = 8/5. 
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2.27. IlycTh ABC D - ncKOMbrii napamreJiorpaMM c 1IeHTpoM 0 n 

AC: ED= m: n, r.n;e m n n -,n;aHHhie oTpe3KH. Ha Jiy'lax OA n OB rro

cTpOHM coOTBeTCTBeHHO TO'IKH A1 n B1, .n;m1 KOTOphIX OA1 =m n OB1 =n. 
Tor.n;a (A1B 1) /I (AB) (roMoTeTn.H). TpeyroJihHIIK OA 1B 1 cTponTC.H no ,n;ByM 

cTopoHaM n yrJiy Me2K.n;y HHMH. Ilo 3a,n;aHHOH CTopoHe AB CTpOHTC.H Tpe

yroJihHHK AOB n 3aTeM rrapaJIJieJiorpaMM ABCD. 
2.28. Ctta'laJia rrocTpoiiTe Tpane1IHID no .D;BYM yrJiaM n .D;BYM ocHoBaHn

.HM, paBHhIM OTpe3KaM, 3a,D;alOIIIllM OTHOIIIeHne OCHOBaHHii llCKOMOll Tpane-

1Illll. l1CKOMa.H Tpane1Ill.ll .!IBJI.HeTC.ll o6pa30M nOCTpOeHHOii npn rOMOTeTHll, 

3a n.eHTp KOTOpoii y.n;o6HO npHH.!ITh BepIIIHHY Tparren.:rrn, a rrapy COOTBeT

CTBeHHbIX TO'leK JierKO IlOJIY'lllTh c nOMOIIIhlO BhICOT nocTpOeHHOH ll HCKO

MOii Tparre1IHH. 

2.29. IIycTh HCKOMa.H OKPY2KHOCTh w KacaeTc.H ,n;aHHOii: OKPY2KHOCTH a. B 

TO'!Ke Sn ,n;aHHoii rrp.HMoii m B ,n;aHHOii TO'!Ke A. I'oMOTeTn.H c n.eHTpoM S, 
OTo6pa2KaIOIIIa.H w Ha a., nepeBO.D;HT np.HMYID m B KacaTeJihHYIO t K a.. TaK 

KaK t II m, TO TO'IKa T KaCaHH.H np.HMOH t n OKPY2KHOCTH a. JierKo cTpOHTC.H. 

Ilp.HMa.H TA nepeceKaeT a. BTOpH'IHO B :rrcKoMoii TO'!Ke S. ,Il;aJihHeiiIIIee no

CTpoeHne .HCHO. 3a,n;aqa nMeeT ,n;Ba peIIIeHn.H, ecJin A tf. a.. Ilpn A Ea. pemeHnii: 

HeT HJill 2Ke llX 6ecKoHe'IHO MHOro. 

2.30. ,Il;JI.H IlOCTpoeHH.ll TO'IKll KaCaHH.ll ll ,n;aHHOll np.HMOH ncnOJih3yii:Te 

TY 2Ke roM0TeTn10, 'ITO n B 3a,n;a'le 2.29. B o6IIIeM CJiyqae 3a,n;aqa nMeeT ,n;Ba 

peIIIeHn.H. B 'laCTHhIX cJiy'la.Hx HX M02KeT 6hrTb o,n;Ho, 6ecKoHe'IHO MHOro HJIH 

2Ke He cyIIIeCTBOBaTb COBCeM. 

2.31. O'!eBn,n;Ho, ycJIOBHe a II b Heo6xo,ll,HMO. IlycTh (AB) ,ft a n (AB) n a= 
=Ao, (AB) n b =Bo. ECJIH AAo-=!= BBo, TO cyrn;ecTByeT e,n;HHCTBeHHa.H ro

MOTeTH.H, npn KOTOpoii: A-+ B II a-+ b (Ao-+ B0 ). EcJin AA0 = BB0 , TO 

roMoTeTHH He cyIIIeCTByeT, a cyIIIeCTByeT nepeHoc. Kor.n;a (AB) II a II b, TO 

Ha np.HMoii AB HMeeTc.H e.n;nii:cTBeHHa.H TO'IKa, CJIY2KaIIIa.H 1IeHTpoM HCKOMOii: 

roM0TeT1rn. ,Il;JI.H ee nocTpoeHH.H .n;ocTaTO'IHO npoBeCTH qepe3 AH B napy na

paJIJI€JibHhIX rrp.HMhIX, TO'IKH nepece'leHH.ll KOTOpbIX c a II b COOTBeTCTB€HHO 

COCTaBJI.lllOT BTOPYIO napy COOTBeTCTBeHHhIX TO'leK npn HCKOMOH I'OMOTe

THH. li,eHTp 3TOH I'OMOTeTHH He 3aBHCHT OT Bh16opa BCnOMoraTeJibHOH napbl 

napaJIJieJibHbIX np.HMbIX. 

2.32. IlpoBe,n;nTe qepe3 TO'IKY M ,n;Be np.HMh1e, napaJIJieJibHh1e np.HMbIM l 
H l1, H ,Ll;OKa2KHTe, 'ITO TO'IKH N H p .!IBJI.!llOTC.ll COOTBeTCTBeHHblMH npn 

I'OMOTeTHH c n.eHTPOM l'v1. 
- 1- - - -

2.33. ,Il;JI.H JI106o:il: TO'IKH 0 :rrMeeM: OA1 = 3(0B + OC +OD), OB1 = 
1 - - - -- -- -- 1-

= 3(0A+OC+OD). Ilo3TOMY A1B 1 =0B1 -OA1 =- 3AB. l1MeeTc.H eIIIe 

II.!ITh aHaJIOI'H'IHbIX paBeHCTB. 0TcIO,n;a 3aKJIIO'laeM, 'ITO 'leTbipexyrOJibHHK 

A 1B1C1 D1 roMoTeTn'leH '1€Tb1pexyroJihHHKY ABC D c Ko3¢qmn.:rreHTOM 
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1 
k = - 3. IlpaMbie AA1 , BB1 , CC1, DD1 nepeceKaIOTCR B n;eHTpe roMoTeTim, 

KOTOpbIM aBJrneTca n;eHTpon,ri; G "<IeTbipexyroJibHIIKa ABC D - TO"<IKa rrepe-
- 1- - - -

ce"<IeHna ero cpe,ri;Hnx JIHHHit (3a,ri;aqa 1.21). OG = 4(0A +OB+ OC +OD). 

2.34. foMoTeTIIa Hi1 OTo6pa:iKaeT TpeyroJihHHK ABC Ha TpeyroJibHHK 

A1 B1 C1 n, 3Ha"<IHT, n;eHTpon,ri; G rrepBoro TpeyrOJibHHKa Ha n;eHTpon,ri; !VI1 
BTOporo. To"<IKa G rroCTORHHa II RBJIReTca cepe,ri;IIHOH oTpe3Ka !YI l\!I1 • CJie

,.a;oBaTeJibHO, rrpeo6pa3oBaHne A1--+ A11 ecTh CHMMeTpHa c ri;eHTpoM G. 
-1---- -

2.35. ,Il;Jia JII06oit TO'IKH 0 nMeeM: 0G= 4(0A+OB+OC+OD) H OG0 = 
1- - - -

3(0A+OB+OC), r,.a;e G0 -n;eHTpon,.a; TpeyroJihHHKa ABC. 0Tcro,n.a OG= 
3- 1- -- -- -- l--

=40G0+40M II rronoMy G0 G=OG-OG0 = 4G0 M. CJie,ri;oBaTeJihHO, rrpe-

1 
o6pa3oBaHHe A1---+ G eCTh roM0TeT1rn c n;eHTpoM G0 II Koa¢qmn;neHTOM 4. 

2.36. EcJin (AB) II (A1B1), (BC) II (B1C1), (CD) II (C1D1), (AD) II (A1D1), 
(AC) II (A1C1), (BD) II (B1D1), TO "<IeTbipexyroJihHHK ABCD M02KHO oTo6-

pa3HTh Ha qeThipexyroJihHHK A1B1C1D1 roMoTeTneit HJIH rrepeHocoM. 

0,.a;HaKo M02KHO rrpe,n.rroJI02KHTh, 'ITO (AB) II (C1D1), (BC) II (A1D1), (CA) II 
II (B1Di), (CD) II (A1Bi), (AD) II (B1C1), (BD) I/ (C1A1). B 3TOM cJiyqae 

He cyI1IeCTByeT OT06pa2KeHHR IIJIOCKOCTH Ha ce6a, rrpH KOTOpOM npa

Mbie OT06pa:iKaIOTCR Ha rrpaMbie H O,ll.HOBpeMeHHO BepIDHHbI rrepBoro qe

TbipexyroJibHHKa Ha BepIDHHhl BTOporo. IlpnBe,.a;eM rrpuMep TaKHX ,LJ;Byx 

qeTbipexyrOJibHHKOB, )l.JIR KOTO-

pbIX BhlIIOJIHRIOTCR BCe meCTb 

IIOCJie,l].HHX ycJIOBllll rrapaJIJieJib

HOCTH. IlycTh ABC D - "<IeThI

pexyroJibHHK, He HMerom;m":i: OIIH

caHHOH oKpy2KHOCTH. IlocTpOHM D 

cepe,n.HHHhle rreprreH,lJ.HKYJIRpbI K 

ero cTopoHaM n ,ri;naroHami:M. Ec-

JIH HX IIOBepHyTb Ha 90° OKOJIO 

rrpOH3BOJibHOrO n;eHTpa, TO IIOJiy

'IHM "<IeTbipexyroJibHHK A1B1 C1D1 
(puc. 137). OH HeroMoTeTu"<IeH qe-

Di"""-1r---b~~ 

TbipexyroJihHHKY ABCD, xoTa ero 

CTOpOHbI H ,lJ.HaroHaJIH rrapaJIJieJib

HbI CTOpoHaM H ,n,uarOHaJIRM qeTbI

pexyrOJibHHKa ABCD. 

Pnc. 137 

c 

2.37. EcJin 0 n k1 -n;eHTP n Ko::i¢¢nn;neHT roMoTeTnn, TO OA1 = k1 OA. 
-A OA+kOA1 -A l+kk1- S1 2 

Ilo ycJIOBHIO 0 2 = 
1 
+ k . 0Tcro,n.a 0 2 = 1+k 0 A. TaK KaK S = k1 
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S2 = ( 1 + kk1 ) 
2 

H S l+k ' 
fC7C (1 +k.jSJ§)2 

TO ki = v D1/ D H II03TOMY S2 = s 1 + k = 

= (./S+k#i) 2
• 

l+k 
2.38. Ha npaMoli a B03hMHTe TOqKy A0 II nocTpoliTe rrpoxo,rvnuyro qe-

pe3 Hee rrpaMyID g, KOTopaH nepeceKaeT b H c B ToqKax B 0 H Co TaK, 'ITO 

A0 B0 : B0 C0 = m: n. 9To nocTpoeHIIe BhlllOJIHHeTCSJ c rrOMOID;hID rOMOTe

THH c u;ettTpoM A0 • Cym;ecTBJIDT ,n;Be np.HMbre, o6Jia,n;arom;He Tpe6yeMhIM 

CBOHCTBOM. HcKoMa51 rrpaMaa l rrpoxo,n;HT qepe3 S napaJmeJihHO g. 3a,n;aqa 

He HMeeT peIIIeHH51 TOJibKO B CJiyqae !vi E l. 
2.39. IIpoBe,n;HTe rrpoH3BOJibHJID rrpHMYID g, napaJIJieJihHJID ,n;aHHOii np51-

MOii p II He rrpoxo,n;am;yro qepe3 TO'IKY s =an b. IIycTh g n a= Ao' g n b = Bo. 
IIocTpoiiTe Hag TO'IKY C0 , ,ll,JI.H KOTopoii AoBo : B 0 C0 = m: n (nMeeTc.H ,n;Be 

TaKHe TO'IKII). ECJIH (SC0 ) n c = C, TO npaMa51 l, rrpoxo,rvim;a51 qepe3 C rra

paJIJieJihHO g, 6y,n;eT HCKOMOii. IIpII (SCo) 11 c 3a,n;aqa He HMeeT pemeHmI. 

A 
2.40. PaccMoTpHM roMoTeTHID H~ (k > 0). 

Otta oTo6pa)lffieT HCKOMhiii 'leThipexyroJib

HHK BM NC Ha 'leTbrpexyroJihHHK BM1N1C1, 
B KOTOpOM BM1 = Nl1N1 = NiC1, M1 E [BA), 
C1 E [BC), NiC1 II AC (pHc. 138). LleThlpex
yroJibHHK BM1N 1 C1 M02KHO nocTpOHTh. Jl.Jia 

C 3Toro BbI6HpaeM npOH3BOJihHO M 1 E [BA). To'l

Ka N 1 np1rna,n;Jie2KHT OKpJJKHOCTH (M1, BM1) 

H np51MOii m, napaJIJieJihHoii: BC H npoxo)l;51m;eii 

qepe3 TO'IKY PE [CA), AJI51 KOTOpoii: C P =BM 1. foMoTeTHeii: H ';! 1c noJiy'leH

Hhlii qeTbrpexyroJihHHK B M 1 N 1 C1 OTo6pa2KaeTc51 Ha HCKOMhiii - B !vl NC. 
1 

3a,n;aqa HMeeT pemeHHe npu 2AB <AC< 2AB. 

PHc. 138 

2.41. Cepe.n;uHhI CTopoH ,n;aHHoro qeThrpexyroJihHHKa 51BJISJIOTC51 Bepmu

HaMH np51MOJrOJibHHKa, OKOJIO KOTOpOrO MOJKHO OilHCaTb OKpy2KHOCTb. fo

MOTeTH.H H;,,{3 
oTo6pa2KaeT 3TY oKpyJKHOCTh Ha oKpyJKHOCTh, co,n;ep)Kam;yID 

yKa3aHHhle u;eHTpOH)l;bI. 

2.42. MHoJKeCTBO TO'leK nepece'leHH51 Me,n;:aaH TpeyroJibHHKOB, BnucaH

HhlX B ,n;aHHyro OKPYJKHOCTh w(O, R), npe,n;cTaBJI51eT co6oii OTKpbIThiii Kpyr, 

orpaHn'leHHhrii 3Toii oKpyJKHOCTbIO. OpTou;eHTP H, u;eHTpou,n; G n u;eHTp 0 
omrcaHHOii OKPYJKHOCTH rrpnHa,n;Jie2KaT O,n;HOii np51Moii, npuqeM 0 H = 30G 
(3a,n;aqa 2 § 14). CJJe,n;oBaTeJihHO, HCKOMoe MIIoJKeCTBO ecTb OTKphlThlii Kpyr, 

roMoTeTH'IHhiii ,n;aHHOMY npu roMOTeTHH Hi. 
2.43. EcJiu A 1 u B 1 coBna,n;aroT c C, a C1 -rrpon3BOJibHa51 TO'IKa cTopo

Hhl AB, TO u;eHTPOH)l;bI Bhlpo)K,D;eHHhIX TpeyroJibHHKOB A1B1C1 np1rna,rrJie-

2KaT oTpe3KY MN, cooTBeTCTBeHHOMY AB npu roMoTeTHH HY3
• 0'leBHAHO, 

HCKOMhie u;eHTpon)l;br npuHa,n;JJe2KaT Tpaneu;uu ABA1 N. IIepece'leHne TaKnx 

294 



Tparre~li ecTh mecTHyrOJihHHK MN PQ RS, ,JJ;JIHHhI cTopoH KOToporo paBHhI 

(l/3)BC, (l/3)CA, (l/3)AB H CTOpOHbI napaJIJieJibHbI CTOpOHaM ,n;aHHOrO 

TpeyroJihHHKa. 

2.44. IlpoBe,n;eM qepe3 M H N npa:Mhre, napaJIJieJihHhie coOTBeTCTBeH

HO CB H CA. ECJIH 3TH npa:Mbie nepeceKaIOTca B ToqKe P, TO MHO)Ke

CTBO ToqeK P ecTb OTKPhIThIH napaJIJieJiorpaMM AC B D, a HCKOMOe MHO

;>KeCTBO ToqeK ecTh OTKPhITh!H napa.n:JieJiorpaMM A0 CB0 D 0 , roMoTeTHqHh!H 

OTKphITOMY napaJIJieJiorpaMMy ACBD npH roMOTeTHH H::f 2 (A0 , B0 , D 0 -

cepe,JJ;HHhI OTpe3KOB CA, CB, AB cooTBeTCTBeHHO). 

2.45. IlocTpOHM K oKpy2KHOCTH B ToqKe Mi KaCaTeJihHyro, rrepeceKaro

nzyro oTpe30K CA B TOqKe Ai, a OTpe30K CB - B ToqKe Bi· I'oM0TeTm1 c 

K03¢qmn;HeHTOM k =CA : CA i oT06pa2KaeT Mi Ha N. Ho Ai Mi =Pi - CA i, 
r,n;e Pi - rroJiyrrepHMeTp TpeyroJihHHKa A 1B 1 C. B cmiy roMoTeTHH HMeeM: 

AN= p - CA, r,n;e p-noJiyrrepHMeTp TpeyroJihHHKa ABC. IlocKOJihKY 

BM=p-CA, TO AN=BM. 

2.46. He MO)KeT. ,II;eiicTBHTeJihHO, eCJIH H~ o H~ = H't, TO AC= 
1
1 ~:~AB 

- 1- 1-k 1 
(,n;oKa;>KHTe). IlpH o: = p = k H AC= 2 AB HMeeM 

1 
_ k2 = 2. QqeBH,ll;HO, 

k i- ± 1, TaK KaK HHaqe KOMII03HII;H.H roMOTeTHH He 6hIJia 6bI rOMOTeTH

e:ii: (rr. 15.1). 0,JJ;HaKO rrpe,JJ;bI,JJ;yII1ee paBeHCTBO BhITIOJIH.HeTC.H JIHIIIh rrpH 

k = 1. 
- 1 - k 

2.47. Tr o H~ = H~, r,n;e OA = --k f. H~ o Tr= H~, r,n;e OB= --k f. 
1- 1-

2.48. IlycTh H~, H~, H~ -HCKOMhie roMOTeTHH (k-=f 1). Ecmr H~ oH~ = 

=Hi:, TOME (AB). ,Il;Jla Toro, qT06hr u;eaTp rOMOTeTHH H~ o Hi: coBrraJI 

c n;eHTPOH,ll;OM G TpeyroJihHHKa ABC, Heo6xo,n;HMo, qT06h1 TOqKH M, C, G 
6bIJIH KOJimrneapHh!. Ho Tor,n;a M - cepe,n;HHa AB, qTo HeB03M02KHO ( 3a,n;a

qa 2.46). 
2.49. I1MeeM: HM-P(N) = Q, HP-R(Q) = S. KoMrr03H~e:ii 3THX ro

MoTeTH:ii .HBJI51eTC.H roMoTeTH.H HM-R, npH KOTopoii N--+ S. ~eHTphl 
((MP) n (NQ), (PR) n (QS), (MR) n (NS)) 3THx roMoTeTHii KOJIJIH

aeapHbI. AaaJrorHqHo ,n;oKa3hlBaeTc.H KOJIJIHneapnocTb Tpex ,n,pyrHx TO
qeK. 

2.50. IlycTb H!1 H H~2 
- ,n;aHHhie roMOTeTHH. EcJIH H!1 (M) = N H 

H~~ (M) =N, TO Hi/k2 (H!1 (M)) =M. Ec.rru k1 -=fk2 TO Hi/k2 0H!1 ecTh ro

MoTeTua H ToqKa M 51BJI.HeTc.H ee n;enTpoM. ECJIH ;>Ke k 1 = k2, To Hi/k2 o H!1 

ecTh nepeHoc H TOqKH M He cyIIleCTByeT. 

2.51. 06xn;a.H rrapa COOTBeTCTBeHHbIX TOqeK npH roMOTeTHH H rrepeHo

ce BCer,n;a cyII1eCTByeT H e,n;HHCTBeHHa. ,Il;m1 ee IlOCTpOeHH51 BOCIIOJib3YHTeCb 

MeTO,IJ;OM, paCCMOTpeHHhIM npH pemeHHH 3a,n;aqH 2.50, H pe3yJibTaTaMH 3a

,JJ;a'IH 2.47. 
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2.52. EcJIH (NP) n (AB)= X H (NQ) n (AB)= Y, To no aHaJiormr c 

perneHHeM 3a,n;a'lH 1 § 16 ,n;oKa3hIBaeTcz, 'ITO lvl -cepe,n;HHa XY. 0Tcro,n;a 
cJie.n;yeT, 'ITO (Jvl N) -- Och CHMMeTpHH npzMhIX N X H NY. 

2.53. PaccMOTpHM KOMII03HII,HIO roMoTeTHii: HJ;-c H Hg-N, npH KO

Topoii:, o'!eBH,n;Ho, B __, N. IlpoH3Be,n;eHHe Koa¢qm:a;:n:eHTOB ki H k2 aTHX 

roMOTeTHH paBHO (pnc.139): 

k k _ PC . DN _ MA . MB _ MA _ C N _ QN 
i 2 - p B DC - MB AB - AB - AB - QB. 

Ilo3TOMY yKa.3aHHa5I KOMII03Hll,H5I 5IBJrneTC5I rOMOTeTneii: c :a;eHTpOM Q H, 

3Ha'lHT, Q E (PD). 

A D 

PHc. 139 

2.54. To'!Ka B Heno,n;Bm1rna npn KOMIT03HI1HH YKa3aHHhIX roMoTeTHii:. 

IlpOH3Be,n;eHHe HX Ko::1¢¢mi;neHTOB paBHO (TeopeMa "t-lesb1): 

~:~. ::~. ~:~ =-(~:~. ~~~. ;~~) =-1. 

Ilo3TOMY 3Ta KOMIT03HI1HZ ZBJIZeTcz CHMMeTpHeii: c :a;eHTpoM B. 
2.56. PaccMoTpHM cJiy'Iaii, Kor,n;a OKPY*HOCTH w1 H w2 HMeIOT c w BHem-

k AiO 
Hee KacaHHe. IlpH roMoTeTHH HA~, r.n;e ki = - Ai 

01 
, HMeeM: wi __, w, Oi __, 0, 

k A20 O O Bi__, M. Ilp:n: roMoTeTHH HA;, r.n;e k2 = - A
20

, IIOJiyqaeM: w __, w2, __, 2, 

lvl __, B2 • KoMII03Hll,HZ 3THX rOMOTeTHii (s paccMoTpeHHOM IIOp5I,D;Ke) eCTb 

mr6o roMOTeTHZ H~, r,n;e k = k1k2 , JIH6o IIepeHoc. IlpH k I= 1 :a;eHTp S IIPH

Ha;::t;JieJK:n:T IIpzMoii: A1A2 • TaK KaK H~(Oi) = 0 2 n H~(B1 ) = B2 , To IIpz

Mb!e 0 10 2 H B 1 B 2 IIpoxo,n;zT qepe3 TO'IKY S IIpzMoii AiA2 • EcJin k = 1, 

TO KOMII03HII,H5I roMOTeT:n:ii ecTh nepeHoc. Tor,n;a (AiA 2 ) II (0102) II (B1Bz). 
,Il;Jia OCTaJibHbIX CJiy'IaeB B3aHMHOro pacnOJIOJKeHH5I ,D;aHHbIX OKpy:>KHOCTeii: 

,D;OKa3aTeJibCTBO aHa.rrorH'IHO. 

2.57. TpeyroJibHHK, cTopoHh1 KOToporo np:n:Ha,n;JieJKaT npa:MhIM m, n, p, 
oTo6pa:>KaeTca roMOTeTneii Hb Ha TpeyroJibHHK ABC, KOTOpbIH roMOTeT:n:-
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'leH ( c Koacpqnm;HeHTOM -1/2) TpeyroJibHHKY c BepurnHaMH B cepe,IT,HHax 

ero cTopoH. TaK KaK upoH3Be,n;eHHe KoacpcpHn;HeHTOB 3THX roMoTeTHH paB

HO -1, TO paccMaTpHBaeMbie TpeyrOJibHHKH u;eHTpaJibHO CHMMeTpH'IHbI. 

2.58. B CHJIY yKa3aHHhlX CBOHCTB OTo6pa2KeHH.H o6pa3 rrpoH3BOJibHOH 

TO'IKH rrpH HeM 6y,n;eT CTpOHTbC.H TaK 2Ke, KaK H rrpn rro.n;ofom (rr. 18.2), H 

IIOTOMY OHO 5!BJI.HeTC5! rro.n;o6neM. 

2.59. ,.UByM.H roMoTeTn'leCKHMH CHMMeTpH.HMH c o6m;nM u;eHTpoM A, oc.H

MH CHMMeTpnn rrp.HMbIX AC n AB H Koacpcpnu;HeHTaMn k =AB: AC H -k, 
rrpH'leM Ko::i¢¢nu;neHT -k HMeeT rOMOTeTH'leCKa.H CHMMeTpH.H, OCb KOTOpoii: 

rreprreH,n;HKYJI.HpHa 6ncceKTpHce yma CAB. 
2.60. 0Tpe30K AC oTo6pa:iKaeTc.H Ha OTpe30K BD 'leThipbM.H roMoTe

TH'leCKHMH CHMMeTpH.HMH. Hx OC.HMH 5!BJI5!IOTC5! ,n;Be OCH CHMMeTpHH rrp.H

MbIX AB H CD H ,n;Be OCH CHMMeTpHH rrp.HMhlX AD HBC, u;eHTpaMH CJIY:iKaT 

TO'IKH rrepeceqeHH.H yKa3aHHbIX rrp.HMbIX COOTBeTCTBeHHO. 

2.61. EcJIH r 1 H r 2 -pa,IT,HyCbI ,n;aHHbIX OKPY2KHOCTeii: w1 n w2 , a 0 1 

H 02 - HX u;eHTpbI, TO MH02KeCTBO u;eHTpOB rro.n;o6Hii:, Ka2K)l;Oe H3 KOTOpbIX 

oTo6pa:iKaeT w1 Ha w2, ecTh OKPY:lKHOCTb AnoJIJIOHH.H, ,n;JI.H Ka:lK,n;oii: TO'IKH M 
KOTopoii: M01 : M02 = r1 : rz. 

2.62. Ilo ycJIOBHJO 3a,n;aqn nMeeM: OB: OA = k, OC: OB= k. 0Tc10,n;a 

OC:OA=k2
• 

2.63. IlycTh m - ,n;aHHa.H rrp.HMa.H H cp - 3a,n;aHHOe no,n;o6ne nepBoro po,n;a, 

OTJIH'lHoe OT roMOTeTnH. Ecm1 cp(m0 ) = m n cp(m) = m 1, TO TO'IKH m 0 nm 

H m n m1 5!BJI5!IOTC5! COOTBeTCTBeHHbIMH npH cp. 

2.64. EcJIH cp - 3a,n;aHHoe no,n;o6He c K03cpcpnu;neHTOM k, 0 - u;eHTp ,n;aH

HOii: oKpy2KHOCTH H cp(O) = 0 1, TO TO'lKa KacaHH.H oKpy:lKHOCTeii: ,n;eJIHT OT

pe30K 001 B OTHOIUeHHH 1 : k. 
2.65. roMOTeTnqecKHM UOBOpOTOM C n;eHTpOM 0, yrJIOM 45° H K03cPcPH

D;lleHTOM V'2 TOqKa A oTo6pa2KaeTC.H Ha B H A1 Ha B1, cJie,n;oBaTeJibHO, 

Jiyq AA1 Ha Jiyq BB1 • Ilo3TOMY yroJI Me)K,lzy 3THMH Jiy'laMH paBeH 45°. 
QqeBn,n;no, R~

0 

(A)= CH R6° 0 

(A 1 ) = C 1• Ilo3TOMY Jiyqn AA1 H CC1 nep

neH,n;nKyJI.apHhl. 

2.66. ECJIH N -cepe,n;HHa DE, TO Ha ocHoBaHHH 3a,n;aqn 1 §21 (CM) l. 
l. (DN). TaK KaK (AE) II (DN), To (CM) l. (AE). 

2.67. IlpH rOMOTeTHqeCKOM UOBOpOTe OKOJIO TO'IKH K Ha 90°' OT06pa-

2KaIOlll;eM B Ha P n C Ha B, TO'lKa D nepexo,n;nT B Q, TaK KaK o6pa3oM 

KBa.n;paTa ABC D .HBJI.HeTc.a KBa.n;paT, ,LJ;BYM.H cTopoHaMH KOToporo CJIY:lKaT 

oTpe3KH PB H BQ. Ilo::iToMy (DK) l. (QK). 
2.68. ToqKn M, A1, C, B 1 npHHa,n;Jie:iKaT oKpy2KHOCTH y c ,IT,HaMeTpOM 

MC. PaccMoTpHM roMoTeTH'leCKHii: noBopoT f c u;eHTpoM M, OT06pa2Ka10-

In;Hii: OKpy2KHOCTb ABC Ha oKpy2KHOCTb y (3a,n;aqa 3 §21). Ilpn 3TOM npeo6-

pa3oBaHHH A->B1 , B->A1 n,3Ha'IHT, P--Q. 0Tcro,n;a LPMQ=LBMA= 
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MQ MA1 
= L.OMC = r:J. (yroJI rroBopoTa) H Mp= MB = k (Koa<J:>qm~eHT rro.n;o6mr). 

CJie,n;oBaTeJibHO, TpeyroJibHHK PMQ rro.n;o6eH TpeyroJibHHKY MBA 1 , OTKY

.n;a L.PQ M = L.B A 1 M = 90°. OpHeHTHpoBaHHbiii: yroJI Me)K,lzy np.HMbIMH AB 
H B 1A1 paBeH yrJiy r:J. rroBopoTa, a r:J. = L.OMC. 

2.69. PaccMoTpHTe ,n;orrOJIHHTeJibHO TpeyroJibHHK c BepmHHaMH B cepe

.n;1rnax cTopoH TpeyroJibHHKa ABC. PemeHHe aHaJiorH'lHO pemeHHIO 3a,n;a
l 

'IH 2 § 21. Koa<J:><J:>nu,HeHT rro.n;o6H.H paBeH 2 cos( a./2) · 

2.70. OpToroHaJibHbie rrpoeKu,Hn A0 , B0 , Co TO'IKH P Ha rrp.HMhie 

BC, CA, AB KOJIJIHHeapHbl (3a,n;a'Ia 1 § 14). To'IKH A2 =(BC) n (B1Ci), 
B2 =(CA) n (C1A1), C2 =(AB) n (A1Bi) 5IBJI5IIOTC51 o6pa3aMH TO'leK Ao, 
B 0 , C0 cooTBeTCTBeHHO rrpH roMoTeTH'IeCKOM rroBopoTe oKoJio u,eHTpa 0 

a. 1 
OKPY2KHOCTH Ha yroJI 2 c Koa<J:><J:>Hu,HeHTOM icos(a./

2
)1. 0Tcro.n;a cJie.n;yeT 

KOJIJIHHeapHOCTb TO'IeK A2 , B2 , C2. 

2. 71. I'OMOTeTn'IeCKHH IIOBOpOT c u,eHTpOM BO BTOpoii: TO'IKe rrepece'Ie

HH.H OKpy2KHOCTeii: w H w1, OTo6pa2KaIOIIJ,Hii: w Ha w1, nepeBO,ll;HT A B A1 
( 3a,n;a'Ia 3 § 21) H TI03TOMY KaCaTeJibHYIO K w B TOYJ:Ke A - B KaCaTeJibHYIO 

K w1 B TOYJ:Ke A 1• CJie,n;oBaTeJibHO, yroJI Me)K,lzy 3THMH KaCaTeJihHbIMH paBeH 

yrJiy IIOBOpoTa. 

2. 72. EcJin a. H ~ - ,n;aHHhle oKpy2KHOCTH H lvl Ea., PE a., NE~' Q E ~' TO 

roMOTeTH'IeCKHH IIOBOpOT c u,eHTpOM B TO'IKe A, nepeBO,n;.HIIJ,Hii: a. B ~' OT06-

pa2KaeT P Ha Q (3a,n;a'Ia 3 §21) H, 3Ha'IHT, .n;yry ABP Ha .n;yry ANQ. Haxo-
1 1 1 1 

,n;HM: L.PMA+L.ANQ= 2.....,ABP+ 2.....,ABQ= 2.....,ANQ+ 2.....,ABQ=180°. 

II0::1T0My (MP) II (NQ). 
2.73. To'!KH S, B, A, M npHHa,n;Jie2KaT OKPY2KHOCTH w c ,n;HaMeTpOM SM. 

To'IKH S, B 1, A1, N Jie2KaT Ha oKpy)l(HOCTH w1 c ,n;HaMeTpOM SN. Ecmi: 0-
BTOpa.H o6m;a5I TO'IKa 3THX OKpy2KHOCTeii:, TO rrpH rOMOTeTH'IeCKOM IIOBOpOTe 

OKOJIO TO'IKH 0, OT06pa2Ka10m;eM w Ha w1, TO'IKH A H B OTo6pa)KaIOTC.H 

Ha TO'IKH A1 H B1 cooTBeTCTBeHHO (3a,n;a'Ia 3 § 21). CJie,n;oBaTeJihHO, yroJI 

Me)l(.n;y np.HMbIMH AB n A1B 1 paBeH yrJiy cp noBopoTa. 

2. 74. 0,n;HH H3 KBa,n;paTOB OTo6pa2KaeTC.H Ha .n;pyroii: rOMOTeTn'IeCKllM 

rroBopoToM Ha 90° OKOJIO TO'IKH N nJin 2Ke roMOTeTneii:. B nepBOM cJiyYJ:ae 

TO'IKa N npnHa,n;Jie)l(llT MHO)l(eCTBY TO'IeK, H3 KOTOpblx oTpe30K AB Bn,n;eH 

no,n; rrp.HMbIM yrJIOM. Bo BTOpoM cJiyYJ:ae N = M. 
2.75. IlycTb (AC) n (BD) = M. IIapaMn TO'IeK A-> D, B-. c, M-; M 

3a,n;aeTrn no.n;o6ne BToporo po.n;a, npn KOTopoM m-> n n (AB)-. (CD). Ilo-

3TOMY np.HMbie m n n 06pa3y10T cooTBeTCTBeHHO c np.HMbIMH AM n BM 
paBHbie yrJibI (nHBapHaHTHOCTb BeJIH'IHHbI yrJia rrpn rro.n;o6nn). 

2. 76. Ilo.n;o6ne BToporo po.n;a, coxpaH.H.H BeJIH'InHy yrJia Me)K,lzy np.HMbI

Mn, MeH.HeT ero opneHTau,n10. II0::1T0My yroJI Me)l(.n;y np.HMbIMn a n b paBeH no 
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a6COJIIOTHOH BeJIH'IHHe yrJiy Me)K,LIJ' HX o6pa3aMH b II c, HO npOTIIBOilOJIO)K

HO c HHM opneHTHpoBaH. CJie,n;oBaTeJibHo, L(a, b) + L(b, c) = 0. C ,n;pyroil: 

cTopOHhl, L(a, b) + L(b, c) = L(a, c). TaKIIM o6pa3oM, L(a, c) = 0 II, 3Ha'nIT, 

a II c. 
2. 77. TpeyroJihHIIKII AC D II CB D .SIBJI.HJOTC.SI cooTBeTCTBeHHhIMII npII 

roMoTeTII'leCKoil: CIIMMeTpIIII c u;eHTpoM D II ochro, co,n;ep2Kam;eil: 6ncceK

TpIIcy yrJia ADC. Ilp.HMbie AN II CA;/ TaK2Ke cooTBeTCTBeHHhre rrpn 3TOM 

npeo6pa30BaHIIH H IIOTOMY OHH o6pa3ylOT paBHbie yrJibI c OCblO rOMOTeTII

qeCKOH CHMMeTpHH. 

2. 78. I'oMoTeTH'lecKOH CIIMMeTpHeil: OTHOCIITeJibHO 6IIcCeKTpIICbI yrJia 

AOB c u;eHTpOM 0 II K03cPcPHu;HeHTOM k =OB: OA =OD: OC yroJI ACA1 
oTo6pa2KaeTC.SI Ha yroJI BDB1 • 

2. 79. Bhl6epeM npoII3BOJihHO npHMoyroJihHyro ,n;eKapTOBY CIICTeMy Koop

,n;nHaT H OTHOCIITeJibHO Hee nocTpOIIM TO'IKH A0 (2; 1) II B 0 (3; 2). Ilo,n;o6ne, 

npII KOTOpOM A0 --+ A, B 0 --+ B, OTo6pa2KaeT 3TY cncTeMy Koop,n;HHaT Ha 

HCKOMyro. 3a,n;aqa IIMeeT ,IJ;Ba pemeHII.SI. 

2.80. IlycTb ct( 0, R) - ,n;aHHa.SI oKpy2KHOCTh, npaBIIJihHhril: TpeyroJihHIIK 

ABC HCKOMhiil:, A E CL, BE CL u D - 3a,n;auHa.SI npoeKu;H.SI BepIIIHHbI B Ha AC. 
TaK KaK BD: AD= v'3, TO roMoTeTII'leCKHil: noBopoT f c u;eHTpoM D Ha 90° 

n K03cP<Pnu;neHTOM v'3 oTo6pa2KaeT A Ha B. Ilo3TOMY B HBJIHeTc.H o6m;eil: 

TO'IKOil: oKpy:arnocTeil: CL u f(ct) =CL1. Ilpu DO< ~(1 + v'3)R cyru;ecTByroT ,n;Ba 

pemeHH.H, rrpu DO= ~(1 + v'3)R-o,n;Ho, a npu DO> ~(1 + v'3)R pemeHuil: 
HeT. 

2.81. IlyCTb <IeTh1pexyrOJibHHK ABC D IICKOMhiil:. BbIIlOJIHHM roMo

TeTII'lecKIIH noBopoT f c u;eHTpOM A, oTo6pa2Karom;IIil: B Ha D. EcJIII 

f(C) = C1, TO TO'IKH C, D, C1 KOJIJIIIHeapHbI 

(pnc.140), TaK KaK no ycJIOBHJO LABC + LADC = 
= 180° H II03TOMY LADC1 + LADC = 180°. 0T

pe30K DC1 cTpOHTC.H Ha ocHoBaHHH nponop

u;nII AD: AB= DC1: BC. 0TnomeHne paccTO.SIHHH 

TO'IKH A ,n;o TO<IeK C1 II C paBHO Koa<l><l>IIu;neHTY 

k =AD: AB no,n;o6H.SI f, a DA ,n;aHo. CJie,n;oBa-

TeJihHo, nocTpOIIB TO'IKH C, D, C1, MO)KHO Hail:TII Puc. 140 

TO<JKY A KaK o6ru;yro TO'IKY OKpy2KHOCTH (D, DA) n OKPY)KHOCTH AnoJIJIO

HH.SI, nocTpoeHHOil: ,n;Jrn oTpe3Ka CC1 II OTHomeHII.SI k. ~aJiee TpeyroJibHHK 

ACB cTpOHTC.SI no TpeM cTopoHaM. 

2.82. IlycTb ,n;aHhI TpeyrOJibHHK A1B1 C1 H TpH napaJIJreJihHbre np.HMbre a, 
b, c. Tpe6yeTC.SI nocTpOHTh TpeyroJihHIIK ABC, no,n;o6Hhrii TpeyroJihHHKY 

A1B1C1, <IT06br A Ea, BE b, CE c. I'oMoTeTII<IeCKHil: noBopoT f c rreHTpOM B 

npOH3BOJibHOil: TO<JKe A Ea Ha yroJI LA1 c K03cPcPHrrHeHTOM k = A1 C1 : A1B1 
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OT06pa:tKaeT B Ha c H b Ha b1. CJie,n;oBaTeJibHO, c = c n b1. 3aTeM CTpOHM 

B = 1- 1 (C). Ecm1 TO'IKa A cj;mKcHpoBaHa, TO 3a,n;aqa HMeeT ,n;Ba peIIIemui:: 

O,Ll;HO cooTBeTCTBJeT rroBopoTy Ha yroJI cp = LB1A 1 C1 , ,n;pyroe - rroBopoTy 
Ha yro.n: -cp. 

2.83. To'IKa M 1 s:rnmi:eTc.s: o6pa30M TO'IKH A rrpH roMoTeTH'IeCKOM rroBo-

poTe c n;eHTpOM lvl Ha yroJI ~ - goo H K03cpcj;mu;HeHTOM 2 sin ~. AHaJiorH'IHO 

TO'IKH lvl2 H M 3 eCTh o6pa3bI TO'IeK B n C cooTBeTCTBeHHO rrpH 3TOM :>Ke 

rro,n;o6nH. Ilo3TOMY TO'IKH M 1 , lvl2 , M 3 KOJIJIHHeapHbI Tor.n;a H TOJihKO Tor,n;a, 

Kor.n;a KOJIJIHHeapHbI TO'IKH A, B, C. 
2.84. Ec.n:H TO'!Ka l'vf rrpnna,n;Jie:>KHT HCKOMOMY MHO:>KeCTBy, TO TO'IKH A 

n B .S:BJIBIOTC.S: cepe,n;HHaMu OTpe3KOB M M1 u M M2, (AB) II (M1M2). 
Ilo ycJIOBlllO M3 E (M1M2). IlyCTb (M M3) n (AB)= D. TaK KaK y =goo' 
TO CD= MD= DM3 • 0Tcro.n;a BhITeKaeT cnoco6 nocTpoenu.s: TO'IKH M 
(puc.141): qepe3 npOH3BOJihRyro TO'IKY DE (AB) npoBO,ll;HM np.s:Myro DC 

n neprreH,n;n:KyJI.s:p K DC, cTpOHM np.s:MoyrOJib-

M1 M3 M2 Hhrii: paBHo6e,n;peHHhiii: TpeyroJibRHK CDl'v1, B 

Pnc. 141 

KOTopoM LCDM = -go0
• TaK KaK TO'IKa M 

ecTb 06pa3 TO'IKH D npH roMoTeTn'IeCKOM no

BopoTe OKOJIO TO'IKH c Ha 45° c K03cpcpmi;HeH

TOM J2, TO MHO:>KeCTBO TO'IeK M' y,n;oBJieTBO

p.s:IOIIJ;HX ycJIOBHIO, eCTb np.s:Ma.s:, .S:BJI.S:IOIJJ;a.s:c.s: 

o6pa30M rrp.s:Moii AB npH 3TOM rrpeo6pa30Ba

HHH. 

2.85. 3a,n;aqa peIIIaeTCB ananorH'IHO 3a,n;a

qe 2.82. 
2.86. ,ll;aHHhrii napaJIJieJiorpaMM ABC D H 

HCKOMhrii rrapaJIJieJiorpaMM MNPQ (ME (AB), NE (BC), PE (CD), 
Q E (AD)) HMeIOT o6ru;Hii: n;eHTp 0 (3a,n;aqa 1II.2.2). Ilo ycJIOBIUO L.MON = 
= a. H 0 N : 0 M = k H3BeCTHhr. foMOTeTu'!ecKuii noBopoT f c n;eHTpOM 0 Ha 

yroJI C( H K03cpcpHD;HeHTOM k OT06pa:tKaeT M Ha N, r.n;e N =(BC) n f(AB). 
EcJIH a. -=J. LA H a. -=J. goo, TO cym;ecTBYIOT 'IeThrpe peIIIeHHB, cooTBeTCTBYIOID;He 

yrJiaM IIOBOpOTOB a., -a., 180° - C( H C( - 180°. Ilpu C( = goo -I- L.A HMeIOTCB 

TOJihKO ,n;Ba peIIIeHH.S:. IlpH a.= LA -=J. goo H k -=J. AB : BC 'IHCJIO peIIIeHHii 

paBHO TpeM. Kor.n;a a.= LAH k =AB: BC, Hx 6ecKoHe'IHO MHoro, a npn 

a. = LA = goo u k -=J. AB : BC peIIIeHuii: HeT. 

2.87. To'IKa B oTo6pa:tKaeTc.s: Ha C roMoTeTH'IecKoii: CHMMeTpHeii f c 

u;eHTpoM A, ocbro l n H3BeCTHhIM K03cpcpmi;neHTOM k =AC: AB= m: n, 
r,n;e m H n - ,n;aHHhle OTpe3KH. EcJIH a. H ~ - ,n;aHHhre OKPY:>KHOCTH H B E a., 
CE~' f (a.)= r:J.1, TO CE ( r:J.1 n ~). "lfaCJIO peIIIeHHH paBHO 'IHCJIY o6IIJ;HX TO'IeK 

OKpJ:>KHOCTeii r:J.1 ll ~· 
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2.88. Ee.JIM A_, Ai npn no,n;o6nn nepBoro po,n;a c yrJIOM ex H Koa¢¢m::i;neH

TOM k, a 0 - HCKOMbiii: i:i;eHTp 3Toro no,n;o6m1, TO LAO Ai =ex H 0 Ai : 0 A= k. 
IloaToMy ToqKa 0 51BJI516TCR o6rr:i;eii: TOqKoii: OKPY2KHOCTH AnoJIJIOHHH, no

cTpOeHHOii AJIR OTpe3Ka AiA H OTHOIIIeHHH k, H ,n;yrn OKPY2KHOCTH, BMerr:i;a

rorr:i;eii: yroJI ex (opneHTHpoBaHHh1ii:) n CTHrHBaeMoii: xop,n;oii: AAi. 
2.89. IlycTh m-,n;aHHaH och no,n;o6m1 <pH cp(A) =Ai. Ee.JIM M H Mi -op

ToroHaJihHhie npoeKIJ;HH Ham TOqeK An Ai cooTBeTCTBeHHo, TO <p(M) =Mi. 

Ilo3TOMy i:i;eHTp 0 no,n;o6H51 M02KHO nocTpOHTh no ABYM napaM COOTBeT

CTB6HHblX ToqeK (n. 20.2). 0,n;HaKO 3a,n;aqa peIIIaeTC51 3HaqHTeJihHO nporr:i;e 

Henocpe,n;cTB6HHO. TaK KaK OAi: OA=Al\!li: AM =k, TO HCKOMhiii: i:i;eHTP 0 
ecTh o6n:i;aH ToqKa rrpHMoii: m n OKPY2KHOCTH ArroJIJIOHHH w AJI51 OTpe3Ka 

AiA H OTHOIIl6HH51 k. Ee.JIM (Ai A) nm= Mo, TO m n w = {l\!lo, O}, l\!lo -t 0. 
2.90. EcJIH A, B, C, D - ,n;aHHhie TOqKn OKPY2KHOCTH, TO i:i;eHTpaMH 12 

no,n;o6nii: BToporo po,n;a, onpe,n;eJI51eMhlX napaMn 3THX ToqeK, RBJIHIOTCH Toq

KH (AB) n (CD), (AC) n (BD), (AD) n (BC) n ToJibKo oHn. 

2.91. ,Il;aHHaH np51MaH a= (AB) RBJIHeTrn ,n;BoiiHoii. BTOpaH ,n;aoii:Ha51 

np51Ma51 npoxo,n;HT qepe3 i:i;eHTP 0 no,n;o6H51 nepneH,n;HKYJIRpHo a. ,Il;JI51 no

CTpOeHHR IJ;6HTpa 0 no,n;o6HR 3aMeqaeM, qTO Ha MH02K6CTBe ToqeK npRMOii: a 
3TO no,n;o6ne RBJIReTCR roMOT6TH6H c i:i;eHTpOM 0, KOTOpblii: npOCTO CTpOHTC51 

no 3a,n;aHHblM napaM COOTB6TCTBeHHbIX ToqeK. 

2.92. Ilpn Ka)K,ll;OM H3 BOCbMH no,n;o6nii i:i;eHTp O,ll;HOrO KBa,n;paTa OT06pa-

2KaeTCR Ha i:i;euTp ,n;pyroro KBa,n;paTa. IJ;eHTphI no,n;o6nii: y,n;aJieHbI OT i:i;eHTpoB 

KBa,n;paTOB Ha paCCT051HH51, OTHOIII6HH6 KOTOpbIX paBHO OTHOIII6HHIO CTOpOH 

KBa,n;paToB. 9To 3HaqnT, qTo i:i;euTphI KBa,n;paTOB JI62KaT Ha OKPY2KHOCTH 

AnoJIJIOHH51. 

2.93. ToqKa C - i:i;eHTp, ocn CHMMeTpnn np51MhlX CA n CB - ,n;BOHHhie 

np5IML1e ,n;aHHoro no,n;o6n51. 

2.94. IlycTb A - i:i;euTp ,n;aHHoii roMoTeTHH <J, B - i:i;eHTp ,n;aHHOro roMo

TeTH'lecKoro noBopoTa y. PaccMoTpHM o6pa3hI ToqeK A n B npn no,n;o6nn 

cp =yo a: cp(A) = y(a(A)) = y(A) =Ai, cp(B) = y(a(B)) = y(B0 ) =Bi. TaK 

KaK B 0 E (AB), TO Bi E (AiB). IlpnMeH51R cnoco6 OKPY2KHOCTeii: nocTpoeHHR 

i:i;eHTpa no,n;o6H51 rrepBoro po,n;a (cJie,n;cTBne H3 peIIIeHH51 3a,n;aqn 3 § 21), rro

JiyqaeM, qTo TaKOBhIM 51BJIReTCR BTopa51 06rr:i;a51 TOqKa Q OKPY2KHOCTH ABAi 
n OKPY2KHOCTH, co,n;ep2Karr:i;eii TO'lKH Ai n Bi n Kacarorr:i;eiic51 np51MOH AAi B 

ToqKe Ai. 

2.95. Ee.JIM AiBi: AB= k, TO TOqKn ,n;eJieHH51 OTpe3KOB AAi, BBi, CCi 
1 

B OTHOIIIeHHH k Jie2KaT Ha ocn rro,n;o6HR, 0To6pa2Ka10rr:i;ero A Ha Ai, B Ha Bi, 

C Ha Ci. KoJIJIHHeapHLr TaK2Ke TO'IKH, ,n;eJIHIIJ;He 3TH oTpe3KH B OTHOIIIeHHH 
1 - k. AHaJiorH'IHOe npe,n;noJI02K6HHe HCTHHHO ,ll;JI51 rro,n;o6HhIX MHOroyroJibHH-

KOB. 
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2.96. O,n;1rn KBa,n;paT OTo6pa)lffieTrn aa ,n;pyro:ii roM0TeT1P1ecKIIM rroBopo

TOM oKoJio aeKoTopoil: TO'IKII 0 aa 90°. To'IKH A II R, B II P, C n B, D II Q 
SIBJunoTcSI coOTBeTCTBeHHhIMH rrpn 3TOM rro,n;o6IIII. Ka:JK,L1;aSI H3 yKa3aHHhlx 

OKPY2KHOCTeii: rrpoxo,rt;IIT qepe3 TO'IKY rrepeceqeam1 cooTBeTCTBeHHbIX rrpII 

rro,n;o6HII rrpSIMbIX II II03TOMY co,n;ep2KIIT u;eHTP 0 rro,n;o6IIH. 
2.97. YKa3aHHbie TpOHKII TO'leK rrpnaa,n;Jie)lffiT COOTBeTCTBeHHO OCSIM 

Tpex rro,n;o6II:ii, Ka:JK,.!l;Oe II3 KOTOpbIX OTo6pa)KaeT TpeyrOJibHIIK ABC Ha 

TpeyrOJibHHK A1B1C1. 9TII rro,n;o6IISI IIMeIOT o6iu;yro rrapy coOTBeTCTBeHHbIX 

TO'leK - u;eHTpbI 0 II 01 TpeyrOJibHIIKOB - II IlOTOMY IIX OCH rrpOXO,D;SIT -qepe3 

TO'!Ky, ,n;eHSIIu;YIO oTpe30K 0 10 B OTHonremrn A1B1 : AB (rr. 20.4). 

2.98. 0Tpe3KII C1Bi II AiC paBHbI II napamrnJibHhl, TaK KaK CJIY)lffiT 

o6pa3aMII oTpe3Ka BC npII roMOTeTH'lecKHx noBopoTax c u;eHTpaMII A II C 
Ha O,n;HHaKOBbie yrJihl II c paBHbIMII K03¢¢IIu;IIeHTaMII. 

2.99. CorJiacHo cnoco6y nocTpoemrn u;eHTpa rro,n;oforn nepBoro po,n;a 

OKPJ2KHOCTH ABP II AiBiP, BCP II BiCiP rrpoxo,D;SIT qepe3 u;eaTp Q 
no,n;o6IIH TpeyroJibHIIKOB ABC II AiB1C1. Tor,n;a OKPY2KHOCTH ABP II 

BCP IIMeIOT TPII o6iu;He TO'IKII B, P, Q II rroToMy coBna,n;aroT. Ilo To:ii 2Ke 

rrpH'IIIHe coBna,n;aroT II OKpy2KHOCTH A1B 1P II B1C1P. 
2.100. IlyCTb (AAi) n (BBi) = P, (BBi) n (CCi) = Q (pIIc.142). To

r,n;a u;eaTp no,n;o6IIH, oTo6pa)lffiIOID;ero TpeyrOJihHIIK ABC aa TpeyrOJibHIIK 

A1B1C1, ecTh BTopaSI TO'!Ka nepeceqeHHH OKPY2KHOCTe:ii (ABP) II (BCQ). 
c HIIM COBna,n;aeT II BTOpaSI TO'!Ka nepeceqeHIISI 0KpJ2KHOCTeil: (A1B1P) II 

(Bi Ci Q). I..l;eHTpOM no,n;o6IIH, 0T06pa)Ka10iu;ero TpeyrOJihHIIK ABC Ha Tpe

yroJihHIIK A2 B 2 C2 , SIBJIHeTCH BTopaSI o6iu;aSI TO'!Ka OKPY2KHOCTeii: (ABP) 
II (BCQ). II;eHTp rro,n;o6IIH TpeyroJihHIIKOB AiB1Ci II A2 B2 C2 eCTh o6iu;aSI 

ToqKa OKPY2KHOCTe:ii (AiB1P) II (B1CiQ). 3Ha'IIIT, u;eHTphr 3THX Tpex no

,n;o6u:ii coBna,n;aroT. 

C2 

Q 

B2 p 

A Ai Az 

PHc. 142 

2.101. Ha ocHoBaHIIII n. 20.3 cyiu;ecTByeT rro,n;o6IIe, npu KOTopoM A~ B 
II Ai~ B1, c TeM 2Ke u;eHTpoM S, 'ITO II B npe,n;h1,n;yiu;e:ii 3a,n;aqe. 0Tcro,n;a 

AAi: BB1 =SA: SB. Cyiu;ecTByeT TaK2Ke no,n;o6IIe c u;eHTpOM S, npII KO
TopoM A~ B II A2 ~ B2 • CJie,n;oBaTeJihHO, AA2 : BB2 =SA: SB II, 3Ha'IHT, 

AA1 : BB1 = AA2 : BB2 , OTKy,n;a AAi: AA2 = BB1 : BB2 • PaBHhIM o6pa3oM 

BB1 : BB2 = CC1 : CCz. 
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2.102. KOMII03HIJ;HH aa,n;aHHbIX I'OMOTeTH'IeCKHX IIOBOpOTOB HMeeT Herro

,ll;BH)KHYIO TO'IKY B n OTJIH'IHa OT ,ll;BH)Kemu1. CyMMa yrJioB noBopoTOB paB

ua 360°. CJie,n;oBaTeJihHO, 3Ta KOMrrosnu;mr ecTh roMoTeTiur c n;eHTpoM B n 

KOacpqrnu;neHTOM k3
• 

2.103. Ilpn rroBopoTe OKOJIO u;eHTpa 0 TpeyroJihHHKa ABC Ha 120° 
TO'IKH A, B, C 0To6pa)Ka10Tc.H cooTBeTCTBeHHO Ha TO'IKll B, C, A, n 

rroaTOMY B CHJIY paBeHCTBa OTHomeHnii TO'IKH A 1 , B 1 , C 1 oTo6pa)KaIOTC.H 

cooTBeTCTBeHHo Ha TO'IKH B1 , C 1 , A 1 , A 2 -+ B 2, B2 -+ C 2 , C2-+ A 2, T.e. Tpe

yroJihHHKH paBHOCTOpOHHHe n nMeroT o6m;nii u;eHTp 0. Tor,n;a TpeyroJihHHK 

A1B1C1 eCTb o6pa3 TpeyroJihHHKa ABC npn no,n;o6nn n~, a TpeyrOJih

HllK A2B2C2-06pa3 TpeyrOJibHHKa AiB1C1 rrpn no,n;o6nn nt. IfMeeM 

LA2B2C2 = nt(Il6(LABC) ). O'IeBH)l;HO, KOMII03llIJ;H.H nt 0 TI6 OTJill'IHa 
OT ,ll;BH)KeHH.H. EcJin y'IeCTb, 'ITO <jJ = -q>, TO rrpnxo,n;nM K Bbrno,n;y, 'ITO aTa 

KOMil03HU:H.H eCTb roMOTeTll.H c u;eHTpOM 0. 
2.104. IlycTh P- npon3BOJihHa.H TO'IKa oKpy)KHOCTH w, orrncaHHoii OKO

JIO TpeyroJihHHKa ABC, n Ai, B1, C 1 -ee opToroHaJihHhie rrpoeKu;nn Ha 

rrp.HMbie BC, CA, AB cooTBeTCTBeHHO. To'IKH A, B 1 , C 1 , P Jie)KaT Ha 

OKPY)KHOCTH a c ,n;naMeTpoM PA (pnc.143). To'IKH A 1 , B 1 , C, P TaK)Ke 

rrpHHa,D;Jie)KaT OKPY)KHOCTH y c )l;HaMeTpOM PC. ro

MOTeTH'IeCKllH IIOBOpOT c n:eHTpOM p' OT06pa)Kal0-

In;HH y Ha w, nepeBO,ll;HT A 1 B B. I'oMoTeTwrecKHii 

IlOBOpOT c n:eHTpOM p' OT06p~10ID;HH w Ha a, rre

peBO,Il;HT B B C 1 • IloaToMy KOMII03HD;H.H 3THX npe
o6pa3oBaHnii OTo6pa)KaeT y Ha a n A 1 Ha C1 • TaK 

KaK yna= {P, B 1 }, TO B 1 E (A1 Ci) (sa,n;a'Ia 3 § 21). 

2.105. EcJin (AD) n (BC)= 0, To LB10C1 = 

= LA10D1 (no,n;o6ne). IloaTOMY rroBopoT, oTo6pa

)Kal01n;HH JIY'I OB1 Ha JIY'I OC1, oTo6pa)KaeT A1 

Ha D1 n, 3Ha'IHT, OTpe3oK B 1 A 1 Ra oTpe3oK C 1 Dr. 

B 

PHC. 143 

2.106. To'IKa B rrepexo,n;nT B C npn roMoTeTH'IecKoM noBopoTe c n;eH

TpOM A, ymoM BAG n Koacpcpnu;neHTOM k =AC: AB. IIonoMy eCJIH B 
rrpo6eraeT aeKoTopyro rrp.HMyro m, TO C rrpo6eraeT TaK)Ke np.HMyro, .HBJI.HIO

iu;yroc.H o6pa30M m npn yKa3aHHOM no,n;o6nn. 

2.107. EcJIH S1 -o6paa TO'IKH S npn 3a,n;aHHOM no,n;o6nu nepBoro po,n;a 

n a-yroJI 3Toro rro,n;o6n.H (n. 20.1), TO H3 TO'IeK nepece'IeHH.H cOOTBeT

CTBeHHhIX np.HMhIX ny'IKOB c n;eHTpaMH S u Sr 0Tpe30K SS1 Bn,n;eH rro,n; 
yrJIOM a HJIH 180° - a. CJie,n;oBaTeJihHO, HCKOMbIM MHO)KeCTBOM TO'leK HB

JI.HeTC.H oKpy)KHOCTh, co,n;ep)KaID;a.H TO'IKH S n Sr. 
2.108. IlycTb 0 - n;eHTP ,n;aHHoro no,n;o6n.H f nepBoro po,n;a. ,LI;aHHhIH 

ny'IOK oTo6pa:araeTc.H Ha ny'IOK napaJIJieJibHhIX np.HMh1x. II p.HMbie h n h1 , 

npoxo,n;Hin;He qepes 0 nepneH,a;nKyJrnpHo rrpHMhIM ,n;aHHoro nyqKa n nx 06-
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pa3aM, rrepeceKaIOT COOTBeTCTBeHHhie rrpHMhie 3TIIX IIY'IKOB B COOTBeTCTBeH

HhIX TO'!KaX. Ha OCHOBaHIIII 3a,n;a'III 2. 72 MH02KeCTBOM TO'!eK rrepeceqeHIIH 

cooTBeTCTBeHHhrx rrp51MhIX rry'!KOB HBJIHeTCH rrpHMaH, rrpoxo,l1;51rrraH qepe3 

~eHTP 0 rro,n;o6IIH f. 
2.109. 0Kpy2KHOCTh, HBJIHIOrrraHCH o6pa30M oKpy2KHOCTII a. rrpII roMoTe

TII'!eCKOM noBopoTe ( M -> X) OKOJIO TO'IKII A Ha yroJI CAB c Ko::icpq)H~
eHTOM k =AC: AB. 

2.110. 9TII OKpy)Kl!OCTII npoXO,l1;51T qepe3 ~eHTP rro,n;o6IIH TpeyrOJibHIIKOB 

ABC II AiB1C1. 
2.111. lfa rro,n;o6IIH TpeyroJihHIIKOB A 1 B 1 C1 II A2B 2C2 HMeeM: 

AiA B1B 
LB1A1C1 =LB2A2C2 II A1C1 :A1B1 =A2C2 :A2B2 =k. EcJIII =- = =- = 

AA2 BB2 

C1C AB_ ~i + J..A;B2 AC_ Ai"C1 + A.!GC2 II 
= CC

2 
="A, To - 1 +A 11 - 1 +A o,n;BeprBeM 

BeKTOphr A1B1 II A2B 2 roMoTeTH'!eCKOMY rroBopoTy f Ha yroJI a. c K03cpcpII

~HeHTOM k (~eHTp rrpon3BOJieH): A1B1 -> A1C 1 u A2 B 2 -> A2C2. 3Ha'!HT, 

AB-> AC rrpn yKa3aHHOM rro,n;o61111 f. Ilo::iToMy TpeyroJihHHK ABC rro,n;o6eH 

TpeyroJihHIIKaM A1B1C1 II A2B2C2. 
a. 

2.112. IlycTh R'p( M) = Q. 3aMeTnM, 'ITO LP M Q = 90° - 2 11 M Q: MP= 

2 · a. '1"' Q 6 p H2sin(0</2) Rgo0
-<1./2 = sm 2 . ..1.0'!Ka - 0 pa3 TO'IKH rrpn KOMII03HI::i;HH M 0 M . 

CJie,n;oBaTeJihHo, HCKOMoe MH02KeCTBO ecTh o6pa3 OKPJ2KHOCTH w rrpu 3TOil: 

KOMII03H~H, T. e. OKPJ2KHOCTb. 

2.113. IlyCTh A0 , B0 , C0 -TO'IKH KacaHHH BIIIICaHHOil: OKpJ2KHOCTH co 

cTopoHaMII BC, CA, AB. Ecmr cp-yroJI rroBopoTa, TO oTo6pa:>KeHne, npII 

KOTOpoM Ao -> A 2 , B0 -> B2, C0 -> C2, ecTh rro,n;o6ue rrepBoro po,n;a c ~eH-

TpOM I, yrJIOM ~ 11 Ko::icpcpII~HeHTOM cos(~/2). CJie,n;oBaTeJihHo, TpeyroJih

HHK A 2B 2C2 rro,n;o6eH TpeyrOJihHHKY A 0 B 0 C0 , yrJihr KoToporo paBHhI cooT-

1 1 1 
BeTCTBeHHO LA0 = 2(LB +LC), LB0 = 2(LC +LA), LC0 = 2(LA +LB). 

2.114. To'IKH rrepeceqeHHH ,n;aHHOii rrpHMOii c ee rrpoo6pa3oM II o6pa30M 

rrpII 3a,n;aHHOM acpcpIIHHOM rrpeo6pa3oBamrn. 

2.115. IlpHMaH, co,n;ep2Kan:i;aH ,n;aHHJIO TO'IKY II ee rrpoo6pa3, II rrpHMaH, 

co,n;ep2Kan:i;aH ,n;aHHYIO TO'IKY H ee o6pa3 rrpII 3a,n;aHHOM rrpeo6pa30BaHIIII. 

2.117. }XocTaTO'IHO ,n;oKa3aTb, 'ITO 3TO npeo6pa30BaHIIe coxpaHHeT BeJIH

'IIIHhI yrJioB. CHa'laJia ,n;oKa)KJITe, 'ITO OHO coxpaHHeT rreprreH,n;IIKYJIHpHOCTh 

IIpHMhIX. 

2.119. TpeyrOJihHIIK acpcpIIHHO 3KBIIBaJieHTeH paBHo6e,n;peHHOMY Tpe

yroJihHIIKy. I1crroJih3Jil:Te CBOHCTBO rrpHMhIX, cooTBeTCTBeHHhrx rrpH oceBoil: 

CIIMMeTpIIII. 
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2.120. Tpanen;1rn acj;>cj;>nHHO 3KBHBaJieHTHa paBH06o•rnoii Tpanen,HH c TeM 

)Ke OTHOIIJeHHeM OCHOBaHHH. 

2.121. 3a,n;aqa aHanorn'IHa 3a,n;aqe 2 § 24. 
2.126. IlapannenorpaMM acj;>cj;>HHHO 3KBHBaneHTeH KBa,n;paTy, a ,n;mi: Hero 

.IJ;OKa3bIBaeMoe yTBep:lK,1l;eHHe O'!eBH,IJ;HO. 

2.127. 1/5. 
2.128. B CHJIY acj;><l;>HHHOCTH 3a,n;a•rn ee ,n;ocTaTO'IHO pemHTb ,n;mi: npaBHJih

Horo TpeyrOJihHHKa ABC. Ecnn noJIO)KHTh AM= Blvl1 = x, AP= CP1 = y, 
BN = CN1 =z, TO ITJIOill,3AH TpeyroJihHHKOB MNP H lvl1N 1 P1 nerKo BbI

pa2KaIOTCH qepe3 x' y' z. 
2.131. lknOJib3YHTe HHBapHaHTHOCTb OTHOIIJeHHH JIJIOID,a,n;n Kpyra K IIJIO

m;a,n;n KBa,n;paTa, IIOCTpoeHHOI'O Ha pa,n;uyce 3TOI'O Kpyra. 

2.132. ,11,aHHbIH napaJIJieJiorpaMM a¢¢1rnHO 3KBHBaJieHTeH KBa,n;paTy 
1 1 

ABCD. ,11,JIH Hero ,n;oKa3bIBaeMoe paBeHCTBO npHHHMaeT BH,n;: AP+ AR= 

v'2 = AQ . 0Tpe30K AQ - 6ncceKTpnca npHMOro yma A TpeyroJihHHKa APR. 

v'2AP-AR 
,IJ,oKa2KHTe, 'ITO AQ = AP + AR . 

2.133. ,11,nH npaBHJibHoro TpeyroJihHHKa ABC cyMMa P A 1 + P B 1 + PC1 
paBHa ero CTOpoHe. 

2.134. 48. 

fmma III 

3.01. PaBeHCTBO OM· Olvl' = R2 cne,rryeT H3 no,n;o6nH TpeyroJihHHKOB 

AOMnBOM'. 
3.02. Ecnn ( 0, R) - ,n;aHHaH oKpy2KHOCTh, lvl n M' - cj;>nKCHpoBaHHaH 

napa HHBepCHbIX OTHOCHTeJihHO Hee TO'IeK, TO paccMaTpHBaeMOe OTHOIIJeHHe 

pa.BRO O~M: R. 
3.Q4. Koacj;>cj;>nD,HeHT roMOTeTHH paBeH OTHomeHHIO KBa,n;paTOB pa,n;nycoB 

OKPY2KHOCTeiI HHBepcniI. 

3.05. McKoMaH oKpJlKHOCT.b co,n;epJKHT o6pa3bI ,n;aHHbIX TO'leK npn nH

Bepcmr OTHOCHTeJibHO ,n;aHHOH OKPYlKHOCTH. 

3.07. l1HBepc1rn c n;eHTpoM B o6m;eiI TO'!Ke OKPY2KHOCTeiI oTo6pa2KaeT HX 

Ha TPH npHMhre. 3a,n;aqa CBO.IJ;HTCH K rrocTpOeHHIO OKPYJKHOCTH, Kacarom;eiicH 

3THX Tpex IIpHMblX. 

3.08. l1HBepcHH c D,eHTpOM B ,n;aHHOH TO'!Ke IIPHBO.IJ;HT K 3a,n;aqe 0 no-

CTpoeHHH KaCaTeJihHOH K OKpy)KHOCTH napaJIJieJibHO ,n;aHHOR npHMOH. 

3.09. l1cnoJih3YiITe HHBepcn10 c n;eHTpOM A. 
3.10. K n;enn npHBO.IJ;HT HHBepc1rn c n;eHTpoM B ,n;aHHOH TO'!Ke. 

3.11. 3a,n;aqa 3KBHBaJieHTHa 3a,n;aqe 1 § 29. 
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3.12. IlycTb TO'IKH A n B JieJKaT BHYTPH oKpy:arnocTH ct. I1HBepcm1 

c u;eHTpoM A nepeBO,ll;HT OKPYJKHOCTb ct B oKpyJKHOCTb ct' n TO'IKY B B 

TO'IKY B', npn'IeM B' JieJKHT BHe ct'. qepe3 B' MOJKHO npoBeCTH K ct' ,n;Be n 

TOJibKO ,n;Be KacaTeJibHbie np.llMbie. 

3.13. IlpnMeHHTe BTopyro TeopeMy § 28 Hee ,1J;OKa3aTeJibCTBO. 

3.14. EcJIH ct H ~ - ,n;aHHble OKPYJKHOCTH, a w H w1 - OKPYJKHOCTH HHBep

cn:ii, npn KaJK,ll;OH H3 KOTOpbIX ct-->~. TO B CHJIY CBOHCTBa KOHcPOPMHOCTH 

HHBepCHH KaK w, TaK H W1 ,n;eJI.llT yrJibl MeJK,n;y ct H ~ llOilOJiaM. 0Tcro,n;a 

CJie,n;yeT, 'ITO w H W1 opToroHaJibHbI. 

3.15. ,11,oKaJKHTe, 'ITO OKPYJKHOCTH ABD H BDC opTOrOHaJibHbI. Ilpn HH

Bepcnn c u;eHTpOM B OHH nepe:ii,n;yT B nepneH,n;HKYJI.llpHbie np.llMbie. ,IT,oKa3bI

BaeMoe paBeHCTBO cJie,n;yeT no TeopeMe IIn<Paropa ,ll;JI.ll TpeyroJibHHKa A' C' D'. 
3.16. CM. pemeHne 3a,n;a'IH 3 § 29. 
3.17. IlycTb ,n;aHbI OKPYJKHOCTH 01, 02, 03, 04 H 01n02 ={Ai, Br}, 

02 n 03 = {A2, B2}, 03 n 04 = {A3, B3}, a4 n a1 = {A4, B4}· Ilo yCJioBnro 

TO'IKH Ai, A2, A3 , A4 np1rna,n;JieJKaT oKpyJKHOCTH y (nJIH np.llMo:ii). I1H

Bepcn.ll c u;eHTpOM A4 oTo6paJKaeT OKPYJKHOCTH y, a 1, a 4 Ha np.l!Mble, a 

OKPYJKHOCTH a 2 n a 3 - Ha OKPYJKHOCTH. ,11,oKaJKHTe, 'ITO B 'leTblpexyroJib

HHKe B~ B~B~B~ cyMMa npOTHBonoJIOJKHhlX yrJIOB paBHa 180°. llHBepcnll 

ycTaHaBJIHBaeT 3KBHBaJieHTHOCTb YTBep)f(,lJ;eHH.ll 3.17 c TaKHM YTBep)f(,lJ;eHn

eM: ecJin Ha np.llMbIX AB, BC, CA, co,n;epJKaru;nx cTopOHbl TpeyroJibHHKa 

ABC, ,n;aHbl cooTBeTCTBeHHO TO'IKH B1, Cr, Ai, TO oKpJJKHOCTH AB1Ci, 
BCiAi, CAiBi, HMeIOT o6rrzyro TO'IKy. 

3.18. llHBepcn.ll c n,eHTpOM 0 oTo6paJKaeT oKpy)f(HOCTH Ha np.l!Mhle c 

coxpaHeHHeM BeJIH'IHH yrJIOB. 

3.19. EcJIH OKPYJKHOCTH HMeroT o6rrzyro TO'IKy, TO HHBepcH.ll c u;eHTpoM 

B aTo:ii TO'!Ke oTo6paJKaeT HX Ha np.l!Mble. ECJIH ,n;aHHble OKPYJKHOCTH He ne

peceKaroTC.ll, TO nocTpOHM KaKHe-Jin6o ,n;Be nepeceKaroru;nec.ll OKPYJKHOCTH, 

opToroHaJibHbie Ka)f(,lJ;O:ii H3 ,n;aHHblX OKPYJKHOCTe:ii (3a,n;a'la 3.06). llHBepcH.ll 

c u;eHTpoM B TO'IKe nepece'!eHH.ll nocTpoeHHbIX OKPYJKHOcTe:ii nepeBO,n;HT nx 

B ,n;Be nepeceKaroru;nec.ll np.l!Mbre, a ,n;Be ,n;aHHhre oKpyJKHOCTH - B OKPYJKHO

CTH, opTOrOHaJibHble KaJK,ll;OH H3 3THX np.llMbIX. Ilo3TOMY OHH HMeIOT u;eHTp 

B TO'IKe nepece'leHH.ll np.llMbIX. 

3.20. IlpnMeHHTe IIOCTpoeHHe HHBepCHbIX TO'leK c IlOMOIII,bIO napbl 

OKPYJKHOCTeii, opToroHaJibHhlX oKpyJKHOCTH HHBepcnn (BTopoe onpe,n;e

JieHHe HHBepCHH, n. 26.2). 
3.21. ECJIH ,n;aHhI oKpyJKHOCTH ct H ~' TO cyru;ecTByeT OKPYJKHOCTb w, HH

BepCH.ll OTHOCHTeJibHO KOTopo:ii OT06paJKaeT ct Ha~· lIHBepCH.ll OTHOCHTeJibHO 

Jiro6o:ii oKpyJKHOCTH c u;eaTpoM A Ha w oTo6paJKaeT w Ha np.l!Myro, a HH

Bepcnro OTHOCHTeJibHO W-B oceBylO CHMMeTpHIO (3a,zi;aqa 3.20). IloaTOMY 

o6pa3bI oKpyJKHocTeii ct H ~ npn HHBepcnn c u;eHTpOM A paBH.br. 
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