
























































































































































































































6ecKOHe'IHOe l\'lHO)KeCTBO. qeTBepKa nonapHO CKpeI11,JIBaIOI11,IIXC5I npBl\!hIX, 

06na_ri,aIOI11,a5I TaKIIM CBOllCTBOM, qTo Ka)K_rl,a}I I1p5Il\Ia5I, TPII 

II3 1rnx, nepeceKaCT II 'IeTBepTyIO IIJIII eti napanJreJibHa, Ha3hmaeTCB 2unep-

60.;iu"lec1wil "lemBepiwil np.fl,.MibtX. 

CyI11,eCTBJIOT TeTpa::i_ri,phr 'IaCTHoro m1_ri,a, B KOTOphrx BhICOThI nepe­

ceKaIOTC5I B O)],HOM TOqKe. K HIIJ\! OTHOCBTOI, fiaIIplil\Iep, npaBIIJlbHa5I 

TpeyroJihHaH nIIpa1rn_ri,a (pamw6e_ri,pcHHLiti TeTpaa_ri,p ), a TaK)Ke npHl\IO­

yroJihHhrti TeTpa::i_ri,p, B KOTopou TpII pe6pa c 06I11,eti Beprmrnoti nonapno 

nepnen_ri,IIKJJIHpnhr. 

0 n p e _ri, e JI en II e. TeTpa::i_ri,p, B KOTOpOl\I 'ICThrpe BhICOTLI nepeceKaroT­

CH B o_ri,Hoti ToqKe, na3hmaeTcB opmov,eHmpu"leC'/l,U.M mempa3dpo.M, a Toq­

Ka H nepece•reHII5I BLICOT Ha3bmaeTC5I ero opmov,eHmpo.M. 

Mno)KeCTBO opTO!ICHTpIIqecKIIX TeTpa::i_ri,poB ne IIc1rnpnhmaeTC5I npIIBe­

_ri,eHHhIMII Bh!IIIC npIIMepaMII. 

TeopeMa. JI,.;i.fl, mo20 "lmo6u mempa3dp 6u.;i opmov,eHmpu"lec'/l,U.M, 7-teo6-

xodu.Mo docmamo"l7-lo, "lmo6u nepne7-tdU'/l,YA.fl,pu '/l, 2pa7-t.fl,.M 3mo20 mempa3dpa 

6 ux v,eHmpoudax nepece'll,a.;iuc'b B od7-toil mo"l'/l,e. 

)J,oKa3aTeJihCTBO. EcnII G - !ICHTpoII_ri, TeTpa::i_ri,pa A 1 A 2 A 3 A 4 , 

G; - !ICHTpOII)J,hI ero rpaneti, TO TeTpa::i_ri,p G 1 G2 G3 G4 roMoTeTIIqeH _ri,an-
1 

HOMY TCTpa::i_ri,py c !ICHTpOM roMOTCTIIII G II K03cpcpII!IIIeHTOM k = - 3. Ilpu 

3TOti roMOTCTIIIl JKa3aHHhIC nepneH)J,IIKJJI5IpbI COOTBeTCTBJIOT BbICOTaM TCT­

pa::i_ri,pa A 1 A2 A 3 A4 • Ilo::iTOMY ero BhICOTbI nepeceKaIOTC5I B o_ri,noti TO'IKe 

TOr)J,a lI TOJibKO Tor_ri,a, KOr_ri,a 3TII nepneH,LJ,IIKJJI5Ipbl nepeceKaIOTC5I B O)J,HOti 

TO'IKC. D 
6.2. BeKTop opTOa;eHTpa. EcnII H - opTO!IeHTP TeTpa::i_ri,pa ABCD 

II 0 - !ICHTp ero OIIIICaHHOti ccpephr, TO 

- 1- - - -
HO= 2.(HA+ HB +HG+ HD). 

(6.37) 

(6.38) 

1- - -
)J,oKa)KeM cHa1rana cooTHOIIIeHIIe (6.38). IlycTh 2(HA + HB +HG+ 

- -- -- -- - 1- - - -
+HD)= HX. Tor_ri,a AX= HX - HA= 2.(HB +HG+ HD- HA) n 

AX2 = + HB 2 + HC2 + HD 2 + 2HB(HC- HA)+ 2HC(HD­

- HA) +2HD(HB- HA)). IlocKOJILKY HB _l_AC, HG _l_AD II HD _l_AB, 
TO HB(HC- HA)= HB. AC =0, HC(HD- HA)= 0, II HD(HB -
- HA)= 0. Cne_ri,oBaTeJihHO, 

AX2 = + HB 2 + HC2 + HD2
). 
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cho Bbipa)KeH.IIe CIIMM8TPII'IH0 OTHOCIIT8JihHO 6yKI3 A, B' c, D. Ilo3TO­

l\1Y AX2 = BX2 = CX2 = DX2 . 3Ha'-!IIT, TO'-!Ka x comrn,IJ,aeT c TO'IKOll 0. 
9TIIM paBeHCTBO (6.38) ,IJ,OKa3aHo. A II3 Hero cJie,IJ,yeT paBCIICTBO (6.37): 

-1-- -- -- --
HO= 2.((HO + OA) +(HO+ OB)+ (HO+ OC) +(HO+ OD)), 

- 1- - - -
OTKy,IJ,a OH= 2(0A +OB+ OC +OD). 

Cne,z:i;cTBHe 1. B opmou,e'Hmpu"lec1wM mempa3i.Jpe mo"l'K:'U 0, G, H .1te­

J1Cam 'Ha oiJ'Hoil np.RMm'"i (rrp5!MOi'I 9i'Inepa opTOI!eIITpII'-!CcKoro TeTpa3,z:i;pa) 

u G - cepedurta 0 H. 
- 1-

,ll;ei'IcTBIIT8JibHO, II3 paBeHCTB (6.1) II (6.37) CJie,IJ,yeT oc = 20H. 
6.3. XapaKTepHCTH'-!eCKHe cBoiicTBa opTou.eaTpH'-!ecKoro TeTpa3.z:i;pa. 

B opmou,e'Hmpu"leC'K:OM u mo.1t'b'K:O e opmou,e'Hmpu"lec'K:OM mempa3i.Jpe npo­

mueono.1to:>1C'H'bte pe6pa nepne'HOU'K:y.1t.Rp'H'bt B 'K:a:>!Ci.Joil u3 mpex nap. 

IlycTh BhICOThI TeTpa3,i::i;pa rrepeceKaIOTC5! B TO'-!Ke H. PaccMoTpIIM ,n:Be 

ero BhICOThI CC1 H DD1 (pIIc. 84). fpaHII ABC II ABD rrcprreH,IJ,IIKYJI5!pIIhI 

A 

B 

Pnc. 84 

rrJIOCKOCTII CD H, II03TOMY IIX o6IIIee pe6po 

D AB rreprreH,JJ;IIKYJI5!pHo 3TOi'I rrnocKOCTII II, 3Ha­

c 

'-IIIT, AB ..LCD. C paBHhIM rrpaBm.1 BC ..LAD 
II AC ..L BD. 

06paTHO, ecJIII AB ..L CD, TO cyIIIeCTByeT 

C,Il,IIHCTBCHHa5! IIJIOCKOCTh, CO,IJ,Cp)Kall!a5! pe6-

po CD II rreprreH):\IIKYJI5!pirn5! AB. B 3Toi'I 

IIJIOCKOCTII Jie)KaT BhICOThI CC1 II DD1 TeTpa-

3,i::i;pa, KOTOpbre II03TOMY rrepeceKaIOTC5!. EcnII 

BC ..LAD II AC .l ED, TO no aHaJIOrH'-IHOi'I 

rrpII'-!IIHe 6y,IJ,yT rrepeceKaTbC5! JII06bre ,Il,BC BbI­

COTbI ,IJ,aHHOro TeTpa3,i::i;pa. TaK KaK OHII He JIC)KaT B O,Il,HOll IIJIOCKOCTII, TO 

OHII Heo6xo,n:IIMO rrepeceKaIOTC5! B O,Il,HOll TO'-!Ke (3a,JJ;a'-!a 1.6). 
Ha OCHOBaHIIII ,IJ,OKa3amrnro CBOllCTBa opTOI!CHTpff'IeCKIIll TCTpa3,Il,p Ha-

3hIBaCTC5! TaK)KC opmo20'IW.!t'b'H'blM mempa3iJpoM. 

Cne,z:i;cTBHe 2. B opmou,e'Hmpu"leC'K:OM mempa3i.Jpe u mo.1t'b'K:O B ma'K:OM 

mempa3i.Jpe OC'HOBamt.R B'btcom .RB.1t.R10mc.R opmou,e'HmpaMu ezo zpa'Heil. 

XapaKTepIICTII'-!ecKoe cBoi'IcTBO opToronanbnocTII rrpoTIIBorrono)KIIhIX 

pc6ep OpTOI!CHTpII'-!eCKOrO TeTpa3,i::i;pa II03BOJI5!CT ero IIOCTpOIITb CJIC,IJ,ylO­

IIIIII\! crroco6oM. IlycTh .z:i;anhI ,IJ,Be cKpeIIIIIBaIOIIIIIeC5! rreprreH,IJ,IIKYJI5!pHhIC 

IIp5!MbIC a II a1. 

IIocTpOIIl\I rrpOII3BOJihHYIO rrepeceKaIOIIIYIO IIX rrp21My10 b, HO He rrep­

IIeH,IJ,IIKYJI5!pny10 IIl\I, 3aTeM HCKOTopy10 IIJIOCKOCTb y' rreprrCH,IJ,IIKYJI5!pny10 

np5!1\!0ll b, HO HC CO,IJ,Cp)Kall!yIO TO'-!KII B = b n a1 II D = b n a (pIIC. 85). OH a 
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rrepeceKaeT rrpRMhie an a 1 cooTBeTCTBenno B TOLIKax An C. Tor)J:a TCTpaa)J:p 

ABCD 5IBJrneTC5I opT011,eHTpncrecKHM B cnJiy opToronaJihHOCTH ero rrpoTII­

BOIIOJIOJKHhIX pe6ep. B caMOM )J:eJre, DA J_ BC 
no Bb16opy rrpRMhIX a n a 1, B D J_ AC, TaK KaK 

y J_ b II (AC) Cy. KpoMe Toro, AB J_ DC tta 

OCHOBaHIIII BCKTOpHoro TOJK)J:eCTBa 

IICTIIHIIOCTb KOToporo JierKO rrpoBep5IeTC5I IIO)J:­

CTaHOBKaMII AB= DB - DA, BC= DC -
- DB, CA= DA- DC. 

,Il,anee II3JiaraIOTC5I eIIJ,e TPII Kp1ncp1rn op­

TOIJ,eHTpIIcrecKoro TeTpaa)J:pa. 
P11c. 85 

)1,j/,.fl mo20 "lmo6u mempa3ap 6bt./I, opmou,e'Hmpu"lecr;;u.M, '/ieo6xoau.Mo 

U aocmamO"l'HO, "lm06'bt cy.M.M'bt r;;eaapamOB a./l,U'/i e20 npomueonO./l,OJ/C'li'blX 

pe6ep 6'bt.Jl,U pae'/iu: 

(6.39) 

Ilo rrpe)J:bl)J:ylll,CMY KpIITepIIIO )J:J15I opTOil,CHTpWieCKOro TeTpa3)J:pa Heo6-

XO)J:IIMO II )]:OCTaTO"!HO, 'IT06hI 

BocrrOJih3yeMrn II3BeCTHoit ¢opMyJioit 

2AB ·CD= AD2 + BC
2 
-AC

2 
- BD2

• 

Ha octtoBanrrn ee rroJiycraeM 3KBIIBaJieHTHhie rrpe)J:hI)J:yIIJ,IIM paBenCTBa: 

AD2 + BC
2 

- AC
2 

- BD2 = 
= AB2 + CD2 

- BD2 -AC2 = BC
2 + AD2 

- CD
2 -AB2

, 

KOTOpble paBHOCIIJibHLI )J:OKa3bIBaeMLIM paBeHCTBaM: 

AD2 + BC
2 = CD

2 + AB2 
= BD2 + AC

2
. 

B opmou,e'Hmpu"lecr;;o.M u mo.J1,1:ir;;o e opmou,e'Hmpu"lecr;;o.M mempa3ape 

npouaeeae'HU.fl 'r;;OCWlYCOB npomueonO./l,OJ/C'/i'blX aey2pa'li'H'blX Y2.IW6 paB'H'bt: 

cos( AB) cos( CD)= cos( BC) cos(AD) = cos(AC) cos(BD). (6.40) 

::ho CJie)J:yeT II3 cPOPMYJibI (5.25) II opTorottaJibHOCTII rrpOTIIBOIIOJIOJKHbIX 

pe6ep TeTpaa)J:pa. 

)1,./1,.fl mo20 "lmo6'bt mempa3ap 6'bl./I, opmou,e'Hmpu"lecr;;u.M, Jteo6xodu.Mo 

U aocmamO"l'HO, "lm06'bt e20 6u.Meaua'/i'bl 6'bl./l,U paB'li'bt. 

gmr )J:OKa3aTCJ1bCTBa )J:OCTaTO'IHO rrpIIBJIC'Ib ¢opMyJibl (6.4) )J:JIIIH 6m.re­

)J:IIaH lI KpIITepnit (6.39). 
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§ 7. PaeH02pmi1i'btu mempa3op 

7.1. Onpe,LJ,eJieHHe H xapaKTepHCTHqecKoe CBOHCTBO paBHorpaHHoro TeT­

paa,LJ,pa. TcTpa3,ri:p Ha3hrnaeTcH paB1w2pa?-l'l-l'bt.M, ecJIII Bee ero rpairn - paB­

Hhre TpeyroJibHIIKII. 

Cyw,ecmBoBa'!-lue paBnorpamwro TCTpa3,ri:pa l\IOMHO ,ri:oKa3aTb c.11e,ri:y­

IOliIIIM rrpoCTbIM rrocTpOCHIIC!\I. Bo3bl\IC!\I ocTpoyroJibIIbIH TpeyroJibHHK 

D1D2D3 II rrpoBe,LJ,eM B nel\1 cpe,ri:HIIe JIIlHHH BC, CA, AB (pllc. 86). Ilcpc­

rneM 3TOT TpeyroJibHilK rro cpe,LJ,HII!\I JIIIHIIH!\I TaK, qTo6br BepIIIIIHhr D 1, D 2, 

D3 coBMCCTilJIIlCh. B pe3yJihTaTe rro.11yqul\1 TeTpa3,ri:p ABCD c paBHbI!\III 

rpamrMII (no TpeM cToponaM) (pnc. 87). 
TeopeMa. Ji,.!l.fl mo20 'L/,mo6ti mempa.7rJp 6'bt.!l paa'!-lo2pa?-l'H'h1,.M., 'Heo6:rorJu.Mo 

u docmamo'L/,'1-lO, 'L/,mo6'bl e2o npomuBono.!loJIC'!-l'ble pe6pa 6'bi.!lu paB'!-l'bt: a = a 1 , 

b = b1, C = C1. 

,II, 0 Ka 3 a Te JI b c TB o. ,II, 0 c Ta T 0 q II 0 c Tb 3TOro ycJIOBII5I oqeBII,Ll,Ha. 

,Il,oKaMeM n e o 6 x o ,I\ II Moc Tb. IlycTh Bee rpaHII TCTpa3,L\pa ABC D paB­

HbI. Ifa paBencTBa TpeyroJihHIIKOB DEC Il ACD CJIC,Ll,yCT: Jrn6o a= a1 Il 

b = b1, .11u60 a = b II a1 = b1. Tor,ri:a B o6onx c.11y'mRx H3 paBencTBa Tpe­

yroJihHilKOB ABC II ACD 6y,ri:eT c = c1. Bo BTopoM c.11y"'Iae TpcyroJihHilKII 

ABC Il ABD paBno6e,ri:pennhre, a II3 IIX paBencTBa a= b = a1 = b1 . VlTaK, 

B o6ollx cJiy"'IaHx a= a 1, b = b1, c = c1. 0 

A 

D 

c 

D 

Pttc. 86 Pttc. 87 Pttc. 88 

7.2. CBoii:cTBa yrJIOB paBHorpaHHoro TeTpaa,LJ,pa. Cna"'IaJia ,ri:oKaMel\1, 

"'ITO ace n.!lOC'K:Ue y2.!l'bl pamw2pa'!-l'H020 mernpa3rJpa ocrnp'ble. ,II,orrycTIIM, "'ITO 

DcB ~ 90°. B rr.11ocKOCTil BCD nocTpOIIM TpeyroJihIIIlK BDA 1 , paBnhrf1 

TpeyroJihHIIKY ABD (pIIc. 88): DA1 =DA= BC, BA1 =AB= DC. Tor,ri:a 

rroJiy"ICHHhril: "'ICTbrpexyroJihHilK A 1 BCD - rrapa.11.11eJ1orpaMM, B KOTopoM 

DB~ CA1 =CE+ EA 1 =CE+ EA> AC. Ilo.11y>rn.11II, "'ITO DB> AC, "'ITO 

rrponrnopc"'IIIT neo6xo,ri:IlMOMY yc.110BIIIO DB= AC paBnorpannoro TCTpa3,ri:­

pa. VlTaK, rrpe,n:noJioMenIIe, qTo IIJIOCKIIil: yro.11 paBnorparnrnro TeTpa3,n:pa 

ne MCHbIIIC rrpHMoro, orrpoBeprnyTo. 
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];fa onpe)J;eJieHirn paBHOrpaHHOro TeTpa3)J;pa ll IIOJIY"IeHHb!X ero CBOMCTB 

BbITeKaIOT CJiecy10rn:IIe CAeiJcmBU.fl )J;JIR ero yrJIOB: 
1. Tpex2pa1-l'Hibte y2A'bl pa61-lo2pa1-l'/-lo20 mempa3CJpa paB'/-l'bl (no paBeHCTBY 

IIX COOTBeTCTBeHHb!X IIJIOCKIIX yr JI OB). 
2. Cy.M.Ma nAoc-x;ux y2Ao6 -x;a:J1CCJ020 mpu3CJpa paB'/-la cy.M.Me nAoc-x;ux y2-

AOB 2pa1-lu, m. e. paB'/-la 180°. 
3. IIpomuBonoAO:JIC'/-l'bte iJBy2pa1-l'/-l'bte y2A'bl pa61-l'bl (no nepBoli Teope11e KO­

crrnycoB )J;JIR Tpll3)J;pa). 
4. Cy.M.Ma -x;ocui-tycoB mpex iJBy2pa1-l'/-l'blX y2.1wB npu pe6pax 1w:J1CCJoil 2pa-

1-lU pa61-la eCJU'/-lU'U,e (na OCHOBaHllll cPOPMYJibl npoeKIJ,IIM (3.3)). 
7.3. Kp1nepnn paBimrpa.mmro TeTpa3,n,pa. Kp011e KpIITepm1, nprrne)J;en­

noro B II. 7.1, IIMeIOTC5! II )J;pyrIIe KpHTepIIII paBHOrpaHHOro TeTpa3)J;pa, II3 

KOTOpb!X paCCMOTpIIM CJIC)J;y!Orn;IIe TpII. 

1. jJ,A.H mo20 "lmo6'bt mempa3CJp 6'blA paB'/-lo2pa1-l1-l'bt.M, '/-leo6xoiJu.Mo u CJo­

cmamo"liw, "lmo6'bt e20 6u.MeiJua'/-l'bl 6'btAu o6w,u.Mu nepne'/-lCJu-x;yA.Hpa.Mu ( 6u­

B'btcoma.Mu) coomBemcmByww,ux nap npomuBonoAO:JIC'/-l'blX pe6ep. 
,[!; o Ka 3 a Te JI b c TB o. IIycTb TeTpa3)J;p ABC D paBnorpaHHb1i1:: a= a1, 

b = b1, c = c1 II JV[ N - ero 6mvIC,ll,IIana (JV! - cepe)J;mrn AB, N - cepe)J;H­

ua DC). Tor)J;a2MN=AD+ BCrr 2MN ·DC= AD· DC+ BC· DC. IIo-

3To11y 4MN ·DC= -2DA· DC+2CB ·CD= (-a2 -c2 +bi)+ (ai +c2 
-

- b2
) = 0. AnaJiorwrno Jvl N · AB= 0. CJie,ll,OBaTeJibHO, l\11 N - 6rrBbICOTa. 

06paTno, ecJIII 6IIMe)J;rraua MN TeTpa3,ll,pa ABCD RBJIReTcR ero 6n­

BbICOToi1:, TO ona RBJIReTcR ochIO ero CIIMMeTpIIII II rro3TOMY AD= BC. 
AuaJiorIIqno AB= DC II AC= BD. CJie,ll,oBaTeJibHO, TeTpa3)J;p paBno­

rpannhIM. D 
CJie,n;cTBne. Onucaim'blil napaJ1,J1,e.tienuneCJ pa61-lo2pa1-l'/-lo20 mempa3CJpa 

.HBA.Hemc.H np.H.Moy20A'b'/-l'bl.M, man nan e2o B'btcom'bt JWA.nwmc.H 6uB'btcoma.Mu 

mempa3CJpa. 
2. J!,A.H mo20 "lmo6'bl mempa3CJp 6'btA pa61w2pa1-l1-l'bl.M, '/-leo6xoiJu.Mo u CJo­

cmamo"l1-lO, "lmo6'bt e2o 2pa1-lu u.Me.tiu paB'/-l'ble 

nJ1.ow,aCJu. 
H eo6xo)J;H Mo CTb oqeBII)J;Ha. ,[I;oc Ta-

T o q no c Tb ,ll,OKa:lKeM ,ll,By1rn cnoco6aMII. 

,[I;oKa3aTeJibCTBO 1. IIycTb BB1 II 
DD1 - BbICOTbI rpa1rni1: ABC II ADC (pIIc. 89). 
IIo ycJIOBIIIO 3TII TpeyroJibHHKII paBHOBeJIHKII, 

II03TOMY BB1 = DD1. 113 cepe,ll,HHbI N pe6pa 

BD onycTrr11 rrepneH)J;IIKYJIRP N N1 na npR11y10 

AC. Tor)J;a II3 paBeHCTBa BN =ND CJiecyeT pa­

BencTBO B 1 N 1 = N 1 D 1 (cBOMCTBO opToronaJib­

noro npoeKTIIpOBaHll5!). I-b paBeHCTBa IIpRMO-

113 
8-2259 

B 

A 

c 

P11c. 89 



yroJibHhIX TpeyroJibHIIKOB BB1N1 II DD1N1 cJie,n:yeT, qTo BN1 = DN1 . 

Me,z.waHa N 1 N pamrn6e,JJ;peHHOro TpcyroJibHIIKa BDN1 ITCpITeH)J;IIKymrpHa 

cro ocHOBanmo BD. EcJIII II3 cepe,JJ;IIIIhI pe6pa AC oITyCTIITh ITepITCH,JJ;II­

Kymrp Ha BD, TO ITO ,JJ;OKa3amrnMy OH 6y,JJ;eT ITepITCII)J;HKyJiapeH II K AC, 
T. e. coBITa,JJ;eT c N N 1. B pe3yJihTaTe 6IIMe,JJ;HaIIhI TeTpas,JJ;pa coBITa,JJ;aIOT 

c ero 6IIBbICOTaMII II ITO ITpe,JJ;hlAJIIICMY KpHTepIIIO 3TOT TeTpa3,JJ;p paBHO­

rpaHHblll. D 
)]; o K a 3 a T e JI h c T B o 2. )J;ocTpom1 ,JJ;amihIH TeTpas,JJ;p ABC D AO Tpe­

yroJihHO:iI ITpII3MhI AB1 C1 D BC (pIIc. 90). 113 paBHOBeJIIIKOCTII rpane:iI 

,JJ;aHHOro TeTpas,JJ;pa CJie,JJ;yeT paBHOBCJIIIKOCTb 60-

C1 

Pnc. 90 

KOBbIX rpaHe:iI npIICTpoeHHOH qeTbipexyroJibHOH 

nIIpaMII,D;hI ABB1 C1 Cc BeprnIInoil A. CnpoeKTII­

pyeM opToronaJihHO ee Beprnmry A na ITJIOCKOCTh 

ee OCHOBaHII5!. IlyCTb Q - ITOJiyqermaa npoeK­

I!II5! TOqKII A. BhrCOThI AM II AN paBHOBCJIIIKIIX 

TpeyroJibHIIKOB ABB1 II ACC1 paBnhr, IT03TOMY 

paBHhI Hx npoeKrrIIII QM II Q N. AnanorIIqno 

)J;OKa3hIBaeTca, qTO TOqKa Q paBHOy,JJ;aJICHa OT 

cTopon BC II B1C1 napanJieJiorpaMMa BB1C1C, 
T. e. Q - rrenTp sToro napaJIJienorpaMMa. Tor,JJ;a 

QC= QB1 , OTKy,JJ;a AC= AB1 = BD. Ila anano­

rIIqno:iI ITpIIqmre AB= CD II BC= AD. Cne,JJ;o-

BaTeJibHO, TeTpas,n;p paBnorpanHhr:iI. D 
3. J(.1ui moio "lmo6'bl mempa3iJp 6'bl./I, paei-wepa'li'li'bt.M, '/ieo6xoiJu.Mo u iJo­

cmamO"l'lio, "lmo6'bl v,e'limp 0 ew onuca'/i'liOil qjjep'bl coenaiJa./I, c ew v,e'lim­

pouiJo.M G. 
He o 6 x o ,n; II Moc Th. UeHTP 0 onIIcanno:iI cQ:>ephr npIIna,JJ;Jie::>KIIT nnoc­

KOCTaM CIIMMeTpIIII Beprrum TeTpas,JJ;pa, B35!ThIM nonapno. )J;Jia pamrnrpan-

noro TeTpas,n;pa 3TII nJIOCKOCTII CIIMMeTpHII CO,JJ;ep::>KaT COOTBeTCTBCHHO ero 

6IIBbICOTbI, COBna,JJ;aIOIIIIIe c COOTBeTCTBeIIHbIMII 6II!VIe)J;HaHa!Vrn, KOTOpbie 

Bcer,JJ;a ITepeceKaroTca B rrenTpOII,JJ;e G. Cne,JJ;OBaTeJihno, TO'IKII 0 II G coB­

na,JJ;aIOT. 

)]; o c Ta To TI Hoc Tb. IlycTb ToqKII 0 II G coBna,JJ;aIOT. Tor,JJ;a no cBoil:­

CTBY rreHTpOII,JJ;a OA +OB+ OC +OD= 0, a no onpe,JJ;enenne onIIcanHo:iI 

cQ:>ephr OA=OB=OC=OD. Ifa nepBoro paBencTBaIIMeeM: ( OA + OB)2 = 

= ( OC + 0 D )2, OTKy,JJ;a c yqeToM paBencTBa MO,JJ;yJie:iI BeKTopoB 2 0 A· 0 B = 
= 20C. OD II n03TOMY OA2 + OB2 -AB2 = OC2 + OD2 - CD2. CJie,JJ;O­

BaTeJibHO, AB= CD II aHanorIIqno BC= AD II AC= BD, T. e. TeTpas,JJ;p 

pamrnrpannhril:. 

7 .4. ll>opMyJThI ,n;m1 prumorpamioro TeTpa::1,n;pa. TaK KaK B pamrnrpannoM 

TeTpas,JJ;pe a = a 1, b = b1, c = c1, TO no Q:>opMyJiaM ( 6 .4) ero 6nMe,JJ;nanhr (OHM 
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./Ke 6HBLIC0Tbl) HMeIOT Bb1pa.1KeHirn: 

oi = PQ2 = ~(b2 + c2 
- a

2
), 

o; = EF2 = ~(c2 + a2 
- b2

), 

o; = M N 2 = ~(a2 + b2 
- c2

). 

(6.41) 

IlocKOJILKY ornrcanHhIH rrapaJIJies1e1urne/\ rrpRMoyroJihHhiil, TO ero o6b­

eM V = 010203. CJief\OBaTeJibHO, o6beM paBnorpannoro TCTpa3/\pa paBen 
1 

V = 3010203 II II03T01IY 

(6.42) 

TaK KaK B paBnorpannoM TeTpa3/\pe coBrra[\aIOT TO'IKII 0 II G, TO II3 pa­

BencTBa (6.25) rroJiy"IaeM: 

(6.43) 

3ada'l£u x; 2JlaBe 6 

6.1. EcJIII B TeTpa3,n;pe rrpoTIIBOIIOJIO.IKHhre pe6pa rreprren,n;IIKYJIRpHhI 

B Ka.IK,l.l;Oll II3 l\BYX nap, TO II rrpOTIIBOIIOJIO)KHbie pe6pa TpeTbeH rrapLI TaK­

)KC rreprreH[\IIKYJI5IpHbl. ,Il;oKa./KIITe. 

6.2. EcJIII 0 II G - I!eHTp orrIIcamroil ccpepbI II I!eIITpoII,n; TeTpa3,n;­

pa ABCD II rrpRMaR OG rrepeceKaeT pe6pa DA II BC, TO DB= AC II 

DC = AB. ,Il;oKa.IKIITe. 

6.3. Hail,n;IITe reoMeTpII"IecKoe MeCTO TO"IeK rrpocTpancTBa, f\JIH KOTOphrx 

cyMMa KBa[\paTOB paCCT05IHIIH f\O BepIIIIIH [\aHHOro TeTpa3[\pa IIOCT05IHHa. 

6.4. ,Il;oKa.IKIITC, 'ITO 6IIMe[\IIaHhl IIp5IMOyrOJILHOro TCTpa3[\pa paBHbI pa­

/\IIYCY OITIICaHHOH OKOJIO Hero ccpepbI. 

6.5. ,Il;oKa.IKIITe, 'ITO ecJIII ,n;Be BhICOTbl TeTpa3[\pa nepeceKaIOTC5!, TO II [\Be 

/\pyrHe TaK.IKe nepeceKaIOTC5!. 

6.6. ,Il;oKa.IKIITe, •ITO ,l.l;JIR nJiorrraf\II S ce"IeHIIR TeTpa3,n;pa ABC D rrJioc­

KOCThIO, rrpoxo,n;mr1eil -qepe3 ero pe6po CD II I!CHTpon,n;, IIMCCT MeCTO 3aBII­

CIIMOCTh: 

6. 7. CyMMa KBa[\paTOB ITJIOll1af\CH IIICCTII CC"ICIIIIH TeTpa3,n;pa IIJIOCKO­

CT5IMII, Ka.1K,n;a51 II3 KOTOpbIX npOXOf\IIT 'Iepe3 pe6po II cepe,n;IIHY npOTIIBO­

IIOJIO)KHOrO pe6pa, paBHa cyMMC KBa,n;paTOB ITJIOll1a[\eH BCCX ero rpaneil. 

~OKa.IKIITC. 
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6.8. B rrp5n.royroJihIIOM TeTpa3,n:pc cyMl\Ja KBa,n;paTOB IIJIOlll,a,n;eiI ce,1emiil, 

rrpoBe,IJ,eHIIbIX 'Iepe3 pe6pa-KaTeTbI II IIeHTpOII,IJ,, paBHa IIOJIOBIIHe KBa,IJ,paTa 

IIJIOlll,a,IJ,II rpaHII-rIIIIOTeHy3bI. ,Il,oKa)KIITC. 

6.9. CyMMa KBa,IJ,paTOB IIJIOlll,a,n;eiI ceqemril rrpm.royroJihHoro TeTpa3,IJ,­

pa, rrpoBe,IJ,eHnhIX qepe3 pe6pa Han60JibIIIef1 rpam1 II ero IIeIITpou,n;, paBHa 

KBa,IJ,paTy IIJIOlll,a,n;II HaII60JibIIIeiI rpaHII. goKa)KIITe. 

6.10. B rrp5IMoyroJibHOl\I TeTpa3,IJ,pc IIJIOlll,a,n;u rpaneiI-KaTeToB paBHbI 

51, S2, 53 . HaiI,n:IITe ero o6'beM. 

6.11. B np5Il\IOyroJibHhiiI TeTpa3,n;p ABC D Bnncan Ky6 TaK, 'ITO o,n;na 

ero Bepnrnna coBrra,n;aeT c BepIIIHHOiI D np5IMoro TpII3,n;pa, a npOTIIBono­

JIO)KHa5I ell: BepIIIrrna Jie)KIIT B rpanu ABC. HaiI,n:IITe ,IJ;JIIIHY pe6pa Ky6a, 

ecm1 DA= a, DB= b, DC= c. 

6.12. B rrpaBHJinnoiI TpeyroJinHOiI nrrpaMrr,IJ,e ,n;JIIIna 6oKoBoro pe6pa paB­

na l. IlJIOCKOCTb, rrpoXO,ll;5Illl,a5I qepe3 CTOpony OCHOBaHII5I II cepe,n;IIHY rrpo­

TIIBOIIOJIO)KHOro pe6pa, HaKJIOnena K IIJIOCKOCTII OCHOBaHII5I IIO,IJ; yrJIOI\! a. 
HaiI,n;IITe o6'beM rrIIpaMII,IJ;hI. 

6.13. B rrpaBIIJibHOiI TpeyroJibHOH IIIIparvIII,n;e yroJI rrpII BepIIIIIHe paBeH a, 
paccT05IHIIe Me)K,n;y rrpOTIIBOIIOJIO)KHbIMII pe6pal\m paBHO d. HaiI,n;IITe o6'beM 

IIIIpaMII,IJ;bI. 

6.14. ,II,an TeTpa3,n;p. ,Il,oKa)KIITe, 'ITO o6'bcM TCTpa3,IJ,pa, BepIIIIIHaMII KO­

TOporo 5IBJI5IIOTC5I IIeHTpoII,n; ,n:amwro TeTpa3,n;pa II TPII cepe,IJ,IIHbI ero pe6ep, 

He Jie)Kalll,IIe B 0,IJ;HOH IIJIOCKOCTII c IIeIITpOII,IJ;OM, paBCH 1/16 o6'bervrn ,n;aHHOro 

TeTpa3,n;pa. (TeopeMa M o n )K a.) 

6.15. HaiI,n;IITe o6'beM np5IMoyroJILHoro TCTpa3,n:pa c paBHbIMII pe6parvm­

KaTeTaMII, eCJIII BbICOTa, rrpoBe,n;enna5I K rpanII-rllIIOTeHy3e, IIl\leeT ,IJ;JIIlHY h. 
6.16. ,Il,oKa)KHTe, 'ITO o6'beM JI1060H: rrrrpaMII,IJ,hI paBen 1/3 rrpoII3Be,n;emrn 

,D;JIIlHbI ee 60KOBOro pe6pa Il IIJIOlll,a,IJ;II opToroHaJibHOH rrpoeKIIIlll OCHOBaHil5I 

na IIJIOCKOCTb, rrepneH,IJ;IlKYJI5IPHYIO B35ITOMY pe6py. 

6.17. ,II,an KJIHH ABCA1 B 1C1 . ,Il,oKa)KIITe, ~1To TeTpa3,n;phI ABCC1 Il 

A1 B1 C1 C paBHOBCJIHKil. 

6.18. ,Il,oKa)KHTe, 'ITO o6'beM KJIHna ABCA1 B 1C1 paBeH cyMMe o6'beMOB 

TeTpa3,n;pOB ABCA1 , ABCB1 , ABCC1 . IIoJiy'InTe oTcIO,n;a cpopMyny (6.20) 
o6'bel\rn KJIHHa. 

6.19. HaiI,IJ;IITe OTHOIIIeIIIIe o6'bCl\IOB TeJI, Ha KOTOpbie ,n;eJIIlT rrpaBIIJib­

HYIO qeTblpexyroJibHYIO IIIIpaMII,ll;y IIJIOCKOCTb, rreprreH,IJ;IlKYJI5IpHa5I CTOpone 

OCIIOBa1urn II ,n;eJI5Illl,a5I 3TY CTOpoHy B OTHOIIIeHIIII 1 : 3. 
6.20. IlJIOCKOCTb, rrapaJIJieJibHa5I ,Il;BYl\l rrpOTIIBOIIOJIO)KHbIM pe6paM TeT­

pa3,IJ,pa, ,n;eJIIlT paCCT05IHIIC Me)K,n;y HIIMII B OTHOIIIeHIIII k. B KaKOM OTHOIIIe­

HHil 3Ta IIJIOCKOCTb ,n;eJIIlT o6'bel\1 TeTpa3,n;pa? 

6.21. goKa)KIITe, 'ITO IIJIOCKOCTb, co,n;ep)Kalll,a5I 6HMe,IJ;Hany TeTpa3,n;pa, 

,n;eJIIIT ero Ha ,D;Be paBHOBeJIIlKIIe qacTII. 
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6.22. I1JIOCKOCTh, npOXO,IJ,5IIIJ:a5I qcpe3 CTopony OCIIOBaHI'rn npaBIIJihIIOH 

qeTbipcxyroJihHOH rrnpal\fII,Il,hI, ,Il,CJIHT npOTIIBOilOJIO)f\'.HY!O rpanh Ha ,IJ,Be paB­

HOBeJIJIKHC qacTII, B KaKOM OTIIOillCHIIII ,IJ,eJIIIT 3Ta TIJIOCKOCTh ofrheM nIIpa­

MII,IJ,hr? 

6.23. I1JIOCKOCTh, npOXO,IJ,5IIIJ:a5I qepe3 CTOpOHY OCHOBaHmI npaBIIJibHOII 

qeThrpexyroJihHOH rrnpal\fII,Il,hI, ,IJ,eJIIIT ee o6bCM nonoJiaM. B KaKOM OTHOillC­

HIIII 3Ta IlJIOCKOCTh ,IJ,eJIHT IlJIOIIJ:a,IJ,h npOTIIBOilOJIO)f\'.HOH 6oKOBOH rpairn? 

6.24. ,II;an TeTpa3,IJ,p ABCD. Hail,IJ,IITe reoMeTpIIqecKoe MecTo ToqeK lvI 
npocTpaHCTBa, ,IJ,JI5I Ka)f\'.,IJ,OII II3 KOTOphrx TeTpa3,IJ,phr lvf AC D H lvl BCD paB­

noneJIIIKII. 

6.25. ,Il;an TeTpa3,IJ,p ABCD. Hail,IJ,IITC reoMeTpwrecKoe MCCTO ToqeK NI 
npocTpaHCTBa, ,IJ,JIR Ka)f\'.,Il,OH H3 KOTOphrx TeTpa3,IJ,phr l\J BCD, 1\1 ACD, 
l\I AB D paBHOBeJIHKH. 

6.26. ,Il;aH TeTpa3,IJ,p ABC D. Hail,IJ,HTe reoMeTpnqecKoe MeCTO ToqeK NI 
npocTpancTna, ,IJ,JI5I Ka)f\'.,Il,OH II3 KOTOphrx TeTpa3,IJ,phr NI BCD, NI AC D, 
NI ABD, NI ABC paBHOBeJIIIKH. 

6.27. ,Il;oKa)f\'.HTe, qTO TPH 0Tp83Ka, Ka)f\'.,IJ,blll ll3 KOTOphIX COC,Il,llll5ICT oc­

HOBaIIII5I BhICOT rpaneil, rrpIIHa,IJ,JIC)f\'.aru:IIe CKpCIIJ:HBa!OIIJ:IIMC5I pe6paM opTO­

rrenTpIIqecKoro TeTpa3,IJ,pa, rrepeceKaIOTCR B ero opTorrenTpe. 

6.28. ,Il;oKa)f\'.IITe, qTO Bee pe6pa rrapaJIJICJICIIIIIIC,IJ,a, OIIHcannoro OKOJIO 

OpTOrreHTpIIqeCKOrO TeTpa3,IJ,pa, paBIIhI MC)f\'..IJY co6oil. 

6.29. ,Il;oKa)f\'.llTe, qTO B opTorreHTpIIqecKOM TeTpa3,IJ,pC cyMMa KBa,IJ,paTOB 

npOII3BC,Il,CHHH ,IJ,JIIIH rrpOTIIBOIIOJIO)f\'.HbIX pe6ep paBHa Y'feTBepeHHOH cyMMe 

KBa,IJ,paTOB rrJiorrra,IJ,eil rpaneil: 

6.30. ,Il;oKa)f\'.IITe, qTO cyMJVIa KBa,IJ,paTOB paCCT05IHHH OT opTorreHTpa ,Il,O 

BCpllIHH OpTorreHTpIIqeCKOro T8Tpa3,IJ,pa paBHa KBa,IJ,paTy ,IJ,IIaMeTpa ero OIIll­

cannofI c¢epbr. 

6.31. Hail,IJ,IITe na BhICOTe DD1 opTorrenTpwrecKoro TeTpa":l,IJ,pa ABCD 
TaKyIO TO'IKY lvf, 'IT06hr rrp5.!Mhre MA, lvl B, lvI C 6hIJIII norrapno opToro­

naJihHhI. 

6.32. ,Il;oKa)f\'.IITC, qTo ecJIII opTorrenTp TeTpa3,IJ,pa comra,IJ,aeT c ero rrenT­

pOII,IJ,OM, TO TCTpa3,IJ,p 5IBJI5ICTC5I npaBIIJihHhIM. 

6.33. Cepc,Il,IIHhI pe6ep, IllCCTh ocnonanIIil BhICOT rpaHeil II 12 ToqeK, ,IJ,e­

JI5IIIJ:IIX IlOilOJial\! 0Tpe3KII 3TIIX BhICOT OT opTOrrenTpOB rpancil ,Il,O BepllIIIH 

opT01ICHTpWICCKOro TCTpa3,IJ,pa, JJe)f\'.aT Ha 0,IJ,HOH c¢epe (ncpBa5I c¢epa 9il­

Jiepa opTorrcnTpnqecKoro TeTpa3,IJ,pa). ,Il;oKa)f\'.IITe. 

6.34. IJ,enTpOII,IJ,hI II opTorrenTphr rpaneil opTorrenTpIIqecKoro TeTpa3,IJ,pa, 

a TaK)f\'.e TOqKII, ,IJ,eJI5IIIJ:IIe 0Tpe3KII BhICOT TeTpa3,IJ,pa OT ero OpTOrreHTpa ,Il,O 

Beprrrnn B OTHOilleHIIII 1 : 2, Jie)f\'.aT Ha 0,IJ,HOH c¢epe, KOTopa5I rOMOTeTII'I-
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Ha orrncaHHOli c¢epe rrprr roMoTeTrrrr c rrenTpOl\I B rreHTpOIIAC G n K03¢­

¢mi:IIeHTOM -1/3 ( BTopa.H c¢epa 8Il:ncpa opTorrerITpwrecKoro TCTpa3)l;pa). 
,Il;oKa/KIITe. 

6.35. ,Il;oKa:arnTe, 'ITO eCJill BCC rpaHII TCTpa3)l;pa HMeIDT paBIIbie rrepII­

MeTpbI ' TO TeTpa3AP pamrnrpaIIHbIH. 
6.36. ,I.l,oKaMIITe, 'ITO B paBHOrpaHHOM ll TOJibKO B pamrnrpaHHOl\I TeT­

pa3)l;pe fo1Me)l;HaHbI rrorrapHo rreprreH)l;HKYJI.HpHbI. 

6.37. ,Il;oKa)KIITC, 'ITO B paBHOrpaHHOM TeTpa3)J;pe II TOJibKO B pamrnrpan­

HOM TeTpa3)l;pe rreHTp BHIIcamrnil: c¢epbl COBHa)l;aeT c ero rreHTPOII)l;OM. 

6.38. ,I.l,oKaMnTe, 'ITO )J;HaMeTp BrrncaHHOI'i c¢epbr pamrnrparrnoro TeT­

pa3)l;pa paBeH pa)l;rrycy ero BHeBrrncaHHOH c¢epbr (rrepBoro poAa). 
6.39. ,I.l,oKa}KIITe, TJTO KBa,n;paT ,ll;IIaMeTpa c¢epbI, OIIIICaHIIOH OKOJIO paB­

HOrpaHttoro TeTpa3)l;pa, paBeH cyMMe KBa,n,paTOB ero 6nMe)l;IIaH. 

6.40. ,I.l,oKa)KIITe, 'ITO cyMMa KBa,n;paTOB paCCT05IHllll To~rKII c¢epbI, BIIII­

caHHOM B paBHOrpaHHbIH TeTpa3)l;p, )J;O ero Beprmrn He 3aBIICHT OT IIOJIO)Ke­

Hll5l TOTJKH Ha 3Toli c¢epe. 

6.41. ,I.l,oKaMIITe, 'ITO BIIHCaHHa.H B paBHOrpaHHbIH TeTpa3)l;p c¢epa Ka­

caeTC5I ero rpaHeli B rreHTpax OKpy)KHOCTeli, OIIHCaHHbIX OKOJIO rpaneil:. 

6.42. ,I.1,oKaMHTe, 'ITO c¢epa, BIIHCaHHa.H B pamrnrpaHHbIM TeTpa3,n;p, 

KacaeTC.H BCex rpaneil: BOCbMIIrpaHHIIKa, BeplllIIHaMH KOTOporo 5IBJI5I}QTC5I 

cepe,n;HHbI pe6ep ,n;amrnro TeTpa3)l;pa. 
6.43. ,I.l,oKaMnTe, TJTO 061,eM paBHorpa1rnoro TeTpa3)l;pa BbrpaMaeTC.H 

¢opMyJion: 

V = ~abcJcosacos~cosy, 

r)l;e a, b, c - )J,JIHHbI pe6ep c o6rrren BepIIIHHOH, a, ~' y -- yrJibI MC)K)J;y Hlll\Ill. 
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I'.1taBa 7 

B'btfl{UCJle'l-lue o6aeMoe meA 

§ 1. @op.My.Jia Hb10m01-la-Cu.Mnc01w 

u ee npu.Me'l-le'J-lue 

1.1. Bi,rno,n; cpopMym.1 HbloToHa-CuMncoHa. Han6oJiee KpaTKIIii Bhrno,n; 

3TOH <Popl\IYJibI OCHOBaH Ha mITerpaJihHOH <Popl\lyJre BbPIIICJieHirn ofrhel\IOB 

(!2], c. 157): 

V = 1b S(x)dx, (7.1) 

r,n;e S(x) - nJI01IIa,ll;b ce'IeH1u:1 TeJia npOII3BOJihHOii TIJIOCKOCThIO, nepneH,n;II­

KYJI}lpHoii ocn Ox. <DynKIIIl}l S(x) nenpepbrnna Ha 'IIICJIOBOM npoMe)KyTKe 

[a, b]. 
TeopeMa. Ec.;iu n.;iow,adu S(x) napa.Jt.JteJWJ-t'blX ce"-le"J-tuil me.;ia ydoB.1te­

mBop.H10m yc.1t0Bu10: 

S(x) = ax2 +bx+ c, 0 ~ x ~ h, 

2de x - paccmo.H"J-tue ce'X:yw,eil n.;ioc'X:ocmu do "J-te'X:omopou nocmo.H"J-t'l-lOU ('J-ta­
"-la.Jt'b'J-loil) n.;ioc'X:ocmu u a, b, c - nocmo.H'J-l'l-l'ble "-luc.;ia, mo o675e.M V me.;ia 

paBe'J-l: 
h 

V = 5(S1 + S2 + 4S), 

2de S1 = S(O), S2 = S(h), s = sGh). 

~OKa3aTeJibCTBO. Ilo ¢opMyJie (7.1) 

V = 1h S(x)dx = 1h (ax2 +bx+ c)dx. 

BhI'IIICJIIIB 3TOT IInTerpan, rroJiy'Iael\1: 

V = ~ah3 + ~bh2 +ch= ~(2ah2 + 3bh + 6c). 

(7.2) 

TaK KaK S1 = S(O) =c, S2 = S(h) =ah2 +bh+c, s = s0) = ~ah2 + ~bh+c, 
4S = ah2 + 2bh + 4c, TO 

S1 + S 2 + 4S = 2ah2 + 3bh + 6c. 



Cne,IJ,oBaTeJibHo, 

D 

::ha 3aMe"IaTeJibHa5I ¢opl\IyJia HOCIIT IIJ\IeHa ABYX anrmIHCKIIX J\IaTe­

J\IaTIIKOB: BeJIIIKOro 11caaKa HbIOTOira (1643-1727) II TOJ\raca CIIJ\IIlCOHa 

(1710-1761). Ofoi:3aTeJibHbIJ\1 ycJIOBIIeM ee npm1cneHII5I RBJI.HeTc.H KBa,IJ,pa­

TII"IHOCTb ¢YHKI11III s ( x) IIJIOIIJa,IJ,II napanneJ!bHbIX ce'IeHIIH Tena. 

1.2. 06'beM IDipaMH,ll,hl II yce"!eHHOH IlllpaMH,ll,hl. IlycTb s - TIJIOIIJa,IJ,b 

OCIIOBaHII5I TIIIpaMII,Il,bI, s (x) - TIJIOIIJa,IJ,b ee CC'IeIIlrn TIJIOCKOCTbIO, napan­

JICJibHOH OCHOBaHIIIO ll y,IJ,aJieHHOH OT BepllIHHbl na paCCT05IHIIC x' h - BbI­

COTa rrIIpaMII,IJ,bL Tor,IJ,a, KaK II3BeCTHo, 

S(x) 
5 

IIocKOJibKY S ( x) - KBa,IJ,paTII"!HaH ¢YHKI1II5I II S 1 = 0, S2 = S II S ( ~) = ~ S, 

TO cornacHo ¢opMyne HbIOTOHa-CIIMTICOHa 061,eM V rrIIpaMH,Il,bI paBeH 

,11,JIH o6'beMa KOHyca 3TOT BbIBO,IJ, OCTaCTC.5I 6e3 II3MeneHII5I. 

PaccMoTpHM yce"IeHHYIO rrIIpaMII,IJ,y c ITJIOIIJa,IJ,HJ\III S1 II S2 ee BepxHero 

II HlI)KHero OCHOBaHIIH. IlycTb h - BbICOTa 3TOH ITIIpaMII,IJ,bI, x - BbICOTa 

rr11paMil,Il,bI, ,Il,0110JIH.5IIOIIJeM .n;a1myIO ITIIpaMil,IJ,y .n;o IIOJIHOH IrnpaMII,Il,bI. 5Ic­
HO, 'ITO KaK II B rrpe,IJ,bl,IJ,yIIJeM cJiy"Iae, ITJIOIIJa,IJ,b rrpOII3BOJibHOro CC"!eIIII5I, 

napanJieJibHOro OCHOBaHIIflM, CCTb KBa,IJ,paTII"!Ha5I ¢YHKI11I5I ero paCCT05IHirn 

,l.1,0 BepllIIIHbl. Il03TOMY ¢opMyJia (7.2) rrpIIMCHMMa. IlycTb s - ITJIOIIJa,IJ,b 

cpe,IJ,Hero ce"!CHMH ,IJ,aHHOH rr11paMII,Il,bL Tor,IJ,a 

51 x 2 4x2 

s = ( x +~hr = (2x + h)2' 

(2x + h) 2 51 x 2 ,/s:; x + h 
OTKy,IJ,a 4S = 2 S1. Anai1orII"!HO, -

5 
= ( h) 2 , OTKy,IJ,a ro- = --

x 2 x + v 51 x 
,/s:; 2x + h 

11 ro- + 1 = ---. Cne,n;oBaTCJibHO. 
v~ x . 

II 1103TOMY 

4S = ( ~ + 1) 2 

S1 = ( vfSi + ,/S;) 
2 

V = ~(S1 + S2 + ( vfSi + ,/S;)
2
), 

V = ~h(S1 + S2 + .;s;5;). 
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,Il;m1 yce"le1i1iOCO 'K,OHyca IIMeeM TOT :IB:e pe3yJ1hTaT. ,Il,n51 Hero S 1 -' n:r-i, 
S2 =n:r~, JS1S2 =n:r112 II, cne,IJ,oBaTenhHO, 

1 ( 2 2 ) V=3n.hr1 +12 +1112 . 

Ilony<J:IIM ifjop.Myfty CepBya (6.14) JJ,J151 ofrheMa TeTpaa,IJ,pa, rrOJih3Y51Ch 

cpopl\IYJIOii. HhIOTmrn-CIIl\rncona. IlpoBc,IJ,el\1 JJ,Be napaJIJieJihHhie rrnocKOCTH 

qepe3 CKpeIIIIIBaIOIIIHeCR pe6pa TeTpa3JJ,pa (pnc. 91). IlycTh a II a1 - )J,JIIIHbl 

3TIIX pe6ep, cp -- yroJI l\Ie:IB:JJ,y HHl\rn, o - KpaT'rnii.IIIee paccT051HHC. Cc'IeHH­

eM T8Tpa3,IJ,pa ITJIOCKOCThIO, rrapamICJibHOH 3THl\1 pe6pal\I, 51BJIR8TCR rrapan­

JICJIOrpal\Il\1. Ecm1 x -- paccTORHne ceKyIIIeii. 

ITJ10CKOCTH OT pe6pa )J,J1IIIIhl a, TO CTOpO­

Ilbl 3Toro rrapanJienorpaMl\ra IIl\IeIOT JJ,JIUHbI 
bx a(o - x) a II 

0 
, Il03TOMy ero ITJ10IIIa,IJ,b pan-

bx a(o - x) . ab 
naS(x)=--a· 

0 
·smcp= 02 x(o-x)x 

x sincp. KaK BIIJJ,HM, S(x) ·- KBa,IJ,paTH'IHa51 

cpyHKU:II51, JJ,JIR KoTopo:H S(O) = o, S(o) = o, 
4S ( ~) =ab sin cp. Cornacno cpopMyJre (7.2) 

ofrheM V TeTpa3,IJ,pa panen 

V = ~oabsincp. Puc. 91 

1.3. 06'heM Kmrna. <PopMyna (6.20) ofrheJVia Kmrna 6bwa rronyqeHa 

B rr. 3. 7 rJI. 6. PaccMoTpnM JJ,pyroe ee JJ, o Ka 3 a Te JI b c TB o, orrycKa51 

rrponepKy ycJIOBIIR rrpm.vreHHMOCTH cpopMyJihI HbIOTona-CHMrrcoHa. ITocTa­

BIIM KJIIIII ABCA1 B 1C1 Ha 6oKonym rpaHb AA1 B 1 B c napaJineJibHhIMII 

pe6paMn a II b (pnc. 92). IlycTb d - JJ,Jinna BbICOTbI Tpaneu;rrn AA1 B 1 B. 

c c M C1 

I/\ 
I / \ 

B ~::!"-----
B1 Q \ lh I 

{'! I 
'\ I 
\\ 

A a p A1 

Puc. 92 
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1 
Tor,n:a ee rrJiorn;a,n:b S-1 = 2 (a + b )d. Ifoorn;a,n:o S cpe,n:Hero ce'lemrn KJIHHa, 

KOTOpoe 5.!BJI5ICTC5I Tparre~eil: c OCHOBamrnMH ~(a+ c) ll ~(b + c) II Bbl-

1 1(1 1 )1 1 coToil: 2d, paBtta 2 2(a + c) + 2(b + c) 2d = 8(a + b + 2c)d. EcJIII h --

paccTo5.!IIIIe OT pe6pa CC1 ,n:o rrJIOCKOCTH rpattu AA1 B 1 B, TO rro cpopMyJie 

HbIOTotta-CIIJ\mcona o6'beM V Kmma paBeH 

( 
1 1 ) h d V= o+ 2(a+b)d+4· 8(a+b+2c)d = 6 . 2 .2(a+b+c). 

1 
3ai11eTHM, 'ITO 2 hd ecTb rrJiorn;a,n:b SJ_ rrcpueH,n:IIKYJI5.!pttoro ce'ICHII5.! l'vl PQ 

KJIIIHa. B pe3yJibTaTe IIMee11: 

D 

Orryrn;eHHa5.! 'laCTh 3TOro ,IJ,OKa3aTeJibCTBa - Bbipa)Kemrn rrJIOlll,aAil npo­

ll3BOJibHOro ce'leHil5.!, rrapaJIJICJibttoro TIJIOCKOCTII rpattn AA 1B1 B, 

S( ) 
_ S1 - de 2 de 

x - h2 x + h x 

- MO)KCT 6hITb caMOCT05ITCJibHO BOCTIOJIHCHa 'IIITaTeJieM. 

3 a A a 'I a. OcII /J,Byx KpyroBbIX u;mnm,n:poB paBHhIX pa,n:nycoB R nepe­

ceKaroTC5.! rro,n: np5.!MhIM yrnoM. Tpe6yeTC5.! ttail:TII o6'heM TeJia, 5.!BJI5IIOID;eroc5.! 

rrepece'ICHIICM 3TIIX U:HJIHHJl:POB (pIIC. 93). 

Puc. 93 Puc. 94 

p e ill e H II e. Ilepece'!CHIICM ,n:aHHbIX ~JIIIH,1],pOB 5.!BJI5.!CTC5I TCJIO, COCTO­

Hlll,CC ll3 'ICTbrpex paBHblX 'laCTeil:, Ka)K)J,ylO II3 KOTOpbIX MO)KHO pa36IlTb 

rrorroJiaM. O,n:aa II3 noJiy'leHHbIX BOCbMII ,n:oJieK npe,n:cTaBJietta na pIIc. 94. 
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Ee rrapaJIJieJihHblMH ceqen11srM11 ITJIOCKOCTHMH, napaJIJie.}JbHbIMH ITJJOCKOCTM 

c1111MeTpI1H 0 PQ, cJiy)KaT paBHo6e,n,peHHbie rrpRMoyroJibHbie TpeyronbHH­

KH. Ecn11 x - paccT05IHHe ceKyllle:U: rrnocKOCTII OT Konu,a ,n,naMeTpa u,n-
1 1 

nIIn,n,pa, TO rrnolllaJJ:b S(x) ce'rnmrn ABC paBHa 2AC2 = 2x(2R - x), cne-

,n:onaTeJihno, 5IBJI5IeTC5I KBa,n:paTwrno11 cpynKQHeli. Do cpopMyJie HbIOTona­

Cmmcona rrpII h = 2R, 0 ~ x ~ 2R, S = ~ R2 IICKOMbiii ofrbeM nepece'ICHII5I 

11,HJIIIH,Il,pOB 6y,n:eT paBen: 

V=8· 
2
R(0+0+4· ~R2)= 16

R3 
6 2 . 3 . 

§ 2. 06ae.M wapa u eio 'ttacmeu 

2.1. 06'heM mapa H mapoBoro cerMenTa. BbI'lHCJIIIM 061,eM V rnapa 

pa,n,Hyca R no cpopMyne HLIOTOHa-CIIMrrcona, 'ITO 'lpC3BbI'laiIHo npocTo: 

ITJIOIIJaJJ:H ero «KpaliHIIX» ce'le1rnfI paBHbI nynIO, a rrnollla,11,b cpe,n,nero cc'le­

HH5I paBHa n.R2. Tor,n:a 

V = 
2
: (0 + 0 + 4rrR2

) = ~rrR3 . 
O,n:naKo rrpe)K,n:e ny)KHO 6bIJIO y6e,n:HTbC5I B TOM, 'ITO ITJIOllla,Il,b S(x) ero 

rrp01I3BOJihHoro ce'leH1I5I - KBa,n:paTII'lHasr cpyHKU,IIsr. A aTo TaK: 

S(x) = rrr2 = nx(2R - x) = -n:x2 + 2n:Rx, 

r,11,e r - pa,n:Hyc ce'leHII5f, x - pacCT05IH1Ie OT IIJIOCKOCTH CC'ICHII5I ,Il,O rrapaJI­

JieJibHOH eli KaCaTeJibHOH IIJIOCKOCTII K rnapy. 

lliapOB'blM ce2Me'l-lmoM Ha3hrnaeTc5I 'laCTh rnapa, OTCe'leHHa5I OT nero 

neKOTopoii ceKyllleii rrnocKOCThIO (pnc. 95). Kpyr, 5IBJI5IIOIIJHHC5I ce'leHII-

h 

er" 
0 

Prrc. 95 

CM mapa 3TOH llJIOCKOCThIO, Ha3hIBaeTC5I OC'l-l06a'J-lUeM, wapo6020 ce2Me'Hma. 

TinocKOCTh, ncpeceKaIOllla5I map, ,n:eJIIIT ero na ,n:Ba mapoBbIX cerMe11Ta c 06-

lllIIM OCHOBaHHeM. ECJIII npoBeCTII KaCaTCJibH}'IO lIJIOCKOCTb K rnapOBOMY 
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CCrl\IeHTy, napamrCJibIIYIO ero OCHOBamno, TO paCCT05IHlIC h MC)K,IIY 3TOH 

ITJIOCKOCTbIO lI IIJIOCKOCTbIO OCHOBaHH5l IIa3bIBaCTC5l 6'blcomoil cecMe'/-lma. 

Pa,L1,11yc r ocuoBanIIB, pa,L1,rryc R rnapa rr BhrcoTa h ccrl\rerITa CB513anbr 

3aBHCIIl\IOCTbIO: 

r2 = h(2R - h). (7.3) 

Do 3TOH )KC cpopMyne ,ll,JI5l pa,L1,1Iyca r 1 cpe,L1,nero ceqeHII5l rnapoBoro cerMenTa 

Hl\reeM: ri = ~ ( 2R - ~). Tor,ll,a rro cpopMyne HbIOToua-Cmmcoua o6'beM 

V rnapoBoro cerMCHTa c BLrcoToil h 6y,L1,eT paBen: 

V = ~ (0 + rrr 2 + 41cri) = ~ (rrh(2R- h) + 2rrh (2R- ~)) = 

2rch 
2 

( h h ) 1 2 =- R--+2R-- =-rrh (3R-h). 
6 2 2 3 

V = ~rrh2 (3R - h). (7.4) 

1 
lfa (7.3) R = 

2
h (r 2 + h2). IloaToMy II3 (7.4) rronyqaeM eilie ,L1,pyry10 cpop-

Myny ,ll,JI5l o6'beMa rnapoBoro ccrMenTa: 

(7.5) 

2.2. OfrheM mapoBoro ceKTopa. lliapo6'blM cenmopoM Ha3LrnaeTC5I Te­

no BpailieHH5l KpyroBoro ceKTOpa OKOJIO cro rpaurrquoro pa,L1,1Iyca. IlycTL 

ueHTpanhHhIH yron KpyroBoro ceKTopa paBeH a.. Bo3MOW::HhI Tpn cnyqaa: 

Cl. < goo' goo < Cl. < 180° II Cl. = goo. ,Il,JI5I rrcpBbIX ,ll,BYX cnyqaeB COOTBCTCTBy­

lOilIIIC rnapOBhIC CCKTOpbl II306pa)KCllhl Ha pIIC. g5 II pI!C. g1. IlpII Cl. < goo 
rnapOBOll CCKTOP COCTOIIT II3 rnapoBoro cerMCHTa II Konyca. Bo BTOporvr cny-

h 

0 

P11c. 96 P11c. 97 
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~rae rnapoBoii ceKTOp rrpe,n,cTaBJrneT co6oii pa3HOCTh rnapoBoro cenierna 

II KOHyca. CJirraii a.= goo IICKJIIOqaeTC5! II3 paCCl\!OTpemrn, IIOCKOJihKY TO­

r,n,a rnapoBoii ceKTOp eCTh rroJiyrnap. BhICOTY h rnaponoro cerMeHTa, cooT­

neTCTBYIOill,ero ,n,aHHOl\IY rnapOBOIVIY ceKTOpy, Ha3hIBaIOT TaKEKC II BhICOTOH 

3TOrO ceKTOpa. 

B cJiyqae a. < go 0 o6'beM V rnapoBoro ceKTopa naxo,n,IITC5! KaK cyMMa 
1 1 

o6'heMoB cerMenTa II Kouyca: V = 3rr.h2(3R - h) + 3rr.r2(R - h), r,n,e R -

pa,n,IIyc rnapa, r - pa,n,IIyc ocnoBaHII51 cenrenTa II Konyca. IlocJie rro,n,cTa­

HOBKII (7.3) II yrrp0Ill,CIIII51 IIOJiyqennoro BhipaEKCHII5! Ill\IeCl\1 OKOHqaTeJihIIO: 

2 2 
V= '3;r,R h. (7.6) 

IlpII a.> go 0 BhICOTa Konyca 6y,n,eT panua h - R, no Tor,n,a Bl\recTo cyMMhI 

o6'hel\IOB IIMeeM IIX pa3nocTh. B pe3yJihTaTe noJiyqaeTc5! TOT £Ke pe3yJih­

TaT (7.6). 
2.3. 06'heM mapoBoro cJI011 H mapoBoro KOJihJJ;a. lllapoB'blM CJ!Oe.M na3hI­

BaeTc5! qacTh rnapa, 3aKmoqenua5I MCEKAf ,IJ,BYM5! ero ceKylll,IIMII rrapaJIJICJih­

Hhil\III IIJIOCKOCT5!MII. PaccT051Hne MCEKAf 3TIIMII 

IIJIOCKOCT5!MII Ha3hIBaeTC5! BhICOTOH rnapoBoro 

CJI051. 

IllapoBoii cJroii rrpe,n,cTaBJrneT co6oii pro­

HOCTh ,JJ;Byx rnapoBhIX cerMenToB. Ecm1 hi II 

h2 - BhICOThI 3TIIX cerMeIITOB, T1 II T2 - pa­

,Il,IIYChI IIX OCHOBaHIIH (pIIC. gs), TO o6'beM v 
rnapOBOI'O CJ105! paBeH: 

V = !rr.h2
2 (3R - h2) - !rr.h2i (3R - hi) = 

3 3 Pnc. 98 

= ~rr.(3R(h~ - hi) - (h~ - hi))= 

= ~rr.(h2 - hi)(3R(h2 +hi) - (hi+ h; + h1h2)). 

Comacno (7.3) 2Rhi = r7 + h7, (i = 1, 2). Ilo3TOMY 

V = ~rr.(h2 - hi)(3(r; + h; + ri +hi) - 2(hi + h; + hih2)) = 

= ~rr.(h2 - hi)(3ri + 3r; + (h2 - h 1 )
2

). 

TaK KaK h2 - hi = h - BhICOTa rnaposoro CJI051, TO IIOJIY'Iae11 OKOHqa-

(7.7) 
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WapoB'bl.M 1wJlib'lJ,O.M Ha3hrnaeTC.H TeJio BpaI11,emrn 

KpyroBoro cerMeHTa OKOJIO ,n;uaMeTpa 3Toro Kpyra, ec­

Jil1 3TOT ,n;11aMeTp He 11MeeT 06I11,11x BHyTpemrnx TO'ICK 

c xop,n;oli KpyroBoro cerMeHTa (p11c. 99). 
O'IeB11,n;no o6'beM nrapoBoro KOJihIJ,a paBeH pa3HO­

CTl1 o6'beMOB rnapoBOro CJIO.H 11 yce'IeHHOro KOHyca: 

V 1 ( 2 2 h2) 1 ( 2 2 ) = 5rch 3r1 + 3r2 + - 3Tr.h r 1 + r 2 + r1r2 = 

1 h( 2 2 2) 1 (( )2 2) =5rc r 1 +r2 -2r1r2+h = 6rrh r2 -r1 +h. 
PHC. 99 

Ifa COOTBeTCTBYIOI11,ero rrp.HJ\WyroJibHoro TpeyroJihHl1Ka (r2 - r 1 )
2 + h2 = l2, 

r,n;e l - ,n;JI11Ha xop,n;hI BpaI11,aIOIJJeroc.H KpyroBoro cerMeHTa. 06'hel\r nrapoBoro 

KOJibIJ,a, CJie,IJ;OBaTeJibHO, Bbipa:IKaeTC.H rrpOCTOH cj:>opMyJioli: 

Pllc. 100 

(7.8) 

Ilp11Me'IaTeJibHO, 'ITO 3TOT o6'hel\! He 3aB11Cl1T OT pa­

,n;11yca rnapa. 

3 a ,n; a 'I a. B nrape pa,n;11yca R rrpoCBepJieno 

B,IJ;OJib ero ,n;naMeTpa IJ,HJI11H,D,PWICCKOe OTBepCTlie pa­

,n,11yca r. Hali,n;11Te o6'heM ocTaBrnet!:c.H 'IacT11 map a. 

Pe nr e H 11 e. OcTaBrnaac.H '!aCTh nrapa ecTh 

rnapOBOe KOJibIJ,O (p11c. 100) y KOTOporo l = h = 
= 2vR2 - r 2 • Ilo3ToMy ee o6'heM paBen 

V = ~rch3 = ~rc(R2 - r 2
)

312 
6 3 . 

§ 3. IIpuH'l1iun KaeaJrbepu 
3.1. CyIIQIOCTh npHHIJ,Ima KaBaJihepn. I1TaJih.HHCK11t!: MaTel\raTnK Bona­

BCHTypa KaBaJibepH (1598-1647), y'IeHHK faJittJie.H, c¢opMyJI11poBaJI cBot!: 

npIHIIJ,HII ,IJ;Jl>l naxo:1K,IJ;eH11.H o6'heMOB TeJI B CBOet!: KIIHre, Bbillle,n;nret!: B 1635 
ro,n;y. Co,n;ep:IKaHHe 3Toro rrp11HIJ,Hrra TaKono. 

EcJJ.u npu nepece"ie'twu iJByx me,//, F u F1 n.1wc1wcmJl.MU, napa.1!.fle.11:b1i'bl­

.MU 1ie1wmopou nocmoJl1i1iOU nJwcox;ocmu a, B ce"le1iUJlX 3mux me,//, no,//,y"la­

wmc.fl ifiuiypbl, nAow,a<Ju ox;omopblx HaxodJlmCJl B nocmoJl1i'liO.M om1iowe'/iuu 

A: S = "AS1 , mo o675e.Mbl 3mux me,//, 'liaxod.flmCJl B mo.M :J1Ce om'liowenuu: 

V(F) = "AV(F1). 
KanaJii,ep11 BhICKa3aJI 3TOT cj:>aKT 6e3 ,n;oKa3aTeJihCTBa KaK nocTyJiaT -

«IIpII!II~HII». IloTOM CTaJIO .HCHO, 'ITO OH .HBJI.HeTCB rrpOCTbIM CJI8,Il;CTBHCM 
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cpop11yJihI (7 .1). Ho HHTerpaJihHOe ncqIIcJic1rne II05!BIIJIOCb II03Tu:e rrpIIl\repHo 

JieT Ha 25 B pa6oTaX M. HbIOTOHa H r. Jleii6HHD;a 6Jiaroll,ap5!, B 'laCTIIOCTII, 

n IICcJiell,OBaHH5!M B. KaBaJibepn. 

Ha OCHOBaHIIII npIIHIJ;IIna KaBaJibepII nnpaMHll,bI c paBHbIMII BbICOTaMII 

II paBHOBeJIIIKIIMII OCIIOBaHII5!1\1II paBUOBeJIIIKII. 0TCIOll,a IIYTCM pa36HeIIII5! 

TpeyroJibHOll rrpII3Mbl ll,IIarOHaJI}Il\!H 6oKOBbIX rpaHeli Ha TpII paBHOBCJIIIKIIe 

TpeyrOJibHbIC rrnpaMIIll,bl II3 cpopMyJibl o6'beMa rrpII31\lbI IIOJIY'IaCTC5! OCHOB-
1 

na5! cpopMyJia o6'heMa TeTpa3ll,pa V = 3sh. 
PaccMoTpIIM ll,pyrIIe rrpIIMephr rrpHMenemrn rrpIIHIJ;IIrra KaBaJihepII. 

3.2. 06'heM mapa H mapoBoro cerMeHTa. PaccMOTpIIM rroJiyIIIap c .u;eH­

Tpo11 0 pall,Hyca R. IIoMeCTHl\I Ha IIJIOCKOCTb a ero rpaHwrnoro Kpyra 

Ky6 c pe6poM ll,JIIIHbI R (pIIc. 101). OTceqeM OT Ky6a ABCDA1 B 1 C1 D1 

Pi 

___ x-t----
1 R 

0 

Pnc. 101 

'IeTbrpexyroJibnyro rrIIpa1>rnll,y AA 1B1C1D1. CpaBHHM o6'bel\r rroJiy<reHHoro 

MnororpammKa F1 c ofrbeMoM noJiyIIIapa. IIepeceqeM 3TOT 1>mororpaHnIIK 

II noJiyIIIap HCKOTOpoli IIJIOCKOCTbIO ~' napaJIJI8JibHOll Cl. II OTCTom.u;eli OT 

nee Ha paccTo5!HIIII 0 P = x. B ceqeHHII noJiyIIIapa noJiy<IHM Kpyr, nJiorn;all,b 

KOToporo paBHa n ( R2 - x 2). CeqcHHeM 1mororpamrnKa F1 5!BJI5!eTc5! IIIe­

CTnyroJibHIIK, IIJiorn;all,b KOToporo paBHa pa3IIOCTH R2 - x 2 IIJiorn;all,H rpaHII 

Ky6a II KBall,paTa co cTopoHoli x, TaK KaK AN= N M 1 = x. CJICll,OBaTeJihHO, 

ycJIOBII5! rrpIIHIJ;IIIIa KaBaJibepn BhIIIOJineHhr: OTnomenIIe nJiolll,ap,eli ceqeHHli 

p,aHnhrx TeJI nocT05!HHO (pamro n). Torll,a no 3TOMY rrpmr.u;nny o6'hCM noJiy­

IIIapa paBen 
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TioJih3Y5!Ch BhIIIOJIHeHHhIMII rrocTpoeHII5!1\III, Hati,I\Cl\I ofrLeM wapoBoro 

cerMeHTa c BbICOTOll h = PQ, OTCe'!eHHOro OT IIOJiyurnpa ceKYI1ICll IIJIOCKO­

CTblO ~- 9TOMY wapOBOMy cerMeHTY COOTBCTCTByeT l\IHOrorpamrnK, IIOJiy­

~reIIHbill uyTeM II3'h5!TII5! Il3 np5!1\IOyroJibHoro napaJIJieJieuIIrre,!l;a N C1 (Bepx­

Heti: 'IaCTII Ky6a AC1) yce'!eHHoti: nIIpaMII,!J;hI, O,I\HIIM ocnoBaHIIeM KOTopoti: 

CJiyJirnT KBa,L1;paT A1B1C1D1 (c pe6pm1 R), a ,I\pymM - KBa,!l;paT c pe6-

poM x. K 3TIIM TeJiaM TaK:JKe npIIl\IeHill\I npIIHIJ,IIII KaBaJibepII ( c anaJiorn'I­

Hoti: ceKyI1Ieti: nJIOCKOCThIO): 

06'beM ycecimrnoti: nnpal\III,!J;hI no,n:cciIITan KaK pa3HOf'.Th 06'bel\10B ,!l;Byx rroJI­

HLIX mrpaMII,!l; c o6I1Ieti: BeprnIIHoti: A. 
TioJiy'ICHHbill pe3yJihTaT COBna,):\aeT c (7.4). 
3.3. 06'beM Topa. Topo.M Ha3hrnaeTC5! TeJio, noJiy'Iemroe BpaI1ICIIIICl\1 

Kpyra OKOJIO np5!MOti:, Jie:JKaI1Ieti: B nJIOCKOCTII 3TOro Kpyra II He ncpeceKa10-

I1Ieti: ero. <I>opMy TOpa IIMeeT, HanpIIMep, o6bIKHOBeHIIa5! 6apanKa IIJIII Me 

HaKa'!aIIHa5! aBTOM06IIJibHa5! IIIIIHa. 

~JI5! noJiy'!eHII5! ¢opMyJihI o6'beMa TOpa nOJIO:IKIIl\I ero na HeKOTOpy10 

nJIOCKOCTh a. TiycTh R - pa,I\nyc Bpm11,a10I1Ieroc51 Kpyra, a - paccT05!HIIe 

OT 11,eHTpa 01 3Toro Kpyra ,I\O OCH BpaI1IeHII5!. TioJIO:IKIIM na nJIOCKOCTb CJ. 

TaK:JKe np5!MOti: KpyroBoti: 11,IIJIIIH,!l;p pa,!l;IIyca R c ,!J;JIIInoti: a o6pa3yIOI1Ieti: 

TaK, 'IT06bI OH KaCaJIC5! nJIOCKOCTII CJ. no o6pa3YIOI1Ieti: (pIIC. 102). TiepeceqeM 

3TII ,!l;Ba TeJia nJIOCKOCTbIO y, napaJIJICJibHOll nJIOCKOCTII CJ. II y,I\aJICHHOll OT 

u;enTpOB OCHOBaHIIll 11,IIJIIIH,I\pa Ha paccT05!IIIIe x. 9Ta nJIOCKOCTb nepcceKaeT 

Top no KpyrOBOMY KOJihil,Y, a Il,IIJIIIH,!J;p - no np5!MOyrOJihHIIKY (Ha pIIC. 102 
onn 3aIIITpIIxoBaHbr). HeTpy,I\HO nO,!l;CqIITaTh, qTo nJIOI1Ia,I\h KOJihIJ,a pamra 

a nJIOI1Ia,I\h np5!MoyroJihHIIKa - 2av R 2 - x 2 . Mx 0TnoIIIe1me A= 211: ne 3a­

BHCIIT OT x. CorJiaCHO npIIHIJ,IIny KaBaJibepII o6'hel\l Topa paBcn ofrhel\1y 

11,IIJIIIH,!l;pa, yMHO:JKeHHOl\ly na 2n:: 

VTopa = 2n: · n:R2 a = 2n:2 aR2
• (7.9) 

TaK KaK ¢opl\lyJiy (7.9) o6'beMa Topa MO)!(HO 3anIIcaTh B BII,I\e n:R2 · 2n:a, 
TO pe3yJihTaT l\IO)!(HO c¢opMyJIIIpOBaTh TaK. 

06oe.M mopa paeex npou3eedenuio n.!!ow,adu 06pa3y10w,e20 e20 r.;py2a 
u d.!!uxu or.;py:J1Cxocmu, paduyc r.;omopou paeex paccmo.Rxuio om u,exmpa 
3mo20 r.;py2a do ocu epaw,exu.R. 
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a 

P11c. 102 

§ 4. 06ae.M meJ1,a apaW;e'J-lU.fl 

4.1. JleMMa 0 IIJIOIIJ;a,n;H IlOBepXHOCTH, o6pa30BaHHOH Bpam;eHHeM OT­

pe3Ka. Il.11,ow,aa'b S noeepxi-wcmu epaw,ei-tuR ompe31w, r;;omopuil 1-te uMeem 
o6w,ux 61-tympemtuX mo"ter;; C OC'b'/-0 6paw,e'/-tUR, .11,e:>1eaw,eil 6 oa'/-toU n.11,ocr;;o­
cmu C ompe3r;;OM, pae'/-ta npOU36eae'/-tU'/-O a.11,U'/-tbt l 3m020 ompe3r;;a U a.l/,U'/-t'bl 

or;;py:>1e1-tocmu, paauyc r;;omopoil paee'/-t paccmOR'/-tU'/-0 p om cepeau'/-t'bt ompe3r;;a 

ao OCU 6paw,e1-tUR: 

S = l · 2rcp (7.10) 

( T€0p€1\Ia I' IO JI h ,D, e II a ,D,JI5l 0Tpe3Ka). 

,II; o K a 3 a T e JI h c T B o. Bo3Mo:>KHhie cJiy<mH B3attl\rnoro pacnoJimKeHII5l 

oTpe3Ka AB II ocII x BpaliieHII5l npe,n,cTaBJICHhI na pIIc. 103. B CJiy<rac a), 
Kor,n,a AB II x, rroBepxnocTh BpaIIIeHII51 - 6oKoBa51 rroBepxnocTh 1IIIJIIIn,n,pa. 

Tor,n,a S = 2rcpl. IlpII ycJIOBHII 6) rroJiy'-!aeTC51 6oKoBa51 noBepxnocTh Konyca 

c o6pa3YIOliiffiI l 11 pa,n,rrycoM 2p ocn0Ban115!. Ilo3TOMY S = 2rclp. B cJiy'-!ae e) 
TIJIOliia,D,h 6oKOBOi1: rroBepxnocTII yce'-!ennoro Konyca paBna S = xl ( r 1 + r 2) = 
= 2rclp. Kor,n,a AB 1- x, noJiy'-laeM JI1160 Kpyr pa,n;IIyca l = 2p, JIII6o Kpyro­

BOe KOJih1IO c IIJIOliia,ll;hIO S = x(OA2 
- OB2

) = x(OA + OB)(OA - OB)= 
= rc · 2p · l. D 
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A 

p 

B 
B 

x 
a) 

B 

Pnc. 104 

4.2. 0fri,eM 

opeMa. 

A 

6) 

h 

f' 

A 
B 

A B 

B 
x x x x 

6) z) a) 

Pnc. 103 

IlycTb r - ,n;mrna cepe,n;mrnoro rreprren,n;HKYJI5!pa 

K OTpe3KY AB OT cepe,n;nHbI OTpe3Ka ,n;o ocn Bpauremrn 

II h - OpTOrOHaJihHa5! rrpoeKrrII5! 0Tpe3Ka (pnc. 104) Ha 

och Bpauremrn:. Tor,n;a h = l cos cp n p = r cos cp, r,n;e cp -
yroJI HaKJIOHa 0Tpe3Ka KOCH BpaureHH5!, OTKy,n;a pl= hr. 
Ilmnmry ¢opMyJie (7.10) MO:tKHO rrpn,n;aTb Bn,D,: 

S = 2rrrh. (7.11) 

CJie,n;oBaTeJihHO, ,n;oKa3attttyio .rreMl\fY MO:tKHO c¢op-
My.rrnpoBaTb TaK. 

CJie,ri;cTBHe. JlJww,aiJ'b noeepxi-wcmu, 06pa3oea'Hil-Wi1 

epaw,ei-me.M ompe31w oiw;w ocu, JLe;)fCaw,ei1 c 'I-WM e oiJ­

'liOi1 nJLoc1wcmu u 'lie nepecenaww,ei1 e2o eo B'liym­

x 
B1 pe'li'liUX mo"lnax, pae'/ia npou3eeiJei-mw opmo20'liaJL'b'lioi1 

npoenv,uu ompesna '/ia oc'b u iJJLU'li'bl onpy;)fC'/iocmu, pa­

iJuyc nomopoi1 paee'/i iJJLu'/ie cepeiJu'li'li020 nepne'liiJuny-

JL.Flpa n ompe3ny om e20 cepeiJU'li'bl iJo ocu epaw,e'liU.Fl. 

TeJia Bpam;ett11.a TpeyroJibHHKa. IhreeT 11ecTo TaKa5! Te-

TeopeMa. 06?JeM meJLa, o6pasoea'li'li020 epaw,e'/iueM mpey20JL'b'liWW ono­

JLO np.7lMoi1, JLC;)fCau~ei1 B e20 nJLocxocmu, npoxoiJ.71,w,ei1 "lepes e20 eepwmiy 

u 'lie coiJep;)fCaw,ei1 B'liympeu'/iux mo"len mpey20JL'b'liuna, paee'/i npou3eeiJe­

uuw nJLow,aiJu noeepxi-wcmu, no.ny"lC'li'liOi1 Bpaw,e'/iueM npomueonoJLO;)fC'liOi1 

3moi1 eepwu'lie cmopO'li'bl, '/ia mpem'b coomeemcmeyww,ei1 ei1 B'btcomtt. 

LI; o Ka 3 a Te .rr h c TB o. IlycTh ,n;an TpeyroJibIIHK ABC II och x Bpaurc­

HII5!, y,n;oB.rreTBopmor.o;a5! yKa3aHHhIM yc.rroBH5!l\I. PaccMOTpHM B03l\IO:tKHhIC 

CJIY'IaII. 
1. CTopona AB IIpIItta,n:Jie:tKIIT OCH Bparr~eIImI (pnc. 105). Tor,n;a Te.rro T 

Bpam,CIIII5! TpeyrOJibIIHKa IIpe,n;cTaBJI5!eT co6oi1: CYMJ\IY ( IlJIIl pa3IIOCTb) ,D;Byx 
1 1 

KonycoB c o6n~IIM ocHOBaHHeM pa,n;Hyca CE: V(T) = 3rr · CE2 
· AE + 3rr x 
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x CE2 ·BE= ~r;: · CE2 ·AB. TaK KaK CE· AB= BC· AH, TO 

1 1 
V(T) = -rr · CE(BC ·AH)= Snc ·-AH. 

3 3 

x 

x c 
E 

A 

h 
H 

x 

B B1 
A 

B 
H A c E 

B 
B c C1 c 

Prrc. 105 Prrc. 106 

2. CTopoHa BC rrapa.rrneJibHa ocII Bparu:eHIIR 

(pIIc. 106). EcnII ocH0Ba1rne H BbICOTbI AH rrpII­

na,JJ;ne:arnT OTpe3KY BC, TO rrony'IaeM TOT )Ke 

pe3yJILTaT. EcnII H Jie)KIIT BHe OTpe3Ka BC, TO 

o6'beM V(T) paBeH cyMMe o6'heMa I!IIJIIIH,JJ;pa c BbI­

coToii BC II pa,JJ;IIycoM AH II ofrLeMa Kottyca c BbI­

coToii AB1 =EH II pa,JJ;IIycoM BB1 =AH 6e3 o6'b­

eMa Kottyca c BbICOTOii AC1 =CH II pa,JJ;IIycoM 

CC1 =AH: 

V(T) = rrh2 ·BC+ !rrh2 ·EH - !rrh2 ·CH= 
3 3 

=rrh2
( BC+ ~EH - ~cH) =rrh2

( BC - ~Be)= 
2 2 1 1 

= 3rrh ·BC= 3h · 2BC · rrh = Ssc · 3h. 

3. IIpRMa}f BC rrepeceKaeT ocb x nparu:ettII}f 

B TO'IKC M (pIIc. 107). Tor,JJ;a ofo,eM V(T) paneH 

pa3HOCTII o6'beMOB TCJI nparu:eHII}f TpeyrOJibHIIKOB 

ABM II ACM: 

A 

B 
x 

M 

Prrc. 107 

Prrc. 108 

x 

A 

B1 

C1 

1 1 1 1 
V(T) = 3SsM · h - 3ScAih = 3h(SsM - ScM) = 3h · Ssc· D 

,lJ;oKa3annhrii pe3yJihTaT MO)KHO rrpe,11,cTaBIITb IIna'Ie. IIycTh BC= a. IIo 

¢opMyJie (7.10) Ssc =a· 2rrp, r,JJ;e p - paccTO}IHIIe OT cepe,JJ;IIHbI E CToponbr 
1 

BC AO ocII nparu:emrn (pIIc. 108). Toma V(T) = 3ah · 2rrp. 
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PaccTORHIIe r OT 11,e1ITpoII,n;a G TpeyroJibIUIKa ABC ,n;o ocII x Bpau1enIIR 
2 

pamro 3P' ah= 2SABC· Ilo3TO!lry 

V(T) = SAsc · 2nr. (7.12) 

1:haK, o6oe.M me.1ia Bpaw,e'/iu.fl mpey20.Jl'bHuna ono.Jlo ocu, .JleJtCaw,eu 6 

n.Jlocnocmu mpey20.Jl'bHuna, codepJtCaw,eil e20 Bepwu'liy u 'He u.Me'/Ow,eu 

B'Hympe'H'Hux mo"<en mpey20.Jl'b'Huna, paBe'H npou36edeuu'IO n.Jlow,adu mpe­

y20.Jl'b'Huna u dmm'bl onpyJtC'Hocmu, paduyc nomopou pa6eu paccmo.fl'HU'IO om 

U,e'Hmpouda mpey20.Jl'b'HU1',a do OCU 6paw,e'HU.fl ( Teope11ra f IO JI b ,lJ; CH a /.l,J15I 

TpeyrOJibHIIKa). 

3 a ,n; a 'I a. Hai:J:,n;IITe o6'beM Tena, o6pa3oBaHHoro BpaIIJ,CHIIeM Tpeyronb­

HIIKa ABC OKono npRMOi:J:, npoxo,Ll;5IIIJ,ei:J: T.Jepe3 Beprmrny CB ero nnocKOCTII 

nepneH,D;IIKYJIRpHo Me,n;IIane CA1, ecJIII CA= b, CB= a, AcB = y. 
-- 1- - 1 

PeIIIeHIIe. CM= 2(CA +CB), CM= 2Ja 2 + b2 + 2abcosy. 11,eH-
2 

Tp~II,Ll; TpeyrOJibHIIKa y,n;aneH OT OCII BpaIIJ,CIIII5I Ha paccT05IHIIe r = 3Cl'vl = 

= 3Ja2 + b2 + 2abcosy. IIo cpop111yne (7.12) 

V(T) = ~absin y · 211 · ~ Ja2 + b2 + 2abcosy = 

= ~11absinyJa2 + b2 + 2abcosy. 

4.3. 06'heM Tena BpaIIJ,emrn u;eHTpaJibHO-CHMMeTpH'IHOH <jmrypbI. B cBo­

ei:J: o6IIJ,ei:J: cpopMyJIIIpOBKe TeopeMa fIOJib,lJ;CHa CB5I3aHa c ITOH5ITIIeM 11,CIITpa 

Maccbr nnoIIJ,a,n;II ( «IJ,CHTpa T:iDKCCTH») nnocKoi:J: cpIIryphI. BBe,n;eHIIe 3TO­

ro ITOH5ITII5I II ,Ll;OKa3aTCJlbCTBO TCOpeMbI frOJib,D;eHa B o6IIJ,eM co,n;ep.lKaHIIII 

,n;aneKO He 3JieMeHTapHbl Il paccMaTpIIBaIOTC5I B BhICIIICll IIIKOJie. 0,n;HaKO 

,n;mr ITJIOCKOH cpIIrypbI, II!llCIOIIJ,ei:J: ITJIOIIJ,a,D;b Il 11,CHTP CIIMMeTpHII, 11,eHTp 

MaCCbI comra,n;aeT c 11,CHTpOM CIIM!llCTpIIII. ,IJ,n:;r 3Toro T.JaCTHOro, HO T.Ja­

CTO BCTpeT.JaIOIIJ,erocR cnyT.JaR TeopeMa fIOJib,Ll;CHa IIMCCT TaKyIO cpopMyJIII 

pOBKy. 

06oe.M me.Jla Bpaw,e'HU.fl n.Jlocnou u,e'Hmpa.Jl'b'Ho-cu.M.Mempu"<uou rfiucyp'bl 

ono.Jlo np.R.Mou, 'He u.Me'IOVJ,eil c 3mou rfiu2ypou o6w,ux ee Buympe'H'Hux mo­

"ien, pa6e'H npou36ede'HU'IO n.Jlow,adu S rfiu2yp'bl u d.JlU'H'bt onpyJtC'Hocmu, pa­

duyc r nomopou paBe'H paccmo.fl'HU'IO om u,e'Hmpa cu.M.Mempuu rfiu2yp'bl do 

ocu Bpaw,e'/iu.fl: 

V = S · 2nr. 

HanpII111ep, ecJIII BpaIIJ,aIOIIJ,aRCR cpIIrypa RBJIRCTC:il KpyroM pa,n;nyca R 
II OCh BpaIIJ,CHII5I y,n;aneHa OT ero 11,eHTpa na paCCT05IHIIC a, TO o6'be!II v 
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IIOJIY'IeHHOro TOpa paBeH 

V = rr.R2 
• 2rr.a = 2rr.2 aR2

, 

'ITO coBna,L\aeT c cpopMyJioiI (7.9), noJiy'IemroiI no npHHJ:.\Imy KaBaJihepII. 

EcJIII BM8CTO Kpyra 6y,L\eM Bparn,aTb 3Jrmmc c ,L\JIIInaMII a II b ero rroJiy­

occiI oKoJio Tip5!MOiI, y,L\aJiennoiI OT ero I.\8HTpa na paccTo5!nIIe m > a, TO no 

TeopeMC froJib,L\8Ha 06beM TIOJiy'Iennoro «TOpa» 6y,L\CT paBen: 

V = rr.ab · 2rr.m = 2rr.2abm, 

B c1rny paBencTBa TIJIOill,a,L\eiI TpeyroJihIIIIKOB, na KOTOpbIC pa36IIBaeT­

C5! ,L\aIIIIblll TpeyroJibHIIK C0€,L\IIH8HIIeM cro Beprmrn c I.\CHTpOH,L\OM, I.\€IITP 

Jl.JaCCbl O,L\HOpO,L\HOH TpeyroJibHOH rrnaCTIIHKII COBHa,L_\aeT c ee J:.\€HTpOH,L\OM. 

Ilo3T01\IY IIplI IICIIOJib30Bamm cpopMyJihI (7.12) ,L\JIZI o6beMa TeJia Bparn,e­

HII5! TpeyrOJibHIIKa YCJIOBIIC, 'IT06bI OCb Bparn,eHII5! CO,L\ep.tKaJia Bepnmny 

,L\annoro TpeyrOJibHIIKa, ne aBJI5leTca o6a3aTCJihHhil\L Ocbro Bparn,enII5! MO­

.tKeT CJIY.tKIITh Jiro6a£ TIP5!Ma5!, ne TiepeceKarorn,aa TpeyroJihHIIK npII Toil .tKe 

cpopMyJie (7.12) o6'heMa noJiy'Iennoro TeJia Bparn,enII5!. 

4.4. 9KBHBaJieHTHa51 3aMena Bparri.arom;eiic51 qmryphl. B Tipe,L\hI,L\Yill,CM 

II3JIO)KCI!IlII neo6xO,L\IIMbIM ycJIOBIICM 6brna TipI!Ha,L\JIC.IKHOCTb OCII Bparn,emrn 

TIJIOCKOCTII Bparn,arorn,eil:c5! cpIIryphr. EcJIII 3TO ycJIOBIIe ne Bhrnomreno, TO 

MO.IKHO 3al\ICHIITb Bpam;arorn,yroc5! cpIIrypy ,L\pyroiI cpIIrypoiI TaK, 'IT06bI ee 

TIJIOCKOCTb CO,L\ep:li<:aJia ,L_\annyro OCb, a o6beM TIOJiy'IeHHOI'O TeJia Bparn,eHII5! 

OCTaJIC5! 6e3 II3MCHCIIIIZ!. 

TeopeMa. Ilycm'b OC'b x 6paw,e'HUJl Jl6J/,JlemcJl J/,U'HUeii nepece"le'HUJl a6yx 

nepnenaur1,yJ/,Jlp'H'blX nftOCri",OCmeii a u ~ u nftOCri",OCm'b y aamwii ef)u2ypu F 
nepne'liaur1,yJ1,Jlp1w nftocr1,ocmu ~' a F 1 - opmo20naft'b'liaJl npoer1,'IJ,UJl ef)u2yp'bt 

F na nftocr1,ocm'b a. To2aa o67>e.M mMa 6paw,enuJl r}U2yp'bt F or1,ofto ocu x 

pa6e'li ofoe.My mefta 6paw,eHuJl ef)u2ypu F 1 or1,ofto ocu x. 

,II, 0 Ka 3 a Te JI b c TB o. IlyCTb HCKOTopa5! TIJIOCKOCTb o, TICpTI€H,L\IIKY­

mipHa51. OCII x, TiepeceKaeT cp!Irypy F no OTpe3KY AB, a cpIIrypy F1 - no 

oTpe3Ky A1B1 (pIIc. 109). TaK KaK AB II a, TO A1B1 =AB. TeJio T, o6pa-

3oBannoe Bparn,enIIeM cpIIryphI F OKOJIO ocII x, TiepeceKaeTC5! c TIJIOCKOCThIO 

o TIO KOJihI.\Y K, KOTopoe TioJiy'IaeTC5! TIPII Bparn,enIIII OTpe3Ka AB. IIycTb 

(AB) n ~ = C II (A1B1) n x = C1. Tor,L\a ACi - AC2 =BC~ - BC2 = CCi. 
Ilo3TOMY TIJiorn,a,L\h KOJibI.\a K paBna rr.(ACi - BCi} = rr.(AC2 - BC2). Ana­

JIOrII'IHO TeJio T1 , o6pa3oBannoe Bparn,eHIIel\1 cpIIryp1>1 F 1 oKoJio ocII x, 
TICpCCCKaeTC51. c TIJIOCKOCTb!O 0 TIO KOJlbI.\Y KI' TIJIOill,a,L\b KOTOporo paBna 

rr.(A1C~ - B1 en= rr.(AC2 - BC2), T. e. paBna rrnorn,a,L\II KOJlbI.\a K. Comac­

HO npIIIIJ:.\IITIY KaBaJibepII o6beMhI TeJI T II T1 paBHhI. D 
CJie,L\OBaTeJihno, cpHrypy F MO.IKIIO 3aMenIITh ee opToronaJihnoiI npo­

CKI.\IIeiI F 1 TaK, 'ITO x Ca II V(Ti) = V(T). KpoMe Toro, cpHrypy F MO.IK-
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HO, O'ICBII,IJ;HO, 3aMCHIITb ee o6pa3011 IIpII rrepenocc rrapaJIJICJibIIO IIJIOC­

KOCTII ~-
3 a,n;a 'I a. ,l..I;att Ky6 ABCDA1 B 1 C1D 1, pe6po KOToporo IIMCCT ,n;mrny a. 

Bhr'IIICJIIITe o6'heM TCJia BpanrCHII5! TpeyroJibHIIKa AA1 C1 OKOJIO rrpn110:H AB 
(pIIc. llO). 

x 

Pnc. 109 Pttc. 110 

Pe III en II e. YcJIOBII5! TeopeMbI BbIIIOJIH5IIOTC5! ,n;Jin rrJiocKOCTe:H a= 
= (AB 1 Ai), ~=(ABC) II y = (AA 1Ci). ComacHo 3TOH TeopeMe o6'beM 

TeJia BpanreHII5! TpeyrOJibHIIKa AA1 C1 OKOJIO rrpnMo:H AB paBeH o6'beMy 

TeJia BpanreHII5! TpeyroJibHIIKa AA1 B 1 OKOJio rrpnMo:H AB. A rrocJIC,IJ;HIIH 

BbPIIICJI5ICTC5! Herrocpe,n;cTBCHHO KaK pa3HOCTb o6'bCMOB IIIIJIIIH,n;pa II KOHyca: 

V 2 1 2 2 3 = na · a - -na · a = -na . 
3 3 

4.5. 3aMeHa ocn Bpanrettmr. 065e.M V(Tx) meJta, noJty"le'HiH020 Bpaw,e-

1-lUe.M ifju2yp'bi F O'ICOJlo ocu x, 1-te Jte:J1Caw,eu B ee n.1ioc'/Cocmu, paBe'l-l o65e.My 

V(T1) meJta, noJty"le'l-l'l-l020 Bpaw,e'l-tue.M 3mou ifju2yp'bi O'/COJlo opmo201-taJl'b'l-lOil 

npoe'/Cv,uu l ocu x 'Ha nJtoc'/Cocm'b ifju2yp'bl F, y.M'l-lO:J/Ce'l-l'l-tO.MY 'I-ta cos<p, 2iJe 

q:i - y20Jl 'Ha'ICJlO'l-ta ocu x 'IC nJtoc'/Cocm u ifiu2yp'bi F. 
,lJ; 0 Ka 3 a Te JI b c TB 0. IlpII IIOCTpOCHII5IX, BbIIIOJIHCHHbIX ,IJ;JI5! ,Il;OKa3a­

TCJibCTBa rrpC,IJ;bI,IJ;yI!ICH TeopeMbI (rr. 4.4, pIIC. 109) rrp5!Ma5! l rrepece'ICHII5! 

IIJIOCKOCTCH ~ II y 5IBJI5ICTC5! OpToronaJibHOH rrpoeKrrIIeli: OCII x Ha IIJIOCKOCTb 

y q:rnrypbI F. EcJIII Q - rreHTp CUMMCTpIIII (IIJIU rrerITp MaCCbI) q:rnrypbI 

F' TO ero OpTorona.TibHa5! rrpOCKIIII5! Q 1 na IIJIOCKOCTb a CCTb rrenTp CHM­

MCTpIIH (rrenTp Maccbr) q:rnrypbr F 1. To<IKH Q II Q1 paBimy,n;aneHbI OT rrJioc­

KOCTH ~ Ha paccT05IHHC p. Tor,n;a no TeopeMc fIOJib,IJ;CHa V(T1) = S(F) · 2np 
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II V(Ti) = S(F1) · 2rcp, r;:i:e T1 - Teno Bparu;enmr qmrypbr F1 OKOJIO OCH x. 
Ho S(F1) = S(F) coscp, TaK KaK yron cp CCTb yron Me)K;:i:y IIJIOCKOCT5!MH y 
II a. Toma V(T1 ) = S(F)2rcp · coscp = V(Tl) coscp. Cornacno rrpc;:i:hr;:i:yru;eti: 

Teope11e V(T1 ) = V(Tx)· Cne;:i:oBaTeJihHO, 

V(Tx) = V(T1) coscp, 

'-!TO II neo6xo;:i:H110 6hmo ;:i:oKa3aTh. D 
3a;:i:aqa 1. Pe6po Ky6a ABCDA1B 1C1 D 1 HMeeT ;:i:mrny a. Hati:;:i:H­

Te 06'he11 TCJia T, rroJry<rennoro Bparu;errne11 TpeyrOJibHHKa A 1 B1 C 1 OKOJIO 

;:i:HaronaJrn AC1 Ky6a (pnc. 110). 
p e III e H II e. Ha OCIIOBaIIHH rrpC;:I:bllJ:YIIICH TCOpeMbI HCKOMbIH o6'beM 

V(T) paBeH 06'be11y Tena Bparu;emrn TpeyrmrhHHKa A 1B 1C 1 OKOJIO rrp5!MOH 

v'2 ---A1C1, yMHO)KeIIHOMY Ha coscp = v'3' r;:i:e cp = AC1A 1. Ho 3TOT rrocne;:i:nHti: 

ah 
o6'beM paBen y;:i:BoennoMy o6'heMy KoHyca c BbICOToit A1 0 1 = -

2
- II pa;:i:H-

av'2 
ycoM B 10 1 = -

2
- ocnoBaHH5!. Cne;:i:oBaTeJibHO, 

V(T) = 2 · !rc(av'2)
2

av'2 · v'2 = v'3rca3 

3 2 2 V3 9 . 

3aMeHa OCH Bparu;eHH5! MO)KeT HrpaTb ellle H ;:i:pyryIO pOJib - pOJib cpe;:i:­

CTBa ;:I:JI5! naXO)K;:I:eIIH5! u;eHTpa MaCCbI IIJIOCKOH qmrypbl c HCIIOJib30BaHHeM 

TeOpCMbI rIOJib;:I:eHa 06 06'beMe TeJia Bparu;eHH5!: 06'0e.M me.IW 6paW,C'HUJI, 

nAociwi1 ifm2ypu mw.!lo 'Henepeceiwiow,ei1 ee npJl,MOi1, .!le:J1Caw,ei1 6 n.!loc­

'/f,OCmu iJa'H'HOU <jju2ypu, pa6e'H npous6eOe'HU'JO n.!low,aiJu <jju2ypu u O.!lU'H'bt 

O'/f,PY:J1C'Hocmu, paiJuyc '/f,Omopoi1 pa6e'H paccmOJ1,'HU'JO om 11,C'Hmpa .Macc'bt <jju-

2ypu iJo ocu 6paw,e'HUJI,. 

B 3TOti: KHHre 3JieMenTapHoro xapaKTepa He ;:i:aeM MaTeMaTH'-lecKoro 

onpe;:i:enenH5! non5!TH5! u;eHTpa Maccbr qmrypbr. OrpaHH'-IHMC5! JIHillb ero qm-

3wrecKoii rmmocTpau;Heti:. EcJIH ;:i:aHny10 q:rnrypy rrpe;:i:cTaBHTb KaK TOnKyIO 

1JaTepIIaJibIIYIO IIJiaCTIIHKY O;:I:HOpO;:I:HOH MaCCbI, TO u;eHTpOM ee MaCCbI 5!BJI5!­

eTC5! TaKa5! TO'-!Ka, rrpII IIO;:I:CTaHOBKe B KOTopyIO CHII3Y TO'-le'-IIIOH onopbl 3Ta 

¢IIrypa ocTaeTC5! B paBnoBeCIIII. B ~racTHOCTH, ecJIII ;:i:aHHa5! ¢IIrypa IIMeeT 

OCb CIIMMeTplrn, TO u;enTp ee MaCCbI rrpIIHa;:i:Jie)KHT 3TOH OCH ClIMMeTpHII. 

Pa3yMCCTC5!, IJ;CHTP MaCCbI cPIIrypbI He CB5!3aH c ee Bparu;enHeM H IIO­

TOMY He MO)KeT 3aBIICeTb OT OCH Bparn,eHII5!. EcJrn OCb Bparu;emrn BbI6paTb 

TaK, '-!TO TIOJIY'-ICHHOC TeJIO Bparu;eHH5! IIMeCT II3BeCTHbIH o6'heM, TO Teope1ra 

rIOJib;:I:eUa II03BOJIHT BbI'-1.HCJIHTb paCCT05IlIHe OT OCH BpaIIIeUH5! ~0 IJ;eUTpa 

Maccbr. Tor;:i:a no 3TOti: )KC TeopeMe MO)KHO ttati:TII o6'heM Tena Bparu;enH5! 

lJ:aIIHOH cPIIrypbI OTHOCHTeJibHO ;:i:pyroti: OCH. BOT npIIMCp. 
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Pnc. 111 

3 a ,ri: a '-I a 2. Bhr'-IIICJIIITe ofrheM TeJia BpaH!eHIIn rro­

JiyKpyra pa,ri:IIyca R OKOJIO KacaTeJibHOli K Hel\1y, rrapaJI­
JieJihHOH ero rpaHII'-IHOMY ,Li:IIaMeTpy (pIIC. 111). 

p e III e H II e. IloJiyKpyr He IIMeeT rreHTpa CIIMMeTpIIII, 

no IIMee'r OCb CIIMl\IeTpIIII - cepe,ri:IIIIIIblll rreprren,ri:IIKJJI5Ip 

A K ero rpaHII'-IHOMY ,ri:rrnMeTpy AB. 11,eHTp C Maccbr no­

JIJKpyra Haxo,ri:IITcn Ha 9TOM rreprrCHJi:IIKJJI5Ipe. EcJIII Bpa­

H!aTh rroJiyKpyr OKOJIO ,ri:uaMeTpa AB, TO rro;ry'-IIIM IIIap. 

Tor,ri:a IICKOMOe paccTonmre r = OC Haxo,ri:IIM II3 paBeHCTBa 

1 2 4 3 -rcR · 2rcr = -rcR 
2 3 ' 

4RII _ _ l 
OTKy,ri:a r = 3;. 0 TOH :lKe Teope.Me, HO y:iKe ,Li:JI5! ,ri:pyroII OCH BpaH!eHH5!, 

yKa3aHHOH B YCJIOBHII 3a,ri:a'-IH, IICKOMbIH o6beM v paBeH 

V = -rcR · 2rc R - r = re R R - - = -rcR 3rc - 4 . 1 2 ( ) 2 2 ( 4R) 1 3 ( ) 
2 ~ 3 

3aaa'l(,u x.: 2Jlaee 7 
7.1. B IIIap BTIHCaH KOHyc. IlJIOH!a,Li:b oceBoro ce"remrn KOHyca pamra S, 

a yroJI Me:iK,ri:y BhICOTOli u o6pa3JIOH!eli paBeH a. Hati,ri:HTe o6beM IIIapa. 

7.2. EcJIH B IIIapoBoM ceKTOpe IIJIOH!a,J:i:h oceBoro ce'-leHH5! paBHa TpeTbeti 

'-!aCTII IIJIOH!a,Li:H 6oJihIIIOro Kpyra, TO ero o6beM paBeH '-!eTBepTH o6beMa 

IIIapa. ~OKa:lKIITe. 

7.3. C¢epa c rreHTpoM B BepIIIIIHe KOHyca KacaeTcn ero ocHoBaHII5! II ,ri:e­

JIIIT KoHyc Ha ,ri:Be paBHOBeJIIIKIIe '-laCTII. Hati,ri:uTe yroJI Me:lK,ri:y o6pa3JIOH!eli 

KOHyca II ero BbICOTOH. 

7.4. IlJIOCKOCTb, rreprreH,Li:IIKJJI5IpHa5! ,Li:IIaMeTpy IIIapa, ,ri:eJIIIT ero na "Ia­

CTH 6 cM H 12 cM. Hati,ri:IITe o6beMhr '-lacTeti IIIapa. 

7 .5. IlJIOCKOCTb ,ri:eJIHT rreprreH,J:i:IIKJJI5IpHbIH err ,ri:uaMeTp Illa pa B OTHOIIIe­

HIIII A.. B KaKOM OTHOIIIeHHII 9Ta IIJIOCKOCTb ,ri:eJIIIT o6bCM Illa pa? 

7 .6. C¢epa KacaeTcn '-!eTbrpex pe6ep Ky6a, rrpIIHa,ri:Jie:iKaIIIHX o,ri:Holi ero 

rparrn, II KacaeTC5! rrpOTIIBOIIOJIO:lKHOH rparrn. Hati,ri:IITe OTHOIIICHIIe o6beMa 

Ky6a K o6beMy IIIapa, orpaHII'-lermoro ,ri:amroli c¢epoli. 

7.7. IIIap KacaeTcn Bcex pe6ep Ky6a. Hali,ri:IITe o6beM '-laCTII IIIapa, 3a­

KJIIO'-!eHHOli BHYTPII Ky6a, ecJIH ero pe6po HMeeT ,Li:JIIIHY 2a. 
7.8. Hali,ri:IITe OTHOIIIeHIIC 06be1ra rnapoBoro cer1v1eHTa K o6beMy rnapa, 

ecJIH ,ri:yra oceBoro ce'-leHIIn cerMenTa cooTBeTCTByeT rrerITpaJibHOMY yrJiy a. 

7.9. Bhr'-IHCJIHTe o6bCM rrepece'-!ennn ,ri:Byx paBHhrx IIIapoB pa,ri:nyca R, 
paCCT05IIIIIe Me:lK,Li:y rreHTpaMH KOTOpbIX paBHO 2a. 
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7.10. CenrenT Kpyra, Bl\ICru;a10ru;11ti: yroJI 135°, Bparu;aeTC51 OKOJIO ,0:11a­

l\IeTpa, rrpoxo,0:51ru;ero 'Iepe3 KOHeu, xop,O:bI 3Toro cen1enTa. Hati:,0:11Te o6'beM 
TeJia Bparu;en1151, ecJIH ,O:JIHHa xop,o:br paBHa a. 

7.11. B wapoBoti: ceKTOp mrncaH wap. Hati:,0:11Te OTHowen11e rrx o6'beMOB, 

ecJIH u,eHTpaJibHbiti: yroJI ceKTopa paBen a. 
7.12. KoHyc Il IIOJiywap IlMeIOT o6ru,ee OCHOBaJUie ll Jie)f\:aT B O)]:IIOM 

rroJiyrrpocTpancTBe OT ero IIJIOCKOCTH. Pa,0:11yc rroJiyrrrnpa paBeH R, a 06pa3y-

10ru;a51 KoHyca paBHa ,o:rraMeTpy ocnoBamrn. BbI'IHCJIHTe o6'bCM rrepece'ICHH51 

Konyca rr noJiyrnapa. 

7.13. BbI'lllCJIHTe OTHOilleHire o6'bel\IOB TeJI Bparu;eHil51 TpeyroJibIIHKa OKO­

JIO ero CTOpOHbI Il OKOJIO IIp51MOti:, rrpoxo,0:51ru;eti: 'Iepe3 ero BepillHHY rrapaJI­

JieJibHO ,o:aHHOti: CTOpOHe. 

7.14. ,Il;oKa*HTe, 'ITO OTHowen11e o6'heMOB TeJI Bparu;eHmr rrapaJIJie­

JiorpaMMa OKOJIO ero Cl\le)f\:HbIX CTOpOH o6paTHO OTHOIIIeHilIO ,O:JIIlH 3TllX 

CTOpOH. 

7.15. KacaTeJibHa5l K OKPY*HOCTH B TO'IKe C rrepeceKaeT rrp5!My10, co­

,o:ep*aru;y10 ,0:11aMeTp AB, B TO'IKe D. Orrpc,o:eJIHTe o6'heM TeJia Bparu;eHmr 

TpeyroJibHHKa AC D OKOJIO rrp51Moti: AB, ecJIH pa,o:rryc OKPY*HOCTH paBen 

R, a ,o:yra BC co,o:ep*HT 60°. 
7 .16. IlJioru;a,o:b IIOBepXHOCTil Bparu;eHil51 u,enTpaJibHO-CllMMeTpll'IHOrO 

MHOroyroJibHilKa OKOJIO HerrepeceKa10ru;eti: ero IIp51MOti:, JIC)f\:aru;eti: B IIJIOCKO­

CTil 3Toro MHoroyroJibHHKa, paBHa rrpoH3Be,o:eHH10 ero nep11MeTpa 11 ,O:JIH­

HbI OKPY*IIOCTH, pa,0:11yc KOTopoti: paBeH paccT051Hil10 OT u,eHTpa CHMMeT­

prrn MHOroyrOJibHilKa ):1:0 OCH Bparu;eHil51 ( TeOpeMa f 10 JI b)]: e H a). ,lJ;OKa­
)f\:IlTe. 

7.17. IlpaBilJibHbiti: wecTHyroJibHilK Bparu;aeTC51 OKOJIO rrp51MOti:, Jie)f\:aru;eti: 

B ero IIJIOCKOCTil, rrapanJieJibHOti: ero CTOpOHe ll y,o:aJieHHOti: OT Hee Ha )J:JIIl­

ny arrocpeMbI. BhI'IHCJIHTe rrJioru;a,o:h noBepxHOCTH 11 o6'heM TeJia BpaIIIemu:i, 

ecmr ,O:JIIIHa cTopoHhI wecTrryroJib!IIIKa pamm a. 
7.18. IlpmrnyroJihHIIK Bparu;aeTC}l OKOJio rrp51Moti:, rrpoxo,0:51ru;eti: 'Iepe3 ero 

Bepwnny rrapanJieJihHO ,0:11aroHaJIII. Hati:,0:11Te o6'beM 11 rrnoru;a,o:h noBepxno­

CTII TeJia Bparu;erIII5l, ecJIH ,O:JIIIHa ,0:11aroHaJIII paBHa d, a yros1 Me*,O:Y HIIJ\III 

paBeH t.p. 
7.19. KBa,o:paT ABCD co CTOpOHOti: a Bparu;aeTC51 OKOJIO rrp511\IOti:, y,o:a­

Jiennoti: OT 6JIH*ati:weti: ero BeprnIIHhI A Ha paccT051HHe b H cocTaBJimoru;eti: 

yroJI a co cTopoHoti: AB. Hati:,0:11Te IIJioru;a,o:b rroBepxnocTH H o6'heM TeJia 
Bparu;eHH51. 

7.20. PoM6 co CTOponoti: a II OCTpbIM yrJIOM a Bparu;aeTC51 OKOJIO IIp511\IOti:, 

Jie)f\:aru;eti: B IIJIOCKOCTII poM6a, rrapaJIJieJihHOti: ero CTOpone ll y,o:aJICHIIOti: OT 
a 

nee na paccTomIIIe 4. BhI'IIICJIIITe o6'beM n rrJioru;a,o:b rroBepxHOCTil TeJia 

Bparu;eHII51. 
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7.21. IIapa60Jwuao.M apaw,e'Hu.fl Ha3bIBaeTC5l TeJio npaill,emrn rrapa6oJibI 

y = kx2 OKOJIO ocII Oy. IloJib3Y51Cb ¢opMyJiofi HbIOTOHa-Cm.mcmra, Hal'r,ri;IITe 

061,e11 cenreHTa napa6oJIOII,ri;a npam,eHII5l npII 0 ~ x ~ a, 0 ~ y ~ h. 
7.22. )J,oKa:)KIITe cPOPMYJIY o6bC!'.Ia napa60Jimr,ri;a Bpaill,eHII5l, IIOJiyLJeH­

nyro n npe,JJ;bl,lJ;YIIIefi 3a,ri;aLie, no rrpIIHll,IIIIY KanaJibCpII, cpaBHIIB ero c rrp5I-

110H: TpcyroJibHOH IIp!I3MOH BbICOTOH h, OCIIOBarniel\I KOTOpOH 5IBJI5IeTC5l rrp51-

l\IOYrOJibHbIH panHo6e,ri;peHIIbIH TpeyrOJibIIIIK c Ka:TeTOI\! a. 
7.23. Hail,ri;IITe o6beM TeJia, rroJiyLJeHHoro npaiu.enIIeM Kpyra pa,ri;IIyca 

R OKOJIO OCII, BaKJIOHCHIIOH K ero ITJIOCKOCTII IIO,JJ; yrJIOM cp, CCJIII opToro­

HaJibHa5l rrpOCKll,II5l OCH Ha ero IIJ!OCKOCTb y,ri;aJieHa OT u.erITpa Kpyra Ha 

paccT05IHIIe m > R. 
7.24. Han,ri;rITe o6beM TeJia, rroJiyLJerrnoro Bpan~eHneM Ky6a c pc6po11 a 

OKOJIO ero ,JJ;IIarOHaJIII. 

7.25. IlJIOCKOCTb a. rrapaJIJICJibHa IIJIOCKOCTII OCHOBaHII5l ll,IIJIIIH,ri;pa, IIMC­

IOIIIero pa,ri;11yc R II BbICOTy 2R, II y,ri;aneHa Ha 2R OT U.CHTpa U.IIJIIIH,ri;pa. 

Ilp5IMa5l l JIC)KlIT B ITJIOCKOCTII a. II HaXO,JJ;IITC5l Ha paCCT05IHIIII 2R OT npoeK­

ll,1111 u.eHTpa ll,IIJIIIH,ri;pa Ha ITJIOCKOCTb a.. Hait,ri;IITe o6beM TeJia, noJiyLiennoro 

BpaIIIeHIICM ll,IIJIIIH,ll;pa OKOJIO OCII l. 
7.26. '-leTnepTb Kpyra pa,ri;IIyca R npaIIIaeTC5l OKOJio KacaTeJibHOH K ero 

,n;yre B cepe,ri;11ne 3TOH ,n;yrn. BbILJHCJIIITe o6beM rroJiyLJeHnoro TeJia npa­

IIICHII5l. 
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Cif;epa 

§ 1. KacameA'b'li'ble nAoc1wcmu u npJLM'ble. MaA'ble 

ox;py:J1C'Hocmu crfiep'bl 

1.1. KacaTeJihHhie nnocKocTH K ccpepe. IlJiocKocTh, IIMerorn,a5! co ccpe­

poil. ef),IIHCTBeHHYIO o6rn,yIO TOqKy, Ha3bIBaeTC5! 1cacame.!l/brlO"U n.flOCKOCm'b10 

K 3TOil. ccpepe. 0Ha rreprreHfl,HKYJI5IpHa pafl,Hycy ccpephr, rrpoBegeHHOMY 

B TO'IKY KacaHH5!, H o6paTHO. 

TeopeMa 1. Ee.flu np.RMa.f! u crjjepa He u.Me10m o6w,ux mo'ler.:, mo cy­

w,ecmBy10m BBe u mo.fl'br.:o BBe n.flocr.;ocrnu, r.:acarne.fl'bH'ble x: 3rnou cif;epe 

u c0Bep:>1Caw,ue Bar£Hy10 np.RMy10. 

,LJ; o Ka 3 a Te JI h c TB o. IlycTh f),aHhI ccpepa F H He nepeceKaIOrn,a5! ee 

np5!Ma5! m. IlpoBefl,eM qepe3 11,eHTp 0 ccpepbr IIJIOCKOCTb a, rreprreHfl,HKy­

JI5IpnyID rrp5IMOH m H rrepeceKaIOIII,yIO ee B TO'!KC p (pIIC. 112). IlJIOCKOCTb 

a nepeceKaeT ccpepy no 6oJibrnoil. OKpy)KHOcTH w. B 3Toil. ITJIOcKOcTII IIMe­

IOTc5I f),Be H TOJlbKO ,ll;Be KacaTeJibHbIC 

a H b K oKpy)KnocTH w, co,n;ep)Ka­

rn,He ToqKy P. IIJiocKOcTH a.= (m, a) II 

~ = (m, b) - KacaTeJibHbie IIJIOCKOCTII 

K ccpepe F. ,LJ;eil.cTBHTCJibHO, TaK KaK 

m ..la, TO m ..l OA rr m ..l OB. Kpo­
Me Toro, OA ..la H OB ..lb rro cBoil.­

cTBY KacaTeJibHbrx K OKpy)KHOcTH. IIo­

cKOJihKY OA ..l m HOA ..la, TO OA J_ a.. 
AnaJiorHqno OB ..l ~- CJie,n;oBaTeJibHO, 

rnrocKocTH a H ~ KacaIOTc5I ccpepbr F B 

TO'IKax A H B H cof),ep)KaT 3af),aHny10 

np5!Myro m. Bc5!Ka5I rma5I rrJIOcKOCTb, 

COfl,Cp)KaIIl,a5I IIp5IMYIO m, npOXO,Il,HT B 

Of),HOH H3 nap BepTHKaJibHbIX fl,ByrpaH­

HbIX yrJIOB c pe6poM m H rpanIIqHbIMII 

IIOJIYIIJIOCKOCT5IMII IIJIOcKOcTeil. a II ~ II 

II03TOMY Jm6o He HMeeT o6rn,HX ToqeK 

co ccpepoil., JIH6o rrepeceKaeT ee. D Pttc. 112 



1.2. MaJibie oKpy)KHOCTH c<PepbI. IInocKOCTh a, ne co,IJ,ep)i<aIIJa.H 11,enTp 

,IJ,annoil: c¢ephI II ITepeceKaIOIIJa.H ee, ITepeceKaeT c¢epy ITO oKpy)KHOCTII, 

na3brnaeMoii .MaAoil onpy:J1Cxocm?J10 c¢epbI. IIycTb P P 1 - ,IJ,IrnMeTp c¢e­

pb1, ITepITeH,IJ,llKYJI.HpHblll ITJIOCKOCTll CJ. l\JaJIOll OKPY)KHOCTll y) ( p P1) n CJ.= Q 
(pnc. 113). To<rKa Q ecTb 11,enTp oKpy)KHOCTn y (B ITJIOCKOCTH a). Kp01\1e To­

ro, MaJia.H OKpy)KHOCTh y nMeeT eIIJe ,IJ,Ba cif;epu"lecnux v,exmpa - TO<rKH P 
II P1, TaK KaK Bee ,IJ,yrn P N ,IJ,JI.H n106oii TO<rKII NE y paBHhI II Bee ,IJ,yrII P1N 

1t 
TaK)Ke paBHhI. MenhIIIa.H II3 3TIIx ,IJ,yr ( ee pa,IJ,IIanna5I Mepa MenhIIIe 2) Ha-

3hrnaeTc.H cif;epu"lecnu.M paduyco.M MaJioii OKpy)KnOCTII y. 
lfepe3 6CJl,'X',Ue mpu mo"lnu cif;ep'bl, 'lie .f!e:J1Caw,ue 'Ha 60.!!?JW01'1 onpy:J1C'HO­

cmu, npoxodum eduxcmee'H'Ha.f! .Ma.f!a.f! onpy:J1C'HOCm'b cif;ep'bl. 

B caMOM ,IJ,ene, <repe3 TPII ,IJ,aHHbie TO<rKII c¢epb1 npoxo,IJ,nT e,IJ,IIHCTBen­

na.H ITJIOCKOCTb, KOTOpa.H ITepeceKaeT c¢epy ITO MaJIOil: OKPY)KHOCTII, T. K. ITO 

YCJIOBIIIO OHII He Jie)KaT Ha 60JibIIIOll OKpy)KHOCTII. 

Pnc. 113 Pnc. 114 

TeopeMa 2. ,ll,A.f! na:J1Cdoil mo"lnu A .Ma.!!oil onpy:J1C'Hocmu cif;ep'bl cy­

w,ecmeyem eduxcmee'H'lia.f! ee 60.!!?JWa.f! onpy:J1C'HOCm?J, nacaww,a.f!c.f! da'Hxoil 

.MaAoil onpy:J1C'Hocmu e mo"lne A u nepne'Hduny.!!.f!p'Ha.f! ee cif;epu"lecno.My pa­

duycy, npoeede'li'HO.MY e mo"lny naca'Hu.f! (pIIc. 114). 
,LJ; o Ka 3 a Te JI h c TB o. ,LJ;Be OKPY)KHOCTII c¢epb1 na3brna10TC.H Kaca­

TeJibHhIMII ,IJ,pyr ,IJ,pyry, eCJIII OHII IIMeIOT e,IJ,IIHCTBennym 06IIJYIO TO<rKy. 

B TO<rKe KacanII.H onll IlMeIOT o6IIJyIO KacaTeJibHYIO ITp.HMYIO - JIIIHIIIO ITe­

pece<remrn ITJIOCKOCTeii ,IJ,aHHbIX OKpy)KHOCTeii. 

IIycTb ,IJ,aHa Mana.H oKpy)KHOCTh y c¢epb1 II Ha neil: TO<rKa A. IIpoBe,IJ,eM 

K OKpy)KHOCTII y B TO<rKe A KacaTeJihHYIO t. Ona ITpIIHa,IJ,Jie)KllT IIJIOCKOCTII 

3T0ll OKpy)KHOCTII. 11,enTp 0 ccJ.)epbl II ITP5Il\Ia5I t onpe,IJ,CJI5IIOT ITJIOCKOCTb IIC­

KOl\!Oll 6oJihIIIoii OKPY)KHOCTII w, KacaIOIIJeiic.H y B TO<rKe A. O<reBII,IJ,HO, 3Ta 

oKpy)KIIOCTh w e,IJ,IIHCTBeHHa.H. EcnII P - c¢epw1ecKIIii 11,eHTp OKPY)KHO-
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CTH y, TO 0 P _l_ t II II03TOMY npmvia5I t nepneH,Ll,IIKyJrnpna IIJIOCKOCTH 0 PA. 
CJie,n;oBaTeJibHO, OKPYMHOCTb w opToronaJihHa ,n;yre PA. D 

1.3. KacaTeJThHhie np11Mi.1e K c<Pepe. Tip5IMa5I na3bIBaeTC5I KacaTeJii.noii 

K c¢epe, eCJIII ona IIMeeT c Heil e,n;IIHCTBeHHYIO o6myIO TO'IKy. Tipmvia5I 
na3bIBaeTC5I KacaTeJibHOH K OKpyMHOCTII npocTpanCTBa, eCJIII mra JIC)KlIT 

B IIJIOCKOCTII 3TOH OKPYMHOCTII II Hl\IeeT c Heil C,Ll,IIHCTBeHHYIO 06my10 TO'!Ky . 

.Vb 3TIIX ,LJ,Byx onpe,n;eJieHIIii cJie,n;yeT: ecJIII npRMaR KacaeTc5I oKpyMHO­

CTII, JICMameii Ha c¢epe, TO ona KacaeTc5I TaK.1Ke 3TOH c¢epbr. 06paTHoe 

yTBep.1K,n;e1rne neBepHO. KacaTeJibHa5I npmvraR K c¢epe He o65I3aHa KacaTb­

C5I 0Kpy.1K110CTII 3TOH c¢epb1, ,n;a)Ke ecJIII ona II IIl\IeCT c Heil e,n;HnCTBennyIO 

o6myIO TO'!Ky. 

Ee.JIM np5IMa5I t KacaeTc5I c¢epb1, TO cymecTByeT e,n;HnCTBennaR 6oJii.IIIa5I 

OKPY.IKHOCTb w 3Toii c¢epb1, Kacaioma5Ic5I ,n;aHHoii npRMOH. Tio cBoiicTBY 

KacaTeJibHOH K OKPYMHOCTII np5IMa5I t nepnen,n;IIKYJIRpHa pa,n;Hycy OA c¢e­

pb1, npoBe,n;eHnoMy B TO'IKY KacaHII5I. CJie,n;oBaTeJibHO, o6?>eaunenue 6cex 

nacame.!!'bU'blX npJl.M'blX n crfiepe 6 aai-moil ee mo"ine A ecm'b nacame.!!'bttaJl 

n.!!OC'K:OCffi'b 'K: crfiepe 6 3moi1 mo"i'K:e, IIOCKOJibKY Ka./K,Ll,a5I II3 KaCaTeJibHbIX 

np5IMbIX nepnen,n;IIKYJIRpHa O,Ll,HOl\IY pa,n;Hycy 0 A. 
TeopeMa 3. 06?>eaunenue 6cex nacame.!!'b'l-l'blX npJl.M'blX n crfiepe, npo­

xoaJlw,ux "iepe3 aa'l-l'l-lY10 ee 6Uewn1010 mO"i'K:Y A, ecm'b nonyc 6paw,e'l-lUJl. 

M'l-lo:>1Cecm60 ecex mo"ien nacanu.H ecm'b .Ma.!!aJl onpy:>1Cnocm'b crfiep'bt. 

)]; o Ka 3 a Te JI b c TB o. TiycTb ,LJ,ana c¢epa ( 0, R). TipoII3BOJibHa5I IIJIOc­

KOCTb a, npoXO,Ll,5IIII,a5I '!epe3 npRMYIO OA, nepeceKaeT c¢epy no 6oJibIIIOH 

oKpy)KnocTII w. TipoBe,n;eM K 3TOH OKpy)KHOCTII KacaTeJibHYIO AT II 6y,n;eM 

BpamaTb IIJIOCKocTb a OKOJIO np5IMOii OA (pIIc. 115). Tor,n;a oKpy)KnocTb w 

PIIC. 115 
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orrnUieT ,ri:aHHYIO c¢epy, a KacaTCJibHmr AT - Konye <I> c BepUI11Hoi1 A, rrpl! 

8TOM TO'!Ka T Kacamrn: OIUIUieT l\IaJiyIO OKpy:>KHOCTb y c¢epbl - OKpy:>K­

HOCTb Kacamrn: Konyca <I> co c¢epoi1. D 
Konye <I> Ha3hrnaeTC5! 'IW'HYCOM c;;;acame.!l'b'H'blX K c¢epe, co,ri:ep:>Kau.1,nx 3a­

,ri:aHHYIO ee BHeUIHIOIO TO'IKY A. Pa,ri:Hyc r oKpy:>KnOCTll Kacanm.1 paBCH 

OT· AT RvOA2 - R2 
r=TC= OA = OA 

1.4. IlepeceqeHHe .LVJYX ccpep. ITycTh ,ri:anbr ccpepbr ( 0 1, Ri) II ( 0 2, R 2 ). 

Ee.flu IR1 - R21<0102 < R1 + R2 , mo 3mu crftep'bl UMeiom 06w,y10 onpy:J1C­
'HOCm'b. 

B cal\IOl\I ,ri:eJie, rrpoBe,ri:eM rrp01I3BOJibHYIO rrJIOCKOCTb a '!epe3 JIIIHlIIO 

01 02 1.1,eHTpOB 8TIIX c¢ep. 0Ha rrepeceKaeT c¢epbI, TIO 6oJibllIIIM 0Kpy:>K­

HOCT5!M W1 II W2. l13 IIJiaH1IMeTp1III II3BeCTIIO, 'ITO IIPH yKa3aIII!bIX HepaBen­

CTBax OKpy:>KHOCTH w1 II w2 rrepeceKaIOTC5! B ,IJ,Byx TO'IKax All B (pnc. 116). 
IlpH BpaIIIeHHH TIJIOCKOCTH a oKoJio rrp5!l\IOH 0 10 2 oKpy:>KnocTn w1 H w2 
orrIIUIYT ,ri:aHHhre c¢epbr, a TO'IKH A II B - OKpy:>KHOCTh, rrpnHa,ri:Jie:>KaIIIYIO 

Ka:>K,IJ;OH II3 8THX c¢ep. 
0 

b 
d 

a 

Pnc. 116 Pnc. 117 

3 a ,ri: a 'I a. D '!eTbrpexrpamrLri1 yroJI Oabcd Bmrcana c¢epa, KacaIOIIIa­

}1C5! ero rpaHei1 Oab, Obc, Ocd, Oda cooTBCTCTBenno B TO'!Kax M, N, P, Q. 
KacaTeJibHa5! rrpmvia5! K c¢epe 113 TO'IKII A pe6pa a nepeceKaeT pe6po b 
B TO'IKe B. KacaTeJihHa5! K c¢cpe II3 TO'IKII B rrepeceKaeT pe6po c B TO'I­

Ke C. KacaTeJibHa5! II3 TO'IKII C rrepeccKaCT pe6po dB TO'!Ke D. ,Il,oKa:>KIITe, 

'ITO TO'IKll D, Q, A KOJIJIIIHeapHbI (pIIc. 117). 
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Pe III e H He. Ilp5!1\IbJe Olvf, ON, OP, OQ KacaroTca c¢epbI H rro::iTOl\IY 

3TH urpe3KH paBHbI. To'IKH KacaHH5! Jie.IKaT B O,IJ,HOH IIJIOCKOCTH (rm 1ra­

JIOf:i oKpy.tKnocTil c¢epbr). I1MCCl\I '!8Tb1pe rrapbI cooTBeTCTBeHHO paBHbIX 

TpeyroJibHHKOB (rro Tpel\1 CToponaM): OAlvf H OAQ, OBAf II OEN, ONG 
II OPC, ODP II ODQ. lfa 3TIIX paBCHCTB BbITeKaIOT paBencTBa yrJioB: 

AMD=AQO=ex, OMB=ONB=P, ONC=OPC=y, 0Pi5=0QJ5=o. 
rrpwreM ex + p = p + y = y + 0 = TL 0TCIO,IJ,a ex = y II p = 0 II II03TOl\IY ex + 0 = }(. 
lfa paBeHCTBa AQO + OQD = n CJIC,IJ,yeT KOJIJIIIneapnocTh TO'IeK A, Q, D. 

§ 2. II.1w111;ad'b crjjep'bt u ee 'L[acmeu 
2.1. Ilnon:i;~ c¢eph1. IlycTh V - o6beM IIIapa, orpaHII'Iemroro 3a­

,IJ,aHHOfI c¢epofI ( 0, R). )J;a,IJ,IIM pa,IJ,Hycy mapa HCKOTopoe rrpnpam;emie s, 

BCJ18,IJ,CTBIIe crero o6'heM v I10JiycIHT COOTB8TCTBYIOill,ee npnpam;e1rne ti. v. 
0 n p e A e ,1 e H II e. JJJww,aih10 S cif;epot ( 0, R) Ha3hmaeTc5! rrpe,IJ,eJI oT­

il V 
IIOIIIeHII5! -- rrpn E--+ 0. 

E 
BbIBe,IJ,el\1 ¢opMyJiy rrJiorna,IJ,n c¢epbr. Ilo ¢opMyJie o6beMa IIIapa 

ti. V = ±n(R + s) 3 
- ±nR3 = ±n(R3 + 3R2s + 3Rs2 + s3 

- R 3
) = 

3 3 3 
4 = 3ns(3R2 + 3Rs + s2

). 

0TCIO,LI,a lim ilV = lim ±3n(3R2 + 3RE + s2) = 4nR2. lfraK, 
e:-0 E e:-+O 

(8.1) 

CorJiacno orrpe,LI,eJieHIIIO npOII3BO,IJ,HO:iI cPYHKll,IIII II orrpe,LI,CJICIIIIIO TIJIOIIJ,a­

,IJ,II c¢epbr S = V~, T. e. n.!!ow,aiJ'b crf;ep'bl ecm'b npou3eoiJ'Ha.R o6r>e.Ma wapa, 

02pa'HU"-le'H'H020 :Jrrwil crf;epoil, no e20 paiJuycy. 

2.2. Ilnoru,~ c¢epnqecKoro cerMeHTa. IlJIOCKOCTb, rrepcceKaIOIIJ,a£ 

c¢epy, ,i],CJIIIT ee Ha ,IJ,Be cJaCTII, Ha3bIBael\Ibie crj;epU"-leC'K:U.MU Ce2.Me'Hma.MU. 

Ka.tK_i:i;oMy c¢epH'IecKoMy cerMCHTY cooTBeTCTByeT mapoBo:iI cerl\IeHT n IIIa­

poBof:i ceKTOp, rpaHIIIJ,bI KOTOpbIX co;:i;ep.IKaT ,IJ,aHHbIH c¢epwreCKIIH cenreHT. 

0 n p e ,LI, e JI c n II e. 3a n.!!ow,aiJ'b cif;epu"-lecno20 ce2.Me'Hma no orrpe;:i;eJie­

nmo npIIHIIl\Ia8TC5! rrpe_i:i;eJI OTHOIII8HH5! npIIpaIIJ,eHH5! o6bCl\Ia COOTBCTCTBY­

IOIIJ,ero IIIapoBoro ceKTopa K npnpaIIJ,cmno pa,IJ,uyca, Kor;:i;a npnpaIIJ,eHIIe 

pa,LI,Hyca cTpeMIITC5! K nyJiro. 

Haf:i_i:i;eM ¢opMyJiy rrnoIIJ,a,IJ,II c¢epnqccKoro cen1e1ITa, noJih3Y5!Cb ¢op-
2 

MYJIOH (7.6) o6bel\ra IIIapoBoro ceKTOpa: v = 3nR2h. {.:ho6bI IIOJiycIIITb 

¢YHKU,IIIO o,IJ,noro rrepeMennoro R, Bbrpa3Hl\I BbICOTY h 'Iepe3 pa,LI,nyc R II 
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Pnc. 118 

rroJiomrny qi 11,eHTpaJihnoro yrJia ceKTOpa: h = R -
- R cos qi, r ,D,e qi He 3aBIICIIT OT rrpIIpam,cmrn s pa­

,D,IIyca (pIIc. 118). Tor,D,a 

2 
V = 3rrR3 (1 - cos qi). 

CorJiacHo orrpe,D,cJicHIIIO rrJI011~a,D,II S c¢epwrecKoro 

cerMCHTa 

S = lim 6.V = V~ = 2R2rr(l - cos qi)= 
E~O e: 

= 2R · rrR(l - cos qi)= 2rrRh. 

TaKIIM o6pa30M, rrJiom,a,D,b c¢epwrecKoro cerMCHTa c BbICOTOti h pa,D,IIyca R 
BbPIIICJI5!CTC5! no ¢opMyJie 

S = 2rrRh. (8.2) 

MmKHO ne rrOJib3oBaTbC5! orrepa11,IIeii ,D,IIcP¢epcH11,IIpoBaHII5!, a HatiTII 
6.V 

rrpe,D,eJI -- rrpII s --* 0 Herrocpe,D,CTBemrn: 
e: 

b. V = ~rr(l - cos qi )((R + s)3 - R 3
) = 

2
; (1 - cos qi )s(3R2 + 3Rs + s2

), 

. 6. v 211: 2 2 
hm - = -

3 
(1 - cosqi)3R = 2rrR (1 - cos qi). 

E~O E: 

2.3. IIJioIIJ,a,IT,b c<PepwrncKoro IIOHca. CifJepu"leC'K:UJvt noRCOJvt Ha3brnaeT­

C5! 'IaCTb c¢epbI, 3aKJIIO'ICIIIIa5! MC)K,Ll,y ,D,BYM5! rrapaJIJICJibHbIMII ceKyill,IIl\III 

IIJIOCKOCT5!MII. PaccT05!HIIe h MC)K,D,y 3TIIl\III ceKym,IIMII IIJIOCKOCT5!1\III Ha3hI­

BaeTC5! BbICOTOll c¢epwreCKOI'O II05!Ca. 

IlJiom,a,D,h c¢epwrecKoro rro51ca, O'ICBII,D,HO, paBHa pa3HOCTII rrJiom,a,D,eti 

)J;BYX c¢epwreCKIIX cerMCHTOB: 

TaKIIl\I o6pa3oM, rrJiom,a,D,h c¢cpwrec1<oro rro5!ca BhI'IIICJI5!CTC5I no Toti )Ke 

¢opMyJie (8.2), 'ITO II rrJiom,a,D,b c¢epwrncKoro cerMenTa. 

2.4. IIJIOIIJ,a,IT,b c<PepbI, c<l>epnqecKoro cerMeHTa H c$epHqecKoro IIOH­

ca KaK IIOBepxHOCTeii Bparu,eHHH. BrrmneM B rroJiyOKpy:>KHOCTb pa,D,IIyca R 
rrpaBIIJihHYIO JIOMaHyIO JIIIHIIIO ABCDEF (pIIc. 119). 3a rrJiom,a,D,h c¢e­

pb1, o6pa3oBamroti Bpam,eHIIeM rroJiyoKpy:>KHOCTII OKOJIO ee ,D,IrnMeTpa AF, 
npHHIIMaeTC5! rrpe,D,eJI, K KOTopoMy CTpeMIITC5! rrJiom,a)J;h Sn rroBepxrrocTII, 

o6pa30BaHHOll Bpam,errIIeM OKOJIO Toro )Ke ,D,IIaMeTpa rrpaBIIJibHOll JIOMaHoti 

JIIIHIIH, BIIHCaHHOll B 3TY IIOJIYOKPY)KHOCTb, KOr,D,a ee CTOpOHbI HeorpanII­

qeHHO y6brnaIOT ( TflICJIO CTOpOH neorpaHH'ICHHO B03pacTaeT). 
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Ilo CJiel(CTBHIO Jiel\IMbI 0 IIJIOIIJa,IJ:II ITOBepxnocTH 

BpaIIJeHHR oTpe3Ka (§ 4 rn. 7) 

Sn= AB1 • 2nr + B 1 C1 ·2nr + ... + E 1 F · 2nr = 2R · 2nr, 

r,n:e r - ,n:Jrnna cepe,n:IInnoro rrepnen,n:nKynRpa Ka)!(­

,n:oro 3Bena JI011mnoi1: OT ero cepe,n:IIHbI ,n:o ocII BpaIIJe­

mrn. CornacHo npe,IJ:bI,IJ:YIIJe111y orrpe,n:eJienuro IIJIOIIJa­

,n:u ccpepbI 

Scq,epb1 = lim Sn = lim 4nRr. 
n-oo n-+oo 

IlocKOJibKY npII n --> 00 pacCT05IHHe r CTpe11rnTC5I K pa­

,n:uycy R, TO PHC. 119 

EcJIII B35!Tb He BCIO IIOJIYOKpy)!(HOCTb, a HeKOTOpy10 ee ,n:yry c BIIIICaHIIOll 

B Hee rrpaBIIJlbHOll JIOMaHOll JIIIHIIeiJ:, TO 3TIIl\l )Ke rryTeM IlOJIJ'IHM cpOpll!yJibI 

IlJIOIIJa,IJ:II ccpepII'-IeCKOro cerMeHTa II ccpepn'leCKOrO Il05ICa. 

2.5. IIJioru,a)l.b cl}lepH'IecKoro ,11.ByyroJlhHHKa ll cl}lepB'IeCKoro TpeyroJih­

HBKa. Ilepece'leHIIe ,IJ:BYX IIOJiyccpep Ha3bIBaeTC5I cifjepu"ieC'l'CUM aeyy20.1tb'HU­

'/'COM (puc. 33). Ero CTOpOHbI - ,n:Be 6oJibIIIIIe nonyoKpy)!(HOCTII, a BepIIIII­

HbI - ,IJ:Be ,n:naMeTpaJibHO npOTIIBOilOJIO)!(Hbie TO'IKII ccpepbI. 

BenII'IIIna ITJIOIIJa,n:n ,n:ByyroJibHIIKa xapaKTepu3yeTC5I pa,n:IIycoM r ccpe­

pbI II ero yrJIOM a < TI. 0THOIIIenne IlJIOIIJa,IJ:II s ,n:ByyrOJibHIIKa K IlJIOIIJa,IJ:II 

4nr2 ccpepbI paBHO a : 2n. Il03TOMY 

S = 2ar2
• (8.3) 

IlOJib3Y5ICb 3TOll cpopMyJIOll IIJIOIIJa,IJ:II ,IJ:ByyroJibHIIKa, Bbrne,n:eM cpop111yny 

nJIOIIJa,n:u ccpepII'IecKoro TpeyroJibHIIKa. IlycTh A, B, C - BeJIIITIIIHbI yrnoB 

PHC. 120 

10- 2259 

ccpepn'IecKoro TpeyroJibHIIKa ABC, 5IBJI5IIOIIJe­

roc5I nepece'lennell! Tpex rronyccpep (puc. 120). 
B35!Thre nonapno, OHM o6pa3yIOT cBon11r nepe­

ce'lenne111 TPII rrapbI ccpepu'IecKux ,n:Byyronb­

HIIKOB, TIOKpbIBaIOIIJIIX BCIO ccpepy. IlpH 3TOl\I 

TpeyroJibHHK ABC H cII111MeTpH'IHbri1: e111y Tpe­

yroJibHIIK A1B 1 C1 OTHOCIITeJihHO IJ,eHTpa 0 ccpe­

pbI BXO,IJ:5IT B 3TII ,n:ByyroJibHIIKII no TPII pa3a 

Ka)!(,IJ:bill. 0cTaJibHa5I qaCTb ccpcpbI rroKphrnaeT­

CR ,n:ByyroJibHIIKal\rn 6e3 HaJIO)!(emiii. TaK KaK 

IIJIOIIJa,n:u TpeyroJibHIIKOB ABC II A1B 1 C1 paB­

HbI, TO IIJIOIIJa,IJ:b ccpepbl MeHbIIIe cy111111bI IIJIOIIJa-
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)..\ell Bcex rneCTII )..\ByyrOJibHIIKOB Ha 4S, r,IJ,e s - IICKOJ\la5I IIJIOIU,a,IJ,b Tpe­

yroJibHIIKa ABC: 

4icr2 = 2(2r2 A+ 2r2 B + 2r2 C) - 4S, 

OTKy)..\a 

(8.4) 

Cym;ecTBenno, 'ITO pa3HOCTh o = A+ B + C - ic > 0 B CIIJIY HepaBeH­

CTBa (2.3). 0Ha na3hrnaeTC5! y2.!lOB'bl.M u36'btm'IW.M ccpepII'IecKoro TpeyroJib­

HIIKa. l1TaK, n.!low,aa'b cifjepu"lec1w20 mpeyw.!l'b'HU'IW nponopv,uo'Ha.!l'b'Ha ew 

y2.!loeo.My u36'blm1'y: 

§ 3. PaJux;aJ1/b1-la.fl nJLocx;ocm'b) padux;aJL'bJ-la.fl oc'b 

u padux;aJL'bJ-l'blU V;eHmp qpep 

(8.5) 

3.1. CTerreHh TO'lKH OTHOCHTeJThHO c<l>epbl. Ilp5IJ\Ia5!, IIMe10m;a51 co ccpe­

poil: ,IJ,Be 06n1IIe TO'IKII, Ha3bIBaeTC5! ceKym;eil: K 3TOH ccpepe. 

TeopeMa. Ee.flu "lepe3 mO"i1'y, 'He npu'Haa.!le:J1Caw,y10 aa'H'HOU cifjepe, npo­

eeae'Ha "' 'Heu npou3BO.!l'b'Ha.f! ce1'yW,a.f!, mo npou3eeae'Hue ompe31'0B ce1'y­

w,ei1, coeau'H.f!10W,UX aa'H'HY10 mO"l1'Y c mO"i1'a.MU nepece"ie'HU.f! ee co cifjepoi1, 

'He 3aeucum om B'bl6opa ce1'yw,ei1. 

)], o Ka 3 a Te JI h c TB o. IIycTb 'Iepe3 )..\aHHYIO TO'IKY M IIpoBe,IJ,enhr 

KaKIIe-HII6y,IJ,h ,IJ,Be ceKym;IIe AB II CD K ,IJ,annoil: ccpepe (0, R) (pIIc. 121). 
Mx nnocKOCTb nepeceKaeT ccpepy no oKpy.tKHOCTII. IIo cooTBeTCTBYIOII1eil: 

TeopeMe nJiaHIIMeTpIIII ([8], § 2) MA· MB= MC· MD. 8TO paBencTBo 

coxpaHIITC5!, eCJIII OL\HY ceKym;yIO cpIIKCIIpyeM, a ,IJ,pyry10 6y,IJ,eM MemITb. 

M 

Pnc. 121 
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CneAOBaTeJibHO, rrpon3BeAettne yKa3aHHbIX oTpe3KOB 3aBncnT TOJibKO OT 

c¢epbI II OT ,n:amroii TOqKn lvf. D 
Ecnn ToqKa M Jie.tKnT BHe Aattttoll. c¢epb1 n MT ·- rrpon3BOJihHa5! Ka­

caTeJibHa5! K c¢epe, TO ona 6yAeT KacaTeJihnoii TaK.tKe K oKpy.tKHOCTM ABT 
c¢epbl Il K orrpeAeJieHHOll 6oJibllIOll OKpJ.IKHOCTII. 

TorAa ([8], § 16) 

MA · MB = MT2 = 0 M 2 
- R2

. 

Ecmr ToqKa lvf naxOAMTC5! BnyTpn c¢ephr, To rrpoBe­

,z:i:eM 11epe3 nee nnocKOCTh, rreprrenAMKJJIRpnyro OM 
(pnc. 122). Tor,z:i:a 

MA· MB= -MA2 = -(R2 
- OM2

) = OM2 
- R2

• 

B cny11ae, KOrAa TO'IKa M rrpnnaAJie.tKMT c¢epe, TO 

OM2 
- R2 =0. 

Pnc. 122 

TaKMM o6pa3oM, Bemrqrrna OM2 - R2 npn 3aAannoii c¢epe 3aBncnT 

TOJibKO OT IIOJIO.IKeHM5! TOqKn M. cha BeJinqrrna na3bIBaeTC5I cmene'H'b10 

mo"-l'IW om'Hocume.11.'b'HO crfiep'bt ( 0, R). 
CTerrenn ToqeK, Jie.tKaII!MX BHe c¢epbr, rrono.tKnTeJibHbI. CTerrenn TO'leK, 

Jie.tKaII!MX BHYTPII c¢epbr, OTPMIJaTeJibHhr, a ne.tKaII!MX na c¢epe, - paBHhI 

HJJIIO. 

3.2. P~KaJibHIUI nnocKOCTb WJYX ccl>ep. Hall.,z:i:eM Mno.tKeCTBO <I> ToqeK 

rrpocTpaHCTBa, Ka.tK):\a5! Il3 KOTOpbIX MMeeT paBHbie CTerrenn OTHOCMTeJib­

HO ,z:i:Byx ,z:i:annhrx neKOHI!eHTpnqecKnx c¢ep (0, R) n (01, Ri). PaccMoT­

pnM rrpOM3BOJibHJIO IIJIOCKOCTb a, co,z:i:ep.tKaIIJYIO JIIIHMIO IJeHTpOB 9TMX c¢ep. 

Ona rrepeceKaeT c¢epbI no 6oJihIIIIIM OKPY.tKHOCTRM w n w1. Ilo,z:i:Mno.tKeCTBO 

ToqeK MCKOMoro MHO./KeCTBa <I>, rrpnrra,z:i:Jie.tKaII!IIX IIJIOCKOCTM a, eCTb pa,z:i:n­

KaJibHa5! ocb l oKpy.tKnocTeii w II w1 ([8], § 16). EcnII rrnocKOCTh a BpaII!aTb 

OKOJIO JIIIHIIII IJeHTpOB, TO OKPJ.IKHOCTII w II W1 OITIIIIIYT ,z:i:aHHbie c¢epbI, 

a rrp5!Ma5! l - IIJIOCKOCTb y' 5IBJI5IIOIIJYIOC5! IICKOMbIM l\IHO.IKeCTBOM <I>. ,Ll,JI5! 

KOHI!eIITpIIqecKIIX c¢ep paBencTBO OM2 - R2 = OM2 - Ri neBhIIIOJIHIIl\ro, 

T. e. MHO./KeCTBO <I> rrycTO. 

l1TaK, eCAU aee aa'H'H'bte crfiep'bl 1te'IW'HV,e'HmpU"-leG"KUe, mo 2eO.Mempu"-le­

C'KU.M .Mecmo.M mo"-len npocmpaucmea, na:J1Caaa U3 nomop'btX u.Meem paB'H'ble 

cmeneuu omuocumeA'b'HO :Jmux crfiep, ecm'b nAocnocm'b y, nepneuaunyAap­

uaa Auuuu v,e'Hmpoe :Jmux crfiep. IlnocKocTb y na3hrnaeTc5! paaunaA'bHoil 

nAocnocm'b10 AaHnhrx c¢ep. 

PaAIIKaJibIIa5! ocb l ABYX 6oJibIIIIIX OKpy.tKnocTeii w n w1, ne.tKaII!MX B ce­

KJII!eii IIJIOCKOCTII a, orrpeAeJI5ICT IIOJIO./KeHIIe pa,z:i:nKaJibIIOll ITJIOCKOCTII 9TIIX 

c¢ep. IlocTpoenIIe rrpRMOii l II3BCCTHO II3 rmanIIMeTpnn. B qacTnocTn, ecJIII 
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,11,aHHhie ccpephl IIMeIOT 06IIIYI0 OKPY)KIIOCTh, TO IIX pa,IJ,IIKaJihHaSI TIJIOCKOCTh 

coBTia,11,aeT c TIJIOCKOCThIO 3TOil: oKpy)KHOCTH. 

3.3. P~KaJihHruI och Tpex c<l>ep II p~KaJihHhiii u.enTp 'leTbipex c<l>ep. 

TeopeMa. Ee.flu v,e'limp'bl mpex eif;ep 'lie'IW.Jl.JlU'/ieap'li'bl, mo parJu'Ka.!l'b'li'ble 

nAOe'Koemu 3mux eif;ep, 63.R,m'btX nonap'lio, u.1viewm o6w,yw np.R,Myw. '.::ha 
TipSIMaSI na3hIBaeTC5l parJu'Ka.!l'b'/iOU Oe'b'IO 3TIIX Tpex ccpep. 

,LI; o Ka 3 a Te JI h c TB o. IlycTh ,11,anhI ccpephl S1, S2 , S3 • TaK KaK IIX 1IeH­

TphI ne Jie)KaT Ha 0,11,Hoil: TipBMoil:, TO pa,11,IIKaJihnaSI IIJIOCKOCTh y 12 ccpep S1 

II S 2 nepeceKaeT pa,11,IIKaJihHYIO nJIOCKOCTh y 23 ccpep S 2 II S3 no neKOTopoil: 

Tip5IMOH d, KOTopazr ZIBJISICTCZI reoMeTpII'ICCKIIl\I MCCTOM TO'-leK, Ka)K,11,azr II3 

KOTOpbIX IIMeeT paBHbie CTenenII OTHOCIITCJ!hHO BCCX Tpex ccpep. CJIC,11,0Ba­

TeJibHO, TipzrMazr d Jie)KIIT B pa,11,IIKaJihnoil: TIJIOCKOCTII y 13 ccpep S1 II S3 . D 
Pa,11,IIKaJihHazr OCh d Tpex ccpep COBna,11,aeT c nepTICH,11,IIKymrpOM K TIJIOC­

KOCTII 1IeHTpOB 3TIIX ccpep II co,11,ep)KIIT pa,11,IIKaJih!Ih!il: IICIITP Tpex 6oJih!IIIIX 

oKpy)KHOCTeil:, TIO KOTOphIM 3Ta nnocKOCTh nepeceKaeT ,11,annhie ccpephI. 

TeopeMa. Ee.flu v,e'limp'bl aa'/i'/i'blX "lem'btpex eif;ep '/ie'KOMn.Jla'liap'li'bl, mo 

weem'b parJu'KaJJ,'b'li'blX nJJ,oe'K:ocmeil 3mux eif;ep, 63.R,m'bix nonap'lio, u.M,ewm 

o6w,yw mo"l'KY, KOTOpazr Ha3hIBaeTCZI parJu'Ka.!l'b'li'blM v,e'limpoM ,11,aHHhIX '-IC­

Tbipex ccpep. 

,LI; o K a3 a Te JI h c TB o. TaK KaK IleIITphI S; (i = 1, 2, 3, 4) ccpep neKOM­

nJiaRapnhI, TO TPII pa,IJ,IIKaJihHhie TIJ!OCKOCTII ccpep S1 II S2, S2 II S3, S3 II s4 
IIMeIOT e,11,IInCTBeHHYIO o6IIIYIO TO'-IKY C, KOTopaSI IIMeeT paBnhie cTeTieHII 

OTHOCIITeJihHO BCex ccpep S; II II03TOMY JIC)KIIT B OCTaJibHh!X Tpex pa,11,II­

KaJihHhIX nJIOCKOCTzrx. D 
Pa,11,IIKaJihIIhIH 1IenTp C 'leThipex ccpep ZIBJISieTczr TO'IKOil: Tiepece'-!eHIISI 

creThipex pa,IJ,IIKaJihHhIX oceil: 3TIIX ccpep, B3ZIThIX TIO TpII. 

3.4. OpToroHaJihHhie c<l>epw. ,Ll;Be ccpephI na3hIBaIOTCSI opmo20'/iaJ/,'b'li'bl­

MU, eCJIII IIeIITp Ka)K,IJ,Oll II3 HIIX Jie)KIIT B KaCaTeJibHOll TIJIOCKOCTII K ,11,pyroil: 

B o6IIIeI1 TO'-!Ke ,11,aHHhIX ccpep. 

CorJiacuo 3TOMY onpe,11,eJieHIIIO Heo6xo,IJ,IIMhIM II ,11,ocTaTO'-IIIhIM ycJIOBIIeM 

opToroIIaJihHOCTII ccpep ( 0 1, R1) II ( 0 2, R2) ZIBJISieTczr cooTHomenIIe 

Ri + R; = 010;. 

Ono o3nacraeT, '-ITO 'K6ar3pam parJuyea 'Ka:J1CrJoil U3 r36yx opmo20'/iaJJ,'b'li'blX eif;ep 

pa6e'li emene'liu ee v,e'limpa om'/iocumeJJ,'b'liO rJpy20il cif;ep'bl. 

Ilo ananorIIII c COOTBCTCTBYIOIIIIIMII TIJiaHIIMeTpH'-IeCKIIMII CBOHCTBal\III 

TO'-ICK pa,11,IIKaJihHOil: ocII ,11,Byx oKpy)KHOCTeil: ,11,0Ka3hIBaIOTCSI cJie,IJ,yIOilIIIe 

CBOHCTBa. 

1. BHeIIIHIIe OTHOCIITeJibHO Ka)K,11,0ll II3 ,11,BYX ccpep TO'-!KII IIX pa,IJ,IIKaJih­

HOll IIJIOCKOCTII ZIBJISIIOTCZI IIeHTpaMII ccpep, Ka)K,11,azr II3 KOTOpbIX opToro­

naJihHa 06eIIl\1 ,11,anHhIM ccpepaM. 06paTHo, ecJIII ccpepa S opToroIIaJihHa 
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c¢epal\1 S1 II S2, TO 11,eHTp c¢epbI S Jie)KIIT B paf1.IIKaJibHOi1: rrJIOCKOCTII 

c¢ep S1 II S2. 
2. BHeIIIII5151 OTHOCIITCJibHO Ka)Kf),Oll II3 Tpex c¢ep TO'IKa IIX paf],II­

KaJibHOH OCII 51BJI518TC51 11,eHTpOl\I c¢epbI, opToroHaJibHOi1: Ka)Kf),Oll 113 Tpex 

f),aHIIbIX c¢ep. 06paTIIO, eCJIII c¢epa s OpTOrOHaJibHa Ka)Kf),Oll II3 Tpex 

c¢ep S 1 , S2 , S3 , TO ee 11,ettTp npHHafl,.JIC)KHT paf),rrKa.JibHOi1: ocH 3THX Tpex 

c¢ep. 

3. EcJIII pafl,IIKaJibHbii1: 11,enTp C 'IeTbrpex c¢ep JI8)Kl1T BHe Ka)Kfl,Oi'i II3 

3TIIX c¢ep, TO OH 51BJI518TC51 11,CHTPO!\I 8f!,HHCTB8HHOH c¢epbI, opTOrOHaJibHOH 

Ka)Kf),Oll II3 '-!CTbipex f),aHHbIX ccpep. 

§ 4. J!J.wepcu.fl npocmpm-lcmea omJ-wcume11/b'HO 

crfiep'bl 

4.1. Orrpe.n;eJieHne HHBepcnn H ero CJIC,ll;CTBmI. fhwepcuei1 npocmpa'H­

cmea OTHOCIITCJibHO f],annoi1: c¢epbI ( 0, R) na3hmaeTC51 TaKoe rrpeo6pa30Ba­

nIIe rrpocTpanCTBa, rrpII KOTOpOM Ka)Kf],a51 TO'-!Ka M, OTJIII'-!Ha51 OT TO'-!Kll 0, 
oTo6pa)KaeTc51 Ha TO'-!KY M', Jie)KaIIJ,yID Ha Jiy'-!e 0 M II Yfl.OBJieTBOp51IDIIIYIO 

YCJIOBIIIO: 

OM·OM'=R2
• (8.6) 

C¢epa (0, R) Ha3bmaeTC51 c¢epoi1: HHBepcnII, a ee 11,eHTp 0 II pafl.IIYC R -
Il,8HTpOM IIHBepCIIII II paf!,l!YCOM IIHBepcl!II. 

B 3TOM orrpef),eJieHIIl! TO'-!KII M II M' paBnorrpaBHbI (B3aIIMHO nnBepc­

HbI): eCJIII M-+ JV[', TO II M'-+ M rrp11 Ofl.HOi1: II Toil )KC IInBepcIIII, T. e. 

rrpeo6pa3oBanIIe, o6paTnoe 3af),annoi1: 

llHBepClllI OTIIOCIIT8JlblIO c¢epbI w, 
coBna,n:aeT c 3TOi1: IIImepc11ei1:. Tio3TO­

My HHBepCII}l 51BJI518TC51 U'HBO.!li/OV,UO'H­

'H'bl.M npeo6pa3oea'/iue.M ( U'HBO.!L10V,U­

ei1) rrpocTpancTBa. 

K a:J1CiJa.H mo"lna cifJep'bt w U'HBep­

cuu 'HenoiJB'U:JIC'Ha npu 3moi1 U'HBep-
cuu. 

J1106a5! IIJIOCKOCTb, COf!,8p)KaIIJ,a51 

rrp511\ryro 0 JV[, rrepeceKaeT c¢epy w rro 

6oJibIIIOi1: oKpy)KHOCTH. CJief),oBaTeJib-

Puc. 123 

no, rrocTpoeHIIC o6pa3a M' TO'IKII M rrpII nnBepCIIII OTHOCIITeJibHO c¢epbI 

CBOfl,IITC51 K IIOCTpOeHIIIO o6pa3a TO'-!KII M rrpn IIHBepc11n IIJIOCKOCTII OTHO­

CIIT8JibHO 3TOi1: oKpy.tKHOCTII ([8], c. 254) (pnc. 123). 
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AHa.rronFIHO IIHBepcrrn IIJIOCKOCTII BhIBO,ll,5ITC5l KOOp,ll,HHaTHhie cpop1v1yJihI 

mrnepcrrn npocTpancTBa OTHOCl!TeJibHO cQ:>epLI x 2 + y 2 + z 2 = R 2. EcJin TOLI­

Ka !vf'(x', y', z') - o6pa3 TOLIKII !vl(x, y, z), TO 

, R 2 x , R 2 y 
x = y 

x2 + y2 + z2 ' x2 + y2 + z2 ' 
z' (8.7) 

x2 + y2 + z2 · 

KaK II rrpn HHBepcllll IIJIOCKOCTII, paccTomrne A' B' MmK,[\y o6pa3aMII 

TocreK A 11 B CB5l3aHo c paccT05UIHeM AB coOTHOIIIeHneM: 

(8.8) 

4.2. 06pa3bl IIJIOCKOCTeii H c<Pep, IIpHMbIX H OKpJ)KHOCTeii IIpH HH­

BepcHH. ,II,ocTaTOLIHO orpaHIILil!TbC5l Jlllillb ¢opMyJillpOBKa1'rn pe3JJibTaTOB, 

TaK KaK OHII noJiycraIOTC5l Henocpe,LI,CTBeHHO ll3 IIJiaHIIMeTpH'ICCKIIX CBOHCTB. 

IlJIOCKOCTb (np5IMa5I) 6e3 TOL!Kll 0, npOXO,ll,5II!Ia5l crepe3 !IeHTP 0 l!H -

Bepcllll, OTo6pa:tKaeTc5l Ha ce65l. 

l. 06pa30M cQ:>epbl s, co,n,ep:tKaIJiefi 1IeHTp IIHBepCllll, 5IBJI5leTC5l IIJIOC­

KOCTb, rreprreH,lI,IIKYJI5IpHa5l Jll!Hllll !IeHTpOB 3TOfi c¢epbl II ccpepbl l!IIBepCIIII 
R2 

II y,n,a.rreHHa5l OT JICHTpa mrnepCIIII Ha paccT05IHIIe - ( r - pa,LI,l!YC c¢e-
2r 

pb1 S). 06pa30M IIJIOCKOCTII, He co,n,ep:tKaI!Ie:iI !IeHTp IIHBepcIIII, 5IBJI5leTC5l 

c¢epa, npoxo,LI,5IIJia5l crepe3 1IeHTp mrnepCIIII. Ee ,n,HaMeTpOM 5IBJI5leTC5l OT­

pe3oK OA, r,LI,e A - o6pa3 opToroHaJibHO:iI npoeK!IIIll 1IeHTpa 0 Ha ,n,am1yro 

IIJIOCKOCTb. 

2. 06pa30M cQ:>epbI y, He co,n,ep:tKaIJiefi 1IeHTp mrnepcIIII, 5IBJI5leTC5l c¢e­

pa y', TaK:tKe ne co,n,ep:tKaI!Ia5l 1IeHTp llHBepcnII. UeHTPLI cQ:>ep w, y, y' 
KOJIJillHeapHbl. (UeHTpbl c¢ep y ll y' ne COOTBeTCTBJIOT ,LI,pyr ,n,pyry IIpll 

IIHBepCIIll OTHOCI!TeJibHO cQ:>epbl CiJ.) 
TaK KaK rrp5IMa5l II OKpy:tKHOCTb cyTb m1mrn rrepececreHII5l IIJIOCKOCTe:iI 

II c¢ep, TO llMeCM: 

3. 06pa30M OKpy:tKHOCTII 5IBJI5leTC5l np5IMa5I, eCJill 3Ta OKpJ:tKHOCTb co­

,n,ep:tKIIT !IeIITP IIHBepCllll, II 5IBJI5leTC5l OKpy)KHOCTb B npOTllBHOM CJiycrae. 

4. EcJIH cQ:>epa y opToroHaJibHa cQ:>epe w llHBepcrrn, TO cQ:>epa y oTo6pa­

JKaeTC5l 3TO:iI llHBepcIIe:iI Ha cefor (nHBapnanTHa npn l!HBepcn11). 

5. EcJIH cQ:>epa y co,n,ep:tKllT ,n,Be B3allMHO llHBepcHhie TO'IKll rrpn rrnnep­

Cllll OTHOCIITeJibHO cQ:>epbI w, TO cQ:>epbI y ll (J) opToroHa.JibHbI. 

TeopeMa. J(ee 63aU.M'liO 'U'liBepc'Hibie O""PY:JIC'IWCmu npui-iaiJAe:JtCam oihwil 

crjJepe uAu oiJttoil nAoc""ocmu. 

,II, 0 Ka 3 a Te JI b c TB o. EcJill OKpy:iKHOCTII r:i ll r:J.
1 

Jie:tKaT B O,ll,HOfi IIJIOC­

KOCTll, TO ,n,oKa3bIBaTb Hecrero. IIycTb TOLIKll A n B oKpy:iKHOCTll a HCKOJIJIII-
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HeapHbI c rreHTpoM 0 mrnepcnII. Mx o6pa3bI A' II 
B' rrpnna,IJ,Jie./I<aT OKPY.lKHOCTil r:/ (pnc. 124). Toq­

KII A, B, A', B' ne:>KaT na O,Il,HOI1 oKpJ:>KHOCTII a 

( IIJiaHilMeTpil'IeCKOe CBOHCTBO). 0KpJ:>KHOCTil a II 

a mv1e10T ,IJ,Be 061IIIle TO'IKil A tt B, II03TOMY 3a­

,IJ,aIOT orrpe,IJ,enenHyIO ccpepy S (3a,IJ,aLia 4.25). 9rn 

ccpepa COBIIa,IJ,aeT co CBOilM o6pa30M rrp11 IlHBep­

CilH, TaK KaK OpTOrOHaJibHa ccpepe (,} IlHBepc1111: 

cTerreHb 0 A · 0 A' = R 2 11,eHTpa 0 ccpepbr w oT­

noc11TeJibHO ccpepbI S paBna KBa,IJ,paTy pa,IJ,ttyca 

ccpepbI w. Cne,IJ,oBaTeJihHO, ccpepa S, co,I1,ep:>Ka1IIa5I 

OKPY:>KHOCTb a, co,IJ,ep:>KMT tt ee o6pa3 a'. D 
PHc. 124 

cr.' 

0 

4.3. linBapHaIITHOCTh BeJIHqHHhl yrna Me2K,lzy KpHBhlMH rrpH HHBepcHH. 

KaK II rrpn ttnBepcIItt rrnocKocTn OTnocttTeJiblIO oKpyMnocTn, ee.JLu"lu1w y2.JLa 

.Me:J/Cay aey.M.fl X:pU6'bl.MU COXpa'tt.fleffiC.fl npu U1t6epcuu npocmpa1tcmea om-

1tOCume.JL'b1tO qfiep'bl. 9TOT cpaKT Herrocpe,IJ,CTBeHHO BbITeKaeT Il3 CJie,IJ,yIOIIIeil: 

neMMbI. 

JleMMa. Ec.JLu y' - o6pa3 x:pueoi1 y npu u11,eepcuu npocmpa11,cmea, mo 

x:acame.JL'b1t'bte t u t' coomeemcmee1t1tO x: x:pue'bt.M y u y' e coomeemcmee1t-

1t'l>tx mo"lx:ax A u A' CUM.MempU"l1t'bl om11,ocume.JL'b'HO n.JLocx:ocmu a cu.M.Mem­

puu 3mux mo"lex: (p11c. 125). 

a 

Puc. 125 

,II, o Ka 3 a Ten b c T Bo. IIycTb M tt lvl' - coOTBeTCTBCHHbIC To~1Ktt KpII­

BbIX y 11 y' rrp11 3a,IJ,amrnil: MHBepcnII. Tor,IJ,a TO'IKH A, A', 111, M' ne:>KaT na 

OKPY.lKHOCTII µ. KacaTeJibHbie a tt b K neil: B TOLIKax A tt A' cttMMeTpMLinbI OT-
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HOCIITCJihHO cepe,L\IIHHoro nepneH,L\IIKyJiapa h K oTpe3KY AA' ( B IIJIOCKOCTII A 
oKpy:arnocTII µ). EcJIII ToqKa lvf npII6Jim1<aeTC5! K TO'rKe A no KpIIBOli y, 
TO TO'!Ka ]VJ' IIpII6JIII)KaCTCR K TOqKe A' TIO KpIIBOll y'. IlOJIY'IaCl\l MHO)Ke­

CTBO OKPY)KHOcTeli µ c o6ru;ei1 xop,L\Oli AA' B IIJIOCKOCTRX A. IlpII 3TOM Bee 

nepneH,L\IIKYJIRpbr h K xop,L\e AA' (B Ka)K,n,oli IIJIOCKOCTII 'A) rrpIIIIa,L\JIC)KaT 

IIJIOCKOCTII a CIIMMeTpIIII ToqeK A II A'. IlcpeMeHHhre KacaTeJibHhre a II b 
K rrepeMeHHOll OKPY)KHOCTH µ Clll\!MCTpIIqIIbI OTHOCIITCJibIIO cr. Ilo onpe,L\C­

JICHIIIO KacaTeJihHOM K KpIIBoli KacaTeJihHa5! t K KPIIBOII y B TO'rKe A ecTL 

npe,D,eJihHOe IIOJIO)Kenrre ceKyru;eli Alvf rrpII lvf -+ A, nprr 3TOl\I a-+ t rr b-+ t' 
(TaK KaK fl.1'-+ A'). IIocKOJibKY rrpn JII06oM IIOJIO)KCHIIII TOqKII lvf E y rrp5!­

Mbre a II b CIIMMCTpHqHbI OTHOCIITCJibHO IIJIOCKOCTII a' TO B npe,L\CJibHOM 

IIOJIO)KCHIIII KacaTCJibHbie t II t' 6y,D,yT CHMMCTpIIqHbI OTHOCHTCJibHO a. D 
Ifa ,D,OKa3aHHOi1 JICMMbI cpa3y cJie,D,yeT HHBapIIaHTHOCTb BCJIIIqIIHbI yrJia 

MC)K,D,y KpIIBbIMII IIpII IIHBepCIIH. ):(ei1CTBHTCJILHO, rryCTb ):\aHLI KpHBbIC CJ. H ~' 

nMeIOru;rre o6ru;yIO TOqKy A. Mx o6pa3bI a' n W rrpn nnBepcnII rrepeceKaIOTCR 

B cooTBCTCTBennoli TOqKe A'. YroJI MC)K,ll,Y KacaTeJihHbIMII B TO'rKe AK KpII­

BbIM CJ. II ~ paBeH yrJiy MC)K,ll,Y KacaTeJihHhIMH B ToqKe A' K KpIIBhIM a' n W 
B CIIJIY CHMMCTpIIqHOCTH 3TIIX yrJIOB OTHOCHTCJibHO IIJIOCKOCTII CHl\!MCTpHH 

ToqeK An A'. 
4.4. BMBO,ll, BTopoii <PopMyJihl IIITay,z:i;Ta ,D,JI» ofrbeMa TeTpa::i.z:i;pa. IIycTh 

,L\aH TeTpa3,L\p ABCD II DA= a, DB= b, DC= c, BC= a1 , CA= b1 , 

AB = c1 , R - pa,z:i;IIyc orrIIcattnoli OKOJIO Hero c¢epbr. Ha,L\o ,n;oKa3aTh, qTo 

6VR=Q, (8.9) 

r.z:i;e 16Q2 = (aa1 + bb1 + cci)(bb1 + cc1 - aa1)(cc1 + aa1 - bb1)(aa1 + bb1 - cc1). 

3a,n;a,n;nM mrnepcIIIO c IJ,CHTpOM D rrpOII3BOJihnoro pa,n;nyca r. Orrncanna5l 

c¢epa ( 0, R) OTo6pa)KaCTC5l 3TOi1 IIHBepcneli Ha IIJIOCKOCTh, co.z:i;ep)KaIIl,yIO 

A' 

B' 

C' 

P11c. 126 

o6pa3bI A', B', C' nepIIIIIH A, B, C ,L\aHHoro TeTpa-
r2 

3,L\pa (pnc. 126). Tor,z:i;a 2R= DH' r,n;e DH - BbICOTa 

TeTpa3,n;pa A' B'C' D (n. 4.2, CBOMCTBO 2). CorJiacno 

¢opMyJie (6.11) 

VA'B'C'D DA' · DB' · DC' 

VABCD DA·DB·DC' 
II JI II 

SA'B'C'. DH DA'· DB'· DC' 
(8.10) 

3V DA·DB·DC 
rz rz rz 

Ilo cnolicTBaM IIHBepcrrn DA'=-, DB'= -b. DC'= - II 
a ' c 

2 BC 2 2 B' C' = r · = r a1 = r aa1 
DB · DC be abc ' 
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C' A'= r
2

bb1 
abc ' 

2 
A'B' = r cc1. 
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Cne,[\OBaTeJihHO, cTopOHbI TpeyronbHIIKa A' B' C' nporropu,IIoHaJihHhI cooT­

BeTCTBcmro 'IIICJiaM aal' bb1' CC1 c K03cpqrnu,IIeHTOM nponopU,IIOHaJibIIOCTII 
r2 

k = -b . Ilo3TOMY IIMeeM: 
a c 

SA'B'C' = k2Q, 

3aMCHIIl\l B paBeHCTBe (8.10) BX0,[\5IIIl,IIe B Hero BeJII1'!IIHbI Hai1:,[\eHHbil\II1 Bbl-

pa.1KeHII5ll\!I1: 
k2Q r6 

2R · 3V abc · abc' OTKy,r\a 5V R = Q, 

r,IJ,e Q -- rrnorn;a,IJ,h TpeyronhHIIKa c ,IJ,Jinna11m ero CTopoH aa1, bb1, cc1 . 

4.5. CTepeoMeTpH'lecKoe o6o6rn,eHHe TO)l{)l;eCTBa BpeTmHaii,rr,epa. Pac­
c1110TpIIM ,r\pyroli xoporrrnli rrpH11rep rrpIIMeHeHII5! I1HBepcIIH - o6o6meHIIe 

II3BeCTHoro cooTHorneHII5! BpeTrnHailAepa AJI5! rrnocKoro qeTbrpexyroJibHH­

Ka ([8], c. 85) Ha TeTpa3AP H KOCOH (rrpocTpaHCTBeHIIbIH) qeTbipexyroJibIII1K. 

3aAaAHM IIIrnepcIIIo c u,eHTpoM B Bepw1rne D ,[\aHHoro TeTpa3,[\pa ABC D 
rrpOII3BOJibHOro pa,z:\IIyca r. Orrncanna5! OKono nero ccpepa oTo6pa3HTC5! 3TOil 

IIHBepcHeli Ha rrnocKOCTb A' B' C'. Ilo TeopeMe KOCIIHycoB ,IJ,JI5I TpeyroJibHIIKa 

A' B' C' IIMeel\1: 

A' C'2 = A' B'2 + B' C'2 
- 2A' B' · B' C' cos A""f}30'. 

Ilo cpopMyne (8.8) 
2 

A'C' =AC. DAr· DC' 
2 

A' B' = AB . DAr· DB' 
2 

B'C'=BC· DBr·DC 

TaK KaK rrp5!Mbre A' B' II B' C' 5IBJI5IIOTC5! o6pa3aMII oKpy.IKHOCTeli DAB 
II DEC, TO OHII rrapamieJihHhI cooTBeTCTBenno KacaTenhHbil\I K 3TIIM oKpyM­

HOCT5IM B u,enTpe D IIHBepcIIII. Ilo3TOMY yron A' B' C' paBeH ynry MeM,z:\Y 

3THMH KacaTeJihHhIMH, T. e. yrny cp MeMAY OKpyMHOCT5IMH DAB H DEC. 
BhmOJIHIIB IIOACTaHOBKH, rronyqaeM: 

r4 

AC2 . DA2. vc2 
2 r4 2 r4 

=AB. DA2·DB2 +BC. DB2 ·DC2 

'ITO IIOCJie O'!eBII,[\HbIX yrrporn;errnli ,[\aeT: 

2r4 ·AB· BC· coscp 

DA·DB2 ·DC 

(AC· BD) 2 =(AB· CD) 2 +(BC· DA) 2 -2AB ·BC· CD· DAcoscp, (8.11) 

r,[\e cp - BeJIIIqIIna yrna MeM,[\y 0Kpy.1KnocT£l\!II DAB II DEC. 
Ilo BHewneMy BII,[\y TOM,[\eCTBO ( 8 .11) B TO'IHOCTII COBIIa,[\aeT c TOM,[\e­

CTBOM BpeTrnHaI1:,r\epa ,IJ,JI£ rrnocKoro qeTbrpexyrOJibHIIKa ABCD, B KOTO­

poM cp - TaKMe yron McM,z:\Y OKpyMHOCT£MII DAB II DEC, paBHbiil cyMMe 

yrnoB A II C 3Toro '!eTbrpexyroJibHIIKa. 
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Cne,D,CTBHe. Onpy:J1C'fwcmu, onuca'/i'li'bte ono.Jw iJeyx 2paneil mempa3dpa, 

nepecenawmc.fl nod me.M :J1Ce y2.!lo.M, "imo u onpy:J1C'liocmu, onuca'/i'li'bte ono.Jw 
iJeyx iJpy2ux e20 ipa?ieil. 

B caMOM ,.[\eJie, COOTHOWemie (8.11) ,I\Jl51 KOCOrO 'IeTbipexyroJibHUKa 

ABCD cnMMeTpnqHo oTnocnTeJihHO ero ,.[\naroHaJicfr AC II BD. YroJI 

MCJK,I\Y oKpyJKHOCT51MU DAB n DEC MOJKHO 3al\1enIITh yrJJOl\I l\ICJK,I\Y 

OKPYJKHOCT51MU DAG n BAG, coxpaHnB rrpII 3TOM ocTaJihIIhie 3JieMeHThI 

3TOrO COOTHOlliCHII51. 

§ 5. Cmepeo2parjJu'llecK;a.fl npoeK;~U.fl 

5.1. Orrpe,D,eJienHe H cnoiicTBa cTepeorpa<l>H'IeCKoii rrpoeKIJ,HH. Cmepeo­

iparfm"iecnoil npoenv,ueil na3hrnaeTC51 !ICHTpaJihna51 npoeK!IU51 c¢ephI ( 0, R) 
M3 ee TO'IKU s Ha ITJJOCKOCTh TC, KaCaIO!IIYIOC51 3TOH c<l>ephl B ,I\MaMeTpaJibHO 

Pnc. 127 

rrpoTnBorroJIOJKHOfr TOqKe N (pnc. 127). 
HHor ,I\a B KaqecTBe rrnocKOCTn TC rrpoeK!IIIfr 

rrpIIHUMaIOT napaJIJJeJJbHYIO en 3KBaTOpU­

aJJhHYIO IIJlOCKOCTh c<l>cphI. 

EcJJII 3a,I\aTh mrnepcn10 rrpocTpaHCTBa 

OTHOCUTeJJbHO c<i>epbl (S, 2R), TO 3Ta UH­

BepCH51 OTo6pa3IIT nepBOHaqaJJhHYIO c¢e­

py (0, R) Ha TY JKe caMy10 IIJJOCKOCTh TC, 

rrpnqeM nHBepCHhIMM ToqKaMn M n Jvl' 
6y,I\YT TC )KC TOqKn, KOTOpbIG 51BJ151IOTC51 

COOTBCTCTBeHHbIMU rrpII paHee 3a,.[\aHHOH 

cTepeorpa¢nqecKofr rrpoeK!IUM. 

TaKMM 06pa3ol\1, cmepeoiparjju"tec'!Ca.R 

npoei>:V,U.fl crjjep'bt ( 0, R) 'lia .M'liO:JICecmee 

mo"lei>: 3moil crpep'bt coenaiJaem c u'/ieepcueil npocmpa?icmea om'liocumeJl,'b­

'liO crjjep'bt (S, 2R). B 3TOM CMhICJJe l\IOJKHO cKa3aTh, 'ITO cmepeo2parjju"leci>:a.fl 

npoei>:V,U.fl ecm'b "tacm'li'btil c.!ly"iail u'/ieepcuu. 

H3 3TOH rrpOCTOH CB513M MHBepcnn II CTepeorpa¢1-rqecKOH npOCK!IIIM II3 

CBOHCTB mmepcnM cpa3y CJIC,I\YIOT CBOHCTBa CTepeorpa¢IIqecKOH npOCK!IlIM. 

l. 0KpyJKHOCTM c¢ephI, CO,I\epJKaIIIMe !ICHTP s npOCK!IMII, rrpoeKTMpy­

IOTC51 Ha IIJlOCKOCTh TC B rrp51Mbie, a OKPYJKHOCTII, He CO,I\epJKaIIIIIe TO'!Ky s, 
B OKPYJKHOCTU. 

2. 06paTHo, rrp51Mhre II OKPYJKIIOCTII IIJIOCKOCTII TC npoeKTIIpy10Tc5! Ha 

c¢cpy B OKPYJKHOCTII, COOTBeTCTBeIIHO rrpOXO,I\51IIIIIe IIJllI He rrpoXO,I\51IIIIIe 

qcpc3 IieIITp npOCKTIIpOBamrn. 
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3. CTepeorpaqrn:'!CCKa5I rrpoeKu;irn coxpaH5ICT BCJIII'IHHbI yrJIOB MC:tK,D,Y 

KpHBblMII, JIC:tKalll,HMII Ha ,Il,alIHOH ccpepe. 

IlycTb OKpJ:tKHOCTb {,} ccpepbI CTepeorpacpwrncKII rrpoeKTHpyeTC5I Ha 

oKpJ:tKHOCTb w' IIJIOCKOCTII rr. Hali,n,eM crroco6 rrocTpoennR 11,eHTpa oKpy:tK­

nocTH w' IIO 3a,D,aHHOH OKpJ:tKHOCTII {,}. 3aMCTIIM ,Il,Jl5I 3Toro, 'ITO 11,CHTpOM 

mo6oll: OKpy:tKHOCTII 5IBJI5ICTC5I TO'!Ka rrepece'!CHII5I IIp5IMbIX, rrepeceKaIOill,IIX 

3TY OKPY:tKHOCTb opToroHaJibHO. IlpmvibIC IIJIOCKOCTII npoeKIJ,IIH CJiy:tKaT 

rrpoCKIJ,II5I1III OKpJ:tKHOCTCH ccpepbI, co,n,ep:tKaII~HX 11,CHTP s rrpOCKTIIpOBaHII5I 

II rrepeceKaIOill,IIX opToroHaJibHO OKpJ:tKHOCTb {,}. Il03TOMy IIJIOCKOCTII 3TIIX 

OKPY:tKHOCTeli rrpoxo,Il,5IT '!Cpe3 BepIIIIIHY K KoHyca KacaTeJibHbIX K ccpe­
pe, ,D,Jrn KOToporo ,n,anHa5I oKpy:tKHOCTb w 5IBJI5ICTC5I OKPY:tKHOCTbIO KacaHrrn 

(pIIc. 128). CaMII oKpJ:tKHOCTII yKa3aHHOro MHO:tKecTBa npoxo,Il,5IT 'Iepe3 

Pnc. 128 

TO'IKY C nepece'!enII5I ccpepbI c rrp5IMOli SK. CJie,n,oBaTCJibHO, 11,eHTpmr 

oKpy:tKHOCTII {,}' 6y,n,eT TO'!Ka C' rrepece'ICHII5I rrpRMoli SK c IIJIOCKOCTbIO 

npoeKIJ,IIH. 

5.2. Koopµ,miaTHble <f>opMyJThI CTepeorpa<j>u'lecKoii npoeK~II. 3a,n,a­

,Il,IIM rrpmvroyrOJibHYIO ,Il,CKapTOBY CIICTCMY KOOp,D,IIHaT TaK, qTo6bI IIJIOCKOCTb 

Oxy coBrra,n,ana c IIJIOCKOCTbIO rrpoeKIJ,IIH, a ocb 0 z co,n,ep:tKaJia 11,eHTp S 
rrpoeKTHpOBaHII5I. B 3TOH CIICTCMC KOOp,Il,HHaT ccpepa HMCCT ypaBHCIIHC 

x2+y2+(z-R)2=R2. 
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IlycTh TOqKa M(x, y, z) ccj:iepb1 npoeKTIIpyeTC5I B ToqKy A1'(x', y', 0). Ha,n,o 

Bbipa3IITb KOOp,D,IIHaTbI x' II y' qcpe3 x, y, z. TaK KaK BeKTOpbI SiVl II SiVl' 
KOJIJIIIHcapttbI, TO SAf' = kSiVI. ToqKa S m.reeT KoOp,D,IIHaThI (0, 0, 2R). 
Ilo3TOMy 3TO BeKTOpnoe paBeHCTBO 3KBIIBaJieHTHO Tpe11 KOOp,D,IIHaTHbIJl.I: 

X
1 = kx, y' = ky, 2R= k(2R- z). llcKJJIOqIIJl.1 II3 3TIIX ypaBHeIIIIll napaMeTp k. 

B pe3yJibTaTe IIOJiyqaeM IICKOMbie cj:iopMyJibl CTepeorpacj:iIIqecKOll TipOCKIJ;IIII: 

{
'-~ x - 2R- z' 

I 2Ry 
y = 2R-z' 

z' =0. 

(8.12) 

IloJie3Ho IIl'vieTb TaK;.KC cj:iopMynhI o6paTttoro oTo6pa;.KeHmL TaK KaK 

I I ( 1) x = ~, y = ~, z = 2R 1 - k M TOqKa M(x, y, z) nptttta,rr,JJe)KMT ccj:ie-

pe, TO 

( x' ) 2 ( y' ) 2 ( ( 1 ) ) 
2 

2 k + k + 2R 1 - k - R = R , 

Ilocnc 3aMeHhI napaMeTpa k 3TIIM Bbipa;.KetttteM nonyqaeM cj:iopMyJJhI 06-

paTHOro OTo6pa)KeHM5.!: 

3aoa'l£u 'K; 2Jtaee 8 

4R2 x' 
X= ~~~~~~ 

x'2 + y'2 + 4R2 ' 

4R2 y' 

y = x'2 + y'2 + 4R2 ' 

_ _ 2R(x'2 + y'2 ) 

"' - x'2 + y'2 + 4R2 . 

(8.13) 

8.1. TpII rronapno nepneHf:IIIKynapttbie xop,D,bI ccj:iepbI pa,n;IIyca 8 rrepe­

ceKaIOTC5I B TOqKe JV!, y,rr,aJieHHOit OT u;eHTpa ccj:iepbl Ha pacCT05IHIIe v'41. 
,LI,.11IIHhI ABYX xop,n, paBHbI 12 II 14. Hait,rr,IITC paccTomrne OT u;ettTpa ccj:iepbI 

,D,O TpeTbCit xOp,D,bI. 

8.2. Ccj:iepa BIIIICaHa B yceqeHHbIH KOHyc, paAIIYCbl OCHOBaHIIH KOTOporo 

paBHbI R II r. Hait,D,IITe OTHOIIIerrne TIJIOIII,a,D,II ccj:iepbr K rrsroIII,a,D,II 60K0Bof1 

rroncpXHOCTII KOHyca. 

8.3. 0KOJ10 IIIapa OIIIICaH yceqCHHbIM Konye. ,lJ,oKa)KIITe, '-ITO OTHOIIIerrne 

IIJIOIII,a_ii;eit IIX IIOBepXHOCTeit paBHO OTHOIIIeHIIIO ofrbeMOB. 
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8.4. Ccpepa ,n;emIT Ka:tK,[\oe II3 pe6ep Ky6a Ha TPII paBnbre <IacTII. Hafi,l"\IITe 

IIJI01IIa,[\b ccpepbI, eCJIII pe6po Ky6a IIMeeT ,IJ;JIIIHY a. 
8.5. BeplllIIHa KOnyca HaXO,IJ;llTC5I B l!elITpe ccpepbl, OCIIOBanne KOHyca 

KacaeTC5I 3TOH c¢epbI. IlJIOIIIa,[\b IIOJIIIOH IIOBepXHOCTil KOHyca paBHa IIJIO­

IIIa,[\Il c¢epbr. HafiAHTe yroJI l\Ie:tK,L\Y o6pa3JI01IIefi KOHyca II ero BbICOTofi. 
8.6. Tpn OKpy:tKHOCTH ne Jie:tKaT B O,l"\HOfi IIJIOCKOCTII H norrapHo KacaIOT­

C5I. )J,oKa:tKilTe, 'ITO 3Tll OKpy:tKHOCTII rrplIIIa,[\Jie:tKaT O,L\HOH c¢epe. 

8. 7. Ha IIJIOCKOCTil Jie:tKaT Tpll c¢epbr, Ka:tK,L\a5l 113 KOTOpbrx KacaeTc5I 

,L\Byx ,L\pyrnx. PaccT05IHII5I Me:tK,L\Y TO<IKaMil KacaHII5I c¢ep c nJIOCKOCTbIO 

paBHbI cooTBeTCTBeHHO a, b, c. BbI"IlICJIIlTC pa,L\IIJCbr c¢ep. 

8.8. B Ky6 c pe6poM a Brr11caHa c¢epa. )J,pyra51 c¢epa KacaeTrn Tpex 

rpanefi Ky6a II nepBofi c¢epbr. Orrpe,L\eJIIITe ee pa,L\nyc. 

8.9. B KOHyc Birncanbr ,[\Be c¢epbr pa,L\IIycoB R H r, KacaI01IIIIeC5I ,L\pyr 

,l"\pyra II 6oKOBOH IIOBepxHOCTil Konyca, rrpll'ICM 60JibIIIa5I c¢epa KacaeTC5I 

ocHoBaHil5I Konyca. Orrpe,L\eJIIlTe IIJI01IIa,L\b 6oKoBofi rroBepxHOCTII yce<Ien­

Horo KOHyca, OTCe'!ennoro OT ,L\aHHOro KOHyca IIJIOCKOCT5IMII OKPY:tKHOCTefi 

KaCaHil5l c¢ep c ,[\aHHbIM KOHJCOM. 

8.10. Ka:tK,LJ,Oe pe6po rrpaBIIJibHO:fi 'ICTbrpexyroJibIIOfi rr11paMII,L\bI I:IMeeT 

,LJ,Jinny a. BhrcoTa rrnpaMI:I,L\hI 5IBJI5IeTca ,L\IIaMeTpoM c¢epbr. Hafi,L\IlTe ,L\JIIlHY 
KpIIBOH rrepece'!eHil5I IIOBepXHOCTil rr11paMII,L\hl II c¢epbr. 

8.11. OcHoBairne rrpaBilJibHofi <IeThrpexyroJibHO:fi rr11paMil,LJ,bI BIIIlCaHo 

B 6oJibIIIJIO oKpJ:tKHOCTh c¢epbr pa,LJ,IIyca R, a yroJI rrpII BeprnIIHe paBeH 

30°. Hafi,L\11Te ,L\JIIIHY KplIBOH rrepece<IeHil5I 3TlIX rroBepxHocTefi. 

8.12. Bbrpa3IITe IIJI01IIa,L\b c¢epII<IecKoro cerMeHTa <Iepe3 ero BbICOTY h 
II pa,[\IlJC r OCHOBaHII5I. 

8.13. LJ:epe3 I!eHTp 0 c¢epbr pa,L\11yca r rrpoBe,L\eHa rrpoII3BOJibna5I c¢e­

pa w. )J,oKa:tKIITe, 'ITO IIJI01IIa,LJ,b c¢epII<IecKoro cerMenTa c¢epbr w, OTCe<Ien­

noro c¢epo.H ( 0, r), ne 3aBI1CIIT OT Bbr6opa c¢epbr w. 
8.14. Ha:fi,L\IlTe IIJIOIIIa,L\II <IacTe:fi, na KOTOpbie IIJIOCKOCTil rpanefi Ky6a 

c pe6poM a pa36I:IBaIOT om1cannyIO OKOJIO Hero c¢epy. 

8.15. Pe6po rrpaBilJibnoro TeTpa3,L\pa ABCD IlMeeT ,L\JIIlHY a. C¢cpa 

KacaeTC5I pe6ep AB, AC, AD B TO'!Kax B, C, D. Hafi,L\IITC IIJI01IIa,L\b <IaCTil 

c¢epbr, Jie:tKa1IIei1 BIIYTPII TeTpaa,l"\pa. 

8.16. 06'beM IIIapoBoro cerMeHTa paBeH V. UIIJIIIH,L\p c Te111 :tKe ocHoBa­
nnel\1 11 TOH :tKe BbICOToi1 11111eeT 06'bel\1 Q. Ha:fi,L\IITe BbICOTY cerMeHTa. 

8.17. ,l],JI5I Toro 'IT06br Cy1IIeCTBOBaJia c¢epa, KacaIOIIIa5IC5I BCCX pe6ep 

TeTpa3,L\pa, neo6xo,LJ,IIMO Il ,L\OCTaTO'IHO, "IT06br cyMMhI ,L\JIIIH ero npoTIIBOIIO­
JIO:tKHbIX pe6ep 6bIJIII paBIIb!. gOKa:tKIITe. 

8.18. Ha:fi,L\IITe pa,l"\nyc c¢cphr, KacaI01IIei1c5! Bcex pc6cp rrpaBIIJibnofi Tpe­

yrOJihHOH IIIIpaMH,[\hI, eCJIIl pe6po cc OCHOBaHII5I llllieeT ,[\JIIIHY a, a ,[\JIIIHa 
6oKOBOrO pe6pa paBHa b. 
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8.19. ,Il,oKa)KMTe, 'ITO ecJIII ,n:Be MaJibIX OKPY)KHOCTII c¢epbr KacaroTC5!, To 

IIX c¢epII<r8CKIIe I!eHTpbI II TO<rKa KacaHII5! Jie)KaT na 6oJibllIOll OKpJ)KHOCTII. 

8.20. Ha c¢epe ,n:aHbr TPII MaJibIX oKpy)KHOCTII. IlocTpoiITe oKpy)KHOCTb 

c¢epbI, ,n:eJI5!IIIYI0 IIOIIOJiaM Ka)K,n:yro II3 ,n:aHHbIX OKpy)KHOCTeiI. 
r 

8.21. Ha c¢epe pa,n:IIyca r Jie)KaT TPII OKPY)KHOCTII pa,n:IIyca 2, Kaca-

IOII!IIecR ,n:pyr ,n:pyra. Orrpe,n:eJIIITe pa,n:IIyc oKpy)KHOCTII ccpepbI, KOTopa5! 

KacaeTC5! Tpex ,n:aHHbIX OKpy)KHOCTeiI. 

8.22. ,Il,oKa)KIITe, <ITO 0TpC30K o6IIIeiI KaCaTCJibHOll ,D;BJX c¢ep, 3aKJIIO­

'IeIIHblll Me)Key TO<rKaMII KacaHII5!, ,n:eJIIITC5! IIOIIOJial\! pa,n:MKaJibHOll IIJIOCKO­

CTbIO 3TIIX c¢ep. 

8.23. K ,n:ByM c¢epaM rrpoBe,n:enbI ,n:Be o6IIIIIe KacaTeJibHbie AB II CD. 
(A, B, C, D - TO<rKII KacaHII5!). ,Il,oKa)KIITC, <rTo rrpoeKI!IIII OTpe3KOB AC 
II ED na JIIIHIIIO I!eHTpOB c¢ep paBHbI. 

8.24. TpII IIJIOCKOCTII IIMeIOT o6IIIyIO TO<rKY P. HaiI,n:IITe 06pa3 3TOiI ¢II­

rypbI rrpII IIHBepCIIII, I!8HTP KOTOpoiI ne COBrra,n:aeT c TO<IKOll p. 
8.25. ,II,anbI TPM c¢epbI, IIMeIOIIIIIe ,n:Be o6IIIIIe TO'IKII A II B. IlocTpoiITe 

c¢epy, co,n:ep)KaIIIYIO ,n:annyro TO<IKY lvl II KaCaIOIIIYIOC5! Tpex ,n:aHHbIX c¢ep. 

8.26. Ha c¢epe ,n:aHbI TO<rKII Au B II OKpy)KHOCTb y. IlocTpoiITe OKpy)K­

HOCTb c¢epbI, rrpoxo,n:RIIIYIO <repe3 ,n:annhre TO<rKII A II B II KacaroIIIyroc.a 

OKPY)KHOCTII y. 
8.27. Illap KacaeTC5! Bcex pe6ep rrpaBirnbnoro TeTpa3,LJ,pa, ,LJ;JIIIHa pe6pa 

KOToporo paBna 2a. HaiI,n:IITe o6'beM rrepece<reHM5! rnapa II TeTpa3,n:pa. 
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CmepeoMemp'U'tlecrx;ue ?-lepaee?-lcmea 

'U 3'KCmpeMyM'bl 

§ 1. K.JLaccu'llecr.;ue a.JL2e6pau'llecr.;ue 1-lepaBe'Hcmaa1 

ucno.JL'b3ye.M'bte d.JL.Fl dor.;a3ame.JL'bcmaa 

2eo.Mempu'llecr.;ux 1-lepaBe'HcmB 

AOKa3aTeJihCTBO reoMeTpIPieCKHX HepaBeHCTB - 6oJihIIIOe llCKYCCTBO, 

Tpe6yrolll,ee 3HaHH51 crreu,HaJibHbIX TeXHIPieCKHX IIPllel\IOB, na6op KOTOpbIX 

.n;ocTaTOLIHO IIIllpOK ll OBJra,n;eHHe BceMH necbMa cJIO.lKno. OcHOBHhre H3 3THX 

rrpneMOB 6bIJill H3JIO.lKeHbI B rrJiaHnMeTpnn [ 8 J. CyIII;ccTBeHHO HCIIOJih3YIOTC51 

ll3BeCTHhre anre6panLiecKne nepaBeHCTBa. PaccMOTPHM HeKOTOpbre 113 HHX. 

1.1. HepaBeHcTBO Komu. KJiaccllLiecKoe HepaBeHcTBO KoIIIH ,IJ;JI51 cpe.n;­

Hero reoMeTpnLiecKoro ll cpe.n;nero apmpl'vreTnLiecKoro neoTpnu,aTeJrbHhrx LIH­

ceJI a 1 , a 2 , ... , an(n;?: 2) - 3TO aepaBeHCTBO: 

(9.1) 

B KOTOpOM paBeHCTBO ,Il;OCTI:IraeTC51 Jllllllb rrpll paBeHCTBe 3TllX 'IHCeJI. 

CpaBHHTeJihHO rrpocToe .n; o K a 3 a T e JI h c T B o aToro HepaBencTBa rro­

JiycreHo B. B. IlpacoJIOBhIM B 1999 r. l\IeTo,n;oM IIOJIHOii MaTeMaTllLiecKoii HH­

,IJ;yKil,HH. IlpllBO,IJ;HM ero. 

AJI51 n = 2 HepaBencTBO (9.1) cJie.n;yeT ll3 o'-!eBH,IJ;Horo HepanencTBa 

(Fi - yfa;") 2 ;?: 0. Ilpe,n;rrOJIO)Klll\f, '-ITO OHO HCTHHIIO ,IJ;JI51 n - 1 IIOJIO)KH­

TeJihHbIX 'IHCeJI H ,IJ;OKa.lKeM, 'ITO OHO BbIIIOJIH51eTC51 ,IJ;JI51 n 'IHCCJI, KOTOpbie 

pacrrOJIO.lKIIl\f B Hey6hrnaIOIIl,Cl\I nopn,n;Ke: a 1 ~ a2 ~ ... ~an- EcJin a 1 =an, 
TO I:IMeeM paBeHCTBO 9.1. AaJieC 6y.n;e111 IIOJiaraTb, 'ITO al <an. 0603IIa'IHM 
1 
-(a1 + ... +an)= An- Tor.n;a a1 <An <an ll II03TOMY 
n 

OTKy,n;a An(a1 +an - An)> a1an, a1 +an - An> 0. Ha OCHOBaHHII IIH,L\YK­

THBHOro rrpe.n;rroJio.lKeHllH npIIIVIeHHM HepaBCHCTBO KoIIIH K n - 1 •rncJiaM 



( 
1 )n-1 

n _ 1 (a2 + a3 + · · · + an-1 + a1 +an - An) ? 

? a2a3 ... an-1 (a1 +an - An)· 

JierKO npoBepIITb, qTo OCIIOBaIIIIe CTCIIeIUI B JieBOIT qacTII IIOJiyqemmro 

nepaBeHCTBa paBno An. 11o3TOl\1y, Yl\IIIO:tKIIB 3TO nepaBeHCTBO Ha An, no­

JiyqIIM: 

TaK KaK An(a1 +an - An)> a1an-
I1TaK, II3 npe;:\IIOJIO)KeHIIR, qTo nepaBencTBO Kourn IICTIIHHO ;:\JI5I n - 1 

IIOJIO)KIITeJibHbIX qIIceJI, ;:\OK33aHo, qTo OHO IICTIIHHO ;:\JI5I n '-lIICeJI. Cornacuo 

MeTOAf HHAfKJJ;HH nepaBeHCTBO Kornn 6y;:\eT IICTIIHHO ;:\JI5I mo6oro naTy­

panhnoro 'IlICJia n, npu'IeM paBeHCTBO HMeeT MeCTO JIIIllib rrpu paBeHCTBe 

'-lHCeJI a 1 = a 2 = ... = an. 0 
CJie,n;cTBHe. ,l(.1ut .11,106ux no.11,0:>1eume.11/b'H'btX "iUce.11, a 1 , a 2 , •.. , an 

(9.2) 

,Il,oKa3 aT eJib CTB 0. Cornacno (9.1) a1 + a2 + ... +an? n zya1a2 ... an, 

a TaK:tKe _.!__ + _.!__ + ... + _!._ ? n nf l . IlepeMHO:tKHB 3TII paBeIICTBa 
a1 az an v a1a2 ... an 

uoqnenno, IIOJIY'!IIM (9.2). PaBeHCTBO IIMeeT MeCTO JIIIllib rrpn a 1 = a2 = 
= ... =an. 0 

1.2. CpaimeHHe KBa,zq>aTa cyMMhI n cyMMhl KBa,zq>aToB ,n;elicTBHTeJlhHhIX 

'lHCeJI. Jl:oKa:tKeM, qTO ;:\Jl5I JII06bIX ;:\CITCTBIITeJibllbIX 'IIICeJI a1' a2' ... ' an 

)XJI5I 3TOI'O HaIIIIllICM TO:tK;:\eCTBCHHOC paBeHCTBO: 

ai + a; + ... + a~ = ai + a; + ... + a~. 

IlocKOJibKY ai +a~? 2a1a2, ai +a~? 2a1a 3 , ... , a~_ 1 +a~? 2an_ 1an, 
TO, CJIO)KJIB 3TII paBeHCTBa c npe;:\bIAflJJ;llM TO:tK;:\eCTBOM, IIOJIYLJIIJ\! (9.3). 

1.3. TmK,n;ecTBO Jlarpaiu1rn 11 HepaBeHCTBO Komn-BynRKOBCKoro. ,D,mr 
mo6LIX ;:\BYX BeKTOpOB IIMeeM MeCTO TO:tK;:\CCTBO (n. 4.3 I'JI. 5): 
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EcJIII (a1, a2 , a3 ) II (b1, b2 , b3 ) - opTOHOp1VrnpoBaHHbI8 Koop,LI,IIHaTbI B8K­

TopoB a II b, TO IIp8,LI,bI,ll,YIL\88 TQ)K,ll,8CTBO Ha OCHOBaHIIII cpOpl\!JJibI (5.8) 
3KBIIBaJI8IITHO CJI8,ll,YIOIL\8MJ: 

9To TO:tK,ll,8CTBO Ha3bIBa8TC5I MJ\ICHCM cppamry3CKOro MaTeMaTIIKa )K. Jia­

rpan:tKa (1736-1813). 
TaK KaK JieBa5I qacTb 3Toro TO:tK,LI,8CTBa HeOTpII11,aT8JibHa, TO n3 Hero 

CJI8,LI,YeT TaK08 HepaBeHCTBO: 

IIpM'ICM paBeHCTBO MMeeT MeCTO IIpII a X b = Q, T. e. TOr,LI,a M TOJibKO TO­

r,LI,a, KOr,LI,a BCKTOpbl a M b KOJIJIIIHeapHbl ('UICJia a1, a2, a3 COOTBCTCTBCHHO 

rrporrOpll,IIOIIaJibIIbl 'IlICJiaM b1' b2' b3). 
HepaBeHCTBO (9.5) na3hrnaeTC5I HepaBeHCTBOM Konrn-Byn5IKOBCKOro. 

§ 2. II 0Jly"te1-me uepaeeucme U3 mo;JfCdecmee'l-t'H'blX 

paeeucme 

EcJIII orrpe,LI,CJICHHbie BCJIII'IIIIIbI HCKOTOporo TO:tK,11,CCTBa BCCr,LI,a H80T­

pnrraTeJibHbI IIJIII BCCr,LI,a HCIIOJIO:tKUT8JlbIIbI, TO II3 3TOro TO:tK,LI,eCTBa MO­

:tK8T 6bITb IIOJIJ'ICHO nepaBCHCTBO. IlpnMepoM 3TOMY 5IBJI5ICTC5I rrp8,LI,bl,LI,YIL\CC 

H8paBencTBO Konrn-Byn5IKOBcKoro. KpoMe Toro, B IIMCIOIL\CMC5I TO:tK,11,CCTBe 

H8KOTOpbre BCJIII'IMHbI MoryT 6bITb 3aMeHCIIbI 60JibIIIIIJ\IlI (nJIII M8HbIIIIIJ\III) 

B8JIH'IIIHaMII. 

PaccMoTpIIM neKOTOpbI8 npIIMepbr. 

IT p II Me p 1. ,Ll;oKa)l(IITe, 'ITO cyMMa KBa,n;paTOB paccT05IHIIii npoII3-

BOJibHOii TO'IKII P rrpocTpaHCTBa ,11,0 Bcprunn TeTpa3,LI,pa ABC D ne Menhrne 

'ICTBCpTII CJJ\!Mbl KBa,LI,paTOB ,11,JIIIH ero pe6ep. PaBeHCTBO IIMCCT MCCTO ,ll,Jl5I 

11,enTpon,LI,a G TeTpa3,LI,pa. 

,lJ; 0 Ka 3 a Te JI b c TB o. PacCMOTpIIJ\! CKaJI5IpHbIH KBa,LI,paT BCKTOpa 
- 1- - - -
PG= 4(PA+ PB+ PC+ PD): 

l6PG2 = PA2 + PB2 + PC2 + PD2 + 

+2(PA· PB+ PA· PC+ PA- PD+ PB· PC+ PB· PD+ PC· PD). 
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3al\ICHIIl\l YABOeHHbIC CKamipHb!C npOH3Be,IJ,CH!I5I no TCopel\re KOCHIIJCOB: 

l6PG2 = 4(PA2 + PB2 + PC2 + PD2
)-

- (AB 2 + AC2 + AD2 + BC2 + BD2 + CD 2
). 

TaK KaK 16PG2 ~ 0, To H3 no.JiyL£e1rnoro TO.IK;:(CCTBa 1m1eel\1 ncpaBencTBO: 

4(PA2 + PB2 + PC2 + PD2
) ~ 

~ AB2 + AC2 + AD2 + BC2 + BD2 + CD2
. (9.6) 

PaBCHCTBO BbIIIOJIH5IeTc5I JIIIIIIh npH coBna,IJ,enHH TOL£eK P II G. D 
B L£aCTHOCTII, eCJIII TOL£Ka p COBIIa,IJ,aeT c Il,CHTPOl\I 0 OIIIICaHHOII OKOjlO 

TeTpa3,IJ,pa ccj;>CpbI, TO JieBa5I 'IaCTb 3TOro nepaBCHCTBa pamrn 16R2 H TOr,IJ,a 

AB2 + AC2 + AD2 + BC2 + BD2 + CD2 ~ 16R2
• (9.7) 

PaBencTBO IIMCCT l\recTo npn coBna,IJ,emm TO'ICK 0 n G, T. e. ,IJ,JI5I pam10rpan­

noro TCTpa3,IJ,pa. 

II p II Me p 2. )J,oKa.IKIITC, 'ITO l\Ie,IJ,rrana TeTpa3,IJ,pa l\IeHhIIIe cpe,IJ,ncro 

apHcj;>MeTIIL£eCKOro ero pe6ep, BbIXO,IJ,5UI~IIX H3 TOJI ./KC BeplliIIHbI. 

)], o Ka 3 a Te JI h c TB o. EcJirr M - u,cnTporr,IJ, rpanrr ABC TeTpa3,II,pa 

ABCD, TO 

-- 1- - -
DM = 3 (DA +DB+ DC). 

Ilo CBOHCTBY MO,IJ,ymI CJMMbI BCKTOpOB 

-- 1 IDMI < 3(DA +DB+ DC). D 

(9.8) 

)], o Ka 3 a Te JI h c TB o. IlycTb AB= x, AD= y, AA 1 = z. IIo cBmicTBY 

,IJ,narmraJief1 napaJmeJiennne,IJ,a ABi + CDi = 2x2 + 2z2 II BCf + DAi = 
= 2y2 + 2z2

. CJic,IJ,oBaTCJibHO, ABf + BCf + CDi + DAi = 4z2 + 2(x2 + y2
). 

TaK KaK x 2 + y2 > 0, TO ABi + BCf + CDi + DAi > 4z2
. D 

To.IK,IJ,CCTBeHHbie paBencTBa L£acTo rrcnoJib3JIOTC5I npn noJiyL£emm (Ao­

Ka3aTCJihCTBC) nepaBeHCTB II3 II3BCCTIIbIX J.IKC nepaBeHCTB. 

TI p n 1\1 e p 4. TipIIBJIC'Iel\I paBCHCTBo (6.30) ,n:mr npOH3BOJihIIoro TCTpa-

3,D,pa: 

1 1 1 1 1 -+-+-+- =-. h1 h2 ~ h4 r 
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Ha ocnoBamrn nepaBCHCTBa (9.2) 

(9.9) 

PascnCTBO HMeeT MCCTO rrpn h1 = h2 = h3 = h4, T. e. ,IJ,JI5l. pamw2panno20 

TeTpa3,IJ,pa. 

IT pH 111 e p 5. )J;oKa)!{HTC, qTo ,ll)I5I mo6oro TeTpa3,IJ,pa 

(9.10) 

)]; o Ka 3 a Te JI h c TB o. CorJiacno nepaBeHCTBY Kornn 

OTKy,IJ,a 

qTo 3KBI'.!BaJieHTHO ,Il,OKa3bIBael\IOMY nepaBeHCTBY (9.10). D 
IT p n Me p 6. )J;oKa)!{nTe, 'ITO ,IJ,Jrn mo6oro TeTpa3,IJ,pa 

(9.11) 

)]; o Ka 3 a Tc JI h c TB o. ITo Teope111e nynKTa 2.2 rJI. 6 

4(5~ + S~ + S~ + S~) =(AB· CDsin(AJ3,CD))
2 + 

+(BC· ADsin(B0-D))
2 

+(AC· BDsin(Ac:BD)( 

B cnJiy orpaHII'IeHHOCTH ¢yttKu;nn cmryca rrpaBa5l. 'IaCTh 3Toro paseHCTBa 

ne 6oJihrne ( aa1 )
2 + ( bb 1 )

2 + ( cc1 )
2. 0TCIO,IJ,a H cJie,IJ,yeT ,IJ,OKa3hmae111oc Hepa­

BeHCTBO. PaBencTBO BhIIIOJIH5l.eTC5l. Tor,ua n TOJihKO TOr,IJ,a, Korµ,a Ka:1K,I\hIH H3 

Tpex CHHYCOB paBeH e,IJ,J!HHLI;C, T. e. Kor,i:i:a rrpOTJIBOIIOJ!O>KHhIC pc6pa TCTpa­

'.'l,IJ,pa rrcprren,IJ,nKyJI5IpHhI ( TCTpa3,IJ,p opTou;crITpwiecKnJ:i:). D 
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§ 3. He'Komop'ble us6pa'l-l'l-l'ble 'l-lepaae'l-lcmaa 

3.1. HepaneHCTBa ,ri;Jrn yrJIOB TpH3,ri;pa, TeTpa3,ri;pa n Kocoro qeThipex­

yrOJihHHKa. 

CyM.Ma y2.!loB 1tan.!l0Ha pe6ep mpu3dpa n n.11,ocnocm.flM npomueono.!lo:>IC­

'H'btX UM 2pa'Hei1 3an.!l1o"ie'Ha MeJtCdy cyMMou n.!loc1wx yz.!loe 3mo20 mpu3iJpa 

u no.1weuHou 3rrw1'1 cyMM'bt. 

)], 0 Ka 3 a Te JI b c TB o. IlyCTb 0'.1' 01, y I - B8JIWUIHbl yKa3aHHbIX yr­

JIOB HaKJIOHa H a, p, y - Bemr<rnHbI nnocKnx yrnoB Tpn3,n;pa O(ABC). 
Ilo cBoii.cTBY yrna Me)K,ll;Y npRMOii. 11 ee opToroHaJrbnoit rrpoeKll,IIeit Ha rrnoc­

KOCTb a1 < ~' ~i < y, y1 <a. Ilo3TOMY 0'.1 + ~i +Yi< a+~+ y. Ilycn. op­

ToroHaJibIIaR rrpoeKll,IIR OA1 pe6pa OA 06pa3yeT c pc6paMu OB u OC 
COOTB€TCTB8HIIO yrJibl <jl1 If <Jl2· Ilo CBOMCTBY IIJIOCKIIX yrnoB ,ll;JIR TpH3,ll;pOB 

O(ABA1 ) H O(ACA1) uMeeM cooTBCTCTBemrn: 0'.1 > IY - cp1l u 0'.1 >IP- <Jl2I· 
0Tc10;i;a 2a1 > IY- <Jl1I + IP-qi2I >I~ +y- (<.p1 +qi2)I =~ +y-a. AHanorwi­

HO 2~1 > y + a - ~ H 2y 1 > a + ~ - y. CJIO)KHB rroc.rre,n;HHe TPH HepaBeHCTBa, 

rronyqaeM: 2(a1 + ~1 + y1) >a+~+ y. TaKlfM o6pa30M, 

(9.12) 

HepaBencTBO ;:i,oKa3aHo. 0 
CyMMa e'Hympe'H'HUX y2.!loe noco20 "lem'btpexy20.!l'b'Huna ABCD .Me'H'b­

we 2ri:. 
)], 0 Ka 3 a Te JI b c TB o. Ha OCHOBairnH nepaBCHCTBa ,ll;JIR IIJIOCKIIX yrJIOB 

Tp113,ll;pa HMeeM: 

Jfi3C < ABi5 + CBi5' 
BCi5 < Acl5 + ACiJ, 
AiJC < AiiB + BiJC, 
BAJ5 < CAl5+13AC. 

CyMMa o = BAJ5 + AJ3C + BcD + Jfi5C BHyTpenHHX yrnoB Kocoro qeTbI­

pexyronbHHKa ABCD MCHbIIIe cyMMbI yrnoB TpcyronbHHKOB ABC, ABD, 
ACD, BCD, yMCIIbIIIenHoiI Hao: o < 4rr - o. 3Haq11T, o < 2rr. 0 

Cy.At.Ma nocu'Hycoe ecex iJeyzpa'H'H'blX yz.!loe mempa3iJpa 'He npeeocxo­
dum 2, a ux npou3eede'Hue He 60.!l'bWe 1/729. 

,II, 0 Ka 3 a Tc JI b c TB 0. IlycTb Ti; - C/],HHI1'-lllbIC BeKTOpbI, opTOI'OliaJib­

Hble rpanRM ,n;amrnro TeTpa3,n;pa, narrpaBJI8HHblC COOTBCTCTBeHIIO BO BIIeIII­

HIOIO 06JiaCTb OTHOCHT8JibHO T8Tpa3,n;pa. Tor.z:i,a (n1 + 'fi2 + 'fi3 + 'fi4) 2 ;?: 0, 
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I 'ii; I = 1. ~:ho ttepaBencTBO 3KmrnaJieHTHO nepaBeHcTBy: 

4 

4 + 2 L n;nj;? o. 
i,j=l: i<j 

Ecm1 Cl.ij - MepbI ,Ll,ByrpaHHbIX yrJIOB TeTpa3,L1,pa, TO n; nj = - cos CJ_ij 11 H3 

nocJie,L1,nero nepaBeHcTBa rroJiy'1ael'v1: 

4 

L COSCL;j ~ 2. 
i,j=l; i<j 

(9.13) 

3naK paBeHCTBa HMeeT MeCTO TOJibKO ,Ll,JI5! paBHOrpairnoro TeTpa3,L1,pa. 

B caMoM ,LJ,eJie, paccMoTpIIM BeKTOpbr, BBC,LJ,eHHhre B 3a,LJ,a'1e § 2 rJI. 5. ::h11 
BeKTOpbr IIMeroT paBHhre MO,J:l,YJIH B cJiy'Iae paBHorpaHHoro TeTpa3,LJ,pa. TaK 

KaK CYMl'vfa IIX paBHa HYJib-B€KTOpy, TO H ,IJ,JI5! C,IJ,lIHH'IHbIX BCKTOpOB fi;, 

y'1aCTBYIOll11IX B ,ll,OK33aTeJibCTBO nepaBeHCTBa (9.13), cyMMa paBHa HyJieBo­

MY BeKTopy. IIo3TOl'vIY ll,JI5! paBno1·panuoro TeTpa3lJ,pa B 3TOM uepaBeHCTBe 

lIMCeT MeCTO paBeHCTBO. 

,Il,aJiee, Ha ocHOBaHl11I ttepaBencTBa Konrn 

1 

6 
i,j=l; i<j 

4 

II 
i,j=l; i<j 

Y'111TbIBa5! ttepaBeHcTBO (9.13), OTCIO,IJ.a rroJiy'IaeM: 

4 

II 
i,j=l; i<j 

1 1 
cos Cl.ij ~ 36 = 729 . (9.14) 

,Il,oKa3aT€JibCTBO OKOH'I€HO. 0 
3.2. HepaBeHCTBa ,LJ;JUI npaMoyronhnoro TeTpa3,rq>a. B TaKOM TeTpa3ll,pe 

OABC pe6pa OA, OB, OC rrorraptto rreprreHll,HKYJI5!pHbr. IlpMMeM cJie,LJ,y­

IOll11le o6o3Ha'1eH115!: OA =a, OB= b, OC = c, S1, S2 , S3 , S - rrJionra,IJ,H 

rpatteii. OBC, OCA, OAB, ABC cooTBeTCTBeHno, h - BhrcoTa TeTpa3,IJ,pa, 

npoBe,LJ,eHHa5! K rpatt11 ABC, R 11 r - pa,IJ,MYChI orrrrcannoii. 11 mrncamwii. 

c¢ep, V - o6bel'vL 

Ha ocnoBamrn uepaBeHCTBa (9.3) 

IloCKOJibKY s; + s~ + s5 = S 2
' TO 

s < s~ + s; + Si ~ J3s. (9.15) 
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J1eBoe H3 3THX nepaBeIICTB COBIIa,JJ,aeT c nepaBCHCTBOJ\l II. 1.3 rn. 3 ,JJ,JI5! 
3V 3V 3V 3V 

TeTpa3,JJ,pa o6ilJcro BH,JJ,a. TaK KaK 5 = h' 5 1 = -;,-' 52 = b' 53 = -Z-' TO 

HepaBeJICTBO (9.15) paBIIOCHJILHO TaKOJ\Iy: 

1 1 1 1 J3 
h < ~ + b +-;::::::; --,;:· (9.16) 

1 
Ilpnnn1raa BO mnIJ\ranne, 'ITO V = 6abc, Ha ocnoBamrn nepaBenCTBa KoIIIII 

IIOJiy'!aeM: 

1 1 3/ 
51 + 52 + 5 3 = 2 (ab + be + ca) ~ 2 · 3 v ab · be · ca. 

TaKIIM o6pa3oM, 

(9.17) 

Pa3,JJ,eJIIIM paBeHCTBO 5~ + 5~ + 5~ = 5 2 na (3V) 2. B pe3yJILTaTe 6y,JJ,eM 

HMeTL COOTHOIIIeHne: 
1 1 1 1 

a2 + b2 + c2 = h2. 

I1cnoJIL3ya HepaBencTBO KoIIIn, rronyLiacM: 

H II03TOMY 

1 1 1 1 3l 1 1 
h2 = a2 + b2 + c2 ~ 3 a2 . b2 . c2' 

5 >- 3y'3h2 
""' 2 . 

(9.18) 

(9.19) 

(9.20) 

,D,ocTpOHM TeTpa3,JJ,p OABC ;:i:o rrpaMoyroJILHoro rrapannenennrre,JJ,a. 

Y"rnTLIBa.H, 'ITO pa;i,nyc R onncamroil c¢epLI paBeH rroJIOBHHe ,JJ,HaroHaJIII 

3TOro rrapannenennne,JJ,a, a MC,JJ,IIaHa Olvf TeTpa3,JJ,pa - TpeTII ,JJ,IIaroHamr. 
2R 

TaK KaK BLICOTa h He 6oJILIIIC J\Ie,JJ,IIanLr Olvl, TO h:::::; 3 , T. e. 

2R ~ 3h. 

1 l 1 1 1 
IlocKOJibKY corJiaCHO (6.30) - = -h + - + -b + -, TO 

r a c 

( 
1 1 1) Ha ocnoBaHHII (9.16) h -;;, + b +-;: :::::; J3. Cne;:i:omJ.TeJILno, 

2R ~ 3(1 + J3). 
r 
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Bo Bcex uonyLicHHbIX nepaBencTBax 3HaK paBencTBa I!llICCT llieCTO JIIIIIIb 

rrpII a = b = c. 

3.3. HepaBeHCTBa .IJ;JI11 npoH3BOJibHoro TeTpa3.zi;pa. Bo 6C.R'IW.M mempa-
3i}pe npou36ede'Hue dAU'H dByx npomuBonoJW:J/C'H'blX pe6ep .Me'H'bw.e cy.M.M'bl 
npou36ede'Huil rJpy2ux npomuBono.!lo:JIC'H'btX pe6ep: 

(9.23) 

,II, o Ka 3 a Tc JI b c TB o. IIo ,I\OKa3amrollly B r1. 4.4 rn. 8 cyIIIeCTByeT Tpc­

yroJibHI!K, ,I\JII!Hbl CTOpOH KOTOporo rrpOIIOPI!IIOHaJibHbl '!IICJia111 aa1' bb1' CC1. 

ITo3T0111y ,I\JI5! nero BbIIIOJIH5IeTC5! nepaBeHCTBO (9.23) na ocHoBaHIIH nepa­

BencTBa TpeyroJibHIIKa. D 
J!,A.H .!l'/06020 mempa3dpa paduyc R onuca'l-f:Hm1 cifiep'bl ?ie Me'H'bWe ympo­

e'H?iOW paduyca Bnuca?i?ioil crfiep'bt: 

R~ 3r, (9.24) 

npu"le.M R = 3r mo.!l'b'IW d.!l.R npa6U.!l'b?i020 mempa3dpa. 
,II, o Ka 3 a Te JI h c TB o. IIycTh A1 , B1 , C1 , D 1 - I!CIITpOII,I\bI rpaHcii 

TCTpa3,I\pa ABCD. IIo cBoiicTBY I!CIITpOH,I\a TeTpa3,I\p A 1 B 1 C 1 D 1 roMoTe­

TIILICH TeTpa3,I\py ABCD OTHOCHTCJibHO ero I!CHTpOn,I\a G c K03cPcPIII!II-
1 

enT0111 -1/3. IIo3TOMY pa,I\IIyc p c¢ephr A 1 B 1 C1 D 1 paBen 3R. Ho c¢epa 

A 1 B 1 C 1 D 1 HC 111enbIIIe c¢ephr, Bmrcamroii B TeTpa3,I\p ABCD, TaK KaK 

BrrIIcanna5! c¢epa BC5! JIC)KHT B'Hympu TeTpa3,I\pa ABCD Kpo111e TO'!eK 

Kacamrn, a ccpepa A 1 B 1 C 1 D 1 ll!O)KCT II nepece1'am'b ero rpami. CJie,I\OBa-
1 

TCJILHO, r ~ p = 3 R. 
1 

PaBeHCTBO r = 3 R 6y,I\eT BLIIIOJIII5ITLC5! JIIIIIIh B CJIY'Iae coBrra,I\CHII5! c¢e-

pbr A 1 B 1 C 1 D 1 c BIIIICaHHofr B TCTpa3;:i,p ABCD c¢epoii, T.e. TOr,I\a II TOJILKO 

TOf,I\a, KOf,I\a CfO I!CHTpOII,I\ COBIIa,I\aCT C I!CHTpOM BTIIICamroii c¢epbI. Il 3TOlll 

CJiyLiae ero !IIC,I\nanhr AA1 , BB1 , CC1 , DD1 coBTia,I\aIOT c BbICOTa11rn. Cne­
,I\OBaTCJihHO, TCTpa3,I\p 5IBJI5ICTC5! OpTOI!CIITpfl'ICCKIIlll H II!l!CCT paBHbie BLICO­

Tbl (Ka)K,I\a5! H3 HIIX paBna 4r). IIo3To111y TeTpa3,I\p ABCD paBnorpaHHhrii. 

I-b paBCIICTB a
2 + ai = b2 +bi = c2 + ci H a= a1' b = b1' c = C1 CJIC/J,YCT pa­

BCHCTBO BCCX pe6ep. 3Ha'!IIT, TCTpa3,I\p 5IBJI5ICTC5! npaBIIJ!bHbllll. D 
,Ii,oKa)KCllI, '!TO 

(9.25) 

,Ii,oKa3aTeJihCTBO. Ha ocn0Banm1 HcpaBencTBa (13.11) II3 rrJiam1-

111eTpIIII ([8], C. 142) IIl\ICCl\I: 

4\1'3S3 ~ a2 + b2 + ci, 
4\1'3S4 ~ ai +bi+ ci. 
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Cno.iKIIB 3TH paBeHCTBa TIO'IJieHHO, nonyLJ:ael\r: 

3,n:ecb HCTIOJib30BaHO HepaBeHCTBO (9.7). l'b nonyLJ:eirnoro HepaBCHCTBa CJie­

,n:yeT ttepaBeHCTBO ( 9. 25). PaBCHCTBO BbITIOJIH5!CTC5! JIHWb ,D;JI5! npammhttoro 

TeTpa3,n:pa. D 
Ifa ttepanencTB (9.24) H (9.25) cne,n:yeT: 

V ,,::: SJ3R3 
"' 27 . 

§ 4. CmepeoMempu'l(eC'X',Ue 3'X',CmpeMyM'bt 

(9.26) 

4.1. 3KcTpeMyMhl KaK cne,n.CTBH5! HeCTpor11x HepaBeHCTB. EcnH mvreeT­

C5! HepaBeHCTBO x;:::: a (x ~a), r,n:e BeJIH'IHHa a TIOCTO~rnna, a BCJIH'IHHa x 

nepeMenna, TO a 5!BJI5!eTca .MU'liU.Ma.Jl,'b'li'bl.M ( .Mancu.Ma.Jl,'b'li'bl.M) 3na~renHeM 

BCJIH'IHHbI X. 

,II;na npHMepa paccMOTpHM nepanencTBO (9.25), B KOTopoM R rrocToan­

no II paBencTBO BbIIIOnnaeTca TOJibKO ,n:na npaBHJihnoro TeTpa3,n:pa. Pac­

CMOTpIIM MHO.iKCCTBO Bcex TeTpa3,n:poB, BIIHCaHHbIX B c¢epy pa,n:nyca R. 
:Vb nepaBeHCTBa (9.25) cne,n:yeT, 'ITO l\IaKCHl\IaJibHa5! IlJIOIJJ;a,D;b HX IIOBepx-

u 6 sJ3R2 u u 

HOCTCH y,n:eT paBna -3- ' ee HMCCT npaBHJibHbIH TeTpa3,n:p, BIIIICaHIIbIH 

B ,n:annym c¢epy. 

I1TaK, u3 ecex mempa3dpoe, enuca'li'li'blX e da'li'liY'/O cifJepy, 'liau60.Jl,'bWy10 

nJ1,ow,ad'b noeepx'liocmu U.Meem npa6U.Jl,'b'li'blU mempaadp. 

AnanornLJ:tto, 113 nepaBencTBa (9.26) cne,n:yeT, 'ITO ua ecex mempa3dpoe, 

enuca'li'li'blX e da'li'liY'IO cifJepy, 'liau6o.Jl,'bWUU o6r,e.M u.Meem npaBU.Jl,'b'li'blU mem­

pa3dp. 

PacCl\IOTpHM l\IHO.iKCCTBO Bcex npaMoyronbHbIX napanncncnune,n:oB c 

,n:arrnoU: ,n:uarOHaJibIO d. Tpe6yeTC5! nail:TH TOT H3 HHX, KOTOpbIH Hl\!CCT BaH-

6oJibIIIYIO IIJIOIJJ;a,D;b s ero TIOJIIIOH IIOBepXHOCTH. 

IlyCTb a, b, c - H3MepettH5! rrapannenennne,n:a. Tor,n:a 

S = 2(ab +be+ ca)~ 2(a2 + b2 + c2
) = 2d2

, 

rrpH 3TOM paBCHCTBO HMCCT MCCTO JIHIIIb npH a = b = c, T. e. TOr,n:a H TOJibKO 

TOr,n:a, KOr,n:a napaJIJICJICIIHrre,n: 5!BJI5!CTC5! ny6o.M. 
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4.2. 3KcTpeMyMhl CYMMhl H npoH3Be)l;eHH5! IIOJIO)l(HTeJihHhlX queen. 06-

paTIIMCSI CHOBa K nepaBeHCTBY (9.1) Koum, B KOTOpOl\I paBeHCTBO ,IJ;OCTM­

raeTC5l TOJihKO rrpM paBencTBe qMceJI a 1 = a2 = ... = an- J13 Hero MO)f(HO 

C,IJ;eJia Th CJie,IJ;yIOil!Me BhIBO,IJ;hl. 

1. EcJIM cyMl\Ja n ITOJIO)l(MTeJibHhlX qMceJI ITOCT05IIIHa, TO MX rrpOII3Be,IJ;e­

IIHe l\IaKCMl\IaJihHO TOr,IJ;a M TOJihKO TOr,IJ;a, KOr,IJ;a 3TM 'UICJia paBHhl. 

2. EcJIH rrpoM3Be,n;eHne n IIOJIO)KlITCJihHhIX qf!CCJI IIOCT05IHHO, TO MX cyl\1-

Ma Mlll!MMaJibHa TOr,IJ;a lI TOJihKO Tor,n;a, KOr,IJ;a 3TM 'IMCJJa paBIIbl. 

3 a ,n; a q a 1. J13 l\IHO)KCCTBa ncex rrpSIMoyroJihHhIX napaJIJienenMrre­

,n;on c 3a,n;amrni:J: cyMMOi:J: pe6ep ttai:J:,IJ;HTe rrapannenerrMrre,n; l\IaKCHl\IaJihHOro 

ofo,eMa. 

p e Ille HM e. IlycTh a, b, c - M3l\IepeHIUI IIp5Il\IOyrOJibHOI'O rrapaJIJieJJe­

IIIIIIe,n;a n cyMMa a+ b + c rrocTOSIHHa. Tor,n;a abc MaKCHMaJihIIO np11 a= b = c. 
feOM8TpMqecKH 3TO 03HaqaeT, qTO U3 6CeX np.7lhWY20J1/b'liblX napaJlJLeJLenu­

neaoe c oa'/ioi1 u moi1 :J/Ce cy.M.MOU pe6ep '/iau6oJLbWUU o6oe.M U.Meem i,;y6. 

3 a ,n; a q a 2. B c¢epy pa,n;Hyca R mrncana npaBHJihIIa5! qeTh1pexyronh­

na5! nHpal\m,n;a. Hai:J:,n;HTe naH60JJhIIIYIO ITJJOII1a,L1,b ee 6oKOBOi:J: noBepxnocTH. 

p e Ille H He. IlycTb h - BhICOTa, l - arro¢eMa, x - ITOJJOBHIIa CTOpOHhl 

ocHOBaHHSI rr11paMH,ll;hI. Tor,n;a rrJIOil!aAh S ee 6oKOBoi:J: noBepxnocTH paBHa 

S = 4 · ~l · 2x = 4lx. TaK KaK l2 = h2 + x 2 
H (xv".2) 2 = h(2R - h) (rroJIOBH­

Ha ,n;narOHaJJH OCHOBaHH5! eCTh cpe)J;H5!5! reoMeTpHqecKa5! BeJIH'i:HIIa Me)Kcy 

BhICOTOH h M ee )J;OIIOJIHenMeM 2R - h ,n;o ,n;naMeTpa c¢ephl)' TO 

s = 4lx = 2hv'4R2 - h2 . 

I1JIOII1a,L1,h s MaKCHMaJihHa TOr,n;a H TOJlhKO TOr,n;a, Kor,n;a MaKClIMaJJhHa BeJIH­

qnHa S2 = 4h 2 ( 4R2 
- h 2). PaccMoTpHM rrpon3ne,n;ettne h 2 ( 4R2 

- h 2). CyMMa 

h2 + ( 4R2 
- h2) = 4R2 

ero COMHO)KHTeJiei:J: IIOCT05IHIIa. Ilo3TOJ\IY OHO rrpHHll­

MaeT HaH60J1bIIIee 3Haqeune TOJlhKO rrpn ycJIOBllll paBeHCTBa COJ\JHO)KHTCJICH 

h2 = 4R2 - h2 , T. c. rrpn h = Rv".2. 
Cne)l;oBaTCJibIIO, MaKCHMaJJhHa5! IIJIOil!a)J;h S 6oKonoi:J: rroBepxnocTH IIH­

paMM,ll,hI paBHa 2RJ2J4R2 - 2R2 = 4R2
. 

3 a,n; a q a 3. B c¢epy nmrcaH Konye. Ha1'i,n;nTe yron rrpn BepIIIHHe oce­

Boro ceqeHHZ! KOnyca, rrpn KOTOpOM Konye HM88T Han60JihIIIYIO IIJIOII1a,L1,h s 
6oKOBOH IIOBepXHOCTH. 

Pe III e H n c. IlycTh R - pa,n;nyc c¢eph1, r - pa,n;nyc ocnoBaHH5! Kony­

ca, l - o6pa3yIOil!a5! Konyca, 2o: - HCKOMhii:J: yroJI rrpH BepIIInne ero oceBoro 

cwreHHSI. Tor,n;a r = l sin o:, l = 2R cos o: n II03TOMY 

S = rr.rl = 4rr.R2 
sin o: cos

2 o:. 

Tpe6yeTC5l Hai:J:TH 3Ha'IeHne o:, rrpn KOTOpOM IIJJOII1a_L1h S MaKCHl\IaJihHa. Ono 
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COBIIa,IJ,aeT c TeM ero 3HaLieHlleM. npM KOTOpm.r S2 l\IaKCIIJ\IaJiblla. ITpe;:~cTa-
. 2 cos2 a cos2 a cos2 a 

BIIJ\J sm a cos4 a = 4 ( 1 - cos2 a) · -
2
- · -

2
-. Cymra ( 1 - cos2 a) + -

2
- + 

cos2a + -
2
- = 1 rrocTmnma (ne 3aBHCIIT OT a). Cne,IJ,OBaTCJibHO, rrpon3BC,Il,CHIIe 

sin
2 

a cos
4 

a, a 3Ha'-IIIT, II rrpoII3Be,IJ,em1e sin a cos2 a l\IaKCIIl\IaJILHO npII ycno-
cos2 a . 2 1 

BIIII (1 - cos2 a)= -
2
-, OTKy,IJ,a cos2 a= 3 n cos 2a = 3. 

3 a A a q a 4. }fa Bcex KonycoB ;:i;mrnoro o6'bel\m V nail:;i;HTe Konye c naH­

MenhIIIeil: o6pa3yIOII1eii. 

p e III e H II e. ITycTb l, h, r -- o6pa3yIOII1a5!, BblCOTa II pa,IJ,nyc OCHOBaHII5! 

1 1 4n:2 r 2 r 2 
, 

KOHyca Torrra v = -rr.r2 h V 2 = -n2 r 1 h2 = - . - . - . h2 II / 2 = r 2 + h2 = 
. ,..., 3' ' 9 9 2 2 

r2 r2 r2 r2 
= 2 + 2 + h2

. TaK KaK rrpoII3Be;i;ettne 2 · 2 · h2 rro ycJIOBH5! rrocT05!HHO, TO 

r2 r2 r2 2 
cyMMa 2 + 2 + h2 l\mnnMa.'lbna rrpII 2 = h2

. A TOr,IJ,a V = 3rch3 n rro3TOMY 

h3=3V l2=r2+h2=3h2 l=h.J3=.J33f3V. 
2n: ' ' v -:;; 

3 a A a q a 5. "lfepe3 ,1J,attny10 BHYTPH TpexrpaHttoro ynra TO'IKY Af upo-

BC,Il,IITe IIJIOCKOCTb, OTCeKaIOilJYIO OT nero TeTpa3,IJ,p HaIIJ\JeHbIIIeI'O 06'bCMa. 

p e III e H H e. I1yCTb IICKOMa5! IIJIOCKOCTb a rrepeceKaeT pe6pa ,IJ,aHHO­

ro TpH3,IJ,pa B TOLIKax A, B, C H TO'-IKa lvl Ea. 3a,IJ,a,IJ,Hl\I acpqmrrHyIO CII­

CTeMy KOOp,IJ,IIHaT Oxyz, KOOp,IJ,IIliaTHbie OCH KOTOpoil: CO,Il,Cp)KaT pe6pa 

OA, OB, OC TpII3,IJ,pa. I1ycTL TOLIKII A, B, C, l\.1 IIMeroT Koop,IJ,nnaTLI: 

A(a, 0, 0), B(O, b, 0), C(O, 0, c), l\.l(x0 , y0 , z 0 ). Tor,IJ,a IIJIOCKOCTb a 6y­
x y z 

,IJ,eT IIMCTb ypaBHeirne - + -b + - = 1 II II03TOMY ,Il,JI5! KOOp,IJ,IIHaT TO'-IKII Al 
a c 
~ ~ ~ 6 BbIIIOJIH5!8TC5! paBeHCTBO: - + -b + - = 1. I1pn 3a,IJ,aHHOM TpII3,IJ,pe 0 'b8M 
a c 

TeTpa3,n;pa OABC comacno cpopMyJre (6.11) lllTay,IJ,Ta 3aBIICIIT TOJibKO OT 

rrpOH3B8,Il,8HII5! abc, TaK KaK ero IIJIOCKI1e yrJILI npII Bepnrntte 0 IIOCT05!HHbl. 
xo Yo zo xoyozo 

ITocKOJibKY cyMMa - + -b + - nocT05!HHa, TO npon3Be,IJ,cmie --b- Ma'Kcu-
a c a c 

xo yo zo 1 
Ma.11.'b'HO npII ycJIOBIIII - = - = - =-.Ho npOII3BC,IJ,eHIIe x 0 y0z 0 IIOCT05!HHO, 

a b c 3 
II03TOJ\!Y neo6xo;:i;HMO H ,Il,OCTaTO'lHO, LIT06bI 'IIICJIO abc 6bIJIO MIIHIIJ\IaJib-

HbIJ\1, a cne,IJ,OBaTeJihHO, 6bIJI l\IHHIIJ\IaJibHbil\I II 06'bcl\1 TeTpa3,IJ,pa OABC. 
TaKIIJ\I o6pa30M, paBeHCTBa a= 3x0 , b = 3y0 , c = 3z0 rrpc,IJ,cTaBJI5!IOT pewe­

nue rrocTaBnennoil: 3a,IJ,aLIII. A onII rroKa3hIBaIOT, 'ITO TO'-IKa Al ( x 0 , y0 , z0 ) 

5!BJI}ICTC5! !ICHTpOII,IJ,OM TpeyroJihHnKa ABC '-ITO II rro3BOJI5!eT rrocTpm1Tb 

3TOT TpeyroJibHIIK (pnc. 129): Olvl1 = x 0 , OAl2 = y0 , Olvf3 = z0 , OA = 3:r0 , 

OB= 3y0 , OC = 3zo. 
4.3. Cne,n,emre 3a,n,aqn K nJiamrMeTpnqecKoii: '-IaCTO IICIIOJib3yeTc5! npn 

pemeHI!H CTepeOl\IeTpIILICCKHX 3a,IJ,aLI, B 'IaCTHOCTH, II rrpH HaXO)K,Il,eHIIII 3KC­

Tpe11yr.JOB. Paccl\IOTpIIM necKOJibKO rrpII11epon. 
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3 a Ma q a 1. ,Il,aHbI ToqKII A, B II npmvia5l m, ne JIC)KaliI11C B O,ll,HOf:'I IIJIOC­

KOCTII. Tpe6yeTc5l naliTII na npRl\IOf:'I m TaKyIO TO'IKY X, 'IT06b1 1) cy111rn 

AX+ BX 6hrna HaIIl\ICHbillCli, 2) pa3HOCTb IAX - BXI 6wm naII60JibillCH. 

z 

hie. 129 Pnc. 130 

Pe ill en II e. EcnII ToqKII A II B JIC)KaT B oMnoli IIJIOCKOCTII c np5I110li m 
(no pa3HbIC CTOpOHbI OT Hee), TO pCillCHMC 3aMa'UI 06liICll3BCCTJ10: l1CKOJ\Ia}1 

ToqKa X ecTb TOqKa ncpeceqcmrn np5.111brx AB um. IlpII 3aAaHIIbIX ycJioBn-

5.!X BbIIIOJIHHl\l IIOBOpOT IIJIOCKOCTH ( m, B) OKOJIO IIp}Il\!Oll m Mo COBMCliICHII5l 

ee c IIJIOCKOCTbIO (m, A) B TOM nanpaBJICHIIH, qTo6hI o6pa3 B1 TO'IKII B 
IIpII 3TOJ\l IIOBOpOTe OKa3aJIC5l TIO ApyryIO CTopony OT IIp5IMOll m, HC)KCJIH 

ToqKa A (pIIc. 130). TorAa ncKOJ\IOH TO'IKoli X 6yAeT TO'IKa nepeceqenHR 

np5Il\IhIX m n AB1 , TaK KaK AX+ BX= AX+ BX1 = AB1 , a paccToR­

HIIe AB1 naII11eHbillee. 

Ananorwuro peillaeTC5l u BTOpa5I qacTb 3aAa'rn o 1raKcH11y11c pa3HOCTII 

IAX - BXI c TOH JIHillb pa3nnu,eli, qTo 

IIOBOpOT ny)KHO BbIIIOJIII5ITb B ,n:pyroM 

narrpaBJICHHH, qeM B nepBOH qaCTH 3a­

AaqII. 

3 a A a 'la 2. n npamrnbHOf:'I Tpe­

yrOJibHOll IIHpaMIIAC CTOpona OCIIOBa­

Hlrn paBna a. KaKof:'r naH11eHhillHH nepH­

l\ICTp J\lO)KCT IIl\!CTb CC"ICHIIC IIHpal\IHAbl 

IIJIOCKOCTbIO, npOXOA5IUWH "Iepe3 ano¢e-

11y, CCJIII BblCOTa IIIIpal\IHAbl OTHOCIITC5l 

K 6oKOBOMY pe6py KaK J2 : )3? 
Pe ill e H II c. IlycTb ABC D - Man­

tta}I nupaMHAa, DO -- ce BbICOTa, DP -

B 

Pnc. 131 

ano¢e1ra, PE (AB) (pHc. 131). IlycTb TpeyroJibIUIK DPQ - CC"Ienuc IIH­

pal\rnAhI, Q E (BC). TaK KaK cTopoHa DP nocToRnna, To cy11Ma PQ + DQ 
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rro ycJIOBIIIO ,II,OJI.tKHa 6bITb l\IIIHIIl\IaJibHOti:. Ha ocHOBaHIIII peIIICHIIzI rrpe,II,bI­

AfIIIeti: 3a,II,a'-III TO'-!Ka Q zrnmreTC5I TO"IKOti: rrcpcce'IeHII5I rrp5Il\IOH BC c rrp5I­

l\IOH P Di, r,II,e Di - o6pa3 BepIIIIIHbI D rrpII rroBopoTe TpeyroJibIHIKa BCD 
BO BHeIIIHIOIO cTopony rrnpal\III,II,bI ,II,O COBl\fCIIICHIIZI c rrJIOCKOCTbIO ABC. 

Terrcpb HeTpy,II,HO rro,II,C"IIITaTb MIIHIIl\IaJibHbrti: rrepIIl\IeTp cwreHII5I DPQ: 
DP+ PQ + Q D =DP+ P Di. EcJIII l - ,II,JIIIHa 6oKoBoro pe6pa rrnpaMII,II,br, 

2 2 2 aV3 
TO l2 = h2 + A02

. Ilo ycnoBIIIO h2 = 3l2. TaK KaK AO= 3AM = 3 · -
2

- = 

- av:l z2 - 2 z2 1 2 l - T - -3-, TO - 3 + 3a ' OTKy,II,a - a. Or,II,a no TeopeMe KOCIIHYCOB II3 

TpeyroJibIIIIKa PB Di HMeeM: 

av:l a../7 
IIoaToMy MIIHIIl\IaJibHbrti: rrepIIMeTp ce'-IenII5I D PQ paBeH -- + -- = 

2 2 
= ~(J3 + V7). 

§ 5. To'l(,'Ka Jhou.11/be mempa3dpa 
5.1. 3a,n;aqa Jlromn.e. Hati:,II,IITC TO'-IKY, ,II,JI5I KOTopoti: cyMMa KBa,II,paTOB 

paCCT05IHIIH ,II,O IIJIOCKOCTCH rpaneti: ,II,amroro TCTpa3,II,pa MIIHIIMaJibHa. 

Pe III e H II e. IIycTb di ( i = 1, 2, 3, 4) - nopl\IaJibIIbre KoOp,II,IIHaTbI 

(rr. 4.2, rJI. 6) IICKOMOH TO'-IKII L OTHOCIITCJibHO ,II,aHHOro TCTpa3,II,pa 

AiA2 A3 A4 • Cornacno TO.IK,II,CCTBY (9.4) J1arpaH.tKa 

(di + d~ + d~ + d~) ( s~ + s~ + s~ + s~) = 
4 

= (diSi + d2S2 + d3S3 + d4S4) + L (diSj - djSi) 2
, (9.27) 

i,j=i; i#j 

r,II,e Si - IIJIOIIIa,II,II rpaneti: TeTpaa,II,pa. BeJIII'-IIIna I:,( diSj - djSi) 2 neoTpHu;a­

TCJibHa II o6paIIIaCTC5I B HYJib TOr,II,a II TOJibKO TOr,II,a, KOr,II,a BCC diSj - djSi = 
= 0, T. e. rrpII ycJIOBIIII 

(9.28) 

B 3TOM II TOJibKO B 3TOM CJiy'-!ae npaBa5I '-!aCTb TO.IK,II,CCTBa (9.27) MIIHIIMam,­

na, a CJIC,II,OBaTCJibHO, MIIHIIMaJibHa II cyMl\Ia (J =di+ d~ + d~ + d~' IIOCKOJibKY 

cyMMa s~ + s; + s~ + s; If cyMl\Ia di Si+ d2S2 + d3S3 + d4S4 = 3V IIOCT0-

5.!Illlb!. Tor,II,a II3 Toro .tKe TO.tK,II,CCTBa (9.27) 

. 9V2 

min o = 52 52 52 52 ' 1+2+3+4 
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OTKy,D,a 

1 1 1 1 1 
-. - = h2 + h2 + h2 + h2 . 
nun o 1 2 3 4 

TaKI:Il\1 o6pa30M, pemeHI:Iel\1 rrocTaBJieHHoiJ: 3a,n,aLI11 5IBJI5leTC5l c,n,nncTBeH­

HaR TO'!Ka L, paCCT05IHI:I5l KOTopoiJ: ,Il,O IIJIOCKOCTeiJ: rpaHeH TCTpa3,n,pa co­

OTB8TCTB8HHO nporropu;I:IoHaJibHbI IIJIOII~a,D,5!.lll 3TI:IX rpaneiJ:. 9To CBOfICTBO 

06Hapy)K11JI mBeiJ:u;apcKI:IH MaTel\raT11K CI:IMOH Jlro11Jibe (1750-1840), 'IbC 

111\rn I:I HOCI:IT TOLIKa L. 
0Tl\18TI:Il\1 6e3 ,Il,OKa3aTeJibCTBa, "ITO B TO'!Ke Jlro11Jibe TeTpa3,n,pa nepe­

ceKa!OTC5l TpI:I IIJIOCKOCTI:I' Ka)K,IJ,a5! I:I3 KOTOpbIX rrpoxo,n,nT "Iepe3 O,D,HY H3 

6111\1e,n,naH n cepe,n,mry cooTBeTCTBYIOII1ero o6ru;ero ncpnen,D,HKymrpa ,D,Byx 

cKpeII1t!BaIOII1I:IXC5l pe6ep TeTpa3,n,pa. Ona Jie)KI:IT TaK)Ke B IIJIOCKOCTI:I, co­

,n,ep)KaII1eiJ: cepe,n,I:IHbI o6II1I:IX nepneH,D,I:IKYJI5IpOB CKpeu~nBaIOII1I:IXC5l pe6ep. 

5.2. Bapmi;eHTp11LiecK11e Koop,D,1rnaThI TO'IKll JI1011ni.e. Bbrpa3111\1 6a-
d 

pI:Iu;e1ITpnLiecKne Koop,n,nHaTbI A;= h: TO'IKI:I J110nJihC TeTpa3,n,pa Liepe3 

IIJIOII1a,D,I:I ero rpaHeiJ:. 06o3Ha'I11M paBHbie OTHOlI18HH5l (9.28) 6yKBOH t: 

t d; d; 5; IT o 0 

= 5; = 52 . 0 CBOHCTBY p5!,D,a paBHbIX OTHOIII8HHI:I 

' 
t=~~+~~+~&+~~ w 

~+~+~+~ -~+~+~+~· 

Tor,n,a 

52 
A; = 52 + 52 ~ 52 + 52 ' 

1 2 3 4 

(9.29) 

T. e. 6apuv,e'limpu'lecnue noopau'liam'bl mo'lnu Jhou.Jrbe mempa3apa nponop­

v,uo'/ia.J/,'b'li'bl naaapamaM n.J1,ow,aaeu coomaemcmae'li'li'blX 2pa'Heil. 

5.3. To'IKa JI1011J!he - u;eHTpOH,Il, ee TeTpa3,n,pa npoeKIJ;Hii. TeTpa3,n,p 

Jvl1 M 2 Jvl3 Jvl4 , BepIIII:IHbI KOToporo 5IBJI5IIOTC5I opToroHaJihHbil\rn npoeKIJ;I:I5!­

MH IM; TO'IKll M Ha IIJIOCKOCTH rpaneiJ: TCTpa3,n,pa A 1 A 2 A 3 A 4 IIa3bmaeTC5l 

mempa3apoM npoenv,uil TO'IKM M OTHOCHTCJibHO TeTpa3,n,pa A1A2A3A4 . 

TeopeMa. To'lna L JI10u.J1,'be mempa3apa A 1 A 2 A 3 A 4 Ji6.J1,.flemc.fl v,e'lim­

pouaoM ee mempa3apa npoenv,uil L 1L 2 L 3 L 4 orrmocume.Jl,'b'liO mempa3apa 

A1A2A3A4. 
,II, o K a 3 a T e JI b c T B o 1. IT pHBJieLieM BeKTOpbr Ti;, opToronaJibHhie 

rpanRM TeTpa3,n,pa A1A2A3A4, Mo,n,yJin KOTOpbrX 'II:ICJICHHO paBnhr rrJio­

II1a,IJ,5IM S; cooTBeTCTBennhIX rpaHeiJ:. CorJiacno 3a,D,aLie § 2 rJI. 5 11x cyl\1Ma 
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pamra nyJib-BCKTopy. ITono/KHl\I LL;= d,. Tor,IJ,a 

-

1

-

1 

n; di_ 
d; = d, . In,\ = S; n; 

H II03TOMY 

Ha ocHoBamrn (9.28) 

- - - - d -
di + d2 + d3 + d4 = s: (n1 + n2 + n3 + n4) = o. 

IIo tteo6xo,IJ,Hl\IOMY H AOCTaTOLIHOl\IY rrpH3IraKy u;e1npon~i:a (rr. 1.3 rn. 6) Tocr­

Ka L - u;e1npOHA TeTpa3,IJ,pa L 1L 2L 3L 4. 0 
,Q o Ka 3 a Te JI h c TB o 2. ECJrn 1\f; - opToronaJihIIhie rrpoeKll,HH TOLIKH 

A1-/= L Ha IIJIOCKOCTH rpancli TCTpa3,IJ,pa A 1A 2 A3 A4 , TO no cnoliCTBy TO'IKH L 
HMeeM: 

LLi +LL~+ LL;+ LL~< lvtM; +MM~+ MM'!;+ MM~. 

Ho TaK KaK NIM;2 <ML;, TO 

LLi +LL;+ LL~+ LL~< AI Li+ ML;+ ML;+ ML;. 

TaKHJ\I o6pa3oM, cyMMa KBa,IJ,paToB paccT05IHHli TO"IKH L ,L\O Bepnrnn TeTpa-

3,I\pa L 1 L2 L3 L4 MHHHl\laJibHa. Ha ocnoBanHH xapaKTepncnPiecKoro cB011:­

CTBa JJ,CHTpOH,I\a (cnC,I\CTBHe H3 TCOpCMhI Jieli6ttHn;a) TO"rKa L - n;enTpOlI,I\ 

TeTpa3,,\Pa L 1 L 2 L3 L4 • 0 

§ 6. 8'K:cmpeMa.11/b7-l?Jte cam'lcmaa npaau.J1/b7-lo20 

mempa:Jdpa 

BbIJIO y/Ke 3al\lecretto (rr. 4.1), 'ITO II3 Bcex TeTpa3,I\pOB, mrncanHhIX 

B ,IJ,anny10 c¢epy, HaH60JihIIIYIO IIJIOlll,a,IJ,b IIOBepxnOCTil lI nan60Jihll!IIH 061,­

Cl\l Hl\IeeT rrpaBIIJibHhIH TcTpa3µp. Ifa Tex /KC nepaBencTB (9.25) II (9.26) 
BbITcKaeT, '1TO u3 ecex mempa.JiJpoe c 3aiJa'J-l'l-Wil n.!lou~aiJ·b1-0 noaepx'l-locmu 

npaev.!l'b'Hiblil mempa3iJp UMeem .M.U'l-lU.Ma.!l'b'l-lY'l-0 onuca'l-l'l-lY'l-0 crfiepy, ua ecex 

pae'J-loBe.!lunux mempa3iJpoe npa6U.!l'b'l-l'btil mempaadp u.Meem MU'l-lU.MaJl,'b'l-lY'l-0 

orw.ca'l-l'l-ly10 qpepy. 

Ha ocnoBanmr nepaBencTna (0.24) npaBHJibIIhrli TeTpa3,u,p Hl\rccT l\llI­

HIIl\IaJibHoe OTHOIIICHHC R : r = 3 pa,IJ,IIycoB OIIIICaHHOH lI BIIlICamrofI c¢ep. 

Hn/Ke paccMaTpHBaIOTC5I ,n:pyrnc 3KCTpel\IaJibHhre CBOHCTBa rrpaBHJibHO­

ro TeTpa3,IJ,pa. 
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6.1. TeTpa3,lJJ) MHHHMaJibHOH DJIOm;a,LJ,H rroBepXHOCTH c ,11.aHHblM OCHOBa­

HHCM H ,11.aHHOH BblCOTOH. c IJCJ!b!O f!OJIYLieinrn 3KCTpel\IaJlbHblX CBO:lkTB 

rrpaBlIJibHOro TCTpa3,11.pa, peIIIlil\l llO,IJ,rOTOBHTeJibIIYIO, IIO Ba::>KHY!{) 3a,.o:a'1y. 

)J,a1-lbl mpey20.11ib1-lU'K ABC u ompe3on h. Hailmu mempa::;iJp ABCD c 3a­

iJa1-l1-lm'l 6'btcomoil h, nomop'bl1'l UMeJt 6'bl MU1-lUMa./l.'b1-lY10 n.11.ow,aiJ?:J nooepx-

1-lOcmu. 

OLieBH,Il,IIO, ;J:JI5I 3Toro ;:i:ocTaTO'UIO nai:'1T11 IIOJIO)KCHHC IIpoeKIJHH H rrc­

KOJ\JOII nepmnnLI D na IIJIOCKOCTL ABC. IlycTb x, y, z oprwnnrponaHHbie 

paccT05Inmr TO'lKH H ,IJ,O cTopoH TpeyroJILIIIIKa ABC ( 1-lOpMa.Jt'b1-l'ble noop­

ihinambi TO'lKH H OTHOCUTCJILHO TpeyronL1n1Ka ABC). l13BecTno, 'ITO 

ax+ by + cz = 25, (9.30) 

r,IJ,c a, b, c - ,IJ,JIIUILI cTopon TpeyroJILnrrKa, S - cro 1rnor1~a;i:r,. CJie,IJ,oBa­

TCJihHO, nal\r ny)KHO nail.Tu l\IHHIIl\IYl\l cyl\IMbI nnOIIJa,n:eii 1'pex ,LI,pyn1x rpancil. 

HCKOl\JOro TeTpa3,IJ,pa, IIJIH MIIILHl\IYl\I Bbipa)KeHm1: 

avh2 + x2 + bJh2 + y2 + cvh2 + z2. 

BpeMenno qrnKcupyeM z, T. e. npoeK11mo H 6y;'J,eM ncKaTb na IIpHl\IOil., na­

panneJibHOil. CToponc AB. Tor,IJ,a B cm1y (9.30) ax+ by= const n l\lbI uIIJeM 

TO'IKY H TaKym, LIT06L1 neJIH'IIIna 

a= avh2 + x 2 + by'h2 + y2 

6Lrna l\!HHUl\IaJibl!Oll, a 3IIaLIIIT, 6b!Jia l\lIIHUl\IaJ!bHOll II BeJIH'rnHa 

Ho TaK KaK (ax+ by)2, a2 h2
, b2 h2

, 2ab IIOCT05IIIIILI, TO ,ll.OCTaTO'IIIO nail.Tu 

l\IIll!Hl\IYl\l BeJIULIUIILI 

Pa3JIO)KHl\I (µ + xy) 2 = h4 + h 2 (x 2 + y2
) + x 2 y 2 

IIO CTCIIc11mr y: 

1.ITo6LI y 6blno ,ll.eikTBHTCJ!bllbll\I, 11eo6XO,ll.IIMO, 'IT06hI ,Ll,HCKpIIl\IHHaHT 3TOI'O 

Tpcx•wena 6b!JI IICOTPIIIJaTeJibHL!l\I: 

11JIII 
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9. 7. Ecm1 a, b, c - AJIIIHbI pe6ep rrapaJIJieJiermrre,IJ,a, d -- AJIIIIIa O,IJ,Hoil: 

II3 ero ,IJ,IIaroHaJieil:, TO a 2 + b2 + c2 
) ~d2 . 

9.8. 0Tpe30K, coe,IJ,IIH5.!IOliIIIll Bepunrny TeTpa3,IJ,pa c TO'IKOH rrpOTIIBOITO­

.JIO)KHOil: rpaHlI lI CO,Il,8p)KaII!llll ll;CIITP OillICannoil: ccpepbl, He J\!8Hbllle OT­

pe3Ka, C08,IJ,IIH5.!IOlilero TY )Ke BCpllIIIHY c u;enTpOM OKpy)KIIOCTII, orrncarrnoil: 

OKOJIO rrpOTIIBOilOJIO)KHOH rpann. 

9.9. CyMl\ra Me,IJ,HaH JII06oro TeTpa3,IJ,pa YAOBJieTBOp5.!eT nepaBeHCTBal\r: 

16 
l6r ~ m 1 + m2 + m3 + m4 ~ 3 R, 

B KOTOpbIX paBCHCTBa ,IJ,OCTHraIOTC5.! )l,JIE paBHOrpa1rnoro TeTpa3,IJ,pa. 

9.10. ,l.1,JI5.! rrpaBIIJibHOH 'IeTbipexyrOJibHOH nnpal\UI)l,bl m.reCT J\ICCTO IIepa­

BeHCTBO 

R) (1 + h)r. 

9.11. Pa,IJ,nyc Bnncamroil: oKpy:amocnr mo6oil: rpaHn TeTpa3,IJ,pa 6oJibIIIe 

pa,L1,nyca ero BmrcanHoil: ccpcpbI. 

9.12. B rrp2MoyroJibHOM TeTpa3,IJ,pe ITJIOlilaAb S rpaHII, Jie)Kalileil: rrpoTIIB 

rrp2Moro TpII3,IJ,pa, YAOBJieTBop2eT HepaBeIICTBY 

SJ3 ~ 2R2
, 

a cyMMa nJimu;a,IJ,eil: Tpex ApyrIIX rpaHeil: ne l\IeHbIIIC ~h2 • 
9.13. EcJIII Ka)K,IJ,Oe pe6po LieTbrpexyroJibHOil: rrnpaMII,IJ,bI IIMeeT ,IJ,Jinny a, 

TO )l,JI5.! ee o61~eMa v BblllOJIH5.!eTC5.! HepaneHCTBO 

v < 4v'3 3 
"' 27 a · 

9.14. EcJin ITJIOCKOCTb HaKJIOHeHa K rpaHEM rrp2Moro TpII3,IJ,pa rro,IJ, yrJia­

MII a,~' y, TO 

cos a+ cos~+ cosy~ J3. 
9.15. CyMMa yrJioB, o6pa3oBanHbIX ,IJ,IIaroHaJibIO rrp5.!MoyroJibHOro na­

paJ:tJieJICIIIIrre,IJ,a c ero pe6paMII, MCHbIIIe 180°. 
9.16. CyMl\ra yrJIOB, rro11, KOTOpbIMH BII,ll,HbI pe6pa TeTpa3,IJ,pa II3 rrpoH3-

BOJibuofr ero BHyTpenneil: TO'IKH, 6oJihIIIe 3rc. 
9.17. CyMMa ,IJ,ByrpannbIX yrJioB TeTpa3,IJ,pa rrpn LieTbipex ero pe6pax, 

o6pa3yIOlilllX KOCOH 'IeTbipexyroJibHIIK, MCHbIIIe 2rc. 
9.18. CyMMa Bcex ,IJ,ByrpaHHbIX yrJIOB TeTpa3,IJ,pa 3aKJIIO'Iena Me)K,IJ,y 2n 

II 3rr. 
9.19. ,l.1,oKa)KHTe, 'ITO II3 BCex rrpEMoyrOJibHbIX rrapaJIJICJieTIIIITe)l,OB c rro­

CT05.!HHOII ITJIOlila,IJ,bIO s TIOBepXHOCTH HaH60JibllIHH o6bel\I Hl\ICCT Ky6. BbI­

'IHCJIIITe 3TOT HaH60JibIIIIIH o6bel\I. 
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9.20. )J,oKa)KHTe, 'ITO Il3 l\!HQ)KeCTBa napaJJJJCJJernme,L(OB, BDHCaHIIbIX 

B ,L(aIIHYIO c¢epy, HaII60JibllIIIH o6bCM HMeeT Ky6. 

9.21. Ifa l\!HO)KeCTBa 11,IIJJHII,L\pOB, mmcannbIX B ccpepy pa,L\IIyca R, aati:­

,L\HTe 061,eM Toro 11,HJIIlH,L(pa, KOTOpbIH Hl\IeeT HaII60JibllIYIO IIJlOII~a,L(b 6oKO­

BOH IIOBCpXHOCTH. 

9.22. Ifa BCCX KOnycoB c ,L(aHIIOH o6pa3yIOII!CH l HaH,L(HTC KOHYC HaII60Jib­

urero o6bel\rn. 

9.23. Cpe,L\II Bcex KOHycoB, orrncaHHbIX oKono ccpepbr pa,LIIIyca r, uati:,L(IITe 

Konye namvrenbmero o6beMa. Bbr'IHCJJHTC 3TOT o6bel\I. 

9.24. B ,L(amryIO ccpepy mmcaH 11,nnnn,Llp nan6oJJbIIIero o6beMa. Hati:,L(IITe 

OTHOUICHilC pa,LIIIyca 11,IIJIHH,L(pa K pa,L(nycy ccpepbI. 

9.25. KoHcepnHMI 6anKa ,L(amroro o6beMa V mreeT cpopMy 11,IIJJIIH,L\pa. 

IlpII KaKOM OTHOllICHIIII ee BbICOTbl K ,L(IlaMCTpy Ha ee H3rOTOBJICHIIC IIOTpe-

6yeTC51 MIIHIIMaJJbHOe KOJIHLfeCTBO )KeCTil? 

9.26. IlJIOII~a,L(b rromroti: IIOBCpXHOCTII rrpaBlIJibHOH LfCTbipexyroJibHOH IIII­

paMI.l,,L\bl paBHa s. Ilpn KaKOM yrJie HaKJIOHa 6oKOBOro pe6pa K IIJIOCKOCTII 

OCHOBaHII51 rrnpaMII,L(a IIMCCT HaH60JlbIIIHH o6bCl\I? 

9.27. IIpaBHJibHaR LfCTbrpexyroJibHa51 rrnpaMH,L(a c BbICOToti: h BIIIICaHa 

B ccpepy pa,L\Hyca R. IlpII KaKoM 3HacrenIIII h rrnoII.1,a,L(b 6oKoBoti: rroBcpxnocTII 

mrpaMII,L\bI narr6oJibura51? 

9.28. B ccpepy pa,L1nyca R Brrncana rrpaBIIJibHaR n-yroJibHaR rrHpaMn,L(a. 

IlpII KaKoti: BhrcoTe ona IIMCeT MaKCIIMaJibHbiti: o6beM? Hati:,L(IITe ero. 

9.29. B c¢epy BIIIIcan Kmryc. Hati:,L(nTe yroJI rrpII Bepnmne oceBoro ce­

crenIIR Konyca, rrpII KOTOpOM OH I!l\ICCT naII60JibllIYIO IIJlOII!a,L(h 6oKOBOH rro­

BCpXHOCTII. 

9.30. Hati:,L(IITe pa3Mepbr KOHIIcrecKoti: rranaTKII (6e3 ,L(rm) 3a,L(anuoti: BMe­

CTHMOCTH, na II3rOTOBJICHHC KOTOpoti: Tpe6yeTC51 MilIIHMaJibHOe KOJlII'ICCTBO 

MaTepIIana. 

9.31. /J,JIIIHhl ,L\Byx rrpOTIIBOIIOJIO)KHbIX pe6ep TCTpa3,n:pa nepeMCIIHhl 

II paBHhI, a Ka)K,L(OC II3 OCTaJihHhIX pe6ep IIMCCT ,L\JIIIHY l. IlpII KaKOH ,L(JIHHC 

rrepel\ICHIIbIX pe6ep TCTpa3,L(p I!l\!CCT MaKCIIMaJihIIbIH o6bel\I? 

9.32. B c¢epy pa,L1nyca R mmcana npannJihHaR mccTHyroJIMJa51 rrpH31\Ja, 

nMeIOII!aR nan6oJihuryro IIJIOII~a,L(b 6oKoBoti: noBepxnocTII. BbPUICJIIITe 3TY 

HaII60JihllIYIO IIJIOII!a,L(b. 

9.33. B ccpepy pa,L(nyca R Brrncana rrpaBHJILHaR n-yroJibHa51 rrpH31\Ja, 

IIMe1orr~a51 l\IaKCIIl\IaJILHhIH 06bCl\1. Hati:,L(HTC ee BhrcoTy. 

9.34. PaccMaTpIIBaeTCR MHO)KCCTBO rrpaBHJihHLrx TpeyroJibIIbIX rrpH3M 

,L(aHIIOrO o6bCMa v. 0KOJIO Ka)K,L(OH H:3 HIIX OIIHCan IJ,HJIIIH,L(p. HaII,L\IITC MII­

HIIl\JaJihHYIO IIJIOII!a,L(b IIOBepXHOCTII l~HJIIIII,L(pa. 

9.35. l13McpeHH51 npRMoyroJibnoro napaJIJJeJiemme,L(a paBIIbI 2, 4, 8. ITo­

CTpoilTe CC'ICHIIC napaJIJICJICIIIIIIC,L(a IIJIOCKOCTbIO, !IpOXO,L(?III!CH crepe3 ero 
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,JJ;HaroHaJ1h 11 nepeceKaIOlll,eH pe6po )J;J1HHbI 4, KOTOpoe CKpelll,IIBaeTC5l c 3TOII 

,JJ;IrnroHanhro, ecn11 ce:qeu11e 1111eeT Hm111enhruyro nnolll,a,JJ;b. BhPIHCJIHTe nno­
lll,a,JJ;h 3Toro ce'leHHR. 

9.36. B npammhny10 "LieThrpexyronhHyro mrpa1'm,JJ;y, ,JJ;HarouanhHoe ce'le­

r-me KOTOpOH - npammhHbIH TpeyrOJ1bIIl!K, BIIHCaH L\HJ1HH!J:P l\IaKCIU.IaJ1hHO­

ro o6'heMa TaK, 'ITO ero ocb napanJrenhna !J:Irnronanu ocn0Ba1urn TII-IpaMII!J:hI. 

Hafr,JJ;HTe OTnoruenue o6'he:MOB L\HJIHH!J:pa u nnpaMH!J:hI. 

9.37. Ifa KBa!J:paTnoro .JIHCTa /KeCTH co cToponofr a Tpe6yeTC5! Bhrpe3aTh 

pa3BepTKY npaBII.IIbHOH 'l8TbipexyroJ1hHOH mrpaMH!J:bl TaK, 'IT06hl BCpIIIHHhI 

KBa!J:paTa CK.JienBanncb B BepIIIHHY nnpaMH!J:hI. KaK 3TO C!J:enaTh, 'IT06hr no­

.IIY'IIITh nI-IpaMI-I,JJ;y miu6onbruero o6'heua? Hafr,JJ;I-ITe o6beu 3TOH nupaMH)J;hI. 

9.38. 06'he:M TeTpa3!J:pa paBen V. Bee BepIIIHHhI napannenemme,JJ;a ne­

)KaT ua noBepXHOCTI-I TeTpa3,JJ;pa, npr-r'IeM Tpu rpaHI-I napanncnenI-Ine,JJ;a 

rrpmra,JJ;ne)KaT TpeM rpanmvr TeTpa3,JJ;pa. Hafr,JJ;HTe uau6onhIIIHH B031'IO/KHhIH 

06'he11 TaKoro napannenenune,JJ;a. 

9.39. R KOHyc c pa;i:uycoM R ocnoBanuR I-I BhICOTOH h BnucaH L\HJ1I-IHAP 
nar-r6onhIIIero o6'he.Ma. Hafr)],HTe pa,JJ;r-ryc ocHoBaHHR u BhrcoTy L\I-IJ1HH,!l,pa. 
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qacTb II 

IIpeo6pa30BaIIH» rrpocTpaHCTBa 



I'.//,aBa 10 

J( eu:J1Cenu.fl npocmpancmea 

§ 1. Ilepertoc, v,ertmpa.11:brta.R, oceaa.R u 3ep1w.11:b'Ha.R 
cuMMempuu npocmpartcmaa 

1.1. Orrpeµ,enemrn: ,ll,BH)l{eHHH n paBHhlX <Pnryp. /1,au:J1Ce'Hue.Jvt npocmpa'H­

cmaa Ha3bIBaeTC5! OTo6pa)KeHIJ:e rrpOCTpaHCTBa Ha ce65!, rrpII KOTOpOl\l co­

xpaH5!IOTC5! paccT05!HII5! MCMflJ' TO'lKaMII: ecnII A II B - mo6bre ,n,Be TO'lKII 

rrpocTpaucTBa, a A1 II B1 - nx o6pa3bI, To A 1B1 =AB. Ifa 3Toro ycnoBII5! 

CJre;zyeT, 'ITO o6pa3bl ,n,nyx pa3JIJPIHbIX TO'ICK pa3JIH'IHbI, T. e. ,Il;BIIMCHHe 

ecTb o6pamu.Jvtoe oTo6paMeHne rrpocTpanCTBa Ha ce651 n rroToMy 5!BJI5!CTC5! 

npeo6paaoaa1-me.M rrpocTpancTBa. 

<I>nrypa F1 na3brnaeTc5! paB'HOU ( 1W1i2py:mm'liou) q:rnrype F, ecJIII cy:w;e­

CTByeT )J,BHMeHne f, 0To6pa)Jmro:rn;ee F na F1: f ( F) = F1. 
5.IcHO, 'ITO OTHOllICHHe paBeHCTBa qrnryp pe¢neKCHBIIO, CJIMMeTp1FIHO 

II TpaH3HTIIBHO, T. e. 5!BJI5!eTC5! OTHOllieHHCM 3KBIIBaJieHTHOCTil. 

1.2. IlepeHOC. ilepeuoCOM T-r rrpOCTpancTBa Ha BCKTOp r Ha3bIBaeTC5! 

rrpeo6pa3onanne, rrpII KOTopoM KaM,n;a51 TO'IKa M 
OT06pa)KaeTC5! ua TaKyro TO'IKY NI1, 'ITO NI NI1 = r, 
r)J,e r - 3a)J,aIIHbIM BeKTOp. TaK KaK AB = A1 B1 )J,JI5! 

nro6brx ;::i:nyx TO'IeK A II B H Hx o6pa3oB A1 n B1, TO 

rrepeuoc T-r ecTb ,IJ;BH)Ke1rne rrpocTpancTna (pnc. 133). 
1.3. 11,eHTpaJihHaH CHMMeTpnH. Cu.M.Mempueii om­

'liocume.//,'b'lio mo"l'ICU 0 ( u,e'Hmpa.!1,'b'Hoii cu.Jvt.Mempu­

eu) Zo rrpocTpaHCTBa Ha3bIBaeTC5I npeo6pa30BaHHe 

B 

Pnc. 133 

npOCTpancTBa, KOTopoe TO'IKY 0 OT06pa)KaeT Ha ce- M N1 

651, a nro6yro ,n,pyryro TO'IKY AI oTo6pa)KaeT Ha TaKyro ~ 

TO'IKY NI1 , 'ITO TO'IKa 0 5!BJI5!eTc5! cepe,n,nnoit OTpe3- ~ 

Ka NI J11I1 (pnc. 134). nerKO BH,IJ;eTb, 'ITO u;eHTpaJib- N 

Ha5! Cill\ll\IeTpH5! rrpocTpanCTBa 5!BJI5!eTc5! ,IJ:Bil)KeHHeM: 

l'vI1N 1 =NIN ,D,JI5! JII06brX ,n;nyx TO'ICK NI II N JI HX Pnc. 134 

o6pa30B M 1 II N1, l'vf1N1 = -AfN. 
1.4. Ocenrui: CHMMeTpm1. Cu.Jvt.Jvtempueu npocmpa'Hcmaa om1wcume.//,'b'HO 

iJamwu npJl.Mm'l l (oceaou cu.M.Mempueu) S1 na3brnaeTc5! rrpeo6pa3onanIIe, 

KOTOpoe Ka)Kf]J'IO TO'IKY IIp5!MOM l OTo6paMaeT na ce65!, a Jiro6yro ;::i:pyryro 

TO'IKY AI rrpocTpaucTBa OTo6pa)KaeT Ha TaKyro TO'IKY 1VI1 , qTo rrp511ra51 l 



CJIY)KIIT cepe,n;IIHHhIM rreprreH,L\IIKymrpmr K 0TpC3Ky l\I lvf1. Ilpm.ra51 l na3hl­

BaCTC51 OCb'/O CU.M.Mempuu. 

,ll;oKa*eM, qTo oce6a.fl cu.M.Mempu.fl npocmpa'Hcm6a ecmb d6u:J1Ce'Hue. 

IlycTh S1(A) = A1 II S1(B) = B1 (pIIc. 135) TO'IKII A0 , B0 - ccpelJ.IIHhI OTpe3-

KOB AA1 II BB1. Tor,n;a AB= AA0 + A0 B 0 + B 0 B, A1B 1 = A1A0 + A0 B 0 + 
+ BoBi ~ AA0 + 1oB0 - BgB. TaK :faK AA0 · A0 B0 = 0 II BgB · A0 B 0 = 
= 0, TO AB2 = AAo + A0 B 0 + B 0 B + 2AAo · B 0 B = A1B 1 , II 3HaqIIT, 

A1B1 =AB. 
1.5. 3epKaJihHrul CHMMeTpm1. Cu.M.Mempueil npocmpancmBa omnocu­

me,11,bno iJannoil n,11,ocx:ocmu a (sepx:a,11,b'lioil cu.M.Mempueil Sa) na3hrnaeTC51 

rrpeo6pa30Bamie rrpOCTpaHCTBa, rrpII KOTOpOM Ka)K,n;a51 TOqKa IIJIOCKOCTII a 

OT06pa)KaeTC51 na ce651, a BC51Ka51 ,n;pyra51 TQqKa lvf rrepeXO,L\IIT B TaKyIO TO'l­

KY NI1, qTo rrnocKOCTh a rreprrett,n;IIKJJI51ptta K OTpe3KY l\II lvf1 II ,n;eJIIIT ero 

IIOIIOJiaM. IlJIOCKOCTh a Ha3bIBaeTC51 n,11,ocx:ocmb'/O CU.M.Mempuu. 

3epx:a,11,bna.fl cu.M.Mempu.fl Sa npocmpancm6a ecmb iJeu:J1Cenue. B caMOl\I 

,n;ene, rrycTh S"(A) =A1 II Sa(B) =B1 (pIIc. 136). Pacc1110TpIIM IIJIOCKOCTh w, 

Puc. 135 Puc. 136 

co,JJ,ep)KailiyIO rrp51Mhie AAi II BBi. Ona nepneH,JJ,IIKYJI51pHa nnocKOCTII a 

CIIMM8Tpirn II OT06pam:aeTC51 3TOH CHl\11\IeTpHeii Ha ce651. Ha l\JHQ)K8CTB8 TO­

qeK nnocKOCTII w CHMMeTpII51 Sa npe,JJ,CTaBJI51eT co6oii oceeyw cuM.Mempuw 

3TOll IIJIOCKOCTH w OTHOCIIT8JihHO np5IMOH l = a n w, a ona, KaK H3B8CTHO, 

ecTh ,L\Bll)KCHIIe, II no3TOMY AB= Ai Bi. 
foBOp5IT, qTo 3epKaJihHa51 cn111MeTpm1 Sa uniJyu,upyem B HCIIO,L\Bll)KHOil: 

nJIOCKOCTll w (w ..la) oceByIO CIIMMeTpIIIO c OChIO l =an w. Attanorlfqtta51 

T8pMllIIOJIOrll51 6y,JJ,eT IICIIOJih30BaThC51 ll ,JJ,anee: 8CJIII rrpII ,L\BII)K8Hllll f rrpo­

CTpaHCTBa H8KOTOpa51 IIJIOCKOCTb OT06pa)Ka8TC51 Ha ce651, TO ,L\BII)KeHIIe f 
uniJyu,upyem neKOTOpoe ,L\Bll)K8JIIIe 3TOH IIJIOCKOCTII. 

1.6. Ilpe,ri;cTaBJiemrn nepeHoca KOMII03Hil,lUIMH 3epKaJibHhIX H oceBbIX 

CHMMeTpHii. KoMII03III!II51 3CpKaJibHhIX CIIMMCTpIIil: OTHOCllTCJihUO ll:BYX 

rrapanJieJibIIhIX IIJIOCKOCTeil: eCTh rrepeHOC rrpoerpanCTBa, B8KT0p KOTOpo­

ro rrepIICII,L\IIKJJI51peH 3TIIM IIJIOCKOCT51M, narrpaBJieH OT IIJIOCKOCTII rrepBOH 
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CIIl\Il\IeTplm K IIJIOCKOCTII BTOpOH CII.l\ll\IeTpIIII II IIl\ICeT MO,ll.YJib, paBIIbIH 

y,n:BoenttoMy paccT05IHIIIO MC)K,Izy IIJIOCKOCT5Il\UI. 06paTno, BC5IKIIH rrepenoc 

rrpocTpaHCTBa rrpel(cTaBIIl\I TaKOH KOMII03Hl\IICH, IIPII 3TOM O,ll.Ha II3 IIJIOC­

KOCTei'r CIIMl\IeTpIIII MO)KCT 6hITb mo6oil. IIJIOCKOCTb!O, rrepneIIl(IIKYJI5IpHOH 

BeKTopy rrepenoca. 

Kol\!II03IIIW5I OCCBbIX CIIMMeTpHH OTJIOCIITeJihHO l\BYX napaJIJieJihHbIX 

IIp5Il\lbIX ecTh rrepcnoc rrpOCTpanCTBa, BeKTOp KOTOporo rrepneH,ll.HKYJI5IpeH 

3TIIM rrp5IMbIM, nanpaBJieH OT OCH rrcpBOH CHMMCTPIIII K OCH BTOpOH CIIl\I­

MeTpIIII II IIl\IeeT MOl(YJib, paBHblll YlJ:BOeHHOl\Iy paCCT05IHII!O Me)K,Izy OC5Il\!ll. 

06paTHO, BC5IKIIH rrepeHOC npocTpaHCTBa l\!O)KeT 6bITb rrpCl(CTaBJieII TaKOH 

KOl\!II03IIl\IIeil, IIPII 3TOM Ol(na II3 oceil l\IO)KeT 6hITb mo6oil rrp5Il\!Oll, rrep­

rren,[\IIKYJI5IpHOH BeKTopy rrepenoca. 

,11,oKa3aTeJihCTBa 3TIIX YTBCP)KlJ:CHIIfI rrOJIHOCThIO anaJiorII'IHhI rrnaun­

MeTpw-recKnM ([8], c. 183-184). 

§ 2. 061.11iue ceoucmea deuo+ce'Huu npocmpa'Hcmea 

2.1. ,ll;Ba po,ll.a ,ll.BIDKemiii npocTpancTBa. IlycTh ,[\an TeTpa3,zi:p ABCD. 
Bo3MO)KHhr l(Ba II TOJihKO l(Ba cny'Ia5I: yrrop5Il(O'Ienna5I Tpoil.Ka (DA, DB, 
DC) BeKTopoB 5IBJI5ICTC5I rroJIO)KIITeJibIIO opHeIITHpoBaHnoil. (rrpaBoil) HJIII 

)Ke OHa 5IBJI5IeTC5I OTPHl\aTCJibHO opHeHTIIpOBaHHOll (JieBoil.). foBOp5IT, 'ITO 

B rrepBOM cny'Iae TCTpa3l(p ABC D opue'Hmupoaa'H no.;ioJ1Cume.11/b'HO, a BO 

BTopoM - on opue'HmupoBa'H ompuu,ame.!!'b'Ho. OpnenTawrn TCTpa3l(pa cy­

ll\eCTBeHHO 3aBIICIIT OT rrop5Il(Ka 3aIUICII ero BepIIIHH. 

Mo)KHO ,ll.OKa3aTh, 'ITO ecJIH rrpH ,ll.BH)f{eHnu rrpocTpaHCTBa HCKOTOphril 

TeTpa3l(p II ero o6pa3 IIMCIOT Ol(IIHaKoByro OpIICHTal(IIIO, TO 3TO CBOHCTBO 

IIMCeT MCCTO l(JI5I mo6oil rrapbI COOTBeTCTBeHHbIX np11 3TOM l(BII)KeHHII TeT­

pa3,zi:poB. B 3TOM cny'Iae l\BII)KeH11e rrpocTpaucTBa Ha3bmaeTC5I lJ:Bl1)KCimeM 

nep6020 poda. EcJIH )KC l(BII)KCJIHe OT06pa)KaeT HCKOTOpbill TeTpa3l(p Ha TeT­

pa3l(p rrpOTIIBOIIOJIO)KHOll opIIerITal\IIII, TO 3TIIM CBOllCTBOl\I o6Jia,[\aeT JII06a5I 

rrapa cooTBeTCTBeIIHhIX rrp11 3TOM l(BII)KeHII5I TeTpa3l(pOB. TaKoe ,ll.BH)KCirne 

rrpocTpaHcTBa Ha3bmaeTc5I l(BII)KeH11eM amopozo poda. 

CpaBiren11eM opIICHTal\11II Te'rpa3l(pa 11 ero 06pa3a 06napy)K11BaeM, 'ITO 

rrepeHOC 11 oceBa5I CIIMMeTpII5I rrpOCTpaHCTBa 5IBJI5IIOTC5I l(Bl1)KCIIH5Il\!H rrep­

Boro po,zi:a (xoT5I oceBa5I CHMMeTpH5I IIJIOCKOCTH - l(BIJ)KCHIIC BTOporo po­

,11,a), a l(eHTpaJibHa5I 11 3epKaJibHa5I CIIMl\IeTpIIII rrpOCTpaHCTBa - ,ll.BII)KeHII5I 

BTOporo pol(a ( 0,1.\HaKO l\eHTpaJibHaa CIIMMeTpII5I IIJIOCKOCTl1 - ,ll.BII)KeJrne 

rrepnoro po,11,a. 

2.2. MHo2KeCTBa Heno,ll.BH2KHhIX To'IeK ,ll.BII2Kemrn npocTpanCTBa. lfa pac­

CMOTpenHbIX B § 1 ,ll.Bl1)KeIIIIll rrepeHoc He IIMeeT HeIIOl(BH)KHbIX TO'ICK, rrpII 
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11,e1ITpaJibHOi1: CMMMeTprrn Heno,D;Bil.iKHa e,ri:IIHCTB8H1Ia5l. TO'IKa -- 11,enTp CIIl\I­

l\!eTpHII, rrpH oceBOll CIIl\IMCTpIIH ueno,ri:mI)Klla Ka)K,ri:aa TO'IKa OCH CHl\!MeT­

pHII, 3epKaJibHa51 CHMMeTpHa OT06pa.iKaeT na cefo1 Ka.iK,DyIO TO"IKY I!JIOCKO­

CTI1 CHMMeTpHH. 9TH ,D;BH.iK8IIIl5l. ne llMCIOT ,ri:pyrnx nenO,D;BH.iKHbIX TO'IeK, 

KpOl\IC yKa3amrhrx. EcTb eIIJ,e o,ri:nn cJryqaiJ:: MHO.iKeCTBOM 1reno,ri:BH.iKHbIX TO­

qeK TO.iK,LJ;eCTBennoro ,LJ;BH.iKeHII5l. 5l.BJI5I8TC5l. BCe npocTpanCTBO. 

I1TaK, B paccMOTpeHHbIX IIpHl\repax l\IIIO)KeCTBal\IH HeIIO,D;BII.iKHbIX TO'IeK 

5l.BJI}IIOTC51 nycTOC MHO.iKeCTBO, O,D;Ha TO'IKa, IIP5l.l\Ia51, IIJIOCKOCTb H Bee npo­

CTpaHCTBO. IloKa.tKel\r, qTO ,ri:pyrnx CJiyqaeB 6bITb He l\IO.tKeT. 

TeopeMa 1. Ec.!LU npu a6u:)f{;e1i'U'U 1ienor)6U:)f{;1i'bl a6e mO"i?\:U A u B' mo 

1ienoa6u:)f{;1ia i-;;a:)f{;aa.fl mo"tiw np.fl.Moil AB. 
,Il;ei1:cTBHTCJihHO, rrycTb X - mo6a51 ToqKa rrp5Il\IOI1 AB, OTJiwrnaH OT 

TO'leK A H B. II p51Ma51 AB oTo6pa.iKaeTC5l na ce651. EcJin X ---+ X 1 H X 1 =f. X, 
TO A- cepe,ri:mra oTpe3Ka XX1 , TaK KaK X1 E (AB) H AX= AX1 . Ho Tor,ri:a 

BX =f. BX 1, 'ITO npOTIIBOpC'IHT onpc,ri:cJICIIMIO ,ri:BII.IKCHH51. 31ra'IHT, TO'IKH X 
II X 1 c0Bna,ri:a10T. D 

TeopeMa 2. Ec.!LU npu a6U:)f{;e'HUU 1ienoa6U:)f{;'H'bl mpu 1ie?\:O.!L.!LU1ieap'Hbte 

mO"t?\:U A, B, c, mo 1ienoa6U:)f{;1ia 1\:a:)f{;aa.fl mo"t?\:a coaep:)f{;aw,eil ux n.J!OC­

i-;;ocmu. 

B caMOM ,ri:eJie, no npe,D;bI,Dy1IIei1: TeopeMe neno,ri:BII.iKna Ka)K,D;aH TO'I­

Ka rrpHMhrx AB, BC, CA. EcJIM X - npoH3BOJihHa5l TO'IKa uJIOCKOCTII 

ABC, He rrpnHa,ri:Jie.tKaIIJ,a5I 3TIIM npaMbIM, II (AX) n (BC)= K, TO TO'l­

Ka K Heno,ri:BM.iKHa. Ilo TeopeMe 1 6y,ri:eT neno,ri:Bn.iKna Ka.iK,ri:aH TO'IKa rrpa­

MOH AK, B TOM 'IHCJie n TO'IKa X. IlpII (AX) II (BC) paccMoTpHM np51-

Mhie BX HJIH C X. D 
TeopeMa 3. Ec.!!U npu a6u:)f{;e1iUU 1ienoa6U:)f{;1i'bl 'tem'btpe 1iei-;;o.Mn.J!a1iap-

1i'ble mo"inu, mo 1ienoa6u:)f{;1ia i-;;a:)f{;aa.fl mo"tna npocmpa1icm6a. 

,Il;oKa3aTeJihCTBO ananorII<JHO npe,ri:hI,DyIIJ,eMy. 

2.3. lfnBapnanThl ,ri:BH2KCHnH npOCTpaHCTBa. ,Il;JI51 ,ll;BH.iK8HHi1: rrpocTpau­

CTBa coxpan5l.eT crmy TeopeMa 06 o6pa3e npHMOli npII ,D;BH.iKemrnx rrJioc­

KOCTM BMeCTe C ee ,D;OKa3aTeJibCTBOM: a6U:)f{;e1iUe omo6pa:)f{;aem i-;;a:)f{;ayio 

np.a,.Myio 1ia np.a,.Myio ([8], c. 155). 
TeopeMa 1. /{6U:)f{;e1iue npocmpa1icm6a omo6pa:)f{;aem i-;;a:)f{;ayio n.!!oc­

xocrn-b 1ia n.!!ocnocmtJ. 

,II; 0 Ka 3 a Te JI b c TB 0. IlycTb IlJIOCKOCTb CJ. 3a,ri:ana neKOJIJIIIHeapHblMH 

TO"IKaMH A, B, C II npn ,D;BM.iKenmr f A-+ A 1, B---+ B 1, C---+ C1. To<JKH A 1, 

BI' c 1 TaK.iKe HCKOJIJIMHeapHbI II onpe,ri:CJI5110T IICKOTopym IIJIOCKOCTb r:J.1. 

,Il;oKa)KCM, 'ITO f(a) = r:J.1. IlyCTb x - npOII3BOJibHa51 TO'IKa IlJIOCKOCTII CJ. H 

f(X) = X 1. Tor,ri:a X 1 npmra,ri:Jie.iKHT a 1 . B caMOl\I ,ri:eJie, o6pa3aMM np5Il\IbIX 

AB, BC, CA 5l.BJI5l.IOTC5l COOTBeTCTBenno npaMbie A1B 1, B 1 C1, C1A 1 . EcJIH 

(AX)n(BC)=K, TO f(K) =K1 E (B1C1 ) n rrpHMaH A1X1 rrpnna,ri:JIC.iKIIT r:J. 1 , 
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nocKOJibKY A1 E a 1 II K1 E a 1. Ilo3TOMY X 1 E a1. AHaJIOrII'IHO ,Il,OKa3bmaeT­

C5l, 'ITO rrpoo6pa3 mo6oD: ToqKII IIJIOCKOCTII ()(1 IIpIIHa,D,Jie:)KIIT IIJIOCKOCTII ()( 

(IICIIOJib3yeTC5l o6paTIIOe ,Il,BlDKeHIIe 1-1). 1haK, f(a) = ()(1. 0 
Dpn mo6o.r .. r rrpeo6pa3oBaHIIII o6pa30M rrcpecc"Iemrn l\IHWKCCTB 5lBJI5leT­

C5l rrepeceqeHIIe IIX o6pa3oB. B qacTIIOCTII, rrpII ,n,m1)Kennn rrpocTpmrcTBa 

rrpaMa5l rrepeceqenn5r rrJIOCKOCTeD: OTo6pa)KaeTca ua rrp511\IYIO rrepcceqc1nm 

IIX o6pa30B. Ilpn rrepeHoce II I!eHTpaJibHOH CIIl\IMeTpIIII IIJIOCKOCTb OT06pa­

)KaeTC5l JIH6o Ha rrapa.rweJibHYIO eil: IIJIOCKOCTb, JIII6o Ha ce65l, IIp1I 3TOl\l na 

ce65l oTo6pa)KaeTC5l Ka)K,Il,a51 IIJIOCKOCTh, rrapaJmeJihHa51 aeKTopy rrepenoca 

lI Ka)K,I1,a5l IIJIOCKOCTb, CO,Il,Cp)Kall1a5l I!eHTP CIIl\IMCTpH1I. 

OceBa5l CIIl\rMeTpna oTo6pa)KaeT na ce65l Ka)K,Il,YIO rmocKOCTh, co,n,ep)Ka­

ll1YIO ee OCb, 1I Ka)K,Il,YIO ITJIOCKOCTb, neprreH,Il,In<ymrpuyIO OCH. 3epKaJibHa5l 

CHl\IMeTpH5I, KpOMC IIJIOCKOCTH C1IMMeTpIIlI, OT06pa)KaCT Ha ce65l Ka)K,Il,YIO 

ITJIOCKOCTb, rreprreH,Il,1IKYJI5IPHYIO IIJIOCKOCTII CIIl\IMeTp1I1I. 

TeopeMa 2. ,l(au;}!Ce'/iue npocmpai-tcmaa coxpauJiem napa.1/.1/,e.tL'b'HOcrn'b 

npJi.MibtX, napaj),j/,eJL'b'Hocrn'b nJLocnocrneil u napa.l/.!/,eJL'b'Hocrn'b npJi.Moil u nJLoc­

nocmu. 

B caMoM ,n;eJie, o6pa3br ,n;Byx rrapaJIJieJibHbrx rrp5IMbrx Jie)KaT B o,n,noil: 

nJIOCKOCTII II ue MoryT nepeceKaTbC5l, TaK KaK Hnaqe ToqKa nepeceqe1urn 

ne IIMeJia 6L1 cBoero npoo6pa3a. K 3TOMY )KC rrpoTIIBopeqnro npHXO,Il,IIM 

npII npe,IJ,IIOJIO)KeHIIII nepeceqeHII5l o6pa30B ,Il,BYX napaJIJICJihHblX IIJIOCKO­

CTCH IIJIH o6pa30B napaJIJICJihHhIX rrp5!MOH II ITJIOCKOCTII. 

ITocKOJihKY ,Il,BH)KCHIIe coxpamieT OTHou.remre «JIC)KaTh MC)K,Il,Y» ,IJ,JI51 

Tpex ToqeK Ilp5IMOH, T. e. coxpa1rneT Il0p5l,Il,OK TO'IeK na Ilp5IMOH, TO IIMCCT 

l\ICCTO TeopeMa: 

TeopeMa 3. ,l(au:JtCe'Hue npocrnpa'Hcrnaa orno6pa'1!caern ornpeaon ua orn­

peaon, JLY"l 'Ha JLY"l, noJLynJLocnocrn'b 'Ha noJLynJLoc1wcrn'b, noJLynpocrnpa'Hcrnao 

'Ha noJLynpocrnpa'Hcrnao. 

1fa orrpe,IJ,eJieHII5l ,Il,BlDKCH1I5l II orrpe,n,eJieHII5l KOnrpy3HTHbIX q)liryp CJIC­

,n;yeT TeopeMa: 

TeopeMa 4. ,l(au:JtCe'Hue npocmpa'Hcrnaa coxpa'HJiern aeJLU"lU'HY y2Jta 

.J>te;}!Cdy npJi.M'bl.MU, Be.J!U'l/,U'HY y2.fla Me;)!Ci)y nJLOC'KOC7nJlM.U u BeJL1l"l1my y2-

Jta .Me:JtCiJy npJiM01'1 u nJLocnocrn'b'/O. 

B caMOl\I ,n,eJie, yro.rr Me)K,n;y o6pa3aMII ,Il,Byx nepeccKaIOII1IIXC5l rrp5!MbIX 

paBeH yrJiy MC)K,Il,Y 3TIIMII rrp5!MbIMII no onpe,n,eJieUIIIO paBHbIX (Konrpy3HT­

HbIX) q)liryp. YroJI Me)K,n;y cKpell1HBarorI!IIM1IC5l rrp5!MbIMII orrpc,n,eJI5leTC5l "re­

pe3 yroJI Me)K,n;y rrepeceKaIOll1Hl\I1IC5l rrp5!Mbil\!H II napaJIJICJibHOCTb rrp5!MbIX, 

a noTOMY TaK)Ke mrnapIIaHTeH npII ,Il,BII)KeHII5IX. B "IaCTIIOCTII, coxpaH5leT­

C5l nepneH,Il,IIKYJI5lpHOCTb np5!MbIX. 0Tcro,n,a CJIC,Il,YCT lIHBapIIaHTHOCTb yrJia 

MC)K,Il,Y rrJIOCKOCT5lMII 11 yrJia MC)K,Il,Y np51MOH II IIJIOCKOCTbIO. B qacTHOCTII. 

coxpa1rneTC5l rreprreH,Il,IIKYJI51pHOCTb ,Il,Byx IIJIOCKOCTeil:, rrp5IMOH II IIJIOCKOCTlI. 
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2.4. IIpH3HaK 3epKaJihHoii CHMMeTpHH. B Ka'IeCTBC rrpnMepa rrpmvrcHe-

Hll5I IlHBapnaHTOB 'ABIDKCHll5I 'AOKa)KCJvl TaKyIO Teope111y. 

TeopeMa. EcAu .M'liOJ/CecmeoM nenodeu:J1cn'btX mo"ler;; deuJ1Cenu.fl npo­
cmpancmea .fl6A.flemc.fl n.1wcnocm'b, mo 3mo deuJ1Cenue .!WA.flemc.fl sepnaA'b­
nou CUMMempueu omnocumeA?Jno 3mou nAocr;;ocmu. 

,II, o Ka 3 a Te JI h c TB o. Bo3hMCM rrpoII3BOJihHy10 TO'IKY X, He rrp1rna'A­

JIC)KalllJ'IO IIJIOCKOCTll a IICIIO'ABII)KHbIX TO'ICK 'AI3II)KCHH5I f' II rrponc,n;e111 rrep­

PHc. 137 

rren,n;HKYJI5Ip X 0 K a, 0 Ea (pIIc. 137). ITo ycJIOBIIIO 

J(O) = 0 II J(a) =a. B cnJiy coxpaHCHII5I rreprren,n;nKy­

mipHOCTH I1p5IMOH II IIJIOCKOCTH rrpn 'ABH)KCHIIU f II Cf:IIIH­

CTBCIIHOCTII rrcprreu,n;IIKYJI5Ipa K a B TO'IKC 0 I!p5IMa5I x 0 
OTo6pa)KaeTC5I na ce6H. ITocKOJihKY Bee nerro,n;BH)KHhre TO'I­

KII - 3To TOJihKO TO'IKH IIJIOCKOCTH a, TO f(X) = X 1 =f. X, 
X 1 E ( X 0), X 0 = X 1 0. ITo orrpe,n;eJieHnro 3CpKaJihHOH CIIM­

MeTpnII f = Scr. D 

§ 3. Iloeopom npocmpm-1,cmea 01-w.!lo ocu 

3.1. IIonopoT KaK qacTHhiii BH,11, ,n;1m:llrnmrn. He cyrn;ecTByeT rroBopoTa 

rrpocTpaHCTBa OKOJIO TO'IKII no TOH rrpII'IIIHe, 'ITO HCT pa3yMHOrO crroco6a 

ycTaHaBJIIIBaTb narrpaBJICHIIC TaKoro IIOBOpOTa. 0,n;HaKO MO)KHO CCTCCTBCH­

HblM o6pa30M BBCCTl! IIOH5IT11C IIOBOpOTa OKOJIO OpIICHTIIpOBaHHOll IIp5IMOll 

(ocII). 

0 rr p e ,n; e JI e H n e. IloeopomoM R{ npocmpancmea OKOJIO ocn l na 3a­

,n;annh1li opnenTHpOBannhIH yroJI cp Ha3hrnaeTC5I TaKoe rrpeo6pa30Banne rrpo­

cTpancTBa, rrpn KOTOpOM B Ka)K,n;Oli IIJIOCKOCTII, 

rreprren,n;nKyJIHpnoli rrp5IMOH l, nnwI1npyeTC5I no-

BOpOT Ha yroJI cp OKOJIO TO'IKII ee rrepeCC'ICHII5I 

c IIp5IMOH l (pnc. 138). 
OceBa5I cnMMCTpn5I S1 rrpe,n;cTaBJI5IeT co6oli 

'IaCTHhIH BIIf:I IIOBOpOTa - IIOBOpOT na ±180°: 
S _ R±1so 0 

1- l . 

0pIIenTaIJII5I rrp5IMOH l ( OCII rroBopura) II03BO­

JI5ICT O,ll,H03Ha'IHO opnenTIIpOBaTb yrJihI B Ka)K,n;Oli 

IIJIOCKOCTII, rreprren,n;nKYJI5Ipnoli l. PHc. 138 

TeopeMa. IIoeopom npocmpancmea or;;oAo ocu ecm'b deuJ1Cenue ( nep-
6020 poda). 

,Il,oKa3aTCJihCTBO. ITycTh R;'(A)=A1 II R;'(B)=B1 (pnc. 139). 
CorJiacno orrpC,11,CJieHnIO rroBopoTa Ka)K,n;a5I IIJIOCKOCTh, rreprreH,D;IIKYJI5IpHa5I 

OCH IIOBOpOTa, OT06pa)KaCTC5I 3TIIM IIOBOpOTOM Ha ce65I. PaccMOTpIIM IIJIOC-
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KOCTb a (rreprreH,D;MKymrpHyIO I), B KOTopoit Jie?KaT TOLJ:KM BM B 1. IlycTh C 
M C 1 - opToroHaJihHhre npoeKIIMM ua a TOLJ:eK A M A 1. EcJIM l n a = 0, TO 

Puc. 139 

B IIJIOCKOCTII a IIl\reeM noBopoT R'b 3Toi'1 IIJIOCKOCTII, KOTOpbrit oTo6pa?KaeT B 
II C ua Br II C1 cooTBeTCTBeHHO. IlocKOJibKY noBopoT IIJIOCKOCTII ecTb ,D;BM­

?KeHIIe, TO BC = Br Cr. 113 paBHbIX npaMoyrOJlbllblX TpeyroJihHMKOB ABC 
M A 1BrCr cJie,ri;yeT AB= ArBr, LJ:TO II HY:tI<HO 6bmo ,ri;oKa3aTb. ,Li;Ba cooT­

BeTCTBeHHhrx TeTpa3,ri;pa, ttarrpttMep ABCO II ArBrCrO, optteuTttpoBanhr 

o,ri;IIHaKOBO, T. e. rroBopoT - ,D;BII?KeuIIe nepBoro po,ri;a. D 
3.2. IlpH3HaK 110Bop0Ta. ECJl,u .M'HO:JtCecmeo.M Henodeu:JtCH'blX mo"ien 

oeu:JtCe'HUJ! npocmpaHcmea J!6J!J!emcJ! npJ!.MaJ!, mo OHO J!6J!J!emcJ! noeo­

pomo.M onoAo 3moi1 npJ!.Moi1. 

,LI; 0 Ka 3 a Te JI b c TB o. IlycTb npM ,D;BII?KeIIIIII f rrpocTpaHCTBa nerro­

,D;BMfKHa Ka?K,ri;aa TOLJ:Ka rrpRMOH l 1I HeT ,ri;pyrIIX HeIIO,D;BIIfKHbIX TOLJ:eK. l..Jepe3 

npOII3BOJibHYIO TOLJ:KY lvf tf- l rrpoBe,ri;eM IIJIOCKOCTb a rrepnen,ri;IIKYJIRpHO l 
(pttc. 138). EcJIM an l = 0, TO 0 - e,D;IIIICTBCHHaR HeIIO,D;BII?KHaR TOLJ:Ka 

IIJIOCKOCTM a. B CIIJIY MHBapIIaHTHOCTII rrptt ,D;BM?KeHMII rreprren,ri;ttKyJiapHOCTII 

rrpRMOH II IIJIOCKOCTII f (a) = a. Ilo3TOMY ,D;BH?KeHMe f Mil,il;YIIMPYeT B IIJIOC­

KOCTM a HeKOTOpbIH IIOBOpOT R6 ( rrpII3HaK IIOBOpOTa IIJIOCKOCTH). y roJI cp 
He MO?KeT 3aBMCeTb OT Bbr6opa IIJIOCKOCTII a, TaK KaK KafK,D;aR IIJIOCKOCTb, 

IIpOXO,D;RIIJaR LJ:Cpe3 rrpRMYIO l OT06pa?Kael\ICR na IIJIOCKOCTb, co,ri;ep?Ka1IJyIO 

rrpRMYIO l. I1o orrpe,ri;eJieunIO f = Hf. D 
3.3. Ilpe,ri;cTaBJieHIIe IIOBOpOTa KOMII03IIIQ'151MH CHMMeTpHii. PacCMOT­

pnM KOMII031II!1IIO j = S~ O S~ ,D;BYX 3epKaJibllbIX CIIM!v!CTpMH OTHOCHTCJibHO 

rrepeceKaIOIIJMXca rrJiocKocTeit a M ~' a n ~ = l. Bee ToqKn rrpal\IOH l Herro­

,D;BHfKHbI rrpM f II TOJibKO OHH. Ilo TeopeMe n. 3.2 3Ta KO!v!II03IIII1IR ecTb 

rroBopoT R'(. IlpH paccMOTperrnn o6pa3a lvl' rrpou3BOJibHOit ToqKu M f:. l 
JierKo 3aMeqaeTCR, LJ:TO yroJI cp paBeH y,ri;BoenttoMy opneHTHpoBauttoMy yrJiy 

Me?K,ri;y TIJIOCKOCTRMII a II 0· 
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06paTHO, ecm1 3a,n:aH rroBopoT RT rrpocTpaHCTBa, TO nerKO cTpOIITC5! 

(neo,n:Ho3Ha'rno) rrapa IIJTOCKOCTeii CJ. II~' ,n:m1 KOTOpbIX Sp o Sa= R'f. l'hreu­

no, 3a O,D:HY II3 HIIX J\10)KH0 B35!Tb mo6yro IIJTOCKOCTb, co,n:ep)Kalll,YIO OCb l 
~ 1 

IIOBOpOTa, a ,n:pyra5! y,ri:OB.JICTBOp5!eT yCJTOBII5!1\I: CJ. n ~ = l, (ct.,~)= 2cp. 
l'haK, 'IW.Mnosu~wi dByx sep1w.rib'H'blX cu.M.Mempmi, om'HocumeJ1.b'HO dByx 

nepecena10w,uxcJl n.1wc1wcmeit ecmb rwBopom ono.rio Tl,PJl.Moit ux nepece"ie­

'HUJl 'Ha ydBoe'H'H'blit opue'HmupoBa'H'H'biit y20.ri .MeJtCdy n.rioc1'ocm:i.Mu. 06paT­

no, mo6oit noBopom npocmpa'HcmBa .MOJtCem 6'blmb npeiJcmaB.rie'H mmwit 

1'0.Mnosu~ueit ( 6ec1'o'He"i'HO .M'H02U.Mu cnoco6a.Mu). 

B qacTHOCTII, oceBa5! c111111eTpII5! rrpocTpancTBa ccTb KOl\IMyTaTirnna5! 

KOl\ITI03III1II5! ,IJ;BYX 3epKaJibHbIX CIIJ\11\IeTpIIii, IIJTOCKOCTII KOTOpbIX rreprreH,IJ;II­

KYJT5!pHbI II co,n:ep)KaT OCb CIIl\ll\IeTPIIII. 

v 

u 

Pnc. 140 

~aJiee paCCMOTpIIM KOl\ITI03IIl~IIIO J = Sv o Su 
,IJ;BYX oceBbIX CIIMMeTpIIii, OCII u II v KOTOpbIX rre­

peceKaIOTC5! B TO'lKe 0 (pIIc. 140). ITpoBe,n:eM rrep­

rren,ri:IIKYJT5!p l K rrnocKOCTII ( uv) B TO'IKC 0. ITpe,ri:­

cTaRIIM Su ll Sv KOMII03III1II5ll\1ll 3epKaJibHbIX CIIM­

MeTpHii: 

Su= S(uv) 0 S(ul)l 

HaXO,JJ:HM: Sv 0 Su= S(vl) O S(uv) O S(uv) O S(ul) = S(vl) 0 

o S(ul) =RT, IIOCKOJTbKY S(uv) o S(uv) - TO)K,IJ;eCTBeH­

HOC rrpeo6pa30BaHIIe. 11TaK, 

Sv 0 Su= R'[. 

TaKIIM o6pa3oM, no.Mn03U1~UJl dByx oceB'blX cu.M.Mempuit om'Hocume.rib'HO 

nepece1'mow,uxc:i np:i.M'blX ecmb noBopom npocmpa'HcmBa ono,1w nepne'Hdu­

ny.ri:ip'Hoit UM np:i.Moit npoxoiJ:iw,eit "iepes mo"iny ux nepece"ie'Hu:i, 'Ha yiJBo­

e'H'H'btit opue'HmupoBa'H'H'btit y20.ri Me:.>1Cdy oc:i.Mu iJan'H'blX CU.M.Mempuit. 

06paTno, Bc:inuit noBopom npocmpancmBa .MOJIC'IW npeiJcmaBumb (pas­

JlU"l'l-l'bl.MU cnoco6a.Mu) no.Mnosu~ue1J, dByx ocee'btX cu.M.Mempuit. Mx ocu nep­

ne'Hdu1'y.ri:ip'H'bt ocu noBopoma, nepece1'aemc:i 'Ha 'Heit u 06pasy10m .Me:J1cdy 

co6oit ( opuenmupoBa'H'H'btit) y20.ri, paB'l-l'blU no.rioBu'He y2J1.a noBopoma. 

§4. IIepe'HOCJ-la.R u noBopomJ-la.R cuMMempuu1 

B'U'HmoBoe dBU:JfCeJ-lue 

4.1. 1IepeHOCHa5! CHMMeTpm1. KoMII03l1IIH5! 3epKaJThl!OH CHMMCTPIIH Sa 

II rrepenoca Tr (r II ct.) rrapam1CJTbHO IIJTOCKOCTII CJ. CHMMCTpIIII KOMMyTaTim­

ua (pIIC. 141): T-r o Sa= Sao T-r. Ee Ha3bIBaIOT nepenoc'Hoit (cKo.ribs:iw,eit) 

cu.M.Mempueit VVa" npocmpa'HcmBa. 
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0TJ1,JeTMM O'IeBM,ll}Ible CBOllCTBa rrepeHOCHOll CMMMeTpMII. 

1. IIepeHocHmr CMl\IMeTpMR rrpocTpaHCTBa RBJ1ReTcR ,11BM.1KeHMel\1 BTopo­

ro po,11a (KaK KOMII03IIIJ,IIR ,llBII.IKCinrn BToporo po,11a n ,llBII.IKeHnR rrepBoro 

po,11a). 

2. IlepeHOCHaR ClIMMeTpIIR He lil\IeeT HeIIO,llBM.IKHbIX TO<reK. 

3. Jho6oti 0Tpe30K Jvl lvl1' coe,11IIHRI01Il,Hll TO'IKY, ne Jie./Kalll,yIO B IIJIOCKO­

CTH CJ. ClIMMeTpMM, c ee o6pa30l\I, ,llCJIMTCR IIJIOCKOCTbIO CHMl\IeTpIIII IIOIIOJial\I. 

4. Ka.1K,11aR IIJIOCKOCTb, rrapaJIJieJibrraR BeKTopy r rrepenocnoti Cnl\IMeT­

pnII II neprreH,llMKYJIRpnaR IIJIOCKOCTH CJ. CHl\U-JeTpHH, Hf!BapnaHTIIa (neno­

,llBH./KHa). B Heil MH,llJIJ,HpyeTCR rrepeHocHaR cnl\11\reTpIIR Wz" rrJIOCKOCTn, 

OCbIO KOTOpoti CJIY.IKIIT npm,raR l nepece<reHHR IIJIOCKOCTeit. 

BoJiee rJiy6oKIIe cBoticTBa ncpeHocnoti CIIl\11\1eTpIIH co,11ep.1KaTCR B ABYX 

cJie,11yIOlll,HX TeopeMax. 

TeopeMa l. Ko.Mn03UU,U.fl oceBoil u 3ep1w.11ib'HOil cu.M.Mempuil, y '1wmo­

pux coomBemcmBexxo ocb u n.11.ociwcmb napa.JL.JLe.JLb'H'bl, ecmb nepexocxa.fl 

CU.M.Mempu.7l npocmpancmBa. 

,II, o Ka 3 a Te JI b c TB o. Paccl\IOTpIIM KOMII03IIIJ,HIO Sa o Su rrpn u II a 

(pnc. 142). LJ.epe3 rrpRl\ryro u rrpoBe,11eM rrJIOCKOCTb ~II a II nJIOCKOCTb y 1- a. 
Tor,11a (rr. 3.3) Su= Sy o Sri= Sri o Sy. Ilo3TOMY Sao Su= Sao Sri o Sy. Ho 

Sao Sri= Tr (rr. 1.6), T _l_ a, r II y. 
TaKMM o6pa30M, Sa 0 Su= Tr 0 Sy= Wy"· 
KpoMe Toro, Su 0 Sa= Sy 0 Sri 0 Sa= Sy 0 T_r = wy-r· D 
TeopeMa 2 (o6paTnaR). IIepexoc'Ha.fl cu.M.Mempu.fl npocmpaxcmBa npeiJ-

cmaBu.Ma 1w.Mno3uu,ueil oceBoil u 3ep'IW.JL'b'Hoil ( 3epna.JL'b'Hoil u oceBoil) cu.M­

.Mempuu, oc'b u n.1wcnocm'b nomopux napa.IL.ILe.JL'b'H'bt. 

,II, o Ka 3 a Te JI h c TB o. IlycTb ,11ana rrepenocnaR Cffl\LMeTp1rn War= Tr o 

o Sa= Sao Tr (pnc. 143). IIpe,11cTaBHM Tr= SY o Sri, r,11e ~II y II o6e IIJIOC­

KOCTH rreprrCH,llHKYJIRpHhI IIJIOCKOCTH a. Tor,n;a TVar =SY o Sri o Sa= Sy o Su, 
r,11e u =an~ II II03TOMY u II y. KpOl\Je Toro, Wa" =Sa 0 Sy 0 Sri= Sv 0 Sri, r,n;e 

v = a n y u v II ~- o 

Puc. 141 Puc. 142 Puc. 143 
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4.2. IloBopoTHa5! CHMMeTpH5!. KoMII03II11;iu.1 3epKaJibHOH CHl\Il\IeTp1n1 Sa 
II IIOBOpOTa Rj OKOJIO OCII, rreprrett)J;IIKYJI5Ipttoti IIJIOCKOCTH CIIl\ll\JeTpirn, KOl\l­

MyTaTHBtta (pIIC. 144): Rt 0 Sa= Sa 0 Rt, l J_ a (AI----+ Mr). cha KOMII03IIUI15l 

Pnc. 144 

tta3hmaeTc5.I noeoporrmoil cu.M.Mempueil c OCbIO 

l ua yroJI cp OTttOCHTeJibl!O IIJIOCKOCTH a. 0Tpe-

30K 111 lvfr, coe,n:1nrnIOI11,Hii TO'IKY c ec o6pa30l\I 

rrpII IIOBOpOTttOH CHMMeTpHII, ,n:eJIIITC5.I IIJIOCKO­

CTbIO CHMllleTpllll IIOIIOJiaM. 

To'!Ka 0 = l n a - e,n:mrcTBetttta5.I nerro­

.IJ:Bmtrnaa TO'!Ka IIOBOpOTHOH CHl\11\leTplIH. 

Otta tta3bmaeTc5.I v,e'Hmpo.M noeopom'Hoil cu.M­

.Mempuu. 

B qacTnOM cJiyqae, KOr.lJ:a cp = ±re, rroBopoT­

ttaa CIIMMeTpII5.1 5.IBJI5.leTC5.I ueIITpaJibttOH CHl\l­

MeTpIIeH Zo c uettTpOM 0 = l n a. Tor,n:a IIJIOC­

KOCTb a H OCb l Tep5IIOT CBOe 3tta'!ettHe: HMH 

MoryT 6bITh JII06aa napa rreprren,n:nKyJiapnbIX 

IIJIOCKOCTH H rrp.HMOH, co,n:ep:II<aIIl,HX uettTp. 

IloBOpOTIIa5.I CHMMeTpII5.1 - )J;BH)KettHe BTOporo po,n:a. 

TeopeMa. IIoeopom'Hwt C'U.MMempu.fl ecm'b iw.Mnoauv,u.fl 

CU.M.Mempuu u noeopoma 01w.1w ocu, npoxoa.flw,eil "lepea ee 

pam'Ho. 

14e'Hmpa.l!'b'Hoil 

v,e'Hmp, u 06-

~ o Ka 3 a Te JI h c TB o. IlycTb ,n:ana IIOBOpOTIIa5.I CHl\HvieTpII5.1 Rt o Sa 
(1 l_ a), KOTopa.a TO'IKY M oTo6pa)KaeT na TO'IKY lvlr (puc. 145). Pac­

CMOTpHM TO'IKI! M 0 = Zo(M) II M2 = Sa(M). 
IlpH ,n:attttoti IIOBOpOTttoti CHMMeTpHH 111 ----+ Mr 
qepe3 Jv12 , a rrpn KOMII03HIJ;HH Rt-• o Z 0 qe­

pe3 M 0 • B CHJIY rrpOH3BOJibttOCTII TO'IKII lvl 3TR 

rrpeo6pa30Bann5.1 coBrra,n:aIOT: 

06paTiro, KOMII03IIIJ,H5.I Rt o Z0 ( 0 E l) CCTb rro-
Mo 0-----0-----0 Ah 

BopoTna5.I CHl\IlllCTpII5.1 Rt-• o Sa. IlJIOCKOCTb a 

npOXO)J;lIT qepe3 TO'IKY 0 rreprreH)J;HKYJI5IpHO 

rrpa11roli l. D 
4.3. BnttToBoe .IJ:BmKemi:e. KoMrr03Huna rroBopoTa Ht 

napaJIJieJibHO OCII l TIOBOpOTa KOl\IMyTaTHBtta (pnc. 146): 

rJJ l. 

Pnc. 145 

H rrepenoca Tr 

Otta na3bIBaeTC5.I 61l'Hffi06'bl.M aeu:JtCe'HUe.M c OCbIO l, yrJIOl\1 cp H BCKTOpOll! T. 
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IIocKOJibKY IIOBOpOT II nepenoc ~ ,ll;BIDKen:rrn: uepBoro po,n:a, TO BIIIITOBOe 

,n:mrn<enue 5IBJI5leTC5! ,n:mnKenIIeM rrepBoro po,n:a. Ono ne IIl\ICeT Herro,n:BII)K­

HbIX TO'leK. 

TeopeMa. KoMn03UU,U.fl iJeyx oceB'blX cuMMemputi omi-wcumeJlb'HO cnpe­

w,ueaiow,uxc.fl np.flM'blX ecm'b euxrrweoe iJeu:JtCexue, OC'b'IO 1wmopo20 c.fly­

J1cum o6w,uu nepnexiJu'X:y.fl.RP 3mux np.RM'bix, y20Jl paeeH yiJeoem-ioMy y2.fly 

Me:JtCiJy HUMu, a 6e'Kmop paeeH yiJeoe1iHOMY ee'X:mopy 06w,e20 nepneHiJu'X:y­

Jl.Rpa. 

~ o Ka 3 a Te JI b c TB o. Hali:,n:eM KOMTI03III!llIO Sv o Su, r,n:e np5Il\IbIC u II v 
CKpeIIIIIBaIOTC5!. IIocTpOIIM ux o6IIIIIll rreprren,n:IIKYJI5Ip h (pIIC. 147), <Iepe3 

Pwc. 146 Pwc. 147 

TO'IKY Q ero rrepece<IeHII5! c v rrpoBe,n:e.rvr np5IMYIO l II u. Tor,n:a Sv o Si = R~P, 
- -- 2 <p= (l, v) (rr. 3.3) II Si oSu =Tr, r=2PQ. Il03TOMY Sv oSi oSz oSu =R~P oTr, 

OTKy,n:a Sv o Su= R~P o Tr (r II h). D 
Bbmonnennhre rrocTpoenII5! nerKo o6paTIIMbI ( c 6onLIIIHJ\I rrpOII3BOJIOM). 

Ilo3TOMY IIMCeT MCCTO o6paTHOe YTBep)KJJ:CHHe: BU'Hmoeoe iJBU:J/Ce'HUe npeiJ­

cmaBUMO 'KOMnoauu,ueil iJeyx oceB'blX cuMMempuu, ocu 1wmop'blx nepnexiJu­

'KY.ll.Rp'H'bl ocu BU1imoeo20 iJeu:JtCeHu.R u nepece'X:aiom ee, npu"ieM Od1ia ua HUX 

npouaeO.ll'b'Ha, a iJpy2a.R yiJoe.llemeop.Rem y'X:aaa1i'H'blM e meopeMe yC.1LoBU.flM. 

§ 5. KoJ-tcmpy'Kmuarwe sadaJ-tue dau:Jtc.eJ-tu.fl 

npocmpaHcmaa 

5.1. TeopeMa o 3a,n,amrn ,ll,BIUKen1u1. Ec.llu iJa'H'bl iJea mempa3iJpa ABCD 
u A' B'C' D' c coomeemcmee'HHO paB'H'blMU pe6paMu, mo cyw,ecmeyem oiJxo 

u mo.ll'b'KO oiJxo iJeu:JtCexue npocmpaHcmea, omo6pa:J1Ca10w,ee mO"i'KU A, B, 
C, D coomeemcmeexxo xa mo"i'KU A', B', C', D'. 
~ o Ka 3 a Te JI h c TB o. IIycTh TeTpa3,n:phr ABC D n A' B' C' D' TaKo­

BLr, 'ITO AB=A'B', BC=B'C', CD=C'D', BD=B'D', AD=A'D', 
AC= A'C'. Pacc.rvroTpII111 rrnocKOCTb cx 1 cnMMeTpnn TO'ICK A II A'. IlycTb 

3epKaJihna51 CHMMeTpH5! S,, oTo6pa)KaeT TeTpa3,LI,p ABC D na TeTpa3,n:p 
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A' B 1 C\D1 (pMc. 148). ,Il,anee B03hMeM rrnocKOCTb a 2 CMl\Il\IeTplIH TO'IeK B 1 

H B'. B Heil neMHT TO'!Ka A', TaK KaK A' B 1 = A' B' =AB. CHMl\IeTpneil Sa2 

TeTpa3,ri:p A' B1 C1 D 1 oTo6paMaeTC5! Ha neKOTOpbr.i1: TeTpa3,n:p A' B' C2D 2 . 

)lanee B03bMCl\I rrnocKOCTb a 3 CHl\ll\leTpm1 TO'!eK C2 H C'. To'IKH A' ,B' rrpH-

0'1 

Pnc. 148 

Ha,n:Jie)KaT a 3 , nocKOJibKY KaM,ri:a5! H3 HHx pamroy,n:aneHa OT TO"leK C2 H C'. 
CIIMMeTpII5! Sa3 oTo6paMaeT TeTpa3,n:p A' B'C2 D 2 Ha HCKOTOpbIH TeTpa3,ri:p 

A' B' C' D3 . IlnocKocTb a 4 CIIMMeTpIIH TO"leK D3 II D' co,n:ep)KHT TO'!KII A', 
B', C', TaK KaK KaM,ri:a5! H3 HHX pamrny,n:aneHa OT D3 II D', II rro3To11y 

3epKaJibHa5! ClIMMeTplI5! sa4 OT06paMaeT TeTpa3,n:p A' B'C' D3 Ha 3a,n:aH­

HbIH TeTpa3,ri:p A' B' C' D'. I1TaK, KOMII03HiiII5! f = sa4 0 Sa3 0 Sa2 0 Sa, eCTb 

HCKOMoe ,IJ:BHMeHHe rrpocTpaHCTBa. B qacTHOCTH, MOMeT cny"IHTbC5!, 'ITO o,ri:­

Ha H3 BepllIHH rrpOMCMYTO'!HbIX TeTpa3,D,pOB comra,n:eT c COOTBCTCTBYIOlliCll 

BepllIIIHOH TeTpa3,n:pa A' B' C' D'. Tor ,n:a '!HCJIO CHMMeTpIIri KOMII03HU:HH f 
YMCHbllIHTC5! Ha e,n:HHHey. EcnII Me 3a,n:aHHhre TeTpa3,IJ:pbr CHMMeTpH"IHbI 

OTHOCIITeJibHO HCKOTOpo.i1: IIJIOCKOCTH a, TO f =Sa. 
)loKa)KeM Terrepb eduncmeennocm'b na.i1:,n:cnHoro ,IJ:BIIMCHII5! f. IlycTh, 

KPOJ\Ie f, CYUiCCTByeT ,IJ:BHMeHIIe g, KOTopoe TaK)Ke TO'IKH A, B, C, D 
oTo6paMaeT cooTBeTCTBenno Ha TO"IKH A', B', C', D'. Tor,n:a Ko1mo3HU:H5! 

g- 1 of ocTaBn5!eT nerro,n:BHMIIbIMH TO'IKH A, B, C, D n cornacno Tcope11e 3 
nynKTa 2.2 6y,n:eT TOM,ri:ecTBeHHbil\I npeo6pa3oBaHHeM: g-1 of= E, OTKy,ri:a 

cne,n:yeT g = f. D 
PaccMOTpHM O,il,HH II3 B03MOMHbIX crroco6oB rrocTpoemrn o6pa3a A11 ,n,aH­

noil TO'IKH lvl rrpII ,IJ:BH)KCHIIH f' 3a,ri:aHHOl\l "!eTblpbM5! napaivrn COOTBeTCTBCH­

HbIX To'rcK: A-+ A1, B--+ B1, C--+ C1, D--+ D1. IIycTb (DM) n (ABC)= K 
11 (AK) n (BC) = P. I1cIIOJib3Y5! paBCHCTBO COOTBCTCTBeIIHbIX OTpC3KOB, 

cTpOHM rrocne,n:oBaTeJihHO TO'!KH j(P) = P1 E (B1C1), f(K) = K 1 E (A 1 P1 ) 

H f(M) = M1 E (D1K1). 
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5.2. Cne,IJ;CTBHR. ,Il,oKa3aTeJibCTBO Teopel\rbr o 3a,I(amrn ,I\BIDKenII5! npo­

cTpancTBa 3aMWJaTCJibIIO T8l\I, "ITO OHO TI03BOJI5!CT TIOTIYTHO C,IJ;eJiaTb Mnoro 

,I\pyrnx BbIBO!l,OB, Ba./KHbIX ,I\J15! TeOpIIH ,IJ,BII./KCHIIH npocTpanCTBa. 

1. Jlro6oe ,I\BII./KCHHe npocTpaHCTBa eCTb JIII60 3epKaJibHa5! CIIMl\IeTpII5!, 

JIII6o KOJ\ITI03III!II.51 He 6oJiee '-ICTbipex 3epKaJibHbIX CIIl\Il\l8TpIIH. 

2. Jlro6oc ,Il,BII./Kenrre nep6020 poda CCTb KOJ\!TI03IIUII.51 ,I\BYX IIJIII '-!CTbipex 

3epKaJibHbIX CIIMMCTpIIH. 

3. Jlro6oe ,IJ,BII./Kenrre emopo20 poda ecTb m160 3epKaJibHa.51 CIIl\Il\IeTpII.51, 

JIII6o KOMTI03III!II5! Tpex 3epKaJibIIbIX CIIl\ll\ICTpIIH. 

4. ,lJ,BII./K8IIIIe rrepBoro po,I(a, IIMCIOlifee XOT5! 6bI 0,IJ,HY HCTIO,Il,BII.IKHYIO T0'-1-

Ky, npe,IJ,CTaBIIMO KOJ\!TI03III!IICH ,IJ,BYX 3epKaJibIIbIX CIIl\Il\ICTpIIfI. :::ho, KaK Y.IKC 

H3BCCTHO (n. 3.3), - TIOBOpOT IIJIII TO.IK,Il;CCTBemroe npeo6pa30BaHIIe (Kor,IJ,a 

TIJIOCKOCTH ClIMl\!CTpIIH COBTia,I(aIOT). 8TOT ¢aKT lI3BeCTCH IIO,Il; Ha3BaHIICl\l 

meope.M'bl JI,a.JWM6epa. 
5. CylifeCTBYIOT poBHO ,IJ,Ba ,I\BII.IKCHII5! rrpocTpancTBa - O,I\HO rrepBoro 

po,I(a, ,IJ,pyroe BTOporo po,IJ,a, - Ka.IK,IJ,OC H3 KOTOpbIX OT06pa.1KaeT ,IJ,aIIHbIH 

nepaBHo6e,IJ,pennhri1: TpeyroJihHIIK ABC na paBHbIH el\ry Hanepe,I\ 3a,IJ,armbri1: 

TpcyroJibHIIK A' B' C'. 
B caMOM ,IJ,ene, Bbr6paB rrporr3BOJibHO TO'-IKY D BHe TIJIOCKOCTII ABC, 

nocTporrM ,IJ,Ba II TOJibKO ,IJ,Ba TeTpa3,IJ,pa A' B' C' D' II A' B' C" D1 ( crrMMeT­

prr'-IHhrx OTHOCIITCJibIIO nnocKOCTII A' B'C'), Ka.IK,I\bIH II3 KOTOpbIX paBen 

TeTpa3,IJ,py ABCD. 
6. Ecnrr HCTO.IK,I\CCTBerrnoe ,Il,BII.IKenrre IIMCeT TPII HCKOJIJIIIneapHbre nerro­

,IJ,BII.IKHbre TO'IKII, TO OHO 5IBJ15ICTC5! 3CpKaJibHOH CIIl\IMCTprreiI. 

§ 6. K.JLaccuifm'Ka'4U.fl iJeuJ1Ce'liui1 npocmpa'licmea 

Bbrrne paccMoTpeHhI CJIC,I\YIOlifIIC '-!aCTHbre BH,I\bI ,IJ,BII.1Kenni1: nepBoro po­

,IJ,a: rrepeHOC, IIOBOpOT OKOJIO OCII (B '-!aCTHOCTII, oceBa5! CHMl\!CTprrn), BIIH­

TOBOC ,Il;BII./KCIIIIC II '-laCTHbIC BII,Il,bl ,Il,BII./KCHIIH BTOporo po,I(a: 3CpKaJibHa5! 

Clll\Il\lCTpli5!, nepcnocHa5! CIIl\ll\IeTplI5!, IIOBOpOT!Ja5! CIIMMeTpII5! ( ee '-laCTHbIH 

cJiy'rniI ·- rrenTpaJibIIa5! CIIMMCTpII5!). EcTCCTBCHHbIH Bonpoc: CYlifCCTBYIOT 

JIH KaKIIC-JIII6o ,IJ,pyrrre Bli,I\bl 11,BIDKCHIIH npocTpaHCTBa? 0TBCT OTPIIrraTe­

JICII. LlT06bI ,IJ;OKa3aTb 3TO, pa3,I(CJ1lll\I MHO./KCCTBO ,Il;Bll./KCHIIH nepBoro po;i;a 

li l\IHOJKCCTBO ,Il,BII./KCHIIH BTOporo po,I(a Ka.IK,IJ,OC na l\Ba TIO,IJ,MIIO./KCCTBa: ,I\BII­

./KCHlI}L IIM8IOliflI8 XOT5! 6bI 0,I\Hy IICTIO,Il,Bll.IKHYIO TO'-!Ky, lI ,I\BH./KCIIlI5! 6e3 

HCIIO,Il,BlI./KHblX TO'-ICK. 

6.1. ,Il;BH.1KeHm1 BToporo po,IJ;a. 8TII ,IJ,BII.1KeHII5! neTpy,IJ,HO Knaccn¢IIrrII­

poBaTb, CCJIII OT,Il,CJiblIO paccMOTpCTb yKa3aHHbIC ,I(Ba IIX IIO,I\MIIO./KCCTBa. 
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TeopeMa 1. Jho6oe dBU:>ICeHue Bmopo20 poda, u.Meiow,ee xom.1t 6'bl orJHy 

HenodBU:>IC'liY10 mo"l'l'Cy, .T!B.!l.flemc.fl sep'i'Ca.!l'b'liOU cUMhtempudl u.!lu :>ICe noBo­

pomHoil CUMMempueil. 

,II, o Ka 3 a Te JI h c TB o. EcJIII ,n,a1rnoe ,n,BII:lKeHIIe f - 3epKaJihIIaH CFLM-

1\IeTpIIH, TO ,n,oKa3hIBaTh He<-rero. EcJIII f - KOllIIT03H11;yrn Tpex 3epKaJihHhIX 

CIIl\!MeTpIIil: (n. 5.2, CJie,l],CTBIIe 3) II f(O) = 0, TO paccMOTpIIlll ,ll,BH:lKemrc 

g = f o Z0 rrepBoro po,n,a c Herro,n,BII:lKHOil: TO'-IKOII 0. I1o TeopeMe ,Il,aJiaM-

6epa ( CJie,l],CTBIIe 4) OHO 5IBJI5leTC5! IIOBOpOTOl\f OKOJIO rrp5IMOI1:, co,n,ep:lKam,eii: 

TO'-IKY 0: g = Rj. PaBCIICTBO f o Z0 = Rj 3KBHBaJieHTIIO f = Rj o Zo. A 3TO -­

rroBopoTHa5! CIIMMeTpII5! (TeopeMa rr. 4.2). D 
TeopeMa 2. JI106oe dBu:>ICeHue Bmopo20 poiJa, 'lie u.Meiow,ee HenodBu:>IC­

'1-l'blX mo"le'K, ecm'b nepe'1-loc'lia.1t cu.MMempu.1t. 

,II, 0 Ka 3 a Te JI b c TB 0. ,Il,aHO ,ll,BII:lKem1e f 6e3 HeIIO,ll,BII:lKIIbIX TO"IeK. 

ITycTb J(A) = A 1 I-I a. - IIJIOCKOCTh cnMMeTpnn TO'leK AH A 1 • Tor,n,a fl,BH­

:lKeHIIe g = f 0 Sa rrepBoro po,n,a IIMCeT HeITO/l,BII:lKHY!O TO"IKY A1. no Teope11e 

,II,anaM6epa g = Rj II IT03TOMY f o Sa= Rj, OTKyfl,a f = Rj o Sa, rrpwreM l I/ CJ., 

TaK KaK IIHa'-!e ,l],BH:lKeHIIe j IIMeJIO 6hI HeIT0,[1,BII:lKHYIO TO'-IKY l n CJ., 'ITO IIC­

KJIIO'-leHO ycJIOBIIeM Teopc11hr. ITpe,n,cTaBIIM Rj =Sy o Sp npn 0 J_ CJ. (rr. 3.3). 
Tor,n,a f =Sy o Sp o Sa. ITocKOJihKY ~ J_ CJ., TO Sp o Sa= Su - oceBaH CIIMMeT­

pI-I5! c OCb!O u =CJ. n ~- I1TaK, f =Sy 0 Su, npI-I'IeM u II y, TaK KaK u 11 l = ~ n y. 
Cne,n,oBaTeJibHO, f - rrepeHOcHaH CHMMeTpII5! (Teope1m n. 4.1). D 

TaKUM o6pa30M, MHO:lKCCTBO BI-I,ll,OB ,ll,BII:lKenuil: BToporo po,n,a CBO,ll,IITCH 

K nepe'-!IICJieHHhIM B naqaJie 3Toro rraparpacpa. 

6.2. ,IJ,mi::JKemrn rrepBoro po.n.a. KaK y:lKe He pa3 OTMecranoch, ,ll,BII:lKeHne 

rrepBoro po,n,a, IIMeIOm,ee HeTIO,ll,BH)Kllbie TO'IKII, eCTb IlOBOpOT. 

TeopeMa. JI106oe oeu:>1CeHue nepeo20 poiJa, 'lie U.Me10u~ee HenooBu:>IC'li'bl:c 

mo"le'K, .1t6.!l.11,emc.1t nepe'Hoco.M u.!lu Bu'HmOB'bt.M iJBu:>ICe'liue.M. 

,II, o Ka 3 a Te JI h c TB o. Bo3hMeM orrHTh napy A-+ A1 cooTBeTCTBCHHhIX 

TO'-leK npn ,n,aHHOM ,ll,BII:lKeHIIH f II IIJIOCKOCTb w IIX CIIllll\IeTpIIII. Tor,n,a ,n,Bu­

:lKeHne g = s,o 0 f 5IBJI5ICTC5! /l,BII)KeHHeM BTOporo pOfl,a c HeIIO,l],Bil)KHOH TO'-l­

KOH A. ITo TeopeMe 1 ,ll,BIIEeHIIe g 6y,n,eT JIII6c 3epKaJibnoil: CHMMeTpHeil:, 

nn6o noBopoTnoil: cu11111ieTpueil:. Pacc1110TpII111 3TII 

,n,Ba cnyqa.H. 

1. ITycTh g =SO! 0 f =Sa. Tor,n,a f = s"' 0 Sa, npII­

qeM CJ. II w, TaK KaK IIHa'le ,ll,BII:lKeHue f IIMeJio 6b1 

neTIO,l],Bil)KHbie TO'-IKII. 3na'-IIIT, f - nepeHOC. 

2. ITycTb g = s"' 0 f = Rj 0 Sa (l J_ a) - IIOBOpOT­

Ha.H Cill\ll\leTpII.H. ITpe,n,cTaBIIM Rj =Sy 0 s~, ~ ny = l. 
I10Jib3Y5!Cb onpe,IJ;eJieHHbIM npOH3BOJIOM B l:lbI6ope 

TIJIOCKOCTeil 0 II y, B03bMell! y J_ w. Tor,n,a s"' 0 f = 
Puc. 149 =Sy 0 Sp 0 Sa Il f =SO! 0 Sy 0 Sp 0 Sa,~ J_ CJ. (pnc. 149). 
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EcJIH an~= u Hy n w = v, TO f = S,, 0 S,,. ITp5Il\lbJe u H v He rrepeceKaIOTCR, 

TaK KaK nna'fc ,D;BIDKenne f nMeJio 6bI nerro,n;BIDKHOM nx o6rrzym TO'fKy. To­

r,n;a ocTaIOTCR TOJihKO ,n;Be B03MmKnocnr: ccJin u II v, TO f - nepenoc, ecJIII 

.lKC u H v CKpeI.IJ,IIBaIOTCR, TO f - BIIIITOBOe ,D;BII.lKeHIIC (TeopeMa II. 4.3). D 
CJie,n;cTBHe. Bc.fl1We 06UJICe1iue nep6ozo poiJa, om.!lU"l1ioe om oce6ou 

CU.!vl.!vlempuu, npeiJcma6U.!vlO 1W.!vlnoauu,uei'l 06yx oce6blX CU.!vl.!vlempuu, npu­

"le.!vl oihw u3 ux oceu .!vlOJICem coiJepJ1Cam'b HanepeiJ aaiJa1i1iY10 mo"lny. 

Pe3yJibTaT noJiy'fe1moti KJiaccncpIIKaIJ,IIH ,D;BII.lKCIIIIil npocTpancTBa IIJI­

JIIOCTpnpyeTcR TaKoti cxel\IOM. 

,Ll,BlDKEHI15I IIPOCTPAHCTBA 

,Ll,B>DKeHH5! rrepBoro POAa 

IlepeHOCbl 

BHHTOBbie 
,11,BH)KeHnH 

IloBOpOThl 
OKOJIO OCH 

OceBbJe 
CllMM8TpHH 

To*AeCTBeHHoe 
,llBll)J(eHHe 

)J,BH)J(eHH5! BToporo poAa 

3epKa.JibHbJe IlepeHOCHbJe 
CllMMeTpllll CllMMeTpHH 

IloBOPOTHble 
CHMMeTplUI 

U:eHTpaJibHbie 
CHMMeTpuu 

§ 7. Koopdw-tam1-l1Jte ifjopMy.ll1Jt dBu:.HCeJ-luu 

npocmpa1-lcmBa 

7 .1. BhIBO,Ll; <l>opMyn ,11.BIDKeHnii. ,D,attbI TeTpa3,n;pb1 0 ABC n O' A' B' C', 
B KOTOpbIX Bee IIJIOCKne yr JibI npn BepI.Irnttax 0 n O' npRl\Ibie 11 0 A = 0' A' = 
= 0 B = O' B' = OC = 0' C' = 1. 3a,n;a,n;111\1 ,n;Bn.lKc1rne f npocTpancTBa napal\rn 

TO'ICK 0---> O', A---> A', B---> B', C---> C' (§ 5). BBe,n;el\1 ,n;Be npRl\10yrOJibHbIC 

,n;eKapTOBbI cncTeMbI Koop)J;nHaT (Or}k) n (O'l!fk'), r)J;e z = OA, 7! = 0' A', 
} =OB, j = O'B', k = OC, k' = 0 1C 1

• IIycTb BeKTOphI 7!, j, k' H TO'f­

Ka 0' B CHCTeMC (Or}k) IIMeIOT KOOp));HHaTbI: 7!(a1, a2, a3), f(b1, b2, b3), 
k'(c1, c2, c3 ), O'(x0 , y0 , z0). ITycTb npoH3BOJibHaR TO'!Ka M B cncTel\1e 

(Oz}k) lllVIeCT KOOp)J;rmaThI x, y, z a cc o6pa3 llf' = f(l\I) 6 mou JICC 

cucme.!vle IIMeeT Koop)J;IIHaThI x', y', z'. Tpe6yeTCR noJiy'fIITh cpopMJJihI, 

Bbrpa.lKaIOIIJIIe x', y', z' 'Iepe3 x, y, z. 
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Cna'laJia 3arvreTIIM TaKoli O'ICBII,ll,HbIH ¢aKT: TO'lKa NI' B cIIcTe11e 

( 0' 7Tf k') IlM€€T Te )]{€ KOop,ri;HnaTbI x, y, z, 'ITO H TO'IKa ]\!] B nepBOM 

CIICTCMC. Be,D,b ,ll,BIDKeHIIe coxpamICT paCCTO.HHII51 II yrJibl II, CJIC,ll,OBaTCJibIIO, 

cKan.apnoe npoII3Be,LJ,eHIIe BeKTopoB. B "IaCTIIOCTII, 0' NJ' · 1! = OJI.I· 1, = x 
u arra110rw1rro 0 1 AP · J' = y, 0' Nf' · k' = z. 

Ilpe,D,cTaBIIM paBeHCTBO ONl' = 00' + 0 1 M' B pa3JIWKemrnx BCKTopoB 

no 6a3IICHhIM BCKTOpaM: 

x'"i + y'] + z'k = (xo"i + YoJ + zok) + (x1! + y]' + zk'). 

TaK KaK 1! = ai I + a2] + a3 k, ]' = bi I + b2] + b3 k, k' = Ci 1, + c2 ] + c3 k, TO 

rrpe,D,bl,ll,YIIICC BCKTOpnoe paBeHCTBO ,D,aeT TPII KOOp,ll,IIHaTHbIX: 

{

x' = aiX + biY + CiZ + Xo, 

y' = a2x + b2y + C2Z +Yo, 

z' = a3x + b3y + C3Z + zo, 

npe,D,CTaBmnom;IIe co6oii IICKOMhIC ¢op.MyJihl ,ll,Bll:IKCHII.H f. 

(10.1) 

CMeruannoe npon3Be,n;eune BeKTopoB 1!, ]', k' panno +l MJIII -1 (opII­

enTnponaHHhIH ofrheM C,ll,IIHWIHOro Ky6a) B 3aBMCIIMOCTII OT opIICHTaIJ,Illl 

TpOHKII (?}J'k'). Il03TOMY 

ai bi C1 
ti_ = a2 b2 C2 = ± 1 

a3 b3 C3 

COOTBCTCTBCHHO nepnoMy IIJIIl BTOPOMY pO,ll,y ,ll,BII:IKCHII.H. 

7.2. MaTp1m;a AHH2KeHH.H 

(10.2) 

KPOMe CBOitCTBa (10.2), o6Jia,D,aeT II ,D,pyrIIl'v!II 3aMe'IaTCJihHhl1!Il CBOMCTBaMII. 

l. TaK KaK /?!/ = / ]'/ = / k' / = 1 H 7!]' = i' k' = J' k' = 0, To MMeIOT MecTo 

CJIC,ll,ylOIIIIIC paBCHCTBa: 

ai+a;+a;=l, 

bi+ b; + b; =l, 

ci + c; + c; =l 

aibi + a2b2 + a3b3 = 0, 

II a1ci + a2c2 + a3c3 = 0, 

bici + b2c2 + b3 c3 = 0. 

(10.3) 

2. 3aMeTMM, 'ITO ai = 1,1!, b1 =I]', Ci= zk'. 8Tll paBCIICTBa roBOp.HT 

o TOM, 'ITO "IHCJia a 1, b1, c 1 cJiy)l<aT KOOp,lJ,IIHaTa.MII BeKTopa I B 6a3Hce 

(i', ]', k'): I(a1, bi, c1). AuaJiorwIHo ](az, bz, c2), k(a3 , b3 , c 3). IlocKOJihKY 
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izl =I.Ji= ikl = 1 H Ff= zk = Jk = 0. TO HM€€M: 

ai +bi+ ci = 1, 

a; + b; + c; = 1, 

a;+ b; + c; = 1 

a1a2 + b1b2 + C1C2 = 0, 

H a1a3 + b1b3 + C1C3 = 0, 

a2a3 + b2b3 + C2C3 = 0. 

(10.4) 

MaTpmi;hr, o6Jra,D,aroni;He cBoiicTBatrn (10.3) n (10.4), na3hIBaIOTC5I op­

mo?O'IWJ!'b'li'bl.!vlU .Mampuv,a.Mu. 

3. OpToronaJibHhre MaTpIIri;hr o6Jia,D,aroT erri;e O)J.HHM 3atreqaTeJihHhIM 

CBoiicTBOM: .Mampuv,a, noJiy"ie'li'l-ta.R mpa'licno'liupoBa'liueM opmoco'liaJ!'b'lim'l 

Mampuu,'bi, .RBJ!.Remc.R ee o6pam'/iou .Mampuv,eu: 

qTo JierKO BH)J.€Tb c TIOMOlll,bIO paBeHCTB (10.3). 
llTaK, )J.BIDKemrn npOCTpaHCTBa 3arrHCbIBaIOTC5I JIHH€HHbIMH ¢opMyJia­

MH (10.1) c onpe)J.eJinTeJieM A= ±1 H opToroHaJihHOli MaTpnri;eii K03cPcPH­

ri;HeHTOB npH x, y, z. 
CBoiiCTBO (10.2) MmI<eT 6bITh rroJioJKeno B ocnoBy orrpe,D,eJiemrn po)J.a 

)J.BHJK€HH5I. 

06paTHO, eCJIH B np5IMOyroJibIIbIX )J.€KapTOBbIX Koop.n;nnaTaX 3a,n;aHO 

rrpeo6pa30Banne npOCTpaHCTBa ¢opMyJiaMH (10.1), B KOTOpbIX MaTpnri;a 

K03cPcPHIJ;HeIITOB 5IBJ15I€TC5I OpTOrOHaJibHOii, TO 3TO rrpeo6pa30BaHIIe eCTb 

,ll;BHJK€HH€. 

,II,errcTBHTeJibHO, nycTh rrpn rrpeo6pa30Bannn (10.1) TOqKn A(x1, y1, z 1) 

n B(x2, y2, z2 ) oT06paJKaeTrn B TOqKII A'(x~, y~, z~) n B'(x;, y;, z;). Tor)J.a 

A'B'2 ( I t )2 + ( I I )2 + ( / I )2 = X1 - Xz Y1 - Y2 Z1 - Zz = 
= (a1(X1 - X2) + b1(Y1 - Y2) + C1(Z1 - z2))2 + 

+ (a2(x1 - x2) + b2(Y1 - Y2) + c2(z1 -- z2))2 + 

+ (a3(X1 - X2) + b3(Y1 - Y2) + C3(Z1 - Z2))2 = 
= (ai +a;+ aD(x1 - x2)2 +(bi+ b; + b;)(Y1 - Y2)2 + 

+ (ci + c; + cD(z1 - z2)2 + 

+ 2(a1b1 + a2b2 + a3b3)(x1 - X2)(Y1 - Y2) + 

+ 2(a1c1 + a2c2 + a3c3)(x1 - x2)(z1 - z2) + 

+ 2(b1C1 + b2c2 + b3c3)(Y1 - Y2)(z1 - z2). 

TaK KaK no ycJIOBIIIO l\!aTpHri;a K03cPcPHIJ;HeHTOB rrpeo6pa3osanmr (10.1) op­

ToronaJILna, TO BbIIIOJIH5IIOTC5I paBeHCTBa (10.3). I1o3TOMY rroJiyqeHHOe Bbl-
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pa.IK:emre paBHO (x1 - x2) 2 +(Yi - Y2f + (z1 - z2) 2 = AB2. CJie,n:oBaTeJibim, 

A' B' =AB ,n:mI mo6oil. rraphI (A, B) TO'IeK rrpocTpaHCTBa, T. e. 3a,n:amme 

rrpeo6pa3oBamrn (10.1) - ,n:BII.IK:emre. 

TaKIIM 06pa30.111, ,n:BII.IK:eHmI II TOJihKO ,n:BII.IK:eHII5! rrpocTparrcTBa II111eIOT 

B ,n:eKapTOBhIX KOOp,n:IIHaTax ¢op11ryJihI (10.1), MaTpnrra K03cpcpllll;IIeHTOB KO­

TOpbIX OpTOrOHaJihHa. 

7.3. ([>opMy.IIhl o6paTHOro ,n:1nnKeHm1. Iloiih3Y5!Ch CBOllCTBOl\1 3 OpToro-

naJibHh!X .MaTpIIrr, nerKO IlOJIY'l:IlTh ¢op111yJihI o6paTnoro ,l\BII.IK:CHII5! 1-l: 

x' = a1X + a2y + a3z + ao, . 

y' = b1X + b2y + b3z + b0 , 

z' = C1X + C2Y + C3Z +Co. 

TaK KaK rrpII l-1 TO'IKa O'(x0 , y0 , z0 ) rrepexo,n:IIT B TO'IKY 0(0, 0, 0), TO 

ao = -(a1Xo + a2Yo + a3zo), 

bo = -(b1Xo + b2YO + b3Zo), 

Co= -(c1Xo + C2Yo + C3Zo)· 

Ilo3TOMY ¢op.111yJihl o6paTnoro ,l\BII)KeHII5! 1-1 ,[1,J15! ,1..1,BII)KeHmI f c ¢op.111y­

na.MI1 ( 10. l) npIIHIIMaIOT Bll,[I,: 

x' = a1 (x - xo) + a2(Y - Yo)+ a3(z - zo), 

y' = b1 (x - Xo) + b2(Y - Yo) + b3(z - zo), 

z' = C1(x - Xo) + C2(Y - Yo)+ C3(Z - zo). 

(10.5) 

7.4. 0 KPHTepm1x qaCTHhIX nn,n:on ,n:BH.IK:eHHii:. B Ka.1K:,1..1,0111 KOHKpeTno.111 

CJiy'lae ¢op111ynaMII ( 10 .1) 3a;:i;aeTC5I 0,[1,IIH II3 cyliieCTBYIOliIIIX 'laCTHhIX Bil­

,n:OB )J;BII.IK:eHIIil. rrpocTpanCTBa. Ero MO.IK:HO onpe,n:eJIIITh, nail.,n:R po;:i; ,n:BII.IK:e­

HII5! (rro orrpe;:i;eJIIIT8JIIO .6.) II ll!HO.IK:8CTBO HCIIO)J;BH)KIIbIX TO'IeK: 

,ll;Bn.IK:eHII5! Mno.IK:ecTBO ,ll;mDKemrn MH0)!{8CTBO 

I po,n:a H8ITO,[l,BH)KHhIX II po,n:a nerrO,[l,BII)KHhIX 

TO'l8K TO'l8K 

l.Ilepeuoc 0 l.3epKaJihHa5! ITJIOCKOCTb 

CHMM8TpH5! 

2. IlOBOpOT rrp5!Ma5! 2. IlepenocnaR 0 
Clll\IM8TpII.H 

3. BnnToBoe 0 3. I1oBOpOTIIa5! 0,1..1,na TO'lKa 

,l\Bil)K8HII8 CI!Ml\I8Tp!I5! 

4. To)K,n:ecTBennoe rrpocTpaHCTBO 

,[1,BII)KCHII8 
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BII,n;Jrl\1, 'ITO po,n; II MHmKeCTBO nerro,n;BIIEHbIX TO'IeK o,n;IIHaKOBbI JUUIIb 

,n;Jrn: rrepenoca II BIIHTOBoro ,IJ;BIIEemrn. O,n;naKo rrepcnoc B mo6oil CHCTCJ\Ie 

KOOp,IJ;IIHaT IIMeeT cpopMy.TibI: 

x' = x + Xo, y' = y + Yo, z' = z + zo (10.6) 

II II03TOMY cpa3y BbI,I1,em1eTC5l. 

gJI5l HeII0,!1,BII)KHOH TO'IKII x' = x' y' = y' z' = z. <Dopl\IYJibl ( 1 a. l) rrpIIBO­

,!l,5IT K CIICTel\!e: 

{

(a1 - l)x + b1y + C1Z = -xo, 

a2 x + (b2 - l)y + c2z =-yo, 

a3 x + b3y + (c3 - l)z = -zo, 

(10.7) 

II3 KOTOpOH II HaXO,lJ,IITC5l l\1HO)KeCTBO HeII0,!1,BII)KHbIX TO'IeK ,!1,BIIEeHH5l B Ka)K­

,!l,Ol\I KOHKpeTHOl\I CJIY'Iae. 

7 .5. <l>opMyJihl qacTHbIX BH,11,0B ,[l,BlDKeHHH rrpH crrell,IlaJibHOM Bb16ope 

IIp5IMoyroJibHOH ,u,eKapTOBOH CHCTeMbl KOOp,ll,IlHaT. EcJIII y,n;o6no BbI6paTb 

CIICTeMy KOOp,!1,IIHaT OTHOCHT8JibHO ofrbeKTOB, xapaKTepH3YIOliIIIX TO HJIII 

IIHOe ,!l,Bll)KeIJHe rrpOCTpaHCTBa, TO cpopMyJibl 3TOrO ,ll,Bll)K8Hll5l 3IIa'IIITeJibHO 

yrrpOliiaIOTC5l. 

He3aB11c11Mo OT Bb16opa c11cTeMb1 KOop,n;IIHaT nepe1ioc 11MeeT rrpocTbie 

cpopMyJibl (10.6). 
Il,e1impa.11,'b1iaJt cu.M.MempuJt OTHOCIITeJibHO TO'IKII S(x0, y0, z 0 ) IIMeeT 

cpopMyJibI: 

x' = -x + 2x0 , y' = -y + 2y0 , z' = -z + 2z0 . (10.8) 

EcJI11 IIJIOCKOCTb Oxy cIICTeMbI Koop,n;IIHaT cOBMeCTHTb c IIJIOCKOCTbIO 

3ep1WA'b1iOU CU.M.Mempuu, TO IIOJiy'Iael\I cpopMyJibI: 

x' = x, y' = y, z' = -z. (10.9) 

<Dopl\IYJibI nepeHOC1ioi1 cu.M.Mempuu c TOH )KC IIJIOCKOCTbIO Oxy II BeKTopoM 

f(CI., ~' 0) IIMeIOT BII,n;: 

x' = x + <:1., y' = y + ~' z' = -z. 

<DopMyJibI noBopoma OKOJIO ocII Oz na yroJI cp TaKOBbI: 

I . x = x cos cp - y sm cp, 

y' = x sin cp + y cos cp, 

z' = z. 
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IloeopomHa.fl cu.M.Mempu.fl c OChIO Oz, TIJIOCKOCThIO O:cy II yrno11 cp: 

x' = xcoscp - ysincp, 

y' = xsincp + ycoscp, (10.12) 

z' = -z. 

BIIHTOBOe ,ll,BII.IK8IIII8 c OChlO Oz, yrJIOl\I cp lI BeKTOpOM r(O, 0, y): 

I • 
x = xcoscp - ysmcp, 

y' = xsincp + ycoscp, 

z' = z +y. 

(10.13) 

OceBa51 CIIllIMeTpII51 c OChIO Ox: 

x' = x, y' = -y, z' = -z. (10.14) 

§ 8. Ko.Mn03UV,UU aeu:JfCeJ-lUU npocmpa1-lcmea 

8.1. KoM11031111,1u1rroBopoTa11 rrepettoca. HaiI,I1,e11 KOMTI03IIJJ;IIIO noBopo­

Ta Rj II nepeHoca T -r npII r .)t l. C 3ToiI u;eJihIO npe,ll,CTaBIIM o6a 3TII ,I1,Bl!.1KeHH5! 

KOMII03lIIJ,II51MlI OC8BhIX CIIMM8TpIIM: 

II T-r = Sv 0 Su, u 11 z, u J_ r. IloJib3Y51Ch IIM8IOI!IIIMC51 npOII3BOJIOllI B BhI-

6ope oceiI CIIMMeTpIIII, MO.IKHO COBM8CTIITh OCII u II b (pnc. 150). Tor,I1,a 

T-r 0 Rj = Sv 0 Su 0 Su 0 Sa= Sv 0 Sa. ECJIII B8KT0p r He opToroHaJien OCII l 
IIOBOpOTa, TO np51Mhre a H v cr.;pew,ueawmc.fl II yron M8.IK,ll,J HHMII paBeH 

m 

v 

u 
b 

PHc. 150 

1 
yrny Me.1K,I1,y a II b, T. e. paBeH 2cp. KoMTI03IIIJ,H51 

S,, o Sa ecTb BU'Hmoeoe OBU:J/Ce'Hue c OChIO m, 51BJI51-

IOI!Ieiic51 06l!IIIM ncpneH,ll,IIKYJI51p0111 np51l\lhIX a II v' 
II BeKTopoM 2PQ, r,I1,e P =an m, Q = v nm, m 11 Z. 
I1TaK, 

B cJiy'rne, KOr,ll,a r l_l, np5111hre a II v nepecer.;awm­

C.fl, TOr,ll,a PQ = 0 II IICKOMa51 KOllIII03II!l,H51 51BJ1518TC51 

noeopomo.M R'i,,. EcJIII, KpoMe Toro, cp =re, TO IIMecM: 

T-r o S1 =Sm, r l_ l, m 11 Z. 
8.2. KoM11031rn,1u1 3epKaJibttoii 11 oceBoii CHMMeTp11ii. IlycTh ,I1,anh1 S, 

II S1 IlpII Z .)ta. Ilpe,ll,CTaBIIM S1 =Sy 0 s~, r,ll,C y J_ a, ~ J_ y (pIIC. 151). Tor,I1,a 

S1 o S, =SY o (S~ o S,) =Sy o R~, r,ll,e u=an~, ul_ y, ul_l, cp= 2(;,f3) =2(;,1). 
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Kol\III03IIJJ:ll5I SY o R~ npII u 1- y eCTh n0Buponma.J1, CUMMemvuJI,. KorAa L 1- a, 

TO S1 0 S, = Zo, 0 = l n CJ.. 

8.3. KoMII03HIJ)UI .lVJYX 110BopoToB. CnaqaJia ttall.AeM KOl\III03IIJJ:IIIO 

R~ o R~. ABYX IIOBopoTOB, OCII a II b KOTOpbIX cr.;pew,ueawmc.fl. IlocTpOlll\I 

o6II1IIM nepneHAIIKymrp h IIp5Il\lhIX a II b II npeACTaBIIl\I 3aAaHHbie IIOBOpOTbl 

KOMII03IIJJ:II5IMII oceBbIX CIIMMeTpllll.: 

u _l_ a, 

u n h n a= A, v n h n b = B, - a (u, h) = 2, 

v J_ b, 

- ~ (h,v)= 2 
(pIIC. 152). TorAa R~ 0 R~ = Sv 0 sh 0 sh 0 Su= Sv 0 SU' IlpmvlbIC u II v CKpe­

IIIIIBaIOTC5I: eCJIII 6hI OHll IIpIIHaAJI8)KaJIII IIJIOCKOCTil, TO np511\lble a lI b, rrep­

neHAIIKYJI5IpHbie 3Toll. IIJIOCKOCTII, 6hIJIII 6h1 napam1eJihHLI. Ha ocHoBaHHH 

Pnc. 151 Pnc. 152 

TeopeMhI II. 4.3 IICKOl'v!a5I KOMIT031IJJ:II5I IIOBOpOTOB 5IBJI5IeTC5I BU'HmOB'bl.!vl iJeu­

J!Ce'HUe.!vl, OCblO KOTOporo CJIY)KllT o6II11Ill neprreHAIIKYJI5Ip l np5IMbIX u II v, 
yroJI U) = 2(U,V), a BeKTOp f = 2PQ, rAC p = u n l, Q = v n l. YroJI U) MO­

)KeT 6bITh BbI'IIIC.JieH 'ICpe3 yrJihI CJ. H 0 AaHHhIX IIOBOpOTOB II yroJI y Me)KAJ 

OC5IMII a II b. 
EcJIII rrp5IMhie a II b nepecer.;a10mc.fl, TO rrpRMLie u n v 6yAJT rrepeceKaThC5I 

B Toll. )Ke TO'IKe. TorAa IICKOMa5I KOMII03IIJJ:lI5I R~ o R~, ecTh noeopom R;-', 
OCb l KOTOporo npOXOAllT qepe3 TO'IKY 0 = a n b = u n v nepIICHAIIKYJI5IpHO 

IIp5Il\lbll'vl U, V. 

IlpII a II b II a i- 0 npmrhre u II v rrepeceKaIOTC5I B TO'IKe 0. KoMII03II­

u:1rn R~ o R~ ecTh noeopom RrH, och l KoToporo npoxOAIIT "Iepe3 TO'IKY 0 
napa.rmeJibHO IIp5IMbIM a II b. 

HaK0He1~, rrpII a II b II a= 0 IIJIII a+ 0 = 2n: 6y,n,eT u II v. B 3TOM cJiy'Iae 

KOMII03IIJJ:Il5I ITOBOpOTOB 5IBJI5IeTC5I nepe?-WCO.!vl. 

8.4. K0Mno31111;1u1 Tpex 3epKaJihHhIX CHMMeTpnii:. BL1AeJIIIl\I cHa'IaJia 

oco6hlll cJiy'Iall., KOrAa KOMII03IlJJ:ll5I Tpex 3epKaJihHbIX CIIMIVIeTpHll. 5IBJI51CTC5I 
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3epKMbHOll CllMl\IeTpIIetl:: Sy 0 Sp 0 s, = SW cha paBCHCTBO 3KBIIBaJieHT­

IIO Sp o S, = SY o S,.,. EcnII ITJIOCKOCTII a II p IIl\reroT o6m;yro rrpsll\ryro l, TO 

Sp o S, = Rj II II03TOJ\IY SY o S,,, = Rj. Cnef):oBaTeJibHO, nee 'IeTbipe rrnocKo­

CTII IIl\IeIOT o6m;yro np5!MJIO l. Ecm1 )KC a II p, TO Sp o S, =Tr II II03TOJ\IY 

SY o S,,, =Tr. Cnef]:OBaTeJihHO, Bee LJ:eTbipe IIJIOCKOCTII CIIl\Il\IeTpHH napan­

JICJibHbI. 

I1cTIIHHO o6paTHoc yTBcp)Kf):em1e: ec.!lu n.!loc1wcmu mpex 3ep1W.!l'b'H'blX 

cu.M.Mempuil nepece"K;a10mc.R no 001ioi1 npR.Moil U.!lU napa.!l.rie.!l'b'H'bt, mo "K;O.M­

no3U7~U.fl 3mux 3ep"K;a.Jl'b1l'btX cu.M.Mempuil .flB.!l . .flemc.fl 3ep"K;a.flib1im1 cu.M.Mem­

pueil, n.!lOC"K;OCm'b "K;Omopoil coomBemcmBe'H'HO coiJep:J1Cum npR.MY'/O ux nepe­

ce"ie1iu.fl UJ/,U U.M napaJ/,J/,e.riMta. ,Ll,oKa3aTeJibCTBO HC3aTPYfl:HHTeJibHO. 

IlycTb ITJIOCKOCTH a, p, y CHl\llv!CTpIItl: Hl\lCIOT C,)J,IIHCTBeHHJIO o6m;yro TOLJ:­

KY 0. Tor,)J,a ona 5!BJI5!eTc5! ef]:IIHCTnenno:H neIIOfl:BH)KHO:il: TO'IKo:H KOJ\mo-

3II!1HH 3TIIX CIIMMeTpHtl:. Ilpe,[1,ITOJIO)KCHHe 

0 

Pnc. 153 

0 cym;eCTBOBamrn ,n;pyrm1 HeITO,ll;BJ!)KHOll 

TOLJ:KII rrpHBO,ll;IlT K rrpe,[1,bI,ll;JllWl\IY cny-

'IaIO B3alll\1HOro pacrrOJIO)KeHII5! ITJIOCKO­

CTe:il: a, p, y (n. 7.4). Cne,n;OBaTeJibHO, 

KOMIT03II!1II5! f = Sy o Sp o S, ecTh noBo­

pomHa.fl cu.M.Mempu.fl. Ha:H,n;eM ee nnoc­

KOCTb, OCb II yron fIOBOpOTa. IlyCTb 

p n y =a, y n a= b, an p = c (pIIc. 153). 
EcJIH f ( c) = C1 ' TO np5!Mbie c II C1 CIIMMCT­

PIILJ:Hbl OTHOCIITeJibIIO y. IlyCTb Sa (a)= a0 , 

TOrf):a f(a 0 ) =a. TaK KaK 11cK0Ma5! rrnoc­

KOCTb (i) ITOBOpOTHOH Cl1MlVIeTpI1II f ,)J,eJIIIT ITOITOJiaM Ka)K,)J,bill II3 0Tpe3KOB, 

COC,)J,l1H5!IOIIJ;l1X COOTBCTCTBeHHbie TOLJ:Kll, TO etl: npIIHa,[l,JIC)KaT OpToroHaJib-

HbIC npoeKI1III1 m II n np5!MbIX a II c COOTBCTCTBeHHO Ha ITJIOCKOCTII a l1 y. 
I1TaK, c.u = (m, n). Och l nonopoTa eCTb nepneHfl:I1KJJI5!p K c.u B TO'IKC 0. 
Yron qi noBopoTa paBeH yrny Me)K,n;y opToroHaJibHbil\IH npoeKI1115!MII np5!­

MhIX ao I1 a ( HJlll c Il C1) Ha ITJIOCKOCTb (i). 

EcnII ITJIOCKOCTII a, p, y nonapHo neprreH,[l,IIKJJI5!pHbI, TO f = Z0 . 

J1naLJ:e 3TY 3a,)J,aLJ:y l\IO)KHO peIIIIITb CBC,)J,eHlleM K 3af):aLJ:e II. 8.2 rryTe!vl 

3al\IeHbI napbr ITJIOCKOCTeti 0 Il y. 
PaccMoTpIIM em;e cnyLJ:a:H, Kor,n;a nnocKocTII a, p, y ,[l,aHHbrx CIIMMeTpIItl: 

rronapno nepeccKaIOTCR no Tpel\r napaJIJICJibHhIM rrp5!MbIM: a 11 b II c. Tor,)J,a 

B Ka)K,)J,Oll IlJIOCKOCTil 0, neprreH,)J,HKJJI5!pHOll 3TIIM rrpRMbIM, KOMI103ll!ll1R 

f =Sy o Sp o S, IIII,ll;J!IIIPYCT KOl\IIl03II!IIIIO oceBhIX CIIMl\IeTpIIti OTHocIITeJibHO 

npsil\IbIX nepece<reHIIR 0 c a, p, y. A oHa RBJIRCTCR rrepenocHOH CIIMMeTpIIetl: 

IIJIOCKOCTII 0 C orrpef):eJieHHOH OCbIO l II BeKTOpOl\l r. Ilo3TOMJ KOMIT03IUWSI f 
CCTb rrepeHOCHaR CIIMl\IeTpllR rrpOCTpaHCTBa c BeKTOpOM r II IlJIOCKOCTbIO, 
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rrpoxoiJ,5Illl,eil: '!epe3 rrpm.1y10 l rrapa.JIJieJibHO rrp5Il\Ihl!II a, b, c (rreprren,D,IIKY­

JI5Ipno o). 
8.5. KoMII03H~II CHMMeTpHii OTHOCHTeJihHO Tpex nonapHO CKpe~Ba­

IO~XCII np11MhIX. ITycTb Tpe6yeTC5I HafITII ,D,BII./Kemre f =Sc o Sb o Sa, r,D,C 

rrp5Il\IhJe a, b, c norrapno cKpelll,IIBaIOTC5I. KoMII03III!lI5I Sb o Sa ecTh BIIHTO­

BOe ,Il,Bll./KeHIIe (n. 4.3), OCbIO KOTOporo CJIY./KlIT 06I11,IIH nepnen,D,nKyJ:rnp h 
IIp5Il\lbIX a II b, a BCKTOp r = 2 AB, r,D,C A= an h, B = b n h (pnc. 154). 
Ilapy rrp5IMhIX a 11 b l\IO./KHO 3al\IeHlITh mo6oli ,D,pyrotl: napoli cKpeI11,11Ba10-

I11,nxcn rrpzil\IhIX a 1 II b1 c Tel\! /Ke 06I11,IIJ\I neprreH,D,IIKYJI5IpOl\r h, coxpann5I 

yroJI l\Ie:)K,D,y npaMbil\III a II b II KpaT'lai:J:rnee pac-

CT05IHIIe (A1B1 =AB). CyI11,eCTByeT rrapa (a1, b1) 
TaKa5I, 'ITO b1 J_ c, bi n c = 0 lI Sb 0 Sa =Sb, 0 Sa,. 
Tor,D,a IICKOMa5I KOJ\III03IIIIII5I f 3aMeH5IeTc5I paBHO­

I!errnoti f =Sc o Sb, o Sa,. ITocKOJihKY Sc o Sb, = S1, 
r,D,e l - nepneH,D,IIK}'Jrnp K npZIMbIM b1 ll c B IIX 06-

Ill,CH TO'!Ke 0, TO f = S1 o Sa,. 
PaccMoTpIIl\I B03MmKnbre cJiy'lalI. 

l. EcnII npnMLJe a 1 ll l CKPCII!lIBaIOTC5I, TO f -
BHIITOBOe ,Il,BII.lKCIIHe, onpe,D,eJIZICl\108 OCZIMII a1 II l, 
KOTOpbie cTp05ITC5I yKa3aHHhIM cnoco6oM. B 'IaCT­

nocTII, CCJIII ,D,aHHbJe Ilp5IMbl€ a, b, c napanJICJibHbI 

0,IJ,HOH IIJIC?CKOCTII, TO l II h II II03TOMY OCb BIIHTO­

Boro ,D,BII.lK€HII5I f napanJieJihHa 3TOH IIJIOCKOCTII. 

2. ECJIII al II l nepeceKaIOTC5I, TO f - IIOBOpOT. 

3. B CJiy'lae, KOr,D,a CKp8Ill,IIBaIOill,II€C5I IIp.5!-

Mbie a, b, c nonapno rrepneH,ll,IIKynZipHhI, TO l II a1 

II TOr,D,a f - nepeHOC. 

h 

Br 

Pnc. 154 

§ 9. I'pynn'bl ca.JvtOCOB.Me~enuil npaBUJl'bHo20 

mempa3iJpa u K;y6a 

9.1. fpynrra caMocoBMern,eHHii npaBHJihHoro TeTpa3,D,pa. Harrol\IIIIIl\I 

onpe,D,eJieHII5I. ~BII.lKenIIe, 0To6pa.lKa10I11,ee HeK0Topy10 qrnrypy Ha ce65I, 

ecnn TaKoe cyru;ecTByeT, na3hrnaeTc5I caJ.wcoB.MeW,e'/iue.M 3TOi:J: qrnryphr. 

Mno.lKeCTBO npeo6pa3oBmrniJ:, co,D,ep./KaI11,ee ,D,JI5I Ka./K,D,oro npeo6pa30Banm1 

o6paTHOe eMy II KOMII03III!lIIO JII06bIX ,D,BYX npeo6pa30BaHIIH II3 ,D,aHHOro 

l\IHO.lKeCTBa, Ha3brnaeTC5I 2pynnoil npeo6pasoBmmil. Bo BC5IKOH rpynne npe­

o6pa3oBaHIIil: CO,IJ,ep.lKlITC.5! TO.lK,D,eCTBeHnoe. 
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QqemIµno, M'liO:J/Cecmeo ecex ca.MocoBMe'W,e'lim'l rjjuzyp'bt .flB.Jl,.flemc.fl 

zpynnou. )J,oKa3ano, qTo mo6ofi rrpaBrrJihHLifi 1rnororpaHHrrK o6JiaµaeT 

rpyrrrrofi caMOCOBl\!eill,CHIIfi, B KOTOpofi qrrCJIO ,Il,BII:/KeHrrfi paBHO yqeTBe­

peHHOMy qIIcJiy pe6ep 3Toro l\IHororpaHHIIKa. Ka:tKµoe II3 3TIIX ,IJ,BII:IKCIIIIfi 

IIllieeT XOT}l 6bI O,IJ,HY nerrO,IJ,BII:IKHYIO TOqKy, TaK KaK OTo6pa:tKaCT na ce6R 

ccpepy, orrrrcaHHYIO OKOJ!O llIIIOrorpanHIIKa, II IIOTOMY neo6xo,IJ,IIl\IO OT06pa­

:tKaeT Ha ce6R ee IJ,enTp. 

PaccMOTpIIM ITO!J;po6nee rpynny ca1'IOCOB11IeIIJ,emn1 npaBMJibnoro TeTpa-

3µpa. Ona coµep:tKIIT 4 · 6 = 24 ,IJ,BII:tKeHIIR. B Hee BXO,IJ,RT IIIeCTb 3epKaJIL­

HhIX CIIMl\IeTpIIfi OTHOCIITeJibIIO TIJIOCKOCTefi, Ka:IK,IJ,aR II3 KOTOpbIX coµep:IKIIT 

pe6po npaBIIJibHOro TeTpa3µpa II cepe,IJ,IIIIY rrpOTIIBOITOJIO:IKUOro pc6pa. IlpR­

Ma}l, onpeµeJI}lel\rnR cepeµIInaMII µeyx npoTIIBOrrono:1KnL1x pe6ep (6rr111eµII­

ana)' neprrenµIIKYJ1Rpna 3TIIl\1 pe6pa11r. Ilo3TOMY CIIl\11\leTpIIR OTHOCIITCJibHO 

nee OTo6paLKaeT rrpaBIIJ1bHhifi TeTpa3!J;p Ha ce6a. CJie/i,oeaTCJibno, rpyrrrra 

BKJIIOqaeT B ce6R TPII oceBbie CIIMll!eTpIIII OTHOCIITeJibHO Tpex 6IIMC,IJ,Han. 

QqeBII,IJ,HO, ca1110COBll!elll,eHIIRl\III rrpaBIIJ1bHOrO TeTpa3µpa 6yµyT BOCe:Mb TIO­

BOpOTOB Ha ±120° OKOJIO ero BbICOT. 

)J,aJiee o6paTIIM BIIHl\IaHIIe na IIJ10CKOCTb a, coµep:tKalll,yIO cepeµIIHbI qe­

Tbrpex pe6ep TeTpa3µpa, o6pa3yIOlll,IIX nerrJIOCKHfi (Kocofi) qeTb1pexyronb-

HIIK. }fa IIICCTII pe6ep TeTpa3!J;pa HCKJIIO'IaCTCH 

D KaKaR-JIII6o rrapa IIpOTIIBOTIOJIO:IKHblX pe6ep. jJ,JIR 

narJ1R,IJ,HOCTII OIIHIIIeM OKOJ10 rrpaBHJibHOrO TeTpa-

3,IJ,pa ABCD Ky6 (pnc. 155): 'Iepe3 KaLK!J;hie !J;Ba 

nponrnonoJIOLKHbIX pe6pa rrponeµeM rrapy napan­

J1CJibHbIX IIJIOCKOCTefi. IlpmvraR l, rrpOXO,Il,Rlll,aR qe­

pe3 cepC!J;IIHbI ABYX pe6ep TeTpa3!J;pa, KOTOpbre 

He coµepLKaT CTOpOHbI paccMaTpHBaeMoro KOCO-

ro qcTbipexyrOJ1bHIIKa, rrepneH!J;IIKYJIRpna IIJ10CKO­

CTII a. Ecnn rrnocKOCTh a coµep:tKIIT ccpeµIIHbI pe-

Pnc. 155 6ep AB, BC, CD, DA, TO rrpR11raR l coµep:tKIIT 

cepeµIIHhI pe6ep AC II BD. Ko11m03HIJ,HH 

Rt900 
o Sa ( IIOBOpOTHaH CHMl\leTprrn) HBJIHeTCB cal\IOCOBl\!Clll,eHHeM IIpamvrh­

noro TeTpa3ll,pa ABCD: A-+ B-+ C-+ D-+ A. Bcero B rpyrrIIe IIlllCCTCR 

IIICCTb IIOBOpOTHbIX CIIll!MeTprrfi. 

HTaK, o6napy:tKenhr Bee 24 ca111ocoB111elll,eHrra IIpaBrrnhnoro TeTpa3µpa: 

meCTb 3epKaJibHbIX CIIMMeTprrfi, TpII oceBbie CIIMll!eTprrrr, BOCelllb IIOBOpo­

TOB, IIIeCTb IIOBOpOTHbIX CIIMl\leTpIIfi II TO.IK,IJ,eCTBennoe ,IJ,BII:IKeHne. l'v1o.1Kno 

y6el],IITbCR B TOM, 'ITO KOll!Il03Hll,lIH JII06bIX !J;BYX /],BlI.IKCHHfi II3 3TOI'O MHO­

:IKCCTBa RBJ1RCTCH ,IJ,BH:/KeHIICl\I II3 3TOI'O :/KC MHO:IKeCTBa. cho JierKO C,IJ,eJiaTb, 

eCJIII c Ka.IK,IJ,bIM 113 24 caMOCOBl\lelll,eHIIfi IIpaBHJlbHOrO TeTpa3µpa COIIOCTa­

BHTb ( Oll,II03naqno) nodcma'lioeny cro BepIIInn: 
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-- 3epKaJihHOH CIIMMeTpIIII OTHOCIITeJibHO IIJIOCKOCTII, rrpOX0,[\5!11],eH 'Iepe3 

pe6po AB II cepe,n:IIHY pe6pa CD, cooTBe-rcTBYCT rro,n:cTanoBKa 

(
ABCD) 
ABDC ' 

oceBOH ClIMMeTpIIII OTHOCIITeJibHO 6IIMC,O:IIaIIbl, CO,I:\ep)KaII1eH cepe,n;II­

Hbl pe6ep AB II CD, OTBecrneT no,n:cTaHOBKa 

(
ABCD) 
BADC ' 

- IIOBOpOT Ha 120° OKOJIO BbICOTbI, OIIYII1emroli 1!3 BepIIIIIHbl A, IIMCCT 

IIO,D;CTaHOBKY 

(
ABCD) 
ACDB ' 

- IIOBOpOTHa.H CIIMMeTpII.H c IIJIOCKOCTbIO a, OCbIO l II yrJIOM 90° (pnc. 155) 
npe,n:cTaBJI.HeTC.HIIO,IJ:CTaHOBKOH 

(
ABCD) 
BCDA . 

Km.mo3IIII,IIII caMOCOBMeIIJ,eHIIH npaBIIJibHoro TeTpas,n:pa cTaBIITC.H B co­

OTBCTCTBne npOII3Be,n;eHne COOTBeTCTBYIOI1llIX rro,n;cTaHOBOK. HanpnMep, 

(
ABCD) (ABCD) (ABCD) 
ACDB BACD - BCDA ' 

T. e. KOl\III03lIII,II.H IIOBOpOTa Ha 120° OKOJIO BbICOTbI, co,n:ep)KaIIIeH Bepnrn­

HY A, II 3epKaJibnoli cnMMeTpIIn OTHOCIITeJibHO rrnocKOCTII CIIMMeTpIIII TO­

'ICK A II B ecTh rroBopoTHa.H CIIMMeTpII.H c IIJIOCKOCThIO a, och l II yrJioM 120° 
(pnc. 155). 

fOBOp.HT, 'ITO rpyrrrra caMOCOBMe111,eHIIH rrpaBIIJibHOro TCTpas,n:pa II30-

l\!Opqrna rpyrrne no,n;cTaHOBOK II3 'IeTbrpex 3JieMeHTOB. Ka)K,D;OH no,n;cTanonKe 

rrpII KaHOIIII'ICCKOH ee 3arrncII rrepBOH CTpOKII COOTBCTCTBYCT rrepCCTaIIOBKa 

6yKB BO BTOpoli CTpOKC. A 'IIICJIO nepecTanoBOK n3 'ICTbipex 3JieMeHTOB KaK 

pa3 II paBHO 4! = 24. 
9.2. fpyrrrra caMocoBMeIIJ,emm Ky6a. IIepe'InCJIIIl\I ,O:BII)KCIIII.H rrpocTpaH­

CTBa, o6pa3yIOIII,IIC rpyrrrry caMOCOBMCII1CHI1H Ky6a: 

1) 11,CHTpaJihHa.H ClIMMCTpI1.H OTIIOCIITCJibHO TO'IKII 0 rrepCCC'ICHII.H ,n:IIa­

ronaneli Ky6a; 

2) ,[\CB.HTb 3CpKaJibHbIX CIIMMCTpIIi'!, IIJIOCKOCTII IIICCTII II3 KOTOpbIX .HB­

JI.HIOTC.H ,n:11aroHaJibHbIMII ITJIOCKOCT.HMII Ky6a, a TPII ,z:\pyrIIe rrpoxo,n:.HT 'Iepe3 

11,CHTP 0 Ky6a rrapaJIJICJibHO ero rpaH.HM; 
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3) ,ri;emITb oceBbIX CIIl\IMeTprril:, OCil l; Tpex II3 KOTOpbIX rrpoxo,ri;xT Liepe3 

rreHTp 0 rrapamreJibHO pe6pa111 Ky6a, a Ka)K,ri;a.a Il3 rnecTil ,ri;pyrrrx co,ri;ep)KIIT 

cepe,IJ;IIIIbI ,IJ;BYX npoT1IBOJie)Karrrrrx ( CI!MMCTpll'!HbIX OTHOCIITCJibHO 0) peGep 

Ky6a; 

4) IIIeCTb IIOBOpOTOB OKOJIO Tpex rrp.a!IJb!X l; Ha ±90°; 
5) BOCeMb IIOBOpOTOB OKOJIO LieTbipex ,ri;rraroHaJICfl Ky6a Ha ±120°; na­

rrpI!MCp, ,IJ;I!aroHaJib AC1 neprren,ri;rrKyn.apna IIJIOCKOCT7IM A1 BD II B1 C D 1, 

rrepeccKacT IIX B rreiITpax rrpanIIJibHbIX TpeyroJibHIIKOB A 1 BD rr B1CD1 
(prrc. 156) (Brr,ri; Ky6a B narrpannemrn ,ri;rraroHami AC1 rr306pa)KCH na 

pHC. 157); 

Pnc. 156 Pnc. 157 

6) IIIeCTb IIOBOpOTHbIX CIIMll!eTprril: Rt900 
o Sa: IIJIOCKOCTb a rrpoxo,ri;HT 

Liepe3 rreHTp 0 rrapanJieJibHO ,ri;nyM rrpOTI!BOIIOJIO)KHbilll rpaH.'.i.111! Ky6a, a OCb 

l l_ a, 0 El; 
7) BOCCMb rroBopoTnhrx CI!MMCTpHil: Rt600 

o Sp: rrnocKOCTb ~ rrpoxo,ri;HT 

Liepe3 rreHTp 0 rreprren,ri;MKyn.apuo ,ri;rraroHaJirr t Ky6a ( ceLieHI!CM Ky6a rrnoc­

KOCTbIO ~ .'.iIBJI.'.ileTC5! rrpaBIIJibHblll rneCTilyroJibIIHK c BepIIII!HaMI! B cepe,IJ;HHaX 

rnecTI! pe6ep Ky6a); 

8) TO)K,IJ;eCTBennoe ,Il;BII)KeHI!C. 

MTaK, rpyrrrra ca111ocoB111crrremril: Ky6a cocTOI!T rr3 48 rrepe"IIICJieHHbIX 

,IJ;BII)KeHIIil:, 'ITO KaK pa3 BLICTBepo 60JibIIIe LII!CJia peGcp Ky6a. 

§ 10. Pewe'!-lue 3ada'l[ c ucno.11/b30Ba1-lueM deu:J1Ce1-lui1 

npocmpa1-lcmea 

KaK n B rrnaHI!MeTpIIrr, ll!CTO,IJ; reo111eTpI!LICCKI!X rrpeo6pa3oBaHIIil: oKa3hI­

BaeTc.a Becb11ra 3¢¢eKTIIBHbIM n cTepeo111eTpnLiecKIIX 3a,ri;aqax. PaccMoTprrM 

,IJ;JI.'.il rrprrMepa peIIIeIIH5! HeCKOJibKIIX 3a,ri;aLI. 

3 a ,ri; a "I a 1. Llepe3 cepe,IJ;IIHY Ka)K,ri;oro pe6pa TeTpa3,ri;pa rrpone,ri;eHa 

IIJIOCKOCTb, rreprren,ri;rrKyn.apHa5! rrpOTI!BOIIOJIO)KHOMY pe6py. ,IlpKa)KI!Te, 'ITO 
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IIIeCTb rronrrenHbIX IIJIOCKOCTeil. HMeIOT 06rn;y10 TO'-IKJ. (Ona Ha3bmaeTC5I 

mo"l1wi1 Moi-t;JfCa TeTpa3,IJ;pa.) 

Pe III en n e. Cepe,IJ;HHbI rrpoTnBorroJio)KHbIX pe6ep TeTpa3,IJ;pa cnl\1111eT­

PII'-IHbI OTHOCIIT8JibHO ero IIeHTpOH,IJ;a G. lllecTb rrnocKocTeil., Ka)K,IJ;a5I H3 

KOTOpb!X rrpOXO)J;HT 'Iepe3 cepe,IJ;HHY pe6pa rreprreH,IJ;HKJJI5IpHO 3ffi0.MY pe6py, 

rrepeceKaIOTC5I B I18HTpe 0 OIIHCaHHOil. OKOJIO TeTpa3,IJ;pa c¢epbI. IlJIOCKOCTb 

rrepBOll IIIeCTepKH H IIJIOCKOCTb BTOpoil. IIIeCTepKH, rreprreH,IJ;HKJJI5IpHbie O,IJ;­

HOJ\IY pe6py, napaJIJI8JlbHbl II CO,IJ;ep)KaT TO'-IKH, CIIl\ll\!8TpH'-IHbie OTHOCIITeJib­

HO I1CHTpon,IJ;a G. Ilo3TOMY 3TII rrnocKOCTII CIIMMeTpwrnbI oTnocnTeJibIIO G. 
Cne,IJ;OBaTeJibHO, IIIeCTb rrnocKOCTeil., yKa3aHHbIX B ycnoBHII 3a,IJ;a'rn, rrepece­

KaIOTC5I B 0,Il;HOll TO'-IKe, CIIMMCTpH'-IHOll TO'-!Ke 0 OTHOCIITCJibHO !I8rITpOII,IJ;a G 
TeTpa3,IJ;pa. 

3 a A a 'I a 2. ,II:an TeTpa3,IJ;p T. PaccMaTpIIBaIOTC5I '-ICTbipe TeTpa3,IJ;pa T;, 
B Ka)K,IJ;Olll II3 KOTOpbIX 0,IJ;Ha BepIIIHHa COBIIa,IJ;aeT c BepIIIIIHOll ,ri;annoro T8T­

pa3,IJ;pa, a TpII ocTaJibHbie 5IBJI5IIOTC5I cepe,IJ;nnaMII Tpex pe6ep TeTpa3,IJ;pa T, 
CXO,IJ;5IIIIHXC5I B 3TOil. BepIIIIIHe. To'-IKII 0 1, 0 2, 0 3, 0 4 - I18HTpbI c¢ep, orrII­

cannL1x OKOJIO LJCTbipex TeTpa3,IJ;pOB T;, a J 1, J 2 , J3, ]4 -- l1CHTpbI BIIHcan­

HbIX B HIIX c¢ep. )J:oKa)KHTe, 'ITO TeTpa3,IJ;pbI 01020304 II J1J2.l3J4 paBHbI. 

Pe III en n e. TeTpa3,IJ;pbI T;, pam1b1, TaK KaK Ka)K,IJ;biil. n3 HIIX oTo6pa)Ka­

eTC5I na ,IJ;pyroil. O'feBII,IJ;HbIM rrepenocoM. Tor,IJ;a BeKTOpbI O;J; (i = 1, 2, 3, 4) 
paBHbl KaK COOTBeTCTB8HHbie rrpH 3THX rrepenocax. Ilo3TOMY TeTpa3,IJ;p 

0 1020304 oTo6pa)KaeTC5I na TeTpa3,IJ;p J 1J 2J3J 4 rrepenoco111 Tr, 't = O;J;, 
II CJI8,Il;OBaTeJibHO, 3TH TeTpa3,IJ;pbl paBHbI. 

3 a A a 'I a 3. IlnocKocTb, co,IJ;ep)Karn;a5I cepe,IJ;IIHhI ,IJ;Byx CKpern;HBaIO­

IIIHXC5I pe6ep rrpaBIIJibHOro T8Tpa3,IJ;pa, ,IJ;8JIIIT ero Ha ,IJ;Be paBHbie LJaCTII. 

,lJ,oKa)KIITe. 

Pe Ille n II e. Ilp5I111a5I l, rrpoxO,IJ;5IIIIa5I LJepe3 cepe,IJ;IIHbI ,IJ;Byx cKpeIIInBa­

IOIIIIIXC5I pe6ep npaBHJibHOro TeTpa3,IJ;pa, 5IBJI5I8TC5I OCbIO ero CIIMMeTpIIII. 

IlJIOCKOCTbIO, CO,IJ;ep)KaIIIeil. IIp5IMJIO l) rrpaBIIJibHblll T8Tpa3,IJ;p pa36IIBaeT­

C5I na ,IJ;Be 'faCT!I, CIIMMeTpl:!'-IHbie OTHOCHTeJibHO rrp5Ill!Oll l. Ilo3TOMY OHH 

paBHbl. 

3 a A a LJ a 4. B rrpaBIIJihHOil. LJeTb1pex- S 

yronhnoil. rrHpaMn,IJ;e SABCD TOLJKH A 1, 

B1, C1, D1 - cepe,IJ;HHbI pe6ep SA, SB, SC, 
SD cooTBeTcTBenno. )J:oKa)KHTe, 'ITO np5I- D~~-:=-~~l~~~~ 
111bre AC1 , BD1 , CA 1 , DB1 nepeceKaIOTC5I 

B O,IJ;HOH TOLJKe. 

Pe III en II e. Ilp5IMbie AC1 n CA1 ne­

)KaT B ,IJ;IIaroHaJibHOil. IIJIOCKOCTH IIHpaMII,IJ;bl 

II rro3To111y rrepeceKaIOTC5I (pIIc. 158). ToLJ­

Ka p IIX rrepeceLJeHII5I JI8)KHT na BbICOTe so 
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rrupaivrn,n;hI, TaK KaK B IIJIOCKOCTII ASC rrpRMhie AC1 u CA1 cu111111eTpw1-

HbI OTIIOCIITeJibHO so. IlplI IIOBOpOTe OKOJIO so na 90° (ACi)---+ (BD1) 
H (CA1)---+ (DBi), TaK KaK A-+ B---+ C---+ D---+ A lI S---+ S, no3To111y H 

A1---+ B1 ---+C1 --->D1 -->Ar. ToqKa P= (AC1) n (CAi) OTo6pa:lKaCTC5I Ha TQq­

KY (BD1) n (DB1). ITocKOJibKY TQqKa p Jie:lKIIT na OCII IIOBOpOTa, TO ona 

IIeIIO)J,BII:lKHa II, 3HaquT, (BDi) n (DB1) = P. }haK, Bee qeTbipe rrp5I11Ibie 

1 
AC1, CAr, BDr, DB1 rrepeceKaeTrn B ToqKe P, PO= 3so. 

3 a ,ll, a q a 5. TeTpa3,ll,pbr ABCD lI ArB1 Cr Dr paBHhI lI rrponmorroJIO:lK­

no opIIeHTHpoBaHbI. ,Il;oKa:lKIITe, 'ITO cepe,n;nHhr OTpe3KOB AAr, BB1, CCr, 
DD1 Jie:lKaT B o,n;noiI IIJIOCKOCTII MJIM conrra,n;aIOT. 

Pe ill en lI e. IlapaMII ToqeK A--+ Ar, B---+ Br, C---+ Cr, D---+ D 1 3a,LJ,aeTc5I 

,ll,BlI:lKeHlie BTOporo po,LJ,a, KOTOpoe 5IBJI5ICTC5I 0,ll,HIIll! II3 Tpex ,ll,BH:lKem1t'1: 3ep­

KaJibHOH CIIMMeTpueiI, nepeHOCHOH CIIMlv!eTplICH IIJIII )Ke IIOBOpOTHOi'I Clil\!­

MeTpIIeiI (§ 6). Ho rrpu Ka:lK,n;o111 II3 HHx mo6011 oTpc3oK, coe,n;IIHRIOlll,MH 

COOTBeTCTBeHHbIC TQqKII, ,LJ,eJIHTC5I IIJIOCKOCTbIO CIIMll!CTplIII IIOIIOJiallr. CJie­

,ll,OBaTCJILIIO, ccpe,ll,IIIIbI OTpC3KOn AA1 , BB1 , CC1, DD1 Jie:lKaT B IIJIOCKOCTII 

CIIMMeTpnn. B qacTHOCTII, npn CIIM!IIeTpMII Z0 3TII cepe,n;IIHbI coBrra,n;aIOT 

C TOqKQM 0. 
3 a ,n; a q a 6. ,II;anhI ,n;Be nepnen,n;ItKJJIRPHbIC cKperu,IInaIOru,IIern npR­

Mbie a II b. ,Il;mr npolI3BOJibHOM TOqKII x rrpOCTpaHCTBa IIOCTpOeHbI TOqKII 

X 1 = Sa(X) II X 2 =Sb(X). Hail,n;IITe MHO:lKeCTBO cepe,ll,lIH lv[ OTpe3KOB X1X2. 

h 

Pnc. 159 

Pe rn e H lI e. }fa X 1 = Sa(X) cJie,rryeT X = 
X 2 = Sa(Xr)· I103TOMY X2 = Sb(Sa(X1)). KOMII03lI­

IJ;II5I Sb o Sa (a l. b) ecTb BlIIITOBoe ,11,BII:lKeHIIC 

c OCbIO, 5IBJI5II0lll,CHC5I o6ru,IIM rrepIICH,ll,IIKJJI5IpOM h 
IIp5IMbIX a II b II yrJIOM 180°. 0TCIO,LJ,a BII,ll,HO, 'ITO 

cepe,n;Hna OTPC3Ka X 1X 2 npnna,n;Jie:lKIIT ofou;eMy 
Xo 

riepnCH,ll,IIKJJI5Ipy h. 06paTno, rrycTb lvl - npo-

II3BOJihHa5I TOqKa np5IMOH h. Tor,n;a, noJib3Y5ICb 

rrpe,n:cTaBJICHHCM T" o Sh ,n:annoro BIIHTOBoro lJ:BII­

:lKeHII5I, neTpy,n;no nocTpOIITb ,IJ,BC TO'IKM X 1 II X 2, 

COOTBeTCTBeHHbie IIPII 3TOM ,Il,BII:lKelIIIII, TaKIIe, qTQ 

ToqKa !l!f 6y,n:eT cepe,LJ,IIHOil oTpe3Ka XrX2 (pIIc. 159): np5I111aR XrX2 rrpo­

II3BOJibna, a BeKTOp 'F rrepenoca II3BecTeH. I1TaK, IICKOlllbIM MHO:lKeCTBOlll 

ToqeK lvf 5IBJI5ICTC5I o6ru,IIH nepIICH,ll,IIKYJI5Ip ,ll,aHHbIX rrpm.IbIX a H b. 

3 a ,ll, a q a 7. ,Il;oKa:lKHTe, qTQ 6IICCeKTpHCbI ,IJ,BYX IIJIOCKHX yrJIOB TpH3)J,­

pa n 6IIcceKTpIIca yrJia, CMe:lKHOro c ero TpeTbIIM IIJIOCKIIM yrJIOM, Jie:lKaT 

B O)J,HOH IIJIOCKOCTII. 

Pe ill en II e. ITycTb m II n - 6IIcceKTpIICbI nJIOCKIIX yrJIOB aOb II bOc 
TpII3,ll,pa Oabc, p - 6IIcceKTpIIca yrJia a1 Oc ( ar - JIJ'I, ,n;onoJIHHTeJibHbIH 
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p 

K Jiycry a) (pIIC. 160). KoMII03IIIl,I15I SP o Sn o Sm 
oceBbIX CIIMMeTpIIII eCTb IIOBOpOT (rr. 8.3), OCb KO­

TOporo CO)l,Cp:tKIIT BCpIIIIIHY 0 TpII3)l,pa. ::ha KOM­

II03Illl)I5I, O'IeBII)l,HO, OT06pa:tKaeT .IIJ'I a Ha JI}''! a1 

II II03TOMY 3a)l,aBael\Iblll eIO IIOBOpOT 5IBJI5IeTC5I oce­

BOll CIIMMeTpHeli S1: 

b 

P11c. 160 'ICHHbIX KOMII03IIIl,IIH OCCBbIX CIIMJ\IeTpIIIl CJIC):\JCT, 

'ITO OHil rrpe)l,CTaBJI5IIOT O)l,HH II TOT )KC IIOBOpOT, a rrp5IMbIC m, l, n, p rrep­

IICH)l,UKJJI5IpHbl ero OCH II II03TOMY JIC:tKaT B O)l,HOH IIJIOCKOCTU. 

3 a )l, a 'I a 8. PaccMaTpIIBaeTC5I J\IHO:tKCCTBO Bcex rroBopoTOB rrpocTpan­

CTBa, Ka:tK)l,hIH II3 KOTOpbIX OTo6pa:tKaeT BepIIIHHY A Ky6a ABCDA1 B 1 C 1 D 1 

Ha BepIIIrrny B. Tpc6yeTC5I naiiTn J\IHO:tKecTBO o6pa3oB TO'IKH C rrpu 3THX 

IIOROpOT3.X H Haii:TH rrcpccwrennc 3TOro J\IHO:tKCCTBa c IIOBepXIIOCTbIO Ky6a. 

p e III e II II e. l'vfoo:tKeCTBO oceli l IIOBOpOTOB Rt Ka:tK)l,bIH II3 KOTOpbIX 

OTo6pa:tKaeT TO'IKY A na TO'IKY B, coBna)l,aeT c Mno:tKeCTBOM rrp5IMhIX rrJioc­

KOCTH Cl. CUJ\IMeTpHH 3TIIX TO'fCK. Ilpe)l,CTaBIIM Ka:tK)l,bIH IIOBOpOT Ri KOMIIO-

.L~ 
3Hil,IIeti Sp o Sa, r)l,e 0 = Rz2 (e1.), BE p, npII'ICM 

II3 MHO:tKCCTBa IIJIOCKOCTeii p, rrpOXO)l,.aIIl,IlX 'Iepe3 

TO'IKY B HCKJIIO'IaeTc5I rr.11ocKOCTb BCC1 B 1 • TaK 

KaK Sa(C) = D II Sp(D) = C', TO MHO:tKeCTBOM 

o6pa3oB C' TO'IKII C rrpII pacCJ\raTpIIBaeMbIX no- Ai ~'"'"'~~~CL. 
nopoTax Ri ecTh MHo:tKeCTBO TO'IeK, Ka)K)l,a5I H3 

KOTOpbIX CilMMeTpM'IHa TO'!Ke D OTHOCMTeJibHO 

aeKOTopoli IIJIOCKOCTII p, T. e. ccpepa c u,eHTpoM B 
pa)l,IIyca BD (6e3 TO'IKII SBcc1 (D)). Ee nepe­

cc'IcHIICM c rronepxnoCTbIO Ky6a 5IBJI5IIOTC5I TPII 

wrII OKpy:tKHOCTCH c Il,CHTpaMH A, B, c, pa)l,II­

JCbI KOTOpbIX paBHbl pe6py Ky6a (pnc. 161). 

3aaa'llu 'K 2.JLaae 1 O 

A D 

Puc. 161 

c 

10.1. 'Y:epe3 cepe)l,MHY Ka:tK)l,01'0 II3 0Tpe3KOB, coe)l,IIH5IIOII1MX BCpIIIIIHbl 

TeTpa3)l,pa c Il,CIITpOII)l,aMII rrpoTMBOIIOJIO)f(Hbie IIM rparrefi, npoBe)l,eHa IIJIOC­

KOCTb napanJieJibHO COOTBCTCTBJIOIIJ,efi rpaHIL )loKa)KMTC, 'ITO TCTpa3)l,p, 

o6pa3oBaHHbIH ncpece'IeHilCM 3THX IIJIOCKOCTCH, panel! )l,aIIIIOJ\IY TCTpa3)l,py. 

10.2. )loKa:tKIITe, 'ITO IIJIOCKOCTb, npOXO)l,5IIIJ,a5l 'Iepe3 TO'IKY nepCCC'ICHirn 

n:rrarorraJieii napanne.11errnrre)l,a, )l,eJIMT ero na )l,Be paBHbIC 'IaCTII. 
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10.3. ,l(oKatKIITe, TITO B npaBIIJihHOR II5ITllyroJihHOtt mrpaMll,n:e nep­

nen,n:HKyJrn:phr, npoBe,n:eHHbie ll3 BCpillllH OCHOBaHll5I Ha IIJIOCKOCTll npo­

TFIBOJie)Kall1l1:X 3TllM BeprnrrHaM 6oKOBbIX rpaHeii, nepeceKaIOTC5I B O,ll;HOH 

TO"IKe. 

10.4. ,[(Be c¢epbl llMeIOT o6lllYIO OKpy)KHOCTb. ,l(oKa)KIITe, "ITO JIIIIIll5! 

}18HTpOB 3TIIX c¢ep nepII8H,lJ;IIKYJI5!pHa IlJIOCKOCTll 3TOH OKpy)KHOCTll. 

10.5. B np5!MOii KpyroBoii Konye mrncaHa c¢epa. ,l(oKa)KIITe, TITO np5I­

Ma5!, C08,ll;IIH5IIOll1a5! BepnmHy KOHyca c }lCHTpOM c¢epbl, nepneH)J,llKYJI5!pHa 

IlJIOCKOCTII OKpy)KHOCTll KacaHll5! c¢epbl II KOHyca. 

10.6. Ecnll B TpexrpanHOM yrne panubr )],Ba rrnocKHX yrna, TO paBHbI 

IIpOTllBOJie1Kall1IIe HM ,D;ByrpaHHbie yrJibI, ll o6panro. ,l(oKa)KIITe. 

10.7. EcJIII ,n:Be rrepeceKaIOll1IICC5! rrnoCKOCTII Clll\Il\ICTpwrnhr OTHOCIITCJib­

uo rrp5!1\IOH l, TO IIX JIIIHll5! nepeceqemrn rrepeceKaeT och l CIIMl\IeTpIIll II rrep­

nen,n:IIKYJI5!pHa e:ti. ,l(oKatKnTe. 

10.8. Ilp5!Ma5! l ne JI8)KIIT HII B O,ll;HOH ll3 IlJIOCKOCTeii. a ll ~ II uepeceKaeT 

lIX JIIIHIIIO rrepeceqeHII5!. IIocTpOii.Te np5!Mbl8 a II b, JI8)Kall1II8 COOTBCTCTBCH­

HO B nnocKOCT5!X a II ~' TaK, qTo6hr npmvta5! l co,n:ep)Kana 6ncceKTpncy 

o,n:Horo M3 yrnoB MC)K)J,y IIMMII. 

10.9. IIocTpo:tiTe ocII CIIMl\IeTpIIll ,n:Byx ,n:annhrx cKpell1IIBaIOll1llXC5! 

IIp5!MblX. 

10.10. Haii,n:nTe KaKoii-nn6o noBopoT, oTJIWIIIhrii OT oceBoii CMMl\IeTpnu, 

KOTOpblll OT06pa)KaeT O)J,HY ll3 ,D;Byx ,n:aHHbIX CKpenwBaIOll1IIXC5! Ilp5!MbIX Ha 

,n:pyry10. 

10.11. ,l(anbl CKpell1llBaIOllJlleC5! rrp5!MbIC a ll b ll na HIIX COOTBCTCTBemro 

ToqKH A u B. Haii,n:uTe rroBopoT, oTo6pa)KaIOll1Hii a na b u A Ha B. 
10.12. ,l(ana JIOMaHa5! ABCDA. goKa)KHTe, qTo ecnII AB= CD n 

BC= DA, TO OHa nMeeT och CIIMMeTpIIn. I1cTunHo JIII o6panroe YTBep­

)K)J,CHHe? 

10.13. B qeThrpexrpaHnoM yrJie nponrnorroJio)Knhre rrnocKne yrnhr paB­

HhI B Ka)K)J,Oll ll3 ,ll;Byx nap. ,l(oKa)KIITe, TITO on HMCCT OCb CllMMeTpllll. 

10.14. CyMMa ,n:Byx TIJIOCKHX yrJIOB TpexrpaRHoro ynrn pamrn 180°. ,l(o­

Ka)KHTe, qTO 6ncceKTpnca TpCThero nnocKoro yrna rrcpneu,n:nKyJI5!pna o6ll1e­

l\IY pe6py nepBhIX ,n:Byx ITJIOCKIIX yrJion. ,l(oKa)KIITe o6paTHOe yTBep)K,n:eHne. 

10.15. ,l(anhI ,D;Ba paBHhIX 0Tpc3Ka, RC Jl8)Kall1IIe B o,n:noii ITJIOCKOCTII. 

Hafr,n:IITe ,n:BH)K8IIH5! npocTpaHcTna, Ka)K,n:oe II3 KOTOphIX oTo6pa)KaeT o,n:IIn 

II3 ,n:aIIHbIX 0Tp83KOB ua ,n:pyroii. 

10.16. ,[(au yroJI AOB u ToqKa !vl BHC ero nnocKOCTM. Hm1,n:nTe Ha CTO­

ponax 3Toro yrna ToqKII C n D TaKne, qTo6hr TpeyroJihHIIK !v!CD HMeJI 

nanMeHLillHH nepnMeTp. 

10.17. cDHrypa <I> IIMeeT ,n:Be OCH a 11 b Clll\11\lCTpHH. goKa)KIITC, qTo rrp5!­

Ma5! c = Sb (a) TaK)Ke 5!BJI5!8TC5! OCbIO CHMMCTPIIH ¢nryphr <I>. 
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10.18. IIocTporrTe rrpaBHJibHhrrr TeTpa3,n;p, ,n;Be BepIIIHHbI KoToporo Jie­

)KaT na ,n;amrorr rrpRl\IOIT, TpeTbR BCpIIIHHa -- Ha ,n;pyrorr )J;aHHOIT rrpRl\IOIT, 

a L£eTBepTaR - na ,n;annorr ITJIOCKOCTH. 

10.19. ECJIH TeTpa3,n;p HMeeT IIJIOCKOCTb CHMl\ICTpHH, TO )];BC ero rpa­

HH RBJIRIOTCR paBH06e,n;peHHbIMH TpeyroJibHHKal\IH, OCHOBaHHRMH KOTOpbIX 

CJIY)KHT 06liiee pe6po 3THX rpanerr. ~OKa)KIITe. 

10.20. ~aHbl )];Ba paBHbIX TpeyroJibIIHKa c 06liieli BepIIIHHOIT, ne Jie)Ka­

liIIIC B O)J;HOH IIJIOCKOCTH. ~OKa)KHTe, 'ITO O)J;HH Il3 HHX l\IO)KHO OTo6pa3HTb 

na ,n;pyrorr neKOTOpLil\I IIOBOpOTOM OKOJIO OCII. 

10.21. ~anhr ,n;Ba pamrhrx TpeyroJihHHKa ABC II A1B1 C1 , JIC)KaliIIIX 

B pa3JIII'IHbIX IIJIOCKOCTRX. )J,oKa)KHTe, 'ITO eCJIII IIJIOCKOCTII CIIMMeTpIIH OT­

pC3KOB AA1 , BB1 , CC1 IIMCIOT e)J;IIHCTBeHHyro o6liIYIO TO'IKY 0, TO Tpe­

yrOJibHIIK ABC OT06pa)KaeTca Ha TpeyroJILHIIK A1B1 C1 rroBopoTHorr CIIM­

MeTpIIeli. c n,eHTpOM 0. 
10.22. IIocTporrTe Ky6 ABCDA1 B 1 C1 D 1 , pe6po AA 1 KOToporo npII­

Ha,n;Jie)KIIT ,n;aHHOH npaMoli., a BepIIIIIHbI B, D, B 1, D 1 - ,n;aHHOH ccpepe. 

10.23. Pa.3pC)KbTe Ky6 Ha TPII pa.BHbre rrIIpaMII)J;bI. 

10.24. LJ.epe3 ,n;annyro rrpaMyIO rrpOBC)J;IITe IIJIOCKOCTb, o6pa3yIOliIYIO 

c ,n;amroti: IIJIOCKOCTLIO yroJI 3a,n;aHHOH BeJIH'IIIHbI. 

10.25. LJ.epe3 ,n;airnyro npaMyro rrpoBe)J;IITe IIJIOCKOCTb, o6pa3YIOliIYID paB­

Hbie yrJibI c ,JJ;ByMa ,n;aHHbIMII cKpeliIIIBaIOliIIIMIIC5l rrpaMbIMII. 

10.26. LJ.epe3 Ka)K,n;oe pe6po TeTpa3,n;pa rrpoBe,n;eHa rrJIOCKOCTb, rrapaJI­

JieJibHaa 0Tpe3Ky, C08)J;IIH5l!OliICMY ,n;annyIO TO'IKY s c cepe)J;IIHOH rrpOTIIBO­

IIOJIO)KHOI'O pe6pa. ~OKa)KIITe, 'ITO Bee IIICCTb IIJIOCKOCTeil: rrepeceKaIOTCR 

B O)J;HOH TO'IKC. 

10.27. To'IKII A II B Jie)KaT B o,n;noM rroJiyrrpocTpancTBe OT IIJIOCKOCTII a. 

Hail:,n;IITe B IIJIOCKOCTII a TaKyID TO'IKY M, 'IT06br cyMMa AM + MB 6hIJia 

naIIM8HbIII8ll. 

10.28. ToL£Ka Jy[ JIC)KIIT BHYTPH MCHbIIIero ,n;Byrpairnoro yrJia MC)K)J;y 

rrJIOCKOCT5IMII a II p. Hail:,n;IITe B ITJIOCKOCTax a II p cooTBeTCTBCHHO TO'IKII A 
II B TaKIIC, L£T06hr TpeyroJILHIIK ABM IIMeJI naIIMCHbIIIIIil: rrepIIMeTp. 

10.29. B TCTpa3,n;p ABC D BIIIICaHa ccpepa c I!CHTpOM J, KacaIOliiaac:;r 

rpamr ABC B TO'!Ke P. To'IKII D 1, D 2 , D 3 CIIMMeTpIIL£HbI TOL£Ke D OTHOCII­

TeJILHO IIJIOCKocTeti: J BC, JC A, JAB. ~oKa)KnTe, 'ITO TOL£Ka P ecTb I!CHTP 

OKPY)KIIOCTH D1D2D3. 
10.30. YroJI Me)Key ,n;aHnoil: rrp>IMoil: m II ochID l rroBopoTa Rr paBeH qi. 

BbI'IIICJIIITe yroJI Me)Key rrpaMoil: m II ee o6pa30M rrpII 3TOM rroBopoTe. B Ka­

KOM CJiyL£ae OH paBeH yrJiy IIOBOpoTa? 

10.31. IlpaMaa l naKJIOHeHa K IIJIOCKOCTII y rro,n; yrJIOM qi. BbPIIICJIIITe 

yroJI Me)Key IIJIOCKOCTbIO y H ee o6pa30M rrpII rroBopoTe Rf. B KaKoM cJiyL£ae 

on paBen yrJiy rroBopoTa? 
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10.32. Ilp5IMa5I b 5IBJrneTC5I o6pa30l\I np5Il\IOH a IlpH IIOBOpOTIIOH CIIl\11\JeT­

pmr Rj o Sa ( l .l a). Hait,IJ,IITe yron Me)K,rzy np5IMbIMII a 11 b, ecn11 IIp5Il\Ja5I a 
IIaKJJOIIeHa K IIJIOCKOCTII Cl. Cl11\IMeTp!III IIO,Il, yrJIOl\I (~. 

10.33. Hait,LI,wre KOl\mo311r~IIIO 

a) ABYX 11,eHTpanbIIbIX CIIl\1MeTp11it, 

6) 11,eIITpaJibHOH CIIMl\JeTp11II II nepenoca, 

B) Tpex 11,eHTpaJibHbIX CIIl\IMeTp11it. 

10.34. Hait,IJ,IITe KOMII03II1l,IIIO Z0 o Sa o S1, ecn11 np5I1ra51 l napanneJihHa 

IIJIOCKOCTH Cl. H TO'!Ka 0 Jie)KIIT B Cl.. 

10.35. Hait,n,nTe KOMII03Hll,HIO IJ,CIITpaJibIIbIX CIIMMeTpIIit OTIIOCHTeJibHO 

nocne,LI,oBaTeJibHO B35ITbIX Bepnnrn rrapannenorpaMl\Ja. 

10.36. Hait,n,1ITe KO!\III03Hll,IIIO oceBhIX CIIMl\ICTpufr, ocn KOTOpbIX co,LI,ep­

)KaT IIOCJie,LI,OBaTeJibHO B35ITbie CTOpOHbl napanncnorpal\Il\Ia. 

10.37. Hait,n,nTe KOMII03II1l,IIIO 3epKaJibHOH II 11,CHTpaJibHOH CIIMMeTpIIH, 

eCJIII IIJIOCKOCTb rrepBOH HC CO,LI,ep)KIIT rreHTp BTOpoit. 

10.38. Haitll,HTe KOMII03Hll,IIIO rrepenoca Tr II oceBoit CHl\IMeTpIIII S1 rrpII 

yc.JIOBIIII, 'ITO r 11' l. 
10.39. KoMII03II1J,II5I Tpex OCCBbIX CllMMCTpIIH 5IBJI5ICTC5I oceBOH CIIMMeT­

pHeit: Sc o Sb o Sa = S1• KaKoe B3aIIl\mOe IIOJIO)KCIIIIe l\IOryr IIM8Tb rrp5I­

Mhie a, b, c? IlocTpOB:Te OCb l 3T0ll KOMII03IIll,IIIl B Ka)K,Il,OM II3 B03MO)KHbIX 

cnycrneB. 

10.40. KoMIT03IIll,II5I Tpex oceBhIX CIIMMeTpIIit ecTb rrepenoc. KaKoBo B3a­

IIMHoe IIOJIO)K8HIIe !IX oceil:? 

10.41. EcnII nnocKOCTII a II p 5IBJI5IIOTC5I rrnocKoCT5Il\III CIIMMeTpIIII cpII­

ryphr, TO IlJIOCKOCTb y, CIIMMeTpII'IHa5I IIJIOCKOCTII Cl. OTHOCHTCJibHO ITJIOCKO­

CTH p, TaK)KC 5IBJI5IeTC5I IlJIOCKOCTbIO CIIM!\ICTpIIII 3TOI1 cpHrypbI. ).J:oKa)KllTe 

3TO yTBep)K,LI,enne. By,LI,eT JIII BepHbIM ananorII'Inoe yTBCp)K,Il,eHIIe ,Il,JI5I oceit 

CIIMMeTpII!I cpIIrypbr? ,Il,Jl5I ll:CHTpOB CIIMMCTpnII? 

10.42. Ee.JIM ,Il,BII)KeHIIe He HMeeT HeIIO,Il,BH)KHbIX To'l.eK, no H111CeT TPH 

rronapHO rrapanJieJibHbie HCIIO,Il,BlI)KHbie IIp5Il\lbie, He JIC)Kanwe B 0,Il,HOH IlJIOC­

KOCTII, TO OHO 5IBJI5IeTC5I nepeHOCOl\I. ).J:oKa)KHTe. 

10.43. CKpelll,1rnaIOil1Hec51 np5Il\IbJe a II b o6pa3yIOT c np5IMOil: l paRHhre 

ynrbI. ).J:oKa)KHTe, 'ITO cylll,ecTByeT noBopoT o OCbIO l, OTo6pa)KaIOI1J,HH np5I­

Myro a na np5IMYIO a 1, napannenhny10 npa1110it b. 
10.44. Ilp5IMbie a, b, c, d B npocTpaHCTBe IIl\IeIOT 06nw10 TO'l.Ky II yron 

MeM,rzy np5IMbIMII a II b paBeH yrny MC)K,Izy np5IML111rn c H d. Hail:,LI,HTe Bee 

,Il,BII)KeHII5I npocTpaHCTBa, Ka)K,Il,OC II3 KOTOpblX OT06pa)KaeT napy (a, b) Ha 

napy (c, d). 
10.45. B TeTpa3,n,pe ABC D paBIIbI nponrnononO)KHbie pe6pa B ,IJ,Byx 

napax: AB= CD II BC= DA. ).J:oKa)KIITe, 'ITO ero 11,erITpOII,IJ,, rrenTp omr­

cannoit ccpepb! II 11,eHTP BIIIICaHHOit ccpepbl Jie)KaT Ha O,Il,HOH I!p5IMOH. 
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10.46. )J,aH Ky6 ABCDA1 B 1 C1 D1 • IlpaMbie AB1 , BC1 , CD 1 , DA 1 rrepe­

ce'IeHbI IIJIOCKOCTbIO, rrapaJIJieJibHOii rpaHII ABCD. ,.O:oKa:lKIITe, 'ITO TO'IKII 

nepeCC'ICHII.H .HBJI.HIOTC.H Bepnrnna1rn KBa,TI,paTa. 

10.47. Haii,IJ,MTe KOM1103III!IIIO Clfl\JMeTpIIii OTHOCIITCJibHO IIp5ll\lbIX, CO,TI,ep­

:lKaliIIIX CTOpOHbl neKOToporo TpeyrOJibHIIKa. 

10.48. Haii,[\IITe KOMII03III!IIIO CIIMl\!CTpMii OTHOCIITCJibHO Tpex rrorrapno 

rrapaJIJICJibHbIX rrp.HMbIX. 

10.49. Haii,IJ,IITe KOJ\JII03HIWIO 3epKaJihnoii CIIMl\IeTpIIII II rrepenoca, BeK­

Top KOTOporo He rrapaJIJICJICH IIJIOCKOCTII CIIMMCTplllL 

10.50. Haii,[\IITC KOMII03III!IIIO 3epKaJibHOii CIIl\IMeTpIIII II IIOBOpoTa, OCb 

KOTOporo rrapaJIJICJibHa IIJIOCKOCTII CIIl\!MCTpIIII. 

10.51. Haii,LJ:IITe KOMII03III!IIIO 3epKaJibnoii CIIMMeTpMII M noBopoTa, ocb 

KOTOporo ne rrapaJIJieJibHa IIJIOCKOCTII CIIMMeTpHII. 

10.52. B ccrepy BITIICaH rrapaJIJICJICIIIIITe,n: ABC D A1 B1 C1 D1. To'IKII Jvf 

u N - cepe,IJ,llHbI OTpe3KOB AC a CC1 cooTBCTCTBCHHO. )J,oKa:lKMTe, 'ITO 

KOMII03m~ueii CMMMeTpMii c I!CIITpaMn A, M, N ( B3.HTbIX B 3TOM rropa,n:Ke) 

,IJ,anuaa cc:Pepa oTo6pa:lKaeTC.H na ce6a. 

10.53. Ecm1 6ucceKTpIICbI AByx ITJIOCK!IX yrJioB Tpexrpanuoro yrJia rrep­

nen,IJ,MKJJIRpHbl, TO 6McceKTpIIca TpeTbero IIJIOCKOI'O yrJia neprreH,IJ,IIKYJIRpna 

Ka:lK,[\Oii H3 HHX. )J,oKa:lKHTe. 

10.54. IlJIOCKOCTH a, p, y CO,[\ep:lKaT rpanM TpexrpaHiroro yrJia OABC. 
Haii,[\nTe uerro,[\BH:lKHbie nJ1ocKocT11 KOMIT03HI!Hii 3epKaJibIIbIX c11MMCTp11ii: 

10.55. IlocTpOiiTe Tpexrpannhrii yroJI no 6IIcCeKTp11caM Tpex ero rrJioc­

Knx yrJioB. 

10.56. )},au rrpaBHJibHhiii TCTpa3AP ABCD. PaccMaTpHBaeTc.H MHO:lKe­

CTBO OCCBbIX CIIMMeTpuii npocTpaHCTBa, Ka:lK,i:i:azr ll3 KOTOpbIX 0T06pa:lKaCT A 
na B. Hail:,[\11Te MHO:lKeCTBO rrpzrMhIX, 5rBJI5rIOliIHXC.H 06pa3aM11 rrpRMOii AC 
rrpn 3THX CHMMCTpllZIX. 

10.57. )J,aubI Tpn IIJIOCKOCTM 11 TO'IKa A. IlocTpoiiTe rrJIOCKOCTh, co,TI,ep­

:lKaliIYIO TO'IKY A, KOTOpazr KOMII03HI!HCii Tpex 3CpKaJibHbIX CHMl\ICTpIIii OT­

IIOCIITeJibHO ,n:aHHbIX IIJIOCKOCTeii OT06pa:lKaeTCZI Ha napaJIJICJihHJIO eii IIJIOC­

KOCTb. 

10.58*. ,I.l;aHbI TO'IKH A n B. )J,oKa:lKHTe, 'ITO KPHTepneM napaJIJICJihIIO­

CTH np.R110ii AB n np}IMOii m .HBJrneTca CJICl\YIOliiee paBeHCTBo: 

ZA 0 Sm 0 ZA = ZB 0 Sm 0 ZB. 

10.59*. ,.O:anhI TO'JKH A n B. ,.O:oKa:lKnTe, 'ITO Kprnep11eM npmrn,[\JIC:lK­

HOCTH ccpe,n:nnhr Jvf OTpe3Ka AB nJIOCKOCTH a RBJI.HCTOI paBeHcTBo: 

(ZA O Sa) 2 =(Sa O ZB)2. 
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10.60. Ky6 c pe6poM )J,JUIHhI a rroBepHyT oKoJio pe6pa na yroJI 45°. 
Hai'r)J,IITe o6'beM rrepece'lenmr 3Toro Ky6a II ero 06pa3a rrpII 3T01\I rroBo­
poTe. 

10.61. Ky6 c pe6poM )J,JIIIHbI a rroBepnyJIJ1 OKOJIO )J,HaroHamr Ha 60°. 
Hafi)J,IITe o6'heM rrepece'!eHII.H Ky6a n ero 06pa3a. 

10.62. IlpaBIIJibHbIH T8Tpa3)J,p, )J,JIIIHa pe6pa KOTOporo pamra a, IIOBCp­

HYT OKOJIO pe6pa Ha yro.rr, paBHhrfi IIOJIOBIIHC ero )J,Byrpamroro yrJia. Haf1-

)J,IITC o6'heM rrepece'!emui )J,aHHOro TeTpa3)J,pa 11 ero o6pa3a. 

10.63. IlpaBIIJibHbIH TCTpa3)J,p c pe6pOM )J,JIIIHbI a IIOBepHyT na 90° OKOJIO 

o6urero rreprreH)J,IIKYJI.Hpa )J,Byx cKpeliJIIBaIOIIJIIXC.H pe6ep. BhPHICJIIITe o6'hel\I 

rrepeceqeHH.H 3Toro TeTpa3)J,pa n ero o6pa3a. 

10.64. )J;aHbI TPII rronapHo nepneH)J,IIKyJrnpnhre rrpm-.1r,1e, HJ\1e10urne 06-

IIJYIO ToqKy. YKa:JKIITe Bee )J,BH:JKCHII.H rrpocTpaHCTBa, Ka:JK)J,oe H3 KOTOpbix 

OTo6pa:JKaeT Ha cefor o6pa3oBaHHyIO IIJ\1Il qrnrypy. 

10.65. Hafi,D,IITe rpyrrrry )J,BH:JKeHHfi rrpocTpaHCTBa, Ka:JK)J,oe II3 KOTOpbIX 

OTo6pa2KaeT Ha ce6.H )J,aHHbIH KBa)J,paT. 
10.66. Hail,D,IITe rpyrrrry caMOCOBMCIIJCHIIil npaBIIJibnoro OKTa3,n:pa. 

B 3a,n;aqax 10.67-10. 77 rroKa:JKIITe, 'ITO ,D,aHHhIMII cJ>opMyJia:MII 3a,n;aHo 

)J,BII:JKCIIIIC rrpocTpaHCTBa, orrpe)J,emne ero BII,[\ II xapaKTep!ICTII'IeCKIIC 3Jie­

M8HTbI: 

10.67. 10.68. 
f 1 2 2 2 

x = -x - -y - -z + -
3 3 3 3' 

1 2 2 
x'=- 3x+3Y+3z, 

/ 2 1 2 2 y =--x+-y--z+-
3 3 3 3' 

/ 2 1 2 
y = 3x- 3Y+ 3z, 

{ 2 2 1 2 z =--x--y+-z+-3 3 3 3. 
/ 2 2 1 

z = 3x + 3y - 3z· 

10.69. 10.70. 

I 4 3 1 
x = 5x + 5Y- , 

I 3 4 3 
y = 5x - 5Y + ' 
z' = -z + 2. 

/ 2 2 1 
x = 3x + 3y + 3z + 1, 

y' = g x - 10 y - 2. z - 2, 
15 15 15 

t 2 5 14 
z = 15 x + 15 y - 15 z - 1. 

10.71. 10.72. 
f 11 2 10 

x = 15x+ 15Y+ 15z+ 7, 
f 2 2 1 

x = 3x + 3y + 3z + 1, 

I 2 14 5 
y = 15 x + 15 y - 15 z + 41 

t 11 lQ 2 
y =-l5x+ 15y+ 15 2 + 2, 

f 2 1 2 
z = - 3x + 3Y + 3z + 6. 

t 2 .s 14 
z = 15 x + 15 y - 15 z + 3· 
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10.73. 10.74. 
/ 3 4 

1 x = 5x + 5Y + , 
I 4 3 

y = 5x - 5Y- 2, 

z' = z + 3. 

I 6 2 3 
7 x = 7 x - ?Y - 7z + , 

/ 2 3 6 
4 y =-7x+7Y-7z+l, 

z' =-~x- ~y- ~z-7. 
10.75. 10.76. 

/ 4 1 8 
x =-9x- 9v-g-z+14, 

/ 6 2 3 
x =-

7
x+ 7v+

7
z-7, 

/ 7 4 4 
2 Y =-9x-9v+9z+' 

/ 2 3 6 
14 y = 7x - 7Y + 7z - ' 

z' = ±x - ~y - ~" - 5. 9 9 9~ 

I 3 6 2 
7 z = 7x + ?Y + 7z + . 

10.77. 

x' = _3.x - 3.y - ~z - 10 
3 3 3 ' 

/ 10 11 2 
y =-15x+ 15y- 15z- 4, 

/ 5 2 14 
z =-15x- 15Y+ 15z- 2. 

10. 78. Haii.n;iITe ¢opMyJihr CIIMMeTpIIII OTHOCIITeJihHO npHMoii ~ = ~ = I. 
10.79. Haii.n;IITe ¢opMJJihr noBopoTa Ha 60° oKono rrpHMoil. { x = y, 

z =0. 
10.80. Hail.,ll,IITe ¢opMJJibI CIIMMeTpIIII OTHOCIITeJibHO IIJIOCKOCTII 2x + 

+ 2y- z =0. 
10.81. Haii.n;IITe ¢opMJJibI rrepettocttoil. CIIMMeTpIIII c rrnocKOCThlO 2x -

- y - 5z + 15 = 0 II B8KTOpOM r(4, 3, 1). 
u x y z-9 

10.82. HaII,n,IITe ¢opMJJibI BIIHTOBoro ,D,BII)I{eHII5I c OCbIO 2 = 2 = -
1
-, 

JrJIOM 90° II BeKTOpOM r(-6, -6, -3). 
10.83. )J;Brr)I{eHire rrpocTpaHCTBa 3a.n;ano ¢opMyna1vrn: 

x' = aix + b1 y + c1z + xa, 

y' = a2::i; + b2y + c2z +Yo, 

z' = a3x + b3y + c3z + zo. 

,Ii,oKa)I{IITC, 'ITO o6pa30M BeKTOpa r(x, y, z) IIpII 3TO!vl ,ll,BII)KeHIIIl 5IBJI5IeTC5I 

BeKTOp r'(x1, Y1, zi), l-J:Jl5I KOTOporo 

X1 = aiX + biy + C1Z, 

Y1 = a2x + b2y + c2z, 

Z1 = a3x + b3y + C3Z. 
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10.84. ,II:aHbI B8KT0pbl a(8, 4, 1) II b(6, -6, 3). Haii)J,HTe l\HUprrrw IIOBO­

poTa npOCTpaHCTBa OKOJIO OCII, nepnCII,Il,HKyJrnpHOll 3THJ\I BeKTOpal\I, KOTO­

pblll OT06pa)KaCT B8KT0p a Ha BCKTOp b. 
10.85. ,II:oKa)KIITC, 'ITO rrpII CHMl\lCTpHII OTHOCIITCJibHO npJil\IOll c rrarrpaB­

JIJIIOIIJ,Ill\! B8KTOpOM p o6pa30l\I BCKTOpa r JIBJrnCTC~l BCKTOp 

-I -+ 2p'f _ 
r = -r -=2P· 

p 

10.86. IIycTL n - HeKOTOpbrii: BeKTop, opToronaJihHhrPi nnocKOCTH rrepe­

nocnoii: CIIl\IMeTpIIII, r = lvI M' ,n,Jrn npOII3BOJihnoti rrapbr JH--> lvI' cooTBeT­

CTBeHHhrx TO'IeK np11 3TOll Clll\11\IeTpHll. ,Il,oKa)KllTC, 'ITO BCKTOp p rrepeHoca, 

BXO,Il,5IIll;ero B ee COCTaB, paBCH 

_ _ nr_ 
P = r - n2 n. 

10.87. IIycTb p -- HCKOTOpbrii: narrpaBJIJIIOlll,HH BCKTOP ocn BllHTOBoro 

,IJ,BII)KCIIHJI, 'F = lv11\1' ,IJ,JIJI mo6oii: napbr M -->AI' cooTBeTCTBeHHbrx TO'IeK 

rrpll 3TOM ,Il,Bil)KCHllH. ,Il,oKaJKHTC, 'ITO BCKTOP 7j rrepeHoca, BXO,Il,5IIIJ,ero B co­

CTaB BIIHTOBOro ,Il,BII)K8HIIJI, paBeH 

- rp_ 
q = -2 p. 

p 

10.88. To'l:Ka nepece'ICIIIIJI ,IJ,aIIHbIX npJIMbIX a H b npnHa,Il,JIC)KHT ,IJ,arrnoii: 

IlJIOCKOCTII U). IlocTpOii:Te IlJIOCKOCTII Cl. H ~' CO,Il,Cp)KaIIJ,IIe COOTB8TCTB8HHO 

3TII rrpJIMbIC, TaK, 'IT06bI OHII 6hIJIII paBHOIIaKJIOHCHhI K IlJIOCKOCTII U) II rre­

peceKaJIIICb no npJIMOI1, JieJKaIIJ,etl. B w. 
10.89. IlocTpoii:Te 0Tpe30K 3a,IJ,aJIHOll ,Il,JllIHbI, rrapaJIJieJibHbIH ,Il,aHHOH 

IlJIOCKOCTH, c KOHIJ,al\III na ,Il,BYX ,n,aHHbIX CKpeIIJ,IIBaIOIIJ,IIXCJI rrpJIMbIX. 
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I'AaBa 11 

II oiJo6u.fl npocrnpm--tcmaa 

§ 1. I'oMomemu.Tl npocmpa'l-lcmaa 

1.1. 063op TeopHH. Ha cTpaHtt11,ax 206~214 rrn6noro nocoforn [8] no­

,II,po6tto Il3JIO:iKCHa rol\!OT8Tll51 IIJIOCKOCTH. Ilo cyrn,ecTBY 3TO H3JIO:IKCIIIle 

coxpaH518T ClIJiy H ,II,Jrn rOl\IOT8Tllll npOCTpaHCTBa. vlJ\reHHO, OCTaIOTC51 6c3 

ll31\!8HCHll51 onpe,II,CJI8Hlle rOMOT8Tllll c nonpaBKOll Ha l\IHO:IKCCTBO TO"IeK 

npocTpaHCTBa, TeopeMa 06 o6pa3c npa:11roii, cnoco6h1 3a,n;amrn ro:11roTeTHII 

II IIOCTpocmrn o6pa3a TO'IKII, TeopcMa 0 KOI\!Il03IIIl,IIII ,Il,Byx rOMOT8Tllll. ,II,o­

TJOJIHilTeJibHO K 3TOl\IY Heo6xo,II,IlMa TCOpeMa 06 o6pa3e IIJIOCKOCTIL 

TeopeMa 1. IIAoc'1wcm'b, tte coiJep:Heaw,aR v,ettmp 20Momemuu, omo6pa­
:HeaemcR 20Momemueu tta napaAJieA'bttyw eil nJiociwcm'b. JlJiociwcm'b, co­

Jep:Heaw,aR v,enmp 20Momemuu, omo6pa:Heaemc.fl tta ce6.fl. 
,II, 0 Ka 3 a Te JI b c TB o. IlycTb IIJIOCKOCTb a ne CO,II,ep:tKilT 11,eHTp 0 rOl\IO­

TeTIIIl H~ npocTpaHcTna u A, B, C - TPil cpHKCIIpOBaHHhie neKOJIJimreap­

nhle TO"!Kll 3Toii nJIOCKOCTII. Tor,II,a ,II,JI51 npou3BOJibHOii TO"IKII M TIJIOCKOCTII 

AJ\1 = xAB + yAC. EcJIII A', B', C', M' - o6p33LI TO"IeK A, B, C, J\,f 

npII ,II,annoil roMoTeTIIIl, TO A' JV!'= k AM, A' B' = k AB, A 1C 1 = k AC. 

Ilo3TOMY ~A' M' =~A' B' + t A 1C 1
, T. e. A' JV!'= xA' B' + yA'C'. CJic,II,o­

BaTeJihHO, BCKTOpLr A' JV!', A' B', A 1C 1 KOMITJianapnbr II TO"!Ka JV!' Jie:tKIIT 

B nJIOCKOCTII A' B' C'. AHaJiorH'IHO ,Il,OKa3bmaeTC51, 'ITO npoo6pa30M mo-

6oi1 TO'IKII IIJIOCKOCTlI A' B' C' JIBJI51CTC5I tteKoTopa5I TO'IKa IIJIOCKOCTil a. 

MTaK, 06pa30l\1 ,II,aimoii IIJIOCKOCTII a rrpII roMoTeTHII 51BJI51eTC51 IIJIOCKOCTb 

A' B' C'. IlocKOJihKY AB II A' B' II AC II A' C', TO 3TH IIJIOCKOCTII napaJI­

JieJILHhr. 

BTopoe yTnep:tK,Il,CHIIe TeopCMhI nerrocpe,II,CTBCIIHo cJie,II,yeT Il3 onpe,II,e­

JieHII51 rOMOTCTIIH, TaK KaK COOTBeTCTBCHHbIC TO'IKH KOJ1J1HneapHbI c IJ,CH­

TpOM 0 roMOTeTIIII. 0 
Cyrn,ecTBCHIIbIM OTJIII'IIIeM roMOTCTIIII npocTpmrcTna OT roMoTeTilII 

IIJIOCKOCTII 51BJI518TC51 TOT cpaKT, 'ITO rOl\IOTeTil51 npocTpancTBa H~ rrpII k > 0 
51BJI51eTc51 npco6pa30BaHIIeM nepB020 poda, a rrpn k < 0 - npco6pa3onanIIel\r 

6mopo20 poda, TOr,II,a KaK mo6a51 roMOTCTil51 IIJIOCKOCTII eCTb npeo6pa30Ba­

HIIe nepnoro po,II,a. 

B cmry HHnapnanTIIOCTII neJIIl'IIIHbI yrJia MC:IKJJ,Y np51Mbil\rn npn rol\ro­

TCTIIII npocTpaHCTBa 6y,n;yT mmapnaHTIIbl nepneH,II,IIKYJI51pHOCTb np511\IOH 



Ii ITJIOCKOCTII, BeJiff'IIIHa yrJia l\IelK)l,y ,ll,BJJ\!51 I1JIOCKOCT5IMH, B '!aCTHOCTII, 

rreprrCH,ll,IIKJJI5IpUOCTL ,ll,BYX IIJIOCKOCTeli. 

TaK KaK rrpH roMOTeTm1 paccT05IHH5I 11re)KAY TO'IKal\rn YMIIO)KaIOTC}I na 

rrocTo5Innoe 'IIICJIO lk I, TO o6pa30ll! ccpepLI 5IBJI5IeTca ccpepa, o6pa3mr oKpy)K­

nocTII - OKPY)KHOCTL ( KaK rrepece'Ierrne ccpepLI II IIJIOCKOCTII). 

TeopeMa 2. Jliofote dee 'liepamttte crfiep'bl .fl6.!l.fl10mc.fl coomeemcmee'/i'li'bt­
MU npu deyx wMomemu.Rx ( 20.Momemu"-l'li'bl dBa;)!Cdti). 

)J,oKa3aTeJILCTBO IlOJIHOCTLIO aHaJIOrII'IHO ,ll,OKa3aTCJILCTBY Teopel\ILI 0 ro­

MOTeTif'fHOCTII ,n;Byx OKpy)KIIOCTeil: ITJIOCKOCTII. 

0TCIO,IJ,a CJie,n;yeT, 'ITO ,ll,Be nepaBHLie OKpy)KIIOCTII rrpOCTpaIICTBa, Jie)Ka­

IIJ,IIe B rrapaJIJieJILHLIX IIJIOCKOCTBX IIJIII B O,ll,HOH IIJIOCKOCTII, rOl\IOTeTH'IHLI 

,ll,Ba)K,ll,LI. 

1.2. KoMII03HIJ;H5l roMoTeTHH H rrepenoca. )J,oKa)Kel\1, 'ITO KOl\III03HIJ,Hel1: 

roMoTeTIIII II rrepenoca Tr o H~ 5IBmrnTca roMoTeTII5l c Te111 )Ke K03cpcpIIll,H­

enToM k H HOBLil\f IJ,eHTpOM s. 

PHc. 162 

)J,eil:cTBIITeJILHO, rrycTL H~(X) = X 1 (X -f. 
-f. 0) II Tr( Xi)= X 2 (pIIC. 162). IlpoBC,IJ,eM '!e­

pe3 IJ,enTp 0 roMoTeTnn rrp5!My10 m II r n rro­

CTpOIIM o6pa3 S1 TO'!KII s = m n (X X2) rrpII 

3T0ll roMOTeTIIH H~. Tor,IJ,a S1S = r II Il03TOMY 

TO'!Ka s neITO,ll,BII)KHa rrpH 3a,n;aunoil: KOMII03II­

ll,HII n ne 3aBIICIIT OT BLr6opa TO'!KII X. TaK KaK, 

KpoMe Toro, SX2 : SX = OX1 : OX= k, TO IIC­

KOMa5l KOMII03IIIJ,Ha aBJiaeTc5I roMOTeTIIeil: H ~. 
1.3. foMOTeTH5l rrpoCTpaHCTBa B 3a,n;aqax. IlpIIel\JLI IICI10JIL30BaHII5I ro-

MOTeTIIII B perneHIIII CTCpeoMeTpIP-IeCKIIX 3a,IJ,a'! Te )Ke, 'ITO II B ITJiaHIIMeT­

prrn. B Ka'!eCTBe rrpIIMepa paccMOTPIIM perneHII5I Tpex 3a,IJ,a'!. 

3 a ,ll, a'! a 1. )],an rrpOII3BOJIL-

HLiil: TeTpa3,n;p ABC D. IIocTpoil:Te D 

cro ce'!eHHe IIJIOCKOCTLIO, KOTOpoe 

5IBJiaeTC5I poM60M. 

Pe III en II e. Jlro6oe ce'!enIIe TCT­

pa3,IJ,pa IIJIOCKOCTLIO, rrapaJIJieJILHOH 

,ll,BYM cro CKpeIIJ,nBa!OIIJ,IIMC5I pe6-

pa1r, ecTL rrapaJIJieJiorpaMM. IlycTL 

rrapaJIJieJiorpaMM MN PQ - neKO­

Topoc ce'!enIIe TeTpa3,IJ,pa ABC D 
IIJIOCKOCTLIO, KOTopaa rrapaJIJICJILHa 

pc6pa111 AC II ED (pIIc. 163). Ha 

Jiy'Ie !vf N OTJIO)KIIM f'v1 K = MQ 
II rrocTpOIIM po1v16 MK LQ. IlycTL 

A 
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(AK) n (BC)= K1. f0110TeT1rn c 1l,CIITpOM A, rrpH KOTOpOli K--> K1, OT06-

pa?KaeT poM6 .MK LQ Ha IICK011b1li poM6 lvf1K 1L 1Q1 , TaK KaK 06pa3 poM6a 

rrp11 roMoTeTHH ecTb poM6 H TO'IKH lvl1 , K 1 , L 1 , Q1 npHIIa,I\Jie?KaT pe6paM 

,I1aHHOro TeTpa3,Ilpa ABCD. 
gmr Bbr6pamroli rrapbr (AC, BD) cKpeII1HBaIOII1IIXC5I pc6ep TeTpa3,I1pa 

HCKOMOe ce'IeHIIC BCCr,Ila CJII!CCTByeT II e,I\HHCTBeHHO. CJIC,IiOBaTeJibHO, ,I\Jl5I 

mo6oro TeTpa3,ri;pa BCer,I1a CJII!eCTBJIOT TPH H TOJ!bKO TPII ce'IeHH5I, 1m1eIO­

II1IIC cpopMy po1160B. 

3 a ;:i; a 'I a 2. ganbr TeTpa3,Iip A1 A2 A3 A4 n HeKoTopa5I TO'IKa P rrpo­

CTpaHCTBa, He coBrra,I1aIOII1a5I c ero u;eHTpOH,I\OM G. qepc3 Ka?K,I\yIO Bep­

IIIIIIIY Ai TeTpa3,I1pa rrpoBe,IleHa rrp5IMa5I mi, rrapanneJihHa5I rrp5I110li, co­

,I1ep?KaII1eli TO'IKY P II u;eHTpOH,I\ rpaHII ai, nponrnone?KaII1eli BepIIIHHC Ai. 
,1..1,oKa?KHTe, 'ITO IIOCTpoenHbie 'IeTb!pe rrp5I1lbJe rrepeceKaIOTC5I B O,I\IIOM TO'I­

Ke Q II Hali,IiHTe OTHOIIIeHIIe PQ: PG. 
Pe III e H n e. IIycTb G; ~ u;eHTpOH,I\ rpaHn ai. IIo CBOHCTBY Me,I\HaH 

TeTpa3,Iipa TeTpa3,IipbI G1G2G3G4 H AiA2 A3 A4 r0110TeTII'IHbI OTHOCHTeJib­

no u;enTpOH,I\a G c K03cpcpHu,rreHTOM -3, a rrpz11b1e mi cyTh o6pa3bI 

rrp5I11b1x PG; rrpn 3TOH rOMOTCTHH. TaK KaK rrp5I11b1e PGi IIMeIOT 06-

IIJYIO TO"IKY p' TO HX o6pa3bl mi 

TaK?Ke H.MeIOT 06II1yIO TO'IKY Q. To­

r,I1a GQ : GP = -3, OTKy,D,a PQ : 
:PG=4. 

3 a ,I\ a 'I a 3. IIocTpoliTe ccpepy, 

KacaIOII!YIOC5I ,I\aHHOll IIJIOCKOCTH a 

B ,I1aHHoli TO'IKe A II ,I\aIIHOli ccpe­

pbI W. 

p e III e H H e. ,1..1,Be KacaIOII!HeC5I 

ccpepbl rOMOTeTH'IHbl c u,eHTpOM ro­

MOTeTHH B TO'IKe KacaHH5I. ll;eHTp x 
IICKOMOH ccpepbl y Jie?KHT Ha rrep­

IICH,I\HKJJI5Ipe K IIJIOCKOCTII a B TO'I­

Ke A n Ha np.HMoli, coe,I1IIH5IIOII1eli 

u;eHTp 0 ,I\aHHOll ccpepbl (,) c TO'I­

KOM S Kacairn5I ccpep. IIo3TOMY 3a-

Pnc. 164 

,I\a'Ia CBO,I\HTC5I K rrocTpoeHHIO TO'IKH S. IIpH yKa3aHHOM roMOTeTIIII o6-

pa30M IIJIOCKOCTH a 5IBJI5IeTC5I rrapanneJibHa.H en IIJ!OCKOCTb a'' KacaIOII1a-

5IC5I ,IlaHHOll ccpepbl (,). IlJIOCKOCTb a' nerKO CTpOHTC5I (pnc. 164). Tip5IMa5I 

AA' nepeceKaeT ccpepy w BTOpII'IHO B HCKOMOli TO'IKe S. BTopoli Ko Heu; 

B' ,I1Ha1reTpa ccpepbr w, rrcprreH,I1HKJJI5IpHoro nnocKoCTH a, aHanorH'IHbIM 

nyTeM rrpHBO,I\HT eII!e K o,n,noli ccpepc, J,IiOBJieTBOp5IIOII1eli Tpe60Bamr10 3a­

,I1a'IH. 
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§ 2. llpeo6pa3oBaJ-lU.fl noiJo6u.R 

2.1. Orrpe,n.eJienne H HHBapHaHThI rro,n.o6Hii rrpocTpancTBa. IIpco6pa30-

Ba1rne IIpOCTpaHCTBa IIa3hIBaeTC51 npeo6pa30BQ'li'UC.Jvl rwao6'U.fl 1 ll.iUI I10,11.06Il­

eM, ecJIH ,11.JI51 mo6b1x ,11.Byx TOTICK A II B II Hx o6pa3oB A1 II B1 npH 3TOM 

rrpeo6pa3oBaHIIII BhIIIOJIH5IeTC51 paBencTBO A 1B1 = kAB, r ,11.C k ~ rrocT05IIIHoe 

(rroJIO)!(IITCJihHOe) qncJIO, Ha3hrnae110e r;,03ifxfmv,'Ue'limo.M noao6'U.fl. B TiaCTHO­

CTII, rrpn k = 1 11011,0fare 5IBJI51CTC51 ,11.BII)!(CHilCl\1. foMOTCTH5l c K03cpcpm1nen­

TOM k ecTh rro,11.ofare c K03cpcpnl1nenT011 I k j. 
KaK H B rrJiaHIIMeTpIIII, rro,I1,06He cpk rrpocTpancTBa MO)!(HO rrpcll,cTaBHTh 

KOMTI03III1Heii roMOTCTilll H/jk 11 ;J;Bil)!(CHmI f: 

(11.1) 

Ifa rrpell,cTaBJieHn51 ( 11.1) rro;:i;o6II51 BhITeKaIOT CBOHCTBa ( nnBapnaHThI) no­

)J,06IIil rrpocTpancTBa. 

1. ilpII I10)J,06m1 I1p51Ma51 OTo6pa)!(aCTC51 Ha rrp51MYIO, 0Tpe30K na 0Tpe-

30K Ha 0Tpe30K, JIYTI Ha JiyTI, IIJIOCKOCTb na IlJIOCKOCTh, IIOJIYIIJIOCKOCTb Ha 

IIOJIYIIJIOCKOCTb. 

2. ilo)J,o6ne coxpaH51CT BCJIIITIIIHY yrJia MC)!(,ll,y 11p51MbIMII, MC)!(,ll,y 1Ip51MOH 

II IlJIOCKOCThIO, MC)!(,ll,y )J,BYM51 IIJIOCKOCT51MII. 

3. I1o)J,o6ne coxpamieT OTHOWCHIIC JII06hIX )J,BYX 0Tpe3KOB. (9To - IIp51-

MOe CJIC)J,CTBilC II3 orrpe)J,eJieHII51 IIO)J,06II51). 

4. EcJIH TeJio T' - o6pa3 TeJia T rrpH rro)J,o6HII cpk, TO V(T') = k3 V(T). 
B TiaCTHOCTII, ecJIII T II T' - TeTpaa)J,phl, TO 3TO OTHOlllenIIe ecTh cJie)J,­

CTBIIe rrepBOH cpopMyJihl llhay)J,Ta )J,JI51 o6beMa TCTpa3)J,pa, onpe)J,CJICHII51 

rro)J,06II51 II CBOHCTBa 2. EcJIII T' II T - 1rnororpannHKII, To IIX MO)!(HO pa3-

6IITh na I10)J,06Hbie TeTpaa)J,pbI, OTKyll,a II 6y)J,eT CJIC)J,OBaTb CBOHCTBO 4. ,Il;JI51 

)J,pyrnx TCJI OHO IIOJIY'IaCTC51 c IIOMOIIIhIO COOTBCTCTBYIOIIIIIX cpopMyJI IIX ofrb­

eMOB. 

CyIIIeCTBYIOT )J,Ba po)J,a rro)J,o6nil rrpocTpaHcTBa. I1o)J,06II51 rrepBoro po­

)J,a coxpaH51IOT opIICHTal1IIIO Ka)!()J,Oro TCTpa3)J,pa, Il0ll,06II51 BTOporo po)J,a 

ncpcBO)J,51T Ka)!()J,blll TeTpa3)J,p B TCTpa3)J,p nponrnoIIOJIO)!(HOH Op1IeHTal1IIII. 

(06 opneHTa1IIIII TeTpa3)J,pa CM. § 2 m. 10.) 
AnaJIOrllTIHO COOTBCTCTBYIOIIIeil TeopeMe )J,JI51 rro)J,ofaril mIOCKOCTII )J,OKa-

3brnaeTC51 meope.Ma 0 3aammu noao6U.fl npocmpa'licmea: CCJIII 11,aIIbl )J,Ba 

TeTpa3)J,pa ABCD n A' B'C' D' TaKIIe, 'ITO A' B' = kAB, B'C' = kBC, 
C' D' = kCD, A'C' = kAC, A' D' = kAD, B' D' = kBD, TO CYIIICCTBYCT TOJib­

KO Oll,HO rro;.i;o6nc rrpocTpaHCTBa, rrpn KOTopoM A --+ A', B --+ B', C -+ C', 
D-+D'. 

2.2. Koop,11.IIHaTHhie cpopMyJihI rro,n,o6IIii rrpocTpancTBa rroJiy<IaIOTC51 Ha 

OCHOBC cpopMyJI ( 10.1) ,11.BII)!(CHII51 lI rrpe,11.CTaBJICHl151 ( 11.1) rro,n:o6n51. lloJih-

222 



3J5ICb rrpOII3BOJIOM BbI6opa IIeHTpa rmvIOTeTim, rrpIIMeM B Ka'IeCTBe Hero 

Ha'laJIO 0 3a,n;aHHOH IIp5IMOyrOJihHOH ,n;eKapTOBOH CIICTeMbl KOOp,n;mraT. To­

r,n;a ,n;m1 no,n;o6II5I cpk IIOJIY'Ia8M cPOPMYJihI: 

x' = k(a1x + b1y + c1z) + Xo, 

y' = k(a2X + bzy + C2z) +Yo, (11.2) 
z' = k(a3X + b3y + C3Z) + Zo. 

TaK KaK ro1roTeT1rn, c rroJIO.IKIITeJihHhIM K03cPcPIII1IICHT011 ecTh rrpeo6pa-

30Banne nepBoro po,n;a, TO B 3THX ¢opMyJrax po,IJ, ,IJ,BII.IKeHII5I f cmma,IJ,aeT 

c po,IJ,011 rro,IJ,06m1 cpk. HanoMnIItvr, 'ITO rvraTpIIIIa 

opToronaJihna (n. 7.2 rJI. 10). 
2.3. ll;eHTp 110,D;oforn 11pocTpaHCTBa. IIocKOJihKY CYilICCTBYJOT roMoTeTIIII 

,IJ,BYX pO,IJ,OB, TO B rrpe,Ll,C'l'aBJieHHlI (11.1) 110,Ll,OGlIR rrpocTpaucTBa MO./KHO 

ncer,IJ,a noJiaraTh comrn,n,aJOilIIIMH po,n, no,IJ,ofarn II po,IJ, roMoTeTIIIl. Tor,IJ,a 

B 3TOM npe,n,cTaBJI8IIHII ,Il,BIDKenne f 6y,IJ,eT BCCI',IJ,a ,Il,BH:IK8HHCM TOJihKO nepBO­

ro po,n,a. TaKOBhIMil 5IBJI5IIOTC5I rrepeHOChI, IIOBOpOThI II BHHTOBhie ABII./KCHH5I. 

Ho KOMII03HI1II5I roMoTeTHH II nepenoca ecTh roMoTeTH5I c ,n;pyrIIM IICIITpoM. 

CJie,IJ,OBaTCJihHO, BCe IIO,IJ,06H5I npOCTpaHCTBa CBO,IJ,5ITC5I K KOMII03Hll,H5IM ro­

l\IOTCTHH H IIOBOpOTa: 

(11.3) 

Och l rroBopoTa 3aBHCIIT OT Bb16opa I18HTpa A roMoTeTHII. 

Ilo,n;o6ue, OTJIH'IHOe OT ,Ll,BII./KeHH5I, He MO./KCT IIM8Tb 6oJice O,IJ,HOH HCIIO­

,Il,BII./KHOH TO'IKH, KOTopa5I Ha3bIBaeTC5I v,eumpo.M noiJo6uJi. ,lJ,oKa:>KCM, 'ITO 

noiJo6ue, ne Ji6ftJi6weecJi iJeuJ1CenueM, ece2iJa U.Meem v,enmp. 

IlycTh no,n;o6IIe npocTpancTBa 3a,n;auo KOMII03HI~neii ( 11. 3). EcJin A E Z, 
TO TO'!Ka A n eCTh IICKOMhiil: I18HTp no,n;ofarn. Ilpu A rj l npoBe,n;el\1 'Iepc3 A 
IIJIOCKOCTb U) nepneH,IJ,HKYJI5IpHO l. IlJIOCKOCTh U) H8IIO,Ll,BII:>KHa KaK npn rOMO­

T8THH, TaK H npn IIOBOpOTe, II CJI8,Il,OBaTCJihHO, HeIIO,Il,Bil:>KHa II npu 3a,n;aHHOM 

no,IJ,ofam. Ha MHO:>KeCTBe TO"reK 3TOii IIJIOCKOCTII w ;'],amroe rro,IJ,o6uc cpk 5IBJI5I­
CTC5I KOMII03IIIIII8H rOMOT8TIIII c II8HTpmvI A II ITOBOpOTa R':J' r,n;e B = l n U). 

::ha KOMII03HIIH5I 5IBJIR8TC5I IIO,IJ,06IIel\I nepBoro po,D,a IIJIOCKOCTII U). Ilo3TO­

MY ero neno,n;BII.IKHa5I ToqKa Q cyilieCTBycT. Ee nocTpocnne pacc11IOTpeno 

B CJICAJI01Il8l\1 nynKTe 2.4. ::ha TOqKa Q II eCTb II8ll'Tp ,IJ,aHHOI'O no,n;o6n5I cpk 
npocTpaHCTBa. 

2.4. IlocTpOeHHe 11,CHTpa Il0)1,06H5I nepnoro po)J.a IlJIOCKOCTH. IlycTb IIO­

,IJ,06He cpk nepBoro po,IJ,a IIJIOCKOCTII 3a,IJ,ano KOl\lII03HIIII8ll 

cpk=R'J,oH~. (11.4) 
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11,cnTp B rronopoTa 3aBIICIIT OT Bhr6opa rreIITpa A rOMOTeTIIII. Tpc6yeTca 

HafITII TO'IKY Q = cpk(Q). 
IIocTpOIIl\I TO'IKY A'= R~(A) II TO'IKY B 0 , ,ll,Jrn KOTopoil: H~(B0 ) = B 

(pIIc. 165). Tor,11,a cpk (A)= A' II cpk (Bo)= B. Ilo orrpe,11,eJICHIIIO rronoporn opII­

eHTIIponamrhrfI yroJI ABA' pancn yrJiy CJ. rronopoTa. Ilo cnoil:CTBY rro,n:o6IIIl: 

A' 

Pnc. 165 

rrepnoro po,n:a IIJIOCKOCTII opIIeHTIIponam-rhre yrJihI AQA' II B 0 QB TaK)Ke 

paBHbI CJ. (yroJI IIO,ll,06mr). Il03TOMY IICKOMaa TO'!Ka Q rrpIIHa,ll,JI8)KIIT TOfI 

,n:yre AA' oKpy)KHOCTII ABA', ,ll,JIR KoTopoil: TO'IKa B anJiaeTca cepe,11,IInofI. 

Ifa TO'IKII Q oTp830K B 0 B BII,11,eH rro,11, ( opIIeHTIIpOBaIIHbIM!) yrJIOl\I CJ.. CJie­

,ll,OBaTeJihHO, TO'IKa Q rrpIIHa,n:Jie)KIIT 0,11,ttoil: II3 ,n:nyx ,n:yr OKpy)KHOCTeil: II3-

BCCTHoro MH0)K8CTBa TO'ICK IIJIOCKOCTII. TaKIIM o6pa30M, IICKOMblll I!C!ITp Q 
IIO,ll,OOIIR CCTh BTOpaa TO'IKa rrepeCC'ICIIIIR ,ll,BYX YKa3aHHbIX ,n:yr, IIMCIOill,HX 

o6nzyro TO'IKY B. 
IlocTpOCHHaa TO'!Ka Q ,ll,CHCTBIITCJibHO HCIIO,ll,Bll)KHa IIpII 3a,ll,aHHOM IIO­

,n:o6HH cpk. 9TO IIO,ll,06IIe MO)KCT 6hITb 3a,ll,aHO ,ll,BYMR rrapaMII COOTBCTCTBCH­

HbIX TO'ICK A-+ A' II B 0 -+ B. TpeyrOJihHIIKH AQB0 II A'QB rro,11,06HhI (no 

panencTBY yrJIOB A II A', B 0 QA II BQA') II O,ll,IIHaKono opIIeHTIIponaHhr. 

9To 3Ha'IIIT, 'ITO Q -+ Q. 
2.5. KJiaccmpHK<m.1rn rrn,n:o6Irli rrpocTpa.HCTBa. B rrpe,n:cTaBJieHIIII (11.3) 

rro,n:o6IIa rrpocTpanCTBa KOl\!II03lII!IIe:ti rOMOTCTIIII II IIOBOpOTa B03bMCl\I 3a 

I!CIITP rOMOTCTIIII HCIIO,ll,BII)KHYIO TO'IKY Q (u,eHTp) IIO,ll,06rrn. Tor,n:a 3Ta TO'I­

Ka Q He06XO,ll,IIl\IO ,ll,OJI)KHa rrpIIIIa,ll,JIC)KaTb OCH l IIOBOpOTa. 11TaK, II.l\ICC.l\I 

KJiaCCII<pIIKarrIIOHHYIO TeopeMy 0 rro,n:o6mrx rrpOCTpaHCTBa, 

TeopeMa. Jho6oe noiJo6ue npocmpa'l-tcmea, om.llU"i'l-we om iJeuJ+CettuR 

u 20.Momernzm, RB.llRemcR ·1w.Mno3uu,ueil 20.Momemuu u noeopoma 01w.llo 

ocu, coiJepJ+Caw,eil u,enmp 20.Momemuu. PoiJ 20.Momemuu coenaiJaem c po­

iJo.M noiJo6uR. 9ma 'IW.Mn03U1.J,UR r:,o.M.Mymamuexa. 
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y Ka3aHHaR KOMn03Illl,IlR roMOTCTilll Il noBopoTa, OCb KOTOporo co_ri:ep.IKllT 

11,CHTP rOMOTCTilll, Ha3bIBaeTCR 20J.WmemU'l/,eC'X:U.M noeopomo.M npOCTpaH­

CTBa. Ott MO.IKCT 6bITb nepBoro HJIII BToporo po_ri:a. 

Harmi_ri:tto KJiaccn¢nKa11,nIO Bcex no_ri:o6IItl: npocTpattcTBa, BKJIIO'!a5.! II 

)l:Bll.IKCIIIIR, MO.IKHO npe)l:CTaBIITb CJIC,IJ,yIOlll,CH CXCMOH. 

ITepeHOCbI 

To>K,11ecTBeHHoe 

,l\BH>Kettue 

ITO,Il,OBI15I ITPOCTPAHCTBA 

Kile IIOBOpO­

Tbl I po,11a 

IT0,11oforn BToporo po,11a 

3aiJa'l[U r;; 2.flaee 11 

11.1. ,Il;oKa.IKIITe, 'ITO IIICCTb 11,CHTpOB rOMOTCTIIH Tpex nonapHO HepaB­

HbIX c<}:>ep Jie.1KaT no TPII Ha '!CTbipex npRMhIX. 

11.2. ,Il;oKa.IKIITC, 'ITO IIICCTb JJ;CHTpOB rOMOTCTilll 'ICTbipex nonapHO ro­

MOTCTH'!HbIX ¢nryp JIC.IKaT B O)l:HOH nJIOCKOCTil no TPII Ha 'ICTbipex npRMbIX. 

11.3. Hatl:_ri:nTe OTIIOIIICHIIe 06'be1v1a TCTpa3_ri:pa K o6'beMy TCTpa3_ri:pa, Bep­

nrnnaMM KOTOporo RBJIRIOTC5.! JJ;CHTpOM)l:bI rpattetl: )l;aHHOro TCTpa3)l;pa. 

11.4. IlocTpotl:Te Ky6, O)l;Ha rpattb KOToporo KacaeTrn _ri:annotl: c<}:>epbr, 

a BepIIIMHhI npoTnBonoJI0.1Kttotl: rpann Jie.IKaT na 3Totl: c¢epe. Hatl:_ri:nTe OT­

noIIIenne pe6pa Ky6a K _ri:naMeTpy c¢epbr. 

11.5. ,Il;Be c¢epbI KacaIOTCR BHYTPCHHHM o6pa30l\I B TO'IKe S. IlJioc­

KOCTb a KacaeTCR MCHhIIIetl: c¢ephr B TO'!Ke T. ,Il;oKa.IKIITe, 'ITO JIY'I ST 
CJIY.IKIIT OCbIO KOHyca c BepIIIIIHOH s, co_ri:ep.IKalll,ero OKPY.IKHOCTb nepece'Ie­

HII5I IlJIOCKOCTH CJ. c 60JiblliCH c¢epotl:. 

11.6. IIocTpotl:Te c¢epy, rrpoxO)l;Rlll,yIO qepe3 _ri:annyro TO'IKY n KacaIOlll,y­

IOCR Tpex _ri:aHHbIX nepeceKaIOlll,HXCR IlJIOCKOCTetl:. 

11. 7. IlocTpOtl:Te c¢epy, npOXO)l;Rlll,YIO qepe3 )]:Be _ri:aHHbie TO'IKII Il Kaca­

IOlll,yIOCR )l;BYX _ri:aHHbIX nJIOCKOCTetl:. 
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11.8. IlocTpOMTe ccpepy, KacaIOlll,YIOCSI Tpex ,[l,aHIIbIX nepeceKaIOlll,lIXCSI 

UJIOCKOCTCM lI ,[l,arrnoiI ccpepbI. 

11.9. ,UoKa)KHTe, 'ITO ,[!,Be orpaHH'!eHHbIC cpnrypbl He MOryT 6bITb rol\IO­

TeTH'!HbIMlI 6onee 'ICM ABYMSI crroco6aMn. 

11.1.0. Ilpeo6pa::ioBaHire npocTpancTBa, OTJIWHIOC OT ABH)Kemrn, OT06pa­

)KaCT Ka)K,Ll,YIO npsrMyIO na napanneJibnyro eiI npsrl\rym HJIII Ha ce6sr. ,UoKa­

)KIITe, 'ITO 3TO rrpeo6pa30BaHIIe S!BJISICTCSI 20.Momemueu. 

11.11. Ilpeo6pa3oBaHIIC npocTpaHCTBa OT06pa)KaCT Ka)K,[l,YIO np5Il\1YIO Ha 

np5IMYIO II coxpaH5leT BeJIII'IIIHY yrna l\!C)K,[l,Y np5!MbIMII. ,UoKa)KIITe, 'ITO 3TO 

rrpco6pa3oBamre 5IBJI5leTC5! noiJo6ue.M. 

11.12. HaiI,JJ,IITe MHO)KCCTBO rrenTpOB roMoTeTIIM npocTpancTBa, Ka)K­

,L1,a5! II3 KOTOpbIX OT06pa)KaeT TpII 3a,[l,aHHbre TO~IKII Ha TO'IKII, IIpIIHa,[1,­

JIC)Kalll,IIe TpeM 3a,[l,aHHbIM 11JIOCKOCT5IM, IIMeIOlll,IIl\l e,[1,IIHCTBeHHYIO o6lll,yIO 

TO'!Ky. 

11.13. HaiI,Ll,IITe MHO)f(CCTBO rreHTpOB roMoTeTniI rrpocTpancTBa c O,Ll,HHM 

H TCM )Ke K03cp¢nrrIIeHTOM, npII Ka)K,l.l,OM ll3 KOTOpblX o6pa3 ,JJ,aHHOM IIp5!­

MOM m rrepeceKaeT ,[!,pyryro ,n,aHHYIO np5IMYIO l. 
11.14. HaiIAIITe MHO)KCCTBO rrp5!MbIX, npoxo,L1,5llll,HX qepe3 ,n,atrnym TO'IKY 

II o6Jia,[l,aIOlll,IIX TCM CBOMCTBOM, 'ITO OTpC3KII 3TlIX IIp5!MbIX, 3aKJIIO'ICHHbre 

Me)K,[l,Y ,l.l,BYM5! ,[l,aHHblMII HJIOCKOCT5IMII, ,[!,CJI5ITC5! ,[l,aHHOM TO'IKOM B 0,IJ;HOM 

H TOM )KC OTHOIIlCHIIII k. 
11.15. ,il,oKa)KIITe, 'ITO ,n;na TeTpa3,[!,pa IIO,l.l,06HbI, eCJIII l\!C)K,[l,y IIX 3Jie­

MCHTaMII ycTaHOBJICHO TaKoe COOTBCTCTBIIe, rrpII KOTOpOM COOTBCTCTBCHHbIC 

3JICMeHTbI O,IJ;IIHaKOBO pacrrOJIO)KCHbl B o60IIX TeTpa3,[!,pax II BbIIIOJIH5ICTC5! 

XOT5l 6hI O,l.l,HO II3 CJICAfIOlll,IIX YCJIOBIIM: 

1) pe6pa 0,l.l,HOro TCTpa3,l.l,pa rrporroprrIIOHaJibUbl COOTBCTCTBCHHbIM pe6-

paM ,JJ,pyroro; 

2) TPII rpanII 0,[!,HOro TCTpa3,[!,pa II0,[!,06Hbl TpeM COOTBCTCTBCHHbIM rpa­

H5ll\l ,L!,pyroro; 

3) O,l.l,Ha II3 rpaneiI 0,l.l,IIOro TCTpa3,IJ,pa IIO,IJ,06na COOTBCTCTBCHHOU rpa­

HII ,IJ,pyroro II rrpIIJIC)Kalll,IIC K 3TII1\l rpaH5IM COOTBCTCTBCHHbIC ,IJ,ByrpaHHbie 

yrJibl paBIIbI; 

4) ,IJ;BC rpamr O,l.l,HOro TCTpa3,[!,pa IIO,IJ,06Hbl ,IJ,BYM COOTBCTCTBCHHbIM rpa­

mrM ,L!,pyroro II ,Ll,Byrpannbre yrnbr MC)K,Ll,Y 3TIIMII rpamil\III paBHbr; 

5) TpexrpaHHbIM 0,IJ,HOro TCTpa3,[!,pa paBeH COOTBCTCTBCHIIOMY Tpexrpan­

HOMY yrJJy ,IJ,pyroro II COOTBCTCTBCHIIbie pe6pa, o6pa3yIOlll,IIC 3TII Tpexrpan­

Hbie yrJILI, nporroprrIIOHa.JibHhI; 

6) ,IJ,Ba TpexrpaHHbIX yrna O,Ll,HOro TCTpa3,[!,pa paBHbl /:l,BYM COOTBCTCTBeH­

HbIM TpexrpaHHbIM yrnaM ,[!,pyroro. 

11.16. Ha .uannoiI rrp5IMOn l naiI,11,IITe TO'IKY, paBnoy,11,anennym OT ,11,annoiI 

TO'IKII Jvf II ,11,amrniI IIJIOCKOCTII r:J.. 
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11.17. B ):(amry10 CcPCPY BTIHUUITe TCTpa3):(p, rpaHH KOTOporo COOTBCT­

CTBCHHO rrapaJIJICJibHbl rpamil\l )1,aIIHOro TeTpa3;.i;pa. 

11.18. j},atta CcPepa n TO'IKa S BHe nee. IlocTpoliTe Konye c BepnrnHoli S, 
0KpJ%HOCTb OCHOBamrn: KOToporo JIC)f{HT Ha )1,aHHOM CcPepe, a 06pa3y10llIIIe 

)1,CJI5ITC5I CcPepoli IIOIIOJial\I. 

11.19. B rrpaBIIJihIIJIO 'ICThipexyroJibHYIO rrnpaMH,Jzy Brrncaua CcPepa. 

IlJIOCKOCTb, npoXO)J,5lllia5l 'ICpC3 ee ll,CHTP rrapaJIJICJibHO IIJIOCKOCTH OCHOBa­

Hll5! rrIIpal\HI)l;hI, ,l.\CJIIIT o6'hCl\I nIIpal\IH)J,bI rronoJial\1. Ha.i1,11;i1Te ):(ByrpanHhIM 

yroJI npu OCHOBaHIIII nupaMH):(bl. 

11.20. IlocTpoliTe Ky6 no ero )1,HaroHaJin. 

11.21. Jl,aHbI ):(BC nepaBHhIC CcPCPhI a II 0 H rrpnua)J,JIC)f{aurIIe Ill\! COOT­

BCTCTBCIIHO TO'IKII A n B. Hali)J,IITe npeo6pa30Ba1rne rro):(o6II5!, npII KOTOpoM 

r:J.-+ 0 HA-+ B. 
11.22. Hali)J,IITe MHO/KCCTBO u,eHTpOIIll,OB TeTpa3):(pOB, BnncaHHbIX B ):(aH­

HhIH TeTpa3~p. 
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I'.11,aea 12 

AifjifjuH/H'bte npeo6pa30Ba?-lUJl 

§ 1. H a"laJia meopuu aifjifjw-t'H/blX npeo6pa3oearmu 

npocmpmicmea 

1.1. Orrpe)J,eJieH1Ie a<l><l>mrnoro rrpeo6pa3omrnm1 rrpocTpaIIcTna H ero 

CJie)J,CTBmI. Ilpeo6pa30BaHIIe rrpOCTpaHCTBa, KOTopoe OT06pa.1KaeT Ka.IK,IJyIO 

IIJIOCKOCTb Ha IIJIOCKOCTb, Ha3bIBaeTC5I aif4jU'li'li'bl.M npeo6pa306a'liue.M. 

IlpRMaR eCTb JIIIHII5I rrepece'leHII5I ,L\BYX IIJIOCKOCTeH. Il03TOMY cornacno 

orrpe,L1cnem1IO a¢qrnnnoe rrpeo6pa3oBanHe rrpocTpaHC'rBa 0To6pa.1KaeT Ka.IK­

,IlYIO rrpRMYIO na rrpRMyIO. 

A¢¢Hnnoe rrpeo6pa3oBaHHe rrpocTpancTBa coxpairneT rrapaJIJICJihHOCTh 

IIJIOCKOCTeil, rrapaJIJICJibHOCTb rrp5IMbIX, rrapaJIJICJibHOCTb rrpmvIOH II fIJIOCKO­

CTII, OT06pa.1KaeT CKpelll,IIBaIOlll,IICC5I IIp5IMbIC na CKpClll,IIBaIOlll,IICC5I npmv!bIC. 

Ka.1K,L10e M3 3TMX yTBep.IK,LICHHil: TpHBHaJihHO ,LIOKa3hIBaeTC5I crroco6oM rrpn­

Be,[leHHR K IIpOTIIBOpe'IIIIO. 

B 1880 ro,ny ¢pamzy3CKHH reoMeTp r. )J;ap6y B IIIICbMC K <I>. Kneilny 

)J,OKa3aJI IIHBapIIaHTHOCTb OTHOIIICHII5I Tpex TO'ICK rrp5IMOH rrpII a¢¢IIHHOM 

rrpeo6pa3oBaHIIIl IIJIOCKOCTII, OIIHpaRCb JIIIIIIb Ha TOT ¢aKT, 'ITO o6pa30M 

BC5IKOH IIp5IMOH 5IBJI5IeTC5I rrpaMaR. 0,[IHaKO 3TO ,[\OKa3aTCJibCTBO He rrpocToe 

n 3,11,CCb MhI ero He 6y,L1eM II3JiaraTh. HHTepecyIOlll,IIHCR 'IIITaTeJih MO.IKeT Hail­

TII ero B KHHre H. M. 51rJIOMa II B. r. AIIIKIIHy3e «Ii,[leII II MCTO,[\bl a¢¢IIHHOH 

II rrpoeKTIIBHOH reoMeTpIIII» ( c. 41-45). 
A¢¢IIHHoe rrpeo6pa3oBaHIIe rrpocTpaHCTBa U'lidyv,upyem a¢¢IIHHOC 

0To6pa.1KeHIIC Ka.IK,LIOH rrnocKOCTII na ee o6pa3. Mo.1Kno 6bIJIO 6hI ,ll,aTh TaKoe 

orrpe,L1enenIIe a¢¢IIHHoro rrpeo6pa3oBaHII5I rrpocTpaHCTBa: rrpeo6pa30Ba-

1rne rrpocTpaHCTBa, KOTOpoe aifxpU'li'liO OT06pa.1KaeT Ka.IK,IJyIO IIJIOCKOCTb na 

fIJIOCKOCTb Ha3hIBaeTC5I a¢¢IIHHbIM rrpeo6pa30BaHII€M. 0,[IHaKO TaKOC onpe­

,ll,CJieHIIC II36bITO'IHO. 

I10,L106II5I OT06pa.1KaIOT Ka.IK,IJyIO IIJIOCKOCTb Ha IIJIOCKOCTb II fl03TOMY 5IB­

JI5IIOTC5I a¢¢mrnhIMII rrpeo6pa30BaHII5IMII. 

1.2. 3a,D,a11He a<l><l>mrnoro npeo6pa30BaHII5I npocTpaIICTBa. 

TeopeMa. Cyw,ecmByem edu'/icm6e1-moe aifxfJU'li'liOe npeo6pa306a'liue npo­
cmpa'!-lcmBa, nomopoe omo6pa:J1Caem "lem'bLpe daim'ble 'lieno.Mn.11,ai-tapH'ble 

mo"lnu A, B, C, D 'Ha "lem'blpe '/ianeped aada'li'!-l'bLe 'lieno.MnAa'liap'li'ble mo"lnu 

A', B', C', D' coomBemcmBe'li'/iO. 



):I; 0 Ka 3 a Te JI b c TB 0. PaccMOTpHM ,IJ;Be a<P<PHHHbie CHCT€MbI KOOp,IJ;H­

naT (ACK) (D, e1e2e3) II (D', e'1e'2e'°3), r,n;e e1 =DA, e2 =DB, e3 =DC 
II e' 1 = D' A 1

, e' 2 = D 1 B', e' 3 = D' C 1
• Orrpe,n;eJIIIM npeo6pa3oBami:e f npo­

CTpaHCTBa 3aKOHOM: Ka:IK,IJ;Ofi TO'!Ke M, HM€IOI11,efi KOOp,IJ;IIHaTbI x, y, z OT­

HOCIITCJibHO nepaofi ACK, rrocTaBnM B cooTBCTCTBIIe TaKyIO TO'IKY A1', KO­

TopaR OTHOCHTeJihHO BTopofi ACK nMecT Te :1Ke caMhIC Koop,n;IInaTbI x, y, z. 
O'rnBn,n;no, 3To rrpeo6pa3oaam1e f aqXfnm'Hoe, nocKOJihKY o6pa30M IIJIOCKO­

CTH, IIMeroI11,e:H ypaBnemi:e ax +by + cz + d = 0 OTnocnTeJihHO rrepBo:H ACK, 

5IBJI5IeTc5I MHO:IKeCTBO TO'leK, KoTopoe OTHOCHTCJihHO BTopo:H ACK nl\1eeT 

TO :/Ke caMoe ypaBHeHne, T. e. TO:/Ke IIJIOCKOCTh, n6o BII,IJ; ypaBHeHH5I IIJIOC­

KOCTII He 3aBHCHT OT BbI6opa a<P<PnHHOH CHCTeMhI KOOp,IJ;IIHaT. CorJiaCHO 

3aKony rrpeo6pa3oBaHH5I f, B LiacTHOCTn, f(A) =A', f(B) = B', f(C) = C', 
J(D) = D'. 

gJIR ,IJ;OKa3aTeJihCTBa eiJu'HcmBe'H'Hocmu a<P<Pmrnoro rrpeo6pa3oBamrn f 
,IJ;OCTaTO'lHO 3aMeTHTh, 'ITO B c 5I K 0 e a<P<PIIHHOe rrpeo6pa30Banne rrpo­

CTpaHCTBa o6na,n;aeT CBOHCTBOM: coomBemcmBe'H'H'ble mo"lnu 6 coomBem­

cmBe'H'H'btX A CK u.Mewm paB'H'bte coomBemcmBe'H'H'ble noopiJu'Hamu. '.:ho 
IIp5IMO cneeyeT II3 HHBapnaHTHOCTH OTHOIIIeHII5I KOJIJIHHeapHbIX BeKTOpOB 

(II3 IIHBapIIaHTHOCTII OTHOIIIeHH5I Tpex TO'leK rrp5IMOH) rrpII a<P<PIIHHOM rrpe­

o6pa30BaHHH. B caMOM ,n;eJie, ecJin 

TO 

Ilo3TOl\IY nro6oe ,n;pyroe a<P<Pnnnoe rrpeo6pa3oaanIIe, IIMeIOI11,ee Te :IKC Lie­

Thipe rraphr cooTBeTCTBeHHhIX TO'leK A ---+ A', B ---+ B', C ---+ C', D ---+ D', 
neo6xo,IJ;IIMO COBIIa,n;aeT c nepBOHa'laJihHO IIOCTpoeHHbIM a<P<PIIHHbIM rrpe­

o6pa30BaHII€M f. D 
1.3. Koop~aTHhle cpopMyJTuI acpcpttnnoro npeo6pa30Banm1. IlycTh ,n;a­

na a<P<PnHHa5I CHCTeMa KOOp,IJ;IIHaT ( 0, e1 e2 e3) II a<P<PnmIOC npeo6pa30-

Bamre f rrepeBO,IJ;HT TO'IKY M(x, y, z) B TO'IKY A1'(x', y', z'). Tpe6yeTC5I 

Bhrpa3HTh Koop,n;IInaTbI x', y', z' Liepe3 x, y, z n rrapaMeTphr, 3a,n;aIOI11,He rrpe­

o6pa3oBanHe f. 
TaKIIMII rrapaMeTpaMH MoryT cny:IKHTh Koop,n;mrnThI o6pa30B 6a3IICHhIX 

BCKTOpOB: e'1(a1, a2, a3), e'2(b1, b2, b3), °e'3(c1, C2, C3) II KOOp,IJ;HHaTbl o6pa-

3a O'(d1, d2 , d3 ) naLiana 0 KOop,n;IIrraT ,n;anno:H ACK oTnocnTeJihno:H 3Toil 

ACK. gJIR peIIIeHnR nocTaBJienno:H 3a,n;a'IH HCIIOJih3yeM BeKTopnoe paaeH­

CTBo: 
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CorJiacno orrpe,n;eJiemuo Koop,n;IIHaT BeKTopa II Koop,n;IIHaT TO'lKII IIl\recM: 

O' lvf' = x?1 + y?2 + ze'°3 = 
= x(a1 e1 + a2 £2 + a3 e3) + y(b1 e1 + b2 £2 + b3 e3) + z(c1 e1 + c2 £2 + c3 e3) = 

= (a1x + b1Y + c1z)e1 + (a2x + b2y + c2z)e2 + (a3x + b3y + c3z)e3. 

ITepBoHa'laJihHoe BeKTOpHoe paBeHCTBO paBHOCIIJibHO TpeM Koop,n;IIHaTHhil\I: 

x' = a1X + b1Y + C1Z + d1, 

y' = 02X + b2y + C2Z + d2, 

z' = a3x + b3y + C3Z + d3. 

ITocKOJihKY BeKTOpbI 2 1, 2 2, e' 3 JIIIHetino He3aBMCMMhI, TO 

01 b1 C1 

.6. = 02 b2 C2 -=/- 0. 
03 b3 C3 

(12.1) 

(12.2) 

chOT OIIpe):\eJIIITeJib Ha3bIBaeTC5I onpede.!!ume.J!e.M arf)(pU'Hil-l020 npeo6pa-

306Q'/-lU.fl. 

06paTim, ecJIM rrpeo6pa3oBairne rrpocTpaHCTBa 3a,n;ano cpopMyJiaMII 

(12.1) rrpII .6. -I- 0, TO OHO 5IBJI5IeTC5I acpcpHHUbIM rrpeo6pa30BaHMel\I. 

)J,JI5I ):\OKa3aTeJibCTBa TeXHil'leCKII rrp011i;e rrpoBepIITb, 'lTO rrpeo6pa30Ba­

HIIe, o6paTHOe rrpeo6pa3oBaHIIIO (12.1), acpcpIIHIIOe. 0TCIO):\a 6y,n;eT CJie,n;o­

BaTb acpcprrnHocTh rrpeo6pa30Bamrn ( 12 .1). Bo3hMeM rrpoM3BOJibHYIO rrJioc­

KOCTb Ax'+ By'+ Cz' + D = 0. BbIITOJIH5I5I rro,n;cTaHOBKII (12.1), rroJiy'lIIl\I 

ypaBHcnIIe ee rrpoo6pa3a: 

(Aa1 + Ba2 + Ca3)x + (Ab1 + Bb2 + Cb3)y+ 

+ (Ac1 + Bc2 + Cc3)z + (Ad1 + Bd2 + Cd3) = 0. 

Ko3cpcpIII.J;IIeHTbI rrpII x, y, z He MoryT 6bITh o,n;HoBpeMeHHO HYJI5Il\III, TaK 

B npOTIIBHOl\I CJiyqae CIICTeMa 

{

Aa 1 + Ba2 + Ca3 = 0, 

Ab1 + Bb2 + Cb3 = 0, 

Ac1 + Bc2 + Cc3 = 0. 

c uepaBIIbIM nyJIIO orrpe,n;emITeJieM .6. IIMeJia 6b1 JII.Illib uyJieBoe pernemie: 

A= B = C = 0, qTo rrpoTI.IBopeqIJT CMbICJIY ypaBHeHII5I IIJIOCKOCTII. 

11.TaK, cpopMyJibl (12.1) rrpII .6. -I- 0 I.I eCTb I.ICKOl\ibie KOOp,D;I.IIIaTIIble cpop-

1\IYJibI acpcpmrnoro npeo6pa3oBaHII5I rrpocTpaHCTBa. 
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II PII 6. > 0 6a3IIC ( e' i e' 2 e' 3 ) Of:\IIHaKoBo opIIeHTIIpoBaH c 6a3IICOl\1 

(Ci e2 e3) ( a¢qrn1rnoe npeo6pa3oBamre nepBoro pof:(a)' a npII 6. < 0 3TII 6a3II­

Cbl OpileHTilpOBaHbI rrpOTilBOilOJIO)KHO ( a¢¢MHHOe rrpeo6pa30Bairne BTOporo 

pof:(a). 

§ 2. HsMe'lie?tue o6oeM06 meA npu arjjrjju'lt'ltDM 

npeo6pasoem-mu 

2.1. BbipruKem1e cMemrurnoro npoH3Be,n;emrn: BeKTopoB B a<l><PnttHhIX Ko­

op,n;HHaTax. HeK01IITJiaHapHbie B8KT0pbl ei, e2, e3 o6pa3yIOT BeKTOpHbIH 

(acPcPiiHHbIH) 6a3IlC ITpOCTpaHCTBa. fiyCTb BeKTOpbI a, b, C IlM8IOT pa3JIO­

)K8HII5! ITO BeKTOpa11 3TOro 6a3uca: a= Xi ei +Yi e2 + Zi e3, b = X2 ei + Y2 e2 + 
+ Z2 C3, C = X3 e1 + y3 e2 + Z3 C3. l1CITOJih3YE aJire6paIPieCKile CBOIICTBa CMe­

IDaHHOro ITpOil3B8_r\8Hil5!, Bbipa3IIM CMelllaIIHOe ITpOII3Bef:(eHIIe abc '!epe3 a¢­

cPIIHHbie KOOPAIIHaTbI 3TI!x BeKTopoB: 

abc = (x1 e1 + Y1 e2 + z1 e3)(x2 e1 + Y2 e2 + z2 e3)(x3 e1 + y3 e2 + z3 e3). 

B paCKpbITOM BIIAe BbipaMenIIe CMelliaHHOrO npoil3Bef:(eHil5! abc co,n;ep­

)KIIT 27 CJiaraeMbIX, 1!3 KOTOpb!X 21 paBUO uymo ITO ITpM'IMHe KOMITJiaHap­

HOCTII BeKTOpOB. 3aITIIIlleM OCTaJibHbie IIIeCTb CJiaraeMbIX: 

abc = x1y2z3(e1 e2 e3) + x2y3z1 (e3£\ e2) + x3yiz2(e2 e3 ei)+ 

+ x1y3zz(e1 e3 e2) + X2Y1Z3(e2 e1 e3) + x3yzz1 (e3 e2 e1) = 
= (X1YzZ3 + X2Y3Z1 + X3YiZ2 - X1Y3Z2 - X2Y1Z3 - X3Y2Z1)(ei e2 e3). 

BbrpaMeHtte B CK06Kax ecTb oITpe,n;eJIIITeJib TpeThero ITOp5!,n;Ka. l1TaK, IIMeeM 

OKOIPiaTeJihHO ¢opMyJiy: 

Xi Yi Zi 
abc = x2 Y2 z2 (ei e2 e3). (12.3) 

X3 Y3 Z3 

2.2. 3anHCHMOCTb Me)f{,.!JY ofrheMOM Tena H ofo,eMoM ero o6pa3a npH 

a<P<l>mrnoM npeo6pa30BllHHH npocTpaIICTBa. OfrLeM opIIeHTttpoBmrnoro ITa­

paJIJieJieITIIITeAa, nocTpoe1rnoro Ha neKTopax a, b, c KaK Ha pe6pax, Bbrpa­

MaeTC5! 'Iepe3 KOOp,Il;IIHaTbI 3TIIX BeKTOpOB OTHOCIITeJihIIO 6a3IICa (ei e2 e3) 
cPOPMYJIOH (12.3): 

Xi Yi Z1 
v = abc= X2 Y2 Z2 (e1e2e3). (12.3 a) 

X3 Y3 Z3 
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CMernam10e rrpOII3Be,l],eHIIe e1 e2 e3 paBHO 06'beMy Vo opIIeHTIIpOBammro 

rrapaJIJieJierrIIrre;:i:a, rrocTpoerrnoro na 6a3IICHbrx BeKTopax. IlocKOJibKY a¢­

¢1rnnoe rrpeo6pa30BaHIIe OCTaBJI5IeT 6e3 II3MeneHlI5I KOOp,ll,IIHaTbl COOTBeT­

CTBeHHbIX BeKTopoB B coOTBeTCTBeHHbIX 6a3IIcax, TO ;:i:JI.a o6'beMa V' o6pa3a 

rrapaJIJieJierrnrre;:i:a o6'heMa V IIJ\1eel\1: 

X1 Y1 Z1 
V' = a 1 ll2 = X2 Y2 Z2 (e'i e72et3). (12.4) 

X3 Y3 Z3 

Ifa (12.3a) II (12.4) cJie;:i:yeT: 

v V' V'=~V. 
Vo V~' 

Ilo TOH )Ke ¢opMyJie (12.3 a) 

ai a2 a3 

v~ = e'1 e'2 er3 = b1 b2 b3 (e1 e2 e3) = .6. Vo. 
C1 C2 C3 

V,' 
qIICJIO ~ = .6. IIOCTO.HHHO ,l],JI.H ,l],annoro a¢¢IIHHOrO rrpeo6pa30BaHII5I f. 

IhaK, aj/,.fl 'lieopue'/imupoaa'/i'li'liX o6?>e.M06 v u V' coomaemcmBe'li'li'blX 

npu arfafiu'li'liO.M npeo6pasoaa'/iuu napaj/,j/,eJ1,enuneaoa u.Meem .Mecmo saaucu­
.Mocm'b 

V' = l.6.IV, (12.5) 

r,L1,e .6. - orrpe;:i:eJIIITeJib a¢¢IInnoro rrpeo6pa3oBaHII.H. 

8Ta 3aBIICIIMOCTb o6o6w;aeTC5I na o6'beMbI JII06bIX ,ll,BJX COOTBeTCTBen­

HbIX TeJI. ,Il,JI.a ,ll,Byx cooTBeTcTBeHHbIX TeTpa3;:i:poB 3TO O'IeBII,ll,HO. CooTBeT­

CTBeHnbre MHOrorpaHHIIKII pa3JiaraIOTC5I na COOTBeTCTBeHHbie TeTpa3,ll,pbI. 

06'beM npOII3BOJibnoro (Ky6IIpyel\loro) TeJia orrpe,11,eJI.aeTc>I KaK o6rn;IIi1 rrpc­

,1],eJI IIOCJie,l],oBaTeJibHOCTII BIIIICaHHbIX B nero MHOrorpaHIIIIKOB II IIOCJIC,ll,OBa­

TeJibHOCTII OIIIICaHHblX OKOJIO nero MHOrorpamIIIKOB IIPII neorpaIIII'IeHHOM 

yMeHbIIIeHIIII IIX naII60JibIIIei1 rpanII. 

CJie,l],CTBlle. Om'liotue'liue o6?>e.M06 mo6ux oayx mM U'liBapua'lim'liO npu 
arjjrjjumw.M npeo6pasoammu npocmpa'licmaa 

V{ 
v;-

0THOIIIenIIe rIJIOIIIa,L1,ei1 ¢nryp ne .aBJI.aeTcR mrnapnaHTOM a¢¢mrnoro 

rrpeo6pa3oBanII.a rrpocTpancTBa. Ono coxpamieTc.a JIIIIIIb ,ll,JI.a ¢IIryp, Jie)Ka­

IIIHX B O,ll,HOH IIJIOCKOCTH HJIII )Ke B rrapaJIJICJibHbIX IIJIOCKOCT}IX. 
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§ 3. PoCJcmeo 

3.1. Orrpe)J,eJiemrn H cBoii:c:ma pO)J,CTBa. Pacc1roTpII11 ;:\Ba TeTpa3,[\pa 

ABCD II ABCD1 c o6m;eiI rpanbIO ABC. PyKOBO,L\CTBYRCb Teope1ro:11 o 3a­

,[\amrn a¢qnnrnoro rrpeo6pa3oeanIIR ( rr. 1. 2), 3a,[\a,L\Hl\I a¢¢mrnoe rrpeo6pa-

3oeamre f rrpocTpancTBa napa!Vrn ToqeK A----> A, B----> B, C----> C, D----> Di. 
IlocKOJibKY IIPII 3TOM npeo6pa3oBaHIIII HeIIO,[\BII:IKHbl TpII HeKOJIJIIIHeapHbie 

ToqKII A, B, C, TO 6y,I\eT neno,I\BIIfKHa II KafK,I\aR TOqKa IIJIOCKOCTII ABC. 
9To - ne C,I\llHCTBCHHbIH cJiyqafi, KOr,I\a a¢¢mrnoe npeo6pa3oBarrne rrpo­

cTpancTBa IIJ\!CCT IIJIOCKOCTb HCIIO,I\Bll:IKHbIX TO'!CK. 

0 n p e ,I\ e JI e H n e. A¢¢mrnoe npeo6pa3oeairne rrpocTpaHCTBa, HMeIO­

m;ee IIJIOCKOCTb HCIIO,I\BIIfKHbIX TO'ICK, Ha3brnaeTC5I podcm6C1i1ibl.M npeo6pa30-

6a1iUC.M, llJIII podcmeo.M, a IIJIOCKOCTb ero neIIO,I\BII:IKHbIX ToqeK na3bIBaeTC5I 

n.1Loc1wcm'b10 podcmea. 

PO,I\CTBO l\lOfKHO 3a,[\aTb ero IIJIOCKOCTbIO II napoiI COOTBeTCTBCHHbIX TO­

'ICK, He npIIHa,I\JICfKam;IIx eiI. 

Po,I\CTBO RBJIRCTCR BafKHbIM qacTHbIM BII,I\OM a¢¢IInnoro npeo6pa3oBa­

HIIR npocTpaHCTBa II IIMeeT CBOII qacTHbie BII,I\bl. HanpIIMep, 3epKaJibHa5I 

CIIMMeTpII5I - qaCTHblll BII,I\ pO,L\CTBa. 

PaccMoTpIIM cBoiicTea po,n:cTBeHHbIX npeo6pa3oeanIIiI. CooTBeTcTBeH­

Hbie npu pO,I\CTBe 3JICMeHTbl ( TOqKII, IIp5Il\lbie, IIJIOCKOCTII II ,J:\p.) Ha3LIBaIOT 

podcmee1i1i'bl.MU 3JieMeHTaMII. 

1. Por.Jcmee1i1i'bte npJt.M'bie (n.1Loc1wcmu) nepece1'awmcJt 1ia n.JLoc1'ocmu a. 
podcmea U.!LU eil napa.!L.11.e.JL'b1i'bl. 

B caMoM ,I\eJie, ecJIII npII pO,I\CTBe p p(l) = l' II l n a= K, TO K----> K 
II no3TOMY K E l'. EcJIII l II a, TO B03bMeM B IIJIOCKOCTII a npRMYIO l0 , rrapaJI­

JieJibHYIO l. B CIIJIY mrnapuanTHOCTII napaJIJieJILHOCTII npRMbIX ux o6pa3bI l0 

II l' napaJIJieJibHbI. Ilo3TOMY l' II a II l' \\ l. ,Il,JIR po,I\CTBeHHbIX IIJIOCKOCTeiI ,I\O­

Ka3aTeJibCTBO anaJioruqno. 

2. IlpJt.M'ble, 1'a;)ICdaJt u3 1'0mop'blX coedu1iJtem dee podcmee1i1i'ble mo"l1'U, 

napa.!L.!Le.JL'b1i'bl. 

,Il,eiicTBIITeJibIIO, nycTb p(A) =A' n p(X) = X', r,[\c ToqKa A cPIIKCIIpo-

AK A'K 
Batta, a TO'IKa x rrepeMennaR. EcJIII (AX) n a= K, TO=== (IIHBa-

KX KX' 
pnaHTHOCTb OTHOIIIeHmr Tpex TO'ICK npHMOii), a 3TO B03/\IOfKHO JIHIIIb npu 

ycJroBuu (AA') II (XX'). 
HanpaBJienne rrpHMLIX, coe,n:nnRrom;ux po,I\CTBCIIHLIC TO'IKH, na3LIBaeTCH 

1ianpae.JLe1iue.M podcmea. 

3. Ee.flu 1ianpae.lle1iue poiJcmea 1ienapa.!l.lle.ll'b1iO n.llocnocmu amo20 pod­

cmea, mo 1ca;)ICiJ'bti1 ompe3on, coeiJu1iJt'/OW,ui1 iJee poiJcmBe1i1i'bte mo"liw, iJe­

.llumcJt n.llocnocm'b'/O podcmea e oiJ1io.M u mo.M ;)!Ce om1iow,e1iuu. 
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4. Bc.fl'IW.fl nAoc1wcmt>, napa.11,.11,eAt>'IW.fl 1-wnpaeAe'liu'/O poiJcmea, 'lieno­

iJeu;JfC'/ia npu .9mo.M poiJcmee. B 'lieu u'!iiJyv,upyemc.fl poiJcmeo nAOC1',0cmu, 

oct.10 1',0mopoio .flBA.flemc.fl np.fl.Ma.fl ee nepece'ie'/iu.fl c nAOC1',0Cmt>'/O iJa'!i'/iOW 

poiJcmea npocmpa'licmea. 

0TMeTHM ,n;Ba '!aCTHbIX CJiy'!aSI po,n;cTBa. EcJiu ttarrpaBJiem1e po,n;cTBa 

rrapaJIJieJibHO IIJIOCKOCTH cro HeIIO,ll;BH.IKHb!X TO"IeK, TO pO,D;CTBO Ha3bIBaIOT 

ciJeucoM. EcJIH IIJIOCKOCTb po,n;cTBa ,n;eJIIIT rrorrm:caM Ka:>K,D;bIM II3 OTpe3KOB, 

coe,n;IIHSIBIIIHX ABC pO,D;CTBCHHbIC TO"IKII, TO po,n;CTBO na3bIBaCTCSI 1',0COU 3ep­

'/WJl,b'liOU CU.M.Mempueil. 

3.2. Ilpe.n,cTaBJieHHe acl>qnmHoro npeo6pa30BaHmI npocTpaHCTBa KOMno-

3In~eii no.n,06m1 H po,n;cTBa. 0 3Ha"IH!v!OCTII po,n;cTBemroro rrpeo6pa3oBaHIISI 

rOBOpIIT TaKaSI TCOpeMa. 

TeopeMa. Aifx.f;u1moe npeo6pasoea'/iue npocmpa'licmea, omAU'i'lioe om 

noiJo6u.fl u poiJcmea, npeiJcmaeu.Mo 1',0.Mno3uv,ueil noiJo6u.fl u poiJcmea. 

~ o Ka 3 a Te JI b c TB o. Acpqrnnnoe rrpeo6pa3oBamre f rrpocTpancTBa 

OTo6pa:>KaeT ccpepy cr ua 3JIJrnncoII,n; cr'. Otto MO:>KCT 6bITb 3a,n;ano 3TIIJ\III 

cpIIrypaMII. l13BCCTHO, 'ITO cyll]eCTByeT (He C,ll;IIHCTBCHIIaa) IIJIOCKOCTb a', 

co,n;ep:>Kalliaa u;ettTp 3JIJIIIrrcoII,n;a cr' II ucpeceKaIOil]aa ero rro OKPY:>KHOCTII w' 
( KpyroBoe ce'!eHIIe 3JIJI!IrrcoII,n;a). IlycTb a - rrpoo6pa3 IIJIOCKOCTII a'. Tor ,n;a 

OKpy.IKHOCTb (t) = (Jn a CCTb rrpoo6pa3 OKpy.IKHOCTII w'. IlocTpOIIM ccpepy p, 
!IMeIOIIIYIO OKpyMnocTb w' cBoeii ,D;!IaMeTpaJibHOM oKpyMnocTbIO. Ccpepa p 
II 3JIJIIIIICOIIA cr' IIMeIOT 061IIYIO OKpy:>KnocTb w'. Cyll]eCTByeT rro,n;o6IIe <p 
(B 'IacTnocT!I, roMOTenrn), oTo6pa:>KaIOil]ee c¢epy cr na c¢epy p. 3a,n;a,n;uM 

po,n;CTBO p rrpocTpauCTBa IIJIOCKOCTbIO a' neIIO,ll;Bil)KIIb!X TO'!eK Il uapoii co­

OTBeTCTBCIIHbIX TO'!eK <p(A)---> f (A), r,n;e A - neKOTopaa TO'IKa ccpepbI cr, 

A'!. a, <p(A) E p, f (A) Ea'. Tor,n;a p(p) =a' II II03TOMY KOMIT03IID;IISI p · <p oT06-
paMaeT a na cr'. B CIIJIY e,n;IInCTBennocTII a¢¢mrnoro upeo6pa30BanIISI, rrpII 

KOTOpOM a ---; cr') 3Ta KOMII03lIIJ;lISI COBna,n;aeT c ,n;aHHb!M a¢¢IIIIIIbll\l rrpeo6-

pa30BanIIeM f: f = p · <p. D 
'.:ho ,n;oKa3aTeJibCTBO rrpe,n;JioMeno 11. B. l13MeCTbCBbIM. 

Ilpe,n;cTaBJienne f = p · <p, O'IeBH,ll;HO, ne e,n;IIHCTBemro. Acpcpnnnoe upeo6-

pa3oBannc MO:IKIIO rrpe,n;cTaBlITb TaK:IKe KOMII03IID;lieM pO,D;CTBa lI rro,n;o6IISI, 

HO y:>Ke ne COBna,n;aBIIIIIMII c rrpe:IKHIIMII p II <p. 

§ 4. M emod aif)(fiU'J-1//-l'blX npeo6pa30Ba?-lUU 

B 2eoMempu'lteC'KUX sada'ltax 

4.1. CyUIHOCTb MeTo,n;a acl>cl>HHHbIX npeo6pa3oBaHHH. MH0:1KeCTBO a¢­

cpI1HIIhIX upeo6pa30BaIIIIM rrpocTpaHCTBa eCTb rpyrrrra, lIMeIOil]aSI CBOeii rro,n;­

rpyuuoii rpyrrrry rrpeo6pa30BaHIIM no,n;o6IISI. TeopIISI IIIIBapIIaHTOB a¢¢mr-
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noii rpyrrrrbI rrpeo6pa30BaHIIii na3brnacTc5I a¢¢IIHHOii reo1reTpIIeii. <l>IIrypa 

Ha3bIBaeTC5I a¢¢IIHHOM, eCJIII ee xapaKTepIICTWICCKOe CBOMCTBO 5IBJI5IeTC5I 

a¢¢IIHHbIM, T. e. coxpaH5IeTC5I IIpII a¢¢IIIIHbIX rrpeo6pa30BaIIII5IX. IlpII a¢­

cPHHHbIX rrpeo6pa3oBamrnx a¢¢mrna5I cPIIrypa oTo6pa)f{aeTC5I na ¢nrypy 

c TeM )f{e Ha3BanneM. A¢¢IIHHbil\m ¢IIrypaMII 5IBJrnIOTC5I TO'lKa, rrp5.!Ma5I, 

0Tpe30K, JIY'l, IIJIOCKOCTb, IIOJIYIIJIOCKOCTb, TpeyroJibIIIlK, rrapaJIJieJ!OrpaMM, 

Tparre[\1rn, 3JIJIIIIIC, TeTpa::i,D;p, rrapaJIJICJiemme,[\, rrpn311a, Konye (He Kpyro­

Boii), 3JIJIIlIICOII,[\ Il ,[\p. 

,Il,ne ¢IIrypb1 na3brnaeTC5I ar.fiifm'HiHO 31wueaJ1.e'Hm'Hibl.MU ( a¢¢mrno «paB­

Hbil\lll» ), ecJIII cy1IleCTByeT a¢¢nHnoe rrpeo6pa3oBamre, oTo6pa)f{aI01Ilee O,D;­

ny H3 HIIX na ,D;pyry10. HarrpIIMep, a¢¢IIHHO 3KBIIBaJieHTHbI JII06hre ,[\Ba 

TpeyronbnnKa, n106b1e ,[\Ba TeTpa::i,D;pa, ,[\Ba rrpOII3BOJibHbIX rrapannenerrnrre­

,D;a, c¢epa II 3JIJIIIIICOII,L\ II ,D;p. A¢¢IIHHO 3KBIIBaJICHTHbre ¢IIrypbr o6na,D;aIOT 

O,[\HIIMII Il TeMII )f{C a¢¢nHHbIMII CBOMCTBaMn, XOT5I IIX l\ICTpll'IeCKIIC CBOM­

CTBa, B0061Ile rOBOp5I, pa3Jill'lIIbl (,D;JilIIIbl 0Tp83KOB, l\!Cpbl yrnoB, OTHOIIICHll5I 

HerrapaJIJICJibIIbIX OTpC3KOB, OTHOIIIeHII5I IIJI01Ila,[\CM IIJIOCKIIX ¢nryp B Herra­

panneJibHbIX IIJIOCKOCT5IX). 

EcnII ,D;anna5I 3a,D;aLia 5IBJI5ICTC5I a¢¢HnHoii, TO ee rrpaBoMepHo peIIIaTb 

Ha JII06oii ¢nrype Il3 KJiacca a¢¢nHHO 3KBIIBaJICHTHbIX cPIIryp, KOTOpOMY 

rrpIIIIa,[\JIC)f{IlT paCCMaTpHBaeMa5I B 3TOM 3a,[\a'le cPIIrypa. Ilo3TOMY IJeJieco­

o6pa3HO BbI6paTb TaKyIO II3 3TIIX cPIIryp, KOTOpa5I c MeTpll'IeCKOM Tff'IKII 

3peHII5I 5IBJI5IeTC5I HaII6onee rrpocToii: H3 Bcex TeTpa::i,D;pOB - rrpaBHJibHbiii 

TeTpa3,[\p, II3 BCex rrapanJieJieIIIIIIe,[\OB - Ky6, H3 BCex 3JIJIIIIICOH,[\OB - c¢epa 

II T. ,[\. PeIIIeHne ,D;a1rnoii a¢¢IIHHoii 3a,D;a'ln Ha 3TIIX MeTpwiecKII «xopoIIIIIX» 

¢IIrypax CY1IICCTBenno YIIP01IlaeTC5I TeM, 'ITO IICIIOJib3yroTc5I nx MeTpII'Ie­

CKHe CBOMCTBa. 

4.2. IlpnMepw pemeHH~ 33,ll;a'l MCTO,[\OM acilcPHHHbIX rrpeo6pa30Bamrli. 
3 a,[\ a LI a 1. ,UoKa)f{IITe, "ITO JII06a5I IIJIOCKOCTb' co,n,ep)i\:a1Ila5I cepe,[\HHbl 

,L\BYX rrpOTHBOIIOJIO)KHbIX pe6ep TCTpa3,n;pa, ,ll,CJIHT ero ua ,[\BC paBIIOBCJIIIKHC 

'laCTII. 

p e III e H He. 3a,D;a'la acll¢nHHa5I, TaK KaK CO,[\ep:lKHT TOJibKO a¢¢IIH­

Hble IIOH5ITII5I: TCTpa3,[\p, IIJIOCKOCTb, cepe,n,nHa 0Tpe3Ka, OTHOIIICHIIe o6'he­

MOB ¢nryp. IlocKOJibKY JII06bre ,[\Ba TCTpa3,n,pa a¢¢nHHO 3KBIIBaJieHTHbI, 

TO ee peIIIenne ,[\JI5I rrpaBIIJibHOro TeTpa::i,n,pa HMCCT CIIJIY II ,[\JISI JII06oro 

T8Tpa3,n;pa. Ho IIpaBHJibHbIM TeTpa::i,n;p CHMMCTpH'IeH OTIIOCHTCJibHO rrp5I­

MOM, IIpOX0,[\5.!IlJCM 'lepe3 cepe,Ii;HHbI ,L\BYX ero IIpOTHBOIIOJIO)f{HbIX pe6ep. cha 

oceBa5I CIIMMeTpH5I OT06pa:iKaeT CCKYIIJYIO IIJIOCKOCTb Ha ce65I, a 'laCTII TeT­

pa3,[\pa, na KOTOpbIC OH pa36MBaeTC5I ceKyilieM IIJIOCKOCTbIO, OT06pa)f(aIOTC5I 

,n;pyr Ha ,LJ,pyra. Il03TOMY IIX 06'beMbI paBHbI. 

Herrocpe,LJ,CTBeHHoe peIIIeHMe 3Toii 3a,LJ,a'III ,[\JI5I rrpon3BOJibnoro TeTpa3,LJ,­

pa 3Ha'lnTeJibHO CJIO)f(Uee. 
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3 a ,n; a L£ a 2. ~JIIIHbI rroJiyoceil: 3JIJIIIIICOII,n;a paBHbI a, b, c. Haii,n;IITe 

o6'bCl\I o6JiaCTlI rrpOCTpanCTBa, orpaIIII'IeHHOH 3JIJIIIIICOlI,Il;Ol\I. 

p e III e II II e. 9JIJIIIIICOII,Il; acpcpIIHHO 3KBIIBaJieHTeH ccpepe, IIplI 3TOM 

ero IIOJIYOC5!M COOTBeTCTBYIOT TpII rrorrapHO corrpmI<:eHHbIX pa,n;IIyca ccpe­

pbI. Ho TPII TaKIIe pa,n;IIyca ccpepbI rrorrapHo rreprren,n;HKYJI5!pIIbI. Ilo3TOMY 

rrpm..10yrOJibHOMy rrapaJIJieJieIIIIIIe,n;y c pe6pal\rn a, b, c COOTBeTCTByeT Ky6 

c pe6poM r paBHbIM pa,n;IIycy ccpepbI. B CIIJIY IIHBapIIaHTHOCTII OTUOIJieHII5! 

o6'bel\!OB rrpII acpcpIIUHbIX rrpeo6pa30Bamrnx ,IJ;JI5! IICKOl\!OrO 061,eMa v IIMCeM 

4 3 
V 31cr 4 

rrporropIJIIIO: -b = --3 -, OTKy,n;a V = -rr.abc. 
a c r 3 

3 a ,n; a L£ a 3. ~Be nerrapaJIJieJihHbie IIJIOCKOCTII a II ~ rrepeceLICHbI rrapaJI-

JieJihHbIMII IIp5!MbIMII a, b, c, d, HIIKaKHe TPII II3 KOTOpbIX UC Jie.IK:aT B 0,IJ;HOH 

IIJIOCKOCTlI. 9TII IIp5!Mbie rrepeceKaIOT ,n;aHHbIC IIJIOCKOCTlI COOTBeTCTBCHHO 

B TOL£Kax A II A1 , B II B 1 , C II C1 , D lI D1. ,11,oKaMIITe, 'ITO: 1) TeTpa3,n;­

pbI ABCD1 II A1B1C1D paBHOBCJIIIKII; 2) TeTpa3,IJ;pbI ABC1D1 II A1B1CD 
paBIIOBeJIIIKII. 

Pe III en II e. BbrnOJIHHM acpcpmrnoe rrpeo6pa3oBaHIIe rrpocTpaHcTna, KO­

Topoe IIp5!Mbie a II m = an~ OT06pa.1K:aCT na rrepIICH,Il;IIKYJI5!pHbie rrp5!MbIC a' 
II m' = a' n }3'' rrpIILieM rrp5!Ma5! a' paBHOHaKJIOIIeHa K o6pa3aM a' II }3' TIJIOC­

KOCTeii a II ~- Tor,n;a rrapaJIJieJibBbre np5!Mbie a', b', c', d' rrepnen,n;IIKYJI5!pHLI 

K 6IICCeKTOpHOH TIJIOCKOCTII y ,IJ;Byx BepTIIKaJibHbIX ,IJ;ByrpaHHbIX yrJIOB Me.IK:­

,n;y IIJIOCKOCT5!MII a' II }3'. TeTpa3,IJ;pbI A' B' C' D~ II A~ B~ c~ D' ClIMMeTpII'IHbI 

OTHOCIITeJILIIO TIJIOCKOCTII y II IIOTOMY paBHOBeJIIIKII. Ilo 3TOH Me IIpII'IIIHe 

II paBnOBeJilIKII TeTpa3,IJ;pbI A' B' c~ D~ lI A~ B~ C' D'. 0TcIO,n;a CJie_n;yeT IIC­

TIIHHOCTb ,IJ;OKa3bIBaeMbIX YTBep.IK:,IJ;CHlIH. 

3aJa'lf,U JC 2Jlaee 12 

12.1. ,11,oKa.IK:IITe MCTO,Il;OM acpcpIIIIIIbIX npeo6pa30BaHIIH TeopeMbI rryn­

KTOB 1.1 II 1.2 rJI. 6. 
12.2. B Ka.1K:,n;oil: rpaHII TeTpa3,n;pa Bbr6paHa rrpOII3BOJibHa5! TOL£Ka II rro­

cTpoena TO'IKa, CIIMMCTpIIL£Ha5! Bbr6paHHOH OTHOCIITeJibIIO IIeHTpOII,IJ;a rpa­

IIII, B KOTopoil: OHa Bbr6pana. ~OKa.IK:HTe, 'ITO IIeHTpOII,Il; CIICTeMbI L£eTbipex 

IICXO,IJ;HbIX TO'IeK II IJeHTpOII,IJ; CIICTCMbl L£eTbipex IIOCTpOeHHbIX TO'IeK CIIM­

MeTpH'IHbl OTHOCIITeJibIIO IJeHTpon,n;a ,n;annoro TCTpa3,n;pa. 

12.3. "Y.epe3 6IIMe,n;IIany TeTpa3,n;pa rrpone,n;ena IIJIOCKOCTb. ,11,oKa.IK:IITe, 

'ITO 0Tpe30K, coe,IJ;IIH5!IOIIJIIH TO'IKH ee rrepeceL£eHII5! c rrp5!MbIMII, co,n;ep.IK:a­

IIJIIMII ,n;na ,n;pyrIIX rrpOTIIBOIIOJIO.IK:IlhIX pe6pa, ,IJ;eJIIITC5! 3TOH 6IIMe,n;IIanoil: 

IIOIIOJial\I. 
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12.4. YKaiKIITe Bee acpqmtttthre rrpeo6pa30BaHm.1, Ka:>K,L\Oe II3 KOTOpbrX 

oT06pa:>1<aeT Ha cefor ,L\aHnhril. TeTpa3,L\p o6liiero Bil,L\a. IIoKa:>KttTe, LITO rpyn­

na 3TilX rrpeo6pa3oBarrnil. (rpyrrna acpcpttnHhIX aBTOMopcptt31\IOB TeTpa3,L\pa) 

Il30l\IOpcpHa rpyrrne caMocom.reliieHttil. npaBttJihHOro TeTpa3,L\pa (§ 9 rn. 10). 
KaKilC Il3 pacc1rnTpttBaeMhIX npeo6pa3oBairnil. rrMeIOT e,L\IlIICTBeHHYIO neno­

,L\BII:>KHJIO TOLIKY (yKa:>KIITe KaKyIO)? npRMYIO HeIIO,L\BII:>KHbIX TO"IeK? IIJIOC­

KOCTb HCIIO,L\BlI:>KJibIX TOLICK? 

12.5. ,Il,oKa.lKttTe, 'ITO cyliieCTByeT O,L\IIII Il TOJihKO O,L\IlH 3JIJIIIIICOII,L\, Ka­

caIOliIIlHCR rpaneil. TeTpa3,L\pa B ttx !IeHTpOrr,L\aX ( Bnucamt'blil 3.JtJLuncoua 

llfmeil'Hepa). 

12.6. ,Il,oKa:>KttTe, 'ITO CJliICCTByeT e,n:rrHCTBeIIIIhIH OIIIlCaHHbIH OKOJIO TeT­

pa3,n:pa 3JIJIIIIICOII,L\, KacaTeJihHhie IIJIOCKOCTII K KOTopoMy B BepIIIIlHax TeT­

pa3,n:pa napaJIJICJibllbI IIJIOCKOCTRM npOTIIBOIIOJIO.lKHbIX rpaHCH ( onuca'H'H'blU 

3.JtJLuncoua llfmeil'Hepa). 

12. 7. ,Il,oKa.lKIITC, 'ITO cyliieCTBJCT e,L\IIHCTBeHHOe :-tcpcpttHHOC npeo6pa-

30BaHile npocTpaHCTBa, OTo6pa.lKalOliICC ,L\aHHbIH 3JIJIIlIICOil,L\ (B 'IaCTHOCTil, 

ccpepy) na nanepe,n: 3a,n:annhril. 3JIJIIlITCOil,L\. 

12.8. BepIIIttna napannenenttne,L\a coe,n:IIHena c !ICIITpaMII Tpcx He CO,L\ep­

:>KaliIIIX ee rpaHCH. Hatt,L\IITC OTHOIIICIIIle o6'heMa IIOJIJ'ICHHOro T8Tpa3,n:pa 

K o6'beMy ,L\aHHoro napanJieJieITIIITe,L\a. 

12.9. ,Il,oKa:>KIITe, 'ITO rrapanJieJieIIIlIIC,L\hI, Ka:>K,L\bIH II3 KOTOpbIX IIOCTpoen 

na Tpex conpR.lKCHHbIX IIOJIJ,L\IIaMeTpax 3JIJIIIIICOII,L\a KaK Ha pe6pax, paBIIO­

BeJIIIKII. 

12.10. EcnH acpcpttnnoc npeo6p33oBantte npocTpaHCTBa oT06pa:>1<aeT 

HCKOTOpoe TCJIO na cefor, TO OHO coxpamieT o6'beMbI Bcex TCJI. ,Il,oKa.lKMTe. 

12.11. ,Il,oKa.lKHTe, LITO acpcpHHnoe npeo6pa30Bantte 

x' = -3x - 2y + 2, 

y' = 12x + 7y - 6, 

z' = -4x - 2y + z + 2 

RBJIRCTCR pO,L\CTBOM. Hatt,L\IITC ypamremie ero IIJIOCKOCTil II KOOp,L\IlHaTbI BCK­

TOpa narrpaBJICHIIR. 

12.12. HanIIIIIIITe cpopMyJihI pO,L\CTBeHHoro npeo6pa3oBamrn, ,L\JIR KOTO­

poro rrnocKOCTh Oxy acpcpttnnoil. CIICTeMhI Koop,L\HHaT cny:>KIIT ITJIOCKOCThlO 

HCIIO,L\BII:>KHbIX TOLICK, a TOL!Ka (0, 0, 1) rrepeXO,L\IlT B TO"!KY (xo, Yo, Zo). 
12.13. HanIIIIIIITe cpopMJJihI a¢¢mmoro rrpeo6pa3oBanIIR, nepeBO,L\SiliIC-

x2 y2 2 2 
ro ccpepy x

2 + y2 + z
2 = 1 B 3JIJIMTICOII,L\ 2 + b2 + 2 = 1. 

a c 
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3adalllu 06~e20 codep;HCa1-lUJl 

1. ~OKa:lKIITe, 'ITO B mo6oil: rrpaBIIJibHOH TpeyrOJibIIOH mrpal\III)l,e )l,By­

rpaHHbIH yroJI npII 6oKOBOJ\I pe6pe 6oJihIIIe 60°. 
2. ~OKa:lKIITe, 'ITO B mo6oil: rrpaBIIJibHOH qeTbipexyrOJibHOH rrnpal\III)l,e 

)l,Byrpamrhril: yron rrpII 6oKOBOM pe6pe 5IBmreTC5I TYIIhIM. 

3. ~aHhI 'leThrpe nyqa OA, OB, OC, OD. ~oKa:lKIITC, 'ITO 

cosAOB +cos BOC+ cos COD+ cos DOA+ cos AOC+ cos BOD~ -2. 

B KaKOM cnyqae IIMeeT MeCTO paBeHcTBO? 

4. EcnII cyMMa IIJIOCKIIX yrnoB TpII3)1,pa paBHa 180°, TO cyMMa KOCIIHycoB 

ero )l,ByrpaHIIbIX yrJIOB pamm e)l,IIHIII!e. ~OKa:lKIITe. 

5. ~OKa:lKIITe, 'ITO 6IICCeKTOpHa5I IIJIOCKOCTb )l,Byrpairnoro yrna TeTpa-

3)1,pa )l,eJIIIT rrpOTIIBOJie:lKaIIIee pc6po B OTHOIIIeHIIII IIJIOIIIa)l,eil: rpaHeil:, o6-

pa3YIOIIIIIX 3TOT yroJI. 

6. ~oKa:lKIITe, 'ITO ):J,JI5I nro6oro TeTpa3)1,pa ABC D IIMeeT J\IeCTO cooTHO­

IIIemre: Si+ s~ - 2S1S2 cos (CD)= s; + s~ - 28384 cos (AB). 
7. B rrapannenerrIIrre)l,e )l,JIIIHhI )l,IIaronaneil: O):J,HOH rpamI paBHhI a II a 1, 

)l,pyroil: - b II b1, TpeTbeil: - c II c 1. BhI'IIICJIIITe IIJIOIIIa)l,h rpairn c )l,IIaroHa­

JI5IMII a II a1. 

8. OcHoBamreM rrIIpaMII)l,hI 5IBJI5IeTc5I KBa)l,paT. BeJIII'IIIHhI )l,Byrpannhrx 

yrJIOB IIpII OCHOBaHIIII OTHOC5ITC5I KaK 1 : 2: 4: 2. Hail:)l,IITC IIX. 

9. OcnoBanIIe rrp5IMOH rrpII3MhI - rrp5IJ\royrOJihHhIH TpeyroJibHhIH Tpe­

yroJibHIIK c OCTpbIM yrJIOM cp II IIJI01Ila)l,bl0 s. I1JI01Ila)l,b 6oKOBOH rpamr 

paBHa Q. Hail:)l,IITe ofrheM rrpII3MhI. 

10. ~Ba I!IIJIHH)l,pa, BbICOTbI KOTOpbIX paBHbI a II b, IIMCIOT paBHbie pa3-

BCpTKII 6oKOBbIX IIOBCpXIIOCTeil:. Hail:)l,IITe OTHOIIIerrne a : b, rrpII KOTOpOM 

IIJI01Ila)l,b IIOJIHOH IIOBepxHOCTII 0)1,Horo I!IIJIIIH)l,pa B)l,BOe 6oJibIIIC IIJIOIIIa)l,II 

IIOBCpXHOCTII )l,pyroro. 

11. Pa3BepTKa 6oKoBoil: rroBepxnocTII Konyca IIpe)l,cTaBJI5IeT co6oil: Kpy­

roBoil: ceKTop c yrnoM c a pa)l,IIaH II xop)l,oil: a. BbI'IIICJIIITe ofrheM Konyca. 

12. ~Be IIpOTIIBOIIOJIO:lKHbIC BCpIIIIIHbI Ky6a 5IBJI5IIOTC5I I!CHTpaMH OCHO­

BaHIIH I!IIJIIIH)l,pa, a OCTaJibHbie JIC:lKaT Ha IIOBCpXHOCTII 3TOro I!IIJIIIH)l,pa. 

Hail:):J,IITC OTHOIIIenIIe ofrbeMOB I!IIJIIIH)l,pa II Ky6a. 

13. BhrcoTa yce'leHHOil: rrIIpaMII)l,hI paBHa h, a IIJI01Ila)l,b ee cpe)l,nero ce­

'ICHII5I pamrn S. Hail:)l,IITe o6naCTh II3Mene1rn.H ee 061,eMa. 



14. 0KoJio c¢epb1 pa,n:rryca R orrrrcatt Kottyc, B KOTopoM TPII o6pa3y­

IOilIIIX rrorrapno rreprren,n:IIKYJI.HpIIbI. BbFIIICJIIITe 061,eM Konyca II IIJIOilia,n:i, 
ero IIOJIHOll fIOBepXHOCTII. 

15. BhmyKJiblll MHOrorpaHHIIK, BCe BepIIIIIHbl KOTOporo Jie.lKaT B 1\BYX 

rrapaJIJieJibHbIX IIJIOCKOCT.HX, Ha3hIBaeTC.H npu3.Mamoudo.M. ,Il;oKa.lKIITe, qTo 

ero o6'beM MO.lKno Bb1qrrcJIIITb no ¢opMyne (7.2) Hb10Totta~Crrl\mcona. 
16. Ilapanne.nbHbie rrp.HMhie, rrpoxo,n:.HilIIIe qepe3 BCpIIIIIHhI TeTpa3,n:pa 

ABC D, rrcpeceKaIOT rrnocKOCTII cro rpatteil, rrpOTIIBOJie.lKailIIIX 3TIIJ\I Bep­

IIIIIHaM, cooTBeTCTBemm B ToqKax Ai, Bi, Ci, Di. ,Il;oKa.lKIITe, qTo o6'beM 

TeTpa3,n:pa AiBiCiDi BTpoe 6oJibIIIe o6'beMa TeTpa3,n:pa ABCD. 
17. ,Il;IIaroHaJib Ky6a c pe6poM a CJiy)KIIT OCbIO 11,IIJIIIH,n:pa, OKpy.lKHO­

CTII OCHOBaIIIIll KOTOporo KaCaIOTC.H rpaneii. Ky6a B IIX 11,enTpax. Bblq}ICJIIITC 

o6'beM 11,IIJIIIH,n:pa. 

18. Pa,n:IIyc c¢epbI, orrIIcaHHhiii oKoJio TeTpa3,n:pa, paBen R. Pa,n:IIyChI 

orrIIcannoli H BnIIcanttoli OKPY.lKHOCTeii o,n:noli ero rpmrn pam1b1 p II r. Orrpe­

,n:cJIIITe paccTomrne OT 11,e1ITpa onIIcannoli ccpepbI ,n:o 11,enTpa oKpy.lKHOCTII, 
BIIIICaHHOH B BbI6paHHYIO rpaHb. 

19. Tpn ccpepbI pa,n:nyca R Kaca10Tc.H o,n:noii. nnocKOCTII II rronapno Kaca­

IOTC.H ,n:pyr ,n:pyra. Han,n:nTe pa,n:IIyc ccpepbI, KacaroIIIelirn ,n:annoli rrnocKoCTII 

II BCex Tpex ,n:aHHbIX ccpep. 

20. B Ka.lK,n:h1ii II3 Tpexrpannhiii yrnoB TeTpa3,n:pa BnIIcatta ccpepa. 8T11 

qeThipe ccpepbI IIMeIOT pamihie pa,n:nych1 H IIMeIOT o6IIIYIO ToqKy. BbiqIIc­

JIIITe IIX pa,n:IIyc, eCJIII ,n:aHbl pa,n:IIyCbl R II r OIIIICaHHOH II BIIIICamIOii ccpep 

,n:annoro TeTpa3,n:pa. 

21. TpII 11,IIJIIIH,n:pa pa,n:nyca R nMeIOT rrorrapno rreprrett,n:nKyJI.HpHhie ocII 

II Ka.lK,IJ;bie ,n:Ba IIMeIOT e,n:IIHCTBeHHYIO o6IIIYI0 TOqKy Ha IIX o6pa3yIOilIIIX. 

Haii,n:IITe uan6oJihIIIIIii pa,n:nyc rnapa, KOTOpbIH rrpoii.,n:eT qepe3 3a3op Me.lK,n:y 

[\IIJIIIH,n:paMII. 

22. Bi,1qIIcnnTe ,n:nnny pe6pa Ky6a, BIIIICaHHoro B Konye, 06pa3y10-

ilia.H KOTOporo IIMeeT )"\JIIIHY l II naKJIOHeHa K fIJIOCKOCTII OCHOBaHII.H rro,n: 

yrJIOM CJ.. 

23. BOKOBOe pe6po rrpaBIIJibIIOH TpeyroJibHOH rrnpaMII,[l;bl IIMeeT ,[l;JIIIHY a 
II naKJIOHeHO K IIJIOCKOCTII OCHOBaHII.H rro,n: yrJIOM CJ.. B IIIIpal\rn,n:y BIIIICan 

paBHOCTOPOHHIIH 11,IIJIIIH,Il,p TaK, qTo ero HII.lKHee OCHOBanne Jie)KIIT B IIJIOC­

KOCTII OCHOBaHII.H m1paMII,IJ;bI. Hali,n:IITe BbICOTY [\IIJIIIH,n:pa. 

24. B TCTpa3,n:pe ,n:Ba npOTIIBOIIOJIO.lKIIbIX pe6pa IIMeIOT ,IJ,JIIIIIbI a II b, 
OCTaJibHbie pe6pa IIMeIOT )"\JIIIHY c. BblqIICJIIITe pa,n:IIyCbI OIIIICannoii II BIIII­

caHHOH ccpep 3Toro TeTpa3,n:pa. 

25. Ccpepa pa,n:IIyca r KacaeTc.H Bcex pe6ep Tpeyronhnoii. rrIIpaMII1\hl. Ee 

11,enTp Haxo,n:IITC.H na BbICOTe rrnpaMII1\hI BHYTPII nee na paccTO.HHHII r\/'3 OT 

BepIIIIIHbI. ,Il;oKa.lKIITe, qTo IIHpaMII,n:a rrpaBIIJibHa.H II naii,n:IITe ee BbICOTy. 
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26. fparrn. ,iwyrparrnoro yrna Bemr<-rn.HhI a KacaeTC5I Km1yca rro ero 06pa-

3yrom;nM. Hail:,LJ;HTe yron Me.IB:.n;y 3THMlI 06pa3yrom;nl\m, ecJrn yron oceBoro 

Ce"IeHII5I KOHyca paBeH cp. 
27. Yron Me.IB:.n;y CMe.IB:HhIMH 6oKOBhil\m rpairnl\m rrpaBnnhHoil: '!eThrpex­

yronhHoil rrIIpaMH,IJ;hI paBeH w, ,IJ;mrna cTopoHhI ocnoBamrn paBHa a. C¢e­
pa KacaeTc5I ee orrncamroil: ccj:>ephI n 6oKOBhIX rpaHcti.. Bbr'IIIcnnTe ee pa­

,LJ;IIyc. 

28. OcttoBaHIIeM nIIpaMII,LJ;hI T ABC 5IBn5IeTrn rrp}-IMoyronhnbrti. Tpe­

yronhHHK ABC, B KOTopoM yron BAC paBen 60°. Pe6po TA rreprreH,LJ;HKy­

n5Iptto nnocKoCTII ocHoBaHH5I. BIIcceKTpIIca AD yrna BAC IIMeeT .n;nIIny b. 

PaccT05IHHe MeM.n;y rrp5IMhIMII TB II AD pamrn ~. Hail:.n;1ue yron l\ICMAf 

rrp}-IMhIMII TC II AD n rrnorna.n;h orrncannoti. c¢ephr. 

29. Ccj:>epa pa.n;nyca R .n;ennT KaM,2.l,OC II3 pe6ep AB, BC, CD, DA TeTpa-

21.n;pa ABCD na Tpn paBHhIC 'IaCTII II co.n;epMIIT cepe.n;IIHhI pe6ep AC II BD. 
Hati..n;IITe BhICOTY TeTpa21.n;pa, orrym;emryIO II3 BCpIIIIIIIhI D. 

30. ,ILBa nonyKpyra pa,Ii;IIyca R pacrronoMCIIhI B rrnocKocTII TaK, 'ITO 

0)..1,IIH KOHCll, rronyoKpyMHOCTII KaM.n;oro cnyMIIT u;eHTpOM rronyoKpyMHO­

CTII ,IJ;pyroro. BhPrncm1Te ofrl,eM Tena Bpam;eHH5I n rrnom;a.n;b ero noBepx­

HOCTII, o6pa30BaHHOrO Bpam;eHII€1M o6'be).l,IIIIeHII5I 3TIIX nonyKpyroB OKono 

KacaTenhHOH, rrpoBe,LJ;CIIHOH II3 KOHll,a 0)..1,HOH rronyoKpyMHOCTII K .n;pyroil: 

rronyoKpyMHOCTII. 

31. KpyroBoii CCKTOP pa.n;nyca R c u;enTpanhHhil\I yrnOl\r 270° Bpam;aeTC5I 

OKono KacaTCnhHOH, npoBe.n;eHHOH K ero .n;yre B ee ccpe,Ii;IIHC. Ilo)J,C'IIITaiiTe 

o6'beM rrony'IeHHOrO Tena Bpam;eHII5I. 

32. CeKTop, paBHhIH ~ Kpyra pa.n;IIyca R, Bpam;aeTC5I OKono KacaTenh­

noil: K ero .n;yre B KOHu;e 3TOil: .n;yr:n. Onpe.n;emue o6'beM nony'IeHHoro Tena 

Bpam;eHII5I. 
33. IlpRMOyronhHIIK c .n;nnnaMII ero CTOpOI-I 3 II 4 Bparu;aeTC5I OKOno ero 

,IJ;IIaronanII. Haii,LJ;IITe o6'beM TeJm Bpam;enII5I. 

34. IInoru;a.n;h c¢ephr paBna S. Haii.n;IITe HaIIMeIIhIIIYIO rrnom;a.n;h rroBepx­

nocTII orrncannoro OKono nee Konyca. 

35. B rrpaBilnhnoii Tpcyronhnoil: rrIIpaMII,LJ;e 6oKoBa5I rpanh IIMeeT 3a­

.n;aHHYIO IIOCT05IHHYIO rrnom;a,LJ;h II naKnoneHa K rrnOCKOCTil OCHOBaHH5I ITOA 

yrnoM a.. IlpH KaKOM 3Ha<ICHilll a. paCCT05IHMC OT 11,eHTpa OCIIOBaHII5I .n;o 60-

KOBOH rpaHM 6y.n;eT HaM60nhIIIHM7 

36. Haii,IJ;MTC Han6onhIIIYIO B03MO.IB:HYIO Benn<Inny yrna MeM.n;y rrnocKo­
CThIO 6oKoBoii rpann H ne rrpnna.n;neMam;HM eti. 6oKOBhIM pe6poM npaBnnh­

noii 'ICThipexyronhnoli: rrnpaMH)IhI. 
3 7. ,UoKaMnTe, 'ITO Koop.n;mraThI narrpaBn5IIDru;ero BeKTopa p (p1, p2, p3) 

OCH IlOBOpO'ra Il OCH BlIHTOBoro )J;BII)KeHmI' 3a)IaHIIhIX cj:>opMynaMH ( 10 .1)' 
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HaXO,II,5ITC5I Il3 CilCTeMbI 

(a1 - l)p1 + b1P2 + C1P3 = 0, a2P1 + (b2 - l)P2 + Czp3 = 0, 

a3p1 + b3P2 + (c3 - l)p3 = 0 

npn ycJIOBHH 

38. ,[(oKa:/KHTe, '-ITO yron cp IIOBOpoTa (n BilHTOBOro ,Il,Bil)KeHmr), 3a,nan­

HOro ¢opMyJiaMH (10.1), onpe_ri,enneTrn ¢opMynoii: 

1 
COS C{J = 2 (a 1 + b2 + C3 - 1), Q < C{J ~ TL 

39. ,[(BH)KeHne BToporo po,na 3a,naHo ¢opMyJiaMII (10.1). ,[(oKa)KIITe, '-ITO 

BeKTOp n(n1, n2, n3), OpTOrOHaJibHbIH IIJIOCKOCTII ClIJ\!MeTpHH (3epKaJibHOH, 

nepeHOCHOH, IIOBOpOTHOii), onpe,nen5IeTC5I H3 CHCTeMbI: 

(a1 + l)n1 + b1n2 + c1n3 = 0, a2n1 + (b2 + l)n2 + c2n3 = 0, 

a3n1 + b3n2 + (c3 + l)n3 = 0. 

40. ,[(oKa)KMTe, '-ITO yroJI cp IIOBOpOTHOH CMMMeTpilil, 3a,LI,aHHOH ¢opMy­

JiaMH ( 10 .1), onpe,nemreTC5I ¢opMyJioiI: 

1 
cos cp = 2 ( a1 + b2 + c3), 0 < cp ~ rr, a1 + bz + C3 i- l. 

41. Haii,II,HTe KOMII03Ill.t;IIIO oceBbIX CHMMeTpIIii npocTpaHCTBa, OCH KO­

TOpbIX co,nep)KaT IIOCJie,noBaTeJibHO B35ITble CTOpOHbl BIIHCaHHOro B OKpy)K­

HOCTb '-IeTbipexyroJibHHKa. 

42. B TeTpa3,np BIIIIcaHa c¢epa. KacaTeJibHbie nnocKOCTH K Heil, napan­

JieJibHbie rpaH5IM TeTpa3,LI,pa, CBOIIM nepece'-IeHHeM o6pa3JIOT HOBblH TeTpa-

3,II,p. ,[(oKa)KHTe, '-ITO OH paBeH ,naHHOMY TeTpa3,LI,py. 

43. Ecntt npeo6pa3oBaHne npocTpaHCTBa OTo6pa)KaeT Ka)K,LI,yIO nnoc­

KOCTb Ha napaJIJI€JibHYIO eii IIJIOCKOCTb IlJIH Ha ce65I, TO OHO 5IBJI5I€TC5I ro­

MOTeTHCH IlJIIl nepeHOCOM. ,[(oKa)KIITe. 

44. IlocTpOiiTe c¢epy, BIIIICaHHJIO B ,LI,aHHblH TpII3,LI,p Il co,nep)KaII.t;YIO 

3a_ri,annyro TO'-IKJ. 

45. ,[(aH TeTpa3,np ABCD. Ilpm.ra5I rrepeceKacT IIJIOCKOCTH BCD, CDA, 
DAB, ABC cooTBeTCTBeHHO B TO'-IKax A1, B1, C1, D1. ,[(oKa)KIITe, '-ITO 

cepe,nttHbI OTpe3KOB AA1 , BB1 , CC1, DD1 npIIHa,nJie)KaT o,nHoii rrnocKOCTH. 

46. B ,LI,anttoit ITJIOCKOCTH a naii,LI,ttTe rrapy cooTBeTCTBeHHbIX np5IMbIX nptt 

3a,naHHOM a¢¢nHHOM npeo6pa3oaamm rrpocTpaHCTBa. 

47. To'-IKII A, B, C, D HeKoMrrnanapHbr. A¢¢11HHOe npeo6pa3oaamre 

rrpocTpaHcTBa 3a,naHo rrapaMII TO'-ICK: A---+ B, B---+ C, C---+ D, D---+ A. Ha­

IIHIIIHTC ¢opMJJibl 3TOrO npeo6pa30Bamrn B a¢¢ttHHOH CilCTeMe KOOp,I!,IIHaT 
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c Ha'laJIOM D II 6a3IICHbIMII BeKTOpaMII ei =DA, e2 =DB, e3 =DC. HaiJ:­

)..1,IITe HeIIO)..l,BII:IKHbie TO'IKII 3TOrO npeo6pa30BaHmI. 

48. HanIIIIIIITe cpopMyJihI acpcpIInnoro npeo6pa3oBamrn, o6paTnoro npe­

o6pa3oBamno, 3a)..l,aHHOMY B npe)..l,hI)..l,ylll,Cii 3a)..l,a'le N~47. Haii)..l,IITe ypaBnenm1 

o6pa3a II npoo6pa3a IIJIOCKOCTII, npoxo)..l,}lrn,eiJ: qepe3 TO'IKY D napaJIJieJihHO 

IIJIOCKOCTII ABC, npII npeo6pa3oBaHIIII 3a)..l,a'!II N~ 4 7. 
49. IlocTpOHTe HeITJIOCKIIH Il5ITIIyroJihHIIK, ecmr )..l,aHhI cepe)..l,IIHbl Bcex 

ero CTOpOH. 

50. lllapoBoii cerMeHT I!eJIIIKOM pacnoJIO:IKeH BHYTPII I!IIJIMH)..l,pa II IIMeCT 

c HIIM o6rn,IIe OCHOBaHIIe II BhICOTy. B KaKIIX npe)..l,eJiax MO:IKeT II3MeH5ITbC5I 

OTHornenIIe A o6'heMa I!IIJIIIH)..l,pa K o6'heMy cenrenTa? 

51. IlJiorn,a)..l,b ITOBepXHOCTII IIIapa II ero o6'beM pamihl COOTBeTCTBeH­

HO IIJIOlll,a)..l,II 60KOBOH ITOBepXHOCTII II o6'heMy cerMeHTa neKOTOporo IIIapa. 

Onpe)..l,eJIIITe BeJIII'IIIHY ).J,yrII oceBoro ce<Jemrn cerMeiITa. 

52. Ifa MHO:IKCCTBa Bcex KonycoB c )..l,annoii nJiorn,a)..l,hIO S noJinoii noBepx­

nocTII HaH)..l,IITe TOT, KOTOpbIH m.reeT HaII60JibIIIIIH o6'heM. 

53. I3 ccpepy pa)..l,IIyca R BIIIIcan Ky6 II na ero rpaH5IX BHe nero no­

CTpoenhr npaBIIJihHhie nIIpaMII)..l,hI c BepIIIIIHaMII Ha ccpepe. Haii)..l,IITe o6'heM 

noJiy'leHHOrO MHOrorpaHHIIKa. 

54. ,1],oKa:IKIITe, 'ITO MaKCIIMaJibHa5I ITJIOnra)..l,h opTOrOHaJibHOH npoeKI!IIII 

Ilp5IMOyroJibHOrO napanJieJieIIIIIIe)..l,a Ha ITJIOCKOCTb B,llBOe 60JibIIIe IIJIOlll,a,IJ,II 

TpeyroJihHIIKa, o6pa3oBannoro )..l,IIaronaJI5IMII Tpex rpaneiJ: napanJieJienHne­

,IJ,a, IIMeIOlll,IIX o6nryro BepIIIIIHy. 

55. B npaBIIJihHhiii TpII3,IJ,p SABC BIIIIcana npOII3BOJihHa5I ccpepa c I!CH­

TpOM 0. KacaTeJihHa5I ITJIOCKOCTh K neiJ:, npoBe,IJ,eHHM •iepe3 BepIIIIIHy S 
TpII3,ll,pa, rrepeceKaeT ,11,Be ero rpaHII no Jiy'laM SM II SN. ,lJ,oKa:IKIITe, 'ITO 

BeJiwrnna ,IJ,Byrpannoro yrna npII pe6pe SO TpII3,IJ,pa SOJ.Vl N ne 3aBIICIIT 

OT Bh16opa KacaTeJibHOH ITJIOCKOCTII, CO,IJ,ep:1Karn,eii BepIIIIIHY s. 
56. qeTbipe np5IMhie AM, Bl.VI, Cl.VI, Dl'vl, npoxo,ll,5Illl,IIe 'Icpe3 BepIIIIIHhI 

TeTpa3,ll,pa ABC D II ero BnyTpennroro TO'IKY l'vl, rrepeceKaroT npoTIIBOIIO­

JIO:IKHhre 3TIIM BepIIIIIHaM rpaHII cooTBeTCTBeHHO B TO'!Kax Ai, Bi, Ci, Di. 
,1],oKa:IKIITe, 'ITO IIMeIOT MeCTO COOTIIOIIIeHII5I: 

( TeopeMa )K e p r o H a ,ll,JI5I TpII3,ll,pa). 

57. qepe3 BHyTpennroro TO'IKY JV! TeTpa3,ll,pa ABCD rrpoBe,ll,eHbI 'leThI­

pc IIJ!OCKOCTII, napaJIJICJibHbie COOTBeTCTBCHHO ero rpaH5IM, II B Ka:IK,ll,blll 

II3 IIOJiy'leHHbIX OTCe'!CHHbIX TeTpa3,ll,pOB BIIIICaHa ccpepa. Haii,ll,IITC cyi\IMY 

pa,IJ,IIYCOB 3TIIX ccpep, ecmr pa,ll,IIYC BITIICaHHOH B )..l,aHHbIH TCTpa3)..l,p ccpepbl 

paBCH r. 
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Omeem'bt, yx;a3artu.fl 

Lfacmb I 

fmrna 1 

1.12. 2: 1, C'1IITaR OT BepurnHhI S. CHa'1aJia uocTpoiiTe 06ll1y10 rrpRMYIO 

IIJIOCKOCTII ceqeHII5! II IIJIOCKOCTII OCHOBaHII5!. 

1.13. ~ J3(a2 + 4h2). 

1.21. Ce'1eHIIe - rrpaBIIJihHhIH rnecTIIyroJibHIIK c Beprnnna.MII B cepe;:w­
Hax pe6ep Ky6a. 

1.23. IleprreH)J;IIKYJIRpbl K 6IICCeKTOpHbIM IIJIOCKOCTRM. 

~+~ 2~ 1 
1.25. a2 + b2 • 1.26. arctg 2)2. 1.27. arctg -

5
-. 1.28. arccos 4. 

a 2 1 ~ 2ab 1.29. a IIJIII ~. 1.30. arccos -
3

, arccos -
6

. 1.31. arctg -
2

. 1.32. / . 
v5 va2 + 2b2 

1.33. IlpoeKI!Il.H IICKOMOH rrp.HMOH Ha IIJIOCKOCTb OCHOBaHII5! Ky6a rrapaJI-
JieJibHa ;:i;naroHaJIII OCHOBaHII5!. 

1.34. 1) 30°, 2) 45°. 1.35. 60°. 1.36. arccos(sina · sinp). 1.38. arctg v;. 
v'2COs2a ( 1 ) a ..J3 ah 1.39. tg x = . . 1.40. arctg - tg a . 1.41. -

2
-. 1.42. ---;==== 

smex 2 va2+4h2 

rmrna 2 

24 . 2 ex 25 •. SlllX = re; COS-. • • COSX = 
v3 2 l+cooex 

cos C( 

2.6. cos x = ~ sin2 qi - l. 

..J3 cx 1 ex 
2.7.cosx= 3 tg 2 2.9. 2(p+y-a). 2.10.cosx=l-2tg2

2 

2.11. tgx = v'2ctg ~- 2.12. 90°. 2.13. cosx = J~(l + 2cosa). 

2 14 2(1+2cosex) 2 15 
r.;
3 

t :: 
•. cosx= 3(1+coscx) .•. ay0cg2. 

2.18. CMoTpIITe 3a;:i;a'IY 2 u. 5.2 m. 2. 
2.20. CHa'1aJia IIOCTpOHTe pa3BepTKY IICKOMOro TeTpa3;:i;pa ITO ananornII 

C II. 2.1 rJI. 2. 
2.21. 0TJIO:IKHTe Ha pe6pax ncKOMoro Tpn3;:i;pa paBnbie OTpe3KII OA, 

OB, OC. Ilo 3a;:i;aHHhIM yrJia1v1 l\IO:IKHO nocTpOIITb oTpe3KII AB, BC, CA 

15· 



II TpeyroJihHIIK ABC. 3aTeM, rroJib3JRCb pa3BepTKoil. (pIIc. 24), rrocTpoil.Tc 

TpII3.IJ;p OABC. 
2.24. IlpoBe,IJ;IITe IIJIOCKOCTb, rreprreH,IJ;IIKJJIRPHYIO o6rn;eil. npR1IOH ,n;aH­

HbIX IIJIOCKOCTeil.. 

2.25. CM. 3a,n;a'iy 1 § 5 rJI. 2. 
2.26. B npoII3Be,n;enIIII D. =sin A sin~ sin y 3aMe1u1Te sin A, rroJib3JRCb 

paBeHCTBOM (2.10). IloJiyl'..J:eHHOe Bbipa)KeHHe rrpeo6pa3yil.Te K 3a,IJ;aHHOMY 

BH.IJ;Y. 

2.28. Pa3BepHHTe IIOBepXHOCTb IIHpaMH.IJ;bI Ha IIJIOCKOCTb OCHOBaHHR, 

pa3pe3aB ee no 6oKOBOMY pe6py. 

2.30. arccos(ctgct), arcsin y'2 
1
. . 

2sma 

rmrna 3 

3.3. _43J(ab)2+(bc)2+(ca)2. 3.4. a2sin~(l+sina)_ 3.5. 7S . 
cos a 8cosa 

1 3 7 a2 sina(l +cos~) (a+ b)v'abcos2 ~ 
3·6· 4 a

2 
· ( .J3 + JI5) · · · cos~ · 3·8· cos a 

Scosa 
1 +cos a· 

3.14. flcrrOJib3JHTe 3a,IJ;a1'..J:H 1 H 2 § 2 rJI. 1. 

-213 cos CJ. cos~ 
3.15. l2 sin

2 ~ J 4 cos2 ~ - 1. 3.16. a 
3sin3 2" 

3.17. 2 cos ct. PaccMOTpHTe opToronaJihHJIO npoeKiiHIO BToporo ceqenHR 

Ha IIJIOCKOCTb rrepBoro cel'..J:eHHR. 
1 

3.20. cos x = 3( V7 - 1). 

4.1. a) OKPY)KHOCTh, 6) ccpepa. 4.2. Ccpepa. 4.3. IlJIOCKOCTb. 

4.4. Ccpepa, KOHiieHTpII'IHaR .n;annoil.. 

4.5. Ccpepa c .IJ;IIaMeTpoM AO (A - .n;anttaR TO'IKa, 0 - IiettTp .n;annoil. 

ccpepbr) c IICKJIIO'leHnoil. TO'IKOil. A. 
4.6. 0Kpy)KHOCTb, ecJIII AB < 2r; TO'IKa, ccJIII AB = 2r; rrycToe MIIO)Ke-

CTBO, ecJIH AB> 2r. 
4.7. Och oKpy)KHOCTII ABC. 
4.8. ~eTbipe rrpRMbIX. 

4.9. )],Be IIJIOCKOCTII, napaJIJieJibHbie IIJIOCKOCTII C(. 

4.10. IlJIOCKOCTh, rrapaJIJieJihHaR .n;amroil.. 
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4.11. CM. 3a-11,a'ry NQ 1.21. 
4.13. Ilp5Il\Ia5l cepe,Il.IIHHOH TIJIOCKOCTII. 

4.14. 0Kpy:lKHOCTb cepC,Il.IIHHOll TIJIOCKOCTII c 11,enTpmr B TOqKe nepe­

ceqenII5l npoeK11,IIil: -11,annhlx npRMbIX. Pa-11,IIyc 3Toil: OKPY:lKHOCTII paneH 

J d2 - ~a2 , r-11,e a - paccT05IHIIe Me:lK-11,J -11,anHbil\IH rrp5Il\IbllvIH. 

4.15. IlJIOCKOCTb. 

4.16. 0Kpy:lKHOCTb. 

4.17. qeThrpe rroJiyrrJIOCKOCTII. Hail:,Il.IITe cnaqaJia TOqKII IICKOMoro fMT 
B IIJIOCKOCTII, rreprreH,Il.IIKYJI5IpHOll -11,aHIIbIM. 

4.18. qeTbrpe rroJIOChI ( qeTbrpexrpauna5l rrpII31\IaTirqecKa5l rroBepx­

HOCTh)' rreprreH,IJ.IIKYJI5IpHbIM ceqe1rneM KOTOpbIX 5IBJrneTC5l rrp5Il\IOyrOJibHIIK 

c BepnIIIHaMII na ,Il.aHHbIX IIJIOCKOCT5IX. 

4.19. 0Kpy:lKHOCTh B IIJIOCKOCTII, npoxo,IJ.5lll1eil: qepe3 TO'IKY A nepneu­

,Il.IIKYJI5Ipno TOH II3 -11,annbrx np5IMbix, KOTopa5I ne co-11,ep:lKIIT ToqKy A. 
4.20. KpyroBa5l Il,IIJIIIH,Il.pIIqecKa5l rroBepxHocTh, ,IJ.IIaMeTpaJibHO rrpOTIIBO­

rroJIO:lKHbIMH o6pa3yIOII1IIMII KOTopoil: 5IBJI5IIOTC5l np5Il\Ia5l a II napaJIJieJihHa5l 

eil: rrp5IMa5l, co-11,ep:lKall1a5I ToqKy A. 9TII ,IJ.Be rrp5IMbie IICKJI10qa10TC5l. 

4.21. J1HHII5l rrepeceqeHII5l IIOJIOBIIHbI KpyroBOH 11,IlJlIIH,Il.pIIqecKOH IIO­

BepxHOCTil c HJIOCKOCTbIO. 

fmma 5 

5.i. a 11 Ii. 5.2. 14. 5.3. 5. 5.4. ~J(ab)2 + (bc)2 + (ca) 2 • 

5.5. AC= DB, s = llAB x DCI = 3v'3. 5.7. 1/12. 5.8. 8/3. 

5.10. Ilo ycJIOBIIIO cyll1eCTBYIOT qIIcJia x, y, z, ,Il.JI5l KOTOpbIX x(a x b) + 
+ y(b X c) + z(c X a) = Q. 0TCIO,Il.a CJie_iJ,yeT KOMHJiaHapHOCTb BeKTOpOB 

a, b, C II 3aTCl\I KOJIJIIIHeapHOCTb BeKTOpOB a X b, b X c, C X a. 
5.11. 11crroJih3yil:Te 3a-11,aqy rr. 2.2 rn. 5. 

5.12. 3. 5.13. 11. 5.14. sin cp = 
4
:. 5.15. cos cp = ~. 

5.16. (ax b) x c = (-7, 14, -7), ax (bx c) = (10, 13, 19). 
5.18. Ilp5IMhie, ,IJ.aHHhie B ycJIOBlIII 3a,n:aqn, KOJIJlIIHeapHhI COOTBeTCTBeH­

HO BeKTopaM ax (bx c), bx (c x a), c x (ax b). 
1 + apy S1 VoA 1 B 1 c, 

5.20. (l + a)(l + p)(l + y), S = Vo Ase , r-11,e 0 - npOH3BOJibHa5l TOqKa 

BHC HJIOCKOCTH ABC. 
5.22. IlpIIBJieKIITe cpopMy.rry (5.9) II npmvrenIITe npaBIIJIO YMHO:lKeHH5l 

,Il.Byx onpe,IJ.eJIIITe.rreil:. 
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fmma 6 

6.3. Ccpepa c 11,eHTPOl\1 B 11,eHTpOII,D,e TCTpaa,n,pa. 

6.6. ,lJ,Ba)K,D,bI IIPIIMeHIITC cpopMyJiy (6.7). 
1 

6.10. 3J2S1S2 S3 . 6.ll. abc 
ab+ be+ ca 

6.15. V3 h3 . 
2 

d3 
6.13. ---,ex.,------. 

6•12. V'3t 3 
sin ex cos

2 ~. 
2(4 - 3cos2 ex)2 
5 

6.19. 27. 
3 sin 2 (1 + 2 cos ex) 

6 k2(k + 3). fCl 6.23. _2_ . . 20. 6.22. 4v 2 - 5. 
1+3k 1 + y'5 

6.24. IIapa IIJIOCKocTetr, co,n,ep)Kalll,IIX IIPRMYIO CD. 0,n,Ha II3 IIIIX IIpo-

XO,ll,IIT '!epe3 cepe,n,1rny pe6pa AB, a ,n,pyra.H IIapMJICJihna cMy. IlpR1Ia5I CD 
llCKJIIO'JaeTC.H. 

6.25. "Y:eTb1pe IIP.HMb1e: DS, DA1, DB1, DC1, r,n,e S - 11,eHTpOII,ll, rpann 

ABC, a TO'IKII A1 , B 1, C1 CHMMeTpWIHbI BepnrnHaM A, B, C OTHOCIITCJibIIO 

cepe,n,IIH IIpOTIIBOIIOJIO)KHbIX cTopon TpeyroJibHIIKa ABC. 
6.26. IlRTb TO'IeK: u;eHTpOII,ll, ,n,ai-rnoro TCTpaa,n,pa II 'IeTblpe TO'IKII, CIIM-

MeTpII'IHbie ero BeprnIIHaM OTHOCIITeJibHO 11,CHTPOH,D,a. 
6.29. CM. II. 2.2 rJI. 6. 
6.31. CM. 3a,n;a'Iy 2 rr. 2.1 rJI. 1. lkKOMaR TO'IKa y,n,aJiena OT rpanII ABC 

na paccTO.HHHe J-DA1 · DB1 . 

6.37. ,lJ,oKa)KHTe paBeHCTBO S1 J A+ S2 J B + S3 JC+ S4 JD= 0 II cpaB­

HHTe ero c (6.2). 
6.42. B paBnorpannoM TeTpaa,n,pe ,n;IIaMeTp BIIHcannon ccpepbr paBeH IIO­

Jiomrne ero BbICOTbI. 

6.43. IIpeo6pa3yiiTe cpopMyJiy (6.42). 

fJiana 7 

rr.S../2§ 1 + v1i7 
7.1. ~· 7.3. COSCl = . 

3 cos3 exv sm~ L,ex 8 
7.4. 252rc H 720rc. 

A 2 
(), + 3) 384 1 3 fCl 

7.5. 
1
+

3
1. . 7.6. 

125
rr.. 7.7. 3na (30 - 16v2). 7.8. sin4 ~ ( 2 +cos~). 

(1 +sin ~)3 
7.9. ~3 rc(R - a)2(2R +a). 7.10. 

1
1
2

rca3 ../2. 7.11. ex ex. 
4sin - cos2 -

7.12. :
2

rcR3 (8 - ../3). 7.13. 1: 2. 7.15. ~rcR3 . 2 4 

7.16. Cna'IaJia, IIOJib3YRCb JICMMOti: II. 4.1 rJI. 7, nati,n,IITe nJioru;a,n,b no­

BepxHOCTII, o6pa30BaHHOM Bparu;eHIICM ,D,BYX CIIMMeTpII'IHbIX ,n,pyr ,n,pyry 

CTOpOH. 
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7.17. rra2 12J3, 9rra3
. 7.18. ~Jtd3 sin2 cp, S=2d2 sincp(sin~+cos~). 

7.19. V = 4rra2 (2b +a sin a+ a cos a), S = 4rra(2b +a sin a+ a cos a). 

7.20. rra3 sina(4 +sina), 4Jta2 sina(4 +sina). 7.21. 4rra2 h. 

7.22. IlocTaBbTe rrpn3MY na 6oKOBoe pe6po. 7.23. 2rc2 R 2m coscp. 

rra3 vf:3 ~ 7.24. -
3
-. McKOMblll 06'hel\1 paBen cyMMe o6'bel\IOB TeJI Bpalll,enmI ,IJ,Byx 

TpeyroJibHHKOB A 1 C1D1 H AA1 C1 oKoJio ,IJ;HaronaJin AC1 (pnc. llO). 
7.25. 41tR3 (1t + 4). 11crrOJib3YRTe TeopeMy rr. 4.4 rJI. 7. 11cKOl\1bIM o6'bel\1 

paBeH cyMMe 06'heMOB ,IIBYX TeJI Bpalll,enna OKOJIO rrpaMOH l, IIOJiy'leHUbIX 

Bpalll,eHneM rrpoeKil,HM Il,HJlllH,IIpa na IIJIOCKOCTb ct ll Ha rreprreH,IJ;HKyJiapnym 

ei'! IIJIOCKOCTb, rrpOX0,115.Illl,YIO qepe3 l. 

7.26. ~1tR3 (31t - 4J2). 

rmrna 8 
Mr\ 4Rr 19 2 • 4 ab be ca 

8.1. y0CJ. 8.2. (R+rp· 8.4. g-Jta. 8.5. arcsm5. 8.7. 2c' 2a' 2b. 

8.8. ~(2 - J3). 8.9. 4JtRr. 8.10. ~JtaJ3. 8.11. 21t(J3- l)R. 

8.12. S = rr(r2 + h2
). 8.13. S = Jtr2

• 

8.14. qaCT5IMll c¢epbl }{BJia10TC5l c¢epn'IeCKHe ,IIByyrOJibHHKll c IIJIOIIl,a-

11.bIO ~n:a2 (2 - J3) KruK,IJ,blH H c¢epn'IeCKHe 'l8TbipexyroJibHHKH c IIJIOIIl,a-

1 
,llhIO 2rra2

( J3 - 1) Ka)K,llblH. 

8.15. ~rra2 (2J3- 3). 8.16. "\)6V - 3Q. 8.18. a(2b - a) . 8.21. yl3 ~y'2. 
6 rr 2v'3b2 - a2 2 3 

rra3J2 f<l 
8.24. Tpn c¢eph1, HM8IOIIl,He ,IIBe o6Ill,ne TO'IKH. 8.27. ~(8v3 - 9). 

rmrna 9 

9.5. 11crroJib3y:tl:Te nepaBencTBO (9.3). 
9.7. Cna'laJia ,IIOKa)KIITe, 'ITO d ~a+ b + c. 
9.10. Ecm1 2a - pe6po ocn0Banm1, l - arrocpeMa, 

R a2 + l 2 

TO 
r 2a(l - a)' 

,Ll,oKa3aB 3TO, HCCJie,IIytl:Te IIOJiyqennoe OTHOillenne. PaBeIICTBO B ,l1,0Ka3bIBa­
el\IOM nepaBeHCTBe ,l1,0CTIIraeTC5l B CJiy'lae, KOr,n,a Il,e1ITpbI c¢ep COBITa,IJ;alOT. 

9.11. PaccMoTpHTe ceqeune TeTpa3,IJ;pa, rrapa.rIJieJibHOe ero rpann n co­
,IJ;ep:ii<aru,ee Il,eIITP BlIHCaHHOll ccpepbI. 

9.15.IlJiocKne yrJihI Tpli3,IIpa OACD 1 paBHbI 2a, 2~, 2y, ecJin 0 - Il,eHTp 
rrpaMoyroJibnoro rrapaJIJieJiemme,ri;a ABC DA 1B 1 C1 D 1 . 
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9.16. I1crroJih3yiiTe 3a,n;aqy 2.2. 
9.17. Ilp1rnneKIITe BeKTOpbl ni 3a,IJ;a'III II. 2.2 rJI. 5. Ifa HIIX J\IO)!(IIO IIO­

CTpOIITb KOCOH qeTblpexyroJibHllK. IlpIIl\!CHIITC K Hel\IY HepaBeIICTBO § 3 rJI. 9. 
9.18. 3amrIIIIITe HepaBeHCTBa 3a,IJ;a'III 9.17 ,IJ;JI5I Tpex KOCbIX 'lCTbrpex­

yroJibHIIKOB ,n;airnoro TCTpa::i,n;pa. KpoMe Toro, rrpIIBJieKHTe nepaneHCTBO 

(2.3) ,IJ;JI5I cyMMbl ,n;nyrpaHHblX yrJIOB TpII3,D;pa. 

svs V2 3 l 2v'3it 3 8 
9.19. 

6
V6. 9.21. V = 2 rr.R. 9.22. h = J3' V = 2,71 9.23. 3rr.r3

. 

rn ~v 0 svTS 9.24. v2 :)3. 9.25. h = 2r = 3 
--;-· 9.26. cp = 45 , V = 3 . 

6(1+J3)2 
In h 4 16 3 . 2it 1 9.27. R v 2. 9.28. = 3 R, V = 

81 
nR · sm -;;: . 9.29. arccos 3. 

h M 2J3 R2 3 2J3R 2 3r:1Tr:>v2 9.30. : r = v2. 9.31. -
3
-. 9.32. 6 . 9. 3. 3 . 9.34. rr.v4v ~. 

/21 4itv'3 
9.35. 16y 17· 9.36. 81" 
9.37. BepIIIHHhI ocHoBam,rn rrIIpaMn,np Haxo,n:RTCR Ha cpe,n;rmx mrmurx 

1 8a3 

KBa,n;paTa na paccTORHHH 
10 

a OT Kpa5I. V = ;;r;. 
75v IO 

2 2 1 
9.38. g V. 9.39. r = 3 R, 3 h - BhrcoTa 11,HJIHn,n;pa. 

lfacm'b II 

fmma 10 

10.9. ,ll;Be CKpeQ;HBaIOW,llCC5I rrpmHhJe lll\JeIOT Tpll OCH CllMMCTpllll. 

10.10. IlyCTb rrp5IMa5I c - rrpOll3BOJibHa5I CeKym,aR ,n;aHHhlX CKpem,nBaIO­

m;nxcR rrpRMhIX a n b. Ecnn a II ~ - rrnocKoCTll ClIMMeTpIIll rrp5IMhIX a II c, 
c ll b, TO sf) 0 Sa - IICKOMblll IIOBOpOT. 

10.12. OcbIO CHMMeTpIIH cJiy)!(HT np5Il\IaR, co,n;ep)!(aIIJ,aR cepe,n;HHhI oT­

pe3KOB AC n BD. 
10.13. IlycTh ,n;an qeTbrpexrpannhrii yron SABCD H SA= SB= SC= 

=SD. Tor,n;a rrpRMaR, rrpoxo,n;mrra5I 'Iepe3 cepe,n,IIHhr OTpe3KOB AC II BD, 
5IBJI5IeTC5I OCbIO CIIMMCTplIII ,n;amrnro yrJia. 

10.17. Sb 0 S 0 =Sc 0 Sb, TI03TOMY Sc= Sb 0 Sa 0 Sb· 
10.18. l1cnoJib3YHTe TIOBOpOT OKOJIO rrepBOH IIp5Il\!OH Ha yroJI, BCJIII'lIUia 

KOTOporo paBna BCJIII'lrrne ,IJ;ByrpaHHoro yrna rrpamrnhnoro TeTpa3,n;pa. 

10.21. TeTpa3,n;ph1 OABC HO' A' B'C' paBHhI. CM. ,n;oKa3aTeJihCTBO Teo­

peMhI § 5 rJI. 10. 
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10.24. PaccMoTpnTe Kmryc c Bepnmnoli Ha f),aHnoit np5IMOli l, o6pa3yIO­

Ill,He KOTOporo HaKJIOHeHhl K fl,alIHOM IIJIOCKOCTH IlO,ll, yrJIOl\I cp. 
10.26. lllecTb yKa3aIIHblX IIJIOCKOCTeli nepeceKalOTC5I B TOqKe, CHJ\ll\IeT-

pnqnoil: TOqKe s OTHOCUTeJILHO l!CHTpOllf),a f),aHHOro TeTpa3f],pa. 

10.30. cos x = 1 - 2 sin
2 cp sin

2 ~. 10.31. cos x = 1 - cos
2 cp sin

2 ~. 

10.32. cos x = - sin
2 t!; + cos2 t!; cos cp. 10.34. BunToBoe f),BmKeHHC. 

10.35. TmKf),eCTBennoe npeo6pa30Battne. 

10.36. TioBopoT OKOJIO np.HMOII, ncprrCH)l,IlKJJI5IpHOM IlJIOCKOCTH napaJJ­

JICJIOrpal\IMa. 

10.37. BnHTOBoe )l,BH)Ke1rne c ocbIO OA, yrnoM 180° II BeKTopoM 2AO, 
r,IJ,e 0 - u;enTp ,IJ,a1rnoii CIIMl\reTpm1, A - ero opToroHaJJLHa5I npoCKl!Irn Ha 

llJIOCKOCTb CIIMMeTpHII. 

10.38. BIIHTOBOe )l,BII)KeHIIe, OCb KOTOporo napanneJibHa l, yroJJ paBeH 

180°. Ecmr r J_ l, TO IIMeeM oceByIO cIIMMCTpIIIO. 

10.39. IlpRMbie a, b, c JIII6o nonapno CKpelll,HBaIOTC5I II HMeIOT o6Ill,IIH 

nepneH,IJ,IIKyJrn:p, mr6o JIC.)KaT B 0,Il,HOH IIJIOCKOCTII II IIMCIOT 06my10 TOqKy. 

10.40. Tip5IMLre a, b, c nonapno nepneH,IJ,HKYJI5IpHbI, npn 3TOM npa:l\rbre a 
II b nepeceKaIOTC5I. 

10.43. IlocTpOliTe ,Il,BC nepeceKaIOill,IIec5I Ilp5IMbie, COOTBCTCTBCHHO na­

panneJibUbie ,IJ,aUHbIM npa:MbIM a M b. 
10.44. qeTbrpe IIOBOpOTa II qeThrpe IIOBOpOTHhie CIIMMeTpMH. 

10.45. 8TH TOqKll Jie)KaT Ha 6uMe.n;uane TeTpa:3,n;pa, KOTOpa5I 5IBJJ5IeTC5I 

ero OCbIO CMMMCTpMM. 

10.46. BLIITOJIHIITe IIOBOpOT Ha 90° OKOJIO npRMOH, coe,IJ,MH5IIOI11,eii lleIITpbl 

rpaHeii ABCD II AiB1C1D1. 
10.47. BHHTOBOe ,Ii;BII)Keuue c yrnoM 180° lI OCbIO, JIC)Kalll,eii B IIJIOCKOCTH 

,n,aHIIblX npRMbIX. 

10.48. KoMn03HllH5I Sc o Sb o Sa npH a II b II c ecTb oceBaZI CHMl\l.eTpHZI, 

OCbIO KOTopoH: 5IBJI5IeTCR o6pa3 I1p5IMOH a npu nepenoce Ha BeKTOp i' eCJill 

Sc 0 Sb= Tr. 
10.49. IlepenocHa5I CHMMeTpII5I, IlJIOCKOCTb KOTOpOH napaJJJieJibHa IlJIOC­

KOCTll ,IJ,aHHOH 3epKaJibHOH CHMMeTpHII. 

10.50. IlepeHOCHa5I CHMMeTpII5I. Ilpe)J,cTaBbTe ,IJ,aHHbIH IIOBOpOT KOMII0-

3HllIIeii ,Ll;BYX 3epKaJibHbIX CHMMeTpIIii, IIJIOCKOCTb O)l,HOM II3 KOTOpLIX nep­

IICH)J,IIKYJI5IpHa IlJIOCKOCTH )J,aIIHOH 3epKaJibHOH Clll\!MeTprrn. 

10.51. IloBopOTHa5I CIIMMeTpna:. 

10.52. KoMrr0311llII5I yKa3aHifbIX lleHTpaJJbHbIX CHl\IMCTpnH: ecTb cul\!.rvreT­

pmr OTHOCHTeJibHO U,CHTpa c¢epb!. 

10.53. KoMrr03HU,H5I oceBbIX CHMMeTpIIH OTIIOCHTCJlbHO nepneH)l,HKYJI5Ip­

HbIX 6ncceKTpIIc yrnoB BOC u COA TpII3,n;pa OABC ecTb 3epKaJJhHa5I 
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CIIMMeTpmr S1 II oTo6pa):l<aeT OB tta OA. CJie,ri:oBaTe.JihHO, rrp5.!l\Ia5.! l co,ri:ep­

MIIT 6IIcceKTpIIcy yr.Jia AOB. 
10.54. Tpn IIJIOCKOCTH, orrpe,ri:e.JI5.!el\1h1C JIIIIIH5.!MII rrepece'IeHII5.! IIJIOCKO­

cTei1: rpanei1: TpII3).l,pa c ero BhICOTHhil\!H IIJIOCKOCT5.!l\II:I (n. 8.4 r.JI. 10). 
10.55. IlycTh m, n, p - 6IIcceKTpHChI IIJIOCKHX yrnoB TpII3,ri:pa Gabe, 

rrponrno.JieMaliIHX COOTBeTCTBemro pe6paM a, b, c. Ko11·III03III1H5.! Sn o Srn o SP 
eCTh IIOBOpoT, OTo6paMaIOliIIIH JIY'I a na ce65.!. Ilo3TOMY 3a).l,a'!a CBO,ll;IITC5.! 

K IIOCTpOeHIIIO OCH a 3TOI'O IIOBOpOTa. Pe6pa b II c - o6pa3bl Jly'Ia a rrpn 

CHMMeTpH5.!X SP II Sn. 
10.56. IlpaMoit KpyroBoit Konye (KOHII'IeCKaa IIOBCpXIIOCTb) c Bepnrn­

HOit B n uarrpaBJIRIOliICit OKPYMHOCThIO c IICHTpOM B cepe,ri:nne OTpe3Ka AB, 
JICMalIIeit B rr.JIOCKOCTH CHMMCTpHH ToqeK A n B. 

10.57. KOMII03HI1Heit Tpex 3epKa.JibUhIX CIIllillJCTpHH, ITJIOCKOCTH KOTOpbIX 

HMCIOT C).l,HHCTBCHHYIO o6liIYIO TOqKy, 5.!BJI5.!CTC5I IIOBOpOTHaa CIIllIMCTpna. 

I1CKOMa51. IIJIOCKOCTh rrapa.JIJie.JihHa ee IIJIOCKOCTH. 

10.58. ~annoe paBCHCTBO MOMHO 3arrncaTh TaK: (Zs o ZA) o Srn o (ZA o 

o Zs)= Srn, no Zs o ZA =Ty, r).l,e 'F= 2AB. CJie).l,OBaTe.JihHO, Tyo Srn o Ty= 
= Srn, qTo HMCCT MCCTO TOr).l,a II TOJihKO Tor,ri:a, Kor,ri:a 'F II m. 

10.59. IlycTh A1 u B 1 - opTorona.JibHhIC rrpoeKIIHII ToqeK Au B na n.Jioc­

KOCTh a.. KoMII03IIIIH5.! ZA o Sa eCTb BHHTOBoe ).l,BHMeune c OChIO A 1A, yr.JIOM 

180° n seKTOpoM 2A1A (3a).l,aqa 10.37). Ilo3TOMY ).l,BHMeuue (ZA o Sa)2 ecTh 

rrepeuoc na BCKTOp 4A1 A. AnanorIIquo ,ll;BHMeuue (Sao Zs) 2 CCTh nepenoc 

ua BCKTOp 4BB1 • PaBeHCTBO A 1 A= BB1 HMeeT MecTo B TOM II TOJihKO B TOM 

c.Jiyqae, Kor,ri:a cepe,ri:una oTpe3Ka AB rrpIIua,ri:JICMIIT IIJIOCKOCTH a.. 
a3 3 3 a3v'2 a3 

10.60. ------;;:;: . 10.61. -
2 

a . 10.62. ;;; . 10.63. r.;. 
l+v2 6(2+v6) 12v2 

10.67. CIIMMeTpIIa OTHOCIITCJihHO IIJIOCKOCTII x + y + z = 1. 
10.68. CIIMMCTpHa OTHOCIITCJihHO rrpaMoii: x = y = z. 

{
3y- x = 5, 

10.69. CUMMCTpII51. OTHOCHTCJihHO rrpaMoii: 
z = 1. 

10.70. IloBopoT na yron qi= arccos (- ~~) OKono rrpzMoli 

y- 1 z 

- 3- 1 . {y = 2(x - 10), 
10. 71. BIInTosoe ).l,BHMCHIIe c ocbIO yrnoM 

z + 2=0, 
II BCKTOpOM r(3, 6, 0). 

x-5 
7 

2 
arccos 3 

10.72. IlosopOTHaa CHMMCTpIIH c IICHTpOM (10/3, -2/3, 5/3), Yr.JIOlll 

arccos :a ll IIJIOCKOCThIO, rreprren,n;IIKy.JI5.!pHOH BeKTOpy ( 1, 1, - 7). 

10. 73. Ilepenocna5I CIIMMeTpII51. OTIIOCIITCJihHO IIJIOCKOCTII 2x - 4y - 5 = 0 
u BeKTopoM r(O, 0, 3) rrepenoca. 
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10.74. IlepeHOCHa5I CIIMMeTprrn c IIJIOCKOCTbIO x + 2y + 3z - 7 = 0 II BeK­

TOpOM f(6, 12, -IQ). 
10.75. IloBopOTHa.H CIIMMeTpII5I c II8lITpOM (9, -3, 3/2), yrJIOM 90° 

II OCbIO, KOJIJIIIHeapnoti BeKTOpy ( 2' 2' 1). 
x y z - 14 

10.76. BrrnToBoe ,LJ;BII.IKenIIe c ocbIO l = 2 = -
3
-, yrno:M 180° II BeK-

TopoM (-1, -2, -3). 
10. 77. CIIl\IMeTpH5I oTnocnTeJihHO nnoCKOCTII 5x + 2y + z + 30 = 0. 

10. 78. 10. 79. 

I 1 8 4 
x = - 9x + gY + 9z, 

I 8 1 4 
y = 9x - gY + 9z, 

/ 4 4 7 
z = 9x + 9Y - 9z. 

10.80. 
1 8 4 

x' = g x + 9Y - 9 z, 
8 1 4 

y' = 9x + 9Y + 9z, 
4 4 7 

z'=- 9x+9Y+9z. 
10.82. 

/ 4 1 8 
x = 9x + 9Y + 9z - 14, 

/ 7 4 4 
y =-gx+ 9y- 9z-2, 

I 4 8 1 
x = - 9x + gY + 9z + 5. 

2 
11.3. 27. 11.4. 3. 

I f3 f3 1 
z = -v Sx + v sY + 2z. 
10.81. 

/ 11 2 10 
x = 15 x + 15 y + 15 z + 2 ' 

/ 2 14 5 
y = 15 x + 15 y - 15 z + 4 ' 

/ 2 1 2 
z =3x- 3y- 3z+6. 

10.84. 

-10) -2 . 
25 

fmrna 11 

11.7. 3a,n;a'Ia CB0,Ll;IITC5I K npC,D;bI,LJ;YIIICH, TaK KaK IICKOMa5I c¢epa KacacT­

C5I IlJIOCKOCTII, CHMM8TpH'IHOH O,LJ;HOH II3 ,n;annbIX IlJIOCKOCTeti OTHOCIITCJlblIO 

IIJIOCKOCTH CHMMeTpHH ,n;aHHbIX TO'ICK. 

11.8. IlpIIl\!CHHTC I'OMOTCTIIIO c IICHTpOM B TO'IKe KacaHII5I ,n;annoti II IIC­

KOMOH c¢ep. chy TO'IKY l\!0.IKHO IIOCTpOIITb. 

11.10. Ifa ycnomrn 3a,n;a'!II cne,n;yeT, 'ITO ,n;anHoc rrpeo6pa3oBamre co­

xpan5IeT BCJIII'IIIHY yrna l\Ie.IK,LJ;Y IIp5IMbIMII, CJIC,LJ;OBaTeJibHO, 5IBJI5ICTC5I rro,n;o-

6IIeM. 
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11.11. ,Il;ocTaTO'IHO AOKa3aTb, "ITO AaHHOC rrpeo6pa3oBairne oTo6pa)KaCT 

Ka)K,JJ,yIO c¢epy Ha c¢epy. 

11.12. IlpRMaR, C0CAI1H5IIOIIl;a5! TO"IKY rrepeCC"ICHI15! Tpcx AaHHbIX IIJIOC­

KOCTeit c TO"IKOH rrepeCC"ICIIIl5! IIJIOCKOCTeit, Ka)KAaR, I13 KOTOpbIX COACP)KllT 

OAHY I13 AaIIHbIX TO"ICK Il rrapaJIJICJibHa o;i:noit tt3 AaIIIIbIX IIJIOCKOCTeit. YKa-

3annhre ABC TO"!Kll 3TOH rrpRMOH IlCKJIIO"!aIOTC5!. 

11.13. EcJIIl rrp5!1Ibre m I1 l cKpen~ttBaIOTCR, TO IlCKOMbmI MHO)KCCTBOl\I 

RBJIRCTCR napaJIJICJibHaR HM nJiocKOCTb. EcJitt 3Tll rrpR11bre nepeceKaIOTCR, 

TO IlCKOMbIM MHO)KCCTBOM 6yACT COACP)Kan~a5! IIX IIJIOCKOCTb 6e3 3TIIX rrpR­

MbIX. IlpH m II l 3aAaqa TepReT CMbICJI. 

11.14. PaccMOTpttTe o6pa3 OAIIOit II3 AaHHbIX nnocKocTeit rrpu roMoTeTttH 

c llCHTpOM B AaHHOH TO"!Ke Il K03cPcPHIIIICHTOl\I - ~. 
11.17. PaccMOTpHTe c¢epy, orrHcanuyro OKOJIO AaHHoro TeTpa::i~a. 

11.19. arccos( ij2 - 1). 
11.22. BnyTpCHHOCTb MHOrorpaIIHilKa, KOTOpblll IIOJIY'IaCTC5! OTCC'IeHHCl\l 

OT AaHnoro TCTpa3Apa rOMOTCTH"lllblX CMY TCTpa3APOB c llCHTpaMH rOl\!0-

TCTilll B ero Bepnnrnax H K03cPcPHIIHCHTOM ~. 

fmma 12 

12.7. IlpHMHTe BO BHHMamre, "!TO B a¢¢mrnoit CllCTCMe KOOPAHHaT, 

3aAaHHOH TpOitKOit COIIp5I)KCHHbIX IIOJIYAHal\IeTpOB 3JIJIHIIC0HAa, OH HMCCT 

rrpOCTCHIIICC ypaBHCHHC x 2 + y 2 + z 2 = l. 
12.8. 1: 12. 
12.9. IIcrroJib3YitTe a¢¢nHHYIO 3KBHBaJieHTHOCTb c¢epb1 n 3JIJIHIICOHAa. 

12.11. 2x + y - 1=0, r(l, -3, 1). 
12.12. x' = x + x 0 z, y' = y + y0 z, z' = z + z0 z. 
12.13. x' =ax, y' =by, z' = cz. 

3a,z:i;aqn o6m,ero co.n;ep.JKa:HH.H 

8. 30°' 60°' 120°' 60°. 

ex2 a3 v 4rr2 - ex2 
12 

2rrV3 
11. ex . 3 . 

9. 4QJSsin2qi. 

4 
13. Sh< V < 3sh. 

1 
10. 2( vn2 + 2 - n). 

14. v; nR3
( J2 + v3)3; 

192rr2 sin3 -
2 

1 IC 1 3 ;;;-
2nR2(22 + 9v 6). 17. 

18 
na v 3. 

21. R( J2 - 1). 22. 21 sin ex . 
2 + v'2 tgex 

1 Rr 
18. d2 = R 2 

- 2pr. 19. 3R. 20. ~· 

23. 
a sin ex . v 4c4 - a2 b2 

24. R= , 
l+tgex 2v4c2 -a2 -b2 
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abv4c2 -a2 -b2 4 a cp 
r - 25 -rv'3 26. cos x = 1 - 2 cos2 

-
2 

tg2 
-
2

. 
- 2(av4c2 - a 2 + bv4c2 - b2 ). • 3 . 

. 2 w 
asin - 27 4Rv'i4 3 

27. w 2 . 28. 45~ 8 rr.b2. 29. --
7
-. 30. V=2rr.2R3

• 

J2 cos 2 v- cos w(l+J- cos w) 

2 ( ) 1 3 ( 4)2) 1 R3 ( 4) 4269it S = 3nR 1 + TI • 31. 2nR 3n - -
3
- . 32. 2n 3n + 3 . 33. 320 . 

34. 2S. 35. arctgv'2. 36. sinx = 2(v'2-1). 38. 11cKOl\Ihiii yroJI paBeH yrJiy 

l\Ie:>K,zzy BeKTopol\1 1 rreprrcH,D,IIKYJIRpnbIM OCH rroBopoTa H ero o6pa30l\I. Ha oc­

HOBaHHH CIICTCMbI 3a,n,a'IH N~ 37 BeKTOp ( a1 - 1, b1' C1) OpToroHaJieH OCH, 

aero 06pa301v1 5IBJrneTc5! BeKTOp (1 - a 1, -a2 , -a3 ). 39. 06pa301v1 BeKTopa 

n 5IBJI5ICTC5! BeKTOp - n. 40. BeKTOp ( a1 + 1, b1, C1) OpTOfOHaJieH OCH IIOBO­

pOTHOB CIIl\11\leTpIIH (N~ 39). 41. IJepeHOC. 46. Ilp5!MbIC an 1-l (a) H an f (a), 
ecJIH f(a) ,\ta. 47. x' = -x - y - z + 1, y' = x, z' = y. Herro,n,BII:>KCH IIeHTpo­

H,D, TeTpa3,n,pa ABCD. 48. <I>opMyJihI o6paTHoro rrpeo6pa30BaHH5!: x' = y, 

y' = z' z' = -x - y - z + 1. )J,aHHa5! IIJlOCKOCTb IIMCCT ypaBHCHHe x + y + z = 0' 
ee o6pa3 x - 1 = 0, rrpoo6pa3 z - 1=0. 49. K IJCJIII rrp1rno,n;IIT KOMII03H­

IJH5! IIeHTpaJibHbIX CHM.MeTpHII c IJCHTpa.MH B 3a,n;aHHbIX cepe,n,Hnax CTOpOH. 

50. ~ ~A.< 2. 51. 2 arccos( v'3 - 1). 52. Konye, o6pa3yIOIIJHe KOToporo Ha-
2 1 8 

KJIOHeHhI K IIJIOCKOCTH ocnoBaHHR no,n, yrJIOM arccos 3. 53. 3 R
2

• 55. 9TOT 

yroJI paBeH 60°. 57. 3r. 
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noco61r1e cop,ep>K1t1T ymy6neHHoe 1r1 p8cw1r1peHHoe 1r1ano>KeH1r1e 

crepe0Merp1r11r1 . B HeM 1r1ano>KeH8 reop1r15i np5iMblX 1r1 nnocKOcrel4, 

rpexrp8HHblX ymos, rerp83p,pos, ccpep 1r1 p,pyrnx ren. 
P8CCMorpeHbl MeTO,Qbl ,QOK838TeflbCTB8 reoMerpw-1ecK1r1x 

Hep8B9HCTB 1,1 H8XO>K,D,9Hlr15l 3KCTpeMyMOB. 

MHoro BH1t1M8H1t15l yp,eneHo npeo6p830B8Hlr15lM npocrp8HCTB8 -

,QBlr1>K9Hlr15lM, nop,061t15lM 1,1 8QlQllr1HHblM npeo6p830B8Hlr1 M 

KH1t1r8 BKfll0489T OKOflO 500 38,D,84 ,Qfl5l C8MOCTO 

peweHlt15l c YK838Hlr15lMlr1 1,1 OTB9T8Mlr1. 

KH1t1r8 8p,pecos8H8 see 

p8cw1r1p1t1Tb 1r1 yr 

reoMeTR 

,QO 


