






































































































































































































































































































































D70 BBIpAXKEHME CHMMETPUIHO OTHOCHTEMRHO 6ykB A, B, C, D. Tlosto-
My AX? = BX?=(CX?= DX? 3naunr, Touka X copnamaer ¢ Toukonn O.
Srum pasencrso (6.38) moxaszano. A uz mero caexyer pasencrso (6.37):

0:%((HO+OA)+(FO“+@)+(§'O‘+ OC)+ (HO + OD)),

orkyna OH = 3(OA + OB + OC + OD).

Caeacrsue 1. B opmoyenmpuseckom mempasdpe mowsu O, G, H ae-
orcam wa 000l npamoti (IpsaMot Jiiepa OPTOLUEHTPUIECKOIO TETPasapa)
u G — cepeduna OH.

Jeiicrsurebho, us pasercts (6.1) u (6.37) crenyer OG = —OH

6.3. XapakTepucruueckKme CBOMCTBA OPTONEHTPHIECKOIO TeTpa:mpa.
B opmouyenmpurneckom U MOAbKO 6 OPMOUEHMPUMECKOM MEMPasdpe npo-
MUBONOA0NCHBLE PEGPA NEPNEHOUKYAAPHYL 8 kAol U3 mpex nap.

ITycts BBICOTHI TeTpasapa nepecekatoTcst B Touke H. Paccmorpum ase
ero soicotel CCy u DD, (puc. 84). I'pann ABC u ABD uepnesaukysspHsl
wrockoctu CDH, mostomy ux obiiee pebpo
AB neprieHiuKyJsipHO 3TON IIOCKOCTH U, 3Ha~
yur, AB L CD. C pasubim npasom BC L AD
u AC 1L BD.

Obparno, ecit AB 1 CD, To cymecrByeT
©€MHCTBEHHAs IUIOCKOCTh, coZepxkamas peb-
po CD wu uepnenmuxysspaast AB. B aroit
tockocTr aexkar Beicorsl CCy u DD, terpa-
37pa, KOTOpBIE TIOITOMY TIEpeceKalorces. Eciu

Puc. 84 BCLAD u AC L BD, 1o 1m0 aHaJOrHYHOM

npuunHe OyIyT IlepecekaThbes JIOObIe IBE BBI-

COTBI JAHHOTO TeTpa3apa. Tak Kak OHH He JieXKaT B ONHOW INIOCKOCTH, TO
OHM HEOGXOIMMO EePECcEKAIOTCs B OMHON TouKe (3amaqa 1.6).

Ha ocHoBaHMM NOKA3aHHOTO CBOMCTBA OPTOLEHTPUYECKUHN TeTpasap Ha-
3BIBAETCS TAKKE OPMOZOHAALHBLM MEMPAITPOM.

Cnencreue 2. B opmouenmpuneckom mempaaope U MoAbKO 6 MAKoM
mempas0pe OCHOBAHUA EBICOM ABAANMCA OPMOUEHMPAMU €20 2PAHET.

XapaKTepHCTHIECKOE CBOWCTBO OPTOrOHAILHOCTH IPOTHBONOIOMKHBIX
pebep OPTOIEHTPUYECKOTO TETPA3IPa [MO3BOJSET €ro MOCTPOHUTH CJeIyIo-
myn crocoGoM. IlyeTh maHbl fiBe CKDPEIMBAIONIMECS MepPIeHIUKYJIsSPHBIC
[psIMBIE @ U Q1.

ITocTpouM HPOM3BOJIBHYIO IEPECEKAIONIYIO WX NpsAMYIo- b, HO He mep-
NeHIUKYJISAPHYIO BM, 33T€M HEKOTOPYIO IIOCKOCTH 7Y, MEPIEHIUKYIIPHYIO
mpanoit b, Ho He coaeprkauyio Touku B=>bMNa; u D =bNa (puc. 85). Oua
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mepecekaeT UpsAMbIe a U a; cooTseTcTBentio B Toukax A u C. Torna Terpasnp
ABCD asnsercsa OpPTONEHTPUYECKUM B CHJIY OPTOTOHAJIBLHOCTH €70 IPOTH-
BONOJIOXKHBIX pebep. B camom nene, DA L BC
1o BHIGOpy NpAMbBIX @ U a,, BD 1 AC, tax xak
v Lbu (AC) Cy. Kpome toro, AB | DC nHa
OCHOBAHUU BEKTOPHOI'O TOXKJECTBA

AB-CD+ BC-AD+ CA-BD=0,

MCTUHHOCTH KOTOPOTO JIETKO MPOBEPSAETCs MO~
cranoBkamu AB = DB — DA, BC = DC -
— DB, CA=DA- DC.

Jlastee mamaraoTCa €me TPU KPUTCPHI OpP- Puc. 85
TOHEHTPUYECKOTI'G TETPAdIPA.

Hars moz0 “mobv, mempasdp Gbia OPMOYUEHTNPUNECKUM, HEOBGLOOUMO
U 0oCMamouHo, 4Mobvl Cymmsl KEAOPAMOE OAUH €20 TPOTMUBOTLONONHCHLT
pebep 6wy pasnvl:

a>+ai=+b=c+c. (6.39)

Tlo npenpiIymeMy KpUTepHIo IJIsl OPTOIEHTPHIECKOrO TeTpasapa Heob-
XOAUMO 1 JOCTATOYHO, YTOOI

AB-CD=BC-DA=CA-DB=0.
Bocnonszyemcst uzBecTHO# dopMyItoi
2AB-CD = AD* + BC® — AC* — BD*.
Ha ocHoBanun ee moJly9acM SKBUBAJEHTHBIE TPEIbLAYIIMM PABEHCTBA!
AD?+ BC? — AC? — BD?* =
= AB? + CD? - BD* - AC* = BC* + AD?> — CD* — AB?,
KOTOpPBIE PABHOCHIBHEI JOKA3LIBAEMbIM DABEHCTBAM:
AD? + BC?* =CD* + AB*=BD? + AC*.
B opmouenmpuueckom U MOABKO 6 OPMOUERMPUMECKOM Mempasope
NPpouseedeHus KOCUHYCOE NPOMUBONONOHCHDIT 08YZPAHHBLL Y2N06 PABHDL:
cos(AB) cos(CD) = cos(BC) cos(AD) = cos(AC) cos(BD). (6.40)

Do cnenyeT u3 popmynasl (5.25) U OPTOrOHANBLHOCTH [IPOTHBOIIOIOKHBIX
pebep Terpasapa.

Jaa mozo wmobor mempasdp Ovia OPMOUEHMPUYECKUM, HEOGTOOUMO
u docmamoyuno, 4mobv. €20 bumeduarvt oAU PAGHYL.

Jis noxazarenscTsa J0CTaTOMHO npuBiaedb dopuysst (6.4) mmun Gume-
mvald u xpurepuit (6.39).
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§7. Pasnoeparmvid mempasdp

7.1. Onpenenenue N XapakTepUCTAYECKOE CBOMCTBO PABHOTPAHHOTO TET-
pasapa. Terpasip HA3BIBAETCS PagHO2PAHHDIM, €CIH BCE €ro TPAHU — pPaB-
HbIE TPEYTOJLHUKH.

Cyuwecmeosarue PaBHOTPAHHOTO TETPA3Apa MOXKHO JIOKA3aTh CJIEIY-
IOIMIUEM IPOCTBIM IIOCTPOEHHEM. Bo3bMeM OCTPOYTOIBILIH TPEYyrobHUK
D;D>D3 n uposenem B nem cpexuwe nuaun BC, CA, AB (puc. 86). Ilepe-
THEM 3TOT TPEYTOJIbHUK 110 CPEIHUM JIMHUAM TaK, 9T00bt BepuiuHbl Dy, Do,
D; comecTwnes. B pesyasrare mosydnm rterpasap ABCD ¢ paBHbIMH
rpansMi (o Tpem croponam) (puc. 87).

Teopema. J[as mozo wmobv. mempasdp Gvia PAEHOZPAHKDbLM, HeOOLOOUMO
u docmamouro, wmobv, €20 NPOMUBOTOA0NHCHBIE PEBPA ObLal PasHBL: 4 = ay,
b=b, c=c.

HJoxazartenbcTBo. JJOCTATOYHOCTDH ITOrO YyCJIOBUs OIEBUIHA.
Hoxaxem seobxomumocTb. Ilycrs Bce rpanu terpasiapa ABCD pas-
nbl. U3 paBencrBa tpeyroasnnkos DBC u ACD cieayer: nmubo a=a, u
b=by, mbo a=0b u a; =b,. Torma B 0b6oux ciaydyasx U3 paBeHCTBa Tpe-
yronbaukoB ABC u ACD 6yaer ¢ = ¢,. Bo BTopoM ciiydae TPEYTOJILHUKH
ABC n ABD pasHOGeApEHHbIE, 4 U3 HX PABEHCTBA a = b = a; = b;. Mraxk,

B oboux cayvasx a =a;, b=by, c=¢,. O
Dy
C B
D ' A I
Puc. 86

7.2. CsoficTBa yri0B paBHOTpaHHOTO TeTpasapa. CHaYATa JOKAXKEM,
YTO 6CE NAOCKUE Y2Abl PABHOZPAHKO20 Mempasdpa ocmpuie. JOIyCcTUM, 9TO
DCB > 90°. B muockoctu BCD mocrpouMm Tpeyroapuuk BDA,, pasHbIii
rpeyronbunky ABD (puc. 88): DA, = DA = BC, BA, = AB= DC. Torza
MOJLyYEeHHBIH YeThIpexyroibunk A, BCD — mapannenorpaMM, B KOTOPOM
DB>CA,=CE+ FEA,=CE+ EA> AC. llonyuunn, yro DB > AC, arto
HpOTUBOPeYUT HeobxomuMoMy yeaosuio DB = AC paBHOIpaHHOI'O TeTpasi-
pa. Mrak, npeamosioxkeHie, 9T0 WIOCKUH yroJl PAaBHOTPAHHOIO TeTpasiapa
HEe MEHbIIE IPSAMOrO, OIPOBEPTHYTO.
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W3 onpenesienns paBHOTPAHHOTO TETPA3Pa U MOy UEHHBIX €ro CBOMCTB
BLITEKAIOT CJACHYIONHE cAedCcmeun IJIsl eT0o yIiloB:

1. Tpexeparmnie y2avt PAGHOZDAHNO20 MEMPAdpa PasHd: (0 PaBEHCTBY
HX COOTBETCTBEHHBIX ILJIOCKHX YIJIOB).

2. Cymma NAocKuL yza08 KadHcdo20 mpusdpa pasHa CYMME NAOCKUT Ye-
208 2paru, m.e. pasna 180°.

3. ITpomusonoaosichvie deyeparnvie y2av paeHs: (110 IEPBOIL TEOPEME KO-
CHHYCOB JJisl TPH3JPA).

4. Cymma KOCUHYCO6 MPET J8YZPAHHLIT Y2068 NPU pedpax Kaxcdol epa-
nu pasHa eduruye (11a ocHoBaHEH HOPMyYNbI ipoekui (3.3)).

7.3. Kpurepun paBHOrpaHHOTO TeTpasapa. Kpome KpUTEPHs, IPUBELEH-
HOTO B M. 7.1, IMeIoTCs U APYTHE KPUTEPHH PABHOTPAHHOTO TETPAdZpa, U3
KOTOPBIX PACCMOTPHM CJIEYIOLIYe TPH.

1. [das mozo wmobv. mempasdp 6vun pasrozparHvim, Heobrodumo u 0o-
cmamonno, wmobu, ezo bumeduanv, 6o obuumy nepnenouryaapamu (Gu-
EBICOTAMU) COONEEMCMEYIOULUT NAD TPOMUBONOLOICHIT pebep.

HoxkazarenbcTso. Ilycrs rerpasap ABC D paBHOrpanHblil: a = ap,
b=by, c=c¢, u MN — ero 6umeuasa (ZVI — cepejuna A. AB, N — cepenu-
#a DC). Torna 2MN=AD+ BCu2MN-DC=AD- DC+ BC-DC.o-
sromy 4MN-DC=—-2DA-DC+2CB-CD=(-a*-c+b})+(a® + 2~
—b?) = 0. Ananormuno MN - AB =0. Cnenoparensto, M N — GuBbICOTA.

ObpatHo, eciim Oumenuana M N terpasapa ABCD smBisiercst ero 6u-
BLICOTOH, TO OHa ABJIAETCS OCbO ero cuMmMerpum u nosromy AD = BC.
Ananornuno AB = DC u AC = BD. CienoBaTesbHO, TE€TPas[p PaBHO-
TpaHIBIH. O

Cnexncreue. Onucannbiii napassesenuned pagHOoZpDOHHO20 MEMPAIOPa
ABAAEMCA NPAMOY20ALHBIM, MOK KAK €20 GHCOMbL ABAAIOMCA GUBBCOMAMU
mempasdpa.

2. Jlaa moz2o umobv, mempasdp Obla pasro2paHHbIM, HeobToduMo U Jo-
CIAMOYHO, 4MOGBL €20 2ZPAHU UMEAY DPAEHYLE
NAOULAOU.

Heobxonumoctns oueBugHa. Jlocrta-
TOYHOCTD JIOKAXKEM JByMs CHocobaMu.

HoxazareasctBo 1. Ilycte BB, u
DD, — seicorsl rpaneit ABC u ADC (puc. 89).
1lo ycioBMIO 3TH TPEYTOJILHUKN DABHOBEJNKH,
nosromy BB; = DD;. U3 cepenunsl N pebpa
BD onycrum neprergukyssip NN; Ha npsaMyio
AC. Torna us pasencrea BN = N D cnexyer pa-
BeHcTBO B1N; = Ny D; (CBOHCTBO OpTOroHAb-
HOTO TpOeKTHPOBaHusi). VI3 paBeHCTBA NpsIMO- Puc. 89
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YrOJIbHBIX Tpeyrojabaukos BB N, u DD N, crneayer, uro BN, = DN,.
Mennana N, N papaoGeApeHHOr0 Tpeyroabuuka BDN| neplneHaukyaspHa
ero ocHosanuiw BD. Ecnu u3 cepeaunnl pebpa AC omycTHTh TepHEHIH-
Kyagap wa BD, To no moxa3aHHOMY OH Oyner reprnenaukyisper u Kk AC,
T.e. coBrnager ¢ NN,. B pesyabrate Gumesuanbl TeTpasapa COBHAJAIOT
¢ ero OGUBBICOTAMH U TO TPEABLAYIEMY KPUTEPHIO STOT TETPasAp PABHO-
TpaHHBIN. O

HoxkaszartenbctrBo 2. Hocrpoum panusii terpasap ABCD no Tpe-
yrosbsaoil npusmsel AB,C; DBC (puc. 90). 13 pasHOBesnKoCTH Tpaneii
JIAHHOTO TETPad/pa CleayeT PaBHOBEJINKOCTb 6o~
KOBBIX I'PaHeil IPUCTPOCHHONH YeThIPEXYTOJAbHONI
nupamunsl ABB;C,C ¢ sepmnnoit A. Cnpoekru-
PYEM OPTOrOHAJLHO €€ BeplinHy A Ha IUI0OCKOCTD
ee ocHoBaHus. Ilycte () — nomydeHHAS TIPOEK-
N  1ms Touku A. Beicotet AM n AN paBHOBEIMKHUX
tpeyroiabhaukos ABB, u ACC, paBHBI, I0O3TOMY
paBubl ux npoeknmu QM un QN. Ananormuso
IOKA3bIBAETCA, YT0 TOYKa () paBHOyIAJEHA OT
cropon BC u B;(C; napannenorpamma BB, C,C,

C

B T.e. Q — meHTp 3TOro mapauenorpamMma. Torma

Prc. 90 QC = @B, orkyna AC = AB, = BD. Tlo anaJno-

ruuHott npuuune AB =CD u BC = AD. Cneno-

BaTENbHO, TETPAIIP PABHOIDAHHBIN. O

3. [aa mozo wmobor mempasdp 6o pasHozparHvim, HEoOLodumo u do-
emamouno, wmobu, yenmp O ez20 onucannotl chepvt coenadan ¢ e20 yenms-
poudom G.

Heo6xonumocts. Learp O onucannoii cdhepsl MPUHANIEKAT ILIOC-
KOCTSM CHMMETPHY BEPIINH TETPA3Apa, B3ATHIM [IONAPHO. 1JIst pABHOTDaH-
HOTO TeTPasApa 3TH IUIOCKOCTHA CUMMETPUH COJEPYKAT COOTBETCTBEHHO €ro
OHUBBICOTHI, COBIAJAIONAE C COOTBETCTBEHHBIMH OMMeIUaHaMM, KOTOPbIE
Beerga nepecekalorcs B nentpouae G. Caenoarenbao, Toukn O u G cos-
AJIAIOT.

HocraToynocTh. Iycrs Touku O u G coenagaror. Torga mo cBoii-
CTBY IICHTPOUZA OA+ OB+ 0OC+ 0D = 0, a no ompeseseHne OMICANHOI
chepni OA=0B=0C=0D. U3 nepsoro pasercrsa umeen: (OA + OB)? =
=(0OC + OD)?, orky/a ¢ y4eToM paBeHCTBa MOfyJTelt BekTopos 204 - OB =
=20C - OD u nosromy OA? + OB? - AB?> =0C? + OD? — CD?. Creno-
BaresbHo, AB = CD u ananorundno BC' = AD nu AC = BD, 1.e. TeTpasap
PaBHOTPAHHBIH.

7.4. ®opMyIIBI sl PABHOrPAHHOrO TETPadApa. Tak Kak B PABHOIDAHHOM
TeTpadipe a = a1, b=by, ¢ =¢;, T0 mo popmyiam (6.4) ero Gumenuansl (OHK
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>Ke GUBLICOTH) HMEIOT BRIPAYKEHU:
3= PQ* = 507 +*—a),
¥ =EF? = (¢ +a’ —1?), (6.41)
¥ = MN*= 3 (a® + 1 — &).

ITockonBKY OIMCAHHBI Hapaslejieunel MpsMOYTONBHBIA, TO ero o6mb-
eM V =58,8:8;. CrenoBarennbHo, 00beM PABHOIPAHHOTO TETPA3Apa PaBeH

V= %818283 H IOTOMY
T2V = (b + % — a®){(c* + a® — b)) (a® + b° — ). (6.42)

Tak Kak B PaBHOTPAHHOM Terpasipe cosmanaior Touks O u G, 10 U3 pa-
BeHerBa (6.25) nomyuaaem:

R = (@ +1* + ). (6.43)

Badawu x enase 6

6.1. Eciu B TeTpasape NpOTHUBOIOIOXKHLIE pebpa NepHeHIuKy/IsIPHEBL
B KaXKJ0H U3 JBYX AP, TO U IPOTHUBOIOJIOXKHBIE pefpa TPeTheil maphl Tak-
JKe MepHeHIuKynspabl. Jokaxure.

6.2. Ecin O u G — uenTp omucannoil cdepsl H LEHTPOUA TETPas-
pa ABCD u upsmas OG nepecekaer pebpa DA u BC, to DB=AC u
DC = AB. Hoxaxure.

6.3. Haitnure reoMerpudeckoe MECTO TOUEK TPOCTPAHCTEA, JIJIA KOTOPHIX
CyMMa KBaJPaTOB PACCTOSHUM JIO BEPIINH AAHHOTO TETPAIIPA, MOCTOSTHHA.

6.4. JJokaxuTe, 9TO OUMEIHAHBI TPSIMOYTOJBLHOTO TETPA3Apa PABHEL pa-
JIAyCy OMICAHHOM OKOJIO Hero cdepsl.

6.5. Joxaxxure, 4TO €CJIH JABE BRICOTHI TETPA3APA IEPECEKAIOTCH, TO U ABE
JIpyTHE TaK2Ke TePECcEeKAIOTCs.

6.6. loxazkure, uTo Aas miomanu S cedenna Terpasapa ABCD mnoc-
KOCTBIO, Ipoxofsiieil yepes ero pebpo C'D u nenTpon, MeeT MeCTO 3aBH-
CHMOCTb:

48% = 2 + S2 + 25,8, cos(CD).

6.7. CyMMa KBaapaToB IUIOMAAEH MeCTH cedeHHnil TeTpa’apa ILIOCKO-
CTSAMU, KaXKJasd M3 KOTOPBIX MPOXOAUT vepe3 pebpo U CepeuHy HMPOTHBO-
HOJIOXKHOIO pebpa, paBHa CyMMe KBaJIpaToB ILJIOUIaJefl BceX ero rpaHeil.
Hoxaskure.

115



6.8. B npsiMoyrossHOM TeTpasape CyMMa KBAAPaTOB IIOHAaAel ceveHnii,
TIPOBEIEHHLIX Yepe3 pebpa-KaTeThl U IIEHTPOU, PABHA TIOJIOBHHE KBAAPATA
IJIOLIAIN T'PAHU-TUTIOTeHY3bI. JloKakuTe.

6.9. CyMmma KBaJpaToB IJIOHIaAel cedeHuil IpsMOyTOIBHOrO TETPas-
pa, IPOBEAEHHBIX Yepe3 pebpa HanboJIbIIER TPAHH U €ro NEHTPOH, PAaBHA
KBaJpaTy miomaan Hanboabineil rpann. JJokaykure.

6.10. B mpsaMmoyrogbHOM TeTpasdape IIONAAH I'paHel-KaTeToB PaBHLI
S1, 82, S5. Hadiaure ero oObeM.

6.11. B npsmoyromeubiii Terpasap ABCD Bnucan ky6 Tak, 4TO OIHA
€ro BepIINHA COBNAJAET C BepwuHOoil D mpamoro Tpusapa, a mpOTUBOIO-
JIOXKHAas eif BepluHa JiexkuT B rpanu ABC. Haiingure nnuny pebpa KyOa,
eciu DA=a, DB=b, DC =c.

6.12. B npasmibHOI TpeyTroibHOR nupaMuie aiuna 6okosoro pebpa pas-
Ha [. IlnockocTs, mpoxonsmas yepe3 CTOPOHY OCHOBAHUS W CepequHy Npo-
THBOTIOJIOXKHOTO pebpa, HAKJIOHEHA K IUIOCKOCTH OCHOBAHUS IO YIJIOM Ol.
Haitaute 00beM mupaMub.

6.13. B npaBusibHOI TpeyroibHOM IupaMue yroil IPH BEPIIHHE PABEH o,
PACCTOsIHHAE MEXK Iy IPOTHBOIIOIOXKHBIMU pebpamu pasuo d. Hajinure o0bem
MAPAMUATEL.

6.14. Jdan terpasnp. Jokaxkure, 9T0 06bEM TETPAdAPA, BEPIINHAMEI KO-
TOPOTO ABJIAIOTCH [EHTPOU JAHHOTO TETPAYIPA U TPH CEPEIUHBI ero pedep,
He JIeXKAIIMe B ONHOMN IJIOCKOCTH C LEHTPORIOM, paBeH 1/16 obbema JaHHOTO
terpasupa. (Teopema Mowuxka.)

6.15. Haiinure 06beM IpsAMOYrOJBHOTO TETPA3APa C PABHBIMU pebpamMu-
KaTeTaMU, eCJIM BbICOTA, IPOBEIEHHAST K TPAHU-TUIIOTEHY3€e, HMeeT IJIUHY h.

6.16. Jokaxxure, uro o6bemM moboit nupaMuasl pases 1/3 npoussesenust
JJIMHBL ee GOKOBOrO pedpa ¥ IO OPTOTOHAIBHOI IIPOEKIIUNA OCHOBAHNA
HA IUIOCKOCTh, MEPIEHINKY/ISIPHYIO B3ATOMY pebpy.

6.17. dan xnun ABCA,B,C,. Hokaxure, uro terpasaput ABCC, un
A, B,C,C paBHOBCJIUKH.

6.18. Tokazkure, uro o6bem kmta ABC A, B, C; pased cymme 00bEMOB
terpasapos ABCA,, ABCB,, ABCC,. llonyuaure orciona dpopmyiy (6.20)
obLeMA KIIUHA.

6.19. Haligure orHOmEnne 00beMOB TeN, HA KOTOPLIE JEJIUT IPABUJIb-
HYIO YeTBIPEeXYyTOABHYIO HMUPAMIAY IJIOCKOCTD, ePIIEHUKYJISIPHAs CTOPOHe
OCHOBAHHS U JeJIAINAsl STy CTOPOHY B OTHOIIEHUH 1 : 3.

6.20. IInockocTs, napanjienpbHas ABYM HPOTHBOIIOJIOXKHBIM pebpaM TeT-
pa’apa, JeNUT PACCTOSTHUE MEXK Y HIUMH B oTHOIIeHnu k. B kakoMm oTHoire-
HHHU T4 IVIOCKOCTh JeJIUT 00beM TeTpasapa’

6.21. HokaskuTe, 9TO IUIOCKOCTh, COJIepsKalllasg OuMeanaHy Terpadpa,
[ENAT €0 HA [Be PABHOBENWKME YACTHU.
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6.22. ITinocKOCTb, IPOXOASANIAs Yepe3 CTOPOHY OCHOBAHHS ITPABHILIION
YETBLIPEXYTOJIHbHON MHPAMHUIBL, AEJINT IPOTHBOMOIOXKHYIO PPAIh HA J[BE PAB-
HOBEJIIKHE YaCTH. B KaKOM OTHONIEHUY JEJUT ITA ILIOCKOCTH 00beM IHpPa-
MUILI?

6.23. [l;10CKOCTD, MPOXOJSAIAs Yepe3 CTOPOHY OCHOBAHUS UPABWJIILHON
HeTBIPEXYTOJIGHOM TUPAMUJIBL, JEJNT ee 00beM NoTioNaM. B KakoM oTHOIIe-
HUHW 9T IVIOCKOCTh JEJUT IUIOMA L IPOTHBOIOIOXKHON 6OKOBOM rpann?

6.24. Han Terpasap ABCD. Haiiaure reoMerpudeckoe MecTo To4ek M
LIPOCTPAHCTBA, JJIs KazKJI0M U3 KoTopbix Terpadapst M ACD u M BCD pas-
HOBEJIMKH.

6.25. Jan rerpasap ABCD. Halinure reoMerpuieckoe MecTo To4ek M
IPOCTPAHCTBA, I KAXKAOH U3 KOTOpHIX TeTpasapni M BCD, MACD,
M ABD paBHOBEHKH.

6.26. lan Terpasap ABCD. Hailimure reoMeTpuieckoe MecTo Todek M
IPOCTPAHCTBA, [ KayKOOH U3 KOTOpbIX TeTpasapnt M BCD, MACD,
MABD, M ABC paBHOBEJIUKH.

6.27. JokaknTe, 970 TPH OTPE3KA, KAXKABIA U3 KOTOPHIX COEAUHAET OC-
HOBaHHSA BBICOT I'PaHell, IPHHAIEXKAUIE CKPEMUBAOIMMe pebpaM opTo-
LEHTPUYECKOTO TETPAdAPA, IIEPECEKAIOTC B €r0 OPTOLEHTPE.

6.28. IHokaxkuTe, 4TO Bce pebpa Mapajiesenunena, OMUCaHHOIO OKOJIO
OPTOIIEHTPUYECKOT0 TETPAd/(PA, PABHBI MEXKAY COBOM.

6.29. Toxa>xuTe, 9TO B OPTOHEHTPAIECKOM TETPAIAPE CyMMa KBAIPATOB
IIpou3BeJeHNil TIMH MIPOTHBOIIONIOXKHBIX pebep paBHa yYETBEPEHHON CyMMe
KBa/JIpaTOB IJIOIaAeld rpaHeil:

(aa1)2 + (bbl)z -+ (061)2 = 4(S1 + S2 + 53 + 54)

6.30. Jokaxknure, 9TO cyMMa KBaIPATOB PACCTOSHUN OT OPTOUEHTPA 0
BEpIINH OPTOLEHTPUYIECKOr0 TETPadApa PABHA KBAJIPATy IUAMETPA €ro OIlH-
cainoit cepsl.

6.31. Haitnure Ha BBIcOTe DD, opronenrpudeckoro terpasapa ABCD
Takyw Touky M, urobsl npsamele M A, M B, MC 6bun nmomapno oproro-
HAJILHBI.

6.32. JokarkuTe, YTO €CJIH OPTOIEHTP TETPA3IPA COBIAIALT C ero HeHT-
POHJOM, TO TETPASAP ABISETCS MPABUILHLIM.

6.33. Cepcnunbl pebep, H1eCTh OCHOBaHUI BBICOT IpaHeil u 12 Todek, me-
JIAMINX TIOIOJIAM OTPE3KH 3THX BBICOT OT OPTOLEHTDOB IpaHell 0 BepIINH
OPTOLEHTPHIECKOTO TETPASIPA, JIEKAT Ha onHol cdepe (nmeppasa cdepa Dii-
JIepa OPTOUCHTPUYECKOTO TeTpasapa). Jokaxure.

6.34. LlenTpouipl U OpTOUEHTPEI I'PaHeil OpTOLEHTPHIECKOI0 TETPas3pa,
a TaKXKe TOYKH, JeJAIne OTPe3KN BBICOT TETPAadPa OT €ro OPTOLEHTPA. X0
BEpIIMH B OTHOILIEHHH 1 : 2, JIeKAT Ha OmHON cdepe, KOTOpas rOMOTETH-
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Ha ONMUCAHHON cdpepe mpu roMOTETHH ¢ IEeHTpOM B HenTpouse G U Ko3d-
bunmenrom —1/3 (Bropas chepa Ditnepa OpTOLEHTPUIECKOIO TETPASIPA,).
Hokaxure.

6.35. Joxaxure, 9YTO eciu BCe I'PaHH TeTpaslpa MMEIOT paBHble IepH-
MEeTPHI , TO TETPA3AP PABHOTPAHHLIIL.

6.36. /lokarkuTe, 9TO B PABHOTPAHHOM W TOJBKO B PABHOMPAHHOM TeT-
pasape buMenuaHb! TONAPHO HEPHEH TUKYAAPHEL.

6.37. JJokaskuTe, 9TO B PABHOI'DAHHOM TeTpadlpe U TOJbKO B PABHOIDAH-
HOM TETPa’Jipe MEHTP BINCAHHON chephl COBNAMAET € €ro IEHTPOUIOM.

6.38. [dokaxkure, 9TO AHAMETD BIHCAHHON cdepbl PABHOIPAHHOIO TET-
pasapa paBeH paJuycy ero BHEBIMCAHHON cdepsl (IEpBOro poa).

6.39. lokaxkure, 4TO KBAAPAT AuaMeTpa cdepbl, ONHCAHHOH OKOJIO paB-
HOTPAHHOIO TETPA3MIPA, PABEH CyMMe KBaIPAaTOB ero 6uMeuaH.

6.40. JJoxaykuTe, 4TO CyMMa KBAIPATOB PACCTOAHUN TOUKK cdephbl, BIIK-
CaHHOI B paBHOIDAHHbIH TETPAIAP, A0 €ro BEepHIHH HE 3aBHCHT OT HOJIOXKe-
HUs TOYKHU Ha 3T0# cdepe.

6.41. /lokaykuTe, 4TO BIUCAHHAS B PABHOTDAHHBIN TeTpasap cdepa Ka-
CaeTCs ero rpaHeil B eHTPAX OKPYIKHOCTE(, OIMMCAHHBIX OKOJIO IPaHei.

6.42. Jokaxkure; uto cdepa, BIHUCAHHAS B PaBHOTPAHHEIN TeTPa’3Ap,
Kacaercs BCEX rpaHeil BOCOMHIDAHHUKA, BepIIMHAMH KOTOPOTO SIBJISIIOTCS
cepeauHbl pebep 1aHHOTO TeTpadipa.

6.43. [lokazkuTe, 4TO OOBLEM PaABHOIPAHHOIO TETPa3Apa BbIPAXKAETCH

dbopmynoit:
V= %abc\/cos acosBcosy,

rae a, b, ¢ — nnuHb! pebep ¢ obiueit BepImuHOHi, o, B, Y - YIVIBl MEXK/LY HUMIL.
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T'anaea 7

Buwucaernue obsemos men

§1. Popmysa Hvromona—Cumncona
U ee NPUMEHEHUE

1.1. Briox dopmynsr Helorora-Cumncona. HauGosee KpaTkuit BBIBOX
9T0# POPMYJIBI OCHOBAH Ha HHTETPAJIbHOM (hopMysie BEIMUCICHHS 00HEMOB
([2], c. 157):

V= / " S()d, (7.1)

rze S(x) — MIowWaLb CedeHHs TeJla TPOU3BOIBLHON IIIOCKOCTBIO, IIEPIIEH I1-
Kyasproit ocu Oz. Q@ynxuus S(z) HenpepblBHA HA YHCIOBOM MPOMENKYTKE
[a, ).

Teopema. FEcau naowadu S(x) napassesvhoir cevenuti meaa yoosae-
TEOPAIOM YCAOBUN:

S(z) =azx®*+bzx+c, 0<Lz<h,

2de T — paccmoanue cexyuets nAoCKocmu do HeKomopot nocmosHHol (Ha-
waabHoll) naockocmu u a, b, ¢ — nocmoannvie wucaa, mo obsem V meaa
pasem:

V:

o>

(S, + Sa +45), (7.2)

2de Sy = 5(0), S, = S(h), S = S(%h).
Hokazareasbcrno. Io bopmyne (7.1)

h h
V= / S(z)dx = / (az® + bz + c)dx.
0 0

BI)IqI/ICJII/IB TOT I/IHTeraJI, IIOJIy‘{aeM:
V = gah® + 36k + ch = (2ah? + 3bh + 6c).

Tax kax S, = S(0) = ¢, So = S(h) =ah?+bh+c, S = 5(2—) = ah?+ Lohte,
48 = ah? + 2bh + 4¢, TO

Sy + Sy + 45 = 2ah® + 3bh + 6¢.



CrenoBaTesLHO,
h
:E(Sl+52+45)' O

Orta 3aMmedaTesbHas (OPMYNAa HOCHT UMEHA ABYX AHIVIHACKHX MaTe-
MaTHKOR: Benmkoro Mcaaka Herotona (1643-1727) u Tomaca Cunmcona
(1710-1761). Obsr3aTesbHBIM yCIOBHEM €€ IPUMECIIEHNs SIBJsIeTcS KBaJpa-
THYIHOCTE hyHKIMN S() MIomain napaulebHbIX CedeHuii Tea.

1.2. O6bem mupaMuABI u ycedeHHoi mupamuabl. [lycrs S — naomanb
ocHOBaHus nupamuisl, S(x) — WIOmWaAb ee cedCHHS ILUIOCKOCTHIO, Hapal-
JIEJIbHOH OCHOBAHWIO M YIAJEHHOI OT BEPIIHHBI HA PACCTOSIHUC T, h — BBI-
cora nmupamuabl. Toraa, Kak U3BECTHO,

2
—S% = %, otkyma S(z) = h—SQIZ
h 1
[Tockoabky S{x) — xkBagparuunas pyaxmust u S; =0, So =S u S(E) = ZS"

T0 corytacHo opmyie Hororona—Cumiicona obbem V nupaMuipl paBeH
h 1 1
V= E(O+S+4~ ZS) =35h.

st o6beMa KOHyCa 9TOT BBIBOJ OCTAeTCH 6€3 U3MEHEHHH.

PaccmoTpuM ycedeHHyI0 mupamMuay ¢ miomaasyu S) u Se eec BEpXHEro
u HHXKHero ocHosauuil. Ilycrs A — BeICOTA 3TON NUpaMHIbLI, T — BBICOTA
NEpAMUAE], JOTIOJHAIONIEN JAaHHYIO NMUPAMHUAY 10 NOJHONW mupamuab. Slc-
HO, 9TO KAK W B MpEABLIAYINeM CIyvae, IJIOMakb IPOU3BOILHOI0 CeIenns,
NAPaJUIEBHOTO OCHOBAHMSIM, €CTh KBaJpaTudHas PYHKIIUA ero pacCTOSHUS
1o sepimnbl. [Tostomy dopmyna (7.2) npumernuma. ycrs S — momans
CPEIHEro cedeHusi JaHHON mupaMuiapl. Toraa

Sl CL‘2 4:L‘2

B (z+%h)2 T @zt

2
oTKyza 45 = (_2%_}151 Ananoruano, gz (_w_ih_)?7 oryma ¥ \/%_ _z I h
u \/g.; = 23:: h. CreioBaTeblo,
N 2
45 = (\/Tgé + 1) Si= (VS +VS)°
1 TIO3TOMY

h
:g(Sl+SQ+( S1+ )2)7
V= —h(51+52+ v 5152).
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T ycenennozo xomyca WMeeM TOT ke pesyisTar. st mero Sy =mri,
Sy =nr2, /515, = nryry U, cAeJ0BATEIbHO,

V= %nh(r? + 72 4 77a).

Honyaum gopmyay Cepsya (6.14) mias obbeMa TeTpasupa, HOTLIYSACH
doprynoit Herorona—Cunricona. IIposesem aBe mapasiesbHble IIIOCKOCTA
4epes cKpelnmBaomuecs pebpa terpasapa (puc. 91). IlycTs a 1 ¢y — AJUHEI
3THX pebep, ¢ — yroa Mexxay Himd, d — Kpardaiinee paccrognue. Ceuenn-
€M TeTpaspa IJIOCKOCTHLIO, NapasulebHO 9THM pebpaM, ABJgercs Japay-
nenorpamM. Ecnu @ — paccrognue cexymeit
IJIOCKOCTH OT pebpa [UIMHBI @, TO CTOPO-
bl 3TOr0 MAapaJjieorpaMMa HMeIoT IJIHHBI

bz a(d — z)

5 W —5 ) TOITOMY ero oLk pas-
br a(d-—-z) . ab

na S(x) = 5 s sing= -8—233(8 — 1) X

x sing. Kak suaum, S(z) — KBagpaTninad
dynkuua, ara xkoropoit S(0) =0, S(3)=0,
45(%) = absing. Cormacuo dopmyre (7.2)
obbem V TeTpadnpa paBeH

V= %Babsin P- Puc. 91

1.3. O6bem kmmaa. ®opmyna (6.20) o6bema xauHa Oblia [OJTyYeHA
B . 3.7 r1. 6. Paccmorpum Apyroe ee J0Ka3aTelbCTBO, OIycKad
HpOBepKy ycjosus npumenumocta (opmynst Helorona~Cumncona. [locTa-
puM kiand ABCA,B,C, na 6okosyio rpanb AA; BB ¢ napaijenbHbIMA
pebpamu a u b (puc. 92). Ilycrn d — mnuna BeicoTs! Tpancuun AA, B B.

C ¢ M Ch




1
Torpa ee nnomans S, = i(a + b)d. Ilnomwaae S cpeanero cevenus KIMHA,

o 1, 1
KOTOpOe fBJisteTcsl Tpaneluell ¢ OCHOBAHUAMU 5((1 +c)u §(b +¢) 1 BbI-

1 1/1 1 1, 1 B
coToit —2—d, paBHa, §<§(a+c)+—§(b+0)) -Q—d- 8(a+b+26)d. Ecnun h

paccrosnue ot pebpa C'C no minockocru rpauu AA; B1 B, 16 116 dpopmyie
Heorona-Cumncona obbem V kiuna pasen

V={0+3(a+b)d+41- (a+b+20)d) =

| >
VIR

1
g 2(e+b+¢).

1
3ameruM, 4TO §hd ecThb IIoMmaAe S| NepUeBAUKYIISpHOro cedenusa M PQ
KiuHa. B pesyabrare mmeem:

V:%Sl(a—i—b-i-c). 0

Onymennas 9acTh TOrO JOKA3ATENLCTBA — BLIPAMKEHIE IIOMAIN HPO-
H3BOJILHOI'O CeYeHUsd, MapallesbHOTO IockoeTy rpaun AA; B, B,
S1 —de de
S{z) = 24+ =z
(2) = 2 :
-— MOXKeT 6I)ITI> CaMOCTOSATEIbLHO BOCIIOJIHEHa YUTaTeJIeM.
3apgaua. OcH IBYX KPYTOBBIX NUIHHIPOE PABHLIX PaanycoB R mepe-
CEKalOTCA IO, IPSIMBIM yTIIOM. TpebyeTcs HaiiTu 0ObeM Tesa, ABASIOUerocs
nepeceveHHeM 3THX LHJIHHAPOB (puc. 93).

Puc. 93 Puc. 94

Pemenne. Ilepeceuennem ganHbIX NUIHHIPOB SIBJISIETCH TEJIO, COCTO-
AUIee U3 HUeTBIPEX DABHBIX HacTell, KaXKAyIo U3 KOTOPHIX MOXHO pasburh
ronroyiaM. OflHa M3 [OIy9eHHBLIX BOCBMHM JOJIEK MpEACTaB/eHa Ha puc. 94.
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Ee napaajiebHbIMK CEICHHSMH MIOCKOCTMH, TTAPaJIIeIbHBIMA IJIOCKOCTH
cumMerpun OPQ, cayxar pasuobelipeHHbIe TPAMOYTOJIbHBIE TPEYTOILHI-

KH. EciIn & — pacCTOosSHHE ceKyllell IJIOCKOCTH OT KOHIA JIHAMeTpa [H-
1 1
JUHApa, TO oaas S(z) ceuennss ABC paBha §AC2 = EZE(QR — ), cie-

HoBaTeNBHO, sBAdeTca KBaaparuuHoil dynkumeir. Ilo ¢popmyne HeoTona—
Cumncona npu h=2R, 0 <z < 2R, S= §R2 MCKOMBIN 00beM repecedeHus
HPLTHHAPOB OYAET paBeH:

_g. R ey 160
V=8 "2(0+0+4- 3R = FR".

§2. Obsem wapa u e20 wacmed

2.1. O6beM mapa m MIAPOBOro cerMeHTa. BoluncianMm obbeMm V' mapa
pasuyca R mo dopmyne Heooroga—CHMIcoHa, YTO 4pe3BBEYaHO IPOCTO:
IJIOIAH €r0 «KPafHuX» CeueHuil paBHBI HYJIO, & TUIONIAAb CPEIHEro ceUe-
nus pasna nR?. Torma

2R 4
Onnako npexe Hy»KHO 6bLI0 y6eauThes B TOM, 4TO IWOMAans S(z) ero
MPOU3BONBLHOTO CedeHusa — KBaJApaTudHast PyHKUHA. A 9TO Tak:
S{z) =rr* =1z(2R — ) = —nz’ + 2nRx,

Ile r — pamuycC CedeHus], T — pacCToaHne OT INIOCKOCTH CeYeHHs 10 Iapasl-
JeJILHOM el KacaTelbHOH IJIOCKOCTH K Iapy.

Ilaposvim ceemeHnmom HA3BIBAETCs YacTh Mapa, OTCedeHHAsd OT Hero
HEKOTOpOl cexyrmel mockocTsio (puc. 95). Kpyr, apismompiics ceueHn-

Puc. 95

€M mapa 3TOH IJIOCKOCTHIO, HA3BIBAETCA OCHOBAHUEM UAPOBO20 CE2MEHMNA.
I110CKOCTD, IEPeceKalomast map, JeJUT ero Ha J{Ba INapOBBIX CETMEHTA ¢ 00-
¥M OCHOBaHHMeM. Fcu NMpoBecTH KacaTeIbHYIO INTOCKOCTh K IHapOBOMY
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CErMEHTY, NapaJiIeJbHyI0 ero OCHOBAHMIO, TO PACCTOAHHE A MEXIy 3TOMH
IIOCKOCTBIO U IJIOCKOCTBIO OCHOBAHUS HA3BIBACTCS 6bCOMOT Ce2MEHMA.

Pamyc r ocHoBaHust, paguyc R Imapa u BLICOTa h CETMENTa CBI3aHEI
3aBHCUMOCTBIO:

> = h(2R — h). (7.3)

Ilo 3Toit 2x€ hopMyse LiIst pajyyca 7 CPeIHErO CeIeHHs IAPOBOrO CCrMEeHTa
h

umMeem: 1 = 3 (2R — 5). Torana o dopmyne Heiorona—Cummcona obbem

V' mapoBoro cermenta ¢ BoicoToit h 6yner pasen:

V=g O+m+and) =T (xh(2R-h) +2xh (2R~ 1)) =

_ 2omk? h R\ 1 .,
- (R— 5 +2R- 5) = 3Th*(3R — h).
Urax,
V= 2zh?(3R - h). (7.4)

3

1
U3 (7.3) R= ﬁ(r2 + h?). Ilosromy m3 (7.4) nonyqaem eme Apyryio ¢op-
MyJsty jgist oObeMa IapOBOro CETMEHTA:

V = trh(3r® + 1), (7.5)

2.2. O6beM maposoro cekropa. llaposvim cexmopom Ha3LIBAeTCA Te-
JIO BpallleHHs KPYT'OBOTO CEKTOPa OKOJIO €r0 I'PAaHUYHOro pamuyca. Ilycrn
LEHTPaNbHBIA YIOd KPYrOBOIO CEKTOPA PaBeH o. BO3MOKHBI Tpu Ciydad:
a < 90° 90° < a < 180° m o =90°. JIast nepBBIX ABYX CJIy4aeB COOTBETCTBY-
fONINe MAPOBbIE CEKTOPHI n300paskensl Ha puc. 96 u puc. 97. Ilpn o < 90°
[I3POBOI CEKTOP COCTOUT M3 IIAPOBOI'O CErMEHTa B KOHyca. Bo BTopoM cliy-

Puc. 97
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yae IapoBOil CEKTOpP TpeicTaBjsier coboli pa3sHOCTh MIAPOBOI0 CETMEHTa
n kouyca. Cayuai o = 90° uck/movdaeTcd U3 PacCMOTPEHHs, IIOCKOABKY TO-
IAa IIAPOBON CEKTOpP eCTh mojymap. Bricory h mapoBoro cermMeHTa, cCOOT-
BETCTBYIOIIEr0 AaHHOMY HIAPOBOMY CEKTODY, HA3BIBAIOT TaK’Ke M BBHICOTOM
3TOTO CEKTOPA.

B caydae o < 90° obbem V miapoBOro cekropa HaxoJaTCA KaK CyMMa

00BEMOB cerMenTa u KoHyca: V = %nh2(3R —h)+ %KTZ(R —h), tue R —

pajuyc mapa, ¥ — pajsAyc OCHOBAHHA cerMenta u Komyca. [locie moacra-
HOBKH (7.3) M yUPOIICHHSI IOJIy9€HHOrO BEIPAXKEHNS HMeeM OKOHYATEIbHO!

V=ZzRh, (7.6)

IIpu o > 90° BBICOTA KOILyca HyneT paBHa i — [T, HO TOTJa BMECTO CyMMBI
00BbEMOB MMeeM WX Pa3HOCTh. B pe3ynbTare modydaercss TOT YKe Pe3yJib-
tar (7.6).

2.3. O6beM mapoBoOro ¢jiod ¥ IAPOBOro Koubla. [llaposvm croem Ha3HI-
BAETCs YaCTh I1aPa, 3aKIII0IEHHAsT MEXKAY JBYMHA €0 CeKyIIHMHU apaslieilb-
HBIMH ILIOCKOCTSMH. Paccrosnue MexKly 9THMU

ILIOCKOCTSME HA3BIBAETCST BBICOTOH IAPOBOrO i

CI10s1. 1 hy
Taposoit cioit mpeactaBageT cobolt pas- — bolhe

HOCTh JIBYX IIAPOBBIX cerMeHToB. Ecmm h; u 2

h, — BBICOTBI 9TUX CErMEHTOR, 71 U T2 — pa- 0 R

muychl ux ocHoBanuit (puc. 98), 1o obvem V
IAPOBOTO CJIOST PABEH:

V = swh3(3R — hy) — 37hABR — ) =

= Sn(3R(R — Y) — (h} — h})) =

Puc. 98

= 2nlhs — ha)(3R(hs + hu) = (3 + B2 + hua).
Cornacuo (7.3) 2Rh; =72 + hZ, (i =1, 2). ITosromy
V= Snlhs = h)(303 + 2 + 72 4+ B2) = 2(h% + b3 + haha)) =
= 2n(ha — 1) (377 + 373 + (ha — ha)?).
Tak xak ho — h; = h — BBICOTA IIAPOBOTO CJIOS, TO TIOJIYYAEM OKOHYA-
TeJbHO:

V= %nh(?ﬂ’f + 32+ h2). (7.7)

125



Hlaposvim KoALYUOM HABBIBAETCS TEIO BPaIleHHs
KPYTOBOI'O CEIMEHTA OKOJIO ANAMETPA 3TOTO KPYTa, ec-
JIL 3TOT JAUAMETD He HMeeT 00X BHYTPEHHUX TOUeK
¢ xopzoit kpyrosoro cermerta (puc. 99).

OueBuato 06beM WAPOBOTO KOJIbIA PaBeH pa3Ho-
cTi 06bEMOB MIAPOBOIO CJOS M YCEIEHHOTO KOHYCA:

V= énh(:arf + 372 + h?) ~ énh(rf + 15+ =

= %nh(r? + 72— 2riry + h?) = énh((rz — 1)+ A%,

Puc. 99

V3 cooTBeTcTBYOMEro IPSAMOYTOIBHOIO TPEYroNbHuKa (ry — )2 + h? =2,
rie | - aiuHa XopApl Bpaaomerocs Kpyroporo cermenta. QO6ben maposoro
KOJIbLA, CJIeIOBATEILHO, BEIPAXKAETCS IIPOCTON POPMYIoit:

V= énm. (7.8)

[TpumedarenbHO, 9TO 3TOT 0OHEM HE 3ABHCUT OT Pa-
OMyca I1apa.

3anxgava. B mape pamuyca R mnpocsepieno
BJOJIb €0 AMAMETPa IMJIMHAPUIECKOE OTBEPCTHE Pa-
auyca r. Hafinure obbem ocrapueiics yacry mapa.

Pemenue. OcraBmasca dYacTh mapa ecTb
mapoBoe Koubslo (puc. 100) y xoroporo | =h=
=2v/R? —r2. TlosToMy ee 06bem paBen

Puc. 100

1 34 0 g
V—-—6Tth —3n(R riyMe.

§3. Ilpunyun Kasaarvepu

3.1. Cymuaocts npaamuoa Kasaabepn. Vranbanckuit maTemarnk Bona-
senTypa Kasansepn (1598-1647), yaenux Taannes, chopMyIupoBas CBO
TIPUHITAIT I8 HAXOXKAeHUsT 0ObeMOB Tejl B CBOell KHure, Bplllemieil B 1635
roay. Comeprkanue 3TOr0 NPUHIUTIA TAKOBO.

Ecau npu nepecenenuu deyx mea F' u Fy naockocmamu, napaiiessrvt-
MU HEKOMOPOT TOCIMOAHHOU NAOCKOCTNY U, 8 CEYEHUAT IMUL TEA NOAYYUA-
romea guzypot, NAOWA0U KOMOPHLL HATOOAMCA 6 TOCTNOANHOM OMHOWEHUT
A 5 =015, mo obsembt IMUL MeA HATOOAMCA 6 TNOM NHCE OTMHOWEHUL:
V(F) = V{F).

Kapasibepu BrIcKa3aJs 3T0T dhakT 6e3 J0Ka3aTeIhCTBa KAK MOCTYIAT —
«upuuiumy. IloroM crajio sSICHO, YTO OH ABASIETCS] HPOCTBLIM CJAEACTBHCM
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dopmyast (7.1). Ho unrerpanbaoe ucduc/ienne MOABHAOCH TT03XKe MPUMEPHO
Jger na 25 B paborax M. Huorona u I'. Jleitbunna 6naronaps, B 4acTHOCTH,
u nceaenopanusm b. Kapaswepn.

Ha ocroBanun npuniumna Kapaabepu TUPpaMUILI ¢ PABHBIMY BBICOTAMH
M paBHOBEJHKHMH OCHOBAHWAMH paBHoBewKH. OTcrona myTeM pa3duenus
TPEYTOILHON IPU3MBbL JUATOHASIMH DOKOBBIX I'PaHell Ha TPH PaBHOBEIHNKME
TPEYTOJbHBIE MUPAMU/IBL B3 (POPMYJIIbl 00beMa MPH3MBI MOJIYyHAeTCA OCHOB-
nasg dopMmyina obbeMa Terpasapa V = %S h.

PaccmorpuM apyrue IpuMepbl TpuMeHeHus: npuninna Kapaabepu.

3.2. O6beM mapa ¥ MIAapoBOro CerMeHTa. PAcCMOTDUM TIONyHmIAp ¢ IeH-

tporm O pammyca R. IloMecTyM Ha IUIOCKOCTB O €ro TPAHHYHOrO KPYyTa
ky6 ¢ pebpom anmeet R (puc. 101). Orceuem ot kyba ABCDA,B,C\D,

Puc. 101

JeThIpexXyTobayIo mupamuay AA; B;C1D,. CpaBuum o6beM MOIY1€HHOTO
Mpororpanuuka F; ¢ obbemom nosymapa. Ilepeceuem 3TOT MHOrOTpaHHHK
U [OJIYIIAp HEKOTOPOH INIOCKOCTBIO 3, HapasljIefIbHOl of W OTCTOsSIIel OT
nee Ha paccroguun OP = z. B cevenuu nosnyniapa noyduM Kpyr, II0MAIE
KoToporo papta nt(R? — z?). CeuenneM MHOrOTpaHnuKa F) siBjsiercs Iie-
CTHYTOJILHEK, IJIOMAIL KOTOPOro PaBHA pasnoct R? — x? nuomany rpaHun
KyBa 1 KBajgpaTa co CTOPOHOH %, Tak Kak AN = N M, = z. CnenoBateinbHo,
ycaosust apuanpna KaBajabepu BEIIOIHEHb: OTHOLIEHHE IVIOIaaclt cedenuii
JaHIbLIX Tea nocroauno (pasuo ). Torma mo sromy npuHIgny 06beM IOIY-
miapa paBeH

1 2
T[V(Fl) ZK(‘/Kyﬁa - VAAIBICIDI) =T (R3 - §R3) = §KR3.
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TToaL3ysCh BHIMOJHEHHBIMA MOCTPOEHUSMH, HalacM o6LeM HIapoBOTO
CErMenTa ¢ BHICOTON h = P(), OTCEYeHHOro 0T NOJIYIIAPa CeKYIIEH MII0CKOo-
¢ThI0 3. DTOMY IIAPDOBOMY CETMEHTY COOTBETCTBYET MHOTOTDAIIHHK, HOJY-
YeHHBI yTeM M3bATHA U3 IPAMOYTOILHOrO napasienennnena NC; (Bepx-
Helt yacTtu Kyba ACI) yCeueHHOH NUpPaMHUIbl, ONHUM OCHOBAHUEM KOTODOH
cayxur kBagpar A;B;C;D, (¢ pebpom R), a npyrum — KBagpar ¢ peb-
poM z. K sTiM TesaM Takske npunennM npunnun Kasanbepu (¢ anajzorny-
HOM CeKyIueit [II0CKOCTHIO):

Vipcor. =7 (B2 — (38 = 2(R—1)*) ) ==h? (R - 7).
O6beM yceduenHol MUPAMUILI NOJICYUTAH KAK PA3HOCTE 00'beMOB ABYX MOJI-
HBIX upaMuz ¢ obmieit BepmuHoil A.

TMony4eHHnId pe3ynbTaT conagaer ¢ (7.4).

3.3. O6bem Topa. Topom HA3BIBAETCS TENO, HOJYYENHOE BPAIICHHEM
KpyTra OKOJIO MPAMOi, Jiexkanieil B IIJIOCKOCTH 9TOTO KPyra U He NepeceKao-
weit ero. PopMy TOpa MMeeT, HAaIIpUMeD, OOBIKHOBEHHAN OapaHKa I Ke
HAKAYaHHAST aBTOMOOHIILHAS IIIMHA.

Haa nosyuenns GopMysbl 06bema TOpa HOJOXKUM ero Ha HEKOTODYIO
1I0CKOCTh o. Ilycts R — paaumyc Bpalnaromerocsi Kpyra, ¢ — pPacCTOSHHE
ot merntpa O; 3TOrO Kpyra 5o ocu BpameHnda. [TojI0KUM Ha TIOCKOCTB o
TakyKe MPAMON KpyroBo#t umiauHap paiuyca R ¢ amunoit a obpasymwonieil
Tak, 9TOOBI OH KacaJicsl IIOCKOCTH o 110 obpasytomeit (puc. 102). Ilepeceuem
3TH JABa Teja ILIOCKOCTBIO Y, HAapasUIesbHOM IJIOCKOCTH o M y/ajeHHOH oT
LIEHTPOB OCHOBAHUI IMJIHHAPA HA PACCTOSIHUE Z. DTA INIOCKOCTD [IEPECEKAET
TOPp TIO0 KPYTOBOMY KOJIbILYy, 8 IJIMHJP — 10 NPsIMOYTOIBHUKY (Ha prc. 102
OHH 3AIITPUXOBaHbl). HeTpyaHO MoACIuTarh, 9TO IWIOHA/Ls KOJIbIA PABHA

r(a+ V= T) — (0~ VEE —)* = draVFE — 22,

a IJIOMalb IPAMOYToJbHEAKA — 2a+/ R? — 22. VIx ornourenne A = 21 ne 3a-
Bucut ot x. Cornacuno npununny Kapasbepn oGbenM Topa paBeH 00beny
[AIHHAPa, YMHOXKEHHOMY Ha 2T

Viepa = 21 - tR?a = 27°aR?. (7.9)

Tak kak dopmyny (7.9) obbeMa Topa MOXKHO 3anucaTs B Buae 12 - 2na,
TO Pe3yIbTAT MOKHO chOPMYIHPOBATE TaK.

Obsem mopa pager npoudsedenuo naouwady ob6pasyrouLe20 €20 Kpyea
U JAURDL OKPYHCHOCTNU, Paduyc KOMOpol PA6eH PACCMOAHUI OM UYEeHmPa
2mMo20 Kpyaa 00 0CYU BPLULEHUA.
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Puc. 102

§4. Obsem mena spauweHus

4.1. Jlemma o mIomaM MOBEPXHOCTH, 00Pa30BAaHHON BpallleHHEM OT-
peska. Ilaowads S noseprrocmu epauseHus OMpesra, KOMopwiti He uMeem
00UWUT BHYMPEHHUT MOYEK C OCHIO GPAULEHUA, AEAHCAULETE 8 00HOT NAOCKO-
CmuU ¢ ompe3kom, paena npoudsedenuto daunv I amozo ompesxa u daumHvL
oxpYHCHOCTIU, Paduyc KOMOPOTl Paser PDACCTNOAHUI O OM cepedurbl OMpeska
Jdo 0cu 8PAULEHUS:

S=1{-2np (7.10)

(reopema T'osibgeHa IS OTPE3KA).

JdokazaTeanbcTBo. Bo3daMoxkubie Clydan B3ANMHOIO PACTIONOKEHHS
orpeska AB u ocH ¥ BpallleHUs IpeicTaBieHbl Ha puc. 103. B cayuae a),
korga AB || z, noBepxHOCTH Bpallienus -— GOKOBas HOBEPXHOCTh IUIHHAPA.
Torna S =2rpl. Ipu ycnosuu 6) nomyqaercs GOKOBast IOBEPXHOCTH KOHyCa
¢ obpasytomeit [ n pagumycoM 2p ocnosanmst. IToaromy S = 2nlp. B ciyuae 6)
ILJI0IaAb HOKOBOI IOBEPXHOCTH YCEYEHHOTO KOHYyca paBHa S = 1tl(r; +14) =
= 2nlp. Korga AB L z, nony4aem nubo kpyr paguyca [ = 2p, nubo kpyro-
BOE KOJBLO ¢ miomaapio S =n(0A* — OB?) =x(0OA + OB)(OA - OB) =
=n-2p-L O
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4 A
p
e iy e D—H—H o t P;
B
A ! A 1 B
B
B
x x X x
a) 8) 2) d)
Puc. 103
[lyets r — pnwHa cepenuHHOTO TEPIEHIUKYAapa

K 0Tpe3Ky AB 0T cepeuHbl OTPE3Ka IO OCH BPAILEHNS
u h — opToroHa/abHas npoekus orpeska (puc. 104) na
och Bpamenusi. Toraa h ={cosq u p=1rcosw, rue ¢ —
YTOJ1 HAKJIOHA OTPE3Ka K OCH BPAIEHHA, OTKy1a pl = hr.
TTostomy dopmyate (7.10) MOXHO IPHIATL BUI:

S = 2nrh. (7.11)

CremoBaTresbHO, JOKAZAHHYIO JEMMY MOXKHO ¢hop-
MYJAHPOBATH TaK.

Cnencreue. [lroujads noseprrocmu, 06paso8annot
B8POUWLLHUEM OMPEIKE OKOAO OCU, AEHCAULET C HUM 8 00-
HOU MAOCKOCTIU U HEe nepecexanuel e20 80 GHYM-
PERHUL MONKAT, PABHA NPOUICEOEHUIO OPMOZOHAALHOT
NPOEKYUL OMPEZKG HA OCH U QAUNDL OKPYHCHOCTU, Da-

Puc. 104 duyc xomopoll paser daumne cepeouHHO20 NEPREHIUKY-
AAPE K OMPe3xy om ezo cepedumvi 00 0CU BPAULEHUA.

4.2. ObbeM Teja BpameHHd TpeyroibHHMKA. VIMeer MecTo Takas Te-
opewma.

Teopema. O6sem meaa, 06pa308aHHO20 BPAUWEHUEM MPEYLONLHUKG OKO-
A0 NPAMOT, AEHCAULET 8 €20 NAOCKOCTU, NPOTOOAULET YEPe3 €20 BEPULUHY
U He codepicaulell BHYMPEHHUL MOYEX MPEYLOAbHUKG, PaseH npouseede-
HUI0 NAOULGOU NOBEPTHOCTIU, NOAYNEHHOT SPAULLHUEM TPOTUEONOAONHCHOTL
MmOl 6EPWUHE CTNOPOHDL, HQ Mpemb coomeemcemeyouleli et 8bicombL.

Hoxazareabcrso. llycrs gan tpeyronsuuk ABC u och T Bpale-
HUSI, YAOBJIETBOPSAIOIIAS YKa3aHHbIM YCJIOBHAM. PacCMOTPHM BO3MOXKHBIE
cITytiau.

1. Cropona AB npuHajxexur ocu spamenus (puc. 105). Torpa remo T
BpAaIllcHHUs TPEYrodbHUKA IpeacTaBiger cofoil cymmy (MM pasiocTh) ABYX

1
KOHycOB ¢ obuuM ocuoBanneM paguyca CE: V(T) = 3T CFE?- AE + én X
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x CE2~BE:%7:~CE2 . AB. Tax xax CE - AB = BC - AH, 7o
V(T) = %n \CE(BC - AH) = Sy - %AH.

T

z x
C
E h
A T H A
B By
A
B By
H A
c E H
H
B
B C 1 C &

Puc. 105 Puc. 106

2. Cropona BC mnapaJyienbHa OCH BPAIlleHHS A
{puc. 106). Ecan ocuosanne H Bricors1 AH npn-
HaaIexuT OoTpesky BC, To momyuaeM TOT e p
pesynbrar. Eciin H nexur BHe orpeska BC, To x
o6bem V(T) paBen cymme o6beMa IUIHHIPA, C BEI- H
¢ M

coroit BC u pamuycom AH u 06bema KOHYCa, ¢ BbI-
coroit AB, = BH u paguycom BB, = AH 6e3 06b-
ema konyca ¢ Bbicoroit AC), =CH u pamuycom
CC, = AH: Puc. 107

V(T)=nh*- BC + guh? - BH — sxh? - CH =

— k2 (BC+ %BH - %CH) =nh?(BC - éBC)

=22 BO=th.9BC th=8u L
= 3nh® - BC = zh-2BC -xh = Spc - 5h.

3. lpamas BC nepecekaer oCb T BPAILCHHS
B Touke M (puc. 107). Torga obvem V(T) pasen

pPa3sHOCTH OOBEMOB TEJI BPALIEHUs! TPEYTOALHUKOB Puc. 108
ABM u ACM:
1 1 1 1
V(T)= gSBM ~h—~ gSCMh == §h(SB]\/[ — Scm) = §h - Sge. O

JloKa3aHHbIN pe3ysIbTaT MOXKHO npeacTtaButh unade. Ilyers BC = a. [lo
dbopmyne (7.10) Spec =a - 2rp, re p — pacCTOsSHUE OT cepeAnHbl E cToponn:

BC no ocu sBpamenus (puc. 108). Torna V(T) = %ah - 2mp.
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Paccrosiaue r ot neurpousa G tpeyroasnuka ABC o ocu T Bpamienns

2
PaBHO 2p, ah =25 4pc. llosromy

V(T) = SABC - 2mr. (712)

Urak, ofsem mena 6pauieHus mpeyeosvHUKa OKOAO OCU, AECHCOUET 6
NAOCKOCTNU TMPEY2OLDHUKA, COJEPAHCAWET €20 GePWUHY U HE UMenuel
BHYMPEHHUT MONEK MPEYZOALHUKG, DPABEH NPOUIBEOCHUI NAOUAOU MPE-
Y20NbHUKA U OAUHDBL OKPYHCHOCTU, PGOUYC KOTROPOTE PAGEH PACCTNOAHUIO 0N
yenmpouda mpeyzoavruka do ocu spawenus (teopema 'onbpena uid
TPEYrONILHUKA).

Sanava. Haiinure o6bem Tesa, 06pa3oBaHHOrO BPAIIEHUEM TPEYTO/b-
anka ABC' okono npsmMoit, npoxousieii depe3 sepmuny C' B €ro II0CKOCTH
nepnenukyiasapuo mexuane CM, ectu CA =05, CB = q, ACB = Y.

Pemenue. CM = %(m—}— CB), CM = %\/az + b% + 2abcosy. llen-

2
TPOHJ, TPEYTOJLHAKA YAAJEH OT OCH BPAIEHNs HA PACCTOSHUE I = gC]VI =

= %\/a2 + b2 + 2abcosy. Tlo dopmyse (7.12)

V(T) = %absiny -2m - %\/GQ + 6% + 2abcosy =

= %nabsiny\/a2 + b2 + 2abcosy.

4.3.061beM Tena BpanieHns eHTPAIbHO-CMMMeTpHIHoM ¢urypel. B cso-
et obueit hopmyupoBke Teopema [1obleHa CBA3aHa ¢ HOHATHEM LEHTPa
MaCChl ILIOMIAN (<IIEHTpa TAXKECTH» ) ILUIOCKOH ¢urypnl. Beeaenue sro-
ro MOHATUS W JOKA3ATEJBCTBO TeopeMbl ['ionpaeHa B 00IIEM COmep:KaHuu
HAJIeKO He JIEMEHTAPHBI W PAacCMaTPHUBAIOTCA B Bhicuieidl mkoje. Oauaxo
JUIST TUIOCKOM urypel, uMenomniell Iomaib U IeHTp CHUMMETPUH, UEHTP
MacCChl COBIAJAET C LEHTPOM cuMMeTpun. [last 3TOro 4acTHoro, Ho 4a-
CTO BCTpEYAIoIIerocs: ciydas TeopeMa [iosbjena umeeT Takyio GopMmynn
DOBKY.

Obsem meaa 8PAWEHUA NAOCKOT UEHMPANDHO-CUMMEMPUNHOT Buypol
0K0A0 NPAMOTI, He umerouet ¢ amoti Guzypoti 06UUT €€ SHYMPEHHUT MOo-
wex, pasen npoussedenuo naouwadu S Pueypovr u daunvl OKpYICHOCTIAL, pa-
duyc r KOmopol Pasen PACCMOAHUI O UEHMPA CUMMEMPUU Puaypor 00
OCU BPAULEHUA:

V=5 2nr

Hanpumep, ecnu Bpamatomasicss GuUrypa sIBJIseTcs KpyroMm paamyca R
U OCh BpallleHUsl YAajleHa OT ero IEHTPa Ha PACCTosHHE a, TO 0bbeM V
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[TOJIy 1€HHOI'O TODA PaBeH
V =1R? 2na = 2naR?,

qro coBuagaer ¢ dopmyioit (7.9), momyqennoii nmo npunnuny Kasambepu.
Ecou BMecTO Kpyra 6yleM Bpamarh IJUIHNC ¢ JIMHAMH a ¥ b ero mosy-
Ooceit OKOJNIO IPpAMOM, yAaJICEHHON OT ero UeHTpa Ha pacCTOdAHuEe 1m > a, TO 110
TeopeMe ['ronbaeHa 06beM MOy IeHHOro «Topay OyIeT papeH:

V =nab- 2nm = 2n%abm,

B cuny pasencTsa miomaJeil TpeyroJibHIKOB, Ha KOTOpPbIC pa30nBaeT-
c JAHHBIA TPEYIOJbHUK COeTUHEHHEM €r0 BEpINNH C IEHTPOUAOM, IEHTD
MacChbl OJHOPONHON TPEYTOJBHON IUIACTUHKY COBIAIAET C €€ LEHTPOHIOM.
Iosromy mpm ucnonssoBanun dhopmynas: (7.12) maa obbema Tena Bpare-
HUA TPEyTOJbHUKA YCJIOBHE, YTOOBI OCH BPAINEHHS COMEPKAJIA BEPIIHHY
JAHHOTO TPEYTOJbHUKA, He SBIISETCs 00s3aTenbHbIM. OChI0 BPALEHUS MO~
2KET CIYXKMUTh Jiobast mpsAMasi, He IePeceKalollast TPEYTOJbHIK IIPH TOH XKe
dbopmyite (7.12) o6bema OIYIEHHOTO TEIa BPAIIEHHS.

4.4. DxBuBajJieHTHas 3aMeHa Bpamaroieiics ¢burypsl. B npenplayem
U3JI0?KENNN HEOOXOAUMBIM YCI0BHEM ObLjia IPHHAJIEXKHOCTH OCH BPAIIEHHS
ILUIOCKOCTH Bpamamoleiics dburypel. Ecin 3T0 yciaoBue He BBIIIOJIHEHO, TO
MOKHO 3aMEHUTH Bpamalomylocs dburypy apyro#t dourypoit Tak, 4robbt ee
IUIOCKOCTD COIEPIKAJa JAHHYIO OCh, 8 00beM IIOIYYEeHHOTO TEIa BPAIeHHs
octajcst 6e3 U3MEHeHus.

Teopema. Ilycmb ocb T 8PAUEHUA ABAAEMNCA NUHUET NEPECEMEHUA OBYL
NEPReHOUKYAAPHHIL naockocmeds o u 3 u naockocmy Y dannot dueype F
nepnenduryaspra naockocmu 3, a F1 — opmozonaavnaa npoexyus puzypol
F na naockocms o. Toeda obsem meaa epauwsernua dguzypo F oxoao ocu x
pager 00semy Mmeaa epauLeHuA Puzypol Fy 0xoao ocu .

HdoxaszarteabctBo. llycTh HekoTOpasi INIOCKOCTH O, IEPIEHAUKY-
ngpHasg ocu x, nepecekaer burypy F mno orpesky AB, a urypy F; — no
orpe3ky A, B; (puc. 109). Tak kax AB || o, To A;B; = AB. Teso T, obpa-
30BafHnoe BpamenneMm GUTYphsl F' OKOJIO OCH X, IePeceKaeTcs ¢ MIIOCKOCTHIO
d mo kosaeny K, Koropoe mosy4aercst npu Bpamienun orpeska AB. Ilycrs
(ABYNB=Cu (A;B,)Nz=C,. Torna AC; — AC?* = BC? - BC*=CC%.
IosTonmy mromaas koapla K pasna n(AC? — BC?) =n(AC? — BC?). Ana-
JgormgHo Teno 7y, obpasoBannoe BpameHueM duryps F; okoso ocu x,
[EPCCEKAETCH C ILUIOCKOCTHIO O 1o Koably K, IJomans KOTOporo papHa
(A,C} — B,C?)=n(AC? — BC?), T.e. pasHa wiomaan kousna K. Cormac-
no npuHnuny Kasaavepu obbemsr tesnn T u 1] paBHbI. O

Crenosarensho, ¢Gpurypy F MOXKHO 3aMEHUTHL €€ OPTOIOH&JBHOM IIPO-
exnuelt Fy tak, uro x Co u V(T1) =V(T). Kpome Toro, durypy F mMox-
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HO, OYCBHIHO, 3aMEHHTL €€ 06pasoM Npu mepeHoce HapasulebHO [Lioc-
KOCTH [3.

S3anaua. Jan ky6 ABCDA,B,C, D,, pebpo KOTOPOro uMeeT AJRHY a.
Brerancante o6bem Tesna Bpamenus Tpeyroabauka AA; Cy okoso npamoit AB
(puc. 110).

Puc. 109 Puc. 110

Pemenne. VYcaosus Teopembl BBIIOAHAIOTCA IS MIOCKOCTEHR o =
={ABA,), B=(ABC) n y=(AA,C,). Cornacrno 3roii Teopeme obbeM
Tesa Bpamnenus tpeyroapHuka AA,C; okoso npsimoiit AB pasen obbemy
Tesia Bpalenusi Tpeyronbuuka AA; B, okono mpsmoit AB. A nocmemmmii
BBIYHCJISIETCS HEMOCPEACTBEHHO KaK PA3HOCTH 00bEMOB IMJINHIPA ¥ KOHYCa:

V=na® a— ina®-a=>ra’.
3 3

4.5. 3amena ocu Bpamenusi. Oboem V(T,) meaa, noayxennozo epauie-
Huem puzypoe F' 0xk040 ocu T, He aeocaueti 8 ee naockocmu, pasen obsemy
V(1)) meaqa, noayuennozo epauenuem amoti Guzypvt 0K0A0 0PMO20HAALHOT
npoexyuy I ocu T na naockocme dueyput F, ymruoocennomy na cos@, 2de
¢ — Y2OA HAKAOHG OCU T K naockocmu dueypu F.

HoxkazarenascTBo. IIpu mocrpoenusx, BHITIONHEHHBIX AJS DOKA3a-
TeNbCTBA Ipeabayei Teopemst (1. 4.4, puc. 109) npsamas [ mepeceuenns
IJIOCKOCTE! § 1 v SIBJISAETCS OPTOrOHAIBHON NPOEKIMeli 0Cu T Ha TIJIOCKOCTh
v ¢urypst F. Ecimm @@ — nenrp cuMmmerpnu (M UEHTP Macchl) GUrypsl
F', 1o ero oproronajbHasi TPOEKIMs (Jy HA TJIOCKOCTH O €CTh LUEHTP CHM-
merpun (1enTp Maccer) durypst Fy. Touku @ u QQ, paBHOYIaJIeHBl OT ILIOC-
koctu 3 Ha paccroguue p. Torna mo Teopeme IMonpmena V(1;) = S(F) - 2np
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n V(T\) = S(F\) - 2np, rne 71 — Ttesio Bpammenus burypsl F; 0KoJIO och .
Ho S(F1)=5(F)cos¢, Tak KaK yroj @ e€CTb yroj MexKIy IIJIOCKOCTHMHU Y
u o. Torpa V(T1) = S(F)2np - cosg = V(T}) cosg. Cornacno npeasiayeit
teopeme V(Ty) = V(T,). CaenosatensHo,

V(T.) =V(T})cos o,

YTO ¥ HeOGXOIMMO DBLIIO JIOKA3aTh. d
Sanmaua 1. Pebpo xkyba ABCDA,B,C,D; nmeer mjiuny ¢. Haiinu-
Te o6beM Tena T, MOSyHeHHOro Bpamenuem Tpeyroabuuka A, B;Cy okomo
auaronamu AC, kyba (puc. 110).
Pemeunne. Ha ocuoBanum npeapioymueil TeopeMbl HCKOMBIH 00bem
V(T) pasen o6bemy Tesa Bpamenns tpeyroabinka A, B)C) okosio npsaMoii

2 —
A, Cy, yMHOXKEHHOMY Ha COSQ = —\/——3., rae ¢ = AC1A;. Ho sror nocmenmmi
N a\/§
00beM paBeH YABOEHHOMY 00beMy KOHyca ¢ BbicoTol A;0; = —5— ¥ paju-

a\/§
ycom B,0; = —~ OCHOBAHHA. CrenosaTeibHO,

wiyast VI_ 3
2

a®.

1

V(T)=2-§Tc( yE=er

3aMeHa OCH BpaIIEHUS MOXKET UTPATH €I1e U JPYTYIO POJIbh — POJIb Cpel-
CTBA [IJisl HAXOXKJIEHUS IIEHTPA MACChl NIIOCKON (PUTYPHI C HCIOIb30BAHIEM
TeopeMmbl ['tosbaena 06 obbeMe Tesia BpaIlleHUs: 00BeM MEAL S8PAWEHUA
NAOCKOT Puzypsvs 0KOAO HeEnepecexaoueld ee npamoli, aescauiel 8 NAoc-
Kocmu Jannol Guaypul, pasen npouseedenuto niowady @Guaypst U OAUNbL
OKPYIAHCHOCTU, PAOUYC KOMOPOT PABeH PACCTMOAHUIO 0T YEHIMPA MACCH Pu-
2ypovl 0o 0cU 8PAUEHUA.

B 3T0#i KHUTe 3JIEMEHTAPDHOrO XapakTepa He JaeM MATeMATHIECKOro
OTIpENeNeHus] MOMATHS EeHTPa Macchl (pUTypbl. OrpaduauMcs JIHIIb ero dhu-
smueckoil wmnocrpanueil. Ecan nannyio dburypy npeiacraBuTh KaK TOHKYIO
MATEPHANBHYO IJIACTHHKY OJTHOPOTHON MACCHI, TO HEHTPOM €€ MACChI SIBJIsI-
eTCs TaKas TOYKa, IIPH IOACTAHOBKE B KOTOPYIO CHU3Y TOYEYHON OIIOPHI T4
durypa ocraerca B paBHoBecun. B yacTHOCTH, ecoiv naHHas (uUrypa umMeer
0Ch CUMMETDPHH, TO LEHTD €€ MaCChl TNPUHAJJIEXKUT 3TOH OCH CUMMETPUH.

Pasymeercst, eHTp MAacChl (DUIYDHI HE CBS3aH C €€ BpAlleHHEM U I0-
TOMY HE MOXKET 3aBHCETb OT OCH BpallleHdsl. Kciid och BparueHusl BLIGpaTh
Tax, 9TO NOJY4eHHOE TEJI0 BPAIEHUsT NMEeT U3BECTHBIH 00beM, TO TeopeMa
Tionbaena TO3BOMKUT BLIYUCIUTEL PACCTOANMNE OT OCH BPANIEHUS O HEHTPA
maccol. Torma mo 3Tol e TeopeMe MOXHO HaltTu ofbeM Tejia BPalleHus
IaHHOHM PHrYpPBEI OTHOCHTEILHO ApyToit ocn. Bor npumep.
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l Sanmava 2. Bprumcanre 06beM TeNIa BpaIlleHUs I10-
JyKpyra pazuyca R 0KOMO KacaTejbHOU K HeMy, IapaJl-
o= JIEJIBHOM €ro rpaHuyHOMy auamerpy (puc. 111).
P Pewmenue. IHoayxkpyr He HMeeT IEHTPA CHMMETDHH,
% HO UMeeT OChb CHMMETPHH — CePeIuHHbIi Mepuel uKysap
~4 X ero rpannunoMmy muamerpy AB. Uenrp C' maccwl mo-
JIyKpyTa HAXOJUTCS Ha 9TOM MepICHAUKyape. Eean Bpa-
ATh MOJAYKPYT OKOJIO muamerpa AB, TO MoJyduM map.
Torma uckomoe paccrosaue 1 = OC HaXOIUM U3 PABEHCTBA

Puc. 111

4

3nR3,

1 o
- O =
QT'CR nr

4R
OTKYHa 1 = —=—. ITo Toit e Teopeme, HO y>Ke At Opyroit ocu [ BpamieHus,
T

YKa3aHHOIt B YCJAOBHH 3aJa4K, HCKOMBIHT 00beM V' paBen

_ L p2 R (R BN Lo pagn
V=3nR® 2x(R - 1) =7°R (R 3K)—3KR (37— 4).

Sadavu x enase 7

7.1. B map Boucan kouyc. Iliomans oceBoro ceyenns KOHyca paBHa S,
a yroj MexJy BBICOTOH M obpasyromeil paseH o. Haiimure obbeMm mapa.

7.2. Eciin B 1apoBOM CEKTOPE ILJIOINAIbL OCEBOT'O CeteHHs paBHa TpeTheil
YacTU IUIOMWA U OOJbOIOrO KPyra, TO €ro o0beM pPaBEH YETBEPTH OObeMa
wapa. Jokaxmure.

7.3. Cdepa ¢ HEHTPOM B BepIIHHE KOHYCA KAaCAeTCsl r0 OCHOBAHUS H Jie-
JINT KOHYC HA ABe paBHOBenukune Yactu. Halinure yros mexay obpagyrommeit
KOHYCa U €0 BBICOTOIA.

7.4. TLi1oCcKOCTD, NEPIEHANKYIIAPHA IHAMETDY WIApPa, JEJIUT €ro Ha da-
cru 6 cM u 12 eMm. Haitnure o6beMbr wacTell mapa.

7.5. ILi1ocKoCTh mesuT HepleHInKyJSIPHBIA eil [uaMeTp mapa B OTHOLe-
HUM A. B KakoM OTHOIIEHHH 9Ta [JIOCKOCTD AEUT 06beM mapa’

7.6. Cdepa kacaercs deTsipex pebep Ky0a, IpUHANJIEKAIUX OTHON €ro
rpaHy, U KacaeTcsl MpOTUBONOIOKHOHN rpann. Haltmnre ornomenne obbema
Kyba x o0beMy mapa, OrpaHHYEHHOro JanHON chepoit.

7.7. Hlap xacaercs Bcex pebep xyba. Hadimure obbem wacru mapa, 3a-
KJIIOYEHHON BHYTPH Ky0a, eciy ero pebpo uMeeT ImHy 2a.

7.8. Haiigure oTHOIIEHNE 00bEMa MIAPOBOIO CETMEHTa K 00beMy wapa,
€CJIA AyTra OCEBOrO CEYEHHS CEIMEHTA COOTBETCTBYET LEHTPAJIBHOMY YIVIY O.

7.9. BorunciuTte o0beM MepecevdeHUs] ABYX PaBHBIX IIAPOB paauyca R,
PACCTOSIHUE MEXY IIEHTPAMi KOTOPBIX PaBHO 2.
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7.10. CermenT Kpyra, BMemawmuii yroja 135°, Bpaiaercs OKOJIO Jua-
MeTpa, HPOXOJAIIEro depe3 KOHEIl Xop/ip! sToro cermenta. Halinure obbvem
Tes1a BPAILEHUs], €CJIU JJINHA XOPIbl DABHA Q.

7.11. B mapoBoiil cekTop BiucaH map. Haligure oTHOLIEHHE X 00 BEMOB,
€CJTI LIeHTPAJIbHBIH Yol CEKTOPA PAaBEH d.

7.12. Konyc n nonymap uMeloT oDIllee OCHOBAHUE M JIEXKAT B OLHOM
[IOJIYHIPOCTPAHCTBE OT ero miaockocTu. Pajnyc nonyiuapa pasen R, a obpa3sy-
01asi KOHYCa PaBHA IHAMETPY OCHOBAHUSA. Berunciaure 00beM mepecedeHnst
KOHyca I TIOJIyIapa.

7.13. Boraucaure oTHOIIEHTE 00BHEMOB TNl BPALEHHA TPEYTOJILHIKA OKO-
JIO €T0 CTOPOHBI H OKOJIO IPSIMOH, IIPOXOASNIEN Yepe3 ero BEpIINHY Hapal-
JIeJIbHO JAHHOM CTOpOHE.

7.14. HokaxkuTe, 4TO OTHOIUEHIE OOBLEMOB Tej BpAlIeHHs Mapajuie-
JIorpaMMa OKOJIO €r0 CMEXKHBIX CTOPOH OOpPATHO OTHOINEHWIO IJIMH ITHX
CTOpPOH.

7.15. KacarenbHas K OKpYy>KHOCTH B TO4Ke (' IEPECEKAET MPIMYIO, CO-
gepxamyio guamerp AB, B Touke D. Oupegenure 06beM Tena BpallleHus
Tpeyroasanka ACD okono npsimoit AB, eciiu pajiuyCc OKpYyKHOCTH PaBeH
R, a gyra BC coxpep:xut 60°.

7.16. Ilmomanps TOBEPXHOCTM BPAIEHUS HEHTPAIBHO-CHMMETPHIHOTO
MHOTOYI'OJIBHUKS OKOJIO HEIIEPECEKAIOMEH ero mpsiMoil, jiexkalieil B IIOCKO-
CTH ITOTO MHOTOYTOJILHMKA, PABHA IPOU3BEJIEHUIO €0 MEePUMEeTPa U JIJIH-
Hbl OKDY?KHOCTH, PaJHyC KOTOPOH paBeH PACCTOSHUIO OT LEHTPA CHMMET-
PHM MHOrOYTOJBHMKA JO ocH Bpamenus (reopema ['moabaena). Hoxa-
JKUTE.

7.17. IlpaBunbHBIH NMIECTUYTOABHEK BPAMIAETCI OKOJIO IPAMOii, TexKamei
B €ro INIOCKOCTH, NapaJijie/IbHOH ero CTOpOHEe M YJIAJIEHHON OT Hee Ha IJv-
Hy anodeMbl. BrluncinTe MI0MaAb IOBEPXHOCTH U 0OHEM TeJjIa BPAlleHUS,
€CJIM JIJIMHA CTOPOHBI IIECTHYTOJIbHAKA DaBIa Q.

7.18. TIpsiMOYTOJILHUK BPAIAETCH OKOJIO MIPAMOiA, TPOXOsiiell 4epes ero
Bepuniny apajiienbHo auaronasnu. Hajimnre obbeM u miomaip HOBEPXHO-
CTH TeJIa BpAIeHUsd, eC/I JJINHA JUATOHAIN paBHA d, 8 YI'0JI MeXJy HHMI
paBeH .

7.19. Ksagpar ABCD co cTOpOHOI a Bpamaercs OKOJIO UpsAMOI, yaa-
JIEHHO# 0T Ouimrkaiimreit ero Bepmunbl A Ha paccrosHue b u cocTaBadomeit
yroi o co croponoit AB. Haiinure niomaap NOBEpXHOCTH U 00bLEM Tejia
BpAIlEHUs.

7.20. PoMb co cTOPOHOIT @ ¥ OCTPBIM YIJIOM ¢ BPAILIAETCsE OKOJIO TIPAMOIT,
Jiekarueil B IVIOCKOCTH POoMOa, NapajiIesIbHOM ero CTOPOHEe U YAAJIEHHON OT
Hee a PACCTOAIMe - . Brranenure ob6beM M IUIOMAAL TOBEPXHOCTH TEJa
BPAIEHUS.
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7.21. Hapabosoudom epaujerus HA3BIBACTCS TENIO BPAILeHHs NMapaboisl
y = kx? oxono ocu Oy. ITonbaysacs popmynoit Hetorona-Cumncona, Haiimure
obbem cermMenTa, napabosousa spainenus mpu 0 <z < a, 0 <y < h.

7.22. Jokakure (opmyiay obbvema mapabosonsa BpAIEHHS, TOIY4YeH-
IIyIO B Ipenblayniedl 3ajade, no npuuuuny KapasabepH, CDaBHHB €0 C Ips-
MOH TPEYroLHOH NPU3MO# BBICOTOH i, OCHOBaHNEM KOTOPOH SIBJIAETCH Ips-
MOYTOJIbHBLIN paBHODEApEHHbBIN TPEYTOIBINUK C KATETOM a.

7.23. Haitnure obbeM Tejsa, MOJMYyYEHHOTO BpallleHHEM Kpyra pajuyca
R 0koi0 0cu, HAKJIOHEHHON K €ro IJIOCKOCTH HOJ yIJIOM @, €CIH OPTOro-
HaJIbHAS TPOEKLUsI OCH Ha €ro IJIOCKOCTh V/aleHa OT LEHTPa Kpyra Ha
paccrosiune m > R.

7.24. Hajianre o0beM Tena, MOJLYYEHHOTO BpalleHHeM Kyba ¢ pcbpon a
OKOJIO €r0 AUAroHAaJM.

7.25. IliiockocTh o mapa/uienbHa TIOCKOCTH OCHOBAHUS IUIHHIPA, MMe-
omero paguyc R u Boicory 2R, u yzanena Ha 2R or umeHTpa LIUIHHIADA.
TIpsimast | mexkuT B ITOCKOCTH O W HAXOMUTCH Ha paccroguun 2R or npoek-
MU NEHTPa IWIHHADA Ha TIocKocTh o. Haltnure obbeM Testa, oIy 4eHHOTo
BpAIlEeHUEM IMIMHAPA OKOJIO OCH [.

7.26. YerBepTh Kpyra paauyca R Bpaliaercs OKOJIO KacaTesbHOH K ero
Ayre B cepeauwne 3To# Ayru. Berancaure obbeM HOIyYeHHOrO Tesa Bpa-
MEHNS.
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TCaasa 8

Cehepa

§1. Kacameavhovie naockocmu u npamovie. Manavie

OKpYAHCHOCTNU ChEPDL

1.1. Kacarennusie niockocti K cdepe. [lmockoers, umeromas co cde-
po¥i €NMHCTBEHHYIO OOIIYIO TOYKY, HA3BIBAECTCH KACAMEALHOU NAOCKOCTIOI0
K 3Tof1 chepe. OHa mepreHIMKYIsApHA paguycy cdepbl, TPOBEIEHHOMY

B TOYKY KacaHus, 1 0OpaTHO.

Teopema 1. Ecau npamas u cepa ne umerom obwur movex, mo cy-
weemeytom Jdee U MOALKO J8e NAOCKOCTU, Kacameabnvie k smol cgepe

u codeporcaiue 0aHHYO NPAMYIO.

HoxrxaszarenbcTro. [lycts gambl chepa I U He [epeceKamoInas ee
npamag m. I[Iposenem depes uentp O cdepbl IWIOCKOCTh G, NEPIEHINKY-
JISIPHYIO IPAMOY M U mepecexkanmyo ee B Touke P (puc. 112). [lnockocTs
o nepecexaer cdepy 1o GOIBINOIH OKPYKHOCTH ). B 310#t nockocTn nme-

JOTCSL JIBE M TOJILKO JBE KacaTebHBIE
a M b K OKDYXHOCTH ), COHepXKa-
mue Touxy P. Ilmockoctu a=(m, a) u
B =(m, b) — xacarepHbIC MIOCKOCTH
K cdepe F. HeiicTBUTENbHO, TAK KaK
mto, To mLOA u mlOB. Kpo-
Mme Ttoro, OA La u OB 1 b mo ceoit-
CTBY KACATEJbHBIX K OKpy2KkHoCcTH. [1o-
cxkombky OA Lt mmuOA La, 1o OA La.
Anasoruuno OB 1 . CrenosaTesnHo,
IJIOCKOCTH o ¥ 3 KacatoTcs cepsl £ B
toukax A u B u cogepzkar 3aJaHHYIO
npaAMyI0 m. Beaxas uHAs MITOCKOCTH,
coneprKaIliast IPAMYIO M, TIPOXOIAT B
ONHOMN U3 AP BEPTUKAIBHEIX IBYTDAH-
HBIX yIJIOB ¢ pebpOM 1M 1 TPAHMYHBIMU
TIOJLY IUIOCKOCTSIMM [JIOCKOCTEH o 11 3 1
nosToMy Jub0 He MMeeT ODIIHX TOYEK
co cdepoit, aubo nepecekaer ee. O

Puc. 112



1.2. Massie okpyzkHOCTH cdepbl. 1170CKOCTD o, He comeprKalas HeHTp
AanHoi cdeprl H IcpeceKarolnas ee, Iepecekaer cdepy IO OKPYKHOCTH,
HA3BIBACMON MaA0l oxpyscHocmbio chepsbt. Ilycrs PP, — nuamerp cde-
PbI, IEePIEHIUKYIIAPHLIN IIJIOCKOCTH o MaJIol OKpyKHOCTH ¥, (PP)) Na=Q
(puc. 113). Touxa @ ecThb UEHTP OKPYKHOCTH Y (B mnockoctu o). Kpome To-
ro, Majas OKPY?KHOCTBb Y HUMeeT elne ABa cepureckur yeHmpa — To9Ku P
u Py, Tak kak Bce xyru PN pus mo6oit rouku N € y paBHBI M Bee ayru PyN
TaKyKe paBHBIL. MeHbmas 3 srux ayr (ee pajuaHHas Mepa MEHBIIIe g) Ha-
3pIBaeTcs chepuveckum paduycom MATION OKPYIKHOCTH Y.

Hepes scaKuE MPU MOUKY cPHEPDL, HE AEHCAULUE HA BOADULOT OKPYIHCHO-
cmu, NPOTOOUM eJUHCTNBEHHAA MAALA OKPYHCHOCTL Chepbl.

B camom pnene, depes Tpm maHHBIE TOYKHA CHEPHI IPOXOIUT €IMHCTBCH-
Hasl IJIOCKOCTB, KOTOpasd nepecekaeT chepy 1o Majoll OKPYXKHOCTH, T. K. IO
YCJIOBHIO OHH HE JIEXKAT Ha OOJIBIION OKPYKHOCTH.

Puc. 113 Puc. 114

Teopema 2. /Jlaa xaoscdott mourxu A manotli oxpyscnocmu cfepovt cy-
Wecmeyem eUHCTNEEHHARA €€ BOALULAA OKPYHCHOCTb, KACAOUAACA daHHOT
Manol OKpYdCHOCTIU 8 MoUuKe A U nepnerouKysapHas ee chepuveckomy pa-
duycy, nposedernomy 6 mouxy xacanua (puc. 114).

HdoxkazaTtenscrpo. JIBe OKPYXXHOCTH C(epBl HA3LIBAIOTCA Kaca-
TEJLHBIMH JDPYT JAPYTY, €CIH OHM MMEIOT €IHHCTBEHHYIO OBUIYIO0 TOYKY.
B Touxe KacaHNd OHH HMEIOT ODIIYIO KACATENbHYIO NPSIMYIO — JIUHHUIO Tie-
pecevenus MI0CKOCTEH JAaHHBIX OKPY2KHOCTEIL.

ITycTs nana Masias OKpPY»KHOCTE Y cdepsl u Ha Helt Touka A. IIposenem
K OKDPY?KHOCTH Y B TouKe A KacaresnbHyio t. OHa npuHAIIeKUT IIOCKOCTH
v10#t okpyxkHocTH. Ilentp O cdepbr 1 npsiMast ¢ ONPEIESIOT IIOCKOCTD HC-
KOMOI GOJTBINOI OKPYKHOCTH », Kacatolielics Y B Touke A. Ouesmano, sTa
OKDY?KHOCTb (» €JMHCTBeHHadA. Bcim P — cdeputieckuil LEHTP OKPYIKHO-
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(R ——

cru v, To OP Lt n nostomy npsiMas ¢ neprneHIuKyisipHa miuockoctn OPA.
CrenoBaTresbHO, OKPYXKHOCTh ) OPTOTOHAJBbHA nyre PA. O

1.3. Kacatensnsie npamele K cdepe. [Ipsmas HaspiBaeTCst KACATENBHON
K cdepe, ecin OHA HMMeeT ¢ Hell €IMHCTBEHHYIO 00mMyio Touky. Ilpamas
HA3LIBAETCS KACATEJbHOM K OKPYYKHOCTH IPOCTPAHCTBA, €C/AN OHA JICXKHUT
B IWIOCKOCTH 3TOH OKPYKHOCTH U UMEET C Hell e/IMHCTBEHHYIO OOLLYIO TOUKY.

N3 »1ux ABYyX OompejeneHnii cleAyeT: eCiii OpsMasi KACAETCS OKPYKHO-
cry, Jexauieil Ha cdepe, To oHa KacaeTcsa Takxke 31oil cdepsl. ObparHoe
yrBepxkIenne HeBepHo. Kacarephas npsmas K cdepe He 00si3aHA, KACATH-
Cs1 OKPYXKHOCTH 9TOH chephl, Jaxe eCiii OHA U MMeeT ¢ Heil e MHCTBEHHYIO
OBIIYIO TOUKY.

Ecin npssmast t Kacaercs cdepsl, TO CYIECTBYET eAUHCTREITHAS DOIbIIAT
OKPY?KHOCTh & 9TO# cdeprbl, Kacaoumasics Aannoit npsmoit. Ilo csoitcrsy
KAacaTeNbHON K OKPYKHOCTH NpaMast { neprnenaukyiaspraa paguycy OA cde-
pPBl, IPOBEIEHHOMY B TOYKY kKacaHus. ClenoBarenbHo, 00seduHeHue 8ceT
KACAMeAbHHL NPAMBEL K cepe 6 dannol ee mouke A ecmb KACAMEAOLHAA
nAoCKkoCMs K cepe 6 Imoli moykKe, IOCKOJIBKY KasKIas U3 KACATEIbHBIX
NpAMBIX MEPIEHIAKYISPHA OMHOMY paaurycy OA.

Teopema 3. Obzedurernue 6CET KaCAMEAbBHBT npamwx % chepe, npo-
TOOAUWUT “epe3 OGHHYN €e GHEWHIO mouky A, ecmb KOHYC 6Pawerus.
Mmnooceemao 8cex mouex KacaHua ecmd MAAGA OKPYIHCHOCTND chepbi.

JdokaszarenscrBo. [lycrs mana cohepa (O, R). Ilpoussonpuas mioc-
KOCTb 0, IpOoXosinas yepes npamyio OA, nepecekaer cdepy no 60ab0dH
OKPY2KHOCTH . [IpoBenem k aToit OKpyKHOCTH Kacatesbhuyio AT u Oymnem
BpallaTh IWIOCKOCTH 6 0KoJo ipsaimoit OA (puc. 115). Torma oxpy»KHOCTE @

Puc. 115
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onumer AaHHy1o cepy, a kacarenbHast AT — kouyce ® ¢ pepuunoit A, upu
9TOM TO4YKa 1’ KacaHHA ONMINET MAJYIO OKPYXKHOCTL Y cdepbl — OKPYIK-
HOCTB KacaHus KoHyca @ co cepoii. O
Konyc © naspiBaercs xonycom xacamervnoix K cpepe, CONEPIKAILIX 32~
JAaHHYIO €€ BHEITHIOI TOUKY A. Paguyc 7 OKpyKHOCTH KACAHHS PaBEH

OT -AT _ RVOA? — R?
0A oA

r=1TC=

1.4. Ilepeceqenne a8yx cdep. [Iycrs namet chepor (O;, Ry) u (Oz, Rs).
Ecau |Ry — Ry| < 0105 < Ry ++ Ry, mo amu cihepvt umerom obwsyo oxpysic-
HOCT®b.

B camom Jeste, IpOBeneM NPOU3BOJILHYIO INIOCKOCTH o HYEPe3 JIMHHIO
0,0, uentpos stux cdep. Ona nepecekaer cdepbl, M0 GOABIUM OKPY K-
HOCTSIM 7 U o. VI3 NIAHUMETPUH U3BECTHO, YTO IPH YKA3AHHLIX HEPABCH-
CTBAaX OKPYKHOCTH W1 H (& IEPECEKAIOTCH B IBYX Toukax A n B (puc. 116).
Tlpn Bpamenun IJIOCKOCTH o OKOJ0O mpaAMOi OO0y OKPYXKHOCTH W1 H (o
OINIIYT NaHHBIe Cheprl, & TOUKN A u B — OKPYKHOCTD, IPUHAIIEKAILYIO
Kaxk1o# u3 atux cdep.

O

Puc. 116 Puc. 117

3amada. B gersipexrpaunsiit yron Oabed Bumcanma cdepa, Kacaioma-
sicst ero rpaseit Oab, Obe, Ocd, Oda coorercTBentio B Toukax M, N, P, Q.
Kacarenpras npsimast K cdepe u3 toukn A pebpa a mepecekaer peGpo b
B Touke B. Kacarenrbnasa x cdepe u3 Touku B mepecekaer pebpo ¢ B TOY-
ke C. Kacarensnas n3 Touku C nepecekaer pebpo d B Touke D. Joxkaxkure,
uro Touku D, @), A Koanuueapus! (puc. 117).
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Pemenune. Ilpampie OM, ON, OP, OQ kacaorcs chepsl 1 MO3TOMY
5T OTPE3KH paBHbi. TOUKH KacaHHd JIEXKAT B OHOI MIOCKOCTH (Ha Ma-
Jioit okpyHOCTH cepbl). ViMeeMm uweThipe mapbl COOTBETCTBEHHO PaBHEIX
Tpeyronbuukos (o TpeM croporam): OAM u OAQ, OBM u OBN, ONC
n OPC, ODP un OD(. 13 9Tux paBCHCTB BLITEKAIOT PABEHCTBa YTJIOB:
4370 = AQ0 =, OMT = ONB =, ONC = OPC =y, OPD = OGD =,
npuueMm o+ B=0F+y=v+d=n. Orciona o=y u 3 =5 u nosromy o. + 3 =T7.
W3 pasencTBa A/Q\O + 5Q\D =T CJIeAyeT KOJUIHHEApHOCTh Todek A, @, D.

§2. Ilrowadv cpepov. u ee wacmet

2.1. Ilnomans cdepnl. [Iycts V' — obbeMm mapa, OrpaHUYeHHOro 3a-
paunoit cepoii (O, R). Hazum paguycy mapa HEKOTOPOe IPHPaIUEHHE €,
BCJIEJICTBUE 9ero obbeM V IOJIydauT COOTBETCTBYIONIEee mpupamenue AV

Onpenenenne. Ilwowadvio S chepw (O, R) Ha3bIBaeTCs Ipeaes OT-

AV
norennss — 1pu € — 0.
€

Buisemem dopmyiry maomaau cdepul. ITo dpopmyne obbema mapa
AV = %n(R o) — %ER"' - %K(RB + 3R% 4+ 3Re? + 6% — R®) =
= Sre(3R? + 3Re +€2).

Orcrona linf(l) éEK = iH(l) %n(SRz + 3Re + €?) = 4nR?. Urax,

S = 4xR>. (8.1)

CornacHo ONpeAeIeHAo IPON3BOAHOM (hYHKIMH 1 OIPEICICHHIO IIOMA-
o ceper S =V}, T.e. naowady chepu. ecmv npoussodnas obsema wapa,
ozpanuiennozo amot chepoli, no e2o paduycy.

2.2. Tnomanes cdepuieckoro cermenTa. IIIOCKOCTB, IepcceKalomasd
cepy, AeIUT ee Ha JBe YaCTH, HA3LIBAEMBIE CHEPUMECKUMU CE2MERTNAMU.
Kaxcpomy cpepryueckoMy CEIMEHTY COOTBETCTBYET IIaPOBOH cerMeHT 1 Ia-
POBO#i CEKTOP, IPAHUIBI KOTOPBIX COZEPKAT AaHHBIH chepruiecKnit CerMenT.

Onpeaencuue. 3a naowads chepurneckozo ceemenma 1o oupenese-
HUIO IIPUHUMAETCS MPEIesl OTHOIIEHUS NPUpAIlenns 06beMa COOTBCTCTBY-
IOIIETO HIAPOBOIO CEKTOPAa K IPUPANICHUIO Pajuyca, KOTHA NPHPAIEHUE
pa/uIyca CTPEMUTC K HYJIIO.

Haiinem dopmyny miaomaau cheprtaecKoro cerMenTa, IoJb3ysIch $hop-
Mmysnoii (7.6) ofbema wiapoBoro cexropa: V= —g—nRQh. Hrolb! MOJIYyIUTH
dyukumio oanoro nepementoro R, BeIpa3uM BbicoTy h vepes pamuyc R u
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[OJIOBHHY ¢ LEHTPANBIOro yIila cekropa: h= R —
— Rcos @, Tae @ He 3aBUCAT OT NPHPAIICHUS € pa-
mmyca (puc. 118). Torma

V= %nRS'(l — cos ).

Cornacuo onpeneneHuo miomain S chepuieckoro
CETMEHTA

§=lim =% =V, = 2R2x(1 - cosg) =

e—0

Puc. 118

=2R - nR(1 — cosp) = 2nRh.

Taknm 06pazoM, IIOmAals c(hepUIecKOro cerMenTa ¢ BLICOTOl h paanyca R
BBEIUUCIISAETCA TIO (POpMyJIe

S = 2nRh. (8.2)

MoxkHO HE TOJB30BaThCcH omepauuedl anddepeHiupoBanns, a HaiiTu

AV
mpeaen —— TIpH € — 0 HETOCpENCTBEHHO!

AV = %n(l —cos@)((R+¢€)®— R*) = —23%[(1 — cos @)e(3R? + 3Re +€%),

lim — = 2?ﬂ(l — cos9)3R? = 2nR*(1 — cos ).

2.3. [Inomaas chepuaeckoro nosaca. Cepurneckum NOACOM HA3HIBAET-
€A 9aCThb cephbl, 3aKIIOUCHHAST MCXKY ABYMs apasijiesIbHbIMA CCKYIIUMHA
IUIOCKOCTAIMHU. Paccrosinne h Mex/J1y 3TUMK CeKyIIHMH INIOCKOCTSIMHI HA3bl-
BaeTCs BBICOTOI chepuueckoro nosca.

I[Tnomans cdhepruuecKoro nosica, OYeBHIHO, PABHA PAa3HOCTHU IIOIIAAEH
IByX cheprdecKUX CerMEHTOB:

S =2nRh, — 2nRhy = 2nR(h, — hy) = 2nRA.

Taxum 06pas3oM, WIOMaAhs cPEePHIECKOro NMOACA BHIMHCISIETCS 110 TO 2Ke
dbopuyse (8.2), uro u wiomags chHePUIecKOro CerMeHTa.

2.4. Ilnomans cepsi, cheprdeckoro cerMeHTa @ cdepuieckoro nog-
€a KaK MoBepPXHOCTell Bpamienud. BrueM B NOJIyOKPYIKHOCTH paguyca R
OPAaBUILHYIO JioManyio junanto ABCDEF (puc. 119). 3a mmowans cde-
pul, 00pa30BAHHON BpAIleHUEM [I0JIyOKPYKHOCTH OKOJIO ee auameTpa AF,
MDUHUMAETCST TPEJEs, K KOTOPOMY CTPEMHTCS ILIOMAlb S, MOBEPXHOCTH,
06pa30BaHHON BPAINIEHHEM OKOJIO TOTO YKe JIHaMeTpa NPABWIBHOM IToMaHOR
JIMHUY, BOMCAHHONW B 9Ty MOJIYOKPYZKHOCTH, KOIZIa €e CTOPOHLI HEOrDaHUu-
YEeHHO yOBIBAIOT (YMCJI0 CTOPOH HEOTPAHUHYEHHO BO3PACTAET).
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Tlo coremeTBHIO JIEeMMBI O TTOMIAIM HOBEPXIOCTH
BpaleHus orpeska (§4 . 7)

S,=AB, 2nr+ B,C,-2nr+...+ E\F-2nr=2R-2nr,

rae ¥ — JUINHA CEPENUHHOTO TEPIeHINKYIApPa KarK-
JOTO 3BeHa JIOMAHOM OT €ro CEPeAUHBI IO OCH Bpalle-
uust. CoracHo NpeLlIyIneMy ONpPEeNeseHII0 II0MA-
an chepb

Scd)epbx = T}Ln;o Sn = lim 4xRr.

n—r OO

TlocKoMbKy npu 1 — 00 PACCTOSIHHEE T CTPEMHTCH K pa-
nuyey R, To Puc. 119
Sccbepm = 4T[R2.

Ecnn B35TH He BCIO ITONYOKPY2KHOCTD, & HEKOTOPYIO €€ YTy ¢ BIIMCAHHO
B Hee IPaBHILHON JIOMaHOM JINHUEH, TO 3TUM Ke IyTeM MOJIYIHM (POPMYIIEB
mwiIomaay ¢chepuieCcKoro cCeITMeHTa U CPEePUIECKOTO TOsICA.

2.5. Ilnomaap chepmaeckoro AByyroJbHUKa B cheprutaeckoro Tpeyroib-
muka. [lepecedenne neyx nosrycdep Ha3bIBaeTCst chepuneckum deyy2oabHu-
xom (puc. 33). Ero croponst — ase Go/bIlne MOJIyOKPYKHOCTH, a BepIIH-
Hbl — JIB€ NMAMETPAJILHO MPOTHBOIMIOJOXKHEIE TOYKH C(epHI.

Benuynaa niomany ABYYIOJbHIAKA XapaKTEPU3YETCA PainycoM 1 cde-
pbl H ero yriioM o < n. OTHomienne mionaad S ABYYIOJbHUKS K IIOLIAIN
4mr? cepn paBHo o : 21 IlosTomy

S = 2ar?. (8.3)

[Tonb3ysics 310l OpMYII0i MIOMRIK BYYTOIbHUKA, BhIBeAeM HOPMYITy
wroma u ccpepuieckoro rpeyroapHuka. Ilycrs A, B, C — BeJIUYUHBI YIJIOB
cheprueckoro Tpeyroasauka ABC. siBiistiouie-
rocs niepecedenneM Tpex moiycdep (puc. 120).
Baareie nonapno, onu o6pa3yroT CBOMM mepe-
CedyeHHeM TpU Hapbl chepudecKux ABYYLOJb-
HHKOB, TOKpBIBaIOIUX Bcio cdepy. [Ipu stom
Tpeyroibuuk ABC ¥ cUMMeTpUYHLIN eMy Tpe-
yrospauk A; B;C) otHocutensHo nentpa O cde-
Pbl BXOZAT B 3TH JABYYTOJBHUKH 1O TPH pasa
kaxaprit. OcranbHas 4yacTh chepbl NOKPBIBAET-
cA IABYYTOJPHUKAMHU 0e3 HajlokeHuil. Tak Kak
wrouiaan tpeyroasankos ABC u A, B,C; pas-
Puc. 120 HBI, TO IJIOWANE CPEPBI MEHBUIE CYMMBI ILIOLIA-
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meit BCeX IIECTH ABYYLOJBHUKOB Ha 45, rme S — HCKOMAas IJIOIIALL Tpe-
yronsuuka ABC:

dnr? = 2(2r° A + 2r°B + 2r°C) — 48,

OTKyZa L
S=r*(A+B+C —n). (8.4)

CylecTBeHHO, YTO Pa3HOCTL O = A -+ B + 5 — 7w >0 B cuny HepaBeH-
crBa (2.3). Ona HA3BIBAETCH Y2A068biM UBGBIMKOM CHEPUIECKOTO TPEYrOb-
nuka. Urak, naowado chepuneckozo mpeyzoivHura nponopuuoHalbHe e20
Y2A080MY USODIMKY:

S =r?. (8.5)

§3. Padukxaavras naockocms, padukaivHad 0CH
U paduKrasvHoll yenmp chep

3.1. Crenens Toukm oTHOCATENbHO chephl. [Ipsamas, nmenonias co cde-
poil aBe obuiue TOYKM, HA3BIBAETCA CeKyllell K 3Toit cdepe.

Teopema. Fcau wepes mowky, He npunadaesicauiyro dannod chepe, npo-
gedena K Hetll NPouU3BOALHAA CEKYULAR, O NPOU3BEIEHUE OMPEIKOS CEKY-
weth, coeouNAOUUT JaHHYI0 TROUKY C TMOUKAMU NePecevenus ee co chepotl,
He 3asucum om swbopa cexywied.

HoxkazareabcrBo. llycts wepes maHHyio Todky M IIpoBezeHB
Kakue-an0yab nse cexynme AB u CD x mannoit chepe (O, R) (puc. 121).
Hx mimockocTs nepecekaer cdepy 1o oxpyskHoctu. Ilo cooTBeTcTByIOMmIEH
Teopeme wranuMerpun ([8], §2) MA-MB = MC - MD. 910 paBeHCTBO
COXPAHUTCH, €CAM OAHY CEKYIIYI0 (HKCHpYyeM, a ApPYrylo OyneM MeHSTH.

Puc. 121
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CirlenoBaTesbHO, IPOU3BENEHHE YKA3AHHBIX OTPE3KOB 3ABHCUT TOJIBKO OT
cdepbi 1 OT JAHHOMK TOYKH M. O

Ecsm Touka M nexur BHe nannoii chepot 1 MT — npom3BOJIbHAST Ka-
caTesnbHas K cdepe, TO 0Ha OyZIeT KAcaTeJbHON TakxkKe K OKpyxHocTu ABT
cepbl U K OlpejiesieHHON GOJbINOo OKPY KHOCTH.
Torna ([8], §16)

MA-MB=MT?=0M? - R*.

Ecin Touka M naxogurcest BHYTPH ¢ epHI, TO POBe-
JeM Jepes3 Hee IJIOCKOCTS, nepneHauKkyaspuyo OM
(puc. 122). Torna

MA-MB=~MA*>=—(R? - OM?) = OM? — R.

Puc. 122

B cayuae, korga Touka M mpuHaanexur cdepe, TO
OM? — R*=0.

Taxum obpasoM, senuauna OM? — R? npu 3amanHoil cdepe 3aBHCUT
TOJBKO OT IOJIOXKeHHs] TOYKH M. DTa BeludnHa HA3BIBAETCA CIMENEHbIO
mowxu omuocumeavmo chepwns (O, R).

CremneHn TOYEK, JexXamux BHe cephl, HOJMOKHUTENbHB. CTeneHn TOYeK,
Texawmnx BHYTpH chepsl, OTPUIATENBHEL, a JIEXKAIUX Ha cdepe, — PaBHBI
HYJTIO.

3.2. PagukansHas mockocts aByx cgep. Haitnem MHOXKecTBO @ TOuek
IMPOCTPAHCTBA, KaxK[asd U3 KOTOPBHIX HMEeT PABHbIE CTENeHH OTHOCUTE/Ib-
HO JBYX JAHHLIX HekoHueHTpuueckux cdep (O, R) u (0,, R,). Paccemor-
PHM ITPOU3BOJIBHYIO INIOCKOCTD &, COAEPIKAIILYIO JIMHUIO EHTPOB 3TUX cdep.
Omna nmepecekaeT cdepbl IO DONBITUM OKPYKHOCTSIM 0 U . IJ0AMHOKECTBO
TOYeK HCKOMOro MHOXKecTBa O, npmHaprekamux mIOCKOCTH &, €CTh PaJu-
KasbHAs 0Cb | OKpykHOCTEH W 1 0, ([8], §16). Ecnu miaockocTs o BpalaTh
OKOJIO JIMHAH LEHTPOB, TO OKPYXKHOCTH () W )y ONHIIYT JaHHbIE CephI,
a mpsMasi | — IJIOCKOCTE 7Y, SBJSIOIYIOCS HCKOMBIM MHOxecTBoM ®. Ilns
KOHIIEHTpHYecKux cep pasercrso OM? — R? = OM? — R} neBbINoOIHUMO,
T.e. MHOXKecTBO ¥ 1ycTo.

Urak, ecau dee danmnvie cepve nexkoHuenmpuueckue, mo 2e0Mempuie-
CKUM MECTOM TOYEK NPOCMPAHCMEQ, KAHCOAA U3 KOMOPYHLL UMEETL DASHBLE
CENENU OMHOCUMEABHO IMUL chep, ecb NAOCKOCMD Y, Nepnendurysap-
Haa Aunuy yenmpos smux cfep. Ilnockoers v HazBIBaETCA PaduxaavHol
NAOCKOCTNBIO TAHHBIX cdep.

PanukansHast ock [ ABYX OOJIBIINX OKPYXKHOCTEH O H 1, JEMKAIIUX B Ce-
Kyeil IUTOCKOCTH o, ONPEENISIeT MOJI0XKEHHe PAAUKATBLHON IIOCKOCTH 3TIX
cdep. IocTpoenne npsimoii | U3BecTHO U3 rannMerpun. B wacTHOCTH, eciin
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JaHHble cepbl EMEIOT ODIIYI OKPYKHOCTE, TO HX PaAdKaJbHAs INIOCKOCTD
COBMAJAET C ILIOCKOCTHIO 3TOH OKPYKHOCTH.

3.3. Pajukasbaada oCh TpeX cdep U paaiKAIbHBI HEeHTp deTbipex cdep.

Teopema. Ecau yenmps mpex cfep HEKOAAUHEADPHL, TO PAOUKGADHDLE
NAOCKOCTNY SMUT cfep, 83AMBLIT NONAPHO, UMEWM 0GUYI0 NPAMYI0O. DTa
npsiMast HAZBIBAETCS PaduKaAbHOU 0CHI0 ITUX Tpex cdep.

JdokasarenbcTBo. Ilycrs gansl cdepur Sy, Ss, S;. Tak kak ux uneH-
TPBI HE JIEFKAT Ha OJHOW IPsSMOH, TO paIyKajbiias MIOCKOCTh Yiz cdep Si
u S; mepecekaeT pajuKAIbHYIO IUIOCKOCTD Yoz cep Sy ¥ S3 IO HEKOTOPOl
npaMoit d, KOTopasl SIBJISIETCS] TeOMETPUYECKIM MECTOM TOYeK, KasKIas U3
KOTOPBIX MMEET PAaBHBIE CTENEHH OTHOCHTEIBHO BCeX Tpex cdep. Cienosa-
TeNbLHO, MpsAMas d JIeXKUT B PAIUKaJIbHOM IOCKOCTY Y13 chep S u S3. O

Panukanbuasa ock d Tpex cdep COBOAJAET ¢ NEPIECHIUKYIAPOM K IIJIOC-
KOCTH LIEHTPOB 3THX cep U COAEPKUT PAIUKAILHBIN IEHTD Tpex BOoabUINX
OKPY2KHOCTEH, IO KOTOPBIM 3Ta, IJIOCKOCTD II€PeceKaeT JaHHble Cephl.

Teopema. FEcau uenmpdvt 0aHHOIL wemutper cdep HEKOMNAGHAPHDL, MO
wecmd PaduKGAbHLLE NAOCKOCTEN IMuT cPep, 3AMBIL NONGPHO, UMEIOT
0bwWY10 MOUKY, KOTOpash HA3BIBAETCS PAOUKGALHLIM UEHMPOM TAHHBIX He-
THIpEX cdep.

JoxazaTteanscTbo. Tak kak nenrpst S; (i =1, 2, 3, 4) cdep HekoM-
MIaHAPHBL, TO TPU PaJMKAJIbHBIE IUIOCKOCTH cbep Sy U Sg, S2 u Sz, S; u 5,
HMEIOT €OUHCTBEHHYIO 001yio Touky C, KOTOpas MMeeT paBHbie CTEIEeHH
OTHOCHTEJBLHO BeexX cdhep S; M MOITOMY JIEKUT B OCTAJbHBIX TPeX Daid-
KAJIBHBIX TJIOCKOCTSX. 0

Panuxkaneueiit nentp C 4gerbipex cdep siBisieTcs] TOYKOH MepeceveHns
YeTBIPEX PAJMKANBHBIX Ocell 3THX cdep, B3ATHIX 110 TPHU.

3.4. Oproronambabie cdeprl. IBe cdepbl HAZBIBAIOTCA 0PMOZOHAADHDI-
MU, €CTIU IIEHTP KasKJION M3 HUX JIE?KUT B KaCaTeIbHOM! [IJIOCKOCTH K JAPYyroi
B 0b1ueit Touke JaHubIX cep.

CornacHo 3TOMy OIpeAeJEHII0 HeOOXOAUMbIM U JIOCTATOTHLIM YCJIOBHEM
oproronansnoctu cdep (O, Ry) u (0, Ry) siBisieTcss COOTHOIIECHNE

R?+ R2=0,02

OHO 03HAYAET, UTO KEa0PAM PAOUYCE KaHCOOT U3 06YX OPMOLONANOHYL CPHED
PAGEH CTMENEHU €€ YEHMPA OMHOCUTNEAdHO OpYyeot cheput.

[Io anajOTHU ¢ COOTBETCTBYIOMIMMH IIJIAHUMETPUHYECKMMH CBOMCTBAMU
TOYEK PAAUKAJILHOH OCH JBYX OKPYXKHOCTEN MOKA3BIBAIOTCS CJIEYIONIHE
CBOHCTBA.

1. BHenmune oTHOCHTENBHO KaKIOH U3 ABYX cep TOUKH WX PaIuKaJib-
1Ol ILJIOCKOCTH SIBJIAIOTCH UeHTpaMmu cdep, Kazxkias H3 KOTOPBIX OPTOro-
HaJipHa obemM gandbiM cepam. ObparHo, ecam cdepa S opToroHaibHA
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chepam S; u Sy, TO meHTp cdepbl S NEKUT B PATUKAIBLHON INIOCKOCTH
cdep 51 u Ss.

2. BHemmnss OTHOCHTENBHO KaXAOH u3 Tpex cdep TOYKa WX paju-
KaJIbHOW OCH SIBJISIETCS 1EHTPOM ChEPHI, OPTOrOHAJBHON KaXKIoH U3 Tpex
aanHpix cdep. ObpaTtHo, ecom cdepa S OPTOroHaNBHA KaXXAOH U3 Tpex
cep Sy, S, S3, TO ee HEHTD NPUHAICIKHT PATUKAIBLHON OCH 3THX Tpex
cep.

3. Ecnu pamuransubeiil nuentp C deTbipex cdep JeKuT BHE KaxKIOH u3
9TuX cep, TO OH ABJISETCS EHTPOM €IHHCTBEHHOMN Cephl, OPTOrOHAIBHON
KaXA0il U3 4eThIpex JAHHBIX chep.

§4. Uneepcus npocmpaHcmea omHocumenvHo
cepol

4.1. Ompejenienne MHBEPCUHN M €ro clieacTBusd. Hneepcuet: npocmpan-
€mMBa OTHOCUTENBLHO Hanuoi cdepst (O, R) HasbIBaeTCs TaKoe Mpeodpasopa-
HUe IPOCTPAHCTBA, IPU KOTOPOM KaxKJas Touka M, oTimunas ot touku O,
oTobpazkaercs Ha TOUKy M', nexaniyio ua jgyde OM U ynoBAETBOPSIOULY IO
YCJIOBHIO:

OM -OM’ = R?. (8.6)

Cdepa (O, R) naswiBaerca cdepoil nusepcuy, a ee nenrp O u paguyc R —
LEHTPOM MHBEPCHU U PajuyCcOM VMHBEPCHH.

B stom onpenenennu Touxkn M u M’ paBHONpaBHB! (B3aUMHO HHBEDC-
uel): eciu M — M’ to u M’ — M upu onHOil u TOM »Ke WHBEPCHH, T.e.
npeobpazoBaHue, 0OpaTHOE 33TAHHOM
WHBEPCHU OTHOCHUTENBHO cdephl w,
coBnanaer ¢ 3Toil mueepcueit. [loaro-
MYy HHBEDPCHSI SBASIETCS UHBOMOUUOH-
HoM  npeobpazosaruem  (UHBOAOUU-
etll) IpOCTPAHCTEA.

Kaoncdana mouxa cheput © uneep-
cut Henodsusicna npu Mot uneep-
cuu.

JIiobasa naockocTb, comeprkaniast
npamyio OM, nepecekaer cdepy » 1o
BonbIoi okpykHoCTH. ClieroBaTe/Nb-
HO, mocTpoeHne obpasa M’ Touku M Opy MHBEPCHH OTHOCHTEILHO chepbl
CBOJIUTCSI K IIOCTPOeHHIo 06pa3a ToYKH M [pU WHBEPCHH ILTOCKOCTH OTHO-
cHTenbHO 3TOM OKpyrkHOCcTH ([8], ¢. 254) (pme. 123).

Puc. 123
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A¥ajIornaHo WHBEPCHNU IJIOCKOCTH BLIBOAATCHA KOOPAUHATHBIE (DOPMYJIbI
HHBEPCHH IIPOCTPaHCTBA OTHOCUTENbHO cdepnl 22 + 2 + 22 = R?. Ecim Tou-
ka M'(z', ¢/, 2) — obpas Toukn M(z, y, z), TO

2 2 2
o = Rz Y = Ry L= Rz (8.7)
m2+y2+z2’ x2+y2+22’ x2+y2+z2' )
Kak u mpm uuBepcuu miockoctu, paccrosuue A'B’ mexay obpasamn
Touek A u B cBs3ano ¢ paccrosiumeM AB coornonenyen:

R2

(8.8)
4.2. O6paspl miIockocreit U cgep, OPIMBIX B OKPYXKHOCTeHl OpH HH-
Bepcar. J[OCTATOYHO OIPAHUYHTHCS JIHIIL (DOPMYIUPOBKAME PEIYILTATOB,
Tak KaK OHM [OJIYYaI0TCs HeTOCPEACTBEHHO U2 IVIAHNMETPUYIECKIX CBOHCTR.
Mnockoers (npsimas) 6e3 Touku O, npoxonsimas depes mentp O uH —
BEpPCUN, OTOOpakaerca Ha cebsl.
1. O6pasoMm cdepsl S, comepxaleil NEHTP UHBEPCHY, SBJISETCH ILIOC-
KOCTb, TIEPIEHINKYIAPHAS JIUHAN HEeHTPOB 3TOH ccbepx;1 u chepbl MHBEPCUT

R
W yAajleHHasi OT UEHTPa MHBEPCHH HA PACCTOAMHE (r — pamuyc ce-
T

per S). O6pasoM IVIOCKOCTH, HE COJIEpPKAIel UEHTD UHBEPCUH, SIBJISLETCS
cdpepa, npoxondnas yepe3 ueHTp unpepcun. Ee Junamerpom ABiIsSleTCs OT-
pesok OA, rne A — 06pa3 oproroHanbHol npoeximy ertpa O Ha JaHHYIO
ILJIOCKOCTb.

2. O6pazoM cdepsl v, He cojiepKallel HeHTp HHBEPCU, siByigeTcst cde-
pa Y/, TakxKe He comepxkaiuas neHTp HHBepcun. LleHTprl cdep w, ¥, Y’
kosumaneapHsbl. (LenTpnt cdep v m Y HE COOTBETCTBYIOT APYr APYLY IpH
UHBEPCHU OTHOCHTEJILHO chepBI (.)

Tak Kak UpsaAMasg ¥ OKPYKHOCTH CyTh JIMHUH llepecedeHus IIIOCKOCTeR
u cep, TO UMeeM:

3. OBpa3oM OKPYKHOCTH SIRAAETCS IPSIMAasi, €CJIU 9Ta OKPYKHOCTL CO-
JIEPKUT MEHTP WHBEPCUH, N SBJSETCS OKPYKHOCTH B IIPOTMBHOM ClIydae.

4. Ecm cdepa y oproronansHa cdepe « WHBEpCHH, TO cdepa Y oTobpa-
JKaeTcs 9Toil mHBepcueii Ha cebs (MHBApPHAHTHA IPH HHBEPCHH).

5. Ecim cdepa v COREpKUT ABe B3AaUMHO WHBEPCHBIE TOUKHU IIPU MHBEP-
CHH OTHOCUTEJBHO cepbl ¢, TO c¢epbl Y U & OPTOTOHANBHbI.

Teopema. Jl6e 63aUMHO UHBEPCHDIE OKPYICHOCTU NPUHAOAEHCATM 00HOY
chepe uan 00HOT TAOCKOCTIU.

JdokaszaTeabcTBo. Eciau okpyKHOCTH o 11 o JI€’KaT B OIHOM IIOC-
KOCTH, TO JOKa3EIBaTh Hevyero. Ilyers Touku A u B okpyXKHOCTH o HEKOJLIIN-
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HeapHb! ¢ menTpoM O uneepcun. Vx obpaser A’ n
B’ npunannexar okpyxuoctn o (puc. 124). Tou-
ku A, B, A, B’ nexar Ha 0IHOil OKPY>KHOCTH G
(mnanuMmerpuyeckoe ¢BoiicTso). OKPYKHOCTH o U
o uMeloT ase obwwe Touku A u B, nosromy 3a-
JaI0T onpeneieHuyo chepy S (3amaua 4.25). Dra
cdepa coBIaJaeT co CBOMM 00pa3oM IpPH WHBEpP-
CUH, TaK KAK OpPTOTOHaNbHA cdepe ) WHBEPCUM:
crenenb OA-OA’ = R? neutpa O cbepsr & oT1-
HOCHTENIbHO cepbl S paBHa KBagpaTy pajayca
ceps! w. CrienopaTennuo, chepa S, cogepxKaman
OKPY2KHOCTH O, COJIEP>KHUT U ee obpa3 . O

Puc. 124

4.3. IHBapHaHTHOCTH BEJIMYNHBI YIJA MeX/ly KPABBIMHU IIPA MHBEPCUM.
Kax u nipn nHBepCHH III0CKOCTH OTHOCHTENIBHO OKPYKHOCTH, 8EAUNUHG Y210
MENHCOY OB8YMA KPUSHIMU COTPAHACTNCA NPU UHBEPCUU NPOCTPAHCNESE O~
HOoCUMeEADHO cepnt. DTOT HAKT HEMOCPEICTBEHHO BEITEKAET U3 CIEAYIONIEH

JIEMMEI.

Jlemma. Ecau Y — 06pa3 kpueotl Y npu uHBepcul npocmpaMcmea, mo
Kacameavuvie t ut’ COOMBEMEMEENHO K KPUSHIM ¥ U Y 8 COOMEEmcmee-
HHLE Mowker A u A’ CUMMEMPUUHDL OMHOCUNEADHO NAOCKOCTNU G CUMMEN~

puu smuz movex (puc. 125).

Puc. 125

Jdokazarenbcrro. Ilycrs M u M’ — cOOTBETCTBEHHBIC TOUKH KPH-
BBIX Y U Y’ npu 3a1anHOl yHBepcuH. lorma touku A, A, M, M’ nexar na
okpyzkHocTH U. KacaTenbuble a u b K Hell B Toukax A u A’ cuMMeTpUdIHBL OT-
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HOCHUTEJILHO CePEeAMHHOTO NepnenuKynspa h K orpesky AA’ (B wiockoctu A
okpyskHOCTH W). Ecin Touka M npubimxkaercst K Touke A mo Kpusoit vy,
TO Touka M’ npubmmxaercs K Touke A’ no xpusoit y'. [lonyuaem mMHOXKe-
CTBO OKpY2KHOCTelt U ¢ obmei xopaoit A4’ B mnockocrax A. Ilpu sTom Bee
HepHeHauKy/Isapel i K xopie AA’ (B KaxKmoil IJIOCKOCTH A) MPUHATEIKAT
WIockocTH ¢ cumMerTpun Toyek A u A’. TlepemenHbie KacaresnbHble a U b
K IePEMEHHOI OKPYZKHOCTH | CHMMETPHUHBEl OTHOCHTENbNO 6. 1o onpene-
JIEHHIO KACATEeNIbHON K KPHBOH KacaTejbHag ¢ K KpUBOH vy B TOuke A ecTb
npeAesibHOE nosioKenue cexkymeit AM npu M — A, npustoma—tub—t’
(rak xak M’ — A’). Tockonbky npu oboM mosoxenun Touku M € vy nps-
Mble ¢ U O CHMMETPHYHBI OTHOCHTEJIBLHO MJIOCKOCTH O, TO B MPEIENIBHOM
[IONIOYKEHUH KacaTebhble t U t' 6yIyT CUMMETPHYHLI OTHOCHTEILHO . [

W3 mokazammoit JeMMbI cpa3y cie/lyeT UHBAPDUAHTHOCTD BEJINYNHEL yIJia
MeXKIly KPUBBIMY IpH HHBepcnt. JleficTBUTeNbHO, ITyCTs NAHL KPHUBEIE o 1 3,
nMetome obmyo Touky A. FIx o6passr o 1 3 11pn NHEEPCHH HepeceKaloTes
B COOTBETCTBEHHON Touke A’. YToa MeXIy KacaTeJbHBIMU B TOUKe A K Kpu-
BBIM o ¥ [3 PaBeH yITIy MeXKIY KacaTeJbHBIMH B To4Ke A’ K KpusbiM o 1 [/
B CHJIy CHMMETPUYHOCTH STHX YIJIOB OTHOCHUTEIBHO ILIOCKOCTH CHMMETPHH
Touek A u A'.

4.4. BriBog Bropoit ¢popmynsr Hlraynra qia obbema Terpasapa. Ilycrs
man Terpasnp ABCD u DA=a, DB=b, DC=¢, BC=a;, CA=1b,
AB = ¢;, R — panuyc onucaHHOH 0K0JI0 Hero cdepnbl. Hago qoxka3aTs, 4ro

6VR=Q, (8.9)

rie 16Q?% = (aa, + bby + ccy ) (bby + cc; — aaq) (e, + aa, — bby)(aa, +bby —cey).

3agaaUM HHBEPCHIO ¢ IIeHTpOM D TPOM3BOJBLHOTO paauyca . Onucannast
cdepa (O, R) orobpaxkaercs 3TOi nHBepCHElH Ha IIOCKOCTD, COAEPKALILYIO
obpazet A’, B', C' pepunn A, B, C namHoro rerpa-

2
anpa (puc. 126). Torma 2R = L—;ﬁ’ riae DH — BoicoTa
rerpasapa A'B’C'D (m. 4.2, ceoiicrso 2). Corsacuo
dopmyre (6.11)
VA'B’C'D _ DA/ . DB, . DC/
Vapep = DA-DB-DC’

18921
SA/BICI . DH . DA/ . .DB, M DC’ (8 10)
Puc. 126 3V ~ DA-DB-DC '
r? r? r?
[To ceoftcTBaMm nEBepcun DA’ = — DB = 3 DO = - U
2 2 2 2 2
,,_T'BC_?”al_T'aal //_Tbb1 A/B/_chl
BC_DB‘DC— bc ~ abc’ CA = abc ’ T abe
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CrenoBaTebHO, CTOPOHBI TpeyroibHuka A’ B'C’ npofopluoHaJIbLHEBL COOT-
)

BETCTBEHIIO YHCJIaM ad,, bby, c¢; ¢ KO3 PHUIHEHTOM TPONOPIMOHATIBHOCTH
2

r
= ——. [losToMy uMeeM:
abe 4

Sape =k*Q, k= (7’;@
Bamenum B pasedcrBe (8.10) Bxojgine B Hero BeJINIHHD]l HAIEHHLIMHI BbI-
ParKeHusaMU:
kZQ B ’I'6
2R -3V "~ abc-abe’
roe () — nAowaAbh TPEeyroabHUKa ¢ JJIHHAMHI €ro CTOPOH aa1, bby, ccy.

4.5. Crepeomerpudeckoe 06obienue ToxaecTBa Bpermuaiinepa. Pac-
CMOTPHUM APYToil XOpOWnil mpunMep NPHMEHEHHs WHBepCHH — 0000IneHmIe
H3BECTHOIO COOTHOIICHUs] Bperminaiinepa jjis MJIOCKOTO YeTHIPEXyTOIbHN-
xa ([8], c. 85) Ha TeTpasAp ¥ KOCOH (IPOCTPAHCTBEHHBII) YeTBIPEXyTONBHIK.

3ajaAuM HHBEPCUIO ¢ IEHTPOM B Bepiuune DD naunoro terpasapa ABCD
IPOU3BOJILHOrO paauyca . Onucannas 0Kojio Hero cdepa orobpasnres 3Toi
unBepcueit Ha mrockocts A’ B'C’. Tlo Teopenme KOCHHYCOB /1A TPEYTOTbHHKA
A'B'C’ nmeem:

A'C? = A'B”? + B'C" = 2A'B' - B'C' cos AB'C".
TIo dopmyne (8.8)

orkyza 6VR=Q,

1 r? 1 7’ 1 T
AC—AC'm, AB-AB'm, BC:BC‘FB-"D_C;.
Tax kax npsamble A'B’ u B'C’ asasiorest obpasamu okpyxHocreii DAB
u DBC, To 0uH NMapauieIbHbl COOTBETCTBEHHO KACATEIHLHBIM K 9THM OKPY K-
HocTaM B nenTpe D unsepcun. [lostomy yron A'B’C’ pasen yrily Mexuy
ITUMH KaCaTeJbHBIMH, T. €. YIVIy ¢ Mexny okpyxuocramu DAB u DBC.

BoImoHIB MTOACTAHOBKH, OJMYyUaeM:

7_4

2 —_— T
AC DA2.-DC?

— AB? rd r 2r* . AB- BC - cosg

. ———— 2. —
paz o5z T PC DBz . peE ~ T DA DB DO

9TO TIOCJIE OUEBHUHBIX YIPOIIEHNUH AaeT:
(AC-BD)*=(AB-CD)*+(BC-DA)’~2AB-BC-CD-DAcosgp, (8.11)
A€ ¢ — Bel4nHa yria Mexay okpyxkuoctamu DAB u DBC.

ITo BHemBeMy Buay TOXAeCTBO (8.11) B TOUHOCTH COBIIANAET C TOXKIE-
cTBoM Bpermmaiifepa s mwiockoro dersipexyroasauka ABCD, B koTo-
POM ¢ — TaKxKe yros Mexkay okpyxuoctamu DAB u DBC, papublii cymme
yr10B A 1 C 3TOro 4eThIpexyrojbHuKa.
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CanencrBue. Oxpyorcnocmu, onucanmbie 0KoA0 0syT zpareli mempasdpa,
TEPecerarOmMes nod Mesr Hce Y2A0M, 4INO U OKPYHCHOCTIU, ONUCAGHHBE OKOAO
dsyzx Opyeux ezo 2panet.

B camom gene, coorHomenue (8.11) ajsi KOCOTO YeTHIPEXYTOMBHHKA
ABCD cuMMETPUYHO OTHOCHTeNbHO ero auaronaneit AC u BD. Yrox
MexKIy OKpYKHOCTAMH DAB u DBC MOKHO 3aMEHHTH YIVIOM MCIKIY
okpyxuocramMu DAC u BAC, COXpaHHB IIpU 3TOM OCTaJbHbIE 3JIEMEHTEI
9TOT0 COOTHOIIEHUSE.

§5. Cmepeoepaduneckas npoexyus

5.1. Onpegeitenne n cBoiicTBa crepeorpadmnueckoi mpoekimu. Cmepeo-
epadureckol npoexyued HA3LIBAETCS HeHTpaibHast npoeknus cdeprl (O, R)
H3 ee TOYKH S Ha INIOCKOCTD T, Kacalolyocs 3Toll cephl B JUaMeTPaIbHO
IPOTUBONOJIOKHOI Touke N (puc. 127).
WHora B Ka4ecTBe MI0CKOCTH T IIPOEKIIA
HIPUHUMAIOT apAJIebHYIO el 9KBATOpH-
ANbHYIO IUIOCKOCTD C(hephl.

Ecnu 3amaTh MHBEPCHIO HPOCTPAHCTBA
oTHOCUTENBHO cdepsl (S, 2R), To aTa un-
Bepcusl 0TOOPA3HUT IepBOHAYAILHYIO che-
py (O, R) Ha Ty xe caMyIO ILIOCKOCTE T,
npudyeM HHBEPCHBIMM TodIKamMu M u M’
OyIyT Te K€ TOYKH, KOTODBIC SABJISIOTCH
COOTBETCTBEHHBIMH IIPH PaHee 3aJaHHON
crepeorpaduIecKoil IpoeKInm.

Takum o0bpazom, cmepeozpaguvecras
npoexyua chepui (O, R) ma muoxcecmse
movex amotl chepv cosnadaem ¢ uneepcuets NPOCMPAHCMEE OMHOCUMENb-
no cgepe (S, 2R). B 9TOM CMBICIIE MOKHO CKa34Th, UTO CMEPE02paPuiectas
NPOEKUUR €CTND YACTVHBI CAYall UHEEPCUU.

W3 aToit mpocToil CBA3M MHBEPCHHU K CTEpeorpaduuecKoil TPOSKIUN U3
CBOMICTB HIIBEPCHHM CPa3y CICAYIOT CBOHCTEA ¢TepeorpaduIecKol NpoeKIyy.

1. OxpyxkHOCTH cdeps, comepKanue NeHTp S MPOCKIUH, TPOEKTHDY-
JOTCSl HA TJIOCKOCTh T B TIPSIMBIE, & OKPY?KHOCTH, He COJEpPKAalHe TOUKY S,
B OKPYKHOCTH.

2. ObpaTHO, OpsIMble B OKPYYKHOCTH TIJIOCKOCTH T TPOEKTUPYIOTCS Ha
cdepy B OKPYKHOCTH, COOTBETCTBEHHO NPOXOAAININE WJIH HE TPOXOAAIINIE
4yepe3s UEHTD NPOEKTHPOBAHMS.
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3. Crepeorpadudeckast TPOEKIUA COXPAHSIET BEJMYHHBLI yIVIOB MEXKAY
KPUBBLIMH, JIEXKAIIHMMHA HA JAaHHON cdepe.

IIycte oKpy:kHOCTH & cdephl crepeorpadu<ecKu IPOEKTHPYeTCa Ha
OKPY?KHOCTE ' IutockocTH x. Haitnem crniocob nocrpoerus HeHTpa OKpYXK-
HOCTH &’ IO 33JaHHOH OKPYKHOCTH . 3aMeTHM M 9TOTO, YTO LEHTPOM
oGO OKPYZKHOCTH SIBJILETCS TOUKA liepecede s IPAMBIX, IePeceKaronix
3Ty OKPYHOCThH oproronansHo. IIpsmele mimockocrd npoekuuii ciyXar
IPOEKIUSIMU OKPYKHOCTEH chephl, COREPXKANINX MEHTP S NPOEKTUPOBAHMA
U IIEPECEKAIONUX OPTOTOHAJIBLHO OKPYIKHOCTH . [109TOMYy MJIOCKOCTH 9THX
OKpY’KHOCTel MPOXOJAT 4epe3 BepiunmHy K KOoHyca KacarelbHBIX K cde-
pe, I KOTOPOTO JAHHAS OKPYKHOCTD ) ABJAETCH OKPYKHOCTBIO KaCaHUA
(puc. 128). Camu OKPYKHOCTH YKa3aHHOrO MHOMKECTBA IIPOXOIAT Uepes

)

||
x

Puc. 128

touky C mnepeceuenust cdhepst ¢ npamoit SK. CrenosaTenbHO, LEHTPOM
oKkpyzHocTn o Gyner Touka C' nepecedenusi npamoit SK ¢ IIOCKOCTBIO
IPOEKLMA.

5.2. Koopmurarasie ¢opmyisl crepeorpadpmdeckoil nmpoekmmu. 3aja-
JIUM IIPAMOYTONBbHYIO JEKAPTOBY CHCTEMY KOODJMHAT TaK, YTOOBI IJIOCKOCTh
Ozy coBnajaja ¢ MJIOCKOCTHIO Npoeknuil, a ock Oz comepaKalia IEeHTp S
IIPOEKTUpoBaHusA. B 370l cucreme KOOpAHHAT cdepa MMeeT ypaBHEHHE

2 +3* +(z— R* =R~
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Iycrs Touka M (x, y, z) cdeps npoektupyercs B Touxy M’ (z’, v', 0). Hamo
BLIDa3UTh KOOPAUHATH T’ U 3 4epes ¥, y, 2. Tak kax BexTopsl SM u SM’
koimHeapnsl, 1o SM’ =kSM. Touka S umeer xoopmmuarss (0, 0, 2R).
IloaToMy 9TO BEKTOPHOE DABEHCTBO 3KBHBAJEHTHO TPEM KOODAHHATHDBIM!
' =kx,y =ky, 2R=FK(2R — z). IcCK/TIOUNM U3 3THX ypaBHEHUIT TApaMeTp k.
B pesynpTare nosy4aem uckomblie (GOPMyIIbl CTEpeorpadpHIecKoit MPOCKIIIIL:

2 = 2Rx
2R -2z’

Y = 2Ry (8.12)
2R— 2z’

Z=0.

Ionezno umMeTs Takxke dhopMynrl obpaTHoro oTobpaskeHusi. Tax Kak
'

W
T = %, y= y};, z=2R (1 - %) u rouka M(z, y, z) npumragnexur cde-

pe, TO ) /
() () (m(-1) - e

1
T 4R2?
Hocne 3ameHbl mapaMeTpa k 5THM BBIPAXKEHHEM IIO/lyvaeM (DOPMYJIBl 06-
pPATHOTO OTOOPAIKEHHS:

OTKyJa

k ((IJIZ +y/2 +4R2)

_ 4R%*y’
= x/2+y/2+4R2’
_ 4R?y
- 2 +y/2 +4R2’
2R(,’IZ'2 +y/2)
o ¥y 1+ 4R?

Y (8.13)

Z =

Sadavu x enase 8

8.1. Tpu monmapHo IeprEeHIUKYASIPHbIE XOPABI cEpPhl pazuyca 8 Iepe-
cexaoTes B TOo4ke M, yaaneHHON oT nenTpa cdepbl Ha paccrosiume /41
JavHbl 1BYX Xopa paBHbI 12 n 14. Haitnure paccrosunue ot neurpa cdepnt
[0 TpeTheil XOpAb.

8.2. Cdepa BIncaHa B yCeUeHHBI KOHYC, PaJUychl OCHOBAHUI KOTOPOTO
pasusl R u r. Haitaure oTHOleHne wiomazyw cdephl K WI0masu 60KoBoi
IIOBCPXHOCTH KOHYCA.

8.3. Okouso mapa omucan ycedeHHblil Konyc. Jlokaxkure, 4T0 OTHOMEHNe
MI0IAaJell uX MOBEPXHOCTEN PABHO OTHOIICHIIO 00bLEMOB.
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8.4. Cdepa nenut kazxkaoe n3 pebep Kyba Ha Tpu pasusle dacTu. Halinure
mwirowanb cdepbl, eciau pedpo Kyba umeeT IIHHY a.

8.5. Bepuiuna KoHyca HaXOOWTCst B UEHTPE cdepbi, OCIOBAHUE KOHYyCa
KacaeTcs 3To# cdepnl. [laomans moaHoil NOBEPXHOCTH KOHYCa PaBHa ILIO-
waan ccepsl. Haftgure yros Mexxay obpasyromeil KoHyca M ero BBICOTOIH.

8.6. Tpu OKpy:KHOCTH He JIEXKAT B OFHOI MIIOCKOCTH 1 MIOIIAPHO KacaloT-
ca. JIoKasKuTe, 4TO 9TH OKPY KHOCTU TIPHHAIIEXKAT OLHOH cdepe.

8.7. Ha miockoctu nexar Tpu cdephl, KaxJasd U3 KOTOPBIX KacCaeTcs
IBYX ApYrHX. PaccTosiHus MeXIy TOYKaMU KacaHHsA cdep C IIOCKOCTbIO
PaBHBbI COOTBETCTBEHHO a, b, ¢. Borumcaure paguycer cdep.

8.8. B ky6 ¢ pebpom a Buucana cdepa. Ipyraa chepa Kacaercd Tpex
rpameit Kyba u nepsoit cdepel. Oupenenure ee paauyc.

8.9. B xonyc numcane! ase cdeprl panuycoB R U 7, Kacamomuecst OpyT
Ipyra u GOKOBOH IOBEPXHOCTH KOHyca, UpudeM Oosbmias cdepa Kacaercs
ocHoBanug komyca. Oupenennre romans GOKOBOH MOBEPXHOCTH yCEUECH-
HOTO KOHYCa, OTCEIEHHOTO OT JAHHOrO KOHYCA ILJIOCKOCTSIMU OKPYXKHOCTeH
Kacanusi cpep ¢ JAHHBIM KOHYCOM.

8.10. Kaxkjjoe pebpo npaBHIIBHON YeTHIPEXYTOJBHON MUPaAMHIbLI UMEeT
aauHy a. BeicoTa nupaMuap sBisercs guaMerpoM cdepsl. Hafinure qymumny
KpHUBOil HepecedeHisl NOBEPXHOCTH IHPAMHIbL H CepEHI.

8.11. OcnoBanmne IPaBHIBHOH YETBHIPEXYTOJLHON MWpaMUIbl BIUCAHO
B GOJBHIYIO OKPYKHOCTH chepbl pajuyca R, a yroa npu BepHIidHe PaBeH
30°. Haitnure niauHy KPHBOIL IepecedeHus 3TUX IIOBEPXHOCTE.

8.12. Bripasure miomaas chepruiecKOro CerMEHTa HMepe3 ero BBICOTY A
U PaJUyC T OCHOBAHHSL.

8.13. Yepes nentp O cdephbl paauyca r HPOBEIeHa IPOU3BOIbHAA cde-
pa . Joxaxkure, 4T0 MIOMALL cHEPHIECKOro cerMenTa chephl (&, OTCeUeH-
Horo cdepoit (O, 1), He 3aBUCHT OT BbIOOpa, cdepsl w.

8.14. Haitnure nnomaan yacreil, Ha KOTOpLIE [JIOCKOCTH rpaHeil Kyba
¢ pebpoM a pasbMBAIOT ONMUCAHHYIO OKOJIO Hero cdepy.

8.15. Pebpo mpasuibnoro terpasupa ABCD umeer nauny a. Cdepa
Kacaetcs pebep AB, AC, AD B roukax B, C, D. Haitnure momazny yactu
cheprl, Nexkaie BHyTpH TeTpadapa.

8.16. O6bem maposBoro cermenTta paseH V. Iuiusap ¢ TeM ke ocHOBa-
HHeM U TOl 2Ke BBICOTOH mMmeer o6beM (. Haitmure BbIcOTY cermeHTa.

8.17. s Toro 4TobBI cymecTBoBata cdepa, Kacawomasics Bcex pebep
TeTpasapa, HeOOXOAUMO U JOCTATOYHO, ITOOBI CyMMBIL JJIUH €70 IPOTHBOIIO-
JOKHBIX pebep 6 paBhbl. JJoKaXkuTe.

8.18. Haiinure pamuyc cdepsnl, Kacaoleiics: BceX pedep MpaBHILIOH Tpe-
YTOALHON NUpaMuibi, eciir pebpo ee OCHOBaHMSI WMeeT IJUHY @, a JAUHa
GokoBoro pebpa pasna b.
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8.19. lokaxXuTe, 4TO €Cu JABE MAJIBIX OKPYKHOCTH chePhl KACaloTCs, TO
ux cdeprdeckue IEHTPEI U TOYKA KACAHHA JIEXKAT Ha, G0IbIION OKPYKHOCTH.

8.20. Ha cdepe nanst Tpu Mabix oKpyzKHOCTH. IlocTpoiiTe OKPY»KHOCTD
cdepsl, DeJIAIyIo MOMoJIaM KaXkIVIo W3 JAaHHBIX OKPYKHOCTEI.

8.21. Ha cdepe pamnyca r 1eKaT TpU OKPYKHOCTH PaAYCa %, Kaca-
onmecs apyr apyra. Onpenennre pajimyc OKpy»HOCTH Chepbl, KOTopas
KacaeTcs TPeX JAHHBIX OKPYKHOCTEH.

8.22. JJokaxkuTe, YTO OTPe30K OOIIeH KaCATEIbHON ABYyX chep, 3aKIio-
YEeHHBI MEXAY TOYKaMU KACaHUs, AEJTUTCs MOTOJIaM paanKadbHON IT0CKo-
CTBIO 3TUX cep.

8.23. K mByMm cdepam nposesenst aBe obiipe kacarenbusie AB u CD.
(A, B, C, D — touku kacanus). JokaxuTe, 9To npoeknun orpeskos AC
u BD na auHuio 1eHTPOB ¢dep PaBHLL.

8.24. Tpu mwrockoctu umeroT oburyto touky P. Haiimure obpas stoil du-
rypbl IPY UHBEPCHUH, LIEHTP KOTOPOIl He COBIIAJAeT ¢ TOYKON P.

8.25. lansl Tpu cepst, umetotue ape obume Touku A u B. [locTpoitte
cdepy, coneprkalyio fanHy0 TOYKy M 1 Kacalollylocs TpexX JAHHBIX Cdep.

8.26. Ha cdepe manbt Touku A u B u okpyHOCTS . [TocTpoiite okpyx-
HOCTE cepsl, IPOXOAALIYI0 Yepe3 JaHuble TOUKM A U B U Kacawuyioca
OKPY2KHOCTH Y.

8.27. Ilap kacaercs Bcex pebep MpaBWIIBHOTO TETPa’3pa, AjuHa pebpa
koToporo pasHa 2a. Halinure o6bem nepecedenns mapa 1 Terpasipa.
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Tnasa 9
Cmepeomempuieckue HeEPaseHCmaa
U IKCMPEMYMDL

§1. Kaaccuueckue anzebpauveckue HEPAEEHCMEA,
UCNOAb3YEMbBLE OAA J0KA3AMEALCNEA
2EOMEMPUIECKUT HEPABEHCTNE

JloKaz3aTebeTBO TeOMETPUUECKUX HEPABEHCTB — OOJIbIIOE MCKYCCTBO,
Tpebyloliee 3HAHNS CIEeIUANBHBIX TEXHUYECKHX [PHEMOB, HAbOp KOTOPBIX
J[OCTATOYHO IITUPOK M OBJIAJNEHHE BCeMU BecbMa cJI0KHO. OCHOBHBIE U3 3THX
IPUEeMOB ObI/IN M3JI0MKeHb] B ianuMeTput [8]. CyniecTBeHHO HCIIONB3YIOTCS
U3BECTHBIE aJrefpanvyecKue HEPaBeHCTBa. PACCMOTPHM HEKOTOpbIE U3 HHUX.

1.1. HepaBencrso Komm. Kraaccuueckoe HepasencTso Komn niaa cpen-
HEro reOMETPHIECKOro i CPEIHErO apudpMETHIECKOr0 HEOTPHIATEIBHBIX YH-
Cell dy, gy - - -, Gp(N 2 2) — 3TO HEPABEHCTBO:

1
Yaia, ... 0, < ;(al—l—az-{—...—{-an), 9.1)

B KOTOPOM pPaBEHCTBO JIOCTHUTAETCS JIUIIbL IPY PABEHCTBE ITHX THCEJ.

CpaBHUTEILHO HPOCTOE JO0KA3aTeJNbCTBO 3TOrO HEPAaBEHCTBA IIO-
snydeno B. B.Ilpacososeiv B 1999 1. MeT0/10M IOJHON MaTEeMaTHICCKOHN UH-
nykiuu. IlpuBogum ero.

Ina n=2 nepasenctso (9.1) crexyer U3 OYEBMJHOIO HEPABEICTBA
(Var - V/02)? 2 0. IIpeAnonoxumM, 4T0 OHO HCTHHHO IV 7 — 1 MOJI0XKH-
TeJbHBIX YHCEN U JOKAYKEM, YTO OHO BBIIOJHAETCS JJIsi 1 “IMCeJ, KOTOphIe
PaCIOIOKHIM B HEYOBIBAIOUIEM HOPAAKE: a1 L 4z € ... < a,. Ecmn a; =a,,
TO uMeeM pasercTso 9.1. Hanee Oyzem nojarats, 4To ay < a,. Oboznadum

%(a1 +...4+a,)=A,. Torma a; < A, < a,, ¥ MO3TOMY
(ay — A (A, —a,) = A (a1 +a, — An) —aya, >0,

otkyna A,(a; + a, — 4,) > a1y, a1 + a,, — A, > 0. Ha ocnoBanun nuayx-
TUBHOTO TIPEIIOJIOMKEHHs NpuMeHuM HepaseHcTBO Komu k n — 1 wncnam



G2, A3, .-+ Qp_1, Q1 + An — An:

1 n—1
(n_l(a2+a3+...+an_1+a1+an—An)) >

2 a203...0,1(01 + an — Ay).

Jlerko mpoBepWTB, YTO OCHOBAHME CTEHEHH B JIEBOH YacTH IOJYyYeHHOTO
HepaBeHCTBa paBHO A,. IlosToMy, YMHOXHE 3TO HepaBeHCTBO Ha A,, mo-
JIYIUAM:

A Zasas...an1An(ar +a, — AL) > aias. .. an,

Tak Kak A,(a; + a, - 4,) > aa,.

Wrak, u3 npeanoJoxkenus, 4To HepaseHcTBo Komm uerunao ans n — 1
NOJIOKUTENBHBIX YUCEN, JOKA33HO, 9TO OHO UCTUHHO s . uncen. Cornacio
METOAY MHIYKIHMH HepaBeHcTBO Komm OyreT ucTHHHO myist JA1060T0 HATY-
PAJILHOTO YHCJA 7, HPUIEM PABEHCTBO UMEET MECTO JIMIIEL NP PaBEHCTBE

UHCETT A = (g = ... = Up. ]
CaencrBue. /[aa 41006618 NOAOHCUMEALHBIT HUCEA A1, Oy, .. ., Oy
11 1 )
(a1+a2+...+an)(—+—+...+——)>n. (9.2)
al a an
Hoxazarenscrso. Cortacuo (9.1) a; +ax+...+a, =nd¥arda; ... an,
11 1 . 1
a Takxke — -+ — + ...+ — =2 n ¥/ —————. [lepeMHOXUB 3TH paBeEHCTBA
ai az An aiag...an
nowienso, moayunM (9.2). PaBeHCTBO MMeeT MECTO JHIIb IPH G = Qg =
=...= 0. O
1.2. CpasHenye KBapara CyMMBI U CYMMBI KBAAPATOB AENCTBRTEILHBIX
uncelr. JIoxaxkeM, 4To i MOOCHIX MefCTBUTENBHBIX TUCET @y, Gy, .- ., G
2 2 2 2
{ar+ax+...+a)’ <nlaf +ai+...+a2). {9.3)

J171st 3T0TO HAIMIICM TOXKIECTBEHHOE PABEHCTBO:
2 2 2 2 2 2
aitay+...+a,=ai+a;+...+a,
[TockoabKy a3 4 a3 > 2a1aq, ai +a? 2 2aas, ..., a>_, +a2 >2a, 1a,,
TO, CJI0KMB 3TH PABEHCTBA C IPENBLLAYIINM TOXKIECTBOM, Toydnm (9.3).

1.3. ToxknectBo Jlarpamxka m HepaBencrBo Komu—-Bynrakosckoro. s
JIOBLIX JIByX BEKTOPOB HMEEM. MeCTO TOXKAecTBO (1. 4.3 ri1. 5):

(@ax B> =a’b — (ab).
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Ecmu (a1, a4, as) u (by, by, by) — OpTOHOPMUPOBAHHDIE KOODAMHATHI BEK-
A ) )
TOPOB @ W b, TO Hpexaplayiee TOXKIECTBO Ha ocHopanuu Gopmynan (5.8)
SKBUBAJIEHTHO CJIE/IYIOUIEMY:

2

+

2 2

a1 G
by by

Gy a3 as a,

by b3 by by
= (af + a3+ a3)(b] 4+ b2 + b2) — (ayby + azbs + azbs). (9.4)

DTO TOXKIECTBO HA3BIBAETCA UMEHEM (PPAHIy3CKOro MaTeMaThKa, K. Jla-
rpaika (1736-1813).

Tak kax JjieBast 9acTh 3TOr0 TOXKACCTBA HEOTPHIATENLHA, TO U3 HEro
CIIeyET TaKOe HEPaBEHCTRO:

(af + a3 +a3) (07 + b5 + b3) = (a1by + azby + asby)?, (9.5)

IpideM paBeHCTBO MMeeT MecTo Hpu @ X b= 0, T.e. TOrga ¥ TONBLKO TO-
I, KOTIa BEKTOPHI @ U b KOJUIMHEAPHL! (MHCIA G, g, (3 COOTBETCTBEHHO
IPONOPHUONAJIBHE! YHuCTIaM by, by, bs).

Hepagencrso (9.5) maspiBaercss nepabencTsoM Komm-ByHskoBcKoro.

§2. IHoayuerue HEPAGEHCTS U3 MOHCIECTNEEHHDIT
PAGEHCINE

Ecmu onpenenenHble BETMIWHBI HEKOTOPOTO TOMKIECTBa BCErHa HEOT-
PHLATEJbHBl WIH BCErAa HEMONOYKHUTENbHBI, TO U3 3TOr0 TOXKIECTBA MO-
>KeT OBITH IOy 1eno HepaBeHCTBO. [IpuMepoM 3TOMY ABAETC NpeapIIyIee
HepaseHCTBO Komu-ByHsakosckoro. Kpome Toro, B nMeolemMest TOXKIECTBeE
HEKOTODBIC BeJIMIHHEI MOTYT ObITH 3aMeHeHb! GOIBINMY (FUIM MEHBIIHMH)
BEJIMIMHAMU.

PaccMOTpHM HEKOTOPEIE TIPHMEDHI.

IIpumep 1. [okaxure, uro cymMma KBaJpaToB PACCTOAHHI TPOH3-
BOJIbHOM TOukH P npoctpaHcTBa no Bepmun rerpasapa ABCD He menblne
4eTBEPTH CYMMbI KBaAPaTOB JIHH €ro pebep. PaBeHCTBO MMeeT MecTo s
uentpouga G Terpasipa.

Hdoxaszartenscrro. PaccMOTpUM CKaJspHBIH KBagpaT BeKTOpA

G={(PA+ PB+ PC+ PD):

16PG* = PA® + PB* + PC? + PD*+
+2(PA-PB+PA-PC+PA-PD+PB-PC+ PB-PD+ PC-PD).
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3ancHuM YABOCHHBIC CKaJIAPHbIC TPONU3BEACHHUA IO TCOpEME KOCHHYCOB:

16PG?* = 4(PA* + PB® 4 PC? 4+ PD?) -
— (AB* + AC® + AD* + BC? + BD? + CD?).

Tax xak 16PG? 2 0, To u3 NOJYyYeHHOro TOXKIECTBA TMeeM HCPABEHCTBO!

4(PA* + PB* + PC* + PD?*) >
> AB* + AC* + AD* + BC* + BD* + CD?. (9.6)

PagencTBO BBINOIHAETCS JMING TIPH cOBIaienun Todek P u G. ]
B wacTtrOCTH, ecu Touka P coBmagaer ¢ neHTpoM (O ONMCAHHON OKOJIO
TeTpasapa cdepsl, TO JeBas YacTh 3TOT0 HEepaBCHCTBa pasna 16 R? u Toraa

AB? + AC* + AD? + BC? + BD* + CD? < 16R%. (9.7)

Paencreo nmeer mecto ipu coBnagenuu Todek O u G, T.e. AJisl paBHOrpan-
HOI'O TETPa’dapa.

IIpumep 2. JlokaxkuTe, 9TO MeAUaHA TETPA3APA MEHBIIE CPEIHCTO
apudMeTnvIeckoro ero pebep, BHIXOASNIUX U3 TOH K¢ BEPUINHEIL.

HoxkazartenscrBo. Fema M — nenrpony rpanu ABC terpasipa
ABCD, 1o

DI = 3(DA + DB + DO).
Mo crolicTBY MOAYJIsI CyMMBl BEKTOPOB
|DM| < (DA + DB + DC). 0
IIpumep 3. Hokaxure, uro B mapaytencuunene ABCDA,B,C,D,
AA2 < L(AB? + BC? + CD} + DAY). (9.8)

Hoxasarenscrro. [ycre AB=1x, AD =y, AA, = z. llo cpoiicTBy
Juaronaseli mapannenemmnena AB] + CDF =22° +22° u BC? + DA? =
=2y* + 222 CacnoBarenvuo, AB: + BC? + CD? + DA =427 1 2(2? + y?).
Tax xak z2 + y*> >0, To AB} + BC? + CD? + DA? > 422, O

TOoKICCTBEHHBIE PABCIICTBA YACTO HCHOIL3YIOTCS TIPH NOJIYyHeHun (a0-
Ka3aTC/AbCTBE) HEPABEHCTE U3 M3BCCTHLIX YKC NEPABEeHCTD.

Hpunsep 4. Ilpusneuem paperncrio (6.30) st IPOU3BOJILHOTO TETPA-
spa:



Ha ocnopanuu nepaseHcrsa (9.2)

1 1 1 1 )
5+ — - — ) >
(hy + ha + hy + h4)<h1 +hz+h3+h4)/4.

Caenosarenbiio, (hy + he + hs + hy) - — 2 16, oTkyna

S

hl + h2 + ’Lg + h4 2 16r. (99)

Pagserncrpo umeer mecto upu hy = hy = hy = hy, T.¢. 1719 pagrozparto20
TeTPa3apa.
Hpumep 5 Hokaxwure, 9To 1751 1000r0 TETPA3Ipa

h/lh2h3h4 2 2567'4. (910)

Hokaszarenscrso. ConnacHo HepapeHcTBy Komu

1,1 1 1 1 Jo1
- - Y
4 (hl * ho + h3 + h4) =~ hihohshs’

OTKY/I3
1 1
4r v hi1 h2 hahg
u
1 > 1 7
(4r)* 7 hihzhshy
9TO YKBHBAJIEHTHO J0KA3BIBaeMOMY HepapercTsy (9.10). O

ITpumep 6. Hokaxure, 9To It JI0O6OTO TETPAIIAPA,
4(S? + 52 + 82 + 52) < (aay)® + (bby)? + (ccy ). (9.11)

Hoxasarenbcro. [lo Teopene nyuxra 2.2 ri. 6

A(S? + 82+ 52+ 52) = (AB - CDsin(AB, CD))’+
+ (BC - ADsin(BC, AD))’ + (AC - BDsin(AC, BD))”.

B cuiy orpanndesnoctu pyHKOUU CHILYCA MPaBas 9acTh 9TOrO PABEHCTBA
"e Gonbiie (aa;)? + (bb;)? + (ccp)?. OTClona U cIlemyeT IoKa3biBaeMoe Hepa-
BEHCTBO. PaBEHCTBO BBIOMHAETCS TOMYIA B TOIBKO TONAA, KOT/a KAk ALI 13
TpeX CHHYCOB DABEH eJHHUIE, T.e. KOTJa MPOTHBOIOI0XKHBIC pedpa TeTpa-
3/pa NCPIEHANKYIAPHBL (TeTPasap OPTONCHTPUIECKHI ). a0
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§3. Hexomopuie usbpartvie HEPABEHCMEA

3.1. HepaBeHcTBa 19 YIJIOB TPH3/Apa, TeTpasApa W KOCOTO HeThIpex-
yroimHuKa.

Cymma yeao8 naxaona pebep mpusdpa K NAOCKOCTIAM TPOTRUEONOAOINC-
HOLE UM 2PaHEd 3aKA0NEHA MENHCOY CYMMOT NAOCKUL Y2A08 IM020 MPUIIP
U NOACBUHOT IMOT CYMMDL.

HdoxaszaTenbcrro. Ilyers oy, 31, Y1 — BEIUYNHBI YKa3aHHLIX yI-
JIOB HAKJOHA H &, 3, Y — BEeJHUHHBI IIOCKUX yrios tpusapa O(ABC).
o cBoilicTBY yrila MexXK Iy TpsAMOl H €€ OPTOrOHAJBHOM IpoeKIHell Ha MToCc-
KocTh oy < 3, B1 < v, v1 < a. Hosromy oy + B1 + y1 <o+ 3+ v. Iycrs op-
Toronanpuas npoekius OA, pebpa OA obpazyer ¢ pedbpamun OB u OC
COOTBETCTBEHHO YIVIBI (; H (. 110 CBONCTBY IIIOCKMX YIVIOB 7S TPU3IPOB
O(ABA,) n O(ACA,) uMeeM COOTBETCTBEHHO: 0 > |Y — @y f 1 oy > |B — @al.
Orciona 201 > |y — 1]+ B — 2| > B+ v — (91 +92)| =B + v — «. Anamorny-
B0 2B, > v+ o — 0 u 2y, > o+ P — v. CioxKuB nocjieiEne TPH HEPABEHCTBA,
nosydaem: 2(o; + By +v1) > o+ B+ v. Taxum obpasom,

D =

Hepasencrso goka3ano. O
Cymma 8HYMPERHUZ Y2a08 Koco20 wemwperyzorvhuxa ABCD menv-
we 2.
HoxkasarenbcTpo. Ha ocHOBaHIN HEDABEHCTBA JJIs MJIOCKHUX YTJIOB
TPUSAPA HMEeM:

ABC < ABD + CBD,
BCD < ACD + ACE,
ADC < ADB + BDC,
BAD < CAD + BAC.

T — —— T — ————

Cymma 6 = BAD + ABC + BCD + ADC BHYTPEHHUX YIJIOB KOCOI'O HETbI-
pexyroabanka ABCD menblue cyMMsl yriios Tpeyronsauxkos ABC, ABD,
ACD, BCD, ymensiuensoil Ha ¢: ¢ < 4x — 0. 3HaquT, ¢ < 27. O

Cymma KOCUHYCOB 6CeT O6Y2PAHHDBIT Y2A08 MEMPasops HE NPesocro-
dum 2, a ux npouseedenue ne Goavwe 1/729.

HoxkazareabcTBo. llycrs 7, — egHIYABIe BEKTOPH!, OPTOIOHAIb~
Hble TPAHAM JAHHOIO TETPadipa, HAIDABJIEHHbIE COOTBETCTBEHHO BO BHEI-
HIOI 06J1aCTh OTHOCHTENLHO TeTpasdapa. Torma (7 + Ty + 7is + 74)2 2= 0,
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|7;] = 1. 9To HEPaBEHCTBO SKBHBAJEHTHO HEPABEHCTBY:

4
4+2 > mm; >0

t,7=1; i<j

Ecnu o;; — Mepbl ABYTPAHHBIX YIJIOB TeTpasjpa, TO T;7; = -~ COSO; U H3
TIOCJIETHETO HEPABEHCTBA MOy YaeM:

4

> cosa; <2 (9.13)

i,j=1; i<j

3HaK PABEHCTBA MMEET MECTO TOJBLKO Jijisl PABHOIDAHHOIO TETPa’JIpa.
B camoM geste, paceMOTPUM BEKTOPHI, BBEAEHHBIE B 3aj7ade §2 T, 5. D1H
BEKTOPHI UMEIOT PAaBHBIE MOAYJIU B CJIy4ae PaBHOIPDAHHOrO TeTpadfpa. Lak
K4aK CyMMa HX DPaBHA HYJIb-BEKTODY, TO H IJisl €IHHHYHBIX BEKTOPOB 7i;,
YyYaCTBYIOMMX B JOKA3ATEIbCTBO HepaBercTBa (9.13), cyMMa pasHa HyIeBo-
My BekTOpy. IT09TOMY [yl PABHOI'DAHHOIO TETPA3APa B 9TOM HEDPABEHCTBE
MMeeT MeCTO PaBEHCTBO.

Jamnee, Ha ocHoBaHMHK HepaBeHcTBa Komm

4 4

1
5 E COS 0,5 = H COS Oj5.
4,j=1; i<j i,j=1; i<j
Vuurnieasg wepasercrso (9.13), orciona nomydaem:

4

1
H COS 05 < ég = 7—29‘ (914)

1,j=1; i<j

ZlokazarensCcTBO OKOHYEHO. O

3.2. HepaBencTBa /JJid HPSAMOYTOJLHOrO TETPAdApa. B TaKOM TeTpasjipe
OABC pebpa OA, OB, OC nonapHo nepuesauKkyasapHbl. [Ipumem crery-
omue obosnavenus: OA=a, OB=b, OC=¢, 51, S3, S5, S — mnomaau
rpaneit OBC, OCA, OAB, ABC cooTBeTCTBEHHO, i — BBICOTA TETPAdLAPa,
npoBefennas k rpamn ABC, R n r — paauychl ONHCAHHOH K BIHCAHIION
chep, V — obbeM.

Ha ocnosannu nepapencrsa (9.3)

(Sy + S + S3)? < 3(57 + SZ + S2).
IMockonbky S7 + S7 + S2 = 52, 1o

S < 8%+ 82+ S2<V3S. (9.15)
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JleBoe U3 3THUX HEPABEHCTB COBHAJAET C HEPABCHCTBOM I. 1.3 rui. 3 mag
3V 3V 3v 3V

TeTpasapa obmero suna. Tak kak S = W M= o Sy = 57 Sy = 7, 1o
HepaBencTBO (9.15) paBHOCHIIEHO TAKOMY:
1 1 1 1 _+3
P S R R g A .
h<a+b+c\h (9.16)

1
[Ipunumas Bo BHUMaHHE, 410 V = gabc, Ha OCHOBANHNH HepaBeHCTBa Ko
TIOJTY Ta€eM:

S, + 85+ Sy = .3Yab - be - ca.

DO =

{ab+bc+ ca) =

DO -

Takwum obpasom,

Su+ Sy + 85 > 5 V36V (9.17)

Pasnesnnm pasenctso S? + S2 4 5% = 52 na (3V)?. B pesyasrate Oyaem

HMeTb COOTHOIUIECHUE: 1 1 1 1
§+b_2+_cE:_h_2' (9.18)

Hcnons3ys mepaserncreo Kown, nomyuaem:

1 1 3/ 1 1 1
Ereteptadae e @
OTKYJa
V> ?hs (9.19)
1 O3TOMY
3v3
S > S5k, (9.20)

Hocrpoum terpasap OABC m0 upsaMOyrojibHOTO Mapasilesenuie/ia.
VaureiBasi, 9ro pajuyc R onucanno#l cdepbl paBeH TOJOBHHE IUATOHAJN
3TOro napasuiesennnena, a Megnana OM TeTpasapa — TPETH TUATOHAJIH.

Tak kak BeICOTa h He Gonbiie Meanannt OM, To h < = Te

2R 2 3h. (9.21)
1 1 1 1 1
Iockonbky cormacho (6.30) —=rt -+t o
2R-1>3(1+h(1+1+1)).
T a b ¢
1 1 1
Ha ocnoBanuu (9.16) h (5 ty+ Z) < V3. Crenosaressno,
? > 3(1 + V3). (9.22)
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Bo Bcex 11071y YeHHBIX HEPABEHCTBAX 3HAK PABEHCTBA HUMEET MEeCTO JINIIb
mpua=b=c

3.3. HepaBencrsa 119 TpOM3BOJIBLHOIO Terpa’dapa. Bo scaxom mempa-
20pe npouseedenue 0AuH J0BYT NPOTMUSONOAONCHBLL pebep MEHDULE CYMMbL
npoussedenull dpyauL NPOMUBONOAONCHOLL PEBED:

aa; < bby + ccy. (9.23)

HdoxkazaTensbcrno. Ilo nokazannomy B 11. 4.4 r71. 8 cymecrByer Tpe-
YTOABHUK, JJINHBLI CTOPOH KOTOPOTO IIPOTIOPITMOHAIBHEL THCAAM ady, bby, ccy.
[osroMmy Juist Hero BhINOJHsIeTCH HepaBencTBo (9.23) na ocHoBaHHE HEpa-
BEHCTBA TPEYTOJILHUKA. a

Las 06020 mempasdpa paduyc R onucanmnotll chepv, ne menvwe ympo-
enH020 paduyca enucanmnotl chepot:

R >3r, (9.24)

npudem R = 3r moavko das npasuaivnozo mempasopa.
Hoxaszsartenncrro. llycrs A;, By, C), D; — nenrpounsl rpaHei
terpasapa ABCD. Tlo csoiictBy uenrpousa terpasap A, B,C,D; romore-
TueH terpasdapy ABCD ornocutensro ero ucHrponga G ¢ koaddunp-
enroMm —1/3. Tlosromy paguyc p cdepnt A;B,C,D; pasen %R. Ho cdepa
A;BC,D; ne menpme cdepn, Buucanioi B terpasap ABCD, tak Kak
pnucanHas cdepa Best aexur enympu Terpadnpa ABCD Kpome Todex
Kacanus, a cdepa A, B,C,D; moxer u nepecexams ero rpanu. CienoBa-

1
TeJNBHO, T < p = gR.

Pagencrro r = lR OymeT BBITOMIATLCS JUIIL B Cilydae coBlajenns cde-
put A; B1C) D, ¢ suucannoit 8 Terpasap ABC D cdepoit, T. €. TOIA U TOJBKO
TOT/Ia, KOT1a €10 IEHTPOU] COBIAAET ¢ IEHTPOM BincaHHoil cdepnl. B atoM
caydae ero Meauanel AA,, BB,, CC;, DD, cosnajgator ¢ Beicotamu. Ciie-
[IOBATEJILHO, TETPAIAP ABJSETCA OPTOIEHTPHYECKHM U HMeeT paBHbIE BBICO-
Th! (Kaxknas u3 mux pasHa 4r). ITosromy Terpasap ABCD paBHOIDAHHBI.
Us pasencts a2 + a? =0 + b2 ="+ d ma=a,, b=">b,, ¢c=¢; caeayer pa-
BEHCTBO BCeX pebep. 3HAUNUT, TeTpasip sIBASETCs TPABUIILHBIM. O

HHoxkaxkem, uto

8v3

S+ 5+ S+ 5, < R (9.25)

Hokaszarenbcrso. Ha ocnosanun mepasencrsa (13.11) u3 mrann-
metpun ([8], ¢. 142) nmeem:

4V38, < a? + b2+ %, 4385 < a? + 0% + &,
4V3S, <a? + b2+ ¢, 4V3S8, <l + b2+
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C.TIO)KHB 3THU PaABEHCTBA OYJICHHO, II0JIyYaeM:
AV3(S; + Sy + S5+ 84) 20> + V2 + P+ a2 + b2 + 2) < 2- 16R%

3eck nCmonb30Bato HepasercTso (9.7). Y3 momydeHHOrO HEepaBeHCTBA Clle-
AyeT HepaBeHCTBO (9.25). PaBeHCTBO BBIMONHAETCS JIHITE /I7TsT TPABMILHOTO
TeTpaspa. O

U3 nepasencts (9.24) u (9.25) crenyer:
8V3 s

V< (9.26)

8V3p, R_8V3

1 3
(SI+SQ+53+S4)T<3 3 3—27R.

Lo =

B camom mene, V =

§4. Cmepeomempureckue aKCmpemymot

4.1. IKCTpeMyMBI KaK CJIeJCTBUS HECTPOrMX HEPaBeHCTB. LLCIIN HMeeT-
Csl HEPABEHCTBO Z 2 @ (z < a), Tlie BeIMYuHA ¢ MOCTOAHHA, 3 BEJIMYHHA, T
HEPEMEHHA, TO @ SIBISETCS MUHUMAALHOM (MAKCUMAADHDIM) 3HATCHAEM
BEJIMYHAHLI I.

Jns mpumMepa paceMoTpum HepasencTso (9.25), B koTopoM R IOCTOSIH-
HO ¥ PaBEHCTBO BBINOJHAETCH TOJIBKO IJIS HPABHJILHOIO TeTpasiapa. Pac-
CMOTPHM MHOKECTBO BCEX TeTPadApOB, BIHCAHHBIX B cdepy paiuyca R.
U3 nepasencrsa (9.25) cuepyer, 9T0 MaKCAMaJbHAA IO HX IOBEPX-
8v/3

3 R?% ee uMeeT NPABUIIGHBIN TeTpadIp, BIHCAHIILIN

HocTelt 6yeT paBHa
B JaHHYIO cdepy.

Urax, us scer mempasdpos, 6NUCAHHOEL 6 0aHHYI0 chepy, Hauboadbuiyo
NAOULA0b TLOBEPTHOCTNU UMEET, NPABUALHYIT Mempasdp.

Awnayiornyso, u3 HepaseHcTsa (9.26) coenyer, 910 u3 écex mempasdpos,
BNUCAHHBIT 8 JanHy0 cpepy, Hauboavwul 06BemM UMEET. NPAGUALHBLT Tem-
pasdp.

PacecMOTpUM MHOXKECTBO BCEX PSIMOYTOJIBHBIX TAPAJLICICIUIENOE C
JamnHo# auaroHanwio d. Tpebyercst HAWTH TOT U3 HUX, KOTOPbIH UMEET HaH-
BOJBLIYIO IIOIMEIL S €ro IOJINO TOBEPXHOCTH.

Ilycts a, b, ¢ — u3Mepenus napasutenenunena. Torma

S =2(ab+ bc + ca) < 2(a® + b* + ¢*) = 242,

IIPH 3TOM PABCHCTBO UMEET MECTO JIMIID IIPpN a = b= C, T.€. TOrJa U TOJILKO
TOrJa, Korja napaJjjieJennuIic] ABJaACeTCH n‘y60M
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4.2. IKCTPeMyMBI CYyMMBI ¥ TIPOA3BE/ICHUS HOJIOXKUTENbHBIX uncel. O0-
patuMca cHoBa K Hepasenctsy (9.1) Komu, B KOTOpoOM paBeHCTBO JOCTH-
raerca TOJbKO HpU PABEHCTBE YHCENl 41 = &y =...=a,. VI3 Hero Mo>kHO
CHETATDH CJIEAYIONINE BBIBOIHI.

1. Ecin cyMMa 1 TONOXKUATETBHBIX YHCESI IIOCTOSHHA, TO HX HMPOU3BEIe-
HHe MaKCHMAJbHO TOIJA U TOJALKO TOT/a, KOTAA 3TH YHCJIA DABHBIL

2. Ecim npousseieHue 1 ITOJOKUTENBHBIX YHCET NOCTOAHHO, TO UX CyM-
Ma MUHHMAaJIbHA TOTIA ¥ TOJLKO TOTJA, KOTAa 5TH YHCJIa PABHBL.

3amaga 1. M3 mumoxecrBa BceX NPAMOYTOJLHBIX NapaJLIC/ICIIHIIe-
JOB € 3aJaHHoil cyMMoil pebep HaliuTe Napajeenune/] MakCHMaJIbHOTO
obbema.

Pemenne. Ilycrs a, b, ¢ — n3MepeHUs IPAMOYrOJIBLHOIO IapaJjliesie-
mumnenaa 1 cyMMa a + b+ ¢ nocroauua. Torpa abe Makcumansao npn a =b=c.
TeoMeTpUYECKH ITO OIHAYAET, UTO U3 6CET NPAMOY20ALHHIL NAPAAACAETU-
nedos ¢ 0d1oti u moti sice cymmoti pebep nHauboavwutll obsem umeem Kyb.

Sagmaua 2. B cdepy pamuyca R Brucana IpaBHIIbHAA YeThIPEXYTOJb-
Had nupamuga. Haiinmre Hanbonpuryo Nomans ee HOKOBOI MOBEPXHOCTH.

Pemenue. Ilycrs h — BeicOTA, | — anodema, £ — IOJOBHHA CTOPOHBI
OCHOBaHHsI mUpaMuabi. Torga miomans S ee GOKOBOI OBEPXHOCTH PaBHA

S=4- %l -2z = 4lz. Tak kax 1> =h?+ 2% u (zv2)? = h(2R — h) (nos0BH-

Ha JUATOHAJN OCHOBAHMS €CTh CPEHss [eOMETPHYECKAs BEJNIMHA MEXIY
BBICOTOH h 1 ee fomnoanenueM 2R - h 1o auamerpa cdepsl), TO

S =4lx =2hv4R? — h2.

IInomanp S MakCHMAaAbHA TOTIA U TONBKO TOTA, KOTIa MAKCHMaJIbHA BEJIH-
uuna S? = 4h%(4R? — h?). PaccmorpuM npoussenenne h?(4R? — h?). Cymma
h? + (4R* — h?) = 4R? ero compo)uTeseii nocroguna. [Josromy oHo mpuHu-
MaeT HauDOoJIbIIee 3HAYEHUE TOJILKO IPU YCIOBHH PABEHCTBA COMHOMKUTEICH
h? =4R? — h?, t.e. upu h = RV?2.

CiremoBaTenbLHO, MAKCAMAJIBHAA UTOMALL S OOKOBO NMOBEPXHOCTH M-
pamup paBHa 2Rv/2v/4R? — 2R? = 4R?.

3amaua 3. B cdepy suoucan xouyc. Haltgure yros npu sepunse oce-
BOTO CEYeHHs KOHYCa, IPH KOTOPOM KOHYC UMeeT HauGoJbliy IIOmaLs S
OOKOBOI1 MOBEPXHOCTH.

Pemeunune. Ilycts R — paguyc cdepbl, 7 — PaJUyCc OCHOBAaHUA KOHY-
ca, | — obpasyiomas KoHyca, 20 — HCKOMbIH yIroJl IIpY BEpIIHHE €I'0 0CeBOro
ceuenud. Torna 7 =Isina, [ = 2R cosa u mosToMy

S = nrl = 4nR?sin o cos® a.

Tpebyercsa HaliTH 3HAYEHUE o, PR KOTOPOM IJIOMAL S MakcuMaabHa. OHO
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COBIIAJALT ¢ TEM €ro 3HadeHWeM, npu KoTopoM S? MaxcmMannna. Ipeacra-
el 2 2
COsS™ o COos™ A cos™ o
5T Cymma (1~ cos? o) + 5+

=1 mocrognra (ne 3aBucut o1 o). Clen0BaTE/ILHO, TPOU3BCIACHIE

BuM sin® o cos? o= 4(1 — cos? a) -
2
cos™a
+

2 .

sin” o cos? o, a 3HAUMT, B TPOUIBEIEHHUE SiN o COS® o MAKCHMAJBLHO OPH YCIO-
2

COoS

2
3anada 4. U3 Beex KoiycoB aanHoro ofbena V' malianTte Konyc ¢ Han-

Menbieit obpasyomeit.
Pemenune. Ilycrsl, h, r — obpasyiomast, BLICOTa ¥ PATIYC OCHOBAHUS

o ; 2 1
Bun (1 — cos®a) = , OTKyJa cos? o = R cos2a = .

1o o 1 o 4y 4% r?or? 2 .72 2 2
kouyca. Torna V = —nr?h, V2= =n’rih?’=— . — — A u P=r? + h? =
3 9 9 2 2

7'2 7'2 9 7'2 ,’,2
=5+5+ h?. Tak Kax IpoU3BEACHHE 5y - h? 10 ycIoBHS OCTOAHHO, TO
2 2 2
T 2
cymma —- + % + h? MENTMaJILHA TTPH % =h? Artorma V= gnh:‘ U TIO3TOMY

n= ey p e 1= nB= V3V
2r 2n

SBagaga 5. Yepes yanayio BHyTpH TPEXIPAHHOIO ylula TouKy M upo-
BeJIUTE IIJIOCKOCTh, OTCEKAIOUIYI0 OT HEro TeTPasip HAMMEHBIIEro o0beMa.

Pemenue. IlycTh mckomasi mII0CKOCTL o TlepecekaeT pebpa JAHHO-
ro tpusapa B Toukax A, B, C' u touka M € o. amamum addunnyio cu-
cremy kKoopruHar Ozyz, KOODAMHATHBIE OCH KOTODPOHl comepaT pebpa
OA, OB, OC tpusapa. Ilycts toukn A, B, C, M uMeOT KOOpIITHATLI:
A(a, 0, 0), B(0, b, 0), C(0,0,¢), M(zxo, Yo, 20)- Torma maockocts o Gy-
JeT UMEeTh ypaBHEHHUE g + % + % =1 u nosToMy It KOOpAUHAT Touku M

To , Yo | 2o
BBITIOJIHSIETCA paBeHCcTBO: — + == + — = 1. Ilpu 3anannom Tpusape obbem

a
rerpazgpa OABC cornacuo dopmyie (6.11) Hlrayara 3asucAT TOJLKO OT

Ipou3BeaAcHNA abc, TaK KakK €ro IVIOCKHE YIVILI IIPH BEPIIUHE O NOCTOAHHLI.

o 0 | 20 ZoYozo
TlockonbKy cymma - + % + — MOCTOSIHHA, TO IIPOU3BEICHIE ——gb— MAKCU-
C aoc

o Yo Z0 1
— ~=="==-.Ho TIPOU3BCACHUE ToYpZg HOCTOAHHO,

MAADHO TIPU YCIIOBUN =
pry a b ¢ 3

TIO3TOMY HEOOXOAMMO B JOCTATOYHO, YTOOBI YUCI0 abc ObLIO MUHUMAIb-
HBIM, & CJIeJOBATENbHO, ObI MHHHMAABHBIM ¥ 00beM Terpasapa OABC.
Takum 06pa3on, pasencTsa a = 3%, b = 3yy, ¢ = 3z¢ TPEJCTABALIOT pellle-
HIE [OCTABIEHION 3aka4u. A oHM mOKazbBaOT, 9T0 Touka M (Zo, Yo, Zo)
ABJISICTCA HCHTpojioM Tpeyroapinka ABC 4To 1 MO3BOJISIET MOCTPOUTH
3TOT TpeyroibuuK (puc. 129): OM, = x4, OM, = yo, OMsg = z5, OA = 31,
OB = 3yy, OC = 3z,.

4.3. CpelieHre 33a4d K MIAHHMETPHYIECKOR 9aCTO HCIOAL3YeTCA MPH
PenIeHnH CTEPEOMETPIYCCKUX 33139, B YACTHOCTH, U IPH HAXOXKIEHUH IKC-
TpeMyMOB. PaccMOTPHM HECKOJIBKO IPUMEPOB.
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3amauga 1. Hane Touku A, B u npsiMasi m, He jiekKaliuc B OJHOR T1J10C-
kocti. Tpebyerca HaliTh Ha IPAMON 1M TaKylo Touxky X, 1To0bl 1) cymma
AX 4 BX 6buia HanMensiielt, 2) pasaocts |AX — BX| Obuta nanbosbureii.

B
i ;Z % ; X A
By m

Puc. 129 Puc. 130

Pemenune. Ecom touku A u B nexxaT B OJHOI JIOCKOCTH C IIPAMOIt m
(1o pasHble CTOPOHBI OT Hee), TO PEIIeHHe 334841 OONICH3BECTHO:! HCKOMas
Touka X eCcTh TOYKa nepecedenust npamuix AB 1 m. [Ipu 3a1aHHBIX yCIOBH-
SIX BBLINIOJIHHM IIOBOPOT TLIIOCKOCTH (M, B) OKOJIO mpsiMoil 7 10 COBMEEHNS
ee ¢ TWIOCKOCThIO (m, A) B TOM Hanpasienny, yrobsl 0bpas B; Toukun B
[IPH 3TOM TIOBOPOTE OKa3aJiCsl IO APYTYIO CTOPOHY OT HIPAMON m, HEXKCIH
touka A (puc. 130). Torga nckomoil Touxkoit X Gymer TOUKA IepecedeHus
npsiMbix m 1 AB;, tax kak AX + BX = AX + BX, = AB,, a paccros-
nue AB; HauMeHblIee,

AnajormuHO pemaercs ¥ BTOpast 4aCTh 3aJadi O MAKCHMYMe PasHOCTH
|AX — BX]| ¢ roit muiup pasmmnneii, 9ro
[IOBOPOT HYXKHO BBITIOJIHSITL B APYrOM
HAIIpaBJIEHHH, Y€M B II€PBON 4acTH 3a-
JIAYH.

3apava 2. B mpaBunipHON Tpe-
YyTOMBHOY MHPAMMIE CTOPOHA OCHOBA-
Hu# paBHa a. Kakoil HanMeHbIiii nepu-
MCTP MOXKET UMETH CEeUYEeHUC ITMPANUJIBI
[LJIOCKOCTBIO, TPOXosAuieil Yepes amode-
MY, €CJIH BBICOTA IMPAMHUIBI OTHOCUTCS
K GoKoBOMy pebpy Kax V2 :v/3?

Pemenwue. llycte ABCD — nan-
Has nupamuia, DO — ee peicota, DP —
anodema, P € (AB) (puc. 131). IIycts Tpeyroasuuk DP(Q) — cedenuc nn-
pazmasl, Q € (BC). Tak xak cropoua D P nocrosinua, to cymma PQ + DQ)

Puc. 131
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M0 YCJIOBHIO AOJIKHA ObITH MUHMMAaJhHON. Ha ocHOBaHWU pelleHns mpeabl-
Aymieit 3a7a4n ToYKa () ABMsieTCss TOUKOi nepecevenus npsamoit BC ¢ mps-
moit PDy, rne Dy — o6pa3s Beprimusl D npu noBopoTe Tpeyroabuuka BCD
BO BHEIIIHIOIO CTOPONY MUPAMUJILI 10 COBMEIeHUs ¢ miockocTrio ABC.
Teneps HETPYAHO MOACYUTATH MUHUMAILHLIN HepUMETp cedenus DPQ:
DP+PQ+QD=DP+ PD,. Ecim | — pymna G0KOBOTO pe6pa. IUPAMIJTBI,

10 1% = h? + AO?. Ilo ycnosuio h? = —12 Tak xkax AQ = —AM = § a\z/_
= %_, 0 12 = glz + §a2, orkyna [ = a. Torma mo Teopeme KOCHHYCOB U3
Tpeyroabuuka PBD; umeem:
2_ (9 L2090, o Ty
PDl—(2> +a° -2 3 acos120 =70
Ilosromy MuHEMAaBHBLIN nepuMmeTp cedenus DP(Q) paben M + M =

= 2(V3+ V7).

§5. Touxa JIrouave mempasdpa

5.1. 3agaqa Jromase. Haiinure Touky, nst KOTOpoi cyMMa KBaJpaToB
paccToAHUi 00 INIOCKOCTell rpaHeil TaHHOTO TETPasapa MUHUMAJILHA.

Pemenme. Ilycrs d; (i=1,2,3,4) - HOpMaJbHBIE KOODIMHATHI
(m. 4.2, 1. 6) uCkOMOHt TOYKM L OTHOCHTEJBLHO JAHHOIO TETPasipa
A1 Ay Az Ay, Cornacuo Toxaectsy (9.4) Jlarpamxa

(B+d3+d5+d3)(S?+S2+ 52+ 85%) =
4
= (S + oSy +dsSs + daS) + > (diS; —d;8)%, (9.27)
4,j=1; 1#j

rje S; — mronaay rpaneit Terpasapa. Bemmranna Y (d;S; — d;5;)? neorpuna-
TeabHA W obpaniaercd B HyJb TOTAa U TOALKO TOTAR, Korja Bee d,S; — d; 5, =
=0, T.e. IpPU yCJIOBUU

b _dy_dy_ds

81 S, S Sy
B 9T0M 1 TOJIBKO B 9TOM CiIydae mpaBas 9acTb TOXecTBa (9.27) MUHUMAIL-
&, & CIeN0BaTeILHO, MUHHMABHA B CyMMa 6 = d2 + d2 + d2 + d2, 10CKOMbKY
cymma S? + S2 + 52 + 52 u cymma d,.S) + doSs + d35'3 + dyS, = 3V nocro-
strubl. Torpa u3 Toro ke toxaecrsa (9.27)

9v2
St+ S5+ 55+ 87’

(9.28)

mino =
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OTKya
1 1

min ¢ h?

1 1 1

TakumM 06pa3oM, pellleHueM IIOCTABJIEHHOI 38,1a91 ABJIACTCS €IHIICTBCH-
Hasg TO4YKa L, paccTosHus KOTOPOil A0 IVIOCKOCTEH rpaneil TeTpasapa co-
OTBETCTBEHHO IIPONOPLUUOHAILHB IIOMAIAM THX Ipanieil. DTo CBOHCTBO
obHapy:xkua meeitrapekuit maremaruk Cumon Jlionmbe (1750-1840), ube
HMsl 1 HOCUT TO4YKa L.

OtmeruM 0e3 HOKa3aTeIbCTBA, YTO B Touke JIiomiase TeTpaszapa mepe-
CEKalOTCs] TP IIOCKOCTH, KaXXKAasl M3 KOTOPBIX IPOXOAHUT depe3 Oy M3
OuMeIMal U CepelrHy COOTBETCTBYIOMIErO ODINEro HMCPIeHINKYIApa IABYX
cxpemmnBaonuxca pebep terpasapa. Omna JIEXKHUT TakyKe B IIJIOCKOCTH, CO-
Jeprkalliell cepeIUHBI OOIMUX MEPIEHINKYISIPOB CKpeLMBaronxca pebep.

5.2. BapuumenTpuaeckue KoopamHatel Toukm Jlromnse. Bripasum Oa-

PUHEHTPUYECKUE KOODIUHATBHL A; = # Touku Jlounbe Terpasapa depes
wromann ero rpaneit. O6osnaumM papbHble oTHOmeHus (9.28) Gyksoil t:
i diS; . N
b= g— =g ITo cBOHCTBY psifia PABHBIX OTHOLIEHUEL
= d1S1 +d2S2+d3S3 +daSa 3V
- 52+ 82+ 82+ 53 TS 4824524+ 5%
Torna
s o 4 _ diSs SZt
Tk hiS; 3V
Wrax,
§2
Ni . (9.29)

TSI rS+ S5+ 5y

T.e. bapuyenmpuecxue xoopduramv. mouxu Jlouave mempaadpa nponop-
YUOHANDHYL KBadpamam naouwadet, coomsemcmsenuss epared.

5.3. Touka Jliomnse — menrpous ee Terpasjapa upoeknmil. Terpasap
M MyM;M,, BepIIUHBI KOTOPOTO SIBJSIOTCH OPTOIOHAJBHBIMU IIPOCKIUSI-
mu M, Toukn M Ha miockocTH rpameil Terpasapa A; A, Az A, Ha3piBaeTcs
mempasopom npoexyut Touku M orHOCHTENBHO TeTpasapa A; A, Az A,.

Teopema. Touxa L Jhouawve mempasdpa Ay A Az Ay asasemcsa uyenm-
poudom ee mempasdpe npoexyull LyL,LiL, ommnocumervno mempasdpa
A A A3 A,

JokaszaTteanbctBo 1. IlpuBnedem BeKTOpbI Ti;, OPTOrOHAJbHbIE
rpanaam Terpasapa A, A;As Ay, MOLYIM KOTOPBIX YHCJIEHHO DaBHBI ILIO-
maaaM S; cooTBeTcTBeHHBLIX Tpaneii. Cormacro 3amade §2 ria. 5 uX cymma
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pasHa nysi-ekTopy. Iomoxkun LL; = d,. Toraa

= = n_ di _
=|d.|- m =3, U
H [I09TOMY
d ds _ dy
d1+d2+d3—{—d4-— 7L1+ ng—i———ing—k

S

Ha ocrnosanun (9.28)

— - — — di . _ _ _ .
d1+d2+d3+d4=§(nl+nz—i—n3+n4):0.
ITo neobxomumomy it OCTATOUHOMY IpU3HaKyY LenTponsa (. 1.3 ria. 6) Tou-
ka L — menrpoun rerpasapa L, LoLaL,. a

HoxazarenbcTBo 2. Eciu M, — opTOroHabIble IPOSKIHA TOIKH
M # L ma ninockoctu rpartieii rerpasapa A; A Az Ay, To no cBoficTBy ToUKH L
HMeeM:

LL}+ LL;+ LL:+ LL: < MM? + MMZ + MMZ2 + MM?2.
Ho tax xkak MM? < ML?, To
L2+ LL;+ LL;+ LL; < ML?+ ML2+ ML2+ ML2.

TakinM 0Opa3oM, cyMMa KBaJpaTOB PACCTOAHWI TOUKH L 70 BepIUH TeTpa-
sapa LiLyL3L, munumanbHa. Ha OCHOBAHHM XapaKTePHCTHYECKOTO CBOII-
cTBa meHTpousa (cracicTBue u3 Teopembl JleliGHuua) Touka L — meRTpom
Terpadipa Ly LoLsLy. d

§6. Dxcmpemarvrvie C0TUCMEA NPLEUALHO0
mempasopa

Bouto yxe 3aMeudcso (1. 4.1), 4To U3 BCEX TETPasApOB, BIUCAHHBIX
B JaHHy0 cdhepy, HanboMbIIYIO WIOALL OBEPXHOCTH K HANOOIbIHE 06L-
€M HMeeT HMpaBHILHELI Terpasap. M3 rtex »xe nepasencts (9.25) u (9.26)
BBITCKAET, UTO U3 6CEXL MeEMPaIodpos ¢ 3a0aHHol NAOWAIDI0 NOGEPIHOCTIU
NPABUALHYIL MEMPAITP UMECT, MUNUMAABHYI ONUCAGHHYI0 cepy, u3 ecex
DABHOGEAUKUL MEMPAIIPO8 NPASUALHUY MeMPAIOP UMEET MUNUMANDHYIO
onucarnyro chepy.

Ha ocuosasuu nepasenctsa (9.24) npaBuiibHBIE TETPA3AD MMECT M-
HUMadbHOE oTHOuienue K :r =3 paauycoB onMCcaHHON u BOucannoi cdep.

Hurke paccMaTpHBAOTCS APYIHE 9KCTPEMAJLEBIC CBOHCTBA MPaBUILHO-
ro Terpasapa.
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6.1. Terpasap MUHAMAILHON NUIOINAIN MOBEPXHOCTH C JAHHBIM OCHOBa-
HueM u jaameoi BeIcoTOi. C 10/bI0 HOAYYEHHSA SKCTPEMAJILHBIX CBOHCTB
[IPABUJILHOTO TETPa3/ipa, PEIliM [IOATOTOBUTENBHYIO, HO BAXKHYIO 3aJaty.
Hanve mpeyzoavnux ABC u ompesox h. Hatimu mempasdp ABCD ¢ sa-
dannoti evicomoti h, Komopwsid umea 0vl MUHUMAABHYW NAOULAGTL NOBEPT-
HOCTNU.

OueBuano, Jsl 3TOr0 AOCTATOYHO HaliTu mosoxeHne npoexuun H uc-
xonofl Bepmunnt D Ha mockoct, ABC. Tlyers x, y, 2 opHeHTHPOBAHHbBIE
paccrosinast Touku H g0 cropon tpeyroapanka ABC (nopmasvhvie Koop-
duramol, Touku H ornocurensio Tpeyrombinka ABC). Ussecrio, aro

azr + by + cz =25, (9.30)

rae a, b, ¢ — AJUHBI CTOPOH TPEYroJibHuKa, S — ero mnomaab. Ciaemnosa-
TEJbLHO, HAM HYKHO HARTH MUHHMYM CyMMBI IUIOM@aeil Tpex Apyrux rpaHei
HMCKOMOTO TETPasApa, UAN MUINUMYM BBIPAYKEHUSI:

avh? + x2 —i—b\ﬂzz + 42+ eVh? + 22,

Bpemenno gukcupyeMm z, T. e. npoekuuo H Oyaem ncKaTh ma NpsMoif, Ha-
paanensuolt cropone AB. Torza B cuay (9.30) az + by = const 1 Mbl pieM
Touky H Takyio, 4TOObI BeJUYMHA

o:a\/h2+x2+b\/h?+y2

ObLIa MUHHMAJBLHON, & 3HAMUT, ObLiIa MUHUMAJILHON U BEIHTIHA

o® = (az + by)? + a*h* + b*h® + 2ab(\/h* + h3(2? + y?) + 22y? — zy).

Ho rak kak (az + by)?, a*h’, b?h?, 2ab nocTOANHBI, TO JAOCTATOMNO HAHTH
MUHHUMYM BeJTIIHHBI

u = ht+ h2(z? + y2) + 22y — 2y
PasnoxnM (4 + xy)? = h* + h*(2® + y*) + 2?y® no crenensiv y:

h*y? — 2uzy + h* + hP2® —u* =0. (%)

v

Yrobb! iy ObLI0 AEHCTBUTEIbHBIM, HEOOXOAUMO, YTOOBI JHCKPUMHHAHT 3TOTO
TpexHseHa OBl IeOTPUIIATE/BLHbBIM:

u2$2 . hQ(h4 + h/2l’2 . u2) 2 O7

) N

M
u?(x® + k%) — h'(z? + h?) > 0,
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9.7. Ecimu a, b, ¢ — piaunbl pebep napasutenenunena, d — AnMHa OOHOM
U3 ero guaroHaJeit, To a? + b2 + 2 = §d2.

9.8. OTpe3oK, COeNUHAIONNI BePUIHHY TETPAdIPa ¢ TOYKOH MPOTHBOIIO-
JIOXKHON TpDAHM K COAEepXKAluil IICHTP onucanHoil cdepbr, He MeHbIIe OT-
PE3Ka, COEIUHSIONIErO Ty YK€ BEPLIUHY ¢ EHTPOM OKPY’KHOCTH, ONMCAHHON
OKOJIO IIPOTHUBOIIOJIOXKHO Tpany.

9.9. Cymma Meauan mio6oro Terpasapa yIOBJIETBOPAET HEPABEHCTBAM:

16
3

B KOTOPBIX PABEHCTBA JOCTUIAIOTCA JJIsi PABHOIPAHHOIO TeTpa’ipa.
9.10. st TpaBAIbHO YeTHIPEXYTOABHOM MHPaMIIBl HMECT MEeCTO Hepa-
BEHCTBO

16r<m1+m2+m3+m4<

R>(1+V2)r.

9.11. Pamuyc BOucagHoll OKPYKHOCTH JTI000H rpanu Terpasapa Oonbiie
paJaHyca ero BIHCAHHON cdepsl.

9.12. B npaMoyroisHOM TETPasape wionianp S rpanu, Jexxanieil npoTus
IPAMOT0 TPHUIIPA, YIOBIETBOPACT HEPABEHCTBY

SV3 <2R?,

. 9
a CyMMa TIomaieil Tpex APYrux rpaHeil He MeHbIIe §h2.

9.13. Ecan xaxxnoe pebpo 4eTHIPeXyroabHON MUpaMUABl UMEeET AJUHY a,
TO 1151 ee oObeMa V BBIIONHAETCST HEPABEHCTBO

43 o
27 7
9.14. Ecan m10CKOCTh HAKJIOHEHA K IPAHAM MPAMOTO TPUJpa IO yIia-
MI o, f3, ¥, TO

V<

cosa + cosB + cosy < V3.

9.15. Cymma y1iioB, 06pa30BaHHBIX JHATOHAILIO IPIMOYTOJALHOIC Ha-
paasenenunens ¢ ero pebpamu, Meabite 180°.

9.16. Cymma yriios, [oJi KOTOPBIMH BHAHBI pebpa TeTpasipa U3 IPOU3-
BOJILHOH €ro BHYTPEHHEeH TOYKH, Dobue 3.

9.17. CyMMa ABYTpaHHBIX YIJIOB TeTDAIApa IIPH HEThIpEX ero pebpax,
06pa3yIomMX KOCOH YeThIPeXyTrOJbHIK, MCHBIIE 2T,

9.18. CyMMa BCeX JIBYIPAHHBIX YIVIOB TeTpasApa 3aKJIoYeHa MEXIy 2T
u 3n.

9.19. JokaxxuTe, 4TO U3 BCEX NPAMOYTOJNBHBIX MapasJIeJCIUIICIOB C M0~
CTOSHHON IJIOMAAbIo S moBepxHOoCTH Hanbonbmnil obbeM nmeer Ky6. Bor-
YUCAHUTE STOT HAUOOMbIIH 0ObeM.
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9.20. Jloka>kure, 9YTO M3 MHOMKECTBA NAPAJIICIENUIIEI0B, BINCAHHBIX
B JaHHy1o cdepy, Hanboabumii obbeM uMeeT KyoO.

9.21. U3 MHOXKeCTBA OUIMHAPOB, BIOUCAHHBIX B cdepy paauyca R, Hadi-
auTe 06bLeM TOTO IIJIMHAPA, KOTOPBIN uMeeT HAnOOIBIIYIO MIOMAAL HOKO-
BO# ITIOBEPXHOCTU.

9.22. 13 Bcex KOHYCOB ¢ JaHHON 0Opa3yiomeii | Haliaure KOHYC HANOOTb-
mero oobeMa.

9.23. Cpeau BCeX KOHYCOB, OIIMCAHHBIX OKOJIO chephl pajuyca r, Haiiaure
KOHYC HAMMEHbIIero oobeMa. Beraucinre 3Ttot 06beM.

9.24. B ganuyio cdepy prucan nuanHap nanbosbiero obbsema. Haitgre
OTHOILIEHKE PATNYCA IUITHHAPA K Paauycy chepsl.

9.25. Koncepsras 6aHka DaHHOTO obbena V mmeer dhopmy IIIHHADA.
IIpy KakoOM OTHOIIEHHY ee BBICOTHI K JHAMETPY Ha €e M3rOTORJIEHHE IIOTpe-
6yeTcss MEHUMAJIBHOE KOJIHYIECTBO YKECTH!

9.26. [Lioma s noIHON MOBEPXHOCTH MIPABIIBHON Y€TBIPEXYTOJIBHON ITH-
pamuaps! pasHa S. Ilpu kakom yrie HaksoHa HOKOBOro pebpa K IJIOCKOCTH
OCHOBAHNA HHpaMuAa uMeeT Hanbospmil obbem?

9.27. [lpaBmibHasg “eTHIPEXyToIbHAs MHUPAMUIA C BBICOTON h BrIHCcaHa
B cdepy paauyca R. Ilpu kakom 3Hadennn h maoma s GOKOBOM IOBEPXHOCTH
MUPaMUIbl HAaNGOIbIIasa?

9.28. B cdepy pamuyca R Bnmcana NpaRMIbHAS N-YrOJIbHAS THPAMEIA.
Ipu xakoil BEICOTE OHA MMEET MaKCHMaJbHBIN 06bem? Haiiaure ero.

9.29. B cdepy Buucan konyc. Hafiqure yros npu Beplimie 0CEBOrO Ce-
YEeHHsI KOHYCA, IPH KOTOPOM OH MMeeT HanbOJIBIIYIO IO Ib HOKOBOM ITo-
BEPXHOCTH.

9.30. Haiizmre pasMepsl KOHEYIECKOM NMagaTky (6e3 THA) 3aJaHHOM BMe-
CTHMOCTH, HA M3TOTOBJIEHMC KOTOPOH TpebyeTcst MUHUMAaIbLHOE KOJIMIECTRBO
MaTepHaa.

9.31. JianHel ABYyX IIPOTHBONOJIOXKHBIX pebep TeTpasipa mepeMeHHb
U paBHBI, a KaXKJ0e U3 OCTAJbHBIX pebep nmeer gauny 1. [Ipu kaxoii mmne
MepPeMEHNbIX pebep TeTpasap UMeeT MaKCHMAIbHBIA 00ben?

9.32. B cdhepy paauyca R BIncaHa IpaBHIbHAL WECTUYTOIbHAS IPU3MA,
HMeoMas HaubOoJIbUIYIO TUIONIaAb DOKOBOHM moBepxHOCTH. Bhrunciure Ty
HAuOOJIBIIYIO TIJIONIAb.

9.33. B cdepy pamuyca R prnucaHa OpaBWIbHAsT 7-YTOJIbHAS MPH3MA,
MMeEIONas MaKCUMAaIbHbIH 06bem. Haitaure ee BLICOTY.

9.34. PaccmMaTpuBaeTcsl MHOXKECTBO NPABUIBLHBIX TPEYTOJBILIX IPU3M
mauHoro obwema V. OKoI0 KaxX ool U3 HUX omucal muananp. Haftre vu-
HUMAJBHYIO IJIOAAb TOBEPXHOCTH HUJIMHADA.

9.35. aMepenns npaMOyroJIbHOTO napajuienenuneia pasus! 2, 4, 8. [To-
CTpOITE CedyeHHe NapasieseNuneia MIOCKOCTHIO, TPOXOMsiIeif Yepe3 ero
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IMArOHaJb ¥ epecekaomieii pedbpo JauHsl 4, KOTOpoe CKPEIMBAETCA C 3TOR
JIHATOHAIBIO, €CIIHM CEUEHUE UMEET HANMENbIIYIO ILIOMA b, BEIMHCINTE 10~
MAAb ITOTO CeUEHMs.

9.36. B npaBUIbHYIO YeTHIPEXYTONBHYIO THPAMUILY, [AATOHAIBHOE cede-
HUE KOTOPOH — HPAaBHJILHBIA TPEYTOILHUK, BIIMCAH UIHHAD MAKCHMAJIbLHO-
ro oGbeMa Tak, 4To ero 0Ch NapasieibEa AHATOHAIH OCHOBAHHA HHPAMILIbI.
Haitanre oTHONEHHE 00bEMOB HUIHHAPA H MHPAMHAIDI.

9.37. I3 XxBaapaTHOTO JINCTA YKECTH CO CTOPOHOH g TpedyeTcst BLIpe3aTh
Pa3BePTKY HpaBHILHON YeTHIPEXYTONBHOM TUPAMIIB! TAaK, YTOOBI BEPIINHEI
KBaJApaTa CKJIEHBAJINCh B BEPIINHY NMupaMiabl. Kak 3To clesars, 9To0b! I0-
Jy9IHTH IHpamMuny Hanbosnbinero oobema? Halinure 00beM 3T0# NUPaMUILL.

9.38. O6beMm Terpasapa paser V. Bce BepinuHBI Hapajiesenunesa Jje-
JKaT Ha IOBEPXHOCTY TETPa’djipa, NpUYeM TPH TPaHd NapaJslc/IenuIens
TIPUHAJICKAT TPEM IpanaM TeTpasapa. Hajimure sanbombmuit BO3MOXKHBIA
06beM TAKOTO HapaJislesenuea.

9.39. B konyc ¢ pajmycom R OCHOBaHWs W BBHICOTOH A BIMCAH UAMHAD
nauGoabmero obnema. Haiianre pajuyc OCHOBAHHA M BBICOTY IMIMHADA.
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T'aasa 10

Hsuotcenus npocmparcmea

§1. Ilepenoc, uenmparvras, 0Ce6aA U 3EPKANLHAA
CUMMEMPUL TPOCTNPAHCNEA

1.1. Onpenenenua ABHKEHAS U PAaBHLIX GHryp. Jeuscenuem npocmpan-
CMea HA3BIBACTCsA OTODParKeHWe MPOCTPAHCTBA Ha cebst, IPH KOTOPOM CO-
XPAHAIOTCH PACCTOAHNISA MEKAY ToukaMn: ecin A m B — nrobble fBe TOUKK
npocTpancTsa, a A, u By — ux obpassl, To A; B; = AB. 13 sT0r0 yCiaosus
ciegyer, 4To 006pa3bl ABYX PA3JMYHBIX TOYEK DA3IM4YHBLI, T.€. IBUMKEHUe
eCTh 06pamumoe OTODPAXKEHNE TTPOCTPAHCTBA Ha cedsl U NOTOMY SBJIAeTCH
npeobpazosaniem MNPOCTPAHCTRA.

®urypa F) nasmsaerca pasholi (xonepysumuol) durype F, ecim cyunie-
creyer apmkenne f, orobpaxatoumiee F na Fy: f(F) = F;.

$lcHo, 94TO OTHOLIEHWE paBeHCTBa GUryp pedJiieKCHBHO, CHMMETPHYHO
W TPaH3UTHUBHO, T. €. ABJSIETCH OTHOIIEHHEM SKBHBAJIICHTHOCTH.

1.2. Iepenoc. Ilepenocom T npoCTPaAHCTBA Ha BEKTOD T HA3bIBAECTCH
npeobpazoBanne, OpH KOTOPOM KaKzad Touka M
oToOpaxkaercsl Ha Taxkywo Touky M, uro MM, =T, A F A
rne 7 — sananubii sekrop. Tak xak AB = A, B; nns
mobLIX AByX ToueK A u B u ux o6pazos A; u B, T0
nepenoc T ecTh ABIZKeHMe TIpocTpancTea (puc. 133). B B

1.3. lenrpansHad cummerpus. Cummempuets om-

nocumeavno mouky O {yeHmpaavholi cuMmempu- Puc. 133
eti) Zo NPOCTPaHCTBA HA3BIBAETCA HpeoOpasoBaHye
IIPOCTPANCTBa, KOTOPoe Touxy O oTofpakaer Ha ce- . Ny

6s1, a 1100y10 Apyryio 104Ky M oTtobpaskaeTt Ha Takylo o

Touky M7, uro Touka (O SABISETCS CepeIuHON OTpe3- M
ka MM, (puc. 134). Jlerko BHOETh, YTO IECHTPATL- N

Hasg CUMMETPUS IPOCTPAHCTBA ABJISIETCA JBHXKEHHEM:

MiN, = MN past moboix aByx Todek M u N u ux Puc. 134
obpaszos M; u Ny, M N, = —MN.

1.4. Ocesag cummerpus. Cummempuell NPOCTPAHCEa OMHOCUMEALHO
darnoti npamoti 1 (ocesoll cummempuets) S; na3piBaeTCst Ipeobpa3oBanie,
KOTOpOe KaxKAylo TOUKY HpsiMoii { oToGparkaeT Ha cebst, a o0y ApyTrylo
rTouky M npocrpancTBa 0TObpaXkaeT Ha TaKylo TOUky M, uTo mpamas |
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CILyKUT CEPEIMHHBIM MEPNEeHIRKYIIPOM K oTpe3ky M M. Ipsanas [ ma3wr-
BAETCS OCHH CUMMEMPUL.

HokaxeM, 4T0 0Ce6aA CUMMEMPUA NPOCPAHCINGG €CTNY JeUICERUE.
Iycre S5;(A) = A, u S;(B) =B, (puc. 135) touknu A,, By — cepenunnt oTpes-
koB AA, u BB,. Torna AB= AA,+ AyBy+ BB, A\ By = A, Ay + A,B, +
+ ByB,=—~AA; + ApBy —- ByB. Tak kak AAy- AgBy=0u ByB - AyBy =
=0, 0 AB2= AAO2 + ABy + B032 +2AAg- ByB= A,B; , n 3naunr,
A B, = AB.

1.5. 3epkambuas cammerpusi. Cummempuets, npocmpaHcmen OmHOCU-
meavHo darnol naockocmu o (3epraavhoti cummempueti S,) HA3BIBAETCS
11peobpa3oBaHie POCTPAHCTBA, OPH KOTOPOM KAaXKJIad TOYKA IIOCKOCTH o
oTobparkaeTcs Ha cebst, a BCsiKad Apyras To4Ka M mepexoauT B TaKyio TOY-
Ky M, 9T0 IJIOCKOCTh o MEPIEHUKYAApHa K oTpe3ky M M, u menur ero
nononaM. [1710cKoCTD o HA3BIBACTCA NAOCKOCTIDIO CUMMEMPUL.

3eprasvran cummempua S, npocmpancmea ecms deudicerue. B camom
nene, nycth Sy {A)=A; u S,(B) = B, (puc. 136). Paccaorpum niaockocTs o,

Ao By

A w
1 B, B,

Puc. 135 Puc. 136

copepxanyo npaMele AA; u BB;. Ona nepneHaukyaspHa IJIOCKOCTH o
cuMMeTpHH U oTobpaskaercs 3Toil cumMerpueli Ha cebs. Ha mHokecTBe TO-
YEK IJIOCKOCTH () CUMMETDHUs S, TIPEJICTABIAAET CODOH 0Ce6yt0 CUMMEMPUIO
3TOMH IJTOCKOCTH ) OTHOCHTENIBHO MpsAMOi [ = o N w, & 0HA, KaK U3BECTHO,
ecTh ABWXKeHHe, n nmosromy AB = A, B;.

Topopsit, 4T0 3epKajibHAs CUMMETPUs S, uHdyyupyem B HEIIOJBUIKHON
IJIOCKOCTH & (w L o) OCEBYI0 CUMMETPHIO C 0ChIO | == o N w. AHanornuuas
TEPMHHOJIOTHst OYJIET MCIIOIB30BATHCA U JAJIEe: eC/IM IIPH ABMKEHUHU [ 1po-
CTPAaHCTBa HEKOTOPAs IJIOCKOCTh O0TODpakaercst Ha cebsd, To aBmxenue f
UMIYUUPYEM HEKOTOPOE IBHXKEHHE ITOH MJIOCKOCTH.

1.6. IIpencraBnenme nepeHoca KOMIO3UIMAME 3€PKAJNBHBIX H OCEBBIX
cummeTpuii. KOMIIO3UIMsT 3€PKAJbHBIX CHMMETPHII OTHOCHTEJBIIO ABYX
HapalIebHbIX TUIOCKOCTEH €CTh HEPEHOC HPOCTPAHCTBA, BEKTOD KOTOPO-
rO NEeprHeHANKY/IAPeH 9TUM IIOCKOCTSIM, HAIPABJIEH OT IIOCKOCTH HepBoil
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CUMMETPHN K IJIOCKOCTH BTOPOH CUMMETPHH N HMEET MOLYJbL, PaBHBLIN
YABOEHHOMY PACCTOSIHUIO MexKAY IockocTamu. O6paTHO, BCAKHI TIEpeHoc
MPOCTPAHCTBA TIPEJCTABUM TAKO! KOMIO3ZULMEl, IIPH 3TOM OJHA U3 IJIOC-
KocTeli CHMMETPHH MOyKeT ObiTh JI060H INIOCKOCTBIO, MePIelIUKYJIAPHOMR
BEKTODY IIepeHoca.

Konmosuiusg oceBbIx CUMMETPHIT OTHOCHTEJILHO JABYX NapaJlIejbHBIX
OPSIMBIX €CTh IIEPEHOC NPOCTPANCTBA, BEKTOP KOTOPOTO IEPHEeHINKY/ISIpeH
9THM TIPAMBIM, HAaIPaBJIEH OT OCH IEPBOIl CUMMETPHM K OCH BTOPO# CUM-
METPHUH U UMeeT MOIYJb, PABHBII YABOCHHOMY DACCTOAHHUIO MEXKAY OCIMMU.
O6paTHo, BCAKUI IepeHoC MPOCTPAHCTBA MOMKET OBITE NPCACTABJIEH TAaKOH
KOMIIO3UIlieHl, IpH 3TOM OJiHa U3 OCell MOxKeT ObITh Joboi IpsiMOil, Tep-
TNENAVKYJISIPHOH BEKTODY IepeHoca.

HokazarenbcTBa 9TUX YTBEPXKIACHHI! [OJHOCTBIO aHAJIOTHYHBI IIJIAHH-
merpuueckum ([8], c. 183-184).

§2. Obuue ceoticmea dsusiceruti nPOCMPAHCNEA

2.1. JIpa pona apuxeHmii npocrpancrsa. Ilycrs gau rerpasap ABCD.
Bo3MOKHBI [jBa U TOJILKO NBa ClIydasi: yrmopsinodennas tpoiika (DA, DB,
DC) BexTOPOB ABJIAETCS TOJOMKUTEILHO OPHEHTUPOBAHHON (IpaBoit) wim
JKe OHA, ABJAETCS OTPHIATEILHO OpueHTHpoBanHOM (JeBoit). I'osoparT, uro
B mepBoM ciayuae Terpasap ABCD opueHmuposan NOAGHCUMEADHO, & BO
BTOPOM — OH opuenmuposan ompuyamesvro. OpueHTalust TeTpasapa cy-
IIECTBEHHO 3ABUCHT OT MOPSIKa 3AIIMCH €r0 BEPIIHH.

MoxxHO n0oKa3aTh, YTO €CJIM OPH [BIXKEHMH IPOCTPAHCTBA HEKOTOPBIH
TeTpa3ap u ero obpas UMET OAMHAKOBYIO OPHEHTAIMIO, TO 3TO CBOMCTBO
EMCET MECTO AJis JI000H Mapbl COOTBETCTBEHHBIX IPH 9TOM JBHKEHHN TeT-
pasapoB. B aToM ciiyuae JBHIKEHHE IPOCTPAHCTBA HA3BIBAETCH JBHKEHHUEM
nepeozo poda. Eciu xe npuxenue 0Tobpaskaet HEKOTODLII TeTPasdIp Ha TeT-
paszap IPOTHBOTIOIOKHON OPUENTAIINH, TO ITUM CBOHCTBOM 0bJ1anaet iodas
Napa COOTBETCTBEHHBLIX IPH 3TOM JBUXKEHHS TeTPadIpoB. Takoe ABHKEHUE
IIPOCTPAHCTBA HA3BIBAETCS ABIKEHUEM 8MOPO20 POJa.

CpaBHeHMEM OPHUEHTAIMHA TETPayapa U ero obpasa oOHaAPYKHUBaeM, YTO
HEPEHOC W OCEBasi CAMMETPHSI IPOCTPAHCTBA ABJSIOTCS JIBUKEHUSIMH TIEp-
BOTO POJia (XOTsI 0ceBasi CHMMETPHS IIOCKOCTH — JABIDKEHHE BTOPOro po-
71a), & LeHTPAJbHAS M 3€PKAJIbHAST CUMMETPHE IPOCTPAHCTBA — JBHIKCHNHA
BTOPOTO poda {OMHAKO NEHTPAJIbHA CHMMETDHsS IJIOCKOCTH — [BHUXKEHHE
UEPBOro poja.

2.2. MHoXKecTBa HEIOABMXHBIX TOUYEK JABMKEHMI npocTpancTsa. M3 pac-
CMOTPEHHLIX B § 1 ABHIKEHHI TIEPEHOC He HMEeEeT HENOJBHXKHBIX TOYEK, IIPU
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HEHTPAJIBHOW CUMMETPHE HETIOABUYKHA, € JHHCTBEHHAST TOUKA, ~— LHEHTD CHM-
METPUY, TIPU OCEBON CUMMETpUK HENONBUYKHA, KarKAas TOUKA OCH CHMMET-
PHH, 3epKaJIbHasi CHMMeTpUs oTobpaykaeTr Ha cebsl KaXKIyio TOUYKY IJIOCKO-
CTH CHMMETDHH. DTH JBIKENUA HE UMEIOT APYIHX HEMOABHIKHBIX TOUEK,
KpOMe yKazanubiX. ECTh ene ofui cirydail: MHOYKECTBOM HETOJABHAYKHBIX TO-
YeK TOKIECTBEHHOIO JBHKEHUS SIBJISIETCST BCE NPOCTPAICTBO.

Hrak, B pacCMOTPEHHBIX NPAMEPAX MIOKECTBAMI HEIIOJBUXKHDBIX TOYEK
ABJISIIOTCS IIyCTOE MHOXKECTBO, OJIHA TOYKA, NPsMasi, [LJIOCKOCTL ¥ BCE MPO-
crpancTBo. [lokazkeM, 470 APYIHX CJy4aeB OBITH HE MOXKET.

Teopema 1. Ecau npu dsusicenuu nenodsudicnot dee mouxu A u B, mo
nenodeusrcha xaxcdas mowka npamot AB.

Heticreurenvho, nyctb X — mobas Todka upamolt AB, ornudnasg or
rouek A u B. Ilpamasa AB otrobpaxkaercs Ha cebs. Eciu X — X, u X; # X
T0 A — cepenuna orpeska X X,, tak kak X; € (AB) u AX = AX,. Ho torga
BX # BX;, 9T0 NpOTHBOPEYAT ONPCICACINIO ABHKEHHA. SHATHT, TOUKH X
u X, COBIAJAIOT. O

Teopema 2. Ecau npu deusicenuu Hemod8UMNCHDL TNDU HEKOANUHELPHDIE
mouwku A, B, C, mo nenodeuscna xaxcdas movka codepicawets ux naoc-
KOCImAU.

B camom pesie, o TMpeApIayIIeit TeopeMe HEMOJABMIKHA KayX[as Tod-
ka npameix AB, BC, CA. Ecim X — npoussojibHasi TOYKA ILJIOCKOCTH
ABC, ve upunamiexawas stuM upameiM, 1 (AX) N (BC) = K, 10 TOY-
ka K menonsuxkHa. [lo Teopeme 1 Gymer HENOABUXKHA KaXKAast TOYKA OpA-
Mot AK, B Tom uncie u Touka X. [Ipu (AX) || (BC) paccMorpuM mpsi-
mble BX win CX. O

Teopema 3. Fcau npu d6uscenuu Henoods8uiiCHbL LeMbiPe HEKXOMNAAHAD-
HolE MOYKU, MO HENOJBUNCHG KAHCOAA MONKA NPOCTPAHCIIEA.

JIoKa3aTebCTBO aHAJOIHYHO NIPEIBIIYIIEMY.

2.3. NasapnanTe! ABMKennii npoctpancTBa. s aBuKeHUl npocTpan-
CTBA COXpaHsier cuily Teopema 00 ofpaze HpAMOIl MpU JABHXKEHUAX ILJIOC-
KOCTM BMECTE C €€ [I0KA3aTeNIbCTBOM: Jeusicenue omobpascaem raHcoyo
npamyro na npamyo ([8], c. 155).

Teopema 1. Jlsusicenue mpocmpancmsas omobpastcaem Kaxicoyn naoc-
KOCTIId HA NAOCKOCTTD.

IJokazaTenbcTBOo. IlycTh MIOCKOCTE o 33/1aHa HEKOJIIMHEAPHBIMU
toukamu A, B, C u nupu jswxkennn f A— A,, B— By, C — C,. Touku A;,
B, C; Tak:ke HeKO/UIMHEAPHBI W ONPENEAIOT HEKOTODPYIO IIOCKOCTB .
Jokaxem, uro f(a) = o;. [Iycres X — mpousBosibHAsSE TOUKA IJIOCKOCTH o U
f(X)=X,. Torma X; npunamiexur o;. B camoM Jere, 06pa3aMi IPAMBIX
AB, BC, C A apasrorcst coorBercrsenno upsmeie A, B,, B,C,, C; A,. Ecau
(AX)N(BCY=K, 1o f(K)=K, €(B,C,) uupsimast A, X; NpHHAJIENKAT o,
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MOCKOJILKY Ay € oy 1 K € ap. [TosTtomy X € o;. AHAIOTUYHO NOKA3BIBAET-
cst, 9TO Mpoobpas 00t TOYKM TUIOCKOCTH O NPUHAJJIEIKHT MIOCKOCTH o
(ucnionbayerca obpartHoe apuzkenue f1). Urak, f(a) = . ]

[Ipn m060M npeobpazoBanun 00PA3OM IEPECeUeHIs MHOKCCTB sBJIACT-
cA nepecedenue ux obpa3os. B wacTHoCTH, NPU JIBUXKENNHH [POCTPAHCTBA
npaMas Mepeceverns MI0CKocTell oTobparkaercst Ha IPsIMYIO Iepecedenis
ux 06pasos. [Ipu nepeHoce 1 MEHTPAIBLHONW CHMMETPHH IJIOCKOCTL 0TOOpa-
JKaeTcs b0 Ha NapauiebHYIo el IUIOCKOCTD, b0 Ha cebs, TIpu 9TOM Ha
cebst oTobpakaercs Kaxkad UIOCKOCTL, [apaJlyie/bHast BEKTOPY HepeHoca
U Ka)KJas II0CKOCTh, COAEPIKAIIAA IeHTP CHMMETPHN.

Qcenast cumMeTprist 0ToOpaXkaeT Ha ceDsT KaXK/IyI0 HJIOCKOCTh, COJeprKa-
HIyI0 €€ OCh, H KaXX/yI0 [UIOCKOCTH, MEPEeHANKYISPHYIO OCH. 3epKajibHasl
CHEMMETPHSI, KPOME ILIOCKOCTU CHMMETpHH, oToOpakaer Ha cebs KaKIyio
IJIOCKOCTD, IIEPHEHIUKYJISIPHYIO IJIOCKOCTH CHUMMETPHUH.

Teopema 2. Jeuoscenue npocmpancmea COTPanAem NGPALAEABHOCTND
NPAMBIL, NAPAAACADHOCTVD NLAOCKOCTNET U NAPAANEADHOCTD NPAMOT U NLAOC-
xocmu.

B camom gene, o6pa3pl IByX Napajule/IbHBIX HPAMBIX JI€XKaT B OIHOM
ILIOCKOCTH M HE MOTYT IIePeCceKaThbCsl, TaK KaK WHadYe TOYKA NepecedeHIst
He uMesia Obr cBoero mpoobpaza. K 3ToMy Ke IPOTHBOPEYHIO TMPUXOIUM
IIpH TIPEIIONIOKEHIH TIepecedenus 00pa30B JBYX MapasliesIbHBIX IUIOCKO-
crelt uian 06pa30B NaPaAJUIEIbHLIX TPSMONR U IJIOCKOCTH.

IMockobKy ABHYKEHHE COXPAHAET OTHOLIEHUE <«JIEXKATh MEXAY» I
TPeX TOYEK IPAMOIA, T.€e. COXPAHSET NOPSAOK TOUeK Ha MpsIMOil, TO UMeeT
MECTO TEOpeMa:

Teopema 3. /[suscerue npocmparcmea omobpascaem Ompesox Ha Om-
PE3OK, AYY HA AYY, NOAYNAOCKOCTD HA NOAYNAOCKOCTIND, TOAYNDOCTNPAHCIEO
Ha NOAYNPOCTPAHCTIEO.

U3 onpenenenunst JBAXKEHNS W ONPEAE/IEHNA KOHI'DYIHTHBIX (pUryp Cie-
[yer TeopeMa:

Teopema 4. /suowcenue nPOCMPAHCTIBG COTPUGHAECT SEAUNUHY Y2Aa
MEDHCOY NPAMBMY, BEAUMURY Y240 MedHcOy NAOCKOCTNAMU U BEAUNUHY Ye-
AG MEXHCOY NPAMOT U NAOCKOCTNBIO.

B camoM jese, yroi Mexay oOpasaMu JIBYX IT€PeCeKarOIXcs IPIMbBIX
paBeH yrily MexKIy STUMM MPSIMBIMA TI0 ONPEIEJIeHHIO DABHBIX (KOHTPYIHT-
HbIX) Guryp. Yros Mexxay CKPeIIuBAOIIIMUCS MPSIMbIMU OIPENeAeTCs Ye-
pe3 yroJl Mex 1y HepeceKaroliuMuCca MIPAMBIMH H HapaJIEIbHOCTE PSAMBIX,
a IOTOMY TAKKe MHBapHaHTEH IpH IBmxkeHUaAx. B wacrnocTH, coxpaHser-
¢ MEPHEHANKYIAPHOCTL npaMbiX. OTcioa cilefyeT NHBAPHAHTHOCTD YIVIa
MEKIY HJIOCKOCTSIMH U YTJa MEXKJIy UpsIMOM M IITocKocThio. B uacrHOCTH,
COXPAHAETCS! EPIEHIUKVIISPHOCTD JIBYX ILJIOCKOCTeH, IPAMON 1 IIOCKOCTH.
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2.4. IIpusHak 3epkalibHOW cMMMeTpuH. 3 KavecTBE MpUMepa TIpHMCHE-
HUAsL HHBAPDHAHTOB ABHXKEHHSA HOKAYKEM TaKYyIO TEOPeMY.

Teopema. FEcau mHodCECTNEOM HENOJSUNCHDIT TOUEK OBUNCEHUA TPO-
CMPAHCTNEA ABAAEMCA NAOCKOCTND, O IMO JBUNCEHUE ABAALNCA 3EPKAND-
HOT CUMMEMPUET OMHOCUMEALHO IMOT NAOCKOCTU.

JoxazarenbcrBo. BosbMeM NPOU3BOALHYIO TOUKY X, He NPHHEA-
JICZKAIIYIO IIJIOCKOCTH o HETIOABUKHBIX TOUYEK JABHXKEHHA [, U IPOBEAEM IIep-

nenqukynap XO k o, O €a (puc. 137). Tlo ycnosmio

X f(O)=0 u f(u)=o. B cuny coxpancHUs NEPTIEHAUKY-
JIAPHOCTH HPSIMON M TJIOCKOCTH TP JBUXKEeHUH f U eIuH-

o CTBEHHOCTH NEPHEHJIMKYIApa K o B Touke O npamas X O
I o orobparkaercs Ha cebs. [IoCKOIbKY Bee HEIIOABMXKHBIE TOY-
Xli KII — 9TO TOJBKO TOYKN miockoctu o, 170 f(X) =X, # X,
X, €(X0), XO=X,0. Ilo onipesieNeHUIo 3ePKAJIBHOMN CHIM-

Puc. 137 merpun f = S,. O

§3. Ilosopom npocmparncmea 0xoA0 0CU

3.1. IloBopor Kak wacTHBI# BHJ ABMkeHAs. He cymecTsyer moBoporta
HPOCTPAHCTBA OKOJIO TOYKHM [10 TOH IPHYMHE, YTO HET PA3yMHOIO crocobda
yCTaHABINBATH HAIIPABJIEHNE TAKOro MOBOpOoTa. OQHAKO MOXKHO €CTECTBEH-
HBIM 00pa30oM BBECTH NOHSATHE TIOBOPOTA OKOJIO OPMEHTUPOBAHHON NPAMOH
{ocn).

Onpenenenue. Ilosopomom R} npocmpancmea oxoso ocu | Ha 3a-
JIAHHBIH OPMEHTHPOBAHHEIE YTOM (¢ Ha3BIBAETCA TAKOe MPeobpa3oBaHue mpo-
CTpaHCTBAa, NPH KOTOPOM B KaXKIOH ILJIOCKOCTH,
IepIeHIUKYISpHONl UpaAMO# |, HHIYIHPYETCS MO-
BODOT Ha YIOJI (¢ OKOJIO TOYKH e€ IepecedeHHs
¢ mpsimoit [ (puc. 138).

o~

OceBasg cuMMmeTpus S; mpeacTaBiger co0oil o . A
YaCTHBI BHJ NOBOpOTa — MOBOPOT Ha £180°:
Sl — 1%1:1:180c . o I M
Opuenranus npsamoit | (ocu moBopota) HO3BO- l
JISIET OJHO3HAYHO OPUEHTHPOBATBH YIVIBI B KarKIOi e, 138
Uuc.

IJIOCKOCTH, TIEPIEHINKYISIPHOMN [.
Teopema. Ilosopom npocmpancmea oxoao ocu ecmsv dsuorcenue (nep-
6020 poda).
Hoxazarenscrso. Ilycrs R{(A)=A, n R}(B)= B, (puc. 139).
CoriacHO ONpeJIe/IeHUIO TOBOPOTa KAXKAas MIIOCKOCTh, NEPIEeHUKYIAPHAS
0CH 1IOBOPOTA, 0TOOParKaeTcda 3THM ITOBOpOTOM Ha ceba. PaccMoTpum maoc-
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KOCTb ¢ (IIEPIeHIUKYJISAPHYIO {), B KOTOPOil stexkar Toukn B u B;. Hycrs C
u C; — OpTOTOHAJLHbIE TTpoeKIMK Ha o Touek A u A,. Ecim INoa= 0, 10

Puc. 139

B IJIOCKOCTH & IMeeM TIOBOPOT K¢, 3TOU IIIOCKOCTH, KOTOPLIi oTobpaxkaer B
u C na B, u C) coorercrBenno. [Tockonpky MOBOPOT IJIOCKOCTH €CTH OBH-
xenne, 10 BC = B,(C;. I3 paBHbIX IPAMOYTOAbUbIX Tpeyrojgbaukos ABC
u A, B,C; cirenyer AB = A B;, 9T0 1 HykHO 0BUIO J10Ka3aTh. [Ba cooT-
BETCTBEHHBIX TeTpasapa, Hanpumep ABCO u A, B,C,0, opueHTUPOBaHBI
O[IMHAKOBO, T. €. MOBOPOT — JBHXKEHUE HEPBOrO POJa. O

3.2. Ilpusnak noBopota. Ecau MHONCECTNEOM HENOOISUNCHBIL MOUEK
deusicenus NPOCMPAHCNEE ABAAELMCA NPAMAA, MO OHO ABAAEMCA MOS0
POMOM 0KOA0 3MOT NPAMOT.

HdoxkazarenbcTBo. Ilycrs npu nBuzenuu f OpOCTpaHCTBa HEIO-
OBIKHA KazKIas TOYKA HpAMOH | M HeT NPYrux HEMOABIKHBIX ToyeK. Uepes
TIPOU3BOJILHYI0 TOUuKy M ¢ | IpoBeleM IUIOCKOCTDL O HEPHEHIUKYIAPHO |
(puc. 138). Ecim aNl=0, to O — eapHCTBEHHAS HENOABHXKHAA TOUKA
IJIOCKOCTH O B CHiTy HHBApUAHTHOCTH IPU JBHXKEHNUH [I€PIEeH UK YISPHOCTH
npaMoit u mwiockocru f{o) = a. Iosromy nemxenne f muaynupyer B IIIoc-
KOCTH o HEKOTOPBI MOBOpOT Ry (IPHU3HAK MOBOPOTA IVIOCKOCTH). YIOJI §
HE MOXKET 3aBHUCETH OT BBIOOPA IJIOCKOCTH o, TAK KAK KaXXJasl IJI0CKOCTD,
IPOXOIANIast Yepe3 MpaMyIo [ orofparkaeMcst Ha IJIOCKOCTb, COAEPKAIILYIO
npamyto . [o onpenenenmio f = Rf. ]

3.3. IlpexacrapieHne MOBOPOTA KOMIIO3UIMAMH cUMMerpuidl. Paccmor-
puM xoMmnosunuo f = S; o S, ABYX 3epKalbHLIX CHMMETPH OTHOCHTEIBHO
HepeceKaromuxcs mwiockocreit o u B, oM B =1. Bee rouxu npamol | remo-
ABHKHLL npu f U TOALKO OoHH. [To Teopeme 1. 3.2 9Ta KOMIO3ULMS €CTH
nosopor R}. Ilpm paccmorpennn obpasza M’ mpoussosbrON Touku M ¢ |
JIEFKO 3aMeYaeTcsl, ITO Yrol ¢ PaBeH YBOEHHOMY ODHEHTHDOBAHHOMY YTy
MEXKIy IUIOCKOCTAMH o H (3.
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O6partHo, eciu 38JaH TOBOPOT R} NPOCTPAHCTBA, TO JIETKO CTPOUTCS
(HeOIHO3HAYHO) mapa IIOCKoCcTeR o 1 B, At KoTopsix Sg o S, = RY. Vaen-
HO, 3& OJHY M3 HMX MOKHO B3ATh JIOOYIO IJIOCKOCTDL, COLEPIKALILYIO OCh !
NOBOPOTA, & ApyTras YIOBICTBOPSET yeaoBuaM: o N3 =1, (o?,\ﬁ) =50

Utak, KoMno3uyus 08YLT 3ePKAALHDIE CUMMEMPUTL OMHOCUMEADHO 06YT
NEPECERAIOUULCA NAOCKOCTIET, eCTNb TLOBOPOM, 0KOAO NPAMOT UL nepeceqe-
HUA HA YOBOEHHDIT OPUEHMUPOSAHHBLT Y204 Mexcdy naockocmamu. ObpaT-
HO, 410601 MOSOPOM NPOCMPUHCTNEE MOdCem Goimb npedemagaern maxol
xomnosuyuet (6eCKOHEMHO MHOZUMU CNOCOOAMU).

B ugacTHOCTH, 0ceBasi CHMMETPHsS TPOCTPAHCTBA €CTh KOMMYTATHBHAA
KOMIIOBHINA ABYX 3€PKaJbHBIX CHMMETPUHA, TIIIOCKOCTH KOTOPBIX TICPIIeH IH-
KYJSIPHBI B COHEPKAT OCh CHMMETPUH.

Janee pacemorpnm  Kommosmimio f =S5, 0.5,
OBYX OCEBBIX CUMMETpHii, OCH U ¥ ¥ KOTOPBIX IIC-
pecekatores B Touke O (puc. 140). [Tposenem mep-
neHguKyasap | K miockocru (uv) B touke O. Ilpen-
craruM S, 1 S, KOMIO3UIUAMU 3EPKATBHBIX CHM-
MeTpuil:

Su =S 0Suy, Sy =Swy 0 Suv-

HaXOLLI/IM: Sv ] Su = S(vl) o S(m,) o S(m,) o S(ul) = S(vl) o
© Sy = R, HOCKOIBKY S(uv) © S(uy) — TOKIECTBEH-
Hoe npeobpazosanue. rax,

S, 08, =R}

Takum 06pazoM, KOMNO3UYUA OBYLT 0CESHIT CUMMEMPUT OTNHOCUINEABHO
NEPECERAIOULUTCA NPAMBIT ECTND NOSOPOM NPOCTNPAHCMEE OKOAO NEPNERIU-
KYAAPHOT UM NPAMOT NPOTOOAWET HePE3 TMOUKY UL NEPECEUCHUA, Ha YI6o-
eHHbl OPUEHMUPOSAHHHT Y204 MENHCIY 0CAMU OAHHBIT CuMMenPUl.

O6paTHo, 6caKull NOSOPOM NPOCTAPAHCINAA MOHCHO Npedcmasums (pas-
AUNHBLMU cnocobamu) Komnosuyuet: deyx oceenx cummemputi. U ocu nep-
NeHUKYAAPHDL OCU NOGOPOMA, NEPECEKAEMEA HA Hel U 0OPasyom mexicoy
coboti (opuenmuposanvil) Yyzon, PasHull NOAOGUHE Y2aa NOSOPOMA.

Puc. 140

§4. [lepenocrasn U nOBOPOMHAA CUMMEMPUL,
BUHITOB0E JEUINCENUE

4.1. Tlepenocnas cumMMerpud. KOMIO3WIMSA 3€PKaJIbHONR CUMMETPHE S,
u nepenoca 1= (7 || o) mapasiesbHo WIOCKOCTH of CUMMETDHE KOMMYTATHB-
pa (puc. 141): Tx0 S, = S, o Tr. Ee naspBaior nepenocroti (crxoavsauied)
cummempuetd W, npocmpancmsa.
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OTMeTuM OYeBHIHDbIE CBOHCTBA NEPEHOCHON CHMMETDHH.

1. TlepenocHas CUMMETpHUSI TPOCTPAHCTBA ABJISETCS ABUXKEHUEM BTOPO-
ro poja (Kax KOMIOIUIIHS JBHZKEHHS BTOPOrO PONA H IBHKEHHA IIEPBOTO
pona).

2. IlepeHocHast cUMMETPHsI HE UMEeT HEIIOJIBUZKHBIX TOUEK.

3. JIroboi orpezox M M, coequHAIONUN TOUKY, He JEXKAIYIO B ILIIOCKO-
CTH o CHMMETPHH, C €€ 00Pa30M, JEJIUTCs IIOCKOCTHI0 CHMMETPUHN TIOTIOJIAM.

4. Kaxmas mI0CKOCTh, NAapaJUIeIbiasd BEKTOPY T IEPEHOCHOM CHMMET-
PUH B IEPHeHIMKYJSPHAS ILUIOCKOCTH o CHMMETDWH, HHBADHAHTHA (HEIO-
OpuKHA)., B Hell MHIYIEpYyeTCs NMEpeHoCHAd CUMMeTpus W, mIOCKOCTH,
OChIO KOTOPOH CJyKHT NMpsmMas | nmepecedeHus MIOCKOCTEl.

Bomee rimybokue ¢BoficTBA [ICPEHOCHOW CHMMETDHH COJIEPXKATCA B IBYX
CAEYIOMHX TEOPEMaX.

Teopema 1. Komnosuyus 0cegoli u 3eprasvHoti cummempud, Y KOmMo-
PHIX COOMBEMCMBEHHO OCH U TAOCKOCINDG NAPAALENODHDL, €CTID NEPEHOCHAA
CUMMEMPUA NPOCTNPAHCTIEA.

JokazaTeabcTBO. PaccMoTpum Kommosmmuio S, o S, mpu u || o
(puc. 142). Yepes npamyo u OpoBeeM INIOCKOCTH 3 || o # maockocTs Y L a.
Torga (n. 3.3) S, =5,08,=_5;085,. Illostomy S, 05, =S5,0505,. Ho
S,08=T7 (. 1.6), ¥ Lo, 7 || v

Taxum obpasoM, S, 05, =T50 S5, =W.

Kpome Toro, S, 05, =S5,085;08, =S, 0T_z=W]". O

Teopema 2 (obpatnas). Ilepenocras cummempus npocmpancmes nped-
CMaAsUME KOMNO3UYUET 0ces0tl U 3epKaabhoti (3epKarbhol U 0cesoti) cum-
MEMPUU, OCO U NAOCKOCTD KOMOPYUT NAPAANEAOHDL.

Hoxaszarenbcrso. Ilycrs nasa neperocHas cummerpust W, =150
08,=5,0T (puc. 143). lpeacrasum T7 =S, 0 S, rae B || vy u obe maoc-
KOCTH MePHeHAUKYIIspHbl ockoetdt a. Torma Wi=5,0808,=25,05,,
rae u=aN{ 1 nosromy u || y. Kpome toro, W = 5,085,085 =38, 08, e
v=oNyuvl|p O

]
I
!
|
|
j

M

Puc. 141 Puc. 142 Puc. 143
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4.2. [Toopornag cummerpust. KoMmmosunus 3epKaJbHON CHMMETPUU S,
u noBopota R} 0KoJio och, TEepIeH UK YISIPHON IIOCKOCTH CUMMETPUH, KOM-
myTatusHa (puc. 144): Rf o S, =S, 0 R, I Lo (M — M;). DTa KOMIO3AIHS
Ha3bIBAETCH NOBOPOMHOU CUMMEMPUET, T OCBLIO
{ Ha YTOJ ¢ OTHOCHTEJBHO IUIOCKOCTH o. Orpe-
30k M M, coenuugaomuil Touky ¢ ee o0pa3om
[pU HOBOPOTHOM CUMMETPHH, HeJUTCS TLIOCKO-
CTBIO CUMMETPHUH HOMIOJIAM.

Touka O=INa — eIUHCTBEHHAS HErO-
JIBAKHA TOYKA IIOBOPOTHOH  CHMMETPHI.
Omna Ha3BIBAETCH UEHMPOM NOBOPOTHOT CUM-
MeMPUL.

B gwacTHOM cityusae, KOTJa @ = £T, IOBOPOT-
Hasl CHMMETPHUs SIBJISIETCH [EHTPAJILHOM CHM-
Merpueit Zo ¢ nearpom O =1 M o. Torma nnoc-

Puc. 144 KOCTh O M OCh [ TEPSIOT CBOE 3HAYEHHE: UMU
MOryT ObITh AK00ast Hapa MepneriuKyIAPHBIX
IUIOCKOCTH U IIPAMOM, coaepKalux HeHTp.

IToBopOTHAS! CUMMETDPUST — JIBHXKEHHE BTOPOLO POIA.

Teopema. Ilosopomnas CuMMeEMPUA ecd KOMNO3UUUA UEHMPALILHOU
CUMMEMPUU U TOBOPOMA OKOAO OCU, NPOTOOAWel vepe3 ee uenmp, u o0b-
PAMHO.

HdoxasaTtensbcrTBo. Ilycrs ngana moBopornasi cuMmmerpust Rf oS,
(Il L), xoropas touky M orobpaxaer na touxy M; (puc. 145). Pac-
cMoTpuM Touku My = Zo(M) u M, = S,(M).

IIpn manuoit mosoporuoit cummerpuu M — M, !

yepes M, a upm kommosunmu K)o Z, de- M

pe3 M,. B cuty npomnssosnbHocTH TOuku M vTn -

npeoGpa3oBaHus COBIIAIAIOT: / Y /(((
o 1 !

RioS,=R™o Zo.

O6parno, kommozumus Rf o Zo (O €1) ects mo-
BopoTHas cummerpusa R "o S,. Ilnockocrs o
npoxoauT 4epes Touky () mepHeHIuKYyJISpHO
npAMOit 1. O

4.3. Bunrosoe jsuxenue. Kommosuius mosopora R} u nepenoca Tr
mapaaeabHo OcH | oBOpOTa KoMMyTaTnsHa {puc. 146):

Puc. 145

T-oRf =RloTs 7|l

Ona HA3BBIBAETC BUHIMOEHM JBUNCENUEM C OCBIO |, YIJIOM () H BEKTOPOM T.
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[TockoABKY TIOBOPOT M ITEPEHOC — ABHYKEHHUST IIEPBOI'0 POJIA, TO BUHTOBOE
JIBI2KEHUE SIBJISIEeTCH JBHKeHneM 1epBoro poja. OHO He HMeeT HEenoIBHIK-
HBIX TOYEK.

TeopeMa. Komnozuyus 0syr 0Ce8bLL CUMMEMPUT OMHOCUMEALHO CKDe-
WUBAIOUULCA TPAMDIL €CTND GUHINOB0E JEUIICEHUE, GCHIO KOMOPO20 CAY-
orcum 06wl NEPRERFUKYAAD IMUL NPAMBLE, Y20A PABEH YIBOEHHOMY Yaay
Medicdy HUMU, G 6EKMOP PABEH YIBOEHHOMY BEKMOPY 00WE20 NEPNendIuKy-
AADA.

HoxkasaTenbcrBo. Haiizem komnosuwio S, o S, T/1€ IpsiMBIE U H U
ckpemuBatorcs. Hocrponm ux obwwmii nepnenpuxyisap b (puc. 147), gepes

Puc. 146 Puc. 147

TouKy ( ero mepecedenus ¢ v nposejeM npamyio [ || u. Torma S, 0 S, = R},
o= (I, v) (1. 3.3) 1 S;0 S, =T, 7=2PQ. Hosromy S, 05,085,085, =R>*o T,
oTkynma S, 0 S, = R} o T (T || h). O

BrinosiHenHBIE TOCTPOEHHSA JETKO 06paTuMbl (¢ GOIBLITHM IPOU3BOJIOM ).
ITosToMy uMeeT MecTo 0BpaTHOE YTBEPKICHHUE: SUHTNOB0E JudHCeHUe NPEd-
CMABUMO KOMNO3UUUET J6YL 0CEBVT CUMMEMPUT, 0CU KOMOPHL Nepneniu-
KYAAPHDL 0CU BUHIMOB020 JBUNCEHUR U NEPECEKAIOM, €€, NPUEM 00HA U3 HUL
NPOUIBOALHA, G 0PY2aA YOOBACTEOPAET YKG3AHHDIM 8 TMEOPEME YCAOBUAM.

§5. Koncmpyxmuetoe 3adanue 08UNCEHUA
NPOCMPAHCMEQ

5.1. Teopema o 3amaHuu apuxkesusa. FEcau danel dea mempasdpa ABCD
u A'B'C'D’ ¢ coomsemecmeenho pasHbimu pebpamu, Mo Cyu,ecmeyem ooHo
U MOABKO 00HO dsudceHue npocmparcmea, omobpasicarowee mouku A, B,
C, D coomeemcmeenno na mouwxku A, B, C', D'. :

HokazarenbcTBo. Ilycre terpasapet ABCD u A’B'C’D’ rtako-
Bel, ut0 AB=A'B’, BC=B'C', CD=C'D', BD=B'D', AD=A'D’,
AC = A'C’. Pacemorpum minockocTs o, cumMmerpuu Todek A u A’. [lycrs
3epKaJibHas cHMMeTpHus S, oTobpaxaer Terpasnp ABCD ma Terpasip
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A’'B,C1 D, (puc. 148). Jajnee BO3bMEM IJIOCKOCTD O CHMMETPHH TOYEK B
un B'. B meit nexxut touka A’, tak kax A'B; = A'B' = AB. Cumnerpueit S,
terpasap A'B,C;D, orobpaxkaercs Ha HeKoTopblii Terpasiap A'B'C,D,.
amnee BozbMeM ILIOCKOCTE a3 cummerpuu Touek Cy u C’. Touku A’, B’ npu-

Puc. 148

HAJJIeXKAT 03, MOCKOJIBKY KaXXJas U3 HUX paBHOyjajeHa or 1odex Ch u C'.
CumMmerpus S,, oTobpaxkaer terpasup A’'B’'C,D; Ha HEKOTOPBLA TeTpasap
A'B'C'D3. TlnockocTh o4 cuMmMmeTpuu Touek Ds w0 D' comepskuT Touxkn A’,
B', ', Tak Kak KaxKIas U3 HUX paBHOyHajieHa oT D3 u D', n nostomy
3epKaJibHass CUMMeTpHst S,, orobpaxaer terpasnp A'B'C'D; ma 3anaH-
HBIi Terpasap A'B'C'D’. Urak, kommosunus f=S,, 0 Sy, ©5,, 0 5,, ecTsb
HCKOMOE JIBM2KEHHE TPOCTPAHCTBA. B 4acTHOCTH, MOXKET CJIy YUTHCS, YTO O
Ha U3 BEPIIUH IPOMEXKYTOUHBIX TETPA3IPOB COBHANET ¢ COOTBETCTBYIOMIEH
BepmnHoit TeTrpasapa A'B'C'D’. Torpa 4mciao cHMMeTpHIT KOMIO3UIHA [
YMEHBIIMTCA Ha eanHuily. Ecan >Ke 3aJaHHble TeTPasnpbl CHMMEeTPUYHbI
OTHOCUTEJILHO HEKOTOPOU TLIOCKOCTH o, TO f = 9.

JokaxkeM Tenepb eduncmeennocmd Haiientoro apmxenus f. Iycrs,
KpoMe f, CyIIeCTBYeT JBHXKeHHe ¢, KoTopoe Takxke touku A, B, C, D
oTobpaxkaet coorBercTBerno Ha Touku A, B, C', D’. Torma koMmmosuius
¢~ ! o f ocraBiger nenoapmknbivMu Touku A, B, C, D u corsiacHo Teopeme 3
nyrkTa 2.2 OyIeT TOXKAECTBeHHLIM lIpeobpasoBanuen: ¢~ 1 o f = E| oTKyga
cnenyer g = f. ]

PaccMOTpuM OQUH H3 BO3MOXKHBIX CIOCO60B HoCTpoenns obpasa M, JaH-
noit Touku M npu ABVKEeHHN [, 33 JaHHOM YeThIPbMSI IapaMit COOTBETCTBEH-
HbIx Touek: A — A, B— B, C - Cy, D — D,. lycrs (DM)N(ABC)=K
u (AK)N (BC)=P. Ucnons3yss PaBEHCTBO COOTBETCTBEHHBIX OTPE3KOB,
ctponM nocienoparenbuo rouxu f(P) =P, € (B,Ch), f(K)=K, € (A, P;)
n f(M) =M, € (D K,).
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5.2. CaencrBus. J[0oKa3aTenbCTBO TEOPEMBI O 33JAHHU [IBHIKEHHS IIPO-
CTPAHCTBA 3aMEYATC/IBHO TEM, YTO OHO MO3BOJAET MOUYTHO CIIEJATh MHOTO
OPYTUX BELIBOJOB, BAXKHBIX JIJIs1 TEOPUH IBHXKEHHUI IPOCTPAHCTBA.

1. JIroboe OgBu>kKeHMe MPOCTPAHCTBA eCTh JHO 3epKajabHAasT CUMMETPHS,
AubO KOMITOZHIINS He D0JIee YeThIPeX 3ePKaJLHBIX CHMMETPUil.

2. JIr060€ IBUXKEHME NEP8020 poda €CTh KOMIO3UINA ABYX WM YETBIPEX
3epPKaJIbHBIX CHMMETPHU.

3. JIroboe nBukenme 8mopozo poda eCTh JHOO 3epKaAJbHAS CHMMETPU,
0G0 KOMIIO3ZUINS TPEX 3€PKAIBIBIX CHMMETPHIL.

4. JIpuzKenue 1epBoro poa, IMellee XOTs H6bl OJIHY HENOABHKHYIO TOY-
Ky, IPEACTABMMO KOMTIO3UIHEH NBYX 3ePKAJIbHBIX CHMMETPHIt. DTO, KaK yKe
u3BecTHO (1. 3.3), — MOBOPOT MIIM TOXK/ECTBEHHOE peobpasoBanue (KOTIa
IJIOCKOCTH CHUMMETPHIl COBHAJAIOT). DTOT (DAKT M3BECTEH IO HA3BAHUEM
meopemdt, anrambepa.

5. CyuiecrByIOT POBHO JBa ABUKCHHS NPOCTPAHCTBA — OIHO IIEPBOTO
pola, Apyroe BTOPOro POIa, — KayKIOe I3 KOTOPBIX OToOpakaeT HAHHBIH
nepaBHoGeapeHHbli Tpeyrosbauk ABC Ha paBHbI eMy Harepen, 3aJaHNbIi
Tpeyrojisauk A'B'C’.

B camoMm gene, BIOpaB nmpoussosbHO Touky D BHe miockoctu ABC,
TMOCTPONM JBa M TOJLKO 1Ba Terpasapa A'B'C'D' w A'B'C'D; (cummer-
PHYHBIX OTHOCHTENBLHO Iutockoctn A’ B'C'), KaxKuplii U3 KOTOPBIX paBeH
Terpasapy ABCD.

6. Ecan neroxaecTBeHIOE IBUKEHE UMeeT TPU HEKOJIJIMHEAPHBIE HEIo-
JIBHKHLIE TOYKH, TO OHO SIBJISIETCS 36PKAIBHON CHMMeTpHEN.

§6. Kaaccudurayus deusrcerutd npocmpancmsa

Brime paccMorpens citeytomue 9acTHEIE BHIBI ABUKEHUI TIEPBOro Po-
J1a: TIePEHOC, TIOBOPOT OKOJO OCH {B YACTHOCTH, OCEBAsi CHMMETDHs), BHH-
TOBOE JBUMXKEHNHE M YacTHBIe BUJLI JABHKEHUIl BTOPOIO poJa: 3epKajbHAN
CHMMETPUS, NEPEIOCHAs CUMMETPUS, IIOBOPOTHAS CUMMETpUsl (ee 4acTHBINA
cIyvail — HEHTPaNbHas CUMMETpHd). FCTeCcTBEeHHBIH BOIPOC: CYIIECTBYIOT
au Kakue-nubo Apyrue BUABI JBHiKeHUi npocrpancTBa? OTBer orpuiare-
Jer. UTobBl foKa3aTh 3TO, PAa3[eIuM MHOXXECTBO JBHXKCHHUI IEPBOTO POIA
¥ MHOXKECTBO JBIZKEHUI BTOPOTO POJIa KarK/I0e Ha IBa MOJAMHOXKECTBa: JBU-
JKEHNsl, WMeIoIne XOTsi Obl ONHY HENOABHKHYIO TOYKY, H [ABIDKEHHs Oe3
HETOIBHIKHBIX TOYEK.

6.1. /IpukKeHHAs BTOPOTO poja. DTH JBHKEHUsSI HETPYIHO KIACCHMUIIM-
POBATB, €CJiy OTAEJBHO PACCMOTPEYh VKA3AHHBIC IBA HX [TOIMIOKECTBA.
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Teopema 1. Jwboe dsusicenue 8mopozo poda, umerowee zomsa v, 00HY
HENOISUHCHYIO TNOYKY, AGARCTNCA SEPKGALHOU CUMMEMPUENT UAU HCE TOBO-
pomnol cummempued.

HoxazaTteabctBo. Ecau nanHoe gsuxkenue [ — 3epKaJibHAs CHM-
MeTpHsl, TO AOKa3bIBaTh Hedero. Ecnn f — KoMmosunus Tpex 3epKajibHbixX
cummerpuii (. 5.2, crencreue 3) U f(O) = O, 10 paccMOTpUM IBMKEHHAC
g = f o Zp nepporo pona ¢ Henoasrxkuoi Toukoil O. [lo teopeme Hanam-
Gepa (crencreue 4) OHO ABAAETCA IOBOPOTOM OKOJIO IIPSIMOM, ColeprKaleii
touky O: g= R}. Papencrso f o Zp = R} sxBuBasnenTHo f =R} o0 Zo. A at0 —
MOBOPOTHAA CAMMeTpHs (Teopema 1. 4.2). O

Teopema 2. Jhoboe deusrcenue 8mopozo poda, HE UMENUEE HETLOOBUNC-
HOLL TMOUEK, eCNb NEPEHOCHAA CUMMEMPUA.

Hoxaszsartenbcrro. Hano asmkenne f 0e3 HEMOJBMIKIBIX TOMUEK.
IIycrs f(A) = A, u a — maockocrs cummerpun Todek A u A;. Torna nsu-
xkeHue g = f 0.5, nepBoro poja MMeeT HermoABUXKHY0 TOUKy A;. 1o Teopeme
Hanambepa g = R} u mosromy f oS, =Ry, orkyaa f = R} 0.S,, npuaem ! || a,
TaK KaK HHa4Ye ABUKeHue [ HMeso Obl HEeMOAmBUKHYIO TOYKY [ Mo, 9TO UC-
KJIIO4eHO yciioBreM Teopemsl. Ipencrasum RY =S, o S npu B L o (. 3.3).
Torpa f=S5,05;08,. [Tockonsky B L a, To Sp 0 5, =5, — oceBasg cumMmeT-
pust ¢ oceto u =aNP. Urak, f =5, 08,, npuaem u | v, Tax kak u || [ =8N¥.
CnenosaTenbno, [ — nepenocnas cummerpud (Teopema 1. 4.1). O

Takum 06pa3oM, MHOXKECTBO BUJOB JBIYKCHUI BTOPOTO POZa CBOIUTCH
K TIEPEYUCIEHHBIM B HAUaJe 3Toro naparpada.

6.2. /IpuikeHns IepBOro poxa. Kak yKe He pa3 OTMEYAIOCh, JBUKEHNE
IIEPBOTO POJa, HMEIee HeNOABUKHbBIE TOYKY, €CTh MOBOPOT.

Teopema. Jhoboe deudicenue nepeozo pooda, He UMENULEE HENOJBUNCHBIT
MOUEK, ABAAETNCA NEPEHOCOM UAU BUNMOBBIM JBUHCEHUEM.

HdokasaTenbcTBo. BozbmeM omars napy A — A; COOTBETCTBEHHBIX
TOYEK MpH ASHHOM ABHXKEHHM f 1 IJIOCKOCTH & UX cuMMerpun. Torna npu-
sKeuue g = S, o f ABigerCs ABUYKEHHEeM BTOPOTO POJA C HENOABHYKHON TOY-
kot A. Ilo Teopeme 1 npprkenwe ¢ Oyaer jubC 3epKAIBLHONR CHMMeETPHED,

Jbo MoBOpPOTHOH cummMmeTpueii. PaccMmoTpuMm aTH
[Ba cJjydas.
© 1. ycre g= S, 0 f=S,. Torma f =S5, 095,, nipu-
geM o || 0, TAK KaK uHAYe JBHZKeHHe [ MMeo Obt
VA HEMOABUKHEBIE TOYKHM. 3HAUNT, f — MepeHoc.
| ! 8 2. Mlycts g=S,o f =R} o Su' (I L o) — nosopor-
/ y nas cummeTpust. [Ipencrasum R =S, 05, Bny=1.

b ITonb3ysCh OIPEEIeHHBIM [[POM3BOJIOM B BBIOODE
ockocre#t B 1 v, BospMeMm Y L w. Torma S, o f =
Puc. 149 =S5,05085,uf=5,05,0505,, 3 Lo (puc. 149).
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EcmanNB=unvyNw=v, 10 f=25,085,. IIpamere u u v He HIEpecekaloTCH,
TaK Kax uHadec Apmkenue f umeso 6bl HemoJBHXKHOM UX 00HLyI0 TOUKy. To-
T2 OCTAIOTCH TOJIBKO JABE BO3MOXKHOCTH: CCIN U || v, TO f — mepenoc, ecan
JKC % U ¥ CKPEMIIBAIoTCd, TO f — BHITOBOE ABIMKenue (Teopema 1. 4.3). O

Cnepcreume. Beaxoe deuswcenue nepsozo poda, omaudmoe om 0ce6ot
CUMMEMPUL, NPEICTNABUMO KOMNO3UUUET 08YL 0CEBBT CUMMEMPUTL, Npu-
wem 00na u3 ux ocell modrcem codepacamsd Haneped 3a0aHHYI0 MOUKY.

Pezynbrar nomydennoll xiaccudukanuy JBUXKEHUN NPOCTPAHCTBA HJI-
JIOCTPUPYETCS TAKOR cxeMoH.

ILLBI/DKEHI/IH HPOCTPAHCTBAI

JlBuzkeHus mepBOro po;xal HBrkenus Broporo pona]
HosopoTet Bepxanpueie| | | Ilepenocurie
Ilepenocst
OKOJIO OCH CHUMMeTpUH CHMMEeTPHUHR
Buntosble OceBble TToBopoTHbie
[BH>KEHUS CHUMMETpPHUH CHMMETPHUHI
ToxxgecrBenHoe IenTpanbHbie
IBIXKEHUE CHMMeTpHH

§7. Koopdunammwe gopmyan, deustcenut
NPOCMPAHCMEA,

7.1. Beison dopmyan apmxenuif. annt terpasapst OABC u O’ A’B'C,
B KOTOPBIX BCe 10cKHe yrJiisl npu Bepiunnax O u O’ npsampbie u OA=0'A’ =
=0B=0'B'=0C=0'C"=1. 3aaanum apikenue f OpocTPaHCTBA HapaMu
Touek O - O, A— A", BB, C- (" (§5). Beesem npe npsiMoyrosbHble
JEKAPTOBBI CHCTEMbI KOOPAMHAT (Ozy k) u(O'77k), tnei=0A,7 =04,
7=0B, 7=0F8, k=0C, k¥ =07C". Hycre BekTOPB 7, j k" u Tou-
ka O’ B cucteme (0Oijk) HMeIOT KOOpAHMHATEL: (), g, ag), 7' (by, by, b3),
k' (c1, ¢, c3), O'(To, Yo, 20)- IlycTh npoussombuas Touka M B cucTeMe
(Oijk) umeer woopmumarter x,y, z a ce obpaz M' = f(M) & mot orce
cucmeme HUMeer KoopamHATH x', ', 2'. Tpebyerca nosyants dopmysbl,
BBIpaxKatomue ', y', 2’ 9epe3 x, y, 2
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CHaualta 3aMETHM Takofl odeBHmHbIl ¢daxT: Touka M’ B cucreme
(O'77 k') mmeer Te e KOODIUHATHI T, Y, z, 9TO M Touka M B mepBoi
cucreme. Beap nBHskenne COXpaHsieT PACCTOSHUS H YIUIBI H, CIeI0BATEIbIIO,
CKAJISIPHOE TpOM3BEAEHNe BeKTOpoB. B uactnocry, O'M’ -7 = OM -i==z
o aganormyuo O'M' -7 =y, O'M' - k' = 2.

[Ipencrapum pasencrso OM’' = Q0' + O'M' B Pa3I0KEHUAX BEKTOPOB
o Ha3uCHBIM BEKTODAM:

ity T+ k= (2ot 4+ o]+ 20k) + (&7 +yi + zk').

Tak KaK 7 = 15+ as2j + 0k, J =bii+byj +bsk, K =c1i+cpj + sk, TO
HpeplayIee BEKTOPHOE PABEHCTBO JAaeT TPH KOOPAMHATHDIX:

' =ax+by+ciz+ g,
Y = axx + by + 2z + Yo, (10.1)
z' = a3z + b3y + c3z + 2o,

TIpeiCcTaBIIIomuUe coboil HCKoMbIe (hOPMYJIbl ABHKEHNA f.

CMmenannoe Hpou3BeJieHne BeKTopos i, §/, k' pasuo +1 mwin —1 (opu-
eHTHPOBAHHEIH 00bLeM eAuHMYHOrO Kyba) B 3aBHCHMOCTH OT OPHEHTAIUH
rpoitku (' j'k'). Hosromy

[¢3] bl (&)
A= Qo b2 Ca ==+1 (102)
as by ¢

COOTBETCTBEHHO NIEPBOMY MJIH BTOPOMY POIly ABHIKEHUS.
7.2. Marpaua ABUKeHHUs!

as b o
az by ¢,
as b3 cs

KpoMe cBolicTsa (10.2), 0basaer u ApyruMu 3aMedaTebHBIME CBORCTBAMH.
1. Tax kak |#'| = |j'l = |k |=1u ¢j =k = j'k' =0, To HMeIOT MeCTO
CTeyIomue PaBeHCTBA:

a? +a§+a§ :1, albl +a2b2+a3b3:0,
b? -+ bg + bg 217 n  a,.¢ + ascs + a3C3 = 07 (103)
E4ci+c=1 bici + baco + bscs = 0.

2. BameTuM, 4TO Gy = 44, by = 1j’, ¢ = ik’. DTH paBeHCTBA FOBOPAT
0 TOM, YTO UHCH& 1, by, ¢; CIy»XaT KOOPAMHATAMU BEKTOpa i B ba3uce
(7, 3/, K'): i(ay, by, ¢1). Ananormano j(az, ba, ¢2), k{as, bs, c3). llockomeky
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i) =17l =k|=1uij=1ik=jk=0.T0 HMeem:

al+ b =1, 105 + b1y + cicp = 0,
ai+bi+cs=1, m ajas+bibs+cies=0, (10.4)
az+b:+ca=1 aga3 + bybs + cpes = 0.

Marpuns:, obaanaomme coficrsamu (10.3) u (10.4), nassiBaioTcst op-
TMO2OHAAVHBIMYU MATPUUGMU.

3. OproronanbHble MATPUIBL 00JIAJAIOT elle OAHVM 3aMevaTeSbHBIM
CBOHCTBOM: MAGMPUYA, NOAYUEHHAA MPAHCNOHUPOSAHUEM OPMOZORAALHOU
MAMPUYDL, ABAREMCA ee 00pamuol mampuyetl:

ay Gz Qs a b o 1 00
b1 b2 b3 Qo bg Co = 010 s
[&] Co C3 a3 bg C3 0 0 1

YTO JIETKO BHJAETH ¢ HOMOLIBIO pasencts (10.3).

Wrak, nBruskends IIPOCTPAHCTBA 3aNUCLIBAIOTCS JUHEHHBIMYU (dOopMYyia-
mu (10.1) ¢ ompenennrenem A = +1 n oproroHassHON MaTpuneil Kosddpn-
OHEHTOB NPH Z, Y, 2.

Cgoiicteo {10.2) Moxer 6BITH HONOXKEHO B OCHOBY OIIpEJEeHHst Poja
[BU2KEHHSI.

O6patHO, ecM B NpAMOYTOJILHBIX JEKAPTOBBIX KOODAMHATAX 33JaHO
npeobpazosanue npocrpancTsa (bopmysamu (10.1), B KOoTOpBIX MaTpuna
K03 DUIMEHTOB SBJISIETCH OPTOTOHANBHOM, TO 3TO Ipeobpa3oBaHUE €CTh
JBHKEHUE.

HeiictBuresnbho, mycTs npu npeotpasosarun (10.1) roukn A(zy, yi, 21)
u B(x, ya, z2) orobpaxaerca B roukn A'(x), y}, z)) u B’ (2}, ¥4, z5). Torna

A'B”? = (2} —z5)* + (v —13)* + (21 — 22)* =
= (a1 — 22) + bi(yy — v2) + 1(z1 — 22))° +
+(az(@y — o) + by — 92) + 221 — 22))° +
+ (as(zy — 22) + bs(yr — y2) + ca(21 — 22))* =
= (af +ay + a3)(zy — 22)" -+ (b7 + b5 + b3) (31 — 2)* +
T+ g+ (an—2) +
+ 2(aiby + azby + asbs)(z1 — 22) (Y1 — y2) +
+ 2(a1¢1 + ages + azcs) (@ — x2)(21 — 22) +
+ 2(bic1 + bacy + b3cs) (Y — v ) (2 — 22)-

Tax Kax 10 yCJI0BHIO MaTpuia KosdduimenTos npeobpazosanus (10.1) op-
TOrOHAIBHA, TO BhuIONHAIOTCst pasencrsa (10.3). [losromy nonyuennoe Bor-
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paxkeHHe paBHO (T — z2)° + (11 — y2)° + (21 — 22)? = AB*?. CrnenosareinpHo,
A'B' = AB nns moGoii napet (A, B) TOYeK OPOCTPAHCTBA, T. €. 33JAHH0E
upeobpazosanue (10.1) — nBiKenue.

Taxum 06pazoMm, ABHKEHUS U TONBKO JBUKEHHS IIPOCTPAHCTBA MMEIOT
B IeKapTOBbIX KoopauHaTax dopmymnst (10.1), Marpuna ko3 HuIrenTos Ko-
TOPBHIX OPTOIOHAJIBHA.

7.3. @®opmyant o6parHoro ABuxkeHust. Iloab3ysch ceojictBoM 3 oproro-
HAJLHBIX MATPHI, JETKO IOJYYHThb (POPMyJbl OOpaTHOroO JBMzKeHHst f '

' = a1z + a2y + azz + ao, .
Y =b1x + by + bzz + by,
Z = T+ CrYy + C3z + Cp.

Tak xak npu f~* Toura O, Yo, 2¢) Hepexomut B Touky O(0, 0, 0), To

ap = —(a;1xo + a2y + aszo),
bo = —(byxo + bayo + b320),
co = — (1o + CaYo + €320).

IosToMy dopmynsl o6paTroro apuzkenus f~' mas asuxennst [ ¢ Hopmy-
aamu (10.1) npuAMMAIOT BHI:
g’ = a\(z — o) + a2y — yo) + as(z — 20),
Y =bi(z —z0) + b2y — %) + b3z — 20),
Z2' = ci{x — x0) + 2y — Yo) + €3(2 — 2p).

(10.5)

7.4. O xpurepudx YacTHHIX BHJOB IBHKeHHHA. B Ka>XA0M KOHKDETHOM
ciygae dopmynamu (10.1) 3amaercs OfUH U3 CYIIECTBYIOIINX YACTHBIX BU-
JIOB IBH2KeHHI MPOCTPAHCTBA. KEro MOXKHO OLPENeNnTD, Hall/isl POL ABHKe-
mug (1m0 onpeaenuTenio A) ¥ MHOXKECTBO HEIOIBHMKHEIX TOUEK:

JBroxkenus MuozxecTBo JBmxxenns MmuoskecTBo
I pona HETOIBUKHBIX IT pona HEeIONBUKHBIX
TOYEK TOUYEK
1. Tlepenoc 1] 1. 3epKasyibHast ILJIOCKOCTL
CUMMeTpH
2. IToBoOpoT npaMast 2. IlepenocHas 1%/
CHMMETPHS
3. Bunrosoe %] 3. oBoporHasa OIHA TOYKA
JIBUIYKEHUE CUMMETDPHS
4. Toxk gecTBeHHOE | TIPOCTPAHCTBO
JBUKEHUE
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BunuM, 9ro pon u MHOXKECTBO HEIMOIBIDKHBIX TOYEK OAWHAKOBBI JIMIIL
JUTA TIEpeHOCca M BUHTOBOTO Jsrkenust. OqHako mepeHoc B 000 cHCTeMe
KOODIVHAT UMeeT (hOPMYJTbI:

=x+4+z0, Y=yt+y, F=z+2 (10.6)

H [O3TOMY Cpa3y BBLIENSIETCS.
Jlna genonsyxHOMN Touku o' =z, ¥ =y, 2’ = z. Dopmynst (10.1) upuso-
JIAT K CHCTEME:
(ay — Dz + by + ¢z = —xy,
2% + (b2 — D)y + coz = —o, (10.7)
asx + bsy + (c3 — 1)z = — 2z,

i

Il

M3 KOTOPOH 1 HAXOAUTCSA MHOYKECTBO HENOIBIDKHBIX TOUEK JIBHYKEHUS B KaXK-
JIOM KOHKPETHOM CJIy4ae.

7.5. @opMyiIbl 9AaCTHBIX BHIOB [JBUXKCHUIM IIPH CHELHMAJBEHOM BBIOODE
IPSIMOYTOJIBHOM JleKapToBo#l cucTeMbl Koopiunatr. Ecin ymobHo BmiGpars
cucreMy KOOPJWHAT OTHOCUTENHHO OOBEKTOB, XAPAKTEPU3YIOUX TO MIIN
HHOE JBUKEHHE IIPOCTPAHCTBA, TO POPMYJIBI ITONO NBUKEHUS 3HATHTEIHHO
YITPOIIAIOTCS.

HezaBucnmo or BHIGOpa CHCTEMBI KOODJHMHAT NEPEHOC MMEET IIPOCTHIE
dopmynsr (10.6).

Ilenmpasvrai cuMMEMPUA OTHOCHTENBHO TOUKH S(Zo, Yo, 29) HMEET
dbopmysr:

T'=—x+4+2z, Y =-vy+2y, 2 =-—2+2z2. (10.8)

Ecim mnockocts Oy CHCTEMBI KOODIHHAT COBMECTHTH C ITJIOCKGCTBIO
3EPRANOHOT CUMMEMPUY, TO TTOJTyIaeM HOPMYJIIBL:
’ !

=z y =y, =-z (10.9)

DOPMYILI EPEHOCHOT, CUMMEMPUL € TOH KE MIOCKOCTHIO QLY U BEKTOPOM
(o, B, 0) uMeroT BH:

r=z+a, yY=y+p 2=-z (10.10)
@opMyiIBl 11060poma 0KOJI0 oc (Jz Ha yToJ ¢ TAaKOBBI:

' =zcosp —ysing,
Yy =xsing + ycosqy, _ (10.11)

’
z =Z.
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TTosopommnas cummempua ¢ ockio Oz, maockocrsio OTy U yrioM ¢:
' =zcosg —ysing,
Yy =xsing + ycosq, (10.12)

2 = —z.

Bunrosoe apmxenue ¢ ocbio Oz, yrnom ¢ u Bekropom 7(0, 0, v):
' =z cosg — ysing,
Yy =zsing + ycosy, (10.13)
Z=z+vy.

Ocesas cummerpus ¢ ockio Ox:

=z, y=-y, 22=-z (10.14)

§8. Komnosuyuu desuscenutl npocmparcmea

8.1. Kommosunus mosopora u epeHoca. Haiimem KoMTIosuInio moBopo-
ta R} n nepenoca T nupu T} 1. C 310l 1eIbI0 NPeACTaBIM 068 3TH JBUKEHUS
KOMITO3ULUASIMA OCEBBIX CUMMETPHIA:

R} =5,08, rme all, b1l (a\b):-;—(p, anbNl=0

unTr=5,08,, ull, ul 7 [lomb3ysch MMEIOMUMCS IPOU3BOJOM B BbI-
Gope ocefi cUMMeTPHH, MOXKHO COBMECTHTb ocH u u b (puc. 150). Torma
TzoR/=5,08,08,05,=85,085,. Ecnu BekTOop 7 He OPTOrOHAJEH OCH [
HOBOPOTa, TO MPAMBIC G U U CKPEWUBAIOMEA U YIOJ MeXJy HUMH paBeH

Yoy MexJjy a u b, T.e. pasen 3¢ Komnozuiusa
S, 08, ectb sunmosoe dsudicenue ¢ OCbIO M, SBISA-
Jomeiicst o0IMUM TIEePIEeHINKYIAPOM NPAMBIX @ U v,
u BekTopoM 2PQ, tne P=anNm, Q=vNm, m| L.
Hrak,

TroRf =TpgoR:, mll

B cnywae, korma T LI, npaMpie a U v nepecexaom-

ca, Torna PQ = 0 u ncKOMast KOMIIO3UIS SIBJISeTCS

Puc. 150 nosopomom RY,. Ecnu, kpome Toro, ¢ =, TO nmeeM:
T3085 =8, 7L, m|l

8.2. Kommosumus 3epkasbHOil u oceBoii cummerpmit. Ilycrs maner S,

u S; npu [ ffa. Ilpegcraam Sy =S, 0 S, rae vy Lo, B Ly (puc. 151). Torma

S108,=8,0(508,)=S,0R?, rneu=anP,uly,ull, @:2(@):2(&,\1).
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Kommosuims S, o R? upn u Ly ectb nosopomnas cummempua. Korma [ 1 a,
T0 S, 08, =Z0, O=1INa.

8.3. Kommosunus aByx mnoBoporoB. CHadaia HafizeM KOMIIO3HITHIO
R% o R* nByX IIOBODOTOB, OCH G U b KOTODPBLIX ckpeujusaromca. llocTponm
OOHIN TEPIEHANKYIADP h IMPAMBIX @ U b B IpeiCcTaABUM 32aHHBIE TOBOPOTHI
KOMITO3UITUSIMH OCEBBIX CHMMETPHIL:

R} = 8,08, RP=5,08,, u_La, vlb

b

wnhNa=4, vNhNb=B, (u h)= (m):g

2 bl
(puc. 152). Torna R o R: =S,08,08,085, =S, 09,. IIpavste u u v ckpe-
IMBAIOTCA: /I OBl OHU TIPHHAJICZKATH IJIOCKOCTH, TO IpsIMble @ H b, nep-
[eHMKYTapHble 3TOi IJIOCKOCTH, Obutn Gl napasuiesnbinl. Ha ocHoBamuu

b

Puc. 151 Puc. 152

TeopeMsl 1. 4.3 HCKOMasA KOMITO3ULHS [I0BOPOTOB SABIISIETCS SUNMOGbIM 06U~
JicenUueM, OChI0 KOTOPOTO CAYKUT OOWINi MepleHuKynsap | IpsaMbIX v 1 v,
yroat w = 2(, v), a Bekrop 7 = 2PQ, rae P=unNl, Q@ =vNI. Yroa o mo-
»KeT OBITH BBIMICIIEH Yepe3 YIVIB ¢ ¥ [3 NAHHBIX IOBOPOTOB U YTOJI Y MEXKIY
ocsmu g u b.

Eciu npsiMble a 1 b nepecexaiomed, TO npsiMble 4 ¥ U Oy T IlepeceKaThbes
B TOif ke Touke. Torna MCKOMasl KOMIO3ZULUA RB o R, ectb nosopom R},
och | KOTOPOro NMpoxouT wepe3 TouKy O = a N b= u N v HepueHAUKYIAPHO
NpAMBIM U, V.

Ipu a || bua#p HpﬂMbIe u u v nepecekatorcst B Touxe O. Komrrozu-

uust RS o R® ects nosopom Rl , OCb | KOTOPOI'o NpoxXoguT vepe3 Touky O

NApaJUIeIIbHO IPSIMBIM ¢ 1 b.

Hakoner, 1pu a || b u o = uiu a + =21 6yzer u || v. B aTom caygae
KOMITO3UIUS TIOBOPOTOB ABJISIETCH NEPEHOCOM.

8.4. Kommosuumsa TpeX 3epKadbHBIX CHMMerpuili. Boimesum crHavamla
0cobbIil cityuali, KOraa KOMITO3UIMS TPeX 3ePKAJIbHBIX CHMMETPUN SIBISETCH
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3epxaibHoil cuMmMmerpueil: S, 0 S50 5, =5,. DTO paBEeHCTBO SKBHBAJIEHT-
10 Sy0 5, =95,05,. Ecau mrockoeru o u § uMeror obuiyio mpsamyio [, To
Sp 0S8, =R} unosromy S, 0 S, = R}. CiesoBaresibHo, BCE HETHIPE TLIIOCKO-
ctu uMeroT oburyio upsmyio . Ecan xe afj 3, To Sz 0 S, =T+ u moyromy
S, 08, =T7 CnenoparesbHo, BCE YETHIPE IJIOCKOCTH CUMMETDUH HAPas-
JIEJbHEL.

Hcrunbno obparHoe yTBep:KIeHUE: €CAU NAOCKOCINY MPEL 3EPKANOHBIL
cummemputl NEPECeKaIomMes no 00Hot NPAMOT UAU NADAALEALHDL, TO KOM-
NO3UYUA INUL 3EPRANLHBIL CUMMEMPUTL ABAACTCA 3EPKAADHOUT CUMMEM-
puetl, NAOCKOCMd KOMopol cOOMBEMEMBENHO COOEPHCUTN NPAMYIO UL NEPE-
CEUEHUS UAU UM NAPaLLeAtHA. JOKA3ATENLCTBO HE3ATPY/IHATEILHO.

IIycts mmockocrn o, B, Y CHMMETPHI HMEIOT €JMHCTBEHHYIO 0010 TOU-
ky O. Torma ona IBIA€TCSI €INHCTBEHHOU IEMTOIBHAKHOM TOYKOI KOMIIO-
3urmu atux cummerpuil. Ipennonoxenne
O CyHIIECTBOBAHMH JPYroil HENOIBHXKHONI
TOYKH OPHBOJUT K IMPEALIAYLIEeMY Cy-
a0 B3aWMHOTO PACIIOJIOXKEHHIS IIJIOCKO-
creit o, 3, v (u. 7.4). CnenosareinnHo,
Kommosuuust f =S, 08085, ectn nogo-
pomnas cummempus. Haiimem ee mioc-
KOCTb, OChb H yroJ MoBOpOTa. IlycTs
BNy=a, yNa=b, aNB=c (puc. 153).
Ecmu f(c)=¢,, To mpamMele ¢ U ¢; cHMMeT-
puusb! oTHOCHTENBHO Y. [TyeTrs S,(a) = aq,
toraa f(ag) = a. Tak Kak uCKOMasl IJI10C-
KOCTB ¢) HOBOPOTHOH CUMMETPHH [ HEJUT MOMOJAM KAaXOBIH H3 OTpPE3KOB,
COCIMHAIONIUX COOTBETCTBEHHbIE TOUKY, TO €il IIPUHALJIEKAT OPTOTOHAIL-
HbIE TIPOEKITHY M U 7 TIPIMBIX & U ¢ COOTBETCTBEHHO HA ILTOCKOCTH O U .
Nrak, o = (m, n). Ocb | 110BOpOTaA €CTh MEPHEHIUKY/ISAP K & B Touke O,
Yron ¢ mOBOpOTA PAaBEH YIVIy MEXKIY OPTOrOHAJIBLHBIMU IIPOEKIUSMHU Npsi-
MBIX Qg W @ (HJIH C ¥ ¢;) HA TIOCKOCTD (.

Eciu nmnockoctr o, 3, Y nonapeo nepueHAuKynspusl, 10 f = Zo.

WNnage Ty 3ama4My MOXKHO PeINNTH CBEJCHMEM K 3aJade II. 8.2 myrem
3aMEHBI APBI ITOCKOCTEN 3 11 Y.

PacemoTpuM ettie cayyail, KOrIa [IIOCKOCTH O, (3, Y JAHHBIX CHMMETPHI
HOIAPHO IEPECCKAIOTCS II0 TPEM napajuenbubiM upaMeiM: a || b || ¢. Toraa
B KaXKIOl IJIOCKOCTH ¢, MepHeHIUKYJISIPHON 3TUM NPSMBIM, KOMIIO3HIHS
f=25,08;085, MBIYHUPYET KOMIIO3UIIMIO OCEBBIX CHMMETPHI OTHOCUTENHHO
NPsIMBIX TIEPECEIEHNs O € &, 3, Y. A OHa SIBIACTCS HEPEHOCHOH CHMMETpUei]
IIJIOCKOCTHU O C OIPeIeIeHHON 0chio [ 1 BekTopoM T. [losToMy kKoMmosniust f
€CTb TIePeHOCHAs CUMMETPHA MPOCTPAHCTBA C BEKTOPOM T U TIOCKOCTBIO,
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npoxo/dAnieil yepe3 NpaAMyIO | napaiieNbHo npsaMbIM a, b, ¢ (nepuesauky-
JISIPIIO O).

8.5. KoMnosuupusa cMMMeTpHii OTHOCHTENBHO TPEX HONAPHO CKPEINnBa-
omuxes npamMbix. Ilycrs Tpebyerca Haiitu asukenne f =S, 05,095, rae
npsAMBIE a, b, ¢ TlonapHo ckpermuBares. Komnosuuus Sy, o S, ecTb BUHTO-
Boe apuzkenue (1. 4.3), 0CBIO KOTOPOTO CIYKUT OOUIMI NMepneHauKyasap h
opsMbIX @ 1 b, a Bektop T=2AB, rnc A=anh, B=bNh (puc. 154).
[Napy npaMeix ¢ u b MOXKHO 3aMEHUTE /060N APYToil Hapoil cKpenmBao-
HEXCs MPAMBIX ¢ W by ¢ TeM ke ODUUM MEepIeHIUKyJIspoM h, coxpaHsasd
YyTOJI MEXKIy MPAMBIMEA a U b I Kpardaiiiee pac-
croamme (A; B, = AB). Cymectsyer napa (a,, by)
rTakad, 910 by Le, byNe=0u S,085,=5;,, 085,,.
Torna ncxkomas komnosunys [ 3aMeHsieTCst pABHO-
nennoit f =S, 08, 0S,,. llockoneky S, 0.5, =5,
rae | — DepreHauKyJasp K OpAMbBIM by ¥ ¢ B 11X 00-
wieit Touke O, 10 f =5,0.5,,.

PaccMOTpuM BOBMOXKHBIE CIIyYaH.

1. Ecnu npsvuie a; u ! ckpemusaores, 10 f —
BUHTOBOE JBHKEHHE, OIPEAEIIeMOoe OCIMH G H I,
KOTOPbIE CTPOATCA YKA3aHHBIM criocoboM. B gact-
HOCTH, €CJIN JAHHBIE IPAMBIE 4, b, ¢ TapaJIIeIbHbI
onuoit mwockoery, 1o || A u mosTomy oce BunTO-
BOTO ABUZKEHAs f IaPaJjuIeIbHa 3TOHM ILIOCKOCTH.

2. Ecan a, u | nepecekatorcst, 10 f — moBOpOT.

3. B cuyuae, Koria CKpemmBaloliuecs NIps-
MbI€ @, b, ¢ HOIApPHO TePIeHRKYIApHDL, TO [ || a; Puc. 154
u Torga f — mepeHoc.

§9. I'pynnwi camocosmeuwsenutl npasusbHO20
mempaadpa u xyba

9.1. T'pymma camocoBMeIneHmE IpaBHJIBHOTO TeTpasapa. Hamommmm
onpeneenus. Buxkenue, orobpaskamollee HeKoTopyo ¢durypy Ha cebd,
€CJIM TAKOE CyIIECTBYET, HA3BIBAETCS COMOCOBMEULEHUEM ITON (DHUIYPEL.
MuokecTBo npeobpas3oBanuit, cojepkaliee Jjs KaXKJ0ro npeobpa3oBanmst
o6paTHOE €My U KOMIIO3HIHIO JIIOOBIX JBYX NpeoOpasoBaHuili U3 JIAHHOTO
MHOYKECTBA, HA3BIBAETCA 2pynnol npeobpasosanuti. Bo Beskoit rpynre pe-
06pa3oBaHuit COMEPKITCS TOKIECTBEHHOE.
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OUeBHIHO, MMONHCECTNEO 6CEL CAMOCOSMEULCHUT huaypbl ABAAETNCA
epynnot. Jlokazano, 4to J060H UpaBUIBHLIA MHOTOTpAHHUK obnazaer
IPYIIIOH caMOCOBMEIEHUH, B KOTOPOH 4YHCIO ABHKEHHIT paBHO y4eTBe-
peHHOMY umciy pebep 3TOr0 MHOTOIPAHHHKa. Kaxkaoe U3 3THX ABUKCHUI
HMeEeT XOTs Obl OJIHY HEMOJBUXKHYIO TOYKY, TaK Kak oTobpazkaer Ha cebs
cdepy, onucaHHyIO OKOJI0 MHOTOTPAIIHUKA, U OTOMY HEOOX0IUMO 0Tobpa-
JKaeT Ha cebsi ee IEHTP.

Paccmorpum nonpobree rpyniry caMocoBMeIen il NpaBUILHOTO TETPa-
sapa. Ona comepxkut 4 - 6 == 24 nBukeHusi. B Hee BXOAAT IIECTH 3€PKAJIb-
HBIX CHMMETPHI OTHOCHTEJIBHO [IOCKOCTEH, KaXKIast 13 KOTOPHIX CONEPIKUT
pebpo HPaBUABLHOTO TETPA3APA U CEPEIUHY IIPOTHBOIIOIOXKHOTO pebpa. Ipsa-
Mas, oTpee/igeMas CepeIHaMH IBYX TPOTHBOIOIOKHLIX pebep (Gunmenu-
aHa), NepIeHIMKYIapHa 3THM pebpan. [103TOMY CHMMETPHA OTHOCHTENLHO
Hee 0TOOparkaeT MPABRIBHBIN Terpasap Ha cebs. CiernoBaTesabHO, TPYIIa
BKJIIOUAeT B cebsi TPU OCeBble CUMMETPHH OTHOCHTEILHO TpexX OHMeInaH.
OdeBnaHO, CAMOCOBMEMIEHUSIMEA [IPABWILHOTO TETPa3Apa OYIYT BOCEMb NO-
BOpPOTOR Ha +120° OKOJIO €ro BLICOT.

Hasee ob6paTuM BHEMAHNE HA ILIOCKOCTD O, COJEPZKAILY) CEPEANHEI ye-
THIpEX pebep TeTpasapa, 06pasyroNuX HelIOCKHA (KOCOi) YeTBIPeXyTroJib-
ouk. W3 mectu pebep TeTpasapa HCKIIOHYAETCS
Kakas-nbo mapa NpOTABONOIOKHBIX pebep. Ilusa
HATIIAAHOCTH ONHUIEM OKOJIO MPABUIHLHOTO TeTPa~
supa ABCD xy6 (puc. 155): uepe3 xkax/ple upa
HPOTHBOIOJIOXKHBLIX pebpa MpoBeieM mapy napaJ-
JeJLHBIX miiockocTeit. Ilpsamas [, npoxogamas ge-
pe3 cepeAHHB! ABYX pebep TeTpasapa, KOTOpPbIE
HE COLEPXKAT CTOPOHBI PACCMATPHBAEMOTO KOCO-
I'0 9eThIPEXYTOJbHUKA, IEPIIEH IUK YIS PHA IIII0CKO-
¢t o, Ecau miockocTs of CONEPKUT CEPE/IUHEL pe-

Puc. 155 6ep AB, BC, CD, DA, 1o npaMasa | comepskur

cepenmmubl  pebep AC u  BD. Kommosumius

ngoo 0§, (MoBopoTHAS CHMMETPHSL) ABJIAETCS CAMOCOBMCIICHIIEM [IPABHIIb-

noro terpasapa ABCD: A— B — C — D — A. Beero B rpynme nmeercs
IIECTh HOBOPOTHBIX CHMMETPHI.

Urak, obuapy»KeHsl Bce 24 caMOCOBMEINEHHUS MPAaBIILHOTO TETPadipa:
LIECTDh 3¢PKAJBHBIX CHMMETDPHIA, TP OCEBblE CHMMETPHH, BOCEMb IIOBOPO-
TOB, LIECTh IIOBOPOTHBIX CHMMETPHUIT U TOXKIECTBEHHOE ABIxKeHne. Moxkno
yOemuThes B TOM, ITO KOMIO3HIMS JIOOBIX JBYX JABHXKE€HUI H3 3TOIC MHO-
JKCCTBA ABJISCTCA JIBUKEHIEM M3 3TOTO K€ MHOXKECTBA. DTO JIETKO CIENIaTh,
eCyl C KayKJIbIM u3 24 caMOCOBMEIIeHNi TPABUILHOIO TETPAIAPA CONOCTa-
BHTH (OIIO3HATHO) NOJCIMAHOEKY €r0 BEePIIHH:
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— 3ePKAJIBHON CHMMETPHUM OTHOCHTEJIBHO IUIOCKOCTH, IIPOXOASIIEH depe3
pebpo AB u cepequny pebpa C D, cOOTBETCTBYET HOACTAHOBKA

ABCD
ABDC )’

— 0CeBOIf CHMMETPHUY OTHOCHTEIBHO BUMCIUANLI, COAEpKALieil cepeau-
ubl pebep AB u C'D, oTBewaer noacTaHOBKA

ABCD
(BADC) ’
— nosopoT Ha 120° OKOJIO BBICOTHI, ONYIIENHON U3 BepuiuHsl A, uMmeer
HOJCTAHOBKY
ABCD
(36om)

— HOBOPOTHAS CHMMETDHSI € IIOCKOCTRIO o, 0cblo [ u yrszom 90° (puc. 155)
IPEJCTABISETCS OCTAHOBKOM

ABCD
BCDA/"-
KOMHOBI/IHI/II/I CaMOCOBMEIIECHUIT IPpaBUJIBbHOIO TETPpadApa CTABHUTCA B CO-
OTBETCTBHE IIPOU3BEAECHNE COOTBETCTBYIOUINX TIOACTAHOBOK. I‘I&HPI/IMep7

ABCD\ (ABCD\ (ABCD
<ACDB> (BACD) o (BCDA) ’
T. €. KOMIO3WIKA TOoBOPOoTa Ha 120° 0KOJO BHICOTHI, comepkauleil Bepmu-
Hy A, U 3epKAJIbHON CUMMETPHH OTHOCHUTENLHO IIOCKOCTH CHMMETPUH TO-
gex A u B eCTh HOBOPOTHASA CUMMETPUS € IIOCKOCTRIO O, OCh | 1 yruiom 120°
(puc. 155).

T'oBopaT, uTo rpymma caMocoBMEINEHHH NPaBUJLHOTO TETPAdApa H30-
MopdHa rpyIne MOICTAHOBOK U3 9eThIpex 3J1eMenToB. Kask 0 oacTaHoBKe
IIpM KaHOHHYECKOH ee 3alliCH I1ePBOil CTPOKH COOTBETCTBYCT MEPECTAaHOBKA
6yKB BO BTOPO# CTPOKE. A 4HCJIO [IEPECTAIIOBOK U3 YETBIPEX 3JIEMEHTOB KaK
pa3 u paszo 4! = 24,

9.2. I'pynmna camocoBMemennii kyba. Ilepewucanm gBKeIHs IpOCTPaH-
CTBa, 00pa3yIolye IPYIIy CaMOCOBMENIeHMIT Kyba:

1) nenrpanbHas CHMMETPHS OTHOCHTENLHO TouKH () MepeccueHns Iua-
rounaJieif kyba;

2) NEBSITH 3epKaJbHBIX CHMMETDHI, IVIOCKOCTH HIECTH U3 KOTOPLIX SB-

JISIIOTCs1 AATOHAILHBIMH MJIOCKOCTSIMHA Ky0a, a TpH APYrhe HPOXOIAdT 4epes
wenTp O Ky6a NapauiejibHO €0 IPAHIM;
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3) mEBATH OCEBLIX CHMMETPHH, OCH [; TPEX U3 KOTOPHIX IPOXOAT 9EPES3
nentp O napajiespHo pebpam Ky6Ha, a Kayk1ad U3 MEeCTH IPYTHX COAEPIKUT
CepeIMILL JBYX NIPOTHBOIEKAINHAX (CHMMETPIYHBIX OTHOCHTEABHO O) pebep
Kyba;

4) wecTh TOBOPOTOB OKOJIO TPeX NpsAMbIX [; Ha +90°;

5} BOCeMb TIOBOPOTOB OKOJIO YeTbIpex JauaroHajecii Kyba ma +120°; na-
npuMep, muaroHair AC| nepnenaukyiaspia miockoctsm A, BD u B,CD,,
epecekaer UX B UEHTPax MpaBUiIbHBIX TpeyroibHukos A, BD n B,CD,
(puc. 156) (Bua kyba B Hampasnenuy guaronanun AC; n300paxkeH Ha
puc. 157);

Puc. 156 Puc. 157

6) mecTh MOBOPOTHHIX cummeTpuii RE 0 S,: mIOCKOCTH of IPOXOMHT
yepes tenTp O napajuiesibHO ABYM IPOTHBOIOIOKHBIM rpansaM Kyba, a ock
lla,Ocl;

7) BOCeMb [OBOPOTHBIX CHMMETpPHI R 0 83! WIOCKOCTD 3 MPOXOIUT
gepes nenTp O nepnenauKyagpHo auaronanu t Kyba (cevennem Kyba mioc-
KOCTBIO [3 IBJISI€TCS] HPABUMbHBI IMEeCTHYTOMBLHIK C BEPIIMHAMH B CEPeIHAX
mecTu pebep KybOa);

8) TOXKIECTBEHHOE [IBHXKEHIIE.

Wrak, rpymnna camocoBmenieHuit kyba cocTonT u3 48 mepedmciieHHBIX
ABIPKCHUI, YTO KaK pa3 BYeTBepo Gosibiie yucia pebep Kybda.

+60°
t

§10. Pewenue 3aday ¢ uUCnosv308aHuem 08UNHCEHUT
NPOCMPAHCTNEA,

Kak u B IJIaHUMETPHIH, METOJ, FeOMeTPHUIECKUX MpeoOpa3oBaHIi OKa3bI-
BaeTcsd BechbMa 3 @MEeKTUBHBIM B CTEPEOMETPUYECKUX 33/auax. PacecMorpum
JIIA IPAMEPa PeIlleH s HECKOJIbKHAX 3a1a4.

3amaua 1. Yepes cepemuHy KaxKJaoro pebpa TeTpasipa NpoBeldeHA
IIJIOCKOCTD, IEPIIEH AUKYJIAPHAs IPOTUBONIONMKHOMY pebpy. lokaxure, 4o
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I1eCTh IOJIy"IEHHBIX INIOCKOCTeH HMMeloT obmiywoo Todky. (OHa HasblBaeTcs
mouxott Mownowca Terpasapa.)

Pemenue. Cepeaunnl IMpOTUBOIIOJIOKHBIX pebep TeTpasapa CHMMET-
pUYHBlL OTHOCUTENLHO ero uentponpa G. Hlects mnockocrteil, kaxnas u3
KOTOPBIX IPOXOIUT Uepe3 cepeniy pebpa MeprueauKyIapHO smomy pebpy,
nepecekatorcs B ienTpe O OMMCAHHOI 0KOJIO Terpayapa cdeprl. [lnockocrs
IepBOi MeCTEPKH U ILIOCKOCTH BTOPOI WIECTEPKYU, NEPIEHIUKYISPHBIE Ol
HOMY pPebpY, Hapauie/ibHbl A COAEPXKAT TOYKH, CHMMETPUYHLIE OTHOCUTE/Ib-
Ho nentpouga G. IlosToMy 3TH MIOCKOCTH CHMMETPHYHEI OTHOCUTENBHO (.
Cure1oBaTENLHO, LIECTH IUIOCKOCTEH, YKA3AHHBIX B yCJIOBAH 334a9M, Iepece-
KAKOTCH B OTHON TOUKE, CAMMETPHYHON TO4YKe O OTHOCHTEILHO LieHTpouaa G
TETPadIpa.

3anada 2. Jan rerpasap 1. Paccmarpusarorcs yeTwipe TeTpasapa 1,
B KaXKJOM I3 KOTOPBIX OJHA BEPUINHA COBIAIAET ¢ BEPIIMHON JAHHOIO TeT-
pas/ipa, a TpH OCTAJBHBIE SIBJISIOTCS cepeauHaMu Tpex pebep Terpasapa T,
cxomsmuxcst B oroit Bepmune. Touku Oy, Oy, Os, Oy — nentpst cdep, onm-
CaHHBIX OKOJIO 4YeThIpex TeTpasapos T, a Jy, Jy, Js3, Jy —— UeHTpHl BIHCAH-
HbIX B HuX cdep. Jokaxure, uro rerpasapsl O, 0;,0:0, u J,J,.J3J, paBHbL.

Pemenune. Terpasupel T;, paBHbl, TaK KaK KaXKIBII U3 HUX OTOOpaXKa-
eTcst Ha IPYTO# OUeBHIHBIM IepeHocoM. Torza BeKTophl 51._]1 (i=1,2,3,4)
paBHBI KaK COOTBETCTBEHHbLIE LPHW 3THX nepeHocax. [losToMy TerTpasap
0,0,030, orotpaxaercst Ha TeTpasap J,J2J3J, nepernocom Tx, 7= O;J
H CJIEAOBATEIBHO, 9TH TETPASIPHI PABHAIL.

3anmaua 3. IlnockocTh, comepkaluasi CepeiuHBI ABYX CKPELUBAIO-
muxcst pebep NpaBHIBHOIO TETPas/pa, MEJUT €r0 Ha JBE PABHbIE YACTH.
Hoxazxure.

Pemenue. Ilpamast [, npoxoadias yepe3 cepejUHbI ABYX CKpPENIHBAa-
fonuxes pebep MPaBUILHOIO TETPA’IPa, SABISIETCH OCbI0 €ro CHMMETPHH.
ITnockocTeio, comepXkaiieil NPAMYO |, UpaBUALHBIA TeTpasap pa3buBaer-
csl Ha JBE YACTH, CUMMETPHUUHBbIE OTHOCHTENbHO npsmoi [. Ilosromy onm
paBHBL

3anaga 4. B npaBuibHOM YeThIpex- S
yroasuo#t mupamuae SABCD toukn A,
By, Cy, Dy — cepenunnt pebep SA, SB, SC,
SD coorBercTBenno. JloKa)kuTe, 4TO HpH-
moie AC,, BD,, CA,, DB, nepecekaroTcs
B OIHOHI TOYKe.

Pemenue. [Ipamnie AC, u CA; je-
JKAT B JUATOHAJBHOMN IJIOCKOCTH NUPAMHEILI
1 Mo3TOMy Hepecekaiorcst (puc. 158). Tou-
Ka P ux mepeceuenus jiexxur Ha BbicoTe SO Puc. 158

19
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nupaMuan, Tak Kak B miockoctu ASC mpsimbie AC, u C A, cummerpng-
HBl oTHOCcHTEabHO SO. Ilpu nosopore okosno SO na 90° (AC,) — (BD;)
n (CA;)—- (DB,), tak xak A—B—-C —D —A u §— S, nosromy u
A, — B, —Cy — D, — A;. Touka P = (AC,;) N (CA,) orobpaxkaercs Ba TOU-
Ky (BD,)N(DBy). Tockoabky Touka P jexXuT HA OCH IIOBODPOTAa, TO OHA
HermoiBikHa #, 3Hauut, (BD,) N (DB1) = P. Urak, Bce uyeTbIpe OpsIMble

AC,, CA,, BD,, DB, nepecekaerca B Touxe P, PO = %SO.

SBamaua 5. Terpasapm ABCD u A, B,C\D, paBHBI U IPOTHBOIOIOXK-
HO OopueHTHpoBaHbl. JoKaxkuTe, 9To cepenuHnl orpeskos AA,, BB, CCY,
DD, nexar B 0HON IIOCKOCTH WK COBIAIAIOT.

Pemenwue. Iapamu Touek A— A,, B— B,, C— C,, D — D, 3anaerca
JBIXKEHNE BTOPOTO POJA, KOTOPOE sABJISIETCS OJHUM U3 TpeX JBHKeHHI: 3ep-
KaJIbHOM CUMMeETPHEIl, IIepeHOCHO cCuMMeTpHel WIN JKe HOBOPOTHOK CHUM-
merpueii (§6). Ho npu ramaom w3 Hux 060 OTPE30K, COSIMHSIONMN
COOTBETCTBEHHLIE TOYKH, AEJATCS ILTOCKOCTLIO cuMMerpun mornosam. Cie-
J[0BATCILIO, cepeaunnt otpeskos AA,, BB,, CC,, DD, nexar B INIOCKOCTH
CHMMETpUH. BB YACTHOCTH, NIPH CUMMETPHU Zo 3TH CepeJUHEBI COBIIAIAIOT
¢ Touxoii O.

Sagada 6. anpl ape HeprneHUKy/JdpPHbIE CKPEIIMBAIOUIHECS Ips-
mole @ u b. na npoussonnbHOi Touks X OPOCTPAHCTBA MOCTPOEHBI TOHKU
X, =5.(X)u Xo=25;,(X). Haitmure muoxecTso cepenun M orpeskos X; Xo.

Pemenne Mz X, =5,(X} creayer X =
= S5,(X}). Mosromy X3 = Sp{S.(X1)). Kommosu-
mast Sy oS, (alb) ects BHUITOBOE JBHIKEHHE
C OCBIO, ABJIAIOIEHCH OOIUM NEPIEHIUKYIIPOM A
npsiMbIx ¢ ¥ b 1 yrotom 180°. OTciona BHAHO, YTO
cepeanna oTpeska X; Xy NpHHALIEKUT ODILEMY
nepueHmukyiaspy h. Ob6patno, mycts M — mpo-
N3BOJIBHAA TO4YKa npsamoil A. Torna, noab3yack
npejicTasiaenneM T o S;, TaHHOTO BUHTOBOTO IBH-

Puc. 159 JKEeHWs, HeTPYIHO TIOCTPOUTE ABE TOUKH Xy U Xo,

COOTBETCTBEHIIBIE [TPY 3TOM JBUYKEHUH, TAKHE, ITO

touka M 6ymer cepemumnoii orpeska X; X, (puc. 159): upsamas X; X, upo-

U3BOJLHA, 2 BEKTOP T IepeHoca m3BecTeH. MTakK, HCKOMBIM MHOXECTBOM
Touek M ABisiercs oOUMil MePIeH HKYIsAp JAHHBIX OPSIMBIX @ 1 b.

3apmaua 7. doxkaskure, 4T0 GUCCEKTPUCH ABYX IJIOCKHX YIJIOB TPH3-~

pa u GHCCEKTPHCA YTJIA, CMEXKHOTO ¢ €r0 TPETHUM TUIOCKHM YIJIOM, JI€XKAT

B OJHOH ILJIOCKOCTHU.

Pemenune. Ilycte m u n — 6uccekrprcs! miockux yrios aOb n bOc
rpmaapa Oabe, p — Guccekrpuca yriaa a,0c (a, — Jyd, ZONOJHATETLHBIH
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K ay4y a) (puc. 160). Kommosnuusa S, 0 S, 085,
OCEBBIX CUMMETPUH e€CTh moBopoT (1. 8.3), ockb KO-
TOPOTro COMEpPKUT Bepiuny O Tpusapa. ITa KOM-
TIO3MIUSL, OYEBUIHO, OTOOPAXKAET 1YY a HA JIYY &
U ITOITOMY 32JaBAEMBIN €10 IOBOPOT SBJISIETCS OCE-
BOl cuMMeTpHelt S;:

SpOSnOSm:Sly

orkyna S, 0 S, =S5;05,,. I3 pasencrsa aByx nomy-
Puc. 160 YEHHBIX KOMIIO3UIUI OCEBLIX CUMMETDHH CJICIyeT,
YTO OHH MPEJCTABJIAIOT OAUH M TOT K€ NOBOPOT, & IPsIMbIE M, [, 1, P mep-
IEH/TUKYJISIPHBL €M0 OCH U IIOITOMY JIEXKAT B OJHON [UIOCKOCTH.
3amada 8. PaccMmarpupaeTca MHOXKECTBO BCEX TTOBOPOTOB IPOCTPaH-
CTBa, KAXKJBIH 13 KOTOPHIX 0ToOpaxaeT Bepmuny A kyba ABCDA,B,C,D,
Ha BepmnHy B. Tpebyerca HallTR MHOXKeCTBO 00pa30B TOUYKH C TPH 3THX
MOBOPOTAX W HANWTH TEPECedeHHe 3TOTO MHOYKECTBA C MOBEPXHOCTHIO Kyba.
Pemenne. Mnoxecrso oceit | mosoporoB R} Kaxmplil u3 KOTOPBIX
oToOpax)aeT TOYKy A Ha TOUKY B, cOBIAIAET ¢ MHOXKECTBOM IIPAMBIX IL7I0C-
KOCTH o CHMMETpPUH 3THX Touek. IIpencTapnM Kaxapiil nogopot R xommo-

1
sunmeit Spo S, roe B = R2"(a), Be B, mpuaem
13 MHO2KECTBa IIJIOCKOCTeH 3, IPOXOSIINX Yepe3
TOUKy B uckimouaercst rockocrs BC'C) B, . Tak
kak S, (C}=D u S3(D)=C’, 10 MHOXKeCTEOM
obpaszos C' Touxku C npu paccMaTpUBAEMEIX HO-
BOpoTax R} €CTb MHOXKECTBO TOYEK, KaXKIad U3
KOTOPBIX CHMMETPUYHA TOYKE [ OTHOCHTEIBHO
HEeKOTOpOol IIocKoCTH B, T. e. cepa ¢ ieHTpoM B
pauuyca BD (6e3 Toukn Sgcc, (D)). Ee mepe-
CedeHneM C IIOBEPXHOCTLIO Ky0a ABJISIOTCH TPH
Jayru okpyrkuocrefl ¢ uenrpamu A, B, C, panu-
YCBI KOTOPBIX paBHEI pebpy Kyba (puc. 161). Puc. 161

Sadavwu x enasce 10

10.1. Yepes cepenmuy xa)aoro U3 OTPE3KOB, COCAMHSIONUX BEPIIIHbBI
TeTpasApa € IeHTPONIAMH IPOTHBOIOJOXKHBIE UM TpaHeil, MPOBeAeHa, TIOC-
KOCTBb NAapaJuIesIbHO COOTBeTCTBYMoOINell rpauu. Jokaxkure, 4To TeTpasmp,
00pa3oBaHHLI TepecedeHneM 3TUX IIOCKOCTEH, paBEH AAHHIOMY TETPA3APY.

10.2. Tokazkute, 4TO IWIOCKOCTD, IIPOXOAIIAS YePe3 TOUKY MEePeCCICHH T
AuaronaJieil napaJjnesenuneaa, 1T ero Ha ABe PaBHBIE TaCTH.
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10.3. Jlokaxurte, 4TO B NPAaBH/ILHOH HATHYIOJIBHOHN NHpaMuje Iep-
NeHJUKYASPBI, MPOBEeAeHHBIE U3 BEPIINH OCHOBAHMA Ha IJIOCKOCTH NPO-
THUBOJIEXKAIIMX ITHM BepPHIMHAM OOKOBBIX IpaHEi, mepecexaloTcs B OIHOIM
TOYKE.

10.4. [Ise cdepbr umeioT o0IIyI0 OKPYKHOCTh. JloKaxKuTe, 9TO JHHUSA
LIeHTPOB 3THX cep nepIeHquKyIsspHa IIOCKOCTH 3TOH OKPY?KHOCTH.

10.5. B npsiMoii Kpyrosoii Konyc Brcana cdepa. Jokaxkure, 4TO Ips-
Mas, COIUHIIONIas BEPIINHY KOHyca ¢ HEHTPOM cQepbl, NepIeHauKyIapHa
ILJTOCKOCTH OKPYZKHOCTH Kacanus cdepbl U KOHYCA.

10.6. Ecsiin B TpexrpaHHOM yIvie PaBHBI JB& IIOCKHX YIJIa, TO PABHBI
MpOTHBOJEKAIIIE UM ABYTpaHHble yruibl, 1 obparno. Jokaxkure.

10.7. Ecnu gBe mepecexaonyecs IJI0CKOCTH CUMMETPIUYHLL OTHOCHTEIb-
HO UPsAMOIi [, TO UX JIMHES [IepecedeHns NepecekaeT oCh | CUMMETPUU | TIep-
neHuKyIspHa eit. Jlokaxxure.

10.8. TIpsimast | He j1euUT HU B 0JHOR u3 mocKocTelt o u B u nepecexaer
ux a0 nepecederns. [TocTpolite npsiMele a U b, 1eXKanmie COOTBETCTBEH-
HO B IIIOCKOCTAX O M (3, Tak, 4TOOBI IpsaMad [ colepzraja OucceKTpucy
OIHOTO U3 YIVIOB MEXIY HIMIL.

10.9. TlocTpoiiTe OCH CHMMETPUH JBYX [HAHHBIX CKPCI{ABAIOIIHXCA
TIPSIMBIX.

10.10. Haiimpre Kkakoit-imm6o oBOPOT, OTANYHBIN OT 0CceBOH cUMMeTpUH,
KOTOPBIH 0TOOpazKaeT OQHy U3 ABYX AAHHBIX CKPeUINBAIOMIXCS IIPAMBIX Ha
ApPYTYIO.

10.11. Jansr ckpenuBalomuecst IpsiMpie ¢ 1 b 1 Ha HEX COOTBETCTBEHHO
Toukn A u B. Haiinute nmosopor, orobpaykaroniuii ¢ Ha b u A na B.

10.12. ana nomamaa ABCDA. Hoxaxwure, uro eciiu AB=CD n
BC = DA, Tto ona mMeer och cumMeTpur. VICTHHHO Jin 00paTHOE yTBEp-
XKaeHue?

10.13. B yeTnIpexrpaHHOM yIvie IPOTHBOIOJOKHbBIE TIJIOCKHE YIVIBI PaB-
HBI B KaXKI0i u3 gByx map. lokakmre, 1TO OH MMEET OCh CUMMETDHUH.

10.14. CyMMa IBYX TJIOCKUX YIJIOB TpeXrpaHHoro yruia pasia 180°. Jdo-
KaJsKHTe, YTO OUCCEKTPHCA TPETHETO IUIOCKOTO YTIIIa MICPIEeH MK YIIApHa 0b1ie-
MY Pebpy MEPBBIX JABYX TUIOCKUX yTJIOB. JJokaxknTe oOpaTHOE YTBEPIKIEHUE.

10.15. JlaHbl IBa paBHBIX OTPEe3Ka, HE JIEXKAIUE B OJIHOH IJIOCKOCTH.
HaiizuTe OBUKEHH TPOCTPAHCTBA, KAXKA0E U3 KOTOPBIX 0TOOPaKAeT ONUH
W3 JAHHBIX OTPE3KOB HA JPYTroil.

10.16. HJan yroa AOB u touka M BHe ero mjockoctu. Halinure na cro-
ponax sToro yrua rouyku C u D rakwe, urobsl tpeyronsHuk MCD mven
HauMeHLIINH nepuMerp.

10.17. Qurypa ¢ umeer ase ocu a 1 b cumMmerpun. JlokaxuTe, 9TO Npd-
Mas ¢ = Sp(a) Takrke sIBIASETCS OCBIO cMMMeTpiu burypo: ®.
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10.18. IlocTpoitTe npaBMIIBHBI TETPAdAp, JABE BEPIIUHLI KOTOPOTO Je-
2KaT Ha JaHHOH NpAMOI, TpeThd BEPIINHA — HA APYro¥l JaHHON IpaAMOIi,
a JeTBepTasl — Ha JAHHOU IIIOCKOCTH.

10.19. Ecan teTpasap HMeET IUIOCKOCTH CHMMETPHH, TO JBE €ro rpa-
HHU SIBJIAIOTCS PABHOOEIPEHHBIMUI TPEYTONLHUKAMA, OCHOBAHUAMH KOTOPBIX
CITyKHT obliiee pebpo 3Tnx rpaneil. Jokaxure.

10.20. [Jansl ABa pABHBIX TPEYTOJBIHUKA ¢ OOIIEH BEPUIMHON, He JIeXKa-
e B OHOM mIocKocTH. JJoKaxKure, 4TO OANH U3 HUX MOXKHO 0TOOPA3UTH
Ha APYTO#l HEKOTOPBHIM IIOBOPOTOM OKOJIO OCH.

10.21. Jlanet aBa paBubIX Tpeyroiabunka ABC u A, B (), jexamyx
B PA3JIMYHBIX MIAOCKOCTHX. JIoKaXuTe, 4T0 €ClH IVIOCKOCTH CUMMETPUN OT-
peskoB AA;, BBy, CC, uMeT eIuHCTBEHHYIO 001Iy0 Touky O, TO Tpe-
yroaouuk ABC orobpaskaerca Ha Tpeyroabuuk A; B;C) nosopoTHOR cuM-
meTpueit ¢ uerrpoMm O.

10.22. Tlocrpoitre ky6 ABCDA,B,C,D;, pe6po AA; KOTOporo mpu-
HAJJEXWUT JAHHON npsiMoii, a Beprumusi B, D, B;, D; — nanxoit cdepe.

10.23. Paspexnre KyO Ha TPH paBHbie NHPAMEIbL.

10.24. Yepes paHHYIO NPAMYIO MPOBEIUTE ILJIOCKOCTH, OOpPa3yIoIiyio
¢ JAHHOI INIOCKOCTBIO YTOJI 33 JaHHOM BETUYUHEI.

10.25. Yepes sauuy® HpsiMyIO IPOBEANTE IJIOCKOCTSH, 06Pa3yIouLyo pas-
HBIE YTJIBl C JBYMS JAaHHBIMHU CKDEIIUBAIOIIMMUCS IPSMBIMHA.

10.26. Yepes kaxaoe pebpo TeTpasiapa MPOBEIEHa ILUIOCKOCTh, MapaJl-
JIeJIbHAst OTPE3KY, COSANHSIOMEMY JAHHYI0 TOYKY S ¢ CepeauHoil poTUBO-
noyoxkHoro pebpa. Jlokakure, 4TO BCe MIECTh IIOCKOCTEH HEPECEKAIOTCS
B OJHOI TOUKe.

10.27. Touxku A u B je2kar B 0HOM HOJYIPOCTPAHCTBE OT INIOCKOCTH .
Haiigure B miockocTn o Taxyoo To9ky M, urodsr cymma AM + M B 6uiia
HaUMEHbIIIEH.

10.28. Touka M seXHUT BHYTPH MEHBIIErO ABYIPAHHOIO YTJla MEXKIY
mnockoctaMu o 1 3. HaiiauTe B miockocTsix o u 3 cOOTBeTCTBEHHO TOUKY A
u B rakue, 9T00b1 TpeyronbHuk ABM uMmes HANMEHBIINE TepUMETP.

10.29. B rerpasnp ABCD snucana cdepa ¢ HEHTPOM .J, Kacaromasacs
rpaun ABC B Touke P. Touku D, D,, D3 cumMerpuynsl Touke D oTHOCH-
tessHO mockoctelt JBC, JCA, JAB. dokaxure, 9To Touka P ecthb meHTp
okpyxuoctu Dy DyDa.

10.30. Yron Mexay maHuON mpsaMoit m u ochio | mosopora R¥ pasen ¢.
Berancsnre yroyn Mexxay npsamMoii m u ee o6pa3oM npu 31oM noeopote. B ka-
KOM CJIy4a€ OH PaBeH yIiIy oBopora?

10.31. Ilpamas ! nakjoHeHa K IUIOCKOCTH Y IIOZ YIJIOM ¢. Bbrumcnmre
YTOJI MeKIY IIJIOCKOCTBIO Y M ee 00pa3oM npu nosopore RY. B kakowm ciaydae
OH DaBeH YIJIy HOBOPOTA?
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10.32. TIpamas b apasiercst 06pa3oM TpSMOR ¢ TpK TOBOPOTIION CHMMeT~
pun R} o S, (I L o). Hailaure yron Mexay OpPsIMBIMIL ¢ U b, €CIM HpaMas
HAKJIOHEHA K JUIOCKOCTH & CMMMETPHH IOJ, YIVIOM .

10.33. Halinure KOMIIO3HIUIO

a) IBYX LEHTPAIbHBIX CUMMETPUI,

6) UEHTPAJILHON CHMMETPHHU U [epeHoca,

B) TpexX IEHTPAJILHBIX CHMMETPHIA.

10.34. Haginure KoMmozunuio Zg o S, 0 S, ecnu npsinvag | napajiebHa
I0CKOCTH o ¥ To4Ka O JIEXKUT B L.

10.35. HalizuTe KOMIO3UIHIO LEHTPAJIbLHBIX CHMMMETPHI OTHOCHATEIBLHO
HOCJIeIOBATENBHO B3SITHIX BePIIMH NapaJsile/IorpaMMa.

10.36. HaifinnTe KOMIO3HIAIO OCEBBIX CHMMETPHUIl, OCH KOTODBIX COIEP-
2KAT [0CIE0BATEINLHO B3sAThIe CTOPOHBI MAPAJLICIOrPAMMA.

10.37. HalinnTe KOMIIO3HIMIO 3epKATBHON W IEHTPajbHOU CHMMETDHH,
€CJIH TJIOCKOCTD TEepBOil HC CONEPKUT IEHTP BTOPOH.

10.38. HaliguTe KOMIIO3UIMIO IepeHOCa Tx 1 0ceBOlt cummeTpun S; IpH
yenosny, aTo T i L.

10.39. KoMnozuimst Tpex 0CeBbIX CUMMETPHHR sBJIsIETCsl 0CeBOH CHMMET-
pueit: S, 05,085, =.5;. Kakoe B3auMHOE MOJIOXKEHHE MOryT HUMETh IHPS-
Mmele a, b, ¢? TlocrpoiiTe och I 5TOH KOMIO3UIMM B KayKIOM H3 BO3MOXKHBIX
CJIyqaeB.

10.40. KoMmosunus Tpex oceBrIX caMMeTpuil ectsb nieperoc. Kakoso B3a-
HMHO€ TIOJIO2KeHHne uX ocel?

10.41. Ecin miockocTd o 1 3 SBIAIOTCA [IAOCKOCTAMY CHMMeTpHH hu-
I'YyPBI, TO TWIOCKOCTD Y, CAMMETPHYHAS MIOCKOCTH & OTHOCHTENbHO HIACCKO~
cru 3, TaKxKe SABJAETCH IFIOCKOCTHIO CHMMeTpHH 3Tofl purypsel. Jlokaskute
3T0 yTBEPXKeHHE. By/leT i BePHLIM aHaJIOTMYHOe YTBEPXKICHHUE JUIA OCel
cumMeTpun HUurypsi? AJs IEHTPOB CUMMETPIN !

10.42. Ecnu japukeHue He HMeET HEIOABHKHBLIX TOYEK, HO MMeeT TPH
[IONaPHO apaJiesbHble HENOABHUKHbIE IPsIMble, HE JICXKalliie B OJHOI 1J10C-
KOCTH, TO OHO sIBJsieTCsi mepenocom. Jlokaxure.

10.43. Cxpemupatonecss npamele ¢ I b 06pa3dyioT ¢ npaMoit [ paBHbIe
yribl. JlokaxKuTre, 94TO CYIeCTBYET MOBOPOT O OChIO [, oToOparkaroluil 1ps-
MYI0 @ Ha NPAMYIO G, HapasiedbHyio IpamMoii b.

10.44. IIpamele a, b, ¢, d B IPOCTPAHCTBE MMEIOT OOILYIO TOYKY H yIOJ
MesKIy TPAMBIMU @ U b paBeH yray Mexay npsaMeiMu ¢ i d. Haiinure Bee
IBUYKEHUST IPOCTPAHCTBA, KaxKJ0e U3 KOTOpbIX orobpazkaer napy (a, b) Ha
napy (c, d).

10.45. B Terpasape ABCD paBHBI TIPOTHBONOJNOKHbIE pebpa B ABYX
napax: AB=CD u BC = DA. Hoxaxure, 94T0 €ro LeHTPOK]I, UEHTD OIH-
caHHO# cepbl U IEHTP BIUCAHHOM chepsl JieXKaT Ha OJHONH HPAMOL.
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10.46. Jau xy6 ABCDA, B,C,D,. llpamuie AB,, BC,, CD,, DA, nepe-
CeyeHbl [WIOCKOCTRIO, napaJjuienannoil rpaiu ABCD. I[okaxuTe, 4TO TOUKH
IepeceueHUs ABIIOTCH BEPIIMHAMHI KBAIPATA.

10.47. Haji/iuTe KOMITO3UIUIO CUMMETPUH OTHOCUTEIBLHO IPAMBIX, COTEP-
JKAILHX CTOPOHBI HEKOTOPOT'O TPEYTOJIbHUKA.

10.48. HaiiuTe KOMIOBUIIMIO CUMMETpHit OTHOCHUTEJBHO Tpex MONapHO
MAPAJUIETBHBIX IPIMBIX.

10.49. Haiiire KOMIOZUIGIO 3€PKAJIBHON CUMMETPHH U IIEPEHOCA, BEK-
TOp KOTOPOro He HapaJjuieseH INIOCKOCTH CHMMEeTPH.

10.50. HaijinuTe KOMIOZNIMIO 3ePKAJILHON CUMMETPHU U IIOBOPOTA, OCh
KOTOPOTO NapaJijiejibHa, [IJIOCKOCTH CHMMETDIH.

10.51. Hajigure KOMIO3UNHMIO 3€PKAIBLHON CUMMETPHM ¥ MOBOPOTA, OCh
KOTOPOT'O He HAPAJIIENIbHA [IJIOCKOCTH CHMMETPHH.

10.52. B cepy Brmcan napajutenernunen ABC DA, B, C, D,. Toukn M
u N — cepegunsl otpeskos AC' u CC, coorsercreenno. Hokaxure, 9ro
KOMIIO3HIMeEH cuMMerpnii ¢ uentpaMud A, M, N (B34TbIX B 9TOM HOPAIKE)
nanHas chepa oTobparkaercst Ha cebsi.

10.53. Ecu 6uccekTprCH ABYX IUIOCKUX YIJIOB TPEXIPAHHOIO YIJjIa Nep-
TIeHINKYIIPHBI, TO ODMCCEKTPUCE TPETHETO MIOCKOr0 yIia HEPIeHIUKYAAPHE,
KazKa0it u3 uux. Jokakure.

10.54. ITnockocTn o, 3, Y comepakaT rpanun Tpexrpaxunoro yriua OABC.
Hajimure HemoaBHKHBIE TIIIOCKOCTH KOMIIOZHIMH 3€PKAIbHBIX CHMMETDHIMA:

Sy08508,, 85,0808, 508,05,

10.55. IlocTpoiiTe TpeXrpaHHbI Yol Mo GHCCEKTPUCAM TpeX ero IJIoCc-
KHX YIJIOB.

10.56. lau npaBuiabHbI TeTpasap ABCD. PaccmaTpuBaerca MHOMXKe-
CTBO OCEBBIX CHMMETPHIA IIPOCTPAHCTBA, KajkKaasi U3 KOTOPBIX OTobpaskaeT A
na B. Haiigure mMuOX)ecTBO UPsiMBIX, siBJIsfOouxcst obpazamu upamoit AC
IpU 3TUX CUMMETPHUSIX.

10.57. Jlaunr Tpu miockoctn u Touka A. [locrpoitre miockocTtn, conep-
JKAILYI0 TOUKY A, KOTOpas KOMIO3UIHEH Tpex 3€PKajibHBIX CHMMETPUIl OT-
HOCHTEIBHO JAaHHBIX MI0CKOCTEH 0TobparkaeTcst Ha NapaJiielbHyIo el I1oc-
KOCTb.

10.58". Taust Touku A n B. JlokaxuTe, 4T0 KPUTEPUEM NaAPAJICIBIO-
cTn upsiMoit AB B npamoit m sSiBIeTCs CAeAyIoee paBeHCTBO:

ZAOSmOZA:ZBOSmOZB.

10.59". Tauel Toukn A u B. JlokaxkuTe, 4TO KPUTEPHEM NPHHAIIEK-
HocTH cepeannbl M orpeska AB NIOCKOCTH o sIBJISETCs paBeHCTBO:

(Zao©8.)?=(S.0Zp)"
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10.60. Ky6 ¢ pebpom IJHHBI a TOBEPHYT OKOJIO pebpa Ha yrom 45°.
Hajinure o6beMm mepeceuenus 3toro xyba u ero obpasa OpH 3TOM IMOBO-
pore.

10.61. Ky6 ¢ pebpom aivHBI ¢ NMOBEPHYAH OKOJO AuaroHau Ha 60°.
Haiimure o6bem nepeceyenus ky6a 1 ero obpasa.

10.62. IlpasuibHLBI TeTpasdp, AauHa pedpa KOTOPOro pasHa @, MOBEp-
HyT OKOJIO pebpa Ha yros, paBHbBIN IOJIOBUHE ero aByrpaHnoro yria. Hail-
auTe 00beM MepecedeHyss JAHHOTO TETPA3Apa u ero obpasa.

10.63. [IpaBuIbHBIH TeTpasap ¢ pedpoM IIHHBL a ToBepHYT Ha 90° okoio
06ITEro MEPIIEHANKYIAPA ABYX CKpelBaIoNuxcs pebep. Briuncinre obbem
IepecevdeHust ITOrO TETPAIAPA U €ro 06Pa3a.

10.64. Jlansl TPH NONAPHO HEPIEHIUKYISIPHBIC MpsMble, UMelomue 06-
LIYI0 TOYKY. YKaKUTE BCE JBIKEHUHA IIPOCTPAHCTBA, KaXKI0€ U3 KOTOPBIX
orobpaxkaeT Ha, cebs 06pa30BAHHYIO MMH (DUTYDY.

10.65. Haitnure rpynny ABUM>KeHUI HPOCTPAHCTBA, KaXKI0€ U3 KOTOPBIX
oTobparkaer Ha cebs JaHHBINA KBaJpaT.

10.66. Hatinure rpymny caMOCOBMeIIeHH TPaBAALIOIO OKTA3APA.

B 3azmagax 10.67-10.77 nokazkure, 9T0 JAHHBIME (DOPMYJIAMH 33JaHO
ABIKEHye NPOCTPAHCTBA, ONPEIENNTe €ro BUJ U XapaKTepHCTUIeCKe JJe-
MEHTBIL:

10.67. 10.68.

y’——§x+ y——Z+ y'=§x«%y+§z,
z’=~§az—§y+%z+§. z’=§x+§y—%z.
10.69. 10.70

x’z%x—i—%y—l, w’:§x+§y+%z+l,
3 ,_n_ o "o
y—gw——y+3 y 5 155y ;5% "
Z=—z+2 z’zﬁm+1—5y—152—1
10.71. 10.72.
x'——ll—éx+15y+l5z+7 m’=gx+§y+lz+1
Y %I—F%y 1%24—4 Yy = 11334— 5y+———z+2
z' —%:c—%—%y—i— z+6 z'=135 +—5—y Ez+3
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6 3
o =321 2y, v=zrocy— 24T,
> > 2 3 6
4 = _Z 2 e
Y =cr—zy—2 y=—grhzyozEld
b > 3 6 2
"=z 43, " 2 2y 2,
Z =z+ z = ZY = =2 7
10.75. 10.76.
P S V. . SR SO S
T =T gy 9z-+—14, x = 7:L+7y+7z 7,
S W 2, 3,408,
Yy =-3% 9y+9z+2, y =z 7y+7z 14,
/_4 3 1,7 ’—?)_ § g
=T gy T g2 5. z—7x+7y+7z+7‘
10.77.
o2, 2, 1
T =T gy 3z 10,

N (N § S S
e TR T A T A

;5 2 14
RS TR TUR T
10.78. Haitmure hopMysIbl CHMMETPHH OTHOCHTEIBHO IPAMOLT -g = —g = %
T=Y,
10.79. Haiinmure dopmynsr nosopora Ha 60° 0K0I0 npamoi 0
z=0.
10.80. Haitaure GHopMyssl cUMMETPHH OTHOCHTEILHO TLIOCKOCTH 2% -+
+2y—2z=
10.81. Hailnure dopMysnsl TEPEHOCHONH CAMMETPHH C IIOCKOCTHIO 2T —
—y — 52+ 15 =10 u BexktopoMm 7(4, 3, 1).
z—9

10.82. Haiigure ¢hopMysasl BHHTOBOIO JABHKEHUS C OCBHIO g = _Qy_ =1
yraom 90° u BekTopoM T(—6, —6, —3).
10.83. [Isu>keHue OTpOCTPAHCTBA 33JAHO (POPMYJIaAMHU:
' =ayx+ by + ez + o,
Y = asx + by + 22 + Yo,
2" =asr + by + c32 + 2.

IoxkaxnTe, 4To 00pasoM BEKTOpa T(Z, Y, 2) IPH 3TOM ABUXKEHUH SIBJISETCS
BEKTOD T (X1, Y1, 21), AJIsT KOTOPOTO

T, =mx+ by +cz,
Y1 = AT + by + Co2,

2y = a3 + bgy + Cc32.
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10.84. JTann Bektops! a(8, 4, 1) u b(6, —6, 3). Haitjure MaTpuiyy moso-
POTa IPOCTPAHCTBA OKOJIO OCH, MEPICHANKYIISIPHONR 3THM BEKTOPAM, KOTO-
pBIit oTOOparkaeT BEKTOP @ Ha BEKTOD b.

10.85. TokaxkuTe, 9TO IIPU CAMMETPUHA OTHOCUTEILHO IPAMOH ¢ HAIIPAB-
JIAIOIIHM BEKTOPOM P 00PA30M BEKTOpa T SBJISIETCA BEKTOD

10.86. [[ycts 7o — HeKOTOpPLIH BEKTOP, OPTOrOHAJILHBIN IJIOCKOCTH Nepe-
HOCHOft cuMMetpuy, T = MM’ nns npoussossnoit napet M — M’ coorser-
CTBEHHBIX TOYEK IIpH 3T0H cuMmerpun. JoKaxkuTe, 9T0 BCKTOP P IepeHoca,
BXOJSIIETO B €€ COCTAB, PABEH

~)

p=T— n.

:JJ[ 3

10.87. IlycTs D — HEKOTOPBIHl HANPABJISIOUIUN BEKTODP OCH BHUHTOBOTO
aprekenust, T = MM' nna moboit naper M — M’ COOTBETCTBEHHLIX TOUEK
Ipu 3ToM ABHKeHuH. JloKakuTe, 9To BEKTOP § MIEPEHOCA, BXOALAINEro B CO-
CTaB BUHTOBOI'O JIBUIKEHUS, PABEH

3

q:

U3

D

10.88. Touka nepecedennss JAHHBIX IPAMBIX ¢ U b IPUHAIJIEKNAT JAHHON
nsockocTH . IlocTpoiiTe mimockocTn o u 3, comepykariye cOOTBETCTBEHHO
9TH OPsAMBIE, TAK, YTOOL! OHM OBLLIN PABHOHAKJIOHCHEI K IIOCKOCTH ) U He-
PeCeKaJIuCh N0 MPAMOH, JIeXKAEeH B .

10.89. Ilocrpoiite OTpPe30K 3aJaHHON IJIMHBL, NapaJUIE/IbHBIN JaHHON
TUIOCKOCTH, C KOHIAMU Ha ABYX JAHHBIX CKPELIMBAIONTNXCH ITPSIMBIX.
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I'aasa 11

Ilodobusa npocmparncmea

§1. Tomomemuasa npocmparcmea

1.1. O630p Teopumm. Ha crpanunax 206-214 yueGuoro nocobus [8] mo-
APOOHO M3JI0XKEHA TOMOTETHH TJIOCKOCTH. 110 CYIIECTBY 9TO WM3JIOKEHHE
coXpaHsieT CWIy ¥ JUIsi TOMOTETHEH TpocTpaHcTsa. MmenHo, octaioresa 6e3
H3MEHeHusl ONpelejieHne TOMOTETHH € HONPABKOH HA MHOXECTBO TOUEK
npocTpaHcTBa, TeopeMa o6 obpase npsMol, crnocobbl 3aJaHusT TOMOTETHH
I IMOCTPOCHHs 06pa3a TOYKHA, TEOPEMa 0 KOMIIO3UIMH A8yX romoTternil. Jdo-
TIOJIHUTEBHO K 9TOMY HeoOxomumMa Tcopema 06 obpa3e IIOCKOCTH.

Teopema 1. I1a0ckocmb, He COOEPHCAULAA UEHTMD 20MOMETNUL, OMOODPG-
orcaemes 2omomemueti Ha napastesvhyio et naockoems. Ilaockocmo, co-
0ePICAULAA YEHTP 20MOMEMUL, OMOOPAICAETNCA HA CEDA.

JoxkaszaTeabcTno. Iyers mWI0CkocTh o e cogepKUT neHTp O roMo-
retun HE npocrpancrsa u A, B, C — 1pn GUKCHPOBAHHbIE HEKOJIIHHEAD-
HEIE TOYKH 3TOH IIOCKOCTH. Toraa ajist npou3BobHON Touku M ni1ocKocTH
AM =g AB +yAC. Ecmm A', B', C', M’ — ofpasur Touex A, B, C, M
npn pmamnodl romorerdm, To A'M =kAM, A’B'=kAB, AC' =kAC.
Iosromy %A’M’ = %A'B’ + %A’C’, T.e. AM' =zA'B"+yA'C’. Caeno-
BaTeJNbHO, BeKTOpHl A'M’', A'B’, A'C’ xoMmiuiaHnapusl U Touka M’ jgexur
B miockoctd A'B'C’. AHanOrv4no O0Ka3bIBAETCs, YTO MpoobpasoM Jio-
6oit Touxku naockoctn A'B'C’ sBaseTcs HEKOTOPas TOYKA HMJIOCKOCTH .
Wrak, obpa3oM JAHHON MJIOCKOCTH O IMPH TOMOTETHH SIBJISIETCH INTOCKOCTh
A'B'C’. Tlockoneky AB | A’B" u AC || A’C’, TO 2TH IJIOCKOCTH NApas-
JIEJILHBL,

Bropoe yreepkienue TeopeMbl HEMOCPEACTBEHHO CJleyeT U3 olpere-
JICHHST FOMOTETHH, TaK KAK COOTBETCTBEHHBIC TOYKH KOIIHHCADHBI ¢ HeH-
TpoM O TOMOTETHH. O

CyuiecTBEHHBIM  OTJHYMEM IOMOTETHH IPOCTPAHCTBA OT TOMOTETHH
IJTOCKOCTH SBJIAeTCA TOT (haKT, IT0 TOMOTETUs npocTpatictsa HE npu k>0
ABJAETCA TPCODPA3OBAHUEM NeP6020 Poda, a npu k < 0 — mpeobpasoBanueM
6mMopo20 poda, TOTJA KaK Jo0as roMOTETHs IJIOCKOCTH €CTh 1Tpeobpa3ona-
HUE IEPBOTO POLA.

B cnny MHBApHARTIOCTH BEIMYHHBI yIJIa MEXKIY HOPAMBIMH IPH [OMO-
TCTHH NPOCTPAHCTEA OyJyT WHBAPUAHTHBI TEePIEHIUKYIAPHOCTL MPSIMON




U [JIOCKOCTH, BEJIMYNHA yIJIa MEXJy ABYMs MJIOCKOCTIMH, B 9aCTHOCTH,
HNEPHCHINKYISPHOCTD ABYX ILIOCKOCTEH.

Tax Kax HpPH T'OMOTETHH DACCTOAHUS MEKAY TOUKAME YMIIOAKAIOTCS HA,
TOCTOAHHOE U0 |k, TO 06pasom cdephl aBisteTcs cdepa, 06paszoM OKpy -
HOCTH — OKDY?XHOCTH (Kak nepecedenne cepbl U NJIOCKOCTH).

Teopema 2. Jliobvie dee nepasuvie chepvt AGARIOMCA COOMBEMCIMEEHHbI-
MU NPU 08YT 20MOMEMUAL {20MOMEMUHDL d8asicvt).

Jl0Xa3aTeNbCTBO OTHOCTHIO 8HAJIOTHIHO J0KA3aTeALCTBY TEOPEMBI O I'O-
MOTETHYHOCTH ABYX OKPYKHOCTEH IMJIOCKOCTH.

Orcioza crenyer, 4To0 fBe HEpaBHbLIC OKPYKIIOCTH IIPOCTPAHCTBA, JIeKa-
mye B IapaJjiIejbHBIX IIOCKOCTAX WIH B OJHON NJIOCKOCTH, TOMOTETHIHLI
JIBAXKJIbI.

1.2. Komnosnnusa romMoreTna 1 epenoca. JloxaxkeM, 9T0 KOMIIO3HIueit
roMoTerun 1 neperoca Tx o HE smnserca roMorerns ¢ Tem xe xKoadpumm-
€HTOM k M HOBBIM LEHTPOM S.

HeitcrButensuo, nycrs HE(X) =X, (X #
#0) u T+(X,) = X, {puc. 162). Ilposenem ue-
pe3 nentp O roMoreTwn NpsaMyo m || F u mo-
crpouMm obpa3 S; Touku S=mN(XX,) upu
stoit romoternn HE. Torna 5,8 = 7 u nosromy
TOYKA S HeNoNBIKHA MPH 33JaHHON KOMIIO3H-
X1 IIUM U He 3aBUCHT OT Buibopa Toukn X . Tak Kak,
KpoMe Toro, SX,: SX = OX, : OX =k, To uc-
KOMAsl KOMIIO3UIUS SIBJIAeTCs ToMoTeTuei HE.

1.3. I'omoTeTna mpocrpaHCTBA B 33/a9ax. llpueMbl MCHOIL30OBAHHSA TO-
MOTETHH B PEIICHUM CTEPEOMETPHIECKHX 3389 Te JKe, YTO U B ILIAHIMET-
pun. B KadecTBe npuMepa pacCMOTPHM PEIIeHHs TPEX 3aJad.

Sanaua 1. JlaH npousBonn-
wblit Terpasap ABCD. Ilocrpoiite
€ro CeYeHWe IJIOCKOCTHIO, KOTOPOE
SIBSETCA POMOOM.

Pemenne. JIoboe cevenne rer-
pasapa MIOCKOCTHIO, NapajuIeIbHON
OBYM €ro CKpenuBalommMes peb-
pam, ecth mapaijesorpamMm. llycrs
napajiaesorpamM M N P(Q — nexko-
Topoe ceuenue terpadapa ABCD
IUIOCKOCTBIO, KOTOpas IapajiiesbHa
pebpam AC u BD (puc. 163). Ha
ayse MN ornoxum MK =MQ
u nocrpoum pom6 MKLQ. Ilycrs Puc. 163

Sy

Puc. 162
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(AK) N (BC) = K. l'omorerus ¢ uenrpom A, ipu koropoit K — K, o1ob-
paxaet pomb M K LQ na uckomsbrit pom6b M K, L, Tak kKak 06pa3 pomba
HpU TOMOTETHH ecTh poMb u Toukn M, Ky, L;, (J; nprnagiexar pedbpam
nannoro rerpasjapa ABCD.

Jns peibpannoii napst (AC, BD) ckpeusaomuxcst pebep Terpasapa
HCKOMOE CeYeHNe BCCTAA CyIecTByeT u enuucTenno. Cnenosarensuo, amis
M060T0 TeTpasipa BCET/a CYIIECTBYIOT TPH U TOMLKO TPH CEUEHUsI, HMEIO-
uie hopMy pomMOGOB.

Banaga 2. Hausr verpasap A; A, Az Ay u HekoTopasi Touka P mpo-
CTPaAHCTBA, HE COBHAJAIONIAS ¢ ero IeHTpouioM G. Yepes KaxKayio Bep-
mnny A; Terpasapa NpPOBEIEHA IpsMasi M, NapaJjiesibHas TIPSIMO, CO-
JepzKaineii Touky P U NEHTPONZ TpaHu o;, IPOTUBOJIEXKALIeN BepmuHe A;.
JlokazkuTe, 9TO NOCTPOEHHBIE YEThIpe IPAMBIE TIEPECEKAIOTCH B OJHON TOU-
ke (Q u HaiiauTe orHomenune PQ : PG.

Pecmenmne. Ilycrs G; — meatpoun rpahu o;. Llo cBolicTBy memnan
Terpasapa TeTpasapbl G, GoGsGy n Aj Ay A3 A, TOMOTETHYHBI OTHOCHTENb-
no nenrponga G ¢ KosddumuenTom —3, a UpgMble M; - CYTbhb 00pa3bl
npaMmbix PG; npu 3roit romorternu. Tak xak mpsameie PG, umetor 00-
uyro Touky P, To ux obpassr m;
TaKXKe UMeloT 00y Touky Q. To-
rna GQ:GP=-3, orxynma PQ:
: PG =4.

3anaua 3. INocrpoiite chdepy,
KACAOILYIOCA NAHHOH IIOCKOCTH o
B ZaHHON Touke A m Jaunoit cde-
pHl ©.

Pemenne. [IBe kacarommecs

cpepbl TOMOTETHYHBI ¢ IEHTPOM TO-
MoTeTHM B TOuKe KacaHns. Lentp X
HCKOMOH cdephl Yy JEKUT Ha Iep-
IEHINKYIIpe K IJIOCKOCTH o B TOY-
Ke A u ma npsaMoil, coeauHSIOuIeH
neutp O pannoit cdepnl w ¢ TOU- Puc. 164
xoit S kacanus cep. ITosromy 3a-
Jada CBOOUTCS K mocrpoermto Touku S. [Ipu ykazsanno#t romorerun o6-
pa3oM IJIOCKOCTH o ABIIsieTcsl NapasulebHas e IJIOCKOCTD o, KACAIoNa-
dAcg mamHoi cdepnl w. [InockocTs of yerko crpomrest (puc. 164). Ipamasn
AA’' nepecexkaer cepy « BTOPHYHO B uCKOMOR Touke S. Bropoit kowern
B’ mnamerpa cdepsl », NEPNEHARKYISIPHOTO IIOCKOCTH o, aHAJOTMIHBIM
MyTeM IPHBOJUT €Ile K OJHOi cdepe, yaoBaeTsopaiomeil TpeboBanuio 3a-
Jit:h:8
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§2. Ilpeobpasosarus nodobus

2.1. Onpefienienre ¥ MHBapHaHTHI NMOAOGUi npoctpancrsa. [Ipcofpaszo-
Balllie TPOCTPAHCTBA UA3BIBACTCA Npeobpasosaruesm nododus, Wil nogoou-
eM, eciu 71 o0bIX 1BYX To4YcK A u B u ux obpasos A; u B, upu stoMm
npeobpazoBaHnyu BHINIOHAETC paBeHCcTBO Ay By =k AB, rae k — 1mocTosmntoe
(IOJI0KUTENBHOE) IUCTI0, HA3bIBaeMoe Kosdduyuenmonm nodobua. B qacTHo-
cty, upu k =1 nonobue apuserca asmkenneM. ovoretus ¢ koaddunmen-
ToM k ecTh nofobue ¢ Kosdduumentom |k|.

Kak 1 B nmannMerpu, nonobue ¢F mpocrpaHcTBa MOKHO HPEACTABHTH
KoMTosuueit romorerun HE* u apmxenus f:

@ = fo HE. (11.1)

U3 mpencrasienus (11.1) momobust BBITEKAIOT CBOHCTBS (HHBAPUAHTHI) IIO-
JOOHI TIPOCTPAHCTBA.

1. Ilpu momobuu npsiMast 0TOOPAIKAETCA HA MPAMYIO, OTPE30K Ha OTpe-
30K HA OTPE30K, JyY HA JIyY, IJIOCKOCTH HA INIOCKOCTD, HOIYIJIOCKOCTE H&
MOJTYILIIOCKOCT.

2. ITogobue coxpasder BeIHYUHY YITIa MEXKLY MPSIMBIME, MEXKIY [IPAMOH
U IJTOCKOCTBIO, MEXKIY ABYMS TUIOCKOCTSIMH.

3. Tlonobue coXpaHsieT OTHOIIEHUE JIOOBIX ABYX OTPE3KOB. (D10 — mps-
MO€ CJIEJICTBYE U3 OpPeesIeHus o00us).

4. Ecin reno T7 — o6paz tena T npr nonobun ¢, To V(T7) = £*V(T).

B uacraoctn, ecnin T u TY — Terpasaphl, TO 3TO OTHOIIEHNE €CTh CIe/i-
creue niepBoit dopmyisl 1lrayara mis obbema terpasipa, onpeneseHus
nopobust u ceofictea 2. Ecim T 1 T — MHOTOTpPaBHUKH, TO UX MOYXKHO Pa3-
6UTH Ha MOACOHBIE TETPA3IPHI, OTKY/Aa U OyreT crenoBaTh croticTro 4. g
JPYTHUX TEJI OHO TOJYYAETCs] ¢ IOMOIIBIO COOTBETCTBYIONHIX POPMYI HX 00L-
€MOB.

Cymecteyor a8a pofia nonodbuil npocrpancrsa. [lopobus mepBoro po-
Ja COXPAHSIOT OPUEHTAINMIO KaykJIOr0 TETPadApa, MoJ00usd BTOPOTO poja
TICPEBOAAT KAz IBIl TETPAdAP B TETPA3AP UPOTUBONOJIOKHONR OPHEHTAIMM.
(O6 opuenranmu Terpasapa cM. §2 . 10.)

AHAJOrIYHO COOTBETCTBYIOHIEH TeOpeMe JIIst OO0l TIJI0CKOCTH JIOKa-
3LIBAETCS MeopemMa 0 3a0anuu nodobus MPOCMPAHCMEE: CCIN JAHBI Ba
terpasapa ABCD u A'B'C'D’ makue, wro A'B'=kAB, B'C’' =kBC,
C'D' =kCD, AC'=kAC, AD'=kAD, B'D' =kBD, T0 CymecTByeT TOb-
Ko oauO mouobue mpocrpaHcTBa, npu koropom A — A', B— B, C — (',
D— D'

2.2. Koopaunarasie ¢GHopMyIbl nofobuil IpocTpancTBa MOMYYaIOTCA Ha
ocuose dopmya (10.1) newkenna u npeacrasienus (11.1) nogobus. Mosb-
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3ysICh MIPOM3BOJIOM BHIOOPA NEHTPAa TOMOTETHH, IPHMEM B KadecTBe HETo
padaso O 3aJaHHON IPAMOYTOALHON 1EKapTOBOH CHCTeMBI KOOpAnHAT. To-
raa s nonobud ©F nonytaem dbopMyns:

' =k(a,x + by + ciz) + 2,
Yy = k{axz + bay + c22) + yo, (11.2)
2 =klasz + by + c32) + 2.
Tak Kax TOMOTETHSI, ¢ HOJIOKUTETEHBIM KOdhduimenToM ecTs npeobpa-
30BaHME IIEPBOTO POJA, TO B ITHX (POPMyJIax poj ABIKeHUA [ COBIaaer
¢ posoM nogobust ¢F. HanomunM, 4To MaTpHia

ay b1 Cy
ay by ¢
az by c3

oproronasnsHa (1. 7.2 rm. 10).

2.3. Llentp mozobus npoctpancrsa. I10CKOIbKY CYIIECTBYIOT MOMOTETHE
OBYX POJOB, TO B npejcrasiennu (11.1) 1ogo0usi DpOCTPAHCTBA MOXKHO
BCErjia NoJIaraTh COBNAJAIOMMME Poj 10x06us 1 pox romorerun. Torga
B 5TOM IpeCTaBIenuH ABIKeHNe f Gy1eT BCErna ABIKEHHEM TOILKO IePBO-
ro poza. TaxOBBIMH ABJISIIOTCS IEPEHOCHL, IOBOPOTH ¥ BUHTOBBIE [IBHKEHUS.
Ho KOMNoO3unus FOMOTETHH U IEPEHOCA €CTh TOMOTETHSI ¢ APYTHM HIEHTPOM.
CiiefioBaTenbHO, Bee Moa00ust TPOCTPAHCTRA CBOJATCH K KOMIOSHIHSIM TO-
MOTETHH U [OBOPOTA:

o* = R o HE*. (11.3)

Ocnb | moBopoTa 3aBUCHT OT BbIbOpa LIEHTPa A FOMOTETHH.

Ioxobue, oTAHYHOE OT JABHKEHUsI, He MOXKeT BMeTh HoJsiee OIHOH Heno-
[IBH2KHOH TOUYKH, KOTOPasl HA3bIBAETCH yenmpom nodobus. Hoxaxem, 9ro
nodobue, He ABAABUEECA QBUMNCEHUEM, BCE20G UMEET YEHMP.

IIycts nomobue npocrpanctsa 3a4a10 koMuosuiueii (11.3). Ecim A €,
TO TO4Ka A M ecTh ucKoMbId nenTp moxobus. llpun A ¢ I nposeuem uepes A
IJIOCKOCTD ¢ MEePIEeHAUKYAApHO . [1710CKOCTh ) HENOABHKHA KAaK ITPH [OMO-
TEeTHH, TaK ¥ IPYU HOBOPOTE, U CJEA0BATEIBHO, HETOABHKHA 1 DU 382 HHOM
nonobun. Ha MHOXKECTBE TOUEK 9TOM INIOCKOCTH ) JAHHOC ofobue ¢F apis-
eTcst KOMIIo3unueil romoreTnn ¢ nedrpoM A u nmosopora R%, rne B =[N w.
DTa KOMIOIUIMSA ABJIAETCS T10I00MEeM [IEPBOrO POJa MIOCKOCTH . [103TO0-
My €ro HemoABHXKHAs TOUKa () cymiecTByeT. INe HoCTpoeHHE PacCMOTPEHO
B caeayomeM nynkre 2.4. Dra Touka Q U ecTh uentTp JAHHOrO moaobus ¢F
MPOCTPAHCTBA.

2.4. MlocTpoenue menTpa noaebus UepBoro poaa miockoctd. I[lyers mo-
nobue @F nepBoro poJa MIOCKOCTH 3aaH0 KOMIO3UIUE

¢* = Ry o H}. (11.4)

223



Lewrp B nopopora saBucut or BbiGopa nenrpa A romorerun. Tpebyerca
HaiiTu Touky Q = ¢*(Q).

Iloctponm Touky A’ = R%(A) u Touky By, st koropoit H5(By) =B
(puc. 165). Toraa ¢*(A) = A’ u ¢*(By) = B. Ilo onpesescHIIO TOBOPOTA OPH-
entupoBaHubii yron ABA’ pasen yruy o nosopora. [lo ceoitcrBy nomobunii

Puc. 165

[IEPBOTO POJA ILIOCKOCTU opueHTHposanuble yrasl AQA’ u ByQB Takxke
paBHBI o (yroJ nomobus). IlosToMy mckoMasi TOUKa () UPUHANIEIKHT TOIl
nyre AA’ okpyxuoctu ABA’, nist KoTopoil Touka B aBnseTca cepeIuHO.
U3 rouxm @ orpesok ByB uaen noa (opuentunpopansbiM!) yriom o. Cire-
[OBATEIbHO, TOYKA () TPUHAJIEKHUT OJHON U3 ABYX Iyr OKPYKHOCTEH H3-
BECTHOI'0 MHOYKECTBA TOYEK TUIOCKOCTH. TakuMm o6pa3oM, HCKOMBIH eHTp ()
[IO/IC0ONSl €CTh BTOpasg TOYKA TEpecevyeHnus ABYyX YKA3aHHBIX YT, HMEIOIHX
oburyro Touky B.

ITocrpoenBasa Touka () NEeHCTBATENLHO HEMOABHZKHA TTPH 38 JAHHOM II0-
nobuu ¢F. D1o moxobue MoKeT OBITH 38JaHO IBYMs [IAPAMH COOTBETCTBCH-
HBIX ToueK A — A’ u By — B. Tpeyronpuuxkn AQB, u A’QB nono6ubt (110
paBercTBy yioB A u A', BoQA u BQA') 1 0BUHAKOBO OPHEHTHPOBAHBI.
D10 3HAYUT, YTO @ — Q.

2.5. Knaccubukanms monobuii mpocrpaacrea. B npencrasnennn (11.3)
Momo0UA MPOCTPAIICTBA KOMIIOZHITNEH TOMOTETHH U MOBOPOTA BO3bBMEM 3a
HEeHTp TOMOTETHH HENOABIKHYIO TouKy @ (uentp) nmogobus. Torga sra Tou-
Ka () HeoOXOIMMO JOJIKHA TPUHAJeXATh ocu | nosopora. MTak, uMeem
KJ1accuPUKALIIOHHYIO TEOPEMY O TOmoOUsIX TPOCTPAHCTRA,

Teopema. Jlwboe nodobue NPOCMPAHCMBa, OMAUNHOE OM JSUNCEHUA
U 20MOMEMUY, ABAACTNCA KOMNO3UUUET 20MOMEMUL U NOBOPOMA OKOAO
ocu, codepacawetd yenmp zomomemuu. Pod eomomemuu coenadaem c po-
dom nodobus. Ima KOMNOSUYUUA KOMMYMATMUEHA.
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VkazaHHas KOMIIO3UIHS FTOMOTETHH H [IOBOPOTA, OCh KOTOPOT0 COMEPIKUT
IIEHTP I'OMOTETHM, HA3BIBAETCH 20MOMEMUYECKUM NOBOPOMOM TPOCTPAH-
crBa. On MOXeT OBITH IIEPBOIO UIH BTOPOTO POIA.

Harnspuo kimaccudukaipiio Becex HOMOOMH NMPOCTPAHCTBA, BKIOUYAS I
JIBHKEHUsI, MOXKHO [PENCTABUTD CAENYIOIeH CXeMOil.

[HOLLOBMH HPOCTPAHCTBAI

e N

11’10,11061491 nepBoro po;(‘;I lHo,uo6uﬂ BTOpPOTO pogal
T'omoreruuec- T'omoreTnyec-
Tomorernn | | [l pukenns Fomorernu| |Isuxenns
KHE IOBOPO- KHe [OBOPO-
I poga I pona II pona 11 pona
o1 1 pona / Tt 11 pona
epero IToBopoTs! Bunrossie 3Bepkasibubie | | [Tepenocusie | { [ToBopoTHbIE
HOCBI
P OKOJIO OCH JBHIKEHAA CHMMETPUH || CUMMETPUH || cummeTpny
Tox pecrennoe Ocebble IenTpanbuble
IBUXKEHUE CHMMETpPHHI CUMMETPHUHU

Sadavu x 2na6e 11

11.1. JokaxknTe, 9TO WECTH IEHTPOB TOMOTETHH TPEX MONAPHO HEPAaB-
HbIX cdep JIeXKaT 00 TPU Ha YeThIPeX NPIMBIX.

11.2. JokaxXuTe, 4TO HIeCTh IEHTPOB FOMOTETHIl YeThIpeX MONapHO ro-
MOTETHUHBIX (PUTYD JI€XKAT B OTHOMH TJIOCKOCTH O TPH HA YETHIPEX MPSIMbBIX.

11.3. Haiimure oTHOmenne obbeMa TeTpasapa K o0beMy TeTpasiapa, Bep-
IMHAMK KOTOPOT'O ABJSAIOTCS IEHTPOUIBI PaHeil JaHHOTO TETPASNPA.

11.4. TlocTpoiite Kyb, ogHa rpaHb KOTOPOTO KACAETCS TAHHOR cephl,
a BEpUINHBI IPOTUBOIOJIOXKHOI rpaHu JjiexkaT Ha 91oit cdepe. Haitnure or-
Hormenne pebpa Kyba K JuaMeTpy cdephl.

11.5. IBe cdepsl KacaioTcsi BHYTPeHHHM 00pa3oMm B Touke S. [lmoc-
KOCTb O KacaeTcst MeHbliell cdepsl B Touke T. Hokaxure, uyro aya ST
CJIY?KHT OCBIO KOHYCA C BEepIIUHON S, COIEPXKAIINEro OKPYKHOCTH Tiepeceye-
HUSA IJIOCKOCTH o ¢ 6osiblelt cdepoil.

11.6. ITocTpoiite cdepy, NPOXOAAMIYIO Uepe3 JAHHYIO TOYKY M KACAIOILY-
10C TPeX NAHHBIX IEPECEKAIOINXCA IIJIOCKOCTEH.

11.7. Iocrpoiite cdhepy, IPOXOAAIIYIO Yepe3 Be AAHHBIE TOYKM U Kaca-
IOLLYIOCST ABYX JAHHBIX IIJIOCKOCTEH.
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11.8. TlocTpoiiTe cdepy, KACAOIMYIOCS TPEX AAHHBIX MEPECEKAIOLINXCS
IUIOCKOCTEH U HAHHOM cdepsl.

11.9. Joxaxkure, 94TO JBE OrpaHUYIEHHbIE PUTYPHI HE MOTYT OBITH ['OMO-
TETHIHBIMHA G0JIee YeM JIBYMs CIIoCODaMU.

11.10. IIpeobpazoBanue MpOCTPaHCTBa, OTIIMYHOE 0T ABUXKEHUd, 0TOOpa-
KACT KAXKJAYIO NPSAMYIO HA MAapajyIeSbHYIO eil mpsaMyo uiad Ha cebs. Jloxa-
JKHTE, UTO ITO IPeobpPA30BAHUE SBISIETCS 20M0Mmemued.

11.11. ITpeo6GpazoBanye NPOCTPAHCTBA 0TOOPANKACT KAK/LyIO NPAMYIO HA
IPSIMYIO ¥ COXPAHSET BEIMUNHY YIJIA MeKIy npsiMpivu. JJoxkaxkure, 9T0 31O
npcobpazoBanie ABJsSIETCS nodobuem.

11.12. HajinuTe MHOXKECTBO IEHTPOB T'OMOTETHH IPOCTPAHCTBA, KaXK-
Ias W3 KOTOPBIX orobpakaer TpH 3aJiaHHble TOYKM HAa TOYKH, NPHHAN-
JIeKANe TPeM 3aJAHHBIM [UIOCKOCTIM, HMEIOMIM eIUHCTBEHHYIO ObMIyIo
TOYKY.

11.13. Hafimure MHOKECTBO HEHTPOB TOMOTETHII UPOCTPAHCTBA C OJITHUM
1 TeM 2Ke KOodMDMUImenToM, Ipy KaXK10il U3 KOTOPHIX 00pa3 JaHHON nps-
MO M TmepeceKaeT APYIyIo HAaHHYIO Ipamylo [.

11.14. Haitnure MHOXKECTBO OPSIMBIX, TIPOXO/ISIIIIUX Y€PE3 JAHHYIO TOUKY
1 o6NIaIAIOMUX TeM CBOMCTBOM, YTO OTPE3KHU ITHX IPSAMBIX, 3aKJI0OUYEHHLIE
MeXAY ABYMS NAHHBIMH IUUIOCKOCTSIMH, JEJSITCS MAHHONH TOYKOH B OJHOM
H TOM 7K€ OTHOUIEHHH k.

11.15. Jdoxaxkure, 4ro aBa TeTPa’yipa MOMOOHBL, €CHH MEXJY HX 3Jie-
MEHTaMHI yCTaHOBJIEHO TAKOE COOTBETCTBHE, IPH KOTOPOM COOTBETCTBEHHLIE
3JIEMEHTHI OJUHAKOBO PACIOJIOXKEHEI B 0DOMX TETPaspax U BBUIOIHSETCH
x0Ts 6B OTHO U3 CIHEAYIOUINX YCIOBUIH:

1) pebpa oxHOro rerpasapa HPONOPIUOHAILHLI COOTBETCTBEHHBIM peb-
paMm JIpyroro;

2) TpH I'paHU OAHOIO TETPA3APA MOJOOHBI TPEM COOTBETCTBEHHBIM Ipa-
HSIM JIPYToro;

3) ofHA W3 rpaHeil OZHOTO TETPadpa MOmoOHA COOTBETCTBEHHON Ipa-
HY APYTOro W NPHJEXKaIIde K ITUM IPAHAM COOTBETCTBEHHbIE ABYI'DaHHbIE
VIJIbI DABHEL;

4) nBe TpaHH OIHOIO TETPA3APA TMOJOGHBI ABYM COOTBETCTBEHHBLIM T'pa-
HsIM JIDYTOTO ¥ JBYTPAaHHLIE YIVIBI MEKIY ITUMU TPAHAMHU DABHBI;

5) TpexXTpaHHbIi OZIHOrO TETPA3IPa PABEH COOTBETCTBEHHOMY TPEXIPaH-
HOMY YTJIy JPYTOTO H COOTBETCTBEHHbIE pebpa, 00pasyonie 9TH TpeXrpaH-
HbIE yIVIb!, HIPONOPIHOHABHLI,

6) ABa TPEXTPAHHBIX YIJia OJHOTO TETPARAPA PABHEI IBYM COOTBETCTBEH-
HBIM TPEXIPAHHBIM YIVIAaM APYTOTO.

11.16. Ha nausoii npsimMoii | HaliinTe TOYKY, PABHOYAAJIEHHYIO OT JAHHOM
Touku M ¥ HAHHOW ILJTOCKOCTH A.
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11.17. B nammyo cdepy BOHIIUTE TETPAdAP, IPAHM KOTOPOI'O COOTBET-
CTBEHHO NApaJjjlefibHBl PaHaM JAHHOrO TETPa’dapa.

11.18. Tana cdepa u Touka S ere nee. Ioctpoiite Koy ¢ Bepuntoii S,
OKPY>XHOCTbH OCHOBAHHS KOTOPOTO JIEXKUT Ha JIaHHOH cdepe, a oOpasyrolie
aenarcst cdepoil momoam.

11.19. B npasusibiyio 49eTHPEXyrobHYIO NHpAMUIy BIKcana cdepa.
I110cKOCTD, TPOXOAAIIAst Yepe3 ee UEHTDP NaPaslIesIbHO VIOCKOCTH OCHOBa-
HHA IMPaMUIDBL, JCIUT 00beM mupaMuabl nonosaM. Haliaure nsyrpannblii
YrOJI IIPH OCHOBAHMM ITHPAMHUIEL.

11.20. ITocrpoitTe Ky6 MO €ro AUArOHAJH.

11.21. Tanst Ape HepaBHble chepbl o U 3 U IPUHAAEKAINIHE HM COOT-
percTBerHo Toukn A u B. Haiiure npeobpasosanue nonodus, Ipu KOTOPOM
a—PBuA-—B.

11.22. Haiinure MHOXKECTBO IEHTPOHRIOB TeTDPAdIPOB, BIIUCAHHBIX B JaH-
HBIA TETPadNP.
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Taaea 12

Addurnvie npeobpasosanus

§1. Havanra meopuu addurnuz npeobpazosarul
NPOCMPAHCMEA

1.1. Onpenenenne adbduunoro npeobpa3opanud MPOCTPAHCTBA W €r0
ciaenctBus. [IpeobpazoBanue NpoOCTPAHCTBA, KOTOPOE OTODPAKALT KAKIYIO
IJTOCKOCTD Ha, MJIOCKOCTD, HAZBIBAETCA afurHbiM NPeobpa3osanue.

[Ipsimast ecTh nuHAA Mepecedenust ABYX mutockocreit. [losToMy cormacuo
onpeneneHnio adgpGUHHOE TPeOOPa30BaHNe TPOCTPAHCTBA OTOOPAXKAET KaXK-
[YIO MPIMYIO Ha TPAMYIO.

Addunnoe npeobpazoBanne IpOCTPAHCTBA COXPAHIET MAaPAJUIETLHOCTD
IJTOCKOCTEH, TAPANITIEILHOCTD MPAMBIX, IapaJUIeIbHOCTh IPAMON M IJIOCKO-
cTH, 0TOOpaXKaer CKPENUBAIONUECs IPSIMbIe Ha, CKPENIHBAIOLIHECH TIPSIMBIE.
Kaxoe u3 3TUX yTBEPKACHUN TPUBHAILHO JOKA3BIBAETCS CIIOCOGOM HPH-
BEJICHUST K TIPOTUBOPEYHIO.

B 1880 roay dpanuysckuii reomerp I. Hapby B nuceme k Q. Kireitny
[I0Ka3aJl HHBAPHAHTHOCTH OTHOIIEHHS TPEeX TOYeK OpsiMoit npu adduHHOM
Mpeobpa30BaHuK ILIOCKOCTH, ONUPAsCh JIMNIb Ha TOT (PAKT, 4To obGpa3oM
BCAKOM UPAMOil aBJisiercs: mpsaMast. OQHAKO 9TO I0KA3aTEILCTBO HE IIPOCTOE
H 31eCh MBI €70 He OyieM u3narars. VIHTepecyonpiicst 4nTaTesib MOXKeT Hall-
TH ero B kuure V1. M. frnoma u B.I". Atukunyse «/xen u merons! acbdunnoi
U TIPOEKTUBHOMN reomerpuus» (c. 41-45).

Adpduunoe mpeobpazoBanue upocTpascTBa undyyupyem addunnoe
oTobparkeHue KaXKIoi mwiockoctu Ha ee 06pa3. Moxno 6p1710 681 1aTh TaKOE
onpejeienve ad@UHHOrO Npeobpa30BaHUA IPOCTPAHCTBa: Ipeobpa3oBa-
HHE IPOCTPAHCTBa, KOTOpoe adiumnto 0TOOpaXKaeT KaXKIAyIo INIOCKOCThL Ha
TUIOCKOCTD Ha3biBaeTcs adduunniM npeobpaszosanneM. JAHAKO TAKoe Olpe-
Jnesiedne M30BITOYHO.

TTono6ust 0TOOPaXKAKT KAXKAYIO IVIOCKOCTH HA IMJIOCKOCTH | II03TOMY SAB-
ns110Tes adbOUHHBIMEA IPeo0Pa30BAHMAMHE.

1.2. 3agarme adppurHOTO NpEeodpPa3OBAHAS IIPOCTPAHCTBA.

Teopema. Cywecmsyem eduncmesennoe adpurnoe npeobpasosarue npo-
CIMPANCINGa, KOMOPOE OMOBPANCAEM YEeMbPe OGHNBE HEKOMNAGHADHBIE
mouxu A, B, C, D na wemuipe naneped 3a0aHHbe HEKOMNAGHADHBIE TOYKL
A, B, C', D' coomeemcmeenno.



HoxazaTtenbcTrBOo. Pacemorpum aBe adpUHHBIE CHCTEMBI KOODIH-
nar (ACK) (D, €&,8;) u (D', ?1?2?3), e €= DA, €&,= DB, ;= DC
ne,=DA, e&,= DB, ;= DC’' Oupenenum npeobpazoBanue f npo-
CTPAHCTBA, 32KOHOM: KaXKJIol Touke M, uMmeromieit KOOpAUHATEL X, Y, Z2 OT-
nocuresbHo epsoit ACK, noctasuM B cOOTBETCTBHE Takyl TOUKy M’ KO-
Topas 0OTHOCUTeNbHO BTOpoil ACK mMmeeT Te XKe caMbie KOOPIMHATH T, Y, Z.
OueBunno, 910 npeobpazoBanve f addunroe, TOCKOIBKY 00Pa30M IIOCKO-
cTu, uMerowell ypasuenue ax + by + cz + d =0 ornocurensuo nepeoit ACK,
ABJISIETCS. MHOYKECTBO TOYEK, KOTopoe oTHocuTeibHo Bropoit ACK umeer
TO K€ caMoe ypaBHEHHE, T.€. TOXe IUIOCKOCTh, U60 BHUJ yPABHEHHsS ILIOC-
KOCTH He 3aBHMCHT OT BbIOOpa acdbduuHoll cuctemnr koopaunatr. CoryacHo
3akoHy mpeobpasosanus f, B yacruocry, f(A)=A', f(B)=B, f(C)=C",
f(D)y=D".

s pokasaTenscTBa eduncmeennocmu addurHoro npeobpasopanus f
JOCTATOYHO 3aMeTHTh, 4To Besikoe addunnoe npeobpazoBanue MIpo-
cTpaHcTBa 06/1a7a€T CBONCTBOM: COOMBEMCIMEBEHHHE MOYKY 68 COOMEEM-
cmeennbir ACK umenm pasnvie COOMBEMCMBeRHble Koopounamol. ITO
[OpsMO CJIeNyeT U3 MHBAPHAHTHOCTH OTHOIIEHUS KOJJIHHEAPHBIX BEKTOPOB
(13 HHBAPMAHTHOCTY OTHOIUEHHUS TPEX TOYEK IPsiMOi) 1pu adduHHOM Ipe-
obpazosanun. B camom aene, ecin

Oszél +y52+263 Hu .'L'El: OMI, yE2: OMQ, 25320 3,

TO

OM; Mo OMs3
rT=-——", Y=-——" 2Z= .
€1 €2 €3

Tlosromy stoboe npyroe addunHoe npeobpa3oBaHue, HMEIOLIEE Te XKe Je-
TBIpE Hapbl cooTBEeTCTBEHHBIX Touek A — A, B— B, C—=C', D— D/,
HEeOOXOMMO COBHAIAET C MEPBOHAYAIBHO MOCTPOEHHBIM addUHHBIM mpe-
obpazoBanueM f. O

1.3. Koopaunarsasie dopmyist acbdumnoro npeodbpaszopaans. 1lycrs na-
na addunnaa cucrema koopaunar (O, €,8:€3) u abdunHoe 1peobpaso-
Banue f mepepomur Touky Mz, y, z) B Touky M’'(z, y', z'). Tpebyerca
BBIPA3UTh KOOPAMHATHL &', ¥, 2’ yepe3 z, ¥, 2 ¥ IapaMeTphl, 3aJa0Iue [Ipe-
obpazoBanue f.

TakuMu mapaMeTpaMu MOTYT CJIYKUTH KOOPJUHATHL 00pa30B Ba3NCHBIX
BEKTOPOB: €'1(a1, Az, a3), €2(by, by, bs), €3(c1, ca, €3) M KOOPAUHATEI OOPA-
3a O'(d,, do, d3) Hagama O xoopaunar nannoit ACK ornocuTensHoit sToi
ACK. Jlnst permrenus mIOCTaBISHHON 3303491 HCHOJL3YEM BEKTOPHOE paBeH-
CTBO:

OM' = O'M'+ O0'.
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Cornacno OIIPEACIIEHNIO KOOPAMHAT BEKTOPDa M KOOPAWHAT TOYKH HMECM:

OM =ze, +yes+283=
= .T(alél -+ CLQEQ + a3é3) -+ y(bl.él -+ b2€2 —+ bgég) + Z(Cl—él + CZEQ + 6353) =
= (a1$ + bly + Clz)El + (ag.'L' + bgy -+ 022)62 + (ang + b3’y + C32)€3.
HepBOHa‘{aﬂbHOG BEKTOPHOE PABCHCTBO PABHOCHJABHO TPEM KOOPDAUHATHBIM:
l', =a,T + bly + iz + dl)
Y = axx + by + 2z + da, (12.1)
2 = asx + by + 32 + ds.

TTocKONLKY BEKTOPHI €1, €'y, €5 JUHEHHO He3aBHCHMbI, TO

a; b o
A= Qo b2 Co #O (122)
as b3 Cs

DTOT OUpENeIUTeNb HA3bIBAECTCS onpedeaumenem addunrnozo npeobpa-
3080GHUA.

O6parHo, ecin npeobpa3oBaHMe MTPOCTPAHCTBA 3aMAHO (hOPMYyJSIAMHU
(12.1) npu A # 0, To oHO siBAsieTca adPUHHBIM IPeobpazoBaHueM.

Jaa moKa3aTeabeTBa TEXHUIECKH MPOIIE MPOBEPUTh, UTO Npeobpa3oBa-
HEe, obparHoe mpeobpazosanuio (12.1), addunnoe. Orcona Gyner ciemno-
BaTh adpbuHHOCTE Hpeobpasopanusg (12.1). BosbMeM IpOU3BOJILHYIO IIIOC-
kocrs Az’ + By + Cz' + D = 0. Beinonussa noncranosku (12.1), monydaum
ypaBHeHHe ee Irpoobpasa:

(Aa1 + Bag + Cag)l' -+ (Abl + Bbz + Cbg)y+
+ (AC] -+ BCg + CC3)Z + (Ad] + Bd2 -+ CdS) = 0

Kosddbunmentrr npu z, ¥y, 2 He MOTYT OBITH OIHOBPEMEHHO HYJSIMH, TAK
B IPOTUBHOM CJIYYae CHCTEMA

Aa, + Bay + Cas =0,

Abl + Bbz + Cbg = O,

Acy + Beg 4+ Ces =0.
¢ HEPABHBIM HYJIIO ompenendresneM A umena Obl JULIL HyJeBOE PeuieHye:
A=B=C =0, 9T0 OIPOTHBOPEYUT CMBICJTYy YPABHEHAS ILJIOCKOCTH.

Nrak, dopmynst (12.1) mpu A # 0 1 ecTh HCKOMBIE KOOpAUHATHBIE DOP-
Myasl addbuHEOrO N1pPeodpa3oBaHus IPOCTPAHCTBA.
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Ipu A >0 6asuc (€,€/5¢/3) ONMHAKOBO OPUMEHTHPOBAH C 0GA3UCOM
(8,8:€3) (addumnnoe npeobpasosanue 1€pBoOro poja), & npa A < 0 stu 6a3u-
CBI OPMEHTHPOBAHBL IPOTUBONOI0KHO (addunnoe npeobpasoBaHue BTOPOTo
poza).

§2. Usmenernue obsemos mea npu apdurrom
npeobpa3osaHUL

2.1. Beipaxenne cMeNIaHHOrO NMPOU3BEJeHNs BeKTOPOB B ahHPUHHRIX KO-
opamHaTax. HekoMIutaHApHBIE BEKTOPBL €, €2, €3 00pa3yloT BeKTOPHBIH
(adpdunnrrii) 6asuc nmpocrpancTsa. IlycTs BeKTOPH! @, b, C UMeoT pasio-
KEHHS [10 BEKTOPaM 3TOTo Ha3nca: @==T; €1 + Y1 €2 + 21 €3, b= To€y 4+ Ya€r +
+ 2583, €= 36, + Y3€ + 23 €3. Vcnons3ys anrebpaudeckne cBoiicTBa CMe-
LIIaHHOI'O MPON3BEJIEHNS, BLIPA3NM CMENIAHHOe IIPOU3BeIcHIe @bc uepes ad-
dbuHHLIE KOOPIUHATH TUX BEKTOPOB:

656: (CE] € + yléz + 2153)(.'1?2&_1 + ygég + 2,'2—6-3)(1'3é1 + yg—égz -+ 2363).

B packpeitom BuIe BBIpasKEHHE CMEIIAHHOTO NpOou3BeAeHH: abT comep-
KUT 27 clraraeMbiX, 03 KOTOPBIX 21 paBHO HY/IO 1O NPHYHHE KOMILIaHap-
HOCTHY BEKTOPOB. 3alHIeM OCTaJbHBIE IIECTL CIAraeMbIX:

abc= $1y223(51 -6-263) -+ flfzygzl(égél 52) + (E3y122(62.ég€1)+
+ 21Y322(818382) + T2Y123(€281€3) + T3Y221(€3€2€,) =

= (Z1Y223 + TaY321 + T3l 22 — T1Ys22 — T2W123 — T3Y221)(E1€283).

Bripaxkenue B ckoGKax eCThb ONpefennTesb TpeTbero nopsaaka. Mrak, umeem
OKOHYATETBLHO (hopMYyITy:

_ 1 Y1 &
abé = Ty Y2 22 (—615263). (123)
T3 Yz =23

2.2. 3aBucmMocTh MexJay ob6bemMoM Teina W ob6beMoM ero obpasa mpu
appunaOM HpeobpazoBanmm npocrpaHcTBa. OObeM OPHEHTHPOBAHHOTO Ia-
paJLIesIenune ia, TOCTPOSHHOI0 Ha BEKTOpax a, b, ¢ Kak Ha pebpax, BhIpa-
JKaeTest 4epe3 KOOPAMHATLI 3THX BEKTOPOB OTHOCHTENLHO Gasuca (€, €2€3)
dopmymoit (12.3):

_ T Y &
V =abc= Ta Y2 2o (—é1§2€3) (123&)
T3z Ys 23
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CMelanHOe NpOUW3BEIEHUE €, €2€; PABHO 00beMy V[ OpPHEHTHPOBAHHOIO
napanmienennnesa, TOCTPOeHHOTO Ha 0a3ucHbIX BekTopax. llockoabky ad-
dunHOE MpeobpazoBanue OCTABISIET Oe3 U3MEHEeHHs KOOPIUHATHI COOTBET-
CTBEHHBIX BEKTOPOB B COOTBETCTBEHHLIX Ha3ucax, To st obbema V' obpasa
napaJuiesenunesa 0bbema V. ounmeen:

R o S/ B
Vi=dbd =z, Yo 2| (e1e2€3). (12.4)
T3 Yz %3

U3 (12.3a) u (12.4) caenyer:

V_V’ ,_VO’
now VEn”

Io roit xe dbopmysne (12.3a)

a; G as
, — — — _
% = e/1€€'y = bl bg Z)g (61 €3 63) = AVE)
&1 C2 C3
14
Yncio 7 A mnocrosinaHo i JanHoro adgdunnoro npeobpasosanus f.
o]

Urak, dasa neopuenmuposarnnnz obsemos V. u V' coomsemcmeennmx
npu afdurrnom npeobpasosanuY, NAPLIIEAENUNedO8 UMEEM MECTNO 3468UCU-
MOCTb

V' =|AlV, (12.5)

riae A — onpenenurens abdUHHOroO mpeodbpazoBatusl.

STa 3aBUCHMOCTE 0000LIAeTCT Ha 0O6BEMBI JIIOOBIX ABYX COOTBETCTBEH-
HBIX Tejl. i IBYyX COOTBETCTBEHHBIX TETPA3APOR 3TO oueBHaHO. CoOTBET-
CTBEHHBIE MHOTOIDAHHUKH DA3JIArAIOTCS [1a COOTBETCTBEHHBIE TETPA3APEI.
O6beM nponsBoILHOrO (KyGUpyeMoro) Tesa onpejiesercsa Kak obmuil mpe-
JieJ1 HOCTeI0BATENbHOCTH BIIHCAHHBIX B HEI'0 MHOTOTPAHHUKOB U 1IOC/IE[0BA-
TENBHOCTH OMMCAHHBIX OKOJIO HEI0 MHOTOIDAHHUKOB HPHM HEOTPANHYEHHOM
YMEHBIIICHHY UX HAUOOJIbIei rpaHy.

Caencieue. Ommuowenue 06semo8 A06ux J8YL Mes UHBADUAGHHO NPU
agpurrom npeodpasosearuy NPOCIMPancmed

Vi v
==L
Ve Vi
Orxomenne unciuaaeil GUryp He sBjsercst HHBapHaBTOM adPHHHOrO

npeobpazopanusd npocrpatcTBa. OHO COXpaHSAeTCs JHb It HDUTYD, J1eXKa-
HIMX B OZHOW IJIOCKOCTH HJM K€ B NapPaJIENbHBIX MIOCKOCTSIX.
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§3. Podcmeo

3.1. Onpenenenne W CBOMCTBA poOACTBa. PacCMOTPUM ABA TETPAdpa
ABCD u ABCD, ¢ obueii rpausio ABC. PykoBoACTBysICh TeOpeMoit 0 3a-
Jnaund acdpdunnoro npeobpaszosanns (. 1.2), sagannm adbdunnoe mpeobpa-
soBanue f mpocTpancTsa napamu Todek A — A, B— B, C—C, D — D;.
TlockobKy 1IpH 3TOM NpeoGpa3s0BAHIN HENTOIBHKHBI TPH HEKOJIIMHEAPHBIE
tourn A, B, C, T0 Oymer HeMOABMKHA M KaXKAad Touka Iutockoctn ABC.
D10 — ne eAWHCTBEHHBIN caydail, Korga adbdunnoe npeobpasoBanue npo-
CTPAHCTBA UMEET ILUIOCKOCTD HEMOABIMKHBIX TOYEK.

Onpenenenne. Addunnoe npeobpasosanne MpoCTPAHCTBA, UMEIO-
IIEE TIOCKOCTD HETIOABHKHEBIX TOUEK, HA3KIBACTCS POOCTNEEHHIM NPEOOPA30-~
B8AHUEM, UITH POOCTNEOM, & TWIOCKOCTh €T0 HETIOABIKHBIX TOYEK HA3LIBAETCA
NAOCKOCMbI0 podcmaea.

PosicTBO MOXKHO 33aTh €T0 MIOCKOCTHIO U Napoil COOTBETCTBEHHLIX TO~
€K, He MPUHAIEKANNX eil.

PoncTBo aBAsieTcs BaXXHLIM YaCTHHIM BUIOM ad(UIHOro IpeobpasoBa-
HUs1 IPOCTPAHCTBA M UMeeT CBOU HacTHBIE BHABL. Harmpumep, 3epKanbHas
CHMMETPHUA — YACTHBIA BIJI POJICTBA.

PacemoTpum CBOMCTBa POACTBEHHBIX peobpas3osanuii. COOTBETCTBEH-
Hbie IPU POJACTBE JIEMEHTHI (TOYKY, NpSMBIE, TWIOCKOCTH W IP.) HA3KLIBAIOT
POOCTNEEHHBIMY TIEMEHTAMH.

1. Podcmeennvie npamoe (naockocmu) nepecexaiomes Ha NAOCKOCTIU O
podcmea uau ell NAPaAtesbHDL.

B camom pene, ecu npu poacrse p p{l) =l'n lNa=K, o K - K
nnosromy K €1'. Ecau [ || o, To BO3bMEM B IIJIOCKOCTH O IPAMYIO lo, IrapaJl-
nenabHyto . B ety HHBApHAHTHOCTH APAIIEALHOCTH IPAMBIX HX 00pa3bl [y
u I’ mapasutenssl. [ostomy !’ | o u I || . Jis poACTBEHHBIX IIIIOCKOCTEH 0~
KA3aTeJbCTBO aHAJIOTMYHO.

2. Ipamvie, Keoicoan u3 KOMOPHT coeduHsem Jee podcmeeHKdle MOYKY,
NAPAANENEHDL.

Heitcrurensno, nyers p(A) = A" u o(X) = X', rae Touka A dukcupo-

AK AR
CEKx T KX
PHAHTHOCTH OTHOIICHHA TPEX TOUEK NpPSMOLi), & 9TO BO3MOXKHO JHIIL DU
yeoeun (AA') || (X X).

HanpagpJienune npaMbIx, COETUHSIIONUX POJCTBCHHbIE TOYKH, HA3BIBAETCS
HANPABACHUEM DPOOCTMEA.

3. Ecau wanpasaenue poocmen MHERAPAALEALHO NAOCKOCTU IM0o20 POO-
cmea, mo Kaxcould ompe3ox, coedunatouutl 06e podcmeennsie mowxy, 0e-
AUTICA NAOCKOCTIBDIO POOCTREA 6 0OHOM U TNOM DHCE OMHOUWEHUU.

BaHa, a Touka X mepemennas. Ecmun (AX)Na=K, (unBa-
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4. Becaxas naockocmv, naApasiesbHes HANPABAEHUI0 POOCMEq, Heno-
dsusicna npu amom podemee. B mett undyyupyemesa podemso naockocmau,
0CBHI0 KOMOPOLO ABAAETNCA NPAMAA €€ NEPECELEHUA ¢ NAOCKOCTIBI0 JAHHO020
podcmea npocmpaHcmsa.

OTMeTuM JBa YACTHBIX CJIy4asl poAcTBa. Fcjii HalpaBieHHe pPOJICTBA
IapaJuUIeJIbHO IJIOCKOCTH €0 HEIOJABUAKHBIX TOYEK, TO POACTBO HA3BIBAKOT
cdsuzom. Ecin MIOCKOCTD PONCTBA JENUT IONOJAM KAXKILI U3 OTPEIKOB,
COeNHSBIINX ABE POACTBEHHBIE TOYKH, TO POACTBO HA3BIBAETCS KOCOT 3€P-
KAAOHOT CUMMETNPUET.

3.2. lpeacrasaenue adpurHOro npeobpa3oBanusd MPOCTPAHCTBA KOMIIO-
sunumeif mogo0msa u poacTsa. O 3HAMMMOCTH POJACTBEHHOrO NpeoOpa30BaHILs
TOBOPHUT TaKasl TEOPEMa.

Teopema. Agpunrnoe npeobpazosarue NPOCMPAHCNBEA, OMAUMHOE OM
nodobus u podcmea, Npedemasumo Komnoduyuet nodobus u podemea.

Hokazarenbcrso. Addunnoe npeobpasosanne [ npocTpancTsa
orobpaxkaer cdepy ¢ na ummncons ¢ . OHO MOXKET OBITL 387AHO STUMU
durypamu. M3BecTHO, YTO CyliecTByeT (He €AMHCTBEHHAS) IJIOCKOCTH o,
COLIEPIKAIIAS HEHTD HJUIAINCOUA O’ U IEePECEKAIOIIAs €0 IO OKPYKHOCTH
(kpyroBoe ceuenne asutamcona). Ilyers o — npoobpas mrockocru o . Torna
OKPY2KHOCTB & = 0 () & €CTh Ipoobpa3 oKpyzKHOCTH . IlocTponm cdepy £,
HMEIOILYI0 OKPYZKHOCTh &' CBOeil JuameTpasbhoil oKpyx)HocThio. Chepa (3
H 3JIINICOMT o' HMMeloT ofmyio OKpyKHOCTh . CymecTsyer momobue ¢
(B wacraocTu, roMoTerns), orobpaxkaiomee chepy o Ha chepy . 3amamm
POZACTBO P MIPOCTPAHCTBA IIOCKOCTBHIO o HETIOABIPKHEIX TOUEK M Iapofi co-
orBeTcTBeHHBIX ToueK @(A) — f(A), rme A — HexoTopas Touka cdepsl o,
Ada, (A)ep, f(A)€d’. Torma p(B) =0’ 1 109TOMY KOMIIO3HUIMHA - ¢ OTOO-
pakaer ¢ Ha ¢’. B cuity enuncTBernOCTH addunnoro npeobpa3oBaHusd, Ipy
KOTOPOM G — G, 3Ta KOMIIO3UIIUS COBIATAET ¢ AaHHLIM addUHHBIM Ipeos-
pasopanueM f: f=p . . |

DTo JokazarenbeTBo npemsioxeno V. B. 3mecTreBbiM.

Ipencrasnenne f =p - ¢, oueBuHo, He exuncTBenHO. Addunnoe npeob-
pa30BaHHE MOXKHO HPEINCTABUTHL TAK>Ke KOMIIO3UIUEH POACTBa M NoJo0uH,
HO y’Ke HE COBNAJABUINMHU C IPEXKHUMI o U §.

§4. Memod appurnvx npeobpasosaruil
6 2COMEMPUNECKUT 30004AT

4.1. Cymuocte Metona adduaEBIX npeodpazopanmit. MuoxkecTso ad-
GUHHBIX 1peobpa30BaIHil IPOCTPAHCTBA €CTh TPYNITA, HMEIoIas CBoel moj-
rpynnoii rpymny npeobpazosanuil monobus. Teopua unsapnanTos addnn-
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HOM Ipynnsl npeobpasosanuit HaspBacTcA adpuHHON reoMeTpreii. Purypa
HazbiBaeTcd adbdUHHON, ecin ee XapaKTePUCTHYECKOe CBOWCTBO SIBJISIETCS
adPUHHEIM, T. €. cOXpaHsieTcd nipu adduunbix npeobpazopanuax. [Ipu ad-
bunnbix npecbpasosanusx adduunas burypa orobpakaercs Ha (pUrypy
¢ TeM ke HazBaumeM. AddunapivMu DUrypaMu sBISIOTCA TOYKA, UPAMAsi,
OTPE30K, Jy4, TIOCKOCTh, MOJIYIJIOCKOCTD, TPEYTOJbLHUK, [apalIeorpaMm,
TPAIeLys, SJUIAIC, TeTPadap, NapaljICienuel, Ipu3Ma, KOHyc (He Kpyro-
BOIl), SJITMIICONA, ¥ Jp.

e durypn! HazLBaeTcs apdurno sxsusarenmuvimy (ad@urno «pas-
HBIMU> }, eciin cyuiecTByer adbdunnoe npeobpazosanne, orobpakaroliee of-
Hy U3 HuX Ha Apyrywo. Hanpumep, addunno sxkBuBajeHTHB! JIOObIE IBa
TPEYTOIBIUKA, JTIO0bIE [1Ba TETPA3/Ipa, ABA IPOU3BOJIbHLIX HapaJljiesenue-
na, cepa u sanuncou 1 1p. AddUHHO IKBUBAIECHTHBIE (DUTYPBI 007181AI0T
ONHMMM ¥ TeMH ke adOUHHBIMA CBORCTBAMM, XOTsI HX METPUYECKHe CBOH-
CTB&, BOOOIIE TOBOPS, Pa3/IMUHb! ( AJIMHBl OTPE3KOB, MEPHI yIJI0B, OTHOIIEHHAS
HelapalIebHBIX OTPE3KOB, OTHOIIEHNS TWIOMAAell IocKuX (hburyp B HENa~
PaJIIEIBHLIX IIOCKOCTAX ).

Ecin nannag 3anaqa apiaserca addUHHOME, TO € TPaBOMEPHO DEIIaTh
Ha J1oboit purype u3 kaacca ah@UHHO IKBUBAJIEHTHLIX (HUTYyp, KOTOPOMY
NPUHAIJIEXKUT pacCMaTpuBaeMada B 9Toit 3a7ade durypa. [lostomy neieco-
06pa3HO BeIOPATH TAKYI0 W3 ITHX (DHIYP, KOTOpPAd ¢ METPUIECKOH TOYKM
3peHus ABIAETCs HauboJiee MPOCTOH: U3 BCEX TETPAdAPOB — IPABUIBHBIN
TeTPasAp, U3 BCeX MapaJulelelnne 0B — Ky, 13 BeeX 3JUTHIICORIO0B — cdepa
u 1. 1. Pemenve nannoit adpduaHol 3802491 Ha 9THX METPHIECKHU «XOPOLIAX»>
durypax CyueCTBEHHO YIPOLIAETCS TEM, YTO HCMIOJb3YIOTCH UX MeTpute-
CKHE CBOHCTBA.

4.2. TIlpumMeps! pertennd 3ana4 MerooM addbuHABIX npeodpasopaHmil.

3agaga 1. Jokaxwure, 9T0 J1100ad MIOCKOCTD, COIEPKAIIAs CEPEIHHBI
JABYX MIPOTHUBOIIOJIOKHBIX pebep TeTpasapa, IeInT ero Ha JBe PAaBHOBENINKYES
YaCTH.

Pemenue. 3anaua addunHas, TaK KaK CONEPKUT TOJBKO adpuH-
HBIE TIOHATHS: TETPA3IpP, IIOCKOCTh, CEPENUHA OTpPe3Ka, OTHOLIEHHE 00be-
moB ¢uryp. [lockonbky mobbie jBa Terpasnpa addUHHO SKBHBAJIEHTHBI,
TO €€ pelleHue [JIsl [IPABWIBHOTO TETPaApa UMeeT CHWIy U It Joboro
TeTpasapa. Ho mpaBuibHBIA TeTpasap CUMMETPHYEH OTHOCHTEILHO IIpsi-
MOi, IPOXOJAIIEN Yepe3 CePeIMHbBL IBYX €I'0 IPOTHBOIOIOKHBIX pebep. Ita
OCeBasi CHMMETPHS 0TOOPAKAET CEKYILYIO IUIOCKOCTDb Ha cebsl;, a 9acTu TeT-
pasipa, Ha KOTOPbIe OH pa3bHBAETCs CEKYIIeH MIOCKOCTLIO, OTODPAaXKAIOTCs
apyr Ha apyra. [Tosromy ux o6beMbl pABHBIL.

Hemnocpencreennoe penierne 310t 33,/ia4n ISt IPOU3BOJILHOIO TETPad/I-
pa 3HAYUTELHO CIIOXKHEE.
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3agaua 2. Jaunanl Moayoceil 3MUANCONIA paBHBI a, b, ¢. Halimure
o0beM 00JIACTH MPOCTPAHCTBA, OTPAHUYEHHON SJUIAIICOUTOM.

Pemenune ODanunconsn addunHO KBHBAJEHTEH cdepe, IPU ITOM
€ro HOJyOCAM COOTBETCTBYIOT TPH IMOTIAPHO COIPSIKeHHBIX palmyca cde-
poi. Ho tpu rakme paguyca cdepbl NOHApHO Heprnedaukyaspibl. [TosToMmy
IIPSIMOYTOJIFHOMY MapaJuiefienuneny ¢ pebpamMu a, b, ¢ coOTBETCIByeT KyO
¢ pebpoM r paBHBEIM pajuycy chepbl. B crty HHBADHAHTHOCTH OTHOLIEHHS

06beMoB nip adpPUHHBIX TPeodpazoBaHIAX A5l HCKOMOTo obbema V' unveeM
_TU"S 4
NPONOPIIO: — = < 5, OTKYAA V= grcabc.

Sangaua 3. e nenapaienabHble IVIOCKOCTH o U (3 IIepeCceHenbl napal-
JIEJIGHBIMA OPSAMBIME a, b, ¢, d, HUKaKie TpU U3 KOTOPBIX HE JIEZKAT B OJHOM
[JIOCKOCTH. DTH MPSAMBIE [TEPECEKAIOT AAHHBIC IIOCKOCTH COOTBETCTBEHHO
B Toukax A u A,, Bu By, C u C;, D u D,. Iloxkaxxure, 4To: 1) Terpasa-
pot ABCD, n A, B,C, D pasuosesuky; 2) terpasapst ABC,D; u A,B,CD
PaBHOBEJIUKH.

Pemenue. Bomonnnm adbdunaoe npeodpasoBanne IPpOCTPAHCTBA, KO-
TOpOeE IpsAMBIe ¢ 1 M = oM (3 oTofpazkacT Ha NEPIeHHKYNAPHLIE IPsMbIe a’
nm’ =o NG, mpuuem npsiMad o/ paBHOHAKIOHEHa K obpa3am o u 3’ moc-
kocreit o 1 3. Torma mapasuiesbuble Ipsamble o', b, ¢/, d' mepneRanKyIApHBL
K BHCCEeKTOPHOM IIOCKOCTH Y JBYX BEPTUKAJIBHBIX JBYTPAHHBLIX YIJIOB MEXK-
ny mwiockoctamu o u B'. Terpasnper A’B'C'D| n A{B{C] D’ cuMMeTpHIHE
OTHOCHTEJILHO TJIOCKOCTH Y UM TIoTOMY paBHOBenuku. [1o 9Toit 2xe npudnse
u pasBHoBesMKHu Terpasapbl A'B'Ci D, u A1B;C'D’. Otciona cienyeT uc-
THUHHOCTH JOKA3BIBAEMBIX YTBEDIKICHUIA.

Badauu x enace 12

12.1. Joxazxure MeTomoMm adGuHHBIX Npeobpa30BaHUil TEOPEMB! IYH-
xToB 1.1 1 1.2 . 6.

12.2. B Kaxoii rpasn TeTpasapa BeIOpaHa NPOU3BOJBHAA TOYKA U IO~
CTPOEHA TOYKA, CHMMETPHYHAA BBHIOPAHHON OTHOCHTE/IFHO HEHTPOHIA IPa-
HH, B KOTOPO#t oHa BhIGpaHa. JJokaxKure, 4TO LEHTPOR CUCTEMBI YeTHIPEX
UCXOJHBIX TOYEK M IEHTPOU CUCTEMBbl YE€THIPEX HOCTPOEHHBIX TOYMEK CHM-
METPHUIHBI OTHOCHTEJIBHO HEHTPOUIa JAHHOTO TETPadapa.

12.3. Yepes Oumenuany rTerpasipa NPOBEIEHA INIOCKOCTb. Jlokaxunre,
YTO OTPE30K, COENUHSIONIMI TOUKH ee IepecedeHusl ¢ IPsIMBIMHU, comepKa-
WIMH B3 APYTHX IPOTUBOMONOXKHLIX pedpa, OeJNTCs 9Tol OumMeauaHo
[IOTIOJIAM.
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12.4. Ykaxnre Bce adduHHbE peodpa30BaHUsl, KaXXJ0€e U3 KOTODBIX
orobpazkaeT Ha cebst IAHNLBIN TeTpasap obmero suna. [lokaxure, 9T0 rpym-
na Tux npeobpazosanuii (rpymnia adppUHHBIX aBTOMOPGMU3IMOB TETPA3IPa)
n30MOphHA TPYINe CAMOCOBMEIICAUI TPaBUIBLHOrO TeTpasapa (§9 . 10).
Kakne n3 paccmarpuBaeMBIX IpeoOpPa30BaHuil HMEIOT €IHHCTBEHHYIO HeIo-
JBIKHYIO TOYKY (YKa)KATe Kakyo)? IpsAMYI0 HEIOABHXKHBIX TOUEK? IJIOC-
KOCTBb HEITOJIBMXKHBIX TOYEK !

12.5. JokakuTe, YTO CYWIECTBYET OJUH M TOJBKO OJHH SJITIMICOU, Ka-
caiomuiics rpaHeil TeTpasgpa B WX HEHTPOUAAX (8NucanHbill A4Auncoud
IlTmetinepa).

12.6. JlokaxkuTe, 9TO CYyIECTBYET €IIHCTBEHHBIH ONUCAHHBIN OKOJIO TET-
pasipa JIIUIICOK/L, KACATEJIBHBIE INIOCKOCTU K KOTOPOMY B BEPIITHHAX TET-
Pasipa NapajuIesbHBL IJIOCKOCTAM IPOTUBOIOJIOKHBIX rpateil (onucanmvill
aaauncoud HImetnepa).

12.7. Jokaxure, 9TO CYIECTByeT eauHcTBeHnoe addunnoe mpeobpa-
30BaHHE MPOCTPAHCTBA, OTOOpAXKAIONIee JAHHBIN 3uIcony, (B 4aCTHOCTH,
cdepy) Ha HaLlEpen 3aJAHHbBIA ILTUTICOMUL.

12.8. Bepmnna mapaliiesennnea CoeIyHeHa ¢ IEHTPaMu TPEX He COIep-
xamux ee rpaneit. Hafinnre oTHomenue o0beMa HOMYyUEHHOTO TETPa’sIpa
K 00'beMy AHHOrO HapaJiIesIennIiema.

12.9. JJokaskuTe, YTO HapaIeeNANeabl, KaXKIBIH U3 KOTOPHIX TIOCTPOEH
Ha TPEeX COUPAKEHHBIX MOJYAUaMeTpax JJIUICORIA KaK Ha pebpax, paBHO-
BEJIMKH.

12.10. Ecmn addbunnoe mpeobpazoBaHue IMPOCTPAHCTBA OTOGpazkaer
HEKOTOpoe TeJio Ha cebst, TO OHO coxpaHsieT o0'beMbl Beex Tedl. Jlokaxkre.

12.11. Tokaxkure, yro addbunHOE npeodpa3oBanne

'=-3z-2y+2,
y' =12z + Ty — 6,
Z=—dx—2y+2+2

Il

siBisiercst poscTeoM. HafiauTe ypaBHeHne ero IIIOCKOCTH B KOOPMHATHI BEK-~
TOpA HAIPABJICHUS.

12.12. Hanummre dhopMysibl poACTBEHHOTO Ipeobpa3oBanust, A1 KOTO-
poro mwiockocTs Oxy addbuHHON cuCTEMBI KOOPAUHAT CIIYKHUT TJIOCKOCThIO
HENOABUIKHBIX Touek, a Touka (0, 0, 1) nepexomut B 104Ky (Z0o, Yo, 20)-

12.13. Hanwmmmre ¢popMynst a(bdpmmogo Hp(—:'206pa§OBaHI/IH, TIEPEBOISIIIIS-
ro coepy 22 + y? + 22 = 1 B sumncons, 2—2 + ‘Z—z + i—2 = 1.
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3adayu 0bwe20 cOOePIHCAHUA

1. Tokaxure, 4To B M000il HpaBUJILHOIl TPEyToNbHOi IUpaMUAE ABY-
TpaHHBIH yroJ npu 60koBoM pebpe Gosbiie 60°.

2, Jokaxurte, 4To B j1000# NPABUABHON HeTBHIPEXYTOIBHON MUpaMmie
JBYTPAHHBIN yroi npu GOKOBOM pebpe SIBJSIeTCS TYIIBIM.

3. Hansr gerwipe ayua OA, OB, OC, OD. Hokaxure, 410

c0s AOB + cos BOC + cosCOD + cos DOA + cos AOC + cos BOD > —2.

B kakoM ciryuae uMeeT MECTO PaBeHCTBO?

4, Ecnu cyMMa IIOCKHX YIJIOB Tpusapa pasHa 180°, To cymMMa KOCHHYCOB
€ro ABYI'PaHHBIX YIJIOB paBHA emunuie. Jokaxure.

5. Jokaxkute, 9TO OMCCEKTOPHAS ILIOCKOCTH ABYTPAHHOrO yIjla TeTpa-
3pa JeaUT HPOTHBOJEKaIlee peOpo B OTHOIIEHNN ILIoMazeil rpaneit, 06-
PAa3yOLIXAX 3TOT YIOM.

6. oxkaxmure, 4ro jjst jiroboro terpasapa ABC'D umeer MeECTO COOTHO-
wenne: S? + S7 — 25,5, cos (CD) = 5% + SZ — 2555, cos (AB).

7. B napasenenuneae JjUHBl NRaroHAJEH ONHOI 'paHU PaBHEI @ H Gy,
apyroit — b u by, Tperneil — ¢ ¥ ¢;. Beryucrmre ntomanb rpany ¢ AuaroHa-
JISIMH @ 1 0.

8. OcHoBaHneM MUPAMUIbI ABJISETCS KBAAPAT. BelMYnHBl OBYTIPAHHBIX
YIJIOB IIPH OCHOBAHUM OTHOCITCH Kak 1:2:4:2. Hailagure nx.

9. Ocuopanue NIPAMON MPU3MBI — MPSIMOYTOJbHBIA TPEYTOJILHBIN Tpe-
YTOJBHUK ¢ OCTPHIM YIJOM ¢ K muouwaipio S. Ilromane 6oxosoit rpanu
pasHa Q. Halimure o6beM IpU3MBL.

10. /Ipa nuausapa, BHICOTHE KOTOPBIX PABHBL @ H b, HMEIOT PaBHBIE Pas-
BEPTKH GOKOBBIX mNopepxuocreil. Haitaure orHomenne ¢ :b, mpn KoTopoM
ILJIOUIAIb MOJHOM IOBEPXHOCTH OJHOrO IUAMHAPA BABOE OOJIbINE IIOMIATH
MOBEPXHOCTH APYTOTO.

11. Pa3seprka G0KOBOil OBEPXHOCTY KOHYCA IIPEACTaBIAeT coboil Kpy-
rOBOII CEKTOP C YIVIOM € o PaauaH u Xopnaoii a. Beraucaure obbem KoHyca.

12. JIBe IpOTHUBOINOJIOXKHEIE BEPINUHBI KyHa SBIISIOTCA IEHTPaMM OCHO-
BaHUIl IMIUHIPA, & OCTAJbHBIE JIEXKAT HA IMOBEPXHOCTH ITOTO IMJINHIPA.
Haiigure orHOmEHNE 00BEMOB IHANHADPA U KyOa.

13. BoicoTa yceueHHOH mupaMuasl paBia h, a IIOManb e CPelHero ce-
yenus pasna S. Haitnure 06sacTh u3Mmenennd ee obbema.



14. Okono cdepbl paauyca R ommcan KoHyc, B KOTOpPOM Tpu 06pa3y-
IOIIUX HOUAPHO MEPIEHIUKYAAPHBL. BbraucanTte o6beM KOHyca U TIIOHIAIL
€ro IOJTHON MOBEPXHOCTH.

15. Bblmyk/iblii MHOTOIPaHHHK, BCE BEPIUMHBI KOTOPOTO JIEXKAT B JIBYX
MapasiIebHBIX [UIOCKOCTSIX, HA3BIBAETCH npusmamoudom. Jokaxkure, 410
ero oO'bEM MOYKHO BBIYHCINTD 110 (opmyie (7.2) Huiorona—Cumncona.

16. Ilapannensuble UpsMBlE, MPOXONAIIME YePe3 BCPIIMHBI TETPA3IPa
ABCD, nepecekaior IJIOCKOCTH €r0 MPaHeil, IPOTHBOJCXKAIINX STHM Bep-
IIUHAM, COOTBETCTBEHHO B Toukax A, B,, C;, D,. Jokaxure, 4To 0O6beM
terpasnpa A, B;C, D, Brpoe Gonbie obbema rerpasiapa ABCD.

17. HuaroHans Ky6a ¢ pebpoM g CIy>KUT OCBIO IUIMHIPA, OKPYIKHO-
CTH OCHOBAHHMH KOTOPOT'O KAacaloTcs rpaleil kyba B ux neHTpax. Boraucaure
00 beM THIMHIPA.

18. Paguyc cdepsl, onncaHHbill 0KOJIO TeTpasjipa, pasen R. Pajauycs
ONHMCAHHON U BIMCAHHON OKPYKHOCTel 0nHOil ero rpauu pasusl p u 7. Onpe-
JEJIATe PACCTOSHUE OT IEHTPA OMMCAHHON cdephl A0 LEHTPa OKPYKHOCTH,
BIINCAHHON B BLIODAHHYIO MPAHb.

19. Tpu ccepsr paguyca R KacaioTes oqHo#i MIOCKOCTH ¥ TIONMAPHO Kaca-
10Tca apyT apyra. Haiizure pamuyc cdeprl, kacaroueiicss JaHHON IIIOCKOCTH
¥ BCEeX TPeX MAHHHIX cdep.

20. B xax/piil u3 TpeXrpaHHbIN YIVIOB TETpasApa BOHCaHa cdepa. ITu
qeTbipe chepbl UMEIOT PABHBIE PAANYCHI M HMEIOT ODINyI0 TOYKY. Bbluumc-
JINTE HX PATUYC, €CiI JaHbl PAInuychl A U r OMUCAHHON U BIUCAHHON cdep
JIAHHOT'O TEeTPa’ipa.

21. Tpu unnunapa pagnyca R UMeIOT MOMApHO MepHeHInKyasapHble OCH
A KaKJple OBa MMEIOT €INHCTBEHHYIO OOINYIO TOYKY Ha MX 00pa3yIOmuX.
Hafinure ranbosnpummii paauyc mapa, KOTOPBL Tpoiizer yepes 3a30p MeK Y
IWIHHIPAMH.

22. Buorumcnure mmmny pebpa Ky6a, BIMCAHHOTO B KOHYC, 00pasylo-
@asl KOTOPOTrO HMeeT AAUHY | M HAKIIOHEHA K IUIOCKOCTY OCHOBAHHS IO
YIJIOM Q.

23. Bokosoe pebpo paBUIILION TPEYTONBHON MHPAMU/IBI UMEET JJIHHY a
1 HAKJIOHEHO K IUIOCKOCTHM OCHOBAaHMS NOJ, YyIJOM d. B mupamujiy BOucaH
PaBHOCTOPOHHUN LUJIUHIP TAK, YTO €r0 HUXKHEE OCHOBAHUE JIEXKUT B I1JIOC-
KOCTH OCHOBaHus nupaMuibi. Hafizure BHICOTY MUIWHIDA.

24. B Terpasape nBa IPOTHBOIOJOKHBIX Pedpa MMEIOT JJIMHBL @ U b,
oCcTaNibHbIe pebpa UMEIOT JUIMHY ¢. BBIUHCINTe PaauyChl ONMCAHHON U BIIH-
cauHolt cdep atoro rerpasapa.

25. Ccepa pammyca r kacaeTcst Bcex pebep TpeyronbHo# nupamMuabl. Ee
TIEHTD HAXOMUTCS HA BBHICOTE MUPAMUILI BHYTPU Hee Ha PACCTOSHUM 7/3 0T
BepmuHbl. JoKaXkuTe, YTO NMUPAMUA NPABWIbHAS W HANHIUTE €€ BBICOTY.
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26. I'pann AByrpamnoro yriia BeJIHYHHBI o KACaeTCs KOHyca 1o ero obpa-
gytomum. Hafinure yros MexXay 3TUMH o0pa3yIOUIHME, €CJIH YIOJI OCEBOTO
CEYeHNsT KOHYCa DaBeH (.

27. Yron Mexkay cMeKHBIMU GOKOBLIMH IPAHSAMH [PaBUILHOH YeThIpex-
YTONBHOH MUpaMubl PaBeH , JJIKHA CTOPOHBI ocHopanust pasHa a. Cde-
pa Kacaercs ee onucannoil cdepsl u GOKOBBIX TpaHeil. Boraucianre ee pa-
JIHYC.

28. OcuopanueMm mupamMuiasl 1T'ABC sasnsiercss NpsSMOYTOJbHBIN Tpe-
yroabuauxk ABC, B xoropom yron BAC pasen 60°. Pe6po T'A neprenauxy-
JISIPHO ILIOCKOCTH OCHoBaHusi. Buccextpuca AD yria BAC umeer puny b.

b
Paccrosnue mexnay npameimMu T B u AD pasHO 3 Haitonre yron Mexmy

npsmbiMu T'C 1 AD n momansb Onmucanon cdepsl.

29. Cdepa paauyca R penat kaxkoe n3 pebep AB, BC, CD, DA rerpa-
sapa ABCD ma Tpu paBHbIe Yactn 1 comepxuT cepeaunsl pebep AC u BD.
Haitnure BBICOTY TETpasipa, ONYINEHHYIO U3 BEPIHUHLL D).

30. [pa momykpyra paauyca R pacroyiokens! B INIOCKOCTH TaK, 4TO
OJIMH KOHEL, TMOJYOKPYKHOCTH KayKJOr0 CIYKHT IEHTPOM IOJyOKpPYKHO-
cru Apyroro. Beraucanre obbeM Tesla BpalleHHMs M IUIOMIALL €0 NOBEpX-
HOCTH, 00pa3s0BaHHOrO BpallleHneM OO0beHHEeHNs 3TUX MOJYKDPYTOB OKOJO
KacaTebHONH, MPOBEAEHHOH N3 KOHIA OOHOI NMOMYOKPYKHOCTU K APYro#
[IOJIyOKPYKHOCTH.

31. Kpyrosoii cekTop paguyca R ¢ nenrpaiasHeIM yrioM 270° ppamaercs
OKOJIO KacaTeNbHOMH, IIPOBEIEHHOM K ero Ayre B ee cepelduHe. Iloncunraiite
00bEM [IOIYIEHHOTO TejIa BPAIIeHnsd.

32. CekTop, paBHbIil 1 Kpyra pamuyca R, Bpamaercs OKOJIO KacaTelb-

HOI K ero myre B KOHIe 1ol ayru. Oupegesure 06beM NOJYYEHHOTO TeJa
BpAllleHUs.

33. TIpsAMOYTOJIbHUK C [UTHHAMY €70 CTOPOH 3 U 4 BpPaIaeTCs OKOJIO ero
aunaronaad, Haiinure o6beM Testa BpallleHH.

34. Ilnomane cdepnl pasua S. Haliiure HAaUMEHBHIYIO MJIOMI,b TOBEPX-
HOCTH OIHCAHHOTO OKOJIO Hee KOHYCa.

35. B mpapBmwibHON TpeyrosibHOM nupamuie OOKoBas IpaHb HMeeT 3a-
JAHHYIO [IOCTOSHHYIO IJIONaJb W HAKJIOHEHA K ILIOCKOCTH OCHOBAaHMA IO/
yrsiom o. Tlpy KakoM 3Ha9eHHH o PACCTORHHE OT ILEHTPA OCHOBaHMA 10 6o-
KOBO# rpanu Gyner HaubGoabianm?

36. HaiinuTe HanOOIBIILYIO BO3MOXKHYIO BEJHIUHY yITI& MEXKAY MIOCKO-
cTHI0 GOKOBOI TpaHu N He TPUHAJJICKAIMM el GOKOBBIM peOpPOM IpaBHIb-
HOH 9eThIPeXyTroJbLHON NUPpaMUIbI.

37. JokasKuTe, UTO KOODMHATbI HAIPABJISIOIETO BEKTOPA P (1, P2, P3)
OCH TI0BODOTA M OCH BHHTOBOTO JBMYKeHusd, 3ajaHubix (opmysamu (10.1),
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HAXOIATCH U3 CUCTEMBI
(a1 - D)py +bips +e1ps =0, agpy + (ba — 1)ps + c2ps =0,
aspy + bapa + (3 — 1)ps =10
IIpH yCJIOBBU
ay; — 1 bl (65}
Qo bg -1 Co =0.
as b3 Cz — 1

38. HoxaxkuTe, 9T0 yroa ¢ MOBOPOTa (M BHHTOBOTO ABHXKEHHA), 3aJaH-
noro ¢dopmynamn (10.1), onpenensercs dopmysoii:

1
cos@ = (a1 +by+ez~1), 0<o<m.

39. [Ipmwkenne BTOPOro poja 3a1ano dpopmyaamu (10.1). Jokaxure, 4To
BEKTOp Ti(Ny, Ny, N3), OPTOTOHAILHEIMN [IJIOCKOCTH CAMMETPHI (3epKaibHO,
TIEPEHOCHOM, TIOBOPOTHOM ), OIIPEAE/IAETCH U3 CUCTEMBI:

(a1 + 1)n1 + b1n2 +cing = 0, Ny + (b2 + 1)”2 4 CaNg = 0,
azmn, + bg’flz -+ (C3 =+ 1)TL3 =0.

40. [JoxaskuTe, 4T0 yroJj ¢ MOBOPOTHOH CUMMETPHR, 3aJaHHOH (opMy-
gamu (10.1), oupenenserca dbopmysnoit:

COS<P=%(al+b2+Ca), O<o<n, ar+b+e#L

41. Haiinure KOMIO3UIUIO OCEBLIX CUMMETPUN IPOCTPAHCTBA, OCH KO-
TOPBIX COAEPXKAT MOC/IEA0BATEILHO B3ThIe CTOPOHbBI BIIHCAHHOI'O B OKDY K-
HOCTD YETBHIPEXYTOJbHUKA.

42. B TeTpasap snmcana cdepa. KacatesnbHble TUIOCKOCTH K Hel, mapaJ-
JIeJIbHBIE TPAHSM TeTPasapa, CBOUM IepecedeHneM o0pa3yroT HOBBIH TeTpa-
3np. JokaskuTe, 4TO OH PaBEH JIAHHOMY TETPASIPY.

43. Ecin npeobpa3oBaHue OPOCTPAHCTBA OTOOParKaeT KaXKAylo MIOC-
KOCTb Ha MAPAJUICJbHYIO €l [JI0CKOCTh WK Ha cebsl, TO OHO SIBJSIETCS O-
MOTeTHeH uim nepeHocoM. Jlokaxure.

44. Tlocrpoitte chepy, BIMCAHHYIO B JAHHBIA TPUSAD W COAEPIKAILYIO
3aJaHHYI0 TOYKY.

45. an terpasap ABCD. Ipsimast mepecekaer mnockocra BC D, CDA,
DAB, ABC cootBercrBenno B Ttoukax A;, By, C, D;. Hoxkaxure, 4yto
cepenuHbl 0Tpe3koB AA,, BB,, CC;, DD, upunamiexar 0AHOMi IIIOCKOCTH.

46. B nannoil 10CKOCTH o HAflIUTE Napy COOTBETCTBEHHBIX MPSAMBIX TIPU
3as1aiHoM adhdUHHOM npeobpasoBaHUN IPOCTPAHCTBA.

47. Touku A, B, €', D HekomiutanapHsl. Adpdunnoe npeobpazopanue
MpOCTPAHCTBA 3a1aH0 napamu Touek: A— B, B—C,C — D, D — A. Ha-
nuumuTe GOPMyJILI STOrO IMpeodbpa3opanus B adpdUHHON cUucTEMe KOOPAUHAT
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¢ navasiom D u GasucueiMu BeKTopamu €, = DA, €, = DB, & = DC. Haii-
JUTE HEMOBUKHBIE TOYKH STOTO IPeoOpa30oBaHHA.

48. Hamummure dhopmyier adpdunHoro npeobpasopanus, 0OpaTHOTO IIpe-
o6pazoBaHuIo, 33 JaHHOMY B IpeAbiayiei 3agade Ned7. Haitnure ypaBHeHud
ofpaza 1 mpoobpasa MIOCKOCTH, IPOXOAAilel yepe3 ToYKy [) napajljielbHO
wrockoctu ABC| npu npeobpa3oBanuu 3aaaan Ne47.

49, TTocTpoitre HEITOCKUI TATHYIOJBbHWK, €CJIM JAHbl CEPeIUHBl BCEX
€ro CTOPOH.

50. I1TapoBoit cerMeHT MeJIMKOM PACIIONIOXKEH BHYTPH IUINHIPA U UMEET
¢ HUM 0DIMe OCHOBAHME M BBHICOTY. B KakMX IIpejesax MOXKeT U3MEeHATHCH
oTHOIIEHKE A obbeMa muaMHApa K obbemy cermenTa’

51. Iliomamp NOBEPXHOCTH LIAPA H €ro O0beM PABHBI COOTBETCTBEH-
HO IUIOIaAH OOKOBOM MIOBEPXHOCTH U O6/bEMY CErMEHTa HEKOTOPOro mapa.
Onpegenure BeIMYUHY JYTH OCEBOTO CEYCHMsI CEMMEHTA.

52. I3 MEOXKeCcTBa BCeX KOHYCOB ¢ JAHHOM TUIOIAIBIO S IIOTHOH [10BepX-
HOCTH HaBJIUTe TOT, KOTOPBIA HMeeT HAubOIbIINH 00BbeM.

53. B cdepy pagmyca R Bnucan KyO KM Ha €ro IpaHsAX BHE HEro Io-
CTPOEHBI MpaBUILHLIE TUPAMU/IBI ¢ BepinHamu Ha cdepe. Haiinure 06beM
MOJIyY€HHOTO MHOTOTDAHHUKA..

54. Ilokaxxute, 9T0 MAKCUMAJNBHAS IIJIOWAb OPTOTOHATLHON IPOEKITHH
NpSMOYTOJBHOTO Hapasuleeuiiea Ha IUIOCKOCTh BABoe OOJIbIIe TIIOMaNH
TPEYroJIbHAKA, 00PA30BAHHOIO JUATOHAJISIMU TPEX I'PaHell IapaJljieIeniie-
[a, AMEoInX OONIyI0 BEPIINHY.

55. B npasuababi Tpusap SABC snucana npoussosisHas cdepa ¢ nen-
rpom O. KacarenpHas IIOCKOCTb K Hell, IIPOBEICHHASA 4epe3 BepUIRHY S
TpUIIpA, HEPECEKAeT JBe ero rpanu 1o ayvam SM u SN. Jdokaxwure, ITO
BEJIMYHMHA, IBYTPaHHoro yria upu pebpe SO tpusgpa SOM N He 3aBuCHT
oT BHIGOpa KAaCATEIBHOMN INIOCKOCTH, cojepKaileil Beplnuny S.

56. Yernipe upamsie AM, BM, CM, DM, npoxozsiiye 4epe3 BepLINHbI
terpasapa ABCD wu ero BHyTpenHioio Touky M, mepecexaiorT IPOTHBOIO-
JIOJKHBIE 3THM BePUIHHAM TPaHU COOTBETCTBEHHO B Toukax A,, By, Cy, D;.
Jlokazkure, 4TO UMEIOT MECTC COOTHOMIEHNS:

MA MB MC MD MA  MB MC MD
LS L L 1

a4 T BB T Yoo, =Y aa, " BB Too Top 8

(teopema YK eproua s TPHIAPA).

57. Uepes suyTpennon Touky M terpasapa ABCD 1poBejieHbl YeThI-
pe INIOCKOCTH, Mapajiie/ibHble COOTBETCTBEHHO €ro TpaHaM, M B KaXKJbIH
73 TOJYYEeHHBIX OTCEYEHHBIX TeTPasapos Buucana cdepa. Haliure cymmy
paauycoB 3TUX cdep, eciii paJuyc BIUCAHHON B JaHHBIN TeTpasap cdepbl
paBeH 1.
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Omeemut, YKa3aHUA

Hacms [

T'nmasa 1

1.12. 2: 1, cunras ot pepmmub S. Cuauana mocTpoitre 06myI0 TPAMYIO
TLIOCKOCTHU CEYEHHs U INIOCKOCTH OCHOBaHUS.

1.13. g 3(a2 ¥ 4h2).

1.21. Ceuenne — IMPaBHJILHBIN IMTECTHYTOJBHUK C BEPIINHAMHI B CE€pegu-
Hax pebep Kyba.

1.23. Ileprenankynapel K GNCCEKTOPHBIM TLIOCKOCTSIM.

a* + b 22 1
1.25. poaER 1.26. arctg2v/2.  1.27. arctg - 1.28. arccos 1
2 1 2ab
1.29. ¢ nimm \/ig. 1.30. arccos 37 AICCos &. 1.31. arctg \/g 1.32. ﬁ.

1.33. IIpoekiius MCKOMOi IPsIMOi Ha IJIOCKOCTL OCHOBaHUSA Kyba mapaJi-
JleJIbHA, IUArOHAJH OCHOBAHUA.

1.34. 1) 30°, 2) 45°. 1.35. 60°. 1.36. arccos(sina - sin3). 1.38. arctg if—

V2 cos 20 1 av3 ah
1.39. tgz = Y20 1,40, arctg (5 tg a). L4l 2 14 2
I'naBa 2
o2 o _ cosa 3.2
2.4.sinx = 7 cos 5. 2.5. cosx = Throosa’ 2.6. cost = 5 Sin” @ 1.
2.7. cos:c:-?tg% 2.9. %(B-Fy—a). 2.10. cosx=1—2tgzg

2.11. tgz = V2ctg %. 2.12. 90°. 2.13. cosz =4/ %(1 + 2cosa).
_J2(142cosa) o
2.14. cosz = 30 T cosa) 2.15. av/3ctg 5"

2.18. CnoTpure 33714y 2 . 5.2 171, 2.

2.20. Crauasia nocTpoiiTe pa3sBepTKy NCKOMOT'O TETPA3APa MO aHAJIOIUH
cm. 2.1 ro. 2.

2.21. OTnoxkure Ha pedpax HCKOMOrO Tpusjpa pasmble orpeskn OA,
OB, OC. Tlo 3a3aHHBIM YTJIaM MOXKHO MOCTpouThL oTpesku AB, BC, CA



u tpeyroasuuk ABC. 3areM, nomn3ysce pa3seprkoit (puc. 24), mocrpoitre
tpusap OABC.

2.24. TIpoBenuTe MJIOCKOCTE, HNEPNEHIUKYASIPHYIO 0OIell IpsMoil gaH-
HBIX IIJIOCKOCTEI.

2.25. Cm. sajauy 1 §5 rr. 2. R

2.26. B npoussenennn A =sin Asinf3siny 3amenure sin A, mosnb3ysacek
pasenctsoM (2.10). TMosydennoe BbIpaskeHHEe IpeoOpasyiite K 3aJaHHOMY
BULY.

2.28. PazBepHNTE NOBEPXHOCTH MUPAMUABI Ha ILUIOCKOCThL OCHOBAHUS,
pa3pe3as ee 10 6OKOBOMY pedpy.

2.30. arccos(ctg a), arcsin

V2sina’
I'masa 3
3 5 3 5 a?sinB(1 4 sina) 75
3.3. V(ab)? + (be)? + (ca)?. 34 —— ———. 3.5. Feosg
2 (a+b)Vabcos® =
36. La2. (V3+ VI5). 3. dsinalltcosp) a0 TIP3
4 cosfB cosal

1 o Scosa .
3.9. ES -tg 51 / Troosa’ 3.14. Ucnonbsyiite 3agaum 1 u 2 §2 1. 1.

o 5 -2 cosacos%
3.15. I2sin® =, /4cos?2 = — 1. 3.16. —_—.
2 2 3Sin3 5

3.17. 2 cosa. PaccMoTpuTe OPTOrOHAIBLHYIO IPOEKITHIO BTOPOIO CEYEHUS
Ha [JIOCKOCTD HEPBOIO CEYEHHS.

3.20. cosz = %(\/7 -1).

TiaBa 4

4.1. a) oxpyxHOCTB, 6) cdepa. 4.2. Cdepa. 4.3. TlmockocTs.

4.4. Cepa, KOHLIEHTPHUYHAS JAHHOM.

4.5. Coepa ¢ nnamerpom AO (A — pannas Touka, O — LEHTD JAHHOH
chepnl) ¢ UCKITIOYEHHOH TOuKoH A.

4.6. OxpyxHOCTL, eciin AB < 2r; Touka, ecim AB = 2r; nyctoe MHOKe-
CTBO, eciaiu AB > 2r,

4.7. Oce okpyxuoctu ABC.

4.8. YerbIpe NpsAMBIX.

4.9. /IBe niockocTH, NapaslesbHble ILIIOCKOCTH .

4.10. [InockocTh, mapasiebHast JaHHOM.
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4.11. Cm. 3amauy Ne 1.21.

4.13. Ilpsimas cepenHHOI INIOCKOCTH.

4.14. OKpy>KHOCTD CEPEAVNHHON MIOCKOCTU C LEHTPOM B TOYKE Iiepe-
cedenus MPOEKUMH JaHHBIX HPAMBIX. Paamyc 3TOfl OKPYXKHOCTH PAaBEH

1
d? — §a27 TJe a4 — PacCTOsAHUE MeXKAY JAHHBIMUA NPAMBIMA.

4.15. IlnockocTs.

4.16. OKpyKHOCTD.

4.17. Yersipe nosymiockocra. Hatigure cravasna touku uckomoro I'MT
B IJIOCKOCTH, NEPHEHINKYIAPHON JaHIbIM.

4.18. Yernipe mosiochl (4YeTHIpeXIpaHHAs NPU3MATHUECKasd IOBEpX-
HOCTD ), TI€PIEHIUKYISPHBIM CeYeHHeM KOTOPBIX ABJIAETCA NPAMOYTOIBHUK
C BEepUIMHAMH HA JAHHBIX IVIOCKOCTSX.

4.19. Oxpy:XHOCTb B IJIOCKOCTH, TPOXOAAmeil uepe3 TO4UKy A mepnen-
IUKYIAPHO TOM U3 JAHHBIX IPSMBIX, KOTOPAs He COAEPXKUT TOUKY A.

4.20. Kpyrosas uimHIpIIeCcKas I0BEPXHOCTD, IMaMeTPaIbHO IIPOTABO-
TIOJIO2KHBIMK 00Pa3yIOIIUMK KOTOPOI SIBJISIIOTCs! IPAMAas a 1 napaJuie/ibHad
ell mpaMagd, cojepxkamias ToUKy A. DTH JBe IpsiMble NCKIIOYAIOTCS.

4.21. JIunua mepecedeHns] MOJOBHHBI KPYTOBOH LMJIMHIPUYECKON IO-
BEPXHOCTH ¢ ILIOCKOCTHIO.

Tmasa 5

5.1. @|| b. 5.2. 14. 5.3. 5. 5.4. %\/(ab)2 + (be)? + (ca)?.
5.5. AC=DB, S=;|AB x DO|=3V3.  57.1/12.  58.8/3,

5.10. ITo yC/IOBMIO CYIIECTBYIOT HHCIA T, Y, Z, AJist KOTOPBIX (T X 5) +
+y(bx € +2(cx @) =0 Orcoona caexyer KOMIUTAHADHOCTb BEKTOPOB
a, 5, C U 3aTeM KOJIJIMHEAPHOCTh BEKTOPOB 4 X 5, b x ¢, ¢ X @.

5.11. Ncronsayitre 3amady m. 2.2 ri. 5.

512.3.  513.11.  5.14.sing = 44—?. 5.15. coso = \/%.

5.16. (@ x b) x ¢= (=7, 14, =7), @ x (b x &) = (10, 13, 19).

5.18. IipsiMple, gaHHBIe B yCIOBUM 3303491, KOMINHEAPHEl COOTBETCTBEH-
1o Bektopam @ X (b x €), bx (€ x @), € x (@ x b).

5.20. L oy 5 _Youso
(I+a)(1+8)1+7y) S Voasc
BHe mwnockoctn ABC.

5.22. Ilpussekure dopmyny (5.9) u npuMennTe OPABUIO yMHOMKEHUS
ABYX OIpeIenanTesIeil.

, te O — pOU3BOJILHAS TOIKA,
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I'nasa 6

6.3. Cdepa ¢ neHTpOM B LEHTPONIE TCTPAIIPA.
6.6. Ipaxap npumenure dbopmyny (6.7).

3 3 2
6.10. /35,55, bl e gp, Yolldnacoss
@b+ ¢ + ca 2(4 - 3cos?a)E
3

6.13. —— 2 615 e, 6.19. .

3sin 5(1+2005a) 2 27

k*(k + 3) 2
6.20. —————=. 6.22. 4v/2 - 5. 6.23. ——.

1+ 3k V25 14+v5

6.24. Ilapa nmockocreii, comepxkamux upsmyto CD. Oana w3 nux npo-
XOAHT yepes cepenuny pebpa AB, a apyras napasutenbna emy. Ipsamas CD
WCKJIOIAETCS,

6.25. HYernipe npameie: DS, DA,, DB, DC,, tne S — ueHTpou rpanu
ABC, atouku A,, By, C; cumMerpuunst epmintaMm A, B, C 0THOCUTENBHO
CepenyH MPOTHBOIOJIOXKHLIX CTOpoH Tpeyroabuuka ABC.

6.26. T[aTe ToueKk: HEHTPOU, JAHHOTO TETPA3APA W IEThIPE TOYKH, CUM-
MeTPHUYHBIE €0 BEPNINHAM OTHOCUTEIILHO MEHTPOH/IA.

6.29. Cm. 1. 2.2 . 6.

6.31. Cu. zagady 2 n. 2.1 ran. 1. Mlckomast Touka yaasena ot rpanan ABC
Ha paccrositune \/ — DA; - DB;.

6.37. Joxaxure pasencrso Sy JA+ S, JB + S5 JC + SyJD =0 u cpas-
uute ero ¢ (6.2).

6.42. B paBHOIpaHHOM TETpasipe AuaMeTp BIUCaHHOM chepbl paBeH mo-
JIOBHHE €0 BBICOTHL.

6.43. IIpeobpazyiire bopmyry (6.42).

I'naBa 7
1SvV2S 1417

71, ——— 7.3. cosa = . 7.4. 252n u 720%.

32<:os3 aVsin® 2q 8

AZ(h+3) 384 1 gan . 4g< g)
Th g T8 5o T g (30 — 161/2). 7.8. sin 1 2+00523.
7.9. (R — a)*(2R + a). 7.10. =na®V/2. 711, 2l

3 1 123 4 sin 5 cos? 1
7.12. SR (8 - V3). 7.13. 1: 2. 7.15. TR

7.16. Cragana, monbs3ysch jJeMmMmo# 1. 4.1 ra. 7, galiiure mwiIomanp Io-
BEDXHOCTH, 0Opa30BAHHON BpAaIl€HHEM JBYX CHMMETDHUYHLIX OPYT OPYLy
CTOPOH.
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7.17. 1a*12V/3, 9na’. 7.18. %Tcd‘”’ sin® @, S = 2d*sin (p(sm < +cos —)
719.V = %na2(2b +asina + acosa), S =4na(2b+ asina + acosa).

: . . . 1
7.20. nta® sina(% + sina), 4na®sin cx(% +sina). 7.21. §Ka2h'
7.22. [MoctasbTe npu3My Ha 60KoBOe pebpo. 7.23. 2rn? R*m cos @.
3
7.24. 753

tpeyrompuuxos A;C;D; u AA,C; oxono quaronamu AC, (puc. 110).

7.25. 4nR3(n + 4). Ucnomesyiite Teopemy 1. 4.4 rar. 7. VckoMeiit 0bben
paBeH cymMe 06beMOB ABYX Tell BPAUIEHHS OKOJIO HIPAMOi [, IOJy<ICHHBIX
BpallleHueM TTPOeKIHil MIIMHAPA Ha IUIOCKOCTh O U HA NePHeHIUKYIIPHYIO
eil II0CKOCTh, MPOXOISLYIo Yepes [.

7.26. ZnR* (31— 4V3).

. Mlckompblit 06beM paseH cymMe 06beMOB TeJ BpallleHus JIBYX

Tnasa 8

ARr 19, ! ab bc ca
8.1. v/39. 8.2. BT 8.4. gt 8.5. arcsin ¢ 8.7. 5%’ 92’ 28"

8.8. %(2 ~V3). 89.4xRr.  8.10. %m\/ﬁ. 8.11. 2n(v/3 — 1)R.

8.12. S =n(r? + h%). 8.18. S =nr’.
8.14. Yactsamu cdeps! sBastoTcs cheprieckne By yroIbHAKY ¢ IO

1
Zmz(Q — /3) Kaxapli M chepHIecKue YeTLIPEXYTOTBHUKY ¢ TUIOa-

1
JIBIO inaz(\/‘g — 1) xax st

1 6V —3Q a(2b—a) V3+ \/"
8.15. 2 2(24/3~-3).8.16. { . 8.18. 8.21.

ma*(2v3~3). 81 V™ = 2\/3b2-a2 2\/5
-9).

ABIO

Tnasa 9

9.5. Hcnoms3yiire HepasercTso (9.3).
9.7. CradaJjia gokaxure, yto d < a+ b+ c.

2 2
9.10. Ecin 2a — pebpo ocHoBanust, | — amodema, TO —};: o +!

2a(l —a)’
llokaszap 310, HcceayiiTe nojydeRHoe OTHOIeHue. PasencTBo B ,JIOK;,BLIB;—
€MOM HepaBeHCTBe JOCTHTaeTCsl B Cydae, KOraa HenTpbi cdep COBIAIAIOT.
9.11. PaccMmorpuTe cedeHue TeTpasipa, apaieIbHOe ero I'PaHd M Co-
LepKallee IeHTP BHUCAHHON cdephl.
9.15.ITnockne yruet Tpusapa OAC D, pasne 2a, 28, 2y, ecom O — nenrp
IpAMOYToabHOro napasnesemvnens ABCDA,B,C\ D, .
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9.16. Mcnomb3yitre 3anaay 2.2.

9.17. Ilpussnexure BeKTOPHl 77; 3a1a41 I 2.2 ri. 5. M3 HUX MOXKHO Tio-
CTPOUTH KOCOH YeThIpexyroybHuK. [Ipumennte k Hemy HepasencTso §3 ri1. 9.

9.18. 3anummre HepabeHcTBa 3aia49n 9.17 g Tpex KOCBIX YeThIpeX-
YTOALHAKOB NAHHOTO Terpadiapa. Kpome TOro, NpHUBJIEKHTE HEPABEHCTBO
(2.3) miia cyMMBI ABYTPaHHBIX YTJIOB TPHJIPA.

SV'S V2 a _2\/?—)11 3 8 4

9.19. —6—7_6— 9.21. V—-———TCR 9.22. h——\/—: V= 7 3. 9.23. gm‘.

9.24.V3:v/3. 925 h=2r =L 926, a5, v = V25

T 6(1++v3)2

9.27. RY2.  9.8. h= R V__——nR3 sin2E 9.29. arccos%.

9.30. h:r=1+3. 9.31. 2‘/5. 9.32. 6R?. 9.33. 3‘£R 9.34, 2n YAVZ.
9.35. 16,/ . 9.36. 47;‘1[.

9.37. Bepmmim OCHOBAHUS ITUPAMHUIALI HAXOASTCS HA CPeIHUX JHHNAX

1 8a?
KBaJApaTa Ha PACCTOSAHUH -——a OT Kpad. V = ————.
AP ; p 10 §Y 75710
9.38. §V. 9.39. r = %R, gh — BBICOTA, IUJTHHAPA..

Yacmo 11

I'nasa 10

10.9. /IBe ckperuBalonyecs: NpssMble UMEOT TPH OCH CUMMETDHHU.

10.10. ITycTes npsiMast ¢ — NPOU3BOJIbHAA CEKYIIAs JAHHBIX CKPEIIMBAIO-
Huxced upaMeix a u b, Ecan o i1 B — mrockoeTu CHMMeTpPHH NPSAMBIX @ U C,
cu b, 10 S3 085, — HCKOMBIIT HIOBOPOT.

10.12. OchbIo CUMMETPHH CILyXKHUT TIPAMAst, COJAEP:KAINAsT CEPEAUHBI OT-
peskos AC u BD.

10.13. Ilycts man gersipexrpanssiit yrogd SABCD u SA=SB=S5C =
= SD. Torna npsiMasi, IpPOXoIsIIas yepe3 cepeautnl orpeskos AC u BD,
ABJIAETCH OCHIO CHMMETPHU JAHHOIO yIJIa.

10.17. S, 0 S, = S, 0 Sy, nosToMy S. = S, 0 5, 0 S,

10.18. Hcrons3yiiTe MOBOPOT OKOJIO TEPBOH NPSAMOL Ha YTOJi, BeJINYUHA
KOTOPOTO PABHA BEJIHUHHE JBYIPAHHOIO yIVI4 IPABHIBHOIO TETPA3PA.

10.21. Terpasapot OABC u O’ A’ B'C’ paBubl. CM. 10Ka3aTe€IbCTBO TEO-
pemul §5 . 10.
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10.24. PaccMoTpuTe KOHyC ¢ BEpUIMHON Ha JaHioil npamoil |, obpa3yio-
1pie KOTOPOT'O HAKJIOHEHB! K JAHHOM NJIOCKOCTH IIOH, YIJIOM .

10.26. [ecth ykazanubIX IJIOCKOCTEN IEepecexaloTcsd B TOYKE, CHMMeT-
PUYHOH TOYKe S OTHOCHTENHHO HEHTPORAR HAHHOI'O TETPadApa.

10.30. cosz = 1 — 2sin® ¢ sin® %. 10.31. cosx = 1 — cos? ¢ sin’ %.
10.32. cosz = —sin” Y + cos® $ cos @. 10.34. BuuToBo€ ABIIKEHUC.
10.35. Tox necrBennoe Npeodpa3oBaHHE.

10.36. IIopopor Oko0JI0 IpsIMOI, MEPIEeHINKYISIPHOU MJIOCKOCTH Iapail-
JIeJIorpaMMa.

10.37. Bunrtosoe apmkenue ¢ ockio OA, yriaom 180° u BexTopom 2 A0,
roe O — HeHTp JaHHON| cuMMerpHu, A — ero opToroHaJjbHas IPOCKLHS Ha
TLJIOCKOCTH CUMMETPUH.

10.38. BunToBoe aBmKeHME, OChL KOTOPOTO HapaJjuleiibHa [, yrol paBeH
180°. Eciu 7 L [, T0 uMeeM 0CeBYIO CUMMETPUIO.

10.39. Ilpsimete a, b, ¢ IuG0 TONAPHO CKPEIIMBAIOTCA M UMEIOT ol
NepHeRAnKYISp, b0 JeKAT B OTHON IUIOCKOCTH U UMEIOT ODIYyI0 TOUKY.

10.40. IIpsimete @, b, ¢ TONapPHO NEPIEHAUKYIADHBI, IIPA STOM IIPAMEIE G
u b nepecexaioTcs.

10.43. IlocTpoiiTe nBe IepeceKaronyecsl NPsSMble, COOTBETCTBEHHO HAa-
paJurenbHbIe TAHHLIM UPAMBIM @ U b.

10.44. YeTpipe NOBOPOTa U YeTHIpe HOBOPOTHLIE CHMMETDHH.

10.45. 9Ty TOUKHU JexaT Ha OuMeauane TeTpasipa, KOTopas ABJIAETCA
€ro OChbK0 CHMMETDHH.

10.46. BermoaunTe nopopoT Ha 90° OKOJI0 IPAMOIA, COeTUHAIONIE IeHTPhL
rpaneit ABCD n A;B,C,D,.

10.47. Bunropoe gsuxenne ¢ yriiom 180° u ocbio, nexkanieil B II0CKOCTH
JAHHBIX TIPAMBIX.

10.48. Kommosumua S, o S, 0 S, upn a | bl ¢ ectb oceBass cummMeTpus,
OCBIO KOTOPOIi siBJisieTcst 00pas IpAMOi @ NpH liepeHoce Ha BEKTOP 5 e
S.08,=Ts.

10.49. TlepenocHas cuMMeTpPHs, IOCKOCTh KOTOPOII IIapaJljIebHa ILJI0C-
KOCTH NAHHOW 3€PKATHHON CUMMETDUH.

10.50. Ilepenocrnas cummerpuda. [Ipencrapbre maHHBIN TOBOPOT KOMIIO-
3HIHEH JABYX 3€PKANBHBIX CHMMETPHH, IIOCKOCTH OQHOI H3 KOTOPLIX mep-
MEHANKYJISPHA [IJIOCKOCTH JIAHHOH 3epKanbHON CHMMETPHH.

10.51. [loBopoTHAs cuMmeTpus.

10.52. KoMmmo3uus yKa3aHHBIX HEHTPAJILHBIX CHMMETPUIl ecTh CHMMeT-
pHUs OTHOCUTEIBbHO HEeHTPpa chephl.

10.53. KoMno3unusa oCeBbIX CHMMETPHI OTHOCUTEIBHO MEPIEHANKYJISAD-
neix Buccekrpuc yrimos BOC u COA tpusapa OABC ecTb 3epxaiibHasd
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cummerpust S; u orobpaykaer OB na OA. CrenoBaTebHO, OpsMast | coxep-
xuT buccektpucy yraa AOB.

10.54. Tpu mmockocTu, onpemensieMble JTUHUAMHA IIEPECEICHUS TIOCKO-
credt rpaiefl Tpusgpa ¢ ero BLICOTHBIME ITocKocTsAMu (1. 8.4 . 10).

10.55. Ilycts m, n, p — OUCCEKTPHCHI MJIOCKUX yryioB Tpudapa Oabe,
UPOTHBOJICKAIINX COOTBETCTBEHIIO pebpaM a, b, c. Komnozumust S, 0.5, 05,
€CTb II0BOPOT, oTobpaxkaromuil ay4y a Ha cebsa. [lostomy 3amada ceommTCA
K IIOCTPOEHHIO OCH ¢ 9TOro NoBopoTra. Pebpa b u ¢ — o6pa3ssl Jyda a mpu
CHMMETPHAX S, U S,,.

10.56. Ilpsmoit xpyrosoit KoHyc (KOHHYECKAs! [IOBEPXHOCTH) € BEPIUU-
HOH B 1 Hanpasisoieil OKpyKHOCTHIO C IIEHTPOM B cepeiiHe oTpe3ka AB,
JexKaied B WIOCKOCTH CHMMETPUH ToYeK A u B.

10.57. Komrmosuiueil Tpex 3epKajbHbIX CUMMETPHH, IJIOCKOCTH KOTOPBIX
WMEIOT €IWHCTBEHHYIO ODIIYIO TOUKY, SIBJISETCSl MOBOPOTHAS CHMMETDHS.
HckoMast mitocKocTs Mapaiiesbia ee ILI0CKOCTH.

10.58. JlanHoe paBEeHCTBO MOXKHO 3allUCaTh Tak: (Zp 0 Z4) 0 S, 0 (Z4 0
0Zp)=8,,80ZgoZ,=Ts e 7= 2AB. Cnenoarenbto, T50 S,, 0 Tx =
= S,n, YTO HMEET MeCTO TOIHA H TOJBLKO TOTHa, Koraa T || m.

10.59. Ilycts A; u B; — opTroronajipHbie npoekimn Touek A u B na mioc-
KocTh o. KoMmmosunus Z 4 o S, €CTh BUHTOBOE JBVXKEHHE ¢ 0CbI0 A; A, yriiom
180° u BexTopom 2A; A (3amaua 10.37). ITosromy nerskenue (Z 4 0 S,)? ecTs
nepenoc Ha Bektop 4 A; A. Anasormuno neuxenue (S, o Zg)? ectb mepeHoc
Ha BexkTop 4 BB;. Pasencrso A; A = BB, HMeeT MeCTO B TOM U TOJIBLKO B TOM
caydae, KOrjia cepefuna orpeska AB IpUHAIIEKAT ILIOCKOCTH o,

10.60. — 1061 22 1062 V2 1063 .

1+v2 2 6(2 + v6) 122
10.67. CuMMeTpust OTHOCUTENHHO IJIOCKOCTH Z + 4 + 2 = 1.
10.68. CuMMeTpHsT OTHOCHTEIBHO NMPAMON & =y = 2.

Jy—x =25,

10.69. CuMMeTpust OTHOCUTENBHO TPAMOii .

9 -

10.70. IIosopoT ma yroa ¢ = arccos (—%) OKONO TpaAMoi A Z 5 _

y—1_ =z
3 U

y=2(z - 10), 2

10.71. BunroBoe IBMI)KEHHE C OCbIO YIJIOM arccos =

z+2=0, 3

n BekTopoM 7(3, 6, 0).
10.72. IToBoporuas cummerpusi ¢ uentpoMm (10/3, —2/3,5/3), yrmom
arccos I% U IUTOCKOCTBIO, IEPIEHINKYIIpHOR BekTOpy (1, 1, —7).
10.73. IlepenocHast CAMMETDHSI OTHOCUTEJBHO INTOCKOCTHU 20 — 4y — 5 =0

u BektopoMm (0, 0, 3) nepenoca.
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10.74. TlepeHocHasi CHMMETPHSA C IIJIOCKOCTBIO T + 2y + 32 — 7 =0 u Bek-
topoMm 7{6, 12, —10).

10.75. TlosoporHas cummerpus ¢ ueurpom (9, —3, 3/2), yruom 90°
I 0ChIO, KOJUIAHeAPHOH BekTopy (2, 2, 1).

—14
10.76. BunroBoe IBHKEHKE C OCBHIO % = —g— =2 31 , yruom 180° u Bek-
topoM {—1, —2, —3).

10.77. CamMmeTpHsl OTHOCHTENBHO WIOCKOCTH bz + 2y + z + 30 =0.

10.78. 10.79.
3 1 3
r_ 1 8 4 Qj,:—;p_f__y_*_\/jz:’
o' =—5o+ Syt 5% 177 3
,_ 8 1 4 ;1 3
V=57 gVt g% y' Za:+4y \/7
4 4 7
Z=—r4+-y— -z
CR R \/>x+\/»y+ =z.
10.80. 10.81.
1,8, 4 I N
x—9x+gy gz, x—15x+15y z+2
8,1 .4 ro 2 M4 5
V=Tt gvt s V=17t Y 152+4’
T P I b2, L 2
z = 9z+9y+9z. Z=3r—-3Y 3z+6.
10.82. 10.84
z’:éx—l—ly%—gz 14,
? Z 2 L {10 23 -10
4 1 2 10 25
I——-__. — —
x 9z+9y+9z+5
Imasa 11

11.3. 27. 11.4. §

11.7. 3amaqga cBogUTCS K MPEABLAYIHEH, TaK KaK ucKoMasi cepa KacaeT-
¢ IIJIOCKOCTH, CMMMETPUYHON OJHOH U3 JAHHBIX IJIOCKOCTEH OTHOCUTCILHO
IIJIOCKOCTH CHMMETPHY HAHHLIX TOYEK.

11.8. ITpuMenuTE TOMOTETHIO C ITEHTPOM B TOYKe KAaCaHHUs JAHHON B HUC-
KoMoit cdep. DTy TOUKY MOXKHO MOCTPOUTE.

11.10. 3 ycnoBust 3a1auu cjenyer, ITO JaHHOC HPeodpPasOBaHUE CO-
XpaHseT BCJIMYMHY yIJIa MEXKIY TPAMBIMHA, CIEI0BATEIbHO, ABISICTCA MO0~
oueM.
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11.11. JTocTaTo4YHO HOKA3ATH, YTO JAHHOE NPeohpasoBaline oTobpaskaeT
Kaxxayto chepy Ha cepy.

11.12. TIpsanast, CoeMUASIIOAS TOYKY MEPECCUSHUsT TPCX JAHHBIX ILIOC-
KocTel ¢ TOYKOI Iepecedenust IJIOCKOCTEH, KaK1asl, U3 KOTOPBIX COAEPXKUT
OJHy U3 JaHHBIX TOYEK U NapasiiesbHa OJHOH U3 JAHHLIX IIOCKOCTEH. YKa-
3aHHBIE OB€ TOYKH ITOU IPAMON UCKJIIOYAIOTCS.

11.13. Ecau npsmbie m u | CKpenmBaloTCsa, TO MCKOMBIM MHOMKECTBOM
ABJIAETCA NapaslIeIbHAd UM ILIOCKOCTb. ECan 3TH IpsAMblE HEepeCeKaroTCs,
TO HCKOMBIM MHOXKECTBOM OyJeT coiepikalias UX INIOCKOCTh 6e3 9TUX mps-
Mbix. [Ipu m || I 3amaqa Tepsier cmbica.

11.14. PaccMoTrpure 06pa3 OHON U3 JAHHBIX H0CKOCTEH IPH rOMOTETHN

. 1
C IIGHTPOM B JaHHOMH To4Ke 1 Ko3dbduimeHTOM %

11.17. PaccMoTtpure cdepy, ONMUCAHHYIO OKOJIO JAHHOTO TETPa’apa.

11.19. arccos(v/2 — 1).

11.22. BHyTpeHHOCTS MHOTOTPANTHIKA, KOTOPBII MOy 1aeTCs oTcedeHIeM
OT JAHHOIO TeTPa’apa FOMOTCTHIILIX €My TeTPasJpOB C LHEHTPAMM TOMO-

TETHI1 B €r0 BepIIMHaX U KoxhdunuenTom 1

Tnasa 12

12.7. IlpuMmure Bo BHEMaHHE, 9TO B ad@dUHHON CHUCTEMEe KOODIHHAT,
3aJaHHON TPOMKON CONPSIXKEHHBIX OJIYARAMETDPOB 3JUIMIICONNA, OH MMEET
npocTefiiee ypasaenne 2 + y? + 22 = 1.

12.8.1:12.

12.9. Ucnoup3yitte adpduHayIO 9KBUBAJIEHTHOCTh ChEpbl U 3JIIHIICOUIA..

1211 224+ y—~1=0, (1, -3, 1).

12.12. 2’ =z + 202, Y =Y + Y02, 2 =2 + 242.

12.13. 2’ = azx, vy = by, 2’ =cz.

3azauu obmiero coaepKanus

1 e 1
8. 30°, 60°, 120°, 60°. 9. 5Q\/SsinZg. 10. 5(VAZ+2 - ).

2.3 2 _ 2 .
11, LAV Ry 23 13 Sh< Vv < sh. 14, Qan’(\/iJr V3)3;
19272 sin® = 3 3 6
1 2 1 1 Rr
1 p2 4.3 2 _ p2 _ =
5TR (22 +9v6). 17. 5T V3. 18. &> =R* —2or. 19. SR 20 .
2l sina asin o 4ct — a?b?
21. R(vV2-1). 22. =~ L2 24 R=-—Y—_
(vV2-1) 2+V2tga 1+tga A2 — a2 — b2
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- bvdc? — a? — b?
T 2(aVAc® — af + by/AZ — b?)

.o @
asin? —
2

ﬂcos%\/— cos w(14++/— cos w)

_ 3 Lo (n - 2) g Lo (3o 8. g, 20
S=3nR*1+7). 3L nR(3n—=%5). 32 3nR (37[—{—3 - 33

34. 25. 35. arctg V2. 36. sinz = 2(\/§ —1). 38. lckomprit yros paBeH yrity
MeXKIy BEKTOPOM, NePICHIRKYISIPILIM OCH IIOBOPOTa U ero obpason. Ha oc-
HOBaHUM cHCTeMBI 3agaun No 37 Bektop (a; — 1, by, ¢;) oproronazeH ocu,
a ero obpasoM siBasiercst BekTop (1 — ay, —ay, —as). 39. O6pasom BeKTOpPA
T aBadercs BekTop — 7. 40. Bexrop (a; + 1, by, ¢;) oprorosanen ocu moBo-
porroit cummerpuu (Ne 39). 41. Ilepenoc. 46. Ipampbie aN f~ (o) 1 aN f(a),
ecmu f(a)fo. 4T. 2’ = -z —y— z+ 1, ¥ =z, 2’ = y. Hemoxsuken neHrpo-
un terpasapa ABCD. 48. Qopmynsl o6paTHOro npeobpa3osanus: T’ =y,
y' =2z, 2 =—r—y~z+1. JlanHasd I0CKOCTh UMEET ypaBHeHHe £ + Y + 2 =0,
ee obpa3 x — 1 =0, nmpoobpas z —1=0. 49. K menn npusoguT KOMIIO3H-
IHs OEHTPAJbHBIX CHMMETPUU ¢ LEHTPAMM B 33JJaHHBIX CEPENMHAX CTOPOH.

25. %r\/ﬁ 26. cosz =1 — 2 cos? %tg2 ?

2
27. 4R;/ﬁ

. 28. 45¢ %nzﬂ. 29. . 30. V:SKQR"’,

50. g <A< 2. 51. 2arccos(v/3 — 1). 52. Konyc, o6pasyrollne KOTOPOTo Ha-

1 8
KJIOHEHBI K IVIOCKOCTH OCHOBAHMIA HOJ, YIVIOM arceos 3. 53. §R2. 55. Dot
yroJ paser 60°. 57. 3r.
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— — BUHTOBOE, 192
IByyrombuuk cdhepudecknit, 145

u3bBITOK  yIJIOBO#  cepudaeckoro
TpeyroJibHuKa, 146
VHBEPCHUS IPOCTPaHCTBa, 149

ke, 100

KOJIBIIO MIapoBoe, 126

KOHYC KacaTelIbHbIX, 142
KOOPIOWHATHL  GapHIEHTPUYIECKHE,
102

MeauaHa Terpasapa, 92
— Tpudapa, 39

oxpy:xkuOCTHU chepbl HosbIINeE,

— — MaJgere, 140

OpHEeHTAIUs TPOHKU BEKTOPOB, 78
— terpadapa, 185

OpTOOChH TpU3Ipa, 41

oproneHtTp, 109

0Ch KOHyCa BIMCAHHOTO, 39

— — OHHCaHHOoro, 40

— paauKaJipHas, 148

— cmMMerpur, 184

napaboJson Tunepbonngeckuit, 69

napaJulesienuues, ONWCAHHBIR, 19,
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IIePEeHOC NapaJIIeNbEbIH, 183
MePHeHUKY/IAP obIuil CKperuBa-
OIUXCA TpAMBIX, 20

[LJIOCKOCTY TIepIeRuKyIapHbe, 18
— TPHU3APA BBHICOTHEIE, 41

— — MeauaHubie, 39

IVIOCKOCTE buccexTopHast, 39

— MepHeHAUKYJIspHast npsaMoi, 17
— paavkaabhasi, 147

— poacTsa, 233

— cepeguHHAg, 68

— cuMMmerpuu, 184

TIOBOPOT TOMOTETHYECKH, 225

— npocTpaHcTsa, 188

nosic cheprdeckuii, 144
npeobpasopanue adurnaoe, 228
— WHBOJIIOIIMOHHOe, 149

— noaobug, 222

— poacTeerHoe, 233

npunimn Kasaasepu, 126
npoexims crepeorpaduyeckast, 154
TIPONU3BETEHNE BEKTOPHOE, 79

— cmemragHoe, 80

npamas Diinepa, 110

HIpSMBbIe TEePIEeHIUKY/IspHbIe, 17

— CcKpernuBaronecs, 19

PACCTOSTHUC MEXKIY MPAMBIMHA, 21

camocopMertenne burypbi, 205
cermedT cdhepudecknit, 143

— Imapopoit, 123

CeKTOp mapoBoii, 124



CUMMETPHUS 3epKaibHas, 184
— ocesasi, 183

— nepedocHast, 190

— nosoporHasa, 192

-- HeHTpaibHad, 183

cunyc Hltaynra tpusgpa, 36
cJIoH maposoii, 125

CTelleHb TOUYKH, 146

cdhepa Anosionust, 72
cepbl BHeBNHMCaRHLIE, 107
— OPTOroHAJbHbIe, 148

Teopema I'rosbaena, 129-133,
~— 2Keprona nai1s Tpuanpa, 242
— KOCHMHYCOB JIIsT TeTpasapa, 94
— —— J7A TpUyApa, 34

— Jleitbnuna, 93

— Menenas gast Tpusapa, 87

— 0 33JaHu nogobus, 222

— O Tpex NepIneHJuKyJapax, 17
— CHHYCOB JJ1s1 TeTpasapa, 99
~— — g Tpusapa, 35

— Yenn! a7st Tpusapa, 87
TeTpasAp OPTOroHaJbHBIH, 110
— oproneHaTpuyeckuii, 109

~— paBHOTpaHHbIit, 112
TOXAeCTBO Bpermuaiiiepa, 153
— Jlarpamxka, 161

TOp, 128

touka Jliouase, 172

— Momxka, 209

TPEYTONBHUK cepuaecKuii, 46
TPUIIPLI ONAPHLIC, 32
— CMEeXHbI¢, 31

YTOJ OBYTpaHHbIH, 24

— MeXIYy OOJIbIINMH OKPYYKHOCTS-
My, 45

— MEXAY IUIOCKOCTAMU, 24

— MeXJy NPSIMOH W IMI0CKOCTHIO,
23

— MEXKAY CKPEHIUBAIOIMMIICS TpPsi-
MbIME, 23

— Tpexrpansslii (Tpusap), 31

¢urype! paBHBIE (KOHIDYSHTHBIE),
183

dopmyna docropa, 97

— Heiorona-Cumncona, 119

— IpoeKUuit rpaneil TeTpasapa, 53
— Cepgya, 98, 121

— HIraymxra, 97, 100, 152

— Y¥Ouruyca, 99

LEHTPOUT TeTpasapa, 92
LeHTp nogobust, 223

— paJuKaJdbHbIi, 148

YeTBEpPKa IPAMBIX Trunepbogude-
ckaga, 108

samancons Hlreitnepa, 237






