
5l. n. nOHAPVlH 



.H. II. IIottapwH 

· AcDcDI1HHA5I 
I1 ITPOEKTI1BHA5I 

rEOMETPI15I 

Moc KB a 
l:fa,n;aTeJibCTBO MII,HMO 

2009 



Y,II:K 514.14 
BBK 22.151.3 

II56 

IIoaapHH .SI. II. 
II56 AcpcpHHHM H rrpoeKTHBHM reoMeTpIDI. - M.: MUHMO, 

2009. - 288 C.: HJI. 

ISBN 978-5-94057-401-9 
KHHra co,n;ep)KHT 3JieMeHTapHoe CHCTeMSTH'leCKoe H3JIO)KeHHe ,n;eyx 

KJISCCH'leCKHX reOMeTpHA KSK CSMOCTOHTeJlbHblX reoMeTpH'i6CKHX ,!l;HC'"'H

IIJIHH 6e3 HCOOJib30BSHHH MeTpH'i6CKHX OOHHTHA. 0Ha a,n;pecyeTCH JIH'°'SM' 

)K6JISIO~M CSMOCTOHTeJlbHO 3aHHTbC51 H3Y'i6HH6M OCHOB BblCIIIeA reoMeT

pHH. 0CHOBHOO BHHMaHHe y,n;eJIHeTCH acpq>HHHblM H npoeKTHBHblM npeo6-

pa30BaHHHM. Ha 6a3e npoeKTHBHOil: reoMeTpHH npe,n;cTaeJieHbl Mo,n;eJIH acf>
Q>HHHOA, 6BKJIH,!l;OBOil: reoMeTpHA, reoMeTpHH MHHKOBCKOro H reoMeTpHH 

Jio6a'leBCKOro. 

Ilpe,n;noJiaraeTCH, 'ITO 'IHTaTeJib HMeeT xopo111He 3HSHHH 3JieMeHTapHOil: 

reoMeTpHH H onpe,n;eneHHblil: ypoeeHb o6~eil: MaTeMSTH'lecKoil: KYJibTyphl. 

11MeeTC51 COHCOK 3S,!l;a'I ,n;JIH caMOCTOHTeJibHOro pe111eHHH ( OKOJIO 200 
3a,n;a'I). 

KHHra M0)K6T CJIY)KHTb y'le6HblM noco6HeM ,n;JIH CTy,n;eHTOB MaTeMaTH

'16CKHX Q>aKyJibT6TOB BY30B. 

BBK 22.151.3 

© MUHMO, 2009. 
ISBN 978-5-94057-401-9 © IloHapHH .H. II., HacJie~HKH, 2009. 



Ilpe,n;HCJIOBHe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 

qACTbl. A~~HHHAHrEOMETPHH 

rJIABA I. OCHOBbl A<l>Cl>HHH011 rEOMETPHH HA IIJIOCKOCTH 

§ 1. IloHHTHe 06 a¢q>HHHOii reoMeTpHH . . . . . . . . . . . . . 1 7 
1.1. A¢¢HHHM ITJIOCKOCTb (17). 1.2. AKcHoMaTHKa a¢¢HHHoii 
reoMeTpHH ITJIOCKOCTH (17). 1.3. A¢¢HHHM reoMeTpHH KaK 
caMOCTOHTeJibHM HayKa (19). 

§ 2. HeKoTopwe a¢¢HHHble noHHTIDI H TeopeMw . . . . . . . . . . . . 20 
2.1. PaBeHCTBO oTpe3KOB npHMOii H napaJIJieJibHbIX npH-
MbIX (20). 2.2. TeopeMa <l>aJieca (21). 2.3. CpaBHeHHe 
COHanpaBJieHHblX 0Tpe3KOB. 0THOIDeHHe KOJIJIHHeapHbIX 0Tpe3-
KOB (22). 2.4. A¢¢HHHaH TeopeMa Ilanna (23). 2.5. roMO

TeTH'l:Hble TpeyrOJibHHKH (24). 
§ 3. A¢¢HHHble onepan;HH Ha.II; BeKTopaMH . . . . . . . . . . . . 25 

3.1. CJio2KeHHe H BbI'iHTaHHe BeKTopoB (25). 3.2. YMH02KeHHe 
BeKTopa Ha .n;eiicTBHTeJibHOe 'l:HCJIO (25). 3.3. AJire6paH'ieCKHe 
CBOiiCTBa a¢¢HHHbIX onepan;Hii Ha,n; BeKTOpaMH (26). 

§ 4. Kocoe npoH3Be,n;eHHe BeKTopoB . . . . . . . . . . . . . . . . . . . . 27 
4.1. Onpe,n;eJieHHe Hero CJie,IJ;CTBHH (27). 4.2. reoMeTpH'ieCKHii 
CMbICJI Kocoro npoH3Be,n;eHHH (28). 4.3. CJie,n;cTBHH (29). 

§ 5. Kocoe npOH3Be,n;eHHe BeKTOpOB B ,n;oKasaTeJibCTBax a¢¢HHHbIX 
TeopeM ITJiaHHMeTpHH . . . . . . . . . . . . . . . . . . . . . . . 30 

5.1. CBoiiCTBO Tpanen;HH (30). 5.2. TeopeMa raycca (30). 
5.3. CBoiicTBO napbI a¢¢HHHO CBH3aHHbIX TpeyroJibHHKOB (31). 
5.4. 0THOmeHHe ITJIOID;a.n;eii qeTbipexyrOJibHHKa H acCOD;HHpO

BaHHOrO c HMM TpeyrOJibHHKa (32). 
§ 6. A¢¢HHHbie npeo6pasoBaHHH ITJIOCKOCTH . . . . . . . . . . . . . . . 32 

6.1. Onpe,n;eJieHHe H npHMepw a¢¢HHHblx npeo6pasoBa-
HHii (33). 6.2. CoxpaHeHHe napaJIJieJibHOCTH npHMbIX npH 

a¢¢HHHbIX npeo6pasoBaHHHX (34). 6.3. TeopeMa ,2J;ap6y (34). 
§7. "lfacJIOBbie HHBapHaHTbI a¢¢HHHbIX npeo6pasoBaHHii . . . . . . . 35 

7.1. 0THomeHHe KOJIJIHHeapHbIX BeKTOpOB (35). 7.2. HHBa-



4 

pHaHTHOCTh OTHOill8HH51 ITJiom;a,n;ett ITJIOCKHX qmryp (36). 
7.3. A¢¢nHHhle ITpeo6pa.3oBaHHH ITepaoro H BToporo po
,n;oa (37). 

§8. KoHCTpyKTHBHOe 3a,n;aHne H Koop,n;nHaTHhie ¢opMyJihI 
a¢¢nHHOro ITpeo6pa.3oBaHHH . . . . . . . . . . . . . . . . . . . . . 38 

8.1. TeopeMa o 3a,n;aHHH a¢¢nHHoro ITpeo6pa.3oBaHHH (38). 
8.2. Koop,n;HHaTHhle ¢opMyJihI a¢¢nHHoro ITpeo6pa.30Ba-
HHH (39). 

§ 9. HeITo,n;amKHhle ToqKH H HeH3MeHHeMhie HaITpaBJieHHH . . . . . . . 40 
9.1. HeITO,ll;BH)l{Hh!e TOqKn (40). 9.2. Hen3MeHHeMhle HaITpaa
JieHHH (41). 

§ 10. Po,n;cTB8HHhle ITpeo6pa3oBaHHH . . . . . . . . . . . . . . . . . . . 43 
10.1. CaottcTBa po,n;cTBa (43). 10.2. Ilpe,n;cTaBJieHHe a¢¢nH-
Horo ITpeo6pa.30BaHH51 KOMIT03Hizyie:fi ,n;Byx po,n;cTBeHHhIX ( 45). 

§ 11. IlocTpoemi:e I!8HTpa a¢¢HHHoro ITpeo6pa3oaamrn . . . . . . . . . 46 
11.1. llcITOJih30BaHHe KOMIT03HI!HH ,n;ayx po,n;CTBeHHhIX ITpeo6-
pa3oBaHHit (46). 11.2. ,Ilj>yrott cIToco6 ITOCTpoeHHH I!8HTpa 
a¢¢nHHoro ITpeo6pa3oBaHHH (46). 

§ 12. <I>opMyJihI a¢¢HHHhIX ITpeo6pa30BaHHil: H8KOTOpbIX 
qacTHhIX BH,ll;OB . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 

12.1. Po,n;cTBO (48). 12.2. C,n;anr (49). 12.3. foMoTeTHH (49). 
12.4. IlepeHOC H ITepeHOCHa51 CHMMeTpH51 (50). 

§ 13. 9KBHa¢¢HHHble ITpeo6pa3oBaHH51 KaK KOMIT03HI!HH 
KOChIX CHMMeTpHit . . . . . . . . . . . . . . . . . . . . . . . . . . 51 

13.1. IlpHMephr (51). 13.2. TeopeMhI o pa.3JIO)KeHHH 9KBna¢

cPHHHhIX ITpeo6pa.3oBaHntt (51). 13.3. KpnTepnii 3KBHI!eHTpo
a¢¢HHHoro ITpeo6pa3oBaHHH (52). 

§ 14. rpyIIITbI rrpeo6p830BaHHit H reOM8TpHH . . . . . . . . • . . . . . . 53 
14.1. IloHHTHe rpyITIThl ITpeo6pa.3oBaHHit. IlpnMephl (53). 
14.2. OITpe,n;eJieHne reoMeTpHH ITO KJieitHy (54). 14.3. A<P
cPHHHO 9KBHBaJI8HTHhie ¢uryphl (54). 

THITH3aI!H51 OCHOBHhIX BH,ll;OB a¢¢HHHhlX ITpeo6pa.30BaHHA 
ITJIOCKOCTH . . . . . . . . 

3a,n;aqn H yITpa)l{HeHHH . . . . . . . . . . . . . . . . . . . . 

rJIABA II. J1HHJU1 BTOPOfO IIOP51,[J;KA HA Acl>cl>HHHOif IIJIOCKOCTH 

55 

56 

§ 15. 9JIJIHITC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 
15.1. A¢¢HHHoe oITpe,n;eJieHne H KaHOHnqecKoe ypaBHeHHe sJI
JIHITCa (60). 15.2. 11ccJie,n;oBaHHe acl>cl>HHHhIX CBOitCTB 3JIJIHITCa 
ITO ero KaHOHHqecKOMY ypaBHeHHIO (61). 15.3. 3MaHHe 9JIJIHII-
ca ,n;ayMH ero coITpH)l{eHHhIMH ,n;HaMeTpaMH (63). 15.4. Ilapa-



02.11,aa.n,enue 

MeTp1r<IeCKHe ypaBHeHHH 3JIJIHnca (64). 15.5. TeopeMa AnoJI

JIOHHH (64). 

5 

§ 16. A<P<l>HHHbie aBTOMOpcPH3MbI 3JIJIHnca . . . . . . . . . . . . . . . . 65 
16.1. Koop,r~1rnaTHbie cPOPMYJibI aBTOMOPcPH3MOB 3JIJIHnca (65). 
16.2. KoHCTPYKTHBHoe npe,n;cTaBJieHHe 3JIJIHITTHqecKoro noBo-
poTa (66). 16.3. I'eOMeTpHqecKH:ti CMbICJI yma 3JIJIHITTHqeCKOrO 

ITOBOpOTa (67). 
§ 1 7. I'Hnep6oJia . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 

17 .1. A<P<l>HHHOe onpe,n;eJieHHe rHnep60Jibl H ee KaHOHHqecKOe 

ypaBHeHHe (68). 17.2. AcHMITTOTbI rHnep6oJibI. ConpaJKeHHbie 

mnep6oJibI (70). 17.3. YpaBHeHHe mnep6oJibI OTHOCHTeJibHO 
ee aCHMITTOT (71). 17.4. IIapaMeTpHqecKHe ypaBHeHHH rHnep-

60JibI (71 ). 17.5. IIocTpoeHHe TOqeK mnep60JibI (72). 17.6. I'H
nep6oJia KaK rpacl>HK ,n;po6HO-JIHHefiHOH cPYHK~H (72). 

§ 18. A<P<l>HHHble aBTOMOPcPH3MbI mnep6oJibI. I'Hnep6oJIHqecKHfi 
ITOBOpOT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 

18.1. CnpaBKa o rHnep6oJIHqecKHX CHHyce H KOCHHyce (73). 
18.2. ABTOMOPcPH3MbI mnep6oJibI (74). 18.3. I'Hnep6oJIHqe

CKHfi ITOBOpOT (75). 
§ 19. IIapa6oJia . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 

19 .1. A<P<l>HHHOe onpe,n;eJieHHe H KaHOHHqecKoe ypaBHeHHe na

pa6oJibI (76). 19.2. ,ll;naMeTpbI napa6oJibI (78). 19.3. IIocTpo-

eHHe ToqeK napa60JibI (78). 
§ 20. A<P<l>HHHble aBTOMOPcPH3MbI napa60JibI . . . . . . . . . . . . . . 79 

20.1. CI>opMyJibI aBTOMOPcPH3MOB napa60JibI (79). 20.2. IIapa-
6oJinqecKHfi DOBOpOT (80). 

§ 21. ,ll;HaMeTpbI H KaCaTeJibHbie . . . . . . . . . . . . . . . . . . . . . . 81 
21.l. KpHTepHn conpHJKeHHOCTH ,n;Byx ,n;naMeTpOB 3JIJIHnca H 

rHnep6oJibI (81). 21.2. KacaTeJibHble K KpHBbIM BToporo no

pH,n;Ka (81). 21.3. IIocTpoeHHe KacaTeJibHbIX (83). 
§ 22. 06I1Iee ypaBHeHHe JIHHHH BTOporo nopH)l;Ka . . . . . . . . . . . . 83 

22.1. Onpe,n;eJieHnH (83). 22.2. KpHTepHfi BbipOJK)l;eHHOCTH 

KpHBOH BTOporo nopH)l;Ka ( 84). 
§ 23. Onpe,n;eJieHHe Bn,n,a HeBb1poJK,L1;eHHOfi KpHBOfi BToporo 

ITOpH)l;Ka ITO ee 06II1eMy ypaBHeHHIO . . . . . . . . . . . . . . . . . 86 
23.1. A<P<l>HHHM 3KBHBaJieHTHOCTb 3JIJIHITCOB, rHnep6oJI, napa-
6oJI (86). 23.2. IIpn3HaKH 3JIJinnca (86). 23.3. KpHTepHfi rH

nep6oJibI (87). 23.4. IlpH3HaKH napa60Jibl (87). 23.5. 0 MHH-

MbIX KpHBbIX BTOporo nopH,n,Ka (88). 
lICTOpHqecKaH cnpaBKa 89 

3a,n,aqH H ynpaJKHeHHH . . . . . . . . . . . 90 



6 

rJIABA Ill. Ac;1>c;1>HHHbIE IIPEOBPA30BAHH51 IIPOCTPAHCTBA 

§ 24. Acpqmnnoe rrpocTpancTBo . . . . . . . . . . . . . . . . . . . . 93 
24.1. AKcHoMaTHKa acpcpwnnoil: cTepeoMeTpHH (93). 24.2. IIa

PaJIJieJihHhle rrp.HMhie H IIJIOCKOCTH ( 93). 
§ 25. Tpoil:noe rrpoH3Be,n;enwe BeKTOpOB . . . . . . . . . . . . . . . . . . 94 

25.1. Orrpe,n;eJienwe H cBoil:cTBa Tpoil:noro rrpoH3Be,n;enH.H (94). 
25.2. reoMeTpHqeCKHil: CMhICJI TpO:fiHOrO IIpOH3Be,n;eHH.H (96). 

§ 26. AcpcpHHHhle rrpeo6pa3oBaHH.H rrpocTpancTBa . . . . . . . . . . . . 97 
26.1. Orrpe,n;eJienwe Hero CJie,n;cTBH.H (97). 26.2. KoncTpyKTHB-

noe 3a,n;anwe acpcpnnnoro rrpeo6pa3oBaHH.H (97). 26.3. Koop

,n;HHaTHhie cpopMyJihl acpcpHHHOrO rrpeo6pa30BaHH.H rrpocTpaH-

CTBa (98). 26.4. OTHomenwe o6'heMoB - acpcpHHHhI:fi HHBapw-

anT (99). 
§27. Herro,n;BIDKHhle TOqKH H neH3Men.sreMhle narrpaBJieHH.H 

acpcpHHHOrO rrpeo6pa30BaHH.H rrpocTpaHCTBa . . . . . . . . . . . . 100 
27.1. Herro,n;BH)KHhie TOqKH (100). 27.2. HeH3Men.sreMhie na

rrpaBJieHH.H (101). 27.3. IlJIOCKOCTH HeH3MeH.HeMhlX narrpaBJie-

HHil: (102). 
§ 28. Po,n;cTBeHHhie rrpeo6pa30Banm1 . . . . . . . . . . . . . . . . . . . 103 

28.1. Po,n;cTBo rrpocTpancTBa (103). 28.2. qaCTHhie BH,ll;hI po,n;

CTBeHHhIX rrpeo6pa30BaHH:fi rrpocTpaHCTBa (104). 28.3. <l>op

MYJihl po,n;cTBeHnhlx rrpeo6pa3oBanwil: (105). 
§ 29. HeKOTOphle crren;HaJihHhle BH,ll;hI acpcpnHHhlX rrpeo6pa30Bann:fi 

rrpOCTpaHCTBa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 
29.1. Koca.sr oceBa.H CHMMeTpH.H (106). 29.2. Ilepenocna.sr CHM

MeTpH.H (106). 29.3. Kocoii rrepenoc (107). 29.4. Acpcpwnnhle 

rroBopOThI (107). 29.5. IIapa6oJIHqecKnil: c,n;Bnr (108). 
§ 30. IJ;enTp acpcpHHHOro rrpeo6pa30BaHH.H rrpOCTpaHCTBa 

§ 31. AcpcpHHHhie aBTOMopcpn3Mhl TeTpaa,n;pa 

3a,n;aqn H yrrpa)Knenn.sr . . . . . . . . . . . . 

rJIABA IV. KBA,[l;PHKH B Ac;1>c;1>HHHOM IIPOCTPAHCTBE 

§ 32. Orrpe,n;eJienne KBa,n;pnKH. Ilepeceqenwe KBa,n;pHKH 

. 109 

. 109 

. 111 

C IIJIOCKOCThlO ............................. 113 
32.1. Orrpe,n;eJienwe (113). 32.2. Ilapa IIJIOCKOCTeii KaK KBa,n;pn-

Ka (113). 32.3. Ilepeceqenne KBa,n;pHKH c IIJIOCKOCThlO (114). 
§ 33. IJ;HJIHH,LJ;pHqecKHe KBa,n;pHKH . . . . . . . . . . . . . . . . . . . . . 115 

33.1. Orrpe,n;eJienwe H cocTaBJienne ypaBneHH.H D;HJIHH,n;pHqecKoli 

KBa,n;pHKH (115). 33.2. KanonwqecKwe ypaBneHH.H D;HJIHH,n;pH

qecKHX KBa,n;pHK (117). 33.3. IlpoeKD;H.H KpHBOH Ha KOOp,LJ;H-



02.1iaeJ1,ettue 

HaTHYIO IIJIOCKOCTb (118). 33.4. IlJIOCKHe ceqeHHH IJ;HJIHH,IJ;pH

qecKHX KBa):q)HK ( 119). 

7 

§ 34. KoHH'leCKHe KBa,n;pHKH • . . • • • . . . . . • • • . . . • • • . . . . 120 
34.1. Orrpe,z:i;eJieHHe KOHH'leCKOH KBa,n;pHKH, COCTaBJieHHe ee 

ypaBHeHHH (120). 34.2. YpaBHeHHe Kottyca BToporo rropH,n;Ka 

c BepIIIHHOH B Ha'laJie Koop,z:i;HttaT. KaHOHH'lecKoe ypaBHe-

HHe KOHyca (121). 34.3. YcJIOBHe pacrra,z:i;eHHH KOHH'leCKott 

KBa,n;pHKH Ha napy IIJIOCKOCTefi (122). 
§ 35. KpHBhie BTOporo IIOpH,z:i;Ka KaK KOHH'leCKHe ceqeHHH . . • • . . . 123 
§36. 8JIJIHIICOH,ll; •....•••.....•......••...••••. 125 

36.1. Orrpe,z:i;eJieHHe H reoMeTpH'leCKM ci>opMa 3JIJIHrrcou-

,z:i;a (125). 36.2. CorrpmKeHHhie ,z:i;HaMeTph1 H ,z:i;uaMeTpaJihHhie 

rrJiocKoCTH aJIJIHrrcou,z:i;a (126). 36.3. CorrpH:>KeHHhie TpOHKH 

,n;HaMeTpOB H corrpH:>KeHHbie TpOHKH ,n;HaMeTpaJibHhIX IIJIOCKO-

CTefi (128). 
§37. rurrep60JIOH,ll;hl ••.....••.....••......•..... 129 

37.1. 0,n;HOIIOJIOCTHhlii rnrrep60JIOH,ll; (129). 37.2. ,ll;ByrrOJIOCT-

Hblll rH1Iep6oJIOH,ll; (132). 
§ 38. 0,n;HOIIOJIOCTHblll rurrep60JIOH,ll; KaK JIHHefiqaTaH KBa):q)HKa • • . . 134 
§39. 8JIJIHIITH'leCKHii rrapa60JIOH,z:i; •.••••....•••....••• 140 

39.1. Aci>ci>HHHOe KaHOHH'lecKoe ypaBHeHHe H ce'leHHH 3JIJIHIITH

qecKoro rrapa60JIOH,ll;a (140). 39.2. ,ll;HaMeTpaJibHbie IIJIOCKOCTH 

H ,z:i;naMeTphl 3JIJIHIITH'leCKOro napa6oJIOH,ll;a ( 142). 
§40. rHrrep60JIH'leCKHH rrapa60JIOH,ll; ..••....•••....•••• 143 

40.1. Ceqemrn H ci>opMa rurrep6oJIH'lecKoro napa6oJiou,z:i;a (143). 
40.2. ,ll;HaMeTpaJibHbie IIJIOCKOCTH H ,n;HaMeTpbI rurrep60JIH'le

CKOrO rrapa6oJIOH,z:i;a (145). 40.3. IlpHMOJIHHeHHbie o6pa3yIOIIJ;He 

rnrrep60JIH'lecKoro rrapa6oJioH,z:i;a ( 146). 
§41. KacaTeJihHhie rrpHMhie H KacaTeJihHhle rrJIOCKOCTH 

K KBa,z:i;pnKaM . . . . . . . . . • • . . 

41.1. KacaTeJihHhie rrpHMhie (147). 
KOCTH (148). 

........ 147 
41.2. KacaTeJihHhle rrJioc-

§42. Aci>ci>HHHaH KJiaccnci>nKa:u;HH KBaf:U>HK 

3a,z:i;aqu H yrrpa:>KHeHHH . . . . . . • • . . . 

qACTbll. ITPOEKTHBHAHrEOMETPHH 

rJIABA l. 0CHOBbI rEOMETPHH ITPOEKTHBHOH ITJIOCKOCTH 

§ 1. Orrpe,z:i;eJieHHe rrpoeKTHBHOii: rrJIOCKOCTH 

. 149 

. 151 

.... 155 



10 

§ 24. Ilom1pHoe COOTBeTCTBHe ( IIOJUipHTeT) . • . . • . . . . . . . . . . 221 
24.1. Orrpe;:i;eJ:IeHHe H Koop;:i;HHaTHbie <l:>opMYJibI (221). 24.2. Ily-

qoK rrpHMbIX BToporo rropH;:i;Ka (222). 24.3. IloHHTHe 

o KoppeJIHIJ;HH o6ru;ero BH,ll;a (223). 
§ 25. TeopeMa BpnaHmOHa . . . . . • . . • . . . . . . . . . . . . . . 223 

25.1. TeopeMa BpnaHmoHa ,lJ;JIH orrncaHHOro meCTHyroJibHH-

Ka (223). 25.2. TeopeMa BpnaHmoHa ,JJ;JIH BbipO:>K,JJ;eHHhlX 

mecTHyroJibHHKOB (224). 25.3. 06paTHaH TeopeMa BpnaHmo-

Ha (225). 
§ 26. IlpoeKTHBHhle CBH3H TOqeK KPHBOi!: BTOporo IIOpH,JJ;Ka 

H IlpHMOfi JIHHHH . . . . . . . . . . . . . . . . . . . . . . • . . . . 226 
26.1. IlepcrreKTHBHOe COOTBeTCTBHe (226). 26.2. IlpoeKTHBHOe 

rrpeo6pB.3oBaHHe KpHBOi!: BTOporo rropH;:i;Ka (227). 26.3. Teo-

peMa lllTay;:i;Ta (228). 26.4. KpnTepni!: HHBOJIJOIJ;HH KpHBoi!: 

BToporo nopH,JJ;Ka (228). 
§27. IlpoeKTHBHaH KJiaCCHcPHKaIJ;HH JIHHHi!: BTOporo rropH,JJ;Ka . 229 

3a;:i;aqn H yrrpa:>KHeHHH . . . . • . . . . . . . . . . . . . . . . . 231 

rJIABA JV. IlPOEKTHBHblE MO,!l;EJIH A<l><l>HHHOH 11 TPEX METPHqECKHX 

rEOMETPHH 

§ 28. IlpoeKTHBHo-a<t><PnHHaH IlJIOCKOCTb. IlpoeKTHBHo-a<t><l:>nHHbie 

rrpeo6pB.3oBaHHH . . . . . . . . . . . . . • . . . . . . . . . • . . . 233 
§ 29. OcHOBHbie noHHTHH rrpoeKTHBHo-a<P<PnHHofi reoMeTpHH . . 236 

29.1. IlapaJIJieJibHhle rrpHMhle (237). 29.2. IlpoeKTHBHO-

a<P<PHHHOe orrpe;:i;eJieHHe BeKTOpa (237). 29.3. 0THOilleHHe 

KOJIJIHHeapHhlX BeKTOpOB (239). 
§30. YMHo:>KeHne BeKTopa Ha qncJio . • . . . . . • ....... 240 

30.1. Accou;naTHBHOCTb YMHO:>KeHHH BeKTOpa Ha qHcJio (240). 
30.2. ,ll,HcTpH6yTHBHbii!: 3aKOH yMHO:>KeHHH BeKTOpa Ha qnc-

JIO (241). 
§31. A<P<PnHHoe HCTOJIKOBaHHe rrpoeKTHBHhlx TeopeM . . . • 241 
§32. JlHHHH BTOporo IIOpH,JJ;Ka Ha rrpoeKTHBHo-a<P<PnHHOfi 

IIJIOCKOCTH . . . . . . . . . • . . . . . . . . . . • . . . . . 243 
32.1. A<P<PnHHbie cBoficTBa JIHHHfi BToporo rropH;:i;Ka (243). 
32.2. YpaBHeHHH 3JIJIHrrca, rnrrep60Jihl H rrapa6oJibI B a<P<PnH-

Hbix KOOp,lJ;HHaTax (245). 32.3. A<P<l:>HHHaH KJiaCCHcPHKau;nH 

JlHHHi!: BTOporo rropH,JJ;Ka (246). 
§ 33. IlpoeKTHBHO-eBKJIH,JJ;OBa IIJIOCKOCTb. Ilpeo6pB.30BaHHH rro;:i;o6HH . . 24 7 

33.1. <l>opMyJihl rrpeo6pB.30BaHHH rro;:i;o6HH (248). 
§ 34. ,ll,JIHHa 0Tpe3Ka H Mepa yrJia Ha rrpoeKTHBHO-eBKJIH,ll;OBO:ii 

IIJIOCKOCTH. rpyIIIIOBOfi IIO,JJ;X0,11; K eBKJIH,JJ;OBOfi reoMeTpHH . . . . . 250 



Oe.n,aa.n,exue 11 

§ 35. IlpoeKTHBHo-a¢¢HHHaH MO,D;eJib nceB,D;OeBKJIH,D;OBOH 

reoMeTpHH • . • . • • . • . • . • • . • . • . • . • . • • • • . • . • • 254 
35.1. A6comoT nceB,D;OeBKJIH,D;OBOH IIJIOCKOCTH (254). 35.2. BeK

TOpbI nceB,n:oeBKJIH.n;OBott IIJIOCKOCTH (255). 35.3. YroJI Me)f{,lzy 

BeKTOpaMH (256). 
§36. IIpoeKTHBHhle npeo6pa3oBaHHH, coxpaHHIOUJ;He a6coJIIOT 

nceB,n:oeBKJIH,D;OBOH IIJIOCKOCTH •.•.••.•.•••.••••••. 257 
36.1. IIceB,n:oeBKJIH,D;OBhI no,n:o6HH (257). 36.2. IlceB,n:oeBKJIH

,n:oBbI ,D;BH:>KeHHH (258). 
§37. IIceB,n:oeBKJIH,D;OBa 3JieMeHTapHaH IIJiaHHMeTpHH ••.•.•..•. 260 

37.1. CyMMa yrJioB TpeyroJibHHKa (260). 37.2. IlJiom;a.n;I> Tpe

yroJihHHKa (260). 37.3. TeopeMhI CHHJCOB H KOCHHJCOB (260). 
37.4. HepaBeHCTBO TpeyroJihHHKa (261). 37.5. 0Kpy)KHOCTH 

nceB,n:OeBKJIH,ll;OBOtt IIJIOCKOCTH ( 261). 
§38. IIpoeKTHBHaH Mo,n:eJih IIJIOCKOCTH Jlo6a'leBcKoro ••••.•••.• 263 

38.1. A6coJIIOT (263). 38.2. B3aHMHoe pacnoJIO)KeHHe ,n;Byx 

IIpHMbIX rHnep60JIH'leCKOtt IIJIOCKOCTH (264). 
§ 39. IlpoeKTHBHaH MeTpHKa rHnep6oJIH'leCKOtt IIJIOCKOCTH • • • • . • . 266 

39.1. ,ll;JIHHa oTpe3Ka (266). 39.2. Mepa yma (267). 39.3. Oc

HOBHOe COOTHOIDeHHe reoMeTpHH Jlo6a'leBCKOro (267). 
§40. ,ll;BH:>KeHHH rHnep6oJIH'leCKOtt IIJIOCKOCTH •.•.••.•.•.••• 269 

40.1. Onpe,n:eJieHHe H o6m;He cBottcTBa (269). 40.2. OceBaH H 

n;eHTpMbHaH CHMMeTpHH (269). 40.3. IloBopoTbl. CKOJib)KeHHe 

B,lJ;OJib np.HMOtt (270). 40.4. Ilpe,n:cTaBJieHHe npOH3BOJibHOro 

,ll;BH:>KeHH.H KOMII03HI1Hett OCeBhlX CHMMeTpHtt (271). 
§ 41. Ily'IKH np.HMhIX H IIHKJihI B rHnep6oJIH'lecKott nJioCKOCTH . • • • • 272 

41.l. Ily'IKH IIp.HMbIX (272). 41.2. 0KpJ:>KHOCTh, OpHIIHKJI, 

3KBH,n;HCTaHTa (273). 

3a,n;a'IH H ynpa)KHeHH.H • • . • . • • 

lkTOpH'leCKHtt O'lepK 0 npoeKTHBHOtt reoMeTpHH 

0TBeThI K HeKOTOpbIM 3a,n:a'laM • 

Ilpe,n;MeTHhIA JKa3aTeJih . 

CrrHCOK JIHTepaTyphI . • • 

. 274 

. 277 

. 281 

. 284 

. 287 



fl peauc.JlOBUe 

0TKpbITMI BaMH KHHra co.n;ep:>KHT OCHOBbl acpqmHHOH H npoeKTHBHOH 

reoMeTpHH B CHCTeMaTH'leCKOM «3JieMeHTapHOM» H3JIO:>KeHHH. ,Il,a:>Ke nep

BOHa'laJibHOe 3HaKOMCTBO c «BblCillHMH» reoMeTpHHMH npe.n;noJiaraeT HaJIH

'!He y 'IHTaTeJIH onpe,n;eJieHHbIX reoMeTpH'!eCKHX 3HaHHH H MaTeMaTH'leCKOH 

KYJibTYPbI B o6'heMe, CKa:>KeM, nepBblX ,ll;BYX TOMOB «9JieMeHTapHOH reoMeT

pHH» [12] 3TOro :>Ke aBTOpa. 

KHHra COCTOHT H3 ,ll;BYX OTHOCHTeJibHO caMOCTOHTeJibHblX qacTeii (co CBO

eii HyMepa11Meii naparpacpoB) - acpcpHHHOH H npoeKTHBHOii reoMeTpHH. llx 

co,n;ep:>KaHMe onpe,n;eJIHJIOCb B xo.n;e ,n;JIMTeJibHOH pa60TbI asTopa B ne.n;arorM

qecKHX B}'3aX H TBOp'IecKoro 06111eHHH c KOJIJleraMH H H3,ll;aTeJIHMH. 

OT,n;eJibHO no acpcpMHHoii reoMeTpHH MHe H3BeCTHbI TOJlbKO ,n;Be KHH

rH [8] H [16]. AcpcpHHHbie cBoiicTBa cpMryp BCTpe'!aIOTCH Ha CTpaHMllax 

reoMeTpH'leCKHX noco6Mii cpe,n;M MaTepMaJia .n;pyroro Ha3Ha'IeHHH. B KHH

rax [3], [7], [14] HMeIOTCH rJiaBbl IlOJIHOCTblO c acpcpHHHblM co,n;ep:>KaHHeM, 

MHOro BHHMaHHH a<i><i>HHHOii reoMeTpHH y,n;eJieHO aBTOpaMH yqe6HHKOB 

[4] H (10]. 
0 cne11MaJibHbIX KHMrax [8] H [16] Ha,n;o CKa3aTh oco6o. KHMra A. M. Ko

MMccapyKa co.n;ep:>KHT rJiy6oKoe H no.n;po6Hoe H3JIO:>KeHMe acpcpHHHott reo

MeTpHH Ha caMOCTOHTeJlbHOM aKCHOMaTH'leCKOM cpyH,n;aMeHTe, 6e3 CBH3H 

c eBKJIH,ll;OBOH reoMeTpHeH. 0,n;HaKO OHa HMeeT, Ha Ham B3rJIH,ll;, ,n;Ba He,n;o

CTaTKa: 1) H3JIO:>KeHHe CHJibHO ycJIO)KH5IeTC5I o6mmeM BTOpOCTeneHHoro Ma

TepHaJia, rpOM03,n;KOCTbIO KJiaCCHcpHKallHH acpcpHHHbIX npeo6pa30BaHHii H 

CBH3aHHbIX c Heit TepMHHOB H o6o3Ha'!eHHH; 2) IIPH ,ll;OKa3aTeJibCTBe IlJia

HHMeTpH'leCKHX acpcpHHHbIX CBOHCTB aBTOp npM6eraeT K HCilOJib30BaHHIO 

CTepeoMeTpH'leCKHX cpaKTOB. 

B KHHre (16] lI. M. 51rJIOMa H B. r. AmKHHy3e H3JIO:>KeHHe Be,n;eTCH Ha oc

HOBe eBKJIH,ll;OBOH reoMeTpHH, XOTH aBTOpbI cnpaBe,ll;JIHBO C'IHTaIOT acpcpHH

HYIO reoMeTpHIO caMOCTOHTeJihHOH HayKoii:. ,Il,JIH Ha'IMHaI0111ero 'IHTaTeJIH 

3TO BnOJIHe npHeMJieMO. 

y qe6Ha5I JIHTepaTypa no npoeKTHBHOH reoMeTpHH HaC'IHTbIBaeT HeMaJIO 

KHHr, H3,ll;aHHblX B OCHOBHOM B 50-60-e I'O,ll;bl npOillJIOI'O BeKa H paCC'!HTaH

HbIX Ha pa3JIH'lHbie BKYCbI H ypoBHH no.n;roTOBKH 'IHTaTeJieii. MHoroKpaTHO 

H3,n;aBaJIOCb yqe6aoe noco6Me [14] H. <I>. l.JeTBepyxHHa. IIo y6e)K,ll;eHHIO ero 

aBTopa, OHO C03HaTeJibHO nocTpOeHO Ha OCHOBe eBKJIH,n;OBOH reoMeTpHH, 'IeM 

3aKpbmaeTcH caMa CYIIIHOCTb npoeKTHBHOH reoMeTpHH KaK reoMeTpHH, He 

co,n;ep:>Ka111e:tt MeTpM'IeCKHX noHHTHH. B MeBbmeii Mepe 3THM ae.n;ocTaTKOM 

CTpa,n;aIOT H .n;pyrMe KHHI'H, KpOMe KHHI'H (3) f. B. fypeBH'Ia, KOTOpru:I CO

,n;ep:>KHT H3JIO:>KeHHe npoeKTHBHOH reoMeTpHH, He3aBHCHMOe OT eBKJIH,ll;OBOH. 
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B HacTo51ru;ee BpeM51 pe3KO coKpaTHJIC51 BhrnycK yqe6HhIX noco6Hii no Ma

TeMaTB:Ke ,1VI51 BY30B, B oco6eHHOCTH no reoMeTpHH. IlpH HanHCaHHH 9Toro 

noco6B:51 51 CTaBHJI 11eJibIO H3JI02KHTh ,ll;OCTYilHO B CHCTeMaTH'IeCKOM BH,ll;e Ha

qaJia a<P<PHHHOfi H npoeKTHBHOii reoMeTpHii Ha caMOCT051TeJihHOii OCHOBe, 

6e3 npHBJie'IeHH51 MeTpH'leCKHX nOH51THii H TeopeM. 

B Ka'IeCTBe aKCHOMaTn'IeCKoro cPYH.D:aMeHTa a<P<PnHHOii reoMeTpHH B351-

ThI a<P<PHHHbie aKCHOMhl KJiaCCH'IeCKOfi aKCHOMaTHKH I'HJih6epTa eBKJIH,ll;O

BOfi reoMeTpHH. Ho OHH He 51BJI51IOTC51 caMo,n;oBJieIOIIIHMH, He o6peMeH51IOT 

H3JI02KeHHe, 51BJI5151Cb ero Hay'IHOii OCHOBOtt. B nepBOii qaCTH KHHl'H co.n;ep-

2KHTC51 a<PcPHHHa51 9JieMeHTapHaH reoMeTpH51, a<P<PHHHble npeo6pa30BaHH51 

nJIOCKOCTH H npOCTpaHCTBa, a<P<PHHHa51 TeOpH51 KpHBblX BToporo nop51.n;Ka 

H KBa,D,pHK. 

AKcHoMaTHKa npoeKTHBHOfi rrJIOCKOCTH 3aHMCTBOBaHa H3 pa6oThl [13) H 

COCTOHT H3 '!eThipex npoCThIX aKCHOM. llcnOJih3YIOTC51 KaK CHHTeTH'IeCKHfi, 

TaK H aHaJIHTH'IeCKHH MeTO,lV>I H3JI02KeHmI, KOTOpbie ,ll;OilOJIH.HIOT ;a:pyr ;a:py

ra, cnoco6cTBY51 ,n,ocTyIIHOCTH ,n;oKa3aTeJibCTB. BBe,n;eHHe npoeKTHBHOfi cH

CTeMhl KOOp,ll;HHaT 3Ha'IHTeJihHO o6Jier'IeHo CChlJIKOfi Ha 6apH11eHTpH'IeCKHe 

KOOp,ll;HHaThl [12, T. 3], 51BJI51IOIIIHeC51 qaCTHhIM BH,ll;OM npoeKTHBHblX. 

0T,1J,eJihHa.H rJiaBa IV BTopott qacTH KHHl'H nocB511IleHa npHMeHeHH51M 

npoeKTHBHOH reoMeTpHH H nOCTpOeHHIO MO,ll;eJieH a<P<PHHHOH, eBKJIH,ll;OBOfi, 

nceB,n;oeBKJIH.n;OBOH H nmep6oJIH'IecKoli reoMeTpHli. Be3 TaKoro MaTepHa

Jia HeB03M02KHO nOJIHOCTbIO 011eHHTb npoeKTHBHble H,n;eH, npHHa,ll;Jie2Ka111He 

K BeJIH'IaftmHM .n;ocTH2KeHH51M MaTeMaTHKH XIX BeKa. CpaBHeHHe ,n;Byx H3-

Jio2KeHHfi a<P<PHHHOH reoMeTpmr c pa3HhIX II03HI1Hfi HMeeT ,1VI51 'IHTaTeJI51 

6oJihIIIOe rrpHHI1HnHaJihHOe 06111eo6pa30BaTeJihHOe 3Ha'Iemre. 

Pa6oTa51 Ha,n; pyKonH:CbIO 9TOH KHHl'H, HMe10111e:tt B OCHOBHOM rre.n;arorH

qecKHe 11eJIH, 51 He CTpeMHJIC51 ,n;aBaTb HerrpeMeHHO OpHI'HliaJibHble ,ll;OKa3a

TeJihCTBa, a C'IHTaJI B03M02KHblM H 11eJiecoo6pa3HhIM B ,n,orrycTHMOH Mepe HC

IIOJih30Ba Th JIHTepaTypHbie HCTO'IHHKH, y:K.a3aHHhie B rrpHJiaraeMOM CIIHCKe, 

IIOCKOJibKY HeorrpaB,n;aHHOe CTpeMJieHHe K opHl'HHaJibHOCTH H,n;fa B y111ep6 

.n;ocTyrrHOCTH. B 11eJIOM 2Ke rroJiy'IHJIOCh rroco6He, .n;yMaro, He noxo2Kee Ha 

HMeIOru;HeC.H. ToMy M02KHO 6bIJIO 6hI npHBeCTH HeMaJIO npHMepoB. CKa-

2KeM, IlOCTpoeHa opHI'HHaJihHa51 npoeKTHBHo-a<P<PHHHa51 TeopH51 BeKTOpOB. 

IlpoeKTHBHa51 MO,ll;eJib eBKJIH,ll;OBO:fi reoMeTpHH CTpOHTC.H 6e3 «a6COJIIOTHOH» 

HHBOJIIOIIHH, a 3a,ll;aHHe MHHMbIX IIHKJIH'IeCKHX TO'IeK c IIOMOIIlhIO KpH

BO:fi BToporo nop.H,n;Ka, He nepeceKaroru;eii: npHMyro a6coJIIOTa ( «e,n;HHH'IHO:fi 

OKPY2KHOCTH» ), no3BOJI51eT ycnemno pemaTh MHorne KOHCTPYKTHBHh1e 3a

,n;a'IH Ha npoeKTHBHO-eBKJIH,ll;OBOfi IIJIOCKOCTH . 

.51 He rrpe,n;cTaBJI51IO ce6e H3y'IeHHe MaTeMaTHKH 6e3 pemeHH51 3a,n;aq. 

Ynpa2KHeHH.H (Bcero nx 6oJiee 200), no.n;o6paHHhie K Ka)K,ll;o:tt H3 BOChMH 

l'JiaB KHHl'H, Il03BOJI51IOT rJiy62Ke yCBOHTh TeopeTH'IeCKHH MaTepHaJI, noJiy-



14 IJpeiJuc.J106ue 

qHTb y,n;oBJieTBOpeHHe OT HX ycnemHoro pemeHm:I. PemaTb HX Bee COBCeM 

Heo6.H3aTeJibHO. ,Il;ocTaToqHo Bb16paTb H3 npe,n;JiaraeMbIX Ha6opoB HaH6oJiee 

HHTepeCHbie ,n;mc ce6.H. IlpH Hey,n;aqax Heo6xo,n;HMO IIpHCTyIIaTb K pemeHHIO 

HeO,n;HOKpaTHO. IloqTH KO BCeM 3a,n;aqaM BblqHCJIHTeJibHOro xapaKTepa ,n;a

Hbl aBTOpCKHe OTBeTbI. B 3a,n;aqax Ha ,D;OKa3aTeJibCTBO Jiyqme He ,n;aBaTb 

HHKaKHX «yKa3aHH:ii», ,n;a6bl He c6HBaTb pema1011Iero c ero H,n;eH pemeHH.H, 

IlOCKOJibKY pemeHH.H aBTOpa He BCer,n;a OKa3b1BaIOTC.H JiyqmHMH. 

B OCHOBHOM KHHra npe,n;Ha3HaqeHa ,D;JI.H caMOCTO.HTeJibHOH pa6oTbl Ha,n; 

Heil. BMeCTe c TeM OHa MO:>KeT CJIY:>KHTb H yqe6HblM noco6HeM ,D;JI.H CTy,n;eHTOB 

MaTeMaTnqecKHX cpaKyJibTeToB ne,n;arorHqecKHX yHHBepcHTeTOB no 0611IeMy 

Kypcy reoMeTpHH, a TaK:>Ke ,n;JI.H cne11KypcoB H cne11ceMHHapoB, ,D;JI.H pa6oThl 

Ha,n; KypcOBbIMH H ,n;HnJIOMHbIMH TeMaMH. ABTop 6y,n;eT 6Jiaro,n;apeH 3a ,n;o6-

po:>KeJiaTeJibHYIO KPHTHKy. 

51. II. Ilouapuu 
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rJIABA 1 

Octtoe'bt aifxputtttou 2eo.Mempuu tta n.1wc'/'\,ocmu 

c Ha'laJiaMH a¢¢nHHOH reoMeTpHH IIJIOCKOCTH 'lHTaTeJih y)Ke 3HaKOM ITO 

MaTepnaJiy BTOpoii: 'laCTH rrepBoro TOMa «9JieMeHTapHOH reoMeTpHH» [12, 
§ 22-24]. )KeJiaTeJibHO IIOBTOpHTh ero rrepe,n; Ha'laJIOM 'lTeHmI KHHrH. 3,n;ecb 

a¢¢nHHaH reoMeTpHH H3JiaraeTCH B CHCTeMaTH'leCKOM BH,lJ;e. 

§ 1. llo'H.flmue 06 a<f)(pU'H'HOU ieo.Mempuu 

1.1. A<l>cl>HHHruI nJiocKocTL KaK reoMeTpn11ecKnii: o6'heKT H,n;eHTH'lHa 

eBKJIH,lJ;OBOH IIJIOCKOCTH. 0,n;HaKO ee reoMeTpn11eCKaH CTPYKTypa cym;eCTBeH

HO OTJIH11aeTCH OT eBKJIH,lJ;OBOH: 6 arfxftuHHOU n.//,OC'IWCmU 'H,em .MempU'K:U, 
T. e. ,lJ;JlHH 0Tpe3KOB H BeJIH'lHH yrJIOB, II03TOMY OTCyTCTByIOT H BCe IIOHHTHH, 

CBH3aHHhie c HHMH, TaKHe KaK OKpy)KHOCTh, KBa,n;paT, poM6, npaBHJihHhlH 

TpeyrOJihHHK ( MHOroyrOJihHHK), nepneH,lJ;HKYJIHpHOCTh IIpHMhIX, 6ncceKTpH

ca yrJia H ,n;p. Ilo 3TOH IIpH'lHHe reoMeTpHH a¢¢HHHOH IIJIOCKOCTH ( arfxftuH
Ha.R zeo.Mempu.R) 3Ha'lnTeJihHO 6e,n;ttee eBKJIH.n;OBOH reoMeTpnn. O,n;ttaKo, KaK 

Mhl y6e,n;HMCH B ,lJ;aJihHeil:meM, 3TO BOBCe He 03Ha11aeT, 'ITO a¢¢nHHaH reo

MeTpHH MaJIOco,n;ep)KaTeJihHa. 

OcHOBHhIMH o6'beKTaMn a¢¢nHttoil: reoMeTpHH HBJIHIOTCH TO'lKa n npH

MaH c OCHOBHhlMH OTHomeHHHMH Me)K,lJ;y HHMH «Jie)KaTh Ha» (npHHa,n;

Jie)KaTh) H «Jie)KaTb Me)K,n;y» ,lJ;JlH Tpex TO'leK npHMOH ( IIOpH,lJ;OK TO'leK 

Ha npHMOH). K a¢¢nHHOH reoMeTpHH OTHOCHTCH BCe ,n;pyrne o6'heKThl H 

OTHOIDeHHH, KOTOpbie MoryT 6bITh onpe,n;eJieHhl 11epe3 yKa3aHHhie, KaK-TO: 

0Tpe30K, JIY'l, yroJI, BeKTOp, napaJIJieJibHOCTh, KOJIJIHHeapHOCTh BeKTOpOB, 

JIHHeil:HaH 3aBHCHMOCTh BeKTopoB, paBeHCTBO oTpe3KOB o,n;Hoil: npHMOH HJIH 

napaJIJieJihHhIX IIpHMhIX H ,n;p. Ilo CBOeMy npOHCXO)K,lJ;eHHIO a¢¢nHHaH reo

MeTpHH TeCHO CBH3aHa c napaJIJieJihHhlM npoeKTHpOBaHHeM npHMOH Ha 

IIpHMYIO H IIJIOCKOCTh H ero 'lHCJIOBhlMH HHBapHaHTaMH: OTHomeaneM KOJI

JIHHeapHhIX 0Tpe3KOB ( BeKTOpOB) H OTHomeHHeM IIJiom;a,n;eil: IIJIOCKHX ¢nryp. 

1.2. AKCHoMaTHKa acl>cl>11HHoii reoMeTpHH TIJIOCKOCTH. AKcH0Ma

Tn11ecKli a¢¢HHHYIO IIJIOCKOCTh MO)KHQ 0 II p e ,lJ; e JI H T h KaK MHO)KeCTBO 

TO'leK H MHO)KeCTBO ero IIO,lJ;MHO)KeCTB - IIpHMhIX, CBH3aHHhlX OTHOIDeHH

HMH npnHa,n;Jie)KHOCTH H IIOpH,n;Ka, y,n;OBJieTBOpHIOID;HX CJie,n;yrom;HM ,n;eBHTH 

aKcnoMaM cncTeMhI fnJib6epTa 1, pa3,n;eJieHHhIM Ha 11eTh1pe rpynnhI I-IV. 

1,Il;aBH,ll; rm1b6epT (1862-1943) - HeMeu;irn:ii: MaTeMaTHK, KJiacCHK MaTeMaTHKH. Ero 
TBOp'leCTBO OXBaTb!BaeT BCIO MaTeMaTMKy. OH )l;a.JI IIOJIHYIO CHCTeMy aKCHOM eBKJIH)l;OBOH 
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I. A'K:cuo.M'bt npuitaa.riea1Cttocmu 

11 . ,II,m1 mo6bIX ,D,Byx (pa3JIHqHh1x) ToqeK A II B cyrn;ecTByeT e,11,llHCTBeH

HaH co.n,ep2Karn;aH IIX npHMaH. 

12 . Ka)K,11,M npHMM co.n,ep2KIIT no Kpaii:Hell: Mepe .n,Be TOqKII. 

13 . Cyrn;ecTBYIOT no Kpall:ttell: Mepe TPII TOqKII, He npIIHa,D,Jie2Kanllle o.n,ttoll: 

npHMOit 

II. A'K:cuo.M'bt nop.R.J'K:a 

II i . Cpe.n,II JII06hlx Tpex (pa3JIIIqHbIX) ToqeK o.n,Holl: npHMoll: (II TOJihKO 

cpe.n,II TaKIIX Tpex TOqeK) cyrn;eCTByeT 0,11,Ha II TOJibKO o.n,Ha TOqKa, JJe)Karn;aH 

Me)K,11,y ,11,BYMH .n,pyrIIMII. 

II2 . .Ll:JIH JII06b1X .n,Byx ToqeK A II B cyrn;ecTByeT xoTH 6b1 o.n,tta TaKaH 

ToqKa C, qTo B Jie2KIIT Me)K,11,y A II C. 
II3 ( aKCHOMa llama 2). IIycTb A, B, C - TPII TOqKII, He npIIHa,D,Jie2Ka

rn;IIe 0,11,HOH npHMOH, II a - npHMaH, He co.n,ep2Karn;aH HII 0,11,HY II3 3THX ToqeK 

(pIIc. 1). EcJIII npII 3TOM npHMM a co.n,ep2KIIT ToqKy, Jie2Karn;yro Me)K,11,y A 

B 

J>B ~~ 
c C C1 

PHc. l PHc.2 

II B, To oHa co.n,ep2KIIT JIII6o TOqKy, Jie2Karn;yro Me)K,11,y A II C, JIII6o ToqKy, 

Jie2Karn;yro Me)K,11,y B II C. 

III. A'K:cuo.M'bt napaA.rie.ri'bttocmu 

III1 (aKcHoMa EBKJIH,n;a). ,lJ,JIH JII06oll: ToqKII M, He npIIHa,D,Jie2Karn;ell: 

npHMOH a, cyrn;eCTByeT 8,11,IIHCTBeHHaH TaKaH npHMaH m, qTO He cyrn;ecTByeT 

TOqKII, npIIHa.n,JI82Karn;eii: 0,11,HOBpeMeHHO o6eIIM npHMbIM a II m. IlpHMble a 
II m Ha3blBaIOTCH B3aIIMHO napll,f/,,f/,e.ri'btt'bl.MU. 

III2 (a<l><l>HHHruI aKCHOMa ,ll;e3apra). EcJIII npHMhie AA1 II BB1 na

paJIJieJibHhI npHMOH CC1, npHMaH AB napaJIJieJihHa npHMOH A1B1 II npHMaH 

BC - npHMOH B1C1, TO npHMaH AC napaJIJieJibHa npHMOH A1C1 (pIIC. 2). 

I'OOM€Tp1rn, B 1900 ro.zzy CcPOPMYJIHpOBaJI Ha M€)f(,IzyHapo,n;HOM KOHI'pecce 23 B~HeHIIIHe 
npo6JieMbl MaTeMaTHKH. 

2 Mopmi; IlaIII (1843-1930) - H€M€1J;KHH MaTeMaTHK, npe,n;I1IeCTB€HHHK rHJih6epTa B 

06JiacTH OCHOBaHHH reoMeTpHH. AKCHOMa l{J B3SITa rHJib6epTOM H3 KHHI'H M. Ila11Ia 

«JleKIJ;HH no OCHOBaHHSIM I'eOMeTpHH» (1832). 
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IV. A?Ccuo.Ma ttenpep'bt61wcmu 

AKcHoMa ,ll;e,n;eKHH,LJ;a 3 . IlycTb Bee TO'IKH, Jie2Karn;ne Me2K,riy TO'IKaMH 

A H B, H caMH TO'IKH A H B pa3,n;eJieHhI Ha ,n;Ba KJiacca TaK, 'ITO 

a) TO'IKa A rrp1rna,n;Jie2KHT rrepBoMy KJiaccy, a TO'IKa B - BTopoMy; 

6) mo6a.a TO'IKa rrepBoro KJiacca, OTJIH'IHa.a OT A ( ecJIH TaKHe TO'IKH 

cyI11eCTBy10T), JI€2KHT Me)K,)Jy A H JII06oii TO'IKOH BTOporo KJiacca. 

Tor.n;a cyrn;ecTByeT mr6o TaKa.a TO'IKa C, rrpHHa,n;Jie2Karn;a.a rrepBoMy KJiaccy, 

'ITO Bee TO'IKH, Jie2KaI11He Me)K,)Jy C H B, rrpHHa,n;Jie2KaT BTopoMy KJiaccy, 

JIH6o TaKa.a TO'IKa c, rrp1rna,n;Jie2Karn;a.a BTOpOMY KJiaccy, 'ITO BCe TO'IKH, 

Jie2KaI11He Me2K,riy A H C, rrpnHa,n;Jie2KaT rrepBoMy KJiaccy. 

B TaKOM CJiy'Iae 0 TO'IKe c roBop.aT, 'ITO OHa rrpoH3BO,l:t;HT aeae?Cuttao60 
ce'4.ettue yKa3aHHOrO MH02K€CTBa TO'I€K Ha ,I:t;Ba KJiacca. 

lb aKCHOMbl ,Il,e,n;eKHH,I:t;a M02KHO BbIBeCTlf ,I:t;Ba cPYH.n;aMeHTaJibHbIX rrpe.n;

JI02KeHH.a - nocmy.11,am Apxu.Meaa H nputt'U,Un Kattmopa (o BJI02KeHHhIX oT

pe3Kax). 

IIocTyJiaT ApxHMe,n;a. IlycTh Ha Jiy'Ie AB ,n;aH oTpe3oK CD H B3.KThI 

TO'IKH Ai, A2, A 3 , ••• TaK, 'ITO TO'IKa Ai Jie2KHT Me)K,)Jy AH A2, TO'IKa A2 -
Me2K,!JY Ai n A3 HT . .n;., rrpn'IeM oTpe3KH AAi, AiA2, A2A3, . . . pa B H hI 

OTpe3KY CD. Tor.n;a cyrn;ecTByeT TaKa.a TO'IKa An Jiy'Ia AB, 'ITO B Jie2KHT 

M€2K,!JY AH An (paBeHCTBO OTpe3KOB rrp.aMOH orrpe,n;eJieHo Brr. 2.1). 
IlpHHD;HII KaHTopa 4 . IlycTh Ha rrp.aMoii a ,n;aHa 6ecKOHe'IHa.a rrocJie,n;o

BaTeJihHOCTh oTpe3KOB AiBi, A2B 2 , A3B3 , .•. , H3 KOTOpbIX Ka)K,l:t;bIH rrocJie

,!JYIOillHH Jie2KHT BHYTPH rrpe,n;h1,riyrn;ero, H rrpn 3TOM He cyrn;ecTByeT oTpe3Ka, 

Jie2KaI11ero BHYTPH Bcex oTpe3KOB 3TOH rrocJie,n;oBaTeJihHOCTH. Tor.n;a Ha rrp.a

MOH a cyllleCTByeT e,n;HHCTBeHHa.a TO'IKa C, Jie2Karn;a.a BHYTPH Bcex oTpe3KOB 

A.Bi (i = 1, 2, 3, ... ). 
06paTHO, H3 3THX ,I:t;BYX YTBep2K,n;eHHH M02KHO IIOJIY'IHTb rrpHHIJ;HII ,Il,e

,n;eKHH,I:t;a. 0,n;HaKO 3TH ,l:t;OKa3aTeJibCTBa Haxo,n;.aTc.a B CTOpOHe OT Harnero 

OCHOBHOrO H3JI02KeHH.a H II03TOMY He rrpHBO,I:t;.KTC.a. 

1.3. AQ>cp11HHru.1 reoMeTpHH KaK caMoCTOHTeJJbHru.l HayKa. Co
BOKYIIHOCTh Bcex YTBep)K,l:t;eHHH ( TeopeM)' KOTOpbie M02KHO BbIBeCTH H3 

aKCHOM H3JI02KeHHOH BbIIIIe aKCHOMaTHKH, COCTaBJI.KeT co.n;ep2KaHHe a<P<PnH

HOH reoMeTpHH Ha IIJIOCKOCTH, KOTOpa.a M02KeT 6bITb H eBKJIH,I:t;OBOH IIJIOC-

3 PHxap,n; ,Il;e,n;eKHH,!J; (1831-1916) - HeMeIJ;KHH MaTeMaTHK, y<IeHHK raycca H ,lJ;HpH

XJie B reTTHHreHCKOM YHHBepcHTeTe. 0,D;HH H3 rrepBblX ,!l;aJI TeopeTHKO-MHO)KeCTBeHHOe 

o6ocHoBaHHe TeOpHH ,n;elicTBHTeJibHbrx 'IHCeJI, ccl>opMyJIHPOBaJI rroJIHyro CHCTeMy aKCHOM 

apH<l>MeTHKH, co,n;ep)Karu;yro, B qacTHOCTH, rrpHHIJ;HII IIOJIHOH MaTeMaTH'leCKOH HH,!J;yKIJ;HH. 
4 reopr KaHTOP (1845-1918) - HeMeIJ;KHH MaTeMaTHK, TBopeu; TeopHH MHO)KeCTB. Po

,!J;HJICSI B IleTep6ypre, OKOH'IHJI BepJIHHCKHli YHHBepcHTeT B 1867 r. Pa3BHJI o,n;Hy H3 

TeopHH Hppau;HOHaJibHbIX 'IHCeJI. 
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KOCTbIO. IloaTOMY a<J:>qnrnHa.H reoMeTpH.H IIOJIHOCTbIO BXO,IJ;HT B eBKJIH,IJ;OBY 

reoMeTpIIIO. 0,n;HaKo TaKoe IIO,IJ;'IIIHeHHOe IIOJI02KeHIIe acj:>cj:>IIHHOH reoMeTpIIH 

no OTHOmeHHIO K eBKJIII,Il;OBOH He BbITeKaeT HeII36e2KHO H3 caMoro co,n;ep2Ka

HII.H C'JTIIX reoMeTpHil:, a JIIIillb .HBJI.HeTC.H CJie,IJ;CTBHeM MeTo,n;a ,Il;OKa3aTeJibCTB 

acj:>cj:>IIHHbIX TeopeM H BBe,n;eHII.H acj:>cj:>IIHHblX IIOH.HTHH 

CJioBo «acj:>cj:>IIHHbIH» (JiaT. affinus - po,n;CTBeHHbiil:, 6JIH3KHil:) BBe,n;eHo 

em;e 9il:JiepOM, HO TOJibKO IIOCJie IIO.HBJieHII.H 9pJiaHreHCKOH IlporpaMMbl 

KJieil:Ha (1872) acj:>cj:>HHHa.H reoMeTpH.H 6bma rrpH3HaHa caMOCTO.HTeJibHOil: 

HayKOH KaK TeOpH.H IIHBapIIaHTOB acj:>cj:>IIHHOH rpyIIIIbl rrpeo6pa30BaHIIH 5• 

(Ilo,n;po6Hee 06 3TOM roBOpIITC.H B § 11.) 
,Il;JI.H IIOCTpoeHII.H acj:>cj:>IIHHOH reoMeTpHH IIJIOCKOCTII MaJIO IICKJIIO'IHTb 

rpyrrrry aKCHOM KOHrpyaHTHOCTII (H caMO OTHOmeHIIe KOHrpyaHTHOCTH) H3 

aKcIIoMaTHKH fIIJib6epTa eBKJIH,IJ;OBoil: reoMeTpIIII. Heo6xo,n;IIMO em;e BKJIIO

'IIITb aKcIIoMy III2 - acj:>cj:>HHHYIO aKCIIOMY ,Il;e3apra. B eBKJIII,Il;OBoil: reoMeT

pIIII aTo YTBep)K,Il;eHIIe JierKo ,n;oKa3brnaeTc.H c rroMom;bIO TeopeM o paBeHCTBe 

TpeyrOJibHIIKOB. fIIJib6epT IIOKa3aJI, 'ITO eCJIII He IIOJib30BaTbC.H aKCHOMa

MII KOHrpyaHTHOCTII, TO rrpe,n;Jio2KeHIIe III2 HIIKor,n;a He y,n;acTC.H ,IJ;OKa3aTb. 

IloaTOMY B acj:>cj:>IIHHOH reoMeTpIIII ero rrpIIXO,Il;IITC.H IIpIIHHMaTb B Ka'!eCTBe 

a Kc II 0 M bl B rpyrrrre aKCHOM rrapaJIJieJibHOCTII. IlpII caMOCTO.HTeJibHOM rro

CTpoeHIIII acj:>cj:>HHHOH reoMeTpHII aTa aKCHOMa IIrpaeT pOJib, aHaJIOrH'IHYIO 

pOJIII rrpII3HaKOB paBeHCTBa TpeyroJibHHKOB B reoMeTpHII EBKJIH,n;a. 

§ 2. HeK:omop'bte aifxfiu'l-l'l-l'bte no'l-l.flmU.fl u meope.M'bl 

2.1. PaBeHCTBo oTpe3KOB rrpSIMOH 11 rrapaJIJieJibHhIX rrpSIMhIX. Ha 

OCHOBe aKCIIOM acj:>cj:>IIHHOH reoMeTpIIII orrpe,n;eJIIIM O,Il;HO II3 Ba2KHeil:mIIX a<J:>

cj:>IIHHbIX IIOH.HTHH - paBeHCTBO rrapaJIJieJibHbIX 0Tpe3KOB. 

~z 7 -:s:J(!-
A B M N 

PRc.3 

Orrpe.n;eneHHe. 0Tpe3KII AB II CD rr a p a JI JI e JI b H bl x rrp.HMbIX Ha-

3bIBaIOTC.H pa6tt'bt.MU, ecJIH AC II BD (pHc. 3a). 0Tpe3KH AB H CD o ,n; Ho ii: 

59pJiaHreHcKa.SI IlporpaMMa - KpaTKoe Ha3BaHHe rrporpaMMHoli pa60Thl KJieliHa 
«CpaBHHTeJibHOe o6o3peHHe HOBeHIIIHX reoMeTpH'IeCKHX HCCJie,n;oBaHHH», rrpe,n;cTaBJIHIO
rn;eli co6oli pa3aepHyToe H3JIO)KeHHe pe'IH KJieliHa rrpH BcTyrrJieHHH B ,n;oJI)KHOCTb 3aae
,n;yIOrn;ero Kacpe,n;poli reoMeTpHH 9pJiaHreHCKoro YHHBepCHTeTa (r. 9pJiaHreH, repMaHHH). 
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II p .a M o ii f Ha3bIBaIOTC.H pa6'Hibt.Mu, ecJrn cym;ecTByeT TpeTMii oTpe3oK MN, 
Jie)Kam;nii Ha IIp.HMOH, IIapaJIJieJibHOH £, M paBHbltl: Ka2K,ll;OMY M3 0Tpe3KOB 

AB M CD (pnc. 36). 

CorJiacHo 3TOMY oIIpe,n;eJieHMIO paBeHCTBO oTpe3KOB ecTb OTHomeHMe 

Me)K.n;y Ha II pa B JI e H H hi MM OTpe3KaMM: M3 Toro, qTo AB= CD, He 

c JI e .n; ye T , qTo AB =DC. 
Ifa OIIpe,n;eJieHM.H BbITeKaIOT p e ¢ JI e K c M B H o c T h (AB = AB), c M M -

Me T p M q Hoc Th (AB =CD:::::> CD= AB) M T pa H 3M TM B Hoc Th 

(AA1 =BB1 M BB1 =CC1 :::>AA1 =CC1) OTHomeHM.H paBeHCTBaIIapanJieJib

HbIX oTpe3KOB. IIocJie,n;Hee ecTh CJie,n;cTBMe a¢¢nHHOil: aKCMOMhI ,.[Le3apra. 

,lLJI.H IIpMMepa IIPMMeHeHM.H OIIpe,n;eJieHHOrO BbIIDe IIOH.HTM.H ,Il;OKa)KeM, qTo 

mO"i'/l,a nepece"ie'HUR aua20'/iaJ1,eU napaj/,j/,M02pa.M.Ma aMum '/l,a{)!Ci}y'IO U3 'HUX 

nonoJ1,a.M. 

IIycTb .n;naroHaJIM AC M BD IIapaJIJieJio

rpaMMa ABCD IIepeceKaIOTC.H B ToqKe 0 
(pnc. 4). IIpoBe,n;eM BM II AC n OM II AD. 
Tor.n;a no onpe,n;eJieHMIO paBeHCTBa oTpe3KOB 

CO= BM. lfa TpeyroJibHMKOB OCD M MBA 
no aKcMOMe ,ILe3apra AM II DO. CJie,n;oBaTeJih

HO, BM = OA, M Il03TOMY co = OA. PRC. 4 

2.2. TeopeMa «l>a.rreca. Ilycm'b "iepea '/l,O'H'4'bt paB'H'btX ompea,,,,06 npR

Moil m npo6eae'H'bt napllj/,j/,M'b'H'bte np.R,.M,'bte, nepeCe'/l,a'IOW,Ue apy2y10 npR

MY'IO f. To2aa O'HU omce,,,,a10m 'Ha npRMOil f ma,,,,{)!Ce pa6'H'bte Me{)!Ci}y co6oi1 

ompea,,,,u. 

A B 

PRC. 6 PRC. 5 

,IL o Ka 3 a Te JI h c TB o. IIycTb oTpe3KM AB= CD Jie)KaT Ha np.aMoii m M 

napaJIJieJihHhie np.HMbie a, b, c, d, npoxo.n;.am;Me qepe3 KOHllhI 3TMX oTpe3KOB, 

nepeceKaIOT np.aMyro f cooTBeTCTBeHHO B TOqKax A1, B1, 0 1, D 1 (pnc. 5). 
IlpoBe,n;eM AiP II m, PE b, Tor.n;a AiP =AB. IIo cBoiicTBY TpaH3MTMBHOCTM 

A1P=CD, BCJie,n;CTBMeqero A10ll PD. IlycTb B 1Q II PD, r.n;e QEd. Tor,n;aM3 

TpeyroJihHMKOB A 1PB1 M CDQ no aKCMOMe ,.[Le3apra noJiyqaeM, qTo CQ II£, 
a II03TOMY CQ = A1B1 M CQ = 0 1D 1, OTKy,n;a A1B1 =01D1. D 
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Onpe,z:i;eJieHHe pasHhIX oTpe3KOB no3BO.IDieT yMHO)KHTh OTpe30K AB Ha 

HaTypa.rrhHOe qncJio m (pnc. 6, m= 2; 3), a TeopeMa <I>a.rreca - ,z:i;eJIHTh ero Ha 

mo6oe qncJio paBHhIX qacTeii. 9THM caMbIM orrpe.z:i;emi:eTcH onepa'4U.R. yMno
:>1eenU.R. ompea'lf,a AB tta pa'4uona.11ibnoe no.1w:>1eume.ti'bnoe "l,UC.tw 1;:. Ilpn 

yMHO)KeHHH 0Tpe3Ka Ha OTpHD;aTeJibHhie pan;HOHaJihHhie qncJia ;:i;o6aBJIHeTCH 

CMeHa HanpaBJieHHH 0Tpe3Ka Ha npOTHBOIIOJIO)KHOe. 

2.3. CpaaHeHu:e coHanpaaJieHHhlx oTpe3KOB. 0THomeHu:e KOJI
JIHHeapHbIX oTpe3KOB. CoHarrpaBJieHHOCTh H rrpoTHBOHarrpasJieHHOCTh 

KOJIJIHHeapHhIX oTpe3KOB AB n CD MO)KHO orrpe,z:i;eJIHTh cooTBeTCTBeHHO TO

My, Jie)KaT JIH ToqKH B H D B O,z:i;Hoii rroJiyrrJIOCKOCTH OT rrpHMott AC HJIH )Ke 

B pa3mi:qHhIX noJiynJIOCKOCTHX. Onpe,z:i;eJIHM noHHTHH «MeHhme» H «60Jih

me» f);JIH .z:i;syx c o H a rr p a B JI e H H hi x oTpe3KOB AB H CD. 
IlycTh A, B, C - TpH ToqKH o,z:i;Hoii rrpHMOii n oTpe3KH AB n AC co

HanpasJieHhI. Ilo orrpe,z:i;eJieHHIO rroJiaraeM, qTo AB< AC, eCJIH B Jie)KHT 

Me)Kf);Y A H C, n AB > AC, ecJIR C Jie)KHT Me)K,l];y A R B. 
EcJin oTpe3KH AB R CD rrapa.rrJieJihHhl R coHarrpaBJieHhI, TO Ha npHMoii 

AB rrocTpOHM oTpe3oK AE =CD. Tor.z:i;a rroJiaraeM, qTo AB< CD, ecJIH 

AB< AE, n AB> CD, ecJin AB> AE. 

TeopeMa. ,!1,.1/,.R. ,//,'/06'btX a6yx 'lf,0.1/,,f/,U'H,eapn'btX ompe3'1f,06 AB u CD cyw,e
cm6yem eaunCm6e'/i'/iOe aeucm6Ume.ti'b'liOe "l,UC.1/,0 A, npu 'lf,OmOpOM 

AB=>.·CD. 

,LI, o Ka 3 a T e JI h c T B o. IlyCTh oTpe3KH AB H CD coHarrpasJieHhl. Pa3o-
6heM MHO)KeCTBO Bcex IlOJIO)KHTeJibHhIX pan;HOHaJihHhIX qHCeJI Ha .z:i;sa KJiaC

ca - «HH)KHHH» n «BepxHHii». K HH)KHeMy KJiaccy OTHeceM see TaKne pau;n

oHaJihHhle rroJIO)KRTeJihHhie qncJia p, qTo p ·CD ~AB. K sepxHeMy KJiaccy -

see pan;HOHaJibHhie IIOJIQ)KHTeJibHbie qucJia q' f);JIH Ka)K.z:i;oro H3 KOTOpbIX 

q ·CD > AB. ComacHo rrocTyJiaTy ApXRMe,z:i;a cyIIleCTBYIOT TaKne HaTypa.rrh

Hhle qucJia m H n, qTo AB < m ·CD H CD ~ n ·AB. IloaTOMy o6a KJiacca 
1 

HeIIyCTbI: HH)KHHH KJiaCC co.z:i;ep)KHT paI.J;HOHaJibHOe qffCJIO n, a BepxHeMy 
1 

KJiaccy rrp1rna,z:i;Jie)KHT qncJio q = m, IIOCKOJihKY :nCD ~AB. lfa HepaseHCTB 

p·CD ~AB< q·CD cJie.z:i;yeT, qTo p < q. Tor.z:i;a no rrpnHn;nrry ,LI,e.z:i;eKRHAa 

ceqeHReM MHO)KeCTBa pan;HoHaJibHhIX quceJI orrpe,z:i;eJIHeTCH ef);HHCTBeHHOe 

;:i;eiicTBHTeJibHOe qucJio >., rrpn KOTOpOM >-.-CD= AB. D 

B 3TOM cJiyqae qncJio ). Ha3hIBaeTcH omnowenue.M 'lf,O,//,,//,U'lieapn'btX ( cona
npa6J1,enn'btX) ompe3'/f,06 AB u CD: 

AB 
>i=cD· 

B cJiyqae, eCJIH oTpe3KH AB H CD npoTHBOHarrpasneHhl, AB n DC co

HarrpasJieHhl. CorJiacao TeopeMe AB= X ·DC= >.·CD, r.z:i;e). = -X. 
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B qacTHOCTH, ,n;mi: Tpex ToqeK rrpHMoil: OTHomeHHe 

AC 
.X = CB =(AB, C), C =fa B, A =fa B, 

Ha3hrnaeTcH om'ltowe'ltUeM mpex mo"leic np.n.Mou, rrpH 3TOM TOqKH A H B 
Ha3bIBaIOTCH 6a3UC'lt'bt.MU, a TOqKa C - ae./l,Jl,W,eU. ,11,JIH BHyTpeHHHX TOqeK 

oTpe3Ka AB, oqeBH,ll;HO, .X > 0, a ,n;JIH BHemHHx .X < 0. 
Ba:lKHO 3aMeTHTb, qTo 6 a<fxj'JU'H'HOU 2eo.Mempuu a6a 'lte1CO.//,J/,U'lteap'H'blX 

ompeaica 'lte .M02ym 6'btm'b Cpa6'HU.M'bt.MU: a.fl,JI, 'HUX 'lte onpeae./l,Jl,'/Omc.n om
'HOWe'ltUJI, «paB'HO», «.Me'lt'bWe», «60.11,'bwe». B 3TOM cocTOHT cym;ecTBeHHOe 

OTJIHqHe acpcpHHHOil: reoMeTpHH OT eBKJIH,n;OBOil:. 

AKCHOMa ,11,e3apra H TeopeMa <f>aneca II03BOJIHIOT ,ll;OKa3aTb ( c HCIIOJib30-

BaHHeM aKCHOMbl ,11,e,n;eKHH,n;a) CBOil:CTBO rrapaJIJieJihHOro rrpoeKTHpOBaHHH: 

eCAu "lepea X:O'lt'IJ,'bt ompeaicoB np.n.Mou m npoBeae'lt'bt napaMeA'b'lt'bte np.n.M'bte, 
nepeceicaww,ue np.n.Myw C, mo om'ltowettue .11,w6'btX aByx ompeaicoB np.n.Mou 
m paB'HO omttowe'HU'/O coomBemcmBe'lt'lt'btX ompeaicoB ( npoeicv,uu) np.n.Mou C 
( o6o6iqeHHWI TeopeMa «I>a.neca). 

2.4. A<l><l>HHHWI TeopeMa Ilanna 6 • Ec.11,u cmopottu BC u AD "lem'bt
pexy20A'bttuica ABCD napaMM'b'lt'bt u M - npouaBOA'b'lta.n mo"lica cmopo'lt'bt 
AB, mo np.n.M'bte, npoxoa.nw,ue "lepea ew Bepwu'lt'bt A u B napaMeA'b'HO np.n
.M'bt.M CM u DM coomBemcmBe'lttto, nepeceicawmc.n B mo"iice N cmopott'bt 
CD (pHC. 7). 

a) 6) 

F 

A D 
E 

Puc. 7 

,II, o K a 3 a T e JI h c T B o. 06o3Haqn:M qepm N TOqKy rrepeceqeHHH rrpH

Moil: CD c rrpHMoil: AN, rrapanJieJihHoil: CM, H ,n;oKa:iKeM, qTO BN II DM. 
Cnaqana paccMoTpHM cJiyqail: AB I/ CD. 0TJIO:lKHM OT ToqKH D oTpe3-

KH DE= BM H DF =BC. Tor,n;a no aKCHOMe ,11,e3apra H3 TpeyrOJibHHKOB 

MBC H EDF rroJiyqHM EF I/ MC. CJie,n;oBaTeJihHO, EF =MC, H TaK KaK 

5Ilarrrr AJieKcaH,n;pnil:cKHii (KoHe~ III a. H. a.) - rrocJie,n;Hnii KpyrrHbiil: MaTeMaTHK ,n;pea
Heil: I'pe~HH. PH,n; TeopeM H3 ero «MaTeMaTH'IeCKOro c6opHHKa» MO:lKeT 6bITb OTHeCeH 
K rrpoeKTHBHOii reoMeTpHH. 
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MC= AN, TO EF =AN. Ilo3TOMY '!eThipexyroJihHHK ANFE - TiapaJI

JieJiorpaMM n, 3Ha'IHT, ND= DE. IlocKOJihKY DE= BM, TO ND= BM, 
T. e. BN \\ MD. 

EcJIH 1Ke Tip.HMhie AB H CD TiepeceKaIOTC.H B TO'!Ke Q (pHc. 76), TO TIO 

o6o6rn;eHHoH: TeopeMe <l>a.rreca 

QA 
QB 

QD 
QC H 

QM 
QA 

QC 
QN' 

QM QD 
IlepeMHO)KHB 3TH paBeHCTBa, TIOJiy'IHM QB = QN' OTKy,n;a H CJie,n;yeT, 'ITO 

BN\\MD. 0 

IlpHMe'laJIHe. 1. B CJiyqae rrapa.rrJieJiorpaMMa ABCD TeopeMa IlaTITia 

paBHOCHJihHa YTBep1K,n;eHHIO 0 K 0 M M y T a T H B H 0 c T H CJIO)KeHH.H OT

pe3KOB: ecmi: AM= NCH MB= DN, TO AM+ MB= DN +NC. 
2. B ycJIOBHH TeopeMhI cy1IIeCTBeHHO JIHIIIh, 'ITO BC II AD. CTopotthl AB 

H CD '!eTb1pexyroJihHHKa ABCD MoryT H TiepeceKaThC.H (pHc. 8). 

A D 

PHc.8 PHc.9 

2.5. roMOTeTH'IHbie TpeyrOJibHHKH. lfa 06061IIeHHOH TeopeMhl <l>a.rre

ca rrpocTO BhlBO,Il;HTC.H npH3Hru<: I'OMOTeTH'IHOCTH TpeyrOJibHHKOB: eCJl,U 

cmopo'H:bt mpey20J1,'b'l·m,,,,a ABC coom6emcm6etttto napaj/,j/,M'b'H'bt cmopotta.M 

mpey20J1,'b'HU'X',a A1B1C1, mo 3mu mpey20J1,'b'HU'X',U J1,U60 20.Momemu"{'H'bt, J1,U60 

nOJl,y"{a10mCR oau'H U3 i)py2020 napllj/,j/,CJl,'b'H,'bt.M nepe'HOCO.M. 

B caMOM ,n;eJie, TIYCTh (AA1) n (BB1) = S, (AAi) n (CC1) = S1 (pHc. 9). 
Tor,n;a 

SA AB 
SA1 = AiB1 

H 
AC 

AiC1. 

T 6 6 .. - "" AB AC SA S1A 
aK KaK TIO o o 1IIeHHOH TeopeMe '¥aJieca AiBi = AiCi, To SAi = SiAi, 

a 3TO 03Ha'!aeT, 'ITO TO'IKH S H S1 cosTia,n;aIOT. 

EcJIH 1Ke AA1 I\ BB1 , To H TIP.HMa.H CC1 TaK1Ke Tiapa.rrJieJibtta HM. B Tipo

THBHOM cJiyqae 3TH TPH Tip.HMbre no ,n;oKa3aHHOMY HMeJIH 6br o6IIIYIO TO'!Ky. 

Tor,n;a TIPH ,n;atttthIX ycJIOBH.HX AB II A1B1, BC II B1C1, CA I\ C1A1, H TIO OTipe

,n;eJieHHIO paBeHCTBa oTpe3KOB 6y,n;eM HMeTh AA1 = BB1 = CC1. 
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§ 3. A<fj<fjU'l-l'l-l'bte onepat1;uu 'Had Be-x;mopa.Mu 

3.1. CJio:>KeHHe H Bbl'IHTa.HHe aeKTopoa. IIo orrpe,n;eJieHHIO acpcpHHHO 

paBHhie OTpe3KH coHanpaBJieHbI (rr. 2.1). Be'K',mopo.M Ha3hlBaeTc.H MHo:lKeCTBO 

Bcex paBHbIX 0Tpe3KOB IIJIOCKOCTH, KOTOpbie 6y,n;eM Ha3bIBaTh npeacma6u
me.n,J/,,M,U ,n;aHHOro BeKTOpa r. BeKTOp r 3a,n;aeTC.H JII06bIM H3 CBOHX rrpe,n;cTa

BHTeJieH, II03TOMY IIHIDYT r = AB' p = CD H p = r, eCJIH CD = AB. 
CJ1,0:>1ee'Hue 6e11:mopo6 orrpe,n;eJI.HeTC.H paBeHCTBOM AB + BC = AC ,Il;JI.H 

JII06h1x Tpex TO"IeK A, B, C. Ha OCHOBaHHH aRCHOMhI ,ILe3apra cyMMa BeK

TopoB He 3aBHCHT OT Bb16opa HX rrpe,n;cTaBHTeJieH (puc. 2). 
06bJqHbIM crroco6oM ,Il;OKa3bIBaeTC.H, "ITO CJIO:lKeHHe BeKTOpOB K 0 M M y -

T a T H B H 0 H a c c 0 II H a T H B H o: 

a+b=b+a, 
(a + b) + c = a + (b + c). 

Paa'Hocm'b 6e11:mopo6 AB H AC orrpe,n;eJI.HeTC.H paBeHCTBOM AB - AC = CB, 
IIOCKOJibKY AC + CB = AB. 

BeKTOphI cyMMhI H pa3HOCTH KOJIJIHHeapHhIX BeKTopoB KOJimrneapHhI 

,n;aHHbIM BeKTOpaM. 

3.2. °YMHO:>KeHHe aeKTopa Ha ,n;eikTBHTeJI&Hoe 'IHCJio. Bo Bcex 

yqe6HbIX pyKoBO,Il;CTBax aTa orrepaIIH.H orrpe,n;eJI.HeTC.H c HCIIOJih30BaHHeM 

,Il;JIHHhl BeKTOpa (oTpe3Ka), KOTOpa.H, o,n;HaKo, OTCYTCTByeT B acpcpHHHOH reo

MeTpHH. BBe,n;eM rroH.HTHe rrpoH3Be,n;eHH.H BeKTopa Ha qucJio acpcpHHHhIMH 

cpe,n;CTBaMH. 

IlycTb ,n;aH BeKTOp r =AB H ,n;eiicTBHTeJihHOe qucJIO 0: > 0. ECJIH 0: - pa-
m -

IIHOHaJibHOe IIOJIO:lKHTeJihHOe qHCJIO n, TO IIpOH3Be,n;eHHeM 0: · r Ha3bIBaeTC.H 

BeKTOp AC, rrocTpoeHHe KOToporo o6ocHoBaHo B rrpe,n;h1,n;y111eM § 2: yMHo

:lKeHHe oTpe3Ka AB Ha 11eJioe qucJio m H rrocJie,n;yI0111ee ,n;eJieHHe Ha 11eJioe 

"IHCJIO n ( c H3MeHeHHeM HarrpaBJieHH.H B cJiyqae 0: < 0). 

IIycTh qucJio o: > 0 Hppa11uoHaJihHOe H ~, * -ero pa11uoHaJihHhie rrpu-

6JIH:lKeHH.H: 

p_<o:<!l.. 
n n 

-p--q
lIMH orrpe,n;eJI.HIOTC.H TOqKH P H Q rrp.HMOH AB: AP= Ti· AB H AQ = Ti· AB. 
IlpH n---+ 00 IIOJiyqaeM 6ecKOHeqHyIO B03pacTaIOllIYIO IIOCJie,n;oBaTeJibHOCTb 

p PI P2 
palIHOHaJihHbIX quceJI n, n , n , . . . H 6ecKOHeqHyIO y6hlBaIOllIYIO IIOCJie,n;o-

l 
2 q q1 q2 Pi q; 

BaTeJibHOCTb pa1IHOHaJihHbIX quceJI n' ni, n
2

, ... , IIpH 3TOM n; < n;. 9TH 

IIOCJie,n;oBaTeJibHOCTH rropO)K,Il;aIOT 6eCKOHeqHyIO IIOCJie,n;oBaTeJibHOCTb OT

pe3KOB PQ,P1Q1,P2Q2 , ... , Ka:lK,Il;hiii H3 KOTOphlx Jie:lKHT BHYTPH rrpe,n;hl

,n;y111ero, H He cy111ecTByeT oTpe3Ka, Jie:lKa111ero BHYTPH Bcex oTpe3KOB aTOH 



26 rJJABA l. 0C'H,06'bt a<fx.PU'H,'H,OU zeo.M.empuu 'H,U n.1wc1wcmu 

nocJJe,n;oBaTeJJhHOCTH. Tor,n;a no npHH{\Hny KattTopa (Kotter\ n.1.2) cyrn;e

CTByeT e,n;HHCTBeHH~ TO'IKa c' npHHa,n;JieJK.arn;~ Ka)K,Il;OMY H3 0Tpe3KOB 

P;Q;. Ilo onpe,n;eJieHHIO noJiaraeM AC= o:·AB. 
B qacTHOCTH, eCJIH o: - pal\HOHaJihHOe 'IHCJio, TO TO'IKa C coBna.n;aeT 

c o,n;Hoii: H3 TO'IeK P;. IlpH o: < 0 TO'IKa C CHMMeTpwrna P; OTHOCHTeJihHO 

TO'IKH A. IIoJiaraeM 0 · r = 0 no orrpe,n;eJieHHIO. 

3.3. AJire6pau:qecKHe csoiicTBa a<P<l>u:HHbIX onepau;u:ii Ha,D; seK
TopaMu:. J(.11,.R Jl,106'btX JeucmeumM'b'H'blX "{UCeJI, o:, /3 U J1,106'btX 6€'/f,mOp06 r, 
a, b uMewm .Mecmo coomttowettu.R 

o:. (/3. r) = ( o:/3) . r, 
(o: + /3) ·r = o:·r + f3·r, 
o:· (a+ b) = o:·a + o:·b. 

(I.1) 

(I.2) 

Tpe6yeTc.a ,n;aTh acpqmtttthre ,LJ;OKa3aTeJihCTBa 3THX cooTttorrrettHii:. 

IlepBOe H3 HHX MOJKHO C'IHTaTb O'IeBH,ll;HhIM. ~oKaJK.eM CBOHCTBO (I.1). 

BeKTOp 0:. r + /3. r KOJIJIHHeapeH B€KTopy r. Ilo KpHTepmo KOJIJIHHeap

HOCTH o:·r + /3·r = 1·r. Heo6xo,n;HMO ,n;oKa3aTh, 'ITO 'Y =a+ /3. Ctta'IaJia 

paccMoTpHM cJiyqaii a > 0, /3 > 0, 'Y > 0. IlycTh p H Pi - npoH3BOJihHhie 

pa{\HOHaJihHbie 'lHCJia H3 HH)KHHX KJiaCCOB ,n;eii:CTBHTeJihHhIX 'lHCeJI 0: H /3: 
0 < p ::;; o:, 0 <Pi ::;; /3. Tor,n;a pa{\HOHaJihHoe 'IHCJIO p + p 1 npn:tta,n;JieJK.HT 

HHJK.HeMy KJiaccy ,n;eii:CTBHTeJihHOrO 'IHCJia Cl'. + /3. TaK KaK Cl'.. r + f3. r = 'Y. r, 
To p + Pi BXO,IJ;HT B HHJK.HHH KJiacc ,n;eii:cTBHTeJihHOro 'IHCJia 'Y. CJie,n;oBa

TeJihHO, HH)KHHH KJiacc ,n;eii:CTBHTeJibHOro 'lHCJia Cl'. + /3 nOJIHOCTbIO BXOAHT 

B HHJKHHH KJiacc 'IHCJia 'Y· c paBHhlM npaBOM 3THM JK.e CBOHCTBOM o6Jia,n;aIOT 

BepXHHe KJiaCCbl 'IHCeJI 0: + /3 H 'Y. Ilo3TOMY paBHhl H caMH 3TH 'lHCJia, 

CooTHomeHHe (I.1) ,n;oKa3aHo ,n;JI.a nOJIOJK.HTeJihHhIX 'IHCeJI a, (3, 'Y· ~yrHe 
KOM6HHa{\HH HX 3HaKOB CBO,n;.HTC.H K paCCMOTpeHHOH. IlycTh, HanpHMep, 

Cl'. > 0, /3 < 0, 'Y < 0. Tor,n;a paBeHCTBO 0:. r + f3. r = "(" r nepenHmeM TaK: 

o:·r+(-1·r)=-/3·r. IloCKOJihKY B 3TOM CJiyqae o:>O, -1>0, -/3>0, 
TO no ,IJ;OKa3aHHOMy Q + (-1) = -/3, OTKy,n;a CHOBa 'Y = 0: + (3. 

IlepeXO,ll,HM K ,ll;OKa3aTeJibCTBY COOTHOilleHH.H (I.2). BhI,ll;€JIHM oco6o CJIY

qafi a II b. Tor,n;a b = A·a H 

o:· (a+ b) = o:· (a+ >-·a)= a· (1 ·a+ >.-a)= o:(l +>.)·a, 
O'.·a + o:·b = o:·a + o:· (>.·a)= (o: + o:>.) ·a= a(l +>.)·a, 

'!eM H 3aKOH'IeHO ,ll;OKa3aTeJihCTBO ,ll;Jl.H 3TOro CJiy'!a.H. EcJIH B€KTOpbl a H b 
HeKOJIJIHHeapHhI, TO coxpaH.HeT CBOIO CHJIY H3BeCTHOe Tpa,IJ;H{\HOHHOe ,IJ;OKa-

3aTeJibCTBO c IIOMOII\hlO IIOCTpOeHH.H roMOTeTH'IHblX TpeyroJihHHKOB. 
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,[La.nee o6hI'IHhIM nyTeM MO:)l<HO BBecnr a¢qnrnHhie noHRTIUI mrneiiHOH 

KOM6:irnau;1rn: BeKTOpoB, mrneiiaoii: 3aBHCHMOCTll (tte3aBHCllMOCTH) BeKTOpOB, 

a¢¢nHHbie KOOp,Il,HHaThI BeKTOpa H TO'IKll. qllTaTeJib MO:lKeT nOBTOPHTh 3TO 

no O,Il,HOMy H3 MHOrnx yqe6HhIX noco6Hii: no aHaJIHTH'IeCKOH reoMeTpHll. 

§ 4. K ocoe npouaBeoe11,ue Be'l£mopo6 

4.1. OnpeAeJieH11e H ero cJieACTBHSI. IlycTh 3a,IJ,aH a¢¢nHHhiii perrep 

(0, ei, e2) - COBOKynHOCTb TO'IKH 0 H yrropR,Il,O'IeHHOH rraphl HeKOJIJIHHeap

HhIX BeKTOpOB ei H ez. Koc'bt.M npouaeedenue.M a 0 b BeKTOpOB a= (a1, a2) ll 

b = (b1, b2) Ha3bIBaeTCR 'IllCJIO 

(1.3) 

ll3 3TOro orrpe,Il,eJieHHR ll CBOHCTB orrpe,Il,eJIHTeJieii: Henocpe,Il,CTBeHHO BbITe

KaIOT CJie,IJ,YIOIIIHe CBOHCTBa KOCoro IIpOH3Be,Il,eHHR: 

1) a Ob> 0, eCJtU ynopJt,dO"tetttt'bte nap'bt (a, b), (e1, e2) opuenmupo6att'bt 

oduna'lf,oeo, u a ob< 0, ecAu onu u.Mewm npomueonoAoJtCn'bte opuenma'4uu; 

2) a ob= 0 mo2da U mOA'b'lf,O mo2da, 'lf,02da 6e'lf,mOp'bt a U b 'lf,O./l,./l,U'l-f,eaptt'bt; 

3) anmU'lf,O.M.Mymamuenocm'b: 

boa= -(aob); 

4) acco'4uamuenocm'b: 

.Xao b=a o .A·b= .X(ao b); 

5) ducmpu6ymuenocm'b: 

(a + b) o c = a o c + b o c; 

6) ei o e2 = 1. 

Kocoe rrpon3Be,Il,eHMe BeKTopoB ecTh a ¢ ¢ H H H o e IIOHRTne. Benn'Intta 

KOCOrO IIpOH3Be,Il,eHHR ,Il,aHHhIX BeKTOpOB a ll b CyIIIeCTBeHHO 3aBHCHT OT 

Bhr6opa a¢¢nttttoro penepa. Hail,Il,eM aTy 3aBMCHMOCTh. 

IlycTb ( O'' e~' e;) - HOBhIH penep H 

Tor,Il,a Ha OCHOBaHHH CBOHCTB KOCOrO npOH3Be,Il,eHHR HaxO,Il,HM 

a ob= (a1 ·e1 + a2·e2) o (b1 ·e1 + b2·e2) = (a1b2 - a2bi)(e1 o e2) = 
= (a1b2 - a2b1)(a1.B2 - a2,B1)(e~ o e;). (I.4) 
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Ho Terrepb y)Ke e~ 0 e; = 1. CJie,n;oBaTeJibHO, 

(I.5) 

TaKHM o6pa3oM, npu aa.Mette 6aauctto20 penepa icocoe npoua6eaettue .w106'btx 
a6yX 6e'K:mopo6 a u Ii Y.M'HO:JICaemcR 'Ha nocmOR'H'HOe "lUCJl,O, pa6'HOe '/COCO.MY 
npOU86eae'HU'IO e1 O e2 6e'ICmOp06 npe::>ICttezo penepa Om'HOCUme.rtib'HO 'H06020 
penepa: 

_ -b 1a1 a2,(- _) a o = bi b
2 

e1 o e2 , 

zae e1 0 e2 = I~~ ~~I = 8 - onpeae,f/,ume.ri'b ua icoopauttam cmap'btX 003UC'H'blX 

6e'K:mopo6 6 'H060.M penepe. 

4.2. reoMeTpH'leCKHH CMbICJl KOCOro npOH3Be,LJ;eHH.SI. Hail:,n;eM 

rrJiom;a,ll;b opHeHTHpoBaHHOro TpeyroJihHHKa OAB B acpcpHHHOil: cucTeMe KO
op,n;HHaT, 3a,n;aHHoil: 6a3HCHhIM TpeyroJihHHKOM OE1E2 (pnc.10), ecJIH TO"<IKH 

Pnc.10 

x 

A u B HMeIOT cooTBeTCTBeHHO Koop.n;uHaThI 

(x1,Y1) H (x2,y2). IlycTh P(p,O) H Q(O,q) -
TO"<IKH rrepece"<IeHH.H rrp.HMOil: AB c OC.HMH KO
op,n;HHaT. He HcrroJih3Y.H MeTpH"<IeCKHe cpopMy
JihI, MO)KHO ,n;oKa3aTh ( 3a,n;a"<Ia N~ I.16) acpcpuH
Hble paBeHCTBa 

SoAB AB SoPQ OP SoE1Q OQ 
SoPQ - PQ' SoE

1
Q = OE1 ' SoE1E 2 = OE2' 

H3 KOTOpbIX CJie.n;yeT, 'ITO 

SoAB _ AB OP OQ 
SoE

1
E

2 
- PQ . OE1 • OE2 · 

(1.6) 

IIocKOJihKY rrp.HMa.H AB HMeeT ypaBHeHHe ~ + ¥ = 1, MhI HMeeM 

1- YI l _ Y2 
__ q_ 1 __ q_ 

p 

X1Y2 - X2Y1 
CJie,n;oBaTeJibHO, q = . 0TCIO,n;a Haxo,n;IIM X1 - X2 

AB 
PQ 

OP 
OE1 =p, 

OQ 
OE2 =q. 

HaKoHelJ, rroJih3Y.HCh cooTHomeHHeM (1.6), rroJiy"<IaeM paBeHCTBO 

SoAB -s-- = X1Y2 - X2Y1· 
OE1E2 
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TaKHM o6pa30M, 

SoAB -\Xi Y11-- -b - -ao , 
SoE,E2 X2 Y2 

T. e. iwcoe npoua6eaeuue a ob 6e'K:mopo6 paBtto omuoweuuw n.1tow,aau opueu

mupo6atttto20 mpey20.1t'bttU'IW ( napa.!t.!te.1t02pa.M.Ma), nocmpoeuuo20 tta 3mux 

Beicmopax ica'K: tta cmopouax, 'K: n.1tow,aau 6aaucuo20 mpey20.1t'bttu'K:a ( napa.1t

.1te.1to2pa.M.Ma) cucme.M'bt 'K:oopauuam. 

EcJIH rrJiom;a,n;h 6a3HCHoro TpeyroJibHHKa (rrapaJIJieJiorpaMMa) rrpHH5ITa 

3a e,n;1rnmzy M3MepeHM.H IIJIOm;a,n;ell:, TO KOCOe rrpOH3Be,n;eHHe paBHO IIJIOID;a,n;H 

opHeHTHpoBaHHoro TpeyroJibHHKa OAB ( rrapaJIJieJiorpaMMa), rrocTpoeHHoro 

Ha BeKTOpax a H b. 
4.3. CJiep;cTBH.H. 

1. TaK KaK TpeyroJibHHKH ABC, BCA, CAB O,D;HHaKoBo opHeHTMpoBaHbI, 

TO CA oCB =AB oAC=BC oBA. 
2. PaBeHCTBO AB o AC= 0 ecTh Heo6xo,D;HMOe H ,n;ocTaToqHoe ycJIOBHe 

KOJIJIHHeapHOCTM Tpex ToqeK A, B, C. 
3. IlJiom;a,n;b opneHTMpoBaHHoro qeTbipexyroJibHHKa ABCD MO)KHO BhI

pa3MTb ¢opMyJioll: 
1- -

SABCD = 2(AC 0 BD). 

4. ,lJ,JI5I mo6oro TpeyroJihHMKa ABC H mo6oll: ToqKH 0 HMeeT MecTo pa-

BeHCTBO 

OA o OB+ OB o OC + OC o OA =AB o AC. (I.7) 

,II,eil:CTBHTeJibHO, Ha OCHOBaHMH CBOHCTB KOCOI'O rrpoM3Be,n;eHM5I IIOJiyqaeM 

AB o AC= (OB- OA) o (OC - OA) =OB oOC- OB oOA- OA oOC, 

qTO paBHOCMJibHO COOTHOIDeHMIO (I. 7). 
5. ,lJ,JI5I JII06bIX Tpex BeKTOpOB a, b, C IIJIOCKOCTH MMeeT MeCTO TO)K,D;eCTBO 

(b o c). a+ (c o a). b + (a ob). c = o. (I.8) 

,II, 0 Ka 3 a T e JI b c T B o. IlocKOJibKY TPM BeKTOpa IIJIOCKOCTH JIMHell:HO 

3aBMCMMhI, TO cym;ecTBYIOT qHcJia a, {3, "'(,He paBHble HYJIIO o,n;ttoBpeMeHHO 

a·a+f3·b+"'f"c=O. 
°YMHO)KHB 3TO paBeHCTBO KOCO CIIpaBa IIOCJie,D;OBaTeJibHO Ha BeKTOpbI a H b, 

{ 
f3(b o ~ + "Y(c o ~) = 0, 

a(a o b) + "Y(c o b) = 0, 

OTKy,n;a a: f3: "Y = (c 0 b): (b 0 c): (a 0 b), qTQ rrpMBO,D;HT K TO)K,D;eCTBY (I.8). D 
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§ 5. Kocoe npouBeeae'Hue Be'K',mopoe 
6 ao'K',a3ameJ1,'bCffiBaX arj)(pU'l-l'H'blX 
meope.M nJ1,a'l-tu.Mempuu 

5.1. CeoikTeo Tpane~HH. B mpane'4uu ABCD mo'4,ica S nepece'4,e
'HUJ£ iJuaeotta.aeu AC u BD, mo'4,ica P nepece'4,ettuJ£ npoao.!/,[)ICettuu 6oico6'btX 
cmopott BC u AD u cepeautt'bt M u N octto6attuu AB u CD .!/,e;)!Cam tta 
oattou npJ£.Mou. 

,LI, 0 Ka 3 a Te JI b c TB o. Ha OCHOBaHHH CBO.itCTB KOCoro rrpOH3Be,n;eHH.H, 

B CHJIY KOJIJIHHeapHOCTH BeKTOpOB AB H DC HMeeM AB o DC = 0, HJIH, 

B pa3BepHyTOM BH,n;e, 

(PB - PA) o (PC - PD) = 0, 

PBoPC-PBoPD-PAoPC +PAoPD =0. 
TaK KaK rrepBoe H rrocJie,n;Hee cJiaraeMhle 3To.tt cyMMbI paBHhI HYJIIO no rrpH

qHHe KOJIJIHHeapHOCTH ToqeK, TO PA o PD + PA o PC = 0. CJie,n;oBaTeJibHO, 

IIOJiyqaeM 

PM o PN =~(PA+ PB) o ~(PC+ PD)= 
1--------

= "4(PAoPC+PAoPD+PB oPC +PB oPD) = 
1- - - -= "4(PAo PC+ PB oPD) = 0. 

TaKHM o6pa3oM, TOqKH P, M, N KOJIJIHHeapHhl. 3aMeHHB TOqKy P Toq

Koti: S, aHaJiorrrqHo rroJiy'IHM, 'ITO KOJIJIHHeapHhl H TOqKH S, M, N. CJie,n;o

BaTeJihHO, ToqKH P H S Jie:>KaT Ha rrp.aMoti: MN. 0 

5.2. TeopeMa Thycca. Ec.!/,U tteicomopaJ£ npJ£.MaJ£ nepeceicaem npJ£.M'bte 
AB, BC, CA, onpeaMJ£10w,ue mpeyeo.!/,'bttuic ABC, 6 mo'4,icax Ci, Ai, Bi co
om6emcm6etttto, mo cepeautt'bt M, N, P ompeaico6 AAi, BBi, CCi .!/,e;)!Cam 
'!ta oattou npJ£.MOU (pHc.11). 

,LI, 0 Ka 3 a Te JI b c TB o. Heo6XO)l;HMO )l;OKa3aTh, qTo MN 0 MP= 0. cho 

paBHOCHJibHO paBeHCTBY 

MoN +NoP+PoM=O, 

HJIH, rro,n;po6Hee, 

(A+ Ai) o (B +Bi)+ (B +Bi) o (C +Ci)+ (C +Ci) o (A+ Ai)= 0. 

Ha ocHoBaHHH KOJIJIHHeapHOCTH ToqeK Ka:>K,n;oti: H3 TpoeK A, B, Ci; B, C, Ai; 
C, A, Bi; Ai, Bi, Ci HMeeM 

Ao B +Bo Ci+ Ci o A= 0, 
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B o C + C o Ai +Ai o B = 0, 

CoA+AoBi +Bi oC=O, 

Ai o Bi+ Bio Oi + Oi o Ai= 0. 

IIocJie rroqJieHHoro CJIO)Kemrn: aTHX paBeHCTB rryTeM rpyrrrmpoBKH qJieHOB 

rroJiyqaeM ,n;OKa3hIBaeMoe paBeHCTBO. D 

PHc.11 PHc.12 

5.3. CBoikTBO napbI a<P<Puuuo CBSI3aHHbIX TpeyroJI&HHKOB. 
ECJl,U npRM'bl.e, npoaeae'l-£'1-£'bl,e "tepea aepWU'l-/,'b/, oa1-w20 mpey20.tlib'l-/,U'lf,a ABC 
napaM.e.t!'bHO coomeemcmae'H,1-1,'bl,,M, cmopoHa.M i)py2020 mpey20J1,'bHU'lf,a 
AiBiOi, nepece'lf,aiomcR a o~ou mo'l£'1f,e, mo u npRM'bte, npoaeae1-1,1-1,'bl.e 
'ltepea aepwuH'bt amopo20 mpey20J/,'b'l-£U'lf,a napa.t1.11.eJ1,'b'l-£O coomaemcmaeHH'bl.M 
cmopoHa.M nepao20, ma'lf,:>1ee nepece'lf,aiomcR a o~ou mo'l£'/f,e (pHc.12). 

,II; 0 Ka 3 a Te JI h c TB o. IlpH rrpOH3BOJihHOM Bhl6ope HaqaJia BeKTOpOB 

ypaBHeHH.H rrp.HMhIX rrepBOit TpoitKH HMeIOT BH,ll; 

(X - A) o (Bi - Oi) = 0, 

(X-B)o(C 1 -Ai)=0, HJIH 

(X - 0) o (Ai - Bi)= 0, 

Ao (Bi - Oi) = X o (Bi - Oi), 

B 0 (Oi - Ai)= x 0 (Oi - Ai), 

Co (Ai - Bi)= X o (Ai - Bi). 

CorJiaCHO ycJIOBHIO TeopeMhI aTa cncTeMa COBMeCTHa. CJimKHB ypaBHeHM.H, 

B rrpaBott qacTn rroJiyqnM TO)K,l.l;eCTBeHHO HYJih: 

HJIH 

CnMMeTpH.H aToro paBeHCTBa OTHOCHTeJihHO BeKTopoB An Ai, B H Bi, C 
n Oi CBH,n;eTeJihCTByeT 06 HCTMHHOCTH ,n;oKa3hIBaeMoro yTBep)K,l.l;eHH.H. D 
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5.4. 0THOWeHHe IIJIOID;a,ZJ;eH "leTbipexyroJibHHKa H accon;HHpO

BaHHOrO c HHM TpeyroJihHHKa. Ec.1tu npoaoj/,;JtCenuR npomueono/l,o;JtC

'H'btX cmopon AB u CD B'btny'IC/to20 "Lem'btpiixy20/l,'b'ltu1w ABCD nepece11:a-

10mcR 6 mO"L'll:e K' a E' F - cepeau'lt'bl e20 aua20'/tMeu AC u BD' mo 

nj/,ow,a~ mpey20/l,'bttu11:a EFK paena "Lemeepmou "Lacmu nj/,ow,aau "Lem'bt

piixy2M'bttu11:a ABCD. 
K 

K 

A D L 

PHc.13 PHc.14 

.I1; o Ka 3 a Te JI h c Tso. IlpHMeM ToqKy K 3a HaqaJio seKTopos (pHc.13). 
1- - - -

Tor,n;a SABCD = SADK - SBcK = 2(A o D - Bo C). KpoMe Toro, 

1 (A+ C B + D) 1 - - - - - - - -
SEFK = 2 -

2
- o -

2
- = B(AoB+AoD+CoB+CoD). 

-- -- 1-- --
Ho rrocKOJihKY Ao B = 0 H Co D = 0, TO SEFK = 8(A o D - Bo C). CJie,n;o-

1 
BaTeJibHO, s EFK = 4 s ABCD. 0 

CJie,ll;CTBHe. EcJIH (AD) n (BC)= L, TO Ha paBHbIX rrpasax SEFL = 
= ~SABCD (pHc.14), rroaTOMY SEFK = SEFL· Ilo cso:iicTBY Me,n;HaHhI Tpe

yroJibHHKa oTpe3oI< EF rrpHHa,n;Jie)l(HT Me,n;HaHe ET TpeyroJihHHKa EKL. 
lIMeeM TaKOH pe3yJihTaT: cepeau'lt'bl aua20'/ta/l,eU B'blny'll:/1,020 "Lem'btpexy20/l,'b

'HU'K:a u cepeauua ompea11:a, coeaunR10w,e20 mo"L'll:U nepece"LettuR npoaoj/,;JtCe

nuu e20 npomueonO/l,O;HC'/t'blX cmopott, /l,e;JtCam 'Hll oattou npR.MOU. 9Ta 11p5I

Ma5! Ha3hIBaeTC5I npR.Mou I'aycca qeThlpexyroJihHHKa. 

§ 6. A<fJ<pW-t'H/bte npeo6paaoeauu.fl n.1toc'K;ocmu 

Acpcl;>HHHhie rrpeo6pa30BaHH5I MoryT paccMaTpHBaThC5I Ha MHO)l(eCTBe TO

qeK KaK acl;>cl;>HHHO.li, TaK H esKJIH,n;osoii: IIJIOCKOCTeii:. B u;eJI5IX caMOCT05ITeJih

HOro IIOCTpOeHH5I acpcl;>HHHO:ll: reoMeTpHH o6'heKTOM acpcl;>HHHhIX rrpeo6pa-

30BaHHH ecTeCTBeHHO rrpHH5ITh acl;>cl;>HHHYIO IIJIOCKOCTh, qTO B )l;aJihHeii:rneM 

He 6y,n;eM orosapHBaTh. 
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6.1. Orrpe,n;eJiemrn H rrpuMepw a<l><l>HHHbIX rrpeo6pa3oBaHuii. 
Aefxfiunn'bt.M npeo6paaoeanue.M n.1wc1wcmu Ha3hIBaeTCH IIpeo6pa3oBaHirn, KO

Topoe OT06pa)KaeT KaJK,llYIO IIpHMYIO Ha IIpHMyIO. 0TCIO,)];a cpa3y CJie,n;yeT, 

qTO IIpeo6pa30BaHirn, o6paTHOe acpqnrnHOMy, TaK)Ke HBJIHeTCH acpcpHHHhIM. 

IlpHBe,n;eM TPH IIpHMepa acpcpHHHhIX IIpeo6pa30BaHHii, c KOTOpbIMH qn

TaTeJib y)Ke 3HaKOM: II a p a JI JI e JI h H hi ii II e p e H 0 c, r 0 M 0 T e T H H 

H K 0 c a H c H M M e T p H H. 

1. Ilapa.11,.11,eA'bn'bt.M nepenoco.M (IIpOCTO nepenoco.M) T-r Ha3hrnaeTCH IIpeo6-

pa3oBaHne, IIpH KOTOpOM Ka)K,n;aH ToqKa x OT06pa)KaeTCH Ha TaKyIO TOqKy 

X', qTo XX' ='F, r,n;e 'F - 3a,n;aHHh1ii: (IIOCTOHHHhlii) BeKTOp. IlepeHoc -

acpcpHHHOe IIpeo6pa3oBaHne, IIOCKOJihKY Ka)K,ll;YIO IIpHMYIO OTo6pa)KaeT Ha 

IIpHMyIO, eii: IIapaJIJieJihHyIO, HJIH Ha ce6H. CBoii:cTBa IIepeHoca IIO,n;po6Ho 

H3JIO)KeHhI B TOMe I yqe6Horo IIoco6nH [12]. 

2. I'o.Momemuei1 H~ c n,eHTpOM 0 H Kos¢¢uu,neHTOM k "I- 0 Ha3hrnaeT

CH IIpeo6pa30BaHne IIJIOCKOCTH (IIpOCTpaHCTBa), KOTOpoe Ka)K,ll;YIO TOqKy x 
oTo6pa)KaeT Ha TaKyIO TOqKy X', qTo OX'= k·OX. 06pa3oM IIpHMoii: IIpH 

roMOTeTHH HBJIHeTCH IIPHMaH, IIapaJIJieJibHaH eii:, HJIH COBIIa,n;a10m;aH c Heil:. 

~JIH IIOBTOpeHHH MO)KHO o6paTHThCH TaK)Ke K KHHre [12, T. l, c. 206~209]. 
B qacTHOCTH, IIPH k = -1 roMOTeTHH HBJIHeTCH v,enmpaA'bttoi1 cu.M.Mempuei1. 

foMoTeTHIO em;e MO)KHO oIIpe,n;eJIHTh KaK acpcpnHHOe IIpeo6pa3oBaHne, IIe

peBo,n;Hm;ee Ka)Kf];y!O IIPHMYIO B IIapaJIJieJihHYIO eii: IIpHMYIO HJIH B IIpHMyIO, 

coBIIa,n;a10m;y10 c ,n;aHHoii; CM. [7, c. 280]. B 3TOM cJiyqae IIpnxo,n;nTcH pac

CMaTpnBaTh IIepeHOC KaK qacTHhIM BH,ll; rOMOTeTHH, qTo B OTeqeCTBeHHOH 

JIHTepaType He IIpHHHTO. a 

x 

X' 

PHc. 15 PHc. 16 
X'', 

ra 

3. Kocoi1 CU.M.Mempuei1 Sf' c ochIO £ n HaIIpaBJieHneM IIpHMoii: m, He IIa

paJIJieJihHOii: £, Ha3brnaeTCH IIpeo6pa30BaHHe IIJIOCKOCTH, IIpH KOTOpOM Ka)K

,n;aH TOqKa x, He IIpHHa,n;Jie)Kalll,aH OCH£, IIepexo,n;HT B TaKyIO TOqKy X', 
qTo IIpHMaH XX' IIapaJIJieJihHa m n cepe,n;nHa OTpe3Ka XX' IIpHHa,n;Jie)KHT £ 

(pHc.15). EcJIH XE£, To X' = X. 
Ha ocHoBaHHH 3Toro oIIpe,n;eJieHHH IIpeo6pa3oBaHue, o6paTHoe Kocoii: 

CHMMeTpHH, eCTh Ta )Ke caMaH KOCaH CHMMeTpHH, T. e. KOCaH CHMMeTpHH -

IIpeo6pa30BaHHe H H B 0 JI IO Il, H 0 H H 0 e (HHBOJIIOil,HH). 
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,LI:oK8.)KeM, 'ITO KOCMI CHMMeTpIUI - rrpeo6pa3oBaHHe acpq>HHHOe. IlycTh 

rrpHMMI a rrepeceKaeT och CB TO'!Ke PH S;'(A) =A' (pHc.16), X' - o6pa3 

rrpOH3BOJihHOfi TO'IKH XE a. Tor,n;a XX' II AA'. ,LI:Jrn Tparren;HH AA'X'X no 

CBoficTBY n. 5.1 npHMhre A'X' H AX nepeceKaIOTCH B TO'!Ke P. TaK KaK 

TO'IKH pH A IIOCTOHHHhI, TO o6pa30M rrpHMOfi a HB.mi:eTCH npHMaH (PA')= 
=a'. EcJIH a II C, TO AA'= XX' H II03TOMY HMeeM rrepeHoc npHMO:i:!: a Ha 

BeKTop r =AA', T. e. a' II a. 

6.2. CoxpaHeHHe rrapa.JIJieJibHOCTH rrpSIMbIX rrpH acpcpHHHblX 
rrpeo6pa30BaHHHx. PaccMOTpHM rrepBhre cJie,n;cTBHH orrpe,n;eJieHHH acp

cpHHHhIX npeo6pa30BaHHfi. 

TeopeMa. 06paa'bt napaMe.rlibtt'btX np.H,M'btX npu aefxfiutttto.M npeo6paao
eattuu napaMM'bH'bt Me::HCay co6ou. 

B caMOM ,n;eJie, ecJIH napaJIJieJihHhre npHMhre a H b rrepexo,n;HT npH acp

cpHHHOM rrpeo6pa3oBaHHH f B npHMhre a' H b', TO a' II b', rrocKOJihKY rrpe,n;

IIOJIO)KeHHe 0 TOM, 'ITO a' n b' = M', npHBO,l.l;HT K rrpOTHBOpe'IHIO: TO'IKa M' 
He HMeeT npoo6pa3a rrpH rrpeo6pa30BaHHH f, XOTH BCHKOe npeo6pa30BaHHe 

B3aHMHO o,n;Ho3Ha'IHO no orrpe,n;eJieHmo. 

CJie,LJ;CTBHe. !Ipu aefxjJuHHOM npeo6paaoeaHuu f cepeauHa ompeaK;a AB 
omo6pa::HCaemcJf, Ha cepeauny ompeaK;a c 1'0H'4a.Mu A'= f(A) u B' = f(B). 

,LI:JIH ,n;oKa3aTeJihCTBa IIOCTpOHM npOH3BOJihHhlll napaJIJieJIOrpaMM 

AMEN c ,n;HaroHaJihIO AB. Ero ,n;HaroHaJIH AB H MN HMeIOT o6rn;yro 

cepe,n;nHy C. Ilo npe,n;hl,n;yIIJ;eil: TeopeMe o6pa3oM 3Toro rrapaJIJieJiorpaM

Ma HBJIHeTCH rrapaJIJieJiorpaMM A'M'B'N'. To'!Ka C' rrepeceqemrn ero 

,n;HaroHaJieil: eCTh o6pa3 TO'IKH c npH acpcpHHHOM npeo6pa30BaHHH f. 
6.3. TeopeMa ,ll;ap6y 7 • Aefxfimmoe npeo6pa

aoeaHue omo6pa::HCaem ompeao1' tta ompeao1'. 
,n: 0 Ka 3 a T e JI h c T B o. lb Toro, 'ITO KOHIJ;hl 

oTpe3Ka AB nepexo,n;HT npH acpcpHHHOM npeo6-

pa30BaHHH B KOHIJ;hl oTpe3Ka A' B', H H3 orrpe

,n;eJieHHH acpcpHHHoro npeo6pa3oBaHHH eIIJ;e cpa3y 

He CJie,n;yeT, 'ITO o6pa3oM oTpe3Ka AB HBJIHeTCR 

oTpe30K A' B'. Ha,n;o ,n;oKa3aTh, 'ITO B H y T p e H -

D 

PHc.17 

H H e TO'IKH oTpe3Ka AB OTo6pa)KaIOTCR Ha B H y T p e H H H e TO'IKH oT

pe3Ka A'B'. O'IeBH,n;Ho, ,n;ocTaTO'IHO rroKa3aTh, 'ITO BHeurnHe K oTpe3Ky AB 
TO'IKH rrepexo,n;HT B TO'IKH, BHeIIIHHe K oTpe3KY A' B'. IlycTh TO'!Ka C npR

MOfi AB TaKoBa, 'ITO B Jie)KHT Me)K,n;y AH C. IlocTpOHM Tparren;Hro, B Ko

Topoil: ,n;aHHhie TO'IKH A H B RBJIRIOTCR cepe,n;HHaMH ee OCHOBaHHfi (pHc. 17). 

6 racTOH ,IJ:ap6y (1842-1917) - BH,ll;Hbll!: ci>paHizy3CKHl!: MaTeMaTHK, MHOI'OJieTHHl!: rrpe-
3H,D;eHT IlapmKcKol!: AH, 'IJieH IleTep6yprcKol!: AH. OcHoBHhie ero TPYAhI OTHOCHTCH K 
i:i;n<l>cl>epemi;HaJihHOl!: reoMeTpHH H i:i;nci>cpepeHIJ;HaJihHbIM ypaBHeHHHM. 
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Ilo CBOHCTBY Tparreu;1rn ee 6oKOBhle CTOpOHbl rrepeceKaIOTC.H B TO"!Ke D rrp.H

MOH AB, BHerrrne:ll K OTpe3KY AB. IloKa)KeM, "ITO ocHoBamrn Tparreu;1rn 

MOryT 6hITb BbI6paHhl TaK, "ITO B3.HTa.H paaee TO"!Ka c OKa)KeTC.H cepe,ri;H

HOH OTpe3Ka DE (E - TO"!Ka rrepece"!eHH.H ,ri;HaroHaJie:ll Tparreu;HH). IlycTh 
- - 1 - -AE = a· AB ( 2 < a < 1) H AD = (3 ·AD ({J > 1). Ilo HarneMy Tpe6oBaHHIO 

Heo6xo,ri;HMO, "!T06bI BhlllOJIH.HJIOCb paBeHCTBO 

-1-- 1 -
AC= '2 · (AE +AD)= 2(a + (3) ·AB. 

C .ri;pyro:ll CTOPOHhI, nyCTh AC =')'·AB, r.ri;e ')' > 1 no Bb16opy TO"IKH C. Tor.ri;a 
1 

,ri;OJI)KHO BhlllOJIH.HThC.H paBeHCTBO ')' = 2 (a + (3). CHcTeMa ycJIOBHH 

1 1 
2 <a<l, f3>l, ')'= 2(a+,B), ')'>1 

2 (3 2 4 .. c 0 B M e c T H a: HarrpHMep, a = 3' = ' ')' = 3 - 0.IJ;HO H3 B03M0)KHbIX ee 

pemeHHH. IloaToMy )l;JI.H JII06oro OTpe3Ka AB Bcer.ri;a cyII1eCTByeT BcrroMo

raTeJihHa.H Tparreu;H.a, rrpH KOTopo:ll TO"!Ka C 6y,ri;eT cepe,ri;HHOH OTpe3Ka DE. 
BhrnOJIHHM a<P<l:>HHHOe npeo6pa3oBaHHe f. B CHJIY coxpaHeHH.H napaJIJieJih

HOCTH rrp.HMbIX o6pa30M Tparreu;HH .HBJI.HeTC.H TaK)Ke Tpaneu;H.H, B KOTOpoll: 

TO"IKH D' HE' - o6pa3hI TO"leK DH E, a cepe,ri;HHa C' oTpe3Ka D'E' -
o6pa3 cepe,ri;HHhI C oTpe3Ka DE. TeopeMa ,n:ap6y ,ri;oKa3aHa. D 

§ 7. TJucJWB'bte uueapum-tm'bt a<fi<fju'H'H'btX 
npeo6pa3oeauuu 

7.1. 0THOIIIeHne KoJIJIHHeapHhIX BeKTopoB. Ifa HHBapHaHTHOCTH 

rrapaJIJieJihHOCTH rrp.HMbIX H orrpe.ri;eJieHH.H paBHbIX 0Tpe3KOB CJie.ri;yeT, "!TO 

a<P<l:>HHHOe rrpeo6pa30BaHHe OT06pa)KaeT paBHhie 0Tpe3KH Ha paBHbie OT

pe3KH, H, 3Ha"!HT, o6pa30M BeKTOpa .HBJI.HeTC.H BeKTOp. 

TeopeMa. Arfxfiu'H:Noe npeo6paao6a1-me coxpa'H,.H.em om'H,oWe'H,ue 'IC0.11./1,U'H,e
ap'H,'btX 6ex:mopo6. 

,n: o Ka 3 a T e JI h c T B o. CHa"!aJia ,ri;oKa)KeM 3TO YTBep)K.ll;eHHe )l;JI.H coHa

rrpaBJieHHhIX B8KTOpOB. IJyCTb a= A·b ().. > 0) Ha' H b
1 

- o6pa3bl B8KTOpOB 

a H b IIpH a<l:>cPHHHOM rrpeo6pa30BaHHH f. ,Il;oKa)KeM, "ITO a' = A· b
1 

IIpH TOM 

)1{8 3Ha"!8HHH >... PaBeHCTBO a = ).. . b He 3aBIICHT OT Bb16opa rrpe,ri;cTaBIITeJie:ll 
- - - p q 
AB =a H AC= b B8KTOpOB. To"!KII A, B' c KOJIJIIIHeapHbl. IlyCTh n H n -

AB 
pau;HOHaJihHhie rrp116JIII)K8HII.H .ri;e:llcTBIITeJihHoro "!IICJia >.. = AC : 

p q 
:n ~>..~ :n· 

A- p - - q -
IlocTpOIIM TO"!KII p II Q, .IJ;JI.H KOTOpbIX p = n. AC H AQ = n. AC. 0Tpe-
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30K AP co.n;ep2KHT p oTpe3KOB, Ka)K,ll;hiii H3 KOTOphlx paBeH oTpe3KY A~, 
oTpe30K AQ co.n;ep2KHT q TaKHX oTpe3KOB. B c11ny cJie.n;cTBH.H H3 rr. 6.2 ,ll;JI.H 

o6pa3oB A', B', C', P', Q' To'IeK A, B, C, P, Q BhIIIOJIH.HeTc.H aHanorH'I

Hoe CBOHCTBo: OTpe3oK A' P' co.n;ep2KHT p oTpe3KOB, Ka)K,ll;biii: H3 KOTOpbIX 

A'C' 
paBeH oTpe3KY ---;::;:- , a oTpe30K A'Q' co.n;ep2KHT q TaKHX oTpe3KOB. EcnH 

IIOJI02KHTb 1 'ITO a'=),/."[)', TO OTCIO,ll;a 6y.n;eM HMeTb 

E...A'C' !"'.:: A.'·A'C' !"'.:: i.A'C' 
n "' "' n 

11 rro3TOMY ~ :( X :( *. HepaBeHCTBa ~ :( >.. :( * 11 ~ :( X :( * HMeIOT MecTo 

o.n;HoBpeMeHHO ,ll;JI.H JII06oro HaTypaJibHoro 'IHCJia n, T. e. A.' = >... 
CoHarrpaBJieHHOCTh 11, 3Ha'IHT, rrpoTHBOHanpaBJieHHOCTh BeKTopoB HHBa

pHaHTHhI OTHOCHTeJihHO a¢¢HHHblX rrpeo6pa30BaHHiL Ilo3TOMY H3 ,ll;OKa-

3aHHOrO CJie.n;yeT HCTHHHOCTb yTBep2K.n;eHH.H H ,ll;Jl.H rrpOTHBOHarrpaBJieHHbIX 

BeKTOpoB (paccy2K.n;eHHe OT rrpoTHBHoro). D 

CJie,z:i;cTBHe 1. A<fxfiutti-we npeo6paaoeattue coxpattJ1,em omttowettue 
mpex mo"ie'IC np.fl,.Mou. 

CJie,z:i;cTBHe 2. Coomeemcmeetttt'ble a<fxfiutttt'bte '/Coopauttam'bt coomeem
cmeetttt'btX mo"ie'/C ( u ee'X:mopoe) e coomeemcmeetttt'btx cucme.Max 'X:oopau
ttam pa6tt'bt. 

,II:eii:CTBHTeJibHO, a¢¢HHHbie KOOp,ll;HHaTbl TO'I

KH !IJ(x,y) eCTb OTHOllleHH.H Tpex TO'IeK rrp.HMOH 

(pHC. 18): 

a OHM .HBJI.HIOTC.H HHBapHaHTaMH. 

7. 2. HHeapHaHTHOCTb OTHOI.IIeHHSI nJI01u;a,n;eii nJIOCKHX qmryp 

.n;mr rrapbl COOTBeTCTBeHHbIX rrapaJIJieJiorpaMMOB H rrapbl COOTBeTCTBeHHblX 

TpeyroJibHHKOB cpa3y CJie.n;yeT H3 reoMeTpH'IeCKOro CMbICJia KOCoro rrpOH3-

Be.n;eHH.H BeKTopoB H ¢opMyJI (I.3) H (I.5). B caMoM .n;eJie, ecJIH TpeyroJihHHK 

ABC a¢¢HHHO 0T06pa2KaeTC.H Ha TpeyrOJibHHK A'B'C' H perrep (0, e1, e2) 
Ha perrep ( 0', e~, e;), TO 110 CJie,ll;CTBHIO 2 HMeeM 

CA=a1·e1+a2·e2, CB=b1·e1+b2·e2, 

Tor.n;a 

SA'B'C': SABC = (C'A' 0 C'B'): (CA 0 CB)= 

= 1~~ ~:I (e~ oe;): 1~~ 
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IITaK, OTHOIIIemre rrJiom;a;::t;H o6pa3a TpeyroJihHHKa K rrJiorn;a;::t;H 3Toro Tpe

yroJihHHKa paBHO KOCOMY IIpOH3Be;::t;eHIIIO e~ 0 e~ 6a3HCHbIX BeKTOpOB rrpeo6-

pa30BaHHOrO perrepa, T. e. paBHO orrpe;::t;eJIHTemo t:. = I~~ ~~I' cocTaBJieHHOMy 

H3 KOOp;::t;HHaT 6a3HCHbIX BeKTOpOB rroJiyqeHHOro perrepa B rrpe2KHeM perrepe. 

IIJiorn;a;::t;h MHoroyroJihHHKa orrpe;::t;eJIHeTCH rryTeM pa3JI02Kemrn ero Ha 

TpeyroJihHHKH, a IIJIOm;a;::t;h mo6oli KBa;::t;pnpyeMOH IIJIOCKOH qmrypbl c KpH

BOJIHHeHHOH rpaHHIJ;eH - rrpe;::t;eJibHbIM nepexo;::t;OM H3 IIOCJie;::t;OBaTeJihHOCTeH 

IIJiorn;a;::i;eli BIIHCaHHbIX B Hee H OIIHCaHHbIX OKOJIO Hee MHOroyrOJibHHKOB. 

CJie;::t;oBaTeJihHO, rroJiyqeHHhIH BhIBO;::t; coxpattHeT CHJIY H ;::t;JIH OTttomemrn 

IIJiom;a;::i;eli mo6hIX ;::t;BYX c 0 0 T B e T c T B e H H bl x q:rnryp rrpH a¢¢n:HHOM 

rrpeo6pa30Bamrn. 

If3 IIOJiyqeHHOH 3aBHCHMOCTH CJie;::t;yeT BbIBO;::t;: om'Howei-me n.11,ow,aoeu ./l,'/0-

6'btX <fm2yp pae'Ho om'Howe'Huw n.11,ow,aoeu ux o6pa3o6 npu arfajju'H'HOM npe

o6pa3o6a'Huu n.11,ociwcmu: 81: 82 = 8~: 8~. 
B qacTHOCTH, rrpH t:. =± 1 a6comOTHaH BeJIHqHHa rrJiom;a;::t;H ¢uryphr 

OCTafacH HeH3MeHHOH npH a¢¢HHHOM rrpeo6pa30BaHHH IIJIOCKOCTH. 

Onpe,n;eJiettne. A¢¢HHttoe rrpeo6pa3oBaHHe, coxpaHHIOm;ee rrJiorn;a;::t;H 

IIJIOCKHX ¢uryp (no a6COJIIOTHOH BeJIHqHHe)' Ha3brnaeTCH 3'1'6Uarfajju'H'H'bt.M 

npeo6pa306a'HUe.M. IlpHMepoM 3KBHa¢¢HHHOro rrpeo6pa30BaHHH CJIY2KHT 

rrepeHoc. 

7.3. A<P<l>nHtthle npeo6pa3oBaHHH nepBoro H BToporo po,n;oB. 

OpHettTaIJ;HH TpeyroJibHHKa orrpe;::t;eJIHeTCH rr o p H ;::i; K o M 3 a rr H c H ero 

BepIIIHH. IlpH 3TOM ;::t;Ba TpeyrOJibHHKa c o6m;eli CTOpOHOH 6y;::t;yT opHeH

THpOBaHhI O,l];HHaKOBO TOr;::t;a II TOJibKO TOr;::t;a, KOr;::t;a OHH Jie2KaT B O,l];HOH 

IIOJIYIIJIOCKOCTH OT 3TOH CTOpOHhI, H opHeHTHpOBaHhI rrpOTHBOIIOJIO)KHO 

B rrpOTHBHOM cJiyqae (ttarrpaBJieHHe HX o6m;eli CTOpOHbI B opn:eHTaIJ;HHX 3THX 

TpeyrOJibHHKOB tteo6xo;::t;HMO O,l];HO H TO )Ke). 

Ilpn: BbI6paHHOM rropH;::t;Ke ;::t;Be B03M0)KHble opHeHTari;n:n: TpeyrOJibHHKa co

OTBeTCTBYIOT ;::t;ByM CJiyqaHM 3HaKOB KOcoro rrpOH3Be;::t;eHHH yrropH;::t;oqeHHOH 

rrapbl BeKTOpOB ero CTOpOH. 

IlJiorn;a;::i;n: pa3JIHqHO opHeHTHpOBaHHbIX TpeyroJibHHKOB OTJin:qaIOTCH 3Ha

KOM 6e3 yqeTa HX a6COJIIOTHbIX BeJIHqHH. Ilo3TOMY H3 BbIBO;::t;a 06 HHBapn:aHT

HOCTH OTHOIIIeHHH IIJiom;a;::i;eli JII06hIX ;::t;Byx opHeHTHpOBaHHhIX ¢n:ryp HMeeM 

TaKoe CJie,lJ;CTBHe. 

Arfajju'H'HOe npeo6pa3o6a'Hue nepe6ooum .11,106'bte 06a oou'Ha'l\',060 opue'Hmu

po6a'H'H'btX mpey20.11,'b'HU'l\',a 6 06a oou'Ha'l\',060 opue'l-tmupo6a'H'H'btX mpey20.11,'b

'l-tU'l\',a, a .11,106ue 06a npomu6ono.1w:J1C'HO opue'Hmupo6a'H'H'btX mpey20.11,'b'l-tu
'l\',a - 6 06a npomu6ono.11,o:J1C'HO opue'Hmupo6a'Htt'btX mpey20.11,'b'/iU'l\',a. Ilpn 3TOM 

B03M0)KHbI ;::t;Ba H TOJibKO ;::t;Ba CJiyqa51: JIH6o a¢¢HHHOe rrpeo6pa30BaHHe 
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c 0 x p a H a e T OplieHTau;mo K a )K ,n; 0 r 0 TpeyrOJibHHKa, JIH6o H 3 M e H a -

e T ee Ha rrpOTHBOIIOJI02KHYIO. B rrepBOM CJiyqae acl>qmHHOe rrpeo6pa30BaHHe 

Ha3hrnaeTca rrpeo6pa3osaHHeM nepeo20 pooa, Bo BTopoM cJiyqae - acl>cl>ttH

HhIM rrpeo6pa3oBaHHeM emopo20 pooa. HarrpHMep, rrepeHoc H roMoTeTHa -

acl>cPHHHbre rrpeo6pa3osaHHa I po,n;a, Kocaa CHMMeTpHa - acl>cPMHHOe rrpe

o6pa3oBaHHe II po,n;a. 

§ 8. K O'l-lcmpy'K;mUB'l-We 3aJa'J-lue u 'K;OopJu'l-lam'l-l'bte 
<fiop.MyJL'bl a<fi<fiu1-l1-lo20 npeo6pa3oBa1-lU.fl 

8.1. TeopeMa 0 38,ll;a.HHH a<l><l>HHHOro npeo6pa30BaHH~. EcJiu oa
'H'bt mpu i-te'IW.11.f!Ui-teapi-tue mo"l'X:U A, B, C u mpu i-te'YW.fl,.f/,Ui-teapn'bte mo"l'K:U 
A', B', C', mo cyw,ecmeyem eoui-tcmeei-ti-toe a<fxfmni-toe npeo6paaoeai-tue f 
n.!Wc'K:ocmu, npu 'X:omopo.M f(A) =A', f(B) = B', f(C) = C'. 

A 

Puc. 19 

,II; o K a 3 a T e JI h c TB o. IIycTb M - rrpOM3BOJibHaa TOqKa IIJIOCKOCTH. 

IIpose,n;eM rrpaMbre MM1 II BC H MM2 II AC, M1 E (AC), M2 E (BC) (pHc.19) 
H rrocTpOHM ToqKM M{ E (A'C'), M~ E (B'C') TaK, qT06b1 BhIIIOJIH5IJIHCb pa-

BeHCTBa 
C'M' _ CM1 
C'A' - CA' 

(I.9) 

-Y:epe3 M{ H M~ rrpose,n;eM rrpaMhre, rrapaJIJieJibHbre C'B' H C'A' cooTseT

CTBeHHO. ToqKa M' HX rrepeceqeHHa cyru;ecTsyeT, TaK KaK C'B' ,rt C'A'. 
IIpeo6pa3osaHHe f: M-+ M' IIJIOCKOCTH aBJiaeTca a cl> cl> H H H hl M rrpe-

06pa3osam1eM. B caMoM ,IJ,eJie, 3a,IJ,a,IJ,MM acl>cPMHHbre perrepbI ( C, CA, CB) M 

(C', C'A', C'B'). EcJIH x, y - KOOp,n;MHaThI ToqKH M OTHOCHTeJibHO rrepsoro 

perrepa, TO B CMJIY COOTHOIIIeHllH (I.9) TOqKa M' HMeeT paBHbie HM COOT

BeTCTBeHHbie KOOp,ll;MHaTbl OTHOCHTeJibHO BTOporo perrepa. IIycTb rrpaMaa 

m ,n;aHa CBOHM ypasHemreM ax + by + c = 0 s rrepsoM perrepe. Tor,n;a MH02Ke

CTBO o6pa30B ee TOqeK rrpH paccMaTpllBaeMOM rrpeo6pa30BaHMM f: M-+ M' 
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6y,n;eT HMeTb TO )Ke caMoe ypaBHeHHe BO BTOpOM peIIepe H, CJie,n;oBaTeJibHO, 

~rnm1eTC5! II p 51 M o :H JI H H H e :H. B '!aCTHOCTH, TO'IKH A H A', B H B', C 
H C' HMeIOT cooTBeTCTBeHHO paBHbre Koop,n;HHaThI B ,n;aHHbIX peIIepax, H 

II03TOMY f(A) =A', f(B) = B', f(C) = C'. 
CyII!eCTBOBaHHe HCKOMoro IIpeo6pa3oBaHH5! f ,Il;OKa3aHo. ,Il,oKa2KeM ero 

e,n;HHCTBeHHOCTb. EcJIH 6hr cyll!eCTBOBaJio ,n;pyroe a¢¢HHHoe IIpeo6pa3oBa

HHe g, IIpII KOTopoM g(A) =A', g(B) = B', g(C) = C', TO Ha ocHoBaHIIH 

acpcpHHHhrx IIHBapIIaHTOB MbI 6hr Heo6xo,n;HMO IIOJIY'IIIJIII, 'ITO g(M) = M' 
,n;JI5! mo6o:H TO'IKH M IIJIOCKOCTH, T. e. g = f. D 

BhmOJIHeHHoe B xo,n;e ,n;oKa3aTeJibCTBa IIOCTpoeHHe ecTh o,n;IIH II3 B03-

M02KHhrx CIIoco6oB IIOCTpoeHH5! o6pa3a M' ,D;JI51 IIpOH3BOJibHO:H TO'IKII M 
IIJIOCKOCTH IIpH acpcpIIHHOM IIpeo6pa30BaHIIH, 3a,n;aHHOM TpeM5! IIapaMH co

OTBeTCTBeHHbIX TO'IeK. 

8.2. Koop,n;HHaTHbie cl>opMyJihI acl>cl>HHHoro rrpeo6pa3oeaHHH. 
IlyCTb JIMeeM HCXO,Il;HbIH acpcpHHHbIH peIIep ( 0, e1, e2) II OTHOCJITeJibHO Hero 

3a,D;aH BTOpOH peIIep (0', e~, e;), r,n;e e~ =al ·e1 + a2 ·e2, e; =bi ·e1 + b2 ·e2, 
O'(c1, c2). Ilo TeopeMe II3 II. 8.1 3THMH ,D;BYMH peIIepaMII oIIpe,n;eJieHo a¢

cpIIHHoe IIpeo6pa3oBaHIIe IIJIOCKOCTH. Ha:H,n;eM 3aBIICIIMOCTh Me)K,Il;J Koop,n;H

HaTaMII coOTBeTCTBeHHbIX TO'IeK M(x, y)--> M'(x', y') OTHOCIITeJibHO Hcxo,n;

Horo peIIepa (0, e1, e2). llMeeM OM'= 00' + O'M'. IlocKOJibKY TO'IKa M' 
HMeeT Te )Ke KOOp,IJ;HHaTbI x, y BO BTOpOM peIIepe, 'ITO H TO'!Ka M B HCXO,D;

HOM, TO IIpe,IJ;bI,D;yll!ee paBeHCTBO B KOOp,IJ;HHaTax IIpHMeT BH,Il; 

IJocJie 3aMeHbI BeKTOpOB e~ II e; HX Bbipa2KeHH5!MH IIOJiy'!aeM 

OTKy,n;a 

(I.10) 

IIpw1eM ~ = I~~ ~~ \ -=1=- 0, TaK KaK BeKTOpbI e~ H e; HeKOJIJIHHeapHbI. IloJiy

'!eHHbie ¢opMyJibI (I.10) Bbipa2KaIOT HCKOMYIO 3aBHCHMOCTb H Ha3bIBaIOTC5! 

rfiop.My.1ia.Mu arfirfiwmo20 npeo6pa3oea'HUJt. 
06paTHo, ecJIII IIpeo6pa3oBaHIIe M(x, y) __, M'(x', y') 3a,n;aHo ¢opMyJia

MH (I.10) IIPII ~-=/=- 0, TO OHO 6y,n;eT a¢¢HHHbIM. B caMoM ,n;eJie, eCJIH ,n;aHa 
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rrpRMaJI Ax'+ By'+ c = 0 (A2 + B 2 =/:. 0), TO MHO:>KCCTBO rrpoo6pa30B ee TO

'ICK corJiaCHO COOTHOIIICHHHM (I.10) 6y,n;eT HMCTh ypaBHCHHe 

A(a1x + biY + c1) + B(a2x + b2y + c2) + C = 0, 

HJIH (Aa1 + Ba2)x + (Ab1 + Bb2)y + Ac1 + Bc2 = 0, B KOTopoM Koa¢qmu;n

eHThI rrpn x n y He paBHhI ttymo o.n;ttospeMeHHO. B rrpoTHBHOM cJiyqae o.n;

ttopo.n;ttaR JIHHeil:HaR cncTeMa OTHOCHTCJihHO A H B 

" 1a1 a21 HMeJia 6hI orrpe,n;eJIHTCJih L.l = bi b2 = 0, IIOCKOJibKY OHa HMCeT HeHyJiesoe 

peIIIeHne (A, B), 'ITO rrpoTnsope'IHT ycJioBHIO A=/:. 0. CJie,n;osaTeJihHO, rrpe

o6pa3osattne (x', y') ----t (x, y) a¢¢nHHOe. Tor.n;a H rrpeo6pa30BaHne (x, y) ----t 

----7 (x', y'), 3a,n;aHHOe ¢opMyJiaMH (I.10), TaK:>Ke a¢¢HHHOe. 

3HaK orrpe,n;eJIHTeJia D. ¢opMyJI (I.10) a¢¢nttHoro npeo6pa3oBaHHa HMe

eT HarJIR,D;HOe reoMeTpH'ICCKOe HCTOJIKOBaHne: rrpH D. > 0 a¢¢nHHOe rrpe

o6pa30BaHHe eCTh a¢¢nttHoe rrpeo6pa3osattne rr e p B o r o p o .n; a, a rrpn 

b.<0-otto BTOporo po.n;a (cM. rr.7.2nrr.7.3). 

,ll;JIR IIpHMepa paCCMOTpHM KOCJIO CHMMCTpHIO. ECJIH BCKTOp e1 - Ha

rrpaBJIHIOIIJ;HH BCKTOp ee OCH, a BCKTOp e2 onpe,n;eJIRCT ee HarrpaBJICHHe, TO 

KOCaa CHMMCTpHR HMeeT KOOp,D;HHaTHbie ¢opMJJibl x' = x, y' = -y, II03TOMY 

D. =I~ _~I= -1. CJie,n;osaTeJihHO, iwca.H, CU.M.Mempu.H, nJwciwcmu J1,6.11,J1,emcJ1, 

3,,,;euaifxfiutttt'b/,.M, npeo6paaoeattue.M emopo20 poaa. 

§ 9. H enodeuate'H'ble mO'l/,'l\,U 

u 'HeU3.Me'!-l.fle.M/bte HanpaBJte'HU.fl 

9 .1. Heno,z:i;BinKHbie TOqKH. To'IKa Ha3bIBaeTC51 1tenoaeuaicttou ( aeou-
1tOU) TO'IKO:ii a¢¢HHHOro rrpeo6pa30BaHHR, CCJIH OHa cosrra.n;aeT co CBOHM 

o6pa30M. 

Ilpose,n;eM nccJie,n;osaHHe a¢¢nttttoro rrpeo6pa3oBaHnR, 3a,n;aHHoro ¢op

MyJiaMH (I.10). TaK KaK ,D;JIR HCIIO,D;BH:>KHOH TO'IKH x' = x, y' = y, TO KOOp

.n;1rnaTbl HCIIO,D;BH:>KHbIX TO'ICK RBJIRIOTCH perneHHRMH CHCTCMbl ypaBHCHHH 

{ 
(a1 - l)x+b1y+c1 =0, 

a2x + (b2 - l)y + c2 = 0. 
(I.11) 
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Bo3MO)KHhI TpH cJiyqa£. 

a1 - 1 -'- b1 C (I ) 1. --- / -b 1. HCTeMa .11 HMeeT e,n;HHCTBeHHOe perneHHe. A<P-
a2 2 -

cPHHHOe rrpeo6pa30BaHHe HMeeT e,n;HHCTBeHHYIO Herro,n;BH)KHYIO TOqKy, Ha-

3bIBaeMyIO u,ettmpo.M 3Toro rrpeo6pa3oBaHH5I. TaKoe rrpeo6pa30Bam1e Ha3hI

BaeTC5I v,ettmpoaifxjJU'l-t'li'bi.M rrpeo6pa3oBaHHeM. IlpHMepOM 5IBJI5IeTC5I I'OMOTe

TH5I. 

2. ai -
1 = b bi 

1 
=J ci. CHcTeMa (I.11) HeCOBMeCTHa. A<P<PHHHOe rrpeo6-

a2 2 - c2 
pa30BaHHe He HMeeT Herro,n;BH)KHbIX ToqeK. IlpHMepOM CJIY)KHT rrepeHOC. 

3. ai -
1 = b bi 

1 
= ci. CHcTeMa (I.11) JIMeeT JIHIIIh o,n;Ho He3aBJICJI-

a2 2 - C2 

Moe ypaBHeHJie. MHo)KeCTBOM Heno,n;BJI)KHhIX ToqeK £BJI£eTC5I n p 5I M a£. 

B 3TOM cJiyqae a<PcPHHHOe npeo6pa3oBaHJie Ha3hrnaeTc5I poi)cm6eHH'bi.M npe

o6pa3oBaHJieM, JIJIH poacm60M, a IIp5IMa5I HeITO,n;BJI)KHbIX ToqeK - OC'b10 
po,n;cTBa. Och po,n;cTBa JIMeeT ypaBHeHJie, coBrra,n;aroITiee c o,n;HJIM H3 ypaB

HeHJiii (I.11) (B qaCTHOCTJI, c TeM, KOTOpoe He o6paITJaeTC5I B TO)K,n;ecTBO). 

Koca£ CJIMMeTpJI5I - npJIMep po,n;cTBeHHoro npeo6pa3oBaHJI5I. 

9.2. HeH3MeHSieMbie HanpaBJieHHSI. IIocKOJibKY a$$JIHHoe npeo6pa-

30BaHJie coxpaH5IeT napaJIJieJibHOCTb np5IMhIX JI COHanpaBJieHHOCTb Jiy<Ieii, 

TO OHO nepeBo,n;JIT BC5IKOe H a II p a B JI e H JI e B COOTBeTCTBYIOilJee H a -

n p a B JI e H JI e, onpe,n;eJI5IeMoe HettyJieBbIM BeKTOpOM s ( c TOqHOCTbIO ,n;o 

npoJI3BOJihHoro MHO)KJITeJI£ >.). EcJIJI a<P<PJIHHoe npeo6pa3oBaHJie f oTo6-

pa)KaeT Ilp5IMYIO a Ha napaJIJieJihHYIO np5IMYIO a'' TO rOBOp5IT, qTo np5IMa5I a 
HM€€T J-teU3.Mei-tJie.MOe i-tanpa6Jtei-tue, a HarrpaBJI5IIOITJJift BeKTOp T 3TOft np5I

MOft Ha3bIBaeTC5I co6cm6e1-t'l-t'bt.M 6e'K:mopoM a$$JIHHoro rrpeo6pa3oBaHJI5I. 

Haii,n;eM ycJIOBJI5I cyllJeCTBOBaHJI5I JI B03MO)KHOe qJicJio HeJI3MeH£eMbIX Ha

rrpaBJieHHii IlpOJI3BOJibHOro a$$JIHHOro rrpeo6pa30BaHJI5I, 3a,n;aHHOro <Pop

MyJiaMH (I.10). IlyCTb BeKTopy r =OM= (x, y) COOTBeTCTByeT BeKTOp r = 
=OM'= (a 1x + b1y, a2 x + b2y) (TaK)Ke OTJIO)KeHHhiii OT HaqaJia 0). A<P

cPJIHHoe rrpeo6pa30BaHJie f rropO)K,n;aeT COOTBeTCTBYIOilJee a<P<PJIHHOe npe
o6pa3o8aJ-tue ee'K:mopo6, JIMeIOilJee <PopMyJihI 

{ 
x: = aix + biy, 

y = a2x + b2Y· 

B cJiyqae, ecJIJI BeKTop r 5IBJI£eTC5I co6cTBeHHhIM BeKTopoM a$$JIHHoro 

rrpeo6pa30BaHJI5I f, JIMeeM r' = AT. cho paBeHCTBO paBHOCJIJibHO CJICTeMe 

JIJIH (I.12) 
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CncTeMa (I.12) HMeeT HeHyJleBhle perneHmI TOr,n;a H TOJibKO Tor.n;a, Kor.n;a ee 

oITpe,n;eJIHTeJih paBeH Hymo: 

(I.13) 

9To ypaBHeHne Ha3hIBaeTc.H xapanmepucmu"leC'/f,U.M ypaeueuue.M acl>cl>nHHO

ro ITpeo6pa3oBaHmI (I.10), aero KopHH - xapanmepucmu"tecnu.Mu 'X:,Optt.ft.MU. 

YpaBHeHne (I.13) 3aITnmeM B Bn,n;e 

(I.14) 

TaK KaK b. ¥- 0, TO ITO TeopeMe BneTa (..\1..\2 = b.) o6a xapaKTepHCTH':rnCKHX 

KOpH.a OTJrn:qHhI OT HyJI.a. Ilpn: ,\ = ,\1 n: ,\ = >i2 H3 cn:cTeMhI (I.12) Haxo,n;.aTc.a 

(c TOqHOCTbIO .n;o MHO:lKHTeJI.a) KOOp,ll;HHaThI co6CTBeHHblX BeKTOpOB 7\ H f2. 

1haK, '/f,a~do.My deucmeume.n.'btto.My xapa'/f,mepucmu"tecno.My noptt'IO co

omeemcmeyem odtto tteua.Mett.fte.Moe uanpa6J1,ettue, a pa3Jl,U"ltt'btM xapanme

pucmu"tecnuM nopttRM - paatt'bte ueuaMett.fteM'bte uanpaeJ1,ettu.ft. 

TaK KaK KOpHH xapaKTepncTnqecKoro ypasHeHH.H nMeIOT orrpe,n;eJieHHhiil: 

reoMeTpnqecKHil: CMhICJI, TO OHH He 3aBHC.HT OT Bhl6opa CHCTeMhI KOOp,lJ;HHaT. 

IIm)TOMY He 3aBHC.HT OT cncTeMbI Koop,n;nHaT H nx cyMMa ,\1 + ..\2 = a1 + 
+ b2 H ITPOH3Be,n;eHne ..\1..\2 = b.. CJ1e,n;oBaTeJ1bHo, .HBJI.HeTc.a HHBapHaHTHhIM 

H caMo xapaKTepncTnqecKoe ypaBHeHHe (I.14). 
,II.ncKpHMHHaHT xapaKTepn:CTHqecKoro ypaBHeHH.H (I.14) paBeH 

OH HeoTpmJ;aTeJieH, B qacTHOCTH, ITPH b. < 0. IIoaToMy xapa'/f,mepucmu"tec

nue 'X:,Opttu aefxfiuuuoeo npeo6paaoeattu.ft emopoeo poda eceeda deucmeumM'b
tt'bt U pa3Jl,U"l,'H,'bl. 

CpaBHHBa.H xapaKTepncTnqecKoe ypaBHeHne (I.13) c ycJIOBH.HMH 2 n 3 
H3 IT. 9.1, 3aMeqaeM, 'ITO ITPH 9THX YCJIOBH.HX qnCJIO ,\ = 1 CJIY:lKHT KOpHeM 

xapaKTepncTnqecKoro ypaBHeHH.H. 0Tcro.n;a cJ1e,n;yroT TaKne BhIBO,ll;hI. 

1. Aefxfiuttttoe npeo6paaoeattue tte u.Meem ttenodeu~'H'btX mo"te'K: UJl,U u.Me

em npRMY'IO uenodeu~nux mo"le-x: ( oc'b podcmea) moeda u moJ1,'b'/f,O moeaa, 

-x:oeda xom.ft 6'bt odutt xapa-x:mepucmu"teC'lf,UU '/f,Opett'b paeeu 1. 

2. EcJl,U o6a xapa'/f,mepucmu"lec'/f,UX 'X:,OpttR om/lU"l'H'bt om 1, mo aefxfiuHnoe 

npeo6paaoeauue .ft6J1,.ftemc.ft v,eumpoaefxfiuntt'btM. 

5IcHo, 'ITO ITPH ,\1 = ..\2 a<Pcl>nHHOe ITpeo6pa3oBaHne HMeeT e,n;HHCTBeH

Hoe HeH3MeH.aeMoe HaITpaBJieHne. 0Tcro.n;a ecJIH >.1..\2 = 1 (T. e. b. = 1), TO 

acl>cl>HHHOe ITpeo6pa30BaHHeM .HBJISieTC.H 9 K B H a cP cP H H H bl M IT p e 0 6 -
p a 3 o B a H n e M IT e p B o r o p o .n; a. 



§ 10. PoacmBett'H:bte npeo6paao6attUJ1, 

3a,n;aqa. Haii:TH HeH3Mem1eMbre HanpaBJieHm1 npeo6pa30BaHm1 

{ 
x; = 28x - 50y + c1, 

y = 15x - 27y + C2. 

P e III e H H e. CocTaBHM H peIIIHM xapaKTepHCTH'IeCKOe ypaBHeHHe: 

1
28 - .A -50 1--15 -27 - .A O, .X

2 
- >. - 6 = O. 

Ero KopHH: ..\1 = 3, ..\2 = -2. CHcTeMa (I.12) HMeeT BH,ll; 

{ 
(28 - >.)x - 50y = 0, 

15x - (27 + .X)y = 0. 

IlpH ..\1 = 3 HMeeM ,n;Ba 3KBHBaJieHTHhlX ypaBHeHH.H 

25x - 50y = 0, 15x - 30y = 0. 
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CJie,n;oBaTeJibHO, np.HMa.H x - 2y = 0 HMeeT HeH3MeH.HeMoe HanpaBJieHHe. IlpH 

..\2 = -2 aHaJiorH'IHO Haxo,n;HM BTopyro np.HMyro HeH3MeH.HeMoro HanpaBJie

HH.H 3x - 5y = 0. 

§ 10. PoiJcmee'J-l'l-l'bte npeo6pasoea'J-lu.ri 

10.1. CaoikTaa pop;cTaa. Po,n;cTBeHHoe npeo6pa3oBaHHe onpe,n;eJieHo 

(II. 9 .1) KaK a¢¢HHHOe npeo6pa30Bami:e, HMeIOIII;ee Ilp.HMYIO H€UO,lJ;BH)!{HbIX 

TO'leK ( ocb po,n;CTBa) . EcJIH a¢¢HHHOe npeo6pa30BaHHe HMeeT ,n;Be Heno

,ll;BH:lKHbie TO'IKH A H B, TO OHO .HBJI.HeTc.H po,n;cTBeHHhIM c OCbIO AB, TaK 

KaK ,n;JI.H Ka:lK,n;oil: TO'IKH ME (AB) H3 paBeHCTBa oTHOIIIeHHil: (AB, M) = 
=(AB, M') cJie,n;yeT coBna,n;eHHe TO'leK M HM'. 

Ilo TeopeMe 0 3a,n;aHHH a¢¢HHHOrO npeo6pa30BaHH.H po,n;CTBO p MO:lKHO 

3a,n;aTb ero ochro £ H napo.tt cooTBeTCTBeHHhIX (po,n;cTBeHHhlx) TO'leK A-> A', 
He npHHa,n;Jie)KaII!MX IIp.HMO.fi: £. 

PaccMOTpHM CBo.fi:CTBa po,n;cTBa, BhITeKaIDIII;He H3 ero onpe,n;eJieHH.H. 

1. Ka;)ICaaJI, U3 npR.M'btX, coeauttR10W,UX poacmeett'li'bte mo"tx;u, omo6pa

;)ICaemcR npu Bmo.M poacmee p na ce6R. B caMoM ,n;eJie, ecJin A rf,£, p(A) =A' 
H (AA') n £ = B, TO p(B) = B. Ilo3TOMY IIp.HMbie AB H A'B' COBIIa,n;aroT. 

EcJin )!{€ np.HMa.H AA' napaJIJI€JibHa £, TO oHa OTo6pa:lKaeTc.a Ha ce6.H Ha 

OCHOBaHHH HHBapHaHTHOCTH napaJIJieJibHOCTH IIp.HMbIX npn a¢¢nHHOM npe

o6pa30BaHHH. 

2. Poacmeett'li'bte npR.M'bte nepecex;a10mcR na ocu £ poacmea p UJl.U na

paJ1,J1,eJ1.'b'li'bt eu. ,ll;ettcTBHT€JibHO, eCJIH p(m) = m' H m n £ = p = P', TO 

np.HMa.H m' npoxo,n;nT qepe3 TO'IKY P = P'. EcJin :lKe m II £, TO m' II £ 
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m B 

M' M 
m' 

PHc. 20 PHc. 21 

rro CBOHCTBY MHBapuaHTHOCTH rrapaJIJieJibHOCTH rrpRMbIX (puc. 20). 
3. llpJl,.M'bte, 'K:aalCOaJI, U3 x;omopux npoxooum "iepe3 oee poocmeett'li'bte 

mo"ix;u, napaMeJt'b'li'bt. ,ll,ei1cTBMTeJibHO, ecnu p(A) =A', p(M) = M' u npR

MaR AM nepeceKaeT och po,n,cTBa B TO'IKe P, To (AM, P) = (A'M', P). 
Ilo TeopeMe, o6paTttoi1 06061IIeHHOi1 TeopeMe <l>aJieca, npRMbie AA' H MM' 
napaJIJieJibHhI. EcJIH )Ke npRMaR AM napaJIJieJibna £,TOH A'M' II£ no CBOH

CTBY 1. Tor,n,a ,l],JI5I mo6oi1 TO'IKII p np5IMOH AM II ee o6pa3a P' HMeeT MeCTO 

To )Ke caMoe paBencTBo oTnomenHi1 Tpex To'IeK (AM, P) = (A'M', P'), H3 

KOTOporo II cne,n,yeT ,ll,OKa3bIBaeMoe CBOHCTBO. 

HarrpaBJienHe rrpRMhIX, Ka)K.n;aR H3 KOTOpbIX co.n;ep)KHT .n;Be po.n;cTBeHHbie 

TO'IKH, na3brnaeTcR nanpaeJtettue.M poocmea. 

IIocJie.n;nHe .n;Ba CBOHCTBa .n;aroT npocToi1 cnoco6 nocTpoeHHR o6pa3a M' 
npon:3BOJibHOH TO'IKH M, eCJIH po.n;cTBO 3a.n;ano OCbIO C H napo:ii: A ---> A' 
po.n;cTBeHHblX TO'IeK: (AM) n c = P, (MM') II (AA'), M' E (PA'). 

Po.n;cTBO MO)KeT 6bITh 3a.n;ano napoi1 po,n;cTBennhIX TpeyrOJihHHKOB ABC 
u A' B'C'. B aTOM cJiyqae och po,n;cTBa CTpOHTCR no xopomo H3BecTnoi1 Teo

peMe ,IJ,e3apra; CM. [12, c. 74]. 
Po,n;cTBo, nanpaBJienHe KoToporo coBna,n;aeT c nanpaBJienHeM ero ocH, 

Ha3bIBaeTCR C06U20.M (pHC. 21). 

4. EcJtu ttanpaeJtettue poacmea 'lie coenaaaem c 'lianpa6Jte'/iUe.M e20 ocu, 

mo OC'b (}eJtum 6 oatto.M U mo.M alCe am'liO'llie'liUU 'l'LaalC(}'btU U3 ompe3'1'\,06, 

coeaU'liJl,'/OW,UX ma"i'l.U CO UX o6pa3a.MU (pHC. 20). _ 
BA' B caMOM ,n;eJie, ecJIH p(A) =A' H (AA') n £ = B, To oTnomenn:e k =-= 
BA 

TIOCTORHHO ,ll;JlR ,n,annoro pO,!l;CTBa no CBO:HCTBY OTHOilleHHR 0Tpe3KOB na na-

PaJIJieJihHblX npRMhIX. 9To oTnomenHe Ha3hrnaeTcR 'X",a::Hjxjjuv,uettmo.M poa

cmea. B 'IaCTHOCTH, ,D;JIR KOCOH CHMMeTpn:n: k = -1. 
Po.n;cTBO c n o JI o )K H T e JI h n hi M Koa¢¢m1n:enTOM na3blBaeTCR 'X",OC'bt.M 

c:J1Camue.M -x; npJt,.Mau ( npocTo -x:oc'bt.M c:J1Camue.M). 

5. C,n,Bn:r c o'IeBH,!l;HOCThIO HMeeT e,n;HHCTBennoe neH3MenReMoe nanpaBJie

nHe (nanpaBJienne c,n;mi:ra) H HMeeT npRMyIO neno,n;BH)KHbIX TO'IeK. Cornac

HO Bbrno,n;aM H3 n. 9.2 o6a xapaKTepn:CTH'IeCKHX KOpnR paBHhI 1. IIoaTOMY 
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,n;mI TO'IeK Ka:iK,D;oii: Ilp5!MOH, HMeiorn;eii HanpaBJieHHe C,Ll;BHra, BhIIlOJIH5!eT

C5! paBeHCTBO A'B' = AB, OTKy,n;a AA' = BB'. llTaK, ece mo"f,X:U npJ£.Moi1, 

U.Me'/OW,eU ttanpa6.1tettue caeuaa, C.MeW,a'/OmCJ£ tta oautt U mom iJICe eex;mop. 

9To Il03BOJI5!eT JierKO IlOCTpOHTb o6pa3bl TO'IeK npH C,Ll;BHre (pHC. 21). 

6. Poacmeo c ompuu,ame.1t'btt'bW x;o3if>ifmu,uettmo.M, om.n,u"f,ttoe om icocou 

cu.M.Mempuu, ecm'b ico.Mnoauu,uJ£ x:ocou CU.M.Mempuu u x:ocow caicamuJ£. 

10.2. Ilpep;CTaBJieHHe a<l><l>HHHOro npeo6pa30BaHHB KOMil03HD;H
eii p;ayx pop;cTBeHHbIX. IIycTh acpq>HHHOe npeo6pa30BaHHe cp 3a,n;aHo 

,D;BYM5! cooTBeTCTBeHHbIMH TpeyroJihHHKaMH ABC H A' B'C'. "l!epe3 Bepnrn

HhI TpeyroJihHHKa ABC npoBe,n;eM napaJIJieJihHhie np5!Mhie a, b, c npoH3BOJih

Horo HanpaBJieHH5! (pHc. 22), a qepe3 BepIIIHHhI TpeyroJihHHKa A'B'C' -
napaJIJieJihHble np5!Mh1e a', b', c' ,n;pyroro HanpaBJieHH5!, TaK, 'IT06hI TO'IKH 

M9, 
1 ',,Mo 
I ..._ 0- -

I CI 

- - - - -;'M' 
------ I 

I 

D1 
I I 

B B' 

PHC. 22 

(AB) n c H (A'B') n c' ,n;eJIHJIH COOTBeTCTBeHHO OTPe3KH AB H A'B' B HepaB

HbIX OTHOIIIeHH5!X. Tor,n;a TO'IKH Ao = a n a'' Bo = b n b', Co = c n c' 6y,n;yT 

HeKOJIJIHHeapHbI. TaK KaK no nocTpoeHHIO AAo 11 BBo II CCo H AoA' II BoB' II 
II C0 C', TO cyrn;ecTByeT po,n;cTBO p 1, nepeBo,n;51rn;ee TpeyroJibHHK ABC B Tpe

yroJibHHK A0 B 0 C0 , H po,n;cTBO p2 , nepeBo,n;51rn;ee TpeyroJibHHK AoB0C0 B Tpe

yroJibHHK A'B'C'. KoMn03HI!H5! p2 p1 OTo6pa:>KaeT TpeyroJihHHK ABC Ha 

TpeyroJibHHK A'B'C' H 5!BJI5!eTc5! acpcpHHHhIM npeo6pa30BaHHeM. Ilo Teope

Me n. 8.1 OHa COBna,n;aeT c 3a,n;aHHbIM acpcpHHHbIM npeo6pa30BaHHeM cp: 

'P = P2P1· 

9To npe,n;cTaBJieHHe acpcpHHHoro npeo6pa3oBaHH5! Heo,n;no3Ha'IHO: BCJie,n;

CTBHe 6oJibIIIOro npOH3BOJia B BbI6ope HanpaBJieHHH po,n;cTBa Pi H po,n;CTBa 

p2 ono MO:>KeT 6bITh BhIITOJIHeHo 6ecKOHe'IHhIM 'IHCJIOM BapHaHTOB. 

Ilpe,n;cTaBJieHHe acpcpHHHOro npeo6pa3oBaHH5! KOMil03HIIHeii: ,D;BYX po,n;

CTBeHHbIX ,n;aeT H35!Ill;Hbiii: cnoco6 nocTpoemrn 06pa3a M' TO'IKH M npH 

acpcpHHHOM npeo6pa3oBaHHH, IlOKa3aHHblH Ha pHC. 22. 
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§ 11. Ilocmpoe'l-me 'l!ie'ltmpa arf)(jjU'lt'ltOco 
npeo6paaoaa'ltU.R 

11.1. HcnoJib3oeruut:e KOMII03HD;HH .ri;eyx po,r:i;cTBeHHbIX npeo6pa-
3oBaHHH. IIycTh a¢¢nHHOe rrpeo6pa3oBaHHe <p OTJIHqHo OT po,n;cTBeHHoro 

H 3a,n;aHo ,LJ;BYMH cooTBeTCTBeHHhIMH TpeyrOJihHHKaMH ABC H A' B'C'. IIo

CTpOHM HeIIO,ll;BH)KHYIO TQqKy ( n;eHTp) 9TOro rrpeo6pa30BaHH5I. ,Il,JI5I 3TOro 

rrocTpOHM TpeyrOJihHHK A0 B0 C0 , po,n;cTBeHHhii1 Ka)K,ll;OMY H3 ,n;aHHhIX Tpe

yroJihHHKOB (pHC. 23). 8THM caMbIM Mb! rrpe,n;cTaBHJIH ,n;aHHOe a¢¢HHHOe 

rrpeo6pa30Bam1:e KOMII03Hn;Hei1 ,n;Byx po,n;cTBeHHhIX rrpeo6pa3oBaHHii Pi H p 2 . 

IIocTpOHM HX OCH Ci H £2, Ha KOTOpbIX Jie)KaT TQqKH rrepeceqeHH5I COOT

BeTCTBeHHbIX CTopoH TpeyroJibHHKOB ABC H A0 B0 C0 , A0 B0 C0 H A'B'C'. 

A 

B' 

Puc. 23 

Ilp5IMbie Ci H £2 He COBIIa,n;aIOT, H6o HHaqe rrpeo6pa30BaHHe 'P OKa3aJIOCb 6hl 

pO,LJ;CTBeHHbIM. EcJIH OHH HerrapaJIJieJibHhI, TO HX 06ru;a51 TOqKa s H eCTb HC

KOMbIH n;eHTp rrpeo6pa3oBaHH5I, <p, IIOCKOJihKY ,n;pyrHX HeIIO,ll;BH)KHbIX ToqeK 

He HMeeTC5I (nHaqe 'P 6bIJIO 6bI po,n;CTBOM). 

EcJIH Ci II £2 , TO Herro,n,BH)KHhIX ToqeK KOMII03HD;HH p2pi = <p He cyru;ecTBY

eT: ecJIH 6br <p(M) = M, TO Heo6xo,n,uMo Pi(M) = p2i(M), qTo HeB03MO)KHO, 

rrocKOJihKY HarrpaBJieHH5I rrpeo6pa3oBaHHi1 Pi H p 2 pa3JIHqHhI. 

11.2. ,ll;pyroli cnoco6 rrocTpoeHHSI u;eHTpa a<l><l>HHHoro rrpeo6-
pa3oBaHH.H 3aKJIIOqaeTC5! B Herrocpe,n,cTBeHHOM HCIIOJib30BaHHH 3a,n,aHH5I 

a¢¢HHHoro rrpeo6pa3oBamrn TpeM5I rrapaMH coOTBeTCTBeHHhIX ToqeK A --> 

-->A', B --> B', C--> C'. IIycTh BC u B'C' HerrapaJJJieJihHhI, CA H C'.A' TaK)Ke 

HerrapaJJJieJihHhI. IIpoBe,n,eM qepe3 A rrpHMYIO p rrapaJJJieJihHO BC, a qepe3 

A' rrpHMYIO p' rrapaJIJieJihHO B'C'. EcJIH BC H B' C' rrepeceKaIOTC5I B ToqKe 
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M1, a p M p' - B TO'IKe N1, TO rrp.HMruI M 1N 1 rrpe,n;cTaBJrneT co6oll: MH02Ke

CTBO HeTIO,ll;BM:lKHhIX TO'IeK MH02KeCTBa BCex acpcpHHHhIX npeo6pa30BaHMft, 

Ka:lK,n;oe M3 KOTOphrx oTo6pa2KaeT npRMbre BC n p cooTBeTCTBeHHo Ha npR

Mbre B'C' n p' (pnc. 24). 
B caMOM ,n;eJie, eCJIM Heno,n;BM2KHaH TO'IKa S cym;ecTByeT n oHa He npn

Ha,n;Jie2KMT np.HMOH M1N 1 , TO qepe3 S M02KHO npoBecTM npRMhre R n £1, 

B 

Pnc. 24 

COOTBeTCTBeHHO napaJIJieJibHhle p ll p'. 9TM npRMhie ,ll;OJI)KHbI 6bITh COOT

BeTCTBeHHhIMH B Ka)K,1l;OM acpqmHHOM rrpeo6pa30BaHMM paccMaTpMBaeMoro 

MH02KeCTBa. Ho Tor,n;a npHMhre RM £1 rrepeceKaIOT npRMYIO M 1N 1 B TO'IKax 

L u L 1, pa3,n;eJIRIOm;nx oTpe30K M 1N 1 B paBHhIX OTHorneHMRx, BCJie,n;cTBMe 

'Iero ,n,oJI2KHhI coBrracTb. Ho 3TO rrpoTHBOpe'IHT npe,n,rroJio:lKeHHIO o TOM, 'ITO 

Herro,n;mrlKHaH TO'IKa He rrpHHa,n;JielKHT rrpHMOH M 1N 1 • 

AHaJIOrH'IHO npoBe,n,eM qepe3 TO'IKY B npRMYIO q napaJIJieJihHO CA, a 'Ie

pe3 B' npRMyIO q' napaJIJieJibHO C'A'. EcJin CA H C'A' nepeceKaIOTCR B TO'IKe 

M 2 , a q H q' - B TO'IKe N 2 , TO npRMaR M 2N 2 npe,n,cTaBJIReT co6oii: MHO:lKe

CTBO HeTIO,ll,Bll2KHblX TO'IeK MH02KeCTBa scex a¢¢HHHbIX rrpeo6pa3oBaHHH, 

Ka2K,n,oe H3 KOTOphIX nepeBO,ll,HT npRMbre CA H q COOTBeTCTBeHHO B npRMhre 

C'A' H q'. 
EcJIH Teneph noTpe6oBaTh, 'IT06hr acpcpHHHOe npeo6pa30BaHtte rrepeBo

,ll,HJIO o ,n, H o B p e M e H H o BC B B'C', p B p', CA B C'A', q B q', To OHO 

6y,n,eT nepeBO,ll,HTh TO'IKH A, B, C cooTBeTCTBeHHO B TO'IKH A', B', C' H 

noaTOMY cosna,n,eT c 3a,n,aHHhIM rrpeo6pa3osamrnM. CJie,n,osaTeJibHO, mO"l'K',a 
S nepece"lenu.R np.R.M'b£X M 1N 1 u M 2N 2 .ft6.J1,.Remc.R nenooeu:J1Cttoi1 mo"l'K',OU 
oanno20 npeo6pa3oeanu.R. 

EcJIH rrpRMhre M 1N 1 H M 2N 2 napaJIJieJibHhI, TO Herro,n,BH2KHhIX TO'IeK HeT. 

EcJIH 3TH rrpRMbie coBna,n,aIOT, TO 3a,n,aHHoe acpcpHHHoe rrpeo6pa3oBaHHe RB

JIReTCR p 0 ,n; c TB e H H bl M. EcJIH COOTBeTCTBeHHhle CTOpOHbI TpeyroJihHH

KOB rrapaJIJieJihHhI, TO acpcpHHHOe rrpeo6pa30BaHHe ecTh II e p e H 0 c HJIH 

r 0 M 0 T e T H 5I. 
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B o6rn;eM cJiyqae, Kor.n;a rrpaMhie Ka)K.n;oii: napbr ABM A'B', BC M B'C', 
CAM C'A' ttenapaJIJieJihHhI, rrpaMaa M.J{3 , nocTpoettttaa no attanorirn c npa

MhIMH M 1N 1 H M 2N2 , npoxo,n;HT qepe3 TOqKy S Hx nepeceqeHHH B CHJiy 

paBttorrpaBHa 3THX Tpex rrpa:Mhrx. 

QqeBH.n;tto, BMeCTO TpeyroJibHIIKOB ABC II A'B'C' MO)KHO B351Th TaKHe 

rrapanJieJiorpaMMhI ABCD H A'B'C'D', qTO AB.ft A'B' II BC.ft B'C' (pile. 25). 

PHC. 25 

B TaKOM CJ1yqae Heno,n;BH)l(Haa ToqKa a¢¢Httttoro npeo6pa3oBattHa:, nepe

BO,ll;Hll!ero ABCD B A'B'C'D', ecTh o6ll!aH TOqKa npHMhrx MN H PQ, r.n;e 

M =(AB) n (A'B'), 

P =(BC) n (B'C'), 

N =(CD) n (C'D'), 

Q =(DA) n (D'A'). 

B 3aKmoqettHe 3aMeTHM, qTo aToT cnoco6 nocTpoeHHH tteno,n;BH)KHOii: ToqKH 

a¢¢HHHOro npeo6pa30BaHH51 npHMeHHM ,ll;J151 ,ll;BH)KeHHii: H no.n;o6Hii:, IIpH 

3TOM HCIIOJ1b3YIOTC51 ,)];Ba npaBHJlbHbIX TpeyrOJibHHKa HJIH ,)];Ba KBa,n;paTa. 

§ 12. <Pop.MyA'bl arfirjm'H/H'blX npeo6pa3oem-mu 
'He'K:OmOp'blX 'l/,aCm'H'blX euaoe 

Haii:,n;eM ¢opMyJihI npocTeii:IIrnx a¢¢HHHhIX npeo6pa3oBanHii: B CHCTeMax 

KOOp,ll;HHaT, BbI6Hpaa HX TaK, qT06hI IIOJiyqeHHbie cPOPMYJibI HMeJIH B03MO)K

HO 6oJiee IIpOCTOii: BH)J;. 

12.1. Po,n;cTBO. IlpHMeM och Ox 3a ocb po,n;cTBa. Tor.n;a Ka)K,ll;aa TOqKa 

(x, 0) neno,n;BH)l(Ha. Ilo o6ll!HM ¢opMyJiaM a¢¢Httnoro npeo6pa30Bamrn 

{ 
x: = aix + b1y + c1, 

y = a2x + b2y + C2 
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H3 KOTOpbIX CJie,nyeT, qTo 

ai = 1, c1 = 0, a2 = 0, c2 = 0. 

IIoaTOMy 3TH cpopMyJihl rrpHHHMaIOT rrpocTo:il BH,11; 

{ 
x: = x + biy, 

Y = b2Y· 
(I.15) 

I 

IIocTOHHHOe qHcJio b2 = ~ = k Ha3hIBaeTCH 'K',Oarfo;fiuv,uenmo.M poacmBa 

(rr. 10.1, CBO:i1CTBO 4). IlOJIQ)KHM, qTo HarrpaBJieHii:e po,n;cTBa COBrra,n;aeT c Ha

rrpaBJieHHeM OCH Oy. Tor ,n;a Ka)K,!l;ble ,n;Be po,n;cTBeHHhie ToqKH ( x, y) H ( x', y') 
6y,nyT HMeTb paBHhie a6cn;HCChl x' = x, B CHJIY COOTHOIIIeHH:il (I.15) IIOJiyqHM 

bi = 0 H cpopMyJihl po,n;CTBeHHOro rrpeo6pa3oBaHHH 6y,nyT rrpocTeHIIIHMH: 

{
x'=x, 
y'=ky. 

(I.16) 

IlpH k > 0 po,n;cTBO (I.16) HBJIHeTCH Koc hI M c )Ka TH e M KOCH Ox, rrpH 

k = -1 - K o c o :il c H M M e T p H e :i1 c ochro Ox, rrpH k < 0 - p o ,n; c T B o M 

II po ,n; a, TaK KaK A=\~ ~I= k < 0. 

12.2. C,n;Bur. B 3TOM cJiyqae ttarrpaBJieHHe po,n;cTBa coBrra,n;aeT c tta

rrpaBJieHHeM ero OCH H BbI6op OCH op,n;HHaT He HMeeT 3HaqeHHH. JI106b1e ,n;Be 

COOTBeTCTBeHHble TOqKH HMeIOT paBHbie op,n;HHaThl y' = y, H II03TOMY B cpop

MyJiaX (I.15) 6y,n;eT b2 = 1. 06o3HaqHM bi = c. <PopMyJihl C,ll;BHra B,ll;OJib OCH 

Ox rrpHHHMaIOT CJie,nyro~Hil BH,D,: 

{
x'

1 

=x+cy, A=l. 
y =y, 

fioCTOHHHOe qlICJIO C = ( X1 
- X) : y Ha3bIBaeTCH 'K',03rfojJUV,Ue'limO.M ca6U2a. 

12.3. roMOTeTHH. IlyCTh TOqKa S(xo, Yo) - u;eHTP rOMOTeTHH, k =I= 0 -
ee K03cpcpnu;HeHT. Ilo orrpe,n;eJieHHIO rOMOTeTHlI sx I = k. sx' qTO paBHO

CHJihHO ,D,BYM KOOp,IJ,HHaTHhIM ypaBHeHHHM 

{ 
x' - Xo = k(x - Xo), 

HJilI 
y' -yo= k(y-yo), {

x'=kx+(l-k)x0 , A=k2 >0. 
y' = ky + (1 - k)yo, 

B qacTHOCTH, rrpH k = -1 nMeeM v,enmpa.11/b'liY'IO CU.M.Mempuw: 

{ x: = -x + 2xo, 

Y = -y + 2Yo· 
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12.4. IIepeHoc H nepeHoCHasI CHMMeTpHSI. He3asHCHMO OT Bb16opa 

CHCTeMbl KOOp,LJ;HHaT Henocpe,n;CTBeHHO no onpe,n;eJieHHIO noJiyqaeM ¢opMy

Jibl nepeHoca Ha seKTop MM'= (a, b): 

{ 
x' = x + a, ~ = 1. 
y' =y+ b, 

KoMn03Hl~HIO KOCOii CHMMeTpHH H nepeHOCa napaJIJieJibHO ee OCH Ha3bl

BalOT nepe'HOC'HOU CU.AMtempueu c ,n;aHHOii OCblO H BeKTOpOM nepeHOCa. 

IlycTb OCb Ox - OCb KOCOii CHMMeTpHH, OCb Oy 3a,n;aeT ee HanpaBJieHHe H 

r =(a, 0) - seKTop nepeHoca. Tor,n;a no ¢opMyJiaM Kocoii CHMMeTpHH Xi= 

= x, Yi = -y H ¢opMyJiaM nepeHoca x' =Xi +a, y' =Yi noJiyqaeM ¢opMyJihI 

nepeHOCHOH CHMMeTpHH: 

{ 
x' = x +a, 

y'=-y, 
~=-1. 

3a,n;aqa, ,lLoKa3aTb, 'ITO KOMn03HIJ;H51 KOCOH CHMMeTpHH H u;eHTpaJibHOH 

CHMMeTpHH, u;eHTp KOTOpoii He npHHa,n;JimKHT OCH rrepsoii CHMMeTpHH, 5IB

JI5IeTC51 rrepeHOCHOH CHMMeTpHeii. HaiiTH ee OCb H BeKTOp. 

x 

PHC. 26 

p e Ill e H H e. IlyCTb KOCa51 CHMMeTpH51 3a

,n;aHa ¢opMyJiaMH x' =x, y' = -y H S(x0 , Yo) -
u;eHTp BTopoii CHMMeTpHH (pttc. 26). Tor,n;a 

KOMn03HD;H51 3THX CHMMeTpHii 6y,n;eT HMeTb 

CJie,n;yIDII1He cPOPMYJibI: 

{ 
x

1

' = -x + 2x0 , 
Yo=/' 0. 

y = y + 2yo, 
(I.17) 

Ilp51Ma51 £, rrpoxo,n;51II1a5I qepe3 S napaJIJieJih

HO ocH Oy, ,n;eJIHT oTpe3oK MM' nonoJiaM 

(TeopeMa <l>aneca). IIocTpOHM TaKyID TO"IKY 

N, 'ITO MN II Ox, NM' II£. Tor,n;a 

NM'= NM+ MM'= (x -x',O) + (x' - x,y' -y) = 

= (0, y' - y) = (0, 2yo). 

TaK KaK BeKTOp r = NM' KOJIJIHHeapeH £ H He 3aBHCHT OT BbI6opa TO"IKH 

M, TO ¢opMyJihI (1.1 7) onpe,n;eJI5IIDT nepeHOCHYID CHMMeTpHID c OChID £ H 

BeKTOpOM f. 
IlpH Yo= 0 HMeeM KOCyID CHMMeTpHIO c OCblO £. 
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§ 13. 9'/'l,euaifjifjutttt'bte npeo6pa3oBattu.R 
'Jll,a'Jll, '1'1,0.Mn03UViUU 'Jll,OC'blX CU.M.Mempuu 

13.1. IlpHMep&1. ,Li;JI.H Kocoil: CHMMeTpirn A= I~ -~I= -1, T. e. oHa ~rn
mi:eTC.H 3KBHacpqnrnHbIM npeo6p83oBaHHeM II po,n;a. IlepeHoc, u;enTpaJibHa.H 

CHMMeTpH.H H C,JJ;BHr - 3KBHacpcpHHHbie npeo6p83oBaHH.H I po,n;a. IlepeHoc 

npe,n;cTaBJI.HeTC.H KOMII03HIJ;Heil: ,JJ;Byx KOCbIX CHMMeTpHH c napaJIJieJibHblMH 

OC.HMH H o6IIJ;HM HanpaBJieHHeM, COBIIa,n;aIOIIJ;HM c HanpaBJieHHeM nepeHOCa. 

C,n;mfr a c OCbIO f, npM KOTopoM M---+ M', .HBJI.HeTC.H KOMII03Hll;Heil: Kocoii 

CHMMeTpHH c Toil: :>Ke ocbIO f ( M ---+ M 1) B npOH3BOJibHOM HanpaBJieHHH H 

Kocoil: CHMMeTpHH c ocbro f (M1 ---+ M') (pHc. 27). OH MO:>KeT 6b1Tb npe,n;

cTaBJieH TaK:>Ke H KOMII03Hu;Heil: CHMMeTpHii:, OCH KOTOpbIX nepeceKaIOTC.H, 

a HanpaBJieHH.H COBIIa,n;aIOT (pHC. 28). Tor,n;a OCb C,lJ;BHra co,n;ep:>KHT TOqKy 0 

Pnc. 28 

nepeceqeHH.H oceii: CHMMeTpHil:, a ero HanpaBJieHHe coBna,n;aeT c o6ni;HM Ha

npaBJieHHeM CHMMeTpHil:. 

neHTpaJibHa.H CHMMeTpH.H C u;eHTpOM 0 eCTb KOMMyTaTHBHa.H KOMII03H

Il;H.H ,JJ;Byx KOCbIX CHMMeTpHii:, OCH KOTOpbIX nepeceKaIOTC.H B TOqKe 0. 
To)K,lJ;eCTBeHnoe npeo6p83oBaHHe ( oHo, oqeBH,JJ;Ho, 3KBHacpcl>nHHoe) ecTb 

KBa,n;paT KOCOH CHMMeTpHH c IIpOH3BOJibHblMH OCbIO H HanpaBJieHHeM. 

9TH IIpHMepbl H TOT <l>aKT, qTo BC.HKOe ,lJ;BH:>KeHHe eBKJIH,JJ;OBOH IIJIOCKOCTH 

npe,n;cTaBHMO KOMII03Hll;Heil: oceBbIX CHMMeTpHil:, CM. [12, c. 187], HaBO,lJ;.HT 

Ha MbICJib 0 B03MO:>KHOCTH npe,n;cTaBJieHH.H mo6oro 3KBHacpcpHHHoro npeo6-

p830BaHH.H acpcpHHHOH IIJIOCKOCTH KOMII03Hll;Heii KOCbIX CHMMeTpHii. II 3TO 

,n;eii:CTBHTeJibHO TaK. 

13.2. TeopeM&I o pa3JIO)KeHHH 3KBHacpcpHHHbIX rrpeo6pa3oBa
HHH. TeopeMa. ECJl,u 3'K:euarfxfiutti-we npeo6paaoeattue f u.M.eem tteno

iJeu::HCttyio mo"t'K:Y A, mo otto .neJt.nemc.n Jtu6o 'K:ocou cu.M..M.empueu, oc'b 'K:O

mopoil coiJep::HCum mo"t'K:Y A, Jtu6o 'K:o.M.noauv,ueu iJeyx ma'K:ux CU.M..M.empuil, 

Jtu6o iw.,w,noauv,ueil mpex ma'K:ux cu.M.M.empuil, Jtu6o mo::HCdecmeenn'bl.M npe

o6paaoeanue.M. 
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,IL 0 Ka 3 a T e JI h c T B o. EcJIH npeo6pa30BaHHe f OTJIHqHO OT TO:>K,D,e-

CTBeHHOro, TO cym;ecTByeT TaKaa ToqKa B, qTo f(B) = C =f. B. PaccMoTpHM 

Kocyro CHMMeTpHIO a 1, IIPH KOTOpoii TOqKH B H c .HBJI.HIOTC.H COOTBeTCTBeH

HhIMH, a och co,n,ep:>KHT TOqKy A. Tor,n,a KOMII03HD;H.H a 1 f, oqeBH,D,HO, nMeeT 

,n,Be Heno,n,BH:>KHhie ToqKn A n B H nosTOMY .HBJI.HeTca SKBnacpcpHHHhIM po,n,

CTBOM c ocbro AB. CJie,n,oBaTeJihHO, sTa KOMII03HD;H.H ecTh Jin6o Kocaa cnM

MeTpna, JIH6o c,n,Bnr Tc OChIO AB, T. e. Jin6o a 1/ = a 2 , JIH6o a 1f = T. Tor,n,a 

H3 nepBoro npe,n,cTaBJiemrn cJie,n,yeT, qTo f = a 1a 2 . C,n,Bnr T, B CBOIO oqe

pe,D,b, npe,n,cTaBHM KOMII03HD;Heii ,D,BYX KOChIX CHMMeTpn.ii T = <73<74, OTKy,n,a 

f = a 1a 2a 3 • HaKoHen;, ecJin KOMII03Hn;H.H a1f - TO:>K,D,ecTBeHHOe npeo6pa3o

BaHne, TO f = a 1. YTBep:>K,D,eHne ,n,oKa3aHo. D 

TeopeMa. Jbo6oe 9-x;euarfxfiuttttoe npeo6paaoeattue f nAoc-x;ocmu ecm'b 
Au6o mo:>1eaecmeettttoe npeo6paaoeattue, Au6o -x;ocaa Cu.M.Mempua, Au6o 
-x;o.Mnoauv,ua tte 6oAee "tem'btpex -x;oc'btX cu.M.Mempuu. 

,IL o Ka 3 a Te JI h c TB o. CJiyqail:, Kor,n,a npeo6pa3oBaHne f HMeeT xo-

T.H 6h1 o,n,Hy Heno,n,BH:>KHYIO ToqKy, o6o6m;eH npe,D,b1,n,ym;eii TeopeMoil:. EcJIH 

HeIIO,D,BH:>KHhIX ToqeK He HMeeTC.H, TO pacCMOTpHM napy COOTBeTCTBeHHhIX 

ToqeK f (A) = B H Kocyro CHMMeTpnro a 1, npn KOTopoii a 1 (A) = B. To

r,n,a TOqKa A HeIIO,D,BH.IKHa IIpM KOMII03Hn;HH <71/, KOTOpaa Ha OCHOBaHHH 

npe,D,hI,D,ym;eii TeopeMhl MO:>KeT 6bITh JIH6o TO:>K,D,eCTBeHHhIM npeo6pa30Ba

HHeM, JIH60 KOCOii CHMMeTpneii, JIH60 KOMII03Hn;Heii ,il,BYX HJIH Tpex KOChlX 

CHMMeTpnii: 

a1f = E, a1f = a2, a1f = a2a3, a1f = a2a3a4, 

OTKy,n,a COOTBeTCTBeHHO 

f = <71, f = <71<72, f = <71<72<73, f = <71<72<73<74. D 

13.3. Kp11Tep11ii 3KBmi;eHTpoacpcpHHHoro npeo6pa30BaHHSI. ,lLJia 

Toro qT06b1 acpcpHHHOe npeo6pa30BaHHe 6bIJIO 3KBHacpcpHHHhIM H n;eHTpo

acpcpHHHhIM (n. 9.1) O,D,HOBpeMeHHO, Heo6XO,D,HMO H ,D,OCTaToqno, qTo6hI o,n,

HOBpeMeHHO HMeJIH MeCTO ycJIOBH.H 

H 8 = \al - 1 bi I =f. 0_ 
a2 b2-1 

IIocKOJihKY 8 = (a1 - l)(b2 -1) - a2b1 = ~ - (a1 +b2)+1, TO 3TH ycJIOBH.H 

COBMeCTHhl Tor,n,a H TOJihKO Tor,n,a, Kor,n,a 

a 1 + b2 =f. 2 H ai + b2 =f. 0. 

8TH KpHTepHH He 3aBHC.HT OT BhI6opa CHCTeMhl KOOp,D,HHaT, IIOCKOJihKY HMe

IOT reoMeTpnqeCKHii CMhICJI. 

IlpnMepoM 3KBHD;eHTpoacpcpHHHOro npeo6pa30BaHH.H CJIY.IKMT n;eHTpaJih

Ha.H CHMMeTpH.H, HO He TOJihKO OHa. 
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§ 14. I'pynn'bt npeo6pa3oBa'Hui1 u 2eo.Mempuu 

14.1. IloHHTHe rpym1h1 rrpeo6pa30BRHHH. Ilp11Meph1. PaccMoTpHM 

COBOKYTIHOCTh G Tipeo6pa3oBaHHii: Ji, o6Jia,n;aromyro TaKHMH CBOHCTBaMH: 

1) ecm1 f 1 E G H f2 E G, TO KOMTI03mi;m1 fd1 E G; 
2) ecJIH f E G, TO o6paTHoe Tipeo6pa3oBaHHe 1-1 E G. 

ll3 3THX ,D;Byx ycJIOBHii: HeTiocpe,n;cTBeHHO cJie,n;yeT, qTo COBOKYTIHOCTh G co

,n;ep)l<HT TO)K,Il;eCTBeHHoe Tipeo6pa3oBaHHe E = 1-1 f. 
IlpoCTbIM TipHMepoM TaKOH COBOKYTIHOCTH Tipeo6pa30BaHHH CJIY:lKHT 

TpOii:Ka a<PqmHHbIX Tipeo6pa30BaHHH: ,LJ;BYX KOCbIX CHMMeTpHii: c Tiepece

KaIOIIJ;HMJICR OCRMJI a JI b H, COOTBeTCTBeHHO, c HaTipaBJieHJIRMH b JI a H 

CJIMMeTpJIH OTHOCHTeJibHO ToqKH 0 TiepeceqeHHR TIPRMbIX a H b. IlpoBepKa 

BbITIOJIHeHHR yKa3aHHbIX ,LJ;BYX ycJIOBHH He3aTpy,n;HJITeJibHa. 

Orrpe,n;eJieH1:1e. I'pynnoi1 G npeo6paaoeanui1 Ha3brnaeTCR COBOKyTIHOCTh 

G Tipeo6pa30Bam1ii:, o6Jia,n;arorri;aR ,D;BYMR cBoii:cTBaMJI: 1) KOMTI03JIIJ;JIR mo-

6hIX ,n;Byx Tipeo6pa3oBaHHii: JI3 G TIPJIHa,n;Jie:lKHT G; 2) Tipeo6pa30BaHJie, 06-

paTHOe Jiro6oMy Tipeo6pa3oBaHJIIO H3 G, TIPJIHa,n;Jie:lKHT G. 
IlpH BhITIOJIHeHHJI 3THX Tpe6oBamrii: roBopRT, qTo MHO:iKeCTBO G Tipeo6-

pa30BaHHii: aa.M'K:nymo omnocume.11:b'HO onepav,uu 'K:O.Mnoauv,uu. 

QqeBJI,n;HO, CJie,n;yrorri;He H3BeCTHhie MHO:lKeCTBa Tipeo6pa30BaHJIH RBJIR

IOTCR rpyTITiaMH: 1) MHO:lKeCTBO BCex ,LJ;BH:lKeHHH eBKJIJI,n;OBOH TIJIOCKOCTH 

(TipOCTpaHCTBa), CM. [12, C. 155], - 2pynna aeu:>tee'Huu; 2) MHO:lKeCTBO BCeX 

Tipeo6pa3oBaHHH TIO,LJ;06HR eBKJIH,il;OBOH TIJIOCKOCTH (TipOCTpaHCTBa), CM. [12, 
C. 225],- 2pynna noao6ui1; 3) MHO:lKeCTBO BCeX acl>cPHHHbIX Tipeo6pa30BaHJIH 

a<P<PHHHOH TIJIOCKOCTH - arfxfiun'Ha.H, 2pynna. 

,Il;JIR MHO:lKeCTBa BCex a<P<PHHHbIX Tipeo6pa30BaHHH BbITIOJIHeHHe Tpe6o

BaHHH rpyTITibl HeTiocpe,n;CTBeHHO CJie,n;yeT H3 OTipe,n;eJieHHR a<P<PHHHOro Tipe

o6pa30BaHHR (§6). 
Ilo,n;MHO:lKeCTBO H rpyTITibl G Ha3bIBaeTCR noa2pynnoi1 rpyTITibl G' ec

JIH H - rpyTITia. B TipHBe,n;eHHhIX TipHMepax Tpex rpyTITI - ,n;BH:iKeHHii:, 

TIO,LJ;06Hii: H a<P<PHHHOH - Tio,n;rpyTITiaMH RBJIRIOTCR COOTBeTCTBeHHO HX TIO,LJ;

MHO:lKeCTBa Tipeo6pa3oBaHHii: TI e p B o r o po,n;a. 0,n;HaKo rpyTITiaMH He 6y

,LJ;yT COOTBeTCTBYIOTIJ;He TIO,LJ;MHO:lKeCTBa Tipeo6pa30BaHJIH BTOporo po,n;a, TaK 

KaK KOMTI03HIJ;HR ,il;BYX Tipeo6pa3oBaHJIH BTOporo po,n;a eCTb Tipeo6pa30BaHHe 

TiepBoro po,n;a. 

MHo:iKeCTBO Bcex roMoTeTHii: TIJIOCKOCTH He RBJIReTCR rpyTITIOii:, TaK KaK 

KOMTI03HIJ;HR ,il;BYX rOMOTeTHH MO:lKeT 6bITb He TOJibKO rOMOTeTHeii:, HO H 

TiepeHocoM; CM. [12, c. 219]. 0,n;HaKo ecJIH paccMaTpHBaTh MHO:iKeCTBO Bcex 

r 0 M 0 T e T H ii: H TI e p e H 0 c 0 B, TO OHO eCTb rpyTITia, ,il;JIR KOTOpoii: MHO

:iKeCTBO BCeX TiepeHOCOB - ee K 0 M M y T a T H B H a R TI 0 ,il; r p y TI TI a. 
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BoT ern;e aHaJIOrH'!Hhiii rrpnMep. MHO)KeCTBO scex po,n;cTBeHHhIX rrpeo6-
p83osaHntt c o6rn;ett OChIO € ecTb rpyrrrra (,n;oKa)KHTe!), ,n;m1 KOTopoii rro,n;

rpyrrrrott anmieTca MHO)KeCTBO scex c,n;snros c ocbIO €. 

14.2. Orrpe.n;eJieHHe reoMeTp:UH no KJieiiHy. B 1872 ro,n;y cI>eJinKc 

KJiettH orrpe,n;eJIHJI reoMeTpnro KaK Teopnro nHnapnaHTOB ,n;aHHott rpyrrrrh1 

IIpeo6p830BaHH:il 8. roBopaT, 'ITO 3Ta rpyrrrra IIOpO)K,11,aeT COOTBeTCTBYIOID;YIO 

reoMeTpnro. 

Cpe,n;n HHnapnaHTOB Ka)K,ll;ott rpyrrrrhI rrpeo6p830BaHntt MO)KHO yKa3aTb 

OCHOBHbie, H3 KOTOpbIX IIOJlyqaroTca nee OCTaJlbHbie. A<P<PnnHaa rpyrrrra 

rrpeo6p83oBaHntt rropo)K,ll;aeT a<P<PnHHyro reoMeTpnro. Ee co,n;ep*aHne MO
*eT 6b1Tb IIOJlyqeHO H3 O,ll;HOro HHBapnaHTa - KOJIJIHHeapHOCTH TO'ieK. 

CaM KJ1etta rrpn,n;aBaJI oco6oe 3Ha'ieHne rpyrrrre rro,n;o6ntt, H83bIBaa ee 2.ria6-

'IWU epynnou. EBKJIH,11,0Ba reoMeTpna rropo*,n;aeTca ,r:i;nyMa rpyrrrraMH -

r p y II II 0 tt ,n; B H )I{ e H H tt H r p y II II 0 tt II 0 ,n; 0 6 H tt. 
IlpHHIJ;HIIHaJlbHO Ba)KHO BblaCHHTb BOIIpoc 0 3aBHCHMOCTH Me)K,n;y reo

MeTpnett rpynnbI G H reoMeTpnett ee rro,n;rpyrrrrbl H. By,n;eM Ha3hIBaTb HX 

ycJ1onao G-reoMeTpnett n H-reoMeTpnett. 

BcaKntt G-nHBapnaHT B TO *e speMa ecTh, O'ieBn,n;Ho, n H-nHnapnaaT. 

Ilo,n;rpyrrna H rpyrrrrhl G ( H C G, H =/= G) Bbl,n;eJiaeTca H3 G rro Kpatt

Hett Mepe O,ll;HHM ,11,0IIOJIHHTeJihHbIM ycJIOBHeM - ee xapaKTepHCTH'ieCKHM 

HHBapnaHTOM, He HBJ1arorn;nMca HHBapnaHTOM scett rpyrrrrbl G. Harrpn

Mep, rro,n;rpyrrrra II no,n;o6ufi a<P<Pnaaott rpyrrnhI A xapaKTepH3yeTca ,n;orroJ1-
HHTeJ1hHbIM HHBapnaHTOM - 0 T H 0 ill e H H e M H e K 0 JI JI H H e a p H bl x 

o T p e 3 Ko s, He HMerorn;nM MecTa n rpyrrrre A. CJ1e,n;oBaTeJibHO, soo6rn;e 

H-reoMeTpna mnpe, qeM G-reoMeTpna, n BKJIIO'!aeT B ce6a G-reoMeTpnro. 

TaKHM o6p83oM, ec.riu H - noaepynna epynn'bt G, mo ux eeoMem

puu Haxoa.ftmc.ft 6 o6pamHou CB.ftau: G-eeoMempu.ft .ft6.ri.ftemc.ft "iacm'b'IO 

H-eeoMempuu. B qacTHOCTH, a<P<PnHnaa reoMeTpna rroJ1HOCTbIO sxo,n;nT 

B eBKJIH,ll;OBY reoMeTpnro: a<P<PnHHble HHBapnaHTbl HBJIHIOTCH TaK)Ke HHBa
pHaHTaMH rpyIIIIbl rro,n;o6ntt H rpyIIIIbl ,ll;BH)KeHHii. 

14.3. AcpcpHHHo 3KBHBaJieHTHble cpnrypbl. B eBKJIH,n;osott reo

MeTpnn O'ieHb 60J1bmyro pOJlb nrpaIOT IIOHHTHH paBHbIX <Pnryp H rro,n;o6-
HbIX <Pnryp KaK TaKHX <Pnryp, KOTOpble HBJIHIOTCH COOTBeTCTBeHHbIMH rrpn 

,!l;BH)KeHHHX HJIH rrpn rro,n;o6nax. 9TH IIOHHTHH 'iY)l{,ll;bl a<P<PnHHOii reoMeT

pHH, HO aHaJIOrH'iHOe 3Ha'ieHne HMeIOT a<P<PnHHO 3KBHBaJleHTHbie ( a<P<PnH

HO panable) <PnrypbI. ,LI;ne <PnrypbI H83bIBaroTca arfxf>uHHO .9'/C6U6a.rieHmH'bt

MU, ecJIH cyrn;ecTnyeT a<P<PnHHoe rrpeo6pa3oBaHne, oTo6pa*arorn;ee o,n;Hy H3 
HHX Ha ,n;pyryro. Ilo3TOMY 3TH ,n;ne <Pnrypbl 06J1a,n;aroT 0,11,HHMH H TeMH )Ke 

8HMeeTCH pyCCK!dl: nepeao,n; ero KJiacCH'leCKOft pa60Tbl «CpaBHHTeJibHOe o6o3peHHe 
HOBefturnx reoMeTpH'leCKHX HCCJie,n;oaaHHft» (9pJiaHreHCKaH IlporpaMMa). 
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acpcpHHHblMH csottcTBaMH. B acpcpHHHOii reoMeTpHH OHM Hepa3;mqHMb1, OT

HOCHTCH K o~oMy acpcpHHHOMY THIIy. 

PaccMOTpHM rrpnMephl. CorJiacHo TeopeMe o 3a,n;aHHH acpcpHHHoro rrpe

o6pa3oBaHHH IIJIOCKOCTH, ,ll;JIH mo6blX ,n;syx TpeyrOJibHHKOB, eCJIH He ycTa

HOBJieHo COOTBeTCTBHe Me)K,lzy HX BepmHHaMH, cym;ecTByeT m e c T b acp

cpHHHblX npeo6pa30BaHHtt, Ka)K,n;Oe H3 KOTOpblX OT06pa)KaeT 0,ll;HH H3 HHX Ha 

.n;pyrott. IIoaTOMY Ha acpcpHHHott rrJIOCKOCTH see TpeyroJibHHKH o,n;nHaKOBbI. 

Ha 3TOM ocaosaa MeTo,n; acpcpnHHblX npeo6pa3oBaHHtt pemeHHH acpcpHHHblX 

3a,n;aq Ha e BK JI H .n; 0 B 0 ft IIJIOCKOCTHj CM. [12, § 24]. 
Jlro6b1e ,n;Ba napaJIJieJiorpaMMa acpcpnHHO 3KBHBaJieHTHbI. B acpcpnaaott 

reoMeTpHH HeJib3H Bbl,ll;eJIHTb HH poM6bl, HH rrpaMoyrOJibHHKH, HH KBa,n;

paTbl. ,Ll;JIH ,ll;BYX TparreWitt ,n;eJIO o6cTOHT HHaqe: OHH MoryT OTJIHqaTbCH 

OTHOIDeHHHMH OCHOBaHHtt. ,Ll;se Tparren;HH acpcpHHHO 3KBHBaJieHTHbl Tor.n;a H 

TOJibKO Tor.n;a, KOr,n;a paBHbl OTHOmeHHH HX OCHOBaHH:tt. HeTpy,n;Ho ,ll;OKa3aTb, 

qTQ .n;sa qeTblpexyroJibHHKa acpcpHHHO 3KBHBaJieHTHbl TOr,n;a H TOJibKO TO

r.n;a, Kor.n;a HX ,ll;HarOHaJIH ,n;eJIHTCH TOqKaMH nepeceqeHHH B COOTBeTCTBeHHO 

paBHbIX OTHOilleHHHX. 

THilH3~HSI OCHOBHbIX BH,ll;OB 

a<Pcl>HHHbIX npeo6pa30BaHHA IlJIOCKOCTH 

( 6e3 BKJiroqeHHH HX KOMII03HIJ;Htt) 

A. 11; e H T p o a <P <P H H H bl e A. H e n; e H T p o a <P <P H H H bl e 

1. IJ;eHTpaJibHaH CHMMeTpHH 1. Po,n;CTBO 

2. roMOTeTHH 2. IIepeHoc 

3. 9JIJIHIITHqecKHtt IIOBOpOT 3. IIepeHocHaa CHMMeTpHH 

4. rnnep60JIHqeCKHti IIOBOpOT 4. IIapa6oJinqecKntt nosopoT 

B. P o .n; c T B e H H bl e B. H e p o .n; c T B e H H bl e 

1. Kocaa CHMMeTpna 1. roMOTeTHH 

2. C)KaTHe (k > 0) 2. AcpcpHHHble nosopoTbl 

3. C.n;snr 3. IIepeHoc 

4. Po,n;cTBo II po,n;a 4. IIepeHocHaa CHMMeTpna 

B. 9 KB H a <P <P H H H bl e B. H ea K B H a <P <P H H H bl e 

1. IJ;eHTpaJibHaH CHMMeTpHH 1. roMOTeTHH (k -:f. -1) 
2. Kocaa CHMMeTpHH 2. Po,n;cTBo ~ #± 1 
3. C.n;snr 

4. AcpcpHHHbie IIOBOpOTbl 

5. IlepeHOC 

6. IIepeHOCHaa CHMMeTpHH 
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3ada'l(,U u ynpaJ-ICtte?--tU.Fl 

1.1. ToqKII E II K - cepe,n;IIHbI CTopoH AD II BC napaJmeJiorpaMMa 

ABCD. ,ll;oKa:>KIITe, qTo np.HMbie BE II KD ,a,eJIHT ,n;IIaroHaJib AC Ha TPH 

paBHbre qacni:. CcpopMyJinpyiiTe H ,n;oKa:>KIITe o6paTHOe yTBep:>K,n;ettIIe. 

1.2. B TpaneIJIIH ABCD (AB II CD) .n;naroHaJIH nepeceKaIOTC.H B ToqKe Q; 
M II N - TaKHe ToqKII .n;narottaJieii AC II BD, qTo AM= QC II BN = QD. 
,ll;oKa:>KIITe, qTo np.HMbie DM II CN OTCeKaIOT Ha octtoBaHIIII AB paBHhre 

OTpe3KII AE n BF. 
1.3. ,ll;aHhI ,n;Ba napaJIJieJiorpaMMa ABCD II AMNP, r.n;e ME AB, PE 

E AD. ,ll;oKa:>KIITe, qTo npaMbre MD, BP, NC nepeceKaIOTca B O,ll;Hoii ToqKe. 

1.4. B TpeyroJibHIIK ABC BTIIICaH napaJIJieJiorpaMM ADEF TaK, qTo 

BepmHHbI D, E, F npIIHa,ll;Jle:>KaT cooTBeTCTBeHHO npaMbIM AB, BC, AC. 
LJ:epe3 cepe,n;IIHY M cTopoHbI BC npoBe,n;etta npaMaa AM, nepeceKaIOIIJa51 

DEB ToqKe K. ,ll;oKa:>KIITe, qTo CFDK - napaJIJieJiorpaMM. 

1.5. ToqKII M II N npIIHa,ll;Jle:>KaT cooTBeTcTBeHHO cTopoHaM DC II CB 
napaJIJieJiorpaMMa ABCD. LJ:epe3 cepe,n;IIHbI OTpe3KOB DM II AB npoBe,n;etta 

rrp.HMaH, qepe3 cepe,n;HHbI oTpe3KOB AD H BN - BTOpaa rrpaMaa, rrepece

KaIOIIJa.H nepByIO B ToqKe S. ,ll;oKa:>KHTe, qTo npaMaa AS npoxo,ll;IIT qepe3 

cepe.n;1rny oTpe3Ka MN. 
1.6. LJ:epe3 npoTHBOTIOJIO:>KHbre BepmIIHbI A II C napaJIJieJiorpaMMa 

ABCD npoBe,n;eHbI ,n;Be napaJIJieJibHbre npaMbie, nepBaa H3 KOTOpbIX nepe

ceKaeT npaMbre BC n CD B ToqKax M II N, a BTOpaa - npaMhle AB H AD 
B ToqKax P II Q. ,ll;oKa:>KHTe, qTo MP II NQ. 

I. 7. IlycTh D, E, F - cepe,n;HHbI cTopoH BC, CA, AB TpeyroJibHHKa 

ABC. Ilpoxo.n;aIIJaa qepe3 B np.HMaa nepeceKaeT oTpe30K DE n npo,n;oJI:>Ke

HIIe oTpe3Ka EF B ToqKax M II N. ,ll;oKa:>KIITe, qTO AN JI CM. 
1.8. ,ll;aHhI ,n;Be napaJIJieJihHbre npaMhie II Ha o.n;ttoli II3 HIIX oTpe3oK AB. 

IlocTpOiiTe ero cepe,n;IIHY c IlOMOIIJbIO O)J,HOH JIIIHeiiKH. 

1.9. ,ll;aHhI ,n;Be napaJIJieJihHble npaMbie II ToqKa A. C noMOIIJbIO o,n;Hoii 

JIIIHeHKII nocTpottTe npaMyIO, npoxo,n;aIIJYIO qepe3 ToqKy A napaJIJieJihHO 

,n;aHHbIM npHMbIM. 

1.10. ,ll;aHbI ,n;Be napaJIJieJibHhie npaMbie H Ha o.n;ttoli II3 HHX OTpe30K AB. 
IloJib3Y.HCb O,ll;HOH JIHHeHKOH, IlOCTpOHTe 0Tpe30K, paBHblH 2AB. 

1.11. EcJIH TPH .n;naroHaJIH mecTIIyroJibHHKa (He o6.H3aTeJihHO BbITIYKJio

ro) HMeIOT o6IIJYIO cepe.n;ntty, TO Ka)K,ll;bie ,ll;Be ero npOTIIBOTIOJIO:>KHbie CTO

pOHbl napaJIJieJihHbI. ,ll;oKa:>KIITe. 

1.12. ,ll;oKa:>KHTe, qTO cepe,n;HHbl CTOpOH qeTbipexyroJibHHKa II cepe.n;n

Hbl ero ,ll;IIaroHaJieii .HBJI.HIOTCH BepmIIHaMII IJ e H T p a JI b H 0 - c II M M e T -

p II q H 0 r 0 meCTIIyrOJibHHKa. 
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I.13 . .11.Ba TpeyroJibHHKa (HJIH MHoroyroJibHHKa) Ha3hIBaIOTC.H paBHhIMH, 

eCJIH O,ll;HH H3 HHX CJiy:>1mT o6pa30M ,z:i;pyroro npH nepeHoce HJIH u;eHTpaJibHOH 

CHMMeTpHH. IloJih3Y.HCb 3THM onpe,n;eJieHHeM, ,ll;OKroKHTe YTBep)K,ll;eHHe: ,ll;Ba 

TpeyroJihHHKa paBHOBeJIHKH, eCJIH OHM HMeIOT paBHbie CTOpOHhI, Jie)KaillHe 

Ha O,ll;HOii: np.HMOii:, a HX npoTHBOIIOJIO)KHhle BepmHHhl Jie)KaT Ha napaJIJieJih

HOii: np.HMOH. 

I.14. EcJIH TpeyroJihHHKH OAB H OAiBi roMOTeTH'!HhI, TO TpeyroJihHH

KH OAiB H OABi paBHOBeJIHKH . .11.oKa)l(HTe. 

I.15. EcJIH TO'IKH M, N, P Jie)KaT Ha np.HMhIX, co,z:i;ep)KaillHX cooTBeT

CTBeHHO CTopoHhl TpeyroJihHHKa ABC, a TO'IKH Mi, Ni, Pi cooTBeTCTBeHHO 

CHMMeTpH'IHbl HM OTHOCHTeJibHO cepe,n;HH CTOpOH 3TOrO TpeyroJibHHKa, TO 

TpeyroJihHHKH MNP H MiNiPi paBHOBeJIHKH, .11.oKa)l(HTe. 

I.16. EcJIH ,n;Be cTopOHhl ,n;Byx opHeHTHpoBaHHhIX TpeyroJihHHKOB Jie

)KaT Ha np.HMOii:, a npOTHBOIIOJIO)KHbie HM BepmHHbl - Ha rrapaJIJieJibHOii: eH: 

np.HMOii:, TO OTHOilleHHe IIJIOilla,ll;eii: 3THX TpeyroJibHHKOB paBHO OTHOilleHHIO 

KOJIJIHHeapHbIX CTOpOH • .11.oKroKHTe. 

I.17. EcJIH HHKaKHe TPH H3 'leThlpex TO'leK A, B, C, D He Jie)KaT Ha 

o,n;Hoii: np.HMoii: H HHKaKHe TpH H3 'leThipex TO'leK A1 , Bi, Ci, Di He Jie)KaT Ha 

o,n;Hoii: np.HMOii: H AB 11 AiB1, BC II BiCi, AC II AiCi, AD II AiDi, BD II BiDi, 
TO TaK)Ke CD II CiD1 . .11.oKa)KHTe. 

I.18. Ha cTopoHax TpeyroJihHHKa ABC nocTpoeHhI napaJIJieJiorpaMMhl 

ABKL, BCMN, CAPQ . .11.oKa)KHTe, 'ITO ecJIH AP= BK+ CM, To 

ScAPQ = S ABKL + S BCMN. 

EcJIH AP + BK + CM = 0, TO IIJIOilla,ll;h o,n;Horo napaJIJieJiorpaMMa paBHa 

CYMMe IIJIOiu;a,z:i;eii: ,ll;BYX ,z:i;pyrHX. 

I.19. Ilp.HMhie AB H CD nepeceKaIOTC.H B TO'!Ke M . .11.oKa)KHTe, 'ITO 

IIJIOilla,ll;h S TpeyroJihHHKa ACM paBHa 

s =.!I (AB 0 AC)(AC 0 CJ5) I· 
2 ABoCD 

I.20 . .11.aHo a¢qmHHOe npeo6pa3oBaHHe nJIOCKOCTH. Ha ,n;aHHOH np.HMOii: 

Ha:ii,n;HTe napy COOTBeTCTBeHHbIX TO'leK npH 3TOM npeo6pa30BaHHH. 

I.21. .11.aHO a¢¢HHHOe npeo6pa3oBaHHe. qepe3 ,n;aHHYIO TO'IKY npoBe,ll;H

Te ,n;Be COOTBeTCTBeHHhle np.HMbie npH 3TOM npeo6pa30BaHHH. 

I.22 . .11.oKa)KHTe, 'ITO ecJIH a¢¢HHHOe npeo6pa3oBaHHe nepeBO,lJ;HT O,ll;HH 

IIY'IOK napaJIJieJihHbIX np.HMblX B ,z:i;pyro:ii, TO COOTBeTCTBeHHbie np.HMbie 3THX 

nyqKoB nepeceKaIOTC.H B TO'!Kax, npHHa,z:i;Jle)KaillHX o,n;HOH np.HMOH. 

I.23 . .11.oKa)KHTe, 'ITO ,ll;Ba a¢¢HHHhlX npeo6pa3oBaHH.H B 06IlleM CJiyqae 

HMeIOT TOJibKO 0,ll;HY o6TIIYIO napy COOTBeTCTBeHHbIX TO'leK. IlocTpOHTe 3TY 

napy. 
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1.24. ,lI,oKa:)KHTe, qTo ecJIH ,n;sa acpqmRHhIX rrpeo6pa3osaHHH HMeIOT ,n;se 

o6m;we rrapbI COOTB8TCTB8HHhIX TOqeK, TO TaKHX nap 6eCKOReqno MROrO. 

I.25. ,lI,oKa)KHTe, qTo ecJIH npH acpcpHHHOM npeo6pa3oBaHHH A-t B, 
B -t C, C -t D, D -t E, E -t A, TO Ka)K,Il;a:H ,n;waroHa:Jih IIHTHyrOJihHHKa 

ABCDE napaJIJieJihHa o,n;noii H3 CTopoH rrHTHyroJihHHKa. IlocTpofiTe neno

,Il;Bll)KHYIO ToqKy 3TOrO npeo6pa30BaHHH. 

I.26. HarrwmwTe cpopMyJihl acpcpwnnoro npeo6pa30BaHHH, KOTopoe ne

peso,n;HT ToqKH A(l,2), B(3,-1), C(-1,1) cooTBeTcTsenno B TOqKH 

A'(-1, 10), B'(6,6), C'(-4,6). 
1.27. Hafi,n;HTe neno,n;BH)l{Rhle TOqKH acpcpHHHoro npeo6pa3oBaHHH, KOTo

poe rrepeso,n;wT ToqKH A(-1, 2), B(2, 1), C(l, -1) coOTBeTCTBeHHO B TO~H 

A'(-3, 0), B'(6, 2), C'(lO, -1). 
I.28. IloKa3)KHTe, qTo acpcpwnnoe npeo6pa3osaHHe 

{ 
x' = 4x + 4y + 1, 

y' = 6x +9y + 2 

eCTh po,n;cTBO. Hali,n;HTe ero och, Ha:npaBJieHHe H K03cpcpmi;wenT. 

I.29. IloKa)KHTe, qTo acpcpHHHOe npeo6pa30BaHHe 

{ 
x' = 3x - 2y + 2, 

y' =2x-y+2 

eCTh c,n;swr. Hali,n;wTe ero Och. 

1.30. IloKa)KHTe, qTo acpcpwnnoe npeo6pa3osanwe 

{ 
x' = -2x - 3y + 3, 

y' =x+2y-1 

8CTh KOCaH CHMM8TpHH. Hali,n;HTe ee OCb H HanpaBJI8HHe. 

I.31. CocTaBhTe cpopMyJihI Kocofi CHMMeTpHH c ochIO 2x - y + 1=0 H 

HanpaBJI8HH8M 'f = ( 1, 3). 
I.32. CocTasbTe cpopMyJihI c,n;swra c ochIO x - y + 1=0 n napofi cooT

seTcTseHHh1x IlpHMbIX 2x - y = 0 Hy - 2 = o. 
1.33. ,lJ,JIH JII060ii TOqKII IlJIOCKOCTH cym;eCTBJeT CO,I1;8p)Ka1Il;a:H ee IlpHMa:H, 

KOTOpaH Heno,n;BH)l{Ha npH ,n;aHHOM H8TO)K,Il;eCTBeHHOM 3KBHacpcpHHHOM npe

o6pa30BaHHH. ,lI,oKa)KHTe, qTo 3TO rrpeo6pa30Ba:HHe eCTh JIH6o C,Il;BHr, mr6o 

IJ;eHTpaJibHaH CHMM8TpHH, JIH6o rrepeHOC. 

I.34. ,lI,oKa)KHTe, qTO JII06oe acpcpHHHOe npeo6pa30BaHHe eCTh KOMil03H

IJ;HR 3KBHacpqmHHOrO npeo6pa30BaHHH H roMOTeTHH. 

1.35. ,lI,oKa)KHTe, qTO MHO)KeCTBO scex p0,Il;CTB8HHhIX npeo6pa30BaHHfi 

c 06ll1IIM Hanepe,n; 3a,n;aHHhIM narrpasJiettneM eCTh rpynna. 
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1.36. ,Il;oKa:>KHTe, 'ITO KOMII03HIJ;ml ,li;BYX C,lJ;BHrOB c o6rri;HM HarrpaBJieHHeM 

eCTb JIH60 C,lJ;BHr, JIH6o rrepeHOC. 

1.37. ,Il;oKa2KHTe, 'ITO MH02KeCTBO BCex C,Ii;BHrOB H rrepeHOCOB c o6rri;HM 

HarrpaBJieHHeM ecTb rpyrrrra. 

1.38. ,Il;aHbI TPH KOCbIX CHMMeTpHH, HarrpaBJieHHH KOTOpbIX orrpe,n;eJie

HbI CTOpOHaMH HeKOTOporo TpeyroJihHHKa, a OCH rrapaJIJieJibHbI H co,ii;ep2KaT 

cepe,n;HHbI COOTBeTCTBYIOIIJ;HX CTOpOH 3TOro TpeyrOJibHHKa. ,Il;oKa2KHTe, 'ITO 

KOMII03HIJ;Heii 3THX Tpex CHMMeTpHH HBJIHeTCH TaK2Ke KOCaH CHMMeTpHH. 

IIocTpOiiTe ee OCb. 

1.39. To'!KH Ai, Bi, Ci ,n;eJIHT CTopoHhI BC, CA, AB TpeyroJihHHKa 

ABC B o,n;HOM H TOM 2Ke OTHOIIIeHHH. ,Il;oKa2KHTe, 'ITO c0Brra,ii;a10T ri;eHTpOH,Ii;hI 

TpeyroJihHHKOB ABC, AiBiCi H TpeyroJibHHKa, o6pa30BaHHOro rrpHMhlMH 

AAi, BBi, CCi. 
1.40. "llepe3 TO'IKY P, He IIpHHa,n;Jie2Kauzy10 CTOpOHaM TpeyroJibHHKa 

ABC, rrpoBe,n;eHhI rrpHMhre, rrapaJIJieJibHhre rrpHMhIM AB, BC, CA H rrepe

ceKaIOrri;He cooTBeTCTBeHHO rrpHMhre BC, CA, AB B TO'!Kax Ai, Bi, Ci. 
,Il;oKa2KHTe, 'ITO 



DIABA II 

Jlu'J-luu emopo20 nop.fliJ'Ka 

'J-la aifjifjU'J-l'J-lOU n.JWC'KOCmU 

B OTeqecTBeHHoii: yqe6Hoii: muepaType H3JI02Kemrn TeopHH KpHBhIX BTO

poro rropa,r:i;Ka Be,r:i;eTCH c HCIIOJib30BaHHeM MeTpHqeCKHX IIOHHTHH. ,LI;a2Ke 

acpcpHHHbie CBOMCTBa qaCTO ,ll;OKa3bIBaIOTCH MeTpHqeCKHMH cpe,r:i;CTBaMH H 

II03TOMY TepaIOTCH cpe,r:i;H o6rrrero MaTepHaJia. :::ho paCXO,ll;HTCH c IIOCTaBJieH

HOH u;eJiblO HaIIHCaHHH Hameii: KHHrH. c 3TOM TOqKH 3peHmI IIOJIO:iKHTeJihHO 

OTJIHqaeTCH OT ,r:i;pyrHX rroqTH 3a6hITbIM yqe6HHK [10] BbICOK006pa30BaHHOro 

reoMeTpa H rre,r:i;arora A. M. Jiorrmnu;a, r,r:i;e acpcpHHHoii: reoMeTpHH y,r:i;eJietto 

,ll;OCTaToqHO MHOro BHHMaHHH. 

Kpu6ou 6mopo20 nopRiYK:a Ha3hrnaeTca IIJIOCKaa JIHHHa, KOTopaa HMeeT 

B HeKOTOpoii: acpcpHHHOM CHCTeMe KOOp,ll;HHaT ypaBHeHHe BTOpOH CTerreHH. 

IIopa,r:i;oK ypaBHeHHH KpHBOii: He 3aBHCHT OT Bhr6opa acpcpHHHoro perrepa, 

H, CJie,r:i;oBaTeJihHO, KpHBaa BTOporo rropa,r:i;Ka HBJIHeTCH a <P <P H H H bl M 

II 0 Ha TH e M. 

B ,r:i;aHHOM H3JI02KeHHH Mbl orpaHHqHMCH B OCHOBHOM ,r:i;eii:CTBHTeJibHhIMH 

HeBbipO)K,ll;eHHhIMH JIHHHHMH BTOporo rropa,r:i;Ka - 3JIJIHIICOM, rHrrep6oJIOH, 

rrapa6oJioi!:. Pe,r:i;KHe OTCTyrmeHHa OT acpcpHHHoro H3JI02KeHHa K eBKJIH,ll;OBoii 

IIJIOCKOCTH rrpHBo,r:i;aTca JIHIDh ,r:i;Jia cBe,r:i;eHHa qHTaTeJia. OHM MoryT 6bITh 

onyrrreHhI 6e3 yrrrep6a ,r:i;Jia rroHHMaHHa ,ll;aJihHeii:mero. 

§ 15. 9NLunc 

15.1. A<l><l>HHHoe onpe,z:i;eJieHHe H KaHOHH"IeCKoe ypaaHeHHe aJI

JIHnca. IlycTh ,r:i;aHhI TPH HeKoJIJIHHeapHhre ToqKH 0, A, B. 9./1,,/1,uncoM 
6y,r:i;eM Ha3hIBaTh reoMeTpHqecKoe MecTo ToqeK M IIJIOCKOCTH, ,r:i;Jia Ka2K,r:i;oii: 

H3 KOTOpbix cyMMa KBa,r:i;paToB rrJiorrra,r:i;eH: TpeyroJihHHKOB OAM H OBM 
paBHa KBa,r:i;paTy rrJiorrra,r:i;H TpeyroJihHHKa OAB: 

(II.1) 

l-fa 3TOrO OIIpe,r:i;eJieHHH errre Cpa3y He CJie,r:i;yeT, qTO cyrrreCTBYIOT TOq

KH M IIJIOCKOCTH, 06Jia,r:i;a10rrrHe CBOHCTBOM (II.1). '.::ho CKOpo o6Hapy2KHTCH 

IIpH IIOJiyqeHHH KOOp,ll;HHaTHOro ypaBHeHHH paccMaTpHBaeMoro reoMeTpH

qecKoro MeCTa ToqeK. 3a,r:i;a,r:i;IiM acpcpHHHbii!: perrep (0, e1, e2), r,r:i;e e1 = OA, 
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e2 = OB. PaBeHCTBO (II.1) paBHOCHJibHO ero npe,n;cTaBJI8HHIO qepe3 KOCbie 

npOH3Be,n;eHml COOTB8TCTBYIOil!HX BeKTOpOB -

EcJIH OM= x·e1 + y·e2, TO comacHo onpe,n;eJieHHIO (I.3) Kocoro npoH3Be

,n;eHH.H 3TO paBeHCTBO 3KBHBaJI8HTHO CJie,n;y10nreMy: 

1

1 0
1

2 

+Jo 1
1

2

=11 
0

1

2 

xy xy 01' 

HJIH 

x2+Y2=1. (II.2) 

cho H eCTh a<fxf>U'H/l·We 'ICattOttU"ieC'ICOe ypa6ttettUe 3,//,Jl,Unca OTHOCHT8JibHO 3a

,n;aHHOrO penepa. Otto HMeeT 6ecKoHeqttoe MHO)KeCTBO pemeHHH - Koop,n;H

HaT TOqeK 3JIJIHilca, XOT.H IlOKa H He ,n;aeT IlOJIHOro npe,n;cTaBJI8HH.H 06 3TOH 

KPHBOH. 

15.2. llccJie.n;oaaHue a<t><t>uHHblX caoiicTB 9JIJIHrrca 110 ero KaHO
HuqecKoMy ypaaHeHHIO. lfa ypaBHeHH.H (II.2) BH,n;Ho, qTo lxl:::;; 1HIYI:::;;1. 

9To 03HaqaeT, qTo Bee ToqKH 3JIJIHnca Jie)KaT BHYTPH napaJIJieJiorpaMMa 

c BepIIIHHaMH (1, 1), (-1, 1), (-1, -1), (1, -1). 

(1,1) 

x 

(-1,-1) 

PHC. 29 

)J;anee, ecJIH M(x, y) - ToqKa 3JIJIHnca, TO eMy npHHa,n;Jie)KaT TaK)Ke H 

TOqKH M1 (x, -y), M 2(-x, y), M3 (-x, -y) (pHc. 29). CJie,n;oBaTeJibHo, aJI

mrnc oTo6pa)KaeTc.H Ha ce6.H Kocoii CHMMeTpHeii c ochIO Ox B HanpaBJieHHH 

OCH Oy, Kocoi!: CHMMeTpHeli c OChIO Oy B HanpaBJieHHH OCH Ox, a TaK)Ke 

u;eHTpaJibHOH CHMMeTpHeH c u;eHTpOM 0. 
Bc.HKa.H xop,n;a 3JIJIHnca, co,n;ep)Kanra.H u;eHTp 0 ero CHMMeTpHH, Ha3hIBa

eTc.H ero duaMempoM. Xop,n;hr MM1 , napanJieJihHhre ,n;HaMeTpy BB1 , ,n;eJI.HTC.H 
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rrorroJiaM ,n;1raMeTpOM AA1 (pHc. 30), H aHaJiorHqao xop,IT,bl MM2, rrapan

JieJibHhle ,n;HaMeTpy AA1 , ,n;eJIHTCH rrorroJiaM ,n;HaMeTpoM BB1 (pHc. 31). 

IIepBoaaqaJibHhle ,n;HaMeTphI AA1 H BB1 He HBJIHIOTCH HCKJIJOqHTeJibHhl

MH: 3THM CBOttCTBOM o6Jia,n;aIOT H ,n;pyrHe rraphl ,ll;HaMeTpOB 3JIJIHIICa. 

x x 

PHc.30 Pnc. 31 

m 

Puc. 32 Pnc. 33 

IIycTh MN - HeKoTopag xop,n;a 3JIJIHrrca, rrapanJieJibHaH ero ,n;HaMeTpy m 

(pHC. 32)' p - ee cepe,n;HHa, 0 - n;eHTp 3JIJIHIICa. PacCMOTpHM KOMII03HIIHIO 

,n;Byx KOChIX CHMMeTpHfi c ocHMH € = (OP) H m cooTBeTCTBeHHO B HarrpaBJie

HHHX rrpHMhlx m H € (rr.14.1): M---+ N---+ M1. Oaa HBJrneTCH n;eHTpaJihHott 

CHMMeTpHett c n;eHTpoM 0: SmSt = Z0 , OTKy,n;a CJie,n;yeT, qTo ToqKa Mi rrpH

aa,n;JiexmT 3JIJIHircy, 0 - cepe,ll;HHa xop,n;hI MM1 , NM1 I/ f, ,n;naMeTp m ,n;e.JIHT 

xop,n;y NM1 rrorroJiaM. EcJIH 6y,n;eM cqHTaTh M rrepeMeaaott ToqKott 3JIJIHII

ca, TO IIOJiyqHM CJie,n;yIOJIIHe Ba)KHhie BhlBO,ll;hl: 

1) .M,'H,O{)!CeCm60 cepeautt p xopa MN' napaMM'b'H/btX aua.Mempy m 3.11.
Jl,Unca, ecm'b eao (}ua.Memp f; 

2) eCJl,U aua.Memp f 3MUnca aeJl.um nonO.t1,a.M Xopa'bt, napaMeJl,'b'H'bte 
aua.Mempy m, mo aua.Memp m aMum nonOJl,a.M XOp~, napaMeJl.'b'H'bte aua
.Mempy € . 

.ll,Ba ,n;HaMeTpa 3JIJIHIICa, o6Jia,n;aIOJIIH8 IIOCJ18,ll;HHM CBOfiCTBOM, Ha3bIBa

IOTC5I conp,H,{)!Ce'H'H'bt.MU aua.Mempa.MU 3TOI'O 3JIJIHIICa. 
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15.3. 3a,i::i;aHHe aJIJrnnca ABYMH ero conpH)KeHHbIMH p;HaMeTpa
MH. EcJu1 ,ll;aHhl ,n;Ba oTpe3Ka AA1 H BB1 c o6m;eil cepe,n;nHoil 0, TO TeM ca

MbIM 3a,n;aH H 6a3HCHbril TpeyroJibHHK OAB, yqacTByrom;nil B orrpe,n;eJieHHH 

3JIJIHIICa. Ilo3TOMY 3JIJIHIIC 3a,n;aeTCH ,ll;BYMH ero corrpH)KeHHhIMH ,JJ;HaMeTpa

MH AA1 n BB1 • Bee rraphl corrpH)KeHHhIX ,n;naMeTpoB 3JIJIHrrca paBHorrpaBHhl 

( a¢¢HHHO 3KBHBaJieHTHbl) . 

IIocTaBHM 3a,n;aqy o rrocTpoeHHH TO'leK 3JIJIHrrca, 3a,n;aHHOro rrapoil: ero 

corrpH)KeHHhIX ,n;naMeTpOB AC H BD. IlocTponM rrapaJIJieJiorpaMM PQRS, 
,ll;JIH KOToporo 3TH OTpe3KH cJiyJl<:aT cpe,n;HHMH JIHHHHMH (pHc. 33). Ha rrpg

MOil: OB B03bMeM rrpoH3BOJibHyro TO'!KY E H Ha rrpHMoil: QB rrocTpOHM 

TO'lKY F TaK, 'ITO 

OE : EB= QF : FB. 

,Il;oKa)KeM, 'ITO TO'!Ka M =(CE) n (AF) rrpHHa,ll;JI8)KHT 3a,n;aHHOMY 3JIJIHIICy. 

3a,n;a,n;HM a¢¢HHHhlil perrep (0, e1, e2), e1 = OA, e2 =OB. IlycTb TO'!Ka E 
HMeeT Koop,n;HHaThl (0, a), a TO'!Ka F - KOOp.D,HHaTbI ((3, 1). B CHJIY paBeH-

a 1- ,6 
CTBa OTHomeHHil (OB, E) = (QB, F) HMeeM paBeHCTBO 1 _ a = T, OTKy,n;a 

a= 1 - (3. IlpHMbre CE H AF rroJiyqaroT cooTBeTCTBeHHO ypaBH8Hlrn 

ax - y + a = 0, H x + ay - 1 = 0, 

H3 KOTOpbIX CJie,n;yeT, 'ITO 

1- a 2 

x = 1 +a2' (II.3) 

Herrocpe,n;cTBeHHOii: rrpoBepKoii: y6e)K,Ll,aeMCH, '!TO x 2 + y2 = 1. 9THM caMbIM 

rrpHHa,n;Jie)KHOCTb TO'lKH M ( x, y) 3a,n;aHHOMY aJimmcy ,n;oKa3aHa. Ee rrocTpo

eHHe, BbIIIOJIHeHHOe Ha pHC. 33, rrpe,n;cTaBJIJ'IeT rrpOCTOH a¢¢HHHbIH crroco6 

IIOCTpOeHHH JII06oro 'lHCJia TO'leK 3JIJIHIICa IIpH H3MeHeHHH IIOJIO)K8HHH TO'l

KH E H HCIIOJib30BaHHH CBOHCTBa KOCOCHMMeTpH'lHOCTH 3JIJIHIICa OTHOCH

T8JibHO npHMbIX AC H BD a OTHOCHTeJibHO TO'lKH 0 HX nepece'leHHH. 

Bbr6paHHoe B Ka'leCTBe xapaKTepHCTH'lecKoro CBOHCTBa 3JIJIHnca cBoii:

CTBo (II.1) XOTJ'I H HBJIJ'IeTCJ'I a¢¢HHHhIM, HO He ,n;afa HarJIH)J,HOI'O npe,n;cTaB

JI8HHH 0 ¢opMe 3JIJIHIICa H ero reoMeTpH'l8CKHX CBOil:CTBax. 

IlpHMeqaHHe. l13BeCTHbie 'lHTaTeJIIO IIOHJ'ITHJ'I: OCH 3JIJIHnca, cPOKYCbI, 

cPOKaJibHbie pa;::i;ayCbI, 3KCD;eHTpHCHTeT He cynrecTBYIOT B a¢¢HHHOil: reo

MeTpHH. IloJiyocH 3JIJIHIICa MOI'YT 6bITb onpe,n;eJieHbl KaK nepneH,JJ;HKYJIHp

Hhle noJiy,n;HaMeTpbr, 'ITO TO)Ke Hea¢¢HHHO. YpaBHeHHe (II.2) coBna,n;aeT 

c ypaBHeHHeM OKPY)KHOCTH e.D,HHH'!Horo pa,n;Hyca c u;eHTPOM B Ha'!aJie KO

op,n;HHaT npHMOYI'OJibHOH ;::i;eKapTOBOtl: CHCTeMbI KOOp,n;HHaT. 

CJiep;CTBHe. JI106'bte a6a 3MUnca atfxjJU'H,'HO 3'/C6U6a.11,enmtt'bt ( u atfxfiunno 
3'/Ceuea.11,enmtt'bt o'ICpyi>ICnocmu). 
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15.4. IlapaMeTpH'I0CKHe ypaBHeHHSI 3JIJIHITCa. <I>yHKIJ,HH sin t H 

cost MoryT 6bITb onpe,n;eJieHbl 'IHCTO aHaJIHTH'leCKH CTerreHHbIMH p.H,n;aMH 

. t t 3 t 5 

Slll t = 1! - 3! + 5! - ... ' 
t2 t4 

cost = 1 - 2! + 4! - ... 

( -oo < t < +oo). IImnoMy OHM HMeIOT MecTo B acpcpHHHoi1 reoMeTpHn:, 

HeCMOTp.H Ha H3yqaeMyIO ux eBKJIH.ll;OBY TeOpHIO, OCHOBaHHYIO Ha HCIIO.Jib30-

BaHHH OKpyxrnOCTH. 

TaK KaK sin
2 t + cos2 t = 1, TO MO)J(HO IIO.JIO)J(HTh 

x=cost, y=sint (-oo<t<+oo). 

9TH ypaBHeHH.H H npe,n;cTaB.JI.HIOT co6oi1 O)J,HH H3 B03MO)J(HbIX BH.ll;OB napa
Mempu"leC'/CUX ypaBueuuu .9.fl..11,unca. ,ll;pyrHM BH,n;oM rrapaMeTpwi:ecKnx ypaB

Hemiii: 3Jl.JIHUca .HB.JI.HIOTC.H ypaBHeHirn (II.3): 

1-a2 

x = 1 + a2' 
2a 

y = 1 + a 2 ' 

r.n,e a - .JII06oe .n;ei1CTBMTe.JihHOe 'IMCJJO. 

15.5. TeopeMa AnoJIJIOHH.H i. llapa.fl..ll,e.1io2pa.M.M'bl, nocmpoeuu'ble ua 
napax conp.n:>1Cetttt'blX no.J1,yaua.Mempo6 .9.fl..11,unca, pa6U06MU'/CU. 

,ll;oKa3aTeJJbCTBO. IlycTh OA n OB, OAi n OBi - ,n;Be napb1 co

rrp.H)J(eHHbIX IIOJJy,n;naMeTpOB 3JJJnmca w (pnc. 34). IlapaMH TO'!eK 0--+ Oi, 

Ai 

Pnc.34 

A--+ Ai, B--+ Bi 3a,n;aeTc.H acpqrnHHoe rrpeo6pa3oBaane f, a .n,aHHhIMH rra

paMn IIOJJy,n;naMeTpOB - 0.ll;HH H TOT )J(e 3JJJJHIIC w' HHBapHaHTHbIM npu 

npeo6pa30BaHHM f. Ha OCHOBaHMH MHBapnaHTHOCTH OTHOIDeHH.H ITJJOIIJ;a.n;ei1 

SoAB SoA1B1 s:: = ----s:-
OTKy.n;a SoAB = SoA1B1 , n, 3Ha'IIIT, napaJJ.JieJJorpaMMbI paBHOBeJJHKH. 

0AnoJIJIOHHii ITeprcKHii (oKoJio 262 - 190 rr. µ,o H.a.) - MJiaµ,umii H3 Tpex Kpyn
HeiirnHx reoMeTpOB µ,peBaeii rpe~HH (I1epra - ropoµ, B Ma.Jioii A3HH). Ero Ba)Kl!eH1UHH 
Tpyµ, «KOHH'IeCKHe ce'Iel!HH» OKa3aJI 6oJib1UOe BJIHHHHe upH co3µ,aHHH aHaJIHTH'IeCKOH 

I'eOMeTpHH .LJ:eKapTOM H <PepMa. 
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16.1. Koop,n;HHaTHbie <PopMyJibl a:BTOMop<l>H3MOB aJIJIHIIca. IIpe-

06p8.30BaHue, OT06paJK:a10rn;ee qrnrypy Ha cefo1, H83hIBaeTOI aemo.Mopifm3-
.MO.M 3TOit qrnryphr. Hait,11;eM a¢qrn:HHhre aBTOMOpcpH3MhI 3JIJIHrrca. IIo ,11;0-

Ka3aHHOMY B rr.15.2 KOCaH CHMMeTpHH OTHOCHTeJihHO ,!l;HaMeTpa 3JIJIHIICa 

B COIIpHJK:eHHOM eMy HarrpaBJieHHH eCTh 0,IJ;HH H3 aBTOMOpcpH3MOB 3TOrO 3JI

JIHIICa. 0'leBH,IJ;HO, KOMII03HIJ;HH mo6hrx ,11;Byx aBTOMopcpH3MOB ¢Hryphr ecTb 

TaKJK:e ee aBTOMopcpH3M. CJie,11;0BaTeJihHO, .M'ltoaicecmeo ecex aemo.Mopefju3-
.M06 rfiu2yp'bt ecm'b 2pynna. 

5Ictto, qTo BCHKHii aBTOMOpcpH3M 3JIJIHIICa OCTaBJIHeT HeIIO,!l;BHJK:HblM ero 

u;ettTp. IIycTh 3JIJIHIIC HMeeT KaHoHnqecKoe ypaBHeHne x2 + y2 = 1. Tor,11;a 

JII06oit ero acj:>cj:>HHHhiit aBTOMOpcpH3M HMeeT O,!l;HOpO,!l;Hbie cj:>opMyJihI 

x' = aix + biy, 

y' = a2x + b2Y· 

Heo6xo,n;nMo, qTo6hI BhIIIOJIHHJIOCh paBeHCTBO x' 2 + y'2 = 1, mm 

Ilo3TOMY HMeeM TOJK:,!l;eCTBeHHOe paBeHCTBO 

(II.4) 

CJie,11;0BaTeJibHo, K03cpcpm1neHThI rrpeo6p830BaHHH (II.4) y,n;oBJieTBOpHIOT 

TpeM ycJIOBHHM 

Ha ocHoBaHHH rrepBbIX ABYX ycnoBnii MOJK:HO rronoJK:HTh 

Tor,n;a TpeThe ycnoBHe rrpuMeT BRA cos( 'P - 1/J) = 0. 0Tcro.n;a 

7r 
1/J = cp ± 2, bi ==f sin cp, b2 =± cos cp. 

TaKHM o6pa3oM, BCSIKHit aBTOMopcpH3M aJimmca x2 + y 2 = 1 rrMeeT JIH6o 

cj:>opMyJihl BH,Ll;a 

{ 
x' = x cos cp - y sin cp, 

~=1, 
y' = x sin cp + y cos cp, 

(II.5) 
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Jrn:6o cpopMyJihI BH,Il;a 

{ 
x' = x cos cp + y sin cp, 

~=-1. 
y' = x sin cp - y cos cp, 

(II.6) 

B qacTHOCTH, npeo6pa3oBaHne (II.5) npn cp = 0 51BJI.srnTc51 T o )I{ ,n; e c T B e H -

H bl M, a npH cp = 7r - u; e H T p a JI b H 0 ii c H M M e T p H e ii: 

{
x' =-x, 

y'=-y. 

Ilpeo6pa30BaHHe (II.6) HMeeT OCb po,n;CTBa 

1 - coscp 
y = sin cp x {:} 

sincp 
y- x 

- 1 +coscp ' 

a TaK KaK ~ = -1, TO OHO 51BJrneTC51 K 0 c 0 ii c HMM e T pH e ii OTHOCH

T€JibHO ,z:i;naMeTpa 3JIJHmca. 

Onpe,r:i;eJieHHe. HeTO)K,li;ecTBeHHoe 3KBnacpcpHHHoe npeo6pa3oBaHne 

nepBoro po,n;a, 0To6pa)Ka10iu;ee Ha ce651 HeKoTophiii 3JIJinnc, Ha3hrnaeTCB 3.tt
j/,unmu"teC'X:UM noeopomo.M. 

9JIJIHIITHqeCKH:ii IIOBOPOT HMeeT cpopMyJihl (II.5). 
lfraK, J1.106ou ttemoi>!Ci1ecmeett'Hib£U a<}Xjjui;.tt'b£u aemo.,w,opefiua.,w, 3.lt/l,Unca 

ecm'b J1.u60 3.lt/l,Unmu"tec-x:uu noeopom, .ttu6o -x:oca.R CU.M.Mempu.R., .ttu6o v,ett
mpaA'btta.R. cu.M.Mempu.R.. 

16.2. KoHcTpyKTHBHoe npe,r:i;cTaeJieim:e sJIJlHilTH'lecKoro rroeo
poTa. TeopeMa. ,4/1,.R. j/,'J06'bLX iJeyx mo"te-x: A u B 3Munca I cyw,ecmeyem 
ei1uttcmeetttt'b£u 3.ftJl,Unmu"tec-x:uu noeopom, omo6pai>!Caww,uu 3.ftJl,Unc / tta 
ce6.R. u mo"t'X:Y Atta mo""'X:Y B (pnc. 35). 

,IT, 0 Ka 3 a Te JI b c TB o. c y In; e c TB 0 Ba H He. ,il,JIB HeKOTopo:ii TOqKH 

p E 'Y paCCMOTpHM KOMII03HIJ;HIO KOCbIX CHMMeTpHit OTHOCHTeJibHO ,n;naMeT

pOB e H m B COIIp51)KeHHblX HM Hanpa1meHH5l:lC: A - p H p - B. y Ka3aHHa51 

KOMII03HD;H51 OTo6pa)KaeT 3JIJinnc / Ha ce651 n TOqKy A Ha ToqKy B. 

PHc.35 

E ,n; M H c TB e H Hoc Th. 9JIJIMIITMqe-

CKH:tt IIOBOpOT HMeeT cpopMyJibI (II.5), 
3aBMC51Iu;Me OT o,n;noro napaMeTpa cp -
ye.ria 3.lt/l,Unmu""ec-x:oao noeopoma. Ilo 

3a,n;aHHOii nape A(xi, Yi)-i. B(x2 , y2 ) cooT

BeTCTBeHHhIX ToqeK IIOJiy'IaeM mrneiiHyIO 

HeO,n;HOpo,n;nyro CHCTeMy 

{ 
x2 =Xi coscp - Y1 s~ncp, 
Y2 = Y1 coscp +Xi smcp 

(IL 7) 
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OTHOCHTeJibHO cos 'P H sin 'P c orrpe,n;eJIHTeJieM xi + y~ = 1. 1103TOMY Bce

r.n;a cym;ecTByeT ee e,ZJ;HHCTBeHHOe peilleHHe H COOTBeTCTBYIOIIl;HII eMy e,ZJ;HH

CTBeHHblII 3JIJIHI1THqecKHII IlOBOpOT. 9To JIHllIHHII pa3 ,ZJ;OK83hIBaeT H ero 

cym;eCTBOBaHHe, rrpe,n;hl.n;ym;ee KOHCTPYKTHBHOe ,ZJ;OKa3aTeJibCTBO KOTOporo 

rrpe,n;cTaBmreT co6o:ti xoporrmii: crroco6 rrocTpoeHmr o6pa3a M1 rrpOH3BOJih

HO:ti ToqKH M rrpH 3a,n;aHHOM 3JIJIHITTHqecKOM rroBopoTe (pHc. 35). D 
TaKHM o6pa30M, 3.11.//,Unmu""ec,,,,uu noeopom eno.n:tte onpeae.n,,,,,emcJt 3aaa

'HUe.M u1wapuattmtto20 3.11.//,Unca 'Y u y2.1ia cp noaopoma. 

16.3. reoMeTpH"leCKHH CMbICJI yrJia 3JIJIHIITHqecKOrO IIOBOpOTa. 

EcJIH 3JIJIHITTHqecKHII rroBopoT rrepeBO.ZJ;HT rroJiy,n;HaMeTphI OA H OB aJIJIHrrca 

'Y B rroJiy,ZJ;HaMeTpb! OA1 H OB1 , To B CHJIY ero 3KBHa<l><l>HHHOCTH 3JIJIHITTHqe

CKHe ceKTOphI AOB H A10B1 6y.n;yT paBHoBeJIHKHMH, OTKy,n;a cpa3y cJie.n;yeT 

H paBHOBeJIHKOCTh ceKTopoB AOA1 H BOB1 , 3aMeTaeMhIX rroJiy,ZJ;HaMeTpaMH 

OA HOB (pHC. 36). c 
E 

A 

PHc.36 PHc.37 

9JIJIHI1Tff'IeCKHII yroJI 'P KaK Mepa 3JIJIHI1THqecKoro IlOBOpOTa o6Jia,n;a

eT Ba)KHhIM CBOIICTBOM a,n;,ZJ;HTHBHOCTH: npu 1',0.Mn03U7.J,UU 3.11.//,Unmu'l(,eC'/CUX 
noaopomoe ux y2.11:bt C'/C./l,aa'biaa1-0mcR. 9To CJie.n;yeT H3 Toro, qTo rrpH aToM 

CKJia,ZJ;bIBaIOTCH IlJIOIIl;a,ZJ;H COOTBeTCTBYIOIIl;HX 3JIJIHI1THqecKHX ceKTOpOB. 

Ilo TeopeMe ArroJIJIOHHH rrJiom;a,n;h S0 rrapaJIJieJiorpaMMa, rrocTpoeHHoro 

Ha Ha ,u;Byx corrpH)KeHHhIX rroJiy,u;HaMeTpax OA H OC, He 3aBHCHT OT Bh!6o

pa HX napbl. KpoMe Toro, OTHOilleHHe ITJIOI11a.u;eil: ,IJ;BYX <l>Hryp He 3aBHCHT 

OT e,n;IIHffqHOro (Koop,n;IIHaTHOrO) rrapaJIJieJiorpaMMa. l103TOMY OTHOilleHJie 

s<p : So IIJIOI11a,ZJ;H s<p ceKTOpa AOA1 K rrJiom;a,u;II So HBJIHeTCH xapaKTepII

CTHKOil: yrJia cp 3JIJIIIrrTIIqecKoro noeopoTa. 3a 3JIJIIIrrTHqecKyIO Mepy yrJia 

rrpIIHIIMaeTCH 

cp = 
2%:. (II.8) 

9To MO)KHO 6hIJIO 6b! IIO,IJ;TBep,LI;HTb H BhJqHcJieHIIHMH; CM. (8, c. 151]. 
Y20.1t 3.!l.//,Unmu""ec'/Co20 no6opoma paae'l-t om'l-towe'l-tu1-0 yaaoe'tt1tou n.1to

w,aau, 3a.Memae.Mou noJtyaua.Mempo.M npoU360Jt'btto20 uttaapua'ttmtto20 
3Munca, 'IC nJtow,aau napa.!l.//,e.n,02pa.M.Ma, nocmpoettH020 Ha a6yx conpJt
:JICe'tttt'btX no.Jl,yaua.Mempax 3mo20 3.11.//,unca (pIIc. 37). 
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IlpHMeqaHHe. C,r:i;eJiaeM He6oJibIIIOe oTCTyrrJiemrn B eBKJIH,LJ;OBY rrJioc

KOCTh. l13BeCTHO, qTo 3JIJIHIIC eCTb o6pa3 oKpy)KHOCTH rrpn opToroHaJibHOM 

C)KaTHll ee K ,LJ;HaMeTpy (pllC. 38). IlyCTb 3JIJillIITllqecKHH IIOBOpOT f 3a,LJ;aH 

Puc. 38 

HHBapnaHTHbIM 3JIJIHIICOM 'Y n rrapoii: ero cooTBeTCTBeHHbIX ToqeK A -+ A1. 

EcJIH M H M1 - rrpoo6pa3bI 3THX ToqeK rrpn C)KaTHH g, TO 3JIJIHIITHqecKnii: 

IIOBOpOT MO)KHO rrpe,r:i;cTaBHTb KOMII03llIJ;lleii: 

f = gwg-1, 

r,r:i;e w - 06h1qHbIH (KpyroBoii:) rroBopoT (M-+ M 1) eBKJIH,Ll;OBOH IIJIOCKOCTH 

OKOJio u;eHTpa 0 Ha yroJI a: = MOM 1. 

§ 1 7. I'unep60J1,a 
17.1. Acl>cl>HHHoe onpep;eJieHHe rHnep60Jibl H ee KaHOHHqecKoe 

ypaimeHHe. IlycTh 3a,r:i;aHbI Tpn HeKOJIJIHHeapHbie TOqKn 0, A, B. I'unep-
60/1,0U Ha3hIBaeTcH reoMeTpnqecKoe MecTo ToqeK M rrJIOCKOCTH, ,LJ;JI.H Ka)K,Ll;oii: 

ll3 KOTOpbIX llCTllHHO COOTHOUieHHe 

s~BM - s~AM = s~AB. 
Bb16epeM acj:>qrnHHbIH perrep (0, ei, e2), r,r:i;e el =OA, e2 =OB. ECJill x, y

KOOp,LJ;MHaTbI ToqKn M B 3TOM penepe, To aHanornqHo 3JIJIHI.ICY HMeeM 

x2 _ y2 = 1. (II.9) 

11:3 3TOrO ypaBHeHHH Bll,Ll;HO, qTO lxl :? 1. '.:ho 03HaqaeT, qTO Ha rnI.Iep6o

Jie He cyI.IIeCTByeT ToqeK BHYTPH rroJIOChI, orpaHnqeHHoii: ,LJ;BYMH I.Ip.HMbIMH, 

napaJIJieJihHbIMH ocn Oy H I.IepeceKaIOiu;HMH ocb Ox B ToqKax (-1, 0) H 

(1, 0). '.:ho 3HaqnT TaK)Ke, qTO Ha rnrrep6oJie HaH,LJ;yTCR TOqKH, KOOp,LJ;HHa

Tbl KOTOpbIX HMeIOT CKOJib yro,r:i;Ho 60JibUille 3HaqeHHR. 11:3 ypaBHeHHR (II.9) 
cJie,r:i;yeT TaK)Ke, qTo ecJin ToqKa M(x, y) Jie)KHT Ha rHrrep6oJie, TO Ha Heii: 
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Jie)KaT H TO'IKH M1(x,-y), M 2 (-x,y), M 3(-x,-y). IIoaToMy rHnep6oJia, 

KaK H 3JIJIIUIC, KOCOCHMMeTpH'IHa OTHOCHTeJibHO Ka:~K,n;oii OCH KOOP,ll;HHaT 

B HanpaBJieHHH ~yroil: OCH H Ha'IaJIO KOOp,Il;HHaT ~IBmleTC.H u;eHTpOM ee CHM

MeTpHH - v,e'Hmpo.M wnep60.11ibt (pHc. 39). Xop,n;a MM3 co,n;ep)KHT u;eHTp 0 
rHnep60JibI H .HBJI.HeTC.H 0,Il;HHM H3 ee ,Il;HaMeT

pOB. He cyru;ecTByeT ,n;HaMeTpa, Jie)Karu;ero Ha 

OCH Oy, TaK KaK Ha aToii OCH He cyru;ecTByeT 

TO'IeK rmrnp6oJihI. Xop,n;a MM2 napaJIJieJih

Ha ocH Ox H ,n;eJIHTC.H ochIO Oy nonoJiaM. 

Xop,n;a MM1 napanJieJihHa ocH Oy H ,n;eJIHTC.H 

ochIO Ox nonoJiaM. 

B cJiy'Iae rHnep6oJihI noH.HTHIO ,n;HaMeT

pa npH,n;aIOT pacmHpeHHbiil: CMbICJI. lIMeHHO, 

aua.Mempo.M 2Unep60.!libt Ha3bIBaIOT Ilp.HMyIO, 

Ha KOTopoii Jie)KaT cepe,n;HHhI Bcex xop,n;, na

panJieJihHhIX HeKOTOpOil: 3a,n;aHHOii np.HMOil:. 
PHc. 39 

Tor,n;a roBop.HT 'ITO 3TOT ,n;HaMeTp conp.ft:JICC'H HanpaBJieHHIO 3TOii np.HMoii. 

Och Ox MO)KHO Teneph Ha3BaTh ,n;HaMeTpoM, conp.H)KeHHhIM HanpaBJieHHIO 

ocH Oy. TaKHM o6pa30M, Koop,n;HHaTHhrn ocH o6pa3yIOT napy conp.H)KeHHhIX 

,zi;ttaMeTpOB rHnep60JibI x
2 -y2 =1, npH 3TOM OCb Ox Ha3hIBaeTC.H aeucmBU

me.11,'b'H'bt.M aua.Mempo.M rHnep60JibI, a OCb Oy - ee .M'HU.M'bt.M aua.Mempo.M. 
IlO'ITH ,Il;OCJIOBHO MO)KHO IlOBTOpHTb paccy)K,n;emrn 0 cepe,n;HHax rrapaJI

JieJibHbIX xop,n; 3JIJIHTICa c HCTIOJib30BaHHeM KOMTI03HIJ;HH KOCbIX CHMMeTpHii 

(n. 15.2), KOTOpa.H .HBJI.HeTC.H u;eHTpaJihHOil: CHMMeTpHeil:. Tor,n;a CHOBa TIOJiy-

'IHM aHaJIOrH'IHbie BbIBO,Il;bI: 

1) .M'HO:J!CecmBo Bcex cepeau'H napa./1,./1,M'b'H'btX xopa 2unep60.11,'bt ecm'b np.R
.Ma.R - aua.Memp 2Unep60./l,'bt (Bero pacmn:peHHOM CMbICJie) (pn:C. 40); 

2) eC.11,U aua.Memp £ aMum nono.11,a.M Xopa'bt, napa./1,./1,e./l,'b'/-t'bte aua.Mempy m, 
mo u aua.Memp m ae.11,um nono.11,a.M, xopa'bt, napa./1,./1,e./l,'b'H'bte aua.Mempy £. 

PHC. 40 

Ilapa ,n;MaMeTpOB £ M m rn:rrep60JibI, o6Jia,n;aIOru;a.H IIOCJie,Il;HMM CBOii

CTBOM, Ha3hJBaeTC.H rrapoil: conp.R:>ICC'H'H'btX aua.Mempo6 3TOii rHnep60JibI. Cy

ru;eCTBeHHO, 'ITO O,Il;HH H3 ,Il;BYX corrp.H)KeHHbIX ,n;HaMeTpOB ,n;eil:CTBHTeJibHhiii, 

,n;pyroii - MHHMbJil:. 
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17.2. AcHMIITOThl rurrep6oJibl. CorrpsnKeHHble rurrep6oJihI. ,Ll;mi: 
6oJiee IIOJIHOro MCCJie,Il;OBamrn BOIIpoca 0 ci>opMe rmiep60Jibl Haii,n;eM TOqKM 

rrepeceqeHM.H rmiep6oJibI x 2 - y2 = 1 c rrp.HMott y = kx, rrpoxo,n;.H111ett qepe3 

ee 11eHTp. Jfa CMCTeMbl 3TMX ypaBHeHMfi IIOJiyqaeM, qTo 

2 1 
x = 1- k2. 

0TCIO,n;a CJie.n;yIOT TaKMe BbIBO,Il;bl: 1) eCJIM TOqKM rrepeceqeHM.H rMrrep60Jibl 

M rrp.HMOH .n;eiiCTBMTeJibHbie, TO OHM CMMMeTpMqHbl OTHOCMTeJibHO 11eHTpa 

rMrrep6oJibii 2) rrpM k2 < 1 rrp.HMa.H rrepeceKaeT rMrrep6oJiy B ,n;Byx .n; e ii -

c TB MT e JI b H bl x TOqKax; 3) rrpM k2 > 1 TOqKM rrepeceqeHM.H M HMM bl e; 

4) eCJIM k =± 1, TO TOqeK rrepeceqeHM.H rrp.HMOii M rMrrep60Jibl B 0 0 6 III e 

H e c y III e c T B y e T (HM .n;eii:cTBMTeJibHbIX, HM MHMMbIX). 

Orrpep;eJieHHe. EcJIM rrp.HMa.H, rrpoxO,n;.HI11a.H qepe3 11eHTp rMrrep6oJibI, He 

MMeeT c Heil: HM ,n;eHCTBMTeJibHbIX, HM MHMMbIX ToqeK rrepeceqeHM.H, TO OHa 

Ha3bIBaeTc.H acuMnmomou 2unep60.11/bt. 

QqeBM,Il;HO, rMrrep6oJia MMeeT ,Il;Be aCMMIITOTbl - rrpM k = 1 M rrpM k = -1 
cooTBeTCTBeHHO c ypaBHeHM.HMM x - y = 0 M x + y = 0. AcMMIITOTbI rMrrep-

6oJibI rrapaJIJieJibHbI ,n;MaroHaJI.HM rrapanJieJiorpaMMa, rrocTpoeHHoro Ha BeK

Topax C1 M C2 KOOp,Il;MHaTHOrO perrepa (pMC. 41). 

PHc. 41 PHc. 42 

Jlpu 'He02pa'HU"ie'H'HOM yaa.t1,e'HUU mO"i'ICU 2unep60.1t'bt om ee V,e'Hmpa O'Ha 

'Heo2pa'HU"ie'H'HO npu6.1tu:J1Caemc.l! 'IC acuMnmome. B caMOM ,n;eJie, rrpM ci>MK

CMpOBaHHOM 3HaqeHMM x TOqKa M(x, y) rMrrep60Jibl M COOTBeTCTBYIOIIIa.H ett 

TOqKa N(x, y 1) acMMIITOTbI MMeIOT pa3HOCTb op,n;MHaT 

x2 - (x2 - 1) 
Yi - Y = z - .J x2 - 1 = --"'-==~ 

x + .../x2 -1 

KOTOpa.H CTpeMMTC.H K HYJIIO rrpM x---> 00. 

1 
x + .../x2 - 1' 
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IloMemreM pOJUIMH rrepeMeHHhie x Hy, rrpH 3TOM coxpamrn ,z:i;aHHYIO CH

CTeMy KOOp,IJ;HHaT: 

Y2 _ x2 = 1. 

::ho ypaBHemrn SIBJrneTCSI ypaBHeHHeM rimep6oJihl, ,IJ;Jrn KOTOpofi ocb Oy 
SIBJISieTcSI ,z:i;eficTBHTeJibHOil:, a ocb Ox - MHHMoil:, HO acHMIITOThI ocTaHyTCSI 

rrpe)l<:HHMll: y - X = 0 H X + y = 0 (pnc. 42). I'nrrep60Jihl x2 - y2 = 1 H y2 -
- x2 = 1, 1IMeIOII1He o6IIIYIO rrapy aCHMIITOT, Ha3bIBaIOTC51 conp.RJ1Ce1i1i'bl.MU 
2unep60Jta.Mu. 

17.3. YpaeHeHHe rHnep60Jibl OTHOCHTeJibHO ee aCHMilTOT. 3aMe

HllM KOOp,IJ;IIHaTHhlH perrep (0, ei, e2) HOBbIM perrepOM (0, e~, e~), r,z:i;e e~ = 
1(- -) -I 1(-+-) 'T' = 2 · e1 - e2 , e 2 = 2 · e1 e 2 . _1_or,z:i;a 

OM= x·e1 + y·e2 = x' ·e~ + y' ·e~ = 
1,(_ -)+1'(-+-) = 2x · e1 - e2 2Y · e1 e2 = 

1 ( / + ') - + 1 ( / ') -= 2 x y ·e1 2 y - x ·e2 , 

1 1 
OTKy,z:i;a x = 2(x' + y'), y = 2(y' - x'). 

B HOBOM perrepe rnrrep6oJia HMeeT HOBoe 

ypaBHeHne 

x2 - y2 = ( x + y) ( x - y) = y' x' = 1, 

x'y' = 1. (II.10) 

x 

Pnc. 43 

AcnMrrTOThI rHrrep6oJihI x - y = 0 H x + y = 0 CTaHOBSITCSI ocHMII Koop,z:i;n

HaT y' = 0 n x' = 0 HOBoil: a¢¢nHHOH cncTeMhI Ox'y'. YpaBHeHHe (II.10) 
Ha3bIBaIOT ypaettettue.M 2Unep60Jt'bt OmttocumeJt'b1iO ee aCUMnmom (pHC. 43). 

17.4. IlapaMeTpH'IeCKHe ypaeHeHHH rHnep60Jibl MO)KHO IIOJIY

'lllTh, IIpe,IJ;CTaBIIB ee KaHOHH'leCKOe ypaBHeHHe B Bll,IJ;e ( X + y) ( X - y) = 1. 
1 

011eBH,Il;HO, x + y =f. 0 H x - y =f. 0. IloJIO)KllM x - y = t, TOr,z:i;a x + y = t, OTKy,z:i;a 

{ 

2x = t + .!, 

2y=-t:t· 
(II.11) 

8TH ypaBHeHHSI Ha3brnaeTC51 napa.MempU"1,€C'l>:U.MU ypaettettU.R.MU 2unep60Jt'bt. 
3aMeTHM, 'ITO x > 0 rrpn t > 0 H o6paTHO, a x < 0 rrpH t < 0 H o6paT

HO. CJie,z:i;oBaTeJihHO, ,IJ;JISI t > 0 HMeeM o,z:i;Hy (rrpaByIO) BeTBh rHrrep60JihI, a 

,Il;JISI t < 0 - ,IJ;pyryIO (JieByIO) ee BeTBb. 3Ha'leHH51M t =± 1 COOTBeTCTBYIOT 

TO'lKH rrepece11eHHSI rHrrep6oJihI c OChIO Ox. YpaBHeHHSI (II.11) II03BOJISI

IOT IIOJIY'lHTh rrpOCTOH a¢¢HHHhIH crroco6 IIOCTpoeHHSI TO'leK rHrrep60Jibl. 
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YpasttettneM x - y = t orrpe,n.emreTCR rr y 'Io K rr p 51 M hI x, rrapaJIJieJihHhIX 
1 .. 

acnMIITOTe y = x, a ypasttettne x + y = t 3a,n.aeT rry'IOK rrpRMhIX, rrapaJIJieJib-

HhIX BTopoii: acnMIITOTe. To'IKa M rrepece'IeHHR cooTseTCTBeHHhIX rrpRMhIX 

3THX IIY'IKOB, KOTOpbie OTBe'IaIOT O,ll.HOMY 3Ha'IeHHIO t, HMeeT KOOp,ll.HHa

TbI (II.11)' T. e. 51BJI51eTC51 TO'IKOH rurrep60JihI, 

CooTseTCTBeHHbie rrp51Mhie 3THX rry'IKOB y,n.o6Ho CTpOHTh no ux TO'IKaM 
1 

nepece'IeHH.H c OChIO Ox: x = t n x = t. 
17.5. IIocTpoemrn TO'IeK r1mep60JihI. IlycTh ,n.aH perrep (0, OA, OB) 

H TO'IKa P: OP= OA +OB (puc. 44). PaccMOTpHM ny'IOK rrpRMhIX c IJeHTpOM 

B TO'IKe P: y - 1 = k(x - 1), k-/= 0. IlycTb HeKoTopaR rrpRMaR aToro rry'IKa 

nepeceKaeT npRMbie OA H OB B TO'IKax C H N. IlocTpOHM Ha Heil: TO'IKY M, 
3a,n.aHttyro ycJiosueM CM= PN, n Haii:,n.eM MHO:JKeCTBO scex TO'IeK M(x, y) 
)J;JIR scex rrpRMhIX rry'IKa, KpoMe npRMOH, rrapaJIJieJibHOH rrp.aMoii: OA. Ha-

xo,n.nM Koop,n.uttaTbI TO'IeK C ( 
1 t k , 0) H N ( 0, k). 113 ycJIOBHR CM = PN 

1 
rroJiy'IaeM x = k' y = k. CJie,n.osaTeJihHO, paccMaTpHsaeMhIM reoMeTpn'le-

CKHM MeCTOM To'IeK M HBJIReTc.a rnrrep6oJia xy = 1 c acuMrrToTaMn OA 
nOB. 

x 

Puc. 44 

y' ( 

r . 
z~x' 

x 

ax+b 
1) y= -

x+c 
2) x'y'=l 

Puc.45 

17.6. r1rnep60Jia KaK rpacpHK ,IJ;p06HO-JIHHeU:HOM cpyHKIJ;HH. 
J(po6'H,O-Jl,U'H,eU'H,OU rfiyw,,;v,uei1 Ha3brnaeTC51 cpyHKIJH51 

ax+b 
y = x + c , b -/= ac. (II.12) 

Orpattu'Iettne b -/= ac tteo6xo,n.nMo, rroToMy 'ITO rrpn b = ac cpyHKIJHR o6pa

IIJaeTC51 B IIOCT051HHYIO y =a. 3Ha'IeHII51 x = -c H y =a He YAOBJieTBOp51IOT 

paseHCTBY (II.12) H II03TOMY HCKJIIO'IaJOTC.H. 
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BhmOJIHHM rr8p8Hoc Ha'IaJia Koop,n;nHaT 3a,n;aHHOii CHCT8Mhr Oxy Ha 

B8KTop 00' = (-c, a), T. 8. rrpoH3B8,n;eM 3aM8HY x = x' - c, y = y' +a. 
Tor,n;a ypaBH8HH8 (II.12) rrpHM8T BH,n; 

x'y' = b- ac. (II.13) 

YpaBH8HIDIMH (II.13) H (II.12) 3a,z:i;a€Tca o,n;Ha H Ta )1{8 rHrr8p6oJia, HOB pa3-

HhIX CHCT8Max Koop,n;nHaT O'x'y' H Oxy. Ilpn b - ac > 0 oHa roMOT8TH'IHa 

rHII8p6oJI8 x' y' = 1 c Il,8HTPOM rOMOT8THH B TO'IK8 0' ( -c, a). 9TH rHII8p-

6oJibI HM8IOT o6Ill,H8 acHMIITOTbI x = -c H y =a (pnc. 45). IlpH b - ac < 0 
rHrr8p6oJia (II.13) roMoT8TH'IHa rHrr8p6oJI8 x'y' = -1 rrpn TOM )1{8 IJ,8HTP8 

rOMOT8THM. 

§ 18. Arfirfiu'!-l'H/bte aBmo.Moprfiua.M/bl 2unep60Jl/bl. 
I'unep6o.llu'llec'K:uu noBopom 

18.1. CrrpaBKa o rHrrep6oJrn:qecKHX CHHyce H KOCHHyce. Ha MHO

)K8CTB8 JR. BC8X ,Ll;8IlCTBHT8JibHhIX 'IHC8JI x rHII8p60JIH'I8CKHM CHHYC (sh x) H 

rmrep6oJIM'I8CKHil KOCHHYC (ch x) orrp8,L1;8JIRIOTCR cpopMyJiaMH 

shx =~(ex - e-x), chx = ~(e"' + e-x). 

Omi: rrp8,Ll;CTaBJIRIOTCR CT8II8HHhIMM pa,n;aMH 

x3 x5 x2n+1 
shx = x + ~ + 5T + ... + (2n + l)! + ... , 

x2 x4 x2n 
chx=1+2T+ 

4
! + ... + (

2
n)! + ... 

B OTJIH'IH8 OT TpHrOHOM8TpH'I8CKHX cpyHKil,Hll OHM H e II e p H 0 ,LI; H q -

H bl. Hx rpacpnKH rrp8,Ll;CTaBJI8HhI pncyHKOM 46. 
<l>yHKil,HR shx H8'!€THaa: sh(-x) = -shx, shO=O. 

<l>yHKil,HR chx qfaHaa: ch(-x) = chx, chO = l. 
liIM8IOT M8CTO 3aBMCHMOCTb 

ch
2 x - sh

2 x = 1 

H cpopMyJihI CJIO)K8HHR 

sh(o: ± (3) =sh a ch (3 ±ch a sh (3, 

ch( a ± (3) =ch a ch (3 ±sh a sh (3. 

(II.14) 

Ilo,n;po6Hyro T80pHIO rHII8p60JIH'I8CKHX cpyH

Kil,Hll 'IHTaT8Jib MO)K8T HaHTH B 6pomrop8 [15], 

r,n;8 3TH cpyHKil,HH paccMaTpHBaIOTCR reoM8TpH'I8-

CKH Ha 8BKJIH,Ll;OBOH IIJIOCKOCTH c HCIIOJib30BaHH8M PHc. 46 
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paBH06o•rno:FI: r1mep60Jihl rrpH IIOCTO.HHHOM cpaBHemrn c TpHrOHOMeTpHqe

CKHMH cPYHKD;mIMH. 

reoMeTp:n:qeCKH apryMeHT a ( 2unep60J/,U"l,eC'X:UU Y20J/,) paBeH y,n;BOeHHO:FI: 

rrJioru;a,n;H KpHBOJIHHe:Fl:Horo TpeyroJibHHKa ( ceKTOpa rHrrep60JibI) OAM ( 0 -
Haqa.no Koop,n;HHaT, A(l, 0), M - TOqKa paBHo6oqHo:ii rHrrep60Jib1). 

18.2. ABTOMop<l>H3Mhl runep6oJihl. Bc.srK:n::FI: aBTOMOPcPH3M f rH

rrep6oJibI "( OCTaBmieT HeIIO)l;B:n::>KHblM ee D;eHTp H II03TOMY rrpe)l;CTaBJUieTCH 

O,ll;HOpo,n;HbIMH cl>opMyJiaMH 

Ilpoo6pa3 rHnep6oJibI x'2 
- y'2 = 1 HMeeT ypaBHeHHe 

(a1x + b1y) 2 
- (a 2 x + b2y) 2 = 1. 

TaK KaK f ('Y) = 'Y, To rroJiyqaeM TO)K,ll;eCTBO 

(ai - a;)x2 +(bi - b;)y2 + 2(a1b1 - a2b2)xy = x2 -y2
, 

(II.15) 

H3 KOTOporo CJie.n;yeT, qTQ K03cPcPHD;HeHTbl cPOPMYJI (II.15) Heo6xo,n;:n:MO y.n;o

BJ1eTBOp5IIOT ycJIOBHHM 

(II.16) 

0Tcro.n;a BH,ll;HO, qTQ a1 =I 0 H b2 =I 0. 
Bo3MO)KHbI ,n;Ba cJiyqa.sr: a2 = 0 H a2 =I 0. PaccMOTpHM HX no.n;po6Hee. 

1. IlpH a2 = 0 H3 TpeTbero ycJIOBH.H (II.16) CJie.n;yeT, qTQ b1 = 0, a H3 nep

BbIX ,ll;BYX - a1 =± 1, b2 =± 1. Il03TOMY cPOPMYJibl (II.15) .n;aroT qeTblpe 

BH,n;a acl>cl>HHHhIX aBTOMOPcPH3MOB rHnep60J1bI: TO)K)l;eCTBeHHOe npeo6pa30-

BaHHe (x' = x, y' = y), r(eHTpaJibHYIO CHMMeTpHIO (x' = -x, y' = -y), Kocyro 

CHMMeTpHro c OCbIO Ox (x' = x, y' = -y), Kocyro c:n:MMeTpHro c ocbro Oy 
(x' = -x, y' = y). 

2. IlycTb a 2 =F 0. Tor.n;a B CHJIY nepBoro ycJioBHH (II.16) H 3aBHCHMO

CTH (II.14) MO)KHO IIOJIO)KHTb a1 =ch cp, a2 =sh 'P· Atta.nor:n:qHo, Ha OCHOBe 

BToporo ycJIOBHH (II.16), b2 =ch 'lj;, b1 =sh 'lj;. B pe3yJibTaTe TpeTbe ycJIOBHe 

rrpHMeT BH,ll; 

chcpshcp-shcpch'lj;=O, HJIH sh('lj;-cp)=O, 

OTKy,n;a 'P = 'lj;. Ilo3TOMY cPOPMYJibl aBTOMOPcPH3MOB (II.15) 3aTIHillYTC5I 

B OKQHqaTeJibHOM BH)l;e 

{ 
x' = x ch cp + y sh cp, 

D. = ch
2 cp - sh

2 cp = 1. 
y' = xshcp + ychcp, 

(II.17) 
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9TH cpopMyJibI orrpe,n;eWIIOT 3 K B H ~ e H T p 0 a <P <P H H H 0 e rrpeo6pa30Ba

HHe rrepBoro po,n;a. 0Ho Ha3bIBaeTcH 2unep60//,U'ltec?Cu.M noBopomo.M. 

Ilo,n;Be,n;eM HTor. Oc»MH Koop,n;nHaT rnnep6oJibl x2 
- y2 = 1 MO)KeT 6bITh 

Jiro6aH rrapa ee corrpH)KeHHblX ,n;naMeTpoB. CJie,n;oBaTeJihHo, acpcpnHHhIMH 

aBTOMopcpH3MaMH rnrrep60Jibl HBJIHIOTCH CJie,n;yrorn;11e rrpeo6pa30BaHHH: '/CO

Cbte CU.M.Mempuu omttOCUmM'bHO ee aua.Memp06 6 conp.R,:JICetttt'blX U.M tta

npa6//,ettU.R,X, CU.M.MempU.R, omttocumM'bHO ee '4ettmpa, 2Unep60//,U'l/.eC'/CUe no-

60pOmbt O'/CO//,O ee '4ettmpa, mo:>1eaecm6ettttoe npeo6paao6attue. 

18.3. runep6oJiuqecKufi noeopoT orrpe,n;eJieH KaK sKBHacpci>HHHoe 

rrpeo6pa30BaHne rrepBoro po,n;a, oTo6pa)Karorn;ee HeKoTopyro rnrrep6oJiy Ha 

ce6H. OH HMeeT cpopMyJibl (II.17), r,n;e rrapaMeTp cp Ha3b1BaeTCH y2//,o.M 

2unep60//,U'ltec?Co20 no6opoma. 3,n;ech yMeCTHa o,n;Ha oroaopKa: ~eHTpaJib

HaH CHMMeTpHH OTHOCHTeJibHO ~eHTpa nmep60Jibl y,n;OBJieTBOpHeT 3TOMY 
orrpe,n;eJieHHIO, HO HH rrpH KaKOM ,n;e1kTBHTeJibHOM 3HaqeHHH cp 3THMH cpop

MyJiaMH He OXBaTbIBaeTCH. IIosTOMY OHa HMeeT oco6oe Ha3BaHHe - UH60-

//,10mU6'H,'blU noBopom. 

PaccMoTpHM cBo:lkTBa rnrrep6oJinqecKoro noBopoTa. 

1. Ee.au 2unep60//,a x 2 - y 2 = 1 Utt6apuaumua npu 2unep60//,U'ltec?Co.M no6o

pome (II.17), mo npu 3mo.M noBopome ma?C:>1ee Utt6apuaumua conp.R,:>1eettttM 

eu 2unep60//,a y 2 - x 2 = 1. 
,II;e1kTBHTeJihHO, c yqeTOM COOTHOilleHHH (Il.14) noJiyqaeM 

y'2 
- x'2 = (xshcp + ychcp)2 

- (xchcp + yshcp) 2 = 

= x 2 (sh2 cp - ch2 cp) + y2 (ch2 cp - sh2 cp) = y2 
- x 2

• 

Ilo3TOMy, eCJIH y2 
- x2 = 1, TOH y'2 

- x' 2 = 1. 
2. Ka:>1eaa.R, ua acu.Mnmom 2unep60//,'bl, uttBapuaumuou npu 2unep60//,u

'ltec?Co.M no6opome, omo6pa:>1eaemc.R, 3mu.M no6opomo.M ua ce6.R,. 

B caMOM ,n;eJie, 

x' + y' = ( x ch cp + y sh cp) + ( x sh cp + y ch cp) = 

= (x + y)(shcp + chcp) = (x + y)e"". 

TaK KaK e"" ~ 1, TO x' + y' H x + y o6parn;aIOTCH B HYJih o,n;HoBpeMeHHO. 

AHaJiornqHo ,n;oKa3hIBaeTCH HHBapnaHTHOCTh BTopoll: aCHMIITOTbl x -y = 0. 
3. I'unep60//,U'ltec?Cu.M no6opomo.M ?Ca:>1eaa.R 6em6'b utt6apuaumuou 2unep-

60//,'bt omo6pa:>1eaemc.R, ua ce6.R,. 

,Il;JIH ,ll;OKa3aTeJihCTBa no cpopMyJiaM (II.17) Haxo,n;HM 

xx' - yy' = ( x 2 ch cp + xy sh cp) - ( xy sh cp + y 2 ch cp) = 
= ( x 2 - y 2) ch cp = ch cp ~ 1, xx' - yy' ~ 1, 
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OTKy,z:i;a xx' ;;::: 1 + yy'. EcJIH 6b1 COOTBeTCTBeHHbie TO'IKH OKa3aJIHCb Ha pa3-

HbIX BeTB5.IX rmiep60Jibl x 2 - y2 = 1, TO Mbl 6hI HMemi: xx' < 0 H IIOJiyqeHHOe 

HepaBeHCTBO 6bIJIO 6bI rrpOTHBOpe'IHBO, IIOCKOJibKY rrpaBa5.I ero 'IaCTb MO:lKeT 

6hITb IIOJIO:lKHTeJibHOH. 

4. I'unep60J1,U"teC'lf,UU noBopom onpeaeJ1,.Remc.R saaattue.M U'HBapuattm'HOU 

2unep60J1,'bt u nap'bt coomBemcmBenn'btX mo"te,,,, oJ'Hou ee BemBu. 
,Il;oKa3aTeJibCTBO ,ll;OCJIOBHO COBrra,z:i;aeT c ,ll;OKa3aTeJibCTBOM aHaJIOrH'IHOro 

CBOHCTBa 3JIJIHIITH'IeCKOro IIOBOpOTa (rr. 16.2). IlocTpOeHHe o6pa3a ,z:i;aHHOH 

TO'IKH IIJIOCKOCTH rrpH 3a,z:i;aHHOM rnrrep6oJIH'IeCKOM IIOBOpOTe rrpOCTO Bbl

Pu:c.47 

§ 19. llapa60.1ia 

IIOJIH5.leTC5.I rrpH rrpe,z:i;cTaBJieHHH 3TOro 110-

BOpOTa KOMII03HI1Heit ,ll;BYX KOCbIX CHMMeT

pnit (pnc. 35). 
5. Ilpu 2unep60J1,u"tec,,,,o.M noBopome Bee 

paauyc'bt aByX conp.RJJCe'H'H'btX U'HBapUa'Hm
'H'btX 2unep60J1, sa.Memaiom paBnoBMU'lf,Ue 
2unep60J1,U"tec,,,,ue ce,,,,mop'bt (pnc. 47). lIMe

eT MeCTO TeopeMa ArroJIJIOHH5.I (rr. 15.5). 
6. Y20J1, r.p 2unep60J1,U"tec,,,,020 noBopoma 

B'btpaJJCaemc.R mou JJCe <fiop.MyJl,OU (II.8)' 
"lmo u npu 3J1,J1,Unmu"lec,,,,o.M noBopome. 

19.1. Acpcpu:HHoe onpe,n;eJieHu:e u: KaIIOHu:qecKoe ypaBHeHu:e na
pa6oJihI. IlycTb ,z:i;attbI TPH HeKOJIJIHHeapHbie TO'IKH 0, A, B. Ilapa60J1,0U 
Ha3hrnaeTC5.I reoMeTpnqecKoe MeCTO M TO'IeK IIJIOCKOCTH, ,ll;JI5.I Ka)K,ll;Oit H3 

KOTOpblX BbIIIOJIH5.leTC5.I COOTHOIIIeHHe 

(II.18) 

3a,z:i;a,z:i;HM perrep (0, e1, e2), r,z:i;e e1 = OA, e2 =OB. EcJIH TO'!Ka M HMe

eT B 3TOM perrepe KOOp,lJ;HHaTbl x, y, TO COOTHOIIIeHHe (II.18) 3KBHBaJieHTHO 

paBeHCTBY 

KOTOpoe B KOOp,ll;HHaTax HMeeT BH,11; 

HJIH 

y2 
- x = 0. 

::::ho H ecTb a<.P<fiunnoe ,,,,anonu"tec,,,,oe ypaBnenue napa60Jl,'bt. 
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I,fa ypaBHemrn: x = y2 cJie,zzyeT, qTo ecmi: Ha rrapa6oJie Jie:lKHT ToqKa 

M(x,y), TO Ha Heil Jie:lKHT H TOqKa M 1 (x,-y). Xop,n;a MM1 napaJIJieJib

Ha OCH Oy, ee cepe,n;HHa rrpHHa,n;Jie:lKHT OCH Ox. TaKHM o6pa30M, OCb Ox 
eCTh reoMeTpnqecKoe MeCTO cepe,n;uH xop,n; rra

pa60Jib1, rrapaJIJieJibHhIX OCH Oy. Ha ocHOBa

HHH orrpe,n;eJieHmr, rrpHmIToro Brr. 17.1, och Ox 
~IBmieTCR aua.MempO.M napa60Jl,'bl, COnpR;JfCett

Hbl.M ttanpa6J1,ettu10 ocu Oy (puc. 48). 
TaK KaK y 2 ?;: 0, TO x?;: 0, a Koop,n;nHaTa 

y MO:lKeT IIpHHHMaTb CKOJib yrO,IJ,HO 60JibIIIMe 

3HaqeHHR. 9To 3HaqnT, qTo napa6oJia Haxo

,IJ,HTCR B rrpaBoiI rroJiyrrJIOCKOCTH OT OCH Oy 
M rrpOCTMpaeTCR B 3TY IIOJIYIIJIOCKOCTb CKOJib 

yrO,IJ,HO .n;aJieKO. PMC. 48 

,11,JIR IIOJIHOro YRCHeHirn BOIIpoca 0 <l;>opMe napa60Jibl pacCMOTpMM TOqKH 

rrepeceqeHHH rrapa60Jibl x = y2 c rrpRMOH, rrpOXO,Il,RllleiI qepe3 cPMKCHpOBaH

HYIO ToqKy (x0 , y0 ) 3TOiI napa6oJibI. CHcTeMa ypaBHeHniI ceKym;eiI rrpRMOiI 

H rrapa60Jih1 

{ 
Y - Yo= k(x - xo), 
y2 =X 

rrpu k = 0 MMeeT oqeBH,IJ;Hoe e,n;HHCTBeHHOe pemeHHe (x0 , y0 ). CJie,IJ,oBaTeJih

Ho, Ka:iK.n;aa rrpRMaa y-y0 = 0, napaJIJieJihHaR OCH Ox, rrepeceKaeT rrapa6oJiy 

B e,IJ,HHCTBeHHOH TOqKe. I'oBopaT, qTO TaKHe rrpRMble HMeIOT acu.Mnmomu

"iEC'X:Oe ttanpa6Jl,E'/i,UE. 

EcJIH k :f. 0, TO aTa cncTeMa HMeeT ,IJ,Ba pemeHHR: 

T. e. rrpRMaa, He napaJIJieJibHaa OCH Ox H rrpoxo.n;Rm;aa qepe3 TOqKy rrapa-

6oJihI, rrepeceKaeT napa6oJiy em;e B o.n;HoiI ToqKe (pHc. 49). Och Oy HMeeT 

x 

PMC. 49 PMC. 50 
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c rrapa60JIOH f);Be COBrra;:i;a10rn;ue o6:ru;ue TOqKH, TaK KaK B 3TOM CJiyqae f);Ba 

perneHH51 CHCTeMhI x = 0 H x = y2 COBrra;:i;aIOT. 

Ilp51Ma51, HMe10rn;a51 c KpHBOft ,IJ;Be COBIIa,n;aIOrn;He o6rn;ue TOqKH, Ha3hIBa

eTC51 1\:acameJt'b'IWU K KpHBOH B f);BOitBoii o6rn;eli ToqKe. B qacTHOCTH, och Oy 
KacaeTc51 rrapa6oJihI y2 = x B naqaJie Koop;:i;unaT. 

19.2. ,ll;uaMeTphI napa6oJihI orrpe,n;eJI5IIOTC51 na ocnoBamrn Teope
MhI: cepeauH'bt napaJtJteJt'bH'btX xopa napa6oJt'bt Jteatcam Ha o~ou np.Ft.Mou. 
cha Ilp51Ma51 Ha3hJBaeTC51 aua.MempO.M napa60Jt'bt, conp.Ftatce'/-l'/-l'bl.M, aa'/-l'/-l'bl.M 
xopaa.M. 

,II, 0 Ka 3 a Te JI h c TB 0. IlycTh ,n;aHa xop.n;a MiM2 H 

M2(x2, Y2), Yi - Y2 = k(xi - x2), Mi(xi, Yi), 

r;:i;e k - rrocT05IHBOe qucJio, He paBHOe HYJIIO. Tor;:i;a 

Xi - X2 = Y; - Y~ =(Yi+ Y2)(Yi - Y2) =~(Yi - Y2), 

OTKy,n;a 
1 Yi+ Y2 1 

Yi +Y2 = k' --2- = 2k' 

1 1 
EcJIH (x, y) - cepe,n;HHa xop,n;h1 MiM2, TO x= 2(xi +x2) Hy= 

2
k. Ho rrepBoe 

H3 3THX paBeHCTB eCTb TO)K,lJ;eCTBO, a BTOpoe rrpe;:i;cTaBJI5IeT co6oli ypaBHeHHe 

HCKOMOrO MHO:lKeCTBa. ffTaK, cepeaU'/-l'bl 6CeX napaJtJteJt'b'/-l'blX Xopa napa60Jt'bt, 

u.MeW1.4UX ttanpa6Jte'lme k, nputtaiJJteatcam np.Ft.Mou y = A (puc. 50), napaJt
JteJt'bHOU ocu Ox. D 

19.3. IIocTpoeHHe ToqeK napa6oJibI. IlocTpOHM rrapaJIJienorpaMM 

OACB Ha 6a3HCHhIX BeKTopax OA H OB. IlycTh ToqKH P(a, 0) E (OB) 

x 
0 A 

PHc. 51 

H Q(f3, 1) E (BC) yf];OBJieTBOp5IIOT yc

JIOBHIO (puc. 51) 

OP:PB=BQ:QC. 

IlocTpOHM rrp51Mhie m 11 (OA), PE m, 
u OQ. Haii,n;eM Koop,n;HHaThI ToqKH M 
HX rrepeceqeHH51. IloCKOJlhKY IIp51Mhie 

m H OQ HMeIOT cooTBeTCTBeHHO ypaB-
1 

HeHHR y =a H y = 73x, TO M HMeeT 

Koop,n;HHaThI (a{3, a). PaBeHCTBO yKa-

3aHHhIX OTHOIIIeHHH rrpHBOf];HT K pa

BeHCTBY a= {3. CJie,n;oBaTeJihHO, Koop

fJ;HHaThI TOqKH M(a2, a) y,n;oBJieTBOp5IIOT ypaBHeHHIO y 2 = x, T. e. TOqKa M 
Jie:lKHT Ha 3a;:i;aHHOH rrapa6oJie. PHcyHOK 51 HJIJIIOCTpupyeT rrpocToii acpcpHH

HhIH crroco6 rrocTpoemrn ToqeK rrapa6oJihI c rroMOID;hIO rrapanJieJiorpaMMa. 
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§ 20. A<fi<fiutt'H'bte aBmo.Mop<fiua.M'bt napa6oJL'bt. 
II apa6oJLu'lleCK;UU noBopom 

20.1. t'I>opMyJibl aBTOMopQ>H3MOB napa60Jibl. IlyCTb ,n,aHHMI napa-

6oJia "( HMeeT ypaBHeHHe y = X
2

• IlyCTb ee aBTOMopqm3M f 3a,D;aH cPOpMy-

JiaMH 

{ 
x' = ax + by + c, 

y' = aix + biy + c1. 
(II.19) 

,11,.rrn Toro qTo6hI ypaBHeHne x'2 
- y' = 0 6bIJIO ypaBHeHIIeM o6pa3a napa6oJihl 

x 2 - y = 0, Heo6xo,n;HMO H ,ll,OCTaToqHo, qTo6bI BbIITOJIH.HJIHCb ycJIOBH.H 

b = 0, ai = 2ac, bi = a2
, c1 = c2

. 

Tor,n,a <PopMyJihI (II.19) npHHHMaIOT BH,ll, 

{ 
x' =ax +c, 

~=a3. 
y' = 2acx + a2 y + c2

, 
(II.20) 

Bc.HKHH aBTOMOPcPH3M napa60JibI coxpaH.HeT ee e,n,HHCTBeHHOe aCHMilTO

THqecKoe HanpaBJieHHe H OT06pa:>KaeT ee ,IJ,HaMeTp Ha ,IJ,HaMeTp ( B CHJIY HX 

a<P<PnHHoro xapaKTepa). CocTaBnM xapaKTepncTnqecKoe ypaBHeHHe (I.14) 
,D;JI.H npeo6pa3oBaHH.H (II.20): 

)..
2 

- (a+ a 2 )>.. + a3 = O. 

0Ho HMeeT KopHn >..1 =a n >..2 = a2
• CorJiacHo BhIBo,n,aM H3 n. 9.2, npeo6pa-

30BaHne (II.20) HMeeT e,n,nHCTBeHHYIO Heno,n;BH:>KHYIO TOqKy Tor,n,a H TOJib

KO TOr,n,a, Kor,n;a o6a xapaKTepHCTnqeCKHX KOpHH OTJIHqHbI OT 1, T. e. npH 

a i=± 1. B npOTHBHOM cJiyqae ~ =± 1, T. e. npn a=± 1 npeo6pa3oBa

Hne (II.20) 3KBHa<P<PnHHoe. Tor,n,a B03MO:>KHhI TpH CJiyqa.H. 

1. a= 1, c = 0. IIpeo6pa3oBaHne f TO)K,ll,eCTBeHHoe. 

2. a= 1, c 7'= 0. <I>opMyJihl (II.20) npHHHMaIOT BH,ll, 

{ 
x' =x+c, 

~=l. 
y' = 2cx + y + c2

, 
(II.21) 

CncTeMa (I.11) HeCOBMecTHa. Heno,n;BH:>KHbIX ToqeK HeT. TaKoe npeo6pa3o

BaHne f Ha3hrnaeTCH napa60.1tu"teC'K:U.M no6opomo.M. 
3. a = -1. <I>opMyJibl 6y,n,yT TaKHMH: 

{
x' =-x+c, 

~=-1. 
y' = - 2cx + y + c2

, 

9THMH ypaBHeHH.HMH onpe,n;eJI.HeTC.H KOCaH CHMMeTpH.H OTHOCHTeJibHO ,n,na-
1 

MeTpa x = 2c. 
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lhaK, B OTJlHqMe OT aBTOMop¢H3MOB 3J1JllIIlCa M rMnep60JihI, aBTOMOp

¢tt3MbI napa60JibI 3aBMC51T OT ,LJ;BYX napaMeTpOB M co,n;ep)KaT KaK 3KBMa¢

¢MHHbie, TaK M He3KBMa¢¢HHHbie npeo6pa30BaHM51, KaK I!eHTpoa¢¢MHHhie, 

TaK H HeI!eHTpoa¢¢MHHbie npeo6pa30BaHM51. 

20.2. Ilapa6oJIJl'IeCKHH IIOBOpOT. llapa60.!/,U"!,eC'K:U.M noeopomo.M Ha-

3hIBaeTC51 3KBtta¢¢ttHHOe npeo6pa3oBaHMe nepBoro po,n;a, oTo6pa)KaIOIIIee 

HeKOTopyro napa6oJiy Ha ce651 H He MMeIDil!ee Heno,n;BM)KHhIX ToqeK. Ilapa-

6oJIMqecKMfi IlOBOpOT MMeeT cpopMyJihl (II.21). 
PaccMOTpHM CBOHCTBa napa6oJIMqecKoro noBopoTa. 

1. llapa6o.!/,U"lec,,,;uu noeopom .RB.!/,.Remc.R K:o.Mnoauv,ueu coeu2a u nepeiwca, 

tte napa.!/,.!/,e.!/,'btto20 ocu coeu2a. 

,Il;eficTBMTeJihHO, comacHo ¢opMyJiaM (II.21) 3a,n;a,n;MM C,Ll;BMr x 1 = x, y1 = 
= y + 2cx c ochro Oy M nepeHoc x' = x1 + c, y' = y1 + c2 (c =f. 0). BeKTOp 

f = (c, c2) nepeHoca He napaJIJieJieH ocn Oy C,Ll;BMra. QqeBM,Ll;HO, MX KOMno-

3Ml!H51 M eCTh ,n;aHHhIH napa6oJIMqeCKMH IlOBOpOT (pHC. 52). 
2. llapa6o.!/,U"lec,,,;ui1 noeopom onpeOe.!/,.Remc.R aaoattue.M nap'bi coomeem

cmeetttt'btX mo"leK: napa60.!/,'bt, nocKOJihKY 3HaqeHMe ero e,n;MHCTBeHHoro na

paMeTpa c onpe,n;eJI51eTC51 3a,n;aHMeM 3TOfi napbI: c = x' - x. 
3. llcKJIIQqMB M3 ypaBHeHMH (II.21) napaMeTp c, IlOJiyqaeM 

x'2 -y' = x2 - y. 

9To 03HaqaeT CJie,LJ;YIDil!ee. Ka)K,n;a51 H3 napa6oJI ceMefiCTBa 

x 2 -y = C (II.22) 

HHBapMaHTHa npM napa60JIHqecKOM IlOBOpoTe (II.21), T. e. npn 3TOM IlOBO

poTe ToqKM nepeMeil!aIDTC51 no napa6oJiaM (II.22), HMeIDil!MM o6Il!Me ,n;Ma

MeTpbI. Ka)K,n;a51 M3 3TMX napa6oJI OTo6pa)KaeTC51 Ha ,n;pyryro nepeHOCOM 

B HanpaBJieHMM ocM Oy (pnc. 53). 

y x 

Pn:c. 52 Pn:c. 53 
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4. JlpJt.M'bte, 'K:a:J/CaaJI. U3 'K:OmOp'btX coaep:J1Cum a6e COOmBemcmBe'/i,'/i,'bte 
mo"t'K:U npu napa60.J1,U'l£eC1'0M noBopome, omce'K:a10m om coaep:J1Caw,eu ux U'H,
BapuaH,mH,ou napa60.Jl,'bt ce.MeucmBa (II.22) pa6'H,06e.J1,U1'Ue cez.Me'/i,m'bt. 

,1l; 0 Ka 3 a T e JI b c T B 0. IlycTb rrapa6oJIHqeCKHM IIOBOpOT f' 3a,n;aHHblM 
rrapoii: M---+ M' coOTBeTCTBeHHhIX ToqeK rrapa60JibI a (,n;m1 C = 0), rrepe

BO,D;HT TOqKy A aToii: rrapa6oJibI B ToqKy A' (pHc. 53). Tor,n;a cerMeHThI, 

0TceKaeMb1e OT Hee rrpRMhIMH MM' H AA', paBHOBeJIHKH, TaK KaK rrapa-

6oJIHqecKHii: IIOBOpOT - :3KBHa¢¢HHHOe rrpeo6pa30BaHHe. Ilapa6oJia a rre

peBO,D;HTC5I B mo6y10 ,n;pyry10 rrapa6oJiy {3 ceMeii:cTBa (11.22) rr e p e Hoc o M 

B ttarrpaBJieHHH 06II1nx ,n;HaMeTpoB. CerMeHT, OTCeKaeMbiii: OT rrapa60J1bI a 
rrpRMOii: AA', paBHOBeJIHK cooTBeTCTBYIOII1eMy cerMeHTY rrapa6oJihI {3. 

§ 21. J{ua.Memp'bt u 'J);acameJl'bH'bte 

21.1. Kpu:Tep1rn: corrpsDKeHHOCTH ,z:i;Byx ,z:i;u:aMeTpoB aJIJJu:rrca u: 
ru:rrep6oJibI. IlycTb ,n;att ,n;naMeTp y = kx aJIJIHrrca x 2 + y2 = 1. Haii:,n;eM 

ypaBHeHHe corrpR:iKeHttoro eMy ,n;naMeTpa. Ott ,n;eJinT rrorroJiaM KaiK,D;yIO xop

,n;y M1M2, rrapaJIJieJibHYIO ,n;aHHOMY ,n;HaMeTpy (§15). IlyCTb M1(x1,y1), 
M2(x2, Y2) H Yi -y2 = k(x1 - x2). TaK KaK xi+ Yi= 1 H x~ + y~ = 1, TO xi -
- x~ = y~ - Yi, HJIH (x1 + x2)(x1 - x2) = (Y1 + Y2)(Y2 -y1). Cepe,n;HHa P(x, y) 

1 1 
xop,n;b1 M1M2 HMeeT Koop,n;HHaTbI x = 2(x1 + x2), y = 2(y1 + Y2). 0Tc10,n;a 
Ha OCHOBaHHH rrpe,n;hl,n;yII1ero paBeHCTBa HMeeM ypaBHeHHe ,n;naMeTpa, co

IIp5I)KeHHOrO ,n;aHHOMy ,n;HaMeTpy y = kx: 

X= -ky, HJIH (II.23) 

TaKHM o6pa3oM, KpHTepHeM corrpR)KeHHOCTH ,n;Byx ,n;HaMeTpoB aJIJinrrca, 

HMeIOII1HX yrJIOBble Koa¢¢H11HeHTbl ki H k2' 5IBJI5IeTC5I ycJIOBHe 

B rroJittoii: attaJiorHH 6y,n;eM HMeTh ypaBHeHHe ,n;HaMeTpa, corrp5I)KeHHoro 

,n;aHHOMY ,n;HaMeTpy y = kx rHrrep60Jibl x 2 - y2 = 1: 

1 
y= kx, 

H KpHTepHii: HX COIIp5I)KeHHOCTH - ki k2 = 1. 

21.2. KacaTeJihHbie K KpHBhIM BToporo rropH,z:i;Ka. Kacame.Jl,'b'/i,OU 
K KpHBOM BTOporo IIOp5I,n;Ka Ha3bIBaeTC5I IIp5IMa5I, HMeIOII1a5I c KpHBOM ,n;Be 

06II1He COBIIamrrne TOqKH. 

Bbrne,n;eM ypaBHettHe KacaTeJibHOii: K aJIJIHrrcy x 2 + y2 = 1 B ero ToqKe 

T(x0 , y0 ). IlpRMy10, co,n;ep)KaIIIYIO aTy ToqKy, 3a,n;a,n;HM rrapaMeTpHqecKHMH 
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ypaBHeHIDIMH x = Xo + at, y = Yo + {3t, r,n;e a, (3 - KOOp,D;HHaTbI ee HanpaB

JISIIOIIJ;ero BeKTOpa. lfa CHCTeMbl ypaBHeHHH 9JIJIHilCa H 9TOii rrpSIMOil: HMeeM 

(xo + at)2 + (y0 + {3t)2 = 1, 

HJIH 

(a2 + {32 )t2 + 2(ax0 + f3yo)t + x~ + Y~ = l. 

IIocKoJibKY x~ + y~ = 1, TO aTo paBeHCTBO npHHHMaeT BH,D; 

(a2 + (Y)t2 + 2(ax0 + f3yo)t = 0. 

Ero oqeBH,D;HOMY peIIIeHHIO ti= 0 OTBe'laeT TO'IKa T. IIo onpe,n;eJieHHIO Ka

caTeJibHOli ero BTopoe penieHne 

t 2(axo+f3Yo) 
2=- a2+{32 

,D;OJDKHO COBila,LlaTb c nepBbIM: t1 = t2 = 0, 'ITO BbIIIOJIHHMO JIHIIIb rrpH ycJio

BHH ax0 + {3y0 = 0 (ycJIOBHe KacaHHSI), OTKy,n;a /!.. = - xo. CJie,n;oBaTeJibHO, 
/3 a Yo 

HCKOMOe ypaBHeHne y - y0 = -(x - x0 ) KacaTeJibHott yTO'lHSieTcsi: 
a 

y - Yo= - Xo (x - Xo), HJIH XXo + YYo = x~ + y~ = 1. 
Yo 

TaKHM o6pa30M, KacaTeJibHasi K 9JI.mmcy x 2 +y2 =1 Bero TO'IKe (x0 , Yo) 
HMeeT ypaBHeHHe 

XXo + YYo = 1. (II.24) 

IlOBTOpHTh ero BhIBO,D; ,D;JIH KacaTeJlbHOil: K I'Hnep6oJie x 2 - y2 = 1 HeT 

Heo6XO,D;HMOCTH, TaK KaK OTJIH'lHe Hecym;ecTBeHHO. 0TBeT amlJIOI'H'IeH: 

XXo -YYo = 1. 

IlepexomiM K pemennro TaKoil: )Ke 3a,D;a'IH MSI rrapa6oJihI x = y2. B 9TOM 

cJiy'lae Xo +at= (Yo + {3t)2, HJIH, 'ITO 3KBHBaJieHTHO, 

{32 t 2 + (2{3y0 - a)t + y~ - Xo = 0. 

TaK KaK yg - x0 = 0, TO {32 t 2 + (2{3y0 - a )t = 0. Tpe6yeMoe ycJIOBHe ti = t 2 = 0 
(3 1 

npHBO,D;HT K TOMy, 'ITO 2f3Yo - a= 0 (ycJIOBHe KacaHH»), OTKy,n;a - = -2 . 
a Yo 

Tor,ll;a ypaBHeHHe KacaTeJihHOii 6y,n;eT n:MeTh Bn:,n; 

Y - Yo= -
2
1 

(x - Xo), HJili 2yyo - 2y~ = x - Xo. 
Yo 

IloCKOJihKY yg = Xo, TO HMeeM OKOH'laTeJibHO HCKOMOe ypaBHeHHe KacaTeJib

Holi: 

2yyo = x + Xo. (II.25) 
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21.3. IlocTpOeHHe KacaTe.rJbHbIX K 3JIJIHncy H rnnep6oJie OCHOBaHO 

Ha cJJeµy10ru:.eli TeopeMe: nacame.11:b'Hibte n a.11.1tuncy U,Jl,U 2unep60.11,e napa.11,
.Jl,M'b'H/bt aua.Mempy, nomop'blil, conp.F£01Ciitt aua.Mempy, coaep:>ICaW,e.MY mo""'X:Y 
nacattu.F£. 

,IJ;oK83aTb 3TO coBceM npocTo. EcJIH T(x0 , y0 ) - 3a,n;aHHruI TO'!Ka Kaea-
... •• Xo 

HH.H 3JIJIHnca, TO co.n;ep2Kam;nn ee .n;naMeTp HMeeT ypaBHeHne y = -x, a 

conp.H2KeHHbltt eMy .n;HaMeTp, B CHJIY COOTHOIIIeHirn (II.23), - ypaJ'~eHHe 
x0 x + y0 y = 0. CpaBHeHHe ero c ypaBHeHHeM (II.24) KacaTeJJhHott K 3JIJIHncy 

y6e,n;HTeJibHO rOBOpHT 06 HCTHHHOCTH ,ll;OK83bIBaeMoro cpaKTa. 

IloBTOp.HTh .n;oK83aTeJihCTBO ,LJ;JI.H rnnep6oJihI HeT Heo6xo,n;HMOCTH. IIo

CTpoeHH.H BbIIlOJIHeHbl Ha pnc. 54 H pnc. 55. 
IIocTpoeHne KacaTeJihHOH K napa6oJJe ern.e npom;e. IIycTh T(x0 , y0 ) -

TOTJKa napa6oJibI y 2 = x. Tor.n;a KacaTeJihHa.H (II.25) nepeceKaeT ocb Ox 
B TO'!Ke x = -Xo. Ecmr CHCTeMa KOOp,11,HHaT He 3a.n;aHa, TO M02KHO IlOCTYIIHTb 

TaK: qepe3 .n;aHHYIO TO'IKY T npoB0,11,HM npoH3BOJihHYIO xopµy H napa.rmeJih

HYIO ett xopµy. llx cepe,LJ;HHhI onpe.n;eJI.HIOT ,n;HaMeTp napa6oJihI, KOTOphiii 

M02KeT 6hITh npHH.HT B KaTJeCTBe OCH Ox. Tor.n;a och Oy napaJIJieJihHa BhI-

6paHHbIM xop.n;aM (pHC. 56). 

Pnc. 54 Pnc. 56 

§ 22. 06'11.l;ee ypaB'l-te'Hue AUttuu Bmopo20 nop.riar;;a 

22.1. Onpe.n;eJieHHH. Jlunueu emopo20 nopJ£ana H83hrnaeTC.H MH02Ke

CTBO Bcex TO'IeK acpcpHHHOii IIJIOCKOCTH, acpcpHHHble KOOp,11,HHaThl Ka2K.n;o:i\ 

H3 KOTOpbIX y.n;oBJieTBOp.HIOT ypaBHeHHIO BTOpott CTeneHH: 

(II.26) 

r.n;e K03cpcpm:~HeHTbI aij = aji ( i, j = 1, 2, 3) - .n;eiiCTBHTeJihHhie 'IHCJia H XOT.H 

6bI O,ll;HO H3 'IHCeJI an, a12, a22 OTJIH'IHO OT HYJI.H. 

YpaBHeHHe (II.26) Ha3hrnaeTC.H o6w,u.M ypaenettue.M onpe,n;eJrneMoii: HM 

JIHHHH. CJiaraeMhie BTopoii cTeneHH H83hIBaIOTC.H cmapwU.Mu 'l/,.11,etta.Mu aTo

ro ypaBHeHH.H. 
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,Il;oKa3aHO, 'ITO nopH,ll,OK JIHHMM He 3aBHCMT OT Bb16opa acl>cl>HHHOH CHCTe

MbI Koop.n,ttHaT. CorJiacHo KaHOHH'IecKHM ypaBHeHHHM 3JIJIHnca, rHnep60JihI 

H napa6oJihI 3TH KPHBbie OTHOCHTCH K JIHHHHM BTOporo IIOpH.n,Ka. K HMM 

OTHOCHTCH TaK)Ke JIMHMH, 3a.n,aBaeMhie ypaBHeHHHMH 

(a1X + biY + C1)(a2X + b2y + C2) = 0, 

(ax+ by+ c) 2 = 0, 

(II.27) 

IIpe.n,cTaBJIHIOIIIMe co6oft II a p y II p H M bl x M c ,LI, B 0 e H H y IO IT p H -

M y IO. OHM Ha3bIBaIOTCH B'btpo:>1eiJettH'bt.MU J/,UHUJt.MU BToporo IIOpH.n,Ka. 

c ypaBHeHHeM (II.26) CBH3aHbI ,ll;Ba orrpe,11;eJIHTeJIH 

an ai2 a13 
M D = a21 a22 a2a , 

aa1 aa2 aaa 

Ha3bIBaeMhIX cooTBeTCTBeHHO onpeiJeJtumMe.M cmapw,ux "lJ/,eHOB M o6w,u.M 
onpedeJ1,umeJ1,e.M KPHBOH. 

22.2. Kp1uep11H: Bb1po:»<:p;eHHocT11 KpllBOH BToporo nopsi:p;Ka. 
jl,J/,Jt mo20 "lmo6bt JtUttUJt emopo20 nopJtih;a 6'bl.11,a 6'btpo:>1edenuou, neo6xo

du.Mo u aocmamO"l'ltO, "lmo6'bt 6'btnOJ/,1{,Jl,J/,OC'b paeeucmeo D = 0. 
,II;o K a3 aTeJI h c TB o. H eo 6xo.n, M MO c Tb. IIycTb KpHBaa Bbipo2K

.n,eHHaH Mee ypaBHeHMe MMeeT BH,ll, (II.27). Tor.n,a 

a2 b2 C2 
al bi C1 = 0. 
0 0 0 

3,11;ech ttcnoJib30Bano yMno2KeHHe onpe,11;eJIHTeJiefi no cnoco6y «CToJI6I!hI Ha 

CTOJI6I!bI». 

,II; o c Ta T o 'I H o c Th. IIycTb D = 0. ,Il;oKa2KeM, 'ITO KpnBaH npe.n,cTaB

JIHeT co6ofi napy npHMbIX. Ilo orrpe.n,eJieHMIO KPMBOH BTOporo nopH.n,Ka K0-

3cPtPHI!HeHTbI an, ai2, a22 ee ypaBHeHMH He MOryT 6hITb O,ll,HOBpeMeHHO 

HymrMM. Ilpe.n,noJI02KHM cHa'Ia.Jia, 'ITO a22 =/= 0. YpaBHeHHe (II.26) IIpe.n,cTa

BHM B BM)J;e KBa,n;paTHOrO ypaBHeHHH OTHOCMTeJibHO y: 

OTKy.n,a 

a22Y = -(a12x + a23) ± J(a12X + a23)2 - a22(a11x2 + 2a13X + a33). 

Hae HHTepecyeT no,11;KopeHHOe Bbipa:/Kemre. 3anmneM ero no cTeneHHM x: 

(ai2 - a11a22)x2 + 2(a12a23 - ai3a22)x + (a~3 - a22aas)· 
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,Il;ncKpHMirnaHT aToro KBa,n;paTHoro TpexqJietta paBeH ttymo: 

(a12a23 - a13a22)2 - (ai2 - a11a22)(a;3 - a22a33) = a22(-a11a22a33 -

- 2a12a13a23 + aua;3 + az2ai3 + a33ai2) = a22(-D) = 0. 

CJie,n;oBaTeJibHO, rro,n;Kopettttoe Bbipa)KeHHe .1rnmreTCR KBa,n;paTOM tteKOTo

poro ,D;ByqJieHa o:x + /3' H IIOTOMy 

az2Y = -(a12X + a23) ±(ax+ /3). 

A 3TO - ,n;Ba ypaBHeHHR ,lJ;Byx rrpRMbIX. 

Ilpn a22 = 0, HO a11 of=0 rrocTyrraeM attaJiornqtto, ttaxo,n;R Bbipa)Kettne )J;JIR 

aux. Kor,n;a )Ke a 11 = az2 = 0, a 12 i= 0, Tor,n;a ycJIOBHe D = 0 rrpHHHMaeT 

BH,lJ; 2a13a 23 = a 12a 33 . IIoaToMy Borrpoc pemaeTCR oqeHh rrpocTo: ypaBHettne 

rrpe,n;cTaBJIReTCR TaK: 

T. e. OIIRTb )Ke 3a,n;aeT rrapy rrpRMbIX, KOTOphie rrapaJIJieJibHbI COOTBeTCTBeH

HO ocRM KOOp,lJ;HttaT. D 

,Il;oKa3aHHbIH KpHTepHH D = 0 Bbipo)K)J;eHHR Kp.HBOH He 3aBHCHT OT CH

CTeMhI KOOp)J;HHaT, IIOCKOJibKY Bbipa)KaeT co6oit reoMeTp.HqecKHH cpaKT, He 

CBR3aHHhIH c CHCTeMOH KOOp,lJ;HHaT. 

3a,n;aqa 1. ,II;atta Kp.HBaR x2 
- 4xy + 3y2 + 2x - 2y = 0. BhrnCHHTh, RB

JIReTcR JIH otta BbipO)K)J;eHttoit. B cJiyqae Bhipo)K)J;eHHOCTH ttaitTH ypaBHeHHR 

COCTaBJIRIOilIHX ee npRMhIX. 

Pe me H He. IlpoBepReM BhIIIOJIHettne KpHTep.HR D = 0 BhipO)K,lJ;eHHOCTH: 

1 -2 1 
D = -2 3 -1 =0. 

1 -1 0 

,Ll;aHHOe ypaBHeH.He KpHBOH pemaeM 0THOCHT8JlhHO x: 

x 2 - 2(2y - l)x + 3y2 
- 2y = 0, x = 2y - 1 ± (y - 1). 

MbI noJiyqnJIH napy nepeceKaIOilIHXC.H npRMhIX 

X - 3y + 2 = 0 H X - y = 0. 

3a,n;aqa 2. PemHTb attaJior.Hqttyro 3a,n;aqy )J;JI.l'I KpMBOH 

x2 - 6xy + 9y2 
- 2x + 6y - 3 = 0. 

Otta pemaeTCR npoilie, TaK KaK 3TO ypaBHeHMe npe,n;cTaBJI.l'IeTCR B Btt,n;e 

(x - 3y)2 - 2(x - 3y) - 3 = 0, OTKy,n;a x - 3y = 3 H x - 3y = -1. CJie,n;oBa

TeJibHO, ,n;aHHaR KpMBaR COCTOHT H3 ,lJ;BYX rrapaJIJI8JlbHbIX npRMbIX. 
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§ 23. OnpeiJMenue euiJa nee'btpo~iJennou ""pueou 
emopoeo nopRiJ""a no ee 06t11ie.My ypaenenuw 

23.1. A<P<l>HHHruI 3KBHBaJieHTHOCT& 3JIJIHncoe, rHnep6oJI, napa-

6oJI. IIo orrpe,n;eJiemu1M 3THX KpHBblX Ka)K,JJ.MI H3 HHX 3a.n;aeTc.H a<Pcl>nHHblM 

perrepoM, a OH - 6a3HCHblM TpeyroJibHHKOM. Bn.n; KPHBott onpe.n;eJI.HeTC.H 

COOTBeTCTBYIOIIJ,HMH COOTHOIIIeHH.HMH Me)K,JJ.y IIJIOIIJ,a)J;.HMH TpeyrOJibHHKOB. 

ComacHo TeopeMe o 3a)J;aHHH acl>cpnHHoro rrpeo6pa3oBaHH.H rrJIOCKOCTH (§ 8) 

JII06b1e )];Ba TpeyrOJibHHKa a<Pcl>nHHO 3KBHBa.JieHTHbl. 0Tcro.n;a CJie.n;yeT, qTo 

.11,106w,e d6a a.11,.11,unca, .11,106'bie d6e 2unep6M'bt, .11,106'bte d6e napa6M'bl a<faf>uwtto 
3'1C6U6Mettmtt'bl u 6 coom6emcm6y10'14UX a<faf>utttt'btX penepax ouu u.Mewm 
odu'Ha'/Coe'ble atfxfiunn'ble '/Canonu"tec?Cue ypa6'>te'H'U.ft. 0.n;HaKO mo6h1e .n;Be H3 

3THX KpHBblX pa3JIHqHblX BH.ll;OB a<Pcl>HHIIO He3KBHBa.rreHTHhl. 

TaKHM o6pa3oM, .n;JI.H HeBb1po)K,JJ.eHHhlX JIHHHii BToporo rrop.a.n;Ka cyIIJ,e

CTBYIOT TPH n TOJihKO TPH acp¢nHHblX nma - 3JIJIHIIChI, rnrrep6oJihI H rra

pa6oJibI. 

Ha ocHOBaHHH a¢cpnHHhIX HHBapnaHTOB )J;JI.H Bh1po:>K.n;eHHhlX .n;ettcTBH

TeJibHblX JIHHHtt BToporo rrop.a.n;Ka TaK»<:e cyIIJ,eCTBYIOT Tpn H TOJibKO TPH 

a<Pcl>nHHblX THrra - rrapa rrepeceKaIOIIJ,HXC.H rrp.HMblX, rrapa rrapa.rrJieJihHhlX 

npHMbIX H C)J;BOeHHaH npHMa.H. llx pa3JIH'IeHHe no o6IIJ,eMy ypa:rmemuo (rrpn 

D = 0) rroKa3aHo Ha rrpHMepax B rrpe.n;hl.n;yIIJ,eM naparpa¢e. 

Haii.n;eM KpnTepnn pa3JIH<teHn.a HeBblpo)K,JJ.eHHblX JIHHHii, 3a)J;aHHblX nx 

o6IIJ,HM ypaBHeHHeM (II.26). 

23.2. IlpH3HaKH 3JIJIHnca. EcJIH 3JIJIHIIC HMeeT KaHOHH'lecKoe ypas

HeHHe x'2 + y'2 = 1, TO ero npoo6pa3 IIpH acl>cpHHlIOM rrpeo6pa30BaHHH f 
HMeeT ypaBHeHne (a 1x + b1y + c1)2 + (a2 x + b2y + c2)2 = 1, T. e. ypaBHeHne 

BH.n;a (II.26): 

(ai + a~)x2 
+ 2(a1b1 + a2b2 )xy +(bi+ b;)y2 

+ 

+ 2(a1c1 + a2c2)x + 2(b1c1 + b2c2)Y + ci + c; - 1 = 0, (II.28) 

)J;JI.H KOTOporo 

8 =1 af+a~ a1b;+a;b2l=la1 bil
2

=~2 >0. 
a 1b1 + a2b2 b1 + b2 a2 b2 

Hatt.n;eM orrpe.n;eJinTeJih D o6IIJ,ero ypaBHeHirn (II.28) aJimmca: 

af +a~ a1b1 + a2b2 aic1 + a2c2 ai bi C1 a1 bi C1 

D= a1b1 + a2b2 bi+ b~ biC1 + b2c2 = U2 b2 C2 a2 b2 C2 = 
a1c1 + a2c2 bic1 + b2c2 ci+c~-1 0 0 1 0 0 -1 

=-~2 =-8<0. (II.29) 
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IlocKOJibKY onpe,r:i;emfTeJib A a<l:><l:>HHHoro npeo6pa3oBaHmI f &BmrnTc& 
HHBapHaHTOM npeo6pa30BaHH5.I H He 3aBHCHT OT Bhl6paHH011 CHCTeMhl KOOp

,Il;HHaT (§9), TO HMeeM TaKOA KPHTepnli 9JIJIHilCa no o6~eMy ypaBHeHmo: 

6> 0, D<O. 

23.3. KpHTepHA rHnep6oJibI. Ilpoo6pa3 rHnep6oJibI x'2 -y'2=1 npH 

a<l:><l:>HHHOM npeo6pa3oBaHHH f HMeeT ypaBHeHHe 

(a1x + biy + c1) 2 
- (a2x + bzy + c2)

2 =1, 

HJIH 

(ai - a~)x2 + 2(a1b1 - a2b2 )xy +(bi - b;)y2 + 
+ 2(a1c1 - azc2)x + 2(b1c1 - bzc2)Y + ci - c; - 1=0. 

IloaToMy /j-1 ai-a~ aib1-a2b21--1a1 b112 ~z 0 
- aib1 - azb2 bi - b~ - a2 bz = - < ' 

ai - a~ aib1 - azb2 
D = aib1 - azb2 bi - b~ 

aic1 - a2c2 bic1 - bzc2 

aic1 - azc2 
bic1 - b2c2 = 
ci-c~-1 

ai bi C1 

=a2b2C2 
0 0 1 

al b1 C1 
-a2 -b2 -C2 = ~2 > 0. 

0 0 -1 

l'lTaK, KpHTepn&MH rnnep6oJibI &BJI&IOTC& ycJIOBH& 

8 < 0, D > 0. 

23.4. IlpH3HaKH napa6oJibl. 9THM )Ke nyTeM IIOJI~aeM ypaBHeHIIe 

rrpoo6pa3a rrapa6oJibI y'2 
- x' = 0: 

(a2x + bzy + c2)
2 

- (a1x + b1y + c1) = 0, 

HJIH 

a;x2 + 2a2b2XY + b;y2 + (2a2C2 - C1)x + (2b2C2 - bi)Y + c; - C1 = 0. 

Tor,r:i;a 

/j = I a~ az~21 = O. 
azb2 b2 

Orrpe,r:i;eJIHTeJib D HeT Heo6xo,r:i;HMOCTH Haxo,r:i;HTb; cym;ecTBeHHO JIHUI&, 'ITO 

OH OTJIH'ieH OT Hym1., H6o B rrpoTHBHOM CJiy'fae KpHBa& 6bIJia 6bI BhlpOLK

,r:i;eHHOli (n. 22.2). 
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CJie,IJpBaTeJihHO, Kp1nep:m1MH rrapa6oJihI 51BmnoTc51 ycJIOBH51 

o = 0, D ¥- 0. 

IloJie3HO 3aMeTHTh, 'ITO 0 = 0 Tor,r:i;a H TOJihKO TOr,r:i;a, Kor,r:i;a CYMMa CTap

rrrnx 'IJieHOB o6IIIero ypaBHeHH51 KpHBOH 5IBJI5IeTC51 II 0 JI H bl M K B a ,ll, p a -

T 0 M HeKOToporo ,ll,BY'IJieHa. 

06IIIHM pe3yJihTaT MO)KHO IIO,ll,hITOMHTh Ta6Jim:i;eli: 

II D 

9JIJIHIIC 8>0 D<O 
rurrep6oJia 8<0 D>O 
IIapa6oJia 0=0 D f-0 

flpHMepbl. 

1. 5x2 
- 8xy + 5y2 

- 12x + 6y = 0, o = 9, D = -81. 
KpuBa51 - 3JIJIHIIC. 

2. 5x2 + 12xy - 22x - 12y - 19 = 0, 
KpuBa51 - rurrep6oJia. 

3. x2 + 2xy + y 2 
- 8x + 4 = 0, o = 0, 

KpuBa51 - rrapa6oJia. 

4. y = ax2 +bx+ c, a¥- 0, o = 0, 

KpuBa51 - rrapa6oJia. 

0 = -36, D = 362
• 

D = -16. 

D=-1. 
8 

2a 0 b 
0 0-1=-~f-O. 
b -1 2c 

23.5. 0 MHHMbIX KpHBblX BTOporo rropa,z:i;Ka. IlpH orrpe,r:i;eJieHHH 

JIHHHH BTOporo IIOp51,IJ;Ka 06IIIHM ypaBHeHHeM (II.26) cpopMaJihHO (6e3 y'Ie

Ta HX reOMeTpH'IeCKHX CBOHCTB) HeH36eMHO rrpHXO,ll,HTC51 paCCMaTpHBaTh 

TaKne, HarrpHMep, ypaBHeHH51: 

-x~+y2 =0, x2 +y2 =-1, x2 =-4. 

IlepBoe H3 HHX y,r:i;oBJieTBOp5IeTC5I JIHITih O,ll,HOH ,r:i;elii:CTBHTeJihHOH TO'IKOH 

(0, 0), a ,ll,Ba ,r:i;pyrue H BOBCe He HMeIOT ,r:i;elii:CTBHTeJihHhIX peITieHHM. IlepBoe 

H IIOCJie,IJ;Hee H3 HHX MoryT 6hITh 3aITHCaHhI TaK: 

(x + iy)(x - iy) = 0, (x + 2i)(x - 2i) = 0 (i2 = -1). 

Bee TPH ypaBHeHH51 - ypaBHeHH51 M H n M hI x JIHHHM BToporo rrop51,lJ,Ka. 

9TH ,ll,Ba ITO cpopMe ITOXO)KH Ha ypaBHeHH51 rraphr rrepeceKaIOIIIHXC51 rrp51MhIX 

H rraphl rrapaJIJieJibHhIX rrp51MhIX, ypaBHeHHe x 2 + y2 = -1 Ha3bIBaIOT ypaB

HeHHeM .M'H,U.MOZO 3.!l.//,Unca. 
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,Il;mr MHHMbIX JIHHHH BTOporo rrop.H,n;Ka B03MOJKHbI TPH H TOJibKO TPH 

cJiyqaa, a HMeHHo: 

1) MHHMhIH 3JIJIHITC (KpHTepnii:: r5 > 0, D > 0); 

2) napa MHHMbIX rrp.HMbIX, rrepeceKaIOIIJ;HXC.H B ,n;eii:CTBHTeJibHOH TOqKe 

(KpHTepnii:: r5 > 0, D = O); 

3) napa MHHMbIX rrapaJIJieJibHhIX rrp.HMbIX (KpHTepHH CJIOJKHee, 3)l;eCb He 

yTOqH.HIOTC.H). 

PacCMOTpeHHe MHHMbIX JIHHHH BTOporo rrop.H,n;Ka OCTaBHM B CTOpOHe KaK 

He HMeIOru;ee rrpaKTHqecKoro HHTepeca. 

Jf cmopu'l(,eCK,a.R cnpaBK,a 

KpHBhre BToporo rropa,n;Ka n3yqaJIHCh eru;e ,n;peBHerpeqecKHMH MaTeMaTH

KaMH BpeMeH EBKJm,n;a (IV B. ,n;o H. 3.). 0HH BOIIIJIH B aHTHqHyIO MaTeMaTHKY 

rro,n; Ha3BaHHeM KOHHqecKHX ceqemrii: H paccMaTpHBaJIHCh KaK cpe)l;CTBO pe

rneHH.H 3a)l;aq Ha IlOCTpOeHHe, KOTOpbie He pernaJIHCb c ITOMOIIJ;bIO IJ;HPKYJI.H 

H JIHHeii:KH. HarrpHMep, rrpH rroMOIIJ;H 3THX KpHBhIX MeHeXM ,n;aJI peIIIeHHe 

3a,n;aqH 06 y,n;BOeHHH Ky6a. 

I1HTepec K KOHHqeCKHM ceqeHH.HM B03paCTaJI, no Mepe Toro KaK yBe

JIHqHBaJIOCb qHCJIO pernaeMhIX c HX rroMOIIJ;hIO 3a,n;aq. TeopH.H KpHBhIX 

BTOporo rropa,n;Ka CTaJia H3yqaThC.H crreu;HaJihHO. ArroJIJIOHHii: IleprCKHii: 

(npH6JI. 262-190 rr. ,n;o H.3.), coBpeMeHHHK H HayqHhIH correpHHK ApxH

Me,n;a, HaITHCaJI coqHHeHHe «KOHli'IeCKHe ceqeHH.H», COCTORru;ee H3 BOCbMH 

KHHr, KOTOpoe He HMeeT ce6e paBHhIX no ITOJIHOTe, o6ru;HOCTH H CHCTeMa

THqHOCTH H3JIOJKeHH.H TeOpHH KOHHqecKHX ceqeHHH. cha TeOpH.H CTpOHJiaCh 

AnOJIJIOHHeM Ha OCHOBe rrepeceqeHH.H KpyroBoro KOHyca IIJIOCKOCThIO, OTKy

,n;a H rrpOH30IIIJIO caMO Ha3BaHHe «KOHU:qeCKHe ceqeHH.H». 

11,n;ea MeTo,n;a KOOp)l;HHaT co,n;epJKaJiaCh B coqHHeHHH ArroJIJIOHH.H B ,n;aJie

KO HecoBeprneHHOH ¢opMe - ¢opMe reoMeTpn:qecKoii: aJire6pbr. CHcTeMhI 

KOOp)l;HHaT ArroJIJIOHH.H HeOT)l;eJIHMbI OT HH)l;HBH)l;yaJihHhIX KpHBhIX, He BBe

,n;eHhI KOOp)l;HHaTbl BCex ToqeK IlJIOCKOCTH, B006ru;e HeT CTpeMJieHH.H CBO)l;HTb 

reoMeTpHqecKHe 3a,n;aqH K aJire6paHqecKHM. B Te BpeMeHa cyru;ecTBOBaJIO 

o6paTHoe cTpeMJieHHe - aJire6pan:qecKHe 3a,n;aqu: CBO)l;HJIHCh K reoMeTpnqe

cKHM. 

YpaBHeHH.H KOHHqecKHX ceqeHHii: 6hIJIH rroJiyqeHhI H HCCJie,n;oBaHhI ¢paH

uy3CKMM MaTeMaTMKOM IlbepoM <I>epMa (1601-1665), KOTOpbIH BMecTe 

c PeHe ,Il;eKapTOM .HBJI.HeTC.H OCHOBOITOJIOJKHMKOM MeTo,n;a KOOp)l;HHaT. <l>ep

Ma ynporu;aJI ypaBHeHH.H BTOpoii: CTeneHH c IlOMOIIJ;hIO IlOBOpoTa H nepeHoca 

CHCTeMbI KOOp)l;HHaT. 
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3aiJa"tu u ynpa[)IC'He'Hu.R, 

11.1. _noKaJK1ne, qTo ,n,uaroHaJIH napaJIJieJiorpaMMa, onucaHaoro OKOJIO 

3JIJIHTICa, conpHJK€HhI OTHOCHTeJihHO 3TOro 3JIJIHnca. 

11.2. EcJIH napaJIJieJiorpaMM BTIHCaH B 3JIJIHnc, TO ero CTOpOHbI napaJI

JI€JlhHhI .D;BYM ero conpaJKeHRhIM ,D;HaMeTpaM . .noKaJKHTe. 

11.3. ToqKa A npuHa,n;Jie:arnT 3JIJIHncy. _noKaJKHTe, qTo Ha 3TOM 3JIJIHn

ce cyliieCTBYIOT TaKue ToqKH B H C, qTo I!€HTpou.r:i; TpeyrOJihHHKa ABC 
comrn.r:i;aeT c I!€HTpoM 3JIJIHnca. 

11.4. EcJrn 0 - I!€HTP 3JIJIHnca H KacaTeJihHhie K ReMy B ToqKax P 
u Q nepeceKaIOTCR B TOqKe M, TO npRMM OM ,r:i;eJIHT xop.n;y PQ nonoJiaM. 

_noKaJKHTe. 

11.5. ,I:LoKaJKHTe, qTO OTHOilleHHR 0Tpe3KOB KaCaTeJibHhlX K 3JIJIHTICy, 

npoBe,r:i;eHHhlX H3 ,r:i;aHHOH TOqKH, K napaJIJieJihHhIM HM ,D;HaMeTpaM 3JIJIHTICa 

paBHhl. 

11.6. HaH:,n,uTe reoMeTpuqecKoe MeCTO ToqeK nepeceqeHHH KacaTeJihHhIX 

K 3JIJIHTICY B TOqKax ero nepeceqeHHH c conpaJKeHHhIMH ,D;HaMeTpaMH. 

II. 7. Hait,r:i;uTe reoMeTpuqecKoe MecTo cepe.r:i;utt Bcex xop.r:i; 3JIJiunca, npo

XO,n,RliIHX qepe3 ,n,aHHYIO TOqKy. 

11.8. tiepe3 ,r:i;aHHYIO ToqKy M npoBO.JJ;RTCH BCeB03MOlKHhie xop,n,h1 PQ 
3JIJIHnca. HaH:,r:i;uTe reoMeTpuqecKoe MeCTO TaKHX ToqeK N 3THX xop.r:i;, qTo 

PN=MQ. 
11.9. t.fepe3 ,r:i;aHHYIO ToqKy M npoBe,r:i;eHhI ,r:i;Be KacaTeJihHhie MA u MB 

u ,r:i;Be npoH3BOJihHh1e ceKYliIHe CD H EF. _noKaJKHTe, qTo npHMhle CF u 

DE nepeceKaIOTCH Ha npaMoit AB, coe,r:i;uHHIOliieli ToqKu KacaHHH. 

11.10. HaH:,r:i;uTe cnoco6 nocTpoeHHH KacaTeJihHhIX K 3JIJIHncy, npoxo,n,R-

liIHX qepe3 ,r:i;aHHYIO BHemHIOIO TOqKy. I 

11.11. t.fepe3 cepe.r:i;utty T xop.JJ;hI ~ 3JIJIHnca npoBe,r:i;eHhI xop.r:i;h! KL H 

MN. _noKaJKHTe, qTo ecJIH npHMhie KM u LN rrepeceKaIOT AB B TOqKax P 
u Q, TO PT= TQ (a ecJIH KM II AB, TOH LN II AB). 

11.12. ,11,aH .r:i;uaMeTp AB 3JIJIHnca H npHMaH m, napaJIJieJihHaH ero co

npHLKeHHOMy .r:i;uaMeTpy. To'!Ka P - OTJIHqHaa OT A u B ToqKa 3JIJIHnca. 

t.fepe3 npoH3BOJihHYIO ToqKy K npHMOiI AP npoBe,r:i;eHa np.HMM KH, napaJI

JieJihHaR npHMOii m u nepeceKaIOliIM np.aMyro BP B ToqKe H. IloKaJKHTe, 

qTQ TQqKa M =(AH) n (KB) npHHa.D;JieJKHT 3JlJIHTICy. 

11.13. ,11,aH TpeyroJihHHK ABC. ,11,oKaJKHTe, qTo cyliieCTByeT 3JIJIHnc, Ka

caIOliIH:llca ero cTopoH Bux cepe,r:i;uHax (enucatt'H:biu 3.t1.11,unc llimeunepa). 
11.14. ,I:LaH TpeyroJihHHK ABC. ,11,oKaJKHTe, qTo cyliieCTByeT 3JIJIHnc, 

co.r:i;epLKaliIHH ero BepmHHhI, KaCaTeJihHhie B KOTOphIX K 3TOMY 3JIJIHncy na

PaJIJieJihHhI npOTMBOIIOJIOJKHhIM cTopottaM TpeyroJihHHKa ABC ( onucatttt'btu 
3.t1.11,unc llimeunepa). 
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II.15. KacaTeJihHMI K aJimrncy c u;eHTpOM 0 B TO'l!Ke M rrepeceKaeT 

B TO'l!Kax P H Q KacaTCJibHhle B Komi;ax ,ri;1raMeTpa AB. ,ll;oKruKHTe, "ITO rrpo

H3Be,n;eHHe nJiorri;a,n;eil: TpeyrOJibHHKOB AMB H POQ He 3aBHCHT OT Bb16opa 

,n;HaMeTpa AB H TO"IKH M. 
II.16. EcJIH rrp.HMhle PAi, PBi, PCi, napaJIJieJihHbie cooTBeTCTBeHHO 

cTopoHaM BC, CA, AB TpeyroJibHHKa ABC, rrepeceKaJOT cooTBeTCTBeHHO 

np.HMhle AB, BC, CA B TO"!Kax Ai, Bi, Ci, To 3TH TO"IKH KOJIJIHHeapHhl 

TOr,n;a H TOJlbKO Tor,n;a, KOr,n;a TO'l!Ka p rrpHHa,n;Jie:lKHT OIIHCaHHOMY 3JIJIHIICY 

lllTeiiHepa TpeyrOJibHHKa ABC ( a<fxj)unna.R meope.Ma Cu.Mcona). ,ll;oKa:lKH

Te. 

11.17. qeTblpexyroJihHHK ABCD orrHcaH OKOJIO aJIJIHrrca c u;eHTpoM 0. 
,LJ;oKa:lKHTe, "ITO 

SoAB + Socv = SovA + SoBc. 

11.18. IlpoBepbTe H IIO,IJ;TBep,n;HTe HCTHHHOCTb YTBep:iK,n;eHHH 3a,n;a"l 

II.1, II.2, II.4, II.5 ,n;JI.H mrrep60Jihl. B ,n;orroJIHeHHe K 3a,n;a"le II.4 ,n;oKruKHTe 

paBHOBeJIHKOCTb TpeyrOJibHHKOB OMP u OMQ ,n;JI.H rurrep6oJibI. 

II.19. ,ll;oKa:lKHTe, "ITO oTpe3oK KacaTeJihHOH K rHrrep6oJie, OTCeKaeMhIH 

aCHMIITOTaMH, ,n;eJIHTCH TO"IKOH KaCaHHH IIOIIOJiaM. 

11.20. ,LJ;oKa:lKHTe, qTo conp.H:lKeHHhle rHnep6oJibl KOCOCHMMeTpH"IHhl o,n;
Ha ,n;pyroii OTHOCHTeJibHO O,IJ;HOH H3 aCHMIITOT B HanpaBJieHHH ,n;pyroli. 

11.21. ,ll;oKa:lKHTe, "ITO ,n;sa corrp.H:iKeHHhlX ,IJ;HaMeTpa rHrrep6oJihl Koco

CHMMeTpH"IHhI OTHOCHTeJibHO Ka:iK,n;OH H3 aCHMIITOT B HarrpaBJieHHH ,n;pyroil:. 

11.22. K rHrrep6oJie rrpose,n;eHhl ,n;se KaCaTeJihHhie, rrepeceKaJOrri;He ee 

acHMIITOThI s TO'l!Kax AH B, Ai H Bi. ,ll;oKa:lKHTe, "ITO rrpHMhie ABi H BAi 
napaJIJieJihHhI. 

11.23. Hatt,n;uTe ypasHeHua ,n;syx KacaTeJihHhlX K rHrrep6oJie xy = m 2 

(K rrapa6oJie y2 = 2x), rrpoxo,IJ;.Hui;nx 'l!epe3 TO"IKY M(a, b). 
11.24. To'l!KH A(ai, a2), B(bi, b2), C(ci, c2), D(di, d2) rrpHtta,n;Jie:iKaT rH

nep6oJie xy = 1 ( napa6oJie y = x 2). Hali,n;HTe ycJiosue rrapaJIJieJihHOCTH xop,n; 

AB H CD. 
11.25. qeTb1pexyroJihHHK ABCD srrucaH s mrrep6oJiy xy = 1 (s rrapa-

6oJiy y = x 2
). ,ll;oKa:lKHTe, "ITO cyui;ecTsyeT 6ecKOHC"IHOe MHO:lKeCTBO 'l!eTbl

pexyroJihHHKOB, BIIHCaHHbIX B Hee, TaKHX, "ITO HX CTOpOHhl COOTBeTCTBeHHO 

napaJIJieJihHhI cTopoHaM ,n;aHHOro 'l!eThipexyroJihHHKa ABCD. 
11.26. ,ll;oKa:lKHTe, qTo oTpe3KH mo6oil: ceKyrri;eil: rurrep6oJihl, 3aKJIJO'l!eH

Hhie Me:iK,n;y 3TOH rurrep6oJIOH H ee aCHMIITOTaMH, paBHbl Me:iK,n;y co6oit 

11.27. ,ll;oKa:lKHTe, qTO TpeyrOJihHHKH, Ka:lK,IJ;bIH H3 KOTOpbIX o6pa30BaH 

KaCaTeJihHOH K rHIIep6oJie H ee aCHMIITOTaMH, paBHOBeJIHKH. 

11.28. Hali,n;HTe reoMeTpH"IecKoe MecTo cepe,n;uH xop,n; rurrep6oJihI, oTce

Karoui;ux OT Hee cerMeHThl IIOCTO.SIHHOH IIJIOIIJ;a,IJ;H a. 
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11.29. qepe3 ,n;Be rrpoM3BOJihHhie ToqKif MM N rMrrep6oJihI rrpoBe,n;eHhI 

rrpHMhre, rrapaJIJieJihHhre acMMIITOTaM. ,IT,oKa:aaue, qTo: 1) ,n;MaroHaJih PQ 
rroJiyqeHHoro rrapanJieJiorpaMMa MPNQ rrpoxo,n;MT qepm u;eHTp rMrrep6oJihI 

M ToqKy rrepeceqeHMH KacaTeJihHhIX K rMrrep6oJie B ToqKax MM N; 2) eCJIM U 
n V -ToqKif rrepeceqeHMH rrpHMhIX PM M PN c aCMMIITOTaMn, TO UV I/ MN. 

11.30. ,ll,oKa:arnTe, qTo rrpHMhre, coe,n;MHHIOiu;Me rrpoM3BOJihHYIO ToqKy M 
rMrrep60JihI c ,n;BYMH qmKCMpOBaHHhIMH ee TOqKaMM A If B, OTCeKaIOT Ha 

aCHMIITOTe rMrrep60JihI paBHhie 0Tpe3KM (paBHhie TOMY 0Tp€3Ky, KOTOpbIM 

OTCeKaIOT Ha aCMMIITOTe rrpHMhie, rrapaJIJI€JibHhie ,n;pyroll: aCMMIITOTe If rrpo

XO,ll;HIIJ;Me qepe3 TOqKM A M B). 
11.31. ,IT,oKa:>KMTe, qTo K rrapa6oJie H€Jih3H rrpoBeCTM ,n;Be rrapaJIJieJihHhre 

KacaTeJihHhre. 

11.32. ,ll,oKa:>KMTe, qTo ecJIM rrapa6oJia HBJIHeTCH o6pa30M ,n;pyroll: rrapa-

6oJihr rrpM rrepeHoce, TO 3TM rrapa6oJihr MMeIOT He 6oJiee o,n;Holl: o6ru;ell: TOqKM. 

11.33. ,ll,oKa:>KMTe, qTo TOqKa rrepeceqeHMH KacaTeJihHhIX K rrapa6oJie 

B KOHIJ;aX ee XOp,ll;hl IIpirna,n;Jie:>KMT ,ll;MaMeTpy, COIIpH:>KeHHOMY HarrpaBJI€HMIO 

3TOM XOp,ll;hI. 

11.34. IlycTh MP M MQ - KacaTeJihHbre K rrapa6oJie B ToqKax P M Q. 
KL - TpeThH KacaTeJibHaH, Kacaroru;aHCH rrapa6oJibI B ToqKe T ,n;yrn PQ M 

rrepeceKaroru;aa MP M MQ B TOqKax KM L. ,IT,oKa:>KMTe, qTo: 
MK QL LT 

l) KP = LM = TK; 
2) TpeyrOJihHHKH PQT M MKL paBHOBeJIMKM. 

11.35. IlyCTh MP If MQ - KaCaTeJibHbie K rrapa6o~ TQqKax p If Q. 
ToqKif KM L - cepe,n;MHhI oTpe3KOB MP M MQ. ,IT,oKa:>KMTe, qTo rrpaMaH 

KL TaK:>Ke HBJIHeTCH KacaTeJihHOM K 3TOM rrapa6oJie. 

11.36. qeTbipexyrOJihHHK o6pa30BaH qeTblphMH KaCaTeJihHhIMH K napa-

6oJie. ,IT,oKa:>KMTe, qTQ ero cpe,n;HMe JIMHHH TaK:>Ke KaCaIOTCH 3TOM rrapa60JihI If 

qTQ rrpHMa.a, co,n;ep:>Karu;aH cepe,n;MHhI ero ,ll;MarOHaJiell:, HBJIH€TCH ,ll;MaMeTpOM 

9TOM rrapa60JihI. 

11.37. Onpe,n;eJIMTe, KaKMe KpMBhre 3a,n;aHhI cJie,n;yroru;MMM ypaBHeHM.aMn: 

1) x2 - 4xy - 4y2 - 2x = O; 

2) x 2 + 6xy + 9y2 
- lOy + 7 = O; 

3) 6xy - 3x2 + 6y2 + 12x + 18y + 13 = O; 

4) 3x2 + lOxy + 10y2 
- 50y = 0. 

11.38. ,ll,aHO ceMeMCTBO KpMBhIX BTOporo rropa,n;Ka, 3aBMC.aru;ee OT napa

M€Tpa ,\: x 2 - 2xy + ,\y2 - 4x - 6y + 3 = 0. IlpM KaKMX 3HaqeHM.ax y KPMBa.a 

6y,n;eT 1) 3JIJIMrrcoM; 2) rrapa6oJioll:; 3) mrrep6oJioll:; 4) rrapoll: rrp.aMhrx? 



DIABA III 

Arfxfiuu1-t/bte npeo6pa3oeauu.fl npocmpaucmea 

§ 24. A<fxfiu'l-l'l-loe npocmpa'l-lcmBo 

24.1. AKcHoMaTHKa acp<jlHHHOH CTepeoMeTpHH. IIomrTMe acpcpMH

ttoro npOCTpaHCTBa He Tpe6yeT oco6oii no,n;rOTOBKM. ~OCTaToqHo OTOC.JiaTb 

qMTaTemr K caMOMY Haqa.rry KHMrM. Tenepb BBO,Il;.HTC.H Ba)KHeiinme Heonpe

,n;e.rr.HeMbie o6'beKTbI npocTpaHCTBa - Il.JIOCKOCTM BMecTe c aKCHOMaTMKOM 

a¢cpHHHOM n.rraHMMeTpHH. 0,n;HaKO Heo6xo,n;MMO ,n;o6aBHTb HeCKO.JibKO aKCH

OM B rpyrmy aKCMOM npHHa,n;Jie)KHOCTH. 

I 4 . Ka)K,D;oii n.rrocKOCTH npHHa,n;.rre)KMT no KpaiiHeii Mepe o,n;Ha TOqKa. 

I 5 . Cyru;ecTBYIOT no KpaiiHeii Mepe qeTbrpe ToqKH npocTpaHCTBa, He .rre

)KarrrHe B O,Il;HOM nJIOCKOCTH. 

I6. ,Il;.rr.a .rrro6h!x Tpex ToqeK A, B, C, He .rre)KarrrHx Ha o,n;Hoii np.HMoii, 

cyru;eCTByeT e,n;MHCTB€HHa.H n.JIOCKOCTb, co,n;ep)Karu;a.H 3TM TOqKH. 

I 7 • Ec.rrM ,n;Be ToqKH A H B np.HMoli a npMHa,n;.rre)KaT nJIOCKOCTH a, To M 

BC.H np.HMa.H a npHHa,rr,.rre)KHT IIJIOCKOCTH O'.. 

I 8 . Ec.rrH p83JIMqHhre n.rroCKOCTH a M (3 MMeIOT o6ru;yro ToqKy A, TO OHM 

MMeIOT M o6rrryro np.aMyro, co,n;ep)Karrryro ToqKy A. 

Oco6oe 3HaqettMe HMeeT aKcHoMa o,z::t;Hopo,z::t;HOCTH npocTpaHCTBa. 

V. B Ka)K,n;Oii n.rrocKOCTH npocTpaHCTBa BhrnO.JIH.HIOTC.H aKcMOMhr acpcpMH

HOii n.rraHHMeTpMH. 

Iloc.rre,n;H.H.H aKCHOMa MO)KeT BbI3BaTb He,n;oyMeHHe: a KaK )Ke HHaqe? ,Il;a, 

6bIBaeT H He TaK. ECTb reoMeTpMM (HanpMMep, nceB,n;oeBKJIM,IJ;OBa), B KOTO

pbIX He BO Bcex Il.JIOCKOCT.HX MMeeT MeCTO o,n;Ha M Ta )Ke n.rraHHMeTpM.H. '.:ho 

M MCK.JIJOqaeTC.H aKCMOMOM V. B rpynne aKCHOM napa.rrJieJihHOCTH ,n;onOJIHH

Te.JihHbre aKCHOMbI He Hy)KHbI: COOTBeTCTByIOru;He 3TMM aKCMOMaM yTBep

)K,ll;eHM.H ,ll;JI.H npocTpaHCTBa y)Ke .HB.JI.HIOTC.H Te 0 p e Ma M H (CM. c.rre,n;yIO

IIIMll nyHKT). 

MHO)KeCTBO Bcex ToqeK, np.HMbIX M n.JIOCKOCTeli, B KOTOpOM HMeIOT MeCTO 

li3JIO)KeHHbie BbIIIIe aKCHOMbI, Ha3bIBaeTCR a<fa.PU'H/l-i'bl.M npocmpaucm6o.M. 

24.2. IlapaJIJieJibHbie IIp.HMbie H IIJIOCKOCTH. IlpRMaR H nJIOC

KOCTb M.JIH ,IJ;Be n.JIOCKOCTH Ha3hIBaIOTC.H napa.!l.lte.Jl,'b'H,'bl.MU, eCJIM OHH He HMe

IOT o6ru;Hx ToqeK. 0Tcro,n;a cJie,n;yeT, qTo .rrro6a.H n.rrocKOCTh, nepeceKaroru;aR 
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,n;se napam1eJihHble nJIOCKOCTH, nepeceKaeT HX no napaJIJieJihHbIM npHMhIM. 

EcJIH ,n;se nJIOCKOCTH napaJIJieJihHhI, To mo6aH npHMaH, Jie)KaIIlaH B o,n;Hoil: 

H3 Hnx, napaJIJieJihHa ,n;pyroil: nJIOCKOCTH. EcJIH ,n;se npHMhie napaJIJieJihHhI, 

TO JIIo6aa nJIOCKOCTh, npOXO,n;HII1aH qepe3 o,n;Hy H3 HHX, napaJIJieJibHa ,n;pyroil: 

npHMOH. 

CyII1eCTBOBaHne napamieJihHhIX nJiocKOCTeil: ycTaHaBJIHBaeTcH cJie,n;y10-

II1eii TeopeMOH. "Lfepea .ll/I06y10 ammy10 mO"l,'K:y A, tte .11,e[)ICaw,y10 6 aattHOU 
n.11,oc'K:OCmU "(, npoxoaum eauttcmeettttaR n.11,oc'IWCm'b, napa.1/,.1/,M'bttaR "(. 

,II; o Ka 3 a T e JI h c T B o. IlycTb a H b - ,n;Be nepeceKaIOII1Heca npHMhle 

nJIOCKOCTH 'Y H a1' b1 - ,n;Be npHMhle, COOTBeTCTBeHHO napaJIJieJihHbie a 
n b H npoxo,n;HII1He qepe3 TO'IKY A. IloKa)KeM, 'ITO nJIOCKOCTh ( a 1 b1) na

paJIJieJihHa 'Y. ,II;onycTHM, 'ITO 3TO He TaK H £ - npHMaH HX nepeceqe

HHH. TaK KaK a1 11 "f, b1 11 'Y, TO npHMbie a1 H b1 He MOryT nepece'lh npa

MYIO £. TaKHM o6pa30M, npHMhie a 1 H b1 npoxo.n;aT qepe3 TO'IKY A H 

napaJIJieJihHhI £, 'ITO npoTHBope'IHT aKCHOMe napaJIJieJibHOCTH EBKJIH,n;a. 

9To ,n;oKa3hrnaeT, 'ITO nJIOCKOCTH ( a 1 b1) H 'Y napaJIJieJihHhI. BoJiee Toro, nJioc

KOCTh ( a1 bi) - e ,n; H H c T B e H H a H IlJIOCKOCTh, npOXO,ll;HIIlaH qepe3 TO'IKY 

A H napaJIJieJibHaH 'Y. ,II;eiicTBHTeJihHO, ecJIH 6bI cyII1eCTBOBaJIH ,n;~~~ 
nJIOCKOCTH, TO OHM nepeceKaJIHCb 6bl no npHMOii m1, npOXO,n;HII1eii 'Iep~ 
TO'IKY A. Tor,n;a npnxo,n;HM K npoTHBOpe'IHIO: ,n;se npHMbie HX nepece'leHHH 

c IlJIOCKOCTblO (A, m), r,n;e m - npHMaH nJIOCKOCTH "(, He napaJIJieJihHaH 

m 1, OKa3hIBaIOTCH, napaJIJieJibHhIMH npaMoil: m H co,n;ep)KaIIIHMH TO'IKY A. 
0 

06paTHM BHHMaHne Ha TaKoil: ¢aKT: ec.11,u mpey20.11,'bttU'K:U ABC u A1B1 C1 
tte .11,e[)ICam e oattou n.11,oc'K:ocmu u ux coomeemcmeetttt'bte cmopott'bt AB u 
A1B1, BC u B1C1, CA u C1A1 napll.!l,.!l,M'btt'bt, mo npR.M'bte AA1, BB1, CC1 
nepece'ICa10mcR e oattou mo""'ICe u.11,u napll.1/,.1/,M'btt'bt. OH ecTh npaMoe cJiep;
cTeue a¢¢nttHoil: cTepeoMeTpnqecKoii TeopeMbI: ec.11,u mpu n.11,oc'/Cocmu no
naptto nepece-x:a10mcR, mo ux .11,uttuu nepece""ettUR nepece'ICa'IOmcR 6 oattou 
mo"l,'/Ce u.11,u napa.1/,.1/,M'btt'bt CM. [12, T. 2, § 1]. B 3TOM cJiy'lae TpeyroJihHHKH co

OTBeTCTBeHHO roMOTeTH'IHbI HJIH noJiy'laIOTCH O,n;HH H3 ,n;pyroro nepeHOCOM. 

B nocJie,n;HeM CJiy'lae OTpe3KH AA1 , BB1 , CC1 paBHhI (onpe,n;eJieHne H3 §2), 
'ITO HBJIHeTCH c T e p e 0 M e T p H 'I e c K H M a H a JI 0 r 0 M ( 0606II1eHHeM) 

aKCHOMhI III2 ,IJ;e3apra. 

§ 25. Tpouttoe npouBeeaettue Be'l'Cmopoe 

25.1. Onpep;eJieHue u ceoiicTea TpOHHoro npou3eep;eHHH. IIycTb 

,n;aH penep (0, e1, e2, ea) a¢¢nHHOrO IlpOCTpaHCTBa, T. e. COBOKyrrHOCTb TO'l

KH 0 H ynopH,Ll;O'leHHOii TpOHKH (e1, e2, ea) HeKOMnJlaHapHbIX BeKTOpOB. 



§ 25. Tpouttoe npouaaeaettue Be'lf,mopoa 

IlycTb BeKTOpbI a, b, C pa3JIO:>KeHbl IlO BeKTOpaM 3TOrO penepa: 

a = al . ei + a2 . e2 + aa . ea' 

b = bi . ei + b2 . e2 + ba . ea' 

C = C1 · ei + C2 · e2 + Ca ·ea· 

Tpoil'HibL.M npoua6eaeuue.M abc 3THX BeKTOpOB Ha3bIBaeTCH qHCJIO 

ai a2 aa 
abc = bi b2 ba 

C1 C2 Ca 

95 

(III.1) 

B qaCTHOCTH, ei ezea = 1. lb 3TOro orrpe,n;eJieHHH H CBOHCTB orrpe,n;eJIHTe

Jieil: BbITeKaIOT CJie,n;yIOIIIHe CBOil:CTBa TpOil:Horo rrpOH3Be,n;eHHH, aHaJIOrHq

Hble CBOil:CTBaM KOCOro rrpOH3Be,n;emrn (§4): 

1) abc > 0, eCJIH yrropa,n;oqeHHbie TPOHKH (a, b, c) H (e1, ez, ea) opHeHTH

poBaHhl O,ll;HHaKOBO; abc < 0, eCJIH 3TH TpOil:KH OpHeHTHpOBaHhl IIpOTHBOilO

JIO:>KHO; 

2) abc = 0 TOr,n;a H TOJibKO TOr,n;a, KOr,n;a BeKTOpbI a, b, C KOMIIJiaHapHblj 

3) TpOil:Hoe npOH3Be,n;eHHe He H3MeHHeTCH npn KpyroBOil: nepecTaHOBKe 

BeKTOpOB (abc = bca = cab) H MeHHeT 3HaK Ha npOTHBOIIOJIO:>KHbiil:, coxpaHHH 

a6COJIIOTHYIO BeJIHqnHy, npH rrepeMeHe MeCTaMH ,ll;BYX BeKTOpOB; 

4) oHo acco~naTHBHo: (A ·a)bc = a(A ·b)c =ab( A ·c) = A(abc) 
5) H ,ll;HCTpH6yTHBHO: (r'i + 'f2)bc = 'f1bc + 'f2bc, ... 
Tpoil:Hoe rrpoH3Be,n;eHne ,n;aHHbIX BeKTopoB cy~eCTBeHHO 3aBHCHT OT Bbl-

6opa acpcpHHHoro perrepa ( 0, e 1 , e2, ea). IlycTb ( 0', e~, e;, e;) - HOBblil: acp

cpnHHblil: penep, rrpHqeM 

ei = ai ·e~ + a2 ·e; + a3 ·e;, 
e2 = .81 · e~ + .82 · e; + .83 · e;, 
e2 ='Yi ·e~ + 'Y2 ·e; + 'Y3 ·e;. 

Tor,n;a Ha OCHOBaHHH CBOil:CTB TpOil:HOro npOH3Be,n;eHHH HaxO,ll;HM 

ai a2 aa ai a2 aa 
abc = bi b2 ba ei e2e3 = bi b2 b3 

( BbIKJia,ll;KH orry~eHbl). 
TaKHM o6pa30M, npu aa.Mette 6aaucuo20 penepa mpoilttoe npoua6eaeuue 

Gex;mopo6 y.Muw1caemcR ua nocmoRttttoe <tUC.11,0 O", pa6ttoe mpoiltto.My npoua
Geaeuuw eie2ea Gex;mopo6 npeateuew penepa omuocume.11:btto tto6020 penepa. 
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25.2. reoMeTpuqecKHH CMbICJI TPOHHOI'O rrpOH3Be,n;eHHH. 06pa

THMCR K ¢opMyJie, Bhipa)KaIOm;e:H: o6'beM opn:eHTHpOBaHHOrO rrapaJIJieJieIIH

rre,n;a, IIOCTpOeHHOrO Ha B8KTOpax a, b, C KaK Ha pe6pax, qepe3 KOOp,D;lIHaThl 

B8KTOpOB OTHOCHTeJihHO 6a3HCa (0, e1, e2, e3); CM. [12, T. 2, C. 231]: 

a1 a2 a3 
V = b1 b2 b3 a. (III.2) 

C1 C2 C3 

3,n;ech a - 06'beM rrapaJIJieJieIIHIIe,n;a, IIOCTpOeHHOrO Ha BeKTOpax e1, e2, e3. 
lfa cpaBHeHHR COTHOIIIeHHH (III.1) H (III.2) HMeeM 

abc= v. 
a 

TaKHM o6pa3oM, mpounoe npouaBeaenue BenmopoB pa6tto omnowenu10 
o63ii.Ma napa.a.;ie.aenuneaa, nocmpoenno20 na :Jmux Benmopax, x; 063€.M,y na

pa.a.;ie.aenuneaa, nocmpoenno20 na 6aaucn'btX eenmopax aefxfiuHtto20 penepa 
npocmpancmea. EcJIH )Ke o6'heM 3Toro «6a3HCHoro» rrapaJIJieJiermrre,n;a rrpH

HRTh 3a e,n;HHmzy H3MepeHHR o6'beMoB, TO mpounoe npouaBeaenue Bex:mopoB 
6yaem pa6ttO 063€.M,y napa.11,.//,e.aenuneaa, nocmpoettno20 tta :Jmux Benmopax 
x:ax: na pe6pax. 

CJie,n;cTBH». 

1. 06beM opneHTnpoBannoro TeTpaa,IWa OABC, r,n;e 0 - Ha'IaJIO BeKTO

poB, rrpe,n;cTaBJIR8TCR ¢opMyJIOH 

06'heM opHeHTHpoBaHHoro TeTpaa,n;pa ABCD paBeH 

V =~(BCD- CDA+ DAB -ABC). 

2. ,11,mI JII06hIX 'I8TbipeX BeKTOpOB a, b, c, d HM88T MeCTO TO)K,Il;8CTBO 

(bed) ·a - (cda:) ./j +(dab) ·c - (abc) ·d = o. 
3. EcJIH a, b, c - rrpOH3BOJihHhie HeKOMIIJiaHapHbie BeKTOphI, TO ,D;JIR Toro, 

'IT06bI BeKTOphl a+ A· b, b + µ · C, C + V ·a 6bIJIH KOMIIJiaHapHbI, He06XO,Il;HMO 

H ,lJ;OCTaTO'IHO, 'IT06bI BhlIIOJIHRJIOCh ycJIOBHe 

>.µv = -1. 

,lJ,oKa3aTeJibCTBa 3THX CJie,n;CTBHH rrpe,n;JiaraIOTCR 'IHTaTeJIIO B KaqeCTBe ' 

HeTpy,n;HhIX yrrpa)J{HeHHH (cM. II. 4.3). 
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§ 26. Arfirfim-t'H/bte npeo6pa3oBa'J-tu.H npocmpaHcmea 

26.1. Onpep;eJieHHe H ero cJiep;cTBH~. Atfxfiu'H!H'bt.M npeo6paao8attu

e.M npocmpattcmea Ha3hrnaeTc.a rrpeo6pa3oBaHHe, oTo6pafKaIOm;ee KafKfJYIO 

IIJIOCKOCTh Ha IIJIOCKOCTb. Bc.aKoe rrpeo6pa3oBaHHe o6paTHMO no orrpe,n;e

JieHHIO. Ilpeo6pa30BaHHe, o6paTHOe a<P<PHHHOMy, TaKfKe eCTb a<P<PHHHOe 

rrpeo6pa3oBaHHe. 

06pa3hl rrapaJIJieJihHhIX rrJiocKocTeii: cyTh rrapanJieJibHhie rrJiocKocTH, 

B qeM cpa3y y6efK,n;aeMc.a paccyfK,D;eHHeM OT rrpoTHBHoro. CJie,n;oBaTeJibHO, 

o6pa3bl HerrapaJIJieJihHhIX IIJIOCKOCTeii: cyTh HerrapaJIJieJihHbie IIJIOCKOCTH. 

Ilp.aMa.a eCTb JIHHH.H rrepeceqeHH.a ,L\BYX IlJIOCKOCTeii:. Il03TOMy corJiaCHO 

orrpe,n;eJieHHIO a<P<PHHHOe rrpeo6pa3oBaHHe rrpocTpaHCTBa oTo6pafKaeT KafK

flYIO rrp.aMyIO Ha np.aMyIO. 0Ho coxpaH.aeT rrapanJieJibHOCTh rrp.aMhlX, rrapan

JieJibHOCTh rrp.aMOii: H IIJIOCKOCTH, OT06pafKaeT CKpe:m;1rnaI0111HeCR 1Ip51Mble 

Ha CKpe1111rnaIO:m;Hec51 rrp.aMhle. KafK,n;oe H3 3THX yTBepfK,LI,eHHii: TpHBHaJihHO 

,[\OKa3bIBaeTC5I MeTO,[\OM «OT npOTHBHOro». 

A<PcPHHHoe rrpeo6pa3oBaHHe rrpocTpaHCTBa rropofK,n;aeT ( U'HiJyv,upyem) 
a <P <P H H H 0 e 0 T 0 6 p a )K e H H e KafK,[\OH IIJIOCKOCTH Ha ee o6pa3. 9TO 

03HaqaeT, qTo a<P<PHHHOe OT06pafKeHlie IIJIOCKOCTH Ha IIJIOCKOCTb o6Jia,n;aeT 

BCeMH HHBapHaHTaMH a<P<PnHHhlX ~~o6pa3oBaHHii: IlJIOCKOCTH: coxpaHRIOT

C5I OTHOIIIeHH.H KOJIJIHHeapHhlX Be~TopoB H OTHOIIIeHH.H rrJiom;a,n;e:it <Pttryp, 

J1efKaI11HX B O,[\HOii IIJIOCKOCTH HJIH B napaJIJieJibHbIX IIJIOCKOCT.HX. 9To He 

OTHOCHTC.H K IIJIOIII;a,[\.HM <PHryp, JiefKaIII;HX B HerrapanJieJibHbIX IIJIOCKOCT.HX. 

IlepBbIMH rrpHMepaMH a<P<PHHHhlX rrpeo6pa30BaHHii IIpOCTpaHCTBa CJiy

:>KaT rOMOTeTH.H H rrepeHOC. ,Il;JI.H eBKJIH,[\OBa rrpOCTpaHCTBa a<P<PHHHhlM rrpe

o6pa30BaHHeM .HBJI.HeTC.H rrpeo6pa30BaHHe rro,n;o6H.H, B qaCTHOCTH ,[\BHfKeHHe. 

26.2. KoHcTpyKTHBHoe 3ap;rurne acf>cf>HHHoro npeo6pa3oBaHH~. 
TeopeMa. Cyw,ecmeyem eouttcmeettttoe atfxjJU'H'HOe npeo6paaoeattue npo
cmpattcmea, -x;omopoe omo6pa:J1Caem oatttt'bte "tem'btpe tte'X:OJvtnAattaptt'bte 

mO"t'X:U A, B, c, D tta "tem'btpe ttanepeo aaoatt'H'bte tte'X:O.MnJtattaptt'bte mo"t'X:U 
A1, B1, C1, D1 coomeemcm8etttto. 

,II, 0 Ka 3 a T e JI b c T B 0. PacCMOTpHM a<P<PHHHbie perrepbl ( D' e1' e2' e3) 
tt (D1, e~,e;,e~), r,n;e e1 =DA, e2 =DB, e3 =DC He~= D1A1, e; = DiB1, 

e~ = Di c 1 · Orrpe,n;eJIHM rrpeo6pa30BaHHe f rrpocTpaHCTBa CJieflYIOillHM 3a

KOHOM: KafK,[\OH TOqKe M, HMeIO:m;eii: KOOp,[\HHaTbl x, y, z OTHOCHTeJihHO 

rrepBoro perrepa, IIOCTaBHM B COOTBeTCTBHe TaKyIO TOqKy M'' KOTOpa.a OTHO

CHTeJihHO BTOporo perrepa HMeeT Te )Ke caMbie KOOp,[\HHaTbl x, y, z. QqeBH,[\

HO, qTO rrpeo6pa30BaHHe f a <P <PHH H 0 e, IIOCKOJibKY o6pa30M IIJIOCKOCTH, 

IIMeIO:m;eii: ypaBHeHHe ax + by + CZ + d=O OTHOCHTeJihHO rrepBoro perrepa, 

HBJI.HeTC.H MHOfKeCTBO TOqeK, KOTopoe OTHOCHTeJibHO BTOporo perrepa HMeeT 
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TO )Ke caMoe ypasttemre, T. e. TO)Ke IIJIOCKOCTb, n6o BH,Il; ypaBHeHH5I IIJIOC

KOCTH He 3aBHCHT OT Bb16opa a¢¢Httttoro perrepa rrpocTpaHCTBa. CorJiactto 

3aKoHy rrpeo6pa3osaHH5I f, B qacTHOCTH, f(A) =Ai, f(B) =Bi, f(C) =Ci, ' 
f(D) =Di. 

,nJI5I ,Il;OKa3aTeJibCTBa e ,n; H H c T B e H H 0 c T H a¢¢HHHOro rrpeo6pa3o

BaHH5I f ,Il;OCTaTO'!HO 3aMeTHTh, '!TO B c 5I K 0 e a¢¢nHHOe rrpeo6pa30Ba

HHe rrpocTpaHCTBa o6Jia,n;aeT cJie,n;yIOII1HM csoil:cTBOM: coomBemcm6etttt'bte 

ma"J.'K:U 6 coom6emcm6etttt'btX penepax u.Meiom pa6tt'bte coom6emcm6etttt'bte 

'K:Oopauttam'bt. 9To I1p5IMO CJie,n;yeT H3 HHBapHaHTHOCTH OTHOIIIeHH5I KOJIJIH

HeapHbIX BeKTOpOB, a a¢¢HHHhie KOOp,Il;HHaThl TO'!KH 5IBJI5IIOTC5I TaKOBblMH 

(cM. §7, pHc.18). Ilo3TOMY Jiro6oe ,n;pyroe a¢¢Httttoe rrpeo6pa3osaHHe, HMe

IOII1ee Te )Ke rrapbl COOTB€TCTBeHHblX TO'!€K, Heo6xo,n;HMO COBIIa,n;aeT c rrep

BOHa'!aJibHO rrocTpoeHHhIM a¢¢HHHhIM rrpeo6pa3oBaHHeM f. D 

26.3. Koop.z:i;1rnaTHble cpopMyJihl acpcpHHHoro npeo6pa3oBaHHB 
IIpOCTpaHCTBa. IlyCTb ,n;aHhl perrep (D, ei, e2JJ3) H a¢cPHHHO€ rrpeo6-

pa30BaHHe f, KOTopoe rrepeso,n;HT TO'!KY M(x,y,z) B TO'!KY M'(x',y',z'). 
Tpe6yeTc5I Bhipa3HTh Koop,n;HHaTbI x', y', z' qepe3 Koop,n;1rnaThI x, y, 
z H rrapaMeTph1, 3a,n;aroII1He rrpeo6pa3oBaHHe f. TaKHMH rrapaMeTpaMH 

MOryT CJIY)KHTb KOOp,Il;HHaThl o6pa30B 6a3HCHbIX BeKTOpOB: e~ (ai, az, a3), 
e~(bi, bz, b3), e~(ci, Cz, C3) H KOOp,Il;HHaTbl (OTHOCHTeJibHO rrepBOrO perrepa) 

o6pasa O'(di, d2, d3 ) TO'!KH 0. 
BocrroJih3yeMC5I seKTopHhIM pasettcTBOM 

OM'= O'M' + 00'. 

Ilo orrpe,n;eJieHHIO KOOp,Il;HHaT BeKTOpa H KOop,n;HHaT TO'!KH HMeeM 

O'M I -I + -I -I = x·ei y·e2 + z·e3 = 
= x·(ai ·ei + a2·e2 + a3·e3) + y·(bi ·ei + bz·e2 + b3·e3) + 

+ z · ( ci · ei + c2 · e2 + c3 · e3) = ( ai x + bi y + ci z) · ei + 
+ (a2x + bzy + c2z)·e2 + (a3x + b3y + c3z)·e3. 

Tor,n;a paccMaTpHsaeMoe seKTOpHoe paseHCTBO paBHOCHJihHO TpeM Koop,n;H

HaTHhIM paBeHCTBaM 

{ 

x: = aix + biY + CiZ +di, 

y = a2x + bzy + CzZ +dz, 

z' = a3X + b3y + C3Z + d3. 

IlOCKOJibKJ BeKTOpbI ei, e2, e3 JIHHeHHO He3aBHCHMhI, TO 

ai az a3 
~ = bi bz b3 "I- 0. 

Ci Cz C3 

(III.3) 
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06paTHO, ecJIH rrpeo6pa3oBaHHe rrpocTpaHCTBa 38.,ll;aHo cpopMyJia

MH (111.3) c OTJIH'!HbIM OT Hymi: orrpe,n;eJIHTeJieM .6., TO OHO .HBmleTC.H acp

cpHHHhlM rrpeo6pa30BaHHeM. ,ll;JI.H ,Il;OKa3aTeJibCTBa rrpo~e rrpoBepHTh, 'ITO 

rrpeo6pa3oBaHHe, o6paTHOe rrpeo6pa30BaHHIO (111.3), acpcpHHHOe. 0TCIO,n;a 

6y,n;eT CJie,n;oBaTb acpcpHHHOCTh rrpeo6pa30BaHH.H (111.3). 
Bo3bMeM rrpoH3BOJihHYIO rrJiocKoCTh Ax'+ By'+ Cz' + D = 0. BhlrroJIHHB 

IIO,Il;CTaHOBKH (111.3), IIOJiyqHM ypaBHeHHe ee rrpoo6pa3a: 

(Aa1 + Ba2 + Ca3)x + (Ab1 + Bb2 + Cb3)y + 
+ (Ac1 + Bc2 + Cc3)z + (Ad1 + Bd2 + Cd3) = 0. 

Koacpcpmi;HeHTbI rrpH x, y, z He MoryT 6hlTh o,n;HoBpeMeHHO HYJI.HMH, TaK 

KaK B rrpOTHBHOM cJiyqae CHCTeMa 

{ 

Aa1 + Ba2 + Ca3 = 0, 

Ab1 + Bb2 + Cb3 = 0, 

Ac1 + Bc2 + Cc3 = 0 
/------

c OTJIHqHbIM OT HYJI.H orrpe,n;eJIHTeJieNI: .6. HMeJia 6bl JIHIIlb HyJieBoe peII1eHHe 

A= B = C = 0, qTo rrpoTHBopeqHT CMhlCJIY ypanHeHH.H IIJIOCKOCTH. 

IlpH .6. > 0 3a,n;aHHhle perrephl O,Il;HHaKOBO opHeHTHpOBaHbl (acpcpHHHOe 

rrpeo6pa3oBaHHe rr e p Bo r o po ,n; a), a rrpH .6. < 0 9TH perrepbI opHeHTHpo

BaHhI rrpOTHBOIIOJIO)KHO ( acpcpHHHOe rrpeo6pa30BaHHe B T 0 p 0 r 0 p 0 ,n; a). 

26.4. 0THOW0HH0 o6'beMOB - acl><i>HHHbIA HHBapHaHT. IlyCTb rra

paJIJieJierrHrre,n; F o6'heMa V acpcpHHHO oTo6pa)KaeTc.H na rrapaJIJieJierrHrre,n; 

F' o6'beMa V'. TaK KaK cooTBeTCTBeHHhle BeKTophl OTHOCHTeJihHO cooTBeT

CTBeHHbIX perrepoB HMeIOT paBHhle COOTBeTCTBeHHhle KOOp,Il;HHaThl, TO co

rJiaCHO cpopMyJiaM (III.1) H (III.2) HMeeM 

X1 Y1 Z1 X1 Y1 Z1 ai a2 a3 
V= X2 Y2 Z2 ' V'= X2 Y2 Z2 

(_,_,_,) v 
ei e2e3 = bi b2 b3 = V·.6., 

X3 Y3 Z3 X3 Y3 Z3 C1 C2 C3 

V' = V.6., 

r,n;e .6. - orrpe,n;eJIHTeJib acpcpHHHoro rrpeo6pa3oBaHH.H. 0TcIO,n;a ,n;JI.H JII06hlx 

;~syx rrapaJIJieJierrHrre,n;oB F1 H F2 cJie,n;yeT 3aBHCHMOCTb 

Vi v; 
V2 = vr 

,ll;aJiee H3BeCTHhlM rryTeM 9TO CBOi!:CTBO rrepeHOCHTC.H Ha JII06bJe ,n;Ba MHO

rorpaHHHKa H 3aTeM Ha mo6b1e ,n;Ba Ky6HpyeMhlx TeJia: omttowettue o67:Je.M06 
dayx ,,..y6upye.M'bix meJt tte ua.MettJ1.emc.R. npu atfaj}utttto.M npeo6paaoaattuu 
npocmpattcmBa. 
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§ 27. H enoiJeu:JIC'H/bte mo'lix;u 
u tteU3.Me'HRe.M'bte ttanpaeAe'HUR 
aif)(fiutttto20 npeo6pa3oeattuR npocmpattcmea 

27 .1. Heno.n;e1r1>KHble ToqKH. IlycTh acpcpHHHOe rrpeo6pa3oBami:e f 
rrpocTpaHCTBa 3a)l;aHo cpopMyJiaMH (III.3). AHaJiornqHo rr. 9.1 AJIH OThICKa

HHH ero HeIIO)l;BH:>KHhlX ToqeK IIOJiyqaeM CHCTeMy 

{ 

(a1 - l)x + biY + C1Z +di= 0, 
azx + (b2 - l)y + CzZ + d2 = 0, 
a3x + b3y + (c3 - l)z + d3 = 0. 

(III.4) 

He B)l;aBaHCh B aJire6panqeCKHe IIO,ll;po6HOCTH ee HCCJie)l;OBaHHH, OTMeTHM 

B03MO:>KHbie CJiyqaH. 

1. CncTeMa HMeeT e)l;HHCTBeHHOe pemeHHe TOr)l;a n TOJihKO TOr)l;a, KOr)l;a 

ee orrpe)l;eJIHTeJib OTJIHqeH OT HYJIH: 

fO. 

Ilpeo6pa30BaHHe f HMeeT e)l;HHCTBeHHYIO HeIIO)l;BH:>KHYIO TOqKy ( '4ettmp npe
o6paao6attU.R,) H Ha3hlBaeTCH '4ettmpoaefxj)utttt'bt.M rrpeo6pa3oBaHHeM. B qacT

HOCTH, u;eHTpoacpcpHHHhlM rrpeo6pa30BaHHeM HBJI.SleTCH rOMOTeTHH. 

YpaBHeHHH (III.4) MO:>KHO HHTeprrpeTnpoBaTh KaK ypaBHeHHH Tpex rrJioc

KOCTeii, rrepeceKaIOIIIHXCH B HeIIO)l;BH)KHOii TOqKe. 

2. EcJIH IIJIOCKOCTH (III.4) rrorrapHO rrepeceKaIOTCH no TpeM rrapaJIJieJib

HhlM rrpHMhIM, TO HeIIO)l;BH)KHhlX ToqeK HeT. IlpHMepoM CJiy:>KaT rrepeHOC H 

rrepeHOCHaH CHMMeTpHH. 

HarrpaBJieHHe 3THX Tpex rrpHMhIX ecTh HeH3MeHHeMoe HarrpaBJieHne acp

cpHHHoro rrpeo6pa3oBaHHH f (CM. CJiero"IOIIIHii IIYHKT). 

3. CncTeMa COBMeCTHa H co)l;ep:>KHT )];Ba He3aBHCHMhIX ypaBHeHHH. Bee 

TpH IIJIOCKOCTH rrpoxo)l;HT qepe3 OAHY rrpHMYIO - oc'b ttenod6U;)!Ctt'btX mo't(,e'IC 
rrpeo6pa3oBaHHH. 

4. CncTeMa COBMeCTHa H co)l;ep)KHT O)l;HO He3aBHCHMOe ypaBHeHne. Ilpe

o6pa3oBaHne f HMeeT n.1wcicocm'b ttenodBU;)!Ctt'btX mo't(,eic. Oao Ha3hrnaeTcH 

podcm6etttt'bl.M rrpeo6pa30BaHHeM, HJIH podcm60.M. IlpnMepOM HBJIHeTCH KO

caH 3epKaJibHaH CHMMeTpHH ( OTpa:>KeHne OT IIJIOCKOCTH). 

3aMeTHM rrorryTHO, qTO eCJIH rrpeo6pa30BaHHe HMeeT OCh HeIIO)l;BH:>KHhlX 

ToqeK, TO OHO HMeeT TaK:>Ke ceMeiiCTBO rrapaJIJieJihHblX HeIIO)l;BH)KHhlX IIJIOC

KOCTeii (HarrpHMep, KOCaH CHMMeTpHH OTHOCHTeJibHO rrpHMOH). 
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27.2. HeH3MeHSieMble HarrpaBJieHH.H. IlycTh HeHyJieBoii BeKTOp r = 
= (x, y, z) HMeeT HeH3MemieMOe HarrpaBJieHIIe, T. e. r' =A. 'f: 

Tor,n;a 

{ 
x: = a1x + biy + c1z =AX, 

y = a2x + b2y + c2z = Ay, 

z' = a3x + b3y + c3z =AZ. 

{ 

(a1 - A)x + biy + c1z = 0, 

a2x + (b2 - A)y + C2Z = 0, 

a3x + b3y + (c3 - A)z = 0. 

(--{II!.5) 
I 

O,n;ttopo,n;Ha5! JIHHeiiHa5! CHCTeMa HMeeT HeHyJieBbie perneHH5! Tor,n;a H TOJihKO 

Tor,n;a, KOr,n;a ee orrpe,n;eJIHTeJib paBeH HYJIIO: 

D(A) = =0. (III.6) 

'.:ho ypaBHeHHe Ha3hrnaeTC5! xapa1'mepucmu"ieC'X:U.M ypae'/i,e'/i,Ue.M a<i>cPHHHO

ro rrpeo6pa30BaHH5! f. IlpH pacKpbITHH orrpe,n;eJIHTeJI5! OHO 3aIIHIIIeTC5! TaK: 

3,n;ecb 

J2 =1a1 bb11+1a1 c11 + lbb2 c21, J 3 = 6.. 
a2 2 a3 cs s Cs 

EcJIH A1, A2, A3 - KOpHH 3Toro ypaBHeHH5!, TO no TeopeMe BHeTa 

J1 =Ai+ A2 +As, 

J2 = AiA2 + A2A3 + AsA1, 

Js = AiA2A3 = 6., 

(III. 7) 

a TaK KaK A;/-: 0, TO A1A2A3 ;/-: 0. TaKHM o6pa3oM, ece 'X:Op'/i,U xapa'X:mepu
cmu"iec'X:o20 ypae'H,e'/i,UJ£ omJ1,U"l'/i,'bt om '/i,YJl,Jt. 

PernHB xapaKTepHcTwrncKoe ypaBHeHHe (III. 7) H rro,n;cTaBHB ero KOpHH 

B CHCTeMy (III.5) BMeCTO A, IIOJiyqHM BeKTOp r HeH3MeH5!eMoro ttarrpaBJie

HH5! a¢¢HHHoro rrpeo6pa30BaHH5! - ero co6cmee'/i,'/i,'btu ee'X:mop. 
IlocKOJihKY xapaKTepHCTHqecKOe ypaBHeHHe HMeeT HeqeTHYIO CTerreHh, 

TO XOT5! 6b1 O,ll;HH H3 ero KOpHeii ,n;eiiCTBHTeJihHbIH. Ilo3TOMY Jt'I06oe aifJ
ifjU'H,'/i,Oe npeo6paaoea'/i,ue u.Meem xomJ£ 6'bt o<h-to '/i,eUa.Me'H,J£Moe '/i,anpae./l,e'/i,Ue. 
Pa3JIHqHhlM KOpH5!M xapaKTepHCTHqecKoro ypaBHeHH5! cooTBeTCTBYIOT pa3-

;mqHhie HeH3MeH5!eMhle ttarrpaBJiettmi:. 
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IlpHMep. ~atto a¢¢IIHHoe rrpeo6p830BaHIIe 

{ 

x' = x + 4y + z, 

y' =3y, 
z' = -2x + 4y + 4z. 

CocTaBIIM II pemIIM ero xapaKTepIICTIIqecKoe ypaBHettIIe: 

Ji = 8, J2 = 21, J3 = 18; 

-D(>.) = A.3 - 8A.2 + 21..\ - 18 = O; 

.Ai = 2, A.2 = A.3 = 3. 

IlpII ,\ = 2 CIICTeMa (III.5) rrpIIHMMaeT BII,11; 

OTKy,n;a 

{ 

- x + 4y + z = 0, 

y=O, 

- 2x + 4y + 2z = 0, 

y=O, z =x. 

'.:ho II ecTb ypaBHeHII.H IIp.HMOM HeII3MeH.HeMoro HarrpaBJieHII.H, COOTBeTCTBY

ID:rn;ero KOpHID Ai = 2. 

27.3. IlJIOCKOCTH HeH3MeHHeMhIX HarrpaBJieHHH. EcJIII rrpII a¢

cPIIHHOM npeo6p830BaHIIM IIJIOCKOCTb OTo6pa)KaeTC.H Ha rrapaJIJieJihHYIO eil: 

IIJIOCKOCTb, TO rOBOp.HT, qTo 3Ta nAOC'X:OCm'b UMeem 'H,eU3Me'H.R,eMOe xanpa6-

J1,e'HUe. 

Jlm6oe a¢¢MHHOe rrpeo6pa30BaHIIe (III.3) rrpe,n;cTaBIIMO KOMII03IIII,IIeil: 

rr,eHTpoa¢¢IIHHoro rrpeo6pa3oBamrn cp: 

II rrepeHoca T: 

{

Xi = aix + biy + CiZ, 

Yi= a2x + b2y + c2z, 

Zi = a3x + b3y + C3Z 

{

x'=xi+di, 

y' =Yi+ d2, 

z'=z1+ds. 

(III.8) 

Ilpeo6pa30BaHIIe cp II rrepettoc T 6y,n;eM H83bIBaTb accov,uupoea'H'H'blMU 

c ,n;aHHhIM rrpeo6pa3oBaHIIeM f = T · cp. TaK KaK rrepettoc coxpaH.HeT HarrpaB

JieHIIe JI1060Il: rrp.HMOM II JI1060Il: IIJIOCKOCTII, TO a¢¢IIHHOe rrpeo6pa30BaHMe f 
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H accon;HHpOBaHHoe c HHM rrpeo6pa30BaHire <p HMeIOT O,Il;HH H Te )Ke IIpHMble 

H IIJIOCKOCTH HeH3MeHHeMhIX HarrpaBJieHHH. 

IIycTh rrpeo6pa3oBaHHe <p rrepeBo,n;HT IIJIOCKOCTh 1', rrpoxo,n;Hrrzyro qepe3 

HaqaJio Koop,n;ttHaT, B IIJIOCKOCTh Ax'+ By'+ Cz' = 0. Tor.n;a corJiacHo co

OTHomeHHHM (III.8) HM€€M CJie.n;yrorn;ee ypaBH€HH€ IIJIOCKOCTH 1: 

(Aa1 + Ba2 + Ca3)x + (Ab1 + Bb2 + Cba)Y + 
+ (Ac1 "F\ + Cc3)z = 0. 

~JIH COBIIa,n;eHHH IIJIOCKOCTeii: 1' H '°}'1 
Heo6xo,n;HMO H ,Il;OCTaTOB:Ho, qT06hI co-

0TB€TCTBeHHhie K03cpcpnn;HeHThl HX ypaBHeHHH 6bIJIH rrporropn;HOHaJihHbI: 

{ 

Aa1 + Ba2 + Ca3 =..\A, 

Ab1 + Bb2 + Cb3 = ..\B, 

Ac1 + Bc2 + Cc3 = ,\C. 

0TCIO,Il;a CJie.n;yeT TO )1(€ caMoe xapaKTepHCTHqecKoe ypaBH€HHe (III.6) JIHillh 

co B3aHMHOH 3aMeHOH COOTBeTCTBeHHbIX CTpOK H CTOJI6D;OB. 

TaKHM o6pa30M, xapaKTepHCTHqecKne KOpHH acpcpHHHoro rrpeo6pa30Ba

HHH orrpe,n;eJIHIOT KaK rrpHMhie, TaK H IIJIOCKOCTH HeH3M€HHeMbIX HarrpaBJie

HHH rrpeo6pa30BaHHH. 

§ 28. PodcmBe'l-l'l-l'ble npeo6pa3oBa'l-lu.R 

28.1. Po,a;cTBo rrpocTpaHCTBa. Po,n;CTB€HHOe rrpeo6pa3oBaHne (po.n;

CTBO) rrpocTpaHCTBa orrpe,n;eJieHO KaK acpcpHHHOe rrpeo6pa30BaHHe, HM€IO

m;ee rrJIOCKOCTh Herro,n;BH)KHhIX ToqeK ( n.n,ocx:ocm'b poacmea). EcJIH acpcpHH

Hoe rrpeo6pa30BaHne IIpOCTpaHCTBa HM€€T TpH H€KOJIJIHHeapHhl€ H€IIO,Il;Bll)K

Hhl€ TOqKH A, B' c' TO OHO HBJIH€TCH pO,Il;CTB€HHhIM c IIJIOCKOCTbIO ABC' 
rrocKOJihKY B 3TOM cJiyqae HeIIO,Il;BH)KHa Ka)K,n;aH ToqKa rrJiocKOCTH ABC 
(TeopeMa II. 8.1). 

IIo TeopeMe II. 26.2 po,n;cTBo p MO)KHO 3a,n;aTh rrJIOCKOCThIO w cpo,n;cTBa 

H rrapoii: COOTB€TCTBeHHbIX (po,n;CTB€HHhIX) ToqeK, He Jie)Karn;rrx B IIJIOCKO

CTM w. PaccMoTpHM ero cBoii:CTBa. Hx ,n;oK83aTeJihCTBa aHaJiorMqHhl ,n;oKa-

3aTeJihCTBaM CBOfiCTB pO,Il;CTBa IIJIOCKOCTH (§ 10). 

1. Ka)K,n;aH H3 rrpHMhIX, coe,n;HHHIOID;HX po,n;cTB€HHhie TOqKrr, oTo6pa)Ka

eTCH IIPM 3TOM po,n;cTBe Ha ce6H ( H€IIO,Il;BH)KHa). 

2. Ka)K,n;aH rrJIOCKOCTh 1', rrpoxo,n;Hrn;aH qepe3 ,n;Be po,n;cTBeHHhie ToqKrr, 

HeIIO,Il;BH)KHa, IIOCKOJibKY OHa co.n;ep)KHT ern;e H .n;pyryro H€IIO,Il;BH)KHYIO rrpH

MyIO - JIMHMIO rrepeceqeHMH IIJIOCKOCTM 1' c IlJIOCKOCTbIO pO,Il;CTBa - HJIM eii: 

rrapaJIJieJihHa. 
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3. Po,n;cTBO p rrpocTpaHcTsa HHAYQHpyeT s Ka)K,l:loii Herro,n;smKHoii IIJIOc

KOCTH "(, OTJIHqHOH OT IIJIOCKOCTH W pO,ll;CTBa, pO,ll;CTBO C OChlO f = "( n W. 

4. IlpHMhie, Ka)K,ll;aH H3 KOTOpbIX co,n;ep)KHT ,n;se po,n;CTBeHHhie TOqKH, 

rrapaJIJieJihHhl. llx HarrpasJieHHe Ha3hIBaeTCH ttanpa6J1,e1-me.M poacmoa. 

5. ,D,se pO,ll;CTBeHHble rrpHMhle rrepeceKalOTCH B IIJIOCKOCTH pO,ll;CTBa HJIH 

eii rrapaJIJieJihHhI. 

6. EcJIH HarrpaBJieHHe po,n;CTBa He rrapaJIJieJihHO IIJIOCKOCTH w po,n;cTBa, 

TO IIJIOCKOCTh w ,n;eJIHT B O,ll;HOM H TOM )Ke OTHOIIIeHHH k Ka)K,ll;bIH H3 OT

pe3KOB, coe,n;HHHIO~HX ToqKH co CBOHMH o6pa3aMH. ToqHee, ecJIH p(M) = 
AM' 

= M' H (MM') nw =A, TO k = AM (pHC. 57). 9TO OTHOIIleHHe Ha3bJBaeTCH 

x:o3<fxjiuv,uettmo.M poacmoa. 

PHc.57 PHc. 58 

28.2. qaCTHbie BH)J;bI poµ;CTBeHHbIX npeo6p830BaHHH npocTpaH· 

CTBa. 1. EcJIH K03cpqm~eHT po,n;cTBa k = -1, TO po,n;cTBO Ha3hIBaeTCH x:ocou 
aepX:M'b'/-f,OU CU.M.Mempueu OTHOCHTeJibHO IIJIOCKOCTH w ( X:OC'bl.M ompa;J1Cettu
e.M om n.J1,0CX:Ocmu). Ee IIJIOCKOCTb ,n;eJIHT IIOIIOJiaM Ka)K,l:\bIH H3 0Tpe3KOB, 

coe,n;HHHlOIIIHX pO,ll;CTBeHHhie TOqKH. 

2. EcJIH HarrpaBJieHHe po,n;cTBa rrapanJieJihHO ero IIJIOCKOCTH, To po,n;cTBO 

Ha3bIBaeTCH caeuw.M (pHC. 58). B Ka)K,l:\O:H cpHKCHpOBaHHOH IIJIOCKOCTH, rra

paJIJieJibHOH IIJIOCKOCTH C,ll;BHra, TOqKH CMe~aIOTCH Ha O,ll;HH H TOT )Ke seKTOp 

(csoil:cTBO 3 H3 rr. 28.1 H csoil:cTBO 5 H3 rr.10.1). B 3THX IIJIOCKOCTHX C,ll;BHr 

rrpocTpaHCTBa HH,ITY~pyeT rrepeHOChI, BeKTOpbI KOTOpbIX 3aBHCHT OT BhI6o

pa IIJIOCKOCTH. 

3. Po,n;cTBO c rroJIO)KHTeJihHhIM Ko3cpcpHQHeHTOM Ha3hIBaeTcH x:oc'bl.M c;J1Ca
mue.M K IIJIOCKOCTH w. 

4. Po,n;cTBO c oTpHQaTeJihHhIM K03cpcpHQHeHTOM ecTh KOMII03HQHH Kocoii 

3epKaJihHOH CHMMeTpHH H KOCOro C)KaTHH. 
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28.3. cfJopMyJibI po,n;cTBeHHbIX rrpeo6pa3oBaHHii. CoBMeCTHM KO

op,n;irnaTttyro IIJIOCKOCTb Oxy c IIJIOCKOCTbIO po,n;CTBa. TaK KaK Ka)f{,Il;a.H ee 

TOqKa (x, y, 0) HeIIO,Ll;BH:>KHa, TO corJiaCHO cpopMyJiaM rrpeo6pa3oBaHH.H (III.3) 
HMeeM 

OTKy,n;a CJie,n;yeT, qTo 

x = aix + biY +di, 

y = a2x + b2y + d2, 

0 = a3 x + b3y + d3, 
'\ 

ai = 1, bi= di= 0, b2 = 1, a2 = d~ = a3 = b3 = d3 = 0, 

H cpopMyJihl rrpeo6pa30BaHH.H rrpHHHMaIOT BH,LI; . 

{ 

x: =x +ciz, 
y =y+c2z, 

Z
1 = C3Z. 

PaccMoTpHM ,n;Ba qacTHhIX cJiyqa.H. 

(III.9) 

l. IlycTb ttarrpaBJieHHe po,n;cTBa orrpe,n;eJietto OChIO Oz. Tor,ri;a x' = x, y' = 
= y H II03TOMY C1 = C2 = 0. 06o3HaqHM C3 = k. <I>opMyJihl rrpeo6pa30BaHH.H 

{ ~::;: 
z'=kz, 

A=k#l. 

IlpH k > 0 HMeeM K o c o e c :lK a T H e K IIJIOCKOCTH Oxy B HarrpaBJieHHH 

ocH Oz. IlpH k = -1 po,n;cTBO .HBJI.HeTc.H Koc o ii 3 e p Ka JI h Ho ii: c n: M -

Me T pH e ii:: 

{

x'=x, 

y'=y, 

z'=-z, 

A=-1. 

2. IlycTb HarrpaBJieHn:e po,n;cTBa rrapaJIJieJihHO ero IIJIOCKOCTH. Po,n;CTBO 

ecTh c ,n; B Hr. Ilpn:,n;a,n;n:M ocn: Ox ttanpaBJiettn:e c,n;Bn:ra. Tor,n;a y' = y n: 

z' = z TO)f{,Il;8CTB8HHO. IloaTOMY B cpopMyJiax (III.9) HMeeM C2 = 0, C3 = l. 
06o3HaqHM C1 = c. <I>opMyJihl C,Ll;BHra HM8IOT BH,LI; 

{ 

x: =x+cz, 
y =y, ~ = l. 

z'=z, 

(III.10) 

0Tcro,n;a x' - x = cz, y' - y = 0, z' - z = 0. B Ka:iK,n;o:H IIJIOCKOCTH z = m HMeeM 

rrepettoc Tr Ha BeKTOp f= (cm,0,0). 
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§ 29. H e'K:omop'bte cneViuaJl/b'H'bte euiht arfirfiu'rt'H'btX 
npeo6pa3o6a'rtuu npocmpa'Hcmea 

29.1. Kocrui: oceBrui: CHMMeTpHSI. Kocou CU.M.Mempueu 8£ c OCbIO e 
B HarrpaBJieHirn IIJIOCKOCTH µ H83bIBaeTC5I rrpeo6p830BaHHe, KOTOpoe OCTaB

JrneT Herro,r:i;sm1rnott Ka)K,llYIO TO'IKY rrp5IMOtt e' a Ka)K,llYIO TO'IKY M' He 

Jie:>Kanzyro Hae, OTo6pa:>KaeT Ha TaKyIO TO'IKY M', 'ITO rrpHMa5I MM' rrapaJI

JieJibHa IIJIOCKOCTH µ H 0Tpe30K MM' ,r:i;eJIHTC5I rrp5IMOtt e IIOIIOJiaM (pHC. 59) 
IlpHMeM rrp5IMYIO e 3a OCb Ox, a IIJIOCKOCTb µ - 3a KOOp,!J;HHaTHYIO IIJIOC

KOCTb Oyz. EcJIH M(x, y, z)--; M'(x', y', z') rrpH CHMMeTpHH St, TO x' = x, 
y+y' z+z' 
-

2
- = 0, - 2- = 0. CTaJIO 6bITh, cpopMyJihI 

{

x:=x, 

y =-y, 

z'=-z, 

A=l 

5IBJI5IIOTC5I cpopMyJiaMH Kocott CHMMeTpHH c OCbIO Ox B HanpasJieHHH IIJIOC

KOCTH Oyz. IIoaTOMY oHa 5IBJI5IeTC5I 3'/f,6Ua<fofiutttt'bt.M npeo6paaoeattue.M nep

eoeo poaa, u.Mew~u.M oc'b uenoaeu[)!Ctt'bix mo"te'lf,. 

M 

Pnc. 59 Pnc. 60 

29.2. IlepeHOCHWI CHMMeTpHSI eCTb no orrpe,r:i;eJieHHIO KOMil03HllH5I 

KOCOtt 3epKaJibHOtt CHMMeTpHH H nepeHoca napaJIJieJibHO IlJIOCKOCTH CHM

MeTpHH. 0Ha KOMMyTaTHBHa, HMeeT ceMettcTBO HeIIO,!l;BH)KHblX IlJIOCKOCTett, 

Ka:>K,r:i;ag H3 KOTOpbIX rrapaJIJI€JlbHa HarrpaBJI€HHIO f CHMMeTpHH H BeKTOpy f 
rrepeHoca, H He HMeeT Herro,r:i;BH:>KHhIX TO'leK. B Ka:>K,r:i;ott Heno,r:i;BH:>KHOtt nJioc

KOCTH HH,Izy1IHPYeTC5I rrepeHOCHa5I CHMMeTpH5I IIJIOCKOCTH (pHC. 60). 
IlyCTb IIJIOCKOCTb w CHMMeTpHH rrpHH5ITa B Ka'JeCTBe KOOp,!l;HHaTHOtt IlJIOC

KOCTH Oxy, a ocb Oz napaJIJieJibHa HanpaBJieHHIO CHMMeTpHH. EcJIH TO'l

Ka M(x,y,z) rrepexo,r:i;HT B TO'IKY M'(x',y',z') rrpH 3a,r:i;aHHOtt nepeHOCHott 
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CHMMeTp1m, M --t M1(x,y, -z) rrpH Bxo,n;Hm;efi B Hee Kocofi CHMMeTpHH H 

M1 --t M' rrpH rrepeHoce Ha BeKTop f =(a, b, 0), TO 

{ 

X1 = x, { x: = x 1 +a, 
Yr = Y, Y = Y1 + b, 

z1=-z; z'=z1 • '\ 

Cne,n;oBaTeJihHo, rrepeHocHaH CHMMeTpmr 3arrHmeTJH ¢opMyJiaMH 

{

x' =x+a, 

y' =y+b, 

z'=-z, 

A=-1. 

29.3. Kocoii nepeHoc. Koc'bt.M nepettoco.M rrpocTpaHCTBa Ha3bIBaeTcsr 

KOMI103HIJ;HH C,ll;BHra H rrepeHoca rrapanneJihHO ITJIOCKOCTH C,ll;BHra, HO He rra

panneJibHO HarrpaBJieHHIO C,ll;BHra. 

C,n;BHr B HarrpaBJieHHH OCH Ox c rrnocKOCThIO Oxy c,n;BHra HMeeT ¢opMy

JihI (III.10). 3a,n;a,n;HM rrepeHoc x' = x +a, y' = y + b, z' = z, b =!= 0, abc =!= 0. 
I1x KOMI103HIJ;HH HMeeT ¢opMyJihl 

{ 

x' = x + cz + a, 

y' = y + b, 

z' = z, 

A=l. 

113 3THX ¢opMyJI cne,n;yeT, qTQ BCHKaH ITJIOCKOCTb z = k HBJIHeTCH Herro

,ll;BH2KHOi!:, rrpHqeM B Ka2K,ri;oi!: H3 HHX HH,ll;YIJ;HpyeTCH rrepeHOC H ,ll;JIH pa3HbIX 

3HaqeHHfi k 3TH rrepeHOCbl pa3JIHqHhI. 

29.4. AcpcpHHHbie noaopoTbI. KaK H Ha rrnocKoCTH, OHH HMeIOTCH 

Tpex BH,ll;OB: 3JIJIHIITHqecKMfi, rnrrep6onnqecKHfi H rrapa6onuqecKnfi. 

9Munmu"lec-x:u.M noBopomo.M rrpocTpaHCTBa Ha3brnaeTcsr a¢<l>nHHoe rrpe

o6pa3oBaHne, KOTopoe RMeeT OCb f, HeITO,ll;BH2KHbIX TOqeK H HH,n;yIJ;HpyeT 

B HeKOTOpoii HeITO,ll;BH2KHOH ITJIOCKOCTH (]' 3JIJIHITTRqecKRfi ITOBOpOT (§ 16). 
IlycTb f, - och Oz, a rrnocKOCTh CJ' - rrnocKOCTh Oxy. Ecnn 0 - ii;eHTP an

JIHrrTnqecKoro ITOBOpOTa B ITJIOCKOCTH Oxy, TO 3TOT ITOBOpOT HMeeT ¢opMy

Jlbl (II.5). Tor,n;a ¢opMyJihl 3JIJIHITTnqecKoro rroBopoTa rrpocTpaHCTBa 6y,n;yT 

TaKHMH: 

{ 

x' = x cos r.p - y sin r.p, 

y: = x sin r.p + y cos r.p, A = 1. 

z =z, 

IlnocKOCTR z = const Ha3hIBaIOTCH nJ1,oc-x:ocm.n.Mu 3Munmu"lec-x:oeo noBopo

ma. ,lLpyrnx HeITO,ll;BH2KHbIX ITJIOCKOCTefi HeT. 



108 rnABA Ill. Aifxfiu'H,'H/bte npeo6paaosa1tUJ1, npocmpancmsa 

I'unep60J1,u"tecnuM noBopomoM rrpocTpaHCTBa Ha3hrnaeTcJI acpcpHHHoe 

rrpeo6pa30BaHHe, KOTOpoe HMeeT OCb c HeIIO,IJ;BH)KHhlX TOqeK H HH,rry:u;npyeT 

B HeKOTOpoii HeIIO,IJ;BH)KHOH IIJIOCKOCTH (J rnrrep6oJIHqecKHH IIOBOpOT (§ 18). 
IlpH aHaJIOrHqHbIX rrpe,r:i;hl,rryr:u;eMy rrpe,r:i;rrOJIO)KeHHJfX rnnep60Jiff'IeCKHH, 

IIOBOpOT HMeeT cpopMyJihl 

{ 

x' = x ch <p + y sh <p, 

y' = xsh<p + ych<p, 

z' = z, 
A= 1. 

Ilapa60Jl,U"leC'X:UM no6opomoM npocTpaHCTBa Ha3hIBaeTCH 3KBHacpcpHHHOe 

npeo6pa3oBanne rrepBoro po,r:i;a 6e3 neno,r:i;BH)KHhrx ToqeK, HH,rryll;Hpyror:u;ee 

B HeKOTOpofi HeITO,IJ;BH)KHOfi IIJIOCKOCTH (J rrapa6oJIH'IeCKHH IIOBOpoT (§20). 
IlycTb nJIOCKOCTh Oxy coBna,r:i;aeT c ITJIOCKOCThIO CJ, a HHBapHaHTHaH na

pa6oJia B He:iI HMeeT ypaBneHHe y 2 = x. Tor,r:i;a napa6omrqecKHfi noBopoT 

npocTpaHCTBa 6y,r:i;eT 3aITHCbIBaThCH cpopMyJiaMH 

{ 

x' = x + 2cy + c2
, 

y' =y +c, 
z'=z, 

A= 1. 

Ifa 3THX cpopMyJI BH,IJ;HO, qTo napa6oJIHqecKHfi rroBopoT HBJIHeTCH KOM-

no3HIJ;He:iI C,IJ;BHra rrapaJIJieJibHO IIJIOCKOCTH y = 0 

{ 

x' = x + 2cy, 

y' =y, 

z'=z 

H nepenoca na BeKTop r = ( c2, c, 0), ne rrapanneJihHhrfi ITJIOCKOCTH C,IJ;BHra. 

29.5. Ilapa6oJiu:~ecKHH C)1;BHr - 3TO acpcpHHHOe npeo6pa30BaHHe 

rrpoCTpaHCTBa, KOTOpoe HMeeT OCb HeTIO,IJ;BH)KHblX ToqeK H HH,rry:u;npyeT 

B HeKOTOpoii: HeITO,IJ;BH)KHOH IIJIOCKOCTH napa6oJIHqecKHH IIOBOpOT. IlpH 3TOM 

ycJIOBHH H3 o6r:u;Hx cpopMyJI acpcpHHHoro npeo6pa30BaHHH npocTpaHCTBa no

JiyqaIOTCJI cJie,rryror:u;ne cpopMyJihI napa6oJIHqecKoro C,IJ;BHra: 

{ 
x: =x+y, 
y =y+ z, 

z'=z, 

A=l. 

IlJIOCKOCTH z = k -I- 0 Heno,r:i;BH)KHhr. B Ka)K,r:i;oii: H3 HHX HH,rry:u;HpyeTCH acp

cpHHHoe rrpeo6pa30BaHHe x' = x + y, y' = y + k 6e3 HeIIO,IJ;BH)KHhIX ToqeK 

c o,r:i;HHM neH3MeHHeMhIM nanpaBJieHHeM (>.1 =>.2 =1), T. e. rrapa6oJIHqecKHii: 

IIOBOpOT. 
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§ 30. aettmp arf>rf>U'H'H020 npeo6pa306a'HUJt 
npocmpattcmea 

" 
IIycTh a<l><l>nHHoe rrpeo6pa3oBaHHe rrpocTJkHCTBa 3a,n;aHo napoii TeTpa-

3,n;poB ABCD n AiB1C1D1, rrpw1eM rrJiocK~cTn o: n 0:1, /3 n /31, 'Y n 11 
I 

COOTBeTCTBeHHO Herrapamie.JihHbl. 3a,n;a,n;HMC51 u,e.JibIO Ha:ltTH '4ettmp (Herro-

.n;sm1rny10 TO'IKY) 3TOro rrpeo6pa30BaHH51. 

PyKoso.n;cTBY51Cb aHaJiorne:lt c § 11, rrpose.n;eM 'Iepe3 A rr.JiocKocTh a', rra

PaJIJieJibHYIO nJIOCKOCTH a, a qepe3 A1 - IIJIOCKOCTb a~, rrapaJIJieJibHYIO a:i. 
EcJIH a H a:1 rrepeceKaIOTC51 no rrp51MOH a, a a' H o:~ - no rrp51Mo:lt a 1, 

TO np51Mbie a H a 1 rrapa.rr.JieJihHhI. Onpe,n;emi:eMM HMH IlJIOCKOCTh (a, a 1) 51B

JI51eTc51 MHO)KeCTBOM Bcex HenO,JJ;BH)KHbIX TO'IeK MHO)KeCTBa ncex a<l><l>nHHblX 

npeo6pa30BaHJiii, KOTOpbie OTo6pa:>KaIOT ITJIOCKOCTH a H a' COOTBeTCTBeHHO 

Ha nJIOCKOCTH 0'.1 H O:~. 

PaccMaTpHBa51 TO'IKH B H Bi, C H 0 1 H .n;eJia51 rro,n;o6Hbie 3THM no

cTpoeHH51, nOJIY'IHM em;e ,n;se IlJIOCKOCTH (b, bi) H (c, ci) c aHaJIOrH'IHbIMH 

CBOHCTBaMH. EcJIH noTpe6osaTh, 'IT06bl a<l><l>HHHOe npeo6pa30BaHHe O,ll;HO

BpeMeHHO nepeBO,JJ;HJIO 0: B 0:1, {3 B /3i, "( B "(i, 0:
1 

B O:~, /3' B /3~ H "(
1 

B "(~, TO 

oHo nepese,n;eT TO'IKH A, B, C, D cooTBeTCTBeHHo B TO'IKH Ai, Bi, Ci, Di H 

no3TOMY cosna,n;eT c 3a.n;aHHhIM npeo6pa3oBaHHeM. CJie,n;osaTeJihHO, TO'!Ka 

S nepece'leHH51 nJIOCKOCTe:lt (a, a 1), (b, b1) H (c, c 1), ecJin TaKM cym;ecTsyeT, 

51BJI51eTc51 I1eHTpoM 3a.n;aHHoro npeo6pa3oBaHH51. EcJIH 3TH TpH ITJIOCKOCTH He 

HMeroT o6m;nx TO'IeK, To Heno,n;BH)KHbIX TO'IeK HeT. CJiy'laH, Kor.n;a 3TH TpH 

nJIOCKOCTH HMeIOT o6m;yro rrpHMYIO HJIH COBna.n;aIOT, OCTaBHM 6e3 BHHMaHH51. 

B o6m;eM cJiy'Iae, Kor,n;a nJioCKOCTH Ka)K,ll;oii H3 'leTbipex nap (a, a:i), 
(/3, /31 ), ('Y, 'Y1), ( 8, 81) HenapaJIJieJibHbI, 'leTBepTa51 nJIOCKOCTb (d, di), no

CTpOeHHaH TaKHM )Ke cnoco6oM, 'ITO H y2fCe paccMoTpeHHble TpH, npoxo,n;HT 

qepe3 TO'IKY s HX nepece'leHH51 B CHJIY paBHOnpaBHOro noJIO:lKeHHH OTHOCH

TeJihHO 3TOH TO'IKH s paccMaTpHBaeMblX 'IeTbipeX nJIOCKOCTeit 

§ 31. A rf>rf>utttt'ble aemo.Moprf>ua.M/bt mempa3Jpa 

I'pynna a<l><l>HHHbIX anToMop<l>H3MOB npoH3BOJibHoro TeTpa.3.n;pa ABCD 
H30MOp<l>Ha rpynne CaMOCOBMem;eHHH npaBHJlbHOro TeTpa3.n;pa eBKJIH.IJ;OBa 

npocTpaHCTsa, a Ta H30Mopqma aJire6paH'I€CKOH rpynne no,n;cTaHOBOK H3 

'IeTbipex 3JieMeHTOB. IIo3TOMY 'IHCJIO 3JieMeHTOB rpynnhI pasHo 4! = 24. 
IlpH JII060M a¢<l>HHHOM OT06pa:lKeHHH TeTpa3.n;pa Ha ce6a ero BepIITHHhl 

nepexo.IJ;51T B sepIITHHbI H ocTaeTc51 Heno.n;BH:lKHbIM ero I1eHTpOH.IJ;. HeKOTOpbre 

H3 HCKOMhIX aBTOMOP<l>H3MOB ycMaTpHBaIOTC51 6e3 Tpy,n;a. 0'leBH,n;HO, HMH 

51BJIHIOTC51 IITeCTb KOCbIX CHMMeTpH:lt OTHOCHT€JlbHO Me.n;naHHbIX IlJIOCKOCTeH 

TeTpa.3,n;pa, Ka)K,ll;a51 H3 KOTOpbIX OCTaBJrneT HenO,JJ;BH:lKHblMH ,n;se nepIITHHbl, 
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a ,n;ne ,n;pynre IIepeno,n;uT ,n;pyr B ,n;pyra. OHM xapaKTepH3JIOTC.H IIO,Il;CTaHOB-

(
A B C D) 
ABDC. 

51CHO Ta:IOKe, 'ITO K paccMaTpHBaeMbIM acpq>HHHbIM IIpeo6pa30BaHH.HM OTHO

C.HTC.H TPH KOCbIX CliMMeTpHH OTHOCHTeJlbHO 6HMe,n;HaH TeTpa::i,n;pa, Ka:>K,n;a.H 

H3 KOTOpbIX IIepeBO,n;HT ,n;pyr B ,n;pyra BepmHHbI Ka)J(,n;oro H3 ,n;syx IIPOTHBO

IIOJIO)J(HbIX pe6ep TeTpaa,n;pa, HaIIpHMep 

(
A B C D) 
BADC. 

B 3TOM cJlyqae ocTaIDTC.H HeIIo,n;BM:tKHhIMH cepe,n;MHhI ,n;syx IIpOTMBOrroJio:tK

HhlX pe6ep. 

PaccMoTpHM acpcpHHHoe IIpeo6pa3oBaHHe IIpocTpaHCTBa, 3a,n;aHHOe IIO,n;-

CTaHOBKOH sepmHH 

(
A B C D) 
ACDB' 

IIPM KOTopoM HeIIo,n;BH:tKHa o,n;tta sepmHHa A, a ocTaJihHbie IIepexo,LJ,5IT IJ;HK

JIH'leCKH: B ____, C ____, D ____, B B o,n;ttoM H3 ,n;syx B03MO)KHbIX HaIIpaBJieHHfi. 

TaKHX IIpeo6pa30BaHHfi MMeeTC.H soceMh. 0HH .HBJI.HIOTC.H 3 JI JI H II TH q e -

c K H M H II 0 B 0 p 0 T a M H OKOJIO qeTbipex Me,n;HaH TeTpa3,n;pa. 

B1 

PHc.61 

D 

,21,aJiee, IIpHMeM BO BHHMaHHe, qTO cepe,n;HHhI qeThipex pe6ep TeTpa3,n;pa, 

o6pa3YIDIIIHX Kocoil: qeTbipexyroJihHHK, Jie)KaT s o,n;ttoil: IIJIOCKOCTH. TaKHX 

IIJIOCKOCTeii cyIIIeCTByeT TpH. ,Il;JI.H HarJI.H,Il;HOCTH IIOCTPOHM napaJIJieJieIIHIIe,n; 

A1BC1DAB1CD1, oIIHCaHHhiii OKOJIO ,n;aHHoro TeTpa3,n;pa ABCD (pnc. 61). 
Koca.H CHMMeTpH.H Su OTHOCHTeJibHO ero cepe,n;HHHOii IIJIOCKOCTH a, IIa

pMJieJibHOil: pe6paM AB1, AiB, CD1, C1D, oTo6pa)KaeT TeTpa3,n;p ABCD 
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Ha TeTpaa,n;p A1B1C1D1 M o6paTHO. 9JIJIHIITHqecKM:i1 noBopoT 'ljJ npocTpaH

cTBa c ochIO £, co,n;ep2Kam,e:i1 cepe,n;MHhI pe6ep AC M BD, 3a,n;aHHbl:i1 napo:i1 

ToqeK A1 --+ B, OTo6pa2KaeT Ka2K)l;bI:i1 M3 napaJIJieJiorpaMMOB A1BC1D M 

AB1CD1 Hacefor: B-+C1 -+D-+A1 -+B, A-+ Bi -+C-+D•~A. KoMn03M

IIM5! 'lj;S" nepeBO)l;MT A-+ Ai-+ B, B-+ Bi-+ C, C-+ C1 -+ D D-+ Di-+ A, 
T. e. xapaKTepM3yeTC5! IlO,l.J,CTaHOBKOH 

(A B C D) 
BCDA. 

IloCKOJibKY qHCJIO 6HMe,n;MaH paBHO TpeM, a Ka)l()l;OH M3 HHX COOTBeTCTByeT 

)l;Ba 3JIJIHIITHqecKMX IIOBopoTa ( B npOTMBOilOJI02KHbIX HanpaBJieHH5!X)' TO 

qMCJIO KOMil03MIJ;Mll TMIIa 'lj;SCT paBHO rnecTM. 

TaKMM o6pa30M, o6Hapy2KeHo rnecTb KOChIX 3epKaJibHhIX CMMMeTpM:i1 oT

HOCHTeJibHO Me,n;HaHHbIX IIJIOCKOCTe:i1, TpM KOCbIX oceBbIX CMMMeTpHH OT

HOCHTeJihHO 6HMe,n;HaH, BoceMb 3JIJIHilTHqecKHX IlOBOpOTOB OKOJIO Me,n;MaH 

TeTpaa,n;pa, rneCTb IIOBOpOTHbIX CHMMeTpn:i1, T. e. BCero 6 + 3 + 8 + 6 + 1 = 24 
acpcpHHHbIX aBTOMopcpM3Ma TeTpaa,n;pa, BKmoqa51 M T02K)l;eCTBeHHOe npeo6-

pa3oBaHHe. 

3aiJa"iu u ynpa:J1Ctte'HU.R, 
111.1. BhrqHCJIHTe Tpo:i1Hoe rrpoM3Be,n;eHMe BeKTopoB 

eCJIH abc = 1. 
(a - b) (a + b - c) (a + 2/i + 3c), 

llI.2. Ha ,n;1mroHaJI5!X rpaHe:i1 rrapaJIJieJierrnrre,n;a, MMeIOllI,MX o6IJIYIO Bep

IIIMHy, rrocTpoeH ,n;pyro:i1 napaJIJieJierrHrre,n;. Ha:i1,n;ttTe OTHorneHHe ero o6'beMa 

K o6'heMy ,n;aHHoro rrapaJIJieJierrmre,n;a. 

111.3. IlJioCKOcTh, He rrpoxOA5£Il!a5! qepe3 BeprnMHhI Kocoro qeTbipex

yroJibHHKa ABCD, rrepeceKaeT ero cTopoHhI AB, BC, CD, DA cooTBeT

CTBeHHO B ToqKax Ai, Bi, C1 , D1. ,Il;oKa2KHTe, qTo 1IeHTpott,n;hl TpeyroJibHH

KOB ABC1 , ACD1 , CDAi, ADBi rrpHHa,n;Jie2KaT o,n;Ho:i1 rrJIOCKOCTH. 

111.4. ,Il;aHhI IIJIOCKOCTh a H He rrapanJieJibHa5! efi rrp5!Ma5! £. Hau,n;HTe 

KOMII03MJIIUO KOCOH 3epKaJibHOH CHMM8TpHM s:. OTHOCHTeJibHO IIJIOCKOCTM a 
B HarrpaBJieHHM I1p5!MOM £ M KOCOM OCeBOH CMMMeTpHM Sf OTHOCHTeJibHO 

IIp5!MO:i1 £ napaJIJieJibHO IlJIOCKOCTH a. 5IBJI5!eTC5! JIM 3Ta KOMII03MIIM5! KOM

MyTaTHBHOu? 

111.5. Ilp5!Mhie, rrpone,n;eHHbie qepe3 BeprnMHhI TeTpaa,n;pa ABCD rra

paJIJieJihHO HeKOTOpOH Ilp5!MOH, nepeceKaIOT IIJIOCKOCTM rrpOTMBOilOJIO)K

HblX aTHM BeprnHHaM rpaHe:i1 cooTBeTcTBeHHO B TOqKax Ai, Bi, C1, Di. 
~oKa2KMTe, qTo o6'beM TeTpaa,n;pa AiBi Ci Di BTpoe 6oJihIIIe o6'beMa ,n;aHHO

ro TeTpaa,n,pa ABCD. 
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111.6. ,Il;att TpexrpaHHhiii yroJI Oabc. IlocTpoiiTe Herro,n;BIDKHhie rrJIOCKO

CTH KOMII03llllllH KOChIX 3epKaJihHblX CllMMeTpHH OTHOCllTeJihHO IIJIOCKOCTeii 

ero rpaHeii a, (3, 'Y B HarrpaBJieHll.HX COOTBeTCTBYIOIIIHX HM rrpOTHBOIIOJIO:>K-
"6 b . scsbsa sascsb sbsasc HhIX pe ep a, , c. , /3 °'' °' , 13 , 13 °' ,. 

III. 7. ToqKH A, B, C, D HeKoMrrJiaHapHhl. A¢qmttttoe rrpeo6pa3oBaHHe 

rrpocTpaHcTBa 3a,n;atto rrapaMH ToqeK A____, B, B ____, C, C ____, D, D ____, A. Harra

rnaTe cP0PMYJihl 3TOrO rrpeo6pa30BaHH.H OTHOCHTeJibHO perrepa (D, e1, e2, e3), 
r,n;e e1 =DA, e2 =DB, e3 =DC. 

111.8. Haii,n;HTe ¢opMyJihI H Bll,Il; a¢¢HHHoro rrpeo6pa30BaHH.H, rrpH KO

TopoM ToqKH (0, 0, 0), (I, 0, 0), (0, I, 0) tterro,n;BH:>KHhI, a ToqKa (0, 0, I) rrepe

xo,n;aT B rnqKy (I, I, I). 
111.9. BeprnHHhI TeTpa3,n;pa ABCD Haxo,n;.HTC.H B ToqKax A(O, 0, 0), 

B(I, 0, 0), C(O, I, 0), D(O, 0, I). Haii,n;aTe ¢opMyJihI a¢¢HHHoro rrpeo6pa-

30BaHa.H, rrpH KoTopoM Beprnatta A tterro,n;BH:>KHa, a cepe,n;HHhI pe6ep AB, 
AC, AD rrepexo,IJ;.HT B cepe,n;HHhI rrpoTHBOIIOJIO:>KHhIX HM pe6ep. 

111.10. Haii,n;nTe tterro,n;BH:>KHhie 3JieMeHThI - TOqKy, rrpm,ryro H rrJioc

KOCTh rrpa a¢¢attHOM rrpeo6pa3oBaHHH H3 3a,n;aqH III. 7. 
111.11. Orrpe,n;eJIHTe BH,n; a¢¢attttoro rrpeo6pa3oBaHH.H rrpocTpaHCTBa, 

OT06pa:>KaIOII1ero BepIIIHHhl ,n;aHHoro TeTpa3,n;pa B 11eHTpOH,Il;bl rrpOTHBOIIO

JIO:>KHblX HM rpatteii. 

111.12. Haii,n;HTe Herro,n;BH:>KHhie 3JieMeHTbI a¢¢nttttoro rrpeo6pa3oBaHH.H 

{ 

x' = 3x - 4y + 6, 

y' = 4x + 3y - 8, 

z' = -2z + 9. 

111.13. ,Il;oKa:>KHTe, qTo BC.HKOe a¢¢HHHOe rrpeo6pa30BaHHe rrpocTpaH

CTBa MO:>KHO rrpe,n;cTaBHTb KOMII03HIIHeii Tpex po,n;CTBeHHbIX npeo6pa30Ba

HHH. 

111.14. A¢¢11uuoe rrpeo6pa3oBaHne rrpocTpaHCTBa .HBJI.HeTC.H KOMIT03H-

11Heii ,n;Byx po,n;CTBeHHbIX rrpeo6pa30BaHHH Tor,n;a H TOJibKO Tor,n;a, Kor,n;a OHO 

HMeeT CeMeHCTBO napaJIJieJibHbIX HeIIO,IJ;BH:>KHbIX IIJIOCKOCTeii. ,Il;oKa:>KHTe. 

111.15. ,Il;oKa:>KHTe, qTo a¢¢nHHOe rrpeo6pa3oBaHne, 06Jia,n;a10II1ee rrp.H

Moii HeIIO,IJ;BH:>KHbIX TOqeK, llMeeT ceMeHCTBO rrapaJIJieJihHbIX HeIIO,Il;BH:>KHbIX 

IIJIOCKOCTeii. 

111.16. EcJIH rrJIOCKOCTH Tpex po,n;cTBeHHhIX rrpeo6pa3oBaHHH rrapan

JieJihHhI, TO HX KOMII03HI1Heii .HBJI.HeTC.H JIH6o po,n;CTBO, JIH6o KOMII03llllll.H 

,IJ;BYX pO,IJ;CTBeHHbIX npeo6pa30BaHllH. ,Il;oKa:>KnTe. 

111.1 7. ,Il;oKa:>KHTe, qTo COBOKYIIHOCTb Bcex C,Il;BHrOB ll Bcex rrepeHOCOB 

c o,n;HnM ll TeM :>Ke ttarrpaBJiettneM ecTh rpyrrrra. 



r.nABA 1v 

K Baapu'Ku 6 aif)(fiutt1-w.M npocmpattcmBe 

\ 
§ 32. OnpeiJe.1iettue 1waiJpu'Ku. / 1 

llepece"-lettue 'KBaiJpu'Ku c n.J1,0C'Kocm'b1<F 
32.1. Orrpe,z:i;eJieuu:e. Ilo6epxttocm'b'/O 6mopozo nop.H,ih.a, HJIH 'K',6ai)pu

'K',OU TpexMepHoro a¢¢HHHOro npocTpaHCTBa Ha3bJBaeTCH MHO)f{eCTBO BCex 

TO'leK 3Toro rrpocTpaHCTBa, KOOp,IJ;HHaTbl Ka)f{,IJ;OH H3 KOTOpbIX y,ri;oBJieTBO

pHIOT ypaBHeHHIO BTOpOH CTerreHH 

anx2 + a22Y2 + a33Z2 + 2a12XY + 2a13XZ + 2a23yz + 
+ 2b1x + 2b2y + 2b3z + c = 0, (IV.1) 

r,ri;e K03cPcPHIJ;HeHTbl a;j = aji (i, j = 1, 2, 3) - ,ri;eiiCTBHTeJibHhle 'IHCJia (xoTH 

6bI O,IJ;HO H3 HHX OTJIH'IHO OT HYJIH). 

YpaBHeHHe (IV .1) Ha3brnaeTCH o6w,u.M ypa6ttettue.M onpe,ri;eJIHeMoii HM 

KBa,ri;pHKH. By,ri;eM 3arrHCbIBaTb ero KpaTKO F(x, y, z) = 0. ,l:t;oKa3aHo, 'ITO 

CTerreHb ypaBHeHHH IlOBepxHOCTH He 3aBHCHT OT Bb16opa a¢¢HHHOro perrepa 

rrpOCTpaHCTBa. 

CyMMa qJieHOB BTopoii cTerreHH ypaBHeHHH (IV.1) Ha3bIBaeTCH 'K',6ai)pa
mu""uou ¢op.Mou KBa,ri;pHKH: 

<p(x, y, z) = anx2 + a 22 y2 + a33Z2 + 2a12XY + 2a13XZ + 2a23 yz. (IV.2) 

32.2. Ilapa IIJIOCKOCTeii KaK KBa,lJ;pHKa. 06'he,IJ;HHeHHe ,IJ;BYX IIJIOC

KOCTeH Ax+ By+ Cz + D = 0 H A 1x + B 1y + C1z + D 1 = 0 MO)f{HO 3a,ri;aTb 

ypaBHeHHeM 

(Ax+ By+ Cz + D)(A1x + B 1y + C1z + D1) = 0, 

KOTopoe, O'leBH,IJ;HO, rrpHBO,IJ;HTCH K BH,IJ;y (IV.l). CJie,ri;oBaTeJibHO, napa IIJIOC

KOCTeii ecTb KBa,IJ;pHKa. B aTOM cJiyqae roBopHT TaK*e, 'ITO 'K',6ai)pu'K',a pac
naiJaemcJI, Ha rrapy rrJIOCKOCTeii. B qacTHOCTH, TaKOBOH HBJIHeTCH ,ri;Ba)f{,ll;bI 

B3HTaH (c,ri;BoeHHaH) rrJIOCKOCTb (Ax+ By+ Cz + D)2 = 0. 
Ilpu:Mep. KBa,ri;pHKa 3a,ri;aHa ypaBHeHHeM 

2x2 - y2 - z2 + xy + xz + 2yz + 3y - 3z - 2 = 0. 

IloKa)f{eM, 'ITO OHa HBJI.HeTCH napoii IlJIOCKOCTeH. ,l:t;JIH 3TOro 3anHmeM 3TO 

ypaBHeHHe ITO CTerreHHM rrepeMeHHOH z: 

z2 + (x - 2y + 3)z + (-2x2 + y2 - xy - 3y + 2) = 0, 
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OTKy.n;a 3aTeM Bbipa3HM 3TY 11epeMeHHy10: 

z = ~(-x + 2y - 3 ± (3x + 1)). 

TeM caMhIM MhI noJiyqnmr ypantteHH51 

x + y - z - 1 = 0, 2x - y + z + 2 = 0 

.n;nyx IIJIOCKOCTeii, COCTaBJI5IIOIIIHX .n;aHHYIO KBa.n;pHKy. 

32.3. IlepeceqeHHe KBa,D;pHKH c IlJIOCKOCTbIO. IlyCTh .n;atthl KBa.n;

pHKa 'Y H IIJIOCKOCTh a. Koop.n;uttaTHYIO IIJIOCKOCTh Oxy conMeCTHM c nJioc

KOCThIO a. IlycTb B 3TOH CHCTeMe KOOp,ll,HHaT KBa,}J,pHKa 'Y HMeeT ypaB

HeHHe (IV.l). Tor.n;a nepeceqeane ee c IIJIOCKOCThIO a 3a.n;aeTC51 CHCTeMOH 

ypaBHeHHii 

{ 
F(x,y,z) =0, 

z=O, 

KOTOpa51 3KBHBaJieHTHa CHCTeMe 

{ 
anx2 + a22Y2 + 2ai2XY + 2bix + 2b2y + c = 0, 

z=O. 

PaccMoTpHM nepnoe ypantteHHe c nJiaHHMeTpuqecKoii ToqKn 3peHH51, KaK 

B rJI. II, OTHOCHTeJibHO a<P<l>HHHOro penepa (0, ei, e2) IIJIOCKOCTH Oxy. 
Bo3MOJKHhI cJie.n;yIOIIJ,He cJiyqan. 

1. EcJIH XOT5I 6b1 O,Ll;HH H3 K03cPcPHllHeHTOB an, ai2, a 22 OTJinqeH OT HYJIH, 

TO .n;aHHOe ypaBHeHHe B YKa3aHHOii CHCTeMe KOOp,D;HHaT onpe,n,eJI51eT K p H -

By IO BT 0 p 0 r 0 IT 0 p 51 ,LI; Ka, JieJKaIIIYIO B IIJIOCKOCTH a. 
2. IlpH an= ai2 = a22 = 0 ypaBHeHHe npHHHMaeT BH,LI; 

Ilo3TOMy, Kor.n;a bi H b2 He paBHhl HYJIIO 0,1J,HOBpeMeHHO, nepeceqeHHe 'Y n a 
ecTh 11 p .HM a .H. EcJIH JKe b1 = b2 = 0, HO c =f 0, TO ypasHeHHe npoTHBope

qnno, T. e. nepeceqeHne 'Y n a nycTo. 

3. EcJIH an = ai2 = a22 = bi = b2 = c = 0, TO ypasHeHHe KBa.n;pHKH 'Y npn

HHMaeT BH,LI; 

z(2ai3X + 2a23Y + a33z + 2b3). 

CJie.n;osaTeJihHO, KBa.n;pnKa 51BJIHeTC51 napoii ITJIOCKOCTeii z = 0 H 2ai3x + 
+ 2a23Y + a33Z + 2b3 = 0, 11epsa51 H3 KOTOpblX H eCTh ,n,aHHa51 IIJIOCKOCTh a. 

Ilo.n;ne.n;eM nTor. Ec.t1,u n.11.oc?Cocm'b ne Bxoaum 6 cocmaB nBaapu?Cu u ee ne
pece"lenue c ?C6at1pu?Cou nenycmo, mo ono .R6.ll..Remc.R .11.u60 npu6ou Bmopoao 
nap.Rana, .11.u60 np.R.Mou. 
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IlpHMeqaHue. Kp1rnaR nepece"<IeHHR KBafU>HKH c nJIOCKOCThIO 3af];aeTcR 

cncTeMoii ,11; B y x ypaBHeHHH 3THX noBepxttocTeli. HanpnMep, OKpy)KHOCTh 

B eBKJIHf];OBOM npOCTpaHCTBe eCTb JIHHirn nepece"<I8HHR ccl>epbl H IlJIOCKOCTH: 

{ 

x2 + y2 + z2 = 1, 

x+y+z=l. 

§ 33. II,uJ/,U'l-tdpu"lecx:ue x:eaiJpux:u 

33.1. Orrpe,n;eJieHue H cocTaBJieHue ypaBHeHusi: D;HJIHH.n;puqecKoii 
KBa,D;PHKH. 0,ll;HH H3 crroco6oB IIOJiy"<IeHHR KBa):q)HKH yKa3hIBaeT CJI8,Jl;yIO

~aH TeopeMa. 

TeopeMa. Ilycm'b Jatt'bt 'K:pU6Q.H, "( 6mopow nop.R,O'K:a u ttetty;ie6ou 6e-x;mop 
p, tte napa;i;iM'b'H'btu n;ioc-x;ocmu -x;pu6ou "f· Mttoa1Cecm60 Q 6cex mo"ie'X: atfi
tfiuttttow npocmpattcm6a, nputtaJ;iea1Caw,ux 6Ce.M me.M np.R,.M'bt.M, -x;omop'ble 
napaj/,j/,e/t'b'H'bl 6e-x;mopy p u nepece-x;awm -x;pueyw /', ecm'b -x;eaJpu-x;a. 

,II, 0 Ka 3 a Te JI b c TB o. Bb16epeM acl>cl>HHHYIO CHCTeMy KOOpf];HHaT TaK, 

"<IT06b1 IIJIOCKOCTh Oxy coBrra.rra c IIJIOCKOCThIO KPHBOH "f, a ocb 0 z HMeJia 

ttarrpaBJiettne BeKTopa p. CocTaBHM ypaBHeHHe YKa3aHHoro MHO)KeCTBa Q. 
IlyCTb KpHBaR "( HMeeT ypaBHeHHR 

{ 
a11 x 2 + 2a12XY + a22 y2 + 2b1x + 2b2Y + c = 0, 

z=O, 
(IV.3) 

rf];e a;i He o6pa~aIOTCR B HYJih Bee O,Jl;HOBpeMeHHo. IlycTh M(X, Y, Z) -
rrpOH3BOJibHaR TO"<IKa MHO:JKeCTBa Q H rrpRMaR £ 3af];aHHOro MHO:JKeCTBa, 

rrpoxof];R~aR qepe3 TO"<IKY M, nepeceKaeT KpHByIO "( B TO"<IKe N ( x, y, 0) 
(pnc. 62). Korf];a TO"<IKa N rrpo6e:JKHT KpHBYIO "(, MHO:JKeCTBo Bcex TO"<IeK 

Puc. 62 
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,IJ;BFDKym;e:ftc51 BCJie,n; 3a Heii np5IMOH c COBna,n;eT c MHQ)KeCTBOM Q. Ilp5IMYIO c 
B qHIKCHpOBaHHOM ee IlOJIO)KeHHH MO)KHO 3a,IJ;aTb napaMeTpHqeCKHMH ypaB

HeHH5IMH ( c napaMeTpOM t) 

X=z, Y=y, Z=t, (IV.4) 

TaK KaK OHa co.n;ep)KHT TOqKy N(x, y, 0) H HMeeT HanpaBJI5IIOIIIHH BeKTOp 

e3 = (0, 0, 1). lfa ypaBHeHHii (IV.3) H (IV.4) COBCeM npOCTO HCKJIIQqHTb ne

peMeHHbie x' y' z' t' IIO,IJ;CTaBJI5151 B rrepnoe H3 ypaBHeHHH (IV. 3) x = x' y = y 
H IIOJiara51, qTQ z IIpHHHMaeT Bee .n;eiICTBHTeJibHbie 3Haqemrn t: 

(IV.5) 

9TO H eCTb ypaBHeHHe MHO)KeCTBa Q. OHO BTOpoll: CTerreHH, II03TOMY 3a,n;aeT 

KBa,IJ;pHKy. 0 

OnpeAeJieHu:e. Kna.n;pHKa, rrpe,n;cTaBJI5IIOm;a51 co6oii MHO)KeCTBO Bcex 

ToqeK Bcex rrapaJIJieJibHbIX np51Mhlx, rrepeceKarom;Hx HeKoTopyro KPHBYIO "f 
BTOpOrO IIOp51,IJ;Ka H He Jie)Kam;HX B ee IIJIOCKOCTH, Ha3bIBaeTC51 '4UJ/,U'H,
OpU"leC1',0U 1',6aopu,,,,ou HJIH '4u.11,un()po.M 6mopo20 nopJlO,,,,a. KpHBa51 'Y tta-

3brnaeTC51 ee nanpa6.11,Jl10w,ei1, a yKa3aHHhre rrapaJIJieJibHbre np51Mble -

ee o6pa3y10W,U.MU. 

IlpH ,IJ;OKa3aTeJibCTBe TeopeMhI H3 3TOro IIYHKTa ,n;aH crroco6 COCTaBJieHH51 

ypaBHeHH51 I{HJIHH.n;puqecKoll: KBa.n;pHKH. OH coxpaH5IeT cnJiy u B o6m;eM 

CJiyqae, eCJIH acpq>HHHa51 CHCTeMa KOOp,IJ;HHaT Bbr6paHa npOH3BOJibHO H Ha

rrpaBJI5IIOIIIa51 KpHBa51 'Y HMeeT ypaBHeHH51 

{
F(x,y,z)=O, 

Ax+ By+ Cz + D = 0, 
(IV.6) 

r.n;e F(x, y, z) - MHoroqJieH BTOpoll: cTeneHH. Tor.n;a rrpoH3BOJihHa51 06pa3y-

10rrra51 c I{HJIHH,IJ;pa 3a,n;aeTC51 ypaBHeHH5IMH 

(IV.7) 

r.n;e x, Y, z - KOOp,IJ;HHaTbI ee TeKym;eii TQqKH, N(x,y,z) TQqKa rre

peceqeHH51 c H "(, a HanpaBJI5IIOIIIHM BeKTOp p HMeeT KOOp,IJ;HHaTbI ar, a2, 
aa. lfa ypaBHeHHM (IV.6) H (IV.7) HCKJIIQqHM rrepeMeHHbie x, y, z, t, TOr,n;a 

IIOJiyqeHHa51 3aBHCHMOCTb Me)K,Il;y x' y' z H 6y,n;eT HCKOMbIM ypaBHeHHeM 

3a,n;aHHOH I{HJIHH,IJ;pHqecKOM KBa,IJ;pHKH. 

Ilpu:Mep. HaiITH ypaBueune I{HJIHH,n;pa c uarrpaBJI5IIOIIIeii KpHBOM 

{ 
x2 + y2 + z2 = 1, 

x+y+z=l 

H BeKTOpOM p = (1, 1, 1) B Ka'!eCTBe o6pa3yrom;eii. 



§ 33. au.!tU'H,i}pU"l,eCX:Ue X:Bai}pux;u 

IlapaMeTpH'IeCKHe ypaBHeHH.H o6pa3yrom;e:H: HM€IOT Bll,LI 

x = x + t, y = y + t, z = z + t, 
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OTKy,n;a x = X - t, y = Y - t, z = Z - t. IIo,n;cTaHOBKOH B ypaBHeHHH HanpaB

Jimom;eii: noJiyqaeM 

{ 
(X - t) 2 + (Y - t) 2 + (Z - t) 2 = 1., 
x + y + z - 3t = 1. .. 

OcTaeTCH ncKJIIoqnTh H3 3Tnx ypasneHHfi napaMeTp t~3 BToporo ypaBHe

HHH Bhlpa)KaeM t = ! ( x + y + z - 1). II pnBe,n;e~nepBoe ypaBHeHHe K BH,LJ;y 

x 2 + y 2 + z2 
- 2(x + Y + Z)t + 3t2 = i. 

IIo,n;cTaBJIHH B Hero Haii:,n;eHHoe Bb1pa)KeHHe ,Ll;JIH t, noJiyqaeM 

X 2 + Y 2 + Z 2 
- ~(X + y + Z)(X + y + z -1) + 

+ ~(X + Y + Z - 1)2 =1. 

8To H eCTh HCKoMoe ypaBHeHHe 3a,n;aHHoro J:WJIHH,n;pa. IIocJie rrpeo6pa3oBa

HHii: OHO rrpHHHMaeT OKOHqaTeJihHhlH BH,LJ; 

x 2 + y 2 + z2 
- XY - xz - yz = L 

33.2. KaHoHn:qecKn:e ypaBHeHH» ~HJIHH~puqecKHX KB~pHK. 

YpaBHeHHe (IV.5) onpe,n;eJIHeT U.HJIHH,LJ;pHqecKyIO KBa,n;pHKY c 3a,n;aHHoii: Ha

rrpaBJIHIOm;eii H o6pa3yrorn;HMH, napaJIJieJihHhlMH ocn Oz. B HeM oTcyTcTBY

eT rrepeMeHHaa z. 8To 03HaqaeT, qTO z npHHHMaeT JII06bie ,n;eiiCTBHT€JibHhle 

3HaqeHHB, He 3aBHCHIIJ.H€ OT x Hy. 
06paTHO, eCJIH B ypaBHeHHH OTCYTCTByeT nepeMeHHaH z' TO 3THM ypaB

H€HH€M onpe,n;eJiaeTca IJ.HJIHH,n;p, 06pa3y10m;ne KOToporo napaJIJieJihHhI OCH 

Oz. )J;eiiCTBHTeJihHO, ecJIH M0 (x0 , y0 , z0 ) - rrpoH3BOJihHO Bb16paHHaa ToqKa 

nosepxHoCTH F(x, y) = 0, TO Ha Hell: Jie)KHT H TOqKa M(x0 , y0 , z), r,n;e z -
JII06oe ,n;eiicTBHTeJihHoe qncJio, rrocKOJihKY F(x, y) He 3aBHCHT OT z. A 3To 

3HaqHT, qTo Ha ,n;aHHOM IIOBepXHOCTH Jie)KHT BCH rrpaMM, npoxo,n;mu.aH qe

pe3 Mo napaJIJieJihHO Oz. CJie,n;osaTeJihHO, BCH rrosepxHOCTh coCTOHT H3 

np.HMhIX, napaJIJieJihHhlX ocH Oz, T. e. HBJIHeTcH U.HJIHH,n;pOM, ,n;JIH KOToporo 

3TH rrpHMbie CJiy)KaT 06pa3yIOII1HMH. 

AHaJIOrHqHo ypaBHeHHH F(x, z) = 0 n F(y, z) = 0 HBJIHIOTCH ypasHeHHH

MH IJ.HJIHH,LJ;pOB, 06pa3y10m;He KOTOpbIX rrapaJIJI€JlbHhl COOTB€TCTB€HHO OCHM 

Oy H Ox. Mx HanpaBJIHIOm;He KpHBhie HMeIOT COOTBeTCTBeHHO ypaBHeHHH 

{ 
F(x,z) = 0, 

y=O; { 
F(y,z) = 0, 

x=O. 
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B qacTHOCTH, ypaBHeHHHMH 

x2+y2=1, 

x2-y2=1, 

y2=x 

orrpe,n;eJIHIOTCH D;HJIHH,Ll;PH'leCKHe KBa,n;pHKH, Ha3bIBaeMble COOTBeTCTBeH

HO .9MunmU'l/,€C'ICUM V,U.Jl,UtttlpOM (pHC. 63), eunep60.11,u"teC'ICU.M V,U.11,U'H,OpO.M 

(pHC. 64) H napa60.Jl,U'l/,€C'/CU.M, v,u.11,unopoM (pHc. 65). 9TH ypaBHeHHH Ha3bIBa

IOTCH a<l><l>HHHbIMH KaHOHH'lecKHMH ypaBHeHHHMH D;HJIHH,Ll;PH'leCKHX KBa,JJ,

pHK. 

z z 

P11c. 63 PRC. 65 

HarrpaBJIHIOID;HMH 3THX D;HJIHH,n;pOB HBJIHIOTCH cooTBeTCTBeHHO 3JIJIHrrc, 

rHrrep6oJia H rrapa6oJia, HMerom;He B rrpocTpaHCTBe COOTBeTCTBeHHO ypaBHe

HHH 

{ 
x2+y2=1, 

z=O; { 

x2-y2=1, 

z=O; { 

2 -y -X, 

z=O. 

33.3. IlpoeKD;HSI KpHBOH Ha KOOp,lJ;HHaTHYIO IlJIOCKOCTb. IlyCTb 

KpHBaH 3a,JJ,aHa ypaBHeHHHMH (IV.6) H Tpe6yeTCH Hail:TH ypaBHeHHH ee IIpO

eKn;HH Ha IIJIOCKOCTb Oxy rrapaJIJieJibHO ocn Oz. EcJIH H3 cncTeMbI (IV.6) 
HCKJIIO'IHTb rrepeMeHHYIO z, TO rropy'IHM ypaBHeHHe n;HJIHH,n;pa, rrpoeKTHpy

rom;ero 3a,rr,aHHYIO KpHBYIO Ha IIJIOCKOCTb Oxy. CncTeMa ypaBHeHHil: rrpoeK

THpyrom;ero IJ,HJIHH,n;pa H IIJIOCKOCTH Oxy rrpoeKD;HH HBJIHeTCH HCKOMOfi. 

IlpuMep. KpHBaH 3a,n;aHa ypaBHeHHHMH 

{ 
x2 + y2 + z2 = 1, 

x+y+z=l. 
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Ifa BTOporo ypaBHeHH.H Bbip83HM z = 1 - x - y H rro,n;cTaBHM B rrepsoe ypaB

HeHne: 

x 2 + y2 + (1 - x - y) 2 = 1, 

x 2 + y2 + xy - x - y = 0. 

cho - ypaBHeHHe rrpoeKTHpyrom;ero D;HJIHH,n;pa. CJie,n;oBaTeJibHO, HCKOMa.H 

rrpoeKD;H51 3a,n;aHHOfi KpHBOtt 3anHCbIBaeTC51 ypaBHeHH~H 
'----~/ 

{ 
x 2 + y2 + xy - x - y = 1, 

z=O. 

l1oJib3Y.HCh KPHTepH51MH H3 § 23, Haxo,n;HM, qTo 9Ta KpHBa51 .HBJI51eTc51 9JIJIHn

coM. 

33.4. IlJIOCKHe ce'leHHSI ~HJIHHAPH'lecKux KB8,ll.PHK. B ,n;orroJIHe

HHe K TeopeMe rr. 33.1 ,ll;OKa)KeM TaKoe YTBep)K,Il;eHHe. 

TeopeMa. Bee ce"ienu.n U,UJl,Uttdpu"iec'/Cou '/Ceaapu'ICu nJl,OC'/Cocm.n.Mu, ne 
napaMM'btt'bt.MU ee 06paay10w,u.M, .neJ1,.R,10mc.n 1Cpue'1>£.1vtu emopo20 nop.n~a 
oatt020 U m020 O/Ce a<fxjjutttt020 euaa: aJl,.R, 3MUnmu"J,eC'IC020 1.J,UJl,U'H,<1pa - 3/l
llUnca.Mu, a,/1,.R, 2unep60AU"ieC'IC020 - 2unep60J1,a.MU, aJl,.R, napa60J1,U"ieC'IC020 -
napa6Ma.Mu. 

PHC. 66 

,LI. 0 Ka 3 a Te JI b c TB o. IlycTb D;HJIHH,Il;pH'IeCKa.H KBa,n;pHKa Q HMeeT 

ypasnenHe F(x, y) = 0 OTHOCHTeJibHO perrepa (0, e1, e2, e3) (pHC. 66). Ee 
ceqenHe ITJIOCKOCThIO Oxy HMeeT TO )Ke caMoe ypasneHHe OTHOCHTeJihHO 

perrepa (0,e1,e2). PaccMoTpHM ceqenne Ksa,n;pHKH Q rrpoH3BOJibHoti: rrJioc

KOCThIO 7f', He rrapaJIJ1eJihHott o6pa3yrom;HM. IlycTh rrJioCKOCTb Oxy H rrJioc

KOCTb 7f' rrepeceKaIOT HeKOTOpyro cPHKCHposaHHYIO o6pa3yrorn;yro KBa,n;pHKH 
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COOTBeTCTBeHHO B TQqKax M H M'. B IIJIOCKOCTH 'Tr BBe,n;eM penep ( 0'' e~' e;)' 
IIOJiyqeHHblH IIapa.nJieJibHblM IIpOeKTHpoBaHIIeM penepa (0, e1, Cz) Ha IIJIOC

KOCTb 'Tr napa.nJieJibHO o6pa3JIOillHM KBa,lJ;pHKH. Tor,n;a COOTBeTCTBeHHbie KO

op,n;irnaThl ToqeK M HM' OTHocnTeJihHO penepoB (0,e1 ,ez) H (O',e~,e;) 
paBHbl B CHJIY HHBapHaHTOB napaJIJieJihHOro npoeKTHpOBaHml. IloaTOMY ce

qeHmI KBa,n;pnKn Q IIJIOCKOCThIO Oxy H IIJIOCKOCThIO 'Tr HMeIOT o,n;lIHaKOBhie 

ypaBHeHH.H OTHOClITeJihHO COOTBeTCTBYIOillHX penepoB, T. e. HMelOT O,lJ;HH H 

TOT LKe a<l><l>nHHhIH BH,n;. D 

§ 34. KottU'l/,eC'X:ue 'X:Badpu'X:u 

34.1. Onpe,r:i;eJieHH:e KOHHq:ecKOH KBa,z:i;pHKH, COCTaBJieHJie ee 
ypasHeHHSI. KBa,n;pHKa, Ha KOTOpoit cy111eCTByeT TaKaSI TOqKa s' qTo BMe

CTe c JI1060H: ToqKoit M eii. npnttaAJ!eLKHT BCSI rrpsi:Masi: SM, Ha3bIBaeTCSI -x:o

Pn:c.67 

'ltU"teciwu KBa,n;pHKOii, HJIH 'X:O'ltYCO.M, emopo20 

nop.R,a'K:a. ToqKa s Ha3hlBaeTCSI ee eepwunou, 
a npSIMhie SM - ee 06pa3y10I11HMH (pHC. 67). 

KaK ,n;oKa3aHo B n. 33.1, ceqeHHe KBa,n;pH

KH IIJIOCKOCThlO eCTh B 06111eM CJiyqae KpH

Baa BToporo nopsi:,n;Ka. KpHBasi: rrepeceqeHHSI 

KOHyca BTOporo IIOpSI,n;Ka IIJIOCKOCTblO, He 

co,LI,epLKa111eit ero BepmHtty, Ha3hIBaeTcsi: na
npae.!t.R,'/OW,eil aToro KOHyca. Kottyc MOLKHO 

3a,LI,aTh ero Bepmirnoii: H KaKoii-m160 o,n;Hoii 

H3 ero HanpaBJISIIOillHX. Ilo 3THM ,n;aHHhlM co

CTaBJISieTCSI ypaBHeHHe KOHyca. 

IlycTh 3a,n;aHhl a<l><l>HHHaSI CllCTeMa KOOp,n;HHaT (0, e1, Cz, e3), TOqKa 

S(x0 , y0 , z 0 ) B KaqecTBe BepmHHhI H KpHBasi: 'Y B KaqecTBe ttanpaBJisi:10111eii 

KOHHqecKOH KBa,n;pHKH: 

{
F(x,y,z)=O, 

Ax+ By+ Cz+ D = 0. 
(IV.8) 

3,n;ech F(x, y, z) =0 - MHoroqJieH BTOpoii: cTeneHH H Ax0 + By0 +Cz0 +D #-
0. EcJIH N(x, y, z) - npoH3BOJihHaSI <l>HKCHpoBaHHasi: ToqKa HanpaBJisi:10111ett 

'Y, TO o6pa3yro111asi: SN KoHyca MOLKeT 6bITh 3a1rncaHa napaMeTpHqecKHMH 

ypaBHeHHSIMH 

X = x0 + (x - x0 )t, 

Y =Yo+ (y - Yo)t, 

Z = z0 + (z - zo)t, 

(IV.9) 

r,n;e qncJia x - x0 , y - y0 , z - z0 cyTh Koop,n;nHaThI BeKTopa SN. licKOMoe 



§ 34. Kottu"{ec-x;ue -x;aa<lpu-x;u 121 

ypaBHemrn 3a,ri;aHHoro KOHyca IIOJiyqaeTCH rryTeM HCKJIIOqeHHH H3 ypaBHe
HHH (IV.8) H (IV.9) rrepeMeHHbIX x, y, z, t. 

Ilpu:Mep. BepmnHa KoHyca nMeeT Koop,ri;1rnaTh1(1,1, 1), a HarrpaBJIHI0-
111aa 3a,ri;aHa ypaBHeHH.HMH 

{ 

x2 + y2 + z2 = 1, 

x+y+z=l. 

CocTamub ypaBHettne KoHyca. 

IlapaMeTpnqecKne ypaBHeHnH (IV.9) o6pa3yI0111eil: B ,ri;aHHOM cJiyqae nMe
IOT BH,IJ; 

X = 1 + (x - l)t, 

y = 1 + (y - 1 )t, 

Z=l+(z-l)t, 

X-1 Y-1 Z-1 
OTKy,ri;a x = -t- + 1, y = -t- + 1, z = -t- + 1. Ilo,ri;cTaBJIHH 3TH Bbl-
pa)KeHn.H B ypaBHemrn x + y + z = 1 IIJIOCKOCTH HarrpaBJIHIOIIIeil:, HaXO,IJ;HM 

1 t = -2(X + Y + Z - 3). CJie,ri;oBaTeJibHO, 

-X+Y+Z-1 z = ---:--~---
X + Y + Z - 3' 

X-Y+Z-1 
y= X+Y+Z-3' 

X+Y-Z-1 z= . 
X+Y+Z-3 

Ilo,ri;cTaHOBKa 3THX Bbipa)KeHHH B ypaBHeHHe x 2 + y2 + z2 = 1 ,ri;afa HCKOMOe 
ypaBHeHne KoHyca: 

(-X + Y + Z -1) 2 + (X - Y + Z -1)2 + 

+ (X + Y - Z -1)2 = (X + Y + Z - 3) 2
• 

0Ho rrpeo6pa3yeTCH K TaKOMY Bn,ri;y: 

X 2 + Y 2 + Z 2 
- 2XY - 2XZ - 2YZ + 2X + 2Y + 2Z - 3 = 0. 

34.2. YpaimeHu:e KoHyca BToporo rropSl,ll;Ka c sepIIIU:HOH B Ha
qane Koop,n;u:HaT. KaHoHu:'!eCKoe ypasneHu:e Konyca. 06paTHMCH 
K ypaBHeHHIO BTOpoil: CTerreHH OT Tpex rrepeMeHHblX x, y, z 

(IV.10) 

B KOTOpOM Bee qJieHbl HMeIOT BTOpyIO CTeIIeHb. Ero Ha3bIBaIOT odttopod'/i,'bl.M 

ypaBHeHHeM BTOpoil: CTerreHH. 
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TeopeMa. OattopoiJnoe ypaettettue (IV.10) emopou cmenettu npu aaaatt
ttou aefxfiutt?tou cucme.Me '/Coopauttam e npocmpattcmee onpeae.n,Rem 'ICO'HU"le
c'/Cy10 'ICeaapu'ICy c eepwuttou e tta"tMe '/Coopauttam. 

,II, 0 Ka 3 aT e JI b c TB o. KBa,zqmKa (IV.IO) co,n;ep)KHT Ha'IaJIO KOOp,ll;HHaT 

0. IlycTb M(x1, y1, zi) - mo6aa <l:>nKcnpoBaHHaa TO'IKa 3Toii KBa,n;pHKH, 

oTJIH'IHaa oT TO'IKH 0. Tor,n;a au xi+ a22Yr + a33zr + 2a12X1Y1 + 2a13X1z1 + 
+ 2a23y1z1=0. IloKa)KeM, 'ITO Bea rrpaMaa OM Jie)KHT Ha ,n,aHHO:li KBa,n,pnKe. 

IlapaMeTpnqecKne ypaBHemrn rrpaMoit OM TaKOBbI: x = x 1 t, y = y 1 t, z = z1 t. 
Ilo,n;cTaHOBKa B ypaBHeHHe (IV.10) IIOKa3bJBaeT, 'ITO B CHJIY rrpe,D,bl,D,YIII;ero 

paBeHCTBa OHO y,D,OBJieTBOpaeTca KOOp,lJ;HHaTaMH x, y, z rrpn BCex 3Ha'IeHnax 

t, T. e. mo6aa TO'IKa rrpaMoii OM Jie)KHT Ha KBa,n,pnKe (IV.10). CorJiacHo 

orrpe,n,eJieHHIO OHa HBJiaeTca KOHycoM c BepIIIHHOfi B TO'IKe 0. D 

B qacTHOcTn, ypaBHeHne 

x2 + y2 - z2 = 0 (IV.11) 

HMeeT BH,ll, (IV.10) H Ha3bIBaeTca '/Ca'HO'H,U'l/,eC'/CUM, arjxfiU'H'H,'b/,.M, ypaettettUeM 
'/COttyca. 

34.3. YcJIOBHe pacna,D;eHHa KOHH•-iecKoii KBa,D;PHKH aa napy 
IlJIOCKOCTeii. 3aMeTHM, 'ITO rrpn z = 1 ypaBHeHHe (IV.10) CTaHOBHTCa 

H,D,eHTH'IHbIM ypaBHeHHIO (II.26) JIHHHH 'Y BTOporo nopa,n,Ka: 

{ 
anX2 + a22Y

2 + 2a12XY + 2a13x + 2a23Y + a33 = 0, 

z = 1. 

OT,n;eJibHO B3aToe rrepBoe ypaBHeHne orrpe,n;eJiaeT IJ;HJIHH,ll,PH'IecKyro rroBepx

HOCTb w c HarrpaBJimom;e:li 'Y (B IIJIOCKOCTH z = 1) H 06pa3yIOIII;HMH, napaJI

JieJibHblMH ocn Oz. Ha ocHoBaHnH KpHTepna H3 rr. 22.2 KPHBaa 'Y pacna,n;a

eTca Ha napy npaMhIX Tor,n,a H TOJihKO Tor,n,a, Kor,n,a 

an ai2 a13 
D = a21 a22 a;i3 = 0. 

a31 a32 a33 
(IV.12) 

(B 3TOM H TOJibKO B 3TOM CJiy'Iae IJ;HJIHH,lJ,p w o6pam;aeTCa B napy IIJIOCKO

CTeii). IlpnMeHHTeJibHO K KoHycy (IV.10) cornacHO ero onpe,n,eJieHHIO 3TO 

03HaqaeT cJie,n,yroin;ee. 

KottU''WC'/CaJt '/CeatJpu'ICa, u.Me'IO~aJt ypaettettue (IV.10), pacnaaaemcR tta 
napy nJ1,oc'/Cocmeu moiaa u moJl,t>'/Co moiaa, '/Coiaa u.Meem .Mecmo ycJl,o
eue (IV.12) (TaK KaK B 3TOM CJiy'Iae HarrpaBJIHIOIII;efi KpHBOH KBa,n;pHKH 

CJIY)KHT rrapa rrpHMhIX). 
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§ 35. K pue'bte emopo20 nopRar.;a 

r.;ar.; 'Yt;O'J-tU'l(,eC'K,Ue Ce'l(,e'J-tUJl 

Bbrno ,ll;OKa3aHo, 'ITO Bee ceqemrn IJ;HJIHH,ll;pH'!ecKoii: KBa,ll;pHKH IIJIOCKO

CTflMH, He rrapaJIJieJibHbIMH ee 06pa3yIOI11HM, flBJiflIOTCH KpHBblMH BTOpOrO 

rropa,n;Ka o,n;Horo H Toro LKe a¢¢nHHoro KJiacca. ,Il;Jia KOHyca BToporo rro

pa,n;Ka ,n;eJio o6cTOHT coBceM HHa'Ie. Ceii:qac Mbl rroKaLKeM, 'ITO ce~ettue.M 

iwttyca n.11,oc1wcm'b10, tte npoxodRw,eu ~epea ew Bepwuuy, Mo:JtCem 6btm'b u 
a.11,.n:unc, u 2unep60.1ta, u napa60.11,a. 

A¢¢HHHYIO CHCTeMy KOOp,ll;HHaT Bcer.n;a MOLKHO Bb16paTb TaK, 'IT06bl KO

HYC HMeJI ypaBHeHne 

x2 +y2 - (1- z)2 =0. (IV.13) 

,Il;eii:CTBHTeJibHO, IIYCTb KOHYC 3a,n;aH CBOHM KaHOHH'IeCKHM ypaBHeHH

eM (IV.11) B a¢cPHHHOH CHCTeMe (0, ei, e2, e3)· IlepeHeceM Ha'IaJIO 0 B TO'I

KY O' (0, 0, -1), coxpaHHB 6a3HCHhie BeKTOpb1. <I>opMyJihI rrepexo.n;a K .n;py

roii: a¢¢HHHOH CHCTeMe 6y.n;yT TaKHMH: x = x'' y = y'' z = z' - 1. IlocJie 

3aMeHbl rrepeMeHHbIX no 3THM ¢opMyJiaM ypaBHeHHe (IV.11) IIpHHHMaeT 

BH,ll; (IV.13), r.n;e IIITpHXH oT6porneHbI. 

3a.n;a,n;HM ce'JeHHe KOHyca (IV.13) IIJIOCKOCTbIO z = ky, rrpoxo.n;a111eii: 'Iepe3 

och Ox, H HCCJie.n;yeM KPHBYIO ce'!eHHa rrpn pa3JIH'IHhlX 3Ha'!eHHax k. '.:ha 

KpHBaa 3aIIHCbIBaeTCfl CHCTeMOit ypaBHeHHii: 

{ 
x2 + y2 - (1 - z)2 = 0, 

z=ky. 

Ilo TeopeMe H3 II. 33.4 BH,ll; 3TOH KpHBOH COBIIa,ll;aeT C BH,ll;OM ee IlpOeKIJ;HH 

Ha IIJIOCKOCTb Oxy rrapaJIJieJihHO OCH Oz. (ha rrpoeKu;na HMeeT ypaBHeHHa 

{ 
x2 + y2 

- (1 - ky) 2 = 0, 

z=O. 

OT ypaBHemrn z = 0 MOLKHO BpeMeHHO OTBJie'IhCa, rrpH 3TOM IIOMHa, o,n;HaKO, 

'ITO rrepBoe ypaBHeHHe paccMaTpHBaeTCH OTHOCHTeJibHO CHCTeMbl KOOp,n;H

HaT B rr JI o c K o c T H Oxy. 3arrnrneM ero TaK: 

x2 + (1 - k2)y2 + 2ky - 1 = 0. (IV.14) 

BocrroJih3yeMca KpHTepHaMH JIHHHii: BToporo rropB,n;Ka, H3JIOLKeHHhIMH 

B §23. ,Il;Jia ypaBHeHirn (IV.14) HMeeM 

1 0 

J = I~ 1 ~ k2 I = 1 - k
2

' D = ~ 1 ~ k2 

(3,n:ecb o6o3Ha'IeHHa J H D cooTBeTCTBJIOT rn. II). 

0 
k=-1:;60 

-1 
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Bo3M02KHbI TpH cym;ecTBeHHO pa3JIH'IHbIX cJiy<J:a5I: 

1) ecJIH /kl< 1, TO 8 > 0 H, CJie,D;OBaTeJihHO, KpHBa5I (IV.14) 5IBJI5IeTC5I 

a JI JI n II co M (s qacTHOCTH, 3JIJIHIIC x 2 + y2 = 1 IIoJiy<J:aeTcR npn k = O); 

2) ecJIH lk/ > 1, TO 8 < 0, H II03TOMY Kp1rna5I 6y,n;eT r H II e p 6 0 JI 0 ft; 

3) eCJIH lkl = 1, TO 8 = 0 H, 3Ha'IHT, 3Ta KPHBa5I - II a pa 6 0 JI a. 

,Il;JI5I IIOJIHOTbl HCCJie,n;oBaHH5I paCCMOTpHM TaIOKe ce<J:eHH5I KOHyca (IV.13) 
IlJIOCKOCTRMH z = ky + 1, IIpoxo,n;5Im;HMH qepe3 sepIIIHHY S(O, 0, 1) KOHyca 

IIapa.rrJieJibHO COOTBeTCTBeHHO IlJIOCKOCTRM z = ky IIPH pa3JIH'IHbIX 3Ha'Ie

HH5IX k. KpnsaR IIepece<J:eHHR oIIpe,n;eJIReTcsi: cncTeMoli 

{ 
x2 + y2 

- (1 - z)2 = 0, 

z=ky+ l, 

KOTopaR 3KBHBaJieHTHa CHCTeMe 

{ 
x2 

- (k2 
- l)y2 = 0, 

z=ky+l, 

IlOJiy'IeHHOi!: IlO,LJ;CTaHOBKOii B nepsoe ypaBHeHHe Bbipa2KeHHSI ,LJ;JI5I z H3 BTO

poro ypasHeHH5I. TaK KaK nepsoe ypasHeHHe pacIIa,n;aeTcR Ha .n;sa JIHHefi

HbIX, TO paccMaTpnsaeMoe ceqemre npe,n;cTaBJIReT co6oii: napy npsi:MhIX -

o6pa3yrom;nx KoHyca: 

{ 
x + v'k2 - ly = 0, 

z = ky + 1; { x-~y=O, z = ky + 1. 

PaccMoTpHM Te 2Ke TpH B03M02KHhlX cJiy<J:a5I. 

PHc.68 PHc.69 
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1. IlpH \k\ < 1 K03cPcPHIJ;HeHT Jk2=1" IlpH y - qHCJIO MHHMOe. cho 03Ha

qaeT, qTO ceKym;ag nJIOCKOCTh He co.n;ep)l(HT o6pa3yIOm;Hx KOHyca (pHC. 68). 

2. IlpH \k\ > 1 qHCJIO Jk2=1 .n;eliCTBHTeJihHOe, noaToMy IlJIOCKOCTh ne

peceKaeT KOHYC no ,Ll;BYM pa3JIHqHhJM o6pa3yIOm;HM, KOTOphie napaJIJieJihHhl 

IlJIOCKOCTH Z = ky (pHC. 69). 

3. IlpH \k\ = 1 o6e CHCTeMhl COBna,n;aIOT: 

{
x=O, 

z=ky+l. 

B aTOM cJiyqae ceKym;ax nJIOCKOCTh nepece

KaeT KOHyc TOJibKO no O,[l;HOH o6pa3yrom;eii:, 

co,n;ep)l(am;elica: B nJiocKOCTH Oyz H napaJI

JieJihHOH nJIOCKOCTH Z = ky (pHC. 70). 
Pe3yJihTaTOM aTHX uccJie,n;oBaHHH HBJI5I

eTc5I cJie.n;yrom;ee yTBep)l(,n;eHHe. 

z 

x 
Pu:c. 70 

TeopeMa. ll.!Wc-x:ocm'b, npoxoa.11:1.u,a.R "lepea 6epwuny -x:onyca, Au6o ne 
U.Meem C 'HUM i)py2ux 06W,UX mo"le-X:, Au6o nepece-x;aem ezo no a6y.M pa3-
Jl,U"l'H'bt..M o6paay10W,U.M, AU60 coaepa1eum mOA'b'X:O oany 06paay10w,y10 3mozo 
-x:oHyca. IIAoc-x:ocm'b, He npoxoii.Rw,a.R "lepea 6epwuHy -x:oHyca, nepece-x:aem 
e20 no 3J1,J1,Uncy, 2unep60Ae uAu napa6oAe, eCAu ona coom6emcm6ettno ne 
napaJ1,J1,€J1,'btta HU oanou U3 o6paay10W,UX -x;ottyca, napaJl,Jl,eA'btta a6y.M ezo 06-
paay?OW,U.M uAu :JtCe napaJl,Jl,eA'btta oattou ua e20 06paay10w,ux. 

9TH BhIBO,!J;hl HJIJIIOCTpHpyIOTC51 pHC. 68, pHC. 69 H pHC. 70, Ha KOTOpbIX 

npoeKIJ;HH KOHHqecKHX ceqeHHH Ha nJiocKoCTh Oxy He H3o6pa)l(eHhJ. 

§ 36. 9Jl.ll,uncouo 

36.1. Onpe.n;eJieuu:e u: reoMeTpu:qecKrur <PopMa aJIJIHncou:.n;a. 
HeKOTOphie KBa,n;pHKH Tpy,n;Ho onpe,n;eJIHTh HX reoMeTpHqecKHMH CBOHCTBa

MH. 11,eJiecoo6pa3Hee onpe,n;eJI51Th HX KaHOHHqecKHMH ypaBHeHH5IMH OTHO

CHTeJibHO 3a,n;aHHoro a¢¢HHHoro penepa. 

9J1,J1,uncouao.M Ha3hrnaeTC51 KBa,n;pHKa, 3a,n;aHHaH ypaBHeHHeM 

x2 + Y2+z2=1 (IV.15) 

B a¢¢HHHOii: CHCTeMe KOOp,[l;HHaT npocTpaHCTBa. 

B CHJIY qeTHOCTH cTeneHe:H: nepeMeHHhIX BMecTe c Ka)l(,n;o:H: ToqKo:H: 

( x' y' z) 3TOMY ypaBHeHHIO y,n;OBJieTBOp5IIOT H TOqKH ( ± x' ± y' ± z) npH JII0-

6oM Ha6ope 3HaKOB nJIIOCOB H MHHYCOB. IIoaTOMy 3.JIJIHnCOH,[l; KOCOCHMMeTpH

'IeH OTHOCHTeJibHO Ka)l(,D;Oii: H3 KOOp,D;HHaTHbIX nJIOCKOCTe:fi (B HanpaBJieHH5IX 
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He np1rna,n;J1e:>Karn;nx HM oceil:), OTHOCHTeJihHO Ka)f(,ll;oil: H3 oceil: ( B HanpaBJie

HHH He co,n;ep:>Karn;nx HX KOOp,n;nHaTHblX IIJIOCKOCTeil:) H OTHOCHTeJibHO Ha'Ia

Jia KOop,n;HHaT. IJ;eHTP CHMMeTpHH 3JIJIHIICOJf,n;a Ha3blBaeTC.H ero '4ettmpo.M. 
Xop,n;hl, a TaK:>Ke np.HMble, co,n;ep:>Karn;ne u;eHTp, Ha3hlBaIOTC.H aua.1vtempa

.MU 3JIJIHIICOH,n;a. lfa ypaBHeHH.H CJie,n;yeT, 'ITO lxl ::;;; 1, IYI ::;;; 1, lzl ::;;; 1. cho 

3Ha'IHT, 'ITO 3JIJIHncon,n; 3aKJIIO'IeH BHYTPH napaJIJieJiennne,n;a, rpaHH KOTo

poro napaJIJieJibHbl KOOp,lJ;HHaTHbIM IIJIOCKOCT.HM H KaCaIOTC.H ero B TO'IKax 

(1,0,0), (-1,0,0), (0,1,0), (0,-1,0), (0,0,1), (0,0,-1). 
Koop,n;nHaTHbie IIJIOCKOCTH Oxy, Oxz, Oyz nepeceKaIOT 3JIJinncon,n; cooT

BeTCTBeHHO no 3JIJIHIICaM 

{ 

x2+y2=1, 

z=O; { 
x2 +z2 =1, 

y=O; { 
Y2+z2=1, 

x=O. 

Ce'IeHn.H 3JIJIHncon,n;a IIJIOCKOCT.HMH, napaJIJieJihHblMH Koop,n;nHaTHhlM, TaK

:>Ke .HBJIHIOTCH 3JIJinncaMn. HanpnMep, npn z = h (\hi< 1) HMeeM 3JIJIHIIC 

{ 
x2 + Y2 = 1 - h2' 

z=h. 

Boo6rn;e, BCHKoe ce'IeHHe 3JIJinncon,n;a nJIOCKOCTbIO ecTh 3JIJIHIIC. 

chn pe3yJibTaTbl II03BOJIHIOT IIOJIHOCTbIO npe,n;CTaBHTb <f>opMy 3JIJIHIICOH

,n;a (pnc. 71). 

PHc. 71 

36.2. Conp.H:>KeHHL1e )l,HaMeTpLI n ,u.naMeTpa.JILHLie nnocKOCTH 

9JIJIHilCOH,ll.a. IlocTaBHM 3a,n;aqy HaHTH MHO:>KeCTBO cepe,n;HH napaJIJieJih

HhlX xop,n; 3JIJIHIICOH,n;a. 

IlycTh IIpOH3BOJlbHaH xop,n;a paCCMaTpHBaeMoro MHO:>KeCTBa HMeeT napa

MeTpH'IeCKHe ypaBHeHHH 

{ 

x=X +O'.t, 
y = y + {3t, 

z= Z +'Yt, 
(IV.16) 
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r,n;e (X, Y, Z) - cepe,D;HHa 9TOil: xop,n;bI, a (a, /3, "!) - KOOp,D;HHaTbl ee Ha

npaBJrnrorn;ero BeKTOpa p. IlapaMeTpbI ti H t2 TOqeK ee nepeceqeHHH C 9JI

JIHnCOH,Il;OM (IV.15) HaXO,D;5ITCH H3 ypaBHeHHH 

(X + at)2 + (Y + j3t) 2 + (Z + 'Yt) 2 = 1, 

HJIM 

(a2 + /32 + "f2)t2 + 2(aX + j3Y + 'YZ)t + X 2 + Y2 + Z 2 = 1, 

OTKy,n;a no TeopeMe Bn:eTa 

t t __ 2(aX + J3Y +1~L-/1 

1 + 2 - a2 + j32 + "12 · 

t1 +h 
Cepe,n;n:na BbI6pannott xop,n;hI cooTBeTCTByeT 3HaqeHHIO --

2
- napaMeTpa t. 

c ,n;pyrott CTOpOHhI, OHa MMeeT KOOp,n;n:HaTbI 

IlosTOMY M3 napaMeTpn:qecKn:x ypaBHenn:tt (IV.16) xop,lJ;bl cJie,n;yeT, qTQ ti+ 
+ t2 = 0. 0TCIO,lJ;a noJiyqaeM ypaBHeHMe 

(IV.17) 

MCKOMOro MHmKeCTBa ToqeK. 

TaKMM o6pa30M, cepeautt11t xopiJ, napaMe.11.'b'l-tbtX aadatttto.My ee-x:mopy p = 
= (a,/3,"/), nputtad.11.eoteam dua.Mempa.11.'bttou n.11.oc-x:ocmu (IV.17) 3Muncou
iJa. Ona Ha3hrnaeTcH ,n;HaMeTpaJihHOil: nJIOCKOCThIO 7r, conp.noteettttoil ee-x:mo
PY p OTHOCMTeJihHO &JIJIHncoH,n;a, a ,n;HaMeTp c HanpaBJIJ:IIOIIJ;HM BeKTopoM p 
Ha3bIBaeTca ,n;HaMeTpOM, conp.notee'l-tttbt.M n.11.oc-x:ocmu 7r. 

ConpH)KeHHOCTh ,n;n:aMeTpoB n: ,n;HaMeTpaJihHhIX nJIOCKOCTett &JIJIHncon:,n;a 

MMeeT reoMeTpn:qecKn:tt a¢¢n:HHblil: CMbICJI M, CJie,D;OBaTeJihHO, MHBapn:aHTHa 

OTHOCMTeJibHO 3a,n;aHHbIX npeo6pa30BaHn:tt npOCTpaHCTBa. 

CJie,ll;CTBHe 1. ,l(ua.Mempa.11.'btta.n n.11.oc-x:ocm'b w 3MuncouiJa, coiJepotea-
1-4a.n ew iJua.Memp a, nepece-x:aem conp.noteetttty10 e.My aua.Mempa.11.'btty10 
n.11.oc-x:ocm'b 7r no aua.Mempy b, -x:omopbtil conp.notee'l-t c dua.Mempo.M a om
'/:f,OCume.11.'b'/-/,O 3Munca nepece""ettu.n 3Muncouda c n.11.oc-x:ocm'b'IO w. 

B caMOM ,n;eJie, no onpe,n;eJiettn:ro conpa)KeHHOCTM ,n;n:aMeTpa a n: nJIOCKo

CTM 7r ,n;n:aMeTp b (KaK no,n;MHO)KeCTBO nJIOCKOCTM 7r) ,n;eJIMT nonoJiaM xop,n;bI, 

napaJIJieJibHbie ,n;n:aMeTpy a, T. e. conpH:>KeH eMy OTHOCMTeJibHO YKa3aHHOro 

9JIJIMnCa. 
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CJieACTBHe 2. ECJtu 6e11:mop'bt a u b tte1wJ1..1tutteaptt'bt, mo conp.Fta!Cetttt'bte 
U.M dua.Mempa.11:b'H'bte n.tiOC'ICOCmU 3.ll.ltUncouaa nepeceicaiomc.Ft no aua.Mempy, 
11:omop'btu conp.Fta!Cett c n.n,ocicocm'bio Oab. 

,II;eACTBHTeJibHO, eCJIH a = (al' a2' as) H b = (bi' b2' bs), TO conp.H2KeHHbie 

HM f);HaMeTpaJibHbie nJIOCKOCTH 7r1 H 7r2 HMelOT ypaBHeHH.H 

a nJIOCKOCTb Oab - ypaBHeHHe 

x y z 
ai a2 as = 0. 
bi b2 bs 

HanpaBJI.HlOUIHA BeKTOp np.HMOA 7r1 n 7r2 HMeeT KOOpf];HHaTbI 

n03TOMy conp.H2KeHHa.H eMy nJIOCKOCTb HMeeT TO )Ke caMoe ypaBHeHHe, qTO 

H nJiocKocTb Oab. 

36.3. Conpsi:>KeHHble TpoitKH AHaMeTpoB 11 conpSI:>KeHH&Ie Tpoii

KH AHaMeTpaJibHblX IlJIOCKOCTeH. Conp.Fta!Cett'HOU mpouicou aua.Mempo6 
3JIJIHnCOHf);a H83bIBaeTC.H Tpo:l~:Ka f);HaMeTpOB, o6Jia.i:i;aIOUia.H TeM CBOACTBOM, 

qTO Ka:iK,n;bIA H3 HHX conp.H2KeH c f);HaMeTpaJibHOH nJIOCKOCTbIO, co.i:i;ep2Ka

IIIeH f);Ba .i:i;pyrHX. AHaJIOrHqHo conp.Fta!Cett'HOU mpouicou aua.Mempa.!t'b'n'btX 
n.1wc11:ocmeu 3JIJIHnCOHf);a H83bIBaeTC.H TpOAKa f);HaMeTpaJibHbIX nJIOCKOCTeH, 

o6Jia.i:i;aIOUia.H TeM CBOACTBOM, qTO Ka:a<,n;a.H H3 HHX conp.H2KeHa c ,n;HaMeTpOM, 

no KOTopoMy nepeceKaIOTC.H .i:i;Be .i:i;pyrHe. 

IlpHMepaMH TaKHX TpOeK CJiy2KaT KOOpf];HHaTHble OCH H KOOpf];HHaTHbie 

nJIOCKOCTH, TaK KaK B CHJIY YCJIOBH.H (IV.2) BeKTOp e1 = (1, 0, 0) conp.H2KeH 

nJIOCKOCTH x = 0, BeKTOp e2 = (0, 1, 0) - nJIOCKOCTH y = 0, a BeKTOp C3 = 
= (0, 0, 1) - IIJIOCKOCTH Z = 0. 

Cno6o.i:i;a Bbl6opa JII06oii .i:i;pyroli TaKoii conp.a)KeHHo:fi Tpo:fiKH ,n;HaMeTpon 

TaKona. 0,ll;HH H3 ,ll;HaMeTpOB M02KHO B3.HTb npoH3BOJibHO. Tor.i:i;a .i:i;na .i:i;py

rHx ,ll;OJI)KHbl Jie)KaTb B ,n;HaMeTpaJibHOH nJIOCKOCTH, conp.H2KeHHOH B3.HTOMY 

,n;HaMeTpy, H 6bITb conp.H2KeHHbIMH ,n;HaMeTpaMH 3JIJIHIICa, no KOTOpOMY 3Ta 

nJIOCKOCTb nepeceKaeT 3JIJIHncOH,ll;. B KaqecTne BToporo .i:i;HaMeTpa M02KeT 

6bITb B3.HT npOH3BOJibHbIH ,ll;HaMeTp 3TOro 3JIJIHnca, H Tor.i:i;a TpeTHH ,ll;Ha

MeTp conp.H2KeHHOii: TpOHKH onpe.i:i;eJI.HeTC.H Of];H03Haquo KaK conp.H2KeHHbIH 

K BbI6paHHOMY ( OTHOCHTeJibHO 3JIJIHIICa). 
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.Hctto, qTo ecmi: TpH ,ll,HaMeTpa 3JIJIHIICOH,ll,a o6pa3yIOT corrpa)KeHHYIO 

Tpoi-i:Ky, TO H TPH IIJIOCKOCTH, orrpe,ll,eJiaeMhie HX rrapaMH, o6pa3yIOT corrpa

)KeHHYIO TpOiiKy ,ll,HaMeTpaJibHblX IIJIOCKOCTeii. 

9JIJIHIICOH,ll, O,ll,H03HaqHo orrpe,ll,eJiaeTCH 3a,ll,aHHeM perrepa, o6pa30BaHHOro 

corrpa)KeHHOii TpOiiKOH ero pa,ll,HYCOB, IIOCKOJibKY 3THM perrepoM orrpe,ll,eJia

eTCH ero KaHOHHqecKoe ypaBHeHHe (IV .15). 
Ha octtoBaHHH TeopeMhI o 3a,ll;aHHH acl>qmattoro rrpeo6pa3oBaHHa rrpo

CTpaHcTBa, 6C.R,"X;Ue aea 3.lt.//,Uncouaa aefxjiUtt'/-/,0 3"X;6U6a.tiettmtt'bt. 

IIocKoJihKY Koop,a;HHaThl BeKwpoB b H c corrpa)Ketttto:li TpoiiKH (a, b, c) 
y,ll,OBJieTBOpHIOT ypaBHeHHIO BH,ll,a (IV.17) ,ZJ;HaMeTpaJibHOii IIJIOCKOCTH, co

rrpa)KeHHOii BeKTOpy a, TO 

9TH paBeHCTBa cyTh KOOp,lJ,HHaTHbie KpHTep1rn corrpa)KeHHOCTH TpOHKH 

(a, b, c) BeKTOpOB a= (a1, a2, a3), b = (b1, b2, b3), C = (c1, C2, C3). 

§ 37. I'unep60J1,0UJ'bt 

37.1. 0,D;HonoJIOCTHbIH runep6oJIOH,lJ;. OattonoJ1,ocmtt'bt.M wnep6Mo
uao.M Ha3hIBaeTCH KBa,ll,pHKa, HMerom;aa acPcPHHHOe KaHOHHqeCKOe ypaBHe

HHe 

x2 + y2 _ z2 = 1. (IV.18) 

9ToMy ypaBHeHHIO BMecTe c Ka)K,ll,oii TOqKoii (x, y, z) y.n,oBJieTBoparoT H 

TQqKH (± x, ± y, ± z) rrpH JII06hIX KOM6HHaII,HHX 3HaKOB IIJIIOCOB H MHHY

COB. CJie,ll,OBaTeJibHO, rHrrep6oJIOH,ll, (IV.18) KOCOCHMMeTpHqeH OTHOCHTeJib

HO Ka)K,ll,Oii H3 KOOp,ZJ;HHaTHbIX IIJIOCKOCTeii B HarrpaBJieHHHX He rrpHHa,n,Jie

»<:am;Hx HM oceii KOOp.ZJ;HHaT, OTHOCHTeJibHO Ka)K,ll,Oii H3 ocett rrapaJIJieJihHO 

11e CO,ll,ep)Kam;HM HX IIJIOCKOCTHM KOOp,ll,HHaT H OTHOCHTeJibHO HaqaJia KO

op,ZJ;HHaT. HaqaJio KOOp.ZJ;HHaT KaK rr,eHTp CHMMeTpHM Ha3hrnaeTca v,ettmpo.M 
O,ll,HOIIOJIOCTHOrO rHrrep6oJIOH,ll,a. 

f11rrep60JIOH,ll, rrepeceKaeTca c ocaMH Ox H Oy cooTBeTCTBeHHO B ToqKax 

(± 1, 0, 0) H (0, ± 1, 0) H He rrepeceKaeTca c ocbro Oz. 06JiaCThIO H3MeHeHH.H 

Ka)K,ll,OH rrepeMeHHOH HBJIHeTC.H BCe MHO)KeCTBO ,ll,eMCTBHTeJibHbIX qnceJI. 
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Ceqemrn rnnep6oJion,n;a nJIOCKOCTbIO z = 0 ecTh 3JIJIHnc 

{ 

x2+Y2=1, 

z=O. 

OH Ha3hIBaeTca eop.1W6'bt.M 3.ft.11,Unco.M o,n;HOITOJIOCTHoro rnnep6oJion,n;a. IlJioc

KOCTH x = 0 n y = 0 nepeceKaIOT rnnep6oJion,n; no rnnep6oJiaM 

{ 

y2 - z2=1, 

x=O; { 
x2 

- z2 =1, 

y=O, 

Ha3bIBaeMbIM 2.1ia61i'bt.MU 2unep60.1ia.Mu aToro rnnep6oJion,n;a. Ka)K,ll;oe ceqe

HHe runep60JIOH,D;a IIJIOCKOCTaMH z = h ecTb 3JIJIHIIC 

{ 
x2 + Y2 = 1 + h 2' 

z=h. 

ropJIOBOil: 3JIJIHIIC B:BmieTCa HaHMeHbIIIHM ll3 HUX. Ce'leHHa runep60JIOH,n;a 

IlJIOCKOCTaMH x = h H y = h npu lhl i=- 1 cyTh runep6oJihl 

{ 

y2 - z2 = 1 - h2' 

x=h; 

a npn I h I = 1 - napb1 npaMhIX 

{ 
(y + z)(y - z) = 0, 

x=±l; 

{ 
x 2 

- z 2 = 1 - h 2 , 

y=h, 

{ 
(x + z)(x - z) = 0, 

y=± 1. 

(IV.19) 

TaK KaK 'lHCJia 1- h2 npu \hi> 1u\hi<1 nMeIOT pa3Hhie 3HaKu, TO cooTBeT
CTBeHHO 3THM CJiy'IaaM runep60Jihl (IV .19) HMeIOT pa3JIH'IHOe pacnOJIO)Ke

HHe BHYTPH BepTHKaJihHhIX yrJioB Me)K,ll;y ux o6:ru;nMn acnMIIToTaMn. ,ll;ett

CTBHTeJibHhie OCH 3THX rurrep6oJI HM€IOT pa3Hhl€ HanpaBJieHIUI: npn /h/ > 1 

OHR napaJIJieJihHhl ocn Oz, a npn lhl < 1 OHH rrapanJieJihHhl ocaM Ox u Oy 
COOTBeTCTBeHHO (puc. 72). 

Ka)K,ll;oe ce'l:eHue o,n;HonoJIOCTHOro runep6oJion,n;a IIJIOCKOCTaMn y = kx 
( .Mepuauotta.ti'b'l-We ce"iettue) aBJiaeTca rnnep6oJioli: 

{ 
x 2 + (kx) 2 

- z2 = 1, 

y=kx. 
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MHmKeCTBO acHMITTOT 3THX rmrep6oJI 3aimmeTc5! ypaBHeHH5!MH 

{ 
x2 + (kx) 2 

- z 2 = 0, 

y=kx. 
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McKJIIO'IMB H3 3TMX ypaBHeHH:fi napaMeTp k, noJiyqaeM ypaBHeHne KoHyca 

c BepmHHO:fi B n;eHTpe runep60Jion,r:i;a H OChIO Oz: 

x2 + y2 - z2 = 0. (IV.20) 

9TOT KOHYC Ha3bIBaeTC5! acuMnmomu"ieCX:UM x:onycoM O,IJ;HOIIOJIOCTHOro rH

nep60JIOH,IJ;a. 

x 

PMc. 72 

Pe3yJihTaThI o ,r:i;uaMeTpax u ,r:i;uaMeTpaJihHhIX ITJIOCKOCT5!X (§ 36) MMeIOT 

MecTo H ,IJ;JI5! rnnep6oJiou,r:i;a. HeKOTOphre OTJIH'IM5! OT 3JIJiuncon,r:i;a CB5!3a

HhI c TeM, 'ITO o6pa3YI01IIHe aCHMIITOTM'IeCKOro KOHyca He HMeIOT 061IIHX 

TO'IeK (HH ,r:i;eii:CTBHTeJihHhIX, HH MHHMhIX) c rnnep60JIOH,IJ;OM, a napaJIJieJlb

Hhie HM IIp5!Mhie nepeceKaIO~ runep60JIOH,ll, JU!illb B €,IJ;HHCTB€HHOii TO'IK€. 

TaKne np5!Mhre Ha3bIBaIOTC5! np5!MhIMM acuMnmomu"iecx:o20 ttanpae.1tenu.11, 

OTHOCMTeJihHO rnnep6oJiou,r:i;a. BeKTOphI r = (a, (3, 'Y) acMMIITOTH'IecKux Ha

npaBJieHuii: xapaKTepH3YIOTC5! ycJIOBHeM a 2 + {32 
- "(

2 = 0. 
MMeeT MecTo TeopeMa: cepeaun'bi napa.!t.!te.!t'btt'btX xopa 0Jnono.1tocmno20 

2unep60.1touaa (IV.18) npunaa.1te:J1Cam ew auaMempa.1t'bttou n.1toc1wcmu 

ax+ {3y - "(Z = 0, (IV.21) 

2ae (a, (3, 'Y) - x:oopaunam'bt eex:mopa tteacuMnmomu"iecx:ow nanpae.1tenu.11,. 
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Ee ,n;oKaaaTeJibCTBO ,n;ocJioBHO cosna.n;aeT c ,n;oKaaaTeJihCTBOM aHaJiorHq

Hott TeopeMbl )l;JI.H 3JIJIHIICOH)l;a (n. 36.2) . .ll;1mMeTpaJibHa.H IIJIOCKOCTb (IV.21) 
H seKTOp f = (a, (3, 'Y), a2 + (32 

- 1 2 =/: 0, a TaKJKe onpe,n;eJrneMhlli HM ,n;Ha

MeTp Ha3blBaIOTC.H 63aUMttO conpJ£:>1CeHH'bt.MU OTHOCHTeJibHO nmep6oJIOH

,n;a (IV.18). 
MaTepHaJI n. 36.3 ocTai:iTcsi B CHJie n ,n;JISI rnnep6oJioH,n;a ( c yqeToM oro

sopoK 0 npSIMbIX aCHMIITOTHqecKOI'O HanpaBJieHHSI). 

37.2. ,LI;eyrroJIOCTH&Iit rHrrep6oJioH,a;. ,l(6yno11,ocmtt'bt.M aunep60,J/,OU
ao.M Ha3blBaeTC.H KBa,D;PHKa, HMeIOW,aSI B 3a)l;aHHOil: a¢qmHHOil: CHCTeMe KO

op,n;nHaT KaHOHHqecKoe ypasHeHne 

x2 + y2 _ z2 = -1. (IV.22) 

KaK 3JIJinncon,n; H o,D;HonoJiocTHhiil: I'Hnep6oJioH,n;, aTa KBa)l;pHKa KocoCHM

MeTpHqHa OTHOCHTeJibHO KaJK,D;oil: H3 KOOp,n;1maTHbIX IIJIOCKOCTeil:, OTHOCH

TeJibHO KaJK,D;Oil: H3 KOOp,D;HHaTHblX ocett, H OTHOCHTeJibHO HaqaJia KOOp,D;H

HaT, KOTOpOe Ha3blBaeTCSI ee tt,ettmpo.M. 
IlJioCKOCTH Oxz H Oyz nepeceKaIOT ,n;synoJIOCTHhiil: rHnep6oJioH,n; no rH

nep6oJiaM 

{ 
x2 

- z2 = -1, 

y=O; { 

y2 - z2 = -1, 

x=O 

(rJiaBHhle rnnep6oJihl), KOTOphle nepeceKaIOTCSI B ToqKax (0, 0, ± 1). CeqeHHe 

rnnep60JIOH)l;a IlJIOCKOCTbIO z = h HMeeT ypaBHeHHSI 

{ 

x2 + y2 = h2 - 1, 

z=h. 

EcJIH lhl < 1, To nepBOMY H3 aTHX ypasHeHnil: He y,n;osJieTI1opsieT HH O,n;Ha 

ToqKa. 3HaqHT, ITJIOCKOCTb z = h BOBCe He nepeceKaeT I'HIIep6oJIOH,D;. IlpH 

h =± 1 eMy y,n;oBJieTBOpSIIDT JIHillb ,D;Be TO'lKH (0, 0, ± 1). 9To 03Ha'laeT, 'ITO 

IIJIOCKOCTH z = 1 H z = -1 KacaIOTCSI rHnep6oJioH,n;a. IlpH I hi > 1 aTHMH ypas

HeHHSIMH onpe,n;em1eTC.H 3JIJIHIIC. 

PaccMoTpHM ceqeHHSI rHnep6oJioH,n;a (IV.22) IIJIOCKOCTSIMH x = h Hy= h: 

{
z2 -y2 =1+h

2
, {z2 -x2 =l+h

2
, 

x=h; y= h. 

9To - rHnep6oJibI, ,n;eiicTBHTeJihHbie ocH KOTOpbIX napaJIJleJibHbI OCH Oz. 
HaKotte11, ce'leHHSI ,n;synoJIOCTHoro rHnep6oJioH,n;a IIJIOCKOCT5!MH y = kx: 

{ 
z2 

- (1 + k2 )x2 = 1, 

y=kx 
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npn Jiro60M k cyTh TaK>Ke rnnep6oJihI. MHo)KeCTBO acnMnTOT 3TMX rmiep6oJI 

3a,r:i;aeTCSI ypaBHeHHSIMH 

{ 
z2 - (1 + k2)x2 = cr,-
y = kx, \! 

npn HCKJIIO'leHHH H3 KOTOpbIX napaMeTpa k CHOBa npMXO,ll;HM K ypaBHeHHIO 

x2 + Y2 - z2 = 0 

Toro )Ke acnMnTOTH'leCKoro KOHyca (IV.20), 'lTO H ,ll;JISI O,ll;HOnOJIOCTHOrO rH

nep6oJIOH,lJ;a. CJie,r:i;oBaTeJihHO, <>TH ,r:i;Ba rnnep60JI0H,L1;a HMeIOT 06II1Hil: acHMn

TOTn'lecKnfi KOHyc, a nOTOMY Ha3hIBaIOTCSI coacu.MnmomU'l(,€C'X:U.MU 2unep-

60.1tOUOa.MU ( conpR~e'H'H,'b/,.M,U 2unep60.1tOUOa.MU). 

B pe3yJihTaTe <PopMa ,r:i;BynoJioCTHoro rnnep6oJion,r:i;a cTaHOBHTCH BnOJIHe 

onpe,r:i;eJieHHOM (pHC. 73). 

PHC. 73 

Ilo OTHOIDeHHIO K ,ll;BynoJIOCTHOMY rHnep6oJIOH,ll;Y ero ,ll;HaMeTpaJibHble 

nJIOCKOCTH ( H ,r:i;naMeTpbI) MO)KHO pa3,r:i;eJIHTb Ha ,r:i;Ba THna - nepeceKaIOII1He 

rHnep6oJion,r:i; H He nepeceKaIOII1He ero. ,Il;naMeTpaJihHble nJIOCKOCTH nepBoro 

THna nepeceKaIOT aCHMnTOTH'leCKHH KOHyC no ,ll;BYM 06pa3YIOII1HM. ,Il;naMeT

paJibHhie nJIOCKOCTH BTOporo THIIa JIH6o HMeIOT c KOHycoM 06II1eil: JIHIDb ero 

BepmHHy, JIH6o KacaIOTCH ero (no 06pa3y10II1eil:). 
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TeopeMa H3 rr. 36.2 o cepe,n;mmx rrapan.rJeJihHhrx xop,n; aJIJIHIICoH,n;a co

xpamreT cmry H ,n;mr ,n;ByrroJiocTIIoro nmep6oJioH,n;a: cepeauu'bt napa.11./1,eA'b

tt'btX xopa a6ynOJ!,OCmU020 2Unep6oAOuaa npuuaaJteatCam e20 aua.MempaA'b

UOU nAociwcmu 

ax+ f3y - "fZ = 0, 

r,n;e (a,/3,1) - HarrpaBJISIIOUJ;HH BeKTOp 3THX xop,n; (a2 + /32 - 12 i=- 0). 
CyrrrecTByroT H corrpsr)KeHHbre TpoiiKH ,n;HaMeTpoB, H corrpH)KeHHbre Tpoii

KH ,n;HaMeTpaJibHbIX IIJIOCKOCTeH, o6Jia,n;arourHe aHaJIOrH'lHbIMH CBOHCTBaMH, 

'ITO H ,[\JISI 3JIJIHIICOH,n;a. IlpH 3TOM corrpRlKeHHbie (coaCHMIITOTH'leCKHe) ,JJ;BY

IIOJIOCTHbIH H O.IJ;HOIIOJIOCTHbIH nmep60JIOH,n;bl paccMaTpHBaIOTCH BMeCTe. 

§ 38. Oihwno.11,ocmtt'btu 2unep60.11,ouiJ 
'K;a'K; .11,utteu'l(,ama.R 'K;6adpu'K;a 

KB11,~pm~a, SIBJISirouraSicSI ofrhe,n;HHeHHeM rrpSIMbIX, Ha3hIBaeTcSI JIHHe:li:

'laToH: KBa.IJ;pHKOfi, a rrp1ma,n;Jie:i1<aurHe efi IIpSIMbie - ee npRMOJl,UUeUU'bt

MU 06pa3y10w,u.Mu. CooTBeTCTBeHHO CBOHM orrpe,n;eJiemrnM r:i;mmH,n;pHqecKHe 

KBa,n;pHKH H KOHH'lecKaSI KBa:,Lij)HKa SIBJISIIOTCSI mmefi'laThIMH. KoHe'!Ho, JIH

Heii:'laTofi 6y,n;eT He Jiro6aSI KBa,Lij)HKa:. CKa:iKeM, aJIJIHIICOH,IJ, He MO)KeT 6hITb 

061,e,IJ,HHeHlieM rrpSIMbIX JIHHHH B CHJIY CBOeii: orpaHH'-IeHHOCTM. 

,Il;anee 6y,IJ,eT IIOKa:3aHo, 'ITO JIMHefi'laTbIMH KBa:,IJ,pHKaMM 5IBJI5IIOTC5I O.IJ;HO

IIOJIOCTHbIH rn:rrep6oJIOH,LI; H rmrnp6omrqecKHfi rrapa6oJioM,n;. 

KaHoHwrecKoe ypa:BHeHMe o,n;ttorroJIOCTHOro rnrrep6oJIOH,n;a: 

xz + yz - zz = 1 

MO)KHO 3arrncaTb, O'leBM)l;HO, TaK: 

(x + z)(x - z) = (1 + y)(l - y). 

PaccMOTpMM JIMHe:ii:Hyro cncTeMy ypaBHeHMH 

{
u(x+z)=v(l+y), 
v(x-z)=u(l-y), 

(IV.23) 

(IV.24) 

r,IJ,e u, v - rra:paMeTpbl, rrpMHHMa:rourne JII06hre ,n;eiicTBHTeJlbHbre 3Haqe

HHH, He paBHbre Hymo o,n;HoBpeMeHHO. Ilpu ¢nKcnpoBaHHhrx 3Ha'leHHSIX u 
Miu v ~:l)K,IJ,Oe H3 ypaBHeHHH 3TOH CHCTeMbI orrpe,n;eJI5IeT IIJIOCKOCTb, TaK KaK 

v u = u2 + v 2 -/=-0. Ilo3TOMY CHCTeMOii: (IV.24) OIIpe,n;eJISieTCSI IIpSIMaSI IIpH 

Ka:lK,IJ,Oii: ¢HKCHpOBaHHOH IIape ( u, v) 3Haqemrii: rrapaMeTpOB, rrpH'IeM IIapaM 
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(u, v) H (au, av), a #0, oTBWJaeT o,n;Ha H Ta 2Ke npRMaR. YpaBHeHne (IV.23) 
O,ll;HOIIOJ10CTHOro rnrrep6oJJOH,n;a RBJJReTC}l CJJe,n;cTBHeM ypaBHeHHH (IV.24): 
OHO rroJJy'IaeTCR rrpn HX IIO'IJJeHHOM yMH02KeHHH. CJJe,n;oBaTeJJhHO, Ka2K,D;aR 

TO'IKa rrpRMOii: (IV.24) JJe2KHT n Ha rHrrep6oJJoH,n;e. IIoaToMy Bee ceMeii:CTBO 

(cepnR) npRMbIX (IV.24) rrpHHa,n;JJe)KHT rnrrep6oJJOH,n;y. 

HapR,n;y c cncTeMoii: (IV.24) paBHhIM o6pii3oM M02KHO paccMaTpHBaTh n 

TaKyro CHCTeMy: \ 

{ 
u(x + z) = v(l - y), 
v(x - z) = u(l + y), (IV.

25
) 

orrpe,n;eJJRIOTIJYIO BTopoe ceMeii:CTBO ( cepnro) rrpRMOJ1HHe:iiHhlX o6pa3ylOIIIMX 

o,n;HorroJJOCTHoro rnrrep6oJJoH,n;a. Hn2Ke rrpn ,n;oKa3aTeJ1hCTBe TeopeMbI 4 6y

,n;eT ,n;OKa3aHo, 'ITO rrpRMhie (IV.24) H (IV.25) He coBrra,n;aroT. IIpRMOJJHHeii:

Hhie 06pa3y101I1He o,n;HorroJJOCTHoro rHrrep6oJJon,n;a o6JJa,n;aroT 3aMe'iaTeJJb

HhIMH CBOHCTBaMH. 

TeopeMa 1. £/epea 1wa1Cdyw mo"",,,;y od'Hono.1tocm'Ho20 2unep60.1touda npo
xodum no od'Hou u mo.!t'b'K:O no od'Hou o6paayww,eu ,,,;aa1CiJ020 ce.MeucmBa. 

,II, o K a3 a Te J1 h c TB o. ,ll,JJR 3a,n;aHHoii: TO'IKH M 0 (x0 , y0 , z0 ) rm1ep60JJO

H,ll;a HY2KHaR rrapa 3Ha'IeHHii: rrapaMeTpoB u, v o6pa3y101I1eii: rrepBoro ceMeii:

CTBa, co,n;ep2Ka1I1eii: aTy TO'iKy, Haxo,n;HTC5! H3 CHCTeMbI 

{ 
(xo + zo)u - (1 + Yo)v = 0, 

-(1 - Yo)u + (xo - zo)v = 0, 

orrpe,n;eJJHTeJJb KOTopo:li paBeH HyJJro: 

I
Xo + zo -yo - 11 = x~ + y~ _ z~ _ 1 = O. 
Yo - 1 Xo - Zo 

IIoaTOMY CHCTeMa HMeeT HeHyJJeBhie perneHHR, RBJ15!lOIIIHeC5! rrapaMH qnCeJJ, 

rrporropIJHOHMhHhIX nape (1 + y0 , x0 + z0 ), a 3HaqnT, H nape (x0 - z0 , 1 -
- Yo). chn rrapbl HettyJJeBhie, TaK KaK ,ll;OIIYIIleHHe 0 TOM, 'ITO OHH HyJJeBhie, 

rrpHBO,ll;HT K rrpoTHBope'IHIO c rrpntta,n;JJe2KHOCThlO TO'IKH M 0 rrrrrep6oJJoH,n;y. 

Mtto2KeCTBY Bcex rrporropIJHOHaJJhHhIX HettyJJeBhIX nap 3Ha'ieHHii: rrapaMeT

poB u, v cooTBeTCTByeT e,ll;HHCTBeHHaR 06pa3y101I1a5! rrrrrep6oJJorr,n;a. AttaJJo

rH'IHO HaxO,ll;HTCR e,n;HHCTBeHHaR 06pa3y101I1aR BToporo ceMeHCTBa, co,n;ep2Ka

II1aR TO'IKY M 0 • Otta rroJJyqaeTCR rrprr 3Ha'IeHHRX u, v, rrporropIJHOHaJJbHhIX 

rrape (1 - y0 , x 0 + z0 ), a cJJe,n;oBaTeJJhHO, H rrape (x0 - z0 , 1 +Yo). IhaK, 06-

pa3y101I1aR rrepBoro ceMeiicTBa, co,n;ep2KaII1aR TO'IKY M 0 (x0 , y0 , z0 ), HMeeT 

ypaBHeHHR 

{ 
(1 + Yo)(x + z) = (xo + zo)(l + y), 

(xo + zo)(x - z) = (1 + Yo)(l -y), 
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a o6pa3yrom;a.si: BTOporo ceMeficTBa, npoxo'A5Jm;a.si: qepe3 TY *e TOqKy, orrpe

,n;em1eTca ypasHeHHaMH 

{ 
(1 - Yo)(x + z) = (x0 + zo)(l - y), 

(x0 + z0 )(x - z) = (1-yo)(l + y). 0 

TeopeMa 2. Jbo6ue mpu np.R,MMu'lteu'lt'bte o6paayww,ue oihwao ce.Mei1-
cm6a oihtono.;wcmttow eunep6oAouaa ue napa.//,.//,M'b'lt'bt oihtoii Moc-x:ocmu . 

.IL o Ka 3 a Te JI h c TB o. Ifa ypasHeHHii (IV.24) Haxo~M Koop,n;1rnaThI 

HanpaBJiarom;ero BeKTOpa 06pa3yrom;eii rrepsoro ceMeiicTsa: 

1

-v ul=v2-u2, I u ul=2uv, lu -v1=u2+v2. 
u -v -v v v u 

Bo3hMeM TpH rrpoH3BOJihHhle o6pa3yrom;He 3Toro ceMeiicTBa, OTBeqarom;He 

napaM rrapaMeTpOB (u1, V1), (u2, v2), (u3, V3), rrpH 3TOM U1V2 # U2V1, U2V3 # 
f U3V2, U3V1 f U1V3. Orrpe,n;eJIHTeJih, COCTaBJieHHhii\ H3 KOOp,IJ;HHaT HarrpaB
JI.HIOm;Hx BeKTOpOB 3THX o6pa3yIOm;Hx, OTJIHqeH OT HyJia: 

vi - u~ 2u1v1 v~ + u~ v~ u1v1 u~ 
v~ - u~ 2u2v2 v~ + u~ = 2 v~ u2v2 u~ = 
v; - u5 2u3V3 v; + u5 v5 U3V3 u5 

= 2(u1V2 - U2V1)(u2V3 - U3V2)(u3V1 - U1V3) f 0 . 

.Il,Jia Tpex rrpOH3BOJihHhIX o6pa3yIOm;Hx BTOporo ceMeiicTBa 3TO CBOHCTBO 

~OKa3hIBaeTca aHaJIOrHqHo. 0 

TeopeMa 3. Jbo6bte a6e npJ1,.MO.//,U'H£UU'bte o6paayww,ue oihtoeo Ce.Mei1-
cm6a oihtonoAocmuow eunep6oAouaa c-x:pew,u£Jawmca . 

.IL 0 Ka 3 a Te JI h c TB 0. IlycTh ~BYM IIpOH3BOJlhHhIM o6pa3yIOm;HM rrep

aoro ceMeHCTBa COOTBeTCTBYIOT napaMeTphI U1, V1 H U2, V2, rrpuqeM U1V2 f 
f u2 v1 • CHcTeMa ypaBHeHHH 3THX o6pa3yrom;Hx 

{

u1(x+z)=v1(1 +y), 

v1(x - z) = u1(1-y), 

u2 (x + z) = v2 (l + y), 
u2 (x - z) = v2 (1 - y) 

rrpoTHBopeqHBa. B caMoM ,n;eJie, yMHO)l{HM 3TH ypaBHeHHa cooTBeTCTBeH

HO Ha U2, V2, U1, V1 H 3aTeM H3 rrepsoro ypaBHeHHa BhlqTeM TpeTbe, a H3 
BToporo - qeTsepToe: 

{ 
(u2V1 - U1V2)(l + y) = 0, 

(U1V2 - U2V1)(l - y) = 0. 



§ 38. OattonoJtocmtt'btu 2unep60Jtoua iron Jtutteu"tamast 'ICeadpuna 137 

{ 
1 + y=10, 

1-y =0, 

OTKy,n;a cJie,n;yeT npoTlrnope"IHBOe paBeHCTBO 2 = 0. TaKHM o6pa30M, mo6hrn 

,n;Be o6pa3yIOUJ,He rrepBoro ceMeiicTBa He rrepeceKaIOTC.H. Ho B CHJIY Teope

Mhl 2 OHM H He napaJIJieJibHbI. 

JVr.a JII06bIX ,LJ;BYX o6pa3yIOUJ,HX BToporo ceMeiicTBa ,ll;OKa3aTeJibCTBO ,n;aH-

HOro CBOHCTBa aHaJIOrii"IHO. D 

TeopeMa 4. Jbo6'bte a6e o6paayww,ue pa3'1i'btX Ce.Meucm6 oattono.11,ocm
'H,020 2unep60.11,ouaa Jl,e:»cam 6 oattou n.11,ociwcmu. 

)], o Ka 3 a T e JI h c T B o. CocTaBHM CHCTeMy H3 ypaBHeHHH ,n;Byx o6pa3y

IOUJ,HX pa3JIH"!HhIX ceMeii:CTB: 

{ 

u 1(x + z) = v1(l + y), 
v 1(x - z) = u1(l -y), 

u2 (x + z) = v2 (1 - y), 
u 2 (x - z) = v2(l + y). 

(IV.26) 

MccJie,n;yeM ee Ha COBMeCTHOCTb. 9TH ypaBHeHH.H YMH02KHM COOTBeTCTBeH

HO Ha U2, V2, U1, V1 H 3aTeM H3 rrepBoro Bhl"!TeM TpeThe, a H3 BTOporo -

qeTBepToe: 

{ 

U2V1(l + y) - U1V2(l -y) = 0, 

U1V2(l - y) - U2V1(l + y) = 0. 

IloJiy"leHHble ypaBHeHH.H COBna,n;aroT: 

IlO,ll;CTaHOBKOH KOTOporo, HanpHMep, B nepBbie ,n;Ba ypaBHeHH.H CHCTeMbl 

(IV.26) naxo,n;HM pemeHHe 3TOfi CHCTeMhI: 

z = V1V2 - U1U2 

U1V2 + U2V1 

CJie,n;oBaTeJihHO, npH u 1 v 2 + u 2v 1 =f 0 ,n;Be 06pa3y10UJ,He pa3HhIX ceMeii:cTB 

n e p e c e K a IO T c .H B TO"!Ke c Haii:,n;eHHhIMH KOOp,LJ;HHaTaMH. 
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YcJIOBHe u 1 v2 + u2 v1 ::::: 0 npHBO,Ll,HT K ,u,pyroMy BbIBOAJ. IIepenHIIIeM cH

CTeMy (IV.26) TaK: 

{ 

U1X - V1Y + U1Z = V1, 

V1X + U1Y - V1Z = U1, 

U2X + V2Y + U2Z = V2, 

V2X - U2Y - V2Z = U2. 

IlpH ,u,aHHOM ycJIOBHH TIJIOCKOCTH, onpe,u,eJrn:eMbie nepBbIM H TpeTbHM ypaB

H6HH5IMH, napaJIJieJibHbI, TaK KaK Bee MHHOpbI MaTpmi;hl (Ui -Vi Ui) KO-
U2 V2 U2 

a¢q:rnu;HeHTOB npn nepeMeHHhIX paBHhI HYJIJO. IIo aHaJIOrR'lHOH rrpwmHe 

napaJIJI6JibHbI TIJIOCKOCTH, onpe,u,emieMbie BTOpbIM H qeTBepTbIM ypaBHeHH-

5IMH. (IIapaJIJI6JibHbI€ IIJIOCKOCTH MoryT COBIIa,LJ,aTb B Ka)K,D;OH H3 ,D;BYX yKa-

3aHHbIX nap, o,n;HaKO O,Ll,HOBpeMeHHOe HX COBila,LJ,eHHe B o6eHx napax HeB03-

MO)KHO, H60 TaKoe ,n;onym;eHHe npHBO,LJ;HT K npOTHBOpeqHJO: U1 = V1 = 0 HJIH 

u2 = v2 = 0.) CJie,n;oBaTeJibHO, npH paccMaTpHBaeMOM ycJIOBHH ,n;Be o6pa3y

IOillHe pa3HbIX ceMeii.cTB napaJIJieJibHhI. D 
3aMeTHM, 'ITO ecJIH 06pa3y10Ilia5I rrepBoro ceMeii.cTBa rrpoxo,n;HT qepe3 

TOqKy (x0 , y0 , 0), TO 

HJIH 

{ 

U1V2Xo - V1V2Yo = V1V2, (*) 
U2V1Xo + U1U2Yo = U1U2· 

EcJIH 06pa3y10Illa5l BToporo ceMeii.CTBa rrpoxo,n;HT qepe3 TO'IKY (-x0 , -y0 , 0), 
TO HM6IOT M6CTO ypaBHeHH5I 

mm 

{ 

-U2V1Xo - V1V2Yo = V1V2, 

-U1V2Xo + U1U2Yo = U1U2. 

II pH ycJIOBHH U1 V2 + U2V1 = 0 ,n;Ba IlOCJie,n;HHe paBeHCTBa COBrra,n;aIOT c pa

BeHCTBaMH ( * ). ToqKH (x0 , y0 , 0) H (-x0 , -y0 , 0) RBJI5IIOTca ,n;HaMeTpaJibHO 

npOTHBOIIOJIO)KHbIMH TO'lKaMH 3JIJIHTICa 

{ 

x2+y2=1, 

z=O, 
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.HBJHIIOIIIeroca ceqeHneM rm1ep60Jion,n;a KOop,n;nHaTHott IIJIOCKOCThIO Oxy 
(ropJIOBOtt 9JIJIHIIC). 113 CK83aHHOI'O CJie,nyeT BhIBO,n;: napaMe.!l.'b'H.'bte 06pa

ay10w,ue pa8JtU"t'H.'btX Ce.M.eiJ.cm6 oa'HonOJ!OCm'/j,{)80 aunep6oJtouaa npoxoaJlm 

"tepea auaMempaJt'b'H.O npomueonOJWalC'H.'bte mo"tiu eao aop/!06080 3MUnca. 

,ll;oK83aHHble CBOitCTBa np.HMOJIHHeiiHhIX o6pa~yIOIIIHX O,ll;HOIIOJIOCTHOI'O 

rnnep6oJion,n;a HJIJIIOcTpnpyeT pnc. 74. 
1 

PHC. 74 

0,n;HOIIOJIOCTHhie rnrrep6oJIOH,ll;hl HCIIOJih3YIOTC.H B CTpOHTeJibHOH TeXHHKe. 

BnepBbie TaKyIO H,ll;eIO HCIIOJih30BaJI pyccKHH HH)f(eHep B. r. IIIyxoB (1853-
1939). IIo ero cncTeMe nocTpoeHa TeJieBH3HOHHa.H 6arnH.H B MocKBe, KOTopaa 

COCTOHT H3 pa,n;a O,ll;HOIIOJIOCTHhIX I'HIIep6oJIOH,ll;OB BpaIIIeHmI c 06II1efi OChIO. 

3a,n;aqa. HattTH MHO)f(eCTBO Bcex np.HMbIX, Ka)f(,ll;a.H H3 KOTOpbIX Jle:lKHT 

B O,ll;HOH IIJIOCKOCTH c Ka)f(,ll;OH H3 Tpex np.HMhIX 

{

x=l, 

y=t, 
z=t; 

{ 

x=-t, 
y-l 

z:t;' { 

x = -1, 

y=-t, 

z=t. 

p e III e H He. "YKa3aHHbie np.HMhie IIpOXO,ll;.HT COOTBeTCTBeHHO qepe3 

ToqKn A1(1,0,0), A2(0,1,0), A3 (-1,0,0) n nMeIOT HanpaBJI.HIOIIIHe BeK

TOphl p1 =(0,1, 1), p2 = (-1, 0, 1), p3 = (0, -1, 1). IIpoBepKa IIOKa3hIBa

eT, qTo ,n;aHHhie TPH npHMhie nonapHO CKpeIIIHBaIOTCH H qTo BeKTOpbl 

p1, p2, p3 He KOMnJiaHapHhl, T. e. 9TH npaMhie He napaJIJieJihHhI o,n;Hoii: nJioc

KOCTH. IIycTb IIpOH3BOJlhHa.H IIp.HMa.H H3 HCKOMOI'O MHO)f(eCTBa IIp.HMhIX HMe

eT napaMeTpuqecKHe ypaBHeHH.H x = X + o:t, y = Y + (3t, z = Z + 1t, r,n;e 

(X, Y, Z) - Koop,n;HHaThI HeKoTopoli cpHKCHpoBaHHoii ToqKH sToli npaMoii:. 
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3arrnmeM ycJIOBH.H Toro, qTo 3Ta rrp.HMa.H Jie)KHT B O,ll;HOM IIJIOCKOCTH c Ka)K

,n;oii H3 Tpex ,n;aHHhIX: 

X-1 Y Z X Y-1 Z YZ 
0 1 1 = 0, 
a /3 I 

-1 0 1 = 0, 
a /3 I 

X+l 
0 
a 

-1 1 = 0, 

/3 I 

HJIH 

{ 

o:(Y - Z) - /3(X - 1) + 1(X - 1) = 0, 

a(Y - 1) - /3(X + Z) + 1(Y - 1) = 0, 

a(Y + Z)-/3(X + 1) +1(-X -1) =0. 

licKJIIOqHB H3 3TOM CHCTeMbI rrapaMeTpbI a, /3, ,, IIOJiyqHM 3aBHCHMOCTb 

Me)K,Zl;y KOOp,ll;HHaTaMH x, Y, z JII06oii TOqKH rrp.HMOM HCKOMoro MHO)Ke

CTBa, T. e. ypaBHeHHe 3Toro MHO)KeCTBa. IIocJie,n;H.H.H CHCTeMa .HBJI.HeTC.H o,n;
HOpO,Zl;HOM JIHHeMHOM CHCTeMOM OTHOCHTeJibHO a, /3, 'Y· Otta 3aBe,n;oMO ,ll;OJl)K

Ha HMeTb HettyJieBbie pemeHH.H, IIOCKOJibKY c y III e c TB ye T 6ecKOHeqttoe 

MHO)KeCTBO IIp.HMbIX, 06Jia,n;aronrHX 3a,ll;aHHhIM CBOMCTBOM. Il03TOMY ee orrpe

,n;eJIHTeJib paBeH HyJiro: 

Y-Z -X+l X-1 
Y -1 -X - Z Y -1 = 0. 
Y+Z -X-1 -X-1 

x2 + y2 - z2=1 

O,ll;HOIIOJIOCTHOrO rHrrep6oJIOH,n;a. 

9TOT pe3yJibTaT He .HBJI.HeTC.H qaCTHbIM CJiyqaeM. JI3 CBOMCTB rrp.HMOJIH

HeMHblX o6pa3yIOnrHX O,ll;HOIIOJIOCTHOro rHrrep60JIOH,n;a CJie,n;yeT, qTO OH rrpe,n;

CTaBJI.HeT co6oii .Mtta;>fCecmBo np.R.M'btx, '/Ca;>fCaa.R ua 'X:omop'btX nepece'X:aem 
mpu nonaptto c'X:peU!,U6a'/OU!,Uec.R np.R.M'bte, tte napa.rt.tie.n,'btt'bte oattou nAac'ICo
cmu, UJl,U napa.rt.tiM'b'l-ta oattoU U3 'HUX. 

§ 39. 9Munmu"-lecri;uu napa60Jwua 

39.1. A<f><f>HHHoe KaHOHH'lecKoe ypaeHeHue H ce'leHHH 3JIJIHII
TH'leCKoro rrapa6oJioH,n;a. 9J1,J1,unmu"ieC'X:U.M napa6oAouJo.M Ha3bJBaeTC.H 

KBa,n;pHKa, HMeronra.H KaHOHHqecKoe ypaBHeHHe 

x 2 +y2 =2z. (IV.27) 

Bhl.HCHHM ero reoMeTpHqecKHii BH,n;. TaK KaK BMeCTe c TOqKoii ( x, y, z) 3TO

MY ypaBHeHHIO y,n;oBJieTBOp.HIOT TOqKH ( ± x' ± y' z) c JII06oii KOM6Hna11Heii 
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IIJIIOCOB H MHHYCOB, TO 3JIJIHIITHqecirn:ii rrapa6oJIOH,ll; KOCOCHMMeTpHqeH OT

HOCHTeJihHO rrJIOCKOCTeii Oxz H Oyz H OTHOCHTeJihHO ocH Oz. Haqano Koop

,ll;HHaT H83hIBaeTC.H GeputU'HOU napa60.Jtouaa:, o~ Oz - OCMO napa6Mouaa. 
IlJIOCKOCTH Oxz H Oyz rrepeceKaIOT napa60JiqH,11; cooTBeTCTBeHHO no rra-

pa6oJiaM ' 

{ 
x2 = 2z, 

y=O; { 
y2 = 2z, 

x=O, 

H83bIBaeMbIM ero 2.lta6tt'bl.MU napa60.11,a.MU (pHC. 75). 
CornacHo ypaBHeHHIO (IV.27) z? 0, CJie,n;o

BaTeJihHO, IIJIOCKOCTH z = h rrpH h < 0 He HMe

IOT 06111Hx ToqeK c rrapa60JIOH,ll;OM, a IIJIOCKOCTb 

z = 0 KacaeTc.H ero B Haqane KoOp,lJ;HHaT. IlpH 

h > 0 ceqeHH.HMH .HBJI.HIOTC.H 3JIJIHIICbl 

{ 
x2 + y2 = 2h, 

z=h. 

IloK8.)KeM, qTO 3JIJIHIITHqecKHH napa60JIOH,ll; 

MO)l{HO o6p830BaTh reoMeTpHqecKH c IIOMOIIlblO PHC. 75 
rJiaBHblX rrapa6oJI (IV.28). ,il;JI.H 3Toro paCCMOT-

(IV.28) 

pHM ero ceqeHH.H IIJIOCKOCT.HMH y = t, napanJieJihHhIMH IIJIOCKOCTH Oxz: 

{ 
x2 = 2z - t 2

, 

y =t. 

9THMH ypaBHeHH.HMH orrpe,n;eJI.HeTC.H ceMeHCTBO napa6oJI, H,ll;eHTHqHblX (MeT

pHqecKH paBHbIX) nepBOH H3 rJiaBHblX napa6oJI c BepmHHaMH ( 0, t, ~) Ha 

BTopoii rJiaBHOii rrapa6oJie. AHanorHqHa.H KapTHHa rroJiyqaeTC.H H ,ll;JI.H ceqe

HHH rrJiocKOCT.HMH x = t. TaKHM o6pa30M, HMeeM TaKoii crroco6 rroJiyqeHH.H 

3JIJIHIITHqecKoro rrapa6oJIOH,lJ;a. EMU 63Rm'b a6e nepece'X:a'IOU1,UeC.R, napa6o
./l,'bt c napaA.11,e.!!'btt'bl.Mu OCR.Mu, tte .11,e~aU1,ue 6 oattou n.11,oc'/f,ocmu, u oatty ua 
ttux nepe.MeU1,am'b napaA.11,M'b'HO ce6e ( T. e. 3aMeH.HTh ee IIJIOCKOCTh napan

JieJibHOii eH IIJIOCKOCTbIO) ma'lf,, "tm06'bt ee GeputUtta C'/f,OJl,'b3U./l,a no iJpy20u 
napa60.11,e, mo nepGaR napa60.11,a onumem ::J.11,J1,unmu"teC'/'i,UU napa60.11,oua. 

XapaKTepHoe cBoiicTBO aJIJIHIITHqecKoro rrapa60JI0H,11;a Bhl.HCH.HeTc.H rrpH 

H3yqeHHH Borrpoca o rrepeceqeHHH ero c rrp.HMhIMH, rrpoxo,11;.HIIIHMH qepe3 

BepmttHy. EcJIH p = (a, f3, 'Y) - HanpaBJI.HIOI11Hii BeKTop TaKoli rrp.aMoii, 

TO OHa HMeeT napaMeTpHqecKHe ypaBH€HH.H x =at, y = /3t, z = 1t. IlpH 
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IIO)l,CTaHOBKe 9THX Bbipa)KeHHH B ypaBHeHHe (IV.27) IIOJiyqaeM ypaBHe

HHe (a2 + (J2)t2 = 21t, HMeIOI1Iee 0)1,HH KopeHb t = 0, OTBeqaIOIIIHH TOqKe 0 
rrepeceqeHHH rrpHMO:it c napa6oJion,n;oM. IlpH a 2 + {32 > 0 .z:r,pyro:il KopeHb 

paBeH 2 
21 

(32 • EcJIH )Ke a 2 + {32 = 0, T. e. ecJIH a= f3 = 0, To rrpn I# 0 
Cl: + 

ypaBHeHHe (a2 + {32 )t2 = 21 He HMeeT pemeHHH. 

CJie.z:r,oBaTeJibHo, Ka)K,n;aH rrpHMaH, rrpoxof),HI1IaH qepe3 BepmuHy rrapa6o

JIOH,n;a, KpoMe ero ocn, rrepeceKaeT rrapa6oJioH,n; B ,n;Byx TOqKax (Bo3MO:amo, 

coBrra,n;aIOI11Hx), a ocb H rrapanJieJibHbie e:il rrpHMbie rrepeceKaIOT ero B e,n;HH

CTBeHHO:it TOqKe. 8TH 1Ip5.!Mbie Ha3bIBaIOTC5! npJ!..M'bt.MU acu.Mnmomu"l€C'IW20 
uanpae.lle'l-tUJI, OTHOCHTeJibHO rrapa6oJIOH)l,a. 

8THM CBOHCTBOM 9JIJIHIITHqecKHH rrapa60J10Hfl, cyI1IeCTBeHHO OTJIIi:qaeTC5! 

OT Ka)K,llp:fi H3 IIOJIOCTe:il .ll,BYIIOJIOCTHOro rHrrep6oJIOH,ll;a, y KOToporo Ka)K,n;a5! 

np5!MaH, npoxo,n;HI1Ia5! qepe3 ero 11eHTp BHYTPH acHMITTOTHqecKoro KOHyca, 

rrepeceKaeT 9TY IIOJIOCTb TOJibKO B Ofl,HOH TOqKe. 

39.2. ,lJ;HaMeTpa.TihHble IIJIOCKOCTH H ).J;HaMeTphl 9JIJIHIITHqecKO

l'O 11apa60Jiou,z:i;a. Ha:il,n;eM MHO)KeCTBO cepe,n;HH ( X, Y, Z) xop,n; 9JIJIHITTH

qecKoro rrapa6oJioH,n;a, rrapaJIJieJibHhIX BeKTopy r =(a, (3, 1) HeacHMITTOTH

qecKoro HarrpaBJieHHH (a2 + (32 :f= 0). PyKOBO,IJ;CTBYHCh aHaJioruetl. c n. 36.2, 
3anumeM napaMeTpuqecKHe ypaBHeHHH rrpHMoti:, co,n;ep)KaI1Iei1 Bb16paHHy10 

xop,n;y 9TOro MHO)K8CTBa: 

x = X + at, y = Y + /3t, z = Z + 1t. 

8Ta 1Ip5!Ma5! rrepeceKaeT rrapa60JI0Hfl, (IV.27) B ,n;Byx ToqKax, fl,Jl5! KOTOpbIX 

3HaqeHH5! ti H t2 napaMeTpa t 5!BJI5!IOTC5! KOpH5!MH ypaBH8HH5! 

(X + at) 2 + (Y + /3t) 2 =(Z+1t), 

HJIH 

(a2 + /32 )t2 + 2(aX + (3Y -1)t + X 2 + Y 2 
- 2Z = 0. 

TaK KaK t 1 + t2 = 0, To no TeopeMe BueTa 

t + t = _ 2 ( aX + {3Y - I) = O 
i z a2 + (32 ' 

OTKy,n;a 

a:X + (3Y - I = 0. (IV.29) 

CJie,n;oBaTeJibHO, uc-x:o.Moe .M'liO:J/Cecmeo cepeJuu xopa 3Munmu"lec-x:o20 na
pa60J1,ouaa, napaMM'b'li'btX ee-x:mopy r =(a, (3, 1), npuuaJJ1,e:J1Cum n.1wc1w
cmu (IV.29). 8Ta IlJIOCKOCTb Ha3bIBaeTC5! aua.MempaJl,'b'liOU nJ1,0C'KOCm'b'IO 
Bmo20 napa60J1,ouaa, conp.R:J1Ceuuoil ee-x:mopy r. 
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,lJ,aJiee paCCMOTpHM MHO)KeCTBO BeKTOpOB r= (a,/3,1), napaJIJieJibHblX 

rrJIOCKOCTH Ax + By + C z + D = 0, KOTopa.H He napaJIJieJibHa OCH rrapa6o

JIOH,n;a (Cf. 0). 9To MHO)KeCTBO xapaKTepH3yeTC.H ycJIOBHeM 

Aa + B/3 + C1=0. (IV.30) 

lfa CHCT8Mbl ypaBH8HHil: (IV.29) H (IV.30) HCKJIIoqnM napaMeTpbl a, /3, 1: 

OTKy,ll;a 

A X=-C' 

9THMH ypaBHeHH.HMH onpe,z:i;eJI.HeTC.H np.HMa.H d, 
napaJIJieJihHa.H ocn napa6oJion,z:i;a H co,z:i;ep)Ka-

m;a.H ToqKy K ( - ~, - ~, 0) IIJIOCKOCTH Oxy. 

9Ta rrp.HMa.H d Ha3hrnaeTC.H dua.Mempo.M aJIJIHn

nrqecKoro rrapa6oJioH,z:i;a, conp.R;JfCenn'bl.M na
'l'i'.1ionnou nJ1,ocr.:ocmu Ax+ By+ Cz + D = 0. 

ffraK, dUa.Memp napa60JtOUda COdep;JfCUm ce
pedU'J-i'bl eeo xopa, napaJ/,J/,eJt'btt'btX nJtoc1wcmu 7r, 

z 

y 

x 

PHc. 76 

'lie napaJ/,J/,eJt'b'liOU ocu napa6oJtouaa. CJie,ll;OBaTeJibHO, O'li coaepa1eum v,enmp'bl 
S 3J/,J/,uncoe ecex ce"{e'/iuu 3J/,J/,unmu"{ecr.:020 napa6oJtouaa, nJtoc1wcm.R.Mu, 
napaJ/,J/,eJt'b'li'bl.MU nJtocx;ocmu 7r (pnc. 76). 

§ 40. I'unep60J1,u'llec'K',uu napa60J1,oua 

40.1. Ceqemu1 H Q>opMa runep60JrnqecKoro napa6oJIOH,lJ,a. I'u
nep60J1,U"tecx;U.M napa6oJtouao.M Ha3hrnaeTc.H KBa,z:i;pnKa, HMerom;a.H a¢¢nH

Hoe KaHOHH'IeCKOe ypaBHeHHe 

x 2 -y2 = 2z. (IV.31) 

BMecTe c Ka)K,ll;oil: TOqKoil: (x, y, z) aToMy ypaBHeHHIO y,z:i;oBJieTBOp.HIOT H Toq

KH (± x, ± y, z) npn Jiro6hIX KOM6nHaIJH.Hx nJirocoB H MHHycoB. CJie,z:i;oBa

TeJihHO, napa6oJIOH,ll; KOCOCHMMeTpnqeH OTHOCHT8JlhHO IIJIOCKOCTeil: Oxz H 

Oyz H OTHOCHTeJihHO ocH Oz. HaqaJio Koop,lJ;HHaT Ha3hrnaeTc.H eepwunou 
rnrrep6oJinqecKoro rrapa6oJion,z:i;a, ocb 0 z ~ ero OC'b'IO ( CHMMeTpHH). 
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IlJiocKocTII Oxz II Oyz nepeceKaIOT napa6oJion.n; no napa6oJiaM 

{ 
x 2 = 2z, 

y=O; { 

y 2 = -2z, 

x=O, 
(IV.32) 

KOTOphie Ha3hmaroTca ero Ma6tt'bwu napa6o.!l.a.Mu. CeqemrnMII napa6oJIOH

.n;a nJIOCKOCT5£MH z = h ( h I= 0) 5£BJ15£IOTC5£ rIInep60Jihl 

{ 

x 2 -y2 = 2h, 

z=h. 

9To - ypaBnenna ,ll;BYX ceMeHCTB conpa2KeHHhIX ( coaCIIMnTOTH'1eCKHX) rn
nep6oJI: npn h > 0 IIX .n;eii:cTBHTeJihHhie OCH napa.n.JieJihHhl ocn Ox, a npII 

h < 0 OHII napaJIJieJihHhI ocII Oy. 
Koop,n;IIHaTnaa nJIOCKOCTh z = 0 pacceKaeT napa6oJioII,n; no ,n;ByM rrpaMhIM 

{
x+y=O, 

z=O; {
x-y=O, 

z=O. 
(IV.33) 

Ceqenna nmep6oJmqecKoro napa6oJIOH,ll;a nJIOCKOCT5£MII y = kx cyTh napa-

6oJihl 

{ 
(1 - k 2 )x2 = 2z, 

y=kx 

npH k "/=± 1 n Ta 2Ke napa npaMhIX (IV.33) npII k =± 1. 
Ana.n.orIIqno aJIJIIIIITIIqecKoMy napa6oJioII.n;y ;mnep6o.!l.u<tec'X:uu napa60-

,11,oua o6paayemc.a nepettocoM oattou ua 2.!l.a6tt'btX napa6o.!I. (IV.32) ma-x;, <tmo 
ee: 6epw,utta C'X:o,11,'baum no i)pyeou napa6o.!l.e, npu amo.M. napa6o.!l.'bt ,11,e:J1Cam 
6 paatt'btX n.!l.OC'X:ocm.ax, aux ocu ttanpa6,11,ett'bt npomu6ono,11,o:J1Ctto. B pe3yJih

TaTe o6pa3yeTC5£ Ce,ll;JI006pa3Ha5£ noBepxHOCTh (pHc. 77). 

Pnc. 77 
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,Il;Jrn: IlOJIHOTbl KapTllHbl pacCMOTpllM ertje Ce'IeHll.H napa60JIOII,ll;a IIJIOCKO

CT.HMll y =± x + c, napaJIJieJihHbIMll IlJIOCK0CTll y = x llJill IlJIOCKOCTll y = -x. 
HcKJIIO'IIIB rrepeMeHHyro y II3 ypaBHeHIIH xz - yz = 2z II y = x + c, noJiy

'IIIM ypaBHeHIIe 2z = -2cx - CZ' a llCKJIIO'IllB y ll3 ypaBHeHIIii x 2 - y2 = 2z ll 
y = -x + c, IlOJIY'IllM ypaBHeHIIe 2z = 2cx - CZ. 9TO 03Ha'IaeT, 'ITO np.HMa.H 

{
y=x, 

2z = -2cx - c
2

, 

napaJIJieJibHa.H IlJIOCKOCTll y = x, Jie)KllT Ha napa60JIOH,D;e, TaK)Ke KaK ll np.H-

{

y = -x, 

2z = 2cx -cz, 

rrapaJIJieJihHa.H IIJIOCKOCTll y = - x. 

40.2. ,Ll;HaMeTpaJihHhie IlJIOCKOCTH H )J;HaMeTphl rHnep60JIH'Ie
CKoro napa6oJioH.n;a. Bo3hMeM BeKTop f= (o:, /3, "f), He napaJIJieJihHhiii: HII 

o,n;Hoii II3 nJIOCKOCTeii y =± x (/3 f± o:, o:z - {Jz f 0). IlpII noJIHoii aHMornn 

c n. 39.2 MO)KeT 6bITh ,n;oKa3aHa cJie,n;yrom;a.H TeopeMa. 

TeopeMa. MttoJ1Cecm60 cpedttux mo'l{,e'/f. (X, Y, Z) xopd ;mnep6MU'l/,eC'/f.o
zo napa6o.f/,OUda, napa.f/,.f/,e,//,'b'li'btX 6er;;mopy r, nputtad,//,eJ1Cum n.f/,ocr;;ocmu 

o:X - {JY - "! = 0. (IV.34) 

YKa3aHHa.H IIJIOCKOCTb Ha3bIBaeTC5I aua.MempM'b'liOU n.f/,OC'X:OCm'b'IO napa-

6oJIOll,D;a, conpRJICE'li'liOU 6e'K',mopy r. 
Ilpo,n;OJI)Ka5I aHaJIOI'llIO c 3JIJillIITII'IeCKllM napa6oJIOll,lJ;OM, paccMOTpHM 

MHO)KeCTBO BeKTOpOB r = (o:, (3, "f), napaJIJI8JlbHbIX 3a,n;aHHOii IlJIOCKOCTll 

Ax+ By+ Cz + D = 0 (Cf 0), He napMJieJihHOii ocII rrapa6oJioII,n,a. 9To 

MHO)KeCTBO xapaKTepII3yeTC5I ycJIOBlleM 

Ao:+ B/3 + C"f = 0, o:z - f3z f 0. (IV.35) 

HcKJIIO'IHB napaMeTphI o:, (3, "! II3 ypaBHeHIIii (IV.34) II (IV.35), npnxo,n,IIM 

K ypaBHeHII5IM 

A X=-
C' 

KOTOpbre onpe,n;emrroT rrpaMyro d, napaJIJieJibHYIO ocn rrapa6oJioR,n;a. Otta 

Ha3hIBaeTc.H dua.Mempo.M napa6o.f/,ouiJa, conp.H)KeHHhIM nJIOCKOCTaM, rrapaJI

JieJihHhIM IIJIOCKOCTII Ax+ By+ Cz = 0 (Cf 0). 
,Il;naMeTp napa6oJion,n,a co,n;ep)KIIT 1leHTpbI rIInep6oJI, no KOTOphIM conpa

)KeHHb1e eMy IlJIOCKOCTll nepeceKaIOT rIInep60JIII'IecKIIH napa60JIOH,lJ;. 
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40.3. IlpsiMOJIHHeiiHhle 06pa3y10ru;ue runep6oJIH"<JecKoro napa-
6oJiouµ;a. IIoKalKeM, 'ITO rnnep6oJinqecKnii rrapa6oJion,n; .HBJUieTC.H JIHHeii

•mToii KBaron1Koi1. YpaBHemie (IV.31) x 2 
- y2 = 2z npe,n;cTaBHM B Bn,n;e 

( x + y) ( x - z) = 2z 

H paCCMOTpHM ,n;se CHCTeMbl ypaBHeHHii 

{ 
u(x + y) = v, 

v(x - y) = 2uz; { 
u(x + y): 2vz, 
v(x-y)-u, 

r,n;e u, v - napaMeTphl, npnHHMa10m;ne JII06bie ,n;eiicTBHTeJibHbre 3Haqemrn, 

He paBHbre Hymo o,n;HoBpeMeHHO. OrrycKaa ,n;oKa3aTeJibCTBa ( 'fHTaTeJib Mo

:lKeT rrpoBeCTH HX caMOCTO.HTeJihHO no aHaJiorHH c ,ll;OKa3aTeJihCTBaMH Teo

peM H3 §38), rrpnBe,n;eM JIHIIIh pe3yJihTaTbI. 

Ka:lK,n;a.H H3 3THX cncTeM rrpn ¢nKcnpo:aaHHhrx 3Haqemrnx u H v onpe,n;e

mrnT rrpaMyIO JIHHHIO, IlOJIHOCTbIO Jie)Ka:m;yro Ha rnrrep60JIH'feCKOM rrapa6o

JIOH,rt;e. IIporropIIHOHa.TihHhIM napaM 3Ha'!emrli napaMeTpOB OTBe'!aeT o,n;Ha n 

Ta )Ke np.HMa.H. Ilpu BCeB03MO)KHbIX 3Ha'IeHH.HX napaMeTpOB 3THMH CHCTe

MaMH onpe,n;eJI.HIOTca ,n;:aa ceMeiicTBa ( cepnn) npHMOJIHHei1HhIX o6pa3yrom;nx 

runep6oJIH'!ecKoro rrapa6onon,n;a. 

IlepBoe ypaBHemi:e rrepBOM CHCTeMbI IIOKa3bIBaeT, 'ITO Bee 06pa3y10m;ne 

3Toro ceMei1cTBa rrapa.rrJieJibHhI nnocKOCTH x + y = 0. BTopoe ypasHeHue 

BTOpoi1 CHCTeMhl TOBOPHT 0 TOM, 'ITO BCe o6pa3yrom;ue ,n;pyroro ceMeHCTBa 

napa.rrneJibHbI IIJIOCKOCTH x - y = 0. 
lhteIOT MeCTO CJieA}'IOlll,IIe TeopeMbl. 
1. qepea .,,,a~ay10 mo""~ zunep60.11,u""ec.,,,020 napa60.!1,ouaa npoxoaum no 

oiJuou u mo.11,'b'/\",O no oanoil 06pa3y10w,ei1 .,,,a~ao20 ce.Meucmea. 
2. Jl106'bte a6e 06pa3y'IOW,Ue pa3'1i'btX CeMeUCm6 nepece'/Ca'IOmC.fl,. 
3. Jl106'bte a6e o6pa3y'IOW,Ue oano20 ce.Meucmea C1',pew,uea10mCJt. 
9TH CBOi1CTBa IIp.HMOJIIIHeHHblX o6pa3yrom;Hx runep60JIH'IeCKOI'O napa6o

JIOH,n;a HJIJIIOCTpnpyIOTCH pHcyHKOM 78. 
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lfa CBOHCTB npRMOmmeiiHhIX o6pa3yIOIIJ;IIX nmep60JIH"IeCKOro napa6o

JIOMlf,a BbITeKaeT TaKoii crroco6 ero o6pa3oBamrn. llycm'b cJa'li'bt mpu nonap
'liO c'X:pe14uBa1014uec.R np.R.M'bte, napa.11,J1,eJlib'li'bte 'lie'X:omopou n.1toc'X:ocmu. To-
2aa .M'lio:JICeCm60 6CeX np.R.M'btX, nepece'K:a1014ux 'K:a{)fCay10 U3 aa'H'l-t'btX mpex 
np.R.M'btX uJtu napQ.fl,Jl,M'b'l-t'btX ocJ'liou U3 'liUX, ecm'b ocJ'iia cepu.R 06pa3y1014ux 
2unep60.1tU"ieC'IC020 napa60JtOUcJa, cJJt.R 'X:OmOp020 mpu aa'li'li'bte np.R.M'bte npu
naaJte{)fCam Bmopoil e20 cepuu np.R.MOJtU'l-teU'l-t'btX 06pMy1014ux. 

§ 41. Kacame.!l'b'H'bte np.R.M'bte u 'K:acame.!l'b'H'bte 
n.!loc'K:ocmu 'K: rx;eaJpurx;a.M 

41.1. KacaTeJibHhJe npRMbie. PaccMoTpeHHbJe KBa.,D;pIIKM 3arrnmeM 

ypaBHeHIIeM, 0606rnaIOIIJ;HM HX KaHOHH"IeCKHe ypaBHeHHR: 

Ax2 + By2 + Cz2 = 2Dz. (IV.36) 

IlpaMaR, IIMeIOru;aa c KBalf,pilKOH ll,B€ COBTiaBmHe o6rn;ue Tff'IKII IIJIM TIOJIHO

CTblO npIIHa,n;Jie:JKarn;aa KBa,n;pIIKe, Ha3bIBa€TC5i 'X:acameJt'b'l-tOU np.R.MOU K 3TOH 

KBall,pIIKe ( B ll,BOHHOH TO'!Ke). 

Haiill,eM KOOplJ,IIHaTHoe ycJIOBIIe KacaHIIR npRMo:ii £ 

x = x0 +at, y =Yo + {3t, z = z0 + -yt (IV.37) 

c KBa,n,pIIKOit (IV.36) B TO'IKe M 0 (x0 , y0 , z0 ), rrpIIHa.n,Jie:lKaru;efi KBa.n,pIIKe F. 
BhrrrOJIHIIB no,n;cTaHOBKII (IV.37), noJiyqaeM ypaBHeHIIe 

r,n;e 

Pt2 +2Qt+R=O, 

P = Aa2 + B{32 + C-y2
, 

Q = Axoo: + By0 {3 + (Cz0 - D)'Y, 

R =Ax~+ By6 + Cz6 - 2Dzo = 0. 

IloaTOMY ypaBH€HIIe (IV.38) npIIHIIMaeT BII,LJ; 

t(Pt + 2Q) = 0. 

(IV.38) 

Ero KopHIO t = 0 OTBwmeT o6IIJ,aR TO'!Ka M 0 npaMoll: £ H KBa,n;pIIKM. Ec-
2Q 

JIM p # 0, TO BTOpoil: KOpeHb 3TOro ypaBH€HH.H paBeH ---p .. Ilpn p = Q = 0 
ypaBHeHIIe y.n,OBJI€TBOp5i€TCR npH Bcex t, T. e. npaMaa £ rrpMHa,LJ;JI€:lKMT KBa,n;

prrKe. B cJiyqae P = 0, Q # 0 ypaBHeHIIe Pt+ 2Q = 0 He nMeeT pemeHIIil:: 

rrp.aMaR £ MMeeT c KBall,pIIKOH e,n,IIHCTBeHHYIO 06IIJ,y10 TO'IKY Mo. 
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EcJill Pf. 0 rr Q = 0, TO KOpHH ypaBnenm1 t(Pt + 2Q) = 0 coBrra,n;aiOT, 

T. e. n p H M a H £ HMeeT c KBa,D;PHKOfi .n;se COBIIaBmHe o6m;He TO'IKII - HB

JIHeTCH K a c a T e JI h H 0 tt K K B a ,n; p H K e. 

B paBeHCTBe Q = Ax0 o: + By0 {3 + (Cz0 - D)'-y = 0 'IHCJia o:,{3,"f MO:>KHO 

paccMaTpirnaTb KaK nepeMeHHbie BeJIII'IHHhI - napaMeTpbI. Ilo3TOMY KBa,11;

pHKa nMeeT 6ecKotte'IHO Mttoro KacaTeJihHhlX rrpHMhIX B ,n;annott TO'!Ke M0 • 

cho ypaBHettne rOBOpHT 0 TOM, 'ITO BeKTOpbl KacaTeJibHhIX Ilp5IMhIX JIIIHefi

HO 3aBncnMbI, T. e. KoMrrJiaHapHbI, a ece -x:acame.J1,'b'H'ble npJ£M'bte npuuaaAe
~am oauou nAOC'l(;OCmU. 

41.2. KacaTeJlbllbie nJ1ocKOCTH. IlJIOCKOCTh, co,n;ep)Kam;asi: MHO)l(e

CTBO BCeX KaCaTeJibHbIX Ilp5IMbIX K KBa.n;pHKe B ,n;aHHOfi ee TO'IKe, Ha3bIBaeTC5I 

'l(;UCamM'b'liOU n.tWC'l(;OCm'b'/O K KBa)l;pHKe B 3TOH TO'IKe. 

EcJIH x, y, z - KOop,n;1maTb1 rrpon3BOJihHOfi TO'IKH KacaTeJibllOfi nnocKo

cTn:, TO a = x - x0 , /] = y - y0 , 'Y = z - z0 • ITo3TOMY ycJIOBHe Q = 0 KacaHHH 

rrpHBO)l;HT K ypaBHemno KaCaTeJibHOfi IlJIOCKOCTH 

Axo(x - xo) + Byo(Y - Yo)+ (Czo - D)(z - zo) = 0. 

EcJin yqecTb, 'ITO Ax~+ By~+ Cz5 = 2Dz0 (npnHa,n;Jie:>KHOCTb TO'IKH M0 

KBa,n;pnKe (IV.36)), TO ypaBHeHne KaCaTeJibHOH IlJIOCKOCTH npnMeT OKOH'Ia

TeJibHbIH BH)l; 

Ax0 x + Byoy + Czoz = D(z + zo)· 

ITo.n;cTanJIHa B 3TO ypaBtteHne BMecTo A, B, C, D cooTBeTCTBeHIIO K0-

3¢¢nI1neHThI KaHOHH'IeCKHX ypasnemrtt Ksa,n;pnK, IIOJiyqaeM CJie)l;yIOll!YIO 

Ta6JIHIJY ypasnemdi KaCaTeJihHbIX IIJIOCKOCTeH K KBa,n;pnKaM, 3a,n;aHHbIM Ka

HOHH'IeCKHMH a¢¢nHHbIMH ypasHeHH5IMH. 

N~ YpaBnenne KacaTeJihHOH YpaBHe11ne Ksa.n;pnKH 

IlJIOCKOCTH 

1 x2 + Y2+z2=1 XoX + YoY + zoz = 1 
2 x2 + y2 - z2=1 XoX + YoY - zoz = 1 
3 x2 + y2 - z2 = 0 XoX + YoY - zoz = 0 
4 x2 + y2 - z2 = -1 XoX + y0 y - zoz = -1 
5 x2+y2=1 x 0 x + y0 y = 1 
6 x2-y2=1 XoX -YoY = 1 
7 y2 =2x YoY = x + Xo 
8 x2 + y2 = 2z XoX + YoY = Z + Zo 
9 x2 -y2 = 2z XoX - YoY = z + Zo 
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3ap;a1:Ia. ,Il,oKa3aTh, qTo BC.HKa.H Kacao/eJihHa.H IlJIOCKOCTb K OfVIOIIOJIOCT

HOMY nmep60J10H,ey ( nmep6oJIHqecKoM}" IIapa6oJioH,rry) co,n;ep)KHT ,n;Be ero 

IIp.HMOJIHHefiHbie o6pa3yIOIII,He. 

p e Ill e H H e. 3a,n;a,n;HM o,n;HOIIOJIOCTHbIH nmep60JIOH,ll; acptj)HHHhIM Ka-

HOHHqeCKHM ypamieHHeM x 2 + y2 - z 2 = 1. Tor,n;a KacaTeJibHaa ITJIOCKOCTh 

K HeMy B ToqKe M0 (x0 , y0 , z0 ) (x6 + Y6 - z6 = 1) HMeeT ypaBHeHHe x0 x + 
+ y0 y- zoz = 1. 06pa3y10III,He rm1ep6onoH,n;a, npoxo,n;HIII,He qepe3 9TY TO'!Ky, 

3aIIHCbIBaIOTC.H ypaBHeHH.HMH (§38, TeopeMa 1) 

{ 
(1 + Yo)(x + z) = (xo + zo)(l + y), 
(xo + zo)(x - z) =(I+ Yo)(I - y); 

{ 
(1- Yo)(x + z) = (xo + zo)(I -y), 
(xo + zo)(x - z) = (1 - Yo)(l + y). 

HanpaBJI.HIOill,Hfi BeKTOp o6pa3yIOIII,efi IIepBoro ceMeficTBa HMeeT Koop,n;HHa

ThI v 2 - u 2 ' 2uv' v2 + u 2 ' KOTOpbie B ,n;aHHOM cnyqae paBHbl COOTBeTCTBeH

HO qHcJiaM (xo + zo) 2 
- (1 + Yo) 2

, 2(1 + Yo)(xo + zo), (xo + zo) 2 + (1 + Yo) 2
. 

IlpoBep.aeM BhIIIOJIHHMOCTb ycJIOBH.H rrapaJIJieJibHOCTH 9TOro BeKTopa Kaca

TeJibHOH IlJIOCKOCTH: 

xo((xo + zo) 2 
- (1+Yo)2)+2yo(l + Yo)(xo + zo) -

- zo((xo + Zo)
2 + (1 + Yo) 2) = (xo + zo)(x~ + Y6 - z6 - 1) = 0. 

AHanornqHo npoBepaeTca, 'ITO 06pa3y10III,a.H BTopofi cepHH Jie)KHT B Kaca

TeJibHOH IlJIOCKOCTH. 

3a,n;aqa acpcpHHHOH KJiaCCHcpHKan;1m KBa,n;pHK COCTOHT B TOM, qTo6hI yKa-

3aTh B c e TaKHe KJiaCCbI KBa,n;pHK, qTo JII06ble ,Il;Be KBa,Il;pHKH H3 o,n;Horo 

KJiacca a¢¢HHHO 9KBHBaJieHTHhI, a JII06bJe ,n;Be KBa,n;pHKH, np1rna,n;Jie)KaIII,He 

pa3HhIM KJiaccaM, acpcpHHHo He9KBHBaJieHTHhI. KJiaccbI KBa,n;pHK, 06Jia,n;a10-

Ill,He 9THM CBOHCTBOM, Ha3hIBaIOTC.H atfxfiutt'H/blMU 'X:.J!accaMU KBa,n;pHK. 

"llHCJIO qJieHOB KBa,n;paTHqHoM ¢opMbI B KaHOHHqecKOM ypaBHeHHH KBa,n;

pHKH Ha3hIBaeTC.H pattWM KBa.n;paTHqHo:!1 ¢opMbI H COOTBeTCTBYIOIII,eii: KBa,n;

pHKH. 

A¢¢nttHoe IIpeo6pa3oBaHne IIpocTpaHcTBa 3a,n;aeTca ,n;ByM.a ero perrepa

MH. ,Il,aHHa.H TOqKa H ee 06pa3 Ilpll acpcpHHHOM rrpeo6pa30BaHHH B COOTBeT

CTBeHHhlX penepax HMeIOT paBHhle COOTBeTCTBeHHbie KOOp,IJ;HHaTbI. 0Tcro,n;a 

CJie,rryeT Ba)f(HhlH BhIBO,n;: .J!106'bte aee aifxjjUttttO 9'X:6U6a.J!ettmtt'bte 'X:Bai}pu'X:U 
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u.Mewm e coomeemcmeentt'btX penepax oaunax:oe'bte ·1wttottu"tecx:ue ypaene

nuR, H o6paTHO, x;eaqJUt;;U C oauttaX:08'btMU aifxfiutt'H'bt.MU X:attOttU"teCX:U.MU 

ypaGttettUR.MU aifxfiuntto 3X:euea.tiettmtt'bt. CJie,n;oBaTeJibHO, X:GacJput;;U, u.Me'IO

~ue pa3,//,U"ttt'bte x:attottu"lecx:ue ypaettettuR, aifxfiuutto ue3t;;euea,//,ettmu'bt. 

Y'!HTbrnaa B03M0:11rny10 3aMeay 3HaKOB B ypasaeHnn, MO:IKHO aarmcaTb 

Bee pa:IBH'IHbie KaHOHH'!ecKne ypasuemrn KBa,n;pMK paHroB R = 3, 2, 1. 
A¢¢nHHaa KJiaccn¢nKaI1HH KBa,D;pHK TpexMepHoro npocTpaHCTBa MO

:IKeT 6bITb npe,n;cTaBJreHa cJie,n;yrom;eii: Ta6Jrnl1eii. 

N~ R KaHOHH'lecKoe Ha3BaHne (¢op Ma) KBa,n;pIIKH 
ypaBHeHHe 

1 3 x2 + y2+z2=1 3JIJIHilCOH,ll; 

2 3 x2 + y2 + z2 = -1 MHIIMbii!: 3JIJIIIIICOII,ll; 

3 3 x2 + y2 - z2=1 O.D;HOilOJIOCTHbii!: rIInep60JIOH,n; 

4 3 x2 + y2 - z2 = -1 ,n;synOJIOCTHbIH rmrep60JIOII,ll; 

5 3 x2 + Y2 - z2 = 0 KOHYC BTOporo nopa,n;Ka 

6 3 x2 + y2 + z2 = 0 MHIIMblii KOHyC 

7 2 x2 + y2 = 2z 3JIJIIIIlTII'leCKHH napa60JIOII,ll; 

8 2 x2 -y2 = 2z rIInep6oJIII'lecKIIiinapa6oJioII,n; 

9 2 x2+y2=1 3JIJIIIIITII'leCKIIH 1IIIJIIIH,ll;p 

10 2 x2-y2=1 rIInep60JIH'leCKHHI1lIJIHH,n;p 

11 2 x2 + y2 = -1 MHIIMbl:ii 1llIJIIIH.D;p 

12 2 x2 + y2 = 0 napa MHIIMhIX IlJIOCKOCTeH 
c o6m;eli ,n;elicTBIITeJibHOi!: npaMO:ii 

13 2 x2 -y2 = 0 napa nepeceKaIOIIIHXCH IlJIOCKOCTeli 

14 1 x2 =2y napa60JIII'l€CKHii: I1IIJIHH,ll;p 

15 1 x2 =1 napa napaJIJieJibHhIX IlJIOCKOCTeii 

16 1 x2 =0 C,IJ;BOeHHaH IIJIOCKOCTb 

17 1 x2 = -1 rrapa MHIIMbIX napaJIJieJibHbIX 
IIJIOCKOCTeii: 

Kattottu"tecx:u.Mu ypaeuettU.R,.MU 1-17 onpeaMRwmcR e c e 17 'ICJl,accoe 

x:aac1pux: mpexMepnow npocmpancmaa. 

c TO'IKH 3peHIIH ,n;eikTBHTeJibHOrO npocTpaHCTBa, MHHMbIH Konye (6) 
rrpe,n;CTa13JIHeT co6oii O,ll;Hy TO'IKy, rrapa MHIIMhIX IlJIOCKOCTefi (12) - o,n;Hy 

npaMy10, a MHIIMbitt 3JIJIIIIICOH)l; (2), MHHMhlii IIHJIIIH,ll;P (11) II napa MHII

MbIX napaJIJieJibHhIX nJIOCKOCTeii (17) - rrycThle MHO)}WCTBa. YKa3aHHbie IIX 

Ha3Baum1 o6ycJIOBJ1€Hhl CXO:/KeCTblO HX KaHOHH'IeCKIIX ypasuenntt c ypaBHe

HHHMH COOTB€TCTBYIOID;IIX ,n;eiiCTBHTeJibHhlX KBa,n;pHK. 
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IV .1. Ham1m1ue ypaBHemrn IJ;HJIHH,n;pHqecKoli KBa,n;pHKH, co,n;ep)Kam;eil: 

TOqKH (1, 0, -1) H (2, 0, 2), ecJIH IIJIOCKOCTH x + 2y + z = 0 II x - z = 0 HB

JUIIOTCH IIJIOCKOCTHMH ee KOCOfi CHMMeTpHH, a rrpm.mH HX rrepeceqeHHH -

OCbIO KOCOit CHMMeTpHH rrapaJIJieJibHO KOOp,!l;HHaTHOli IIJIOCKOCTH Oyz. 
IV.2. IIapa6oJIHqecKHli IJ;HJIIIII,n;p rrpoxo,n;HT 'Iepe3 ,n;Be ToqKH (1, 1, 1) 

H (1, -1, 1), ero 06pa3y10m;He rrapam1eJibHhI rrpHMOil: x = t, y = t, z = -2t, a 

IIJIOCKOCTb x + y + z = 0 HBJUieTCH IIJIOCKOCTbIO ero KOCOii: CHMMeTpHM B Ha

rrpaBnemm p = (1, 1, 1). HarrHmnTe ypam1eHne 3Toro IJ,HJIHn,n;pa. 

IV.3. KoHyc 3a,ll,aH ypaBneHHeM x 2 + y2 - z2 = 0. HarrHmHTe ypaBnenHe 

IIJIOCKOCTH, npoxo,n;gm;e:ii qepe3 TOqKH (0, -2, 2) H (-1, 0, 0) H rrepeceKaIOm;eit 

9TOT KOHYC ITO rrapa6one. 

IV.4. HammmTe ypaBueuue Konyca c BepmHHOH (1, 0, -1), co,n;ep)Kam;e-

ro KpHBYIO 

{ 
x2 + y2 - z2 = 0, 

x+y=O. 

IV.5. Ilpu KaKOM ycnoBHH nnocKOCTh Ax+ By+ Cz = 0 nepeceKaeT Ko

Hyc x 2 + y2 - z2 = 0 no ,ll,BYM rrpHMhIM? 

IV.6. I1crroJih3YH IIJIOCKHe ceqemrn:, orrpe,ll,eJIHTe Bll,ll, KBa,n;pHK 

z2 = xy n z = xy. 

Ifao6pa3HTe nx B 3afl,aHnoit a¢¢n:uuoi1 CHCTeMe Koop,n;unaT. 

IV. 7. Hati:p;HTe ypaBnemrn Konyca, co,LI,ep)KaII1ero ocn a¢¢nnHo:i1: cncTe

MhI KOOp,LI,HHaT, eCJIH OCh KOHyca HMeeT HarrpaBJI.HIOH1H:H BeKTOp p = (1, 1, 1). 
IV .8. ,Il;oKa:~KHTe, 'ITO TIJIOCKOCTh Ax+ By+ C z + D = 0 KacaeTc.a 3JIJIHTI

cou.n;a x2 + y2 + z2 = 1 TOr,LJ,a n TOJihKO TOr,LJ,a, KOr,LJ,a BbIIIOJimreTCH ycnoBne 
A2 + B2 + 02 =Dz. 

IV.9. Hati:p;HTe ypaBneune Konyca, o6pa3oBaHnoro KacaTeJibHbIMH K SJJI-
2 y2 

JIHIICOH,IJ;y ~ + 4 + z2 = 1, npoxo,IJ;HIII;llMll 'Iepe3 TO'IKY (0, o, 3). 
IV.10. Hati:.n;1ne ypaBHenue KBa,LJ,pnKn, HBJIHIOII1eti:cH o6'be,LJ,HHeHneM 

rrpHMhlX, KacaIOII1llXCH '3JIJillIICOll,LI,a x 2 + y 2 + z2 = 1 H rrepeceKaIOIII;HX rrpH-

Mhle 

{
x=l, 

y=O; { 
x = -1, 

z=O. 

IV.11. ,Il;oKa:lKHTe, qTo KacaTeJihHa:H IIJIOCKOCTb K ,LI,ByrroJIOCTHOMY rn

rrep6onoH.n;y rrepeceKaeT ero acHMITTOTHqecKHti: Konye no 3Jinnrrcy. 

IV.12. ,Il;oKa)lmTe TeopeMhl H3 n. 40.3 o CBOitCTBax rnrrep6om1qecKoro 

napa6onoll,!l;a. 
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IV.13. Haii:,L1,1ne ypasaemrn rrp51MOJJHHeii:HhIX o6p83yrouwx O,Ll,HOIIOJIOCT
x2 yz zz 

HOI'O rnrrep6oJIOH,n;a 4 + 9 - 16 = 1, rrapa.TIJieJibHblX IIJIOCKOCTH 6x + 4y + 
+3z-17=0. 

IV.14. Haii:,n;nTe ypaBHeHmr rrp51MOJrnHeii:HhIX o6p83yIOIIJ,HX nmep60JIH-
2 2 

<JecKoro rrapa6oJioH,D,a ~ - ~ = 2z, napa.TIJieJibHhIX IIJIOCKOCTH 6x + 4y -
- 8z + 1=0. 

IV .15. Haii:,a;HTe Heo6xo,u;HMoe H ,u;ocTaTO'IHoe ycJIOBHe Toro, 'IT06b1 rrJioc

KOCTh Ax+ By+ Cz + D = 0 KacaJiaCb rrapa6oJIOH,LI,a x2 + y2 = 2z. 
IV.16. ITo KaKoit JIHHHH IIJIOCKOCTh x + y- z + 3 = 0 rrepeceKaeT ,LI,Byrro

JIOCTHhI:li: nmep6oJIOH,ll; x2 + y2 
- z2 = -4? 

IV.17. Hait,a;nTe ypaBHeHne rroBepxHOCTH, 51BJIHIOIIJ,eitc51 MHO)KeCTBOM 

rrpHMhIX, rrapaJIJieJibHbIX IIJIOCKOCTH 2x + 3y - 5 = 0 H rrepeceKaIOIIlHX IIpH-

Mbie 
x-6 y z-1 
-3-=2=-1-

IV.18. ,ll;oKa:IKHTe, 'ITO ,n;naMeTpaJihHaH IIJIOCKOCTh O,Ll,HOIIOJIOCTHOro rn

nep6oJion,u;a HJIH rmrep6oJIH'IeCKoro rrapa6oJIOH,LI,a He rrpoxo,LI,HT qepe3 ero 

rrpHMOJIHHeii:HyIO o6p83yIOIIJ,yIO. 

IV .19. EcJin k - JIHHna rrepeceqeHH51 O,LI,HorroJiocTHoro rm1ep60JIOH,LI,a 

'Y ll ero ,n;ttaMeTpaJibHOM IIJIOCKOCTH w, corrpR»<eHHOH ,LI,HaMeTpy d, TO rrpo

eKIJ,HH JII06oii: IIP51MOJIHHeHHOH o6p83yIOIIJ,eM rnrrep6oJIOH,D,a Ha IIJIOCKOCTb w 
B HarrpaBJI€HHH ,u;HaMeTpa d KacaeTCH JIHHHH k. ,ll;oKa)KHTe. 

IV.20. ,ll;oKa)KnTe, 'ITO KacaTeJihHM IIJIOCKOCTh K J.J:BYIIOJIOCTHOMY rn

rrep6oJIOH,Li,Y OTCeKaeT OT ero aCHMIITOTH'IeCKOro KOHyca 'IaCTb IIOCT051HHOro 

o6'heMa. 



f1POEKTI1BHA51 rEOMETPI15I 



I'J1ABA I 

Oc1--l06'bt ieo.Mempuu npoeK:mue1--lou n;wcK:ocmu 

§ 1. Onpeae.JLettue npoe'Jf,mUBttou n.JLOC'Jf,Ocmu 
IloH51THe npoeKTHBHOH IIJIOCKOCTH 6bIJIO BBe,n;eHO ,ll;J151 Toro, 'IT06hI H3-

6aBHTbC51 OT Heo6XO,n;HMOCTH pa3JIH'IaTh B IIJiaHHMeTpHH CJiy'IaH napaJI

JieJibHblX H nepeceKaIOID;HXC51 IIp51MbIX, T. e. IIOJIHOCTbIO OCB06o,n;HTbC51 OT 

IIOH51TH51 napaJIJieJibHblX np51MbIX. ,Ii,J151 3Toro npHIIIJIOCb paccMaTpHBaTh 

napaJIJieJibHhie npHMh1e KaK npHMhie, nepeceKarorn;neca B «6ecKoHe'IHO y.n;a

JieHHOii:», HJIH «Heco6cTBeHHOii:» TO'IKe. TaKoe corJiameHne ,ll;OJI:>KHO 6b1Th 

TO'IHO OIIHCaHo MaTeMaTH'IeCKH. c 3TOH IIeJibIO HaM npn,n;eTC51 OCBo6o,n;HTbCH 

OT IIpHBbl'IHblX npe,n;cTaBJieHHH 0 IIJIOCKOCTH H IIpHHHTb CJie.n;yrom;ee aKCHO

MaTH'IeCKOe onpe,n;eJiemre IIOHHTH51 npoeKTHBHOii: IIJIOCKOCTH. 

Orrpep;eJieHHe. Ilpoe'X:mU6'/tou n.1wc'X:ocm'b10 Ha3h1BaeTca MHO:>KeCTBo, 

3JieMeHTbl KOToporo HMeHyIOTCH mo"l'X:a.Mu, eCJIH B HeM BbI,ll;eJieHbl onpe,n;e

JieHHhie IIO,ll;MHO:>KeCTBa, HMeHyeMbie np.R.M'bt.MU, TaKHe, 'ITO BbIIIOJIHHIOTCH 

cJie.n;yrorn;ne a K c H o M bl. 

II1• ,Ii,JIH JII06hIX ,n;Byx pa3JIH'IHhIX TO'IeK cym;ecTByeT e,n;HHCTBeHHa51 co

.n;ep:>Kam;ag HX npRMaH. 

II2 . Jlro6bie ,n;Be pa3JIH'IHhJe npHMbie HMeIOT e,n;HHCTBeHHyro o6m;yro TO'IKy. 

II3 . Cym;ecTBYIOT 'IeTbrpe TO'IKH, HHKaKHe TPH H3 KOTOpbIX He npnHa,n;

Jie:>KaT 0,ll;HOM np51MOii:. 

IlpRMaR npoeKTHBHOii: IIJIOCKOCTH Ha3hIBaeTCH TaK:>Ke npoe'X:mU6'/WU np.R
.MOU. AKcHOMhI II1, IT2 , IT3 rrpoeKTHBHoii: IIJIOCKOCTH 6y,n;eM Ha3bIBaTb a'X:cu
O.Ma.Mu nputtaOJ1,e:>1Cttocmu rrpoeKTHBHOH reoMeTpHH IIJIOCKOCTH. 

TeopeMa. Ilpoe'X:muetta.R np.R.Ma.R cooep:>1eum no 'X:pailttei1 .Mepe mpu 
mO"l'X:U. 

,II, o Ka 3 a Te JI h c TB o. IlycTb A, B, C, D - 'IeThrpe TO'IKH, Hn:KaKn:e 

TpH H3 KOTOpbIX He Jie:>KaT Ha O,n;HOM IIpRMOM (aKCHOMa IJ3), H nycTb (AB) n 
n (CD)= M, (BC) n (AD)= N, (AC) n (BD) = P (aKcHoMa IT2). Ifa Toro, 

'ITO mecTh rrpaMhix AB, CD, BC, AD, AC, BD pa3JIH'IHhI, cJie.n;yeT, 'ITO 

TO'IKH M, N, P pa3JIH'IHhI H OTJIH'IHhI OT TO'IeK A, B, C, D. Ka:>K,n;aR H3 

yrrOMHHYTbIX rrpHMbIX co.n;ep:>KHT no Kpaii:Heii: Mepe TpH TO'IKH. ,Ii,aJiee, eCJIH 

rrpOH3BOJibHa51 rrpaMa51 £ He co.n;ep:>KHT TO'IKY A, TO OHa nepeceKaeTc51 c npR

MhIMH AB, AC, AD B Tpex pa3JIH'IHhIX 'l'O'IKax (aKcuoMa II2). Ecnn: £ He 

co.n;ep:>KHT TO'IKY B, TO oHa rrepeceKaeT rrp51Mhie BA, BC, BD B Tpex pa3-

JIH'IHhIX TO'IKax. 8THM MHO:>KeCTBO Bcex npHMbIX rrpoeKTHBHOii: IlJIOCKOCTH 

rroKa ucqeprraHo. D 
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CJieACTBHe. Cyw,ecmBywm 'l/,em'btpe np.n.M'bte, xu1.:a1we mpu ua iwmo
p'btX 'Ii£ coaep:J1Cam o6w,eu m0"-/,1\:U. 

,l],eiicTBHTeJJbHO, TaKOBhIMH .HBJUnOTC.H np.HMbre AB, BC, CD, DA. 
,ll,aHHbIM Bbime onpe,n;eJJeHHeM OXBaTbIBaIOTC.H II TaKHe npoeKTHBHbie 

IlJJOCKOCTH, KOTOpbre co,n,ep:a<:aT KOHe'IHOe 'IHCJ10 (ttanpnMep, ceMb) TO'IeK. 

OttH H83bIBaIOTC.H 'IW'lie'l/,'li'bl.MU npoenmuB'H'bt.MU nJ1,ocnocm.n.Mu. 

Pnc. 1 

<I>nrypa, o6p830BaHHa.H 'I€TblpbM.H TO'I

KaMH A, B, C, D, HHKaKHe TPH Ir3 KoTo

pbIX H€KOJIJIHHeapHbI, Il meCTblO rrp.HMbIMH 

( cmopoua.Mu) AB, BC, CD, DA, AC, BD, 
Ha3hrnaeTc.a nO/l,'li'bl.M 'l/,em'btpexBepwuxxu-
1\:o.M ('IeThrpexyroJJbHHKoM) ABCD. Ilp.a

Mbre AB Ir CD, BC II AD, AC II BD Ha-

3bIBaIOTC.H ero npomu6onoJ1,oJ1C'H'bl.MU cmo
poxa.Mu, TO'IKH M, N, P nepece'IeHH.H ero 

UpOTHBOilOJ10)f(HbIX CTOpOH - aua20'/iaM1-
U'bl.MU mo"-/,1\:a.Mu, np.HMbre MN, MP, NP
aua2011,aJ1,Ji.MU IlOJ1HOrO '!eTbipeXBepmHH

HHKa ABCD (pHc. 1). 
Il4 (aKcHoMa ct>atto). ,4ua2011,aJ1,'b1t'ble 

mo'l/,1W no/1,11,020 'l/,em'btpexBepwU'lmU'lca ue'ICo.!t.lluHeapu'bt. 
AKcHoMa <I>aHo HCKJIIO'IaeT cyrn;ecTBOBaHHe KOHe'!HbIX npoeKTHBHhrx 

nJJOCKOCTe:it. KpoMe y)Ke nMeIOrn;HXc.H ceMn TO'IeK H ,n,eB.HTH np.aMhIX, B03HH

KaIOT HOBbl€ TO'!Klf nepeceqeHH.H np.HMblX H HOBbie np.HMbie. 3a C'IeT 3Toro 

'IHCJ10 TO'IeK If np.HMbIX npoeKTHBHOH UJ10CKOCTH HeorpaHH'IeHHO yBeJJH'Ill

BaeTC.H. 

§ 2. KJ1,accu"iec'Kue .ModeJ1,U npoe'Kmumwu 
nJl,OC'Kocmu. ~eucmBumeJl,'b'l-la.R 
npoe'Km UB'l-la.ft nJ1,0C'Kocm 'b 

Ilo,n,qepKHeM ern;e pa3, 'ITO no onpe,n,eJJeHHIO npoeKTHBHa.H IlJ10CKOCTb 

MblCJ1llTC.H a6cTpaKTHO KaK B c 5I K 0 e MHO)KeCTBO, y,n,oBJJeTBOp.Hiorn;ee aK

CHOMaM Il1, II2 , Il3 . Moae/l,'b'/O ( uxmepnpemav,ueu) npoeKTHBHO:it nJJocKOCTH 

Ha3hIBa€TC.H K 0 H K p e T H 0 e MHO)K€CTBO 06'beKTOB1 Y,IJ,OBJieTBOp.HIOID;ee ee 

onpe,n;eJieHHIO. 

,Ii,JJ.H nocTpOeHH.H HeKOTOpo:it MO,IJ,eJIH npoeKTHBHOH IlJIOCKOCTll Ha,n,o y,n;aq

HO no,n,o6paTb Tpe6yeMOe MHO)K€CTBO, onpe,n,eJIHB nomITll5I «TO'!Ka>-> ll «np.H

Ma.H», ll npoBepHTb BbIIlOJIHHMOCTb aKCHOM npHHa,IJ,JI€2KHOCTH. 
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Cyrn;ecTBOBaHHe rrpoeKTHBHOH IIJIOCKOCTH ,n;oKa3hIBaeTc.a rrocTpoeHHeM 

XOTH 6bl 0,Il;HOH ee MO,Il;eJIH. 8THM JKe ycTaHaBJIHBaeTC}! H HeIIpOTHBOpeqH

BOCTb rrpHHHTbIX aKCHOM. 

PaccMOTpHM ,ll,Be Mo,n;eJIH rrpoeKTHBHOli IIJIOCKOCTH, rroJiyqenHhie ncTopn

qecKH BMeCTe c pa3BHTHeM rrpoeKTHBHOii reoMeTpHH. 

2.1. CBSI3Ka npBMbIX a<i><i>HHHoro TpexMepHoro npocTpaHcTBa 
KaK Moµ;eJib npoeKTHBHoA IlJIOCKOCTH. PaccMoTpHM MHoJKeCTBO Bcex 

rrp.aMbIX a<t>qmHHOrO rrpocTpaHCTBa, co,n;epLKalilHX TOqKy s (IJ,eHTp CBH3KH), 

H rrepeHMeHyeM ee o6'beKTbI TaK: rrp.aMa.a CBH3KH - «TOqKa», 110,Il;MHOLKeCTBO 

Bcex rrp51MbIX CBH3KH, rrpHHa,n;JieLKarn;nx O,Il;HOH IWOCKOCTH, - «IIp.aMa.a». 

Tor,n;a «TOqKa» rrpHHa,n;JieLKHT «rrp.aMoii», ecJIH cooTBeTCTBeHHO B cB.a3Ke 

rrp.aMaH rrpHHaAJieLKHT llJIOCKOCTH. 

JlerKO BH,n;eTb, qTO rrpH TaKHX corJiarneHHHX BhIIIOJIH}!IOTC51 BCe TPH aKCH

OMbl rrpoeKTHBHOH IIJIOCKOCTH. ,ll;eiicTBHTeJibHO, 1) TaK KaK B CB.H3Ke JII06bie 

,n;Be pa3JIHqHbie npHMhie npHHaAJ!eLKaT e.n;1rncTBeHHOii IIJIOCKOCTH CBH3KH, TO 

JII06bie ,n;Be pa3JIJiqHble «TOqKH» rrpHHaAJieLKaT e,n;HHCTBeHHOH «IIpHMOH»; 

2) llOCKOJibKY B CB}!3Ke JII06bie ,n;Be pa3JIHqHble IIJIOCKOCTH HMeIOT e,n;HHCTBeH

HyIO o6rn;yro rrp.HMYIO CBH3KH, TO JII06ble ,n;Be pa3JIHqHbie «IIpHMbie» HMeIOT 

e,n;uHCTBeHHYIO 06rn;y10 «ToqKy»; 3) B CBH3Ke cyrn;ecTBYIOT qeTbipe pa3JIIfq

Hbie rrpHMbie, HHKaKHe TPH H3 KOTOpbIX ne rrpHHaAJieLKaT o,n;Hoii IIJIOCKOCTH 

CBH3KH, Il03TOMY cyrn;eCTBYIOT qeTblpe «TOqKH», HHKaKHe TPH H3 KOTOpbIX 

He rrpHHaAJ!eLKaT O,Il;HOii «rrp.aMo:l\». 

8THM IIOKa3aHo, qTo CB.H3Ka rrp.HMbIX TpexMepHoro a<l><l>HHHOro npo

CTpaHCTBa IIpH Ha,n;JieJKaID;eM nepeHMeHOBaHHH ee 06'heKTOB HBJIHeTCH MO

,n;eJibIO rrpoeKTHBHOii llJIOCKOCTH. 

2.2. PacmupeHHaSI a<t><t>HHHaSI nJIOCKOCTb. ,ll;pyra.a KJiaccnqecKa.a 

MO,Il;eJih npoeKTHBHOfi llJIOCKOCTH nonyqaeTCH H3 rrpe,Il;h1,n;yrn;eli rryTeM IJ,eH

TpaJibHoro rrpoeKTHpOBaHm1. Bo3hMeM a<l>

<l>HHHYIO llJIOCKOCTb 7r, He rrpHHaAJieLKarn;yIO 

3a,n;aHHoli CBH3Ke c IJ,eHTpoM S. MeLK,n;y MHO

LKeCTBOM ToqeK H rrp.HMblX IIJIOCKOCTH 7r' 

c O,lJ;HOii CTOpOHhI, H MHO.IKeCTBOM rrp.HMbIX 

rr IIJIOCKOCTeii CB.H3KH s' c .n;pyroii CTOpO

Hbl, ycTaHOBHM COOTBeTCTBHe: Ka.IK,ll;Oii Toq

Ke M E 7r rrocTaBHM B cooTBeTCTBHe rrpa

Myro SM CB.H3KH H Ka.IK,lJ;ofi npaMofi a c 7r 

OTHeCeM IIJIOCKOCTb (S, a) CB513KH (pHC. 2). 
cho COOTBeTCTBHe HBJI.HeTC.H OT06pa.1KeHHeM 

rr Ha3bIBaeTca nepcne,,,,mum-i'b£.M omo6pa;J1Ce
i-me.,w, IIJIOCKOCTH B CB.H3Ky. PHc.2 
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JierKO BH,D;eTh, qTo rrepcrreKTHBHOe OT06pa:>KeHHe a¢¢HHHOfi IlJIOCKOCTH 

B CB.H3KY coxpaH.HeT OTHOIIIeHHe IIPHHa.n;Jle:>KHOCTH (HmJ;H,D,eHTHOCTH): ecJlH 

ME a, TO (SM) C (S, a). 0,D,HaKo TaKoe oTo6pa:>KeHHe He SIBJI.HeTc.H B3aHMHO 

0,[1,H03HaqHbIM. ,n:ettCTBHTeJibHO, eCJIH rrp.HMaH p CB.H3KH napaJlJieJibHa IIJIOC

KOCTH 7l'' TO y 3TOfi np.HMOfi HeT COOTBeTCTBeHHOfi ToqKH B IlJIOCKOCTH 7l'. 

EcJIH rrJIOCKOCTh w CB.H3KH napaJIJieJihHa rrJioCKOCTH 7r, TO B ITJIOCKOCTH 7r 

OTCYTCTByeT COOTBeTCTBeHHa.H efi np.HMa.H, IlpSIMbie H IlJIOCKOCTb w CB.H3KH, 

napanJieJibHbie IlJIOCKOCTH 7l'' 6y,D,eM Ha3bIBaTb oco6'bt.MU npR.M'b!.MU H oco6oi1 
n.JlOC'IWCm'b'IO CBH3KH. 

YKa3aHHhifi He,D,ocTaTOK rrepcneKTHBHoro oTo6pa:>KeHHSI ,D,aJiee 6y.n;eT 

ycTpaHeH HCKYCCTBeHHbIM o6pa30M HCXOASJ: H3 HY:>KA CTposrni;efic.H MO,D;eJIH. 

CHaqana c¢opMyJIHpyeM HeKOTOphre oqeBH.D;Hhie CBoiicTBa rrpSIMhIX H rrJioc

KOCTefi CBSI3KH. 

1. B Ka:>K,D,Ofi tteoco6ofi rrJiocKOCTH CB.H3KH cyni;ecTByeT e,D,HHCTBeHttasr oco-

6a.H npsrMaH ( OHa SIBJI.HeTCSI o6ni;efi np.HMOfi .n;aHHOfi Heoco6ofi IlJIOCKOCTH H 

oco6ofi IIJIOCKOCTH w) . 
2. Mtto:>KeCTBO Bcex oco6h1x rrp.HMbIX CBSI3KH 06pa3yeT oco6yro IIJIOCKOCTb. 

3. ,Il;JISI Toro, qTo6bI IIJIOCKOCTb 7l' rrepeceKana nyqoK IlJIOCKOCTefi CBSI3KH 

s IIO rryqKy rrapaJIJieJibHbIX rrp.HMbIX, Heo6xo,D,HMO H ,[1,0CTaToqHo, qT06bl OCh 

nyqKa IIJIOCKOCTefi 6bIJia oco6oii rrpHMOH (rrapaJIJieJihHOii rrp.HMhIM rrepece

qeHHsr). 

,Il;JI.H ,[l,OCTH:>KeHHSI B3aHMHOH 0,lJ;H03HaqHoCTH paccMaTpHBaeMoro nep

crreKTHBHOrO OT06pa:>KeHHSI crreri;uaJihHbIM corJiaIIIeHHeM ,[l,OIIOJIHHM MHO:>Ke

CTBO TOqeK a¢¢HHHOH IIJIOCKOCTH 7l' He,D,OCTaIOni;HMH TOqKaMH, KOTOpbie 

IIOCTaBHM B COOTBeTCTBHe oco6bIM IIp.HMbIM CB.H3KH. llMeHHO, qncTo yM03pH

TeJibHO Ka)K,ll;Ofi oco6oii IIP.HMOfi CBSI3KH IIOCTaBHM B COOTBeTCTBHe HeKOTO

pyro ToqKy, KOTopyro 6y,D,eM cqHTaTh rrpirna,D,Jie:>Kani;efi 3Tofi oco6ofi rrpBMOfi 

H IlJIOCKOCTH 7f H KOTopyro 6y,D,eM Ha3bIBaTb 'fteco6cmee'H'HOU mO"l,'lf,OU IIJIOC

KOCTH 7f (H COOTBeTCTBYIOIIJ;eii oco6oii IIp.HMOfi CBSI3KH). 8THM corJiaIIIeHHeM 

MHO:>KeCTBY oco6hIX rrp51MblX CB.H3KH IIOCTaBJieHO B COOTBeTCTBHe MHO:>KeCTBO 

BCeX Heco6CTBeHHbIX Toqel( IIJIOCKOCTH 7f, BCJie,D,CTBHe qero rrepcrreKTHBHOe 

OTo6pa:>KeHHe CTaJIO B3aHMHO O,[l,H03HaqHbIM. 

A¢¢HHHasr rrJioCKOCTh, ,D,OIIOJIHeHHaB Heco6cTBeHHhIMH ToqKaMH, cyni;e

CTBeHHO OTJIHqaeTC.H CBOHMH CBOllCTBaMH OT 06b1qHoii a¢¢HHHOH IlJIOC

KOCTH 7r. B CHJIY .n;ocTHrttyTofi B3aHMHOfi O,ll,H03HaqHoCTH rrepcrreKTHBHO

ro OTo6pa:>KeHmI, CBOHCTBa 3TOH HOBOH IIJIOCKOCTH 7f IIOJiyqaIOTCH rryTeM 

¢opMaJihHOH rrepe¢opMyJIHpOBKH CBOHCTB IIp.HMbIX H IIJIOCKOCTefi CBSI3KH. 

B qacTHOCTH, 

1) .M'Hoa1cecmeo ecex 'lteco6cmee'ft'H'b!X mo""e'lf, nJ1,oc1wcmu 7f o6paayem 
npR.Myw, KOTopa.H Ha3hlBaeTC.H 'fteco6cmee'ft'ltOU npR.MOU IIJIOCKOCTH 7f (B rrep

CIIeKTHBHOM COOTBeTCTBHH eii OTBeqaeT oco6a.a IIJIOCKOCTb w); 
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2) tta 'lf,a;JfCaou co6cm6ettttou npRMOU cyw,ecm6yem eauttcm6ettttaR tteco6-

cm6ettttaR mO"i'lf,a; 

3) ny"t'/f,Y napa.n.;ie.11:btt'btX npR.M'btX nputtaa,Jl,e;JfCUm eauttCm6ettttaR tteco6-

Cm6ettttaR mO"i'lf,a. 

Onpep;eJieuu:e. A¢¢1rnHaH IIJIOCKOCTh, AOIIOJIHeHHaH Heco6cTBeHHhI

MH TOqKaMH TaK, qTo Bb1IIOJIH5IIOTC51 YK83aHHhle CBOHCTBa 1-3, Ha3brnaeTC51 

pacwupettttou a<fxfiuttttou n,J1,oc1wcm'b'IO 1f. 

IloCKOJibKY CB513Ka npHMbIX TpexMepHoro acj:>cj:>HHHOro npOCTpaHCTBa 

eCTh MOACJih rrpoeKTHBHOH rrJIOCKOCTH, a pacnmpeHHaH acj:>cj:>HHHaH nJioc

KOCTh 7f HaxOAHTCH B nepcneKTHBHOM (B3aHMHO OAH03HaqHoM) COOTBCT

CTBHH co CB513KO:it, TO, CJICAOBaTeJibHO, H pacnmpeHHa.fI acj:>cj:>HHHa.fI ITJIOC

KOCTb CJIY2KHT MOACJibIO IIpOCKTHBHOfi IlJIOCKOCTH. 

Ba2KHO 3aMeTHTh, qTo Bee ToqKH rrpoeKTHBHott IIJIOCKOCTH paBHorrpaBHbl 

Me2KAJ co6oii. PaBHorrpaBHhl TaK2Ke H Bee npHMhie rrpoeKTHBHott rrJiocKOCTH. 

KorAa 2Ke MhI roBopHM o Heco6cTBCHHhIX TO'!Kax H Heco6cTBeHHOH rrpHMott, 

TO BcerAa HMeeM B BHAJ pacnmpeHHYIO acj:>cj:>HHHYIO ITJIOCKOCTb KaK MOACJib 

npoeKTJIBHOfi IIJIOCKOCTJI. 

IlpaKTH'ICCKH Heco6cTBCHHbie TO'IKH pacmHpeHHOtt acj:>cj:>HHHOii IIJIOCKO

CTJI y,n;o6Ho MhICJIHTh KaK 6ecKoHe'IHo YAaJieHHbie. By,n;eM o6o3HaqaTb ux 
6oJibIDHMH 6yKBaMH c HffACKCOM oo: A'°' B00 HT. A· CorJiaCHO CBOfiCTBY 2 
Heco6CTBCHHYIO TOqKy M02KHO 3a,D;aTb COACp2Karn;eil: ee co6CTBCHHOH rrpHMOfi. 

B paccMaTpnBaeMott MOACJIH cBoiicTBa, Tpe-

6yeMb1e aKCHOMaMH I11 H I12, B cJiyqae Heco6-

CTBCHHbIX 3JICMCHTOB KOHKpeTHO BhirJIHMT 

TaK. EcJIH A - co6CTBeHHaH TOqKa H B00 -

Heco6CTBCHHa51 TOqKa, 3aAaHHa51 rrp5IMO:ii b, TO 

rrpHMaH AB00 rrpoxo,n;HT qepe3 A rrapaJIJICJib

HO rrpHMOfi b (puc. 3). EcJIH o6e ToqKH Heco6-

CTBCHHbie, TO H COACp2Karn;aH HX rrpHMaH TaK2Ke 
Pwc.3 

Heco6cTBCHHaH. Ha 06b1qHott acj:>cj:>HHHOii rrJIOCKOCTJI oHa He H3o6pa2KaeTcH, 

a JIHIDh MhICJIHTCH KaK 6ecKoHeqHo YAaJieHHaH. Co6cTBeRHaH H Heco6cTBeH

HaH IIp51Mhle HMCIOT TY o6rn;yIO TOqKy, KOTOpaH 3aAaeTC51 3TOtt co6CTBCHHOH 

IIpHMOfi. 

PacmHpeHHaH acj:>cj:>HHHaH rrJIOCKOCTh AOJiroe BpeMH 6hma eAHHCTBCHHOtt 

H3BCCTHOH MO,lJ;CJibIO rrpoeKTHBHOH ITJIOCKOCTH H ITOTOMY OT02KACCTBJI5IJiaCb 

c caMHM ITOHHTHCM npoeKTHBHOH ITJIOCKOCTH. 

2.3. ,LJ;eHCTBHTeJibHaH npoeKTHBHruI IlJIOCKOCTb • .21,Be MOACJIH npo

eKTlIBHOil: ITJIOCKOCTH Ha3hlBaIOTC51 U30.Moprfitt'bt.MU, CCJIH MC2KAJ HX TOqKaMJI 

ycTaHOBJICHO B3aHMHO OAH03ffaqHoe COOTBCTCTBHe, rrpH KOTOpOM TOqKaM 
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BC.HKOH rrp.HMOH O.II;HOH MO,n;emr COOTBeTCTBYIOT TQqKH HeKOTOpOH rrp.HMOH 

,n;pyroii Mo,n;eJIH. 

TaKoe B3aHMHO O.II;H03HaqHoe COOTBeTCTBHe ycTaHOBJieHO Me)K,lzy CB.H3KOH 

rrp.HMhIX acl>qmHHoro TpexMepHoro rrpocTpaHCTBa H pacmnpeHHOH acl>cl>HH

HOH IIJIOCKOCTbIO. CJie,n;oBaTeJihHO, 9TH ,n;Be KJiaccHqecKHe Mo,n;emr rrpoeK

THBHO:lf IIJIOCKOCTH H30MOPcPHbl. 

AKCHoMaTnqecKoe orrpe,n;eJieHne rrpoeKTHBHOH rrJiocKOCTH, ,n;aHHoe B § 1, 
He o6ecrreqHBaeT H30MOPcPH3M ,n;Byx JII06bIX ee MO,n;eJieH. MHO)l{eCTBO TOqeK, 

rropo)l{,ll;eHHbIX Ha OCHOBe aKCHOM I11 H I12 qeTblpbM.H TQqKaMH, HHKaKHe TPH 

H3 KOTOphlX He KOJIJIHHeapHbI, y )I{ e, qeM MHO)l{eCTBO ToqeK pacmHpeHHOH 

acl>cl>HHHOii IIJIOCKOCTH (rrepBOe H3 HMX JIH60 KOHeqHo, mr6o cqeTHO, a BTO

poe HMeeT MOII1HOCTh KOHTHHYYM). CJie,n;oBaTeJihHO, 9TO onpe,n;eJieHHe oxBa

ThlBaeT KaK rrpoeKTHBHble IIJIOCKOCTH, KOTOpbie H30MOPcPHbl pacrrmpeHHOH 

a<iJqmHHOH IlJIOCKOCTH, TaK H npoeKTHBHbie IIJIOCKOCTH, He H30MOpcpHbie eit 

IlpoeKTHBHa.H IIJIOCKOCTb, JII06a.H MO,Ll;eJib KOTOpOH H30Mopcl>Ha pacmH

peHHOH acl>cl>HHHOii IIJIOCKOCTH (H CJie,n;oBaTeJibHO CB.H3Ke np.HMblX TpexMep

HOI'O a<iJcPHHHOI'O rrpocTpaHCTBa), Ha3hlBaeTC.H aeucm6ume,//,'b'/·WU npoe'K:mU6-

'HOU n,//,OC'K:ocm'b'/O. B He:lf BhmomrneTC.H aKCHOMa <l>aHo. 

c 9TOI'O MOMeHTa, eCJIH HeT oroBOpKH, 6y,n;eT paccMaTpHBaTbC.H TOJibKO 

,n;eiiCTBHT8JibHa.H rrpoeKTHBHa.H TIJIOCKOCTb, TI09TOMY CJIOBO «,n;eHCTBHTeJib

Ha.H» orrycKaeTc.H. 

§ 3. flpU'H/l1iUn a60UCm6e'/-l1lOCmU 

dAR npoe~muB'l-lOU nAoc~ocmu 
Bhlpa)l{eHH.H «TOqKa Jie)KHT Ha rrp.HMOH» H «IIp.HMa.H rrpoxo,n;HT qepe3 Toq

Ky» MO)l{HO 3aMeHHTb O.II;HHM Bbipa)l{eHHeM «ToqKa H rrp.HMa.H HHU.H,n;8HTHbI». 

licrrOJib3Y.H TepMHH «HHn_Ir,n;eHTHOCTb», CcPOPMYJIHpyeM aKCHOMY I11 H c,n;e

JiaeM B Heil: B3aHMHYIO 3aMeHy CJIOB «TOqKa» H «IIp.HMa.H»: 

a 6 a 
mo"te'X', 

,//,,R, ,//,'/O 'btX 6YX pa3,//,U"!,'H'btX np.R.M'btX cyw,ecmByem eauttcmsetttta.n U'H
npJt.MaJt 

v,uaettmtta.n u.M mo"t'/f,a . 

L!HTa.H 9TO rrpe,n;JIO:tKeHHe no HH)KHHM CJIOBaM, o6Hapy)l{HBaeM, qTo OHO COB

rra,n;aeT c aKCHOMOH I12. AHaJIOI'lfiHO rrocTyIIHM H c aKCHOMOH I13 : 

fiO"l'X',U 
cyw,ecmBywm "l,em~tpe np.RM'bte' ttunanue mpu us 'K:omop'btX tte uttv,u-

~ np.R.MOU 
aettm'li'bt oattou mo"tne . 

Ilpe,n;JIO)KeHHe, co,n;ep)l{aIIIee CJIOBa rro,n; qepTOH, HCTHHHO: OHO COBrra,n;aeT co 

CJie,ll;CTBHeM H3 TeopeMbl § 1. 
Bee rrpe,n;JIO)KeHH.H ,D;JI.H rrpoeKTHBHOM IIJIOCKOCTH 06 HHn_n:,n;eHTHOCT.HX TO

qeK H rrp.HMhIX MoryT 6hITh ,n;oKa3aHhI Ha ocHoBe aKCHOM Il1, I12 , Il3 . CJie,n;o-
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BaTeJibHO, B3aHMH8SI 3aMeHa CJIOB «TOqKa» H «IIP51M8SI» npeBparn;aeT mo6oe 

npe,n;JIO:tKeHHe TaKoro po,n;a B HOBOe npe,n;Jio:tKeHHe, 3aBe,lJ;OMO HCTHHHOe 6e3 

cnen;HaJibHoro .zi;oKa3aTeJibCTBa. Mb1 npHIIIJIH K cJie,n;y101n;eMy pe3yJihTaTy, 

Ha3bIBaeMOMy npHHIJ;HilOM ,ll;BOHCTBeHHOCTH. 

Ec.JZu ucmu'H'HO 'He11:omopoe npea.1Zo;J1Ce'Hue 06 um1,uae'Hm'Hocmu mo~e11: u 
npJt.M:btX npoe11:mu6'Hou n.1Zoc11:ocmu, mo 6yaem ucmmt'HO u npea.JZo;J1Ce'Hue, 
no.JZy~aww,eecJt U3 aa'H'H020 63aU.M'HOU 3a.Me'HOU C.!Z06 «mo~'K:a» U «npJt.MaJt». 

,ll;Ba npe.n,Jio:tKeHHa, IIOJiyqaroin;HeC51 .n,pyr H3 .n,pyra no IIpHHIJ;HIIY ,D,BOH

CTBeHHOCTH, Ha3hIBaIOTC}I 63aU.M'HO a60UCm6e'H'H'bt.MU. 
TeopeMe H3 § 1 6y.n,eT ,n;BoiicTBeHHO TaKoe npe,D,JIO:tKeHHe: 11:a;J1Caou mo~-

11:e uHv,uae'Hmtt'bt no 11:pauueu .Mepe mpu npJt.M'bte. PaHee oHo eiu;e He 6brno 

IIOJiyqeHo, HO ,D,OKa3aTeJibCTBO ero H3JIHIIIHe. 

,ll;JI51 a¢¢HHHOM H eBKJIH,ll;OBOH IIJIOCKOCTeii IIpHHIJ;HII ,D,BOil:cTBeHHOCTH He 

HMeeT MeCTa, TaK KaK ,Zl,JI}I HHX He BblIIOJIH51eTC51 aKCHOMa II2. 
,ll;JI51 ycnemHOI'O 1IpHMeHeHH51 rrpHHIJ;HIIa ,D,BOHCTBeHHOCTH Hy:amo xopo

IIIO HayqHThCB noJiyqaTh ¢Hryphl, .n,BoiicTBeHHbie 3a.zi;aHHhIM. HarrpHMep, 

1Ip.HMOit IIpOeKTHBHOM IIJIOCKOCTH KaK MHO:tKeCTBY BCeX ee TOqeK 6y,n;eT ,lJ;BOH

CTBeHHa ¢Hrypa, .HBJI51IOIIJ;a51C51 (rrpOH3BO,D,HM YKa3aHHYIO 3aMeHy CJIOB) MHO

:tKeCTBOM Bcex rrpBMhIX aToii IIJIOCKOCTH, HHIJ;H,D,eHTHhIX o,n;Hoii: TOqKe. A 3TO, 

KaK H3BeCTHO, - nyqoK np51MbIX. 

TpoiiKy ToqeK, He HHIJ;H.ri;eHTHhIX o.ri;Hoii npBMoii, Ha3blBaIOT mpexBep
ULuuttu11:0.M, a caMH 3TH ToqKn - ero BepmnHaMH. EMy ,n;BoiicTBeHHa ¢Hry

pa, npe.ri;cTaBJI51IOID;a51 co6oii: TpH npBMbie, He HHIJ;H,n;eHTHhle o,n;Hoii TOqKe. Ee 

Ha3bIBaIOT mpexcmopounu11:0.M, a 3TH np.HMbie - ero cTopoHaMH. EcJIH 3a.zi;aH 

TpexBepIIIHHHHK, TO HMeeTC51 H TpexCTOpOHHHK, o6pa3oBaHHbIM IIp51MbIMH, 

coe.n,HH.HIOIIJ;HMH rrorrapHO BepIIIHHbI TpCXBepIIIHHHHKa. 06paTHO, TpCXCTO

pOHHHK rropo:tK,n;aeT cpa3y :tKe TpexBepmHHHHK. Il03TOMY B CJiyqasrx, r.zi;e 

He Tpe6yeTC51 oco6a51 TOqHOCTb TepMHHOJIOI'HH, 3TH ¢Hrypb1 o6'he,lJ;HH51IOT 

rro,n; O,ll;HHM Ha3BaHHeM «TpeyrOJibHHK», XOT51 IIOH.HTHe yrJia Ha rrpoeKTHBHOit 

IIJIOCKOCTH OTCYTCTByeT. 

PRC. 4 
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HH:>Ke 6y.zzyT rrpHBe,n;eHbI ,r:i;pyrHe, 60J1ee co,n;ep:>KaTeJibHble rrpHMepbI rrpH

MeHeHH.H rrpHHIJ;HIIa ,Il;BOiiCTBeHHOCTH. 

IloJIHOMY qeTbipexBepmHHHHKY ,D;BOiiCTBeHHOtt qmrypott .HBJI.HeTC.H no.n,
'H!btil "{em'btpexcmopottttu?C. OH o6paaoBaH qeTbipbM.H rrp.HMbIMH a, b, c, d, 
( cmopottaMU)' H3 KOTOpbIX HHKaKHe TPH He rrpoxo,n;.HT qepe3 o,n;Hy TOqKy, 

H meCTbIO TQqKaMH HX rrepeceqeHH.H - 6epWU'HaMU: (ab), (be), (cd), (da), 
(ac), (bd). Ilp.HMbie m, n, p, coe,n;HH.HIOIIJ;He rrpOTHBOIIOJIO:>KHbie BepmHHhl, 

Ha3bIBaIOTC.H aua20tta.n,J1,,M,U IIOJIHOrO qeTbipeXCTOpOHHHKa, a TQqKH HX rrepe

ceqeHH.H - auaeotta.Jl/b'H'btMU mO"{'/CaMU 3TOrO qeTbipeXCTOpOHHHKa (pHC. 4). 

§ 4. llpoeK:mum-1/bte K:oopaU'l--lam?Jt 

4.1. Onpe,n;eJieHHe H a<l><l>HHHbIA CMbICJI npoeKTHBHbIX Koopp;H
HaT TO"IKH. BBe,n;eHHe IIOH.HTH.H npoeKTHBHott IIJIOCKOCTH HeJib3.H cqHTaTb 

,n;o KOHIJ;a 3aBepmeHHbIM O,Il;HHM ee aKCHOMaTHqecKHM orrpe,n;eJieHHeM. Heo6-

XO,Il;HMO ypaBH.HTb B rrpaBax Heco6CTBeHHbie 3JieMeHTbI - TQqKH H rrp.H

MYIO pacmHpeHHOfi a<l>q>HHHOtt IIJIOCKOCTH C OCTaJibHbIMH ee TQqKaMH H 

np.HMbIMH. 0,n;HaKO 3TO HeJib3.H c,n;eJiaTb qffCTO ,n;eKJiapaTHBHO, a CJie.zzy

eT ocyui;ecTBHTb Ha ,n;eJie MaTeMaTHqecKHM arrnapaTOM nyTeM BBe,n;eHH.H 

rrpoeKTHBHbIX KOOp,IJ;HHaT TOqKH rrpoeKTHBHOtt IIJIOCKOCTH. llcrrOJib3yeM 6a

pmi;eHTpHqecKHe KOOp,IJ;HHaTbI; CM. [12, T. 3, rJI, 1]. 

Onpe,n;eJieHHe. IIycTb A, B, C - 6aancHbie ToqKn 6apmi;eHTpHqecKott 

CHCTeMbl KOOp,IJ;HHaT a<l><l>HHHOtt IIJIOCKOCTH 'Ir, (ti, t2, t3) - 6apmi;eHTpHqe

CKHe KOOp,D,HHaTbI ee rrpOH3BOJibHOtt TO'IKH M' E (µi, µ2' µ3) - <l>HKCMpo

BaHHa.H TOqKa, ,ll;Jl.H KOTOpofi µiµ2µ3 =I- 0. Ilpoe?CmU6'H'btMU 'ICOopauttamaMU 
ToqKH M Ha3bIBaIOTC.H qffCJia xi, ,IJ;JI.H KOTOpbIX IIpOH3Be,n;eHH.H µixi COOTBeT

CTBeHHO rrporropD,HOHaJibHbl qncJiaM ti' T. e. 

µixi = pti, i = 1, 2, 3, (I.1) 

r,n;e MHO)KHTeJib p =/:- 0 3aBHCHT OT ,n;aHHOii: TOqKH M. 
Ha a<l><l>HHHOH IIJIOCKOCTH 7r ypaBHeHHe ti + t 2 + t3 = 0 He HMeeT reo

MeTpHqecKoro CMblCJia, IIOCKOJibKY cyMMa 6apHD,eHTpHqeCKHX KOOp,IJ;HHaT 

no orrpe,n;eJieHHIO paBHa e,n;HHHu,e. 06paTHMC.H K CB.H3Ke S. Ee oco6a.H rrJioc

KOCTb w B a<l><l>HHHOM perrepe (S, SA, SB, SC), r,n;e TOqKH A, B, C rrpHHa,n;

Jie)KaT IIJIOCKOCTH 'Ir, HMeeT ypaBHeHHe 

x y z 
1 0 -1 = x + y + z = 0, 
0 1 -1 

c0Brra,n;a10m;ee c ypaBHeHHeM ti + t2 + t 3 = 0. CorJiacHo Mo,n;eJIM rrpoeKTHBHott 

IIJIOCKOCTH B CB.H3Ke 3TO 03HaqaeT, qTO OHO rrpe,n;cTaBJI.HeT co6ott ypaBHeHHe 
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Heco6CTBeHHOtt rrpHMOtt pacmHpeHHOtt acpq:mHHOtt IIJIOCKOCTH 7f. IlpH rrepe

xo,n;e K rrpoeKTHBHbIM KOOp,lJ;HHaTaM OHO rrpHHHMaeT BH,ll; 

JII06ott . .zi;pyrott IIJIOCKOCTH U1X + U2Y + U3Z = 0 CBH3KH Ha pacmHpeHHOtt acp

cpHHHOtt IIJIOCKOCTH 7f OTBeqaeT rrpHMaH, HMerom;aH B rrpoeKTHBHhIX KOOp,lJ;H

HaTax ypaBHeHHe Toro :>Ke m1.zi;a: 

(1.2) 

EcJIH B cpopMyJiax (1.1) rroJIO:>KHTh ti=µ; (i = 1, 2, 3), TO IIOJIY'l:HM, 'ITO 

xi= p, T. e. TOr,n;a TO"fKa E 6y,n;eT HMeTh rrpoeKTHBHhie KOOp,lJ;HHaTbI (1, 1, 1). 
C yqeToM MHO:>KHTeJIH p Koopp;HHaThI ToqeK A, B, C ocTaIOTCH rrpe)KRRMR: 

A(l, 0, 0), B(O, 1, 0), C(O, 0, 1). 
TaKHM o6pa3oM, 3a,n;aHHeM TO'ieK A, B, C, E o6m;ero rroJio:>KeHHH H yKa-

3aRHhIX TpoeK HX KOOp,lJ;HHaT Ka:>K,n;aH TO'l:Ka A1 rrpoeKTHBROtt IIJIOCKOCTH 

IIOJiyqaeT rrpoeKTHBHhie KOOp,ll;HHaTbl (1.1)' r,n;e K03cpcpHu;HeHT p =f. 0 He 3aBH

CHT OT i, a 3aBHCHT TOJihKO OT ,n;aHROit TO'l:KH Af. roBOpHT, "fTO 'l:eTblpexBep

illRHHHK ABCE aaaaem npoenmU6'1tY'IO cucme.My noopauttam rrpoeKTHBHOtt 

IIJIOCKOCTH. 

Bapuu,ettmpu"teCica,.R, cucme.Ma iwopauttam omttocume.tt'bttO 6aaucttow 

mpey20JL'bttuna ABC R6JLRemcR "tacmtt'bt.M CJLy"tae.M npoenmu6ttou cucme.M'bi 

{ABCE}, ico2aa mo"tica E CJLy;)!Cum u,ettmpouao.M mpeyW,f/,'bttuica ABC. 
EcJIH SA1 = (x1, x 2 , x 3 ) - HarrpaBJIHIOiu;HH BeKTop rrpHMoil: CBH3KH S, TO 

rrpHMaH SA1 npHHa,n;Jie:>KHT nJIOCKOCTH u 1x 1 + u2x 2 + u3 x 3 = 0 rrpoeKTHBHoit 

IIJIOCKOCTH. CorJiaCHO Mo,n;eJIH eil: cooTBeTCTByeT TO'l:Ka rrpHMOii (1.2) c TeMH 

:>Ke rrpoeKTHBHhIMH KOOp,n;HHaTaMH (x1' X2, X3) OTHOCHTeJibHO rrpoeKTHBHOH 

CHCTeMbl { ABCE}. CJie,n;oBaTeJihHO, c acpcpHHHOit TO'l:KH 3peHHH npoe-x;mu6-

'H'bte iwopauttam'bt mo"ticu npoeicmu6ttou n,f/,ocicocmu R6,//,RWmc.R a<fxfiutttt'bt.Mu 

icoopauttama.Mu ttanpa6J!.R10w,e20 oeicmopa coomoemcmoyww,eu eu npJl,.M,OU 

C6.R3'1CU 8. 
TaK KaK HarrpaBJIHIOiu;Hit BeKTop rrpHMOii orrpe,n;eJIHeTCH c TO'iHOCThIO ,n;o 

IIOCTOHHHOrO HeHyJieBoro MHO:lKHTeJIH, TO HMeeM 6ecKOHe'l:HOe MHO:>KeCTBO 

rrporropu;HoHaJihHhIX TpoeK rrpoeKTHBHblX Koop,n;HHaT ,n;aHHoit TO'l:KH rrpoeK

THBHOit IIJIOCKOCTH. 0Tcro,n;a CJie,JJ;yIOT TaKHe BbIBO,ll;bl. 

1. Ka:>K,n;oil: TO"fKe rrpoeKTHBHoit IIJIOCKOCTH cooTBeTCTByeT no KpaitHeil: 

Mepe o,n;Ha yrropH,n;O"feHHaH HeHyJieBaH TpOHKa ,n;eitCTBHTeJibHhIX "fHCeJI. 

2. )];Be yrropg.zi;oqeHHhie TpoiiKH (x1, x 2 , x 3 ) H (y1, y2, y3 ) cooTBeTCTBYIOT 

O,ll;HOii TO'l:Ke Tor,n;a H TOJihKO Tor,n;a, KOr,n;a cym;eCTByeT TaKoe ,n;eitCTBHTeJih

HOe 'l:HCJio >. =f. 0, "fTO y; =>.xi (i = 1, 2, 3). 
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,Il,JJH KJJacca nponopIJ,HOHaJihHhlX TpoeK ( AX1, AX2 , Ax3 ) 6y,n;eM HCIIOJJh30-

BaTb 3aIIHCb (x1: X2: X3); qmKCHpOBaHHYIO TpOttKy H3 3TOrO KJJacca 6y,n;eM 

o6bl'IHO 0003Ha'IaTb (x1,X2,X3). 

4.2. 3aMeHa npoeKTHBHOA cucTeMbl Koop)l;HHaT. Hatt,n;eM 3aBH

CHMOCTb Me)K,lly rrpoeKTHBHhlMH KOOp,n;HHaTaMH TO'IKH M B ,n;Byx rrpoeK

THBHbIX cHcTeMax Koop,n;HHaT. IlycTb ,n;aH rrpoeKTHBHhlH perrep { ABCE} H 

OTHOCHTeJJbHO Hero 3a,n;aH .n;pyrott perrep {A' B'C' E'} Koop.n;1rnaTaMH CBOHX 

TO'IeK: A'(a1: a2: a3), B'(b1: b2: b3), C'(c1: c2: c3), E'(d1: d2 : d3). IlycTb 

IIpOH3BOJJbHaH TO'IKa M OTHOCHTeJJbHO 3THX perrepOB HMeeT COOTBeTCTBeH

HO KOOp,lJ;HHaThl (x1 : X2 : X3) H (x~ : x~ : x~). 06paTHMCH CHOBa K CBH3Ke s, 
IIpHHHB ee 11eHTp 3a Ha'IaJIO BeKTOpoB. Tor.n;a 6y,n;eM HMeTb 

IIoaToMy 

p1A' = a1A + a2B + a3C, 

p2B' = b1A + b2B + b3C, 

p3C
1 = c1A + c2B + c3C. 

M = p(x1A + x2B + x3C) = x~p1A' + x~p2B' + x;p3C' = 

= x~ (a1A + a2 B + a3C) + x~(b1A + b2B + b3C) + 
+ x;(c1A + c2B + C3C) = (a1x~ + b1x; + c1x;)A + 

+ (a2x~ + b2x~ + c2x;)B + (a3x~ + b3x~ + c3x;)c, 

OTKy,n;a CJJe.n;yroT paBeHCTBa 

{ 

px1 = a1x~ + bix~ + c1 x~, 
px2 = a2x~ + b2x~ + c2x;, 
px3 = a3x~ + b3x~ + c3x;, 

r.n;e B CHJJY HeKOJJJIHHeapHOCTH TO'IeK A', B', C' BbIIIOJIHeHo ycJIOBHe 

al bi C1 
Do = a2 b2 C2 #- 0. 

a3 b3 C3 

(1.3) 

Ha ocHoBaHHH ycJIOBHH D. i 0 CHCTeMa ypaBHeHHH (1.3) o.n;tto3Ha'IHO pa3-

pemHMa OTHOCHTeJJbHO x~ rrpH JII06bIX pxi. IloKa OCTaJiaCb HeyqTeHHOH 

3aBHCHMOCTb TpoeK rrpoeKTHBHhlX KOOp,n;HHaT «e,n;HHH'IHOH» TO'IKH E OT

HOCHTeJibHO paccMaTpHBaeMbIX perrepoB: 

{ 

a1 + b1 + C1 = pd1, 

a2 + b2 + C2 = pd2, 

a3 + b3 + C3 = pd3 · 

(I.4) 
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9ni: paBeHCTBa Ha3hIBaIOTC5! yc.JW6U.F£.MU co2.1iaco6a'HU.F£ TpoeK ai, bi, Ci (i = 
= 1, 2, 3) rrpoeKTHBHhIX KOOp,ll;HHaT 6a3HCHblX TO'leK HOBoro perrepa rrocpe.n;

CTBOM TpOMKH di HOBblX KOOp,lJ;HHaT TO'IKH E. 

§ 5. YpaB'l-le'HUJi npJi.Mou B npoe'K;mUB'l-l'blX 
'K;oopdu'l-lamax. Teope.Ma ,4eBap2a 

5.1. Bu.z:i;bI yprurneHHH npMMoii. YpaBHettue (I.2) rrp5!MOH B rrpoeK

THBHhIX KOOp,ll;HHaTax Xi 5!BJrneTC5! JIHHeHHblM O,lJ;HOpO.n;HbIM: 

(I.5) 

Otto Ha3hIBaeTC5! o6w,u.M ypaB'He'Hue.M rrp5!MOH. EcJIH TO'IKH A(a1 : a 2 : a 3 ) 

H B(b1: b2: b3) rrpuHa,n;Jie)KaT rrp5!MOH (I.5), TO HMeeM CHCTeMy OTHOCHTeJih-

{ 

U1X1 + U2X2 + U3X3 = 0, 

u1a1 + u2a2 + U3a3 = 0, 

U1b1 + U2b2 + U3b3 = 0. 

Ha octtoBaHHH aKCHOMhI II1 oHa HMeeT HeHyJieBoe pemeHHe (u1 : u2: u 3). 

CJie,n;oBaTeJibHO, ee orrpe,n;eJIHTeJib paBeH Hymo: 

X1 X2 X3 

a1 a2 a3 = 0. 
bi b2 b3 

9To ypaBHeHHe H ecTh ypaB'He'Hue np.F£.Mou AB no iJBy.M ee mo"i'l\;a.M. 
Il03TOMY CTpOKH orrpe,n;eJIHTeJI5! Heo6xo,n;HMO JIHHe:iiHO 3aBHCHMhl, HO ,n;Be IIO

CJie,n;HHe ero CTPOKH JIHHe:iitto He3aBHCHMhI. Tor.n;a 3JieMeHThl rrepBo:ii cTpoKH 

eCTb JIHHe:iiHble KOM6HHarr;HH COOTBeTCTBYIOIIIHX 3JleMeHTOB BTOpo:ii H Tpe

The:ii CTpOK: 

3.n;ech >. H µ - .n;e:iicTBHTeJihHhle rrapaMeTph1, He 06paII1aIOII1Hec51 o.n;HoBpe

MeHHO B HYJih. 9TH ypaBHeHH5! Ha3hIBaIOTC5! napa.Mempu"ieC'l\;U.MU ypaB'He'Hu
.F£.MU rrp5!Mo:ii. To'IKa rrp5!MO:ii 3a.zi;aeTC5! 3Ha'leHHeM OTHomeHH5! >./ µ HJIH µ/ >. 
rrapaMeTpoB. YpaBHeHH5! (I.6) y.n;o6Ho rrpHMeH5!Th Bux KpaTKOH ycJ10BHO:ii 

3aIIHCH: 

X=>.A+µB. (I.7) 

Ilpu µ = 0 TO'IKa X coBrra.n;aeT c A, rrpu >. = 0 TO'IKa X coBrra.n;aeT c B. 
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5.2. Kp:uTep:uii rrp:um1,n;Jie){{.HOCTH Tpex rrpSIMhIX o,n;HoMy rry<IKy. 
)J;JIH Toro qTo6hl TPM rrpHMhre, sa.n;aBaeMbre ypaBtteHMHMM 

U1X1 + U2X2 + U3X3 = 0, 

V1X1 + V2X2 + V3X3 = 0, (I.8) 

W1X1 + W2X2 + W3X3 = 0, 

rrpntta,n;Jie21<aJIM O,ll;HOMY rryqKy, T. e. rrepeceKaJIMCb B O,ll;HO:it TOqKe, Heo6xo

,ll;MMO H .n;ocTaToqtto, qT06hI o.n;ttopo.n;ttaH JIMHefiHaH CMCTeMa ypaBHeHM:it (I.8) 
MMeJia HeHyJieBoe pernettne, qTQ MMeeT MeCTO TOr.n;a H TOJibKO TOr,n;a, Kor.n;a 

ee OIIpe,n;eJIMTeJib paBeH ttymo: 

U1 U2 U3 

V1 V2 V3 = 0. 
W1 W2 W3 

(I.9) 

PaBeHCTBO (I.9) n rrpe.n;crnBJIHeT co6ofi Koop.n;nttaTHbifi KpHTepnfi rrpntta,n;

Jie21<HoCTM Tpex IIpHMhIX O,ll;HOMY rryqKy. 

5.3. TeopeMa ,LJ;e3apra. lfaBeCTHhrfi ¢pamryscKMil: apxttTeKTop, MH-

21<ettep H reoMeTp :tKttpap )J;esapr (1593-1662) ,n;oKa3aJI saMeqaTeJihHYIO 

TeopeMy, HBJIHIOnryIOCH o.n;ttofi M3 rrepBbIX TeopeM rrpoeKTMBHOn reoMeTpHH. 

p 

s 

PHc.5 

TeopeMa. EcAu npJl.M'bte AA1, BB1, CC1 , coeOU'liJl10W,ue coomBem-

cmBe'li'li'bte BepWU'li'bt oByx mpey20A'b'liU'IWB ABC u A1B1C1 , nepecena10mcJl 

B oouou mo"lne S, mo coomBemcmBe'li'li'bte cmopo'li'bt .9mux mpey20A'b'liU'IWB 

nepecena10mcJl B mpex mo"lnax P, Q, R, npuuaoAeaicaw,ux oouou npJl.MOU 

(pttc. 5). 
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,n; 0 Ka 3 a Te JI b c TB o. 3a,z:i;a,D,HM rrpoeKTHBHYIO CHCTeMy KOOp,D,llHaT. llc

IIOJib3YH (I. 7), no ycJIOBlllO TeOpeMbI HMeeM 

S = aA+ a1A1, 

S = j]B + /31B1, 

S = 1C + 11C1. 

3tta'feHHH rrapaMeTpOB Bcer,n,a MO)KHO rro,n,o6paTh TaK, qTo Tpoil:Ka KOOp,D,H

HaT ToqKn SB aTHX paBeHcTBax 6y,n,eT o,n,Ha H Ta )Ke. Tor,n,a, rrpnpaBHHBaH 

npaBbie '!aCTH rrepBbIX ,D,Byx paBeHCTB, IIOJiyqaeM 

&JIM P - TOqKa rrepece<JeHMH rrpHMhIX ABM A1B 1, TO cy~eCTByeT TaKaH 

TpO:ii:Ka ee rrpoeKTHBHbIX KOOp,D,HHaT, qTO 

AttanorHqHo 

H 

CKJia,D,hIBaH rroqJteHHO rrocJie,D,HHe TpH paBeHCTBa, rroJiyqaeM 

P+Q+R=O. 

0Tcro,n,a P = -Q - R, qTo cornactto cooTHorneHHIO (I. 7) 03HaqaeT rrpHHa,z:t;

Jte)KHOCTh ToqeK P, Q, R o,n,Ho:ii: rrpHMO:ii: ( 3,n,ech >. = µ = -1). D 

TpeyroJihHHKH, y,n,oBJieTBOpHIO~He TeopeMe )J;e3apra, Ha3hIBaIOTCH iJe
aapeoe'btMu, HJIH nepcneicmuett'btMU. 

5.4. 06paTHfill TeopeMa ,LJ;e3apra. IlpHMeHHM K ,D,0Ka3aHHOH Teope

Me )J;e3apra rrpHH!IHII ,n;Bo:ii:CTBeHHOCTH (§3). TpeyroJibHHK - qmrypa caMa 

ce6e ,D,BO:ii:CTBeHHaH. IIoaToMy ,n,ocTaToqHo 3aMeHHTh ,n,pyr Ha ,n,pyra CJIOBa 

«BepIIIHHbI» H «CTOpOHbI». 3aIIHIIIeM o6a rrpe,D,JIO)KeHmI BMeCTe, HCIIOJib3Y5I 

TepMHH «HH!IH,D,eHTHOCTb». 
npRM'bte BepUtU'HaM 

ECJl,u mo"l'ICU , unv,uiJenmtt'bte coomeemcmeetttt'btM cmopotta.M iJeyx mpe-
~ mo"l'/Ce cmopO'H'bt 

y20.11/bttuicoe, unv,uiJenmtt'bt oiJnou npRMoil' mo coomeemcmeetttt'bie eepwu'H,'bt 

a .. mo"l'/Ca.M, a 
:Jmux mpey20.11ibttuicoe unv,u enmnu mpe.M npJl,.M,'btM' icomop'bie unv,u enmtt'bi 

~ npRMOU 
oiJnou mo"l'/Ce • 
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B o6bl'rnoii cpopMyJIHpOBKe BTopoe npe,lVIO)KeHHe (no HH)KHHM cJiosaM) 

BbirmI,D;HT CJie)l;YIOillHM o6pa30M. 

EcJtu mo"ticu nepece"tettUJt coomBemcmBetttt'btX cmopott d6yX mpey20Jt'b
ttuico6 Jte;J1Cam tta oihtou npJ£.Mou, mo npR.M'bte, coedutt.R,10w,ue coomBem

cmBetttt'bte Bepututt'bt :Jmux mpey20Jt'bttuico6, nepeceica10mcR 6 oihtou mo"tice. 

cho - o6paTHruI TeopeMa ,ILe3apra. ,lLOKa3bIBaTb ee y)Ke He HY)KHO, no

CKOJibKY OHa noJiyqeHa H3 ,D;OKa3aHHOii TeopeMbl no npHHI1Hny ,ll;BOiiCTBeH

HOCTH. 

<l>Hrypa Ha pHc. 5, HJ1JIIOCTpHpyroIT1eM TeopeMy ,ILe3apra, co.n;ep)KHT 10 
ToqeK H 10 np.HMbIX, npHqeM Ha Ka)K,ll;oii np.HMOii Jle)KHT no TPH TOqKH H 

qepe3 Ka)K)J;Yro ToqKy npoxo,n;.s:T TPH np.s:Mble. TaKyro cpHrypy Ha3bIBaIOT 

icottrfiueypau,ueu ,!J,eaapea. ToqKa s Ha3bIBaeTC.H aeaap2060U mO"l'ICOU, a np.s:

Mrul PQR - aeaap2060U npR.MOU ,n;Byx ,ll;e3aprOBbIX TpeyroJibHHKOB ABC 
H A1 B1 C1. KoHcpnryp~SI ,ILe3apra o6Jia,n;aeT HHTepecHbIM cBoikTBOM: mo-

6yro H3 10 ee TOqeK MO:>KHO B3HTb 3a ,D;e3aprOBy TOqKy, TOr,n;a 0,D;H03HaqHO 

onpe,n;eJIHIOTCH ,n;e3aprOBbl TpeyrOJlbHHKH H ,n;e3aproBa npHMruI; Ka)K)J;YIO H3 

10 npHMbIX MO)KHO npHHHTb B KaqecTBe ,n;e3aprOBOii npHMOii, TOr,n;a 0,ll;H0-

3HaqHO onpe,n;eJIHIOTC.H Ae3aproBbl TpeyroJibHHKH H ,n;e3aproBa TOqKa. 

§ 6. 4eou1-we omttowettue 'l(,em'btpex mo'l(,e'K: np.R.Mou 
6.1. Onpe,n;eJieHHe ,n;so:HHoro OTHomeHHB qeT&1pex ToqeK nps

Mo:H. IlycTb TOqKn A(a1: a2: a3), B(b1: b2 : b3), C(c1: c2: c3), D(d1: d2: d3) 
npHHa,n;Jie)KaT o,n;Hoii np.HMoii H A-=f B. Tor,n;a comacno cooTnomeHHIO (1.6) 
cyIT1eCTBYIOT TaKne qncJia -X, µ,A',µ', qTo 

{ 
c; = -Xa; + µb;, 

i = 1, 2, 3. 
d; =A' a; + µ'b;, 

(1.10) 

µ µ' >..'µ 
Ilpn C -=f B, D-=f AH D -=f B paccMoTpHM qHcJio >:: N = >..µ'- B CHJIY o,n;tto-

po,n;HOCTH KOOp,n;HHaT TO'leK BMeCTO a;, b;, C;, d; MO)KHO B3.HTb COOTBeTCTBeH

HO pa;, ab;, a:c;, {3d;, r,n;e p, a, a:, f3 Bee OTJIHqHbl OT HYJIH. PaseHCTBa (1.10) 
nepenmneM B BH,n;e 

a:-X ) a:µ ) a:c; =-(pa; +-(ab; , 
p a 

(JA' {3µ' 
{3d; =-(pa;)+ -(ab;). 

p a 

!!:. • µ' 
IlpH 3aMeHe TpOeK npoeKTHBHbIX KOOp,D;HHaT ,n;aHHbIX TOqeK '!HCJIO >.. . >..' 
3aMeHHeTCH qffCJIOM 

( a:µ. a:-X). ((3µ' . (JA') = !!:. . µ' 
a · p · a · p A · A'· 
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I 

TaKHM o6paaoM, qHcJio X : ~' He 3aBHCHT OT Bhl6opa TpoeK Koop,z:i;HHaT ToqeK 

A, B, C, D, a 3aBHCHT TOJihKO oT rroJio:lKeHH.H Hx Ha rrp.HMott. 

Onpe.zi;eJieHue. EcJIH A, B, C, D - qeTh1pe ToqKH o,z:i;Hott np.HMott (A =/:

=/:- B, C =/:- B, D =/:- B) H 

C=>.A+µB, D=>.'A+µ'B, (I.11) 
I 

TO qHCJIO x : ~1 Ha3hIBaeTC.H aeoU'H/bt.M ( CJl.00/C'H,'bt.M) omnow,enue.M. qeTbipex 

ToqeK A, B, C, DH o6o3HaqaeTC.H (ABCD). 

lhaK, CCJIH HMCIOT MeCTO paBeHCTBa (I.11), TO no orrpe,z:i;eJICHHIO 

(ABCD) = X: ~:. (1.12) 

ToqKH A H B Ha3bIBaIOTC.H 6aaucn'bt.MU, TOqKH c H D - ae.tl.R,'111,UMU. 

6.2. Coxpa.HeHue ,zi;eoAHoro OTHoweHHSI npu 3aMeHe npoeKTHB
HOH CHCTeMbl KOOp,D;HHaT. ,l(BOttHoe OTHOIIICHHe qeTbipex TOqeK rrp.HMOtt 

.HBJI.HCTC.H reoMeTpHqecKHM IIOH.HTHeM corJiaCHO ,ll;OKa3bIBaeMott HH)Ke TeO

peMe. 

TeopeMa. ,4eounoe omnowenue "temhlpex mo"te?C np.R.Moii ne aaeucum 
om 6hl6opa npoe?Cmuenoii cucme.M.hl 'K:oopaunam. 

,I( o K a 3 a T e JI h c TB o. IIycTh ,z:i;aHhI ToqKH A, B, C, D HeKoTopott np.H

Moii CBOHMH KOOp,ll;HHaTaMH B CHCTeMe II H rrpHH.HThl o603HaqeHH.H (I.10) 
H (I.11). Tor,z:i;a no orrpe,z:i;eJieHHIO HMeeT MeCTO paBeHCTBO (1.12). <l>opMy

JihI (1.3) rrepexo,z:i;a K ,z:i;pyrott CHCTeMe Il' rrpe,z:i;cTaBHM B KpaTKOtt 3aIIHCH: 

3 

px; = L a;kx~, i = 1, 2, 3. 
k=l 

(1.13) 

EcnH B HOBhlX KOOp,ll;HHarnx A(a~ : a~: a~), B(b~ : b~: b~), C(c~ : c~ : c~), 
D(d~ : d~ : d~), TO 

3 

Pia;= L O:;ka~, 
k=l 

3 

p3C; = L: a;kc~, 
k=l 

3 

P2bi = L O:;kb~, 
k=l 

3 

p4d; = L: a;kd~. 
k=l 

TaK KaK ToqKH A, B, C, D KOJIJIHHeapHhl, TO B CHJIY cooTHOIIICHHii (I.11) 
HMeeM 

c~ =>.a~+ µb~ H d~ =>.a~+ µb~, k = 1,2,3, 
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H noaTOMY 

3 3 

p3C; = ·~:::>l:;kc~ = L:a;k(>.a~ + µb~) = 
k=l k=l 3 3 

= >. L a;ka~ + µ L a;kb~ = >.p1a; + µp2 b;, 
k=l k=l 

HJIH 

3Ha'iHT, CHOBa 

0 

6.3. CeoA:cTea ,n;eoA:Horo OTHoweHH.H <IeTbipex To<IeK np.HMoA:. 
KpoMe HHBapHaHTHOCTH OTHOCHTeJibHO Bb16opa CHCTeMbl KOOp~1rnaT ~Bott

HOe OTHOIIIeHHe '!eTblpex TO'leK np.HMOil: o6JI~aeT ~yrHMH 3aMe'laTeJibHbl

MH CBOACTBaMH. 

TeopeMa 1. ECJl,U aatt'bl mpu pa3J1,U"/,'H,'bte mO"l'/CU A, B' c u aeiLcmau
mM'bttOe "lUCJl,O a i= 0, mo cyw,ecmayem eauttcmaetttta,R, maica,R, mo"l'/Ca D 
amoiL npR.MoiL, "lmo (ABCD) =a. 

,LI;o Ka3 aTeJI b c TB o. IlycTb C =>.A+ µB, r~e >.-:/= 0, TaK KaK C-:/= B. 
Ecmr M.H HCKOMott TO'IKH D noJIO)f(HTb D =>.'A+ µ'B, TO 

(ABCD) = !:!:. · µ' = a >. . >.' , 

I 

OTKy~a HaXO~HM OTHOIIIeHHe ~I = :A , KOTOpoe npH ycJIOBH.HX a i= 0 H >. i= 0 

onpe~eJI.HeT e~HHCTBeHHYIO TO'IKY D np.HMott AB. 0 

Ha ocHOBaHHH ~OKa3aHHott TeopeMbI TpH pa3JIH'!Hble TO'IKH A, B, C 
np.HMOA 3~aIOT c H c T e M y K 0 0 p ~ H H a T H a n p .H M 0 a, B KOTOpott 

KOOp~HaTOtt TO'IKH D CJIY:>KHT ~BOttHoe OTHOIIIeHHe (ABCD) =a. IlpH a= 1 
TO'!Ka D coBna~aeT c C: (ABCC) = 1. ,Ll;JI.H TO'leK AH B cooTBeTCTBeHHO 

µ' = 0 H >.' = 0, H noaTOMY KOOp~HHaTa a He cyllleCTByeT. 

TeopeMa 2. J(aoiLttoe omuowettue "lem'btpex mo"leic npR.MoiL tte ua.MettR
emcR npu nepecmattoaice 6aaucttoiL u aMRW,eiL nap'bt c coxpattettue.M nopRaica 
mo"leic attympu icai>/CaoiL nap'bt u npu ua.Mettettuu nop.naica mo"leic a o6eux 
napax. Ilpu ua.Mettettuu nop.naica mo"leic mOJl,'b'ICO a oattoiL ua amux nap aaoiL
ttoe omttowettue aa.Mett.nemcR e20 o6pamttoiL BMU"lUttoiL. 
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.IT, o Ka 3 a T e JI b c T B o. PacCMOTpHM nooqepe,n;Ho yKa3aHHbie B ¢opMy

mrpoBKe TeopeMbl cnyqaH, C'!HT8.5! BCe TO'IKH pa3JIH'!HbIMH. 

1. II pn C =f. D cncTeMa 

{ 
C=>..A+µB, 

D=XA+µ'B 
(I.14) 

HMeeT OTJIH'!Hbltt OT Hy.JIB onpe,n;eJIHTeJib 8 = >...µ' - >...' µ. Pernag ee, HaxO,ll;HM 

µ' µ 
A=-C--D 

8 8 ' 

Ilo onpe,n;eJieHHIO ,ll;BO:ltHoro OTHOIIIeHH51 

- ( µ . µ') . ( >... . >...') - >...' µ - µ . µ' ( CDAB) - -8 . 8 . 8 . -5 - >..µ1 - -:\ • >..1 • 

(CDAB) = (ABCD). 

2. CorJiacHo TOMY )Ke orrpe,n;MeHHIO 

I µ 1 
(ABDC) = ~, : -:\ = (ABCD). 

3. CnpaBeAJIHBbl paBeHCTBa 

1 1 
(BACD) = (CDBA) = (CDAB) = (ABCD). 

3,z:i;ecb HCITOJib30BaHb1 cnyqan 1 H 2. 
4. CnpaBe,n;JIHBbl paBeHCTBa 

1 
(BADC) = (BACD) = (ABCD). D 

TeopeMa 3. Ilpu nepecma'H06'1C€ a6yx cpeattux U,//,U a6yX 1CpaU'HUX mo"te'IC 
a60U'HOe omttoweuue Ba.Mett.fl,emCJt, tta aonO,//,'lt€'HUe e20 ao eauttUV,'bt: 

(ACED)= (DBCA) = 1- (ABCD) . 

.lI,oKa3aTeJibCTBO . .lI,e:ikTBHTeJibHO, H3 TOH )Ke CHCTeMbl (1.14) no-

>... 1 B=--A+-C 
µ µ ' 
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Tor,n;a corJiacHo onpe,n;eJiemuo (I.12) HMeeM 

(ACBD) = -- : /:!:_: =- = µ - µ = 1 ( I 0) A I x 
>. µ µ >.µ' 

= 1 - ( X : ~:) = 1 - (ABCD). 

CJie,n;osaTeJibHo, (DBCA) = (ACBD) = 1- (ABCD). I1rnK, npu eceeoa.Mo~
tt'btx nepecma'li06'1WX "lem'btpeX mo"leX: (24 c.t1,y"lM) aeouttoe omttowettue 
nputtu.Maem wecm'b atta"lettuu: 

(ABCD)=a· .!.. 1-a- _l_. 1-.!.=a-l. a 
' a' ' 1- a' a a ' a -1 · 

IlpH a= -1p83JIHqHbIX3HaqeHHii 6y,n;eT TOJibKO TpH: -1; 2; 1/2. 0 

6.4. ,ll;BOHHOe OTHOllleHIIe 'leTbipex KOJIJIHHeapHbIX TO'leK aQ>-

v AC AD 
Q>HHHOH IIJIOCKOCTH. PaccMoTpHM ,n;sa OTHoIIIeHH.H -= = >. H = = µ 

CB DB 
,n;JI.a ,n;aHHblX ToqeK A, B, C, D rrp.aMo:fi a¢qmHHOH IIJIOCKOCTH. IlpH Jiro6oM 

- 1- >.-- 1- µ-
HaqaJie seKTopos C = 1 +>.A+ 1 + >. B HD= 1 +µA+ 1 + µB. IloaToMy 

(ABCD) = (i ~ >. : l ! J : ( 1 ~ µ : 1 ! µ) = >. : µ, 

(ABCD) = AC : AD. 
CB DB 

§ 7. ,4eou1-we omttowe'l-me u npoeJCmuetttte 
JCoopduttamtt mo'l{,eJC 

7.1. Ilpe,n;cTaBJieHHe ,lJ;BOHHOI'O OTHOllleHHSI B rrpoeKTHBHbIX KO

opµ;HHaTax. IlycTb ToqKH A(ai: a2: a3 ), B(bi: b2 : b3 ), C(ci: c2 : c3 ), D(di: 
d2 : d3 ) see pa3JIHqHbI. Be3 cy2KeHH.a 06Jn;HoCTH paccy)K,ll;eHH:fi M02KHO rroJia-

1 

ai a2 I :/= O. 
bi b2 

raTb 

c IIOMOIIJ;bIO paseHCTB C; = >.a; + µb; H d; = >.'a; + µ' b; ( i = 1, 2, 3) HaXO,ll;HM 

a2 I jai a21 
>.a2 + µb2 = µ bi b2 ' 
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IloCKOJibKY Bee TO'IKH pa3JIH'IHbl, TO HH O,D;HO H3 'IHCeJI >., µ, >.'' µ' He paB

HO HYJIIO, H II03TOMY Ka:>K,n;blii H3 3THX orrpe,n;eJIHTeJieii OTJIH'IeH OT Hym1. 

IIo•meHHbIM ,n;eJieHneM 3Tnx paBeHCTB Haxo,n;nM 

Ilpn I~: ~:I = 0 Bee 'IeTbipe orrpe,n;eJIHTeJI.H o6pa~aIOTC.H 
<PopMyJia (I.15) Tep.HeT CMbICJI. Tor,n;a JIH6o I~: ~:I# 0, Jin6o 

Ilo3TOMY TeM )Ke rryTeM HaxO,D;HM COOTBeTCTBeHHO 

(I.15) 

(I.16) 

(I.17) 

7.2. BblpIDKeHHe OTHOWeHHH npoeKTHBHbIX KOOp,lJ;HHaT T0'1-

KH '1epe3 )J;BOHHbie OTHomeHHSI. IIycTb Ai, A2 , A3 , E - 6roncHbie 

TO'IKH rrpoeKTHtmoii cncTeMbl KOOP,D;HHaT. Bo3bMeM rrpoH3BOJibHYIO TO'IKY 

M(xi: x2 : x3 ), He rrpntta,D;Jie)Kamyro cTopoHaM Koop,n.nHaTHoro TpeyroJib

HHKa AiA2A3 (pnc. 6). Tor,n.a XiX2X3 # 0 H TO'IKH Mi= (MAi) n (A2A3), 
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M2 = (MA2) n (A3A1), M3 = (MA3) n (A1A2) HMeIOT Koop,n;ttttaThI 

M1(0: x 2 : x3), M2(x1 : 0: x3), M3(x1: x2 : 0). B qacTHOCTH, ecJIH TOqKa M 
cosrra.n;aeT c E, TO E 1(0: 1: 1), E 2(1: 0: 1), 
E 3 (1: 1: 0). Ha octtoBaHHH ¢opMyJihI (I.15) 
HMeeM 

(I.18) 

Puc. 6 

AttaJIOrHqHo no ¢opMyJiaM (I.17) n (I.16) 
HaXO,ll;llM 

(I.19) 

PasettcTsa (I.19) n rrpe,n;cTaBJIJJIOT co6o:H HCKOMhle Bhlpa)KettnJJ. 

CJie,D;CTBHe. HMeem .Mecmo mo:>teoecmBo 

§ 8. ,l{eou1-we om'l-lowe'l-tue 'llem'btpex np.R.M'blX ny'll'l\,a 
u e20 ceoucmea 

KaK ,n;oKa3aHo B §5, npJJMhie a, b, c, 3a.z:i;attHhie ypastteHHJJMH 

aiX1 + a2x2 + a3x3 = 0, 

bix1 + b2x2 + b3x3 = 0, 

C1X1 + C2X2 + C3X3 = 0 

rrpnHa,n;Jie)KaT O,ll;HOMY nyqKy Tor.n;a H TOJibKO TOr,n;a, KOr,n;a 

a1 a2 a3 
bi b2 b3 = 0, 
C1 C2 C3 

OTKy,n;a Ha OCHOBaHHH Heo6xo,n;HMOro H ,ll;OCTaToqHoro ycJIOBllR paBeHCTBa 

ttyJIIO orrpe,n;eJinTeJIR HMeeM 

C1 = .Xa1 + µb1, 

C2 = Aa2 + µb2, 

c3 = .Xa3 + µb3. 

(I.20) 
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PaBeHCTBa (I.20) 6y,r:i;eM nMcaTh B coKpam;eaaoM ycJIOBHOM BM,r:i;e 

e= >.a+ µb 

( cpaBHHTe c (I. 7)) . 
EcJIH Ilp51Ma51 d npRHa,r:i;Jie)KHT 3TOMY )Ke nr1Ky, TO 

d=Xa+µ'b. 

µ µ' 
KaK MB §6, MO)KHO ycTaHOBMTh, 'ITO tJHCJIO -:\: >.' He 3amrcMT OT BbI6opa 

TpoeK Koa¢¢nu;neHTOB ypaBHeHHM ,r:i;aHHbIX qeTbipex np51MbIX. 

Onpe,n;eJieHne. EcJin a, b, e, d - tJeTb1pe np51Mhie o,r:i;aoro nytJKa n 

e= >.a+µ b, 

d=Xa+µ'b, 
(I.21) 

µ µ' ~ -
TO 'IHCJIO -:\ : >.' Ha3hIBaeTC51 060U'li'bt.M Om'liOWe'liUe.M "tem'btpex npR.M'blX a, 

b, e, d M 0603aaqaeTC5I (abed). 

llTaK, eCJIH HMeIOT MeCTO paBeHCTBa (I.21), TO no onpe,r:i;eJieHHIO 

µ µ' 
(abed) = ~ : )..' . 

TeopeMa. ,ll,Bou'lioe omuowe'liue "tem'btpex mo"te'X: A, B, C, D, a 'X:omo

p'btX npR.MaR m, 'lie npu'liaOJ1,e:>1eaw,aR oa'li'liO.MY ny"i'X:y, nepeee'X:aem "tem'btpe 

npR.M'bte a, b, e, d .9mo20 ny"t'X:a, pa61iO 060U'liO.MY om'lioWe'liUW y'X:a3a'li'li'btX 

npR.M'btX: 

(ABCD) =(abed), 

m. e. 'lie 3a6ueum om 6'bl6opa npR.Mou m (pRc. 7). 

,II, 0 Ka 3 a Te JI b c TB o. EcJIM np51-

Ma51 m HMeeT ypaBHeHMe ffi1X1 + m2X2 + 
+ ffi3X3 = 0, TO KOOp,!J;HHaTbI TO'IKH C ee 

rrepeceqeHM51 c np51MO:il: e rryqKa Haxo,n;HM 

H3 CHCTeMbI 

{ 

m1X1 + m2X2 + ffi3X3 = 0, 

eiX1 + e2X2 + e3X3 = 0. 

llMeeM 

A 

d 
m 

D 

PHc. 7 
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TaK KaK rrpHMhie m H c pa3JIHqHhI, TO xoTH 6hl o,n;HH H3 3THX Tpex orrpe.n;e

JIHTeJiett He paBeH HYJIIO. IIo,n;cTaBJIHH cooTHomeHHH (I.20), rroJiyqaeM 

x1:x2:x3=(AI:: ::1+µ1~22 ~3 1): 
: (A lm3 m11 + µ lm3 mil): (A lm1 m21 + µ lm1 m2I). a3 ai b3 bi ai a2 bi b2 

3.n;ecb orrpe,n;eJIHTeJIH l::i 1;;; I H l~i ~jl (i,j = 1, 2, 3; i =j=j) ecTb cooTBeT

CTBeHHO Koop,n;HHaThI TOqKH A rrepeceqeHHH rrpHMhIX m H a H KOop,n;HHaThI 

TOqKH B rrepeceqeHHH rrpHMhIX m H b. Ilo3TOMY B cooTBeTCTBHH c ¢opMy

JiaMH (I.6) H (I. 7) HMeeM C = AA + µB. AHaJIOrHqHo 3TOMY D = X A + µ' B, 
r.n;e A, µ, X, µ' HMeIOT T e )Ke c a M hi e 3HaqeHHH, qTo B ¢opMyJiax (I.21). 
CJie,n;oBaTeJihHo, 

(ABCD) = ~ : ~: =(abed). D 

CJie,n;cTBHe 1. ,!I,eounoe omttowettue "iem'btpex np.Ft.M'btX ny"i'IW tte aaeu

cum om B'bl6opa npoenmuBttou cucme.M'bt noopduttam. 

cho CJie.n;yeT H3 CBOiiCTB ,ll;BOHHOrO OTHOIDeHHH qeTblpex TQqeK IIpHMOH H 

rrpe,n;hI,ll;YII1eii TeopeMhI. 

CJie,n;cTBHe 2. ,!I,eouttoe omttowettue "iem'btpex mo"ien np.Ft.Mou utteapu

attmtto omttocume,11,'b'HO v,ettmpa,11,'btto20 npoe'K',fiupoeattu.Ft (pHc. 8): 

CJie,n;cTBHe 3. ,!I,Boiltt'ble omttowettu.Ft "iemeepon coomBemcmeetttt'btX 

np.Ft.M'blX a6yX ny"i'K',06 pa6'H'bt, eC,11,U O'HU npoenmupy10m oatty "iem6epny mo

"ien np.Ft.Mou, tte nputtaa,11,e::HCaw,eu :Jmu.M ny"ina.M (pHc. 9): 

Pn:c.8 Pn:c.9 
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§ 9. Paaae.11,e'li'liocmti nap mo'l(,e'K: 
npoe'K:mUB'liOU np.R.MOU 

Ha npoeKTHBHOM nJIOCKOCTM He cyru;eCTByeT nOHSITMSI «Jie2KaTh Me)K,lzy» 

,Ll;JISI Tpex TO'IeK npSIMOii:, TaK KaK npoeKTMBHaSI npSIMaSI 3aMKHyTa, 'ITO SICHO 

M3 ee MO,n;eJIM ny'IKOM npSIMbIX. Ily'IOK 3aMKHyT: npSIMaSI ny'!Ka He ,n;eJIMT 

ero Ha ,n;Be 'IaCTM. IloaTOMY TO'!Ka npoeKTMBHOM 

npSIMOM He ,n;eJIMT ee Ha ,n;Ba Jiy'Ia. 

B npoeKTMBHOii: IIJIOCKOCTM oTCYTCTByeT no

HSITMe Jiy'Ia. ,Il;Be npSIMhie nyqKa ,n;eJISIT ero Ha 

,n;Be qacTM. 3Ha'IMT, ,n;Be TO'IKM npoeKTMBHOM 

npSIMOM ,n;eJISIT ee Ha ,Ll;Be '!aCTM - ,Ll;Ba 0Tpe3-

Ka (pnc. 10). 0Tcro.n;a cJie.n;yeT, 'ITO Ha npoeK

TMBHOii: nJIOCKOCTM OTCYTCTByeT nOHSITMe yrJia. 

TepMHH «TpeyrOJihHMK» ncnOJih3yeTCSI JIMmh no 

npHBbl'IKe, ycJIOBHO, B CMbICJie «TpexBepmHH-

HMK» MJIM «TpeXCTOpOHHMK». 

/ 

/ 
/ 

PHc.10 

IlopSI,Ll;OK TO'IeK Ha npoeKTMBHOM npSIMOM xapaKTepH3yeTCSI nOHSITMeM 

B3aMMHoii: pa3,n;eJieHHOCTM ,n;Byx nap To'IeK aToii: npsiMoii:. BBe,n;eM aTo no

HSITMe. Ka)K,Ll;aSI TO'!Ka X npsiMoii: AB, OTJIM'!HaSI OT A M B, .n;onycKaeT 

npe,n;CTaBJieHMe (I.7): x =>.A+ µB, >.µ -1- 0. 

Orrpe,zi;eJieHHe. MHo2KeCTBO Bcex TO'IeK npoeKTMBHOii: npSIMoii:, ,n;JISI KO

TOphlx >.µ coxpaHSieT 3HaK, Ha3hrnaeTCSI ompea'K:o.M c KOHilaMM A M B. 

Ha npoe'K:muei-wu npJi.MOU U.MeemcJi oea 

ompea'K:a c 'K:Ott'4a.MU A u B. Ha o,n;HOM M3 

HMX >.µ > 0, a Ha .n;pyroM )..µ < 0. ,Ll;aHHOe 

onpe,n;eJieHMe 0Tpe3Ka He 3aBMCMT OT BbI6o-

pa TpoeK npoeKTMBHbIX KOOp,Ll;MHaT ero KOH

IIOB: TO'!Ka npSIMOM onpe,n;eJISieTCSI OTHOille

HMeM x' a 3HaK ero COBna.n;aeT co 3HaKOM 

npoM3Be,n;eHMSI >.µ. 

6) -<>----<>------c A B D 

PHc.11 

Orrpe,zi;eJieHHe. IlycTh ,n;aHhI '!eThrpe pa3JIM'IHhie TO'IKM A, B, C, D 
npsiMoii:. foBopsiT, '!To napa TO'IeK C, D paaoej/,Jiem napy TO'IeK A, B, ecJIM 

TO'IKM C, D npnHa,n;Jie2KaT pa3HhIM oTpe3KaM c KOHIIaMM A, B (pnc. 11a). 

Ha pnc. 116 II3o6pa2KeHa napa C, D, He pa3,n;eJISIIOIIIaSI napy A, B. 

TeopeMa (KpHTepHU: pa3,zi;eJieHHOCTH nap To'leK). ,4j/,Jt mo20 ""mo-

6'bt napa c, D paaoej/,Jij/,a napy A, B' neo6xoOU.MO u oocmamO'l/,'H,O, 'l(,mo6i,i 

oeouttoe omnowenue (ABCD) 6'bt/l,O ompu'4ameJ1,'btto. 
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,II, o Ka 3 a T e JI h c T B o. EcJitt C = >..A + µB H D = >..'A + µ' B, TO ,n;mi: To

ro, qT06b1 rrapa C, D pa3,n;emma rrapy A, B corJiactto rrpe)l;hI,ll;YID;HM orrpe,n;e

JiettttHM Heo6xo,n;ttMO ll ,ll;OCTaToqHo, qT06hI BhIIIOJIHHJillCh Jitt6o HepaBeHCTBa 

>..µ > 0 tt >..' µ' < 0, Jitt6o >..µ < 0 tt >..' µ' > 0. Tor,n;a B o6ottx cJiyqaHx X : ';,: = 

= (ABCD) < 0, TaK KaK OTHomeHHH X H ~: ttMeIOT pa3Hh1e 3HaKtt. D 

CJiep;cTBHe 1. ,l(Jl,.R mozo "lmo6?>£ napa mo"le1' C, D ne paaaeJ1,.RJ1,a napy 
mo"le1' A, B, neo6xoau.Mo u aocmamo"ltto, "lmo6?>£ 6btn0Att.RJ1,0C'b nepaeen
cmeo (ABCD) > 0. 

CJiep;cTBHe 2. ECJl,u napa C, D paaaM.Rem napy A, B, mo u napa A, B 
paaaM.Rem napy C, D. ( Omuow,enue paaaMettnocmu nap cu.M.Mempu"ltto.) 

B caMOM ,n;eJie, (ABCD) = (CDAB), rroaToMy o6a aTtt oTttomeHHH ttMeIOT 

0,ll;llH ll TOT :liCe 3HaK. 

§ 10. I'ap.MO'HU'llec'K;a.R 'llemeep'K;a mo'lle'K; 

Onpep;eJieHHe. 11eTBepKa ToqeK rrpHMOii: Ha3hIBaeTCH 2ap.Mottu"lec1'oi1, 
eCJill ,ll;BOHHOe OTHOilleHtte :3TllX ToqeK paBHO -1. 

EcJIH (ABCD) = -1, TO roBopHT TaK:liCe, qTo rrapa C, D 2ap.Mottu"leC1'U 
paaaeA.Rem rrapy A, B. TaK KaK (CDAB) = (ABCD) = -1, Tott rrapa A, B 
rapMOHttqecKtt pa3,n;eJIHeT rrapy C, D. Crroco6 nocTpoettttH rapMOHttqecKoii: 

qeTBepKll ToqeK rrpHMOii: OCHOBaH Ha TeopeMe, Ha3hIBaeMoii: rapMOHHqecKHM 

CBOHCTBOM IIOJIHOro qeThipexBepmHHHHKa (§ 1). 

TeopeMa. Ha 1'aaicaou auazona.11,u nOJl,'H,020 "lem'b£pexeepU£U'H,'HU1'a U.Me
emc.R 2ap.MO'HU"lCC1'a.R "lemeep1'a mo"le1', o6pa306atttta.R aeyJ,;f,.R auazottaA'b
'H,1'£.MU mo"l1'a.Mu u mO"l1'a.Mu nepece"lettu.R amoil aua20ttaJ1,U co cmopotta.Mu, 
npoxoa.RW,U.MU "lepea mpem'b'/O auazottaA'b'HY'/O mO"l1'y. 

9TO CBOHCTBO Ha3hIBaIOT rapMOHHqeCKllM CBOHCTBOM IIOJIHOro qeTbipex

BepmHHHHKa. 

,II, o Ka 3 a Te JI h c TB o. IlycTh ABCD - rroJIHhiii: 'IeThipexBepmttHHHK, 

M, N, P - ero ,n;ttarottaJihHhie TO'IKH (pttc. 12). PaccMoTpttM ,n;ttaro

HaJih MN. IlycTh (MN) n (BD) = E, (MN) n (AC) = F. ,Il,oKa2KeM, 'ITO 

( MNEF) = -1. IlpoeKTttpoBatttteM cttaqaJia c u;ettTpoM D, rroToM c u;ettTpoM 

B rroJiyqaeM (§8, cJie,n;cTBtte 2): 

(MNEF) = (CAPF) = (NMEF). 

1 
CJie,n;oBaTeJihHO, (MNEF) = (NMEF) = (MNEF), OTKy,n;a (MNEF) 2 =1 
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H (MNEF) =± 1. Ho (MNEF) = 1 TOJihKO rrpH E = F, qTo HeB03MO)l{HO, 

HHaqe 6h1 TOqKH A, B, C, D 6bIJIH KOJIJIHHeapHbI. 3ttaqHT, (MNEF) = -1, 

T.e. qeTBepKa ToqeK M, N, E, F srnIDieTcH rapMoan:qecKoit. 

TaK KaK (MNEF) = (CAPF), TO (CAPF) = -1. D 

Q 

D 

Pnc.12 Pnc.13 

CJie,z::i;cTBu:e. Ha -x:a~iJou cmopone no.11,no20 'l(,em'bipexaepw,unnu-x:a u.Me
emcR aap.MO'ltU'l(,eC'K:M 'l(,emaep-x:a mo'l(,e-x:, o6paaoaattttaJi napou aepwun, iJua-
20naA'bttoi1 mO'l/,'K:OU U mO'l/,'K:OU nepeCe'l/,e'/tUJi :Jmou cmopo'lt'bt C iJuaW'ltaA'b'IO, 
npoxoiJJiw,eu 'l(,epe3 iJae iJpyaue iJuawttaA'b'lt'bte mO'l(,'K:U. 

lfa ,LJ;OKa3aHHOH TeopeMbI BbITeKaeT rrpOCTOH crroco6 IIOCTp0€HHH TOqKH, 

06paay10w,eu 6.Mecme C mpe.MJi iJa'lt'lt'bt.MU aap.MO'H,U'l(,eC'K:Y'/O 'l(,emaep-x:y. 
IlyCTh ,n;aHbI TPH ToqKH A, B, C rrpHMOH H Tpe6yeTcH rrocTpOHTb ToqKy D 

(oiTOH rrpHMOli), KOTopaH 6hl B nape c TOqKOH c rapMOHHqecKH pa3,n;eJIHJia 

rrapy TO'IeK A, B. TaK KaK BeJIHqHHOH ,D;BO:itHoro OTHomeHHH (ABCD) = -1 

H TpeMH ,n;aHHhIMH ToqKaMH A, B, C TO'!Ka D orrpe,n;eJIHeTCH o,n;H03Haq

HO (n. 6.3), TO OHa He 3aBHCHT OT BbI6opa IlOJIHOro qeTbipexBepmHHHHKa, 

,n;JIH KOToporo 6hr TO'IKH A H B 6hIJIH ,n;HaroHaJihHhIMH, a ToqKH C H D -
ToqKaMH nepeceqeHHH ,n;HaroHaJIH AB c ,n;ByMH cTopottaMH, npoxo,LJ;Hm;HMH 

qepe3 TpeThIO ,n;HaroHaJihHJIO TOqKy. IlooiTOMY qepe3 A npoBO,LJ;HM ,D;Be npo

H3BOJihHbie npHMbie (pHc.13), a qepe3 c - TpeTblO rrpOH3BOJibHJIO npHMy10, 

KOTopax nepeceKaeT nepBbie ,n;Be B TO'IKax Q H S. _naJiee, 

(BS) n (AQ) = P, (BQ) n (AS)= R, (PR) n (AB) = D. 

IlpHMeHHH TeopeMy H3 ,n;aHHOro naparpa¢a K IlOJIHOMY qeTbipexBepmHHHH

KY PQRS, y6e)l{,ll;aeMCH B npamIJihHOCTH nocTpoeHHH HY)l{HOH TO'IKH D. 
9To IIOCTpoeHHe B ,n;aJibHeitmeM npHMeHHeTCH MHOrOKpaTHO, Il03TOMY Ha

,n;o BJia,n;eTh HM aBTOMaTH'IeCKH. 
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3ada"1,U u ynpa{)!Cnenwi 

1.1. IlpHHHMruI TQqKH (5: 6: 0), (1: 2: 3), (1: 1: 0) 3a BepIIIHHhl KOOp,n;H

HaTHOro TpeyroJibHHKa HOBOH rrpoeKTHBHOH CHCTeMbl KOOp,n;HHaT, Hail:,n;HTe 

KOOp)J;HHaTbl ee e,n;HHHqHOil: TQqKH OTHOCHTeJibHO rrepBOHaqaJibHOtt CHCTeMbl. 

1.2. IloKa:amTe, qTo ToqKH A(3: 2: 1), B(2:4: -1), C(0:-8 :5) HHIJH,n;eHT

HbI o,n;tto:fi rrpHMOil:. Hail:,n;HTe >. H µ, rrpH KOTOphlx C = >.A + µB. HarrHIIIHTe 

ypaBHeHHe 3TOil: rrpHMOil:. 

1.3. B IIJIOCKOCTH TpeyroJibHHKa A 1 A2 A3 ,n;aHbI ToqKH M H N. IlpHMbie 

AiM rrepeceKaIOT rrpoTHBOJie)KaIIJHe HM cTopoHbI TpeyroJibHHKa A 1 A2 A3 

cooTBeTCTBeHHO B ToqKax Mi (i = 1, 2, 3). IlpHMbie AiN rrepeceKaIOT cooT

BeTCTBeHHbie CTOpOHbI TpeyroJibHHKa M1M2 M3 B ToqKax Pi. ,ll;oKa)KHTe, 

qTo rrpHMbie MiP; rrepeceKaIOTCH B o,n;ttoil: TOqKe. 

1.4. TpeyroJibHHKH ABC H A1B1 C1 pacrroJio)KeHbI B rrJioCKOCTH TaK, qTo 

rrpHMb1e AA1 , BB1 , CC1 rrepeceKaIOTCH B o,n;tto:fi ToqKe S, a rrpHMbie ABi, 
BC1 , CA1 rrepeceKaIOTCH B o,n;ttoil: ToqKe 81. ,ll;oKa)KHTe, qTo rrpHMbie AC1 , 

BA1 , CB1 TaK)Ke HHIJH)J;eHTHbI o,n;ttoil: ToqKe. 

1.5. C¢opMyJinpyil:Te TeopeMy ,ll;e3apra .n;JIH CBH3KH rrpHMbIX TpexMep

ttoro a¢¢nttttoro rrpocTpaHCTBa. 

1.6. ,ll;oKa)KHTe o6paTHYIO TeopeMy ,ll;e3apra Ha OCHOBaHHH rrpHMOM TeO

peMbl ,ll;e3apra. 

I. 7. By,n;yT JIH HMeTb MecTo rrpHMruI H o6paTHaH TeopeMbI ,ll;e3apra, ecJIH 

BepIIIHHbI CH C1 (HJIH B H Bi) TpeyrOJibHHKOB ABC H A1B1 C1 coBrra,n;aroT? 

1.8. IlpHHHB rrpOH3BOJibHYIO TQqKy KOH¢nrypa1JHH ,ll;e3apra 3a ,n;e-

3aproBy TQqKy, Ha:fi,n;HTe B 3TOil: KOHcPHrypalJHH ,n;e3aprOBbl TpeyroJibHHKH 

H ,n;e3aproBy rrpHMyro. 

1.9. IlpHHHB rrpOH3BOJibHYIO rrpHMYIO KOH¢Hrypa1JHH ,ll;e3apra 3a ,n;e3ap

roBy rrpHMyro, Hail:,n;HTe B 3TOil: KOH¢Hrypa1JHH ,n;e3aprOBbl TpeyroJibHHKH H 

,n;e3aproBy ToqKy. 

1.10. ,ll;aHbI TpeyroJibHHK ABC H ToqKa S. IlocTpoeHbI ToqKH 

A1 =(SA) n (BC), Bi= (SB) n (CA), C1 =(SC) n (AB). 

,ll;oKa)KHTe, qTQ TOqKH (BC) n (B1C1), (CA) n (C1A1), (AB) n (A1Bi) KOJI

JIHHeapHbl. 

1.11. ,ll;attbI TpeyroJibHHK ABC H npHMaH p. IlocTpoeHhl TOqKH 

A0 =(BC) np, Bo= (CA) np, Co= (AB) np, 
A 1 = (BB0 ) n (CCo), B1 = (CCo) n (AAo), C1 = (AAo) n (BBo). 
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1.12. Ha pacmHpeHHofi a¢qmHHofi IIJIOCKOCTH B rrpoH3BOJihHhIH qeThI

pexyrOJihHHK BIIHCaHa TparreI!mI, OCHOBaHH5! KOTOpofi rrapaJIJieJihHhI O,Il,HOH 

ero ,Il,HarOHaJIH. ~OKa:ilrnTe, qTQ IIpO,Il,OJI2KeHH5! ee 60KOBbIX CTOpOH IIepece

KaIOTC5! Ha ,n;pyro:ff ,n;narOHaJIH 3TOI'O TI€TbipexyrOJibHHKa. 

1.13. ~aHhI TpeyroJihHHK ABC H TPH KOJimmeapHbie ToqKH A0 , B 0 , C0 • 

IlocTpoll.Te TpeyroJihHHK A 1B 1C1 , BepmHHhI KOToporo rrpHHa,n,Jie2KaJIH 6bI 

cTopoHaM TpeyroJihHHKa ABC, a ero CTOpOHbI rrpoxo,n,HJIH qepe3 ,n,aHHhie 

ToqKH A 0 , Bo, Co. 
1.14. ~aHhI rrp5!Mbie a H b, TOqKa rrepeceqeHH5! KOTOpbIX He,Il,OCTYIIHa. 

IloJih3Y5!Cb TOJihKO o,n,Holl. JIHHeilKoll., rrpoBe,n,HTe qepe3 ,n,aHHyro TOqKy C 
rrp5!Myro, KOTopa5! co,n;ep2KHT TOTIKY M = a n b. 

1.15. ~aHhl rrp5!Ma5! m H He rrpHHa,n,Jie2KaIIIHe en ToqKH AH B. IloJib3Y5!Ch 

TO.JJhKO OAHOH JIHtte:ffKoil, rrocTpoll.Te ToqKy rrepeceqeHH5! rrp5!MhIX AB H m, 

He rrpoBOM rrp5!Moil AB. 
1.16. Ha pacmHpeHHOll. a¢¢HHHoil rrJIOCKOCTH ,n,aHbI ,n,Be rrapanJieJihHhie 

np5!Mhie a H b H He rrpHHa,n,Jie2KaIIIa5! HM ToqKa C. IloJih3Y5!Ch TOJihKO o,n,

HOH JIHHeilKoil, npoBe,Il,HTe qepe3 TOqKy C rrp5!Myro, rrapanJieJihHYIO ,n,aHHhIM 

Ilp5!MbIM a H b. 
1.17. IloKa2KHTe, qTO ToqKH A(l: 4: 1), B(O: 1: 1), C(2: 3: -3) KOJIJIH

tteaptthI, H HailAHTe TaKyro ToqKy D, qTO (ABCD) = -4. 
1.18. ~oKa2KHTe, qTo ,Il,Jl5! JII06bIX II5!TH ToqeK IIp5!MOll HMeeT MeCTO CJie

AYIOIIIa5! 3aBHCHMOCTh Me2K,n,y ABOHHhIMH OTHOIDeHH5!MH: 

(ABCM) 
(ABCD) = (ABDM). 

1.19. ToqKH A, B, C HeKOJIJIHHeapHhI. EcJIH HeKOTopa5! np5!Ma5! m rre

peceKaeT rrp5!Mhie BC, CA, AB cooTBeTcTBeHHO B ToqKax Ai, Bi, Ci H 

rrp5!Mhie ai, bi, ci co,n,ep2KaT npoH3BOJihHYIO ToqKy ME m, TO (MAiBiCi) = 
= ( mai bi Ci). ,II:oKa2KHTe. 

1.20. Ha a<i>¢HHHOil IIJIOCKOCTH qeThipe np5!Mhie rrpoxOMT qepe3 Haqa

JIO KOOPAHHaT H HMeIOT yrJIOBhie Koa¢¢mi;HeHThI k1 , k2 , k3 , k4. HaiiAHTe 

,Il,BOHHOe OTHOIDeHHe 3THX rrp5!MbIX. 

1.21. Ilp5!Mbie a, b, c, d rrpHHa,n,Jie2KaT O,Il,HOMY rryqKy. Ilp5!Mbie a H b HMe

IOT a¢¢HHHbie ypaBHeHH5! 3x + y - 5 = 0 H x - y + 1=0. Ilp5!Ma5! c rrpoxo,n,HT 

qepe3 Haqano Koop,n,HHaT, H (abed) = 3. Hall.,n,HTe ypaBHeHHe rrp5!MOH d. 
1.22. C¢opMyJIHpyll.Te H ,n;oKa2KHTe TeopeMy, ,LJ;BOHCTBeHHYIO TeopeMe 

H3 § 10 0 rapMOHHqeCKOM CBOHCTBe IIOJIHOro qeTbipexBepmHHHHKa. 

1.23. ToqKH E 1 , E 2, E3 - I!eHTpaJihHhie rrpoeKI!HH e,n;HHHqHoil ToqKH E 
Ha cTopoHhI Koop,n,HHaTHoro TpeyroJihHHKa ABC coOTBeTCTBeHHO H3 Bep

IDHH A, B, C. IlocTpoll.Te ToqKH P1 , P2 , P3 - qeTBepThie rapMOHHqecKHe 
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K ToqKaM E1, E2, E3 OTHOCHTeJibHO nap ToqeK B H C, C H A, A H B. Bb1-

q11cJIHTe Koop,IJ,HHaTbI ToqeK P1, P2, P3, noKa)KHTe, qTo OHH KOJIJIHHeapHbI, 

H Hail,IJ,HTe ypaBHeHHe co,z:i;ep)Kam;ett HX npHMOtt. 

1.24. ,Ll;oKa)KHTe, qTo B TpanervrH cepe,ll;HHbl OCHOBaHHil, TOqKa nepe

ceqeHHH ,IJ,Hal'OHaJiett H TOqKa nepeceqeHHH 6oKOBbIX CTOpOH COCTaBJIHIOT 

rapMOHHqecKyro qeTBepKy. Hatt,IJ,HTe rapMOHHqecKHe qeTBepKH ToqeK Ha 6o
KOBbIX CTOpOHax TpaneU,HH. 

1.25. B napaJIJieJiorpaMMe ABCD ToqKa M - u,eHTPOM TpeyroJibHHKa 

ABC, TOqKa N - cepe,IJ,HHa CTopOHbI AB, a ToqKa K - npoeKIJ,HH BepIIIHHbI 

B Ha npHMYIO DA napanJieJibHO ,IJ,HaroHaJIH CA. ,Ll;oKa)KHTe, qTo qeTBepKa 

ToqeK C, N, M, K HBJIHeTCH rapMOHHqecKott H npHMhle BC, BA, BD, BK 
o6p83yIOT rapMOHHqecKyro qeTBepKy npHMbIX. 

I.26. ,Ll;oKa)KHTe, qTo ,z:i;Be cTopoHbI TpeyroJibHHKa H 6HcceKTPHCbI BHYT

peHHero H BHeIIIHero Yl'JIOB npH HX o6m;ett BepIUHHe COCTaBJIHIOT rapMOHH

qecKyIO qeTBepKy npHMblX. 



DIABA II 

II poex;m uett 'bte omo6paa1Cett U.Tl 
u npeo6pasoeattu.Tl 

IlpH KJiaCCH'!eCKOM (aKCHOMaTH'leCKOM) onpe,n;eJieHHH npoeKTHBHO:lt 

TIJIOCKOCTH npSIMaSI TIOHHMaeTCSI KaK caMOCTOSITeJibHhl:lt reoMeTpH'IeCKH:lt 

o6'heKT, y,n;oBJieTBop.mom;u:lt aKCHOMaM npuHa,n;.JJe)JrnocTH ( HHQUAeHTHOCTH) 

TO'IKH H npSIMO:lt. 9TOT 'IHCTO rHJib6epTOBCKH:lt B3rJISI,n; Ha cyrn;HOCTh npHMO:lt 

CTaHOBHTCH o6peMeHHTeJibHhIM npH H3Jlo:lK8HHH TeopHH npeo6pa30BaHH:lt. 

Ilo3TOMY B KJiaCCH'leCKO:lt mi:TepaType no npoeKTHBHO:lt reoMeTpHH TepMHH 

«IlpHMOJIHHe:ltHhl:lt pSI)J; TO''leK» 03Ha'!aeT «MHO)KeCTBO TO'leK npHMO:lt», XOTH 

B cym;HOCTH 3TO TO )Ke, 'ITO «npHMaH» B COBpeMeHHOM TIOHHMaHHH. ,Icy
MalO, 'ITO nopa nepecTaTb npHTaThCH OT ce6H H nepe:ltTH Ha o6bl'!HYIO Tep

MHHOJIOrHIO. 0,n;HaKo TaM, r,n;e pe'Ih UAeT o ny'IKax npHMhlX H npHHQHne 

)J;BO:ltCTBeHHOCTH, npHXO)J;HTCH OCTaBaThCH Ha rHJih6epTOBCKOM TIOHHMaHHH 

npHMO:lt KaK caMOCTOHTeJihHOro reoMeTpH'!ecKoro o6'beKTa. Pa3yMeeTcH, <!TO 

He MO)KeT npHBeCTH K He,n;opa3yMeHHHM. 

§ 11. JipoeK:mU6'H'bte omo6pa[)ICe'HU.R np.R.Mou 
'Ha npR.MY'IO ( ny'l/,K:a 'Ha ny'l/,O'K:) 

11.1. IlepcneKTHBHble OTo6pa>KeHHH. 0To6pa)KeHHe npHMO:lt m Ha 

npHMYIO mi Ha3hlBaeTcH nepcne?Cmua·H:1>w omo6pa0teettue.M, ecJIH K~o:lt 
TO'!Ke M E m cooTBeTCTByeT TaKaH TO'!Ka Mi E m 1, 'ITO MHO)KeCTBO Bcex 

npHMhlX MMi eCTh ny'IOK c QeHTpOM S. l!HhlMH CJioBaMH, nepcneKTHBHoe 

OT06pa)KeHHe npHMO:lt Ha npHMJIO - 3TO QeHTpaJibHOe npoeKTHpOBaHHe o,n;

HO:lt H3 HHX Ha ,n;pyry10 c QeHTPOM s npoeKTHpOBaHHH, (He npHHa,n;Jie)KaIIJ;HM 

,n;aHHhlM npHMhlM (puc. 8). EcJIH M-+ Mi, TO 6y,n;eM HCTIOJib30BaTb Tpa,n;H-

QHOHHJIO 3aTIHCb s 
m(M) A mi(Mi)· 

Ha ocHOBaHHH cJie,n;cTBHSI 2 H3 § 8 npu nepcneKTHBHOM oTo6pa)KeHHH paBHhl 

)l;BO:ltHbie OTHOmeHHH Ka)K)J;O:lt '!eTBepKH COOTBeTCTBeHHhlX TO'leK: 

TeM caMhlM onpe,n;eJieHo nepcne?Cmuattoe coomaemcmaue Me)K,ll;y MHO)Ke

CTBOM TO'!eK M npHMO:lt m H MHO)KeCTBOM npHMhlX SM ny'!Ka S: 

m(M) '.\(SM). 
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rosopaT, 'ITO ,z:t;Ba IIY'IKa s H Si HaXO,IJ;aTCa B nepcne'K:mU6HO.M coom
eemcmeuu, eCJIH COOTBeTCTBeHHbie rrpaMhie 3THX IIY'IKOB rrepeceKaIOTC51: Ha 

O,ll;HOH rrpaMOH m (cM. puc. 9): 

m 

abed A aibicidi. 

B Ka::tK,z:t;OM H3 paccMOTpeHHhIX cJiy'Iaes paBHhI ,z:t;BOHHhie OTHomeHHa 'IeT

sepoK COOTBeTCTBeHHhIX 3JieMeHTOB. 

11.2. IIpoeKTHBHoe oTo6pIDKeHHe rrpHMoii Ha rrpHMYIO (rryqKa 
Ha rryqoK). 0To6pa)KeHHe npaMo:ft m Ha rrpaMyro mi Ha3hIBaeTca npoe'K:
muett'bt.M omo6pa:J1CettUe.M, eCJIH OHO nepcrreKTHBHO HJIH 5lBJiaeTC.H KOMil03H-

11Heft KOHe'IHOro 'IHCJia nepcrreKTHBHbIX OT06pa)KeHHH. 8To orrpe,n;eJieHHe, 

O'IeBH,ll;HO, paBHOCHJibHO TaKoMy: omo6pa:J1Cettue npJ£.MOU m tta npJ£.My'IO mi 

ttQ.3'bt6aemcJ£ npoe'K:mU6tt'bt.M omo6pa:J1Cettue.M, ec.n,u OHO COXpa'H,1!,em aeouttoe 
omnowenue 11:a:J1Caou "temeep'K:u mo"te'K: np.Ft.Mou. 

AnaJiorH'IHO orrpe,z:t;eJiaeTca rrpoeKTHBHOe OTo6pa)KeHue o,n;Horo rry'IKa 

rrpaMhIX Ha ,n;pyroft IlJ'IOK, a TaK)Ke npoeKTHBHOe COOTBeTCTBHe Me)K,Il;y MHO

)KeCTBOM TO'IeK rrpaMOH H MHO)KeCTBOM rrp.HMbIX IIY'IKa. 

OcHOBHa.H TeopeMa rrpoeKTHBHOH reoMeTpHH. Cyw,ecmeyem eaun
cmeettttoe npoe'K:muenoe omo6pa:J1Cenue, npu 'K:omopo.M mpu aantt'bte mo"tx;u 
A, B, c npR.MOU m omo6pa:J1Ca'/OmCJ£ tta mpu ttanepea aaaatttt'bte mO"t'K:U Ai, 
Bi, Ci npJt.MOU mi. 

,UoKa3aTeJihCTBO. IlycTh 3a,z:t;aHbI ,n;se TpoftKH ABC H AiBiCi 
KOJIJIHHeapHblX TO'IeK (pHc.14). IlocTpOHM TO'IKH Bo= (ABi) n (AiB), 

m X 

PHc.14 

Co= (ACi) n (AiC), Ao= (AAi) n (BoC0 ). 

Tor,n;a orrpe,z:t;eJIHJiach KOMII03HIIHa ,n;syx 

nepcrreKTHl3HhIX OT06pa)KeHHH 

Ai A 

ABC /\ A0 BoCo /\ AiBiCi, 

rrpH KOTOpo:ft c IIOMOIIIbIO rrpOH3BOJlhHOH 

TO'IKH X 0 rrpaMo:ft B0 C0 HaxO,z:t;lITCa napa 

x ---+ xi COOTBeTCTBeHHblX TO'IeK rrpaMbIX 

mHmi: 

CorJiaCHO orrpe,n;eJieHHIO oro6pa)KeHHe X---+ Xi aBJI.HeTC.H rrpoeKTHBHhIM H 

oTo6pa)KaeT TO'IKH A, B, C cooTBeTcTBeHHO Ha TO'IKH Ai, Bi, Ci. Cy111e

cTsosaHHe Tpe6yeMoro OT06pa)K€HH5l ,ll;OKa3aHo. 0Ho e,z:t;HHCTB€HHO, TaK KaK 

o6pa3 xi Ka)K,z:t;Oft TO'IKH x npaMOH m O,ll;H03Ha'IHO onpe,z:t;eJiaeTC.H TO'IKaMH 
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Ai, B1, Ci H BeJIH'lHHOii: ,rt;Boii:ttoro OTHOllleHH51 a;= (ABCX) (npH Bh16paH

Hoii: TO'lKe X IIp51MOii: m (n. 6.3)). Ilp51Ma51 £ = (BoCo) Ha3hIBaeTC51 OC'b10 

npoeKTHBHOro OT06pa)l{emrn IIp51MOii: m Ha IIp51MYIO m1. 0 

Cne,zi;cTBUe 1. llpoe'/\',mU6'1-tae omo6pa{)!Cettue npR.Mou tta npR.My10 Jtu6o 

nepcne'/\',mU6tto (npu Ai= A, pHc.15), Jtu6o .ft6JtRemcR 'X',O.Mnoauv,ueu J6yx 

nepcne'/\',mU6'HibtX omo6pa{)!Cettuu. 

m 

m 

A B c 
PHc.15 

Cne,zi;cTBue 2 (KpuTepuii nepcneKTHBHOCTH npoeKTUBHoro oTo6-
p8.)KeHuSI). llpoe'/\',mU6ttoe omo6pa{)!Cettue npR.Mou tta npR.My10 .ft6JtRemcR 

nepcne'/\',mU6'H,'bt.M moeJa U mOJt'b'J\',Q moeJa, 'X',O<!Ja 06W,a.ft mO"{'J\',a 3ffiUX npR

.M'btX ttenoJ6U{)ICtta npu 3mo.M omo6pa{)!Cettuu . 

.n; 0 K a 3 a T e JI b c T B o. .n; 0 c T a T 0 q H 0 c T b aToro ycJIOBH51 O'leBH,rt;-

Ha (pHc.15) . .IJ;oKa)l{eM ero Heo6xo,rt;HMOCTb. IlyCTb (AAi) n (BB1) n 
n (CCi) =SH IIp51Mbie AB H A1B1 nepeceKalOTC51 B TO'lKe 0 (pHc.16) Tor.n;a 

corJiactto TeopeMe .l1;e3apra ,rt;JI51 TpeyroJihHHKOB ABCi H AiB1C TO'IKH 0, 
Bo, Co KOJIJIHHeapHbI. cho H 03Ha11aeT, 'ITO IIPH 3a,JJ;aHHOM OT06pa)l{eHHH 

06m,a51 TO'lKa 0 IIp.SIMhIX m H mi HeIIO,rt;BH)l{Ha. 0 

PHc. 17 
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11.3. TeopeMa Ilanna. ECAu eepwutt'bL A, B, C wecmueepwuttttu'K:a 
AB1CA1BC1 'K:oMutteaptt'bL u npomueonoJ1,0:>1ett'bie UM eepwutt'bL Ai, Bi, C1 
ma'K:atee 'K:OMUtteaptt'bL, mo ew npomueonOJ1,0atett'bLe cmopott'bL AB1 u A 1B, 
BiC u BC1, CA1 u C1A nepece'K:a10mcR B mpex 'K:OJl,Jl,Utteaptt'bLX mo"i'K:ax 
N, P, M (pHc.17). 

,n 0 Ka 3 a Te JI h c TB o. IlOCTpOHM ,IJ;OilOJIHHTeJihHO Tff'IKH 

Tor,n;a 6y,n;eM HMeTb 

L = (AC1) n (BA1), 

K = (BC1) n (CA1), 

0 =(AB) n (A1B 1). 

A C 

AiNLB A AiB1C10 A KPC1B. 

TaKHM o6pa3oM, B npoeKTHBHOM oTo6pa)f(eHHH A1NLB 7\ KPC1B TO'IKa B 
OKa3hrnaeTC5I Herro,n;BmKHoii. CorJiaCHO rrpe,n;h1,n;yrn;eMy KpHTepmo ( cJie,n;

CTBHe 2) 3TO OT06pa)f{emre 6y,n;eT nepcrreKTHBHhlM, a HM8HHO, 

TaK KaK np5IMbie A 1K H LC1 , coeµ;nmnoil!He cooTBeTCTBeHHble TO'IKH, npo

XO,ll;HT 'Iepe3 TO'IKY M. CJie,n;oBaTeJihHO, H NP npoii,n;eT 'Iepe3 M. 0 

§ 12. llpoe'KmUB'H/bte npeo6paaoBattu.R np.R.Mou 

Ilpoe'K:mUB1-L'bL.M npeo6paaoeanue.M np.R,.M,OU Ha3bIBaeTC5I rrpeo6pa3oBaHHe, 

KOTOpOe COXpaH5IeT ,IJ;BOil:HOe OTHOilleHHe JII06bIX 'IeThipex ee TO'IeK. 

KaK ,n;oKa3aHo B n. 6.3 (TeopeMa 1), TpH ,n;aHHbie TO'IKH A, B, C rrp5!Moii H 

3a,n;attttoe 'IHCJio a ::/=- 0 O,IJ;H03Ha'IHO orrpe,n;eJI5IIOT TaKyIO TO'IKY D sTo:li np5I

Moil:, 'ITO (ABCD) = Q, lIHblMH CJIOBaMH, TpOil:Ka {ABC} KOJIJIHHeapHbIX 

TO'IeK 3a,n;aeT CHCTeMy KOOp,IJ;HHaT ( npoe'K:mU61-L'bLU penep)' OTHOCHTeJihHO KO

TOpoii TO'IKa D HMeeT (tteo,n;Hopo,n;Hy10) Koop,n;HHaTy a. 
EcJIH {A' B' C'} - ,n;pyra5I cPHKCHpoBaHHM Tpoil:Ka TO'IeK TO:li )f(e rrpaMo:li 

AB, TO AJI5I 'IeThlpex nap cooTBeTCTBeHHhIX TO'IeK npH rrpoeKTHBHOM npeo6-

pa30BaHHH f np5IMOil: paBHbl ,n;Boil:Hbie OTHOilleHH5I: (ABCX) =(A' B'C' X'). 
EcmI rrepBbie TpH naphI cPHKCnpoBaHbI, To AJI.H JII06oii TO'IKH X TO'IKa X' 
onpe,n;eJI5IeTC5I o,n;H03Ha'IHO. CJie,n;oBaTeJihHO, npoe'K:muenoe npeo6paaoeanue 
npR.Mou onpeaeJ1,RemcR aaaanue.M mpex nap coomeemcmeetttt'bLX mo"ie'K:. 

CJiep;cTBHe. Hemo:>1eaecmeennoe npoe'K:muenoe npeo6paaoeanue npR
.Mou .MOateem U.Mem'b 1-LE 60J1,ee aeyx ttenoaeuatett'bLX mo"ie'K:. 
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IlpoeKTHBHhie ( o,n;Hopo~bie) Koop,n;nHaThI TO"'IKH X rrp.HMO:ii AB OTHOCH

TeJihHO perrepa { ABE3} 3TO:it rrp.HMO:ii orrpe,n;eJIHM KaK ,n;Be rrepBbie rrpoeKTHB

Hhie Koop,n;nHaThI 3TOfi TO<IKH OTHOCHTeJihHO perrepa { ABCE} IIJIOCKOCTH, 

r.n;e TO'IKa c He rrpHHa,n;Jie)KHT rrp.HMOH AB H E3 =(CE) n (AB) (Tp€Th.H ee 
KOOp,ll;HHaTa 6y,n;eT HyJieBo:ii). 

Haii,n;eM ¢opMyJihl rrpoeKTHBHoro rrpeo6pa3oBaHH.H rrp.HMo:it AB B rrpo

eKTHBHhIX Koop,n;nHaTax. IlycTb OHO 3a,n;aao TpeM.H rrapaMH TO<IeK A -. A', 
B-.B', E3-. E~, r.n;e E~ =(CE') n(AB). IlycTb X(x1 :x2 :O)-.X'(x~ :x; :0) 
H KOOp,ll;HHaThl orrpe,n;eJieHbl B 0 .n; H 0 M 3a,n;aHHOM perrepe {ABCE} IIJIOCKO

CTH. Ilo orrpe,n;eJieHHIO rrpoeKTHBHOrO rrpeo6pa30BaHH.H rrp.HMOH (ABE3X) = 
=(A' B' E~X'). CorJiacHo ¢opMyJiaM (I.18) CB.H3H rrpoeKTHBHhIX Koop,n;nHaT 

c ,ll;BOllHhIMH OTHOIIIeHH.HMH KOOp,ll;HHaTbl TO'IKH X' OTHOCHT€JlbHO perrepa 

{A' B'C' E'} coBrra.n;aroT c Koop.n;nHaTaMH TO<IKH C OTHOCHTeJihHO perrepa 

{ABCE}. 
PaccMoTpHM Terreph Koop,n;nHaThl o.n;Ho:it TO<IKH X' B ,n;Byx perrepax 

{ ABCE} H {A' B'C' E'} IIJIOCKOCTH. Ilo ¢opMyJiaM (I.3) 3aMeHhI rrpoeKTHB

HO:ii CHCT€Mbl KOOp,ll;MHaT c y<IeTOM H3M€HHBIII€HC.H pOJIH IIITpHXOB B o6o3Ha

'I€HH.HX rrepeMeHHhlX HMeeM (rrpH coxpaHeHHH OCTaJibHhIX o603Ha<IeHHll) 

HJIH 

r.n;e 

{ 

px~ = a1x1 + b1x2 + Ox3, 

px2 = a2x1 + b2x2 + Ox3 , 

px~ = Ox1 + Ox2 + lx3, 

a1 bi o I b I A= a2 b2 0 = ai b1 # 0. 
0 0 1 a2 2 

(II.1) 

,Il;JI.H TO<IeK rrp.HMO:it AB ¢opMyJihI (II. l) H rrpe,n;cTaBJI.HIOT co6oli HCKOMhie 

¢opMyJihI 3a,n;aHHOro rrpoeKTHBHoro rrpeo6pa3oBaHH.H 3TOH rrp.HMoli. CorJiac

HO 3THM ¢opMyJiaM 

KoHcTpyKTHBHO rrpoeKTHBHoe rrpeo6pa3oBaHne rrp.HMOM MO)KeT 6hITh BhI

IIOJIHeHo TaK. IlycTh OHO 3a,n;aHo TpeM.H rrapaMH TO<IeK A -. A', B -. B', 
C -. C' ,n;aHHOfi rrpaMo:ii. CHa<IaJia Tpo:i!:Ky ABC crrpoeKTnpyeM H3 npou3-

BOJihHOro n;eHTpa Ha HeKoTopyro rrp.HMYIO m B TpOfiKy A1 B1C1 , a 3aTeM 

rrpHMeHHM nocTpoeane H3 rr.11.2 ,ll;Jl.H TpoeK A1 B1C1 n A'B'C' (pnc.14). 
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§ 13. Ilpoe'K',mUB'l-l'ble U'l-l60A1011iUU np.ff,MOU 

13.1. 33,I\aJIHe H KOOP.z:\HHaTHhie cl>opMyJihI. HarroMHHM orrpe,n,e

JieHHe HHBOJIIOil,HH. Ilpeo6pa30BaHHe MHO.IKeCTBa Ha3bIBaeTC5I Utt60Jl,'IO~UOtt

tt'blM npeo6paao6attUe.M HJIH Utt60.lt'IO~uei1, ecJIH OHO COBIIa,Il,aeT co CBOHM 

o6paTHbIM, H He 5IBJ15I€TC5I TO)K,Il,€CTB€HHhlM. 

TeopeMa. ,lf,.11,.R mow "f,mo6'bt npoex;muattoe npeo6paaoaattue np.RMOU 6'bt

.11,o uuao.11,10~uotttt'b£M, tteo6xoau.Mo u aocmamo"f,tto, "{,mo6'bt ua amou np.RMou 

U.Me.1taC'b napa tteCOBnaaa'IOW,UX COOm6emcm6etttt'b£X npu aattUO.M npeo6paao-

6a'ltUU mo"tex; A u A'' omo6paJtea'IOW,UXC.R OO'lta ua apy2y10. 

,lI, 0 K a3 a Te JI b c TB o. He 0 6 XO ,IJ,H M 0 c Tb CJI€,Il,.Y€T H3 orrpe,n,eJieHHR 

HHBOJIIOil,HH. ,lJ;oKa.IKeM ,Il, o c Ta To q Hoc Th. EcJin rrpH rrpeo6pa30BaHHH f 
cym;ecTByeT rrapa A+--+ A' H f(X) = X', TO aa.n;o ,Il,OKa3aTb, 'ITO f(X') = X 
,Il,JIR mo6oii TO'IKH X ,n,aHHOii rrpsrMoii. IlycTh f(X') = Y. Tor,n,a no orrpe,Il,e

JieHHIO rrpoeKTHBHoro rrpeo6pa3oBamrn npsrMoii (AA' XX')= (A' AX'Y), a 

no cBoiicTBy ,Il,BOiiHoro oTHorneHHR (AA' XX')= (A' AX' X). CJie,Il,OBaTeJih

HO, (A'AX'X) = (A'AX'Y), a 3TO 3Ha'IHT, 'ITO TO'IKH x Hy COBITa,n,aIOT, 

'ITO H HY.IKHO 6hmo ,Il,OKa3aTb. 0 

CJie)J.CTBO:e. llpoex;muaua.R U'lt60.lt'IO~U.R np.R.MOU oa'lt03'1ta"f,tt0 onpede.lt.R

emc.R aaaa'ltUe.M aayx nap ee COOm6emcm6e'lt'lt'btX mo"f,ex;. 

IloJiy'IHM KOOp,IJ,HHaTHbie ¢opMyJihI HHBOJIIOil,HH. Pa3pernrrn CHCTeMy 

(II.1) OTHOCHT€JlbHO X1 H X2, HMeeM 

(II.2) 

,IJ;JJsr Toro 'IT06hI rrpeo6pa30BaHmI (II.1) If (II.2) COBIIa,n,aJIH, Heo6XO,Il,HMO H 

,Il,OCTaTO'IHO, 'IT06br BbIIIOJIHRJIOCb paBeHCTBO a 1 = -b2 • CMeHHB o6o3Ha'le

HHSI, IlOJiyqaeM ¢opMyJibI npoeKTHBHOii HHBOJIIOil,HH npsrMoii:: 

a2 +be i- 0. (II.3) 

3aMeTHM, 'ITO rrpoeKTHBHOe npeo6pa3oBaHHe (II.1) rrpSIMOii 5IBJIReTC5I HH

BOJIIOil,Heii Tor,n,a H TOJibKO Tor,n,a, KOr,n,a cyMMa ai + b2 aJJeMeHTOB rJiaBHOH 

,n,HaroHaJIH ero orrpe,Il,eJJHTeJJ5I ti pa:aHsreTca HYJJIO. 
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B qacTHOCTH, ecJIH B KaqecTne 6a3HCHhIX ToqeK npoeKTHBHOii: cncTeMhI 

KOOp)l;HHaT Ha npHMOii: npHHHTb napy COOTBeTCTBeHHbIX ToqeK HHBOJIIOD;HH, 

TO Mbl ITOJiyqHM a= 0 H cPOPMYJibI (II.3) npHMYT BH)l; 

{ 
>.x~ = bx2, 

AX2 = CX1. 

13.2. Heno,n;BH)f{Hble ToqKH HHBOJIIOD;HH. BH,n;hI HHBOJIIOD;HH. 

Heno,n;BH)KHhre ToqKH HHBOJIIOD;HH (II.3) onpe,n;eJIHIOTC.SI CHCTeMoft 

{ 
>.x1 = ax1 + bx2, 

>.x2 = ex1 - axz, 

KOTOpaH paBHOCHJihHa CHeTeMe 

{
(a - >.)x1 + bx2 = 0, 

CX1 - (a+ >.)x2 =0. 

0Ha HMeeT HeHyJieBbie pemeHHH npn xapaKTepncTnqecKOM ycJIOBHH 

OTKy,n;a 

l

a_>. b I 
c -(a+>.) =O, 

2 
\2 = ~ 
A be' 

CJie,n;oBaTeJibHO, eeJIH be> 0, To eyru;eeTBYIOT ,n;Be Heno,n;BmKHhie TOTJ:KH U 
H v HHBOJIIOD;Jm, KOTOpa.SI B 3TOM CJiyqae Ha3bIBaeTCH 2unep60,J1,U"iec1wi1 U'li-
60.11,'/0U,Ueil IIPHMOH. IlpH be < 0 HHBOJIIOD;H.Sl He HMeeT HeITO)l;BH)KHbIX ToqeK 

H Ha3hIBaeTCH 3,/1,,/1,Unmu"ieC'IWU U'li60.11,'/0U,Uei1. 

TeopeMa. J{ee 'lienoaeu:>IC'li'bte mo"i-x:u 2unep60,J1,u"iec-x:oi1 u:1teo.11,10u,uu 2ap
.Mottu"iec-x:u paaaMJ1,10m -x:a:>1Ci)y10 napy ee coomeemcmee'litt'btX mo"ie-x:. 

,II, o K a 3 a T e JI h c T n o. B caMoM ,n;eJie, nycTh A ..._, A' npn rnnep6oJIH

qecKo:li HHBOJIIOD;HH c Heno,n;BH.>KHhIMH ToqKaMH UH V. Tor,n;a 

(UVAA') = (UVA'A) = (UJAA'), 

OTKy,n;a (UVAA') 2 =1. EcJIH (UVAA') = 1, To TOTIKH AH A' eoBna,n;aroT, qero 

6hITb He MO)J{eT (TaK KaK HeIIO)l;BH)KHbIX ToqeK He 6oJiee ,D;Byx). Ilo3TOMY 

(UVAA') = -1, qTO H YTBep)K)l;aeTCH TeopeMoli. D 

CJie,n;cTBHe. Henoaeu:>IC'li'bte mo"i-x:u U u V 2unep60.11,u"iec-x:ou uueo,J1,10-
u,uu nO,Jl,'H,OCm'b'IO ee onpeae,/l,J/,'/Om, TaK KaK )l;JIH Ka)K,!l;OH TOqKH X IIpHMOH 

UV ee o6pa3 - TOqKa X' o6pa3yeT c TpeMH ,n;aHHbIMH rapMOHHqecKyIO qeT

BepKy H IIOTOMY O)l;H03HaqHO onpe,n;eJIHeTCH. 
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13.3. BToprui: TeopeMa ,LJ;e3apra. Ilpouaeo.11:bua.R. np.R..Ma.R. nepece?Caem 
npomueonoJto:JIC'H.'bLe cmopott'bL no.n,ttoao "{em'btpexeepuwttttu?Ca e mpex napax 
coomeemcmeetttt'bLX mo"{e'/C o<ht.oiL uttaOJt'/0'4UU. 

,n 0 Ka 3 a Te JI b c TB 0. IlycTb rrpHMMI m rrepeceKaeT rrpOTHBOIIOJIO)K

Hble cTopoHbl rroJIHoro qeTblpexsepmHHHHKa KLMN B ToqKax AH A1, B 
H B1, C H C1 (pHc. 18). 9THMH napaMH 38,ll;MTCH rrpoeKTHBHoe rrpeo6pa-

30BaHHe rrpHMOH m. ,ll;OKa)KeM, qTO OHO HBJIHeTCH HHBOJIIOIJ;Heii:. ,ll;JIH 9TOro 

.z:i;ocTaTOqHO y6e.z:t;HTbCH, qTo corJiaCHO TeopeMe rr.13.1 

B cooTseTCTBHH c o6o3HaqeHHHMH pHc.18 HMeeM 

K N 
AA1BC A PA1ML A AA1C1B1. 

Tor.z:i;a (AA1BC) = (AA1C1B1) = (A1AB1C1), qTQ H 6blJIO Heo6xo.z:t;HMO 

IIOJiyqHTb. D 

B 

PHc.18 

IIcrroJib3YeM BTopyro TeopeMy ,ll;e3apra .z:t;JI.si: rrocTpoeHH.SI o6pa3a Ci TO'I

KH C rrpH 3a.z:t;aHHoii: HHBOJIIOIJ;HH rrapaMH cooTBeTCTBeHHbIX ToqeK A +-+ A' 
H B +-+ B'. ,ll;m1 9Toro .z:i;ocTaToqHo no .z:i;aHHblM ToqKaM A, A1, B, Bi, C, Ci 
rrocTpOHTb HY)KHblii: 'IeTblpexsepmHHHHK KLMN. IlocTyrraeM TaK. qepe3 

TO'IKH A H Ai rrposo.z:t;HM rrapy rrpoH3BOJibHbIX rrpHMbIX H rrepeceKaeM HX 

TpeTbeii: rrpOH3BOJibHOH IIPHMOH, rrpOXO.z:i;HIIJ;eii: qepe3 TOqKy c. Ilo IIOJiy'IeH

HblM TO'!KaM K H L cTpOHM rrpHMble BK H BiL, KOTOpbie rrepeceKyT rrpHMble 

A 1L H AK B TO'IKax M H N. Tor.z:i;a rrp.si:Ma.si: MN rrepeceKaeT rrp.si:Myro AB 
B HCKOMOii: TOqKe Ci. 
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§ 14. Ilpoe""mUB'l-t'bte npeo6pasoBattuR n.1ioc'l\,ocmu 
14.1. Onpe)l;eJieHHe H 38,ll;aHHe npoeKTHBHblX KOJIJIHHeau;HA. 

Ilpeo6pa30BaHJre IlJIOCKOCTH, npH KOTOpOM Ka~MI rrp.HMa.H IIJIOCKOCTH 

OT06pa)l{aeTC.H Ha rrp.HMYIO rrpoeKTHBHO (rr. 11.2), Ha3blBaeTC51 npoe?CmU6-
H'btM npeo6paao6aHue.M ( npoe?CmU6HOiL ?COMUHea'4ueiL) IIJIOCKOCTH. 

Ifa aToro orrpe,n;eJieHH.H H TeopeMbl H3 § 8 cpa3y CJie.n;yeT, 'ITO npH rrpo

eKTHBHOM rrpeo6pa3oBaHHH nJIOCKOCTH rry<IoK rrp.HMblX OTo6pa)l{aeTc.H Ha 

ny'IOK rrp.HMblX c coxpaHeHHeM ,ll;BOAHoro OTHOmeHH.H K~ott 'leTBepKH 

rrp.HMblX, T. e. OTo6pa)l{aeTC51 II p 0 e K T H B H o. 

TeopeMa. Jbo6oe npeo6paao6aHue n.n,oc?Cocmu, omo6pa01Ca10w,ee np.RM'bte 
Ha np.R.M'bte U XOm.R 6'bt oaHy U8 HUX omo6pa01Ca'IOW,ee npoe?CmU6HO, .R6J1,.R
emc.R npoe?Cmu6ttou ?COMUHea'4ueu. 

,II, 0 K a 3 a T e JI b c T B o. IlyCTb KOJIJIHHeau;1rn f OT06pa)l{aeT rrpoeKTHBHO 

rrp.HMYIO a Ha rrp.HMYIO a' H f(m) = m'. YcTaHOBHM Me)l{,ll;Y m Ha rrepcrreK

THBHoe cooTBeTCTBHe r.p: r.p( m) = a. Tor.n;a 

m(Y) I\ a(X) /:. a'(X') I\ m'(Y'), 

TaK 'ITO KOJIJIHHeau;1rn f oTo6pa)l{aeT m Ha m' rrpoeKTHBHO, T. e. Y /:. Y', 'ITO 

H Tpe6oBaJIOCb ycTaHOBHTb. D 

JleMMa. Ec.n,u npu aaHHOM npoe?CmU6HOM npeo6paao6aHUU n.n,oc?Cocmu 
Henoa6UOICH'bt cmopoH'bt ""em'btpexcmopoHHU?Ca ( u.n,u 6epwuH'bt ""em'btpex6ep
wuHHU?Ca), mo OHO .R6.n,.Remc.R mo01Caecm6eHH'btM npeo6paao6aHueM. 

,II,eiicTBHTeJibHO, rrpH ,n;aHHOM rrpeo6pa30BaHHH HeIIO,ll;BH)KHblMH 6y.n;yT 

meCTb TO'leK - BepmHH 3TOro 'leTblpexcTopoHHHKa, paCIIOJIO)KeHHblX no TpH 

Ha Ka~ott cTopoHe. CorJiacuo cJie,n;cTBHIO § 12 uerro,n;BH)KHO:tt OKa3blBaeT

C.H Ka~MI TO'IKa cTopoH <IeTb1pexcTopoHHHKa. EcJIH qepe3 rrpoH3BOJihHYIO 

TO'IKY M o6iu;ero IIOJIO)KeHH.H rrpoBeCTH f);Be rrp.HMbie, TO OHH 6y.n;yT Herro

,ll;BH)l{Hbl, a rroToMy uerro,n;BH)KHa H TO'IKa M Hx rrepece<IeHH.H. 

IlpoBe,lJ;51 ,lJ;BOiicTBeHHbie paccy~eHH.H, IIOJIY'IHM 3TOT )Ke pe3yJibTaT f);JI.H 

'leTblpeXBepmHHHHKa. 

TeopeMa ( o 38,ll;aHHH npoeKTHBHoro npeo6pa30BaHHSI). Cyw,e
cmeyem eauHcmeettHOe npoe?CmUB'HOe npeo6pa306a'/tUe n.n,oc-x:ocmu, 'X:Omopoe 
aaHH'bte "{em'btpe mO"{'/CU A, B, c, D 06w,e20 no.n,oOICeHU.R omo6pa01Caem Ha 
"{em'btpe Hanepea aaaaHH'bte mO"{'X:U A'' B'' C'' D' 06w,e20 no.n,oOICeHU.R. 

,II, o Ka 3 a Te JI h c TB o. IlycTh rrp.HMa.H o6iu;ero rroJio)l{eHH.H rrepeceKaeT 

cTopoHbl AB HAD B TO'IKax X HY (pHc.19). 9TO:tt rrp.HMO:tt cooTBeTCTByeT 

rrp.HMa.H X'Y', r.n;e ABMX /:.A' B' M' X' H ADNY /:.A' D' N'Y'. ~IT06b1 ,n;oKa-

3aTb, 'ITO OT06pa)l{eHHe (XY) ___.. (X'Y') eCTb rrpoeKTHBHMI KOJIJIHHeau;H.H, 
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Heo6xo,z:r,HMO rroKa3aTh, 'ITO rry'IKY rrpaMbIX c u,eHTpoM Ha rrpaMo:fi XY co

OTBeTcTByeT rry'IOK rrpaMbIX c u,eHTpoM Ha X'Y'. 0Tc10.n,a 6y,z:r,eT cne,z:r,oBaTb, 

'ITO KOJIJIHHeapHble TO'IKH OT06pa)KaIOTCH Ha KOJIJIHHeapHbie TO'IKH. qT06bI 

A x B M A' X' B' M' 

Pnc. 19 

,z:r,oKa3aTh :no, rrpe,z:r,rroJIO)KHM, 'ITO rrpaMaa XY rroBopa'lnBaeTca B rryqKe S 
TaK, 'ITO X t'. Y. Tor.n,a Ha ocHoBaHHH ycJIOBHH rrocTpoettna To'IeK X' HY' 
HMeeM: 

X'"AX;\Y"AY'. 

IIocKOJihKY TO'IKa A HHBapnaHTHa rrpn rrepcrreKTHBHOM OTo6pa)KeIUJH 

X A Y, TO TO'!Ka A' ,D,OJI)KHa 6hITh HHBapHaHTHOil: rrpn rrpoeKTHBHOM oTo6-

pa)KeHHH X'"AY. CorJiacHo KpnTepn10 H3 cne,z:r,cTBHH 2 rr.11.2 3TO oTo6pa)Ke

HHe TaK)Ke 6y.n,eT rrepcrreKTHBHhIM H rrpaMaa X'Y' 6y.n,eT orrHCbIBaTb rry'IoK 

rrpHMbIX, 'ITO H Tpe6oBaJIOCh ycTaHOBHTb. TeM caMhIM c y IIJ, e c TB o Ba -

H H e ,LJ,OKa3aHO. 

E ,n, H H c T B e H H o c T b rrpoeKTHBHoro rrpeo6pa30BaHHH f Herrocpe,z:r,-

CTBeHHO CJie,z:r,yeT H3 JieMMbl. 0 

14.2. Koop.n;1rnaTHL1e cpopMyJILI npoeKT:UBHoro npeo6pa3oBa
H:U.H. IlyCTb Ha OCHOBaHHH rrpe,ll;bI,LJ,YIIJ,eil: TeopeMbl rrpoeKTHBHOe rrpeo6-

pa30BaHHe rrJiocKocTn 3a.n,atto ,D,BYMR qeThipexBepIIIHHHHKaMH ABCD H 

A'B'C'D' H TO'!Ka M(x1 : x2 : x3 ) oTo6pa)KaeTC5I B TO'IKY M'(x~: x;: x~), 
r.n,e KOOp,lJ,HHaTbl TO'IeK orrpe.n,eJI5IIOTCR OTHOCHT€JlbHO rrpoeKTHBHOil: CHCTe

Mbl II = { ABCD}. I1cKOMbie ¢opMyJihl ,D,OJI)KHbI co.n,ep)KaTh 3aBHCHMOCTh 

Me)K,z:r,y Koop,n;nHaTaMH TO'IeK M H M' B 3a.n,aHHOil: cncTeMe IT. ,Il;JIR nx rro

Jiy'IeHH5I paccMoTpnM .n,orroJIHHTeJibHO BTopy10 rrpoeKTHBHYIO cncTeMy II' = 
= {A' B' C' D'}. B CHJIY rrpoeKTHBHOCTH 3a.n,aHHoro rrpeo6pa3oBaHH5I H CB5I-

3eil: (I.18) M€)K,Ll,Y npoeKTHBHbIMH KOOp,lJ,HHaTaMH TO'IKH H ,D,BOHHblMH OTHO

III€HH5IMH TO'!Ka M' B CHcTeMe II' 6y.n,eT HM€Th TaKHe )Ke Koop.n,HHaThI, 'ITO 

H TO'!Ka M B CHCTeMe II. 
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PaccMOTpRM Koop.n;nHaTbI Tff'IKH M' B .n; By x cncTeMax: (x1 : x 2 : x 3) 

B cncTeMe II' n (x~: x~: x;) B cncTeMe II. Tor.n;a no cpopMyJiaM (I.3) 3aMeHbI 

CHCTeMbl KOOp)J;HHaT c yqeTOM H3MeHRBmettca pOJIH mTpHXOB B o603Ha'le

HHHX KOOp,IJ;RHaT HMeeM 

{ 

px~ = a1X1 + b1X2 + C1X3, 

px2 = a2x1 + b2x2 + C2X3, 

px~ = a3x1 + bgX2 + C3X3, 

al bi C1 

a2 b2 c2 :fO 
ag b3 C3 

(II.4) 

(o603Ha'ieHRH KOOp,IJ;RHaT 6a3HCHblX TO'ieK CHCTeMbl OCTaJIHCb npmKHHMH). 

HeTpy.n;tto npoBepRTh, 'iTO npn ycJIOBRH (1.4) .n;eilcTBRTeJibHO 

A(l, 0, 0) --t A'(a1 : a2: a3 ), B(O, 1, 0) --t B'(b1 : b2 : b3), 

C(O, 0, 1) --t C'(c1 : c2 : c3 ), D(l, 1, 1) --t D'(d1 : d2 : d3 ). 

06paTHO, IIPH 3a)J;aHHOfi npoeKTHBHOfi CHCTeMe KOOp,IJ;RHaT cpopMyJihl 

(II.4) 3a.n;a10T npeo6pa3oBattne IIJIOCKOCTH M(x1: x2 : x 3) --t M'(x~: x~: x;). 
Otto 6y.n;eT npoeKTRBHhIM rrpeo6-

pa3oBattneM. B caMoM .n;eJie, no 

attaJiornn c n. 8.2 §8 q, I HeTpy.n;

HO ,ll;OKa3bIBaeTCH, 'iTO npH 3TOM 

rrpeo6pa30BaHRH Ka)K,Il;aa rrpaMaa 

OTo6pa2KaeTca Ha npaMyro. Cl>opMy

JlhI (II.4) cpopMaJibHO COBIIa)J;aIOT 

c cpopMyJiaMH nepexo.n;a OT o.n;ttofi 

CHCTeMbl KOOp,lJ.RHaT K ,n;pyroii. 

IIo3TOMY ,lJ.OKa3aTeJibCTBO HHBa-

pnaHTHOCTH ,ll.BOHHOro OTHOilleHHH 

'ieTbipex TO'ieK rrpHMOfi (n. 6.2 §6) 
cpopMaJibHO nepeHOCHTCH Ha ,ll;OKa3a

TeJihCTBO ero HHBapnaHTHOCTH IIpH 

paCCMaTpRBaeMOM rrpeo6pa30BaHHH 

no cpopMyJiaM (II.4). PHC. 20 

14.3. IlocTpoeHHe o6pa.3a TO'IKH npH KOJIJIHHean;HH. IIycTb npo

eKTHBHOe npeo6pa30BaHHe IIJIOCKOCTH 3a)J;aHO qeTbipbMH napaMH TO'ieK 

A --t A', B --t B', C --t C', D --t D' H Bb16paHHM TO'iKa M He npHHa,IJ;Jie2KHT 

cTopoHaM qeThrpexBep111HHHHKa ABCD (pHc. 20). 1IocTpoem1e cBo,n;HTca 
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K ,n;ByKpaTHOMY npHMeHemuo cnoco6a, H3JIO)KeHHoro B n.11.2. ToqKH 

F =(AB) n (CD) H F' =(A' B') n (C' D') .HBJI.HIOTC.H cooTBeTcTBeHHhIMH 

npH 3a,n;aHHOM npeo6pa30BaHHH. IlyCTb 

(CM) n (AB)= P. 

YKa3aHHbIM cnoco6oM cTpOHM o6pa3 P' ToqKH P. AHanorHqHo cTpOHTC.H 

o6pa3 Q' ToqKrr Q = (DM) n (AB). TaK KaK M =(GP) n (DQ), To 

M' = (C' P') n (D'Q'). 

B cJJyqae, ecJJH ToqKa M nprrHa,n;JJe)KHT o,IJ;Hoii H3 cTopoa qeTb1pexBepIIIHH

HHKa ABCD, nocTpoeHrre BhIIIOJIH.HeTC.H 3a O.n;HH npHeM. 

CJie,D;CTBHe. llpoe'l{;muettoe npeo6paaoeattue n.1wc'l{;ocmu onpeae.tiJtemcR 

aaaattue.M mpex nap coomeemcmsetttt?J£X mo"te'I{; u nap?>£ coomsemcmeetttt?J£X 

npJt.M'b£X. 

B caMOM ,n;eJie, BhlIIOJIHeHHOe rrocTpoeHHe o6pa3a M' ToqKH M He H3-

MeHHTC.H, ecm1 BMecTo qeThlpexBepIIIHHHHKOB ABCD H A' B' C' D' 6y.n;yT 

3a,n;attbl cooTBeTCTBeHHble TpeyroJibHHKH BCF H B' C' F' H cooTBeTCTBeH

Hble rrpsrMble AD H A' D' HJIH )Ke cooTBeTCTBeHHble TpeyroJibHHKH ADF H 

A' D' F' H COOTBeTCTBeHHhle rrp.HMhle BC H B' C'. 

§ 15. HenoaeuDIC'H/bte mo'l(,'K:U -x:oMuttea'lliuu. 
I'o.MOAOZU.Ff, 

15.1. Heno,zi;BH>KHble ToqKH. IlycTb rrpoeKTHBHoe npeo6pa3oBaHHe f 
HMeeT cPOPMYJibl (II.4). ECJIH B HHX IIOJIO)KHTb x~ =Xi (i = 1, 2, 3), TO IIOJIY

qffM CHCTeMy OTHOCHTeJibHO KOOp,rt;HHaT Xi Herro,n;BH)l{HbIX ToqeK npeo6pa-

30BaHH.H: 

{ 

(a1 - p)x1 + bix2 + C1X3 = 0, 

a2x1 + (b2 - p )x2 + C2X3 = 0, 

a3X1 + b3X2 + (c3 - p)X3 = 0, 

(II.5) 

IlocTaBJieHHOH 3a,n;aqe y,n;oBJieTBOp.HIOT JIHIIlb HeHyJieBbie peIIIeHHSI 3TOH CH

CTeMbl, KOTOpbre 6y.n;yT cynreCTBOBaTb TOr,IJ;a H TOJibKO TOr,n;a, KOr.rt;a ee OIIpe-

.rt;eJIHTeJib paBeH HyJIIO: 

al - p bi C1 

a2 b2 - p C2 = 0. (II.6) 
a3 b3 C3 - p 

YpaBHeHHe (II.6) aa3bIBaeTcsr xapa'l{;mepucmu"teC'l{;U.M ypasttettue.M rrpoeK

THBHoro npeo6pa3oBaHHSI (II.4), ero KOpHH - xapa'l{;mepucmu"tec'l{;U.MU "tUC

.1ia.Mu 3TOro npeo6pa30BaHHSI. Haii,IJ;.H HX H IIO,IJ;CTaBHB B CHCTeMy (II.5) 
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BMeCTO p, Mbl IIOJiyqHM CHCTeMy, co,n;ep2Kanzy10 He 6oJiee ,ll;BYX He3aBHCH

MblX ypaBHeHHH. CJie,z:i;oBaTeJihHO, Ka)K,ll;OMY xapaKTepHCTHqecKoMy qHcJiy 

COOTBeTCTByeT no KpaitHeit Mepe O,ll;Ha HeIIO,ll;BH:li<:HM TOqKa. 

TaK KaK xapaKTepHCTHqecKoe ypaBHeHHe (II.6) HMeeT HeqfaHyIO (Tpe

ThIO) CTerreHb, TO XOT.H 6bl O,ll;HH H3 ero KOpHeit 6y.n,eT Bcer,n;a ,z:i;eitCTBHTeJib

HbIM. TaKMM o6pa30M, Jt106oe npoe-x:mumwe npeo6paaoBmme n.n,oc-x:ocmu 
u.Meem no -x:pailHeu .Mepe oiftty HenodBU:>teHy10 mo"l-x:y. 

0TMeTHM 6e3 ,ll;OKa3aTeJihCTBa, qTO BC.HKOe rrpoeKTHBHOe rrpeo6pa3oBaHMe 

IIJIOCKOCTH HMeeT TaK:li<:e XOTB 6hI O,ll;HY HeIIO,ll;BH:li<:HyIO (,z:i;BOHHYIO) IIp.HMyIO. 

15.2. roMOJIOrH.H npoeKTHBHOH IlJIOCKOCTH. PacCMOTpHM Ba:li<:HbIH 

qaCTHhIH CJiyqai\:, KOr,n;a CHCTeMa CBO,ll;HTC.H K O,D,HOMY ypaBHeHHIO, 3a,n;a10-

m;eMy rrp.HMyIO, Ka:li<:,ll;a.H ToqKa KOTOpoit HeIIO,ll;BH:li<:Ha rrpu ,n;aHHOM rrpeo6pa-

30BaHHH. BoT rrpuMep TaKoro rrpeo6pa3oBaHua: 

{ 

px~ = ax1, 

px2 = ax2, 

px~ = (3x3 . 

3,n;ecb a# 0, f3 # 0, a# (3. ~eil:CTBMTeJibHO, OHO HMeeT xapaKTepMCTH'leCKHe 

'IHCJia p 1 = p 2 =a, p3 = (3. Ilpu p =a cucTeMa CBO,ll;HTC.H K o,n;HoMy ypaBHeHHIO 

((3 - a)x3 = 0, HJIH x3 = 0, a .n,pyrHe ,n;aa 06paII1aIOTC.H B TO)K,n;ecTaa. CJie,n;o

aaTeJihHO, cTopoHa A 1A2 KOOp,lJ;HHaTHoro TpeyroJihHHKa .HBJI.HeTc.H rrp.HMoil: 

HeIIO,ll;BH)l{HhIX TO'leK. Ilpu p = (3 IIOJiyqaeM eII1e O,ll;HY HeIIO,ll;BH)KHYIO TO'IKY 

A3(0, 0, 1). 

Onpep;eJieHHe. HeTo)K,ll;eCTBeHHoe rrpoeKTHBHOe rrpeo6pa30BaHHe rrJioc

KOCTH, HMeIOII1ee rrp.HMYIO HeIIO,ll;BH:li<:HbIX TO'IeK, Ha3bIBaeTC.H 80.MO.ltOeueu, 
a 3Ta IIp.HMa.H - ee OC'b10. 

s 
Pnc. 21 Pnc. 22 
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PaccMOTpHM cnoiicTna roMOJIOrHH. 

IIycTb rrpH HeKOTopott rOMOJIOrHH c OCbIO e TO"'!Ka A OTOOpa)KaeTCH Ha 

TOqKy A'' ToqKa B - Ha TO'IKY B' H (AB) n £ = K (pHC. 21). IIo orrpe

,n;eJieHHIO roMOJIOrHH TOqKa K Herro,n;nH)KHa: K' = K. IlocKOJibKY rOMOJIO

rHH - rrpeo6pa3onaHHe rrpoeKTHBHOe, TO TpH KOJIJIHHeapHbie TO'IKH A, B, 
K OTo6pa)KaIOTCH Ha TPH KOJIJIHHeapHbie ToqKH A', B', K'. CJie,n;onaTeJih

HO, np.R..MaJt. AB nepece?Caem ceou o6paa A' B' npu eo.MoJ1.oeuu tta ocu :Jmou 
W.MOJl.OiiUU. 

,Ll;aJiee, rrycTb (AA') n (BB')= s. ,Ll;oKa)KeM, 'ITO rrpHMble XX'' orrpe,n;eJIH

eMhie rrapaMH cooTneTCTBeHHbIX TO'IeK, rrpoxo,n;HT qepe3 TO'IKY S. 06pa3 X' 
TO'IKH X ecTb TO'!Ka rrepeceqeHHa o6pa30B rrpHMbIX AX H BX. TpeyroJih

HHKH ABX HA' B' X' y,n;oBJieTnoparoT ycJIOBHIO o6paTHOtt TeopeMhl ,Ll;e3apra 

(cqHTaeM, 'ITO X ¢.(AB)), corJiaCHO KOTopott rrpHMM XX' rrpoxo,n;HT qepe3 

ToqKy rrepeceqeHHH rrpHMbIX AA' H BB'. EcJIH YE (AB), To, HCITOJih3YH 

TpeyroJihHHKH AXY H A' X'Y', aHaJiorHqHo ,JJ;OKa)KeM, qTo rrpHMM YY' 
rrpoxo,n;HT qepe3 S. lITaK, ace np.R..M'bl,e, coedutt.R.ww,ue ?Ca::HCi}yw mo"l.r.y nJ1.oc
r.ocmu co ceou.M o6paao.M npu eo.MoJ1.oeuu, npoxoa.R.m "l.epea nocmo.R.'H:H.yw 
mO"l,'/CY s, KOTOpyro Ha3bIBaIOT v,e'Hmpo.M W.M0.11.0iiUU. 

EcJIH (XX') n£ = z, TO Z' = z H (XZ) = (X' Z'). CJie,JJ;oBaTeJibHO, Ka)K,ll;aH 

H3 rrpHMbIX, orrpe,n;eJIHeMbIX rrapaMH COOTBeTCTBeHHbIX ToqeK rrpH rOMOJIO

rHH, HBJIHeTCH HeITO,JJ;BH)KHOH rrpH 3TOii rOMOJIOrHH. 0Tcro.n;a CJie.n;yeT, qTo 

11eHTp s rOMOJIOrHH eCTb HeITO,JJ;BH)KHM TOqKa. 

IfTaK, r.a::HCaaJf. mO"l.'/Ca OCU W.MOJ1.02UU U ee V,ettmp S - i-tenoa6U:JIC'H.'b£e 
mo"l.r.u :Jmou eoMoJ1.oeuu. Oc'b eoMoJ1.oeuu u ?Ca::HCaa.R. np.R.Ma.R., npoxoa.R.w,aJt. 
"l.epea v,enmp eoMoJ1.02uu, - nenoa6U::HC'H.'bte npRM'b/,e 20MoJ1.02uu. 

foMOJIOrHIO MO)KHO 3a,D;aTb OCbIO £, 11eHTpOM s H rrapott COOTBeTCTBeH

HbIX ToqeK A H A' (KOJIJIHHeapHbIX c 11eHTpoM). ,Ll;ettcTBHTeJihHO, To

r.n;a ,JJ;JIH Ka)K,ll;Oii TQqKH Af IIJIOCKOCTH O,JJ;H03HaqHQ CTpOHTCH ee o6pa3: 

(AA1) n £ = K, (A' K) n (A1S) = Af' (pHC. 22). B CJiyqae, KOr,n;a A1 E (AA'), 
Ha,n;o cHaqaJia rrocTpOHTh o6pa3 N' HeKOTopott ToqKH N ¢.(AA') H, HC

rroJib3YH rrapy ToqeK N H N', rrocTpOHTh yKa3aHHbIM crroco6oM o6pa3 Toq

KH Af. 
fOMOJIOrHIO, 1IeHTp KOTOpOH Jie)KHT Ha ee OCH, Ha3hIBaIOT 3J1.aV,UeU. 

15.3. roMOJIOI'HH pacumpeHHOH a<i><i>HHHOH IIJIOCKOCTH. B o6IIIeM 

cJiyqae OHa He 6y,n;eT acl>cl>HHHbIM rrpeo6pa30BaHHeM, IIOCKOJibKY He coxpaHH

eT rrpocToe oTHomeHHe Tpex TO'IeK rrpaMott. (CM., HarrpHMep, ToqKH A, Af, 
K Ha pHc. 22). 0,n;HaKo cyII1eCTBYIOT '!aCTHbie BH,JJ;bI roMoJiorHtt a¢¢HHHOtt 

IIJIOCKOCTH, HBJlHIOIIIHeCH a¢¢HHHblMH rrpeo6pa3oBaHHHMH - a<fxjiU'H.'H.'b£.MU 
eoMoJ1.oeU.R.MU. EcJIH 11eHTP S roMoJiorHH - Heco6cTBeHHaH TOqKa, T. e. rrpa

Mble, Ka)K,ll;aH H3 KOTOpbIX COe,JJ;HHHeT TOqKy IIJIOCKOCTH co CBOHM o6pa30M, 
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napa.rrJieJihHhI, TO TaKaH roMOJIOrHH HBJIHeTca: po .n; c TB o M (pHc. 23). Ec

JIH OCb £ rOMOJIOrHH - Heco6CTBeHHM npHMaH, TO Ka)K,ll;aH npHMM nJIOC

KOCTH napa.rrJieJihHa CBOeMy o6pa3y. B 3TOM cJiyqae rOMOJiorm1 HBJIHeTCH 

r o Mo Te TH e ii (pHc. 24). B CJiyqae, Kor.n;a n;eHTP .Hoch roMOJiorMM Heco6-

CTBeHHhie, rOMOJIOrHH (aJiaTI;HH) HBJIHeTCH n e p e H 0 c 0 M (pHC. 25). 

A 

K A' M' 

s 

PHc. 23 PHC. 24 

M 

T--7-
4-4 

PHC. 25 

15.4. I'apMOHH"leCIGUI rOMOJIOrJIH HMeeT CBoefi OCHOBOH CJie.n;yroin;ee 

YTBep)K,ll;eHHe. 

TeopeMa 1. Jlw6oe U'HBOJi'/OU,UO'H'HOe npoer.;muB'HOe npeo6paaoBa'Hue 
n.Jiocr.;ocmu .RB.l!Remc.R zo.Mo.Jioeueu. 

PHc. 26 PHc.27 

.n; 0 Ka 3 a Te JI b c TB 0. ECJIH f - npoeKTHBHM HHBOJIIOTI;HH nJIOCKOCTH, 

TO no onpe,n;eJieHHIO HHBOJIIOTI;HH 1-i = f H n03TOMY ,ll;JIH ee 3a,n;aHHH ,ll;OCTa

TOqHO yKa3aHHH ,n;Byx nap coOTBeTCTBeHHhlX ToqeK: A--+ Ai, B--+ Bi, TaK 

KaK Tor.n;a HMeeM ein;e ,n;Be napb1: Ai--+ A, Bi--+ B. IlpHMhie AAi H BBi 
HellO,ll;BH:lKHhl, noaTOMY Heno,n;BH:lKHa TQqKa s .HX nepeceqeHHH. IlocKOJibKY 

(AB) +-> (AiBi) H (ABi) +-> (AiB), TO Heno,n;BH:lKHhl TOqKH p H Q nepe

ceqeHHH 3THX npHMhlX (pHc. 26). KpoMe Toro, ,n;Be Heno,n;BH:lKHhie npHMhie 
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AA1 H PQ rrepeceKaIOTCR B Herro,n;Bm1rnott TOqKe A0 • TpH TOqKH A0 , P, 
Q rrpRMOH HeIIO,IJ;BH)KHhI, 3HaqHT, 6y,n;eT HeIIO,!J;BH)KHa Ka)K,ll;aR TOqKa 3TOH 

rrpsrMo:it HTaK, 3a,n;aHHasr rrpoeKTHBHasr HHBOJIIOI!HR f rrnocKOCTH RBJIReTcsr 

rOMOJIOrHei1 c OCbIO PQ H I!eHTpOM s. cha rOMOJIOrHR qaCTHOrO BH,n;a H 

Ha3hmaeTCR Utt60.11,10v,uo'H/1-wu (HJIH 2ap.MottU'lJ,ec'/Cou) roMOJIOrHei1. D 
CJie,n;cTBHe. Ha '/Caatedou ttenod6uatettou npR.Mou (SA), coiJepaicaw,eu 

v,ettmp 2ap.Mottu"l,ec'/Cou 20.Mo.11,02uu, 3ma 20.Mo.11,02uR utti)yv,upyem 2unep60-
.11,u"J,eC'X:Y'/O utt60.11,10v,u10 A+-+ A1 , ttenod6Uatett'bt.Mu mo"l,'/Ca.Mu '/Comopou R6.Jl,R
wmcR v,ettmp 8 u mO"l,'/Ca A 0 nepece"l,ettuR npR.Mou (SA) c OC'b'/O 20.Mo.11,02uu. 

TeopeMa 2. Ko.Mnoauv,uR d6yx wp.MottU"J,eC'ICUX 20.Mo.11,02uu c o6w,eu 
oc'b'/O R6.Jl,RemcR 3.11,av,ueu. 

~ o Ka 3 a Te JI h c TB o. CHaqana y6e,n;HMcsr, qTo KOMII03HI!HR ,n;Byx ro

MOJiorHi1 /1 H /2 c 06II!ei1 OCbIO m ecTb rOMOJIOrHR 1' c TOH )Ke OCbIO H 

I!eHTpbI S1' S2 H s KOJIJIHHeapHhl. ~ei1CTBHTeJibHO, eCJIH TOqKH rrpRMOH m 
H€IIO,IJ;BH)KHbI npH rOMOJIOrHSIX /1 H /2, TO OHR HeIIO,JWH)KHhl H rrpH RX KOM

II03HI!HH /. AttanorHqHo rrpsrMasr S 1S2 Herro,n;BH)KHa rrpH /· EcJIH ToqKH S1 H 

S2 He rrpHHa,ri;Jie)KaT 06II!ei1 OCH rOMOJIOrHi1, TO Herro,n;BH)KHaR rrpsrMaR S1S2 
rrpoxo,n;HT qepe3 I!€HTP s rOMOJIOrHH 1'. 

IlycTh Terrepb o6e roMOJIOrHH RBJIRIOTCR rapMOHHqecKHMH H m n ( S1 S2) = 
= A0 (pHc. 27). Tor,n;a A0 - Herro,n;BH)KHasr TOqKa KOMII03HI!HH /. ~oKa)KeM, 
qTo ecJIH ,n;JIR rrpoH3BOJihHOi1 ToqKH X BhIIIOJIHeHhI ycJIOBHR 11(X) = X 1 H 

12(X1) = X 2, TO rrpRMhie (A0 X) = x H (A0 X2) = x 2 coBrra,ri;aroT. Ha OCHOBa

HHH rrpe,n;hI,IJ;yII!ero cJie,n;cTBHR rrpSIMhie x H A0X 1 rapMOHHqecKH pa3,n;eJIRIOT 

rrapy rrpRMhIX 8182 H m. Ha TOM )Ke ocHoBaHHH rrpsrMhie A0 X 1 H x 2 rap

MOHHqecKH pa3,n;eJIRIOT TY )Ke rrapy rrpRMhIX S1S2 H m. Ho TpottKott S1S2, 
m, A0 X 1 qeTsepTrur rrpsrMasr x 2 orrpe,n;eJisreTCH o,n;H03Haqtto, H, TaKHM o6pa-

30M, x 2 = x. TaK KaK cooTBeTcTBeHHhie ToqKH X H X 2 KOMII03HI!HH / KOJIJIH

tteapHbI c ToqKoi1 A0 , TO I!€HTpOM 8 3TOi1 KOMII03HI!HH H HBJIReTcsr TOqKa A0 • 

ComacHo orrpe,n;eJieHHIO (rr. 15.2) roMoJiorHH, I!€HTP KoTopoi1 Jie)KHT Ha 

ocH roMOJIOrHH, ecTh a JI a I! H sr. D 

§ 16. HenodBU:JIC'l-t'bte np.R.M'bte 'IWMuuem1uu. 
IlpedcmaBJLeuue r1,0Muuea'4uu 
'K',O.Mn03U'4Ueu 20.MOJl02UU 

MbI Ha3bmaeM npsrMyIO g ttenod6Uatettou npR.MOU KOJIJIHHeaI!HH f, eCJIH 

f(g) = g. IlpH 3TOM CJie,ri;yeT pa3JIHqaTh ,n;Ba CJiyqasr. 

B o,n;HOM cJiyqae Herro,n;BH)KHa Ka)K,ll;rur TOqKa npsrMoi1 g - npsrMasr T o -

q e q H 0 He II 0 ,n; B H )K Ha (npsrMaSI Herro,n;BH)KHbIX ToqeK), HaIIpHMep OCb 

rOMOJIOrHH. 
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B ,n;pyroM cJiy'Iae, ecmi: f He HBJIHeTca TO)K,ll;eCTBeHHbIM rrpeo6pa30Ba

uneM, HerrO,lJ;BH)KHaH rrpaMaH g co,r:i;ep)KHT He 6oJiee ,Ll;BYX HeIIO,IJ;BH)KHbIX 

TO'!eK. IlpHMepOM TaKO:ti rrpHMOM HBJIHeTCH mo6aa rrpaMaa, co,n;ep)Kam;aa 

11eHTp roMoJiornH. B aTOM cJiy-qae Herro,n;BH)KHYIO rrpaMyro 'IaCTO Ha3bIBa

IOT TaK)Ke ml6apua11,muou npaMofi, HJIH deouuou rrpaMoii: KOJIJIHHean;nn. Ha 

HHBapHaHTHOM rrpHMO:ti KOJIJIHHean;na IIJIOCKOCTH HH,ll;YIJ;HpyeT rrpoeKTHBHOe 

rrpeo6pa30BaHirn, OTo6pa)KaIOm;ee Ka)K,r:i;yIO TO'IKY M = m n g Ha TO'IKY M' = 
= m' n g, r,n;e m H m' - JII06bie ,n;Be COOTBeTCTBeHHbie rrpHMbie KOJIJIHHean;1rn. 

KoJIJIHHean;na f MO)KeT 6bITh 3a,n;aHa ,n;ByMa cooTBeTCTBeHHhlMH Tpex

BepIIIHHHHKaMH ABC H A' B'C' H Herro,n;BH)KHOfi (nHBapnaHTHoii:) rrpHMOM 

g, IIOCKOJibKY He,n;ocTaIOm;efi rrapofi COOTBeTCTBeHHhlX TO'!eK 6y,n;eT CJIY)KHTb 

Jiro6aa H3 Tpex nap 

(AB) n g-+ (A' B') n g, 

(BC) n g-+ (B'C') n g, 

(CA) n g-+ (C' A') n g. 

16.1. Cym;ecTBOBaHHe uerrO)J,BH:>KHoii rrpsiMoii KOJIJIHHeau;1111. 

IIycTh KOJIJIHHean;na f 3a,n;aHa ¢opMyJiaMH (II.4) H npaMaH g' HMeeT ypaB

ueHne 

U1X~ + U2X~ + U3X~ = 0. (II.7) 

Tor,n;a ee rrpoo6pa3 g ,Ll;OJI)KeH HMeTb ypaBHeHHe 

U1(a1X1 + biX2 + C1X3) + u2(a2X1 + b2x2 + C2X3) + 
+ U3(a3X1 + b3x2 + C3X3) = 0. (II.8) 

qT06bI rrpHMaH g 6hIJia HeIIO,lJ;BH)KHOM, Heo6xo,n;HMO H ,n;ocTaTO'IHO, 'IT06bI 

COOTBeTCTBeHHhie Koa¢¢nn;neHTbI ypaBHeHHM (II.7) H (II.8) 6hlJIH rrporrop-

IJ;HOHaJibHbI: 

{ 

u1a1 + u2a2 + U3a3 = >.u1, 
U1b1 + U2b2 + U3b3 = AU2, 

U1C1 + U2C2 + U3C3 = AU3. 

(II.9) 

cha CHCTeMa HMeeT HeHyJieBOe peIIIeHHe (u1: U2: U3) IlpH xapaKTepHCTH'Ie-

CKOM YCJIOBHH 

=0, (II.10) 

KOTOpoe, O'!eBH,Ll;HO, COBna,n;aeT c xapaKTepHCTH'IeCKHM ypaBHeHHeM (II.6) 
KOJIJIHHean;HH f ( rrpH paBHOCHJibHOM B3aHMHOM 3aMeHe CTpOK H CTOJI6n;oB 

orrpe,n;eJIHTeJIH). 
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KaK H3BecTHo, ypaBHeHHe HetieTHO:lt cTeneHH HMeeT xoTa 6hl o,n;1rn ,n;e:lt

CTBHTeJibHbI:lt KOpeHb, 3HatIHT, cym;eCTByeT no Kpa:ltHe:lt Mepe O,Ll;HO ,n;eiiCTBH

TeJibHOe 'IHCJIO >., npH KOTOpOM CHCTeMa (II.9) H ,n;afa HCKOMble KOacpqmu;u

eHTbl ui Heno,n;BH)KHO:lt npaMOii g KOJIJIHHeau;un f. 
Ho npH aToM )Ke 3Ha'IeHHH >. = p H3 cncTeMhl (II.5) Haxo,n;»Tca KOop,n;HHa

TbI xi Heno,n;BmKHOH TO'IKH T KOJIJIHHeau;HH f. HenO,n;BH)J{Haa npaMaa g n 

Heno.n;BH)KHM TO'IKa T Ha3bIBaroTca accov,uupo6attttou napou Heno,z:t;BH)K

HbIX aJieMeHTOB KOJIJIHHeau;uH f. IlocKOJibKY xapaKTepHCTH'IeCKOe ypaB

HeHHe (II.10) MO)KeT HMeTb He 6oJiee Tpex ,n;eii:CTBHTeJibHhIX KOpHeii, TO 

'IW.lt.//,Utteav,u,R, f MO;J1Cem U.Memt> tte 60,11,ee mpex accov,uupo6a'H.tt'btX nap 1teno
a6u;J1Ctt'btX 3.fl,e.Mettm06. 

Heno,z:t;BH.IKHbie TO'IKH KOJIJIHHeau;un, O'leBH,n;Ho, »BJI»IOTC» TO'!KaMH ne

peceqeHH» Heno,z:t;BH)KHblX np»MbIX. Ilo 'IHCJIY HeIIO,Ll;BH)KHb!X TO'IeK H HX 

B3aHMHOMY pacnOJIO)KeHHIO KJiaccHcpHD;HpyroTca KOJIJIHHeau;uH IIJIOCKOCTH; 

CM. [2, C. 210-215j. 

Pnc. 28 

16.2. Ilpep;CTaBJieHHe KOJIJIHHeau;uu IIJIOCKOCTH KOMII03HD;Heii 

ABYX roMoJioruii. IlycTb KOJIJIHHeau;ua f IIJIOCKOCTH 3a,z:t;aHa napoii cooT

BeTCTBeHHbIX TpexBepmHHHHKOB ABC HA' B'C' H Heno,z:t;BH)KHOH rrpaMo:lt g. 
Bo3bMeM Ha npaMoii g ,n;Be rrpou3BOJibHbie TO'IKH S n 8 1 (pHc. 28). Ilo

cTpoHM TO'IKH Ao= (SA) n (S1A'), Bo= (SB) n (S1B'), Co= (SC) n (S1C'). 
To'IKH SH S1 np»Mofi g Bcer,n;a MO)KHO Bb16paTb TaK, 'ITOObl TO'IKH A0 , B0 , 

C0 6bIJIH HeKOJIJIHHeapHbI. Tor,n;a napaMH TO'leK A - A0 , B - B0 , C - C0 

onpe,n;eJiaeTca roMoJiorHa "( c u;eHTpOM S n ochro £, a rrapaMH A0 - A', 
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Bo-+ B', C0 -+ C' onpe.r1eJlileTCH roMoJiorHH "11 c u;eHTpOM 8 1 H OCbIO €1 • 

TaK KaK npHMaH g - o6ru;aH HenOABH2IrnaH npHMaH 3THX roMoJiornii 'Y H "(1, 

TO oHa 6y.r1eT H Heno,n;BH)KHOit npHMOii nx KOMn03Hll;HH "f1 'Y: A-+ A', B -+ B', 
C -+ C'. CJieAOBaTeJibHo, f = "11 'Y . 

.HcHo, 'ITO TaKoe npe.r1CTaBJieHHe MO)KeT 6bITb ocyru;ecTBJieHO 6ecKOHe'JHO 

MHOrHMH cnoco6aMH B 3aBHCHMOCTH OT Bbr6opa TO'IeK 8 H 81. 

CJie,ll;CTBHe. To"tr;;a T = e n .i\ ecm'b 'Henod6Ui>IC'Ha.R mo"tr;;a 'X:OMU'Hea
'l.{UU f. 0Ha He aaaucum om npeiJcmaaJte'HU.R f = 'Yi 'Y, mar;; r;;ar;; onpeiJM.R
emc.R rfiopMyJtaMu ?CoMu'Hea'l.{uu u 6'bt6pa'H'H'bt.M r;;op'He.M. >. xapar;;mepucmu
"tecr;;o20 ypaa'He'Hu.R. 

TaKHM o6pa30M, npe.r1cTaBJieHHe KOJIJIHHeau;nn nJIOCKOCTH KOMno3nu;neii 

ABYX roMoJiornii no3BOJIHeT He TOJihKO nocTpOHTh o6pa3 JI106oii TOqKH npH 

KOJIJIHHeau;nH nporu;e OOblqHOI'O cnoco6a, HO H HaHTH ee H€Il0.I\BH)KHJIO Toq

KY T. 
06paTHo, ecJIH .r1aHbr .I\Ba cooTBeTCTBeHHhIX TpexBepmHHHHKa ABC H 

A'B'C' H HenoABH)KHaH TO'!Ka T KOJIJIHHeau;nn f, To, npoBeA5J: 'Iepe3 T ABe 

npOH3BOJibHbI€ IlpHMbie f, H £1, MO)KHO IlOCTpOHTb n;eHTpbI 8 H 81 I'OMOJIOI'HH 

H 'Y H "(1, a 3HaqHT, H HeilO.I\BH)KHYIO np.HMYIO g = (SS1)-

§ 17. Ilpoe'K:mU61-la.R ieo.Mempu.R 
c ipynnoBou mo'lt'K:U Bpeuu.R 

Bo3BpaTHMCH K § 14 nepBOH qacTH 3TOii KHHI'R, B KOTOpOM H3JIO)KeHa 

cyru;HOCTb reoMeTpHH B onpe.r1eJieHHH ee <I>. KJieiiHoM, KJiacCHKOM reoMeT

pnu, KaK TeOpHH HHBapnaHTOB H€KOTopoii rpynnhl npeo6pa30BaHHH (1872). 
TaM npe.r1cTaBJieHbI acpcpHHHa.H H eBKJIH.I\OBa reoMeTpHH B cBeTe 9pJmHreH

cKoii IIporpaMMhI KJieiiHa H CB.H3h Me)K,lzy 3THMH reoMeTpHHMH. 

Tenepb paccMoTpHM c rpynnoBoii TO'IKH 3peHHH reoMeTpHIO npoeKTHB

Hoii: IlJIOCKOCTH, co.r1ep)KaHne KOTOpoii: 6hIJIO y)Ke H3JIO)K€HO B onpe.r1eJieHHO:ii 

CTeneHH IlOAP06HOCTH B rrpe.I\bll\Yin;HX naparpa¢ax. 

TeopeMa. MHoi>/Cecmao acex npoer;;muB'H'btX npeo6paaoaaHuu nJtocr;;ocmu 
.RBJt.Remc.R 2pynnou. 

,LI; o Ka 3 a T e JI h c TB o. EcJIH f 1 H f 2 - npoeKTHBHble npeo6pa3oBa-

HHH IlJIOCKOCTH, TO Ka)K.IIOe H3 HHX BCHKYIO npHMYIO IlJIOCKOCTH npoeKTHBHO 

OTo6pa)KaeT Ha Ilp.HMyIO. lI03TOMy H npeo6pa30BaHHe f = f 2 0 f 1 BCHKYIO 

rrpHMYIO npoeKTHBHO OTo6pa)KaeT Ha npHMyro. CJie.r10BaTeJihHO, rrpeo6pa3o

BaHHe f npoeKTHBHO. KpoMe Toro, ecJIH rrpeo6pa3oBamre g rrpoeKTHBHoe, 

TO o6paTHOe eMy npeo6pa30BaHHe g-1 TaK)Ke npoeKTHBHOe, TaK KaK npoeK

THBHO oTo6pa)KaeT BCHKYIO npHMYIO Ha npHMyro. D 
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fpyrrrra rrpoeKTHBHbIX rrpeo6pa30BaHHii HOCHT Ha3BaHHe npoe-x:muenou 

epynn'bt. 

Co speMeH KJiei!:Ha rpyrrrrosM TOqKa 3pemi:.H Ha reoMeTpmo CTaJia rJia

BeHCTsyro:rn;eii. feOM€TpH.H, IIOp0)1{,ll;a€Ma.H ,ri;aHHOii rpyrrrroii rrpeo6pa30Ba

HHii, qa:rn;e scero HOCHT To )Ke Ha3BaHHe, qTo H rropo)K,ll;aro:rn;a.H ee rpyrr

rra. B qacTHOCTH, rrpoeKTHBHa.H rpyrrrra rropo)K,ri;aeT rrpoeKTHBHYIO reoMeT

pHIO. 

Onpe,zi;eJieHue. Ilpoe-x:muenou eeoMempueu aa3hIBaeTc.H TeopH.H Hasa

pHaHTOB rrpoeKTHBHOii rpyrrrrbl rrpeo6pa30BaHHii. 

OcaoBHbIM HHBapHaHTOM rrpoeKTHBHOii rpyrrrrbl rrpeo6pa3oBaHHii .HBJI.H

eTC.H KOJIJIHHeapHOCTb TO'l€K - OT06pa)K€HHe rrp.HMOii Ha rrp.HMYIO H, CJie,ri;o

BaTeJibHO, - HH~eHTHOCTb TOqKH H rrp.HMoii. Ha rrepsblii s3rJI.HA MO)KeT 

IIOKa3aTbCSI, 'ITO H3 O,ll;HOro TaKoro HHBapHaHTa BP.HA JIH MO)KHO BbIB€CTH 

KaKyIO-JIH6o co,ri;ep)KaTeJibHYIO TeopHro. O,ri;aaKo aTo He TaK. IIpoeKTHBHa.H 

reoMeTpH.H KaK TeOpHa rrpoeKTHBHbIX HHBapHaHTOB 6oraTa no co,ri;ep)Ka

HHIO. 

llHsapHaHTbl rrpoeKTHBHOH rpyIIIIbl Ha3bIBaIOT TaK)K€ npoe-x:muett'btMU 

C60UCm6a.MU qmryp. 06'b€KTaMH rrpoeKTHBHOii reoMeTpHH CJiy)KaT q:mry

pbI, xapaKTepHCTHqeCKHe CBOiiCTBa KOTOpbIX .HBJISIIOTC.H rrpoeKTHBHblMH. llx 

Ha3hIBaIOT npoe-x:muett'btMU rfiueypaMU. llHaqe H rpy6o rosopa, q:mrypa Ha-

3bIBaeTC.H rrpoeKTHBHOil: (T. e. rrpe,ri;cTaBJI.HeT co6oil: o6'heKT rrpoeKTHBHOii reo

MeTpHH), €CJIH ee o6pa30M IIpH BC.HKOM IIp0€KTHBHOM rrpeo6pa30BaHHH SIB

JI.H€TC.H qmrypa Toro )Ke Ha3BaHH.H. 

IlpoeKTHBHa.H IIp.HMa.H 3aMKHyTa (§9), a II03TOMY 3aMKHyTa H caMa rrpo

eKTHBHa.H IIJIOCKOCTb. B rrpoeKTHBHOil: IIJIOCKOCTH oTcyTcTsyeT IIOH.HTHe rra

pa.n:JieJibHOCTH rrp.HMhIX. CJie,ri;osaTeJihHO, rrpoeKTHBHoii reoMeTpnn qy)K,ll;bl 

ll see IIOH.HTH.H, CB.H3aHHble c rrapaJIJI€JihHOCThlO rrp.HMhIX. 

BaJKHe:iiIIIHM rroH.HTHeM npoeKTHBHoii reoMeTpnn .HBJI.HeTC.H e,ri;nHCTBeH

Hhiii qncJIOBOii HHBapnaHT npoeKTllBHhIX npeo6pa30BaHHH - ,ll;BOiiHoe OT

HOIII€Hll€ qeTbipex TOqeK np.HMOii H ,LJ;BOHHOe OTHOIII€Hll€ 'l€Thipex np.HMbIX 

nyqKa. 

B co,ri;ep)KaHHe npoeKTHBHOH reoMeTpHH sxo,ri;.HT JIHIIIb TaKne TeopeMhI, 

KOTOpbie Bhlpa)KalOT npoeKTHBHbie ll TOJihKO npoeKTllBHble CBOHCTBa npo

eKTHBHbIX qrnryp, KaK, cKa)KeM, TeopeMa ,lf;e3apra n TeopeMa Ilanna (§ 11). 
IlOH.HTlle «paseHCTBa» qmryp B npoeKTllBHOii reoMeTpHll: HMeeT CBOH oco-

6hIH CMbICJI, o6o3Ha'l:aeMblii TepMHHOM «rrpoeKTllBHa.H 3KBllBaJI€HTHOCTh» 

qmryp. 

,ll;se qmrypbl Ha3bIBaIOTC.H npoe-x:mueno 3-x;eueaJtettmtt'btMU, ecJIH cy:rn;e

CTByeT XOT.H 6bI O,ll;HO npoeKTHBHOe npeo6pa30BaHHe, OTo6pa)KaJO:rn;ee OAHY 

H3 aTnx qmryp Ha ,ri;pyryro. 
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Ilo TeopeMe 0 3a,n;amrn: npoeKTHBHOI'O npeo6p83oBaHH.H IIJIOCKOCTH (§ 14) 
npoeKTHBHO 9KBHBaJieHTHbI JII06hle ,n;Ba 'IeTbipexsepmHHHHKa ('IeTbipex

CTOpOHHHKa). IlpoeKTHBHO 9KBHBaJieHTHbI TaK>Ke H JII06bre ,n;sa TpeXCTO

pOHHHKa ( TpexseprnHHHHKa), TaK KaK cym;ecTByeT 6ecKOHe'IHOe MH02Ke

CTBO rrpoeKTHBHbIX npeo6p830BaHHA, Ka)l{,ll;oe H3 KOTOpbIX OT06pa2KaeT O,il;HH 

TpexBepmHHHHK Ha ,n;pyroa: 'IeTBepTa.H napa COOTBeTCTBeHHbIX TO<reK Bhl-

6npaeTC.H rrpOH3BOJihHO. Ilo aTott 2Ke rrpH'IHHe npoeKTHBHO aKBHBaJieHTHhl 

JII06hle ,D;Be naphl TO'l:eK H Jiro6hle ,n;se rrp.HMble. 0,n;HaKO ,D;Ba npOH3BOJih

HhIX II.HTHBepmHHHHKa He 6y,n;yT npoeKTHBHO 9KBHBaJieHTHhlMH: 'IeThlpbM.H 

napaMH COOTBeTCTBeHHbIX TO'l:eK npoeKTHBHOe npeo6p83oBaHHe 3a,D;aeTC.H, a 

TO'l:KH II.HTOtt napbl MOI'YT OK83aTbC.H COOTBeTCTBeHHbIMH IIPH 9TOM npeo6-

p830BaHHH p83Be JIHillb CJiyqattHO. 

0THOIIIeHHe rrpoeKTHBHOA 9KBHBaJieHTHOCTH qmryp peq>JieKCHBHO, CHM

MeTpH'l:HO H TpaH3HTHBHO, T. e • .HBJI.HeTC.H OTHomeHHeM 9KBHBaJieHTHOCTH. 

IlpoeKTHBHa.H 9KBHBaJieHTHOCTb qmryp - IIOH.HTHe, aHaJIOI'H'l:HOe IIOH.H

THIO KOHrpyaHTHbIX qmryp B reoMeTpHH rpyrrrrhl ,il;BH2KeHHA (nepeMem;eHntt) 

H aHaJIOI'H'IHOe IIOH.HTHIO a¢¢HHHO 9KBHBaJieHTHbIX <Pnryp B a¢¢HHHOtt 

reoMeTpHH. 

Ilepexo,D;.H K BOIIpocy 0 CB.H3H Me)K,ll;Y npoeKTHBHOtt H a¢¢HHHOH reoMeT

pH.HMH, HarrOMHHM 'IHTaTeJIIO 06 o6m;ett CB.H3H Me)K,ll;Y reoMeTpnett rpyrrrrbI G 
H reoMeTpnett ee no,n;rpyrrrrhI H ( § 14): reoMeTpna rpyrrrrhl G ( G-reoMeTpH.H) 

.HBJI.HeTC.H qaCTbIO reoMeTpHH ee rro,n;rpyIIIIbl H (H-reoMeTpHH). 0,n;HaKO AJI.H 

npoeKTHBHOH H a¢¢HHHOtt reoMeTpHtt Herrocpe,n;CTBeHHbltt BbIBO,il; Ha OCHO

BaHHH 3TOA o6m;e:il 3aBHCHMOCTH 6y,n;eT HeKoppeKTHbIM, IIOCKOJibKY «IIOJie 

,n;eil:CTBH.H» rrpoeKTHBHOtt rpyIIIIbl H «ITOJie ,n;ettCTBH.H» a¢¢HHHO:l\ rpynnhI 

He cosna,n;aIOT: npoeKTHBHa.H IIJIOCKOCTb He H,D;eHTH'l:Ha a¢¢HHHOtt IlJIOCKO

CTH. IlpHXO,D;HTC.H paccMaTpHBaTb pacmnpeHHYIO a¢¢HHHYIO IIJIOCKOCTb H 

rrpHH.HTb ,il;OilOJIHHTeJihHOe ycJIOBHe ,D;JI.H a¢¢HHHblX rrpeo6p830BaHHA. 

,II;oonpe,n;eJIHM a¢¢HHHbie rrpeo6pa30BaHH.H a¢¢HHHOii IIJIOCKOCTH Ha 

pacmnpeHHYIO a¢¢HHHYIO IlJIOCKOCTb ,il;OIIOJIHHTeJibHbIM COI'JiameHHeM CTa

BHTb B COOTBeTCTBHe Heco6CTBeHHOfi TO'iKe Ka)l{,ll;oti np.HM01i Heco6CTB€HHYIO 

TO'IKY o6proa aTofi npaMofi. Tor,n;a, oqeBH,ll;HO, Bee a¢¢HHHhle npeo6pa-

30BaHH.H pacrnnpeHHOfi a¢¢nHHOfi nJIOCKOCTH 6y,n;yT npoeKTHBHhlMH. Ho 

MHO:>KeCTBO npoeKTHBHblX npeo6p830BaHHH IIIHpe MHO:>KeCTBa a¢¢nHHhIX 

npeo6pa30BaHHH. Ilo,n;TBep)K,ll;aIOII.J;HM 3TO IlpHMepoM CJIY:>KHT I'OMOJIOI'H.H. 

CJie,n;oBaTeJibHo, arfajJwH:tt,aR epynna R6.1tRemcR co6cmaettttou nodepynnou 
npoer.mu6ttou epynnt>t npeo6pa;waattuu. 

Terrepb CChIJIKa Ha 06m;y10 CB.H3h 6y,n;eT npasoMepHo:il. TaKHM o6p83oM, 

arfafiuttttaR eeo.MempuR 61C.lt10"iaem 6 ce6R r.aic cocma6tty10 "iacm'b npoeicmu6-
tty10 eeo.Mempu10. Bee npoeKTHBHhle CBoACTBa .HBJI.HIOTC.H a¢¢nHHhIMH, HO 

He BCe a¢¢HHHbie CBOHCTBa npoeKTHBHbI. 
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3aaa"lu u ynpa;J1Cttettull 

11.1. IlpoeKTHBHOe rrpeo6pa30BaHHe Ilp}{MOH 3a,n;aHo TpeM}{ rrapaMH co

OTBeTCTBeHHbIX TO'IeK 

A(O: 1)---+ A'(l: 2), B(2: -1)---+ B'(l: 0), C(l: -2)---+ C'(O: 1). 

Haii:,z:i;HTe <PopMyJihl aToro rrpeo6pa3oBamrn. 

11.2. IlpoeKTHBHOe rrpeo6pa30BaHHe Ilp}{MOH 3a)l;aHo ,ll;BYM}{ tterro,n;BmK

HbIMH TO'IKaMn X H Y H rrapoii: TO'IeK A ---+ A'. IlocTpoii:Te o6pa3 ,n;attttoii: 

TO'IKH M rrpH aTOM rrpeo6pa3oBaHHH. 

11.3. llHBOJIIOIJ;H}{ Ilp}{MOH 3a,D;aHa ,ll;BYM}{ rrapaMH TO'IeK 

A(l: 1) +-+ A'(5: -3), B(l: 0) +-+ B'(2: -1). 

HarrHmHTe <l>opMyJihI aToli llHBOJIIOIJ;HH. 

11.4. ,ll;oKa:>KHTe, 'ITO B 3JIJIHIITH'IeCKOil: HHBOJIIOIJ;Hlf rrpHMOH ,ll;JIH Ka:>K

,ll;OH rrapbl COOTBeTCTBeHHbIX TO'IeK cym;eCTByeT ,n;pyra}{ rrapa, pa3,n;eJI}{IOID;a}{ 

rapMOHH'IeCKH rrepByIO rrapy. 

11.5. llHBOJIIOIJ;H}{ rrp}{MOii: 3a,n;atta ,D;BYM}{ rrapaMH TO'IeK AH A', B H B'. 
0,n;HOH JIHHeHKOH IlOCTpOii:Te ,ll;Jl}{ ,n;aHHOH TO'IKH c ee o6pa3 C'. 

11.6. HarrHmHTe cPOPMYJihI rrpoeKTHBHoro rrpeo6pa3oBaHH}{ rrJIOCKOCTH, 

KoTopoe 6a3HCHhie TO'IKH cncTeMhI Koop,z:i;HttaT { ABCE} rrepeBO,ll;HT cooT

BeTCTBeHHO B TO'IKH (2: 4: 8), (2: -1: 2), (3: 2: 5), (2: 5: 7). 
II. 7. IlpoeKTHBHOe rrpeo6pa3oBaHHe ITJIOCKOCTH 3a,n;atto rrapaMH cooTBeT

CTBeHHhIX TO'IeK 

A(2: 1: 1)---+ A'(2: 1: 5), B(l: 2: 1)---+ B'(2: -1: 3), 

C(l: -1: 1)---+ C'(-1: 2: 3), D(-1: 1: 1)---+ D'(l: 2: 1). 

Haii,n;HTe <PopMyJihI aToro rrpeo6pa30BaHH}{. 

11.8. Hali,ll;HTe o6pa3 H rrpoo6pa3 TO'IKH ( -3 : 2 : 1) rrpH rrpoeKTHBHOM 

rrpeo6pa3oBamm 

{ 

px~ = x1 - 2x2 + X3, 

px~ :-xi+ X2 - 3x3, 

px3 - 2x1 - 5x2 - X3. 

Haii:,n;HTe TaK:>Ke o6pa3 H rrpoo6pa3 rrp}{MOii: x 1 + x 2 + x 3 = 0 rrpH 3TOM rrpe

o6pa3oBaHHH. 
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11.9. Ha:ll,n;1ue Herro,n;BIDKHhie ToqKH H Herro,n;BH)l{Hhie rrp.HMhJe cJie,nyro

m;ero rrpeo6pasoBaHna: 

{
px~ =x1 +x2, 

px; = 8x1 + 3x2, 

pX~ = X1 + X2 + 2X3. 

11.10. , )];oKa)l{HTe, qTo rrpoeKTHBHOe rrpeo6pasoBaHne, rrepeBo,n;am;ee 

ToqKn A(l: 0: 0), B(O: 1: 0), C(O: 0: 1), E(l: 1: 1) cooTBeTCTBeHHO B ToqKH 

E, C, B, A, ecTh roMOJiorm1. 
11.11. roMOJIOrH.H pacmnpeHHOH a¢q>HHHOfi IIJIOCKOCTH 3a,ll;aHa u;eHTpOM, 

OChlO H rrapoit COOTBeTCTBeHHhIX ToqeK. IlocTpOii:Te o6pas aeco6cTBeHHOii: 

rrpHMOH rrpH 3TOii rOMOJIOrHH. 
11.12. KaKne KOJIJIHHeau;HH 3a,n;aHhI CJie,nyIOIIIHMH ¢opMyJiaMn: 

a) px~ = x 1, px~ = x 2, px~ = cx3; 

6) px~ = X1 + C1X3, px; = X2 + C2X3, px~ = X3? 
11.13. Ilpn KaKOM ycJIOBHH ,n;aa IIHTHBepmHHHHKa rrpoeKTHBHO 3KBHBa

JieHTHhl? 
11.14. KaKoii BH,ll; rrpHHHMaeT TeopeMa H3 rr.15.4 o KOMII03Hu;HH ,n;Byx 

rapMOHHqeCKHX rOMOJIOrHii c o6m;e:ll OChlO ,ll;JIH pacmnpeHHOii: a¢¢nHHOii: 

IIJIOCKOCTH? 
11.15. )];oKa)l{HTe, qTo KOMlI03HD;HH Tpex rapMOHHqeCKHX rOMOJIOrH:ll, 

u;eHTphl KOTOpbIX COBrra,n;aroT c BepmnHaMH, a OCH - co CTOPOHaMH HeKOTO

poro TpeyrOJihHHKa, eCTb TO)l{,ll;eCTBeHHOe rrpeo6pasoBaHHe. 

11.16. EcJIH TpeyrOJihHHKH ABC H A 1B 1C1 roMoJiornqHhI c u;eHTPOM 

S roMOJIOrHH H TpeyroJihHHK ABC roMoJiornqeH TpeyroJihHHKY BiC1A1 
c u;eHTpOM 81, TO TpeyroJihHHK ABC TaK)l{e rOMOJiornqeH TpeyroJihHHKY 

C 1A 1B 1 (Tpoii:KH BepIIIHH TpeyrOJihHHKOB yrropH,n;oqeHb1!). ,ll;oKa)l{HTe. 

11.17. B KaKoe rrpe,n;Jio)Kemi:e a¢¢nHHOii reoMeTpHH rrepeii:,n;fa yTBep

)1{,ll;eHne rrpe,n;h1,nym;eii: 3a,ri;aqn, eCJIH rrpHMaH AB HBJIHeTCH Heco6cTBeHHofi? 



fJIABA III 

II poe'Km UB'l-la.fl meopu.Tl 

.llU'J-luu emopo20 nop.Tla'Ka 

§ 18. Ilpoe'KmUB'Hoe onpedeJ1,e'Hue 
J/,U'HUU emopo20 nop.Rd'Ka 

18.1. Onpe,lJ;eJieHu:e u: xapaKTepu:cTH'IecKoe ceoU:cTeo JIHHHH BTo
poro nop.H,ll;Ka. IlycTh 3a,z:t;aHO rrpoeKTMBHOe rrpeo6pa30BaHMe IlJIOCKOCTM. 

feoMeTpttqecKoe MeCTO TOqeK rrepeceqeHM.H rrpHMhIX ,z:t;aHHOro rryqKa s c MX 

o6pa3aMM rrpM 3TOM rrpeo6pa30BaHMM ( COOTBeTCTBeHHhIMM rrpHMhIMM rrpo

eKTMBHOro rryqKa S') Ha3hrnaeTCH Jl,Uttueu Bmopo20 nop.Ra.,,,a, rropo:lK,z:t;eHHoii: 

rrpoeKTMBHhIMM rryqKaMM SM S' (pttc. 29). 

m 

PMc. 29 

TeopeMa. Ilpoua60J1,'btta.R np.R.Jvta.R u.1vteem c ""PUBou Bmopo20 nop.fla.,,,a 
tte 60J1,ee a6yx o6w,ux mo"le'I>, . 

.ll; o Ka 3 a T e JI h c T B o. IlycTh rrpHMaH m He co.z:i;ep:lKMT u;eHTphI S M S' 
rryqKoB, rropo:lK,z:t;aIOrn;ttx KpMBYIO w. EcJIM x M x' - cooTBeTCTBeHHhre npHMhre 

3TMX rryqKOB, TO MHO:lKeCTBO ToqeK y = x n m rrpHMOii: m OT06pa:lKaeTCH Ha 

MHO:lKeCTBO ToqeK Y1 = x' n m 3TOH rrpHMOH npeo6pa30BaHMeM 'P: y ____, Y1' 
KOTOpoe HBJIHeTCH l1 p 0 e K T M B H bl M npeo6pa30BaHMeM: 

m(Y) A S(x) A S'(x') A m(Y1). 

EcJIM ToqKa A Herro,z:t;BM:lKHa rrpM aTOM rrpeo6pa3oBaHMM, TO corJiaCHO orrpe

,z:i;eJieHMIO oua rrpttHa,z:t;Jie:lKMT KpMBoii: w. 06paTHo, ecJIM A - o6rn;aH ToqKa 

KpMBOH w M npHMOH m, TO OHa Herro,z:t;BM:lKHa rrpM rrpeo6pa30BaHMM rp, TaK 

KaK qepe3 Hee rrpoxo,z:t;HT ,z:t;Be cooTBeTCTBeHHhre rrpHMhre rryqKoB S M S'. 
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Ho rrpoeKTMBRoe rrpeo6pa3oBaHMe rrpRMOit MMeeT He 6oJiee ,z:i;Byx Herro,z:i;BM)K

HhIX TO'IeK (§ 12). ,II;oKa3aTeJihCTBO 3aKOH'IeHo. D 

9TMM xapaKTepHCTM'IeCKMM CBOitCTBOM KpHBOit BTOporo rropR,IJ;Ka M 

OIIpaB,IJ;hIBaeTCR ee IIpOeKTMBHOe OIIpe,IJ;eJieRMe. 

CJie,n;cTBHe. l.{enmp npoeicmu6'1t'btX ny"lico6, nopoaic,Jaww,ux icpu6yw 
6mopo20 nopRJ'ICa, npunaJJteaic,am amou icpu6ou. 

,II;eitCTBMTeJibHO, o6III,yro rrpRMYIO SS' rry'IKOB o603Ha'IMM qepe3 p, C'IMTaR 

ee rrpRMOH IIY'!Ka s. Tor,z:i;a B IIY'!Ke S' ett COOTBeTCTByeT IIpRMaR p'. EcJIM 

C'IMTaTh rrpRMyro S'S = q' rrpMHa,z:i;Jie)Kam;ett rryqKy S', TO B rryqKe S ett 

6y,z:i;eT COOTBeTCTBOBaTb rrpRMaR q. CJie,IJ;OBaTeJihHO, s = q n q' M S' = p n p'. 
ComacHo orrpe,z:i;eJieHMIO TO'IKM SM S' rrpMHa,IJ;Jie)KaT KpMBOil: w (pHc. 30). 

A 

PHc.30 PHc. 31 

18.2. Pacna,zi;eHHe JIHHHH BToporo nopH,n;Ka Ha napy npHMbIX. 
PaccMoTpHM qacTHhiit cJiyqafi rrpoeKTMBHhIX rry'IKOB, Kor,z:i;a OHM rrepcneK

TMBHhI. ITycTh npRMaR £ - och nepcneKTMBHOCTM aTMX IIY'IKOB (pHc. 31). 
Tor,z:i;a oHa RBJIReTcR reoMeTpH'IeCKMM MeCTOM TO'IeK rrepeceqeHMR cooTBeT

CTBeHHhIX rrpRMhIX ny'IKOB S M S'. IIoaToMy corJiacHo orrpe,z:i;eJieHMIO npRMaR 

£ ,IJ;OJl)KHa rrpHHa,IJ;Jie)KaTh JIMHMM w. ,Il;pyrott rrpRMOH, COCTaBJIRIOm;ett COB

MeCTHO c npRMOH £ JIMHMIO w, RBJIReTCR o6m;aR rrpRMaR p ,z:i;aHHhlX rry'IKOB. 

B caMoM ,z:i;eJie, ecJIM € n p = P, To npaMott SP nepBoro rry'IKa cooTBeTCTByeT 

rrpRMaR S' P BToporo ny'IKa ( corJiacHo KpMTepHIO nepcneKTMBHOCTM nyq

KOB), T. e. Ka)K,Il;aR TO'IKa npRMOit p npMHa,IJ;Jie)KMT KaK npaMott SP, TaK M 

npRMOH S' P. IIoaToMy oHa HBJIReTcR o6m;ett TO'IKOH naphl cooTBeTCTBeHHhlX 

IIpRMhlX ny'IKOB M ,Il;OJI)KHa npHHa,z:i;Jie)KaTb JIMHMM w. 
TaKMM o6pa3oM, w =£Up. 



208 rnABA III. Ilpoe1'mU6'/W,JI, meopUR ,//,U'H,UU 6mopow nopRih;a 

§ 19. Ocnom-la.R meope.Aw npoer;;muBnou meopuu 
J/,Uttuu Bmopo20 nop.Rar;;a 

B onpe,n;enemm JlHHHH BToporo nopH,n;Ka 11,eHTpbI 8 H 8' npoeKTHBHbIX 

ny'IKOB nrparoT oco6yro pOJlb no cpaBHeHHIO c OCTaJlbHbIMH TO'IKaMH Kpn

Boil:. B ,n;eil:cTBHTeJlbHOCTH TaKoro OTJlH'IHH HeT. 

TeopeMa. To"l'/l,U ,,,,pu6oil 6mopo20 nopJ£{),,,,a npoe,,,,mupywmcJ£ ua Jt'I06'btX 

d6yX ee mo"le'/l, d6Y.MR npoe'X:mU6'1-l'bt.MU ny"l'X:a.MU npR.M'btX. 

,Il; 0 Ka 3 a Te JI b c TB o. IlyCTb KpHBaH w nopmK,n;eHa ,ll;BYMH npoeKTHB

HblMH ny'IKaMn c 11,eHTpaMn 81 n 82 n A, B, C, D - npoH3BOJibHbie 'IeTbipe 

TO'IKH 3TOH KpHBOH (pnc. 32). PaccMOTpHM TO'IKH X1 = (81C) n (AD) H X2 = 
= (82C) n (BD). ECJlH TO'IKa c OITHCbIBaeT KpHBYIO w, TO TO'IKH X1 H X2 
onHCbIBaIOT coOTBeTCTBeHHO npHMbie AD H BD n HaxO,n;RTCH B npoeKTHBHOM 

COOTBeTCTBHH 3THX npHMbIX: 

IlocKOJibKY B 3TOM cooTBeTCTBHH X 1 A. X 2 TO'IKa D HHBapnaHTHa, To OHO 

n e pc n e KT n B Ho: X1 I\ X2 • Hail:,n;eM 11,eHTp nepcneKTHBHOCTH oTo6pa

)KeHHH X 1 ~ X 2• 3aMeTnM, 'ITO A~ A2 = 
= (82A) n (BD) rr (81B) n (AD)= B1 ~ B. 
Ilo3TOMY 11,eHTpOM nepcneKTHBHOCTH 3TO

ro OTo6pa)KeHHH 6y,n;eT TO'IKa M nepece

'ICHHH npHMbIX AA2 n B 1B, T. e. npHMhlX 

A82 n B81. CJie,n;oBaTeJlbHO, TO'IKH X1, X2 

n M KOJlJlHHeapHhl. Ilpn 3TOM TO'IKa M 
3aBHCHT TOJlbKO OT TO'IeK 81, 82 , An B n 

He 3aBMCIIT OT TO'IeK C II D. 

PHc. 32 
PaccMoTpIIM Tenepb ,n;Ba ny'IKa npHMbIX 

c 11,eHTpaMn A II B II cooTBeTcTBCHHhlMH 

npHMbIMH AD n BD. ,Il;oKa)KeM, 'ITO 3TH ny'IKH n p o e K T H B H bl. <l>IIKCH

pyeM TO'IKY C n C'IIITaeM nepeMeHHOil: TO'IKY D KpHBOi1 w. 
Tor,n;a TO'IKH X 1 n X 2 6y,n;yT nepeMeillaTbCH no npHMbIM C81 II C82 

COOTBCTCTBCHHO, H npH 3TOM 

M 
rry'IOK A(AD) I\ rrpHMaH C81(X1) A rrpHMaH C82 (X2) /\ rry'!oK B(BD), 

nocKOJlbKY rrpHMaH X 1X 2 npoxo,n;nT qepe3 M He3aBHCIIMO OT nepeMeHHOi1 

TO'IKII D. CJie,n;oBaTeJibHO, ny'IKH A(AD) II B(BD) npoeKTHBHbI. TaK KaK 

11,eHTpbI A n B 3THX rry'IKOB - npoI13BOJibHbie TO'IKH KPIIBOil: w, TO ,n;OKa3a

TCJibCTBO 3aKOH'IeHo. D 
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CJiep;cTBU:e 1. KpueaJ1, emopo20 nop,H,i)x;a noj/,1wcm'b10 onpeae./l,J1,emc.R 
ceouMu n,H,m'b'/O mo"{'K:aMu. 

B caMOM ,11;eJie, mo6hre f);Be H3 HHX MoryT 6bITh rrpHH5.!ThI 3a I!eHTphI rryq

KOB, rrpoeKTHBHOe COOTBeTCTBHe Me)Kf);Y KOTOpbIMH 3a,11;aeTC5.! TpeM5.! rrapaMH 

rrpHMhIX, rrepeceKaIOIIIHXCH COOTBeTCTBeHHO B Tpex OCTa.JlhHbIX ToqKax. 

CJiep;cTsu:e 2. B 'K:ai>/Caou mo"{'K:e 'K:pueou emopo20 nop.H,a'K:a cyw,ecmey
em 'K:acame./l,'b1W.R np.R.MaJI, "' Bmou 'K:pueou. 

BocrroJih3yeMC5.! o6IIIerrpHH5.!ThlM orrpe,11;eJiettHeM KacaTeJihHOM K KpHBoli 

H ,11;a,11;HM f);JI5.! Hero rrpoeKTHBHyro HHTeprrpeTa!IHIO. IIycTh ToqKa X E w 
cTpeMHTC5.! rro KPHBOM w K TOqKe S (pHc. 29). Tor,11;a rrpe,11;eJihHOe rroJio)Ke

HHe IIp5.!MOM x = (SX) eCTb no orrpe,n;e

JieHHIO KaCaTeJihHa5.! K KpHBOM w B Toq

Ke s. c ,n;pyrott CTOpOHhI, B OlTOM CJiy

qae cooTBeTcTBentta5.! rrp5.!Ma5.I x' = (S' X) 
cTpeMHTC5.! K o6IIIeli rrp5.!MOM S'S rryqKoB, 

rropo)K,ll;aIOIIIHX KpHBYIO w. TarrnM o6pa-

30M, KaCaTeJibHOM K KpHBOM BToporo rro

p5.!f];Ka B ee TOqKe S 5.!BJrneTC5.! rrp.HMaH q 
rryqKa s' COOTBeTCTBeHHa5.! o6IIIeM IIp5.!

MOM S'S B rrpoeKTHBHOM coOTBeTCTBHH 

rryqKoB, rropo)K,ll;aIOIIIHX KpHByro w. To 

)Ke caMoe Beptto H f);JI5.! rrp5.!MOii p' rryq

Ka S', cooTBeTCTBYIOIIIeli o6IIIeli rrp5.!MOM 

SS' B rrpoeKTHBHOM coOTBeTCTBHH aTHX 

rryqKOB. 

m' 

PHc. 33 

Ha octtoBaHHH ,11;0Ka3attttoii TeopeMhI 3a I!eHTphr rryqKoB, rropo)K,ll;aIOIIIHX 

KpHBYIO BTOpOrO IIOp.Hf];Ka, MOryT 6hITb IIpHHHThI JII06hie ,)];Be ee TOqKH. 9TO 

3HaqHT, qTo B Ka)K,n;Oii ToqKe KpHBOH cyIIIeCTByeT KacaTeJibHa5.! K Hett. 

§ 20. Ypaeueuue .llUttuu emopo20 nop.Rd'IW 

e npoe'/'l,mUB'H'btx 'K,Oopauuamax 

IIycTh KpHBa5.! BTOporo rrop.a,n;Ka rropo)K,n;eHa rrpoeKTHBHhlMH rryqKaMH 

SH S'. Bhr6epeM rrpoeKTHBHYIO CHCTeMy KOOpf];HHaT {A 1A2 A3 E}, ITOJIO)KHB 

A1 =S, A2 =S' (p:uc. 33). Ilp5.!My10 A 1A2 rryqKa S o6o3HaqHMqepe3 a. IIycTh 

a' =f:. a. Ilp5.!Myro A2 A 1 rryqKa S' o6o3HaqHM qepe3 b'. Ee rrpoo6pa3oM B rryqKe 

s 5.!BJI5.!eTC51 HeKOTopa5.! I1p5.!Ma.a: b =f:. b'. IIycTb a' n b = A3' f ( €) = €' H € n €' = 
= E, r,n;e € - cl>HKCHpoBaHHAA rrp5.!Ma5.! rryqKa S, OTJIHqHM OT rrp5.!MhIX a 
H b. Hatt,n;eM 3aBHCHMOCTh Me)K,IJ;Y rrpoeKTHBHhIMH Koop,11;:uttaTaMH x 1, x 2 , 
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x 3 TO'IKH M B npoeKTllBHOH cncTeMe {A1A2A3 E}. Ilo CBOHCTBY ,n;Boil:Horo 

OTHOilleHHH '!eThlpex IIpHMbIX IIY'!Ka 

H, KpOMe Toro, 

3.n;ech 

CJie,z:t;OBaTeJibHO, 

(ablm) = (a'b'C'm'), 

E1 = f n (A2A3), M1 = m n (A2A3), 

E2 = f' n (A1A3), M2 = m' n (A1A3). 

(III.1) 

(III.2) 

3,n;ech IlOKa C'IHTaeM, 'ITO m #-a, Il03TOMY X3 #- 0, a H3 cPOPMYJibl (III.2) 
CJie,n;yeT, 'ITO x 1 #- 0. YpaBHeHHe (III.2) 3anHmeM B BH,n;e 

(IIl.3) 

M TaK, BCe TO'IKH M = m n m'' OTJIH'IHbJe OT A 1 H A2' npHHa,z:t;Jie2KaT JIHHHH 

BTOporo nopawa c ypaBHeHHeM (III.3). TaK KaK Ai= b n b' H A2 =an a', 
TO 3TH TO'IKH IIplIHa,z:t;Jie2KaT paccMaTpHBaeMOMY MH02KeCTBy. c ,n;pyroli CTO

pOHhI, HX KOOp,IJ;HHaThl y,n;oBJieTBOpHIOT 3TOMY ypaBHeHHIO. 

Ec.JIH JIHHHH BToporo nopa,n;Ka npe,n;cTaBJIHeT co6oil o6'be,n;HHeHHe npa

MhIX U1X1 + U2X2 + U3X3 = 0 H V1X1 + V2X2 + V3X3 = 0, TO ee ypaBHeHHe 3a

IlHilleTCH TaK: 

(u1X1 + U2X2 + U3X3)(v1X1 + V2X2 + V3X3) = 0, 

a B pa3BepHyTOM BH,n;e -

U1V1xi + U2V2x; + U3V3X; + (u1V2 + U2V1)X1X2+ 

+ ( U2V3 + U3V2)X2X3 + ( U1 V3 + U3Vi)X1X3 = 0. 

TaKHM o6pa30M, mo6aa KpHBaH BToporo rrop.H,ll;Ka nMeeT B npoeKTHBHhIX 

KOOp,IJ;HHaTax O,ll;HOpO,n;Hoe ypaBHeHHe BTOpoil CTeneHH 

(III.4) 

B KOTopOM aij = aji· IlpH o6bI'IHOM, HenpoeKTHBHOM, H3JI02KeHHH TeopnH 

KpHBaa BTOporo nopa,n;Ka 3THM ypaBHeHHeM H 0 n p e ,n; e JI H e T c H. 
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Kp1rnaa BToporo rrop.H,n;Ka, 3a,n;aHHa.H ypaBHemrnM (III.4), pacrra,n;aeTcH 

Ha rrapy rrp.HMbIX rrpu xapaKTepHCTuqeCKOM ycJIOBHH 

an ai2 ai3 
a2i a22 a23 = 0 
a3i a32 a33 

(cM. §22 rrepBoit qacTH 3TOH KHHrH). 

-YpaBHeHHe o6pa3a KpHBOH (III.3) rrpu rrpoeKTHBHOM rrpeo6pa30Ba

HHH (II.4) HMeeT BH,n; (III.4). 

§ 21. Teope.Ma llac'X:aJL.R u ee npu.MeHenue 

lfaBeCTHhiii: cppamzy3CKHH cpu3HK u MaTeMaTHK BJie3 IlacKaJih B mecTHa

,n;n;aTuJieTHeM B03pacTe HaIIHCaJI CBOit rrepBblH Tpy,n; «0IIhIT HCCJie,n;oBaHHH 

KOHuqeCKHX ceqeHHH» (1639), B KOTOpOM co,n;ep)KHTCH 3HaMeHHTa.H TeopeMa 

0 BIIHCaHHOM B KpHBJIO BTOporo IIOp.H,n;Ka mecTuyroJibHHKe. 

21.1. AHaJIHTHqecKoe )l;oKa3aTeJihCTBO TeopeMhI IlacKaJI.s. Bo3h

MeM KpHBYIO BTOporo rropa,n;Ka H Ha Heii rrpOH3BOJlbHO meCTb ToqeK 

B rrocJie,n;oBaTeJihHOCTH Ai, B2 , A3, Bi, A2 , B3 (puc. 34). Coe,n;HHHB aTH 

TQqKH IIp.HMhIMH B JKa3aHHOH IIOCJie,n;o

BaTeJihHOCTH, IIOJiyquM mecTuyrOJihHHK, 

BrrucaHHhIH B KpHBy10. Ha3oBeM npomu
BonoJ1.0a1Ctt'bt.M.u cmopotta.M.u aToro mecTH

yroJihHHKa TaKue ,D;Be CTOpOHhI, KOTOpble 

B 3a,Ll;aHHOM rrop.H,n;Ke OT,n;emIIOTCH ,n;pyr 

OT ,n;pyra ,Ll;BJM.H CTOpOHaMH. IlpOTHBOIIO

JIO.IKHhIMH 6y,n;yT, CJie,n;oBaTeJibHO, CTOpo

Hbl AiB2 H A2Bi, A2B3 H A3B2, A3Bi 
H AiB3. 

TeopeMa IlacKaJIH. To"{x;u nepece
"{ettuR npomuBonoJ1.oa1Ctt'btX cmopon npo
U360J1.'btto20 wecmuy20J1.'bnux:a, Bnucanno-
20 6 x:puBy10 Bmopo20 nopRihr,a, J1.ea1Cam 
na oanoi1 npR.M.OU. 

P11c. 34 

°YKa3aHHaH B TeopeMe rrp.HMaH Ha3bIBaeTC.H npR.M.OU Ilacx:aJl..R, BIIHCaHHOrO 

mecTuyroJihHHKa. 

,II; 0 Ka 3 a Te JI h c TB o. IlpuBe,n;eM ,lJ;OKa3aTeJihCTBO ,Ll;JIH HeBhlpO)K,Ll;eH

HOH Kpirnoit. ToqKy B3 rrpuMeM 3a e,n;uHuqHyIO TOqKy E rrpoeKTHBHO:ii cu

cTeMhI Koop,n;uttaT {AiA2A3E}. Ilo,n;cTaBJI.HH Koop,n;uHaThI ToqeK Ai, A2 , 
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A3, EB ypaBHemre KpHBOH I:: aijxixi = 0, rroJiyqaeM a 11 = a22 = a33 = 0 H 

ai2 + a13 + a23 = 0. I103TOMY ypaBHeHHe KpHBOH B ,n;pyrHX o603HaqeHHHX 

Koa<Pqm:n;HeHTOB IIPHHHMaeT BH,D; 

(III.5) 

r,n;e a+ b + c= 0. TaK KaK ToqKH B1(a1: a 2 : a 3) H B2(f31 : {32 : {33) Jie)KaT Ha 

KpHBOH (III.5), TO IIOJiyqaeM 

{ 

a(a2a3) + b(a1a3) + c(a1a2) = 0, 

a(f32f3s) + b(f31f33) + c(f31f32) = 0, 

a +b+c=O. 

(III.6) 

IlocKOJibKY a, b, c He MOryT 6bITh paBHhIMH HYJIIO O,D;HOBpeMeHHO, TO orrpe

,n;eJIHTeJib JIHHeHHOH O,D;HOpO,D;HOH CHCTeMbI (III.6) OTHOCHTeJibHO a, b, c Heo6-

X0,1J;HMO paBHHeTCH HYJIIO: 

a2a3 a1a3 a1a2 
f32f33 f31f33 f31f32 = 0. (III. 7) 

1 1 1 

IlycTh (A2B3) n (A3B2) = x, (A1B3) n (A3B1) = Y, (A1B2) n (A2B1) = z. 
HaH,n;eM Koop,n;HHaThI ToqeK X, Y, Z. ,ll,JIH aToro cocTaBHM ypaBHeHHH yKa-

3aHHhIX npHMhIX no ,D;BYM TO'lKaM: 

(A2B3) X1 - X3 = 0, 

(A1B3) X2 - X3 = 0, 

(A1B2) {33X2 - f32X3 = 0, 

(A3B2) f32x1 - f31x2 = 0, 

(A3B1) a2X1 - <X1X2 = 0, 

(A2Bi) CK3X1 - <X1X3 = 0. 

0Tc10,n;a perneHHeM COOTBeTCTByIOI:u;HX CHCTeM ypaBHeHHH HaXO,D;HM KOOp,n;H

HaTbI To'leK X, Y, Z. Orrpe,n;eJIHTeJib 

CK1 CK2 CK3 (III.8) 
a1f33 a3f32 a3{33 

COCTaBJieHHhIH H3 3THX KOOp,D;HHaT (no CTpOKaM), paBeH onpe,n;eJIHTeJIIO 

(III. 7), B qeM MO)KHO JierKO y6e,n;HThCH Henocpe,n;cTBeHHOH rrpoBepKOH. 

PaBeHcTBO HYJIIO onpe,n;eJIHTemr (III.8) H ,n;oKa3hIBaeT KOJimrneapHOCTh 

TO'leK X, Y, z. D 

06paTHrui: TeopeMa IlacKruu1. ECJl,u mO"i'/CU nepece"iettu.Ft npomueo
no.1w:>1Ctt'btX cmopott w,ecmuyw.11:bttu?Ca .11,eCHCam tta oifttou np.H,.MOU, mo ew 
eepwutt'bt nputtaa.11,eCHCam oifttou ?Cpueou emopoeo nop.H,iJ'/Ca. 

)], 0 Ka 3 a Te JI b c TB o. IlpH BbI6paHHOH CHCTeMe KOOp,D;HHaT paBeH-

CTBO (III. 7) HBJIHeTCH Heo6xO,D;HMhIM H ,D;OCTaTO'lHhIM ycJIOBHeM npHHa,n;Jie)K-
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HOCTH rnecTH ToqeK Ai, A2, A3 , Bi, B2, B3 OMO:ii KPHBOM BToporo rrop.H,n;Ka. 

PaBeHCTBO HyJIIO orrpe,n;eJIHTeJI.H (III.8) aKBHBaJieHTHO paBeHCTBY (III.7). D 
TeopeMa IlacKaJI.H HMeeT MecTo H ,lJ;JI.H Bbipo)K,ll;eHHOM KpHBOM H 6hIJia 

H3BeCTHa ropa3,lJ;O paHee. cho - ,lJ;OKa3aHHa.H B II. 11.3 TeOpeMa Ilarrrra. 

Ilp11Meqrurn:e. ,ll;pyroe ,n;oKa3aTeJibCTBO TeopeMhI IlacKaJI.H 6bIJIO y)l(e 

rrorryTHO rronyqeHo rrpH ,n;oKa3aTeJibCTBe OCHOBHO:ii TeopeMhI (§ 19). TaM 6bI

JIO ,n;oKa3aHo, qTo TOqKH Xi, X 2, M Jie)l(aT Ha OMott rrp.HMoli (pttc. 32). 
Ho 3TH TOqKH .HBJI.HIOTC.H ToqKaMH rrepeceqeHH.H npOTHBOnOJIO)l(HbIX cTopoH 

rnecTHBeprnHHHHKa Si CS2 ADB c BeprnttHaMH Ha KPHBO:ii BToporo nop.H,z:i;Ka. 

TeopeMa IlacKaJI.H rroKa3hrnaeT, qTo rnecTb ToqeK KPHBott BToporo rro

p.H,n;Ka 3aBHCHMbI, H ,n;aeT cnoco6 IIOCTpoeHH.H TOqKH KPHBO:ii no 3a,n;aHHbIM 

II.HTH ee TOqKaM. IlycTb, HanpHMep, ,n;aHbl TOqKH Ai, B2, A3, Bi, A2 H Ha,n;o 

nocTpOHTb KaKyIO-HH6y,n;h rnecTyro ToqKy B 3 KpHBO:ii. ,ll;n.H aToro cTpOHM 

z = (AiB2) n (A2Bi), BbI6HpaeM npOH3BOJibHYIO np.HMYIO m, npOXO,lJ;.HIIzyIO 

qepe3 A2, H HaXO,lJ;HM TOqKy x ee rrepeceqeHH.H c IIp.HMOii B2A3. ,ll;anee nony

qaeM y = (A3Bi) n (XZ) H B3 = (A2X) n (Ai Y). Ka)K,ll;Oe HOBOe IIOJIO)l(eHHe 

np.HMOM m rrpHBO,n;HT K IIOCTpOeHHIO HOBOM TOqKH KpH:BOM. 

21.2. TeopeMa 1IacKru:u1 ,ll;JUI Bhlpo:>Kp;eHHhIX rnecT11yroJihHH
KOB. BeprnHHbl rneCTHyrOJibHHKa, BnHcaHHOro B KpHBJIO BTOporo rrop.H,n;Ka, 

MOryT (B qacTHOCTH, no ,n;Be) COBna,n;aTb, 

H II03TOMY rneCTHyrOJibHHK MO)l(eT Bbl

pO)K,ll;aTbC.H B mITHyroJibHHK, qeTbipex

yrOJibHHK H TpeyroJibHHK. TeopeMa Ilac

KaJI.H coxpaH.HeTC.H H ,lJ;Jl.H 3THX CJiyqa

eB, rrpH 3TOM CTOpOHa rneCTHyrOJibHHKa, 

coe,n;HH.HIOID;a.H ,n;Be COBnaBIIIHe BepIIIH

HbI, CTaHOBHTC.H KacaTeJibHOM K JIHHHH 

BTOporo IIOp.H,n;Ka B ,lJ;BOMHOM BepIIIHHe. 

,ll;n.H coxpaHeHH.H e,n;ttHoo6pa3H.H Beprnn:

HbI rneCTHyroJibHHKa o6o3HaqHM IIHcPPa

MH 1, 2, 3, 4, 5, 6 COOTBeTCTBeHHO HX 

HOMepaM B Bb16paHHOM IIOCJie,n;oBaTeJib

HOCTH BepIIIHH. IlyCTb (12) n (45) = X, 
(23) n (56) = Y, (34) n (61) = z. 

1. Ecnu BeprnHHhI 5 H 6 coBrra,n;aroT, TO 
PHc.35 

nonyqaeM II.HTHyrOJibHHK, ,LJ!l.H KOToporo TeOpeMa IlacKaJI.H 6y,n;eT cPOPMYJIH-

poBaTbC.H TaK: eo BCR'IW.M nRmuy20ft'bHune, enucaHHOM e npueyw emopoeo 
nopRa-x;a, mo"l'K:U (X, Z) nepece"leHUR Hec.MeJICH'btx cmopoH e aeyx napax 
u mo"l'K:a (Y) nepece"leHUR nRmou cmopoH'bt c -x;acamM'bHou e npomueono

ftOJICHOu eepwm-te fteJ1Cam Ha o~ou npR.Mou (puc. 35). 
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9To YTBep)l(,ll;emi:e ,n;aeT c II 0 c 0 6 II 0 c T p 0 e H IUI K a c a T e JI h H 0 ii 

K KPHBOii B ,n;aHHOii: ee ToqKe. B caMOM ,n;eJie, ,ll;OCTaToqHo B3HTh em;e KaKne

Hn6y,n;h qeTblpe TOqKH KpHBOii H IIOCTpOHTh rrpHMYID IIacKam1 ,n;JIH IIOJiy

qeHHOrO mi:nryrOJihHHKa no ,n;ByM TOqKaM (X, Z). ToqKa rrepeceqeHH.H (Y) 
9TOii rrpHMOii c OCTaBmeiicH CTOpOHOii IIHTHyrOJibHHKa orrpe,n;emieT HCKOMyro 

KacaTeJihHyro. 

Pnc. 36 Pnc. 37 

2. IlyCTb B meCTHyrOJihHHKe COBIIa,n;aroT BepmHHhl 1 H 2, 4 H 5. Tor,n;a OH 

Bhlpo)l(,ll;aeTcH B qeThlpexyroJihHHK ABCD (p:uc. 36). CTOpOHhI (12) n (45) 
cTaHoB.HTCH KacaTeJihHhIMH. KpoMe ToqeK X, Y, Z, Ha rrpHMoii IIacKaJI.H 

6y,n;eT Jie)J{aTh u ToqKa T rrepeceqetmH KacaTeJihHhIX B Bepm1max B n D, 
IIOCKOJlhKY rrpH COBrra,n;eHHH BepmHH 2 H 3, 5 H 6 IIOJIO)J{eHHe TO'leK y Hz He 

H3MeHHTCa. TaKHM o6pa30M, B paccMaTpHBaeMoM cJiyqae TeopeMa IIacKaJI.H 

npe,n;cmfa B cJie,n;yrom;ett cpopMe. 

Bo BCJ!.1'0M ( npocmoM) "iem'bipexy20.11:bi-tu1'e, Bnucai-ti-toM 6 'K:puBy10 Bmo
po20 nopJtifr;;a, npomuBono.1t0;J1Ci-t'bte cmopoi-t'bt u 'K:acame.!l'bi-t'bte 6 npomuBo
no.flO;JfC'H'btX Beptuui-tax nepece'K:a10mcJt 6 "iem'bipex mo"i'K:ax, .!le;J1Ca~ux i-ta 
oih-iou npJt.Mou. 

3. EcJIH COBIIa,n;aroT BepIDHHhl 1 H 2, 3 H 4, 5 H 6, TO mecTHyroJihHHK Bhl

po)l(,ll;aeTC.H B TpeyroJihHHK ABC (pnc. 37). Tor,n;a TeopeMa IIacKaJI.H MO}KeT 

6hITh BhICKa3aHa CJie,n;yrom;HM o6pa30M. 

To"i'K:U nepece"iei-tUJt cmopoi-t Bnucai-ti-tozo 6 'K:puBy10 Bmopo20 nopJtifr;;a 
mpeyeo.!l'bi-tu'K:a c 'K:acame.!l'bi-t'bt.MU 6 npomuBono.!lO;JIC'H'btX Bepwui-tax .fle;J1Cam 
i-ta oih-iou npJt.Mou. 
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§ 22. II OJ1,.T1,pa mo'tiix:u u nOJl,'JOC np.Tl,MOU 

22.1. Onpe,n;eJieHHB noJISipbl H nomoca. ToqKH PH Q Ha3bIBaIOTCH 

eapMO'HU"teC'ICU conpJtOICii'H'H/btMU om'HOCUme.!l.'b'IW 1CpU60U w BTOporo rropH,ll;

Ka, ecmi: rrapa (P, Q) rapMOHHqecKH paa,Lf;eJrneT rrapy (A, B) ToqeK rrepece

qeHHH rrpHMOtt PQ c KpHBOtt w. IIo orrpe,ll;eJieHHro paa,L1;eJieHHOCTH nap ToqeK 

(§9) TOqKI{ pH Q rrpHHa,ll;Jle:lKaT pa3HbIM OTpe3KaM rrpHMOii PQ, Ha KOTOpble 

ToqKH A H B ,L1;eJIHT aTy rrpHMyro, T. e. o.n;Ha H3 HHX Jie:>KHT BO BHyTpeHHeii 06-

JiaCTH, a ,ll;pyraH BO BHemHett OTHOCHTeJihHO KpHBO:li (pHC. 38). IlyCTh TOqKa 

P BHyTpeHHHH. Ka)K,ll;M rrpHMaH rryqKa c n;eHTpoM P rrepeceKaeT KpnByro 

B ,ll;BYX TOqKax. IloaTOMY AJIH ,ll;aHHO:li TOqKH p HMeeTCH 6ecKOHeqHoe MHO

:>KeCTBO TOqeK Q, Ka)K,ll;M H3 KOTOpbIX rapMOHHqeCKH corrpH:>KeHa c TO'IKOtt 

p OTHOCHTeJibHO KpHBOii W. 

Q 

P11c.38 

TeopeMa. I'eoMempu"tec'ICUM MecmoM mo"te'IC Q, eapMO'HU"tec'ICu conpJt
OtCe'Htt'btX C aannou mO"t'ICOU P omnocume.n.'b'HO 1CpU60U W Bmopoeo nopJt~a, 
Jt6Jl,JtemcJt npJtMaJt . 

.n 0 Ka 3 a Te JI h c TB o. IlpoBe,ll;eM '!epe3 ToqKy p rrpOH3BOJihHYIO ceKy

nzyro CD H paccMoTpHM rroJIHhr:li qeThipexBepmnHHHK ACED c ,ll;HaroHaJih

HbIMH ToqKaMn M =(AC) n (BD), N =(BC) n (AD), P =(AB) n (CD). Ha 

OCHOBaHHH rapMOHH'IeCKHX CBOikTB IIOJIHOrO qeThipexBepmHHHHKa (§ 10) 
rrocTpOeHHaH pattee TOqKa Q Ha cTopoHe AB rrpHHa.n;Jie:>KHT ,ll;HaroHaJIH 

(MN)= p. Ha aToil: )Ke .n;naroHaJIH MN Jie:>KHT H TO'IKa K, rapMOHHqe

CKH corrpH:>KeHHaH c TOqKOH p OTHOCHTeJihHO rrapbI (C, D) . .ll;JIH BIIHCaHHO

ro qeThrpexyroJihHHKa ACED rrpHMaH p CJIY:>KHT rrpHMOii IlacKaJIH (§21) H 

co.n;ep:>KHT eru;e TOqKn T H F rrepeceqeHHH KacaTeJihHbIX K KpHBott w B rrpo

THBOIIOJIO:>KHblx BepmMHax A H B, C H D. 
IlpHMaH p, COOTBeTCTByroru;aH nepBOHaqaJihHO B3HTOH TOqKe p H IIOCTpo

eHHaH BO B3aHMOCBH3H c ,ll;aHHOii KpHBOii w, MO:>KeT 6hITh onpe,n;eJieHa no-
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cpe.n;cTBOM o .n: Ho ii ceKyrn;e:it AB, npoxo~ilie:it ':Iepe3 TO':IKY P. B caMoM 

.n;eJie, oHa onpe.n:emreTCR TO':IKOH T nepeceqeHHR KacaTeJibHbIX B TO':IKax A n 

B II TO':IKOR Q' 'IeTBepTOR rapMOHR'IeCKOH K T0'1Ke p OTHOCIITeJihHO rrapbI 

(A, B): p = (TQ). Ho ceKyiliaH CD Bh!6paHa rrpOII3BOJihHO (He3aBIICHMO OT 

AB), II oHa orrpe.n;eJIHeT TY *e rrpHMYIO p TO':IKaMII K II F. CJie.n;oBaTeJih

Ho, rrpRMaR p He 3aBIICIIT OT Bb16opa ceKyilieit CD, co.n:ep*ailiefi .n;aHHYIO 

TO':IKY P. TaKIIM o6pa30M, rrpoH3BOJihHaH TO':IKa K rrpaMoit p - TO':IKa pac

CMaTpIIBaeMoro reoMeTpII':IecKoro MecTa TO':IeK. YTBep)K,Ll;eHIIe ,z:r;oKa3aHo. 0 

OrrpeAeJieHHe. IlpaMaH, co.n:ep*am;aH MHO)KeCTBO TO':IeK, rapMoHII':Ie

CKII corrpH)KeHHbIX c .n;aHHOR TO':IKOH p OTHOCIITeJibHO KPHBO:it BTOporo rro

pH.n;Ka, Ha3hIBaeTCH noA.npoiJ, mO"/,'X;U p OTHOCIITeJibHO 3TOR Kp1rnott. 

EcJIH p - BHyTpeHH5IH TO':IKa OTHOCHTeJibHO KpliBOR, TO ee IlOJIHpa BCH 

COCTOIIT H3 TO':IeK paccMaTpHBaeMoro reoMeTpH'IeCKoro MecTa TO':IeK. EcJIII 

p - BHeIIIHHH T0'1Ka, TO YKa3aHHOe reoMeTpH':IeCKOe MeCTO TO':IeK eCTb xop

,z:r;a KpIIBOH w, npIIHa.n;Jie)Kam;aH noJIHpe p. CJiy'Iaii P E w paccMoTpIIM ':IYTh 
HH)Ke. 

CJieACTBHe 1. IloA.npa p mo"l,-x;U P coiJep{)ICum mo"l,r.;u nepece"/,ettuJl r.:a
cameA'b'H'bLX -x; -x;pueou 6 r.:ott'4ax xopa, nputtaaAe{)ICaw,ux np.nM'btM ny"l,r.;a 
c '4enmpoM P. 

CJie,lJ;CTBHe 2. IloA.npa p mO"/,'/l;U p ecm'b auaeo'/iaA'b Bnucmmoao 6 r.:pu-
6Y'IO n0Ano20 "/,em'bipexBepwunttu-x;a, u.Me10w,e20 mo"/,r.;y P ceoeu mpem'beu 
iJua20'H.aA'b'H.OU mO"!,'X;OU. 

CJiy<rn:it, Kor.n:a P E w, HBJiaeTcH oco6bIM, TaK KaK Tor,n;a ,z:r;aHHoe Bh!IIIe 

orrpe,z:r;eJieHIIe IIOJIHpbI HerrpHMeHHMO. B 3TOM CJiyqae BOCIIOJib3YeMCH CJie.n:

CTBIIeM 1. KacaTeJibHa5I p B TO':IKe p KpHBOH w co.n;ep)KHT BCe TO':IKH rre

pece':IeHH5I KacaTeJibHhIX K KPHBOH B KOH~ax xop.n: KpHBOR, co,z:r;ep)Kam;nx 

p 

PHc. 39 

TO':IKY P. O.n;tta H3 3TIIX KacaTeJihHhIX rrocTo

Htttta - rrp5.!MaH p (pnc. 39). TaKHM o6pa3oM, 

noA.npou mo"/,r.;u P, npunaiJAe{)ICaw,eu -x;pueou 
W, c.riei)yem C"!,Umam'b r.:acame.rt'b'H.Y'IO 'II: amou 
-x;pU60U 6 iJa'H.'H.OU mO"/,'X;C. 

IloA'IOC P iJattnou np.n.Mou p onpeiJe.ri.nem
c.n -x;a-x; mo"/,-x;a, no.l/,Jl,pou 'J<l,Omopou Jl6AJlemc.n 
i)a'H.'H.aJl np.nMaJl p. 

22.2. IlocTpoeHHe rroJI.spb1. Ha cBoiicTBe rroJIHphl, co,z:r;ep*arn;eMCH 

B CJie.LJ;CTBIIII 2 II3 rrpe,z:r;bI,l:r;Yrn;ero nyHKTa, OCHOBaH crroco6 ee IIOCTpoeHH5l 

.D;JIH TO':IKII P, He rrpIIHaMe*am;eit KpHBoit w (pIIc. 40). Jlro6hre ,z:r;Be ceKym;He, 

rrpoBe,z:r;eHHhie '1epe3 3a,z:r;aHHyro TO'IKY P, orrpe,z:r;eJIHIOT BrrHcaHHhrii 'IeThipex

yroJibHIIK ABCD, ,z:r;1mroHaJib MN KOToporo n ecTh rromi:pa TO':IKII P. 
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p 

N 

Pnc. 40 

CorJiacHo aToMy cBolicTBY npaMaR PN ecTb nom1pa TO'IKH M, a npRMM 

PM - nom1pa TO'IKH N OTHOCHTeJibHO w. TpeyrOJibHHK PMN o6Jia,n;aeT TeM 

CBOHCTBOM, 'ITO Ka2K,ll;aR ero Beprmrna CJIY)KHT UOJIIOCOM npOTHBOilOJIO)K

HO:it cTopoHbI. TpeyroJibHHK, BepmMHhl KOToporo 5IBJIRIOTC5I nomocaMM ero 

CTOPOH, Ha3bIBaeTC5I a6monO,/l,Jl,pU'bt.M mpey20A'b'/iU'IW.M OTHOCHTeJibHO KpM

BOtt BToporo nopa,n;Ka. B 'IaCTHOCTM, ,n;uaroRaJibHbifi TpeyroJibHMK noJinoro 

'leTblpexBepmHHHHKa, BIIHCaHHOro B KpHBYIO BToporo rrop5I,n;Ka, 5IBJrneTC5I 

aBTOilOJI5IpHbIM TpeyroJibHMKOM OTHOCHTCJibHO 3TOH KpHBOH. 

IloJie3HO 3HaTb H ,n,pyroit BapHaHT H3JIO)KeHHOrO cnoco6a IlOCTpoeHM5I 

IIOJIRpbl. TaK KaK IIOJrnpa TO'IKH p orrpe,n,eJieHa 9TOH TO'IKO:it H KpM

BOtt w' TO OHa He 3aBHCHT OT Bbr6opa 

ceKym;ux np5IMbIX, co,n;ep*arnnx TO'IKY 

P. Ilo9TOMY rrpoBe,n;eM erne TpeTbIO ce

KYIIlYIO EF u nocTpOHM ,n,naroHaJibHyIO 

TO'IKY T =(CF) n (DE) IlOJIHoro 'IeTbI

pexBepmHHHHKa CDFE (puc. 41). Ilp5I

Ma5I MT eCTb noJrnpa TO'IKH P. 
Ba)KHO 3aMeTHTb, 'ITO rrpu Bpam;emm 

ceKym;eil: AB oKoJio TO'IKH P TO'IKH A, 
B, Q CTpeMRTC.H o,r:i;HOBpeMeHHO 

K TO'!Ke K KacaHH5I npaMoH PK c KPH-

BOH w no onpe,r:i;eJieHHIO KacaTeJibHOH B 
Pnc. 41 

CHJIY He3aBHCHMOCTM noJIRpbI OT Bh16opa ceKym;e:fi AB M Ha octtoBaRMH Teo

peMbr 0 IIOJI5IpHOH (rapMOHH'IeCKOH) conpR:;.KeHHOCTM TO'leK p M Q. 0TCIO)J;a 

cJie,n,yeT npn:Me'IaTeJibHhIH Bhrno.ri;: noARpa 6tteumeu mo'l/,r.;U P omnocumeA'b
uo r.:pu6ou w nepecer.:aem amy r.:puGyw 6 mo'l(,r.:ax K u L ?CacattuR np.R.M'btX, 
npoxoaRw,ux 'l(,epea P. 

,I:Wyroil: TeopeTIPieCKM H rrpaKTH'IeCKH Ba)KHbIH BbIBO,ll, CJie,n,yeT H3 Toro, 

'ITO TO'IKH pH Q nomrpHO corrpR)KCHbI OTHOCHTeJibHO KPHBOii B 3 a HM Ho. 

CorJiaCHo onpe,n,eJieHHIO noJI5IpbI TO'IKM aTo 03Ha'IaeT CJie,n,yIOm;ee. 
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Ec.J1,u no.1t.ftpa mO"l'X:U P coiJep{)ICum mo"l-x:y Q, mo u no.1t.Ftpa mo"l'X:U Q 
coiJep{)ICUm mo"l'X:Y P. cho CBOHCTBO Ha3hIBaeTC51 C60UCm60.M 63aU.M1Wcmu 
no.It.Ftp. 0Ho pacITpocTpaHHeTC51 H Ha oITpe.n;eJieHHe no.1t.Ftp'bt mo"l-x:u -x:pu6ou w 
-x:a-x: 'X:acame.1t'bttoi1 (.n;;rn ToqeK PH K Ha pHc. 41). 

22.3. IIocTpoeHHe noJuoca AaHHOH npaMoii MO:>KHO BhIIIOJIHHTh, 

ITOJih3Y51Ch CBOHCTBOM B3aHMHOCTH IIOJI51p. Ha .n;aHHOH ITp51MOH p BbI6HpaeM 

.n;Be ITpOH3BOJihHhle TOqKH A H B H cTpOHM Hx ITOJI5Ipb1 a H b. IIycTh P -
HCKOMhlH ITomoc. Tor.n;a H3 Toro, qTo A E p, cJie.n;yeT, qTo PE a, a ecJIH BE p, 
TO p Eb. TaKHM o6pa30M, p =an b (pHC. 42). 

B 

Pnc. 43 

22.4. IIocTpoeHue KaCaTeJibHbIX K JIHHHH BToporo nop.HAKa. 
IlycTh ITOCTpoeHa ITOJI51pa p TOqKH P 1. w. EcJIH ITp51Ma51 pH KpHBa51 w HMeIOT 

.n;Be .n;elicTBHTeJihHh1e o6nwe TOqKH K H L (KoTophie coBITa.n;aTh He MoryT, 

TaK KaK HHaqe ITp51Ma51 p 6hIJia 6bI KaCaTeJihHOH Kw H TOqKa p ITpHHa.n;Jie

:>KaJia 6hI W KaK ee ITOJIIOC), TO KaCaTeJibHhie t H £ B 3THX TOqKaX 51BJI5IIOTC51 

ITO oITpe.n;eJieHHIO Hx ITOJI51paMH. IIocKOJihKY K E p, To ITO CBOHCTBY B3aHM

HOCTH P E t, H aHanorHqHo H3 Toro, qTo L E p, cJie.n;yeT, qTo P E £. 3HaqHT, 

P=tn£. 
TaKHM o6pa30M, Cc.Jl,U ua mo"l'X:U P npo6eiJett'bl iJee 'X:acame.1t'b'H'bte "".1tuttuu 

6mopo20 nop.FtiJ'X:a, mo np.Ft.Ma.Ft, coeiJutt.FtWW,a.Ft mo"l'X:U x;acattu.Ft, .Ft6.1t.Ftemc.Ft 

A 

no.1t.Ftpoi1 ffiO"l'K:U p (pHC. 43). 
9TOT ¢aKT HCITOJih3yeTC51 ,ll;Jl51 ITOCTpOeHH51 Kaca

TeJibHhlX K KpHBOH w' ITpOXO,lJ;51IIIHX qepe3 .n;a1rny10 

TOqKy P. ,ll;JIH 3Toro cTpOHTC51 ITOJIHpa p ToqKH P. 
ToqKH K H L ITepeceqeHH51 ee c KpHBOH w CJiy:>KaT 

ToqKaMH KacaHH51 HCKOMhIX KacaTeJihHhIX PT H PL. 
IIocTpOHM KacaTeJihHYIO K JIHHHH BToporo ITOpH.n;

Pnc. 44 
Ka B ITp1rna.n;Jie:>KaII1eli ett ToqKe P. ,Il;JIH 3Toro 'Iepe3 

p ITpOBe.n;eM ITpOH3BOJibHYIO ITp51MYIO a H ITOCTpOHM ee ITOJIIOC A. Tor.n;a ITp51-

Ma51 AP 6y.n;eT KacaTeJihHOH K KpHBOH B ToqKe P (puc. 44). B caMOM .n;eJie, 

PE a==;. A E p. Ilo3ToMy ITp51Ma51 p =(AP) (ITOJIHpa ToqKH P KpHBoli) ecTh 

KacaTeJihHaH K KpHBOH B TOqKe P. 
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§ 23. YpaB'He'Hue noA.Rp'bl 

23.1. Koop,n;HHaTHbIH KpHTepHii rroJUipHoii corrpa:>KeHHOCTH 
TO"leK. IlyCTb ypaBHeHFieM (III.4) 3a,LI,aHa HeBblp02K,LI,eHHa.H JIHHirn w BTO-

poro nopH,n,Ka: 3 

L aijX;Xj = 0. (III.9) 
i,j=l 

3,n,ecb H ,LI,aJiee cyMMHpOBamre npOH3BO,Ll,HTC51 no HH,LI,eKCaM i H j' Ka)K,Ll,blll H3 

KOTOpbIX npHHHMaeT 3HR'IeHH51 1, 2, 3. c u;eJihIO rpacpnqecKoro ynpmu;eHH51 

3annceii: He 6y,n,eM BOcnpOH3BO,Ll,HTb aTO ycJIOBHe. 

IIycTb npHMaH m, co,n,ep)l{aiu;aH TOqKH P(p1 :p2 :p3 ) H Q(q1 : q2 : q3 ), HMeeT 

napaMeTpnqecKne ypaBHemrn 

X; = Ap; + µq;, i = 1, 2, 3. (III.10) 

:IKeJia51 Haii:TH o6iu;ne TOqKH JIHHHH w H npHMOH m, no,n,cTaBHM ypaBHe

HH51 (III.10) B (III.9): 

L::: a;j(>.pi + µq;)(>.pj + µqj) = o. 
BbrnOJIHHB yMHO)l{eHne H rpynnnpoBKY cJiaraeMbIX, npnBe,n,eM aTo ypaBHe

HHe OTHOCHTeJibHO >. H µ K BH,LI,y 

>.2 L a;iPiPi + 2>.µ L a;iPiQj + µ 2 L aijQiQj = 0. 

BBe,n,eM o6o3Haqemrn I: aiiPiPi =A, I: aiiPiQj = B, I: aijqiqi = C. Tor,n,a 

npe,n,h1,n,yiu;ee ypaBHeHHe npHMeT BH,Lf, 

A>.2 + 2B>.µ + Cµ 2 = 0. (III.11) 

CorJiacHo o6o3HaqeHH51M, paBeHCTBa A= 0 H C = 0 03HaqaroT cooTBeTCTBeH

HO, qTO p E w HQ E w. IlyCTb TOqKH pH Q He rrpHHa,n,Jie)l{aT w. 
Haii:,n,eM Koop,n,HHaTHhIM KpHTepnll: noJIHpHoii: conpH)l{eHHOCTH ToqeK P 

H Q OTHOCHTeJibHO w. EcJIH Mi= >.1Q + µ 1P H M2 = >.2Q + µ2P (>.1>.2 i
i- 0), TO no orrpe,n,eJieHHIO ,n,Boll:Horo OTHOnieHHH (QPM1M2) = ~1 : ~2 . TaK 

) 
1 µi µ2 1 2 

KaK (QPM1M2 = (M1M2PQ) = -1, TO >.1 : >.2 = -1, qTo 3KBHBaJieHTHO 

µ1 µ2 
BbIIIOJIHeHHIO paBeHCTBa >.1 + >.2 = 0. 

~ µ1 µ2 ( ) 
C ,n,pyron CTOpOHhI, .Ai H >.

2 
HBJIHIOTCH KOpHHMH ypaBHeHHH III.11 , H3 

KOToporo no TeopeMe BneTa HMeeM 

\1 + \2 = _2
0
B, C-l-O. 

-"1 -"2 

2B 
CJie,n,oBaTeJibHO, - 0 = 0, rroaToMy B = 0, HJIH 

L aiiPiQj = 0, a;j = aii· (III.12) 
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9To n ecTb 1'-pumepuil no.11,RpHoil conpRJ1CeHHocmu TOqeK P(p;) n Q(q;) oT

HOCHTCJibHO JIHHHH ~ a;jXiXj = 0, CCJIH ToqKa p He JIC)KHT Ha Heit 

lfa ycJIOBH.H (llI.12) HeMe,lI.JleHHO cJie,nyeT ypaBHeHne TIOJI.Hphl ToqKH P. 
IlycTb Q(x1 : x 2 : x 3 ) - TipOH3BOJibHa.a ToqKa aTo:it TIOJI.Hpbr. Tor,n;a 

L a;jp;Xj = 0, 

HJIH, B TIO,n;po6Ho:it 3aTIHCH, 

(a11P1 + a12P2 + a13p3)X1 + (a21P1 + a22P2 + a23p3)X2 + 
+ (a31P1 + a32P2 + a33p3)X3 = 0. (111.13) 

9To - y pa B He H He TI o JI .a p bl ToqKn P. Koa<P<Pn11neHTbl TIPH Tiepe

MCHHblX X; He 06paII1aIOTC.H O,Ll;HOBpeMeHHO B HYJib, TaK KaK B TIPOTHBHOM 

cJiyqae H3 CHCTCMhl 

{ 

a11P1 + a12P2 + a13p3 = 0, 

a21P1 + a22P2 + a23P3 = 0, 

a31P1 + a32P2 + a33P3 = 0 

Heo6xo,n;nMo cJie,nyeT, qTO 

an a12 a13 

a21 a22 a23 = 0, 
a31 a32 a33 

TIOCKOJibKY otta nMeeT ttettyJieBoe perneHne (p1 : p 2 : p 3). CTaJio 6b1Tb, B 3TOM 

CJiyqae KpHBM w 6b1Jia 6bl BblpO)K,Ll;CHHO:it (§20). 

23.2. YpaimeHHe KacaTeJibHoii. PaccMoTpHM TIOKa OTIYIIICHHhlii: cJiy

qaii:, Kor,n;a PE w (A= 0). Tor,n;a 06II1He ToqKH Tip.aMoii: m H KPHBO:it w 
coBTia,n;aroT: Tip.aMa.a M .HBJI.HeTc.H KacaTeJibHO:it K KpnBo:it. Ilpn A = 0 ypaB

Hettne (llI.11) TipHHHMaeT BH,n; 

µ(2B>.. + Cµ) = 0, (111.14) 

OTKy,n;a µ = 0, T. e. p E w. IloCKOJlbKY TOqKa p ,D;OJI)l(Ha 6b1Tb BTOpoii: 

06II1e:ii TOqKO:it TipHMO:it m H KpHBO:it w, TO µ = 0 ,Ll;OJI)KeH 6b1Tb ,n; B y -

K pa TH bl M KoptteM ypaBHCHH.H (111.14). Ho Tipn µ = 0 Heo6xo,n;nMo >.. =/:- 0. 
CJie,n;oBaTeJibHo, B = 0. TaKHM o6pa3oM, Mhl CHOBa TipHllIJIH K TOMY )Ke 

ypaBHCHHIO (111.13), KOTopoe TeTiepb O,ll;HOBpeMeHHO .HBJI.HeTC.H H ypaBHe

HHCM K a c a T e JI b H 0 ii: K KpHBO:ll: w B TIPHHa,D;Jie)Kallleii: eii: TOqKe p, H 

ypaBHeHHeM TI 0 JI .H p bl 3TOH TOqKH. 

Ilp11Me'Iamrn. PaBeHCTBO ~ a;jpiqi = 0 (a;j = ai;) BKJiroqaeT B ce6.a 

aHaJIHTnqecKOe TIO,ll;TBep)K,Ll;eHHe c B 0 :it c T B a B 3 a H M H 0 c T H TIOJI.Hp. 
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§ 24. IIoj/,.ftpttoe coomaemcmaue ( noj/,.ftpumem) 

24.1. Onpe,11;eneHHe H Koop,D;HHaTHble cl>opMyJihI. IlpH 3a,n;aHHo:ti: 

HeBbipmK,n;eHHOH KpHBOH BTOporo rropH,n;Ka KruK,n;aH TO'-!Ka IIJIOCKOCTH HMeeT 

CBOIO IIOJIHpy. 

BcHKaH JIM rrpHMaH HMeeT IIOJIIOC OTHOCHTeJihHO 3a,n;aHHO:ti: JIHHHH BTO

poro IIOpH,n;Ka? ~H OTBeTa Ha 3TOT BOrrpoc cpaBHHM ypaBHeHHe rrpHMO:ti: 

U1X1 + U2X2 + UaXa = 0 C ypaBHeHHeM (IJl.13) IIOJIHpbI. cha IIpHMaH 6y,n;eT 

rrOJIHpo:ti: HeKoTopoii TO'-IKH P(p1 : p 2 : Pa), ecJIH cyII1eCTBYIOT TaKne qHcJia 

P1, P2, Pa Hp =f 0, '-ITO 

{ 

a11P1 + ai2P2 + aiaPa = PU1, 

a21P1 + a22P2 + a2aPa = pu2, 

aa1P1 + aa2P2 + aaaPa = pua. 

(III.15) 

cha CHCTeMa HMeeT e,Ll;HHCTBeHHOe ( IIpH 3a,n;aHHOM p) HeHyJieBOe peIIIeHHe 

(P1,P2,Pa) ,Ll;JIH Ka)l{,n;Oii 3a,n;aHHOH HeHyJieBOH TpOHKH (u1,U2,ua) Tor,n;a H 

TOJibKO TOr,n;a, KOr,n;a ee orrpe,n;eJIHTeJib f:1 OTJIH'-IeH OT HYJIH, T. e. Kor,n;a JIHHHH 

BToporo rropH,n;Ka HeBblpo)l{,Ll;eHHaH. qHCJia p 1, p 2 , Pa H 6y,n;yT Koop,n;nHaTa

MH rroJI10ca ,n;aHHOii rrpHMoii. IlTaK, omttocumM'b'IW tteB'btpoaicaettttoil .f/,Uttuu 
6mopoao nopJ£iJ'lca 6CJ£'1WJ£ npJ£.MaJ£ n.f/,OC'IWCmU U.Meem eauttcmeetttt'btU no
.11/IOC. 

TaKHM o6pa3oM, Me)l{,Ll;Y MHO)l{eCTBOM Bcex TO'-IeK IIJIOCKOCTH n MHO)l{e

CTBOM BCeX ee IlpHMbIX ycTaHaBJIHBaeTCH IIOCpe,n;CTBOM ,n;aHHOH KpliBOH B3a

HMHO O,Ll;H03Ha'-IHOe COOTBeTCTBHe: Ka)l{,Ll;OH TO'-!Ke CTaBHTCH B COOTBeTCTBHe 

ee IIOJIHpa H Ka)l{,Ll;OH IIpHMOH - ee IlOJIIOC. 9TO COOTBeTCTBHe Ha3brnaeTCH 

no.11,.R,ptt'bt.M coomeemcm6Ue.M OTHOCHTeJibHO KpHBOH BTOporo IIOpH,n;Ka, HJIH 

no.11,J1,pumemo.M IIJIOCKOCTH, a rropo)l{,Ll;a10m;aH ero KpnBaH BToporo rropH,n;

Ka - ero 6aaucttoil ""PU6oil. 
AHaJIHTH'-IeCKH rroJIHpnTeT 3arrncbrnaeTcH ¢opMyJiaMH (III .15). 06o3Ha

'-IaH KOOp,Ll;HHaTbl TO'-IKH qepe3 X1, X2, Xa, a KOOP,Ll;HHaTbl COOTBeTCTBeHHOH 

eii rrpHMOH - qepe3 U1, U2, Ua. llMeeM 

{ 

pu1 = a11X1 + a12X2 + a1axa, 

pu2 = a21X1 + a22X2 + a2axa, 

pU3 = a31X1 + a32X2 + a33X3. 

3,n;ecb aii = aii H det( aii) =f 0. 

(III.16) 

B CHJIY CBo:ti:CTBa B3aHMHOCTH noJIIOCOB H rroJIHp noJIHpHTeT oTo6pa)l{aeT 

MHO)l{eCTBO Bcex TO'-IeK rrpHMOH Ha IIY'-IOK rrpHMbIX, rrpH'-IeM ,n;aHHO:ti: rrpHMOH 

cTaBHTCH B cooTBeTCTBHe u;eHTp aToro rry'-!Ka. BoJiee Toro, HMeeT MecTo 

TaKaH TeopeMa. 
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TeopeMa. ,46oi1ttoe omttowettue <tem'btpex np.R.M'btX ny<t1w, .R6./l,Jl,'/O~uxc.R 
o6paaa.MU <tem'btpex mo<te'K: np.R.MOU 6 3aJa'H'tW.M noA.Rpumeme, pa6'HO J60U
'HO.MY om'Howettu10 3mux mo<te'K:. 

9Ta TeopeMa He Hy)K,n;aeTCH B crreu;HaJibHOM ,l1,0Ka3aTeJibCTBe B CHJIY H H -

B 0 JI IO D; H 0 H H 0 C T H IIOJIHpHTeTa p ~ p: TO'!Ka p H ee IIOJrn:pa p COOT

BeTCTBYIOT ,n,pyr ,n;pyry B 3 a H M H o. IloaToMy Ka)K,ll,oii: 'leTBepKe ABCD 
KOJIJIHHeapHhIX TO'leK, CBH3aHHblX 3aBHCHMOCTHMH (I.11)' OTBe'laeT qeTBep

Ka abed COOTBeTCTBeHHbIX rrpHMbIX rry'IKa IIOJIHp, CBH3aHHhIX TeMH )Ke 3aBH

CHMOCTHMH (I.21), OTKy,n;a H CJie,n,yeT paBeHCTBO (ABCD) =(abed) ,l1,BOHHblX 

OTHomeHHH. 

PHc. 45 PHc.46 

24.2. IlyqoK np.HMbIX BToporo nop.s.z:i;Ka. Mtto)KeCTBO rrpHMbIX rrJioc

KOCTH, Ka)K,ll,aH H3 KOTOpbIX co,n;ep)KHT COOTBeTCTBeHHYIO e:n: TO'IKY B 3a,l1,aH

HOM IlOJIHPHTeTe, Ha3bIBaeTCH ny<t'K:O.M np.f£.M'btX 6mopo20 nopRJ'K:a. llHbIMH 

CJIOBaMH, ny'IKOM npHMblX BTOporo nopH,n;Ka Ha3hIBaeTCH MHO)KeCTBO BCex 

KacaTeJibHbix K HeBblpo)K,ll,eHHo:lt KPHBO:lt BTOporo rropH,n,Ka (pHc. 45). Pac

cMaTpHBaeMble paHee o6bI'IHbie ny'IKH npHMbIX 6y,n;eM Ha3bIBaTb Tenepb 

ny<t'K:a.MU nep6020 nopRJ'K:a . .ll,aHHaH KPHBaH w no OTHOmeHHIO K CBOeMy rryq

KY BTOporo II0p51,l1,Ka Ha3hIBaeTC51 6a3ucttoi1 'K:PU60U 3TOro nyqKa ( HJIH ero 

02u6a10~ei1) H HBJIHeTCH MHO)KeCTBOM TO'leK KacaHHH c npHMbIMH IIY'IKa. 

TeopeMa MaKJiopeHa. JI106'bte a6e npR.M'bte ny"t'K:a 6mopo20 nop.RJ'K:a 
npoe?CmU6'HO omo6pa:>1Ca'/OmC.f£ (npoe?Cmupy10mc.R) oJtta 'Ha iJpy2y10 ocmaA'b
'H'bt.MU np.R.M'bt.MU 3mo20 ny<t'K:a . 

.lJ, 0 Ka 3 a Te JI b CT B 0. cha TeopeMa ,l1,BOfiCTBeHHa OCHOBHO:ti TeopeMe 

rrpoeKTHBHO:lt TeopHH KpHBhIX BToporo nopH,z:r;Ka (§ 19). IlycTh A, B, C, D -
rrpOH3BOJihHbie 'leTbipe TO'IKH KpHBOfi w, a rrpHMbie a, b, t, d - KaCaTeJibHhle 

K KpHBOH w COOTBeTCTBeHHO B 3THX TO'IKax (pHC. 46). PaccMOTPHM TO'IKH 

S =an b, R =and, P = b n t, Q = d n t, M =(AC) n (BD). Ilo TeopeMe 

IlacKaJIH MH BIIHCaHHoro 'leTbipexyroJibHHKa ACED TO'IKH M, S, Q KOJI

JIHHeaptthI, no TOH )Ke TeopeMe ,n;JIH 'leTbipexyroJibHHKa ABDC, TO'IKH M, 
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R, P TaK)f(e KOJIJIHHeapHbl. 3a<i:>HKCHpyeM ToqKH A, B, D KPHBOii: w, a Toq

KY C 6y.n;eM nepeMern;aTh no KPHBoii:. Tor.z:i;a TOqKa M 6y.n;eT nepeMem;aThCH 

no nocTOHHHoii: npsMoit BD. TaKHM o6pa3oM, HMeeM 

b(P) A R(RP) A BD(M) A S(SQ) A d(Q), 

OTKy.z:i;a H cJie.n;yeT ,IJ;OKa3hIBaeMoe: b(P) I\ d(Q). IlpaMas BD eCTh ocb nep

cneKTHBHOCTH nyqKoB R H S. 

24.3. IloH.HTHe o Koppenau;uu o6m;ero eu.n;a. EcJIH OTKa3aThC5.I OT 

ycJIOBH5.I aij = aji CHMMeTpHqHOCTH MaTpHW>l (aij) B <l:>opMyJiax (III.16), TO 

IIOJiyqHM COOTBeTCTBHe 6oJiee o6m;ero BH,IJ;a, He CB5.13aHHOe c KpHBOit BTO

poro II0p5.1,IJ;Ka: K~Oit ToqKe (x1: X2: X3) 9THMH <l:>opMyJiaMH CTaBHTC5.I B 

COOTBeTCTBHe HeKOTOpaH IIpHMaH. TaKoe COOTBeTCTBHe Ha3b!BaeTC5.I iwppe

Jl,Jl,mU6H'b(,,M,, HJIH iwppMRV,Ueu. IloJIHpHTeT eCTb qaCTHblit BH,Il; KOppeJI5.ID;HH, 

a HMeHHO, IIOJI5.1pHTeT - KOppeJI51D;H5.I H H B 0 JI IO u; H 0 H H a 5.1: ecmr p---+ p, 
TO p--+ P. KoppeJI5.IIJ;H5.I o6m;ero BH,IJ;a 9THM cBOitCTBOM He o6Jia.z:i;aeT. 0.z:i;ttaKo 

TeopeMa 06 HHBapnaHTHOCTH ,Il;BOitttoro OTHOilleHH5.I coxpaH5.leT CHJiy H ,Il;JI5.1 

TaKHX KOppem1u;Hit. 

§ 25. Teope.Ma Bpua'HWO'Ha 

25.1. TeopeMa BpuaHmoua .n;na onucaHaoro mecTuyroJI&HHKa. 
PaccMoTpHM mecnryroJihHHK ABCDEF, o6pa3oBaHHhiii KacaTeJihHhIMH B 

TOqKax 1, 2, 3, 4, 5, 6 KpHsoit BToporo nop5.1,IJ;Ka (pHc. 47). Ero sepmHHbl A, 
B, C, D, E, F 5.IBJI5.IIOTC5.I cooTBeTCTBeHHO noJI10caMH np5.1MhIX (12), (23), 
(34), (45), (56), (61). Ilo cBoiicTBy B3aHMHOCTH np5.1Mwe AD, BE, CF eCTh 

IIOJI5.1pb1 ToqeK x, y, z nepeceqeHH5.I IIpOTHBOIIOJIO)f(HblX CTOpOH BilHCaHHO

ro mecTHyroJihHHKa (123456). Ilo TeopeMe I1acKaJI5.I ToqKH X, Y, Z Jie)f(aT 

x 
PHc.47 
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Ha o~oii rrpHMOfi (rrpHMOH IlacKa.rrn), rroaToMy Hx rroJrnpbI AD, BE, CF 
,IJ;O.TDKHbl rrepeceKaTbCH B O,IJ;HOH TQqKe p, HBJIHIOIII;CHCH IIOJIIOCOM rrpHMOH 

XYZ. C<f>opMyJIHpyeM ,n;oKasattttoe. 

TeopeMa BpHa11woHa. Bo ec.11:1co.M wecmuy20J1,'b'HU'lbe, onucatttto.M o'lbo
Jl,O 'lbpUBOU Bmopo20 nop.R,a'lba, np.R,.M'bte, coeaU'H,Jl,'/OW,Ue npomueonOJl,OalC'H'bte 
eepwutt'bt, nepece'lba10mcJ1, B oattou mo"i'lbe. 

YKasaHHM B TeopeMe ToqKa Ha3hrnaeTcH mo"i'lbou Bpuattwotta orrHcaH

ttoro mecTHyroJibHHKa. 

<l>paHizy3cKHfi MaTeMaTHK III a p JI b B pH a H mo H (1785-1864), 3a

HHMaBmHikH B OCHOBHOM rrpoeKTHBHOH reoMeTpHefi, ,IJ;OKa3aJI 9TY TeopeMy 

B 1806 ro,n;y. 0Ha ,IJ;BOHCTBCHHa TeopeMe IlacKaJIH. 

25.2. TeopeMa BpHaHwoHa )1;.TISI Bbipo>K.zi;eHHblX wecTHyrOJibHH
KOB. ToqKa rrepeceqeHHH COBrra,n;arom;Hx CTOpOH HBJIHCTCH TOqKOH HX Kaca

HHH c KpHsott BToporo rropH,n;Ka. PaccMOTp:HM 9TH cJiyqaH. 

P11c.48 P11c.49 

1. IlycTb (EF) =(FA) (pnc. 48). )J,JIH IIOJiyqarom;erocH OIIHCaHHOro IIH

THYI'OJibHHKa ABCDE TeopeMy BpHaHmotta MO)KHO rrepecppasnpoBaTh TaK: 

6 j/,'/060.M nJ1,muy20Jl,'bttU'lbe, onucatttto.M O'/bOJl,O 1bpU60U emopo20 nop.R,a,,,,a, np.R,
.M'bte, coeaU'HJl,'/OW,Ue tteC.MealCtt'bte BepWU'H'bt 6 aByX napax, U np.R,.Ma.R,, coeau
'H,Jl,'/OW,a.R, nJ1,my10 Bepwutty c mo"i'/bOU '/bacattu.R, npomueonoJ1,0a1Cttou cmopott'bt, 
nepece'/ba10mcJ1, B oattou mo"ine. 

2. IlycTh (BC)= (CD) H (EF) =(FA) (pHc. 49). Tor,n;a CH F - ToqKH 

KacaHHH ,IJ;BOfiHhIX CTopoH BD H EA c KpHBOfi. Ilo TeopeMe BpHaHmoHa 

rrpHMbJe AD, BE, CF rrepeceKaIOTCH B o,n;ttofi TOqKe P. EcJIH cqHTaTb ,n;Boii

HbIMH ,n;Be ,n;pyrHe rrpoTHBOIIOJIO)KHbie cTopOHbI qeTbipexyroJihHHKa ABDE, 
TO IIOJIO)KCHHC ToqKH p OCTaHeTCH rrpe)KHHM. Ilo9TOMY qepe3 p rrpoxO,IJ;HT 

H rrpHMaH UV, coe,n;HHHrom;aH ToqKH KacaH:HH rrpHMbIX AB H DE c KpHsott. 

lhaK, BO BC.R'K:O.M onucaxtto.M O'/bOJl,O 1bpU6ou Bmopo20 nop,11,a,,,,a ( npocmo.M) 
"iem'bipexyaOJl,'b'HU'lbe np.R.M'bte, coeiJU'H,Jl,'/OW,Ue mo"i'/bU 'lbacattUJI, npomuBono
Jl,O:J/Ctt'btX cmopott, npoxoiJ.R,m "iepe3 mO"i'/by nepece"ie'HUJI, iJua20ttMeu. 
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3. Ecmr B mecTHyroJibHHKe (AB)= (BC), (CD)= (DE) H (EF) =(FA), 
TO cTopOHhI TpeyroJibHHKa ACE KacaIOTCH KpHBoii B TOqKax B, D, F. CJie

,n;oBaTeJibHo, eo ec.R:1w.M mpey20.fl'b'HU-x:e, onuca'H'HOM o-x:o.11,0 -x:pueou emopo20 
nopRd-x:a, npRM'bte, coedU'HR'/OW,Ue e20 eepwu'H'bt c ma'l./,-X:a.MU -x:aca'HUR npo
mueono.11,o;)IC'H'btX cmopo'H, nepece-x:awmcR e od'Hou mo'l./,-x;e (pHc. 50). 

Pnc. 50 Pnc. 51 

25.3. 06paTHruI TeopeMa Bp11aHmoHa. EC.flu npR.Mue, coedu'H.R,10w,ue 
npomueono.11,o;)IC'H'bte eepwu'H'bt wecmuy20.fl'b'Hu-x:a, nepece-x:awmcR 8 od'Hou 
mo'l./,-x;e, mo e20 cmopo'H'bt -x:acawmcR 'He-x:omopou -x:pueou emopo20 nopRd-x:a. 

,LL 0 Ka 3 a Te JI b c TB 0.- IlyqoK rrpHMbIX BTOporo rropH,n;Ka orrpe,n;eJIHeTCH 

IIHTbIO rrpHHa,n;Jie.lKam;HMH eMy rrpHMbIMH a, b, c, d, e. B caMOM ,n;eJie, corJiac

HO TeopeMe MaKJiopeHa ,n;Be H3 aTHx rrpHMhix, HarrpHMep a H b, MoryT 6b1Tb 

rrpHHHTbl B KaqeCTBe OCHOBHbIX, Ha KOTOpbIX ycTaHaBJIHBaeTCH rrpoeKTHB

HOe COOTBeTCTBHe. Tor,n;a TpH rrapbl ToqeK HX rrepeceqeHHH c OCTaBmHMHCH 

3a,ZJ;aIOT 3TO COOTBeTCTBIW, orrpe,n;eJIHIOm;ee BeCb rryqoK. 

IlycTb corJiaCHO ycJioBaIO TeopeMhr rrpHMbre AD, BE, CF rrepeceKaIOTCH 

B TOqKe p (pHC. 51). IlHTbIO rrpHMbIMH a, b, c, d, e 3a,n;a,n;HM rryqoK BTOporo 

IIOpH,n;Ka, T. e. IIOJIO:>KHM, qTO 3TH rrpHMbie KaCaIOTCH HeKOTOpoii KpHBOH w 
BToporo rropH,n;Ka. OcTaJIOCb IIOKa3aTh, qTo mecTaH rrpHMaH f =(FE) TaK.lKe 

KacaeTcH KpHBoii w. ToqKa E He MO:>KeT 6bITb BHyTpeHHeii: oTHOCHTeJibHO w, 
TaK KaK Jie.lKHT Ha KaCaTeJibHOH K Heii. <!>HKCHpyeM TOqKy E. qepe3 Hee rrpo

XO)J,5IT ,n;Be KacaTeJibHhre K w, o,n;Ha H3 KOTOphrx ecTb npHMaH DE. Ha ,n;pyroii 

KacaTeJibHOii 6y,n;eM HCKaTb TOqKy x ee nepeceqeHHH c rrpHMOH a. IIocTpOHM 

HCKOMYIO rrpHMYIO EX, rroJih3YHCb TeopeMoii: BpHaHmOHa. IlpoTHBOIIOJIO:>K

HhlMH BepmnHaMH mecnryroJibHHKa ABCDEX, orrncaHHoro OKOJIO w, HB

JIHIOTCH TOqKH AH D, Ba E, KOTOpbIMH orrpe,n;eJIHeTCH ero TOqKa P BpHaH

moHa: p =(AD) n (BE). CJie,n;OBaTeJibHO, rrpHMaH ex ,ll;OJI:>KHa rrpOXO,ll;HTb 

qepe3 P, ll IIOTOMY rrpHMaH ex COBrra,n;aeT c rrpHMOH GP. TaKHM o6pa30M, 

TOqKa X coBrra,n;aeT c ToqKoii F, H rrpa:MaH f =(FE) KacaeTCH w. D 
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B xo,n;e ,n;oKa3aTeJihCTBa rroKa3aH crroco6 rrocTpoemu1 rrp.aMott rryqKa BTO

poro rrop.a,n;Ka, 3a,1];aHHOrO II.HThIO ero IIp.HMhIMH, a HCKOMa.H rrp.aMa.H 3a,n;aHa 

TQqKQH E Ha O,ll;HOH H3 aTHX np.HMhIX. 9TOT crroco6 OCHOBaH Ha HCIIOJih30-

BaHHH o6paTHoil: TeopeMhI BpHamuoHa. 

§ 26. Ilpoe'/'l,mU61i'ble C6Jl3U mo'l(,e'/'l, '/'l,pUBOU 

Bmopo20 nopJlO'/'l,a u npJl.Mou JLU'HUU 

26.1. IlepcneKTHBHOe COOTBeTCTBHe. IlycTh ,n;aHbl KPHBa.H w H rrp.H

Ma.H m. Ifa rrpoH3BOJihHOil: TO'IKH SE w crrpoeKTHpyeM ToqKH rrp.aMoil: m Ha 

KpHBYIO w (HJIH Hao6opoT) (pHC. 52): 

m(ABC) /\ S(abe) /\ w(A0 B 0C0 ). 

9To oTo6pa:lKeHHe Ha3hIBaeTc.a nepenex:mu6'1-t:btM coom6emcm6UeM rrp.a

MOil: m H KpHBOil: w. Otto a¢¢eKTHBHO HCIIOJih3yeTe.H rrpH H3y'leHHH rrpo

eKTHBHhIX OTo6pa:lKeHHii np.HMOii Ha rrp.aMyIO, KpHBOil: Ha KPHBYIO H rrp.HMOil: 

Ha KpHByIO. 

m 

Pnc. 52 Pnc. 53 

PaBeHcTBOM ,ll;BOiiHhlX OTHomeHHfi (ABCD) =(abed) MO:lKHO o rr p e ,n; e -

JI HT h IIOH.HTHe ,ll;BOttHoro OTHOllleHH.H qeTblpex ToqeK (AoBoCoDo) KpHBOii 

BTOporo rrop.a,n;Ka KaK ,ll;BOiiHoe OTHOIIIeHHe (abed) qeTBepKH COOTBeTCTBeH

HhlX rrp.HMhlX rrepcrreKTHBHOro rryqKa c 11eHTPOM s Ha aTott KpHBOtt HJIH )f(e 

KaK ,ll;BOiiHOe OTHOllleHHe (ABCD) qeTbipex COOTBeTCTBeHHhlX ToqeK rrp.a

MOil:. 

<I>HKCHpyeM ,n;Be rrpoH3BOJihHhle TOqKH SH S' KpHBOtt w. CrrpoeKTHpyeM 

CHaqana H3 TQqKH s TQqKH rrp.HMOtt m Ha KpHByIO w, a 3aTeM IIOJiyqeHHble 

TQqKH Ha KpHBOii w H3 TQqKH s - o6paTHO Ha TY )Ke rrp.HMYIO m HJIH Ha 

,n;pyryro rrp.HMYIO £ (pHC. 53): 
s s' s' 

m(ABC) /\ w(A0 B 0 C0 ) /\ m(A'B'C') /\ £(A1B1C1). 
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B pe3yJihTaTe HMeeM II p 0 e K T H B H 0 e II p e 0 6 p a 3 0 B a H H e IIpHMOtt 

m: A--+ A' H II e p c II e K T H B H o e o T o 6 p a )I{ e H H e A-+ Ai IIpSIMOtt m 

Ha IIPHMYIO £, KOTOpble IIOJiy'IeHbl IIOCpe,ll;CTBOM Kpirnott w (rr 0 p 0 )I{ ,ll; e H bl 

sTott KpHBott H 3a,11;aHHhIMH e€ TO'IKaMH SH S'). 

26.2. IlpoeKTHBHOe rrpeo6pa30BaHHe KpHBOH BTOporo rrop.s,rv<a. 
By,11;eM aHanorH'IHO IIpoeKTHpoBaTh TO'IKH KPHBott w Ha IIpSIMYIO m H3 TO'I

KH s KpHBott, a 3aTeM IIOJiy'IeHHbie TO'IKH CIIpoeKTMpyeM o6paTHO Ha KpH

BYIO w H3 ,11;pyrott TO'IKH 81 3TOtt KpHBOtt (pHC. 54): 

S S1 

m(ABC) A m(AiB1 C1 ) A w(A' B'C'). 

::ha KOMII03H:a;HSI ,ll;Byx rrepCIIeKTHBHbIX OT06pa)J{eHirtt IIpe,11;cTaBJIHeT co6ott 

IIpeo6pa30BaHHe KPHBOtt w, coxpaHHIOI:a;ee ,ll;BOti:Hoe OTHomeHHe Ka)J{,ll;Oti: 'IeT

BepKH TO'IeK: 

0Ho Ha3hIBaeTcSI npoe'K:mUB'Hibt.M npeo6paaoea'Hue.M 'K:pueou emopo20 nopJta

'K:a. IlpHMaH m Ha3brnaeTCB OC'b'IO sToro rrpeo6pa3oBaHHB. Och IIpeo6pa3o

BaHHSI II03BOJISieT JierKO IIOCTpOHTb o6pa3 

Ka)J{,!l;Oti: TO'IKH KpHBOti: IIpH 3TOM IIpeo6-

pa30BaHHH. O'IeBH,ll;HO TaK)J{e, 'ITO TO'IKH 

X H Y IIepece'IeHHR OCH m npeo6pa3oBa

HH5! C KpHBOti: SIBJISIIOTCSI HeITO,ll;BH)J{HbIMH 

TO'IKaMH npeo6pa3oBaHH5!. 

B 3aBHCHMOCTH OT 'IHCJia HeIIO,ll;BH)J{

HbIX TO'IeK, rrpoeKTHBHbie rrpeo6pa3o

BaHHSI KpHBOtt ,11;eJI5!TC5! Ha TPH THIIa: 

eunep6oJtu"iecr;;ue (,11;Be HeIIO,ll;BH)J{Hble 

TO'IKH), napa60JtU"ieC'K:ue (o,11;Ha Herro
PHc. 54 

,ll;BH)J{HaH TO'IKa) H 3MUnmu"ieC'K:Ue (HeITO,ll;BM)J{HblX TO'IeK HeT), 'ITO 

COOTBeTCTByeT TpeM B03MO)J{Hb1M CJIY'IaHM B3aHMHOro pacnOJIO)J{eHH5! OCH 

IIpeo6pa30BaHHSI M KpMBOtt. 

,Il;oKa)J{eM, 'ITO npoe'K:mUe'Hoe npeo6paaoea'l-tue 'K:pueou emopo20 nopJt~a 

onpeaeJtJtemcJt aaaa'HUe.M mpex nap coomeemcmeett'H'btX mo"ie'K: amou 'K:pu

eou. 

B caMOM ,11;eJie, nycTb 3a,11;aHb1 Tprr napbI A--+ Ai, B--+ Bi, C--+ Ci co

OTBeTCTBeHHhIX TO'IeK IIpeo6pa3oBaHMSI KpMBott w. Ka)K,ll;yIO H3 STHX nap 

MO)J{HO rrpMHHTh B Ka'IeCTBe :a;eHTPOB npoeKTHPYIOIIIMX ny'IKOB. EcJIH B Ka

'IecTBe :a;eHTpOB IIpHHSITb TO'IKH A H Ai, TO TO'IKH M = (AB1) n (AiB) 
H N = (ACi) n (Ai C) nepece'IeHHSI cooTBeTCTBeHHhIX IIpHMhIX 6y,ll;YT oIIpe,11;e-
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JI5!Th och rrpeo6paaosaHHH (pHc. 55). AHa.rrorH'lHO rry'IKH c u;eHTpaMH B H Bi 
orrpe,z:i;eJIHT ,z:i;se TO'IKH (BAi) n (Bi A)= M HP= (BCi) n (BiC) OCH rrpeo6-

paaosaHHH. Ho aTH TpH TO'IKH M, N, P Jie:>KaT Ha O,z:t;Hoit rrpHMOit, KOTopaH 

HBJIHeTcH rrpHMott IIacKa.rrH ,z:t;JIH BIIHCaHHOro mecTHyroJihHHKa ABi CAi BCi. 
,noKaaaTeJihCTBo 3asepmeHo. 

PHc. 55 PHc.56 

26.3. TeopeMa IllTay,n;Ta. Ec.au aaaano npoe~U6ttOe 2unep6MU"te

C'ICOe npeo6paao6attue np.R,.MOU c ttenoaBua#Ctt'bt.MU mo"tx:a.Mu M u N, x:omo

poe omo6paa1eaem mo"tx:u A u B coomBemcmBetttto 6 mo"t?CU Ai u Bi, mo 

cyw,ecmByem u i)py20e npoex:muBttoe npeo6paao6attue CJmou np.R,.MOU c me

.MU a1ee nenoa6ua1ett'bt.Mu mo"t?Ca.Mu M u N, npu '/ComopO.M mo"t'/CU A u Ai 
nepexoa.R,m coomBemcmBetttto 6 mo"tx:u B u Bi. 

,noKa3aTeJibCTBO. Ilo YCJIOBHIO TeopeMbl (MNAB) = (MNAiBi). 
CrrpoeKTHpyeM TO'IKH M, N, A, B H M, N, Ai, Bi cooTBeTCTBeHHO H3 TO'leK 

SH Si. Tor,z:i;a rrpoeKTHpyro:rn;He rry'IKH 6y,z:i;yT rrpoeKTHBHhIMH. PaccMoTpHM 

TO'IKH P H Q rrepece'leHHH cooTBeTCTBeHHhIX rrpHMhIX SA H S1Ai, SB H 

SiBi. Tor,z:i;a mecTb TO'leK S, Si, M, N, P, Q 6y,z:t;yT rrpHHa,z:t;Jie)l(aTh O,z:t;Hoit 

KpHBOH BTOporo rropH,z:t;Ka, rropo)l(,z:t;eHHOtt rrpoeKTHBHbIMH rryqKaMH s H Si 
(pHc. 56). IIpoeKTHPYH H3 To'leK Q HP TO'IKH aTott KpHBott, 6y,z:t;eM HMeTb 

,z:t;Ba rrpoeKTHBHbIX ny'lKa, COOTBeTCTByro:rn;He rrpHMble KOTOpbIX orrpe,rt;eJIHT 

Ha rrpHMO:ii MN rrpoeKTHBHoe rrpeo6paaoBaHHe c Herro,z:t;BH)l(HbIMH TO'lKaMH 

M H N, oTo6pa)l(aro:rn;ee TO'IKH AH Ai Ha TO'IKH B H Bi. D 

26.4. KpHTepHH HHBOJIIOD;HH KpHBOH BTOporo nop.H,ZJ;Ka. Ilpoex:

mu6ttOe npeo6paao6attue 1CpuBou Bmopo20 nop.R,~a Utt60.1t10v,uontto mo2aa 

u mo.1t'b'ICO mo2iJa, 'IC02aa otto uttayv,upyemc.R, wp.Mottu"tecx:ou 20.Mo.1to2ueu 

n.1wc'/Cocmu, v,enmp u oc'b '/Comopou no.n,.R,ptto conp.R,a!Cett'b£ omnocume.1t'btto 

pacc.MampuBae.Mou 1CpuBou. 

,noKa3 aT eJI b CTB o. He o6xo,z:t;H Moc Tb. IlycTb HHBOJIIOI.J;HH KpH

BOH w (KaK H HHBOJIIOI.J;HH rrp5iMo:ii, 3a,z:t;aHa ABYMH rrapaMH A+-+ A1 H B +-+Bi 
COOTBeTCTBeHHbIX TO'leK, a x +-+Xi - rrpOH3BOJibHaH rrapa 3TOH MHBOJIIO-
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:rvrn: (pHc. 57). Tor.n;a cooTBeTCTBeHHhJe TO'IKH HHBOJIIDI1HH 6y,nyT npoeKTH

poBaTbCB H3 TO'IeK AH Ai npBMhIMH, nepeceKaIOIIIHMHCB Ha ocH p npeo6-

p 

pa3oBaHHB. TaK KaK OHO HHBOJIIDI1HOHHO, TO Xi----> X, H noaToMy npBMhre 

AX H AiXi TaK~Ke nepeceKaIDTCB Ha npBMOH p. B qacTHOCTH, npBMhre AB 
H AiBi, ABi H AiB TaK*e nepeceKaIDTCB Ha 9ToiI npBMOiI. EcJIH napy 

A<---> Ai 3aMeHHTh napou B <--->Bi, TO noJiy'IHM, 'ITO npBMhie BX H Bi Xi ne

peceKaIDTCB Hap. Ilo TeopeMe ,ILe3apra .IJ;JIB TpeyroJihHHKOB ABX H Ai Bi Xi 
npBMhre AAi, BBi, XXi HMeIOT 06my10 TO'IKY P. TaK KaK ToqKH P, M = 
= (ABi) n (AiB) H N =(AB) n (Ai Bi) CYTb ,IJ;HaroHaJibHbie TOqKH IIOJIHOI'O 

'IeThlpexBepmHHHHKa, BIIHCaHHoro B KpHBYIO w' TO p - IIOJIIOC rrpBMOH 

(MN)= p. 9Ta rOMOJIOI'HB rapMOHH'IeCKaB (rr. 15.4). 
,IL 0 c Ta T 0 q H 0 c T b rroqTH oqeBH,IJ;Ha. EcJIH p - IIOJIIOC rrpBMOH p OT

HOCHTeJibHO w' TO TOqKH x H xi rrepeceqemrn rrpOH3BOJibHOH rrpBMOH rryqKa 

p C KpHBOH W rapMOHH'IeCKH COIIpBfKeHhI C TOqKaMH p H Q = (XXi) n p, 
T. e. ToqKH X H Xi cooTBeTCTBYIOT .n;pyr .n;pyry B HHBOJIIOI1HH KpHBOH w. D 

§ 27. Ilpoe'l\,mumta.R 'l\,J1,accu<fm'l\,a'l.1iu.R 
J1,U'l-tui1 amopo20 nop.Rd'l\,a 

3a,n;aqa rrpoeKTHBHOH KJiaCCH<pHKa1IHH JIHHHH BTOporo rropB,n;Ka COCTOHT 

B HaXO)K.IJ;eHHH Bcex rrpoeKTHBHO He9KBHBaJieHTHbIX (rrpoeKTHBHO pa3JIHq

HbIX) JIHHHH BTOporo rropB.IJ;Ka. 

Ha,n;JiefKaIIIHM Bhr6opoM rrpoeKTHBHOH CHCTeMhr Koop,n;HHaT o6nree ypaB

HeHHe (III.4) JIHHHH BTOporo rropB,n;Ka MOfKHO rrpHBeCTH K BM,Ily, B KOTOpOM 

Bee K09cPcPHI1HeHThI aij rrpH i =f. j 6y,nyT HYJIBMH, a K09cPcPHI1HeHThI aii 6y,nyT 

HMeTh JIHillh 3HaqeHH5! 1, -1, 0. °YqHThIBa.a enre, qTO IlpH Ha,n;o6HOCTH BCer,n;a 
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MO)f(HO CMeHHTb HyMepau;mo KOOp,IJ,HHaT ( T. e. HyMepau;mo BepmHH 683HC

Horo TpeyrOJibHHKa CHCTeMbl KOOp,IJ,HHaT)' a TaK)f(e YMHO)f(HTb o6e qacTH 

ypaBHeHH5I Ha -1, noJiyqaeM Il5ITb H TOJibKO Il5ITb npocTeHIIIHX ypaBHeHHH 

JIHHHH BTOporo nopa.n,Ka Ha npoeKTHBHOH IlJIOCKOCTH: 

1) xi + x; - x~ = O; 

2) xi+ x; + x; = O; 

3) xi - x; = O; 

4) xi+ x; = O; 

5) xi= 0. 

0Hu Ha3brna10Tca 'IW'l-tO'l-tU"-/,eC'ICU.Mu ypaG'l-te'l-tUJi.MU aTHX JIHHnii. 

IloKa2KeM .n,Jia npuMepa, qTo ypaBHeHHe 1) HMeeT HeBb1po2K.n,eHHaa mrn1rn 

BTOporo nopa.n,Ka OTHOCHTeJibHO ee aBTOIIOJI5IpHoro TpeyrOJibHHKa AiA2A3, 
ecmr 3a e,n;HHH'IHYIO TO'IKY E B35ITb TO'IKY rrepeceqeHH.H KacaTeJibHbIX, npo

Be,n;eHHbIX K Heii qepe3 TO'IKH Ai H A 2 (pttc. 58). ,Il;eiicTBHTeJibHO, npaMaa 

AiA2 - noJiapa TO'IKH A 3 (0: 0: 1). C o,n;Hoii cTopoHbI, oHa HMeeT ypaB

PHC. 58 

HeHHe x 3 = 0, a c .n;pyroii - ypaBHeHHe 

a13Xi + a23X2 + a33X3 = 0, Il03TOMY a13 = 
= a 23 = 0. PaBHbIM o6pa30M H3 ycJioBmi:, 

qTQ (A2 A 3 ) - noJI.Hpa TO'IKH Ai (1: 0: 0), 
noJiyqaeM ai2 = a 13 = 0. YpaBHeHHe KPH

Boii npHHHMaeT BH,Il; 

Y quTbrnaa eIIJ;e, qTo ToqKH Ei ( O : 1 : 1) H 

E 2 (1: 0: 1) Jie2KaT Ha aToii KpHBoii, noJiy

qaeM a22 + a33 = 0 H au + a33 = 0. 3HaqHT, 

au= a22 = -a33, lI ypaBHeHHe KpHBOH no

CJie COKpaII1eHH5I npHHHMaeT BH,ll, 1). 
J1106bJe ;:t;Ba IlOJIHblX 'IeTblpexBepIIIHHHHKa rrpoeKTHBHO 3KBHBaJieHTHbl 

corJiaCHO TeopeMe 0 3a,n;aHHH npoeKTHBHoro npeo6pa30BaHH5I IlJIOCKOCTH. 

EcJJH HMH 3a;:t;aHbl ,n;Be npoeKTHBHbJe CHCTeMbl KOOp;:t;HHaT, TO KOOp;:t;HHaTbI 

COOTBeTCTBeHHbIX TO'IeK OTHOCHTeJibHO 3TlIX CHCTeM COOTBeTCTBeHHO 

paBHbI. 0TCIO,IJ,a CJie;:t;yeT, 'ITO ;:t;Be JIHHHH BToporo nopa,n;Ka, HMeIOIIJ;IIe 

B COOTBeTCTBYIOIIJ;HX ClICTeMax KOOp;:t;HHaT O)J;HHaKOBbre KaHOHH'IeCKHe 

ypaBHeHII5I, npoeKTHBHO 3KBHBaJieHTHbI, a ;:t;Be JIHHMH, HMeIOm;He B COOT

BeTCTBYIOIIJ;HX CMCTeMax KOOp;:t;HHaT pa3JIHqHbre KaHOHH'IeCKHe ypaBHeHM5I, 

He3KBHBaJieHTHbl. 
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TaKHM o6pa3oM, ypaettei-m.n.Mu 1)-5) npeacmaeJiett'bt e c e n.nm'b npoe,,,,
muetto pa3.!tU"{'l-t'btX munoe .!tui-tuil emopo20 nop.na,,,,a. 

JlHHHH 1) co,n,ep)KHT 6ecKOHeqHoe MHO)KeCTBO ,n,eHCTBHTeJibHblX TOqeK H 

II03TOMY Ha3bIBaeTCH ,n;eHCTBHTeJibHOH (HeBblpO)K,D;eHHOH) JIHHHeH BTOporo 

rropa,n,Ka, HJIH 06a.!tO.M. JlHHHH 2) He co,n,ep)KHT HH O,D;HOH ,n,eHCTBHTeJib

HOfi TO'IKH. Ee Ha3brnaroT .MttU.M'bt.M oea.!to.M. -YpaBHeHHeM 3) 3a,n,aeTca rrapa 

,n,e:iiCTBHTeJibHbIX pa3JIH'IHbIX IIpHMbIX X1+X2=0 H X1 - X2 = 0. JlHHHH 4) 
co,n;ep)KHT e,n;HHCTBeHHyro ,n;eH:cTBHTeJihHYIO ToqKy (0, 0, 1). Ee ypaBHeHHe 

MO)KHO rrpe,n,cTaBHTb B BH,D,e (x1 + ix2)(x1 - ix2) = 0, r,n,e i
2 = -1. fOBOpHT, 

qTo ypaBHeHHe 4) 3a,n,aeT napy .MttU.M'btX np.n.M'btX, nepeceKaro111ttxca B ,n,efi

CTBHTeJibHOii: TOqKe. JlHHHH 5) eCTb caeoett'/ia.R np.ll.Ma.ll X1 = 0. 
l'haK, Ha npoeKTHBHOii: IlJIOCKOCTH cy111ecTByeT JIHIIlb e,n;HHCTBeHHblH npo

eKTHBHbIH THII ,n,eftcTBHTeJibHhlX HeBblpO)K,Ll;eHHhlX JIHHHH BTOporo nopa,n;

Ka - OBaJibHbie JIHHHH, H3 KOTOpbIX yJKe HeJih3H BbI,lJ,8JIHTb npoeKTHBHO 

pa3JIH'IHhie JIHHHH. Pa3,n;eJieHHe Ha 3JIJIHITChI, rttnep60JihI H rrapa6oJihI HMeeT 

MeCTO TOJibKO Ha acl>cl>HHHOH IlJIOCKOCTH. 

3aaa"tu u ynpa;J1C'rte'l-lU.fl 

III.1. Haft,n;ttTe ypaBHeHHe JIHHHH BToporo rropa,n;Ka, npoxo,n;a111e:ii 'Iepe3 

TO'IKH ( 0 ; 0 ; 1), ( 1 : 0 : 1), ( 0 : 1 : 1), ( 1 : 1 ; 1), ( 2 : 3 ; 1). 
III.2. CTopoHbI BC, CA, AB TpeyroJihHHKa ABC KacaroTca KpHBOH 

BToporo nopa,n;Ka cooTBeTCTBeHHO B ToqKax A1, A2, A3 • IlpHMhie AA1 , BA2, 
CA3 nepeceKaroTca B TOqKe E. Ha:ii,n;ttTe ypaBHeHHe aToft KpHBOH OTHOCH

TeJihHO cttcTeMbI {A1A2A3 E}. 
III.3. Haft,n;ttTe ypaBHeHHe JIHHHH BToporo nopa,n;Ka, co,n,epJKa111eft TO'IKH 

(1: 0 :0), (1 :0: -1), (2: 1 :0) H Kaca10II1eHCH npHMbIX X2 +x3 =0 H X1 +x3 =0. 

III.4. .LI;oKaJKHTe TeopeMy IIacKaJIH ,D;JIH TpeyroJibHHKa, HCIIOJih3YH Me

TO,Ll; KOOp,D;HHaT. 

III.5. EcJIH ,n,Ba TpeyroJihHHKa roMoJiorHqHhI, TO rnecTh ToqeK, B KOTO

pbIX CTOpOHbI O,ll,HOrO TpeyroJibHHKa nepeceKaIOT H e c 0 0 T B e T c T B e H -

H bl e CTOpOHbI ,n,pyroro, Jie)KaT Ha 0,ll,HOH KpHBOH BToporo nopa,n;Ka . .LI;oKa

JKHTe. 

III.6. EcJIH ,n,Ba TpeyroJihHHKa BnncaHhI B o,n,Hy KpHBYIO BToporo no

pa,n,Ka, TO OHM TaKJKe OilHCaHbI OKOJIO HeKOTopoti: ,n,pyroti: KpHBOH BTOporo 

nopa,n,Ka . .ll;oKaJKHTe. 

III. 7 . .LI;attbI IlHTh TO'IeK KPHBOH BToporo nopa,n;Ka. IIocTpoti:Te Kaca

TeJibHYIO K 3TOH KpHBOti: B O,ll,HOH H3 ,n,aHHbIX ToqeK, a TaKJKe KacaTeJihHYIO 

H3 rnecTOH 3a,n;aHHOti: TQqKH. 
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111.8. ,II;atta (ttaqepqetta) KpHBfil! BToporo nop~a. IIocTpoiiTe Kaca

TeJihHYIO K KpHBOii B ,z:i;aHHOii ee TO'iKe p, IlOJih3YSICh TOJlhKO O,Il;HOft JIHHeii

KOH. 

111.9. ,II;aHhl qeThipe TO'iKH KpHBOH BTOporo nop~a H KacaTeJihllfil! 

B O,IJ;HOil: H3 HHX. IlocTpOiiTe em;e O,IJ;HY TO'iKY KPHBOil:. 

111.10. ,Il;aIIhl TPH TO'iKH KplrnOH BTOporo nopSI,IJ;Ka H KacaTeJihHhle 

B ,IJ;BYX H3 HlIX. IlocTpOiiTe em;e O,IJ;Hy TO'iKY 3TOii KPHBOil:. 

111.11. ,Il;aHhl IlSITh TO'ieK HeBblpO)K)l;eHHOil: JIHHHH BTOporo nopSI,Il;Ka. 

IlocTpOiiTe IlOJISipy ,z:i;aHHOH TO'iKlI p OTHOCHTeJibHO 3TOil: JllIHHlI. 

111.12. ,II;aHhl IlSITh KacaTeJihHhlX K HeKOTopoil: KplIBOil: BTOporo nopSI,IJ;Ka. 

IlocTpOHTe TO'iKY KaCaHHSI O,IJ;HOH lI3 HHX. 

111.13. ,Il;Ba IlOJIHhlX qeTbipexBepmHHHHKa HMeIOT o6m;He ,Il;HarOHaJihllhle 

TO'iKlI. ,II;oKaJlmTe, 'iTO 3TH qeThlpexBepmHHHlIKH BffRCaHhl B O,IJ;HY KpHBYIO 

BToporo nops:c,IJ;Ka. 

111.14. ,II;oKa)l{JITe, 'iTO IlOJISiphl TO'ieK npSIMOil:, He Kaca10m;eil:cSI 6a3HC

HOH KplIBOH w' nepeceKaIOT ,z:i;aHHyIO npSIMYIO m B COOTBeTCTBeHHhlX HM 

TO'iKaX O,Il;HOil: HHBOJIIOllHH. 

111.15. TpeyroJihHHK ABC BITRcaH B KpHBYIO w. Ilps:cMaSI m He npoxo~HT 

qepe3 ero BepmHHhI H nepeceKaeT KpHBYIO w B TO'iKax X H Y. Ilps:cMas:c t 
KacaeTCSI KplIBOH w B TO'iKe A. ,Il;oKa)l{JITe, 'iTO TPH naphl TO'ieK M =(AB) n 
nm H N =(AC) nm, P =(BC) nm HQ= t nm, X HY s:cBJISIIOTcs:c rrapaMH 

COOTBeTCTBeHHhIX TO'ieK O,IJ;HOH lIHBOJIIOllHlI. 

111.16. ,II;oKa)l{JITe KpHTepHH KaCaHHSI npSIMOii U1X1 + U2X2 + U3X3 = 0 H 

KpHBOH BToporo nops:c,z:i;Ka, 3a,z:i;aHHOH o6rr:t;HM ypaBHeRHeM (111.4), 

au ai2 ai3 U1 

a21 a22 a23 U2 =0. 
a31 a32 a33 U3 

U1 U2 U3 0 
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II poe'X',m UB'l-l 'bte .Moae.11, u aif)(fiu 1-l 'l-lou 
.. (.; 

u mpex .MemputtJ,eC'X',UX 2eo.Mempuu 

<IleJIHKC KJieilH ou;eHHJI 3HaqeHne npoeKTHBHoil reoMeTpHH KpaTKO: «npo

eKTHBHruI reoMeTpm1 - 3TO B c e reoMeTpHH». fJiy6oKHit CMblCJI 3Toro a¢o

pH3Ma KpoeTC.H B TOM, qTo npoeKTHBHa.H reoMeTpH.H Ba21rna He TOJibKO caMa 

no ce6e KaK HTOr CTpeMJieHH.H reoMeTpOB K o6o6iu;eHH.HM H ycTpaHeHHIO H3 

reoMeTpHH MeTpHKH, a rJiaBHOe ee 3HaqeHHe COCTOHT B TOM, qTo OHa HeCeT B 

ce6e CKpbITYIO B03MO:>KHOCTb nOCTpOeHH.H MHOrHX reoMeTpHit KaK CJie,IJ;CTBHH 

npoeKTHBHblX nOH.HTHit H TeopeM nyTeM HX pa3JIHqHbIX cneu;HaJIH3au;nii:. 

B o6iu;nx CJIOBax, H,IJ;e.H 3aKJI10qaeTC.H B cJie.n;y10iu;eM. PaccMaTpHBaeTc.H 

rpynna npoeKTHBHbIX aBTOMOPcPH3MOB 3a,IJ;aHHOH cneu;HaJibHO BbI6paHHOH 

cPHrypbI !1. lfHBapHaHTbl 3TOH rpynnbl COrJiaCHO 9pJiaHreHCKOH IlporpaM

Me KJieitHa H cocTaBJI.HIOT co.n;ep:>KaHne cooTBeTCTBy10iu;eii: reoMeTpHH, no 

OTHOilleHHIO K KOTOpOii: cPHrypa f2 Ha3bIBaeTC.H a6co.11:10mO.M 3TOH reOMeTpHH. 

AHrJIHikKHii: MaTeMaTHK ApTyp KaJIH (1821-1895) BBeJI npoe'K:mumwe 
.Mepoonpeae.tieHue paccTo.HHHii:, ycTaHOBHJI CB.H3h Me:>K.n;y Teopneii: HHBapn

aHTOB H npoeKTHBHoii: reoMeTpneit. Tpy,n;aMH ct>. KJieii:Ha n ,II;. CoMMepBHJI.H 

ycTaHOBJieHo, qTo Ha npoeKTHBHOH nJIOCKOCTH MOryT 6blTb nOCTpOeHbl 32 = 
= 9 pa3JIHqHblX MeTpnqecKHX reoMeTpHii:, a B n-MepHOM npocTpaHCTBe - 3n 
MeTpnqecKHX reoMeTpnit 0HH Ha3hIBaIOTC.H reoMeTpH.HMH KaJIH-KJieii:Ha. 

A<P<PnHHa.H reoMeTpH.H TaKOBoii: He .HBJI.HeTc.H, nocKOJibKY B a¢¢HHHoii: reo

MeTpHH MeTpHKa OTCYTCTByeT. 

Hn:>Ke H3Jiara10Tc.H HaqaJia a¢¢nHHoii:, eBKJIH.n;OBoii:, nceB,n;oeBKJIH,IJ;OBoii: 

reoMeTpHii: H reoMeTpHH Jio6aqeBCKOro Ha 6a3e npoeKTHBHOH reoMeTpHH, 

B KOTOpbIX a6coJIIOTaMH .HBJl.HIOTC.H COOTBeTCTBeHHO np.HMruI, Heco6CTBeHHa.H 

np.HMruI C cPHKCHpoBaHHOH napoii: ee MHHMblX D;HKJIHqeCKHX ToqeK, Heco6-

CTBeHHaSI rrp.HMruI C cPHKCHpOBaHHOH napoii: ee ,n;eiicTBHTeJibHblX ToqeK H 

HeBblpo:>K,IJ;eHHruI KpHBa.H BTOporo nop.H,n;Ka. 

§ 28. llpoex;muB'l-to-arfirfiU'J-tHM n.1tocx;ocm'b. 

llpoex;mueHo-arfiifjuHH'bte npeo6paaoeaHU.fl 

BcrroMHHM, qTo pacmnpeHHa.H a¢¢nHHa.H nJIOCKOCTb KaK Mo,n;eJih npo

eKTHBHoii: IIJIOCKOCTH 6bIJia noJiyqeHa H3 a¢¢HHHOH nyTeM npncoe,n;HHeHH.H 

Heco6CTBeHHbIX ToqeK, MHO:>KeCTBO KOTOpblX o6pa3yeT Heco6cTBeHHYIO np.H

MYIO (§2). Teneph CTaBHTC.H o6paTHruI 3a,n;aqa - noJiyqnTh a¢¢nHHy10, 
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a 3aTeM eBKJIH,D;OBY IIJIOeKOeTH H3 npoeKTHBHO:tt H noeTpOHTb acpcpHHHYIO H 

eBKJIH,D;OBY reoMeTpHH Ha 6ase npoeKTHBHOil: reoMeTpHH. 

,ll;mr IIOJiyqeHmI acpcpHHHOil: IIJIOeKOeTH H3 npoeKTHBHOil:, eeTeeTBeHHO, 

Ha.ri;o YAaJIHTb H3 npoeKTHBHOil: IIJIOeKoeTH KaKyIO-JIH6o o.ri;Hy npHMyro. 

IlpaKTHqeeKH )Ke aTy npHMyro npHxo.ri;HTeH npoeTo cpHKeHposaTb. 

OnpeAeJieHHe. IlpoeKTHBHaH IIJIOeKOeTb Ha3b1saeTeH npoeicmuetto-a<ft
<ftuttttou, eeJIH Ha Heil: cpHKeHpOBaHa HeKOTopag IIpHMaH w. 9Ta npHMruI w 
Ha3bIBaeTeH tteco6cmee'lttt0U npRMOU npoeKTHBHO-acpcpHHHOH IIJIOeKOeTH. 

ToqKH npHMOil: w 6y.n;eM Ha3hIBaTh Heeo6eTBeHHhIMH H npH Ha.ri;o6HoeTH 

B HX o6o3HaqeHHHX IIHeaTb HH.ri;eKe w: Aw, Bw, Mw, ... 
Bee npHMble, KpoMe w, H see ToqKH, He npHHa,ri;Jie)Kall1He w, 6y,ri;eM Ha-

3hIBaTh co6cmeetttt'btMU np.F£M'btMU H co6cmeetttt'btMU mo"ticaMu npoeKTHB

Ho-acpcpHHHoil IIJIOeKoeTH. 

TepMHH «npoeKTHBHO-acpcpHHHMI» oTpa)l{aeT TOT cpaKT, qTo npoeKTHB

HaH IIJIOeKOeTb IIPH cpHKeHpOBaHHH Ha Heil IIpHMOil: w oeTaeTeH npoeKTHB

HOH, HO 6e3 ToqeK IlpHMOil: w OHa H30MOpcpHa acpcpHHHOi!: IIJIOeKOeTH. 

OnpeAeJieHHe. IlpoeKTHBHOe npeo6pasosaHHe npoeKTHBHo-a¢cpHHHoii 

IIJIOeKoeTH, OT06pa)l{aIOII1ee Heeo6eTBeHHYIO rrpHMYIO w Ha ee6H, Ha3bIBaeTeH 

npoeicmuetto-a<ftifmtt'HibtM npeo6pa3oeattueM. 

CJieACTBHe. Ilpoeicmuetto-a<fi<ftuttttoe npeo6pa3oeattue ec.F£icyio co6-
cmeettttyio mo"licy npoeicmuetto-a<ft<ftuttttou nJ1,ocicocmu omo6pa:>1Caem tta 
co6cmeettttyio mo'l/,icy. 

,ll;eilcTBHTeJibHo, ecJIII A fj: w II A --+A', To A' fj: w, TaK KaK eeJIH 6b1 BhIIlOJI

HHJIOeh yeJiosHe A' E w, TO no rrpe,ri;hI,lJ;Yll1eMy orrpe.ri;eJieHHIO Mbl Heo6xo,ri;HMO 

rroJiyqHJIII 6h1, qTo A E w (rrpHMaH w oTo6pa)l{aeTeH Ha ee6H), qTo rrpOTHBO

pe'lHT BbI6opy TO'lKH A. 
TaKHM o6pasoM, pas.n;eJieHHe ToqeK (H, eJie.ri;osaTeJibHO, rrpHMb1x) rrpo

eKTIIBHo-a¢cpIIHHOi!: ITJIOeKOeTH Ha eo6eTBeHHble II Heeo6cTBeHHble HHBapII

aHTHO OTHOeHTeJibHO rrpoeKTHBHO-acpcpHHHbIX rrpeo6pasosaHIIil:: MHO)l{eeTBO 

scex co6CTBeHHbIX TOqeK OT06pa)l{aeTCH Ha ce6.sr, MHO)l{eCTBO scex Heco6-

eTBeHHbIX ToqeK OT06pa)l{aeTeH Ha ee6H. 

TeopeMa. Bc.F£icoe npoeicmuetto-a<ft<ftuttttoe npeo6pa3oGattue, paccMampu
eaeMoe tta Mtto:>!Cecmee ecex co6cmeetttt'btX mo"leic npoeicmuetto-a<ft<ftuttttou 
n,/l,ocicocmu, J£6Jl,J£emc.F£ a<ft<ftutttt'btM npeo6pa3oeattueM. 

,n; 0 Ka 3 a Te JI be TB 0 rrpose.ri;eM aHaJIHTHqeeKH, IlyeTb rrpoeKTHBHaH 

eHeTeMa KOOp,lJ;HHaT BbI6paHa TaK, qTo rrpHMaH w HMeeT ypaBHeHHe X3 = 0 
(pHe. 59, a). TaKyIO CHCTeMy KOOp,D;HHaT 6y.ri;eM Ha3bIBaTb rrpoeKTHBHo-a¢-
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6) 

x 

Pnc. 59 

¢RHHO:lt IlpoeKTRBHo-a¢¢RHHOe npeo6pa30BaHRe 3a.zi;a,z:i;HM ¢opMyJiaMH 

pX~ = C11X1 + C12X2 + C13X3, 

px; = C21X1 + C22X2 + C23X3, 

pX~ = C31X1 + C32X2 + C33X3, 

(IV.1) 

npR'ICM det(cij) =f. 0. Ilo onpe,z:i;eJiemuo npoeKTRBHo-a¢¢RHHoro npeo6pa-

30BaHm1 H3 paBeHCTBa X3 = 0 .zi;om1rno CJie,ll;OBaTb, 'ITO x~ = 0. ,ll;JI51 3TOrO 

Heo6xo,z:i;RMO H ,ll;OCTaTO'IHO, 'IT06bI BbIIIOJIH51JIHCb ycJIOBR51 C31 = C32 = 0, HO 

c 33 =f. 0. Tor.zi;a ¢opMyJihI (IV.1) npRHRMaIOT BRA 

pX~ = C11X1 + C12X2 + C13X3, 

px; = C21X1 + C22X2 + C23X3, (IV.2) 

<I>opMyJiaMR (IV.2) 3allHChIBaeTC51 npoeKTRBHo-a¢¢RHHOe npeo6pa30Ba

HRe. By,z:i;eM paccMaTpRBaTb ero Ha MHO:JKeCTBe co6cTBeHHhIX TO'IeK. Tor.zi;a 

X3 =f. 0, qTO Il03BOJI51eT nepeil:TH K a¢¢RHHbIM KOOp,lJ;RHaTaM x, y TO'IKR, 

onpe,z:i;eJIHH Rx ¢opMyJiaMH 

X = X1 y = X2. 
X3' X3 

,ll;JI51 3TOrO ,ll;OCTaTO'IHO nepByIO R BTopyro ¢opMyJihl R3 (IV.2) pa3,z:i;eJIRTb 

noqJieHHO Ha TpeThIO: 

I X; = C11 X1 + C12 X2 + C13' 

X3 C33 X3 C33 X3 C33 
I 

X~ = C21 X1 + C22 X2 + C23. 

X3 C33 X3 C33 X3 C33 
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B HOBhIX o6o3Ha'Iemnrx Ko::i¢¢m1neHTOB no.JiyqaeM 

x' = aix1 + biy + c1, 

y' = a2x1 + b2y + c2, 
(IV.3) 

A 3TO - cpopMJJihI acpcpHHHoro rrpeo6pa3oBaHH.H acpcpHHHOii IIJIOCKOCTH. 

Ec.JIH Heco6cTBeHHyIO rrp.HMYIO w = (A1 A2) C'IHTaTh 6ecKoHe'IHO y,n;a.JieH

Hoii, TO rrpoeKTHBHa.H CHCTeMa KOOp,ll;HHaT {A1A2A3E} ,n;ecpopMHpyeTC.H 

B acpcpHHHYIO CHCTeMy (pnc. 596). 

06paTHO, ec.JIH acpcpHHHOe rrpeo6pa30BaHHe (IV.3) MHOJKeCTBa BCex co6-

CTBeHHhIX TO'IeK rrpoeKTHBHO-acpcpHHHOH Il.JIOCKOCTH pacmHpHTh Ha BCIO 

rrpoeKTHBHO-acpcpHHHYIO IIJIOCKOCTh ycJIOBHeM CTaBHTh B COOTBeTCTBHe He

co6CTBeHHOH TO'IKe Ka)K,ll;OH ( co6cTBeHHOH) rrp.HMOH Heco6cTBeHHYIO TO'IKY 

ee o6pa3a, TO OHO CTaHeT rrpoeKTHBHO-acpcpHHHhIM rrpeo6pa3oBaHHeM. D 

§ 29. Oc?-toB'H/bte no?-t.flffiU.fl 
npoe'Kmua?-to-aifHpU?-t'l-tOU 2eo.Mempuu 

Mtto;J1Cecm60 ecex npoenmuetto-arfiifmtttt'blX npeo6pa3o6attui1 npoenmue
tto-arfirfiutti-wil nJ1,0C'K:Ocmu ecm'b noazpynna npoenmU6'HOU zpynn'bl npeo6pa-
306a'HUU, U30.Moprfitta.f(, arfirfiuttttoil zpynne npeo6pa3oeattui1 arfirfiuttttoil n.1wc
nocmu. 

B caMoM ,n;eJie, BhIIIOJIHeHHe Tpe6oBaHHii rpyrrrrhI cpa3y CJie,n;yeT H3 orrpe

,n;e.JieHH.H npoeKTHBHo-acpcpHHHoro rrpeo6pa3oBaHH.H. IfaoMopcpH3M yKa3aH

HhIX rpyrrrr BhITeKaeT H3 3KBHBa.JieHTHOCTH cpopMyJI (IV.2) H (IV.3) rrpH 

ycJIOBHH, 'ITO cpopMyJihI (IV.2) paccMaTpHBaIOTC.H Ha MHOJKeCTBe BCex co6-

CTBeHHhIX TO'IeK rrpoeKTHBHO-acpcpHHHOH ITJIOCKOCTH. 

IlpoeKTHBHo-acpcpHHHa.H rpyrrna rrpeo6pa3oBaHHii rropoJK,n;aeT reoMeT

pn10, Ha3hIBaeMyIO npoe,,,,muetto-arfirfiuttttoil zeo.Mempueu. B CHJIY yKa-

3aHHoro BhIIIIe H30MOpcpH3Ma rpyrrn, rrpoeKTHBHO-acpcpHHHa.H reoMeTpH.H 

H30MOpcpHa acpcpHHHOH reoMeTpHH. 0,n;HaKO paCCMOTpeHHe cpaKTOB npoeK

THBHO-acpcpHHHOH reoMeTpHH He JIHIIIeHO HHTepeca, TaK KaK 3TH cpaKThI 

paccMaTpHBaIOTC.H c HOBOH, 6oJiee BhICOKOH TO'IKH 3peHH.H - c TO'IKH 3peHH.H 

rrpoeKTHBHOH reoMeTpHH. 

BBe,n;eM CHa'IaJia ITOH.HTH.H 0Tpe3Ka H .Jiyqa Ha npoeKTHBHO-acpcpHHHOH 

IIJIOCKOCTH. Ec.JIH A H B - ,n;Be co6cTBeHHhie TO'IKH, To TOT H3 ,n;Byx OTpe3KOB 

rrpoeKTHBHOii np.HMOii AB, KOTOphIH HMeeT KOHIJhI A H B H He co,n;epJKHT 

Heco6cTBeHHYIO TO'IKY rrp.HMoii AB, Ha3hrnaeTc.H ompe3'K:O.M [AB] Ha rrpoeK

THBHo-acpcpHHHOii IIJIOCKOCTH. EcJIH 0 - co6cTBeHHa.H TO'IKa rrp.HMoii a H 

an W = P, TO 0Tpe3KH IIpOeKTHBHOH Ilp.HMOH, HMeIOIIJHe CBOHMH KOHI!aMH 

TO'IKH 0 H P, Ha3hIBaIOTC.H Jl,Y"la.MU np.HMOii a c Ha'Ia.JIOM 0 Ha npoeKTHB

Ho-acpcpHHHOii IIJIOCKOCTH. 
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29.1. IlapaJIJieJI&H&Ie np.HM&1e. CorJiacHo aKCHOMe II2 BC.HKa.a rrp.a

MaH a ¥- w HMeeT c neco6cTBeHHOil: rrpHMOil: w e.ri;HHCTBeHHYIO o6myro TO'IKy, 

KOTOprui: H83bIBaeTCH tteco6cm6ettttoil mo"l'K:OU rrpHMOil: a. 

Onpe.zi;eneHHe. ,ll;Be ( co6cTaeHHhie) rrpHMhie H83hIBaIOTCH napa./l,./l,e.11,'b
tt'bl.MU (a II b), ecJIH OHH HMeIOT o6myro Heco6cTBeHHYIO TO'IKY (pHc. 60). 

lfa aToro orrpe.ri;eJieHHH HarrpHMYIO cJie

.ri;yeT, 'ITO OTHOilleHHe rrapaJIJieJihHOCTH rrpH

MbIX CHMMeTpH'IHO H TpaH3HTHBHO. IIoKa

:>KeM, 'ITO IIOHHTHe napaJIJieJibHhlX rrpHMhIX 

rrpHHa.ri;Jie:>KHT npoeKTHBHo-acl:>cl:>HHHOH reo-

MeTpHH. P11c. 60 

TeopeMa. BcJ£'K:oe npoe'K:mU6tto-arjJ<jjunnoe npeo6paao6attue omo6pa:>1Ca
em napa.n.n.M'b'H:bie npJ£.Mhle na napa.n.n.M'btthle npJ£M'bie. 

,II; o Ka 3 a Te JI h c TB o. IIycTh a /I b, T. e. npHMhre a, b, w rrpnHa.ri;Jie:>KaT 

O,ll;HOMy rryqKy, H rryCTb rrpH 3a,ll;aHHOM rrpoeKTHBHo-acl:>cl:>HHHOM rrpeo6paao

BaHHH a-+ a', b-+ b'. KpoMe Toro, w-+ w. IIocKOJihKY rrpoeKTHBHOe rrpeo6-

paaosanHe rryqoK rrpHMhIX oTo6pa:>KaeT Ha rryqoK rrp.aMhIX, TO rrpHMhie a', 
b', w' rrpnHa.ri;Jie:>KaT o.ri;HoMy rryqKy H, 3Ha'IHT, a' II b'. D 

EcJIH .ri;se rrpHMhle 3a,ll;aHhI ypaBHeHHHMH U1X1 + U2X2 + U3X3 = 0 H V1X1 + 
+ V2X2 + V3X3 = 0, TO TO'IKa HX rrepece'IeHHH HMeeT KOop.ri;1rnaTbl 

IIpu yCJIOBHH, 'ITO Heco6cTBeHHruI rrp.aMaH w HMeeT ypasHeHHe x 3 = 0, KpH

TepHeM rrapaJIJICJihHOCTH 3THX rrpHMbIX HBJIHeTCH paBeHCTBO 

29.2. IlpoeKTHBHo-a<l><l>uHHOe orrpe.zi;eneHue eeKTopa. IIapy TO

qeK A, B 6y.n;eM C'IHTaTh yrropH.ri;oqeHHoil:, a oTpe3KH AB H BA 6y.n;eM Ha-

3hIBaTb ttanpa6.1tetttt'bl.Mu H o6o3Ha'IaTh cooTBeTCTBeHHO AB n BA. 

Orrpe.zi;eneHHe. ,II;aa HarrpaaJieHHhIX oTpe3Ka AB H CD, rrpHna.ri;

Jie:>Ka~He p a 3 JI H q H bl M IIpHMhIM, H83hIBaIOTC.H 3'K:6Uno.!l.!l.ettmtt'biMU 
(AB~ CD), ecJIH (AB) II (CD) H (AC) II (BD) (pnc. 61). ,II;aa narrpaBJieH

HhIX OTpe3Ka AB u CD, rrpHHaAJie:>Ka~ne o .ri; Ho il: rrpHMoil:, H83hIBaIOTCH 

3'K:6Uno.!l.!l.ettmtt'bl.M.U, ecJIH cy~ecTBYeT He rrpHHa.ri;Jie:>Ka~HH 3TOil: rrp.HMOH Ha

rrpaBJICHHblil: oTpe3oK MN, aKBHITOJIJieHTHhIH Ka)K,ll;OMY H3 oTpe3KOB AB H 

CD (pHC. 62). 
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PMc.61 PMc.62 

1fa orrpe,n;eneHM£ BhrTeKaeT, qTo 

(AB~ CD){::} (AC~ BD). 

TeopeMa. Omi-tow,ettue .9'/C6UnOJ!.11,e'limi-tocmu, aaaattttoe '/ia .M'liOJtCecmee 
ecex ttanpae1ietttt11tx ompeaiwe npoe,,,,muetto-arfirfiuttttou nAoc,,,,ocmu, .R6A.R
emc.R omttowei-tue.M .91',6U6aAettmttocmu. 

,II; o Ka 3 a T e JI h c T B o. PeqmeKCMBHOCTh M CMMMeTpHqHOCTh 3KBMIIOJI

neHTHOCTM HarrpaBJieHHbIX 0Tpe3KOB co,n;ep)KHTC5I B ee orrpe,n;eJieHMM. ,II;o

Ka)KeM TpaH3MTMBHOCTb. IlyCTb AA1 ~ BB1 M BB1 ~ CC1. Tor,n;a (AA1) n 

PMc. 63 

n (BB1) n (CC1) = s E w (pHC. 63). ECJIM 

(AC) n (A1 C1) = R, To RE w. B caMoM 

,n;eJie, TpeyroJihHMKM ABC M A 1B1C1 y,n;o

BJieTBOp5IIOT ycJIOBMIO TeopeMbl ,Il;e3apra, 

corJiaCHO KOTopoii: ToqKM P, Q, R rrepe

ceqeHM£ MX COOTBeTCTBeHHbIX CTOpOH KOJI

JIMHeapHbl. lfa ycJIOBMH (AAi) n (CCi) = 
= s E w M (AC) n (A1C1) =RE w CJie,n;yeT, 

qTO AA1 ~ CC1. D 
Ilo OTHOIIleHMIO 3KBMIIOJIJieHTHOCTM MHO

)KeCTBO BCex HarrpaBJieHHhlX 0Tpe3KOB rrpo

eKTMBHo-a<l>qmHHOH IIJIOCKOCTM pa36MBaeT-

C5I Ha KJiaCChl 3KBMBaJieHTHOCTM. 

Onpep;eJieHHe. Ka)K,ll;hiii: M3 KJiaccoB 3KBMBaJieHTHOCTM, Ha KOTOpbie 

pa36MBaeTC5I MHO)KeCTBO BCex HarrpaBJieHHblX 0Tpe3KOB no OTHOIIleHMIO 3K

BMTIOJIJieHTHOCTM, Ha3hrnaeTC£ ee,,,,mopo.M. HanpaBJieHHhie oTpe3KM, npHHa,n;

Jie)Kanwe ,n;aHHOMY BeKTopy, Ha3hIBaIOTC£ ero npeacmaeumM.R.MU. 

BeKTop 3a,n;aeTc£ JII06b1M CBOMM npe,n;cTaBMTeJieM. lIMeHHo B 3TOM CMhIC

Jie 6y,n;eM TIOHMMaTh 3aTIMCb r =AB. KpoMe Toro, B ,ll;aJibHeii:IlleM npH o6o-

3HaqeHMM 3KBMTIOJIJieHTHhIX HanpaBJieHHhIX oTpe3KOB AB ~ CD 6yKBY w 
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6y,n;eM orrycKaTh, rroHHMM rro,n; 3arrHChIO AB = CD TOT cpaKT, 'ITO HarrpaB

JieHHhie oTpe3KH AB H CD .HBJI.HIOTC.H rrpe,n;cTaBHTeJI.HMH o,n;Horo H Toro 2Ke 

BeKTOpa r. B CJiy'Ia.Hx, r,n;e He Tpe6yeTC.H CKpyrryJie3Ha.H TO'IHOCTb Bbipa)Ke

HHH, pa,n;H COKparrreHH.H pe'IH BMeCTO «BeKTOp r, 3a,n;aHHhIH rrpe,n;cTaBHTeJieM 

(HarrpaBJieHHhIM oTpe3KOM) AB» 6y,n;eM roBopHTh rrpocTo «BeKTOp AB». 
BeKTOp AA Ha3hIBaeTc.H tty.l/,C6'btM 6e'/f,mopoM H o6o3Ha'IaeTC.H 5. 

29.3. 0THOilleHHe KOJIJIHHeapHbIX BeKTOpOB. )];Ba BeKTopa Ha3hIBa

IOTC.H '/f,0.1/,.1/,U'Heaptt'btMU, eCJIH HX rrpe,n;cTaBHTeJIH IIpHHa,n;Jie:iKaT rrapaJIJieJib

HhIM rrp.HMbIM HJIH 0,Il;HOH rrp.HMOH. 

Orrpe,n;eJieHne. IlycTh A, B, C - TPH co6cTBeHHhre TO'IKH rrp.HMo:li:, 

HMeIOrrre:li: Heco6cTBeHHYIO TO'IKY Dw· OmttowettueM ttanpa6.l/,etttt'btX ompea

'/f,06 CA H CB Ha3hIBaeTC.H ,n;Bo:li:Hoe OTHOIIIeHHe (ABCDw): 

CA 
= =(ABCDw)· 
CB 

(IV.4) 

OmttowettueM 'lf,0.1/,.1/,Utteaptt'btX 6e'/f,mopo6 Ha3bIBaeTC.H OTHomeHHe HX rrpe,n;

CTaBHTeJie:li:, HMeIOrrrHX o6rrree Ha'IaJIO. 

Ha,n;o, KOHe'!HO, ,n;OKa3aTh, 'ITO omttowettue '/f,0.1/,.1/,Utteaptt'btX 6e'/f,mopo6 tte 

aa6ucum om 6'bt6opa ux npeacma6umeMu. )J;e:li:CTBHTeJihHO, ecmr CA II CB, 
CA II C1A1 H CB II C1B1(pHC.64), TO (CA) n (C1Ai) =Dw H (AA1) n (BB1) n 
n (CCi) = Sw. TaK KaK ,Il;BOfiHoe OTHOIIIeHHe 'IeTbipex TO'IeK rrp.HMOH HH

BapHaHTHO OTHOCHTeJibHO rreHTpaJihHOrO rrpoeKTHpOBaHm:c, TO (ABCDw) = 
= (A1B1C1Dw) H, 3Ha'!HT, CA: CB= C1A1: C1B1. 

'.A1 

Pnc. 64 Pnc. 65 

TeopeMa. ,4.1/,JI, .l/,'/06'btX a6yX pa3.l/,U"l,'H'btX mo"l,e'/f, A u c UMeem Mecmo 

pa6ettcm6o 

CA =-l. 
AC 

,n: 0 Ka 3 a Te JI b c TB o. IlycTh (AB) n w = Dw. IlocTpOHM IIOJIHhIH '!e

TbipexBepIIIHHHHK PQMN, B KOTOpOM (PQ) = w, CH Dw - ,n;HaroHaJihHbre 

TO'IKH (pHc. 65). Tor,n;a '!eTBepKa TO'IeK A, B, C, Dw 6y,n;eT rapMOHH'!eCKo:li:: 
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(ABCDw) = -1 M CB= MN= AC. B cooTBeTCTBMM c COOTHOIIIeHMeM (IV.4) 

MMeeM CA = -1 u CA = -1. D 
CB AC 

Orrpe,n;eJieH11e. ToqKa C Ha3hrnaeTCH cepeauuou ompea'K',a AB, ecJIM 
CA 

BhIIIOJIHeHO ycJIOBHe = = -1. 
CB 

Omuowe'Hue 'K',O.llAU'Heap'H'btX Be'K',mopoe ecm'b U'HBapua'Hm 2pynn'bt npoe'K',

muB'Ho-arf)(jjU'H'H'btX npeo6paaoea'Huu, nocKOJihKY OHO onpe,n;eJieHo qepe3 npo

eKTMBRo-acpcpMHHhie TIOHHTMH: napaJIJieJihHOCTb npHMblX If ,ll;BOHHOe OTHO

rneHMe qeThipex ToqeK npRMoii:. 

§ 30. YM'HO;Jf-CeJ-me Be'l{;mopa 'Ha "lUC.llO 

IlyCTb ,n;aHbl BeKTOp r =AB If qifCJIO a-!=- 0. EcJIM (AB) n w = Dw, TO 

no TeopeMe 1 M3 TI. 6.3 cyITieCTByeT e,n;MHCTBeHHaH TaKaH TOqKa c E (AB), 
qTQ (DwABC) =a. TaK KaK (DwABC) = (CBADw), TO no cpopMyJie (IV.4) 
noJiyqaeM 

AC 
a= (CBADw) = =· 

AB 
9TMM caMhIM 011paB,n;atto cJie,n;y10ru;ee onpe,n;eJieHMe. 

Orrpe,n;eJieHHe. IlpoU3eeae'HUe.M Be'K',mopa AB -!=- 0 Ha 'l/,UCJto a -!=- 0, Ha-

3brnaeTcH TaKo:il BeKTOp AC, qTQ c E (AB) If DwABC =a, Dw =(AB) n w. 

lfTaK, no onpe,n;eJieHmo 

(IV.5) 

IIpu r = 0 MJIM a = 0 noJiaraeM no onpe,n;eJieHMIO ar = 0. 
,II:oKa:lKeM npoeKTMBHbIMM cpe,n;cTBaMM CBOHCTBa 3TOH onepau;MM. 

30.1. Accou;11aTHBHOCTh yMHo:>KeHH.H BeKTopa Ha q11cJio. ,4.11,Jt 

./l,'I06'btX aeucmBumeJt'b'H'blX "tUCCJt a U f3 U ./l,'/06020 BC'K',mOpa f ucmU'H'HO pa

BC'HCmBO 

a(!ff) = (af3)r. (IV.6) 

,II:oKa3aTeJibCTBO. Ilptt (r=O) v (a=O) v (/3=0) paBeHCTBO (IV.6) 
oqesu,n;tto. Ilo3TOMY ,n;aJiee 6y,ri;eM cquTaTb, qTo r-!=- 0, a -!=- 0, f3 -!=- 0. IIycTh 

OA = r, (OA) n w = X, f3 = (XOAB). Tor,ri;a corJiacHo onpe,ri;eJieHMIO (IV.5) 
/ff= (XOAB)OA =OB. ,II:aJiee, 

a(/ff) = aOB = (XOBC)OB = OC, 

(XOAC) 
a/3 = (XOBC)(XOAB) = (XOAB) (XOAB) = (XOAC). 

(IV.7) 
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(ABCM) 
3,LI,eCb HCITOJih30BaHo cooTHOIIIeHHe (ABCD) = ABDM ,LI,JIR mo6hrx ITRTH 

TO'leK npsrMoH: (cM. 3a,LI,a'ly I.18). CJie,LI,oBaTeJib~o, ) 

(a/3)r = (XOAC)OA = OC. (IV.8) 

Ifa ¢opMyJI (IV.7) H (IV.8) cJie,LI,yeT ,LJ,OKa3hrnaeMoe paBeHCTBO (IV.6). 0 

30.2. ,L1;11cTp116yTHBHh1ii: 3aKOH yMHO:>KeHH» BeKTopa Ha "IHCJIO. 

jJ,.11,Jt, .!/,'/06020 OeuCmBume.11,'b'H,020 "lUC.!/,a a U .!/,'I06'bLX 6eX:mop06 a U b UCmU'li'/iO 

coomttoweuue 

a(a + b) = aa + ab. (IV.9) 

,II; 0 Ka 3 a Te JI b c TB 0. Ilpn (a= 0) v (a= 0) v (b = 0) 3TO COOTHOIIIe

HHe BbIITOJIHSI8TCSI no onpe,LJ,eJieHHIO YMHO)K8HHSI B8KTOpa Ha 'IHCJIO. Ilo-

3TOMY ,LI,anee 6y,LI,eM rroJiaraTh, 'ITO a -I= 0, a -I= 0, b -I= 0. IlpoBe,LI,eM ,LI,OKa3a

TeJihCTBo ,LI,JISI a .ti' b. Bbr6epeM npoeKTHBHo-a¢¢HHHYIO CHCTeMy KOOp,LJ,HHaT 

{ XYOE} TaK, 'IT06bI BbIITOJIH.HJIHCb paBeHCTBa ei = OE1 =a, e2 = OE2 = b 
(pnc. 66). Tor,n;a a+ b = OE1 + OE2 =OE. IlocTpOHM OA = aa, OB= ab, 
OTKy,n;a (XOE1A) = (YOE2B) =a. IloJIO)KHM OA +OB= OC. IlocKOJihKY 

OA=ae1, OB=ae2, OC=ae1 +ae2, To 

TO'IKH A, B, C HMeIOT COOTB8TCTB8HHO 

KOOp,ll;HHaThI (a, o, 1), (0, a, 1), (a, a, 1). 
To'IKH 0(0, 0, 1), E(l, 1, 1), C(a, a, 1) 
KOJIJIHHeapHbI, TaK KaK orrpe,n;eJIHT8Jib 

H3 HX Koop,LI,HHaT paBeH HYJIIO. EcJIH 

(OC) n (XY) = Dw, TO no orrpe,LI,eJie

HHIO rrpOH3B8,Jl,8HH.H B8KTOpa Ha 'IHC

JIO (DwOEC)OE = OC, OTKy,LI,a BCJI8,LI,

CTBH8 Toro, 'ITO (DwOEC) = (XOE1A) = 
=a, CJI8,LI,y8T COOTHOIIl8HHe (IV.9) ,ll;JISI 

CJiyqasr a ,fl' b. 0 

§ 31. Aifjifju'H/J-We ucmoJl'IWBm-tUe 
npoe'K;mUB'H/btX meope.M 

PHc.66 

Terrepb, KOr,LI,a orrpe,n;eJieHbI BCe OCHOBHbie IIOHSITHSI rrpoeKTHBHo-a¢¢nH

HOM reoMeTpHH, MO)KHO BhIB8CTH BCIO a¢¢HHHYI0 reoMeTpHIO H3 rrpoeK

THBHOM. Crroco6 rroJiy'leHHR a¢¢nttHhIX TeopeM H3 rrpoeKTHBHhIX noKa)KeM 

Ha HeCKOJihKHX rrpnMepax. B cJie,LI,y10m;eM rraparpa¢e 6y,LI,yT paccMOTpeHhI 

CBOMCTBa JIHHHM BToporo rropsr,n;Ka Ha rrpoeKTHBHo-a¢¢HHHOii: H a¢¢HHHOM 

IIJIOCKOCTSIX. 
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Bo3BpaTHMCSI K IIOJIHOMY qeThipexBepmHHHHKY H ero rapMOHMqecKHM 
cBoii:CTBaM (§10). IlycTb M, N, P - ,n:MaroHaJihHbie ToqKH rroJIHoro 

qeThlpexBepmHHHHKa ABCD (puc.12). EcJIH ,n:MaroHaJih MN si:BJrneTcsi: 

Heco6cTBeHHoii: rrpsi:Moii:, TO no orrpe,n:eJieHHIO (AB) II (CD) H (BC) II (AD), 
T. e. ABCD - rr a pa JI JI e JI or pa MM (rrpH 06b1qHoM ero orrpe,z:i;eJieHHH). 

TaK KaK (ACPFw) = -1 H (DBPEw) = -1, TO no orrpe,n:eJieHHIO (§29) Toq
Ka P SIBJISieTcsi: cepe,n:HHoii: OTpe3KOB AC H BD: 

11TaK, ,ll;OKa3aHO, qTO ffiO"l'K:a nepece"le'H,UJi auaWttaJteU napa.f/,.//,e//,Oi3pa.M.Ma 

ae.llum ux nono.11,a.M. 

Cefiqac 3aHOBO Bh16epeM Heco6CTBeHHYIO rrpsi:Myro w TaK, qT06b1 BbIIIOJI

HSIJIOCh ycJIOBHe D E w, HO Bee ocTaJibHhie ToqKH paccMaTpHBaeMoii: ¢uryph1 

He rrpHHa,z:i;Jie)KaJIH w. Tor,n:a (AN) II (CM) H qeTb1pexyroJibHHK ACMN ecTh 
T p a rr e 11 H si:. EcJIH rrpsi:MyIO w cqMTaTh 6ecKoHeqHo y,n:MeHHoii:, To ¢u

rypa, H306pa)KeHHaSI Ha puc.12, Ha a<i><i>HHHOii: IIJIOCKOCTH 6y,n:eT HMeTb 

BRA, HJIJIIOcTpHpyeMbiii: puc. 67. IlocKOJihKY (ACPF) = (NMEF) = -1, TO 
rroJiyqaeM cJie,n:y10111ee cBoii:cTBO. llpJi.MaJi, npoxoaJiw,aJi "lepea mo"l'K:Y nepe

ce"lettuJi aua20'HaJteU mpane'4UU napa.f/,.//,eJt'b'HO ee OC'H06a'HUJi.M, nepece'K:aem 

6o'K:OB'ble cmopott'bi a mo"l'K:ax, na:J/CaM ua nomop'bix 2ap.Mottu"lecnu conpJi

:J/Cetta c mo"lnou nepece"le'HUJi 6onoB'blX cmopott omttocumeJt'b'HO aepwutt 

mpane'4uu, nputtaa.11,e:J1Caw,ux coomaemcmaettttou 6o'K:oaou ee cmopotte. 

,IJ;a;iee, rryCTb B paccMaTpHBaeMoii: ¢urype (AN) n (BF)= L, (CM) n 
n (BF)= K. TaK KaK (PEBDw) = (ANLDw) = (CMKDw) = -1, TO TOqKH 
B, L, K SIBJISIIOTcsi: cooTBeTcTBeHHo cepe,n:uHaMH oTpe3KOB PE, AN, CM. 
TaKHM o6pa3oM, rroJiyqaeM cJie,n:y10111ue BhIBO,ll;hI. 

1. Ompeao'K: npJi.MOU, npoxoaJiw,eu "lepea mo"lny nepece"le'HUJI, aua2ottaJ1,eU 

mpane'4uu napllj/,.f/,e//,'btto ee octtoaattuJi.M, nomop'blu omce'K:aemcJi 6o'K:oB'bi.MU 

cmopotta.MU, ae.llumcJi rnO"l'K:OU nepece"lettuJi aua2ottaJ1,eiJ, nonOJ/,a.M. 

2. llpJ1,.M,aJi, npoxoaJiw,aJi "lepea mo"l'K:Y nepece"lettuJi aua2ottaJ1,eiJ, mpane

'4UU u mo"lny nepece"lettuJi 6onoa'bix cmopott, coaep:>1Cum ma'K::J1Ce cepeautt'bi 

octtoaattuil. 
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A TaK KaK (LKBF) = (ACPF) = -1, TO rroJiyqaeM TaKo:ll: pe3yJihTaT. 

3. Cepeaun'bt ocnoBanuu mpanev,uu eap.Mottu"tec'K:u paaaMRwm napy mo
"te'K:, 06paao6aHHy10 mO"t'K:OU nepece"teHU.ft auaeottaJ1,eiJ, U mO"t'K:OU nepece"te
HU.ft 6o'K:06'btX cmopOH. 

lfa IIOCJie,LVIero CBOHCTBa BhITeKaeT acpcpUHHhIH crroco6 IIOCTpOeHHSI Toq

KH, 'IeTBepToii rapMOHH'IecKo:ll: K TpeM ,n;aHHhIM. IlycTh ,n;aHhl TO'IKH L, K, 
B H Tpe6yeTcsr rrocTpoHTh ToqKy F, KOTopag B nape c TO'IKOH B rapMoHu

qecKH pa3,n;eJisreT napy L, K. ,IJ;Jisr 3Toro qepe3 ToqKH L HK npoBo,n;uM ,n;Be 

npoH3BOJihHhie napaJIJieJihHhie npSIMhie LN H KM (puc. 67), a qepe3 B -
npoH3BOJihHyro nepeceKarouzyro HX npsrMyro AM (A H M - ToqKH nepece

'IeHusr). CTpoHM TO'IKY C TaK, 'IT06b1 TO'IKa K 6hma cepe,n;uHo:ll: oTpe3Ka 

MC. Tor,n;a npsrMasr LK H npsrMa51 AC nepeceKaIOTC51 B HCKOMOH TO'IKe F. 

§ 32. JlU'l--lUU amopo20 nop.H,O'JW 
'J--(,a npoe'Km UB'J--(,o-a<fi<fiu'J--(,'J--(,OU nj/,OC'Kocm u 

32.1. AcpcpHHHbie CBOHCTBa JIHHHH BToporo rropSI,ZJ;Ka. Ha rrpoeK

THBHo-acpcpHHHOii IIJIOCKOCTH HeBbipmK,D,eHHbie JIHHHH BTOporo I10p51,J:1Ka no 

OTHOIIIeHHIO K Heco6CTBeHHOH npsrMOH w MO)KHO pa3,n;eJIHTh Ha TPH THna. 

Orrpe,n;eJieHHe. HeBh1po)K,ll;eHHasr JIHHH51 BToporo rropsr,n;Ka Ha3hIBaeTcsr 

3./l,Jl,Unco.M, eCJIH OHa He HMeeT o6m;Hx ,n;eii:cTBHTeJibHhIX TO'IeK c Heco6CTBeH

HOH IIpSIMOH w; Ha3bIBaeTC51 eunep60Jl,OU, eCJIH nepeceKaeT npsrMyIO w B ,D,Byx 

,n;eHCTBHTeJibHhIX pa3JIH'IHhIX TO'IKax; Ha3brnaeTCSI napa60J1,0U, eCJIH KacaeT

CSI IIpSIMOH W. 

Pa3,n;eJieHHe HeBhipo:lK,n;eHHhIX JIHHHH BToporo rropsr,n;Ka Ha 3JIJIHIIChI, rH

rrep6oJihI H rrapa6oJihl HHBapuaHTHO OTHOCHTeJibHO rrpoeKTHBHO-acpcpHHHhIX 

rrpeo6pa30BaHuii:, TaK KaK HHBapHaHTHO 'IHCJIO Heco6cTBeHHhlX TO'IeK JIHHHH 

BToporo nopsr,n;Ka. 

Orrpe,n;eJieHHe. II,enmpo.M JIHHHH BToporo rropsr,n;Ka Ha3hIBaeTcsr noJiroc 

Heco6CTBeHHOii: rrpsrMOH OTHOCHTeJihHO 3TOii: JIHHHH. 

IlOHSITHe u;eHTpa JIHHHH BTOporo rropsr,n;Ka OTHOCHTC51 K rrpoeKTHBHO-acp

cpHHHOii: reoMeTpHH. B caMoM ,n;eJie, rrycTh npu npoeKTHBHo-acpcpuHHOM npe

o6pa3oBaHHH JIHHH51 'Y oTo6pa:lKaeTcsr Ha 'Y', TO'IKa A - Ha TO'IKY A'. Tor,n;a 

nom1pa a TO'IKH A OTHOCUTeJihHO "( OT06pa:lKaeTCSI Ha IIOJISIPY a' TO'IKH 

A' OTHOCHTeJibHO "(1 (no onpe,n;eJieHHIO IlOJISipbI H B CHJIY HHBapHaHTHOCTH 

,n;Bo:fiHoro OTHomeHHSI). TaK KaK w -+ w, To u;eHTp JIHHHH 'Y oTo6pa:lKaeTcsr 

Ha u;eHTp JIHHHH "(1
• 

HeBb1po)K,ll;eHHa5l JIHHHSI BToporo nopsr,n;Ka HMeeT e,n;HHCTBeHHhIH u;eHTp, 

rrpH'ICM u;eHTp 3JIJIHIICa H u;eHTP rHrrep60Jihl - co6cTBeHHhie TO'IKH, a u;eHTp 

rrapa60Jihl Heco6CTBeHHhIH. 
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Orrpe,n;eJieHHe. KacaTeJihHaSJ K JIHHHH BTOporo IIOpSI,n;Ka B ee Heco6-

CTBeHHOH TOqKe Ha3hIBaeTCSI acU.M.nmomou 3TOH JIHHHH. 

IlpH npoeKTHBHo-act>ci>HHHOM npeo6pa30BaHHH aCHMIITOTa JIHHHH BTOpO

ro IIOpSl,D;Ka OT06pa2KaeTCSI Ha aCHMIITOTY ee o6pa3a. 

rHnep6oJia HMeeT ,D;Be pa3JIHqHble ,n;eiicTBHTeJibHbie acHMIITOTbl. AcHMII

TOTa napa60Jihl ecTh IIpSIMaSJ w, II03TOMY Ha aci>ci>HHHOH IIJIOCKOCTH napa6o

Jia He HMeeT aCHMIITOT. 9JIJIHIIC He HMeeT acHMIITOT. 

Orrpe,zi;eJieHHe. IlpSIMaSJ, npoxo,n;mnaSJ qepe3 u;eHTP JIHHHH BToporo no

pSI,n;Ka, Ha3hIBaeTCSI aua.M.empO.M. 3TOH JIHHHH. ,Il;Ba ,IJ;HaMeTpa JIHHHH BTOporo 

IIOpSI,n;Ka Ha3bIBaIOTCSI conpROICe'H.'H.'bt.M.U, ecJIH O,D;HH H3 HHX npOXO,D;HT qepe3 

IIOJIIOC ,n;pyroro OTHOCHTeJibHO 3TOfi JIHHHH. 

B CHJIY CBOHCTBa B3aHMHOCTH IIOJIIOCOB H nomrp OTHOIIIeHHe COilpS12KCH

HOCTH ,n;HaMeTpOB CHMMeTpH'lHO. Bee ,n;HaMeTphI napa6oJihI napanJieJibHhI. 

CorJiacuo ci>opMyJiaM (III.16) npSIMaSJ u 1x 1 +u2x 2 + u3 x3 = 0 OTHOCRTeJih

HO KpHBOH xi + x~ - x~ = 0 HMeeT CBOHM IlOJIIOCOM TOqKy ( U1' U2' -U3). Ilo-

3TOMY KOOp,IJ;HHaTHhlH KpHTepHfi conpSI2KeHHOCTH ,D;BYX ,D;HaMeTpOB 

U1X1 + U2X2 = 0, V1X1 + V2X2 = Q 

3TOfi KpHBOH HMeeT BH,Il; 

U1V1 + U2V2 = 0. (IV.10) 

TeopeMa. Ka:J1CifbtiJ, U3 a<:Jyx conpR:JICe'H.'H.'bl.X aua.M.empo6 Jl.U'H.UU emopo-
20 nopRa'K'.a aeJl.Um nonOJl.a.M. xopa'bt amoiJ. Jl.U'ttuU, napaA.11,eJl.'b'H.'bl.e ilpy20.M.y 
aua.M.empy. 

,II; 0 Ka 3 a Te JI h c TB o. IlycTh 0 - u;eHTp JIHHHH BToporo nopSI,IJ;Ka, a a 
H b - ,D;Ba ee COilpS12KCHHhIX ,n;HaMeTpa. TaK KaK a H b npOXO,D;SJT qepe3 IIO

JIIOC 0 npSIMOH w, TO npSIMaSI w co,n;ep2KHT IIOJIIOCbI Aw R Bw npSIMhIX a H b 
(pHC. 68). Ilo onpe,n;eJieHHIO conpSI2KeHHhlX ,IJ;HaMeTpOB H B CHJIY CHMMeTpHq

HOCTH 3TOro OTHOIIIeHHSI Aw Eb H Bw Ea. IlyCTh (PQ) II a H (PQ) n b = M. 
Ilo onpe,n;eJieHHIO IIOJISlpbl (PQMBw) = -1, H TIO onpe,n;eJieHHIO cepe,IJ;HHhl 

oTpe3Ka ToqKa M - cepe,n;HHa oTpe3Ka PQ. D 

Pnc. 68 Pnc. 69 
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32.2. 'YpaaHeHIUI 9JIJUIIICa, rHrrep60Jibl H rrapa60Jibl B a<l><l>HH

HbIX Koopp;HHaTax. IlycTb A1A2A3 - aBTorro;rnpHhIH TpeyroJihHHK OTHO

CHTeJibHO HeBb1p02K).l;eHHOH JIHHHH "! H E - TOqKa rrepeceqeHm1 KacaTeJihHhIX 

K "f, rrpoBe).l;eHHhIX H3 ToqeK A1 H A2 (cM. pHc. 58). 
Tor).l;a B rrpoeKTHBHOH crrcTeMe Koop,II,rrHaT { A1A2A3E} JIHHH.H "! HMeeT 

ypaBHeHrre xi + x~ - x; = 0 (§ 27). IIycTb Terrepb (A1A2) = w rr w He rrepe

ceKaeT "(, T. e. "( - 3JIJIHIIC Ha rrpoeKTHBHo-a¢¢rrHHOH IIJIOCKOCTH (prrc. 69). 
Tor).l;a A3 = 0 - 11eHTP 3JIJIHrrca, (A1A3) rr (A2A3) - ).l;Ba ero corrp.a2KeHHhIX 

).l;HaMeTpa. B a¢¢rrHHhIX KOOp,l.l;HHaTax (x1 = x, x 2 = y, x 3 = 1) ypaBHearre 

3Toro 3JIJIHIICa HMeeT BH,l.I; 

x2+y2=1. 

EcJirr w - 6ecKoaeqao y).l;aJieHaa.a np.aMa.a, TO rrpoeKTHBHo-a¢¢rraaa.a 

IIJIOCKOCTb CTaHOBHTC.H pacrrrnpeHHOH a¢¢rrHHOH IIJIOCKOCTblO H prrc. 58 rrprr

HHMaeT BH,l.I;, rrpe).l;CTaBJieHHbIH Ha prrc. 69. 

PHc. 70 PHc. 71 

PHc. 72 PHc. 73 
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Ecm1 np.si:Mrui: (AiA2) = w nepeceKaeT JIHHHIO 'Y (pHc. 70), To"( - rHnep-

6oJia. B npoeKTHBHblx KOOPMHaTax s cooTseTcTBHH c sbl6opoM cHcTeMbl 

KOOpAHHaT oHa HMeeT ypasHeHHe -xi + x~ + x~ = 0. B a<P<l>HHHblX KOOPAH

HaTax OHO 3anHChIBaeTCH B BH.n;e 

x2_Y2=1. 

IlpH nepexoAe K a<P¢HHHOit IlJIOCKOCTH I'HIIep6oJia 6y)l;eT HMCTh BH)l;, H306-

pa:>KeHHbltl: Ha pHC. 71. 
EcJIH Ai E "(, A2 E ")', EE")' H npaMbie A3Ai H A3 A2 KacaIOTCSI ")', T. e. cJiy

:>KaT aCHMITTOTaMH I'Hrrep60Jihl (CM. pHC. 33), TO ee ypaBHeHHC HMeeT BH)l; 

XiX2 - x~ = 0 (§20), HJIH, B a¢¢HHHblX KOOp,!l;HHaTax, 

xy = 1. 

IlycTh Tenepb npsi:Masr (AiA2) = w KacaeTC5l w B TO'lKe Ai H (A3A2) Ka

caeTC.H ")' a ToqKe A3 (pHc. 72), T. e. 'Y - napa6oJia. B cooTBeTcTBHH c cooT

HOmeHHeM (III.3) ee ypaBHCHHe IlpH EE 'Y 6y)l;eT HMeTh BH,!l; X1X3 - x~ = 0, 
HJIH, B a¢<l>HHHhIX KOop,n;HHaTax (pHC. 73), 

y2 =x. 

32.3. AcpcpHHHruJ: KJiaccHcp11~11.t1 JIHHllit BToporo nop.t1,n;Ka. Bhl-

6opoM Heco6CTBeHHOil: rrpHMOil: w H3 IT.SITH npoeKTHBHhIX THITOB JI:HHHil: BTO

poro rropa,n;Ka (§21) MO:>KHO IIOJIY'lHTb BCe HX a<P<i>HHHble THilbI. Bo BCeX 

CJIJ'la51X, KpoMe rrapa60JihI, 3TO MO)f(HO CAeJiaTh ¢opMaJihHO nyTeM nepeHy

MepallliH nepeMeHHhIX B rrpoeKTHBHhIX ypaBHCHH.HX H IIepexoAa K a¢¢HH

Hh1M Koop,n;HttaTaM. Pe3yJihTaTbI npe,n;cTaBHM s cJie,rr,y10II1ett Ta6Jinu,e. 

x~ Tm1 YpaBHeHHe B Koop,n;HHaTax I Ha3BaHHe JIHHHH 

rrpoeKTHBHbIX a.¢cPHHHbIX I 
1 I xi+ x~ - x5 = 0 x2 + y2 = 1 3JIJIHIIC 

2 I -xi + x~ + x~ = 0 x2 - y2 = 1 rHrrep6ona 

3 I X1X3 - X~ = 0 y2 =x rrapa6oJia 

4 II xi+ x~ + x~ = 0 x2 + y2 = -1 MHHMbiti 3JIJIFIIIC 

5 III xi - x~ =0 x2 -y2 =0 rrapa ,n;ettcTBHTeJibHbIX 
rrepeceKaIOIIJ;FIXCH rrpHMbIX 

6 Ill xi - x5 =0 x2 = 1 rrapa .n;eil:CTBHTeJibHbIX 
rrapaJIJieJibHbIX rrpHMbIX 

7 IV xi +x~ =0 x2 + y2 = 0 rrapa MHHMbIX 
rrepeceKalOIIJ;HXCH rrpHMbIX 

8 IV xi +x~ = 0 x2 = -1 rrapa MHHMbIX 
rrapaJIJieJihHbIX rrpHMbIX 

9 v xi =0 x2 =0 rrapa ,n;eitCTBFITeJibHbIX 

COBIIa.D;aIOIIJ;HX rrpHMhlX 
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C,ll,eJiaeM HeKoTopble noacHemrn K aTott Ta6Jimi;e. H83BaHH.H JIHHHtt 

N2N2 1, 2, 3 HaxO,Ll.SITCH B cooTBeTCTBHH c ,ll,aHHblM BblIIIe onpe)l,eJieHHeM aJI

JIHnca, rHnep6oJibl H napa60Jib1, B 'ieM y6e)l(,ll,aeMca peIIIeHHeM HX ypaBHe

HHtt c ypaBHeHHeM X3 = 0 Heco6CTBeHHOtt npHM01t 

YpaBHeHHe xi - x~ = 0 3a)l,aeT napy npHMblx xi + xa = 0 H xi - xa = 0, 
npoxo,Ll.Slm;Hx qepe3 Heco6cTBeHHYIO TO'l:KY A2(0: 1: 0), T. e. napaJIJieJibHblX 

c npoeKTHBHo-a<t>cl>HHHOA TO'iKH 3peHHH. Ilo aTOA :>Ke npH'iHHe ypaBHeHH

eM xi + x~ = 0 3a)l,aeTcH napa MHHMblX napaJIJieJibHblx npaMblX. MHHMaH 

HeBblpO)l(,ll,eHHaH JIHHHH N2 4 Ha npoeKTHBHo-acl>cl>HHHott nJIOCKOCTH H83blBa

eTca MHHMblM aJIJIHIICOM BCJie)l,CTBHe aHaJIOrHH ee ypaBHeHHH C ypaBHeHHeM 

aJIJIHnca. 

y K83aHHble B aToA Ta6JIHD;e )l,eBHTb THIIOB JIHHHA BToporo nopH,n;Ka npe.n;

CTaBJIHIOT co6ott B c e acl>cPHHHbie HX THIIbI, T. e. JII06b1e ,n;Be JIHHHH o,n;Horo 

THIIa a<t>cl>HHHO aKBHBaJieHTHbl, a JII06ble ,ll,Be JIHHHH p83HblX THIIOB a<t>cl>HH

HO HeaKBHBaJieHTHbl. 

,Ll;JIH AOK83aTeJibCTBa IIOCTpOHM TaKHe npoeKTHBHo-a<t>cl>HHHbie CHCTeMbl 

KOop,n;HHaT, B KOTOpbIX 3a)l,aHHble ,n;Be JIHHHH o.n;Horo THIIa HMeIOT OAHHa

KOBbie KaHOHH'ieCKHe ypaBHeHHH B npoeKTHBHblX KOop,n;HHaTax, npH'ieM 

npHMaH w HBJIHeTCH o6m;ett CTOpOHOA HX KOOp,ll,HHaTHbIX TpeyrOJibHHKOB. 

IIpoeKTHBHoe npeo6p830BaHHe, 3a)l,aBaeMoe 3THMH CHcTeMaMH, oTo6pa:>Ka

eT O,ll,HY JIHHHIO Ha .n;pyryIO, npH'ieM w--+ w. 9To npeo6pa30BaHHe HBJIHeTCH 

npoeKTHBHO-acl>cl>HHHbIM, H II03TOMY ,ll,Be JIHHHH o.n;Horo THIIa acl>cPHHHO 3K

BHBaJieHTHbl. ,Ll;Be JIHHHH, npHHa,n;Jie:>Kam;He K p83HbIM H3 ,n;eBHTH yKa3aHHbIX 

THIIOB, He MOryT 6b1Tb acl>cl>HHHO 3KBHBaJieHTHbIMH, TaK KaK OHH JIH6o npo

eKTHBHO HeaKBHBaJieHTHbI, JIH6o B CJiyqae rrpoeKTHBHOA 3KBHBaJieHTHOCTH 

HMeIOT p83JIH'iHOe 'iHCJIO Heco6cTBeHHbIX TO'ieK. 

§ 33. Ilpoe'Kmu6'1-to-ee'IC.lluaoea n.llOC'Kocm'b. 
Jlpeo6pa308attUR noao6UR 

Cettqac nepe.n; HaMH CTOHT 3a.z:i;aqa rrocTpoemrn eBKJIH.n;OBOA reoMeTpHH 

Ha 6a3e rrpoeKTHBHo-a<t>cl>nHHOA reoMeTpHH. ,Ll;JIH 3TOrO Ha)l,O Bbl,n;eJIHTb crre

D;HaJibHYIO no.n;rpyrrrry rrpoeKTHBHO-acl>cl>HHHOA rpyIIIIbl rrpeo6pa30BaHH1i. 

3a)l,a,n;HM HeKOTopyro IIpHMYIO w B Ka'ieCTBe Heco6CTBeHH01i npaMott rrpo

eKTHBHO-acl><t>nnHoA IIJIOCKOCTH H HeBblpO)l(,ll,eHHYIO .n;ettcTBHTeJibHYIO JIH

HHIO 'Y BTOporo IIOpH,ll,Ka, He HMeIOm;yro c w 06II1HX .n;eAcTBHTeJibHblX TO'ieK. 

IIocTpOHM TpeyroJibHHK Ai A2 A3 , aBTOIIOJIHpHbitt OTHOCHTeJibHO 'Y, TaK, 'l:T0-

6b1 BbIIIOJIHHJIOCb ycJiosne (AiA2) = w (pnc. 58). 3a e,n;HHH'l:HYIO TO'iKY E 
Bh16epeM TO'l:KY rrepeceqeHHH KacaTeJibHbIX K "f, rrpoBe,n;eHHhlx H3 Ai H A2 • 

Tor)l,a B CHCTeMe {AiA2AaE} rrp.HMaH w HMeeT ypaBHeHHe X3 = 0, a KpH-
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Bag ')' (3JIJIHIIC) HMeeT ypaBHeHife xi+ x~ - x~ = 0 (§27). PeillM CHCTeMy 

3TMX ypaBHeHMH, HaxO~M KOOp~HaTbl ~yx MHMMbIX corrpg)KeHHbIX ToqeK 

J 1(1: i: 0) M J 2(l: -i: 0) rrepeceqeHHH w M 1'· 
ToqKM J 1 M J 2 tta3bIBaIOTCH MttUM'bt.MU '4Uic.1tu<tecicu.Mu mo<tica.Mu Heco6-

CTBeHHOH rrpHMOH w. IlpM Bb16paHHOH IIpHMOH w OHH orrpe,n;eJIHIOTCH 3a,n;a

HMeM 3JIJIMIICa ')' M II03BOJIHIOT, KaK Mbl YBH,n;MM, BBeCTFI Mepoorrpe,n;eJieHMe 

0Tpe3KOB M yrJIOB. 

ToqKM A1, A2, J1, J2 06pa3y10T rapMOHMqecKyIO qeTBepRy. ,Il;elicTBMTeJih

Ho, ITO ¢opMyJiaM (I.15) MMeeM 

HeTpy,n;tto rrpoBepMTh, qTo rrpHMbie A3 A1 M A3 A2 RacaIOTCH 3JIJIMrrca ')' 

B TOqKax J1 M J2. 
Onpe,n;eJieHu:e 1. IlpoeKTMBHM rrJIOCKOCTb Ha3hrnaeTcs npoeicmu6tto

e6ic.1tuao6oi1 n.1tocicocm'b10, eCJIM Ha tteli cPMKCMpoBaHa tteco6cTBeHttas rrps

MaH W M ,D;Be ee MHMMble D;MKJIMqeCKMe TOqKM. 

Httaqe roBops, rrpoeKTMBHo-eBKJIM,ll;OBOH rrJIOCKOCTbIO Ha3brnaeTcs rrpoeK

TMBHo-a¢¢MHHaH IIJIOCKOCTb, ecJIM Ha Heft 3a,n;aHbl ~e MHMMbie IJ;MKJIMqe

CKMe ToqKM Heco6CTBeHHOH rrpHMOH. 

Onpe,n;eJieHHe 2. CoBOKYIIHOCTb Heco6CTBeHHOH rrpHMOH w M ,ll;BYX ee 

MHMMbIX D;MKJIMqeCKMX ToqeK Ha3blBaeTCH a6co.1t10mo.M npoeKTMBHO-eBKJIM

,ll;OBOH IIJIOCKOCTM. 

Onpe,n;eneHu:e 3. IlpoeKTMBHbie rrpeo6pa30BaHMH rrpoeKTMBHO-eBKJIM

,n;oBoli IIJIOCKOCTM Ha3bIBaIOTCH npeo6pa306attURMU noao6uR, eCJIM OHM OT06-

pa)KaIOT ee a6COJIIOT Ha ce6s. 

ll3 orrpe,n;eJieHMH 3 M orrpe,n;eJieHMH M3 § 28 cJie,n;yeT, qTo rrpeo6pa3o

BaHMH rro,n;o6ns rrpoeKTHBHO-eBKJIH,n;OBOH IIJIOCKOCTM HBJIHIOTCH rrpoeKTMB

Ho-a¢¢MHHblMM rrpeo6pa3oBaHMHMM. EcJIM MX paccMaTpMBaTh TOJibKO Ha 

MHO)KeCTBe Bcex co6CTBeHHbIX ToqeK, TO OHM HBJIHIOTCH a¢¢MHHbIMM rrpe

o6pa30BaHMHMM (IV.3). 
Ha ocHoBaHMM orrpe,n;eJieHHH 3 JierKo rrpoBepseTcs, qTo Mtto:J1Cecm60 6Cex 

npeo6pa306attui1 noao6uR npoeicmU6ttO-e6'1C.ltUao60U nJtOC'ICOCmU J1,6Jt.H,emCR 
2pynnoi1. Otta Ha3blBaeTCH 2pynnoi1 noao6ui1. reoMeTpMH, rropo)K,ll;eHHM 

rpyrrrroli rro,n;o6Mli, Ha3bIBaeTCH npoeicmu6ttO-e6'/C.ltUao6oi1 2eo.Mempuei1. 

33.1. «I>opMyJihI npeo6pa3ouamu1 no,n;o6u:a B rrpoeKTMBHblX KO

op,n;MttaTax Heo6xo,n;MMO ,ll;OJl)KHbl 6hITb qacTHblM BH,n;OM ¢opMyJI (IV.2) 
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rrpoeKTHBHo-acpqmHHoro rrpeo6pa30Battm1. CorJiacHo orrpe,z:i;eJieHHIO 3 3THM 

rrpeo6pa30Bam1eM rrapa MHHMbIX lllIKJIH'IeCKHX TO'IeK J1 lI J2 OT06pa)KaeT

C.H Ha ce6.H. 9To B03MO)KHO B ABYX H TOJihKO B ABYX cJiy'Ia.Hx: 1) J 1 ----+ J 1 
H J 2 ----+ J 2; 2) J 1 ----+ J 2 H J2----+ J 1. PaccMoTpHM Ka)K,ll;hIM H3 3THX cJiyqaeB 

B OT,IJ;eJibHOCTH. 

1. IIo,z:i;cTaBJI.H.H Koop,z:i;HHaTbl TO'IeK J 1 H J 2 B rrepBble ,z:i;Be cpopMyJihI (IV.2), 
rroJiyqaeM 

1 P1 = 1 C11 + i C12 + 0 Ct3' 

ipt=lc21+ic22+0c23 (Jt----+Jt), 

1P2=1 en + (-i)ct2 + 0 Ct3, 

(-i)p2 = 1 C21 + (-i)c22 + 0 C23 (J2----+ J2). 

YMHO)KlIM IIO'IJieHHO BTOpoe H 'IeTBepToe H3 3THX paBeHCTB COOTBeTCTBeHHO 

Ha -i lI i, rreperrHCaB OCTaJihHble 6e3 H3MeHeHH.H: 

Pt = C11 + i Ct2, Pt = -i C2t + C22, 

P2 = C11 - i Ct2, P2 = i C2t + C22· 

0TCIO,IJ;a C11 = C22 lI Ct2 = -C2t, lI cpopMyJihl (IV.2) rrpHHHMaIOT BHA 

r,n;e 

pX~ = CuXt + Ct2X2 + Ct3X3, 

px; = -C12Xt + C11X2 + C23X3, 

px; = C33X3, 

I 
Cu Ct2 I 2 2 = C11 + Ct2 > 0, C33-/:- 0. 

-Ct2 Cu 

(IV.11) 

Ilpeo6pa3oBaHH.H rro,z:i;o6H.H (IV.11) Ha3hIBaIOTC.H npeo6pa3o6attUJ£.MU no

iJo6UJ£ nepeo20 poda. 

2. IlpH Jt ----+ J2 lI J2----+ Jt 3THM )Ke rryTeM rroJiyqaeM Cu = -C22 lI Ct2 = C21 · 
Ilpeo6pa30BaHH.H rro,z:i;o6H.H B 3TOM CJiyqae 3aIIHCbIBaIOTC5I cpopMyJiaMH 

r,z:i;e 

px~ = C11Xt + Ct2X2 + C13X3, 

px; = Ct2Xt - C11X2 + C23X3, 

px; = C33X3, 

IC11 Ct2 I = -cit - ci2 < 0, C33 -1- 0. 
Ct2 -Cu 

(IV.12) 

IIpeo6pa3oBaHH5I rro,z:i;o6HH (IV.12) Ha3hIBaIOTC5I npeo6pruoeanuJ£.MU no

iJo6uJ£ emopo20 poiJa. 
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Ecntt rrpeo6pa3osaHHa rro)l.o6Ha paccMaTpHBaTh TOJihKO Ha MH02KeCTBe 

scex co6CTBeHHhIX ToqeK rrpoeKTHBHO-eBKJIH)l.OBOfi IlJIOCKOCTH ll rrepefiTH 

K acpcpHHHhIM KOOp)l.HHaTaM x = XI ' y = YI ' TO rrpeo6pa30BaHHH ITO)l.06HH 
X2 Y2 

rrepsoro ll BTOporo pO,ll.OB 3arrmrryTCH COOTBeTCTBeHHO cpopMyJiaMH 

ll 

x' = ax + by + cI, 

y' = -bx + ay + c2 

x' = ax + by + cI, 

y' = bx - ay + c2 , 

(IV.13) 

(IV.14) 

r)l.e a 2 + b2 
-:/:- 0. 

§ 34. )J,j/,u'fta ompe3'1W u .Mepa y2J1,a 
ua npoe1'CmuBuo-ee1'CJ1,uaoeou nJ1,oc1'Cocmu. 
I'pynnoBou nodxoa 1'C e61'CJ1,Ud0Bou zeo.Mempuu 

Heco6CTBeHHaa rrpaMaa w H 3JIJIHrrc 'Y, rrepeceqeHHeM KOTOphIX HBJIHeTCH 

napa MHHMhIX llllKJIHqecKHX ToqeK JI ll J2' Il03BOJIHIOT BBeCTH MeTpHKY 

rrpoeKTHBHo-esKJIH)l.osott rrnocKocTH. HaqHeM c sse)l.eHHH rroHHTHH )l.JIHHhI 

oTpe3Ka. 

IlycTh 0 - 11eHTp 3JIJIHrrca "( H M - rrpoH3BOJlhHaH TOqKa rrnocKOCTH. 

EcnH P - O)l.Ha H3 06111ttx ToqeK rrpaMott OM H 3JIJIHrrca "( (pttc. 7 4), TO 3a 

,ll.JIHHY OTpe3Ka OM rrpHMeM rr o o n p e -

PHC. 74 

)l. e JI e H H IO qHcJio I C:, I : 

ECJIH (OM) n w = Cw' TO Ha OCHOBaHHH 

COOTHOilleHHH (IV.5) HMeeM 

B omy 3TOI'O orrpe)l.eneHHa 

IOPl=l, 

ll Il03TOMY 3JIJIHITC "( CTaHOBHTCH 0 K p y )K H 0 c T h IO e)l.HHllqHoro pa)l.Hyca 

(rrpH 06h1qHoM orrpe)l.eneHHH OKPY2KHOCTH). 
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,Umrnoil: rrpOM3BOJibHOro oTpe3Ka AB 6y,n;eM C'IMTaTb ,ll,JIMHY 3KBMIIOJI

JieHTHoro eMy oTpe3Ka OM c Ha'!aJioM B u;eHTpe 0 e,z:t;MHM'!Hoil: oKpy)KHO

crn 'Y (pttc. 74). 
IloJiy'IMM cPOPMYJIY ,z:t;JIMHbI 0Tpe3Ka B TOH rrpoeKTMBHo-a<P<PttHHOH CM

CTeMe KOOp,z:t;MHaT {XYOE}, B KOTOpoil: e,z:t;MHM'!Ha5I (MaCmTa6tta5I) OKpy)K

HOCTb 'Y MMeeT ypaBHeHMe xi+ x~ - x~ = 0. IlycTh (m1: m2: m3) - rrpo

eKTMBHb1e Koop,z:t;MHaTbI TO'IKII M. Tor,z:i;a rrp5IMa5I OM MMeeT ypaBHeHtte 

m 2x 1 = m 1x 2. Pema5I ero coBMecTHO c ypaBHeHMeM oKpy:lKHOCTM /, Ha

xo,z:t;MM P(m1 : m2 : ±Jmi + m~). °Y'IMTbIBMI, 'ITO Cw MMeeT Koop,z:t;MHaTbI 

(m1 : m2 : 0), B COOTBeTCTBMM c <i>opMyJioil: (1.16) MMeeM 

IOMI = \(CwOPM)\ = 
1:: ±Jm~ + m~ll~1 ~31 
1:~ ~311~1 ±Jm~ + m~I 

,ll;BOHHbJe 3HaKII B 3TOH BbIKJia,z:t;Ke corJiacyIOTC5I. IlepeXO,LI;5I K rrpoeKTMBHO

a<l><i>MHHbIM KOOp,z:t;MHaTaM, IIOJiaraeM m3 = 1 M II03TOMY 

(IV.15) 

r,z:i;e M IIMeeT Koop,z:t;MHaThI ( m1, m2, 1). 
,ll;JI5I rrpoM3BOJibHoro OTpe3Ka AB rrpM A(x1, y1, 1) M B(x2, y2, 1) rrocTpo

MM 3KBMIIOJIJieHTHhlil: eMy oTpe3oK OM. TaK KaK AB= OM, To x 2 - x 1 = 
= m 1 M y2 - y1 = m 2. Ilo orrpe,n;eJieHMIO IABI = IOMI, MB c1rny cooTttome

HM5I (IV.15) MMeeM 

KaK M3MeHMTC5I ,z:t;JIMHa oTpe3Ka rrptt rrpeo6pa3oBaHM5IX rro,z:i;o6M5I (IV.13) 
M (IV.14)? IlycTb A'(x~, y~, 1) M B'(x~, y~, 1) - o6pa3bI TO'IeK A(x1, y1, 1) M 

B(x2, y2, 1) rrpM rro,n;o6MM rrepBoro po,z:i;a. Tor,z:i;a 

IA' B'l 2 
= (x; - x~) 2 + (y~ - y~) 2 = (ax2 + by2 + c1 - ax1 - by1 - c1)

2 + 
+ (-bx2 + ay2 + C2 + bx1 - ay1 - c2 )

2 = 
= (a2 + b2)((x2 - x1) 2 + (Y2 - Y1)2) = (a2 + b2)IABI. 

TaKMM o6pa3oM, 

IA'B'I = k\AB\, (IV.16) 

r,z:i;e k = ..j a 2 + b2 - rrocT05IHHOe 'IMCJIO, Ha3bIBaeMoe 1w3<fxjjuu,ueumo.M no

ao6uR. 8TOT )Ke pe3yJibTaT MMeeT MeCTO M ,LI;JI5I rro,n;o6ttii: II po,z:i;a. 
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Ilepexo,r:i;n:M K BBe,r:i;enmo Mepoonpe,r:i;eJiemui yr.JIOB na rrpoeKTHBHO-eBKJIH

,r:i;oBOH Il.JIOCKOCTH. IlycTb npHMbie u H v, co,n;ep:xmm.n:e CTOpOHbI ,r:i;annoro yr

Jia c BepIIIHHOM s, HMeIOT COOTBeTCTBeHHO ypaBnenmr U1X1 + U2X2 + U3X3 = 0 
n: v1x 1 + v2 x 2 + v3 x 3 = 0. Tor,r:i;a TO'IKH U H V n:x rrepece'!eHHH cw 6y,r:i;yT 

n:MeTb Koop,r:i;unaThI (u2 : -u1 : 0) n: (v2 : -v1 : 0). BBe,r:i;eM B paccMoTpeun:e 

MHHMbie rrpHMbie (SJ1) = J1 H (SJ2) = J2 H ,ll;BOMHOe OTHOIIIeun:e (uvjiJ2) 
'leTBepKn: rrpHMhIX rry'IKa c u;euTpoM S. PyKoBo,n;cTByach ¢opMyJio:fi (1.15), 
HaXO,ll;HM 

IU2 -~111V2 -~11 
1 i 1 -i 

!U2 -~111V2 -~11 
1 -i 1 i 

_ (u1 + iu2)(v1 - iv2) _ 
- (u1 - iu2)(v1 + iv2) -

_ (u1 + iu2 ) 2(v1 - iv2)2 _ ((u1 + iu2)(v1 - iv2)) 2 
_ 

- (ui + uD(vr + vD - (ui + u~)(vi + vD -
_ ((u1V1 +u2v2) +i(u2V1 -u1v2))2 

OTKy,r:i;a 

IIOJIO)J{HM 

U1V1 + U2V2 ----;======--;:::==== = cos cp, 
Jui+ u~Jvi + v~ 

- (ui + uD(vi + vD 

r,n;e cp - ,r:i;e:fiCTBHTeJihHoe 'IHCJIO II3 rrpoMe)KyTKa (0, 7r). Tor,r:i;a 

J(uvji}2) =cos cp + i sin cp = ei'P. 

Jiorapn:¢MupyeM no OCHOBaHHIO e: 

l 1 ( . . ) . 2 ll UVJI)2 = icp, 

OTKy,r:i;a 

(IV.17) 

(IV.18) 

KaK H3BecTHO, Jiorapn:¢Mu'lecKaa ¢yuKu;n:a KOMIIJieKCHoro rrepeMenuoro 

MHor03na'!Ha. EC.JIM orpattH'IHThCH rJiaBHhIM 3Ha'leHIIeM JiorapII¢Ma, TO Be

JIII'IIIHa cp 6y,u;eT cPYHKil;He:fi yrropH,IJ;O'l8HHOH rrapbl npHMhIX ( u, v). IloaTO

MY ecTeCTBeHHO :Jmy 6MU"tuny cp npun.R.m'b no onpeae.J1,enu'IO 3a Mepy y2.J1,a 
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.MeOICiJy np.st.M'bt.MU u u v. BMecTe c npHHBTHeM :noro onpe,n;eJiemrn MepbI 

ip yrJia Me:>K,Jzy npBMbIMM Mhl HMeeM KOOp,IJ,MHaTHhle cPOPMYJibl (IV.17) ,IJ,JI.H 

KOCMHyca M CMHyca ywa Me:>K,Jzy npBMhlMM. <l>opMyJia (IV.18) Ha3hIBaeTC.H 

rfiop.MyltOil Jlazeppa. 
TaK KaK ,n;BoAHoe oTHomeHMe 'IeThlpex np.HMhIX ny'IKa ecTb MHBapMaHT 

no,n;o6Mtt, a napa (J1, J2) MHMMhlX IJ;MKJIM'IeCKMX TO'IeK OT06pa)l<aeTC.H IIpM 

no,n;o6nM Ha ce6B, TO Be.ttU"l,Utta IP y2.J1,a .MeOICiJy np.si.M:bt.MU utteapuattmtta 
(c TO'IHOCTbIO ,IJ,O 3HaKa) omttocume.tt'b'HO noao6uil. 

0TMeTMM B8.)KHbIH qacTHhlH CJiy'Iait, Kor,n;a qeTBepKa ( u, v, J1, ]2) np.H

MbIX 5IBJI5IeTC5I rapMOHM'!eCKOtt. IlpHHHMa.H BO BHHMaHHe, 'ITO ln(-1) = ni, 
no <l>opMyJie Jlareppa IIOJiyqaeM ip = ~. c ,IJ,pyrott CTOpOHhl, IIOCKOJihKY 

(UVJiJ2) = -1, TO 

HJIR U1V1+U2V2=0, 'ITO COBna,n;aeT c KpHTepn::eM conp5DKeHHOCTH (IV.10) 
npBMhlX u, v OTHOCHTeJihHO eMHH'IHOit oKpy:>KHOCTH / • CpaBHeHHe 3Tn::x pe-

3YJibTaTOB npHBOMT K Heo6xo,n;HMOCTR IIpRH.HTb TaKOe 0 II p e ,n; e JI e H R e: 

,IJ,Be np.HMhle IIpoeKTRBHO-eBKJIH,IJ,OBOtt IlJIOCKOCTH Ha3hlBaIOTCH nepneHau
'K:y.!1,Jl,ptt'bt.MU, eCJIH OHM IlOJIBpHO COIIp.H:>KeHhl OTHOCHTeJibHO MaCmTa6HOH 

OKpy:>KHOCTH / • 

BBe,n;eHn::e MepooIIpe,n;eJieHHB OTpe3KOB H yrJIOB IIpeBpaiu;aeT npoeKTMBHO

acl><l>HHHYIO cn::cTeMy { XYOE} Koop,n;HHaT B II p .H M o y r o JI h H y IO ,n; e -

Kap To By. 

A6coJIIOT IIpoeKTMBHO-eBKJIM,ll;OBOA IlJIOCKOCTM COCTORT M3 MHHMhIX IJ;MK

JIM'!eCKMX TO'!eK Ji M J2 M co,n;ep:>Kaiu;ett MX ,n;eitCTBRTeJibHOH IIpRMOH w (§33). 
Ero MO:>KHO 3a,n;aTb TOJihKO ,n;ettcTBMTeJibHhIMM o6pa3aMH - 3JIJIMIICOM / 

(B Ka'!eCTBe e,n;MHM'!Hoit oKpy:>KHOCTM) Mero n;eHTpOM 0. Tor,n;a Heco6cTBeH

HaH npRMaH w 6y,n;eT IlOJI5IpOA TO'IKH 0 OTHOCHTeJibHO /,a TO'IKM J1 R J2 -
TO'!KaMM IIepeceqeHMR w M 'Y • 

3aaa'HUe eau'HU"i,'HOil O'K:py01Cttocmu U ee v,ettmpa no360.J1,.f!em pewam'b .J1,10-
6'bte .M.empU"l,eC'K:Ue aaaa"l,U tta npOe'K:mU6'H.O-e6'K:.J1,UaoeoiJ, n./l,OC'l\:OCmU. 

3aMeTHM, 'ITO ec.si'K:M or.:py01CHocm'b npoer.:mueHo-eer.;./l,uaoeou n.J1,ocr.:ocmu 
coaepOICUm ee .M'HUM'bte V,U'K:.J1,U"l,eCr.:ue mO"l,'l\:U. 0TCIO,IJ,a OHM M IIOJIY'IHJIM CBOe 

Ha3BaHMe I1MKJIM'IeCKMX. .LJ:elicTBMTeJihHO, oKpy:>KHOCTh / IIpoxo,n;nT qepe3 

3TM TO'IKM. Bo3hMeM npoM3BOJihHYIO OKPY:>KHOCTh a c u;eHTpoM A. IlpoeK

TRBHoe IIpeo6pa3oBaHHe, IIpH KOTOpOM napa ( J1, J2) OT06pa)KaeTC.H Ha cefo.1, 

0 Ha A, a cPMKCMpOBaHHaR TO'!Ka OKPY)KHOCTM / nepexo,n;MT B cPHKCMpoBaH

HYIO TO'IKY OKPY)KHOCTH a, HBJI.HeTC5I IIo,n;o6neM M no::iToMy IIepeBO,ll;HT / B a. 
3Ha'!HT, (J1, J2) ca. 
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KpHBruI BToporo rropa,n;Ka 3a,D;aeTca IIHTbIO CBOHMH TO'IKaMH. ,l.l;Jia BCeX 

OKpy)KHOCTeii TO'IKH J1 H J2 IIOCTOHHHbI. Ilrn:ITOMY O?Cpy:>1ettocm'b aaaaemC.H, 
mpe.M,.R, ne?C0.1/,.1/,Utteaptt'bl.MU mo"£?Ca.Mu. 

Ha ocHoBaHHH paBeHCTBa (IV.16) ,ll;BH)KeHHa 6y,n;yT HMeTh ¢opMy

Jihl (IV.13) H (IV.14) rrpH ,n;orroJIHHTeJibHOM ycJIOBHH a 2 + b2 = 1. EcJIH rro

JIO)KHTh a = cos cp, b = sin cp, TO cPOPMYJibl ,ll;BH)KeHHii rrpHMyT H3BeCTHhlii 

BH,ll; 

{ 
x' = XCOSl{J + ysin 'P + C1, 

y' = =fx sin 'P ± y cos r.p + c2, 

r,n;e BO BTOpoii ¢opMyJie BepXHHe 3HaKH OTHOCHTCH K ,ll;BH2KeHHHM rrepBoro 

po,n;a, HH2KHHe - K ,ll;BH2KeHHHM BTOporo po,n;a. 

§ 35. Jlpoe'K:mue'Ho-arjjrjju'H'Ha.R Moae.11,rb 
nceeiJoeB'K:Auaoeou 2eo.Mempuu 

B KOHIJ;e CBoeii 2KH3HH BbI,ll;aI0111Hiica HeMeIIKHii MaTeMaTHK H cPH3HK rep

MaH MHHKOBCKHii ( 1864-1909) C03,ll;a.Jl reoMeTpH'IeCKYIO HHTeprrpeTaIIHIO 

CIIeIIHa.JlhHOii TeOpHH OTHOCJITeJibHOCTH. B pa6oTe «IlpocTpaHCTBO H BpeMH» 

(1909) OH H3JIO)KHJI reoMeTpHIO, HOCHIIIYIO ero HMa, - reoMeTpHIO MHHKOB

cKoro. Ilo3,n;Hee ee CTa.JJH Ha3hIBaTb rrceB,n;oeBKJIH,ll;OBoii reoMeTpHeii. 

35.1. A6coJIIOT rrceB,n;oeBKJIH,lJ;OBOii IIJIOCKOCTH. ,l.l;Be MHHMhie IIHK

JIH'IeCKHe TO'IKH a6cOJIIOTa eBKJIH,ll;OBOii IIJIOCKOCTH 3aMeHHM rrapoii ,ll; e ii -

c T B H T e JI h H hi x TO'IeK U H V Heco6cTBeHHoii rrpaMoii w. Heco6cTBeHHaa 

rrpaMaa w c <PnKcnpoBaHHOii rrapoii (U, V) ,n;eiicTBHTeJihHhIX TO'IeK aToii 

rrpaMoii COCTaBJI.HIOT a6COJIIOT ,ll;ByMepHOii reoMeTpHH, KOTopyIO Ha3blBaIOT 

nceaooe87C.11,U0080U 2eo.Mempueu, HJIH 2e0Mempueu Mutt'IC08C'IC020. HH)Ke H3-

JiaraIOTCH ee Ha'Ia.JJa Ha OCHOBe rrpoeKTHBHOii reoMeTpHH. 

C rrpaKTH'!ecKoii TO'IKH 3peHHa, 11eJiecoo6pa3Hee 3a,n;aTb a6coJIIOT aHa

JIHTH'IeCKH CJie,n;y10111eii CHCTeMoii: 

(IV.19) 

r,n;e nepBoe ypaBHeHHe orrpe,n;eJiaeT KpHBYIO 'Y BToporo rropa,n;Ka, a BTopoe -

Heco6cTBeHHyro rrpaMyIO w = (A1A2) = (XY) (pHc. 70, 75). KpHBruI 'Y - rH

rrep6oJia c acnMIITOTaMH OU HOV. Cor.JiacHo ypaBHeHH.HM (IV.19), TO'IKH 

U H V a6coJiroTa HMeIOT rrpoeKTHBHo-a<l><l>HHHhie KOOp,D;HHaThI U(l, 1, 0), 
V(l,-1,0). 
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TaK KaK Heco6cTBeHHa.H rrp.HMa.H w BXO,D,HT B cocTaB a6coJIIOTa acpcpHH

Hoi\ H IICeB,D,OeBKJIH,zi;OBOit reoMeTpHtt, TO IIOCJie,D,H.H.H 5IBJI5IeTC5I TaK)Ke H acp

cpHHHOH reoMeTpHeil:. fOBOp.H TO'IHee, nce6-
aoe6'X:.//,Uao6a 2eo.MempU.R U.Meem aefxfiuttttyw 
6aay, T. e. BCe acpcpHHHbie CBOil:CTBa cpHryp 

HMeIOT MeCTO H B rrceB,D,OeBKJIH,D,OBOil: reo

MeTpHH. 

0,n;HaKO Heco6CTBeHHbie TO'IKH u H v 
a6coJIIOTa orrpe,n,eJI.HIOT crreII,HcpHKY aTott 

reoMeTpHH. Co,zi;ep)Kam;He HX co6cTBeHHhre 

rrp.HMhie Ha3hrnaIOTC.H uaompontt'bt,.M,U rrp.H

MbIMH rrceB,D,OeBKJIH,D,OBOH IIJIOCKOCTH. 

IlocJie rrepexo,zi;a K acpcpHHHOM rrJioc

KOCTH pncyHOK 75 rrpHHHMaeT. BH,D,, 

rrpe,zi;cTaBJieHHhiii Ha pnc. 71, a 'IHCJia 

X = XI H y = ~ (X3 #- 0) 6y,D,yT acpcpHH-
X3 x3 PHc. 75 

HhlMH KOOp,D,HHaTaMH TO'IKH A1 H B€KTOpa 

OAf OTHOCHT€JibHO acpcpHHHoro perrepa (0, ei, e2), r,zi;e e1 = OE1=(1,0), 
e2 = OE2=(0,1). KpHBa.H 'Y rroJiyqaeT acpcpHHHoe ypaBHeHHe x2 - y2 = 1. 

35.2. BeKTopbI rrceBp;oeBKJIH,ll;OBOH rrnocKOCTH. KBa,zi;paTH'IHO:ii 

cpopMe x 2 - y2 a6coJIIOTa (IV.19) O,D,H03Ha'IHO COOTB€TCTByeT 6HJIHH€HHa.H 

cpopMa 

X1X2 - Y1Y2, 

KOTopott orrpe,zi;eJrneTc.H ciwJt.Rpttoe npoua6eaettue BeKTopoB a= (x1,y1) H 

b = (x2, Y2): 
ab= x1x2 - Y1Y2 (IV.20) 

H COOTB€TCTBeHH0 CKaJI.HpHbiil: KBa,D,paT B€KTOpa f' = ( X, y): 

7'2 = x2 - Y2' lrl = #. (IV.21) 

B qaCTHOCTH, e1e2 = 0, ei = 1, e~ = -1. CJie,D,OBaTeJihHO, acpcpHHHbIH perrep 

(0, e1, e2) CTaHOBHTC.H 0 p T 0 H 0 p M Hp 0 Ba H H bl M perrepoM. 

Cym;ecTBeHHO pa3JIH'IHhl TpH B03MO)KHhIX cJiyqa.H: 

f2 > 0 ¢? x2 > Y2' 

r2 < 0 ¢? x2 < y2, 

f 2 = O (r #- o) ¢? x2 = y2
• 

CooTBeTCTBeHHO 3THM CJIY'la.HM BeKTOphl Ha3hrnaroTC.H e6~Jtuao6'bt,.M,U, ncee
aoee'X:.f/,uaoe'b/,.M,U H uaompontt'b/,.M,U. Koj/,j/,U'/teaptt'bte 6e~mop'bt nputtaaJtealCam 
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oih-w.My muny. BeKTOpbI OM ToqeK M rmrnp6oJibI x2 - y2 = 1 5.!BJI5.!IOTC5I 

eBKJIH,ll;OBblMH, seKTOpbr ON ToqeK N conpa2KeHHOil: eil: rHnep6oJibl x 2 
- y2 = 

= -1 Heo6xo,n;HMO nces,n;oeBKJIH,ll;OBbI. 1-fao

P:ac. 76 

TpOTIHble BeKTOpbI KOJIJIHHeapHbl aCHMTITO

TaM u H v 3THX mnep6oJI (pHC. 76). 
BeKTOpbI Ha3b1BaIOTC5I opmo2ottaJ1,'b'Hibt.Mu, 

Kor,n;a HX CKaJI5IpHoe npOH3Be,n;eHHe paBHO 

HJJIIO. 

,1J;JI5I JII06bIX ,ll;BJX BeKTOpOB a H b HMe

eT MecTo H3MeHeHHoe HepaseHCTBO KomH

ByHaKOBcKoro 

(IV.22) 

,ll;eil:CTBHTeJibHO, HMeeM 

-- 2 ( 2 2 (ab) = X1X2) - 2x1X2Y1Y2 + (Y1Y2) , 

Ho H3 oqesn,n;Horo HepaseHCTBa (x1y2 -y1x2)2? 0 cJie,n;yeT, qTo 2x1x2y1y2:::;; 
:::;; (X1Y2)2 + (Y1X2) 2' OTKy,n;a H BbITeKaeT HCTHHHOCTb HepaseHCTBa (IV.22). 
3HaK paBeHCTBa HMeeT MeCTO JIHillb ,ll;Jl5.! KOJIJIHHeapHbIX BeKTOpOB. 

35.3. 'YroJI Me:>K.zzy eeKTopaMH. Comactto HepaseHCTBY (IV.22) 
(ab) 2 

/ (a2b2
) ? 1. IIo::JToMy, npHHHMaa so BHHMaHne, qTo rHnep6oJinqecKHil: 

KOCHHJC He MeHbille e,n;HHHllbl, B KaqecTBe BeJilfqHHbl 'P yrJia Me)K,ll;J BeKTO

paMH a H b IlpHMeM qlfCJIO ip, ,ll;Jl5.! KOTOpOrO BblTIOJIH5.!eTC5.! paBeHCTBO 

0TcIO,n;a HaXO,ll;HM 

CJie,n;osaTeJibHO, 

qaeM 

h ab 
c 'P = la2llb2I. 

th<p = lx1Y2 -y1x2I. 
lx1x2 - Y1Y2I 

(IV.23) 
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3HaK a6COJUOTHOH BeJmqHHhl OCTaBJieH JIHIIIh B qHCJIHTeJie, TaK KaK rrpo

H3Be,n;eHHe kik2 He 3aBHCHT OT rropH,n;Ka BeKTOpOB. ,Il;JIH OpHeHTHpOBaHHhlX 

yrJIOB 3TOT 3HaK He Hy:lKeH H B qHCJIHTeJie. 

Ifa cpopMyJihl (IV.23) c rrpHBJieqeHHeM (IV.20) rroJiyqaeM 

(IV.24) 

B rrceB,n;oeBKJIH,n;oBoii: IIJIOCKOCTH rrpHxo,n;HTCH paccMaTpHBaTh MHHMhle 

yrJihl Me)K,IJ;y BeKTOpaMH, TaK KaK He ,lJ;JIH Bcex ,n;eii:CTBHTeJihHhIX 3HaqeHHH r.p 
paBeHCTBO (IV.23) HMeeT MecTo. B qacTHOCTH, yroJI Me:lK,lJ;Y BeKTopaMH pa3-

HhIX THIIOB Bcer,n;a HMeeT MHHMYIO Mepy r.p. 
KaK H3BeCTHO, 

ch ia =cos a H cosia =cha. 

,Il;JIH OpTOrOHaJihHhIX HeH30TpOIIHhIX BeKTOpOB a H b HMeeM 

ab= O {::} ch r.p = O {::} r.p =± ~i. 

Mepa r.p pa3BepHyToro yrJia paBHa ni, TaK KaK ecJIH a= n, TO r.p = ni. 

§ 36. Ilpoe'l\,mUB'l-l'bte npeo6paaoBa'Hu.R, coxpa'H.R'IO'lll;Ue 
a6coAwm nceBaoeB'J\,JluaoBou nAOC'l\,ocmu 

36.1. IIceB,LJ;oeBKJIH,ll;OBbI no.zi;o6:uH. KaK 6hIJIO orrpe,n;eJieHo, rrpoeK

THBHhie rrpeo6pa30BaHHH IIJIOCKOCTH, OT06pa:lKaI0111He rrpHMYIO w (x3 = 0) 
Ha ce6H, Ha3hIBaIOTCH rrpoeKTHBHO-acpcpHHHhIMH rrpeo6pa30BaHHHMH H rrpe,n;

CTaBJIHIOTCH cpopMyJiaMH (IV.12): 

pX~ = C11X1 + C12X2 + C13X3, 

px; = C21X1 + C22X2 + C23X3, (IV.25) 

1IoTpe6yeM Terreph, qT06h1 rrapa ToqeK (U, V) a6coJIIOTa rrceB,n;oeBKJIH,IJ;O

Boii: IIJIOCKOCTH COXpaHHJiaCh IIpH rrpeo6pa30BaHHHX (IV.25). cho B03MO:lKHO 

B ,IJ;BYX H TOJihKO B ,IJ;BYX cJiyqaHx: 

1) U(l, 1, 0)--+ U(l, 1, 0), V(l, -1, 0)--+ V(l, -1, O); 

2) U(l, 1, 0)--+ V(l, -1, 0), V(l, -1, 0)--+ U(l, 1, 0). 
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B COOTBeTCTBIIII c ¢opMyJiaMII (IV.25) B nepBOM CJiyqae IIMeeM 

OTKy,n;a CJie,n;yeT, qTo Cu+ C12 = C21 + C22 II Cu - C12 = -C21 + C22, qTo, B CBOIO 

oqepe,n;b, BJieqeT paeeHCTBa cu = c 22 II c 12 = c 21 . Tor,n;a ,n;eJieHIIeM nepBbIX 

,n;eyx paseHCTB (IV.25) Ha TpeTbe, rrepexo,Ll;H K a¢¢IIHHbIM KOOp,n;IIHaTaM II 

CMeHIIB COOTBeTCTBeHHO o6o3HaqeHII.H, noJiyqaeM 

II Tor,n;a 

{ 
x' =ax+ by+ c1, \ab ab\= a 2 _ b2 =/::. O. 
y' =bx+ ay + c2, 

{ 
x'

1 

= ax + by + C1, 
- a2 + b2 f 0. 

y =-bx-ay+c1, 

(IV.26) 

(IV.27) 

IIpeo6pa30BaHII.H BeKTopos rrces,n;oeBKJIII,n;osott rrJIOCKOCTII IIMeIOT cooT

BeTCTBeHHO O,Ll;HOpO,n;Hhle ¢opMyJibl 

{ 
x' =ax+ by, 

y' =bx+ ay, { 
x' = ax+ by, 

a2 
- b2 

=/::. 0. 
y' =-bx-ay, 

Ilo 3TIIM ¢opMyJiaM Haxo,n;IIM ,Ll;Jl.H o60IIX CJiyqaee 

r,n;e r(x, y) ---t r'(x', y'). B qacTHOCTII, 

r'2 = (a2 - b2)r2. 

(IV.28) 

TaK KaK rrpII rrpeo6pa3oBaHII.HX (IV.27) II (IV.28) CKa.JI.HpHbJe rrpoII3ee,n;eHII.H 

BeKTOpOB YMHO)KaIOTC.H Ha IIOCTO.HHHOe qHCJIO a2 
- b2

' TO 3TH npeo6pa30-

BaHIIH coxpaHHIOT BeJIII"<Ul:Hbl yrJIOB Me)K,n;y BeKTOpaMH nces,n;oeBKJIH,ll;OB01!: 

IIJIOCKOCTH H OTHOIIIeHIIH IIX CKaJI.HpHbIX KBa,n;paTOB. '.:ho ,n;aeT npaso Ha-

3BaTb 3TII npeo6pa30BaHH.H nce6dOe6'X:.l/,Uao6'bt.MU noao6U.R.MU COOTBeTCTBeH

HO nepsoro H BToporo po,n;os. 

36.2. Ilcea,n;oeBKJIH,ZJ;OBbI ,n;BH>KeHHSJ. EcJIH a2 - b2 = 1, TO rrpeo6pa-

30BaHIIe (no,n;o6IIe) (IV.26) coxpaH.HeT CKaJI.HpHbie npOII3Be,n;eHII.H BeKTOpOB, 

a cJie,n;osaTeJibHo, paccTOHHII.H n yrJihl, T. e. rrpe,n;cTaBJI.HeT co6o1!: nceBaoeB
r.Auooso 06U:>ICettue IIJIOCKOCTII. 
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Bhl,JJ,eJIHM cHaqana oco6b1e cnyqan. IlpH a= 1, b = 0 HMeeM nepeHoc: 

{ 
x' =x+c1, 

y' = Y + C2, 

a npH a = -1, b = 0 - 1IeHTpaJibHYIO CHMMeTpHIO: 

{ 
X: = -X + C1, 

Y = -y + C2, 

S (
CI C2) 

C 1IeHTpOM 2, 2 . 

(IV.29) 

,Il;BH)KeHm1 (IV.27) BTOporo po,JJ,a npn a= 1, b = 0 H npn a= -1, b = 0 
cyTb cooTBeTCTBeHHO oceBble CHMMeTpHH OTHOCHTeJJbHO Ox H Oy: 

{ 
x' = x, { xy: == -xy.' 
y'=-y; 

,Il;BH)KeHml o6m;ero BH)J,a .l'IBJI.l'IIOTC.l'I KOMII03HI1HHMH )J,BH)KeHHH (IV.28) 
c HeIIO,JJ,BH)KHOii ToqKoii 0 H nepeHOCOB (IV.29). CornacHo paBeHCTBY a 2 -

- b2 = 1, IIOJIO)KHM a2 = ch2 cp, b2 = sh2 cp. Tor,JJ,a .D;JI.l'I a=± ch <.p, b =±sh <p 
HMeeM ( c TQqHQCTblO )J,O 3aMeHbl <.p Ha -<p) ,ll;Ba BH,ll;a )J,BH)KeHHH nepBoro 

po,n;a: 

{ 

x' = x ch <.p + y sh cp, 

y' = x sh <.p + y ch cp; 

{ 
x' = -xchcp -yshr.p, 

y' = -xsh<.p -ychr.p, 

H )J,Ba BH,n;a )J,BH)KeHHH BTOporo po,n;a: 

{
x'= xchr.p-yshr.p, 

y' = xshr.p -ychcp; 

{ 
x' = -xch<.p + yshcp, 

y' = -xsh cp + ychcp. 

(IV.30) 

(IV.31) 

(IV.32) 

(IV.33) 

,Il;BH)KeHHe (IV.30) Ha3bIBaeTCH noeopomo.M rrceB,n;oeBKJIH)J,OBOH IIJIOCKOCTH 

OKOJIO TOqKH 0 Ha yroJI cp. c a¢¢HHHOH TQqKH 3peHH.l'I IICeB,n;OeBKJIH,ll;OB 

IIOBOpOT .l'IBJI.l'IeTCH r H II e p 6 0 JI H q e c K H M II 0 B 0 p 0 T 0 M c 6a3HCHOH 

(Herro,n;BH)KHOH:) nmep6onoii x 2 - y 2 = 1 (§ 18 q. I). ,Il;BH)KeHHe (IV.31) ecTb 
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KOMMyTaTHBHaSI KOMII03HD;IISI IIOBOpOTa (IV.30) li CHMMeTpHH OTHOCHTeJih

HO TO'IKH 0. 0Ha SIBJISieTCSI IIOBOpOTOM Ha yroJI tp + ni. ,Il,Bli)KeHRSI (IV.32) 
H (IV.33) cyTh KOMII03HD;lili IIOBOpOTa (IV.30) H oceBbIX CHMMeTpH:i1: OTHO

CHTeJibHO oce:i1: Ox H Oy. 
TaKHM o6pa3oM, rpynna ,D;BH)KeHH:i1: nceB,z:i;oeBKJIH,z:i;ono:i1: TIJIOCKOCTH cocTo

HT H3 TIOBOpOTOB (Ha ,z:i;eHCTBHTeJibHhie li MHRMbie yrJJbI), oceBbIX CliMMeTpliH 

H nepeHOCOB ( BKJIIO'laSI TO)K,ll;eCTBeHHbIH nepeHOC). 

§ 37. !Iceeaoee-x:.!luaoea 
3.!le.Ate'Hmap'Ha.R n.!la'HUMem pu.R 

37.1. CyMMa yrJIOB TpeyroJibHHKa. Mepa yma Me)K,ll;y BeKTopa

MR, B COOTBeTCTBlili C ee Onpe,z:i;eJieHHeM, COXpaHSieTCSI IlpH 3aMeHe ,D;aHHhIX 

,z:i;nyx BeKTOpOB COHanpaBJieHHbIMli ( npOTliBOHanpaBJieHHbIMH) HM BeKTOpa

Mli. Il03TOMY B nceB,z:i;oeBKJlli,ll;OBOil TIJIOCKOCTH HMeIOT MeCTO Te )Ke 3aBHCH

MOCTH Me)K,ll;y yrJiaMH, noJiy'leHHhIMH nptt nepece'leHRR ,z:i;syx napaJJJieJJh

HbIX npSIMbIX TpeTbe:i1:, 'ITO li B eBKJlH,ll;OBOM TIJJOCKOCTH. 0Tcro,z:i;a CJJe,z:i;yeT, 

'ITO cyMMa BHyTpeHHHX yrJJOB TpeyrOJJbHHKa paBHa pa3BCPHYTOMY yrJJy: 

X+.B +c=ni. 

37.2. IIJIOIIJ,a,LJ;b TpeyroJihHUKa. IloHSITHe TIJJOiliaAH OTHOCRTCSI K a<P
cpHHHoii reoMeTpliH, TI03TOMY HMeeT MeCTO H B nces,z:i;oeBKJlH,ll;OBOH IIJlOC

KOCTH. EcJJH 3a e,D;HHHD;y ITJIOilia,ll;H npHHSITb IIJJOiliaAb napam1eJiorpaMMa, 

IIOCTpoeHHOrO Ha 6a3HCHblX BeKTopax e1 li e2 acpqmHHOrO penepa, TO B pa

BeHCTBe (IV.24) 'lliCJJHTeJJb paBeH KBa,z:i;paTy YABoeHHofi IIJIOID;a,IJ;H TpeyroJih

HHKa ABC co cTOpoHaMH CA = b H CB = a: 

28 = /x1Y2 - X2Y1/. 

CorJJacHo 3TOMy paBeHCTBY HMeeM 

1 ~ 
S = 2abshC. (IV.34) 

37 .3. TeopeMbI CHHycoB H KOCHHycoB. AcpcpHHHaSI cpopMyJia rrJJoI1Ia

AH TpeyroJihHHKa ae 3aBHCHT OT BbI6opa napbl ero CTOpOH. Ilo 3TOfi IIpH'lHHe 

He 6y,IJ;eT 3aBHCeTh OT aToro Bh16opa H cpopMyJJa (IV.34). CJJe,D,oBaTeJJhHO, 

be sh A= cashB = abshC. 

IlpH ,IJ;eJieHHli 3TRX paBeHCTB Ha abc IIOJly'laeM 

shA shB shC --=--=--
a b c 

(IV.35) 



§ 37. flceeaoeB'K./1,uaoea 3Jte.Me'H,map'H,a.H, nJta'H,u.MempWl 261 

,lJ;;rn: TpeyroJihHMKa ABC :ucrroJih3yeM o6rn,errp:uH5!Tbie o6o3Ha'IeHM5! CA = 
-- - - -2 -= b, CB =a, AB = c. Tor.n;a c2 = (b - a)2 = a2 + b - 2ab. ComacHO paBeH-

CTBY (IV .23) MMeeM ab = ab ch 8' II03TOMy 

c2 = a2b2 
- 2ab ch 8. (IV.36) 

CooTttomett:u5! (IV.35) :u (IV.36) BhipruKaIOT co6oii co.n;epJ1<:aH:ue TeopeM 

CMHYCOB H KOCHHYCOB .IJ;JI5! TpeyrOJibHHKa rrceB,n;oeBKJIM,n;OBOM IIJIOCKOCTH. 

B 'IaCTHO~TM, AJI5! lp5!MoyroJibHoro TpeyroJihHMKa ABC BhIIIOJIH5!IOTC5! pa

BeHCTBa ab= 0, ch C = 0, a TOr,11,a 

<I>opMaJihHO TeopeMa II:mparopa B rrceB,ll,OeBKJIH,11,0BOM IIJIOCKOCTH RMeeT TOT 

)Ke BM,11,, 'ITO H B eBKJIM,n;OBOM. 0,11,HaKO CJie,lJ,YeT HMeTb B BM,11,Y, 'ITO KaTeTbI 

IICCB,11,0CBKJIH,ll,OBa TpeyrOJihHHKa - 0TpC3KH pa3HhIX THIIOB, rMIIOTeHy3a )Ke 

MO)J{eT 6hITh 0Tpe3KOM JII06oro TMrra. 

37 .4. HepaJJeHCTBO TpeyroJibHHKa. EcJtu ece cmopott'bt mpey20.11ibHU

?Ca U.Me'/Om aeucmeume.Jlib'H,'bte a.//,U'H,'bl, mo 66A'bWll.ff, U3 'HUX 60A'bWe CY.M.!vt'bt 

oeyx i)py2ux. 

B caMOM ,11,eJie, H3 pasencTBa (IV.36) cJie,lJ,YeT, 'ITO (2ab)2 = (a2 + b2 
-

- c2) 2 . Comacno nepaBeHCTBy (IV.22) Kom:u-ByH5!KOBCKoro (ab) 2 > a 2b2 

(paBeHCTBO HMeeT MeCTO JIHIDh ,1J,Jl5! KOJIJIHHeapHbIX BeKTopoB). Ilo3TOMY 

(a2 + b2 - c2) 2 > 4a2b2, OTKy,11,a JIH6o (a - b)2 > c2, JIH6o c2 >(a+ b)2. CJie

,11,0BaTeJihHO, HMeeT MeCTO 0,11,HO H TOJihKO 0,11,HO H3 Tpex nepaBeHCTB: JIH6o 

a > b + c, JIH6o b > a + c, JI:u6o c > a + b. 

CJiep;cTuue. ECAu cmopoH'bt paeH06ei)peHH020 mpey20A'bHU?Ca UMewm 

OeucmeUmM'bH'bte 0.//,U'H,'bt, mo e20 60'IC06a.ff, cmopoHa .!vteH'bWe nOA06U'H,'bl OC

'H,06aHUst. 

37.5. 0Kpy)KHOCTH rrceu,n;oeBKJIH,lJ;OBOH IIJIOCKOCTH. IlpH o6bI'IHOM 

(eBKJIM,11,0BOM) onpe,11,eJieHlm OKpy)J{HOCTH B CHJIY ¢opMyJihI (IV.21) HMeeM 

ypaBnea:ue oKpy)J{HOCTR pa,LJ;.Hyca p c u;enTpoM B aa'!aJie KOOp,11,MHaT: 

x2 -yz = p2. (IV.37) 

Cyrn,ecTBettno pa3JIM'IHhI TPH B03MO)J{HhIX cJiy'Ia5!. 

1. Pa,11,:uyc p oKpy)J{HOCTII - ,11,eMCTBHTeJihHOe 'IHCJIO. Tor,11,a ypasne

HHe (IV.37) orrpe,1J,eJI5!eT rHrrep6oJiy (pHc. 76) c ,11,eMCTBHTeJihHOM OChIO Ox. 
2. Pa,11,Hyc OKpy)J{HOCTH HMeeT MHHMYIO ,11,JIHHY p = i a. Tor,11,a ypaBHe

a:ue (IV.37) rrpHHMMaeT BH,11, x 2 
- y2 = -a2 H orrpe,11,eJI5!eT B a¢¢MHHOM IIJIOC

KOCTM nmep6oJiy c ,11,elicTBIITeJibHOM OCbIO Oy. 
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r1mep60JihI, COOTBeTCTBJIOIIIHe CJiyqaRM 1 H 2, B3aHMHO COIIpR)KeHbl 

(HMeIOT 06rny10 rrapy acHMIITOT). c rrceB,n,oeBKJIH,II,OBOtt ToqKH 3pemrn 

HX o6rn;He acHMIITOThl RBJIRIOTCR rrapo:ii: H30TpOIIHhIX npRMbIX x + y = 0 
H X -y =0. 

3. Pa,n;Hyc OKpy)KHOCTH HMeeT HJJieBYIO ,11,JIHHY p = 0. Tor,n;a oKpy)KHOCTh 

rrpe,n,cTaBJIReT co6ott rrapy H30TpOIIHblX rrpRMbIX: x 2 -y2 = 0 (BblpO)K,11,eHHaR 

OKpJ)KHOCTb). 

KaK rrOKa3aHo B rr. 17.6 rrepBo:ii: qacTH KHHrH, ypaBHeHHe 

ax+b 
y = x + c (IV.38) 

TaK)Ke orrpe,n;eJIReT rHrrep6oJiy, T. e. nceB,n,oeBKJIH,IJ,OBY oKpy:>KHOCTb nepBoro 

HJIH BTOporo THrra. 

TeopeMa. 01'0/W 6CJ1,'IW20 mpey20.l/,'b'HU'/\:a nceeaoee'/\:.l/,Uaoeoil, n.11,oc'/\:ocmu 
.MO:JIC'HO onucam'b 01'pyatC'HOCm'b, npu"lfi.M mO.l/,'b'/\:O oa'Hy. 

,ll; o Ka 3 a Te JI b c TB o. PaccMoTpHM cHaqana oco6b1:ii: cJiyqa:ii:, Kor,n,a o,n,

Ha H3 cTopoH, HarrpHMep CTopoHa AB TpeyroJibHHKa ABC, rrpHHa,n,Jie)KHT 

H3oTporrHott rrpRMO:ii:. Tor,n;a qepe3 BepmHHy C rrpoBe,n,eM H30TporrHyro rrpR

Myro, He rrapaJIJieJihHJIO AB. B pe3yJibTaTe BepmHHbI TpeyroJibHHKa oKa

)KJTCR Ha OKPY)KHOCTH HYJieBoro pa,n,Hyca. 

IlycTb Terrepb BCe CTOpOHbl TpeyroJibHHKa HeH30TpOIIHbie. IlpHMeM H30-

TpOIIHbie rrpRMbie 3a ocH CHCTeMhl Koop,n,HnaT. Tor,n,a oKpy:>KnocTH 6y,n,yT 

HMeTb ypaBHeHHe BH,n;a (IV.38). IlepeIIHIIIeM ero TaK: 

ax - cy + b = xy, b =f. ac, 

(x + c)(y - a)= b - ac. 

ToqKa S(-c, a) - 11enTp 3Tott oKpy)KHOCTH. ,ll;JIR Toro qTo6hl BepIIIHHhl Tpe

yroJihHHKa rrpHHa)l,Jie)KaJIH 3TOH OKpy)KHOCTH, Heo6xo,n,HMO H )l,OCTaToqHo, 

qTo6bI cylIIeCTBOBaJIH TaKRe qHCJia a, -c, b, ,11,JIR KOTOpbIX 

{ 

ax1 - cyi + b = XiY1, 

ax2 - cy2 + b = X2Y2, 

ax3 - cy3 + b = X3y3. 

Orrpe,n,eJIHTeJib 3TOfi CHCTeMbI OTJIHqeH OT ttyJrn: 

Xi Yi 1 
X2 Y2 1 =/. 0, 
X3 Y3 1 

(IV.39) 

rrocKOJihKY TOqKH A, B, C neKOJIJIHneapHhI. Ilo3TOMY cHcTeMa (IV.39) Bce

r,n,a RMeeT e,n,RHCTBeHHOe pemeHHe. Otto RBJIReTcR HyJieBbIM JIHIIIb B cJiyqae, 

paccMoTpeHHOM B HaqaJie ,n,oKa3aTeJibCTBa. D 



§ 38. Ilpoermiu6'/t,aR .Moae.a'b n.t1,oc1wcmu JI06a'tf,e6c1w20 263 

§ 38. llpoe'K;mU6'1-ta.R MOdeJ1,'b 
nJ1,0C'K;Ocmu JI06a~eec'K;o20 

38.1. A6coJIIOT. B OTJIHqHe OT a6comoTOB acp¢HHHoit, eBKJIH,ll,OBOit H 

nceB.n,OeBKJIH,ll;OBOH reoMeTpHit a6coJIIOTOM reoMeTpHH Jlo6aqeBCKOro, Ha3hl

BaeMOH TaK;Ke 2unep60JtU"iCC'ICOU 2eo.Mempueu, CJIY:iKHT He np.HMa.H, a HeBhl

pO)K,ll,eHHa.H KpHBa.H w BTOporo nop.H.n,Ka (§27, PRC. 58): 

xi + x; - x; = 0. 

IloaTOMY rHnep60JIHqecKa.H TIJIOCKOCTh He .HBJI.HeTC.H a<t><PHHHOH IlJIOCKO

CThIO, qTo BJieqeT 3a co6oit rJiy60Ky10 cneII,H¢HKY ee reoMeTpHH, Henoxo

:iKeCTh Ha paCCMOTpeHHhie Bhlme reoMeTpHH. Ilo OTHOmeHHIO K a6COJIIOTY w 
TOqKH npoeKTHBHOH TIJIOCKOCTH ,n;eJI.HTC.H Ha TPH THTia ( K,.n:acca): 1) co6-
cm6e'H'H'ble mo"i?CU TIJIOCKOCTH Jio6aqeBCKOro - BHyTpeHHHe TOqKH OTHOCH

TeJibHO a6coJIIOTa; 2) neco6cmeentt'bte mo"i?CU TIJIOCKOCTH Jlo6aqeBcKoro -

TQqKH a6COJIIOTa; 3) uaeaJt'b'H'btC mO"i'ICU - BHeillHiie TQqKH OTHOCHTeJihHO 

a6COJIIOTa w. 
)J;JI.H BHyTpeHHHX H BHeillHHX ToqeK cy~eCTBYIOT CTporHe onpe,n;eJieHH.H 

H aHaJIHTHqecKHe KpHTepHH. ToqKa npoeKTHBHOii: nJIOCKOCTH tta3hrnaeTc.H 

Bnympenneu TOqKOM OTHOCHTeJihHO KpHBOH w, eCJIH JI IO 6 a .H np.HMa.H, co

.n,ep:iKa~a.H aTy TOqKy, nepeceKaeT w B ,ll;Byx ,n;ettCTBHTeJihHhIX TOqKax, H 

Ha3hlBaeTC.H 6'HCW'HCU TOqKOM OTHOCHTeJibHO w, eCJIH cpe,n;H CO,n;ep:iKaIII,HX ee 

np.HMhlX c y ~ e c TB ye T np.HMa.H, He nepeceKaIO~a.H KpHBYIO w. 
TeopeMa. To"i?Ca P(p1: p2 : p3 ) .FtBJt.FtemcJt 6ttympenneu mo"i?COU omno

cumeJt'b'HO ?CpuBoii xi + x~ - x; = 0 mo2aa u moJt'b?Co mo2aa, ?Co2aa 

Pi + P; - p; < 0, (IV.40) 

u 6'HCW'HeU mO"i'ICOU omnocumeJt'b'HO 3mou 1CpU60U, CCJl,U u mOJl,'b'ICO eCJl,U 

Pi + P; - P; > 0. (IV.41) 

)]; o Ka 3 a Te JI h c TB o. ToqKa P(p1 : p 2 : 0) BHemH.H.H, nocKOJihKY co,n;ep

:iKa~a.H ee np.HMa.H X3 = 0 He nepeceKaeT KpHBYIO w. IlycTb P(p1: P2: p3) -
cPHKCHposaHHa.H ToqKa npoeKTHBHOfi TIJIOCKOCTH, He npHHa.n,Jie:iKa~a.H KpH

BOM w: Pi+ p~ - p; f= 0. EcJIH X - npomBOJihHa.H ToqKa np.HMott PQ, r,n;e 

Q(q1: q2: 0) - TOqKa np.HMOfi X3 = 0, TO HMeeM napaMeTpHqecKoe npe,n;cTaB

JieHHe X = >.P + µQ. ToqKH nepeceqeHH.H np.HMott PQ c KpHBoit w OTseqaIOT 

KOpH.HM ypaBHeHmI (III.11) 

A>.2 + 2B>.µ + Cµ 2 = 0, 

r,n;e A= Pi+ p~ - p; f= 0, C =qi+ a~ > 0. ,Il;HcKpHMHHaHT D aToro ypaBHeHH.H 

paseH D = B 2 
- AC. TaK KaK B 2 ~ 0, C > 0, TO D > 0 Tor,n;a H TOJihKO 
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TOr,IJ,a, Kor,IJ,a A< 0. 9To 3HaqHT, qTo JI IO 6 a 51 rrp51Ma51 PQ HMeeT ,IJ,Be 

o6rn;He ,IJ,eHCTBHTeJibHbie TOqKH c KPHBOH w TOr,IJ,a H TOJibKO TOr,IJ,a, KOr,IJ,a 

Pi+ p~ - p~ < 0. Ilo orrpe,IJ,eJieHHIO BHyTpeHHeH TOqKH 3TO HepaBeHCTBO H 

51BJI51eTC51 ee KpHTepIICM. 

B rrpOTHBHOM CJiyqae (pf+ p~ - p~ > 0) TOqKa p BHCIIIH5151, TaK KaK HHOe 

rrpe,IJ,IIOJIO)KeHIIe rrpoTHBopeqHT ,IJ,OKa3aHHOMy. D 
06'beKTOM rIIrrep60JIHqecKOH IIJIOCKOCTH 51BJI51eTC51 He BC51 rrpoeKTHBHa51 

IIJIOCKOCTh, a TOJibKO BHyTpeHH5151 o6JiaCTb a6coJIIOTa. HMeHHO oHa II Ha-

3hrnaeTC51 rnnep6oJIH'leCKOH IIJIOCKOCThIO. B rIInep6oJIII'leCKOH reoMeTpHH 

rro,n; TOqKaMH IlOHHMaIOTC51 TOJlhKO co6CTBeHHbie TOqKH, a no,n; rrp51"MbIMH -

TOJibKO xop,IJ;bI a6coJIIOTa ( c HCKJIJOqeHHbIMH KOHIIaMH). 

Bc51KYIO rrpoeKTHBHYIO np51MYIO, rrepeceKaIOrn;yIO a6coJIIOT, 6y,n;eM Ha3bI

BaTh co6cmBe'H:1-wu, np51MyIO, KacaIOrn;yIOc51 a6coJIIOTa - Heco6cmBemwu II 

JII06yIO Ilp51MyIO, He nMeIOrn;yIO 06Il!HX TOqeK C a6COJIIOTOM, - uaea.11,'b'H,OU 
rrp51MOH. B ,IJ,aJibHeil:meM rrpII nocTpoeIIHH rrpoeKTHBHOH Mo,n;eJIH rnrrep60-

JinqecKoil: reoMeTpnn 6y,n;eM paccMaTpnBaTh He TOJihKO rnrrep6oJIIIqecKyIO 

IIJIOCKOCTb, HO H BCIO rrpoeKTllBHYIO IIJIOCKOCTh, a CJIOBO «IIp51Ma51» 6y,n;eM 

yrroTpe6JI51Tb, KaK rrpaBHJIO, B rrpoeKTHBHOM CMbICJie. 

3aMeTHM enre, qTo no.11,Jtp'bt co6cm6eHH'blX mO"ie'X: Jt6.!/,Jt10mCJt uaea.11,'b'H,'bl
.MU npJt.M'bl.MU u, Hao6opom, no.11,Jtp'bt uaea.11,'bH'btX mo"ie-x: ecm'b co6cm6ettH'bte 
npJt.M'bte, a no.11,Jtp'bt tteco6cm6eHtt'btX mo"ie'X: - Heco6cm6eHH'bte npJt.M'bte. 

CorJiacHo ypasHeHJIIO (III.13) ITOJI51pa ToqKn P(p1 : p 2 : p3) OTHOCHTeJihHO 

a6coJIIOTa xi + x~ - x5 = 0 HMeeT ypaBHeHHe 

P1X1 + P2X2 - p3X3 = 0. 

0THOIIIeHH51 «IIpHHa,n;Jie)KaTb» ll «Jie)KaTb Me)K,IJ,y» B ,n;aHHOH MO,IJ;eJill rro

HHMaIOTC51 B o6biqHOM, eBKJIH,IJ;OBOM CMbICJie, a paBeHCTBO qmryp 03HaqaeT 

HX 3KBHBaJieHTHOCTb OTHOCHTeJibHO rpyrrrrhI rIInep60JIHqecKHX ,IJ;Bll)KeHllH 

IIJIOCKOCTll (§39). 

38.2. B3aHMHoe pacrroJio)KeHHe .n;ayx rrp.HMbIX r11rrep60JI11qecKoii 

IIJIOCKOCTH. ,Il;se rrp}{Mbre a n b cJie,IJ,yeT cqIITaTh nepece-x:aww,u.MUCJt, na
paA.11,e.!/,'bH'bt.MU HJIH pacxoaJtW,U.MUCJ/, ( csepxrrapaJIJieJibHbIMll) CMOTp51 no TO

My, nepeceKaIOTC51 JIM co,n;ep)KaUIHe HX rrpoeKTHBHbie IIp51Mbie B co6CTBeHHOit 

ToqKe (pHC. 77), Heco6cTBeHHOH (pHC. 78) HJill H,Il,CaJibHOH (pnc. 79). 

PHc. 77 PHC. 78 PHc. 79 
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b 
\
a2 a3\ la3 + 2X2 + b3x3 = 0, TO KOOp,11,HHaTbI TO'IKH p paBHhI b2 b3 ' b3 

H Ha OCHOBaHHH KpHTepneB (IV.40) H (IV.41) 3HaK 'IHCJia 

COOTBeTCTByeT TpeM YKa3aHHhIM CJIY'IaRM B3aHMHOI'O pacrroJIO)KeHHH npH

MhIX: 0 < 0, 0 = 0 H 0 > 0 - HX xapaKTepnCTH'IeCKHM ycJIOBHHM. 

9TH corJiarneHHH K IlOCTpOeHHIO npoeKTHBHOH Mo.n;eJIH ITJiaHHMeTpHH Jio-

6a'IeBCKoro o6ecrre'IHBaIOT BhIIIOJIHeHHe HCX0,11,HOro IIOCTyJiaTa 9TOH reoMeT

pHH - aKCHOMhI napaJIJieJibHOCTH Jio6a'IeBCKOrO: ,11,JIH ,1.1,aHHOH rrp.HMOH f, H He 

np1ma.n;Jie)Karn;eil: eil: TO'IKH A cyrn;ecTBYIOT no Kpail:Heil: Mepe ,1.1,Be rrpHMhre, 

npoxo,1.1,.Hrn;He 'Iepe3 TO'IKY A H He nepeceKaIDrn;ne rrp.aMyIO £. Ha pHc. 80 
TaKHx rrp.HMhIX 6ecKoHe'IHO MHoro, HO TOJihKO ,1.1,Be H3 HHX (AU H AV) co

rJiaCHo onpe.n;eJieHHIO no Jio6a'IeBCKOMY rrapaJIJICJihHOCTH rrp.HMhIX rrapaJI

JICJihHhI np.aMoil: UV. Ilp.aMa.H AM n e p e c e Ka e T £. Ilp.aMhIC AU n AV 
napaJIJieJihHhI np.HMOH UV B pa3HhIX HanpaBJieHn.ax. 

PHc. 80 PHc.81 

)},Be np.HMbie Ha3hIBaIOTC.H nepnendu11:y.11,RptthlMU, CCJIH Ka)f(,11.a.H H3 HHX 

npOX0,11,HT 'Iepe3 IIOJIIOC ,1.1,pyroil: OTHOCHTeJibHO a6coJIIOTa. EcJIH s - IIOJIIOC 

co6cTBeHHOH rrp.aMoil: UV, TO rrp.aMa.H a= (AS) CHJIY aToro onpe.n;eJieHH.H 

nepneH.n;HKYJIHpHa np.HMOH UV (pnc. 81). TaK KaK S - H,11,CaJihHaR TO'IKa 

rHnep60JIH'IeCKOH ITJIOCKOCTH, TO OTCIO,Ll;a Cpa3y CJIC,11,YCT, 'ITO a6e npR.M'bte 
a u b, nepneuau11:y.11,Rptt'bte mpemt>eu npR.Mou UV, pacxoaRmcR. 

0TCIO,Ll;a CJIC,11,YCT TaK)KC, 'ITO aBe pacxoa.R,W,UCC.R, npR.M'bte a U b U.MC'/Offi 
eauncmBenH'bti1 o6w,ui1 nepnenau'K:y.1tRp UV - no.11,Rpy mo"i'K:U S = a n b. 
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Jly•wM Ha3h!BaeTC.H 0Tpe30K npoeKTHBHO:li rrp.s:MOH (§9), Bee ToqKH KOTO

poro H o.z:i;nH KOHen; co6cTBeHHhle, a .z:i;pyro:li KOHen; Heco6cTBeHHhI:li. ToqKa 0 
mrrep60JIHqeCKO:li np.HMO:li UV .z:i;emIT ee Ha ,ll;Ba Jiyqa OU H ov. 

Ya.!WM Ha3hIBaeTc.H qmrypa, .HBJI.HIOilla.s:c.s: o6'be,ll;HHeHHeM ,z:i;Byx HeKOJIJIH

HeapHhIX Jiy'leH c o6I.D;HM Ha'laJIOM. 

IlycTh JIY'l OA rrapa.rrJieJieH JIY'IY HA H OH rreprreH,z:i;nKyJI.s:peH HA. Tor.z:i;a 

yroJI AOH = a Ha3h!BaeTc.s: ye.rtoM napa.t!.!!e.11:b1-t0cmu np.f£M'btx OA H HA, a 

OTpe30K OH - ompesicoM napaMe.rt'bttocmu aTHX np.s:Mh!X (pnc. 81). B m

rrep6oJinqecKo:li lIJIOCKOCTH HMeeT MeCTO TeopeMa 0 BHemHeM yrJie TpeyrOJih

HHKa, corJiacHo KOTopo:tt yw.11, napaMe.rt'bttocmu eceeaa Mett'bwe np.f£Mow, 
m. e . .f£6.!/,.f£emc.f£ ocmp'btM. 

YroJI rrapaJIJieJihHOCTH H oTpe30K rrapa.rrJieJibHOCTH ,z:i;Byx rrapaJIJieJihHhIX 

rrp.s:MbIX HaxO,ll;.HTCB B <l>YHKD;HOHaJlhHO:li 3aBHCHMOCTH, Ha3hIBaeMO:li OCHOB

HbIM COOTHomeHHeM reoMeTpHH J1o6aqeBCKOro (§39). 

§ 39. Jlpoe'K;mUB'Ha.fl .Mempu?l;a 
2unep60Jl,U'l(,eC'K;OU nJ1,0C'K;OCmU 

39.1. ,Ll;JIU:Ha 0Tpe3Ka. rnnep60JIH'leCKaB ,ll;JIHHa d 0Tpe3Ka [AB] rrpB

MO:li UV orrpe.z:i;eJI.s:eTCB ¢opMyJio:li (pHc. 82) 

d[AB] = ~ In(ABUV), (IV.42) 

r.z:i;e U, V - Heco6cTBeHHhie ToqKH rrpBMO:li AB, a k - rrocTOBHHOe .z:i;e:licTBH

TeJihHOe qHCJIO, Ha3bIBaeMo:li nocmO.f£'H,'H,OU Jlo6a"ie6C'K:OW, a TaK~Ke paauycoM 
icpu6U3tt'bt rrpOCTpaHCTBa J1o6aqeBCKoro. 

Ifa orrpe.z:i;eJieHHB (IV.42) Bh!TeKaIOT Bee H3BeCTHhie cBo:licTBa ,ll;JIHHhI oT

pe3Ka. IlpH H3MeHeHHH rrop.s:,z:i;Ka ero KOHD;OB ,ll;BO:liHOe OTHOilleHHe 3aMeH.H

eTC.H o6paTHoii BeJIH'IHHoil, 'ITO BJie'leT cMeHy 3HaKa JiorapH¢Ma. TaK KaK 

rraphl (A, B) n (U, V) BBJIBIOTCB B3aHMHO Hepa3,z:i;eJieHHhIMH, TO ,z:i;Bo:liHoe oT

HorneHHe (ABUV) lIOJIO:>KHTeJibHO H lIOTOMY JiorapH<l>M - .z:i;efi:cTBHTeJihHOe 

qHCJIO. ,Il;m.c opHeHTHpOBaHHhIX 0Tpe3KOB d[AB] = -d[BA]. 

w 
w 

u 

PHc.82 Pnc. 83 
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I'unep60.l/,U"ieC'/Ca.R a.ttutta ompea-x;a - 6e.ttU"iUtta aaaumuatta.R. ,ll,eil:CTBH

T8JibHO, ecJIM B Jie::lKMT Me::lK,LIY A H C, To d[AC] = d[AB] + d[BC]. ,ll,mi: 

,.!l;OKa3aTeJibCTBa HCIIOJih3yeM H3B8CTHOe COOTHOIII8HHe Me::lK,ey ,.!J;BOil:HblMH OT

HOIIIeHH.HMH ,.!l;JI.H rrpOH3BOJibHhIX II.HTH ToqeK rrp.HMOil:: 

OTKy,n;a 

(UVAC) 
(UVAB) = (UVBC), 

ln(UVAC) = ln(UVAB) + ln(UVBC). 

TaK KaK OTpe3KH AB, BC, AC coHarrpaBJI8Hhl, TO B 9TOM paBeHCTBe MO,.!J;YJih 

cyMMbI paBeH cyMMe MO,.!J;YJieil: H II09TOMY OHO paBHOCHJibHO ,.!l;OKa3hlBaeMOMy. 

B qacTHOCTH, ecJIM TOqKH AM B cosrra,n;a10T, TO (AAUV) = 1 M d[AA] = 0. 

39.2. Mepa yrJJa. IlycTb a H b - cTopoHhl yrJia (ii'b) c Bepnnrnott 0 
(pMc. 83), a p - IIOJI.Hpa ero BepmHHbl OTHOCHTeJibHO a6COJIIOTa, T. e. H,n;e

aJibHa.H rrp.11Ma.H. I'unep6o.ttu"iec-x:oiL .Mepou a yrJia (ii'b) Ha3b!BaeTc.H qMCJIO 

(IV.43) 

r,n;e A =a n p, B = b n p, J1 H J2 - MHHMhie TOqKH rrepeceqeHH.H IIOJI5Ipb1 p 
c a6cOJIIOTOM w. 

9To orrpe,n;eJieHMe rroJIHOCTbIO corJiacyeTc.11 c ¢opMyJioil: Jlareppa (IV.18) 
rrpoeKTHBHO-eBKJIH,.!l;OBO:it MeTpHKH yrJIOB, IIOCKOJihKY (ABJ1J2) = (abjiJ2), 
r,n;e ]1 = (OJ1), ]2 = (OJ2), a (abji]2 ) = e2

i<p (§34). IloaToMy 

_ 1 I ( b . . ) _ 1 I 2;<p _ 1 2 . _ a - 2i n a J 1J2 - 2i n e - 2i icp - cp. 

TaKHM o6pa30M, npoe'/CmU6'H,O-e6'X:.!tUaoaa .Mempu'ICa 'P ye.tto6 coanaaaem 

c npoe'/Cmuattou .Mempu'ICoiL yMoa eunep6o.ttu"ieC'/CoiL n.ttoc1'ocmu. 

B qacTHOCTH, ecJIH (ABJ1J2 ) = -1, To no ¢opMyJie MyaBpa cos'ljJ + 
+ i sin 'ljJ = ei1/J (rrpM 'ljJ = 7r) HMeeM 'ljJ"'i = -1, a Tor,n;a B CHJIY COOTHOIIJe

HH.H (IV.43) rroJiyqaeM a= i· CJie,n;oBaTeJibHO, no.tt.nptto conp.ni>leetttt'bte 

omuocume.tt'btto a6co.1t10ma np.R.M'bte a u b u.Me10m .Mepy ye.tta, paauyw i 
(m. e. ea'X:.!tuaoao nepne'ltau'/Cy.tt.np'lt'bt). 

39.3. OcHOBHoe cooTHoweHHe reoMeTpHH Jio6aqeacKoro. Me::lK,LIY 

0Tpe3KOM x H yrJIOM a rrapaJIJieJihHOCTH np.HMbIX Cyll!eCTByeT 3aMeqaTeJib-

Ha.II 3aBHCHMOCTb 

tg ~ = e-f 2 , (IV.44) 

r,n;e k - IIOCTO.HHHa.H Jio6aqeBCKOI'O. 
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,11,oKa2KeM ::lTO COOTHOIIIemi:e cpe,n;cTBaMH npoeKTHBHOH reoMeTpHH. 06pa

THMCR K pHC. 81 Ii BBe,n;eM npoeKTHBHYIO CHCTeMy KOOp,lJ;HHaT { A1A2A3E}, 
B KOTopoii 6a3HCHhIC TO'fKH A 1 H A3 coBna,n;aIOT cooTBeTCTBeHHO c TO'fKaMH 

s Ii 0, a a6coJUOT w HMeeT KaHOHH'feCKOe ypaBHeHHe xi+ x~ - x~ = 0. 
EcJIH (a1, a 2, a3 ) - npoeKTHBHhle KOop,n;nHaThl xapaKTepHCTH'fecKoii TO'f

KH A (OA II HA, OH 1- UV), To TO'fKa H =(UV) n (A1 A) 6y,n;eT nMeTh Ko

op,n;nHaThI (0, a2 , a3 ). Y'fHThrnaa, 'ITO U(O, 1, 1), V(O, 1, -1), Haxo,n;HM no 

¢opMyJie (I.17) ,n;BoiiHoe OTHOIIICHHe ( OHUV) ,n;Jia OTpe3Ka x napaJIJICJih

HOCTH npaMbIX OA H HA: 

IlpaMhIC OH HOA HMCIOT cooTBCTCTBCHHO ypaBHCHH.H x 1 =0 H a2 x 1 - a 1x 2 = 
= 0. Ha OCHOBaHHH COBna,n;eHH.H CBKJIH,ll;OBOH Ii rnnep60JIH'fCCKOH MCpbI yrJia, 

no ¢opMyJiaM (IV.17) ,D;JI.H yrna 0: HMCCM 

C ai a 1 - cos a a3 - a2 
JIC,ll;OBaTCJibHO tgo: = - Ii tg- = . = ---. 

' a2 2 sma ai 
c ,n;pyroii CTOpOHhI, no onpe,n;eJICHHIO (IV.42) rnnep60JIH'fCCKOH ,ll;JIHHhI 

~ = ~ ln(OHUV). 

e-f = a3 - a2 
a3 + a2 

OcTanocb y6e,n;HThca B HCTHHHOCTH paBeHCTBa 

Bo3Be,n;eHHC ero B KBa,n;paT Ii npHBJIC'fCHHC COOTHOIIICHH.H ai = a~ - a~ ,n;aeT 

O'fCBH,ll;HOC paBeHCTBO 

(a3 - a2) 2 _ a 3 - a 2 
a~ - a~ a3 + a2 

IfraK, 3aBHCHMOCTh (IV.44) ,n;oKa3aHa. 
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TaKHM o6pa30M, 6 .Mempu,,,;e nJ!OCK:Ocmu Jlo6a"l,e6C'K:020 .Mepa aJ!ui-t'bt 
ompea,,,;a u .Mepa y2J!a eaau.Mi-to o6ycJ!06J!ei-t'bt B OTJIHqHe OT eBKJIH,Il;OBOil: reo

MeTpHH, r,n;e 3TH MepbI He3aBHCHMhI ,n;pyr OT ,n;pyra, a Mepa ,Il;JIHHbI ycJIOBHa 

(rrpHHHMaeTc.a no corJiameHmo). B IIJIOCKOCTH Jlo6aqeBcKoro cyrrrecTBY

eT a6COJ!10mi-ta.R, eaui-tuv,a .Mep'bt aJ!Ui-t'bt, paBHM -k ln tg % ,Il;Jl.H HeKOTOpOrO 

orrpe,n;eJieHHoro yrJia a. 

§40. ,l(auCHCe'HU.Tl 2unep60J/,U'l/,eCrt,OU nAOC'JWCmu 

40.1. Onpe,n;eJiemrn H o6rn;He cBoiicTBa. ,4eua1Cei-tu.F£.MU rHnep60-

m1qecKoil: ITJIOCKOCTH Ha3bIBaIOTC.H rrpoeKTHBHbie npeo6pa30BaHHH, OTo6pa

JKaIOrrrHe a6coJIIOT w Ha ce6.a. MHoJKecTBO npoeKTMBHhlX aBTOMop¢M3MOB 

a6coJIIOTa eCTh rpynna. rnrrep6oJinqecKa.H reoMeTpHH ecTh TeopHH HHBapH

aHTOB 3TOil: rpynnhI - rpynnbI ,Il;BHJKeHHii rrmep6oJIHqecKOil: IIJIOCKOCTH. 

Kaa1Cay10 U3 aeyx o6J!acmeil npoe,,,;muei-toil nJ!OC'K:OCmu, i-ta ,,,;omop'bte ee 
aeJ!um a6COJ!'IOm, aeui>/Cei-tU.R, omo6paa1Ca10m i-ta ce6.F£. B CaMOM ,n;eJie, eCJIH 

6hr BHyTpeHHHH ToqKa A oTo6paJKaJiacb Ha BHemHIOIO TOqKy A', TO no orrpe

,n;eJieHHIO BHemHeil: TOqKH CYIII€CTBOBaJia 6bI CO,D;epJKaIIIM ee IIp.HMa.H m', He 

rrepeceKa10rrraH a6coJIIOT, a ee rrpoo6pa3 ,n;oJIJKeH 6hIJI 6hr rrepeceKaTh ero 

KaK rrp.aMa.a, rrpoxo.n;.arrra.a qepe3 BHyTpeHHIOIO TOqKy A. Tor,n;a ToqKH rrepe

ceqeHHH He HMeJIH 6bI o6pa30B Ha rrp.HMOii m'. IloJiyqeHHOe rrpOTHBOpeqHe 

,Il;OKa3hIBaeT, qTO BHyTpeHHHe TOqKH OT06paJKaIOTC.H Ha BHyTpeHHHe ToqKH; 

BHemmte TOqKH OTo6paJKaIOTC.H Ha BHemHHe no aHaJIOrHqHoii rrpHqHHe. 

,ll,JIHHa oTpe3Ka H BeJIHqHHa yrJia orrpe,n;eJieHhI qepe3 a6coJIIOT H ,n;Boil:Hoe 

OTHomeHHe qeThrpex ToqeK IIp.HMOil:, KOTOpbre HHBapHaHTHbI rrpH ,Il;BHJKeHH

.HX rHrrep6om1qeCKOH IIJIOCKOCTH. CJie,n;oBaTeJihHO, aeua!Cei-tU.R, coxpai-t.F£'/Om 
aJ!Ui-t'bt ompe3'K:06 u 6eJ!U"l,U1-t'bt Y2J!06. 

PaccMoTpHM oT,n;eJihHO BM,Il;hI ,Il;BHJKeHHii. 

40.2. OcemUI H u;eHTpaJihHMI CHMMeTpHH. BhlJIO ,n;oKa3aHo (§26), 
qTO HHBOJIIO!IHOHHa.H (rapMOHHqecKM) rOMOJIOrHH OT06paJKaeT KpHByIO Ha 

ce6.a Tor,n;a H TOJihKO Tor,n;a, Kor,n;a IIeHTp H OCb roMOJIOrHH IIOJI.HpHO corrpH

JKeHhI OTHOCHTeJihHo 3TOii: KPHBoii. PaccMoTpHM 3TH ,n;Ba CJiyqa.a. 

IlycTh HHBOJlIO!IHOHHa.H rOMOJIOrHH f OT06paJKaeT a6COJIIOT w Ha ce6.a H 

ee OCb e - co6CTBeHHa.H rrp.HMa.H. Tor,n;a ee IIeHTp s - H,n;eaJibHa.H TOqKa 

(pHC. 84). ToqKa s H rrp.HMa.H e HeIIO,Il;BHJKHhI rrpH roMOJIOrHH f. ECJIH A E 
E w H f(A) =A', TO A' E w H (AA') J_ e. KaJK,n;a.a TOqKa x rrp.HMOH AA' 
oT06paJKaeTc.H Ha ToqKy X' 3Toii rrp.aMofi, rrpHqeM (A0 XAA') = (A0 X'A'A), 
r,n;e Ao= en (AA'). ComaCHo COOTHOilleHHIO (IV.42) 0Tpe3KH AoX H AoX' 
HM€IOT paBHhie rHrrep6oJIHqecKHe ,D;JIHHbI. 9TH CBOil:CTBa rOBOp.HT 0 TOM, qTo 

HHBOJIIO!IHOHHYIO roMOJIOI'HIO f c co6CTBeHHOii OCbIO CJie,n;yeT Ha3BaTh oceeoil 
cu.M.Mempueil ( ompaa!Cei-tue.M om npR.Moil) rHrrep6oJIHqecKoii: IIJIOCKOCTH. 
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PHc. 84 PHc. 85 

IlycTb OCb £ roMOJIOrirn: f - H,n;eaJibHaH IIpHMaH. Tor,n;a ee IIOJIIOC 8 -
co6CTBeHHaH TO'IKa - e,n;HHCTBeHHaH Herro,n;BmKHaH TO'IKa 9TOH rOMOJIOrmr 

(pHC. 85). IloBTOpR5I rrpe,n;bl,ll;Ylll;He paccy:>K,IJ;emrn:, IIOJiyqaeM, 'ITO ,ll;JIH JII0-

6oii: rrpHMOM AA' rry'!Ka 8 H JII06o:fi ee TO'IKH x 0Tpe3KH 8X H 8X' HMeIOT 

paBHbie rm1ep60JIH'IeCKHe ,n;JIHHhI. CJie,n;osaTeJibHO, HHBOJIIOIJ,HOHHYIO roMo

norHIO f c co6CTBeHHblM IJ,eHTpOM 8 MO)KHO orrpe,n;eJIHTb KaK u,e'ltmpaj/,'b'H,Y'/O 
CU.M.Mempu'IO rHrrep60JIH'IeCKOH IIJIOCKOCTH OTHOCHTeJihHO TO'IKH 8. 

9THMH ,ll;BYMH BH,n;aMH HC'IepIIbIBaIOTCH Bee HHBOJIIOIJ,HOHHbie ,ll;BH)l(eHmI 

rHrrep60JIH'IeCKOH IIJIOCKOCTH. 

40.3. IloaopoTbI. CKoJib:>KeHHe B)l;OJib rrpBMoii. PaccMoTpHM TPH 

cJiy'IaH KOMII03HIJ,HH ,ll;BYX HHBOJIIOIJ,HOHHbIX rOMOJIOrHii:. 

w 

PHc.87 

1. KoMII03HIJ,HH !2 0 f 1 ,ll;BYX oceBblX CHMMeTpH:fi, OCH £1 H £2 KOTOpbIX 

nepeceKaIOTCH B co6cTBeHHOH TO'!Ke 8' HMeeT e,D;HHCTBeHHyIO Herro,n;BH)l(HYIO 

TO'IKY 8 (pHc. 86). Ee rroJIHpa 81 82 - H,n;eanbHaH rrpHMaH. ,lI:BH)l(emre f = 
= !2 0 !1 Ha3bIBaeTCH noBopomo.M OKOJIO TO'IKH 8. 
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2. TO'!Ka s = f1 n f2 Heco6cTBeHHaH (pHc. 87). Tor,n;a ee IIOJrnpa 8182 -
Heco6cTBeHHM rrpHMaH. To'!Ka S H rrpHMaH 8 182 - e,n;HHCTBeHHhle Herro

,LJ;BH)KHbie TO'!Ka H IIpHMaH KOMII03HllHH f 2 0 f 1 • 9Ta KOMII03HllHH Ha3bIBa

eTCH opu'4U'ICJl.U"leC?cu.M noeopomo.M ( OKOJIO Heco6cTBeHHOfi ToqKH S). 
3. TO'IKa s n,n;eaJibHaH. Tor,n;a ee IIOJIHpa 8182 - co6CTBeHHaH rrpHMM 

(pHC. 88). IlyCTb u H v - Heco6CTBeHHbie TOqKH aToii: rrpHMOH. IlpH KOM

II03HllHH f2 o f 1 rrpHMaH UV Herro.n;BH)KHa, a ToqKH UH V oTo6pa)KaIOTCH 

Ka)K,ll;aH Ha ce6.a. CJie,n;oBaTeJihHO, ocTaIOTCH Herro,n;BH)KHhIMH TPH TOqKH S, 
Un V. TaK KaK ToqKH 81 H 82 H,n;eaJibHbie, a rrp.aMM 8182 co6cTBeHHaH, TO 

OHH He MoryT OKa3aTbCH IIOJIHPHO corrpH)KeHHblMH, CJie,n;oBaTeJibHO, KOMII0-

3HIIHH f 2 0 f 1 He HBJIHeTCH rOMOJIOrHeii:, H ,ll;BOHHhle ::lJieMeHTbl HcqepIIbIBa

IOTCH Bepm1rnaMH H CTopoHaMH TpeyroJibHHKa SUV. ,Il;BH)KeHHe He HMeeT 

Herro,n;BH)KHbIX ToqeK H HMeeT e,n;HHCTBeHHyro Herro,n;BH)KHyro rrpHMyro UV. 
fHrrep60JIHqecKHe ITOJIYIIJIOCKOCTH OTHOCHTeJibHO 3TOH rrpHMOH OT06pa)Ka

IOTCH Ka)K,ll;aH Ha ce6.a. fHrrep6oJIHqecKoe ,ll;BH)KeHHe f = !2 0 !1 Ha3bIBaeTCH 

cicoJ1.'W1Cettue.M 6aoJ1.'b npR.Mou UV. 

40.4. IIpe,z:i;cTaeJieHHe npoH3BOJibHoro ,z:i;eu.>KeHH.H K0Mno3uu;ueii 
oceeblx CHMMeTpHii. CorJiacHo orrpe,n;eJieHHIO rHrrep6oJIHqecKoe ,n;BH)Ke

HHe xapaKTepH3yeTCH rrpoeKTHBHbIM npeo6pa30BaHHeM a6coJIIOTa, a OHO 3a

.n;aeTCH TpeMH rrapaMH COOTBeTCTBeHHhlX ToqeK (§26). fHrrep60JIHqecKHM 

HHBOJllOllHHM a6coJIIOTa OTBeqaroT oceBhle CHMMeTpHH rHrrep6oJinqecKOH 

IIJIOCKOCTH. 

TeopeMa. Jbo6oe a6u:>1eenue eunep60J1.U"leC'ICOU nJ1.ocicocmu ecm'b Jl,U-
60 OCe6Q,,R, CU.M.MempUR, Jl.U60 'ICO.Mn03U'4UR aeyx OCeB'blX CU.M.Mempuu, Jl.U60 
?Co.Mnoau'4UR mpex oce6'btX cu.M.Mempuu. 

,n 0 K a 3 a T e JI b c T B 0 CBO,LJ;HTCH K rrpe,n;cTaBJieHHIO rrpoeKTHBHOro rrpe

o6pa30BaHHH 'P KpHBOii: w KOMII03H11He:ll: rHrrep60JIHqecKHX HHBOJllOllHH 3THX 

KpHBoii:. EcJIH cp - rHrrep6oJIHqecKaH HHBOJIIOllHH, TO ,n;oKa3hIBaTb Heqero. 

EcJIH 'P - 3JIJIHIITHqecKaH HHBOJllOllHH, TO rrpoBe,n;eM qepe3 ee 11eHTP ,D;Be 

IIOJIHpHO corrpHJKi:iHHble rrpHMhle. 0HH 6y,n;yT OCHMH ,D;Byx rHrrep6oJIHqecKHX 

HHBOJIIOIIHH, KOMIT03HllHH KOTOpbIX (B JII060M rrop.a,n;Ke) H eCTb npeo6pa30-

BaHHe cp. EcJIH )Ke cp HeHHBOJIIOI1HOHHo, To B03bMeM Ha a6coJiroTe w ToqKy A, 
He .aBJIHIOIIIYIOCH Herro,n;BH)KHOii:. IIycTb cp(A) = B, cp(B) = C, cp(C) = D. Toq

KH A, B, C pa3JIHqHhl, rroaToMy pa3JIHqHbI H TOqKH B, C, D. 3a,n;a,n;HM Ha 

a6COJIIOTe ,n;Be HHBOJIIOI1HH 

f1: A+->C,B+->B H !2: A+->D,B+->C. 

IlpoBepKoii: y6e)K,ll;aeMCH, qTo KOMII03HllHH !2 0 !1 COBrra,n;aeT c 'P· lIHBOJIIO

IIHH f 1 rHrrep6oJIHqecKaH, TaK KaK HMeeT Herro,n;BH)KHyro ToqKy B. EcJIH f 2 

TaK)Ke rHrrep6oJIHqecKaH HHBOJIIOllHH, TO ,n;oKa3aTeJibCTBO 3aKOHqeHo. EcJIH 
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/2 eCTb 3JIJIHJITifieCKaH HHBOJIIOIJ;HH, TO npe,IJ;CTaBHM ee KOMJI03HIJ;HeH ,IJ;BJX 

rnnep6onnqecKnx HHBOJIIOIJ;HM aHaJIOrfiqHo npe,II;hl,II;yIIJ;eMy: f 2 = 92 o 91• Ta

KHM o6pa3oM, nn6o npeo6pa3oBaHHe l.{J - rnnep60JmqecKaH nHBOJIIOIJ;H5!, 

JIH60 OHO HBJIHeTCH KOMJI03HIJ;Heii ABYX HJIH Tpex rnnep60JIRqecKHX HHBO

JIIOIJ;HM, qTo H Hy:arno 6bIJIO JIOKa3aTb. 0 

KoMII03HIJ;HH A B y x oceBbIX CHMMeTpHii: H TOJibKO OHR HBJIHIOTCH f(;BH

)KeHHH nepBoro po,z:i;a. OceBaH CHMMeTpHH H KOMII03HIJ;HH T p e x oceBblX 

CHMMeTpHii: - f(;BH)KeHHH BTOporo po,z:i;a. B pe3yJibTaTe BCHKOe rnnep60JIH

qecKoe ABH)KeHne nepBoro po,z:i;a, OTJinqHoe OT TO)Kf(;eCTBeHHoro, ecTb JIR6o 

noBopoT, Jin6o opnu;nKJinqecKnii noBopoT, JIH6o CKOJib)KeHne B,IJ;OJib npHMoii:. 

KOMJI03HIJ;HH OCeBOH CHMMeTpHH H CKOJlb)KeHHH Bf(;OJlb ee OCH Ha3bIBaeT

CH c?w.11:baJt14eu CUM.Mempueu rnnep6oJinqecKOH IIJIOCKOCTH. KpoMe oceBoii 

CHMMeTpHH, f(;BH)KeHHeM BTOporo po,z:i;a HBJIHeTCH CKOJib35!In;aH CHMMeTpHH. 

§ 41. I/y'l.f,'J{,U np.fl.M/blX U 'UiU'J{,J/,'bl 

8 2unep60AU'l.(,eC'J{,OU nAOC'J{,OCmu 

41.1. IlyqK:u np.sMhIX. TaK KaK Ha npoeKTHBHOH IIJIOCKOCTH BCH

Kne ,IJ;Be IIpHMbie nepeceKaIOTCH, TO JII06b1e ,IJ;Ba nyqKa npHMbIX npoeKTHB

HO 3KBHBaJieHTHbl. Il03TOMY nyqKH IIpHMbIX MO)KHO pa3JIHqaTb TOJibKO JIO 

JIOJIO)KeHHIO HX u;eHTpa OTHOCHTeJibHO a6coJIIOTa. IJyqoK IIpHMbIX Ha3bIBa

eTCH 3.!1./1,Unmu"lec-x:U.M, napa60J1,U"leC'X:UM HJIH eunep60J1,u"lec-x:u.M, ecJin ero 

u;eHTP HBJIHeTCH COOTBeTCTBeHHO co6CTBeHHOil:, Heco6cTBeHHOH HJIH n,z:i;eaJib

HOH TQqKoii: (pnc. 89, 90, 91). 
w 

w 

Nh_ 
h 

h 
h 

PHc.89 PHc. 90 PHC. 91 

IlpHMaH h, nepneH,IJ;HKYJIHpHaH Ka)Kf(;OH npHMOH nyqKa, Ha3bIBaeTCH 

6a3ou 3Toro nyqKa. Ilo onpe,z:i;eJieHRIO nepneH,IJ;HKJJIHpHbIX npHMbIX 6a3a 

nyqKa IlOJIHpHO conpH)KeHa Ka)K,IJ;OH npHMOH nyqKa H HBJIHeTCH IlOJIHpOH 

ero u;eHTpa. c TOqKH 3peHHH rnnep60JIH'IeCKOH reoMeTpHH 3JIJIHilTHqe

CKHH nyqoK HMeeT TOJibKO u;eHTp, HO He HMeeT 6a3bl. Ilapa6oJIHqecKHH 

nyqoK He HMeeT HH u;eHTpa, HH 6a3bl H npe,II;CTaBJIHeT co6o:ii: MHO)Ke

CTBO BCex npHMbIX, napanJieJibHbIX 0,II;HOH npHMOH B O,II;HOM HanpaBJieHRH, 
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a IIOTOMY H IIapa.TIJieJibHbIX ,Iq>yr ,Iq>yry. rHIIep6oJIH'IeCKHH IIyqoK HMeeT 

683y, HO He HMeeT u;eHTpa, H OIIpe.n;emi:eTC.H KaK MHO)KeCTBO IIp.HMbIX, 

IIepIIeH,z:t;HKymtpHbIX O,ll;HOH IIp.HMOH. 

41.2. 0Kpy:>KHOCTb, opHIJ;HKJI, 9KBH,D;HCT8HTa. ~U'JCJl,a.MU rHIIep6o

JrnqeCKOH IIJlOCKOCTH Ha3bIBaIOTC.H KpHBbie BToporo IIOp.H,z:t;Ka, .HBJI.HIOID;He

C.H o6p83aMH ee a6COJIIOTa W IIpH (HeHHBOJIIOD;MOHHbIX) rOMOJIOrH.HX, IJ;eHTp 

H OCb KOTOpbIX B3aHMHO IIOJI.HpHbl OTHOCHTeJihHO a6COJIIOTa. 

B 3aBHCHMOCTH OT IIOJIO)KeHH.H u;eHTpa 

roMOJIOrHH OTHOCHTeJihHO a6coJIIOTa p83-

JIHqalQT TpH BH,z:t;a u;MKJIOB. ~e'Hmpo.M H 

0030U V,U'JCJl,a Ha3bIBaeTC.H u;eHTp H OCb IIO

po)K,ll;aIOiu;eH: ero roMoJiorHH. HH)Ke 6y

,z:t;eT IIOKa3aHo, qTo IJ;HKJibl c co6CTBeH

HbIMH u;eHTpaMH .HBJI.HIOTC.H 0 K p y )I{ -

H 0 c T .HM H (B rnIIep6om1qecKOH MeTpH- m 
Ke) (pHC. 92). ll;HKJlbl c Heco6CTBeHHbIM p 

u;eHTpOM H83bIBaIOTC.H opUV,U'/C.fl,a.Mu, HJIH 

npeaeJl,'b'H'bt.MU V,U'JCJl,a.MU (pHC. 93). ll;HK-

Jlbl c H,z:t;eaJibHbIM u;eHTpOM ( co6CTBeHHOH 

683oH) Ha3hIBalOTC.H 2unepV,U'/C.fl,a.MU, HJIH 

3'/CBuaucmattma.Mu (pHc. 94). 
IlyCTb rOMOJIOrH.H r 3a,z:t;aHa IJ;eHTpOM 

S, ochro p H rrapoH: ToqeK U ---+ A, U -
ToqKa a6coJIIOTa w, A - 3a;::t;aHHa.a co6-

CTBeHHa.a TOqKa. Tor.n;a KpHBa.H 'Y = r(w) 

eCTb IIO OIIpe,z:t;eJieHHIO IJ;HKJI, 3a,z:t;aHHhlH 

u;eHTpOM s' 6830H p H IIpHHa,z:t;Jie)Kaiu;eH: 

eMy ToqKoit A. 
PaccMOTpHM IIpOH3BOJihHYIO IIp.aMyIO 

m =(UV) JiyqKa s H ee IIOJIIOC M, ME 
E p. Ilp.aMa.a MU KacaeTc.a a6coJIIOTa 

B ToqKe U. Ilo3TOMY IIp.HMa.a MA Ka

caeTc.a IJ;HKJia 'Y B TOqKe A= r(U). TaK 

KaK IIp.HMb1e m H MA IIepIIeH,z:t;HKyJI.apHhI 

( B CMbICJie rHrrep6oJrnqecKOH reoMeTpHH)' 

TO IIp.aMag m IIepeceKaeT IJ;HKJI 'Y opToro

HaJihHO. IlocKOJihKY m - IIpOH3BOJihHa.H 

IIp.HMa.H JiyqKa s' TO KpHBa.H 'Y .HBJI.HeT

~ opToroHaJibHOH TpaeKTO-

p H e it 3Toro JiyqKa. 

PRC. 92 

PRC. 93 

PRc.94 

w 



274 rJIABA IV. Ilpoe1'mUB'H!bte MOae.//,U pa.3.11.U'l/,'H/btX 2e0Mempuu 

lITaK, ,IJ;OKa3aHo, qTo '4UM 'Y ecm'b opmo20nM'btta.H, mpaeK;mopu.H, co

omeemcmey10w,e20 ny"iK;a: OKPY)KHOCTb 'Y - opTOrOHaJibHa.H TpaeKTOpH.H 

3JIJIHIITHqecKOrO ( C06CTBeHHOrO) rryqKa C D;eHTpOM B ee n;eHTpe, OpHD;HKJI -

opTOrOHaJibHaa TpaeKTOpH.H rryqKa rrapaJIJieJibHblX rrp.HMbIX (Heco6CTBeHHO

ro rryqKa), 3KBH,IJ;HCTaHTa - opTOrOHaJibHa.H TpaeKTOpH.H rryqKa pacxo,IJ;.H

IIIHXC.H rrp.HMhIX. 

TepMHH «3KBH,IJ;HCTaHTa» B 6yKBaJihHOM CMhICJie 03Ha<raeT «KpHBa.H paB

HhIX paCCTO.HHHH». cho OIIpaB,IJ;bIBaeTC.H ee CBOHCTBOM: 3K;6Ut1ucmanma .H,6-

,n..H,emc.H, 2eo.Mempu'l/,eCK;U.M .Mecmo.M mo"ieK; 2unep60.n.u"ieCK;OU nJWCK;ocmu, 

paenoyaaj/,ettn'btX om ceoeu 6a3'bt. ,Il;eii:cTBHTeJihHO, B cnJiy o6Hapy)KeH

HhlX 3aBHCHMOCTeii:, HJIJIIOCTpHpyeMblX pHC. 94, TOqKa 8 H ee IIOJI.Hpa p 
OTHOCHTeJihHO a6coJIIOTa IIOJI.HpHO COIIp.H)KeHhl TaK)Ke H OTHOCHTeJibHO 3KBH

,IJ;HCTaHThl 'Y. IloaTOMY ,IJ;JI.H ,n;Byx ToqeK A H B aKBH,IJ;HCTaHThI rrp.HMhie AB, 
A0 B 0 , UU1 , VVi rrepeceKaIOTC.H B o,n;Hoii: TOqKe, OTKy,n;a CJie,n;yeT paBeHCTBO 

,IJ;BOi!HhlX OTHOmeHHii (AAoUV) = (BB0U1 Vi) H, CJie,IJ;OBaTeJihHO, paBeHCTBO 

,IJ;JIHH OTpe3KOB AA0 H BB0 • 

,Il;JI.H ,n;Byx ToqeK AH B OKPY)KHOCTH 'Y (pnc. 92) aHa.rrornqHoe paBeHCTBO 

,n;BoiiHhIX OTHOmeHHH (ASUV) = (BSU1 V) 03HaqaeT paBeHCTBO mrrep6oJIH

qecKHX pacCTO.HHHii OT 3THX TOqeK ,n;o u;eHTpa s. 
lI3JIO)KeHHa.H rrpoeKTHBHa.H HHTeprrpeTaD;H.H rrJiaHHMeTpHH Jio6aqeBCKOro 

6hIJia BrrepBbie yKa3aHa B 1868 ro,n;y HTaJih.HHCKHM MaTeMaTHKOM EBreHHeM 

BeJibTpaMH (1835-1900). Ilo3,n;Hee, B 1871 r., c ,n;pyrnx rro3HD;Hii rrpnmeJI K 

Heit <I>eJIHKC KJieiiH. 9THM 6hIJI IIOJIO)KeH KOHeu; COMHeHH.HM B HerrpoTHBOpe

qHBOCTH reoMeTpHH Jlo6aqeBCKoro H KOHeu; MHoroqncJieHHhIM 6eCIIJIO,IJ;HbIM 

IIOIIbITKaM ,IJ;OKa3aTh Il.HThlii IIOCTyJiaT EBKJIH,n;a Ha OCHOBe aKCHOM a6co

JIIOTHOH reoMeTpHH. 

3aaa"iu u ynpa;J1C'l-le'l-luR 

IV .1. ,Il;ail:Te rrpoeKTHBHo-acl>qrnHHOe HCTOJIKOBaHne TeopeMhl o rrepece

qeHHH Me,n;HaH TpeyrOJihHHKa. 

IV.2. BepmHHhI o,z:i;Horo rrapaJIJieJiorpaMMa Jie)KaT Ha CTopoHax ,z:i;pyroro 

rrapa.rrJieJiorpaMMa. IlpoeKTHBHo-acl><i>HHHblMH cpe,IJ;CTBaMH ,IJ;OKa)KHTe, qTO 

u;eHTpbl 3THX rrapa.n:JieJiorpaMMOB COBIIa,IJ;aIOT. 

IV.3. Ha rrpoeKTHBHo-a<P<PnHHoii: rrJIOCKOCTH ,z:i;aHhI rr.HTh ToqeK HeBbI

po)K,Il;eHHoii: KpHBOii BTOporo IIOp.H,IJ;Ka. IlocTpOii:Te ee D;eHTp. 

IV.4. Ha rrpoeKTHBHo-a<P<PnHHoii: IIJIOCKOCTH rrapaJIJieJiorpaMM BIIHCaH 

B 3JIJIHIIC. ,Il;oKa)KHTe, qTo u;eHTp rrapa.n:JieJiorpaMMa COBrra,z:i;aeT c IJeHTpOM 

3JIJIHrrca, a cTopoHbI rrapa.n:JieJiorpaMMa rrapa.rrJieJihHhI ,IJ;BYM ero corrp.H)KeH

HhlM ,IJ;HaMeTpaM. 
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IV.5. Ha rrpoeKTHBHo-a¢¢HHHOil: IIJIOCKOCTH rrapanJieJiorpaMM orrHcaH 

OKOJIO KpHBOH BTOporo rrop5I,LJ;Ka. ,I1,oKa2KHTe, 'ITO ero ,n;HarOHaJIH 5IBJI5IIOTC5I 

corrpR>KeHHhIMH ,n;HaMeTpaMH 3TOil: KpHBOH. 

IV.6. Cpe,n;cTBaMH rrpoeKTHBHo-a¢¢HHHOil: reoMeTpHH ,n;oKa)KHTe, 'ITO 

KaCaTeJibHbie K 3JIJIHIICY (rHrrep6oJie) B KOHI1ax ,D;HaMeTpa rrapaJIJieJihHbI. 

,Il,oKa)KHTe, 'ITO JII06hrn ,n;Be KacaTeJihHhle K rrapa6oJie HerrapanJieJihHhI. 

IV. 7. ,Il,oKa)KHTe, 'ITO OTpe30K KacaTeJihHOii: K rHrrep6oJie (Ha rrpoeKTHB

Ho-a¢¢HHHoii: IIJIOCKOCTH), 3aKJIIO'JeHHhlH Me)K,ll;y ee aCHMIITOTaMH, ,LJ;eJIHTC5I 

TO'IKOH KaCaHH5I rrorroJiaM. 

IV.8. ,II,aii:Te rrpoeKTHBHo-a¢¢HHHYIO xapaKTepHCTHKY a¢¢HHHhIX rrpe

o6pa3oBaHHil:: a) po,n;CTBa, 6) C,LJ;BHra, B) KOCOH CHMMeTpHH, r) rOMOTeTHll, 

,n;) I!eHTpaJibHOH CHMMeTpHH, e) rrepeHoca. 

B 3a,n;aqax N2N2 IV.9-IV.10 rr po e KT H B Ho - e BK JI H ,n; o Ba nJioc

KOCTh 3a,n;aHa Heco6CTBeHHOH np5IMOH H «e,LJ;HHll'IHOH» (MacmTa6Hoii:) 

OKPY)KHOCTbIO. 

IV.9. ,Il,aHhI TPH TO'IKH OKPY)KHOCTH npoeKTHBHO-eBKJIH,n;oBoii: nJIOCKo

CTH. IIocTpoii:Te ee I!eHTp. 

IV.10. ,Il,oKa)KHTe, 'ITO yroJI, BnHcaHHhIH B oKpy)KHOCTh H onHpaIOil!HHC5I 

Ha ee ,n;HaMeTp, IIP5IMOH. 

IV .11. ,Il,oKa)KHTe, 'ITO yrJihI, BilHCaHHhie B OKPY)KHOCTh H onupaIOil!Hecg 

Ha O,LJ;HY ,n;yry, paBHbI. 

IV.12. Ha npoeKTHBHO-eBKJIH,LJ;OBoil: nJIOCKOCTH rrocTpoil:Te TO'IKy, CHM

MeTpH'IHYIO ,n;aHHOil: OTHOCHTeJibHO ,n;aHHOH np5IMOH. 

IV.13. Ha npoeKTHBHO-eBKJIH,LJ;OBOii: nJIOCKOCTH nocTpOii:Te KBa,n;paT no 

3a,LJ;aHHOMY 0Tpe3Ky, 5IBJI5IIOil!eMyC5I ero CTOpOHOH. 

IV.14. ,Il,aHhI ,n;Be HenapanJieJihHhie np5IMhie. IIocTpoii:Te 6HcceKTpHChI 

yrJIOB Me)K,D;y HHMH. 

IV.15. ,Il,aHhI cTopoHa AB poM6a ABCD H TO'IKa P, npHHa,n;Jie)Kail!a5I 

ero ,n;HaroHaJIH AC. IIocTpoii:Te poM6. 

IV.16. ,Il,aH yroJI c BepmHHoil: 0 H BHYTPH Hero TO'IKa A. lip5IMhie AX 
u AY o6pa3yIOT paBHhie yrJihI c npsiMoii: AO. ,Il,oKa)KttTe, 'ITO Bee rrpSIMhie 

XY npnHa,n;Jie)KaT o,n;HOMY nyqKy. 

IV .1 7. EcJin o,n;Ha cTopoHa TpeyroJihHttKa nceB,n;oeBKJIH,LJ;OBOii: IlJIOCKOCTH 

co,n;ep)KttT I!eHTP ero onucaHHOii: oKpy)KHOCTII, TO ,n;Be ,n;pyrne ero cTopoHhI 

nepneH,n;ttKYJI5IpHhI. ,Il,oKa)KHTe. 

IV.18. ,Il,oKa)KttTe, 'ITO cepe,n;ttHHhie nepneH,D;HKYJISiphI K cTopoHaM Tpe

yroJihHttKa nceB,n;oeBKJIH,LJ;OBOH IlJIOCKOCTll nepeceKaIOTC5I B I!eHTpe ero Oilll

caHHOH OKpy)KHOCTH. 

IV.19. ,Il,oKa)KttTe, 'ITO BhICOThI nceB,n;oeBKJIH,LJ;OBa TpeyroJihHHKa rrepe

ceKaIOTCSI B O,LJ;HOH TO'IKe. 
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IV.20. ,Il;oKa:amTe, qTo Ka)K,11,aR H3 H30TpOIIHhIX rrpRMhIX rrces,n;oeBKJ1H

,n;osoM: IIJ10CKOCTH rreprreH,n;HKYJ1RpHa ce6e. 

IV.21. ,Il;oKa:>KHTe, qTo paccTORHHe d OT TOqKH P(x0 , y0 ) ,n;o rrpRMOH 

ax + by + c = 0 rrces,n;oeBKJ1H,Il;OBOH IIJ10CKOCTH BbiqHCJ1ReTCR no ¢opMyJ1e 

d _ laxo + byo + cl 
- Ja2-b2 . 

IV.22. ,Il;aHbI rrpRMaR C H ToqKa A rHrrep6oJIHqecKoli IIJIOCKOCTH. IIo

cTpoM:Te TOqKy, CHMMeTpHqHyIO eM: OTHOCHTeJ1bHO ,n;aHHOH IIpRMOH. 

IV.23. ,Il;aHhI rrpRMbie C H a rHrrep6oJIHqecKoli IIJIOCKOCTH. IIocTpoM:Te 

rrpRMyIO, CHMMeTpHqHyIO rrpRMOH a OTHOCHTeJ1bHO rrpRMOH £, 
IV.24. ,Il;aHbI TOqKa S H rrpRMaR m rHrrep6oJ1HqecKOH IIJ10CKOCTH. IIo

CTpoM:Te rrpRMyro, CHMMeTpHqHyIO rrpRMOH m OTHOCHTeJibHO TOqKH s. 
IV.25. IIocTpoM:Te o6pa3 ToqKH M rrpH CHMMeTpHH OTHOCHTeJ1hHO Toq

KH s B rHrrep60J1HqecKOH IIJ10CKOCTH. 

IV.26. ,Il;aHbI ,n;se co6cTBeHHbie rrpRMhie rHrrep6oJIHqecKoli rrnocKOCTH. 

IIocTpoM:Te 6HcceKTpHChl yrJIOB Me)K,11,y HHMH. 

IV.27. B rHrrep6oJIHqecKoli rrJIOCKOCTH ,n;aH TpeyroJibHHK ABC. IIo

CTpoM:Te ero BbICOTbl. 

IV.28. ,Il;oKa:>KHTe, qTH cepe,n;HHHbie rreprreH,n;HKYJIRpbI K cTopoHaM Tpe

yroJibHHKa rHrrep6oJIHqecKoli IIJIOCKOCTH rrpHHa,n;Jie:>KaT o,n;HoMy rryqKy. Pac

CMOTpHTe B03MO:>KHbie cJiyqaH. 

IV.29. ,Il;oKa:>KHTe, qTo cpe,n;HRR JIHHHR TpeyroJibHHKa rHrrep6oJIHqecKo:H 

IIJ10CKOCTH rreprreH,n;HKYJIRpHa K cepe,n;HHHOMY rreprreH,Il;HKYJIRPY COOTBeT

CTBYIOIIleH CTOpOHbI. 

IV.30. ,Il;oKa:>KHTe, qTo oKoJio scaKoro TpeyroJihHHKa c co6cTBeHHbIMH 

BepmHHaMH MO:>KHO OIIHCaTb q e T bl p e 11HKJ1a, H3 KOTOpbIX TPH HerrpeMeH

HO 9KBH,Il;HCTaHTbI, a qeTBepTbIH MO:>KeT 6bITb O,Il;HHM H3 Tpex ero BH,Il;OB. 



H cmopu'lJ,ecr;;uu o'l£epr;; 

o npoer;;muB'tlOU 2eo.Mempuu 

1. PH.n; rrpe,n;JIO)KeHHii: rrpoeKTHBHoro xapaKTepa 6hIJI ycTaHOBJieH ern;e 

B ,IJ;peBHeii: rpeu;HH. B 3HaMeHHTOM Tpy.n;e ArrOJIJIOHHH (III BeK .n;o H.3.) «Ko

HH'IeCKHe ceqeHHH» HMeIOTCH H HeKOTOpbie rrpoeKTHBHhle CBOHCTBa 3JIJIHIICa, 

rnrrep6oJihI H rrapa60JihI. Co.n;ep)Karn;eecH TaM CBOHCTBO ToqKH rrepeceqeHHH 

,IJ;BYX KaCaTeJihHbIX K 3JIJIHIICY IIOCJIJ)KHJIO ,IJ;JIH ,Ll;e3apra HCXO,IJ;HbIM IIYHKTOM 

IIPH C03,IJ;aHHH TeOpHH IIOJIIOCOB H IIOJIHp. 

B III BeKe H. 3. 3JIJIHHCKaH MaTeMaTHKa .n;aBHO MHHOBaJia BhicrnyIO Toq

Ky cBoero pa3BHTHH. B «MaTeMaTnqecKOM co6paHHH» Ilarrrra rrpHBO.n;HTCH 

JieMMhl, MHOrHe H3 KOTOpbIX HOCHT rrpoeKTHBHhIH xapaKTep: 3KBHBaJieHT 

,Il;BOHHOro OTHOIIIeHHH qeTbipex TOqeK IIpHMOH, rapMOHHqecKHe CBOHCTBa 

qeTbipexyrOJibHHKa (B TepMHHOJIOrHH Toro BpeMeHn), TeopeMa Ilarrrra, HB

JIHIOIIl;aHCH qacTHhlM CJiyqaeM TeopeMhl IlacKaJIH, CBOHCTBO rneCTH TOqeK 

rrepeceqeHHH c rrpHMOH CTOpOH IIOJIHOro qeTbipexyroJibHHKa H HeKOTOpbie 

.n;pyrne. ,Ll;oKa3bIBaIOTCH OHH B OCHOBHOM MHOrOKpaTHbIM rrpHMeHeHHeM Teo

peMbl MetteJiaH (I B. H. 3.). 

B IV-XIV BeKax rrporpecc B o6JiaCTH reoMeTpHH 6hlJI BeCbMa He3Ha

qnTeJieH. B 3rroxy B03pO)K,Il;eHHH B XV BeKe rroTpe6HOCTH )KHBorrncn n 

apXHTeKTYPhI CHOBa IIpHBJieKJIH BHHMaHHe yqeHhlX K TeOpHH rrepcrreKTH

Bhl. B pa6oTax JieoHap.n;o .n;a BnHqn (1452-1519) H AJih6pexTa ,Ll;IOpepa 

(1471-1528) 3Ta TeopHH HMeeT ern;e 3MIIHpnqecKHH xapaKTep. -YcoBeprneH

CTBOBattne MeTO,IJ;OB H3o6pa)KeHHH .n;ocTnrHyTo rpy.n;aMH BpyKa Teii:Jiopa 

(1685-1731), )Kepapa ,Ll;e3apra (1591-1661) H HoraHHa reHpnxa JlaM6epTa 

( 1728-1777). Bo3pO)K,Il;eHHe HHTepeca K HHM CBH3aHO C HMeHaMH racrrapa 

MOH)Ka (17 46-1818) BO <l>paHIJ;HH H 51Ko6a lllTeii:Hepa (1796-1863) B rep

MaHHH. MoH)K 6hm HH)KeHepoM no o6pa3oBaHHIO, qTo rrpnBeJio K co3,n;aHHIO 

HM HOBO.it 1-w"lepmamM'b'HOU 2eo.Mempuu. B pyKax Mott)Ka OHa CTaJia Me

TO,IJ;OM n3yqeHHH CBOHCTB rrpocTpaHCTBeHHhIX <lrnryp. Ero rrocJie,n;oBaTeJIH 

:IKAH IlOHCEJIE (1788-1867) H MnmeJih IllaJih (1793-1880) rroJiyqnJIH 

B 3TOM CTHMYJI ,IJ;JIH HOBOH ycrreIIIHOH pa3pa60TKH CHHTeTnqecKHX MeTO

,IJ;OB. IloHceJie TaK)Ke HMeJI HH)Kettepttoe o6pa3oBattne. Ero ocHOBHOii: Tpy.n; 

«TpaKTaT 0 rrpoeKTHBHhIX CBOHCTBax <l>nryp» (1822) 6blJI 3a,IJ;yMaH B OCHOB

HOM B 1813-1814 rr. B pyccKoM rrJieHy B CapaToBe. B caMoM ero HaqaJie .n;atto 

orrpe.n;eJieHHe rrpoeKTHBHOro CBOHCTBa IIJIOCKOH ¢nryphl KaK coxpaHHIOrn;e

rOCH rrpH u;eHTpaJibHOM rrpoeKTHpOBaHHH. 9THM caMbIM 6bIJIO orrpe.n;eJieHO 

co.n;ep)KaHHe rrpoeKTHBHOH reoMeTpHH KaK OT,IJ;eJihHOH ,IJ;HCIJ;HIIJIHHhl BHYT

pH eBKJIH.n;OBOH reoMeTpHH. B «TpaKTaTe» CTpOHTCH TeopHH rrpoeKTHBHhIX 
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CBOitCTB rrpHMOJIHHeHHhIX qmryp H KOHH"ll:eCKHX ce"ll:eHHit, cpopMyJIHpyIOTCH 

rrpe,n;JIO)KeHHH 0 IIOJIIOCax H IIOJIHpax. 9TH pe3yJihTaTbl 3aTeM 0606II1aIOTCH 

na rrpocTpaHCTBeHHhle cpHryphI. IlonceJie rrpHna,n;Jie)l{aT H rrepBbie rrpHMephI 

rrpoeKTHBHhIX rrpeo6pa30BaHHit: rOMOJIOrHH H IIOJIHpnoe rrpeo6pa30BaHHe. 

,Il;eTaJihHOMy H3y"ll:eHHIO IIOJIHpHbIX rrpeo6pa30BaHHH IIOCBHIIleH H ,n;pyroit Me

Myap IlonceJie «TeopHH B3aHMHhIX nOJIHp». 

IloJIHpHhle rrpeo6pa30BaHHH npHBeJIH IlonceJie K rrpHHD;Hny ,ll;BOitCTBeH

HOCTH. He3aBHCHMO OT nero K 9TOMY npHHIJ;Hny npHrneJI )Ko3ecp Mepronn 

(1771-1859), 6Jiaro,n;apH "ll:eMy IIIapJih )KroJihen BpHanrnon B 1806 r. noJiy

"<IHJI TeopeMy, Ha3Bannyro ero HMeneM. IlonceJie noJIHOCThIO pernHJI npo6Jie

My 0 nOCTpOeHHHX O,n;HOfi JIHHefiKOit npH 3a,ll;aHHH OKpy)l{HOCTH H ee n;eHTpa. 

B ocnoBHOM Tpy,n;e 5IKo6a llITeitnepa «CHcTeMaTH"ll:eCKoe pa3BHTHe 3a

BHCHMOCTH reoMeTpH"ll:eCKHX o6pa30B ,n;pyr OT ,n;pyra» (1832) PYKOBO,ll;HII1eit 

HBJIHeTCH H,ll;eH npoeKTHBHOro COOTBeTCTBHH Me)K,ll;y cpopMaMH nepBOit CTY

neHH, CHCTeMaTH"lleCKH HCnOJih3yeTCH npHHD;Hn ,ll;BOitCTBeHHOCTH. llITeitnep 

Bpa)K,ll;e6no OTHOCHJICH K aHaJIHTH"lleCKHM MeTo,n;aM. 

Henocpe,n;cTBeHHaH CBH3h Me)K,ll;y TeopHeit H3o6pa)l{eHHit H H3y"ll:enHeM 

npoeKTHBHhIX CBOitCTB cpHryp npOHBHJiaCb BIIOJIHe OT"ll:eTJIHBO B nay-qnoit 

,n;eHTeJihHOCTH ,Il;e3apra. On 6hIJI HH)l{eHepoM H apxHTeKTOpOM. Ero HCCJie

,n;oBaHHH no rrepcrreKTHBe nocJiy)KHJIH OTnpaBHhIM nyHKTOM npH C03,ll;aHHH 

OCHOBOnOJiaraIOII1ero ,ll;JIH npoeKTHBHOit reoMeTpHH npOH3Be,n;eHHH « "llepHO

BOit na6poCOK no,n;xo,n;a K HBJieHHHM, npOHCXO,ll;HIIIHM npH nepece"ll:eHHH KO

nyca c nJIOCKOCThIO». OcnoBHhIM MeTo,n;oM B neM HBJIHeTCH npHMenenHe 

nepcneKTHBHOro OT06pa)l{eHHH nJIOCKOCTeit. IlyTeM u;eHTpaJibHOro npoeK

THpOBaHHH CBOHCTBa OKPY)l{HOCTH nepeHOCHTCH Ha Bee BH,n;hl KOHH"ll:eCKHX 

ce-qenHit. CTpOHTCH TeopHH HHBOJIIOD;Hit. ,Il;e3apr ycTanaBJIHBaeT npoeKTHB

HhIH xapaKTep HHBOJIIOD;HH rneCTH TO"lleK (n. 13.3). 
Ba)l{HOit 3aCJiyroit ,IJ;e3apra HBJIHeTCH CHCTeMaTH"lleCKOe HCIIOJih30BaHHe 

6ecKoHe"llno y,n;anenHhIX TO"lleK H npHMhIX, TeopHH noJIIOCOB H noJIHp. Teo

peMhI ,Il;e3apra, ChirpaBIIIHe orpOMHYIO pOJih B ,ll;aJibHeitrneM pa3BHTHH npo

eKTHBHOit reoMeTpHH, 6bIJIH nait,n;eHbl HM B CBH3H c HCCJie,n;oBaHHHMH no 

TeOpHH H306pa)l{eHHit. 

OcnoBnoit MeTo,n; ,Il;e3apra 6hIJI BocnpHHHT BJie3oM IlacKaJieM (1623-
1662). 3aMe"llaTeJihHYIO TeopeMy 0 BnHCaHHOM rneCTHyroJihHHKe OH ,ll;OKa3hl

BaeT cna-qana ,n;JIH OKPY)l{HOCTH, ocHOBhIBaHch na TeopeMe MeneJiaH, a 3aTeM 

nepcrreKTHBHhIM OT06pa)l{eHHeM ycTaHaBJIHBaeT ee HCTHHHOCTh ,ll;JIH IIpOH3-

BOJibHOrO KOHH"ll:eCKOro ce"ll:eHHH. 

2. K cepe,n;Hne XVII cToJieTHH CTaJIH H3BeCTHhI MHOrHe npe,ll;JIO)l{eHHH 

npoeKTHBHOH reoMeTpHH, KOTOphie OCTaBaJIHCh eIIIe pa3p03HeHHhIMH. Ilpo

,ll;OJI)KaBIIIeecH H3y"ll:eHHe (Konen; XVII B.-Ha"ll:aJIO XVIII B.) npoeKTHBHhIX 

CBOHCTB cpHryp CHHTeTH"ll:eCKHMH MeTo,n;aMH He H3MeHHJIO YKa3aHHOro noJIO

)l{eHmI. Ilo,n; BJIHHHHeM 6JieCTHII1HX anaJIHTHKOB Jleonap,n;a 9itJiepa (1707-
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1783) M :JK03ed>a JlyM JiarpamKa (1736-1813) rocrro,n;cTByIO~ee IIOJIO)KeHMe 

B reoMeTpMM 3amrnM aHaJIMTMqecKMe MeTO,ll;hI. CMHTeTMqecKMe MeTO,ll;hl M 

rrpo6JieMbI rrpoeKTMBHOH reoMeTpMM OKa3aJIMCb UOJIHOCTbIO 3a6porneHHbIMM 

B TeqeHMe 6oJiee IIOJIYCTOJieTM.H. 

MHorMe pe3yJihTaTbI llhe:il:Hepa o,n;HoBpeMeHHO 6bIJIM rroJiyqeHhI TaK)Ke 

M MMmeJieM IllaJieM ( 1793-1880). lliaJIIO rrpMHa,n;Jie)KMT TaK)Ke 6oJihrnoe 

qMCJIO MCCJie,n;oBaHMfi no TeopMM JIMHMfi M IIOBepXHOCTefi BTOporo rrop.H,n;Ka. 

B qacTHOCTM, MM BrrepBbie 6hlJIO BBe,n;eHO IIOH.HTMe rrpoeKTMBHoro COOTBeT

CTBM.H ToqeK Ha KpMBOfi BTOporo rrop.H,n;Ka. 

IIocJie pa6oT IloHceJie, IllTefiHepa, lliaJI.H M ,n;pymx Mx coBpeMeHHM

KOB rrpoeKTMBHa.H reoMeTpM.H CTaJia HayKofi c 6oraTbIM M orrpe,n;eJieHHbIM 

co,n;ep)KaHMeM. 0,n;HaKO OHa OCTaBaJiaCh 3aBMCMMOH OT MeTpM'IeCKOH reo

MeTpMM, IIOCKOJihKY OCHOBHOe ee IIOH.HTMe - ,ll;BOHHOe OTHOIDCHMC orrpe,n;e

JI.HJIOCh qepe3 MCTpMqecKMe IIOH.HTM.H - ,ll;JIMHY 0Tpe3Ka M BeJIMqMHY yrJia. 

KapJI IllTay,n;T (1798-1867) BrrepBhle IIOCTaBMJI M B OCHOBHOM pemMJI rrpo-

6JieMy IIOCTpOCHM.H IIpOeKTMBHOH reoMeTpMM He3aBMCMMO OT MeTpMKM. cho 

BeChMa Ba)KHOe ,ll;OCTM)KeHMe IllTay,n;T ocy~eCTBMJI B pa6oTax «feoMeTpM.H 

IIOJIO)KeHM.H» (1847) M «,11,0IIOJIHMTeJibHhie MCCJie,ll;OBaHM.H HO reoMeTpMM rro

JIO)KeHM.H » ( 1856-1860). 
3. YKa3aHHhie ycrrexM rrpoeKTMBHOfi reoMeTpMM 6bIJIM ,n;ocTMrHyThI rroqTM 

MCKJIIQqMTeJibHO CMHTeTMqecKMMM MeTo,n;aMM, O,ll;HOBpeMeHHO c 3TMM 6bIJIM 

C03,ll;aHbl M aHaJIMTMqecKMe MeTO,ll;bI, IIOJiyqMBIDMe B rrpoeKTMBHOH reoMeT

pMM IIJIO,ll;OTBopHoe rrpMMeHeHMe. HaM6oJiee Ba)KHhie B 3TOM HanpaBJieHMM 

pa6oThI rrpMHa,n;Jie)KaT ABrycTy Me6Mycy (1790-1868) M lOJIMycy IlJIIOKKe

PY (1801-1868). B pa6oTe «Bapm~eHTpMqecKoe MCqMcJieHMe» (1827) Me6Myc 

BrrepBbie BBO,ll;MT 6apm~eHTpMqecKMe O,ll;HOpO,n;Hhie KOOp,ll;MHaThI, Ha OCHOBe 

KOTOpbIX OH ,n;aeT aHaJIMTMqecKOe orrpe,n;eJieHMe acpcpMHHhIX M rrpoeKTMBHhIX 

npeo6pa3oBaHMM IIJIOCKOCTM M npocTpaHCTBa. TaKMM o6pa3oM, aHaJIMTMqe

CKMfi rro,n;xo,n; K KOJIJIMHea~M.HM M KOppeJI.H~M.HM npe,n;rneCTBOBaJI CMHTeTMqe

CKOMy. ,11,JI.H KOJIJIMHea~MH Me6Myc yKa3aJI crroco6 M ,ll;aJI MX KOHCTPYKTMBHOe 

ocym,eCTBJieHMe. llM 6bIJIM OTKpbITbI npocTpaHCTBeHHbie KpMBhle TpeTbero 

nopH,n;Ka. 

CJie,n;yIO~Mfi mar 6hIJI c,n;eJiaH IlJIIOKKepoM. BBe,n;eHHhie MM Koop,n;MHaThI 

(1835) ToqeK IIJIOCKOCTM He OTJIMqaIOTCH OT rrpoeKTMBHbIX. Ilo3,n;Hee (1846) 
TaKMe )Ke KOOp,ll;MHaTbI 6hIJIM ,n;aHbI MM M ,ll;JI.H ToqeK rrpocTpaHCTBa. 

AHaJIMTMqecKMe MeTO,ll;hI rrpoeKTMBHofi reoMeTpMM rroJiyqMJIM 6oJibrnoe 

co,n;efiCTBMe B TeOpMH aJire6paMqecKMX MHBapMaHTOB, C03,ll;aTeJIHMM KOTOpofi 

.HBJIHIOTC.H ApTyp KaJIM (1821-1895) M ,11,)Kell:Mc CMJibBecTp (1814-1897). 
'.~ha TeOpMH OKa3aJia cy~eCTBeHHOe BJIM.HHMe Ha TeopMIO rpyrrrr rrpeo6pa30-

BaHMM Cocpyca JIM (1842-1899). B cBoeM «IllecToM MeMyape 06 aJire6paM

qecKMx cpopMax» KaJIM BrrepBhie oTqeTJIMBO BhICKa3aJI rrpoeKTMBHYIO ToqKy 

3peHM.H Ha eBKJIM,ll;OBY reoMeTpMIO: «MeTpMqecKa.H reoMeTpM.H .HBJIHeTC.H qa-
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CTbIO rrpoeKTHBHOH reoMeTpHH, H rrpoeKTHBHa51 reoMeTpH51 eCTb BC51 reoMeT

pH51». B xo.z:i;e HCTOpH'IeCKOro pa3BHTH51 COOTHOIIIeHHe Me:>K,Izy eBKJIH,z:t;OBOH H 

rrpoeKTHBHOH reoMeTpH51MH H3MeHHJIOCb Ha o6paTHOe. 

B CB513H c YKa3aHHhIMH HCCJie,z:t;oBaHH51MH <l>eJIHKC KJieH:H (1849-1925) 
Y51CHHJI OCHOBOIIOJiararo:ru;ee 3Ha'IeHHe ,IJ;JI51 reoMeTpHH IIOH51TH51 rpyrrrrhI rrpe

o6pa30BaHHH. TaK B03HHKJia rpyrrrroBa51 TO'l:Ka 3peHH51 Ha reoMeTpHIO -

«9pJiaHreHcKa51 IlporpaMMa» (1872). 
Co3,z:t;aHHe cospeMeHHOH reoMeTpH'l:ecKoli aKCHOMaTHKH B pemaro:ru;eH: cTe

rreHH CTHMYJIHpOBaJIOCh OTKpbITHeM reoMeTpHH Jlo6a'l:eBCKOro. Pa3BHTHe 

rrpoeKTHBHOH reoMeTpHH B xx BeKe IIIJIO B HeCKOJibKHX HarrpaBJieHH51X. Ilpo

,z:t;OmKaJiaCb pa3pa60TKa aKCHOMaTHKH npoeKTHBHOH reoMeTpHH. 

4. 0,z:t;HHM H3 nepBbIX pyccKHX y'IeHbIX, 3aHHMaBIIIHXC51 B 3Ha'IHTeJibHOH 

CTeneHH BOnpocaMH npoeKTHBHOH reoMeTpHH, 6bIJI npo¢eccop MOCKOBCKO

ro YHHBepcHTeTa BacHJIHH 5IKOBJieBH'I UHHrep (1836-1907). Ero C'IHTa

IOT OCHOBaTeJieM MOCKOBCKOH reoMeTpH'IeCKOH IIIKOJibl. Cpe,z:t;H y'IeHHKOB

npoeKTHBHCTOB B. 5!. UHHrepa 6hIJIH BhI,z:t;aro:ru;Hec51 reoMeTpbI KoHcTaHTHH 

AJieKceeBH'I AH.z:i;peeB (1848-1921) H AJieKceH: KoHcTaHTHHOBH'I BJiacos 

(1868-1922). MarHcTepcKa51 H ,z:t;OKTopcKa51 ,z:t;HccepTallHH K. A. AH,z:t;peeBa 

«0 reoMeTpH'leCKOM o6pa30BaHHH IIJIOCKHX KpHBbIX» (1875) H «0 reoMeT

pH'IeCKHX COOTBeTCTBH51X B IIpHMeHeHHH K BOnpocy 0 IIOCTpOeHHH KpH

BbIX JIHHHH» (1879) co.z:i;ep)l(aT HCCJie,z:t;oBaHH51 MHOr03Ha'l:HbIX npoeKTHBHbIX 

COOTBeTCTBHH ¢opM nepBOH CTyneHH H npHMeHeHHe HX K IIOCTpOeHHIO 

aJire6paH'IeCKHX KpHBhIX BhICIIIHX nop51,z:t;KOB. OH 3aHHMaJIC51 TaKJKe «MHO

royroJibHHKaMH IloHCeJie», T. e. MHOroyrOJibHHKaMH, OIIHCaHHbIMH OKOJIO 

0,z:t;Horo KOHH'IeCKOrO ce'IeHH51 H BIIHCaHHbIMH B .z:i;pyroe. 

A. K. BJiacoB He TOJihKO pa3BHBaeT npoeKTHBHhie cBolicTBa cHcTeM KO

HH'IeCKHx Ce'IeHHH, HO H BnepBbie .z:i;aeT HCCJie,z:t;OBaHHe HX MeTpH'IeCKHX 

csolicTB. A. K. BJiacosy rrpHHa,z:t;JieJK.aT TaKJK.e rJiy6oKHe HccJie,z:t;oBaHH51 B 06-

JiacTH aKCHOMaTHKH. 

Y'IeHHK A. K. BJiaCOBa HHJI AJieKCaH,z:t;pOBH'I rJiaroJieB (1888-1945) pe

IIIHJI o6:ru;yro 3a,z:i;aqy rrpoeKTHBHOro HC'IHCJieHH51, Ha'IaJIO KOTopoMy 6bIJIO 

IIOJIOJKeHO IlheH:HepoM H Ilhay,z:t;TOM. 9To HCCJie,z:t;OBaHHe H3JIOJK.eHO B rJiaBe 

«ApH¢MeTH3allH51 rrpoeKTHBHOro rrpocTpaHCTBa» rrepsoro H3,z:t;aHH51 (1936) 
ero KHHrH «IlpoeKTHBHa51 reoMeTpH51». 

BorrpocaMH rrpoeKTHBHOH reoMeTpHH 3aHHMaJIHCb MHOrHe oTe'l:eCTBeH

Hbie y'IeHble, cpe,z:t;H KOTOpbIX Heo6xo,z:t;HMO Ha3BaTb HMeHa A.H. KoJIMoro

poBa, IT. K. PameBCKOro, H. B. E¢HMOBa, A. A. rJiaroJieBa, 3. A. CKorre11a, 

JI. A. CKopH51KOBa. 

B Hame speM51 rrpoeKTHBHa51 reoMeTpH51 He 51BJI51eTc51 «MO,z:t;HOH» HayKoli. 

Ho MO,z:t;a - 51BJieHHe rrpexo,z:t;51:ru;ee. HacTyII51T H .z:i;pyrHe BpeMeHa, Kor.z:i;a rrpo

eKTHBHa51 reoMeTpH51 IIOJIY'IHT HOBOe ,IJ;bIXaHHe. 
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qACTb I. A<I><I>MHHAH rEOMETPI151 

3To cJJe,rtyeT H3 TeopeMhI Ilarrrra (rr. 2.4). 
1------s = 2(AM o AC), AM= >.AB= AC+ µCD. 

EcJJH f1(A) = f 2 (A) =A' H f1(B) = f 2 (B) = B', TO Ka)K,n;aa TO'IKa 

rrp.HMoit AB Herro,n;BH)KHa rrpH rrpeo6pa3oBaHHH f 2-
1 o f 1. 

CJJe,n;oBaTeJJhHO, ,LJ;JJ.H mo6oit TO'IKH ME (AB) HMeeM 

(M, f1(M)) = (M, f 2 (M)). 
,lLJJ.H ,n;aHHoro rrpeo6pa3oBaHH.H f: f5 = E. 3Ha'IHT, f -
3KBHa¢qmHHOe rrpeo6pa30BaHHe, H H3 paBeHCTBa s ABC = s BCD 

cJJe,rtyeT, 'ITO BC II AD. 
x' = 2x - y - 1, y' = x + 2y + 5. 

(1, 2). 
Och: 3x + 4y + 1 = 0, r = (1, 2), k = 12. 

x -y+ 1 =0. 
x + y- 1 = o, r = (3, -1). 
x' = 5x - 2y + 2, y' = 12x - 5y + 6. 

x' = 3x - 2y + 2, y' = 2x - y + 2. 

U:eHTpoH,n; TpeyroJJhHHKa ABC Herro,n;BH)KeH rrpH a¢¢HHHOM 

rrpeo6pa3oBaHHH A -+ B -+ C -+ A. 
Heo,n;HoKpaTHO HcrroJJh3JitTe 0606II1eHHYIO TeopeMy <l>aJJeca 

(rr. 2.3). 

1) fHrrep6oJJa; 2) rrapa6oJJa; 3) rrapa rrepeceKaIOIIIHXC.H rrp.HMh1x; 

4) 3J1J1HIIC. 

1) >. > 1; 2) >. = 1; 3) >. < 1 (>. =/:- -24); 4) >. = -24. 

9. 
111.2. 2: 1. 

111.4. IJ:eHTpaJJbHa.H CHMMeTpH.H C lleHTpOM 0 = £ n 0:. 

III. 7. x' = -x - y - z + 1, y' = x, z' = y. 

111.8. x' = x + z, y' = y + z, z' = z. Ilapa60J1H'IeCKHM C,Ll;BHr. 

111.9. x' = y + z, y' = z + x, z' = x + y. 
1 111.11. fOMOTeTH.H c 11eHTpOM B 11eHTpOH,n;e H K03cPcPMllM€HTOM k = - 3. 
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111.12. To<IKa (1, 2, 3), rrp.HMa.H x = 1, y = 2, IIJIOCKOCTh z = 3. 

IV.2. (x+y+z)2 +4(x-y-~)=o. 
IV.3. 4x - 3y - 5z + 4 = 0. 

IV.4. (x - 1)2 + y2 = (x + y - z - 2)2. 
IV.5. A2 + B2 ~ C2. 

IV.6. Kottyc. fttrrep6oJIH<IeCKHll: rrapa6oJioH,n;. 

IV.7. xy+yz+zx=O. 
x2 y2 (z - 3)2 

IV.9. 9 + 4 - 1 = 0. 

IV.10. x 2 ± (y2 - z2) = 1. 

IV.13. 2x+z=O, y=3 H x=2, 4y+3z=0. 

IV.15. A2 + B2 = 2C · D. 

IV.16. Ilo rHrrep6oJie. llcrroJih3yll.Te rrapaMeTpH<IeCKHe ypaBHeHH.H 

)l;aHHOH IIJIOCKOCTH. 

x2 y2 
IV.17. 18 - S = 2z. 

1.1. 

1.2. 

1.3. 

1.7. 

1.17. 

1.20. 

1.21. 

1.23. 

11.1. 

11.3. 

11.6. 

11.7. 

11.8. 

11.9. 

qACTh II. I1POEKTHBHA5I rEOMETPH5I 

(7:9:3). 

>. : µ = -2: 3, 6x1 - 5x2 - 8xs = 0. 

llcrrOJib3YHTe CHCTeMy KOOp,!l;HHaT {A1A2AaN}. 

0HH CTaHOB.HTC.H TpHBHaJibHbIMH YTBep:iK,n;eHH.HMH. 

D(8: 37: 13). 

(ka - ki)(k4 - k2) 
(abed)= (k4 _ ki)(ka _ k

2
). PaccMoTpHTe TO<IKH rrepeceqeHH.H 

,n;aHHbIX rrp.HMbIX c rrp.HMOM x = 1. 

7x-y-5=0. 

X1 + X2 + X3 = 0. 

px~ = 2x1 + x 2, px; = x 1 + 2x2. 

px; = -2x1 - 3x2, px; = X1 + 2x2. 

px~ = X1 - 2x2 + 3xa, px; = 2x1 + X2 + 2xa, px~ = 4x1 - 2x2 + 5x3 • 

px~ = X1 + X2 - X3, px; = X1 - X2, px~ = 2x1 + X3. 

(6: -2: 17), (39: 17: -8); 20x1 + 9x2 - 6x3 = 0. 

(0: 0: 1), (3: 12: 5), (6: -3: 1); 7x1 + 2x2 - 9x3 = 0. 2x1 + X2 = 0, 
4X1 - X2 = 0. 
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II.12. a) I'oMo.Jionrn: c u;eHTpOM (0: 0: 1) H OChIO x 3 = O; 6) 3.Jiau;na: 

c u;eHTpOM (c1: C2: 0) H OCblO X3 = 0. 

11.17. EcJIH an b n c = S, a1 n b1 n C1 = 81, an a1 = A1, b n b1 = B1, 
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c n C1 = C1, c n al= c Ha II b1, b II C1, TO rrpa:Mhie, rrpOXOMJ:Iu;He 

qepe3 ToqKH A1 H C1 rrapan.Jie.JihHO rrpa:MhIM b H a, rrepeceKaIOTCa: 

Ha rrpaMoit B 1 C (pHc. 95). 

PHc. 95 

IIl.1. 3xi - x~ - 3x1X3 + X2X3 = 0. 

III.2. X1X2 + X2X3 + X3X1 = 0. 

a 

III.3. 2x~ - x~ - x 1x2 - X1X3 - X2x3 = 0. 

c 

III.6. IlycTh ,IJ;aHhI Tpeyro.JihHHKH ABC H A1B 1C1. IlpHMeHHTe cHaqana 

TeopeMy IlacKaJia: K mecTHCTopoHHHKy ABCA1B1C1 , a 3aTeM 

TeopeMy BpHaHmoHa K mecTHCTopoHHHKY 

(BC)( CA)(AB) (B1 A1)(A1 C1) ( C1B1). 

Ill.13. ,I(naroHaJibHhIH TpeyrOJihHHK aBTOIIOJIBpeH OTHOCHT€JibHO KpHBOH, 

orrpe,IJ;eJieHHOH IIa:ThIO ,IJ;aHHbIMH TOqKaMH. ,I(oKa:amTe, qTO 

OCTaJibHbie TpH TOqKH rrpHHa,IJ;Jie2KaT 3TOH KpHBOH. 

IV.2. IlpHMeHHTe TeopeMy ,I(e3apra. 

IV.8. a) foMoJiorHa: c Heco6cTBeHHhIM u;eHTpOM H co6cTBeHHoit OChIOi 

6) 3Jiau;Ha: c co6cTB8HHOH OCbIO H Heco6CTB€HHbIM u;eHTpoM; 

B) HHBOJIIOD;HOHHaa: rOMOJIOrHa: c Heco6cTB8HHbIM u;eHTpoM; 

r) roMOJIOrHa: c Heco6CTB8HHOH OCh!Oi ,IJ;) HHBOJIIOD;HOHHaa: 

roMOJIOrHa: c Heco6CTB8HHOH OChIO, e) 3Jiau;na: c Heco6CTB8HHOH 

OCbIO. 

IV.9. IlocTpoitTe ,IJ;Ba ,IJ;HaMeTpa KpHBOit. 

IV .16. PaccMoTpHTe TOqKy, rapMOHHqecKH corrpa:2KeHHYIO c ToqKoit A 
OTHOCHT€JibHO ToqeK rrepeceqeHHa: rrpa:MOH m, rreprreH,IJ;HKyJia:pHOH 

OA, co cTopoHaMH yr.Jia. 
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KH111ra COAep)l(lllT 311eMeHTapHoe c111cTeMarnyecKoe 1113JlO)l(eH111e 

ABYX KJlacc111YecK111x reoMeTp1111ii KaK caMOCTmne11bHb1x 

reoMeTp111YecK111x AlllCU111n11111H 6e3 111cno11b30BaH111fl MeTp111YecK111x 

nOHflTllllii. 0Ha aApecyeTCfl Illlll...\8M, )l(eJlalOll.llllM caMOCTOflTeJlbHO 

38HflTbCfl 1113YYeHllleM OCHOB BblCWelii reoMeTpllllll. 

OcHOBHOe BH111MaH111e yAe11fleTCfl acpcp111HHblM 111 npoeKTlllBHblM 

npeo6pa3oeaHlllflM. Ha 6a3e npoeKTlllBHolii reoMeTp111111 

npeACTaBJleHbl MOAeJllll acpcplllHHOlii , eBKJllllAOBOlii reoMeTpllllii , 

reoMeTp111111 M111HKOBcKoro 111 reoMeTp111111 no6aYeecKoro. 


