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nnocKOCTH Ha.n. TeJioM»; Mbl yaH,!IJIM TOr.ll.a, qTo .9TH 
aKCHOMbI paBHOCHJibHbI cymeCTBOBaHmo Jl.OCTaTOqHo urn­
pOKOH rpyrrnbl rrpeo6pa30BaHHH IlJIOCKOCTli, COCT05IllleH 
113 rpanC.Ml.l{UU H WMOTeTUU. lJT06bI 06Jierq11Tb H3JI02Ke­
HHe, MhI tt3yq11M .:ittt rrpeo6pa30BaHH5I c caMoro HaqaJia, 
He 3Ha5I, cymecTBy!OT JIH cpeJJ.H HHX OTJIHqHble OT TO.IK­
.n.ecTBeHHOro. 

,.,.. OnPE.ll.EJIEHHE 2.1. Dycrb fl> - nJioCKOCTb ac}>c}>HHHoro 
THIIa. /l.U.llllTal{Ueii fl> Mb! Ha30BeM 6HeKII,HIO fl> Ha fl', Ta­
KyIO, qTQ JJ.JIH JIIo6oH. napb! pa3JIHqHbJX ToqeK (A, B) 
npHMaH (f (A )f ( B)) napa.11Ae.llblia rrpHMOH (AB). 

QqeBH.ll.HO, qTQ TO)l(,ll.eCTBeHHOe rrpeo6pa30B8Hile eCTb 
.U.HJiarauHH il qTQ JI.IIJiaTaILHll fl> 06pa3y10r ipynny. 

DPEJJ.JIOJKEHHE 2.1. EcJIH f- .ll.HJ!aTaU.HH fl>, ro KaJK­
)l.aH rrpHMaH Pl), co.n.epJKamaH HeKoropyIO roqKy M n ee 
o6pa3 f(M), ycTOU'lUBa OTHOCHTeJibHO f (T. e. f(q)) = 
= q)). B qacrHOCTH, .11106an npRMaR, npoxoOHU{aH tte­
pea HenoOBUJICliYIO TOttKy f, ycroiittUBa npu oeiiCTBUU f. 

Jl.oKaaareAbCTBO. DycTh ME 9. Ecm1 f (M) =I= M, 
o603HaqHM qepe3 q) np5IMYJO (Mf (M)); ecJIH )l(e f (M) = M, 
To nycrh !!!> - mo6aH rrpHMaH, npoxoJJ.HmaH qepea M. 
JVrn BCHKOH TQqKH p E !!/) '{M} rrpSIMa5! (f (M) f (P)) 
,ll;OJl)l(Ha 6b!Tb rrapaJIJieJihHa npHMOH (MP), T. e. q), H, 
cJie)l.oBareJibHO, coanan.aer c q); OTCIOJI.a f (P) E q'J H MhI 
JIMeeM BKJIJOqeHHe f (q'J) C q'J• 

AttaJiornqHO, ecJIH PE£!)'\ {f (M)} H r 1 (P) - rrpo­

o6pa3 P, ro rrpHMaH (Mr 1 (P)) JJ.OJI2KHa ObITh napaJI­

JieJibHOH npHMOH (f (M) P), T. e. q'J, H IlOTOMy COBIIaJJ.eT 

C q'J, OTKYJJ.a r 1 (P) E q'J H f (!!f>) =:;) $. 0KOH'IaTeJibHO 
HMeeM f ($) = $. 

DPEJJ.JIOJKEHHE 2.2. .[LHJiaTau.rrn:, .11.orrycKaIOIII,aH oee 
pa3AU'lflbte Hen008UJICflbte TO'lKU, CB0.11.HTCH K TO)l()l.e-. 
CTBeHHOMY rrpeo6pa3oBaHHIO. 

/J.0Kaaare.11bcTBo. Dycrh A, B- Jl.Be pa3JIHqHble He­
no.UBIDKHbie TOqKH ,ll.HJiaTauuu f. Do npeJl.JIO)l{eHHIO 2.1 
JI106ar1 rrpHMaH, Fipoxo.n.r1ma.SJ qepea A HJJH B, ycroiiquaa 
npH f: Ka)K)l.aH roqKa M nJIOCKOcTH fl>, He rrpHHa.ll.JJe2Ka· 
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UJ,aR npRMOH (AB)' HBJUieTCH e,Ll.HHCTBeHHOH o6m.e:H TOq­

KOH nap bl ycTofiqHBbIX rrpHMblX (AM)' (BM)' OTKy.LI.a 

H cJie.n.yeT, qTO f (M) = M. 
Bb16paB TaKYlO ToqKy M, Mbl noKa:m:eM (TeMH >Ke 

paccy:m:.LI.eHH5IMH), 'ITO .n106a5l TO'!Ka, He JJeJKam.aR Ha 

np5IMOH (AM)' HeTIO,Ll.BlUKHa npu OT06pa:m:emrn f; TeM 
CaMbIM Jll0685l TO'lKa ITJIOCKOCTH gJ OCTaeTCH HeITO.Ll.Bli/K· 

HOH npH .LI.HJiaTaU.HH f. D 

• OnPE.D;EJIEHHE 2.2. CTycTh f]J- IIJIOCKOCTb acpcpHHHoro 
THna. ]LHJiaTaUH5l 6e3 HeIIO,Ll.Bll/KHblX TO'leK H83blBaeTCH 

TpaHC/lfll{Ueil.; ,Ll.HJI8T8UIIH c OJlHOH HeIIO)J.Bil)KHOH TO'l­

KOH I - io1ttorerueil. c l{eHrpoM 1. HaKOHeu, TO)K.lJ.eCTBeH­

HOe npeo6pa30B8HHe O,Ll.HOBpeMeHHO paccMaTpHBaeTC/l 

KaK TP aHCJIHUHH H KaK roMoTenrn c np'oH3BOJibHbIM 

ueHTpOM. 

CsolicTna TpaucJrnu,uii 

CTPE)J.JIOJKEHHE 2.3. EcJrn i; - TpaHCJI5IUH5l, OTJIHIJHaH 

OT Id.ff', To npHMhre (Mi; (M)}, r)J.e M npo6eraeT [JJ, 
napa.11.11e.11blibl. 

Jl,01wsa1e;ibCTBO. DycTb M, P - .LI.Be TO'IKH [JJ. Ec.nH 

6bl ycTOHlJHBble npHMble (Mi; (M)) H (Pi: (P)) HMeJIH 

OJI.HY 06m.y10 TOlJKy, TO OHa 6bIJl8 6bI HeITOJI.BH1KHOH rrpH 

't, 'ITO npOTHBOpe'-lHT npeJlTIOJIO)KeHHlO. I1TaK, yKa38HHbie 

npHMble napaJIJieJihHhI. 

CJIEJJ.CTBHE. Ecmr i: - TpaHcJIHUIHI, OTJIII'!HaH OT IdJP, 
To JI.JIH JIIOObIX .l1.Byx TO'leK M, P Ha [JJ mH'5o IJeTbipe 

TO"IKH M, P, i: (M), 't (P) KO.nJrnueapHbI, .nu6o (M, 't (M), 
't (P), P)- 11apaJIJ1e.norpaMM. 

lLeikTBIITe.nbHO, (MP)l!('t(M)'t(P)) fl (Mi:(M))ll 
l!(P't(P)) (CM. pIIC. 3). 

CTPE.Ll.JIO){{EHHE 2.4. ]LJIH mo6oii napbl TotteK (A, A') 
IIJIOCKOCTH [j'J cyw.ecTByeT He 60/lee oiJ11ot1 TpaHC.nHil,IIH 't, 
raKoii, 'ITO i;(A) =A'. 

Jl,01w3a1e/lbCTBO. CTpu A'= A pe3yJihTaT TpHBHaJieH 

( 't - TOJK,ll.eCTBeHHOe OT06pa1KeHIIe)' Il0.9TOMY npe,llTIOJIO· 
*IIM, 'ITO A' =I= A, II o603HaqHM qepe3 9) np.srny10 (AA'). 
06pa3 M' mo6oii TOqKH M E fP"-.q) IIOJIHOCTbIO onpe-



17~ rJI. V. AKCHOMATHlJECKOE nOCTPOEHHE 

,neJieH ycJIOBHeM «(AA' M' M)- napa.JJJieJJorpaMM». <f>uK­

CHpyeM TaKyIO TOlJKY M; Terreph o6paa P' Ka:m:.noii TOIJKH 
PE 2l) rroJIHOCThlO orrpe,lI,eJieH ycJIOBHeM «(MM' P' P)­
napaJIJieJiorpaMM» (pnc. 4). I1TaK, aa,lI,aHne o6paaa 

A' = i- (A) orrpe.neJISieT r. D 

DPE)lJIOJKEHHE 2.5. TpaHCJIH11.HH IIJIOCKOCTH acjJcjJnH­
Horo rnna f7J 06paay10T epynny. 

ao1w3aTeAbCTBO. OyCTb CJ, 't - )l.Be TpaHCJI5IU.HH f7J l1 

<p = i--1 0 CJ. 5IcHO, lJTO cp - ,ll.I1JlaTaunSI (TaK KaK ,ll.HJia­

Ta11.Hll 06paay10T rpyrrny). EcJIH <p ,lI,OIIyCKaeT HeIIO,lI,BHJK-

___ / __ /<(P) IS ~ 
M 'f(M) A P A' P' 

PHc. 3 PHc. 4 

HYIO TOlJKY A, TO o(A)=i-ocp(A)=i-(A), OTKy,lI,a CJ='t 

no rrpeAJIO:m:eHnIO 2.4 n <p = I<lJJ>. I1TaK, <p Jitt6o He HMeeT 

HeIIO,lI,BH)KHbIX TOlJeK, JIH6o COBIIa,ll.aeT c ldJJ>; B o6onx 

cJiytJaSix <p - TpaHCJIHU.HH. D 

CsoucTBa roMoTeTuu 

EcJIH f- roMoTeTH5l c ueHTpoM /, OTJIHIJHaH OT ldJJ>. 
TO o6pa3 rrpOH3BOJibHOH TOlJKH ME g;"" {/} rrpnHa,lI,Jie· 

:m:nT ycTOHlJHBoii rrpSIMOH (/ M) (rrpe,ll.Jio:m:eHne 2.1). OT­

CIO,ll.a BbJB0,ll.HTC5l 

DPE,ll)IOJKEHHE 2.6. EcJiu /, A, A' - TPH KOJIJIHHeap­

Hhie TOlJKH ffJ, rrpnqeM A =fa I, A' =fa I, TO cymecTByeT He 
6oAee 001wii eo.Moreruu f c ueHTpoM /, TaKoii, lJTO 

f (A)= A'. 

,aoKa3aTeAbCTBO. 0603HalJHM IIpHMyIO (JAA') qepe3 

2[), H rryCTb f - roMOTeTH5l - c 11.eHTpOM /, TaKa5l, lJTO 

f (A)= A'. 3aMeTHM npe:m:.rr.e scero, lJTO 06pa3 M' TOlJ· 

KH M na ffJ"'-..fl) O,ll.H03Ha4HO orrpe,lI,eJieH ycJIOBHHMH 

« (/, M, M') KOJIJIHHeapHhI» n (A' M') II (AM). <f>nKcnpyeM 

TaKyIO T04KY M; o6pa3 P' npoH3BOJibHOiI T04KH P na 
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q)'-... {/} onpeJJ.eJIHeTCH ycJIOBHHMH P' E t7lJ H (P' M') II 
II (PM) ( cM. pnc. 5). 3HalJ.HT, roMoTeTHH f eJJ.HH­

CTBeHHa. D 

TIPEJJ.JIOJKEHHE 2.7. foMoTeTHH c 3a)J.aHHhIM ueHTpoM 
J o6paByIOT rpyrmy. 

B caMoM )J.eJie, ecJin f, g - roMoTeTHH 'c ueHTpoM /, 

TO g ~J-1 - J(HJiaTauHH c HeITOJJ.BHIKHOii TOlJ.Koii I. 

Pac. 5, r 

3. IlJIOCl(OCTH TPAHCJISIUHA 

IfaytJ.eHne, npoBe)J.eHHoe B § 2, no6y.LKJ(aeT Hae 3a­

HHTepecoBaThCH npeiK)J.e BCero TeMH ITJIOCKOCTHMH acp­

cpHHHOro THna, Ha KOTOpbIX rpynna TpaHCJIHUHii )J.eH­
CTByer rpaHBUTUBHO. BBe)J.eM 

.... OrrpeJ(eJiemre 3.1. CTJIOCKOCTh acpqrnHHoro Tttna g> Ha-

3bIBaeTCH IIJIOCKOCTbIO rpaHCJlflU,UU, eCJIH )J.JIH JIIOOOH 

naphI (A, A') TOlJ.eK fl' cyIJJ,ecTByeT TaKaH rpaHCJIHUHH T, 
lJ.TO T(A)=A'. 

TIO npe)J.JIO.IKeHHIO 2.4 TaKaH TpaHCJI51UH51 eOUHCTBeH­
Ha; Mb! 0003HalJ.HM ee T1'. 

CToKa.LKeM, lJ.TO HaJio2KeHHOe Tpe6oBaHHe paBHOCHJihHO 

reoMeTpnqecKoMy CBoiicTBy, npoBepHeMoMy no qepTe)Ky • 

.... TEOPEMA 3.1. ,ilJIH TOro lJ.T06hI nJIOCKOCTb acpq>HHHoro 
nrna g> 6bIJia IlJIOCKOCTbIO TpaHCJI51UHii, Heo6xo,UHMO H 

.uocTaTOlJ.HO, lJ.T06bJ BbIIIOJIH51JIOCb CJie)J.yJOI.Uee ycJIOBHe: 

.... (d) (Ma.1iafl acpcjJUHHafl ax:cuoMa J{esapea.) Ecm1 
(ABC) H (A' B' C')- ,UBa TpeyroJibHHKa, TaKIIX, lJ.TO 

(AA'), (BB') II {CC')- TPH napaAJte.llbHbte u paB.llUli-
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Hbte npHMhle, To H3 coornomeHIIii (A' B') II (AB) a 
(A'C') II (AC) BhlTeKaer (B'C') II (BC) . 

.I1HbIMH c.noaaMH: ecJIH (ABB'A') H (ACC'A')-na­
pa;uieAoepa.MMbt H TO'lKH B, C, B', C' He KOJIJIHHeapHhl, 
TO (BCC' B')- napa1ueAoepa.M.M. 

Jl.0KasaTe1tbcTeo. a) Jlc;weue Heo6xoou.Mo. EcJIH ;J>­
rrJiocKOcTh TpaHCJHIIJ.Hii H (ABB'A'), (ACC'A')-rrapaJI­
JieJiorpaMMbI Ha :J>, TO TpaHCJI5IU.Irn 't' = 't'1' y.noBJieTBO­
pHeT cooTHOIIIeHHHM 't(B) = B' H i:(C) = C' (cJie.ncrnHe 
H3 rrpe.11.JioLKeHHH 2.3). 3Ha1IHT, (B'C') II (BC). 

ti-=-------c ~!>~ !I\ ZL 
8 8' A M N A' M' N' 

PHc. 6 Pnc. 7 

b) J' CAoeue oocTaTOttH(J. Dycrh ITJIOCKOCTh acpqnrn­
Horo nma g> y.a.oaJieTBopHeT aKcHoMe (d) H (A, A')­
rrapa To11eK ;J>. Cyr.u.ecrBoBaHHe TpaHcJIHIJJIH, .U.JIH KOTo­
poii t (A)= A', TpHBHaJibHO, ecJIH A =A'; rro3TOMY rro­
JIOLKHM A' ==I= A H rrocTpOHM rrapy To11eK ( B, B') B fJ>, 
TaKHX, 'ITO (ABB' A')- rrapaJIJieJiorpaMM. Tor.a.a Mbl 110-

JiyqHM OT06pa.m:eHHe t IIJIOCKOCTH g> B [J>, onpe.a.eJIIrn o6-
pa3 M' = i: (M) ro11KH M cJie.ny10r.u.11M11 ycJIOBHHMH ( cM. 
pHC. 6 R 7): 

i) ecJIH M He rrprrna}lJieLKHT rrpHMOH (AA'), TO 
(AMM' A')- napaJIJieJiorpaMM; 

ii) ecJIH M rrprrna.a.Jie:arnT rrpHMoli (AA'), TO 
(BMM' B')- napaJIJieJiorpaMM. 

QqeBH.ll.HO, 11To 't ecTb 6HeKU.HH g> Ha ;J>, .UJIH KOTopoif 
't (A)= A', H qTo t He HMeer Herro.11.BmKHhIX ro11eK. Mhl 
JI.OKa2KeM, 'ITO ,nJIH JIJ06oii rrapbI (M, N) ToqeK g> TO'lKM 
M' = i: (M), N' = 't (N) y.u.oa.nernopHJOT ycJIOBHIO 
(M'N')ll(MN). 

fl epebtu cAyttau. HH OJI.Ha H3 roqeK M, N He rrpHHak 
JJeLKHT np5!Moii (AA'). Tor.u.a (AMM'A') H (ANN'A')-
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!' napaJIJieJiorpaMMhI (CM. pttc. 6). CJie.noBaTeJibHO, ecJIII 
TOIIKH M, M', N, N' He KOJIJittHeapHbl, TO cooTHOUieHile 

, (M' N') ll (MN) BblTeKaeT II3 aKCilOMbI ( d). 

Bropou cAyttait. 06e TOIIKH M, N rrpHHa,nJ1e21rnT rrpH­
Moii (AA') (cM. pHc. 7). Tor.u.a H TOIIKH M', N' rrpttHa,n­
Jie)KaT 3TOH rrp.HMOH, Il pe3yJihTaT OtieBil,L(eH. 

Tperuu cAyttait. ToIIKa M rrpHHa,nJie)KHT rrpHMoii 
(AA'), a TOIIKa N He rrpttHa.nJie)!{ttT HH o.nHoii H3 rrpHMhIX 
(AA'), (BB'). 

no IIOCTpoemIIO, (BMM'W), (BAA'B'), (ANN'A')­
napaJIJieJiorpaMMbl (CM. pHC. 8). CTepBOe IIpllMeHeHtte aK­
CHOMbl (d) IIOKa3bIBaeT, tITO (BNN'B')-napaJIJieJio-

Pac. 8 Pac. 9 

rpaMM, IIOBTOpHoe npHMeHeHHe .9TOH aKCilOMbl IlOKa3bl­
BaeT, tITO H (MNN' M')- rrapaJIJieJiorpaMM, OTKy.na 
{M' N') II (MN). 

q ereeprbti1 cAyttau. TotIKa M rrpHHa.nJie)!{HT rrp.HMoii 
(AA'), a TOtIKa N-npHMOH (BB') (cM. pHc. 9). 
. 3aMeTHM cHa'IaJia, tITO IIJIOCKOCTb fJ' CBO.nHTCH K o6'b­
e,nllHeHHIO rrpHMhlX (AA') H (BB') Jllllllb TOr,na, Kor.na 
oHa cocTOHT H3 tieTwpex TOtieK A, A', B, B' (cM. 
ynp. V. 1). 

TaK KaK 3TOT cJiyqafi 6hIJI paccMoTpeH OT.LI.eJihHO 
(npe.nJio.lli'.eHHe 1.5), Mbl MO)J{eM npe.nnoJIOJKHTh, tITO cy­
mecTByeT TOtIKa P, He JieJKamaH HH Ha o.nHoii H3 rrp5I­
MbIX (AA')' (BB'). 

CToJIOJKHM P' = 't (P); paccMoTpeHHe nepBoro cJiy­
tiaH IIOKa3bIBaeT, tITO (NPP'N')- rrapaJIJieJiorpaMM; Tpe­
THH cJiytiaii rroKa3hlaaeT, IITO (MP P' M')- rrapaJIJieJio­
rpaMM. CTpllMeHfl5I aKCHOMY _( d)' BbIBe.neM OTCIO.LI.a, 'ITO 
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TaKHM o6pa3oM, tMNN'M') - napam1eJiorpaMM; 
lM' N') II (MN). 

B HTore 't ecTh TpaHCJI51IJ.H51, 

=A'. 0 
.nm1 KOTOpoii: 't (A)= 

..... TEoPEMA 3.2. fpynna TpaHCJI51IJ.Hii: nJIOCKOCTH TpaHC· 
J151IJ.HH fJ' KO.M.MYTaTUBlia. 

Jl.oKa3aTeAbCT80. flycTh a, 't- .nse TpaHCJI51IJ.HH H 
A - npoH3BOJibHa51 TOIJKa IlJIOCKOCTH fl'. floJIOMHM 

a.(A) = B H 't(B) = C. 
CJ --

7<0 ·/ 
A - B 

Pnc. 10 (] Ip 
Pnc. 11 A - B - c G' '[ 

a) EcJIH TOIJKH A, B, C He KOJIJIHHeapHhI, To TOIJRa 
D = 't(A) onpe.neJI5leTC51 ycJIOBHeM «(ABCD) ecTb na­
paJIJieJiorpaMM», H IlOCKOJlbKY B = a(A), TO c = a(D) 
(cM. pn:c. 10), OTKy.na a~_-r(A) = u(D) = C = 't(B) = 
= 't~_a (A). flpe.nJiomeHHe 2.4 noKa3brnaeT, IJTO Tor.na 
C1_0_'t = t .0 a. 

b) EcJIH TO'IKH A, B, C KOJIJIHHeapHbI, Bhr6epeM 
TOIJKY P, He JiemaruyIO Ha np51MOii: (ABC) (CM. pHc. 11), 
H o603HaIJHM qepe3 <p = 't~ TaKy!O TpaHCJI51IJ.H!O, 'ITO 

<p (B) = P. B cHJIY .noKa3aHHoro B n. a) TpaHCJI51IJ.HH cp 
H cp-1 KOMMYTHPYIOT c a H -r (TaK KaK, c o.nHoii cTo· 
poHhl, TO'IKH A, B, P H, c .npyroii: cropoHhI, TOIJKH P, B, 



4. BEKTOPHOE HC4HCJIEHHE B DJIOCKOCTH TPAHCJl5l~Hfl 183 

c He KOJIJIHHeapHbl). 06JJ.06HblM 2Ke o6pa30M TpaHCJl5!· 
UHH cp o a= i:~ H i: o cp- 1 = i:~ KOMMyrnpy10T (s c1rny He­

KOJIJIHHeapHocTtt TO'IeK A, P, C). CJie.n.osaTeJihHO, 

i: o cr = (,; o cp-1) o (qi o cr} = (cp o a) o (i: o cp-1) = 
=(a o cp) o (cp- 1 o i:) =a o 't", 

OTKyJJ.a a 0. = T 0 a BO Bcex CJiy'IaHX. 
3aMeT1IM, 'ITO B CJiyqae b) HCIIOJib3YeTC5! TpaHSUTUB· 

HOCTb rpynnbI TpaHcJIHUHi'I. D 

4. BEKTOPHOE ucqucnEHUE 
B nnocKOCTH TPAHCn"UHA 

0THOlllem1e aKBHilOJIJieHTHOCTH 

OrrPE.!I.EJIEHHE 4. l. .Use (ynop5IJI.O'IeHHbre) napbr TO'IeK 
(A, B) H ( C, D) IIJIOCKOCTH TpaHCJ1.5IUHH fJJ Ha3hIBaIOTC5I 
3KBUnO/l./l.eHTHblMU, ecJill (B o6o3Ha'IeHll.5IX rrpeJI.hl.!I.YIII.ero 

rraparpa<tJa) i:~ = i:g. 
Onpe.!I.eJieHHoe TaK OTHOlllem1e O'!eBHJl.HhIM o6pa30M 

5IBJI5leTc5l orrtoutertueM aKBUBa./l.ertrrtocru Ha fJJ2. KJiaCChI 

9KBHBaJieHTHOCTll Ha3hIBaeM BeKTopaMu; seKTOp, npe.a.--cTaBJI5IeMhIH napoil (A, B), o603Ha'IaeM AB. MHoMecTBO 
-? 

Bcex BeKTOpOB Ha fjJ 6y.!I.eT o603Ha'laTbC5I fJJ. 
B '!aCTHOCTll, nap bl s11.n.a (A, A), r.n.e A E [!!', o6pa· 

3YIOT KJiacc 9KBIIBaJieHTHOCTll, Ha3brnaeMblH rty/l.eBblM 
-? 

eeKTOpOM II o603Ha'IaeMbIH 0 HJIH npocro 0. -EcJIH u =AB - HeHyJiesoil BeKTop, To HanpaBJieHHe 
IIpHMOll (AB) He 3aBHCHT OT Bbl6opa rrpe,ll,CTaBHTeJI5I 

(A, B) seKTopa u; .n.e:HctBHTeJibHO, eCJin (C, D)- .n.pyroii 

npeJJ.CTaBHTeJib U, TO COOTHOilleHIIe i:g = 1:~ BJie'IeT 

(CD) II (AB). no onpe.n.eJieHIIIO HarrpaBJieHIIe HeHyJie· -soro seKTopa u = AB ecTh Harrpas.neHHe rrpHMOii (AB); 
JI.Ba HeHyJieBhIX BeKTOpa Ha3blBaIOTC.5I K0/1./1.Ui.eaprtblMU, 

ecJIH OHH ttMeIOT o6mee HanpasJieH11e. 

feoMeTpHqecKa5! HHTepnpeTaQU5! 9KBHOOJIJieHTHOCTH 

113 rrocTpoeH115l o6pa3a TO'!Kll M rrp11 TpaHCJIHUHH 
't"~' (npe,ll.JI02KeHHe 2.4), c H3MeHeHlleM o603Ha'leHHH, 

BbIBOJI.llTC5l CJie.n.y10mee rrpaBIIJIO: 
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- -DPE.ll:JIO)l(EHHe 4.1. a) Ec:mr A= B, TO AB= CD 
paBHOCHJihHO C = D. - -b) Ecmr A, B, C He KOJIJIHHeapHbI, TO AB= CD 
paBHOCHJibHO yTBep)l(,!I.eHHIO «(ABCD) - napaJIJieJIO-

rpaMM». - -c) EcJIH A, B, C KOJIJIHHeapHbI HA =I= B, To AB= CD 
paaHOCHJihHO cymecrnoaaHHIO TaKHX .u.ayx ToqeK E, F, 
qTo (ABFE) n (CDFE)- napaJIJieJiorpaMMhI. 

Mo)l(HO OhIJIO Ohl HenocpeACTBeHHO H3yqaTh OTHorne­

.Hne 3KBHIIOJIJieHTHOCTH, npHHHB 3TO npaBHJIO 3a onpe)le­

JieHHe; CHMMeTpHqHOCTb H pecl>JieKCHBHOCTb onpe)leJieH­

HOrO TaKHM cnocoooM OHHapHoro OTHOilleHHH oqeBH)lHbl. 

0,u.HaKO .U.OKa3aTeJihCTBO TpaH3HTHBHOCTH HCXO.llH H3 aK­

CHOMbI (d) (cM. § 3) IlOTpeooaaJIO Ohl paccy2K)leHHtt, 

aHaJIOfHqHblX TeM, KOTOpble BCTpeTHJIHCb B qacTH b) .u.o­
Ka3aTeJibCTBa TeOpeMbl 3.1. 

TpaHCJIHU.HH, coBMeUJ.atoUJ.He nap&1 ToqeK - -DPE.lIJIO)l(EHHE 4.2. 3KaHnoJIJieHTHOCTh AB=..: CD 
~ -

paBHOCHJihHa 3KBHITOJIJieHTHOCTH AC= BD. 

J{o1wsareAbCTBO. B npHHHThlx 0603uaqeHHHX ttMeeM 

't~ = 't~ o 't~ H 'tg == 'tg o 't~. 

c .llpyroi'f CTOpOHbl, KOMMyTaTHBHOCTb rpynnbl TpaH­

CJIHU.HH H COOTHOllleHHe 't~ = 'tg BJleKyT 't~ = 't~ c 't~ = 
_,..D

0
.,..c_.,..D 

-•c •B-•B· - - - -l1HbtMH CJioBaMH, H3 AB= CD CJie,u.yeT AC= BD; 
npOTHBOIIOJI02KHa5l HMIIJIHKaU.HH IIOJiyqaeTCH H3MeHeHHeM 

.o6o3Ha qeHHtt. 

CJIEACTBHE. .[{JI5l cymecTBOBaHHH TpaHCJIHU.HH, 0To­

'6pa2Ka10mei'f napy (A, B) Ha napy (C, D), Heo6xo.zr.HMO - ~ H .u.ocTaToqHo, qT06bl AB= CD. 

A.zu1.HTHBHaS1 rpynna eeKTOpoe 

Do onpe)J.eJICHHIO TpaHCJI5lll;lf5l T~ 3aBHCHT TOJihKO -wr BeKTopa u =AB; 0603uaqHM ee 'tu H 6y.zr.eM Ha3bI-

BaTh ee rpaHCAR4ueu Ha BeKTOp u. 
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flptt raKHx o6o3HaqeHmix oro6pam:eHHe u 1-i>' 'tu 
~ 

CCTb 6tteKUH5I MHOJKeCTBa BeKTOpOB g> IlJlOCKOCTH g> Ha 
rpynny fT rpaHCJl5IUHH fl'; :>Ta 6HCKIJ.H5I Il03BOJl.l'leT Ile-

~ 

peHecrn Ha fl> crpyKrypy rpynnbl fT. flocKOJihKY sra 
rpyrma a6eJieBa, Mbl npHMeM a,lUI.HTHBHble o6o3HaqeHHH 
H BBe,lleM 

OnPE,l(EJIEHHE 4.2. CyMMOu u + v ,nayx BeKropoB Ha-
3oBeM BeKTOp rpaHCJIHUHH 'tu 0 'tv = 'tv"_o 'tu. 

~ 

Toraa o4eBHJ.1.HO, qro (fl', +) ecTb a6e;ieaa epynna 
c HyJieBbIM aeKropoM a KaqecTBe HelirpaJibHoro :>Jle­
MeHra. C ,11.pyroii: cropoHhI, npeJJ.JIO:JKeHHe 2.4 H onpe}J.e­
JieHHe 3.1 II03BOJ15IIOT HaM BbICKasaTb 

flpEJJ.JIOIB:EHHE 4.3. )J,JIH BCHKOH roqKH A E g> 1t 
BCHKoro aeKropa u cyruecray10r e,n:i-mcraeHHaH roqKa B -- -H e)l.HHcraeHHaH TOlJKa C, raKHe, qro AB= u, CA= u. 

l1Haqe roaopH, M02KHO npoH3BOJlbHO Bb16patb Ha­
tta/lbHYIO HJIH 1wHe1my10 roqKy napbI, npeJ.I.CTaBJI5IIOIUCH 
BeKTOp U. 

I1PE.llJlO}KEHHE 4.4. KaKOBbI 6bI HH 6hIJlH roqKH A, B. 
C IlJIOCKOCTH fl', BbIIlOJIH5ICTC5I COOTHOUleHUe fil a/l!l - -- -AC=AB+Bc. -B 11acTHOCTH (ecJIH C =A), aeKtop BA nponrnonoJIO)KeH --BCKTopy AB. -- ~ B caMoM J.I.CJie, no onpe}J.eJieHHIO 4.2, AB + BC ecth 

aeKrop tpaHCJIHUHH 't~ 0 't~ = -~· 
3aMeTHM, HaKoHeu, 11ro aeKropbt saoaHHoeo nanpae­

~ 

AeHUR d 06pa3y10r noiJ2pynny 2pynnbt ([i>, +), 1wropy10 -.Mbt o6oaHattu.M (d, ;- ) 1), JJ.eii:crnnteJibHO, ecm1 u =AB -H t1 =AC ttMefOT o6ruee HarrpaBJieHtte d, TO TOIIKH A,. -B, C KOJIJIHHeapHbI H aeKrop t1 - u =BC HMeeT TO *e 
HanpaaJJeHHe, qro u H v. 

1) Dpn 'HOM npeJJ.noJJaraercH, 11ro ayJJeBoil eeKrop np1rna.n;­
J1e)!{HT Ka)!{,ll;OMY nanpasJieHHIO. - Ilpu.u. nepeB. 
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5. MAnA~ TEOPEMA $AnECA 
B nnocKOCTH TPAHCn~UHA 

IloH5ITHe npoeKrupoBaHUR HeMeJI.JieHHO pacrrpocTpa­
mi:eTcH Ha flJIOCKOCTH acj>cj>HHHoro TH fl a: nyCTb flJ- Ta­
K8H flJIOCKOCTb, q) - npHMaH B g'J H 6 - HanpaBJJeHHe 
np5IMOH, OTJIHlJHOe OT HanpaBJieHHH m. TorJI.a npoeKTU­
poBaHue g'J Ha q) 8 HanpaBJteflUU 6 eCTb OT06paJKeHHe 
p~: g'J - £ii), KOTOpoe K8JK)l.OH TO'-!Ke M E g'J CTaBHT B 

~OOTBeTCTBHe TOlJKY rrepeceqeHHH q) c npHMOH HanpaB-
Jiemrn 6, npoxo.zi.mu.eii qepe3 M. · 

Ha'luflaR orcroaa npeano;iaeaercR, 'lTO flJ- n.1to­
c1wcrb rpaHC.l!RU,UU. TorJI.a IIMeeT MecTo 

IlPEJl.JIO)KEHIIE 5.1. IlycTb (A, B)- napa ToqeK flJ. 
TipoeKIJJ!HMH napbl (A, B) B HanpaBJieHHH 6 Ha JI.Be na­
paJIJieJibHhle npHMble q), q)' HBJIHIOTC5I 8ae &KBUnOA/leflT­
Hble napbt ( C, D), ( C', D'). 

B 

P11c: 12 P11c. 13 

P.0Kaaare.1tbCTBO. EcJIH C = D, TO np5IMaH (AB) 
HMeeT HanpaBJieHHe 6 H C' = D'. 

EcJIH C =I= D, To (CDD'C')-1rnpaJIJieJiorpaMM 
JpHC. 12), OTKy.u.a H B.bITeKaeT pe3yJibTaT. 

IlPE)I.JIO:arnHHE 5.2. 06pa3aMH npH O.ll.HOM H TOM JKe 
npoeKTHpOBaHHH p aayx aKBUn0.1t.l!eflTflblX nap (A, B) H 
( C, D) HBJIHIOTCH )I.Be 3KBHnOJIJieHTHble nap bl (A', B') 
H(C',D'). 

P.oKaSaTe.l!bCTBO. IlyCTb p - rrpoeKTHPOBaHHe B Ha­
npaBJieHHH 6 Ha npsIMyIO qj H 't - TpaHCJIHIJ.HH, nepe­
BOJ1.HUJ.a5I (A, B) B (C, D) (cM. cJie.LI.CTBHe H3 npe.u.­
Jio.meHHH 4.2). IlycTh C", D" - rrpoeKU:HH C, D B 
BanpaBJieHHH 6 Ha npRMYIO qy =,; (q)) (pnc. 13). TpaH-
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CJI.HUIHI T coxpaH.HeT napaJIJieJIH3M H C" = T (A'), D" = -- -= T (B'), oTKy.rr.a C" D" = A' B'. Jl:aJiee, npe,!I.JIOJKeHHe -- --5.1 noKaahrnaeT, qTo C" D" = C' D' H, CJie.rr.oBaTeJihHO, -- --A' B' = C' D'. D 

B Tex JKe oooaHa qeHHHX H3 npe.rr.JioJKeHHH 5.1, 5.2 - ~ cJie,11.yeT, qro BeKrop A' B' = p (A) p (B) aaBHCHT TOJihKO 
~ 

OT BeKropa AB, HanpaBJieHHH 6 npoeKTHpoBaHHH p II 
HanpaBJieHHH d npHMOH ®; MhI 6y.n.eM o6oaHaqarh ero -- ~ :rt3 (AB). TaKHM nyreM IIOJiyqaeM OTOopaJKeHHe :rt~ H3 pjJ 
Ha no.rr.rpynny (d, + ), cocrom1wro H3 BeKropoB Hanpa­

--)o 

BJieHHH d (cM. KOHeu § 4). BoJiee roro, ecJIH u =AB u -v =AC - ,!I.Ba nporraBOJihHhIX BeKropa, ro -n~(v - u) =: :rt3 (BC)= p (B) p (C) = 

= p (A) p (C) - p (A) p (B) = :rt3 (v}- :rt3 (u). 

11raK, MOJKHO ccpopMyJIHpOBaTh 

DPE,!I.JIOJKEHHE 5.3. Jl:JIH Jiroooil naphI (d, 6) pa3JIHq­
HhIX HanpaBJieHHH npHMhIX cyiuecTByer roMOMOpqHI3M :rt~ 

~ 

H3 fjJ Ha rpynny (d, +) BeKTOpOB HanpaBJieHirn d, TaKOH, 
. qro )1.JIH JIIOOOH npHMOH f!l) HarrpaBJieHHH d H JIIOOOH 

6 -naphI (A, B) E fJJ2 BhIIIOJIHeHo p~ (A) p~ (B) = :rtd (AB). 
-'>-

Mb! Ha3hIBaeM :rt3 npoeKTupoaaH.ue.u fJJ na d B na-
npaaAenuu 6. 5l.n.poM 3TOro rOMOMOpcp113Ma HBJIHeTCH, 
oqeBH)l.HO, no.rr.rpynna (6, +), COCT051JU351 H3 BeKTOpOB 
HanpaBJiemrn 6. Orcro,11.a Bh!TeKaer 

• TEOPEMA 5.4. Dycrh d, d', 6 - rpH HanpaBJieHHH 
paam1qHhIX npHMhIX. Tor)l.a orpaHIIqeHIIe :rt3 Ha (d', +) 

~ eCTh U30MOptjJU3M (d', +) Ha (d, +). 
TeopeMa 5.4 npe,11.craB.rrner co6oi% «MaJiyro reopeMy 

r: <l>aJieCa», KOTOpOH npH ooyqeHIIH IIpH,!I.aeTCH H3rJI5!]l­
, HOCTb c IIOMOIUhlO raKoro ee CJie)l.CTBH5!: 
f·· 
I 

~· 
r 
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CJIE.ll.CTBHE. TiycTb 11), ®' - .ll.Be npOH3BOJihHble np.H· 
Mble IlJIOCKOCTH TpaHCJI.Hll,Htt [JJ, {j - HanpaBJieHHe, OTJIHq. 

Hoe OT HanpaBJiemiii np>IMhIX !ll), !l/)', H p - orpamiqe. 

HHe Ha q) npoeKTHpOBaHHH B HanpaBJieHHH {j IlJIOCKOCTH 

fl' Ha np>IMYIO !l/)'. EcJIH Ai. ... , An - nocJie.UoBaTeJih· 
HOCTh ToqeK !ll), TaKHX, 4TO - -A 1A2=A2Aa= ... =A11 _1An, 

TO Hx rrpoeK11,Mrr A;= p ( A1) y,n:oBJieTBopaIOT paaeHcraaM 

~~ 

A~A~ = A~A~ = ... = A~_ 1 A~. 

KopoTKO roaop.HT, qTo npoeKl{UR npaau.1tb1wzo noa­
paaae.1te1-tuR !ll) ecTb npaau.1tbftoe noiJpaaae.1teftue !ll)'. 

113 3TliX pesyJibTaTOB Mb! BbIBe)l.eM 0.ll.HO rrpttMeqa­

TeJibHOe CBOttCTBO rpymrn BeKTOpOB IlJIOCKOCTH fl'. 

• TIPEJJ.JIO:>KEHHE 5.5. TiycTb []> - nJIOCKOCTh TpaHCJI.H­
~ 

11,HH, (;J>, +) - rpyrma ee aeKropoB II n ~ 2 -11,eJioe 
qHCJIO. 

a) Ee.Jiil cyw.ecTByeT BeKTOp a =I= 0, TaKoii, qTo 
~ 

na = 0, TO nu = 0 .UJI>I BCHKOro u E ;J>. 
b) EcJIH cyw.ecTByeT BeKTop a, TaKoii, 4TO na =I= 0, 

TO ,UJI5I Ka:>K.noro BeKTOpa u Hatt)J.eTCH e)J.HHCTBeHHbltt seK­

TOp v, TaKOtt, 1'.JTO nv = u. 

Jl.oKa3aTe.1tbCTBO. Mb! MO:>KeM C4HTaTb, qTo u =I= 0. 
a) Tipe.u.noJIOJKHM, 4TO na = 0 .ll.JIH HeKOTOporo 

a =I= 0. TiycTh u - BeKTOp, fteKO/l.ltUfteaplibtU a; ecJIM d­
HanpaBJieHHe u H {j - HanpasJieHHe a - u, TO rt~ (a)= u 
(pttc. 14), H no npeJJ.JIOJKeHHIO 5.3 HMeeM rt~ (na) = 
=nu=O. 

ECJIH na = 0, a =I= 0 H u KO/lJlUHeapeH a, TO Mb! MO· 

JKeM npHMeHHTb npeJJ.bI.UYW.Htt pesyJibTaT K HeHyJieBoMy 

seKTopy b, HeKOJIJIHHeapHoMy a. TorJJ.a nb = 0, OTKyJJ.a 

(B CHJIY HeKOJIJIHHeapHOCTli u II b) nu= 0. 
b) EcJIH na =I= 0, TO a) noKa3blBaeT, 4TO nb =I= 0 Jl.JIH 

JII06oro b =I== 0. 
TipH sa.u.aHHOM BeKTOpe u -=I= 0 Mbl MOJKeM Bb!6paTh 

b =I== 0, tteKOJIJTHHeapttbltt u. EcJIH d H 6 o6ostta1'.JaIOT 

COOTBeTCTBeHHO HanpasJieHHH u H nb - u, TO seKTOp 
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v =:rt~ (b) (pllc. 15) y.n.oBJieTBopSieT paBeHCTBY nv = 
=:rt~ (nb) =U. 

HaKoHeu, ecJIH v, v' - JJ.Ba BeKTopa, JJ.JISI KOTOpbix 
nv=nv'=u, TO n(v'-v)=O H, 3HaqHT, v'=v. 0 

CJIE.IJ.CTBHE. ITycTb p- HaHMeHhlllee ueJioe ~ 1, .IJ.JISI 
KOTOporo MO)l{HO yKa3aTb BeKTOp a =I= 0, TaKOH, qTQ 
pa= O (ecJIH TaKoe p cymecTByeT); ecJIH TaKoro p HeT, 
TO nOJIOJKHM p = 0 (B o60HX cJiyqaHx p Ha30BeM xapaK­
TepHCTHKOH 9'). 

ri 

Pttc. 14 Pttc. 15 

a) EcJIH p =I= 0, To p - npocToe qucJio. 
b) B JII06oM cJiyqae, ecJIH ueJioe n ~ 1 He SIBJrneTcSI 

~ 

KpaTHblM p H u E g> - npOII3BOJibHblH BeKTOp, TO cyme-
CTByeT BeKTOp v, TaKOH, qTO nv = u. 

/l.oKa3are1tbCTBO. a) EcJIH p =I= 0 H He SIBJISieTcsi: npo­
CThlM, TO MOJKHO nOJIOJKHTb p = mn, r.n.e 1 < m < p ll 
1 < n < p. Tor.ua npH na =I= 0 (a =I= 0) coOTHOIIIeHHe 
m (na) = mna = 0 npornBopequT onpe.n.eJieHHIO p. 

b) EcJIH p =I= 0 H ueJioe n ~ l He SIBJISieTCSI KpaTHhlM 
p, TO, pip.n.eJIHB n Ha p, IlOJJyqHM n = pq + r, r.n.e 0 < 
< r < p u, cJJe.n.osaTeJihHO, na = ra =I= 0, qTo nosBo­
.rrneT npIIMeHHTh npe.n.JioJKeHtte 5.5. IlpII p = 0 pesyJih­
TaT IlOJiyqaeTC5I HeMeJJ.JJeHHO. 0 

~ 

0Tc10.n.a BhlTeKaeT, qTo f7J .n.onycKaeT crpyKrypy BeK-
Topttoeo npocrpattcraa ttao Q, ecJIH p =I= 0, H crpyKrypy 
eeKropttozo npocrpattcrea ttao ZP, ecJJH p =I= 0. 

9rn pe3yJihTaTbl IlOKa3bIBaIOT, qTQ a.ZUlHTllBHaSI rpyn-
~ 

na 9' He HBJISieTCSI npoH3BOJihHOii. ooJJee rJJy6oKoe uccJie-
AOBam1e noKa3bIBaeT, q10 Ha KaJKJJ.OH no.n.rpynrre (d, +) 
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MOJKHO orrpe,lleJHITb saKoH yMHOJKeHHH, JlHCTpH6yTHBHblii 
crrpaBa, KOTOpbIH rrpeBparn.aeT ee B «fl04TH-TeJIO» l) 
(CM., HanpHMep, [PI] HJIH [ST]). JlHlllb aKCHOMa .Ue­
sapra (cM. § 6) II03BOJIHT BaM orrpe,lleJIHTb Ba KaJK,llOH 

+ 
rro,llrpyrrrre (d, +) cTpyKTYPY TeAa, a Ha fP CTPYKTYPY 
eeKropHoeo npocrpaHcrea. 

6 . .D.E3APfOBA DJIOCl(OCTb 

OrrPEJlEJIEBHE 6.1. DJIOCKOCTb a<t)cpHHBoro THna Ba-
3hIBaeTcH iJeaapeOBOU, eCJIII BbIIIOJIHHeTCH CJieJlYIOlll.aH 
aKCHOMa: 

.... (D) (BO/tbutafl acpcfJUHflafl aKCUOMa Jl,esapea.) CTycTb 
(ABC) H (A'B'C')-,llBa TaKIIX TpeyroJibHHKa, 4TO IIpH­
Mbie (AA'), (BB') H (CC') pa3JIH4HbI H rrepeceKaIOTCH 
B OJlHOii T04Ke; TOr,lla cooTHOllleHHH (A' B') II (AB) II 
(A'C') II (AC) BJieKyT (B'C') II (BC). 

MbI rroKaJKeM, 4TO BCHKaH ,llesaproBa nJIOCKOCTb HB· 
JIHeTCH IlJIOCKOCTblO TpaHCJIHUHH . .UJIH 9TOro Hy:arno ,llO­
Ka3aTh, 4TO H3 aKCIIOMbI (D) CJie,llyeT aKCIIOMa (d) H3 
TeopeMbI 3.1. CTpe,llBapHTeJibHO IlOKaJKeM, 4TO II3 aKCIIO­
Mbl (D) BbITeKaeT o6paTHOe yTBepJK,lleHIIe, a IIMeHHO 

CTPEJlJIOJKEHIIE 6.1. DycTb (ABC) II (A'B'C')-JlBa 
TpeyroJibHHKa ,llesaproBOii: IIJIOCKOCTII, TaKIIe, 4TO IIpH­
Mbie (AA'), (BB') H (CC') pa3JIH4HbI II yJlOBJieTBopHIOT 
ycJIOBHHM (A'B') II (AB), (A'C') II (AC) II (B'C') II (BC). 
Tor)la rrpHMhie (AA'), (BB') II (CC') nepeceKafOTC!l 8 
oaHoii rottKe UAU napaAJteAbHbt. 

Jl,oKaaareAbCTBo. EcJIII npHMble (AA'), (BB') H 
(CC') He napaJIJieJibHbl, TO ,llBe H3 HHX, ,llJIH orrpe,lleJieH­
HOCTII (AA') H (BB'), HMeIOT 06rn.y10 T04KY 0; 4TOObl 
JlOKa3aTh, 4TO II (CC') npoxo,llHT qepes 0, )lonycTHM 
npoTIIBHoe. DpHMaH ( OC) Be MOJKeT 6h1Tb napaJIJieJib· 
HOH O,llHOBpeMeHHO npHMbIM .(A'C') H (B'C'); npe,ll,IIO­
JIOJKHM ,llJ151 orrpe,lleJieHHOCTH, 'ITO OHa nepeceKaeT npH· 
MyIO (A'C') B T04Ke C" (pHc. 16). DpHMeHHB cBoii:cTBO 

I) B coBeTCKoJ:l JrnTepaType 6oJiee npllHHT TepMHH «CHCTeMa 
Be6JieHa - Be~.nep6epHa». - II puM. nepH. 
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;(D) K TpeyroJibHHKaM (ABC) H (A' B' C'), Mhl yBH.U.HM, 
"ITO cooTHOIIIeHHH (A' B') II (AB) H (A'C") II (AC) BJieKyT 
(B'C")li(BC), H IIOCKOJibKY (B'C')li(BC), TOIJ.KH B', 
C', C" KOJIJirrHeapHbI. TaK KaK TOIJ.Krr A', C', C" TO/Ke 
KOJIJirrHeapHhl, TO C" = C', OTKy.u.a n cJie.u.yeT KOJIJIITHe-

- apHoCTb 0, C, C'. D 

TeIIepb Mhl MoJKeM .u.oKa3aTb, IJ.TO U3 aKCUOMbt (D) 
6btTeKaer aKCUOMa ( d). 

c· 

P11c. 16 

A<f§C 
c c/ 

P11c. 17 

ITPE.ZJ.JIOJKEHIIE 6.2. ITycTb (ABC) H (A' B'C')- )I.Ba 
TpeyroJibHHKa Ha )J.e3aprOBOR IIJIOCKOCTH, TaKIIe, lJ.TO npR­
Mbie (AA'), (BB') n (CC') pa3Jill'IHbI n napaJIJieJibHhI. 
Tor.u.a H3 ycJIOBHii (A'B') II (AB) n (A'C') 11 (AC) BhITe­
KaeT 11 (B'C') II (BC). 

JJ.01w3are.llbCTBO. EcJIH 6hl npHMhie (B'C') Ii (BC) 
ue 6hlJIH napaJIJieJihHbIMH, TO npoxo)J.HllJ.aH qepe3 C' na­
paJIJieJih K (BC) ·nepeceKaJia 6hl IIpHMYIO (A' B') B He­

KOTOpoii TOIJ.Ke B"' OTJIHIJ.HOH OT B' (pHc. 17)' a npH­
MaH (BB") nepeceKJia 6bl IIp5IMYIO (AA') B HeKOTopoii 
TOIJ.Ke 0. ITo npe.11.JIOIKeHH!O 6.1 COOTHOWeHHH 
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(A'B")ll(AB), (A'C')ll(AC) H (B"C')ll(BC) npHBeJIH 

6bl K rrepeceIJeHHIO rrpHMhlx (AA'), (BB') H (CC') B 

TOIJKe 0, IJTO rrporuBopeIIHT rrpe.zurnJioJKeHHIO (AA') II 
II (CC'). D 

.... CJIE.UCTBHE. JI106aH .ue3aproBa ITJIOCKOCTh ecTh rrJio­

CKOCTh rpaHCJIHIJ,HH. 

3TO yTBepJK.UeHHe MOJKHO TaKJKe ycraHOBHTh, rrpH­

MeHHH fOMOTenrn (CM. yrrp v. 3). 

Cyll(ecTBoBaHne roMoTeTHH 

Do H3JI01KeHHOMY BhillJe aKCHOMa (D) Be)l.eT K cym.e­

CTBOBaHHIO rpaH3HTHBHOH rpymlbl rpaHCJ/.R.l{Uii; MhI YBH­

JJ.HM, IJTO OHa BJieIJeT H cym.ecTBOBaHHe eoMOTeTUU c 3a­

_JJ.aHHblM ueHTpOM • 

.... TEoPEMA 6.3. Dycrh fJ - .ue3aproBa nJIOCKOCTh. Jl.JIH 

JII06oli rpoliKH KOJIJIHHeapHhIX TOIJeK (0, A, A'), raKoii, 

11ro A ==f::; 0 H A' ==f::; 0, cym.ecTByeT e8uHcTBeHHaR. eoMore­
TUR. h c ueHTpoM 0, TaKaH, IJTO h(A) =A'. 

JJ,oK.asaTeJ/.bCTBO. E.UHHCTBeHHOCTb yJKe 6bIJia ycTa­

HOBJieHa (rrpe.JJ.JIOJKeHHe 2.6). JI.mi: .UOKa3aTeJibCTBa cy­

m.ecTBOBamrn: h BblilOJIHHM KOHCTpyKUHIO, aHaJIOfHIJHYIO 

TOH, KOTOpyro Mbl npoBeJIH JJ.JI5! TpaHCJl5!UHH T~' (reopeMa 

3.1). 
Bsu.uy rpHBHaJihHOCTH cJiyIJaH A = A' npe.urroJIOJKHM, 

11ro A' ==f::; A, H o6o3HaIJHM qepe3 q) rrpHMYIO (OAA'). 
Bb16epeM roIJKY BE fl""'-q) H o6o3HaIJHM IIepes B' TOIJKY 

rrepeceIJeHHR rrpnMoii (OB) c npoBe.JJ.eHHoii 11epe3 A' na­

paJIJieJihIO K (AB). Orrpe.ueJIHM rerrepb oTo6pa1KeHHe h 
ITJIOCKOCTH fJ B fjJ CJie)l.yIOlll.HMli ycJIOBHHMH: 

i) h(O) = 0; 
ii) ecJIH M E fJ "21), TO TOIJKa M' = h (M) KOJIJIH­

HeapHa c 0 H M H (A' M') II (AM) (pHc. 18); 
iii) eCJIH ME q) "{O}, TO M' = h (M) KOJIJIHHeapHa 

c 0 H M H (B' M') II (BM) (pnc. 19). 

OIJeBHJl.HO, IJTO h eCTh 6ueKUHR fJJ Ha fJJ, HMe10mas:i 

e)l.HHCTBeHHYIO HeilO)l.BHJKHYIO TOIJKY 0. JJ.Jrn Toro IJTOObl 

,ll.OKa3aTh, IJTO h - fOMOTenrn, ,Ll;OCTaTOIJHO nposepHTb, 

IJTO )l.Jl5I JIIOOOH rrapbl TOIJeK (M, N) H3 fl1"'- {O} TOIJKH 
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M' = h (M) u N' = h (N) y.11.oBJiernopHIOT ycJIOBHIO 
(M'N') II (MN). 

II epabtii cAyttaii. Hu OJI.Ha H3 TOlleK M, N He rrpnHa.11.­
Jie:arnT rrpHMOH !ll) = (AA') (pHC. 18). 

B 3TOM cJiyllae H3 (A' M') II (AM) H (A' N') II (AN). 
rrpHMeHHH (D), IIOJIYlIHM (M'N')ll(MN). 

Bropou cAyttau. 06e TO'IKH M, N npttHaJl.JieMaT rrpH· 
MOH !ll); TOr)l.a IIpHMbie (MN) H (M' N') COBI1a)l.a!OT. 

Tperuii cAyttaii. Tol!Ka M JieMHT Ha npHMoH: f!lJ = 
= (AA'), a TOlIKa N He JielKHT HH Ha Ka KOH H3 npHMhIX 
(AA'), (BB') (cM. pnc. 19). 

M' 

PHc. 18 PHc. 19 

flepBoe npHMeHeHHe aKCHOMhl (D) JJ.aeT (B'N') II 
II (BN), H nocKOJibKY (B' M') II (BM) no rrocTpoeHHIO, no­
BTOpHoe npnMeHem1e (D) JJ.aeT (M'N') II (MN). 

l/ eraeprbtt1 CAyttat1. Tol!Ka M JielKHT Ha np.SIMOH 
(AA'), a TOl!Ka N Ha npHMOH (BB') (nocTpoeHHe ptt­
cyHKa npe.11.ocTaBJIHeTCH lIHTaTeJIIO). 

TaK KaK ITJIOCKOCTb g> He Mo.m:eT CBOJJ.HTbC.SI K 06'h­

e.11.nHeHHIO nap bl nepeceKaIOill.HXCH rrp.SIMbIX (AA'), (BB') 
(CM. yrrp. v. 2)' TO B g; H3H)l.eTC.SI TOl!Ka P, He npHHa)l.­
JielKalll.afl HH OJJ.HoH: H3 3THX npHMblX. floJIOMHM P' = 
= h (P). 06palll.a51Cb K rrepBOMy cJiyllafO, HaH:.11.eM, 'ITO 
(N' P') II (NP). CorJiacHo rpeTbeMy cJiyllafO, (M' P') II 
II (MP). OrcIOJJ.a (M' N') II (MN) rroJiyl!aeTCH HOBblM npH­
MeHem1eM aKCIIOMbl (D). D 

0TMen1M. cTporyIO aHaJiorn10 E>Toro paccMoTpemrn 
c qaCTblO b) JJ.OKa3aTeJibCTBa TeopeMbl 3.1. 

7 )!(. JltJH>H-fl>eppau 
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)I.JI.SI IIOJIHOTbl 3TOii: aHaJIOrHH c TeopeMoii: 3.1 MOLKHO 

<5e3 TPYJJ.a ycTaHOBllTh TaKoe o6pam.eHue TeopeMbl 6.3: 
Ilycrb fP- n.1wc1wCTb a¢¢wuweo runa, raKaJl, ttro 

i.J.1ul .1uo6oii rpoiiKu (0, A, A') pas.1tuttliblX K0.1t.1tuneapnbtX 
TOtteK cyU{eCTByer eOMOTeTUff, h c 4enrpoM 0, raKaJl, ttTO 
h (A)= A'. Toeoa n.1tOCKOCTb [jJ oesapeo8a. 

7. OOCTPOEHHE TEJIA, ACCOl.J,HHPOBAHHOro 
C AE3APfOBOR OJIOCKOCTbfO 

BeKTOpHble roMoTeTHH 

CTOCKOJibKY fOMOTeTIHI IIJIOCKOCTH acpqmHHOfO Tima 

coxpaHHIOT rrapaJIJieJiu3M, OHH rrepeBOJJ.HT JII06oii: rrapaJI­

JieJiorpaMM CHOBa B rrapaJIJieJiorpaMM. 0TCIOJJ.a JierKO 

BbIBO)I.HTCH 

CTPEJJ.JIOJf<EHHE 7.1. B rrJiocKOCTH TpaHc.mni:rrii o6pa3hl 

npH roMOTeTHII h JI.Byx 3KBHIIOJIJieHTHbIX nap (A, B) H 

( C, D)- TaKLKe 3KBIIIIOJIJieHTHbie rraphl. 

CJIEJI.CTBHE. C KaLKJJ.oii: roM0TeT11eii h IIJIOCKOCTH 
-+ -+ 

TpaHCJIHU:Hii fP accou;11upyeTcH oToopa>KeHHe h H3 fP 
-+ 

B fP, JJ.JIH KOTOporo 

(V (A, B) E fP2) 
-+ --'I" 

h (A) h (B) = h (AB). 
~ 

Mw Ha3hrnaeM h eeKropnou eo.Moreruea 11 BeKropnou 
ttacTb10 h ( CJIOBO «JIIIHeiiHOH» He HMeJIO 6bl B .uaHHblH 

MOMeHT CMbICJia). 

CTPEJJ.JIO>KEHHE 7.2. EcJI!f h - roMoTeTmr IIJIOCKOCTH 
-+ 

TpaHCJIHU:Hii fP, TO ee seKTOpHaH LJacTh ecTh 6tteKIJ;IIH fP 
-+ -+ -+ 

Ha fP, ,1.1.JIH KOTOpoii: h (- u) = - h (u) H 

-+ -+ -+ -+ 
(V (u, v) E fP2) h (u + v) = h (u) + h (v}. (1) 

C ,1.1.pyroii cTopoHbI, ecJIH h" h2 - ,I.I.Be roMoTeTHH 

c o6III.HM u;eHTpOM, TO BeKTOpHaH LJaCTb h2 0 h1 eCTb 
-+ -+ 
h2 0 h1. 
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HaKoHeu., ecJIH h - roMoTeTHH c u.eHTpoM 0 H i; -
TpaHC.IIHLl.HH, TO i;oh'k:?.i;-1 -roMoTeTHH c u.eHTpOM i;(O) 
11 c TOH '/Ke BeKTOpHoii qacThIO, 'ITO H h. 

/l,oxasareJlbCTBO. a) EcJIH h= roMoTeTHH c u.eHTpoM 0, - ~ ~-- --TO h - OTo6pa'/Kemi.e fl-. fl, OM 1-i>' Oh (M), oqeBIUl.HhIM 

o6pa30M 6HeKTllBHOe. - - ~ ECJIH u = OA H v =OB - ,IT.Ba 3JieMe.HTa flJ, TO 

~ --- -- -h (v - u) = h (AB)= h (A) h (B) =Oh (B) - Oh (A) 

HJlfl - - -h (v - u) = h (v) - h (u), 
+ + 

OTKY.II.a CJie,rr.yIOT paBeHCTBa h (- u) = - h (u) ll (I). 
b) EcJIH h = h2 ° h1 - KOMII03HLl.HH ,rr.Byx rOMOTeTIIii 

c u.eHTpOM 0, TO JI.JIH mo6oii naphl (A, B) TO'leK fjJ 

h (A) h (B) = h2 (A1) h2 (81), rJI.e A1 = hi(A), B1 = h1 (B), 

HJ!fl 

'ITO fl Tpe6oBaJIOCb ycTaHOBllTb. 
c) EcJIH h- roMoTenrn c u.eHTpOM 0 H i;-TpaHCJI5l­

U.HH, TO h' = 't 0 h~i;-1 - )J.llJiaTaU.HH, .rr.onycKaIOmaH He­
IIO)J.Bm1rny10 TO'lKY 't ( 0)' fl, CJie.IT.OBaTeJibHO, rOMOTeTflH 

+ + 
c u.eHTpOM 't ( 0); COOTHOUieHfle h' = h CJieJI.yeT ff3 TOI'O, 

'ITO }1.JIH JII06oii nap bl (A, B) TO'leK fl HMeeM i; (A) i; (B) = -=AB. 0 

CJIE.IT.CTBUE. BeKTopHbre roMoTeTHH 06pa3y10T rpyrmy H 
~ 

6HeKUIIH fl; ecJirr H 0 o6o3Ha'laeT rpyrrny roMoTeTIIH 
c 3a.rr.aHHbIM rreHTpoM 0, TO OT06paJKeH11e H 0 -- H, 

+ 
h 1-i>' h eCTb !130MOpcpH3M rpynn. 

IlPE,IT.JIO)I{EHllE 7 .3. .ilJIH Ka'/K,IT.Oro B.eKTOpa u =I= 0 ll 
+ 

mo6oii roMOTenm "' MH02KeCTBa fjJ BeKTOp A.(u) KOJLJLU-

HeapeH u. 

1• 
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OopaTHO, eCJIH u, v - aea nenyAe8blX KOAAUHeapHblX 
BeKropa na iJe3apeoeou nAocKocru fl', ro cyrn.ecrByer .,.. 
et.r:HHCTBeHHaH BeKropHaH roMorenrn Iv MHO:tKecrna fl', 
"raKaH, qro lv(u) = v. 

/1,oKa3aTe/lbCTBO. B CHJIY BhIIIIeH3JIOLKeHHoro .a;eJio 
CBO)lHTC51 K H3BeCTHhIM CBoikrBaM fOMOTeTHH c )laHHbIM 
ueHrpoM 0 (rrpe.a;Jio)KeHHe 2.1 H reopeMa 6.3). D 

IToJiyl!eHHhle CBOHCTBa rro3BOJI51T. HaM orrpe.a;eJIHTb 
nptt ycJIOBHH )le3aprOBOCTH fl' BeKTOpHyIO crpyKrypy .,.. 
Ha fl' . 

..... 06o3Ha'f.eHUH. u onpeiJeAeHUH.. 0603HaqHM qepe3 fl' 
Oe3apc08Y n/lOCIWCTb, qepe3 © - HyJieBoe OTOOpaLKemie 
~ 

fl' ( CTaBHlll.ee B COOTBeTCTBHe KaLK)lOMY BeKropy u Hy­
JieBOH BeKrop) H rroJIOLKHM K =HU {ro}, r.a:e H no-

~ 

rrpe)KHeMy 0003Haqaer rpyrrrry BeKTOpHbIX fOMOTeTHH fl'. 
Orrpe)leJIHM rrpoH3Be)lem1e Ivµ .llBYX 3JieMeHTOB Iv, µ 

H3 K KaK ux KoMno3Ut{U10 Iv~~µ, l!TO BJieqer lvro = rolv = 
= ro )lJI51 Bcex Iv E K. 

C .upyroH: cropOHbI, o6pa3oM BeKropa u rrpH )leii­
CTBHH 3JieMeHra Iv E K Ha3oBeM npou3eeiJenue BeKropa 
u Ha Iv, o6o3HaqaeMoe rrpocro !vu; reM caMhIM .ll.JI51 Bcex 

-+ 
U E fl' 

cou = 0 H (V (Iv, µ) E K2) 'A (µu) =('Aµ) u. (2) 

CrpyKrypa a)lJJ.HTHBllOH rpynn&1 .na K 
ITPE)lJIO)KEHHE 7 .4. EcJIH 'A, µ - ::iJieMeHTbI K, ro 

-+ -+ 
oroopa)KeHHe v: 9- 9, u ~ µ (u) - 'A (u) ecrb ::iJie-
MeHT K, Koropb1ii: MbI oooaHaqHM µ - 'A. 

/1,oKa3aTeAbCT80. ,ll.JI51 tPHKCHpOBaHHOH TOqKH 0 B fl' 
0003HaqHM qepe3 f oroopa)KeHHe fl' B fl', 3a)laHHOe YCJIO­
BHeM 

---+ -+ -+ 
(VME9) Of(M)=µOM-lvOM. 

Tor)la TOl!KH 0, M H f (M) KOJIJIHHeapHbI; .ll.JI51 JI106oii 
naphl JM, N) pa3JIHqHhIX TOqeK 

-+ -+ 
f (M) f (N) =µMN -'AMN. (3) 
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EcJIII ').. = µ, TO v = ro II pe3yJihTaT TpHBHaJieH. EcJIII 

A =I= µ, TO COOTHOilleHHe (3) IlOKa3bIBaeT, lJTO f HH'beK­
TIIBHO (CM. npe.UJIO.iKeHIIe 7.3) H np51Ma51 (f (M)f (N)) 
napaJIJieJihHa npHMoi1 (MN). 0603Ha11a51 qepe3 A HeKo­

Topy10 TOqKy B g>"' { O} H noJiaraH A' = f (A), MbI JierKo 
noJiyqaeM, qTo f coBna.naeT c roMOTeTHei1 h c ueHT­

poM 0, y.uosJieTBop5110mei1 ycJIOBHIO h(A) =A', xorn 
Mbl H He npe.nnoJiaraJIH 3apaHee CIOp'beKTHBHOCTH f 
(CM. ITOCTpOeHHe h B JJ.OKa3aTeJibCTBe TeopeMbl 6.1). . ~ 

11TaK, f- roMoTeTHH H v = f. D 

B qacTHOCTII, ecJIH µ = ro, 0To6pa.1Kemie -f...: u ,..__,,,. 
+---'? -f...u ecTb 9JieMeHT K n MO.IKHO onpe.neJIHTb cyMMY 

,ll,Byx 9JieMeHTOB A.+µ H3 K KaK A.+µ='A.-(-µ); 
Tor.na -(Vu E [JJ) (A.+ µ) u ='Au+ µu. (4) 

~ 

lfa Toro qTo [JJ - a6eJieBa rpynna, JierKo BbmecTH, 

tiTO (K, +) eCTb a6eAeaa 2pynna c Hei1TpaJibHbIM 9Jie­

MeHTOM Ol. 

CTpyKTypa TeJia Ha K 
MbI y.tKe 3HaeM, qTo (K, + )- a6eJieBa rpynna 11 

H=/0-.. {ro} - rpyrrna no OTHOllieHHlO K KOMIT03IIUJIII OTO­
-Opa)f{eHHH. D,JI51 Toro qTo6bl J1.0K838Tb, qTQ (K, +. ;0 )­

TeAO, .nocTaToqHo o6ocHoBaTb pacnpe.uemneJibHble 3a­

KOHbl: 

llPEJl.JIO)KEHIIE 7.5. fl.mi JI106b!X 9JieMeHTOB A., µ, VE 
E K BblilOJIHHIOTC51 paBeHcTBa 

(f... + µ) v = A.v + µv (5) II v (A.+ µ) = v'A, + vµ. (6) 
-'> 

JJ.01ca3areAbCT80. .[(Jrn: JII06oro u E g> no onpe.ne-

JieHHIO cyMMbl ').,, + µ IIMeeM 

(A,+ µ)vu= (A.+ µ) o v (u) = 

=A. o v (u) + µ o vu= f...vu + µvu, 

--r. e. BbIITOJIHeHo (5). ToqHo TaK JKe, ecJIH v =I= ro, rn, 
~ 

npIIMeHH51 (I) npn h = v, IIMeeM 

[v{A. + µ)) u = v (A. (u) + µ (u)) = 
= v o ').. (u) + v o µ (u) = vf...u + vµu, 
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T. e. BbinOJJHeHo (6). CT pH v = ro pe3yJihTaT TpHsHa­
JieH. D 

Tenepb MOMeT 6b1Th ccf>opMyJJHposaHa 

• TEOPEMA 7.6. nycTb .9'- .ne3apr0Ba IIJIOCKOCTb acf>­
cpHHHOfO rnna, H - rpynna BeKTOpttwx roMOTeTHii H 

~ 

K =HU {ro}, rJie ro - ttyJieBoe oro6paMeHHe .9'. Tor.na 
a) ecm1 cJJo)Kemie B K onpe.neJieHo cpopMyJJoii ( 4), 

TO (K, +. 0 ) eCTb TeJIO c HyJieBbIM 9JieMeHTOM ro; - -b) stteurnee YMHOMeHHe K X .o/' .- .9', ('A, u) .........,.. 'A (u) -onpe.rr.eJJHeT Ha rpynne (.9', +) CTPYKTYPY seKTopttoro 
npocTpattcTBa Ha.n K pa3MepHOCTH 2. 

/1.011.asaTeAbCTBO. Yrnep*.nemie a) BbITeKaeT H3 npe-
~ 

.llbIJI.ywero. CooTHorneHHH (2) H ( 4) noKa3hIBaIOT, 11To g> 
ecTb seKTOpttoe npocTpaHCTBO tta.n K. HaKoHeu, JJerKo 
BH.lleTb, 'ITO eCJIH u, v - .nsa HeKOJIJIHHeapHbIX BeKTOpa, 

~ 

TO BCHKHH BeKTOp w H3 g> eJI.HHCTBeHHhIM o6pa30M pa3-
JiaraeTCH B cyMMY HeKOTOporo BeKTOpa X, KOJIJIHHeap­
HOfO u, n BeKTOpa y, KOJJJIHHeapttoro v. Tor.na npe.nJJo­
)l{eHHe 7.3 IIOKa3bIBaeT, 'ITO Haii.neTCH e.nHHCTBeHHaH 
napa (A., µ)EK X K, TaKaH, 11To x = A.u H y = µv, OT­
Ky.na BbITeKaeT e.nHHCTBeHHOCTh pa3JIO)l{eHHH w ='Au+ -+ µv. 9THM ycTaHaBJIHBaeTCH, 'ITO pa3MepHOCTb g> paB-
Ha 2. D 

• CJJEJl.CTBHE. BcHKaH .ne3aproaa IIJIOCKOCTh acpcpHHHoro 
THna g> .nonycKaeT CTPYKTYPY a¢¢uHHot1 nAoc1wcTu tta.n 
accouHnpoaaHHhIM TeJJOM K. 

~ 

/J.01wsaTeAbCTBO. Dpe*.ne scero rpynna (.9', +) .neii-
cTByeT Ha g> c IIOMOIUblO TpaHCJIHUHM 'tu npOCTO TpaH3H· 
THBHO (cM. § 3). C .npyroif cTOpoHw, ecJIH A, A' - .n:ne 
pa3JIH'IHble TO'IKII KaKOH·Jm6o npHMOH !?l) B .9', TO npe­
.llbI.llyIUee HCCJie)J,OBaHHe IIOKa3hIBaeT, 'ITO !?l) eCTb MHO)Ke-

~ ---l>-

CTBO TO'leK M, TaKHX, 'ITO AM= A.AA', r.ne 'A npo6eraeT 
K. TaKHM o6pa3oM, «rrpHMhle» flJ coana.na10T c rrpHMhl­
MH acf>cf>uHHOM CTPYKTyphl, orrpe.neJieHHOH Ha [JJ .neii:-

~ 

CTBHeM flJ. 
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8li- B aaK.moqem1e np1rnell.eM cpopMyJmpoBKY B KpaTKOH 
¢opMe: OAR Toco ttT06bt nAOCKOCTb a<jJ<jJwmoeo Tuna 
6btJLa a<jJ<jJwmoii nAOCKOCTblO, Heo6xoouMo u oocTaTott­
HO, ttT06bt Ofla yooBJLeTBOpRAa a<jJ<jJUflflOii llKCUOMe lf.e­
sapea (D). 

B caMoM 11.eJie, Heo6xOll.HMOCTb ycJIOBHH HaM H3Be­

CTHa. 

Bo3BpaT K npoeKTHBHOMY cny•rnio 

Vfa IlOJiyqeHHbIX pe3yJihT8TOB JiefKO BbIBO.U.HTCH 

• TEoPEMA 7 .7. ,llJIH Toro 4T06bl nJiocKOCTb npoeKTHB· 
Horo nrna 6h1Jia npoeKTHBHbIM npocTpaHCTBOM pa3Mep­

HOCTH 2, He06X01l.HMO H 1l.OCT8TQqHo, qT06bI BbIIlOJIH51JI8Cb 

CJie.U.yIOW.851 aKCHOMa: 

(.UP) ( n poeKTUBflllJl aKCUOMll a e3apea.) ECJIH 
(ABC) H (A'B'C')-TaKHe .II.Ba TpeyrOJibHHKa, qTo npH­

Mbie (AA'), (BB') H (CC') pa3JIHqHbI H HMeIOT o6w.yIO 
-roqKy o, To ToqKH P = (BC)n(B'C'), Q = (CA)n(C'A') 

HR= (AB)n (A'B') KOJIJIHHeapHbI. 

lf.oKa3aTeJLbCTBO. MbI 3HaeM, qTO ycJIOBHe Heo6xo.u.u­

MO (TeopeMa IV. 10.1); o6paTHO, ecJIH ycJIOBHe BbIIlOJI· 

HeHo n Ll- KaKaH-HH6y.U.h npHMa51 B II, TO MHO:>KeCTBO 

II".Ll o6Jia.u.aeT CTPYKTypofi IIJIOCKOCTH acpcpuHHoro THna, 

y.u.oBJieTBOp51IOW.eii: aKcHoMaM ( d) H (D). CJie.U.OBaTeJib· 

HO, II".Ll ecTb acpcpHHHa51 IlJIOCKOCTb H II - npoeKTHB· 

H851 IlJIOCKOCTb. 

3aMettafluR. I) B .u.eiicTBHTeJibHOCTH .u.ocTaToqHo, 4TO· 

Ubl II".~ y.u.oBJieTBopHJia aKcHOMe (D), 4TO npHBO.U.HT 

JIHillb ({ rrpe.u.noJIO:>KeHHIO, 4TO CBOHCTBO (DP) BbIIlOJI· 

HeHo, ecJIH TOqKH Q, R npHHa.U.Jie:>KaT 3aoamwt1 rrpHMoii 

Ll, a TOqKa 0 eii He npHHa.U.Jie:>KHT. 
2) ,llJIH Toro 4T06bl nJIOCKOCTb II".~ 6bIJia nAo­

. CKOCTblO TpaHCJlfll{UU, .U.OCTaToqHo npe.u.noJIO:>KHTb cnpa­

:. Be.U.JIHBOCTb (DP) JIHillb rrpn ycJIOBHH, qTo TOqKa 0 
f npuHaoJLeaKUT rrp51Moii (QR). CTJIOCKOCTH npoeKTHBHoro 

~ THna, y.u.oBJieTBop51IOW.He 3TOMY ocJia6JieHHOMy npe.u.no­

' JIO:>KeHHIO (Ha3bIBaeMOMY MaJioii npoeKTHBHOH 8KCHOMOit 

I ,Ue3apra), H3yqaJia P. MycpaHr. OHH Ha3bIBaIOTCH «aJib­

t TepHaTHBHbIMH IlJIOCKOCTHMH» B CB513H c npHpo.u.oii aJI-

• 
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re6pattT.IecKOH CTPYKTyphl, KOTopyro OHH lIH.ll.YI.(Hp)'roT 
(cM. [PI], [ST]). 

HarroMHllM, HaKOHel.(, IITO CBOUCTBo <PaHo (cM. npe.11.­
Jio:lKeHne IV. 7.3) rro3BOJHieT Bh151CHHTh, 6y.n.eT Jill TeJio, 
acCOI.(HHpoBaHHOe c .n.esaprOBOH IlJIOCKOCTbIO, xapaKTe­
pucTUKU 2 HJ!ll HeT. 

8. UJIOCKOCTb nAnnA- UACKAJijl 

.... OrrPEAEJIEHHE 8.1. CTJiocKOCTh 9'1 a<P<PHHHoro THIIa 
Ha3hIBaeTc51 nannoeou (HJIH nacKaAeeou), ecJIH oHa 
y.n.oBJieTBop51eT cJie.n.y10rn.eii aKCHOMe: 

(PA) (AcpcpHHHa51 aKCHOMa ITarrna.) EcJIH (A, B, C) 
H (A', B', C')- .n.Be pasJIHIIHhre TpoiiKH KOJIJIHHeapHbIX 
ToIIeK, TO cooTHorneHH51 (AB') II (BA') H (AC') II (CA') 
BJieKyT (BC')ll(CB'). 

rro rrpe.n.hl.n.yrn.eMy lICCJie,Il.OBaHHIO H TeQpeMe IV. 11.1 
Mbl 3HaeM, IITO BC51Ka51 TIJIOCKOCTb acpq>HHHoro TlIIIa, 
y.n.oBJiernopmorn.asi. aKCHOMe Lle3apra (D) H aKcttoMe 
Danna (PA)' eCTb acpqnrnHa51 IIJIOCKOCTb Ha.n: KOMMyTa­
TllBHhIM TeJioM (T. e. rroJieM). B .n.eifcTBHTeJihHOCTII, IrnK 
Mbr YBH.ll.HM .u.aJiee, aKcrroMa (PA) BJieIIeT II aKctto­
My (D) . 

.... TEoPEMA 8.1 (fecceH6epra). K.a:iKJI.a51 narrrroBa rrJio­
CKOCTh 51BJI51eTC51 .u.esaprOBOH (a 3HaIIHT, ll IIJIOCKOCTbIO 
TpaHCJI51I.(IIH). 

Jl.oKa3areAbCTBO. Dpe.u.rroJIO:lKHM, lJTO ITJIOCKOCTh 9'1 
y.u.oBJiernop51eT aKCHOMe (PA), II rrycTh (ABC), 
(AB'C') - -.n.Ba TaKilX TpeyrOJibHIIKa, lJTO rrp51Mhre 
(AA')' (BB')' (CC') pa3Jill 11Hbl Il rrepeceKaIOTC51 B TOlJ­
Ke O; rrpe.u.rroJIO:lKIIM, KpOMe Toro, l!To (A' B') II (AB) II 

(A'C') II (AC). 
06osHalJIIM IIepe3 !!/) rrp51Myro, rrpoBe.n.eHHYIO qe­

pes 0 rrapaJIJieJ!bHO (AC)' Il qepe3 D - TOl!KY q) n (AB)' 
(cM. prrc. 20). ITocKOJihKY np51Ma51 (B'D) rrepeceKaeT !!D, 
OHa TaK)l{e rrepecerrneT II rrp5!MYK> (A'C') B HeKOTOpOH 
TOIIKe E. DpttMeHrrM CBOHCTBO (PA) K TpoiiHaM 
(D,E,B'), (A',0,A); OIIeBHAHble COOTHOlllea1rn: (DO)I\ 
11.(EA'), .(DA) ll(B'A') rrOBJieKyT (EA) II (B'O). 0TcIO.u.a 
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CJie,UyeT, qyo IIp5IMa5l (EA) nepeceKaeT npHMYIO (OC) 
B HeKoTopoii TOqKe F II qTo (FA) II (OB). 

DpIIMemrn CBOHCTBO (PA) K TpoiiKaM (0, C, F) II 

(A,D,B), Mb! BII.UIIM, qTo II3 ycJIOBIIii (OD)ll(CA), 
(OB)ll(FA) BhITeKaeT (CB)ll(FD). HaKoHeu, nprIMe­

HIIB cBoiicrno (PA) K TpoiiKaM (0, C', F) II (E, D, B'), 
noJJyqIIM, qTo cooTHOllleHIIH (OD) II (C'E), (OB') II (BF) 
BJieKyT (C'B')ll(FD) II, 3HaqIIT, (C'B')ll(CB). 3TO II 

,UOKa3bJBaeT, qTO Ha [jJ BblIIOJJH5leTC5l aKCIIOMa (D). 0 

PHC. 20 

.... CJIEJI.CTBIIE. Jl.JJH Toro qTo6w IIJIOCKOCTb acpcpIIHHoro 

TIIIIa 6b!Jia a</J</JuHHOU nJWCKOCTblO Haa no/le.M, Heo6xo­

,UIIMO II ,UOCTaToqao, qTo6bI Olia y,UOBJieTBOpHJia acpqrnH­

HOH aKcIIoMe narrrra (PA). 

Bo3spaT K npoeKTUBHOMY cnyqa10 

lfa IIOJiyqeHHb!X pe3yJJhTaTOB HeMe,UJieHHO BblBO)l.IITC5l 

.... TEoPEMA 8.2. Jl.JJH Toro qT06bl IIJJOCKOCTb IT rrpoeK­

TIIBHoro TIIIIa 6bJJJa rrpoeKTIIBHb!M rrpOCTpaHCTBOM pa3-

MepHOCTII 2 Ha,U IIOJJeM, He06XO,ll.IIMO II ,UOCTaTOqHo, qT0-

6bI Olia y.UOBJJeTBOp5IJJa CJie,Uy10r.ueii aKCIIOMe: 

(PP) (OpoeKTIIBHaH aKcIIoMa narrrra.) EcJIII 

.(A, B, C) II _(A', B', C') - ,UBe TpoiiKII pa3JIIIqHbIX KOJIJIII· 
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HeapHhlX ToqeK, TO TOIJKH P = (BC')n (CB'), Q = 
= (CA')n(AC') n R = (AB')n(BA') KOJi.nttHeapHhl. 

0TMeTHM rrpOCTOTY aKCHOM, JieLKalll,HX B OCHOB8HH!i 

IIJIOCKOH rrpoeKTHBHOH reoMeTpHH. 

CTepeH)l.eM Terrepb K H3yqeHHIO 8KCHOM, Ha KOTOphlX 

OCHOB8Ha IlJIOCKaH act>ct>HHHaH reoMeTpIIH naa no.ne.u 
iJeucraureAblibtx ttuceA (§ 9 tt 10). OrnpaBJIHHcb oT 

HeKOTOpoii IlJIOCKOCTH TpaHCJIHIJJIH, Mbl BBe)l.eM 8KCHO­

Mhl rropH,ll.K8 H BOCIIOJlb3YeMCH 8KCHOM8THqecKHMH xa­

paKTepH38UHHMH R, ycTaHOBJieHHhlMH B rJI. I. AKCHOMhl 

Jl.e3apra H CTarrrra IlOHBHTCH B 3TOM CJiyqae K8K CJie)l.­

CTBHH aKCHOM rropH)lK8. 

9. YfiOPjl)l.O'lEHHblE fiJIOCl(OCTH, 
APXHMEJJ.OBbl fiJIOCl(OCTH 

• OrrPE)l.EJIEHHE 9. l. CTJIOCKOCTb act>ct>HHHoro TH Ila f!fJ Ha -
3bIBaeTCH ynopROOtteliliOU, ecJIH Ha Ka)K,ll.OH ee rrpHMOH 

ycTaHOBJieHbl )l.B8 B38HMHO o6paTHhlX OTfWUlCflUR AUfteU­
liOeo nopRO/<;a {Il03BOJIHIOIUHe orrpe.n.eJIHTb 0Tpe3KH rrpH­

Moii:) TaK, qTO BbIIIOJIHHeTCH CJie)l.y10ru.aH 8KCHOMa: 

• (0) (AKCHOMa nawa.) EcJJH A, B, C-TpH HeKOJJJJH­

HeapHbie TOqKH, TO JII06a51 rrpHMaH, rrepeceKaIOlll,aH O,ll.HH 

H3 0Tpe3KOB [AB], [BC], [CA], rrepeceKaeT H BTOpoii:. 

Eha aKcIIoMa paBHOCHJihHa cJie.n.yioru,eMy cBoilcTBY, 
Il03BOJIHIOlll,eMy onpe.n.eJJHTh noAynAOCKOCTU, orpaHHlJeH­

Hhle rrpHMOii: Si): 

• (O') Jl.JIH KaLK,ll.OH npHMOH q) IlJIOCKOCTH f!jJ onpe.n.e­
JieHO OTHOlIIeHHe 3KBHBaJJeHTHOCTH Ha f!P"'-.q) ycJIOBHeM: 

AP/l,B, ecJJH oTpe30K [AB] He nepeceKaeTCH c rrpHMoii: fl/). 

JI.eii:CTBIITeJJhHO, onpe,ll.eJJeHHhle TaK OTHOlIIeHHH CHM­

MeTpH11Hbl H pect>JieKCHBHbl, a HX TpaH3HTHBHOCTb paBHO­

CHJlbHa o6paTHOMY K npOTHBOIIOJJOLKHOMY ,ll.JJH yTBep.lK­

)l.eHHH (0): 

«ECJIH 0Tpe3KH [AB] H [BC] He nepeceKaIOTCH c 

IlpHMOH !!/), TO c Heii He nepeceKaeTCH H 0Tpe30K [A Cl». 
6y)l.eM roBopttTh, 11To rrpHMaH opueHrupoaafta, ecm1 

Ha Heii BbI6paHo O,ll.HO H3 )l.BYX B3aHMHO o6paTHblX OTHO· 

llleHHii rropHAKa. 
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TEOPEMA 9.1. Ecm1 g.'- ynopH,11.otieHHaH n.nocKOCTb 

acpqm:HHoro nma, TO npoeKTllpOBamre optteHTttpoBaHHOH 
npHMOH q) Ha optteHrnpoBaHHYIO npHMYIO q)' B HanpaB­
Jiemm 6 MOHOTOHHO. 

P,01waare1tbCTBO. DycTh A, B, C - Tptt TO'IKH Ha !!l), 
TaKtte, 'ITO B Jie:>KHT Me:>K.11.y A ll C, T. e. npHHaJlJle)!{HT 
OTpesKy [AC], H nycTh A', B', C' - llx npoeKIIHH Ha qy 
(pttc. 21). Tor,11.a npHMaH (BB') nepeceKaeT cToputty 

PHc. 21 

PHC. 22 

IA CJ TpeyrOJihHllKa (A CC'), ll TaK KaK OH a napaJI.neJib· 
Ha ero cTopoHe [CC']; TO oHa nepeceKaeT TpeThIO CTO· 
poHy 3Toro TpeyroJihHHKa [AC']. AttaJIOrH'IHO, nocKOJih· 
KY npHMaH (BB') napaJIJieJibHa CTOpoHe .(AA'] Tpe­
yroJihHHKa (AA'C') H nepeceKaeT ero cTOpotty [AC'], 
OHa nepeceKaeT H CTOpOHY [A'C'J Toro me TpeyrOJibHH· 
Ka. 9THM ,ZI.OKa3aHO, 'ITO npoeKTllpOBaHHe coxpaHHeT OT· 
HOllleHHe «.ne:>KaTh Me:>K,11.y». l1TaK, npoeKTHpOBaHHe p 
eCTb MOHOTOHHOe OT06pa:>KeHHe, KaKOBbl 6hl HH 6h!JIH 
BhI6paHHble opHeHTaIIHH npHMhIX q) H q)' (cJiytiaii, 
KOr,ZI.a p (q)) CB0,11.HTCH K 0,11.HOH TO'IKe, TpHBHaJieH). 0 
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YnopHJJ.O'leHHbte DJIOCKOCTH TpaucJIHU.HH 

11PEJl.JIO:>KEHIIE 9.2. EcJIII 9- ynopJl8o'ieHHaJl nAo­
c1wcrb rpaHC.ilJllfUU, TO TpaHCJIHUIIII JII06oii oprreHTHpo­

BaHHOH npHMOH 5lBJI5llOTC5l 803pacraTOUfUMU oro6paJ1Ce­
HUJl.MU. 

Jl,01wsare.llbCT80. ITycTb m - OpHeHTHpOBaHHaH rrpH­

Ma5l B [!jJ II 't - orpami:qemi:e Ha q) TpaHCJI5lUHH Ha BeK­

TOp U rrapaJIJieJibHO PlJ, COXpaHHIOI.Uett PlJ; MO:>KHO C'IH­

TaTb, 'ITO U =I== 0. 
a) IToKa:>KeM cHa'IaJia, 'ITO ,; .MOftoTOHHO. ,ll,JIH sToro 

BbI61epeM rrpHMYIO q)', rrapaJIJieJibHYIO q) (q)' =I== q)), II 

npoeKTHpoBaHIIe p npHMOii q) Ha q)' B rrpoH3BOJibHOM 

HarrpaBJieHHH 6. Tor,l(a HarrpaBJieHHe 6' rrpHMOH 

(,;(A) p (A)) He 3aBHCHT OT Bhr6opa TO'IKH A Ha q) 

(CM. pHC. 22), TaK KaK ,l(JI51 JIIo6oii rrapbl (A, B) TO-
- ---J>-

'IeK m HMeeM p(A)p(B) =AB= .-(A),;(B), H ITOTOMY 

(.-(B)p(B))ll(i:(A)p(B)). 06osHaIIaH IIepe3 p' rrpoeKTH­

poaaHHe PlJ' B HarrpaBJieHHII 6' Ha P/), ITOJiy'IHM 't" =--= p' op, 
II IIOCKOJihKY p H p' MOHOTOHHbl rrprr JIIo6oii opIIea:­

TaU,IIII q)', TO l' MOHOTOHHO H .rr.a:>Ke CTporo MOHOTOHHO 

B CIIJIY 6tteKTIIBHOCTil. 

b) ITOCKOJibKY • CTporo MOHOTOHHO, TO TaK :>Ke 06-

CTOHT ,UeJJO H c TpaHCJ15lUHeii 'tn Ha BeKTOp nu npII JII0-

60M ueJIOM n ~ 1. CJie,UoBaTeJibHO, nu =I== 0 rrprr n ~ 1 
II, B 'IaCTHOCTJI,. 2u =I== 0. I1o HCCJJe,l(OBaHIIIO, npose.rr.eHHO­

MY B § 5, OTCIO,lla CJie,11.yeT cyI.UeCTBOBaHIIe BeKTopa v. 
JlJI51 KOToporo u = 2v. TpaHCJIHUII5l Ha seKTop v coxpa­

HHeT PlJ, a ee orpaHH'IeHlle Ha Pl) 5lBJJ5leTC5l CTpOrO MO­

HOTOHHOH 6rreKUIIeii CT, TaKOH, 'ITO • = CT _0 CT. OrcIO,Ua 

cJie,UyeT cTporoe BospacTaHrre •· 0 

CJIE,11.CTBHE. ,ll,se 3KBHTIOJIJJeHTHble napbr TO'IeK (A, B). 
(A',B') Ha 0,11.Holi II TOH :>Ke opneHTHpoBaHHOH npHMOH 

Pl) HaXOll51TC5l B 0,l(IIHaKOBOM OTHOIIIeHIIIl IlOp5!1lKa. 

B caMOM ,UeJie, cyI.UecrnyeT TaKaH TpaHCJIHU.HH i:, 'ITO 

A'= •(A) H B' = -i;(B). 0 

3TH pe3yJibTaTbl II03BOJ15lT HaM ynop51,11.0'IHTb rpyrrrry 

(d, +) BeKTopoB 9 c 3a,UaHHhlM HanpaBJieHIIeM d. Ho 

ll.Jl5l 60JibliieH Har Jl5!,l(HOCTil Mbl HCIIOJJb3YeM nyHKTUpO­
Bat-lHble rrpHMble B HanpaBJJeHHII d: IlYHKTilpOBaHHOH rrp5!-
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MOH q)o Ha3h!BaeTC5I rrpHMaH q), Ha KOTopoii: Bb16paHa 

HeKOTopaH HaqaJihHaH TOqKa (HaqaJio) 0. EcJIH M, 
N - .UBe TO'-IKH Ha q)o, To MbI orrpe.ueJIHM TO'-IKY P = -- ~ --= M + N paBeHCTBOM OP= OM+ ON. Tor.ua q)0 
rrpeBpaTHTCH B zpynny, H30Mopqrnyro rpynne (d, +) BeK~ 
TOpOB Toro me HanpaBJieHHH d, '-ITO H q), 

DPE)J,JIOMEHHE 9.3. B ynopHJJ.Ol!eHHoii: IIJJOCKOCTli 

TpaHCJIHUHH KaJK,!1.aH rryHKTHpOBaHHaH H opneHTHpOBaHr 

HaH rrpHMaH q)o 5IBJI5IeTC5I ynopflOOtteHHOU a6eAeBOU 
zpynn<;>ii. BoJiee Toro, ecJin !!!)~, - .upyraH rryHKTnpoBaH­

HaH li opneHTHpOBaHHaH rrpHMaH H p - npoeKTUpoBaHue 
q) Ha !!/)', Ta Koe, '{TO p ( 0) = O', TO p eCTb MOHOTOHHblU 
COMOMOpcpU3M rpyrrrr. 

/l.oKasareAbCTBO. DycTh A, B, C - TpH Toqrrn rrpH­

MOH !![)0 , TaKHe, 11To B > A, n A'= A+ C, B' = B + C --­TO'-IKH rrpHMOii: f!l), orrpe.neJieHHhie ycJioBHHMH AA'= -- -- -- -=BB'= OC. Tor,n:a AB= A' B' H, no npe,n:Jio)KeHHIO 9.2, 
B' >A'. l1TaK, q)o B caMoM .neJJe ecTh ynopH.no11eHHa5I 

rpynna. BTopoe yTBepJK.neHne Bh!TeKaeT H3 TeopeM 9.1 
n 5.4. D 

ApxHMe)l,OBhl OJIOCKOCTH 

..... 0IIPE)J,EJIEHHE 9.2. J'nopflOOtteHHafl nAOCKOCTb rpanc­
AfllJ,UU Ha3bIBaeTC5! apxuMeiJOBOU, eCJili KaJK.UaH ee nyHK­

THpOBaHHaH H opneHTHpOBaHHaH npHMaH 5IBJIHeTC5I ap­
XUMeOOBOU cpynnou (cM. § I. 5). 

DPEJJ;JIOH<EHHE 9.4. ,lI.JIR Toro IJ.T06bI ynopRJJ.OIJ.eHHaR 

IIJIOCKOCTb TpaHCJIHUHH 6bIJia apxnMe,!1.0BOii:, ,!l.OCTaTO'lHO, 

qT06hr Ha Heii: cyrn.ecTBoBaJia nyHKTHpoBaHHaR u opneH­

TIIpoBaHHaR npRMa5l !!/)o, cocraBJI5lJOllJ,a5l apXIJMe,UOBY 

rpyrmy. 

Jf.oKasareAbCTBO. EcJIH IIYHKTHpOBaHHaH npHMaH q)o 
apXHMe,!1.0Ba no OTHOUieHHlO K 0)1,HOMY H3 CBOHX ynopH­

.UOIJ.eHHii:, TO me caMoe HMeeT MeCTO H )l,JIH BTOporo yno­

pH,UO'-leHHH; OHa OCTaHeTCH apxHMe)l,OBOH li npH Bbl6ope 

HOBOfO Hal!aJia 0', TaK KaK TpaHCJl5lUH5I -rot: !!l)o -q)O' 
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51BJIHeTCH CTporo MOHOTOHHbIM roMOMop<f>II3MOM. HaKO­

Heu, ecJIII q);,- .n:pyraH rryHKTIIpOBaHHaH opueHTIIpO-

BaHHaH npRMaH, TO MO){{HO CBeCTII ,lI.eJIO K CJiy'-laIO, Kor­

.n:a 0 f/= q)', O' f/= !!/); Tor.n:a rrpoeKrnposaHIIe p s Ha­

npaBJieHIIII ( 00') IIpHMOH q)o Ha q);, 6y.n:eT CTporo 

MOHOTOHHbIM roMOMop<f>II3MOM ITO rrpe,lI.JIO)KeHIIIO 9.3. 
0TCIO,lI.a CJie.n:yeT, '-ITO q);, - TaK){{e apXIIMe,lI.OBa rpyrrrra. 

OpIIMeHeHIIeM cJie,lI.CTBIIH II3 TeopeMbl I. 5.2 HeMe.n:­

~eHHO IlOJiyqaeTCH 

0PE,ll.JIO){{EHIIE 9.5. OycTb !!!>0 - rryHKTIIposaHHaH 

opucHTHpOBaHHaH npHMaH apXIIMC,lI.OBOH IIJIOCKOCTH. 

Tor,LI.a ,lI.JIH Ka){{,lI.OH TO'-IKII A E q) \ f O} cyw.ecrnyeT 

eOUH.CTBeH.1-ibtU MOH.OTOH.H.btU eOMOMOpc/JU3At 8i rpynnhI q)O 

B (R, + ), TaKOH, '-ITO 8~ (A)= 1. 
B 3TOM cJiyqae .n:eticTBIITeJibHOe 'IIICJIO 8~ (M) Ha3bI­

BaeTcH a6c4uccou ro'tKU M B penepe (0, A) rrpHMOH q); 

sTa a6cuucca o6osHaqaeTcH OM, eCJIH T04Ka A QJHKCII­

posaHa. 
. A 

0TMeTIIM, '-ITO rOMOMopcptt3M 80 He 3aBIICHT OT 

OptteHTaUIIII !l), H HaIIOMHHM, '-ITO OH CTpOeO MOH.OTOH.eH.; 

ecJIH q) opueHTHposaHa TaK, '-ITO A > 0, TO OH cTporo 

BospacTaeT. 

.. TEOPEMA 9.6 (CHJihHaH TeopeMa <PaJieca.) OycTb m, 
!!!)' - rrpHMhre, rrepeceKarow.uecH B 0, A - TO'IKa Ha 

!!/) \ {O} H A' - TO'-!Ka Haq)''\ {O}. B rrpI:IHHTbIX Bbllne 

o6o3Ha'leHI:IRX coonromeHHe 0i (M) = 8~ (M') (r,LI.e ME q) 
H M' E ElJ') pasHoCIIJihHO (MM')"I/ (AA'). 

,UpyrHMII CJIOBaMII, eCJIH !l), q)' OTHeceHbl K penepaM 

(0, A), (0, A'), TO npoeKrnposaHtte p rrpHMOtt q) Ha 

gy B HanpaBJieHIIII (AA') coxpaH.fleT a6Cl{UCCbt. 

A' 
fl.oKa3aTeJlbCTBO. 0To6pa)KeHIIe f = 80 0 p eCTb MOHO-

TOHHblH rOMOMopcprr3M q)o B R, ,lI.JIH KOToporo f (A)= 1, 
H rroToMy OH paseH 8~. B CHJIY HH'beKTIIBHOCTH roMo-

A' A' A 
Mop<tJrrsMa So paseHCTBO 80 (M') = 80 (M) pasHOCIIJihHO 

M' = p (M) H K TOMY ){{C (MM') II (AA'). 0 
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10. A<l><l>HHHMI CTPYKTYPA 
APXHMEAOBOA nnocKOCTH 

06pa3 rryHKTHpOBaHHOH npHMOH !?/)o rrprr 0)1.HOM H3 

rOMOMop<fJH3MOB ()j flBJIHeTCfl, OIJeBH)J.HO, noiJzpynnou 
(R, +). Mhl YBIIJJ.HM, IJTO 3Ta rro,11.rpyrrrra B JJ.eiicTBIITeJih­

HOCTH HBJrneTCH noiJnoAeM rroJIH R (rrpe,11.JI02KeHrre 10.1) 
H He 3aBHCHT Hll OT Bbr6opa !?l)o, HII OT TOIJKH A (npe.n­

JIOLKeHrre 10.2). 
ITpe)l()l.e BCero, IJT06bI )J.OKa3aTb, IJTO ej (!?/)) - rro,n;­

ITOJie IIOJIH R, .nocTaTOIJHO ycTaHOBHTb, IJTO IJacTHOe ,nayx 

ero 3JleMeHTOB eMy rrpHHa)J.Jie2KHT; 3TO H yTBep2KJJ.aeTC5I 

B cJieJJ.yrorn.eM rrpeJJ.JI02KeHHH. 

PHC. 23 

IT PEJJ.JIO}KEHIIE I 0.1. ITycTb q)0 - rryHKTHpoBaHHa5I 

np51Ma5I apXHMeJI,OBOH llJIOCKOCTH. I\aKOBbI 6b! HII 6bIJIII 

TOIJKH A, B, C H3 q)" {O}, HailJJ.eTC5I TOIJKa DE !ll> "{O}, 
TaKaH, 'lTO ej (D) = ej (C)/8~ (8). 

JJ,01wsareAbCTBo. ITprr c}lHKCHpoaaHHhlX Ha'!!) TO'IKax A, 
B OT06pam:eHIIe f: '!!)-+ R, M .........,. ej (M)/Sj (B) eCTb MOHO­

TOHHhlH roMOMopcpII3M q)o B (R, + ), TaKOH, IJTO f (B) = I, 
H IIOTOMY paBHhlH 8g. 3Ha'IIIT, HaM CJieJJ.ye'l' ITOCTpOIITl> 

rnKyIO To'lKY o, 'lTo ej (D) = eg (C). 
Jl.JIR arnro rrpoaeJI,eM qepe3 0 OTJIHIJHyro OT !!/) rrp5I­

Myro '!!)' H Bhr6epeM TO'IKY B' Ha '!!)' "- { O} (prrc. 23). 
ITocTpOIIM Ha q)' TO'IKY C', TaKyro, qTo (CC') II (BB'), 
H Ha q) TOIJKY D, TaKyIO, 'ITO (C' D) II (B' A). 06o3HaIJHB 

W I 
11epe3 So roMOMop<PH3M q)o B (R, + ), )J.JIH KOTO poro 

B' 00 (B') = I, II rrpIIMeHIIB TeopeMy <t>aJieca 9.6, noJiy'lliM 
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A B' B 
ea (D) =ea (C') =ea (C). CJie)I,OBaTeJibHO, D - HCKOMaH 

TOtJKa. D 

Ec.1m o6osHatJHTh a6cu;IIccy TOtJKH M Ha fl) B perrepe 

(0, A) aToH: npHMOH npocTo KaK OM, TO TOtJKa D onpe-

OD OA 
,n;eJIIITCH II3 paseHCTBa oc = OB . 

HTaK, MhI BhITIOJIHIIJIII nocTpoeHIIe «qernepToli npo­
nopuuottaJihHOli». 

ITPE)I,JIOIB:EHHE 10.2. ITpII BbllneyKasaHHhIX o6osHa­

qemrnx TIO)I,IIOJie e~ (fl)) He BaBIICIIT HII OT BbIOOpa fl), 
HII OT perrepa (0, A) Ha fl). 

/I.oKasaTe.llbCTBO. DycTh $, g)' - npHMhie B [jJ (tte­

o6HsaTeJibHO pa3JIIIqHbie)' CHa6iKeHHhie COOTBeTCTBeHHO 

perrepaMII (O,A), (0',A'), II nycTh p-npoeKTIIposa­

HIIe g)' Ha g) B npOH3BOJlbHOM HanpaBJieHIIII (paBHOe 

TOiK)I,eCTBeHHOMY OT06paiKeHIIIO npII g)' = $). 06o-

3HaqIIM qepe3 e = e~ roMOMopcpII3M f?l)O B R, y.rr,OBJie· 

TBopHIOIUIIH ycJIOBIIIO e (A) = 1, II nyCTh e' - OT06pa­

.IKeHIIe $' B IR, orrpe.rr,eJieHHOe ycJIOBIIeM 

(VMEfl)') e'M- 8op(M)-8op(O') (1) 
- 8op(A')-8op(O')' 

MoiKHO npoaepIITh, qTo 8' - MOHOTOHHhrH: roMoMop· 

<PII3M fil>o B R, )I,JIH KOTOporo 0' (A')= 1, II TIOTOMY 
A' 

OH paBeH 0a'; COOTHOllleHHe (I) IIOKa3bIBaeT, qTO e' (M) 
rrpIIHIIMaeT 3HaqeHIIH B IIOJie e~ (fl)). TaKHM o6pa30M, 

A' A 
HMeeT MecTo BKJIIOqem1e ea, (fl)') c ea.(fiD). Memrn 

poJIHMH fl) H fl)', rroJiytJHM Tpe6yeMoe paBeHcTBo. D 

EcJiu q)' =fl) II p = Id@, To, KaK rroKasbrnaeT cpop­
MyJia (1), npu usMeHertuu penepa Ha npRMoii g) a6c­
l{UCCbl noiJBepeaJOTCJl a</J</JUHHOMY npeo6paaoaaHUIO. 

06osHaqrrn qepes K..J1> IIOJlJIOJie B R, o6pa30BaHHoe 

a6cu;IIccaMII TOqeK KaKOH·JlllOO rryHKTIIpOBaHHOH rrpHMOH, 

Mbl CMOiKeM ycTaHOBHTb 

IlPE.rr,JioiKEHIIE 10.3. EcJIII [JJ- ynopH.noqeHHaH ap­
xuMeiJosa IIJIOCKOCTh TpaHCJIHU:HH, TO a)I,)I,llTIIBHaH rpyrr-
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na ee BeKTopos )],onycKaeT crpyKrypy BeKropnozo npo­
crpattcTBa pasMepHocTH 2 Ha)]. rroJieM K,g>. 

/J.OIW3aTe.llbCTBO. a) Oo~KOJlbKY CJIO.IKeHHe BeKTOpOB 

yMe orrpe.ll.eJieHo ll Hsy11eHo ( cM. § 4), Mb! orrpe)leJIHM 
~ 

npou3eeiJeHue 'Au HeHyJiesoro BeKTopa u = OA Ha sJie· -MeHT 'A ll3 K,g> KaK TaKoi1 BeKTOp OB, l!TO TO'-IKH 0, 
A, B KOJIJIHHeapHbI H e~ (B) =A. HcnOJib3Y5I CBOHCTBa 

rrpoeKTHpOBaHlIH, JierKO IIOKa3aTh, l!TO 9TO onpe)leJieHHe 

He 33BHCHT OT BhI6opa TOl!Kll 0 ( ecJIH IlOMeCTHTb HOBOe 

Prrc. 24 Prrc. 25 

na11aJio B T011Ky O', TO TO'-IKH A, B rro)J.BeprnyTc5l Tpanc-
~ 

JIHI.LHH Ha BeKTOp 00', CM. puc. 24). 
~ ~ 

OoJIO.IKHM 'A· 0 = 0 )J.JIH Bcex 'A E K,g>. -b) <l>HKCHpyeM BeKTop u = OA H rroKa*eM, 'ITO .ll.Jifl 
mo6hIX ('1,, µ) E Ktl' X Ktl' BhIIIOJIH5IeTCH 

('A + µ) u ='Au+ µu (2) H µ ('Au)= (µA.) u. (3~ -Mo:arno c11uTaTh, 'ITO u =I= O; npH u = OA o6osHal!HM 

1Iepe3 f!l) np5IMYIO ( OA) II nycTb TO'IKH B, C, D rrpRMoii f!l) 
TaKOBbI, 'ITO - - - - -OB='Au, OC=µu, OD='Au+ µu= OB+ OC. 

nocKOJibKY e~ eCTb rOMOMOpf}>H3M nyHKTHpOB3HHOH np.si:· 

MOH q)o B (IR, + ), TO e~ (D) = e~ (B) + e~ (C) ='A+ µ, 
~ 

OTKy)la OD=(/..+µ) u, T. e. BhIUOJIHeHo (2). 

qT06bI ycTaHOBHTb (3), Mbl MO)KeM IIOJlO)KHTb 'A =I= 0 
H, 3H3'll1T, B =I= o. no O)],HOMY 3aMel!aHHIO, y:>Ke C)J.e· 

JiaHHOMY npH Jl.OKasareJibCTBe npeAJIO*eHHfl 10.1, Tenepb 
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.ZJ.Jifl JIIo6oii roqKrr M rrp5IMOH fl) rrMeeM 0;5 (M) = 
A B B --+ -=0o(B)0o(M)=l0o(M), OTKY.ll.a, ecnn OM=-µOB, 

A ~ - -rroJiyqaeM 00 (M) =Aµ= µAn OM=µ (AOA) =(µA) OA; 
3TO H eCTb Tpe6yeMoe paBeHCTBO (3). 

c) <t>rrKcIIpyeM 3JieMeHT A E /(ti' II rroKa)f{eM, qTo .ll.Jifl 
JII06bIX BeKropoa u, v rrMeer Mecro A (u + v) =Au+ Av. 

M021rno cquraTb BeKTOphl u, v HeHyJieBhlMH; 6y.z:r,eM 
pa3JIHqaTb JI.Ba cJiyqa5!. 

n epBblU CJlyttatl. BeKTOphl U, v KOJIJIHHeapHhl. Torn.a 
M02KHO rroJI02KHTb v = ku, rae k E /(tf'. CTpuMemrn (2) n 
(3), IIOJIY1IHM 

t.u +Av= Au+ Aku =(A+ Ak) u =A [(I+ k) uJ = 
=A (u + ku) ='A (u + v). 

Bropotl c.llyttatl. BeKropbI u, v He KOJIJIHHeapHbI - -- ~ CToJIO)KHB u = OA, v =OB, u + v = OC H aHaJioruqHo - - -AU= OA', AV= OB', A (u + v) = OC', rro reopeMe 9.6 
nonyqnM (A'C') 11 (AC) H (B'C') 11 (BC) (cM. p11c. 25). 
fioCKOJibKy(OACB)-rrapaJIJieJiorpaMM, TOH (OA'C'B')-- - -rrapaJIJieJiorpaMM, OTKy.n.a OC' = OA' +OB', T. e. 
A (u + v) =AU+ 'Av. 

d) HaKOHeu, JierKo BH,!l.eTb, 'ITO npH HeHyJleBblX 11 

HeKOJIJIIrneapHbix seKropax u, v JII06oii seKTOp w e.n.1rn­
cTBeHHbIM o6pasoM pasJiaraeTC5! KaK w = A.u + µv, r.n.e 

~ 

A., µ rrpHHa.ZJ.Jie.IKaT /(t/'. l1TaK, (fl', +) B Ca MOM JI.eJie eCTb 
BeKTOpHoe rrpocrpaHCTBO pasMepHOCTH 2 Ha.II. IlOJieM 
K!P rrprr onpe.n.eJieHHOM HaMH BHerrrneM saKoHe yMHO­
Memrn. 0 

0TCIO,ll.a BbIBO,ll.HTC5! 

.... TEoPEMA l 0.4. K.a.1KJI.a5! ynopH.OO'iet-u-taH. apxuMedoBa 
llJlOCKOCTb rpat-tC/lfl.l{UU eCTb a¢</JUt-tftaH. ll.llOCKOCTb Ha,ll. 
IlOJI.IIOJieM K ti' noJI51 R. 

..,.. 
/J.oKa3aTeJtbCTBO. B CHJIY pesyJlbTaroa § 4, (:11, +) 

JI.eHcTByeT rrpocro TpaH3HTHBHO Ha fjJ rpaHCJI5!UHHMH~ 
orc10.na cJ1eayer cymecrnosaHtte acpqrnHHoii crpyKTYPhl 
pasMepHOCTH 2 Ha fl'. c JI.pyroii CTOpOHbI, Ka.IK,LLa5! «IIp5!-
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MaH» q) B fl' ecTb MHOMeCTBo ToqeK M, TaKHX, qTo 

- --+ OM= >.DA, r.n.e (0, A) -c}HiKCHpOBaHHblM penep m H /.. 
npo6eraeT KJ!': 3TO noJiyqaeTCH H3 caMoro onpeneJieHHH 

~ 

BeKwpa A.OA. TaKHM o6pa30M, «IIpHMb!e» B fl'- 3TO 
np51Mb!e act>c}>HHHOB CTpyKTYPhl Ha (JJ. 0 

0TMeTHM, qTo 3TOT pe3yJihTaT noJiy'leH 6ea npeiJ­
nOJW:J!CeHUJl, 'iTO llJWCKOCTb TpaHCJlfU{UU fl' yiJOBJl8TBO­

pReT 60.ilbUlOU aKCUOMe Jl.eaapza UJlU aKCUOMe llanna: 
s.n.ech 3TO cJie.ll.CTBHe aKCHOM nopH.n:.Ka H aKCH.OMhl Ap­
XHMe.n.a (CM. § 9). 

• 0TMeTIIM TaK2Ke, qro JIIOOaH a¢qrnHHa51 IlJIOCKOCTb 

HaJl KaKHM-Jirroo no.nnoJieM R y.nosJieTBOpHeT 3THM aK­
cuoMaM: noAe KJI' ocTaeTCH HeonpeoeA.eH.H.btM noonoAeM 
R, no1rn na nAOCKOCTb fl' He naKAaobtBaTOTCJI aonoAHU­
re.1tbHbte rpe6oBaHUJI. 

TeopeMa 10.4 cocTasmreT ocHOBY 3JieMeHTapHoii reo­
MeTpHH. B rn. VI Mb! usyquM .n.onoJIHHTeJibHhie aKCHOMbl. 
fi03BOJI5II0lll.He llOCTpOHTb eBKJIHJlOBY reoMeTpMlO. 

11. nPOEKTHBHblE nPOCTPAHCTBA 
flPOH3BOJlbHOH PA3MEPHOCTH: HCTOJII<OBAHHE 
Al(CHOMbl JJ.E3APfA c noMOtnblO BJIO)l(EHHSI 

06o6lll.aH onpeJJ.eJieHHe 1.1, sseneM 

.. OrrPEJJ:EJIEHHE 11. l. npocTpaHCTBOM npoeKTUBHOCO 
TH.Ila H33blBaeTC5I nap a (£, Ii'), COCTOfllll.afl H.3 

a) MH02Kecrna E, HashrnaeMoro npocrpaHCTBOM, 3Jie­
MeHThl KOTOporo HMeHyIOTC51 TO'iKa.M.u; 

b) MHO.IK.ecTBa 2 rroJlMH02Kecrn E, H33b!BaeMhlx npJl­
.MbtMu H y.a.osJieTBOpHIOlll.HX cJie.ll.y10mrrM aKcttoMaM: 

E1 4epe3 JII06b!e JI.Be pa3JIHqHble ToqKH E npoxoJUIT 
<JlHa 11 TOJibKO O.ll.Ha npHMaH. 

E2 Ec.1u A, B, C, D - qeThlpe pa3JIHqHhle TOqKH E, 
TaKHe, 'ITO npHMble (AB) H (CD) nepeceKaIOTC5I, 
TO nepeceKaIOTCH H npHMb!e (AC)' (BD). 

E3 I\a2KJlaH rrpHMaH conep)KHT no MeHbIIIeii Mepe TpH 
TO'lKH. 
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3To onpe.n.eJieHHe oqeBH.ll.HhIM o6pa30M oxBaThIBaeT 
nAOCKOCTU rrpoeKTHBHOfO THIIa, rrycToe MH02KeCTBO H 
MH02KeCTBa, CBO.ll.5II.IJ.HeC5l K TOqKe HJIH -K «IIp5IMOH». 

HecMoTpH Ha cJia6ocTb ccpopMyJIHpoBaHHbIX aK-
CHOM I)' Mbl YBH,ll.HM, qTo, 3a HCKJIIOqeHHeM oco6bIX CJiy­
qaeB, KOTOpbie 6y.n.yT rrepeqHcJieHbl, BC5IKOe npocTpaH­
CTBO rrpoeKTHBHOro THrra y.n.oBJiernopHeT aKcrroMe J1.e-
3apra rr .n.orrycKaeT rrpoeKTITBHYIO CTPYKTYPY Ha.n. no.n.xo­
.ll.Hll~HM TeJIOM. c 3TOH 11,eJibIO HaqHeM c aKCHOMaTHqe­
CKOro HCCJie,ll.OBaHH5l llOOllpOCTpaHCTB IIpOCTpaHCTBa IlpO­
eKTHBHOfO THIIa. 

OrrPE.ll.EJIEHITE 11.2. CTycTb E - rrpocTpaHCTBO rrpoeK­
THBHoro THrra. CTO,ll.MH02KeCTBO x c E Ha3bIBaeTC5l noo­
npocTpaHCTBOM E, ecJIH .ll.JIH JII06oif rrapb1 (A, B) TO­
L!eK X, TaKoif, qTO A =I= B, npHMaH (AB) co.n.ep2KHT­
cH B X. 

K.a2K.n.oe rro.n.npocTpaHCTBO E .n.orrycKaeT ecTecrneH­
HYIO CTPYKTYPY npocTpaHcrna rrpoeKTHBHOro THrra, HH­
.n.y11,HpoBaHHYIO cTpyKTypoif E, H crrpaBe.ll.JIHBO 

0PE.ll.JI02KEHHE 11.1. CTepeceqeHHe ceMeifcrna rro.n.­
npocTpaHCTB E eCTb rro.n.rrpocTpaHCTBO E. 

B qacTHOCTH, ecJIH X - HerrycToe IIO.ll.MH02KecTBO E, 
TO rrepeceqeHne r10.n.rrpocTpaHCTB E, co.n.ep2KaI.IJ.11x X, Ha-
3hIBaeTCH rro.n.rrpocTpaHCTBOM, nopO{)fCOeHHblM x. 

DPE.ll.JI02KEHHE 11.2. CTycTb E - npocTpaHcTBo rrpo­
eKTHBHOro THrra, X - rro.n.rrpocTpaHCTBO E H A - TOqKa 
a E"-.,.X. Tor.n.a rro.n.npocTpaHCTBO E, rrop02K.ll.eHHoe XU 
U {A}, ecTb MH02KeCTBO Y ToqeK M B E, Ta1rnx, qTo npH­
MaH (AM) rrepeceKaeTCH c X. 

Jl,oTW3aTeAbCTBO. QqeBH,ll.HO, qTQ Ka2K,ll.Oe rro.n.rrpo­
CTpaHCTBO B E, co.n.ep2Kamee A H X, co.n.ep2KHT tt Y. 
OcTaeTCH .n.oKa3aTh, qTo Y - rro.n.rrpocTpaHCTBO B E, 
ycTaHOBHB, 4TO Ka2K,ll.a5l rrpHMaH, coe,ll.HHHIOI.IJ.aH )I.Be 
TOqKH M, N H3 Y, co.n.ep2KHTCH B Y. 3ToT cpaKT TpHBrra­
JieH, ecJiu M HJIH N coBna.n.aeT c A. CTpe.n.noJI02KITM, 
'ITO M =I= A, N =I= A, u rrycTh M' (coorn. N')-TO'IKa rre-

I) 9rn aKCHOMbl BBeJJ:eHbl Be6JieHOM H lOHrOM [VE-YO]; OHH 
HaMHoro 6oJiee rrpocTbre H o6rn:He, rreM aKcrroMbI Brr6ep6axa, Ka· 
ca10mrrecl! JIHlllh TpexMepaoro cJiyrral! (CM. [KE], T. 2). 



11. CTPOEl<.THBHblE CTPOCTPAHCTBA 213. 

pecel!eHIUI np5lMOH (AM) (coOTB. (AN)) c x (aTa TOqKa 
e;:urncTBeHHaH, TaK KaK A He npHHa,ZI.Jie2KHT X). 06o3Ha­
q11B qepe3 p npoH3BOJibHYIO TO'lKY npHMOH ,(MN)' OT· 
JIH'lHYIO OT M H N, Mb! ,l.l.OKa2KeM, 'ITO P E Y. 

n epBblU CAyttaU. M' =I= M ll N' =I= N (pHc. 26). no­
CKOJibKY rrpHMhle (MM') II (N N') nepeceKaIOTCH B A, 
npHMhle (MN) H (M' N') HMeIOT 06ruy10 TO'lKY /, nprr­
Ha,l.l.JieJKaruy10 X (no aKCIWMe E2); aHaJIOrH'lHO, no­
cKOJibKY npHMble (AN') 11 (Pf) nepeceKaIOTCH B N, npH­
Mble (AP) H (IN') HMeIOT 06ruy10 TO'lKY P'. TaK KaK 

~~ 
M' P' N' I M P' N' 

PHc. 26 Pnc. 27 

rrpHMaH (IN') coJ1epL1rnTcH B X, To P' npHHaJIJie:lKIIT X; 
rrpHMaH (AP) nepeceKaeT X H P E Y. 

BTopoa c1tyiwa. M' = M (pHc. 27). CJiyqaii M = N' 
oqeBH,l.l.eH (npHMaH (MN) npoxOAHT qepe3 A), rroaToMy 
npeAITOJI02KHM, qTo M =I= N'. Tor.ua, rrocKOJibKY rrpHMhre 
(MP) H (AN') rrepeceKaIOTCH B N, rrpHMble (MN') n 
(AP) HMeIOT TaK2Ke o6ruyIO TO'lKY P'; TaK KaK rrpHMa.ff 
(MN') coJiep)fmTC.ff B X, TO'!Ka P' nprrHaAJie2KHT X a 
PEY. D 

TioHSITHe pa3MepHOCTHj UJIOCKOCT!-1 

OrrPEAEJIEHHE 11.2. f osopHT, 'ITO npocTpaHCTBO E 
rrpoeKTllBHOro THI1a HMeeT 1\,0llett,Hy10 pa3MepllOCTb n, 
ecJIH cyruecrnyeT KOHe'lHaH cHcTeMa (Ao, A 1, ••. , An) 
113 n + 1 ToqeK, rropoM,l.l.a10rn:aH E, l1 He cyrn:ecTByeT crr­
CTeMbl 113 n ToqeK, rropoMJ1a10rn:en E (TaKoe HaTypaJib· 
Hoe n eJIHHCTBeHHO). EcJirr E He rropo2K,ll,aeTCH HHKaKoli 
KOHeIIHOH CHCTeMOH TO'leK, TO rOBOpHT, IITO E 6ecKOHet/,· 

llOMepHO. 
3TH orrpe,lI.eJieHHH rrprrMeHHMbI paBHbIM o6pa30M H 

K noArrpocTpaHCTBaM s £. B tiaCTHOCTH, nomrpocTpaH-
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CTBO pa3MepHOCTH 0 ecTh rott1w, pa3MepHOCTH 1 - npR­
.MaR. Do,nnpOCTpaHCTBO pa3MepHOCTH 2 Ha3hIBaeTCH 
nJtOCICOCTblO. 

· TEoPEMA 11.3. l.Jepe3 mo6ble rpn HeKOJWnHeapHble 
ToqKH A, B, C npocTpaHCTBa npoeKTHBHoro THna E npo­
xo.nHT e,nHHCTBeHHaH IlJIOCKOCTb, COBna.narom.aH c MHO­
X<eCTBOM IT raKnx ToqeK M, qTQ npHMaH (AM) nepece­
KaercH c npHMOH (BC). 

)J.o1Ca3aTeJtbCTBO. no npe)l.JI02KeHHIO 11.2, II eCTb 
no.nrrpocrpaHCTBO E. C .npyroii cTOpOHbl BCHKOe rro.nnpo­
crpaHCTBO B E, co.nep2Karn.ee A, B, C, co.nep2KHT H npH­
MYIO (BC), a 3Ha4HT, 1:1 IT, npH4eM IT nopo2K.naeTCH cH­
creMoii: roqeK A, B, C H He CBOJlHTCH K rrpHMoii. HraK, 
dim(IT) = 2. 

06paTHO, ecJIH nJIOCKOCTb IT', rropo2K.neHHaH rpeMH 
HeKOJIJIHHeapttbIMH ToqKaMH P, Q, R, coAep:IKHT tt roqK11 
A, B, C, TO Jierno JlOKa3aTb, qTQ npHMble (AB), (BC), 
(CA) nepeceKaIOTCH c npHMblMH (PQ), (QR), (RP), 
OTKy.na cJie.nyeT, qTQ P, Q, R npntta.nJie2KaT IT. l1MeIOT 
MecTo BKJIIOqeHHH IT' :::::i IT n IT :::::i IT', a noToMy IT' = 
=IT. D 

DPEJlJI02KEHHE 11.4. llBe npHMble B E, Jie2Karn.1:1e B o.n· 
Hoii: IIJIOCKOCTH IT, HMeIOT 06m.y10 ToqKy. 

ll.01Ca3aTeJtbCTBO. Do npeJlhlJlYIIJ.eMy, Mbl M02KeM 
npe.nnoJiaraTb, qro TIJIOCKOCTb IT rropo)f{,neHa OAHOii H3 
npHMbIX, HanpttMep X, H roqKoii A Ha BTopoii npHMoli. 
Dpe.nJio)l{eHne 11.2 rroKa3h1Baer, qro 3TH npHMhle nepe­
ceKaIOTCH. 

CJIEJlCTBHE. Ha TIJIOCKOCT.f!X npocrpaHcTBa npoeKTHB­
Horo Tttna onpeAeJieHa crpyKrypa nJIOCKOCTeii npoeK­
THBHoro nma B CM hlCJie onpe.neJiemrn 1.1. 

TeopeMa JI.e3apra o npocrpaucTBe 

• TEOPEMA 11.5. Dycrh E - npocrpaHCTBO npoeKTHB­
aoro runa pa3MepHOCTH ~3 H (A, B, C), (A', B', C')­
,nBe TpOHKH HeKOJIJIHHeapHbIX roqeK, TaKHX, qro npHMbie 
(AA'), (BB') H (CC') pa3JIHqHbJ H npoxOJI.HT qepe3 

OJI.RX roqKy. Tor.na roqKH p =_(BC) n (B'C')' Q = 
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= (CA)n(C'A'), R = (AB)n(A'B') (cyIII.ecrny10III.He no 

aKcHoMe E2) KOJIJIHHeapHhI. 

)loKa3aTeJihCTBO pacrra.uaeTC51 Ha .usa cJiyqa51. 

flepBbtii c.llyttaii. CTp51Mhle (AA'), (BB') H (CC') He 

JieRrnT B O.UHOll IIJIOCKOCTH rrpocTpaHCTBa £. 
CTycTh rnr.ua TI - IIJIOCKOCTh, rropmK.UeHHa51 A, B, C, 

a TI' - IIJIOCKOCTh, rropoM.uemiaH A', B', C'. TpH TOlJKH 

P, Q, R np1rna.uJielKaT o.uHospeMeHHO o6eHM IIJIOCKO­

CT51M TI H TI'. EcJIH 6hI OHH He 6hIJIH KOJIJIHHeapHhIMH, 

TO ITO rrpe,UJI02Kemuo 11.3 Mbl HMeJIH 6h1 TI = Il' BOIIpe­

KH rrpe,UIIOJIO)KeHJ-110. 

0 

Pnc. 28 

Bropou c.llyttaii. CTpHMhle (AA'), (BB') H (CC') Jie­

MaT s o.uHoli IIJIOcKocTH TI. 
Tor.ua B c1rny ycJJOBH51 dim(£);;::,: 3 cyIII.ecTByeT TOIJ­

Ka SEE, He rrpnHa,nJieMaIII.aH TI. 06o3HalJHM qepe3 0 
06III.y10 TOlJKY rrp51MhIX (AA'), (BB'), (CC') H sh16epeM 

TOlJKY a Ha IIp51MOll (SA), OTJIHIJHYJO OT s H A. Tor.ua 

TOlJKII 0, a, S, A' see pa3JIHlJHhI II HeKOJJJJHHeapHbI 

(p1Ic. 28), II rrocKOJlhKY rrp51Mble ( OA') II (Sa) rrepece­
KaJOTC51 B A, TO rrpHMhle (Oa) II (SA') HMeIOT e,UIIH­

cTBeHHYIO 06III.yJO T011KY a': 
TpH pa3JIII11Hble rrpHMhie (cw'), (BB'), (CC') rrepe­

ceKaIOTC51 B 0 II Re co.ueplKaTC51 B O,UHOH IIJIOCKOCTH. 

K HIIM rrpHMeHHM rrpe.UhI.UYIII.IIll pe3yJJhTaT, IJTO .UOKa-
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3bIBaeT KOJimrneapHOCTb TOqeK P =(BC) n (B'C'), ~ = 
= (aC)n(a'C') M '\' = (aB)n(a'B'). 

DpHMaH {S~) HMHeTCH nepeceqeHMeM IIJIOCKOCTH X, 
npoxo,nmu.eii: qepe3 TOqKll S, a, C, H IIJIOCKOCTH X', npo­

xo,n:Hrn;eii: qepe3 S, a', C'. c ,npyroii: CTOpOHbl, IT n x eCTb 

1Ip5IMa5I (AC)' a IT n X' - IIp5IMa5I (A'C'). TaKHM o6pa-

30M, IIp5IMa5I (S~) = x n X' nepeceKaeT IIJIOCKOCTb IT B 

TOqKe Q = (AC)n (A'C') =IT n x n X' (cM. pnc. 28). 
AHaJiornqHo, npHMaH (Sy) nepeceqeT IT B ToqKe R = 
= (AB)n (A' B'). TaKHM o6pa30M, npHMaH (QR) ecrb 

rrepeceqeHne IT c IIJIOCKOCTbIO IT', npoxo,n:Hrn;eii: qepe3 

TOqKH S, ~. y, H nocKOJibKY P JieMHT Ha npHMOH (~'\') 
ll B IT, TO p npHHa,n:Jie)KHT Ii IT n IT', T. e. IIp5IMOH 

(QR). D 

• CJIEJJ:CTBME. .UJIH Toro qTo6hl ITJIOCKOCTb rrpoeKTHB· 
Horo TMrra IT MOrJia 6bITb BAOCHCeHa B rrpocTpaHCTBO npo­

eKTHBHoro Tllrra pa3MepHOCTll ~ 3, Heo6xo,n:HMO H ,no­
CTaTOqHo, qTo6bl Ha Heil: BhllIOJIH5IJiaCb npoeKTUBHllJl aK­

CUO.Ma P,esapza {DP) (cM. TeopeMy 7.7). 

Mb! BMJJ:eJIH, qTo 3ro ycJIOBHe Heo6xo,nnMo; o6pa'fHo, 

ecJIM OHO BblIIOJIHeHo, TO, KaK Mb! 3HaeM, IT ,nonycKaeT 

CTPYKTYPY npoeKTHBHOro npocTpaHCTBa pa3MepHOCTH 2 
Ha,n TeJIOM K n ,n:JIH JI106oro HaTypaJibHoro n ~ 3 H30· 
Mopqrna HeK6Topoii: IIJIOCKOCTH B pn ( K). 

12. DPOEKTUBHMI CTPYKTYPA DPOCTPAHCTBA 

KaK Mb! 060HBMJIM, Mb! ,noKaMeM, qTo aKCHOMbI E 1, 

E 2, E 3 ll3 onpe,neJieHMH 11.1 ,nocTaToqHbI JJ:JIH nocTpoe­

HHH Ha E CTPYKTYPhl npoeKTllBHoro npocTpaHCTBa, ecJIM 
TOJibKO pa3MepHOCTb E (KoHeqHaH HJIH 6ecKoHeqHaH) 

He MeHbIIIe 3. 
C 3Toii: 11.eJibIO Mb! sepHeMcH K nocrpoeHHIO acpqrnH­

Hoii: CTPYKTYPbl Ha MHOMeCTBe E"'-.._H, IIOJiyqeHHOM HC· 
KJIJOqeHHeM H3 E no,nxo,n:Hrn;ero no,nrrpocrpaHCTBa H. 
YcTaHOBHM npeM,ne scero 

CTPEJJ:JIOMEHHE 12.1. EcJIH E- npocTpaHcTBo npoeK­

THBHoro THIIa pa3MepHOCTH ~2, TO Haii:,neTC5I TIO MeHb· 

IIIeii: Mepe o,n:Ho rro,nnpocrpaHcTBO H B E, OTJinqHoe OT E 
n TaKoe, qTo JI106aH np5!Ma5I H3 E nepeceKaeTcH c H. 
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TaKoe rro.n;rrpocTpaHCTBO Ha3hlBaeTcH eunepn.llOCKOCTblO 
BE. 

/J.oKa3aTe.llbCTBo. a) CTpe,Zi.rroJI02KHM cHal:faJia, l:fTO E 
HMeeT KOHel:fHYIO pa3MepHOCTb n; TOr.n;a OHO rropO)KJJ.eHO 

n + I TOl:fKaMII A0 , A1, ... , An, II H - rro.n.rrpocTpaHCTBO 

B E, rropO)l{JJ.eHHOe TOIIKaMH A1, ... , An. 3HaIIIIT, H =I= E 
II E rroporK.n.eHo MH02KeCTBOM HU {Ao}. Tor,ll.a H3 npeJJ.­
JI02Kemrn 11.2 BbITeKaeT, IITO JJ.JIH Ka2K.n.ofi TOIIKII MEE 
rrpHMaR (AoM) nepeceKaeT H B HeKoTopo:ii: ToqKe M'. 
EcJIH g) - KaKaH-m16y.n.h rrpHMaR B E, He rrpoxo.n:mn.aH 

qepe3 Ao, II M, N - ,ll.Be TOIIKII Ha m, TO rrpHMble (AoM) 
II (AoN) nepeceKaIOTCH c H B pa3JIHIIHbIX ToqKax M', 
N'. 0TCIO,ll.a BbIBOJJ.IIM, IITO rrpHMble (MN) II (M'N') rre­

peceKalOTCH, II, CJiet(OBaTeJibHO, rrpHMaH !!l) ={MN) rre­

peceKaeT H. 
b) EcJIII E He IIMeeT KOHeqHofi pa3MepHOCTH, HaM 

rrpII.D.eTcH o6paTIITbCR K aKcIIOMe UopHa. Co6cTBeHHble 

rro,Zi.rrpocTpaHcTBa E, yrropH,ll.OqeHHble no BKJIIO'leHIIJO, 

o6pa3yIOT IIHJJ.YKTIIBHOe ynop·H,ll.OIIeHHOe MH02KeCTB.0, II 
JII06ofi MaKCHMaJibHblil: 3JieMeHT H · 3Toro MHO:>KecTBa 

y,ll.OBJieTBOpHeT Tpe6yeMOMY ycJIOBIIIO: ,ll.OCTaTO'IHO no­

BTOpIITb rrpe.n;br.n.ymee paccy:iKJJ.eHHe, rrpIIHHB 3a Ao npo­

H3BOJibHYIO TOIIKY B E"'--H II 3aMeTHB, IITO Hu {Ao} rro­

p02K,ll.aeT E. 0 

1-ho6br rroJiyqIITb B03MO)l{HOCTb cpopMyJIHpoBaTh cBofi­

cTBa E"'--H, MbI ,ll.aJJ.HM 

... OnPEJJ.EJIEHilE 12.1. II pocrpaHCTBOM aqH/JUHHOeo runa 

Ha3bIBaeTCH rrapa ((ff, .P)' COCTOHlll,aH Il3: 
a) MH02KeCTBa (ff, 3JieMeHTbl KOToporo Ha3bIBaIOTCH 

TOttKaMu; 

b) MH02KecTBa .P IlO.ll.MHO)l{eCTB (ff' Ha3bIBaeMbIX npfl­
MblMU, CHa62KeHHOro OTHOUleHUeM 8K6U6a.1leHTHOCTU, 

IIMeHyeMhIM napa.ll.lle./lU3MOM. DpII 3TOM ,ll.OJiiKHbl 6hITb 

BblITOJIHeHbl CJie.n.yromrre ycJIOBilH: 
(ff 1 l..Jepes mo6bre .n.Be pasJIH'lHbie TOqKn: (ff rrpoxo,ZJJIT 

OJJ.Ha II TOJibKO O,ll.Ha rrpHMaH. 

(ff 2 Yepes .mo6y10 JJ.aHHYIO TOIIKY (ff rrpoxO,ll.liT OJ.I.Ha H 

TOJibKO O,ll.Ha rrpHMaH, napaJIJieJibHaH HeKOTopoii aa­

,ll.aHHOW npHMOH. 
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ED a EcJirr A, B, C, D - 'leThlpe pa3JIHIJHhle TOlJKH, Ta­
KHe, lJTO rrp5IMhle (AB) H (CD) nepeceKalOTCfl U//,U 
napa1t1te1tbHbl, TO H rrpHMhle (AC) H (BD) nepece­
Ka!OTC5I HJIH rrapaJIJieJibHbl. 

$ 4 Ka:m:,n:aH rrpHMaH co.n:ep2KHT He MeHee .n:syx TO'leK. 

Tor.n:a HeMe,n:JieHHO rroJiylJHM 

IlPEJJ:JIO)KEHHE 12.2. flycTb E - rrpocTpaHCTBO rrpoeK­
'THBHoro Tttna H H - 2unepn1toCKOCTb B E. Ha3Baa «rrp5I­
MhIMH» orpaHrrqeHHH rrpHMbIX E Ha E""-H, a «rrapaJI­
JieJibHhIMH rrpHMblMH» - orpaHHlJeHHH rrpHMbIX, rrepece­
Ka!Olll.HX H B o,n:Hoii II TOH :m:e TOlJKe, Mb! rroJiylJIIM Ha 
E"'-.H CTPYKTYPY acpcpIIHHoro Tttrra. 

fJoCKOJ!bKY 3TO TaK, JierKO pacrrpoCTpaHHTb Ha npo­
-CTp<'rHCTBa acpcpIIHHoro Tima Teoprr!O .urrnarnuttii. MmK­
HO ,n:oKa3aTb, 'ITO OCHOBHble TeopeMbl 3.1 II 6.3 ( cyme­
.CTF10BaHHe TpaHCJI5IUIIH H fOMOTeTIIH) rrpIIMeHIIMbl K 
Ka2K,n:OMY npocTpaHCTBY acpcpHHHOro THIIa, y.n:oaJieTBo­
p5I!OI11.eMy qiopMyJIHpOBKe (D) aKCHOMbl ,Ue3apra. 0606-
I11.a5I IlOCTpoeHH5I, Bb!IlOJIHeHHble B § 3-7, MOJKHO BbIBe­
CTH cymecrnoBaHIIe Ha © acpcpIIHHoii cTpyKTYPhI, acco­
n;ttrrpoaaHHoii c HeKOTopbIM TeJioM, II ee «rrpHMhie» cyTb 
Te ./Ke «npHMhle» B © (ynp. V. 3). 

lfraK, ecJm E - rrpocTpaHcTBo rrpoeKTIIBHoro TIIrra 
pa~MepBOCTH n ~ 3 11 H - rnrrepnJIOCKOCTh B £, TO no 
TeopeMe 11.5 rrpocTpaHcrno a<P<PIIHHoro Tttrra E""-lf 
y.n:oaJieTBOp5IeT aKcrroMe (D). flo3TOMY E""-H o6Jia,ll.aeT 
•CTPYKTypoii a<t:><PttHHOrO rrpOCTpaHCTBa Ha.ll TeJIOM K. Il 
H JierKo OT02K,n:ecrnm1eTCH c MHOJKecTBOM «HarrpaBJieHHH 
npHMblX» B £. 0TCIO.ll.a cJie.uyeT, lJTO E Ha,ll.eJieHo CTPYK­
·Typoii npoeKTHBHOro rrpocTpattcrna Ha.ll K.. HMeeT MecTO 

• TEOPEMA 12.3. BcHKOe rrpocTpaHCTBO E rrpoeKTHB­
Horo rnrra pa3MepHOCTH n ~ 3 ttMeeT CTPYKTYPY rrpoeK­
TIIBHoro rrpocTpaHCTBa, acCOUHHpOBaHHOro c HeKOTOpb!M 
·TeJioM, H ero rrp5IMhie coarra.ll.a!OT c «rrpHMhIMII» E. 

Herrocpe.ll.CTBeHHoe, lJIICTO rrpoeKTHBHOe, JI.OKa3aTeJib­
CTBO 3Toro pe3yJihTaTa MOJKHo HaiiTII B [VE - YO], 
T. 2, [KE], T. 2, II [GA]. 

II pocrpartcTBa a</J</JurtHoco runa. EcJIII {ff - rrpo­
<:TpaHCTBO a<P<PIIHHOro TIIIla, TO MO.IKHO ITOIIbITaTbCff rrpo-
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,AOJDKHTb ero )J.0 npocTpaHCTBa rrpoeKTHBHoro THITa ny­
TeM rrpucoe)J.HHeHII51 «OeCKOHet!HO y)J.aJieHHbIX TOtJeK» 

(HanpaaJieHIIii npHMbIX B ©). Ho B o6IIJ.eM cJiyqae 3TO 
npoJJ.OJILKeHtte ocyIII.eCTBJI5leTc5! He TaK 6hlcrpo, KaK B 
cJiyqae nJIOCKOCTH: HYLKHO JJ.eii:cTBIITeJibHO orrpe)J.eJIIITh 
«6eCKOHeqHo y)J.aJieHHble npHMble» H npoaepHTb aKCHOMY 
£ 2, KOrJJ.a HeKOTOpbie 113 ToqeK A, B, C, D 6ecKoHeqHO 

y.n.aJieHHhie. Ha .ueJie 6hlcTpee JI.eiicTBOBaTb npHMblM ny­
reM, BOOJI.YllieBJI5l51Cb npoeKTHBHbIM cJiyqaeM. TaK, MOLK­
HO )lOKa3aTb, '!TO ecJIH © COJI.epLKIIT tJetblpe HeKOMITJia­

HapHble T04Kll, TO acpqHIHHble aKCHOMbl .Ue3apra ( d) II 
(D) BhlllOJIHeHbI. ITpe,1u11ecrayIOIIJ.Hii aHaJIH3 no3aoJIIIT 

TOr,!la 11.aTh TaKyIO cpopMyJIHpOBKy: 

~ TEoPEMA 12.4. .ilJIH Toro 'lT06bl rrpocrpaHcTBO a¢>­

cpIIHHoro nma JI.onycKaJio acpqmlIHYIO cTpyKTYPY Ha.LI. re­
JIOM, ).(OCTaTO'lHO, l!TOObl cyIII.eCTBOBaJIH qeTblpe pa3JIHq­
Hble TO'lKH A, B, C, D, TaKHe, 'ITO rrp5!Mble (AB) H (CD) 
He rrepece1<a10TC5! II He rrapaJI.JJeJihHbl. 

3aKAIO'teHUe. 11.taK, cJiy'iaH rrpocTpaHCTB pa3MepHO­

CTH ~3 yJiaLKeH; cJiy11a:ii: rrpocTpaHCTB pa3MepHOCTH 0 
IIJIII 1 TpIIBHaJleH. IT03TOMY TOJihKO «IIJIOCKOCTII» rrpoeK­

TIIBHoro IlJlll acpcpIIHHOrO THila Bbl,!I.BIIraIOT HOBble rrpo6-
Jl€Mbl. Mo:>KHO nocTpOHTb «IIJIOCKOCTH», He Y.llOBJietso­
pmoIII.He aKCHOMe .Ue3apra. 11.ayqeHHe 3THX ITJIOCKOCTeii, 
Ha3blBaeMblX «HeJI.e3aprOBbIMII», JI.aJIO TQJiqOK MHoroqHc­
JieHHbIM IlCCJieJI.OBaHH51M l1 IIpIIBeJIO K BBe.LI.eHIIIO HOBblX 

aJire6pa11qecKHX ctpyKTYP (cM., Harrp1rnep, [AZ], [OS], 
[PI], [ST], [LO]). 
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METP"14ECl<A.SI rEOMETP"1SI 
(EBl<11"1AOBA "1 HEEBl<11"1AOBA) 

l. BBE)l.EHHE 

HanoMHI:!M, qTO reoMeTpI:!H acpcpIIHHOH IIJIOCKOCTII 

'OCHOBaHa Ha CJie.UyJOIUI:!X aKCHOMax: 

• aKCIIOMbl IIJIOCKOCTII acpcpIIHHoro THIIa {§ v. 1): 
aKCHOMbI HHU.H.lleHTHOCTH, CHJihHaH aKCIIOMa EB­

KJIH.Ua; 

• MaJiaH acpcp1rnaaH aKCHOMa ,lI.e3apra ( d) (§ V. 3); 
• aKCHOMbI nop.H.UKa, aKcI:IoMa llama II aKCHOMa Ap-

XHMe.aa (§ v. 9) . 

. .ll.JIR Toro 'IT06bl OCHOBHbIM IIOJieM Harneii: reoMeTpH!I 

6bIJIO Bee IR, a He o.nHo H3 ero rro.nrroJieii, .nocTaTO'IHO 

IlO,ll'IHHHTb ero eme aKCHOMe (Bf) BepxHeii: rpaHH 

.(§ I. 6) HJIH B3aMeH IIOTpe60BaTb ero MaKCUMaAbHOCTU 

.(T. e. 'IT06bl OHO obIJIO HaHOOJihIIIHM II3 rroJieft:, y.noBJie­

TBopH10m11x HaJIOJ«:eHHblM ycJIOB!IHM, CM. § I. 8): 3TO 

·6blJia obi a1Ccu0Ma no.!lHOT_bt fHJihoeprn. 

Ha nocTHrHYTOM 3Tane HaM He ocTaeTCH HH'Iero 60-

Jiee .llJIH o6ocHoaaHI:!H eBKJII:!.llOBOii: reoMeTpirn, KaK BBe­
CTI:! CKaARpHoe npoU38eOeHue B acCOLI,I:!I:!pOBaHHOM BeK­

TOpHOM npocTpaHCTBe; TaK II ,lleJiaJIOCb IIOCJie,UHHe rO,llbl 

B Kypcax reoMeTp1rn:, 11 HeTpyJl.HO aaii:ni H3JIOJ«:ea11e, 

CTaBrnee y)Ke KJiaccIIqecKHM, c BbIBO.llOM COOTBeTCTBYJO­
.ILl,HX CBOHCTB (MeTpI:!'IeCKHX COOTHOUieHHH, CBOHCTB Bpa­

meHHH I:! CHMMeTpIIii:, Mepbl yrnoa). 

Ho 3TOT nyTh H3JIOJ«:eHI:!H, npH KOTopoM reoMeTpm1 

paccMaTpI:!aaeTCH KaK HeKaH KOHKpeTI:!3aLI,HH aJire6pa11-

tiecKII~ CTPYKTyp, nMeeT OTHOCHTeJibHO He.naBHee nponc­
XO)K,lleHIIe, }l.OJifIIMII )Ke BeKaMH reoMeTpmI BOCIIpIIHHMa­

.JiaCb KaK MO}l.eJIHpoBaHIIe cpH3H'IeCKOfO npoCTpaacrna, II 

IIOTOMY KaK npoHCTeKaJOILl,aH H3 OIIblTa H IIO.ll'IHHHJO­

maHCR eMy. Bo3MOJKHOCTh nepeMecTHTb cpHrypy, He no.n­

BepraH ee .n.ecpopMaLI,HH, BXO}l.HJia B 'IHCJIO OCHOBHblX 

.8.KCHOM II Il03BOJIHJia II3MepHTb ,llJIIIHbl II yrJihl; npRMble 
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He1rn6e2KHO yqacTBosaJUr KaK KpaT'!aH:ume nyTH, coe)J;u­
HHIOlllJre napbI ToqeK. Ho npH 3TOM noHHTHe «napaJI­
JieJihHbie rrpHMbie» BbI3bIBaJio rpy.11.Hocru B CBH3H c He­
B03M02KHOCTbIO rrposepHTb c IIOJIHOH .11.0CTOBepHOCTbIO, 
qro .II.Be IIpHMble He nepeceKaIOTCH. I1 HeCKOJibKO Bbiliyp­
HaH cpopMa, KOTopy10 nptt.11.aJI EBKJIH.11. aKcHoMe o napaJI­
JieJihHbIX (CM. KOHeu. § 9)' 3aCTaBJIHJia .11.yMaTb, qTo pe%, 
CKopee, H.11.eT 0 eme He)J;OKa3aHHOM CJie.11.CTBHH .11.pyrnx 
aKCHOM, qeM 0 HeKOTOpoii cpH3HqeCKOH oqeBH.11.HOCTH. 

nJI51 OTJIHqeHHH ee OT .11.pyrnx aKCHOM .11.0JirO HCIIOJib30-
BaJICH TepMHH «IIOCTy.JiaT» l). 

flo~lTOMY H3JIO.>KeHHe reoMeTpHH HaqHHa.JIOCb co 
CBOllCTB, He 3aBHCHII1.HX OT .9TOll aKCHOMbI (npe,n.JI02KeHHH 
1-26 rrepBoii KHHrn EBKJIH.11.a). CoxpaHHJiacb Ha.11.elK.11.a 
.ll.OKa3aTb ee OT npoTHBHOro; .11.JlH 3TOro Hy)lrnO 6bIJIO 
.ll.O.JlrO H3yqaTb JiornqecKHe CJie.11.CTBHH ee orpuu.aHHH B 
IlOIICKaX nporrrnopeqm1. 0.11.HaKO BbIBeCTH ITHTbIH rrocTy­
JiaT EsKJIHJI.a H3 ocTaJibHhIX aKCHOM He y.nasaJIOCh. Co 
speMeH EBKJIH.na H JJ.O HalllHX JJ.Heii MOlKHo HacqRrarh 
COTHH «JJ.OKa:rnTe.JibCTB» 3TOro nocTy.JiaTa 2 ); MHOrHe Ma­
reMaTHKH, H cpemi HHX BeCbMa KpynHble, 3aHIIMa.JIHCb 
.9TOH npo6.JieMOH. l13 HaH60Jiee 6.JIH3KHX K cospeMeHHOCTH 
n HaII6o.Jiee H3BecTHbIX ynoMHHeM JIHIIIh KapHo, J1anJia­
ca, 60.JibU.aHo, 3H:Jiepa, J1arpaH2Ka H oco6eHHo <l>ypbe 
(1768-1830). Co speMeHeM, B HaqaJie XIX B., HX no­
croHHHbie Hey.nalJH H BJIHHHHe faycca (1777-1855) npH­
BeJIH K COMHeHHHM B B03M02KHOCT1l .ll.OKa3aTb TaKHM1l 

cpe.11.cTBaMH rrHTblH rrocryJiaT. 
HaKoHeu., OKOJIO 1830 r., noqTH 0.11.ttospeMeHHo 5Ittolll 

Borra« n H. I1. J1o6aqescKHM 3 ) )laJIH cncTeMaTHqecKoe 
nocTpoeHHe «HeeBKJIHJJ.osoli reoMeTpHH», Haqaroe CaK­
KepH 1l JlelKaH.11.pOM. 0.11.HaKO sepa B JIOrttlJeCKYIO Heo6-

I) TepM!!H «noctyJiaT» BBeJI.eH caMHM EBKJJ!!Jl.OM; y Hero l{e­
Bl!Tb aKCllOM ll !Il!Tb rroctyJiaTOB. - fl puM. nepeB. 

2) Hcrop11ll norrb!TOK J1.0Ka3aTb Ill!TbIH nocryJiaT EBKJI!IJI.a 
secbMa noJIHo H3JIO.lKeHa B KHHre f PN], rJI.e paccKa3aHo o crpa­
CTllX, KHileBII!l!X BOKpyr 3TOH npo6JieMbl. Do,!\p06HblH aHaJIH3 9Toro 
rpy,!\a JI.aH HaM!l B l!IOHbCKOM HOMepe 3a 1987 r. .lKypHaJia «Pour 
le science». 

3) DpuopureT H. H. J1o6a'leBCKoro, paBHO KaK II noJIHaSI ca­
MOCTOl!teJihHOCTb 5IHoma Eoila11, npoquo yctaHOBJieHbJ (CM. Po-
3empeJJbJI. B. A. Hcrop1151 11eeBKJIHJ1.0BOH reoMetpuu. - M.: HayKa, 
1976). -flpuM. nepeB. 
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xo.n:HMOCTb nocTyJiaTa EsKJin.n:a TaK CHJihHO yKopeHH­

JiaCh B yMax, qTO Teop1m EoliaH H JI06a11escKoro cHa-

11aJia BbI3BaJIH He.n:oBepne, nepexo.zunn.ee B sosMymeHHe. 
CToJieMHKa, B03HHKIIIa.st B CB5!3H c sToli reoMeTpHeli, npo­

JI.OJDKaJiacb .n:o 1870 r. 

Tipo6JieMa 110JIY1IHJI3 IlOJIHOe peIIIeHHe JIHIIIb IlOCJie 
Toro, K3K y.n:aJIOCb ycTaHOBHTb HenpoTHBOpe1IHBOCTb He­

eBKJIH)J:OBOH reoMeTpHH; IlOCTpoeHHe «MO.D:eJieH» 3TOH 

reoMeTpHH oeJihTpaMH (1835-1900), KJieliHoM (1849-
1925) H CTyaHKape (1854-1912) noKa3aJJo, 11To na 

HenpOTHBOpe1IHBOCTb paBHOCHJlhHa HenpOTHBOpe11HBOCTH 
aKCHOMaTHKH .n:elicTBHTeJibHhix 11HceJI. HeeBKJIH.D:OBa reo­

MeTpHR OK83bIBaJiaCb CTOJib :m:e COCT05!TeJJbHOH, 'ITO H 

esKJIHJJ:OBa. B KOHII.e XIX B. , oHa BhlcTynnJia KaK 11acT­

HhIH cJiy11aii re0Metp1m pHMaHOBhIX rrpoctpaHCTB rro­

CTOHHHOH KpHBH3HbI, .n:pyrnM rrpHMepoM KOTopoii MO)KeT 

cJiymnth ccpepH11ecKaH reoMeTpHH, H He MOrJia 6oJiee 

· 6bJTh ocnopeHa. 

0.n:HospeMeHHO H31I3Jl pa3BHB3TbCH HHTepec K OCHO­

BaHHHM eBKJIH.ll:OBOH reoMetpHH, H B 1899 r. .llaBH.ll: 

f HJib6epT .n:aJI B CBOHX «0cHOBaHH5!X reoMeTpHH» 

(cM. [HI - RO]) 11epsy10 noJIHYIO c11cTeMy aKCHOM, KO­

Topy10 Mo:m:Ho noJIO:>KHTb B ocHoBy 3TOH reoMeTp1111. TeM 

caMhIM 6blJia onpaBJI.aHa teopmr EBKJIH.D.a H ee npeno­

.n.asaHHe, KOTOpoe BilJIOTb .n:o 1970 r. BeJIOCb no.a: BJIHH­

HHeM ero «Ha11aJI». 

XotH Mbl tenepb .n.eiktBHTeJihHO ocso6o.n.HJIHCb OT 

HCTOpH1IeCKH CJJO)KHBIIIerocH He)I.oBepH51 K 3KCHOMe EB­

KJIH.ll.~ 0 napaJIJJeJibHbIX, see me He6ecIIOJie3HO IIOJJY1IHTb 

11etKOe npe.n:ctaBJieHrre o B03MOMHOM noctpoeHHH reo­

MeTpHH Ha OCHOBe Merpu'ieCKUX C80UCT8, HeCOMHeHHO 

6oJiee omyTHMhIX rr qame ynoTpe6mreMbIX, 11eM a<jJcjJuH.­
Hbte CBOHCTBa. 

c .n.pyroli CTOpOHbl, He6e3bIHTepeCHO y6e,ll.HTbCH, 'ITO 

B paMK3X TeOpIHI MetpwiecKHX npocTpaHCTB HMeIOTCJI 

JI.pyrne CBOHCTBa, 3KBHBaJieHTHble aKCHOMe EBKJIH.D.a 

0 napaJIJieJibHblX (HanpHMep, cymecTBOB3HHe npHMO­

yrOJibHHKa); CT3HOB5!TCH IlOHHTHbIMH 11.eHHOCTb 3a.n:aq Ha 

IIOCTpoeHHe, KOTOpbie npe.n:JiaraIOTCH yqeHHK3M, H TO 

BHHMaHHe, KOTOpoe y.n.eJrneTCH H3yIIeHHIO «IlpOCTbIX qm­
ryp»: MeHee a6ctp3KTHbie, IIeM CBOHCTBO napaJIJieJibHbIX, 
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CBOHCTBa 3THX qrnryp COCTaBJI51IOT Ha .n.eJie Ha.D,eRrnyIO 
-OCHOBY .ll.Jl51 o6yIIeHIJH re0Merp1rn. 

Ha nocJie.n.y10m11x crpaH11uax Mbl H3JI02KHM aKcttoMa­

"THKY MeTpHIIeCKOH reoMeTpHH, CJie.11.y51 HCTOpHIIeCKH CJI0-
1KHBllleMyc51 nyTH (T. e. OTKJia.ll.bIBa51 no Mepe B03M02K­

HOCTH BBe.n.eHHe aKCROMhl 0 napaJIJieJibHbIX) 11 OCTaBa51Cb 

KaK MO.H<HO 6JIH}Ke K nperro.n,aBaHHIO HaIIaJI reoMeTpHR. 

3areM Mbl 06cy.11.11M pa3JIH'!Hble 3KBHBaJieHTHhle BapHaH­

Thl mnoro rrocryJiara EBKJIH.n,a. HaKoHeu, B 3aBeprueHHe 

MbI OIIHIIIeM rrpocryIO MO.ll,eJib rnrrep60JI11IIeCKOH re0Met­

p1111. Do.n.po6Hee Bee 3TO H3JI02KeHo B pa6orax [HI -

RO], [EV], [EF], [BK], [KE]. 

"2. AKCHOMbl METPHqfCKOA OJIOCKOCTH 

B cBoeii: aKcHoMaTHKe eBKJIH.11.0Boii: IIJIOCKOCTH fttJih-

6epT BOCC03.ll,aeT reoMeTpHIO EBKJIH.ll,a, He BBO.ll.51 HHKaKHX 

~KCHOM, OTHOC51Ill,HXC51 K «reoMeTpHIIeCKOH» HJIH «IIHC­

.JIOBOR I1p51MOil:»; ero aKCHOMaTHKa CO.ll.ep2KHT ITOJIHOe IIO­

-crpoeHHe IIOJI51 .11.eii:CTBHTeJibHblX IIHCeJI rro.n. HMeHeM «HC­

GHCJieHH51 0Tpe3KOB», OCHOBaHHOe Ha aKCHOMax rrop51.ll.Ka, 

1{0Hrpy3HTHOCTH H HerrpepbIBHOCTH (CM. [HI-RO]). 

B .11.eii:CTBHTeJihHOCTH .D.JI51 rrepBhlx MareMaTHKOB rro­

>CTpoeHHe R recHo cBR3bIBaJioch. co CBOHCTBaMH eBKJIH­

Jt.osoii: IIJIOCKOCni:: CHaIJaJia .ll.OKa3blBaJIOCh, IJTO .ll.JIHHbl 

( orrpe.n.eJI51eMhle K8K KJiaCChI 3KBHBaJieHTHOCTH orpe3KOB) 

-COCTaBJI5l!OT U3MepUMY10 aeAU'tUfly; 3aTeM lllJia reopeMa 

<l>aJieca, rro3BOJI51IOUJ.a51 crpoHTh «IJerBeproe rrporropu110-

1IaJihHOe», IJTO rrpHBO)I.HJIO K CTpyKrype IIOJI51 IlOCJie Bbl­

-Oopa emrnHUhI .D.JIHHhr. HaKoHeu, B 6oJibIIIeii: HJIH MeHh­

meii: crerreHH yroIJHJIJiaCb rrpttpo.n.a rrO.ll.IIOJieii: R. 
Ha caMOM .n.eJie, ecJIH .n.orrycTHTh, IJTO Jl)IHHhl 06pa­

:sy10T H3MepHMYIO BeJIHIJHHy, HeT Heo6XO.ll.HMOCTH rrp116e­

raTh K reopeMe <l>aJJeca (Koropa51 orrupaeTCH Ha aKcHo­

'MY 0 rrapaJIJieJibHbIX) .ll.JIH orrpe.n.eJieHHH 4,aCTflOeO HJIH 

npOU3BeOeHUJ1, .ll.BYX )1.JHIH; 3TO IIOKa3aHO HaMR B § I. 7. 
TaK'.HM o6pa30M, MhI o6JieflIHM H3JiofileHHe, rrpe.n.rro-

.JiaraH H3BeCTHhIM no.Ile OeUCTBUTe/lbHblX 4,UCe.tl H pac­

~ ·CM8TplIB851 KaK peUieHHYIO rrpe.11.BapHTeJihHO 38)1.aGy H3-f ,Mepemrn )1.JIHH, 6Jiaro)I.ap51 H3yGeHRIO, rrpoBe)l.eHHOMY B 

'·' § I. 5. HraK, Mbl c
1
nnaeM, IJTO BhI6paHa eoUHUl{a O/lUHbl, 

1
. ti JJ.orrycKaeM s HalIIHX aKCHOMax cylllseCTBOBaHue pac-

~ 
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CTOflliUfl. TaK MhI MO)l(eM II3JIO)l(llTh o6rn.He cnoikrna, oT­

HOCHW.lleCH KaK K eBKJlll)l.OBOH, TaK ll K HeeBKJIH)l.OBOH 

reoMeTpllHM, KOTOphle COCTaBJIHIOT co.n.epN<:aHlle «a6co­

JIIOTHOH reoMeTpHll». 

1".eTpuqecKaH nnOCKOCTb 

Pa.D.II KpaTKOCTll Mhl Ha3hIBaeM MeTpUt-tecKou n1to­

CKOCTb/O JII06oe MHO)l(eCTBO fl', YAOBJieTBOpH!OllJ,ee qe­

TblpeM npttBe)l.eHHhIM Hll)l(e rpynrraM aKCllOM 1). TeM ca­

MblM a6CO/t/OT1iafl eeOMeTpUfl 6y.D.eT ll3yqeHlleM 9TOH 

«MeTpwrecKoii IIJIOCKOCTll». B )l.aJihHeiillieM MeTpuqecKaH 

IIJIOCKOCTb CTaHeT eBKJlUOOBOU llJlll HeeBK/tUOOBOU IlJIO­

CKOCTblO B 3aBHCllMOCTll OT Toro, 6y)l.eT Jill rrpllHHTa 

aKcHoMa EBKJIH.D.a o napaJIJieJihHhlx HJill ee oTpHuaHne. 

I. AKcHOMbl HHl.(H,!l,eHTHOCTH 

CTJiocKOCTh eCTb MH02KeCTBO fl', 9JieMeHTh1 KOToporo 

Ha3b1BaIOTCH TOttKa.Mu, a HeKOTOpble ero IlO.ll.MHO)l(eCTBa, 

Ha3h1aaeMble npRMbtMu, y.n.oBJieTBOpRIOT cJie.n:yzorn.HM yc­

JIOBHHM: 

Ia 4epe3 JI.Be pa3JillqHble TOqKn fl' rrpoxo.n;HT e.n;HH­

CTBeHHa5I npHMaH. 

lb Ka)l{)l.a5I npHMaR co.n:ep2KHT He MeHee ,n:Byx ToqeK. 

le Cyw.ecTByIOT TPll HeKOJIJIHHeapHb!e (T. e. He Jie2Ka­
w.ne Ha O)l.HOH npHMOH) TOqKH. 

II. AKcuoMbl nopH,!1,Ka 

Ila Ka*AaH npHMaH ll3 fl' cHa6JKeHa ABYMH B3aHMHO 
rrpoTHBOIIOJIO.IKHbIMH OTHOUleHHHMH JIHHeHHOro rro­

pH)l.Ka. 

3Ta aKCHOMa IIpHBO)l.HT K 3a)l.aHHIO TepHapttoro OTHOI1Ie­

HH5I «Jiel:KaTb MeJKAY» H l103BOJIHeT onpe,lleJIHTb orpe3KU 

11 noAynpRMbte. 06o3HaqHM qepe3 [AB] OTpe3oK, o6pa-

30BaHHhIH ToqKaMH npHMoli (AB), JieJ:KaW.HMH MeJ:K.n;y A 
11 B (BKJIIoqaH H KOHUeBble TOqKH), II ccpopMyJittpyeM ew.e 

OAHY aKClloMy: 

I) HeKOTOphle H3 ::irnx aKCHOM ym:e ¢opMyJinpoBaJIHCb . .Um1 
OOJibUieH lICHOCTH Mbl HX BOCilPOH3BO,L\HM c ,L\pyroif HyMepaunei1. 
YTO'lHHM Ha 6y,nyw_ee, 'ITO nae He 6ecnoKOHT s.onpoc o Hesaeucu­
MOCTU aKcnoM. Do ::i10My nosoAY MOlKHO o6paTMTMH x [HI-ROJ, 
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lh (Ax;cuo.Ma n awa.) EcJitt npHMaH q') nepeceKaeT 
o.zrny H3 cTopoH [AB], [BC], [CA J TpeyroJihHBKa 
(ABC), TO oHa nepeceKaeT no MeHhIIIeiI Mepe ern.e 
O)J.HY ero CTopoHy. 

III. AKcnoMbt paccTORHHSl 

MbI npe.urroJiaraeM, 11To 3a)J.aHo oTo6pa2Kemi:e d: fP X 
X 9'-+ R+, Ha3hIBaeMoe cpynx;4ueu paccTOfl1iUR. (Me2K)J.Y 
TOIJKaMH), KOTOpoe y.uoBJieTsopHeT cJie.uy10rn.ttM ycJio­
BHRM: 

II Ia (V (A, B) E fl' X fl') d (A, B) = d (B, A). 
IIh d (A, B) = 0-¢:=}-A = B. 
Ille )J,JIH Toro 1lT06bI 'l'OlJ:Ka c npsIMOU (AB) npHHa.u­

Jie2KaJia 0Tpe3KY [AB]' Heo6XO.UliMO H .UOCT8T011HO, 
lJT06bl 

d (A, B) = d (A, C) + d (C, B). 

IIId Ha KaR(.IJ;OH noJiyrrpRMOH (Ou) c HaqaJIOM 0 H )J.JIH 
mo6oro .n;eiicTBHTCJibHOro x > 0 1) cym.ecTByeT 
TOtJKa M, TaKaH, qTo d (0, M) = x. 

(l13 rrpe.UbI.UYill.HX aKCHOM CJie)IyeT e,L(HHCTBCHHOCTh 9TOH 
TOIJKH.) 4HcJio d (A, B) Ha3bIBaeTC5I TaK2Ke 8Aunou oT­
pe3Ka [AB} H tJacTo o6o3HaLiaeTcH npocTo AB (cM. § 8). 

IV. AKcHOMbl CHMMeTpnu 2> 

}lJIR yP..o6cTBa 11x <j:>opMyJIHpOBKH sBe.UeM HeKOTOpbie 
npe.usapHTeJihHhle TepMHHbI. 

OrrPE.UEJIEHHE 2.1. AaroMopcpus.MOM fl' Ha3bIBaeTcH 
6HeKI.J.Irn fP Ha fP, coxpaHHIOIIJ.aH paccT05IHH5l H rrpeo6pa-
3y10m.aH rrpHMhle a rrpRMhie. 

Tenepb c<PopMyJIHpyeM cJie)J.yIOlll.He aKCHOMbI: 

1) BMecTo npeJJ.nOJJollieHHH o TOM, qTo x - npoH3BOJibHOe .o;err­
CTBineJibHoe 'l!ICJIO, MO/KHO B 9TOM ycJJOBllH orpaH!lqHTbC51 IlOJJ.XO· 
JJ.Hlll.e BbI6paHHblM IlOJlMHO)KeCTBOM neiicTBl!TeJibHblX qHceJJ (CM. 

¥IIP. VI. 23). 
2) B op11rnHaJJe «Axiomes de pliage» (aKCHOMbl cm6aHH51), 

qTo CB513aHO c o6b!qHblM JlJIH WKO.J!bHOH reoMerpHH «rreperHeM IIJIO· 
CKOCTh no npHMoii». - Ilpu.11. nepee. 

8 ){(. JleJJOH-<l>eppaH 
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IV a ,UJJ5! JJIOOO:ii IIp5!MO:ii q') B g> cymecTByeT eOUHCTBeH­
liblU aBTOMOp</JU3M g> IIOMHMO T02K)l.ecTBeHHOro, 

OCTaBJIHIOill.Hll HeIIO)l.BU:lKHO:ii KaiKJJ.YIO TOIJKY q'). 
chOT aBtOMOpqHI3M Ha3hIBaeTC5I CUMMeTpUeii C 0Cb10 f!i) 
H 0003HaIJaeTC5! StiJ, 

!Vb ,UJJH JII06oli naphl (Ox, Oy) noJJynpHMhIX c HaIJa­

JIOM 0 cymecTByet IIO MeHbIIIeH Mepe O)l.Ha npJI­

Ma5! !lJ, TaKaJI, lfTO Sti! (Ox)= Oy. 

a. 06W.UE CBOACTBA METPHqECKOA nJIOCKOCTH 

CsoucTBa, CBSJ3aHHble c nopH.U.KOM 

CTPEJI.JIO)l{EHHE 3.1. CTpHMa5! IIJJOCKOCTH g> He Mo.lKeT 

nepeceKaTh tpex cropoH TpeyroJibHHKa (ABC), 3a HC· 

KJIIOIJeHHeM cJiylfa5!, Kor.ua OHa rrpOXO)l.HT qepe3 OJJ.HY H3 
ero Bepunrn. 

fl.01ca3aTe/lbCTBO. Ope.nrroJJo.lKHM, lfTO np5!Ma5! !¥) ne­

peceKaeT [BCJ B P, [CA] B Q, [AB] B R u He npoxo-

A 

B 

P11c. 1 

JJ.HT HH qepe3 OJI.HY H3 TOlfeK A, B, C. Tor.ll.a toqKH P, 
Q, R pa3JJHqHbJ H OJI.Ha H3 HHX, .ll.JI5! onpe.neJieHHocrn P, 
Jie.lKHT Me'.lK.ll.Y .ll.BYMR .ll.PYrHMH. CTp5!MaH (BC) nepece­
Kaet 0Tpe30K [QR] B P, HO He rrepeceKaeT HH 0)1.HOI'O 

ll3 0Tpe3KOB [AQ], [AR], lfTO npOTHBOpellHT aKCHOMe 

CTaIIIa, npuMeHeHHou K tpeyroJJbHHKY (AQR) (puc. I). O 

CTPE.ll.JIOiKEHHE 3.2. ,Um1 JIIOOOH IIpSIMOH q') B [I> 
OTHOlllem1e f!l, onpe,lI,eJJeHHOe Ha g> \. q') c IIOMOI.IJ.b!O 

AfllB-¢:=>- [ABJn q'J = 0, (1) 

eCTb OTHOIIIeHHe 9KBHBaJieHTHOCTH, pa36IIBaIOI.IJ.ee g> Ha 

J].Ba KJiacca 9KBHBaJieHTHOCTH; 9TH KJiaCChl Ha3blBaIOTCSI 

noAynAOCICOCTR.MU, orpaHHlfeHHhIMH IIp5IMOll q'J, 
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P,01wsareAbCTBO. CHMMeTpH'IHOCTh H pecpJieKCHBHOCTb· 
orHoIIIeHH5l Iil o'leBHJJ.HbI. Ero rpaH3HTHBHOCTb paBHO­
CHJibHa yTBep1KJJ.eH!UO: 

(0') EcJIH (A, B, C)-TpH TO'IKH ;J', TaKHe, 'ITO [AB} 
H [BC] He nepeceKaIOTCH c Ilp5IMOH f!l), TO ff 
[AC] He rrepeceKaeTc5l c 2/). 

Ho yTBep1KJJ.emi:e (O') oopaTHO rrpOTHBOilOJIO:lKHO aKCHO­
Me Dama Ila H rroToMy BbIIlOJIHeHO. 

PHc. 2 

C JJ.pyro!'.i CTopoHbl, MO:lKHo rrocTpOHTb JI.Be TO'IKH Ai,. 
A2 B fJ'"-2!>, TaKHe, 'ITO oTpe3oK [A1A2] rrepeceKaeT ® 
B HeKOTopo!'.i TO'IKe /: JJ.OCTaTO'IHO npoBeCTH qepe3 I rrpH­
MyIO ~ H npHMeHHTb aKCHOMY Illct JJ.JIH IlOCTpoemrn JJ.BYX 
ToqeK A1, A2 rrpHMoii ~ no pa3Hble cTopoHbl OT /, TBKHX;. 
qTo d(J, Ai)= d(J, A2) =I (pHc. 2). 

EcJIH M - JII06a51 ToqKa B fJ'"-Y>, TO rrpHMa5l Y> He 
npOXOJJ.HT HH qepe3 OJI.HY H3 BepurnH TpeyroJihHHKa 
(MA1A2)' H IlOCKOJlhKY OHa rrepeceKaeT 0Tpe30K [A1A2] t 

OHa rrepeceKaeT TOJlbKO OJI.HR H3 0Tpe3KOB [MAi]' [MA2]' 
T. e. M rrpHHaJJ.Jie:lKHT JIHOO KJiaccy A1, mr6o KJiaccy A2, 
H OTHOllleHHe Iil .n:ettCTBHTeJibHO onpeJJ.eJrneT )(Ba KJiacca 
&KBHBaJieHTHOCTH. D 

HanoMHHM 3,11,ech, 'ITO npHMaH 2l> B ;J' Ha3h1BaeTcH 
opUeflTUpoBaflflOU, eCJIH lilbIOpaHO O)(HO ¥.3 .n.syx orrpeJJ.e­
JieHHblX Ha Heii OTHOllleHHH nopHJI.Ka. 

CsoucTBa, css13aHHble c paccTosrnueM 

DpH3HaeMC51 cHa'laJia, 'ITO Mbl ynoTpeoHJIH cJioso 
r «paCCTOHHHe», He 11pHH5IB BCeX aKCHOM MeTpH'IeCKOfO 
i . npocTpaHCTBa: aKcHoMa Ille BJI~'leT HepaseHcTBO Tpe­
~· yroJihHHKa d(A, B) ~ d(A, C) + d(C, B) TOJibKO JJ.JIH 
" i TpoeK IWAAUfleapflblX TO'leK, HO He B OOlll.eM cJiyqae_ 
~· 0.n.HaKO, K8K Mbl YBH.!1.HM ,!l.aJiee, OOlilee HepaBeHCTBO Tpe· 

t 
k 

s• 
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yrOJibHHKa eCTb CJie.UCTBlie npHHHTOH CliCTeMbl aKCliOM 

{npe.UJIO.>K:eHRe 8.4), 'ITO anocTepliOpli orrpaB.UhIBaeT 

IIpliMeHemi:e TepMIIHa «paCCTOHHIIe». 

I1oKa.>K:eM, Terrepb, 'ITO rrpHMble B fJ' II30MeTpll.'1Hbl 
«qll.cJioBOH npHMOH» R. 

I1PE.UJIO)KEHHE 3.3. .UJIH Ka)K.UOH opIIeHTIIpOBaHHOH 

IIpHMOH !?!) Ii Ka.IK:.UOH ee TOqKH 0 cyru;ecTByeT e.UHH­

CTBeHHaH B03pacTaroru;aH 6tteKI.T.IIH f npHMOH q) Ha R, 
.UJIH KOTOpOH f ( 0) = 0 Ii 

(V (A, B) E q)2) I f (B) - f (A) I= d (A, B). 

,aoxasaTeAbCTBO. I1yCTb (Ox) (COOTB. (Ox')) - no­

JiynpHMaH c HatiaJIOM 0, COCTOHW:aH H3 TO'leK ME!?!), 
Jie)KaW:HX nocJie ( COOTB. nepe.u) 0 OTHOCHTeJibHO Bbl-

6p aHHOrO Ha !?!) OTHOIIIeHHR IIOPR.UKa; JierKO BH.UeTb, qTO 

e.UHHCTBeHHaH <t>YHKUHH, y.uoaJieTBopHroru;aH rrocTaBJieH­

HbIM ycJIOBliHM, orrpe.ueJI5IeTCH paBeHCTBaMli f {M) = 
=d(O,M), ecJIH ME(Ox), li f(M)=-d(O,M), ecJIH 

M E(Ox')· D 

.Ueiic~1ITeJibHOe 3HatieHRe f (M) Ha3bIBaeTCH a6c­
~uccou TO'IKH M Ha opHeHTRpoBaHHOH li rryHKTHpoBaH-

HOH rrpHMoii: !?l)o H o6o3HaqaeTCH OM. 
0TMeTIIM, qTo eCJili II3MeHHTb opIIeHTaI.T,liIO !?!), He 

MeHHH HatiaJia 0, TO <l>YHKI.1,IIH f II3MeHHT 3HaK Ha rrpo­

THBOilOJIQ)KHblH. 

CJIE.UCTBHE . .UJIH Jiro6ofi: rrapbl (A, B) pa3JIIIqHbIX To­

l!eK fl' cyru:ecrnyeT e.UHHCTBeHHaH TOqKa c Ha npHMOH 

(AB), .UJIH KOTopoii: d (A, C) = d (B, C); 3Ta ToqKa Jie­

)KHT Me.>K:.uy A II B H Ha3blaaeTcH cepeowtou oTpe3Ka 

[AB]. 

,aoxasareAbCTBO. I-fa aKCIIOMbl Ille BII.UHO, 'ITO A 
He MO)KeT Jie)KaTb Me)K.uy B li C, B Me2K.UY A li C; TaKIIM 

·o6pa3oM, C Jie)KHT Me>KAY A li B. I1pR JII06oii opIIeHTa­

Ulili npHMOH (AB) TO'IKa c orrpe.ueJIHeTCH paBeHCTBOM 

d (A, C) = tj2d (A, B). 

EcJIII A = B, TO 6y.ueM roBopIITb, 'ITO cepemrnoii OT­

pe3Ka [AA] cJiy)KIIT A. 
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06UJ,He CBOHCTBa aBTOMOp<l>H3MOB 

AKCHOMa Ille noKa3hlaaeT, 1ITO BCHKHH aBtoMop<l>H3M 

fJJ coxpaHHeT OTHOIIIemie «Jie2KaTh MeM.n.y». 11TaK, ecJIH 

f- aBTOMOp<l>H3M fl H q) - rrpHMaH Ha fl ll eCJIH Bbl-

6paHbI oprreHTal{IIH rrpHMhIX q) H f (2l>), TO orpaHII'IeHIIe 

f Ha ff> 6y ,ll.eT MOHOTOHfWU 6HeKUHeH ff> Ha f (ff>). 0T­

CIO,ll.a BhITeKaeT 

ITPE.ll.JIO)KEHHE 3.4. EcJIH f- aaTOMop<l>H3M fl, To 
a) o6pa3 orpe3Ka [AB] eCTh oTpe3oK [f(A)f(B)]; 
b) o6pa3 noAynpRMOU c HaqaJIOM 0 eCTb IIOJiyIIpH­

MaH c HaqaJIOM f ( 0); 
c) o6pa3 noAynAOCKOCTU, orpaHHqeHHOH npHMOH ©, 

eCTb ITOJIYilJIOCKOCTh, orpaHuqeHHaH rrp5IMOH f (21) J. 
c .n.pyroii: CTOpOHbI, KpaTKOe H3yqeHHe Heno,n:BH2KHblX 

TOlleK aBTOMOp$H3MOB .n.aeT HaM 

ITPE.ll.JI02KEHHE 3.5. ITycTh f - aBTOMop$H3M fl; Tor.n.a 
a) ecmi f HMeeT .n.se Herro.ll.BH2KHble ToqKH A H B, TO 

OH OCTaBJI5IeT HeIIO.L1.BH2KHOH H Ka2K.n.yro TOqKy 

np5IMOH (AB); 
b) ecJIH f MeHReT MecraMu TOttKU A H B, To OH ocTaB· 

JI5IeT HeIIO,ll.BH2KHOH cepe.n.HHY 0Tpe3Ka [AB]; 
c) eCJIH f .n.onycKaeT TPH HeKOJlAUHeapHbte Herro· 

ABH2KHhre ToqKH A, B, C, TO f HBJIHetcH T02K)I.e­

CTBeHHhIM OT06pa2KeHHeM. 

Jf.oKa3aTeJlbCTBO. YTBep2K.n.eHHe a) cJJe.n.yeT H3 Toro, 

llTO TO'l!Ka M rrpHMOH (AB) IIOJIHOCThIO onpe.n.eJIHeTCH 

CBOHMII paccTOHHHHMH OT TOtfeK A, B. Mo2KHO TaK2Ke 

BOCIIOJlb30BaThCH npe.n.Jio2KeHHeM 3.3, 1IT06hl CBeCTII .n.eJIO 

K H3oMeTpHH R. 
b) EcJIH f (A)= B H f (B) =A, TO 06pa3 cepe.a;HHhl 

C oTpe3Ka [AB] eCTh cepe.n.HHa o6pa3a [f(A)f(B)] = 
= [BAL T. e. C. 

c) ECJIH f .n.onycKaeT TPH ·HeKOJIJIHHeapHhle Heno­

lLBH2KHhie T01IKH A, B, C, TO, KaK rroKa3bIBaeT yTBep)l{­

)I.eHHe a), f OCTaBJIHeT Ha MeCTe Ka2K,n;yro TOqKy rrpHMbIX 

(AB), (BC), (CA). Ho qepe3 Ka2K.n.yro TOllKY M a fl, 
He npHHa.n.Jie2KaIII.yIO 9THM npHMbIM, rrpOXO.ll.HT no KpaH:­

HeH Mepe o,n;Ha rrpHMaH £!>, rrepeceKarom:aH ,n;Be H3 9THX 

npRMbIX B pa3JIH1IHbIX TOttKax (.n.ocTaTOllHO npHMeHHTb 
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aKCHOMy narna lh K rrpHMOii: f!l), coe,[(HHHIOIIJ.eii: M c 0,[(­

HOH H3 BHyTpeHHHX TOlleK 0Tpe3Ka [BC]). Tor,n:a Bee 

TOl!KH fl HeIIO,[(BI1JKHbl rrpH f H, B l!aCTHOCTH, f (M) = 
=M. D 

HaKoHeu, ol!eBH,n:Ho, l!TO aaro.MoprjJus.Mbl fl 06pasy10r 

epynny. 0TcIO,n:a cJJe,n:yeT 

CTPEJI.JJO)KEHHE 3.6. Ha MHO*ecTBe fT rro;:i:MHoJKeCTB; 

fl MO)KHO BBeCTH OTHOUleHue 3K8U8ll/leHTHOCTU, ITOJJara& 

F = F' TorJI.a 11 TOJJbKO TOrJI.a, Kor;:i:a cymecTayeT aaTo­

Mop<t>H3M f IIJIOCKOcrn fl, TaKoii:, 'ITO f (F) = F'. 
:3To OTHOllieHHe 9KBHBaJJeHTHOCTH Ha3b!BaeTCH KOH­

epyattT1WCTb10 HJlll, He COBCeM rrpaBHJlbHO, paBe/iCTBO.M. 

naJJee Mb! BCTpeTHM ITpHMepbI 9T0f0 OTHOllieHHR. 

3a.Metf.aHue. YcTaHOBJieHHble a 9TOM naparpacpe caoii­

CTBa He 3aBHCRT OT aKCHOM cHMMeTpHH Ila H Ih. Teneph 

Mb! H3Yl!lIM CJie)I.CTBHH 9TlIX aKClIOM. 

4. OCE8blE CHMMETJ>HH. 
flEPflEHJJ.HKYJUIPHblE flPj!MblE 

CBoikTBa oceBblX CHMMeTpHit 

CTPEJI.JJO)KEHHE 4.1. JI10oaH oceaaH CHMMeTpHH S!'l}; 

UHBO/llOTUBHa; OHa He HMeeT ,n:pyrnx HeITO,[(BHLKHbIX TO­

l!eK, KpoMe TO'leK caoe:ii OCH 91), H MeHHeT MeCTaMH rro­

JIYIIJJOCKOCTH, orpaHHl!eHHhie npHMOH 91). 

D.oKa3aTe!lbCTBo. KoMno3HUlUI Sto o Sto ecTh asTo­

Mop<t>H3M fl, OTJIH'lHblll OT Sto H OCTaBJIHIOIIJ.Hii: HeIIO.lJ.· 

BmKHOH Ka)KJI.Y!O TOl!KY fl), a CJie)I.OBaTeJJhHO, coana­

)I.810IIJ.HH c Id&" rro aKcIIoMe IVa. C .n;pyroiI CTopoH&I, 
KaK rroKa3&JBaeT rrpe)I.JJO}KeHHe 3.5, c), CHMMeTpHH S.fl) 

He HMeeT ;:i:pyrnx HeITO)J.BH}KHbIX TOlleK, KpOMe TOtieK 

rrpHMoii f!l), HaKoHeu, )I.JIH JI1060H: TOl!KH ME fl"\ ff> 
cepe,n;nHa I oTpe3Ka [Ms.to (M)] ocTaeTCH Ha MecTe rrpII 

Sto ITO npe)I.JIOIB:eHH!O 3.5, b) (B c1rny HHBOJIIOTHBHOCTH Sto)~ 
TaKHM o6paaoM, IE!!/) 11 sm (M) Jie»<aT B .n;pyroii rroJJy­
IIJIOCKOCTH, l!eM M, OTHOCHTeJihHO fl), 

ITPE,ZI.JJO}KEHHE 4.2. EcJIII A, B - .n.ae paaAUtf.Hbtf!' 

TOl!KH fl, TO cymecTsyeT eOUHCTBeHHafl, npstMaJI. !!/), TRKRR. 

l!TO S@ (A}= B. 
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/l.oKa3aTeA6CTBO. Cyll{ecrsosartue. nycTh 0- cepe­
,l.l.HHa orpesKa [AB] u Ox (coorn. Oy)- noJiynpHMaH 

' c HaIIaJioM 0, co.n:ep:m:aru.aH A (coorn. B); no aKcuoMe 

IV b Ha:iiJJ.eTcH XOTH 6br OJJ.Ha npHMaH f!l), TaKa51, IITO 

8.fl)(Ox)=Oy, II IIOCKOJibKY d(O, A)=d(O, B), TO 

8£1) (A)= B. 

EawtcTBeHHOCTb. nycTb f!!Y - .z:r.pyraH Ilp51Ma5l, TaKa51,. 

IITO 8£1)' (A)= B. Tor,!l,a 8£1) u 8£1)' - aBTOMopq>u3MhI, 

rrepeCTaBJIHIOW:He Au B, coxpaHHIOill.He, CJJe.n:oBaTeJihHO, 

npHMYIO /'\=(AB) ll OTJIH'lHbie OT 811.. DoCKOJibKY npH­
Mbie f!l) H f!l)' OTJIH'lHhI OT rrpSIMOH /'\,TO 8£1) ll 89)' HMeroT· 

HenOJJ.BHJKHhre TO'lKH, He Jie:>Karu.ue Ha /'\. KoMn03HU.HSl: 
8.fl) 0 8£1) 1 eCTb aBTOMopqm3M, OCTaBJISIIOill.llH HeITO,II.BU)i{-· 

HbIMH TO'lKH A II B, a rroroMy H Jirooyro TO'lKY rrpH­

MOH /'\, ll OTJiff'lHblH OT 811., TaK KaK OH coxpaH51eT· 

IIOJIYITJIOCKOCTH, orpaHH'leHHhle np51MOH /'\. 11 TaK, 
8@ o 8£1)' = ldJr, OTKy,11.a f!l) = f!l)'. D 

CJIE,II.CTBHE. EcJiu Ox, Oy - ,II.Be noJiynpHMbie c 06~ 
Ill.HM HaqaJIOM 0' TO cyru.eCTByeT e,II.HHCTBeHHaSI IIpSIMaH q)r 
TaKaH, 'lTO S9J (Ox)= Oy. &Ta npHMaH, npoxo.z:r.mua»: 

qepe3 0, Ha3h!BaeTc5l 6ucceKrpucot1 rroJJyrrpSIMhlX Ox· 
H Oy. 

/l.oKa3aTe.llbCTBO. Tipe*Ae acero ,!1,JISI Toro, 1lT06hP 
BbIITOJIHHJIOCh ycJJoBHe 8.f!J (Ox)= Oy, Heo6xo.n.HMO, IITo6hl' 

8@ (0) = 0 (CM. npe,II.JIOJKemie 3.4, b)), a IIOTOMY 0 E f!l), 
nycTb ror.n:a A E (Ox) 11 BE (Oy) - TaKHe TO'lKH, 'lTO· 

d (0, A)= d (0, B) > 0. YcJIOBHe 8m (Ox)= Oy BJieqeT 

sm (A)= B. EcJrn Ox= Oy, to A= Bu f!l) MO:lKeT 6b!Th· 

JIHIIIh npSIMOH (OA}, co,11.ep:i1rnru.e:H: Ox. EcJiu )Ke Ox=f:.Oy, 
TO A=t::B u f!l) ecTb ocb CHMMeTpHH, nepecTaBJHirow:eii; 

Au B. 

l\te,!1,HaTpHca orpe3Ka 

. • TEOPEMA 4.3. MHo)KeCTBo To'leK, pasnoyoaAeH.H.btx oT· 

.ll.BYX pa3JIH1lHhlX To'leK A H B, ecrb och f!l) eJJ.HHCTBeH­

Ho:ii oceaoii cuMMeTplrn, nepecTaBJISIIOill.eii A H B. 

Jl.oKa3aTeAbCTBo. QqeBHJl.HO, 'lTO H3 ME f!l) cJieJJ.yeT· 

d (A, M) = d (B, M) (TaK KaK M HenO,!l,BH)KHa OTHOCH­

TeJibHO cHMMeTpuu s.f!J), 06paTHo, rryCTh ME [jJ - Ta-
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KaH ToqKa, qTO d (A, M) = d (B, M), H nycTb ~ ecTh och 
CHMMeTpHH, nepeCTaBJUIIOII.J.eH rroJiyrrp51Mbie c HaqaJIOM 
M, co.n:epxrnm11e cooTBeTCTBeHHo A 11 B; Tor.n:a s,:i(A) = 
= B, OTKy.n.a £1 = q) HM E q), 0 

fiepneH,ll,HKYJIHPHble npHMble 

OrrPE.11.EJIEHHE 4.1. f oBop.HT, qro rrp.HMa.H ~ nepneH­
ow~y.llRpHa (11JI11 oproeoHa.llbHa) rrp.HMOli q), ecJI11 £1 ==!= q) 
II St. (q)) = q); B .9TOM CJiyqae ITHIIIYT ~ _L q), 

IloKa2KeM, qTO OTHOIIIeHIIe oproroHaJibHOCTII CU.M.MeT­
pU'iHO (xorn II He pe<t>JieKCHBHO) . 

• TEOPEMA 4.4. 0THOIIIemi:e £1 _L q) BJieqeT q) _L £1; 113 
Hero TaK2Ke cJie.n:yeT, qTQ np51Mble ~ 11 q) nepeceKaJOTC51. 

Jl.01w3are.llbCTBO 1). IlycTh A E q)- TaKaSI TOqKa, 
qTO A¢~; eCJIH St. (20) = 20, TO TOqKa B =St. (A) OT­
JIHqHa or A H npHHa.n.Jie2KHT q); cepe.n.ttHa 0 orpe3Ka 
{AB] Heno.n:sm1rna OTHOCHTeJibHO Si'.. II, 3Haq11T, HBJIHeTC.H 
o6merr roqKoH: q)0 11 ~. a rroroMy ~ -· Me.n:11arp11ca [AB]. 
Tor.n:a, nocKOJihKY CIIMMerpIIH coxpaH.HeT paccroHHIIH, 
SE1J (M ecrb Me.n:11arp11ca [s9J (A) SE1J (B)] =[AB] u SE1J (£1)=£1. 
ll.pyr11MH CJIOBaMII, H3 £1 J_ 20 CJie.n:yer q) J_ ~. D 

3aMettaHue. I.fa .9Toro .n:oKa3aTeJibCTBa BII.ll:HO, qTo 
Me.n:11arpuca orpe3Ka [AB] ecrb rrepnett.n:11KyJI5Ip K rrpsi­
Morr (AB), rrpoxo.n:HII.J.HH qepe3 cepe.n:utty 0 orpe3-
Ka [AB]. 

IlPE)J.JI02KEHHE 4.5. l.Jepe3 .n.attHyro roqKy A rrpoxo­
.ll.IIT O)l.Ha H TOJlbKO o.n:Ha rrp.HMaH, rreprreH,D:IIKYJI.HpHa51 
3a,n:aHHOH rrp.SIMOH q), 

Jl.oKa3are.llbcrao. EcJiu A¢.!![), ro IICKOMaH rrpHMa51 
)J.Om1rna rrpoii:T11 qepe3 roqKy B = S9J (A); 3Haqur, .9TO 
MOJKeT 6b!Tb Jllllllb npsiMa51 (AB), H ee o6pa3 npu CHM­
MeTpHH SE/) eCTb rrpHMa.SI (S.flJ (A) 8.fl) (B)) =(AB). 

EcJiu A E 20, TO IICKOMbIH neprreH.n:IIKYJI5Ip ecrb och 
e,n:IIHCTBeHHOR CIIM MeTp UH, rrepccTaBJI.SIIOII.J.eH .UBe ITOJIY· 
rrpHMbie rrpHMOH q) c HaqaJioM B A. 

1) Ha 6J1101<;aii11111x CTpa1111u:ax MbI npe,n:ocrnam1eM q11rnTc.110 
BbinOJIHHTb COOTBeTCTBYIOlllHe oqeHb npOCTbie p11cy11K11. 
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Cuoea 06 aeToMopcf>H3Max 

ITPE.rr..nmKEHHE 4.6. ITycTb (ABC) II (A' B'C') - .rr.sa 
TpeyeOAbHUtca (TpOii:KH HeKOJIJIHHeapHbIX ToqeK)' JI.JIH KO­
TOpbIX 

d (A, B) = d (A', B'), d (A, C) = d (A', C'), 

d (B, C) = d (B', C'). 
Tor.rr.a cym.ecTByeT e.rr.HHCTBeHHblii: aBTOMopcf>H3M f n.no­
CKOCTH 9', KOTOphlii: nepesoJI.HT (A, B, C) B (A', B', C'), 
H 3TOT aBTOMopcf>H3M HBJIHeTCH rrpOH3Be,ll.eHHeM OBYX HJIH 
rpex oceBblX CHMMeTpHH 1). 

P,01casaTeAbCTBo. EmrncTaeuuocTh f c.ne.rr.yeT H3 rrpe.zr.­
Jio:a<eHH.H 3,5, c), TaK KaK eCJill 6bl 6hIJl0 .II.Ba TaKHX aBTO­
MOpcf>H3Ma f, g, TO aBTOMOpcf>H3M g-\ 0 f HMeJI 6bl TPH 
HeKOJIJIHHeapHhle ueno.zr.amKHhle TOqKH A, B, C, OTKy.na 
f = g. 

,lI.JIH ,!I.OKa3aTeJibCTBa cyur.eCTBOBaHirn f o603HaqIIM 
qepe3 s1 TaKyIO CHMMeTPHIO, qTO s1 (A)= A' (s1 e)J,IIH­
cTBeHHa, ec.ntt A=l=A'), H no.nm10IM Bi= Si (B), C1 =Si (C). 
Tor.rr.a d (A', Bi)= d (A, B) = d (A', B'), OTKyna c.ne,rr,yer 
cyur.ecTBoaaHHe CIIMMeTpHH s2, TaKoii:, qTo s2 (A')= A' 
H s2 (B1) = B'. ITo.naraH C2 = s2 (C1), 6y.u.eM HMeTh 
d (A', C2)=d (A', C1)=d (A', C') ad (B', C2) = d (B" C1) = 
= d (B', C'). Tenepb so3MO}KHbI .rr.aa c.nyqaH. Ec.nH 
C2 = C', To Tpe6yeMbIM asTOMop$tt3MOM srnm1eTCH f = 
= s2 o s1• Ec.nH :a<e C2 =I= C', TO rrpHMaH (A' B') eCTh 
Me,II.HaTpHCa 0Tpe3Ka [C2C']. 06o3Ha4HB qepe3 S3 CHM­
MeTpHIO c ocbIO (A' B'), Haii.rr.eM Tpe6yeMhrii: aaToMop­
$H3M: f =S30S2°S1. D 

C.nE.rr.CTBHE. BcHKHii: aaToMopcf>H3M f n.nocKOCTH g.> 
pa3.naraeTCH a npousaeneHHe He 60.nee qeM Tpex oceshlx 
CHMMeTpHii:. 

5. BPAlll.EHIUI 

OrrPE.U.EJIEHHE 5.1. BpaU{enuelA c 4enrpoM 0 Ha3hl­
saeTCH aBTOMop$H3M 9', HMeIOUJ.HH 0 e)J,HHCTBeHHOH He­
IIOJI.BH)i{HOii: TOqKOH JIH6o cosna.rr.aromrrii: c fO}K)J.ecTBeH­
HhlM orn6pa:a<.em:1eM. 

I) HarroMHllM, 'ITO cyru;ecraoBaH11e f cocraaJB1er «rpernii rrpH­
aHaK paBeHCTBa rpeyro~bHHKOB». 

[. 9 >K. Jlenoa-¢eppaa 

t 
r 
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UpOH3Be)J,eHHe CHMMeTpHH 

• TEOPEMA 5.1. a) DpOI13Be,ZJ;eHIIe .nayx CIIMMeTpHH, 
OCH KOTOpbIX Pl), q)' rrpOXO.l{51T 11epe3 T011KY 0, eCTh Bpa­

m.enIIe c u:eHTpOM 0. 
b) 06parno, .ZJ;JIH .n106oro apaIUeHHH r c u:enTpOM 0 

H JI1060H rrpHMOH Pi), IlpOXO.l{HlI!eH 11epe3 0, cyll.{eCTBYIOT 
npHMble Pl)', q)", npOXO.l{51lI!He 11epe3 0, TaKIIe, 11TO 
S9y o 89) = r = S!l) o 89)". 

Jlo1w3are.1tbCTBO. a) r = 89) 0 89)' eCTh aBTOMop<f>II3M g> 
c Herro.II.BIDKHOH T011KOH 0. Ee.nu r IIMeeT BTopy10 He­
no.II.BIDKHYIO To11Ky A, TO JI.JIH T011KH B = S9J'(A) HMeeM 
S.fl) (B) =A Ii, 3Ha11IIT, TaK)Ke S9) (A)= B. no rrpe)l.JIO­
JKemno 4.2, A= B H.nH f!l> = f!l>'. Ho ecJIH A= 8, To 
A - oom.aH TO'lKa rrp51MbIX f!l>, f!l>' H, nocKOJihKY A =F= 0, 
Mb! CHOBa 1rneeM q) = f!l>'. TaKilM o6pa30M, r He IIMeeT 
HeIIO.IJ.BIDKHOH TO'lKH, KpoMe 0, 38 IICKJII011eHIIeM CJJY­
'Ia51 f!l>' = f!l>, Kor.II.a r =Id$'. Bo scex saprrnHTax r 
eCTb spam.eHIIe c u.eHTpOM 0. 

b) EcJJn r = Id8", pesyJihTaT 011esn;:J;eH; B npoTHBHOM 
cJiy11ae nycTb AEf!l>'\{O} H B=r(A). Torna T011Ka 0 
paBHOy.IJ.aJieHa OT A H B n cymecTsyeT CHMMeTpHH 
c ocbIO f!l>', rrpoxo.II.Hmeii 11epe3 0, Mem110w;a51 MecTaMn A 
H B. I\OMII03HUII51 S!l)' or ecTh asToMop<f>usM fl>, oT­
JHI'IIHbIH OT Id8", c Herro;:J;BII)KHbIMII T011KaMH 0 H A; 
3Ha'lHT, OH 51BJI51eTC51 CHMMeTpIIeH c 0Ch10 q) = (OA), II 
Mbl HMeeM 8.fl)' 0 r = 8.fl) HJIII r = 8.fl)' 0 89). 

Ana.norH11Ho, cyIUeCTsyeT npHMaH !!/)", TaKaH, 11To 
,-1=8$" 0 S!l), OTKy.II.a r = 89) 0 8.fl)". 0 

CJIE.IJ.CTBHE 1. Ee.nu r - Bpati{enue c ueHTpoM 0 II 
q) - rrp51Ma51, rrpoXOJI.SIUJ.a5l 11epe3 0, TO KOMII03III!IlII 
S.fl) 0 r II r 0 SSJ cyTh CUMMerpuu c OC51MI1, rrpoXOJl.5llll.IlMil 
llepe3 0. 

CJIE)l:CTBIIE 2. JlJIH JII06oii rraphr (Ox, Oy) rro.nyrrp5!­
Mb1X c o6IUHM Ha11a.noM 0 cymecTByeT eiJu11,crBeHnoe 

epaU{e11,ue r c u:eHTpoM 0, TaKoe, 11To r(Ox) = Oy. 

DycTb, B ca MOM .u;e.ne, s - CIIMMeTp!I51 OTHOCIITeJihHO 
np5!MOH (Ox). Jl.n51 Toro 11To6bl cymecTBOBaJio apaIUe­
uue r c ueHTpoM 0, rrpII KOTopoM r (Ox)= Oy, Heo6-
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XO)l.HMO H .U.OCTaTOIJ:HO, IJ:T06bl aBTOMOp<i>H3M r_o S 6blJI 

cHMMeTpHeii s', nepecTaBJIHIOUI,eii Ox H Oy, oTKyna r = 
= s'cos. 0 

fpynna spa~ettHH c 3a,n.attttb1M QettTpoM 

• TEoPEMA 5.2. Bpamemrn c ueHTpoM 0 06pa3yior 
IWMMljTaTUBHljlO rpyrrrry. 

~01w3areAbCTBO. ITycTh r, r' - JI.Ba Bpamemur c u:eHT­
poM 0. 

a) DoKa)KeM, "ITO r' 0 r-1 - Bpam.eHHe c ueHTpOM 0. 
Dpn BbI6paHHoii npstMOH f!fJ, npoxoJI.mueii "1epe3 0, Teo­
peMa 5.1 IlOK33bIBaeT, l!TO cym.ecTByIOT JI.Be npHMble ~. 
l'l.', npOXO,ll,51lll.He "1epe3 0, TaKHe, l!TO r =St,. 0 Stf) II r' = 
= S:-,' o SE1J. Tor,ll,a 

r ' ,-1 s s-1 -1 s o =St,.,o E/Jo tJJ osl'!. = l'!.,oSI'!., 

-OTKy,ll,a BfiJl.HO, l!TO r' 0 r-1 - BpameHHe. 
b) IToKa)KeM, "I.TO r 0 r' = r'. 0 r. 
ITycTh A - rrpoH3BOJibHast TOl!Ka B fJ'"""'-.. {O} n s -

CHMMeTpH5! c ochIO ( OA). Tor JI.a r 0 s HBJI5!eTCH CHM­
MeTpHeil c ochIO, npoxOJl5lmeii tiepe3 0, nepeBo;:u1meii A 
B B = r(A) H, cJiea,oBaTeJibHO, nepecTaBJI.momeif 3TH 
'l'OtIKH, OTKYJl.a r 0 s (B) = A. AHaJiornqHO, r' 0 s eCTb 
CHMMeTpmI c OCblO, npOXOJl.HlUeH qepe3 0, rrepecTaBJIHIO­
lll,351 TOtIKH AH B'=r'(A), OTKyJl.a r' 0 s(B')=A. 

Ho, B crrJJy qacn1 a), r 0 r' H r' 0 r - spamemrn. ITprr­
Memrn CJie)l.CTBHe 1, Mbl YBH)lHM, qTo r',.0 r 0 S-:- CHMMeT­
pH5l. c ocbIO, npoxOJl.HlUeii qepe3 0, rrepeBOJ{5!lll.aH B B B', 
B TO BpeMH KaK r 0 r' .o~S - CHMMeTpHH c OCbIO, rrpOXOJ{H­
m.ei1 qepe3 0, nepeBOJlHlUaH B' B B. l1MeeM r'. o r.0 s = 
= r 0 r' 0 s, OTKyJl.a r o.r' = r' 0 r. D 

ITpHBeJI.eHHoe BbIIIIe cJieJI.CTBHe 2 Mo.m:Ho ccf>opMyJIH­
poaaTh, cKa3aB, tJTO epynna BpaU{eHuu c 4eHrpo.M 0 
.aeucrByer npocro rpaHaurueHo Ha MHOa!Cecree noAynpR­
JrtbtX c Hatta.1toM B 0, a raK)Ke Ha Ka)KJlOH OKPY*HOCTH 
c ueHTpoM 0 tt pa;:u1ycoM R =I= 0. 

IToKa.m:eM, HaKOHeu, IJ:TO rpynna f/l.0 apameHHH 
c ueHTpoM. 0 scer.JJ,a H30Mopqrna HeKoTOpoii cf>1rncttpo­
BaHHOH rpyrrne rrptt H3MeHeH!m TOl!Klf 0. 
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fIPE.U.JIOJKEHHE 5.3. EcJIH 0, O' - ,u,Be pa3JIHqHbie 

ToqKH. g:> IJ. .. s - oceBa51 CH.MMeTpH51, nepeCTaBJl51IOlll.aH 0 
H. O', TO OT06pa2Kem1e h: mo-mo', rt--7Soros 51BJI5l­

eTC51 U30.MOp</JU3MO.M epynn. 

/1.01W3aTeAbCT80. fiyCTb r Emo H r' =Soros; eCJII:f 

v = Id.11', TO r' = Id8'. EcJIH r =I= Id.11', To r' eCTb aBTO­

:t.rnp<fiH.3M g:> c e,IT,IIHCTBeHHOH HeIIO,/J;BH>KHOH TOqKOH 

O' = s ( 0), T. e. apaur.eHHe c u.eHTPOM O', npHqeM 
1-I -I H ~ r =so r o s. aKOHeu., ,/J;JI5l .n;ayx apalll.eHHn rh r2 

c u.eHTpOM 0 HMeeM 

h (r1) oh (r2) =(so r 1 o s) (so r2 o s) = 
=so (r1 o r2) o s = h (r1 o r2). 

l-1.TaK, h B caMOM n,eJie eCTb H30Mop$H3M mo Ha mo'. 0 

3a.Mett,anue. Ecmi 0 = 0' H s - KaKa51-JlH6o cHMMeT­

pH51 c ocbro, npoxo.rr.mu.eii qepea 0, To oTo6pa2KeHH.e 

h: mo~ mo, r t--7 Sor o S HBJIHeTC51 aBTOMOpcpH3MOM mo 
u M02KHO npoBepH.Tb, qTo h(r)= r-1 (cM. ynp. Vl.3). 

U.ettTpaJibHble CHMMeTpHH 

OrrPE.U.EJIEHHE 5.1. Ecmi 0 - TOIJKa nJiocKocrn f!I', TO 

CUMMerpueu c 4eHTpO.M 0 Ha3bIBaeTC5l 6HeKU.H51 <Jo f!JIO­
CKOCTH g:> Ha f!I', onpe.neJI5leMa5l ycJIOBHeM: 

O/lfl Ato6ou TOtf,KU M E f!I' rott,Ka 0 ecrb cepeouna or­
pe3Ka [Mao (M)]. 

TEOPEMA 5.4. CIIMMeTpIIH c u.eHTpOM 0 ecTb KOMMY­

TaTHBHoe npOH3Be.n;eHHe oceBbIX CHMMeTpHii OTHOCHTeJib­

HO JII06oii rrapb! nepneH)l.HKyJ,IHpHbIX IIp5IMbIX, rrpOXO)l.51-

lll.HX qepe3 O; otta ecTb, cJie.11.oaaTeJihHO, apalll.eHI1e c 
u.eHTpOM 0 II npHTOM e.n;HHCTBeHHOe UHBOAIOTUBHOe spa­
U{enue c ueHTpOM 0, OTJIHlJHOe OT TO>KJI.eCTBeHHOro 0T0-

6pa)!{eHH5l. 

/1.0Kll3llTeJlbCTBO. a) 0603HalJHB qepe3 !l;, !!J)' .n;ae 

neprrettmmymipttb!e npHMbie, rrpoxo.n;Hlll.He qepe3 0, no­

Ka.>KeM, IJTO CHMMeTpHH s = StiJ H s = StiJ' KOMMyn1pyIOT 
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H lJTO HX npoH3Be)J.eHHe eCTb HHBOJUOTHBHOe apa-

meHHe. 
Bb16epeM A E fl)'"-._ { O}; TOtJKa B = s (A) npHHa)J.­

J.Ie)KHT I!lY no ycJioBmo; no3TOMY s' .0 .s (A)= s' (B) = B 
H S?,s'(A)=s(A)=B. Do BbIUienpHBe)J.eHHOMY CJie)J.­

CTBHIO 2 IlOJIYtJHM s' '! S=S 0 s' (e;.urncTBeHHOe spameHHe c 

.u;eHTpOMO, nepeBO)J.5JIU.eeA B B).OTCIOJI.a(s' os)o(s' os)= 

= (s' o s) o (sos')= ld.u>. 
b) CToKa:>KeM, tJTO HHBOJIIOTHBHoe aparu.eHHe r c u.eHT­

poM 0 ecTb CHMMeTpH5J c u.eHTpOM 0 HJIH TQ)K)J.eCTBeH­

HOe OTOopa:>KeHHe. 
B caMoM ,lleJie, ,llJI5J Ka.IK,llOH TOtJKH ME fl' cepe,llHHa 

<npe3Ka [Mr ( M)] ecTb HenOJJ.BIUKHaH TO ti Ka r; ecJIH 

r =I= Id.u>, TO 3TO TOtJKa 0 H r = ao. 
TaK KaK KOMil03HU.HH CHMMeTpHH OTHOCHTeJibHO ,llBYX 

opToroHaJibHhIX npHMhIX I!l), I!l)' He MO:>KeT ohITb TOJK,lle­

<:TBeHHhIM OTOopa:>KeHiieM (IlOCKOJibKY I!l)' =I= I!l))' TO OHa 

5JBJIHeTCH cttMMeTpHeii c u.eHTpoM 0. TeopeMa 5.4 noJI­

HOCThIO ,llOK838H8. 0 

u. YrJlbl 

CJioso «yroJI» oxsaThIBaeT Tpa)I.HI.J.HOHHO HecKOJihKO 

pa3HblX MaTeMaTHtJeCKHX IIOH5JTHH, KOTOpbre Heo6xo.un­

MO pa3JIHtJ8Th. Ho ycHJIH5J, npe,llnpHH5JThle B npeno,lla­

saHHH ,UJI5J ycTpaHeHH5l JIIOOblX HeHCHOCTeH, npnBe.Jlfl K 

napamrnyromeii TH>Kecn1 TepMHHOJiornn. Ha caMoM 

,lleJie Ha npaKTHKe noJib3YIOTC5J ooHXO,llHhIM H3hIKOM: HC­

XO)J.5J H3 «yrJia» KaK qrnryphl, o6pa30B8HHOH .ll.BYMH noJiy­

np5IMbIMH c 06IU.HM HatJa.JIOM, K HeMy npncoe)J.HH5IIOT ace 

MaTeMaTHtJeCKHe IlOHHTHH, B KOTOpbIX B03HHKaeT Ha)l.06-

HOCTb. Ho, tJTOohl He yTpaTHTh Heo6xo)J.HMOH rn6KoCTH, 

He CJie,llyeT, KaK tiaCTO )J.e.JiaIOT, CBO)J.llTb Tpa.U.HU.HOHHOe 

IlOHHTHe «qrnryphl» K IlOH5l:THIO MHO)KeCTBa: reoMeTpHtie­

-CK85l cpnrypa CKOpee eCTb ceMeii:cTBO MHO:>KeCTB (TotJeK, 

npRMblX, 0Tpe3KOB, 0Kpy2KHOCTeH, ••• ) ' CBR38HHblX onpe­

)1.e.JieHHblMH COOTHOWeHHRMII, H Mbl MO.IKeM no npOH3BOJIY 

-06oramaTh qrnrypy nocpeJJ.cTBOM reoMeTpntiecKnx no­

cTpoeHHH. 
B tiacTHOCTH, 3aMeTHM, tJTO sa)J.aHHe .u.syx noJiyrrp.si:­

Mblx Ox, Oy c o6ru.HM HatiaJIOM 0 paBHOCHJihHO 3a)J.aHHIO 
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MHOJfCecrea (Ox) U ( Oy) JIHIIIb B TOM cJiyqae, ecJIH 3TII. 

rroJiyrrpHMbie He rrpOTHBOITOJIO)KHbl I). 

Ka)K.rr.oH: nape (Ox, Oy) rroJiyrrpHMbIX c o6III.HM Ha4a­

JIOM, He Jie)Kalll.HX Ha O.ll,HOH npHMOH, Mb! CTaBHM B co­

OTBeTCTBHe OTKPblTblU yc!lOBOu CeKTOp, o6pa30BaHHb!H 

rrepece4eHrreM noJiyrrJIOCKOCTH Ilx, co.rr.ep)KaIII.eH: Oy n 

orp aHH'IettttoH: npHMOH: (Ox), H rroJiyrrJioCKOCTH Ily, co· 

.rr.ep)KaIII.eH: Ox H orpattrr4eHHOH: rrpHMOH ( Oy). 3aMKHy­
Tbtu yrnosoH: ceKTOp IIOJIY4HTCH KaK rrepeceIJeHHe 3aMK­
HYTblX IIOJIYIIJIOCKOCTeH: ( 3aMKHyTaH ITOJiyITJIOCKOCTb eCTh 

06be.ll,HHeHrre IIOJIYIIJIOCKOCTH H ee rpaHHIJHOH npHMOH:). 

OrrPE,ll.EJIEHHE 6.1. JI,se rrapbI (Ox, Oy), (O' x', O' y') 
IIOJiynpHMbIX Ha3b!BaIOTCH KOHcpyaHTHblMU (HJIH, He co­

BCeM rrpasHJibHO, paBHbIMH)' eCJIH cyIII.ecrnyeT aBTO­

MopcpH3M f rrJIOCKOCTH [JJ, TaKoH:, IJTO f (Ox)= 0' x' H 

f ( 0 y) = O' y'. 
3TO OTHOIIIemre KOHrpy3HTHOCTH HBJifleTC5I, oqe1rn.rr.­

HblM o6pa30M, OTHOIIIeHHeM 3KBHBaJieHTHOCTH, KJiaCCbl 

3KBHBaJieHTHOCTH KOToporo Ha3hIBaIOTCH HeopueHTUpo­
BaHHblMU y2AaMu; KJ1acc, co.rr.epJKaIII.rr:H napy (Ox, Oy). 

......-..... 
o6o3Ha11aercH xOy. 

EcJIH rroJiynpHMbie Ox, Oy cosna.rr.aIOT ( coorn. npo-.............._ 

THBOITOJIO)KHbl)' TO KJiacc xOy, o6pa3oBaHHbIH COBITa­

.rr.aIOW:HMH (cooTB. rrpoTHBOITOJIO)KHbIMH) rrapaMH IIOJiy­
npHMbIX, eCTb no orrpe,ll,eJieHHIO HyAeBoii ( COOTB. pasaep-

......-..... 
HYTbtu) yroJI xOy. HyJieBoH: yroJI o603HaqaIOT rrpocro 0, 
a pa3BepHyTbIH (!) • 

......-..... ......-..... 
QqesII.rr.Ho, IJTO xOy = yOx (TaK KaK cymecrnyer 

CHMMeTpHH, rrepecraBJIHIOIII.aH Ox H Oy). 
CToA06HbIM )Ke o6pa3oM, ecJIH Ox', Oy' - .rr.se noJiy­

npHMbie, coorseTCTBeHHO rrponrnorroJI02KHbie Ox, Oy, TO 
,,,........._ ......-..... 
x'Oy' = xOy (TaK KaK CHMMeTp1rn c 11,eHTpOM 0 MeHHeT 

MecTaMH Ox c Ox' H Oy c Oy'). 
HaK0He11,, KaK MbI YBH.ll.HM )I.a.11ee, rrapbI (Ox, Oy), 

TaKHe, qTo rrpHMbie (Ox)' (Oy) rreprreH)I,HKYJIHpHbl, 06-

1) B cJiyqae npoTHBonoJIOMHhIX no.1ynpl!MhIX Hx 3a.Aa1me Bbl· 
.AeJil!eT Ha npl!MOH TOqKy 0, HO npl!Mall C Bbit\eJieHHOH TOqKOlf 
eCTb yx<e qmrypa, OTJIH'!H8H OT C8MOH npllMOH (.ll:•1ll cpaBHeHHll: 
0Tpe30K H 0Tpe30K c yKa3aHHOH cepe.AHHOH - <!mryphl paScHble). -
llpuM. nepea. 
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pa3y10T O)JJIH KJiaCC ::JKBHBaJieHTHOCTH, Ha3b!BaeMblH 
npflMbtM yz;w.M H o6o3HaqaeMbitt 6. 

l-fayqeHue yrnos 6yJJ.eT 06.JierqeHo 6.Jiaro.n.apH ucrroJib-
30BaHHIO rrpe,ll.cTasuTeJierr (Ox, Oy), 0,11.Ha cTopoHa Ox 
KOTOpbrX 6y.n.eT Q:>ttKCHposaHa, a BTOpaH Oy 6y.n.eT pac­
rroJiaraTbCH B O)J.HOH H3 ITOJIYITJIOCKOCTett, orpam1qeHHbIX 
rrp.HMOii: (Ox). 

ITPE)J.JIOIB:EHHE 6.1. ITycTb Ox - rroJiyrrpHMa.H H II -
3aMKHYTaH rroJiyrrJiocKocTb, orpaHrrqeHHaH rrpHMOH (Ox) . 
.IlJrn JII06oro HeoprreHTttposaHHoro yrna a HMeeTCH 
emrncTBeHHbIH rrpe.n.cTaBHTeJib BM.LI.a (Ox, Oy), r.n.e Oy c: ............__ 

c: II (,n.pyrHMH cJiosaMH, oT06pa*eHHe Oy f--i>" xOy ecTb 
6ueKU.H51 MHO)K.eCTBa IlOJiyrrpHMhIX c Haqa.JIOM 0, co.n.ep­
)K.amrrxc.H B II, Ha MHO)K.eCTBO yrnos). 

JJ.01ca3are.!lbCTBO. Bsu.n.y oqeBU.UHOCTH pe3yJibTaTa )J.Jiff 
HyJiesoro HJIH pa3sepHyToro a 6y.n.eM cqrrTaTb, qTO· 
a =I= 0, a =I= ffi. 

a) EauHCTBeftHOCTb rroJiyqaeTCH HeMe.lvreHHo: ecJiff ............__ ............__ 

xOy = xOz; TO cyrn.ecTByeT aBTOMop!lJU3M f' TaKoii. 
qTo f(Ox)= Ox H f(Oy)= Oz, u, 3HaqrrT, coxpaHHIOmuft 
Ka*JJ.YIO ToqKy rrpHMOii: (Ox). EcJrn Oy, Oz JieR<aT rro 
O)J.HY cTOpoHy OT ::JTOH IIp5IMOH, TO OT06pa)K.eHue f TO)K.­
.n:ecTBeHHoe. 

b) Jl.JI.H ,ZJ.OKa3a TeJihCTBa cy111ecreoeaHUJl rrpe.n:rroJio-............_ 
*HM, qTo a orrpe,n:eJIHeTcH B BH,ZJ.e a= uAv. 06o3Haqmv1 
qepe3 S1 CHMMeTpmo, )J.Jl.51 KOTOpoii S1 (A) = 0. I1oJI02KHM 
Ou1 = 51 (Au) u Ov1 = 51 (Av); cyrn.ecTByeT cHMMeTpmr 
s 2 c ochIO, rrpoxo.n.Hmeii qepe3 0, TaKaH, qTQ 52 ( Ou1) = 
= Ox. EcJIH s2( Ov1) c: II, TO rroJiynp.HMa.H Oy = 52 ( Ov1) 
YJJ.OBJI.eTBop.HeT Tpe6yeMbIM ycJIOBHHM; B rrpoTHBHOM cJiy­
qae ,ZJ.OCTaTOqHo rrpHHHTh 3a Oy rroJiynpHMyro, CHMMeT­
puqHyro s2( Ov1) OTHOCHTeJibHo Ox. D. 

B qaCTHOCTH, cymecTsyeT e.n.rrHCTBeHHa.H rroJiyrrpHMaff 
_.,.,,-..__ 

Oy, rrepneH,ZJ.HKYJIHpHa.H Ox H Jie*amaH B II: KJiacc xOy 
o6pa3oBaH TOrJJ.a napaMu rreprreHJJ.UKyJrnpHhIX rroJiyrrpH­
MhIX H Ha3hIBaeTCH npflMbtM yz.!loM; OH o6o3HaqaeT­
CH 6. 
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0Tuoweuue nopH,II.Ka 

Bhr6epeM rroJJyrrp.HMyIO Ox H 3aMKHYTYIO rroJiyrrJio· 
cKOCTh II, orpaliHqeHHYIO rrpHMOtt (Ox). C Ka:tK,LI.hIM yr-

_,,.--..._ 
JIOM a= xOy, r,LI.e Oy c II, Mhl accou.HHpyeM 3aMKHYThltt 

yrJiosoi1 ceKTop Sa, orpaHHqeHHbltt Ox H Oy, H ycJio­

BHMCH cqHTaTh, qTo Sa = IT, eCJlH a - pa3sepHyThltt 

yroJl m, H qTo Sa-:- Ox, eCJlH a - HyJiesoi1 yroJI. Tor,LI.a 

Ha MH02KeCTBe d HeOpHeHTHpOBaHHbIX yrnoB IlOJlyqHM 

OTHOIIIeHHe rropH,LI.Ka, rroJlaraH a ~ ~. eCJIH Sac S 13. 
JlerKO BH,LI.eTb, qTO 3TO OTHOIIIeHHe rrop.H,LI.Ka He 3aBHCHT 

OT Bbl6opa rraphl (Ox, II). MbI rroKa:tKeM, qTo 3TOT rro­

pH,LI.OK .!tUHeUHbtU H qTo d, CHa62KeHHOe .3THM rropH,LI.KOM, 

H30Mopqrno 3aMKHYTOMY HHTepBaJiy B R. 

Pttc. 3 Pttc. 4 

TaK KaK pa3BepHyThltt yroJI - HaH60JlhIIIHtt .3.lreMeHT 

d, a HyJieBOH yroJI - HaIIMeHhIIIHH, TO ,ll.OCTaToqHo 

cpasHHBaTb HeHyJieBhle H Hepa3sepHyThle yrJihI . .Llmr 
EJToro 3aMeTHM, qTo BCHKa.H rroJiyrrpHMa.H Ou, co,LI.ep:tKa· 

m.a.H HeKoTopyIO ToqKy A =I= 0 yrJiosoro ceKTopa c Bep­
UIHHOtt 0, BC.H Jie:tKHT B .3TOM ceKTOpe; y)l.o6Ho o603Ha· 

qHTh 3aMKHYTbIH yr JIOBOH ceKTOp, orpaHHqeHHbIH ,LI.BYM.H 

noJiyrrpHMhIMH Ox, Oy, He Jie:tKalll.HMH Ha O,ll.Holi rrp.HMOtt, 

qepe3 S(Ox, Oy). 

ITPE,ll.JIO:>KEHHE 6.2. IlycTh II - 3aMKHyTaH rroJiyrrJIO· 

cKOCTh, orpaHHqeHHaH rrp.HMOH x'Ox, Oy- noJiyrrpsl.Ma.H, 

Jie:tKam.a.H B II, OTJIHqHa.H OT Ox H Ox', H A, B, A' - TPH 
TOqKH, OTJIHqHbJe OT 0, rrpHHa,ll.Jie:tKam.He COOTBeTCTBeHHO 

noJiyrrp.HMhIM Ox, Oy, Ox' (pHc. 3). 
a) l\a:tK,LI.a.H noJiyrrp.HMa.H Oz, Jie:tKam.a.H B II H OTJIHq­

HaH OT Ox, Oy, Ox', nepeceKaeT TOJihKO O.l{HH H3 oTpe3-

KOB [AB]' [BA']. B 3aBHCHMOCTH OT Toro, nepeceKaeT 
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OHa [AB] HJIH [BA'], HMeeM BKmoqeHHe s (Ox, Oz) c 
c S(Ox, Oy) HJIH S(Ox, Oy)c S(Ox, Oz). 

b) nycTh Ou, Ov - JI.Be rroJiyrrpHMble, Jie2Ka1II.He B 
S (Ox, Oy) H, 3HaqHT, rrepeceKaromHe [AB] B HeKOTO­
phlx TOqKax P, Q (pHc. 4). Tor)J.a BKJIIOqeHHe S (Ox, Ou) c 
c S (Ox, Ov) paBHOCHJihHO yTBep2KJJ.eHHIO «P Jie2KHT 
MeLKJJ.Y A H Q». 

JI.01wsareAbcrao. a) AKCHOMa nallla H rrpeJJ.JIOLKemie 
3.1 rroKa3h!BaIOT, qTo rrp5IMa5I (Oz) nepeceKaeT JIHlllh 
O)J.HH H3 0Tpe3KOB [AB], [BA']; 3Ta TOqKa nepeceqeHH5I 
HeHs6eLKHO npHHa)J.JieLKHT rroJiynpHMOH Oz, noCKOJihKY 
oHa Jie2KHT B II. C JJ.pyroii cTopoHhl, H3 orrpeJJ.eJieHHH 
rroJiyrrJiocKocTeii H yrnoBhIX ceKTopoB BhlTeKaeT, qTo 
[AB] cs (Ox, Oy) H [BA'] cs (Oy, Ox'). no rrpe)J.blJJ.Y­
meMy 3aMeqaHHIO Oz c: S (Ox, Oy) HJIH Ozc: S (Oy, Ox'), 
cMoTpH no TOMy, rrepeceKaeT JIM Oz oTpe30K [AB] HJIH 
[BA']. 

EcJIH Oz rrepeceKaeT [AB] B ToqKe C, TO rroJiyqeH­
HhIH HaMH pe3yJihTaT IIOKa3hlBaeT (B H3MeHeHHblX o6o-
3HaqeHH5IX), qTo S (Ox, Oz) ecTh o6beJJ.HHeHHe rroJiynpH­
MhIX c HaqaJIOM 0, nepeceKaIOIII.HX [AC], TOf)J.a KaK 
S (Ox, Oy) ecTh 06be)J.HHem1e noJiynp.HMhlx c HaqaJIOM 0, 
nepeceKaIOIII.HX [AB]. 0TCIO)J.a BhlTeKaeT BKJIIOqeHHe 
S(Ox, Oz)c S(Ox, Oy). 

EcJIH Oz nepeceKaeT [BA'], TO aHaJIOfliqHO HMeeM 
S(Ox', Oz)cS(Ox',Oy), OTKy.na, nepexoJJ.H K .norroJI­
HHTeJihHhIM ceKTopaM, noJIY'JaeM S (Ox, Oz)=::> S (Ox, Oy). 

b) no npe)J.hI}J.YUJ.eMy, BKJIIoqeHue s (Ox, Ou) c 
c S (Ox, Ov) paBHOCHJihHo Ou c S (Ox, Ov), a 3HaquT, 
PE [AQ]. D 

CJIE)J.CTBHE. 0THOllleHHe nop.HJI.Ka, onpe.n.eJieHHoe Ha 
MH02KeCTBe sit yr JIOB, eCTb OTHOllleHHe AUlieUH.OZO no­
PJlOKa, H K82K)J.Oe IIO)J.MHOMeCTBO B sit )J.OrrycKaeT Bepx­
HIOIO Ii Hli2KHIOIO rpaHH. 

JI.oKa3aTeAbCT80. JlHHeHHOCTh nopH)J.Ka BhITeKaeT H3 
qacTH a) npe.nhlJJ.ymero rrpeJJ.JI02KeHirn. C JJ.pyroii tTo­
poHhI, qaCTb b) IIOKa3blBaeT, qTo MH02KeCTBO [O, a.] yr­
JIOB, He rrpeBOCXO)J.Hlll.HX HeKOTOporo Hepa3BepHyTOrO 

/'--
yrna a= xOy, JJ.orrycKaeT cTporo B03pacTaromy10 6neK-
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IJJllO Ha OTpe30K [AB], opHeHTHpOBaHHhiii: OT A K B. OT­
CIOJJ.a BbITeKaeT, qTo .sit ,ll.OITYCKaeT CTporo B03pacTaIO­

IUYIO 6HeKUHIO Ha JIOMaHyIO JIHHHIO (ABA') ( o6'beJJ.HHe­

HHe OTpe3KOB [AB] H [BA'], opHeHrnpoBaHHOe OT A 
K A'); cJieJJ.OBaTeJihHO, .sit H30Mopqrno 3aMKHYTOMY orpa­

HHqeHHoMy nHTepBaJiy I B R AJIHHbI AB+ BA'. 0TCIOJJ.a 

cJieJJ.yeT Harne YTBepmJJ.eHHe, TaK KaK JII06oe rroJJ.MHome­
CTBO B I HMeeT B I Htt)KHIOIO H BepxHIOIO rpaHn. 

7. CJIO)l(EHHE H H3MEPEHHE YrJIOB 

Bo BCeM rrocJieJJ.y10rueM, ecJIH He oroBopeHo npoTHB­

Hoe CJIOBO «yroJI» 03HaqaeT HeopueHrupoeaHHbtU yroJI, a 
S (Ox, Oy) o6o3HatJaeT 3aMKHYTbiii: yrJIOBOH ceKTOp, 

orpaHntJeHHbIH ABYMB He rrpoTHBOIIOJIO)KHblMH rroJiyrrpR­

MbIMH Ox, Oy, HJIH rroJiyrrpBMYIO Ox B cJiyqae Ox= Oy. 

y 

y 

x z 

Pnc. 5 P11c. 6 

0IIPEAEJIEHHE 7 .1. roBopHT' 'ITO yroJI y ecTh c YMAta 
ynIOB a, ~' 11 rrnIIJyT y =a+ p, ecJIH cymecTByIOT TPH 
rroJiynpHMbie Ox, Oy, Oz c o6IIJJIM HalJaJIOM 0, TaK11e, 

............... ............... ............... 
tITO xOy=a, yOz=~, xOz=y H 

e Jin6o S(Ox, Oz)=S(Ox, Oy)US(Oy, Oz), 
• Jll160 Oz - rroJiyrrpHMaB, rrpoTIIBorroJIO)KHaH Ox 
(B 3TOM CJiylJae fOBOpHT, 'ITO yroJI p OOnO/lHUTe;IeH K C£ 

H 'ITO a+ ~ - pa3BepHyThlll yroJI). 
EcJIH y = a+ p, TO IIHIIJYT TaK)Ke p = y - CG H a = 
=y-p. 

3aMeTHM, qTo B mo6oM cJiytiae 3TH TPH rroJiyrrpHMbie 

JJemaT B OJJ.HOH IlOJJYIIJJOCKOCTH (p11c. 5). 



7. CJIO)l(EHHE H H3MEPEHHE YfJIOB 243 

J13 ,ZI.aHHOro orrpe,ZI.eJJeHHH, OCHOBaHHoro Ha TeopeTH­
KO-MHOJKecTBeHHOM o6oe,ZI.HHeHIIII yrnoBhIX ceKTopoB, 
CJJe,ZI.yeT, 'ITO CJJOJKeHIIe yrnoB IWMMyraTU6flO H accou,ua­
TUBflO; OHO Y.ll.OBJJernopReT TaKJKe rrpaBirny COKparueHH5I, 
no KOTopoMy H3 a+~= a+ w CJie,ZI.yeT ~ = ~'; O,ll.HaKO 
cyMMa a+~ orrpe.z:r.eJJetta tte scer.z:r.a (pttc. 6). 

IToJJOBHHHbIH YroJJ. ITo onpe.n:eJJeHHIO, BflyrpeHHflfl 
6ucce1upuca )J.BYX He rrpoTHBOIIOJIOlli.HbIX ITO 1yrrpHMbIX 
Oy, Oz ecTb rroJJyrrpHMall Ou, JieJKaruaH Ha npHMol'i -

6ucceKTprrce Oy, Oz 11 co,l1.epMaLUa5IC5I B S (Oy, Oz). 
/---.. /---.. /---.. /'"-.... 

QqeBHJl.HO, HO (CM. prrc. 5) yOu = uOz H yOu + uOz = 
/'"-.... /---.. ~ 

= yOz, oTKy.z:r.a yOz = 2y0u 1). MbI rosopHM, 'ITO yroJI 
_,..--....._ /'"-.... /'"-.... ............... 
yOu ecTb noAOBUHa yr JJa yOz, H rrmueM yOu = 1/ 2 yOz. 

DpRMoii yroJJ 6 - e.n.ttHcTBeHHhlii, ,ZI.JI5I KOTOporo 26 = 
= {j + () = ro; HTaK, IlOJIOBHHHb!H yroJI .z:r.aHHOro yrna 
seer.LI.a orrpep;eJieH. 

Do !IH.UYKUliH )l.JIH JII06oro yr JHi. a orrpe.l(eJJHeTCH IIO­
CJie,!l,OBaTeJJbHOCTb (an) TaKHX yrnoB, 'ITO 2nan =a~ 
yroJJ an 0603Ha'laeM 2-ncx. 

Cylll,ecTBoBanue rpa.11.yupoBKH ua MHOJKecTBe yrnos 
~ 

BocnoJJh3yeMC5I rrpe.ll.CTaBIITeJJ5IMH yr JIOB BHJJ.a xO y, 
r,ZI.e Ox - 3aJJ.aHHaH noJiyrrpHMa5I, a Oy coJJ.epJK.HTCH B 
3aMKHYTOH IlOJIYITJIOCKOCTH Il, orpaHH'I€IIHOH np5IMOH 
(Ox). 

ITycTb Ou - BHyTpeHHH51 6rrcceKTpnca rroJJynpHMbIX 
............... 

Oy, Oz, pacnoJJoMeHHhIX B IT; IIOJJO)KHM xOy =a, 
,.,,......._ ............... 
xOz = y (CM. pHC. 5); TOr.z:r.a JierKO BH)l.eTb, 'ITO xOu = 

= ~ + ~ . BoJiee Toro, Ka.IKJJ.aH noJiyrrp5IMa.H, JJema.ma.sI 

BS (Oy, Oz), co,LI.ep}!(!ITCH B O)J.HOM H3 ceKTopos S (Oy, Ou} 
II S (Oz, Ou). Ha ocHaBe 3Toro 3aMeqaHH.H no HH.l\YK­
UHH )J.OKR3MBaeTcH 

ITPEJJ.JJOJKEHHE 7. I . .ll.JJH JII06oro yrna a H Ka.IK,!l,aro 
ueJioro n ~ l cy.mecTByeT eJJ.HHCTBeHHoe ueJioe qn ~ o. 

I) 3,uecb no.n 2ct noHHMaercH a.+ ex. - flpu.M. nepee. 
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II.MIO Ha OTpe30K [AB], optteHrnpoBaHHbIH OT A K B. OT­

CIO.ll.a BbITeKaeT, qTo sit .ll.OIIYCKaeT CTporo B03pacTaIO­

lll,YIO 6tteKII,HIO Ha JIOMaHyJO JIHHHIO (ABA') (o6'be.ll.HHe­

HHe oTpe3KOB [AB] H [BA'], opneHTnpoBaHHoe OT A 
K A'); cJie.ll.OBaTeJihHO, .slf.. H3oMopqrno 3aMKHYTOMY orpa­

HnqeHHoMy HHTepBaJiy I B IR .ll.JIHHhI AB+ BA'. 0TCIO.ll.a 

CJie.ll.yeT Hallie yTBep)l{.lJ.eHHe, TaK KaK JII06oe IlO.ll.MHO)l{e­

CTBO B I IIMeeT B I HH*HIOIO H BepxHIOIO rpaHH. 

7. CJIO/KEHHE H H3MEPEHHE YrJIOB 

Bo BCeM rrocJie.ll.y10meM, ecJIH He oroBopeHo npoTHB­

Hoe CJIOBO «yroJI» 03HaqaeT HeopueHrupoeaftH.blU yroJI, a 

S (Ox, Oy) o6o3HaqaeT 3aMKHYThlii yrJIOBoii ceKTop. 

orpaHHqeHHb!H .ll.BYM5l He rrpOTHBOIIOJIO)KHb!MH IJOJiyrrpH­

Mb!Mll Ox, Oy, HJIH rroJiyrrp51MYIO Ox B cJiy11ae Ox = Oy. 

y 

y 

x z 

Pttc. 5 P11c. 6 

0IJPE,[l;EJIEHHE 7.1. foBopHT, 'ITO yroJI v eCTb cyMAta 
yrJIOB a, ~' H IIHillYT 'Y =a+~' ecmr cymecTBYIOT TpH 
rroJiynpHMbie Ox, Oy, Oz c o6mnM HalJaJIOM 0, TaK11e, 

./"-... ,.,.,......_ ,.,.,......_ 
lJTO xOy =a, yOz = ~' xOz = 'Y H 

e JIH6o S(Ox, Oz)=S(Ox, Oy)US(Oy, Oz), 
• Jrn6o Oz - rroJiyrrpBMaH, npoTIIBOIIOJIO)l{Ha5l Ox 
(B 9TOM CJiyqae rOBOpHT, 'ITO yroJI p OOnO/lH.UTe;zeH. K a 
H qTo a+ ~ - pa3BepHyTh1ii yroJI). 
EcJIH y = a+ p, TO rrnrnyT TaK)l{e P = y - a H a = 
=y-~. 

3aMeTHM, qTO B mo6oM cJiyqae 9TH TPH rroJiyrrpHMble 

Jie)l{aT B 0.ll.HOH IJOJIYIIJIOCKOCTH (pttc. 5). 



7. CJIO)l<EHHE l1 H3MEPEHHE YfJlOB 243 

J13 ,11.aHHOrO onpe,11.eJ1eHH5I, OCHOBaHHOrO Ha TeopeTrr­
KO-MHOJKeCTBeHHOM o6'he,ll.HHeHITH yrnOBbIX ceKTOpos. 
CJie,11.yeT, qTo CJI02KeHHe yrnoB KOMMyTaTUBHO H accou,ua­
TUBHO; OHO YJJ.OBJiernop5leT TaK2Ke npaBlIJIY COKparu.eHHfl, 
no KOTopoMy 113 a+~ = a+~, CJie.nyeT ~ = W; 0,11.HaKO 
cyMMa a+~ onpe,11.eJieHa He Bcer.na (pttc. 6). 

IToJIOBHHHblH YrOJI. no orrpe.neJieHHIO, e1tyrpeHHflJ1, 
6ucteKTpuca ,11.BYX He rrpoTHBOITOJIO)l(HblX no iyrrp5!Mb!X 
Oy, Oz ecTb rroJiyrrp5IMMI Ou, JieRrnIII.a5l Ha np5IMOH -
6rrcceKTprrce Oy, Oz u co,11.ep:>1rnIII.a5IC5I B S (Oy, Oz). ,...,....._ ,...,....._ ~ /"'-.. 

0'1eBHJJ;HO, 'ITO (CM. prrc. 5) yOu = uOz H yOu + uOz = 
~ ~ /"'... 

= yOz, OTKy.n.a yOz = 2y0u 1). MbI rosoprrM, qTQ yroJI 
~ ./"-.... ~ ~ 

yOu ecTb noAosuHa yrna yOz, H nmueM yOu = 1/2 yOz. 
Dp5IMOH yroJI 6 - e,11.HHCTBeHHblH, .U.JJ5l Koroporo 26 = 

= l5 + l) = co; HTaK, IlOJIOBHHHblH yroJI ,ll.aHHoro yrJia 
scer.u.a onpet1:eJieH. 

Do HH)J,YKUHH .lJ.JUI. JII06oro yrna a orrpe,!I.tJI5IeTCH no­
CJie,ll.OBaTeJibHOCTb (an) TaKHX yrJIOB, 'ITO 2nan =a; 
yroJI an 0603HaqaeM 2-na. 

CymecTBosauue rpaJJ.yupoBKH ua MnolKecToe yr JIOB 
-----... 

BocnOJib3yeMrn npe,ll.CTaBineJI5IMH yr JIOB BHJl.a xO y. 
rJ.J,e Ox - 3a.QaHHa5l noJiynpHMaH, a Oy co,ll.ep2KHTCH B 
3aMKHyroii: noJiynJIOCKOCTH TI, orpaHH'1e1rnoii rrp5IMOH 
(Ox). 

Tiycrb Ou - BHyrpeHHHH 611.cceKTpttca rroJiyrrpHMbIX _........._ 
Oy, Oz, pacnoJiomeHHbIX B IT; noJiomHM xOy =a, 
~ _........._ 
xOz = y (cM. puc. 5); ror.n.a JierKo BlI,11.eTb, 'ITO xOu = 
= ~ + ~ . BoJiee roro, Ka)!(Jl.aH noJiyrrpHMaH, Jiemaru.aH: 

BS (Oy, Oz), co.n.epIB:HTCH B OJI.HOM H3 ceKropoB S (Oy, Ou} 
n S (Oz, Ou). Ha ocHose .9Toro 3aMeqaHH5I no HH,nyK­
UHH ,ll.OKa3bIBaeT<:5I 

ITPE,!1,JIO)KEHHE 7 .1. ,UJI5I JII06oro yrJia a II Ka2K.D.Oro 
u.eJioro n ~ l cymecTByeT e.n.11.HCTBeHHoe ueJioe qn ~ o. 

I) 3,uecb no.u 2a noHHMaercn a+ tX. - llpuM. nepee. 
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y.n.oBJierBopmorn.ee HepaBeHcTBaM 

qnrn© ~a< (qn + 1) 2-n©, 

r.u.e © - pa3BepHyThIH yroJI. 

,lJ.eJio CBO}l.HTCH K nocrpoeHmo noJiynpHMbfX Oy%, 

Jie:>«:allJ.HX B II H TaKHX, 'ITO {Qy% = q · rn© (0 ~ q ~ 2n), 
H K nposepKe Toro, tJTO 2n yr JIOBbIX CeKTOpOB s ( 0 y~. 
Oy~+ 1 ) (0 ~ q ~ 2n - 1) npH cPHKCHpoBaHHOM a rroKpbl· 

BaIOT II. 
TaKaH rpa.u.yHpOBKa reM TOHhrne, qeM 6oJibIIIe n; oHa 

no3BOJIHeT HaM onpe.ueJIHTh «Mepy» yrJIOB. Ope.usapH­
reJihHO Mbl ycTaHOBHM JieMMy, KOTopaH 3aMeHHT HaM 
2.n.ech aKcHoMy ApxHMe.u.a. 

DPE.U.JIO:>KEHHE 7 .2. ,lJ.Jrn: JIIo6oro yrna a. > 0 cyrn.e­
CTByer n.eJioe n, raKoe, tJTO 2-nro ~ a.. 

P.oKa3aTeAbCTBO. OycTh e - HH:>KHHH rpaHb yrJIOB 
BM.Ila 2-n©, KOTOpa.H cyrn.ecrnyer B CHJIY cJie.U.CTBH.H npe.u.­
JIO:>KeHH.H 6.2. TaK KaK oro6pa:>KeHHe a~ a/2 ecrb crpo­
ro B03pacraiorn.a.H 6HeKD.HH .s4 Ha HHrepsaJJ [O, 6] MH0-
21<ecrBa .s4, TO 

8 • f 2-n -
2 

= in ro, 
neN* 

OTKy.U.a 

Orcio.ua cJie.u.yer ccpopMyJJHposaHHoe yTBeP*.Ue-
1rne. D 

CJIE,ll,CTBHE. Jlio6oii yroJI a HBJIHeTc.H sepxHeli rpaHhIO 

MH.O:>KeCTBa Ea yrJIOB BH,ll,a q . rnro (n EN, 0 ~ q ~ 2n), 
He npeBOCXO,ll,SlllJ.HX a. 

J{oKa3aTeAbCTBO. a ecrh Ma:>KopaHra ,ZI.JIH Ea, H .UJIH 
Ka:>K.uoro yrJia ~<a cyrn.ecrnyer rr;eJioe n EN, TaKoe, 

tJTO 2-n© < a - ~. EcJIH q -- HaHMeHbIIIee n.eJioe, TaKoe, 

tJTo q · 2-nco >a, TO yroJI (q - 1) 2-nro npmra;:i;Jie)f{HT 
HHTepsaJiy [~, a] H Ea. 3Ha'IHT, a - HaHMeHhIIIaH Ma­
)l<OpaHra Ea. D 

OnPE}].EJIEHHE 7.2. Mepoii. HeoprreHTHposaHHhIX yrJios 
Ha3b!BaercH Jno6oe crporo B03pacra10w.ee oro6pa:>KeHI1e 
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qi: d ~ R+, TaKoe, tITO <p (a+ fl)= qi (a)+ qi (fl) BCHKHH 
pas, Kor,l.l,a cyMMa a+ fl orrpe,l.l,eJieHa • 

.... TEOPEMA 7.3. J(JI.ll .ruo6oro .n;eikTBHTeJibHOrO k > 0 

cyw.ecTByeT e.z1.1rncTBeHHa5I Mepa q:i Ha d, TaKa5I tIT<> 
qi(ro) = k, H <p ecTh 6HeKUHH d Ha HHTepsaJI [O, k] c R. 

P.01wsareAbCTBO. Eou1tcrae1t1wcrb. EcJIH TaKaH cpyHK­

UHSI <p cyrn.eCTByeT, TO Jl.JI5I JII06oB: napbI (n, q) IlOJI01KH­
TeJihHblX UeJibIX tIHCeJI, TaKHX, '!ITO q ~ 2n, .ll.OJllKHO HMeTb. 
MeCTO paseHCTBO 

qi (q. rnco) = q. rnk. (1) 

c JJ.pyroii CTOpOHbI, B o603HatfeHH5IX BbIIIIenpHBe.n.eH­
Horo cJie.n.cTBHSI, JI.JIH mo6oro yrna a. JI.OJIJKHO 6hlTh 

qi (a)= sup qi (x). 
x=Ea 

(2) 

CooTHoIIIeHHH ( 1) H (2) onpeJI.eJI.SIIOT c:p O.l1.H03HatIHo. 

Cy14ecraoaa1tue. 06paTHO, nycTb qi ecTh oTo6pa:tKe­

HHe d s R+, onpe,l.l,eJieHHoe ycJIOBH5IMH ( 1), (2). EcJIH 
1Iepe3 E o6osHatIHTh MH02KeCTBO scex yrJIOB BHP.a q · 2-nro, 
r)J.e ueJihle IlOJI02KHTeJihHbie q, n TaKOBbI, tfTO q ~ 2n, T<> 
OtieBHJI.Hb!M o6pa30M 

qi (x + y) =qi (x) +qi (y) (3) 

JJ.JI5I JIJ06o:ii nap bl (x, y) E £ 2, TaKoii, tJTO onpeJJ.eJieHa 

cyMMa x + y. 
c IlOMOllJ.bIO anIIpOKCHM3UHH, nocTyna.11 TaK LKe, K3K 

npH JI.OKa3aTeJibCTBe TeopeMhl I. 5.2, BbIBe)J.eM OTCIOJI.a .. 
tITO (3) coxpaHSieT CHJIY H soo6w.e JJ.Jrn JII06o:ii napb! yr­
JIOB x, y c onpe,l.l,eJieHHOH cyMMOH x + y. 0TCIOJI.a BblTe­

KaeT so3pacTaHHe qi. 
HaKOHeu, tfT06hI JI.OKa3aTh, tJTO <p eCTh 6HeKUH.ll sit 

Ha [O, k]' JI.OCTaTO'IHO 3aMeTHTb, 'ITO JII06oe JI.eHCTBH­
' teJihHoe ~ E (0, k] ecTb sepxHSISI rpaHb MHO:>Kectsa D~ 
, .n.eiicTBHTeJibHhIX tIHceJI BH,/.l,a q · 2-nk (n E N, q E N~ 

t, q ~ 2n), MeHhIIIHX ~. H 'ITO yroJI x =sup ( ~ co) -
l. t e D~ 
1 e.n:HHcTBe.HHbIH, y.l1.0BJieTBop5110mH:ii ycJiosHJO <p (x) = 6. D 

I 
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Mo:>KHO 3aMeTIITh aHaJiorn10 Me:>K,u.y 3TlIM ..u.oKa3aTeJJh­

cTBOM 11 Jl.OKa3aTeJihCTBOM TeopeMhl I. 5.2. 
HTaK, Mepa yrnos onpe,u.eJJeHa ;:iJieMeHTapHhIM, xoTH 

ll CTpOrHM cnoco6oM; OCHOBHa51 H,ll.e51 COCTOHJia B no­

CTpOeHilll rpaJJ.yllpOB8HHOro «Tp8HCil0pT11pa» B CIICTeMe 

cq11cJieH11SI c ocHOBaHileM 2; npaKTll4ecKaH KOHCTPYKUIIH 
TaKoro «TpaHcnopTI1pa», KaK HaM Ka:>KeTCH, noMoraeT no­

HSITh npIIHUlIIl 3T0f0 IlOCTpOeHll51. 

HanoMHIIM, 4TO ecJin k = 180 (cooTB. 200, n), TO 

.n;eiiCTBlITeJihHOe 411CJIO 'P (a) H83hIBaeTC51 Mepoii: yrna a 
B rpaJJ.ycax (cooTB. B rpaJJ.ax, pa..u.11aHax) • 

.3a.n.aqu opnettTanuu 

OpHeHTaUHH ..u.eiicrn1neJihHoii acpcpHHHOii IIJIOCKO-

CTH - OTHOCIITeJihHO npOCTOH sonpoc, TaK KaK cyiuecrno­

BaHile rpynnhI TpaHCJIHUIIH Il03BOJIHeT CBeCTII JJ.eJIO K JJil­

HeHHOH rpyrrne, 4TO npIIBO.UIIT K op11eHTI1posamuo perre­

pos c cpI1KCI1posaHHhIM Ha4aJJOM. Bo3MO:>KHO, XOTH II He 

CTOJih rrpOCTO, opileHTilpOBaTh MeTpI14eCKYIO IlJIOCKOCTh 

lJ', He BBOJl.51 Jl.OilOJIHIITeJJhHOH 8KCIIOMhI, II J1.0Ka38Th, 4TO 

rpyrrrra ee asToMopcpI13MOB pacna.n:aeTcH Ha .ll.Ba Herrepe­

,ceKaIOIUIIXCH MHO:>KeCTBa: IlOJJ.rpyrrrry aBTOMopcpI13MPB 

( aBTOMOp<f>II3MhI nepeow poaa I)), pa3JJaraIOIUIIXC51 B 

4eTHOe LIIICJIO oceBhIX CIIMMeTpilii, 11 MHO)KeCTBO aBTOMOp­

<f>H3MOB ( aBTOMop¢113Mhl BTOpOeO pooa)' pa3JJaraIOIUlIXC51 
B HetieTHoe 1IllCJJO oceBhIX CllMMeTpllii. 

4ro6hl .UOK838Th 3TO, M02KHO H848Th c orrpe.n:eJJeHlIH 

'0THOllleHH51 9KBlIB8JJeHTHOCTil Ha MH02KeCTBe q) rrap rro­

JJyrrpHMhIX (Ox, Oy) 2), He Jie:>KaIU11x Ha o.n:Hoii: np51Moi1: 

rrpll 9TOM roBOp51T, 4TO JI.Be rraphl lIMeIOT OJl.HHaKOBYlO 

op11eHTaUHIO, eCJill OHil rrpnua.n:Jie:>KaT OJl.HOMY KJJaccy. 

3aTeM .UOK83hIB8eTC51, 4T,O 9TO OTHOllleHile onpe.n:eJIHeT 

JI.Ba KJrncca 9KBilB8JJeHTHOCTII, 11 aBTOMop<f>I13Mhl KJI8CCH­

¢IIUlIPYIOTCH, CMOTp51 no TOMy, coxpaH51IOT lIJIII ll3MeH51IOT 

OHH opI1eHraumo rraphl (Ox, Oy) Il3 q) (CM. [LF 1]. 
Ilpll TaKOH opI1eHT8Ullll MeTpHLieCKOH IlJIOCKOCTil 

MO:>KHO orrpe.n:e.TilITh noHHTlle opueHrupoeaHHOeo yeAa n 
Mepbl op11eHT1IpOB8HHhIX yrJIOB; 9Ta IlOCJJe,UH5151 3a,n:aqa 

paBHOClIJJbHa OThICK8HHIO rOMOMOp<f>113MOB rpyrrrrbl spa-

1) B opttrnHaJJe: direct H indirect. - IlpuM, nepeB, 
2) 3.n;ecb srn naphl ynopH.n;o11eHHble. - flpuM. nepeB. 
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mem1ii !!lo c JI.aHHbIM n:eHTpOM 0 Ha MYJJhTHnJmKanrnHyIO 
rpynny u KOMilJleKCHbIX qaceJJ c M0.11.YJJeM, paBHblM l, 
npH IlQJI.qHHeHHH 3THX fOMOMOpcpH3MOB ycJIOBHIO coxpa­
HeHH5l U:HKJmqecKoro rrop5l,11.Ka. K 3TOMY MO>KHO npHHTH 
aJieMeHTapHbIM nyreM, OTnpaBJJHHCb OT Mepb1 HeOpHeH­
THpOBaHHblX yrJIOB. 

8. HEPABEHCTBA B TPEYrOnbHHK~ 
UPHnO)l(EHHSI 

._ 06osna'leHUJl. Haq1rna5l orc10,11.a, 6y.n.eM o6o3Haqarh 
paccTOHHHe Me>KJI.Y .nsyM5l roqKaMH A, B npocTO AB 
BMecro d (A, B) (qro no3BOJJ5leT 3anacaTb BbfqHcJiemrn 
6oJiee HarJIH.11.HO). c JI.pyroii CTOpOHbI, noJJynp.siMyIO c Ha­
qaJIOM A, co.nep)Kamy10 ToqKy B, 6y,neM o6o3HaqaTh qe­
pe3 (AB(. ,UaJiee pe% H,D.eT BCIO.ll.Y 0 HeOpHeHTHpOBaH­
HbIX yrnax, H Mhl rosopHM npocTo 06 «yrnax»; yroJI Ha-
3brnaeTcH ocrpbtM ( cooTB. rynbtM), ecJIH OH CTporo MeHh­
me (cooTB. 6oJJhllle) npHMOro yrna. EcJIH (ABC)- Tpe-

......--... 
yroJihHHK, TO 6y;.i:eM 0603HaqaTb BAC HJIH, Kopoqe, A 
yroJJ Me.lli.,ny noJiynp5!MbIMH (AB(, (AC(; .nonOJIHH'reJJb­
HbIH yroJI ffi -A 6y.11.eT Ha3b1BaThC5I BHelllHHM yrJJOM Tpe­
yroJihHHKa, cMe)KHhIM c A:; 3TO ecTh yroJI MeLKJI.Y (AB) 
H IIOJJynp5IMOH, npOTHBOilOJIO)KHOH (AC(. 

HaKOHeU:, pa.ll.H coxpattemrn Tpa.nHU:HH Mbl rosopHM, 
<ITO cyMMa .11.syx yrnoB, ecJJH otta onpe.n.eJieHa, He_ npe­
BOCXO.ll.HT pa3septtyToro yrna w. 

Pasuo6e)l.peuuble rpeyroJI&HHKH 

CTPE)l;JIOIB:EHHE 8.1 1). B TpeyroJibHHKe (ABC) paBeH­

CTBO AB= AC paBHOCHJJbHO B = C. 
/l.otcasareAbCTBO. EcJJH AB= AC, TO cyw:ecTByeT 

cHMMeTpH5l s c ochIO, npoxo.n.5lmeii qepe3 A, nepecTaB-
......--... ............... 

JIHIOmaR B H C; orc10.na cJie.nyeT paBeHCTBO ABC= ACB. 
. ............... ,.,...--.... 

06partto, ec.mr ABC= ACB n A' - ToqKa, CHMMeT­
pHqH a51 A OTHOCHTeJibHO Me,nHaTpHCbI oTpe3Ka [BC], TO 

1) B cTapHHHblX TpaKTarnx no reoMeTpHH 3TO npe)l.JJO)KeHne Ha­
awsaJJOCb «oCJJHHbIM MOCTHKOM» (JJaT. pons asinorum). HecoMHeH­
Ho, OHO paccMaTpHB3JIOCb KaK TeCT Ha coo6pa3HTeJlbHOCTb. 
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_......_ _......_ _......_ 
paaeHCTBO A'BC = ACB =ABC noKa3bIBaeT, qTQ no.11y• 
npHMbie (BA' ( H (BA(, Haxo,n:SICb no 0.ll:HY CTOpOHy OT 
npsi:Moli (BC), coana.n:a10T. ToqHo TaK :IB.e (CA'(= (CA(, 
OTKy.n:aA'=AHAB=AC. D 

HepaeencTBa e TpeyroJI&HHKe 

IlPEJI.JJO:>KEHHE 8.2. B TpeyroJJbHHKe (ABC) Ka:iK.D.bIH 
BHeWHHH yroJI CTporo 60JJbllle Ka:lli.,ll,Oro He CMe:iKHOfO 
c HHM BHyTpeHHero. 

Jio1casaTeAbCTBo. I1ycTb Bx- noJJynp51Ma51, npoTII­
BOilOJJO:IB.Ha5I (BC(. BHelllHHii: yroJJ npII aeplllIIHe B eCTb _......_ ,....,......._ 
ABx, H HaM .n:ocTaTOlJHO .n.oKaaaTb HepaaeHCTBO ABx > ,....,......._ 
> BAC; ocTaJJbHhle noJJyqa10Tcsi: H3 Hero nepecTaHOBKOH 

A 

D A n~-

\5<\~ 
x B C B C 

Pnc. 7 PHC. 8 

aeplllHH. OooaHatJHM cepe.n.HHY oTpeaKa [AB] qepea /, 
H nycTb D - TOqKa, CHMMeTp11qHa51 C OTHOCHTeJJbHO I 
(pHc. 7). TaK KaK CIIMMeTpHH c u;eHTpoM I eCTb aBTO-. _......_ _......_ 
MopcpHaM, TO BAG= ABD. C .n:pyroH: cTopoHbI, D npH­
Ha.n.Jie:iKHT OTKpbITOMY yrJJOBOMY ceKTOpy, orpamrqeH-_....._ ,....,......._ 
HOMY noJiynpsi:MbIMH Bx 11 (BA(, OTKy.rr.a ABx > ABD = _......_ 
=BAG. D 

CJIEJI.CTBHE. CyMMa .n.ayx yrJioB TpeyroJibHHKa cTporo 
MeHbllle pa3aepHyToro yrna . 

.UettCTBHTeJJhHO, npH Tex :IB.e 0003HalJeHHSIX HMeeM 

_......_ _......_ ,....,......._ _......_ 
BAC + CBA < ABx + CBA =co. 
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nPEJJ.JIO:>KEHHB .8.3.' B TpeyroJibHHKe (ABC) HepaeeH· 

CTBa AB> AC H· ACB > ABc. panHoCHJlbHbl (HHblMH· 
CJIOB8MH, Mepbl yrnos o6pa,3YIOT TOT :>Ke nopSl.ll;OK, 'ITO 
H AJIHHbl npOTHBO.iie:>Kaill,HX CTOpOH). ' 

l/.oKa3aTeAbCT80, nycTb "AB> AC H DE (ABJ - Ta· 
KaH i:()ql{a, 11TO AD= AO (cM:. pHc. 8). no npe)J.JIO:>Ke· 

HHIO 8.l HMeeM ADc =:I. Acb, a ' ITO npe,!1.JIOJKeHHIO 8.2 
Mc < ADC, oiKyJJ.a .ABC < ACB. 06paTHoe yTeep>K,o;e· 
HHe noJiyqaeTcH paccy:>K,11.enueM OT npOTHBHoro c nepe· 
CTaHOBKOii 8 H C. 0 

.... nPEJJ.JIO:>KEHHE 8.4. B TpeyroJibHHKe (ABC) ,llJllrna 
Ka>K,n9tt CTOpOH~ CTporo f\1eHbWe cyMMbl JJ.JIHH .llBYX .u.py 
rHX CTOJ)OH. - . 

D 

Puc. 9 8 C 

l/.oKaaaTeAbCTBO. CTycTh D-TO'IKa noJiynp.HMOii; npo­
THBOIIOJIO}KHOH (AC(, TaKaH, tITo AD = AB. 11MeeM 
/'--.. /'--.. /'--.. 

ADB = ABD < CBD (cM. pHc. 9), oTKy.u.a, npHMemrn 
hpe)l.Jib.R<eHHe 8.3 K tpeyroJihHHKY (BCD), noJiyqaeM 
BC< CD u BC <AB +AC . . 

CJIEJI.CTBHE. D,JIH JII06hlx ToiieK A, B, C IIJIOCKOCTH fl' 
HMeeT MeCTO eepaseHCTBO d(A, B)~ d(A, C)+ d(C, B), 
tlplltieM paBeHCTBO BblIIOJIHHeTCSI JIHUib TOrJI.a, KOrJI.a c......;,;. 
TOqKa 0Tpe3Ka {AB). 

~ 0TCIO)l.a · ·: BbITeKaeT, qTO IlJIOCKOCTb fl', CHao.H<:eHHa~ 
OT06paLKemt:eM paqcTOSIHHH d, HBJUieTCH M8TPU't8CKUM. 
npocrpancreoM;, Mbl Mor4!H , Ob1 nonoMY. cna6JI.HTh ee 
accoum~posanuoit To1101.1ome~. 

10 >I<, Jlenoa«PeppaH 



HaaoBeM usoMerpuea JHHIKyio . 6HeK11.H10 fl' Ha fl', co~ 
xpaHHIOIUYIO paccTEHIHll~: ft)r.u.a HMeeT MeCTO . ' ' 

' ( . 
• TEoPEMA 8.5. Kam)J.aH H30MeTplrn fJJ HBJIHeTC51 
8BTOMopqrn3MOM. 

P.oKaaaTeAbCTBo. . .lI.ocraTotrno .n.oKa3aTh, qro ecmi 
f- H30MeTpm1, ro o6'paa npHMOii ecTb npHMaH. HTaK, 
AycTb A, B, C - Tpli KOJIJIHHeapHble TO'IKH. 0.n.m'! H3 HHX, 
.lJ.JlH onpe.n.eJieHHOCTH C, JieLfrnT Me.IK,11.y ABYMH APYfHMH; 
TOr)l.a . AB ==AC+ BC, OTKy.n.a d (f (A), f (B))""" 
= d(f(A), f(C)) + d(f(B), f(C) ). DocJie.n.Hee pai3eHcTBo 
03HaqaeT, '!TO f ( C) npHHa.11.Jie.IKHT npHMOH (f (A )f (B)). 
~haK, f coxpae;JeT KOJIJIHHeapHOCTh, a OTCI6)J.a JierKO 
~JleJJ.yeT, lITO o6pa3 np~IMOH eCTb npHMaH. 0 

.. 0THWle Mbl MO:JIC~M npuMeHJlTb C.llOBO «U30MeTpUft» 
BMeCTO «llBTO,MOpc/JU3M'». 

!,I. UEPUEHJJ.HKYJUIPbl H HAKJIOHHblE, 
UP06JIEMbl OEPECEqEHH~ 

TIPEAJIO.IKEHHE 9.1. DycTh Ill) - npHMaH nJIOCKOCTH (JJ, 
A - TO'IKa s [J'"-._lg) li H - oCHosaHHe nepneH)J,HKYJIHpa 
K !?/), npose)J,eHHOI:O qepea A. Tor.n.a .ll.JIH mo6oii TO'IKH 
ME !?l) IIMeeM AM ;;;:.. AH II Ha Ka.1K.11.oii H3 noJiynpHMbIX 
H x, H x', onpe.n.eJIHeMhIX Ha !!l) TO'IKO:li H, paccTmrnHe 
AM ecTh cTporo B03pacTarom.aH <i>YHKU.MH paccTOHHHH 
HM, crpeMHlll.aHCH K +oo BMecTe c HM, 

PaccTOHHHe AH eCTh, TaKHM o6pa3oM, a6co;uorftbttl, 
µunuMyM AM, KOr)J,a M npo6eraeT !!l); oeo Ha3hIBaeTCH 
paccroftHUeM or TOttKU A oo npRMou f!l), 

/J.oKaaare.lltJCTBO. Ilycrh TO'!Ka A' cHMMeTpHl!Ha A 
9THOCHTeJibHO npHMOii fll) (pHC. 10). JI.mi Ka.IKJI.OH TO'IKH 
Me 5'l) HMeeM 2AM =AM+ MA'~ AA'= 2AH H, 
8H8'1llT, AM ~ AH, r.ll.e paseHcTBO .n.ocrttraeTCH JIHlllb 
npH Me (AA'}, T. e. npu M = H. . 

EcJIH M, P - .n.se TO'IKH npHMOH fll), np1rna)l.JieJKaUJ,H.e 
O.D;HOA H TOM JKe nonynpHMOii c ua11aJIOM H, H Hp ::> 
!>HM, To M efHPJ H aKcnoMa nawa, npliMeHeuuan 



-.,.' ~ ' .. • ; ', : ~ 1 • .• • '1 ' ~ • ' 

9: IlEPi1EH.lJ.HI(YJl51Pbl M HAl(JIOHHblR; UEt°'ECEq1mH1t 16\ 

K rpeyrOJlbHHKY {HPA'), noKa3bIBaeT, qro np»Maff''(AMJj 
nepeceKaer (PA'] B HeKOTOpOH TOtIKe Q. flOiTOMY . 

2AP=AP+PQ+QA'> AQ+QA' ~. 
AQ +QA'= AM+ MQ +QA'> AM+ MA'= 2AM, 

oTKy.rr.a AP > AM. 

HaKOHeu, MeH51H poJIHMH A H M, Haii.D.eM, tiro MA ;;>' 
> MH no nepeoil: qacrn npe.D.JIOLKeHHH. 3HaqHr1 MA 
cTpeMHTCH K :±,oo, Kor.na MH cTpeMHTCK K +oo. 

A 

Pttc. JO 

IlpunolKeHue: nepece'leHHe npsiMoii c OKPYlKHOCTblO 

TaK KaK OKpyRrnOCTh W(O, R) ecTb MHOLKeCTBO ToqeK 
IlJIOCKOCTH fl', paCCTOHHHe KOTOpbIX OT ee . IJ,eHTpa, T. e. 
roqKH 0, paeHo ee pa.rr.uycy R, TO HMeeT MecTo 

CTPEAJIO)l{EHHE 9.2; ,UJIH roro qro6bl npHMaH g) rre· 
peceKaJiach c OKPY)l{HocrhIO W{O, R.), Heo6xonnMo H .11.0· 
CTaroqHo, qro6hl paccTOHHHe d(O, 2D) OT 0 .11.0 g) He 
npeeocxoJI.HJIO R; npHMaH HMeer c oKpyLKHOCTbIO .n.se 

!06uv1e TOlJKH HJIH o.n:Hy, CMOTpH no ''l'OMy, 6y.rr.er JHi 
d(0,2l>)<R HJIH d(0,2l>)=R. 

/J.oKa3areAbcrao. Heo6xomrnocrh ycJiosn~ BbITeKaeT 
H3 npe.UJIO:>KeHHH 9.1. )J.JIH )l;OKa3aTeJibCTSa. Jl.OCTaTOlJRO· 
<;TH rrpeJJ.IlOJIO:lKHM, qro d ( 0, 2D):<R, H 0003,Ha~11~ iJe· 
ipe3 H qprqroH{lJlhHYIO npo~KIJ.Hio CL Ha. 2!>. H:a KP,~.!J.Oit 
lf3 .aoJiynpHMhIX fl x, Hx', on:pe~e.lrn:·~MhIX. ~{lqt;tfIOM # Ha 
a>, paccroHHHe OM ecrh crporo B03pacraIOIU.aH cf>ym<-

}(}* 
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n.H·5l paccroflBH5l HM, H3MeH'si:10m~.S'Ic5i oT d(O, ID) ·.u.o 
,+oo, Kor.na HM H3MeH5leTc5l OT 0 .no +oo; cJie.no'sa~ 
TeJlhHO, oBa e.iJ.HHttBeHHblii pa3 npHHHMaet 3Hatiefrne R.: 

11ccJie.nosaune CJiytiaH d(O, '!ii)= R otteBHAHO •. D ·· 

nepeceqeuue JJ.BYX OKPYlKHOCTeH 

Be3 KaKoii-HH6y.nh .u.onoJIHlneJibHoii aKCHOMbl, iio-su~ 
AHMOMy, TPY.lUIO o6cy*JJ.aTb sonpoc o nepecetJeHHH 
ABYX OKPY*HOcteii, He HcnoJih3Y5l TonoJioretieCKax co-
06pa*em1ii: . .Uonycnrn, tITO OKPY*Hocrn HBJiflIOTC5l CBR3· 
HbtMU MHO:R<eCTBaMH Ha [jJ (CM. ynp. VI. 6)' Mb! ycta· 
HOBHM 

TIPE)I.JIO:R<EHHE 9.3 . .il.Jifl Toro tITOGbJ_ JJ.Be oKpy:R<uocm 
'il(O,R), <&(O',R') c pa3JIH1lHblMll II,eHTpaMH 0, 0' ne­
peceKaJIRCb, HeOOXO.llHMO R JJ.OCTaTOtIHO, 1IT06bl pacCTOfl• 
HHe d = 00' Me)l{JJ.y HX II,eHTpaMH yJJ.OBJieTBOp5IJIO. He· 
paBeHCTBaM 

IR-R'l~d~R+R'; (I) 

OHH HMelOT JI.Be o6mm~ T01IKH HJifl OJI.Hy, CM0Tp5I no TOMY. 
11BJI5IIOTC5l JIH uepaaeucTBa ctpornMH ~ IR - R' I < d <1 
< R + R' HJIH OJJ.HO H3 HHX cTaHOBHTCH paBeHCTBOM: 
d=IR-R'j nJIH d=R tR'. · 

11.oKaaaTeAbCTBO. Heo6xoJI.HMOcTb ycJIOBH5l (I) cJie­
.n.yeT .H3 uepaB~HqBa TpeyrOJibliHKa. TiycTb, HanpOTHB, 
( 1) BblnoJrneuo; o6o3HatIHM qepe3 f (M) = 0' M pac­
CT05IHHe OT O' JJ.O nepeMeHHOii: T011KH M OKPY*HOCTH 
<&(O, R). TipttMetrns HepaseHCTBa JJ.JIH CTopoH TpeyroJih· 
littKa (MOO'), noJiy_tIHM Id - RI~ f (M) ~ d + R;. Kpo­
Me Toro, f npHHHMaeT 3HatieHHH ld--'--RI. d +R B T01l­
Kax A, B npHMoii . ( 00'). Ho f- uenpepbIBHoe oT06pa­
:Jl;{eHHe H3 'il ( 0, R) B R (!<aK orpaHHtieHtte ua <& ( 0, R), 
~YHKII,HH pacCTOHHH5I) .. E.cJIH Mbl )J.011YCTHM, lJTQ, 
<&(O, R)-CBfl3HOe MHO)l{eCTBO, TO f 6y.u.eT npHHH~aTh 
Ha Ka)l{)I.OH H3 noJiyOKpyJKHOCTeii: AHaMeTpa [AB] Ka)K7, 
AOe 3HatieHHe, 38KJIIOlieuuoe Me)KJJ.Y uattMeHhIIIHM Id-RI 
H HaHOOJibIIIHM d + R; B qacTHOCTH, f npHMeT H 3Haqe. 
HHe R' (:raK KaK 11.a ( 1) cJieAyet, llTO Id - RI~ R' ~ 
~d+R). 

· OctaeTcfl JJ.OKa3aTh, 1ITO f ·ua H:aJK.ztoii: H3 noJiyOKPY*· 
H'oc'i'eii npHHMMae'f 3Hatieulie R.' JIMlllb OJJ.HH pas. .Ueii-



cTBHTeJJhHO, ecm1 f(M) = f (P) = R', TO npRMasl (00') 
eCTb ~eAHaTpHca 0Tpe3Ka [MP) H TO'IKH M, p Mory:r 
npHHaAJie)KaTh OAHO:ii H TOH .>Ke noJiyoKpy>KHOCTB JIHlllh 
npH M = P. 0TCIOAa H BblTeKaeT pe3yJihTaT, nocKOJihKY 
ME~ (0, R) n ~ (0', R'J paBHOCHJlbHO f(M) = R'. 0 

nepecelfeHHe Jl.BYX np.RMblX 

OoJiy'leHHhle pe3yJihTaTbl noKa3blBalOT, 'ITO cyme­
CTBYIOT naphl npHMblX, He HMeIOmHx o6meii: TO'IKH; T8K• 
RMeeT MeCTO 

nPEAJIO}l(EHRB 9.4. ECJIH npSIMaSI f!l) He npoxoART 
qepe3 TO'IKY 0, TO npRMaR. f!l)', CHMMeTpHlfHaSI f!l) OTHO­
CIITeJibHO 0, He nepeceKaeTcH c ©. · . . 

]1,oKaaareAbCTBo. Ecm1 6hl f!l) H 9Y HMeJIH 06w.y10 
TOlfKY A, TO HM npHHa.n.Jie:>KaJia 6bl H TO'IKa B, CHMMeT­
pH'IHaH A OTHOCHTeJibHO 0. 3Ta TO'IKa OTJIH'IHa OT TO'l­
KR A ( TaK KaK A =F 0), I103TOMY npHMhle f!l) H !!J)' 
AOJI>KHbl 6hIJIH 6hl cosna.naTh H f!l) npoxo.n1rna 6bl qe­
pe3 0 KaK cepe.n1rny 0Tpe3Ka [AB]. TO npoTHBOpetIHT 
npeJJ.I10JIO:>KeHHIO. 0 . . . 

nPB)J.JIO>KEHHE 9.5 Jlee pa3JIH'IHble I1pHMhle q), f!/J', 
nepneHOUKYAflPHbte K ooHotl u rou O/Ce npnMoil !'.\, He 
HMeIOT o6mHx TOtieK. 

3TO ecTb npHMOe CJieACTBlte npe,ll.JIO:>KeHHH 4.5. 1131 

·Hero BbIBOAHTCH 

._ flPEAJIO>KEHHE 9.6. 4epe3 mo6y10 TO'IKY A, He Jie1Ka­
my10 Ha npHMOH ©, npoXOAHT no MeHbtuetl Mepe oiJHa 
npRMan q)', ue nepeceKa10maHCH c f!/J . 

. Jl.oKti3aTe/lbCTBO. nepBbIH CilOC06: Bbl6epeM Ha q) 
TOtiKy B H npHMeM sa f!/J' npHMyIO, CHMMeTpH'IHYIO $ 
di'HOCHTeJibHO cepeAHHbl 0 0Tpe3Ka [AB]. ·. . 

BTopoii cnoco6: npose.neM tiepes A npHMYIO !'.\, nep· 
QeHAHKYJIHpHyIO f!/J, Ii 3aTeM IlOCTPO.RM f!/J' KaK nepneH• 
AHKYJIHP K a s ToIIKe A. o 

npeAJIO}l(eHHe 9.5 AOI1YCK8eT CJie.11.yIOmee 0606memte1· 

nPEJJ,Jiom:EHHB 9.7. EcJIH .Ase pa3.JIH'IHble npHMble .P!J. 
©',. o6pasyroT c tteKoTopoii Il.PRMOii A. cqoreeTcTBeHHO 



paBH~~ YfJibl_ 1} !cM. pnc. 11), TO OH~ He HMeIOT o6w.eii 
TO'IKH. 

/[oKaaaTe.llbCTeo. EcJIH !l), fl)' nepeceKaIOT A B Toq .. 
Kax A, A', TO, KaK JierKo BHJI.eTI>,. !!IY u !l) CHMMeT· 
pH'IHhl OTHOCHTeJibHO cepeJJ.HHbl I 0Tpe3Ka .[AA']. 

.. 8TOT pesyJII>TaT, KOTOpbIM . HHOrJJ.a npeueoperaIOT, 
HMeeT Ba}l{HOe npaKTH'leCKOe 3Ha'leHHe, T8K KaK cJJy:m:H'll 
onpaBJJ.aHHeM npHeMa nocrpoeHHH riapaJIJieJII>HbIX c no· 
MOJll.l>IO yrOJil>HHKa (CM. puc. 12). 

HaKoHen,, npeJJ.JIOJH:eHHe 9.7 caMo JI.onycKaeT cJieJJ.y10· 
w.ee yT011HeHHe: 

DPEJI.JIOR<EHHB 9.8. EcJIH Ax, By- noJiynpHMhle, 
/'-.. /'-.. -

T8KHe, 'ITO cyMMa xAB + yBA paBHa pa3BepHyTOMY 
,yrny HJIH He onpe)l.eJieHa, TO OHH He HMeIOT OOlll.eii TO'lKH ·. 
f CM'. puc. 13). ~-

ro' 

Pac. 11 Pnc. 12 

Jf.01waaTe.1tbCTeo. ECJrn Obi Ax H By nepece&aJIHCI> 
B TO'IKe c, TO TpeyroJibHHK (ABC) He YJJ.OBJieTBOp}JJI 
Obi cJieJJ.CTBHIO H3 npeAJIO:>KeHHR 8.2. 0 

AKCHOMa EeKnHJI.a o napannenhH~x 
ToJJbKO .n.oiiA» .no 3TOro MecTa, EBKJJM.ll B cnoMx «Ha· 

11aJ1ax» $opMyJiupyeT csoA aHaMeHHTbIH nHTbIH nocTy· 
naT B CJJe.nyiomeii <j>opMe: · 

.. (E0) EcJJM .n.ne noJiynpaMhle Ax, By pacnoJio)J{eHbl 
/'-.. /'-.. 

no OJI.HY cTOpoHy OT npHMOH (AB) M cyMMa xAB + yBA 

1) Bhlme ne 6hlJJO onpe.neJJeHHH cooTBeTcTByJOmHx yrJJoo; •m· 
'l3TfJUI ·He .SaTpJAHHT .DiATb etc, HOJIW)HICh ROIJJITH1U.Ul DOJJ;JDpHMhlX 
it 00,IJYllJIOCK<>tTeii. - n PUM. nepeo. . 



ci'poro MeHbUre pa3BepHyTOfO yr.Tia, TO ITH nonynpJIMble 
HMelOT 06m.y10 TOtJKY ! CM. puc. 14). . 

Jlerko BHAeTh, qTQ yTBeplKlt.eHHe · IEo) paeHOCHJibHO 
c11e.u.y10m.eMy, KOTOp00 RBJBteTCJI co~p~MeHHOii: lflopMof:t 
IIOCTyJiaTa EBKJIH)l.a, aae)l.eHHO~ B npJlKTHKY nperro)l.aBa• 
HHJJ ,[{JK. fIJ13fiq,epoM JJ. Ptayfalr, 1748-1819) 1). 

• (E1) 4epe3 TOqJCy, He .neJKaw;ylO Ha npSIMOH @, npo· 
XO,lJ.HT He 6oAee OOHOU npR.Mot1, He nepeceKaIOw;eit g); 

.9TH $OPMYJIHPOBKH paBHOOHJlbHbl TaK>Ke CJleAyIO• 
meii:: 

A ·s 

P11c. 13 

II 

P11c, 14 

~ (E~) J:(Jrn TOro qTo6bl .n.se pa3JU!lJHble rrpHMble He rre· 
peceKaJIHCb, He06XO)J.HMO, qT06bl HX COOTBeTCTBeHHbie 
yrnhI c KaJK,ll,ofi o6m.eii ce1<yw:efr 6hIJIH pasHbl. 

Jl.oKa3aTeJibCTBO paBHOCHJlbHOCTll iTHX .aKCllOM f:)Jl(~­
MeHTapHO . 

. He rrpHHHMaH apeMeHHO Jill o.n.ttoii II3 3THx aKCHOM, 
Mbl npo,ll,OJI)KHM H3YlJeHIIe a6COJllOTHOii reoMeTpHu, ll,ll,H 
no cTorrnM CaKKepH ff JleJKaH.n.pa; Mbl 061rnpy21<:rrM Apy­
rHe csoiicTBa, 3KBHBaJieHTHOCTb KOTOpbIX aKcHOMe Ea­
KJIH.rr.a Mettee OlJeBH,ll,Ha, B HX lJHCJie 

~ .(E2'). · Cym.ecTBYIOT ripHMaH .P/J H lie Jie>KamaH' Ha Heit 
Toqr(a A, TaKHe, qTo qepe3 A rrpoxO,Z\HT eJl.HHCTseHfiaH 
npHMaH, He rrepeceKaIOm.aH g), · · · 

)<•• '). 

~. (E3) Cym.ecTBYeT .nps;iMoyro.Jih,HI~K {T'.. e. qe:rl"1pex· 
yrOJlbHHK c qen.lpbMH npHMbIMH yfJiaM:a); .. 

" 1} B TaKOR if>opl.fe nocry.naT TaKJK'e HMbIBa!O'r' ll:MeHeM flpOl<ila 
mrn I1poKJ1a-l1J13il:<(>epa,-J7pu11t 7i~pe1J1''•' • ,,., .•. • •.·., •• 
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• (E4) CyMMa yrJIOB JIIOooro TpeyroJibHHKa pasea paa· 
8epHYTOMY yrny. 

• (E5) CymecrnyeT TpeyroJibHHK, cyMMa yrJIOB KOTOpO· 
ro paBHa paaBepeyToMy yrny. 

• (E6) CymecTByeT napa 1teu30.MerputtHbtX TpeyroJih· 
JIHKOB (ABC) n (A' B'C') c paBHblMH yrnaMH: A'= A, 
B' = B; c' =C. 

PaBHOCHJihHOCTb '(E6)' c '(E1) .n.oKa3b1BaeT, mo eBKJrn· 
.n.oaa IlJIOCKOCTb - e)lHHCTBCHHaSI, JJ.JISI KOTopoli cyme· 
CTBYIOT IlO)lOOHSI, He CBO.lI.SIIUHeCH K H30MeTpHSIM. 

JO. lfETblPEXYTOJibHHI( CAI(f(EPH. 
DPHJIO)l(EHHj( 

YToIJHHM cea11aJia, IJTO MHoroyroJlhHHK B nJIOCKOCTH 
!I' Ha3blBaeTcSI BbtnyKAbtM, ecJrn ace ero aeplllHHhI pac· 
noJiaralOTC.H no 0.!I.HY CTOpOHY OT np.HMOH, coe)lHHSllOIUeA 
Jnooyio napy nocJieAoBaTeJII>Hhlx aepunrn • 

. PHc .. 15 

OnPE;\EJIEHHE 10.1. B MeTpH'lleCKOH ITJIOCKOCTH fl! 
tterblpexyeo.llbHU1w1.i CaKKepu eaablaaercH BhIOYKJiblH 

............... 
'IJeTb1pexyroJihHHK (ABCD), Takoii, 'llTO yrJihl ABC, a 

Bcb rrpsiMbie u AB= CD. OrpeaoK [BC] eaah1aaeTc9 
erp HH.>KHHM, .a OTpeso~ [ADJ - BepXHHM OCHOBaHHSIMi:I 
(pHC. 15). . 

JlerKO BH)leT::., lITO B cJiytJae esl{JiH.11.0BOM reoMeTpH~ 
TBKOH lleTbipexyrOJib~~K oy,!l,eT npSIMOYfOJib!JHKOM. no-
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sToMy 1rnyqemrn 9Toro tieThlpexyroJtbHHKa no3aomn 'Ha~ 
~rJiy6HTb npeJI.cTaBJieHirn o 3HatieHHH nocTyJiaTa EB• 
KJIH)l.a • 

.,. TEOPEMA 10.1. EcmI (ABCD) - qeTbipexyroJibHHK 

CaKKepH, TO AD~ BC H paBHhie yrnhI BAD, WA 
OCTpbie H:JIH npSIMble. 

l/.OKll3aTe/tbCT80. a) c IlOMOUJ.bIO IlOCJie)J.OBaTeJihHbIX 
oceshIX CHMMeTpHH MbI MO)KeM IlOCTpOHTb IlOCJie)J.OBa~ 

TeJibHOCTb qeTbipexyroJibHHKOB CaKKepH (AnBnBn+ 1An+ 1), 
Ta.KyIO, tno A0 =A, B0 =B, A 1=D, Bl=C H .II.JIH 
"BCHKoro n EN* cnpe30K [An+1Bn+1l CHMMeTpHqeiI 
{An-1Bn-1] OTHOCHTeJihHO npSIMOH (AnBn) (CM. pHC. 15). 
Tor.u.a TOqKH B0, B1, •• , , • Bn KOJtJnrneaplthI H .lvrn JIIO• 
6oro n EN BbIIlOJIHeHo paseHCTBO BnBn+I =BC. 

ToqKa (An) Heo6srnaTeJihHO KOJIJIHHeapHbI, 'ao )J.JISI 

BCex n EN HMeeM AnAn+ I =AD H AnBn =AB. 
A 6' J 

Puc. 16 8 

noBTOpHO npHMemrn HepaBeHCTBO TpeyrOJibHHKa, Mbl 
\YBHJl.HM, qTo Jl.JIHH'a oTpe3Ka f BBn] lte rlpesocxo.n.i:iT' Jl.JIH· 
Hhl JtoMaHoif (BAA1 ... AnBn), OTKYJI.a · 

<vn EN) nBC ~ nAD + 2AB, 
Ji nepexo.n.H K npe.n.eJiy nocJie ,ZteJieHHSI Ha n, IIOJiyqaeM 
BC~AD. 

;- b) 0Tpe3KH [CD} Ii [BA] ot!eBHAHblM o6pa30M CHM· 
114eTpHqHbl OTHOCHTeJibHO Me.U.HaTpHCbl. 0Tpe3Ka (BGJ 
~pHC. 16). nocJie.!I.HHSl COe.!J.HHHeT, TaKHM ()6pa30M, ce~ 
pe.ll.HHhl J H I oTpe3KOB [BCL H {ADJ, H MeJl.HaTpHca fl 
0Tpe3Ka [/J] H6 nepeceKaeT HH O.U.HOH H3 npHMhlX (AD) 
H (BC) (nOCKOJlbKY IIpHMbI~ (AD)' (BC) H ~ nepneH­
~iucyJIHpHhl K npHMOH (IJ)) ~ Tor.na, nocKOJihKY 1 HJ He 
JlelKaT no O.!J.HY CTOpOHy OT flt TaK :lKe OOCTOHT )l.eJIO H 
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;\ . 
. c roqKaMH A H B; orpeaoK [AB] nepeceKaer A B HeKO• 
topolt TOtIKe K. . Ho BC ~ AD, no3r0My roIIKa B', CHM• 
~eTpHIIHaH B OTHOCHTeJibHO ll, npHH8,llJie)KHT 0Tpe3KY 
lAJ}. . ··....---.. 

EcJIH B' =A (cJiyIIaii, KQr.lla BC= AD), TO BAD =-.....-... ' 

-== ABC= 6. Ecm1 B' =/== A, ro B TpeyroJibHHKe (!(AB') 
}'TOJI B seplllHHe B' npHMofi H no rrpe.n.JioiKeHHIO 8.2 

. ./'--. ./'--. 

Apyme ero yrJibl ocTpbre, OTKy,ll.a BAD-:-: !(AB'<&. O 

CcpopMyJJuposaHHoe ytsep:iK;i:em1e .ll.OKa3aHo, H BH.ll.· 
no, tITO ~BeHc~ AB = CD HMeeT MecTo TOJibKO B 

cJJyqae BAD= CDA = 6, KOr,ll.a ~ABCD)- rrpHMoyroJib• 
llHK. B aTOM cJJyqae HMeeM 

TIPE,ll.JIO:iKEHHE 10.2. IlycTb (ABCD) - IIeTbipexyroJib• 
aHK CalrnepH, HBJIHIOIII.HMCH rrpHMoyroJJbHHKOM (T. e. 

_,........._ ./'--. 

4'aKoii, 'IITo BAD= CDA = 6). Ee.JIM A' a [BA] H D' e 
e [C.{:)j - raKHe TOIIKH, tITo BA'= CD', To npHMaH (A' D') 
nepnefl,ll.HKYJIHpHa rrpHMbIM (AB) H (CD). 

/1,oKasareAbCTBO. PaseHCTBa BA= CD H BA'= CD' 
13JJeKyT A' A = D' D, II BH.ll.HO, tITO (A' BCD'), H 
lA' ADD')- qerhrpexyrOJibHIIKH CaKKepn '(pIIc. 17). 

_,,....._._ .............. . ' 

Ilo9TOMY BA' D':::;;;; 6 H AA' D':::;;;; (), tITO BMecre c pa· 
_,,....._._ ,.,,-....._ 

JJeHCTBOM BA' D' + AA' D' = ro rrpHBO.LI.HT K paseHCTBaM 
~ ./'--. p/'1 D' =AA' D' ='(). I1raK, rrpHM:aH (A'D') neprreH,llHKY· 
~Hp Ha K ,(AB). AHaJIOrHqlJO MO:iKHO y6e.n.HTbCH, llTO OHa 
11eprreH.LI.HKYJIHpHa II K ,(CD),., 0 ·-'· -"""~,,,~ •. ~.. ' 

OpnMeHeHHe K H3yIIeHHIO cyMMbl yr.iios rpeyroJibHHKa ' . . 
. ~ .UJIH HatiaJia ycraHOBH!\oJ • 

«nPJl:JJ.JIQ)KEHHE 10.3. CyMMa HerrpHMblX yrnos npsi:Mo: 
ffOJJbH~O rpeyrOJibHHKa; HQ npesOCXO,!J;HT npHMOfO yrJta~ 

. · tfioKaaaTeAbCTBo. B ·. cu.ily cJI~Jlcrs.ua Ha npe,n:Jio:iKe· 
~·11:st 8.2 rpeyroJI&HHK uM:eEIT ue· 60.Ttee . o.n.eoro npHMor<;> 
prna. · Uycrb ',.(ABC)..:..... np'SIMoyroJii>libili' TpeytoilhHliK 
~ np~lt'll.!!~ yrnoM B B n. B~;-TOll:Ka. CHMMeTpHintan B 
Ql'HQCJfreA&Ho cepe.n.nabl I oTpeaKa {AC] .(p11:c. 18). Ha 
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nepneHJJ.HKYJIHpe K npHMOA :(BC), npoBe.neHHOM B Toq­
Ke C, ualiJJ.eTCH TaKaH TO'IKa D, t110 CD = AB, nplit1eM 
'D pacnoJimKetta no TY :iKe CTopouy, qTO iI A, OT npHMoii 
.(BC). TorJta (ABCD) ecTh IJeTbipexyroJibHHK CaxKepH,, . ............... ............... 
n B CHJJY CHMMeTpHH BAC = B'CA. 

............... ............... ............... ............... 
e · EcJIH B' = D, TO BCA + BAG= BCA + DCA = 

............... 
i=BCD=l>. 
e EcJIH B' =I= D, TO no CHMMeTpHH AB'= BC, OTKyJ{a, 
npHMeHHB TeopeMy 10.1, noJiyt1HM AB'~ AD. CJie.noaa­
TeJJbHO _( cM. ynp. VI. I), A Jie2KHT c TOii 21<e cTopoHbl, 

D 

B 

Puc. 11 Puc. 18 

'ITO M B', OTHOCHTeJibHO MeJl,HaTpHCbl ,1 0Tpe3Ka [B'DJ, 
npoxo.nmn.ero qepea C (IIocKOJJbKY CB'= AB= CD}. 

............... . ............... 
,TaKHM o6paaoM, ACB' < ACD, OTKyAa 

............... ............... ............... ............... ............... ............... 
BCA +BAG= BCA + B'CA = BCB' <BCD=() • 

............... .............. 
Bo Bcex cJiy11aHx BCA + BAG~(), D 

.... TEOPEMA 10.4 JHa3hlBaeMa.H TeopeMO:ii Jle:>Kau.npa _. 
CaKKepH). CyMMa yrJIOB TpeyroJJhHHKa He npeaocxo.nttT 
pa3septtyToro yrna. 

JJ.01caaareJtbCTBO. CorJJacuo CJJeJJ.CTBJIIO H3 npe.11.JJo• 
.memrn 8.2, TpeytoJJhHHK HMeeT He 6oJJee o.nuoro np»• 
MOfO HJIH Tyno:ro yrJJa. Il03TOMY Mhl MOlKeM C'IHTaTb. 

............... ............... 
1110 yrJIN ABC u ACB TpeyronbHHKa .(ABC) ocrpble~ 
TorJta oeaoaaHHe H nepneH.11.HKYJJ»pa, npose.nettuoro 
H npnMoA .(BC) 11epea A, np»Ba)l.JI.e)J(HT 01pe3KY (BCJ 
(eM. pnc. 19}' u ABc-f; BcA + cAB = Aflli +BAii + 

............... ............... 
+HAG+ ACH ~b.+6=(1). 0 
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0AHO caoiicTBO npstM~yrOJibHHKOa . 

CTPE.ll.JIO:iKEHHE l 0.5. EcJIH (A:BCD)_..: npstMoyroJI1>HH1< 
{T. e. qeTblpexyrOJibHHK c qeTblpbMH npHMbIMH yrnaMH). 
fO npHMaH (AD) HBJ!SleTCH eOUHCTBeHHOU npJiMOU, npo­
xo.rr.mueii qepea A H He nepeceKatoiueii npHMoH. .(BG). 

P.oKa3aTellbCT80. Jl.onycTHM, lJTO cyiu.ecTsyeT npHMaH 
fl), npOXO.lUHll,aH qepe3 A, OTJllrnHaH OT IIpHMOH (AD) H, 
ue nepeceKaIOIIJ.aH npHMOi;i {BC), H nycrh C', D' CHM­
MerpaqHhl C, D OTHOCHTeJlbHO npHMOH (AB), .(pnc. 20),. 

8 

A 

~ 

Puc. 19 

G 8 c 

Puc. 20 

Ecm1 6bl q) He nepeceKaJia HH O.ll.HH H3 oTpe3KOB ·(CD)', 
( C' D'] , TO ToqKa C ( cooTB. C') JieJKaJia Ohl no o.n.liy 
~TopoHy c D (cooTB. D') OTHOCRTeJI~HO $ .. H UOCKOJlbKY 
g) nepeceKaeT oTpe3oK [DD 1

], TO BOnpeKu npe.rr.noJio· 
lKemuo !i) nepeceKaJia Obi TaK:m:e H OTpe3oK [CC']. 

CTpe.rr.noJIOlKHM JI.Jilt onpe.n.e.aeuHocTH, qTo ~. nepece· 
KaeT {CD] B TOl!Ke Ai. H o6o3Ha•nrn qepe3 A', B' TOllKH, 
CHMMeTpHllHbie A, B OTHOCHTeJihHO npHMOH .. (CD) 
(CM. pHC. 20). . 
· Tenepb (ABB'A') ecT& qeTbipexyroJihHHK CaKKepH, 

OJJ.HOBpeMeHHo SlBJIHIOIIJ.HHCH H npHMoyroJihHHKOM. EcJIH 
fll' H~ o6o3Hal!aIOT opToroHaJI&Hhle npoeKr.um A, H~ 
npstMble (AB). (A'B'h TO' H3 coo6pa1KeHHH CHMMeTpRH· 
BH1 =- B'H;, H npe.rr.JioJKemi:e 10.2 noKa3&rnaeT, 'ITO Il{JH• 

Masi: H 1H~ nepneHAHKYJIHpHa (AB) H (A' B') a, 3HaqHT, 

np9xo.n.aT tiepe3 TOllKY Ai. TorAa (ADA1H1)- npH:Mo-. 
ffOJlbHHK, H Mbl MOJKeM .c IlO.MOW.bIO IlOBTOpHbIX CHMM.eT~ 
euu 3aMOCTHTb IlJIOCKOCTb IIIHIMOyrOJihHHKa.MH, .KOlirpy· 
.. HTHblMH (ADA1H1) (pHc~ 21) . 0TcIOAa BbneirneT cyw.e~ 
~BOHHHe ROWl~OBITf!AbHOCTH ,{An) ToqeK $. c Ao.= 



11. PA3J'I}l~HblE il>OPMbI AKCMOMbl EBKmt,llA 26f 

=A, TaKoii, tITO opTOroitaJii:iHaSI npoeKUHSI Hri TOtIKH An 
Ha npHMYIO {AB) .YJJ:OBJieTBOpHeT ycJIOBHIO 

··(VnsN} AHn.=nAH1, 

r.a:e AH 1 =# 0 (nocKOJibKY fif) He rrpoxo,!I,HT tiepea D). 
Tor,ZI,a npu ,!I,OCTaTOqHo 6oJiblllllX n. 6y,ZI,eM HMeTb AHn > 
>AB; s .9TOM cJiytiae A H Hw lie Jie>i<aT no o.nHy cTo­
poHy OT npHMOH (BC) . .lI,aJiee, npHMbie (BC) H (HnAn) 
He nepeceKa19tc5i ·(OHR o6e nepneH,!I,HKYJIHpHbI K (AB) h 
TaKHM o6pa30M, An H Hn JieJKaT no O,ZI,HY CTOpOHy ot 
(BC), npwieM nponrnonoJioJKHy10 TOH, r.ne Haxo,ZI,HTC.ff 

A .~D A' 

: H1 A I '.!L--t--:--r..;..-

H2 IA2 I --+--
I IAL_ HG --- --+---

B c 
Hn 

Puc. 21 

A. 3HatIHT, · oTpeaoK [AA11} nepecel!eT ,(BC) BonpeKn 
npe,ll.IlOJIO)KeHHIO. 0 

~ 3aMeTHM, tI'I:O 9TO ,ll,OKa3aTeJibCTBO OCHOBaHo Ha TOM 
<PaKTe, 'ITO np51Mhie - apXHMe)l.OBbl. 

11. PA3JIH'IHbiE cl>OPMbl AKCHOMbl EBKJlH.ll.A 

Tenepb Mhl B cocToaHHH yctaHOBHTb paBHOCH.llbHOCTb 
.y'faep:>K,a:emrii E1; E2, Es, E4, Es; Es, cipopMyJIIIpoaaHHhlX 
B KOHUe § 9. 0Ha 6y.n.eT CJie.n.osaTb H3 npe.n.JIOJKeHHSl 
10.5 H npe,ZI,JIO)Ketrnii, npttse.n.eHHhlX HH)Ke. 

DPE~JIO.>KEHHE 11. l. DpeJI.IlOJIOJKHM, 'ITO cymecTsy101' 
npsIMaH f!I) H TOqKa A, TaKHe, tITO l!epea A . npoxo.nHT' 
eou1tcTee1t1taJl npHMaH f!I)', He nepeceKaKimaa $. Tor.ri,a~ 
,11.JI!l KaJK.noro JI.eiicTBwreJihHoro' d > 0 cymectsyeT npn~. 
MoyroJihHHK, 'oJI.Ha' )i3 CTOpOH KOTOporo pa'Btta· d, Ii qepe3 
J1106y10 Tri'llKY · 'M nJiott<ocTH !JI.· npoxo.n.nt He 6oJiee o,n.i:iOtl' 



npflMoA, ue nepeceKaioll.{eii npoH3BOJI&Hoii suauuoA: 
npflMOii A. 

JI.01waaTe1tbcreo. a) nycTh B ..,.._ oceosaHJie nepneH• 
Jl.HKYJIHpa, onylIJ,e1moro H3 A Ha D, H C - TaKaR TQlfKa 
ua !'/), 11TO BC = d (CM. pHc. 22). TaK KaK gy - e.u.Hli• 
CTBeHHaH npHMaH, npoxo.U.HlIJ,aH qepe3 A H He nepece' 
KalOlIJ,aHCfI c !'/), TO OHa COBna.naeT c npHMOH, CHMMeT• 
puquoii ![) OTHOCHTeJlbHO cep.e.U.HHbl 0Tpe3Ka [AB]. H, 
CJie)J.OBaTeJibHO, nepneH,!J.HKYJiflpHa K (AB). CTyCTb, .n.a• 
nee, fl)" - neprreH.U.HKyJrnp K !!/), npose.u.eHHbIH 11epe3 CJ 

!D' A D 

: [ }-
PHc. 22 '!J) 8 .d c 

IlOCKOJlbKY npHMaH, nepneHJI.HKYJIHpHaH K !!/)" H npose· 
,n;eHHa5l qepe3 A, He nepeceKaeT npHMoii !!/), TO oua cos· 
na.u.aeT c !!/)' H nepeceKaeT !![)" B HeKOTOpoii TO'lKe. D. 
TaKHM 06pa30M, (ABCD)- npRMoyroJibHHK, cTOpotta 
[BC] KOTOporo HMeeT .U.JJHHY d. .. 

b) nycTh Ii - IIp5IMa5l B IlJIOCKOCTH fP. M - TOtIKa H3 
Y''-...!i H p - OCHOBaHHe' nepneHJ(HKYJIHpa K A., npoxo.n.H• 
lIJ,ero t1epe3 M ( cM. pnc. 23). DoJJmKHM MP = d, 11 
nycTb (ABCD)-TaKoii npHMoyroJJhHHK, 1110 BC= d. 
CylIJ,ecTByeT H30MeTpHH f nJJOCKOCTH f!J, KOTopaH nepe· 
BOJl.HT BB M H c BP. DyCTb A'=f(A), D'=f(D)i 
Torna {MPD'A')-npHMoyroJihHHK H D'EA.. Dpe.u.JJo· 
JKeHHe 10.5 IIOKa3blBaeT, tlTO (MA')- e.n.HHCTBeHHaH 
npHMafI, npoxo.u.HlIJ.a5l qepe3 M II He nepeceKalOlIJ,aH Ii. D 

flpeJI.JJO:>KeHHH 10.5 'n 11. l ;neJiatOT OtieBIIJI.HOH 3KBH• 
BaJieHTHOCTb aKCHOM {E1)-(Ea) ll3 KOHu;a § 9. ,IJ.aJiee~ 
xoporno H3BecTHo, 'n:o (E1) BJle.tJ:eT (E4) (cM. ynp. VI. 8), 
H {E6)' H IIOCKOJibKY 1q .(E4). CJie.u.yeT (Es)' HaM OCTaeT~ 
csi: JJ.?Ka3aTh, l!TO H3 !Es) BblTeK'aeT lEa), a !Es) sJie• 
tJeT lEs). 

. TIPEJJ.JIO>KRHJ11t\ u.2" ., rtycTI~· .' 1Aaq~'l'.pey~~Jlb;~rrK, 
~cy~rn:a frJIOB KOTop.oro p_aaua v.a3sep_HYTOMY yrny: Tor.l{a 



'cym.ectByeT npaMoyrOJihHHK, )l.HaroHaJib KOTOporo IHB• 
JUleHH OJI.HOA H3 CTOpOH aTOI'O TpeyrOJibHHKa. ' 

· ~01W-3aTeAbCTBo. MomHo cqHTaTb, qTo yrnhl B u C 
ocTpble. Tor.11.-a ocHoBaHHe H llb1COTW1 npose.ll.eHHoil· tt3 

,
1A, Jie>KHT MC:lKAY B n C; cyMMa B<;~ aenp.HMblx yrnoB 
flJpflMoyroJibHhlx TpeyroJJhHHKOB (AH B) a (AHC) pas­
fHa ro. Jtfa npe,nJio:>KeHH.H 10.3 BblTeKaeT, qTO cyMMa ee­
inp.HMhlX yrJIOB Ka:>KAOro H3 BTHX TpeyroJihHHKOB paBHa 
npHMOMY yrJJy. EcJIH K - ToqKa, qHMMtnpHqHaH H OT· 
HOCHTCJJbHO cepe,ll.HHbl I 0Tpe3Ka [AB] (cM. pHC, 24), TO 
JierKo o6Hapy>KHTh, l!TO ,(AHBK)- npsiMoyroJibHHK. D 

A' 

I. txJ\ ,...._.....__......_ __ ~--~~~n~,-- a H c 

PHC. 24 

3aMeitaHUe. OrO}f{JleCTBHB Ka>KJJ.IXii yroJI c ero pa· 
,llH8HHOH Mepoif, Jien<o y6e,ZlHMCSI, qTO cym.ecTBOBaHHC 
TpeyroJibHHKa c cyMMOH yrJIOB, paBHOH n, paBHOCHJibHO 
cyU{eCTBOBllltUIO 8btllYK/l020 tteTbtpexy20/lb1tUIW tJ cy.M­
MOU y21toB, pae1tou 2n 1). lJToobl ,noKaaaTh, qTO H3 aK· 
CHOMhl (Es) CJie)l.yeT aKCHOMa JEs)' )J.OCTaTOl!HO, TaKHM 
oopa30M 1 ycTaHOBHTh 

IlPEJJ.JIO>KEHHE t t .3. EcJIH cym.ecTByeT JI.Ba Heu3o• 
.~urrpuitltbtlf._ tpexro_:ihHH~a ~ABCl_. (A' B'C') c paBHblMll 

yrJJaMH: A'= A, B' = B, C' = C, TO cym.ecTByeT Bbl· 
nyKJJbIH qeTb1pexyroJibHHK, cyMMa yrnos KOToporo 
:paeHa 2n. 

/1otc.a3aTeAbCTBo. BBHJlY HenaoMeTpuqeocTH TpeyroJih• 
HHKOB MOJKHO ,.JUI onpe.n.enennocTH DOJIO>KHTh A' B' >1 

I) Mo»mo TSKJKe,, He HCDOJJb3Yll Mepbl yrJIOH, npH,11.3Tb .COOT~ 
BeTCTBytOU\Hii CMblCJl fTBep;mAett1110; «CYMMa. ff'JiOB .'leTblpexyrOJlh ... 
JUIK3 paBHa 200>. , ' -· ..... 



,>AB. TiycTh f - Ta · na0Merp1rn, KOTopu1 nepeBo.zu111, 
h<>JiynpHMYIO (A' B' ( B noJiynpHMYIO (AB(, a noJiynpH• 
MY.!O (A'C' (- B noJiynps1MyIO (AC(. 0603HatIHM 81 =·' 

' ' . ' ,....,, 
...,,. f(8'), C, =- f(C') (cM. pnc. 25). TorJJ.a ABC'==7. 

/"'-.... ~ ........... -= AB1C1 H AC.ti= AC1B1, OTKyJJ.a cJieJJ.yeT, tITO cyMMa yr·-
JJOB BbIDYKJJoro tieTblpexyroJibHHKa (BB1C1C) paBHa 2rr.' 

YKa3aHHaH Bblllle ~KBHBaJieHTHOCTb aKCHOM nOJI·1 
HOCTblO JJ.OKa3aHa; 0 ' 

:STa 9KBHB8JieHTHOCTb He peW8E1T, O.ZJ.H8KO, BOnpoca 
o H.e3aBHCHJ,~WCTH mnoro nocTyJiaTa EBKJIH.n.a OT ocTaJth• 
HblX aKCHOM. :ha He3aBHCHMOCTb CJieJJ.yeT B3 TOrO $3.K· 

~ 
Puc; 25 A B. ~ 

Ta, qTo MO>K.HO onpeJJ.eJUITh Ha R2 HJtH Ha HeKoTophlx 
11acTsrx R2 CTPYKTYPY «MeTpH'IecKoii: nJIOCKOCTH», JJ.JUI 
KOTOpoH: aKCHOMa EBKJIH}J.8' He l3blIIOJIHSieTCSI; TaKasr IlJIO• 
CKOCTb Ha3bIBaeTCSI eunep601tUtteCKOU H npe.n;CTaBJiffeT 
co6oii «Mo.n;eJih» HeeaKJIHJJ.OBOH reoMeTpBH. Mhl np1rne· 
JI.eM T8KOH npHMep B § 12. .. 

· : BoJiee Toro, caoikTBa MeTpH'I€CKOH IlJIOCKOCTJI, np· 
.nyqeHHbie Bolian H Jlo6a'IeBCKHM npH oTpHuaHHH nocry· 
JiaTa EBK.7IHJJ.a, nosBOJIHIOT nocTpOHTh 6HeKUHIO, H30MeT• 
pH'IeCKYIO c TOtIHOCTbl() .no IlQCTOSlf!HOro MHO>K.HTeJUI, 9TOH 
ttMeTpH'IeCKOfi HeeBKJHI,D,OB9fi IlJlOCKOCTH» Ha rnnep60JIH­
qecKyIO rrJioc_KocTh. Ho cBsrsaHHhle c 9THM BhI'IHcJiemu1 
AaJieKO He 9JieMeHTapHbl H CJJHUIKOM JJ.JIHHHbl, 'IT06bl HX 
Mech rip1mecnq HX MO}f(HO Halim s rn. VI s {Bl(-SZ]. 

CymecTBoaaHHe 9Toro H30MOplf>H3Ma JierKO noaao~ 
JJReT nocTpOHTb HOBble cpopMyJIHpOBKH, paslioc11J16lihre 
a~c110Me EBKJIH,D,a (cM. yrrpa»rneHHH). Ono rroKa3bIBaeT, 
KlH>Me TOI'O, ·?ITO c TOqHOCTbIO /l.O fOMOTeTHH cyrn:eCTBYIOT 
JtlUllb JJ.Be' «MeTpHqeCKHe llJIOC.KOCTH»: eaKJIHJJ.OJJa ll rH­
µep60JIHqecKaH - 9TO HTOr 25 BeKOB HCCJie)J.()sa1mti:, OT 

--~BKJU;tp,a .tJ.O X_IX a... · · · 



12. rttnEPBOJJ"lJEC,KA~ .nJJOCl{O~Th 1r.\0,1tM8' nYAHK.At>B) 268: 

,2.· rHUEPBOJJHqECKASI flJIOCKOCTb. 
{MO,aEJll> UYAHKAPE) 

.. 
Ha3oBeM 2unep601tw1.ecKot'1 n1toc1wcrb10 MHON<ecrao 

f!J' = { (x, y) E R21 y > O}, HMeHyeMoe. raK:H<e · no1tyn1w~ 
cKoCTblO fl yaH.Kape; Ha3oBeM 2unep6011uttec~oa npnMou . 
.mo6oe no,ll.MHOJKecrBo B flJ, onpe,ll.e.nsieMoe ypasHeHHeM 
BH,ll.a x::::::::: Xo (xo IIOCTOffHHO) HJlH BH,ll.a (x-xo) 2 + y2 = 
t- r2 (x0, r nocTOHHHbl). funep6oJJHqecKue npsiM1>1:e "'"'."'". 
sro nepecetJeHHSI c fl' eBKJIH.ll.OBhlx npsiMblx H3 R2, opTO· 
rOHaJlbHbIX OCH. X1 X, ff eSKJIH.z(OBblX Okpy.>KHOCTeftc C ueHT· 
pa~rn Ha x' x (npeilnoJiataercSI, 'ITO n.11ocKoct1> R2 cHa6-
:HCeHa KaHOHHlleCKOH eBKJIH,llOBOH crpyKrypofl)~ 

h .·• .· . "" 
• A . 

PHc. 26 PHc, 27 

Jlerno BH,ll.eTb, IJTO napa '(fl', !l')' COCTOS!LqaSI HJ flh 

nep6oJIHqecKOii IIJIOCKOCTH fjJ H MHOiKeCTBa nmep60JIH· 
qecKHX npHMhIX !l', y.llOBJieTBOpHeT aKCHOMaM HHUH,lleHT~ 
HOCTl:l I H3 § 2. c .n.pyroii CTOpOHbl, Ka:m:.u.asi rnnep60JIK· 
tiecKa.H npsiMasi q) ,llonycKaer OtJeBH.ll.HbIM o6pa30M .u.aa 
ecrecrneHHblX B3aHMHO npOTHBOIIOJIO.>KHblX OTHOUieHH.11 
nopsi,llKa (cM. puc. 26) u pa36Hsaer fl'"'-.!!) Ha .n.ae 06-
nacru, KOTOpble Mb! MO>KeM Ha3BaTb «IIOJiynJIOCKOCTHMH», 
Ecmt !!!> HMeer ypaBHeHne x = Xo, ro noJiynJIOCKOCTR 
onpe.u.eJIHI-OTCH HepaaeHcraaMn x > xo u x < xo; ecJI!t 
:me !if) onpeJ1.eJisierrn ypasHeHneM (x - x0) 2 + y2 = ,2, 

TO UOJJYCTJIOCKOCTH COOTBeTCTBeHHO aa.n.atoTCH HepaBeH• 
CTBaMH (x-xo) 2+y2 >r2 11 (x-xo) 2+y2<r2. Kpo­
Me Toro, .nse .roqKH A, B 11p1rna.nJiemaT O.llHoit a Tait H<e 
noJiyUJIOCKOCTH, orpaHtttJeHHOli !!!>, TOr,ll,a H TOJlbKO TOr.ll.a, 
Kor.na coe.llHflHIOlll.l:iH ux orpe30K runep6oJ1HqecKoii np51• 
MOH He nepeceKaeT. f!/J. Orcioll;a Herpy.a.Ho BblBeCTH, QTO 
fl' y.a;OBJJeTBOpS!eT aKCHOMe narna Ih. HaKOHe~. c)qe~ 
BH.ll.Ho, qro [I'_ He y,n.oanetaopHet aKcttoMe EakJi:u.u.a o na:. 



paJJJleJlbHblXI Ha PBC; 27 H306pam:eHh1 ,ll,B@ rHnepoOJIHqe• 
cKH,G npsiMble J!l) 1.'tl)2, nepeceKaiom.necH B T01IKe A H,.t1e 
nepeceKaIOllJ,Hlil rnnep60Jrn11ecKoii np»Moii fl). 

PaccTostnHe MelKAY Jl.BYMH TO'IKaMH 

MN onpe,n.eJJHM .runep6oJJH1IecKoe paccTOHHHe Me:>K· 

AY .D.BYMfl foqKaMH A u B nJIOCKOCTH (I' KpHBOJIHHeiiHhlM 
HHTerpaJJOM 

B 

d (A, B) •""= ~ !ff , · r.n.e ds = -../ dx2 + dy2. 
A 

(1) 

,,,.-... 
l33HThlM no .n.yre AB, o6pa3oBaHHOH cerMeHTOM rnnep· 
6om1qecKofi npnMoii, roe.n.HHHIOllJ.eH TO'lKH A 11 B. 

8To pacCTOHHHe oq1.1BH.D.HbIM o6pa30M y.n.oaJieTBopHeT 
aKCHOMaM Illa, Bh, Ille H3 § 1. 5IcHo, tJTO d!A, B) YAOB• 
neTBOpSleT HepaBeHCTBY 

B 

d(A, B)~ ~ ~ =ltn !!LI, 
A y YA 

npw1eM paBeHCTBO ,ll,OCTHraeTCH JIHillb TOrJ{a, Kor.n.a :A II 

B HMelOT 0)1.HHaKOBble aoCUHCCbl. 0TCIO)l.a BH,llHO, lJTO 
d (A, B) cTpeMHTCH K +oo, Kor.n.a YB crpeMHTCH K 0 
HJIH +oo, H nocKOJibKY d (A, B) --- HenpepbIBHaH cpyHK• 
1\lUI B; TO oTo6pa:meHHe M ~ d (A, M) onpe.u.eJIHer 6H­
eKU.HIO KaJKAOH H3 runepoOJIMlleCKHX noJiynpHMblX c Ha· 
'IaJIOM A Ha noJ1ynp11My10 R+. Oo3TOMy, rm1ep60J1HlJe­
cKoe paccroHHHe y.n.oBJieTBopHeT M aKcHoMe IIIct H3 § 1. 

Cl>opMyJJa runep«SoJJH'leCKoro paccTODHHD 

a) EcJIH A, B HMeJOT OJI.HY H Ty JKe a6cuHccy Xo, ro 
rnnep60JIH'JeCK8fl npHMaD. KOTopaH HX coe)l,llHSieT, eCTb 
eBKJIH)J.OBa noJJynpHMaSl x :::::a Xo, y > 0, H Mhl HMeeM 1)

1 

d(A, B)-IX d: 1-lln :: j. 
b) E~.1111 a6cu.nccbl TOtJCK A, B pa3JJHIJHhl, To coe;u1 .. 

I} 1Ao6pp Clf8T&T1>! 'lTO DY'fb HHTerpBj)OBaHHH opneHTHPOBall 
faK, itro IJs ::!=' I/A• - OpuM,. nepee. . . ·· 



HSllOll{aff HX ranep()oJIBqecK:aH. npHMaJ1' Sll~JIHeTCH esiqIH• 
.rr.osoif noJiyOKpy2KHoctbIO Pl; c .u.aaMeTpOM IPQ}, ~~~a~ 
ll{HM Ha x' x. EcJI11 Mbl OTO:JKJI.ecTBHM R2 c iC1 H ooo3H!l· 
1IHM qepea a, b, p, q a(f>(f>IIKCbl rotzeK A, B, P, Q. TO 
fiOJIYOKpy2KHOCTb !?l) JI.O~~CKaeT napaMeTpHqecKoe npeJI.4 

CTaMeHne 0 i-;.. (J) + re' {O < 0 < n) c ro = (p + q)/2 H 
r =I (p - q)/2 I (pttc. 28), OTKy.u.a 

Arg (b-ro} d0 I I 9 Arg (b-61) I 
( -- - [ln tg ~] . :::::s J sin 0 - 2 Arg (a-©) 

Arg (a-(1)) 

d(A, B)= 

= \ (tn q = z]~-b I 
p z ;i=a 

H 

- I (.!!...:::::..J! • a - p ) I J I d(A, B)- ln b-q ·a=q l= ,ln{a, b, p,q} , {2} 

rae f[a, b, p, q]- JI.BOHHOe OTHO!lleHHe a, b, p, q ~CM. 
§ IV. 8), KOTopoe .ir.eii:cTBHTeJihHO 1) BBHJI.Y KOHIJ,HKJIHqHo~ 
CTH TOqeK A, B, P, Q {ynp. IV. 29). 

u 

e Q x 

Prtc. 28 

Mo.m.Bo 3aMeTH.Th, 'ITO $opMyJia ~2) ocraercsr aepHoA 
H B CJiyqae a), ecJIH IlOJIO:JKHTb p = Xo II q = 00, JierKO 
TaKLfCe JJ;OK833Tb, 'ITO $opMyJia !2) paBHOCHJibHa <Pop,• 
My11e 

- d(A, B)=2Arth[a, a, '6. 61112 2·A;thj: : f.. (2') 
" ' .t • ••'·, 



rn~·vr. METPMtiECIUSt h!OMETPH5l 

r)J,e li, b KOMnJieKclio conpsrn<eHbI ca, b H Arth.-. · ct>YHK.•· 
. cl+') .· ~H.II f .._ 1/2.Jn 1-T. ( lf j < l), 

ABTOMOp<itHSMbl H CHMMeTpllH !1fJ 

JlerKO BHJI.etb, qro eCJHl OTOR<JI.eCTBHTb fjJ c MHo:>Ke~ 
CTBOM {zE'.C.jlmz > O}, TO OT06pa:>K:emrn BH.n.a:. 

az+b 
z .._ cz +d , (a, b, c, d) E R4 n ad - be > O 

HJIH 

cz+d .z ~ az + b • (a, b, c, d)E R4 
H ad-be <0 

HBJIHIOTCH 6HeKUHHMH 9' Ha fiJ, npeo6paayroruHMH KalK• 
.n.y10 nmep60JIH'lecKy10 npHMy10 B nmep6om111ecKy10 npH• 
MYIO (TaK KaK 9TO npeo6pa3oBaHHH c, KOTOpble nepeBO• 
.IJ,SIT OKPY)KHOCTb HJIH npHMy10 cHosa a oKpyxrnocTh HJJH 
npsiMy10 H coxpairnK>r ocb x' x, a, :rnatIHT, MHoJKecrsO: 
npstMh!X H oKpyxrnocreii, oproroHaJibHbIX x' x). 1<poMe 
roro, am npeo6paaosaHHH coxpaH5i10r AaoiiHbie o:rnorne·· 
HHH HJIH nepeBOAHT HX B KOMDJieKCHO conpH)KeHHble. Ocf 
¢opMyJJaM (2) H (2') OHM coxpaHSIIOT rnnep60JIIflleCKOe 
paccTOSIHHe ff HBJHHOTCH ·08TOMOp</Ju3.Ma.Mu fjJ B CMhlCJie 
onpe.u.eJieHHH 2. L B qacTHOCTH, eBKJIRJI.OBbl cHMMerp1n1~. 
ocb KOTOpblx oproroHaJibHa x' x (npeo6pa3osamrn: BHJJ.a 
z ~ 2x0 - Z; r.11.e xo ER) 11 HHsepc1m c noJIOR<HTeJihHott 
CTeneHhlO, IlOJUOC KOTOpbIX npHHaJI.Jie.}l{HT x' x (1m.u.a 

k . . . . 
. 2 ~ Xo + z - Xo . c k > 0), HH.!1.YUHpyIOT HHBOJIIOTHB~ 

Hille aBTOMOpcl>H3MhI 9, KOTOpble Mhl Ha30BeM zunep6o· 
/tUtteCKUMU CU.M..M.eTpURMU; Tenepb .HaM ocraeTCH JIHWb 
npoaepHTb aKCHOMbl CHMMeTpHH Va H vb H3 § 2. .. 

DPEJJ.JIO}l{EHHE 12.1. .llJH1 Ka)KJI.Oii rnnepooJIHqecKoil: 
npstMOH f!l) cym.ecTByeT nmep60JIH'IeCKaH CHMMeT[HHI 
s~. JJ.JlR KOTOpOH ara npHMaH !'/) eCTb MHOR<eCTBO Reno-· 
ABHLKHbIX TO'IeK H KOTOpaH H8.JHieTCH e)l.HHCTBeHHbIM He· 
'tO~)l.eCTBeHHhlM aBTOMOpq>H3MOM f/J, OCTaBJISIIOIU.HM He• 
IlOJlBH:>KHbIMH ace TO'IKH npHMOii f!l>. 

Jl.oKa3aTeAbCTBO. a) EcJIH fl) J1e:au1r Ha eBKJIHJl.OBOH 
np,~Mo~, op1:oroHaJihH.oA x'x, to '_no.11.xo.11.Hr eaKJJH,n_oBa 
·(.!HMMeTpHJ:I OTHOCHTeJibHO iTolr npaMoii; ECJIH fl) Jie)i{HT 



12. rnnEPBOJIHttECI<ASI. nJI~Cl(OCTb (~0.ll,EJll), nYAHI<APE) 269. 

i~~ eBKJIH.ll,OBOll OKpymttoc;rn pa.I.1.Hyca , c ueHTpOM . B 

rrn'IKe. f OCH X
1 
X, TO HCKOMYIO CHMMeTpHIO )J.aCT npeo6-

1J~OBaHHe nHaepc1m c noJIIOCOM I n cTeneHhlO r2• · · 

b) CTycTb f- aBTOMopcpH3M IP, ocTaBJISIIOU(HH. Ha 
MeCTe KaR<JJ.Y!O TOqKy fHIIep60JIH1leCKOH npRMOH !l>. 
\ECJIH f .=fo ldd', TO npHMeHllMOe 3)J.eCb npe.ZI.JIOJKeHHe 3.5 
noKa3blBaeT, qTo f He nMeer Apyrnx HenoASHR<HblX ro­
,-i:eK. c .a.pyroii CTOpOHbl, H3 npe.n.bIJI.Yll(ero Mbl BH,ll.HM, qTO 
cyll(ecTByeT BBTOMOp<IJH3M h; TB KOH, llTO h (.!l>) pacnoJia­
raeTCH Ha eBKJIH)].OBOH npHMOH L\, opTOfOHaJibHOH K x' x; 
iB 3TOM CJiyqae g =ho f o_h-I eCTh 8BTOMOpcpH3M C MHO· 
~eCTBOM Heno.n.smKHhlx TO'leK h (.!l>). EcJIH z o6o3Ha'laeT 
a<t>cj>HKC TO'IKH M B IP, a z' - a<t><f>HKC TO'IKH g ( M), TO 
no <PopMyJJe .(2') 

I z'
1 

- a l= I z ~ ~ I 
z -a I z-a 

Jr.{Hl ecex a E IC'. JI.JlR KOTOphlx TOIJKa c a<}>cj>HKCOM a 
npHHa)l.JiemHT h (.!l>). 3Ha'IHT, M' pacnoJiom:eHa CHMMeT­
pwnm c M OTHOCHTeJihHO eBKJIH.ll.OBOH npHMOH L\, OTKy,!l.a 
BblTeKaeT eJl.HHCTBeHHOCTb g, a 3Ha'IHT, H f. 0 . . 

· flPE,11.JJomEHHE 12;2. Cyll(eCTByeT no MeHhUieii Mepe 
0)1.Hil r1mep6om1qecKa5I CHMMeTpHH, MeHSIIQU(ast MecTaMH 
JI.Be nmep6oJIHqecKHe noJiynp.RMble c oow;HM HaqaJioM. · 

II.otea3aTeAbCT60. ll.eikTBY5I, KaK H paHee, Mbl M.OJK.eM 
csecn1 )J.eJIO K CJiytraIO, lWI'.lI.8 OJI.Ha H3 rHnep60JIH'leCKMX. 
IlOJiynpHMbIX pacnoJioLKe1rn Ha eBKJIH,lJ.OBOH npHMOH !::., 
optoroHaJihHOii B H K x' x; npH 3TOM Apyra51 rnrrep6oJIH-

,-.... 
tiecKaSI IlOJiynpSIMaH oy..QeT npe.n.cTa'aJieHa JJ.yroii AP 
OKpy)KHQCTH f C ..QHaMeTpOM {PQJ Ha OCH x'x; T8K KBK 
r nepeceKaeT !::., TO H Jie>KHT MeH<,ZJ.y p H Q (pHc. 29). 

EcJIH nepaan noJiynpHMaH npe.ll.CTaBJieHa oTpe3KOM 
[AH] npHMOH !::., TO 1rnBepcmi: c IlOJI!OCOM Q " IlOJIO>KH• 
TeJihHOH cTeneHhlO QP · QH JI.aeT HCKOMYlO CHMMeTpmo; 
ecJIH >Ke nepBasi: noJiynpslMaH npeJI.CTaBJieHa eeKJIH.ti:oaoii: 
no.rryrrpa:Moif Ay, TO HCKoMyio CHMMeTpHIO )lacr HHBep·· 
c1rn c noJirocoM P a noJJo:HrnTeJibHOi\: .cTeneHhlO PQ ·1 

·PH. D . 

HTaI<, Mbl cyMeJIH nocTp01m~ «MeTpttqecKyIO IIJIQ· 

CKOC'fb:. ff, y.u.osJieraopmoW.y10 n~nt rpynn.aM aKCHOM 



r». ·Vt. METPH'll!CJ{Aft FEOMETPH.st 

H3 § 2, HO He YJl.OBJJeTBOp.momy10 aKcHoMe EBKJJHAa 
0 napaJIJJeJibHWX; 9THM JlOKa3aHa eeaaBHCHMOCTb IlOCJleJl."' 
Hett aKCHOMbl M HeB03MO:lKHOCTb JlOKa3aTb ee HCXO.lUl H3 
aKCHOM MeTpHqecKOH IlJIOCKOCTH. re.! 

3aMe~anue. Mo:>1rno AOKa3aTh, 11To yroJI MemJJ.y .IJ;BY·: 
MH nmep60Jill'leCKHMH npHMblMH paaeH yrny Me:m.u.:1i 

y 

Pnc. 29 a 

npeJI.cTaBJHHOUJ.HMH HX )l.yraMH oKpy:>KHOCTeii eBKJJHAOBOH 
IlJIQCKOCTH. MoJJ.eJJb DyaHKape oKaabIBaeTC.fl, TaKHM 06· 
pa30M, KOfUjJOpMHOU, T. e. coxpaH.f!IOII{CH yrJihl, MO}l.eJihlO 
rnnep60Jin11ecKoii IlJIOCKOCTH. CymecTByIOT H .11.pyrne MO· 
JJ:eJIH aToii reoMeTp1m, H cpe.11.u HHX MO.ll.eJih BeJibTpaMH, 
B KOTOpoii rHnep60JJH1leCKHe npHMble npe,ll.cTaBJICHbl OT• 
peaKaMH eBKJIHJl.OBb!X npHMhIX (CM. ynp. VI. 17). 11.aJJh• 
Heiiume no.n.po6HOCTH no rm1ep60JI11qecKoii reoMeTpH11, 
a TaK:m:e H3JIO}l{em1e c¢ep1111eCKOH HJIH 3JIJIHilTliqecKOH 

reoMeTpnn, CM. a KHHre .(BE], T. 5. 



YflP A>KHEHHSI 

rnABA I 

1. Hcxo.u.11 H3 onpe.u.eJieHHll cJiomemrn .neAcTllllTeJibHblX 'InceJI, .!l,aH· 
11oro B § I. 1, ycHJlbT6 npel(JIOJKeHne 4.2, fCT8HOBHB HepaaeHCTBO 

Dn (x + y) < Dn (x) + Dn (y) + 10-n. 

~. (l·fayqenne nocJie.u.oBaTeJlhHOCTH qacTHblX c roqnocThlO AO 10-".} 
Dycrh a, b - .LIBa ,ll,eii:cTBHTeJibHhIX qHcJia, npH11eM b > 0. fioKa· 
)KHTe (ne onnpal!Ch Ha cym;ecTBoaanne 11acTHoro), 'ITO JI.Jill Mo6oro 

n EN cym.ecrnyeT (raKoe Pn E Z, flTO 10-npnb ~a< 10,..n 
(l + Pn) b. 

DoKaxmre, 'lTO JI.Jill (m, n) E N2 HMeeT Mecro nepaaeHCTBo 

10-nPn < 10-m (l +Pm). 

Bb!BeJJ.nTe orcro;i:a, '!TO nocJie)loBaTeJihHOCTh ( ItJ- 11p,.) HMeer Bepx­
mo10 rpaHh q, TaKy10, qTo qb = a, n 1:no 10-•pn ecTh .u.ecl!rnitnoe 
npn6Jitt:1KeHne nopH,n:Ka n .um1 q. 

8. a) KaKOBhI roMoMop<tJn3MhI rpynnhl (Q, +) B ce6ii? 
b) CT0KaJK1ne, 11ro e,n:uncraeHHblii: asTOMOJJcpH3M nOJill Q ecTh, 

TOJl>JI.eCTBcHHOe OT06paEemre. 

4. a) Dycrh k > 0 - raKoe 1\eJioe 'IHCJIO, 11ro 4k llppal\UOHaJien. 

IloKalKHTe, 'lTO JI,eHCTBHteJibHb!e 'lHCJia BH,Ua a+ b ,Yli. r;i:e (a, b) e 
e Q2, 06pasy1Qt noJI,noJie K. noJii! R. 

b) DoKa>KnTe, 1110 oro6pall<.eHHe K.--+ K, a+ b 'V''k ~a -
- b ,.,/k HBJI!leTci! aaroMop¢n3MOM noJrn K. 

5. flycth f: R--+ R - MOHOTOHHoe oro6pa>Kenue, y.uosJieTBOpR!Olll.e& 
YCJJOBHllM 

(V (x. y) E R2) f ( x t y ) = 1/2~(f (x) + f (y)). 

IloKa>KHTe, qTo f - a<j)cpHHHOe OTo<Spaxmrne (IlOJIO>KHB <p{x) =t' 

= f(x)- f (0), MO)l{HO ycTaHOBHTb, q'fQ qi(x/2) = l/2<p{x) If 
cp(x + y) = cp(x) + q:i(y)). 

6. rioJI.MHOlKeC'l'BO A c: R Ra3b!BaeTC5! BCIOAY UJIOTIIMM B R, ecJIIt 
B KalKJl,OM (HenycroM) OTKpb!Tf!M HHtepsaJie Ju, o { c; R CQ,11.CP•, 
lKHTc11 xorn obi OAHH 1lJleMeHT ua A, 
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TioKaMHTe, '!TO ecnH G - apx11Me.noaa · rpyrrna Oe3 JJ.blp. it 
h- CTporo MOHOTOHHblH rOMOMOP<l>H3M a B R' TO h( G) BclOAY 
nnorao a R (aocnonbsyiiTecb npe,llJJ011<eH11eM 6.1). 

7. a} nycTb G - ynopll/l.O'leHHall aoenesa rpynna, YAOBJieTBopmo· 
mall aKcHOMe (Bf) (cM. onpe.neneaue 6.2). TI0Ka11<ilre, 'ITO mo6oe 
uerrycTOe MirnopupyeMoe ITO/l.MHOMecTBO G HMeeT HHMHIOIO rpaab. 

b) nycTb G - no.nrpynna B ( R' +). He CBO/l.Hlll.3HCll K {O}. 
H nycTb a = inf {g E GI g > O}. IloKaJKttTe, qro ecJI11 a = 0, To 
G acIO.ny ITJJOTHa a R ( ci.1. ynp. 6). 

IloKaJKHTe, 'ITO ecJJH a > 0, TO G ecTb MHOJKecTBO aZ 'IHCeJI 
BHJJ.a na, r.ne n E z (Hy:>1rno JJ.OK333Tb, '!TO eCJJH x - JJ.eHCTBH'reJJb• 
Hoe 'IHCJIO, YAOBJieTsopHIOlll.ee HepaseHcTBaM pa~ x < (p + 1) a, 
r.ne p E Z, To x =pa). 

c) Bb!BeJJ.HTe OTCIOJl.3 KJJaCCH<flHKaUJl!O apXHMeJJ.OBblX rpynn, 
;y.noaJJeTBOpHIOIUHX aKCHOMe (Bf). 

8. TiycTb G - no.nrpynna B (R, + ), o6paaoaaHHal! .neiicTBHTeJJbHbl• 
Mii 'lllCJJ3MH BH,JJ;a p + qw, r.ne (J) - <fl11KcupoaaHHOe HppauuoH3JlbHOC 
'IHCJJO H (p, q) E Z2• IloKalKuTe, 'ITO MHOJKecTBO 9JJeMeHTOB G 
c'leTHO 11 ne cymecTayeT .nei'fcTBHTeJJbHoro a, TaKoro, 'ITO G = aZ. 
BbiBCAHTe OTCIOAa, 'ITO G ac10.ny nJJoTilo a R H OTJJH'IHO or R 
(BOCil0Jlb3YHTCCb npe,nbIAYIUHM ynpa.lKHeHtteM). 

I}. IloKaJKHTe, qro MYJJbTHITJJttKaTHBHall rpynna noJioJK11TeJibHblX. 
}l.ettcTBHTeJibHblX 'IHCeJI apXHMe)lOBa 1). Bb!se)lHTe oTCJOAa, 'ITO JJ.JIH 
n106oro . .nei'fcTBllTeJibHOro a> 0 cymecrsyer ~)lHHCTBeHHall MOHO• 

TOllHllll 611eKUllll h0 H3 R+ Ha R, y.noBJieTBopl!IOill.all yCJioBHHM 

lia(a) == I n h(xy) = h(x) + h(y) JJ.Jll! ·JII06blx x, y ER+ (T~M 
caMblM 6y)leT )l0K333HO cyru.ecTBOB3Hl!e H CJl.HHCTBeHHOCTb Jiora.• 
pmpMa no OCHOB3HlllO a). 

18.' IlyCTb K - TeJio (KOMMyrar11anocTb He npeJJ.ITOJiaraerc11), cHa6· 
meuHoe OTHOIUCHUeM JIHHett.Horo nopl!lI,Ka, T3KHM, 'ITO ecJIH y ~ i, 
To JI.Jill n106oro z e K HMeeM y + z ~ x + z, H ecJI11 z > OK, TO 
n~~P~~ . . 

a) IloKa'.lKn're, '!TO /( HMeer xapaKrepHCTHKY HYJib. 
b) IlpeJJ.ITOJJO)l{HM, 'ITO rpynna (K, +) apx11Me)IOBa, H o6o~ 

saa•mM qepe3 h MOHOTOHHblH roMOMop<flH3M (!(, +) B (R, +), Ta• 
Ko11, 11ro h (I K) = I. IloKa.lKllTe, 'lro aneMear1>1 K auAa 

q-1p '= (q. lK)-l (P. lK)• r11.e (p, q) E z x N·. COCT3BJ!l!IOT IlOJJ.TeJJQ 

ko rena }( 11 'ITO h(q-1p) = p/q. . . 
. c), IloKa.lKttTe, 11ro JI.Jill JJI06blx· x, y H3 K BblilOJJHeno paaeH• 

C;T'30 h(xy) = h(x)h(y), II B!>!Pe,11.ttTe OTCIOJJ.3, 'ITO K KOMMyra~ 
THBHO (MoJKHO npe.nnoJIO.lKHTb, 'ITO x > OK, y > OK, 11 aocnOJih30• 

BaThCR oueHK3MH )\Jill X, y Bll)l3 10-n Pn.;;;;; x < 10-n (l + Pn). 
10::-nqn.;;;;; y < 10-n (1 + Qn)). 3aKJJlo'IeHne: BCllKOe apx11Me)IOBO. 
ynopsi.11;011eHHoe TeJio ecTb noJie. 

1y «IlOJJOll<HTeJJbHblMH» B 3TOH rpynne C'IHT3IOTCH ·<i:neMeHTJ>i 
> 1. Cne.nyer npeJJ.ITOJIOJKHTb, ilro' a'# I. -flpuM. nepe8, · 
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11. (9JJeMeHT HaH60JJbUiero noplI.l(Ka B Ko1;1eqHofi KOMMYT3THBHOI\ 
rpyµne.) DycTb a;_ KOHeqHal! KOMMYT3T!!~Ha!! rpyrrna noplI)l.Ka n 
B MYJJbTHilJJl!KaTHBHblX o6o3HaqeH11llx, e ae11rpaJJbHb!M sJJeMeHTOM J, 

a) D0Ka>K11Te, qTO ,n:JJll mo6oro a e G eytiJ.eeTByeT u.eJJoe 
p ;a. l, TaKoe, qro aP -= l H aq r:fo l np11 l .;;;;;; q < p. Eho u.eJJoe p 
Ha3blBaeTell nop11a1w.M a. 

b.) Ee.Jin a e a - 9JleMel;IT nop!!,n:Ka p, TO p llBJJl!eTCll .neJJHTe· 
JieM n (paeeMOTp11Te cpa1<rnpn3au.1110 G rro · rro,n;rpynrre Ga = 
= {l, a, .•. , aP-1} ). TI0KaJK11Te, qTQ eooTHom.eH11e aq = 1 (r.n:e 
q e N') paBHOCHJJbHO TOMy, 'ITO. p -c: .n:emneJJb q. 

C) TiyeTb a, .IJ - )'.l,Ba 9JJeMeHTa G IlOpll.ZJ.KOB p, q COOTBeTeTBeHHO, 
np11qeM p H q B33!!MHO npoeTbl. TioKa>KHTe, qTo ab -.9JJeMeHT no­
pR,n;Ka pq (ao3Be.n;11Te eooTHOUieHHC <r8n ;;= I B ereneHb p HJIH q). 

d) TiyeTb m - HaHMeHblllee oomee KparHoe nopll,n:KOB sJJeMeH· 
a a 

TOB G H m = p1 
1 ••• Pr r ;.... ero pa3JIO;)Keirne aa rrpoerble .MHO;)f{HTe· 

JIH. 06oaua'IHM mi= m/pl' n1 = m/pf'. TioKa>KHTe, 'ITO eymeeraye'l' 

TaKOH 9JJe~eHT a E G, qTo am'+ 1 H BJJeMeHT b1 =an' HMeeT nop.11.• 
noK p~'· TioKalKHTe raK>Ke, '!TO )l.JJ!I JII06oro l <J Hali.n:eTell sJJe• 

MeHT bi E G nopH,!1.Ka p:I, H c noMOIJJ.blO c) yeTaHoB11Te, 'ITO npo· 
H3Be.n.eu11e c = bib2 ••• br HMeeT nop11,!1.0K m. 

12~ c IlOMOIJJ,b!O npe.nbl,nymero ynpaR<HeH!lll IlOK3/KHTe, 'ITO eeJJll 
K-'- KOHe'IHOe noJie, ro MYJJhTHilJJHKaTHBHall rpynrra K*. = K '- {O} 
UIIKJJll'lecKail. (YKaaaH11l!: npe,nnoJJo>KHB, . '!TO K 11MeeT nopll,nOK 'n, 
o6o3Ha'IHM qepea m HOK nop!!)lKoa 9JJeMeHTOB K*, Tor.na m .11.e· 
JIHT n - I, 11 n - I 9JJeMeHTOB /(;* llBJJ~IOTell KopHlIMH ypaaueuu.11 
xm - 1 = O; OTeIO,n:a m = n - I, H, 3Ha'IHT, eym,eqayeT 9Jle• 
Me!IT a, TaKOH, 'ITO K* = {I, a, : . . ' an-1}.) . ' . ., 

1~. Dyen. K - rroJJe xapaKTepHeTllKll p. TI0J1b3y11eb ljlopMyJJoli 6u­
ff.OMa Hb,aToHa, noKallrnTe, 'ITO JJ.JHI mo6blx (a, b) E K2 aepHl>J pa~ 
BeHeTBa (a+ b)" =a"+ bP u (a-.-. q)" '=a" - bP. Bb!Be,ll.uTe 
OTCIO.D:a, 'ITO oT06pa:iKeH11e f: K-+ K, x ~ xP ecTb HH'beKTllBHbll\ 
roMoMopcpH3M noJJ11; TI0Ka>K11Te, .. '!To B CJJy'lae KOHe11Horo IlO./lll f 
lIBJJl!eTelI aBTOMOP<llll3MOM. 1lTo 6yJJ.eT, .B cJJyqae,.Kor)l.a K= Z/pZ? 

14 .. IlyeTh K ..:_ .KOHe'IHOe noJie rropHp,!{a n. 
a) IloKa)l{HTe, '!TO JlJJll JJI06oro a E K cymeeTsyeT ueJJoe no. 

JIO)l{HTMi;Hoe q, TaKoe, qro qa =ii O; .BbIBeJJ.HTe OTCIO,na, 'ITO HOJie I( 
JIMeeT KOHe'IHYIO xapaKTep11eT11KY p. 

b) IloKa:iKltTe, qTO MHO)l{eeTBO sneMeHros K s11.na m · h, r.11.e 
me {O, I, , . , , p- I}, o6paayeT no.nnoJie Ko noJJlI K, 11a0Mop<1>ri'oe 
ZJpZ.· · ·' 

c) IloKa)l{l!Te, 'ITO K .nonycKaer crpyKTYPY BeKropHoro npo• 
CTpaHeTBa 11a.n Ko H 'ITO eeJJu. d - ero pa3MepHOCTb,. To nop11,no!J 
noJJH paaeH n = pd . .UaJiee noKa:iK11re, 'ITO oro6pa)KeH11e f: I( ?1(. 
x ~ xP JJHHeilHo. (9TH peayJJbT8Tbl BMeeTe e peayJJbT3T3MH ynp. 12 
noKa3blBaIOT, 'lTO K oTo)l{,11.ecTBJJlieTelI c «IIOJJeM Kopµefi> no,n11H0Ma 
X"...:.. x Ha,n Z/ pZ B TeOpHH r~Jiya.) . . . . 
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15. llocrpoeHUe f/,0/IJI I). nycT& 1( _;. no.11e' K p Eijl K[X]- HellpHBOJlH~ 
MblA noJIHHOM HU K (r. e: 1tepa3no>K!itlJ:hii\ 'a ripouaee)lem1e. ABY!C 
(IOJIHHOMOB {IOJIO}!{HTeJ!bHOH CTeneHH Ha}l; ieM me DOJieMJ. ' 

a) floKalKHTe, 'ITO, noJ1ara11 R ai S TOrJta H TOJibKO TOrJta, 
KorJJ;a noJIHHOM R - S ,11,eJIHTClf Ha P, Mbl n.011yt1HM Ha KOJl&ue no· 
llHHOMOB K[X] oTHOlI!eHHe 9KBHBaJieHTHOCTH !ii.. . 

,lJ,aJJee KJiacc· sKensaJieHrHocrH nomrttOMa R o6o3tta•rneM · qe· 
pe3 R., a coorsercTBy10m,ee tj>aKropnpocrpaHcTBo - t1epe3 K[XJl(P). 

b) iloKa}KHTe, 'ITO KJiacc 9KBHBaJleHTHOCTH cyMMbl ( COO'l'B, 
npoH3Be,n:eHHS1) ,n:syx llOJIHHOMOB R., s 3aBHCHT TOJibKO OT HX 

xnaccos R. S. Bblse,n:HTe orc10,n:a, 'ITo Ha K[X]/(P) MO}f{HO orrpe· 
/J;eJJHTb CJIO)KeHHe H YMHO}KeHHe, TaKHe, 'ITO . . 

(V (R., S) E (K [XJ) 2) R. + s = l[ + s H RS= R.S. 
c) iloKaiKHTe, 'ITO K[X]f(P); cHaoiKeirnoe ~THMH JJ.eyMil orre· 

paU!lllMH, l!BJilleTcll KOMMyTaTHBHbIM KOJiblJ;OM. 
d) 11crroJJ&3yll HerrpHso,n:HMOcTh P, noKa>KttTe, .'1To K[X]/(P) 

·HBJJlleTcl! noJieM Toii m:e xapaKTepHCTHKH, t1To u K (,n:m1 .UOKa3a· 

TeJibCTBa Toro, 'ITO y 9JieMeHTa R. 4= 0 ecTb o6paTHblii, 3aMeTbTe, 
'ITO R. H p B38HMHO npocTbl, H npHMeHHTe TO>K,n:eCTBO fie3y 2)). 

e) EcJIH K - noJ1e KOHe•rnoro nopH.lJ;Ka. n, rroKaMHTe, 'ITO 
K[X]f(P) 11Meer nopH,lJ,OK nd, r,n:e d = deg(P) (KalK,UbIH sneMeHT 
MOlKHO npe,n:cTaBl!Tb ITOJlllHOMOM CTerreH11 Ei£ d - I). 

f) CToKalKl!Te, 'ITO rroJIHHOM cTerreHH 2 HJJH 3 Ha,n: K Herrptt­
Bo,n:HM Tor,n:a H TOJlbKO TOr.ll.a, KOf.ll.a OH He I!MeeT KOpHeii B K 
(9TO 3aMet1aH11e 6y,n:eT HCCIOJib30BaHo B npHJJOMeHHllX). 

16. CTycTb K = {O, I, a, b} - MHOMecreo HJ 11erhlpex 3JieMeHroa. 
a) CToKa:amte, qTo K ,n:orrycKaer crpyKrypy rroJil! xapaKteptt· 

CTllKH 2, B KOTOpOM 0 ecrb HyJieBoii, a I - e.u11Hll'IHblii: 3JieMeHTbl, 
np1111eM 1 +a= b, 1 + b =a, a2 = b, b2 =a, ab= 1. 

b) ITposepbTe, '!TO rroJ111HOM P = X2 + X + I Henp11so,n:11M Ha.a; 
noJ1eM Z2 = Z/2Z, H noKamnre, 'ITO rroJ1e Z2 [X]/(P), rroJ1y'leH110e 
KaK yKa3aHo B npe,n:b1,n:yw:eM yrrpalKHeHHH, tt3oMopqrno nomo K 
\!.3 a). (3To ecTb noJJe faJJya nopR;ll.Ka 4, ero o6t>3Ha11a10T Pd 

17. ilpoaepbTe, 'ITO TIOJJllHOM X3 + X + 1 Hell\)HBO)l.liM Ha,!1; IlO,lleM 
2 2• Bhrne,n:11Te OTCJO,n:a cyw:ectaosamle rro.Tif! F8 xapaxrepttcTHKil 2 
H llOPll.ll.Ka 8, TaKOrO, '!TO OT06paMeH)1e X ~. X2 l!BJIHeTCR aBTO• 
Mop<PH3MOM, OTJIH'IHblM OT TOM,n:ecTBe\{~oro: . 

18, a) IlpOBepbTe, '!TO ITOJJllHOMbl X2 + 1 ,H xa-:--- X + 1 HeiipHBO• 
J(uMbI HaA crOJieM Za = Z/3Z. Bhlse!J.HTe lr3 3'roro, 'ITo cymecTay1011 
BOJ!ll xapaKTepHCTHKH 3. H rropH,rr,Ko'B. 9 H 27 COOTBeTCTBeHHO, .. 

' . . . • I ,. I 

1) ::ho rrocrpoeHHe CBH3aHo c .Teop11eii faJJya. , 
2) . rio,11, TOM)l.eCTBOM Be3y ~)J;ec& noiriiMaetciii CJil!Jl.Yl01Uee: tCJIH 

R; . P a3ailt.tao rrpoc'rbl, 'ro , ¢ym:ecrsY'9r taKii:e rioJ111aoi.fbi u, · ii, idlt 
Ru+ Ru'= 1 {1doiKiio c'lirran., 'Ira de·g ii> -de& P~ deg~ <:1 

~deg R.), -llpuM. nepeB, · · · · · · 
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: . , , b) nocTpoiTe 81fBJJDrH'llfblM l1'f1eM DOJle Jtapax1epnCTHJIH I) 
t! .. 25 3)leMeHT8MH (IlOAl>lllJ.HTe IlOJn!HOM CTeileHH 2, HenpHBOJl.llMl1iil 
ua;l llMeM z. = Z/52}.. ' 

rnABA II 

I. a) DycTh Q - KaRaH-JJ116o rpynna, A, B - JI.Be ee noArpynnbl, 
TaKne, qTO G = A U B. DoKaJKHTe, 'ITO G = A HJIH G = B (npeJJ.· 
noJim1rns, qTo G =t= B, Bb16ep1ue e G ".B aJieMeHT a H noKa)l{HTe, 
'ITO ecJIH be B, TO ab EA). . • 

b) Dycrh X, Y - ABa Bnrr aeKropHoro npocrpaHcraa E, Ta• 
KHX, 'ITO x u y ecTb snn B E. lloKa)!rnTe, qro x c: y HJ!H y c: x. 

c) Bbrne.n.nre oTcJO,D.a, 'I.TO E He MO)KeT 6h!Th o<he,D.HHeHneM 
,11.syx rnrreprrJiocKocTeii. 

2. DycTb X, Y .,..- .11.ea KOHeqnoMepHhlx BDTI BeKTopnoro npocTpaH .. 
crna E. 

a) llOK3)1{HTe, 'ITO X + f H X n f KOHe'IHOMepHhl H dim X + 
+ dim Y = dim(X + Y) + dim(X n Y). 

b) Bb!se.n.nre OTCJOJJ,a, 'ITO ecJIH dim E = n, TO dim(X n Y) ;;:;;. 
f;;;. dim X + dim Y - n. 

8. HanoMnnM, 'lTO JJ.sa Bnn eeKTOpHoro npoc1paHcrsa E naabI• 
Ba!OTCll aonOAliUTeAbHbtMU, eCJIH KalK,ll.blH 9JleMeHT z E E et1.HH· 
CTBeHHblM o6pa30M sanHCblBaeTCll B BHAe z = x + y, r,D.e x E x, 
y E Y. Oro6paiKeHHe p: E-+ E, z ~ x H33b!Baerca npoeKrupoBa· 
HUeM Ha x B HanpaBJJeHl!H Y. 

a) IToKa)l{nTe, 'lTo oro6pa)!{eHne p JIHHeiiHo, npnqeM Ker p = Y 
n Imp = X, n 'lTO pop = p. 

J,) lloKaJHHTe, q10 sepHo H o6parHoe, BCllKHii 3H,ll.OMop<PnsM E, 
117.11.osJJersopHJOIUHii ycJJoBnJO p 0 p = p, llBJIHercH npoeKrnposaHneM. 

c) ITycrh s - HllBOJJJOTHBHhIH aaroMop<PnsM E. CqHrall, 'lTO xa­
paKTepncrnKa ocHoBHoro TeJia He paBHa 2, noKa)l{HTe, qTo p = 
= 1/2(ldE -s) llBJ!HeTCll npoeKTHposaHHeM, H BhIBe}(HTe OTCIO)la, 
'ITO cymecrnyJOT }I.Ba TaKHX B33HMHO )lOilOJIHHTe.JJbHblX IlO,ll.DpocrpaH• 
CTBa x, ¥, 'I.TO s llB.JJlleTCll CUAmerpueu B HanpaBJJeHHH y OTHO• 
cuTeJJbHO X (onpe.u.e.niieMoil KaK s(x + y) = x -y JJ..JJH acex x e X 
II y E Y). 

4. TiycTh E - seKTOpHoe npocTpaHCTBO Ha.!( reJJoM xapaKrepHCTll• 
KH 2 li' I - HHBOJllOTIH!Hb!H 8BTOMoplj)H3M E. 

a) IloKa)l{nTe, 'ITO Ker(/- ldE) :::> lm(f- ldE). 
b) flpeAnOJIOJKHB, 'lTO dim E = 2 H f =I= Ide, rroKa)!{HTe, 'ITO 

e E cylll.ecn1yer TaKoit 6asHc (i, }), 11.ro /(i) = i H f (j) = i + /. 
noKaJKHTe, 'ITO BCPJI() ff o6paTHoe: 9H}l.OMoplf>H3M, onpe.11.eJieHHblii 
9THMH ycJIOBHllMH, HHBOJIIOTHBeH. 

c) TioKa:arnre, . 'ITO H B006lll.e BCl!KaJI TpaHCBeKU.Hll HHllOJIJO.: 
THBHa (CM. ynp. 14). . . 

G. flyc'l'h E - RO~lfBO:».eptlQe BelfllOJll!Oe upocTpaQCTBO 11 X,. Y-.. 
~na ero Bnn, IlOKaJHHTe, 'lTO J1106ue JI.Ila na cJ1e.ny10lll)fx . rpu 
\VCJl()BHtt BJJeKyT rper&e: XO f - (O}, X + Y = E, dim(X)+, 
+ dim(Y} = dim\£}. 
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6. flycrb E - BeKTopHoe npocrpaHcrBo; onpeneJIHM cyMMY F = 
= E1 + E2 + ... :+ Ep HecKOJibKHX ero Bflfl KaK BeKropHoe npo·· 
crpaHCTBo, nopOJKAeHHoe 06'beJ1.1lHeH1£eM E1 U E2 U •. , U £ 11 • Ha3o• 
'eM ee npRMOU cyMMOU, ecJIH CIOp1,eKTHBHOe oroopaJKeHne 

: f: E1 X £2 X ... X Ep - F, (x" .. ., Xp) i-;.. x1 + ... + x11 

HH'beKTHBHo. B sroM cJJy'lae 6y,11.el\I nncarb F == £ 1 E9 ••• E9 £ 11, 

a) flycrb p = 2; noKaJKHTe, qro cyMMa £ 1 + E2 6y.a.eT npst• 
MOH rOr)l.a II TOJibKO TOr)l.a, KOf)l.a E1 n E2 = {0}. 

b) Ilycrb p ;;;;i. 3; .u,nst KaJKJJ.oro k e: {l, 2, ... , p} ni>JJOlKHM 

Fk=E1 + ... +Ek-l +Ek+I + ... +E,,. 

p 

Il0Ka>K11re, 'ITO L Ei - npstMast cyMMa rorAa H TOJibKO rorAa,. ,_, 
KorAa EknFk={O} AJist Bcex k. 

c) flp11Be)l.11re npnMep rpex Brrn B R2, raKnx, no E1 (l Ez fl 
n Ea = {O}. HO £1 + Ez + Ea He SIBJJS!eTCH npstMOH cyMMOH. 

d) .LJ.onycruM, qro ace noAnpocrpaHCTBa E1 KOHeqlfo!depubl. 
TJ 

IloKa>Knre, 'ITO L Et HBJistercH npstMoii cyMMoii rorAa H rOJibKO 
i=I 

p 

TOrJJ.a, KOrJJ.a dim (F) = L dim (£1). 
t-t 

7. flycrb E - eeKropHoe npocrpaHcreo 11 X - ero Bflil Kopa3Mep. 
Hocrn p (r. e. raKoe, no dim(E/X) = p). floKaxmre, He np11Me• 
Hstst aKCHOMY UopHa, qro X tlonycKaer J10llOJIH11reJibHoe notulpo· 
crpaHCTBO pa3MepHOCTH p. . . 

8;· flyCTb E- BeKTOpHoe npoc'rpaucrBO II v - ero snn, TaKOe, 
'11'0 AJISI mo6oro Bflfl X c E pa3MepHocr11 p BblrIOJIHeHo ycnoBae 
dim( v n X) ~ I. floKalKHTe, qro Kopa3MepHOCTb v He npeBOCXOA!l11 
p - l (npoBeJJ.HTe paccy>K.lleHHe Mero.ll.OM or nporHBHoro, npeJJ.no· 
JIOlKHB, 'ITO cym.ecrBy10r p sneMeHroB x,, ... , Xp npocrpa11crBa E, 
TaKHX, qro HX KJJaCCbl no MOJ1YJJIO v He3aBHCHMbl, H paCCMOTpHre 
nepeceqeH11e V c X = Vect(x" ••• , Xp)). 

9. flycrb Hi. H2 - tlBe rnnepnJJOCKoctn O.lJ.HOro H roro >Ke BeK~ 
ropuoro npocrpaHCTBa E. floK:aiK11re, 'ITO · cymecrByer BeKropnasi 
npHMaSI, OJl.HOspeMeHHO AOllOJIH11TeJ1bHali K H 1 H H2 (Mom.110 He·. 
HOJlb30BaTb ynp. I, H TOf.lla ynp. 12 Il03BOJlllT Bb!BeCTll 38KJllO'leu11e . 
o cymecrB0Ba1111H liHBOJJIOTllBHoro aBTOMop<j>H3Ma E, nepecraBJJSIIO~,, 
mero Hi n H2). · · 

10; flycrb E - BeKrOpHoe npocrpill!CTBO II x. Y- ABa ero snrr 
OJl.llH8KOBOH KOHe'IHOH pa3Mepuoc'rn. floKa>KHTe, qTo x. y tlOUY· 
CKalOT oomee AOilOJIHHTeJJbHOe nom1pocrpaHCTB(). ( Moxrno IlOCTPOHTb. 
<Sa311c X + Y BHtla . (e" ... ; .ek, a,i, •.•• aq, bi. .•. , bq) "'_ t'aKott,· 
llTO (ei, •••• ek). 6y.ller 083HCOM x n Y, (ei. ..•• ek, ai, . -·. aq) -
6a3HCOM X n (ei. • , • , ~k, bi. ••. , bq} - 6a3HCCJM Y. Ecnu L -
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noAnpocTpaHCTBO, .11.onoJI~JIT~JI!>HOe.K X+Y, ToL+Veet(a1+b;, ,,, 
• , , , aq + bq) 6y.u.eT .u.orroJIHifTeJihHblM K X H K Y.) , . 

11. a) CTycTh E - aeKTopaoe npocTpancTao, X - ero Bnn n f:....... 
2BTOMOp<j>H3M x. floKaJ1rnre, 'ITO cymecTByer aBTOMopcjlH3M g npo· 
cTpattcraa E, orpaam1eHtte KOToporo na X coanaAaeT c f; KpoMe 
Toro, eCJIH: f HHBOJllOTl!:B'HO, TO "MO)l{HO H l!a g HaJIO.lKHTb . ycJiOBHe 
HHBOJIIOTHBHOCTH (BOCllOJib3YiiTeCb no.u.npoeTpaRCTBOM, JlOilOJIHHTeJib• 
HblM K X). ' 

b): CTycth X, Y- .u.aa Bnn npocTpaHcTBa E OilHHaKoaoii KO· 
He'IHOii pa3MepHoCTH H f - H30Mop<j>n3M X Ha Y. CToKaMHTe, 'ITO f 
npoAOJI)l{aeTcH · .n.o aaToMopcjl'113Ma E (npnMeHHTe ynp. 10). 

12. nycTb E - aeKTopttoe K-npocTpaHcTBO n X, Y - .a:sa ero Bnn, 
.11.onycKaIOiIJ.He o6m.ee ·JJ.onoJimiTeJlbHoe noJJ.npocrpaHCTBo L. ·060-
aHa'IHM 11epe3 p npoeKrnpoaaHHe E Ha Y B HanpaaJieHHH L. 

a) CToKa.lKHTe, 'ITo cyrn.ecrnyeT aaToi.!op¢!!3M f npoctpallcTBa 
E, TaKbit, 'ITO fix"'= Pl~ 11 !IL== -ldL. 

b) floKa.lKHte, · ·11To AJIH · scex (x, Y) EX X Y, TaKnx, '!TO 
x - yea L~ BhlilOJIHHeteil f (x) = y 1I f (y) = x. Bb!Be)lHTe OTcK>.n.a, 
'ITO f HHBOJIJOTHBeJ!. H MeHHeT MeCTaMH x H Y. 

c) CTpe.u.noJio.lKnM, tJto xapaKTepRctifKa K otJIH'IHa oT 2. Ilo· 
KaJKHTe, 'ITO f - CHMMeTpHH B HanpaaJieHHH L. KaK nocTpoHTh MHO• 
~ecTBo Heno.u.BH.lKHhlX To11eK f, ncXOJ!.ll na X, Y H L? 

llpu11o:J1CeHue. ,ll.Jill .n.ayx 3aJJ.aHHhIX rnnepnJibcKocTei! X, Y · nJJH 
.n,ayx Bnn a E oAHHaKoaoi\ KOHe11Hoii pa3MepHocTH ycTaHoanTe 
cyrn.eCTBOB3HHe nepeCTaBJIHIOIII,ero HX HHBOJIIOTHBHOro 3BTOMOpcjJH3• 
Ma' E (aocnoJib3YiiTeci, ynp. 9 n 10). 

13 . .DycTb · E - Jieaoe aeKTopttoe npocTpaHCTBO Ha.a: TeJJOM K 11 f ·;._. 
noJJyJmHeiiHoe oTo6pa.)KeHHe E B K, acco1.1HHpoBaHHOe c BHYTpeH· 
HHM aBTOMop¢H3MOM 0 TeJJa K. IlpoaepbTe, 'ITO e- 1

0 f - JJHHeii· 
Ha.H . cj>opMa, H BblBeJJ.nTe QTCJOJJ.a, '!TO ll,!1.pOM f llBJJHeTCll rHnep· 
IlJJOCKOCTb, 

14. (TpaHcaeKl.\HH.) CTycTh E - BeKTopHoe npocTpaHCTBo H H = 
== Ker h- rnnepnJJocRocTh B £, . 

a) IloKa.>Ki-!Te, '!To SHJ!.OMOpcpH3Mbl f npocTp~HCTBa E, ra1me, 
qTO f (x) = x ,nJJll acex x E H, HMeIOT BHA fa: x ~ x + h (x) a, 
r.n.e a e E (!lh16paa b EE '.H, Mb! YBHAHM, .'!To a MO.lKHo Bbl6paTb 
T3KHM o6pa30M, qToObl BbIIlOJIHllJIOCb fa(b) = f(b), H TOr)la fa= f). 
EcJIH a EH, To fa Ha3bIBaeTcll rpanceeKu,ueu mnepnJJocKocTH H: 
eCJIH affo.H, TO fa HHOr.D;a H83h!B8IOT .D;HJJaTa1.1neii I) HJIH acjlcjlHHHTeTOM. 

. b) KaK HY.lKHO ,Bhl6apaTb .a. 'IT06bl. fa 6bIJio aBTOMopcfiH3MOM 
(WOTB. HHBOJIJOTHBHbIM)? 

c) IloKa.>KHTe, 'ITO npoH3BeJJ.eHHe .nayx CHMMeTpHH B pa3JJH'I• 
llb!X HanpaaJJeHHllX OTHOCHTeJJbHO rnneprrJJOCKOCTH H HBJIHeTCH 
TpattcaeKu.nei). SToii rnnepm1ocKocTH. 

15. TiyCTb E, F - Jieilh!e aeKTopHble npocTpaHcTaa, · K - OCHOBHoe. 
noJJe ·)I.Jill F ~ f ! g - .n,aa noJiyJ!lrneiitthlx oTo6pa.lKeHHll E a f, 

1) He· nyTarh c P.H~arau.n11MH, onpMe.iienHhlMH a § V. 21 
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VOPA:>KHEHHSt 

.l(onycTHM, 'ITO cymecTByeT .. lj>yuK~HR h: ,; 11'- K, Ta Ku, qro JI.Jiii 
11KJ6oro xeE HMeeM f(x):=h(x)g(x) .. 

a) IloKaxrnre, 'ITO ecJJH x, y - aJJeMeHrhl E, raKHe, 'ITO napa 
(g(x),g(y)) cso6o.n:Ha, To h(x+y) =;=i h{x) =·h(y). . , 

b) BhlBeAHTe 0Tc10.n:a, 'ITO ecJJH paHr g;;;::. 2, TO cymecT8ye:r 
KOHcraHTa k e K, TaKall, qro f = kg . 

. c) IloKa:llrnTe, 'ITO 3TOT pe3YJJbT3T coxpaulleT CHJJy, C.CJJll 
pa Hr g paseH 1 .11 eCJJH f. g JIH!IC~Hbi. 

n PUAOJ1Ce1me. TiycTb E HMCeT pa3MepHOCTb ;;;,;;,: 2 H f - flOJIY· 
JlllHeii:Hoe oro6pa)KeHHe E a E, raKoe, 'ITO x H f (x) JaBHCHMhl rrp11 
·Bcex x a E. TioKa)KHTe, qro f 7 roMorerirn · HJIH HyJJeaoe oro6p11· 
lKCHIIC. 

16. Ilycrh E - BCKTOpHoe npocrpaRCTBO pasMepROCTll ~2 HaA re· 
JIOM K H f - noJiyJJHHeii:Hoe oro6pa)KCHHe E. a, E. 

a) IIpe.n:noJI011rnM, 'ITO cyrn.ecrayer aJieMeHT a .e £, raKoii, 
'lro rrapa (a, f (a)) cao6o.n:ua; 060JHa'l11M qepea H mnepnJioCKocrh, 
JJ;JJll Koropoii: a e H, f (a) ¢; H. I10Ka)K11re, 11ro ronui. cyll\ecrsyer 
asr0Mopcp113M g npocrpaHcraa E, raKoli 11ro g(f(a)) =a+ f (a) 11 
gl" = Id", 11 npoaephre, qro g He rrepecraHOBO'IHO c f. . 

b) IloKa)KllTC, 'ITO CCJlll f rrepecraHOBO'IHO co BCCMH aBTOMOP· 
<jJHJMaMH E, ro f HMeer BHA x ~ kx, r.n;e k EK (socnOJJb3YH· 
recb rrpeAhlAYlll.HM yrrpa)Km~mieM). BhlBCAHTe oTCIOAa, 'ITO u.eHTp 
GL(E) COCTOHT H3 OT06pa)KCRllH x·.....,.. kx, r,a:e k ~ 0 npHHaiI.JJC• 
>KllT U.CHTPY K. 

c) HccJJe.n:yiire cJJyqaii: dim (E) = I. 

17. Ilycrb E - BeKropHoe rrpocrpattcr8o, X, Y - J,J;Ba ero BTITI 11 
x0, yo - nx aHHYJISITOpbI (rron.npocTpattcraa B £•). YcraHos11re 
COOTHOlliCHllC (X n Y)O =XO+ yo (CM. npCAJIOlKCHllC II. 6.3),. 

Yl<:a3aflue: AJ!ll f E (X n Y) 0 paccMorp11re orpaHH'lCHllH f Ha 
BTITI L n x, l n Y, r.n:e L 0003Ha'laer AOITOJIHHTCJlbHOe K x n y 
no:11.npocrpaHCTBO, .11 BOCITOJlb3YHTCCh npe.n:JJO)KCHHCM II. 4.2 AJISI IlO• 
JIY'lCHllSI pa3JJO)KCHl!ll f B f = g + h, rn.e g E x0 II h E Y0• 

18. Tiycrh E - seKTOpHoe npocrpaHcTso Ha.n: noJJeM K H B:...... 
raKaH 611J1l!HefiHaS1 cpopMa Ha E, 'Ito H3 · B ('x, y) = 0 cJJe.n:yer 
B(y, x) = 0. 

a) Ilposep1>re, 'ITO AJJH JJIOobl'X · (x, y, z) E £ 3 BbWOJHIHerclt 
B [x, B (x, z) y - B (x, y) zJ = O; 11 Bb1Be.n:11te 113 sroro, 'ITO 
B (x, z) B (y, x) = B (x, y) B (z, x). 3aTeM rroKa)Klire, 'ITO ecJIH 
B(x, y)=l=B(y, x), ro B(x, x)=B(y, y)===O. 

b) Tipe.n:noJJO)KHM; IJTO cyll\ecrsyer napa (x, !/) E E2, TaKalr, 
qro B (y, x) =I= B (x, y). IloKa:lfrnre, 'ITO AJJll J1106oro z E E, D:Jlil 

KOToporo B (x, z) # 0, sepHo ra'K}l{e · B (x; z) =I= B (z, x), ii noTOMY. 
B(z,z) = 0. ' 

c.) Cttoea npe.n:noJJo>KHB, 'ITO B{y,x) =I= B(x, y), noKil.)KHTe, 'IT<> 
p;nsi z e E, ,l(JJH Koroporo B (x, z) = B(y, i) = 0, BbillOJIHeHo ra!GKe 
paseHCTBO B (y + z, ·Y +•z) = 0> Il.oJiy'l1iTe OTCIO)l.a CHOBa. '.iJ1'0 
B(zz)=O "'': 

'd) Bb1B~JlHTe H3 npe.n:hlAYlll.ero, 'ITO 

J1li60 (V(~:·.y),6;£2) .. )3(-\;
1 

y)==;B(y,'..x). .. 
JlHoo (Vz e E) B (z, z) -o. 
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B IlOKa:iKHTe, '!TO BO BTOPOM CJlyqae 

(V (x, y) e E:t) B (x, y) + B (y, x) =- 0, 

'19. (IlpHMepbl CB06o)l.Hb1X CeMeliCTB B CJiyqae 6ecKOHe'IHOtt pa3< 
MepHOCTll.) 

a) floKa:>KnTe, 'ITO ¢>yHKll,HH fa: R+-+ R, x ~ xa (ac w: R+) 
06paay101 cBooo,11,Hoe ceMeliCTBO B npocTpaHCTBe oT06pa:>KeHHli R+ 
B R. (HccJie,11,yiiTe noBe,11,eHJle Ha oecKOHe'IHOCTH HeKOTOpott JIHHeihioli 
KOM6HH3ll,Hll fa•) 

b) ITycTb JI.Jill Kam,11,oro a e: R cjlyHKll,Hll f 0 1 R-+ R aa,zi.aHa KaK 
fa'(x) =Ix-al. IloKam.nTe, '!TO lj>yHKll,HH fa pl'lpaayJOT CB060JJ.Hoe 
ceMeiicTBO B npocTpaHcTBe oTo6pam.eHHli R B R. 

(IToKa:>KHTe, 'ITO <l>YHKU.Hll BH,ll.a L :>.tf 
01

, r,ll.e '1. 1 - ,11,eiicTBll• 

TCJlbHble 'lHCJia, He paBHble O,llHOBpeMeHHO HyJIIO, He MOm.eT OhlTb 
BCIO,ll.y ,ll.mp<!>epeHll,HpyeMoli H, 3Ha'IHT, He MOlKCT TOJK,D;eCTBeHHO 
paBHl!TbCl! Hymo.) 

rJIABA III 

1. ITycTb f- l'lneKll,Hll Mno:mecTBa X B ce6l! H A - no,n:MHOJKeCTBO 
.B x. IloKalKHTe, '!TO B K8lK,11;0M H3 CJie,n:yIOlll,HX CJiyqaeB BKJIIO'le· 
ime f (A) c A BJ!e'leT f (A) = A1 

a) A KOHe'IHo: 
b) x l!BJll!CTCl! BCKTOpHbIM npocTpaHCTBOM, f- aBTOMOp¢Ha• 

MOM X n A - BITfl KOHC'IHOli paaMepHocrn; 
c) x - atJiqrnHHOe npocTpaHCTBO, f - a<jl<jJHHHaSI 6HeKll,Hll x Ha 

X " A - JIAM KOHe'IHoil paaMepHocr11 B X; 
d) x - a<jl<jJHHHOe npocTpaHCTBO, f - a$$HHHal! 6HeKll,Hll x 

Ha X H A - mnepnJiocKoCTh B X; 
e) x - HOpMHpoBaHHOC BCKTOpHoe npocTpaHCTBO, f- 6neKTHB• 

Hall BeKTOpHal! H30MeTpHll x H A - ruap HJIH c<f>epa B x (BOC· 
IlOJib3yHTecb TeM ¢laKTOM, '!TO orpaHH'leHHoe MHOlKeCTBO He MO• 
:lKeT HMeTh 6oJJee 0)1.HOro ll,CHTpa CllMMCTpHH)' 

2. ITyCTb r h r 2 - )l.Ba KOHC'IHOMepHb!X JIAM a4Jct>HHHOro npc• 
CTpaHCTBa H8,ll, TCJIOM /(-=;bZ2. I1oKa)!{HTe, 'ITO Jf' 1LJJ"2 6y)l.eT JJAM 
TOJlbKO B TOM CJJy'lae, eCJlH J"1C1°2 HJIH 1°2C1°1• (CJJy'laH, 
KOf,!1.8 Jf' 1nJ°2 He nyCTO, CBOJl.HTCll K BeKTOpHOMy; CCJIH "JP i() "JP 2 
nyc10, TO MO)l{HO npnMeHl!Tb TeopeMy III.4.8.) 

3. TiycTb Yi. "J"2 - )I.Ba KOHeqHoMepHblX .nAM a<jlcpnHHoro upo• 
cTpaHCTBa {f!. I1oKa.lKHTe, 'ITO paaMepHOCTb Aff ("JP 1 U "JP 2) paBHa 
,dim (7'1) + dimf7'2) - dim ("J"1 () Jf'2), eCJJH 1°1 n J"2 HC nyCTO, H 
dim (1"1) +dim (7'2) + 1, ec.11H, 7'r()7'2 uycw (npttMeHnTe 
iYDJ>· II. 2; noc,ne)l.nee yTBeplH,nenHe .o.aeT ocnoBaHHe C'IHT8Tb, '!TO ny. 
C1'0e IlO,D;MHOJKeCTBO eCTb JJAM paaMepHOCTH -1). ' .. ' 

.f. m:icTpOJiTe Ti!OplHO . JJHHCfi~hlX aqHf>HHHblX . MHOr006pa3Hif, OCHO• 
Bhlll8llCb Ha O,ll;HOM HS CJJe.nyKlmnx onpe,11;eJ1eHnif1 . 



a) HenycTOe rro,ll.MHO>Kecrnci -r c)S HBJIHeTcst JIAM, eCJIR -MlfOJKecrnci BeKTOpoB PQ, ,LI.JUI KoT.opi.lx (P, Q) e r 2• lllMHeT_Cll 
BeKTOPHblM npocTpaHCTBOM. . . . . 

b) HenycToe IIO,ll.MliQ>KecTBo r C:::: E irnJJlleTCH. JIAM, ecJIH. 6a· 
pttu;eHTp mo6oif cttcTeMbl BJaerueHHhlX TOqex IS- c · HocnTeneM B ~-­
co,L1.eplK11rc11 B '/", 

. . • • I 

5. I1ycr1> IS -:- a4J<j>RHHoe npocTpaHCTBO, t - TpaHCJIHU.Rll E aa eeK· 
Top u R · f - a<j>qrnHHa11 6ReK11,R11 IS Ha E c nRNeiinoif tiacTI>© 
L(f) == rp. . . . . . 

a) IloKa:amTe, qro f • 't' 0 f-1 ecrb TpaHCJI!IU.Hll Ha BeKTOp cp(u), 
B Bb1Be,ll.H1e OTCIO,ll.a ycJIOBlle nepecraHOBO'IHOCTll f H t. . ·. 

b) BocnoJih3yiirecb STHM pe3yJ11>TB\OM ,ll.JJH nocrpoeHHll .HHBQ• 
JllOTRBHb!X acj>qJHHHblX 6HeKU.HH lG B cnyqae OCHOBHOfO TeJ,Ia xa• 
paKrepllCTllKll 2 (o6paTHTeCb K ynp. II. 4 II HCilOJib3yiire TO, iiro 
TpaHCJ!llU.HH Fi rpanceeKU.HH RHB_DJIIOTHIJ:Hbl) .. 

6. IlyCTb /5 - a<jJcj>HHHOe npocTpaHCTBO Ha,ll. 'l'eJJOM xapaKTep.HCTHKH. 
=fo2 H s - a<IJ<IJnHHaH CHMMerpttH IS e HanpasJiea11n W /OTHOC!i• 
TeJtbHO JIAM 1". 

a) IloKa>KHTe, qro ecJIH 't' -TpaHCJIHU.H!! Ha BeKTOp u e w, 
TO s 0 't' H 't' 0 s HBJllHOTCH a<fl<flHHHb!MH CHMMerpHHMH. 

b) Ilycrb f - a<IJ<j>HHHaH 6HeKum1 E c HHBOJIIOTReHoii JIHHaif,.. 
HOH 'ISCTb!O. IloKaJKHTe, qTo f nonyqaercst K_aK KOMMYTBTHBHOO 
npml3Be,L1.em1e a<l><!>HHHOH CHMMeTpllH H rpaHCJiH!l,HH Ha BeKrop u, 
HHeapuaHTHblil npu ;i:eilcrBHH L(f) (npHMeiiure rryHKT a) npe.11.u.11.y· 
~ero yrrpaJKHeHm1). · 

7. Ilycrb 0 - a<!><l>HHHOe npocTpaHCTBO Ha,ll. reJIOM xapaKTepHCTH· 
KH 2. IloKalKHTe, qTo ecJIH (ABCD) - rrapaJIJieJiorpaMM, TO KB>K,ll,all 
ero eepllIHHa !lBJllleTC!l 9KBH6ap1111,eHrpoM Tpex OCT3JlbHblX. IloJJy• 
•mre 0Tc10;i:a .11.0Ka3areJJ1>creo qacTH b) TeopeMbl III. 5.4. 

8. Ilycrb lC - acj>cj>HHHoe npocrpaHcreo 11 f: IC-+ E - raKoe HH'beK· 
THBHOe OT06paJKeHHe, 'ITO .11.Jl!l JI!OOOii rrapb! (A, B) paJJIKqHb!X TO• 
'leK rrp!!Ma.11 (f (A )f (B)) napaJ1ne,111>Ha rrpirnoii (AB). IloiaIB:HTe, 
qTo 

. a) ecJJn A, B -TaKHe ABe roqKH ~. qro rrpRMble (Af (A)) H 
(Bf (8)) nepeceKBIOTC!l B roqKe /, TO I eCTb HeIIO,ll,BKiKHaA'. TO'fKa 
OTo6pa1KeHH!l f; . 

b} eCJJH I - HeIIOABHJKH&H TO'IK3 f, TO rrpHMble, npoxO.ll.!!W.lie 
qepe3 /, coxpaH!llOTC!l rrpu oro6paJKeHH11 f H f ecr1> roMoreTHR 
c 11,eHrpOM /; ' 

. c) eCJIH f He .11.onycKaeT HeIIO,ll;BH>KHblX roqeK, TO f - TpaHC• 
Jr!lll,HH. 

9. Ilycrb E - BeKTOpHoe rrpocrpaHcreo H H - ero acj>qmHHBll rH· 
nepnnocKOCTb, He npoXO.ll.!llll.a!l qepe3 Haqano. CToKBIB:HTe, qro Ha 
E · cytu.ecrayer e.11.nHcraenHai! JIHHeil.HaA'. <j>opMa h, raKa!l, 11ro H = 
cih- 1 (1); 

10. a) CTyctb h A' h8 - ,D;Be roMoTeTHH a<ticlmmwro npocrpaHCTBa /5, 
orJIH'IHble or Id1, c pa3JIH'IHblMH ~eHrpaMH A, 8, floKalKHTe, 11ro 
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hs 0 hA l!BJllleTCll roMOTeTHeii, ueHTp KOTopoii Jie)KHT Ha npl!MOH 
(AB)' llJl!l TpaHCJll!Ulleii Ha aeKTOp u, napaJJJieJlbHblll 9TOii npl!MOH. 
TioKa)KllTe TaK)Ke, 'ITO hA H hs He KOMMYTllPYIOT. 

b) IToKa)KrrTe, 'ITO roMOTeTlrn h'i"=Ida; He MO'lKeT KOMMYTHpoBaTI .. 

c TpaHcJJHUHeli -r'i"= Ida;. 

11. TiycTb TPH roMoTernu p, q, r c pa3JIH'IHbIMrr ue1npaMrr P, Q, R 
a<jl<}>HHHOro npoCTpaHCTBa fC Y/1.0BJieTBopl!IOT ycJioarr10 pqr = rpq­
UAU pqr = rqp, np!!'IeM KOMil031lUHll pq He l!BJil!eTCll TpaHCJ!l!Ulleli. 

IToKa)K!lTe, 'ITO P, Q, R Jie)KaT Ha O,!\Hoi\ rrpl!MOli (rrepBbili 
cJiy'laii npom; .UJill HCcJie.noaaHHll aToporo cJie,!\yeT pa3JI!l'laTh .nae 
l303M02KHOCTll: rrepHall, KOf,!\a pqr - I'OMOTeTI!ll, Ul'HTP KOTopoii MOJK­
HO orrpe,!\eJIHTb no ueHTpaM A, B roMoTeTHli (pq), (qp), H BTopaH, 
KOr,!\a pqr - TpaHCJil!UHll). 

flpuAoJ1Ce1me. TiycTb ocHOBHoe TeJio K KOMMYTaT!lBHO, !?l), !?l)' -
napa napaJJJJeJJbHh!x npHMbIX, A, B, C -Tprr TO'IK!l Ha !?l) rr A', 
B', C' -Tpll TO'IK!l Ha !?l)'. ,UoKa)K!lTe, 'ITO TO'IK!l p = (BC') n· 
n (CB'), Q == (CA') n (AC') ll R = (AB') n (BA'), eCJJ!l OH!l cy­
ruecTBYIOT, npuHa,UJie)KaT O,llHOii rrps!MOH (npllMeHrrTe rOMOTeT!lIO p· 
c ueHTPOM P, nepeB0/1.HIUYIO B a C', rr aHaJiorrr'IHbie roMoTeTHH 
q, r c ueHTpaMH Q, R H .noKa)KrrTe, '!To pq-1r = rq-1p; 3To e'crb 
cneuaaJJbHhlii cJiytiali reopeMbI Tianrra, CM. § IV. 11). 

12. B a<f><}>HHHOM npoCTpaHcTBe fC, accourrrrpoaaHHOM c aeKTOpHbIM 

npocTpaHcTBOM E, ,!\aHo KOHetIHoe ceMeikrao (Ac /.,,)161 B3BeweH--

HblX TO'leK, ,!\Jill KOTOpblX L 'A1 = 0. 
iE/ 

a) TioKa'lKHTe, 'ITO <jJyHKU!l!l Jleii6HHUa f: /8 ~ E, M ~ -1--+ L 'A1MA1 nocTORHHa. 
IE/ 

b) CTocTpoiiTe cucTeMy H3 Tpex TO'leK A, B, C, cHa6JKeHHbIX­-HeHyJJeBbIMH MaccaMH A, µ, v, TaKy10, 'IT06b1 <jlyHKUHll M 1--+ A;MA+ - -+µMB+ vMC 6hIJia ac10.uy paaHa HYJil-0 (To'IKH A, B, c-
.UOJI)KHbI 6bITb KOJJJI!lHea PHhr). 

c) ,UoKa)KHTe rrpe.nJioJKeHne: .UJill Toro qro6bl n + l TO'leK 
A0, ••• , An B <ff rrp1rna,!\,1elKaJirr OP.ROMY J1AM pa3M€pHOCTH 

~n - l, Heo6XO,llHMO ll ll.OCTaTO'IHO, 'IT06b! cyrueCTBOBaJIH He paa­
Hb!e HyJ!Io o.n:HoapeMeHHO CKaJillpbI Ao, ... , An, TaKne, 'ITO <jlyHKUHll> 

n -M ...._,.. L A.1MA1 pasHa HYJIIO TO)K.necrneHHO (MO)KHO ucnoJihao-
i=O 

aarb aeKTOPHYIO CTPYKTYPY c Ha'laJJOM Ao). 

13. TiyCTb fC - eBKJIH.noso a<jl<jlHHHoe npocrpaHcTBO. Kam.noMy KO· 

H€'IHOMY CeMeiicTBY (Ai' "'i)tel B3B€lll€HHblX TO'leK COilOCTaBHM Bro--py10 <jlyHKUHl-0 Jleii6Hnua <p: 8 ~ R, M 1--l>- L A.,MA;. 
tel 

11 )R, JleJion-<l>eppaH 



282 

'fG 

YIJPA)!(HEHH5I 

a) IT0Ka:i101Te, qTo ecJI!I L A.t *O 11 G - 6apm.1.e11Tp ceMeii.crna, 
iE/ 

(VME~) 

b) f10Ka:>K11Te, qTO np11 L Ai= 0 <l>YHKUllH qJ nocTOHHHa. 
iE[ 

B KaKoM CJiyqae 011a pasaa HYJI!O? (BocnoJib3YHTecb npe.n.bl.n.y11u1M 
ynpa:iK11ea11eM.) 

flpuAOJICeHue. I) ITp11 naHHbIX ToqKax A, B BbIHCH11Te, KaKoBO 
MHo:>Kecrno roqeK M, .11.JIH KOropb1x MB = kMA (k = const). 

2) .UJIH sana1111oii. Tpoii.K11 KOJIJillHeapHbIX ToqeK A, B, C Bbl· 
;13e.n.11re cooTHoI11eH11e CnoapTa -- -- --(VME©) MA2 BC+MB2CA+MC 2AB=0. 

14. (TeopeMa .Uesapra 1) .) ITycrb © - a¢¢1lttHoe npocTpaHCTBO 11a.n. 
'KaKllM·JJ1160 TeJJoM K 11 (ABC), (A' B'C') - .n.se Tpoi\K11 He KOJl­
JillHeapHbIX roqeK, TaKlle, qTO npHMble (AA'), (BB'), (CC') pa3-
JJllqHbl 11 nepeceKa!OTCll B ToqKe S. ITpe.n.noJiaraercll, qro A'* A, 
B'*B, C'* C. 

a) f10Ka:>K11Te, qro cymecrnyIOT CKaJillpb1 'A, µ, v, TaK11e, qTo 

A'= f1d ((S, !), (A, A.)), B' = f1d ((S, l), (B, µ)), 

C' = f1d ((S, l), (C, v)), 

H nposepbTe, qTQ eCJill µ*"·TO f!d((B,µ), (C,-v)) eCTb TOqKa p 
11epeceqeHllH npl!Mb!X (BC) H (B'C'). 

b) Orrpe.n.eJIHTe TaK!lM :>Ke IIYTeM TOqKll Q = (CA) n (C'A') II 
R = (AB) n (A' B')' eCJill Ollll cymecTBy!OT; rrposepbTe, qTO - - -(v - µ)SP+ ('A - v) SQ+(µ - A.) SR= 0. Bbrne.n.HTe oTCIO.n.a, qTo 
TOqK11 P, Q, R npHaa.n.JJe:>KaT o.n.aoi\ rrpl!Moi\. 

c) B cJiyqae Kor.n.a rrpHMbie (BC) ll (B'C') napaJIJieJJbHbI, 110 
TOqK11 Q 11 R cymecrnyIOT, n0Ka:>K11Te, qTo npHMaH (QR) rrapaJI­
JieJibHa (BC). 

15. (TeopeMa Me11eJiaH o noJIHOM qeTb1pexcTOpoHH11Ke.) ITycTb 
(ABC) - TpeyroJibllllK B acp¢11a11oi\ IIJJOCKOCTll © 11 P, Q, R -- -- -- -roqK11, sa.n.aHHb1e ycJios11HM11 BP= 'ACP, CQ = µAQ, AR= vBR. 

r.n.e 'A, µ, v - HeHyJ1eBb1e CKa.rnpbi. Q603aaq11M qepe3 p, q, r ro­
MOTern11 c ue11TpaM11 coorneTcrne11110 a P, Q, R 11 K03¢¢11u11eRTaM11 
'A, µ, v. 

a) fl0Ka:>K11Te, qTO po q or= Id0 Torna 11 TOJ!bKO TOrna, KOr)l.a 
A.µv = I, 11 Bb!Ben11re 113 3Toro, qro rrp11aeneHHoe yc.11oa11e paa110-
CllJibHO KOJIJI1111eap11ocTll TOqeK P, Q, R. 

b) flpeJ1,rroJio:lK11B KOJIJIHHeapttocTb ToqeK P, Q, R, rr0Ka:>K11re, 

1) 3ro .ZI.OKasaTeJJbCTBO - a¢¢11HHbIH aap11al1T .ll,aHHOrO B 
'§ IV. IO. 3aMeTllM, qTo s,n;ecb 11er npe.n.noJio:lKeH11l! o .n.ayMep110-
cr11 ©. 
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'ITO cepe)lUHhl a, ~, y 0Tpe3KOB [AP], [BQ] ll [CRl TaKlKe KOJl­
mrneapHbI. (EcJJH lcµv = 1, TO Mo:>1rno rroJJO)!{HTh A= v-iw, µ =-­
= w-lu, v = u-1v H )lOKa3aTh, 'ITO )!Jill mo6oii TO'lKH 0 E rs-- - ~ Bb!IlOJJHeHo (w - v) Oa + (u - w) o~ + (v - u) Oy = 0.) 

16. (TeopeMa Tiarrrra.) TiycTb B acjicjJHHHOii TIJIOCKOCTH Ha)l HeKOTO­
pblM rroJJeM (A, B, C) 11 (A', B', C') - )!Be TpoiiKH KOJJJJHHeapHbIX 
TO'leK, pacITOJIO)!{eHHble COOTBeTCTBeHHO Ha rrpl!MblX !!/), q)', rrepe­
ceKa!Oll(liXCll B 0 (cJJy'laii napaJJJJeJJbHOCTH npl!MhIX !!!), qy pa3o-
6paH B ynp. 11). 

a) Bb16paB )leKapTOB penep (0, i, j) c Ha'laJJOM 0, TaKoil:, IJTO< 

i HMeeT HanpasJJeHue f!l>, a j - HanpasJ1eH11e f!l)', IIOJJOlKllM OA = 
=a- 1, OB= ~- 1 , OC =y-1, QA'= a'- 1, OB'= ~'- 1 , OC' = 
= y'- 1

• Han11umTe ypasHeH115l npHMhlX (AB') 11 (BA') 11 Haii)lHTe 
KOOp)lHHaTbl TOIJKll ux nepece'leHllH R. 

b) AHa,10rtt'lHhIM o6pa30M Haii)l11Te Koop)l11HaTbl TOIJeK P = 
=(BC') n (CB') II Q =(CA') n (AC') I! nposepbTe, 'ITO (~W -- - -- vv') OP+ (vv' - aa.') OQ +(a.a.' - ~~')OR= 0. Bh!Be,O:llTe OT-
CIO)la 3aKJ110IJem1e o KOJJJJH:HeapHOCT!I TOIJeK P, Q, R. 

17. TiycTb f - acjicjJllHHa5! 6ueKIJ.llll acpcjJHHHOro eBKJlll)lOBa npoCTpaH­
CTBa 8 Ha ce6H. Tipe)lnoJJOlKl!M, •no cymecTsyeT c<j:>epa S c 11.eH­
rpoM A 11 pa)l11ycoM R, o6pa3oM KoTOpoii TaK)!{e CJJYlKHT c¢epa S' 
c IJ,eHTpoM A' 11 pa)luycoM R'. TioKa)!{HTe, 'ITO A'= f (A) 11 'ITO 
JlllHeiiHall '!aCTb f eCTb npeo6pa30B3HHe ITOJJ.06115!. BbIBeJJ.HTe OTCIO).l.a,. 
IJTO f - a<jJ<jJHHHOe npeo6pa30BaHJre IIO)l06Hl!. 

18. TiycTb. 'fl - MHOlKeCTBO, COCTOHW:ee ll3 OKPY)!{HOCTeii HeHyJJe­
soro pa,nuyca H npl!MblX eBKJlll).l.OBOH IlJIOCKOCTll 8. 

a) TI0Ka>K11Te, IJTO 3JJeMeHT /). E 8 - rrpHMal! Tor.na u TOJJhKO 
ror.na, I<or)la JJ.JJH J1106of1 napbI (A, B) TOIJeK 8 cymecTByeT 3JJe­
MeHT H3 '&, npoXO)ll!Il(llii 4epe3 A 11 B 11 11Me10m11ii c /!,. He 6oJJee 
O)lHOH o6meii TO'lKll. (EcJJH l'1 - OKpy;KHOCTb, B03bMHTe B KaIJe­
CTBe A BHyTpeHHIOIO, a B Ka'leCTBe B - BHelllHIOIO TO'lKY OTHOCll­
TeJlbHO /)..) 

b) TiycTh f - 611eKil,11H 8 Ha 8, npeo6pa3yIOmaH BCHKYIO np5!­
MYJO HJJH oKpylKHOCTb CHOBa B npHMYIO HJIH oKpylKHOCTh. Tio-
1<a>KuTe, 'ITO np11 3TOM ycJJOBH!I f nepeBO)lHT npHMble B npl!Mble 
H oKpylKHOcrH B OKpylKHocTu (socnoJJb3YHTech npe)lhI!lyW:nM 
yrrpalKHe1rneM). 

f JlABA IV 
npoeKTHBHhle IlO).l.IlpOCTpaHCTBa H npoeKTHBHble MOptj>H3Mhl 

1. TiycTb P (£) - npoeKTllBHoe npocrpaHCTBO pa3MepHocr11 n 11 X, 
y - )!Ba ero npoeKTHBHhlX !IOJJ.!IpOcrpaHCTBa, TaKHX, IJTO ueJJoe 
p = dim(X) + dim(Y) ~ n. TioKa)!{llTe, 'ITO X n Y He nycTO H 
dim(X n Y) ";3 p-n (BOCI10Jlb3yihech ynp. II. 2). 

2. TiytTh P (£) ecrh n-MepHoe npoeKTHBHoe npocTpaHcTBo 11a)l Te-

11* 
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JIOM K. IToKa)!nITe, '!TO oTo6pa*eHHe, onpe,u:eJB1eMoe B o,u:uopo,u:HhlX 
KOOp,U:HHaTaX rrpn 33,U:aHHOM aBTOMOp<j>H3Me TE~Jia 8 ycJIOBUeM 
(Xo ..... Xn) 1--i>- (8 (Xo), .... e (Xn)), HBJIHeTCH IIOJiyrrpoeKTHBHb!M. 

3. a) flycTb x - IIO,U:MHO)!{eCTBO rrpoeKTl!BHOro rrpocTpaHCTBa p (£). 
IToKa)!{HTe, '!To cyrn.ecrnyeT rrpoeKTHBHOe rro,u:rrpocTpaHcrno P (£) -
o6o3Ha'lHM ero L (X), co,u:ep)!{arn.ee X u Ta Koe, '!To mo6oe rrpoeK­
THBHoe rro,u:rrpocTpaHCTBO p (£), CO,Qep:arnrn.ee X, CO,llep)!{HT TaKIKe 
n L(X) (MbI roaopHM, '!TO L(X) ecTb rrpoeKTHBHOe rro.!1.rrpoCTpaH· 
CTBO B P (£), nopo:HCiJetuwe X). 

b) IToKMKHTe, '!TO ecJIH H - rrpoeKTHBHaH nmepIIJ10CKOCTb 
u TO'lKa A E P (£) "'- H, TO HU {A} nopo)!{,QaeT P (£). 

c) IToKa)!mTe, '!TO n-MepHoe rrpoeKTHBHoe rrpocTpaHCTBO P (£) 
He MO)!{eT 6b!Tb IIOPO)!{,lleHo KOHe'lHblM IIO,QMHO)!{eCTBOM MOlllHOCTll 
<n H '!TO {Ao, Ai, ... , An} rropo)!{,QaeT P (£) TOr,Qa H TOJibKO 
Tor,Qa, KOr,Qa n + I TO'leK A; He JielKaT B o,QHoii rrpoeKTllBHoii rn­
neprrJiocKoCTH. 

4. (rlpoeKTHBHble perrepb1.) ITycTb E - seKTOpHoe K-rrpocTpaHcTBo 
pasMepHocrn n + I. Ha3oBeM npoeKTUBHbtM penepo;n rrpocTpaHcTBa 
P (£) cucTeMy (Ao, Ai, •.. , Anti) ns n + 2 To'leK, HHKaKue n +I 
ll3 KOTOpb!X He Jie)!{aT B 0,U:HOii rrpoeKTllBHOii rnrrep!IJIOCKOCTH. 

a) IToKa>KnTe, 'lTO B E cyru.ecTByeT 6a3nc (ei)o.;;;r,~n· TaKoii, 

"ITO p(e1) = A1 ,QJIH i = 0, I, ... , n H p(eo + ... +en) = An+i; 
ycrattoBnTe, '!TO J1106oii .llpyroii 6asuc, Y.llOBJiernopH!OW.Hii TeM /Ke 
ycJIOBHHM, nMeeT Bll.ll (l- 0 i)o.;;;i.;;;n• r,Qe Ii.EK•. Bb!Be,Q11Te oTcco,rra, 
<ITO O,QHOpO,llHbie KOOP.lll!HaTbl B p (£) OTHOCHTeJibHO 9TOfO 6a3nca 
3aBHCHT TOJihKO oT BbI6opa TO'IeK A; (0 ~ i ~- n + 1). Hx Ha3bI· 
Ba!OT 0,U:HOPO.llHb!Mll KOOP.llHHaTaMH B npoeKTIIBHOM perrepe (A;). 

b) TiycTb 8 - a¢ct>nHHoe n-MepHoe rrpoCTpaHCTBO Ha,.a: TeJIOM 
K., (Ao, ... , An) - acp<j>nHHbiii perrep B f!J n An+ I - 9KBll6apuueHTp 
TO'leK Ao, ... , An (Jie)!{alil.llil B 6ecKouequocrn, ecJin n Kparno 
xapaKTepncTnKe TeJia K). fl0Ka1K11Te, '!TO (Ao, ... , An+i) HB· 
J!HeTCH npoeKTllBHblM perrepoM ff! H '!TO O,QHOpO.llHbie KOOp.llllHaTbl 
OTHOCnTeJibHO 9TOf0 penepa CYTb npo,llOJiiKeHn51 6apnueHTpn'IeCKHX 
Koop,.a:nHaT 0 B a<j>cjmHHOM perrepe (A0, ••• , An). 

5. ITycTh P (£), P (F) - .llBa npoeKTHBHblX rrpocTpaHcTBa O,QHHaKo· 
Boii pa3MepHOCTn n Hall O)l.HnM H TeM )!{e TeJIOM K n (A 1)o.;;;t.;;;n+l, 
{L~/J,;;;;t.;;;n+l - rrpoeKTHBHble perrepbi B 3TllX npOCTpaHcTBaX (CM. 

yrrp. 4). 
a) DoKa)!{nTe, 'ITO cyl!lecrnyeT He Me11ee o,.a:Hoii roMorpacjJnn 

<p: IP(£) ~ P (F), raKoii, 'ITO qi (A;) = B1 AJIH scex i. 
b) TioKa)!{HTe, '!TO TaKa5! roMorpacpH5! emrncTaeHHa ror..a:a n 

TOJihKO Tor..a:a, Kor.Ila TeJio K KOMMYTaTHBHO. (3TO 0606rn.e1me 
"TeopeMbI IV. 8.1, n3BecTHoe KaK «rrepaal! ocHOBHaH TeopeMa rrpoeK­
THBHoii reoMeTpnn».) 

6. (06o6rn.eHne rrOHl!THH npoeKTHpoaaHnH H roMOJ!Ofl!H.) rlyCTb 
P (£) - rrpoeKTHBHOe npocTpaHCTBO n X, Y - ,Qaa B3anMHO ,norroJI­
H«TeJibRb!X BCTIT rrpocTpattcTaa £. rloJIOiKHM U = P (E) "'- (P (X) U 
up (f)). 
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a) TioKaJfmre, 'lTO qepe3 J1106y10 TO'lKY M E U npoxo,n:nr 
'El,l{HHCTBeHHall npoeKTHBHall npHMaH ~M, rrepeceKa!Oru.aa p (X) 
H p (Y). (YKa3aHne: Bbl6epure z E p-1 (M) H pa3JJO)l{HTe z B z = 
= x + y, r,n:e x EX, y E Y.) 

b) ,llJJH mo6oro k E K o6o3Ha'lHM qepe3 (j!k Mop$H3M, HHAY· 
unpoBaHHbiii rroJJyJJHHeiiHb!M oro6palKeHneM f k, raKHM, qro f k (x) = 
= kx AJIH x EX H f k (y) = y ivrn y E Y. IToKalKnre, qro JlJJll 
.JII06oii TO'lKH M E u o6pa3 (jlk (M) JleMHT Ha npHMOii ~M. H ITO· 
'Crpoiire reoMerpuqecKH cpk(M) rrpn k = 0 n k = -1 (npn k = O 
<iro 6y,n:er 0606ru.em1eM rrpnMepa 1 H3 § 3, a rrpn k = -1 -
-0606meHHeM rapMoHnqecKHX rOMOJIOrHii). 

c) EcJin K - rroJie, rroKaMnre, qro [P, Q, M, (j!k (M)] = k, r11.e 
P, Q - roqKn rrepeceqeHHll ~M c P (X), P (Y). 

7. ITycTb 8, tc' - )I.Ba a<j><j>nHHblX npocrpaHCTBa Ha)l. o)l.HHM H reM 

JKe reJJOM /(, 8 II ff' - HX npoeKTHBHble nonOJJHeHHH II cp: ff --'>ffe' -
I 

"TaKaH roMorpa<j>HH, 'ITO qi (S' 00) = g 00' 
a) IToKaMnre, qro orpaHnqemie qi Ha (fJ HBJI51ercH noJJyacll­

<fJHHHOH 6HeKuueil, accouuupoBaHHOii c BHyrpeHHHM aBTOMOp<f!H3· 
MOM TeJJa K. (IToJJaraH 'i = P (£), ifr' = P (£') H cqnTaH <p HH· 
.,D;yunpoBaHHb!M JJHHeifHblM oro6palKeHHeM f: E-+ E', MO>KHo 
-OTO>KJlecTBHTb (fJ, ifl' cooraeTCTBeHHO c rnneprnrncKocTHMH B E, E' 
11 AOKa3aTb cyru.ecrnoBaH11e TaKoro k E K*, qro kf nepeBOJlHT IC 
ll fff'.) 

b) TioJJyqHre TOT )Ke pe3yJJbTaT B cJJyqae KoHeqHoii pa3Mep-

HOCTH n, IICIIOJlb3Yll B ii H ffe' O)!HOPOJlHble KOOP;:J;HHaTbl, B KOTO· 
pb!X ypaBHeHHe 6ecKoHeqHo yJiaJJeHHOH IIJJOCKOCTI! I!MeeT BI!)! 
Xn+t = 0. 

c) B cJJyqae (fJ' = (fJ rroKalKHTe, qTo <p HBJJHeTcH roMOJJo· 
rueii (coorn. rapMOHnqecKoii roMoJJorneii, aJJaunei:i) rnrrepTIJJOCKOCTH 
It!°" Tor)!a 11 TOJihKO Toraa, Kor)!a ee orpaH11qeHne Ha [ff HBJJHeTCll 
rcMoTeTnei:i (cooTB. ueHTpaJibHoii CHMMeTpneii, TpaHCJJHUl!eil). 

8. TioKalKHTe, qTo B llpOeKTllBHOM rrpocTpaHCTBe KOMll0311Ullll il.BYX 
rapMOHHqecKHX rOMOJ!OrHH c o6ru.eii rnnepnJJOCKOCTblO II pa3JJllq­
Hb!Mll ueHTpaMH llBJJHeTcll aJJaunei:i. 06paTHO, B cJJyqae Kor11.a xa­
paKTepncTHKa OCHOBHoro TeJia =1=2, IIOKalKllTe, qro Ka>K,n:aH 3JJaUl!ll 
MOMeT 6hITb npe11.cTaBJ1eHa KaK IIPOH3Be,n:emie JIBYX rapMOHHqe­
CKHX roMOJiornl'1 (CM. ynp. II. 14). 

·9. TiyCTb A, B, A', B' - qeTblpe TOqKll rrpoeKTllBHOii IIJJOCKOCTH n. 
HHKaKne TPH H3 K0Top1,ix He JielKaT Ha OJlHOil rrpHMoii. IToKa>KHTe, 
<ITO cyru.eCTBYIOT e)!HHCTBeHHall rapMOHnqecKall fOMOJIOrHH H e;:J;HH· 
CTBeHHaH !MaUHH, rrepeno;:i;Hru.He (A, B) B (A', B'). (MolKHO rrpe]l­
noJJolKHTb, 'ITO xapaKTepncrnKa TeJia =1=2.) 

10. ITycTh P (£) - npoeKTHBHOe rrpocrpaHCTBO pa3MepHocm ;;a.2, 
2? - TipoeKTHBHaa rHTiepnJiocKocTh, S - ToqKa P (E) 11 A, A' - )I.Be 
ToqKn B P (£) "- 2, KOJJJIHHeapHbie c S u ornnqHble OT S. Tio­
RaMHTe, qTo cyru.ecTByeT e)l.HHCTBeHHall roMOJIOFHH HJIH 3Jla1lHll <p 
npocTpaHCTBa IP (£) c ueHTpOM S H rnnepTIJJocKocrblO 2, raKaH, 
<ITO cp(A) =A'. 
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YKasanwi. E.n.11HcTBeHHOCTh cp rroJiyqaeTcH 113 «rrpaBHJI rrep­
crreKTIIBhl» (CM. KO Heu § 3). Ll,JIH ,ll,OKa3a TeJihCTBa cyrn,ecTBOBaH!IH cp 
MO:lKHO OTIIpaBl!Tb !}? B 6eCKOHe'IHOCTb, II Tor.n.a .n.eJio CBe.n.eTCH K 
OTblCKaH!llO ,ll,!IJiaTau1111 acp<jmHHOfO rrpocTpaHCTBa p (£)"' !}? 
(cM. yrrp. 7). Mo:lKHo TaK:lKe BocrroJib3oBaThCH yrrpa:lKnen11eM II. 14-
.ll.JIH IIOCTpOeH!IH aBTOMOp<jl113Ma E, llH.ll.YUHPYJOIUero {j). 

llpuAOJICenue. DycTh !l?, !}?' - .n.Be rrpoeKTIIBHbie rnrreprrJiocKo­
crn rrpoeKTHBHoro rrpocTpaHcrna P (E) 11 S, S' - .n.Be TO'IKH B 
P (£) "- (.!l' U .!l''). 06osHa'l!IB qepes p rrpoeKrnpoBaH11e !l? Ha !l?' 
H3 uenTpa S, a qepe3 q - rrpoeKrnpoBaHne !l?' Ha !l? ns ueHTpa S', 
.n.aiiTe CTporoe ,ll,OKa3aTeJihCTBO Toro, '!TO q 0 p eCTb fOMOJ!OrHH !!Jill 
3Jl8UHH 9?. 

1 t. B rrpoeKTHBHOH rrJiocKocrn II .n.Ba TpeyroJihHHKa (ABC) H 
(A'B'C') pacrroJio:lKeHhl TaK, '!TO rrpHMhle (AA'), (BB') H (CC') 
pa3Jill'IHbl n rrepeceKaJOTCH B O,ll,HOH TO'!Ke. TioKa:lKnTe, '!TO TeopeMa 
Ll,e3apra paBHOCHJ!hHa cymecTBOBaH!llO fOMOJ!OrHll llJlll 3JI8Ullll, rre­
peBO,ll,HIUeH (ABC) B (A' B' C'). (BocrroJih3YHTech rrpe.n.h1.n.ym11M 
yrrpa:lKHeHneM.) 

12. (0606rueH11e TeopeMhl Ll.e3apra.) TiycTh P (£) ecTh n-MepHoe­

npoeKTHBHoe rrpocTpaHCTBO n ( A0, ••• , An) ( cooTB. (A~, ... , A~)). -
CllCTeMa n + I TO'leK, He rrp1rna.n.Jie)Kam11x O,ll,HOH rnneprrJIOCKOCTll, 

TaK11x, '!TO A~+Ak rrp11 scex k, 11 rrpHMaH (AkA~) He co.n.ep)K!!T 

1111 o.n.Hon H3 TO'leK Ah, A~ np11 h+k. Tipe.n.rroJIO)KHM TaK)Ke, '!TO> 

npH k+h rrpHMble (AkAh) ll (A~A~) HMeJOT 0.ll.HY o6myJO TO'IKY 
Pkh II Bee TO'IKll pkh Jie)KaT B O,ll,HOH rnrrepIIJIOCKOCT!I 9?. 

a) TI0Ka)K11Te, '!TO Bee rrpHMhle ( AkA~) nMeJOT o6ruyJO TO'IKY S. 
b) Bb!Be.n.11Te oTcJO.n.a, '!To cymecrnyeT TaKal! roMoJiornH !!Jiii 

I 
sJiaunH cp c ueHTpOM S n r1111eprrJiocKocThJO !l!, '!TO <p (A k) = A k ,ll,JI!l 

Bcex k. 

13. DycTb cp - r0Morpa¢11l! rrpoeKTHBHoro rrpocTpaHc.rna P (£), 
OCTaBJIHJOIUaH HeIIO,ll,B!l)KHOH Ka)K,ll,YIO TO'IKY HeKOTOpou rnrreprrJio­
CKOCT!I !l! II He COBrra.n.aJOIUaH c TO:lK,ll,eCTBeHHb!M OTo6pa)KeH!leM; 
.n.orrycTHM eme, tJTo dim P (£) ~ 2. 

a) TioKalKHTe, '!TO KalK,ll,aH rrpoeKTllBHaH rrpHMaH ti., co.n.ep­
)KaIUaH TO'IKY M E P (£) "- !l! BMecTe c ee o6pa30M rrp11 cp, rrepe­
xo.n.11T B ce6H. 

b) TiycTh A, B-.n.Be TO'IKH B P (E) "- !l! 11 A', B' - nx o6-
pa3bl. TioKa)KHTe, tJTO rrpl!Mhie (AB) 11 (A'B') nepeceKaJOT :;R­
B O,ll,HOH ll TOH lKe TO'!Ke. 

c) I10Ka)K11Te, '!TO MO:lKHO Bb16paTh TO'IKH A n B TaK, tJT06hr 
IIPHMble (AA') II (BB') 6b1Jlll pa3Jill'!Hbl, II '!TO B 3TOM cJiyqae­
OHll nMeJOT o6myJO TO'IKY S, Herro.n.BH)KHYJO rrpn roMorpa<jim1 cp. 
TI0Ka)K11Te .n.aJiee, '!TO Bee rrpHMhie (M, cp (M)) rrpoxo,ll,HT tJepe3 S 
( ecJin s Ii/=- !l!, 3TO IIOJIYtJaeTCH cpa3y; ecJI!I :lKe s E !l!, TO MO)KHO 
Bhrne.n.nTe oTcJO.n.a, tJTo <p HBJIHeTcH roMoJiornen nJI11 3Jiaunen. (9TO> 
Mo.11rno .AOKa38Tb TaKMe, ornpaBJIHH 9? B 6eCKOHetJHOCTb.) 
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14. flyCTb p (£) - npoeKTllBHoe npocTpaHCTBO pa3MepHOCTH ~ 2, 
S - ToqKa B P (£) H <p - roMorpaq)Jrn, coxpaHHIO!l(aH ace npHMble, 
npoxo.11.Hmtte qepes S. 

a) flycTb A, B - JJ.Be ToqK11 P (£), He JieJKam11e Ha Oil.HOH npH­
MOH c S, 11 A', B' - 11x o6pa3bl. floKa}!rnTe, qTo npHMbie (AB) 
H (A' B') nepeceKaIOTCl! B HeITOABllLKHoi1 ToqKe roMorpaqrnH cp. 

b) flyCTb .P - MHOLKeCTBO !IOJJY'IeHHbJX TaKllM nyTeM Heno­
.,!lBJDKHblX ToqeK <p. fip11MeH5!5! Te:ipeMy ,Ue3apra, noKa}!mTe, qTo 
npo113BOJJbHall npoeKT!IBHaH nJiocKocTb II, nposeAeHHa11 qepe3 S, 
nepeceKaeT P no npHMOH n qTo orpaHw1eH11e cp Ha II l!BJil!eTciI 
TOMOJ!Of!leH llJIH 3JiaI{lleU. 

c) fI0Ka:>1rnre, qTo JII06aiI nps!Ma11, coe,!l!IHHIOmal! ,nse ToqK11 
113 P, co.11.epJK11rc11 B P; Bbrne.11.11Te oTcIO,na, qTo .P - r11nepnJ10· 
{:KQCTb (CM. npe.nJIO)l{eHne 12.1) H qTQ cp - fOMOJIOfll!I llJlll 3Jiau!ll!. 
{3TO MO)l{HO TaKlKe .ll.OKB3BTb, y.naJI!liI TQqKy s B 6ecKoHe'!H0CTb.) 

15. DycTb K - npo!13BOJibHoe TeJio; oTom.necTBllM P1(K) c KU {oo}, 
<:J1e,ny!I corJ1ameH1111M., np11H11TblM B § 6. 

a) TioKBlK!ITC, qro r0Morpa<t>1111 P1 (K) 3a!IHCblBBIOTCH B BH,!le 

x ....-;.. (xc + d)-1 (xa + b }, a re H3 HHX, KOTOpble coxpaHHIOT 6ec-
1<0He•mo y.na.11eHHY10 TOqKy, B BH,!le x I--'.> A. (xa + b), r.11.e p., a, b) E 
e-K* X K* X K. 

b) IT0KaiK11re, qro sJ1au1111, coxpaH1110mHe 6ecKoHeqHo y.naJieH­
HYIO TO'lKy, npe.11.craaJ11UOTC11 a ¢op Me x ~ x + b (CM. ynp. 7). Bbl· 
·se.nHTe 113 9Toro, '!TO 3JIBU!lll, AOlIYCKBIOIU!le B KaqecTBe He!IOABHiK· 
HOH TO'IKY as K, 3a.n:a10TCH cooTHorneHHHMH BHAa (qi(x) - a)-1 = 
= (x- a)-1 + b (b = const). (BocnoJib3YHTecb roMorpaq:meil 

.x i---i. (x - a)- 1.) 
c) IToKa:amTe, '!To roMoJiorn11, coxpatt1110m.11e 5ecKoHeqHo y.n:a­

.11etttty10 TOqKy, l!Me!OT BH,!l .X ~ XA + b llJlll x l---0> 'Ax+ b, CMOT· 
p.11 no TOMy, llBJI5!eTCll Jiii TO'lKa 00 HX ueHTpOM HJill HeT. floJiy­
'lHTe H3 sroro, 'ITO roMOJIOrHH c ueHrpoM a E K, 11Me10mtte sropyw 
lleilOJl.BHJKHYIO TO'IKY fl E K, MoryT 6bITb 3aJ].aHbl COOTHOllleHHeM 
BH,!la 

(<p (x)-fl)-1 (<p (x)-a) =A. (x - fl)- 1 (x -a) (/.,EK), (1) 

ll nposepbre, qTo B cJ1yqae noJIH K cooTHOUiemie (I) paBHOCHJibHO 
[fl, a, x, cp (x)] = 'A. (BocnOJib3yiiTec& r0Morpa¢11ef1 x ~ (x -
- fl)- 1 (x - a).) 

d) B cJly'lae nOJIH K 1J0Ka>K11Te, 11To roMoJ1orn11 11 9J1au1111 
5!BJ151!0TCll e.n.11HCTBeHHbIMll r0Morpacjl11HMll pl (K). AOnycKa!OIUHMll 
XOTH 6bl 0,[!Hy HeilOJl.BllJKHY!O TO'lKy. 

16. flycTb E - KoHe11HoMepHoe BeKTop~10e npocTpattcTBo tta.n no­
JieM K 1). HanoMHHM, '!TO JIHHenHaH rpynna nopoJK,naeTCH aBTOMop· 
'¢113MOM E, MHOJKeCTBO HeilO,!lDHJKHbIX TO'leK KOTOporo eCTb rnnep­
IlJIOCKOCTb (cM. ynp. II. 14 11 (LF AJ, T. 3, ynp. L 14). 

a) Bhrne,nHTe 113 sToro, 'ITO PGL (£) nopoJK,naeTCH roMOJIO· 
;f!IJ!Mll II 3JiaUllllMH (cM. ynp. 13). 

1) no UOBO.llY HeKOMMYTaTllBHOro CJ1y11a11 CM • .[ARJ, fJJ, IV •. 
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b) ITycTh fl' - npoeKTllBHaH rnnepnJiocKocrh B P (£). IloKa­
lKllT~, qro mo6a5! r0Morpacp115! IC IIOJiyqaeTCll KaK KOMII03HUH5! KO­
neqHoro q11cJia nepcneKTRB. 

c) ITycTh K = R; n0Ka>K11re, qro mo6aH roMorpac\>1151 IP(£'; 
HHAYUHpyercH aaToMop¢H3MOM E c )J.eTepMHHaHTOM ± l. ,Uony­
CTllM, qro TaKOH aBTOMop¢H3M pa3JiaraeTc5! B npo1!3Be)J,eH11e Cl!M­
MeTpl!H oTHoc11TeJihHO rnnepnJiocKocTeii; noKa:arnTe, qTo PGL (£) 
nopo>K.n;aeTC5! rapMOHl!qecKHMll roMOJIOrHllMH. 

fapMOHH'teCKl!e 'leTBepKH H )l.BOii11oe OTHOilleHHe 

17. B cJiyqae npo113BOJihHoro TeJia K n0Kalli11Te, qro 'teTB~rKa 
(0, ~. y, i>) rapMOHRqecKaH Tor.n;a II TOJ!hKO TOr)J.a, KorAa y + 
+il-1=2~-1. 

18. IJoKalliHTe, qro )J,JI5! IlOJl5! xapaKTepl!CTHKH =;62 'leTBepKa 
(a, -a, y, i>) rapMoHnqecKaH ror.n:a H TOJihKO ror)J,a, KOrAa yi> = a2. 

19. IJycTb /( -npoH3BOJJbHOe TeJIO xapaKrepHCTHKH +2 H <p -
6ReKUllH P1 

(/() Ha P 1 (/(), raKaH, qro o6pa3 mo6ofi rapM01111qe­
Cl{ol\ qerBepKH eCTb rapMoHH'lecKaH qerBepKa. ,U0Ka>K11Te, 'lTO OTO· 
(!J>alKeHHe <p rroJiyrrpoeKTllBHO (reopeMa <j>o11 llhay.n:ra). flJiaH 
.ibKa3aTeJJbCTBa: 

a) TioKaii{l!Te, qro MO.lKHO Cl'leCTll ).I.MO K cJiyqa10 <p(O) = o. 
cp(1' = 1, cp(oo) = oo; Tor.a.a, OTO>KJI.eCTBHB p 1(K) c KU {oo}, rro­
Jiyi'tHM 

q> ( x t y ) ..,. + (qi (x) + q> (y)), q> (2x) = 2qi (x) 

H q> (x2) .... [q> (x))3. 

(IloJJi.3yeMC5! reM, qro (x, y, (x + y)/2, eo), (0, 2x, x, oo) If 
(l, x2, x, -x) - rapMoHH'leCKHe qenepKn.) 8hrne.a.nre H3 3roro, l!Tc> 
cp - al'ITOMopqrn3M TeJJa K. 

b) Bm!BpaTHBIIIl!Ch K o6meMy cJJyqaJO, Bh!BeAHTe c<l>0PMYJJHpo­
aa11Hoe yTBepMJI.eHHe. 

20. IJycTh a, b, c, d - qeTh1pe 3JJeMeHTa ITOJJH K H k = [a, b, c, d] -
llX ABOHHoe OTHOIIIE!Hl!e. IJoKa:arnre, qTQ eCJJI! f npo6eraeT MHOllie­
CTBO (co.n;ep:arnmee 24 3JJeMeHTa) acex nepecTaHOBOK a, b, c, d, 
TO ABOHHOe OTHOllle1111e [f (a), f (b), f (c), f (d)] np111111MaeT Jllllllb 3Ha-

-J l k-1 (l )-1 ( -1)-1 'H~Hll5! k, k , l - k, - , - k , l - k • 
a) I1p11 KaKoM BbI6ope a, b, c, d He ace 3TI! rnecTh 311aqe1111li 

pa3Jil!qHb!? 
b) Bb!HCHl!Te, KaKoao l!llCJJO 3HalleH11ii, np11H11MaeMhlX 3Tl!M 

ABOHHb!M OTHOllleHHeM, B CJJeAYIO!UllX cJJyqami:: 
i) k = -1 (paccM0Tp11re cJ1yqa11, KOr)J.a xapaKTep11cT11Ka K 

paaHa 2 11 3); 
ii) k2 - k + I = 0; 
iii) k ecTb noJJe f4 H3 ynp. I. 16. 

21. IlycTb P (E), IP (f) - J!Ba npoeKTHBHb!X rrpocrpaHcTBa HM 110-
Jll!MH K, K' H qi; p (£) --? p (F) - IIOJJynpoeKTHBHb!H MOp$H3M, acco-
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1.umposaHHbIH c H30MOp<l.>n3MOM 8: K -ill K'. floKaiKHTe, 'iTO ecJIH 
A, B, C, D - KOJIJIHHeapm,re TO'IKH P (E) H [A, B, C, DJ= k, ro 
{cp (A), cp (B), cp (C), cp (D)] = 8 (k). 

'22. (06o6rueHHe IlOHl!T!Ui JJ.BOHHoro OTHOllleHHli.) IlyCTb /:J,. - rrpoeK· 
THBHaH npl!Mall Ha,n: HeKoMMyraTHBHbIM reJioM K n A, B, C, D ~ 
"!eTb1pe ee TO'IKH. 0603Ha'IHM qepe3 [A, B, C, D] MHoJKeCTBO sHa­
"leHnfi cp(D), r.n;e cp-rOMorpaqmll L\ Ha pt (K), TaKaSI, '!TO <p(A) = 
= oo, qi(B) = 0, cp(C) = 1. 

a) IloKaJKnre, '!TO [A, B, C, Dl HHBapnaHTHO npu mo6ofi ro­
Morpaqrnu. 

b) IloKamure, '!TO ecJI11 k e: [A, B, C, D], ro 

[A, B, C, DJ= {A.kA. -I I A. Ei K*}. 
c) tfro 6y.n;eT a CJiyqae rapMOH!l'lecKoii 'leTBepK11 (A, B, C, D)? 

23. Tiycrb fl' - a<!><!>HHHa11 IlJIOCKOcTb Ha.n; noJieM K, orneceHHall 
K .n;eKaprosy penepy c HaqaJIOM B 0. Kam.n:oMy 9JieMeHTy 
m E pt (K) IlOCTaBHM B COOTBeTCTBUe npllMYIO (npl!Mal! c HaKJIO· 
110M m) c ypasHemreM y = mx, ecm1 me: K, n x = 0, ecJIH m = 
= oo. TioKa»rnTe, '!TO .n:sofiHoe oTHowem1e 'leTblpex npl!MbIX, npo­
XOJJ.l!IUHX '!epes 0, p8BHO JJ.BOHHOMY OTHOilleHHIO HX HaKJIOHOB. 

24. (Ily'!OK rnrrepnJIOCKOCTeii.) TiycTb cp, "' - JJ.Be He3aBHCHMb!e JIU-
11efiHWe lj>opMbI Ha seKTopHOM K-npocTpaHcTBe E H L, M - nmep­
nJioCKOCTH B p (£) c OJJ:HOPOJJ.Hb!MH ypasHeHHllMH QJ = 0, ¢ = 0 
COOTBeTCTBeHHO. 

a) iloKa)KHTe, 1/.TO rnrrepIIJIOCKOCH! B p (£), COJJ.epMaruue 
L n M, cyTb re, KOTOPbie Moryr 6b!Tb 3a.n;aHb! OJJ.HOPOJJ.HbIM ypaB· 
HelineM BHJJ.a A.cp + µ¢ = 0, r.n;e (A.,µ) e: K 2 '-.{0, O} (roaopl!T, '!TO 
3TH rnrreplIJIOCKOCTU o6pa3yIOT IIY'IOK c 6a3HCOM (l, M) ). 

b) Ha3oBeM ceKyrueii rry'!Ka mo6y10 11poeKTHBHy10 npl!My10, He 
nepeceKa!OIUYIO l n M. TI0Ka21mre, '!TO rnrreprrJIOCKOCTU c ypasHe­
HHllMU cp = 0, "' = 0, A.cp + µ¢ = 0, ')..cp - µ\jJ = 0 orrpeJJ.eJilllOT 
rapMOHU'!eCKYIO qersepKy Ha Ka.lKJJ.OH ceKyrueii. (BocnOJib3YHTeCb 
napaMerpuqecKnMn ypastteHHl!Mn ceKyrueii.) 

c) ,UoKa.lKHTe 6oJiee o6ruuii pe3yJihTaT: '!erb1pe rnrreprrJIOCKocru 
c ypaBHeHl'.lllMll A;cp + µ;\jl = 0 (i = I, 2, 3, 4) orrpeJJ.eJiliJOT rap­
MOHH'!eCKYIO '!eTBepKy Ha Ka}!{,ll.Oll ceKyrueii Tor,ll.a ll TOJlbKO Tor.n;a, 
xor.n;a TO'!Kll (/..;, µ;) o6pa3ylOT rapMOHU•iecKy!O 'leTaepKy a IP t (K) 
(ror)l.a roaopliT, '!TO 9T!! rnneprrJIOCKOCTl! 06pa3y10T rapMOHU'!eCKYIO 
<JeraepKy). Bbrne.n;nre OTCIOJJ.a 0606rueH11e reopeMbI IV. 7. I n JI.aiire 
3TOMY o6o6rueHnJO rrpliMoe reoMeTpntiecKoe .n;oKaaareJibCTBO (JI.Jill 
epasHeH!lli '!eTaepoK Ha ceKyruux A, N MOlliHo noJib30BaTbCll scno­
MorareJibHOii ceKyrueii, nMe10rueii o6rune TO'!KH n c A u c ti', u 
np11MeHllTb reopeMy IV. 7. I). 

d) Tipe.n;noJiarall K KOMMyTaTnBHbIM, noKalliHTe, '!TO JI.Boiinoe 
oTHomeHne ro'!eK nepece'!eHHll 'leTb1pex runepnJiocKocreµ 
A;cp + µ,\jl = 0 c ceKyrueil. paBHO Jl.BOHHOMy OTHOWeHUIO TO'!eK 
<A-1, µ;) npl!Moil: P1 (K). 

25. IloKalliUTe, 'ITO qrnrypa, Jl.BOllCTBeHHall rapMOHH'!eCKOH 'IeTBepKe 
TO'leK, ecTb rapMOHH'leCKali 'leTsepKa rm1epIIJIOCKOCTeii (CM. npe)l.bl~ 
.JI.Yruee ynpallineane.) 
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26. ITycTh P (E) - npoeKTHBHoe npocTpaHCTBO HaJJ. noJJeM xapaKTe­
pHCTHKH =;62. 0603Ha•mM qepe3 L, M 11,ae rnnepnJJocKOCTH B IP(£) 
H qepe3 S TO'IKY B P (E) ""-(LUM). 

a) DoKa)KHTe, 'ITO reoMeTpuqecKoe MCCTo TO'ICK, rapMOHH'leCKa 
corrp5DKCHHbJX c s OTHOCHTCJ!bHO TO'ICK rrepeceqeHHll c L, M ce­
Kym.eil, npoXOJJ.51IU.eil qepe3 S, HBJJlleTcll rur1epnJ1ocKocTblO (CM. 
i}'IIp. 24). 

b) Bbrne)J.HTe H3 3Toro, 'ITO cym.ecTByeT rapMOHH'leCKaH roMo­
J!OrHll c u.eaTpoM S, MeHH!Olll.a!l MecTaMH L n M. 

CJiy'laH, KOr)J,a ocHOllHoe TeJio ecTb R HJIH C 

27. DycTb Sn - c¢epa B Rn+t, onpeJJ.eJJeBHaH ypaBHeHHeM L x~ = 
= l. 

a) KaJKJJ.oil nape (x, -x) JJ.HaMeTpaJJbHO npoTHBonoJIOlKHblX To-
qeK Sn rrocraBHM B COOTBeTCTBHe TO'IKY p(x) B p {Rn+l). IloKa­

"lKHTe, '!TO TaKHM nyTeM noJiyqaeTrn 6neK!l,HH IP (IRn+l) Ha lj>aKTop­
MHOJKecTBo Sn no cooraercTBY!Olll.eMy OTHOllleHiilO 3KBHBa.'!eHTHOCTI!. 

b) KalKJJ.Oil nape (A, B) TO'leK P (Rn+!) rrocTaB11M a cooraeT­
CTBrre ]l.eHCTBl!TeJ!bHOe 'IHCJIO d(A, B) - pa11,rra1rny10 Mepy OCTporo 
yrna, o6pa30BaffHoro rrpHMbIMH p-1 (A) u p-1 (B). DoKalKure, 'ITO 

TaKHM o6pa30M MOlKHO onpeJJ.eJJHTb paccTOHHHe a IPn (R), H Hail­
JJ.l!Te MHOJKeCTBo rotJeK, paauoyJJ.aJJeHHbIX or JJ.BYX ,!\aHHbIX. KaKOBbl 
roMorpaqmn, coxpaumom.rre 3ro paccrmrnne? 

28. TiycTh S - clj>epa B IR3 c ypaaHenneM x 2 + y 2 + z2 - z = 0. 
Ilpoaepbre, 'ITO HHoeK1.1,nH C ~ S: 

( 
x Y x2 + y2 ) 

x + iy ~ l + x2 + y2, 1 + x2 + y2' l + x2 + y2 

npO)l.OJIJKaeTCll c IlOMOIIl.blO npe11,eJ1bHOro rrepexo]l.a )J.O 6HCKU.HH 
P 1 (C) =CU {oo} Ha S. (B Teopuu <PYHKU.nii KoMnJJeKcHoro rrepe­
MeHHoro MHOlKCCTBO cu {oo}, OTOlK)l,CCTBJJeHHOe c S, Ha3bJBaCTC51 
«c<Pepoii PHMaHa».) 

29. a) ,ZJ;ailTe reoMeTpH'ICCKYIO HHTepnpeTall,HlO )J.BOllHOro OTHOUie­
HHll qen,ipex pa3JIH'IHbIX 3JieMeHTOB a, b, c, d E c c IIOMO!l(b!O OT--- ---HOJIICHHH CA/CB, DA/DB u aeJIH'IHH yrnoa (CA, CB), (DA, DB). 
3,1\ecb A, B, C, D 0603Ha'laIOr TO'IKH c acpcpuKcaMH a, b, c, d. 

b) IToKalKnTe, 'ITO [a, b, c, d] E R Tor,!\a u TOJJbKO TOr,!(a, KO­
r)l.a TO'IKH A, B, C, D Jie»<:aT Ha OJJ.HOi\ rrp»Moi\ HJIH OKPYlKHOCTH. 
TT [ ii, it 2 it, it,] (f f f f ) ,1-1.Jill rrposepKn BhI'IHCJ111Te e , e , e , e , r,!\e 11 2, a, 4 E 

eR4
• 

c) KaK CJJe]l.yeT Bb16npaTh TO'IKH A, B, C, D ,D,JI51 Toro, 'IT06b1 
MOJJ.YJib fa,b,c,dl 6hlJJ paaeH I? 

d) ,UJia AaHHb!X TO'leK A, B, C nocTpoi\Te TaKyIO TO'IKY D, 
qro6b1 [a, b, c, d] = -1, u npoaepbTe, tJTo mrnepc1rn c u;eHTpoM 
a A npeo6pa3yeT TO'IKH B, C, D B TO'IKH B', C', D', TaKne, 'ITO Bfr 
HBJJ5leTC51 cepeJJ.UHOH 0Tpe3Ka rC/"/J'). 
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:ao. (<t>opMyJia Jiareppa.) CTycTb Di. D2 - npHMhle esKJIHAoso!l 
mmcKOCTH R 2 c ypasHeHHSIMH y = mix, y = m2x H 0 - yroJI Me· 

iKJl.Y HHMH. TiposepbTe, '!TO [mi. m2• i, -i] = e-ta. IToJiy'IHTe OT• 
-CIO,Zl;a HHTepnpeTaUHIO yrna B TepMHHax J[BOiiHoro OTHOUiemrn npS!• 
MbIX, llCilOJlb3YSI HHbeKTllBHOe OT06paiKeH11e IR2 B C2• 

31. foMorpaq,1111 npsiMoii pi (C) =CU {oo}. Hume C otom)l.eCTBJISI• 
eTCSI c eBKJIHJlOBoii nJIOCKOCTblO R2• 

a) ITpoaephte, '!TO roMorpacpuH P1 (C) npe)l.cTaBJIHIOTCSI s s11ne 
az+ b 

<p: z r-;;.. CZ+ d ' r)l.e ad - bc=i=O H B cJiy'!ae c=i=O npHHllTbl CO· 

rnameH11S1 <p ( oo) = a/c, <p (-d/c) = oo. 
b) TiposephTe, 'ITO r0Morpacp11a pt (C) pa3JiaraJOTCH B npOH3Be· 

seJ[eHHe TpaHCJIHUllii, npeo6pa3oBaHHii npHMoro nono6m1 11 (npa 
c =I= 0) roMorpacp1111 z t-7 l/z. Bhrne1u1Te OTCIOJ[a, '!TO OHH SIB· 

.Jlll!OTCSI KOmpopMHb!Mll npeo6pa30BaHllllMH eBKJlllJ[OBOii IlJIOCKOCTH 
(T. e. coxpaHHIOT op11eHT11posaHHbre yrnhr MelliJlY JII06b!MH KPHBhI· 
Mii) 11 nepesoJ[SIT mo6y10 npHMY!O HJIH oKpy:>KHOCTh cHoBa B npS!· 
MYIO l!Jlll OKpy:arnOCTb. 

c) 06paTHO, nycTb f - 6neKrurn pt (C)., npeo6pa3y10ma11 KaiK· 
JlYIO IlpllMY!O llJlll oKpylliHOCTb B npSIMYIO llJlll OKPY>KHOCTb. Hc­
Il0Jlb3Yl1 KOMil03HUI!!O f c roMorpaqmei1:, llOKa:amTe, '!TO J[eJIO CBO· 
JlllTCfl K CJiy'laIO f ( 00) = oo, H BhIBe,Z[HTe OTCIOJ[a, '!TO f - roMO· 
rpa<jJllH HJ!lf aHTHfOMorpa<jJHH (6rreKUHH BH)HJ z r-;;.. (az + b)/(cz + + d). (BocnoJib3YiiTeCh ynp. III. 18.) 

'32. a) TioKa>KHTe, '!TO Ka}l{,D.a!l roMorpacpHSI <p npllMOii P 1 (C) AO· 
nycKaeT no MeHbllleii Mepe o,a;Hy HeilOJ!BH}l\HY!O TO'!Ky. 

b) TioKa}!{HTe, '!TO eCJIH 00 - HeilO)l.Bll>KHaSI TO'!Ka, TO <p HMeeT 
BHJl z I-? az + b (a=l=O). 

c) TioKa>KaTe, '!TO B CJiy'lae ABYX Heno,Z[Bll>KHblX TO'!eK a, ~ E c 
TOMorpa¢m1 cp MO}l{eT 6h!Tb sa,a;aHa COOTHOIUeHHeM BH,Z!a (qi (z) -
- ~)/(cp (z) - a)= k (z - ~)/(z - a), fil,e k EC*. 

d) TI0Ka)K11Te, '!TO c cJiy'lae eAHHCTBeHHoii HenoJ[BHiKHOii TO'IKH 
a E c r0Morpacp1110 c:p MO>KHO onpe,!\eJIHTb COOTHOllleHlleM Bl!Jla 

(cp (z) -a)-I = (z - a)-1 + h, rAe h EC (cp. c ynp. 15). 

33. Onpe,!1.eJI11Te see HHBOJIIOTHBHbre roMorpacpnn C. 

'34. 0TO>KJ[eCTBllM eBKJlH,i!OBY IlJlOCKOCTb IR2 c c H o603Ha'IHM qe­
pe3 D npsIMyJO c ypasHett11eM y = 0 (J1.eiicTBHTeJihHy10 ocb). 

a) TioKa>KHTe, '!TO roMorpatjJ1111 D oTOJKJ[ecTBJIHIOTcll c roMO· 
rpacp!iS!MH C Bl!Aa z r-;.. (az + b)/(cz + d) c J[eiicTBHTeJibHblMH a, 
.b, c, d. 

b) TiycTh cp - r0Morpacp11si yKa3aHHoro BHAa 6e3 neiicTBHTeJlb· 
Hoii Heno.llBHiKHOH TO'IKH. CToKaiKHTe, 'ITO Tor,a;a <p .llonycKaeT napy 
KOMIIJleKCHO corrpsi>KeHHblX HeilOJ[BI!>KHb!X TO'leK a, ~ II ee orpaHH· 
'!eHHe Ha D MOiKHo 3aJ[aTb reoMeTptt<reCKH ycJIOBHeM BH..Qa ,,..,...-...... 
(AM, AM')= e. r.ne A, M, M' -TO'IKH c a4J<j)HKCaMH a, Z, qi(.z), 
a 0 - 3aJ[aHHhiii yroJI MeMJIY npHMhIMH. KaK Bb16paTh 0, •no6hl ro• 
Morpaqmsi qi 6bIJla HHBOJllOTHB/iOH? . 
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35. (,[(aoll:noe oTHoll!em1e 'IeTh1pex TotJeK OKpy)KHOCTll.) I1ycn,. 
fjJ - eBKJJll.l\OBa IlJJOCKOCTb, OTO)K)\eCTBJJeHHal! c c Bh16opoM opTo­
HOpM11poBaHHOro penepa !R,. 

a) I10KaJK11Te, 'ITO saMeHa penepa coxpaHl!eT !!Jiii saMeHl!e'lt 
Ha KOMIIJieKCHO conpl!lKeHHOe .l\BOHHOe OTHOll!em1e a¢cjlllKCOB '!eT­
aepK!! TO'IeK a saa11c11MocT11 oT Toro, 11MeeT Jiii .HOBblil: penep TY 
:lKe op11eHTan1110, 'ITO II HCXO.l\HblH, HJIH HeT. TioKaJKHTe, lJTO, c .llPY­
roll: CTOpOHbl, llHBepc!!ll 113MeHl!eT .llBOf!HOe OTHOll!eHl!e Ha ero KOM­
nJJeKCHO conpH:lKeHHoe. 

b} I10KaM11Te, 'ITO )l,BOHHOe OTHOllieHHe a<j:>¢11KCOB qeTb!pex T0-
11eK A, B, C, D, JJelKam11x Ha 0.l\HOH OKPY)KHOCTH r, He 3aBl!CllT 
OT Bb16opa perrepa !fl, (cM. yrrp. 29) II paBHO .LJ.BOHHOMY OTHOll!eHm<> 
npl!Mb!X (JA), (/B), (JC}, (JD), coe.11.11Hll10m11x 9TH TO'IKll c npo· 
1!3BOJJbHOH TOtjKOH J OKPY)KHOCTH r (rrpHMeHllTe llHBepcmo c rro­
JJIOCOM J). 06osHaq11a 9To )l,BOHHoe OTHOllleH11e qepes [A, B, C, DJ. 
noKaJKllTe, HaKOHen, qro ero a6cOJJ!OTHal! BCJllllJl!Ha paBHa 
CA DB CB · DA . I10JJytJ11Te OTCJOAa reoMeTp11qecKoe .llOKasaTeJJbCTBO Toro. 

'ITO )l,BOHHoe OTHOilleHl!e qeTb!pex KOnllKJJll'IHblX TO'leK coxpam1eTClJ. 
no a6COJJIOTHOH BeJJll'IllHe rrp11 npeo6pa30BaHl!llX 1!HBepc1111.- (EcJll~ 
j -11Haepc11ll c rroJJJOCOM J 11 cTeneHbJO k 11 A', B' - o6pasbl TO-

A A'B' I k I AB ) 'leK , B, To MO)KHO no Kasa Th, 'ITO = 1A. 1 B · 

36. rlycrb A, B - .llBe TO'IKll Ha noJJyoKpylKHOCTll c )ll!aMeTpoM 
[PQl n A', B' -nx opToroHaJJhHh!e npoeKn1111 Ha npl!MYJO (PQ}. 
TioKa)Kl!Te, 'ITO [A, B, P, Q]2 = [A', B', P, Q]. 

37. (fapMoH11'IecK11e roMoJJorn11, coxpaHHJOm11e KBa.llp!!Ky.) Heah!· 
pO)KJleHHal! KBa)lp11Ka Q rrpoeKTllBHoro npocTpaHCTBa !Pn ( R) onpe­
)leJJeHa O)lHOPOJlHblM ypaaHeH11eM Bll)la q(x1, •.. ' Xn+1) = 0, r)le 
q - HeBh1po)K)leHHal! Heonpe)leJJeHHall KBa.llpaTll'!HalI cpopMa. Ka­
)KiJ.Ott TO'lKe s = p(s} npocTpaHCTBa pn (IR) CTaBllTCll B COOTBeT· 
cTBl!e rnnepnJJocKocTh H s, HaswaaeMalI IIOJJllpHoll: mrrepnJJocKocThIO 
TOtjKI! S, sa)laaaeMal! ypaaHeHl!eM B (x, s) = 0, r)le B - 611J11rneii· 
Hall CllMMeTp!!'IHalI ¢opMa, COOTBeTCTBYJOmall q. 

IToKa)KllTe, 'ITO TO'!Ka, rapMoH11'!ecK11 conpH)KeHHal! c S OTHO­
c11TeJJbHO TO'IeK nepece'IeHl!ll c Q ceKymell:, npoae)leHHoll: qepes S, 
JJC}Kl!T a H s. (BocnoJJh3yiiTecb napaMeTp11qecK11M11 ypaaHeH11l!M11 ce­
Kymeii.) 

Bh!ae)l11Te oTCJO)la, 'ITO rapMoH11qecKal! roMoJJoml! c nenTpo11t 
S 11 rnnepnJJocKoCThJO H s coxpanl!eT Q. 

38. (l(oHllKH. ,[(aoiiHoe OTHOll!eH11e 11eTb!pex TO'IeK.) Kaa.llpl!Ka s 
P2 (IR) H33bIBaeTClI KOHllKOH. 

a) flycTh f - KOHHKa B IP2 (R); IlOK8}!{11Te. 'ITO cymeCTBye'f 
CHCTeMa OJlHOpO)l.Hb!X KOOp)l.!!HaT, B KOTopoif f HMeeT ypaaHeHne 
x2 + y2 = z2• Bb!Be.l\HTe OTCI0,113, 'ITO JJJ06ble )IBe KOHHKH ITOJJY­
'13IOTCll .llpyr 113 .l\pyra c noMomhJO roMorpacjmn. 

b) ITycTh A, B, C, D - 'IeThlpe TO'IKH B P2 (R) H k ER"- {O, I}. 
TI0Kam11Te, 'ITO MHO)KeCTBO ro11eK M, raKHX, 'ITO JlBOifnoe_ orHOll!e­
Hlle npl!MhlX MA, MB, MC, MD paaHo k, lIBJJfleTclI KOHllKoif, npo-
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XOAHlll.eii qepe3 TO'lKll A, B, C, D. KaKoBo ypaB11e1111e TaKoil KO.· 
HllKll, ecJrn np!!Hl!Tb tieTBepKy (A, B, C, D) 3a npoeKTllBHhlii perrep? 

c) 06paTHO, nyCTb A, B, C, D- 'leTbrpe TO'lKll KOHHKH r. 
TioKallillTe, 'ITO eCJill Af - TO'!Ka f, TO ;J:BOllHOe OTHOIIIeH11e npll· 
MhIX MA, MB, MC, MD 11e 3aa11c11T oT M (MomHo c noMOlll.h!O 
r0Morpacp1111 caecrn AeJio K cJiytiaIO oKpymHocrn, pa3o6paHHOMY 
B ynp. 35, llJill n:eiicTBOBaTb npl!Mb!M o6pa30M). 

39. TiycTb A, B - JI.Be TOtJK11 npoeKTllBHOii nJIOCKOCTll. B11eKU!!ll h 
ny11Ka npl!Mhlx c ueHTpoM A Ha ny110K npHMhIX c ueHTpoM B Ha· 
3h!BaeTCll roMorpacp1111ecKoii, ecJI11 cymecTByer rrpl!Mal! ~0, He rrpo· 
xo)(Hlll.al! HI! qepe3 A, HI! 11epe3 B 11 TaKall, 'ITO TO'IKll M = 
= ~ n ~o II Af' = h(~) n ~o HaxonHTCll B fOMOrpacp11tieCKOM COOT• 
BeTCTBll!I. 

a) CT0Kam11Te, 'ITO B aroM cJiy'lae To me 11Meer MecTo n )1.JIH 

JII06oil npHMoil 6.~, He rrpoxon:Hmeil n11 11epe3 A, n11 qepes B. 
b) B cJiy11ae KOr)l.a ocnoBHoe noJie ecTh R, . noKaJK11Te, 'IT<> 

reoMeTpH'IeCKOe MeCTO TO'IeK nepece'leHHll npl!Mb!X ~ II h(~) ecTb 
rrpl!Mall !IJlll KOHHKa, CMOTPll no TOMy, l!BJJlleTCl! Jill npl!Mall (AB) 
CBOllM co6cTBeHHb!M o6pa30M HJIH HeT. (MomHo HCilOJ!b30BaTb 0)1.· 

HopoJI.Hb1e Koopnn11aTbI, B KOTOPbIX A.= (1, 0, 0) n B = (0, 0, 1).) 

fJIABA V 

1. TiycTb fl' - IlJIOCKOCTb acpcpHHHoro Tl!Ila ll !?/), !?/)' - TaKHe )I.Be 
ee npHMb1e, 'ITO fl' = Pl) U !?/)'. 06o3Ha'lHM qepes A, B JI.Be npon3· 
BOJihHbie TO'lKH Pl) n tiepe3 A', B' JI,ae rrpoH3BOJihHble TO'lKH Pl)'; 
rr0Ka}f(11Te, 'ITO (AA') II (BB'), 11 Bb!BeAHTe orcIOAa, 'ITO fl' cso­
AllTCll K qeTb1peM TO'IKaM A, B, A', B'. 

2. TiycTb B IlJIOCKOCTH fl' acpcp!IHHOrO Tl!Ila nae npl!Mb!e !?/), !?/)' ne­
peceKaIOTCll B TO'!Ke 0. TioKa}f(!ITe, 'ITO B fl' cyrn.ecTByeT TO'!Ka, 
He Jie)KallJ.all HI! Ha !?/), HI! Ha Pl)' (nocTpoilre napaJIJieJiorpaMM 
(OACB), TaKOll, 'ITO A E !?l) II BE!?/)'). 

3. TiyCTb rs - npocTpaHCTBO acpcpl!HHOfO THila (CM. § J2), He CBO· 
Jl,lllll.eeCl! K IlpllMOll. )J,11JiaTaUHeii IlpOCTpaHCTBa rs Ha3bIBaeTCll JIIO· 
6all ero 611em.1;11ll f Ha ce6H, TaKall, 'ITO JI.Jill JII06oi1 napbI (A, B} 
TO'!eK rs l!MeeM (f(A)f(B))l\(AB). 

a) TioKamnTe, 'ITO coxpaHHIOT c11Jiy pe3yJihTaTbl § V. 2. 
b) OnpeneJillM TpaHCJillUHll n roM0TeT1111 KaK B § V. 2; 060-

snatI11M qepe3 h, h' JI.Be roM0TeT11n c pa3JIH'lHb!Mll ueHTpaMn 0, 0' 
ll qepes A -TO'lKY rs, He Jie)KallJ.yIO Ha rrpllMOii (00'). IloJiarall 
B = h' o h(A), rroKaMnTe, 'ITO h' 0 h HBJilleTcl! roMOTeTnett HJI!f 
TpaHCJ!llUHeH B 33BllCHMOCTll OT Toro, nepeceKaeT Jill npl!Mall (AB) 
npllMYIO ( 00') 11JI11 eii napaJIJieJibHa. 

c) Tipe)(IlOJIO)KHM, 'ITO nJill JII06oii TpoiiKH (O,A,A') pa3JIH'l· 
Hb!X KOJIJil!HeapHb!X TO'leK cyrn.ecTByeT rOMOTeTHll h c ueHTPOM o. 
TaKall, 'ITO h(A) =A'. TioKa)KttTe, 'ITO JI.Jill JII06oil napb1 (A, B) 
TO'leK rs cyrn.ecrayeT TaKaH TpaHCJil!Ullll T, 'ITO T(A) = B (nptt­
MeHHTe nyHT<T b) AJill nocTpoeHHll T KaK npon3BeP.eH!lll ABYX ro· 
MOTeTHH), 
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d) flpe11JTOJIO}KHB, qTO [t' YAOBJieTBopSTeT aKCHOMe .[{eaapra (D), 
aoKaxmre, qTo rnrroTe3a rryHKTa c) sepHa (3TO JierKoe o6o6rn;eHHe 
TeopeMw V. 6.3). 

C noMOillblO c) Bb!BeAHTe 0TC10)1a, qTo [t' YAOBJieTsopSTer raK}Ke 
aKCHOMe (d) (CM. § v. 3), H IlOKa>lmTe, qTo [/j' AOIIYCKaeT aljJljJHH· 
HY!O cTpy1nypy (pacumpbTe Teopmo, pa3BHTY!O B § V. 4, V. 5 
II V. 7). 

3aMettanue. B cJiy'lae nJiocKOCTH TaKHM nyTeM noJiytJaeTCll HO· 
Boe AOKa3aTeJ!bCTBO Toro, '!TO 113 (D) cJie,n;yeT ( d). 

4. I1yCTb EP - T8K8Sl lIJIOCKOCTb acjicjJHHHoro nma, qro KaJK.n;oii 
nape (A, B) ToqeK EP MO}KHO rrocrasHTb B COOTBeTCTBHe TQqKy 
m(A, B) Ha (AB), Ha3hIBaeMylO cepe.n;1rnoii oTpe3Ka [AB], TaKHM 
•06pa30M, '!TO: 

i) m(A,B) = m(B,A); 
ii) m(A, A) =A; 
iii) ecJI11 A', B' - 06paab1 TOl!eK A, B npH KaKoM·.1m60 npoeh 

rnpoaaHHH p~ (cM. § V. 5), To m(A', B') STBJISTercST o6paaoM 

m(A,B). 
a) I1oKa)lmTe, 11ro .QHaroHaJIH JI106oro rrapaJIJieJ10rpaMMa 

(ABCD) rrepeceKaJOTCJJ a Hx cepe.n;rrnax (noKa}KHTe, '!TO npe.n;no­
Jio)l{emie m(A, C) =I= m(B, D) ae)l,eT K TOMy, 'ITO rrpJJMa.SJ, coe.z:ui­
:iunomall 3T!l TO'lKH, OAHOBpeMeHHO ,llOJl)l{Ha 6h1Tb rrapaJJJieJlbHa 
{AB) H (AD)). 

b) DoKaMHTe, 11To a EP BblilOJJHl!eTcl! Ma.~al! aKCHOMa )J,e3apra 
{d), H noroMy EP - IIJlOCKOCTb TpaHCJll!UHH. 

l'JIABA VI 

.A6comorHaH re0Merpm1 

B ynp. 1-9 EP 06oaHa11aer MeTp11qecKyJO n.11ocKocTb (cM. § 2). 

1. CTycTb A, B- ,a.Be pa3JHI'lHble roqKH EP H ~ - Me,a.rraTprrca [AB]. 
06o3Ha'lHM qepe3 EPA, EPa rro.11yrr.11ocKocrrr, orpaurrqeHHhre ~ H co­
«>TBeTcTaeHHo co.n;ep11<amrre A, B. I10Ka11<rrTe, 'ITO ecJirr ME EPA, 
ro MA < MB (nocTpoiiTe roqKy nepece'leHllll [MB] c ~ H nprr· 
MeHl!Te HepaseHcTso TpeyroJJbHHKa). Bhrne,a.rrTe 0Tc10.n;a, 'ITO 

£jJ A= (ME fl' I MA < MB}. £jJ B ={ME .Cf> I MA > MB}. 

2. YcTaHOBHTe TPH «np11aHaKa paaeHcrna TpeyroJJbHHKOB» (rny11an 
paseHCTBa Tpex nap COOTBeTCTBeHHblX CTOPOH, CJiyqaii paBHb!X 
yrJJOB, 3aKJJIO'leHHblX MeiKAY rrapaMH paBHblX CTopoH, H cJJy'laH 
napbt paBHbIX cTopoH c ABYMll rrapaMH pasHbrx rrp11.11eiKam11x 
yrnoa). 

3. CTycTb r - apaw:emie c ueHTpOM 0 H (J - CHMMeTpllll OTHOCH· 
'feJibHO ocu, rrpoxoAllmeii qepea 0. DoKa11mTe, '!TO a or o a-• = r-•. 
(BocrrOJJb3YHTeCb pa3JJOlKeHlleM r B rrpOH3BeAeHrre CHMMeTpHH.) ilo­
.JlyqttTe OTCIOAa 11pyroe AOKa3aTeJJbCTBO KOMMyTaTHBHOCTH rpynnbl 
epamem1ii c ueHTpoM 0. 
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4. foBOp51T, qro MHO)l{eCTBO x B [J' BbtnyKJIO, eCJIH JII06oi\ 0Tpe30K 
[ABJ, coe,l(HHH!OilJHH ,l(Be TOqKn A, B na X, Bech coJJ.epauncl! B X. 

a) iloKaxmre, qro BC!IKHH yrJIOBOH ceKrop Bh!TIYKJihIH. 
b) iloKalKHTe, qro J1!06oii Kpyr BhITIYKJihlll ( OTKpb!Th!H Kpyr 

c IJeHTpoM 0 H pa,l(nycoM R ecrh MHoJKecrBo roqeK {M E [J' \OM < 
< R}. . 

5. ilycTb ff) - MHOJKeCTBO noJiynpl!MhlX c HaqaJIOM 0. 11oKal!rnTe 
qro Ha f!lJ MOJKHO aaecrn paccroirnne l>, noJJaral! {>(Ox, Oy) = ............_ 
= xOy 1). TI01rnarnre, qro '11), cHa6)KeHHOe TaKHM paccTOirnneM 
H30Merpnqno e)l,HHHqHoi'! OKpyarnocrn u eBKJJHAOBOR Il.l!OCKOCTH. 
Bh!ae;i:nre OTC!O)l,U, qTo q) KOMTiaKTHO H CBll3HO. 

6. Call3HOCTh OKPYJKHocru. 
a) Tiycrb A - ljl11KcnpoaaHHaH roqKa u Ou - nepeMeHHa51 no-..........._ 

JiynpHMaH c naqaJIOM 0 =I= A. ilycrh a= AOu. IloRaamTe, qro· 
npn a E [O, :rtf21 (cM. npnMeqamrn K npe;i:hrJJ.yru;efi 3a)l.aqe) pac­
cTOHHHe OT A JJ.O np51Mofi (Ou) ecTh ao3pacra10ma51 ljlyHKUHH cp(a,) 
yrna a, crpeMHIIJaHCll K HYJIIO BMeCTe c a. 

b) Ha KalKJJ.Ofi noJiynpHMOii. Ox c HaqaJIOM 0 orMeTnM roqKy 
f (Ox) ee nepeceqemrn c aa11,anttoi'! oKpymHoCTbIO r c uenrpoM 0. 
Dpn ljl11KcnpoBaHHoi'! roqKe A= f(Ox) nycTh M = f(Oy) -JJ.py­............_ 
rall roqKa Ha r. DoJiaralf xOy = 2a n npnMeHl!ll o6o3HaqeHmt 
n. a), npoaephre, qro d(A, M) = 2cp(a). . 

c) Dycrh f!IJ- MHOi!<:eCTBO noJiynpl!Mhlx c HaqaJioM 0, cna6-
Mennoe MerpuKofi us ynp. 5. TioKaiKnre, qro f ecrh nenpephlBHoe 
OT06paiKeHHe f!lJ Ha f H qTQ f CBll3HO. IloKaarnre TaKiKe, qro JII0-
6al! JJ.yra OKPY1KHocrn CBll3Ha. 

7. Ilycrb [fl - MerpnqecKaH IIJIOCKOCTb, He YJJ.OBJieTBopllroru;aH aKcHo­
Me EBKJIHJJ.a o rrapaJIJieJibHhIX, f!lJ - npl!Mal! B [J' H M E gJ '-f!IJ. 

a) iloKaamre, qro o6be,l(HHeHne noJiynpHMhIX c HaqaJioM B M,. 
nepeceKaIOIIJHX f!IJ, irnmiercll orKphlThlM yr,10Bh!M ceKropoM H ,ne­
JIHTCH nonoJiaM nepneHAHKYJIHpoM, npoBeJJ.eHHhlM qepea M K !!/); 
ero yroJI pacTBopa o6oaHaqaror 2a (a Hashrnaerc51 yrJioM napaJI­
JieJil!3Ma M OTHOCHTeJibHO f!IJ). 

b) IloKalKHTe, qro a 3aBHCHT TOJ!bKO OT paCCTO!IHHll d O'F 
roqKH M JJ.O npJJMOfi !!/) u 51BJIHercH y6brna10lll,efi ljlyttm.i:nei'! d 
(<jlyHKUHll a,(d) Ha3b!BaeTCll cjJyHKL\l!eH J1o6a'leBCKOro; MOlKHO ,ll,O· 
Kaaarh (cM. [BO-SZ]), qro oHa HMeer BHA a= 2 arc tg e-dfk, r;r:e 
k - KOHCTaHra; Mb! nposepl!eM 3TO Ha MOll,eJIHX DyaHKape H. 
5e.%rpaMH). 

8. Dycrh (ABC) - rpeyroJibHHK B MeTpnqecKofi IIJJocKocTH [fl. 06o-
3HaqnM qepes B' (coors. C') roqKy, cHMMeTpnqnyto c C (coora. B) 
ornocnreJibHo cepeJJ.HHhl [A Bl ( coora. [AC]), n nycTb S - cyMMa 
yTJIOB rpeyro.l!bHHKa (ABC). 

1) ,Il,JIH ynporu,eHHll Mb! npnMeHHeM B 3THX ynpa)jrneHH!IX o6h!'l­
HOe OTO)K,ll,eCTBJieHil.C yrnos c HX Mepoi'! B pa)l,HaHax. 



'.296 YOPA)l(HEH115I 

/"'-.. 
a) IToKa:>KnTe, 1JTO S = B' AC', n BbIBe.11.nTe HS EJroro, 'ITO S -

pasaepHyTbitt yroJJ, ecJin fi' y.11.oaJiernopHeT aKCHoMe £ 1 § 9. 
b) EcJIH fi' He y.11.oBJieTaopHer aKcHoMe Ei. o6osHa1JHM qepes a 

yroJI napaJIJieJIH3Ma A OTHOCHTeJibHO npHMOtt (BC). IToKaRrnre, 'ITO 
Tor,n:a S;;;;;;: 2a. 

9. ITycTb fi' - MerpnqecKaH nJJOCKOCTb, He YAOBJieTBOPHJOW.aH aKcno­
Me EBKJin,n:a. HasoBeM iJecjJeKTOM rpeyroJihHHKa T = (ABC) 'lncJJo 
~ ( T) = :rt -(a + ~ + y), r Ae a, ~. y - yrnh1 rpeyroJihHHKa. 

IT0Ra:>K11Te, 1JTO ecJI11 D - MHoroyroJihHaH o6JiaCTb, pas611raH 
Ha KOl!elJHOe lJllCJIO rpeyrOJibHllKOB, TO cyMMa .n:e<j:JeKTOB 3TllX rpe­
yroJibHllKOB He 3aBllCHT OT Bbi6paHHOro cnoco6a pas611eHl!H (pac­
CMOTp!!re CHalJaJia CJiyqafi, KOr,n:a D - TpeyrOJibHaH o6JiaCTb). 

06osua1J11M 3TY cyMMY qepes 6 (D); reop11H MepbI noKa3bIBaer, 
'ITO lIJIOW.a.ll.b MHoroyroJihHOtt 06Jiacr11 D HMeer Bll.ll. k6(D), r,n:e 
k = oonst (lIJIOW:8.ll.b lIOJ.(lJllHeHa ycJJOBlllO llHBapHaHTHOCTI! rrpH 1130-
MeTpHHX). 

n pUJIOJ/CeHUR. a) EcJII! fi' - MO,n:eJib ITyauKape, ITOKa:>Kl!Te, 'ITO 
k = 1 (np11Memne ynp. 14). 

b) HcrroJI1>SYH ynp. 16, rroKaMHTe, '!TO B rrmep60JJ11qecKoii 
IlJIOCKOCT!! cyw:ecrnyJOr 'leTb!pexyroJibHHKll, ITJIOW:a.ll.b KOTOpb!X 
<loJibIIIe rr.'IOW.a)l.11 JIJ06oro rpeyroJibHl!Ka: raKoii '!erbrpexyroJihHllK 
He MOMer 6b!Tb 3aKJIJ01JeH B TpeyrOJibHOH o6JiaCTI!. 

Mo,n:eJJb nyattKape (CM. § 12) 

B yrrp. 10-14 qepes fi' o6osHa'leHa rroJiynJioCKOCTb ITyaHKape, 
CHa6MeHHaH nrnep60JII11JeCKOH MeTp!!KOH. 

10. ITycrb !!/), !?J)' - rrapa r11rrep60JI111JecK11x rrpHMbIX B fi', rrpe,n:­
CTaBJieHHbIX eBKJill)l.OBblMll noJiyoKpylKHOCTHMll, He nepeceKa!OW:H­
MHCH II He KacaJOil{llMllCH. 

a) I10KalK11re, 1JTO cyw.ecrayer e)l.1rncrnellllaH r11nep60JJ11qecKaH 
:npHMaH ~. nepneH.l(llKYJIRpHaH O.l(HOBpeMeHHO K fl) II !!/)'. 

b) I10KalK11re, lJTO cyw:ecrny10r ABe oceBbie c11MMerp11n, nepe­
BO.llHW:He fl) H !!/)' Apyr B .llpyra. 

c) ITycrb A - TO'lKa fP, He npnHa.llJieJKaw:aH un !!/), HI! fl)', HH 
HX o6w:eMy nepneH)l.HKyJrnpy, H nyCTb B, c - TOlJKH, CHMMeTp!!'l· 
Hb1e A ornocnreJibHO rrpHMhIX !!/), !ll)'. IT0KaM11re, qro TO'IKll A, B, C 
He JielKaT Ha OJJ:HOH lIPHMOH H qepes HHX He npOXO)l.HT H!!KaKal! 
rnrrep60JI111JeCK8ll OKpyMHOCTb. (Orc10.11.a BbIBO.llHTCH, lJTO 8KCHOMa 
EBKJJl!)l.a paBHOC!!JibHa yrnepJK.lleHHJO: qepes .1106h1e rp11 HeKOJI­
JIHHeapHhie T01JK11 npoxo.llHT OKPYMHocrh.} 

d) ITycrh rnrrep60JI11'leCKHe rrpl!Mhie !ll), !ll)' a fi' npe)l.craaJJeHbl 
KacaJOW:llMHCH eBKJlll.ll.OBbIMll llOJIYOKPYlKHOCTHMH. TioKa)!(llTe, lJTO 
cyw.ecrnyeT e)l.llHCTBeHHaH oceBaH CHMMeTp!!H, nepeCTaBJl.HIOIUaH fl) 
H fl)', 11 y !ll), fl)' Her o6w:ero rrepneHAHKYJIHpa. 

11. ITycrh fl), fl)' - .11.ae nmep6oJIH'!ecKne rrpl!Mbie, rrpe.llCTaBJleHHhJe 
enKJIHJJ:OBbIMll noJiyoKpyMHOCTHMH c ,n:naMerpaMH [AB], [A' B'J 
-COOTBeTCTBeHHO. 
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a) IToKalKHTe, 'ITO fl[) n fl[)' nepeceKalOTC51 Tor.Ila n TOJibKO 
TOr)la, KOrAa 0Tpe3Kll [ABl n [A'B'l HMeIOT XOTll 6bl OAHY 06my10 
llHyTpeHHIOIO TO'!Ky. 

b) ITpeJJ;nOJIOlKHM, l!TO pf) n !!J)' nepeceKalOTCll B TO'!Ke I H 
-0603Ha 'leHlrn Bb16paHhl TaK, 'ITO TO'IKH B n A' npuHa,!lJieJKaT OT· 
pe3KY [AB']. IToKa}KttTe, 'ITO qepe3 TO'IKY fl', BHyTpeHHIOIO no 
-0TH01neHu10 K eaKJIHAOBY AHCKY c .llttaMeTpOM [BA'], He npoxo.D;nr 
HHKaKall mnep6om1qecKall npHMall, nepeceKa10maH o6e mnep6om1· 
'leCK11e noJiynpHMble (/ B ( 11 (/A' (. ( 0TCIO.lla BbIBO.llllTCll, 'ITO aKCHO· 
Ma EBKJIHAa paaHocuJihHa yraepJKJJ;eHu10: qepe3 J1106y10 TOliKY yrno­
Boro ceKTOpa npoxo.D;HT xoTll 6br O.llHa np.srMa.sr, nepeceKa!OiUa.sr CTO· 
poHbl 3Toro ceKTopa.) 

12. a) DycTb M -TO'!Ka fl' c KOPAHHaTaMll a, b 11 !!/)- mnep­
'60J1tt'!ecKall npHMall (x = 0, y > 0) a fl'. HaiiJJ;uTe npoxoAll· 
rn.y10 '1epe3 M npHMYIO, rnnep6oJIH'lecKH opTOroHaJihHYIO K fl[), 
11 npoaepbTe, '!TO paccTollHHe oT M AO fl[) paaHo d = 
=ln((a2 +b2) 112 +a)-lnb. (DpuMeHHTe ynp. IV.36.) 

b) DoKalKHTe, '!TO nepeceKa10mne fl[) noJiynpllMbie c Ha'!aJIOM 
B M - 3TO Te npHMbie, KOTOpb1e npttHaJJ;JielKaT oTKpbITOMY yrno­
BOMY ceKTopy, orpaHH'leHHOMY noJiynpHMoii Mx, JieJKameii Ha npll· 
MOH x = a, H JJ;yroii eaKJIHJJ;oaoii OKPYlKHOCTH, KacaTeJihHoii K Oy B 
TO'!Ke 0. Bb!BeAttTe 0Tc10JJ;a, '!TO yroJI napaJIJieJIH3Ma a B TO'!Ke M 
-OTHOCHTeJibHO npllMOH !!/) paaeH a = 2 arc tg e-d. 

13. Dpe.D;nOJIOlKHM, 'ITO Jllo6aH MeTpH'IecKa.sr IJJIOCKOCTb fl', He YAOBJ!e· 
TBOpllIOW:all aKCllOMe EBKJ!H)l;a, JJ;OnycKaeT 6HeKl.].HIO f Ha IlOJIY· 
nJioCKOCTb DyaRKape fl'o, YAOBJieTBopll!Olll.YIO ycJJoa1u1M 

(V (A, B) E .95 2) d[f(A), f(B)]=-k-d(A, B), r,ll,e R=const. 

I1oKalKHTe, '!TO OT06palKeHHe f KOH<jJOpMHO (T. e. COOTBeTCTBeHHbie 
yrnhI HMeIOT O.llHHaKoBy!O pa,ll,HaHHYIO Mepy). Bb!Be.D;nTe H3 3Toro 
%Ipa1KeHne a= 2 arc tg e-d/R .D;JIH (jlyHKl.(Hn Jio6a'!eBcKoro (cM. 
ynp. 7). 

14. B noJJynJiocKocrn DyaHKape fl' Tpn-acnMnTornqecKHM TpeyroJib· 
HHKOM Ha3bIBaIOT ¢nrypy, o6pa3oBaHHYIO TpeMll rnnep60J!H'leCKHMH 
npHMblMH, npe,ll,cTaBJieHHbIMH TpeMH oproroHaJibHbIMH K x' x nonapRo 
trnca!OllJ.HMHCll IlOJIYOKPYlKHOCTllMH HJIH noJiynpllMblMH. 

a) DoKalKHTe, '!TO JJ;Ba JII06blx Tpn-acnMnTOTH'lecKnx TpeyroJib· 
HHKa 'H30MeTpH'lHbl (nocTpoiiTe roMorpa(j>HIO, nepeBO.llllW:YIO OAHY 
TpoiiKy TO'leK x' x B APYfYIO). 

b) DoKalKHTe, '!TO nJiomaJJ.b Tpn-acnMnTOTH'!ecKoro rpeyroJib· 
HllKa paBHa n (ona Bb1pa1KaeTCll ueco6cTBeHHbIM HHTerpaJioM 

~ ~ d:~y ' pacnpocTpaHeHHb!M Ha BHyTpeHHOCTb TpeyroJibHHKa). 

(OTCIOJJ;a MOlKHO UOJIY'IHTb, '!TO IlJ!OW.a)l;b TpeyroJ!bHHKa c yrnaMH 
a, ~. y paBHa n - (a+~+ y).) 
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.ll.pyran KOHcpOpMHaD MO,ll,eJJb r11nep60JJH'leCKOii reoMeTp1111 

15. KaiK,D;Oif TO'IKe M noJiynJIOcKocT11 ITyaHKape fl1 c acpqlllKCOM 
z = x + iy (y > 0) rrocTaB11M B coorneTCTBlle TO'IKY f (M) B R z 
c acj>qlllKCOM z = (z - i)/ (z + i) .. 

a) TI0KaiK11Te, '!TO f HBJISleTCII 611eKn;11efi fl1 Ha e,D;HHH'lHblH 
Kpyr !![), orrpe,D;eJieHHbIH HepaBeHcTBOM I Z I < I, H '!To o6pa3aM11 
rHnep6oJil!'leCKllX rrpl!Mb!X H3 fl1 l!BJ!l!IOTCH nepece'leHl!ll c !![) npH­
Mb!X, rrpoXO.llHm11x qepe3 0, I! OKPYiKHOCTeil, opToroHaJibHblX e,ll11-
11111111oif oKpyiKHOCTH U ( orrpe.lleJil!eMoif ycJIOBHeM I Z I = 1). 

b) c IIOMOIIJ;b!O 3TOH 6HeKD;HH rrepe11ecHTe Ha !![) rnrrep60JI11-
qecKy10 MeTpHKy, onpe,lleJie11Hy10 Ha !P. ITpoBepbTe, '!TO paccrnsnme 
Me}!{JI.Y ABYMH TO'!KaM11 A, B B !!{) paBHO d(A, B) = ln[A, B, P, Q]. 
r.D.e P, Q - TO'lKll nepece'leHllH c U OKPYiKHOCTH 11JI11 rrpl!Mofi, opTo­
ro11aJibHoil U H rrpoXOAllmei\ qepe3 A, B (CM. ynp. IV. 35). 

c) TioKaiK!!Te, '!TO eBKJIH,llOBbl BpameHHll BOKpyr n;eHTpa 0 
coxpaHl!IOT 3TO pacCTOl!HHe II 'ITO rnnep6oJIH'lecKHH yroJI MeiK.llY 
JI.BYMll ,Zl.llaMeTpaMI! f!l) paBeH eBKJill,llOBY yrny MeiK.llY HllMH (Bcno­
MHl!Te, '!TO f KOH<jlopMHO). B IIOCJie,n,y10IIJ;l!X ynpaiKHeHl!llX Kpyr !![), 
CHa6iKeHHblff pacCTOHHlleM, orrpe,n,eJieHHb!M B b)' 6yAeT Ha3b!BaTbC5l 
«rnrrep60JIH11ecK11M KpyroM». 

16. TiycTb v - rnnep6on1111ecKaH npHMaH, rrpe,llcTaBJJe1111al! B nmep-
60JI11'leCKOM Kpyre !![) .D.yroif OKPYiKHOCTH pa,n,11yca r c ll,eHTpoM !, 
oprnro11aJibHOii K U (cM. yrrp. 15), 11 nycTb Vt. v2 - o6pa3bI v npa 
BpameHirnx BoKpyr 0 Ha yrnbI ±2:rt/3. 

a) KaKOMY ycJIOBllIO ,llOJiiKHO y,n,oBJiernopl!Tb r ,n,JIH Toro, 'ITO­
OH y rrepeceKaJiacb c Y1 11 Y2/ (HarrOMHHM, 'lTO OP= r2 + l.} 
TIOJIOiKHM TOrAa A = y n Vt. B = v n Y2. c = Vin v2; rrpoBepbTe, 
'!TO yrnbI r11rrep6on1111ecKoro TpeyroJibHttKa (ABC) co cropoHaMH 

a ,Y3 ( 2 )112 '\-', yi, V2 Bee paBHbl a, np1111eM cos 2 = ~ r + I . (Mo/KHO 
,..,.......__ 

Bb11111cJI11Tb c11Hyc yrna OAJ B eBKJIH.llOBOM rpeyroJibHllKe (OA!).) 
Bb!Be}l,nTe 0Tc10,n,a, '!TO ,D,JIH n106oro ,D;eilcTBllTeJibHoro a E 

E ]O, :rt/3r MO:iKHO IIOCTPOHTb rm1ep60Jill'leCKllH TpeyrOJibHHK, ace 
yrJibI KOToporo paBHbI a; rroKa:iKHTe, '!To cymecrByeT 'leTb1pexyroJib­
HllK (rroJiy11eHHblH 06'be,Z1.1rnem1eM Jl.BYX TpeyroJibHllKOB) c CYMMOll 
yrJIOB <:rt. 
M.o,n,eJJb 6eJ1bTpaM11 

17. 06o3Ha1111M 11epe3 j llHBepc1110 R 3 c rron10coM S(O, 0, -1) a 
cTerreHbIO 2 11 11epe3 p opToroHaJibHYIO rrpoeKn;1110 (x, y, z) ~ (x, 
y, 0). TiycTb, Ha KO Hen;, !![) o6o3Ha'!aeT eAllHll'!HblH Kpyr B IIJIO­
CKOCTH z = 0, CHa6:IBeHHblH rnnep6oJIH'!eCKOH MeTpllKOH d (mi 
yrrp. 15). 

a) f10Ka11rnTe, tJTo orpaHH'leH!le f oT06pa11<eH11l! p o j Ha fl> 
l!BJil!eTCll 611eKn;11ei\, ll Bbl'lllCJlllTe Koop,n,uHaTbl TO'IKll f (M) KaK 
cj>yHKIJ;llll OT Koop,nuHaT M. 

b) TI0Ka:IB11Te, 11ro o6pa3 muep6on1111ecKon npl!Moil B !![) np11 
OT06pa:IBeHUll f eCTb HHTepBaJI eBKJill,llOBOH rrpHMOH. 

c) J1J06oii nape (A, B) TO'!eK !![) IIOCTaBJieHo B COOTBeTCTBlle 
1111cJio.b(A,B) = d[f-1(A),f- 1(B)], r,lle d 06oaHa11aer rmrep6oJIH-
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.qecKoe paccTOHHHe. DoKa)KHTe, qTO B(A, B) = 1/2 In[A, B, P, Ql, r,ne 
P, Q - TOqKu rrepeceqeHHH eBKJIH,noBoli npHMoli (AB) c e,nHHnqHoli 
-OKPYlKHOCTbJO U. (06o3HaqHM C = f- 1 (A), D = f- 1 (B); yrrp. IV. 36 
noKalKeT, qTO [A, B, P, Q] = [i(C), j(D), P, Q]!, u ocTaHew1 rrpu­
MeHHTh pe3yJihTaT yrrp. IV. 35, b).) 

Kpyr Pl), cHa6;KeHHb1H MeTpHKoli 6, Ha3b!BaeTcll Mo,neJibJO BeJih­
'TpaMH nmep6om1qecKOli IlJIOCKOCTll. 

d) D0Ka)!{11Te, qrn paccroHH11e MeJK,ny .li:BYMll rnqKaMH A, B 
J3 !?!) 3a,naerca B Mo,neJiu BeJibTpaMH ¢opMyJioH --i-OA·OB 

ch&(A, B)= -+ -+ , 
(I - OA2)1/2 (1 - OB2)1/2 --Tp;e OA ·OB o6o3HaqaeT eBKJillJJ.OBO cKaJ1HpHoe rrpo113Be)l.eHne (Boc-

noJJb3YHTecb rrapaMerp113au11eH npaMoii (AB)). 
e) IToKa)!{llTe, qro oceBbie c11MMerp1111 Kpyra BeJibTpaMH rrpe,n­

<:TaBJJllJOTCH rapMOHllqeCKllMll rOMOJ!Or!ll!Mll npoeKTllBHOfO IlOilOJIHe­
Hllll R 2 c ueHrpoM BHe !?!) 11 c ochJO, cJiyJKameii rroJJapoii u.eHrpa 
-OTHOCHTeJJbHO oKpy)KHOcTH U, paccMarpHBaeMOH KaK KOHnqecKoe 
<:eqeH11e (cM. ynp. IV. 37). 

18. TeopeMa BpnamrroHa. 
a) DoKaJK11Te, qro B JIJ06oii Merp11qecKoH n.1ocKOCTll fl' 611c­

<:eKTPllCbI BHyTpeHHllX yrJIOB TpeyrOJibHHKa nepeceKaJOTCH B O)l.HOii 
'ToqKe. 

b) ,Uaihe HCTOJIKOBaHlle 3TOro peayJibTaTa B MO)l.eJIH BeJibTpaMH 
(Bb16ep11Te ToqKy 0 B Kpyre BeJibTpaMH 11 TOqKn P, Q Ha e,n11-
1mqHOH OKPY*HOCTH U H n0Ka)!{11Te, qrn 611cceKTpuca BHyTpeHHero 
yrJia Me)!{J(y IlOJJynpl!MbIMH (OP(, (OQ( npe,ncTaBJil!eTCl! npl!MOH, 
-coe)l.llHmomei'! roqKy 0 c roqKoH rrepeceqemrn KacaTeJibHbIX K U 
:s ToqKax P, Q). 

c) BbIBeJJ.11Te 113 3TOro, qro JJ.HaroHa•1H wecTHyroJibHHKa, cro­
poHhI KOTOporo KaCalOTCl! OJ(HOH H TOH Me KOHHKH Ha npoeKTllBHOH 
IlJIOCKOCTll, rrepeceKalOTCl! B O)l.HOii TOqKe (MO;KHO rrpe)l.nOJIOMHTb, 
~To KOHHKa onpe,neJil!eTcH o,nnopo,nHhlM ypaBHen11eM BHJJ.a 
xz + y 2 = z2, 11 OTO)!{JJ.ecTBHTb ee c oKpylKHOCThlO, CM. ynp. IV. 38). 

19. TeopeMa ITacKaJill. l13 npeJJ.bIJJ.YIII.ero pe3yJibTaTa BbIBeJJ.HTe no 
:npHHll.HIIY J(BOHCTBeHHOCTH TeopeMy IlacKaJil! ( o6o6III.aJOIII.yJO TeO· 
peMy Danna B P2 (R)): ecJI11 A, B, C, A', B', C' - wecrb ToqeK 
Ha OJI.HOH ll TOH )Ke KOHllKe, TO ToqKll p = (BC') n (C8'), Q = 
= (CA') n (AC'), R = (AB') n (BA') JielKaT Ha OJI.HOH rrpHMOH. 

20. DycTb !?D - Kpyr BeJibTpaMH. 
a) IlO!<a)!{llTe, qro rrrnep60JIHqecK11ii yroJI MeJKJJ.Y JJ.BYMll JJ.Ha­

MeTpaMH q) HMeeT TY lKe Mepy, qro H eBKJIHJJ.OB yroJI Me)!(JJ.Y 
HllMH. 

b) ITycrb P, Q - JJ.Be TOqK11 Ha eJJ.HH11qHoH OKPY*HOCTH U 
H ~ - rrrnep60JJ11qeCKall npaMaH, npe)l.cTaBJJeHHal! OTKpb!TbIM HH­
'TepBaJJOM , ] P, Q [. Bbipa3HTe rrrnep6oJIHqecKoe paccTOHH11e d OT 0 
}10 ~ c IlOMOIII.bJO eBKJlllJl,OBa paCCTOl!Hlll! r; npoBepbTe, qro yro.'l 
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rrapannentt3Ma ~ OTHOCHTenhHO TOqKll 0 eCTb 

c) iloKaMuTe, qTO 9TO o6IUal! <j:>opMyna a f!J. 

21. rurrep6onuqecKal! TpllrOHOMeTplll!. CTaBllTCl! 3a)laqa )lOKa3aTb, 
'!TO yrnhl a, ~. y ll nmep6onuqecKtte .nnttHhl cTOpoH a, b, c Tpe­
~·TonbHHKa (ABC) B Kpyre BenbTpaMH q) CBl!3aHbl COOTHOIIIeHHeM 

ch a= ch b ch c - sh b sh c cos a (1) 

H eMy aHanornqHhJMH. 
a) iloKaMHTe, qTo MO)KHO CBeCTH .neno K cny'laJO, Kor.na 

ToqKa A coarra.naeT c n;eHTpoM f!J. -b) Bhlpa3ttTe a 9TOM cnyqae ch a, ch b H ch c qepe3 u =II AB II. - --v = llACll H w =AB· AC (rrpttMeHttTe <j:>opMyny (I) H3 yrrp. 17). 
C) ilonyquTe OTCIO)la COOTHOllleHlll! 

sh a sh b sh c 
(2) 

sin a = sin ~ = sin y · 

22. 06o6IUHM Mo.nenh BenhTpaMH, 3aMeHHB e.nHHH'IHhltt Kpyr Pl> 
KpyroM q)R, orrpe.neneHHhJM HepaaeHCTBOM x2 + y2 < R2• PaccTOl!· 
HHe MeM.llY TOqKaMH A, B 3a)la)lHM COOTHOIIIeHHeM --

( 
6 (A, B) ) R2 

- OA ·OB 
ch R = (R2 _ oA2)1/2 (R2 _ oB2)112 • 

a) CTpoaephTe, qTO a rrony'leHHoii «MeTpnqecKoii rrnocKoCTJP> 
<i>YHKil,Hl! Jlo6aqeaCKOro Bb!paMaeTCl! KaK a = 2 arc tg e-dfR. 

b) KaK H3MeHl!TCl! <i>opMynhl ( 1) ll (2) H3 yrrp. 21? 
c) iloKaMHTe, qTO rrpn R -+ oo paccTol!HHe 6 (A, B) MeM.llY' 

.llBYMll <i>ttKCllpOBaHHbIMH TO'!KaMll HMeeT rrpe.nenoM eBKnH)lOBO pac­
CTOl!HHe MeM.llY HHMH. (EBKnll)lOBa reoMeTpHH CTaHOBHTCl!, TaKHM 
o6pa3oM, rrpe.nenhHhIM cny'laeM rnrrep6onnqecKoii reoMeTpHH.) 

23. 0603HaquM qepe3 K TaKoe rro.nnone a R, qTO .nnll nI06oro xe.K 
.neiicTBHTenbHOe '!ttcno Ix I 112 rrpHHa.nneMHT K. iloKalK11Te, qTC> 
K X K, cHa6MeHHoe KaHoHuqecKoii eaKnn.noaoii CTPYKTypoii, y.noa­
neTBopHeT aKCHOMaM, rronyqaeMhlM H3 aKCllOM MeTpH'leCKOll rrno­
CKOCTH (aKcttoM paccTOl!HHH, § III. 2) rrpu 3aMeHe a HHx R + 
Ha K+. CoxpaHl!eTCl! nu TaKoe rronolKeHue .nnll rnnep6onnqecKoit 
reoMeTpnn? (CTpttMeHHTe <i>opMynhJ rnnep6onuqecKoii TpuroHoMeT­
pun.) 

24. nycTh [i' - eBKnH)lOBa nnoCKOCTb, T. e. «MeTpll'leCKal! nno­
CKOCTb», B KOTOpoii Bb!IlOnHl!eTCl! aKCHOMa EaKnH.na E1 (CM. KOHeu 
§ VI. 9). 

a) ilpoaepbTe, qTQ [i' l!Bnl!eTCl! ynopll)lOqeHHOll nnOCKOCTblO 
a<i><j:>HHHOro THna (CM. § v. 9). 
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b) IToKal!mTe, qTo rrpon3aeneHne nsyx ueHTpaJJbHbIX cnMMeT­
pHH !IBJJ!leTC!I TpaHCJJ!IUHefi (cM. § V. 2). Bb!BennTe OTCJ0,11,a, qTo [}" 
eCTb !IJIOCKOCTb TpaHCJl!IUHH (CM. orrpeneJJeHne v. 3.1). 

c) ITycTb p - rrpoeKTnpoBaHHe B HarrpaBJieHHH & opneHTnpo­
BaHHOH rrp!IMOH 51) Ha npyryJO opHeHTHPOBaHHYIO rrpl!MYIO 51)'. 
IToKallmTe, qTo p - MOHOTOHHOe OT06paJKeHHe H qTO paCCTO!IHHe 
d(p(A), p(B)) aaBHCHT TOJJbKO OT paccTO!IHH!I d(A, B) (rne A, 
B E 51)). BhrnennTe oTCJOna, 'ITO p - acjJcjJnHHOe oTo6paJK.eHHe· 
(H.Ue!O MO/KHO rroqepIIHYTb H3 HCCJJe,11,0BaHH!I, rrposeneHHOro B § v. 9,. 
a aaTeM rrpHMeHHTb TeopeMy I. 7.8). 

d) IToKaJK.nTe, qTo flJ ecTh acjJcjJnHHa!I IIJIOCKOCTb Ha.U rroJJeM R 
(TeopeMa <PaJJeca, ycTaHOBJ1eHHa11 B c), rroaBOJJ!leT orrpe.n.eJIHTb. 
rrpoH3BeneHHe B€KTOpa Ha .ueHCTBHTeJ!bHOe qncJJo). 

25. ITycTh flJ - eBKJJH.UOBa IIJJOCKOCTb. 
a) YcTaHOBHTe «ITPH3HaKH IIO,U06H!I TpeyrOJ!bHHKOB», COOTBeT­

CTByJOmHe nx «rrpttaHaKaM paseHCTBa» (cM. yrrp. VI. 2). 
b) CpaBHHTe paaJmqHble noKaaaTeJJhCTBa, KOTOphre MO/KHO rrpH­

secTH ,11,JJ!I TeopeMbl ITttcjJaropa. (DpHMeHeHHe opToroHaJJhHoro rrpo­
eKTHpoaaHH!I, CKaJJ!lpHoro YMHOJK.eHH!I, rrpnaHaKOB rro.uo6HH npHMO­
yrOJ!hHb!X TpeyroJJbHHKOB.) 
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nPE,D.METHbli:1 YKA3A TEJlb 

ABTOMop<t>HaM BeKTOpHoro rrpo-
CTpaHCTBa ( automorphisme 
d'espace vectoriel) 54 

- MeTpl!qeCKOH IlJIOCKOCTH (-du 
plan metrique) 225 

- TeJia(-d'urr corps) 43 
AKcHoMa ApxuMeaa (Axiome 

d' Archimede) 22 
- aepxHeil rpairn (-de la bor­

ne superieure) 28 
- Bb16opa (-du choix) 77 
- /Ze3apza a¢$HHHall MaJiall 

(petit axiome de Desargues 
affine) 

- - - 6oJibUiall (grand - -
--) 190 

- - npoeKTHBHall (axiome de 
Desargues projectif) 199 

- EB1'11uaa (-d'Euclide) 255, 
261 

- - Cl!JlbHaH (- - fort) 173 
- flanna a$$HHHaH (axiome de 

Pappus affine) 200 
- - npoeKTHBHaH 

(- - - projectif) 201 
- llama (-de Pasch) 202, 

225 
- aepMe/10 

77 
(- - Zermelo) 

- aopHa (- - Zorn) 77 
AKCHOMbl HHUHAeHTHOCTll ( axio­

m es d'incidence) 224 
- nopsiii;Ka (- d'ordre) 224 
- paCCTOHHl!H (- des distan-

ces) 225 
- c11MMeTp1111 (-de pliage) 

225 
AHHymITop (orthogonal) 
AHT11aBTOMop¢11aM TeJia 

automorphisme d'un 
43 

64 
(anti­

corps) 

AHTllll30MOpij>113M TeJI ( antiiso­
morphisme de corps) 43 

6a311C (base) 47 
- 11.yaJihHhril (base duale) 6& 
Bap11ueHTp (barycentre) 92 

BeKTop (vecteur) 46 
BpaIU.eH!le (rotation) 233 

fapMOHll'IecKasi qeTaepKa ToqeK. 
(division harmonique) 142 

- - npllMbIX (faisceau harmo­
nique des droites) 147 

- - r11rrepnJIOCKOCTeH 
(- - d'hyperplans) 147, 289' 

fapMOHlltieCK!I corrpmKeHHasi (co­
njugue harmonique) 142 

fHneprrJIOCKOCTb acp$llHHaH (hy­
perp lan affine) 89 

- 5ecKOHeqHo y11.aJ1eHHall 
(- a l'infini) 134 

- BeKTOpHasi (- vectoriel) 62:' 
- rrpoeKT!IBHall (- projectlf) 

124 
f0Morpa¢11si (homographie) 130• 
foMOJIOI'HH (homologie) 130 
- rapMOHHqecKaH (- harmoni-­

que) 130 
foM0Mop¢113M TeJia (homomor­

phisme de corp) 37 
foMoTeTl!.si aij>ij>HHHall (homo-

thetie affine) 54 
- aeKTOpHa5! (vectorielle) 103 
fpaHb aepxHH5! (borne superie­

ure) 14 
- HH1Kl!H5! (- inferieure) 15 
fpyrrrra apxHMeii;oaa (groupe· 

archimedien) 22 
- aij>ij>HHHall (affine) 102 
- AHJiaTaunil (-des dilata-

tions) 103 
- H30TporrH11 (- d'isotropie) 82' 
- JIHHeftHaJI (- lineaire) 54 
- noJiyaij>cpHHHasi (-semi-affi~ 

ne) 102 
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- noJiymrnefiHall (- semi-linea­
ire) 54 

- npeo6pa3osaHHfi (-de trans­
formations) 81 

- - TpaH3l!THBHall 
(- - - transitif) 82 

.~ npoeKTllBHall (- projectif) 
132 

- ynopl!,!l;OqeHHall (ordonne) 22 

~eficTBHe rpymlbl (action d'un 
groupe) 81 

. ,Ll;eficTBHTeJihHoe qllcJio ( nombre 
reel) 16 

,Ll;eCl!THqHall ,!l;p06b 6ecKOHeqHall 
( developpement decimal il­
limite) 11 

~ e)J;HHHL\a n-ro nopll,!l;Ka (uni­
te decimal du n-me ordre) 16 

,Ll;ecHTHqHoe np116JIHlKeHHe (va­
leur decimale approchee) 65 

. .D.ecHrnqm,zii 3HaK n-ro nopl!)J;K~ 
( decimale d'ordre n) 11 

.il.HJiaTal\HH (dilatation) 103, 176 
.llyaJihHOCTh (dualite) 63 

HsMepeHHe aem!ql!H (mesure des 
grandeurs) 27 

- yrnoa (- - angles) 242 
ffaoMopcjl!!3M BeKTOP!lbIX npo-

CTpaHCTB (isomorphisme d'es­
paces vectoriels) 54 

-- npoeKTllBHbIX npocTpancTB 
(-d'espaces projectifs) 54 

- TeJI (-de corps) 37 

KaaTepHHOHbl (quaternions) 37 
KoJIJil!Hea1urn (collineation) 165 
KOHcj>ttrypal\Hll <I> a HO ( configu-

ration de Fano) 149, 172 
KoppeJilll\llll (correlation) 170 

-JIHHefiHal! KOM6HHal\l!ll aeKTOpOB 
(combinaison lineaire des 
vecteurs) 47 

.n11HeiiHoe acj>cpHHHOe MHOroo6-
pa3He (variete lineaire affi­
ne) 87 

.JiuHefiHble acj>cjlHHHble MHOroo6-
pa3Hll rrapaJI,1eJibHble (varie­
tes Iineaires affines paralle­
les) 90 

MaarnpaHTa (majorant) 14 
MaTpttl\a JIHHeiiHoro oTo6pa.lKe­

Hllll (matrice d'une applica­
tion lineaire) 60 

Mo)J;eJih BeAbrpaMu (modele de 
Beltrami) 298 

- llymuwpe (- - Poincare) 
265 

Mopcp!!3M noJiyrrpoeKTHBHblii 
(morphisme semi-projectif) 
127 

- rrpoeKTl!BHblH 
127 

(- projectif) 

acj>cj>RH­
( direc­

lineaire 

HarrpaaJieHl!e JlttHefiHoro 
Horo MHoroo6pa3llll 
tion d'une variete 
affine) 87 

HepasettcTBo TpeyroJihHRKa (ine­
galite triangulaire) 22, 249 

HopMa (norme) 79 

06pa3 rroJiyJIHHeiiHoro oTo6pa.lKe­
HHll (image d'une application 
semi-lineaire) 55 

Op6!!Ta (orbite) 82 
0THorneH11e attrapMOHHqecKoe 

(rapport anharmonique) 152 
- )J;BOi'rnoe (birapport) 152 
- - qeTb!pex TOqeK Ha OKpy.lK-

HOCTll (- de quatre points 
d'un circle) 292 

- )J;yaJibttocrn ( dualite) 63 
- opTOrottaJibHOCTll (relation 

d'orthogonalite) 72 
0To6pa.lKeHHe acj>cj>11HHoe ( appli­

cation affine) 97 
- JI!!Heiittoe (- lineaire) 53 
- - Tpattc110H11posamwe 

(transposee ( d'une · - -) 65 
- rroJiya¢cj>HHHOe (application 

semi-affine) 97 
- noJiyJiuHefrnoe (- semi-linea­

ire) 54 

nepcneKTl!Ba (perspective) 128, 
136 

CTJioCKOCTb aJibTepttaTHBHal! 
(plan alternati!) 199 

- apxttMe)J;oaa (- archimedien) 
205 

- a<1>¢11HHaH (-affine) 89 
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acjJqmttHoro THna (-de type 
affine) 172 

- rnrrep60Jiw1ecKan (- hyper-
bolique) 265 

- )l.e3aproBa (arguesien) 190 
-- eBKJIHJI.oBa (-euclidien) 224 
- MerpnqecKall (- metrique) 

208 
- My<fiaHz (-de Moufang) 199 
- BeJI.e3aproBa (- non argue-

sien) 219 
- /1anna-flac1wAR (-de Pap­

pus-Pascal) 200 
- npoeKTHBHoro rnrra (- de 

type projectif) 171 
- rpattcJinunil (- de transla· 

tion) 179 
- ynopnAoqeHHa!I (ordonne) 

202 
11o)l.M!lOlKeCTBO CB060)l.HOe (par­

tie libre) 47 
- o6pa3yIOIUHx (partie gene­

ratrice) 47 
11o)l.npocrpaHCTBO acpcjJHHHOe 

(sous-espace affine) 87 
- BeKropttoe (- vectoriel) 46 
- JI.OITOJIHHTeJibHOe (- supple· 

mentaire) 52, 275 
- npoeKTHBHoe (- projectif) 

124 
DoJie apx1IMe)l.0Bo (corps archi· 

medien) 37 
- ynopHAoqettttoe (- ordonne) 

34 
- - tteapxnMe)l.OBO (- - non 

archimedien) 40 
11orrOJIHemie npoeKT!lBHOe (com· 

plete projectif) 133 
11op!!)l.OK JieKC!lKOrpacjmqecKHii 

( ordre lexicographique) 13 
- .i:IHHeHHblH (- total) 12 
DpttHUHIT ABoiicTBeHHOCTH (prin· 

cipe de dualite) 139 
DpoAOJilKeHne BeKropttoe (pro­

longement vectoriel) 108 
DpoeKrnposaHne acjJcjmttHoe (pro­

jection affine) 103 
- seKTOpHoe (- vectoriel) 5, 

275 
- 11,ettrpaJibHOe (- centrale) 

121 

Dpocrpa!lCTBO acpcjJHHHOe (espa­
ce affine) 84 

- acpcjJHHHOrO THITa (- de type 
affine) 217 

- seKropHoe (- vectoriel) 45 
- OAHopoAttoe (- homogene) 

83 
- op6HT (- des orbites) 83 
- rrpoeKTHBHoro THIIa (- de 

type projectif) 197 
- rrpoeKTHBHOe ( - projectif) 

124 
- corrpmi<eHBoe (- dual) 59 
- - sropoe (- bidual) 65 
ITpHMaH acpcjJHBHall ( droite af­

fine) 89 
- BeKropHall (- vectorielle) 48, 
- rrpoeKTHBHan (- projective) 

124 
f1pllMb1e neprreH)l.HKYJillpHbie, 

( droites perpendiculaires) 232 

Pa3MepBOCTb rrpocrpaHCTBa acjJ­
cpHHHoro (dimension d 'un es­
p ace affine 86 

- - BeKTOpttoro (- - - vec­
toriel) 124 

- - npoeKTHBHOro 
(- - - projectif) 213 

Pattr JIHHeitHoro oro6paIB.eHHJl: 
(rang d'une application linea-­

ire) 60 
P accrmrnue rnnep6oJinqecKoe, 

(distance hyperbolique) 266 
Perrep acjJcpnHHbiii (repere affi­

ne) 95 
- rrpoeKTHBHblH (- projectif) 

284 

CBoiicrBO sepxtteii rpaHH (pro­
priete de la borne superieure) 
28 

CABHr JieBhiii (translation gau­
che) 82 

- rrpaBblii (- droite) 82 
CeMeiicrno 3asttcnMoe (famille 

Iiee) 47 
- 06pa3y10IUHX (-genera trice) 

47 
- CB060)l.HOe (- libre) 47 
CttMMerpHJJ acpcjJHHHan (symet­

rie affine) 104 
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- seKTOpHaH (- vectorielle) 
275 

- oceBaH (- axiale) 226 
- n;eHTpaJihHaH (- centrale) 

104, 236 
CKaJIHp ( scalaire) 46 
CKaJrnpHoe rrpoH3Be.11.em1e (pro­

duit scalaire) 79 
CooTHomeHHe JlI aAR (relation 

de Cl:iasles) 85 
Crrap1rnaHHe (couplage) 64 
'CTa6HJIH3aTop (stabilisateur) 82 

TeJio KBaTeprrnoHos (corps des 
quaternions) 42 

- KOMMyTaTRBHOe (- commu­
tatif) 41 

- HeKOMMyTaTHBHQe (- non 
commutatif) 41 

- rrpOTHBOllOJIOlKHOe (- oppo­
se) 41 

- yllopn.11.oqeHHoe (- ordonne) 
272 

TeopeMa EpuaHmoHa (theoreme 
de Brianchon) 299 

-:- Beaoep6epHa (- - Wedder­
burn) 45 

- I'ecceH6epea (- - Hessen-
berg) 200 

- ll.eaapza (- - Desargues) 
157 

- Jlea1eanopa- CaKKepu 
(- - Legendre-Saccheri) 
259 

- MeHeAaR (- - Menelaus) 
155 

- o 3aMeHe (- d'echange) 48 
- o pa3MepHocT11 (-de dimen-

sion) 50 
- llanna (- - Pappus) 161 
- llactWAfl (- - Pascal) 299 
- cf>aJteca (- - Thales) 105 
- - MaJiaH (petit - - -) 187 
- - CHJibHaH (theoreme de 

Thales fort) 206 
- Jllrnyorn (- - Von Staudt) 

288 

- l/eBbt (- - Ceva) 155 
ToqKa B3BemeHHaH (point pon­

dere) 92 
TpaHcseKIJ;HH (transvection) 277 
TpaHcJIHIJ;HH (transl a ti on) 85, 

177 

YroJI (angle) 237 

ll>opMa 6HJIHHeiiHaH (forme bi­
lilleaire) 71 

- - HeBb!pOJK)l.eHHa51 
(- - non degeneree) 71 

- - TpaHCllOH!!pOBaHHaH 
(- - transposee) 71 

- JIHHeifHaH (- lineaire) 59 
- llOJIYJIHHeifHa51 (- semi-linea-

ire) 63 
ll>opMhl rre3asncl!Mb1e (formes in­

dependentes) 68 
ll>opMyJia Jlaeeppa (formule de 

Laguerre) 291 
<l>yHKIJ;l!ll JI eu6HUt{a ( fonctions 

de Leibnitz) 106 

XapaKTep11cTl!Ka llJIOCKOCTH 
TparrcJIHUHif ( caracteristique 
d'un plan de translation) 189 

- rroJIH (TeJia) (- d'un corps) 
36 

U.eHTp TeJia (centre d'un corps) 
41 

qeTh!pexyroJihHHK CaKKep11 ( qu­
adrangle de Saccheri) 256 

3KB116aplllleHTp ( equibaricentre) 
93 

9KBHllOJIJieHTHOCTb (equipollen-
ce) 183 

9Jiaum1 (elation) 131 
9H.ll.OMop<j)H3M ( endomorphisme) 

54 

Sl,11_po llOJIYJillHeHHOrO OT06paJKe­
HllH (noyau d'une application 
semi-lineaire) 55 
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