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Ilpe):UICJIOBHe 

B HaCTOHIUee BpeMJI HMeeTCJI MHOrO npe1q>aCHbIX KHHr, OOCBHIUeHHbIX 

coepeMeHHOH .ump<l>epem.1,Ha.n:bHOH reoMeTPHH. Oco6eHHO MhI peKoMeH,!J.y

eM KHHry «CoepeMeHHM reoMeTPHH. MeTO.UhI H npHJIO)l(eHHJI» (M.: URSS, 
2000-2001) E. A. )]y6pOBHHa, c. n. HoBHKOBa HA. T. <l>oMeHKO H cepmo 

KHHr M. M. IlocTHHKOBa «lleKIJ,HH no reoMeTPHH». He3aMeHHMOH ocTaeT

cJI KHHra n. K. ParneBCKOro «PHMaHOBa reoMeTPHJI H TeH3opHblH aHa.JIH3» 

(M.: URSS, 2010). 
Ilpe.un:araeMM KHHra COOTBeTCTByeT OOJiyro.uoeoMy eypcy, KOTOPbIH 

aBTOp tIHTa.JI B MOCKOBCKOM <l>H3HKO-TeXHHtieCKOM HHCTHTYTe, H CTaBHT 

CBOeH l.l,eJibIO Ha He60JibllIOM tIHCJie CTPaHHIJ, H3Jl0)1(HTb CaMbie OCHOBHhie 

pe3yJihTaThI TeH30pHoro aHa.n:n3a H pHMaHoeoit reoMeTPHH. Ilpe.unonara-

.. eTCH, .tITO tIHTaTeJlb 3HaKOM c OCHOBHblMH OOHJITHHMH MaTeMaTHtieCKOro 

aHa.JIH3a, JIHHeHHOH a.n:re6pbl H TeopHH 06hIKHOBeHHblX .un<P<l>epeHIJ,Ha.Jib

HbIX ypaBHeHHH. Ilpn H3JIO)l(eHHH M~Tepna.n:a Mbl no.uqepKH-BaeM ero CBJ13b 

c COOTBeTCTBYJOIUHMH pa3.ueJiaMH 06IUHX MareMaTHtieCKHX KYPCOB H CTa

paeMCJI H36eraTb HOBbIX TepMHHOB, He BXO.uJIIUHX B 3TH KYPChl. 

11cnoJib30BaHHe TeH30pHoro HCtIHCJieHHJI .uaeT B03MO)l(HOCTb .UOKa3bl

BaTb MHorne yTBep)l{,!J.eHHJI npHMhIMH BhIKJia,UKaMH. MbI qacTo onycKaeM 

3TH BblKJia,UKH, 3aMeHJIJI HX OOHCHeHHJIMH THna «JierKO npoeepHTb, tITO». 

qHTaTeJIIO peKOMeH,!J.yeTCH caMOCTOJITeJihHO npoeeCTH ace no.uo6Hbie .uo

Ka3aTeJibCTBa: 3TO 6y.ueT XOPOIIIHM ynpa)l(HeHHeM H KOHTPOJieM yceoeHHJI 

Marepua.n:a. 

113JlaraeMblH MaTepna.n: crpynnnpoeaH TaK, tIT06hI tI~TaTeJih, 3aeep

IIIHB oqepe.UHYJO maey, MOr OCTaHOBHTbCJI H BePHYTbCJI K KHHre 003,UHee. 

Ilpoqrn rnaey nepBYJO, tIHTaTeJib noJiyqHT .U.OCTaTOtfHO OOJIHOe npe.u.cTaB

JieHHe 0 TeH30PHOH a.n:re6pe B eemecTBeHHOM npOCTPaHCTBe. fJiaBa BTOpaH, 

onupaIOIUMCJI Ha rnaey nepBYJO, co.uep)l(HT cee.u.eHHJI 06 OCHOBHbIX KOH

CTPYKIJ,HHX TeH30pHoro aHa.JIH3a, HCOOJlb3yeMoro, KaK H3BeCTHO, B paJJIHtI

HbIX HayqHhIX o6nacrnx. HeK0Topb1e .uoKa3aTeJibCTBa B 3TOH rnaee aeTOp, 
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TOP, crpeMHCb K npoCTOTe H KpaTKOCTH, npHBeJI, He HCOOJib3YH npHHHTbIH 

ypOBeHb CTJ>OfOCTH, a onupaHCb TOJibKO Ha reoMerpuqecicylO HarJUU(HOCTb. 

fJiaBa rpeTbH co.n.ep)l{HT HeKOTOpble OCHOBHbie pe3yJibTaTbl TeOPHH PHMaHO

BbIX npocrpaHCTB; B Heu HCOOJib3yeTCH annapaT, Pa3BHTbIH B rJiaBax nepBOH 

H BTopou; oT6op He6oJibIIIoro H3JlaraeMoro MaTepHaJia H3 6oraTon TeopHH 

qacTuqHo OTJ>a)l(aeT BKyCbI aBTopa. HeKOTOpbie <t>aKTbI, CBH3bIBaJOw;He .D.JIH 

pHMaHOBbIX npocrpaHCTB reoMerpmo «B MaJIOM» u reoMerpmo «B ueJIOM», 

BbIHeCeHbl B ,llonOJIHeHHe, KOTOpoe HaOHCaHO cxeMaTHqHo c .D.OKa3aTeJib

CTBOM TOJibKO qacTH yTBep)l(JleHHH. 

ABrop 6Jiaro.n.apeH A. A. ACJiaHHH, A. JI. ,[{bIIIIKO H JI. <I>. IOxHo 3a 06-

cy)l(JleHHe TeKCTa H noMOID;b npu ero no.n.roTOBKe K neqaTH, a TaKXe 

,ll. B. BeKJieMHIIIeBy H M. M. IlocTHHKOBY 3a Ba)l{Hbie 3aMeqaHHH. 

ABrop 6naro.n.apeH pa6oTHHKaM H3.D.aTeJibCTBa URSS 3a BHHMaHue npu 

H3)J,aHHH 3TOH KHHrH. 

TpeTbe H3.llaHHe KHHrH OTJIHqaeTCH OT BTOporo yroqHeHHeM HeKOTO

pbIX <t>opMyJIHPOBOK H HcnpaBJieHHeM 3aMeqeHHbIX oneqaTOK. 



DraBa 1 

TEH30PHAH AJifEBPA 

§ 1. Teu3opL1 e JJHHCHHOM npocTpaHcTee 

1. Onpe.ueJieHHe Teeaopa. 3alt>HKCHpyeM npe.unoJio)l{eHIDI H o6oJHa
qeHH.sr, o6ruHe .llJl.sl Bcero .llaJibHetiwero H3JIO)KCHHH. 

Bee BCJIHqHHbI, Koropb1e MbI 6y.ueM ynorpe6JI.srTb, BeruecrBeHHbI. 
IlycTb Rn - n-Mepttoe JIHHeitttoe npocrpaHCTBO. Ilycrb e - Ka

Koii:-JIH6o 6a3HC Rn' COCTaBJJCHHbIA H3 BeKTOpOB e1' .. ., en. Ilycrb e' -
raKXe KaKoti-JIH6o 6a3HC Rn, cocraBJieHHbiti H3 BeKTopoB e11, ... , e,.1. 
HaM 6y.uer y.uo6Ho Bhl.llCJI.slTL 6a3HC MHO)l{CCTBOM HH.lleKcoB 6aJHCHbIX BeK
ropoB (1, 2, ... , n - JJ,JI.sr o.uttoro 6aJHca; 11

, 21
, ••• , n' - JJ,JIH .upyroro; 

-- I 1, 2, ... , n - ,llJl.sl tpeTbCfO HT. ,n..). IlyCTb e He CB.sl38HbI lt>OpMyJiaMH 

eil = L: ~1e;, e; = L: ~I e;1, (1.1) 
i' 

qHcJia ~. H Af (i = 1, ... , n; i' = 11
, ••• , n') y,n.oBJieTBopHIOT, oqeBH.n.HO, 

COOTHOWCHIDIM 

i' 

3.n.ecb op - CHMBOJI KpoHeKepa: 

~={~ npH Q = /3, 
npH Q =/= {3. 

(1.2) 

Onpe.n.eJieHHe. TeHJOPOM B Rn HaJbIBaerc.sr o6DeKT s, onpe,n.eJI.s1-
eMbIA B Kax<llOM 6a3HCe e Ha6opoM qHceJI 
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TaK, qTO rrpH rrepexo.ne or 6a:mca e K 6a3Hcy e' (cM. (l.1)) 3TH qHCJia 

rrpeo6pa.3YJOTCSI ITO <PopMyJie 
I 

i~ ... ~ - I: ~1 Aii~Ai• AJq i1 ... i,. 8,# ,IJ - ••••• 4 ••• .118· .• 
Ji"'Jq I p Ji Jq 31· 00Jq 

(1.3) 
i., .... ip 

j., ... Jq 

3TH 'IHCJia H8.3bIBalOTCH KoopOUHOmaMU reH30pa 8 B 3a,1l8.HHOM 6a-

3Hce; OHH o603Ha'leHbl reM JKe CHMBOJIOM 8 c HH.n;eKcaMH, me KIDK.llblii 

HH.n;eKc rrpo6eraer MHOJKecrso Hu.n;eKcoB 68.3HCHbrX BeKTopoB. HeKoTopbre 

HH.n;eKCbl HaITHC8.Hbl crrpaBa BBepxy OT 8, OHH H8.3bIBaIOTCH KOHmpaeapu
aHmHblMU HH.n;eKCaMH, HeKOTOPbie - crrpaBa BHH3Y OT 8 - KOBapuaHmHble 
HH.n;eKCbI. Ila.pa (p, q) orrpe,11,eJIS1eT mun reu3opa; 'IHCJIO p ua3bIBaercS1 KOH
mpaeapuaHmHou eOAeHmHoCmblO reH3opa 8, p ~ O; q - Koeapua1tm1tou 
BOAeHmHocmbJO 8, q ~ 0; p + q - noAHOU BOAeHmHocmblO 8, p + q ~ 0. · 

Hapw c Bbipa.JKeHHeM «8~:·.: t - Koop.n;HHaTbI reu3opa» ,11,orrycKaeTCH 

Bbipa.JKeHHe «8,i ..... "'," - reH30p»; 6y.n;eM ITHCaTb TaKJKe 8: 8,i ..... "'," • 
.... q .... q 

HcrrOJJb30BaHHe CJIOB «KOBapHaHTHblii» (rrpeo6p8.3YJOIUHHCH COOTBCT

CTBeHHO) H «KOHTpaBapHa.HTHblH» ( rrpeo6p8.3YJOIUHHCH rrpOTHBOITOJIOJKHO) 

CBH38.HO co CJie,11,YJOIUHM o6cTOHreJibCTBOM. B ¢>opMyJie (1.3), Bblpa.JKa.IOmeit 

KOOP.llHHaTbl reH30pa B 68.3HCe e' qepe3 KOOp,11,HHaTbI reH3opa B 6a3HCe e, 
.n;JISI Ka.JK,11,0fO KOBapHaHTHOro HH.n;eKca CTOSIT K03<t><l>HUHeHTbl A~ - re JKe, 

'ITO B ¢>opMyne, Bbipa.JKa.10meit BeKTOpbI e' ttepe3 BeKTOpbI e, a ,11,JJSl Ka.JK,11,0ro 

KompaBapHaHTHOro HH.n;eKca CTOSIT K03<l><l>HUHCHTbl Af - re, c ITOMOIUbIO 

KOTOpbIX BeKTOpbI e Bblpa.JKaIOTCSI qepe3 BeKTO~bI e'. Y,11,aquocTb TepMHHa 

«Ba.JleHTHOCTb» BblSICHHTCH IT03JKe. 

Orrpe,11,eJieHHe. )lea TeH3opa B Rn paBHbI, ecJIH OHH HMeIOT 0.11.HH 

H TOT JKe THIT H B Ka.JK,11,0M 6a3HCe HX COOTBeTCTBYfOIUHe KOOP.llHH8.Tbl paBHbl. 

Cp8.3y JKe OTMeTHM, qTo eCJIH 38.,11,8.H THIT TeH30pa H 38.,11,aHbl ero KO

op.n;HH8.Tbl B KaKOM-JJH6o 0.l{HOM 68.3HCe, TO reM CaMblM f)f(e ITOJIHOCTblO 

orrpe.n;eJJeHbl KOOP.llHH8.Tbl 3TOfO TeH3opa B JJI060M .n;pyroM 68.3HCe. 3To 

cBoiicrno CJie,11,yeT Henocpe.ncTBeHHO H3 orrpe.n;eJieHHSI reH3opa. B qacTHO

CTH, eCJIH see KOOP.llHH8.Tbl reu3opa B K8.KOM-JIH6o 68.3HCe HYJIH, TO OHH 

HYJIH B JIIOOOM 6a.3HCe (TaKHe TeH30Pbl H8.3bl88.IOTCH nyJieBblMH). 

OTMeTHM TaKJKe, 'ITO eCJIH 38.<f>HKCHposa.Tb THn re»3opa H abl6pa.Tb 

B Rn Ka.Koii-JIH6o 68.3Hc, TO .n;JIH nocrpoeHHH reu3opa MOJKHO B Ka'leCTBe 
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3HaqenHi:t ero KOOP.U.HHaT B 3TOM 6a3HCe B3JITb JII06bie qffCJia. ,lJ,ei:tCTBH

TeJibHO, HCOOJib3YSl 3TH qHcJia, onpe.u.eJIHM B KIDK.llOM 6a3HCe Ha6op qffcen 

c OOMOW,bIO <t>opMyJibl (1.3). 3aMeqaTeJibHO, qTQ TaK nonyqeHHbie qffc

Jia npeo6pa3yIOTCJI no <t>opMyJie (1.3) npH nepexo.u.e OT JII06oro 6a3Hca 

K JII06oMy, a He TOJlbKO npH nepexo.u.e OT naqanbHO BbI6paHHOf0 6a3HCa 

K JII060My (.U.OKIDKHTe!). TeM caMbIM, OHH .u.ei:tcTBHTeJibHO JIBJIJIIOTCJI KOOp

,ll.HHaTaMH TeH3opa B COOTBeTCTByIOlIJ,HX 6a3Hcax. 

fipHMepbI. 
1. s He HMeeT HH,D;eKCOB. 06'beKT onpe}J.eJIHCTCH 0)1.HHM 'lHCJIOM, npH nepeXO}J.e 

K HOBOMY 6a3HCY 3TO 'lHCJIO He MeHHCTCJI. TaKOit TeH30p Ha3bIBaeTCJI CKaJIHPOM 
(mm HH.BapHaHTOM). 

. . . I 
2. x'. 06'beKT B 6a3Hce e1, ••• , en onpe.neJIHetCH n KOOP.llHHaT!lMH x , ... , xn. 

flpH nepexo.ne K HOBOMY 6a3HCY 3TH KOOP.llHHaTbI H3MeHHIOTCJI no <l>oPMYJie 

x•' = LAfxi. 

TaKoA TCH30P Ha3bIBaeTCJI BeKTopoM. Ha3BaHHe BbI3BaHO TeM, 'ITO TeH3opy MO:JKeT 
6bITb conocTaBJieH 3JieMeHT H3 Rn (seKTop), o6o3Ha'lHM ero x, onpe.nenHeMbiit 
paBeHCTBOM 

(1.4) 

Jlerxo npoBepHTb, HCnOJib3YH cl>opMyJibl (1.1)-(1.4), 'ITO 3JieMeHT x, onpe.nenHe
MbIA paseHCTBOM (1.4), He 3aBHCHT OT Bb16opa 6a3uca. 06paTHO, CCJIH ,lJ,1IH npo
H3BOJibH9ro BCKTopa x H3 Rn onpe.nennTb B Ka:JK.llOM 6a3Hce e1, ••• , en xoop,llH
HaTbI x1

' ••• 'xn cl>opMynoA (1.4), TO 3TH 'lHCJia npeo6pa3YJOTCJI. no TeH30pHOMy 
3aKoay. 

3. fi. 06'beKT onpe.neJIHeTCH n xoop.nnaaTaMH /1, ••• , f n, KOTOpbie npu ne
pexo.ne K HOBOMY 6a3ucy H3MeHHIOTCJI no cl>OPMYJIC 

A·= L4k 
i 

Taxoit TCH3op Ha3bIBaeTCH nnHeitaoit cpopMott Ha3Baaue BbI3BaHo TeM, 'ITO TaKoMy 
TeH30PY MOXeT 6bITb conocTaBJieHa JIHHeiiHaH cl>opMa B Rn' 0003Ha'lHM ee /, 
onpe.nenHeMaH cl>oPMYJIOii 

(1.5) 

Jlerxo npoBepHTb, ucnOJib3YH cl>oPMYJibl (1.1)-(1.5), 'ITO 3Ha'leHne /(x) He 3aBHCHJ' 
OT BbI6opa 6a3uca B Rn. 06paTHo, CCJIH ,lJ,1IH npoH3BOJibHOii nuaeitaoii cPopMbI 
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l(x), x E It', onpe.nenHTb B KIDK.D:OM 6a3Mce ei. ... , en KOOP.!lHHaTbl Ii. ... , In 
<l>oPMYJIOit 

1. = /(e.), 
To /1, ••• , fn npeo6pa:3YJOTCRnoreH30pHOMY3aKOHYHHMeeTMeCTO(l.5). TeH30p /, 

HaJblBaJOT TalOKC IC08apuanmHblM 8eKmopOM (HJIH /C08e/CmOpOM) B OTJIH'IHe OT BCKTOpa 

(HJIH KOmpaBapHaHTHOfO BCKTopa) x'. 
' 2 I 4. Mj. 061.eKT onpe.nenHeTCR n KOOP.D.HHaTaMH M1, ••• , M;:. IlpH nepexo.ne 

x HOBOMY 6a3HCY 3TH KOOp,!lHHaTbl H3MCIDUOTCR no c)>opMyJie 

U: = L Af A~At;. 
i,j 

fuoMY TeH3opy MO.lKHO flOCTaBHTb B COOTBCTCTBHC JIHHeiiHoe npeo6pa:30BaHHe 

y = Mx B Rn, onpe.neJIHeMoe cPOPMYJIOii 

(1.6) 

JlerKO npouepHTb, HCnOJib3YR (1.1)-(1.4), (1.6), 'ITO BCKTOP y, onpe.nenRCMblii 

paBCHCTBOM (1.6), He 3aBHCHT OT Bbl6opa 6a:3HCa. 06paTHO, lJ,JIJl npoHJBOJlbHO

ro JIHHeiiHoro npeo6paJouamu1 B Rn 3JleMeHTbl MaTPHUbl, OTBC'IaJOllleii 3TOMY 

npeo6paJOBaHHIO B 33JJ.8HHOM 6a3HCe (cM. (1.6)), o6p83YJOT TeHJOP paccMaTpHBae

MOfO THna. 

5. h.;. OObeKT onpe.neJIHCTCR n2 
KOOP.!lHHaTaMH hu, ... ' hnn' npeo6pa3YJO

lllHMHCR no <l>opMyJie 

i,j 

fuoMY TeH30py MO.lKHO nOCTaBHTb B COOTBCTCTBHe 6HJIHHe:itHYJO c)>opMy B It', 
onpe.!leJIRCMYJO <l><>PMYJIOit 

h(x; y) = L h,;x'1/. (1.7) 
i,j 

JlerKO npoBepHTb, HCnOJib3YR (1.1)-(1.4), (1.7), 'ITO 3Ha'IeHHe h(x; y) He JaBHCHT 

OT Bb16opa 6a3Hca. 06paTHo, ecmt lJ,JIJl npoH3BOJibHOI\ 6HJIHHeitHOii c)>opMbl h(x; y)' 
x H y H3 Rn' onpeii;enHTb B KIDK.D:OM 6a:3HCe e1' ••• ' en XOOP.D.HH8Thl ht; c)>opMyJioii 

ht; = h(e.; e;), 

TO h.; npeo6pa3)'10TCR no TCH30pHOMY 3aKOHY H HMeeT MeCTO (1.7). 

6. 6}. 0KaJblBaeTCR, CHMBOJI KpoHeKepa - TeHJop (npouepbTe!). Ero THn 

TOT xe, 'ITO H JIHHeiiHOfO npeo6paJOBaHHR (CM. npHMep 4); o; orueqaer e.!l}fHH'IHOMY 

JIHHeiiHOMY npeo6paJOBaHHIO. 
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2. Co.rJiameuae 06 0603ua'leuaax. <l>opMyJibI TeH3opuoit anre6pbI cra

HOBHTCH 6oJiee o6o3pHMbIMH, eCJIH npH,llep:}fGfBaTbCH CJie.llYJOUlHX npaBHJI. 

• KoopmrnaTHM CHCTeMa B Rn Bbl.llCJIHeTCH MHO:>KCCTBOM HH.llCKCOB 

6a3HCHblX BeKTOpOB (Mbl yxe HCilOJib30BaJIH 3TOT npHeM). 

• ECJIH KaKoH-JIH6o o6beKT Ja.n:aeTCH qHCJiaMH, 3aBHCHlllHMH OT Bb16opa 

6a3Hca B Rn (HJIH uecKOJibKHX 6a3Hcoe), TO 3TH qffcJia o6o3uaqarorcH 

CHMBOJIOM, 0603uaqaromHM caM o6beKT (KopeHHOH CHMBOJI), c KaKOH

JIH6o noMCTKOH, OTMeqaromeit 3aBHCHMOCTb 3THX t{HCCJI OT Bbl6opa 

6a3HCOB (npHMepbI: KOOP.llHHaTbITCH30pa s~~::t; BCJIH'IHHbl ~. H ~·' 
CBH3hIBaIOlllHC .n:ea 6a3HCa). 

• ECJIH KaKHe-nH6o eeJIHt{HHbI noMe':laIOTCH HH.lleKcaMH, TO cJie.n:yeT 

BbI6HpaTb y,uaquoe MCCTO .llJlH pac110JIO:>KCHHH HH,llCKCOB (npHMCpbI: 

KOBapHaHTHble H KOurpaeapHaHTHbIC HH,llCKCbl KOOP.llHHaT TeH30pa, 
• ·I Ai· H Ai 'ei), HMeH B BH.llY, B oco6eHHOCTH, HH:>KCCJIC.llYJOlllCC npaBHJIO. 

• ECJIH 110 KaKoMy-JIH6o HH.lleKcy, exo.n:HllleMy B BbipaxeuHe O.llHH pa3 

B crpoKe KOBapHaHTHblX HH,lleKCOB H O,llHH Pa3 B crpoKe KOHTpasa

pHaHTHblX HH,lleKcoe, npoBO.llHTCH noJIHoe CYMMHposauHe (T. e. cyM

MHpoeauHe 110 BCeMy MHO:>KeCTBY HH,lleKCOB 6a3HCHblX BeKTOpoe), TO 

3HaK cyMMHpoeaHHH onycKaeTCH. 

11 pH Me p bl. PaHee HCilOJib30BaHHblC cPOPMYJibl ( 1.1)-(1. 7) B COOTBCTCTBHH 

c BBe.neHHbIMH npaBHJiaMH cnenyer IlHCaTb rax:: 

~.A; = ~. ~.A{ = 6f;. 
./ ·I ·I ·I . • .. 1l"''P - .11•1 A~P AJI AJq 11···1p 

Sf. ... J~ - ...,I • • • •-ip f. • • • J/iJ ... jq• 

x=x'e,. 

f(x) = f;x'. 

y' = Mjxi. 
h(x; y) = h;;x'v. 

(1.1') 

(1.2') 

(1.3') 

(1.4') 

(1.5') 

(1.6') 

(1.7') 

CJie.n:yeT no.n:qepKHyrb, ':ITO npH 3anHCH Bbipa:>KCHHH TeH30pHoit anre6-

pb1 nepe':IHCJICHHble npaBHJia npHMeHHIOTCH He TOJibKO K KOOP.llHHaTaM TeH-

30POB, CM., ua11pHMep, cl>opMyJibl (1.1')-(1.4'). KcraTH, ua6op 6a3HCHbIX 

BeKTOPOB no 3allHCH auanorWieH Ha6opy KOOP.llHHaT JIHHCHHOH <t>opMbI; 

HCHO, t{TO 3TO coeepIIICHHO paJJIHt{Hble OObeKTbl; CXO.llCTBO o6o3uaqeHHH 

cooTBeTcTeyeT cxo.n:cTBY <l>oPMYJI ei' = ~.e; H Ii' = ~'Ii. 
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MecTa crrpasa BBepxy H copasa BHH3Y OT KOpeHHOro CHMBOJia pe3e

PBHpyIOTCSI 06blqHo )J)ISI HHJ(eKCOB, opo6eraIOIUHX MHO)l(eCTBO HHJ(eKCOB 

6a3HCHblX aeKTOpOB. Bee ,npyme HHJ(eKCbl (HaOpHMep, HOMepa 061.eK

TOB) peKOMeHJ(yeTCH CTaBHTb B KaKOM-JIH6o .npyroM Mecre. TaK, eCJIH Mbl 

HMeeM m TeH30POB, TO HX MO)l(HO 0003HaqHTb, HaOpHMep, s, ... ' 8 HJIH 
I m I m 
s, ... ' 8; 0003HaqeHHe BJ, ••• ' Sm He)l(eJiaTeJibHO. 

3. AJtre6paH.11ecue onep8.IOIH u~ TeH3opaMH. ,[(asaeMbie 3,11.ech oope

.n:eneHHSI ooepau,HA Ha.n. TeH30paMH HCOOJib3yIOT KOOp,llHHaTHyIO CHCTeMy. 

B pe3yJibrare KIDK.llOA raKoA ooepaU.HH .nM JII06oro 6a3Hca Rn B03HHKaeT 

ua6op qHceJI. 0Ka3blBaeTCH, 3TH iiHCJia opH oepexo.n:e OT o.nHoro 6a3Hca 

K .n:pyroMy opeo6pa3yIOTCSI B COOTBeTCTBHH c <l><>PMYJIOit (1.3') (HeCJIO)l(

HOe ,llOKa3aTeJibCTBO 3TOro Ba)l(HOro <t>aKTCt Mbl .nosepHeM qffraTeJIJo). Ta

KHM o6pa30M, pe3yJibTClT 3THX ooepaU,HA Ha,n, TeH3opaMH - TClK)l(e TeH30p. 

Onpe.neneHHSI .naeM, ynoTpe6JIHH .nM npocTOTbl TeH30pbl KaKoro-JIH6o He

CJIO)l(Horo THoa. 

YMnoxenue na 11uCJ10. IlycTh s: s~k - TeH3op, a - qHCJIO. 

Oope.n:eneHHe. t =as, eCJIH t~k = as~k· 
TeH30p t HMeeT TOT )Ke THO, f{T() H 8. 

Clloxenue. IlyCTu s H t .nsa O.llHOTHOHbIX TeH3opa: s: st, t: tt. 

0 t 
ij ij tij 

ope.neneHHe. u = s + , eCJIH uk = sk + k. 
TeH3op 'U HMeeT TOT )Ke THO, qTO H TeH30Pbl 8 H t. 

Bse.neHHe ooepau,HH CJIO)l(eHHSI O.llHOTHOHbIX TeH30poB B Rn H YMHO

)l(eHHSI TeH30POB Ha qffCJIO opeapamaeT COBOKynHOCTb Tett30POB ,ll3HHOro 

THna (p, q) B JIHHeAHoe rrpocrpaHCTBo; 3TH ooepau,HH, KaK JierKo opose

PHTb, o6Jia,n,aIOT BCeMH Tpe6yeMbIMH .nM 3TOro CBOACTBaMH; Pa3MepHOCTb 

3TOro opocrpaHcTBa paBHa np+q (.llOKa)l(HTe!). 
hi"k 

llepecmaHOBKQ UHOeKCOB. IlycTb s: Bz 3 - TeH30p. 06pa3yeM, HaopH-

Mep t . thijk - kjhi 
• • l - Bz • 

0 0 p e .Zl e JI e H He. Ooepau,HSI, c OOMOIUbIO KOTopoA TeH30p t IlOJIY

qeH H3 8' Ha3blBaeTCH oepeCTClHOBKOA HHJ(eKCOB. 

TeH3op t HMeeT TOT )Ke THn, qTO H s. 

IlepecTilBJUITb MO)l(HO TOJibKO O,llHOTHilHble HHJ(eKCbl (KosapHaHTHble 

HJIH KOHtpaBapHaHTHble ). 
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OnepauIDI nepecraHOBKH HH.lleKcoe BMecre c onepauIDIMH CJIO)f(eHHR 
" yMHO)f(eHIDI Ha qHCJIO .n.aer B03MO)f(HOCTb npoeecrn onpe.n.eneHHYJO CHM
Merpu3aQHIO no HH.lleKcaM. MHo)f(ecmo CHMMerpn3aUHit (e o6meM CMbICJie 
3TOI'O CJIOBa) oqeHb o6wnpHO. PaCCMOTpHM .II.Ba OCHOBHbIX CHMMerpn3aropa. 

CUMMempupoeanue (e Y3KOM CMhICJie 3Toro cnoea) no rpynne o.n.Ho

THnHbIX HH.lleKcoe. Ilycrb. 38,llaH TeH3op s : s~1 •• • ;, • Bhl)leJinM, HanpnMep, 
HH,lleKChl j 1, ... ,jr, r ~ q. 06pa3yeM TeH30p 

. 1 2: . t'· ' - - s'k L ' ' JJ .. ·Jq - I 1 ... ..,.Jr+l···Jq' r. 
(k1,. . .,k,.) 

r.n.e Ha6opbI (ki. ... 'kr) - BCeB03MO)f(Hble nepecraHOBKH ji, ... 'ir· 
0603HaqeHne: t~1 ... ;, = su1 ... ir)Jr+i· .. ;, · 

Allbmepnupoeanue. B rex )Ke o6o3HaqeHHRX eee.n.eM reH30P 

i 1 "'"' . ( k1' ... ' kr) i 
Uj1 ... J, = I L..J sign . . Bk1 ... k,.Jr+1-··iq• 

r. (k L) J1, · · · ' Jr ., ... ,""' 
. (k1, ... 'kr) r.n.e sign . . - 3HaK nepecraHOBKH, r. e. + 1 .z:vrn qeTHoit nepe-

J1i ... ,Jr 
CraHOBKH " -1 .II.JIR HeqerHoit. 

06o3HaqeHne: ui· · = s'u· · · I · · . J1 .. •Jq !• .. Jr Jr+!•• •:Jq 

Bij + Sji S;j - Bji 
flpHMCpbl. B(ij) = 

2 
, B[ij) = 

2 

TeH30p Ha3bIBaercR cUMMempuitHblM no rpynne HH.lleKcoe, ecnu npu 
rrepecraHOBKe .n.eyx HH.lleKcoe 3TOit rpynrrhI OH He Me~ercH. TeH3op Ha3hI
eaercH anmuCUMMempuitHblM no rpynrre uH,lleKcoe, eCJin npu rrepecraHoBKe 
.UByx HH,lleKCOB 3TOit rpynllhl OH MeHHeT 3HaK. 

CoBOKYITHOCTh teH3opoe .n.aHHoro rurra c 38,llaHHhIMH yCJIOBIDIMH cHM
Merpnn o6pa3yer JIHHeitHoe npocrpaHcreo - rro.n.rrpocrpaHCTBO B npo
crpaHcTBe ecex TeH3opoe paccMarpueaeMoro rurra. 

n pH Me p. CoBOK}'IIHOCTb CHMMCTPH'IHblX 6HJIHHeiiHblX <l>opM B Rn(s : s,;, 
s;; = sfi) npe.D;CTaBm1eT co6oii n(n + 1)/2-MepHoe nHHeiiHoe npoc'fPaHcTBo; co
BOK}'IIHOCTh aHTHCHMMC'fPH'IHblX 6HJIHHCi1HblX <l>opM (s: 8;;. 8;; = -s;;) HBJUleTCH 
n(n - 1)/2-MepHbIM JIHHCAHbIM npOC'fPaHCTBOM. 

Ilo.n.qepKHeM, qro CHMMerpHpOBaHHe H aJibTepHHpoeaHne MO)f(HO 
npoBO.II.HTb TOJibKO no O.II.HOTHnHbIM HH,lleKCaM. 
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. k 
YMHOJK:eHue. IlyCTh s: sj H · t : tzm - TeH30pb1. 

ik i k 
OnpeJleJiettue. u = s ® t, eCJIH U;zm = s;t1m· 

ECJIH s HMeeT THn (p, q)' a t - THn (ji, q)' TO TeH30P u HMeeT THn 

(p+p,q+q). 
Onepaum1 yMttoxettm1 TeH3opoe o6JIR.llaeT cJie.llYJOLUHMH JierKo npo-

eepneMbIMH CBOi%CTBRMH ( s, ·t, z - KRKHe-TO TeH30PbI): 

• t ®,s IlOJiytlRIOTCH H3 s ® t nepeCTRHOBKOi% HH.lleKCOB; 

• (s ® t) ® z = s ® (t ® z); 

• eCJin s u t - TeH30pbI O.llHOro THna, a a n f3 - quCJia, TO (as+ /3t) ® 
®z = a(s ® z) + /3(t ® z) n z ®(as+ /3t) = a(z ® s) + f3(z ® t). 

CBepmKa. IlycTb s: s~k - TeH3op. 06paJyeM, ttanpuMep, t: tk = s~k· 

Onpe.lleJiettue. IloJIHoe CYMMHpoeattue no HH.lleKcy, BXO.ll»II.leMy 

O.llHH PR3 B CTpOKY KOBRPHRHTHbIX HH.lleKCOB H 0.llHH pa3 B CTpOKY KOHTpa

BRPHRHTHblX HH.lleKCOB, HR3bIBReTCH CBepTKOi%. 

ECJIH s HMeeT THn (p, q)' TO noCJie CBepTKH no KaKOMy-;rn6o 0.llHOMY 

HH.lleKcy noJiyqaeTCH TeH30P THIIR (p - 1, q - 1). 
Onepaum1 csepTKH .lleJiaer noHHTHhIM HCIIOJib30Battue CJioea «BaJieHT

HOCTh» .llJI» YKR3RHH» qucJia eepXHHX u HH)KHHX HH.lleKcoe. 

Eme pa3 o6paTHMC» K npuMepaM n. 1. 
1. kri .llReT HHBapuaHT. ,[l,ei%CTBHTeJihHO, B03hMeM reH3opb1 f : /i 

H x: xi' o6pa3yeM z = f ® x: z{ = fixi; HCilOJib3YH onepaUHIO ceepTKH, 
i I i 

IlOJlytlHM W = Zi = JiX. 
. . . k 

2. Mji' .llaeT eeKTOp. Bo3bMeM TeH3opbI M: Mj u x: x , o6paJy-

eM z = M ® x: z~k = Mjxk; ucnoJib3Y» orrepauu10 ceepTKH, IIOJiyqHM 
i ij 11L'i y = Z; = .IVlfC'. 

3. hijXiyi .llReT HHBapHRHT (.llOKR)KHTe caMu!). 

HMeeT MecTO CJieJlYIOII.la» 3aMeqareJibHa» 

Teo p e Ma. llycmb u, v, ••• - me113opbl <}JuKcupOBaHHblX munoo. llycmb 
w - meH30p, KoopiJuHambl Komopozo cymb MHOZO'l.lleHbl om KoopiJuHam u, v, ••• 
T02iJa w nO/l)l'taemca U3 u, v, ••• , 6 (me113op KpoHeKepa) u Hy11eeblX meH3opo6 
nepe11uCJ1eHHblMU BblUJe meH30PHblMU onepa14UJ1Mu. 
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(Ilpe.n.rroJiaraeTC.H, qTO MHOroqJieHbl, qmrypupyionme B <l>OPMYJIHPOB

Ke TeopeMhI, HMeIOT <l>HKCHPOBaHHbie, He3aBHC.HIUHe OT Bbl6opa KOOP.D.H

HaTHott CHCTeMbl K03<l><lmuHeHTbl H '£TO OHH .n.aIOT BeJIHqHHbl, npeo6pa.Jy

IOII1HeC.H no TeH30PHOMY 3aKOHY .ll.Jl.H JII06bIX u, v, ... 3a.D.aHHbIX THIIOB.) 

,ll.oKa3aTeJibCTBO TeopeMbl He npHBOJJ.HM I). 

4. ,l(pyme B03MOlKHOCTH onpe.n.eJieHHH TeH3opa. Onpe.n.eneHHe TeH3o

pa MO)l(eT 6hITb .n.aHo pa3JIHqHbIMH crroco6aMH, OCHOBbIBa.HCb Ha pa3Jlffq

HbIX HCXO.ll.HbIX coo6pa)l(eHH.HX. B n. 1 .ll)l.H onpe.n.eJieHH.H Mbl HCIIOJlb30BaJIH 

<l>OPMYJIY (1.3) (HJIH, qTQ TO )Ke caMoe, (1.31
)). KpaTKO OCTaHOBHMC.H eme 

Ha .n.syx B03MO)l(HOCT.HX. 

4.1. no-npe)l(HeMy Rn - n-MepHoe JIHHeHHOe npOCTpaHCTBO. PaCCMOTpHM 

MHO)l(eCTBO JIHHeHHbIX <l>opM B Rn, T. e. MHO)l(eCTBO qHcJIOBhIX <l>YHKUHH 

f(x), x E Rn' 06na.n.aIOII1HX CBOHCTBOM: f(ax + {3y) = af(x) + {3f(y) .ll)l.H 

JII06bIX x, y H3 Rn H JII06hIX queen a, {3. 
3TO MHO)l(eCTBO c 06blqHbIMH onepaUH.HMH CJIO)l(eHH.H <l>YHKUHM H 

yMHO)l(eHH.H <l>YHKUHH Ha qucno .HBJI.HeTC.H JIHHeMHhIM npocTpaHcTBoM; pa3-

MepHOCTh 3Toro npocTpaHcTBa pasHa n; o6o3HaquM ero Rn. 
JlHHeHHOe rrpocTpaHCTBO Rn Ha.JbIBaeTCH conpR:HCeHHblM K Rn. 
lfHTepeCHO, qTo npocTpaHCTBO, conp.H)l(eHHOe K R,n' MO)l(eT 6bITb 

ecTecTBeHHO H.D.eHTH<l>HUHPOBaHo c Rn <t>opMynou 

B3aHMHOCTb (H pasHonpasue) Rn H Rn no.n.qepKHBaIOT, HCITOJib3Y.H .ll.Jl.H 

JIHHeHHOH <l>opMbl 0003HaqeHHe 

fx HJIH (f, x). 

1lHcnonoe 3HaqeHHe fx Ha3bIBaIOT CKWIRPHblM npou3eeiJenueM / H :i:; f H x 
Ha3bIBaIOT opmOCOHOllbHbiMU, eCJIH fx = 0. 

n I n -
Onpe.n.eneHue. oa.JHChI ei, ••• , en BR He, ••• , e B /l'I Ha.JbI-

saIOTC.H B3aHMHblMH, eCJIH 

I) )J;oKllJllTeJlbCTBO TeopeMhl (B HeCKOJibKO .apyroit <l>OPMYJIHPOBJCe) CM., HanpHMep, B KHH

re: I'ypeeu'4 I'. E. TeopHll aJire6paH'leCKHx HHBRPHRHTOB. - M.; JI.: nTH, 1948. 
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Teo p e Ma. ,4;m _!!a:JICOo20 6a3uca Rn cyw,ecmByem ( eiJuHcmeeHHblu) 
630UMHblU eMy 003UC an. 

HeCJioxmoe ;:i;oKaJaTeJibCTBO onycKaeM. 

JlerKo nposepHTb, 'ITO npH H3MeHeHHH 6a3Hca Rn (cM. (1.1')) 83a

HMH&Iit: eMy 6a3HC an MeHHeTCH KOH1pasapHaHTHO: eCJIH ei' = ~1ft, TO 

e1 = A~·eJ. , 
B 6a3HCe e

1
, ••• , en npocrpaHcTBa Rn Koop;:i;HHaTaMH seKTOpa z 

-n 
H3 R HBJIHIOTCH 'IHCJia Z1, ••• , Zn TaKHe, 'ITO 

i z = Zie. 

qHCJia Zi npeo6pa3yIOTCH KOHTPaBapHaHTHO npH nepexo;:i;e OT 6a3Hca 
I n 11 n'• e ' ... ' e K 6a3HCY e ' ... ' e H, TeM caMbIM, KOBapHaHTHO npH nepexo;:i;e 

OT 6a3HCa e1' ... ' en npOCTPaHCTBa Rn' B3aHMHOfO 6a3HCY e1' ... I en' 
11 n' 

K 6aJHcy e1•, ... , en', BJaHMHOMY 6a3HCY e , ... , e . 

0 n p e .1l e JI e H He. qHCJIOBaH <l>YHKUHH 

s(x, ... , x; z, ... , z), 
I q I p 

r;:i;e x, ... , X H3 Rn, a 
I q 

Z, ••• , Z H3 
I p 

JIHHeit:HaH no KIDK)lOMy CBOeMy apryMeHTY, Ha3bIBaeTCH TeH30POM. 

Bb16epeM B Rn KaKoit:-JIH6o 6aJHC e1, ... , en; B03&MeM B 'Jin BJaHM

Hbiit: 6a3HC e1
, ••• , en. 06paJyeM 'IHCJia 

ii ... ip ( • i1 iii) s;1 ••• J,=se;1,. •• ,eJ,,e , ... ,e . 

JlerKO BH)leTb, 'ITO npH nepexo;:i;e K HOBOMY 6a3HCY Rn (6a3HC B '}iii 
npH 3TOM TO:lKe MeHHeTCH) 3TH 'IHCJia npeo6pa3yroTCH B COOTBeTCTBHH 

c <I>opMyJioit (1.3'). IlOJib3YHCb JIHHeit:HOCTbIO s, JiefKO )l0Ka3aTb, 'ITO 

( ) 
i1 .. . ip _;, -iq s x, ... , x; z, ... z = s
3
. ,. a;- ••• a;- zi, ... ZL, 

I q I p 1••• 9 J q I p"" 
{1.8) 

r;:i;e xi· H Zi,,. - KOOP.llHH8Tbl x Hz. 06paTHO, eCJIH s,~l···,~ npeo6pa3yJOTCH 
r m r m l··· 9 

no <l>opMyJie (1.3'), TO BhlpllJKeHHe (1.8) ;:i;aer 3Ha'leHHe, He 3aBHCHIUee 

OT sbl6paHHOit: CHCTeMbl KOOP.llHHaT. 

TaKHM o6paJoM, ;:i;asaeMoe 3JlCCb onpe.neJieHHe reH3opa 3KBHBaJieHTHO 

onpe,lleJieHHIO, .naHHOMY B n. 1. 
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CorrocraBJiem1e 3THX orrpe.ueJiemdt reH3opa rrpHBO.UHT K CJie.llYIOIQeMy 

yTBep)l(.lleHHIO. Ilycrh B Ka)l(,!(OM 68.3Hce 3a.uaHhI qffCJia s~'.::t raK, qro .um1 
JII06hIX BeKTOPOB x, ... 'x H KOBeKTOPOB z, ... , z 3HaqeHHe 

I q I p 

ii ... ip -1i -1q 
81· 3· :i-- ••• ;i;- zii ... zi 

i ... q q 1 pp 

He 3aBHCHT OT 68.3HCa. Tor.ua s~::::~ - TeH30p. 
OrMeTHM eIQe O.UHO rroJie3HOe yraep)l(.lleHHe. Ilycrh B Ka)l(.llOM 68.3Hce 

-3a.uaHbl qffCJla s,i ..... ,i~ raK, qro ,ll)UI JII06hIX BeKTOpOB x, ... 'x H KOBeKTopOB 
i ... q 1 k 

z, ... ' z (k H m q>HKCHPOBaHbl, 0::::; k::::; q, 0::::; m::::; p) quCJia 
I m 

im+i ... ip ii ... ip -ii -ik r. . = s. . :i-- ••• :i-- zi ... zi 
3k+i .. ·Jq 3i .. ·3q I k I i mm. 

j{BJIHIOTCH Koop.uuHaraMH TeH3opa. Tor.ua s~::::! - reH3op. 3ro yraep)l(.lle
HHe JierKO CBO.II.HTCH K rrpe.IJ.bl.Il.YllleMy. 

,UorroJIHeHHe K rrpuMepaM n. 1 
TeH3op M: Mj orrpe.ueJIHeT JIHHeifHoe rrpeo6pa30BaHHe B Rn (CM. <Pop-

' -MYJIY (1.6) ). 3Tor xe reH3op orrpe.ueJIHer JIHHeifHoe rrpeo6pa3oBaHHe B ~ 
cl>opMyJIOH . 

Yi = Mf xi (1.6") 
JluHeHHhie rrpeo6pa3oBaHHH (1.6') H (1.6") Ha3bIBaIOTC.11 conp11J1CeH1tblMu. 

TeH30p h: hii orrpe.ueJIHer JIHHeifHoe oro6paxeHHe Rn B Rfi <l>oPMYJIOH 

Yi= hiixi. 

TeH3op l: zii orrpe.ueJIHeT mrneH:Hoe oro6paxeHHe Rfi B Rn <l>oPMYJIOH 

Yi= ziixi. 

4.2. Ilycrh Rn H Rm - .uea KaKHX-JIH6o JIHHeHHhIX rrpocrpaHCTBa. Bae.ueM 
I 2 

CHMBOJI ®. PaccMOtpHM <t>opMaJibHhie CYMMbl 

N 

l:ax®z, 
r r r 

(1.9) 
r=I 

r.ue N - JI106oe rroJioxureJihHoe ueJioe quCJ10; x, ... , x - mo6ble aeKTo-
1 N 

pb1 H3 R; z, ... , z - JII06h1e eeKTopbI H3 R; a, ... , a - mo6hle qffcJia. 
I I N 2 I N 
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By.lleM npeo6pa3oBbIBaTb Bblpll)KeHIDI (1.9), npe,!J,CTasrurn x H z B BH.lle JIH
r r 

HeHHhIX KOM6HHaUHH seKTopos R H, cooTBeTCTBeHHO, R H npe,!J,noJiarrui:, 
I 2 

'ITO CHMBOJI ® o6Jia,!J,aeT CBOHCTBaMH onepauHH YMHO)l{eHIDI ( «MHO)l{HTeJib» 

HJ R seer.Ila nHWeM CJieBa OT «MHO)l{HTeJUI» HJ R). TotIHee, no onpe,llene-
t 2 

HHIO C'IHTaIOTCSI 3KBHBaJieHTHbIMH Bblpll)KeHIDI 

(x + y) ® Z H X ® Z + y ® Z, 

x®(z+u) H x®z+x®u, 

(ax)® z, x® (az) H ax® z 

.llJISI mo6bIX x H y HJ R, JII06b1x z H u HJ RH JII06oro 'IHCJia a. 
I 2 

,Ilsa Bblpa)l{eHIDI BH,!J,a (1.9), npeo6pa3YJOIUHXCSI O,llHO K .llPYfOMy, C'IH-

TaeM 3KBHBaJieHTHbIMH. 

Bse,lleM ecTecrneHHbIM o6pa30M onepauHH CJIO)l{eHIDI TaKHX Bblpa)l{e

HHH H yMHO)l{eHIDI HX Ha 'IHCJIO. Mbl rroJiyqHM JIHHeHHoe npOCTPaHCTBO, 

3JieMeHTaMH KOToporo SIBJUIIOTCSI KJiaCCbl 3KBHBaJieHTHbIX Me)l{,lly C060H 

Bblpa)l{eHHH. 3To JIHHeHHOe npOCTPaHCTBO Ha3bIBaeTCSI meH30PHb/.M npou3-
BeiJeHUeM R H R. 06oJHatieHHe: R ® R. 

I 2 I 2 
ECJIH MbI B03bMeM KaKoit-JIH6o 6a3HC e1, ••• , en B R H KaKOH-JIH6o 

I I I 
6a3HC e1, ••• , em B R, TO Bblpa)l{eHHSI 

2 2 2 

~i ® ~j (i = I, ... , n; j = 1, ... , m) 

o6pa3YJOT 6a3HC B R ® R. 
I 2 

)loKll)KeM 3TO. TaK KaK Ka)l{,llbIH sercrop H3 R rrpe.llCTaB.THieTCSI B BH.lle 
I 

JIHHeitHoii KOM6HHaUHH BeKTopos ei, a Ka)l{,llbIH seKTop HJ R - JIH-
1 2 

HeHHOH KOM6HHaUHH sercropoB e;' TO Ka)l{,llbIH BeKTOP H3 R ® R MO)l{eT 
2 I 2 

6bITh IlpHBe,lleH K BH.llY JIHHeHHOH KOM6HHaUHH BeKTopoB ei ® e;. TeM 
I 2 

caMbIM, .llOCTaTO'IHO noKaJaTb, 'ITO 3TH noCJie,llHHe BeKTOPbl JIHHeHHO He-
- I n 

JaBHCHMbl. BoJbMeM B R 6a3HC e , ... , e , BJaHMHbIH 6a3HCY e1, ••• , en, 
I I I I I 

R- I m 
a B - 6a3HC e , ... , e , BlaHMHbIH 6a3Hcy e1, ••• , em. PaccMOTPHM JIH-

2 2 2 2 2 

HeHHYIO 'IHCJIOBYJO <l>YffKUHIO /, onpe,lleJieHHYIO Ha Bblpll)KeHIDIX BH,!J,a (1.9) 
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N 

f = ~ o:(eio x)(d0 z), 
_L.-,rl r 2 r 

r=I 

r.n,e io H io - KaK11e-n1160 <jJHKCHpoBaHHble HH.D,eKCbl. QqeBl1.D,HO, 3HaqeHHe 
<!JyttKI.(HH f He MeIDieTC.R npH nepexo.u.e OT 3TOfO BbipIDKeHH.R K 3KBHBa
JieHTHbIM eMy BbipIDKeHH.RM. Ilo3TOMY f - JIHHeiiHa.si <jJopMa B R ® R. 

I 2 

IlycTb M.R HeKOTOpbIX q11ceJI fii HMeeT MeCTO 

{3iie·®e·=0. 
Ii 23 

Tor.n,a nonyqaeM 

0 = f(O) = f(f3ij ei ® ej) = (3ii(eio ei)(d0 ej) = {3ioio. 
1 2 1 1 2 2 

I-fa Toro, qro io H io JII06bie, cne.n,yeT JIHHeiiHa.R He3aBHCHMOCTb COBOKYil
HOCTH BeKTopoB ei ® ej. 

l 2 
3aMeTHM, qro TaK nonyqaIOTCH He Bee 6a3HCbI BR® R. 

I 2 
J.fa .n,oKa3aHHoro cne.u.yeT, B qacTHOCTH, qro pa3MepHOCTb Rn ® Rm 

1 2 
paBHa nm. 

AHanornqHO (HJIH no HH.D,YKI.(HH) onpe.a.eMeTC.R TeH30pHoe npOH3Be
.a.eHHe R ® R ® .•• ® R. 

I 2 k 

I1 pH Me p. PaCCMOTpHM ABa MHO:lKeCTBa: X, COAep:iKamee n 3JieMeHTOB, H Y, 
coAep:iKamee m 3JieMeHTOB. CoBorcynHoCTb 'IHCJIOBbIX cl>YJIKUH:li Ha X (cl>YJIKUH:li 
f(x), x E X) c o6bI'IHbIMH onepaum1M11 CJIO:iKeHHH 11 YMHO:iKeHHH Ha 'IHcno 

o6pa3YJOT n-MepHoe JIHHeHHoe npocTpaHCTBO R; COBOKYJIHOCTb cl>YJIKUH:li g(y), 
l 

y E Y, - m-Mepttoe JIHHe:littoe npocTpattcTBo R. IlycTb ® B (1.9) o6oJHa'laeT 
2 

o6bI'IHoe npoHJBeAeHHe cl>YJIKUHH. 0KaJbIBaeTCH, R® R cocTOHT Hl Bcex cl>YHKUHH 
l 2 

h(x, y), x EX, y E Y (AOKa:iKHTe!). 

Onpe.a.eJieH11e. IlycTb Rn - KaKoe-JIH6o JIHHettnoe npocTpaH
CTBo, Rn - JIHHeiinoe npocTpaHcTBo, conp.si)KeHHOe K R". Bo3bMeM p 
3K3eMilJI.sipoB Rn H q 3K3eMIIJUl.POB Rn. 06pa3yeM npocTpaHCTBO 

A n n - -n=R ® ... ®R ®Rn® ... ®R!'. ---------p q 

3neMeHT (BeKTop) npocTpaHcrna R Ha3hIBaeTCH TeH30poM e R". 
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Bb16pas KaKoit-JIH6o 6a3HC e1' ••• ' en B Rn H 83.ffB B3aHMHbIA eMy 

683HC e I' ••• ' en B R!'' o6p83yeM 6a3HC B b, - COBOKynHOCTb scex e;l ® 
... ® ~ ® e!• ® ... ®el•. IlyCTb s E b.. KoopJJ.HHaTbI s B 3TOM 6a3uce cyrb 

; •... ip 
quCJia sj1 ••• j, raKne, qro 

ii . .. ip IO. '°' Jt '°' '°' Jq s = s
3
. 

3
. ei

1 
® ... 'O' p,, 'O' e- 'O' ... 'O' e- . 

(oo • f -., 
(1.10) 

nerKO nposepHTb, qro npu H3MeHeHHH 6a3HCa B Rn (683HC B Rn 
npu 3TOM TO)l{e H3MCHHTC.ff) quCJia s ~::::I npeo6pa3YJOTC.ff no <)>opMyne 

(1.3'). 06paTHo, eCJIH quCJia s~:::".t npeo6pa3yIOrc.ff no <)>opMyJie (t.3'), TO 

3JICMeHT 8 npocrpaHCTBa b,, onpe)J.eJI.ffeMbIA <)>opMyJIOA (1.10), He 3aBHCHT 

OT BbI6opa 683uca · B Rn. TaKHM o6p83oM, JJ.asaeMoe 3.llCCb onpe,lleneHue 

TeH30pa TaK)l{e 3KBHBMeHTHO onpe,lleJieHHIO, .naHHOMY B n. 1. 
MbI ucnOJib30BMH ,ll.1UI o6o3HaqeHH.ff npoH3Be.lleHH.ff ,llByx npocrpaHCTB 

TOT )l{e CHMBOJI ®, qro H JJ.JI.ff 0603HaqeHH.ff npoH3Be,lleHH.ff TeH30pOB 

(CM. n. 3). IlpuquHa 3Toro B CJie.ll)'IOIUeM. PaccMorpuM, HanpuMep, Rn®Rn. 
n -n 

TeH30pbI w BHJJ.a w = u ® v, r,lle u ER , v ER , ® onpeJJ.eJieHo B n. 3, 
ecrecTseHHo BKJia,llbIBa10rc.ff B Rn® Rn. ,neAcrnureJibHO, eCJIH e1, ••• , en -
KaKo'l-JIHOO 6a3HC Rn' e1

' ••• ' en - B3aHMHbiit eMy 683HC R,n' u = 1/,i e;' 
v = v;e;, w~ = uivj, To B03bMeM w, w E Rn® Rn, onpe,lleJI.ffeMbIA paseH-

CTBOM w = w~e; ® eJ. TaK nocrpoeHHblit BeKTOp npocrpaHCTBa R" ® R" 
He 3aBHCHT OT Bbl6opa 683Hca B R" (.llOKa)l{Hre!). OrMeTHM, qro nocrpo

eHHble TaKHM o6pa30M seKTOpbI w, eCJIH u npo6eraeT see R", a v -
see R", npu n > 1 He JanOJIH.ffIOT scero npocrpaHcTsa Rn ® R", Ho ux 

BCeB03MO)l{Hble JIHHeAHbie KOM6HHaUHH 3afiOJIH.ffIOT Bee 3TO npocrpaHCTBO 

(.llOKa)l{HTe!). 

HraK, npuse,lleHbl rpu onpe,lleJieHHR TeH3opa (cM. n. 1 H 4), KOTOpb1e, 

KaK noK83aHo, .ffBJI.ffIOTC.ff 3KBHsaneHTHbIMH. KaKoe H3 HHX «Jiyqme»? Ka)l{

.noe HMeeT CBOH ,llOCTOHHCTBa. 

1. OpaeHTllll,IUI. MbI XOTHM ceitqac o6paTHTb BHHMaHHe Ha O,llHO 06-

CTO.ffTeJibCTBO, KOTOpoe paHbllle Mbl H36erMH no,llqepKHBaTb. 3a<)>HKCHpO

BaB KOOP.llHHarH)'IO cucreMy B Rn, Mbl Bbl.llCJI.ffeM ee MHO)f{eCTBOM HH.lleKcos 

683HCHblX BeKTopoe. KaKoe MHO)f{CCTBO MO)f{eT 6b1Tb 83.ffTO 8 Kaqecrne MHO

)f{eCTBa HH.lleKcos? llI06oe, COCTO.fflllee H3 n 3JieMeHTOB. ~ R1 
MO)f{HO 
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B KR'leCTBe HH)leKCOB B3HTh, Hanp11Mep, .llHH He.n;e1111 HJIH CeMb qy.n;ec CBeTa 

111111, pa3YMeeTcH, ue11b1e q11cna OT 1 .no 7. Eme np11Mep. B TeH30PHOM 

npo113ae.neH1111 R ® R .nayx JIHHeiiHhIX npocTPaHCTB (cM. It.4.2 § 1) n Ka-
1 2 

qecTBe 6a311ca y.n;o6HO B3HTb COBOKYfiHOCTb BeKTOpOB BH,lla ei ® ei' r.ne 
I 2 

conoKynHoCTh ei - 6a3HC R, COBOKYfiHOCTh ei - 6aJHC R. B 3TOM c11yqae 
I I 2 2 

1m.neKcoM 6aJ11cHoro BeKTOpa .llJIH R ® R HBJrneTCH napa ( i, j), r.n;e i -
I 2 

HH.n;eKc 6a3HCHoro neKTopa R, j - HH.n;eKc 6a311cHoro BeKropa R. 
I 2 

MHo)l{eCTBO MH.n;eKCOB He ynopMoqeHo. Kor.n;a MhI nepeq11cJIHeM ero 

3JieMeHThI, TO .n;enaeM 3To B HeKoropoii nocne.n;oaare11hHOCT11. Ho 3TO JIHIIIh 

CBOitCTBO H3JIOXeHHH. Hanp11Mep, Bb16paa B KR'lecTBe MHO)l{eCTBa HH.l(eK

COB MHOXeCTBO .!(Heit He.ne1111, MOXHO nepe'IHCJIHTb 3TH .ziHH B nopH.l(Ke 

CJie.l(OBRHHH, HaqaB c mo6oro, a MO)l{HO pacnOJIO)l{HTb HX no ampaBHTY pyc

CKOfO H3hIKR. Bb16paa B Ka'lecTBe 6aJ11ca R ® R coBOKYfiHOCTh neKTopoa 
I 2 

BH.llR ei ® ei' MOXHO nepeq11cJIHTb napbl ( i, j) B mo6oM IlOPMKe. <I>opMyJihl 
I 2 

anre6ph1 teH3opoB B Rn He .llOJl)((HbI 3RBHCeTh OT nopMKa nepeqHcJJeHHH 

3JieMeHTOB MHoxecTBa HH.l(eKCOB. 

IlpHBe.lleM npHMepbI. 

,ll,Jig .n;ByxHH.n;eKCHbIX TeH30pOB hij, Mj, zii IlpH <f>HKCHpOBRHHOM 6a-

3HCe onpe.neneHhl 3Ha'leHHH det llhiill, det llMJll, det 11zii~I, r.n;e II· II -
o6o3Ha'leH11e MRTPHUhl. ,ll.eiicTBHTeJihHO, pacno11ox11M HH.n;eKChI 6a3HCHhIX 

BeKTOpoB B KRKOM-JIH60 IlOPMKe H B03hMeM KBa.n;paTHyIO MRTPHUY, 3JieMeH

Tbl KOTOpoii - KOOP.llHHRTbl paCCMaTPMBaeMoro TeH3opa; 0.llHH H3 HH.n;eKCOB 

.n;aeT HOMep CTPOKH, .n;pyroii - HOMep CTOJJ6ua. Bbl'IHCJIHM onpe.neJJHTeJib 

3TOii MRTPHUhI. IlonyqeHHOe 3Ha'leH11e He 3aa11c11T OT pacnpe.n;eJJeHHH po

neii Me)l{.lly .llBYMff HH.l(eKCRMH, TaK KaK COOTBeTCTByIOIUHe MRTPHUbl nony

'IRIOTCH o.ntta 113 .npyroii TPaHcrroH11ponaH11eM. 3ro 3Ha'leH8e He 3aa11c11T 

TaKXe OT BbI6paHHOfO IIOPMKR HH,l(eKCOB, TRK KaK DPH ero H3MeHeHHH 

CTPOKH H CTOJI6Uhl MRTPHUbl nepeCTaBJIHIOTCH COOTBCTCTBCHHO. 

B KaqecTBe BeJIH'IHH Af , CBH3hIBRIOIUHX .n;aa 6a3Hca e H e' (CM. n. 1 § 1), 

MOryT 6bITb B3HTbl JII06b1e n2 
'IHCeJI, Y.llOBJieTBOPJIIOIUHX )'CJIOBHIO 

•I 

ctet llAi 11 i- o. 
,ll,JIH Toro 'IT06bI Bbl'IHCJIHTb 'IHCJIO p, p = det llAf 11, HIJIO pacnOJIO)KHTb 

HH.l(eKCbl i, a TaKXe HH.n;eKCbl i' B KaKOM-TO DOPJIAKC. npH H3MeHeHHH 
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nop.Sl,UKa JHl)leKCOB i BeJIH'lHHa p MO:lKeT H3MeHHTb 3HRK, TO :lKe MO:lKeT 

npOH30HTH H IlPH H3MeHeHHH nop.Sl,UKa HH;J.eKCOB i'. Ilop.Sl,UKH HH,UeKCOB i 
n i' He CBH3RHbI Me)l(,lly co6oit. TaKHM o6pa3oM, npH n > I 'lHCJio p onpe

.uenetto c TO'lHOCTbIO .uo 3HaKa. YcnosHe p =I= 0 O'leBH.llHO y.uoBJieTBopHeT 

Tpe60BRHHIO He3aBHCHMOCTH OT nop.Sl,UKa nepe'lHCJieHHH 3JleMeHTOB MHO

:lKeCTBa HH.UeKCOB. 

Bse.ueM HOBoe noHHTHe. Bo3bMeM KaKoii-JIH6o 6a3HC Rn, n ~ I. 
Bb16epeM tteKoTOpbiit nop.Sl,UOK nepe'lHCJieHHH 3JieMeHTOB 6a3Hca. 3ToT 

nop.Sl,UOK nepe'lHCJieHHH, paccMRTpHBaeMbIH c TO'lHOCTbIO .uo 'leTHbIX nepe

CTaHOBOK, tta3oBeM opueHma14ueu 6a3HCa. na3HC c yqeTOM ero opHeHTaUHH 

Ha30BeM opueHmupoBaHHblM. IlpH n ~ 2 Ka)l(,llhIH 6a3HC MO:lKHO opHeH

THPOBRTb .UBYMH cnoco6aMH. ,unH .nsyx opHeHTHPOBaHHbIX 6a3HCOB e H e' 
3HaqeHHe p oqeBH.llHO onpe.ueneHo IlOJIHOCTbIO, a He c TOqHOCTbIO .no 3Ha

Ka. ,l],sa opHeHTHposattttbIX 6a3HCa Ha30BeM oiJuHaKoBo opueHmupoBaHHblMU, 
•I • 

ecnn 3TO qHCJIO noJIO:lKHTeJibHO (TaK KaK det II.Ai II ·det ll.Ai1ll = 1, ro CBOH-

CTBO 6a3HCOB 6bITb O.UHHaKOBO opHeHTHPOBRHHbIMH B3RHMHO). JlerKO npo

BepHTb, qTo eCJIH KRKOH-JIH60 6a3HC O.UHHaKOBO OpHeHTHPOBaH c Ka)l(,llbIM 

H3 KRKHX-TO .usyx 6a3HCOB, TO 3TH .UBa 6a3HCa O.UHHaKOBO opneHTHPOBaHbl. 

Mtto:lKeCTBO scex opHeHTnpoBaHHhIX 6a3HCOB pa36HsaeTcH Ha .nsa 

KJiacca, B Ka)l(,llOM H3 KOTOpblX 6a3HCbl O.UHHRKOBO opHeHTHPOBRHbI; IlpH 

nepexo.ue OT 6a3Hca o.uttoro KJiacca K 6a3Hcy .upyroro KJiacca p < 0. 
3a¢>HKCHpyeM s - O.UHH H3 .usyx KJiaCCOB O.UHHRKOBO opHeHTHpo

BaHHbIX 6a3HCOB. Rn B KOMilJleKTe c S Ha3hIBaercH opueHmupoBaHHb/M 
/lUHeUHblM npocmpaHCmBOM. 

Bb16op S BBO.llHT B Rn opHeHTaUHIO. IlpH n ~ 1 Ka)l(,lloe Rn MO)l(HO 

opHeHTHposaTb O.UHHM H3 .usyx cnoco6os; 3TH .use opHeHTaUHH coaepUieH

HO paBHonpaBHhI. 

2. 1Ices.n.0Teu1opb1. Ey.ueM HCilOJib30BaTb B Rn opHeHTHpoBaHHbie 

6a3HCbl. 

Onpe.n:en eHHe. IlceB.n:OTeH3opoM B Rn Ha3brnaeTCH o6heKT s, onpe

.ueMeMbIH B Ka)l(.llOM OpHeHTHPOBRHHOM 6a3HCe Ha6opoM qffCeJI s~::::~ TaK, 

qTo npH nepexo.ue OT o.uuoro TaKoro 6a3Hca K .n:pyroMy 3TH qHcna npeo6-

pa3yIOTCH no <t>opMyJie 

i\ ... i~ - . { d II A~ ll)Ai\ Ai~Ai1 Ajq i, ... ip s,,, ,, - sign et r1i' . ••• . ., ••• ,,s. . 
JI .. •Jq 11 tp 31 Jq 31 · · •3q (2.1) 

( cp. c onpe.ueneuHeM TeH3opa, CM. ( 1.3')). 
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Onpe.neJieHHe TeH:mpa, .naHHoe B rr. 1 § 1, ocraeTcH .neikTBHTeJibHbIM 
TaIOKe ,u;rn opHeHTHPOBaHHbIX 6a.3HCOB. 

lfa <l>OPMYJibl (2.1) CJie.nyeT, B qacTHOCTH, qTo rrpH rrepexo.ne OT 0)1,HOfO 
OpHeHTHPOBaHHoro 6a3HCa K .npyroMy, COCTOHll.leMy H3 Tex )J{e BeKTopoB 
H IIOJiyqeHHOMY H3 rrepBoro H3MeHeHHeM ero opHeHTaU,HH, KOOP.UHHaTbl 
rrceB,noTeH3opa MeHHIOT 3HaK. 

BBe,neHHbie B § 1 aJire6pattqecKHe orrepau,HH pacrrpocrpaHHIOTCH H Ha 
nceB.noTeH3opb1. MbI He 6y,neM npHBO.UHTb noJIHbIX <PopMyJIHpoBoK. 0TMe
THM TOJlbKO: 

• pe3yJibTaT YMHO)J{CHHH nceB.noreH3opa Ha qHcJio H cyMMa ,nByx o.nHo
THnHbIX rrceB,noTeH3opoB - nceB,noTeH3op; 

• CYMMa TeH3opa H rrceB,nOTeH3opa He orrpe.neJieHa; 

• rrepecTaHOBKa 0)1,HOTHIIHbIX HH)J.eKCOB nceB.D;OTeH30pa .naeT rrceB.no-
TCH30p; 

• rrpmnBe.neHHe .nByx rrceB.noTeH3opoB - TeH3op; 

• npoM3Be,neHHe TeH3opa H rrceB.noTeH3opa - nceB.noTeH3op; 

• cBepTKa no KaKoMy-JIH6o Htt.neKcy y rrceB.nOTeH3opa.naeT rrceB,noTeH3op. 

TeH30PbI H nceB,noTeH30pbI B o6meM Rn - pa.3.rmqHbie rroHHTHH, 
HO CCJIH Mbl HMeeM .neJIO c opHeHnipoBaHHblM Rn H HCIIOJib3yeM TOJlbKO 
6a3HCbI, opHeHTaU.HH KOTopbIX coorneTcrnyeT opHeHTaU,HH Rn, TO pa3JIHqHe 
Me)J{)J.y TeH30pOM H rrceB)J.OTCH30pOM, oqeBH)J,HO, Hcqe3aeT. 

,L(JIH KpaTKOCTH qacTo TepMHHbI «TeH30p» .H «flCCB.UOTeH30p» o6'be.nH
HHIOT B TCPMHH «TeH30p». 

Co.nep)l<:aTeJihHhIH rrpHMep rrceB.noTeH3opa 6y.neT paccMorpeH B cne
.nyiomeM naparpa<Pe. 

§ 3. TeH3opb1 e eBKJIH)J;OBOM npocTpaucTee 

1. 06~ue coo6paJKeHHfl. EBKJIH.nOBhIM rrpocrpaHCTBOM Ir Ha3bIBa
eTCH KOMnJieKT H3 JIHHeifHoro npocrpaHcrna Rn H BBe.neHHoro B Rn CKa
;rnpHoro rrpoH3Be.neHHH (MhI 6yfaeM o6o3HaqaTb ero (., ·)), 06na.na10mero 
npHHHTbIMH B JIHHeHHOH aJI..r.e6pe CBOHCTBaMH. 

Teo p e Ma. Ilycmb B JI1I 3aaana 11uneiin<JR </JopMa t Tozoa cyUJ,ecmeyem 
(eauncmeennblii) 311eMenm 1 E Ir m01coii, 11mo 

f(x) = (f, x). 
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)J,OK3.3aTeJibCTD9 Jien<:o nposeCTH, CCJIH B3HTb KaKoi:t-JIH6o opTOro

HaJibHbli:t H HOPMHPOBaHHblA 63.3HC Ir. RCHO, qTo ,n;rn mo6oro 1 H3 Ir 
<PYHKUH~ (/, x) eCTb JIHHeDHaJI <JlopMa. QqeBJi,llHO, qTQ COOTBCTCTBHe 

I t-+ I JIHHCAHO. 

TeM caMbIM ycTaHaBJIHsaeTCH ecTecTBeHHbIH H30Mop<JlH3M JIHHeHHbIX 

npocTPaHCTB Ir H R!' (cM. o603HaqeHHJI B n. 4§1). Mo)KHO HJJ;eHTH$H

UHPOBaTb Ir H Ji!i H COIIOCTaBJIHTb HCOJJ.HOTHnHbie TCH30pb1 OJJ.HHaKOBOii 

noJIHOA BaJICHTHOCTH. 3Ta HJJ.CH qaCTo HCIIOJib3yeTCH B JIHHeiiHOH aJire6pe. 

IlpHMep: a Rn 6HJIHHeHHaJI <JlopMa H JIHHeAHoe npeo6pa.:JosaHHe coeep

IIICHHO P3.3Hble o6'beKTbI, B Ir MC)KJJ.y HHMH YCTaHaBJIHBaeTCH B3aHMHO 

O)l.H03HaqHoe COOTBeTCTBHe. 

2. Me-rp1111ecKHA TeH3op. B03bMeM B npocTPaHcrne Ir KaKoi:t-JIH6o 

63.3HC e1, ••• 'en. Bee)l.eM qffCJia 

9i; = (ei, e;). 

Teo p e Ma. 9i; - meH3op (m01c H03blt1aeMblu Mempu'tecKuu meH30p ). 

HeCJIO)KHOe JJ.OKa.:JareJibCTBO orrycKaeM ( cp. c npHMepoM 5 n. 1 § 1 ). 
Ceoitcrna MeTPHqecKoro TeH3opa: 

1. 9ij = 9ft· 
2. Kea,n.paTHqHaJI <JlopMa 9iieie; rroJIO)KHTeJibHo onpeJJ.eJieHa. 

Ilepeoe H3 3THX CBOHCTB COOTBeTCTeyeT TOMy, qTQ (x, y) = (y, x) Jl.JIJI 

JII06bIX x H y H3 Ir' BTOpoe - TOMy, qTQ (x, x) > 0 npH x =I 0. 
06pamo, nyCTb B Rn onpeJJ.eJieH TCH30P 9i;' o6Jia,n.aIOIUHH CBOHCTBa

MH 1, 2. TorJJ.a 6HJIHHeHHaJI <JlopMa (x, y) = 9i;xiyi YJJ.OBJieTeopHeT TPe6o

eaHHHM, npe.zn,JIBJIJieMblM K CKaJIHPHOMY npoH3Be)l.eHHIO. l1TaK, Ir - 3TO 

KOMDJieKT H3 Rn H TeH30pa 9i;, onpeJJ.eJieHHoro B Rn H YJJ.OBJiernopHIOIUero 

TPe6oeaHHHM 1 H 2. 
)J,aJiee HaM IlOH3,!I.06HTCH CJie.UYIOIUHH Jl.Ba)KJJ.bl KOHTPaBapHaHTHbltt 

TeH3op, CTPOHIUHitCH no 9i;. 3a$HKCHpyeM 6a.:JHC B Ir. PaccMOTPHM MaT

pHuy, 3JieMCHTaMH KOTOpoD HBJIJIIOTCH qHCJia 9ij· 3Ta MaTPHUa HeBblpO)K

JJ.CHa, TaK KaK ee onpe.UeJIHTeJlb IlOJIO)KHTeJieH B CHJIY ceottcrna 2. Il03TOMY 

cymecrnyeT o6pamaJI K Helt; o6o3HaqHM ee 3JieMeHTbl gii. · (Mo)KeT noKa-

3aTbCH, qTQ HeKoppeKTHO HCilOJib30BaTb 6yKBY g, BCJJ.b OHa f)Ke 3aHHTa -

03HaqaeT MCTPHqecKHD TCH30p. KaK 6yJJ.eT BHJl.HO H3 JJ.aJibHCHIIIero, B no

JJ.06HOM 0003HaqeHHH eCTb npoHBJICHHe HCKOTOpott CHCTCMbI.) 
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TeM caMbIM gii onpe,neJrnIOTcH ( O.llH03HaqHo) ypaattemrn:MH 

!l9ik = tSi. 
TeopeMa. gii - meH30p. 

,lJ,OKa3aTeJibCTBO. IlpH nepexo.ne K HOBOH CHCTeMe KOOp,llHHaT 
HMeeM 

Il03TOMY 
,Ji Ai' A" Ak Al riAk Al rl 
Y i k h' ;9i'~ =uk h' j =uh'• 

T.e. 
.. l i' 1 
~A; .Ai. Um = ah,. 

Ho fi'i' O,llH03HaqHo onpe.neneHbI ycnoaueM 
.,., !I 

!I' 9i'h' = 811, 
cne.n.oaaTeJibHO, 

I A~· Af = fi'i'' 
qTo H TPe6oaanocb .noKaJaTb. 

Caoi1cTBa reHJopa gii: 

i. uij =I. 
2. KBa,npaTuqmui <l>opMa gii 'f/i'f/j noJIO)l{HTeJibHO ·onpe.neneHa. 

ECJIH e1' ••• ' en H e
1
' ••• ' en - B3aHMHble 6a3HCbl Jr' TO OHH, KaK 

JierKO npoaepHTb, CBSI3aHbI <l>opMyJiaMH: 

ei = giie;, fi = Ui;ei. 

3. OnycKauHe H no,1:i;1U1THe HH,lleKcoe. B03bMeM KaKoit-HH6y.nh TeHJop, 
i C ,. r B HanpHMep, Bjk· OCTaBHM TeH30P /tijk = UirBjk· y,n,eM fOBOpHTb, qro t 

nonyqeH H3 s onycKaHueM uHoeK6a.- Mo)l{Ho TaK)l{e no.nHHMaTh HH,lleKc. 
HanpHMep, 06pa3yeM TeH3op i( <l>opMynoii: ut = s~1c{J - TeH30p u no
nyqeH H3 reHJopa s noiJHJ1.mueM uHiJeKca. 

IlpH IlO.D.IDITHH H onycKaHHH HH,llCKCOB B03HHKaeT CJIC.l1.YJOW.HH BO
npoc. IlycTb, HanpHMep, Mbl onycKaeM aepXHHit HH,llCKC. Ha KaKoe MCCTO 
cpe.nH HH)l{HHX HH,lleKcoa ero MO)KHO cTaBHTh? Ha mo6oe. TeM caMbIM, 
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onyCKITTI, HanpHMep, HH,llCKC y TCH30pa s;k> Mbl nonyqaeM TPH pa3JIHqHhIX 

TCH30pa: 
r r r 

tijk = 9ir8jk• tijk = 9jr8ik• tijk = 9kr8ij• 
1 2 3 

nepexo.u~nn;HX .upyr B .upyra nepeCTaHOBKOit HH,UeKCOB. ,ll.nSI .UOCTIDKeHHSI 

O.UH03HaqHOCTH onepan;HH IlO.UHSITHSI H onycKamrn HH,UCKCOB y TCH30POB 

JII06oro THna B CBKJIH,UOBOM npocrpaHCTBe npHHHro OTMeqarb COBMeCTHbIH 

nopH)lOK CJie.n.osaHHSI sepXHHX H HH)J{}{HX HH,UeKCOB. )l.enaeTCH 3TO o603Ha

qeHHeM, KOTopoe MbI IlOHCHHM Ha npHMepe. 3anHCb sA 03Haqaer, qro npH 

IlO.UHSITHH H onycKaHHH HH,l1.eKCOB nopH)lOK HX CJie,n.oBaHHH TaKOB: nepBbiit 

HIDKHHH, sepXHHH, BTOpOH HIDKHHH. TeM caMbIM TCH30pbi sj~ H ijk no

PO.uHT pa3Jrn:qHbie TeH30pbl npH onycKaHHH sepXHero HH,UeKca. 

0Ka3bIBaeTCH, onepau;HH IlO.UHSITHH H onycKaHHH HH,UeKCOB B3aHMHO 

o6patHbI. IlposepHM 3To Ha npHMepe: 

iq( r ) ( iq ) r ra r q g DirS·jk = g Dir S.jk = o;.s.jk = s.jk' 

KoHeqHo, nocne no.n.HSITHSI ( onycKamrn) HH,l1.eKca Mbl no.11yqaeM .upy

rou teH3op. Ho B cHJiy coo6proKeHHit, H3JIO)!{eHHbIX B n. 1, OKa3b1Baercsi 

803MO)!{HOH cne.uyiomITTI rpaKTOBKa. 

)].Ba reH3Qpa B eBKJIH,l1.0BOM npocrpaHCTBe, 0.llHH H3 KOTOPbIX nonyqeH 

H3 .upyroro onepau;HHMH IlO,UHSITHH H (IDlH) onycKaHHH HeKOTOpbIX HH,UeK

COB, Mbl cqHraeM npe.n.ctaBHTeJISIMH 0.llHOfO H Toro )KC OObeKTa (roqHee, 

H,l1.eHTHq>HuHpyeM .usa COOTBeTCTB}'JOillHX HM otTheKTa) H pa3pemaeM o6o-

3Haqarb O.UHHM H TeM )Ke CHMBOJIOM. 

IlpHMCpbI. 

l. xi - BeKTOp, g;ia! - JIHHeiiHaH $opMa; Mbl nHilleM xi = Ui;x1 H HaJbl

saeM xi KOHTpasapHaHTHbIMH KOOP.ZUfHaraMH BCKTopa x, a Xi - KOBapltaHTHblMH 

KOOp.D.HHaTaMH 3TOfO BCKTOpa; ~,/ onpe.n.emIIOTCH paBCHCTBOM 

X =Xie;, 

Xi - paBCHCTBOM 

Xi= (X, e;); 
HMeer MCCTO 

X = X;ei, 

r.n.e e
1
' ••• ' en - 6aJHC, B:JaHMHblll 6a3Mcy e,' ... ' e,... TiycTb ,, - JIMHellHaH 

it>opMa, f = gii f; - sexrop; 3TOT eexrop nopo)l(.!J.aer JIHHCHffYIO $opMy 

f(x) = (x, /) = 9i;xi Ji; 
B caMoM .n.ene, f(x) =!.·xi, a /1=911/i. 
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2. MJ - mrneiiHoe npeo6pa:mBam1e, 9;kM/ - 6mmHeiiHasi «I>opMa; Mbl 

IIHllleM Mii = 9ikM/; 6IDIHHeiiHM «l>opMa M;jxi.yi 3a,n;aeTcS1 «t>opMynon (Mx, y); 
,11.CHCTBHTCJibHO, . 

i . i k . k . 
(Mx, y) = g;j(Mx) 11=9;jM,.X 11=MkjX11. 

BepHeMCSI K onpe.neJiemuo TeHJopa, KOTopoe .naHo B II. 4 § 1. HaqHeM 

c II. 4.2. HaPAAY c 

A n n - -rr.=R ® ... ®R ®R!'® ... ®R!' ______...., 
p q 

MO)((HO paCCMaTp11BaTb TeHJOPHble npOl13Be,lleHHSI, B KOTOPblX MH0)1{11Te

Jil1 Rn 11 Rn CTOSIT B KaKoM-JI1160 IIOPAAKe, OTJI11qHOM OT B3SIToro, r.ne 

cHaqana H.llCT nocJie.noBaTeJibHocTb p MHO)l{l1TeJiett Rn, a JaTeM q MHO)l{11-

TeJiett Rn. IloSICHl1M see Ha IIp11Mepe TeH3opos M} T11na (1,1). 3Jie114eHTy 

113 Rn® Rn nocTaB11M B coorneTCTBl1e TeH3op At;, 3JieMeHTy 113 Rn® Rn -

Te1nop M/. KoHeqHo, Rn® Rn H Rn ®Rn - paJHbie npocTpaHCTBa. Ta

K11M o6pa30M, BOJH11KaeT BOJMO)l{HOCTb paJJI11qaTb TeHJOPbI At; 11 M/ 
~e .llJISI Jil1HeHHOro npocTpaHCTBa. 0.nHaKO .llJIH TeH30PHOH anre6pbl TaKOe 

paJJI11q11e At; 11 M/ B JI11HeHHOM npocTpaHcrne HecymecTBeHHO. TaK qTO 

BilOJIHe MO)l{HO cq11TaTb, qTQ IIOPAAOK COMHO)l{HTeJieH B b, HBJISieTCSI o6SI3a

TeJibHbIM 11 qTQ COBOKYfiHOCTb KOHTpaBapHaHTHblX mmeKCO~ npe.nrnecTByeT 

COBOKYfiHOCTl1 KOBap11aHTHbIX. 

AHanomqHo, .llJIH onpe.neJiettm1 TeHJOpa, .naHHoro B n. 4.1 § 1, MO)l{

HO paccMaTp11BaTb noJIHJIHHeHHhie <l>YHKU1111 apryMeHTOB HJ Rn 11 Rn, 
nepeq11cJIHeMhIX B mo6oM nopH,!lKe (.neTan11 06.nYMaHre caM11!). 

IloJio)l{eHHe MeHHeTCSI npu: nepexo.ne K eBKJIH.!lOBY IIpocTpaHcTBy. 

3.necb Rn H Rn - 3TO o.ntto 11 TO )l{e IIpocTpaHCTBO If'. TeM caMbIM, 

II=If'® ... ®If'. 
',1 

I p+q 

Bo3bMeM B HeKOTOpbIX p H3)Tl1X MH0)1{11TeJieH 6a311c e1' ••• ; en' a B OCTaJib

HbIX q - B3al1MHbIH eMy GaJ11c e
1
, ••• , en. Tor.na seKTopaM B II oTBeqaJOT 

TeH30pbl B ]{"' HJ p+q 11H,lleKCOB KOTOpbIX HeKoTOpble p HBJIHIOTCSI KOHTpa

sap11aHTHbIMl1, a HeKOTOpble q - KOBap11aHTHblMl1. 06w11tt nopSI.l(OK 11H

.neKCOB 3.necb SIBJIHeTCSI cymecTBeHHhIM. OnycKaH11e KaKoro-JI1160 11H,lleKca 

COOTBeTCTBYCT 3aMeHe B COOTBCTCTByIOI.IJ.eM MHO)l{HTCJIC 6aJ11ca e1, ••• , en 
6 I n. I n 

Ha a311c e , ... , e , IIO.llHHTHe - 3aMeHe e , ... , e Ha e1, ••• , en. 



§ 3. TeH30Pbl B eBICJIUOoBOM npocmpaHcmee 29 

4. .yi. 3.llCCb 6y.aer paCCMOTpeH O.D.HH BWKHblA JUUi .ll.aJlbHeAmero 

npHMep ncen,llOTeH3opa. 

06o3HaqHM g = det ll9i;ll. KaK )')Ke roBopnJiocb, H3 noJIO)K.HTeJibHOA 

onpe.n.eJieHHocrn KnaJJ.parnqHoA <l>opMbI 9i;eie; cJie.n.yer, qro g > 0. ,ll,Jisi 
OpHeHTHPOB8HHOf0 6a3HC8 e,' ... ' en (CM. n. 1 § 2) COCTaBHM qnCJia 

l'V· • - mg c· . ''•···In - V5 '•···In• 
r.ae K8)1(..lJ.bIA .HH.lleKc npo6eraer 3HaqeH.HSI 1, ... , n H 

+l, 

-1, 

ecim ii. ... , in nonapHo pa3JIH'iHbl H nop~ox 
i1, ... 'in COOTBeTCrnyer opHeHTaUHlt 6a3HCa, 

eCJIH ii. ... ' in nonapHO pa3JIH'IHbl H IlOPMOK 
i 1, ... , in He coornercrnyeT opHeHTaUHH 6a3Hca, 

0, ecnH cpe.1m i 1, ••• , in ecTb paBHble. 

Teo p e Ma. 'Yii ... i,, - nceeiJomeH3op. 

)J;oKa3areJibcrno. B03bMeM eme O.D.HH op.HeHTHpooaHHbIA 6a3HC 

e1•' ... ' fn•. )J;OKWKeM, qro B COOTBeTCTBHH c <l><>PMYJIOA (2.1) HMeeT MeCTO 

"fi\ ... i!, =A!.: ... ~sign det ll~·ll'Yi1 ••• i,,· 

06o3HaqnM g' = det ll9i•Jll· MbI .D.OJI)K.HbI .D.OKa3aTb paneHCTBO 

Ci\ ... i~ /t = A!{ .. ; ~ {s ci1 •• • i,, sign det llA!· II. 
KaK JierKo npooepHTb, 

Ilo3TOMY 3aJJ.aqa CBO,ll.HTCSI K .llOKR3aTeJibCTBY paBeHCTBa 

/t = /sl det 11~·111. 
T. e. paeettcrea 

g' = g( det 11~·11) 2 , 
KOTOpoe JiefKO rro.nyqaerca H3 H3BeCTHbIX <t>opMyJI JlHHeiiHOA anre6pbl. 

ECJIH IIO.llHSITb Bee HH,llCKCbl y 'Yi1 .. . i,, ' TO noJiyqHM nceeJJ;OTeH30P 
'Yi .... i,,' 

l'Vit • .. i,. _ gi1j1 gi,,jn l'V. • 
I - • •' IJl•••Jn' 
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JierKO Bblt{HCJIHTb, t{TO 

1 ecnn ii. ... , in nonapHo P33JIH'IHbl H nopH)l.OK 

v'8' i1' ••• ' in COOTBCTCTBYCT opneHT~HH 6a:mca, 

ecnn ii. ... , in nonapHO P33JIH'IHbI H nopH)l.OK 

ii. ... ' in He COOTBCTCTBYCT opHCHTaUHH_6a3HCa, 

0, CCJIH cpe~H ii. ... ' in CCTb paBHblC. 

Herpy,·nHo npoaepHTb qro "Ir· • = 'V· . H 'V(ii .•• in) ='Vii ... in. 
"" ' l[ll 000ln) IJJ .. •ln I I 

BMecro "fi
1 
... in H 'Yi, . .. in oqeHb y,n:o6HbIMH H HarJI.llJlHbIMH .llBJI.lllOTCSI 

COOTBeTCTBeHHO o6o~HaqeHH.R (.yg)i, ... i,, (HJIH ~ .... i,,) H (l/y'S)i1···in. 

IlceB]lOTeH30P (v'S)i, ... i,, no.11BJI.11erc.11, B qacTHOCTH, B CJie.l(yJOIUHX 

reoMerpHqecKHx KOHCTpyKUH.llX. 

06M!M. Bo3bMeM n BeKropoa u, .•. , u. B opHeHrHpoBaHHOM 6aJHce 
I n . 

ei, ... , en cocranHM nces.n:ocKaJISip, r. e. nces.n:oreHJop THna (0, 0) 

QqeBH.l{HO, 

uin ••• uin 
I n 

r.n:e nOp.llJlOK i1' ••• , in COOTBeTCTByer OpHeHTall,HH 6a3HCa •. 

(3.1) 

(3.2) 

Ilcea,n:ocKan.11p U Ha3bIBaerc.11 o67JeMoM napaJIJienenHne,n:a, nocrpoeH

noro Ha BeKTopax ~· ••• '~· ECJIH ~· ••• ,~'U JIHHei1HO 3aBHCHMbl, TO u = 0. 
B npoTHBHOM CJIYtiae 3HaK U yqHTbmaer o HeHTaU.HIO u, ... , u: ecJIIf Ha-

1 n 
6op u, ... ' 'U HMeer TY )Ke opHeHTall,HJO, qro H e1' ... ' en' TO u > 0' eCJIIf 

I n 
npOTHBOilOJIO)KHYJO, TO u < 0. :3TH CBOi!CTBa o6beMa Henocpe.n:cTBeHHO 

CJie,n:yJOT H3 cl>opMyJibl (3.2). 
BeKmopHoe npoU3eeoeHue. B opHeHTHpoBaHHOM H3 

BeKTOpHbIM npo

H3Be.n:eHHeM BeKTOpOB x H y Ha3bIBaerc.11 BeKTOp z, onpe,n:~;u1eMbli1 B 6a-

3HCe, OpHeHTall,H.11 KOToporo COOTBeTCTByer OPHCHT&UHH H3
' CJ1e.l(y10mett 

ct>opMynoD: 
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(Ec;rn: 3TY <t>opMyJiy cqHTaTb .n.eRCTBHTeJlbHOii M.sl ecex opHCHTHPOBaHHbIX 

6a3HCOB, TO z - IICCBJlOBeKTOp.) )loKa)l(eM, qro TaK BBe.n.eHHOe BCKTOpHoe 

rrpOH3Be,UeHHe coerra,naer c H3BeCTHbIM H3 aHaJIHTH'ICCKOH reoMetpHH: BBe

.n.eHHOe HaMH BCKTOpHoe rrpOH3BC.llCHHe .uaer OTBeT, He JaBHCRIUHH OT 83}1-

roro 6aJHCa, BCKTOPHOe rrpOH3BC.llCHHe H3 aHaJIHTH'ICCKOH reoMetpHH -

TO)l(e; a KaK JierKO rrpoeepHTb, B oproroHaJibHOM H HOPMHPOBaHHOM 6a-

3HCe, HMCIOIUCM H~yro opHeHTal.{HIO, .uea paccMatpHBRCMbIX IIOHRTH}l 

COBII8,llRIOT. 

3 a.n. a q a. •IlPHJJ.yMaTM BeKTOpHoe IIPOHJBe.!{eHHe B OpHeHTHPOBaHHOM Ir. 
Toquee. no TeHJOpaM xi' yj' 9ii• gii' (.;g};, ... ;,.' (l/v'F,)'1• .. ;,. H HyJieBbIM TeHJopaM 

IIOCTPOHTb, IIOJlb3YHCb anre6panqeCKHMH orrepauHHMH, rrepeqncneHHbIMH B n. 3 § l, 
BblpIDKeHHe, 6HJIHHeHHOe IIO x H IIO y H .!{aIOll.(ee KOHTPaBapHaHTHbIH BeKTop. 

. . k . 
0 TB e T. IlpH n I- l H n I- 3 - TOJibKO ~kx'y 'f.!{e Ojk - HYJieBOH TeHJop. 

IlpH n = 3 H)')KHOe BblpIDKeHHe rrponopUHOHaJibHO TOMY, KOTOpoe .!{aeT 3HaKOMOe 

HaM BeKTopHOe npOHJBe.!{eHHe. IlpH n = l HCKOMOe BeKTOpHoe npOH3Be.!{eHHe 

rrponopuHOHaJibHO BeKTOpHOMY np01i3Be.!{eHHIO, orrpe.!{eJieHHOMY CJie.l(yioll.(HM 06-

paJoM: npeepaTHM H1 
B qncnoeyio rrpHMyio, cqHTaH e.!{HHHUeii: KOHeu e.!{HHHqttoro 

BeKTopa, ~romero opneHT3UHIO H 1
; onepauHH yMHmKeHHH Ha 3Toii: npHMOii.!laer 

BeKTOPHOe IIPOHJBe.!{eHHe, BbJpIDKaeMoe, eCJIH opHeHraum1 6aJHCa COOTBeTCTByer 

opHeHTaUHH npOCTPaHCTBa, cllOPMYJIOH 

I r,; I I 
Z = ygX y. 

B TeH30pHOH 3aIIHCH OHa MO.lKeT 6b1Tb npe.!{CTaMeHa B BH.!{e 
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TEH30PHbIH AHAJIH3 

B HaCTOHill.eH rnaBe Mbl 6y)1.eM HCIIOJih30BaTb HeKOTOpbie IIOHHTHH 

H <l>aKTbI Torronoruu. Mb1 He 6y.ueM CTPeMHTbCH c.uenaTb H3JIO)l{ettue 6e3-

yrrpetmo CTPOrHM: B HeKOTOPbIX pacc~eHHHX (oco6eHHO B § 4) Mbl 

orpaHWIHMCH HafJIH.llHblMH coo6pa)l{eHHHMH, cqHTM HX )1.0Ka3aTeJibCTBa

MH. OcHOBHhie KOHCTPyKUHH rnaBbI .llOCTaTOqHo co)J.ep)l{aTeJihHhI .llJlH Toro 

qacTHoro cnyqM, KOr.D.a HCXO.llHhIH o6'beKT (ma.D.Koe MHoroo6pa3ue) -

npoCTO HeKOTOPM o6JiaCTb (T. e. OTKPbITOe CBH3HOe MHO)l{eCTBO) B KOOp

)1,HHaTHOM rrpOCTPaHCTBe c 0)1.HOH <l>HKCHPOBaHHOH CHCTeMOH KOOP.llHHaT, 

rropo)l{)J,aIOmeH: OCTaJibHhie KOOP.llHHaTHbie CHCTeMhl. 

§ 1. 0CHOBHbIC IIOHHTHH 

1. Tha.zume Muoroo6pa3He. 
0 II p e .ll e JI e H He. Xayc)J.op<l>OBO TOIIOJIOrH'IeCKOe npocTPaHCTBO Ha-

3bIBaeTCH n-MepHbIM (TOIIOJIOrHqecKHM) MHoroo6pa3HeM, eCJIH Ka)l{)J,M 

TOqKa 3TOrO npoCTpaHCTBa HMeeT OKPeCTHOCTb, fOMeOMOp_<l>HYIO HeKOTO-

poii o6nacTH B Rn, n ;;:i: 1. / 

3a<l>HKCHPOBaB KaKOH-JIH6o roMeoMop<t>i6M, ynoMHHaeMhlH B orrpe

.ueneHHH, H BhI6paB B Rn KaKoH-JIH6o 6a3HC, Mbl BBe.D.eM TeM caMbIM 

B paccMaTPHBaeMOH OKpecTHOCTH KOOP.llHHaTHyIO CHCTeMy: KOOP.llHHaTaMH 

ToqKH HBJIHIOTCH KOOP.llHHaTbI coorneTCTByIOill.ero BeKTopa Rn B Bb16patt

HOM 6a3HCe. 

Cy3HM KJiacc KOOP.D.HHaTHhlXCHCTeM. 3a<l>HKcupyeM r, r = 1, 2, ... , oo. 

IlyCTb B HeKOTOPbIX o6Jiacrnx n-MepHoro MHoroo6pa3HH BBe.UeHbl HeKO

TOPhie KOOp)J.HHaTttble CHCTeMhl (3TH o6JiaCTH H KOOP.llHHaTHble CHCTeMbl 

.uanee 6y)J.yT Ha3blBaTbCH iJonycmUMblMU) TaK, qTo BblIIOJIHeHbl CJie.UyIOill.He 

YCJIOBHH. 
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1. 06bC.llHHem1e .llOnycTHMbIX o6nacTei-i: ecTb see MHoroo6pa:me. 

2. ECJIH .llBe .n:onycTHMble o6nacTH HMeIOT Henycroe nepece'IettHe, ro 

Ha 3TOM nepece'IeHHH nepexo,ll OT 0.llHHX .llOilyCTHMbIX KOOP.llHHaT 

K .llPYfHM 3a.llaeTCR r pa3 HenpepbIBHO .llH<l><l>epeHUHpyeMbIMH <l>YHK

UHRMH. TaK KaK npOH3Be,lleHHe RK06HaHOB .llByx B03HHKaIOIUHX CH

creM <l>YHKUHH paBHO e,llHHHUe, TO RK06HaH KIDK,!J.OH TaKOH CHCTeMbl 

<l>YHKUHH OTJIH'IeH OT HyJIR B KIDK,!J.OH TO'IKe. 

3. ECJIH KaKaR-JIH6o KOOP.llliHaTHaR cHcreMa o6Jia.llaer TeM csoi-i:crsoM, 

'ITO ee npHCOe,llHHeHHe K COBOKYflHOCTH ,llOnyCTHMbIX CHCTeM He npo

THBOpe'IHT YCJIOBHJO 2, TO 3Ta CHCTeMa ,llonyCTHMaR. 

Onpe,lleJiettHe. n-MepHoe MHoroo6pa3He c Bbl.lleJieHHbIM KJiac-

coM KOOP.llHHaTHbIX c11cTeM, Y.llOBJiernopRIOIUHX ycJIOBHRM 1-2-3, Ha3oBeM 

.llH<l><l>epeHu11pyeMbIM (HJIH rJia.llKHM) Mttoroo6pa311eM KJiacca r (cTaH,llapT

Hoe o6o3Ha'IeH11e: ~, X'1 HJIH X). 

,!1.anee 6y,lleM HCilOJlb30BaTb TOJlbKO .llOnyCTHMbie KOOP.llHHaTHbie 

CHCTeMbl. 

Ha ~ HMeeT CMbICJI noHRTHe «q pa3, q ~ r, ttenpepbIBHO .llH<l><l>epett

u11pyeMaR <l>YHKUHR», nOCKOJibKY CBOHCTBO <l>YHKUHH HMeTh HenpepbIBHbie 

qacTHbie npOH3BO,llHbie .llO nopR,llKa q, O'IeBH,llHO, He 3aBHCHT OT BbI6opa 

,llOnyCTHMOH CHCTeMbl KOOP.llHHaT. 

,!1.sa .llH<l><l>epeHuHpyeMbIX Mttoroo6pa3HR O.llHOro H TOro )f(e KJiacca r 
Ha30BeM aurj)(peOMOprjJHblMU, eCJIH cyrueCTByeT HX B3aHMHO 0.llH03Ha'IHOe 

OT06pa)f(eHHe, RBJIRIOIUeecR B 060HX ttanpaBJieHHRX r pa3 HerrpepbIBHO 

.llH<l><l>epeHUHpyeMbIM, TO eCTb 3a,llasaeMoe B . .nonycTHMbIX CHCTeMax KOOp

.llHHaT r pa3 HenpepbIBHO .n:11<l><l>epeHu11pyeMbIMH <l>YHKUHRMH. CaMH TaKHe 

OT06pa)f(eHHR Ha30BeM aurjJ<jJeOMOprjJU3MaMU. 
0TMeTHM pa3JIH'IHe B pOJIRX, KOTOpbie HrpaIOT YCJIOBHR 1-2 H YCJIO

BHe 3. EcJIH Ha KaKOM-JIH6o MHoroo6pa3HH Bbl,lleJieHO MHO)f(eCTBO KOOp

,llHHaTHblX CHCTeM, Y.llOBJleTBOPRIOIUHX ycJIOBHRM 1-2, TO 3TO MHO)f(eCTBO 

)')Ke npe,llonpe,lleJIReT ~; OCTaJibHbie KOOP.llHHaTHbie CHCTeMbl MOryT 6bITb 

Bhl.lleJieHhI no 3THM HCXO.llHhIM, .llJIH 3TOro .llOCTaTO'IHO PYKOBO.llCTBOBaTbCH 

ycnos11eM 3. TotIHee. EcJIH KIDK.llaH H3 .ll06asneHHhIX KOOP.llHHaTHbIX cHcTeM 

o6Jia,llaeT TeM CBOHCTBOM, 'ITO .ll06aBJieHHe TOJibKO ee O.llHOH He npOTHBOpe

'IHT YCJIOBHIO 2, TO .ll06aBJieHHe eceli COBOKYilHOCTH 3THX CHCTeM He npo

THBOpe'IHT ycJIOBHIO 2. ,!1.elicTBHTeJibHO, eCJIH .llBe .ll06aBJieHHhie KOOP.llH

HaTHhie 06.JiaCTH HMeIOT Henycroe nepecetJeHHe, TO B ,llOCTaTO'IHO MaJIOH 
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OKpeCTHOCTH Ka)l(JlOH TOqKJ:l 3Toro nepeceqeHHH nepexo.n OT O,llHOH ,ll0-

6aBJieHHOH KOOP,llHHaTHOH CHCTeMbl K ,npyroti: MO)l(HO ocymecTBHTb B ,llBa 

3Tana: nepexo,n OT Hee K KaKOH-TO H3 HCXO,llHbIX, a 3aTeM nepexo,n OT 3TOH 

Hcxo,nI-toli KO BTopoli ,no6aBJieHHOH. Ha Ka)l(JlOM TaKoM 3Tane nepexo,n 3a

,naeTCH r pa3 HenpepbIBHO M<t><t>epeHI.1,HpyeMbIMH <l>YHKI.1,HHMH; TeM caMbIM 

cynepno3HIJ,HH 3Tanos 3MaeTCH raK )Ke. 

06biqHbIH cnoco6 3MaHHH x:: - 3TO <t>HKCaUHH HCXO,llHOro n-Mep

HOro MHoroo6pa3HH H Bb!lleJieHHe HeKoToporo JierKo o6o3pHMoro Ha6opa 

,nonycTHMblX o6JiacTeH H KOOp,llHHaTHbIX CHCTeM TaK, qT06bI y,noBJieTBopH

JIHCb YCJIOBHH 1-2. 
JI106aH o6JiaCTb G B X:: HBJIHeTcH rJIMKHM MHoroo6pa3HeM Toro )Ke 

KJiacca, eCJIH B3HTb Te .nonyCTHMbie KOOp,llHHaTHble CHCTeMbl x::' o6JiaCTH 

KOTOpbIX Jie)l(aT B G. 
ECJIH 3MaHo HeKOTopoe x:: H ueJioe qffCJIO q' 1 ~ q < r' TO 3TO x:: 

MO)l(HO npeBpaTHTb B ~' pacurnpHB MHO)l(eCTBO ,nonyCTHMbIX KOOp,llHHaT

HblX CHCTeM: 6epeM .nonycTHMbie KOOP.llHHaTHbie CHCTeMbl x:: H ,no6aBJIHeM 

BCe Te CHCTeMbl, KOTOPbie MOryT 6bITb IlOJiyqeHbl ,llJIH B3HTOf0 q HCilOJlb30-

BaHHeM CBOHCTBa 3. 

TipHMepbI. 
I. Bo3bMeM Rn. Bb16epeM B Rn KaKOH-mi60 6a3HC ei. .. ., en; :nor 6a:mc 

nopo.lK,ll,aer B Rn cacreMy KOOP.llHHar. YcJIOBHH 1-2 BbITIOJIHeHbI )llll mo6oro r. 
3aqrnKCHpyeM r. ,ll,o6aBHM K YJ<a3aHHOH BbIWe KOOP.D.HHarHOH CHCreMe Bee re 
CHcreMbI, KOrOpbie y,noBJiernopHIOr ycJIOBHIO ~,, TioJiyqHM HeKoropoe x:.'. 

2. B H3 B03bMeM e,nHHH'IYIO c¢>epy ~: (x, x) = l. )],JIH Ka.lK,ll,OH roqm 
c<f>epb! B HeKOTOPOH MaJIOH ee OKpecr~ -BBe.neM Ha c¢>epe KaKYIQ-JIH6o c<Pe
paqecKYIO (reorpa¢>11qeCKYIO) CHCTeMy KOOP.D.HHar, )llll KOTOPOH IlOJIIOCbl He Jie)l(ar 
B 3rOH OKpecrHOCTH H Ka.lK,ll,M roqKa OKpecrHOCTH HMeer O,lJ.H03HaqHo onpe.ne
JieHHYIO .nomory. y CJIOBHH 1-2 BbITIOJIHeHbI )llll JII06oro r. <l>HKCHPYH r' TIOJiyqHM 

2 . 
HeKoropoe Xr. 

3. B H3 B03bMeM rop, 3aAasaeMbIH B HeKoropoii npHMoyroJibHOH cacreMe 

KOOPAHHar x, y, z ypaBHeHHeM (..; x2 + y2 - a)
2 + z2 = b2

; a H b <i'>HKCHpOBaHHbie 
qacJia, 0 < b <a. 3a.naAHM 3ror rop ypaBHeHHHMH 

x = (a+ b cos>.) cosµ, y = (a+ b cos>.) sinµ, z = b sin>.. 

3.necb -oo < >. < +oo, -oo < µ < +oo; MH roro, qro6bl napa >., µ H. napa 
>.'' µ' onpe,neJIHJJH OAHY H TY )Ke roqKY, He06XOAHMO H .nocraroqHo, qro6bI. 6bill0 
(>. - >.')/(27r) - uenoe H (µ - µ')/(27r) - uenoe. B MaJIOit OKpecrHOCTH Ka.lK,ll,OH 
roqKH ropa B03bMeM CHcreMY KOOp,llHHar, BbI6paB KaKOit-nH6o MaJibIH ,lll11llla30H 
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HJMe11e11m1 ..\ n µ. Ycnomu1 1-2 BblnonHRIOTCR ,n;rn mo6oro r. <l>HKCHPYR r, 
nOJIY'JHM HeKOTOpOe x;. 

4. BoJbMeM R2
• Bue.n.eM KaKHe-nH6o npHMOJIHHeitHble Koop.n.HHaTbI x, y. Aue 

TO'IKll (x, y) H (x', y) HJ R2 HaJOBeM 3KDHBaJleHTHblMH, ecnH x - x' - uenoe 

11 y - y' - uenoe. To'IKa npocrpaHCTBa - TO'IKa R2 
c TO'IHOCTbIO .n.o JaMeHbI 3K

BHBaneHTHoit. fiepH D MaJIOM OKpeCTHOCTH KIDK.l(OM TO'IKH 3TY CHCTeMy KOOP.llHHaT 

II <l>lfKCHPY.!I r, flOJIY'JHM HeKOTOpoe x;. 3TO x; .!1.H<l><l>eoMop<l>HO TOpy (CM. npe.llbl

.!l.YIUHH npHMep). 

5. IlOJbMeM c<t>epy s (cM. npHMep 2). KIDK.zu,1e .!I.Be .!1.HaMetpanbHO npOTHBO

flOJIQ)KHbie TO'IKH S o6DRBHM 3KDHBaJleHTHbIMlf. To'IKlf S c TO'IHOCTbIO .n.o JaMeHbI 

Ha 3KBHBaJleHTHble - TO'IKH 11amero MHoroo6paJJfH. fiepH CHCTeMbl KOOP.llHHaT, 

ODHCaHHbie B npHMepe 2, H <l>HKCHPYR r, DOJIY'JHM HeKOTOpOe x; (TaK HaJbIBae

MyIO npoeKTHBHyIO flJIOCKOCTb). 

6. BoJbMeM B R2 n npHMOJIHHeHHbIX KOOp.llHHaTax x, y nonocy: -oo < x < 
< +oo, -1 < y < 1. To'IKH (x, y) H (x', y') o6DRBHM 3KBHBaneHTHbIMH, ecnH 

x - x' = k - uenoe, a y = ( - I) k y. To'IKlf MHoroo6pa3JfH - TO'IKlf nonocbl 

c TO'IHOCTbIO .no JaMeHbI Ha 3KDHBaJieHTHble. BepH B Manow oKpeCTHOCTH TO'IKH 

KOOp.n.mmTbl X, y H <l>HKCHpyH r, DOJIY'JHM HeKOTOpoe x; (TaK HaJbIBaeMblii JIHCT 

Me6Hyca). 

,ll,a.nee AJUI KpaTKOCTH H3JIO)l{emrn 3Ha'leHHe r H soo6me IlOPMOK 

fJI8,llKOCTH HCilOJib3yeMbIX <l>YHKUHit He <l>HKCHpyeM; yn01pe6JrneM TepMHH 

«fJUl,JlKa.Sl <l>YHKUH.Sl», 03Ha'laIOLU.Hit «,llOCTaTO'IHO fJI8,llKa.Sl <l>YHKUH.Sl, TaK 

'IT06bl npoBO)l,HMbie .nH<l><l>epeHUHaJibHbie onepaUHH 6hIJIH JaKOHHbl». 

BoJhMeM KaKoe-1m60 oTo6pll)l{eHHe 

cp: Xm-t xn. 
I 2 

IlyCTb cp(a) = b. ECJIH 3a<l>HKCHPOB~Th B OKpeCTHOCTH TO'IKH a KaK}'IO

JIH6o KOOp,nHHaTHYIO CHCTeMy X1
, ••• , Xm B Xm, a B OKpeCTHOCTH TO'IKH b 

I 
I n n ~ 

KaK}'IO-JIH60 KOop,nHHaTHYIO CHCTeMy z ' ... ' z B x ' TO B HeKOTOPOn 
2 

OKpecTHOCTH TO'IKH a oro6pll)l{eHHe 38,llaerc.si: <l>opMyJiaMH 

I 1( I m) z =z x , ... ,x , ... , n n( I m) Z =Z X, ••• ,X • (1.1) 

<l>YHKUHH z1 
' ••• ' Zn C'IHTaeM ,llOCTaTO'IJ{O fJl8,llKHMH. OrMeTHM Ba)l{Hblit 

cl>aKT: rank jj8za j8xill B ,llaHHOil TO'IKe He JaBHCHT OT BbI6HpaeMhIX B Xm 
I 

H Xn CHCTeM KOOp)l.HHaT; 3TO yrBep)K,lleHHe Henocpe,nCTBeHHO CJie,llyeT 
2 
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HJ npaBHJIR npeo6paJOBRHHH HK06HeBblX MRTPHU npH nepexo.ne K HOBbIM 

nepeMeHHbIM. 

Onpe.neJieHHe. Oro6pR)l{eHHe cp: xm -t xn HRJbIBReTCH norpy-
1 2 

XeHHeM, eCJIH rank ll8za /8xill = m .lJ;JIH BCeX X E xm. 
l 

IlpHMep 4 peaJIH3yeT norpyxeHHe R2 
n rop. 

ECJIH cp - norpyxeHHe x B x H x roMeOMOP<l>Ho cp(X)' TO norpy-
1 2 I l 

xeHHe HR3bIBReTCH 8/lO:JICeHUeM. 

ECJIH cp: xm -t xn' m < n, - BJIOXeHHe, TO o6pR3 xm 6y.neM 
l 2 , I 

HRJbIBRTb rJIR.ll;KHM m-MepHblM nOOMHOt006pa3UeM MHOf006pR3HH Xn. 
2 

IlyCT& cp: Xm -t Xn - norpyxeHHe; b = cp(a). 3acl>HKCHpyeM B Xm 
l 2 l 

I m ~ 
B HeKOTopoti OKpeCTHOCTH TOllKH a KOOP.D;HHRTbl x ' ... ' x ' a B A 

2 

n HeKoropoti OKPeCTHOCTH TOllKH b Koop.nHHRThI · z
1
, ••• , zn. TaK KRK 

rank 11aza ;axil I = m, TO no TeopeMe 0 HeHBHblX <l>YHKUHHX B MRJIOti 

OKpeCTHOCTH TOllKH a nepeMeHHbie x 1
' ••• ' xm MOryT 6bITb BblpR)l{eHbl 

HJ COOTHOllleHHH ( 1.1) qepe3 KRKHe-TO m nepeMeHHblX 113 llHCJIR z
1 

' ••• ' i"' 
MH onpe.neJieHHOCTH qepe3 z

1
, ••• , zm. TeM caM&IM 3Ta oKpecTHocT& BJIO-

)({eHa B Xn. \ 

Ily~Tb m < n. Tor.na Mbl 6y.neM HMe-9- B fn ypaBHeHHe o6paJa 3TOU 

OKpeCTHOCTHTOllKH a 
m+I m+l( I m) n n( I m) z =g z, ... ,z , ... , z =g z, ... ,z . 

Ilepet1:.lJ;H B Xn B OKpeCTHOCTH TOllKH b K KOOp.D;HHRTRM w1
, ••• , Wn: 

2 ' 

WI = zl' ••• ' Wm = i"' 
m+ I m+ l m+ I ( l m) n n n( I m) w =z -g z , ... ,z , ... ,w =z -g z , ... ,z 

(3TO .nonycTHM&Ie KOOP.D;HHRThl, nposep&re!), Mbl nonyqHM 3TO ypaBHeHHe 

B BH.D;e 

wm+t = 0, ... , Wn = 0. (1.2) 

3HalleHHH w1
' ••• ' Wm - KOOp.D;HHRTbl Ha o6pRJe OKpeCTHOCTH TOllKH a. 

B .ll;RJI&HetillleM, eCJIH Xm norpyxeHO B Xn, MLI JIOKRJlbHO (T. e. B .D;0-
1 2 ' 

CTRTOllHO MRJIOti OKpeCTHOCTH Bb16paHHOH TOllKH H3 Xm) .lJ;M HRfJIH.lJ;HOCTH 
1 
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He 6y,neM pa3.IHl'IllTb Xm H 06pa3 Xm B Xn; OCHOBllHHeM JI)HI 3TOf0 5IBJUI-
l I 2 

eTC51 TOT <PaKT, 'ITO BC5IKOe norp}')KeHHe, t<aK noKa3aHO, JIOKa.JlbHO 5IBJI5leTC51 

BJIO)KeHHeM. Il03TOMY npH norp}')KeHHH Xm B Xn, m < n, Mbl JIOKa.Jlb-
1 2 

HO rrpe,nCTllBJI5IeM ce6e Xm peaJIH30BllHHbIM B BH.D:e m-MepHOfO rJill.ll:KOfO 
I 

nOJlMHOf006pa3H51 MHOroo6pa3H51 Xn. IlpH 3TOM paCCMllTpHBlleMbie Hll Xm 
2 I 

KOHCTpYKUHH (HarrpHMep, CHCTeMbl KOOPJlHHaT) 6y,neM npe,nCTllBJI51Tb B BH-

.ne KOHCTpYKUHH Ha o6pa3e Xm B Xn, 
I 2 

Kpnnoi1, coe,nHH5IIOIIIei1 TO'IKH an b, npHHll.ll:Jle)Kamne ·xn, Ha3brnaeT-

c51 o6pa3 TllKOro rJill.ll:KOrO OT06pll)KeHH51 <p: [ti. t2) -7 xn, 'ITO <p(t1) = a, 
1.p(t2) = b. 

,[(arree 6y,neM C'IHTllTb, 'ITO xn CB513HO, T. e. 'ITO .ll:Jl51 JII06bIX JlByx e'ro 

TO'IeK CYIIIeCTByeT KPHBa51, nx coe,nHH5IIOIIIa51. Bee npnMepb1, npHBe.UeHHbie 

BbIIIIe, CyTb npHMepbI CB513HbIX. MHOroo6pa3HH. qHTllTeJib caM npHBe}leT 

npHMep MHOroo6pa3H51, He 5IBJ15IIOIIIeroc51 CB513HbIM. 

Ilpnse.ueM 6e3 JlOKa3aTeJibCTBa HeKOTOpbie TOHKHe pe3yJibTllTbl, xopo

IIIO HJIJIIOCTpHPYIOIIIHe pa3JIH'IHe noff5ITHH «TOIIOJIOrH'IeCKOe MHoroo6pa-

3He» H «rJill.ll:KOe MHOroo6pa3He». 

CymecTByIOT TOilOJIOrH'IeCKHe MHOroo6pa3H51, B KOTOPblX HeB03M0)1(

HO BBeCTH fJlll.ll:KOCTb. 

Mo)KHO npnaecTH npnMepbI roMeoMop<l>HbIX, HO He .un<P<PeoMop<P

HbIX MHoroo6pa3Hi1. B qacTHOCTH, o6o3Ha'IHM qepe3 fJ(n) MaKCHMaJibHoe 

'IHCJIO nonapHo He.un<P<PeoMop<l>HbIX rJill.ll:KHX MHoroo6pa3Hi1 KJiacca .nn<P

<PepeHunpyeMOCTH 1, roMeOMOP<l>HbIX n-MepHOH c<Pepe. ,lJ;JI5I HeKOTOPbIX n 
3Hll'IeHH51 fJ(n) TllKOBbI: 

n 1 2 3 4 5 6 7 8 9 10 11 12 

O(n) 1 1 1 ? 1 1 28 2 8 6 992 1 

2 •. KacaTeJILHOe npOC'l'plHCTBO. PacCMOTpHM KaKoe-JIH60 xn H B03b

MeM XE xn. 
0 

Onpe.ueJieHue. KacareJibHblM K xn B TO'IKe x npocrpaHCTBOM 
0 

Ha3bIBaeTc51 JIHHei1Hoe npocrpaHcmo Rn, M51 Koroporo ycTaHoBJieHbI cne-

.llYIOIIIHe CB513H C xn: 
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1. Ka)l()J.OH CHCTeMe KOOP.llHHaT X
1

, ••• , Xn, BBe.lleHHOH B OKPeCTHOCTH 

x' COOTBeTCTByeT 6a:mc ei. ... ' en B Rn; 
0 

2. npH nepexo.ne OT 0.llHOH CHCTeMbl KOOP.llHHaT x1
' ••• ' xn K .npyroif 

I' I 

CHCTeMe X , ••• , Xn COOTBeTCTByK>IUHe 6a3HCbl CBR3aHbl <l>OPMYJIOH 

3.lleCb H .nanee BCIO.llY B rro.no6HbIX CJI)"IaRX HH.lleKC i' B Bbipa)!(eHHH 

OXi/oxi' CqHTaeTCR BXOMIUHM B CTPOKY KOBapHaHTHblX HH.lleKCOB, 

a HH.lleKc i - B CTPOKY KOHTPaBapHaHTHbIX HH.lleKcoB. 

,Ll.a.nHM cnoco6 nocTpoeHHR KacaTeJihHoro rrpocTPaHcTBa. BoJbMeM 

x E X'1". BoJbMeM crreu;HMbHO .llJIR 3TOH roqKH x 3K3eMIIMP Rn. Bb16e-
o 0 
peM B oKpecTHocrn. x KaKyK>-JIH6o KOOP.llHHaTHyio CHCTeMy H B 3TOM Rn 

0 
KaKOH-JIH60 6a3HC. 3TOT 6aJHC HaJHaqHM COOTBeTCTBYIOIUHM BbI6paHHOH 

KOOP.llHHaTHOH CHCTeMe. IlpH nepexo.ne B OKpeCTHOCTK x K HOBOH CHCTeMe 

KOOP.llHHaT 6y.neM COOTBeTCTBeHHO MeHRTb 6a3HC B 3ro!'1r. 3aMeqaTeJib

HO, qTO 3TH 6aJHCbl rrpeo6pa3yK>TCR yKaJaHHbIM o6paJOM npH nepexo.ne 

OT 0.llHOH K .npyroif .llJIR JII06bIX .nayx KOOP.llHHaTHbIX CHCTeM, a He TOJibKO 

IIPH nepexo.ne OT HaqaJibHO BbI6paHHOH KOOP.llHHaTHOH CHCTeMbI K JIIOOOH 

.npyroi1: (.llOKa)!(HTel). 

0TMeTHM, qTQ ecJIH Rn H Rn .llBa KacaTeJibHbIX rrpocTPaHCTBa B O.llHOH 
I 2 

H rott )Ke TOqKe x E X'1", TO Me)l()J.y R H R ycrnHaBJIHBaeTCR ecTecTBeHHbIH 
0 I 2 

H30MOP<l>H3M: BbI6HpaeM B OKpecTHOCTH x KaKYIO-JIH60 KOOPAHHaTHyio 
0 

cHcTeMy; eif B R H R coorneTCTBYIOT orrpe.neJieHHhie 6a3HChI; .llAA u E R 
I 2 I I 

H u E R rronaraeM u ~ u, ecJIH ui = ui (BbIIIOJIHeHHe nocJie.nHero 
2 2 I 2 I 2 

paBeHcTBa B CHJIY npaBHJia HJMeHeHHR 6aJHcoa a R H R He JaBHCHT 
I 2 

OT BbI6.ttpaeMOH CHCTeMbl KOOP.llHHaT). 

TaKHM o6pa30M, .llJIR Ka)l()J.OH TQqKH x E xn KacaTeJibHOe rrpOCTPaH-
0 

CTBO CYIUecrnyeT H ell.ttHCTBeHHO. 

06o3HaqeHHR, KOTOPbie Mbl .nanee npHMeM B KaqecTBe CTaH.llaPTHblX: 

oxi . 
• --.,=Ai·; 

ox' 
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• T"(x) (a TilIOKe T(x), TX(x), T, 'I'") - KacareJihHOe K X B TOllKe x 
rrpocTpaHCTBO. 

Ilo,ll;llCPKHCM, llTO rrpocTpaHCTBa, KacaTeJibHbie K xi B pa3HblX TOllKax, -

3TO pa3HbleJIHHeiiHbie rrpocTpaHCTBa, «He HMeIOw;He,ll;pyr K,ll;pyry HHKaKoro 

OTHOIUeHIDI». 

ECJIH <p OT06pa)({Cffl-IC Xm B Xn, TO <p H~HpyeT .lJ,JUI Kax,ll;Oro 
I 2 

x EX JIHHei-lHoe oro6paxeHHe TB T, r,ll;e T - KacareJihHOe rrpocTpaH-
o I I 2 I 
CTBO K x B TOllKe x, a T - K x B TOllKe rp(x). 3ro JIHHeHHOe oro6pa-

I U 2 2 0 
)({eHHe, o6o3HallHM ero B, cTpoHrcsi: CJie,ll;YJOl.UHM o6pa3oM. Bo3hMeM Ha X 

I 

B oKpeCTHOCTH x KaKYJO-JIH60 KOOp,ll;HHaTHYIO CHCTeMY x1
' ••• ' xm H Ha x 

0 2 

B OKpeCTHOCTH rp(x) KaKYIQ-JIH60 KOOp,ll;HHRTHYIO CHCTeMy y1
' ••• 'yn. 3TH 

0 
KOOp,ll;HHaTHhie cHcreMhI orrpe,ll;eJIHIOT 6a3HCbI B T H T. B 3THX 6a:mcax B 

I 2 
3a,naercsi: <i>OPMYJIOH 

aya 
3,ll;eCh u E T, z E T, a Ift = -

0 
. (x). Herrocpe,ll;CTBeHHOH npoBepKoD 

I 2 X' 0 
y6e)({,l(aeMCH, llTO TilK orrpe,ll;eJieHHOe oro6paxeHHe He 3aBHCHT OT Bbl6Hpa-

CMblX B x H x CHCTeM KOOp,ll;HHar. 
I 2 

3To JIHHCHHOe oro6paxeHHe T B T Ha3hlBaercsi: ou</J<jJepeHU,UQ./lOM 

oro6paxeHHH rp; o6o3HalleHHe: 
I 2 

B = o<p. 
ox 

IlyCTb l : X = x(t) - rrapaMeTpHllCCKH 33,llRHHaH KPHBaH B xn, 
x(to) = x. BBe,ll;eM B OKpecTHOCTH x CHCTeMy KOOp,ll;HHaT x1

, ••• ,xn. Co-
o 0 

craBHM llHCJia ui = ddxi I . 3THM llHCJiaM cooTBeTCTByer BeKTop H3 Tn(x). 
t to' 0 

I' I 
,[(eitCTBHTeJibHO, ITPH nepeXO,ll;e K ,ll;pyroi\: CHCTCMC KOOp,ll;HHaT X , ••• , Xn 

Mbl IlOJIYlfHM 

i' dxt I EJxi' I dxi I i' i u =- =-. - =Aiu. 
dt to EJx• z dt to 

0 
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Onpe.ueJieHHe. IlocrpoeHHhiii Bbtllle aeKTop Ha3bIBaeTCSI Ka
dx 

CaTeJibHbIM aeKTOpOM Kl npH t =to; 6y.ueM 0003HalfaTb ero u = dt (to). 

EcJIH B3SITb .use napaMerpH3au;HH l, TO nOJlYlfHBllIHecH B KaKoH-JIH6o 

TOlfKe 3TOH KPHBOH .una KacaTeJlbHbIX BeKTopa, OlfCBH)lHO, KOJlJIHHeapHbl. 

IlpHne.ueM HeKOTOpbie .uonOJIHeHHH K nne.ueHHblM onpe.ueJieHHHM. 

EepSI BCCB03MO)l(}{bIC KpHBbie, npOXO)lSllllHe qepe3 TOlfKY x' H COOT-
. 0 

BeTCTBYIOIUHe KaCaTeJibHblC K HHM BeKTOPbl, Mbl IlOJIYlfHM ace BeKTOpbI 

H3 ri(x); MO:lKHO ClfHTaTb, TaKHM o6pa30M, lfTO ri(x) COCTOHT H3 BeKT0-
0 0 

poa, KacaTeJI&HbIX B ~ K paJJIHlfH&IM KPHBbIM •. 

ECJIH cp - norpyxeHHe xm B xn' TO ,ll)ISI Ka:lK)lOfO x E xm KaCaTeJib-
1 2 I 

fJcp 
HOe npocrpaHCTBO rn(x) npH npHMeHCHHH -;-(x) nepeXO)lHT B HCKOTO-

<JX • 
poe m-MepHoe JIHHdiHoe no.urrpocrpaHCTBo KacareJibHoro npoc~a 

ri(cp(x)): 3TO rro.urrpocrpaHCTBO COCTOHT H3 BeKTopon, KacaTeJibHbIX B cp(x"' 
K KPHBbIM, Jie:lKaUIHM B cp(Q), f)le Q - HeKOTOpaSI OKPeCTHOCTb X B xm. 

3a<i>HKCHpyeM B OKpeCTHOCTH TOlfKH X E xn KaKYIQ-JIH60 CHCTeMY 
0 

KOOP.llHHaT x 1
' ••• ' xn. 3Ta CHCTeMa KOOP.llHHaT rropo)l(JlaeT B3aHMHO O.ll.H0-

3HalfHOe oro6paxeHHe 3T011: OKpeCTHOCTH Ha HeKOTOPYIO OKpeCTHOCTb HYJISI 

ri(x): TOlfKe XE xn COOTBCTCTByeT BeKTOp Z E ri(x), CCJIH i =Xi -Xi. 
0 0 0 

EcJIH B3HTb B 3TOH )f(C OKpeCTHOCTH TOlfKH x .ll.PyryIO CHCTeMy KOOP.ll.H-
0 

I' n · I 
HaT x , ... , x , Mhl noJIYlfHM AJISI Tott xe TOlfKH x aeKTOp z . Bo3MO)l(}{O 

z t= z'. 0.uHaKO, KaK Herpy.uHo npoaepHTh, CCJIH x 6JIH3KO K x, TO KO
O 

Op)lHHaTbI BeKTopa z' - z B Ka:lK)lOi:i H3 3THX .UByx KOOP.llHH8THblX CHCTeM 

CyTb BCJIHlfHHbl BTOporo nopH.UKa MaJIOCTH OTHOCHTeJibHO ~ lxi -ti 
i 

(HJIH, lfTO 3KBHBaJieHmo, omocHTeJI&Ho ~ Ii' - :r/ I). ,llpyruMH cJiona-

i' 0 
MH, Ka:lK)laSI CHCTeMa KOOP.llHHaT, onpe.ueJieHHWI B OKpeCTHOCTH x' nopox-

0 
.uaeT caoe OT06paxeHHe 3TOH OKpeCTHOCTH x Ha HeKOTOPYIO OKpeCTHOCTb 

0 . 

HYJISI ri(x); manttasi (JIHHei:ittasi) qacT& 3THX OTo6p8)1{eHHD o6masi. 
0 

floJie3HO IIpe,llCTaBJIHTb ce6e HafJISl.llHO CBSl3b MCJC.llY xn H ri(x) TaK: 
' 0 

X - 3TO HyJib ri(x); TOlfKH xn, 6eCKOHe1lHO 6JIH3KHC K X (T. e. TOlfKH, 
0 . 0 0 
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HMeIOruHe KOOP.ZI.HHaTbl x' + dx'' r.ne dxi 6eCKOHe•rno MaJlbl, - Mbl pa3-
o 

peruaeM B 3TOM c.nyqae Jan He& x + dx), Moryr 6hITb cueceHbI c ueonpe.ne
o 

JieHHOCTbIO BToporo nOp$1,nKa MaJIOCTH Ha T' ( x)' a HMeHHO, TO'IKa x + dx' 
0 0 

nepeueceuuasi ua T'(x), cosna.naer c dx E T'(x). 3.necb dx 0603ua11aer 
0 0 

H 6eCKOHelfHO MaJIOe CMeIUeHHe Ha )(Tl H .n11<t><t>epeHI.J;HaJI 3TOro CMerueHH$1, 
T. e. BeKTOp KaCaTeJibHOfO npocrpaHCTBa. ECJIH cp; Xm--+ Xn Hy= cp(x), 

I 2 
{)cp 

TO dy = OX dx. 

II p u Me p. IlyCTb X"' norpyxeHo B JIHHei:tHoe npocTPaHCTBO Rn; z = 
= z(x1

,. • ., xm), z E Rn, x1
,. .. , xm - KOOP.ZU!HaTbI Ha X"'. Tor.na T"'(x) 

0 
MO)KeT 6btTb peanuJOBaHO cne.nyroruuM o6pa3oM. 

oz' . n oz Bo3bMeM ei = IJxi / i = 1,. . ., m; ei - BeKTOpbl R . TaK KaK rank ax = m, 
0 

TO e,' ... ' em JIUHei:tHO HeJaBUCHMbI. 0HH nopO)K,ll;aIOT HeKOTOpoe nuHei:tHoe IlO,ll-
npocTpaHCTBO Rm. IlocTPoeHHoe Rm o6na.naeT BCeMH cBoi:tcTBaMH KaCaTeJibHO
ro npocTpaHCTBa; e1, ... , em - 6aJuc Rm, nopo)K,ll;eHHbli:t cucreMoi:t KOOP.llHHaT 
x 1

, ••• ,xm 
)lirn 6onh11Iei:t Harm1.nHOCTH C.llBHHeM napanneJibHO 3To no,llilpocrpaHCTBO TaK, 

qro6hl ero H}'Jib nonan B z( x). MbI nonyqHM )KenaeMyro KaPTffHY BJaHMHoro pacno
o 

no.>KeHHR X"' (roqHee, 06pa3a B Rn Manoi:t OKpeCTHOCTH BX"' roqKH x) u T"'(x). 
0 0 

IlpHBe,lleM puc. l ,llJij( m = 2, n = 3. 
)lanee, ecnu x.1"' norpyxeHo B Rn, Mhl Bcer.na 6y.neM 6parb ei = IJz/IJxi. 

PHc.1 
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3. Teu3opuoe noJie. 

0 II p e .U e JI e H He. TeH30PHblM IIOJieM nma (p, q) Ha J[l'l Ha3bIBaeTCSI 

<l>YHKUIUI 

u = F(x), 

r.ue X E J[l'l, u(x) - TeH30p THIIa (p, q) B T'1(x). 

EcrecTBeHHbIM o6pa30M oIIpe.ueJISieTCSI C)IMMa .uByx O.UHOTHIIHblX TeH-

30pHbIX IIOJieit, IIpOH3Be.UeH11e, CBeprKa 11 T • .u. PacIIpocrpaHeH11e TeH30pHoii 

aJire6pbI Ha IIOHSITHe reH30pHoro IIOJISI COBepmeHHO O'leBH,UHO. 

Bb16paB B xi KaicyIO-JIHOO CHCTeMY KOOp,llHHaT x 1
' ••• ' xn' Mbl IIO

po,UHM .llJISI Ka)K,ZJ.OH TO'IKH x 113 KOOP.UHHaTHOH o6JiaCTH COOTBeTCTBYJOIUYIO 

Koop.u1rnarny10 CHCTeMy B T'1(x). TeM caMblM KOOp.UHHaTbl reH3opa u~~:·:~ 
CTaHOBSITCSI <l>YHKUHSIMH x 1

' ••• ' xn. 6e3 BCSIKHX .UOIIOJIHHTeJihHblX OfOB -

poK MbI npe.unoJiaraeM 3TH <l>YHKUHH .uocTaTO'IHo rna.uKHMH. / 

4. BeKTOpuoe nOJie (npHMep reH30puoro noJIH). B cOOTBeTCTBHH c onpe.ue

JICHHeM, .UaHHbIM Bblllle, BeKTOpHoe IIOJie u(x) Ha xi B CHCTeMe KOOP.UHHaT 
I n th ( ) i( I n) x ' ... ' x 3a.uaeTCSI 'l'YHKUHSIMH KOOP.UHHaTaMH BeKTopa u x ' ... ' x ' 

· I' rl 
i = l, ... 'n' TaK, qro IIPH IIepexo.ue K .upyroit CHcreMe KOOP.llHHaT x ' ... ' x 

, ·I • 

KOOP.UHHaTbl u' (x) CBSl3aHhl c KOOP.UHHaTaMH u'(x) <t>opMyJiaMH 

•I •I • 

u' =Aiu', ,ti'= 8xi' I 
r1i 8xi · 

x 

EcJIH xm IIorpyxeHo B Rn' TO IIOJie u(x) MOJKeT 6b1Tb JIOKaJibHO 

pea.rr113oBatto KaK IIOJie BeKTopoB Rn, onpe.ueJieHHoe Ha o6pa3e x.m; BeKTOp 

u(x) c Ha'IaJIOM B TO'IKe x KacaeTCSI o6pa3a x.m. IlpH 3TOM BeKTop u(x) 
He 3aBHCHT OT Bb16opa Koop.u11HaT B x.m 11 Rn (HeCJioJKHyio IIPOBepKy 3Toro 

onycKaeM, CM. IIPHMep II. 2). 
BeKTOpHoe IIOJie Ha rna.uKoM MHoroo6pa31111 - 6oraTbiii o6DeKT .1lJISI 

H3yqeHHSI. Berno ynoMSIHeM JIHlllb O.UHY TeMy. B~KTOpHoe noJie u(x) no

po)K,llaeT B Ka)K,ZJ.OH CHCTeMe Koop.z:umaT x1
' ••• ' xn B xi aBTOHOMHyIO 

CHCTeMy o6bIKHOBeHHblX .UH<t><l>epeHUHaJibHbIX ypaeHeHHit 

dxi i( I n) -;ft=u x,. . .,x, i = 1, ... , n. (1.3) 
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3a,n;a,n;HM HaqaJI1>Hhle .ll&HHble: x(O) = z. B cHJry ma.n:KocT~ u(x) (tta

rroMHHM: Bee HCIIOJJb3yeMble HaMH <l>YffKUHH - fJla.zlKHe) pelllem1e CH

CTeMbl (1.3), Y.llOBJieTBOPJllOlllee 3THM HaqaJibHblM YCJIOBHHM, CYIUecTByeT 

H e,llHHCTBeHHO. 06o3Ha'IHM ero cp(t, z). Ba)ICHO, 'ITO <l>YHKUHH cp(t, z) 

He 3aBHCHT OT Bb16opa KOOP.UHHaTHOH CHCTeMbl, B KOTOPOH COCTaBJI51JiaCb 

CHCTeMa 06bIKHOBCHHbIX .nH<l><l>epeHUHaJlbHblX ypaBHeHHH (1.3). 3ro CJie

.nyeT H3 Toro, 'ITO dx/dt Hu - BeKTOpbl H TeM caMblM COOTHOllleHHH (1.3) 
coxpaH5IIOTC51 IIPH rrepexo.ne K .npyroH KOOp.n1rnaTHOH CHCTeMe. 

IlpH <l>HKCHpOBaHHOM t <l>YffKUH51 cp(t, x)' paccMatpHBaeMruI B .nocra

TO'IHO MaJIOH OKpeCTHOCTH KaKOH-JIH6o TO'IKH x, ocym;eCTBJljfeT .UH<l><l>eo-
0 

MOP<l>H3M 3TOH OKpeCTHOCTH Ha HeKOTOPYIO OKpeCTHOCTb TO'IKH cp(t, x). 
0 

3TH .nH<l><l>eoMOP<l>H3Mbl 06Jia,n;a10T rpyrrIIOBbIM CBOHCTBOM 

cp(t2, cp(t1, x)) = cp(t2 +ti. x). 

,nJIH MaJihIX t crrpaae.WIHBO 

cpi(t, x) =xi+ tui(x) + O(t2
). 

11MeeT CMbICJI roeopHTb, 'ITO .WIH 6ecKoHe'IHO MaJlbIX dt TO'IKa x rrepexo

.UHT B TO'IKY x + u(x )dt. CooTBeTCTBYfOlll;HH .nH<l><l>eoMop<l>H3M orrpe.neJijfeT 

(cM. II. 2) JIHHeHHOe COOTBCTCTBHe Me)l(,l(y_KaCaTeJibHblMH rrpocrpaHCTBaMH 

B TO'IKax x H x + u( x) dt. 3ro COOTBercrm1e 3anHCbIBaeTCS1 B Bb16paHHOH 
. {)cpi 

CHCTeMe KOOp,llHHaT CJie,UyIOlll;HM 06pa30M. ,U.rc51 Bj = -{) . H3 (1.3) IIOJiy
xJ 

qaeM CHCTeMY ypaBHeHHH 

d~ {)ui Bf 
dt =axk i 

(ypanHeHHH B uap11auHHx .WI5I (1.3)). TaK KaK B~ = ~ rrpH t = 0, ro 

. . {)ui 
Bj = 6j + -8 . dt. xJ 

3ro .naer: eeKTop wi H3 T"(x) cooTBeTCTByer neKTopy wi + dwi H3 

. {Ju} . 
T"(x + u(x) dt), ecJIH dw' = -

8 
.w'dt. 

x' 
IlyCTb Ha x.n 38,llaHO TeH30PHOC IIOJIC w KaKoro-JIH6o THna. MO)!(-

HO orrpe.neJIHTb onepaUHIO .llH<l>4>epeHl..lHPOB8HHH IIOJijf w B.llOJlb peilleHHH 

CHCTeMbl (1.3) CJIC,UyIOlll;HM o6pa30M. 803bMCM w(x + u dt) - 3TO TeH3op 
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n T(x + u dt); nepeHeCeM ero B T(x), nonb3yHCb yx:a:JaHHbIM Bblllle COOT

neTCTBHeM T(x + udt) H T(x), nonyqHM w(x); COCTaBHM w(x) - w(x). 
JIHHei%HaH no dt tfaCTb 3TOA pa3HOCTH, o6o3HatfHM ee dw(x), Ha3bl-

naeTCH au<JxjJepeHU,UOJIOM Jlu TeH30pHOfO IlOnH W. L 

B CHJIY Toro, tfTO HCOOnb30BaHHOe COOTBeTCTBHe Me)K.lly T(x) H 

T(x + u dt) He 3aBHCHT OT BbI6opa KOOP.llHHaTHOA CHCTeMbl, dw(x) -
. L 

TeH3op n T(x). MbI He 6y.D.eM npHBO.llHTb H}')l(Hbie BbIKJI8JlKH, npoee.D.eHHoe 

BbIUie pacc}')l(.lleHHe nonHOCTbIO HX onpe,lleJIHeT ( 6nH3KYJO KOHCTpYKUHIO Mbl 

IlO,llp06HO OOHUieM B § 2 rn. 3). IlpHBe,lleM OKOHtfaTenbHYJO <}>opMyny: 

8wi1 ... ip p . 
. . ( . . . . h' . {)u'k 

d 11 ... tp - h 31···3q - L 11 ... l,t-.1 i1c+1 ... 1P_._ + 
W· · - U W· · L J1 .. ·Jq [)xh J1 .. ·Jq [)xh 

k=I 

q . . [)uh) " 
+ · w'!" ·? . . --. dt. 1. 

k=I 
L ,, .. ·J1c-1hJ1c+1 .. ·Jq 8xJ1c ( )) 

B qacTHOCTH, eeKTopHoe none u(x) onpe,llenneT onepaUHIO .llH<l><l>e

peHUHpoeaHHH CKaMpHoA <l>YHKUHH w(x) B,llOnb pellleHHA aBTOHOMHOA 

CHCTeMbl (l.3) (B.D.Onb DOM u): 

dw 8w L . 
Mw=- =u'-. 

dt 8x' 

(npoeepbTe, tfTO pe3ynbTaT BbltfHCJieHHH Mw He 3aBHCHT OT Bbl6opa CHCTe

Mbl KOOp,llHHaT). 

3a.D.atfa. IlycTb Ha x.n 3a,natto ,ZUJa BeKTopHbIX noIDI u(x) H v(x). Coxpa

HHM 0003HalfeHHe cp(t, x), BBCl{eHHOe BblWe llIDI IlOIDI u(x); COOTBeTCTBYJOnzyIO 

<l>YHKUHIO llIDI IlOIDI v(x) 0003HalfHM 1/J(t, x). ,[{OKalaTb, lfTO llIDI MaJlblX t HMeeT 

MeCTO· 

1/J(-t, cp(-t, 1/J(t, cp(t, x)))) = x + t2a(x) + O(t3
), 

rii;e BeKTOPHOe none a(x) BbllfHCIDieTCH no <t>OPMYne 

. .av; .au; 
a' = u1-. - v'-. 

8x' ox' 
(npoaepbTe, lfTO a - aeKTopttoe none). 

BeKropHoe none a Ha3bIBaeTCH KOMMymamopoM eeKTOpHbIX nonett u 
H v (npOHCXO)K,lleHHe TePMHHa CTaHOBHTCH IlOHSITHblM, CCJIH BCilOMHHTb 

CMblCn <l>YHKUHA cp H 1/J); o603HatfeHHe: a= [u, v]. 
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3 a,n; a q a. CoxpaHJ1J1 o6o3Ha'leHHe M .lWI onepauHH JJ.H<l>Q>epem.ui:poBattHH 

CKaJIHPHOH <l>YHKUHH w(x) B,llOJJb IlOJJJI u(x), o603H8'1HM qepe3 N COOTBCTCTByJO

lllYIO onepauHIO )l,}IJI non.11 v(x). B&I'IHCJIHTh 

M(Nw) - N(Mw). 

5. OpueaTau,us. Ilces,n;oTeH3opaoe noJie 

5.1. OpueHTaIJ,HH. B03bMeM KaI<yIO-HH6y,n;h CHCTeMy KOOp,D;HHaT B )("'' 

onpe,n;eJieHHYIO n HeKoTopoti o6JiaCTH. YcTaHOBHM KaKott-JIH6o nopH.n;oK 

nepeqHCJieHHH KOOp,D;HHaTHbIX HH,D;eKCOB, paccMatpHBaeMbIH c TOqHOCTbIO 

,n;o qeTHhIX nepecTaHOBOK. MbI noJiyqaeM opueHmupoeaHHYIO cucmeMy Koop
auHam. IlyCTb ,D;Be OpHeHTHpOBaHHbie CHCTeMbl KOOp,D;HHaT HMeIOT nepece

KaIOIUHeCH o6JiaCTH. 3TH ,D;Be CHCTeMbl HaJOBeM oauHOK060 OpUeHmUp060H

HblMU, ecJIH det II~· II > 0 Ha nepeceqeHHH. 

)("' HaJOBeM opueHmUp060HHblM, eCJIH 

1. KIDK,llaH ,n;onycTHMaH KOOp,D;HHaTHaH CHCTeMa OpHeHTHpoBaHa; 

2. KIDK,llbie ,n;Be KOOp,n;1rnaTHble CHCTeMbl c nepeceKaIOI.IJ,HMHCH 06JiaCTHMH 

opHeHTHponaHbl O,Ll;HHaKOBO. 

0KaJbIBaeTCH, eCJIH )("' CBH3HO, TO peanMJyeTCH O,D;Ha HJ .n;Byx B03-

MO)l(HOCTett: 

1. B )("' HeJib3H BBeCTH opHeHTaUHIO (X"' HeopHeHTMpyeMo); 

2. )("' MO)l(HO opHeHTHpOBaTb ,D;BYMH cnoco6aMH. 

)l,oKa)l(eM 3TO yrnep)l(,Ll;eHHe. IlycTh X' opHeHTHpyeMo. B KIDK.llOH ,n;o
nycTHMOH o6JiacTH opHeHTaUHIO MO)l(HO nnecTH ,D;BYMH cnoco6aMH. EcJIH 

.n;Be ,n;onyCTHMbie o6JiaCTH nepeceKaIOTCH, TO opHeHTaUMH O,Ll;HOH H3 HHX 

O,Ll;H03HaqHo onpe,n;eJIHeT opHeHTaUHIO ,n;pyroti. Il03TOMY opHeHTaUMH o,n;
HOH ,n;onycTMMOH o6JiaCTH o.n;HoJHaqHo onpe,n;eJIHeT opHeHTaUHIO ncex Tex 

.n;onycTHMbIX o6JiacTeH, K KOTOPbIM MO)l(HO nepeHTH 3a KOHeqHoe qffCJIO 

rnaroB, Ha KIDK,llOM H3 KOTOPbIX Mbl nepexo,n;HM K ,n;onycTHMOH o6JiaCTH, 

HMeiorn.eti HenycToe nepeceqeHHe c o6'be.n;HHeHHeM o6JiacTett, f)l(e npoti

.n;eHHhIX Ha npe.n;hI,n;ylUHX rnarax. ECJIH B3HTh KaKyio-JIH6o KPHBYIO, coe.n;H

HHIOI.IJ.YIO ,D;Be ToqKH )("'' TO OT ,n;onyCTHMOH o6JiaCTH, co,n;ep)l(aI.IJ,eH Haqano 

KPHBOH, MO)l(HO Ja KOHeqHoe qHCJIO YKaJaHHhIX rnaron nepeti:TH K ,n;onycTH

MOH o6JiaCTH, co,n;ep)l(aI.IJ,eit KOHeU KPHBOit (cTporoe ,Ll;OKaJaTeJibCTBO 3TOfO 

HarnH.n;Horo <PaKTa onycKaeM). TaKHM o6paJoM, eCJIH X' CBHJHO H opHeH

THpyeMo, TO OpHeHTaUHIO Ha x:' MO)l(HO BBeCTH ,D;ByMH CTIOC06aMH. 
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IlpMMCpOM X", B KOTOpOM HCB03MO)l(H0 COrJiaCOmlTb OpMCHTaUHH 

.norrycTHMbIX o6JiacTei1, HBJUICTCH JIHCT Me6uyca; 3,necb JierKo IIOCTPOHTb 

3aMKHyryIO KpMByIO, B,nOJib KOTOPOH OIIHCaHHblH crroco6 rrpo.nomKCHHH 

opMeHTaUHH IIPHBO.nHT rrpu B03BpameHHH B ucxo.nHYIO TO'IKY K IIPOTHBO

IIOJIO)l(HOH opueHTaUHH. TaIOKe HeopueHTnpyeMa rrpoeKTHBHaH IIJIOCKOCTb 

(uccJie.nyi1Te caMn!). 

5.2. IlceB,ZJ,OTeH30puoe DOJJe. OpueHTaUHH Koop.nnHaTHOH CHCTCMbl ycTa

HaBJIHBaeT O'ICBH,nHbIM o6pa30M opneHTaUHIO 6a3HCOB B KaCaTCJlbHbIX rrpo

CTPaHCTBax. TeM caMbIM rroHBJIHeTcH B03MO)f{HOCTb paccMaTPHBaTb rrces.no

TeH30PHhie IIOJIH H COOTBCTCTBYJOIUHC orrepauuu Ha.n HHMH. 

§ 2. TeH30pH&Ie .zut<l><l>epeHI~HaJihH&Ie onepanuu 

1. Ilpe,llBapHTeJJbHble coooplllKeHHB H npHMepw. Mbl XOTHM BBCCTH orre

pauMIO .nn<l><t>epeHUHPOBaHHH TCH30pHOfO IIOJIH Ha X", HC OCHalIJ,CHHOM 

HHKaKHMH .norroJIHHTeJibHbIMH CTPYKTYPaMH. Ilpu 3TOM MbI CTaJIKHBaeMcH 

co cJie.nYIOIUCH TPY.nHoCTbIO •. 06hl'IHbIH rro.nxo.n 

dy = lim y(x + h) - y(x) 
dx h-+O h 

COBepweHHO Herrpuro.neH, TaK KaK y(x) H y(x + h) - 3JICMCHTbl Pa3HbIX 

rrpocTpaHCTB (TeH30P B T'1(x) H TCH30P B T'1(x + h) ), Me)K)J.y KOTOpbIMH 

He ycTaHOBJICHO HHKaKOH CBH3H; BbIPIDKCHHe y(x + h) - y(x) He HMeeT 

CMbICJia. qTO )KC, COBCCM OTKa3aTbCH OT IIOIIbITOK BBCCTH orrepauu10 .nml>

<l>epeHUMPOBaHHH? 0Ka3bIBaeTcH, HeT. Ilpe.nsapMTeJibHO paccMOTPHM TPH 

rrpuMepa. 

1. IlyCTb u(x) CKaJIHpHaH <i>YHKUHH Ha X" (TeH30PHOe IIOJie THIIa 

(0, 0) ). CocTaBHM B KIDK.nOH TO'IKe 'IHCJia 

8u 
Vi= 8xi" 

JlerKO rrposepHTb, 'ITO Vi - TCH30p (KoBeKTop). 

06o3Ha'leHue: v = Grad u. 

2. IlycTb Ui - rroJie KOBeKTopa. CocTaBHM B KIDK.nOH TO'IKe 'IHCJia 

8ui 
Vji = 8xi" 
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JierKo nposepHTb, qro Vji He o6pa3yioT TeH30pa: npH nepexo.n.e K Hosoi% 
CHCTeMe KOOPJI.HHaT OHH npeo6pa3YJOTCH no <t>opMyne 

i . 8A~ 
Vfi' = A;.Ai•Vji + oxf Ur. 

3aMeTHM, qro 
a A~, a2x,r 
8xi - 8x! {)xi' ' 

n03TOMy BblpIDKeHHe 8Ar,/ax:l CHMMetpHqHo no i'' /. Tor.n.a V[Ji') = 

= A~A~·V[ji). A OTCIOJI.a CJte.n.yeT, l{TO Wii = V[ji) - TeH30p. 
060JHaqeH11e: 2w = Rot u. 

3. IlyCTb ut. .. in - TeH30pHOe none B r TaKOe, qTQ uk .. in] = 

uL.in· CoctaBHM v~i, ... in = aut...iq;axi. 3TO He TeH30p. Ho, OKa3bIBa

etCH, Wi, .. .in = v~i, ... in - teH3op. B n. 2 MbI JI.OKIDKeM yTBep)(()leHHe, .zurn 
Koroporo 3TOT npHMep - qacTHbii.% cnyqait. 

060JHaqeH11e: w = Div u. 

2. Onpe,ll.eJieHHe TeH30pHblX ,IJ,Hcl>cl>epeuu,ullJibHblX onepau,uii B r. 
B 3TOM nyHKTe Mbl 6yJJ;eM paccMatpHBaTb B r ,!(Ba KJtacca TeH30PHbIX 

noneit: 
u: Ui, ... ip• U[i, ... ip) = Ui, ... ip. p ~ O; 

i1 .. . ip [i, ... ip) i1 .. . ip :::;;: 0 
v: Vii ... in' V[j, ... in] = Vi, .. ·in' pr . 

3rn: ,!(Ba KJtacca CBH3aHbl cneJJ;yIOIIIHM o6pa30M: 

• eCJIH ui, .. .i" - none nepBoro KJtacca, TO none 

i1 · • .in-p ri1 ~in-p 
Vi, .. ·in = o(j, • • • Uin;_p Uin-p+I" ·in) 

- BToporo KJtacca; 

• ecnH v~::::l - none BTOporo KJtacca, to none 

h, ... hp 
Ui, .. . in-p =vi, .. ·in-ph, ... hp 

- nepBoro KJtacca. 

3JJ;ech 8 - teHJop KpoHeKepa, p ~ n. 
BBeJJ;eM JJ;Be .lI.H<l><t>epeHUHSJihHble onepau1111. ByJJ;eM nonh30BathcH 

npHHHTbIM B TeH30pHOM aH8JIH3e 00o3HalleHHeM Oi = {}/{}xi. 
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Pomop. IlycTb 'IJ.i1 ••• ip - rroJie rrepaoro KJiacca. Tor.11a V;1 ... i,+i = 
= qi. 'Ui2 .. .ip+il - TeH30PHOe IIOJie. ,llOKaJaTeJibCTBO - HeCYl.lleCTBeHHOe 
yCJIO)l{HeHHe paCCf)l{.lleHHit rrpHMepa 2 II. 1. 

06oJHaqeHHe: (p + 1 )v = Rot u. 
,/.(uBepzenu,UR. IlycTb u~::: :i, - rroJie BToporo KJiacca, p ;;i: 1. Tor.11a 

w~:::t· = 8ku~'.::/;• - TeH30pHoe IIOJie. ,llOKa)l{eM 3TO: 11MeeT MeCTO 
npH p ~ n <l>opMyJia 

8 ki •... ip-1 _ (-l)np-1 n! £11 .rip-1 8 . h •... hp (2.l) 
k'l.L. • - Or(j • • • U. J 'l.L. . )h I. ' , ..... :Jn p!(n - p)! I Jp-1 , Jp+I" .3.. I·. "'P 

B cnpaBe.llJIHBOCTH KOTopoit JierKO y6e.11HTbC.H, COIIOCTaBHB OT.lleJibHbie <fla
raeMbie, B03HHKaIOmHe B peJyJibTaTe orrepauHit aJibTepHHpOBaHH.H H CB~T
KH. Crrpaaa CTOHT Bblpa)l{eHHe, IIOJiyqaeMoe TeH30PHbIMH aJire6paH'!eCK MH 

Ou h1 ... hp ( 
orrepaUH.HMH HJ · v3· +•" .3· I, r.11e v3· +1 ... 3· = u

3
. 3. h ,, aJibTe HH-, p n p n z>+I". n I· "''P 

poBaHHe IIO i1 ... in. oqeBH.llHO, MO)l{HO npe.11aapHTb aJibTepHHPOBaHHeM 
no iP ... in)· A rrpH orrpe.11eJieHHH orrepauHH Rot 6bIJIO yKaJaHo, qTo 

B[jPv;,+1 ... ;n) - TeHJop. 
06oJHaqeHHe: w = Div u. 
OpH p = 0 rro orrpe)leJieHHIO Div u = 0. 
<I>opMyJia (2.1) Bblpa)l{aeT orrepaUHIO Div qepeJ orrepauHIO Rot. 

MO)l{HO TaK)l{e BbipaJHTb Rot qepeJ Div . Bae.11eM .llJl.H TeHJOpHoro rro

JI.H u: 'Ui1 .. . i,, 'l.L[i1 ... ip) = 'Ui1 .. . ip, 0 ~ p ~ n - 1, TeHJopHoe rroJie z: 

/,• .. ·?n-p cPoPMYJIOit /,•· .. ?n-p = 5i~ ... 5?n-p'Ui · ]' ror)la aHaJiomqHo 
11 .. . i,, 11 .. ·'n (11 ln-p n-p+I" .i,, ' 

(2.1) HMeeT Mecro <l>opMyJia 

_ l np . n! 8 khi···hn-p-.-q;. 'l.Li2 ... i,+il - (- ) (p + l}!(n _ p _ l)! kzi .... i,+1h1 ... hn-p-1 • (2.2) 

OnepauHH Rot H Div MO)l{HO rrpHMeH.HTb H K ncee.noreHJOpHbIM 
IIOJI.HM: IIOJiyqaIOTC.H TaK)l{e rrceB.!l;OTeH30PHble IIOJI.H. 

3. HeKOTopwe ,llODOJIHeHHJI. 

1. A orrepaUHH Grad ? OnepaUHH Grad, oqeBH.llHO, ecTb qacTHbiit 
cJiyqait orrepaUHH Rot : Grad CKaJIRpHoit <l>YHKUHH - 3TO Rot TeH30pHoro 
IIOJI.H THna (0, 0). 

2. 0KaJblBaeTc.H, K orrepaUH.HM Rot H Div (aMecre c aJire6paH'!ecKH
MH TeH30PHbIMH orrepauHRMH) CBO,ll.HTCR ace .nmpct>epeHUHaJibHbie onepa
UHH, KOTOPbie MOryT 6bITb IIOJiyqeHbl IIO CJie.llyIOII.le'1 cxeMe: nyCTb 3a,ZlaHO 
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TeHJopHoe noJie u::: ; COCTaBHM e KIDK.UOH ToqKe qHCJia 8iu::: ; 6y.n.eM 

yn0Tpe6JIS1Tb onepauHH nepecTaHOBKH HH.lleKcoe, CJIO)KeHHsi: H yMHO)l{eHIDI 

Ha qffCJIO c UeJibIO noJiyqHTb H3 3THX qHceJI TeH30pHoe noJie I). 

<l>opMyJihr (2. t), (2.2) noKaJbrnaIOT, qTQ caMH onepau1rn Div H Rot 

MOryT 6bITb TeH30pHO Bblpa)l{eHbl O,llHa qepe3 .n.pyryio. 

3. JierKo y6e.n.HTbcsi:, qTO Rot Rot u = 0. )J.ei:i:cTBHTeJibHO, nycTh 

v = Rot u, w = Rot v. 3TO .uaeT 

Vit···ii>+1 = (p + l)qi1 'Ui2···ii>+tl• 

Wit .. . ip+2 = (p + 2)qit Vi2 .. . ip+2l = (p + 2)(p + 1 )qit Oi2 °Ui3 ... ip+2l · 

Ho .llJISI JII06oi:i: ma.n.Koi:i: <l>YHKUHH ip(x1
, ••• , xn) HMeeT MecTo OriOjJ'P = O; 

OTCIO,lla CJie.n.yeT, qTQ w = 0. 

3ToT <t>aKT ymy6Jisi:eT 

Teo p e Ma IlyaHKape. llycmb v = Rot u, moziJa Rot v = 0. llycmb 
v - 1coBapuaHmHoe aHmucUMMempu•moe no11e HeHy11eBou Ba.tleHmHocmu ma
Koe, 11mo Rot v = 0. ToziJa o/IR KaxiJou mo11Ku BX"' cy1J4ecmByem maKOJl ee 
oKpecmHocmb u B 3mou oKpecmHocmu maKoe no11e u, 11mo v = Rot u. 

,ll, o Ka 3 a Te JI b c Teo. Ilepeasi: qacTh TeopeMhI ~e .n.oKa3aHa npe.urne

CTByIOIUHMH BblKJia,llKaMH. ,ll,OKa)l{eM BTOpoe yTBep)l{,lleHHe. IlyCTb 

v: Vi1 ... ip+1 = V[i1 .. . ip+iJ• p ~ 0, 0ri1 Vi2 ... ip+2) = 0. 

Bee paccMOTpeHHe npoeo.n.11Tcsi: n <l>HKCHpoeaHHOH c11creMe KOOP.llHHaT 

B oKpeCTHOCTH Q TOqK11 x c KOOP.llHHaTaMH x1 = ... = xn = 0, Q: lxi I < a, 
0 

i = 1, ... 'n, a - <l>HKCHPOBaHHOe nOJIO)KHTeJibHOe q11cJIO. IloCTpOHM B Q 
noJie u: 'Ui1 ... ip = 'U[i1 ... ip] TaKoe, qTO 

(p + l)qi1 'Ui2 .. . ip+iJ = Vii ... ip+i' (2.3) 

)J,;rn nOHHMaHIDI noCJie.llYIOIUHX KOHCTpYKUHH noJie3HO OTMeTHTb, qTQ 3TO 

noJie u onpe,lleJISleTCSI c 60JiblIIHM npOH3BOJIOM: eCJIH Mbl nocTpOHJIH KaKoe

TO H~HOe HaM noJie u, TO npH p > 0 MO)l{HO 83SITb JII06oe noJie w: 
Wi1 ... ip- 1 = W[i1 ••• ip-zl H none u + Rot w TO)l{e 6y.n.eT o6Jia.uaTb Tpe6yeMbIM 

CBOHCTBOM. 

MbI nocTpOHM enoJIHe onpe.aeJieHHoe none u. CTpOHTb ero 6y.n.eM 

MeTO,llOM MaTeMaTHqecKOit HHJlYKUHH no n npH <l>HKCHPOBaHHOM p. IlpH 

I) CM.: Cxoymen H. TeHJOPHWA IHlllH3 JlllJI cl>H3HKOB. - M.: Hayxa, 1965. 
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n ~ p HMeeM v = 0, Il03TOMY )J.OCTRTOqHo B3SITh u = 0. IlyCTb laKJIJOqeHHe 

reopeMbI BepHo, ecJIH pa3MepHOCTb MHoroo6pa3HSI MeHbwe n. Bo3bMeM 

(n-1)-MepHoe fiO)J.MHOfOOOpa3He xn-I, 3R)J.RBaeMoe ypaBHCHHCM Xn = 0. 
06o3HaqHM Vi, ... ip+I 3HaqeHHSI vi, ... i,+1 IlPH xn = 0. Ilo HHJlYKTHBHOMY 

IlpC)J.IlOJIO)((eHHIO HR xn-I CyIUCCTByeT IlOJie Ui1 ... ip TRKOO, qro 

(p + l)B[i, Ui2 ... i"+i1 = vi1 ... ip+" 

r)J.e ii. ... , iP+I npo6eraIOT 3Ha'ieHHSI OT 1 )J.0 n-1. l>y)J.eM ~CKaTb H~oe 

IlOJie Ui1 ... ip B Q TaKOe, qro Ui, ... ip = 0, eCJIH cpe)J.H HH)J.eKCOB ii, ... ' ip 
BC'IJ)e'iaeTCSI 3HaqeHHe n. Tor.Ila JlJIH t£i1 ••• ;,. (ii. ... , ip He npHHHMaIOT 

3HR'ieHHSI n) noJiyqaeM ypaaHeHHSI 

Ont£i1 ••• ip = (p + l)B[nUi1 ••• ;,.J = Vni1 ••• ip• 

PerneHHeM 3THX ypauHeHHii u o6nacTH Q stBJIHIOTCH <J>yuKUHH 

:i;n 

Ui1 ... ip(x) = Uil ... ;,.(X) +I Vni1 ... ip(x, e)cte; (2.4) 
0 

3,lleCb X - roqKa HR xn- I , HMCIOIUaSI KOOPJJ.HHRTbI, paBHbie nepBbIM n - 1 
KOOPJJ.HHRTRM TO'iKH x. 

IlOCTJ)OOHHoe TRKHM o6pa30M IlOJie u(x) B Q - IlOJIHOCTbIO onpe-' 

JJ.eJieHo; oqeaHJJ.HO, t£i1 ••• ;,. = U[i1 ••• ;,.J. OcTaJIOcb noKa3RTb, qro B Q JJ.eit

CTBHTeJibHO HMeeT MeCTO (2.3) JJ.JIH BCex Ha6opoB HH)J.eKCOB ii. ... ' ip.+1, 

npo6era10iuHX 3Ha'ieHHSI OT 1 JlO n. ECJIH OJJ.HH H3 i1, ... , ip+t paaeH n, 
TO H~Hoe YTBCp)((JleHHe CJie)lyeT H3 cnoco6a nocrpoettHH u (cM. (2.4)). 
IlyCTb HH OJJ.HH H3 HH)J.CKCOB i1, ... 'ip+I He paBeH n. 06o3HR'iHM 

Zi1 ... ip+1 = (p + l)B(i1 'Ui2···i,.+d - Vi1···i,+1 · 

IlpH Xn = 0 HMeeM 

Zi1···i,.+1 = (p + l)B[i1 Ui2···i,+il - vi1···i,.+1 = 0. 
KpoMe roro, B Q HMeeT MCCTO 

8nZi1 ... ip+1 = (p + l)B[i, Vjnji2 ... ip+d - OnVi, ... i,.+1 = 
= -(p + 2)B[nVi1 ... iP+d = 0 

( HHJJ.eKc n B OJI.HOM H3 qJieHoB laKJIIO'ieH u 11 a 3HaK roro, qro oH He yqacr

uyeT B MbTepm1pOBaHJm). fl3 IlOCJie,l(HHX JlByx <]>opMyJI BbITeKaeT, 'iTO B Q 
HMeeT MeCTO paBeHCTBO Zi1 ... i,+1 = 0, qTO H rpe6yeTCSI. -
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3 a.n; a q a. Tionb3yRCb CBJ13bIO Me)K.lly onepau1rnMH Rot H Div c<l><>PMYJrnpo
ean, H .n;oKa3aTh attanorH'llfYIO TeopeMy ,ll)IR onepauHH Div . 

4. )lJm H3 
B BeKTOpuoM auaJIH3e BBO.!VITCH onepauHH: rpa,n.HeHT cKa

irnpuofi <l>YHKUHH (pe3yJibTaT - BCKTOpuoe IIOJie), porop BeKTOpHOfO IIOJIH 

(pe3yJibTaT - BeKTOpuoe (.lWI opHeHTHPOBauuoro H 3
) none), ,zurnepreu

UHH BeKTopuoro noJIH (pe3yJibTaT - CKaJI.Rpuoe none); COOTBeTCTBYJOIUHe 

06o3uaqeuH.R grad , rot , div . 
Bb16epeM B H3 

KaKyK>-JIH6o KPHBOJlHHeHHyio CHCTeMy KOOP.llHHaT. 

IlpHBe)leM 3anHCb ~OOTBeTCTBYJOIUHX 3THM onepaUH.RM Bblpll)l{eHHH (Oij' 

Vsijk HT. Jl. - (nce,.no)TeH30PHbie IIOJIH, COOTBeTCTBYJOIUHe MeTPHqecKOMY 

Teu3opy H3 
): ) 

u = gradv: 

u = rotv: 

(cucreMa KOOPJlHHaT )lOJDKHa 6bITb opueuTHpoaaua B COOTBeTCTBHH c opH

eHTauHeti H3
), 

u = divv: U = ~ ( ~) ijk Os(V8 ~;k). 
JI: o Ka 3 a Te JI b c TB o 3THX <t>opMyn. B npaBbIX qacTHX paaeucTB ua

rrucaubI Bblpll)l{eHH.R, .naioruHe reu3op Hf)l(Horo nma. B np.si:MOYfOJibHOti 

CHCTeMe KOOP.llHHaT, nopo)l{)leHHOH oproroHaJibHblM H HOPMHPOBaHHblM 

6aJucoM H3
, YKaJaHHbie Bbipll)l{eHH.R .naioT Hf)l(Hbie 3uaqeuH.R. Cne.nosa

TeJibHO, 3TH Bblpll)l{eHH.R .u.aioT.Hf)l(Hbie 3uaqeum1 B Jll060i:t CHCTeMe KOOp

JlHHaT. 

Bbipll)l{eHue JlJIH onepauuu div MO:>KHO ynpocTHTb. Qqesu.u.uo, 

U = ~08(V8 ../S). 

O.u.uaKO B TO BpeMH KaK H3 HCXO.D.HOi:t 3aJIHCH H pe3yJibTaTOB n. 2 cne.nyeT 

He3aBHCHMOCTb 3HaqeuH.R div OT Bbl6opa CHCTeMbl KOOP.UHHaT, Jl]IH ynpo

rueuuoro BH.D.a 3TOT <t>aKT H}')K.llaeTCH B .u.onoJIHHTeJlbHOM .D.OKa3aTeJibCTBe. 

3 a .u. a q a. Conocraebre reopeMy Tiyattxape c paccMaTJlHBaeMblMH e eex

TOPHOM aHaJIH3e YCJIOBHeM TOTO, 'ITO 3a,!l;aHHOe eeKTOpHoe none HBnHeTCR noneM 

rpa,IUfeHTa HCKOTOpoit cxamrpHoA 4>YffXllHH, H YCJIOBHeM Toro, 'ITO Ja,llaHHOe BeK
TOPHOe none .llBJUleTCH noneM'. poropa HCKOToporo BeKTOpHoro DORR. 
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Orrepau1rn grad H div MO)l(HO 06061UHTb ,ll.1UI eeKTOpHoro aHa.JIHJa 
e lt1. Orrepaum1 grad orrpe.ne;rneTCH TOit )({e <f>opM}'JIOit, 'ITO H rrpH n = 3, 
orrepauHH div - <f>opMyJioit 

u = divv: 
1 ( 1 ) i •... i,. 1 . 

u = n! y'8 88 (V
8 
~ .... d = v'88,(v' v18). 

OrrepaUHH grad , rot , div CBO.ZlffTCH K orrepaUHHM Grad, Rot , Div ; 3TO 
cee.neHHe cyruecrneHHO HCIIOJib3yeT TO, qro B paccMaTPHBaeMOM IIPOCTPaH
CTBe nee.neH MeTPffqeCKHit TeHJop, H TO, qro .ZlJIH rot 6epeM n = 3. 11c
rroJib3oBaHHe e eeKTOpHOM aHa.JIHJe orrepauHit' Grad, Rot H Div He e «qH
CTOM» BH,Zle BblJBaHO CTPeMJieHHeM o6oitTHCb TOJibKO IIOHHTHHMH CKa.JIHp
Horo H BeKTOpHoro IIOJieit. IlpH n = 3 H rrpH Ha.JIHqHH MeTPffqeCKOfO 
TeHJopa 3TO OKaJa.JIOCb BOJMO)({HbIM. 

§ 3. BuemHHe .n;u<J><J>epeumnUILHbie <J>opMbI 

1. AlmlcHMMeTpll'IHoe KoeapaaHTHoe TeHJOpeoe nOJie. PaccMOTPHM Ha 
)("' aHTHCHMMeTPHqHble KOBapHaHTHble TeHJOPHbie IIOJIH 

u(x)· ,,_, · • ""'IJ ... Ip• 

qHCJIO p, p ~ 0, 6y.neM HaJbIBaTb nopROKOM nollJl. QqeBH,ZlHO, u = 0, eCJIH 
p>n. 

B .norronHeHHe K yxe HJBeCTHbIM a.nre6paHqecKHM orrepaUHHM CJIO)({e
HHH IIOJieit O,ZlHOfO IIOPMKa H YMHO)({eHHH IIOJIH Ha CKa.JIHPHYJO <f>yHKUHIO 
BBe.neM orrepaUHIO BHeWHero YMHO)({eHHH IIOJieit, o6oJHaqHM ee /\. 

Orrpe.neneHHe. IlycTh u: Ui1 ... ip• v: Vi1 ... i9
, TOr.na 

.HCHO, qTO u /\ v - aHTHCHMMeTPffqHOe TeHJOPHOe IIOJie. 
3Ta orrepaUHH o6na.naeT CJie.ZlYIOIUHMH CBOitCTBaMH (HeCJIO)((HYJO rrpo-

BepKy orrycKaeM): 

• u/\(v/\w) = (u/\v)/\w, 
• u/\(v+w)=u/\v+u/\w, 
• a/\ u =au, r.ne a - CKa.JIHPHRH <f>yHKUHH, 

• u /\ v = (-1 )pqv /\ u, r.ne p - IIOPH.llOK u, q - IIOPH.llOK v. 
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Boe.ueM orrepauHio .UH<l><t>epeHUHposaHIDI aHTHCHMMeTPHqecKoro Ko

napHaHTHoro reH30pHoro rrom1; 6y.ueM o6o3Haqarb ee 8. 

Orrpe.ueJieHHe. v =au: Vi1 ... ip+I = 8ii1Ui2 ... ip+d· 

B II. 2 § 2 6bIJIO .UOKa3aHo, qro 8ii1 Ui1 .. . ip+d - TeH30pHoe IIOJie ( v = Ou 
3KBHBaJieHTHO (p + I)v =Rot u). 

l1Me10r Mecro q>0pMyJihI (HecJIO)l{HYIO )lPOBePKY orrycKaeM): 

• o(u+v) = au+av, ./ 

• o(o:u) = O:OU, r,ne 0: - qffCJIO, 

• o(u /\ v) =(au)/\ V + (-l)Pu /\ OV, r.ue p - IIOPMOK U. 

2. BuewHHB .un<l><l>epeHD,HaJibHaJI <t>opMa. ,[(Jrn Ka)l{,UOfO x E xn aHTH

CHMMe'TpHqHoe KOBapHaHTHOe TeH30PHOe IIOJie u IIOPMKa p orrpe.uem1er 

B T"(x) aHTHCHMMe'TpHqHyID p-JIHHeitHyID <t>opMy 

( ) 
i1 ip w = Ui1 .. . ip x z ... z ' 

I P 

r.ue z, ... 'z - BeKTOPbI T"(x). 
I p 

Bo3bMeM B KaqecTBe z, .•• , z neKropbl dx, ... , dx - .UH<l><l>epeHUH-
1 p I p 

alibi 6ecKoHeqHO MaJiblX CMeIUeHHit H o603HaqHM 

dxli1 ... dxii>l = dxii /\ ..• /\ dxip 
I p 

(3HaK /\ TOT )Ke, qro H B rrpe,Ubl,UYIUeM IIYHKTe; CMbICJI 3TOfO COBIIa,UeHIDI 

Bbl.HCHHTCH II03)1{e). c yqeTOM BBe,UeHHblX o603HaqeHHit IIOJiyqaeM 

w = Ui1 .. . ip dxi1 /\ ... /\ dxii>, U[ii ... ip) = Ui1 ... ip. 

Bbipa)l{eHHe Ui1 .. . ip dxi1 /\ ... /\ dxir> Ha3brnaerc» eHeUJHeu iJu<}J<}JepeHu,ua.nbHou 
rjJopMOU. 

OrrepaQHH Ha,U <l>opMaMH (w + W, W /\ W, ow), COOTBeTCTBYIOIUHe 
I 2 I 2 

orrepaQHHM Ha,U reH30PHbIMH IIOJIHMH, IIPHHHMalOT oco6eHHO rrpocroit BH,U 

(nposepKY onycKaeM): 

I. aJire6paHqecKHe onepaUHH rrpoBO.uHTC» no 06b1qHbIM rrpasHJiaM 

npeo6pa3oBaHIDI aJire6paH'ICCKHX Bblpa)l{eHHit (B qaCTHOCTH, orrpas.uaHHOit 

HBJIHeTCH .UBOitHaH POJib CHMBOJl8 /\) c yqeTOM ,UOilOJIHHTeJlbHOro rrpaBHJia 

dz'/\ t!d = -t!d /\ dxi; 
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2. orrepauIDI ii;ml><PepenuupoeauIDI npoeoii;HTCH no <l>opMyne 

8w = (d'Ui
1 
... ip) /\ dxi• /\ .•. /\ dxir>, 

rii;e d'Ui1 ••• ;,, = 8fui1 .. • ;,, dxi; 8w Ha3hIBaeTCH eneumeu npoU38oenou (HJIH 

iJurjxpepeHt<Ua.tlOM) w; qaCTO BMeCTO 8w rruwyr dw; 
I' I 

3. rrepexoii; K HOBbIM KOOPAHHaTaM x ' ... ' xn OCYllleCTB.JUieTCJI DOA-

CTaHOBKOit 

. 8xi 
(uanOMHHM, Ai· = -a ., ); 

x' 

4. J1Io6b1e rrpeo6pa30BaHHJI CJieii;yeT 3aeepwaTb rrepeJCOAOM B Hf)l{

HOit KOOPAHHaTHOit CHCTeMe K 3aIIHCH B~a ut •... ipd:i• /\ ... " dxip' rii;e 

U[i .... ip) = Ui1 ... ip (nerKo B~eTb, qro raKoit nepexoii; ecerii;a B03MO:lKeH 

H ii;aeT oii;uo3uaquo onpeii;eneuublit OTBeT). 

c HCIIOJib30BaHHeM IIOHHTHJI euewueit AH<p<l>epeHUHaJibHOit <l><>PMbl 

TeopeMa IlyauKape (CM. II. 3 § 2) MO:lKeT 6bITb C<l>oPMYJIHpoBaHa CJieAyi<>ll.(HM 

o6pa30M. 

llycmb w - 11106aR BHeWIWI iJurjxpepeHt<Ua.tlbHaR rjJopMa; moeiJa 8( 8w) = 0. 
llycmb w - BHeWHRJI iJurjxpepeHt<Ua.t1bHaJ1 <}x>pMa neny11eBoco nopaiJKa u 8w = 0. 
ToziJa iJAR KaJ1CiJou mo11Ku cylJ,feCm8)'em maKaR ee oKpecmnocmb u maKaR 
onpeiJeneHHaR 8 3mou oKpecmnocmu BHewlWI iJurjxpepenquaJibHaR <}x>pMa (}, 
11mo w = 89. 

3. 3a'leM H)'lKllLI eneDIHHe .intcM»et>enD.Ham.nwe cl>opMY. Pa3YMeeTCH, 

IIOHHTIDI «aHTHCHMMerpuquoe KOBapHaHTHoe TeH30pHoe DOJie• H «BHeWHHH 

AH<l>¢>epeHUHaJibHaH <l>opMa• paeuoueHHbl. 0AHaKO OTMeTHM CJie.llYIOmee. 

IloJie3HbIM OK33bIBaeTCH reoMeTpuqecKHlt CMbICJI BHewueit AH<t><l>e

peHUHaJibHOit <l>opMbl: w = 'Ui .... ;,,(x)dxi1 
/\ ... /\ dxip - 3TO quCJIO, KO

Topoe' CTaBHTCJI B COOTBeTCTBHe 6ecKouequo MaJIOMY opueurnposaHHOMY 

CHMIIJieKcy c eepwuuoit B ToqKe x u pe6paMH dx, ... , dx, nexameMy 
I p 

B X". 3TO IIHCJIO He 3aBHCHT OT Bb16HpaeMOit CHCTeMbl KOOp,llHHaT H OT 

Toro, OT KaKolt HMeHHO eepwHHbl OTXO,lUIT pe6pa; OHO JIBJIJleTCSI DOJIHJIH

HeiiHOit aHTHCHMMeTpHquoit <l>YHKUHeit dx, ... , cJ.x. Byii;eM Ha3bIBaTb ero 
I p 

3HaqeuHeM <l>oPMbl w ua YKa3aHHOM CHMIIJieKce. 
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4. 0 nce~ocl>opMax. PaccMOTpHM B X"' B opHeHTHPOBRHHbIX cHcre

Max KOOPJJ.HHRT BblplDKeHHe 

w = u.;, ... ;,, dxi' /\ ... /\ dxip, 

rJJ.e u.;, ... ip - aHTHCHMMeTpHqHoe nceBJJ.OTeH30pHoe none. TaKoe BbiplDKe

HHe Hll3b1BaeTCSI eHeumeu iJu<JxjJepem1,ua.t1bHOU nceeiJo<jJopMou. Ee ornHqHe 

OT <t>opMbl B TOM, qro 3HaqeHHe w 3RBH~~HeHTRUHH CHCTeMbl KOOp

JJ.HHaT: npH nepexoJJ.e K npoTHBonono5KHo opHeHTHpOBRHHOit KOOPJJ.HHaT

HOit CHCTeMe 3HaqeHHe w JJ.JIH Tex )l{e dx, ... ' dx MeHSieT 3HRK. 
I p 

CnoitcTBa ncenJJ.o<t>opM oqeBHJJ.HbIMH H3MeHeHHHMH nonyqaioTCsi H3 

CBOikTB $OpM. 

§ 4. HHTerpupoeauue 

B MaTeMaTHKe HMeJOTCH JJ.Ba 6JIH3KHX, HO Bee )l{e pa3HbIX, noHSITHSI 

HHTerpana. 

Hnme2pa.t1 l-20 poiJa. <l>HKCHPOBaHo npocTpaHCTBO c Mepoit. PaccMaT

PHBaJOTCSI qffCJIOBbie <l>YHKUHH B 3TOM npocTpaHCTBe, JJ.JISI HHX onpe,lleJISI

eTCH nOHHTHe HHTerpana. 

Hnmeepa.tl 2-20 poiJa. B xn 3R,l{aHO aHTHCHMMeTpHqHoe TeH30pHoe nOJie 

Ui, ... ip• PaccMOTpHM KaKOO-JIH6o opHeHTHpoBRHHOO X!' B xn. ,lJ;rH 6eCKO

HeqHo MaJIOro CHMilJieKca c BePllIHHOit B roqKe X, nopo)IQl.eHHOro BeKTOpaMH 

dx, ... 'dx, Jie)l{aw;ero B X!' H HMeJOw;ero opHeHTRUHJO, HHJJ.yuHpoBaH-
1 p 

HyIO 3a.l{RHHOit opHeHTRUHeit X!'' qHCJIO Ui, .. . ip(x) dxi' ... dxir> He 3RBHCHT 
I p 

OT CHCTeMbl KOOPJJ.HHRT. Pll36HBRH X!' Ha TaKHe CHMilJieKCbl H C}'MMHPYH 

3TH qHCJia, Mbl IlOJiytIHM HHTerpan no opHeHTHpOBRHHOMY X!' OT 3a,l{RHHO

ro TeH30PHOfO Il~JISI (HJIH OT JJ.H<t><t>epeHUHaJibHOit <t>opMbl Ui, .. . ip dxi' /\ ... /\ 
dxir> ). 3ro IlOHHTHe Mbl H 6yJJ.eM H3ytIRTb B HRCTOHI.UeM naparpa<t>e. EbmO 6bI 

co6.rraJHHTeJibHO CTpOHTb reopHJO He3aBHCHMO OT H3yqaeMoit B MaTeMaTH

qecKoM RHaJIH3e TeOpHH ICpRTHblX HHTerpaJIOB, Henocpe)J.CTBeHHO peaJIH3YH 

KOHCTpYKUHJO, cxeMRTH11HO OilHCRHHYJO BbIIIJe. 0)].HRKO YJJ.06Hee BBOJJ.HTb 

HyxHbie HaM IlOHSITHH, CBSI3blBRH HX c IlOHSITHeM KpaTHOro HHTerpana. 

CJie,llyeT HMeTb B BHJlY, lfTO KPRTHblit HHTerpan HCilOJib3yeT IlOHH

THe Mepbl. Ha rJia,l{KOM MHOroo6pa3HH noHSITHSI MepbI HeT. Mbl 6yJJ.eM 

JJ.RBRTb onpe,lleJieHHSI, B3SIB KIK)'IO-JIHOO CHCTeMy KOOPJJ.HHRT H HCnOJib3YSI 

CBOitCTBa HHTerpana no Mepe, KOTOpaH nopo)IQl.aeTCSI 3TOit KOOPJJ.HHRTHOit 



56 Diaaa 2. Te113op11blu OHOJIU3 

cHcreMoit. Mhl .noKIDKeM, qro noJiyqaeMoe 3HaqeHHe HHTerpana He 3aBHCHT 

or Bb16paHHott CHcreMbI Koop,nHHaT. TaKHM o6pa3oM, Mepa, nopm1c.naeMas1 

KOOp.l{HHaTHOH CHCTeMOH, HB.JUieTCH JIHWb BCilOMorareJibHblM cpe,ncTBOM. 

1. U:urerpu Hero csoiicTBa. 
0 n p e .n e JI e H He. KycKOM ma,nKoro MHoroo6pa3HH Ha3b1BaercH ero 

IlO,l{MHO)l{eCTBO TaKOe, qro: 

• OHO MO)l{eT 6hITb IlOKPblTO KaKott-ro 0.l{HOtt .nonyCTHMOit KOOp,nHHaT

HOit CHCTeMOit; 

• OHO HB.JUieTCH 3aMbIKaHHeM o6JiaCTH c KYCOqHO-fJia,l{KOtt rpaHHUeH; 

• OHO KOMilaKTHo. 

He rpe6yer oco6bIX noHcHeHHH repMHH «OpHeHTHpoaaHHbIH KycoK ma.n

Koro MHoroo6pa3HH». 

Teo p e Ma. llycmb B X" onpe0ene110 me113op11oe no11e ui, .. ·iii, U[i, ... iii) = 
= Ui, ... iii· llycmb C1' - opueHmupoBOHHblU p-MepHblU KYCOK, no2py:J1CeHHblU 

B X". lloKpoe.M C1' KaKou-11u60 oiJ11ou KoopiJu11am11ou cucmeMou .X 1, ••• , ,XP, 
ziJe nopRiJoK nepe11uCJ1eHUR KoopiJu11am coomBemcmByem opue11mau,uu C1'. 
llycmb C1' B KoopiJu11amax A 1, ••• , _xP BbliJeJ1RemCR yCJ108UeM A E G, 2iJe G -
30MblKOHUe HeKomopou 02paHU'1eHHOU 0611acmu 8 KOOpOUHOmHOM npocmpaH
cmoe. Bb16pao o X" KaKue-11u60 KoopiJu11am11ble cucmeMbl x1, •• • , xn, no
Kpbloa101'4ue 06pa3 C1', Bbl'IUC/lUM 

-J J . . 8(xi•, ... 'xiii) I P 
I - . .. Ui, ... ,p(x(.X)) 8(.XI, ... , .XP) d.X ... d.X. 

G 

ToziJa I He 3aoucum om Bbl6opa KoopiJu11amHblX cucmeM x1, ••• , xn u om 8bl-
6opa KoopiJu11am11ou cucmeMbl A 1, ••• , _xP. 

)l;oKa3aTeJibCTBO. QqeBH.l{HO, 

8(xi1 , ••• , xiii) 8xli1 8xiiil 
8(.X1, ... , ,XP) = p! 8,XI ... 8,XP • 

IlpH <j>HKCHpoaaHHOi:t CHCTeMe KOOp.l{HHaT .X1
' ••• '_xP .l{Jlj{ Ka)l{.l{OfO r 

3HaqeHlfj{ 8xi/8.Xr - KOOp.l{HHaTbl BeKropa v. Ilo3TOMY 
r 

8(xi•, ... 'xip) - ' [i, iii! 
8(, I , ) - p. V ... V 

I\ , ... ,l\P I p 

- reH3op. CJie.nosareJibHO, 
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8(xi•' ... ' xip) 
'Ui1 ... ip 8(..\1, ... ',XP) 

- HHBapuaHT. TeM caMbIM nO.llbIHTerpanbHOe BblpIDKeHHe .ll)Ul I He 3aBHCHT 

OT BbI6opa KOOP.llHHaTHOit CHCTeMbl x1
' ••• ' xn. 

Ilpu nepexo.lle OT .X1, .•• , ,XP K .X11 , .•• , ,x.P HMeeM 

8(.XI, ... , ,XP) 
8(,XI'' ... ' ,X.P') > 0, 

TaK KaK opHeHTar.urn: KIDK)lOH H3 3THX KOOP.llHHaTHblX CHCTeM COOTBeTcTByeT 

opHeHTaUHH (jl'. B CHJIY H3Becmoro CBOHCTBa SIK06HaHOB HMeeM 

8(xi•, ... , xip) 8(xi1, ... , xip) 8(.XI, ... , ,XP) 
--.,...---.,- = -------.,...---.,-
8(.XI', ... , ,X.P') 8(,XI,,., , ,XP) 8(,XI', .•. , ,X.P')' 

I p I' p 
Ilo3TOMY npu nepexo)le OT .X , .•• , .X K .X , ... , .X nO.llbIHTerpanb-

Hoe BblpIDKeHHe YMHO)l(aeTCSI Ha 

1

8(.XI' ... ',XP) I 

8(.xi'' ... ' ,X.P') ' 
T. e. MeHSieTCSI HMeHHO TaK, KaK OHO )lOJl)l(HO MeHSITbCSI npH 3aMeHe nepe

MeHHblX no.ll 3HaKOM HHTerpana. CJie)loBaTeJibHO, 3Ha'IeHHe I He MeHSieTcsi 
I p I' p' 

npH nepexo.ne OT .X , •.. , .X K .X , ... , >. . 
0 n p e .ll e JI e H He H o6o3Ha'IeHHe HHTerpana OT BHeurneu .llH<l><l>epeH

UHaJibHOOH cPOPMbl no opHeHTHPOBaHHOMY rJia.lI;KOMY KYCKY (jl'' norp~eH
HOMY BX": 

J w=I. 

r)le w = Ui1 ... ipdxi• /\ ... /\ dxip, a I onpe.neJieHo npe.llbl.llYllleit TeopeMoH. 

,llirn nOJIHOTbl .llaJlbHeitWHX cPoPMYJIHPOBOK .nonOJIHHM 3TO onpe)leJieHHe 

noHSITHeM HHTerpana nod: d - 3TO KaKaSI-JIH60 TO'IKa c H3 )("' CHa6-

)l(eHHaSI 3HaKOM + HJIH - (To eCTb +c HJIH -c). IlycTb <p(x) - CKaJISlpHaSI 

<l>YHKUHSI Ha X". Tor.Ila HHrerpan OT <p no,, d onpe.neAAeTcsi TaK: 

J <p = <p(c), J <p = -<p(c). 
+c -c 

CsoucTBa HHTerpana no KYCKY (HeCJIO)l(Hble .llOKaJaTeJibCTBa onycKaeM). 
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I. 0603HaqHM -01' opHeHTHPOBaHHhIH KYCOK, IIOJI~CHHhlH H3 C1' 
H3MeHeHHeM opHeHTau;HH (rrpH p = 0 - H3MeHeHHeM 3HaKa). Tor.ii.a 

I w=-1 w. 
-GP GP 

2. IlyCTb OpHeHTHPOBaHHblii KYCOK C1' COCTaBJieH H3 opHeHTHpo

BaHHblX KYCKOB (f' H Cf' (Cf' U Cf' = (JP, QP H Cf' He HMelOT 06lll.HX 
I 2 1 2 I 2 

BHYTPeHHHX TQqeK, OpHeHTaUIDI (JP HHJlYI.J;HpyeT OpHeHTRI.J;HH QP H cf). 
I 2 

Tor.ua 

Orrpe.ueneHHe. IlycTh cf', ... , cf' - opHeHTHpoBaHHhle p-Mep-
1 m 

Hble KYCKH, norpJ)KeHHble B X". <I>opMaJihHruI CYMMa 8 cf' + ... + 8 d'. 
1 1 mm 

r.ue s, ••• ' 8 - I.J;eJibie qHcJia, HR3bIBReTC51 p-MepHOU u,enblO. 
1 m 

EcnH opHeHTHpoBaHHbIH KYCOK C1' cocTaBJieH H3 opHeHTHposaHHbIX 

KYCKOB cf H (f'' TO cf' + cP HHTeprrpempyeTCH KaK C1'. Uenh -1 . C1' 
I 2 I 2 

HHTepnpeTHpyeTCH KaK -C1'; 
HeCTPOrruI reoMeTPHqeCKruI HHTepnpeTaI.J;IDI p-MepHOii u;errH B X" 

oqeBH.UHR. 

Orrpe.ueneHHe. IlycTh C1' - u;errb, C1' - scf' + ... + sd'. 
1 1 mm 

Ilo onpe)leJieHHIO, 

/ w=t~J w. 
(JP r=I QP 

r 

0TMeTHM, qTQ IIOCJie.!(Hee orrpe.ueJieHHe cornacoBaHO co CBOHCTBaMH 

1 H 2 HHTerpaJia no KYCKY. 

CsoH:cTBa HHrerpa.na no u;emt: 

1. /(aw+ ,8 w) =a J w + ,8 J w, r.ue a H ,B - qttcna; 
I 2 I 2 

(JP (JP (JP 

2. J w = J w + J w. 
'GP+"cP 'GP "GP 
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DpHMepbl. PaccMorpHM cnyqaH p = 1Hp=2. 

l. p = 1, n - npOH3BOJlbHO. ~ 
fiyCTb W = Uidxi H C1 

- OpHeHTHpOBaHHbili KYCOK KPHBOli BX"; = x(t), 
t1 ~ t ~ ti, - napaMerpH'leCKOe ypaBHeHHe C1 

; 

B 3TOM npHMepe oco6eHHo xopoIUo BH.lJ;HO, 'ITO I He 3aBHCHT OT Bbl6opa xoop.11.H
HaTHhlx CHCTeM X

1
, • , • , Xn H napaMeTpH3aUHH C1

• 

2. p=2. 
Bo3bMeM n = 2. IlycTb w = vi;dxi A dxi, C2 

- 33MblKaHHe opHeHTHpo

BaHHoJ;t 06.nacTH n KOOP.11.HHaTHOM npocrpaHcrne x 1
, x2

• DycTb nopsmoK x 1 
, x2 

cooTBeTCTByeT opHeHTaQHH C2
; 6epeM >.1 = x1

, >.2 = x 2
• Tor.na 

I i · ff ( 8(x1,x2
) 8(x2,x1

)) 1 2 
vi;dx A dx1 = J J V12 a(xl, x2) + V21 a(xt, x2) dx dx = 

02 D 

= JJ(v12-V21)dx
1
dx

2
=2 JJ v12dx

1
dx

2
, 

D D 

r.ne D o6o3Ha'laeT C2 6e3 yqeTa opHeHTaQHH. 

2. TeopeMa CToKca-IlyaHKape. 

Onpe.neJieHHe. IlycTb 01' - opHeHrnpoeaHHbIH KYCOK, p ~ 2. 
Bee.neM Ha rJia.ZJ.KHX KYCKax, cocTaBJIHIOllI.HX a coBOKYfiHOCTH rpaHHUY 01', 
OpHeHTaUHIO TaK, 'IT06hl B TOY:Kax rpaHHUhl HanpaBJieHHe Ha 01' BHeurnee 

K 01' H opHeHTaUHH rpaHHUbl (B3HTbie HMeHHO B 3TOM nopH.ZJ.Ke) COOTBeT

CTBOBaJIH opHeHTaUHH 01'. IloJiyqHBIIIYJOCH (p- 1)-MepHYJO uenb 6y.neM 

Ha3hIBaTb rpauHueit KYCKa 01' H 0603HaqaTb 801'. 

QqeBH.ZJ.HO, eCJIH (J1' IlOrp)')KeHO B X", TO H 801' IlOrp)')KeHO B )('"'. 

IlpH p = 1 rpaHHUa onpe.neJIHeTCH TaK: rpaHHUeH opHeHTHpOBaHHOro 

KyCKa KPHBOH, HMe10rn.ero HaqaJio B roqKe a H KOHeU B TOY:Ke b, Ha3b1BaeTCH 

uenh +b- a. IlpH p = 0 rpaHHl(a no onpe,lleJieHHJO - nycTOe MHO)l(eCTBo. 

ECJIH 01' = s c1' + ... + s c1' - uenh, TO no onpe.lleneu1110 801' = 
1 I mm 

= s8 (}' + ... + 88 (}'. 0rMeTHM, 'ITO npHHHTaSI HaMH HHTepnpeTaUHH, npH 
1 1 mm 

KOTOPOH -01' nonyqaeTCSI H3 Cf" H3MeHeHHCM OpHeHTaUHH, cornacyeTCSI 
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c qmpMynoH: 8(-01') = -801'. BcnoMHHM TilIOKe, qro eCJIH opHeHTHpo

saHHbIH KYCOK 01' COCTilBJICH H3 OpHeHTHpoBaHHblX KYCKOB d1 H d1' TO 
I 2 

Mbl CqHTa.JJ.H 01' = (j' + GP. COOTHOlllCHHC 801' = 8 (j' + {) (j' HH-
1 2 I 2 

TepnpeTHpyeTCH B 3TOM CJiyqae TilK: rpaHHUa 01' ecTb cyMMa rpaHHU c1' 
I 

H GP; Te qacTH 3THX .n;Byx rpaHHU, KOTOpbIC pa3,!l;CJIHIOT QP H (j', 6epytCH 
2 I 2 

c npoTHBonoJIO.:lKHbIMH opHeHTaUHHMH; B CYMMe 3TH .n;se qacTH B3aHMHo 

yttuqro)l{aIOTCH. 

TeopeMa CroKca-IlyattKape. ,!Jim 11KJ6ou p-Mepnou ~enu ct' u 1110-
6ou rjJopMbl w nopRiJKa p - 1 UMeem Mecmo 

/aw=Jw. 
cP {}(JP 

)l.oKa3aTCJibCTBO npe.n;sapuM HJIJIIOCtpauueH:, paCCMO'fPHM CJIY

qait, Kor.n;a n = p = 2 H 01' - OpHeHmpoBaHHblH KYCOK. IlyCTb nopH:

,!l;OK X
1

, x
2 

COOTBCTCTByeT OpHCHTaUHH 0 2 
(puc. 2). 803bMCM W = UjdXi. 

Tor.n;a 8w = Vijdxi /\ dx', r.n;e 

1 
vii= <Jciu;1 = 2(8iu; - a;t£i). 

MbI HMeeM 

J 8w = J J (v12 - v21) dx
1
dx

2 = J J (81u2 - ~u1~ dx
1
dx

2
, 

C2 D D 

x2 

Pec.2 
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r.u.e D - 3TO 0 2 
6e3 yqeTa OpHeHTaLU.fH; 

j w= j u1dx1 +u2dx2
, 

IXP r 

r.u.e r - 3TO rpamn.{a D, npo6eraeMrui: c yqeToM opHeHTaUHH &02
• 

H}')KHOe HaM paBeHCTBO - 3TO H3BeCTHaH <}>opMyJia [pHHa. 

IlpHne.n.eM Teneph .n.oKaJaTeJibCTBO .D.AA o6mero cJiyqrui:. 0Ho nposo

.D.HTCH no TOMY )Ke nJiaHy, qro H .D.OKaJaTeJibCTBO ynoMHHyTOH <l>opMyJihl 

[pHHa (a TaK)Ke <}>opMyJihI Thycca-OcTJ)orpa.n.cKoro). H}')KHO TOJibKO aK

KypaTHO pa306paTbCH co 3HaKaMH, K03<}><}>HuHeHTaMH H T. n. IlpHBe,ll.eM 

BblKJia,ll.KH, conpoBO,ll.HB HX KpaTKHMH nOHCHCHHHMH. 

Pa306heM Ka)K,ll.bIH H3 KYCKOB, COCTaBJISIIOIUHX (Jl', Ha KYCKH, ,ll,H<}>

<}>eOMOp<}>Hbie p-MepHoMy CHMilJieKcy (Heo6XO,ll,HMbie .D.AA CTJ)Ororo ,ll,OKa3a

TeJibCTBa ytoqHCHHSI onycKaeM); cse.neM H}')KHbie HHTerpaJibl K HHTerpaJiaM 

no 3THM «KPHBOJIHHeHHbIM CHMilJieKcaM» H HX «KPHBOJIHHeHHbIM rpaHSIM». 

TaK KaK HHterpaJibI B o6eHx qaCTHX .noKaJbIBaeMoro paaeHCTBa He JaBHCHT 

OT BbI6HpaeMhIX CHCTeM KOOp,ll,HHaT, TO MO)KHO MaJiblH «KPHBOJIHHeHHblH 

CHMnJieKC» cqHTaTb pacnoJIO)KeHHblM B KOOp,ll,HHaTHOM no.nnpOCTJ)aHCTBe 
+I . xP = ... = xn = 0 (cM. n. 1 § 1); MO)KHO cqHTaTh, qTo OH Bbl,ll,eJIHeTCSI 

yCJIOBHSIMH 
p 

x 1
;;;:: 0, ... , xP;;;:: 0, L xi~ I; 

i:::J 

opHeHTaUHSI 3TOfO CHMilJieKCa COOTBeTCTByeT IlOPMKY HH,ll.eKCOB 1, ... 'p . 
.U.1rn ,ll,OKaJateJibCTBa TeopeMbI, B CHJIY CKaJaHHOro, ,ll,OCTaTOqHo B3HTb 

n = p H B Kaqecrne C1' - YKa3aHHbIH CHMilJieKC. 

BBe.neM o6o3HaqeHHH: 

• D - TOT )Ke CHMilJieKc 6e3 yqeTa opHtHTaUHH; 

• Di, i = 1, ... ,p, - rpatth D, Bhl,ll,eMeMaH ycnoaHeM xi= O; 
p 

• Do - rpafih D, Bhl,ll,eMeMrui: YCJIOBHeM L xi = 1; 
i=I 

• (801')i. i = 0, .. . ,p, - COOTBeTCTBYJOlllHe 3THM rpaHHM qacTH &01' . 
.l(JIH KaJK,ll,OfO i, i = 1, ... 'p, CHMrureKc D MOJKeT 6bITb 38,.QaH COOT

HOllleHHHMH 

( 1 i-1 i+ I JI) D x , ... , x , x , ... , w E i• o ~ xi ~ 1 - I: xi. 
#i 
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IlyCTb 

- . . dxi1 /\ /\ dxi,-1 w - Ui •.. ·'r>-1 • • • ' 

06o3HaqHM TaIOKe 

_ ( I i-1 0 i+I -") 
Ut. .. i-1,i+L .. p = Ut. .. i-1,i+L . . p X , • • •, X , , X , • • •, 37 , 

+ ( I i-1 ~ . i+l ) Ut. .. i-1,i+l. .. p = Ut. .. i-1,i+l ... p X 1 ••• , X , 1 - L.J z', X , ••• , :If' 
j'#i 

(ii Ht - 3HaqeHIDI u Ha rpaIDIX Di H Do coomercTBeHHo). 

TorJJ.a 

I I I o(xi•, .. . ,xi,) l JJ) 

8w= . . . . Vi1 ••• ip ~( 1 ) dx ... (£$" = 
v x , ... ,xP 

(JP D 

=pl J ... J V1.. .pdx1 
••• dzP = p! J ... J 0[1 ui .. . pJdx

1 
••• d:i' = 

D D 
p 

= (p-1)! ~(-l)i-I I ... I O;Ut. .. i-l,i+l ... pdx
1 

•. . d:i' = 
i=l D 

= (p-1)! t(-l)i-l J ... / (t1 ... i-l.i+l. .. p-

,=l D1 

- )dxl dxi-ldxi+l d-" -ui. .. i-1,i+t. .. p •.• . •. w. 

IloHCHHM KIDK,llhlit H3 3H3KOB paBeHCTBa, ¢1HrypHpYJOU(Hx B 3TOit ue

noqKe. IlepBhlii COOTBeTCTByer OnpeJJ.eJieHHIO HHTerpaJia OT JJ.H¢i<l>epeHUH

aJibHOit ¢ioPMhl (cM. n. 1). Bropoit HMeer Mecro, TaK KaK Vi .... ip = ±v1 ... p 

JJ.JIH nonapHo paJJIHqHblX i1 ... ip, a 

o(xi•' ... 'zi,) ___;._ ___ ....:... = ±1 
o(x1

' ... ' xP) 
JJ.JlH TaKHX i1.(. 'ip, npHqeM 3HaKH + HJIH - B 3THX nocile)J.HHX paseH

cmax COBilll,ll*IOT - 31'0 

. sign (ii. ... , ip) ; 
1, ... ,p 
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acero raKHX cnaraeMbIX a CyMMe-caePTJ<e no.n 3HaKOM HHTerpana B neeoit 

4acrH eroporo paaeHcraa p!, OCTaJibHble CJiaraeMbie - HYJIH. TpeTHH 3HaK 

paBeHCTBa HMeer MeCTO, TaK KaK V1 ... p = 8[1u2 ... p) B CHJIY onpe.neJieHIDI v. 
qereepTbIH cooreercreyer .neTaJIH3aUHH 

p 

P!R..1u2 1 = (p- l)! ~ (-l)i-18.·u1 · 1 ·+1 · "'L .. . p L- I .. • i- ·' .. ·P• 
i=l 

MHO)l(HTeJib (-1 )i-l nOSIBJISieTCH, TaK KaK nopH,llOK CJie.noeaHHSI HH,lleKCOB i, 
I, ... , i - 1, i + I, ... _,, p nonyqaercH H3 nopMKa cne.noeaHIDI I, ... , p no

cne.noeareJibHOH nepeCTaHOBKOH HH,lleKca i c i-1 eMy npe.nmeCTBYIOIUHMH; 

MHO)l(HTeJib p! CJieBa OT 3T0f0 3HaKa paBeHCTBa .naer BCe 'UleHbl 8i1 Uj2, • • ip 

c H~HblMH 3HaKaMH npH pa3JIH4HblX KOM6HHaUIDIX i1' ... ' i,,. SIBJISIIOIUHX

CSI nepecraHOBKOH 1, ... , p; cnpaea aHanorwrny10 poJib Hrpaer MHO)l(HTeJib 

(p- 1)!. IlHTbIH 3HaK paeeHCTBa COOTBeTCTByer HCilOJib30BaHHIO <l><>PMYJibl 

HbIOTOHa-Jletl6HHUa npH HHTerpHpoeaHHH no xi. 
C .llPYfOH CTOpOHbl, 

I w=t I w+ I w. 
{}(JP i=I ({}(JP); (8Cl')o 

IlpH i = l, ... ,p HMeeM 

J w=-(p-1)!(-l)i-I J ... J ii1. .. 1"".1,H1 ... ,,dx1 
•• • dxi-ldxi+ 1 

••• dx". 
({}(JP); D; 

3,lleCb C,lleJiaH nepeXO,ll K KpaTHOMY HHTerpa.ny. MHO)J{HTeJIH (p-1 )! H (-1 )i-I 

o6'bHCHHIOTCH raK )Ke, KaK H npH npeo6pa30BaHHH HHrerpana J 8w; ne-

CI' 
pe,ll BCeM Bblpa)l(eHHeM CTOHT 3HaK MHHyc, IlOCKOJibKY opHeHTaUHSI ( 8C")i 

i I i-1 i+ 1 JJ ( 
38,llaercSI nopSI.llKOM KOOp.llHHaT -x 'x ' ... 'x 'x ' ... ';i; CM. onpe-

.neJieHHe), 4TO .naer opHeHTaUHIO npOTHBOilOJIO)l(HYJO opHeHTaUHH, 38,llaBa-
g i 1 i-1 i+l JI 

eMOn nopH,llKOM KOOP.llHHaT x , x , ... , x , x , ... , :c- • 

Ocranocb BbIPa3HTb CXO.llHbIM o6pa30M J w. Ilpe.ncraBHM JJ)UI Bb16paH

({J(JP)o 

HOHCHCTeMblKOOP.llHHaTu=u+ •• • +u (COOTBeTCTBeHHO, w = w + ••• + w), 
1 p 1 p 
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r.ne ~i, ... ip-, = 0, eCJIH O.UHH H3 HH.!leKCOB i,, ... 'ip-1 -paeeH i. ,UJUI 

BblllHCJieHHH J "/ B03hMeM Ha Do e KaqecTee KOOP.UHHaT 3HaqeHHH 

(80')0 
I i-1 i+l _v Il X , ••• , X , X , ••• , ;i;- • OJiyqHM 

I (p l)I( l)i-1/ /+ d I dxi-ld HI d.JJ v;= - . - . . . 'UJ. .. i-1,i+l ... p x . . . x ... ;i,-. 

(80')0 D; 

3.n;ecb, B OTJIHqHe OT BblpIDKeHHH J w, B npaBoH llaCTH oTcyn:Tnyer 

(80'); 

3HaK MHHyC, TaK KaK opHeHTaUHSI (801')0 3a,n;aeTCSI nopSl,llKOM KOOP.llHHaT 
i I i-1 i+l . JJ 

X ,X , ••• ,X ,X , ••• ,;i;-. 

Co6HpaSI BMeCTe nonyqeHHhie BbipIDKeHHH, MbI BH.llHM, qTo, .neHCTBH

TCJibHO, 

Jw=Jaw. 
80' (JP 

3 a.11. a q a. IlpH.11.yMaTb H .ll.OKa3aTb <l><>PMYJIY, aHaJIOmqHyio- <l><>PMYJIC HHTe

rpHpomtHHSI no qacn1M. 

3. 06 J111Terpue OT .lJ.Hcl>cl>epeHW1am.J10ii nceuocJ>opMw. B CJiyqae, Kor.na 

Mbl HMeeM .neJio He c .UH<lxl>epeHUHaJibHOH <lx>PMOH, a c .UH<l><t>epeHUHaJibHOit 

ncen.nO<l><>pMoit (CM. n. 4 § 3), npHBe.n;eHHbie .ll)UI <l><>PMbI B n. 1-2 HaCTOSllllero 

naparpa<l>a onpe.n;eJieHHH H ymep)!QleHHH rpe6YJOT KOppeKTHpoBKH. 

Onpe.neJUUI HHTerpan or rrcee.n:o<t>opMbI w = U;, ... ipdxi' /\ ... /\ dx;,, 
no op»eHTHpoeaHHOMY KYCKY C1', norpe6yeM .n;onoJIHHTeJihHO, qro6h1 KO

op.nHHaTHble CHCTeMbl x'' ... ' xn' IlOKpbIBaIOIUHe 01'' 6bIJIH opHeHTHpO

BaHbl H rrpHTOM cornaconaHHO. IlpH o.nttonpeMeHHOM H3MeHeHHH opHeH

TaUHH 3Tl9LKOOP.llHHaTHblX CHCTeM 3HaqeHHe HHTerpana MeHSleT 3HaK, TaK 

KaK MeIDIIOT 3HaJC U;1 ••• ;,,. 

,&.nu B }(!' B3SITb OpHeHTHpoBaHHbii:t KyCOK en H B KaqeCTBe KOOP.llHHaT 

x1
, ••• , xn B3SITb A1

, ••• , An (cM. <t>opMyJIHpOBKY H .llOKa3aTeJibCTBO reope

Mbl Il. 1), TO HHTerpaJI IlO en OT nceBJlO<l>OpMbl W = U;1 ... ;,,dxi1 
/\ ••• /\ dxin 

He 3aBHCHT OT BbI6opa opHeHTaUHH en: BCJie)lCTBHe H3MeHeHHH OpHeHra-
\ I ,n x . I n 

UHH I\ ' ••• ' I\ IlPH HeH3MeHHOn opHeHTaUHH x , ... ' x HHTerpaJI Me-
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HSICT 3HaK, BCJie,llCTBHe H3MeHeHHSI opHeHTawrn x1
' ••• ' xn OH eme Pa3 

MeHSieT 3HaK, T. e. B pe3yJibTilTe OCTaeTCR HCH3MCHHbIM. 

BBO,llSI HHTerpaJI no uerrH, Mbl ,llOIIOJIHHTeJlbHO IIOTPe6yeM, 'IT06bl BCSI 

COBOKYflHOCTb o6pa30B KyCKOB, COCTaBJUIIOIUHX uerrb, 6bma IIOKPb!Ta co

BOKYflHOCTbIO OpHeHTHPOBaHHblX KOOP.llHHaTHbIX CHCTeM c cornacoBaHHOD 

opHeHTilUHeD. 

C yqeroM yKaJaHHbIX H3MeHeHHi\ B orrpe,lleJieHHSIX H .llOIIOJIHHTeJib

HblX rrpe,llIIOJIOJKeHHD <l><>PMYJIHpoBKa reopeMbl CTOKca-IlyaHKape ocra

erc.si HeH3MeHHOi\. 

4. 0 reopeMax HworoHa-Jieii6HHua, l)>uua, faycca-OCT)>orpa,llcKoro, 

CroKca. B KHHre B. H. ApHOJib.lla «MareMaTH'lecKHe MeTO.llbl KJiaccH'le

cKoA MexaHHKH» TeopeMa CTOKCa-IlyaHKape (rrpHHSITOe ee Ha3BaHHe) Ha-

3BaHa TeopeMoD Hr.IOTOHa-Jieti6HHUa-faycca-fpHHa-0CTPQrpa,llcKo

ro-CroKca-IlyaHKaPe. ).l.eitCTBHTeJibHO, 3Ta reopeMa o6o6maeT H o6be.llH

HSieT B e.llHHOit <l>OPMYJIHPOBKe (.llaHHOD IlyaHKape) TeopeMbl HbIOTOHa

JleD6HHUa, fpHtta, faycca-OCTPOfPa.llCKoro, CroKca. 

IlpHBe.lleM 3TH TeopeMbI s reH30pttoi\ JaIIHCH. B Ka'leCTBe x.n 6e
peM If'; 9ij• ~ •... in -TeH30pHbie IIOJI.sI, COOTBCTCTByIOIUHe MCTPHKe It'; 
CHCTeMa KOOP.llHHaT - rrpOH3BOJ1bHa.sI KPHBOJIHHeDHa.si. 

TeopeMa Hb10m0Ha-Jleii6Hul{Q: 

J 81u(x1
) dx1 = u(b) - u(a). 

c• 

3.llCCb p = n =I, 0 1 
- OTPe30K [a, b] B opHeHTHpOaBHHOM H1

• 

3Ta reopeMa 6bma HCIIOJ1b30BaHa IIPH ,llOKa3aTeJ1bCTBe reopeMbl CroK

ca-IlyaHKape. 

TeopeMa I'aycca-Ocmpo2paiJc1Co20: 

I Oti1(u\/Siz ... in)j)di• /\ ... /\ dx;.. = I uiy'Si•···in-iidxi• /\ ... /\ dxi..-1. 
C" /JC" 

3,lleCb p = n ~ 2, en - OpHeHTHpoB3HHblii KyCOK If'. B COOTBeTCTBHH 

c orrpe,lleJieHHeM rrceB,llOTeH30pa (HaIIOMHHM, Vsi •... ;.. - rrceB,llOTeH30P) 

Hf)l{HO opHeHTHpOBaTb KOOP.llHHITH)'IO CHCTeMy. B Ka'leCTBe opHeHTaUHH 

CHCTeMbl x 1
, ••• , Xn 6epeM TY, KOTOpaR HHJIYUHPYCTC.sl OpHeHTaQHei% en. 
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Tor.n.a, KaK OTMelJeHO B n. 3, 3Ha'ICHIUI HHTerpMOB B o6eux qacrn:x paBeH

CTBa He 3aBHCHT OT OpHeHTaU.HH en: npH H3MetteHHH OpHeHTaI.J,HH en ne

pe.n. Ka)f(JJ.bIM H3 HHTerpa.noB nOHBJIHeTCH 3HaK MHttyC, HO nO)l.bIHTefPaJlbHbie 

BblpIDKeHIUI npH 3TOM TaIOKe MCHHIOT 3HaK, TaK KaK OHH nceB)l.OTeH30PbI. 

TeopeMa Cm01cca: 

f <Jii(U89jJs)dxi /\ dxi = f Us9sidxi. 

C2 IKJ2 

B cPOPMYJIHPOBKe Be.icropttoro aHaJIH3a B 3TOH reopeMe H)')KHO B3HTb n = 3 
H npeo6paJOBaTb nO)l.bIHTerpaJibHOe BblpIDKeHHe B JieBOH lJaCTH paBeHCTBa 

B COOTBCTCTBHH co cnoco60M nonyqaTb c noMOlllblO onepau.uu rot BeKTOp

HOe none (cM. n. 3 § 2). B npuae.n.eHHOM BblpIDKeHHH C2 
- opneHTHpo

aaHHhIH KYCOK, norp)')KeHHbIH B H'1, r.n.e n - nI06oe, y.n.oBJieTBopHIOlllee 

yCJIOBHIO n ~ 2. 
TeopeMa I'puHa MoxeT 6bITb nonyqeHa KaK qacTHbIH cnyqaii TeopeMbl 

CroKca npu n = 2; CM. TaKXe HalJa.n:o JJ.OKaJaTeJibCTBa teopeMbl CToKca

nyaHKape (n. 2). 
Mbl BH.D.HM, 'ITO B npuae.n.eHHbIX cl>opMynupoBKax ucnonb3yeTCH TO, 

'ITO npocTpaHCTBO eBKJIH)l.OBO, a .zurn npHHHTOH B BeKTOPHOM aHaJIH3e cl>op

MYJIHPOBKH TeopeMbl CToKca eme H TO, 'ITO OHO TpexMepHo. 06ma.H Teope

Ma, ,lJ.OKaJaHHa.H flyaHKape, CHHMaeT 3TH HaCJIOeHIUI H )l.aeT B 'IHCTOM BH)l.e 

CBH3b Me)f(JJ.y HHTefPMOM no o6JiaCTH H HHTerpanOM no ee rpaHJtI.J,e. 

/ 



D1aBa 3 

PHMAHOBA fEOMETPIDI 

§ 1. PltMaHOBO npoCTpaHCTBO 

1. Oceoaewe nolUITHJ(, 

OnpeJlCJICHHe. PHMaHOBblM npocTpaHCTBOM vn Hll3blBaeTCH KOM

OJICKT { X1'' 9i;} H3 fJI8.lJ.KOI'O MHOroo6Pll3HH X1' H onpeJleJICHHOI'O Ha HeM 

JlBIDK.llhl KoeapHaHTHOI'O fJI8,lJ,KOto TeH30PHOI'O DOM 9i;' YJlOBJICTBOPHIOIUe

ro B KIDKJlOit roqKe x E X1' yCJIOBHHM: 

1. 9i; = g;;. 

2. KBa.a.paTWIHM ct>opMa 9i;Zi ti - OOJIO)(Q{TeJlbHO OOpeJleJICHa. 

fl pH M C p. If' CCTb V". 

IloJie 9i; -npeepamaeT KIDKJloe H3 KacateJibHblX K X1' npocrpaHcTB 

~(x) B CBKJIH,llOBO npocrpaHCTBO; CKaJIHpHoe npOH3BC,!lCHHe (u, v) BeK

TOpoB u H v H3 ~(x) onpeJlCJIHM cl>oPMYJIOlt 

(u, v) = 9i;(x)uiJ. 

Tpe6oBaHHH 1-2 - 3TO HMCHHO Te rpe6oeaHHH, KOTOphle npe)l'MIBJIHIOT

CH K TeH3opy npH KIDKJlOM cl>HKCHpoBaHHOM x E X1', qro6bl YKaJaHHoe 

BblpIDKCHHe MOfJIO 6b1Tb npHHHTO B KaqeCTBe CKaJIHpHoro IlPOH3BCJlCHHH 

(CM. § 3 rJI.1). 
TeM caMblM MOryT 6b1Tb onpe.lleJieHbl, B qacrHOCTH, noHHTHH: JlJIHHa 

KacaTeJibHOI'O BeKTOpa K napaMCtpffqCCKH 38,1.(aHHOit KpHBOit B cl>HKCHpo

BaHHOit Ha Heit roqKe, YI'OJI MC}ICJly HCH}'JICBblMH KacaTeJibHblMH BeKTOpaMH 

K JlBYM KPHBblM B roqKe, RBIUIIOIUeltcR TO'IKOit HX nepece'ICHHH. 

0cHOBOOOJiaraIOIUHM JlJIR ecex KOHuenuHlt PHMaHOBa npocrpaHCTBa 

HBJIHCTCH CJICJlYIOIUCC 
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0 n p e .u e JI e H He I). PaccTOSIHHeM Me)K.lly .ZJ.BYWI 6ecKoHeqHo 6JIH3-
KHMH ToqKaMH x H x + dx PHMaHOBa npoctpaHCTBa Ha3bIBaeTCH HeOTpH
uaTeJibHaH BeJIHqHHa ds, onpe.n.eJIHeMaH paBeHCTBOM 

2 i . 
ds = 9iJ(x) dx dx' . 

.R.CHO, qro TaK onpe.ueneHHOe pacCTOKHHe Me)K.lly x H x + dx He 3a
BHCHT OT CHCTeMbl KOOP.UHHaT, B KOropott OHO BblqHCJIHeTCH. TeH3op 9ij 
Ha3brnaetc.R: Mempu11ecKUM meH3opoM. 

3To onpe.n.eneHwe MO)J(HO JaMeHHTb Ha cne;zyKnuee 

0 n p e.u eJI e H He. )lrrHHOtt KPHBOH l: x = x(t), t1 ~ t ~ t1' Ha3bl-

. ·( ( )) dxi(t) dxi(t) d g,, x t dt dt t. 

JlerKO nposepHTb, qTo TaK onpe.n.eJieHHaH .ll.JIHHa KPHBOtt He 3aBHCHT 
OT cnoco6a napaMetpH3aUHH 3TOtt KpHBOii H OT Bbl6opa KOOP.UHHaTHblX 
CHCTeM. 

B reoMetpHH yn Ba)l(HYJO poJib wrpaeT nces.n.oTeH30P ~1 •• • i,., TaK Ha-
3blBaeMbitt TeH3op JleBH-qHBHTbl. ECJIH B3KTb B yn 6ecKouequo Manbltt na
pannenenHne.n. c sepumuott B ToqKe x H pe6paMH dx, ... , dx, TO B opweu-

1 n 

THPOBaHHOH CHCTeMe KOOP.ll.HHaT Bblpa)J(eHHe ~. . dxi! . . dxin HJIH, 
yg\X)ll···lnl n 

qTo TO )J(e caMoe, ;;(x}. . dxi1 
/\ •• /\ dxi,. .uaeT ofu.eM (c yqeroM 3HaKa) v g\X/IJ ... i,. 

3Toro napannenenwne.n.a (cM. <t>opMyny (3.1) rn. 1). Mo)J(Ho taK)J(e roso-

PHTb, qTo ~dx1 
••• dxn .n.aeT «3JieMeHT ofu.eMa» B yn. 3To npHB0.!1.HT 

K HHTerpany 1-ro po.n.a 

~ I= J ... J f(x)~dx1 
... dxn. 

--~ G 

3JJ:ecb G - 3aMb1KaHHe o6nacTH B yn, G - KOMnaKTuo, /(x) - 3a.n.anHaH 
CKaJIHpHaH <l>YHKUH.R:. 

I) B. PHMaH •O rnncrre311X, nelKlllUHX B OCHOBaHHH reoMeTpHH• - npo6mui neKUHll, 

npo'IHTIIHHllH IO HIOHH 1854 fO.lUI B ferrHHreHcKoM ynHsepcwrere JIJIR. no.nyqeHHR MeCTa 

.nouenTI1. 



§ 1. l'uMaHooo npocmpaHcmoo 69 

Bse.u.ettttoe 3Haqettue Httrerpa.na He 3asucHT OT BbI6opa Koop.u.uttaTttoit 

CHCTeMbI. B caMOM .neJie, npu nepexo.n.e K .u.pyroH: CHCTeMe KOOp.U.HHaT 
~ I c 

x ' ... ' xn BMeCTO MHO)((HTe.IDI .Jg nmIBHTCR MHO)((HTeJlb v g'. Ho 

rn - cl 8(xl'' ... 'xn') I 
V 6 - V g ~( 1 n) ' uX , ... ,X 

qro COOTBeTCTByeT H3BeCTHOH ct>opMyJie JaMeHbI IIepeMeHHbIX IIO.ll 3HaKOM 

HHTerpana. 

Onpe.neJieHHoe 3,ll.eCb IIOHRTHe HHTerpana TeCHO CBR3aHO c IIOHRTHeM 

HHrerpa.na, BBe,ll.eHHbIM B IIpe,ll.bI.ll.YllleH mase. IlycTb C" - opHeHTHPOBaH

HhIH KYCOK B V". EcJIH opHeHTaUHR KOOP.ll.HHaTHoit CHCTeMbI x 1
, ••• , xn 

COOTBeTCTByeT opueHTaUHH C"' TO (cM. § 4 fJI. 2) 

f f~1 ... i,.dxi1 A •.• A dx"' = n! J ... f f../gdx1 
... dxn, 

~ G 

r.n.e G COCTOHT H3 rex X<e TOqeK, qTo H C"; Bbl6op opHeHTaUHH C" poJIH 

He HrpaeT, TaK KaK ~ •... i,. - IIces.u.oTeH3op (cM. II. 3 § 3 m. 2). 
OnepaUHH grad H div paccMorpeHbI B II. 3 § 2 rn. 2 B eBKJIH.ll.OBOM 

npocrpaHcTBe Ir, a onepauHR rot - B opHeHTHposaHHOM H 3
• Rctto, qro 

TCMH X<e cPoPMYJiaMH MO)((HO onpe.u.eJIHTb onepaUHH grad H div B npOH3-

BOJibHOM V"' a OIIepaumo rot B opHeHTHPOBaHHOM V3
• 

TeopeMbI -faycca-Ocrporpa.u.cKoro H CroKca c<l>OPMYJIHposaHbI B § 4 
fJI. 2 c HCIIOJib30BaHHeM MerpHqecKoro TeH3opa eBKJIH,ll.OBa npocrpaHCTBa. 

QqeBH,ll.HO, 3TH TeopeMbl 6e3 KaKHX-JIH60 HJMeHeHHit B HX <l>OPMYJIHPOBKax 

HMeIOT MeCTO H ,ll.JIR pHMaHOBa npocrpaHCTBa. 

2. Ilo.n.npoCTpaHCTBa V"'. ECJIH B V" norpf)((etto HeKoTopoe X"', 
1 ~ m ~ n - l, TO 3TO X"' ecrecrseHHo IIpespamaeTcR B vm. ,ll.eA:

CTBHTeJibHO, 6HJIHHeitHM <l>opMa 9i;(x), Ja.u.aHHM BO BCeM T'(x) (T' -
KacareJibHOe IIpocrpaHCTBO K V"), paccMarpHBaeMM TOJibKO B l®(x) 
( J® - KaCaTeJibHOe npOCTpaHCTBO K 06pa3y x."', RB.IDIIOIUeeCR IlO,ll.IlpO

crpaHCTBOM T'), y.n.oBJieTBopRer no-npe)((HeMy yCJIOBHRM 1-2. ECJIH o6-

Pa3 X"' B V" onpe.u.e.IDierC.R ypaBHeHHRMH 

i i(\l \m) 
x =x "'·····"' , i = l, ... ,n, 

1 n vn \1 ,m 
r.n.e x ' ... ' x - KOOp,ll.HHaTbI Ha A • a "' ' ••• ' I\ - KOOP.ll.HHaTbl 

Ha X"', TO B 3THX KOOPJJ.HHarax Merpnqec1odt TeH3op Yap JI.JUI ym Bbl-
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q11c.m1erc.H, KaK JierKo nposepHTb, no <t>opMyJie 

axi axi 
UC¥(J = 8).P 8Ap9ii· 

TeM caMblM rro.HBJI.HeTCH noHHTHe «3JieMeHT m-Mepttoro ofu.eMa». 
B qacrHOCTH, o;:i:ttoMepHhlH ofu.eM - 3TO JJ:JIHHa. 

n pH Me p. IlyCTb xi norpyxeHO B H3• Tor.na xi MO)J(HO npeBpaT.HTb B vi' 
BBe,llSI MCTPHKY (paccTORHHe Me)l(,lly .UBYMR 6ecKoHeqtto 6JIH3KHMH TOqKaMH), HH

.llYUHPOBaHH}'IO MeTpHKOH H3 • lhyqeHHe 3Toro np1rnepa cocTaBJUieT co.uep:iKaHHe 
TaK Ha3bIBaeMOH 3JICMCHTapHOH .uml><l>epeHl.UlaJibHOH reoMeTPHH. 

Onpe;:i:eJieHHe. vm = {Xm,[JC¥(J} IlOrp}')KeHo B vn = {Xn,gii}-, 
I I 2 2 

eCJIH Xm IlOrp}')KeHO B Xn H MerpHl!eCKHH TeH30p Ha Xm, HHJJ:yuHpOBaH-
1 2 I 

HhlH TeH3opoM 9ii, cosna;:i:aer c UC¥(J. 

IlpHBe;:i:eM <t>opMyJiy reopeMbI raycca-Ocrporpa;:i:cKoro (§ 4 rJI. 2) 
K BH;:i:y, H3BeCTHOMy H3 BeKTOpHoro aHaJIH3a. 

B03bMeM B en opHeHTHpOBaHHYJO CHCTeMY KOOPJJ:HHaT x 1
' ••• ' xn' 

cor;racoaaH:Hyio c opHeHrauHeH Cf'. 113 <t>opMyJibI (2.1) m. 2 CJie;:i:yer, qro 

. (-l)n-1 . 
q;,(u'~2···i,.Ji) = aj(u'~1···i..). n 

IloJToMy B JieBoH qacrH <t>opMyJihI faycca-Ocrporpa;:i:cKoro;', o;:i: 3HaKoM 
HHTerpaJia CTOHT BblplUKeHHe 

(-l)n-1 . . -
---(div u)v'8;, ... i,.dx'1 

/\ ••• /\ dx"'. 
n 

YqHTbIBa.H CB.H3b HHTerpaJia OT JJ:H<t><l>epeHUHMbHOH ncea;:i:o<t>opMbl c HHTe
rpMOM 1-ro po;:i:a, IlOJiyqaeM JieByro qacTb 3TOH <t>opMyJibl B BH;:i:e 

(-l)n-lnt I I n · .. . div udv, 

G 

r;:i:e G - 3TO Cf' 6e3 yqera opHeHTaUHH, dv - 3JieMeHT ofu.eMa B vn. 
Ilpeo6paJyeM npasy10 qacrb <t>opMyJIM. Bo3bMeM KaKyro-Jm6o roqKy x 

0 
Ha rJiaJJ:KOM KyCKe, BXOJJ:.HIUeM B 8Cf'. Bb16epeM B MMOH OKPeCTHOCTH 
3TOH roqKH KOOPJJ:HHaTttyIO CHCTeMy x1

, ••• , Xn TaKyIO, qro: MMa.H OKpecT
HOCTb Ha aef' roqm x, o603HaqHM ee Cf'- 1

' HMeeT ypaBHeHHe x1 = O; 
0 . . 



§ 1. PuMaHoeo npocmpaHcmeo 71 

2 n x , ... ,x KOOp,ll,HHaTbl Ha on-I; BCKTOp, KaCaTeJibHbIH B X K KO-
O 

Op,ll,HHaTHOH JIHHHH X
1

, HanpaBJieH Hap~y OT Cfl; IIOpmJ,OK x1
, •• , , Xn 

COOTBCTCTByeT OpHCHTaUHH Cfl. Tor,ll,a IIOpmJ.OK X
2

, ••• , Xn COOTBCTCTByeT 

OpHeHTaUHH 8Cfl. Ilpe,ll,CTaBHM u(x), XE on-I, B BH,ll,e U = (u, h)h + Z, 

f,ll,C h - C,ll,HHH'IHIDI BHCIIIHIDI HOpMaJib K on-I, a Z E T7'~11(x). IlOJl 

3HaKOM HHTerpana B rrpasoif qacTH paccMaTPHBaeMOH cl>opMyJibl CTOHT 

TaK KaK seKTOpbl z, dx, ... , d x JIHHeti:Ho 3aBHCHMbI (see OHH rrpHHa,ll,-
1 . n-1 

JIC)l(aT ~-=-~ (x) ), TO 

_ ( l)n-1( h) J;; hj dxi1 d in-1 w - - u, v8Ji1 .. ·in-1 • • • x . 
I n-1 

KaK OTMeqanocb paHee, 3HaqeHHe vg'J.i ... ; h3 dxi 1 
• • • d xin-i pasHo 06'b-

1 ""-1 I n-1 

eMy (c yqeTOM 3HaKa!) rrapannenerrHITe,ll,a, IIOCTPOCHHOfO Ha BeKTopax h, 
dX, ... , d X. 0pHeHTaUIDI Cfl COOTBCTCTBYCT rropmi,i<y: HarrpaBJieHHe h, 
I n-1 
opHeHTaUIDI on-1

• KpoMe Toro, h - C,ll,HHH'!HblH BeKrop, opTOfOHaJibHhIH 

seKTOpaM dx, ... , d x. Il03TOMY YKaJaHHbltt o6'beM paseH (c yqeTOM 3Ha-
1 n-1 

Ka) o6DeMy OCHOBaHHH - napannenerrwne,n;a, IlOCTPOCHHOro Ha BeKTopax 

dx, ... ' d x (3TO CBOHCTBO o6'beMa CJie)],yeT H3 cl>OPMYJI (3.1) H (3.2) rn. 1). 
I n-1 

Ilocne,ll,HHH o6'beM, B CBOIO oqepe,ll,b, paBeH y'gi .. ·i dxi1 
• • • d $in-I' 

I n-1 I n-1 

r,n;e ~1 ... in-t COOTBCTCTByeT B on-I CHCTeMe KOOP.llHHaT x2
, ••• , Xn. Ta

KHM o6paJOM, IlOJl 3HaKOM HHTerpana B rrpaBOH qacTH ct>opMyJibl faycca-

0CTPOfPa,ll,CKOfO CTOHT Bblpa)l(eHHe, paBHOe 

(-1r-1(u, h)y'ji1 .. ·in-1dxi' /\ ... /\ dxin-1. 

3aMeHIDI HHTerpan OT JlHcl>cl>epeHI~HaJibHOit nceBJlOcl>opMbl HHTerpanoM 1-ro 

PO.Ila, IIOJiyqHM npaByIO qacTb 3TOit cl>OPMYJibI B BH,ll,e 

(-1t- 1(n - 1)! j ... j (u, h)dn, 

r 
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r.ae f - 3TO 8(f" 6e3 yqera opHCHTaUHH, r},q - 3JICMCHT (n-1)-MepHOfO 
o6beMa B f. 0KOHqaTeJibHO IIOJiy<IaeM 3HaKOMOC paBCHCTBO 

J ... J div udv = J ... j(u, h)dn. 

G r 

3. feo,AeaHqecfWI. IlyCTb a H b 38JlaHHble TO'IKH vn. PaccMOtpHM 
KPHBbie, coe.umunomue a H b. Oyctb x = x(t), t 1 ~ t ~ t2 - ypaBHeHue 
TaKoii KPHBOii. ,UrruHa s KIDK,U.OR taKOii KPHBOH onpe.aeJUieTCH <t>opMyJIOH 

t1 

s = J F(x, x)dt, 

t1 

r.ue F = J 9i;(x)xixi, x(t1) = a, x(t2) = b, roqKoH: o6o3HaqeHa rrpoH3-

BO.UHaH no t. Ilpe.unonaraeM, 'ITO B KruK.llOlt TO'IKC KPHBOlt F =I= 0. Ilycrb 
KPHBruI l peaJIH3yer KparqaiinmR Ilytb H3 a B b H reM caMblM .uaet MHHH
MYM s. Tor.ua xi(t), COOTBCTCTBYIOIUHC l, y.noBJieTBOPHIOT, KaK H3BCCTHO, 
CHCTeMe ypaBHCHHlt 3lllrepa 

(;;)- ;~ =0, k= l, ... ,n. 

11crroJib3YH BbipWKeHHe F, nonyqaeM 

Orcro.ua cne.uyer 

1 d d 
Fdt = ds' 

r.ue s - ,llJIHHa yqactKa KPHBOR, rrpHHHTaH B Ka'lecree napaMerpa Ha l. 
TaKHM o6p830M, Ha l HMeer Mecro 

d ( dxi) 1 dxi dxi 
ds 9ki ds - 28k9iids ds = 0, k= l, ... ,n. (1.1) 
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PacCMOTpHM Terrepb ypaBHeHWI (1.l), He ytlHTbIBaH cnoco6 HX IIOJiy

qeHHH. 3ac}>HKCHpyeM B yn KaKYJO-JIH6o CHCTeMY KOOP.llHHaT. PaCCMOTpHM 

CHCTeMY o6bIKHOBeHHblX .llHc}>c}>epeHUHaJibHblX ypasHeHHtt ( 1.1)' r.ae KOOp

.llHHaTbl 9ii MerpHqecKOfO TeH30pa 3a,llaHHble fJia,llKHe <i>YHKUHH x 1
, ••• , Xn; 

8 - He3aBHCHMOe rrepeMeHHOe (3.lleCb HHKaKott CB.Sl3H 8 c .llJIHHOtt KYCKa 

KPHBOtt Mbl He rrpe.arroJiaraeM); x1 
(s), ••• 'xn(s) - HCKOMble cPYHKUHH. 

fpacpHK B yn KaKOfO-JIH60 peweHWI 3TOit aBTOHOMHOit CHCTeMbl 06bIKHO

BCHHbIX .n;m}>Q>epeHUHaJibHbIX ypaBHeHHit ( 1.1) Mbl Ha3bIBaeM zeoiJe3U'l.eCJCOU 
( reo.ae3nqecKott JIHHHeit). 

Orrpe.aeJieHHoe IIOH.SITHe oqeBH.llHbIM o6pa30M HCIIOJib3yeT Bb16paHHYIO 

CHCTeMY KOOP.llHHaT. B CJie.n;yiomeM rraparpac}>e Mbl .llOKIDKeM, qTO KpHBaH, 

HBJUIIOlUaHCH reo.ae3uqecKott B 0.llHOtt CHCTeMe KOOP.llHHaT, reo.ae3uqeCKaH 

H B .apymx. A IIOKa orpaHHqHMCH cne.n;yioIUHMH yrnep)K,!leHHHMH. 

1. CHCTeMa (1.1) MO)f(CT 6b1Tb pa3peweHa OTHOCHTeJibHO d2xi/ds2' 
i = 1, ... , n (ttanoMHHM, det llYi;ll > 0). Ecnu 3a,naTb Ha'laJibHble .aaHHble 

x E yn H v E T"'(x), TO CYIUCCTByeT, H IIPHTOM e.aHHCTBCHHOe, perneHne 
0 0 0 
(1.1), y.aoBJiernopsi:10mee ycJIOBHHM: 

x(O) = x, 
0 

dx 
-(0) = v. 
ds o 

2. EcJIH x(s) - pemeHHe (1.1), ro JIJIH mo6oro qnCJia a <l>YHKUHH 

x(as) - TaK)f(e perneHHe. 

3. <l>YHKUHH 

( 
dx) dxi dxi 

~ x, da . = Yi;(x) ds ds 

- nepBbltt HHTerpaJI (1.1). ECJIH HHTeprrpeTHposaTb 8 KaK BpeM.SI, a CHCTCMy 

( 1.1) cqHTaTb OIIHCbIBaIOIUeit .llBIDKCHHe TOqeK yn' TO 3TO yrnep)K,!leHHe 

03HaqaeT, qTo Ka)K,!laH TOqKa .llBIDKeTC.SI no reo.ae3uqecKOit c IIOCTO.SIHHOit 

CKOpOCTbJO. ECJIH g;;(x) v' J = 1, TO 8 .aaeT .llJIHHY .ayrH reo.ae3H\ICCKOi1. 
0 0 0 

B o6meM CJiyqae .llJIHHa .ayrn nporropuuoHaJibHa s. 

4. Ilpuse.aeHHbie BbIIllC yrnep)K,!leHWI - rrpOCTbie CJie,llCTBHH oc

HOBHblX c}>aKTOB TeOpHH o6bIKHOBCHHbIX .llH<l><t>epeHUHaJibHbIX ypaBHCHldi. 

,UorroJIHHTeJibHblMH HCCJIC.llOBaHWIMH MO)f(HO ,ll0Ka3aTb TaK)f(e CJIC.llYIOIUee: 

• Ka)K,!laH reo.n.e3uqecKaH Ha ,llOCTllTO'IHO MaJIOM ee yqaCTKe .neitCTBH

TeJibHO .SIBmreTCH KpaT'laAweA; 
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• wrn: KIDK.ll.Oii TOqKH x E yn cyiuecTByeT TaKasl ee OKpeCTHOCTh, qTQ 
0 

c JJI060H TQqKOH 3TOH OKpecTHOCTH x MO)l{eT 6hlTh coe.n:utteHa reo.n:e-
0 

3uqecKoii H rrpHTOM e.n:HHCTBeHHOA cpe.n:u reo.n:e3uqecKHX, I.J,eJIHKOM 

Jie)KalUHX B 3TOA OKpeCTHOCTH. 

n pH Me p. IlyCTb V2 
- e.D.HHH'lH!UI cl}>epa B H3 

• feo,ne3H'leCKHe Ha V2 
- ,ny

rn 6oJJbWHX KpyroB (npHMeM 3TO noKa 6e3 ,noKa3aTeJibCTBa). ,llyra 6oJJbworo Kpyra,, 

HMeIOmaH JlJIHHY MeHbille 'Ir, .neikTBHTeJlbHO KpaT11attmaH cpe,nH KPHBblX, coe.nHHH

IOmHX ee KOHllbl. ,llyra OOJJbWOro Kpyra, HMeJOmaH JlJIHHY 60JJbWe 7r' pa3YMeeTCH, 

He HBJJHeTCH KpaT1laliillHM IlYTeM H3 0.IIHOfO ee KOHUa B ,npyroit EcJJH .nBe TO'lKH 

He HBJJHIOTCH .IIHaMeTPaJibHO npOTHBOilOJJO)J{ffbIMH, TO cymecTByeT e,nHHCTBeHH!UI 

.nyra OOJJbWOro Kpyra, coemrnn10miuI 3TH TO'lKH H HMeJOm!UI .ll)IHHY MeHbWe 7r. 

§ 2. Ilapa;meJihHhlii nepeuoc. 
KoeapHaHTHOe .n;H<l><l>epeu1U1poeauHe 

Pattee Mhl rro,uqepKHBaJIH, qTQ lLIUI ma.n:Koro MHoroo6pa3IDI x.11', He 

OCHaIUeHHOfO HHKaKHMH .llOIIOJIHHTeJihHhlMH CTpYKTYPaMH, KacaTeJibHhle 

rrpocTpaHCTBa B pa3HhIX TOqKax He HMeIOT .upyr K .upyry HHKaKoro OTHOIIIe

HIDI. B 1917 ro.n:y TyJimm Jiesu-qHBHTa c.ueJiaJI 3aMeqaTeJihHOe oTKphlTHe: 

OH BhUICHHJI, qro BBe.ueuue PHMaHOBOii MeTpHKH B x.n .uaeT B03MO)l{HOCTh 

ycTaHOBHTh ecTeCTBeHHYIO CBH3h Me)l{.lly KacareJibHhIMH rrpocTpaHCTBaMH 

B .usyx OOCKOHeqHO 6JIH3KHX ToqKax. 3ra CBH3h <l>HKCHpyeT HeKOTOphlA 

H30Mop<l>H3M Me)l{.lly TaKHMH KacaTeJihHhIMH rrpocTpaHcTBaMH H .uaeT B03-

MO)l{HOCTh rrepeHOCHTh BeKTOP H3 o.uuoro KaCaTeJibHOfO rrpOC1J»lHCTBa B Ka

caTeJibHOe rrpocTpaHCTBO B 6ecKouequo 6JIH3Koii TOqKe; rtaKoii rrepeuoc 

Ha3hlBaeTCH napa.!l/U!.llbHblM nepeHOCOM B rrpocTpaHCTBe yn. 
CyiuecTBYIOT paJJiuqtthle crroco6hl sse.ueuIDI 3TOro napaJIJieJihHOro 

rrepeuoca. MbI H36epeM cJie.UYIOlUHii rryTh. Bhlse.ueM <l>opMyJihI MH rrapan

JieJihHoro rrepeuoca B Ir B KPHBOJIHHeiiuoii CHCTeMe KOOp.UHHaT (a 11" 
napanJieJihHhiii rrepeuoc onpe.ueJieu CTPYKTYPOii Jiuueiiuoro npocTpaucTBa). 

0Ka)l{eTCH, qTQ 3TH <l>opMyJibl co.uep)l{aT KPOMe KOOP.UHHaT nepeHOCHMO

ro seKTopa eiue Koop.uunaThl MeTpuqecKoro reH3opa u ux rrepshle rrpo

H3BO.UHble • .llJrn rrpOH3BOJibHOfO yn onpe.ueJIHM rrapaJIJieJibHhlA rrepeuoc, 

HCIIOJib3YH HMeHHO 3TH <l>OPMYJihl. ,llOKa)l{eM, qTQ TaK orrpe.ueJieHHhlii na

paJIJieJibHblf.i: nepeHOC He 3aBHCHT OT Bbl6opa CHCTeMbI KOOP.llHHaT. 
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Pllc.3 

1. 4>opM)'JJW ~ nap8JIJieJJLHoro nepeeoca B Ir B Iq>HBOJJHHeboA CHCTe

Me KOOPJJ.HHIT. BBe.lleM B Ir KaK}'IO-JIH6o KPHBOJIHHeitttyIO CHCTeMy KOOp

.llHHaT x 1
, ••• , xn. Hait.lleM ycJioBHe roro, 'ITO BeKTop ui B roqKe x H BeKTOP 

ui + dui B roqKe x + dx paBHbl (PHC. 3). 
Mbl HMeeM u = ui ei, r.lle ei = 8ix. TaK KaK u nepeHocHTCH H3 x 

B x + dx napaJIJieJibHO, TO du= 0, T. e. 

dui • €i + u.id€i = 0, 

Ilo3TOMY 

(€i, ek)dui + (8;€i. ek)1idzi = 0. 

Ilo Oilpe,lleJieHHIO MeTpHqeCKOfO TeH30pa (€i, ek) = 9ik· 06o3HaqHB r ji,k = 
= (8;€i. ek), nonyqnM 

9ikdui + r fi,ktidzi = o. 

0Ka3blBaeTC}I, BeJIHqHHbl r ji,k Bblpa:xGllOTC}I qepe3 IlpoH3BO,llHble KOOP.llH

HaT MeTPuqecKoro TeH30pa. B caMOM .lleJie, 

(89ei, ek) + (ei, 8qek) = 8q9ik· 

Ho 8q€i = 89(8iX) = 8i(8qX) = 0.eq. Il03TOMy BeJlffqHHbl r qi,k CHMMeT

pH'IHbl no nepBbIM .llBYM HH,lleKcaM: r qi,k = riq,k· 3a<l>HKCHpoBaB TPOitKY 

HH.lleKcoe i, j, k, nonyqaeM • 

ri;,k + rikJ = 0.911,, rJk,, + r .fi,k = 8;9ki· 

rki,; + r~.• = 8/cu•;· 
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0TCIO,lla, IlOJib3yHCb yi<:aJaHHOH CHMMetpHdt rij,k, HaxO,llHM 

1 
rij,k = 2(ai9jk + 8;9ik - ak9i;). 

BBeJlSI aenwnrnbl 

r k rkr ij = 9 ij,r• 

nonyqaeM OKoH'laTeJibHO H}')KHOe yCJIOBHe 

k k i . 
du + rijU di' = 0. 

2. Onpe,lleneuae napa.J1.J1en1>uoro nepeuoca B V". PaccMO'fPHM npoHJ

BOJibHOe yn. 3a<l>HKCHpyeM KaKYIQ-JIH6o CHCTeMY KOOp,llHHaT. HcnOJib3YH 

MetpHqecKHH TeH30P 9ij' BBe,lleM BeJiffqHHbl 

1 k ~ 
rij,k = 2(8i9jk + 8;9ik - 8k9ij) H rij = 9 rij,r; 

rij,k H r~ HaJbIBalOTCH K03rjxpUU,UeHma.MU CBR3HOCmU. JlerKO y6e,llHTbCH, qro 

ri;.k = r;i.k· 

OTMeTHM TaIOKe paBeHCTBO 

ai9jk = rij,k + rik,j· 

0 n p e ,11 e JI e Hue. BeKTop ui, 3a,n.aHHbIH B TOqKe x, nepeHeceH B 6ec

KOHeqHo 6JIH3KYIO T~qKY x :+ dx napaJIJieJibHO, eCJIH e(o OOP.llHHaTbI CTa

HOBHTCH paBHbIMH u' + du'' rne 

dui + r;k(x)ujdxk = 0. (2.1) 

3To )Ke onpe.neneHHe B .npyrn:x repMHHax. BeKTop, 3a,n.aHHbIH B roq

Ke a, nepeHOCHTCH napaJIJieJibHO no KPHBOH l B TOqKY b, ecnu ero KOOp

.llHHaTbl ui y.noBJieTBopHIOT ypaBHeHHHM 

dui(t) r'. ( ( )) j( ) dxk(t) - 0 
dt + 3kxtut dt -. 

3.necb x = x(t), t1 ~ t ~ t2, - napaMerpuqecKoe ypaBHeHHe l, x(t1) =a, 
x(t2) = b. 

TaK KaK napaJIJieJihHbIH nepeHoc BeKTopoB onHCbIBaeTCH CHCTeMOH 

JIHHeHHbIX 0.llHOpo,llHbIX ypaBHeHHH, TO OH HBJIHeTCH JIHHeHHOH onepauHeH. 
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TI pH M e p. TioKIDKeM, qTo reo.11.e3~ec1W1 JlHHIDI MOXeT 6h1Tb onpe.11.eJietta CJie

.llYJOll.UIM CBOHCTBOM: C.D.HHINHblll: KaCaTeJlbHblll: BeKTOp K reo.11.e3HqecKOii: nepeHOCJIT

CR MOJlb reo.11.e3HqecKoii napaJJJICJlbHO («Kpa~aitWM• JIHHHR eCTb «npRMeiiWaR•). 

l<aic yxce OTMC1J8JIOCb, KaCaTeJibHblA BeKTOp K Iq)HBOit HBIDleTCH eJlHHH'IHblM B TOM 

H TOJibKO TOM CJiyqae, KOr.D.a B KaqecTBe napaMerpa Ha KPHBOii B3RTa )l)IHHa .llYJ'H 8. 
. i 

06o3HaqHM u' = dx /ds. YCJioBHe napaJJJieJibHoro nepeHoca BeKTopa u B.llOJib 

KpHBOH .D.aeT 

du' · . .dx" 
Ts + rj,.u' Ts = o, 

T.C. 

d?-x' . dxi dx" 
ds2 + rj,.dsds = 0, i =I, ... ' n. (2.2) 

TioKIDKeM, qro 3Ta CHCTeMa 3KBHBaJieHTHa CHCTCMe (1.1), onpe.D.eJIHIOIUeii 

reo.11.e3HqecKHe. ,lleii:CTBHTCJibHO, npeo6pa3YR (I. I), nOJiyqaeM nOCJie.11.ouaTCJibHO 

OTKy.lla H IlOJiyqaeTCR (2.2). 

MbI orrpe)leJIHJIH rrapaJIJieJihHblit rrepeHoc Beicropa <l><>PMYJIOit, HB

HO HCIIOJib3yIOllleA Bb16paHHyIO KOOP.llHHaTHyIO CHCTeMY. BIDKHblit BOIIpoc: 

3aBHCHT JIH pe3yJibTaT rrapaJIJieJibHOfO rrepeHoca BeKTOpa OT Bb16paHHOA 

CHCTeMbl KOOP.llHHaT? OJ'BeT )laer 

Teo p e Ma. Pe3)'1lbmam napaJl.lle.t1bHozo nepenoca seKmopa He 3asucum 
om Bb16pannou cucmeMbl KoopiJuHam. 

,ll o Ka 3 are JI b c TB o. HaM rrorpe6yerc.si: CJie.llyIOlllaH 

JI e MM a. llpu nepexooe K HOBOU cucme.Me Koopounam U.Me10m Mecmo 
<jJopMyllbl 

k · · ( Eflxi · fPxi . ) 
8w 9i'J = Aw~· A}8k9'i + 8x' 8zW A} + ax! axw ~· 9ii• 
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k i J k a2x' 
r i' i ,w = Aw Ai' AJ,r iJ,k + Aw {)x'' {)xi 9ik· 

w w i J k w a2xk 
r,.; = Ak _Ai.A,r,J + Ak 8x'' 8xi. 

)]. 0 Ka 3 a Te JI b c TB 0 JieMMbl BbIBeD,eM rrepByIO H3 3THX <l>opMyJI. 

HMeeM 

8k'9i'J = 8k'(UiJ~,A~) = (8k'UiJ)~.A~ + g,J(8k'~·)A~ + UiJ~'{)k'A~, 
HO 

OTK.yD.a cpaJy rronyqaeM HY)l(IIOe Bblpa)l(em1e. OcTaJibHble .a.Be <J:>opMyJibl 

CJie.n;yIDT H3 rrepBOit, eCJIH BCilOMHHTb onpe.n;eJieHHe rij,k H rt. JleMMa 

.llOKa3aHa. 

Ilepeit.n;eM K Henocpe.n;cTBeHHOMY .n;oKaJaTeJibCTBy TeopeMhl. 

Jl,Jrn KOOP.IJ.HHaT BeKTopa u, rrepeHOCHMOro napaJIJieJibHO H3 TQql(H x 
B TOqK.y X + dx, Mbl HMeeM B CHCTeMe KOOPD.HHaT x 1

, ••• , Xn paBeHCTBO 
I' I 

(2.1 ). IlpH nepexoD,e K CHCTeMe KOOPD.HHaT x ' ... ' xn 3TO paBeHCTBO .n:aeT 

d(~·u'
1

) + r~kA~ul A~dxk' = 0, 

T.e. 

OTK.yD,a 

H, HaKOHeu, 

/ •I 

B noCJieD.HeM paBeHCTBe Bblpa)l(eHJ.Je B C~Kax paBHO rjk' (cM. JieM-

My), Il03TOMY TOT )Ke napaJIJieJibHblt:i nepeHo( B HOBOt:\: CHCTeMe KOOP}lHHaT 

3ailHCbIBaeTC.sI <J:>opMyJioit: 

du'' + r~k'ul dxk' = 0, 

qTQ H Jl0Ka3blBaeT TeopeMy. 
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11.J 3TOii TeOpeMhl, B qacTHOCTH, CJie,nyeT, ~O CBOitCTBO Iqnmoif 6b1Th 
reo.ne3WieCKOii He 3aBHCHT OT KOOP.llHHarnott CHCTeMbI. 

3 a .n a 11 a. .LI.oKaJaTb, 11ro reo.neJH'lecKHe Ha c<l>epe B H3 
- .nyrn 6oJibWHX 

KpyroB. PaccMaTPHBaJI npHMep B xoHue n. 3 § l, Mbl npHlUIJIH 3TOT cpan 6e3 

.11.0KaJaTCJibCTBa. 

PeweHHe. Bo3hMCM B H3 oproHopMHpoBaHHblit 6a:mc; {, 11, ( - xo

OP.11.HHaTbl B 3TOM 6a3Hce. YpaBHeHHe c<I>epbl S pa.nH)'ca r c ueffTPOM B Ha11ane 

KOOP.11.HHaT HMeeT BH.11. 
{2+1/2+(2=r2. 

BBe.neM Ha c<t>epe c<I>epH11ecKHe KOOP.11.HHaTbl 8, cp: 

{ = rcos8coscp, 1J = rcos8sincp, ( = rsin8; 

TO'lKH, B KOTOpblX COS 8 = 0, He paCCMaTPHBaCM. Bhl'iHCJIHM 9ii• 9ij, ftj,k, rt; 
B 3THX KOOP.11.HHaTax; nyCTb HH.11.eKC 1 COOTBeTCTByeT 8' MH.11.eKC 2 COOTBeTCTBYeT cp. 

B H3 
HMCeT MCCTO 

ds2 = df,2 + dr/ + d(2
• 

II03TOMY Ha s BbIOOnJUleTCH 

ds2 = r2(de2 + cos
2 8 dcp2). 

3To .naeT 911 = r2, 912 = 921 = 0, 922 = r2 cos
2 8, a cne.noBaTeJibHO, g11 = t/r2, 

9
12 = g21 = 0, ; 2 = 1/(r2 

cos
2 8). Tor.na 

81922 = -:-2r2 
cos 0 sin 0, 

OCTaJibHble 819;k paBHbl ffYJIIO. II03TOMy 

r 22,1 = r
2 

cos 0 sin 0, I\2.2 = r 21,2 = -r2 
cos (J sin 0, 

OCTanbHblC f ij,I: paBHbl ffYJIIO. 0TcIO)J.ll 

r~2 =cos o sine, r~2 = r~1 = -tgO, 

OCTaJibHblC f~; paBHbl ffYJIIO. 
Jl,oKIDKeM, 'iTO KPHBaH l Ha S, onpe,llemICMaH ypaeHeHHeM 8 = 0, HBJUJeTCH 

reO,llC3H'ICCKOit :UeikTBHTeJibHO, Ha l HMCCM ds2 = r2 dr.p2
• TaK KaK Ha l Bee f~k 

paBHbl ffYJIIO, TO ypaBHCHHH (2.2), onpe,neJij[IOIUHe reo.neJH'ieCKYJO (r.ne x 1 = 0 
H :i:2 = cp), Y.11.0BJICTBOPHIOTCH napoA cl>)'HKI.UfA 8 = 0, r.p = s/r+ '{Jo. 

IloKIDKeM, 'iTO I<a)K,ll.aJI Jlyrll 6oJI1tworo Kpyra Ha s - reo.ne3H'iCCK8R. ,llnH 
3TOro Bb16epeM Ha s TY c<I>epH'iCCK)'JO CHCTeM}' KOOP.11.HHaT, ,!llUI KOTOpoit 3Ta .nyra 
HMeeT ypaeHeHHC 8 = 0. 

IloKIDKeM, HaKOHCU, 'iTO KDc.iuul J'COJlC3H'iCCKaH l Ha s - .n.yra 6oJibWOro 

Kpyra. Bo3bMeM Ha l KaKYJO-JIH6o TO'iKY :a:, B03bMeM v = dx I s - )l)IHHa 
o o ds,/ 

0 
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.uym KPHBoil:, BJRTruI B Ka'lecTBe napaMeTpa Ha l, I vi = 1. BoJbMeM Ha S .uyry 
0 

60JiblIIOf0 Kpyra T, npOXO,ll,SIIIzyIO qepe3 x H KacaIOIUYJOCJI B x BeKTopa v; .uyra T, 
0 0 0 

KaK 6blJlo noKaJaHo, reo.ueJH'lecKruI. Mb! nOJiyqHJIH Ha S .llBe reo.ueJH'lecKHe l H T, 
npoxo.llJIIUHe qepeJ x H Kaca10mHecn v. TeM caMblM (cM. n. 3 § 1), l HT coBna.uaIOT. 

0 0 

3. IlapllJIJieJII.Hblii nepeuoc npoH3BOJihHLIX TeH3opoe e V'1. Bse.aeHHoe 

IlOH$ITHe rrapllJIJienbHOro rrepeHoca BeKTOPOB .aaeT B03MO)((}{OCTb ycTaHO

BHTb H30MOPcPH3M Me)l{.lly KaCaTenbHbIMH npocTpaHCTBaMH B paJnHqHblX 

TOqKax: 

• MeXOly T'(x) H T'(x + dx) 

HRH 

• Me)l{.lly Tn(x) B.!lORb KPHBOi:\: l: x = x(t). 

3TO Il03BOmieT ycTaHOBHTb CBH3b Me)l{.lly TeH3opaMH B KacaTenbHbIX rrpo

CTpaHCTBax. B caMOM .aene, ecnH 3acPHKCHposaH HeKOTOpb1i:\: H30MOPcPH3M 

nHHei:\:HblX rrpocTpaHCTB Rn H Rn, TO TeM caMhIM cPHKCHpyeTCH HeKOT0-
1 2 

pb1i:\: H30MOPcPH3M nHHei:\:HhIX rrpocTpaHCTB TeH30POB 3a,llaHHoro THrra B Rn 
I 

H B Rn; 3TO Henocpe.acTBeHHO cne.ayeT H3 Ka)l{.lloro orrpe.aeneHHH TeHJopa, 
2 

.aaHHoro B § 1 rn. 1. 
TaKHM 06pa30M, napllJIJienhHhii:\: rrepettoc KOHTpasapHaHTHhlX seKTo

pos .aaeT B03MO)l(H0CTb BBeCTH (H ITPHTOM O.!lH03HaqHo) napllJIJienhHblH 

rrepeHOC TeH30POB mo6oro cPHKCHpOBaHHOfO THila. 

Bb1Be]leM COOTBeTCTBYJOlllHe <l>opMynbl • 

. EcnH u - cKan»p, TO ycnoBHe rrapllJIJienbHOro rrepettoca u, oqeBH.!lHO, 

HMCCT BH.!l 

du=O. 

PaccMOTpHM cnyqai:\: KosapHattmoro BeKTOpa. B cooTBeTcTBHH co CKa

JaHHhIM BblUie KOBCKTOP v(x+dx) rronyqeH HJ v(x) napannenhHhIM rrepe

HOCOM, ecnH rrpH napannenhHOM rrepettoce mo6oro BeKTOpa z H3 x B x+dx 

3TO ]laeT 



§ 2. Ilapall./U!.!lbHblU nepeHOC. KOBapuaHmHoe ou<fxl>epem1,up06QHUe 81 

Ho npH naparr.n:eJibHOM nepeHoce i Mbl HMeeM di + r~kzi dxk = 0. no-
. . k . 

3TOMY -rjkz1vidx + z'dvi = 0 HJIH, qro TO )Ke caMoe, 

. k . 
(-rjkvidx +dv;)i' = O. 

TaK KRK .llJUI <l>HKCHpOBRHHOit TOqKH x BeKTop zi - npOH3BOJibHbiit, TO no

nyqaeM ycJIOBHe naparr.n:eJibHoro nepeHoca KOBapHaHmoro BeKTopa H3 roq

KH x B roqicy x + dx B BH,Zl;e 

i k dv; - r;kv;dx = 0. 

3ror )Ke npHeM npHMeHHM K TeH30paM npoHJBOJlbHOro THna. HanpHMep, 

yCJIOBHe naparr.n:eJihHoro nepettoca reH3opa u~k nonyqaeTCH TaK. 6epeM npo

H3BOJibHble Zi. J, wk. CocTaBJIHeM u~kZiJwk. IlepeHoCHM z, v, w napaJI

JICJibHO H3 x B x+dx (<l>opMyJILI .llJUI nepeHoca BCKTOPOB H KOBCKTOPOB f)l{e 

BbIBe.neHbI). H3 yCJioBHH d(u~kziJwk) = 0, yqHTLIBRH npoH3BOJibHOCTb z, 
v, w H npoBe,llH Hf)l(Hble BbIKJIR,llKH, noJiyqaeM paBeHCTBO 

d i (ri h rh i rh i )d r 0 Ujk + hr'Ujk - jr'Uhk - kr'Ujh X = · 

qHTaTeJib caM .UOKR)l{eT o6myio <t>opMyJiy, .na10myio yCJIOBHe napaJI-

JieJibHoro nepeHoca TCH30pa u~::: :~: 

d i, ... ip + ( ~ rik i, ... ik-1hik+1 ... ip - ~ rh i1 ... ip ) d r - 0 
U;, ... j 9 L,.,,, hru;, ... j 9 L,.,,, . jkru;, ... jk-1hjk+1 .. . j 9 x - · 

k=l k=J 

B CHJIY 06IUHX coo6pR)l{eHHit, npHBe,lleHHblX B HaqaJie HRCTOHIUero 

OYffKTa, pe3yJibTaT naparr.n:CJibHoro nepeHoca TeH3opa 11106oro THna He 3a

BHCHT OT BbI6paHHOit CHCTeMbl KOOp,llHHRT. 

4. Kosapaaumoe AH4Kl>epeHUHpoBauHe. BBe,llH CBH3b MC)l{,lly KRCRTeJib

HbIMH npocTpaHCTBRMH B 6eCKOHClJHO 6JIH3KHX roqKax, Mbl MO)l{eM OCYIUC

CTBHTb CTaH.llRPTHblit cnoco6 BBC.llCHH.R onepauHH .llH<l><l>epeHUHPOBRHHH. 

IlyCTb u - 3R,llRHHoe Ha yn TeH30pHoe none KRKOfO-JIH60 THna. 

B03bMCM TO'iKH x H x+dx. IlepeHeceM u(x+dx) naparr.n:eJibHO B Toqicy x. 
BLiqreM H3 3Toro TeH3opa TeH30P u(x). MLI nonyquM 6ecKoHeqHo MaJioe 

npHpameHHe reHJopHoro non.11, ero nHHeitHRH qacTb - ou<JxjJepeHu,uO.JJ 
meH30PHOZO no./lJl. PaccMOTpHM, KIK 3Ta H.!le.R peaJIH3yeTC.R B Koop.nHHaTHOit 

3ROHCH. 
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HaqtteM c BeKTopa. TaK KaK Mhl yqHTbIBaeM TOJihKO JIHHeHHbie qacTH 

rrpHpameHHH, TO 6epeM ui(x + dx) = ui(x) + dui. 06oJttaqHM dui -
0 

JJ.Htl><l>epeHUHaJI, COOTBeTCTBYK>ll{HH rrapaJIJieJibHOMY nepeHocy HJ x + dx 
Bx, H Dui = ui(x + dx) + dui - ui(x) = dui + dui. 

0 0 
Mb! HMeeM 

dui - r~kuidxk = 0 
0 

(nepexo.n OT x + dx K x - CMell{eHHe Ha -dx), Il03TOMY 

Dui == dui + r~kuidxk. 

TaK KaK dui = 8kuidxk, TO 

Onpe.neJiettHe H o6oJHaqeHHe: 

• V kUi = 8kUi + r~k u-f - KOBapHaHTH!Ul IlpOH3BO,llHa.SI ITOJISI Ui, 

• Dui = dui + r~kui d-:i - KOBapHaHTHbIH JJ.HtPtPepeHUHaJI IIOJIH Ui. 

AHMorHqHo .llAA KOBeKTOpHoro IIOJIH ITOJI}"IHM KOBapHaHTHhIH .llHtP

<J>epeHUHaJI H KOBapHaHTttyio rrpOH3BO.llHYJO: 

Dui = Viuidxi, 

r.ne 

ViUj = 8iUj - rtuk. 

,}l.JUI TeHJopa rrpOH3BOJihHOfO THIIa IIOJiyqaeM <PopMyJiy: 

Dui1 .. .ip _ V i1 ... ipd r 
ii ... jq - rUj1 ... j 9 X , 

r.ne 

p q 
v i .... ip _ 8 i •... ip + ~ rik i •... ik-1hik+1 ... ip _ ~ rh i1 ... ip 

rUj1 ... j 9 - rUj1 ... j 9 L.J hruj .... j 9 L.J ikr'Uj1 ... ik-1hik+1 ... j 9 • 

k=I k=I 

ECJIH u - CKaJIHPHaH <l>YffKUHH, TO B COOTBeTCTBHH c o6ll{HM npaBH

JIOM OOJiyqaeM: 
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IlpHMep. B Ir B npHMOJIHHeRHblX Koop.zurnaTax 9ii - const, no3TOMY 

8i9jk = 0, 3HaqHT, rij,k = 0, CJie,llOBaTeJlbHO, r~k = 0. TaK qTO B npHMOJIHHeil:HbIX 

KOOp,llHHaTax 
'" ;, ... ip - Q ;, ... ip Dui1 . .. ip - d i1 . .. ip 
v ;Uj1 ... iq - v;U;1 ... jq• i1 .. ·iq - U;1 .. ·iq' 

qTQ H CJie,llOBaJIO O)IOf.llaTb. 

TeopeMa. ,lJ;m meH30pHozo nOAR u~:::t 11106o20 muna 1w6apuaHmHaa 
,_;i T'7 i1 .. . ip ~ a ,1,,1,,, n •. i1 .. . ip 

npoU36vcJHaa v kuj
1 
••• j

9 
u ICOBapuaHmHblU u~pem~uOll J..Fu.j

1 
••• j

9 
- meH30pbl . 

.n; o Ka 3 a Te JI h c TB o ,llJUI l)u~: ·. ·. :t cJie.D.yeT H3 onpe.lleJiemui: onepa

UHH D H H3 He3aBHCHMOCTH onepaUHH napaJIJieJibHOro nepeHoca TeH3opa 

OT CHCTeMhl KOOP.llHHaT. TaK KaK 

n..i1 .. . ip _ " i1 .. . ip d r 
Lru.j1 ... jq - v rUj1 ... jq X 

H dxr - IlpOH3BOJlhHblH no HanpaBJieHHIO BeKTOp, TO OTCIO.lla CJie.llyeT, qro 
T'7 i1 ... ip 
v rUj1 .. .jq - TeH30p. 

QqeHb noJie3Hoe ynpaJKHeHHe - Henocpe.llCTBeHHruI nposepKa Toro, 

qro qHCJia V r u~::: ·t npeo6pa3yioTCSI KaK KOOP.llHHaTbI TeH3opa; 3Ta npo

sepKa .D.aeT JJ.pyroe .llOKaJareJihCTBO TeopeMhI. 

OnepauHH Bh1qHcJieHHS1 KosapHaHTHoro .llH<l><l>epeHUHaJia o6ml,llaeT 

CJie.llYIOIUHMH aJire6paHqecKHMH CBOHCTBaMa (.llOKIDKHTe CaMH!): 

1. D(au + {3v) = aDu + /3Dv, rne a H /3 - qffCJia, 

2. D(u®v) = (Du)®v+u®Dv, 
3. D(w··t .. ) = (Dw)·f· . 

'3"' '3"' 

AHMornqHble CBOHCTBa HMeIOT Mecro ,llJUI KOBapHaHTHblX npOH3BO.ll

HhlX (,llJUI onepaUHH Vi). 
QqeBH,llHO, qro CBOHCTBO 

• «TeH3op u nepeHocumca napanJleAbHO BOO/lb 1CpuBou l» 

3KBHBaJieHTHO csoiicTBY 

• «BiJ011& l w.teem .Mecmo Du = 0». 
B 3TOM naparpa<l>e Mbl HMeeM JI.eJIO c TeH30paMH; SICHO, qro na

paJIJieJihHO nepeHOCHTb H KOBapHaHTHO JlH<t><l>epeHUHPOBaTb MO)K}{O TaIOKe 

H nceBJlOTeH30pbI. 

3 a .u a q a. )loKa3aTh <t>opMyny ( 1.4) rn. 2. 
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5. CBH3b MelK,.!ly napaJIJieJibHblM nepeHOCOM B yn H ym' eCJIH ym 
norpYlf{eno B V"'. OrpaHWIHMCH TOJibKO nomIMH KOHT}JasapHaHTHbIX BeK

TOpos. IlyCTb vm norp}')KeHO B vn' m < n. B03bMeM x E vm; 6y.ueM 

paCCMaT}JHBaTb vm B ,llOCTaTOqHO MaJIOH OKpeCTHOCTH TOqKH X KaK TaKOe 

fJia,llKOe nO,llMHoroo6pa3He npocT}JaHCTBa yn' .llIDI KOTOporo MeT}JHqeCKHH 

TeH3op, HH.llYUHpoBaHHbIH MeT}JHqecKHM TeH30POM yn' COBrra.uaeT c MeT

pHqecKHM TeH30pOM vm (cM. n. 2, § 1). B03bMeM KaKOH-JIH60 BeKTOp u, 
Jie)KaIUHH B KaCaTeJibHOM K V1' B TQqKe X npOCT}JaHCTBe T"'(x). MO)KHO 

rrepeHeCTH 3TOT BeKTOp rrapanJieJibHO B TOqKY X + dx, Jie)KamylO B vm, 
B COOTBeTCTBHH C reoMeT}JHeH ym; nepeHeCeHHbIH BeKTOp 6y.UeT npHHa,ll

Jie)KaTb KaCaTeJibHOMY K ym B TQqKe X + dx npOCT}JaHCTBY T"'(x + dx). 
B TO )Ke BpeMH 3TOT BeKTOP MO)KHO rrepeHeCTH B TQqKY x + dx B COOTBeT

CTBHH c reoMeT}JHei1: yn; pe3yJihTaT TaKoro nepeHoca, KOHeqHo, He o6si:3aH 

Jie)KaTb B T"' ( x + dx). KaKoBa CBH3b Me)l()ly 3THMH .UBYMH napaJIJieJibHbIMH 

rrepeuocaMH? 

Te 0 p e Ma. llapa.1lJU!JlbHblU nepeHOC BeKmopa, KacameJlbHOeo " vm' 
8 6eCKOHe•mo 6JIU3KYIO mo'tKy, JleJICOU-0110 Ha vm, ocyw,ecmBJlReMblU 8 CO
omsemcmsuu C eeOMempueu vm, MOJICem 6blmb peOJIU308QH CJ1eay10w,UM o6-
pa30M: nepeHeceM seKmop napOJ1J1eJ1bHO s coomsemcmsuu c eeoMempueu yn 
U opmOWHQJlbHO cnpoeKmupyeM noJ1y'tU8WUUCJl BeKmop Ha KOCameJlbHOe K vm 
npocmpaHcmso . 

.l1,oKa3aTeJibCTBO. 3a<i>HKCHpyeM x E vm. Bhr6epeM B yn CHCTe

MY KOOp,llHHaT x 1
, ••• , Xn TaK, qT06bl B OKpeCTHOCTH TOqKH X MHOf006-

pa3He vm 3a,llaBaJIOCb ypaBHeHMMH 

Xm+ I = ... = Xn = Q. 

3uaqeHHH x1
' ••• ' xm - KOOP.UHHaTbl Ha vm. Tor.ua ,llJIH ToqeK 3TOH 

OKpeCTHOCTH KacaTeJibHOe npOCT}JaHCTBO T"' K vm 3a,llaeTCH B Tn (Kaca

TeJibHOM npOCT}JaHCTBe KV"') ypaBHeHHeM 

vi = 0 npH i > m. 

Ilo.unpaBHM 3TY KOOP.UHHaTHyio CHCTeMy TaK, qT06bI B BbI6paHHOH 

TOqKe x HMeJIO MeCTO 

9ij = 0 IIPH i ~ m, j > m. 

Tor.ua, oqeBH.llHO, B 3TOH TOqKe 

gii = O npH i ~ m, j > m. 
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06o3ttaquM Yij H gii, i, j = 1, ... , m, - KOOP.llHHaTbl MeTpuqecKoro TeH-

3opa V"'. JlerKo BH.lleTh, qTO Yii = Uij H B Bb16pattttoit TOqKe gij = gii, 
3.llCCb i,j = 1, ... 'm. 0603HaqHM f\j,k H f'f;. i,j, k = 1, ... , m, - K0-

3<}><}>HUHeHTbl CBH3HOCTH V"' (B OTJIHqHe OT rij,k H rt, i, j, k = 1, ... , n, 
.llIDI vn). Tor.Ila 

" 1 
ri;,k = 2(aiYJk + 8;bik - 8kbi;) = rij,k 

H 8 BbI6paHHOit ToqKe 

m n 

rt= 2: gkhf'ij,h =I: gkhrij,h = rf;. 
h=J h=I 

IlpH napaJIJieJibHOM nepettoce BCKTOpa u B COOTBeTCTBHH c reoMeT

PHeit V"' HMeeT MCCTO 

dui + r~kuidxk = 0, i ~ m. 

A rrpH rrapaJUICJlf>HOM uepeHoce BCKTOpa u B COOTBeTCTBHH. c reoMCTpH

eit yn HMeeT MeCTO 

dui + r~kuidxk = 0, i ~ n. 

/1.Jm paccMaTPHBaCMOI'O CJiyqaH B IlOCJIC.llHeM paeeHCTBe u1 = 0 H dxk = 0 
npH j > m H k > m. IloJTOMY dui = dui npH i ~ m. Pa3Jlf[qHe MeXQly 

du' H J.ui JIHIIlb B TOM, qTO npH m < i HMCeM Jui = 0, B TO BpeMH KaK 

B03MO)KH0 dui i= 0. IlOJTOMY J.ui MOryr 6bITb IlOJiyqeHbl no <}>opMyJiaM, 

.naIOIUHM dui' c IlOCJie~meit .llOilOJIHHTeJibHOit orrepauueit: IIOJIO)KHM 

du' = 0 npu i > m. A 3TO H eCTb attanHTHqecKa» HHTepnperauHH reoMeT

pHqecKoit <}>opMyJIHpOBKH TeopeMbl. 

6. Koop,!1,HHaTld, reo,Zle3H'lecoe a TO'IKe. 

Onpe)leJiettue. CuCTeMa KOOP.llHHaT x
1
, ••• , xn Ha3blBaeTCSI reo- · 

.llC3f[qCCKOit B TOqKe X, CCJIH r~k(x) = 0. . 
0 0 

TaK KaK 8i9jk = rij,k + r,k,j (cM. n. 2), YCJIOBHC r~k(~) = 0 3KBHBa

JICHTHO ToMy, qTo B JTOit TOqKe HMeeT MeCTo OiUik = 0. 
IlpHMeHCHHe TaKHX KOOP.llHHaTHblX CHCTCM qacTo ynpomaeT BblKJlaJl

KH, IIPHBO.!lSIIUHe K TeH30pHbIM BCJif[qHHaM; .118Jlee Mbl 6y.lleM HCIIOJib30BaTb 

3TY B03MO)KHOCTh. 
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Teo p e Ma. /1;m KaJICaou mo"Ku x u3 yn cyw,ecmBy10m cucmeMbl Ko
o 

opauHam zeoiJe3u"ecKue B 3mou mo"Ke . 

.ll 0 Ka 3 aT e JI b c TB o. Bb16epeM KaKyIO-JlHOO KOOP.llHHaTHyK> CHCTe

MY x1
, ••• , xn B oKpeCTHOCTH x H 6y.ueM npoeO.llHTb ece BbIKJia.LlKH B 3TOit 

0 
CHCTeMe; 6e3 orpaHHqeHIDI o6IUHOCTH MOXHO cqHTaTb, qTo x HMeeT ttyJie-

0 
Bble KOOP.llHHaTbl. IlpH nepexo.ue OT O.llHOit CHCTeMbl KOOP.llHHaT K .llPYfOH 

HMeeT MeCTO (cM. JieMMY B n. 2) 
2 ., 

.. •w·• .8x' 
rjk = Ai· A~ Ak rj k' + Ai· axi axk . 

PaeeHCTBO r~k' = 0, oqeBI1.llHO, 3KBHBaJieHTHopaBeHCTBY ~·A~· A~r~k' =0; 
I' I 

003TOMy, qro6bl CHCTeMa KOOP.llHHaT x ' ... ' xn 6blJia reo,lle3HqecKoil 

B TQqKe x' He06XO.llHMO H .l(OCTaTOqHo BblfiOJIHeHHe B 3TOif roqKe YCJIOBIDI 
0 

. . 82xi' 

rjk = Ai· 8xi 8xk ' 
KOTOpoe 3KBHBaJieHTHO ycJIOBHIO 

a2 i' ., . crx 
Ai rjk = 8xi 8xk . 

IlepeH.ueM K ttenocpe.ucTBeHHOMY nocTpoeHHIO reo.ue3uqecKoil e x 
0 

ol •I • 

CHCTeMbl KOOp.llHHaT. 3HaqeHIDI Ai (T. e. 8x' /8x') B roqKe x 6epeM JII0-
0 

•I 

6blMH, y.uoMeTBopHIOIUHMH yCJIOBHIO det llA.i II -::/= 0. IlonyqHM 3HaqeHIDI 

b;k = Af f~k B 3TOil roqKe. BeJIHqHHbl b;k Y.llOBJleTBOPHIOT COOTHOIIIeHHIO 

bi' i' J' n' jk = bkj. 3aBepmaeM nOCTpOeHHe KOOP.llHHaTHOil CHCTeMbl x ' ... ' x ' 
B3HB B MaJIOH OKpeCTHOCTH TQqKH x' ttanpHMep, KOOP.llHHaTbl 

0 

i' i' i lbi'_i k 
X =Aix +1 jk:.z;-X · 

7. HeKoTOpble BlUKHbie cl>aKTbl H cl>OPMyJibl. 
I. 11MeIOT Mecro <l>oPMYJibI: 

a) VitS{ = O; b) Vi9ik = O; 

'k c) Vig' = O; d) Vi~ · = 0; e) vi(-1 )i .... ;,. = 0. 
•···In Vi j 
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)l,oKIDKeM 3TH paBeHcrsa. KaK 6b1Jlo noK!l3aHo B n. 4, 3Ha'leHHe KIDK

JJ,oro H3 3THX BhipIDKeHHH - TeH30pHoe (nceBJJ.OTeH3opHoe) none. TeM 

caMbIM MH Bbl'l,HCneHHH :MO)KHO B3HTb mo6yIO KOOPJJ.HHaTHyIO CHCTeMy. 

,llml JJ.OK!l3arenbCTBa H~HbIX paseHCTB B TO'IKe x B03bMeM reo)le3H'leCKyIO 

B X CHCTeMY KOOPJJ.HHaT. B 3TOH CHCTeMe B TO'IKe X HMeer MeCTO r;k = 0 
'k 

H 8i9Jk = 0 (cM. n. 6), a cneJJ.OBarenhHO, {Jig= 0 H 8i!I = 0. Torna, ec-

nH BbIIIHCaTb nonHOCTbIO Ka)KJJ.Oe HCKOMOe BblpIDKeHHe ( o6uzyio c):>opMyny 

CM. B n. 4), Bee cnaraeMbie B 3THX BblpIDKeHHHX 6yJJ.yr paBHbl ttynIO. 

)l,nH cnyqaes a, b, c nerKo nposecrn BhIKnaJJ.KH H B o6meif CHCTeMe 

KOOPJJ.HHar (Mhl peKoMeHJJ.YeM CJJ.enarh 3ro); JJ.nH cnyqaes d H e coorner

crnyiomHe BbIKnaJJ.KH O'leHb rpOM03JJ.KH. 

2. IlapannenbHblH nepeHOC HBMeTCH nHHeHHOH onepau;HeH. 

To'IHee. Ilycrh u H v - reH3ophI HnH nceBJJ.OTeH30phI KaKoro-nH6o 
0 0 

OJJ.Horo H roro )Ke rnna, JaJJ.aHHhie B TO'IKe a. Ilycrh l: x = x(t) - KPHBaH, 

Ha'IHHaIOIUaHC.SI B TO'IKe a. IlyCTb a H /3 - 'IHCna. Ilycrb, HaKOHeu;, u(t) 

H v(t) - pe3ynhraTbl napannenbHOfO nepeHOCa u H v BJJ.Onb KPHBOH l. 
0 0 

Tor.ua au(t)+f3v(t) - pe3ynhrar napannenbHoro nepeHoca BJJ.Onh l reH3opa 

au+ {3v. 
0 0 

)l,oKIDKeM 3TO. YcnoBH.SI napannenhttoro nepettoca reH3opos u H v 
B,llOnb KPHBOj;i l MOryr 6h1Tb 3anHcaHbl B BH,lle 

Du Dv 
-d = 0 H -d = 0 coornercrneHHO • 
. t t 

KIDK.uoe H3 HHX· npHBOJJ.HT (CM. o6IUyIO c):>opMYny B n. 4) K OJJ.HOH H TOH )Ke JIH

HeHHOit OJJ.HOpO,llHOH CHCTeMe 06bIKHOBeHHblX JJ.Hc):>c):>epeHI.J;HMbHblX ypaB

HeHHH OTHOCHTeJibHO KOOPJJ.HHaT COOTBeTCTByIOIUero TeH3opa. A JJ.nH TaKHX 

CHCTeM JIHHeHHaH KOM6HHau;HH Ha'lanbHblX ,llaHHblX .uaer ry xe JIHHej;j:Hyio 

KOM6HHaI.J;HIO ee peweHHH. 

3. IlpH napanneJibHOM nepeHoce BeKTOPOB u H v HMeer MeCTO 

d(giJuiJ) = 0. 

)l,oKa3aTeJibCTBO. TaK KaK 9ijuiJ - CKan.SipHaH c):>yHKI.J;HH, TO 

d(gijuiJ) = D(gijuiJ) = (DgiJ)uiJ + 9iJ(Dui)J + 9iJUiDJ. 

KIDK.llhIH 'lneH nocJie,lltteit CYMMbI paseH Hynio: Dui = 0 H DJ·= 0, 
raK KaK u H v nepettocmc.SI napannenhHO, paseHcrso DgiJ = 0 cJie.ZJ.yer 

H3 c):>opMynhI b 3TOfO nyHKTa. 
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3ro saxrnoe coorumnemrn. Ouo noK83bleaer, 11ro rrapaJIJieJibHbiit rre
peuoc BeKTOpoB ycrauaBJIHBaer H30Mop<l>H3M T(x) H T(x + dx) KaK ea
KJIH,llOBhlX rrpocrpaHCTB. 

4. 5Icuo, qro rrapaJIJieJihHhrit rrepeuoc MOJKHO ocyw:eCTBJIHTL H BJlOJIL 
Icycoquo rJia,llKHX KPHBhlX; Bee OTMeqeHHbie BbIWe CBOACTBa coxpaIDIIOTCR. 

§ 3. TeH3op KpHBH3HbI 

B § 1-2 rro.uqepKHBaJIHCb re CBOitCTBa V"' KOTOpble aHaJIOIWIHhl 
CBOHCTBaM H'1. B uaCTORIIl,eM rraparpa<t>e Mbl H3yqHM RBJieHHe, xapaK
repuoe ,llJUI o6mero CJiyqaR yn H OTCYTCTBYIOlll.ee B H'1 - «KpHBH3Hy 
rrpocrpaHCTBa» (H'1 HMeer «HyJieBYJO KpHBH3Hy»). 

1. Onpe.ueneeae ree3opa KpHBH3Hbl. BepueMCR K orrepaUHH KosapH
auruoro .UH<l><l>epeHUHPOBaHHR. IlycTJ, u::. - KaKOe-JIH60 fJia,llKOe TeH30p
uoe none. l.f Meer JIH Mecro <J>opMyJia 

Vi('V';u::.) = V;(Viu::.)? 

PaccMorpHM cuaqana cnyqait: u - cKanapuoe none. Tor.ua 

Vi= Viu = OiU, V;vi = OjVi - r~vk = 8;(8iu) - r~oku, 

Vu(ViJU) = O[j(OiJU) - r~JOkU = 0. 

PaccMorpHM rerrepb cnyqaH:: u,. - none KOBapuauruoro seKTopa. 
Tor.ua 

k Vir = ViUr = OiUr - rirUk, 

V;Vir = OjVir - r~viq - r~vqr = 

= 8;(8iUr - rfruk) - fjr(oiuq - rfquk) - f~Vqr = 

= OjOiUr - (o;rfr)Uk - rfrOjUk - r~oiuq + r~;r~uk - rjivqr. 

B HTore rronyqaeM 

V[jV'i]Ur = -(q,rtr + r;(jr~Jr)Uk. 
06o3uaqeuHe: 

(3.1) 

Teo p e Ma. ~j:ic r - meH3op (oH Ha3blBaemCJI meH3opo.M KpUBU3Hbl UllU 
meH3opoM PuMaHa-KpucmorjJr/JeJIJI ). 
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.LloKa3aTeJihCTBO cJie.uyeT H3 Toro, qro V[iV;J'Ur - TeH3op H 

Uk - rrpoH3BOJibHhiif KOBapHaHTHbID BeKTOp. 

IT p H M e'p. Bhl'{HCJIHM TCH30P KPHBH3HJ>I'. Ir. B nrSIMOJJHHei1:Hoi1: CHCTCMe 

KOOP.llHHaT 9tJ ...:.... const, fi03TOMY 01c9t; = 0, Tax 'ITO r,; = 0. OTcIOJla CJIC.llYCT 

(cM. (3.1)), 'ITO B ~aHHOii: CHCTCMe xoop,llHHaT Ri;:i/ = 0. Tax KaK Ri;:i/ -
TCH30p, TO R;j:k r = 0 B KIDtmOJ.!: TO'IKC BnIOOoit XpHBOJIHHeitffoit CHCTeMC KOOp,llHHaT • 

.LlaJiee (B § 5) Mbl yBH,UHM, qro CYIUeCTBYIO'f V'' ,lJ,IDl KOTOpbIX Rij,k # 0. 

2. AHaJJHTll'lecKHe CBOilCTBll TeH30pa KPHBH3Hbl 

2.1. ToQeCTBa, KOTOpYM Y.llOBJJeTBOpJ1eT TeH30p KPHBH3HW. OrrycTHM y TeH-

3opa KPHBH3Hbl BepXHHit HH,lleKC, T. e. BBe,UeM 

D. D."·8 
.J.f1.j,kr = 9ra.1."ij,k ; 

~j.kr Ha3hIBaeTCH K08apuanmHblM meH30poM' 1CpU8U3Hbl. 

HcnOJib3YH CBH3b K03<txl>HI.(HeHTOB CBH3HOCTH c KOOP.llHHaTaMH MeT

pHqecKoro TeH30pa H HX npOH3BO.llHbIMH (cM. II. 2 § 2), HeCJIO:>KHO .ll0Ka3aTb 

<t>oPMYJIY 

HMeJOT Mecto TO)KJlecTBa: 

1. R(i3),i:r = 0, R(ij),kr = 0 (cM. (3.1)); 

2. Rri;:i/ = 0, Rrij,k]r = 0 - TO)KJleCTBo puqqH (TaIOKe cM. (3.1)); 

3. ~j.kr = Rkr,ij (cM. npHse.ueHHyJO BbIIIIe <l>OPMYJIY JJJIH KOBapHaHT

Horo TeH30pa Iq)HBH3HbI); 

qHCJIO cyw;ecTBeHHbIX KOMIIOHeHT TeHJopa, Y.llOBJieTBopHIOIUero yc

JIOBHHM 1-2-3, paBHO n
2
(n

2 
- 1)/12 (BbIBO.ll onycKaeM); 

4. V[s~jj,k·r = 0, V[s~j],kr = 0 - TO)KJleCTBO BHaHKH. TaK KaK 

B JieBhIX qacTHX 3THX paBeHCTB CTOHT TeH30PhI, TO .llOCTRTQqHO npoBeCTH 

BhIKJ13.llKH, BbI6paB KaKyJO-JIH6o y.uo6Hyio KOOP.llHHaTHyJO CHCTeMy. Bo3b

MeM KOopmrnaTHYIO CHCTeMy, reo)J.e3HqeCKYJO B TOD TQqKe, ,lJ.JIH KOTOpoit 

.llOKa3bIBaeTCH paBeHCTBO. Tor,lla B 3TOit roqKe rjk = 0 H, CJie,llOBaTeJibHO, 
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V 8 = 08 .wu1 TeH3opoa mo6oro nma (cM. n. 6 § 2); pe'lh 3.lleCh, Pa3YMeeTCH, 

H.UeT TOJihKO o nepBhIX npOH3BO.UHhIX. Ho OlfeBH.UHO, Oisoir}1k = 0, a 

os(r;;irjk) = (osr;;i)rjk + r;;;(8,rjk) = o, 
TaK KaK r~ = 0 B paccMaTPHBaeMoji TO'IKe. 

Ilo TeH30py ~J:k r CTPOHTCH TeH30phI: 

- k - -• ~; = ~'k.j - TeH3op PH'l'IH, ~; = Rfi, 

• R = li,;;gii - CKaJIHpttaH KPHBH3Ha, 

.u;aIOIIJ;He lfaCTH'IHYIO HH<pOpMal.{HIO 0 KpHBH3He vn. 
2.2. Ilonropuoe Konapaaumoe JlH<l><l>epenu.aponauae H Teu3op KpHBHlHLI. 
If MeIOT MeCTO CJieJlyIOIIJ;He cl>oPMYJihJ: 

V[iV;1u = 0, 

r,u;e u - CKaJIHpttoe noJie (cM. n. l); 

v T'7 ll'.)_'"8 
(iv jJUk = 2 .. "ij,k Us 

(cM. n. l); 
n n k 1 0 ·.· .. k s 
v [iv j)U = -2 .. "ij,s U 

(BhIBOJl coaepweHHO aHaJIOfHlfeH npoae.u;eHHOMY B n. 1); 

. . 1 p . . . . . 
V[iV ·1u'.1"·'~ = -- """'R.'.' ''ku'.1"''~-1nk+1 ... i" + 

J J1 .. •}q 2 LJ IJ,r JI .. •}q 

k=I 
q 

+ 1 """'~ ... r i 1 ... ip 2 LJ 'j,jk Ujl .. ·ik-1rik+1 .. . j 9 

k=I 

(BhIBe)lHTe CaMH). 

2.3. TeopeMa. llycmb HO vn 3000Hbl nO/lR u, v, . • • meH30p06 HeKomopblX 
munoe. llycmb w - meH30pHoe no11e u KoopiJuHambl w cymb no11uHOMbl 
om KOOpiJuHam u, v, •• ., MempurteCKOZO meH3opa (c eepXHUMU u HUJICHUMU 
UHOeKcOMu) u ux npoU3soiJHblX oo HeKomopozo nopRiJKa. ToziJa w sblpaJ1CaemCR 
c noMOlJ<blO onepa~uu meH30pHou 011ze6pbl Hao u, v, ••• , meH3opoM KpueU3Hbl, 
ux KOBapuaHmHblMU npOU3600HblMU 00 HeKomopozo nopROKO, MempurteCKUM 
meH30pOM u Hy/leBblMU meH30pOMu. 



§ 3. TeH30p KPUBU3Hbl 91 

<l>opMyJIHPOBKa H )l.0Ka3aTeJibCTBO 3KBHBaJieHTHoro 3TOMY yTBep)l(,ll.e

Hllil 
2
> HCIIOJib3yeT BIDKHbie IIOH.llTllil HOPMaJibHblX KOOPJJ.HHaT H TeH30pHbIX 

pacumpeHHii (TeMhI, HaMH He 3arpoHyrhle). 

3. feoMeTpH'leCKHit CMblCJI ree1opa KpHBH3Hbl. B orrpeJJ.eJieHHH rrapan

nenbHOro rrepettoca qmrypHpoeana KPHBa.11, rro KOTopoif coeeprnaeTc.11 rre

pettoc. KaK JaBHCHT pe3yJibTaT rrepettoca OT Bb16opa KPHBOH, coeJJ.HHHIOllleif 

3a)l.aHHble Ha'laJIO H KOHeu? 

IlycTh l: x = x(t), t1 ~ t ~ tz, - opHCHTHPOBaHHa.11 KPHBa.11, 

coeJJ.HHHIOlllaH roqKH a H b, a= x(t1), b = x(t2). IlapaJIJieJihHbIH rrepeHoc 

BCKTOPOB B)l.OJlb l H3 a B b orrpeJJ.eJI.lleT OT06pa)l(eHHe T'(a) Ha T'(b); 
3TO OT06pIDKeHHe .llBJl.llCTC.11, KaK CJie)l.yeT H3 pe3yJibTaTOB rrpe)l.bIJJ.Ylllero 

rraparpa<t>a, JIHHeHHbIM H H30MerpwrnhIM; o6o3HaqHM ero 'D(l). 0TMeTHM, 

'ITO eCJIH KpHBa.11 l IIOJiyqeHa H3 l H3MeHeHHeM opHeHTaUHH, TO 'D(l) 
H 'D(f) - B3aHMHO o6paTHble OT06pIDKeHllil. 

3a<l>HKCHpyeM Terrepb KaKyIO-JIH60 3aMKHYTYIO opHCHTHPOBaHHYIO 

KPHBYIO l. L(Jrn Ka)l(,ll.OH TO'IKH x' Jie)l(ameif Ha l, orrpe)l.eJieHO OTo6pIDKeHHe 

C(x) KacaTeJihttoro rrpocrpaHCTBa T'(x) ua ce6.11: C(x) = 'D(l), ecJIH 

cqHTaTb 3ry TOqKy uaqanoM H KOHUOM l. 
Qqeub rrpocThIM H oqeHh Ba)l(HhIM .11BJI.11eTc.11 cneJJ.YIOlllee yreep)l(,ll.eHHe. 

llpu </JuKcuponaHHoii Kpunou l JlUHeiiHble npeo6pa3ooaHUJl C(x) u C(x) 
I 2 

noiJo6Hbl 01/Jl Jll06ou napbl mo'teK X U X Ha 3mOU KpU60U. 
I 2 

,ll,oKa)l(eM 3TO. QqeBH)l.HO (cM. PHC. 4), 

C(x) = 'D(x x)'D(x x), 
I 2 I I 2 

C(x) = V(x x)'D(x x). 
2 I 2 2 I 

Il03TOMY 

C(x) = 'D(x x)C(x)'D- 1(x x), 
I 2 I 2 2 I 

PHc.4 
'ITO JJ.OKa3hIBae'r rroJJ.o6He C(x) H C(x). 

I 2 
PaccMorpHM ClfTYauHIO, KOrJJ.a KOHTYP l MM. B 3TOM cnyqae opror6Hanb-

uoe JIHHeifuoe rrpeo6pa30BaHHe C(x) 6nH3KO K CJl.HHH'IHOMY: C =I+ B, 

2> CM., HanpnMep: Thomas T. Y. The differential invariants of generalized spaces. - Cambr. 
Univ. Press, 1934. 
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B - Ma.no. OproroHa.n:bHOCTb C .aaeT ((! + B)u, (I+ B)v) = (u, v), 
T. e. (Bu, v) + (u, Bv) +(Bu, Bv) = 0. IlpeHe6perru1 'IJieHoM (Bu, Bv), 
HMelOIUHM BTOPOH IIOPMOK MaJIOCTH, IIOJiyqaeM (Bu, v) + (u, Bv) ~ 0: 
6HJIHHe8HaH <t>opMa, cooTBeTCTBYIOLU;WI B, 6JIH3Ka K aHTHCHMMeTPHqHoH. 

0Ka3bIBaeTCH, eCJIH KOHTyp MM, TO rJiaBHWI qaCTb Ma.n:oro JIHHeH

HOfO rrpeo6paJoBaHHH B orrpe.aeAAeTCH TeH30poM KPHBH3Hhl B roqKe x, 
KacaTeJibHOH IIJIOCKOCTblO K MaJIOH IIJIOIUaJJ;Ke, orpaHHqeHHOH l, IIJIOLU;a

.llblO 3TOH IIJIOLU;a,llKH, Bb16paHHblM Ha l HarrpaBJieHHeM. 

Ilepeff)leM K TOqHbJM <t>opMyJIHpoBKaM. 3a<t>HKCHpyeM B yn TOqKy x. 
0 

PaccMOTPHM KaKoe-JIH6o V2
, rrpoxo.agmee qepeJ x. BoJhMeM Ha V2 

Ja-
, 0 

MKHYTYIO HecaM011epeceKa10m;yiocg opHeHTHpoBaHHyio KPHBYIO l MHHbI h, 
HaqHHaIOm;yiocg H K0Hqa10myiocg B ToqKe x. ,[la.nee h - MaJIWI BeJIHqHHa, 

0 

l orpaHHqHBaeT Ha V2 
MaJibIH opHeHTHpoBaHHbIH yqacToK u. Ey.aeM xapaK

TepHJoBaTb (j rrapou BeKTOPOB d H d, KaCaTeJibHbIX B x K V2 
H TaKHx, qro 

I 2 0 
IIJIOIUll,IJ;b rrapaJIJieJiorpaMMa 7r, IIOCTPOeHHOfO Ha d H d, paBHa (c yqeroM 

I 2 
OpHeHTaQHH!) IIJIOLU;ll,IJ;H u; COOTBeTCTBYIOLU;He 0603HaqeHHH: IIJI 7r, IIJI (j 

(pHC. 5). 

PHc.5 

06paJyeM TeHJOp wii = 2 dli cfl; wii HaJbIBaeTCH 6uBe1CmopoM, xa-
1 2 

paKTepHJYIOLU;HM u. 3aMeTHM, qTo d H d orrpe.aeJIHIOTCH HaumMH TPe60-
1 2 

BaHHHMH HeO,llHOJHaqHo, B TO BpeMH KaK w orrpe.aeneHO 0.llHOJHaqHo. 

BoJbMeM rerrepb KaKOH-JIH6o BeKTOp u E ri(x). IlepeHeceM ero rra-
o 0 

paJIJieJibHO 110 l. MbI rronyqHM B peJyJibTaTe BeKTOp u E ri(x). 06oJHaqHM 
I 0 

t::..u = u - u. IlycTb Ri,:;.r - TeHJOP KPHBH3Hbl B TOqKe x. 
I 0 ' 0 
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T · Ar 1~_. .. r k O(h3) 
eopeMa. uu = 2'"-ij,k Wij~ + . 

93 

,llpyrasi cl>OPMYJIHPOBKa 3TOit reopeMbl. KaK )')Ke fOBOPHJIOCb, npH 

cl>HKCHpoaaHHOit KPHBOH l aeKTop Au noJJyqaeTCH H3 u JIHHeHHblM npe
o 

o6pa3oBaHHeM Aur = Bk uk, B 3RBHCHT OT l. TeopeMa yTBep)l(,!laeT, qTO 
0 

OrMeTHM, qTO eCJJH KOHTYP l «He CJIHWKOM cnmomeH», TO wii - aeJJHqHHhl 

nopH;J;Ka h2
; B 3TOM CJJyqae ~ R;}:k r wij HBJIHeTCH JIHHeitHbIM npeo6pa30Ba

HHeM, ,llRIOIUHM fJIRBttyIO qaCTb npHpameHHH u. 
0 

)], 0 Ka 3 a Te JI b c TB o. 3acl>HKCHpyeM CHCTeMY KOOp,llHHaT, B KOTopou 

6y,lleM npOBO,llHTb ace BblKJla,llKH. 6e3 orpaHHqeHHH 06IUHOCTH MO)l(HO cqH

TaTb, qTO xi = 0. )l,aJJee 3HaqKOM 0 BHH3Y 6y,lleM IlOMeqaTb 3HaqeHHH 
0 

paCCMRTPHBaeMbIX BeJlffqHH B TOqKe X: HanpHMep, f~k HT. n. BBe,lleM Hal 
0 0 

B KaqeCTBe naQaMeTPa s - MHHY .llym; 6y.lleM o6o3HaqaTb d/ds = ·. 
TaK KRK u Mhl nepeHocHM napaJJJ1eJ1bHo, TO 

At{= I dur = - I r~t!dxq. 
I I 

Hal HMeeT MecTO 9i;aix' = 1, no3TOMY xi = 0(1), TaK qTO xi = O(h). 
JierKo y6e,ll~TbCH B cnpaBe,llJIHBOCTH CJle,llYJOIUHX paBeHCTB: 

r~ = r~ + (8kr~) xk + O(h2
), 1i = 0(1), ui = ui + O(h). 

0 0 0 

TaKKaK 
z 

ui(x) = ~i - I r~k(y)ui(y)dyk. 
z 
0 

r,lle HHTefPaJI 6epeTCH no qaCTH l, TO 

ui(x) = ui - ri.k uixk + O(h2). 
o o3 o 
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Il03TOMY 

!:l.ur = -J (rii+(8kftj) xk +O(h2
)) { ui-r~uqxm +O(h2

)) dxi = 
0 0 0 0 0 

l 

= -riiuijdxi- ((8krii) -rikr;i) uijxkdxi +O(h3
). 

0 0 0 0 0 0 
l l 

Qqemmuo, J dxi = 0. MbI XOTHM .n.oKa3aTb, qro 

l 

wki - J xkdxi = O(h3
). 

l 

YrrpocTHM uamy 3a,n,aqy, B <t>opMyJIHPOBKe TeopeMbl BCJIHqHHbI !:l.ur 
H R,i3.' k r Wij Uk .HBJUllOTC.H TCH30paMH. Il03ToMy .ll.Jl.H .ll.0Ka3aTCJlbCTBa TCO-

• 0 
peMbI Mhl MO)l{CM BbI6paTb mo6y10 CHCTeMy Koop.n.HuaT. Bo3bMeM TaKyIO 

CHCTCMY KOOP.ll.HHaT B vn' B KOTOPOH V2 
.HBJI.HCTC.H KOOP.ll.HHaTHOH rro

aepXHOCTbIO x 1
, x2

, a B V2 
B03bMCM KOOp.ll.HHaTbl TaK, qT06bI KaCaTeJibHbIC 

BCKTOPbl K KOOP.ll.HHaTHblM JIHHH.HM x 1 
H x2 

B TOqKe x 6bIJIH opTOHOpMH-
0 

poBaHhl H KparqaitlllHH IIOBOPOT OT rrepaoro H3 3THX BCKTOpOB KO BTOPOMY 

6b1Jl B uarrpaBJieHHH o6xo.n.a l. QqeBH.ll.HO, wki H J xkdxi paBHbI HYJIIO, 

l 
ecJIH k > 2 HJIH j > 2. TeM caMbIM, TaK KaK 

j xidxk = - J xkdxi, 

l l 

Bee CBCJIOCb K .ll.0Ka3aTeJibCTBY Toro, qTo 

w12 - J xi dx2 = O(h3). 

l 

B Bbl6paHHOH CHCTeMe KOOP.ll.HHaT 

IlJl U = IIJI 'Ir = i i - i i = W12
, 

I 2 I 2 

a TaK)l{e 

IlJl u = ff ..; 911922 - if 2dx
1 
dx

2
• 

<T 
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Ho B ToqKe x HMeIOT MecTo paseHcTBa 911 = 922 = 1 H 912 = 0. TeM 
0 

caMbIM, Ha u HMeeT MecTo J 911922 - 9f2 = 1 + O(h) H, cJie.uosaTeJihHO, 

J J J911922 - ui2dx
1
dx

2 = J J dx
1
dx

2 + O(h
3
) = J x 1

dx
2 + O(h

3
). 

u ' u I 

TI03TOMY 

w12 = IIJI u =I x1dx2 + O(h3), 

I 

qTo H rpe60BaJIOCb. 

,llJu1 3asepweHHH .uoKa3aTeJihCTBa reopeMbI .uocTaroqHo JaMeTHTh, qTo 

Wkj = -wfk, Il03TOMY 

)1.oKa3aHHaH B 3TOit TeopeMe cPOPMYJia Jl)IH JIHHeHHOro npeo6pa30-

BaHHH B o6na.uaeT TeMH csoH:cTBaMH, KOTOpbie 6bmH YKa3aHbI nepe.u ee 

ct>opMyJIHpOBKOH. A HMeHHO: 

• 6HJIHHeHHaH ct>opMa ni,.9ir• cooTBeTcTByiomaH B, MaJIO ornwqaeTCH 

OT aHTHCHMMetplfqHoH, taK KaK 

. iq 3 
!Ji9jr = ~q.krW + O(h ), a ~j.kr = - ~j.rk; 

• rJiaBHaH qacTb B1,. nponopUHOHaJibHa IIJIOIIJa.ll,H q (npH cPHKCHpOBaH

HOH IIJIOCKOCTH, KacaTeJibHOH K TOMY V2
' B KOTOpOM Mbl 6paJIH l); 

.ueHCTBHTeJibHO, wij nponopUHOHaJibHO IIJIOIIJa.ll,H q' ~j:;. r He 3aBH

CHT OT l, ~j:;. r wij nponopUHOHaJibHO IIJIOIIJa.ll,H q. 

3 a .u a q a. ,lJ,OKa3aTb, 'ITO npH Tex :lKe o603Ha'leHHHX 
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4. YCJJOBHe roro, 'ITO V" - JIOKlUlbHO eBKJIH,ll,OBO. )];Ba p11MaHOBblX 

npocTpaHCTBa tta3bIBaIDTCH u3oMempu•mWtu, eCJIH cyru,ecrnyeT 11.x .umpcpeo

MopcpH3M, npH KOTOPOM paccTOHHHH Me)l(.!ly COOTBeTCTByIOmHMH napaMH 

6ecKOHeqHo 6JIH3KHX ToqeK paBHbI. P11MaHoso npocTpaHCTBO Ha3bIBaeT

CH 110/CO/lbHO e81C/lU008Wt, eCJIH Ka)l(.!laH ToqKa 3TOf0 npocTpaHCTBa HMeeT 

OKpeCTHOCTb, H30MeTpffqttylO HeKOTOpoM o6JiacTH eBKJIH.!lOBa npocTpaHCTBa. 

fl pH Me p. Ha Tope MO)l(HO BBeCTH MeTpHK)', npeBpa,maIOlUYJO ero B JIOKaJlhHO 

eBKJIMOBO npocTpattcTBo • .ll:eiicTBHTeJihHO, BBeii;eM Ha Tope KOOPilHHaThI A,µ, KaK 

B npHMepe 3 (n. 1 § 1 rn. 2) (mm x, y, KaK B npHMepe 4 (TaM xe)), H B :noit 

CHCTeMe KOOPilHHaT 3aii;ailHM KOOPilHHaThI MeTpH'ieCKOfO TeH3opa, HanpHMep, TaK: 

911 = 922 = 1, 912 = 921 = 0. 

Teo p e Ma. yn llOKO/lbHO eBIC/luooBo moziJa u mollbKO moziJa, KoziJa 
meH30p KpUBU3Hbl 8 KaJtCiJou mo1t1Ce yn paBeH Hy1110. 

JJ: o Ka 3 a Te JI b c TB o. EcJIH yn JIOKaJibHO eBKJIH.!lOBo, TO ero TeH3op 

KPHBH3HbI B Ka)l(.!lOH ToqKe paseH HYJIIO. B caMOM .ueJie, B03bMeM .u11cpcpeo

Mopcp113M, ocymecTBJIHIOIUHH H30MeTpHqecKoe OT06p3.)KeHHe H, BbI6paB 

B Ir KaKYfO-JIH6o CHCTeMy KOOP.!lHHaT, BBe.UeM B yn COOTBeTCTByiomyio ett 

KOOP.!lHHaTHyio CHCTeMy. lfa paBeHCTBa paCCTOHHHH Me)l(.!ly COOTBeTCTBy

IDmHMH rrapaMH 6eCKOHeqHo 6JIH3KHX ToqeK CJie.uyeT, qTO MeTp11qecKHe 

TeH30pbI yn H Ir B COOTBeTCTByiomHX TOqKax paBHbl. Il03TOMY TeihOpbl 

KPHBH3Hbl V'.1 H Ir B COOTBeTCTBYIOIUHX TOqKax TaIOKe paBHbl. Ho TeH30p 

KPHBH3Hbl Ir HyJieBOH, CJie.uoBaTeJibHO, H TeH30P KPHBH3Hbl B Ka)l(.!lOH 

TOqKe yn HyJieBOH. 

IlycTb TeH30p KPHBH3Hbl B Ka)l(.!lOH roqKe yn HyJieBOH. B03bMeM Ka

Kyio-JIH60 TOqKY x E vn . .slcHo, qro .!lJlH .uoKaJaTeJibCTBa Toro, qro yn 
0 

JIOKaJibHO eBKJIH.!lOBO, .uocrnroqHo IlOCTpOHTb B OKpeCTHOCTH x TaKYIO KO
O 

I' I 

OP.!lHHaTttylO CHCTeMy x ' ... 'xn ' B KOTOPOH 9i'j IlOCTOSIHHbl, qro 3K-

BHBaJieHTHO r}k' = 0. B03bMeM KaKYIO-JIH60 KOOP.UHHaTHylO CHCTeMy 

I n 11 n' 
X , ••• , X • 11cnOJib3YH cpopMyJibl H3MeHeHHH f IlpH nepexo.ue OT X , ••• , X 

I n 
KX,. . .,X 

k k a2xw 
ri,. = Ak'-a ·a ., 

x' xJ 

= 0, noJiyqaeM 
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T.e •. 
fflxW 8xw ---=ri:. __ 

8xi8xi '3 8xr · 
CoBOKyIIHOCTb noCJie.UHHX ypaBHeHHii - Heo6xo,llHMoe H JlOCTaroqttoe 

yCJIOBHe TOfO, qro rr.j' :: 0. 3TH ypaBHeHIDI pa36HBaIOTCSI Ha rpynTibl, 

B KIDK.UOit H3 KOTOpbIX M - KaKoe-;rn6o <l>HKCHpoBaHHoe. TeM caMbIM MhI 

nonyqaeM n 3K3eMilJISIPOB CHCTeMbl ypaBHeHHit 

fil<p r 8<p 
8xi8xi = rij 8xr. 

0603HaqHB 8i<p = 'I/Ji' noJiyqHM CHCTeMy ypaBHeHHi:t 

831/Ji = rij'l/lr· (3.2) 

Ee Hyxrno pernHTh n pa3 (JlJISI k' = 11
, 2', ... , n'). 33.lla.llHM ycJioBIDI 

'I/Ji<~> = tr. (3.3) 

r,lle 'I/Jr 6epeM TaKHMH, qro6bI det II 'I/Jr 111 0. ECJIH 3TH 1/Ji(x) Hait,lleHbl, 
0 0 

TO B CHJIY paBeHCTBa Rot¢= 0 (cM. (3.2) c yqeTOM paBeHCTBa rij = rfi), 
JlJISI Ka)l(Jloro M cyrnecrnyeT CKaJISipHaSI <l>YHKUIDI cp(x), JlJISI KOTopoii ¢ = 

Grad <p (cM. reopeMy IlyauKape B n. 3 § 2 m. 2). Bo3bMeM xw = <p. ,llJISI 
3THX nepeMeHHbIX 

8
(x

1
:' • • • 'xn') I = detll ¢f II I 0, 

8(x , ... , xn) x o 
0 

I' I 
no3TOMY no TeopeMe 0 HeSIBHbIX <l>YHKUIDIX nepeMeHHble x ' ... ' xn no~ 
po)l(JlaIOT B HeKOTOpoit OicpeCTHOCTH x .nonyCTHMYIO CHCTeMy KOOPJlHHaT. 

0 

HTIIK, .U.OCTaToqHO .U.0Ka33Tb pa3penmMOCTb CHCTeMbl (3.2) npH ycno~ 
BHH (3.3). Ee3 orpaHHqeHIDI 06IUHOCTH MO)l(HO cqHTI!Tb, qTo T011Kll x HMeeT 

0 
HyJieBble KOOPJlHHaTbl. 

)1,JISI KIDK.JlOfO k' 6y.ueM CTPOHTb perneHHe 33 n rnaroB. 

Ifa (3.2) npH i = 1 HMeeM 

81 'I/Ji = rli'l/Jr. (3.4) 

MbI nonyqHJIH 33.llaqy Korntt (3.4), (3.3) JlJISI cttcTeMbl o6bIKHOBeHHbIX 

JlH<l><l>epeHUHaJibHblX ypaBHeHHit 3Til 3a,llaqa HMeeT perneHHe H TeM caMbIM 
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orrpe.ueJUieT see tPi B HeKOTOPOH OKpeeTHOeTH x B.llOJib KOOP.llHHaTHOH 
0 

JIHHHH X1. 
3areM aHaJIOfHqHo, HeIIOJib3YH Bit/Ji = r2itPr H }')Ke BbJllHeJJeHHhle 

3HaqeHHH tPi B.llOJlb KOOP.UHHaTHOH JIHHHH x
1 
' orrpe.ueJJHeM see tPi B He

KOTOPOH oKpeerttoerH x B .UBYMepHOH KOOP.UHHaTHOH rrosepXHoerH x 1 , x2 

0 
H T • .l(. MbI IIOJJyqHM see tPi B HeKOTOpoH n-MepHOH OKpeernoeTH x. H}')KHO 

0 
IIOKa3aTh, qro B 3TOH OKpeCTHOCTH HMeer MeCTO (3.2). 

)l.0Ka3are11bCTBO oeymeerBJUieM HH.llYKU:HeH no HOMepy rnara YKa3aH
ttoro Bhlrne erroeo6a rroerpoeHHH 4>YHKUHH tPi· 11raK, rryerh see tPi orrpe
.ueJJeHhI B HeKOTOpOH OKpeeraoeTH X IlpH Xm = . . . = Xn = 0 H .llJIH 

0 

j ~ m - 1 BbinOJIHHeTCH (3.2). )l.oorrpe.ueJJHM tPi B HeKOTOPOH OKpeerno-

erH x Ha rrosepXHoeTH x 1' ••• ' xm paBeHeTBOM 
0 

8mt/Ji = r~itPr· (3.5) 

MbI .UOJI)l(HbI .uoKa3aTb, qro Ha 3TOH nosepxHoerH HMeer Meero 

8st/Ji = r~itPr 

rrpH s = 1, ... 'm - 1 (npH s = m 3TO paBeHeTBO BblIIOJJHHeTeH B eHJiy 
(3.5)). 0603HaqHM 

113 (3.5) HMeeM 

VmZsi = 8,8mtPi - (8mr~)t/Jr - r~iOmtPr = 
= 8s(r~itPr) - (8mr~i)tPr - r~r~rtPh = 

= (osr~i)tPr + r~ir:rtPh + r~iZsr - (omr~i)tPr - r~r~rtPh = 

R .. ·r.1, rr rr = - sm,i 'Pr + miZsr = miZsr; 

noCJie.uttee pasetterso enpase.l(JIHBO B eHJiy roro, qro R~~.i r = 0. 
B eHJiy HH.llYKTHBHoro npe.!UlOJIO)l(eHHH Z8r = 0 npH xm = 0. 
Mhl no11yqHJIH .llJIH Zsi JIHHeHHbie o.uttopo.UHhie ypasHeHHH 

OmZsi = r~iZsr 

H HyJJeBhie HaqaJihHhie yCJioBHH 

Zsi = 0 npH Xm = 0. 

Orc10.ua CJie.uyer paseHCTBO Zsi = 0, qro Jaseprnaer .uoKaJareJibCTBO reopeMhI. 
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§ 4. KopoTKO o npocTpaeCTeax ac)>c)>HeeoH: ces3uocTH 

B § 1-3 Hacmsnueit maBbI paccMaTPHBaJIOCh rm1.uKoe MHOroo6pa-

3He x.n, OCHaIUeHHOe noneM 6HJIHHeHHOH <l>opMbl 9ii, YJlOBJieTBOpsnomeu 

TPe6oBaHIDIM, H3JIOXeHHbIM B n. 1 § 1. J.fayqeHHe x.n, OCHaIUeHHOro Ka

KHMH-nH6o JlOnonHHTenhHhIMH CTPYKTYPaMH, - 3TO OJlHH HJ ocHOBHhlX 

npHeMoB noCTPOeHIDI pa3JIHqHhlX reoMeTPHqecKHX Teopuu (a npeJlbIJlYIUeH 

mase Mhl paccMaTPHBaJIH x.1" 6e3 KaKHX-nH6o JlOnonHHTenhHhIX CTPYKTYP). 

MOXHO, HanpHMep, HJyqaTb x4, B KOTOPOM <l>HKCHpOBaHO TeH3op

HOe none 9ii, YJlOBJieTBopsnomee cneJlYJOIUHM TPe6osaHID1M: 9ii = 9;i, 

KaHOHHqeCKHH BH,ll KBa,llpaTHqHOH <l>opMbI 9i;i zi HMeeT O,llHH nonoxH

TeJibHbIH H TPH OTPHUaTenhHblX K03<l><l>HUHeHTa (3TO qacTHbIH cnyqau TaK 

HaJbIBaeMoro nceB,llOpHMaHOBa npOCTPaHCTBa). 3TOT npHMep HMeeT Bax

HOe 3HaqeHHe Jl]IH o6meu reopHH OTHOCHTenhHOCTH H penHTHBHCTCKOH 

TeopHH rpaBHTaUHH. 

Eme O,llHH BaxHbIH JlJIH <l>H3HKH npHMep. Ha x 2
n onpe,lleneHO TeH-

30PHOe none 9ii• YJlOBJieTBOPHIOIUee ycnoBIDIM: 9ii := -g;i. det ll9i;ll i= 
i= 0, 8ii9jk] = 0 (TaK Ha3blBaeMaH CHMnJieKTffqeCKaH reoMeTPHH). 

Mbl ceuqac COBCeM KpaTKO H 6e3 ,llOKaJarenbCTB pacCMOTPHM HeKO

TOPYJO HHYIO reoMeTPHqecKyio KOHCTPYKUHIO. 

EcnH o6paTHTb BHHMaHHe Ha <l>opMynhI, CBH3aHHble c napaJIJienh

HblM nepeHOCOM B vn, TO MOXHO 3aMeTHTb CJieJlylOIUee. Ilocne TOfO, KaK 

BBe,lleHhl K03<l><i>HUHeHTbI CBH3HOCTH r~k• BCe noCJie,llYJOIUHe KOHCTPYK

UHH Hcnonh3YJOT TOnhKO 3TH K03<l><l>HUHeHThl, caM MeTPHqeCKHH TeH30p 

6onhwe He ttyXeH. 3To o6cTOHTenbCTBO ,llaeT B03MOXHOCTb nOCTPOeHIDI ca

MOCTOHTenhHOH TeopHH napaJIJienhHOrO nepeHoca Ha x.n, no OTHOWeHHIO 

K KOTOpOH TeOpIDI napaJIJienhHOfO nepeHOCa B vn - qaCTHbIH cnyqait. 

Onpe,lleneHHe. IlpocTPaHCTBOM a<l><l>HHHOH CBH3HOCTH Ln HaJhI

saeTCH KOMnJieKT, COCTOHIUHH H3 rJla,llKOro MHOroo6paJHH x.n H onpe,lle

neHHoro Ha HeM nonH K03<l><l>HUHeHTOB CBH3HOCTH r~k• npeo6paJylOIUHXCH 

npH nepexo,lle K HOBOH CHCTeMe KOOPJlHHaT CJie,llYJOIUHM o6pa30M: 

IlpHMCpbl. 

l. V" MO.lKHO npeBpaTHTb B Ln (cM. § 2); 
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2; RR .MO:lKHO npeBpaTuTb B LR: B npHMonuHeAHoA cucteMe KOOP.lUIHaT 
r~1c = O; B03HHKlll01UHil napaJIJienbHblil nepeHoc (cM. Hmic:e) coBnaJJ.aCT c napan
nenbHblM nepeHOCOM, nopmK.!laeMbIM RHHei\Hoit CtpyicrypoA '[('. 

3aMentM, tfI'O paBeHCTBO f~k = fi; B OOIUeM c.nyqae He npe.zmOJiaraeTCH • 

. 06o3HaqeHue: s;k = rtkJ · 

Te ope Ma. s;k - men3op (maK Ha3bl8aeMblU meH3op Kp)"teHUR). 

06o6IUaH Ha L n no.nyqeHHble HaMH <l><>PMYJlbI napa.Me.n:bHOro nepeHoca 

B yn, tty)KHO BHHMaTeJibHO CJie,llHTb 3a IlOpH,llKOM HIDKHHX HH,lleKCOB y f~k· 

Onpe.lleJieHue. BeKTOp ti H3 T"'(x) nepeHeceH napaJIJieJibHO n 

T"'(x + dx), eCJIH ero KOOp,llHHaTbl CTaHOBHTCH paBHblMH 1i + dti' r,lle 

du}+ r~k1idxk =0. 

Teo p e Ma. Onpeaenennoe maKUM o6pa3oM noHJ1mue napaJl/lenbnoeo ne
penoca BeKmopa 8 6ec1C0He1tno 611U31Cy10 mo1t1Cy He 3a8ucum om Bbl6opa Koop
iJunamnou cucmeMbl. 

IlapaJIJieJibHbIA nepeHOC BeKTOpOB onpe,lleJIHeT, H npHTOM O,llH03Haq

HO, napaJIJieJibHbitt nepettoc teH3opon mo6oro THna (cM. n. 3 § 2). Coot

neTCTBYJOIUHe <l>oPMYJibl HMeIOT BH,ll 

• du= 0, r,lle u - cKMHp; 
. k 

• dvi - J1kv;dx = 0, r,lle Vi - KOBeKTop 

(.ZUIH TeH30pa npoH3BOJibHOro THna BblBe,llHTe caMH). 

0CHOBaHHble Ha BBe.neHHOM napaJIJieJibHOM nepeHoce KOBapuaHTHbIA 

.llH<t>cpepeHUHaJI H KOBapuaHTHaH npOH3BO,llHaH (cp. c n. 4 § 2) 3a,l1.aIOTCH 

<t>opMyJiaMH: 

• Du:· .. = V ku:· .. dxk, u:· .. - teH30pHoe noJie JII06oro tuna; 

• V k'U = 8k'U, 'U - CKaJIHpHOe IlOJie; 

• Vkui = 8kui + r~ktl; 
• Vkvi = 81cvr- rf1cv; 

u taK .naJiee .ZUIH JII06bIX ieH3opHbIX noneA. 

06o3HaqeHue: R;j:i/ = -2(B(ifjkljJ + r;[irfklj)) (cp. C ¢opMyJiolt 

(3.1)). KaK H paHbllle, BepTHKaJibHblMH qeptoqKaMH OT.lleJIHIOTCH HH,lleKCbl, 

He BXO,llHIUHe B rpynny, no KOTOpott npOBO.llHTCH YKa3hlB8CMaH CHMMeTpH-

38UHH (n.naHHOM CJiyqae - aJibtepHuponaHue). TaK KBK B Ln Hetonepauuu 

IlO.llHHTHH H onycKaHHH HH.lleKCOB, TO TpH TQqKH nepe,ll eepXHHM HH.lleKCOM 



§ 4. Kopom1Co o npocmpaHcmoax afjx/JuHHOU C8Jl3Hocmu 101 

B 0003Haqemm ~1:1c 8 
- JIHIIIHHe. 0HH Bee )Ke OCTaBJieHbl B 3TOM o003Ha

qeHHH .l(.IDI coxpaHeHllil npeeMCTBeHHOCTH c 0003HaqeHHeM .l(.IDI pHMaHOBa 

npocTpaHcTBa. 

Te ope Ma. ~}:ics - meH3op (meH3op 1CpU8U3Hbl). 

TI p J.IM e p, B Rn cnpaBe,llJIHBO s}k = 0, ~j:i.8 = 0. 

HMeIOT MeCTo ¢>oPMYJihl: 
k 

• V[iVj]U = sijVku, r.ue u - CKa.JUIPHOe noJie; 

• V[iVj]Uk = ~~}:ic 8Us + S[jVruk; 

V V k 1 ~ .... k 8 Cf1" v k 
• [i jJU = -2""ij,s U + ~ij rU 

H TaK )laJiee. 

IlpH nepeHoce BeKTopoB H KOBeKTOPOB no MaJIOMY KOHTYPY rnaBHWI 

qaCTh npHpaII1eHIU1 onpe)lem1eTc.SI <l>opMyJiaMH 

A k 1~ .. ·k ij r 
uU ~ - .. WU 2 J,r ' 

3)leCb wij - 6HBeKTop, xapaKTepH3YJOIIIHH MaJiblH yqaCTOK, orpaHHqeHHhIH 

YKa3aHHhIM KOH'fYPOM. ToqHble <l>opMyJIHpOBKH He npHBO.llHM. 

feo)le3HqeCKWI - 3TO rpa<l>HK peIIIeHIUI CHCTeMbl 06hIKHOBeHHblX 

.llH<l><l>epeHUHaJihHbIX ypaBHeHHH . 

d2xi . dxi dxk 
dt2 + rjk dt dt = 0· 

feoMe!pHqeCKHH CMhICJI 3TOH CHCTeMbI ypaBHeHHH: KaCaTeJibHhlH BeKTOp, 

nepeHOCHMbIH B.llOJib KPHBOH (paccMa!pHBaeMOit c yqeTOM HeKOTopoit ee 

napaMerpH3aUHH), nepeHOCHTC.SI napaJIJieJihHO. 

0 n p e .ll e JI e H He. A6cOJIIOTHhlM napaJIJieJIH3MOM Ha3bIBaeTC.SI CBOit

CTBO Ln' COCTO.SIII1ee B TOM, qTo .l(.IDI Ka)l()lOH ero TOqKM CYllleCTByeT TaKWI 

oKpecTHOCTh, .llIDI KoropoH: pe3yJihTaT napaJIJieJihHOro nepeHoca ocyII1eCTB

JI.SieMoro no KPHBblM, Jie)l(alllMM B 3TOH OKpeCTHOCTH, 3aBHCHT TOJlbKO OT Ha

qaJibHOH H KOHeqHOH TOqKH KPMBOH M He 3aBMCHT OT nym, coe.UHH.SIIOII1ero 

3TH roqKH. 

TeopeMa. B Ln UMeem Mecmo a6cwuomHblU napaJ/./le11u3M moziJa u 
mo11b1Co moziJa, 1CoeiJa meH1op 1Cpu8U3Hbl Hy11eoou. 
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Onpe.ueJieHHe. Ln - JIOKaJihHO-JIHHeifHoe, eeJlH JlJUI KIDK.llOH ero 

roqKH cyiuecrsyer TaKaJI ee OKpeCTHOCTb H TaKOH .umpct>eoMOPcPH3M 3TOH 

OKpecrHOCTH Ha HeKoropyio o6Jiacrh Rn, qro napaJIJieJihHhIH nepeHoc seK

ropoB B 6ecKOHeqHo 6JIH3KHe roqKH B 3TOH OKpeCTHOCTH 3KBHBaJieHreH 

napaJIJieJibHOMY nepeHocy B Rn coorsercrBYJOIUHX BeKTOpOB. 

TeopeMa. Ln 110/COJlbHO-_/lUHeUHOe mozaa u mO/lb/CO mozaa, ICOZOO ew 

meH30p 1CpU6U3Hbl u meH30p ICp}"leHUR Hy/le6ble • 

.Ll o Ka 3 are JI b c r Bo ct>aKTffqeCKH cosna.uaer c .uoKaJareJihCTBOM reo

peMhI n. 4 § 3. Hyxmo TOJibKO cl>pa3y dlcHo, tiro ,UJIH .uoKaJareJihCTBa roro, 

qro V1' JIOKaJibHO eBKJIH,UOBO, .uocraroqHO rrocrpOHTb B OKpeCTHOCTH x 
0 

11 d u 

TaKYIO KOOP.UHHaTHYJO CHCTeMY x ' ... ' x ' B KOTOpOH 9i' j nocrmlHHbl, 
•I 

qro 3KBHBaJieHTHO fjw = 0» 3aMeHHTb Ha «51CHO, qro ,UJl.SI ,UOKa3aTeJibCTBa 

roro, tiro Ln JIOKaJibHO-JIHHeHHoe, .uocraroqHo rrocrpoHTh B oKpecrHOCTH 
J' n' u i' 

X TaKYJO KOOp,UHHaTHYJO CHCTeMy X , ••• , X , B KOTOpOH f jW = 0». 
0 

§ 5. IIpocTpaucTBO V 2 

IlpocrpaHCTBO V2 
- oqeHb BIDKHbIH tiaCTHblH CJiyqaH y1', ,UOCTOHHbIH 

caMOCTO.SITeJibHOro HJyqeHHH. B npHMepe n. 2 § 1 6bIJIO yKaJaHO, tJTO V2
' 

norpyxeHHoe B H3
, HHrepecHbIH ofu.eKT JlJUI HCCJie.uosaHHH. HIDKe MhI 

KpaTKO paCCMOtpHM HeKOTOpble CBOHCTBa V2 
(H V2

, norpyxeHHOfO B H3
), 

CB.Sl3aHHble c TeH30pOM KPHBH3Hbl. 

1. V2
' o6IUHe CBOiiCTBa IQ>HBH3HM. IlpH n = 2 qHCJIO cyiuecTBeH

HblX KOMilOHeHT TeH3opa KPHBH3Hbl V1' paBHO e,UHHHIJ,e; .ueH:CTBHTeJibHO, 

R12,12 = -R12,21 = -R21,12 = Rz1,21. ocraJihHhle Koop.u11HaThl HYJIH. KpH

BHJHa npocrpaHCTBa B 3a,UaHHOH roqKe, raKHM o6paJOM, IlOJIHOCTbIO xa

paKTep113yeTC.SI O.UHHM tiHCJIOM. BoJhMeM B KaqecTBe 3TOH xapaKTepHCTHKH 

qJfCJIO, He JaBHC.SIIUee OT Bb16opa CHCTeMbl KOop.u1rnar, a HMCHHO qHCJIO 'JC, 

K = ~R = ~R:: ·J ik 2 2 13,k g . 

JlerKO no.ucqHTaTb, tJTO 

IC_ R12,12 

- 9u922 - Yi2. 
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,UeikTBHTeJibHO, 

Ho 

IC 1 ik ,Jr ( 11 22 ( 12)2) = 2~J.krU y = R12,12 g g - g . 

103 

= det 911 912 = 1 . ( -1) 
921 922 911922 - u?2 

0 n p e .Ll e JI e H He. IC ttasbrnaetcH rayccoBoli: KPHBH3HOH V2
• 

3 a.n a 'I a. Bbl'IHCJIHTb rayccosy KPHBHJHY ccI>epbI pa.nHyca r B eBKJIH.nOBOM 
npocrpaHCTBe. 

p e W e H He. Bocnonb3yeMC.ll 0003Ha'leHH.llMH ff peJynbTaTaMH Bbl'IHCneHHH 

311.lla'IH n. 2 § 2. 
le 1 2 2 

Y'ITeM, 'ITO HJ BenH'IHH rij TOJibKO r22• r12 H r21, 6bITb MOXeT, OTnff'IHbl 

OT HYJU1. l1cnonb3y.11 cl>opMyny, onpe.neAAJOmyJO Ri;:i/' (cM. (3.1)), nonyqHM 

Ilo3TOMY 

OTKy,na 

Rii} = -2(Bi_1r~1 1 + r~[lr~Jl) = -a1ri1 - r~1r~1 = L 

R R ... p 2 2 (} 
12,12 = 12,1 9p2 = r cos , 

JC _ R12,12 _ _!_ 
- 9u922 - YI2 - r2 · 

TaKHM o6paJoM, JC = l/r2 
B KIDK,D.oii: TO'IKe ccl>epbl. 

IlpHBe.n;eHHblit pe3yJibTaT O'leHb BIDKeH: Mb! nonyqHJIH npHMep v1' 
c HeHyJieBOit KPHBH3Hoit: . 

Bo3bMeM B V2 
KaKYJO-JIH6o 3aMKHYTYIO KPHByIO l, orpaHH'IHBaIOIUyIO 

KOMnaKTHblit opueHTupyeMblli yqacroK (3aMhIKaHHe o6nactH c KYCO'IHO 

fJIB,llKOit rpaHHUeit) (J, Ilpu napanneJibHOM nepettoce BeKTOPOB B.LlOJlb l, 
IlPH.LlH B Ha'IaJibHyIO TO'IKY, Mb! noJiyqHM opTOfOHaJibHOe npeo6pasoBa

HHe C B KacateJihHOM B 3Toit TO'IKe npocrpattcrne. TaK KaK q - opu

eHTHpyeM, TO C coxpaHHet opuetttauu10. OproroHaJII>Hoe npeo6pasoBa

HHe Ha eBKJIH.l(OBOit IlJIOCKOCTH, coxpaHHIOIUee opHeHtaUHIO, eCTb IlOBO

poT. 0603Ha'IHM w - yroJI 3TOfO IlOBOPOTa. IloJIO:>KHTeJibHOe HanpaBJieHHe 

OTC'leta w onpe.n;eJIHM HanpaBJieHHeM nepeHOCa no l: IlOBOpOT COOTBeT

CTByIOIUero KaCaTeJibHOfO BeKTopa BffYTPb (J IlOJIO)l{HTeneH. JierKO BH.LleTb, 
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llTO JHalleHHe w c yq:eroM JHaKa, onpe.n.eJieHHOro yKaJaHHblM Bblllie npa

BHJIOM, He JaBHCHT OT HanpaBJieHIDI nepeHoca no l: npH HJMeHeHHH 3TOro 

HarrpaBJieHIDI Ha npOTHBOilOJIO)l{}{Oe Mbl IIOJiytlHM rrpOTHBOIIOJIO:>KHblii rro

BOpOT, HO H npaBHJIO, onpe.n.emnomee JHaK w, .n.aCT DpOTHBOilOJIO:>KHblii 

peJyJILTilT. 3uaqeuHe w orrpe.n.eJieuo, PaJYMe

eTCH, HeOJJ.HOJHallHO, w H w + 2k7r' f.lle k -
ueJioe, Hepa3JIHllHMbl; TOllHee 6b1Jlo 6L1 roeo

PHTL: w - OJJ.HO HJ JHalleHHii yma IIOBOPOTil. 

3HalleHHe w He JaBHCHT OT BbI6opa roii TOllKH 

Ha l, HJ KOTOpoit (H B KOTOpyio) Mbl nepeHOCHM 

BeKTOp; 3TO CJieJJ.CTBHe yT8ep)l{JleHIDI, .llOKaJaH

HOro e uallaJie n. 3 § 3. 

TI pH Me p. Bo31>MeM B Ka'IeCTBe V2 
KOHyC c 

3azynneHHOi1 eepwHHoit HapHcyeM Ha nnocKOCTH 

pa3BePTKY TOA 'IaCTH, KOTOpaa nonyqHTCH, ecnH OT-

Pec. 6 pe3aTb 3aT)'DneHHhlit KYCOK; 0003Ha'IHM a yron paJ

BepTKH nOJIHOro KOHyCa (pHC. 6, 7). 
TaK KaK napaJIJ1en1>H1>Iii nepeHoc onpe.nenHeTCH MeTpH'IeCKHM TeH30poM, TO 

napannenl>Hblit nepeHOC B COOTBeTCTBHH c reoMeTpHeit V2 
3.lleCI> 3KBHBaneHTeH 

napannenI>HOMY nepeHOCy Ha pa3BepTKe B COOTBeTCTBHH c reoMeTpHeit eBKnH.llOBOit 

DROCKOCTH. Tor.na, O'IeBH.l(HO, .llnH mo6oit 3aMKffYTOil KpHBOit l, 0.llHOKpaTHO OXBa

ThlBaIOJneit eepwHHy H He npoxo.llHineA no 3aT)'DneHHoit qacTH, w = 21T - a. 

..... / 

''0·"' . / ..... ,,.. 

a I 

Pee. 7 
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,U.Jrn npOH3BOJibHOro V2 
HMeeT MeCTO 

TeopeMa JleBH-qHBRThI. w = 11 ICdo, do - 3/leMeHm fl./lo~aou 
Cl 

(30eCb Mbt UMeeM OMO C UHmezpaJIOM 1-zo poiJa) . 

.[(oKa3aTeJibCTBO pa306heM Ha TpH qacTR. 

1. IlyCTb .llJIRHa h KPHBOj;t l MaJia. IlOKIDKeM, qTQ 

w - 11 ICdu = O(h
3
). 

Cl 

JICHO, qTQ )l0Ka3aTeJibCTBO Ha)lO npoBeCTH, HCilOJib3YH OCHOBHYIO TeopeMy 

o reoMeTpHqecKOM CMbICJie TeH3opa KPHBH3HbI. B cooTBeTCTBHH c 3TOH: 

TeopeMoH: (cM. n. 3 § 3): 

C=l+B, 
. 1 . kr 3 

Bj = 2Rk;.,/w + O(h ). 

B03bMeM TOqKY x Ha KPHBOH l. BbI6paB CHCTeMy KOOPJlHHaT, B KOTOPOH 
0 

e1(x) H e2(x) OPTOfOHaJibHbI, HOPMHpOBaHbl H Kpa~aj;tumH: IIOBOPOT OT e1 
0 0 

K e2 rroJIO)J(HTeJieH, JierKo BbNHCJIHTb, qTO MH B(x) c ToqHoCTbIO JlO O(h3
) 

0 
HMeeT MeCTO 

Bl= 0, Fi= 0, BI= -B~ = R12,12w12 
= IC(i i- ii). 

I 2 I 2 

Ho B 3Toj;t CHCTeMe KOOPJJ.HHaT BbipIDKeHHe d
1 

d
2 

- d
2 

d
1 

paBHO IlJIOIUailH 
I 2 I 2 

rrapaJIJieJiorpaMMa, rrocTpoeHHoro Had H d, a MaTpHUa 
I 2 

cl c~ 1 -Br 
paBHaH 

ere? Bi 1 

(BI - MaJIO, Br= O(h2
)) c TOqHOCTbIO )lO (Bi)2 

eCTb MaTpHUa IlOBOPOTa 

Ha yroJI Br. IlosToMy w = IC(x) • IIJI u + O(h3), OTKY.ua cJie.uyeT Hf)J(Hoe 
0 

COOTHOIIIeHHe. 

2. IlyCTb opHeHTHpyeMblj;I: KOMIIaKTHblj;t yqacTOK u' orpaHHqeHHbIH 

KPHBOH l, pa36HT Ha .UBa yqacTKa u 1 H u 2; rpaHHUa u 1 ecTb li. rpaHH

ua U2 - ii. IlyCTb W1 - yroJI IIOBOPOTa BeKTOPOB npH IIOJIHOM o6xo.ue 

no li. w2 - aHanorH'IHbIH yroJI MH l2, w - .llJUI l. Tor.ua w.= w1 + w2. 
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CMbICJI 3roro yrsep)l(,l(eHHH JierKo 
Henocpe.ncrseHHO ycMorperb H3 pHc. 8. 

TaK KaK yroJI nosopora npH nepe-
HOCe no 3aMKHYfOMy KOHTYPY He 3aBH-

0'1 CHT OT BbI6opa HaqaJibHOH roqKH, TO ,n;JUI 

nepeHoca no l1, l2, l MO)l{HO B Kaqecrse 
raKOH roqKH B3SITb KaK)'IO-JIH6o roqKY, 

Pac. 8 o6myio .n;IUI l1, li, l (roqKY a Ha pHc. 8). 
Tor.na, KaK JierKo BH.lleTb, npH Hll,llJle)l{a

Ill.eM HanpaBJieHHH o6xo.na nepeHoc no l 3KBHBaJieHreH nepeHocy no l1, 

a 3areM no l2. IlocJie nepeHoca no l 1 seKTop nosepHercsi: Ha w1, noCJie 
nepeHoca no li - eme Ha w2, scero OH nosepHercsi: Ha w1 + w2. 

3. Pa306wM yqacroK u, qmrypHpyIOIUHi:t B ycJIOBHH reopeMbI, Ha Ma
JibJe yqacrKH O'i, 0'2, ••• 'O'N TaK, qro6bl ,llJIHHbl orpaHHqHBaIOIUHX HX KOH
rypoB 6blJIH nopSl,llKa h (h - MaJIOe qffCJIO), a IIJIOill.a,llH yqacTKOB nopSl,ll
Ka h2

• 51cHo, qro N - seJIHqHHa nopsi:m<:a 1/h2. (IlpHse.neHHoe paccf)l{
.neHHe rpe6yer HeKOTOpblX yroqHeHHH, Mbl Ha HHX He OCTaHaBJIHBaeMCH.) 
CYMMa yrnos nosoporos, coorsercrByIOIUHX or.neJibHbIM yqacTKaM, 6y.ner 
pas Ha 

11 K.du + ~2 O(h
3
) = 11 K.du + O(h). 

q q 

CJie.nosareJibHO, 

w = 11 K.du + O(h). 
q 

B cHJiy npoH3BOJibHOCTH h orc10.na nonyqaercsi: yrsep)l(,l(eHHe reopeMbI. 

,ll,anee KpU60/lUHeUHblM N-yZO/lbHUICOM B X2 Ha3bIBaeTCSI KOMnaKTHOe 
MHO)l{ecrso, HBJIHIOIUeecsi: 3aMbIKaHHeM o6JiacrH roMeoMopqmoi:t R2, rpa
HHu;a KOTOpoi:t COCTOHT H3 N CTOPOH - rJia,llKHX KYCKOB KPHBbIX. A.Hano
mqHbii:t CMblCJI HMeer nOHHTHe 1CpU60/lUHeUHOZO MHOZOZpaHHUKa B x.n. 

TeopeMa faycca. Bo3bMeM o V2 Kpuoo11uHeUHblU N-yzo11bHUK Q. 
llycmb cmopoHbl Q - zeoi:Je3u11ec1Cue. llycmb a, ... , a - BHympeHHUe yz-

1 N 
llbl Q. Tozi:Ja 

N 

~ ~ - 7r(N-2) =I I K.du. 
i=l Q 
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,!Vrn o6Jief'lemrn: BOCilPIDITIDl H 38IlOMHH8HIDl :nou reopeMbl OTMeTHM 

cne]lyiomee. B reoMeTpHH H 2 
CYMMa ymos N -yrOJibHHKa c reoJleJHqecKH

MH (TO eCTb npHMOJIHHeHHbIMH) CTOPOH8MH paBHa 7r(N - 2). TeopeMa 

faycca yTBep)KJlaeT, qTQ B reoMeTpHH V2 
3TO BblpIDKeHHe JlOilOJIHHeTCH CJia~ 

raeMbIM ff /Cdu. 

Q 

)l.oKa3aTeJibCTBO. PaccMOTpHM cHaqana qacTHbIH cnyqau: Q -
JlOCTaTOqHo MaJibIH TpeyrOJibHHK. 

Bo3bMeM KaKOH-JIH60 HeHyJieBOH BeKTop B KaKOH-JIH6o BHYTPeH

HeH TOqKe KaKott-JIH60 CTOpOHbl 3TOro TpeyrOJibHHKa H nepeHeceM 3TOT 

BeKTOP napaJIJieJibHO BJlOJlb CTOPOH, BepHys

IIIHCb B pe3yJibTaTe nepeHoca s HaqaJibffYIO 

ToqKY· Ilpu napaJIJieJibHOM nepeHoce BeKTO

pa B]lOJlb CTOPOHbl OH coxpaHHeT yroJI co CTO

pOHOH ( CTOPOHa - reo}le3uqecKasi:, Kaca

TeJibHasI K Heu nepeHOCHTCH napaJIJieJibHO, 

yroJI Me)KJly JlBYMH napaJIJieJibHO nepeHOCH

MbIMH BeKTopaMH coxpaHHeTCH). IlpH nepe

XO]le qepe3 BepIIIHHY yroJI Me)KJly nepeHOCH-

MbIM BeKTOPOM H CTOPOHOH, KaK JierKO BH
Puc.9 

]leTb (cM. PHC. 9), YMeHbIIIaeTCH Ha 7r - ~. r]le ~ - BHYTpeHHHH yroJI Q 
I I 

B 3TOH sepIIIHHe, T. e. ysenuqusaeTCH Ha Ha a - 7r. Ilocne o6xoJla scex 
i 

3 

Tpex sepIIIHH yroJI yseJiffqHTCH Ha L: ~ - 37r' 3TO H ecTb yroJI IlOBOPOTa. 

i=I 
1 

Ilo reopeMe JleBH-qHBHTbl HMeeM 

3 

~ ~ - 37r =ff ICdu + 2k1r, k - uenoe, 

a=l Q 

T.e. 

3 

~ ~ - 7r = ff /Cdu + 2(k + l)7r. 
i=I . Q 
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3 

Ho .ZUUI MaJIOro Q HMeeT MeCTO ~ ~ - 1r - M8JIO H 11 !Cdu - MaJIO, 

i=I Q . 

H cJie.nosareJibHO, 
3 

~~-'Ir= 11 !Cdu. 
i=I Q 

PacCMOrpHM renepb o6ru;Hit CJiyqatt: Q - npOH3BOJibHblit MHOfO

yroJibHHK. BcnoMHHM KaKoe-HH6Y.llb .ll0Ka3aTeJibCTBO IP<>PMYJibi .llIDI CYMMbi 

BHyrpeHHHX yrJioB N-yrOJI&HHKa Ha eBKJIH.llOBoit nJIOCKOCTH, CBO.lUIW.eecg 

K <t>opMyJie .llJIR CYMMbI yrJioB rpeyroJI&HHKa. Pa36HBaR Q Ha MaJI1>1e rpe

yroJibHHKH, CTOPOHbl KOTOPblX reo.ZJ,e3HqecKHe (B03MOJKHOCTb TaKOfO pa3-

6HeHHR Mbl npHHHMaeM 6e3 .llOKa3aTeJibCTBa), H BHOCR COOTBeTCTBy«lIIJ;Ke 

HJMeHeHHR B pacc}')l{,lleHHR, IlOJiytlHM .llOKa3aTeJlbCTBO reopeMbl .llIDI V2
• 

2. V2
, norpYJKeHeoe a H3

• Ql>epll'leCKce oro6puceHHe. IIycTD V2 
no

rpYJKeHo s H3
• TeM caM&IM JIOKaJI&Ho MOJKHO paccMarpHBaTb V2 

peaJIH-

30BaHHblM B BH.lle rJI8JlKOit nosepxHocrH s H3
• Ilycr& V2 

opHeHTHpyeMo. 

BoJ&MeM s H3 
e.nHHHqHYJO c<t>epy S: (u, u) = 1. Ocyw;ecTBHM oro6-

paJKeHHe V2 
s S CJie.nyroW.HM o6pa3oM. IIocrpoHM B KaJKJIOit roqKe V2 

e.nHHffqHyro HOPMaJib TaK, qro 3TO noJie HOPMaJieit Henpepb!BHO (see HOp

MaJIH HanpaBJieHbl B KaKYIO-TO •O.llHY CTOpOlfY• V2
). B CHJIY OpHeHTHpy

eMOCTH V2 
nocrpoettne raKoro noJIR BOJMO)[(HO. HopMaJib n(x), x E V2

, 

nepeHeCeHHaR B HaqaJIO KOOP.llHHaT, .naer roqKY Ha s. 
3ro oro6paJKeHHe 

n: V2 
-7 S 

Ha31>1saeTCR c<}>epu11ec1eUM omo6paxeHueM V2• 
BaJKHoe csoitcrso oro6pa)[(eHHH n: KacareJI&HaR nJIOCKOCTb K V2 

B TOllKe x napaJIJieJibHa KacareJibHOit nJIOCKOCTH K s B TO'lKe n(x) (o6e 3TH 

nJIOCKOCTH nepneH,llHKYJIRPHbl n(x) ). 
PacCMOTPHM KaKoit-JIH6o KOMITaKTHblit yqaCTOK (J Ha V2

• Ilycrb 

n(u) - o6pa3 3Toro yqacrKa npH c<t>epHttecKoM oro6paJKeHHH; Mbl 6y

.ZleM fOBOPHTb 0 nJIOlll8JlH 3TOrO o6pa3a (o60JHaqenHe: fiJl n(u) ). 3-ra 

IlJIOlll8Jlb 6epeTCH c yqeTOM 3HaKa, KOTOpblit onpe.neJIReTCSI CJie.llYIOlllHM 

npasHJioM. Bo3bMeM x E V2
• KaK YJKe rosopHJIOCb (cM. § 1 rJI. 2), oro6pa

)[(eHHe n onpe.ZJ,eJIReT on(x)/oX - JIHHeitHOe oro6paJKeHHC KaCareJibHO

fO npocrpaHcTBa Tyi(x) B KacaTeJI&Hoe npocrpaHCTBO Ts(n(x)). TaK KaK 
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Tv2(x) H Ts(n(x)) napaJUieJibHhI, ro 8n(x)/ax MO)l(HO cqurarh JIHHeHHbIM 

npeo6pa3oeaHHeM B Tvi(x) (HJIH B Ts(n(x))). TeM caMbIM, onpeJJ:eJieHo no
HHTHe sign det(an(x)/ax); 3TOT 3HaK, KCTaTH CKa3aTb, He 3aBHCHT OTTOfO, 

KaKoe HMeHHO H3 .!lByx IlOJieH HOpMaJieH n(x) Mbl B3HJIH. 

3HaK p, 
an(x) 

p=det~, 

HMeeT CJie.1lYJOID;HH reoMerpHqecKHH CMhICJI. IIycTb p f 0' T0f.1la no TeO
peMe 0 HeHBHbIX <l>YHKUHHX OT06paxeHHe n - B3aHMHO 0,1lH03HaqHoe 
B HeKOTOpOH OKpeCTHOCTH X. B03hMeM Ha V2 B OKpeCTHOCTH X HeCaMO

nepeceKalOID;HHCH MaJiblH KOHTYP l, npo6eraeMblH B HeKOTOPOM HanpaBJie

HHH. EMy COOTBeTCTByeT Ha S 3aMKHYTaH KPHBaH n(l), HanpaBJieHHe 06-

xo.na KOTOPOH HH.llYUHpyeTCH HanpaeJieHHeM o6xo.na l H OT06pa)l(eHHeM n. 
CnpoeKTHpyeM oproroHaJihHO KOHTyp l Ha Tv2(x) H n(l) Ha Ts(n(x)); no

JiyqHM, COOTBeTcTBeHHO, KPHBhJe TH n(l)' npo6eraeMbie B onpe.neJieHHhIX 

HanpaBJieHHHX. Tor.na, eCJIH p > 0, TO n(l) TOXCe HeCaMonepeceKalOID;HHC~ 

KOHTYP H HanpaBJieHHe ero o6xo.na coena.naer c HanpaBJieHHeM o6xo.na l 
(HanOMHHM: TH n(l) JieXCaT B napaJUieJibHbIX IIJIOCKOCrnx). ECJIH p < 0, TO 
n(l) HeCaMonepeceKalOIIJHHCH KOHTYP H HanpaBJieHHe ero 06XO,lla npOTH

BOnOJIOXCHO HanpaBJieHHIO o6xo.na T. 
ECJIH .zurn yqacTKa q oro6paxeHHe n HBJIHeTCH B3aHMHO O.UH03HaqHbIM 

oro6paxeHHeM Ha n(q) H sign p rrocTOHHeH Ha <1, TO IIJI n(q) no onpe.uene
HHIO 6epeTCH c 3THM 3HaKoM. EcJIH q pa36ueaercH Ha HecKOJihKO yqacTKOB 

<11, ••• ' <lk' .zurn BHyrpeHHeH tiacTH KIDK,llOfO H3 KOTOPbIX IIJIOID;R,llb 06pa3a 
MOXCeT 6bITb onpe.neJieHa YKa3aHHbIM BbIWe cnoco6oM, TO no onpe.ueJieHHIO 

k 

IIJI n(q) = ~ IIJI n(<li)· 
i=I 

MO)l(HO .UOKa3aTb, qro MHOXCeCTBO Ha s Tex n(x)' ,uJIH KOTOpblX p - o. 
HMeer Mepy HYJih (HeKoTopoe 6oJiee 06I1Jee yreepxc.neHHe - BaJKHIA TCope• 
Ma Cap.na), n03TOMY npH no.ncqere IlJI n(a) 3TO MHoxcecTBO MO)l(HO HO )"IN• 
TbJBaTb. 

)lanee orpaHHqHMCH CJiyqaeM, KOTOPhIH oqeHb HarJUUlCH: yJ pu-
6HBaeTCH Ha KOHeqHoe qHCJIO yqaCTKOB, Ha BHyrpeHHCf4 lf8CTM UQ0t0 
H3 KOTOpbIX OT06pa)l(em1e n B3aHMHO O.UH03HaqHo H sign p OOC10tlHtH. 
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Te ope Ma. 

WI n(u) = J J /Cdn. 
O' 

.ll.oKa3aTeJihCTBO. PaccMOTPHM cHaqaJia CJiyqaH:, Kor.na O' - Ma

Jihlif yqacToK, p coxpaIDieT 3HaK H c<t>epuqecKoe oto6pWKeHne roaHMHO 

O,llH03Haqtto Ha O". 06o3HaqHM l rpaHHI.J,Y O'; HCHO, qTQ n(l) 6y.neT rpa

HHI.J,eH n(u). B03bMeM KaKOH-JIH6o HeHyJieBOH BeKTOP u, KacareJibHblit 

K V2 
B TOqKe X, X E l, H 06HeCeM ero napaJIJieJibHO no l B COOTBeT

CTBHH C feOMetpHeH V2
• 0Ka3bIBaeTCH, qTo eCJIH 3TOT BeKTOp OTKJiaJJ:bIBaTl, 

OT COOTBeTCTBYIOIUeH TO'IKH n(x), TO OH 6y.neT nepeHOCHTbCH napaJIJieJibHO 

no n(l) B COOTBeTCTBHH c reoMetpueit s. )l.eHCTBHTeJibHO, napaJIJieJibHbIH 

nepeHOC no KPHBOH Ha noBepxHOCTH B COOTBeTCTBHH c reoMetpHeit 3TOH 

nosepXHOCTH MO)KeT 6hITb peaJIH30BaH TaK (cM. n. 5 § 2): Mbl nepeHO

CHM BeKTOp napaJIJieJibHO B 6ecKOHe'IHO 6JIH3KYIO TO'IKY B COOTBeTCTBHH 

c reoMetpueit H3 
, a 3areM opToroHaJibHO npoeKTHpyeM ero Ha WIOCKOCTh, 

KacaTeJibHYIO K rroaepXHOCTH. Ho KacareJihHbie IlJIOCKOCTH K V2 
H K s 

B COOTBeTCTBYIOIUHX TO'!Kax rrapaJIJieJihHbl, II03TOMY Ha KWK,llOM TaKOM 

6ecKoHe'IHO MaJIOM mare MbI noJiyqaeM coBna.n:a10mHe pe3yJibTaTbI. TeM 

caMhIM OKOHtiareJibHhie pe3yJibTarb1 .nayx YKa3aHHbIX nepettocoa BeKTopa 

6y.nyt TaK)Ke cosna.naTb. )l.JIH yrna w nosopora BeKTopa npu nepettoce vz 
Ha, V2 

B,llOJlh l HMeeM 

~=ff ICdO'. 
O' 

)l.JIH yrna w noaopota BeKTopa rrpH nepeHoce Ha S B.IlOJib n(l) HMeeM 
s 

~ = J f ldS =I IIJI n(u)j. 

n(u) 

BcnoMHHB rrpaBHJIO orrpe.neJieHHH 3HaKa w H w (cM. n. 1), Mbl IIOJiyqHM 
V2 s 

c TO'IHOCThlO .no CJiaraeMOfO KpaTHOfO 21r' qTO w = w, CCJIH opHeHTal.J,HH 
V2 s 

TH n(l) coarra.naIOT, H w = - w, eCJIH OpHeHTal.J,HH palJIHlfHbl. Ho 3Ta )Ke 
y2 s 
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anbTepHaTHBa onpe.ueIDieT JHaK IDI n(u). IloJTOMY 

11 K,du = IDI n( u) + 2k7r, k - U.e.Jioe. 

(]' 

Ec1rn: yqacToK u Man, To 11 K,du - Mano H IDI n(u) - Mano. 0Tcio.ua 

(]' 

.llIDI Manoro yqaCTKa O' CJie.uyeT k = 0 H 

11 /Cdu = IDI n(u). 
(]' 

B o6w;eM c.nyqae .uocTaTOqHo paJ6HTb u Ha HeKOTOpble yqacTKH, y.uo
BJiernopsiiow;He ycJIOBHIO npe.uhmyw;eH: qacrH .llOKaJaTeJibCTBa, H CJIO)l(HTh 
peJyJihTaThI, noJiyqeHHhie .llIDI Ka)l(.lloro TaKoro yqacTKa. 

Teo p e Ma. Bo3bMeM x E V2. llycmb u - MO/lOR OKpecmHocmb Ha V2 

moitKu x. Tozaa 

K,(x) = lim IDI n(u) 
diam u-+0 IlJI O' 

,ll o Ka 3 a Te JI h c TB o Henocpe.ucrneHHO cJie.n:yeT HJ npe,n:hl,n:yw;eH: 
TeopeMbl. 

qHCJIO p(x) TaK)l(e eCTb , lim (IDI n(u)/ IlJl u) (BCilOMHHM reoMeT
d1amu-+O 

pJfqeCKHH CMbICJI 3HaKa H a6COJIIOTHOfi BeJIHqHHbl HK06HaHa); Il03TOMY 
p(x) = IC(x). 

flpHMCpbl. 

l. V 2 
- noBepXHOCTb CTJ>Oro Bblnyx.noro TeJia (HanpHMep, 3JIJIHncoHJJ.). Ha

r.llH.llHO y6e.JKMCMCH ( BCilOMHHM reoMeTJ>HqecKHit CMblCJI 3HaKa p)' qTO 3)1.CCb p ~ 0' 
cne.11.oBaTeJibHO, JC ~ 0. EcnH B3HTOe Teno orpaHHqeHo, TO ero noBepXHOCTb npH 

c«l>epHqecKOM OT06pIDKeHHH BJaHMHO 0.ll.H03HaqHo OT06pax<aeTCH Ha c«I>epy; Il03TO

MY nn n(V2
) = 411" MH KIDK.11.0it TaKOit noBepXHOCTH. 

2. V2 
- CC)J.nOBHJlHaH IlOBepXHOCTb (HanpHMep, qacTb 0)1.HOilOJIOCTHOro rH

nep60JIOHJla HJIH mnep6onw1ecKoro napa6onoHJJ.a). 3.11.ech, KaK nerKo HarJJH,llHo 

y6e.n;HTbCH, p ~ 0, cne.u.oBaTCJibHO, JC~ o. 
3. V2 

- o6nacTb, nexalllaH Ha KaKOM-nH6o UHJIHH.ll.pe HJIH KOHyce. 3.11.ecb 

o6pa3 V2 
npH cct>epHqecKOM OTo6pIDKeHHH - KPHBaH, ee nnmuMb paBHa ffYJIIO. 

Tio3TOMY JC= 0 (no cornacyeTcH c TeM, qTO TaKoe V2 
JIOKanbHO eBKJIHJlOBo). 

4. TiycTb V2 
- TOP (cM. npHMep 3 § 1rn.2). TIOJIO)l{HM 3TOT TOP Ha nnocKOCTb 

H HaKpOeM ero .11.pyroit IlJIOCKOCTblO. KIDK.n8H H3 3THX .ll.Byx nnOCKOCTeit KacaeTCH 
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Topa no oxpyxttocTH. fuH .llBe oxpyxttocTH pa3pe38IOT TOP na .llBe qacTH. Omra 
H3 3THX qaCTe:lt - BbIIIYKJiaH noBepXHOCTb, Ha He:lt IC ~ O; .llpyras1 - ce.zmoBH,ll

HaH, Ha He:lt IC~ 0. IlpH ccl>epHqecxoM oro6pa.xceHHH Krul<n!UI H3 ,llByx }'Ka3aHHblX 

oxpyxHOCTe:lt oro6pIDKaeTCH B Toqxy; COOTBeTCTBYJOIUHe .llBe TOqKH - ,l(HaMeTpa.nl>

HO npoTHBOilOJIO)l{ffbl. Ha mo6yio Tolfxy, OTnHlfHYJO OT 3THX .llByx, OT06pa:JKaIOTCH 

,llBe roqKH Topa, 0,1),Ha H3 BblilYKJIOit qacTH H O,llffa H3 ce.n.nOBH,ll.HOit. ,lJ,rul nepBOA, 

xax }?Ke roBopHJIOCb, IC ~ 0, .IUIH BTOpo:lt IC ~ 0. Ilo3TOMY IlJI n(V2
) = 0. 



,l(onoJiueuue 

TOTIOJIOfHqECKHE HHBAPHAHThl 
PHMAHOBhIX TIPOCTPAHCTB, TIOJIYlIAEMbIE 
HHTEfPHPOBAHHEM TEH30PHhIX TIOJIEA:, 

CTP05IlllHXC51 no _METPHqECKOMY TEH30PY 

3uaqemu1 MerpHqecKoro Tett3opa H ero npoH3BOJlHblX, paccMarpH

saeMble B KaKOtt-JIH60 ToqKe PHMaHOBa npocrpaucTBa, 3aBHCHT TOJibKO 

OT reoMerpHH. «B MaJIOM»: JlJIH onpe)leJieHHH 3THX 3uaqeHHH JlOCTaroq

HO 3HaTb MerpHqecKHif TeH30P B CKOJib YfOJlHO MaJIOH OKpecTHOCTH 3TOH 

TOqKH. B MaJIOH o6JiaCTH Merpmcy vn MO)l{HO 3a,uaTb npOH3BOJibHO. TeM 

HHTepecuee, qro JlJIH HeKOTOpbIX BbJpa)KeHHH, crpOHIUHXCH no MerpHqe

CKOMY TeH30PY H ero npOH3BOJlHblM, HHTerpaJibl no BCeMy PHMaHOBY npo

crpaHCTBy, eCJIH OHO KOMnaKTHO, HJIH no KOMnaKTHblM MHoroo6pa3HHM, 

norpf)KeHHblM B 3TO npocrpaHCTBO, ue MeHHIOTCH npH H3MeHeHHH MerpH

KH 3TOro npocrpaucTBa. 

TeM caMbIM, 3TH HHTerpaJibl cosepmeHHO ue 3aBHCHT OT pHMauosoif 

MerpHKH «B MaJIOM» B OKPeCTHOCTH KIDIUl.OH roqKH, HO 3aBHCHT OT crpoeHHH 

«B ueJIOM» paccMarpHBaeMOfO MHOroo6pa3HH, B KOTOPOM BBOJlHTCSI pHMaHOBa 

MerpHKa. f oBOpSIT' qro 3TH HHTefPaJibl )lalOT monOJIOZU'ieCKUe UHBapuaHmbl. 
3JleCb, crporo rosopSI, Izy)KHO pa3JIHqaTb JlBe KoHcrpyKUHH. 

1. PaccMaTpHBaeTCH fJlaJlKOe MHOroo6pa3He H Ha HeM pa3JIHquble fJlaJl

KHe MerpHqecKHe TeH30pbl. 

2. PaccMarpHBaeTC.n ronoJiornqecKoe MHoroo6pa3He, Ha ueM BBOJlHTCH pa3-

JiffqHbIM o6pa30M fJlaJlKOCTb H Ha nonyqHBlllHXCH fJlaJlKHX MHOroo6pa3H

HX paccMarpHBalOTCSI pa3JlffqHbie fJlaJlKHe MerpffqeCKHe TeH30pbI. 

ECJIH 3HaqeHHe HHTerpaJia He MeHHeTcsi: B nepsoif KOHCTPYKUHH, TO 

fOBOpHT, qro HHTerpaJI )laeT iJu<P<}JepeH14UO/lbHO-mono11ozu1ieCKUU UH6apuaHm; 
3uaqeHHe HHTerpaJia - xapaKTepHCTHKa rna.uKoro Muoroo6pa3HH (HJIH na

pbl: rna.uKoe MHOroo6pa3He H norpyxeHHOe B uero rJia,uKoe MHoroo6pa3He). 



114 J(ono1meHue 

Ec;m 3HaqeHHe HHTerpana He MeIDieTCSI H BO Bropoi\ KOHCTPYKUHH, ro 

roaop.srr, qro HHTerpaJI .naeT monOAOZU'1eCKUU UH80pUaHm B CTpOfOM CMblCJie 

3Toro CJIOBa; JHaqeHHe HHTerpaJia - xapaKTepHCTHKa TOl10JIOfHqeCKOro 

MHOroo6pa.JIDI (HJIH 11aph1: TOl10JIOfHqecKoe MHOroo6pa3He H 11orpyxeHHOe 

B Hero ro11onornqecKoe MHoroo6pa3He). 

TaK KaK cymeCTByIOT roMeOMOP<l>Hhie, HO He .nH<l><t>eoMop<l>Hble ma.n

KHe MHOroo6pa.JHH, TO 110HHTIDI «.nH<l><l>epeHQH3JlhHO-TOl10JIOfffqeCKHH HH

BapHaHT» H «TOl10JIOfHqeCKHH HHBapHaHT» a11pHOPH pa3JlffqHbl. 

HIDKe Mbl 11PHBe,neM HeKOTOPbie pe3yJihTaThl, OTHOCHIQHeC.ff K 11oprpo

eHHIO TaKHX xapaKTepHCTHK. 

1. IlOJIHLdi HHTerpaJI OT rayCCOBOH KpHBH3Hbl. flyCTh X2 
- KOMl1aKT

HOe .llBYMepHOe rJia.!(KOe MHOf006pa3He. flyCTb Ha X 2 
BBe,neH KaKOi%-JIH-

6o MeTpffqeCKHH TeH30P 9ii. Mhr 11onyqaeM pHMaHoeo 11pocTpaHcTBo V2
; 

rrycTh K, - ero rayccoea KPHBHJHa, d<J - 3JieMeHT llJIOIQa,nH. 

Teo p e Ma. 11 K,du He 3aBucum om Bbl6opa 9ii. 

V2 

0 I 
,[{oKa3aTeJihCTBO. IIycTh Yi; H Yi; - .naa MeTpHqecKHX TeH30-

pa Ha KOMl1aKTHOM rJia.!(KOM ,nByMepHOM MHOroo6pa.JHH X 2
, 11peBpaIQaIO

IQHe ero COOTBCTCTBeHHO B V2 
H V2

• feoMeTpHqecKH HCHO, qTO 11epexo,n 
0 I 

0 I 
OT Yij K Yij MO.>KHO ocyrn;eCTBHTb 3a HCKOTopoe KOffeqHoe qHCJIO waroB, 

Ha Ka.>K.nOM H3 KOTOPhIX MeTpffqeCKHi\ TeH30P JIHWb HeMHOro MeIDieTCSI 

B HeKOTOpoH: opHeHTHPYeMoA o6JiaCTH. IlycTb KPHBaH l - rpaHHQa 3TOA 

. opHeHTHpyeMoi\: o6nacTH u. Tor.na 11 K,du · = w, r.ne w - yron 11oso-

u 
poTa BeKTopa 11pH 11apaJIJieJihHOM 11epeHoce ero 110 l. ECJIH B HeKoropott 

OKpeCTHOCTH KPHBOA l MeTpHqeCKHD TeH30p He MeHSieTCH, TO w OCTaeTCSI, 

oqeBH.nHO, HeH3MeHHhIM. CJie.noaarenhHO, 11 K,d<J He MeHSieTCH (H3 He-

u 
H3MCHHOCTH w He11ocpe.ncTBeHHO CJie,nyeT, qro 3TOT HHTerpaJI MeJUieTCSI 

Ha qHCJIO, KpaTHOe 271"; HO TaK KaK OH MO.>KeT MeIDITbCH JIHWb MaJIO, - Mbl 

OfOBOpHJIH, qro 9ij B (1 MeIDieTCH MaJIO, - TO OH Boo6rn;e He MCHHeTCH). 

CooTBeTCTByIOIQHtt HHTerpaJI 110 OCTaJibHOH qacTH X 2 
He MeHHeTCH 110TOMy, 

qro TaM He MeHHeTCH MeTpffqeCKHH TCH30p. TeM caMblM Ha Ka.>K,nOM TaKOM 
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PHc.10 PHc.11 Pac.12 

mare HHTerparr, <l:>HrypHpyiom,Htt B ycnoBHH TeopeMbI, He MeIDleTC.si:. Cne

.nosarenhHO, OH He MeIDleTCH H B peJyJibTaTe COBOK)'IIHOCTH TaKHX rnaroB. 

II PHMep bl. 
1. EcnH V2 i:tHct><l>eoMopct>Ho c<l>epe, TO 

f I ICdu = 411". 
vi 

Jle:ikTBHTeJibHO, 3TOT HHTerpaJI paBeH TaKOMY xe HHTerpaJiy .llJljl ei:i;HHH'IHOii cct>epbl, 
a TaK KaK Ha Heil IC = 1 (cM. 3ai:i;aqy B n. 1 § 5 m. 3), TO OH paBeH nJIOIUaJUf 
ei:i;HHH'IHOii: cct>epbI. (ConocTaBbTe c npHMepoM 1 n. 2 § 5 rJI. 3.) 

2. ECJIH V2 i:tH<l><l>eoMopct>Ho Topy, TO 

JJ ICdu = 0. 
vi 

JleACTBHTeJibHO, Ha Tope MO:lKHO BBeCTH JIOKaJlbHO eBKJIHi:i;OBY MeTPHKY. JlmI TaKoA 
MCTPHKH IC = 0 H, CJiei:i;oBaTeJibHO, HHTerpaJI paBeH Hymo. (ConocTaBbTe c npHMe
poM 4 n. 2 § 5 m. 3.) 

3. IlycTb V2 i:tHct><l>eoMop<l>Ho «cct>epe c m pyqI<aMH• (pHc. 10). Ilpe:lK.ll;e Bcero 

Dbl'IHCJIHM I I IC du' ri:i;e Q - oi:i;Ha «PY'JKa•' rJill.ZlKO npHJIO:lKeHHllSI K IlJIOCKOCTH 

Q 

(pHc.11). 
JlonoJIHHM rJIMKO 3TY «PY'IKY• KYCKOM M ii;o «cct>epbl c oi:i;HoA pyqKoA•, 

o6o3Ha'IHM ee N (pHc. 12). Tori:i;a ///Coo= 0, rax KaK N i:tHct>ct>eoMoPct>Ho Topy. 

N 

Ho ///Coo= 411', TaK KaK eCJIH 6hl Mhl ii:onOJIHHJIH M nJiocKoA nJieHKoA (6e3 

M 
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«py•urn•) ,!lO nosepXHOCTH .ZlH<l><l>eoMOP<l>HoA cct>epe, TO HHTerpaJI no Bcea 3TOA 

nosepXHOCTH 6hUI 6bl pa.BeH 411", a HHTerpan no IlJIOCKOA DJieHKe paBeH H}'JIIO. 

Ilo3TOMY 11 /Cdu = -411". Orc10.na CJie.Zl}'CT, 'ITO WUI «c<l>epbl c m pyqKaMH• 

Q 

11 /Cdu = 411"(1 - m). 
y2 

(.llocTaTO'IHO npHCTa.BIDITb «P}"IKH• no O'lepe,!lH, npe,!lBapHTenbHO C,!lena.B yqaCTOK 

nosepXHOCTH IlJIOCKHM, a 3aTeM Bblpe3a.B B HeM ornepcTHe H 3aKJieHB ero «pyqxoA•.) 

4. 0Ka3hlBaCTC.ll (MbI He .Zl0Ka3blBaeM 3Toro), 'ITO nosepXHOCTb B npHMepe 3 
(wui m = 0, I, ... ) - CaMbltt o6inua BH,!l CB.113HOfO OpHeHTHpyeMoro KOMflaxTHO

ro X2
• MO)f(HO nOJI}"IHTb 3Ha'leHHe HHTerpana H WUl HeOpHeHTnpyeMblX KOMnaKT-

HblX X2
• OrpaHH'IHMC.11 3a,!la'leA: Bbl'IHCJIHTb 11 /Cdu. r,!le V2 

.ZlH<l><I>eoMop<l>Ho 

y2 

npoeKTHBHOA DJIOCl(OCTH (cM. npHMep 4 §I rn. 2). 
0TBeT: 211". 

5. B n. 4 § 3 Mbl BH,!lenH, 'ITO Ha rope MO)l(HO BBeCTH MCTpHKy, npeBpaw;aIOllJ;YJO 

ero B JlOKaJibHO eBKJIH,!lOBO npoCTpaHCTBO. 

3 a .Zl a 'I a. MO)l{}{O JlH Ha c<I>epe BBeCTH MeTPHKy, npeBpamaIOllJ;YJO ee B no
KaJibHO eBKJIH,!lOBO npoCTPaHCTBO? 

2. HHTerpaJJ Well,llopcl>epa-BeiiJJSI, IlyCTb X 2
n KOMOaKTHoe 2n-Mep

Hoe fJI8,llKOe MHOf006pll3He. IlyCTb HR X2
n BBClleH KRKOH-JIHOO MCTpH'le

CKHH TeH30p 9ii. MbI nonyqHM pHMRHOBO npocrpaHCTBO V2
n. 06o3HR'IHM 

~j.ks - TeH30p KPHBH3Hbl, dv - 3JICMCHT 061.eMa v2
n. 06paJyeM HHBa

pHaHT (reH30P H)'JICBOH BRJICHTHOCTH) 

(JierKO BHllCTb, 'ITO w = 4X: npH n = 1 ). 

TeopeMa. J ... J Wdv He3asucum om Bbl6opa 9ii· 
yin 

-'B'P'!IllDRIWIWIROllWllllllll[UlllWilmlimllllmllllillUlilllli1lllli11ililll111ll111l11 ... 111.1l11 .. 1111n111 .. 1111'1l11ll:··:1••11•1 



J/.ono11HeHue 117 

)1.oKa3areJihCTBO npirno.n:ur& ue 6y.n:eM I). H.n:eH B03MO)l(HOro .n:oKaJa-
reJihCTBa 6y.n:er H3JIO)l(eua B cJie.n:y10meM nyuKTe. "' 

QqeBJmuo, reopeMa n.1 - qacru&1u ceyqau 3TOH reopeM&I. 

3. TeH30puwe DOJIJI IlOHTJUlfHHa. B03bMeM KaKoe-JIH60 vn. )1,JIH q = 
= 1, 2, ... nocrpOHM reH30PHble noJIH 

(uH,!l;eKCbl ji, j2, ••• ' Bbl,!l;eJieHHbie 3HaKaMH 1. ue yqacTBYJOT B aJibTepHH
poBauuu). PaccMorpHM KaKoe-Jiu6o reu3opuoe noJie rr, ... . i4p' 4p ~ n, 
.HBJI.HIOIUeeC.H mrneuuoit KOM6nuau;ueu c IlOCTO.HHHbIMH K03¢>qmu;ueHTaMH 
BHellIHHX npOH3Be.n:euuu IlOJieH, nocrpoeHHbIX Bblllle. B03bMeM B vn Ka
KYJO-JIH60 4p-MepHYJO u;enb c4P' HMeIOIUYIO HyJieBYIO rpauuu;y (uanpuMep, 
KaKoe-Jiu6o KOMnaKTuoe 4p-Mepuoe opueurnpoBauuoe MHoroo6pa3ue). 

TeopeMa. /rri1 ••• i4pdxi1 
/\ ••• /\ dxi4

P He 3aBucum om Bbl6opa 9ii· 

C4P 

0 I 
)1.oKa3areJI&CTBO. H.n:e.H ero raKoBa. Ilycr& gii u gii .n:Ba KaKux-

JIH6o MerpuqecKHx reu3opa ua X1', npeBpama10mux X1' cooTBercTBeuuo 
t 

B Vn H Vn. IlocrpOHM KaKOe-JIH60 ceMeHCTBO gii• 0 ~ t ~ 1, Merpuqe-
0 I 

0 
CKHX TeH30POB raK, qro6bl npu t = 0 noJiyqHTb gij' a npH t = 1 noJiyqHTb 
I t I 0 
gii• uanpHMep, B03&MeM 9ij = t 9ij + (1 - t) gii· Toma paccMarpirnaeM&IH 
HHrerpaJI CTaHOBHTCH <l>YHKUHeH t. IlOKa)l(eM, qro ero npOH3BO,!l;Ha.H no t 
paBua uyn10 (npoH3BO.ll:H&Ie not .n:aJiee 06o3uaqa10rcH roqKou cBepxy). )1.JIH 
3TOfO npe,!l;CTaBHM iI B BH,!l;e iI = 8\J! (B03MO)l(HOCTb TaKoro npe.n:craBJie
HHH - .H.ll:PO ,!l;OKa3aTeJihCTBa). Tor.n:a npoH3BO,!l;Ha.H HHTerpaJia not paBHa 

J ( 8\J!)i.. .. 4P dxi• /\ ... /\ dxi4p, 

()4P 

I) AsTOpcKoe JlOKllJllTCJibCTBO CM. B crane: Allendoelfer C. B. and Weil A., Trans. Am. 
Math. Soc. V. 53. N2 I (1943), rJle H 6w BBeJleH paccMa'I'pHBaeMhlii HHrerpM. 



118 ,4ono11HeHue 

qTQ B cHJiy reopeMbl CroKca-IlyaHKape paBHO 

I \I!i1 ... i.p-1dxi1 /\ ••• /\ dx~i. 
{}(J4P 

Ho nOCJie,llHHit HHTerpaJI paBeH ttyJIIO, TRK KRK 8c4P = 0. 
CaMo .llOKa3RTeJibCTBO ocyw;ecTBJUieTCH npHMhIMH BblKJIR.llKRMH. Pa30-

6LeM ero Ha 3ranh1. 
t 

1. IlyCTb 9ij nopOX<,llReT K03cl>cl>HU.HeHTbl CBH3HOCTH rf;. KaK yxe 

k sk ·k sk roeopHJIOCb, rij - He TeH30p. CocraBHM ij = rij· )loKIDKeM, qTQ ij -

reH3op. 

MbI paHee BbIBeJIH (cM. n. 2 § 2 rJI. 3), qro 

M _ M i j k W fPxk 
ri'J - Ak Ai·A,ri; + Ak axi' ax!. 

)J.Hcl><l>epeHU.HPYH 3TO paBeHCTBO no t, noJiyqHM 

SW Aw itiAjsk 
i'j' = k '4' j ij• 

qro H rpe6oBaJIOCh. 

2. Bb1qHCJIHM ~j:;/. MbI HMeeM (cM. ct>opMyJiy (3.1) m.3) 

R.;j:i/ = -2(qirj1k + r~1ir;ik)· 
Il03TOMY 

~i:i/ = -2(qiSjjk + ~1irjjk + r~1i8jjk) = -2v1is;Jk; 

noCJie.llHee paaeHcreo CJie,llyeT H3 npaaHJia BblqHcJieHHH KOBapHaHTHOit 

npOH3BO.llHOi\ (cM. n. 4 § 2 rJI. 3) H roro, qTQ r[ij) = 0. . 

3. IloKlUKeM, qTQ .wu1 mo6oro reH30pHoro noJIH liit ... i, HMeer Mecro 

A. "·' . I - V1· "· . I "llo ""It ... 1, - lo ""11 ... 1, • 

)leitcTBHTeJibHO, 

V · ••· · - 8· u· · - ~ u.. · - ~ . •1• .. • -lo ""It• .. 1, - lo 't • .. 1, ioit 'Jl2· .. 1, lol2 ""lt.713·. ·'9 ••• 

IlpH aJibTepHHPOBRHHH no io, i1' ... ' iq ace rti,,. npon8JIYT (riU; CHMMeT

pHqHo no i H k) H noJiyqHTCH HyxHOe paBeHCTBO. 
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. 4(" Sk )R. . . J 4" (Sk R.. . ;) 
7l'i1i2i3i4 = - v (i1 iilil i3i4),k = - v (i1 iilil i3i4),k ; 

IIOCJie,l{Hee paBeHCTBO crrpaBe.n:mmo BBH.llY Toro, qTQ V[iR.ikJ./ = 0 (TO:>K

.n:eCTBO OHRHKH, CM. II. 2 § 3 fJI. 3). ECJIH B3HTb 

'1T 4Sk R'. ·i 
i1i2i3 = - (idJI i2i3J,k • 

To ir =aw. 
5. IloCJie,l{HHH 3TRII - HCIIOJib30BRHHe <l>OPMYJibl CTOKCa-IlyaHKa

pe - f>Ke peMH30BaH rrpu H3JIO:>KeHHH H,lleH .n:oKa3aTeJihCTBa. TeopeMa 

.n:oKaJaHa 
2>. 

HHBapHaHTHOCTb HHTerpaJia .Amlett.zi:op<l>epa-BeHJijl (cM. II. 2) MO

:lKeT 6b1Tb .n:oKaJaHa cJieJlYIOIUHM crroco6oM. Ey.n:eM MeffjJ:Tb MeTPHKY v2
n 

rrooqepe.n:Ho Ha opHeHTHpyeMblX yqacTKax (CM. ,!{0Ka3aTeJihCTBO TeopeMbl 

II. 1) H ,l{JIH ,l{OKa3aTeJihCTBa HeH3MeHHOCTH HHTerpaJia ITO TaKOMY yqaCTKY 

HCIIOJib30BaTb BblKJla,l{KH, CXO,l{Hhle c rrpoBe.n:eHHhIMH B HRCTOHIUeM IlyttKTe, 

HO 6oJiee rpoM03.l{KHe. 

4. Cyw.eCTBYJOT JIH eme KaKHe-JIH6o TeH3opawe noJU1, CTpOJ10lHecJ1 

no MeTpfflleCKOMY TeH30py H ero npoH380.zun,JM H ,llllIOOlHe ,l{Hcl>cl>epeHiµtllJlh

HO-TODOJIOl'lf1leCKHe HHBapaaHTbl? YTOqHHM BOIIPOC, CTOHIUHH B Ha3BaHHH 

rryttKTa. HarrpHMep, eCJIH MhI Bae.n:eM mo6oe aHTHCHMMeTPHqHoe Koaapu

aHTHoe TeH30pHoe IIOJie H B03hMeM ero IIPOH3BO,l{HYJO, TO HHTerpM OT 3TOH 

rrpoH3BO.l{HOH no uerru, HMeiorueu ttyJieByio rpaHHuY, 6y.n:eT paaeH HYJIIO. 

EcJIH Mhl rrpu6aBHM 3TY IIPOH3BO,l{HYJO K KaKOMY-JIH60 IIOJIIO, .n:aiorueMy 

rrpH HHTefPHPOBRHHH ITO TaKOH uerrH .n:u<l><l>epeHUHMhHO-TOIIOJIOruqecKHH 

HHBapHaHT, TO 3HaqeHHe 3TOro HHTerpMa He H3MeHHTCH. 3TO «HeHHTepec

Hhle» B03MO:lKHOCTH. Hae HHTepecyeT BOrrpoc: KaKHe TeH30pHbie IIOJIH IIPH 

HHTerpHpOBaHHH MOryT .n:aTb HeCOBIIa,l{RIOIUHe .n:u<t><l>epeHUHMhHO-TOIIOJIO

ruqecKHe xapaKTepHCTHKH MHOroo6pa3HH. 

2> ABTopcKoe .ll.OKll3aTeJibCTBO CM. B pa6oTax: HoHmpaeuH JI. C. MR CCCP. T. 43 . .N2 3 
(1944) H I.fas. AH CCCP. Cep. MaTeM. T.13 (1949), r,!l.e H 6wrn BBe.ll.CHhl paccMaTPHBaCMhle 

TCHJOPHhle nOJill. TipHBe.ll.eHHoe .ll.OKll3aTCJibCTBO B3JITO HJ pa6orhl: A6paM06 A. A. MH CCCP. 

T. 81. N2 2 (1951). 
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TeopeMa. llycmb aHmucUMMempu1moe meH3opHoe noAe iPi1 ••• it ma
Koeo, 11mo ezo KoopouHambl cymb rjJyHKu,uu Koopi)uHam meH3opa 9i; u ux 
npou3BoOHblX oo HeKomopozo nopaoKa, onpeoeAeHHble u aHO/lumu11ecKue OAR 
mex 3HO'leHUU apeyMeHmoB, npu KOmOpblX KBaopamU'IHQR r/JopMa 9i;UiUj no-

AOJICUmeAbHO onpeoeAeHa. llycmb oAR Alo6ou k-MepHou u,enu d, UMe101'(eu 

HyAeey10 zpaHuu,y, uHmezpa.!l J iPi1 ••• itdxi1 
/\ ••• /\ dxit He MeHllemCR npu 

ct 
uJMeHeHuu 9i;. Tozoa cyll,(ecmeyem maKoe noHmpazuHcKoe noAe IT, 11mo 

f CI>i •.. . ikdxi· /\ ... /\ dxik = J ITi •.. . ikdxi· /\ •.. /\ dxi" 

C" C" 

OAJI A106ou m01cou u,enu ck (npu k I- 4p noAazaeM IT = 0 ). 

,lloKa3aTeJibCTBO He npHBO.llHM J). 

CooTBeTCTBeHHO, a KJiacce nceB.llOTeH30PHbIX no11eit, HHrerparr OT Ko

TOpbIX He 3RBHCHT OT 9ij' e.l{HHCTBeHHbIM HeHyJieBbIM ( c TOqHOCTbIO .llO CJia

raeMbIX, .llRIOIIlHX npH HHTerpHpoaaHHH ttyJib, H qHCJIOBOfO MHO)({HTeJI.SI) HB

JIHeTCH no11e w ~ .... izn B KOMnaKTHOM v2
n (onpe.l{eJieHHe w CM. B n. 2). 

AKKypaTHYIO <PopMyJIHpOBKY reopeMbl H .llOKR3aTeJibCTBO He npHBO.llHM 
4
> . 

. 5. 0 ·TODOJIOl'JllleCKOA HHBapHaHTHOCTH Ji:Hcl>cl>epeHIUlllJJltHO-TODOJIOfH

qecKHX HHBapHaHTOB, pacCMO'lpeHllLIX B nyHKTax 1-3. 0KR3bIBaeTCH, HHTe

rpaJibl, paCCMOTpeHHhle B nyHKTax 1-3, .llRIOT rono11ornqecKHe HHBapHaH

Tbl, a He TOJlbKO .ZlH<l><l>epeHUHaJibHO-TOnOJIOfHqecKHe (pa3HHUa 061.HCHeHa 

BO BBO.llHOit qacTH). 

5.1. Pa306beM KOMnaKTHOe MHOroo6pa3He X2 
Ha KpHBOJIHHeitHbie MHOrO

yrOJibHHKH, npaBHJibHO npHMbIKRIOUlHe .llpyr K J{pyry (T. e. TaK, qro JII06ble 

.llBR MHOroyrOJibHHKa HJIH He npHMbIKaIOT ,11pyr K ,11pyry, HJIH npHMbIKa

IOT no aepun~He, IDIH npHMbIK~IOT no CTopotte). IlycTb Po - q}fCJIO aep

UIHH pa36HeHHH (T. e. ToqeK, HBJIHIOIIlHXCH aepUIHHaMH MHOroyrOJibHHKOB), 

P1 - qHCJIO CTopott (T. e. KPHBblX, HBJIHIOIIlHXCH cTopottaMH MttoroyroJib

HHKoa), P2 - qHcJio MHoroyroJibHHKOB •. B TOnoJIOrHH ,110K:a3bIBaeTCH, 'ITO 

J) CM.: A6paM06 A. A. ,[{AH CCCP. T. 81. N2 2 ( 1951 ). 
4
) CM.: A6paM06 A. A. ,[{AH CCCP. T. 81. N2 3 (1951). 
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qJfCJIO X, 
X = Po - P1 + P2, 

He 3aBHCHT OT .Pa36HeHJUI H .SIBJUleTC.SI TOilOJiomqeCKHM HHBapHaHTOM. 
qHCJIO x Ha3b1Baerc.S1 3ii.flepo6ou. xapaKmepucmuKou MHoroo6pa3H.SI. 
IloKaxceM, qro ,llJUI KOMnaKTHoro V2 HMeer Mecro 

11 !(,du = 211-x. 
V2 

PaJo6beM V2 Ha KPHBOJIHHeilHbie MHoroyronbHHKH u, ... , u, cropo-
1 Pi 

Hbl KOTOpblX - reo,ne3uqecKHe (B03MO:lKHOCTb TaKoro pa36HeHH.SI Mb! He .no
Ka3bIBaeM). Ilycrb '! - 3ro ~-yroJibHHK, i = 1, ... , P2. Tor.nano reopeMe 

I I 

faycca (CM.§ 5. rJI. 3) CYMMa YrJIOB MHOfOyrOJibHHKa '! paBHa 

11' ~ - 211' + 11 !(,du. 
(/ 
j 

I 

06ma.S1 CYMMa scex yrJios scex MHoroyroJibHHKOB u pasHa, raKHM o6pa3oM, 
i 

11'2P1 - 211'P2+11 !(,du; 
y2 

3,necb yqreHo, qro Kax<:.na.SI cropoHa cquraerc.S1 .nsaxc.nbl. 3ra CYMMa pasHa, 
oqesu.nHo, 211'P0• HraK, 

HJIH 

211'P1 - 211'P2 + 11 !(,du= 211'Po, 

V2 

11 !(,du = 211'(Po - P1 + P2) = 211'x. 
V2 

S.2. )lmI KOMilaKTHoto v2
n HMeer MeCTO S) 

I ·. · I W dv = (B11'tnix. 
yln 

s) ,UoK11311TeJJLCTBO CM. B YJ'838HHOlt CTllTbC AMeH.lloP<t>epa H Beltml. 



122 ,l(ono1menue 

3.lleCh W - CM. onpe,lleJieHHe B n. 2, x - 3DJieposa xapaicrepHCTHKa 

v2
n' KOTOplUI MO)KeT 6b1Tb onpe,lleJieHa CJie,llYJOIUHM o6pa30M. ECJIH pa3-

6HTb KOMnaKTHOe MHOroo6pa3He X"' Ha KPHBOJIHHeil:Hble MHororpaHHHKH, 

npaBHJibHO npHMbIKaIOIUHe ,llpyr K .llPYIY (T. e. TaK, qTQ KWK,llble ,llBa TaKHX 

MHororpaHHHKa HJIH He npHMblKaIOT ,llpyr K ,llpyry, HJIH npHMblKaIOT no sep

WHHe HJIH no KPHBOJIHHeHHOit rpaHH KaKOH-JIH60 pa3MepHOCTH), TO 

x=Po-P1+P2-P3+ ... , 

rne Po - qHcJio aepwHH pa36HeHID1, P1 - qHcJio pe6ep ( O.llHOMepHbIX 

rpaHeii), P2 - qHcJio .llBYMePHhIX rpaHeii, P3 - TpeXMepHhlX HT. Jl. B To

noJiorHH ,llOKa3blBaeTCH, qTQ x - TOnOJIOfHqecKHH HHBapHaHT MHOroo6-

pa3IDI. 

5.3. 1-fHrerpaJibl, ,llaBaeMhle TeH30pHblMH noJIHMH IlOHTpHrHHa, TaK)Ke 

,llaIOT TOUOJIOfffqeCKHe HHBapHaHTbl
6
). 

6
) CM.: HOBUKOB c. n. MH CCCP. T.163. N2 2. c. 298-300 (1965). 



,Il;pyrue KHnru uawero u3,ZJ,aTeJI1>CTBa: 

TeopHll 'lHCeJI 

Ope 0. IlpHrJiaweHHe a TeOpHIO 'IJICeJI. 

Beii.nb A. 0cHOBW TeOpHH 'IHCeJI. 

Beii.nb I'. A.ltre6jlall'lecKllll TeOPHll 'IJICeJI. 
llonmpRWH JI. c. 06o6w.eHHJI 'IHCeJI. 
XUH'fUH A. fl. 'l\IH lKeM'l)'lKHHW TeOpHH 'IHCeJI. 
XUH'fUH A. JI. D;enHWe ,D,po6H. 
JKy1<:0B A. B. Beuecyw.ee 'IJICJIO «DH». 
llap<jJeHOB H. H. D;eUHwe ,11,po6H - oJKepe.i!Ml MexaTpOHHKH. 

OJICuwBa E. n. qTO TllKOe TeOPHJI 'IHCeJI. 
OJICuw«a E. n. PB3aHTHe TeopHH 'IHCeJI a PoccHH. 
Bu11ozpaiJoB H. M. Oco6we upHaHTW Mero.D.B TJIHl'OHOMeTpll'lecKHX CyMM. 
Kapaizy6a A. A. OcHoaw aJWIHTH'lecxoA TeOpHH 'lllCeJI. 

/1e3a E. H. CneQHaJu.Hwe 'IHCJia HaTYPBJ11tHoro pll,ll,ll. 
,4e3a E. H., KomoBa JI. JJ. C6opHHK 38.D.B'I no TeopHH 'IHCeJI. 
I'eJ11xjxmiJ A. 0. 'l\laHcueHAeHmwe H ure6pall'leCKHe 'IHCJia. 

Map'feHKOB C. C. 3JieMeH1'llpHwe apHcllMeTH'lecKHe ljJYJIXQHH. 
Map'feHKOB C. C. Ilpe,11,cTaueH11e 41YHKQHA cynepoo3HUHJIMH. 

Ea1UMa1<:0Ba H. I'. ~ocllaHT H .D.HOlf>aHTO•W ypaaHeHHJI. 
f!Z110M H. M. KoMllJleKcHwe 'IHCJ!a H HX npHMeHeHHe a reoMeTpHH. 

URSS 

Kp311iJaJ111 P., lloMepanc K. Ilpocnie 'IHCJia: 8W'IHCJIHTeJ11tHWe H XpHllfOrpacllll'lecKHe 
acneKni. 

CepID! c<l>H3HKO-MaTeMaTil'lecxoe HaCJie11:He: MaTeMaruxa (reopID! 'lHce.n)• 

,4uo<J>anm AAe1<:caniJpuuc1<:uu. ApHcllMemxa H KJ111ra o MHOl'OYf'OJIItHWX 'lllCJlllX. 
<PepMa n. HCCJ!e,11,0UHHJI DO TeOpHH 'IHCeJI H .IJ:HOlf>aHTOBY llllBJIH3y. 
,4UpUXlle n. r. JI. JleKQHH DO TeOpHH 'IHCeJI. 

,4eiJe1<:u11iJ P. HenpepwBHOCTit H HppaQHOHBJ11tHwe 'IHCJ!a. 
HHZOM A. 3. Pacnpe,11,eJieHHe npocTWX 'IHCeJI. 
EepMaH I'. H. qHCJIO H Hayu o HeM: 06w.e,11,ocyYDHWe o'lepKH. 

JianiJay 3. 0CHOBW 8HBJIH3B! ,ll;eACTBHJI HB,11, 'IJICJIBMH. 

TumlfMapw 3. 'I. ,ll;len-4'YHKUHll PHM&Ha. 
/13Bennopm I'. Bwcwu apH41Memxa: Bae11:eHHe • TeOpHIO 'IHCeJI. 
I'Mbl/KJHiJ A. 0. PeweHHe ypaaHeHHA a ueJiwx 'IHCJiax. 

/11!MuiJoB H. T. OcHoaaHHll apHcllMemKH. 

CepID! «lf>H3HKO-MareMaruqecxoe naCJie;ufe: M&TeMaTHKll (reoMeJPIDI)> 

Bo.111,(iepz 0. A. OcHOBHWe HAeH npoeKTIIBHOA reoMeTpHH. 

L(axapuac M. Bae.11.eHHe B npoeKTHBHYJO reoMeTplllO. 

-*' Ey3eMOH I'., KeMu n. IlpoeKTHBHllll reoMeTpHJI H npoeKTHBHwe MeTpHKH. ;:::rn± 

Cepm1 «lf>HJHKO-MareMaTil'lecxoe naCJie,D,He: M&TeMaTHKll (ronOJ1onrn)> ,.,Ji 

ii AAe1<:caniJpo8 n. c. Bae,11,eHHe B TeOpHIO MHOlKeCTB H OOIQYIO TODOJIOl'HIO. ti' 
~· MWIHO'fJ ,4JIC. TeopHJI Mopca. •, • UJ ,UI CmunpoiJ H. Toiio.iiol'Hll Kocwx npoH3Be,D,eHHA. CIJl1 z. Jiucmunz H. E. Ilpe,D,BapHTeJIHwe HCCJie.D.OUHHJI no TODOJIOl'HH. ;..,:; 

'= •* --·· · URSS=~u···· ~t'2"ii!•u1sst: ... uti*'filiiDRSS'.fr" u~•~uRss·,.,"!lu:~ ·~ ..... .,.,__.-. . ·•t ::.~.:.~{.~:zj_ ....... , ·'·. ·•l. .... :~::·;~,:::=~.... . .,.,.,. .......... __. ....... , .. • ,. .. , .. . ........ ...,,·,··" ...• •:;;.. ~:: 



,l(pyme KHHm eawero H3,ZJ;aTeJihCTBa: 

JlH<i><l>epeHLIHaJlbHhlC ypaBHCIUUI 

<1'U11unnos A. <1'. Bae.AeHHe • TCOPHJO ,11,114"11epeanH8JIMIWX ypuHeHHll. 
<1'U11unnos A. <1'. C6opHHK 3lWl" no AH4"1JepeaQH8Jl&HWM ypnaeaH11M. 
3/lbCi?Ollbll JI. 3. JlH4Nl>epeHQH8JIMIYe ypUHCHllll. 
CmenaH08 B. B. Kfpc ,11,114"1lepeHDHIJIM1Yx ypaaaea11ll. 

URSS 
HeMbllfKUU B. B., CmenaHos B. B. Ka'leCTBeHHU TeOp1111,11,114"!JepeHDH8Jl&HWX ypaa11ealdl. 
<1'eiJop10K M. B. 06wKHoaeaawe ,11,114"1lepeHDHUM1Ye ypaaaea1111. 
<1'eiJop10K M. B. AcHMDTOTllKll: HHTerpaJIY II PIWol· 
<1'eiJop101' M. B. MeTOA nepeaua. 
/(pacHos M. JI. HaTerpui.awe ypnaea1111. Bae.ACH11e • TCOPHIO, 
KoiJOuHZmoH 3. A., JleBUHCOH H. Teop1111 o6wKHOBeHHWX ,11,114"1lepeHDHUM1WX ypaaaeHHll. 
CuKopcKuu IO. C. 06wKHoaeisawe AH1li4iepe11D11UM1Ye ypnHeHHll. 
llOHmplllUH JI. c. JlH4Nl>epet1DHIJlltHYe ypnHeHHll H HX npHJIOlKeHllll. 
'ljluKOMU <1'.J(x. JlH4"1lepeHDHIJIM1Ye ypuaeau. 
'ljlUKOMU <1'. J(x. JleKQHH no ypUHeHHllM • '1aC111wx npo113llO,ll,llYX. 
<1'U11unc r. JlH4"11epeHQH8JIMIYC YPIBHeHHll. 
AMe.nbKUH B. B. ABroHOMHYe H JIHHellawe MHOroMepawe ,11,114"1lepeHDH8JIM1Ye ypuaeau. 
AMe.nbKUH B. B. JlH4"1JepeHDHIJIMIYe ypaaaeau B npHJIOlKeHllllX. 
SeJ111MaH P. Teop1111 ycroll'llUIOCTll peweallll ,11,114"1JepeHDHU&HWX ypaaaeHHll. 
JletjJiue11 c: feoMeTpll'leCKU TeOPllll AH1li4iepeHQH8JIMIWX ypaaaeHllll. 
Jlosumm Y. B. JIHaellawe HHTerpaJl&Hwe ypuaea1111. 

Alire6pa 

'le6omapeB H. I'. Ocaoaw TeopHH Iluiya. B 2 KH. 
Beiillb r. KJiaCCH'ICCKHe rpynnw. Hx HHUPUHTW II DpeACTilUeHllll. 
<1'po6eHuyc <1'. I'. 'Ieop1111 xapuTepol 11 DpeACTilueallll rpynn. 
3ii3eHXapm JI. n. Henpepwaawe rpynnw npeo6pll30UHHll. 
fup P. JI11aellHU ure6pa II npoeKTHBHU reOMeTpllll. 
HuKut/Jopos B. A., llIKoOa S. B. J1Haellaa1 ure6pa 11 aHIJIHTH'leCKU reoMeTpllll. 
llleBa/llle K. Bae,11,eaee • TeOpHIO ure6pall'leCKHX tl>YJIKDHll. 
CynpyHeHKO J(. A., TbltuKeBu'f P. H. IlepeCTilHOIO'IHYe MaTpHQY, 
Hi!llOM H. M. Heo6wKHoaeaaa1 ure6pa. 
YoKep P. A.llre6paH'lecKHe KpHBwe. 
XOMepMetu M. TeopHR rpynn H ee np11MeHeHHe K tl>lllll'leCKHM npo6JieMaM. 
D0)'3p 3. BBeJJ.eHHe B TeOpHIO rpynn H ee npHJIOlKCHHll K KUHTOBOll tl>113HKe. 
nempatueHb M. H., Tput/JoH08 E.J(. IlpHMeHeHHe TeOpHH rpynn B KHHTOBOll MCXaHllKe. 

CepHR «<l>H3HKO-MllTCMBTll'lecKoe HBCJle.nHe: M8TeM8THK8 (aJire6pa)• 

'le6omape8 H. I'. Bae.AeHHe B TeOPHIO ure6p. 
'le6omape8 H. I'. Teopu 18Jtya. 
'le6omapeB H. I'. Teopu aJire6paH'lecKHX tl>YJIKDHil. 
AlleKcaHiJpos n. C. BBeJJ.eHHe • Te0p1111> rpynn. 
MapKyc M., MuHK X. 0630p no TeOpHH MaTpHn H MBTpH'IHWX aepaaeacn. 
Saxep M. Bae.ACHHe • BYCWYIO ure6py. 
MnoiJJeeBcKuu S. K. Ocaoaw awcwell ure6pw. 
llIMuiJm 0. JO. AfiC'rpaKTHu TCOPllll rpynn. 

~ ..... = • Ill 
Ill' 

·~ = 



,l(pyme KHHrH uawero H~TeJihCTBa: 

TeopHll rpa<l>oe 

Ope 0. lj>alj>w H HX np11MeHea11e. 
Ope 0. ThopHll rpalj>oe. 
Xapapu '1>. Thop1111 rpalj>oe. 
EMe.nulfe8 B. A., Me.nbHUK.08 0. H. u iJp. JleKJUIJI no TeOPHH rpalj>oe. 
Me.nbHUK.08 0. H. Thop1111 rpalj>oe B 3llHHM8TeAHWX 38,!Ul'lax. 
Me.nbHUK.08 0. H. 06y-reaHe .llHCIQleTHOA MaTeMaTHxe. 
Me.nbHUK.08 0. H. He3aaAxa a CTpaHe rpalj>oa. 
5epe3uHa JI. IO. lj>a4Jw H HX DpHMeHeHHe. 

URSS 

MaJ1UHUH JI. H., MaJluHuHa H. JI. H30MOl14>H3M rpalj>oe B TeOpeMax H aJtropHTMax. 
llaHIOK.08a T. A. KoM6Haaropaxa H TeOpHll rpalj>oa. 
PoiJuoH08 B. B. MeTO.lUil 'leTWpeX11BentoA pacxpacXH eepwu llJIOCXHX rpalj>oe. 
J(e3a E. H., MoiJeAb J(. JI. Ocaoew ,1111cxpe1110A MaTeMaTHKH. 
38HUH A. IO. Boxpyr TeOpeMw XOJIJla. 

TeopHll eeposrrnocreA H MareMaTI!'leCKall craTHCTHKll 

I'HeiJeHK.o 5. B. O'lepx no HCTOPHH TeOPHH eepollTHOCTeil. 
I'HeiJeHK.0 5. B. MaTeMaTHxa H KOllTJIOJI• Ka'lecnll npOA)'KUllH. 
I'HeiJeHK.o 5. B., K08aJ1eHK.o H. H. Bee.i.eaae e Teopa10 Maccoeoro OOCJl)'llQIBaHllll. 
XuH'IUH A. JI. Pa6onl no M8TeMaTH'lecxoA TeopHH Maccoeoro o6cJIYJKH&aHHll. 
XuH'IUH A. JI. AcHMllTOTll'leCKHe 3axoaw TeopaH BepOllTHOCTeA. 
XuH'IUH A. JI. MaTeMaTH'leCXHe ocaoeaa1111 uaHTOBOA CTaTHCTHXH. 
ll>eMep B. Bee.i.eaae • TeOPHIO aepollTHOCTeil H ee npHJIOlKeHllll. B 2 T. 
5opo8K.08 A. A. Thopllll aepOllTllOCTeA. 
5opo8K.08 A. A. 3pro,IUl'lllocn H ycrol111aaocn CJl)"laAHwx opoueccoa. 
CeHam08 B. B. UellTJlaJt•Hllll npe,11,e.11.au TeopeMa: Th'laocn annpoxcaMaUHH 
H aCHMDTOTH'lecKHe pa3.110lKeHIUI. 
J(eopRmK.uHa C.H., JIJIXOB JI. H. JleKUHH no KJiacca'lecxoA TeOPHH aepOllTHOCTeA. 
llblmbeB IO. n. B03MOlKHOcn. 3JteMeHTY TeOpHH H npHMeHeHllll. 
I'puzopRH A. A. 3aKOHOMepHocTH H oapa.11.oxcw pa3BHTHJI TeOpHH aepoRTHocTeA. 
Ka~ M. BepollTllocn H CMeJKHYe eonpocw a 4JH3HKe. 
JIZ110M A. M., JIZliOM H. M. Bepo11111oen H Halj>opMaUllll. 
MU3ec P. Bepolintocn H CTaTllCTllKll. 
XMaJ1aiJ3e 3. B. CTaTHCTH'lecXHe MeTO.lUil a .i.eMorpa4JaH H CTJIBXOBBHHH lKH3HH. 
KyiJ;laeB 3. M. Pll3ACJIHMwe CTaTHCTHXH H HX np11MeaeH1111. 
)!Mumpuee E. A. MaTeMaTH'lecxu CTaTHCTHU a nO'laoae.11.eaaH. 
TaK.mapo8 H. r. Thopllll eepOllTllOCTeA H MBTeMaTH'lecxaa CTaTHCTHU. 
HB'feHK.o r. H., MeiJBeiJe8 IO. H. BBWHHe a MaTeMaTH'leCKYIO CTaTHCTHKy. 

·~t~ CepHB cK.rraccHqec1odt )'HHeepcwrercKHA yqe6HHK• ., .. .,...:<·:.,~~ 

•· I'HeiJeHK.O 5. B. ~ TeOPHH aepollTllOCTeil. '.~ii 
K011.Mozopoe A.H., J(pazaJIUH A. r. MaTeMaTH'leCKU JtOl'Hu. ·-·" 'ii llempoecK.uii H. r. JleKUHH no TeOpHH o6YKHOBeHHWX AH4>4>epeaQ11aJ1.awx ypaeaeaHA. ii' 

'iii KoHOH08Ulf 3. B., Mopo3 B. H. 06UUIA xypc aCTpOHOMHH. =: 
·- HIUXOH08 5. C., KanumOHOB H. M., IOiJuH H. n. 11acTHUY H 8TOMHYe RAP•· m' 
i•• KeacHuK.oB H.A. ThpMOAHHaMHU a CTaTHCTH'lecKllJI 4>H3Hxa. B 4 T. 1 ... : ;Ill ""2' := =t 
~~u:UBSS~nu~s;:SURSS:nui1}li[;TBl.Hl8.S!rli~fai~~URSS:r.u;~\! 



,l(pyme KHHm uamero Hl)J;aTe.JibCTBa: 

MaTCM&Tll'!ecxoe MOJleJIHpo11ru1He 

TapaceBU'I JO. JO. MaTeM8Tll'lecKoe H KOMD•IO'l'epHoe MOMJIHpOUHHe. 

TapaceBu'I JO. JO. HcnOJ1"30aaHHe naxeroa Maple, Mathcad H l.ATEX 2e 
npH peweHHH MaTeMaTll'lecKHX 38,U'I H 00,IU'OTOBKe TeKCTOB. 

TapaceBU'I JO. JO. DepKOJIJIUHll: TeOpllfl, npHJtOJKeHllfl, uropHTMw. 

M1>1Ul1Cuc A. ,a. 3JteMeHTW TeopHH MaTeMa111'1eCKHX MOMJJeA. 

5AexMaH H. H., M1>1Ul1CUC A.)(., OanoBICO fl. r. DpHKJlaAllU MaTeManuaa. 

URSS 

linoxomHUICOB K. 3. MaTelllaTll'lecKoe MO.AUHpOUHHe H BW'lllCJIHrem.HWA 3KCnepHMeHT. 

Mopo30B B. B. u iJp. HcCJteJlOUHHe onepalUIA a 38.U'lax H ynpurneHHRX. 

CyxapeB A. r. MHHHMaxcHwe llJll'OpHTMw 1 JMa'lax 'IHCJteHHoro aHllJIJl3ll. 

Manune141Cuu r. r., KopomaeB A. B. (pe.a;.) Dpo6JteMw MaTeMa'J'll'lecxoA llCTOpHH. 

Kan.wan P., '1>an6 n., Ap6u6 M. 0..epKH no M8TeMaTll'lecKOlt TeOpHH CllCTeM. 

BaiUJAux B. CoUHOAHHaMHxa: CHCTeMHWil no.a;xcm x MaTeMBTll'leCKOMY MOMJJHpoaaHHIO 

COQlllJIHWX Hayx. 

0nTHMH38UHH 

llonmpUUH JI. c. OpHHUHR MIKCHMYMI I OD111MllJIHOM ynpaueHHH. 

3eAuicun M. H. 01m1M11J1Hoe ynpaueHHe H 1apHaUHOHHoe llC'IHCJleHHe. 

I'a6acOB P., KupUJ11108a '1>. M. OpHHUHR MIKCHlllYMB 1 TeopHH OIITHMllJIHoro ynpaueH1111. 

raneeB 3. M. OimlMllllUHll: TeOpllfl, npHlllepw, 31,U'IH. 

C<H/JueBa JO. H., I!uPJIUH A. M. BBeAeHHe 1 JMa'IH H MeTOJUil )'CJIOIHOA OD111M1131UHH. 

KoBaneB M. M. ,n.icxpe111u OD111MllllUHll (uuO'IHCJleHHoe nporpBMMHpOllHHe). 

Ko8aJ1eB M. M. MaTpollJIW 1 AHCKpentOlt OD111MH3HUHH. 

EanaicpuUlnan A. BBeAeHHe 1 TeopHIO oimlMH31UHH 1 l'HJli.CieproaoM npoCTpaHcne. 

EoniJapeHKo B. A., MaiccUMenico A. H. feOMeTpll'HICKHe KOHCTpYKQHH H CJIOlKHocn. 

1 xolll6HuropHOll ODTHlllH31UHH. 

0porpaMMHpoB8HHe 

I'a6acOB P., KupUJ11108a '1>. M. Me'l'OJIW JIHHeilHoro nporpaMMHpoaaHllfl. KH.1-3. 
JOiJun .a. E., I'o.t1bmmeun E. r. 31.lUl'IH H MeTOJUil JIHHellHoro nporpaMMHpoaaHllfl. KH.1-3. 
I'o.t1bUlmeun E. r. 8wRyxJ1oe nporpaMMHpoaaHHe: 3J1eMeHTW TeOPHH. 

JOiJUH J(. .6. MaTeMBTll'lecKHe llle'l'OJIW ynpllJteHllfl I )'CJIOlllflX HeROJIHOil HHljlopMIQHH. 

JOiJun /!. E. 8W'IHCJ1HTeJ1Hwe Me'l'OJIW TeOpHH npHHllTllll peweHHll • 

.l(uKUH H. H. MeroA IHyrpeHHHX TO'leK 1 JIHHeillHOM H HeJIHHeitHOM nporpBMMHpoaaHHH. 

TeopHH Hrp 

Hluicun E. B. Or Hrp K HrpaM. MaTeMITll'lecxoe BBeAeHHe. 

0y3H I'. Teopllfl Hrp. 

Ko.11ecnuic r. B. Teopllfl Hrp. 

llempOB H. H. MaTeMITll'lecKHe Hrpw. 

)J(yicOBcicuu B. H. BBeAeHHe 1 AHt4'JepeHUHllJl•Hwe Hrpw npH HeoRpeAe.JteHllOCTll. KH. 1-3. 
)J(yicOBCICUU B. H. l'HcKH RpH KOH«luHKTllWX CllT)'IQllflX. 

)J(yicOBcicuu B. H. KoonepaTH1Hwe HrpW npH HeG11peAeJ1eHHOCTH H HX np1UOlUll•. 

)J(yicOBCKUU B. H., )J(yKOBCKQR JI. B. PHCK I lllHOl'OKPHTePHllJIHWX. KOH«lullKTllWX 

i'11 CHCTeMax np• HeoRpeAe.JteHHOCTH. ii' 
ml:lll )J(yKOBCKUU B. H., KyiJJJRB~eB K. H. YpuHOaewHaaHHe KOH«luHKTO• H npllJIOlU••· 
"""°• B n neo " 6 ;Ill• 'ii UllbllMC ,<4JIC·"4· aepweHHW• CTpaTer, HJIH yuap• no TeOpHH CTpaTel'll'leCKllX Hrp. Ill) 

CMo.t1b11KOB 3. P. TeopHll KOHpKTllWX palHOBecHA. Ill' ti CMo.t1b11KOB 3. P. TeopHll IHTll'OHH3MOI • ~HQlllJIHWe HrpW. , --···' 
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KpacnoB M. JI. u iJp. 8C11 awcwu .MBTeMBTlllUl. T. 1-7. ,, · 
KpaCHOB M. JI., Kucf!JleB A. H., Ma1<apeH1CO r. H. CliopHHKH 38Jla'I 
•Bc11 BWCWBll MBTeMBTHKll• c nOAPOliHWMH peweHHllMH. 

Socc B. JleKIUIH no MBTeMBTHKe. T. l-16: 
T. 1: AHuHl; T. 2: ,[(H4J4>epeHUHBJJi.Hwe ypBBHeHH11; T. 3: JIHHeilHa11 ure6pa; 
T. 4: BepollTHOCn, HH4JoPMBUllll, CTBTHCTHKll; T. 5: Cl>YHKIUIOHB.JlbHWA BHBJIH3; 
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T. 6: Or .L(Ho4>BHTil AO li.iopHHra; T. 7: OnTHMHlB._Hll; T. 8: TeopHll rpynn; T. 9: TCl>Kil; 
T. 10. Ilepeliop H 31j14j>eKTHBHwe uropHTMw; T. 11. YpaaHeHHll MBTeMaTH'leCKOA tjlH3HKH; 
T. 12. KoHTpnpHMepw H mipuoKcw; T. 13. ToDOJJOl'llll; 
T. 14. TeopHll 11ace.11; T.15 .. He.11HHeAHwe oneparopw H HenOABHlKHWe ro'IKH; 
T. 16. TeopHll MHOlKecn: Or KaHTOpa AO Ko3Ha. 

Alle1<ceeB B. M. (peA.) lblipaHHwe 38Jla'IH no MBTeMBTHKe H3 lKYPRBJJa "AMM". 
)/(y1<0B A. B. u iJp. 3JieraHTH8JI MBTeMBTHKll. 38Jla'IH H peweHHll. 

MeiJBeiJeB r. H. 'Y'IBCTHHKllM OJIHMnHB,11, H BCTynHTe.JlbHWX HCnWTBHHil no MBTeMBTHKe. 

Alle1<caniJpoB H. H. CliopHHK reOMeTpH'leCKHX lBJla'I Ha nocypoeHHe (c peweHHllMH), 

llonoB I'. H. CliopHHK acropH'leCKHX 38Jla'I no 3JleMeHTBpHoA MBTeMBTHKe. 

3anomapeBCKCIR JI.. H. TeopH11 aepo11THOCTeA. 3ua11a c peweHHllMH, 

3anomapeBCKCIR JI.. H. CliopHHK 3BAB'I no JIHHeilHoA urelipe. 

MocmeMep <P. Ibn.AecllT 3BHHMBTe.JlbHWX aepo11THOCTHWX 38Jla'I c peweHHllMH. 

AnmoneBU'I A. S. u iJp. 3ua11a H ynpBlKHeHHll no 4'YHKIUIOHBJJi.HoMy aHBJJH3y. 

I'opoiJe14Kuu B. B. u iJp. MeroAW peweHHll 38Jla'I no 4'YHKIUIOHBJJ•HOMY BHBJJH3y. 

/'pu114enKo A. E. u iJp. TeopHll 4'YHKIUIA KOMHJleKcHoro nepeMeHHoro: PeweHHe 38Jla'I, 

I'aMoB I'., Cmepn M. 3BHHMaTe.Jl•Hwe 3BAB'IH. 

HenOM A. M., HenoM H. M. He3JleMeHTBpHwe 38Jla'IH B 3JleMeHTBpHoM H3JIOJKeHHH. 

CynpyH B. n. MaTeMBTHKll AJlll CTapweKJIBCCHHKOB. KH. 1, 2. 
b03b/Jle8 JI.. <P. 0JIHMHHBAHWe 3B,11,B'IH no MBTeMBTHKe. 

Ky11anun E. J/.., <PeiJuH C. H. feoMeTpHll TpeyroJii.HHKll B 3ua11ax. 

3BHUH A. IO. 3ua'IHHK no ,11,HCKpeTHoli MBTeMBTHKe. 

KpaB140B A. B., Mau/COB A. P. TCl>Kil: MeroAW peWeHHll lBJla'I. 

Kucf!JleB A. n. 3B,ll,B'IH H ynpBlKHeHHll K •3JieMeHTaM urelipw•. 

KuceJ1eB A. n. CHcTeMaTH'lecKHli KypC apH41MeTHKH. 
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H&IMQEHAM. 
3Aecb a cnoKoiHol Bw cMODTe 

03H8KOMMTbCR c Hawei npc>Ay1Cl4Mei M npM >KenaHMM 
npMo6pecrM 38MHTepecoaaawMe Bae Ma,qaHMR. 
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