
























































































































































































































































































































































































































































































































































































































































































































































































































8.1. Btternm1H rrpOH3BO,ll;HaH 383 

df(P+thv)[w] = dfp[w] + O(h). 

MHTerpHpoBaHHe 3Toro Bhipa)KeHHH ,n;aeT 

fo1 

df(P+thv)[w] dt = dfp[w] + O(h). 

Ilo,n;cTaBHM 3TO B Harn HHTerpa.rr no KOHTYPY napa.rrnenorpaMMa H 

IIOJiyqRM 

r T = hk(dfp[v] dx[w] - dfp[w] dx[v]) + O(h2 k) + O(hk2
). 

}P(h,k) 

TaKRM o6p83oM, Mhl MO)KeM nonyqnTh Bhlpa)KeHne (8.1), eCJIH nono-

)KHM 

drp[v, w] = dfp[v] dx[w] - dfp[w] dx[v]. 

J13 3TOro Bhlpa)KeHHH BH,II,HO, qTO dT HBJIHeTCH aHTHCHMMeTpHqHoii 

<i>YHKIIHeii CBOHX apryMeHTOB, T.e. dr[w, v] = -dr[v, w]. 
2-<PopMa dT MO)KeT 6bITh 3aIIHCaHa KOpoqe, eCJIH BBeCTH IIOHH­

THe BHeIIIHero IIpOH3Be,n;eHHH ,IJ;BYX 1-<l>opM. Ilo onpe,n;eneHHIO, 3TO 

BHernttee rrpOH3Be,IJ,eHHe paBHO 

(er/\ .\)[v, w] = cr[v].\[w] - cr[w].\[v], 

r,n;e er H ,\ HBJIHIOTCH 1-<PopMaMH, a v H w - BeKTOpaMH. Tor,n;a 

MO)KHO HaIIHCaTh 

drp[v, w] = (dfp /\ dx)[v, w], 

mrn e:m.e Kopoqe 

dT = dj /\ dx. 

lfa orrpe,IJ,eJieHHH BHeIIIHero rrpOH3Be,n;eHHH HCHO, qTo 

A /\CT = -CT /\ A, 

T. e. OHO aHTHCHMMeTpHqHo. B qacTHOCTH, er /\ er = -er /\ er = 0, T. e. 

rrpoH3Be,n;eHHe 1-<PopMhI Ha ce6H paBHO HYJIIO. 

KpoMe Toro, oqeBH,IJ,HO, qTo 

(er+ w) f\ ,\=(er f\ .\) + (w f\ .>.), 
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T. e. BHenrnee npOH3Be.n;emrn .D;HCTpH6yTHBHO TIO OTHOIIIeHH10 K one­

pau;HH CJIO)KeHHa. 

Teneph paccMoTpHM 1-c}lopMy o6~ero BH.n;a: f dx + g dy. Te )Ke 

caMhie coo6pa)KeHHa, npHMeHeHHhie K g dy, .n;a10T 

d(gdy) = dg /\ dy. 

IlocKOJihKY HHTerpan OT w JIHHeeH no w, Mhl noJiy'!aeM 

d(f dx + gdy) = df /\ dx + dg /\ dy. 

'.:ho Bhipa)KeHHe MO)KHO .D;OKa3aTh Henocpe.n;cTBeHHO, HCXO.D;5.! H3 onpe­

.n;enemrn d. Teneph Bhlpa3HM df H dg 'Iepe3 dx H dy: 

IlocKOJihKY dx /\ dx = 0 H dy /\ dy = 0, Mhl HMeeM 

af ag 
dT = ay dy /\ dx + ax dx /\ dy. 

H HaKoHeu;, noCKOJihKY dy /\ dx = -dx /\ dy, noJiy'!aeM 

(
ag af) dr = - - - dx /\ dy. 
ax ay 

B Ka'leCTBe npHMepa B03hMeM 1-c}lopMy 

Tor.n;a 

T = x 2y2 dx + x 3ydy. 

dr = d(x2y2
) /\ dx + d(x3y) /\ dy 

= (2xy2 dx + 2x2ydy) /\ dx + (3x2ydx + x3 dy) /\ dy 

= 2x2 y dy /\ dx + 3x2 y dx /\ dy = x 2 y dx /\ dy. 

B '!aCTHOM cJiy'lae, Kor.n;a 1-c}lopMa T TO'!Ha.5.1, T. e. T = d</>, MhI 

noJiy'!aeM, 'ITO dT = 0. '.:ho BH.D;HO H3 onpe.n;eJieHH51 dr: noCKOJlhKY 

dr[v, w] 51BJI51eTC5.! HaHJIY'IIIIHM mrneHHhIM npH6JIH)KeHHeM K HHTe­

rpany no KOHTYPY napanJieJiorpaMMa J T, H nocKOJihKY HHTerpan 
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OT noJIHoro ,.a;ttcpcpepem1;1rnJia no 3aMKHYTOMy KOHTYPY paBeH HY­

mo, TO d(d<P) = 0. 9TOT pe3yJihTaT MOlKHO ycTaHOBHTh H npHMhIM 

Bhl'IHCJieHHeM: 

IlOTOMY qTo CMernaHHhie qacTHhie rrpOH3BO,ll;Hbie BTOporo rropH,r:t;Ka 

paBHhl. 3aMeTHM, qTo IIOIIYTHO Mhl IIOJiyqHJIH KOpOTKHH BapHaHT 

orrpe,.a;eJieHHH 3aMKHYTOH cpopMbl: cpopMa T HBJIHeTCH 3aMKHYTOH TOr­

,.a;a H TOJibKO Tor,.a;a, KOr,.a;a 

dT =0. 

lfraK, Mhl IIOKa3aJIH, qTo eCJIH f ,.a;ttcpcpepemwpyeMa H x - KO­

op,r:t;HHaTHaH cPYHKIJ;HH, TO d(f dx) = df /\ dx. 1IcrroJih3yeM 3TOT pe-

3YJibTaT )J;JIH )J;OKa3aTeJibCTBa 6oJiee o6IIJ;eii: cPOPMYJihl 

d(jT) = dj /\ T + f dT, 

r,.a;e f - ,.a;ncpcpepeHIJ;HpyeMaH cPYHKIJ;HH, a T - ,.a;ncpcpepeHIJ;HpyeMa.H 

1-<l>opMa. 3arrHcaB T = g dx + h dy, MhI rroJiyqnM f T = (f g) dx + 
(f h) dy H, CJie,IJ;oBaTeJibHO, 

d(fr) = d(f g) /\ dx + d(fh) /\ dy. 

Il03TOMy 

d(f T) = g df /\ dx + f dg /\ dx + h df /\ dy + f dh /\ dy 

H Mhl BH,ll;HM, qTo 

d(fr) = df /\ (gdx + hdy) + J(dg /\ dx + dh /\ dy), 

T.e. 

I d(fr) = df /\ T + f dr. I 
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8.2. 2-cf>opMbl 

IloCKOJihKY o6m;idi BH,Il; l-¢opMhl Ha IIJIOCKOCTH - 3TO Bhipa)KeHHe 

f dx + g dy' TO caMhIH o6m;HH BH,Il; IIpOH3Be,n;eHHR ,IJ;BYX 1-¢opM 6y,n;eT 

HeKOTopo:H cPYHKD;Heii F(x, y), yMHO)KeHHOH Ha dx /\ dy. Ha3oBeM 

TaKoe Bhlpa)KeHHe 2-rfiop.MOU H 6y,n;eM IIHCaTh 

u = F(P) dx /\ dy = F(x, y) dx /\ dy. 

3HaqeHHe 2-¢opMhI B ToqKe P, T. e. F(P) dx /\ dy, MhI 6y,n;eM 

paCCMaTpHBaTh KaK rrpaBHJIO, KOTOpoe K~OH nape BeKTOpOB rrpH­

IIHChIBaeT OIIpe,n;eJieHHoe qJICJIO. 

qT06hI JIY"IIIIe IIOHRTh CMhICJI «IIOCTORHHOH» 2-¢opMhl dx (\ dy, 
Bhl"IHCJIHM ee CHa"IaJia AJIR rrapbl e,n;HHH"IHhlX BeKTOpOB (ex' ey). Ilo 

orrpe,n;eJieHHIO 

dx /\ dy[ex, ey] = dx[ex] dy[ey] - dx[ey] dy[ex] = 1 · 1 - 0 · 0 = 1. 

BoJiee o6m;aR <l>opMyJia: 

dx /\ dy[hex, key] = hk. 

O"IeBH,IJ;Ho, qTo 3TO - rrJiom;a,n;h ( c HeKoTophIM 3HaKoM) IIpRMoyroJih­

HHKa, IIOCTpOeHHOrO Ha BeKTopax hex H key, eCJIH IIJIOIIJ;a,IJ;h rrpR­

MoyroJihHHKa, IIOCTpOeHHOro Ha BeKTOpax ex Hey, rrpHHHMaeTCR 3a 

e,n;HHHD;Y (pHC. 8.4). 

' ' 

hex 

PHC. 8.4 

Mhr MO)KeM BhlqHCJIHTh dx /\ dy ,IJ;JIR mo6oii yrropR,n;oqeHHo:H rraphI 

BeKTopoB (v, w). 3arrHIIIeM v = aex + cey, w = bex + dey. EcJIH 

BBeCTH MaTpHey A 



TO 

8.2. 2-<PopMbl 

dx /\ dy[v, w] = dx[v] dy[w] - dx[w] dy[v] 
= ad - be = Det A. 

387 

B o6m;eM cnyqae 2-<l;>opMa a srnm1eTCH <l;>yHKIJ;lleii Tpex rrepeMeH­

Hhrx: P, v ll w. ,Ll.JIH <l;>llKCllposaHHOH ToqKll P OHa 6HJillHeiiHa ll aH­

TllCllMMeTpllqHa OTHOCllTeJihHO BeKTopoB v ll w. Ecnll <J' = F dx /\ dy, 
TO 

<J'(P)(v, w) = F(P) Det A, 

r.n;e v, w ll A orrpe.n;eneHhI BhIIIIe. llTaK, Ka)K,ll,oMy rrapannenorpaMMY 

c BepIIIllHOH B TOqKe p 2-<l;>opMa <J'(P) rrpllIIllCbIBaeT rrnom;a,n;h c 

orrpe,n;eJieHHhIM 3HaKOM - OplleHTllpOBaHHYIO IIJIOill;a,IJ;b . 

•• 

ex ex 
dx Ady [ex, ey] = +1 dx.Ady[ey,ex] = -1 

PHc. 8.5 

QqeHb B8,)KH0 IIOMHllTh, qTO BeJillqllHa dx /\ dy ,Il;JIH ,n;aHHOro rra­

pannenorpaMMa 3aBllCHT OT ero opHeHTaIJ;Hll, KOTOpaH orrpe.n;enHeTcH 

rropH,lJ;KOM BeKTOpOB, 3a,IJ;aIOm;Hx ero. ,I.I.mi: opHeHTHpOBaHHOI'O rrpH­

MoyroJihHHKa, COOTBeTCTByIOm;ero BeKTOpaM [ex, ey], dx /\ dy = 1, a 

dy /\ dx = -1. ,Ll.JIH Toro JKe rrpHMoyroJihHHKa, HO c IIpOTHBOIIOJIOiK­

HOH OplleHTau;Heii, COOTBeTCTByIOm;eit rropa,n;Ky [ey, ex]' dx /\ dy = -1 
H dy /\ dx = +1 (cM. pHc. 8.5). B o6m;eM cnyqae, qro6hr rronyqHTb 

2-<l;>opMy T )J;JIH rrapannenorpaMMa, IIOCTpoeHHOI'O Ha BeKTOpax v H 

w' Ha,IJ;O 3a,ri;aTb ero op:HeHTaIJ;HIO, T. e. BbI6paTb, KaKOH BeKTOp 6y,ri;eT 

«IIepBbIM», a IIOCJie 3TOro BhlqHCJIHTb JIH6o T[v, w], JIH60 T[w, v]. 
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8.3. HHTerpupoeaHHe 2-cf>opM 

llTaK, 2-cpopMa r IIpHIUICbIBaeT qlfCJIO KruK,ll;OMY MaJIOMY OpHeH­

THpOBaHHOMY rrapaJIJieJiorpaMMY (nape BeKTOpoB), TOqHo TaK )Ke, 

KaK 1-cpopMa rrpHIIHChIBaeT qlfCJIO KruK,ll;OMY MaJIOMY HarrpaBJieH­

HOMY 0Tpe3KY JIHHHH ( BeKTOPY). Ilo3TOMY Mhl MO)KeM HHTerpHpO­

BaTb 2-cpopMhI rro o6JiacTH R rro.n;o6Ho TOMy, KaK MhI HHTerpHpOBaJIH 

1-cpopMbl ITO rryT.HM. 

y 

x 

Pttc. 8.6 

IlpHCTYIIHM K rrocTpoeHHIO TaKoro HHTerpana. Bo3bMeM rrp.HMO­

yroJihHHK R, optteHTHpoBaHHhlit TaK, KaK IIOKa3aHo Ha pttc. 8.6, pa3-

6ttBaeM ero Ha NxNy MaJieHhKHX rrp.HMoyroJihHHKOB H cocTaBJI.HeM 

pHMaHOBhI cyMMbl 

EcJIH 

TO 

r.n;e 

a= F(x, y) dx /\ dy, 

i 
Xi=a+-(b-a), 

Nx 

j 
Yi=c+-(d-c). 

Ny 
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Terrepb orrpe,n;eJIHM HHTerpaJI OT 2-<f>opMbI r no opHeHTHpoBaHHOii 

o6JiacTH R comactto <f>opMyJie 

lim SNxNy, 
Nx->oo 
Ny->oo 

rrpM ycJIOBHM, qTo rrpe,n;eJI He 3aBMCMT OT xapaKTepa H3MeJibqeHMH 

pa36MeHMH2 . 

,Il;BoiiHoii MHTerpaJI OT F(x, y) dx /\ dy rro o6JiacTM R MO.>KHO BbI­

qMCJIHTb KaK «IIOBTOpHbIH» HHTerpaJI. qT06bI BblqHCJIHTb Bblpa.>Ke­

HHe 

I= 

CHaqaJia rrpocyMMMpyeM no j ,II;JIH Ka.>K,n;oro <f>HKCMpOBaHHOro 3Haqe­

HHH i M rrpe.>K,n;e, qeM cyMMMpoBaTh rro i, ycTpeMMM Ny -t oo. Ilo 

orrpe,n;eJieHHIO o6brqHoro pMMaHOBa HHTerpana OT <f>yHKll;HH O,II;HOM 

rrepeMeHHOM 

CJie,n;oBaTeJibHO, 

b Nx-1

1
d 

I= lim N- a L F(xi, y) dy. 
Nx->oo x . c 

i=O 

PaccMaTpMBaH rrpe,n;eJI 3Toii pMMaHoBoii cyMMbI KaK HHTerpM, 

Mbl MO.>KeM HaIIHCaTb 

2 AaTOphI He ocTaHaamrnaIOTCH Ha aonpoce o TOM, ,ri;JIH KaKHX cJ:>yHKIJ;Hii: F(x, y) 
Han11caHHh1ii: npe,ri;eJI cyiu;ecTayeT. Ha caMOM ,ri;eJie )J;JISI -aToro ,ri;ocTaTo•rno, 'lTOOhI 

F ( x, y) 6blJia HenpephlBHOii: Ha npsiMoyroJihHHKe R. To *e caMoe OTHOCHTCSI K 

paccMaTpHBaeMOMY HH)l(e aonpocy 0 CBe)J;eHHH )J;BOii:Horo HHTerpaJia K IlOBTOpHO­

My. - IlpUM. pea. 
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T. e. Harn ,n;Boil:Ho:H HHTerpa.TI I MhI Bhip83HM qepe3 «noBTOpHhIH» 

HHTerpa.TI, KOTOpbIH MO:>KHO Bbl"IHCJI.HTb MeTo,n;aMH HHTerpa.TibHoro 

HC"IHCJieHH.H cPYHKil;HH o,n;Holi nepeMeHHOH. To"!HO TaK :>Ke MhI MO:>KeM 

cHaqaJia npocyMMHpoBaTh no i, a noToM no j. B pe3yJihTaTe noJiy"IHM 

I= 1d (lb F(x, y) dx) dy. 

IlpH Bhl"IHCJJeHHll HHTerpa.Tia OT 2-<PopMbl T ITO opHeHTHpOBaHHOft 

o6JiaCTH R MhI ,n;oJJ:>KHhI ,n;yMaTb o6 opneHTa:u;HH rrp.sMoyroJJhHHKa. 

EcJIH R opneHTHpoBaH TaK, "ITO x 6y,n;eT «nepBoli» Koop,n;nHaTo:H, a y 
- «BTOpOH», KaK 3TO IIOK83aHO Ha pnc. 8.7(a), Mbl )l;OJI:>KHbl IIHCaTh 

r = F(x, y) dx /\ dy H BhI"IHCJJ.HTh rroBTOpHhift HHTerpa.TI 

lb (1d F(x, y) dy) dx HJIH 1d (lb F(x, y) dx) dy. 

y (a) y (b) 
d 

[]] 
d 

I fR\ I 
c c 

a b x a b x 

x x 
b m b 

~ a a 

c d y c d y 

PHc. 8.7. (a) Koop,n;1rnaTa x - rrepBa.H. (b) Koop,n;nHaTa y - rrepBa.H. 

EcJJH R opneHTHpoBaH TaK, "ITO rrepBoil: Koop,n;nHaTo:H 6y,n;eT y, 
KaK 3TO IIOK83aHO Ha pHC. 8.7(b), Mbl MO:>KeM HaIIHCaTb 

r=G(y,x)dy/\dx (r,n;e G(y,x)=-F(x,y)) 

H Bhl"IHCJI.HTb IIOBTOpHbIH HHTerpa.TI 

lb (1d G(y, x) dy) dx HJJH 1d (lb G(y, x) dx) dy. 
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l13MeHeHHe op11eHTau;1111 rrp.HMoyroJibHHKa R rrpHBO.IJ;HT K H3MeHeHHIO 

atta-x:a HHTerpa.rra. 

B CJiyqae KpHBOJIHHeiiHhlX HHTerpa.rros ITOH.HTHe op11eHTau;1111 ( H 

rroqeMy H3MeH.HeTC.H 3HaK rrpH H3MeHeHHH op11eHTau;1111) HHTYHTHB­

HO .HCHO. (HarrpHMep, .n;m1 CJiyqa51 CHJIOBOrO ITOJI.H KpHBOJIHH€HHbIH 

IrnTerpa.rr ,n;aeT pa6oTy, BbIITOJIHHeMyIO rrpH .IJ;BH)KeHMM B,ll;OJlb rry.TM. 

ITp116op perucTp11pyeT pa3HOCTb aHepruii Es - EA. ITp11 H3MeHeHMH 

HarrpaBJieHM.H ,ll;BH2Kemrn rrp116op 6y,ri;eT ITOKa3bIBaTb H3M€H€HMe 3Hep­

rMH EA - EB.) Ba2KHO HMeTh atta.rror11qttb1ii HHTYHTHBHhiii rrpMMep 

.IJ;JI.H ttamnx ,n;ByMepHbIX HHTerpanos. BoT TaKoii rrpuMep. OpneHTa­

IJ;M.H ITJIOCKOCTH H3M€H.HeTC.H B 3aBHCHMOCTM OT Toro, CMOTpMM MbI Ha 

Hee csepxy MJIH CHH3y. ITpe.n;rroJI02KMM, qTo B TpexMepHOM rrpocTpaH­

CTBe ecTh ITJIOCKOCTb xy rrpn z = 0. Mb1 cMoTpHM Ha 3TY IIJIOCKOCTb 

csepxy H BH.IJ;MM Bpaiu;emre ITO qacOBOH CTpeJIKe. Ho ecJIH CMOTp€Tb Ha 

3TY 2Ke ITJIOCKOCTb CHH3y, TO TO 2Ke caMoe Bpaiu;eHHe Mbl 6y,n;eM BH.IJ;€Tb 

KaK spaiu;eHHe rrpoTHB qacoBoii CTpeJIKH (pnc. 8.8). Mo2KHO CKa3aTb, 

qTo BbI6op opneHTau;1111 ITJIOCKOCTH B TpexMepHOM rrpocTpaHCTBe Tec­

HO CBH3aH c BbI6opoM «CTOpOHbI» 3TOti IIJIOCKOCTH. ,Ll;orrycTHM, qTo 

qepe3 rroBepxHOCTb TeqeT KaKoe-To seiu;ecTBo. HarrpHMep, rrosepx­

HOCTb - 3TO KJieTOqHa.H MeM6paHa, H HaM HHTepeCHO 3HaTb, KaKoe 

KOJIHqecTBO HOHOB rrpoXO.IJ;HT qepe3 Hee. 

Pnc. 8.8 

KotteqHo, HCIIOJib3YH CJIOBO «qepe3», MbI .n;oJI2KHhl c,n;eJiaTh BbI-

6op: rrepexo.n; B KaKOM HarrpaBJI€HHH Mhl cqHTaeM co 3HaKOM «+», a 

B KaKOM - co 3HaKoM «-». I1TaK, .IJ;JIH H3MepeHHH IIOJIHOro IIOTOKa 

qepe3 IIOBepxHOCTb Mbl .IJ;OJI2KHbl 3a,zi;aTb ee OpHeHTaIJ;HIO. l13M€HeHHe 

opHeHTaIJ;HH rrpHBO)l;HT K H3M€H€HHIO 3HaKa IIOTOKa H, COOTB€TCTBeH­

HO, 3HaKa Ramero HHTerpa.rra. 

A6coJIIOTHb1e ,ll;BOHHhie HHTerpaJibI. qacTo Heo6xo,ri;HMO Bhlqnc­

JIHTh a6co.11:10mtt'btU .IJ;BOiiHoii HHTerpan, KOTOpbiii BhlqHCJI.HeTCH no 
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o6JiacTH, He HMe10m;eH: opHeHTaIJ;HH3 . EcJIH, HarrpHMep, <7 o6o3HaqaeT 

IIJIOTHOCTb IIJIOCKOti IIJiaCTHHhI (Macey Ha e,a;HHHIJ;Y IIJIOIIJ;a,LJ;H), HMe­

IOm;eH: <PopMy rrpHMoyroJihHHKa R, TO Macca BceH: rrJiaCTHHhI orrpe,a;e­

JrneTcH ,ll;BOHHhIM HHTerpaJIOM 

M= L<:rdA. 

QqeBH,LJ;Ho, qTo M ,ll,OmKHa 6hITh rroJIO)KHTeJihHhIM qHcJioM, H opn­

eHTaIJ;HH rrpHMoyroJihHHKa R He HMeeT 3HaqeHHH (pHc. 8.9). B 3TOM 

HHTerpane dA MO)KHO cqHTaTh cPYHKIJ;HeH:, KOTOpaH JII060MY MaJIO­

MY rrapaJIJieJiorpaMMY rrpHIIHChIBaeT ero o6b1qHyIO reoMeTpHqecKyIO 

IIJIOIIJ;a,LJ;b, T. e. a6COJIIOTHOe 3HaqeHHe ero OpHeHTHpOBaHHOH IIJiom;a­

,LJ;H. B KaqecTBe KOop,a;HHaT BhI6epeM x H y. Tor,a;a dA = dx dy HJIH 

dA = dy dx, rropH,LJ;OK KOOp,LJ;HHaT He Ba)KeH. 

y 

d 

D c 

a b x 

PHc. 8.9 

A6coJIIOTHhiit HHTerpan JR F ( x, y) dx dy BhiqHCJIHeTCH KaK rro­

BTOpHhiti HHTerprur 

HJIH KaK ld (lb F(x,y)dx) dy. 

Ba)KHO oTMeTHTh, qTo cym;ecTBYIOT ,a;Ba pa3HhIX THrra reoMeTpH­

qecKHX o6'beKTOB: Bbipa)KeHHH THIIa <7 dA, KOTOpbie MO)KHO Ha3hIBaTh 

3B pyccKOH3bl'IHOil JIHTepaType TaKHe HHTerpaJibl Ha3bIBaIOT HHTerpaJiaMH 

nep6ow poiJa. HttrerpaJibl, paccMaTpHBaBIDHecH Bhlme, a pyccKOH3hl'IHOit JIHTe­

paType Ha3brnaroT HHTerpaJiaMH 6mopo20 poaa. - IlpUM. pea. 
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n.11,omttocmR.Mu, rrpM 3TOM MHTerpMpoBaHMe no 06nacn1 R He 3aBMCMT 

OT ee opMeHTan;1rn; M 2-Q:>opMbI T = F dx f\ dy, MHTerpan OT KOTOpbIX 

3aBHCHT OT OpMeHTaIJ;HH. y HHX COBepmeHHO pa3JIHqHbIH ci>M3HqecKMH 

CMbICJI. Ilo3,n;Hee Mbl YBH,ll;HM, qTo OHM I10-pa3HOMY Be.n;yT cefor IlpH 

3aMeHe rrepeMeHHhIX MJIM rrepettoce. 

,ll;BOHHbie HHTerpaJibl no rrpOH3BOJibHOH o6JiaCTH KaK IIO­

BTOpHble HHTerpaJibl. ,Ll,BOHHbie HHTerpaJibl MO)KHO BblqHCJIHTb 

KaK IIOBTOpHble ,ll;JIH mo6oH: o6JiaCTH, orpaHMqeHHOH rrpHMbIMH x = 
const M rpa<i>nKaMn ci>YHKu;nH:, KOTOphie He rrepeceKaIOTCH. Harrpn­

Mep, Ha pnc. 8.10 n3o6pa:>K:eHa o6nacTh, orpaHHqeHHaH cnesa rrpH­

MOH x =a, crrpaBa rrpHMOH x = b, CBepxy JlHHHeH y = </>(x) H CHM3Y 

JIHHHeH y = 1/J(x). 

y 

a x 

PMC. 8.10 

B 3TOM cnyqae crrpase,n;JIMBa cl>opMyna4 : 

{ F(x,y)dxdy =lb ( {<J>(x) F(x,y)) dydx. 
Jn a }1/J(x) 

B KaqecTBe rrpMMepa BhiqHCJIMM MHTerpan I = JR 2xy dx dy no qeT­

sepTM Kpyra, orpaHMqeHHOH rrpHMhIMH x = 0, x = a, y = 0 H .n;yroii 

4
0TCyTCTByJOm;ee y aBTOPOB onpe):\CJieHHe JieBoii 'lacTH 3TOii Q:>opMyJibl MmK­

HO .n;aTb TaK: ,z:\OIIOJIHHM o6JiacTh R AO KOOp,L\HHaTHoro npHMoyroJihHHKa R H 

,L\OOIIpe,L\CJIHM <l>YHKD;HJO F ( x, y) HyJieM BHe R, noJiy'lHM <l>YHKD;HJO F Ha k Tor­

Aa MO:lKHO cBecTH ,[\eJio K npe.n;hl.n;ym;eMy noHHTHIO, onpe,L\eJIHB JR F dx dy KaK 

f.R F dx dy. ,Il;JIH cJie.n;yrom;ero HH:lKe paaeHCTBa ,L\OCTaTO'lHbl HenpepbIBHOCTb 11: 

orpaHH'leHHOCTb Ha R <l>YHKD;HH F H HenpepbIBHOCTb 'ljJ(x) 11: <f>(x). - IlpUM. pea. 
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y y 

a 
d 

x = {3(y) 

c 

a x x 

PHc. 8.11 Pwc. 8.12 

y = Ja2 - x2 (pHC. 8.11). I1HTerpHpyH CHaqaJia ITO y, a ITOTOM ITO x, 
ITOJiyqaeM 

I= [ (f'C•'-•') 2xydy) dx 

= r[xy2Ji(a2-x2) dx = r x(a2 - x2) dx = !a3. 
lo lo 4 

I1Hor,n;a ,Il;BOHHOH HHTerpaJI Jierqe BhlqHCJIHTh, eCJIH H3M€HHTh ITO­

PH,Il;OK HHTerpHpOBaHHH H CHa'IaJia BhIIIOJIHHTb HHTerpHpOBaHHe ITO 

x. HarrpHMep, HHTerpaJI I= fs F(x, y) dx dy no o6JiaCTH S, H3o6pa­

:>KeHHOH Ha pHC. 8.12 (KOTOpbIH COBC€M He rrpOCTO ITOJIY'IHTh, eCJIH 

CHaqaJia rrpoHHTerpHpOBaTb ITO y)' MO:>KeT 6hITb BblqHcJieH TaK:. 

I= id (1/3(y) F(x, y) dx) dy. 
c a(y) 

,ll;a:>Ke ,Il;JIH o6JiacTeil:, He HMeIOl1IHX <PopMy ITpHMoyrOJihHHKa, 

,Il;BOHHOH HHTerpaJI qacTO MO:>KHO Bbl'IHCJIHTh KaK ITOBTOPHhIH HH­

Terpa.JI ITPH o6oHx rropH,n;Kax HHTerpHpoBaHHH. IIpe,n;rroJIO:>KHM, Ha­

rrpHMep, qTo HaM tta,n;o BhrqHcJIHTh I = JR y dx dy ITO o6JiacTH R, 
3aKJIIO'I€HHOH Me)K,Il;y rrapa60JIOH y = x 2 

H ITPHMOH y = x (pHC. 8.13). 

CHaqaJia rrpoHHTerpHpyeM ITO y, a rroToM no x: 

I= fo
1 

(1~ ydy) dx = fo
1 

rny2
[

2 
dx = ~ fo

1 

(x
2 

- x
4

) dx = 1
1

5 . 



y 

1 

Pnc. 8.13 
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y 

1---------

1 x 1 x 

Pnc. 8.14 

chy )Ke 06JiaCTb MO)KHO 3aKJIIO'IllTb Me)K.z:ry ITp51MOH X = y ll ITapa-

60JIOH x = Vfj, TOr)l.a cnaqaJia llHTerpnpyeM ITO x, 3aTeM ITO y: 

I=!.' (1.,/ii dx) ydy = f.\.Jii-y)ydy = f.\y312 -y2 )dy = 1~. 
llnor)l.a, 'IT06b1 ll3MeHllTb ITOp51)l.OK nnTerpnpoBaHll£, llMeeT 

CMbICJI paccMaTpllBaTb ITOBTOpHbIH llHTerpaJI KaK )l.Bofinofi. HaITpll-

Mep, llHTerpaJI 

)l.OBOJlbHO CJIO)KHO Bbl'IllCJI51Tb B TaKOM Bll)l.e. 0)1.HaKo, ero MO)KHO 

3aITllCaTb KaK )l.BOHHOH HHTerpaJI 

I= L e-Y
2 

dxdy, 

r)l.e o6JiaCTb R 3aKJIIO'IeHa Me~ ITPHMbIMll x = 0, y = 1 n y = x 
(pnc. 8.14). 

B 3TOM )l.BOHHOM llHTerpaJie ITPOilie cnaqaJia ITpOllHTerpnpoBaTb 

ITO X, a ITOTOM ITO y: 

Tor)l.a 
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3aMeTHM, 'ITO B 3TOM npHMepe HCXO,ll,Hhlfi HHTerpaJI MO>KHO Bbl­
- 2 

'IHCJIHTh no-,ll,pyroMy. BBe,ll,eM nepB006pa3Hy10 cPYHKIJ;HH e Y 

f Y 2 
G(y) =Jo e-t dt, 

TaK 'ITO 

I= fo1 

dx 11 

e-Y
2 

dy = fo1 

(G(l) - G(x)) dx. 

I= [(G(l) - G(x))x]fj - fo1 

x(-G'(x)) dx. 

IlepBhrfi qJieH B npaBofi qacTH paBeHCTBa o6paiu;aeTcH B HYJih Ha 
2 

o6oHx npe,ll,eJiax. TiocKOJihKY G'(x) = e-x , MhI noJiyqaeM 

'ITO COBna,ll,aeT c pe3yJihTaTOM, noJiy'IeHHblM paHee. 

Mttor,ll,a ,ll,JIH BhI'IHCJieHHH HHTerpaJia no x H y tteo6xo,ll,HMO pa3-

,ll,eJIHTh o6JiaCTh HHTerpHpOBaHHH Ha 'IaCTH. 

y 

x 

PHc. 8.15 
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HarrpHMep, 'IT06b1 BhI'IHCJIHTh J F(x, y) dx dy no ceKTopy R, 
H306pa)KeHHOMY Ha pHc. 8.15, pa3,II,eJIHM ero Ha o6JiaCTH Ri H R2· 
Tor,II,a MO)KHO HarrHcaTb 

f F(x, y) dx dy = f F(x, y) dx dy + f F(x, y) dx dy 
h ~ ~ 

H Ka)K,11,hIH HHTerpaJI cBeCTH K rroBTOpHoMy. Cyiu;ecTByeT 6oJiee ecTe­

CTBeHHhIH crroco6 Bbl'IHCJieHH.H 3Toro HHTerpaJia - BBeCTH ITOJI.HpHbie 

Koop,II,HHaTbI. Ba)KHyro rrpo6JieMy 3aMeHbI rrepeMeHHhIX MhI o6cy,II,HM 

B pa3,II,eJie 8.5. 

8.4. OpHeHTau;1u1 

Mb1 y)Ke 3HaeM, 'ITO 3HaK KpHBOJIHHeiiHoro HHTerpaJia 3aBHCHT OT 

opHeHTaD;HH rryTH, a 3HaK HHTerpaJia OT 2-<l>opMbl 3aBHCHT OT OpH­

eHTaII;HH IIJIOCKOCTH. Ha,a;eeMc.H, 'ITO y 'IHTaTeJrn 110.HBHJIOCh HHTYH­

THBHOe oiu;yiu;eHHe Toro, 'ITO 03Ha'!aeT opHeHTaD;H.H. B TO )Ke Bpe­

M.H Mbl IlOHHMaeM, 'ITO Heo6xo,II,HMO ,II,aTb TO'IHOe MaTeMaTH'IeCKOe 

orrpe,II,eJieHHe, 'ITO H 6y,II,eT C,II,eJiaHO B 3TOM pa3,II,eJie. Ilpe)K,II,e 'IeM 

yrJiy6HTbC.H B a6cTpaKTHbie MaTeMaTH'IeCKHe orrpe,II,eJieHH.H, ,II,aBaiiTe 

paccMOTpHM rrpHMep. lifHTYHTHBHO .HCHO, 'ITO Ha ITJIOCKOCTH HMeIOTC.H 

,II,Be B03MO)KHbie opHeHTaD;HH (pHC. 8.16). 

y y 

x x 

PHc. 8.16 

Mb1 He MO)KeM ,II,aTh BHyTpeHHHe xapaKTepHCTHKH 3THX opHeH­

Tau;Hii, HO TO'IHO 3HaeM, 'ITO OHM paatt'bte H 'ITO HX TOJihKO ,II,Be. To 

)Ke caMoe MO)KHO CKa3aTb 0 rrp.HMOfi (pHC. 8.17) HJIH 0 TpexMepHOM 

rrpocTpaHCTBe, r,II,e cyiu;ecTBYIOT rrpaBa.H H JieBa.H CHCTeMbl KOOp,11,HHaT 

(pHC. 8.18). 
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PHC. 8.17 

z z 

y x 

x y 

PHC. 8.18 

CHa"tJ:aJia paccMoTpHM IIJIOCKOCTh, r,n;e HaM H3BeCTHO (pa3,n;eJI 1.9), 
"tJ:TO HeBhipO)K,l1;€HHaH MaTpHu;a A coxpaHHeT opHeHTau;mo HJIH H3Me­

HHeT ee Ha rrpoTHBOIIOJIO)KHYIO B 3aBHCHMOCTH OT 3HaKa Det A. 9To 

,n;aeT HaM KJIIO"tJ: ,D;JIH o6:rn;ero orrpe,n;eJieHHH
5

. 

IlycTb v - a6cTpaKTHOe ,D;ByMepHoe B€KTOpHoe rrpocTpaHCTBO. 

KaK MhI y)Ke BH,n;eJIH B KOHD;e rJiaBhI 1, 3a,n;aHHe 6a3Hca B rrpocTpaH­

CTBe V paBHOCHJihHO 3a,n;aHH10 H30Mop<l;>H3Ma L: V ~ JR2
. EcJIH L H 

L' - ,n;Ba TaKHX 6a3Hca, TO 

L' =BL, 

r,n;e B - HeBb1po)K,Ll;eHHM MaTpHu;a 2 x 2 (pHc. 8.19). 

PHc. 8.19 

Ha30BeM 6a3HChl L H L' noao6tt'bt.MU, eCJIH Det B > 0, H npomUBO­

noJtO:>IC'H'bt.MU, ecJIH Det B < 0. YTBep)K,n;aeTcH, "tJ:TO MHO)KeCTBO Bcex 

6a3HCOB B rrpOCTpaHCTBe v pacrra,n;aeTCH Ha ,D;Ba IIO,Ll;MHO)K€CTBa, KO­

TOpbie o6o3Ha"tJ:HM Fi H F2. Bee 6a3HChI rro,n;MHO)KeCTBa Fi B3aHMHO 

5Ilo3~Hee MhI yBH)J,HM, 'ITO 3TO orrpe~eJieHHe pa6oTaeT B n-MepHoM BeKTOpHOM 

rrpocTpaHCTBe rrpH JIIOOOM n. 
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rro.n;o6HbI, TaK 2Ke, KaK H Bee 683HChI rro,n;MH02KecTBa F2. Ka)K,Il;bIH 6a-

3HC H3 Fi rrpoTHBOIIOJI02KeH Ka)K,Il;OMY 683HCY H3 F2· ,Il;elicTBHTeJihHO, 

Bb16epeM 683Hc Li. IlycTb rro,n;MH02KeCTBO Fi co.n;ep2KHT 683HChI BH,IJ;a 

DetB > 0, 

a rro,n;MH02KeCTBO F2 - 683HChI BH,n;a 

DetB < 0. 

Jlro6oli 683HC rrpHHa,n;Jie2KHT o,n;HoMy H3 3THX rro,n;MH02KeCTB. EcJIH 

,n;Ba 683Hca L H L' rrpHHa,n;Jie2KaT Fi, TO 

L = BLi, L' = B'Li, DetB > 0, DetB' > 0, 

CJie,n;oBaTeJibHO, 

DetB'B-i = DetB'(DetB)-i > 0, 

a 3TO 3HaqHT, qTo L H L' rro,n;o6HhI. EcJIH B 3THX Bbipa2KeHHHX 

Det B < 0 H Det B' < 0, TO 683HChI L H L' rro.n;o6HbI. B cJiyqae, Kor.n;a 

O,Il;HH orrpe,n;eJIHTeJih rroJI02KHTeJieH, a .n;pyroli OTpHu;aTeJieH, 683HChI L 
H L' rrpoTHBOIIOJI02KHhI. lhaK, ecJIH F o6o3HaqaeT MH02KeCTBO Bcex 
683HCOB B rrpOCTpaHCTBe v' TO Mbl HMeeM 

Bh16op opHeHTaIJ;HH B rrpocTpaHCTBe V 03HaqaeT Bh16op o,n;Horo 

H3 3THX IIO,IJ;MH02KeCTB. ,Il;pyrHMH CJIOBaMH, IIO orrpe,n;eJieHHIO OpHeH­

TaIJ;HH B rrpOCTpaHCTBe v - 3TO TaKOe IIO,Il;MH02KeCTBO 683HCOB v' 
qTO JII06hie ,IJ;Ba 683HCa H3 IIO,Il;MH02KeCTBa rro.n;o6HbI, H JII06oli 683HC, 

IIO,Il;OOHbIH 683HCY H3 IIO,IJ;MH02KeCTBa, T02Ke rrpHHa,n;Jie2KHT 3TOMY rro.n;­

MH02KeCTBy. 0TMeTHM, qTo Bb16op 683Hca LB rrpocTpaHCTBe V onpe­
Oe.11.R,em opHeHTaIJ;HIO rrpocTpaHCTBa, T. e. MH02KeCTBO Bcex 683HCOB, 

rro.n;o6HbIX L. lhaK, rrycTh MhI BbI6panH opHeHTau;HIO rrpocTpaHCTBa 

V. Tor.n;a 683HC L' Ha3hIBaeTcH xopowu.M HJIH noAo::HCumeA'b'H'bt.M, ec­

JIH OH rrpHHa,IJ;Jie2KHT BbI6paHHOMY IIO,Il;MH02KeCTBY 683HCOB, H n.!WXU.M 
HJIH ompuu,ameA'b'H'bt.M, ecJIH HeT. TaKHM o6pa30M, pa3 MhI BhI6panH 

opHeHTaIJ;HIO, TO JII06oli 683HC CTaHOBHTCH JIH6o xopOIIIHM, JIH6o IIJIO­

XHM. (KoHeqHo, ,n;pyroli BbI6op OpHeHTaIJ;HH H3MeHHeT 3TY KJiaCCH­

cPHKaIJ;HIO Ha rrpOTHBOIIOJIO)KHyIO.) 
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A w v 
A w 

Ll !M 
v 

lM 
JR.2 JR.2 

JR.2 c 

P:uc. 8.20 Pwc. 8.21 

IlycTh W - ~yroe BeKTOpHoe rrpocTpaHCTBO H rrycTb A: V -t 

w - mmeiiHhIH H30MOp¢H3M, T. e. cyrn;eCTByeT o6paTHoe JIHHeiiHoe 
oTo6proKeHHe A-1 : W -t V (cM. pwc. 8.20). Ilpe.n;rroJIO)KHM, qTo MhI 

Bb16panw opweHTau;mo Ov B rrpocTpaHCTBe V H opweHTau;mo Ow B 
rrpocTpaHCTBe W. IlycTh M E Ow - xopomwii 6a3HC B rrpocTpaHCT­
Be W. Tor.n;a M : W -t JR2, cne.n;oBaTeJihHO, Mo A - H30Mop<l>H3M, 
T. e. 3a,IJ;aeT 6a3HC B rrpOCTpaHCTBe v. lhaK, cyw;ecTBYIOT ,IJ;Be B03-
MO)l{HOCTH - 6a3HC M o A m160 xopomwii, nw6o rrnoxott. ,lJ,aBattTe 

rrocMoTpHM Ha 3TY aJibTepHaTHBY rro-~yroMy. IlycTb L - xopomwtt 
6a3HC B rrpocTpaHCTBe v. 06o3HaqHM 

C = MatL,M(A) = MAL-1 

MaTpwu;a C = MAL -l - 3TO MaTpwu;a rrepexo.n;a OT 6a3Hca MA 
K 6a3wcy L (pwc. 8.21); .n;pyrHMH cnoBaMH, 

MA= CL. 

lfraK, 6a3HC MA 6y.n;eT xopomHM TOr.n;a u TOJihKO TOr.n;a, Kor.n;a 
Det C > 0. Ecnw 6a3HC L 3aMeHHTh Ha L' = B 1L (Det B1 > 0) H 
M 3aMeHHTh Ha M' = B2M (Det B2 > 0), TO 

C' = M'AL'- 1 = B2MAL-1B!1 = B2CB!1. 

Tor.n;a 
DetC' = DetB2DetCDetB11 

HMeeT TOT )Ke 3HaK, qTo H Det C. TaKHM o6pa30M, 3HaK Det C He 
3aBHCHT OT qacTHoro Bbr6opa L E Ov H M E Ow. 

Ecnw Det C > 0, MhI 6y.n;eM roBopHTh, qTo oTo6proKeHHe A co­
xpa'H.Rem opueHmau,u10 ( HJIH IIOJIO)KHTeJihHO). Ecnw )Ke Det C < 0, 
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Mb! roBopHM, lfTO A ua.MettRem opuettma'4U'IO ( HJIH OTpHu;aTeJibHO). 
A A' 

Ilpe.n;rroJIO)KHM, lfTO v ~ w H w --+ z - ,n;Ba JIHHetiHbIX H30MOp-

<PH3Ma, H Mbl BbI6paJIH OpHeHTau;mo BO Beex Tpex rrpocTpaHeTBax. 

Tor.n;a JierKo rrpoBepHTb, lfTO 

o eeJIH AH A' eoxpamnoT opHeHTau;mo, TO A' oA TO)Ke eoxpami:eT 

opHeHTau,mo; 

o eeJIH o6a H30Mop<PH3Ma A H A' Mem1IOT opHeHTan;HIO, TO A' o A 
ee eoxpam1eT; 

0 eeJIH O,ll;HH H30MOP<PH3M eoxpaHHeT opHeHTaIJ;HIO, a .n;pyroii: H3-

MeHHeT, TO A' o A H3MeHHeT opHeHTaD;HIO. 

IlyeTb <P : V -t W - ,n;H<P<PepeHn;HpyeMoe oTo6pa*eHHe. Tor.n;a 

B Ka)K,ll;Ott TOlfKe p E v ,n;H<P<PepeHD;HaJI d</Jp : v -t w - JIHHeii:Hoe 

OTo6pa)KeHHe. Mb1 roBopHM, lfTO <P eoxpaHHeT opHeHTau;HIO, eeJIH B 

Ka)K,ll;Ott TOlfKe ,n;H<P<PepeHIJ;HaJI d</Jp HBJIHeTeH JIHHetiHbIM OT06pa)Ke­

HHeM, eoxpaHHIOIIJ;HM opHeHTaIJ;HIO. (B qaeTHOeTH, Mb! rrpe.n;rroJiaraeM, 

lfTO d</Jp - JIHHeHHbitt H30Mop<PH3M ,ll;JIH Ka)K,ll;O:H TOlfKH p.) 
,LI,o eHX rrop Mbl rrpe.n;rroJiaraJIH, lfTO rrpoeTpaHeTBO v - ,ll;ByMep­

HOe. Ho 3TO He HMeeT 3HalfeHHH. HarrpHMep, eeJIH V - TpexMepttoe 

rrpoeTpaHeTBO, TO Bee orrpe.n;eJieHHH pa6oTaIOT. IIpoeTO tta.n;o 3HaTb, 

lfTO MaTpHu;a 3 x 3 o6paTHMa Tor.n;a H TOJihKO Tor.n;a, Kor.n;a ee orrpe­

.n;eJIHTeJib He paBeH HYJIIO, lfTO JII06b1e TPH JIHHeii:Ho He3aBHeHMbie 

BeKTOpa B TpexMepHOM rrpoeTpaHeTBe v o6pa3yIOT 6a3He, T. e. orrpe­

.n;eJIHIOT H30Mop<PH3M e JR3. Tor.n;a Bee pacey*.n;ettHH, rrpHBe,n;eHHbie B 

KOHu;e rJiaBbI 1, rrpHMeHHMbI H 3.zi;eeb. TaKaH *e eHTyau;HH B n-MepHOM 

rrpoeTpaHeTBe - Tpe6yeTeH orrpe.n;eJieHHe pa3MepHOeTH n H orrpe.n;e­

JIHTeJIH MaTpHD;bl n x n. 9TH BOrrpoebI Mbl 6y.n;eM o6ey)K,ll;aTb B rJia­

Bax 10 H 11. (B rrpoeTpaHeTBe O,ll;HOro H3MepeHHH 6a3HeOM HBJIHeTeH 

HeHyJieBott BeKTOp, MaTpHu;a 1 x 1 - 3TO rrpoeTO lfHeJIO a, KOTOpoe 

paceMaTpHBaeTCH KaK orrpe.n;eJIHTeJih 3TOH MaTpHD;bl.) 

8.5. IIepeHoc H HHTerpHpoeaHHe 2-cpopM 

qT06bI yrrpoeTHTb BbllfHeJieHHe ,ll;BOHHOro HHTerpana, qaeTO BBO,ll;HT­

eH HOBhie, 6oJiee y.n;o6Hhie Koop.n;HttaThI. HarrpHMep, o6JiaeTb W, 
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H306pa)KeHHaH B KOOp.LI;HHaTax x, y Ha pHC. 8.22, CTaHOBHTCH ITpH­

MoyrOJihHHKOM RB CHCTeMe KOOp.LI;HHaT r, (). Ilepexo.n; OT O.LJ;HO:lf CHC­

TeMhl KOOp.LI;HHaT K .n;pyroii ocyrn;eCTBJIHeTCH B 3TOM cnyqae c IIOMO­

rn;hIO H3BeCTHOro ITpeo6pa30BaHHH a, KOTOpoe ,n;aeTCH <i>opMyJiaMH 

a*x = rcosO H a*y = rsinO. 

() y a(C) 
a*T 

D.._~~~~~~• 

A B 

r x 

PHC. 8.22 

Mb1 MO)KeM HCITOJih30BaTh 3TO ITpeo6pa3oBaHHe H cBeCTH ,n;Boii­

HO:lf HHTerpan ITO opHeHTHpoBaHHoii o6nacTH f iv K HHTerpany OT 

2-ci>opMhI B ITJIOCKOCTH r, 0. OITpe,n;eJIHM ITepeHoc 2-ci>opMhI a*r TaK, 

qTQ eCJIH w = a(R), TO 

!iv T = l a*r. 

,D,nH orrpe,n;eneHHH ITepeHoca 2-<l>opMhI MhI pacurnpHM OITpe.n;ene­

HHe ITepeHOCa OT 1-<l>opMbl oqeBH.LJ;HhIM o6pa30M. ,D,JIH 1-ci>opMbl >. Mhl 

oITpe,n;eJIHJIH ITepeHOC a*>. cornacHo <PopMyne 

a* >.(p)[v] = >.(a(p))[da[v]]. 

A TeITeph OITpe,n;eJIHM ITepeHoc 2-ci>opMhI, ITpHMeHHH da K o6oHM 

BeKTopaM apryMeHTa T (pHc. 8.23). TaKHM o6pa30M, ITO oITpe,n;eneHHIO 

a*r(p)[v, w] = r(a(p))[da[v], da[w]]. 

cho OITpe,n;eJieHHe rapaHTHpyeT, qTo, KaK 6y,n;eT .LI;OKa3aHO, cPOp­

MyJia JR a*r = fa(R) T CITpaBe,n;JIHBa .LI;JIH n106oii ITpHMoyroJihHOif 06-

nacTH R, ITPH ycnoBHH, KoHeqHo, qTo a .n;e:<P<PepemwpyeMo, coxpaHH­

eT OpHeHTaII,HIO H o6a HHTerpana cyrn;ecTBYIOT. ,D,JIH .LJ;OKa3aTeJihCTBa 
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T 
do:(w) 

p 

PHC. 8.23 

T 

kw 
p 

PHc. 8.24 

MhI 6y,n;eM aTITIPOKCHMHpoBaTh HHTerpan JR a* T pHMaHoBoii cyMMOii 

TIO 60JihIIIOMY qHcJiy MallhlX Tip.HMOyroJihHHKOB (pHC. 8.24). 

BKJia,rI, B 3TY cyMMY TipHMoyroJihHHKa c BepmttHoii B TOqKe p pa­

BeH a*T(p)[hv, kw]. Ilo HaIIIeMy oTipe,n;eJieHHIO TiepeHoca 2-cpopMhI 

3TO paBHO T(a(p))[da[hv], da[kw]], T. e. 3HaqeHHIO cpopMhl T Ha Tia­

panJieJiorpaMMe, KOTOpbIM HBmieTC.H HaHJiyqIIIHM JIHHeMHhlM TipH6JIH­

)KeHHeM K o6pa3y Tip.HMOyroJibHHKa, TIOCTpOeHHoro Ha BeKTOpax hv 
H kw TIPH Tipeo6pa3oBaHHH a. 

KoHeqHo, o6pa3 Tip.HMoyroJihHHKa TIPH Tipeo6pa3oBaHHH a He .HB­

JI.HeTC.H TOqHbIM TiapanJieJiorpaMMOM (pHC. 8.25) H BeJIHqHHa 

T(a(p))[da(hv), da(kw)] 

He 6y,n;eT TOqHo paBHa HHTerpany OT T TIO o6pa3y rrp.HMoyrOJihHHKa. 

TaKHM o6pa3oM, y Hae B03HHKHYT rrorpeIIIHOCTH ,n;Byx THIIOB: MhI 

3aMeH.HeM o6pa3 rrpaMoyroJihHHKa Ha rrapanJieJiorpaMM ( o6o3HaqHM 

ero P), TaK qTo 

(i) fa(rrpSIMoyr.) 3aMeH.HeM Ha fp, 
H 

(ii) f p 3aMeH.HeM Ha T(a(p))[do:(hv), do:(kw)]. 
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Pnc. 8.25 

EcnH T HenpephIBHa, To norpemHOCTh THna (ii) 6y.n;eT o(hk). EcnH 

T HMeeT paBHOMepHO orpaHH'leHHhie nepBbie npoH3BO)l;Hhie BO BCe:tt 

o6JiaCTH, orpaHH'leHHhie, CKaJKeM, 'lHCJIOM /'i,' TO 

ir(q) - r(a(p))I ~ /'i,(h2 + k2) 112 )l;JI.H mo6oro q B P. 

Tor.n;a norpemHOCTh THna (ii) 6y.n;eT He 6onhme, qeM 

IlorpemHOCTh THna (i) MO)KHO o~eHHTh, ncxo)l;.H H3 <f>opMyJihI Te:ttJio­

pa, 3aMeHHB, HanpnMep, HCKpHBJieHHhI:tt o6pa3 K~O:tt CTOpoHbl Ha 

annpoKCHMHpy10my10 np.HMYIO JIHHHIO. Ilpe.n;noJiara.si:, 'ITO nepBa.H H 

BTOpa.si: npoH3BO,lJ;Hhie a orpaHH'leHhI B o6JiaCTH R, MO)KHO noJiy'l.HTh, 

'ITO norpemHOCTh o~eHHBaeTC.H CBepxy cyMMO:tt CJiaraeMhIX BH)l;a h2k 
H hk2' YMHO)KeHHhIX Ha HeKOTopyIO KOHCTaHTy. 0TcIO.n;a MO)KHO no­

JIY'lHTh o~eHKY 

a*(r(pi))[hv, hw] = 1 r + norpemHOCTh, 
a( npHMoyr.) 

lnorpemHOCThl < C(h2 + k2) 112 x (nno~a.n;h R). 

CyMMHpy.si: no BCeM np.si:MoyroJihH.HKaM, nonyqaeM 

L a*(r(pi))[hv, hw] = 1 T + norpemHOCTh, 
a(R) 
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Ec;m Mb! 6y,n;eM HeorpaHHqeHHO H3MeJibqaTb pa36HeHHe, TO cyMMa 

cJieBa cTpeMHTCH K Jn a*T, a norpemHOCTh cnpaBa cTpeMHTCH K Hy­

mo. 0Tc10.n;a cJie.n;yeT, qTo 

BoJiee aKKypaTHoe ,n;oKa3aTeJibCTBO 3Toro BruKHoro pe3yJihTaTa, 

He Tpe6y10m;ee TaKHX CTporHX orpaHHqeHHii Ha a H 'T' cnpaBe)J,JIHBOO 

)J,JIH Bcex n, qHTaTeJih MO:»<:eT HaiiTH B KHHre Loomis and Sternberg, 

Advanced Calculus, pa3,LJ;eJI 8.11. MbI Boo6m;e peKoMeH.n;yeM ,LJ;JIH H3Y­

qeHHH TeOpHH HHTerpHpoBaHHH rJiaBy 8 3TOH KHHrH ( ee MO)KHO qH­

TaTh He3aBHCHMO OT .n;pyrHx). 

Teneph HeOOXO.n;HMO pa3pa6oTaTb npou;e.n;ypy BhlqHcJieHHH nepe­

Hoca OT 2-<l>opM. IlocKOJibKY JII06aH 2-<l>opMa Ha IIJIOCKOCTH Bblpa­

)KaeTCH B BH,LJ;e IIpOH3Be,n;eHHH ,LJ;BYX 1-<l>opM, CHaqaJia BblqHCJIHeM 

a* (A /\ u), r.n;e A H u o6o3HaqaJOT 1-<f:>opMhI. Ilo onpe,n;eJieHHIO 

a:*(.X/\u)[v,w] = (.X/\u)[da[v],da[w]] 
= .X[da:[v]]u[da[w]] - .X[da[w]]a[da:[v]]. 

c .n;pyroii CTOpOHhI, 

(a:* A/\ a* a)[v, w] = a* .X[v]a:* u[w] - a:* .X[w]a:* u[v]. 

CorJiacHo onpe,n;eJieHHIO nepeHoca ,LJ;JIH 1-<f:>opMhI, a:* .X[v] = .X[da:[v]]. 
0Tc10.n;a cJie.n;yeT, qTo 

j a:*(.X /\a) =a* .X /\ a:*u, I 
T. e. onepau;HH nepeHoca KOMMY™PYeT c BHelIIHHM npoH3Be,n;eHHeM. 

IlOCKOJibKY caMbiii o6m;Hii BH,n; 2-<f:>opMbI Ha IIJIOCKOCTH xy - 3TO 

T = F dx /\ dy, 

Mb! HeMe)J,JleHHO IIOJiyqaeM, qTo 

a*T =(a:* F) d(a*x) /\ d(a*y). 
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Ec;rn, HarrpHMep, a*x = rcosO, a*y = rsinO, TO 

d(a*x) /\ d(a*y) = (cosOdr - rsin(}d()) /\ (sinOdr + rcos(}d(}) 

= r dr /\ dO. 

llTaK, Mbl ycTaHOBHJIH, 'ITO <l>opMyna nepexo.n;a OT .n;eKapTOBhIX 

KOOp,IJ;HHaT K rrom1pHblM HMeeT BH,IJ; 

{(a* F)(r, O)r dr /\ dO = 1 F(x, y) dx /\ dy. 
}R a(R) 

2-<l>opMa r dr f\d(} Ka)K,IJ;OMY MaJI€HbKOMy rrapannenorpaMMY Ha IIJIOC­

KOCTH r, (} CTaBHT B COOTB€TCTBH€ He ero opHeHTHpOBaHHYIO ITJIOIIIa)J;h 

('ITO .n;enaeT dr (\ d(})' a OpHeHTHpOBaHHYIO ITJIOIIIa)J;h ero o6pasa B 

IIJIOCKOCTH xy, IIOJIY'IHBIIIeroc.H B pe3yJihTaTe rrpeo6pa30BaHH.H a. 
Terrepb MhI M02KeM rrony'IHTh <l>opMyny 3aMeHhI rrepeMeHHhIX f];JI.H 

opHeHTHpoBaHHhIX ,IJ,BOHHhIX HHTerpanoB B o6IIIeM cnyqae. ITycTb 

R - opHeHTHposaHHa.H o6nacTh B rrnocKocTH uv, KOTopyID ,IJ;HcP<l>e­

pemi;HpyeMoe rrpeo6pa30BaHHe a rrepeBO,IJ;HT B OpHeHTHpoBaHHYIO 06-

JiaCTh a(R) Ha ITJIOCKOCTH xy (pHC. 8.26). 

v y c T 

D,..._ _____ C a: 

A ,___ ____ ___, B 

u x 

PHC. 8.26 

I1peo6pa30BaHHe a 3a,z:i;aeTC.H c ITOMOIIIhlO rrepeHoca ,IJ;Jl.H KOOp,IJ;H­

HaTHhIX cPYHKIJ;HH X H y: 

a*x = X(u, v), a*y = Y(u, v). 

Tor,z:i;a 

d( 
* ) _ a(a*x) d a(a*x) d _ aX d aX d 

a x - au u + av v - au u + av v, 

* a(a*y) a(a*y) aY aY 
d(a y) = au du+ av dv =au du+ av dv. 
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2-<PopMa r Ha IIJIOCKOCTH xy 3aIIHChIBaeTCf! B BH,LI,e 7 = F(x, y) dx A 

dy. IlepeHOC 3TOH 2-<PopMbI paBeH 

a*r =a* F d(a*x) A d(a*y) 

= * F [8(a*x) 8(a*y) _ 8(a*x) 8(a*y)] d d 
a 8u ov 8v 8u u A v, 

HJIH 

* [ax oY ax oY] a r = F(X(u, v), Y(u, v)) ou ov - ov ou du Adv. 

MHO:>KHTeJih B KBa,LI,paTHhIX CK06Kax f!BJif!eTCf! ,LI,eTepMHHaHTOM MaT­

pHIJ;hI 5lKo6H ( R'lw6uatta) J' KOTOpbIH Bbipa:>KaeT da B BbI6paHHhIX 

KOOp,LI,HHaTax, 

J = (8(a*x)/8u 8(a*x)/8v) = (8X/8u 8X/8v) 
8(a*y)/8u 8(a*y)/8v 8Y/8u 8Y/8v · 

CJie,LI,OBaTeJihHO, MhI MO:>KeM HaIIHCaTh 

1 FdxAdy= { a*FDetJduAdv. 
a(R) }R 

9To paBeHCTBO coBeprneHHO ecTeCTBeHHO. IlocKOJihKY Det J f!BJif!eT­

Cf! MHO)KHTeJieM, «IIpeo6pa3yIOIIJ;HM IIJIOIIJ;a,LI,h» ,LI,Jif! JIHHeHHOro IIpe­

o6pa30BaHHf! da, TO Det J du A dv Ka:>K,LI,o:H MaJIOH o6JiaCTH Ha IIJioc­

KOCTH UV CTaBHT B COOTBeTCTBHe opHeHTHpOBaHHYIO IIJIOIIJ;a,LI,b ero 

o6pa3a B IIJIOCKOCTH xy. EcmI IIOpH,LI,OK u H v orrpe,LI,eJif!eTcf! opHeHTa­

:u;irn:H R, a IIOp51,LI,OK x Hy - opHettTa:u;Heii a(R), rrpHqeM a coxpaHf!eT 

OpHeHTa:u;HIO, TO f!K06HaH J 6y,LI,eT HMeTb llOJIO:>KHTeJibHhIH OIIpe,LI,eJIH­

TeJib. H3MeHeHHe IIOp51,LI,Ka u H v (HJIH IIOp5l,LI,Ka x Hy) COOTBeTCTByeT 

H3MeHeHHIO opneHTa:u;nn Ha IIJIOCKOCTH UV (Ha llJIOCKOCTH xy). IlpH 

3TOM CTOJI6IJ;bl HJIH CTpOKH J MeH5lIOTC5l MeCTaMH, qTQ Bhl3bIBaeT H3-

MeHeHHe 3HaKa Det J. 
B KaqecTBe IIpHMepa paccMoTpHM Bh1qncJiettne IIJIOIIJ;a,ll,H opnett­

TnpoBaHHOH o6JiaCTH w' orpattnqeHHOH OCbIO x' IIp5lMOH y = mx' 
nmep6oJio:H x 2 -y2 = 1 n rnIIep6oJioii x

2 - y2 = 4 (pnc. 8.27, 8.28). 

qT06h1 3TO c,LI,eJiaTh, Ham1rneM W = a(R), r,LI,e a*x = ucoshv n 
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a*y = u sinh v. 0To6pIDKeHHe a rrepeBO)J,HT OpHeHTHpoBaHHbIH rrp.H­

MoyroJibHHK R, 3a,u,aHHblH HepaBeHCTBaMH 

1 :::; u :::; 2, 0 :::; v :::; arctanh m, 

B o6nacTb W. HarrpHMep, BepTHKaJibHhiii oTpe3oK rrpHMoii u = 2 
oTo6proKaeTcH B KycoK rHrrep6onbl x 2 - y2 = 4. 

v y 

D c 

iJ 
A B 

1 2 u x 

PHc. 8.27 PHc. 8.28 

IlocKOJlbKY B OpHeHTa~HH o6naCTH w rrepBOH KOOp)J,HHaTOH HB­

JI.HeTCH x, ee 11noru;a,n;h A = fw dx /\ dy. BhmonHHB rrepeHoc, 110-

nyqaeM A = f Ra*(dx /\ dy) = JRDet J du/\ dv. 3)1,ecb a*(dx /\ 
dy) = d(ucoshv)/\d(usinhv) = (coshvdu+sinhvdv)/\(sinhvdu+ 
ucoshvdv) = ucosh2 vdu /\ dv + usinh2 vdv /\du= udu /\ dv, cne­
)J,OBaTeJihHO, 

{ 12 {tanh-
1 

m 3 
A= }Rudu/\dv= 

1 
udu}

0 
dv= 2tanh-

1
m. 

c ,n.pyroli CTOpoHbl, Mbl MO:>KeM Bbl'1HCJIHTb 

Det J = Det (c?sh v u sinh v) = u 
smh v u cosh v 

H 11ony'1HTb TOT >Ke caMbii!: HHTerpa.n: A = JR u du /\ dv. 
Mb1 BHWfM, qTo ceKpeT 11one3HOCTH 11peo6pa30BaHHH KOOpWf­

HaT COCTOHT B TOM, "'ITO rpaHH~ o6nacTH w CTaHOBHTCH o6pa3a­

MH cTopoH 11pHMoyroJibHHKa Ha IIJIOCKOCTH uv. EcnH, HaIIpHMep, W 
- TpeyrOJibHHK, 3aKJII0'1eHHbli!: Me>K.DY OCHMH KOOp)J,HHaT H IlpHMOH 
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v y 

1 
B c 1 

a(D) 

{;\ 

D 
A 

- a(A),a(B) 1 1 u x 

PHc. 8.29 

x + y = 1, TO noJie3HbIM npeo6pa30BaHHeM KOOp,ZJ,HHaT 6y,n,eT Ta­

Koe, KOTOpoe nepeBO,ZI,HT OTpe3KH npHMbIX u = const c <l:>HKCHpo­

BaHHbIM HHTepBaJIOM no v B OTpe3KH x + y = const Me)K,n,y OCHMH 

KOOp,ZJ,HHaT. TaKoe npeo6pa3oBaHHe Koop,n,HHaT OIIHChIBaeTcH <l:>oPMY­

JiaMH: o:*x = uv, o:*y = u(l - v), KOTOph1e o6Jia,n,a10T cBoilcTBOM 

o:*(x + y) = u. qHTaTemo peKoMeH,n,yeTCH npoBepHTh, qTo o: rrpeo6-

pa3yeT KBa,n,paT e,n,HHHqttofi rrJiorn;a,n,H R Ha IIJIOCKOCTH uv B o6JiaCTh 

W. EcJIH B opHeHTaIJ;HH R c,n,eJiaTh v rrepBofi Koop,n,HHaToii, TO opH­

eHTaa;HH o:(R) 6y,n,eT corJiacoBaHa c opHeHTau;Hefi W. lhaK, eCJIH v 
- rrepBaH KOOp,ZI,HHaTa, TO HK06HaH 

J _ (8(o:*x)/8v 8(o:*x)/8u) _ ( u v ) 
- 8(o:*y)/8v 8(o:*y)/8u - -u 1 - v 

HMeeT IIOJIO)KHTeJibHblfi orrpe,n,eJIHTeJih, paBHhlfi u, qTo 110,ZJ,TBep)K,lJ,a­

eT 11pe,n,h1,n,yrn;ee YTBep)K,lJ,eHHe. (EcJIH rrepBofi KOOp,ZI,HHaTofi cqHTaTh 

u, To Det J = -u.) 
llcrrOJib3YeM 3TO npeo6pa30BaHHe ,ZI,JIH BbJqHcJieHHH HHTerpaJia 

Iv 
e-(x+y) 

I= r;:r,;-; dx /\ dy, 
W yXY 

KOTOphlfi ,ZJ,OBOJibHO CJIO)KHO noJiyqHTb KaK IIOBTOpHblfi HHTerpaJI no 

x Hy. Ilepe:tt,n,eM K HOBhIM nepeMeHHbIM. IloJiyqaeM 

* e e e 
( 

-(x+y)) -u -u 1 

o: VXY = Ju2v(l - v) =-;- Jv(l - v) 
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H a*(dx /\ dy) = (udv + vdu) /\ (-udv + (1 - v) du) = udv /\du. 
Tor,n;a Ha IIJIOCKOCTH uv HMeeM 

I= { e-u dv /\du. 
JR y'v(l - v) 

ITopH,n;OK ,n;H<P<PepeHI_\HaJIOB dv /\ du rro,n; 3HaKOM HHTerpana CBH3aH c 

TeM, 'ITO B opHeHTal.\HH R rrepBoii Koop,n;HHaToii HBJIHeTCH v. 0KoH­

qaTeJihHO IIOJiyqaeM 

11 11 dv I = e-u du = (1 - e-1 )7r. 
o o vfv(l -v) 

(ITpH Bhl'IHCJieHHH BTOporo HHTerpana Mbl BOCIIOJib30BaJIHCb <PopMy-

JIOii 

J dv = - arcsin(-2v + 1).) 
vfv(l -v) 

HaKoHel.\, rrepeii,n;eM K 3a,n;aqe 3aMeHhI rrepeMeHHhIX ,n;JIH BbiqHcJie­

HHH a6comomttow ,Il;BOiiHoro HHTerpana I = fw F dx dy. ,Ll;JIH 3Toro 

CHaqana rrpeo6pa3yeM 3TOT HHTerpan B opHeHTHpOBaHHblii ,Il;BOitHOii 

HHTerpan fw F dx /\ dy, cooTBeTCTBYIOII.\Hii opHeHTal.\HH W, ,n;JIH Ko­

Topoli rrepBOH KOOp,Il;HHaTOH HBJIHeTCH x. 

v y 

R 

u x 

PHc. 8.30 

Terreph HarrmneM W KaK a(R) H 3a,n;a,n;HM opHeHTal.\HIO R 

(pHc. 8.30). EcJIH Det J (x, y) rroJIO)KHTeJieH, TO Bb16epeM Ha R 
u,v 

OpHeHTal.\HIO, rrpH KOTOpOH rrepBOH KOOp,n;HHaTOH HBJIHeTCH u. Tor,n;a 

I= J a* F(Det J) du/\ dv = J a* F(Det J) du dv. 
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Ecmi Det J (x, y) 0Tp1m,aTeJieH, TO 3a,LI;a,LI;HM Ha R opHeHTau,mo, 
u,v 

rrpH KOTopoii rrepBoii Koop,u;1rnaToii HBJIHeTCH v. Tor,u;a 

I= J a* F(Det J) dv A du = - J a* F(Det J) dudv. 

(HeO~~HT.) 

B o6oHx cnyqaHx MO)KHO 6paTh a6co.11,1omnoe 3HaqettHe Det J: 

IlpH 3TOM He B03HHKaeT Borrpoca 06 opHeHTaII,HH HJIH 0 IIOpH,a;Ke 

rrepeMeHHhIX HHTerpHpoBaHHH. IIepecTaHOBKa x H y HJIH u H v He 

BJIHHeT Ha a6comoTHoe 3HaqeHHe Det J. 
B rnaBe 15 MhI o6cy,a;HM HHTerpHpoBaHHe <);>opM 6onee BhICOKHX 

CTerretteii. 

8.6. 2-cl>opMbl B TpexMepHOM rrpocTpaHCTBe 

B npe,u;hl,u;ym;eM rraparpa<);>e MhI orrpe,u;eJIHJIH rroHHTHe rrepeHoca AJIH 

2-<);>opM. IlpH 3TOM rrpaBHJia BbiqHcJieHHH oqeHb rrpOCTbie: eCJIH W1 If 

W2 - .!tU'/teUtt'bte ,a;H<);><);>epeHII,HaJibHbie <);>opMbI, TO 

EcJIH f - <);>yttKII,HH H 7 - 2-<);>opMa, TO 

EcJIH 71 H 72 - 2-<);>opMhI, TO 

TaKHM o6pa3oM, rrpH pa6oTe c ,a;H<);><);>epeHII,HaJihHhIMH <);>opMaMH co­

xpaHHIOTCH Bee 06b1qHhie CBOHCTBa anre6paHqecKHX orrepau,Hii. Kpo­

Me Toro, MhI orrpe,u;eJIHJIH JIHHeiitthiii orrepaTop d, rrpeo6pa3yrom;Hii 

1-<);>opMbl B 2-<);>opMbl: 

d(f dg) = df A dg, 
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HJrn B 6oJiee o6m;eM B.H,ll;e: 

d(fw) = df /\w + f dw, 

y,n;oaJieTBOp5IIOill;Hil: ycJIOBHIO 

IlepeHOC </>* KOMMYTHpyeT c orrepaTopoM d B TOM CMbICJie, qTo 

<P*(df) = dcp* f, r,n;e f - cPYHKIWH 

<P*dw = dcp*w, r,n;e w - 1-<PopMa. 

2-<PopMOH B TpexMepHOM rrpOCTpaHCTBe ( B ,n;eKapTOBbIX KOOp,lJ;H­

HaTax x, y, z) Mbl ITO orrpe,n;eJieHHIO 6y,n;eM Ha3bIBaTb Bbip8,)KeHHe 

BH,ll;a 

a dx /\ dy + b dx /\ dz + c dy /\ dz, 

r,n;e a, b H c - cPYHKIJ;HH. EcJIH ,n;atta 1-<PopMa 

w = Adx + Bdy+ Cdz, 

TO rrpaBHJia ,ll;JIH BHerrrneli rrpOH3BO,ll;HOH d If ,ll;JIH BHerrrnero YMHO:>Ke­

HHH ,n;aIOT 

dw = dA /\ dx + dB /\ dy + dC /\ dz 

(
oA oA oA ) 

= ox dx + oy dy + oz dz /\ dx 

(
oB oB oB ) + ox dx+ oy dy+ oz dz /\dy 

(
oc oc oc ) + ox dx+ oy dy+ oz dz /\dz 

= (oB _ oA) dx /\ dy + (oC _ oA) dx /\dz 
ox oy ox oz 

+ (oc _ oB) dy /\dz. 
oy oz 

EcJIH <P : IR.2 --+ IR.3 H T - 2-<PopMa B rrpocTpaHCTBe IR.3, TO cp*T 6y,n;eT 

2-<PopMOH B rrpocTpaHCTBe IR.2. 
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P11c. 8.31 

EcJin: R - HeKoToprui: o6JiacTh B JR2 H MhI Bb16pa.Jin: B Heil opn:eH­

Tan;mo, TO M02KHO Hann:caTh JR</>*T, KOTOpbiii. paCCMaTpHBaeTCH KaK 

HHTerpa.JI OTT no opReHTHpOBaHHOii. IIOBepXHOCTH a(R). 

8. 7. Pa3;u1q11e Me:>K,zzy 
2-cpopMaMH II IIJIOTHOCTSIMll 

BepHeMcH B ,n;ByMepHoe rrpocTpaHCTBO. MbI rroMHHM, 'ITO nepeHoc 

a* T onpe,n;eJieH ,ll;JIH mo6oii. 2-<l>opMbI T. /q>yrHMH CJIOBaMH, eCJIH a 
oTo6pa2KaeT IIJIOCKOCTh uv B IIJIOCKOCTh xy, To 

a*(f dx /\ dy) = (a* J) · (Det J) du/\ dv, (8.2) 

r,n;e HKo6n:aH rrepexo,n;a J onpe,n;eJIHeTcH MaTpn:n;eii. 

a=(~~). 
9Ta Q:>opMyJia BepHa ,ll;JIH mo6oro ,n;n:Q:>Q:>epeHn;n:pyeMoro oTo6pa-

2KeHHH a. KpoMe Toro, MhI ,ll;OK83a.JIR, 'ITO ecJin: a - B3aHMHO­

o,n;Ho3Ha'!Hoe oTo6pa2KeHHe, coxpattJ1,10w,ee opueHma'4U'IO, To 

f a*(T) = f T. 

jR la(R) 
(8.3) 

9ro BepHO ,ll;JIH HHTerpa.JIOB OT 2-Q:>opM, KOr,n;a OpHeHTaIJ;HH HMeeT 

3Ha'!eH11e. Ilpe,n;noJIO)KHM, o,n;HaKo, 'ITO Mbl XOTHM Bbl'IHCJIHTb a6co­

JIIOTHhlii. HHTerpa.JI. Tor,n;a Bb16op opHeHTaIJ;RH He HMeeT 3Ha'!eHRH, 

HO Q:>opMyJia ,ll;JIH 3aMeHhl nepeMeHHbIX HJIH rrepeHOC ,ll;JIH Bblpa2KeHHH 
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f dA HJm: f dx dy He 6y.n;eT COBrra.n;aTh c (8.2). ,[t;aBaii:Te BepHeMC.H 

Ha3a.n;, K ,D;OKa3aTeJihCTBY <i>opMyJihI 3aMeHbI rrepeMeHHhIX. Tor.n;a HH­

Terpan fo:(rrpHMOyr.) Mbl 3aMeH.HJIH Ha 

r(P)[da(hv), da(kw)] 

= J(P) x opHeHTHpOBaHHYIO IIJIOlll;a,D;b rrp.HMOJfOJibHHKa. 

O'IeBH,ll;HO, 'ITO B CJiyqae BbI'IHCJieHHH a6coJIIOTHoro HHTerpana MhI 

,ll;OJI./KHbI 3aMeHHTb OpHeHTHpOBaHHYIO IIJiorn;a.n;h Ha a6coJIIOTHOe 3Ha­

'IeHHe aToii: rmorn;a.n;H. TaKHM o6pa3oM, B <PopMyJie (8.2) Ha.n;o HarrH­

caTb 

a*(fdxdy) = a*f · \DetJ\dudv. (8.4) 

qHTaTeJIIO rrpe.n;JiaraeTC.H rrpoBepHTb B Ka'IeCTBe IIOJ'IHTeJibHOfO 

yrrpaJKHeHmI, 'ITO ecJIH a - B3aHMH0-0,1J;H03Ha'IHOe OTo6pa)KeHHe, 

TO 

f a*(! dx dy) = 1 f dx dy 
jR o:(R) 

He3aBHCHMO OT opHeHTal1Irn:. 

lfraK, 2-<PopMbI T = f dx A dy H IIJIOTHOCTH f dx dy .HBJI.HIOTC.H 

COBeprneHHO pa3HbIMH o6'heKTaMH - rrpH 3aMeHe rrepeMeHHbIX OHM 

rrpeo6pa3JIOTCH rro-pa3HOMy. HarrpHMep, IIJIOTHOCTb MO)KeT 6bITh rro­

JIO)KHTeJibHOii: H OTPHI1aTeJibHOH (rrJioTHOCTh aJieKTpH'IecKoro 3ap.H­

.n;a): eCJIH f 2: 0, TO rrpH 3aMeHe rrepeMeHHblX f dx dy CTaHOBHTC'.il 

a*(!) I Det JJ du dv H a* f · I Det JJ rro-rrpe*HeMy rroJIO:>KHTeJibHa ( ec­

JIH Det J =I 0, 'ITO BbIIIOJIH.HeTc.H rrpH .n;H<i><i>epeHu;HpyeMOCTH a-1 ). 

0.n;HaKo, He HMeeT CMbICJia 3a,D;aBaTb BOIIpOC 0 3HaKe 2-<i>opMbI T, rro­

TOMy 'ITO Det J, BX0,11;.Hlll;HH B (8.2), MO:>KeT 6bITb H IIOJIO:>KHTeJihHbIM, 

H OTpHu;aTeJibHbIM. IlJIOTHOCTH H 2-<i>opMbI COBIIa.n;aroT, TOJibKO eCJIH 

MhI BbI6panH opHettTau;nro H .n;eJiaeM 3aMeHy rrepeMeHHhIX, coxpaHH-

10rn;y10 aTy opneHTawuo (.n;mi: HHX Det J > 0). 
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8.8. «l>opMyJia rpHHa Ha IlJIOCKOCTH 

PaccMaTpHBM KpHBOJIHHeifHhie HHTerpanh1, MhI y)Ke BCTpe<JaJIHCh c 

o6o6m;ettHeM Q:>ytt,n;aMeHTaJihHOii TeopeMhI HHTerpaJibHOI'O HC'IHCJie­

HHH - Q:>opMyJihI HhIOTOHa-Jle:if6Hmi;a, a HMeHHO, c Q:>opMyno:if 

i df = J(B) - J(A), 

r,IJ;e KpHBomrne:ifttasi: TpaKTopna / npoxo,IJ;HT OT TO<JKn A K TO<JKe B 
(pttc. 8.32). 9Ta TeopeMa CBH3hIBaeT HHTerpan OT df ITO O,IJ;HOMep­

HOH o6naCTH ( T. e. no rryTH 'Y) co 3Ha<JeHH.HMH caMoif cpyHKIJ;HH f B 

KOHe'IHbIX TO<JKax TpaeKTOpHH. 

A 

Pttc. 8.32 

AttanorH<JHhIH pe3yJihTaT, CB.H3hIBarom;tt:if ,n;ByMepttyro o6nacTh H 

ee O,IJ;HOMeptthJe rpaHHIJ;hI, H3BecTeH KaK rfiop.My.11,a I'puna. 9Ta Teo­

peMa yTBep)K,I:\aeT, 'ITO ,IJ;Jia n106o:if ,IJ;Hcpcpepettii;ttpyeMo:if 1-cpopMbI T 

H n106o:if optteHTttpoBaHHo:if o6nacTH Ha nnocKOCTH R cnpaBe,n;nHBO 

paBeHCTBO 

r dT = r T. Jn lan 
CneBa 2-Q:>opMa dr HHTerpttpyeTca no o6nacTH R, a cnpaBa 1-cpopMa 

T HHTerpttpyeTca no nyTH 8R, aBJIHIOlll,HMCH 2pattuu,eu o6nacTH R.6 

6 )J,mr Toro, 'ITOObI o6e 'lacTH aToii: ¢opMyJihl cym;ecTsosa.rm, o6JiaCTb R H ee 
rpa.HHI1a 8R ,n;omKHbI y,n;osJieTsop.HTb HeKoTopbIM Tpe6osaHH.HM, HanpuMep, R 
orpaHH'leHa, EJR Kyco'IHO-HenpepbIBHO-,ll;H¢¢epeH11HpyeMa. - llpu.M. peiJ. 
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Opn:eHTau,m1 R oITpe,n;em1eT HaITpaBJieHn:e ,ll;BH)KeHH.51 ITO 8R. HaITpH­

Mep, ecJIH R - KOJihll,eBM o6JiaCTh, opn:eHTHpoBaHHa.51 ITpOTHB qaco­

Bo:ii. CTpeJIKH, KaK ITOK33aHO Ha pn:c. 8.33, TO 8R COCTOHT H3 BHem­

He:ii. OKpy)KHOCTH, ITO KOTOpo:ii. ,ll;BH)KeHHe ITPOHCXO,ll;HT ITPOTHB qaco­

BOH CTpeJIKH, II BHyTpeHHe:ii. OKpy)KHOCTH, ITPOXO,ll;HMOH ITO qacOBOH 

CTpeJIKe. 

8R 

8R 

0 
Pn:c. 8.33 

Ilpe)K.n;e qeM ¢opMaJihHO ,ll;OKa3bIBaTh TeopeMy fpn:Ha, IIMeeT 

CMhICJI ern;e p33 BCITOMHHTb OITpe,n;eJieHHe oITepaTopa d, .n;e:ii.CTBYIOrn;e­

ro Ha 1-<t>opMy. '.:ho ITOMO)KeT ITOH.51Th, ITO'IeMy ,ll;OJI)KHa 6h1Tb TaKa.51 

TeopeMa. Mh1 OITpe,n;eJI.51JIH dT KaK aHTHCHMMeTpII'IHyro 6n:Jin:He:ii.Hyro 

cPYHKll,HIO ITapbI BeKTOpOB v' w' o6Jia,n;arorn;yro CBOHCTBOM 

dT(P)[hv, kw] = j T + ITOrpemHOCTh, 

P(h,k) 

r.n;e P(h, k) ecTh ITapaJIJieJiorpaMM, ITOCTpoeHHhI:ii. Ha BeKTopax hv n: 

kw, ITpn:'IeM ITorpemHOCTh cTpeMHTC.51 K HYJIIO 6hICTpee, 'IeM ITPOH3-

Be,n;eHn:e hk, T. e. 6hICTpee ITJiorn;a.n;n: ITapaJIJieJiorpaMMa. 

PaccMOTpIIM o6JiaCTh, cocT0.5Irn;yro H3 N ITapaJIJieJiorpaMMOB, 

Ka)K,ll;blll 113 KOTOphIX ITOCTpOeH Ha BeKTopax hv H kw (pn:c. 8.34). 
Tor.n;a MhI HMeeM 

N N N 

L dT(Pi)[hv, kw] = ~ j T + L(ITorpemHOCTh)i. 

i=l i=l pi i=l 

B cyMMe KpHBOJIHHe:ii.HhIX HHTerpaJioB ITO KOHTypaM ITapaJIJieJiorpaM­

MOB BKJia,ll;hl OT BHyTpeHHHX CTOpOH, ITpHHa,n;Jie)Karn;n:x O,ll;HOBpeMeH­

HO ,ll;BYM ITapaJIJieJiorpaMMaM, B3aHMHO YHH'ITO)KalOTC.51, TaK KaK OHM 
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Pnc. 8.34 

npoxo,n;BTCB B npoTHBonoJI02KHhIX HanpaBJieHHBX. TaKHM o6p830M, 

ocTaeTcB O,IJ,HH KpHBOJIHHeMHhIH HHTerpan no rpaHnrr,e o6JiaCTH R: 

N N 

L dT(Pi)[hv, kw] = J T + L(norpernHoCTh)i. 

i=l BR i=l 

EcJIH h H k cTpeMBTCB K Hymo, TO cyMMa B JieBo:it qacTH paBeHCTBa 

CTpeMHTCB K JR dT. IlocKOJihKY qncJio N nponoprr,noHaJihHO 1 / hk 
H Ka2K,IJ,hIH nonpaBoqHhIH qJieH cTpeMHTCB K HYJIJO 6hlcTpee, qeM 

hk' cyMMa nonpaBOqHhIX qJieHOB CTpeMHTC51 K HYJIJO npH h H k' 
cTpeMBIII,HXCB K HYJIJO. B pe3yJihTaTe MhI noJiyqaeM 

,I1,JI51 JIJ06o:it o6JiaCTH, COCTOBIII,e:it H3 napaJIJieJiorpaMMOB. 

qT06hI ,IJ,OK83aTh TeopeMy fpHHa 6oJiee CTporo, paCCMOTpHM CHa­

qaJia qacTHhIH cJiyqa:it, Kor,n;a T = G(x, y) dy, H BhiqHCJIHM KpHBO­

JIHHeMHhIH HHTerpan f aR T no KOHTYPY npBMoyroJihHHKa, cTopOHhI 

KOTOporo napaJIJieJihHhI OCBM x H y (pnc. 8.35). 
BKJia,IJ, B HHTerpaJI ,n;aeT TOJihKO CTOpOHa x = a, npOXO,IJ,HMa51 OT 

y = 0 ,IJ,O y = b, H CTOpoHa x = 0, npOXO,IJ,HMaB OT y = b K y = 0. 
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y, 

b 1--------..... 

a x 

Pnc. 8.35 

MmKHO 3armcaTh: 

j T =lb G(a, y) dy + 1° G(O, y) dy 

BR 

=lb (G(a, y) - G(O, y)) dy. 

CorJiacHo cPYH~aMeHTaJihHOH TeopeMe HHTerpaJihHoro HCqHcJieHHH 

IIOCJie~Hee IIO~HTerpaJibHOe Bhlpa,)KeHHe MQ)KHO 3arrttcaTb TaK: 

rac 
G(a, y) - G(O, y) =Jo ax (x, y) dx. 

Ilo3TOMY KpHBOJIHHeHHhIH HHTerpan faR T MO:>KHO 3ami:caTh KaK rro­

BTopHhrii HHTerpaJI 

KOTOpbIH paBeH OpHeHTHpOBaHHOMY ~BOHHOMY HHTerpaJiy 

f aG 
jR ax (x, y) dx /\ dy. 
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AHa.norHqHhie coo6pa2KeHH.H ,IJ;JI.H 1-<l>opMhI F(x, y) dx ,n;aroT 

J F(x, y) dx = la (fob~~ (x, y)) dx Ady 

8R 

r JoF = - Jo (F(x, b) - F(x, 0)) dx = - oy dx Ady. 

R 

CJI02KHB 3TO c rrpe,n;h1,n;yrn;HM pe3yJihTaTOM, rroJiyqaeM 

J JoG oF 
F(x, y) dx + G(x, y) dy = ox (x, y) dx - oy (x, y) dx Ady. 

8R R 

IlocKOJibKY ,IJ;JI.H ,Il;HcPcPepeHll,HaJibHO:ti: 1-<l>opMbl 

T=F(x,y)dx+G(x,y)dy 

BHeillH.H.H rrpOH3BO,IJ;Ha.H paBHa 

oF oG 
dT = - oy (x, y) dx Ady+ ox (x, y) dx Ady, 

TO IIOCJie,n;Hee paBeHCTBO c HHTerpa.naMH 03HaqaeT crrpaBe,IJ;JIHBOCTb 

cl>opMyJihI fpHHa ,IJ;JI.H Koop,n;HHaTHoro rrp.HMoyroJihHHKa R: 

A Terrepb ,IJ;OKaJKeM TeopeMy fpHHa B 6oJiee o6rn;eM cJiyqae, Kor­

,n;a o6JiaCTb Ha IIJIOCKOCTH .HBJI.HeTC.H o6pa30M rrp.HMOyrOJibHHKa rrpH 

rJia,n;KoM 6HeKTHBHOM oTo6pa2KeHHH a. CTpaTerH.H y2Ke 3HaKoMa: MhI 

rrepeHeceM HHTerpa.nbI fa[a(R)] T II fa(R) dT Ha rrJIOCKOCTh st, r,n;e pac­

CMaTpHBaeMa.H o6JiaCTb HHTerpHpOBaHH.H .HBJI.HeTC.H rrp.HMOyrOJihHH­

KOM (pHC. 8.36). 
Mb1 6y,n;eM IIOJih30BaThC.H ycJIOBHeM, qTo o6pa3oM rpaHHIJ;hI 06-

JiaCTH R .HBJI.HeTC.H rpaHHll,a a(R). CJie,n;oBaTeJihHO, 
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t a*T y T 

oR 

~ 
s x 

PRC. 8.36 

O,n;ttaKo, ,n;JIH rrpHMoyroJihHOH o6JiacTM R MhI y:>Ke ,n;OKa3aJIM, qTo 

BoJiee Toro, corJiacHo orrpe,n;eJiettmo rrepettoca, MhI MMeeM 

J dT = J a*(dr). 
a(R) R 

CJie,n;oBaTeJihHO, ,il;JIH ,n;oKa3aTeJihCTBa paBeHcTBa fa[a(R)] T = fa(R) dr 
,n;ocTaToqHo IIOKa3aTh, qTo 

9To JierKO c,n;eJiaTb IIpHMhIM BhJqHcJieHMeM. IlyCTh T = f dx + 
gdy. llcrroJih3YH paBeHCTBa a*(dx) = d(a*x), a*(dy) = d(a*y), rro­

JiyqaeM, qTo a*r =(a* f) d(a*x)+(a*g) d(a*y). ,II;anee, M3 <PopMyJihl 

d(f dh) = df /\ dh MMeeM 

d(a*r) = d(a* !) /\ d(a*x) + d(a*g) /\ d(a*y). 

c ,n;pyroit CTOpOHhI, MhI 3HaeM, qTo 

dr = df /\ dx + dg /\ dy. 

IlpaBMJIO a*(a /\ w) = a*a /\ a*w ,n;aeT HaM 

a*dr = a*(df) /\ a*(dx) + a*(dg) /\ a*(dy), 
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CJie,1.1,oBaTeJibHO, 

a*dr = d(a* !) /\ d(a*x) + d(a*g) /\ d(a*y). 

lfa cpaBH€HHH 3Toro Bhipa)KeHHH c (8.2) rroJiy'laeM To, 'ITO HaM Tpe-

6oBaJIOCh: 

d(a*r) = a*(dr). 

TaKHM o6pa3oM, MhI HMeeM 

i(&R) T = laR a*r = l d(a*r) = l a*(dr) = i(R) dr, 

T. e. <j)opMyJia fpHHa ,Il;OKa3aHa ,1.1,JIH mo6oii o6nacTH, KoTopaH HBJIH­

eTCH o6pa30M rrpHMoyroJihHHKa. 

,Ll;o6aBHM ern.e ,Il,OKa3aTeJibCTBO 3TOH <j)opMyJihI ,1.1,JIH CJiy'laH, Kor­

,1.1,a o6JiaCTh HBJIHeTCH MHoroyroJihHHKoM. Ha IIJiocKoCTH mo6oii MHO­

royroJihHHK MO)KHO pa3JIO)l(HTh Ha TpeyroJihHHKH. ,Ll;eiiCTBHTeJihHO, 

mo6oii MHoroyroJihHHK pa36HBaeTCH Ha BhIIIJKJihie MHoroyroJihHH­

KH (puc. 8.37). A mo6oii BhIIIJKJihiii MHoroyroJihHHK p83JiaraercH Ha 

TpeyroJihHHKH, ecm1 B3HTh To'IKY BHYTPH Hero H coe,1.1,HHHTh 3TY To'l­

KY co BC€MH BepmHHaMH (pHC. 8.38). 

PHC. 8.37 Pttc. 8.38 

EcJIH 6hI MhI 3HaJIH <j)opMyJiy fpHHa ,1.1,JIH TpeyroJihHHKoB, To oHa 

6bIJia 6bI HaM H3B€CTHa ,1.1,JIH Bcex MHoroyroJibHHKOB, TaK KaK HH­

TerpaJihI, BhI'IHCJieHHhie ITO BHyTpeHHHM rpaHHII,aM TpeyroJihHHKoB, 

B3aHMHo yHH'ITo)l(aJOTCH (pHc. 8.39). 
I1TaK, MhI ,1.1,oJI)l(HhI ,1.1,0Ka3aTh TeopeMy ,1.1,JIH TpeyroJihHHKoB. A<P­

cPHHHoe rrpeo6pa3oBaHHe rrepeBo,1.1,HT JIJ06oii TpeyroJihHHK B Tpe­

yroJihHHK. CJie,1.1,oBaTeJihHo, HHBapHaHTHoCTh HHTerpanoB rrpH rJia,1.1,­

KoM (B 'laCTHOCTH, a<j)<j)HHHoM) rrpeo6pa3oBaHHH 03Ha'laeT, 'ITO Teo­

peMy ,1.1,0CTaTo'IHO ,Il,OKa3aTb ,1.1,JIH KaKoro-JIH6o 0,1.1,Horo TpeyroJihHHKa. 
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y 

PHc. 8.39 PHc. 8.40 

lfraK, Ha ITJIOCKOCTH xy paCCMOTpHM TpeyroJibHHK (pHC. 8.40) 

To = { 0 S x S y S 1}. 

Mhl MOMeM paccMoTpeTh qeTb1pexyroJihHHK 

Tc{O S x Sy, c Sy S 1}, 

x 

r,n;e 0 s c < 1. QqeBH,IJ;HO, qTo eCJIH Mhl ,IJ;OKa2KeM TeopeMy fpHHa ,n;m1 

Tc, OHa 6y,n;eT BepHa B ITpe,n;eJihHOM cJiyqae ,II;JIB TpeyroJihHHKa To, 
ITOCKOJibKY KpHBOJIHH€HHbie HHTerpaJibl H HHTerpaJibl ITO ITJIOIIJ;a,n;H 

BHYTPH Mano:H o6JiaCTH ITPH c ~ 0 cTpeMBTCB K Hymo. 06JiaCTh Tc 
,IJ;J15.l c > 0 eCTh o6pa3 ITp5.lMOyroJibHHKa { 0 s u s 1, c s v s 1} Ha 

ITJIOCKOCTH UV' ITOJiyqeHHhIH B pe3yJihTaTe OT06pa2KeHH5.l 

X =UV 

y =V. 

'.:ho oTo6pa2KeHHe HMeeT rJia,n;Koe o6paTHOe 

u = x/y, 

v =y, 

ecJIH y 2': c > 0. CJie,n;oBaTeJihHO, MhI CBeJIH TeopeMy K cJiyqaIO, 

KOTOpbIH yMe ,II;OK83aH, T. e. K o6pa3y ITP5.lMOyroJibHHKa (pHC. 8.41). 

B KaqecTBe HJIJIIOCTpau;HH ITpHMeHeHHB <PopMyJihI fpHHa pac­

CMOTpHM HHTerpaJI OT 1-<PopMbI 

T = x 2 dy 

ITO 3aMKHYTOMY ITYTH 8R (pHc. 8.42), o6pa30BaHHOMY OTpe3KOM ITpB­

Mo:H OT TOqKH ( ~) K TOqKe ( ~) ' ITapa60JIOH y = 1 - x
2 

OT TOqKH 

( ~) K ToqKe ( ~) H 0Tpe3KOM OT TOqKH ( ~) K TOqKe ( ~). 
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v y 

u x 

Pnc. 8.41 

y 

1 

1 x 

Pnc. 8.42 

Ilp.HMOJIHHeHHhie 0Tpe3KH, KaK HeTpy,r:t;HO rrpoBepHTh, He ,r:t;aIOT 

BKJrn,r:t;a B HHTerpan. IlapaMeTpn3y.H rrapa6oJiy 

{3*x=l-t, /3*y=l-(1-t)2 =2t-t2
, O<t<l, 

/3*r = (1 - t)2 (2 - 2t) dt = 2(1 - t)3 dt, 

r T = f 1 2(1 - t)3 dt = !. 
laR lo 2 

Ilo cpopMyJie rpnHa HHTerpan OT dr = 2x dx /\ dy ITO o6JiaCTH R ,r:t;OJI­

:>KeH ,n;aBaTh TO :>Ke caMoe. BbI"IHCJI.HeM 3TOT HHTerpan KaK rroBTOpHhIH 

n rroJiyqaeM 

11 11-x2 11 1 2xdx dy = 2(1 - x 2 )xdx = -, 
0 0 0 2 
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'ITO H CJ1€,IJ;OBa.JIO O)l<H,IJ;aTh. 

<I>opMyJiy fpnHa MO)KHO HCIIOJ1h30BaTh ,n;mI BhI'IHCJieHH51 IIJIOIII;a­

,n;eii qepe3 KpHBOJIHHeHHhie HHTerpa.rrbI. HarrpnMep, ecJin T = x dy, 
TO dr = dx A dy H 

f T = f dx A dy = rrJiorn;a,n;n R, 
laR jR 

rrpe,n;rroJiaraa, 'ITO R oprreHTnpoBaHa rrpoTHB qacoBoii cTpeJIKH. Ko­
He'IHO, mo6aa 1-cpopMa T 1 = x dy + df, r,n;e f - rrpoH3BOJihHaa ,n;rr<P­

cpepemi;npyeMaa cpyHKII;H51, o6Jia,n;aeT 3THM CBOHCTBOM, TaK KaK 

dr' = d(x dy) + d(df) = dx Ady= dr. 

HarrpnMep, Bh16epeM f = -~xy. Tor,n;a rroJiyqaeM 

I 1 1 1 ( 
T = xdy - -xdy- -ydx = - xdy -ydx) 2 2 2 . 

BBo,n;a rroJiapHhre KOop,n;nHaThI corJiacHo cpopMyJiaM7 

a*x = r cos e, a*y = r sinfJ, 

Mhl MO)K€M IIOJIY'IHTh 

1 
a*r' = -r2 df) 

2 ' 

OTKy,n;a cJie,n;yeT xoporno H3BeCTHaa cpopMyJia 

A= -r2 dfJ 1
21!" 1 

0 2 

,IJ;J151 IIJiorn;a,n;n, orpaHH'IeHHOH 3aMKHyToii KpHBOii, 3a,IJ;aHHOii B IIO­

JI5IpHbIX KOop,n;nHaTax. 

7B npaKTn:qecKn:x Bblqn:cJieHHHX CHMBOJI a* qacTO onycKaIOT n: IIHIIIYT npoCTO 

x = rcos8, y = rsin8. 



Pe3IOMe 

B 3aKmoqemre BhlIIIUIIeM ocHOBHh1e <l>opMyJihl aTofi rJiaBhl: 

.X /\ a = -a /\ .X, 

(w1 + w2) /\a= w1 /\a+ w2 /\a, 

d(fw) = df /\w + f dw, 

o:*(.X /\a)= o:* .X /\ a*a, 

a*(r1 + r2) = o:*r1 + a*r2, 

a* dr = da*r, 
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f a*r = f r )l;JIH o:, coxpaHH10m;ero opweHTau;mo, 
jR la(R) 

laR T = l dr. 

Pe3IOMe 

A. 2-<l:>opMhI 
,Ll,JIH 3a)l;aHHOH Ha IIJIOCKOCTH ,ll;HcP<l>epeHu;HaJibHOH 1-<l>opMbl T Ha)l;O 

yMeTb )l;aBaTb orrpe)l;eJieHHe ee BHeIIrne:H rrpOH3BO,ll;HOH dr H Bbl'IHC­

JIHTh dr B KOOp,ll;HHaTaX x, y. 
Bbl )l;OJI)KHhl 3HaTh orrpe)l;eJieHHe H yMeTh Bhl'IHCJIHTh HHTerpaJI 

OT 2-<l>opMbl IIO opHeHTHpOBaHHOMY rrpHMOyroJibHHKY Ha IIJIOCKOCTH. 

B. ,ll;BoiiHbie HHTerpaJihI 
Bbl ,ll;OJI)KHbl yMeTb Bhl'IHCJIHTh )l;BOHHble HHTerpaJihl rro 3a)l;aHHhlM 

Ha IIJIOCKOCTH o6JiaCT5IM, CBO,ll;H HX K IIOBTOpHblM HHTerpaJiaM c co­

OTBeTCTBYIOII1;HMH rrpe)l;eJiaMH HHTerpHpOBaHHH; yMeTb H3MeHHTb IIO­

pH,I!;OK HHTerpwpoBaHH51 B IIOBTOpHOM HHTerpane, rrpeo6pa3yH ero K 

,ll;BOHHOMY HHTerpany. 

Bb16paB rrpeo6pa3oBaHHe O,ll;HOfi o6JiacTH Ha IIJIOCKOCTH B ,I1;pyry10, 

Ha)l;O yMeTb Bhl'IHCJIHTh HHTerpaJibl IIO BTOpofi o6JiaCTH c IIOMOII1;hl0 

rrepeHoca. Ha,I1;0 yMeTh HaxO)l;HTh TaKoe rrpeo6pa3oBaHHe, B pe3yJih­

TaTe KOTOporo yrrpom;aeTCH Bhl'IHCJieHHe ,ll;BOHHOro HHTerpaJia. 

C. <l>opMyJia rpHHa 
Ha)l;o 3HaTb <PopMyJiy fpHHa Ha IIJIOCKOCTH H yMeTh rrpHMeHHTh ee. 
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3a,IJ,aqH 

8.1. B Tpex cnyqaxx, rrepe'IHCJieHHbIX HH2Ke, u H v HBJIHIOTCH <i>YHK~H­

HMH Ha ITJIOCKOCTH, a x H y - a<t><t>HHHhie Koop,n;HHaThI. Bhrpa:m­
Te dx /\ dy qepe3 du/\ dv. HapHcyiiTe rpa<i>HKH THITH'IHhIX KpHBhlX 

u = const H v = Const B rrepBOH 'IeTBepTH IIJIOCKOCTH (x, y > 0) H 

rrorrpo6yliTe ,n;aTh reoMeTpH'IeCKYIO HHTeprrpeTa~HIO COOTHOIIIeHHHM 
Me)K,ll;y dx /\ dy H du /\ dv Ha rrpHMepe rrapanJieJiorpaMMa, cTopOHhI 
KOToporo KaCaTeJihHbl K KpHBhIM u = const H v = Const. 

(a) 
(b) 
(c) 

x = ucosv, 
x = ucoshv, 
x = u2 - v2 , 

y = usinv. 
y = usinhv. 
y = 2uv. 

8.2. Bhl'IHCJIHTe HHTerpan J fs x 2 y2 dx dy, r,n;e o6JiaCTh S pacnoJio2KeHa B 
rrepBoii 'IeTBepTH H Haxo,n;HTCH Me)K,ll;y rHrrep6oJiaMH xy = 1, xy = 2 
H rrpaMhIMH JIHHHHMH y = x' y = 4x. 

8.3. (a) l13MeHH5l rropx,n;OK HHTerpHpoBaHH5l, IIOKa2KHTe, 'ITO 

la (ly em(a-x) J(x) dx) dy =la (a - x)em(a-x) J(x) dx, 

r,n;e a H m - IIOCTOHHHhie Ha> o. 
(b) lIOKa2KHTe, 'ITO 

ECJIH ,n;eJiaTh 3TO IIOCJie,n;oBaTeJibHO B ,n;Ba IIIara, TO BaM He 

rrpn,n;eTCH paccMaTpDBaTh TpOHHOH lIHTerpan!! 

8.4. BhI'IDCJIDTe rroBTopHhlii DHTerpan 

11 (11-v2 

sin 7rX ) I= y --
4
-dx 

0 0 x 
dy, 

npe,n;cTaBHB ero KaK ,n;BoiiHoii no cooTBeTCTBYIOUieii o6JiaCTH W. IIo­
CJie 3TOro Bhl'IHCJIHTe HHTerpaJI KaK IIOBTOpHhIH, H3MeHHB rropa,n;oK 

HHTerpnpoBaHHH. HapHcyliTe rpa<i>HK o6JiaCTH W. 

8.5. PaccMoTpHTe oTo6pa2KeHne, orrpe,n;eneHHOe <t>opMyJiaMH 

x = u + v, y = v - u2
. 
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(a) BhPIIICJrn:Te HKo6HaH 3Toro oTo6pa2KeHHH B rrepeMeHHhIX u H v. 

(b) TpeyroJihHHK T Jie2KHT Ha IIJIOCKOCTH uv H HMeeT BepllIHHhI B 

TO'lKax: (0, 0), (2, 0), (0, 2). Hapncy:llTe o6pa3 3TOro TpeyroJih­

HHKa s Ha IIJIOCKOCTH xy. 

( c) Bhl'lHCJIHTe rrJioIII,a,z:i;h S KaK ,Il;BOHHOH HHTerpaJI no o6JiaCTH S 
H KaK ,Il;BOHHOH HHTerpaJI no o6JiaCTH T. 

( d) BhI'lHCJIHTe HHTerpaJI 

!" { dxdy 
} 8 (x-y+1)2 . 

(a) IlycTb s 0003Ha'laeT e,z:i;nHH'lHhlH KBa.z:i;paT Ha IIJIOCKOCTH UV 

(pHc. 8.43). OrrHIIIHTe n HapHcyiiTe o6pa3 S rrpH oTo6pa2KeHHH 

Ha pHcyttKe rroKa2KHTe ¢(A), ¢(B) H ¢(C). 

v 

C B 1----.. 
s 

A 
1 u -1 

Puc. 8.43 

y 

2 

1 

1 x 

(b) BhI'lHCJIHTe HHTerpaJI J J y dx dy no 3TOH o6JiaCTH Ha IIJIOCKOCTH 

xy. 

( c) BbPUICJIHTe 3TOT 2Ke HHTerpaJI, HHTerpnpy.i:i: COOTBeTCTBJIOIIzyIO 

¢YHKIJ,HIO no KBa.z:i;paTy s Ha IlJIOCKOCTH UV. 

(a) BbI'lHCJIHTe HHTerpaJI 

fw (x + 2y) dxdy 

,Il;JI.H TpeyroJihHOH o6JiaCTH w, H3o6pa2KeHHOH Ha pnc. 8.44. 
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y 

1 

1 2 x 

PHC. 8.44 

(b) BhlqncJIHTe :3TOT )Ke HHTerpaJI B nepeMeHHhIX u H v, onpe,n;e­

JieHHhIX ¢opMyJiaMH x = 2uv, y = u - UV. 

8.8. Bb1qncJIHTe HHTerpaJI 

CHaqaJia KaK nOBTOpHblH HHTerpaJI no y H x, a nOTOM B nOJIHpHbIX 

KOOp,LI;HHaTax. 

8.9. (a) Bh1qncJIHTe noBTOpHhifi HHTerpaJI 

(b) I1HTepnpeTnpyii:Te 3TOT HHTerpaJI KaK ABOHHOH no COOTBeT­

CTBYIOilleii: o6JiaCTH Ha nJIOCKOCTH uv. Hapncyii:Te 3TY o6JiaCTh, 

BbIITHCaB B HBHOM BH,LI;e orpaHnqnBaIOII1He KpHBble. (He 6ecno­

KOfiTeCb 3,LI;eCb H B ,LI;aJibHeii:meM, qTO o6JiaCTb He orpaHHqeHa 8 .) 

( c) IloJiyqeHHhIH ABOHHOH RHTerpan ellle pa3 nepem1m1ne KaK no­

BTOpHhifi c ,n;pyrHM nopH,n;KOM HHTerpnpoBaHHH H BblqHCJIHTe 

ero. 

(d) BhIITOJIHHTe B ABOii:HOM HHTerpaJie 3aMeHy nepeMeHHhIX u = 
x2y-3 H v = x- 1y2 . IloJiyqnTe HOBhIH ABOHHOii: HHTerpaJI Ha 

nJioCKOCTH xy. Hapncyii:Te o6JiaCTh HHTerpnpoBaHHH ,LI;JIH 3Toro 

HOBOrO HHTerpaJia. 

(e) Ilpeo6pa3yii:Te noJiyqeHHhIH ,n;Bofittofi HHTerpaJI B noBTOpHhiii: H 

BblqHCJIHTe ero. 

8
3,n;ecb rroHBJI.HeTC.H 'Heco6cmae'H'HibtU )J;BOii:Hoil: HHTerpa.rr. Orrpe,n;eJieHHe 3Toro 

IIOHHTH.H H H3y'leHHe CBOHCTB Heco6CTBeHHbIX HHTerpaJIOB COCTaBJIHeT caMOCTOH­

TeJibHbIH pa3)J;eJI MaTeMaTH'leCKOro aHaJIH3a. - I!pUM. pea. 
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(f) IloKa:~KHTe, 'ITO x Hy 5IBJUIIOTC5I ,u;mp<Pepem:zycpyeMhIMH cPYHK­
IIH5IMH B nepBOii <ieTBepTH ITJIOCKOCTH UV. 

8.10. (a) BhI'IMCJIMTe MHTerpan 

r,u;e Q - nepBa5I <ieTBepTb Kpyra e,u;MHH'IHOrO pa,u;Myca. 9TOT 
HHTerpan npeo6pa3yfiTe B IlOBTOpHhiii no nepeMeHHhlM x H y. 
(A o603HaqaeT o6hI'IHYIO nno111a,u;h Ha ITJIOCKOCTH xy.) 

(b) BBe,u;nTe noJI5IpHhie Koop,u;MHaThI r M () o6hI'IHhIM cnoco6oM H 
npeo6pa3yfiTe ,n,aHHhlH HHTerpan B HHTerpaJI no COOTBeTCTBY­
ro111e:ii o6naCTH Ha ITJIOCKOCTH r(). )J;a:iiTe OITMCaHMe 3TOH o6nac­
TH. (Ilo,u; nJIOCKOCThIO r() IlO,l1,pa3yMeBaeTC5I HOBOe npocTpaH­
CTBO ~2 , r,u;e ,u;eKapTOBhIMM Koop,u;MHaTaMM 5IBJI5IIOTC5I r H B.) 

( c) IIpeo6pa3y:iiTe nony<ieHHhiii HHTerpan B ITOBTOpHhI:ii B nepeMeH­

HhIX r, () H Bhl'IHCJIHTe ero e111e pa3. 

8.11. (a) BhI'IMCJIMTe MHTerpan I= fw 2ydx /\ dy KaK cyMMY ,11,Byx no­
BTOpHhIX HHTerpaJIOB Ha ITJIOCKOCTH xy. 06JiaCTh w (pHC. 8.45) 
orpaHM<ieHa np5IMhIMH y = x /2, y = 2x H rnnep6oJiaMM xy = 2, 
xy = 8. 

v y 

1 2 u x 

PMC. 8.45 

(b) Ha ITJIOCKOCTH uv Haii,u;1ne TaKoii np5IMoyroJihHHK R, 'IT06h1 W 
6hlJia o6pa30M R nocJie npeo6pa30BaHM5I a, 3a,u;aHHoro <l>opMy­

JiaMM: a*x = 2uv, a*y = u/v. 

( c) BbI'IMCJIMTe a* ( 2y dx /\ dy). 

(d) BbI'IHCJIMTe HHTerpaJI I KaK HHTerpan no o6nacTM R. 
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8.12. (a) Bb1qMcJIMTe KpMBOJIMHeii:Hbiii: MHTerpan f[(2y2+3x) dx+2xydy] 
no KpMBOH "'(, M3o6pa2KeHHOH Ha pMC. 8.46, KOTOpruI COCTOMT M3 

np.HMOJIMHeii:HbIX 0Tpe3KOB 0 :::; x :::; 2, 0 :::; y :::; 2 M ,rryrM 

OKPY2KHOCTM x
2 + y2 = 4 npH x ~ 0 My~ 0. 

(b) IlocTpOii:Te TaKoii: ,ll;BOHHOH MHTerpaJI no o6JiaCTM, orpaHMqeH­

HOH KpMBOH "'(' qT06b! OH 6bIJI paBeH KpMBOJIHHeii:HOMY HHTerpa­

Jiy, BbiqHCJieHHOMY B npe,n;hl,rry1IIeM nyHKTe. Bb1qMcJIMTe 3TOT 

,n;BOHHOH HHTerpan, npeo6pa3ya ero K nOJI.HpHbIM KOOp,LJ;MHa­

TaM. 

y 

2 

1 

1 2 x 

Pnc. 8.46 

( c) Haii:,n;HTe cpyHK!IMIO f ( x), 06Jia,n;aI01IIYIO cBoii:cTBOM 

J f(x)[(2y2 + 3x) dx + 2xydy] = 0, 

Kor,n;a HHTerpaJI BblqMCJI.HeTC.H no .11,106ou 3aMKHYTOH KpllBOH Ha 

nJIOCKOCTM. 

8.13. 0,n;MH ll3 cnoco6oB 3aMeHbI nepeMeHHbIX B opHeHTHpOBaHHOM MHTe­

rpane I = fw f dx (\ dy, r,n;e w = </>(S), COCTOHT B TOM, qTo6bI 

BocnoJih30BaTbCH cpopMyJioii: fpHHa M npeo6pa3oBaTb nHTerpan I B 

KpHBOJIHHeHHbIH MHTerpaJI no 3aMKHYTOMY nyTM 8W. 3aTeM npeo6-

pa30BaTb pe3yJihTaT B KpMBOJIMHeii:HbIH HHTerpan Ha nJIOCKOCTM uv, 
e1IIe pa3 npHMeHMTb cpopMyJiy fpMHa n Bbipa3HTb I KaK ,n;Boil:Hoii: 

HHTerpan Ha nJIOCKOCTH uv. BocnOJib3oBaBmncb 3TMM no,n;xo,n;oM, no­

JiyqHTe cpopMyJiy 3aMeHbl nepeMeHHblX ,U:JIH ,n;BOii:Horo HHTerpaJia. 

8.14. IlycTb u M v 6y,rryT cpyHK!IMHMll Ha nJIOCKOCTM, y KOTOpbIX nepBble 

n BTOpbie npOU3BO,LJ;Hbie no x n y HenpepbIBHbI. IlycTb s - CBH3Ha.H 
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o6JiaCTb Ha IlJIOCKOCTH, rpaHHIJY KOTOpoll: o603HaqHM aS. IloKa:~KHTe, 
qTO 

1 [( au av) ( av au) J v- -u- dx+ u- -v- dy 
aS ax ax ay ay 

le r ( a2v a2v ) 
= 2 1 s u axay - v axay dx dy. 

y 

x 

Pnc. 8.47 

5. (a) TOHKa5I IIJiaCTHHa s (pHC. 8.47) HMeeT IIOCT05IHHYI0 IlJIOTHOCTb 

CY ( 3,i::i;ech CY - Macca Ha e,n;HHHIJY nJionra,n;H). MoMeHT HHep:a;HH 

IlJiaCTHHbI OTHOCHTeJibHO OCH x paBeH 

Ix= CY ls y2 dxdy. 

IloKa)l{HTe, qTo Ix =CY fas xy2 dy, r,n;e aS - rpaHH:a;a IlJiaCTH­

HhI, npOXO,IJ;HMaH npOTHB qaCOBOH CTpeJIKH. 

(b) MoMeHT HHep:a;HH IIJiaCTHHbl OTHOCHTeJibHO OCH y paBeH 

Iy =CY ls x2 dxdy. 

Hall:,n;nTe ,n;Be ,n;mp¢epen:a;HaJihHbie ¢opMbI w H T, ,ll;JIH KOTOphrx 

crrpaBe,IJ;JIHBOpaBeHCTBO 

Iy = CY r w = CY r T. 

las las 

( c) MoMeHT HHep:a;HH IIJiaCTHHbl OTHOCHTeJibHO OCH z paBeH 
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Haii,ll;HTe TaKyIO ,ll;Hcpcpepemi;HaJihHYIO cpopMy n, ,II,JUI KOTOpoii 

BhIIIOJimrnTC.H paBeHCTBO Iz = (T fas n. <l>opMy n 3aIIHIDHTe B 

IIOJI.HpHhIX KOOP,ll;HHaTax r H (). 



rayCCOBa OIITHKa 

B rnaBe 9 )l;aH npHMep HCIIOJih30BaHHH pe3yJihTaTOB iiep­

BhIX BOCbMH rJiaB B cPH3H'IeCKOH TeOpHH - OIITHKe. 0Ha 

COCTOHT 1IeJIHKOM H3 IIpHJIO)l{eHHH, Hee nponycK npH 'ITe­

HHH HHKaK He 0Tpa3HTCH Ha IIOHHMaHHH IIOCJie)l;ylOIIIero 

Ma Tep Hana. 

9 .1. OrrT1.P1ecK11e TeopHH 

B HCTOpHH cPH3HKH qacTo cnyqaeTCH, 'ITO cTapaH TeopHH BhITeCHH­

eTCH HOBOii, HO npH 3TOM CTapaH OCTaeTCH cnpaBe)l;JIHBOH, CTaHOBHCb 

JIH6o IIpH6JIH)l{eHHeM K HOBOH, KOTOpoe IIpHrO)l;HO IIpH onpe)l;eJieH­

HbIX orpaHH'IeHHHX, JIH6o qacTHhIM cnyqaeM HOBOH TeopHH. TaK, 

HblOTOHOBCKaH MexaHHKa MO)l{eT paccMaTpHBaThCH KaK npH6JIH)l{e­

HHe K peJIHTHBHCTCKOH MexaHHKe, cnpaBe)l;JIHBOe IIPH CKOpOCTHX, Ma­

JlbIX no cpaBHeHHIO co CKOpOCThlO CBeTa. AHanorH'IHO, HhlOTOHOBCKaH 

MexaHHKa MO)l{eT paCCMaTpHBaTbCH KaK npH6JIH)l{eHHe K KBaHTOBOH 

MexaHHKe, KOr)l;a H3yqaeMbie o6'beKTbl )l;OCTaTO'IHO BeJIHKH. 3aKOHbl 

Kennepa, OIIHChIBaIDIIIHe )l;BH)l{eHHe nnaHeT, HBJIHIOTCH qacTHhIM cny­

qaeM 3aKOHOB HhlOTOHa, KOr)l;a CHJia B3aHMO)l;elicTBHH Me)l{)l;y TenaMH 

o6paTHO IIpOIIOPI1HOHaJihHa KBa)l;paTy pacCTOHHHH Me)l{)l;y HHMH. 3a­

KOHbl Kennepa MO)l{HO TaK*e C'IHTaTh npH6JIH)l{eHHeM K ypaBHeHH­

HM )l;BH)l{eHHH HhlOTOHa, KOr)l;a MhI npeHe6peraeM BJIHHHHeM O)l;HOH 

IIJiaHeTbl Ha )l;BH)l{eHHe )l;pyrHX. 
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pacnpocTpaHeHHH Jiyqa. 9To HBJieHIIe Ha3hIBaeTC.H IIOJIHpH3an;Heli 

CBeTa, H ero MO)KHO Ha6mo,n;aTh, HanpHMep, HCIIOJib3JH cnen;HaJibHbie 

IIOJIHpOH,ZJ;Hbie qrn:JibTpbI. 

f eoMeTpnqecKaH OITTHKa HBJIHeTCH rrpn6JIH)KeHHeM K BOJIHOBOH 

OIITHKe, B KOTOpOM npeHe6peraIOT BOJIHOBOM npHpo,n;oft CBeTa. 9TO 

MO)KHO ,n;eJiaTh, Kor,n;a pa3Mepb1 anepTyp BeJIHKH IIO cpaBHeHHIO 

c ,ll;JIHHOH BOJIHbl CBeTa H Kor,n;a Mbl He HHTepecyeMCH TeM, qTO npo­

HCXO,ZJ;HT B ¢oKycax H B OKpecTHOCTH TeHH. 

J1HHeiIHaH OIITHKa HBJI.HeTCH npH6JIH)KeHHeM K reoMeTpHqecKOM 

onTHKe, Kor,n;a HCCJie,n;yIOTCH MaJibie yrJibI. B paMKax JIHHe:Htto:H on­

THKH ,n;eJiaIOTC51 npH6JIH)KeHHH: sin() ~ ()' tan() ~ ()' cos() ~ 1 H T. ,n;.' 
T. e. OT6pachIBaIOTCH Bee Bbipa)KeHHH, KBa,n;paTHqHbie (H 6oJiee Bbl­

COKHX IIOpH,ZJ;KOB) ITO yrJiaM. HarrpHMep, B reoMeTpHqeCKOH OIITHKe 

cnpaBe,ZJ;JIHB 3aKoH CHeJIJinyca, corJiacHo KOTopoMy, ecJIH cBeT rrpo­

xo,n;nT o6JiaCTb c KO::>¢¢Hu;neHTOM npeJIOMJieHHH n ( OTHOCHTeJibHO 

BaKyyMa) H nona,n;aeT B o6JiaCTb c KO::~<i:><l:>Hn;HeHTOM npeJIOMJieHHH 

n'' TO n sin i = n' sin i'' r,n;e i H i' - yrJihI, KOTOpbie COCTaBJIHeT 

HarrpaBJieHHe pacnpocTpaHeHHH Jiyqa c HOpMaJihIO K IIOBepXHOCTH, 

pa3,n;eJIHIOID;e:H ::>TH o6JiaCTH (pnc. 9.3). B JIHHeiIHoli OIITHKe ::>TOT 3a­

KOH ynpoiu;aeTCH: ni = n' i'' IIOTOMY qTo yrJibl i H i' MaJihI. (9TOT 

npn:6JIH)KeHHhIM 3aKOH 6bIJI H3BecTeH eiu;e IlToJieMeIO.) 

--

n n' 

PHc. 9.3 

Pa3JIHqHe Me)K,n;y reoMeTpHqecKoli onTHKO:H H ee JIHHeiIHhIM npH-

6JIH)KeHHeM Ha3hrnaeTCH ( reoMeTpHqecKoli) a6eppau;Heli. Harrpn:Mep, 
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PHc. 9.4. CcpepH'IecKaR a6eppau;HR 

rrycTh rry'loK rrapaJIJieJihHhIX Jiyqeif rra,n;aeT Ha ccpepHqecKoe 3epKano 

(pMc. 9.4). Tru;aTeJihHOe Ha6mo.n,eHMe oTpa)l(eHHhIX Jiyqeif IIOKa3hI­

BaeT, qTO He BCe OHM rrepeceKaIOTCR B O,Il,HOH TQqKe. ToJihKO JiyqM, 

pacrrpocTpaHRIOID;lleCR B6Jill3M ,IJ,llaMeTpa, rrepeceKaIOTCR B6JIH3ll cpo­
Kyca 1 3epKana. B paMKax JIHHeifHoif OIITHKll MhI orpaHwrnBaeMcR 

pacCMOTpeHMeM Jiyqeif, KOTOpbie 6JIM3Kll K .n,naMeTpy, TaK qTO MO)K­

HO CqMTaTh, qTQ OHM rrepeceKaIOTCR B cpoKyce. (cho OTKJIOHeHne OT 

cpoKyca ccpepnqecKoro 3epKaJia Ha3hIBaeTCR ccpepnqecKon a6eppa­

u;:i-i:eii.) 
raycCOBa OIITllKa RBJIReTCR qaCTHhIM CJiyqaeM JlllHeHHOfi OIITllKll, 

KOr.n,a rrpe.n;rroJiaraeTCR, qTO BCe paccMaTpllBaeMbie IIOBepXHOCTll 06-

Jia.n,aIOT Bparu;aTeJihHOH CllMMeTpnen OTHOCllTeJibHO HeKOTOpoif u;eH­

TpaJibHOH OCH. cho QqeHh Ba)KHbIH qaCTHhIH CJiyqaif, IIOTOMY qTQ 

BCe JlllH3bl ll 60JiblllllHCTBO IIOJillpOBaHHbIX 3epKaJI o6Jia,IJ;aIOT 3TllM 

CBOHCTBOM. Harne o6cy)l(.n,eHHe orrTnqecKnx Teopnif n3o6pa)KeHo Ha 

cxeMe: 

1 «cf>oKyc» s ,n;aHHOM cJiyqae pacrroJIO:>KeH s cepe,n;1rne pa,n;n:yca c<j)epbI, rrapaJI­
JieJihHoro HarrpasJieHn:IO Jiyqeii:. - Jlpu.M. pea. 
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I fayccoBa OIITHKa I 

ii CJiy-'Iaii rrpH HaJIHqHH Bpa:rn;aT qacTHhl eJihHOii 

CHMMeTpHH 

I JlHtteiiHa.H orrTHKa I 

:>KeHHe, rrpeHe6peraro:rn;ee a6ep 

I reoMeTpHqecKa.H OITTHKa I 

I1pH6JI H:>KeHHe KOpOTKHX BOJIH, 

raro:rn;ee ,IJ;H<ppaKI.J;Heii, HHTep<P rrpeHe6pe epeH~Heii 

H rroJI.apH3arweii 

I BoJIHOBa.H orrTHKa I 

rii cJiyqaii, KOr,IJ;a He paccMaTp qacTHh HBalOT 

H3JiyqeHHe cBeTa 

J 9JieKTpO,IJ;HHaMHKa MaKcBeJIJia I 

, rrpette6peraro:rn;ee KBaHTOBhIM 

I KBaHTOBa.H aJieKTpO,IJ;HHaMHKa I 

9.2. MaTpH"C.JHhie MeTO,z::t;hI 

B paMKax rayccoBoii orrTHKH MhI H3yqaeM TpaeKTOpHIO CBeToBoro 

Jiyqa, KOr,IJ;a OH rrpOXO,Il;HT qepe3 pa3JIHqHhie rrpeJIOMJI.HIOIIJ;He ITOBepx­

HOCTH OITTHqecKoii CHCTeMhl ( HJIH OTpa:>KaeTC.H OT OTpa:>KalOIIJ;HX rro­

BepxHOCTeii). BBe,IJ;eM CHCTeMy KOOp,IJ;HHaT, B KOTOpoii OCh z ( HarrpaB­

JieHHa.H CJieBa HarrpaBO) COBITa,IJ;aeT c OITTHqecKoii OChlO ( OChlO CHM­

MeTpHH CHCTeMhI). Mbr orpaHHqHMC.H HCCJie,IJ;oBaHHeM KoaKCHaJihHhIX 
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Jiy'Ieit - Jiy'Ieit, Jie)Ka:rn;Hx B O,Il;HOit nJIOCKOCTH c OnTH'IeCKOit OCbI0
2

. 

B CHJIY Bpa:rn;aTeJibHoit CHMMeTpHH O'IeBH,IJ;HO, 'ITO MO)KHO orpa­

HH'IHThCR H3y'IeHHeM Jiy'Ieit, Jie)Ka:rn;Hx B O,IJ;HOit BbI6paHHOit nJIOC­

KOCTH. TpaeKTOpHR ny'Ia, npoxo,I1;51:rn;ero 'Iepe3 CHCTeMy npenoMJIRIO­

:rn;Hx noBepxHOCTeit, 6y,n;eT npe,n;cTaBJIRTh co6oit nocne,n;oBaTeJihHOCTh 

np51MbIX JIHHHit. Harna 3a,IJ;a'Ia COCTOHT B TOM, 'IT06bI CB513aTb npRMO­

JIHHeitHblit JIY'I, BbIXO,IJ;51II1;Hit H3 CHCTeMhI, c npRMOJIHHeitHbIM JIY'IOM, 

na,n;aIO:rn;HM Ha Hee. ,Il;JIR 3TOro Mbl ,IJ;OJI)KHbl nOJIY'IHTb MeTO,IJ; OIIH­

caHH51 npRMhIX JIHHHit. Bb16epeM qmKCHpoBaHHoe 3Ha'IeHHe z = zo 
H nJIOCKOCTh, nepneH,IJ;HKYJIRPHYIO onTH'IeCKOit OCH, KOTopyIO 6y,n;eM 

Ha3hIBaTh nnocKOCThIO OTC'IeTa. Tor.n;a npRMaR JIHHHR onpe,n;enReTcR 

,IJ;BYM51 napaMeTpaMH: BbICOTOit q Ha,IJ; OCblO z H yrJIOM 0' onpe,n;eJI51-

IOII1;HM HaKJIOH JIHHHH K onTH'IecKoit OCH (pHc. 9.5). Yron 0 6y,n;eM 

H3Mep51Tb B pa,n;HaHax H C'IHTaTh nOJIO)KHTeJibHbIM, ecJIH Bpa:rn;eHHe 

npOTHB 'IaCOBOit CTpeJIKH COBMe:rn;aeT nOJIO)KHTeJihHOe HanpaBJieHHe 

OCH z c HanpaBJieHHeM ny'Ia. Ha Ka)K.n;oit CTa,IJ;HH BhI'IHCJieHHit cne­

.n;yeT BbI6HpaTb y,n;o6HyIO nJIOCKOCTb OTC'IeTa. 

PHC. 9.5 

HanpHMep, ecJIH cBeT na.n;aeT Ha onTH'IecKyIO CHCTeMy cneBa H 

BbIXO,IJ;HT HanpaBO (pHC. 9.6), Mbl ,IJ;OJI)KHbl BbI6paTb O,IJ;HY nJIOCKOCTb 

OTC'IeTa Zi CJieBa OT CHCTeMbl JIHH3 H BTopyIO nJIOCKOCTb OTC"'!eTa z2 
cnpaBa. Jlyq, BXO,IJ;51II1;Hit B CHCTeMy no npRMOit JIHHHH c napaMeTpaMH 

qi H Oi npH z = Zi' BhIXO,IJ;HT H3 CHCTeMbl no npRMOit JIHHHH c 

napaMeTpaMH q2, 02 npH z = z2. Harna 3a,r:i;a'Ia cocTOHT B TOM, 'IT06b1 

,IJ;JI51 JII06oit CHCTeMhl JIHH3 HaitTH CB513b Me)K,IJ;y ( q2' 02) H (qi' Oi). 

2
XOT51 3TO H 51BJrneTC51 yrrpoII1aIOII1HM rrpe,n;rroJIO)KeHHeM, Ha caMOM ,n;eJie MO)K­

HO ,ll;OK83aTh, 'ITO JIHHeHHOCTh 03Ha'laeT H3y'leHii:e IIpOH3BOJihHhIX Jiyqeii:, IIOTOMY 

'ITO HX MO)KHO CBeCTH K KOaKCHaJihHhIM Jiy'laM, rrpoeKTHPY51 Ha ,n;Ba B3aHMHO 

rreprreH,ll;HKYJI51pHhIX HarrpaBJieHH51. 
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PHc. 9.6 

Terrepb Ha,n;o c,n;eJiaTb o"tJ:eHh rrpocToii, HO -qpe3BhI"tJ:aiiHo BaJKHhiii 

mar - rJiaBHhlii B reoMeTpH"tJ:eCKOii OIITHKe If MexaHHKe. 

IlepeMeHHYIO (} 3aMeHHM Ha p = nO, r,n;e n o6o3Ha"tJ:aeT noKa3a­

TeJib rrpeJIOMJieHH.H cpe,n;bI B IIJIOCKOCTlf OTC"tJ:eTa. (B MeXaHHKe 3TO 

COOTBeTCTByeT 3aMeHe CKOpOCTlf Ha lfMIIYJibC.) 

Tor,n;a cBeToBoii JIY"tJ Mo:>KeT 6bITh orrHcaH BeKTopoM (!), If MhI 

,IJ;OJI)KHhI HaiiTH BeKTop (!~) KaK cPYHKIJ;HIO (!~). MbI rrpeHe6pe­

raeM KBa,n;paTH"tJ:HblMlf "tJJieHaMH If "tJJieHaMH 6oJiee BbICOKlfX rropB,n;­

KOB, CJie)l,OBaTeJibHO, B HarneM rrpH6JimKeHlflf (!~) 6y,n;eT mrneiiHOH 

cPYHKIJ;Heii OT (!~), T. e. 

r,n;e M21 - HeKoTopaB MaTpHn;a. fJiaBHhIM pe3yJihTaToM Bh16opa p 
BMeCTO rrepeMeHHOH (} 5IBJI5IeTC5I 

/ Det M21 = L / 

~yrHMlf CJIOBaMH, H3y"tJ:eHHe rayccOBOH OIITlfKlf CBO,Il;lfTC5I K H3y"tJ:e­

HlfIO rpyrrrrbI Bein;ecTBeHHbIX MaTpHn; 2 x 2, HMelOIIJ;lfX orrpe,n;eJIHTeJib, 

paBHblH e,n;HHHIJ;e, T. e. rpyrrrrhI 81(2, JR). l.fro6b1 ,Il;OKa3aTh 3TO yTBep­

)K,IJ;eHHe, 3aMeTHM, "tJTO ecJIH Jiy-q rrocJie,n;oBaTeJibHO rrpoxo,n;HT TPH 

IIJIOCKOCTlf OTC"tJ:eTa z1' z2 If Z3' TO no orrpe,n;eJieHHIO MaTpHn;a rrepe­

xo,n;a 
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TaKHM o6pa30M, eCJIH OIITWJeCKa}l CHCTeMa COCTOHT H3 ,IJ.Byx HJIH 60-

Jiee 6JIOKOB, Mhl ,II.OJIMHhI TOJihKO rrpoBepnTh, 'ITO Det M = 1 B OT­

,n.eJibHOCTH ,II.JI}} KaM,n.oro 6JIOKa. ,Il;JI}l yrrpo:rn;eHH}l H3JIO)KeHH}l rrpe,n.­

IIOJIO)KHM, 'ITO B CHCTeMe HeT 3epKaJI. 

OcHOBHhie rrpou;eccb1 B orrTHKe 

IlpoXOM,IJ.eHne CBeTa qepe3 CHCTeMy JIHH3 MOMHO paccMaTpllBaTb 

KaK COBOKYIIHOCTb OCHOBHhIX OIITH'IeCKHX rrpo:u;eccoB. 

(a) PacnpocTpaHeHne ( TpaHCJIRIJ;ll}l): JIY'I ,z:i;BnMeTC}l no rrp}IMOH MeM­

.n.y ,II.BYMR IIJIOCKOCT}IMH OTC'IeTa, JieMa:rn;HMH B O,IJ.HOH H TOH Me cpe,n.e. 

,Il;JIR OIIHCaHH}l 3TOro npo:u;ecca paCCT05IHHe MeM.n.y ITJIOCKOCT}IMH o6o-
3Ha'IHM t, IlOKa3aTeJib npeJIOMJieHH}l cpe,IJ.bl n. QqeBH,IJ.HO, 'ITO rrpn 

TaKOM ,IJ.BllMemm CBeTOBOrO Jiyqa yrOJI 0, H, CJie,Ll;OBaTeJihHO, p, He 

H3MeH}lIOTC}l: (P2 = P1), n q2 =qi+ (t/n)p1 (pnc. 9.7). 

Pnc. 9.7 

BBe,z:i;eM npnBe,z:i;eHHoe pacCTO}lHlle T = t/n. Tor,n.a 

(!~) = (~ I) (!~), Det (~ I) = 1. 

(b) IlpeJIOMJieHne Ha rpaHn:u;e MeM.n.y ,IJ.BYM}l o6JiaCT5IMH c pa3HhlMH 

IIOKa3aTeJI}lMH npeJIOMJieHmI. IlOKa3aTeJIH rrpeJIOMJiemrn ,IJ.BYX cpe,IJ, 

o6o3Ha'InM ni n n2. EcTecTBeHHO, Ha,n.o Y'IHThIBaTh KpllBH3HY 110-

BepxHOCTH pa.3,IJ.eJia cpe,n.. Bb16npa10TC}l ,IJ,Be IIJIOCKOCTn OTC'IeTa, cJie­

Ba n cnpaBa B6JIH3H OT 3TOH rroBepxHocTn. Ha noBepxHOCTH pa.3,IJ,eJia 

BeJIH'IHHa q He H3MeHReTC}l, a BOT yroJI H, CJie,IJ,OBaTeJibHO, p H3MeH}l­

IOTC}l corJiacHo 3aKoHy CHeJIJinyca ( ero JIHHeapn3npoBaHHOMY Bapn­

aHTy). B 3aKOH CHeJIJinyca BXO,Il,HT HaKJIOH KacaTeJihHOH K noBepx­

HOCTH B TO'IKe, r,n.e rrponcxo,IJ,HT rrpeJIOMJieHne. B HameM rrpn6nnMe­

HHH Mbl npeHe6peraeM KBa,IJ.paTH'IHbIMH 'IJieHaMH B 3TOM HaKJIOHe H 

'IJieHaMH TpeThero H 6onee BhICOKoro nOp}l,IJ.Ka B ypaBHeHHH IIOBepx­

HOCTH. TaKnM o6pa3oM, MhI npe,IJ,nOJiaraeM, 'ITO JIHHHR rrepeceqeHnR 
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3TOH noBepxHOCTH c Hamett nJIOCKOCTbIO 6y,n;eT napa6oJIOH: 

1 2 
Z - Zi = 2kq . 

Tor.n;a npoH3BO,Il;Ha.a z no q, T. e. z' ( q) = kq, 6y,n;eT tan( 7r /2 - 'ljJ), 
r.n;e 'ljJ - yroJI, H3o6paJKeHHhIH Ha pnc. 9.8. 

.' z 

PHC. 9.8 

~JI.SI MaJibIX yrJIOB 0, T. e. ,}];JI.SI MaJihIX 3Ha'-1€HHH q, yrOJI 'ljJ 6y,n;eT 

6JIH30K K 7r /2, H TOr,n;a tan( 7r /2 - 'ljJ) MO)KHO 3aMeHHTh Ha 7r /2 - 'ljJ, 
eCJIH Mbl rOTOBhl onycTHTh 'IJI€Hhl 6oJiee BhICOKOrO rrop.a,n;Ka no q H 

p. TaKHM o6pa3oM, B rayccoBOM rrpn6JIHm:eHHH 7r /2 - 'ljJ = kq. YroJI 

Mem:,zzy na,n;aIOIII.HM JIJ'IOM H KacaTeJibHOH paBeH ( 7r /2 - ii). lfa Toro, 

'ITO cyMMa BHyTpeHHHX yrJIOB TpeyroJihHHKa paBHa 7r' CJie.n;yeT, 'ITO 

(7r - 'l/J) + Oi + (7r/2 - i1) = 7r HJIH 

ii= Oi + kq. 

AHanorM'IHO noJiy'IaeM 

i2 = 02 + kq, 

r.n;e q = q1 = q2 onpe,n;eJI.HIOT TO'IKY Ha npeJIOMJI.HIOIII.€H IlOBepxHOCTH, 

B KOTopyro na.n;aeT JIJ'-1. IlepBoe ypaBHeHHe YMHO)KHM Ha ni' a BTopoe 

Ha n2. I1crroJih3Y.H npH6JIMm:eHHYIO cPoPMYJIY ,n;Jrn: 3aKoHa CHeJIJrnyca 

niii = n2i2, rroJiy-qaeM 

(!~) = (-~ ~) (;~)' 
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KOHCTaHTa p = (n2 - ni). k H33bIBaeTCH onmU"ieC'/\,OU CU.11,0U rrpeJIOM­

JIHIOIIJ;eii: IIOBepXHOCTH. 

Conpsr>KeHHbie nJiocKocT:u 

liTaK, ,IJ;BH)KeHHe Jiy'la B JII06oii: rayccoBOii: OIITH'leCKOii: CHCTeMe 

Me2K.ri;y ,IJ;ByMH IIJIOCKOCT5IMH OTC'leTa COOTBeTCTByeT MaTpHu,e 

M = ( ~ ~) , r,n;e AD - BC= 1. 

Terrepb M02KHO cocTaBHTh cJioBaph, rrepeBo,IJ;RIII,Hii cBoii:cTBa MaTpHll,hI 

B OIITH'leCKHe CBOHCTBa. 

HarrpHMep, ,IJ;Be rrJIOCKOCTH z1 H z2 H33hIBaIOTCH conpR:JICeH'H:bi­

.Mu, ecJIH ,IJ;JIH JII06oro 3Ha'leHHH qi BCe JIY'IH, BblXO,IJ;HIIJ;He H3 qi' Z1' 

CXO,IJ;5l.TC51 B TO'IKY q2' z2. 9To 3Ha'!HT, 'ITO 3Ha'leHHe q2 He ,IJ;OJI)KHO 

3aBHCeTh OT p 1 , T. e. 'ITO 

B=O. 

ToHK:ue JIHH3bI 

3aMeTHM, 'ITO rrpOH3Be.ri;eHHe ,IJ;Byx MaTpHU, BH,IJ;a (-~ ~) HMe­

eT TOT )Ke BH,IJ;, T. e. 

9To II03BOJIHeT ttarrncaTb ypaBHemrn ,Il;Jl51 TaK H33bIBaeMbIX mO'/-t'/\,UX 

.!lU'l-t3, COCTOHIIJ;HX H3 rrpeJIOMJlHIOIII,HX rrosepxHOCTeii: c npette6pe2KH­

MO MaJihIM paccTOHHHeM Me)K,Il;Y HHMH (pHc. 9.9) 3 . B 3TOM cJiy'lae 

IIJIOCKOCTH OTC'leTa z1 H z2 y,n;o6tto 6paTb COBrra.ri;a10m;HMH c IlJIOCKO­

CThIO JIHH3. IlpH 3TOM c IlJIOCKOCTblO z1 CBH3hIBaIOT JIY'IH, rra,n;a10m;ne 

CJiesa, a c IIJlOCKOCTblO z2 - JIY'IH, BblXO,Ll;HIII,He H3 JIHH3 H pacrrpo­

CTpam110m;HeCH ttanpaso. 

3
Ha pnc. 9.9 rrpeJIOMJIHIOm;He IIOB€pXHOCTH lf3o6paMeHbI He rrapa6oJiaMH, KaK 

,LJ;eJiaJIOCh BhIIIIe, a ,zzyraMH OKPYMHOCTeii:. MoMHO ,LJ;OKa3aTh, 'ITO ypaBHeHne 

OKpy)KHOCTH Pa,LJ;lfYCa R c u;eHTpOM Ha OCH z crrpaBa OT TO'IKH Z1, B KOTOpoii: 3Ta 
2 

OKpyMHOCTb rrepeceKaeT OCb z, c TO'IHOCTblO AO o( q
2

) HMeeT BH,Jl; z - Z1 = iR. 
IIo::iToMy KOHCTaHTa k H3 rrpe,LJ;hI,Izyrn;ero rrocTpoeHnH B 3TOM cJiy'Iae paBHa 1 / R. 
3aMeTHM, 'ITO 'IHCJIO k = 1/ R Ha3hIBaIOT 'KpUBU3ttoil oKpyMHOCTH pa,LJ;nyca R. -
Ilpu.w. pea. 
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z 

PHc. 9.9 

MaTpHu;a ,n;mi: JieBoii rrpenoMJI.morn;eii rroBepxHOCTH paBHa 

CooTBeTCTBeHHO, MaTpHu;a ,n;mi: rrpaBoii rrpenoMmi:rorn;eii rroBepxHOCTH 

paBHa 

(-n1~2n2 ~) 
(3aMeTHM, qTo Ha pHc. 9.9 3HaqeHHe R2 oTpmJ,aTeJihHo.) TiepeMHO­

)KHB 3TH MaTpHD;hI, MbI lIOJiyqaeM MaTpHu;y ,ll;JI.H TOHKOH JIHH3bI 

qHCJIO f Ha3hIBaeTC.H ifio'K:ycH'btM paccmo.n'l-tUe.M AU'l-t3'bt. Mbr 6y,n;eM 

rrpe,n;rroJiaraTh, qTo JIHH3hI HaxO,n;.HTC.H B BaKyyMe, TaK qTQ ni = 1 H 

n2 > 1. EcnH Ri rroJIO)KHTeJibHO, a R2 oTpHn;aTeJibHO (,n;BO.HKOBhIITYK­

JiaH JIRH3a), TO <PoKycHoe pacCTO.HHHe f ITOJIO)KlfTeJibHO, lIOCKOJihKY 

n2 - ni > 0. 

f f 

z 

Pnc. 9.10 
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Bb1qHcJIHM MaTpmzy ,n;JI.H TOHKOH JIHH3hI, 3a,n;aIOnzyIO ,Il;BH)KeHHe 

Jiy'Ia Me)K,Il;y IIJIOCKOCThIO oTcqeTa F1, pac110JIO)KeHHOH cJieBa Ha pac­

CTO.HHHH f OT JIHH3hI, H IIJIOCKOCThIO OTC'IeTa F2, pacnoJIO)KeHHOH 

cnpaBa Ha paCCTO.HHHH f OT Hee (pHC. 9.10): 

(~ {) (-1/~ ~) (~ {) = (-1/~ ~). 
ITJioCKOCTh F1 Ha3hIBaeTCR nepBou <fioK,a.11:ottou n.1wc""ocm'b10. EcJIH 

Jiyq, IIa,n;aIO:rn;Hii Ha JIHH3y, IIpOXO,Il;HT qepe3 3TY IlJIOCKOCTb B TO'IKe 

qi = 0 no,n; yrJIOM Pl, TO BhIXO,Il;.HIIJ;Hii JIY'I HMeeT 11apaMeTpb1 

T. e. BbIXO,Il;.HIIJ;HH JIY'I 11apaJIJieJieH OCH z. 06paTHOe YTBep)K,Il;eHHe: 

eCJIH na,n;aIO:rn;Hii JIY'I napaJIJieJieH OCH z, TO BbIXO,Il;.HIIJ;HH JIY'I HMeeT 

IIapaMeTpbI 

T. e. nepeceKaeT ocb z BO BTopoii cJ:>oKaJihHOii IIJIOCKOCTH. B o6:rn;eM 

cJiyqae, MO)KHO BH,n;eTh, 'ITO P2 He 3aBHCHT OT Pl, cJie,n;oBaTeJibHo, Jiy­

'IH, IIpOXO,Il;.HIIJ;He qepe3 cPHKCHpoBaHHYIO TO'IKY B IIepBOH cPOKaJibHOH 

IIJIOCKOCTH, BhIXO,Il;.HT 113 JIHH3hI 11apanJieJihHhIM IIY'IKOM no,n; o,n;HHM H 

TeM )Ke yrJIOM K OCH z. ,L.l;anee, q2 He 3aBHCHT OT qi, T. e. BCe napaJI­

JieJibHbie ,n;pyr ,n;pyry ,n;o JIHH3bl JIY'IH npOXO,Il;.HT qepe3 o,n;Hy TO'IKY BO 

BTOpOH cPOKaJibHOH IlJIOCKOCTH. 

PaccMoTpHM 11pocToii IIpHMep HCIIOJib30BaHH.H MaTpH'IHOro MeTo­

,n;a cJ:>oKyc11poBKH. ITycTh IIJIOCKOCTh oTc'IeTa z1 Haxo,n;HTC.H cJieBa OT 

TOHKOH JIHH3bl Ha paCCTO.HHHH si, a IlJIOCKOCTb OTC'IeTa z2 Haxo,n;HTC.H 

cnpaBa OT JIHH3hI Ha paccTO.HHHH s2. MaTpmi;a, 3a,n;aIO:rn;a.H ,Il;BH)KeHHe 

Jiyqa Me)K,Il;y 3THMH IlJIOCKOCT.HMH, TaKOBa: 

( 1 s2) ( 1 0) (1 si) = (1- s2/f 
0 1 -1/f 1 0 1 -1/f 

ITJIOCKOCTH 6y,n;yT conp.H)KeHHhIMH, ecJIH BepxHHH npaBbiii MaTpH'I­

HhIH 3JieMeHT paBeH HYJIIO. Mb1 noJiyqaeM xopomo H3BeCTHOe ypaB­

HeHHe TOHKoii JIHH3hI 1 / s i + 1 / s2 = 1 / f. 3anm1ieM ero B BH,n;e 

s1 + s2 - Ps1s2 = 0, r,n;e P = 1/ f. 
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YpaBHeHHe M02KHO pernIITh OTHOCIITeJihHO s2 rrpII ycJIOBIIII, qTo 

s1 =I- 1/ P. TaKIIM o6pa3oM, KpoMe cnyqaH s1 = f, mo6aH rrnocKOCTh 

IIMeeT e.n.IIHCTBeHHYIO corrpH2Ketttty10 rrnocKOCTh. EcnII 2Ke s1 = f, 
T. e. z1 COBIIaf].aeT c rrepBoii cpOKa.JibHOH IIJIOCKOCThIO, TO Bee nyqII, 

rrpOXO,l.l.Hrn;IIe B 3TOH IIJIOCKOCTII qepe3 cpIIKCIIpOBaHHJIO TOqKy q' BbI­

XOfl.HT II3 JIIIH3bI rrapa.rrneJibHbIM rryqKoM. 3ttaqIIT, IIJIOCKOCTb, corrpH­

)KeHHaH rrepBOH cpOKa.JibHOH IIJIOCKOCTII, «Jie)KIIT B 6ecKOHeqHOCTII». 

Atta.rrorIIqHhie paccy)Kfl.eHIIH MO)KHO rrpoBeCTII f!.JIH BTopoii cpoKa.Jih­

HOH IIJIOCKOCTII. 

,Il;JIH s1 =I- f II 3HaqeHIIH s2, COOTBeTCTBy10rn;ero COIIpH2KeHHOH 

IIJIOCKOCTII, yBeJIIIqeHIIe .n.aeTCH ypaBHeHIIeM 

EcnII s1 II s2 rroJIO)KIITeJihHhI ( o6'heKT ttaXOfl.IITCH cneBa OT JIIIH3hI, 

a II3o6pa2KettIIe crrpaBa), TO yBeJIIIqettIIe oTpIIIJ;aTeJihHO. 9To 3HaqIIT, 

qTo II306pa)KeHIIe rrepeBepttyTo. 

YMH02KaH MaTpMIJ;hI, M02KHO rrocTpOIITh MaTpIIu;y f!.JIH n106oii KOM-

6IIttaa;MII TOHKIIX JIIIH3. HarrpIIMep, rrycTh ecTb fl.Be JIIIH3hI c cpoKyc­

HhIMII paCCTOHHIIHMII h II h, pacrrOJIO)KeHHbIMII Ha paCCTOHHIIII l 
.n.pyr OT .n.pyra (pIIc. 9.11). B 3TOM cnyqae f!.JIH rrnocKocTeii oTcqeTa 

z1 (rrepBaH JIIIH3a) H z2 (BTOpaH JIIIH3a) IIOJiyqaeTCH MaTpHu;a 

(-1/f~ ~) (~ {) (-1/f~ ~) 

I 
I 

~ 

( 
1 - l/ h l ) 

- l/fih -1/h -1/fi 1- l/h . 

PIIc. 9.11 

I 
I 

~ .. 
z 
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TeJiecKorr 

QqeHb HHTepecHaH CHTya:o;HH B03HHKaeT c rrapoii JIHH3, Kor,n;a 

l = Ji + h. B 3TOM cJiyqae MaTpH:o;a HMeeT BH,ll; 

( ~ ~)' 
T. e. C = 0. 9To 3Ha'IHT, 'ITO P2 = Dp1, T. e. ttarrpaBJiettHe BhIXOM­

i:o;ero Jiyqa 3aBHCHT TOJihKO OT ttarrpaBJieHHH rra,n;a10i:o;ero JiyTJa. 9To 

YCJIOBHe BbIIIOJIHH€TCH B KOHCTpyKll;HH, KOTOpaH Ha3bIBaeTCH acm­
pOttO.MU"leC'/\,U.M me.11,ec'/\,ono.M. Ott cocTOHT H3 JIHH3hI ( o6r,e'/\,muea) c 

60JibIIIHM IIOJIO)KHTeJibHblM cPOKYCHbIM paCCTOHHHeM Ji H O'/\,y.Jl,J/,pa c 

MaJibIM IIOJIO)KHTeJihHblM <i>oKyCHblM paCCTOHHHeM h' pacrroJIO)K€H­

HhIX Ha paccTOHHHH Ji+ h ,n;pyr OT ,n;pyra (pHc. 9.12). TaKoii TeJie­

CKorr rrpeo6pa3yeT rrapaJIJI€JibHbie JIY'IH, H,ll;YI:o;He OT ,n;aJieKoii 3B€3,ll;hI, 

B rrapanJieJihHhie JIY'IH, rrorra,n;a10i:o;He B rJia3 tta6JI10,n;aTeJIH. 

I 
I 

Z1 

PHC. 9.12 

I 
I 

Z2 

Y2Aoeoe yeeAu"lettue TeJiecKorra paBHo OTHoIIIeHHIO ttaKJiotta 6'bt­

xo0Jiw,e20 Jiy'fa K HaKJIOHy naoa10w,e20 Ay"la, 'ITO paBHH€TCH 

D = 1- __!_ = 1- Ji+ h =_Ji. 
h h h 

9To yBeJIH'I€HHe OTpH:o;aTeJibHO ( o6pa3 rrepeBepttyT)' H ero BeJIH'IHHa 

paBHa OTHOIII€HHIO <PoKyCHoro paCCTOHHHH o&beKTHBa K <i>oKyCHOMY 

paccTOHHHIO OKYJIHpa. 
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06m;1di CJIY"'laH 

3.rr,ecb MhI XOTHM nOKa3aTh, qTo Jl,'I06aJi MaTpHII,a M = ( AC DB) 

c Det M = 1 onuchrnaeT tteKoTopyIO onTuqecKyIO cucTeMy. 

IlycTb cttaqa.rra C =I 0. B ::>TOM cnyqae MaTpuey M MO)KHO rrpe.rr,­

cTaBHTh B BH)J,e rrpoH3Be)1,eHH5! Tpex OIITHqeCKHX MaTpHII,: 

(9.1) 

Herrocpe,IJ.CTBeHttoii rrpoBepKoii MO)KHO y6e,IJ.HThC5I, qTo ::>TO paBeHCTBO 
I-A 1-D 

BbIIIOJlH5IeTC5I rrpH s = 0-' t = -0' H TOJlbKO npu 3THX s, t. 
Ecnu C = 0 (rrpu ::>TOM A =I 0), To, )1,0MHO)KHB MaTpHII,y M cneBa 

Ha (~ ~) (6epeM P =I 0), nonyquM MaTpHII,y 

y KoTopoii neBhrii HH)KHHii aneMeHT - He HYJih, no::>TOMY M' - on­

TuqecKa5! MaTpHII,a, a nocKOJibKY M = ( _
1
p ~) M', TO M - TO)Ke 

OIITHqecKa5! MaTpHII,a. 

rayCCOBO pa3JIO)KeHHe 

lfa <PopMyJihI (9.1) BhITeKaeT, qTo )1,JI5! JII06oii MaTpHII,bI M = 

( ~ ~) c Det M = 1 H C =I 0 cyIII,eCTBYIOT H e,IJ.HHCTBeHHbI qHcna 

s, t TaKue, qTo 

(~ ~) (~ ~) (~ D = (~ ~). 
TaKHM o6pa30M, )1,JI5! JII06oii He TenecKorrnqecKoii orrTuqecKoii cuc­

TeMhI cyIII,eCTByIOT TaK:ne )1,Be IlJlOCKOCTH, qTo MaTpHII,a, OIIHCbIBaIO-

III,a5! )1,BH)KeHHe Jiyqa Me)K,IJ.y HHMH, HMeeT BH)1, ( ~ ~). 9TH IlJIOC­

KOCTH corrp5I)KeHbl Me)K,IJ.y co6oii, H COOTBeTCTByIOIII,ee yBeJiuqeHHe 

paBHO 1. faycc Ha3Ba.JI ux 2J1,aB'H/bt.Mu nJ1,oc1wcm.R.Mu. Ecnu HaqaTb 
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c OIITFJ:qecKOH MaTpHIJ;bl ( ~ ~) Me)J{,LI,y ,Il;BJMH rJiaBHblMH IIJIOCKO­

CTHMH, TO TaK )Ke, KaK H B CJiyqae TOHKHX JIHH3, ,n;mi: mo6oH IIJIOCKO­

CTH MO)J{HO HaHTH conpR)J{eHHJlO. ,Il;JIR 3TOro ,IJ;OCTaTO'IHO HaII:HCaTb 

C = -P = -1/ f. Harrp11Mep, crrpaBa 11 cneBa OT rnaBHhIX IIJIOCKO­

CTeH HaXO,IJ;HTC5I <PoKaJibHbie IIJIOCKOCTH c <PoKyCHbIM paCCTORH:HeM f: 

(~ {) (-i/f ~) (~ {)=(-~If ~). 
I'aycc TaK HHTeprrpeT:HpOBaJI 3TOT pe3JJibTaT. 

BTopaa 
rJiaBHM IIJIOCKOCTb 

Puc. 9.13 

IlyCTb Jiyq ( 6) ' napanJieJibHbIH OCH, BXO,IJ;HT B OIITMqecKylO CH­

CTeMy rrpM z = Z1 (p11c. 9.13). 9TOT nyq rrpMXO,Il;HT KO BTOpOH rJiaB­

HOH IIJIOCKOCTH Ha TOH )Ke BbICOTe, HO c HaKJIOHOM -q/ f (BeKTOp 

(-:1f))H4:>0Kyc11pyeTC5l Ha OCH BO BTOpOH <PoKaJibHOH TO'IKe F2· 

AHanor:H'IHO, JIJ'I, BhIXO,I1;5IIIJ;HH 113 rrepBOH <PoKaJihHOH TO'IKH c JII0-

6b1M HaKJIOHOM B rrepBOH rJiaBHOii IIJIOCKOCTH, rrpeo6pa3yeTC5l B JIJ'I, 
pacrrpocTpaH5llOIIJ;HiiC5I napaJIJieJibHO OCH, H rrp:HXO,Il;HT B z2 Ha TOH )Ke 

BbICOTe, KaKylO OH HMeJI B rrepBOH rJiaBHOH IIJIOCKOCTH. 

llTaK, Mbl BH,Il;HM, 'ITO npO:H3BOJibHa5l He TeJieCKOII:HqecKaH orr­

TH'IeCKaH CMCTeMa MO)J{eT 6hITb OIIHCaHa TpeMH rrapaMeTpaM:H: rro­

JIO)KeH:HeM ,Il;BJX rJiaBHbIX IIJIOCKOCTeii H <t>oKyCHbIM pacCT05IHHeM. 

(Mb1 Y*e 3HaJIH, 'ITO ,n;OJI)J{HO 6bITh TPH He3aBHCHMhIX napaMeTpa 

- TPH 3JieMeHTa MaTp:HIJ;hI 2 x 2, noToMy 'ITO 'IeTBepThiii MaTpH'I­

HhIH 3JieMeHT orrpe,n;eJI5leTC5l H3 ycJIOBHH, qTo orrpe,n;eJIMTeJib MaTpHIJ;bl 

paBeH 1.) 
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EcJIH MhI 3HaeM rroJio)Kemi:e rJiaBHhIX rrJIOCKOcTeii, TO rroJIO)KeHHe 

cPOKaJihHhIX IIJIOCKOCTeii Mhl IIOJiyqaeM H3 paBeHCTB 

EcJIH <PoKaJihHhie IIJIOCKOCTH paccMaTpHBaIOTC.SI KaK IIJIOCKOCTH oT­

cqeTa B OIITH'I€CKOH CHCTeMe, TO H3 orrpe,n;eJieHH.SI cPOKaJihHOH IIJIOC­

KOCTH Mhl 3HaeM, 'ITO OIITH'IeCKa.SI MaTpHu;a ,IJ;OJI)KHa HM€Th HJJih B 

BepxHeM JieBOM H B HH)KHeM rrpaBoM yrJiax. TaKHM o6pa3oM, MaTpH­

u;a pacrrpOCTPaHeHH.SI Jiyqa M€)K,IJ;y ,IJ;BJM.SI cPOKaJihHhIMH IIJIOCKOCT.SIMH 

HMeeT BH,IJ; 

Terreph B03hMeM (pHc. 9.14) ,n;Be ,n;pyrHe IIJIOCKOCTH Y1 H y2, CB.SI3aH­

Hhie C cPOKaJibHhIMH IIJIOCKOCT.SIMH COOTHOIII€HH.SIMH 

Y1 

PMc. 9.14 

MaTpHu;a, cooTBeTCTByroiu;a.si: 3THM rrJIOCKOCT.SIM, 6y,n;eT paBHa 

(1 X2) ( 0 f) (1 X1) = (-X2/f 
0 1 -1/ f 0 0 1 -1/ f 

0Tcro,n;a BH,n;tto, 'ITO IIJIOCKOCTH Y1 H Y2 corrp.si:)KeHhI Tor,n;a H TOJihKO 

TOr,n;a, Kor,n;a X1X2 = f2 
(3TO ypaBHeHHe Ha3b1BaeTC.SI ypaB'He'HUeM 

H'Momo'Ha). Tor,n;a yBeJIH'IeHHe ,n;aeTc.si: <PopMyJioii 
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HarrpHMep, rrycTh Y2 Haxo,n;HTC51 crrpaBa OT F2, TaK qTo x2 rroJio-

2KHTeJibHO. Tor,n;a, ecJIH cpoKycHoe paccT051HHe f rroJI02KHTeJibHO, TO 

yBeJIHqeHHe m OTpHD;aTeJibHO, T. e. H306pa2KeHHe OKa3bIBaeTCH rrepe­

BepHyTbIM. 

,Ll;aBa:tl:Te rrepeqHCJIHM IIOJiyqeHHbie pe3yJibTaTbI. IlyCTb 81(2, JR) 
o6o3HaqaeT rpyrrrry MaTpHu; 2 x 2 c orrpe,n;eJIHTeJieM, paBHbIM 1. 
B 3TOM pa3,n;eJie MhI rroKa3aJIH H30MopcpM3M Me2K,n;y 81(2, JR) H CH­

cTeMaMH rayccoBoii OIITHKH. Ka)K,II;a51 MaTpHu;a COOTBeTCTByeT OII­

THqecKo:tl: CHCTeMe. YMH02KeHHe MaTpttu; COOTBeTCTByeT KOMII03HIJ;HH 

OIITHqecKHX CHCTeM. 

A Terrepb rrepe:tl:,n;eM K H3JI02KeHHIO tt,n;e:tl: faMHJibTOHa B caMoli 

rrpOCTOH cpopMe. 

9.3. MeTO,lJ; raMHJibTOHa B raycconoii OIITMKe 

Ilpe,n;rrOJIO)KHM, qTO B Harneli OIITWieCKOH CHCTeMe z1 H z2 - He 

corrp512KeHHhie IIJIOCKOCTH. 9To 3HaqHT, qTo 3JieMeHT B B orrTHqecKoli 

MaTpttu;e He paBeH HYJIIO. Tor,n;a H3 ypaBHeHHH 

q2 = Aq1 +Bpi, 

P2 = Cq1 + Dp1 

MhI M02KeM Bbipa3HTh Pl H P2 qepe3 q1 u q2: 

Pl = (1/ B)(q2 - Aq1), 

P2 = (1/ B)(Dq2 - q1), 

r,n;e MbI BOCIIOJib30BaJIHCb ycJIOBHeM AD - BC = 1. 9TOT pe3yJibTaT 

MO)KHO HHTeprrpeTHpoBaTh reoMeTpHqecKH. BhI6ttpaeM TOqKy q1 Ha 

IIJIOCKOCTH z1 H ToqKy q2 Ha IIJIOCKOCTH z2. Cyi:o;ecTByeT e,n;HHCTBeH­

HhIH Jiyq, coe,n;HHHIOID;HH 3TH TOqKH. (,Ll;JIH corrp5I)K€HHbIX IIJIOCKOCTeH 

3TO He TaK. EcJIH q2 - H3o6pa)KeHHe TOqKH q1, TO HMeeTC51 6ecKoHeq­

HOe qHCJIO Jiyqefi, coe,n;HHHIOIIJ;HX TOqKH Ql H q2, T. e. Bee JiyqH, BhI­

XO,II;51IIJ;He H3 ToqKH Q1, rrorra,n;aIOT B TOqKy q2. EcJIH Q2 He HBJI51eTcH 

H306pa2KeHHeM TQqKH Q1, TO Jiyqefi, coe,n;HHHIOID;HX TOqKH Ql H Q2, He 

cyi:o;ecTByeT.) IlycTh cpyHKIJ;HH W = W(q1, q2) HMeeT BH,n; 
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r,11.e K - rrocTO.HHHa.H. Tor,11.a Pl H P2 Bhrpa2KaIOTC.H B cpopMe 

PI= -(8W/8q1) H P2 = (8W/8q2). 

raMHJihTOH Ha3BaJI 3TY cpyHKII,HIO ffiO"l.€"1.'H.OU xapa?CmepUCffiU'ICOU CHC­

TeMbI. B coBpeMeHHOH cpH3li'lecKoii JIHTepaType n:HOr,lJ.a ee Ha3bIBa­

IOT 3U'ICO'H,a.t/,O.M. Ilpe,1J.IIOJ102KHM, 'ITO MbI BbI6pann: IIJIOCKOCTH z1' z2 

Ii Z3, rrpn:'IeM Hli 0,11.Ha rrapa IIJIOCKOCTeii He .HBJI.HeTC.H corrp.H2KeHHOH. 

IlycTb Z1 < z2 < Z3 Ii z2 He COBIIa,11.aeT c rrpeJIOMJI.HIOru;eii IIOBepXHO­

CTbIO. 06o3Ha'ln:M W21 TO'le'IHYIO xapaKTepn:CTHKY cn:cTeMbI z1 - z2, 

a W32 - CHCTeMbI z2 - z3. YTBep)K,11.aeTc.H, 'ITO TO'le'IHa.H xapaKTepn:­

CTn:Ka CHCTeMbI Z1 - Z3 ( c TO'IHOCTbIO ,11.0 rrp0113BOJibHOH a,1l.,ll.HTHBHOH 

IIOCTO.HHHOH) ,lJ.aeTC.H cpopMyJioii 

rrpn:'IeM JIY'I, pacrrpocTpaH.HIOID;liHC.H 113 TO'IKH qi B TO'IKY q3, rrpoxo­

,11.HT qepe3 TO'IKY q2 = q2 (qi' q3) Ha IIJIOCKOCTH z2. 
qT06br y6e,ll.liTbC.H B crrpaBe,11.JIHBOCTH 3TOH cpopMyJihI, 3aMeTHM, 

'ITO pa3 IIJIOCKOCTb z2 He COBIIa,11.aeT c rrpeJIOMJI.HIOru;eii IIOBepXHOCThIO, 

TO OHa He H3MeH.HeT HarrpaBJieHn:e Jiy'la. Tor,11.a 

A Terrepb rrpn:MeHHM u;errnoe rrpaBn:Jio n: rroJiy'IHM, 'ITO 

l-haK, cpyHKII,li.H w orrpe,11.eJieHa c TO'IHOCTbIO ,11.0 a,1l.,1J.HTHBHOR 110-

CTO.HHHOH. raMHJihTOH 110Ka3aJI, 'ITO rrpn: COOTBeTCTByIOID;eM BbI6ope 

3TOii rrocTO.HHHOii M02KHO C,11.eJiaTh TaK, 'ITO W(q1, q2) 6y,1J.eT onmu"l.e­
c?Cou 0.1/,U'H.OU J/,y"l.a, coeOUtt.mow,ezo ffiO"i'ICU qi U q2. 

IloH.HTn:e onmu"l.ec'X:ou OJ/,U'H'bt orrpe,11.eJI.HeTc.H cJie,lJ.YIOID;HM o6pa-

30M. ,Ii;JI.H 0Tpe3Ka rryTn: l B cpe,11.e c IIOCTO.HHHhIM K03cpcpn:u,n:eHTOM 

rrpeJIOMJieHH.H n orrTH'leCKa.H ,11.JIHHa rryTH paBHa nl. ITycTb nym'b 'Y 
.HBJI.HeTC.H JIOMaHOH JIHHlleii, r,11.e Ka2K,1J.bIH oTpe30K li Jie2KliT B cpe,11.e c 

rrocTO.HHHhIM K03cpcpn:u,n:eHTOM rrpeJIOMJieHn:.H ni. Tor,11.a orrTH'leCKa.H 

,11.JiliHa rryTn: 'Y paBHa 
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,Ll;oKa)KeM TeopeMy faMHJihTOHa B paMKax rayccOBOH OIITHKH. 

B 3TOM rrpH6JIH)KeHHH B rrpOH3B0,11,Hhrx cPYHKIJ;HH W coxpaH.HIOTC.H 

TOJihKO qneHhI, JIHHeiiHhre rro p H Q. TaKHM o6pa3oM, ,11,JI.H BhrqHc­

JieHH.H OIITHqecKOH ,ll;JIHHhl B cPYHKIJ;HH w Mhl ,ll;OJI)l(Hbl yqHThIBaTb 

qJieHhI He BhIIIIe KBa,11,PaTHqHhIX. MTaK, cBeToBoii: nyq, rra,I1,aIOIIJ;Hii Ha 

IIJIOCKOCTh z1, orrpe,I1,eJI.HeTC.H rrapaMeTpaMH (;~)' a nyq, BhIX0,11,.H-

ru;Hii H3 IIJIOCKOCTH z2, - rrapaMeTpaMH (;~). Tor,11,a orrTHqecKa.H 

,11,JlHHa rryTH 
1 

L('y) =Lo+ 2(P2Q2 - P1Q1), 

r.n;e Lo o6o3HaqaeT OIITHqecKyIO ,11,JIHHY B,11,0Jlh OCH CHCTeMbl Me)K,11,Y 

rrnocKOCT.HMH z1 H z2 (p1 =QI = 0 = P2 = Q2)· EcnH MhI ,11,0K~eM 3TY 

cPOPMYJIY, TO rrpe,11,IIOJIO)KHB, qTO z1 H z2 He .HBJI.HIOTC.H corrp.H)KeHHhlMH 

IIJIOCKOCT.HMH, 3HaqeHH.H PI H p2 MO)KHO Bhipa3HTh qepe3 QI H Q2, T. e. 

rro,11,CTaHoBKa PI = (1/ B)(Q2 - AQ1) H P2 = (1/ B)(DQ2 - Qi) B L('y) 
,11,acT Bhrpa)KeHHe ,11,JI.H W, ecJIH rrpHH.HTh K = L0 • 

Ilpe)K,11,e qeM ,11,0Ka3hIBaTh <l>opMyny ,11,JI.H L('y), 3aMeTHM, qTo oHa 

rrpaBHJihHO ce6.H Be,11,eT ,11,JI.H cnyqa51 KOM6HHHpOBaHHOH CHCTeMhI: ecJIH 

Mhl B35IJIH z1, z2 H Z3, TO oqeBH,11,HO, qTo ,11,JIHHa B,11,0Jih OCH CKJia,11,bl­

BaeTC.H: 

Cne,11,0BaTeJihHO, MhI ,11,0JI)l(Hhr ,ll.OKa3aTh <l>opMyJiy B ,ll.Byx cPYH,11.aMeH­

TaJihHhIX cnyqa.Hx. 

(1) EcnH K03cPcPHIJ;HeHT rrpeJIOMJieHH.H n rrocTO.HHeH, d - rrpoeK­

IJ;H.H Jiyqa Ha OCh z' TO B 3TOM cnyqae 

L('y) = n(d2 + (Q2 - Q1)2)1/2 

. d 1 n ( )2 
= n + 2d Q2 - QI 

= nd + ~ rn ( Q2 - QI)] ( Q2 - QI) 

1 
= nd + "2p(Q2 - Qi), 

r,I1,e P2 =PI~ P = ~(Q2 - Qi). 
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(2) IlycTb Terrepb KO::><i>qm:u;MeHT rrpeJIOMJieHM.H CJieBa OT rrpe-

1 
JIOMJI.HIOID;ell: IIOBepxHOCTM z' - z = 2kq2 

paBeH ni, a crrpaBa n2 

(pHC. 9.15). 

z z" 

PMc. 9.15 

Ilpe,n;IIOJIO)l<MM, 'ITO CJieBa OT rrpeJIOMJI.HIOI:u;ell: IIOBepXHOCTM BbI-

6paHa TO'IKa z3, a crrpaBa Z4. EcJIM 6h1 ni paBH.HJIOCb n2, TO orrTM'Ie­

CKa.H ,IJ;JIMHa Me)K,lly 9TMMM TO'IKaMM 6bIJia 6w paBHa n 1 l3 + n2 ( l + [4)' 
r,n;e [3 - ,IJ;JIMHa 0Tpe3Ka CJieBa OT BbI6paHHOH IIJIOCKOCTM, a l + [4 

- ,IJ;JIMHa oTpe3Ka crrpaBa, rrpM'IeM l4 - oTpe3oK crrpaBa OT rrpeJIOM­

JI.H101:u;ell: IIOBepXHOCTM. (Mbl HapMCOBaJIM KapTMHY ,IJ;JI.H k > 0, HO TO 

)Ke caMoe crrpaBe,n;JIMBO M ,IJ;JI.H k < 0.) EcJIM n2 # ni, TO n2l4 6y,n;eT 

,n;pyrMM, HO ero MO)KHO BbI'IMCJIMTb no <PopMyJie CJiy'Ia.H ( 1) Me)K,lly 

TO'IKaMM z M Z4. KpoMe Toro, BJIM.HHMe rrpeJIOMJI.H101:u;ell: rroBepxHOCTM 

rrpMBe,n;eT K 3aMeHe n2l Ha nil B Bbipa)KeHMM ,IJ;JI.H ,IJ;JIMHbI IIYTM, M 

BKJia,n; rrpeJIOMJI.HIOID;ell: IIOBepxHOCTM 6y,n;eT paBeH 

l = (z" - z) cosec fh, 
r,n;e z" HaXO,IJ;MTC.H M3 CMCTeMbI ypaBHeHMH 

1 2 z" - z = -kq" 
2 

q11 = (tan01)(z" - z) + q. 
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QqeBH)J,HO, 'ITO c TO'IHOCTbIO )J,O '!JieHOB 6oJiee BblCOKoro rrop.H)J,Ka 

1 
Mbl MO:IKeM B3.HTb z" = z' = - kq2 + z H cosec 81 3aMeHHTb Ha 1. 

2 
CJie)J,oBaTeJibHO, 

IIOCKOJlbKY Ha rrpeJIOMJI.HIOIIJ;eH IIOBepXHOCTH q2 = qi = q H P2 = 
Pl - Pq, r)J,e P = k(n2 - ni). 1lTaK, Harna cpopMyJia ,1J,OKa3aHa. 

9.4. IlpHH:l.J;Hil ct>epMa 

PaccMOTpHM rrpeJIOMJI.HIOIII,yIO rroBepxHOCTh c OIITH'!ecKo:fi CHJio:fi P = 
(n2 - ni)k, pacrrOJIOLKeHHYIO B HeKOTOpOM z. 3,1],eCh p MOLKeT o6pa­

iu;aTbC.H B HYJih. IlycTb IIJIOCKOCTh z1 Haxo)J,HTC.H cJieBa, a IIJIOCKOCTh 

z2 crrpaBa OT z (pHC. 9.16). Ilpe)J,IIOJIO)KHM, 'ITO K03cpcpHII,HeHTbl rrpe­

JIOMJieHH.H cpe)J,bl Ha yqaCTKax OT z1 )J,O z H OT z )J,O z2 IIOCTO.HHHbl. 

IlycTh qi - TO'!Ka Ha IIJIOCKOCTH z1' q2 - TO'!Ka Ha IIJIOCKOCTH z2 H 

q - TO'!Ka Ha IIJIOCKOCTH z. PaccMoTpHM TpaeKTOp1110, cocTO.HIII,yIO 

113 Tpex yqaCTKOB: JIY'I OT TO'IKH Ql )J,BH:IKeTC.H K TO'!Ke q, BTOpo:fi 

Ql q Q2 

z 

P11c. 9.16 
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y-<IaCTOK - qepe3 rrpeJIOMJUIIOrnyIO IIOBepXHOCTb B TO'IKe q' 11 IIOTOM 

ornITb CBeTOBOH nyq OT q ,11,0 TO'IKl1 Q2. 

IlocKOJlbKY q BhI6paHa rrp0113BOJlbHO, TO, Boo6rn;e rOBOpH, 3Ta Tpa­

eKTOplrn He 6y,IJ,eT OIITl1'IeCKl1M rryTeM. 0,IJ,HaKO OIITl1'IecKaH ,11,Jll1Ha 

3TOH TpaeKTOp1111 

B rayccOBOM rrp116nm1WH1111 COCTOl1T 113 Tpex qneHOB: 

KaK 6hmo noKa3aHO B npe,IJ,bI,IJ,yrn;eM pa3,IJ,ene. B 3TOM Bbipa)KeH1111 

Cne,IJ,oBaTeJlhHO, MhI MO)KeM Han11caTb 

Ilpe,IJ,IIOJ10)K11M, 'ITO MhI cp11Kc11p0Ban11 TO'IKl1 q1 11 Q2. Haii,IJ,eM rro­

J10)KeH11e TO'IKl1 q, KOr,IJ,a L ,IJ,OCT11raeT 3KCTpeMyMa. ):Wyr11M11 cn0Ba­

M11, Mbl XOT11M peIDl1Tb ypaBHeH11e f}£jf}q = 0 ,11,JIH cp11KC11pOBaHHbIX 

3HaqeH11ii q1 11 q2. BhI'Il1CJIHH rrpo113BO,IJ,Hyro rro q OT L 11 yq11ThIBaH, 

'ITO Opifoq = nif d1 11 Op2/0q = -n2/d2, IIOJJyqaeM ypaBHeH11e 

P1 - P2 - Pq = 0. 

Ho 3TO B TO'IHOCTl1 TO )Ke caMoe cooTHomeH11e Me)K,11,Y p1 11 P2, KOTO­

poe orrpe,IJ,eJIHeTCH 113 MaTp11IJ;bI rrpeJJOMJleHl1H B TO'IKe z. 
1-haK, Mbl ,11,0Ka3aJJl1 CJ1e,II,yl01IIl1H cpaKT. <I>11Kc11pyeM TO'IKl1 Ql 11 Q2. 

PaccM0Tp11M TpaeKTop1111, coe,IJ,11HHIOIIIl1e TO'IKl1 Q1 11 q2, cocT0Hrn;11e 

113 ,IJ,BYX 0Tpe3KOB: OT TO'IKl1 Ql ,11,0 q' 11 OT q' ,11,0 q2. lfa BCeX B03M0)K­

HbIX TpaeKTop11ii cBeToBoii nyq pacrrpocTpaHHeTcH B,11,0Jlh TOH, r,IJ,e L 
,IJ,OCTl1raeT 3KCTpeMyMa, T. e. BblIIOJIHHeTCH ycJ10B11e 

f}L =0. 
oq' 
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cho II eCTb 3HaMeHIITbIH IIpHHJ:J;lIII ttau.Me'H'b'Ule20 Bpe.Me'HU <l>epMa 

(B raycCOBOM rrpII6JimKeHHII). ,Ll;aBaifTe IIO,[l,CTaBIIM 

n1 
Pl= -(q - qi) 

d1 

Koa<P<PmweHT rrpH q2 
paBeH nif di + n2f d2 - P. TaKIIM o6pa3oM, 

OIITll'IeCKHH rryTb .M,U'H,U.M,O,Jte'H IlpII ycJIOBIIII 

ni + n2 _ p > 0 
di d2 

II .Ma'K:CU.Ma.!te?t rrpH ycJIOBHH 

ni + n2 _ p < O. 
d1 d2 

EcnH P > 0, TO MbI rronyqaeM MHHHMYM rrpn MaJibIX 3Haqemrn:x 

di H d2 H MaKCHMYM rrpH 6oJibIIIIIX 3Haqemrnx di H d2. CnTyau;mr 

CTaHOBHTCH Heorrpe.rr.eneHHOH, Kor.rr.a 

T. e. Mb! He MO)KeM HaHTll peIIIeHIIe ,[l,JIH q'. '.:ho ycJIOBIIe 03HaqaeT, 

qTo COOTBeTCTBYIOiu;IIe IIJIOCKOCTH HBJIHIOTCH corrpH)KeHHbIMII. lITaK, 

Mb! rronyqaeM MIIHHMYM, eCJIII IlJIOCKOCTb, corrpH)KeHHaH K zi' He Jie­

)KIIT Me)K,Ily zi H z2, H MaKCHMyM B rrpoTHBHOM cnyqae. ToT <PaKT, 

'ITO L .rr,ocTHraeT MHHHMyMa TOJibKO .rr.o rrepBoH: corrpH)KeHHOH Toq­

KII, crrpaBe,II,JIHB II ,[l,JIH rrpOH3BOJibHOH OIITlfqecKOH CllCTeMbI, r.rr.e OH 

H3BecTeH KaK meope.Ma 1w3<fx/Juu,uettmoe Mop3e. 
PaccMoTpHM HHTYIITHBHO HCHbIH rrpIIMep 3Toro HBJieHHH. IlycTb 

CBeT oTpa*aeTCH OT BorttyToro c<PepIIqecKoro 3epKana. Bo3bMeM 

ToqKy Q Ha OCH z BHYTPH c<l>epbI. Jlyq pacrrpocTpaHHeTcH B,ll;OJib 

.rr,IIaMeTpa c<Pepb! II, OTpa)KaHCb, IIOIIa,IJ,aeT B ToqKy Q. QqeBH,[l,HO, 

qTo paCCTOHHHe OT 3epKana .rr.o TOqKII Q 6y.rr.eT JIOKaJibHbIM MHHII­

MYMOM, eCJIH TOqKa Q pacrrOJIO)KeHa M€)K,ll;Y 3€pKaJIOM H u;eHTpoM, B 

rrpOTHBHOM CJiyqae 3TO paCCTOHHHe 6y,II,eT JIOKaJibHbIM MaKCHMYMOM. 
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9. 5. OT raycconoii OIITHKH K JIHHeiiHoii 

qTo rrpoH30ii,n;eT, ecJIH MhI He 6y,n;eM rrpe,n;nonaraTh Hami:qHe Bpaliia­

TeJihHOii CHMMeTpHH OITTlfqecKOH CllCT€MhI, HO rro-rrpe)KHeMy 6y,n;eM 

yqHThIBaTb TOJlbKO qJJeHhI rrepBoro rrop.H,n;Ka ITO yrJiaM H pacCTO.HHH­

.HM? Ilpe)K,Il;e Bcero ,Il;JI.H OITHCaHH.H Jiyqa HaM Heo6xo,n;HMO HM€Tb qe­

Tbipe rrepeM€HHbIX: qx H qy - KOOp,Il;HHaThl ToqKH, B KOTopoii nyq 

rrepeceKaeT rrnocKOCTh, rreprreH,n;HKYJJ.HpHyIO OCH z; ,n;Ba yrJJa Ox H 

Oy, orrpe,n;eJJ.HIOliIHe HarrpaBJieHHe nyqa. HarrpaBJI€HHe B TpexMepHoM 

rrpocTpaHCTBe 3a,n;aeTCH e,n;HHHqHhIM BeKTopoM v = (vx, Vy, Vz). Ec­

JIH HarrpaBJI€Hlle 3TOro B€KTOpa 6JIH3KO K IIOJIO>KHT€JibHOMy HarrpaB­

J1€HHIO OCH z, TO MO>KHO cqHTaTh 1 qTO OH HM€€T BH,11; V =(Ox, Oy, Vz), 

r,n;e Vz = 1 - ~(B; + B;) = 1, rrpH ycJIOBHll, qTo YrJibl Bx H By MaJibl. 

YrJIOBhie rrepeMeHHhie (} 3aMeHHM Hap, onpe,n;eJJH€Mhie ¢opMynaMH 

Px = nBx H Py = nBy. (EcJIH cpe,n;a aHH30Tporrna, aarrpnMep, ,n;JI.H 

HeKOTOpbIX KpHCTaJIJIOB, TO COOTHOlII€HHe Me>K,n;y 0 H p CTaHOBRTe.H 

6onee cJIO)KHhIM. Ho 3,n;ecb MhI He 6y,n;eM paceMaTpHBaTh TaKne cpe­

,Il;hI.) KoHeqHo, Bee rrpoHcxo,n;nT B H€KOTopoii cpHKCRpoBaHHOii rrJioc­

KOCTH, rreprreH,n;HKYJI.HpHoii OCR z. EcnH MhI 6y,n;eM paccMaTpHBaTh 

,Il;Be IIJIOeKOCTH z1 H z2, TO nyqy 6y,n;yT eOOTB€TCTBOBaTb ,Il;Ba B€KTOpa 

,Il;JI.H Ka)K,Il;OH ITJIOCKOeTH eOOTB€TCTB€HHO: 

( 

qxl ) 
u1 = qyl 

Px1 
Pyl 

H 

Harna 3a,n;aqa - HaiiTH eooTHorneHHe Me)K,ll;Y u1 R u2. TioeKOJihKY 

MhI npene6peraeM qJieHaMn rrop.H,n;Ka Bh1rne rrepBoro, MOMHO narrn­

eaTh 

r,n;e M - MaTpmi;a pa3Mepa 4 x 4. 
Harna 3a,n;aqa - ycTaHOBHTh, KaKne MaTpHIJ;bI 4 x 4 B03HHKa­

IOT B JIHHeiiHoii OITTHKe. TiepBaH oqeBH,lJ;HaH MbICJih, qTo 3TO MaTpH­

lJ;hI, y,n;oBJieTBOp.HIOliIHe ycJIOBHIO Det M = 1. 0,n;HaKo 3To He TaK. 

Be3yCJIOBHo, BepHo, qTo Bee orrTnqeeKRe MaTpHIJ;hI ,n;omKHhI HMeTh 

e,n;nHHqHhIH ,n;eTepMHHaHT, HO He BepHo, qTO Bee MaTpHIJ;bI 4 x 4 c 
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e,n;HmPIHhIM ,n;eTepMHHaHTOM MoryT 6hITh MaTpHI!aMH rrpeo6pa30Ba­

HHH B JIHHeHHOH OIITHKe. ,ll,omKHO 6bITb 6onee CTporoe orpaHHqem1e. 

l..J:To6bI o6'h51CHHTh, B qeM COCTOHT 3TO 6onee CTporoe orpami:qem1e, 

BepHeMCH Ha3a,n; H ern;e pa3 CcPOPMYJIHpyeM ycJIOBHe, rrpH KOTOpOM 

MaTPHI!a 2 x 2 HMeeT orrpe,n;ennTenh, paBHhIH e,n;nHHIJ,e. 11ocne ::iToro 

MO)KHO 6y,n;eT BepHyThC51 K COOTBeTCTByrorn;eMy ycJIOBJil() ,ll;Jl51 CJiy<IaH 

qeTbipex rrepeMeHHhIX. 11ycTb Ha IIJIOCKOCTH ,n;aHbI ,n;Ba BeKTopa: 

B pa3,n;ene 4.9 MhI orrpe.n;emrnn aHTHCHMMeTpnqHoe rrpoH3Be,n;eHHe 

w ( w' w') Me)K,ll;y ,ll;ByMR BeKTOpaMH cornaCHO cl>opMyne 

w(w, w') = qp' - q1p. 

I'eoMeTpHqecKHH CMhICJI w(w, w') - 3TO OpH€HTHpOBaHHa51 IIJIO­

rn;a,n;h rrapannenorpaMMa, rrocTpoeHHOro Ha BeKTopax w H w' (CM. 

pMc. 9.17). lfa orrpe,n;eneHHR H H3 reoMeTpHqecKoro CMhICJia cne.n;yeT 

aHTHCHMMeTpHH w: 

w(w, w') = -w(w', w). 

Pttc. 9.17 

MaTptt11,a 2 x 2 coxpaHReT rrnorn;a,n;h H opHeHTa11,Mro Tor.n;a H TOJihKO 

Tor.n;a, Kor.n;a ee orrpe.n;enttTeJih paseH 1, T. e. Det M = 1 Tor.n;a H 

TOJihKO Tor.n;a, Kor.n;a 

w(Mw, Mw') = w(w, w') 
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,n;mr Bcex w H w'. A cefiqac npe,n;noJIO)KHM, 'ITO B 'IeTbipexMepHoM 

rrpocTpaHCTBe eCTh ,IJ;Ba BeKTOpa 

H 

BBe,n;eM no onpe,n;eJieHHlO 

( 

q~ ) 

u'= :t . 
( 

/) I I I I 
W U, U = QxPx - QxPx + QyPy - QyPy· 

IlpOH3Be,n;eHHe w no-npe)KHeMy OCTaeTC51 aHTHCHMMeTpH'IHhIM: 

w(u', u) = -w(u, u'), 

HO reoMeTpH'IeCKHH CMhICJI ero He O'IeHh IlOH51TeH. 

0Ka3hrnaeTc51, 'ITO MaTpHu;a M ( 4 x 4) MO)KeT 6b1Tb MaTpHu;eH: 

npeo6pa30BaHH51 B JIHHeHHOH OilTHKe TOJibKO npH BbIIlOJIHeHHH ycJIO­

BH51 

w(Mu, Mu')= w(u, u') 

,IJ;JI51 Bcex BeKTopoB u H u'. MaTpHIJ,hI TaKoro THna Ha3bIBalOTC51 B qrn-
3H'IecKofi JIHTepaType Jl,U'HeU'H'bt.M,U 'IW'HO'HU"teC'X:UMU npeo6pa3o6a'HUJl,­

.M,U, a B MaTeMaTH'IeCKOH JIHTepaType OHM Ha3hIBaIOTC51 Jl,U'HeU'H'bt.MU 

CUMnfie'X:mU"teC'X:UMU npeo6pa306a'H,UJl,.M,U. 9TH MaTpHIJ,bl (H HX o6o6-

m;eHH51 Ha cJiyqafi 6oJibIIIero 'IHCJia H3MepeHHH) HrpalOT Ba)KHeHIIIJIO 

pOJib B TeopeTH'!eCKOH MexaHHKe H reoMeTpHH. 

CHa'!aJia CcPOPMYJIHpyeM p51,IJ; OCHOBHbIX CBe,n;eHHH OTHOCHTeJibHO 

JIHHeHHbIX CHMIIJI8KTH'!eCKHX npeo6pa30BaHHH B rrpocTpaHCTBe qe­

Tbipex rrepeMeHHblX. Tor,n;a MhI CMO)KeM yBH,n;eTb, 'ITO HaIIIH paccy)K­

,n;eHH51, IIOKa3bIBaIOm;He, 'ITO rayccoBa OTITHKa 3KBHBaJieHTHa rpyrr­

ne 81(2, R), MoryT 6b1Tb HCITOJih30BaHbI ,IJ;JI51 ,n;eMOHCTpau,HH 3KBHBa­

JieHTHOCTH JIHHeH:Hofi onTHKH rpynne Sp( 4, R) - rpynne JIHHefiHbIX 

CHMIIJI8KTH'I8CKHX npeo6pa30BaHHH B rrpocTpaHCTBe 'IeThipex H3Me­

peHHH. 

B o6m;eM cJiyqae nycTb V o6o3HaqaeT BeKTOpHoe ( Bem;ecTBeHHoe 

KOHe'!HOMepHoe) npocTpaHCTBO. BHJIHH€HHa51 <PopMa n B npocTpaH­

CTBe v - 3TO JII06a51 cPYHKU,H51 n : v x v ---+ R, JIHHefiHaH no Ka)K,D;OH 

nepeMeHHOfi npH ycJIOBHH, 'ITO ,n;pyrM cPHKCHpoBaHa, T. e. O(u, v) -



9.5. OT rayccoBoli OIITHKH K JIHHeliHoli 461 

mrneiiHaR cpyHKl1,Irn v npH cpMKCHpOBaHHOM u M JIMHeiiHaR cpyHKU.MR 

u rrpH cpMKCMpOBaHHOM v. Mbl rOBOpHM, 'ITO n aHTMCHMMeTpH'IHa, 

ecJIM O(u, v) = -O(v, u) .D;JIR Bcex u M v B rrpocTpaHcTBe V. Mb1 

I'OBOpHM1 'ITO f2 HeBblpO)K,ll;eHa, eCJIM IlpH JII060M cpHKCMpOBaHHOM 

u JIMHeiiHaR cpyHKl1,MR n ( u, . ) He TO)K,ll;eCTBeHHblH HYJib ( eCJIM TOJibKO 

caM BeKTOp u He paBeH Hymo). AHTMCMMMeTpM'IHM HeBb1po)K,n;eHHaR 

6MJIMHeiiHaR cpopMa B rrpocTpaHCTBe v Ha3b1BaeTCR CU.MnJte'l\:mU"te­
C'l\:OU tfiop.Mou. BeKTOpHoe rrpocTpaHCTBo, cHa6)KeHHOe .n;aHHOH CMM­

IIJieKTM'!eCKOH cpOpMOH, Ha3bIBaeTCR CU.MnJte'l\:mU"teC'l\:U.M, 6e'X:mOp1-t'bt.M 
npocmpancm6o.M, rOBOpRT, 'ITO OHO MMeeT CU.MnJte'l\:mU"teC'l\:Y10 cmpy'X:­
mypy. IlyCTb v - CMMilJieKTM'leCKOe BeKTOpHoe rrpocTpaHCTBO c CMM­

IIJieKTM'leCKOH cpopMofi n M rrycTb A - JIMHeHHOe rrpeo6pa30BaHMe 

npocTpaHCTBa V B ce6R; Tor.n;a MhI roBopHM, 'ITO A - cu.MnJte'X:mu­
"tec'X:oe npeo6pa3o6anue, ecJIM O(Au, Av) = O(u, v) .LJ;JIR Bcex u M 

v B rrpocTpaHCTBe V. Cyll1,eCTByeT TeopeMa (Guillemin, Sternberg, 

Symplectic Techniques in Physics, Chapter II), yTBep)K.LJ;aJOll1,aR, 'ITO 

Ka)K.n;Oe CMMIIJieKTM'leCKOe BeKTOpHOe rrpOCTpaHCTBO ,Il;OJI)KHO 6hITb 

npocTpaHCTBOM '!eTHoro 'IMCJia M3MepeHMH, M 'ITO Ka)K,n:oe CMMIIJieK­

TM'!eCKOe JIMHeHHOe rrpeo6pa30BaHMe ,Il;OJI)KHO MMeTb ,n:eTepMHHaHT, 

paBHblH e,n;MHMU.e, a 3Ha'IMT, 6hITb o6paTMMbIM. QqeBM,Il;HO, 'ITO rrpeo6-

pa30BaHMe, o6paTHOe K CMMIIJieKTM'!eCKOMY rrpeo6pa30BaHMIO, ,Il;OJI)K­

HO 6bITb CMMIIJieKTM'leCKMM, M 'ITO rrpOM3Be,n:eHMe JII06hIX ABYX CMM­

IIJieKTM'!eCKMX rrpeo6pa30BaHMil TO)Ke .LJ;OJI)KHO 6bITb CMMIIJieKTM'le­

CKMM. MHo)KeCTBO Bcex CMMIIJieKTM'leCKMX JIMHeiiHhIX rrpeo6pa3oBa­

HMil Ha3bIBaeTCR CMMIIJieKTM'leCKOH rpynrro:tt B rrpocTpaHCTBe v M 

o6o3Ha'!aeTcR Sp(V). 
Ilpe.n;rroJIO)KMM, 'ITO v = ~n + ~n. 9To - rrpocTpaHCTBO, B KOTO­

poM BeKTOp MO)KHO 3aIIMCaTb B BM,Il;e 

CMMIIJieKTM'!eCKaR cpopMa n onpe,n:eJIReTCR cpopMyJIOH 

O(u, u') = p · q' - p' · q, 

r,n:e CMMBOJI • o6o3Ha'laeT o6bI'IHOe CKaJIRpHOe rrpOM3Be,n:ettMe B rrpOCT­

paHCTBe ~n. EcJIM MCIIOJih30BaTh 3aIIMCh CKaJIRpHoro npoH3Be,n:eHMR 
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u · u' = q · q' + p · p', TO <f>opMy MO)KHO rrepermcaTh ITO-,n;pyroMy 

n(u, u') = u'. Ju, 

r,n;e J - MaTpHu;a 2n X 2n BH,ll;a ( _ ~ ~) , a ll - e,n;HHH'IHa.H MaTpHu;a 

n x n. IIoBTOpHM: JIHHeiiHoe ITpeo6p830BaHHe T B ITpOcTpaHCTBe V 
CHMIIJieKTH'IHO Tor,n;a H TOJihKO TOr,n;a, Kor,n;a ,ll;JI.H Bcex u H u' BhIIIOJI­

H.HeTC.H paBeHCTBO 

D(Tu, Tu')= D(u, u'). 

'.:ho MO)KHO rrepeITHCaTb B BH,n;e 

TtJTu · u' =Ju· u', 

r,n;e Tt o6o3HaqaeT TpaHCIIOHHpOBaHHYIO MaTpHIJ;Y ( T. e. MaTpHIJ;Y, CO­

rrpmK.eHHyIO K T ITO OTHOIIIeHHIO K CKa.rr.HpHOMY rrpOH3Be,n;eHHIO B rrpo­

CTpaHCTBe V). IIocKOJihKY 3TO paBeHCTBO BhIIIOJIH.HeTCH ,ll;JI.H Bcex u 
H u'' MhI IIOJiyqaeM 

TtJT = J. 

T ( q) = ( Aq + Bp) 
p Cq+Dp ' 

r,n;e A, B, C H D - MaTpHIJ;hI n x n, T. e. 

T= (~ ~). 
Tor,n;a 

r,n;e At o6o3HaqaeT MaTpHu;y, TpaHCITOHHpoBaHHYIO KA, HT. ,n;. YcJio­

BHe rt JT = J ITepeXO,lJ;HT c COBOKYIIHOCTh ycJIOBHH: Ate = ct A, 
Bt D = nt B, H At D - ct B = lL 3aMeTHM, qTO MaTpnu;a r- 1 , KOTO­

pa.H TaK)Ke CHMITJieKTHqHa, HMeeT BH,ll; 



9.5. OT rayccoBoii onTHKH K JIHHeiiHOH 463 

rrpuqeM BhIIIOJIH.HIOTC.H ycnomrn: 

A Terreph BepHeMC.H K rrpo6neMe ,n;oKa3aTeJihCTBa Toro, qTo rpyrr­

rra JIHHeHHhIX CHMIIJieKTHqecKHX rrpeo6pa30BaHHH ( B rrpocTpaHCTBe 

qeTbipex H3MepeHHH) COBrra,n;aeT c MHO)KeCTBOM Bcex rrpeo6pa30Ba­

HHH B JIHHeii:HOH OIITHKe. KaK H B CJiyqae rayccoBOH OIITHKH, ,IJ;OKa-

3aTeJihCTBO pacrra,n;aeTC.H Ha ,n;Be qacTH. IIepBa.H, cPH3HqecKa.H qacTh 

,ll;OKa3aTeJihCTBa IIOKa3bIBaeT, qTO (B JIHHeii:HOM rrpH6JIH)KeHHH) MaT-

( 
TI 0) , 

pmi;a _ p TI , r,n;e P = pt - CHMMeTpHqHa.H MaTpHu;a, cooTBeT-

CTByeT rrpeJIOMJieHHIO Ha IIOBepxHOCTH pa3,n;ena Me)K,n;y ,Il;BYM.H o6na­

CT.HMH c IIOCTO.HHHhIM K03cPcPHIJ;HeHTOM rrpeJIOMJieHH.H (,n;JI.H Ka)K,ll;OH 

rroBepxHOCTH IIO.HBJI.HeTC.H CBO.H MaTpHu;a P), H qTo MaTpHu;a (~ ~TI) 
COOTBeTCTByeT ,ll;BH)KeHHIO B cpe,n;e c IIOCTO.HHHhIM K03cPcPHIJ;HeHTOM 

rrpenoMJieHH.H, r.n;e d - orrTHqecKa.H ,ll;JIHHa B,Il;OJih ocH. BTopa.H qacTh 

,Il;OKa3aTeJihCTBa (MaTeMaTHqecKa.H) II03BOJI.HeT ,Il;OKa3aTh, qTo JII06a.H 

CHMIIJieKTHqecKa.H MaTpHu;a MO)KeT 6bITh 3aIIHCaHa KaK rrpOH3Be,n;e­

HHe MaTpHIJ; 3TOI'O BH,n;a. 

3,n;ech Mhl He 6y,n;eM 3aHHMaTbC.H MaTeMaTHqecKHM ,IJ;OKa3aTeJih­

CTBOM, KOTOpoe .HBJI.HeTC.H ,Il;OBOJihHO XHTPOYMHhIM o6o6rri;eHHeM .n;o­
Ka3aTeJihCTBa, rrpHBe,n;eHHOro B pa3,n;ene 9.2. qHTaTeJib MO)KeT Haii:TH 

ero B KHHre Guillemin, Sternberg, Symplectic Techniques in Physics, 
CTp. 27-30. ~aBaHTe paCCMOTpHM cPH3HqecKyIO qaCTh 3TOH 3a,n;aqI1. 

HarroMHHM, qTo MhI orrpe,n;en.HeM rra,n;aiorri;Hif nyq 3a,ll;aHHeM ero Ha­

rrpaBJieHH.H v = (vx, Vy, Vz), llvll = v; + v~ + v; = 1, H TOqKoii:, r.n;e 

nyq rrepeceKaeT IIJIOCKOCTh, rrapanJieJibHYIO IIJIOCKOCTH xy H HaXO,Il;.H­

IIJ;YlOC.H B ToqKe z Ha OIITHqecKOH OCH. Tor,n;a 

Vz = (1 - v2 - v2 )
112 = 1 - !(v2 + v2

) + · · · ~ 1 x y 2 x y . 

Mhr rrpe.n;rronaraeM Vx H Vy MaJihIMH H II03TOMY rrpeHe6peraeM KBa,n;­

paTHqHhIMH qJieHaMH. IIycTh 

r,n;e n - K03cPcPHIJ;HeHT rrpenoMJieHH.H. CMerri;eHHe Ha paccTO.HHHe t 
B,IJ;OJih OIITHqecKOH OCH - 3TO c ToqHOCThIO ,n;o KBa,n;paTHqHbIX qJieHOB 



464 rJiaBa 9. rayCCOBa OilTHKa 

no Vx H Vy TO )Ke, qTo H CMern;ettHe Ha pacCTOHHHe t B,IJ;OJih BeKTOpa v. 
CJie,n;oBaTeJihHo, 

Tor,n;a MhI HMeeM 

(:~)=(~ ~)(:~), 
r,n;e d = t/n (cM. p11c. 9.18). 

q q = (~:) 

z 

P11c. 9.18 

Terreph rrepeii,n;eM K rrpeJIOMJieHHIO cBeTa. IIpe,n;rroJIO)KRM, qTo 

rrpeJIOMJIHIOIIJ;aH IlOBepXHOCTh KBa,n;paTHqHa H orrpe,n;eJIHeTCH cl>opMy-

JIOH 
I 1 z -z= 2kq·q, 

r,n;e k - CHMMeTpn:qttaH MaTp11u;a 2 x 2. HopMaJih K 3Toii rroBepxttocTH 

B TOqKe q orrpe,n;eJIHeTCH cPOPMYJIOH 

u = (kq,-1). 

( c TOqHOCThIO ,n;o qJieHOB rropH,n;Ka Bhlme nepBoro BeKTOp u HMeeT 

e,n;11tt11qttyIO ,n;Jin:Hy.) IIpoeKu;HH BeKTopa v Ha IIJIOCKOCTh, KacaTeJih­

HYIO K IIOBepXHOCTH B TOqKe q, paBHa 

v - (v · u)u. 
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3arnmreM v = (vx, Vy, 1) = (v, 1), TOr,n;a v · u = kq · v - 1 H 

v - (v · u)u = (v, 1) - (kq · v - l)(kq, -1). 

0TKy,n;a, npeHe6perrui: KBa,n;paTH'IHblM qJieHOM kq . v' noJiyqaeM ,ll;Jl51 

npoeKIJ;HH BblpaJKeHHe 

(v + kq, 0). 

3aKOH CHeJIJIHyca roBopHT, 'ITO n1(v1 -(v1 ·u)u) = n2(v2-(v2·u)u). 
B JIHHeHHOM npH6JimKeHHH H c yqeTOM Toro, 'ITO Pl = nv1 H P2 = 
nv2, noJiyqaeM 

HJIH 

P2 = P1 - Pq, 

r,n;e 

ll TaK, Mhr rroJiy'IHJIH MaTpHey rrpeJIOMJieHHH ( _np ~) . TaKHM o6-

pa3oM, Mbl IlOK83aJIH, 'ITO rpymra npeo6pa30BaHHH JIHH€HHOH OITTHKH 

coBna,n;aeT c rpynnoM: Sp( 4, JR). 
EcTh eru;e o,n;HH 3acJiy)KHBa10ru;HM: BHRMaHHH MOMeHT B rayccoBoM: 

onTHKe. IIpe,n;noJIO)KRM, 'ITO onTR'!ecKaH cncTeMa o6Jia,n;aeT Bparu;a­

TeJihHOH CRMMeTpneM:. Tor,n;a Ha Ka)K,ll;OH npeJIOMJIHIOru;eM: noBepxHo­

CTR MaTpHu;a OITTR'l€CKOH CRJibl p HMeeT BR,ll; p = mll, r,n;e m -
CKaJIHpHbIH Ko3<l>qmu;neHT H Il - e,n;HHR'IHruI MaTpmi;a 2 x 2. O'ie-

BR,n;Ho, 'ITO IlpOR3B€,ll;€HRe TaKRX MaTpRIJ; Ha MaTpHIJ;y BR,ll;a (~ e[[) 
MO)KeT 6bITb 3anncaHO B BR,n;e ( ~: :) . 3aMeTRM, 'ITO Kor,n;a TaKaH 

MaTpHu;a ,n;eHCTByeT Ha BeKTOp 

(~J 
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TO IIOJIY'IllTC}l TO )£(€ caMoe, KOr,n;a MaTpnu;a ( ~ ~) ,n;eii:CTByeT OT­

,n;eJibHO Ha (!:) n (!:). I1TaK, Kor.n;a MhI R3Y'IaJIM rayccoBy 011-

TnKy, TO He o6513aTeJibHO 6bIJIO orpaHM'IllBaTbC}l M3Y'I€HM€M KOaKCM­

aJibHbIX nyqeii:. Mo)f(HO 6bIJIO paccMaTpHBaTh rrpOM3BOJihHhie JIY'IM, 

Pa3JIO)f(llB llX Ha x- ll y-KOMIIOH€HTbI. cho 5IBJI51€TC}l CJI€,Il;CTBM€M rrpll­

H5ITOrO mrneiinoro rrpn6JIM)f(€HM51. 

0cHOBHa51 <PopMyna .n;mr orrTR'IeCKoii: ,Il;JillHhI 

1 
L = La + - (P2 · Q2 - P1 · Q1) 

2 

(r.n;e T€11€pb p M q - B€KTOpb1) ,Il;OKa3blBa€TC51 TaK )£(€, KaK ll B rayc­

COBOM cnyqae, rrpoBep5151, 'ITO rrponcxo,n;MT c 6a3llCHbIMll KOMIIOH€H­

TaMM. HeT CMhICJia rroBTOp51Th 3TO eiu;e pa3. 

,Il,Be IIJIOCKOCTM Ha3blBaIOTC}l H€COIIp51)£(€HHbIMll, €CJIM OIITM'I€CKa51 

MaTpnu;a B, CB513bIBaIOIIJ;a51 nx, necnHryJrnpHa. Tor,n;a MO)f(HO pemnTh 

ypaBH€HM51 

ll 

OTHOCMT€JihHo p 1 M p 2 , KOTOpbie OKa3b1BaIOTC5I paBHhI 

B -lA s-1 Pl= - Q1 + Q2 

Terreph MO)f(HO HarrncaTh 

r.n;e 

(Ilpn BblBO,Il;e 3TOH cPOPMYJibl Mbl llCIIOJib30BaJill TO)f(,Il;€CTBO 
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KOTopoe cJie.nyeT H3 ttec1rnrym1pttocTH B H ycJioBHH At D - BtC = JI.) 
IlpHMOe Bbl'IHCJieHHe (c HCTIOJib30BaHHeM 3TOro TO)K,D;eCTBa) ,n;aeT (B 

O"'leBH,ll;HOM CMbICJJe) 

{)L 
-- = P2 H 
8q2 

TaKHM o6pa3oM, 3HaHHe L ,n;aeT B03MO)KHOCTh Bbipa3HTh Pl H P2 
qepe3 qi H q2. 

Mb1 1;(0)KeM Tenepb KopoTKO onHcaTb nepexo,n; K ( HeJIHHeHHOH) 

reoMeTpHqecKoli onTHKe. C<PopMyJJHpyeM ycJIOBHe CHMllJJeKTHqHo­

CTH MaTpHIJ,hI A HeMHoro 110-,n;pyroMy. B 11pocTpaHCTBe ~4 paccMoT­

pHM 2-cPOPMY 

W = dqx /\ dpx + dqy /\ dpy. 

JlHHeliHoe OTo6pa)KeHHe A : ~4 
-t ~4 CHM11JJeKTHqHo Tor,n;a H TOJihKO 

Tor,n;a, Kor,n;a 

A*w = w. 

,Iq>yrHMH cJioBaMH, 11epeHoc <l:>opMbI w B pe3yJJhTaTe ,n;elicTBHH A ,n;aeT 

CHOBa w. Ilo3TOMY ,n;a,n;HM CJie.ny101u;ee 011pe,n;eJieHHe: ,D;HcP<l:>epeHIJ,Hpy­

eMoe OTo6pa)KeHHe </> Ha3bIBaeTCH CU.Mn.11,e-x;mu"leC'X:U.M, eCJIH 

</>*w=w. 

Mb1 He Tpe6yeM 3,n;ecb, qT06h1 </> 6bmo JJHHe:HHo. (B cTapoii JJHTepa­

Type CHMllJieKTHqeCKHe OT06pa)KeHHH Ha3blBaJIHCb -x:att0'/-1,U"leC'X:U.MU 

npeo6paa06attU.R.MU.) raMHJibTOH llOKa3aJI, qTO OT06pa)KeHH51 B reo­

MeTpHqecKOH OllTRKe (OT BXO,D;a ,n;o BbIXO,n;a) HBJJHIOTCH B TOqHOCTH 

CHMllJieKTHqeCKHMH OT06pa)KeHHHMH. KpoMe Toro, OH llOKa3aJI, qTo 

B npe,n;110JIO)KeHHH tte-x:ott2py3'/-f,ffl'H,OCm u CHMllJieKTHqecKoe OTo6pa)Ke­

HHe 011pe,n;eJIHeTcH xapaKTepHCTHqecKoli cPYHKIJ,HeH: L, r,n;e L(q1, q2) 
eCTb onmu"leC'X:aR a.11,utta llYTH, COe,D;HHHIOI1J;ero TOqKH ql H q2. (Ko­

HeqHo, B 3TOM cJiyqae <PopMyJia ,D;JIH L 6y,n;eT ropa3,D;O CJIO)KHee.) 

IlpHMepHO qepe3 ,n;eCHTb JJeT llOCJie HaTIHCaHHH cPYH,D;aMeHTaJib­

HbIX pa6oT 110 OllTHKe raMHJibTOH C,D;eJiaJI llOTpHcaroru;ee Ha6JJIO,D;eHHe: 

TOT )Ke caMbIH <PopMaJIH3M llpHMeHHM H B MexaHHKe ToqeqHblX qa­

CTHIJ,. IlyCTb Ql' ... ' Qn - o6o6ru;eHHbie KOOp,D;HHaTbI CHCTeMbI qacTHIJ,, 

a Pl, ... , Pn - HX o6o6ru;eHHhie HMllYJihChI. BMeCTO OllTHqecKOH OCH z 
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paccMaTp1rnaeTCH BpeMH. Tor.n;a rrpeo6pa3oBaHHe OT Ha':IaJibHblX KO­

op.n;1rnaT H HMIIYJibCOB K KOHe':IHblM Bcer.n;a 6y.n;eT CHMIIJieKTH':leCKHM. 

B XIX BeKe aTo OTKpblTHe rrpHBeno K rpoMa.n;HoMy rrporpeccy B Teo­

peTH':lecKoii: MexaHHKe. A IIO':ITH cToneTHeM rro3)Ke, B 1920 ro.n;y, aHa­

norHH Me)K,Il;Y OIITHKOll H MexaHHKOH, o6ttapy)KeHHM faMHJibTOHOM, 

Cblrpana KJIIO':leByIO pOJib B pa3BHTHH KBaHTOBOH MeXaHHKH. 

Pe3IOMe 

A. MaTplPIHrul cpopMyJIHpoaKa rayccoao:H OIITHKH 

Bbl .n;oJJ)KHhI yMeTb HCIIOJib3oBaTb .n;BYXKOMIIOHeHTHb1fi BeKTop ,11.JIH 

OIIHCaHHH nyqa, rrpoxo.n;Hrn;ero qepe3 IIJIOCKOCTb OTC':leTa. 

Bbl ,1l.OJI)KHhl yMeTb rrony':laTb H HCIIOJih30BaTh MaTpHIJ;bl 2 x 2 
,1l.JIH OIIHCaHHH a<P<PeKTOB pacrrpOCTpaHeHHH, rrpeJIOMJieHHH CBeTa H 

TOHKOH JIHH3bl. 

B. C11cTeMa JIHH3 

Bbl ,1l.OJI)KHbl yMeTb Bbl':IHCJIHTb MaTpHey .n;nH cHcTeMbl rrpenoMJIHIO­

rn;Hx IIOBepXHOCTeH HJIH CHCTeMbl TOHKHX JIHH3 Me)K.n;y ,1l.BYMH IIJIOC­

KOCTHMH OTC':leTa. 

,21,.rrH .n;aHHOH CHCTeMbl JIHH3 Ha.n;o yMeTb Hax:0,1l.HTb rnaBHble H <Po­

KaJibHbie rrnocKOCTH. Ha.n;o yMeTb IIOJib30BaTbCH HMH .n;nH HaXO)K,1l.e­

HHH H306pa)KeHHH o6'beKTa. 

C. raMHJihTOHOBa OIITHKa 

,[J,JIH rayccoBOH OIITH':leCKOH CHCTeMbl Ha.n;o yMeTb Hax:0,1l.HTb TO':Ie':l­

Hbie xapaKTepHCTHKH faMHJibTOHa Me)K.n;y IIJIOCKOCTHMH OTC':leTa H 

HCIIOJib30BaTb HX ,11.JIH orrpe.n;eneHHH TpaeKTOpHH nyqa, coe.n;HHHIOrn;e­

ro ,1l.Be TO':IKH B .n;BYX IIJIOCKOCTHX. 

9.1. Ha pnc. 9.19 H3o6pruKeHbI ¢oKaJihHble H rnaBHhie IIJIOCKOCTH AJIH 
TOHKO:ii: JIHH3bl. Jly<rn, na,n;aIOII1He CJieBa napaJIJieJibHO OCH CHCTeMhI, 

npeJIOMJIHIOTCH H npoXOMT qepe3 ¢oKyc B nnocKOCTH F2 . JlyqH, BhI­

XOM~He H3 ¢oKyca B nnoct<:ocTH F1 , npenoMJIHIOTCH H BhIXO,D;HT na­

PMJieJibHhIMH OCH. rnaBHbie IIJIOCKOCTH H1 H H2 CB513aHhl c ¢oKaJib­

HbIMH nnocKOCTHMH F1 H F2 cooTBeTCTBeHHO. 
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(a) C rroMOIIJ;hIO Jiyqa R 1, H3o6pa)l{eHHoro Ha pHcyHKe, orrpe,n;em1-

eTCH noJIO)l{eHHe B nJioCKOCTH z. HapHcyil:Te xo,n; Jiyqa Ri H em;e 

aeyx ,n;pyrHX Jiyqefi. 

(b) Bh1q.1ICJIHTe KOOp,D;MHaThl M3o6pa)l{eHHH H3 11pe,n;h1.zzym;ero nyHK­

Ta c noMOIIJ;hIO ypaBHeHHH HhIOTOHa OTHOCHTeJibHO Jiro6ott H3 

llJIOCKOCTeH:, H3o6pa)l{eHHblX Ha pHC. 9.19. 

( c) IIocTpoiiTe MaTpmzy onTMqecKoii CHCTeMhl Me)l{,lzy IIJIOCKOCTH­

MH Z1 H Z2. c IIOMOIIJ;blO 3T01!: MaTPHllhl orrpe,n;eJIHTe IIOJIO)l{eHHe 

H HaKJIOH Jiyqa R1 , BhIXO.u;Hm;ero H3 JIHH3hl B IIJIOCKOCTH z2. 

lCM 

PMc. 9.19 

9.2. Ha pHc. 9.20 H3o6pa)l{eHa TOJICTaH JIHH3a, c,n;eJiaHHaH H3 cTeKJia c 

rroKa3aTeJieM npeJIOMJieHHH n = 3/2. IIocTpOiiTe MaTPHIIY pacrrpo­

cTpaHeHHH nyqa Me)l{.zzy IIJIOCKOCTHMH OTcqeTa z1 H z2 . Orrpe,n;eJIHTe 

rroJio)l{eHMe <l:>oKaJihHhIX nnocKocTeii F1 H F2 , rnaBHhIX rrnocKocTett 

H1 H H2 H noKa)l{MTe HX Ha pHCYHKe. HapHcyll:Te xo,n; nyqeil: H orrpe­

,n;eJIMTe IIOJIO)l{eHHe H306pa)l{eHHH o6'heKTa, Haxo,n;Hm;erocH CJieBa OT 

z1 Ha paccTOHHHH 1 CM. 11crronh3YH ypaBHeHMe HhroToHa, npoBephTe 

IIOJiyqeHHble pe3yJibTaTbl. 

6CM ----

(,__________,) 
\R\ = 4cM \R\ = 6cM 

PMc. 9.20 
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9.3. IIpe,n;rroJio:>KHM, TITO xo,n; nyqeif cqHTaeTc.a cj;>yH,n;aMeHTaJibHOH xapaK­

TepHCTHKOH CBOHCTB TOHKOii: JIHH3hl, T. e. rrpe,n;IIOJio:>KHM, qTO rrepe­

ceqeHHe nyqa, rrpoxo,n;.a:w;ero qepe3 u;eHTp JIHH3bI, c nyqoM, rrapan­

neJibHbIM OCH cJieBa OT JIHH3hl H rrpoxo,n;.a:rn;HM qepe3 ee <l;>oKyc crrpaBa, 

orrpe,n;en.aeT rrepeceqeHHe Bcex nyqe:ii OT Bb16paHHoro o6'beKTa. 

(a) I1:crroJib3YH 3TO ,n;orry:rn;eHHe, IIOJiyqnTe ypaBHeHHe TOHKOH JIHH-

3bl. PacCMOTpHTe TOJibKO TOT CJiyqaii:, KOr,n;a p, q H f IIOJio:>KH­

TeJibHbI. 

(b) I1:crroJib3YH 3TO ,n;orry:rn;eHHe, ,n;oKa:»rnTe, qTO TOHKaH JIHH3a MO­

)KeT 6bITb OIIHCaHa MaTpnu;eii: 2 x 2 H rroJiyqnTe BH,LI; 3TOH MaT­

PHD;hl. 

9.4. IllapHK pa,n;nyca 6 CM (pHC. 9.21) c,n;eJiaH H3 CTeKJia c IIOKa3aTeJieM 

rrpeJIOMJieHHH n = 3/2. ,Ll,JI.a Jiyqeii:, rrpoxo,n;.a:rn;Hx B6JIH3H ,n;HaMeTpa, 

3TOT map Be;a,eT ce6.a KaK JIHHe:iiHa.a TOJICTaH JIHH3a ( TOJICTaH JIHH3a -

3TO u;nmrn;a.pnqecKa.H cep,n;u;eBHHa, OCbIO KOTOpott HBJIHeTCH ,D;HaMeTp 

mapa). IIocTpoii:Te MaTpHD;bI ;a.m1 3TOii: JIHH3bI Me)K;a.y IIJIOCKOCTHMH 

OTCqeTa Z1 H Z2, Me)K;a.y <l;>oKaJibHbIMH H rJiaBHbIMH IIJIOCKOCTjiMJi. 

IloKa)KHTe 3TH IIJIOCKOCTH Ha pHCYHKe. 

f = 12 CM f :::: 8 CM 

~4CM l 
Puc. 9.21 Puc. 9.22 

9.5. (a) ,LI,n.a CHCTeMbl H3 ;a.BYX co6npaIO:rn;Hx JIHH3, H306pa)KeHHOH Ha 

pHc. 9.22, IIOCTpOii:Te MaTpHey )I.JIH ,Ll;BH)KeHHH Jiyqa Me)K)I.y 

IIJIOCKOCTjiMJI Z1 Ji Z2. 

(b) Haii:,n;nTe rroJio)KeHne <l;>oKaJibHbIX IIJIOCKOCTeii: zi H z~, HCIIOJib-

3y.a ypaBHeHHe TOHKOH JIHH3bl Ji MaTpHey 3TOii: OIITJiqecKoii: CHC­

TleMbl. IIocTpoii:Te MaTpnu;y Me)K;a.y ;a,ByM.a cj;>oKaJibHbIMH rrJioc­

KOCTjiMH. 
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( c) Haii,II,HTe noJimKeHHe rJiaBHhIX nJIOCKOCTeii H 1 H H2 H rrocTpoii­

Te COOTB€TCTByIOmyIO MaTpHey. '.:ho JierKO C,II,eJiaTh, Y'ITH TOT 

cpaKT, 'ITO cpoKycHoe paCCTOHHHe f = 6 CM H Ka:>K,II,aH rJiaB­

HaH IIJIOCKOCTb liaXO,II,HTCH Ha paCCTOHHHH 6 CM OT COOTBeTCTBY­

IO~eii cpoKaJibHOii IIJIOCKOCTH. 06paTHTe BHHMaHHe, 'ITO o6e 

rJiaBlibie IIJIOCKOCTH Jie:>KaT Me:>K,IJ,Y JIHH3aMH, H B 3TOM CJiy'Iae 

Hi Haxo,II,HTCH crrpaBa OT H 2. 

(d) Ha pucyHKe IIOKa:>KHTe noJio:>KeHHe cpoKaJihlihlX H rJiaBHhIX 

IIJIOCKOCTe:fi 3TO:ii CHCT€Mbl. 

( e) IlycTh IIJIOCKOCTb Z3 HaXO,IJ,HTCH Ha paCCTOHHHH 12 CM CJieBa 

OT Z1. qeTblpbMH cnoco6aMH Haii,II,HTe IIJIOCKOCTh, conpsi::>KeH­

HYIO 3TOH: (1) nepeMHO:>KaH MaTpHIIhI, (2) ,IJ,Ba:>K,IJ,bl HCIIOJib3YH 

ypaBHeHHe TOHKoii JIHH3hI, (3) HCIIOJih3YH ypaBHeHHe HhIOTOHa 

X1X2 = f 2 
H (4) pucysi: XO,II, Jiy'IeH. 

9.6. OrrTH'IeCKasi: CHCTeMa COCTOHT H3 ,IJ,BYX TOHKHX JIHH3 c cpoKyCHbIMH 

pacCTOHHHHMH Ji H fz' pacnoJIO:>KeHHhlMH Ha paCCTOHHHH t ,II,pyr OT 

,IJ,pyra (pHc. 9.23). IlepBaH cpOKaJibHaH IIJIOCKOCTb HaXO,II,HTCH CJieBa 

OT rrepBOH JIHH3bl Ha paCCTOHHHH l 1; BTOpasi: <j:>oKaJibHaH IIJIOCKOCTb 

Ha:xO,II,HTCH crrpaBa OT BTOpOH JIHH3hl Ha pacCTOHHHH lz. ,II:oKa:>KHTe, 

'ITO cpoKyCHOe paCCTOHHHe f 3TOH CHCT€Mhl y,II,OBJieTBOpHeT ypaBHe­

HHIO p - t f - h lz = 0. lIMeH B BH,IJ,Y, 'ITO Bee rrapaMeTphl h' l2' f' Ji 
H fz MoryT HM€Th JII06oii 3HaK, orrpe,II,eJIHTe, KaKoii: H3 KOpHeH 3TOrO 

KBa,IJ,paTHOro ypaBHeHHH HMeeT <j:>H3H'IeCKH:ii CMhICJI. 

Pnc. 9.23 

9.7. IlpH,IJ,YMail:Te CHCTeMy TOHKHX JIHH3, OIITH'IeCKaH MaTpHIIa KOTOpOH 

HMeeT BH,IJ, (~ ~). (YKa3aHue: CHCTeMa COCTOHT H3 HeCKOJibKHX 

JIHH3. Mo:>KHO Ha'IaTb c nocTpoeHHH cncTeMhI, MaTpHIIa KoTopoii 

y,II,OBJieTBopsi:eT ypaBHeHMIO M 2 = IL) 
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9.8. Ha p:ac. 9.24 H3o6pa)Ketta orrTH'feCKruI CHCTeMa. B IIJIOCKOCTH z1 rra­

,n,arorn;Hii JIY'f HMeeT KOOp,JJ,HHaTbl ( :: ) = ( ; ) . Hatt,JJ,HTe KOOp,ll,H­

HaTbl Jiyqa, BblXO,lJ,Hrn;ero H3 IIJIOCKOCTH z2. 

4 2 

Z1 f = 1 

PHc. 9.24 

IRI = 6cM IRI = 9CM 

PHc. 9.25 

9.9. Ha pttc. 9.25 H3o6pa)Ketta TOJICTM JIHH3a, c,n,eJiaHHa.H H3 cTeKJia c 

rroKa3aTeJieM rrpeJIOMJiemrn n = 3/2. 

(a) IlocTpoiiTe MaTpHey, COOTBeTCTBYIOIIzyIO,IJ;BH)KeHHIO Jiyqa Me)K­

,n,y IIJIOCKOCT.HMH Zl H Z2. 

(b) Bhl.HCHHTe, KaKoii rra;:i;aroni;ttii JIY'f ( !~ ) BhIXO,JJ,HT H3 CHCTeMbI 

B IIJIOCKOCTH Z2 c KOOp,IJ;HHaTaMH (!~) = ( ~j~). 
9.10. Ha pttc. 9.26 H3o6pa)Ketta co6ttpa10rn;a.H JIHH3a c cpoKyCHhIM paccTo­

.HHHeM f = 10 CM. Otta c,ri;eJiaHa H3 cTeKJia c IIOKa3aTeJieM IIpeJIOM­

JieHH.H n = 1.4. BbIIIYKJihle IIOBepxHoCTH JIHH3hl HMeIOT O,JJ,HHaKOBhlii 

pa,ri;ttyc KpHBH3HhI R. 

(a) Bhl'IHCJIHTe pa,JJ,Hyc KPHBH3HhI R, Haii,ri;HTe 3aBHCHMOCTb TOJI­

rn;HHhl JIHH3hl b OT paCCTO.HHH.H q OT OCH. (YKa3aHHe: b(2) = 0.) 
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{b) Jlyq npoxo,rr;HT qepe3 TO'IKY A, IIOTOM no JIHHHH ACF. IloKa­

JKHTe, 'ITO BpeMH ,ll;BHJKeHHH B)J;OJib 3TO:ii TpaeKTOpHH MHHH­

MaJibHO IIO cpaBHeHHIO c mo6ott TpaeKTOpuett, KOTOpaH npoxo­

)J;HT qepe3 JIHH3Y c ,rr;pyrHMH 3Ha'IeHHHMH Q. 

( c) IloKaJKHTe, 'ITO BpeMH )J;BHJKeHml Jiyqa B)l;OJlb TpaeKTOpHH 

AC B MaKcHMaJibHO no cpaBHeHHIO co BpeMetteM ,rr;BHJKettm1 

no JI106ott TpaeKTopuu, CBH3b1Ba10m;ett TO'IKH A H B. 

(d) HanHIIIHTe <f>yttKIWIO W(QA, QF) )l;JIH IIJIOCKOCTe:li AH F. IloKa­

)KHTe, 'ITO ypaBHeHHH raMHJlbTOHa ,rr;aIOT npaBHJlbHbifi HaKJIOH 

Jiy'Ia, 3a,rr;auuoro napaMeTpaMH QA = 1 H QF = 0. C,rr;eJiaiiTe 

TO JKe ca.Moe ,rr;JIH IIJIOCKOCTett A H B. l'IcnoJib3Yii:Te <f>yuKu;mo 

W (QA, QB) ,rr;JIH onpe,rr;eJieHHH TpaeKTOpHH Jiyqa, npoxo,rr;Hm;ero 

qepe3 AH B. 

.:l A c 
lcM 

2CM 
l_ 

14----30 CM ___ __...._ __ _ 

___ B 

PMc. 9.26 

9.11. IlycTb v 1 = (::) u v1 = (::) o6o3Ha'IaIOT ,rr;Ba Jiy'Ia, BXO,rr;Hm;He 

B npOH3BOJibHYIO rayccoBy OIITH'IeCKYIO CHCTeMy. CHMIIJieKTH'IeCKOe 

CKaJIHpHoe npOH3Be,rr;eHHe 3THX BeKTOpOB onpe,rr;eJIHeTCH <f>opMyJioii: 

(a) IloKaJKHTe, 'ITO 3TO CKaJIHpHoe IIpOH3Be,rr;eHHe coxpaHHeTCH 

IIpH IIpOXOJK)J;eHHH OIITH'IeCKOH CHCTeMbI, T. e. 'ITO w(v2, V2) = 
w(v1, v1). 

(b) IloKaJKHTe, 'ITO w(vi, v1) = 0, ecJIH v1 H v1 o6o3Ha'IaIOT JIY'IH, 

nepeceKa10nwecH Ha OTITH'IeCKO:li OCH. 
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( c) ~orrycTIIM, 'ITO ,D;Ba Jiyqa rrpoxo,rr>IT qepe3 0,D;HY TO'IKY Ql B 

IIJIOCKOCTII OTC'IeTa Z1 c yrJIOM ¢1 Me:>K,n;y HIIMII. EcJIJI 3TII JIY'III 

rrepeceKalOTC51 B corrpH)KeHHOH IIJIOCKOCTJI Z2 c yrJIOM ¢2 Me)K,D;y 

HIIMII, TO 'IeMy paBHO pacCT051HIIe OT OCH Q2? (IIycTb n = 1 B 

IIJIOCKOCT51X Zl II Z2.) 



rJiaBa 10 

BeKTOpHhie npocTpaHCTBa 

II JIHHeHHbie npeo6pa30BaHH.SI 

B rJiaBe 10 MhI B03Bparn;aeMCR Ha3a,n; H ,n;oKa3bIBaeM oc­

HOBHbie CBOHCTBa KOHe"IHOMepHbIX rrpOCTpaHCTB H HX 

JIHHeHHbIX rrpeo6pa30BaHHH. 3.i:i;ecb, rJiaBHbIM o6pa30M, 

o6o6rn;aIOTC51 pe3yJibTaTbI, IIOJiy"leHHbie B rrepBbIX qeThI­

pex rJiaBax ,LJ;JI51 ,n;ByMepHoro rrpocTpaHCTBa. 1faJiaraeTc51 

HOBhIH anropHTM - pe,n;yKu;m1 rro CTpoKaM. BBO,ll;RTCR 

,n;Ba HOBbIX IIOH51TH51: rromITHe corrp51)KeHHOro rrpocTpaH­

CTBa H cl>aKToprrpocTpaHCTBa. (Mx 6bIJIO CJIO)KHO BBeCTH 

paHbIIIe.) 8TH IIOH51TH51 6y,n;yT HrpaTb peIIIaIOrn;yIO pOJib 

B ,LJ;aJibHeHIIIeM1 . 

Bne,n;eHHe 

MbI y)Ke ,n;oBOJihHO rro,n;po6Ho H3Y"IHJIH ,n;ByMepHoe rrpocTpaHCTBO. Ho 

rrpH 3TOM paccMaTpHBaJIHCh TOJihKO ,n;Be KOHKpeTHhie Mo,n;eJIH. BeK­

TOpHoe rrpOCTpaHCTBO v 6hIJIO JIH6o MHO)KeCTBOM rrepeMern;eHHH B 

a<Pcl>HHHOH rrJIOCKOCTH, JIH6o 3TO 6hmo rrpocTpaHCTBO JR2 - MHO)KeCT­

Bo yrropR,n;oqeHHhIX nap Bern;ecTBeHHhIX "IHCeJI. BBo,n;H Koop,n;HHaThI, 

1B rraparpacl>e 10.9 aBTOphI BhIXO,ll;HT 3a rrpe,n;eJihI mrneii:Hoii: anre6pb1 H ,n:oKa-
3bIBaIOT Ba)frnyIO TeopeMy o JIOKaJihHOii: cTpyKType .n;mpcpepemi;HpyeMoro oTo6-
pa2KeHHH. - llpu.M. pea. 
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Mbl MOrJIH OTO)K,ll;eCTBHTb mo6oe ,ll;ByMepttoe rrpocTpaHCTBO c rrpo­

CTpaHCTBOM JR2
' B KOTOpOM JIHHeiittoe rrpeo6pa30BaHHe rrpe,n;cTaBJI5I­

JIOCb MaTpHu;eii 2 x 2. 
Ceiiqac MbI ttaqtteM H3yqeHHe rrpoH3BOJibttoro BeKTopttoro rrpo­

CTpaHCTBa B a6cTpaKTHOM BH,n;e c aKCHOMaTHqecKOH TOqKH 3peHH5I. 

IlpeHMyrn;ecTBO TaKoro rro,n;xo,n;a COCTOHT B TOM, qTQ Mbl CMo:>KeM pac­

CMaTpHBaTb BeKTOpHbie rrpocTpaHCTBa, KOTOpbie He orrpe,n;eJI5IIOTC5I 

HH qepe3 reoMeTpHqecKHe IIOH5ITH5I, HH KaK MHO)KeCTBO Ha6opoB H3 

n Bern;ecTBeHHhIX qHcen. 0Ka)KeTC5I, qTo TaKoe BeKTOpttoe rrpocTpaH­

CTBO, co,n;ep)Karn;ee TOJihKO KOHeqttoe qifCJIO .11,U'HeU'/-W tteaaBUCU.M'btX 

3JieMeHTOB, MO)KeT 6bITb OTO)K,ll;eCTBJieHO c rrpOCTpaHCTBOM !Rn ,ll;J15I 

tteKoToporo u;enoro qifcJia n, TaK qTo B KotteqttoM cqeTe MhI BeptteMC5I 

K H3yqeHHIO rrpocTpaHCTBa !Rn H HCIIOJib30BaHHIO MaTpHu; ,ll;J15I OIIH­

caHH5I JIHHeiitthIX rrpeo6pa3oBaHHii. B rrocne,n;yrorn;eM tta,n;o Bee BpeM5I 

HMeTb B BH,ll;y H3BeCTHYIO ,n;ByMepttyro reoMeTpHqecKylO MO,ll;eJib BeK­

TOpHoro rrpOCTpaHCTBa, qT06bI HaIIOMHHaTb ce6e, qTQ IIOCJie,n;yrorn;He 

aKCHOMhI H orrpe,n;eneHH5I BIIOJIHe pa3yMHhI. O,n;ttaKo, MhI crreu;HaJihHO 

6y,n;eM ,n;aBaTb rrpHMepbl BeKTOpHbIX rrpocTpaHCTB 6e3 reoMeTpHqe­

CKOro co,n;ep*aHH5I. TaKHe BeKTOpHhie rrpocTpaHCTBa 5IBJI5IIOTC5I qa­

CThlO ecTeCTBeHHOro MaTeMaTHqecKoro 5I3hIKa B pa3JIHqHhIX o6Jia­

CT5IX <i>H3HKH, oco6eHHO B 3JieKTpOMarHHTHOH TeOpHH H KBaHTOBOH 

MexaHHKe. 

10.1. CBoiicTBa BeKTOpHhIX rrpocTpaHCTB 

HaqtteM c rroBTopeHH5I octtoBHhIX orrpe,n;enettHii. 

BeKTOpttoe rrpocTpattCTBO V, Httor,n;a Ha3hIBaeMoe JIHHeiitthIM rrpo­

CTpattcTBOM, COCTOHT H3 3JieMeHTOB - BeKTOpOB, ,ll;JIR KOTOpbIX crrpa­

Be,ll;JIHBbl pa,n; aKCHOM. 8TH rrpocTpaHCTBa 6y,n;eM o6o3HaqaTh 3arJiaB­

HhIMH 6yKBaMH, ttarrpMep, V, W*, C1, a HX 3JieMeHThI - CTpoqtthIMH 

6yKBaMH )KHpHbIM mpH<i>ToM, HarrpHMep, v, W2, b1 . 

B BeKTopttoM rrpocTpaHCTBe V BBO,ll;HTC5I rrpaBHJio, cornactto KO­

TopoMy JII06bIM ,ll;BYM 3JieMeHTaM V1 H V2 CTaBHTC5I B COOTBeTCTBHe 

TpeTHH 3JieMeHT v, Ha3bIBaeMhIH HX cy.M.MOU H o603HaqaeMhIH V1 +v2. 

8Ta orrepau;Ha y,n;oBJieTBOp5IeT TeM )Ke aKCHOMaM, qTo H CJIO)KeHHe 

Bern;eCTBeHHhIX qHceJI: 
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KoMMyTaTHBHhI:ii 3aKOH: 

(10.1) 

Accoa;u:aTHBHhI:ii 3aKoH: 

(10.2) 

Cym;ecTBOBaHHe HYJISI: cy:rn;ecTByeT TaKo:i:t 3JieMeHT 0, qTo 

v + 0 = v M.H Bcex v. (10.3) 

Cym;ecTBOBaHHe npoTHBOilOJIO>KHoro: ,IJ;JI.H mo6oro v cy:rn;ecTBy­

eT TaKo:l:i 3JieMeHT -v, qTQ 

-v+v = 0. (10.4) 

B HeKoTophrx cnyqa.Hx cJI02Kem1e orrpe.n;eJrneTc.H rrp.HMO qepe3 CJI0-

2KeHHe Be:rn;eCTBeHHbIX 'iHCeJI, 1103TOMY cpa3y 6hIBaeT .HCHO, 'ITO 3TH 

aKCHOMhI BhIIIOJIH.HIOTC.H. HarrpHMep, B rrpocTpaHCTBe JR2 MhI orrpe.n;e-

JI.HeM 

( :~) + ( ~~) = ( :~ : ~~) . 
AHanorH'IHO, M02KHO paccMaTpHBaTh ,n;ByMepHoe BeKTOpHoe rrpo­

CTpaHCTBO Bcex <i>YHKIJ;HH, orrpe.n;eneHHbIX Ha ,IJ;BYXToqeqHQM MH0-

2KeCTBe {A, B}, r.n;e cJI02Kem1e orrpe.n;en.HeTc.H oT,n;eJihHO ,IJ;JI.H Ka)K,II;oii 

ToqKH, T. e. h = f + g - <i>YHKIJ;H.H, 06na.n;a10:rn;a.H CBOHCTBaMH 

h(A) = f(A) + g(A), 

h(B) = f(B) + g(B). 

B Ka'ieCTBe e:rn;e o.n;Horo rrpHMepa paccMOTpHM rrpocTpaHCTBO Bcex 

HerrpepblBHbIX <i>YHKIJ;HH Ha 0Tpe3Ke [O, 1], r.n;e TaK2Ke CJI02KeHHe onpe­

.n;eJI.HeTC.H OT,n;eJihHO ,IJ;JI.H Ka)K,II;oii TO'IKH. EcnH f H g - 3JieMeHThI 

3TOro npocTpaHCTBa, TO HX cyMMOH 6y.n;eT <i>YHKIJ;H.H h, 3a,n;aBaeMa.H 

<l>opMynoii h(x) = f(x) + g(x). B 3TOM cnyqae Ba2KHO OTMeTHTh, qTQ 

,IJ;JI.H JII06bIX f H g cyMMa h 6y.n;eT TaK2Ke HerrpepbIBHOH <i>YHKIJ;Heii H 

1103TOMY rrpHHa,IJ;Jie2KHT BeKTOpHOMY rrpOCTpaHCTBy . 

.HcHO, 'ITO BO Bcex 3THX rrpHMepax HyJieBOH 3JieMeHT H rrpOTH­

BOIIOJI02KHbIH 3JieMeHT cy:rn;eCTByIOT H e,n;HHCTBeHHbI. '.:ho BepHO )l;Jl.H 
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mo6oro BeKTOpHoro rrpocTpaHCTBa, 'ITO JierKo ,IJ;OKa3hIBaeTCH, HCXO,IJ;H 

H3 rrpHBe,n;eHHhIX aKCHOM. LJ:1ITaTemo rrpe,n;ocTaBJIHeTCH B03MO)KHOCTh 

c,n;eJiaTb 3TO caMOCTOHTeJibHO. 

B BeKTopHoM rrpocTpaHCTBe ,II;OJI)KHa 6bITh orrpe,n;eJieHa ern;e o,n;Ha 

orrepau;ttH: yMHO)KeHHe BeKTopa Ha CKaJIHp. B 3Toil: rJiaBe MhI Bce­

r,n;a 6y,n;eM C'IHTaTh, 'ITO CKaJIHp - Bern;eCTBeHHOe 'IHCJIO. Ilo3TOMY 

BeKTOpHoe rrpocTpaHCTBO 6y,n;eT eew,ecmeeHH'bt,.M, ee'K:mopH'btM npo­

cmpaHcmeoM. Ilo3,n;Hee paCCMOTpHM KOMIIJieKCHhie BeKTOpHbie rrpo­

CTpaHCTBa, B KOTOpbIX 3JieMeHThl MoryT YMHO)KaThCH Ha KOMIIJieKC­

Hhie 'IHCJia. II B 3TOM cJiyqae ,II;OJI)KHhI 6bITh crrpaBe,IJ;JIHBhI aKCHOMhI 

o6hI'IHOro YMHO)KeHHH, a HMeHHO: eCJIH C1 H c2 - CKaJIHphI, a V1 H 

V2 - BeKTOphI, TO crrpaBe,IJ;JIHBhl 

Acco:u;HaTHBHhIH 3aKOH: 

,Ll;HcTpH6yTHBHhie 3aKOHbl: 

(ci + c2)v = c1v + c2v, 

c(v1 + v2) = cv1 + cv2. 

YMHO:>KeHHe Ha 1 ,n;aeT TO:>K,n;ecTBo: 

lv = v ,IJ;JIH Bcex v. 

(10.5) 

(10.6) 

(10.7) 

IIocKOJihKY aKCHOMhI CJIO)KeHHH H YMHO)KeHHH Ha CKaJIHp B BeK­

TOpHoM rrpocTpaHCTBe TO'IHO TaKHe )Ke, KaK H B apmpMeTHKe, TO 

B BeKTOpHOH aJire6pe coxpaHHIOTCH Bee apmpMeTH'IeCKHe CBOHCTBa. 

0HH JierKo ,n;oKa3hIBaIOTCH, ttcxo,n;H H3 aKcHoM. Htt)Ke rrpHBO,II;HTCH rre­

pe'IeHh 3THX cBoil:cTB. IIo,n;yMail:Te H rrocTapail:TeCh ,n;oKa3aTh HX, TaK 

KaK B orrpe,n;eJieHHHX OHH He co,n;ep)KaTCH. 

(a) O·v=O. 
(b) c·O=O. 
(c) (-c)·v=-(c·v)=c·(-v). 
(d) v+v=2v, v+v+v=3v, HT.,n;. 

(e) EcJIH a· v = 0, To JIH6o a= 0, JIH6o v = 0. 
(f) -(v+w)=-v+(-w). 
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10.2. ,IljaJibHOe rrpOCTpaHCTBO 

,ll,Jrn BbI6paHHOro BeKTOpHoro rrpOCTpaHCTBa v MO)KHO pacCMOTpeTb 

MHO)KeCTBO Bcex Jl,U'HeU'H'btX rfiyn'K:'IJ,UU M3 V B JR. Ceii'Iac MhI rroKa)KeM, 

'ITO OHM o6pa3JIOT BeKTOpHOe IIpOCTpaHCTBO, Ha3hIBaeMOe ayaJl,'b'H'bl.M 

npocmpancm6o.M, conpR;)!Ce'H'H'bt.M K rrpocTpaHCTBY V, M o6o3Ha'!ae­

Moe V*. 9JieMeHThI 9Toro rrpocTpaHCTBa 6y,n;eM o6o3Ha'IaTh rpe'Ie­

CKMMM 6yKBaMM )KMpHhIM IIIPMcPTOM M ,n;oroBOpMMC51 IIMCaTb y HMX 

MH,n;eKChI cBepxy, B OTJIM'IMe OT aJieMeHTOB rrpocTpaHCTBa V. TaKMM 

o6pa30M, V1, V2, ... - 9JieMeHThl rrpOCTpaHCTBa v, a o:1
, o:2

' ... -

aJieMeHThI rrpocTpaHCTBa V*. ,ll,eiicTBMe 3JieMeHTa M3 V* Ha aJieMeHT 

M3 V 6y,n;eM o603Ha'IaTh o:[v]. 
CyMMY ,n;Byx aJieMeHTOB npocTpaHCTBa V* orrpe,n;eJIMM KaK ,Il;JI51 

cPYHKIJ;HH, T. e. ,Il;Jl51 JII06oro v E v IIOJIO)KMM ( o:1 + o:2
) [v] = o:1 [v] + 

o:2 [ v]. IlocKOJlhKY CJMMa JIMHeHHbIX cPYHKIJ;MH - TO)Ke JIMHeHHa51 

cPYHKIJ;MH, o:1 + o:2 51BJI51eTC51 aJieMeHTOM rrpocTpaHCTBa V*. JlerKo 

BM,}];eTh, 'ITO BCe aKCMOMbl CJIO)KeHM51 (10.1)-(10.4) BblIIOJIH5IIOTC5I; 

HyJieBbIM aJieMeHTOM V* 6y,n;eT HyJieBa51 cPYHKIJ;M51, KOTopaH, KOHe'IHO, 

JIMHeiiHa. AHaJIOrM'IHO orrpe,n;eJI51eTc51 yMHO)KeHMe Ha CKaJIHp: 

(co:)[v] = c(o:[v]). 

O'IeBM,Il;HO, 'ITO co: - JIMHeiiHaH cPYHKIJ;HH, M 'ITO ,Il;JI51 BBe,n;eHHOii 

TaKMM o6pa30M orrepan;MM YMHO)KeHM51 Ha CKaJI51p BhlIIOJIH5IIOTC51 BCe 

aKCMOMhI JMHO)KeHM51. 

IlpMBe,n;eM HeCKOJlhKO O'IeHh pa3HblX rrpMMepOB orrpe,n;eJieHM51 3Jie­

MeHTOB ,Il;YaJibHOro rrpocTpaHCTBa. 

1. IlyCTb v - ,Il;ByMepHoe rrpOCTpaHCTBO JR2 . 9JieMeHThl 3TO-

ro rrpocTpaHCTBa o6o3Ha'IeHhI v = ( ~) . Tor,n;a MO)KHO C'IMTaTh, 

'ITO 3JieMeHTaMM rrpocTpaHCTBa V* 6y,n;yT BeKTop-cTpOKM. HarrpM­

Mep, o: =(a, b), rrpM'IeM o:[v] = (a, b) ( ~) =ax+ by. 

2. IlyCTh v - rrpocTpaHCTBO Bcex cPYHKIJ;MH MHO)KeCTBa, COCT0-

51IIJ;ero M3 ,n;Byx 9JieMeHTOB {A, B}. Tor,n;a rrpaBMJIO o:A : V ~ JR 
rrpMrrMchrnaeT Ka)K,Il;oMy aJieMeHTY f E V ero 3Ha'IeHMe Ha aJieMeH­

Te A, T.e. o:A[f] = f(A) 6y,n;eT aJieMeHTOM MHO)KeCTBa V*. B 3TOM 

cJiy'Iae o6ID;Mii BM,Il; 3JieMeHTa M3 V* MO)KHO 3arrMcaTh B <l>opMe 

o:[f] = af(A) + bf(B) 
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,n;Jrn rrpoH3BOJihHhIX a H b. B 3TOM rrpHMepe HHTepecHo To, qTo MbI 

H,IJ;eHTHqmu;ttpoBanH Ac aA H B c aB. Bb1proKeHtte aA+bB 6eccMhIC­

neHHO, a Bbipa)KCHHe aaA + baB orrpe,n;en.HeT 3JICMCHT rrpOCTpaHCTBa 

V*. TaKHM o6prooM, MhI rronrrnnH rrpou;e,n;ypy, CB.H3bIBaroiu;yro BeK­

TopHoe rrpocTpaHCTBO c JII06hIM KOHeqHbIM MHO)KCCTBOM TaK, qT06hI 

Bee 3JICMCHTbl MHO)KCCTBa CTaJIH BCKTopaMH. ,ll;n.H 3TOI'O Ha,n;o B351Tb 

,IJ;yMbHOe rrpocTpaHCTBO K rrpOCTPaHCTBY cPYHKD;HH Ha 3TOM MHO)Ke­

CTBe. TaKa.H KOHCTpyKD;H.H OKa3hIBaeTC5I oqeHb IIOJI€3HOH B TeopHH 

aneKTpHqecKHX u;erre:H. 

3. IlyCTb v - rrpocTpaHCTBO ,ll;HcP<l>epettu;HpyeMbIX cPYHKD;HH f(t) 
Ha OTpe3Ke [O, l]. Tor,n;a Bee BhIIIHCaHHhie Htt)Ke OTo6pa)KeHtt.H 6y,n;yT 

aneMeHTaMH rrpocTpaHCTBa V*: 

a : f 1--+ f(O), 

f3: f 1--+ f'(O), 

, : f I-+ fo 1 

f(t) dt, 

~ : f I-+ fo 1 

tf(t) dt, 

c f1-+f(~)+r'(~)+ 1;~
3

tf(t)dt. 

10.3. IIo,n;rrpocTpattcTBa 

1IacTO BCKTOpHoe rrpocTpaHCTBO w 5IBJI5ICTC5I qaCTblO 60JihIIIero BCK­

TOpHoro rrpocTpaHCTBa V, rrpHqeM rrpou;e,n;yphI CJIO)KCHH.H H YMHO)Ke­

HH.H Ha CKan.Hp orrpe,n;eneHbI B HHX O,IJ;HHaKoBo. IIocKOJihKY H3BeCTHo, 

qTO v Y,IJ;OBJICTBOp.HeT BCeM aKCHOMaM BCKTOpHoro rrpocTpaHCTBa, TO 

HeT Heo6xo,n;HMOCTH rrpoBep.HTb HX ,IJ;JI.H w. 1ITo6bI IIOKa3aTh, qTo rro,n;­

rrpocTpaHCTBO w 5IBJI5ICTC5I BCKTOpHblM rrpocTpaHCTBOM, ,ll;OCTaToqHO 

,IJ;OKa3aTb, qTo w 3a.Mr;;'Hymo no OTHOIIIeHHIO K orrepau;tt.HM CJIO)KCHH.H 

H yMHO)KeHtt.H, T. e. qTo cyMMa ,IJ;Byx nro6hIX aneMeHTOB w1, w2 E W, 
paBHa.H W1 + W2, 5IBJI5ICTC5I 3JICMCHTOM w, H ,ll;Jl.H rrpOH3BOJibHOro Be­

ru;ecTBCHHOro qHcna c H nro6oro w E W aneMeHT cw rrpHHa,n;ne)KHT 

W. B qacTHOCTH, HyneBo:H BeKTOp ,IJ;OJI)KeH 6bITh aneMeHTOM W. 
Ha rrpaKTHKe rro,n;rrpocTpaHCTBO 06b1qHo orrpe,n;en.HeTC.H O,IJ;HHM H3 
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,D;Byx MeTO,ll;OB: KOHKpeTH3HpyeTC.H HeKOTOpoe MHO)KeCTBO 3JieMeHTOB 

H3 V, JIH6o MHO)KeCTBO 3JieMeHTOB H3 V*. 

MeTo,a; 1. IlycTh w1, w2, ... , Wk - BeKTOphI B rrpocTpaHCTBe V. 
Tor,n;a MHO)KeCTBO W Bcex JIHHeHHhix KOM6HHa:u;n:H BH,n;a 

k 

W = 2::.: CiWi 

i=l 

o6pa3yeT IIO)I.IIpOCTpaHCTBO rrpocTpaHCTBa v. (KoHe<-IHO, 3TO MO)KeT 

6bITb ll Bee rrpocTpaHCTBO v.) 
MeTo,a; 2. IlycTh o: 1 , o:2 , ... , o:k - 3JieMeHThI V*. Tor,n;a MHO)KeCTBO 

W 3JieMeHTOB v E V, y,n;oBJieTnop.HIOIIJ;HX ycJIOBH.HM 

o:1 [v] = 0, 

o:2 [v] = 0, 

o6pa3yeT rro,n;npOCTpaHCTBO rrpocTpaHCTBa v. '.:ho ,ll;OKa3hIBaeTC.H 

O'IeHh npOCTO. IlycTb W1 ll W2 - ,n;na neKTOpa ll3 MHO)KeCTBa w. 
Tor,n;a ncJie,n;cTBHe JIHHe:ifHOCTH cPYHK:u;n:H o:1

, o:2 , . . . MhI noJiyqaeM 

TaK 'ITO w1 + w2 E W. To'IHO TaK )Ke, ecJIH w E W, TO 

cJie,n;onaTeJihHO, cw E W. TaKHM o6pa3oM, MhI noKa3aJIH, 'ITO MHO­

)KeCTBO w 3aMKHYTO no OTHOIIIeHHIO K orrepa:a;H.HM CJIO)KeHH.H ll YMHO­

)KeHH.H Ha CKaJI.Hp, T. e . .HBJI.HeTC.H rro,n;npocTpaHCTBOM. (KoHe'IHO, 3TO 

MO)KeT 6hITb { 0} - HyJieBoe rro,n;npocTpaHCTBO, COCTO.HIIJ;ee ll3 e,n;nH­

CTBeHHoro 3JieMeHTa - HyJienoro BeKTopa.) 

XopOIIIO H3B€CTHhIH npnMep rrpnMeHeHH.H 3THX ,n;nyx MeTo,n;on ,n;a­

eT IIOCTpOeHHe IIJIOCKOCTH, rrpOXO,ll;.HIIJ;eH qepe3 Ha'IaJIO KOOp,D;HHaT B 

rrpocTpaHCTBe JR3 . CorJiacHo MeTo,n;y 1, nJIOCKOCTh 3a,n;aeTC.H ,D;BYM.H 
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BeKTOpaMII, HarrplIMep, 

m·m IIJIII 

CorJiacHo MeTo.zzy 2, IIJIOCKOCTh orr1IcbrnaeTC5I JIIIHell:HbIM ypaBHeHII­

eM, Harrp1IMep, 

2x - 2y + z = 0, 

KOTOpoe COOTBeTCTByeT a[w] = 0, r.n;e 

a~(2,-2,1) H w~ m 
PaccMOTplIM e1IIe O,Il;IIH rrp1IMep: rrpocTpaHCTBO V o6p830BaHo 

MHO)KeCTBOM IIOJIIIHOMOB, CTerreHb KOTOpbIX :::; 2. 9JieMeHT 3TOro MHO­

)KeCTBa IIMeeT BII,Il; 

f ( t) = a + bt + ct2
. 

CorJiacHo MeTo.zzy 1, B KaqecTBe o,n;HoMepHoro rro,n;rrpocTpaHCTBa W 
MO)KHO paCCMaTplIBaTb rrpocTpaHCTBO Bcex IIOJIIIHOMOB, IIMeIOIIIIIX 

BII,Il; yMHO)KeHHOH Ha mo6y10 KOHCTaHTY cpyHKlllIII 1 - t 2 . CorJiac­

HO MeTO,lzy 2, 3TO )Ke rro,n;rrpOCTpaHCTBO MO)KHQ orrpe,n;eJIIITb ,Il;BYMR 

YCJIOBII5IMII 

f(l) = 0 II f(-1) = 0, 

IIJIII, 6oJiee 3aMaCK1IpOBaHHO, ycJIOBII5IMII 

f'(O) = 0 II 1../3 f(t) dt = 0. 

10.4. Pa3MepHOCTh 11 6a3HC 

LIT06b1 ,Il;BIIraTbCR ,Il;aJihIIIe B II3yqeHIIII BeKTOpHbIX rrpocTpaHCTB, HaM 

Heo6xo,n;IIMbl IIOH5ITII5I JIIIHeHHOH 3aBIICIIMOCTII II JIIIHeHHOH He3a­

BIICIIMOCTII Ha6opa BeKTOpOB. I'oBOp5IT, qTQ MHO)KeCTBO BeKTOpOB 
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{ V1' V2' ... ' Vk} JtUHeU'H,O 3a6UCUMO, ecmr cyrn;eCTBYIOT TaKHe Bern;e­

CTBeHHhie 'IHCJia .X1, .X2, ... , Ak, He Bee paBHhie HYJIIO, 'ITO 

Ecmr 3TO paBeHcTBO BhIIIOJIHHeTCH TOJihKO ,II;JIH .X1 = .X2 = · · · = Ak = 
0, TO TaKoe MHO)l(eCTBO BeKTOpOB /tU'/-1,eU'H,O He3a6UCUMO. 

IlpHBe,n;eM HeCKOJihKO rrpMMepoB, MJIJIIOCTpMpyrorn;rrx 3TM Ba)l(Hhie 

IIOHHTHH. 

1. IlycTh V - rrpocTpaHCTBO ffi.3 . PaccMOTpMM 

BeKTOphr, o6p83yrorn;rre Ha6op { v1, v2, v3}, JIHHeii:Ho 3aBMCMMhI, rro­

TOMY 'ITO 

c ,n;pyroii: CTOpOHhI, Ha6op BeKTOpOB { V1' V2} JIMHeii:HO He3aBMCHM, 

IIOTOMY 'ITO 

QqeBH,IJ;HO, 'ITO pe3yJihTHpyrorn;rrii: BeKTOp paBeH HYJIIO, TOJihKO ecJin 

.X1 = 0 Ii .X2 = 0. 
2. IlycTh V - rrpocTpaHCTBO cPYHKI1Hii: Ha oTpe3Ke [O, 27r]. Pac-

CMOTpHM 

v1 = cos
2 t, . 2 t V2 = Slll , v3 = cos2t. 

9TOT Ha6op JIMHeii:HO 3aBHCHMhIH, IIOTOMY 'ITO V1 - V2 - V3 = 0. 
3. IlycTh V - rrpocTpaHCTBO cPYHKI1Hii: Ha MHO)l(eCTBe {A, B}. 

PaccMoTpnM 

fi(A) = 1, 

h(A) = 2, 

h(A) = -3, 

fi(B) = 2, 

h(B) = -3, 

h(B) = 1. 
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<l>yHKu;IUI 3Toro Ha6opa mrneiiHO 3aBHCHMhI, ITOTOMY qTo f1 +f2+f3 = 
0 ( T. e. Mhl rroJiyqmrn HyJieByIO <i>YHKU,HIO). 

4. IlycTh V - rrpocTpaHCTBO rroJIHHOMOB cTerreHH :S 2. PaccMOT­

pHM cJie.n:y10111,He 3.JieMeHThI rrpocTpaHCTBa V*: 

a: f---+ 1: tf(t) dt, 

/3 : f ---t f' (0). 

HarrHcaB f(t) =A+ Bt + Ct2, MhI rroJiyqHM 

1
2 16 

a[f] = (At+ Bt2 + Ct3) dt = -B 
-2 3 

H 

/3[f] = B. 

C.11e,n;oBaTeJihHO, (a - ~ f3) (f] = 0, H Ha6op BeKTOpoB {a, /3} .JIH-

HeHHO 3aBHCHM. 

lfa rrpHBe,n;eHHhlX rrpHMepoB, BepOHTHO, CTaJIO IlOHHTHhIM, qTo 

cy111,eCTBYIOT CHTyau,HH, KOr,n;a He oqeBH,ll;HO, HB.JIHeTCH Jill HeKOTOpbIH 

Ha6op BeKTOpOB JIHHeHHO 3aBHCHMhIM HJIH HeT. Ilo3TOMY Mhl ,ll;OJl)KHhl 

pa3pa6oTaTh rrpou,e.n:ypy HCCJie,n;oBaHHH 3Toro Borrpoca. 

Mh1 roBopHM, qTo rrpocTpaHCTBO V 1tam.Ft1tymo Ha MHO)KeCTBO 

BeKTOpOB {v1, v2, ... 'vk}, ecJIH v COCTOHT H3 BeKTOpOB, KOTOpbie 

MO)KHO 3aITHCaTh KaK .JIHHeiiHyIO KOM6HHaU,HIO 2:~=1 µivi· (Ha6op 

BeKTOpOB {v1, v2, ... 'vk} MO)KeT 6bITh .JIHHeHHO 3aBHCHMhIM, HO TOr­

,n;a Ko3<i:><i:>Hu,HeHThI µi, µ2, ... , µk orrpe,n;eJieHhI Heo,n;H03HaqHo.) Pac­

CMOTpHM CJie.n:y10111,He rrpHMepbI. 

1. IlycTb v - rrpocTpaHCTBO ffi.3 . QqeBH,]];HO, qTo Ha6op BeKTOpOB 

{G).G).G)} 
uopolK,!(lWT npoCTPaIIC-£BO JR3

, IT OTO My ~TO mo6oli 3RCMCH'f ( ~:) 
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3TOro rrpocTpaHCTBa M0)K€T 6hITb 3aIIHCaH B BM,n;e 

MeHee oqeBM,Il;HO, qTo Ha6op BeKTopoB 

TO)Ke rropO)K,Il;aeT rrpOCTpaHCTBO JR3' a BOT Ha6op 

rrpOCTpaHCTBO JR3 He rropo)K,Il;aeT. 

2. IlycTb v - rrpOCTpaHCTBO cPYHKI!Hll f(t) Ha HHTepBa.rre [O, oo), 

y,n;oBJieTBOpHIOIIIHX ,n;H<P<PepeHI!Ha.JihHOMy ypaBH€HMIO 

f" + 3f' + 2f = 0. 

BeKTOpbI e-t M e-2t rropo)K,Il;aIOT rrpocTpaHCTBO V, rroTOMY qTo o6IIIee 

perneHMe ypaBHeHMH HMeeT BH,Il; 

f(t) = Ae-t + Be-2t. 

3. IlyCTh v - rrpOCTpaHCTBO cPYHKI!Hll BM,n;a f(t) 
Tor.n;a BeKTOphI 

a : f --t f(O), 

f3 : f --t J_
1

1 tf(t) dt 

a[f] =A, 

11 2 
{3[f] = (At+ Bt4

) dt = -B. 
-1 5 

A+ Bt3 . 
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0,ri;HaKo mo6oii 3JieMeHT 'YE V* ,ri;omKeH HM€Th BH,ri; 1[f] = aA + bB, 
5 

r,ri;e a H b - HeK0Toph1e rrocTOHHHhle. TaKHM o6pa30M, / = aa + 2.b{3, 

a H {3 orrpe,ri;eJIHIOT rrpocTpaHCTBO V*. 
IIycTh v1, v2, ... , Vn - KOH€'fHhIH JIHH€HHO He3aBHCHMhIH Ha6op 

B€KTOpOB, rropO)K,IJ;aIOm;nx B€KTOpHoe rrpocTpaHCTBO v. qHCJIO B€K­

TOpOB n Ha3hIBaeTCH pa3Mep1-tOCm'b'tO rrpocTpaHCTBa v. qT06b1 ycTa­

HOBHTh, 'ITO pa3M€pHOCTb orrpe,ri;eJIH€TCH O,IJ;H03Ha'fHO, T. e. 'ITO BC€ 

TaKHe Ha6oph1 ,IJ;JIH ,ri;aHHOro rrpocTpaHCTBa co,ri;ep)KaT O,IJ;HHaKOBOe KO­

JIH'f€CTBO 3JI€M€HTOB, Mhl ,IJ;OJI)KHhl ,IJ;OKa3aTh CJI€,IJ;yIOIIzyIO TeopeMy. 

TeopeMa. Ilycm'b Ha6op 6e'K:mopo6 v1, v2, ... , vk nopo;JtCdaem 
6e'l\,mopHoe npocmpaHcmeo V. To2da /t106ou Ha6op k + 1 eeK:mopoe 
6 :JmoM npocmpaHcmee V /tUHeuHo 3aeucuM. 

TeopeMy 6y,ri;eM ,IJ;OKa3hIBaTh rro HH,IJ;yKI.J;HH: cHaqana rrpoBepHM 

ee ,IJ;JIH k = 1, IIOTOM IIOKa)KeM, 'ITO €CJIH TeopeMa BepHa ,IJ;JIH rrpo­

CTpaHCTBa, HaTHHyToro Ha k - 1 B€KTOp, TO OHa crrpaB€,IJ;JIHBa H ,IJ;JIH 

rrpocTpaHCTBa, HaTHHYTOro Ha k B€KTOpOB. 

ll TaK, rrycTh k = 1. TeopeMa B 3TOM cnyqae yTB€p)K,IJ;aeT, 'ITO 

€CJIH v HaTHHYTO Ha O,IJ;HH B€KTOp v' TO JII06hl€ ,IJ;Ba B€KTOpa B 3TOM 

rrpocTpaHCTB€ v JIHH€HHO 3aBHCHMhl. ,II,eii:CTBHT€JihHO, paCCMOTpFIM 

,ri;Ba TaKFIX BeKTopa w1 n w2. TaK KaK v rropo)K,IJ;aeT rrpocTpaHCTBO V, 
TO cym;eCTBYIOT TaKH€ Bem;ecTB€HHhl€ 'fHCJia µi H µ2, 'ITO W1 =µiv 
H w2 = µ2v. Tor,ri;a O'f€BH,IJ;Ho, 'ITO 

OTKy,ri;a CJI€,IJ;yT JIHH€HHa.H 3aBFICHMOCTb B€KTOpOB W1 H W2. 2 

Terreph npe,ri;rroJio)KHM, 'ITO TeopeMa BepHa ,ri;mi: mo6oro Ha6o­

pa k BeKTopoB B rrpocTpaHCTBe, HaTHHYTOM Ha k - 1 BeKTop. Pac­

CMOTpHM Ha6op k + 1 BeKTOpOB {w1, ... 'Wk+l} B rrpocTpaHCTBe, 

orrpe,ri;eneHHOM BeKTOpaMH v 1, ... , vk. Mhl MO)KeM HarrucaTh w 1 = 
anv1 + ai2V2 + ... + aikvk, IIOTOMY 'ITO B€KTOpbl {vi} IIOpO)K,IJ;a­

IOT rrpocTpaHCTBO V. EcnH w1 = 0, TO rw1 = 0, r,ri;e r # 0, ,ri;aeT 

H€TpllBllaJihHYIO CBH3h M€)K,IJ;y B€KTOpaMH Wi, H Tor,ri;a BC€ ,IJ;OKa3a­

HO. Ilo3TOMY rrpe,ri;rroJIO)KHM, 'ITO w 1 # O. B 3TOM cnyqae MO)KHO 

2
0rrpe,n;eJiemi:e mrneliHOH 3aBHCHMOCTH BeKTOpOB {w1, w2} Tpe6yeT, 'IT06br ITO 

KpaliHeii: Mepe O,D;HO H3 'IHCeJI µi, µz He paBHHJIOCh HYJIIO. Ha cJiyqae µi = µ2 = 0 
aBTOphI He ocTaHaBJIHBaIOTCH. MmKHO rropeKOMeH,n;OBaTb 'IHTaTeJIIO paccMoTpeTh 

ero B Ka<JeCTBe caMOCTOHTeJihHOro (oqeHh rrpocToro) yrrpruKHeHHH. - IlpUM. pea. 



10.4. P83MepHOCTh H 6a3HC 487 

yrrop51:,r1;oqrrTh BeKTOpbI v1, v2, ... , vk TaK, 'ITO au =I= 0. Tor.n;a 

,ll;aJiee, rryeTh 

MmKHo HarrrreaTb paBeHCTBO 

a31 
AHaJiorH'!Ho, MO)KHO Bbipa3HTh w3--w1 H T . .n;. qepe3 k-1 BeKTOp 

au 
H3 Ha6opa v2, ... , Vk· Ho MhI rrpe.n;rroJio)KHJIH, 'ITO TeopeMa BepHa ,IJ;JI5I 

k - 1 BeKTopoB. Cne.n;oBaTeJihHO, Ha6op k BeKTopoB 

JIHHeii:HO 3aBHeHM. 9To 3Ha'IHT, 'ITO eyru;eCTBYIOT TaKHe KOHeTaHTbl 

A2, ... , Ak+l, He Bee paBHhie HYJIIO, 'ITO 

=0. 

0TeIO.n;a BbITeKaeT, 'ITO Ha6op BeKTOpOB {w1, W2, ... 'Wk+1} JIHHeHHO 

3aBHeHM, 'ITO H Tpe6oB8JIOeb )];OK33aTb. 

Terreph MhI MO)KeM JierKo rroK33aTb, 'ITO pa3MepHoeTb BeKTopHo­

ro rrpoeTpaHeTBa onpe.n;eJieHa O.IJ;H03Ha'!HO. Ilpe.n;rroJIO)KHM, 'ITO y Hae 

eeTb Ha6op JIHHeHHO He3aBHeHMblX BeKTOpOB {v1, ... 'Vk}, Ha KOTO­

pbIH HaT5IHYTO rrpoeTpaHeTBO V. KpoMe Toro, eeTb eru;e o.n;rrH Ha6op 

{w1, ... 'Wn}, Ha KOTOpbIH TO)Ke HaT5IHYTO 3TO rrpoeTpaHeTBO. l-b 
TOJihKO 'ITO ,IJ;OK33aHHOH TeopeMhI ene.n;yeT, 'ITO n :S k. B rrpOTHBHOM 

eJiyqae BeKTOpbI {w1, ... 'Wn} 6y.n;yT mrneii:HO 3aBHeHMbI. c .n;pyroii: 

eTopotthI, no TOH )Ke TeopeMe, k :S n. Httaqe BeKTOpbI { v1, ... , Vk} 
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6y,nyT JI.HHeiiHo 3aB.HC.HMhI. CJie,n;oBaTeJihHO, k = n, .H mo6o:H KOHeq­

Hhrii Ha6op mrneiiHO He3aBHCHMhIX BeKTOpOB, orrpe,n;emnorn;Hx rrpo­

CTpaHCTBO v' co,n;ep)K.HT o,n;1rnaKOBOe qifCJIO 3JieMeHTOB. ::ho qHCJIO H 

Ha3h1Ba€TCH pa3MepHOCThIO rrpocTpaHCTBa v. 
Ha caMOM ,n;eJie B BeKTOpHOM rrpocTpaHCTBe V, HMe10rn;eM pa3-

MepHOCTh n, JII06o:H tta6op n JIHHeHHO He3aBHCHMhIX BeKTOpOB IIO­

po)K,Il;aeT BTO rrpocTpaHCTBO. ,lJ;eiiCTBMTeJihHO, rrycTh { V1, ... , v n} -
Ha6op JI.HHeHHO He3aBHCMMhIX BeKTOpOB B rrpocTpaHCTBe v' H rryCTh 

w - rrpoH3BOJihHhIH BeKTop, He paBHhIH HYJIIO. Mtto)KeCTBO BeKTopoB 

{w, V1, ... 'Vn}, COCTOHrn;ee MX n + 1 3JieMeHTOB, ,Il;OJI)KHO 6hITh JIM­

HeHHO 3aB.HCHMhIM. CJie,n;oBaTeJihHO, cyrn;ecTBYIOT TaK.He rrocTOHHHhre 

Ao, Ai, ... , An, qTo 

B BTOM Bhrpa)KeHMH KOHcTaHTa Ao He MO)KeT 6hITh paBHa HYJIIO, 

TaK KaK HHaqe BeKTOphI {v1, ... 'Vn} 6y,nyT JIMHeHHO 3aBHCMMhI, qTO 

rrpoTHBopeqMT HaqaJihHOMy rrpe,n;rroJIO)KeHHIO. ITo-aTOMY MO)KHO Ha-

ITH Ca Th 
1 

W = - Ao (>.1v1 + · · · + AnVn)· 

TaK.HM o6pa3oM, rrpOH3BOJihHhIH HeHyJieBoii BeKTop w Bhrpa)KeH KaK 

mrneiiHaH KOM6MHaTI;MH BeKTOpOB { V1' ... ' v n}' rropo)K,Il;aIOrn;Mx rrpo­

CTpaHCTBO. 

JlMH€HHO He3aBMCMMhIH Ha6op BeKTOpOB { V1' ... 'v n}' rropO)K,IJ;a­

IOII1;MH BeKTOpHoe rrpocTpaHCTBO V, aanuca'H,'H/btu 6 onpeae.11,e'H,'H,OM no­

pRa'K:e, Ha3hrnaeTcH 6aauco.M rrpocTpaHCTBa V. TaKHM o6pa3oM, Ha-

6ophr {v1, V2, V3, ... , Vn} H {v2, V1, V3, ... 'Vn} HBJIHIOTCH pa3HhlM.H 

6a3.HCaM.H. 

PaccMoTpHM BeKTOphr w1, ..• , Wk (k < n) B n-MepHOM BeKTOp­

HOM rrpocTpaHCTBe v. MbI BCer,n;a MO)KeM HaHTM BeKTOp Wk+l, KOTO­

phIH He rrp1rna,n;Jie)KHT rro,n;rrpocTpaHCTBY { w1, ••. , wk}· Ilpo,n;oJI)KaH 

3TOT rrpo:o;ecc n - k pa3, Mhl IIOJiyqMM 6a3.HC B rrpocTpaHCTBe v, KO­

TOphIH BKJIIOqaeT BeKTOphr w 1 , .•• , Wk· B qacTHOCT.H, ,IJ;JIH ,n;aHHoro 

BeKTOpttoro rrpocTpaHCTBa V c pa3MepHOCThIO n, co,n;ep)Karn;ero rro,n;­

rrpocTpaHCTBO w c pa3MepHOCThIO k, MhI Bcer,n;a MO)KeM nocmpoum'b 

ma'K:OU 6aauc a.11.R V, "{.mo e20 nep6'bte k 6e'K:mOp06 6yaym 003UCOM 

noanpocmpa'H,Cm6a W. cha rrpo:o;e,nypa Ha3bIBaeTCH pacw,upe'H,Ue.M 6a-

3HCa rro,n;rrpocTpaHCTBa W ,n;o 6a3Mca rrpocTpaHCTBa V. 
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IlycTh B rrpocTpaHCTBe V Bb16paH 633HC {e1, ... , en}· Tor,n;a mo-

6o:ti: 3JieMeHT 3TOrO IIpOCTpaHCTBa MO)KeT 6b1Tb eau'licmee'/i'H/bl.M o6-

p330M 3arrncaH KaK JIHHe:ti:Ha}l KOM6nHaD;H}l 633.llCHblX BeKTOpOB: 

LfFICJia X1' ... ' Xn H33bIBalOTC51 'IW.Mno'lie'lima.Mu BeKTOpa v B ,n;aHHOM 

633nce. Lf To6bI IIOK33aTh e,n;HHCTBeHHOCTb TaKoro p33JIO)KeHH51, ,n;o­
nycTHM, 'ITO v MO)KeT 6bITb 3arrncaH rro-,n;pyroMy: 

IloCKOJibKY 633.llCHbie BeKTOpbl JIHHellHO He3aBHCHMbI, TO 

X1 - Yl = X2 - Y2 = · · · = Xn - Yn = 0, 

'ITO H ,Il;OK33bIBaeT e,n;HHCTBeHHOCTb KOMIIOHeHT BeKTOpa v. 

Ifa CK33aHHOro BH,Il;HO, 'ITO c rroMOID;hIO 633nca B rrpocTpaHCTBe V 
MO)KHO onpe,n;eJIHTh H30MopcpFI3M L rrpocTpaHCTBa V c ~n, IIOJIO)KHB 

1 0 
0 1 

Lv1 = 0 Lv2 = 0 H T. ,II;. 

0 0 

06paTHO, ecJIFI L - TaKo:ti: H30Mopcpn3M, TO Ha6op BeKTopoB 

1 0 
0 1 

V1 = L-1 0 V2 = L-1 0 H T. ,II;. 

0 0 

}lBJI}leTC}l 633nCOM rrpocTpaHCTBa V. TaKHM o6p330M, MhI MO)KeM 

OTO)K,Il;eCTBHTb 633.llC { V1, ... , V n} C COOTBeTCTBYIOID;HM H30MOpcpH3-

MOM L TO'IHO TaK )Ke, KaK MhI ,n;eJiam1 B rJiaBe 1 B ,n;ByMepttoM cJiy'lae. 
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IIycTb L : V --t IRn ll L' : V --t ]Rn - ,ll.Ba 6a3uca B O,ll.HOM 

n-MepHOM rrpocTpaHCTBe v. 
v y ~BL 

]Rn ]Rn 
B 

Tor.rr.a B = L' o L -l - JIHHeiiHbIH H30Mop<l>H3M ]Rn __, ]Rn, T. e. 

o6paTHMaR MaTpHIJ;a n X n. cha MaTpHu;a Ha3bIBaeTCR .Mampuu,eu 
aa.Me'H:bt 6aauca. 

IlyCTb v - BeKTOpHoe rrpOCTpaHCTBO pa3MepHOCTll k' a w -
BeKTOpHoe rrpocTpaHCTBO pa3MepHOCTM l, II rrycTb T : V -t W -
JIMHeHHOe rrpeo6pa3oBaHMe. Ilpe,ll.ITOJIQ)KMM, qTo Mb! BbI6paJIH 6a3HCbl 

B rrpocTpaHCTBax Vu W. Tor.rr.a y Hae ecTb H30Mop<l>n3MbI L: V __, 
JRk u M : W __, JR1, H MbI MO)KeM orrpe.rr.emub oTo6pa)KeHue 

MTL- 1 : IRk -t JR1. 

Bbrpa)KeHue MT L-1 MO)KHO paccMaTpuBaTb KaK MaTpuu;y, y KOTO­

poii l cTpoK u k cToJI6u;oB. Mb1 Ha3brnaeM MT L-1 MaTpuu;eii oTo6pa­

)Kemm T OTHOCllTeJibHO 6a3HCOB L HM II o6o3HaqaeM ee MatL,M(T), 

T.e. 

MatL,M(T) = MTL- 1
. 

9Ta CHTyau;HR MO)KeT 6bITb ll306pa)KeHa Ha ,ll.MarpaMMe 

JRk JRl 
MatL,M(T) 

EcJIM MbI Bb16epeM .rr.pyrue 6a3HCbI: L' = PL B rrpocTpaHCTBe V 
II M' = QM B rrpocTpaHCTBe W, TO 

L'-1 = L-lp-1, TaK qTo M'TL'- 1 = QMTL-1P- 1, 

llJill 

MatL',M'(T) = Q(MatL,M(T))P-1, 

T. e. rroJiyqeHa <l>opMyJia ,ll.JIR 3aMeHbl 6a3HCOB, ll3 KOTopoii Bll,ll.HO, KaK 

MaTpHqHoe rrpe.rr.cTaBJieHHe JIHHeiiHoro rrpeo6pa30BaHHR H3MeHReTCR 

rrpH TaKoii 3aMeHe. 
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10. 5. MaJihHhIH 6a3HC 

IlocTpOllB 683llC BeKTOpHoro rrpocTpaHCTBa v' Mhl MO)KeM rrpllcTy­

ITMTh K ITOCTpoeHHIO oya.Jl,b'H,020 003UCTL ,ll;JUI ,ll;yaJibHOro rrpOCTpaHCTBa 

V*. IlycTh {e1,e2, ... ,en} -683n:c B rrpocTpaHCTBe V. Tor.n;a mo6oil 

BeKTOp v E v MO)KeT 6bITb 3amrcaH e,n;HHCTBeHHbIM o6p830M 

IlycTh a - 3JieMeHT ,n;ya.rrhttoro rrpocTpaHCTBa V*. IlocKOJihKY a -
Jl,U'H,EU'H,aJI, cPYHKlW51 B npocTpaHCTBe v' Mbl MMeeM 

9TO 3HaqllT, qTo O'. ITOJIHOCTblO onpe,n;eJI51eTc51 CBOllMll 3HaqeHll51Mll 

Ha 683RCHhIX BeKTopax { e1, e2, ... , en}. BBe,n;eM B npocTpaHCTBe V* 
CllCTeMy BeKTOpOB E1' ... ' En' 3a,n;aBaeMhIX paBeHCTBaMll 

i = j, 

i 1= j. 

"lfro6hI ,ll;OK83aTb JIMHeHHYIO He3aBRCllMOCTb 3TOM CllCTeMbI, paCCMOT­

pHM I:: AiEi. IlpHMemrn 3TY JIHHefiHyIO cPYHKu;mo K ej, nonyqaeM 

n 

2: AiEi[ej} = Aj. 

i=l 

TaKHM o6p830M, ecnH I:: AiEi 51BJI51eTc51 HyneBbIM 3JieMeHTOM B V*, TO 

Aj = 0 ,JJ,JI51 Bcex j. 9To ,JJ,OK83blBaeT, qTo Ha6op BeKTOpoB { E1 , ... , En} 

JIHHeii:Ho He3aBllCllM. 

,lJ;n51 n106oro 3JieMeHTa a E V* MO)KHO Hann:caTb 

QqeBll,JJ,HO, qTO o6e qacTll 3Toro paBeHCTBa RMelOT O):i;RHaKOBOe 3Haqe­

Hlle )J,Jl51 J1106oro 683llCHOro BeKTOpa ej' T. e. 51BJl51IOTC51 O):i;HllM ll TeM 

)Ke 3JieMeHTOM ,n;ya.rrhHoro rrpocTpaHCTBa V*. 9To ,n;oKa3hrnaeT, qTo 

npocTpaHCTBO V* HaT51HYTO Ha BeKTOphI t:1 , ... , En, KOTOpb1e, KpoMe 

Toro, JIHHeii:HO He3aBHCHMhI. ffa 3Toro cne,n;yeT, qTo npocTpaHCTBO V* 
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HMeeT Ty Me pa3MepHOCTh n, H Ha6op BeKTOpOB { €
1 ' ... ' En} 51BJI51-

eTC51 68.3HCOM B rrpocTpaHCTBe V*. 
9TOT 6a3HC MOMHo HCITOJih30BaTh, qTo6h! H,r:r;eHTHq:mu;HpoBaTh V* 

c rrpocTpaHCTBOM .!Rn*. EcJIH MhI pa3JIOMHM 3JieMeHT a E V* no 

,lJ;YaJihHOMJ 68.3HCY 

TO o6HapyMHM, qTo y.n,o6Ho paccMaTpHBaTh 3JieMeHThl Illn* KaK 

BeKTophr-cTpOKH. Tor,r:r;a a oToM,r:r;ecTBJI.HeTC.H c 6e'K',mopo.M-cmpo'K',OU 
(.A1, .A2, ... , .An)· ilpeHMylll,eCTBO TaKoro o6o3HaqeHH.H B TOM, qTo ,r:r;e:ll­

CTBHe a Ha v OITHChIBaeTC.H o6hJqHhIMH rrpaBHJiaMH YMHOMeHH51 MaT­

pHu; 

BaMHO He 3a6hrnaTh, qTo 3Ta TexHHKa rrpHMeHHMa TOJihKO B cJiy'Iae, 

KOr,r:r;a 6a311c, orrpe.n,eJI.HIOiu;HM cooTBeTCTBHe MeM,n;y V* H .!Rn*, .HBJI5I­

eTC51 ,ll;YaJihHhIM K 68.3Hcy, orrpe,r:r;eJI5IIOiu;eMy COOTBeTCTBHe Me2K,n;y v 
H .!Rn. 

Ilpe,r:r;rroJIOMHM, qTo y Hae ecTh n-MepHoe rrpocTpaHCTBO V u 

k-Mepttoe no,r:r;npocTpaHcTBO W. B npocTpaHCTBe V MhI MOMeM BhI-

6paTh TaKOM 68.3HC, 'ITO ero rrepBhie k BeKTOpOB o6pa3yIOT 68.3HC 

no,r:r;npocTpaHCTBa W: 

ilocJie 3TOro ITOCTpOHM ,ll;YaJihHhIM 68.3HC 

{ 1 k. k+l n} a , ... ,a ,a , ... ,a , 

TaK 'ITO 

i[ l { 1, 0: Vj = 
0, 

i =j, 

i =I= j. 

Ilo,n;rrpocTpaHCTBO B V* pa3MepHOCTH n - k, HaT5IHyToe Ha BeK­

TOphI { ak+l, ... , o:n}, Ha3hrnaeTC.H a'HiHy.11,upy10w,uM npocmpaHCm6o.tvt 
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,IJ;JUI w II o6o3HaqaeTe51 w..L. Ee.JIM a E w..L II w E w, TO a[w] = 0, 
T. e. w ..L «aHHYJIHpyeT» rro,n;rrpoeTpaHeTBO w. 0Tero,n;a II rrpoMeXO)K­

,n;eHJie 3Toro TepMMHa. To, qTo MhI paHhIIIe Ha3hIBaJIH MeTo,n;oM 2 
,Il;.7151 OIIJieaHJI51 rro,n;rrpoeTpaHeTBa, no eyrn;eeTBy, 6bIJIO OIIMeaHJieM aH­

HYJIHpyrn;ero rrpoeTpaHeTBa. HarrpHMep, BeKTop (a, b, c) orrpe,n;en.51eT 

O,IJ;HOMepHoe rro,n;rrpoeTpaHeTBO w ..L ,lzyaJihHOrO rrpoeTpaHeTBa JR.3*. 
ilo,n;rrpoeTpaHeTBO w rrpoeTpaHeTBa JR.3' aHHYJIHpoBaHHOe w ..L' 6y­

,n;eT ,n;ByMepHhIM: 3TO rrJioeKOeTh ax+ by+ cz = 0. Ee.JIM MhI BhI6epeM 

,IJ;Ba He3aBJielIMhIX 3.JieMeHTa ,lzyaJihHOro rrpoeTpaHeTBa JR.3*' HaIIplI­

Mep, (a1,b1,c1) II (a2,b2,c2), Tor,n;a rro,n;rrpoeTpaHeTBO JR.3, aHHYJIH­

poBaHHoe IIMII, 6y,n;eT O,Il;HOMepHbIM: 3TO 6y,n;eT rrp51Ma51, 3a,n;aBaeMa5I 

eHeTeMOH ypaBHeHJIH 

a 1 X + bi Y + C1 Z = 0, 

a2X + b2y + C2Z = 0. 

3aMeTHM, qTo aHHYJIHpyrorn;ee rrpoeTpaHeTBO w ..L rro,n;rrpoeTpaHeTBa 

w ~ v He 3aBHelIT OT KOHKpeTHOro Bh16opa 6a3Hea rrpoeTpaHeTBa v. 
Mb1 BBO,IJ;HJIH 6a3HC TOJihKO ,IJ;JIR Toro, 'IT06hl 6b1JI0 y,n;o6Ho BhiqMcJIHTh 

pa3MepHOeTh W ..L. 

iloKa HaM He,n;ocTaeT eJICTeMaTMqeeKOM rrpo:u;e.izyphl BblqMCJieHII51 

pa3MepHOCTH rro,n;rrpocTpaHcTBa, HanmyToro Ha orrpe,n;eJieHHhie 3.Jie­

MeHThI BeKTOpHoro rrpoeTpaHCTBa, IIJIII pa3MepHoeTII rro,n;rrpoeTpaH­

CTBa, aHHYJIHpOBaHHOrO KOHKpeTHhIMII 3.JieMeHTaMJI ,lzyaJihHOro BeK­

TOpHoro rrpocTpaHCTBa. ::hy rrpo:u;e.izypy, KOTopaR Ha3hrnaeTe51 peiJyr;;-
11,Ueu no cmpor;;a.M, MhI omirneM rro3,n;Hee. 

10.6. <I>aKTOprrpocTpaHCTBO 

ilpo,n;OJI)KIIM paccMoTpeHJie n-MepHoro BeKTOpHoro rrpoeTpaHCTBa V, 
co,n;ep)Karn;ero rro,n;rrpocTpaHCTBO W c pa3MepHOCThlO k. 

Ka)KeTCR ecTeeTBeHHhIM, 'ITO ,n;OJI)KHO eyrn;ecTBOBaTh rro,n;rrpo­

cTpaHCTBO c pa3MepHOCThlO n - k, KOTopoe B HeKOTOpOM CMhieJie 

6y,n;eT «pa3HlIII,eH» Me)K,Jzy V M W. TaKoe rro,n;rrpocTpaHcTBO Ha3hI­

BaeTC51 <ftar;;mopnpocmpancmeo.M II o6o3HaqaeTC51 V /W. 0,n;HaKo, ero 

3.JieMeHThI He 6y.izyT 3.JieMeHTaMH rrpocTpaHcTBa V. OHM 51BJI51IOTC51 

MHO)KeCTBaMJI 3.JieMeHTOB rrpoeTpaHeTBa v II Ha3hIBalOTe51 r;;J/,acca.MU 
3r;;eueaAenmnocmu. ilpe)K,n;e qeM ,n;aTh orrpe,n;eJieHJie 3THX KJiaeeoB, 
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HaM eJie,izyeT eHa<JaJia YBH,IJ;eTb, IIO'IeMy 'ITO-TO 6oJiee rrpoeToe He 

6y.n;eT .n;oeTaTO'IHbIM. 

B Ka<JeeTBe KOHKpeTHoro rrpHMepa rrpoeTpaHeTBa V e rro.n;rrpo­

eTpaHeTBOM w paeeMOTpHM IIJIOeKOeTb ~2 H rrp.HMYIO w Ha 3TOH 

IIJIOeKOeTH, KaK 3TO H3o6pa)KeHO Ha pHe. 10.1. «Pa3HOeTbIO» Me)K,lzy 

v H w MOrJIO 6hI 6bITb MHO)KeeTBO 3JieMeHTOB v' He BXO,IJ;.HIIJ;HX B 

W. Ho Be,IJ;b OHH rropo*.n;a10T se10 rrJioeKoeTh. Ha pHe. 10.l BH.IJ;HO, 

'ITO BeKTOpbl V1 H v2, He Jie)Karn,He Ha rrp.HMOH w' rropO)K)l,aIOT BeIO 

IIJIOeKOeTb. 

w 

PHe. 10.l 

Mo*HO rrorrpo6oBaTh rroeTyrrHTh rro-,L1,Pyr0My - B3.HTh k 6a3He­

HhIX BeKTOpOB rro.n;rrpoeTpaHeTBa w H paemHpHTb 3TO MHO)KeeTBO .n;o 
6a3Hea rrpoeTpaHeTBa V. Tor.n;a y Hae .n;o6aBHTe.H n - k 6a3HeHbIX 

BeKTOpoB, He BXO,IJ;.Hil1,HX B W. Bo3HHKaeT rro.n;rrpoeTpaHeTBO HY*HO:ii 

pa3MepHOeTH, HO OHO 3aBHeHT OT BhI6opa 6a3HeHblX BeKTOpOB H rro-

3TOMY «IIJIOXO» orrpe,IJ;eJier'.1farrpHMep, Ha pHe. 10.1 Mbl B3.HJIH W B 

Ka<JeeTBe rrepBoro 6a3HeHoro BeKTOpa. IloeJie 3Toro B Ka<JeeTBe BTO­

poro 6a3HeHoro BeKTOpa MO)KHO 6paTb v1, V2 HJIH V3. IlpH 3TOM Mbl 

Ka)K,Il;hI:ii pa3 6y.n;eM rroJiy<JaTb HOBOe rrpoeTpaHeTBO. EeJIH 6h1 B rrpo­

eTpaHeTBe v 6bIJIO orrpe.n;eJieHO eKaJI.HpHoe rrpOH3Be,IJ;eHHe, TO MO)KHO 

6bIJIO 6b1 Bh16paTh rro.n;rrpoeTpaHeTBo, opToroHaJibHOe K W. Ho y Hae 

HeT eKaJI.HpHoro rrpOH3Be.n;eHH.H, II03TOMY H HeT B03MO)KHOeTH orrpe.n;e­

JIHTb rrpo~e,izypy rrpe,Il;IIO'ITHTeJihHOrO rroJiy'IeHH.H BTOporo 6a3HeHoro 

::iJieMeHTa. 
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Pa60Ta10rn;aH KOHCTpyKIJ;HH .ri;aeT orrpe,r:t;eJieHHe 'K:Aaccoe :J'K:euea­
Aettmttocmu (rro MO)J;yJIIO W) KaK MHO)KeCTB, Ka)K)J;oe H3 KOTOpblX 

COCTOHT H3 BeKTOpOB B rrpocTpaHCTBe v' pa3HOCTb Me)K)J;y KOTOpblMH 

JieMHT B W. KJiacc 3KBHBaJieHTHOCTH BeKTOpa v 6y.ri;eM 0603Ha'IaTb 

qepTo'IKOH Ha.ri; BeKTopoM. TaKHM o6pa30M, v o6o3Ha'IaeT MHOMecT­

BO BeKTOpOB BH,r:t;a v + w' r.ri;e v - 3a,r:t;aHHbIH 3JieMeHT MHO)KeCTBa v' 
a w - rrpOH3BOJlbHbIH 3JieMeHT w. 

w 

PHc. 10.2 

HarrpHMep, Ha pHc. 10.2 BH,r:t;Ho, 'ITO 0 (KJiacc 3KBHBaJieHTHOCTH 

HyJieBoro BeKTopa) eCTb rro.ri;rrpocTpaHCTBO W, T. e. rrpHMaH, rrpoxo­

,r:t;Hrn;aH qepe3 Ha'IaJIO Koop,r:t;HHaT. BeKTOpbI v1 H v2, OTJIH'Iarorn;HecH 

Ha 3JieMeHT rro.ri;rrpocTpaHCTBa W, rrpHHa,r:t;JieMaT o.ri;HoMy H TOMY Me 

KJiaccy 3KBHBaJieHTHOCTH, KOTOpbIH MOMHO o6o3Ha'IaTh v1 HJIH vz. 
9TOT KJiacc 3KBHBaJieHTHOCTH HBJIHeTCH rrpHMOH, He rrpoxo,r:t;Hrn;eil: qe­

pe3 Ha'IaJIO Koop,r:t;HHaT. KJiacc 3KBHBaJieHTHOCTH v3 6y.ri;eT .ri;pyroil: 

rrpHMOH, KOTOpaH TOMe He rrpoXO)J;HT qepe3 Ha'IaJIO KOOp,r:t;HHaT. B 

3TOM cJiyqae KJiaCCbI 3KBHBaJieHTHOCTH COCTaBJIHIOT ceMeHCTBO rrpH­

MbIX, rrapanJieJihHhIX W. B 6oJiee o6rn;eM cJiyqae MhI MOMeM C'IHTaTb 

rro.ri;rrpocTpaHCTBO W k-MepHoil: 2unepnAoc'K:ocm'b103, rrpoxo.ri;Hrn;eil: qe­

pe3 Haqano KOOp,r:t;n:HaT n-MepHoro rrpocTpaHCTBa V. Tor.ri;a KJiaccaMH 

3KBHBaJieHTHOCTH ITO MO)J;yJIIO w 6y,r:t;eT ceMeHCTBO rn:rreprrJIOCKOCTeil:, 

rrapanJieJihHbIX eil:. 

3 B pyccKOH3bl'fHOH MaTeMaTH'feCKOll JIHTepaType TepMHH «rmiepnJIOCKOCTb» 

o6bl'!HO OTHOCHT TOJibKO K cJiy'faIO k = n - 1. - IlpuM. peiJ. 
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qT06hI BB€CTH OITepau;mo CJIO)K€HHH KJiaCCOB 3KBHBaJI€HTHOCTH, 

CHa'laJia paccMOTpHM apmpMeTHKy n;eJibIX 'IHC€JI ITO .MoayJtw 4, c 

KOTopoii 'IHTaTeJib, B03MOMHO, yMe 3HaKOM. B 3TOM cJiyqae eCTh 

'1€Tbipe KJiacca 3KBHBaJieHTHOCTH: 

0 = {O, 4, -4, 8, -8, ... } = {4n}, 

I= {1,5,-3, 9,-7, ... } = {4n + 1}, 

2 = {2,6,-2,10,-6, ... } = {4n+2}, 

3 = {3, 7, -1, 11, -5, ... } = {4n + 3}. 

qT06bI CJIO)KHTh ,n;Ba KJiacca 3KBHBaJI€HTHOCTH, BhI6HpaeM mo6oe u;e­

JIOe 'IHCJIO H3 Ka)K,ll;Oro KJiacca, CKJia,ll;hIBaeM RX H ITOJiy'laeM KJiacC 

3KBHBaJI€HTHOCTH cyMMhI. HaITpHMep, 'IT06hI CJIOMHTh 2 H 3, Bb16H­

paeM 'IHCJIO 6 H3 2 H 'IHCJIO 3 H3 3. CKJia,ll;hIBaeM 3TH 'IHCJia 6+3 = 9 H 

BH,ll;HM, 'ITO cyMMa ITPHHa,n;JieMHT KJiaccy 3KBHBaJI€HTHOCTH I. TaKHM 

o6pa30M, 2 + 3 = I. Jiro6oii .n;pyroii BhI6op, CKaMeM, -2 + ( -1) = -3, 
,n;aeT TOT )1(€ pe3yJihTaT. 3Ha'IHT, ITpOI1e.n;ypa CJIO)K€HHH KJiaCCOB 3K­

BHBaJI€HTHOCTH OITpe,n;eJieHa KoppeKTHO. 

CJio)l(eHHe KJiaccoB 3KBHBaJieHTHOCTH BeKTopoB ITO MO,lJ;YJIIO rro.n;­

ITpocTpaHCTBa W OITpe,n;eJIHeTCH attaJIOrH'IHO. Ilo OITpe,n;eJieHmo, v1 + 
v2 = (v1 + v2), T. e. CKJia,n;hrnaeM JII06h1e ,n;Ba BeKTopa H3 KJiaccoB v1 

H V2 H Haxo,n;HM KJiacc, K KOTOpOMY ITpHHa,n;JI€)l(HT cyMMa. ,II;ony­

CTMM, 'ITO MhI B35IJIH V1 + W1 H3 KJiacca V1 M V2 + W2 M3 KJiacca 

V2, r,n;e W1 H W2 - ITpOH3BOJihHhie 3JI€M€HTbI ITO,ll;ITpOCTpaHCTBa W. 
Tor.n;a cyMMa v1 + v2 ecTh KJiacc 3KBHBaJieHTHOCTH, co.n;epMaID;HH 

(v1 + v2) + (w1 + w2), T. e. KJiacc (v1 + v2) He 3aBHCMT OT Bh16opa 

·~~Wt H W2. 

\ Ilpou;e.n;ypa CJIO)K€HM5I M306paMeHa reoMeTpH'1€CKM Ha pHC. 10.3. 
pyMMa V1 + V2 = V3 He3aBMCHMO OT Toro, KaKyIO ITapy B€KTOpOB 

'....__ V1 M v2 HJIH U1 H U2 - MbI 6paJIH B Ka'leCTBe ITpe,n;cTaBHTeJieii 

KJiaCCOB VI H V2. 

AttaJIOrH'IHO orrpe,n;eJIHM orrepau;mo yMHOMeHHH KJiacca 3KBHBa­

JieHTHOCTH Ha CKaJIHp: cv1 = (c"V1), T. e. YMHOMaH ITpOH3BOJibHhIH 

3JieMeHT H3 KJiacca V1 Ha c, MbI IIOJiy'laeM KJiacc 3KBHBaJI€HTHOCTH 

rrpoH3Be,n;eHHH. Pe3yJihTaT e,n;HHCTBeHHhIH, rroTOMY 'ITO W HBJIHeTCH 

ITO,n;ITpOcTpaHCTBOM. 
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Pttc. 10.3 

HeTpy,n;Ho rrpoBepHTh, "ITO KJiaCCbI 3KBHBaJieHTHOCTH rrpocTpaH­

CTBa v ITO MO,ll;yJIIO w o6pa3yIOT BeKTOpHoe rrpocTpaHCTBO. 9To rrpo­

CTpaHCTBO H Ha3bIBaeTCH ¢a,'Kmopnpocmpa'HCm60.M v /W. 
qT06bI IIOCTpOHTb ,ll;JIH Hero 683HC, B03bMeM 683HC rro,n;rrpocTpaH­

CTBa w H pacurnpHM ero ,n;o 683HCa BO BCeM rrpocTpaHCTBe v. lfTaK, 

rrycTb 683HCHbIMH 3JieMeHTaMH v HBJIRIOTCH BeKTOpbl w1, W2, ... 'Wk 
(3JieMeHTbI W) H vi, v2, ... , Vn-k (He HBJIRIOTCR 3JieMeHTaMH W). 
YTBep:m:,n;aeTCR, "ITO KJiaCCbI 3KBHBaJieHTHOCTH v1, v2, ... , Vn-k o6-

pa3yIOT 683HC ,ll;JIH v /W. qT06bI 3TO ,l1;0Ka3aTb, Mbl ,ll;OJI)KHbl IIOKa-

3aTb, "ITO OHH JIHHeiiHO He3aBHCHMbl H Ha HHX HaTHHYTO rrpocTpaH­

CTBO V/W. 
CHa"IaJia paccMOTpHM rrpo6JieMy JIHHeifHoif He3aBHCHMOCTH. ,Il;o­

rrycTHM, "ITO v1, V2, ... 'Vn-k JIHHeHHO 3aBHCHMbI. Tor,n;a cyIIIeCTBy­

IOT TaKHe KOHCTaHTbI Ai, A2, ... , An-k, "ITO BbIIIOJIHHeTCR paBeHCTBO 

"ITO rrpOTHBope"IHT HarneMy rrpe,n;rrOJIO)KeHHIO 0 JIHHeHHOii He3aBHCH­

MOCTH BeKTOpOB {w1, w2, ... 'Wk; v1, V2, ... 'Vn-k}· 
J1I06oif BeKTOp v E v MO)KHO 3aIIHCaTb KaK cyMMY BeKTOpOB 
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OTKy,n;a CJie,n;yeT, 'ITO 

cho ,1J;OK83bIBaeT, 'ITO KJiaCCbl 3KBHBaJieHTHOCTH V1, v2, ... 'Vn-k IIO-

po)K,lJ;alOT rrpocTpaHCTBO V/W. TaKHM o6p83oM, V1, V2, ... , Vn-k o6-

P83JIOT 683HC v /W H 

dim (V/W) =dim V -dim W 

(3,n;ech H B ,lJ;aJihHetl:meM dim o6o3HaqaeT p83MepHOCTh rrpocTpaH­

CTBa.) 

A Terreph rrpHBe,n;eM HeCKOJihKO rrpHMepoB cl>aKToprrpocTpaHcTB. 

Ilp:uMep 1. IlycTh rrpOCTpaHCTBO v - 3TO JR3 ' a O,lJ;HOMepHOe rro,n;-

npocTPaHCTBO w HaTHHYTO ua BeKTOp ( i) . Bm~phl ( i) , ( ~) 
H m no~aroT npoCTpaHCTBO R3. Ilo=My BeKTOphl m 
H ( ~) Moryr 6h1Tb 6roHCRbIMH BeKTOpaMll <j>aKropnpoCTpaucTBa 

V /W. HarrpHMep, 

CJie,n;oBaTeJihHO, 
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3aMeTHM, Me~ npoqnM, qro BeKTOpbJ ( ~) H ( ~) He M~ 
ryT 6hITh 6a3HCOM V /W. CyMMa 3THX BeKTOpoB .HBJI.HeTC.H ::iJieMeH­

TOM w' II03TOMY OHH He 6y.zzyT JIHHeHHO He3aBHCHMhlMH 3JI€M€HTaMH 

<}JaKToprrpocTpaHCTBa V/W: 

IlpHMep 2. IlyCTh v - rrpocTpaHCTBO IIOJIHHOMOB f(t) CTerreHH:::; 2, 
H rrycTb ,n;ByMepHoe rro,n;rrpOCTPaHCTBO w o6pa3oBaHO IIOJIHHOMaMM, 

y,n;oBJieTBOp.HIOIII,HMH ycJIOBHIO f(l) = 0. Ba3HCHhIMH rroJIHHOMaMH 

W 6y.zzyT f 1 = 1 - t H f 2 = 1 - t 2
. Ba3MCOM <PaKToprrpocTpaHCTBa 

V/W 6y,n;eT KJiacc 3KBHBaJieHTHOCTH I. B 3TOM cJiyqae o6rn.Hfi BM,ll; 

3JI€M€HTa rrpocTpaHCTBa v - 3TO 

f(t) =A+ Bt + Ct2
, 

HJIH, 'ITO TO 2Ke CaMoe, 

f(t) = A+ B + C - B(l - t) - C(l - t2
). 

9To 03Ha'IaeT, 'ITO 

f(t) =(A+ B + C)I. 

EcJIM ::iJieMeHTaMM <}JaKToprrpocTpaHCTBa V /W C'IHTaTh IIJIOCKOCTM, 

TO no,n;npocTpaHCTBO w - 3TO IIJIOCKOCTh f(l) = 0, H KJiacc 3KBHBa­

JI€HTHOCTH mo6ofi cPYHKIJ;HH f ( t) orrpe,n;eJI.HeTC.H 3Ha'IeHH€M f ( 1). 
A Terreph BOCIIOJih3yeMc.H rroH.HTH.HMH ,IzyaJihHOro rrpocTpaHCTBa H 

<}JaKToprrpocTpaHCTBa M rroJiy'IHM O'IeHh Ba2KHhIH pe3yJihTaT. PaHh­

me Mhl o6Hapy2KHJIH, 'ITO eCJIH w .HBJI.HeTC.H rro,n;rrpocTpaHCTBOM v, 
TO aHHYJIMpyrorn.ee rrpOCTpaHCTBO w J_ .HBJI.HeTCSI rro,n;npocTpaHCTBOM 

,IzyaJihHOro rrpocTpaHCTBa V*. Ilpe,n;110JI02KMM, 'ITO o: - 3JieMeHT W J_, 

H paCCMOTpHM ero ,n;efiCTBHe Ha KJiacc 3KBHBaJI€HTHOCTH v. IlocKOJih­

KY o:[w] = 0 ,n;JI.H Bcex w E WM o: JIHHefiHo, TO 

o:[v + w] = o:[v]. 



500 BeKTOpHhie rrpocTpaHCTBa ... 

8To 3Haq:i,u, qTo O'. HMeeT O)J,HHaKOBoe 3HaqeHHe )J,JUI Jl,'I06ow 3Jie­

MeHTa KJiacca 3KBHBaJieHTHOCTH H II03TOMY MO)KeT paccMaTpirnaThC5I 

KaK JIHHeftHa5I cPYHKll,H5I B npocTpaHCTBe KJiaCCOB 3KBHBaJieHTHOCTH. 

I1 o6paTHOe yTBep)K)J,eHHe: mo6a5I JlHHeHHaH cPYHKll,H5I B v /W MO­

)KeT cqHTaThC.H JIHHeftHoft cPYHKll,He:H B rrpocTpaHCTBe V. Onpe,n;eJIHM 

,B[v] ¢opMynoft 

,B[v] = ,B[v]. 

Tor,n;a ,B[w] = ,B[O] = 0. Cne,n;OBaTeJihHO, ,B .HBJI.HeTcH 3JieMeHTOM 

W .l.. JI03m0My W .l. MO:>teem 6btm'b omo:>1edecme.1teno c dyM'b'H'btM 

npocmpancmeoM <fia11:mopnpocmpancmea V/W. BcrrOMHHM, qTo w.l. 
H v /W HMelOT O)J,HHaKOBYIO pa3MepHOCTh: dim v - dim w. 

AHanorHqHo MO)KHO paccMOTpeTh ¢aKToprrpocTpaHcTBO V* /W .l., 
3JieMeHTaMH KOToporo 5IBJ15IIOTC5I KJiaCChI 3KBHBaJieHTHOCTH ,B' 3Jie­

MeHTbI KOTOphIX, B CBOlO oqepe.n;h, OTJIHqalOTC5I Ha 3JI€M€HThI w .l.' 
T.e. 

Onpe.n;enHM .n;e:HcTBHe ,B Ha BeKTOp w E W cornacHo ¢opMyne 

/3[w] = ,B[w]. 8TO BIIOJIHe 3aKOHHO, IIOTOMY qTQ )J,J15I mo6oro a E w .l. 
MhI HMeeM (,B + a)[w] = ,B[w]. EcnH ,B[w] = 0 )J,JIH Bcex w E W, TO 

,B[w] = 0 )J,JI5I Bcex w E w. A 3TO 3HaqHT, 'ITO ,BE w.l. HJIH 13 = 0. 
Cne,n;oBaTeJihHO, /3 noJIHOCThro orrpe,JJ,eJieHo JIHHeHHOH <PYHKn,Heft, 3a­

,n;aHHOH B rro.n;npOCTpaHCTBe w. 
06paTHOe yTBep)K,n;emie: Ka)K)J.hIH 3JieMeHT 'Y E W* HMeeT BH,n; 

'Y = ,B ,n;n.H HeKOToporo ,B E V*. ,11,e:HcTBHTeJihHo, Bhr6epeM 6a-

3HC W1, ... 'Wk B no.n;npOCTpaHCTBe w H pacnrnpHM ero )J,O 6a3HCa 

W1, ..• 'Wk, v1, ... ) Vn-k rrpocTpaHCTBa v. 
IlyCTb ,B - npOH3BOJihHa5I JlHHeftHa.H cPYHKll,H.H, y,n;oBJI€TBOp5Iro­

lll,a5I ycnoBHIO ,B[wi] = -y[wi] )J,JI.H Bcex i, H rrycTh ,B npHHHMaeT nro-

6hre 3HaqeHmr ,ZJ,JIR Bcex Vj. Tor.n;a ,B = 'Y- JI03m0My M'bt MO:>teeM 

npocmpancmeo ::Jmux 11:.11,accoe 311:euea.n,enm'Hocmu, m. e. <fia11:mop­

npocmpancmeo V* /W .l., omo'11Cdecmeum'b c dyM'b'H'bt.M npocmpan­

cmeo.M W*. 
8TOT pe3yJihTaT MO)KHO H3o6pa3HTb Ha CJie,JJ,ylOlll,eft cxeMe: 

V* /W.l. f- V* f- W.l., 

W---+ V ---+ V /W. 
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3,n;ecb rrpocTpaHCTBa, A)'a.JlbHbie ,n;pyr ,n;pyry, paCIIOJIO)KeHbl O,ll;HO Ha,n; 

,n;pyrHM: V H V* (p83MepHOCTb n), W H V* /W ..L (p83MepHOCTb k), 
v /W H w ..L (p83MepHOCTb n - k). 

Ha 3TOH TeopeMe ocHOBbIBaeTc5I MHoro pe3yJihTaTOB JIHHe.il:Ho:H 

a.rrre6ph1 H ee rrpHMeHeHHH B TeopHH 3JieKTpHqecKHX u,erreit, '-ITO, 

6e3yCJIOBHO, 3aCJIY)KHBaeT 6oJiee Trn;aTeJibHOI'O paCCMOTpeHH5I. 

IlpHBe,n;eM O,ll;HH rrpHMep. IlycTb rrpocTpaHCTBO v o6p830BaHO IIO­

JIHHOMaMH f(t) CTerreHH ~ 2, a ,D;ByMepHoe rro,n;rrpocTpaHCTBO w -
"l.emtt'bt.MU IIOJIHHOMaMJL Tor,n;a <PaKToprrpocTpaHCTBO V /W 6y,n;eT 

O,ll;HOMepHhlM, 683HCHbllI 3JieMeHT, o603HaqaeMbIM ho, - 3TO KJiacc 

3KBHBaJieHTHOCTH cPYHKII,HH f(t) = t. TaKHM o6p83oM, ecJIH f(t) = 
A + Bt + Ct2

, To f = Bho. 
B 3TOM cJiyqae aHHYJIHpyrorn;ee rrpocTpaHCTBO W ..L TO)Ke o,n;Ho­

MepHo. B83HCHhIR 3JieMeHT MO)KeT 6hITh Bh16paH B BH,n;e JIHHeHHoro 

orrepaTopa 

a: f ~ 1:
1 

tf(t) dt. 

IIocKOJihKY 

Jl 2 
t(A + Bt + Ct2

) dt = -B, 
-1 3 

TO a Ha caMOM ,n;eJie aHHymipyeT JII06oli qeTHblH IlOJIHHOM H npH­

IIHCbIBaeT 3Ha<.J.eHHe 2/3 IIOJIHHOMY f(t) = t, KOTOpbIM orrpe,n;eJI5IeT 

6a3HCHhIH 3JieMeHT ho <PaKToprrpocTpaHcTBa V /W. TaKHM o6p83oM, 

3a/2 - 3TO 6a3HCHhlfi 3JieMeHT, A)'a.JlhHhIM Kho. 

Mb1 MO)KeM pacurnpHTh a ,n;o rroJIHoro 6a3HCa V*, ,n;o6aBHB 6a-

3HCHhie 3JieMeHThl 

{31 : f ~ f(O), 

{32 : f ~ ~f"(O), 

,n;elicTBHe KOTOpblX COCTOHT B BbI6ope K03cPcPHII,HeHTOB A ll c COOT­

BeTCTBeHHO, T. e. 

{3i[A + Bt + Ct2
] = A, 

{32 [A + Bt + Ct2
] = C. 
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Knacch1 3KBHBaJieHTHOCTH {31 H {32 , o6pa3yIOIIJ,He 6a3HC V* /W ..l, TaK­

)Ke o6pa3yIOT 6a3HC W*, rrocKOJihKY OHH .HBJUIIOTC.H ,IzyaJihHhIMH 6a-

3HCHhIMH 3JieMeHTaMH )1.Jl.H 6a3HCHhIX 3JieMeHTOB 1 H t2 rro.n.rrpocTpaH­

CTBa '!eTHhIX IIOJIHHOMOB rrpocTpaHCTBa w. 

10. 7. Jlu:HeHHhie OTo6pa)l(eHH}I 

PaccMoTpHM JIHHeHHoe rrpeo6pa3oBaHHe 

A:v~w, 

r.n.e v - BeKTOpHoe rrpocTpaHCTBO pa3MepHOCTH n, aw - rrpOCTpaH­

CTBO pa3MepHocTH k. KaK MhI y)Ke 3HaeM, JIHHeHHOCTh oTo6pa)KeHH.H 

A 03HaqaeT, 'ITO A(c1v1 + c2v2) = ciAv1 + c2Av2. 

C JIHHeHHhIM oTo6pa)KeHHeM A : V ~ W CB.H3aHhI )1.Ba rro.n.rrpo­

CTpaHCTBa: Ri)po AH o6paa A. 
5!)1.po A, B )1.aJihHell:rneM o6o3Ha'IaeMoe Ker A, - 3TO rro orrpe.n.e­

JieHHIO MHO)KeCTBO Bcex TaKHX BeKTopoB v EV, 'ITO Av= 0. IlpoBe­

pHM, 'ITO Ker A HBJIHeTCH rro.n.rrpocTpaHCTBOM rrpocTpaHCTBa V. 3a­

MeTHM, 'ITO ecJIH v1 H v2 rrpHHa)J.Jle)KaT a.n.py A, TO A(civ1 +c2v2) = 

c1Av1 + c2Av2 = 0, OTKy.n.a cne.izyeT, 'ITO c1 v1 + c2v2 E Ker A. 9To 

H 3Ha'IHT, 'ITO .H,II.po A HBJI.HeTCH rro.n.rrpocTpaHCTBOM. 

06pa3 A, B )1.aJihHell:rneM o6o3HaqaeMhIH Im A, - 3TO MHO)KeCTBO 

Bcex BeKTOpoB w E W, KOTOphie HMeIOT BH)J. Av )1.JI.H KaKHX-JIH6o 

v E V. EcJIH w1 H w2 - ,IJ;Ba BeKTopa H3 MHO)KeCTBa Im A, TO 

w1 = Av1 H w2 = Av2 )1.JI.H HeK0Toph1x v1, v2 E V. ITocKOJihKY 

oTo6pa)KeHHe A JIHHell:Ho, MhI HMeeM 

OTKy,n;a BH)J.HO, 'ITO 3JieMeHT c1 W1 + C2W2 .HBJI.HeTC.H 3JieMeHTOM MHO­

)KeCTBa Im A. 9To )1.0Ka3hrnaeT, 'ITO A .HBJIHeTC.H rro.n.rrpocTpaHCTBOM 

rrpocTpaHCTBa W. 
Pa3MepHOCTH rrpocTpaHCTB Ker A H Im A, KaK MhI cell:qac .n.oKa­

)KeM, CB.H3aHhl COOTHOIIIeHHeM 

I dim(ImA) + dim(Ker A)= dim VI (10.8) 
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Pa3MepHOCTh o6pa3a A Ha3hIBaeTCH pa'H.20.M oTo6pa:>KeHHH A, a 

pa3MepHOCTh H,[ij)a A - iJe<Jje-x:mo.M oTo6pa:>KeHHH A. CooTHOIIIeHHe 

(10.8) Ha3hIBaeTCH meope.Mou o paH2e u iJe<fie-x:me. qHTaTeJih y:>Ke 3Ha­

KOM c 3TOM TeopeMOM B 'laCTHOM CJiy'lae rrpeo6pa30BaHHM IIJIOCKOCTH 

B ce6H. BcrroMHHM, 'ITO B 3TOM cJiy'lae 6hIJIO TPH B03MO:>KHOCTH ,LI,JIH 

A : IR2 ---+ JR2: 

1. 06pa30M rrpeo6pa30BaHHH A HBJIHeTCH BCH IIJIOCKOCTh H OTCyT­

CTByeT HeHyJieBOH BeKTOp, KOTOphIM rrpeo6pa3yeTCH B HyJieBOM 

(pattr paBeH 2, ,LI,e<PeKT paBeH O); 

2. A rrpeo6pa3yeT IIJIOCKOCTh B rrpHMyro, a rrpHMYID - B Ha'laJIO 

KOOp,LI,HHaT (paHr paBeH 1, ,LI,e<t>eKT paBeH 1); 

3. A rrepeBO,LI,HT BCID IIJIOCKOCTh B Ha'laJIO Koop,LI,HHaT (paHr paBeH 

0, ,LI,e<PeKT paBeH 2). 

q TOOhI ,LI,ORa3aTh 3TY TeopeMy B o6m.eM cJiy'lae B rrpocTpaHCTBe V, 
BhI6epeM y,LI,o6Hhifi 6a3HC. ,ll,orrycTHM, 'ITO dim V = n H dim(Ker A) = 
k. Bh16epeM 6a3HC u1, u2, ... , Uk ,LI,JIH Ker AH pacmttpHM ero ,LI,O 6a3H­

ca BCero rrpocTpaHCTBa v' 6'bt6pa6 r = n - k BeKTOpOB V1' V2' ... 'Vr. 
,ll,Jrn y,LI,o6CTBa yrropH,LI,01IHM 3TOT 6a3HC B BH)l.e: 

r,LI,e nep6'bte r BeKTopoB He rrpHHa,LI,Jie:>KaT rro,LI,rrpocTpaHCTBY Ker A. 
Terreph Ha,LI,o IIOKa3aTh, 'ITO r BeKTopoB BH,LI,a { Av1, Av2, ... , Avr} 
HBJIHIDTCH 6a3ttcoM Im A. 

CHa'laJia rroKa:>KeM, 'ITO BeKTOphI {Av1, Av2, ... , Avr} JIHHeMHO 

He3aBHCHMhI. Ilpe,LI,IIOJIO:>KHM rrpOTHBHoe: 

r 

L>.iAvi = 0. 
i=l 

IIpeo6pa30BaHHe A JIHHe:HHo, 'ITO 03Ha1IaeT 
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0Tc10.n;a cp83y )Ke eJie.n;yeT, qTo L:;=l AiVi E Ker A. 0,n;HaKo, BeKTO­
pbI {vi} BMeeTe e BeKTOpaMH {ui} o6p83yIOT 683He v. Ilo3TOMY H3 
paBeHeTBa 

r 

L AiVi = u, r.n;e u E Ker A, 
i=l 

eJie.n;yeT, "ITO Bee Ai paBHhl Hymo, H BeKTopa {Av1, Av2, ... , Avr} 
JIHHeiiHO He3aBHeHMbI. 

Terrepb Ha,n;o rroK83aTh, qTo BeKTopa {Av1,Av2, ... ,Avr} rro­
po)K,ll;aIOT Im A. ,n:m1 aToro paeeMoTpHM rrpoH3BOJihHhlii BeKTOp w E 

Im A. Cyru;eeTByeT TaKoii BeKTOp v E V, .n;m1 KOToporo w = Av. 
Tor.n;a MhI MO)KeM HarrtteaTh 

r k 

v = L:aivi + LbjUj· 
i=l j=l 

0,n;HaKo, Bee 683HeHhle BeKTopa Uj rrpHHa,n;Jie)KaT MHO)KeeTBY Ker A, 
3HaqHT, 

w = A ( t, a;v; + ~ b;ui) = t, a;(Av;), 

T. e. JII06oii BeKTOp w MO)KeM 6bITb 3arrHeaH B BH,n;e JIHHeHHOH KOM-

611Ha~HH BeKTOpOB {Av1, Av2, ... , Avr }. 
0Tero.n;a MhI ,n;eJiaeM BhIBO,n;, qTo r BeKTopoB {Av1, Av2, ... , Avr} 

o6p83yIOT 683He ImA. KpoMe Toro, dim(ImA) = r = n - k, r.n;e 
dim V = n H dim(Ker A)= k. TaKHM o6p83oM, dim(ImA) =dim V­
dim(Ker A), qTQ paBHOeHJihHO <f>opMyJie (10.8). 

TeopeMa o paHre H .n;e<f>eKTe ,n;oK83hIBaeT eru;e o,n;HH <f>aKT 06 aH­
HYJI.HTope rro.n;rrpoeTpaHeTBa, o KOTopoM qHTaTeJih, B03MO)KHO, y)Ke 
.n;ora,n;aJie.H. IIpe.n;rroJIO)KHM, qTo { a 1, a 2, ... , an} - 3JieMeHThI npo­

eTpaHeTBa V*. Onpe,n;eJIHM JIHHeiiHoe npeo6p830BaHHe 

A: V --t Rn 

(

al[v]) a 2 [v] 
Av= . . 

an[v] 
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Ha BeKTOphI {a 1, a 2, ... , an} HaT.sIHyTo rro.n;rrpocTpaHCTBO U .l C 

V*, KoTopoe aHHymipyeT rro.n;rrpocTpaHCTBO Ker A. ,Il,oKa3aHHa51 Ha­

MH TeopeMa roBopnT, 'ITO dim(ImA) = dim V - dim(Ker A). Ho B 

rraparpa¢e 10.4 Mbl IIOKa3aJIH, 'ITO 

dim(U.l) =dim V - dim(Ker A), 

OTKy,n;a CJie.n;yeT, 'ITO 

dim(ImA) = dimU.l. 

Ha 513hIKe MaTpnu; Ka)l(,II;hIH 3JieMeHT ai 51BJI51eTc51 cmpo'K:ou MaTpn­

IJ;hI H dim U .l eCTh pa3MepHOCTh rro.n;rrpocTpaHCTBa V*, HaT51HyToro 

Ha cmpo'K:u MaTpHIJ;hI. B TO)l(e BpeM51 dim(Im A) ecTh pa3MepHOCTh 

rro.n;rrpocTpaHCTBa w' HaT51HYTOro Ha cmoA6U,'bt MaTpHIJ;bl. 06e 3TH 

pa3MepHOCTH paBHbl ( o6o3Ha'IHM HX r)' H 'IHCJIO r Ha3hIBaeTC51 patt­
ZO.M MaTpHIJ;bl. 

IIpe,n;cTaBJieHne CTpOK MaTpnu;h1 KaK aJieMeHTOB ,II;yaJihHOro rrpo­

cTpaHCTBa V* oco6eHHO rroJie3HO ,II;JI51 perneHH51 CHCT€MhI JIHHeHHhIX 

ypaBHeHn:H. HarrpnMep, cncTeMa ypaBHeHn:H 

x+y+z = 0, 

x + 2y + 3z = 0, 

2x + 3y + 4z = 0 

MO)l(eT 6bITh 3arrHcaHa B ¢opMe Av= 0, r.n;e 

A=G ~ n V=G) 
3.n;ecb B cmpo'K:ax MaTpnu;hr A 3arrncaHhI Koa¢¢nu;neHThl K~oro 

ypaBH€HH51. IloCKOJihKY TpeThe ypaBHeHne 51BJI51€TC51 cyMMOH rrepBbIX 

,n;Byx, TO Tpn CTPOKH orrpe,n;eJI5IIOT TOJihKO ,n;ByMepHoe rro.n;rrpocTpaH­

CTBO npocTpaHCTBa V*, paHr MaTpHIJ;hI A paBeH 2, n ee .n;e¢eKT (pa3-

MepHOCTh 51,n;pa) paBeH 3 - 2 = 1. IIoaTOMy Ker A - o,n;HoMepHoe 

rro.n;rrpOCTpaHCTBO, H cyru;ecTByeT O,Il;HOMepHoe rro.n;rrpOCTpaHCTBO pe­

rneHHH ypaBHeHH51 Av = 0. 
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10.8. Pe,uyKa;1u1 no CTpoKaM 

PaccMoTpHM JIHHeiiHoe oTo6pa,)KeHHe 

T:V-tW, 

r,n;e v - BeKTOpHoe rrpocTpaHCTBO p83MepHOCTH m, a w - rrpo­

CTpaHCTBO p83MepHOCTH n. 0To6pa,)KeHHe T HMeeT paHr r. Mh1 y)Ke 

BH,n;emr, 'ITO rrpH Bh16ope 683HCOB ,n;Jrn V H W OTo6pa)KeHHe T rrpe,n;­

CTaBJI.HeTc.H B BH,n;e MaTpHIJ;hI. B Ka'IeCTBe 683Hca rrpocTpaHCTBa V 
Bh16epeM BeKTOphI 

r,n;e rrocJie,n;HHe m - r BeKTopoB .HBJI.HIOTC.H 683HCOM Ker T. Tor,n;a 

Tvr+l = Tvr+2 = · · · = Tvm = 0. 

CJie,n;oBaTeJihHo, BeKTOphl Tv1, Tv2, ... , Tvr .HBJI.HJOTC.H 683HCOM 

Im T. Terreph Bh16epeM BeKTOphI 

... ' 

B Ka'!ecTBe 683nca Im T H pacnrnpHM 3TOT 3TOT Ha6op ,n;o 683nca 

Bcero rrpocTpaHCTBa W. B 3THX 683Hcax MaTpH'IHOe rrpe,n;cTaBJieHHe 

npeo6p830BaHH.H T HMeeT o'IeHh rrpocToii BH,n;: 

(6 ~)} n CTpOK (10.9) 
...______.., 
m CTOJI6IJ;OB 

B JieBOM BepxHeM yrJiy no ,n;naroHaJIH 3TOH MaTpHIJ;hI CTO.HT r e,n;HHHIJ;, 

a Bee ocTaJihHhie MaTpH'IHhie 3JieMeHThI paBHhI HYJIJO. 

°YBhI, o6hI'IHO oTo6pa)KeHne T onMChIBaeTc.H MaTpMIJ;eii A, KOTO­

pa.H npe,n;cTaBJI.HeT ero B ,n;pyrnx, Mettee y,n;o6HhIX 683MCax. Ba,)l(Ha.H 

3a,n;a'Ia - HaiiTH TaKyro 3aMeHy 683HCOB ,ll;JI.H npOCTpaHCTB v H w' KO­

Topoe rrpeo6p83yeT MaTpHey A, 3a,n;aHHy10 B npOH3BOJihHOM 683Hce, 

K Hr. HaH6oJiee 3cpcpeKTHBHO 3Ta 3a,n;a'Ia pernaeTc.H c noMOIIJ;hIO pe­
ay'K:u,uu no cmpo'K:aM, 'ITO, ITO CyIIJ;eCTBy, .HBJI.HeTC.H CHCTeMaTH'IeCKOH 

npo11;e,n;ypo:H perneHH.H JIHHeHHhIX ypaBHeHHH MeTO,ll;OM HCKJIIO'IeHH.H 
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HeH3BeCTHbrx4 . CHaqarra MhI rroKa)KeM rrpou;e,rzypy Ha KOHKpeTHOM 

rrpHMepe, a IIOTOM ofrMICHHM, rroqeMy TaKHM o6pa30M pernaeTC51 3a­

,n;aqa B o6rn;eM cJiyqae. 

Ilpe.n;rroJIO)KHM, qTQ HaM .n;atta MaTpHu;a 

M = (~ ! -~ ~) 
3 0 6 -9 

Ha3oBeM uHde,,,;co.M mo6oil: CTpoKH MaTpHD;hI M, r.n;e He Bee 3JieMeHThI 

paBHhI ttymo, rroJio)KeHHe rrepBoro HeHyJieBoro 3JieMeHTa, Ha3hIBae­

Moro 6edyW,UM 3JieMeHTOM 3TOil: CTpOKH. ,Il;JIH rrepBOM CTpOKH Harneil: 

MaTpHD;hI M HH,IJ;eKc paBeH 2, a Be,rzyrn;Hil: 3JieMeHT paBeH 4. ,Il;JIH Tpe­

Tbeil: CTp0KH HH,IJ;eKc paBeH 1, a Be,rzyrn;Hil: 3JieMeHT paBeH 3. 
B KaqecTBe rrepBoro rnara orrpe,n;eJIHM cTpoKy c MHHHMa.JihHhIM 

HH,IJ;eKCOM, rrepeMeCTHB ee BBepx MaTpHD;bI, rrepecTaBJI5151 CTpOKH, H 

pa3,n;eJIHB ee Ha Be,rzyrn;Hil: 3JieMeHT. ,Il;JIH .n;attHoil: MaTpHD;hI M MhI 

rrepecTaBJIHeM rrepByIO H BTopyro CTpOKH: 

( ~ ! -~ ~) 
3 0 6 -9 

H ,n;eJIHM BepXHIOIO CTpOKY Ha ee Be,Jzyrn;Hii 3JieMeHT: 

( ~ ~ -~ 
3 0 6 

!) . 
-9 

B KaqecTBe BToporo rnara MhI ,IJ;OJI)KHhI «OqHcTHTh» cToJI6eu; rro.n; 

Be,rzyrn;HM 3JieMeHTOM Bepxtteil: cTpOKH. ,Il;JIH 3Toro rrepBaH cTpoKa 

YMHO)KaeTC51 Ha COOTBeTCTBYIOIIJ;HM K03<i:><PHu;HeHT H BhlqHTaeTC51 IIO­

CJie,.n;oBaTeJibHO H3 HH)KHHX CTpoK. B ttarneM cJiyqae MhI yMHO)KaeM 

rrepByIO CTpOKY Ha 3 H BhlqHTaeM H3 TPeTheil: CTpOKH: 

2 
4 

-6 

0 
-4 

6 

1) 8 . 
-12 

4 ,ll,pyroe Ha3BaHHe 3TOH npou;e.zzypbl, npHHHTOe B pycCKOH3bl'IHOH JIHTepaType, 
- MeTO,ll; raycca. - Jlpu.M. pea. 
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Terrepb y MaTpHD;bI ecTh Be.rr,yiu;Hli 3JieMeHT 1 B BepxHeli CTpOKe, 

a Bee ~yrHe CTpOKH HMeeT 6oJiee BhICOKHH HH,l];eKC. ,l.l;arree, rrepe­

,ll;BHraeM CTpoKy co cJie.rr,yIOID;HM rro BeJiwrnHe HH,ll;eKCOM Ha BTopyro 

IT03HD;HIO H ,n;eJIHM ee Ha Be.rr,yiu;Hii 3JieMeHT. B HameM rrpwMepe BTO­

paH CTpoKa y)l(e HMeeT CJie.rr,yroiu;Hli no BeJIHq1rne HH,ll;eKC, II03TOMY 

HaM ocTaeTCH pa3,n;eJIHTh ee Ha Be.rr,ymHli 3JieMeHT 4. B pe3yJihTaTe 

IIOJiyqaeM 

2 
1 

-6 -! _j) 
Terrepb Ha.n;o oqHCTHTb CTOJI6eu;, cooTBeTCTBYIOiu;HH Be.rr,yiu;eMy 3Jie­

MeHTY BTOpoli CTpOKH, YMHO)l(aH BTOpyro CTpOKY Ha COOTBeTCTByro­

Iu;HH Ko-a<P<lmu;HeHT H BhiqHTaH ee H3 .n;pyrwx CTpOK. B HameM cJiyqae 

Mbl YMHO)l(aeM BTOpyro CTpOKy Ha 2 H BbiqHTaeM ee H3 rrepBOH CTpO­

KH, IIOTOM YMHO)l(aeM BTopyro CTPOKY -6 H BhlqHTaeM ee H3 TpeTheH 

CTpOKH. IloJiyqaeM MaTpHu;y 

2 
-1 

0 

-3) 2 . 
0 

(10.10) 

Terrepb rrepBhIH n BTopoli cToJI6D;hI co.n;ep)l(aT no e,n;HHCTBeHHOMY 

HeHyJieBOMY 3JieMeHTy, paBHOMY 1, KOTOpble HBJIHIOTC5I Be.rr,yiu;HMH 

3JieMeHTaMH COOTBeTCTBYIOID;HX CTpOK. 

B o6iu;eM cJiyqae MhI CHOBa nepecTaBJIHJIH 6b1 CTpoKy co cJie.rr,y­

IOID;HM no BeJIHqHHe HH,l];eKCOM Ha TpeTblO Il03HD;HIO H ,n;eJIHJIH 6hI ee 

Ha Be.rr,yiu;Hli 3JieMeHT. ,l.l;arree yMHO)KaJIH 6h1 TpeTbro cTpoKy Ha cooT­

BeTCTByroiu;He K03cPcPHD;HeHThl If BhlqHTaJIH 6bI H3 OCTaJibHhIX CTpOK, 

qT06b1 oqHcTHTh TpeTHH cToJI6eu;. I1 TaK .n;arree. B HameM cJiyqae 

60Jihme HeT HeHyJieBbIX CTpOK, H Mbl IlOJiyqHJIH MaTpnu;y B pe.rr,yu;H­

poBaHHOH <l>opMe. IlepeqHCJIHM CBOHCTBa pe.rr,yu;wpoBaHHOH MaTpH­

D;hI, KOTOpbie MO)KHO YBH,l];eTh H3 (10.10). 

(a) Bee HyJieBhie CTpOKH, ecJIH OHH ecTh, Haxo,n;HTCH BHH3y. 

(b) HeHyJieBhie cTpOKH pacrroJIO)l(eHhI B rropH,n;Ke B03pacTaHHH HH­

.n;eKCOB. 
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( c) Bee 3JieMeHThI cToJI6:a;a, co,n,ep)I<ai:a;ero Be,rcyi:a;Hii 3JieMeHT (OH 

paBeH 1) HeHyJieBoii cTpoKH, paBHhI Hymo, (KpoMe, ecTeCTBeH­

HO, 3Toro Be,.uyi:u;ero 3JieMeHTa) . 

Ka)K,n,aH orrepa:a;HH B rrpo:u;e,.uype pe,rcyKIJ;HH no cTpoKaM MO)KeT 

6bITb IIOJiy'leHa YMHO)KeHHeM C.11,e6a Ha o6paTHMYI0 MaTpH:a;y n x n. 
HarrpHMep, yMHO)KeHHe Harnett MaTpHIJ;hI CJieBa Ha MaTpH:u;y 

rrpHBO,lJ,HT K rrepecTaHOBKe rrepBoii H BTOpOii CTpOK: 

(~ ~ ~) (~ ! -~ 
0 0 1 3 0 6 

y MHO)KeHHe CJieBa Ha MaTpH:a;y 

COOTBeTCTByeT ,n,eneHHIO rrepBoii CTpOKH Ha 2: 

(
1/2 0 0) (2 4 0 

0 1 0 0 4 -4 
0 0 1 3 0 6 j) G 

y MHO)KeHHe CJieBa Ha MaTpH:a;y 

2 0 
4 -4 
0 6 

!) . 
-9 

COOTBeTCTByeT TpexKpaTHOMY Bbl'lHTaHHIO rrepBOfi CTpOKH H3 Tpe­

Tbeii: 

2 0 
4 -4 
0 6 J) G 

2 
4 

-6 

0 1) 
-4 8 . 

6 -12 
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TaKHM o6pa30M, pe,i:zyrwpoBaHHaH rro CTpoKaM MaTpm:i;a B Mo:>KeT 

6hrTh 3am1caHa B BH,l1,e 

HJIH 

B=SM, 

r.n;e s - o6paTHMaH MaTpHri;a n x n. 3aMeTHM, 'ITO IIOCKOJibKY s 
o6paTHMa, dimimB = dimlmM. 

06pa3 II H.n;po pe.n;yri;IIpoBaHHOii MaTpIIIJ;hI B JierKo orrpe,n;eJIIITh. 

QqeBH,n;HO, 'ITO o6pa3 HBJIHeTCH r-MepHhIM rro,n.rrpocTpaHCTBOM, COOT­

BeTCTBYIOIIJ;IIM r HeHyJieBhIM CTpOKaM MaTpIIIJ;hI B H HaTHHYTbIM Ha 

CTOJI6IJ;hl 

1 0 
0 1 
0 0 ... ' 

0 0 

KoTophre co,n.epx<:aT Be.n;yrri;IIe ::iJieMeHThI Bcex HettyJieBhIX cTpoK. Co­

rJiacHo TeopeMe o paHre II ,n;ecj:>eKTe, H.n;po MaTpHIJ;hI B IIMeeT pa.3-

MepHOCTb m - r' paBHYIO 'IIICJIY CTOJI6IJ;OB, KOTOphie He co,n;ep)l(aT 

Be.n;yrri;ux ::iJieMeHTOB. Ba3IIc ,D;JIH Ker B 6y,n;eM IICKaTh cJie.n;yIOIIJ;IIM 

o6pa30M. Bo3hMeM BeKTOphr, IIMeIOrri;IIe 1 B o,n;ttoii II3 m - r rro3H­

IJ;IIii, COOTBeTCTByIOIIJ;IIX CTOJI6ri;aM c HeBe.n;yrri;IIMII 3JieMeHTaMII, II Hy­

JIIO B OCTaJihHhIX m - r - 1 II03IIIJ;IIHX. ,!J,JIH HaxO)l(,ll;eHIIH rrepBhIX r 
KOMIIOHeHT 3THX BeKTOpOB YMHO)l(IIM rrooqepe,l1,HO CTpOKII MaTpIIIJ;bl 

B Ha 3TII BeKTOphI-CToJI6IJ;hl, rrpIIpaBmieM pe3yJibTaTbI K HJJIIO II H3 

IIOJIY'IIIBIIIIIXCH ypaBHeHIIH Haii,n;eM KOMIIOHeHThI, COOTBeTCTBYIOIIJ;He 

Be.n;yIIJ;IIM 3JieMeHTaM CTOJI6IJ;OB. 

HarrpIIMep, oqeBH,IJ.Ho, 'ITO ,11,JIH MaTpIIIJ;hI 

B= G ! -! -D 
6aaucoM Im B arumIDTe» BeKropa ( ~) u ( ! ) . Tperutt n qeree~ 
Thill CTOJI6IJ;bl He co,n;ep)l(aT Be.n;yIIJ;IIX 3JieMeHTOB. Ilo3TOMY 6a3IICHhie 
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BeKTopa Ker B Hrn;eM B cpopMe 

Ilono)KHB Bui = 0, rronyqaeM 

Xi + 2 = 0, X2 - 1 = 0. 

Cne,DpBaTeJibHo, 

Yi - 3 = 0, Y2 + 2 = 0 

H 

Kotte'!Ho, HaM HHTepectto 3HaTb a,n;po H o6pa3 rrepBOHa'Ia.JibHOH 

MaTpHII,bI M, a He pe)l;YII,HpoBaHHOit no cTopoKaM MaTpHII,bI B. Ok 
HaKo, B =SM, r,a;e S - o6pamu.MM MaTpHu;a. Tor,a;a 

lfa ,n;Byx IIOCJie,l];HHX paBeHCTB BH,ll;HO, 'ITO mo6oit BeKTOp H3 .H)l;pa 

0To6pa)Kettm1 B npHHa,n;Jie)KHT a,n;py M. Ilo::iToMy noJty"W6 Rapo B, 
me.M Ca.M'bt.M, .M'bt noJty"lae.M Jtapo M. q To6b1 ttafiTH o6pa3 M, tta,n;o 
o6paTHTh S H no,n;eitcTBOBaTb MaTpHIJ;eit s- i tta o6pa3 B. M TaK, MbI 

HMeeM B =SM, Ker B =Ker M H dimlmB = dimlmM. 
Ilpe,n;IIOJIO)KHM, 'ITO HaM Ha,a;o penIHTb ypaBHeHHe 

Mv=w. 
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IIpo,n;eJiaeM npo~e,n;ypy pe,n;yKWHi no CTpOKaM c o6en:Mn: qacT5IMH 
3Toro ypaBHeHn:5I: 

SMv = Sw mu1 Bv = u, 

r,n;e B - pe,n;y~HpOBaHHa5I no CTpOKaM MaTpH~a, au Sw. 9TO 
ypaBHeHHe HMeeT BH,ll; 

c 0 
2 -n (~~) G:) 0 1 -1 

0 0 0 

0Ho MO)KeT 6hITh HCCJie,n;oBaHo H pemeHo cJie,n;yro~HM o6pa30M. 

1. EcJIH XOT5I 6hI o,n;Ha KOMnOHeHTa BeKTOpa u, COOTBeTCTBYIO~a5I 
HyJieBoii cTpoKe B, OTJIH'!Ha OT HYJI5I, TO ypaBHem1e He HMeeT 

pemeHH5I. 

2. EcJIH BCe KOMnOHeHTbI BeKTOpa u, COOTBeTCTBYIO~He HyJieBhIM 

cTpoKaM B, paBHhI HyJiro, TO 

VO=(~) 
5IBJI5IeTC5I qaCTHbIM pemeHHeM ypaBHeHH5I. 

3. 06~ee pemeHHe ypaBHemrn HMeeT BH,ll; vo + v, r,n;e v E Ker M. 

Pema5I KOHKpeTHYIO 3a,n;aqy, npe)K,n;e qeM rrpoBO,ll;HTh pe,n;yK~HIO 

no cTpOKaM, y,n;o6Ho o6'he,n;HHHTh MaTpHey M H BeKTop w B o,n;Hy 

Ta6JIHey TaK, 'IT06bI npOBO,ll;HTb pe,n;yK~HIO O,ll;HOBpeMeHHO. IlpHBe­

,n;eM rrpHMep. HaM Ha,n;o pemHTh ypaBHeHHe 

Mv=w, 

M= G ~ j D H W= (-!) 
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06'he,n;nH.HeM M H w B Ta6Jimzy 

(

2 4 2 2 0) 
1 3 2 0 -1 
3 1 -2 8 5 

M npOBO,ll;MM pe~KI.J;IUO, IIOJIY'la.H IIOCJie,n;oBaTeJihHO 

G 
2 1 1 -n. 3 2 0 
1 -2 8 

G 
2 1 1 

-D· 1 1 -1 
-5 -5 5 

G 
0 -1 3 -0 1 1 -1 
0 0 0 

TaK MhI noJiyqaeM qacTHOe perneHne Ramero ypaBHeHH.H 

"l.{To6hI Ha:HTH o6rn;ee perneHHe, Mbl ,ll;OJI)KHbl IIOCTpOHTb 6a3HC 

.H,n;pa M. 0,n;HH 6a3HCHhIH BeKTOp HMeeT 1 Ha TpeTbeli no3HIJ,HH H 0 Ha 

~eTBeJYmtt, OH paeeH (-i) . .l\pyrott HMeeT 0 Ha TµeTi.ett fi03RIIHH 

H 1 Ha ~ereeprott, on paeeu (-~). IlooroMY pemeHueM ypaeHeHHH 

Mv = w 6y,IJ;eT 
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r.n;e Al n A2 - rrpon3BOJihHhie Bern;ecTBeHHhie -cmcna. 

0TM€THM xapaKTepHyIO <PopMy perneHmI OTHOCHT€JihHO CTOJI6-

IJ;OB pe.n;yu;npoBaHHOii MaTpnu;w, KOTOphrn He co.n;ep)KaT Be.n;yrn;nx 3Jie­

MeHTOB CTpOK ( B HaIIIeM cnyqae '3TO TpeTnfi H qeTBepTbIH CTOJI6IJ;bl). 

LJacTHoe perneHne ypaBHeHH.H HMeeT HYJIH Ha TpeTbeii n qeTBepTo:ii 

II03HIJ;H.HX. A BOT 6a3HCHhie BeKTopa .H,n;pa M nMeIOT HeHyJieBoii 3Jie­

MeHT ( €,ll;HHHIJ;Y) pOBHO Ha O,ll;HOM H3 3THX II03HIJ;HH. 06rn;ee perneHne 

ypaBH€HH.H MO)KHO 3arrncaTb MHOrHMH crroco6aMH, HO 3TOT BH,ll; -

CaMbIH rrpOCTOfi. 

,II:n.H HecnHryJI.HpHoii KBa,n;paTHo:ii MaTpHIJ;hI A 3Ta TeXHHKa .n;aeT 

3<P<PeKTHBHhlll M€TO,ll; IIOJiyqeHH.H o6paTHOH MaTpHIJ;hl. Ilpeo6pa30Ba­

HHe S, KOTopoe pe.n;yu;HpyeT no CTpoKaM MaTpHu;y AK e,n;nHnqHo:ii, n 

eCTh A-1 . Ilo3TOMY o6paTHa.H MaTpnu;a MO)KeT 6bITh rronyqeHa, ecJIH 

Ka)K,ll;hIH OT,ll;€JihHhlM mar rrpou;e.n;yphl pe.n;yKIJ;HH rrpHM€H.HTh K MaTpH-

::~ ::::b:o::~=M~:::·(M K; MaT~H1)A :~:.:::: 
-1 -1 0 

€,ll;HHHqHyIO MaTpHu;y o6'be,ll;HHHM B O,ll;HY Ta6nnu;y 

2 1 
3 3 

-1 0 

1 0 0) 
0 1 0 . 
0 0 1 

IlepByIO CTpOKY YMHO)KHM Ha - 2 H CJIO)KHM co BTOpofi, IIOTOM rrpH-

6aBJI.H€M rrepByIO CTpOKY K TpeThefi: 

G 
2 1 1 0 n -1 1 -2 1 
1 1 1 0 

y MHO)KHM BTopyIO CTpOKY Ha -1: 

G 
2 1 1 0 n 1 -1 2 -1 
1 1 1 0 
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BTopy10 cTpoKy YMH02KHM Ha - 2 H npH6aBHM K nepBoii:, noToM BhI­

'ITeM BTOpyIO CTpOKY H3 TpeTheii:: 

( ~ ~ -~ -~ 
0 0 2 -1 

2 0) 
~~ ~ . 

(

1 0 3 
0 1 -1 
0 0 1 

-3 2 
2 -1 

-1/2 1/2 
0) 0 . 

1/2 
TpeTbIO cTpoKy YMH02KHM Ha -3 H CJI02KHM c nepBoii:, noToM npH6a­

BHM TpeThlO CTpOKy KO BTopoii:: 

(

1 0 0 
0 1 0 
0 0 1 

-3/2 1/2 -3/2) 
3/2 -1/2 1/2 . 

-1/2 1/2 1/2 

1(-3 1'-3) 
- 3 -1 1 
2 -1 1 1 

BepHeMCR Teneph K cJiyqa10 npRMoyroJibHOii: MaTPHI1hI. BMecTo 

Toro, 'IT06bI BhIIIOJIHRTb pe,LzyKI1HIO no CTpOKaM, Mbl M02KeM BbIIIOJI­

HHTb pe,LzyKI1HIO no CTOJI61laM. Ilpolle,rzypa TO'IHO TaKaR 2Ke, TOJihKO 

CJIOBO «CTpoKa» Ha,r:i;o 3aMeHHTh Ha «CToJI6eI1». B pe3yJihTaTe noJiy­

'IHM MaTpHey 

C=MT, 

r,r:i;e T - o6paTHMaR KBa,r:i;paTHaR MaTpHI1a, a C - MaTpHI1a, pe,rzy­

I1HpoBaHHaH no CTOJI6:u;aM. 0TMeTHM CBOHCTBa MaTpHI1hI, pe,Lzy1IHPO­

BaHHOH ITO CTOJI61laM. 

(a') Bee HyJieBhie CTOJI61lhI MaTpHI1hI C, ecJIH OHM ecTh, pacnoJio-

2K€HhI crrpaBa. 

(b') HeHyJieBbie cToJI61IhI MaTpHI1hI C pacnoJio2KeHhI B nopR,r:i;Ke B03-

pacTaHHR HH,r:i;eKca. (I1H,r:i;eKC HeHyJieBoro CTOJI61la paBeH HOMe­

PY rrepBoro HeHyJieBoro 3JieMeHTa.) 
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( c') Ka)K,11,rui: cTpoKa, co,ngp)Ka:rn;rui: Be,ny:rn;Hii: 9JieMeHT HeHyJieBoro 

CTOJI6u;a, HM€€T Be,ny:rn;Hii: 9JI€M€HT, paBHhIH 1, a BCe OCTaJihHbie 

9JieMeHTbl CTpOKH paBHbl Hymo. 

0TM€THM, 'ITO 

ImC=ImM, 

H r HeHyJieBhlX CTOJI6u;oB MaTpMD;bl c 6y,nyT JIMH€HHO He3aBHCHMhl. 

CJie.n;oBaTeJibHo, OHM o6pa3yIOT 6a3Mc Im M. TaKMM o6pa30M, no.n;­

Be.n;eM HTOrH. 

q T06hI Haii:TH 6a3HC Im M, npHMeHHeTcH pe,nyKD;HH no 

cTon6u;aM. Ba3HCOM HBJIHIOTCH HeHyneBbie cTon6u;h1 no­

JIY'IHBJneii:cH MaTpHD;bl c. 
qT06b1 Haii:TH 6a3HC Ker M, npHMettHeTc51 pe,nyKTI;HH no 

CTpOKaM. IloJiy'IHBIIIHeC51 CTpOKH pe,nyu;HpOBaHHOH MaT­

PHD;bl B = SM .n;aroT CHCTeMy r ypaBHeHHH ,Ll;JI51 Ker B, 
c noMOIII;hIO KOTOphIX 3aTeM H Haxo,n;HTC51 a.n;po M H ero 

6a3HC. 

Mb1 MO)KeM TaK)Ke npo,n;eJiaTb pe,nyKD;HIO H no cTpoKaM, H no 

CTOJI6u;aM. HanpnMep, .n;onycTHM, 'ITO tta,n;o c.n;enaTh pe,nyKu;nro no 

CTOJI6u;aM c MaTpHu;eii:, pe,nyu;npoBaHHOH no CTpOKaM: 

(

1 0 
B = 0 1 

0 0 

2 3) 
-1 2 . 

0 0 

IlepBbIH CTOJI6eu; YMHO)KMM Ha 2 M Bhl'ITeM H3 TpeThero, nOTOM nep­

BbIM CTOJI6eu; YMHO)KHM Ha 3 H BhI'ITeM H3 qeTBepToro. B pe3yJihTaTe 

noJiy'IHM 

(

1 0 
0 1 
0 0 

0 0) 
-1 2 . 

0 0 

Tenepb BTopo:H CTOJI6eu; CJIO)KHM c TpeTbHM, noTOM BTOpoli CTOJI6eu; 

yMHO)KHM Ha 2 H npn6aBHM K 'IeTBepToMy. Ilony'IaeM MaTpHu;y 

(

1 0 
0 1 
0 0 

0 0) 
0 0 . 
0 0 
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B o6m;eM cJiy11ae, ITpoBo)J;H pe.n;yKIJ;llIO ITO cToJI6n;aM c MaTpHn;e:H B, 
pe.n;yu;npoBaHHOH ITO CTpOKaM, MhI ,r:i;eJiaeM TaK, '1T06bI Be.n;ym;HMll 

CTOJI6u;aMll CTaJill ITepBbie r CTOJI6IJ;OB. (B HarneM ITpllMepe 3Toro He 

Ha,r:i;o 6bIJIO ,r:i;eJiaTb.) 3aTeM, YMHO)Ka5I ITepBhie r CTOJI6IJ;OB Ha COOT­

BeTCTBYIOIIl;lle Koa<Pqmn;HeHThl ll Bhl"IllTaH llX H3 OCTaIOm;HXC5I m - r 
CTOJI6IJ;OB, MhI ITOJiyqaeM MaTpney, y KOTOpo:H Ha rJiaBHOH ,r:i;narOHaJill 

CT05IT r e,r:i;HHHIJ;, a OCTaJihHhie 3JieMeHThI paBHhI HYJIIO, T. e. MaTplley 

Bll)J;a ( 10. 9). lhaK, Mhl OITHCaJill a<P<PeKTHBHhIH MeTO)J; ITOJiyqeHll5I 

TaKHX MaTpnu; SH T, qTo MaTpnu;a SMT HMeeT Bll,Il; (10.9). 

10.9. JloKaJibHaR CTPYKTypa 

,n;:u<f><f>epett:u;:upyeMoro oTo6pa)KeHHR 

EcJIH co6paTh BMecTe pe3yJihTaThI ITpe,r:i;hr.n;ym;ero ITaparpa<Pa c pe-

3YJihTaTaMH ITaparpa<Pa 6.3, TO MO)KHO ITOJiyqnTh oqeHh Ba)KHYIO llH­

<l>opMaIJ;llIO o CTPYKType ,r:i;n<P<l>epeHn;npyeMhIX oT06pa.MeHnii. IlycTh 

v ll w - BeKTOpHhie ITpOCTpaHCTBa pa3MepHOCTll m ll n COOTBeT­

CTBeHHO, ll ITYCTh 0- HeKOTOpaH (oTKphrTaH) o6JiaCTh B ITpOCTpaHCT­

Be V. ,Ll;anee, ITpe,r:i;ITOJIO)KllM, qTo f : 0 ----t W - ,r:i;H<P<l>epeHn;npyeMoe 

oTo6pa)KeHne. B Ka)K)J;OM ToqKe p E 0 MhI MO)KeM BhJqncJIHTh ,r:i;n<P­

<PepeHu;nan df p· 9TOT ,r:i;H<P<i>epeHIJ;llaJI 5IBJ15IeTC5I JlllHeMHhIM OT06pa­

)KeHHeM V Ha W, n IT03TOMy MhI MO)KeM Bb1qncJIHTh ero paHr. Ko­
HeqHo, 3TOT paHr MO)KeT 3aBnceTh OT TOqKn p. Ce:Hqac MhI ,r:i;oKa)KeM 

CJie.n;yIOm;yIO TeopeMy. 

TeopeMa o rrocTo.HHHOM paHre. JipeanoJio~u.M, "tmo cy'Uliecm­
eyem ma-x;oe nocmO.R'H'J-We '4MOe "tUC.!tO r, "tmO pa'H2 dj p pa6e'H r a.11.R, 
ecex p E 0. Tozaa aj/,JI, j/,'/06020 x E 0 cy'Uliecmeyem ma-x:oe 63aU.M'HO­

oa'/-to3'/-ta"t'HOe au<fxjJepe'H'4UPYe.MOe omo6pa~e'ttue </>, npeo6pa3y'IO'Uliee 
o-x:pecmHocm'b x e He-x:omopyw o-x:pecmHocm'b e ]Rm, ma-x:oe, "tmo </> 

U.Meem o6pamHoe au<fxjJepe'H'4Upye.Moe. Kpo.Me mow, .MO~'HO Haumu 
ma-x:oe 63aU.M'HO-oa'tto3Ha"t'HOe au<fxjJepe'H'4Upye.Moe omo6pa~eHue 'lj;, 
npeo6pa3y'IO'Uliee o-x:pecmHocm'b J(x) e npocmpancmee W e He-x:omo­
pyw 0-X:pecm'HOCm'b 6 ]Rn, npU"te.M OHO ma-x;~e U.Meem o6pamHOe auifj­

if>epe'H'4UPYe.MOe. !Ipu 3mo.M -x:o.Mno3U'4UOHHoe omo6pa~eHue 

'I/; o Jo </>-1 : ]Rm ----t ]Rn 

.RB.11.R,emc.R J/,U'/-teU'H'bt.M omo6pa~e'HUe.M C .Mampu'4ei1 euaa (10.9). 
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Kopoqe roBopR, 3Ta TeopeMa YTBep)K,n;aeT, 'ITO ,IJ;JIR ,n;mp¢epeH­

u;HpyeMhIX OTo6pa)KeHHH IIOCTORHHOrO paHra BblIIOJIHReTCR OCHOBHaR 

TeopeMa 0 pe,n;yKD;HH no CTpOKaM: Mbl MO)KeM «c,n;eJiaTh TaK.He 3aMeHhl 

nepeMeHHhlX», T. e. HaHTH TaKHe OT06pa)KeHHR </> H 1/J, 'ITO BhlIIOJIHR­

eTCR paBeHCTBO 

Xr 

0 

0 

,4o'K:a3ameJtbcmeo. C,n;eJiaB TpaHCJIRD;HIO B npocTpaHCTBe V, MhI 

MO)KeM C'IHTaTh, 'ITO x = 0. C,n;eJiaB eru;e o,n;Hy TpaHCJIRD;HIO B npocT­

paHCTBe W, MO)KHO npe,n;rroJIO)KHTh, 'ITO f(x) = 0. 11HhIMH cJioBaMH, 

'IT06hI ynpOCTHTb o6o3Ha'leHHR, MO)KHO C'IHTaTh, 'ITO f(O) = 0, H 

MhI HHTepecyeMcR oTo6pa)KeHHRMH f B oKpecTHOCTH 0. IIpo,n;eJiaB 

pe,n;yKD;HIO no CTpOKaM, Mbl MO)KeM npHBeCTH JtUHeuttoe OT06pa)Ke­

HHe dfo K BH,IJ;y (10.9), T. e. Mbl MO)KeM HaHTH o6paTHMbie JIHHeHHbie 

OTo6pa)KeHHR R : W -t IRm H S : V -t IRn, ,IJ;JIR KOTOpbIX 

HMeeT BH,IJ; (10.9). Tor,n;a MO)KHO paccMoTpeTb oTo6pa)KeHHe 

f n 

( i~;) i_=l, .. .,r 
J=l,. . .,r 
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eCTh e,n;1rnHqtta.a MaTpHu;a B 0. CJie,n;oBaTeJihHO, otta o6paTHMa B tteKo­

Topoii oKpecTHOCTH ToqKH 0. PaccMoTpHM oTo6pa)KeHHe g, orrpe,n;e­

JieHHoe B6JIH3H 0 B rrpocTpaHCTBe ]Rm cPOPMYJIOii 

fr 
Xr+l 

Xm 

3,n;ecb rrepBbie r KOMIIOHeHT OT06pa)KeHHH g - 9TO BBe,n;eHHbie BbIIIIe 

cPYHKIJ;HH Ji, ... ' fr, a OCTaJibHbie m - r KOMIIOHeHT paBHhl COOTBeT­

CTBYIOIIJ;HM KOOp,lJ;HHaTaM. 3aMeTHM, qTO MaTpHri;a 

afi r 

OXj CTpOK 

( agi) = 
OXj 1 0 

m-r 
0 CTpOK 

0 1 

r m-r 
CTOJI6IJ;OB CTOJI6IJ;OB 

o6paTHMa B 0 H, CJie,n;oBaTeJibHO, o6paTHMa B OKpeCTHOCTH 0. 
A Terrepb rrpHMeHHM TeopeMy 06 o6paTHoii cPYHKIJ;HH H3 rrapa­

rpa<Pa 6.3 K oTo6paMeHHIO g. Ern;e pa3 paccMOTpeB TO ,n;oKa3aTeJib­

CTBO, Mbl BH,Il;HM, qTo OHO pa6oTaeT ,Il;JIH rrpOH3BOJibHblX KOHeqHQ­

MepHbIX rrpocTpaHCTB. (3aMeTHM TaK)Ke, qTo coxpaHHeTCH H ,11;0Ka3a­

TeJihCTBO TeopeMbl 0 HeHBHOii cPYHKIJ;HH, eCJIH x ll y paccMaTpHBaTb 

KaK BeKTOpttbre rrepeMeHHhre, a ycJioBHe ttepaBeHCTBa ttyJiro rrpoH3-

BO,n;Hoii Og/ay (BMeCTO Hee Terrepb MaTpHIJ;a) CTaHOBHTCH Tpe60Ba­

HHeM o6paTHMOCTH MaTpHIJ;bl.) 

BeptteMCH K Harnett 3a,n;aqe. Mbr MO)KeM HaiiTH o6paTHoe rrpeo6-

pa30BaHHe ,n;JIH g. IlyCTb 
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Tor.n;a 

YI 

Yr 
9r+i(Y) 

9n(Y) 

rrpH HeKOTOpbIX <i>YHKIJ;HHX 9r+l, ... '9n, orrpe,n;eJieHHbIX B rrpocTpaH­

CTBe Rm B oKpecTHOCTH 0. BocrrOJih3JeMCH u;errHhIM rrpaBHJIOM H rro­

JIJ'IHM 

dhq = d(Rf ps-1
) 0 dg~ 1 , r.n;e q = g(Sp ). 

0TCIO,n;a IIOJiy'-laeM, '-ITO B HeKOTOpott OKpecTHOCTH 0 paHr dhq TO:>K­

,n;eCTBeHHO paBeH r. PaccMoTpeB MaTpHu;y 

Kr I 0 r 

(ohi) CTpOK 

ow 09i n-r 
oyi CTpOK 

r n-r 
CTOJI6ll;OB CTOJI6ll;OB 
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Mbl Bll,ll;IIM, 'ITO 3TO MO)KeT CJIJ'IllTbCH, TOJibKO eCJIH BCe qacTHbie 

rrpOII3BO,lJ;Hhie, IIOHBJIHIOIIJ,HeCH B rrpaBOM Hll)KHeM yrJiy, TO)K,ll;eCTBeH­

HO o6pam,aIOTCH B HJJib. 9To 3Ha'IIIT, 'ITO IIOCJie,ll;HIIe n - r KOMIIOHeHT 

OT06pa)KeHirn h 3aBIICHT TOJibKO OT nep6'bLX r KOOp,n;irnaT y, T. e. 

9r+l =9r+1(Y1, ... ,yr,O, ... ,O), IIT.,n;. 

BBe,n;eM rrpeo6pa3oBamre H B rrpocTpaHCTBe ]Rn corJiaCHO <PopMyJie 

H Zr 
Zr+l 

= 
Zr 
Zr+l - 9r+1(z1, ... , Zr, 0, · .. , 0) 

9To rJia,n;Koe OT06pa)l{eHIIe, orrpe,n;eJieHHOe B OKpeCTHOCTll z = 0 
B ]Rn. QqeBH,lJ;HO, 'ITO OHO o6paTI-IMO - o6paTHOe rrpeo6pa3oBaHIIe 

orrpe,n;eJIHeTCH <PopMyJioii 

Tor,n;a 

Wr 
Wr+l + 9r+1{w1, ... , Wr, 0, ... , 0) 

Wn + 9n(w1, ... ,Wr,O, ... ,0) 

Y1 

Yr 
0 

0 

Ilo,n;CTaBIIB orrpe,n;eJiemre h = (Rf s-1) 0 9-1 B H 0 h, IIOJiy'IaeM 

Hoh= (HR) of o (s-19-1). 
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Orrpe,n;emrn: 

'l/J=HoR 

¢ =goS, 

BH,ll;HM, 'ITO 'l/J 0 f 0 ¢-1 
HMeeT Tpe6yeMylO TeopeMoif cPOPMY 

'ITO H Tpe6oBaJIOCb ,ll;OK83aTh. 

Y1 

Yr 
0 

0 

Hau6oJiee Ba)KHOe IIpHMeHeHHe 3TOH TeopeMbl OTHOCHTCH K CJIY­

qaro r = n (ttarrOMHHM, 'ITO n - 3TO pa3MepHOCTh rrpocTpaHCTBa W). 
EcJIH .ri;u<P<Pepem:i;uaJI df P HerrpepbIBeH B HeKoTopoif TO'IKe p u HMe­

eT pattr n, TO YTBep)K.ri;aeTCH, 'ITO OH HMeeT paHr n BO Bcex TO'IKax, 

,ll;OCTaTO'IHO 6JIH3KHX K p. ,Ll;eifCTBHTeJihHO, c IIOMOIIJ;blO pe.ri;yKI:i;HH no 

cTpoKaM Mhr MO)KeM ttaifTH TaKue RH S, qTo Rdfps-1 uMeeT BH,LI, 

(10.9) c r = n. EcJIH q .ri;ocTaTO'IHo 6JIH3KO K p, TO BepxHHif Jie­

BhIH 6JioK MaTpHI:i;hI Rdfps-1 6y,n;eT 6JIH30K K e,n;uttuqHoii: MaTpui:i;e. 

CJie,r:i;oBaTeJibHO, pa3MepttoCTh o6pa3a df q He MeHbIIIe n. IlocKOJihKY 

pa3MepHOCTb 3TOro o6pa3a He MO)KeT 6bITb 60JihIIIe dim w = n, Mbl 

,r:i;eJiaeM BhlBO,ll;, 'ITO paHr .ri;u<P<PepeHI:i;HaJia df q TO)K,ll;eCTBeHHO paBeH 

n ,ll;Jl5I BCex q B HeKOTOpOif OKpeCTHOCTH p. l:fa TeopeMbl 0 IIOCT05IHHOM 

paHre Mbl ,r:i;eJiaeM CJie,ll;YIOIIJ;HH BblBO,lJ,. 

TeopeMa o MHo:>KecTBe perneHHH. IlpeanoJ1,o:J1Cu.M, ""mo f : 
0 -t W - Henpep'bt6'1-t0 aurfajJepeH'IJ,Upye.Moe omo6[Ja:JtCe'/-tUe U 'l/,mO 
dfp cwpaeK:mUBHO B mO'l/,'K:e p, m. e. 'l/,mo JKLH2 dfp JJaBeH dim W. To2-
aa .M'bt .MO:JICe.M Haumu aurfajJepe'l-t'IJ,Upye.M'bte om06[Ja:JtCe'/iU.R,." cp, omo6-
[Ja:JtCa'IOW,ee OK:pecmnocmt> p B Rm, u 'l/J, omo6[Ja:J1Ca10w,ee OK:pecm­
nocm'b f (p) B Rn, ma-x: ""mo o6a omo6[Ja:JtCe'l-tuR U.Mewm nenpep'btBtto­
aurfajJepem1iupye.M'bte o6'{Jam'l-t'bte, npU'l/,e.M cp(p) = 0 6 JR.m, 'l/J(f ( q)) = 
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0 6 :!Rn u .1w1ca.11:b'HO 6'btnOA'HJlemcJl paBe'HcmBo 

¢w'((:J) = 
Xm 

0 

0 

B •wcm'Hocmu, mo"{-x;a x Jl6.11,J1,emcJl pewe'HUe.M ypaB'He'HUJl 

J(x) = f(p) (x 66AU3U p) 

mo2da u moA'b'IW mo2da, -x:o2da 

n/,-1 x = 'P 

0 

0 

Ym+l 

Yn 

npu"{e.M. Bee Ym+1, Ym+2, ... , Yn .11,e:>1Cam 6 o-x:pecm'Hocmu 0. 
Bne,n;eM HecKOJihKO TepMHHOB, qT06b1 c.n;enaTh TeopeMy o MHO­

)KeCTBe perneHHH 6onee KpaTKOfi. IlycTh Hm-n o6o3HaqaeT no,n;npo­

CTpaHCTBO ]Rm' onpe.n;eneHHOe ycJIOBHRMH 

X1 = 0, ... , Xn = 0. 

(3.n;ecb npe.n;rronaraeTcR, qTo n .n;omKHO 6hITh ::; m.) Ilo,n;MHO)KeCTBO 

M m-MepHoro neKTopHoro rrpocTpaHCTBa V Ha3hrnaeTCR nod.M'H02o­

o6pa3ue.M. -x:opa3.Mep'Hocmu n, ecnH OHO o6na.n;aeT cne,nyrorn;HM cno:ti­

CTBOM: OKOJIO Ka)K,IJ;OH TOqKH x E M Mbl MO)KeM HaHTH OKpecT­

HOCTb 0 B rrpocTpaHCTBe V H .n;mp¢epemi;npyeMoe oTo6pa)KeHHe 

<P : 0 ---t ]Rm c ¢(x) = 0, TaK qTo <P B3aHMH0-0,IJ;H03HaqHbIM o6-

pa30M OTo6pa)Ka€T 0 B OKpeCTHOCTb u B6.JIH3H 0, rrpH 3TOM <1>- 1 

.n;n¢¢epemwpyeMo H 

¢(Mn 0) = Un Hm-n· 
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PHc. 10.4 

~yrHMH CJIOBaMH, 9TO ycJIOBHe Ha M 03HaqaeT, qTo B6JIH3H Ka:)K­

,D,Oii TO'-IKH x E M MbI MO)l(eM HaHTH TaKyro nrn,D,Ky10 ,D,ecl>opMaI.J;HIO 

Bceii oKpecTHOCTH, 3a.n;aBaeMy10 oTo6pruKeHHeM </>, qTo M «ynJI01n;a­

eTC.H» H cTaHOBHTC.H KYCKOM rHnepnJIOCKOCTH. HanpHMep, OKpy)l(­

HOCTb x 2 + y 2 = 1 .HBJI.HeTC.H ITO,ll,MHoroo6pa3HeM KOpa3MepHOCTH 1 B 

npocTpaHCTBe JR2 , ITOTOMY '-ITO Mb! MO)l(eM BBeCTll OT06pa)KeHHe 

( 
r2 - 1 ) 

</>(x, y) = arctan(y/x) 

BO Bcex ee TOqKax c x i- 0 ( c ITOCJie,D,YIOII.J;HM C,ll,BHrOM B BepTHKaJibHOM 

HanpaBJieHHll K Haqany KOOp,ll,HHaT o6pa3a). B TOqKax, r,D,e x = 0, 
MbI MO)l(eM noJib30BaTbC.H cPYHKI.J;Heii arctan ( x / y). A BOT nepHMeTp 

KBa,IJ;paTa He .HBJI.HeTC.H ITO,ll,MHOroo6pa3HeM, ITOTOMy qTo He cyiu;ecT­

ByeT rJia,IJ;Koro cnoco6a BbIITp.HMHTb yrJibI. 

IIycTb f : 0 ~ W - HenpephIBHO-,ll,HcPcPepeHn;HpyeMoe oTo6pa­

)KeHHe. ToqKa p E 0 Ha3bIBaeTc.H pe2y;uipnou mo"t'ICOU oTo6pa)l(eHH.H 

f, ecJIH dfp crop'heKTHBHO, T. e. ecJIH paHr dfp paBeH dim W. ToqKa, 

KOTOpa.H He .HBJI.HeTC.H peryJI.HpHOH, Ha3bIBaeTC.H KpHTHqecKOH TOqKoit. 

EcJIH W =JR, TO p 6y.n;eT KpHTHqecKoit ToqKoit npH ycJIOBHH dfp = 0. 
9To corJiacyeTC.H c HamHMH npe,LI,bl,D,YII.J;HMH 0003Ha'-!eHH.HMH. 

ToqKa q E W Ha3bIBaeTC.H pe2yJ1,Rptt'bt.M 3tta"tettue.M, ecJIH Bee 

ToqKH p B 1-1 (q) .HBJI.HIOTC.H peryJI.HpHbIMH ToqKaMH. Tenepb .n;a,n,HM 

eiu;e O,ll,HY cl>opMyJIHpOBKY Hame:ii TeopeMbI. 

EcJIH q - peryJI.HpHoe 3HaqeHHe f, TO 1-1(q) - no.n;MHO­

roo6pa3He. 

IlpHBe.n;eM HeCKOJibKO npHMepoB. 
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(a) IlycTb n = 1 H f : !Rm ---t IR1 =JR orrpe,n;eJieHO cPOPMYJIOH 

f ((:J) ~xl+···+x~. 
Tor,n;a df P # 0, ecJIH p # 0. TaKHM o6pa3oM, mo6oe HeHyJieBoe 

3Haqem1e f 6y,n;eT perym1pHhIM 3HaqeHHeM. ,Il,JI.51 c > 0, 1-1 (c) eCTh 

c<t>epa pa,n;nyca JC. 3HaqnT, c<t>epbI 51BJI51IOTC51 rro,n;MHOroo6pa3H.HMH. 

(b) IlycTh M(k) o6o3HaqaeT BeKTopHoe rrpocTpaHCTBO Bcex MaT­

pmJ. k x k, Tor,n;a m = dim V = k2 . IlycTh W = S(R) o6o3HaqaeT 

BeKTOpHoe rrpocTpaHCTBO Bcex CHMMeTpHqHhIX MaTHHIJ; k x k, T. e. 

MaTpHIJ; D, y,n;oBJieTBop.HIOIIJ;HX ycJIOBHIO Dt = D. Tor,n;a 

. 1 
n = dim W = 2 k( k + 1). 

PaccMoTpHM oTo6pa)J(eHHe f: V---+ W, r,n;e f(A) = AAt. JlerKo 

rrpoBepHTh, qTo df A(B) =BAT+ ABt. MbI yTBep:>K,n;aeM, qTo e,n;n­

HnqHa.H MaTpHIJ;a JI .HBJI.HeTC.H peryJI.HpHbIM 3HaqeHneM OTo6pa:>KeHH.H 

f. ,ll,JI.H ,D;OK83aTeJihCTBa 3Toro yTBep:>K,n;eHH.H cJie,n;yeT rrpoBepnTh, qTo 

df A crop'heKTHBHO, ecJIH AAt = JI. ,lJ,pyrnMn CJIOBaMH, rrpH Ka)J(,Ll;OM 

AypaBHeHHe 

OTHocnTeJihHO B ,n;oJI:>KHO nMeTh pemeHne ,n;m1 mo6oit cnMMeTpnqHoli 

MaTpHIJ;hI C. ,II,elicTBHTeJihHO, rrycTh B = CA/2. Tor,n;a 

T.K. 

T.K. 

AAt =At A= JI 

C=Ct. 

I1TaK, MHO:>KeCTBO Bcex OpTOI'OHa.TlhHhIX MaTpHIJ;, T. e. MaTpHIJ;, 

y,n;oBJieTBOp.HIOIIJ;HX ycJIOBHIO AAt = JI, .HBJI.HeTc.H rro,n;MHoroo6pa3HeM 

rrpocTpaHCTBa Bcex MaTpHIJ;. 
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10.10. Conpsi)l(eHHoe 0To6pa)l(ettne 

lfay<rn.si: OT06pa)KeHirn 0,11,HOH a<J:>qrn:HHOH ITJIOCKOCTH B ,n;pyryro, MbI 

rroJib30BaJIHCh rroH.si:THeM rrepeHoca <i>YHKIJ;llH (pullback). BcrroMHHM, 

'ITO rrp11 OTo6pa)KeHHH </J a<J:><J:>11HHOii IIJIOCKOCTH A B ,n;pyryro a<P­

cPHHHYIO IIJIOCKOCTh B ecTeCTBeHHhIM o6pa30M B03HHKaJIO Auttei1:1we 
oT06pa)KeH11e cPYHKI1Hii, orrpe,n;eJieHHhIX Ha ITJIOCKOCTH B, B cPYHK-

1IHH, orrpe,n;eJieHHbie Ha rrJIOCKOCTH A. 9Ta c11Tya1IH.sI 11306pa)KeHa Ha 

p11c. 10.5. IlepeHoc orrpe,n;eJieHHOii Ha ITJIOCKOCTH B <J:>yHKI1HH f, o6o-

3Ha'IaeMhIH </J* f, .sIBJI.sieTc.si: <J:>yHKI1Heii Ha ITJIOCKOCTH A, orrpe,n;eJI.si:e­

Moii COOTHOIIIeHIIeM 

(¢* f)(P) = f(</J(P)). 

</>* 

A 

p (</>* f)(P) = f(</>(P)) 

P11c. 10.5 

IloH.sITHe rrepeHoca MO)KeT 6bITb paCIIIHpeHO Ha cJiyqaii OT06pa)KeHHH 

o,n;Horo BeKTOpHoro rrpocTpaHCTBa V B ,n;pyroe BeKTopHoe rrpocTpaH­

CTBO W. HaM oco6eHHO HHTepeceH rrepeHoc JIHHeiiHhIX cpyHKI1Hii B 

rrpocTpaHCTBe W (T. e. 3JieMeHTOB ,II,yaJihHOro rrpocTpaHCTBa W*), 
B03HHKaIOIIIHii KaK cJie,n;cTBHe Autteutto20 0To6pa)KeH11.si: A rrpocTpaH­

CTBa V B W. B 3TOM cJiyqae rrepeHeceHHOe oT06pa)KeH11e H3 W* B 

V* Ha3hIBaeTc.si: oT06pa)Kem1eM, conpR;J1Cetttt'bl.M K A. Mbr 6y,n;eM o6o-

3Ha'IaTh ero A*. Ero ,n;eiiCTBHe Ha 3JieMeHT /3 E W* orrpe,n;eJI.si:eTc.si: 

<J:>opMyJioii 

(A*{3)[v] = /3[Av]. 

,1J.oKa3aTeJihCTBO Toro, 'ITO TaKHM o6pa30M orrpe,n;eJieHHOe OT06-

pa)KeHHe A* JIHHeiiHo no /3, TO'IHO TaKoe )Ke, KaK ,n;oKa3aTeJibCTBO 
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Toro, 'ITO Boo6rn;e nepeHoc - mrneiiRoe 0To6pa)l(em1e. Ecm1 3JieMeH­

ThI {31 II {32 HBJIHIOTCH 3JieMeHTaMII W*, To 

(A*(c1f31 + c2f32))[v] = (c1f3
1 + c2f3

2
)[Av] 

= cif3
1
[Av] + c2f3

2
[Av] 

= c1A*{31[v] + c2A*{32[v]. 

0Tcro.n;a nonyqaeM paBeRCTBO 

KoTopoe II 03Ha'laeT JIIIHeiiHOCTh A*. 0TMeTIIM, 'ITO II3 JIIIReHHOCTII A 
II {3 cne,n;yeT JIIIHeiiHOCTh cpyRKIJ;HII A* {3 no v, T. e. 'ITO .n;eitcTBIITeJihHO 

A* {3 ttaxo,n;IITCH B rrpocTpaHCTBe V*. 
Ba)l(HO OTMeTHTh, 'ITO conpH*eRRoe oTo6pa*eRHe A* .n;eiiCTByeT 

«B HanpaBJieRHH, rrpoTIIBonoJIO)l(HOM» A. 9To 3Ra'IIIT, 'ITO ecJIII A 
rrpeo6p83yeT BeKTop v E V B BeKTop Av E W, TO corrpH)l(eRRoe 
OTo6pa)l(eHIIe A* npeo6p83yeT BeKTop {3 E W* B BeKTop A* {3 E V*. 
Ha cxeMe 3TO BhirJIH,Il;IIT TaK: 

V*~W*, 
A V--+ W. 

PaccMoTpIIM npIIMep corrpH)l(eHHoro 0To6pa)l(emrn: nycTh V -
TpexMepHoe npocTpaHCTBO qeTHhlX IIOJIIIHOMOB CTeneHH :S 4 lI nycTh 

w - ,n;ByMepHoe rrpocTpaRCTBO H€'1€THbIX IlOJIHHOMOB CTerreHH :S 3. 
Tor.n;a onepaII,IIH .n;mp<PepeHu,IIpoBaHIIH onpe.n;enHeT JIIIHeiittoe oTo6-

pa*eRIIe D H3 V B W: 
D : f t--t f'. 

IIycTh 3JieMeRT npocTpaHCTBa W* TaKoB: 

{3: g 1--t g(l). 

HarrpHMep, {3(t + 2t3) = 1 + 2 = 3. qT06bl BhI'IHCJIIITh D*{3, Boc­

noJib3yeMCH orrpe.n;eneHIIeM 

D*{3[f] = {3[Df]. 
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B HameM cJiyqae Df = f' H /3[Df] = f'(l). 0Tcro.n;a CJie.n;yeT, qTQ D*/3 
- JIHHefittaH cPYHKIJ;mI B rrpocTpaHCTBe v ( 3JieMeHT rrpocTpaHCTBa 

V*): 
D*/3: f -t f'(l). 

Bo3bMeM ,n;pyrofi 3JieMeHT rrpocTpaHCTBa W*: 

Q: g f-+ fo 1 

g(t) dt. 

Tor.n;a 

D*a[f] = a[Df] = fo 1 

f'(t) dt = f(l) - f(O), 

T. e. D* a - JIHHeiiHaH cpyHKIJ;HH 

D*a: ff-+ f(l) - f(O). 

EcJIH BBecTH 6a3HChI B rrpocTpaHCTBax V, W, V* H W*, TO 

OIIHCaHHe corrpH)KeHHOro OT06pa)KeHHH CTaHOBHTCH oco6eHHO rrpo­

CTbIM. Ilpe.n;rroJIO)KHM, qTo v - m-MepHoe rrpocTpaHCTBO c 6a3H­

COM {v1,v2, ... ,vm}· BBe,n;eM )l;yaJihHhifi 6a3HC {a1,a2, ... ,am} B 

)l;yaJihHOM rrpocTpaHCTBe V*. AttanorHqHo, rrycTb { w1, W2, ... , w n} 
H {/31

, /32 ... , 13n} 6y.n;yT 6a3HCaMH rrpocTpaHCTB W H W* cooTBeT­

CTBeHHO. EcJIH A - JIHHeiittoe oTo6pa)KettHe H3 V B W, TO 

n 

Avi = LajiWj, 
j=l 

r.n;e BeJIHqHHhI { ali, a2i, ... , ani} o6pa3yIOT i-fi cmoJt6eu, MaTpHIJ;hI, 

3a)l;aroiu;eii oTo6pa)KeHHe A. Bb1qHCJIHM, KaK A* ,n;eficTByeT Ha 6a3HC­

Hhifi aJieMeHT rrpocTpaHCTBa W*: 

Mbl HMeeM 

j = k, 

JI k, 
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T.e. 

(A*/3k)[vi] = aki· 

:VITaK, MhI MO)KeM Bbipa3HTh A* .Bk qepe3 683HCHhie BeKTopa 

{al, o:2, ... , o:m} B rrpocTpaHCTBe V*: 

n 

A*/3k = Lak1o:z. 
l=l 

BeJIHqHHhI { akt} = { ak1, ak2, ... , akm} o6pa3yIOT k-H. cmoA6eu, MaT­

pHIJ;hI, 3alJ..aron.i;eii OTo6pa)l<:eHne A*, HO OlJ..HOBpeMeHHO OHM HBJIHIOT­

CH k-ii CTpOKoii MaTpm.i;w, 3a,lJ..aron.i;eii A. '.:ho 3HaqnT, qTo MaTpm.i;a 

oTo6pa)Kemrn A* .HBJI.HeTc.H mpm;,cnoHupoem-t'l-tou MaTpnIJ;eii OTo6pa­

)KeHnH A. HarrpHMep, ecJIR V - TpexMepHoe rrpocTpaHcTno, W -
.n;nyMepHoe n A : V - W rrpelJ..CTaBJIHeTCH MaTpHIJ;eii 

A= (an 
a21 

TO corrpH)KeHHoe OTo6pa)KeHne A* : W* - V* 3a.n;aeTcH MaTpRIJ;eii 

(
au az1) 

A*= ai2 a22 . 

al3 az3 

BcrroMHRM, qTo aJieMeHThI .n;yanbHoro rrpocTpaHcTBa MoryT 6bITh 

3arrncaHbI B nn.n;e neKTopon-cTpOK. B HarneM rrpnMepe aneMeHT 

rrpocTpaHCTBa W* MO)KHO 3arrncaTh B nn.n;e .n;nyxKoMrroHeHTHoro 

BeKTOpa-cTpOKR: 

a 3JieMeHT rrpocTpaHCTBa v - KaK TpeXKOMIIOHeHTHbIH BeKTOp­

CTOJI6eIJ;: 

Tor,lJ..a (A*.B)[v] = /3[Av] MOMHO 3aIIRCaTb KaK rrpoR3Be.n;eHRe 
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EcTeCTBeHHoe HCTOJIKOBaHHe 3Toro npoH3Be)l.eHm1: MaTpHu,a A, )l.eii­

CTBY51 cHaqaJia Ha CToJI6eu,, pacrrnJIO)KeHHhrii OT Hee crrpaBa, p;aeT Av, 
Ha KOTOpbIH y)Ke )l.eiiCTByeT /3. c )l.pyroii CTOpOHhI, MO)KHO )l.yMaTh, 

qTo MaTpm.1;a CHaqa.Jia )l.eiicTByeT Ha BeKTOP-CTpoKy, CT051Ill,YIO CJ1,e6a: 

r)l.e (µ1,µ2,µ3) npe)l.cTaBm1eT BeKTop (A*/3) EV*, KOTOphrii rroToM 

)l.eiicTByeT Ha v E V. TaKHM o6pa3oM, ecJIH MhI H3MeHHM o6hrqHhre 

npaBHJia YMHO)KeHH51 MaTpHil, H II03BOJIHM MaTpHI.J;e CHaqa.Jia )l.eHCTBO­

BaTh Ha.JieBO Ha BeKTOp-cTpOKy, TO O,IJ;Ha H Ta )l{e MaTpHil,a 6y)l.eT 

npe)l.cTaBJI51Th A H A*. EcJIH )l{e MhI xoTHM 3anHChIBaTh A* Tpa)l.H­

Il,HOHHO, T. e. B BH)l.e MaTpHU,hI, )l.eiiCTBYIOII.J;eii Ha CTOJI6eil, cnpaBa, TO 

Mhl )l.OJI)KHhI IlHCaTb 

ll MhI BH)l.HM, qTo MaTpHI.J;a, npe)l.cTaBJI51IOIIl,a51 A*, 6y)l.eT TpaHcno­

HHpoBaHHoii MaTpHI.J;eii A. 
llccJie)l.yeM Teneph 51,ll.pO H o6pa3 conp51)KeHHOro oTo6pa)KeHH51 

A*. EcJIH /3 E W* H rrpHHa,IVIe)KHT 51,ll.py A*, TO A*/3[v] = 0 ,IJ;JI51 Bcex 

V E V, T. e. /3[Avj = 0. cho 3HaqHT, qTQ /3 aHHYJIIfpyeT BCe BeKTOpa 

BH)l.a Av. 0Tcro)l.a MO)l{HO c,n;eJiaTh Bhrno.n;, qTo Rapo A* annyJ1,upyem 
o6paa A. 

Ilpe.n;noJIO)KHM, qTo a E V* H npHHa)l.Jie)KHT o6pa3y A*, T. e. 

A*/3 /3 E W*. a = )l.J151 HeKOTOphIX 

Ilpe)l.ITOJIO)KHM, qTo v eCTh 3JieMeHT Ker A. Tor.n;a 

a[v] = A*/3[v] = /3[Av] = 0. 

0TCIO)l.a cJie)l.yeT, qTo o6paa A* annyJ1,upyem Rapo A. 
06'he,IJ;HHHB 3TH pe3yJihTaTbl c o61Il,HMH pe3yJihTaTaMH ,IJ;JI51 )l.y­

a.JihHhIX rrpocTpaHCTB H <PaKTOpllpOCTpaHCTB, )l.OK83aHHhIMH B KOHil,e 

rraparpa<Pa 10.5, Mhl MO)KeM IIOCTpOHTh ,IJ;Be cxeMhI, H306pa)l{aIOIIl,He 
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o6m,yro KapT1rny BeKTOpHblX npocTpaHCTB H JIHHeHHblX npeo6p830-

BaHHH. l'haK, ,II,JUI no.n;npocTpattcTB V H V* Mbl HMeeM 

V* /Im A* f- V* f- Im A*, 

Ker A --+ V --+ V /Ker A. 

cha cxeMa OTpa:>KaeT TOT <PaKT, 'ITO <PaKTopnpocTpaHCTBO V* /Im A 
MO)KeT 6b1Tb H,LI;eHTHcPHIJ;HpoBaHo c conpSI)KeHHblM K Ker A, a o6p83 

A* conpSI)KeH c V /Ker A. 
,Il;JISI no.n;npocTpattcTB W H W* Mbl noJiyqaeM cxeMbl: 

W* /Ker A* f- W* f- Ker A*, 

Im A --+ W --+ W /Im A. 

3.n;ecb W* /Ker A* MO)KeT 6b1Tb H.LI;eHTHcPHIJ;Hposatto c ,LI;yaJibHblM 

Im A, a Ker A* ,LI;yaJibHO KW /Im A. Mttoro'IHCJieHHble npHMepbl 3THX 

COOTHOmeHHH 6y.n;yT HaMH paccMOTpeHbl npn n3yqeHHH TeOpllH 3JieK­

TPH'IeCKHX ii;ene:H. 

Pe3IOMe 

A. BeKTOpHble rrpocTpaHCTBa 
Bb1 .LI;OJI)l{Hbl 3HaTb aKCHOMbl seKTOpHblX npocTpaHCTB n yMeTb npn­

MeHSITb HX. 

,Il;JISI .n;aHHoro 683HCa BeKTOpHoro npocTpaHCTBa Ha,LI;O yMeTb Ha­

XO,LI;llTb ,LI;yaJibHblH 683HC ,LI;JISI ,LI;yaJibHOro npocTpaHCTBa. 

,Il;JISI .n;attttoro no.n;npocTpaHCTBa U BeKTOpttoro npocTpaHCTBa V 
Ha.n;o yMeTb CTpOHTb 683HCbl .n;JISI aHHYJIHpyrom,ero npocTpaHCTBa u l_ 

ll <PaKTOpnpocTpaHCTBa v /U ll llCil0Jlb30BaTb llX. 

B. JlHHeHHbie rrpeo6pa30BaHHSI 
Bbl .n;OJI)l{Hbl yMeTb nHcaTb MaTpney, npe.n;cTaBJIS110m,y10 JIHtte:Httoe 

npeo6p83oBaHHe A : V--+ W B 3a.n;aHHblX 683ncax. 

Bhl .LI;OJI)l{Hbl 3HaTb <PopMyJIHpOBKY TeopeMbl o pattre n .n;e<PeKTe, 

yMeTb .n;oK83bIBaTb H npnMeHSITb ee. 

,Il;JISI .n;aHHOH MaTpHIJ;bI JIHHe:fittoro npeo6p83oBaHHH A tta.n;o yMeTb 

IlOJib30BaTbCH pe.n;yKIJ;He:fi no CTpoKaM .n;JISI onpe.n;eJieHHSI 683HCOB .n;JISI 

Ker An ImA H noJiy'IaTb o6m,ee pemeHHe ypaBHeHHH Av= w. 
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Bbl ,n;oJDKHhI 3HaTh orrpe,n;eJiemfe corrp5DK€HHoro 0To6pa)Kemu1 A* 
.n;m1 mrneii:Horo rrpeo6pa3oBamrn A. Ha.n;o 3HaTh <t>opMyJihI, ,n;oKa3hI­

BaTh H rrpHMeH51Th cooTHorneHH51 Me)K.n;y 51.zi;poM H o6pa30M A, Me)K.n;y 

51.n;pOM H o6pa3oM A*. 

10.1. PaccMoTpHTe II51TIIMepHoe BeKTOpHoe rrpocTpaHCTBO V IIOJIIIHOMOB 

f (t) cTerreHII :S 4. BhrnCHIITe, 6y,n;eT JIM rro.n;rrpocTpaHCTBOM MHO­
)KeCTBO B KaJK.n;OM II3 rrepe'IIICJieHHhIX HII:lKe rrpIIMepoB. EcJIII HeT, 

To ofrMICHIITe, IIO''leMy. EcJIII .n;a, To Haii:,n;IITe 6a3IIC. 

(a) IloJIIIHOMhI y,n;oBJieTBopHIOT ycJioBIIIO f (t) = f (-t). 
(b) IloJIIIHOMbI y,n;oBJieTBOp51IOT ycJIOBIIIO f ( 0) = 1. 

( c) IloJIIIHOMhI y,n;oBJieTBOp51IOT ycJIOBIIIO f ( 1) = f ( -1). 

(d) IloJIIIHOMbI y,n;oBJieTBOp5IIOT ycJIOBIIIO f~1 tf(t) dt = 0. 

10. 2. (a) Haii:,n;IITe 6a3IIC .n;m1 rro.n;rrpocTpaHCTBa JR 3, orrpe,n;eJieHHoro 
ycJIOBIIeM a[v] = 0, r.n;e 

a= (2, -3, 1). 

(b) Haii:,n;IITe 6a3IIC ,Ll;JIH rro.n;rrpocTpaHCTBa JR3 , orrpe,n;eJieHHoro 

ycJIOBIIHMII a[v] = 0 II ,B[v] = 0, r.n;e 

O'. = (2, -3, 1) II ,8=(2,1, -1). 

( c) Haii:,n;IITe 6a3IIC aHHYJIIIpy10rn;ero rrpocTpaHCTBa ,Ll;JIH rro.n;rrpo­

cTpaHCTBa w c JR3' HaTHHYTOro Ha BeKTOpa 

(-D H (_:) 

10.3. (a) IloKa:lKIITe, qTQ MHO:lKeCTBO cPYHK!lIIil: f(t), y,n;OBJieTBOp51IOI!11IX 
ypaBHeHIIIO !" +5f' +6f = 0, 51BJI51eTC51 BeKTOpHbIM rrpOCTpaH­
CTBOM V. 

(b) Bo3hMeM TPII aJieMeHTa rrpocTpaHCTBa V*, .n;yaJihHoro K aToMy 
rrpocTpaHCTBy: 

al: 

0'.2: 

0'.3: 

f 1--t f (0), 

f 1--t !' (0), 

f t--t 1+oo et f(t) dt. 
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Haii.n;iue cooTHomemre Me2K,IJY a 1, a 2 H a 3, IIOKa3hIBarorn:ee, 
qTO OHM JIHH€HHO 3aBHCHMhl. 

( c) B KaqecTBe 6a3Hca rrpocTpattcTBa V Bb16epeM BeKTopa 

v1 = e-2t + e-3t, 

2 -2t -3t 
v2 = e - e . 

Bhlpa3HTe .n;yaJihHhle 6a3HCHhie :-meMeHThl {31 H {32 qepe3 a 1 H 

a 2, onpe,n;eJieHHhie B npe,n;hl.n;yrn;eM rryttKTe. 

10.4. (a) IloKaJKHTe, qTo ecJIH S H T - no.n;npocTpaHcTBa BeKTOpttoro 
rrpOCTpaHCTBa v) TO lfX nepeceqeHHe s n T ( MHO)K€CTBO JJl€­

MeHTOB, o6rn;Hx )l;JI.H S HT) .HBJI.HeTc.H rro.n;npocTpattcTBOM V. 

(b) IloKa)KHTe, qTo S + T (MHO)KeCTBO BeKTopoB, .HBJI.HIOID;HXC.H JIH­

HeiiHhlMH KOM6Jrna11H.HMH BeKTOpOB H3 S H T) 6y,n;eT rro.n;npo­
CTpaHcTBOM v. 

(c) IloKa)KHTe, qTO dim(S + T) = dim(S) + dim(T) - dim(S n T). 
(YKa3aHHe: ttaqHHTe c 6a3Hca SnT H pacmHpbTe ero .n;o 6a3Hca 

S+T.) 

( d) IIperomnoxmM, qro V ecTI> JR', S mmrnyro aa BeKropw ( ! ) 
H m , a T COOIB&reTBCHHO Ha BCKTOphl m H m II~ 
CTpOii:Te 6a3HCbl ,ll;JI.H s n T) s + T H ,ll;JI.H npocTpaHCTBa, aHHY­

JIHpyrorn;ero S + T. 

10.5. IlyCTb w - D0!1IlpoCTpaHCTBO JR3
' HaTHHyroe na BCKTOP ( ! ) . 

(a) Ilo~wre, = e, ~ m . e, 0) o6p'3yroT 6&3Hc 

4>aKTOpnpoCTpaHCTB• JR3 /W. Bhlpa38Te BC><ropa m ' m 
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H ( ~) B BH)\e mrneliHbO< KOM<iHH>Il,B. 3THX 6a3HCHbD< BeKTO­

poB. 

(b) IloKa:>IUITe, 'ITO a= (2,-1,0) H /3 = (4,0, -1), 6y,ey'IH 3Jie­
MeHTaMH .IzyaJibHoro rrpocTpaHCTBa K R3, .HBJI.HIOTC» 683HCOM 
aHHYJIHpyrorn;ero rrpocTpaHCTBa w ..L. ,Il;JI.H w ..L IIOCTpoH:Te 6a-

3HC { e1 ' € 2} qepe3 3JieMeHTbI a H /3' KOTOpbIH 6y,n;eT ,eyaJieH 
683Hcy {el, e2} <i>aKTopnpocTpaHcTBa R3 /W. 

10.6. (a) IlycTb W - rro,n;rrpocTpaHCTBO BeKTOpHoro rrpocTpaHCTBa V. 
IlycTb U - rro,n;rrpocTpaHCTBO W. ,Il;oKa:lKHTe, 'ITO W/U »BJI.H-

V/U 
eTc» rro,n;rrpocTpaHCTBOM V /U H 'ITO W/U ecTeCTBeHHo coBrra-

,n;aeT c V/W. 

(b) IlycTb BeKTOpHoe rrpocTpaHcTBO V ecTb R3, W - ITJIOCKOCTb 

x + y + z = 0, au - np.HMa.H JIHHH.H, orrpe,n;eJieHHa.H BeKTOpOM 

( - ~) . IlORY"ffT" '"'"""' BB.><'••mcoB ,.,,. 3THX HpDCTpaHOTB. 

(c) Pa36epHTecb, 'ITO rrpoHcxo,n;HT B .IzyaJibHOM rrpocTpaHCTBe, T. e. 
rrocTpoH:Te rro,n;rrpocTpaHCTBa V*, KOTOphre 6y,eyT .IzyaJibHbIMH 

HJIH aHHYJIHpyrorn;HMH rrpOCTpaHCTBaMH M.H BCex rrpOCTpaHCTB, 
rrepe'IHcJieHHbIX B rryHKTe (a). CaaqaJia c,n;eJiaH:Te aTo B o6rn;eM 
BH,n;e, a ITOTOM ,ll;JI.H 'IaCTHOrO cJiy'Ia.H, OITHCaHHoro B nyHKTe (b). 

10. 7. PaccMoTpHTe npocTpaHCTBO V, o6pa30BaHHOe <i>YHK~H.HMH BH,ll;a 
f(t) = At+ B/t, 3a,n;aHHhIMH Ha oTpe3Ke [1, 2]. IlycTb 683HCHb1e 
BeKTOpa HMelOT BH,ll; V1 = t H V2 = 1/t. ,Il;Ba aJieMeHTa .IzyaJibHOro 
npocTpaHCTBa V* paBHbI 

/31 
: f(t) -+ f (1), 

/32 
: J(t) -+ f (2). 

Bb1pa3HTe 683HCHbie aJieMeHTbI {a1,a2}, i}ya.tt'b'H'bte K {vi,v2}, B 
BH)l;e JIHHeHHOH KOM6HHa~H {31 H {32. 

Ilpe)K)l;e 'IeM BhIIIOJIH»Tb ynpa:lKHeHH.H 10.8-10.12, nepe'IHTaii:Te na­

parpa<i> 4.2 0 npo~ecce rpaMa-illMH)l;Ta. 

10.8. (a) Haii,n;HTe pa3MepHOCTb npocTpaHCTBa TpHroHoMeTpH'IeCKHX 
IlOJIHHOMOB, HaT.HHyToro Ha 

{1, sin2 x, cos2 x, sin4 x, sin2 x cos2 x, cos4 x }. 
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(b) IlyCTb CKaJlHpHoe rrpoH3Be,n;eHHe B 3TOM rrpocTpaHCTBe paBHO 

1171" (!,g)=- f(x)g(x)dx. 
7r 0 

c y'IeTOM 3Toro orrpe,n;eJieHHH IIOCTpOiiTe OpTOHOpMHpOBaHHbIH 
6a3HC. 

10.9. (a) PaccMOTpHTe BeKTOpttoe rrpocTpaHCTBO He'IeTHhIX rronuHOMOB 
CTerreHH ::::; 3 c 6a3HCOM { t, t 3} H CKaJIHplibIM rrpOH3Be,n;eHHeM 

J; f(t)g(t) dt. IlocTpoiiTe opToroJiaJihHhI:li 6a3HC (ero He Ha,n;o 

HOpMHpoBaTb). 

(b) ,II,na JIHHeiittoro orrepaTopa f : V -+ V, orrpe,n;enettttoro <Pop­
Mynoii f(p(t)) = tp'(t), IIOCTpoiiTe MaTpm:zy A, KOTopaa rrpe,n;­

CTaBJIHeT f B 6a3uce {t, t 3}, H MaTpm:zy A, KOTopaa rrpe,n;cTaB­
naeT f 13 opTOI'OHaJibHOM 6a3HCe, IIOCTpOeJIHOM B rrpe,n;hI,n;yureM 
rryHKTe. 

( c) Tpu aJieMeHTa ,n;yanbttoro K V rrpocTpaHCTBa V* MO:>KHO 3a,n;a Th 

B BH,n;e: a 1[p] = p(l), a 2[p] = p'(O) H a 3[p] = 1; tp(t) dt. 
Ilony'IHTe COOTHOlleHHe Me:>K,n;y a 1' a 2 H a 3' IIOKa3bIBaIOuree 
B HBHOM BH,n;e, 'ITO OHH JIHHeiiHO 3aBHCHMbI. 

10.10. IlycTb v - ,n;ByMepHoe BeKTOpHOe rrpocTpaHCTBO <PYHKIIU:li, HBJIH­

IOIIIHXCH JIHHeiiHhIMH KOM6HHaIJ,HHMH fi = 1 u h = cos2 t. Orrpe­
,n;eJIHM CKMHpHoe rrpoH3Be,n;eHHe B 3TOM rrpocTpaHCTBe (!' g) = 

f
0

11"
12 f(t)g(t) dt. 

(a) IlocTpOiiTe opTOHOpMHpOBaHHbIH 6a3HC ,ll;JIH rrpocTpaHCTBa v. 
2 171"/2 1 2 171"/2 3 

(3aMe'Iattne: - cos2 t dt = - , - cos4 t dt = - . ) 
7ro 27ro 8 

(b) Tpu aJieMeHTa ,n;yMhHOro rrpocTpaHCTBa V* paBHbI: 

r12 
a 1

: f-+ f(7r/2), a 2
: f-+ lo f(t)costdt, 

r12 
a 3

: f-+ lo f(t)sintdt. 

IloKa:>KHTe B HBHOM BH,n;e, 'ITO OHH JIHHeiiHO 3aBHCHMbI. 

10.11. PaccMOTpHTe TpexMepttoe rrpocTpaHCTBO V, 3JieMettTaMH KOTOporo 
6y,n;yT rroJIHHOMhI cTerreHH::::; 2, yMHO:>KeHHbre Ha e-2t. Ba3HCOM 3Toro 

rrpocTpattcTna 6y,n;yT TPH BeKTopa: 

V1 = e-2t, v2 = te-2t, v 3 = t 2e-2t. 
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(a) B 3TOM 6a3nce ttarrnmnTe MaTpnrzy D, rrpe,ll,CTaBJunorrzyro orre­
pa!IHIO ,lJ,HcPcPepeHIIHPOBaHm:I, T. e. 

DJ(t) = J'(t). 

(b) IlocTpoiiTe MaTpHuy D2 + 4D + 41L (B 3TOii MaTpHI!e 6yp;eT 
MHOro HyJieii!) 

(c) 06w,ee pemeane ypaBHeHH.H x + 4± + 4x = e-2t Jie2KHT B BeK­
TOpHoM rrpoCTpaHCTBe v. IloJiyqnTe ero c IIOMOIIIbIO MaTpHI!bI, 
IIOCTpOeHHOH B IIJHKTe (b). 

10.12. BeKTOpaoe rrpocTpaHCTBO pemeanii ypaBHeHH» 

x +3±+ 2x = 0 

o6o3HaqnM qepe3 V. Orrpe,I1,eJIHM CKaJI.Hpttoe rrpoH3Be,ll,eHne B 3TOM 
rrpocTpaHCTBe paBeHCTBOM 

r+= 
(f, g) =Jo f(t)g(t) dt. 

(a) IlycTb f1 = e-2t - rrepBbIH 6a3HCHbIH BeKTOp rrpocTpaHCTBa v. 
IlocTpO:fiTe BTOpo:fi BeKTOp f2, OpTOrOHaJibHbIH K f1. 

(b) B 6a3nce {f1, f2} rrocTpo:fiTe MaTpnrzy D, KOTopa.a rrpe,lJ,CTaB­
JI.HeT orrepa!IHIO ,n.n¢¢epeHI!HPOBaHH.H no t. IlpoBephTe, qTo 
D2 + 3D + 2ll = 0. IlycTh TpH 3JieMeHTa ,11.YaJihHoro rrpocTpaH­
CTBa V* HMeIOT BH,11. 

oi[f] = f(O), 

02[f] = f'(O), 

03[f] = fo+oo f(t) dt. 

( c) OfrMICHHTe H3 o6IIIHX coo6pa2KeHHii, rroqeMy cyIIIeCTBYIOT qnc­
Jia -A1, -A2, A3 (ae Bee paBHbie ayJiro), ,11.JI.H KOTOphrx BhIIIOJIH.H­
eTC.H COOTHOilleHHe 
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( d) c IIOMOlIJ,bIO a1 H Ctz IIOCTpo:iiTe 6a3HC {/31, .82} ,D;Jrn V*' KOTO­

pblH 6y,n;eT dya.!t'b'/i'bt.M K 6a3ncy {f1, fz}, IIOJiy'IeHHOMY B rryHK­

Te (a). 

3. IlyCTb v - 'IeTbipexMepHoe BeKTOpHOe rrpOCTpaHCTBO IlOJIHHOMOB 

cTeneRn ::::; 3 c 6a3HCHbIMH aJieMeHTaMH 1, t, t 2 , t 3 . IlycTb D - .n;mp­

¢epem1naJibHhI:ii orrepaTop, .n;e:iicTBYIOlII,HH B 3TOM rrpocTpaHCTBe: 

D f(t) = f'(t) H rrycTh Ta - orrepaTop TpaHcmm;nn: Taf (t) = f (t+a). 

(a) B 3TOM 6a3nce rrocTpoii:Te MaTpHII,bI DH Tan rroKa)KHTe, 'ITO 

1 1 
T =1I+Da+-D2a2 +-D3a3 

a 2 6 . 

(b) .IT,oKa)KHTe, 'ITO ecJIH v - rrpocTpaHCTBO IlOJIHHOMOB CTerreHH 

::::; n, TO Ta = exp(Da). (YKa3aHne: BCITOMHHTe ¢opMyJiy Teii:­

Jiopa, H Tor.n;a He npn,n;eTC5I CTpOHTb MaTpHIJ,bI.) 

4. IlycTb v - npocTpaHCTBO l-¢opM Ha IIJIOCKOCTH, ,D;Jl5I KOTOpbIX K0-

3cPcPHIJ,HeHTbl npn dx H dy - KBa,n;paTH'IHbie cPYHKIJ,HH. Ba3HCOM Ta­

Koro npocTpaHcTBa V 6y,n;yT x2 dx, xy dx, y2 dx, x 2 dy, xy dy, y2 dy. 
Jlro6a5I Kpirna5I I', Jie)KalII,a5I Ha IIJIOCKOCTH, OIIpe,n;eJI5IeT 3JieMeHT Ctr 

)l;YaJibHoro npocTpaHCTBa V* corJiaCHO ¢opMyJie 

ar[w] =fr w. 

(a) Haii:,D;HTe HeTpHBHaJihHYIO KpHBYIO r' ,D;JI5I KOTOpoii: Ctr 6y,n;eT 

HyJieBhIM aJieMeHTOM V*. 

(b) IloJiy'IHTe 6a3HC ,D;Jl5I rro.n;npocTpaHCTBa v' KOTopoe aHHYJIHpy­

eTC5I 3JieMeHTOM c:tr, r,n;e f - .!t'/000.R, 3aMKHyTa5I KpHBa5I. 

(c) IlycTb r1, fz H f3 - TPH npOU380.!t'b'H/bJ,e 3aMKHYTbie KpHBble 

Ha IIJIOCKOCTH . .IT,oKa)KHTe, 'ITO ar1' ar2 H ar3 JIHHeii:HO 3a­

BHCHMbl. (YKa3aHne: BOCUOJib3YHTeCh TeopeMOH I'pHHa, 'IT06bI 

npeo6pa3oBaTb KpHBOJIHHeHHbie HHTerpaJibl K ,D;BOHHhlM.) 

( d) Ha:ii,D;HTe TaKHe KpHBhie r 1, r 2' ... ' r 6 ( 3TO MoryT 6h1Tb 0Tpe3-

KH rrp5IMbIX JIHHHii:), 'IT06bl ar1' ar2, ... 'ar6 6bIJIH 6a3HCOM 

,n;JI5I V*, ,LzyaJibHhIM K 6a3ncy, ,n;attHoMy B ycJIOBHH 3a,n;aqn. Ha­

rrpnMep, 

{ x 2 dx = 1, 
lr1 

f xydx = 1, 
lr2 

OCTaJibHble { x 2 dx = 0 (j = 2, 3, 4, 5, 6); 
lr1 

ocTaJihHb1e f xy dx = 0 (j = 1, 3, 4, 5, 6). 
lr1 
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10.15. PaccMoTpHTe JIHHeil:Hoe rrpeo6pa3oBaHHe f H3 rrpocTpaHcTBa JR4 B 

rrpocTpaHCTBO JR3' MaTpm.i;a KOTOporo HMeeT BH,n;: 

( ~ ~ ~ _2;). 
0 1 -1 

(a) IloJiy'IHTe 6a3HC .D;JI.H .H,n;pa f H Hail:,n;HTe o6rr.i;ee perneirne ypaB-

HeHH.H 

(b) IlycTh N o6o3Ha'IaeT .H,D;PO f; rrycTh G - <f>aKToprrpocTpaH­

CTBO JR4 / N. IIocTpoil:Te 6a3HC ,D;JI.H G H ofrh.HCHHTe, rro'IeMy rro­

Jiy'IeHHhle 6a3HCHbJe BeKTOpa 6y,n;yT JIHHeil:HO He3aBHCHMbIMH 

aJieMeHTaMH G. 

10.16. PaccMoTpHTe JIHHeil:Hoe rrpeo6pa3oBaHHe f H3 lR4 B JR3, c MaTpHi.i;eil: 

(
2 4 2 2) 
1 3 2 0 . 
3 1 -2 8 

(a) IloJiy'IHTe 6a3HC _H).J;pa f H Hail:,n;HTe o6rr.i;ee perneHHe ypaBHeHH.H 

(b) HarrHIIIHTe 6a3Hc o6pa3a f. 
( c) ,Ll;Ba aJieMeHTa <f>aKToprrpocTpaHCTBa H HMeJOT BH,n;: 

IloKa:>KHTe B .HBHO:il: <f>opMe, 'ITO h1 H h2 .ltU'lteU'ltO aa6UCU.M'bt. 

(YKa3aHHe: BepHHTecb K rrepBoMy rryHKTY aToro yrrpa:>1rneHH.H.) 

10.17. JlHHeil:Hoe rrpeo6pa3oBaHHe f : JR4 --+ JR4 rrpe,n;cTaBJI.HeTc.H MaTpHi.i;eil: 

A-(~ - 2 
1 

0 -1 
2 4 
1 -4 
1 -3 

-!) 6 . 
5 
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(a) C noMOlll;bIO pe.izyKIJ;HH no CTpoKaM noJiyqHTe paHr MaTpHIJ;bI A 
H HaH,IJ;HTe 68.3HC a.n;pa 3TOH MaTpHIJ;hl. 0603HaqbTe 3TOT 68.3HC: 

v1, ... , vk, r.n;e k =dim Ker A. 

(b) Hali,n;HTe perneHHH w1, ... , Wk ypaBHeHHH Awi =Vi· 

(c) By.izyT JIR BeKTopa wi, ... , Wk, v 1, ... , Vk 68.3RCOM rrpocTpaH-
CTBa JR4? "tfro 03HaqaeT OTBeT Ha 3TOT Bonpoc ,IJ;JIH npeo6pa30-

BaHHH f? 

( d) Hali,n;HTe 68.3HC Im A H Bbipa3HTe 3TOT 68.3HC qepe3 BeKTopa w i 
H vi. KaK 3TOT pe3yJibTaT cBa3aH c pe3yJibTaTaMH npe,n;b1.izym;e­
ro nyHKTa? 

10.18. HaM .n;atta MaTpRn;a 4 x 4: 

~). 
-3 

(a) C noMOlll;bIO pe.izyKIJ;HR no cTpoKaM noJiyqRTe 68.3HC a.n;pa A H 
68.3HC o6pa3a A. HaH:,n;HTe o6m;ee perneHHe ypaBHeHHH 

(b) IloJiyqRTe 68.3HCHhle BeKTOpa U1 H U2 MH ¢aKTOprrpOCTpaH­

CTBa U ~ JR4 /K"' A. BeKrop ( j) Bh<P"""'-" ~eJ>C3 mmy­

qeHHbie U1 H U2. 

10.19. IlyCTb w - BeKTOpHoe no.n;rrpocTpaHCTBO B IR4, HaTaHyToe Ha BeK­

TOpa 

CKanapHoe npoH3Be,n;eHRe B IR4 - 06b1qttoe eBKJIR.n;OBo. 

(a) IlocTpOHTe opTOHOpMHpOBaHHblH 68.3HC ,IJ;JIH w. 
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(b) 3anmnHTe BeKTOp v ~ ( -D B •Me cyMMhl eeKTOpa H3 

npocTpaHCTBa w H BeKTOpa, OpToroHa.JihHOro K w. 
( c) IlycTh f : 1R4 -+ JR3 onpe.n,eJieHO cPOPMYJIOH 

3anHIDHTe MaTpmzy, npe.n,cTaBJIHIOrnyIO npeo6pa30BaHHe f. 
c noMOIIIhIO pe.n,yKrt;HH no CTpOKaM noJiy'IHTe o6Illee pemeHHe 
ypaBHeHHH 

10.20. c nOMOIIIhIO pe.n,yKrt;HH no CTpOKaM noJiy'IHTe 6a3HC no.n,npocTpaH­

CTBa u E JR5' aHHYJIHPYIOIIIee npOCTpaHCTBO KOTOporo u j_ HaTHHYTO 
Ha BeKTOp-CTpOKH 

o 1 = (1,2,0,-1,2), 

o 2 = (2, 4, 3, 4, 4), 

o 3 =(0,0,1, 2, 1). 

o 4 = (3, 6, 5, 7, 8). 

IloJiy'IHTe o6Illee pemeHHe ,Il,JIH CHCTeMhl JIHHeil:HbIX ypaBHeHHH 

10.21. c nOMOIIIhlO pe.n,yKrt;HH no CTpOKaM noJiy'IHTe MaTpHizy, o6paTHYIO K 

10.22. IlycTh V - npocTpaHCTBO cPYHKrt;H:ii f Ha 1R2, o6Jia.n,aIOIIIHX cBoii:­
CTBOM J(>.x, >.y) = >.3 f(x, y). Ba3HCHhre BeKTopa npocTpaHCTBa V 
HMCIOT BH,IJ, 
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IlyCTb w - rrpOCTpaHCTBO 1-<PopM Ha IIJIOCKOCTH, HBJIHIOIIJ;HXCH 

KBa.z:q>aTHqHhIMH cPYHKIJ;HHMH x Hy. Ba3HC 3Toro rrpocTpaHCTBa HMe­

eT BH,ll; 

w1 = x 2 dx, w2 = xydx, W3 = y 2 dx, 

W4 = x2 dy, W5 = xydy, W6 = y2 dy. 

OrrepaTop d HBJIHeTCH JIHHeiiHhIM rrpeo6pa30BaHHeM H3 VB W. 

(a) HanmIIHTe MaTpIIey, npe,n;cTaBJIHIOieyIO onepaTop d B 3a,n;aH­

HhIX 683HCax. 

(b) IloJiyqIITe 683HC ,ll;JIH o6pa3a d II ,n;JIH <PaKTOpnpocTpaHCTBa 

G = W/(Imd). 

,y 

1 

al 

1 

x 

a2 

-1 

PMc. 10.6 

(c) ,Il;Ba 3JieMeHTa ,n;yaJihHOro npocTpaHCTBa W* o6o3HaqaJOTCH a 1 

II a 2 . IlpIIqeM a 1 npHnHchrnaeT JII06oMy aJieMeHTY w E W 
3HaqeHHe HHTerpaJia fol w, r,n;e a 1 HBJIHeTCH KBa,n;paTOM e,n;H­

HHqHOH ITJiorn;a,n;H 0 :::; x :::; 1, 0 :::; y :::; 1, npoXO,ll;HMbIM npOTHB 

qacOBOH CTpeJIKH, a ,ll;JIH 3JieMeHTa a 2 6epeTCH ,n;pyroii KBa.z:q>aT 

0:::; x:::; 1, -1:::; y:::; 0 (pHC. 10.6). IloJiyqHTe BeKTOpbI-CTpOKH, 

npe,n;cTaBJIHIOrn;He a 1 H a 2 . Haii,n;HTe JIHHeiiHhie KOM6HHaIJ;HH 

a 1 H a 2 , o6pa3yIOrn;He ,ll;YaJibHbIH 683HC ,n;JIH 683HCa npocTpaH­

CTBa G. 

(d) IlyCTb u o603HaqaeT npOCTpaHCTBO 2-<l>opM Ha IlJIOCKOCTH, KO­

TOpbie 3aBHCHT Jtuttei11w OT x Hy. Ba3HCOM aToro npocTpaHCTBa 

HBJIHIOTCH BeKTOpa 

{u1 = xdx /\ dy, u2 = ydx /\ dy}. 



542 BeKTOpHbie rrpocTpaHCTBa ... 

IlocTpOi!:Te MaTpHey, rrpe,n;cTaBJlHIOIIzyIO orrepaTop d H3 w Bu. 
"lfro HBmreTCH H.n;poM aToro orrepaTopa? 

10.23. IlycTb A - JIHHei!:Hoe rrpeo6p83oBaHHe H3 V B W; H rrycTb A*­
corrpH:>KeHHoe rrpeo6p830BaHHe H3 W* B V*. Ilpe,n;rroJio:>KHM, qTo 

MbI HMeeM rrpoH3BOJibHbre (He OOH3aTeJibHO )I.YaJibHb!e) 683HCb1 ,n;JIH 

V H V*: 683HC {v1, v2, ... , vm} ,l:t;JIH rrpocTpaHCTBa V H 683HC 
{a1,a2, ... ,am} ,n;JIH rrpocTpaHCTBa V*, r,n;e ai[vJ] = Sij· qHC­
Jia Sij o6p83yIOT m x m MaTpHey S. AHanoruqHo y Hae ecT1> 683HCbI 

{w1,w2, ... ,wn} H {{31,{32, ... ,/3n} ,l:t;JIH W H W* COOTBeTCTBeHHO, 

r.n;e /3k[wt] = Tkt· qHcJia Tk1 o6p83yIOT n x n MaTpHey T. (EcJIH 6b1 
MbI Bbr6pann )I.YaJibHbie 683HCbI, TO T H S 6hlJIH 6hl e,n;HHHqHbIMH 

MaTpH11aMH.) 

EcJIH A- MaTpH11a oTo6pa:>KeHHH B 683Hcax {vi} H {wi}, TO KaKoBa 
6y,n;eT A* - MaTpH11a corrpH:>KeHHoro oTo6pa:>KeHHH B 683HCax {/3i} 
H { ai}? 0TBeT Bbip83HTb qepe3 TpaHCIIOHHpOBaHHyro MaTpHey At n 

MaTPHllbI S H T. 

10.24. ,Ll;JIH BeKTOpHoro rrpocTpaHCTBa V, r.n;e orrpe,n;eJieHo CKaJIHpHoe rrpo­

H3Be,n;eHHe (v1, v2), corrpH:>KeHHOe rrpeo6p83oBaHHe A* MH JIHHeii:Ho­
ro rrpeo6p83oBaHHH A : V ---. V To:>Ke 6y,n;eT JIHHei!:HhlM rrpeo6p83o­
BaHHeM A* : V ---> V, orrpe,n;eJIHeMbIM cl>opMyJioi!: 

(a) IloKa:>KHTe, qTo aTo orrpe,n;eJieHHe cJie)I.YeT H3 orrpe,n;eJieHHH A*, 
KaK rrpeo6p83oBaHHH H3 V* B V*, c yqeToM 06b1qHoii: H,n;eHTH­

cPHKaU,HH V* c V, KOTopa5I cJie)I.YeT H3 CKaJI5IpHoro npOH3Be,n;e­
HHH5. 

(b) IloKa:>KHTe, qTo B opmoHOp.Mupo6aHHO.M 683Hce {e1,e2, ... ,en} 
MaTpH11a, rrpe,n;cTaBJIHIOillaH A*, 6y,n;eT TpaHCIIOHHpoBaHHoi!: K 

MaTpH11e A. 

( c) IlycTb 7r o603HaqaeT JlHHei!:HyIO orrepa11H10 OpTOrOHaJibHOro 
rrpoeKTHpOBaHHH H3 v Ha rro.n;rrpocTpaHCTBO w, T. e. )l;JlH JII0-

6oro v E V BeKTop 7rv rrpHHa)l;Jie:>KHT rro.n;rrpocTpaHCTBY W H 
BeKTOp v - 7rV opToroHaJieH aeKTopy 7fV. (Orrepa11HH 7r eCTb 
rrpeo6p83oBaHHe H3 V B V, rrpHqeM Im 7r = W.) IloKa:>KHTe, 
qTQ 7f* ='Tr. 

5
HarrOMHHM, 'ITO yrroMHHyTaH n,n;eHTH<PHKaD;HH 03Ha'laeT, 'ITO KruK,ll;OMy BeK­

TOpy u E V cTaBHTCH B cooTBeTCTBHe JIHHeHHaH cPYHKIJ;HH a E V*, ,n;elicTsyrom;aH 

no ¢opMyJie a(v) = (u, v). - IlpUM. pea. 
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(d) IlycTb v - npocTpaHCTBO IlOJIHHOMOB CTeneHH :S 2, r,r:i;e onpe­

,r:i;eJieHO CKaJI.HpHoe npOH3Be,r:i;eHHe (f, g) = J0
1 

f(t)g(t) dt. Bh16e­

peM 6a3HC V1 = 1, V2 = t, V3 = t 2. (9TOT 6a3HC He opTOHOpMH­
poBaH.) IlycTh A - JIHHeiiHoe npeo6pa30BaHHe, onpe,r:i;eJieHHoe 

<PopMyJioii 

Af(t) = f(t + 1). 

B aTOM 6a3Hce nocTpoiiTe MaTpHey, npe,r:i;cTaBJI.HIOieyIO A*. 

10.25. PaccMoTpHTe JIHHeiiHoe npeo6pa3oBaHHe H3 qeTbipexMepHoro BeK­

TOpHoro npOCTpaHCTBa v B TpexMepHoe BeKTOpHOe npOCTpaHCTBO 

w' KOTOpoe npe,r:i;cTaBJI.HeTC.H MaTpHI1eii 

1 
1 
3 

0 
2 

-2 
~). 

10 

(a) IlycTh M o6o3HaqaeT o6pa3 A. IloKa:>KHTe, qTo BeKTopa m 1 = m H m2 ~ G) o6pa3yroT 6a3uc IlOMPQCTpaucTBa M. 

(b) IlycTh H = W/M. IloKa:>ImTe, qTQ 6a3HC aToro <PaKTopnpo­

CTpaHCTBa COCTOHT H3 0/1HOffi BeKTOpa h, ~ ( ~) ' KOTO­

pbIH .HBJI.HeTC.H KJiaCCOM 3KBHBaJieHTHOCTH, co,r:i;ep:>KaII!HM BCe 

BeKTopa ( ~) + m, r)le m - 3"eMeHT M. fioKruKHTe, 'ITO 

(!) ~ -~h,, T.e ••• .,..,.., TaKoO 3HCMCHT m H3 npocrpau­

CTBa M, qT06b1 BhIITOJIH.HJIOCh paBeHCTBO 
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( c) IlycTh N o6o3HaqaeT .H,Iq)O A. 0,n;n:H 3JieMeHT H3 N paBeH n 1 = 

( -~ ) . HaA;oITe BTOpolt BeKTOp n,, TaK •ro6hl n1 H n, 6w;rn 

6a3n:CoM rrpocTpaHCTBa N. 
YKa3aHn:e: CHaqaJia npose,n;n:Te pe,ri;yKu;mo no cTpoKaM ,n;mi: 

MaTPH<"'1 A, a nOTOM Rll\lITe BeKTOP BH)la (I) · 
(d) IlycTb G o6o3HaqaeT <PaKTopnpocTpaHCTBO V/N. Ba3HCHhre 

-- (0~1) .. g2 = BeKTOpa 3TOro npocTpaHCTBa HMeIOT Bn:,n;: g1 .. 

m Ilo~~, •TO (D ~ 2g1 - 2g2, H Bb~a3HTe m 
qepe3 g1 n: g2. 

(e) IloJiy'In:Te Hecn:Hrym1pHyro 2 x 2 MaTpn:ey C, KOTopax npe,n;­
cTasm1eT A KaK npeo6pa3osaHn:e OT G (c 6a3HCOM g1, g2) KM 
(c 6a3HCOM m1, m2). 

(f) BeKTOp ( ~) B1"pa3HTe qepe3 m1 H m2. (YKa3airne' CAMaD­

Te Te :>Ke onepau;n:n:, KOTOpbre BbIIlOJIH8IOTCa rrpn: pe,ri;yKD;HH no 
CTpOKaM.) IlocJie 3TOrO npn:MeHHTe c-l, T. e. penrn:Te ypaBHe-

HBe Av ~ 0). 3anacaB OTBeT B BH)le v ~ ag1 + bg2 

( ~) + n, rAe n - npoH3BOBbHbrl\ MeMeHT B3 N. 

10.26. IlycTh J* o6o3HaqaeT conpa:>KeHHOe oTo6pa:>KeHn:e ,n;Jia f B npe,n;hl,ri;y­
ru;eii 3a,n;aqe. 0To6pa:>KeHn:e J* asJiaeTca oTo6pa:>KeHn:eM ,ri;yaJihHOro 
rrpocTpaHCTBa W* B ,ll;YaJihHOe npocTpaHCTBO V* n: 3a,n;aeTca cl>op­

MYJIO:li J*f3(v) = {3(fv), r,n;e f3 n: v - npOH3BOJihHhre 3JieMeHThl H3 
W* n: V. EcJin: B3»Th 6a3HChr, ,ll;YaJihHhie K n:cxo,n;HhIM 6a3n:caM B 
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rrpocTpaHCTBax V H W, TO f* rrpe,n;cTaBmieTc.a MaTpmi,eii:, TpaHcrro­

HHpoBaHHOii K A: 

(a) 

(b) 

At - (~ - 0 
3 

2 
1 
2 
2 

-~). 
10 

IloKa)KHTe, qTo o6pa3 J* corrp.a)KeH c rrpocTpaHCTBOM G. IlycTh 

gi H g2 - 3JieMeHThI V*, )1;YaJihHb1e K 91 H 92· Ka)K,Il;bIH CTOJI6eu; 
B MaTpnu;e At Bb1pa3HTe qepe3 gi H g2. 
IloKa)KRTe, qTo .a,n;po f * corrp.a)KeHo c rrpocTpaHCTBOM H. 
IlycTh 3JieMeHT '"'f1 ,n;yaJieH h1, T. e. '"'f1 (h1) = 1. IlycTh /31 -
aJieMeHT W*, BhI6Hparoxu;ttii: rrepByro KOMIIOHeHTY BeKTopa, T. e. 

13' ( ! ) ~a. Bhlp"3HTe 13' .epe3 'Y'· C~MaHTe ro .re '8MOe 

,Il;JI.H /32 
If /33' KOTOpbie BbI6HpaIOT BTOpyro If TpeTbIO KOMIIO­

HeHTbI BeKTOpa COOTBeTCTBeHHO. 

(c) Haii:,n;HTe TaKHe BeKTopa a 1 H a 2 B rrpocTpaHCTBe W*, qTo 

f*a1 = /31, f*a2 = /32. IloKa)KHTe, qTo a 1, a 2 H '"'f1 06pa3yroT 
6a3RC ,Il;JI.H W*. 



rJiaBa 11 

Onpe,n;eJI:uTeJI:u 

fJrnBa 11 IIOCBHill,eHa ,ll,OKa3aTeJibCTBaM OCHOBHbIX CBOHCTB 

orrpe,ll,eJiuTeJieii MaTpuu; n x n. Ctta'fana rrpHBO,ll,HTCH aK­

CHOMhI ,ll,JIH orrpe,ll,eJIHTeJieii, IIOTOM ,ll,aIOTCH MeTO,ll,bl RX 

Bbl'fHCJieHHH. 

BBe,n;ett11e 

B 3TOii rJiaBe MhI o6cy,ll,HM CBOHCTBa orrpe,L1,eJI11TeJieii MaTp11u; pa3Mepa 

n x n. IlycTh A - MaTp11u;a n x n. CToJI6rJ;bI 3TOH MaTpHIJ;hI 6y,L1,eM 

o6o3Ha'faTh Ai, ... , An. ,[I;JIH e,ll,HHH'fHOH MaTpHIJ;hI JI pa3Mepa n x n 
CTOJI6IJ;bl HMeIOT BH,ll,: 

. . . ' II T.,lJ, . 

Tor,L1,a ,ll,JIH rrpo113BOJibHOH MaTpHIJ;hI A 

... ' 

,L1,pyr11M11 cJI0BaM11, Ai HBJIHeTCH o6pa30M Ii, T. e. i-ro BeKTopa cTaH­

,L1,apTttoro 6a311ca B ~n rrp11 oTo6pa)KeHHH A. 
Mbr xoTeJIH 6br orrpe.n;eJIHTb Det A KaK opuettmupoeatt'H/blU 06?>­

e.M napa.!l.liMenuneaa, rrocTpoettttoro Ha BeKTopax Ai, ... , An. Ha­

mH 3HaHHH, lIOJiy'feHHbie B rJiaBax 1 II 4, II03BOJIHIOT roaopHTb, '-ITO 
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3TOT opn:eHTHpOBaHHhIH o6'beM 6y,n;eT nOJIHJIHHeil:HhIM, T. e. JIHHeil:­

HhIM no Ai npn: <l>n:Kcn:poBaHHhIX A2, ... , An, JIHHeil:HhIM no A2 npn: 

<l>n:Kcn:poBaHHhIX Ai, A3, ... , An, n: TaK ,n;aJiee. BcJie,n;cTBHe HaJIHqH.H 

opneHTalJHH MhI O)Kn.n;aeM, qTo Det A aHTHCHMMeTpnqeH no cToJI6-

11aM, T. e. nepecTaHOBKa mo6bJX ,IJ;BYX CTOJI61JOB MaTpHIJhl H3MeH.HeT 

3HaK onpe,n;eJinTeJI.H. Mhl ,IJ;OJI)KHhI ,n;aTh onpe,n;eJieHHe onpe,n;eJin:TeJI.H 

n: ,n;oKa3aTh, qTo OH o6Jia,n;aeT Tpe6yeMhIMH CBOil:CTBaMn:. MaTepHaJI 

H3JiaraeTC.H KJiaccnqeCKH, Haqn:Ha.H c OCHOBHhIX aKCHOM ,Il;Jl.H onpe­

,n;eJIHTeJieil:. Mb1 BhITIHIIIeM OCHOBHhie cBoil:cTBa, KOTOphIMH ,IJ;OJI)KHhI 

o6Jia,n;aTb onpe,n;eJIHTeJIH, H noKa)KeM, qTo 3TH CBOHCTBa 3a,IJ;aIOT ero 

O,Il;H03HaqHo. ,Z:WyrHMH CJIOBaMH, noKa)KeM, qTo CyIIJeCTByeT He 6oJiee, 

qeM O,IJ;Ha <l>YHKIJH.H OT 3JieMeHTOB MaTpHIJhl c Tpe6yeMbIMH CBOHCTBa­

MH. 3aTeM noJiyqn:M npaBHJia BbJqn:cJieHH.H onpe,n;eJIHTeJieil: H noKa­

)KeM, qTo <l>YHKIJH.H, y,n;oBJieTBOp.HIOIIJa.H aKCHOMaM, cyIIJeCTByeT. Ilo­
TOM .n;a,n;n:M .n;pyrn:e onpe,n;eJieHH.H onpe,n;eJIHTeJieil: n: y6e,n;HMC.H, qTo 

Bee onpe,n;eJieHH.H .n;aroT o,n;Hy n: TY )Ke <l>YHKIJHIO. 

B nocJie.n;yIOIIJeM MhI 6y,n;eM paccMaTpHBaTh <l>YHKIJHIO OT MaT­

PHIJ. EcJin: 3Ta <l>YHKIJH.H BhJqn:cJI.HeTC.H ,IJ;JI.H KOHKpeTHOil: MaTpHIJhI A, 
TO nn:meM D(A) HJIH D(Ai, ... , An), qT06h1 no,n;qepKHYTh, qTo 3TO 

<l>YHKIJH.H OT n BeKTopoB Ai, ... , An. EcJin Bee CToJI61JhI, KpoMe k-ro, 

<l>nKCHpOBaHhI, TO Mhl noJiyqn:M <l>YHKIJHIO o,n;Horo CTOJI611a, KOTopyIO 

6y,n;eM o6o3HaqaTh Dk· Hanpn:Mep, 6y,n;eM nHcaTh 

( CTporo roBop.H, B o6o3HaqeHHH Dk MhI ,n;OJI)KHhI oTpa3HTh nocTO.HH-

HHe BeKropH A1 ~ (-D HA3 ~ CD n nncaTb 

HO 3TO o603HaqeHHe CJIHIIIKOM rpOM03,IJ;KO.) 
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11.1. AKCHOMhI ~JUI onpe~eJIHTeJieii 

<I>yttKr:i;iu1 MaTpHu, D Ha3hIBaeTC51 onpeaeJtumeJte.M, ecJIH otta y,n;oBJieT­

Bop51eT CJie,ZI,yIOIIJ;HM ycJIOBH51M. 

Dk(Ak +A~)= Dk(Ak) + Dk(AU, 

Dk(cAk) = cDk(Ak)· 
(11.1) 

,IJ;pyrHMH CJIOBaMH, D JIHHelitta no K8.)K,Il;OMY CTOJI6u.y, Kor.n;a 

.n;pyrHe CTOJI6U,hl <l>HKCHpOBaHbl. 

o EcJIH ,n;Ba coce,n;HHX CTOJI6u,a MaTpHU,hI A paBHhI, TO 

D(A) = 0. (11.2) 

HaKotteu,, 

D(H) = l. (11.3) 

Ilpe.n;rroJio:>KHM, qTo <l>YHKU,H51 D, y,n;oBJieTBOp51IOIIJ;a51 CBOHCTBaM 

(11.1) H (11.2), cyrn;ecTByeT. "l!TO H3 9TOro CJie,ZI,yeT? 

EcJtu oau'H cmoJt6eu, YM'HO:>tCUm'b na 'X:a-x;oe-mo "iUCJtO u npu6a-

6Um'b ew -x; coceatte.My, mo 3tta"iettue <f>yn-x;u,uu D ne U3.Mettumc.R. 

,4o-x;a3ameJt'bCffi60. IlpH6aBHM K (k + 1)-My CTOJI6u.y k-li, YMHO­

)KeHHhIH Ha c. IloJiyqHM 

D(A1, ... , Ak, cAk + Ak+l, Ak+2, ... , An) 

= D(A1, ... , Ak, Ak+l• Ak+2 ... , An) 

+ cD(A1, ... , Aki Ak, Ak+2, ... , An) 

= D(A1, ... , An)· 

3.n;ecb HCITOJih30BaJIHCh ycJioBH51 ( 11.1) H ( 11. 2). HarrpHMep, 

(11.4) 

"l!T06hI ITOJiyqHTb ern;e O,IJ;HO CBOHCTBO orrpe,n;eJIHTeJI51, rrpH6aBHM k-ii 
CTOJI6eu. K (k + 1)-My, rroJiyqHBlliHHC51 (k + 1)-li CTOJI6eu. BblqTeM H3 
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k-ro CTOJI6u;a, ITOTOM ern;e pa3 ITpH6aBHM ITOJiyqeHHhIH k-ii CTOJI6eu; K 

(k + 1)-My. B pe3yJihTaTe ITOJiyqHM: 

D(A) = D(A1, ... , Ak-1, Ak, Ak + Ak+l, Ak+2, ... , An) 

= D(A1, ... , Ak-1, Ak - (Ak + Ak+i), Ak + Ak+l, ... , An) 

= D(A1, ... , Ak-1, -Ak+l, Ak + Ak+l• Ak+2, ... , An) 

= D(A1, ... , Ak-1, -Ak+l, Ak + Ak+l - Ak+l, ... , An) 

= D(A1, ... , Ak-1, -Ak+l, Ak, Ak+2, ... , An) 

= -D(A1, ... , Ak-1, Ak+1, Ak, Ak+2, ... , An). (11.5) 

TaKHM o6pa30M, nepecmatt06'/W a6yx coceanux cmoA6'1J,06 U3.MettRem 

3tta'X: onpeaeAumeAR D(A). 0Tc10.n.a HeMe.n.JieHHo cJie.n.yeT, qTo 

eCJl,U a6a cmoA6v,a .MampU'IJ,'bt A pa6'1i'bt, mo D(A) = 0. (11.6) 

,LI,eiiCTBHTeJihHO, eCJIH y MaTpHD;hl eCTh ,11,Ba 0,11,HHaKOBhIX CTOJI6-

u;a, TO Mhl MO)KeM ITepecTaBJI.HTh COCe,11,HHe CTOJI6D;hl ,11,0 Tex ITOp, ITOKa 

HamH CTOJI6D;hl He CTaHyT p.H,11,0M. IlocJie 3TOro OCTaeTC.H BOCITOJih30-

BaThC.H CBOHCTBaMH (11.2) H (11.5). CchIJIKH Ha CBOHCTBa (11.1) H 

(11.6) ITpHB0,11,.HT Hae K ern;e 0,11,HOMY CJie,11,CTBHIO. 

EcAU Y.M'liO~Um'b oaun cmoA6ev, na "iUCJl,O 

U npU006Um'b ezo 'X: apy20.My cmoA6V,y, 

mo 6eAU"iUtta D(A) ne U3.MettRemcR. 

(11. 7) 

Ilpo,11,0JI)KHM Ham ITPHMep BhJqHcJieHH.H oITpe.n.eJIHTeJI.H. Mh1 ITO-

TeITeph 1-il: cToJI6eu; YMHO)KHM Ha 7 H BhJqTeM H3 3-ro, a 3aTeM 2-ii 

CTOJI6eu; YMHO)KHM Ha 2 H BhJqTeM H3 3-ro: 

ITO CBOHCTBY (11.1). 
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C.n;enaeM ern,e o,n;HH rrpHMep. 

D {1(
34

2 

22

1 -~l)~ 2-ii cToJI6eu; YMHO)KHM Ha 2 

\ 

1

) H BblqTeM H3 1-ro 

= D fi(-0

01 22

1 -~l )~ 1-ii: cToJ16eu; yMHO)KHM Ha 2 

\ ') H CJIO)KHM CO 2-M 

= D ((-! ~ j)) 1-A cronWn rrpH6aBHM K ~MY 
= D { 1(-

0

01 02

1 -~l )~ 2-ii: cTon6eu; YMHO)KHM Ha 4 

\ ') H BblqTeM H3 3-ro 

= D ( ( - ~ ~ j)) BOCITOJib3yeMCHaKCHOMOA (11.l) 

= -9D fi(-0
01 02

1 ~1)~ 3-ii: CTOJI6eu; YMHO)KHM Ha 2 
\ ') H BblqTeM H3 2-ro 

= -9D ( (-! ~ rn MeHHeM MecTaMH 1-h 2-A cmHfin~ 

= 9D (G -! rn BOCilOnL3yeMCH •KCHOMOA (11.1) 

=-9D (G ! D). 
EcJ1H Terreph 11crroJ1b30BaTb aKcHoMy (11.3), TO rroJ1yqaeM 
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3aMeTJiM TaK)Ke, 'ITO H3 (11.7) CJie.zzyeT (.npKa3hIBaeTCH KaK B (11.5)), 
'ITO 

nepecma'l-ta6'K:a aByx Jl,'I06'btX cmoA6'U,06 U3Me'H.Ftem 3'Ha'K: D(A). 
(11.8) 

eCAu cmoA6t1,'bt A AU'Heu'Ho aaBUCUM'bt, mo D(A) = 0. (11.9) 

,Il;eitcTBHTeJihHO, ecJIH AiA1 + · · · + AnAn = 0 H HeKOTopoe 3Ha'ieHHe 

Ai #- 0, TO MO)KHO pa3,n;eJIHTh 3TO cooTHomeHne Ha Ai H rroJiy'IHTh 

Ai - ciA1 - · · · - enAn = 0, Ci = 0. 

IIoaToMy BhI'IHTaHne c1A1 HT. ,n;. H3 i-ro CTOJI6n;a He H3MeHHeT D(A) 
( CJie,IJ;CTBHe (11. 7)) Ii npHBO,Il;HT K MaTpnn;e c HyJieBbIM i-M CTOJI6n;oM. 

Tor,n;a BCJie,n;cTBne (11.1) D(A) = O. B qacTHOCTH, MhI 3HaeM, 'ITO 

mo6b1e n BeKTOpoB BR)J,a 

((i)) 
( c HyJieM B nepBOH CTpOKe) JIHHeHHO 3aBHCHMhI. Ilo3TOMY 

eCAu Bee 3AeMe'Hm'bt Bepx'Heu cmpo'K:u Mampuv,'bt A 

pa6'H'bt HYA'IO, mo D(A) = 0. 
(11.10) 

Ilpe,n;rroJIO)KHM, 'ITO XOTH 6bI O,IJ;HH 3JieMeHT B BepxHeii CTpoKe 

MaTpnn;hI A He paBeH Hymo. IIepecntBJIHH cToJI6IJ;hl, ecJin aTo Ha,n;o, 

Bcer,n;a MO)KHO c,n;eJiaTb TaK, 'ITO nepB'btU CTOJI6en; HMeeT HeHyJieBOH 

3JieMeHT B BepxHeii cTpOKe. CJie,n;oBaTeJihHO, 

D(A) = ±D(B), r,IJ,e bn #- 0. 

Ho Tor,n;a 

D(B) = bnD(B'), 

r,n;e ,IJ;JIH MaTpnn;w B' nepBhIH CTOJI6en; B~ = (1/b11 )B1. 
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y MHO)Ka51 rrepBblH eTOJI6eu, Ha eOOTBeTeTBYIOlll,HM K03cpqmu,HeHT 

H Bbl'IHTa51 H3 oeTaJibHbIX eTOJI6U,OB, MO)KHO e,n;eJiaTh TaK, 'IT06hI Bee 

oeTaJibHhie 3JleMeHTbl B rrepBOH eTpOKe 6bIJIH paBHbl HYJIIO, T. e. 

r,n;e 

D(B') = D(B"), 

1 0 . . . 0 

B" nl 

c 

PaeeMOTpHM D(B") KaK cpyHKU,HIO MaTpHU,hI C. QqeBH,ll;HO, 'ITO aK­

eHOMhI (11.1) H (11.2) y,n;oBJieTBOp5IIOTe51. KpoMe 3Toro, eeJJH 6h1 C 
6hIJia e)l,HHH'IHOH MaTpHu,eit ( n - 1) x ( n - 1), Mbl MOrJIH 6bI, He H3Me­

H5151 3Ha'!eHH51 D(B"), e,n;eJJaTh Bee 3JieMeHTbI rrepBoro eToJ1611,a b~1 , 
b~l H T. ).1,. paBHblMH HYJIIO (yMHO)Ka51 oeTaJibHbie eTOJI6U,bl Ha eooT­

BeTeTBYIOlll,He MHO)KHTeJIH II BhI'IHTM H3 rrepBoro). HarrpnMep, 

D ((~ 
0 0 

rn 
1 0 2-it CTOJI6eu, YMHO)KaeM Ha 2 

0 1 H Bbl'IHTaeM H3 1-ro 

0 0 

~Dm 
0 0 

m 1 0 3-it eToJ16eu; YMHO)KaeM Ha 3 
0 1 H Bbl'IHTaeM H3 1-ro 

0 0 

~D ((~ 
0 0 

rn 
1 0 4-it eTOJI6eu; YMHO)KaeM Ha 4 

0 1 H Bbl'IHTaeM H3 1-ro 

0 0 

~Dm 
0 0 

m 
1 0 
0 1 

0 0 
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,UpyrHMH CJIOBaMH, cPYHK:u;mr 

1 0 . . . 0 

D B" 21 

B" nl 

c 

KaK cPYHKIJ;HR OT c y,n;oBJI€TBOpReT BCeM aKCHOMaM ,Il;JIR orrpe,n;eJIHTe­

JIR MaTpu:u; (n - 1) x (n - 1). CJie,n;oBaTeJihHO, 

D(B") = D(C), 

r.n;e crrpaBa CTOHT D-<PYHKIJ;HR ( ecJIH oHa cyi:u;ecTByeT) ,IJ;JIR MaTpmi; 

(n - 1) x (n - 1). 
Ei:u;e pa3 rroBTOpHB rrpe,n;h1.n;yi:u;ne paccy)K,IJ,eHm1, MhI rrpuxo,n;uM K 

Bhrno.n;y, 'ITO HJin D( C) = 0 ( ecJIH Bee aJieMeHThI B rrepBoii cTpoKe 

paBHhI tty mo) HJIH D ( C) MO)lrno Bhlpa3HTh KaK D-cPYHKIJ;HIO MaTpu:u; 

(n - 2) x (n - 2). l1 TaK MO)KHO crrycKaThC.51, IIOKa He .n;oii,n;eM .n;o 
MaTpu:u; 1 x 1, ,IJ;Jl5I KOTOpblX H3 aKCHOM (11.1) H (11.3) CJie.n;yeT, 'ITO 

D(a) = a(D(l)) =a. 

TaKnM o6pa30M, MhI ,IJ;OKa3aJin, 'ITO D-cPYHKIJ;H5I, ecJIH otta cy­

i:u;ecTByeT, eau'HCm6e'H'Ha, H IIOJIY'IHJIH rrpaBHJIO ,IJ;JIR ee Bhl'IHCJI€HHR. 

HarrpuMep, rrycTh 

Mo)KHO rroKa3aTh, 'ITO D(A) = -D(B), r.n;e 

(

-1 3 

B = 1 4 
2 7 
3 9 

0 4) 2 5 
-4 8 ' 

2 2 
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a )l;aJihrne rroJiy'IaeM, 'ITO D(B) = -D(B"), r,IJ;e 

B" = c~ 
0 0 0) 7 2 9 

-2 13 -4 16 . 
-3 18 2 14 

,It;a.rree, D(B") = D(C), r,IJ;e 

HaKotten,, 

C= (1; 2 1:) -4 
18 2 14 

D(C) = 2D f1(1~ -~ 1~)~ 
\ 18 1 14 

1

) 

= -2D ((-~ ~~ ~rn 
= -2D ((-~ ~~ 3rn 
= -2D ((~~ 3!)) 
=-2·27D((11:27 354)) 

= - 2 . 27D (( 11~27 5 - 34 ~ 11/27 )) 

= -2. 27(5 - 34. 11/27) = 478. 

555 

B cJie,IJ;y101n,eM rraparpa<Pe MhI ,IJ;a,IJ;nM ,IJ;pyroe ,IJ;OK8.3aTeJihCTBO 

e,IJ;llHCTBeHHOCTH D(A) n ,IJ;pyroii: pen,errT ero BhI'IllCJieHmI. Ho ttaM 

eIIJ,e Ha,IJ;o rroKa3aTh, 'ITO D(A), y,IJ;OBJieTBop.HIDIIJ,nii: ycJIOBll.HM (11.1), 
(11.2) H (11.3), cyIIJ,eCTByeT. 

lfa rrpnBe,IJ;eHttoro crroco6a BhI'IMcJieHn.H orrpe,IJ;eJinTeJI.H A MO)KHO 

rroJiy'IttTh Ba)KHOe cJie,IJ;CTBMe. Ilpe,IJ;rrOJIO)KMM, 'ITO MaTpMn,a A MMeeT 
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A= (t ~)' 
r,n;e L ecTb MaTpnu;a k x k, N - MaTpnu;a (n - k) x (n - k) MM -
MaTpnu;a, y KOTOpoii k CTPOK H ( n - k) CTOJI6D;OB. ~yr.HMM CJIOBa­

MH, rrpe,n;rroJIO:>K.HM, 'ITO rrepBhie k CTon6u;oB MaTp.HD;hI A .HMeIOT HYJIM 

B rrocne,n;Hnx n - k rro3.HD;M.HX. B 3TOM cnyqae rrepBbie k cTon6u;oB 

MaTpnu;hr A JI.HHeiiHo 3aBMC.HMhI MJIM JIMHeiiHo He3aB.HC.HMhI Tor,n;a n 

TOJihKO Tor,n;a, Kor,n;a cToJI6D;hI MaTp.HD;hI L mrne:HHo 3aBMC.HMhI MJI.H 

JI.HHeiiHO He3aB.HCHMbI, T. e. IIOCJie,lJ;H.He n - k HyJieBbIX 3JieMeHTOB He 

BJIM.HIOT Ha JI.HHeiiHyro 3aB.HC.HMOCTb HJIH He3aB.HCMMOCTb 3TMX CTOJI6-

D;OB. EcJI.H 3T.H cToJI6D;hI JI.HHeHHO 3aB.HCMMhr, TO 

D(A) = 0 H D(L) = 0. 

EcJI.H :>Ke OHM JI.HHeiiHo He3aB.HCMMhr, TO rrpnMeH.H.H BhIIIIe.H3Jio:>KeHHbrii 

MeTo,n;, MO:>KHO MCIIOJib30BaTb rrepBbie k CTOJI6D;OB H 3aMeH.HTb MaTp.H­

u;y M HyJieBoii MaTpnu;eii, He M3MeH.H.H rrpn 3TOM 3JieMeHThI MaTpnu;hr 

N. B 3TOM cJiyqae 

D ( t ~) = D(L)D(N). (11.11) 

9Ta <PopMyna .HBJI.HeTC.H o6o6ru;eHMeM Ha rrpocTpaHCTBO n .H3Mepe­

H.HH <PopMyJihI BhI'IMCJieHM.H rrnoru;a,n;n rrapannenorpaMMa (pnc. 11.1). 
B ,n;ByMepttoM cnyqae MhI nonyqaeM 

D ( ( ~ ~)) = xv. 

9To Op.HeHT.HpOBaHHa.H IIJioru;a,n;h rrapannenorpaMMa, IIOCTpOeHHOrO 

Ha BeKTOpax ( ~) H ( ~)' rrp.H'ICM OHa paBHa OpMeHTMpOBaHHOH 

rrnoru;a,n;n rrapannenorpaMMa, rrocTpoeHHoro Ha BeKTopax ( ~) .H 

(~). 
B TpexMepHOM cnyqae 
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11. 2. 3aKoH yMHO)Kett1u1 
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PHC. 11.2 

H ,ri;pyrHe CJie,l);CTBH5l aKCHOM 

PaccMOTpHM ellle HeK0Topb1e cJie,n;cTBHH H3 CBoiicTBa (11.8) o rrepe­

cTaHOBKe ,ll.BYX CTOJI6ll,OB orrpe,n.eJIHTeJIH. IlycTb (v1, ... 'Vn) - rrpo­

H3BOJlhHaH rrepecTaHoBKa qHceJI ( 1, ... , n). Bo3bMeM orrpe,n.eJinTeJih 

MaTpHll,hl c rrepecTaBJieHHhIMH CTOJI6ll,aMH 

H 6y,n.eM rrorrapHO rrepecTaBJIHTb HX ,n.o Tex rrop, IIOKa He BepHeMC.H K 

ncxo,n.RoMy rropH,n.Ky. Ha Ka)K,ll.OM mare 6y,n.eM rrpHMeHHTh cBoiicTBO 

(11.8) M rrpn,n.eM K BbIBO,Izy, qTo 

D((Avl' ... 'AvJ) = ±D((A1, ... 'An)), (11.12) 

r,n.e 3HaK + HJIH - He 3aBHCHT OT KOHKpeTHhIX 3HaqeHHH MaTpHq­

HhIX 3JieMeHTOB MaTpMll,hI A. Ecm1 (11.12) npnMeHHTh K e,n.HHHqHoii 

MaTp»:u.e, TO IIOJiyqHM 

(11.13) 
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IlycTh B = (bij) - ,n,pyra.H MaTp1m,a n x n H nycTh 

C=AB. 

CToJI6ll,hI MaTpHll,hI C paBHhI 

,ll;JI.H BhiqHcJieHH.H D(C) MhI MO)KeM cttaqana npttMeHMTh (11.1) K nep­

BOMY CTOJI6u,y c H IIOJiyqHTh cyMMY HeKOTOphIX CJiaraeMhIX; IIOTOM 

MO)KHO rrpo,IJ,eJiaTh TO )Ke caMOe co BTOphIM CTOJI6ll,OM, H TaK ,IJ,aJiee. 

HarrpttMep, B TpexMepttoM cJiyqae 

Tor,IJ,a 

D(C1, C2, C3) 

C1 = buA1 + bi2A2 + bi3A3, 

C2 = bi2A1 + b22A2 + b32A3, 

C3 = bi3A1 + b23A2 + b33A3 

= bnD(A1, C2, C3) + b21D(A2, C2, C3) + b31D(A3, C2, C3) 

= bn{b12D(Ai,A1,C3) + b22D(A1,A2,C3) + b32D(Ai,A3,C3)} 

+ b21 {b12D(A2, Ai, C3) + b22D(A2, A2, C3) + b32D(A2, A3, C3)} 

+ b31 {b12D(A3, Ai, C3) + b22D(A3, A2, C3) + b32D(A3, A3, C3) }. 

Ilpe)K,Il,e qeM ,Il,BHraThC.H )J,aJihIIIe, MO)KHO HCKJIIOqHTh CJiaraeMhie c IIO­

BTOp.HIOill,HMHC.H CTOJI6u,aMH. QqeBH)J,HO, qTo OCTaHyTC.H TOJihKO Bhipa­

)K€HH.H Tima D((A111 , A112 , A113 )), a OHH B CHJIY (11.12) paBHhI ±D(A). 
TaKHM o6pa3oM, B o6Ill,eM cnyqae MhI BH,IJ,HM, qTo 

(11.14) 

r,IJ,e 6epeTC.H cyMMa no BCeM rrepecTaHOBKaM H 3HaK ± COOTB€TCTByeT 

(11.12). 
Ilpe,IJ,IIOJIO)KHM, qTo A = JI. lfa (11.14) cJie,IJ,yeT, qTO C = B H 

(11.15) 

TaKHM o6pa30M, MhI rroJiyqttJIH .HBHhifi BH,Il, D(B), qTo elll,e pa.3 ,IJ,OKa-

3hIBaeT e,z::i;ttHCTBeHHOCTh orrpe;::i;enttTeJI.H, ecJIH OH cylll,eCTByeT. Ecntt 
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(11.15) IIO,Il;CTaBHTb B (11.14), TO IIOJiyqaeTCH Ba.>KHbIH 3aKOH YMHO­

)K€HH5I orrpe,n;eJIHTeJieii: 

D(AB) = D(A)D(B). (11.16) 

Ka)K,n;hIIi qJieH B (11.15) co.n;ep:>KHT TOJihKO o,n;HH 3JieMeHT H3 Ka:>K­

.n;oii cTpoKH MaTpHIJ;hI B. Ilo3TOMY 

D(B) - Jl,UHeuHM <fiyH'K:'IJ,UR 'IW;J1Cdou cmpor.:,u 

npu <fiur.:,cupoBaHH'btX dpyeux cmpor.:,ax. 
(11.1') 

Bhrne,n;eM eru;e o,n;Ho cBoiicTBO orrpe,n;eJIHTeJIH, CBR3aHHoe c ero 

CTpOKaMH. IlycTb ,Il;Jl51 HeKOTOporo 3HaqeHH5I 1 ::::: i < n MaTpHu;a 

A HMeeT BH,n; 

Ak = Ik, k =f- i, i + 1, 

Ai =Ii+ Ii+1, 

Ai+1 = 0. 

HarrpHMep, ,n;JIH n = 3 H i = 2 y Hae 6bma 6hr MaTpnu;a 

3aMeTHM, qTo B MaTpHu;e AB Bee cTpOKH, KpoMe (i+l)-ii, coBrra,n;aIOT 

co cTpoKaMH MaTpHu;hr B, a (i + 1)-.a cTpoKa 3aMeHeHa Ha i-IO. B 

HaIIIeM rrpHMepe MbI rronyqHJIH 6bI 

KpoMe Toro, D(A) = 0, rroTOMY qTo o,n;HH CTOJI6eu; 3TOH MaTpHIJ;hI 

HyJieBoii. c ITOMOIIJ;hIO rro.n;o6Horo IIOCTpoeHHH MO)KHO rrpHiiTH K BbI­

BO,Il;Y, '-ITO 

ecJ1,u B u.Meem dBe oduHa'K:OB'btX cocedHux cmpor.:,u, mo D(B) = 0. 
(11.2') 
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9TO 3Ha'IHT, 'ITO D(Bt) y,n;oBJieTBopa:eT aKCHOMaM (11.1) H (11.2), rro­

TOMY 'ITO 3aMeHa B Ha TpaHcrroHnpoBaHHYIO MaTpnuy Bt rrpHBO,IJ;HT K 

rrepecTaHOBKe pOJIH cTpOK II CTOJI6U.OB. IIocKOJihKY D(lit) = D(lI) = 1, 
TO cpyHKU.Ha: D(Bt) y,n;oBJieTBop51eT aKCHOMaM (11.1)-(11.3) n BcJie.n;­

CTBHe e,n;HHCTBeHHOCTH orrpe,n;eJIHTeJI51 ,n;om1rna coBrra,n;aTh c D(B). 
,Il;pyrHMH CJIOBaMH, 

(11.17) 

11.3. Cy:m;ecTBOBaHHe orrpe,n;eJIHTeJu1 

Terreph, HaKoHeu., MhI ,n;omKHhI ,IJ;OKa3aTh cyru.ecTBOBaHne orrpe,n;eJIH­

TeJI51, T. e. IIOCTpOHTh cpyHKil,HIO MaTpHU. n x n, KOTOpa51 YAOBJieTBO­

p51eT (11.1), (11.2) H (11.3) 1. 

,Il;JI51 n = 1 rroJIO)KIIM no orrpe,n;eJieHHIO D ( (a)) = a. 

,Il;JI51 n = 2 orrpe,n;eJIHM D ( ( ~ ~)) = ad - be. JierKo rrpo­

BepHTh, 'ITO aKCHOMhl (11.1)-(11.3) B 3TIIX CJiyqa51x BhIIIOJIH51IOT­

C51. Ilpe,n;IIOJIO)KHM, 'ITO cyru.ecTBYIOT orrpe,n;eJIHTeJIH MaTpHU. pa3Mepa 

(n-1) x (n-1). IlycTh A= (aik) - MaTpnu.a n x n. Bo3hMeM HeKOTO­

phIH MaTpH'IHhIH 3JieMeHT aik H3 i-i1 cTpOKH n k-ro cToJI6u.a. Bhr'IepK­

HeM H3 MaTpHil,hI A i-IO CTpoKy n k-ti cToJI6eu.. Terreph paccMoTpHM 

orrpe,n;eJIHTeJih )J;JI51 IIOJIY'IHBIIIeHC51 MaTplIIl,hl ( n - 1) x ( n - 1). 9TOT 

orrpe,n;eJIIITeJih, yMHO)KeHHbIH Ha ( -1 )i+k' Ha3bIBaeTC51 aJ1,2e6pau"ie­
C'/W.M, oonOJl,'H,e'H,Ue.M 3JieMeHTa aik II o6o3HaqaeTC51 Aik· 3HaK (-l)i+k 
pacrrpe,n;eJieH B IIIaxMaTHOM rrop51,IJ;Ke, a HMeHHO: 

+ + 
+ + 

+ + 
+ + 

1 
Ha caMOM ,L1eJie cyrn;ecTBOBamrn TaKoti: <l>YHKIJ;IUI CTaJIO o'leBfl,LIHhIM paHee, 

KOr,[\a 6hIJia IIOJiy'leHa <l>opMyJia (11.15) - HBHOe Bblpa2KeHfle D(B) qepe3 3Jie­

M€HTbl MaTpflIJ;hI B. B 3TOM rraparpa<l>e rrpflBO,LlflTCH HeCKOJibKO ,L1pyrflx Ba2KHhIX 

IIOHHTflH fl <l>opMyJI: aJire6pafl'l€CKfle ,LIOIIOJIH€HflH fl Bbl'lflCJieHfle orrpe,L1eJif1Te­

Jieti: c flX IIOMOIIl;bIO, IIpflC0€,[lflH€HHaH MaTpflu;a, crroco6 HaxO:lK,[\€HflH o6paTHOH 

MaTpflIJ;hI. - Ilpu.M. pea. 
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IlycTh i - HeKoTopoe <i>HKCHpoBaHHoe qHcJio OT 1 ,n;o n. PaccMOT­

pHM cJielJ.YIOrn;JIO <i>YHKIJ;HIO D OT MaTpHIJ;hI A: 

(11.18) 

Ee CTPYKTypa - cyMMa ITpOH3Be,n;eHHH Bcex 3JieMeHTOB i-fi CTpOKH 

Ha HX aJire6paHqecKHe lJ.OITOJIHeHHH. 

PaccMOTpHM 3aBHCHMOCTh D OT 3a,n;aHHoro cToJI6u;a, CKa*eM, OT 

Ak. ,Il;JIH v =/::. k Aiv 3aBHCHT JIHHefiHo OT Ak, a aiv He 3aBHCHT 

OT Hero; lJ.JIH v = k Aik He 3aBHCHT OT Ak, HO aik HBJIHeTCH aJie­

MeHTOM 3Toro CTOJI6u;a, T. e. 3TO CJiaraeMOe TaK)l(e JIHHeHHO 3aBHCHT 

OT CTOJI6u;a Ak. TaKHM o6pmoM, aKCHOMa (11.1) BhIIIOJIHHeTcH. ,Il;a­

Jiee, ITpe,n;ITOJIO)l(HM, qTo ,n;Ba coce,n;HHX CTOJI6u;a Ak H Ak+l paBHhI. 

,Il;JIH v =!= k, k + 1 MhI HMeeM ,n;Ba OlJ.HHaKOBhIX cToJI6u;a B Aiv, T. e. 

Aiv = 0. IlpH BbiqHcJieHHH Aik H Ai,k+l HCITOJih3JIOTCH OlJ.HHaKOBbie 

OITpe,n;em·ITeJIH, HO c ITPOTHBOITOJIO)l(HhIMH 3HaKaMH. CJie,n;oBaTeJihHO, 

Aik = -Ai,k+l, a aik = ai,k+l· TaKHM o6pmoM, D = 0 H BhIIIOJIHHeT­

CH aKCHOMa (11.2). B qacTHOM cJiyqae Av =Iv (v = 1, 2, ... , n) MhI 

HMeeM aiv = 0 lJ.JIH v =!= i H aii = 1, Aii = 1. CJie,n;oBaTeJihHO, D = 1, 
qTo 03HaqaeT BhIIIOJIHeHHe aKCHOMhI (11.3). TaKHM o6pmoM, MhI ,n;o­

Ka3aJIH cyiu;eCTBOBaHHe OITpe,n;eJIHTeJIH MaTpHIJ;bI n x n H BbIIIOJIHeHHe 

<t>opMJJibI (11.18), TaK Ha3bIBaeMOe pa3JIO)l(eHHe OITpe,n;eJIHTeJIH ITO 

3JieMeHTaM i-fi cTpOKH. <l>opMyJiy (11.18) MO)l(HO o6o6iu;HTh. B OITpe­

,n;eJIHTeJie 3aMeHHM i-IO CTpOKY Ha j-IO H pa3JI0)1(HM OITpe,n;eJIHTeJib 

ITO 3TOH HOBOH CTpOKe. ,Il;JIH i =I= j orrpe,n;eJIHTeJih paBeH HJJIIO, a lJ.JlH 

i = j OH paBeH D, T. e. 

j = i, 
j =I= i. 

EcJIH Mbl ITOMeHHeM poJIHMH CTpOKH H CTOJI6IJ;hI, TO ITOJiyqHM 

h= k, 
h =I= k. 

(11.19) 

(11.20) 

CocTaBHM H3 anre6paHqecKHX lJ.OITOJIHeHHit aJieMeHTOB aij MaTpH­

IJ;hI A MaTpHey B = (Aji)· (06paTHM BHHMaHHe, qTo anre6paHqecKoe 

lJ.OITOJIHeHHe 3JieMeHTa aij' CTOHiu;ero Ha ITepeceqeHHH i-it CTpOKH H 

j-ro CTOJI6u;a, HaXOlJ.HTCH Ha ITepeceqeHHH j-it CTpOKH H i-ro CTOJI6u;a.) 
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MaTpnu;a B Ha3brnaeTca rrpncoe,ri;nHeHHoii MaTpnu;eii K MaTpnu;e A. 
Ifa ypaBHeHHa (11.20) cJie,ri;yeT, 'ITO 

AB = BA = D(A)IL 

Mb1 y)Ke ,IJ;OKa3aJIH, 'ITO ecmi: A CHHryJiapHa ( cToJI6u;b1 A JIHHeiiHo 

3aBHCHMb1), TO D(A) = 0. EcJIH )Ke D(A) I= 0, TO rrpe,ri;b1.ri;yru;ee 

ypaBHeHHe .ri;aeT <PopMyJiy ,IJ;Jia A-1
. TaKHM o6pa3oM, Mbl ,IJ;OKa3aJIH, 

'ITO 

.Mampuu,a A o6pamu.Ma 

mov)a u moA'b'IW mo2i.Ja, '/f,02i.Ja D(A) I= 0. 

-1 1 
EC.l/,u D(A) -=/= 0, mo A = D(A) B, 

2de B - .Mampuu,a, npucoedutt.ett.tt.M 'If, .Mampuu,e A. 

(11.21) 

(,LI;Jia n = 2 3TO rrpaBHJIO COBITa,ri;aeT c MeTO,IJ;OM, H3JIO)KeHHblM 

B rJiaBe 1.) IlpH n > 2 3TO rrpaBHJIO He O'!eHb y,ri;o6no, JIY'lllle HC­

ITOJib30BaTb anropHTM, H3JIO)KeHHblR B rJiaBe 10. M TeM He Mettee, 3Ta 

<PopMyJia Ba)KHa c TeopeTH'lecKoii TO'IKH 3penna. HarrpHMep, OHa no­

Ka3hrnaeT, 'ITO Bee 3JieMeHTbl MaTpHIJ;hl A - l HBJIHIOTCa qacTHblM OT 

,ri;eJienna ITOJIHHOMa OT MaTpH'IHhlX 3JieMeHTOB A Ha onpe,ri;eJIHTeJib. 

Pe3IOMe 

A. Orrpe~eJIHTeJIH 
Bb1 ,IJ;OJI)KHbl 3HaTb aKCHOMhl ,IJ;JI51 orrpe,ri;eJIHTe.rreii H rroJib30BaTbca 

3THMH aKCHOMaMH ,Il;JI51 Bbl'IHCJieHH51 orrpe,ri;eJIHTeJieii. 

Bh1 ,IJ;OJI)KHhI yMeTh BbI'IHCJI51Th orrpe,ri;eJinTeJIH c rroMOIIJ;bIO anre6-

panqecKHX ,IJ;OITOJIHeHHH. 

Bb1 ,IJ;OJI)KHhI 3HaTh H yMeTb rrpnMeHHTh MeTo,ri; Bhl'IHCJieHHH 06-

paTHoii MaTpHIJ;bl ,IJ;JIH HeCHHryJIHpHOH KBa,ri;paTHOH MaTpHIJ;bl. 

HarrmrrnTe HeCKOJihKO MaTpnu; pa3Mepa 3 x 3 H 4 x 4 H BhI'IHCJIHTe 

,ri;Jia HHX orrpe,ri;eJIHTeJIH. Bhr yBH,IJ;HTe, 'ITO y)Ke ,IJ;JIH cJiyqaa 4 x 4 
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Bbipa)}<:eHH5I (11.15) H (11.18) CTaHOB5ITC5I O'IeHh rpoM03)i;KHMH (rrpH 

BhI'IHCJieHHH no cpopMyJie (11.15) rrpnxo,n;HTC.s:I BhIIIOJIHHTh 3·4! YMHO­

)KeHHn H 4! - 1 CJIO)KeHHn). A BOT MeTo,ri;, orrncaHHhIR B rraparpacpe 

11.1, BIIOJIHe rrpneMJieM. HmKe ,n;a10Tc.s:I orrpe,n;eJIHTeJIH, ,n;JI.s:I KOTOphIX 

Ha,n;o rrpoBepHTh OTBeThI. 

(a) 

Det (~ 
2 3 

:~) = -2 8 11 
9 13 

10 14 16 

(b) 

Det (i 2 2 

~) = 12 
1 2 
3 4 
3 3 

(c) 

Dm (~ 
1 1 

i) =I 
3 3 
2 3 
2 2 

(d) 

Det (~ 
1 1 

I) 3 5 6 = 72. 
9 25 36 

27 125 216 

11.1. 06o6~ag IIpHMep (b)' IIOKa:>KHTe, qTQ 

c a a ") Det b r2 a a = 
bf(a) - af(b) 

eCJIH a -=f- b, 
b b r3 a b-a 
b b b r4 

r;:i;e f(x) = (ri - x)(r2 - x)(r3 - x)(r4 - x). 
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YKa3aHne: paccMOTpHTe onpe,r:i;eJIHTeJib MaTpttu;h1, BhIIIHCaHHoii: HH-

2Ke, ero 3Ha'IeHHe o6o3Ha'IHM F(x): 

(

r1 -x 
b-x 
b-x 
b-x 

a-x 
r2 - x 
b-x 
b-x 

a-x a-x) a-x a-x 
r3 - x a-x · 
b-x r4 -x 

F ( x) JIHHeii:Ho 3aBHCHT OT x, noTOMY 'ITO MhI M02KeM BhI'IeCTh nepByro 

CTpOKY H3 OCTaJibHhlX, HCKJIIO'IHB x H3 Bcex CTpOK, KpOMe nepBOii:. 

CJie,r:i;oBaTeJibHO, 

F(x)=A+Bx, 

r,r:i;e A H B - HeKOTOphie nocTOHHHhie. Ilpn 3TOM F(a) = f(a) 
H F(b) = f(b). Ham ncxo,r:i;Hhiii: onpe,r:i;eJIHTeJih, o'IeBH,r:i;Ho, paBeH 

F(O) =A. qeMy OH 6y,r:i;eT paBeH npn a= b? 

11.2. 06o6IIIaH IIpHMep (c), IIOKa2KHTe, 'ITO 

1 
a 
y 
y 

1 1) a a 
b b =(a-x)(b-y)(c-z). 

z c 

11.3. 06o6IIIaH IIpHMep (d), IIOKa2KHTe, 'ITO 

(3 
x3 

1 1 
y z 

y2 z2 

y3 z3 

w~) = (y - x)(z - x)(w - x)(z - y)(w -y)(w - z). 

w3 

BhlIIHIIIHTe H ,r:i;oKa2KHTe cooTBeTCTBYIOIIIYIO <PopMyJiy, ecJIH 'IHCJIO 4 
3aMeHHTb Ha n. 

11.4. IloKa2KHTe, 'ITO 

Kor,r:i;a 6y,r:i;eT paBeHCTBO? 

YKa3aHne: BOCIIOJih3Yii:Tecb HHTepnpeTau;neii: I Det I KaK o6'beMa. 

11.5. IJoKa2KHTe, 'ITO eCJIH 0 - OpTOrOHaJibHaH MaTpnu;a (T. e. QQt =JI), 
To DetO = ±1. 

11.6. MaTpnu;a R 6y,r:i;eT MaTpnu;eii: Bpaw,ettu.H,, ecJin RRt = JI n Det R = 
+ 1. IloKa2KHTe, 'ITO BpaIIIeHne B npocTpaHCTBe He'IeTHoro 'IHCJia 

H3MepeHHii: BCer,r:i;a coxpaHHeT HeIIO,Ll;BH2KHblM IIO Kpaii:Heii: Mepe O,Ll;HH 

HeHyJieBoii: BeKTOp, T. e. 'IHCJIO 1 HBJIHeTCH co6CTBeHHbIM 3Ha'IeHHeM 

MaTpHIIbI R. YKa3aHne: paccMOTpHTe onpe,r:i;eJinTeJib Det(R - JI). 



PeKoMeH,n;yeMa~ JIHTepaTypa 

B KOHu;e TOMa Mbl ,n;aeM KOpOTKHH rrepe'IeHb KHHr, He 51BJUIIOID;HH­

CB, KOHe'IHO, 6u6Jmorpaqmeii. cho CKOpee ,ll;OIIOJIHHTeJibHa51 JIHTepa­

Typa, rrone3HaB CTy,n;eHTaM, u3yqa10iu;uM Ham Kypc. KHury LOOMIS 

AND STERNBERG MO:>KHO C'IHTaTb rrapanneJibHhIM yqe6HHKOM, xoTB 

H3JIO)KeHHe MaTepuana 6onee <PopMaJibHO H a6cTpaKTHO, c aKu;eHTOM 

Ha MaTeMaTH'IeCKHe ,n;oKa3aTeJibCTBa. Co,n;ep:>KaHHe, no cyiu;ecTBy, Ta­

Koe :>Ke, KaK H B Hameii KHHre, HO ropa3,IJ;O 60Jibllle BHHMaHH51 y,n;e­

JI51eTC51 <PopMaJihHbIM orrpe,n;eJieHHBM, CTporoii apryMeHTa:QHH H Ma­

TeMaTH'IeCKOH H3mu;peHHOCTH. Bo BTOpOM ToMe MhI HeCKOJihKO pa3 

6y,n;eM OTChIJiaTh 'IHTaTeJIB K 3TOH KHHre 3a ,n;eTaJibHblM ,IJ;OKa3aTeJih­

CTBOM HeKOTOpbIX KJIIO'IeBbIX TeopeM. 

B ,n;aHHoii KHHre O,IJ;HHM H3 rnaBHhIX pa3,n;enoB MaTeMaTHKH BB­

JIBeTCB JIHHeiiHaB anre6pa. Ilo3TOMY MbI peKOMeH,n;yeM KJiaccuqec­

KHH yqe6HHK HALMOS, r,n;e HMeeTCB YKJIOH K pacmupeHHIO KOHe'IHO­

MepHoii Teopuu B HarrpaBJieHHH rHJih6epTOBa rrpocTpaHCTBa. KHura 

LANG o6cy:>K,n;aeT 3TOT rrpe,n;MeT c TO'IKH 3peHHB a6cTpaKTHOH an­

re6pb1, B TO BpeMB KaK B KHHre STRANG aKu;eHT ,n;enaeTCB Ha BhI­

'IHCJIHTeJihHOii TeXHHKe H rrpHJIO:>KeHHBX, KOTOpble Mbl 3,IJ;eCb IIO'ITH 

He paccMaTpHBaeM. qT06hI IIOJIY'IHTb IIOJIHOe rrpe,n;cTaBJieHHe 0 JIH­

HeiiHOH anre6pe, rrpaBHJlbHa51 CTpaTerHB - rrpO'IHTaTb Bee TpH 3TH 

KHHrH. 

B rnaBe 1 MhI o6cy:>K,n;aeM reoMeTpHIO rrpBMhIX. ,Il;anee, ecTeCTBeH­

HhIH IIIar - rrpoeKTHBHaB reoMeTpHB. MbI HeMHoro roBopHM o Heii B 

,n;o6aBJieHHH K rJiaBe 1HB3a,n;aqax 1.16-1.20. B KHHre HARTSHORNE 

,n;aeTC51 BBe,n;eHHe B rrpoeKTHBHYIO reoMeTpHIO. 
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B KOHIJ;e rJiaBbI 2 MhI TOJibKO cJierKa KacaeMc.H TeopHH Bepo.HT­

HOCTeit 9TOT Ba:arnhitt p83,II.eJI He IIOJiyqHJI cepbe3HOro o6cy)K,II.eHH.H, 

qTo .HBJI.HeTc.H 0,11.HHM H3 rnaBHbIX Hanrnx rrpo6eJioB. Xopomee BBe,II.e­

HHe B Teopmo BepO.HTHOCTett 6e3 MaTeMaTHqeCKHX CJIO)KHOCTett qH­

TaTeJib MO)KeT HattTH B Tpex TOMax HOEL, PORT AND STONE. Teo­

pH.H BepO.HTHOTett JierKO rrpHB0,11.HT K ,11.0BOJibHO H30m;peHHOtt MaTe­

MaTHqecKOtt «KYXHe», HarrpHMep, K TeopHH Mepbl H TOHKHM BOrrpo­

CaM <I>ypbe-aHaJIH3a. ,L.I,ocTOHHCTBOM 3THX KHHI' .HBJI.HeTC.H H3JIO)KeHHe 

Ba)KHbIX H,II.ett 6e3 rJiy6oKoro rrorpy)KeHH.H B TPY,II.HYIO MaTeMaTHKy. 

KHHra MORAN y)Ke CJIO)KHee ,II.JI.H qTeHH.H, HO Ha Hee CTOHT rroTpa­

THTb ycHJIH.H. B KHHre KEMENY AND SNELL o6cy)K,II.aIOTc.H KOHeq­

Hhre n;errH MapKoBa, Hee cJie,II.yeT qHTaTb KaK rrpo,II.OJI)KeHHe rJiaBhI 2. 
KHHra DOYLE AND SNELL ,II.aeT KpaTKoe BBe,II.eHHe H B TeopHIO n;erreli 

MapKOBa, H B TeopHIO ceTett, KOTOpbie MbI 6y,II.eM n3yqaTb BO BTopoM 

TOMe. 

B rJiaBe 3 MbI ,II.aeM HaqaJihHhie CBe,II.eHH.H o ,II.mp<l>epeHIJ;HaJihHhIX 

ypaBHeHH.HX. Yqe6HHK HIRSCH AND SMALE 3,11.eCh 6y,II.eT BIIOJIHe ec­

TecTBeHHhIM, TaK KaK HamH ToqKH 3peHH.H ,II.OBOJibHO 6JIH3KH. KHH­

ra BRAUN H3JiaraeT MaTepHaJI 6onee cTaH,II.apTHO. (9KcrroHeHTa OT 

MaTpHIJ;hI IIO.HBJI.HeTC.H TaM TOJihKO Ha c. 321!) 0,II.HaKO, ee CJie,II.yeT 

npoqHTaTh, IIOCKOJihKY B Hett eCTh MHOI'O IIOJI€3HhlX ,II.eTaJiett H npH­

JIO)KeHHtt. KHHra SIMMONS ,II.OBOJibHO Tpa,II.HIJ;HOHHa.H, HOB Hett MHoro 

HHTepeCHOH HCTOpHqecKOH HH<l>OpMaIJ;HH. ,L.l,Be KJiaCcHqecKHe KHHI'H 

APHOJlb,lJ,A oqeHh npH.HTHO qHTaTh. Bo B3aHMO,II.eHCTBHH reoMeTpHH 

H aHaJIH3a BH,II.Ha yBepeHHa.H pyKa KpynHoro cnen;HaJIHCTa B 3TOM 

Bonpoce. 

B rJiaBe 4 ,II.Ba naparpa<l>a IIOCB.HIIJ;eHbl TeOpHH OTHOCHTeJibHOCTH. 

Ha 3TY TeMy MhI peKoMeH,II.yeM TPH KHHrH. Bo-nepBhIX, 6oJibma.H H 

CJIO)KHa.H, 6oraTa.H H,II.e.HMH KHHra MISNER, THORNE AND WHEELER. 

Bo-BTOpbIX, KOpOTKa.H, 3axBaThIBaIOm;a.H, c MHHHMYMOM MaTeMaTH­

KH KHHra TAYLOR AND WHEELER. M, HaKoHen;, KHHra Spacetime, 
Geometry, Cosmology, HanHcaHHa.H BURKE, o6cy)K,II.aeT MaTeMaTH­

qecKHe H,II.eH, KOTOphie Mhl IIhITaeMC.H o6'h.HCHHTb B Hamett KHHre, H 

,II.aeT npeKpacHoe ll3JIO)KeHHe <l>H3HKH OTHOCHTeJihHOCTH. 

,L.l,pyra.H KHHra BURKE BMecTe c KHHraMH FLANDERS H SPIVAK 

MoryT 6bITh peKOMeH,II.OBaHhI KaK napanneJibHOe H ,11.0IIOJIHHTeJihHOe 

qTeHHe. 
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B rJiaBe 6 H rroTOM em,e pa.3 B naparpacpe 10.9 MhI KacaeMca BO­

rrpocoB, OTHOC5III1,HXC5l K Kypcy ,r:t;HcpcpepeHII,HaJihHOH TOIIOJIOrHH. KHH­

ra GUILLEMIN AND POLLACK HarrHcaHa KaK JieKII,HOHHhIH Kypc, B KO­

TopoM, IIOMHMO cpopMMbHOro H3JIO)KeHH5l Teopim, aBTOp HCIIOJib3Y­

eT HHTyHTHBHhIH rro,n;xo,n; H MHoro pHcyHKOB. A BOT KHHra BROCKER 

AND LANDER coBceM ,n;pyraa. B Hell: MHHHMYM o6cy)K,r:t;eHHH, a rJiaB­

HhIM o6pa3oM TO'IHhie cpopMyJIHpOBKH TeopeM H ,r:t;OKa3aTeJihCTB. M, 
KOHe'IHO, ee HerrpOCTO 'IHTaTb. 9TH KHHTH IIOCBRII1,eHbl HeCKOJibKO 

pa3JIH'IHhlM rrpo6JieMaM, H II03TOMY Mbl peKOMeH,n;yeM H3Y'IHTb o6e. 
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OpHeHTall;H.H 
- BeKTOpHOro rrpocTpa:HCTBa, 399 
- o6JiacTH (Ha IIJIOCKOCTH), 389, 416 
- rrapanJieJiorpaMMa, 387 

- IIOBepXHOCTli ( B rrpocTpa:HCTBe) ' 
391 

- TpaeKTOpHH, 351 
opHeHTlipOBaHHa.H IIJIOiu;a,ll;h 

(rrapaJIJieJiorpaMMa), 387 
OpHeHTlipOBaHHbIH o6'heM ( n-MepHOro 

rrapaJIJieJierrHrre.n;a), 547 
OpTOrOHaJibHa.H rrpoeKD;H.H, 179, 235 
OpTOrOHaJibHOe rrpeo6pa3oBaHHe, 166 

opTOrOHaJibHOCTb BeKTOpOB, 166 
opTOHOpMHpOBaHHbIH 6a3HC, 177 

opTOHOPMlipOBO'!Ha.H rrpou;e.n;ypa, C.M. 

rpaMa-ilIMH,ll;Ta rrpou;ecc 
OCll;HJIJI.HTOp 

- 6e3 3aTyxaHH.H, 144 
- c 3aTyxaHHeM, 145 

OT06pruKeHHe, ma-x;:Jtee cPYHKD;li.H' 
orrepaTop, rrpeo6pa3oBaHHe, 18 

- acPcPHHHOe, C.M. a¢¢HHHOe 
rrpeo6pa3oBaHHe 

- 6HeKTliBHOe, 19 

- .n;H¢¢epeHu;HpyeMoe, 250 
- -, peryJI.HpHa.H TO'!Ka, 524 

- -, coxpaH.a:10ru;ee opHeHTau;H10, 401 
- eBKJili,ll;OBO, C.M. eBKJlli,ll;OBO 

rrpeo6pa3oaaHHe 

- liH'heKTliBHOe, 19 
- JIHHeil:Hoe, c.u. JIHHeil:Hoe 

rrpeo6pa3oaa:rrHe 
- o6paTHOe, 19 

- orpa:rrH'leHHoe, 250 
- CliMIIJieKTH'leCKOe, 467 
- ClOp'beKTliBHOe, 19 

II 

rrapaMeTpH3aD;H.H TpaeKTOpHH, 352 

rrepeHoc (pullback) 
- 2-¢opMbI, 402 

- cPYHKD;HH, 291 
rreprreH,ll;liKYJI.HpHOCTh, C.M. 

opTOrOHaJibHOCTb BeKTOpOB 

IlHKapa MeTo.n;, 325 
IIJIOCKOCTb 

- a¢cPHHHa.H, 2 
- npoeKTHBHa.H, 72 
IIJIOTHOCTb (pacrrpe.n;eJieHHe ITO 

IIJIOiu;a,ll;H), 393 
II0,ll;MHOroo6pa3He BeKTOpHoro 

IIpOCTpaHCTBa, 523 
no.n;rrpocTpaHCTBO BeKTOpHoro 

rrpOCTpaHCTBa, 480 

IIOKa3aTeJib rrpeJIOMJieHH.H, 438 
IIOJI.HpH3au;H.H CBeTa, 436 

IIOJI.HpHbie KOOp,ll;HHaTbI, 291, 370 
rrpH6JimKeHHe BopHa ( rrepaoe), 270 
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ITPHHIIHIT <l>epMa ( HaHMeHbmero 
BpeMeHH), 457 

ITpHcoe,n;HHeHHaJI MaTpH11a, 562 
ITpOeKTllBHaJI ITnOCKOCTb, 72 
ITpoeK11m1, 5 2 
-OpTOrOHaJibHaJI, 179, 235 

ITpOH3Be,n;eHHe MaTpHII, 31 
ITpOH3BOAHaJJ 
- BHemmIH (oT 1-<l>opMbI), 379 
- MHOrOMepHaJJ ( OTo6pruKeHHH 

BeKTOpHbIX ITpOCTpaHCTB)' C.M. 
maic:J1Ce AH<l><l>epeHIIHaJI, 247 

- ITO HaITpaBneHHK>, 288 

- ITpOH3Be,n;eHHH <l>YHKIIHil:, C.M. 

Jleil:6HHIIa <l>opMyna 
- CMemaHHaJI ( BTOpaJJ)' 282 
- 'laCTHaJI, 275 

ITpOCTpaHCTBO-BpeMH, 205 
ITPOTHBOITonmKHbiil: BeKTOp, 10 

ITpo11ecc 
-rpaMa-llIMH,n;Ta, 176 
- MapKoBa, 93 

- - ' MaTpH11a BepoHTHOCTeil: 
ITepexo.n;a, 95 

IIyaHKape ITpeo6pa3oBaHHe, 213 

p 

pa6oTa cunoBoro nonH, 349 

paBHOMepHaJJ .n;n<l><l>epeHIIHPYeMOCTb, 
326 

pa3nmKeHne 
- 6opHOBCKOe, 270 

- rayccoBo, 448 
pa3MepHOCTb BeKTOpHoro 

ITpocTpaHCTBa, 486 
paHr nHHeil:Horo ITpeo6pa30BaHm1, 

503 
paccTOHHHe MHHKOBCKoro, 216 
perynHpHaJJ TO'!Ka 

(AH<l><l>epeHIIHPYeMoro 
OT06pa)KeHirn), 524 

pe.n;yKIIHH ITO CTpOKaM, 506 
pe30HaHC, 154, 194 
pH.ii; CTeITeHHoil:, 116 

- CXOAflillllil:CH, 118 
- - a6conK>THo, 119 

c 
CBeTOBOil: KOHyc, 210 
CHnOBoe none, 348 
- , pa6oTa, 349 

CllMITneKTH'leCKaJI rpyITITa, 232, 461 
CllMITneKTH'leCKaJI <l>opMa, 461 

CHMnneKTH'leCKOe BeKTOpHoe 
npoCTpaHCTBO, 461 

CHMnneKTH'leCKOe OT06pa)KeHHe, 467 
CHHrynHpHaJJ ( BblpO~eHHaJI) 

MaTpH11a, C.M. nnHeil:Hoe 
npeo6pa30BaHHe CHHrynHpHoe 

CKaJIHpHoe npOH3Be,n;eHHe, 167 
- eBKnH,n;OBO, 175 
-, CBOil:CTBa, 169 
- CHMnneKTH'leCKOe, 231 

CKOpOCTll npeo6pa30BaHHe, 221 
CKOpOCTb CBeTa, 206 
cno)KeHHH CKOpOCTeil: 3aKoH, 214 

CMellleHHe, C.M.TpaHCnHIIHH 

a<l><l>HHHaH 
CHennHyca 3aKOH, 436 
- nHHeapH30BaHHbiil:, 442 
co6cTBeHHOe BpeMH, 372 

co6CTBeHHOe 3Ha'!eHHe, 82 
co6CTBeHHbiil: BeKTOp, 82 
conpH)KeHHOe OT06pruKeHHe, 526 
conpH)KeHHbie nnOCKOCTH, 443 

cne11HaJibHaH TeOpllH 
OTHOCHTenbHOCTH, 206 

T 

Teil:nopa <l>opMyna (MHoroMepHaJJ), 
311 

TeneCKOil acTpOHOMH'leCKHil:, 44 7 

TeopeMa 
- raMHnbTOHa, 452 
-raMHnbTOHa-K3nH, 86 

- rpHHa, C.M. rpHHa <l>opMyna 
- K03<l><l>n11neHTOB Mop3e, 457 
- MyaBpa, 81 

- 0 HeHBHOil: <l>YHKIIHH, 334 
- 0 ITOCTOHHHOM paHre, 517 

- o paHre H .n;e<l>eKTe, 503 
- 0 cpe,n;HeM 3Ha'leHHH, 305 
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- - MHOrOMepHrui: ( HepaBeHCTBO)' 
309 

- 06 o6paTHOil: cPYHKlVUI, 332 
TOHKruI JIHH3a, 443 
Toqeqarui:xapaKTepHCTHKa 

(oIITRqecKOH CRCTeMbI), 452 
TpaeKTOpHH 

- Kycoqao-.n;R<i><l>epeau;ttpyeMrui:, 352 
-OpHeHTHpOBaHHaH, 351 
-, rrapaMeTpH3au;tta, 352 
TpaHCJIHu;HH acPcPHHHaH, 6, 25 
TpaHCIIOHRpOBaHHe, 183 

yaeJIHqeHHe 
- JIHH3hI, 446 
- TeJieCKOIIa yrJIOBOe, 447 
yrJIOBOH MOMeHT, 272 
-, 3aKoH coxpaHeHJrn, 272 
yroJI Me:iK,Izy BeKTOpaMH, 167 
yMHO)KeHHe MaTpHu;, 31 
ypaBHeHHe 

- AR<i><l>epeHu;RaJihHOe, C.M • 

.n;tt<P<PepeHu;HaJihHoe ypaaHeHHe 
- JianJiaca, 317 
- HbIOToHa ( OIITHqecKoe), 450 
- xapaKTepHCTHqecKoe, 83 
ypaBHeHHaraMHJibTOHa, 452 
ycJIOBHhIH 9KCTpeMyM, 317 

<l>aKTOprrpocTpaHCTBO, 497 
<I>epMa npttHu;Hrr ( HaHMeHbrnero 

BpeMeHH), 457 
cPOKaJibHbie IIJIOCKOCTH, 445 
cPOKYCHoe pacCTOHHHe, 444 
<PopMyJia 
- rpRHa, 415 
-Jieli6Httu;a(rrpoH3BO,D;HruI 

IIpOH3Be.n;eHHHcPYHKu;Hli), 263 
-HbIOTOHa-Jieii:6HRu;a,362, 415 
- TeH:Jiopa (MHoroMepHrui:), 311 

cPJHKu;HH 
- 6RJIRHeliHaH, 379 
-KBa,D;paTHqHrui:, 191 
- OT MaTpHu;hr, 115 

x 
xapaKTepHCTH'IeCKHR IIOJIHHOM, 83 
xapaKTepHCTRqecKoe ypaBHeHRe, 83 

u;errHoe npaBRJio, 256 

q 

qacTHruI IIpOH3BO,D;HaH, 275 

3 

9HKOHaJI, C.M. ToqeqHruJ 
xapaKTepHCTHKa 

9HTpOIIHH, 343 

a.n;po JIHHeliaoro rrpeo6pa3oBaHHH, 
52, 502 

HK06HaH, C.M. MaTpHu;a 51Ko6R 




