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V1cTOplt151 npenOA8B8Hlt151 

M8T8M8Tlt1'-18CKOfO 8H8Jllt138, 

H8'-l1t1Hafl c ero 111306peTeH1t15l 

Hbt0TOHOM, 111306111nosana KPYTblM1t1 

nosoporaM1t1. K cepeA1t1He XX seKa 

rpaA1t1L11t10HHb1e 1113no>KeH1t15l cran111 

orn1t1'-!8Tb nonHoe 1t1CKJlt0'-leH111e 

scex reoMerp1t1'-!ecK111x nOH51Tlt11:1 111 

npeACT8BJ18Hlt11:1, c OAHOl:1 CTOpOHbl, 

lt1 nOJ1Hbli:1 OTpblB OT cplt131t1Klt1 lt1 scex 

np111no>KeH1t1!:1, c Apyrol:1. 

npeAJ18f88M851 KHlt1f8 3H8MeHyeT 

B03Bpaw,eHlt1e npenOA8B8Hlt151 

M8T8M8Tlt1Klt1 K ecreCTB8HHOH8Y'-l­

HOMY nOAXOAY. AI151 KOTOporo 

xapaKTepHbl 51BHa51 reoMeTp1t1'-l­

HOCTb lt1 np51MOe npeACT8BJ18Hlt1e 

M8T8M8Tlt1Klt1 K8K '-18CTlt1 cplt131t1Klt1, 

HenocpeACTBeHHO np111roAHOl:1 AI151 

MHOfO'-llt1CJ1eHHblX np111no>KeH1t1!:1 

K8K B ecreCTB03H8Hlt11t1, TaK lt1 

s 1t1H>KeHepHoM Aene. 

3TO B03Bpaw,eH1t1e M8T8M8Tlt1Klt1 

B pycno ecTeCTB8HHblX HayK 

npo1t1CXOAlt1T cei:1'-!8C lt1 Ha ypoBHe 

HOBblX H8Y'-IHblX lt1CCJ18AOB8Hlt11:1, a 

ero npo51sneH111e s npenoAaBaH1t11t1 

A8BHO crano a6cont0THO 

Heo6XOAlt1MblM. 

B. /11. ApHonba 
aKaAeMl.'IK PAH 
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II pe,n;HcJIOBHe 

B 3TOH KHIU'e H3JiaraeTCR Kypc MaTeMaTHKH, KOTOpbIH Mhl rrpe­

rro,n;aBaJIH B rapnap,n;e B TeqeHHe BOChMH JieT. Kypc rrpe,n;Ha3HaqeH 

,Il;Jl5I cTy,n;eHTOB, HHTepecyro:rn:.HxCR cPH3HKOH H HMeIO:W:.HX xopomyro 

rro.n;roTOBKY no MaTeManrqecKOMY aHaJIH3Y cPYHKIJ;Hii OJJ;HOH rrepe­

MeHHOH. I1oJie3HO HeKOTOpoe 3HaKOMCTBO c JIHHeii:HOH anre6poii:, HO 

3TO He o6a3aTeJihHO. BoJihIIIHHCTBO ttamHx cTy,n;eHTOB o,n;ttoBpeMeH­

HO c 3THM KypcoM H3yqaroT cJIO)KHhie KYPChI rro cPH3HKe, TaK qTo 

OHH MoryT coe,n;HHHTh H3JiaraeMhie 3,n;ech CBe,n;eHHR co CBOHMH cPH-

3HqecKHMH 3HaHHRMH. TaKoe conMe:rn:.ettHe rroJie3HO, HO He o6R3a­

TeJihHO. OcttoBHoe co,n;epx<.aHHe Ramero Kypca - TeopHa H cPH3Hqe­

CKHe rrpHJIO)KeHH5I JIHHellHOH anre6phl H MaTeMaTHqecKoro aHaJIH3a 

cPYHKIJ;HH HeCKOJihKHX rrepeMeHHhIX, BKJIIOqa51 BHemHee HcqHcJieHHe. 

Ham ne,n;arorHqecKHii: MeTo,n; - H3JIO)KeHHe rro «CIIHpaJIH», T. e. MhI 

paccMaTpHBaeM o,n;tty H Ty )Ke TeMy HeCKOJihKO pa3, B03Bpa:rn:.aach K 

Heii: Ha nee 6oJiee BhICOKOM ypoBHe, O,Il;HOBpeMeHHO pacmHpR5I o6Jiac­

TH ee rrpHMetteHH5I. TaKoe rrocTpoeHHe MhI rrpe,n;rroqHTaeM «rrpHMO­

JIHHeiiHoMy» cTporoMy JiorHqecKOMY rropa.n;Ky. Ha,n;eeMca, qTo rrpH 

3TOM Mhl H36e)KHM JIOrHqecKHX omH60K THIIa «IIOpoqHoro Kpyra», 

HO qacTo 6y,n;eM HaqHHaTh c rrpocToro cJiyqaa Toro HJIH HHoro rro­

H5ITHa, a 3aTeM B03BpaIIJ,aThCR K HeMy )J;JI5I 0606:rn:.ettHii, ,n;eJiaR 3TO 

TOJibKO IIOCJie 03HaKOMJieHH5I c po,n;CTBeHHhIMH IlOH5ITHRMH H, KaK 

cJie,n;cTBHe, npHo6peTemrn 6oJiee mupoKoro B3rJIH,n;a Ha rrpe,n;MeT. 

TaKoii: rro,n;xo,n; Tpe6yeT OT cTy,n;eHTOB orrpe,n;eJieHHoro ,n;onepua u Tep­

rrettua. Ho Mhl tta,n;eeMC.H, qTo, B KOHu;e KOHIJ;OB, OHM 6y,n;yT B03Ha­

rpa)K,n;eHbl 6oJiee rJiy6oKHM HHTYHTHBHhIM IIOHHMaHHeM rrpe,n;MeTa 

B U,eJIOM. 



XXVI IIpe,n;HcJiomi:e 

Terrepb paccKa)J{eM o co,n;ep)J{aHHH KHHrH 6oJiee ,n;eTaJihHO. IJ;eJib 

rrepBbIX qeTbipex rJiaB - II03HaKOMHTb qHTaTeJIR c anre6poii: H aHa­

JIH30M KBa,n;paTHhIX MaTpHu;. TaKHM o6pa3oM, H3yqHB 3TH rJiaBhI, 

CTy,n;eHT ,ll;OJI)J{eH HayqHTbCR ,ll;yMaTh 0 MaTpHu;ax KaK 0 caMOCTOR­

TeJibHbIX o6'heKTax, a He rrpOCTO KaK 0 Ha6ope qHceJI, BbICTpOeHHbIX 

rro KBa,n;paTy. B 3THX rJiaBax MhI paccMaTpHBaeM rroqTH HCKmoqH­

TeJihHO MaTpHIJ;bl 2 x 2, KOr,n;a CaMbie CJIO)J{Hbie BbJqHcJieHHR CBO,ll;RTCR 

K pemeHHIO KBa,n;paTHhIX ypaBHeHHii:. Ho K~hlii: pa3 MhI <PopMyJIH­

pyeM pe3yJibTaThI, HMeR B BH,ll;y MaTpHD;bl 6oJiee BbICOKoro rropR,n;Ka. 

fJiaBa 1 HaqHHaeTCR c o6'bRCHeHHR CBR3H 3aKoHa yMHO)J{eHHR 

MaTpHu; 2 x 2 H reoMeTpHH rrpRMbIX JIHHHH Ha IIJIOCKOCTH. ,IJ;anee 

H3JiaraeTcR anre6pa MaTpHu; 2 x 2, o6cy)J{,ll;aeTcR ,n;eTepMHHaHT Hero 

OTHomeHHe K IIJIOCKOCTH H opHeHTaIJ;HH. Mb1 BBO,ll;HM orrpe,n;eJieHHe 

a6cTpaKTHOro BeKTOpHoro rrpocTpaHCTBa B o6ru;eM CJiyqae, o6'bRCHR­

eM IIOHRTHe 6a3HCa H 3aMeHbl 6a3HCa B O,ll;HOMepHOM H ,ll;ByMepHOM 

BeKTOpHOM rrpocTpaHCTBe. 

B rJiaBe 2 MhI o6cy)J{,n;aeM KOHcPOPMHYIO JIHHeii:HyIO reoMeTpHIO 

Ha IIJIOCKOCTH, T.e. reoMeTpHIO JIHHHH H yrJIOB H HX CBR3b c orrpe­

,n;eJieHHOro BH,n;a MaTpHu;aMH 2 x 2. KpoMe Toro, BBO,ll;RTCR IIOHRTHR 

co6CTBeHHbIX 3HaqeHHH H co6cTBeHHbIX BeKTOpOB, CTOJib Ba)J{Hbie B 

KBaHTOBOii: MexaHHKe. Mbl IIOJib3yeMCR 3THMH IIOHRTHRMH, qTo6bI IIO­

CTpOHTb anropHTM BhJqHcJieHHR cTerreHeii: MaTpHIJ;hI. B KaqecTBe rrpH­

Mepa, r,n;e 3TO rrpHMeHReTCR, o6cy)J{,ll;aIOTCR OCHOBHhie CBOHCTBa u;erreii: 

MapKoBa. 

OcHOBHaR 3a,n;aqa rJiaBhI 3 - rroKa3aTh, qTo CHCTeMa o,n;Hopo,n;­

HhIX JIHHeii:HbIX ,ll;HcP<l>epeHIJ;HaJibHbIX ypaBHeHHH c IIOCTORHHblMH K0-

3cPcPHIJ;HeHTaMH MO)J{eT 6bITh 3arrHcaHa B BH,n;e du/ dt = Au, r,n;e A 
- MaTpHu;a, a u - BeKTOp, H qTO pemeHHe 3TOH CHCTeMbl HMeeT BH,ll; 

eAtuo, r,n;e uo 3a,n;aeTCR HaqaJibHbIMH ycJIOBHRMH. IlpH 3TOM, KOHeq­

HO, Tpe6yeTCR o6'hRCHHTb, qTo 03HaqaeT 3KCIIOHeHTa, B IIOKa3aTeJie 

KOTOpoii: CTOHT MaTpHu;a. KpoMe Toro, OIIHChIBaeTCR KaqecTBeHHOe 

IIOBe,n;eHHe pemeHHii: B HeO,n;Hopo,n;HOM CJiyqae, B TOM qHcJie o6cy)J{­

,n;aeTCR ~IBJieHHe pe3oHaHca. 

fJiaBa 4 IIOCBRIIJ;eHa H3yqeHHIO CKaJIRpHbIX rrpOH3Be,n;eHHH H KBa,n;­

paTHqHbIX <PopM. B Heii: HMeeTCR MHoro cPH3HqecKHX rrpHJIO)J{eHHii, B 

TOM qHcJie o6cy)J{,ll;eHHe HOpMaJibHbIX <PopM H ,n;eTaJibHOe H3JIO)J{eHHe 

crreu;HaJibHOH TeOpHH OTHOCHTeJibHOCTH. 



Ilpe,n,HCJIOBHe XXVII 

B rJiaBax 5 H 6 H3JIO)KeHhI ocHOBHhre IIOJIO)KeHH.H ,n;mp<l:>epettu;H­

aJibHoro HCqHCJieHH.H. 

B rJiaBe 5 orrpe,n;eJI.aeTc.H ,n;mp<l:>epeHIJ;HaJI oTo6paMeHH.H o,n;Ho­

ro BeKTOpHoro rrpOCTpaHCTBa Ha ,n;pyroe, o6cy)K,Ll;aIOTCR ero OCHOB­

Hbie CBOllCTBa, B qaCTHOCTH, rrpaBHJIO lJ.HcP<l:>epeHu;HpOBaHHR KOMII0-

3HIJ;HH. B KaqecTBe cPH3HqecKHX rrpHJIO)KeHH:ti paccMaTpHBaIOTCR 3a­

,n;aqa KerrJiepa H rrpH6JIH)KeHHe Bopna. Mhl ,n;aeM orrpe,n;eJieHHR qacT­

no:ti rrpoH3BO,Il;HOll H rrpoH3BO,Il;HOll no HarrpaBJieHMIO, orrpe,n;eJIReM JIH­

HeHHbie ,n;H<t><l:>epeH.a;HaJibHbie <t>opMbI. 

B rJiaBe 6 rrpo,n;OJI)KaeTcR H3JIO)KeHHe ,n;H<P<l:>epenu;HaJihHOro MC­

qHCJieHHR. Mhr rrpe,n;cTaBJIReM B BeKTOpHott <t>opMe TeopeMy o cpe,n;­

HeM 3Haqettmr, <PopMyJiy Te:tiJiopa H TeopeMy 06 o6paTHOM oTo6pa­

)KeHHM. 06cy)K,Ll;aeM IIOBe,n;eHHe KpHTHqeCKHX ToqeK H MHO)KHTeJIH 

Jiarpatt)Ka. 

fJiaBbI 7 H 8 3HaKOMRT qHTaTeJIR c HHTerpaJibHhIM HCqHCJieHHeM. 

fJiaBa 7 IIOCBRIIJ;eHa H3yqeHHIO JIHHellHhIX lJ.HcP<l:>epeHIJ;HaJibHhIX 

<t>opM H MX HHTerpaJioB. Oco6oe BHHMaHHe y,n;eJieHo 3aMeHe rrepeMeH­

HhIX. KpoMe Toro, 06cy)K,n;a10TCR H ,n;pyrHe o,n;ttoMepHhre HHTerpaJihI, 

HaIIpHMep, ,D;JIHHa ,n;yrH. 

fJiaBa 8 IIOCBRIIJ;eHa H3yqeHMIO BHeIIIHHX ¢opM BTopo:ti CTerreHH 

H COOTBeTCTBYIOIIJ;HX HM ,n;ByMepHbIX HHTerpaJIOB. BBO;:I.HTCR IIOHRTHe 

BHeIIIHe:ti rrpOM3BO,Il;HOll H rro,n;qepKHBaeTCR HHBapHaHTHOCTh OTHOCH­

T€JlbHO 3aMeHhI rrepeMeHHhIX. ,.z::i;oKa3bIBaeTC5I ,n;ByMepHblll BapHaHT 

TeopeMhI CToKca, T. e. TeopeMa fpHHa. PaccMaTpHBaIOTCR rroBepx­

HOCTHhre HHTerpaJibl B TpexMepHOM rrpocTpaHCTBe. 

B rJiaBe 9 pe3yJibTaThI rrepBbrx BOChMH rJiaB HCIIOJih3YIOTCR rrpH 

IIOCTpoeHHH cPH3HqecKOll TeOplfM - OIITHKH. Be.a rJiaBa IIOCB.HIIJ;eHa 

rrpHJI0)K€HH.HM, H ee MO)KHO orrycTHTb 6e3 yr.u;ep6a ;:I.JIR IIOHHMaHHR 

rrocJie,n;y10r.u;ero MaTepHana. 

B rJiaBe 10 Mhr B03Bpar.u;aeMCR Ha3a,n; H ,n;oKa3hIBaeM ocHOBHhre 

CBOHCTBa KOHeqHOMepHblX B€KTOpHbIX rrpocTpaHCTB H HX JIHHeHHhIX 

rrpeo6pa3oBaHH:ti. 06brqno 9TO nerrocpe,n;cTBeHttoe o6o6r.u;ettHe pe3yJih­

TaToB, rroJiyqeHHhIX B rrepBbIX qeThipex rJiaBax B ,n;ByMepHOM CJiyqae. 

Ho rrpH 9TOM ,n;aH HOBhr:ti anropHTM pe,n;yKIJ;HH MaTpHIJ;hI rro CTpoKaM. 

BBO;:I.RTCR ,n;Ba HOBhIX IIOHRTHR - ,n;yaJihHOe rrpocTpaHCTBO H ¢aK­

TOprrpocTpaHCTBO ( B naqaJie Kypca HX 6bIJIO Tpy,n;Ho orrpe,n;eJIHTb). 

B ,n;aJihHefiIIIeM 9TH rroHRTHR OKa)KyTcR qpe3Bhrqafino Ba)KHhIMM. 



XXVIII Ilpe~CJIOBHe 

fJiaBa 11 IIOCBRIIJ;eHa CBOHCTBaM ,n;eTepMirnaHTOB MaTpHu; n x n. 
TeMa paccMOTpetta aKCHOMaTH'IeCKH, rroKa3aHbI ocHOBHbie BbI'IHCJIH­

TeJibHbie anropHTMbI. 

fJiaBbI 12-14 3HaKOM51T 'IHTaTeJI51 c MaTeMaTHKOH cpopMbI, T. e. c 

anre6paH'leCKOH TOIIOJIOrHeii. 

B rJiaBe 12 MbI Ha'IHHaeM H3J'leHHe 3JieKTpH'IeCKHX u;erreii. IlpH 

3TOM paccMaTpHBaIOTCR ,n;Ba acrreKTa. Bo-rrepBbIX, H3y'laIOTCR «rrpo­

Bo,n;a» u;errH, T. e. KaK coe,n;HH51IOTC51 Me:>K,n;y co6oii pa3JIH'IHbie BeTBH. 

Ha MaTeMaTH'lecKoM 513bIKe 3TO Ha3bIBaeTCR TorroJiorHeii o,n;ttoMep­

HbIX KOMIIJieKCOB. Bo-BTOpbIX, MbI H3yqaeM peaKIJ;HIO u;errH B u;eJioM, 

eCJIH HaM H3BeCTHO IIOBe,n;eHHe OT,II;eJibHbIX BeTBeii, B qaCTHOCTH H3-

MeHeHHe Morn;ttocTH H 3HeprHH. Mbr rrpHBO,II;HM ttecKOJibKO rrpHMepoB 

u;erreii, HHTepeCHblX c cpH3H'leCKOH TO'IKH 3pemrn. 

B rJiaBe 13 MbI rrpo,n;oJI:>KaeM H3y'leHHe u;erreii. liccJie,n;yeM Kpae­

Bbie 3a,n;a'IH, CB513aHHbie c eMKOCTHbIMH u;errRMH, H rrpHMeH51eM H3JIO­

:>KeHHbie MeTO,Il;bI ,Il;J151 perneHH51 pR,n;a KJiaCCH'leCKHX 3a,n;aq 3JieKTpO­

CTaTHKH, BKJIIO'laIOrn;Hx rrpOBO,Il;HHKH. 

B rJiaBe 14 MbI KpaTKO rroKa3bIBaeM, KaK pe3yJibTaTbI, rroJiy'leH­

Hbie B I'JiaBax 12 H 13 B O,Il;HOMepHOM cJiyqae, o6o6rn;aIOTC51 Ha CJiyqaif 

60JibIIIero 'IHCJia H3MepeHHH. 

fJiaBbl 15-18 IIOCB51IIJ;eHbl pa3pa60TKe BHenrnero ,II;Hcpcpepettu;H­

aJibHOro HC'IHCJieHH51, paccMaTpHBaeMoro KaK HerrpepbIBHaR BepCH51 

,Il;HCKpeTHOH TeopHH KOMIIJieKCOB. 

B rJiaBe 15 H3JiaraIOTC51 OCHOBHbie CBe,n;eHH51 0 BHerntteM HC'IHC­

JieHmr: BHeIIIH5151 anre6pa, k-cpopMbI, 3aMeHa rrepeMeHHbIX, BHeIIIH5151 

rrpoH3BO,II;HaR H TeopeMa CToKca. 

fJiaBa 16 rrocBRrn;etta 3JieKTpocTaTHKe. Mb1 paccMaTpHBaeM ,n;H-

3JieKTpH'IeCKHe CBOHCTBa BaKyyMa KaK HerrpepbIBHbIH attanor eMKO­

CTH u;errH, IIpH'IeM 3TH ,II;H3JieKTpH'leCKHe CBOHCTBa orrpe,n;eJI51IOT eB­

KJIH,II;OBy reoMeTpHIO B TpexMepHOM cJiyqae. lI3JiaraeM OCHOBHbie IIO­

JIO:>KeHH51 TeopHH IIOTeHIJ;HaJIOB. 

B rJiaBe 17 MbI rrpo,n;oJI:>KaeM H3y'leHHe BHernttero ,n;Hcpcpepettu;H­

aJibHOro HC'IHCJieHHR. OcHOBHbie TeMbI: BeKTOpHbre IIOJIR H rroToKH, 

BHJTpeHHHe rrpOH3Be,n;eHH51 H rrpOH3BO,Il;Hbie JlH. IloJiyqeHHbie pe3yJib­

TaTbI rrpHMeHeHbI ,Il;J151 perneHH51 3a,n;aq MarHHTOCTaTHKH. 

fJiaBa 18 3aKaH'IHBaeT H3y'leHHe BHernHero HC'IHCJieHH51 yrJiy6-

JieHHbIM o6cy:>K,n;eHHeM o6rn;ero cJiyqa51 3Be3,n;ttoro orrepaTopa. 



II pe,n;HCJIOBHe XXIX 

fJiaBy 19 MO)KHO C"'IMTaTb KYJihMn:Han,n:ett Bcero Kypca. B Heit pe-

3YJibTaThI, IIOJiy"'leHHbie B rrpe,IJ.hl,II.ylll,HX rJiaBax, rrpn:MemIIOTCH ,Il.JIH 

nccJie,IJ.oBaHn:H ypaBHeHn:it MaKcBeJIJia H CBH3aHHhIX c HMMM BOJIHO­

BhIX ypaBHeHHll. 

fJiaBhl 20 H 21 HMKaK He CBH3aHbl c rJiaBaMM 9-19, H HX MO)KHO 

"'IMTaTb He3aBHCHMO. 06hI"'IHO OHM He BKJIIO"'laIOTCH B Halli rO,IJ.OBOll 

Kypc. A BOT rJiaBbI 1-9, 20 H 21 MoryT cocTaBMTh caMOCTOHTeJihHhIH 

KpaTKHll Kypc MaTeMaTHKH. 

MaTepHan rJiaBbI 20 rrpe,IJ.CTaBJIHeT co6ott OTHOCHTeJihHO cTaH­

,IJ.apTHoe M3JIO)KeHHe Teopn:n: cPYHKII,Mll KOMIIJieKCHOro rrepeMeHHOro, 

KOTOpoe BIIOJIHe ,Il.OCTYIIHO ,Il.JIH CTy,IJ.eHTOB, 110,IJ.rOTOBJieHHbIX K "'ITe­

HHIO 3TOH KHMrH. 

B rJiaBe 21 o6cy)K,Il.aIOTCH rrpocTefilliHe acrreKThI acn:MIITOTHK. 

B rJiaBe 22 IIOKa3aHo, KaK, cJie,rr.yH M,IJ.eHM Bopa n: KapaTeO,IJ.OpH, 

BHelliHee HC"'IMCJieHn:e MO)KHO HCIIOJib30BaTb B KJiaCCM"'leCKOll TepMO­

,Il.HHaMMKe. 

BoJihlliHHCTBO MaTeMaTHKOB n: Bee <Pn:3MKH, pe3yJihTaTbI KOTOpbIX 

rrpe,IJ.CTaBJieHhl B 3TOll KHHre, pa60TaJIH B rrepBOM ,IJ.eCHTMJieTMH ,IJ.Ba­

,n;u;aToro BeKa. 9To 3HaqrrT, qTO ff3JIOJKeHHOMY Marepmwy y)f(e IIO 

KpaitHeit Mepe 90 JieT. M, TeM He MeHee, OH eIII,e He BOllieJI B Hallin: 

3JieMeHTapHbie KypCbl MaTeMaTMKM, XOTH 66JiblliaH ero "lJaCTb ( 3a ffC­

KJIIO"'leHn:eM, MO)KeT 6bITb, TeOpHH u;errett) ,Il.OJI)KHa inyqaThCH COBpe­

MeHHblMH cPH3HKaMH, qTo OHR If ,IJ.eJiaIOT Ha orrpe,IJ.eJieHHOM 3Tane CBO­

ett Kapbepbl. IlpHqHHbl 3TOro, B 3HaqHTeJihHOll Mepe, HCTOpn:qecKHe. 

Y. faMMJihTOHY (1805-1865) 6hmo O"'leBH,IJ.Ho, qTo BeIII,eCTBeHHhIX n 

KOMIIJieKCHbIX qHceJI He,IJ.OCTaToqHO ,Il.JIH rJiy6oro M3y"'leHHH reoMeT­

pn:qecKoro aHaJIH3a, "'ITO B ,IJ.eKapTOBOll reoMeTpHH ,II.By- H TpexMep­

HOro rrpOCTpaHCTBa B03HMKaeT )KeJiaHMe paccMaTpMBaTb qn:cJia rra­

paMM ff TpoitKaMH, KaK caMOCTOHTeJihHbie o6'heKTbl c co6CTBeHHbl­

MH anre6pan:qeCKHMH CBOHCTBaMM. ,Il;JIH 3TOro OH pa3pa60TaJI aJI­

re6py KBaTepHMOHOB, KOTopaH 6bma oqeHh rrorryJIHpHa B AHrJin:H B 

cepe,IJ.HHe ,IJ.eBHTHa,n;u;aToro BeKa. 0,IJ.HaKo, Teopirn n:MeJia pH,n; M3'h­

HHOB: KBaTepHHOHbl 6oJiee ecTeCTBeHHbl B rrpOCTpaHCTBe qeTbipex, 

a He Tpex H3MepeHMll. feoMeTpMH Tpex H3MepeHHll B03HHKaJia KaK 

qacTh 6oJiee o6III,eit KOHCTpyKu;nn:, a He KaK caMOCTOHTeJibHaH Teopn:H. 

KpoMe Toro, KBaTepHHOHhI HMeJin: CJIHlliKOM CJIO)Kliyro anre6pan:qe­

cKyIO CTPYKTYPY· HanpnMep, oqeHb rpoM03,IJ.KOH 6hma CBH3h Me)K,II.y 



xxx IT pe,n;ncJioBne 

yMHO)KeHIIeM KBaTepHIIOHOB II reoMeTpwieCKIIMM TIOCTpOeHmIMM B 

TpexMepHOM npocTpaHCTBe. (KoHe'IHO, nepBbIH He)l,OCTaTOK cerO,IJ,H51 

C'IIITa.JIC51 6bI He O'IeHb cepbe3HbIM, HO BMeCTO Hero B03HIIKJIO 6bI 

,IJ,pyroe B03pa)KeHMe: TeOpH51 02pa'HU"ie'/ia 'IeTblpbM51 M3MepeHM51MM.) 

B KOHI1e KOHllOB, 6e'l'Cmop'HaR aA2e6pa B TpexMepHOM rrpocTpaHCTBe 

c ee CKa.JI51pHbIM M BeKTOpHbIM rrpOM3Be,IJ,eHM51MM 6hma O'IMIIIeHa OT 

TeopHH KBaTepHHOHOB. Ee o6'he,IJ,MHIIJIM c Heo6xo,IJ,IIMhIMM ,IJ,M¢cPepeH­

I1Ma.JihHhIMM orrepa1III5IMM, B pe3yJihTaTe 'Iero II051BMJIC51 6e'l'CmOp'H'btU 

a'/iaAU3, OKOH'IaTeJihHO pa3pa6oTaHHbIH ,n;)K. fM66coM (1839-1903) M 

o6Hapo,IJ,OBaHHbIH MM B CBOeiI 3HaMeHMTOH KHMre «9JieMeHTbl BeKTOp­

Horo aHaJIII3a», oKa3aBinefi CMJihHoe BJIM51HMe Ha )l,aJihHeiirnee pa3BM­

TMe HayKM. 

l-haK, BeKTOpHhIH aHa.JIM3 c era orrepa11MaMM grad, div, curl M T. ,IJ,. 

CTaJI CTaH,IJ,apTHhIM 513blKOM II3JIO)KeHM51 reoMeTpII'IeCKMX 3aKOHOB 

¢M3MKM. 0,IJ,HaKO, HeCMOTp51 Ha TO, 'ITO BeKTOpHblH aHaJIM3 npeKpac­

HO OIIIICbIBaeT reoMeTpIIIO TpexMepHoro rrpocTpaHCTBa, OH TQ)Ke IIMe­

eT p51,IJ, cy111ecTBeHHhIX He)l,OCTaTKOB. IlepBblH - M HaIIMeHee cepbe3-

HbIH - COCTOMT B TOM, 'ITO B HeM He rrpOCMaTpIIBaeTC51 O'IeHh Ba)KHOe 

e,IJ,IIHCTBO: HarrpIIMep, He 5ICHO, 'ITO ¢YH,IJ,aMeHTaJlhHa51 TeopeMa IIC­

'IMCJieHII51 O,IJ,Ha - ceiI'Iac ee Ha3hIBaIOT 06111efi TeopeMofi CToKca, a 

TeopeMbl fpIIHa, raycca II KJiaCCII'IeCKa51 TeopeMa CTOKCa 51BJI51IOTC51 

ee 'IaCTHhIMII cny'IaaMII. B paMKax BeKTopHoro aHaJIII3a MhI He MO­

)KeM 3TO yBII,IJ,eTh. Bonee cepbe3HhIH He,IJ,ocTaToK cocTOIIT B TOM, 'ITO 

¢yH,IJ,aMeHTaJihHhie onepaTOphI (ttanpIIMep, grad, div) npe,IJ,nOJiara­

IOT eBKJIII)l,OBY CTPYKTYPY rrpocTpaHCTBa, T. e. no,IJ,pa3yMeBaIOT Tpex­

MepHoe npocTpaHCTBO II opIIeHTallIIIO (HarrpIIMep, curl). 9To 3Ha'IIIT, 

'ITO TeopII51 pa6oTaeT TOJibKO B TpexMepHOM opIIeHTIIpOBaHHOM eB­

KJIII)l,OBOM rrpocTpaHCTBe. IlpH 3TOM B03HMKaeT e111e O,IJ,Ha npo6Jie­

Ma - npn npOH3BOJibHOM H3MeHeHMM KOOp,IJ,HHaT orrepaTOpbI Be,IJ,yT 

ce6a HenpH51THO, MX Bbipa)KeHM51 B HeOpTorOHaJibHbIX KOOp,IJ,HHaTax 

o'IeHh rpoM03,IJ,KHe. Y)Ke A. IlyaHKape (1854-1912) B cnonx ¢yH­

,IJ,aMeHTaJihHhIX Hay'IHbIX M ¢1moco¢cKIIX pa6oTax, rrpe,IJ,ITieCTBOBaB­

ITIMX TeOpHH OTHOCMTeJihHOCTM, IIO)l,'IepKHBaJI Heo6xO)l,MMOCTb ,IJ,eJiaTb 

pa3JIM'IMe Me)K,IJ,y «TOIIOJIOrM'IeCKMMM» 3aKOHaMM reoMeTpHH M ¢n3M­

KII, T. e. 3aKOHaMM, KOTOpbie 3aBMC5IT TOJibKO OT ,Il,II¢¢epeH11IIaJibHOH 

CTPYKTYPhI rrpocTpaHCTBa n no3ToMy IIHBapIIaHTHhI oTHOCMTeJihHO 

rJia)l,KMX npeo6pa30BaHMH, M 3aKOHaMM, 3aBIIC5IIIIMMM OT reoMeTpH-
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qecKoii CTPYKTYPhI, HarrpHMep, OT IIOHRTHR paccTORHHR. TeopHR oT­

HOCHTeJibHOCTH OK83aJia orpOMHOe BJIH5IHHe Ha pa3BHTHe MaTeMaTH­

KH rJiaBHbIM o6pa30M IIOTOMy, 'ITO OHa IIOOIIIPRJia H3Y'l€HHe TeOpHH 

MHOroMepHbIX rrpOCTpaHCTB, KOTOpa5I yMe cyII1eCTBOBaJia B MaTeMa­

TH'leCKOH JIHTepaType, HO He C'IHTaJiaCb BaMHOM 1f:Jl5I n3yqeHH5I reo­

MeTpHH. KpoMe Toro, Heo6xo1f:HMO 6bmo HccJie1f:OBaTh rrpoH3BOJihHhie 

H3MeHemu1 KOOp1f:HHaT. BeKTOpHbIM aHaJIH3 He Mor pemHTh 3TH 1f:Be 

3a1f:a'IH H II03TOMY II031f:Hee ero 1f:OIIOJIHHJIH me'H30p'H'bt.M a'HaAU30.M. 

Ho H TeH30pHbIM aHaJIH3 c ero o6HJIHeM HH1f:eKCOB TOMe MMeeT MHoro 

cepb€3HblX He1f:OCTaTKOB. rJiaBHblll H3'b5IH COCTOHT B TOM, 'ITO H€Be­

p051THO TPY1f:HO cKa3aTh, KaKne orrepau;MM HMeIOT 06II1ee reoMeTpnqe­

CKoe 3Ha'leHHe, a KaKHe CB5I3aHbl TOJibKO c 11:aHHOM CHCTeMOM KOOp1f:H­

HaT. TaKHM o6pa3oM, TeH3opHbIM aHaJIH3 o'leHh xopom 1f:JIR BhI'IHC­

JieHHM, HO TPY1f:HO CKa3aTh, 'ITO HMeHHO BhI'IHCJIReTCR. BcR pa6oTa, 

Ha'laTaR €Ille raMHJibTOHOM H HarrpaBJI€HHa5I Ha C031f:aHH€ MaTeMa­

TH'l€CKOrO arrrrapaTa, B KOTOpOM o6'beKTbl HMeIOT reoMeTpH'IeCKHM 

CMbICJI, OK83aJiaCb HarrpaCHOM. ,Il,JIR Toro, 'IT06bI 3acTaBHTb TeOpHIO 

pa6oTaTh, Heo6X01f:HMO 6bIJIO BBeCTH a<l><l>HHHYIO CB5I3b - 1f:OB0Jlb­

HO M30IIIP€HHYIO reoMeTpH'leCKYIO KOHCTPYKD;HIO. Ho 11:aMe c TaKoil 

KOHCTpyKu;Heit reoMeTpH'leCKOe 3Ha'leHHe orrepau;Hit He CTaJIO rrpo-

3pa'IHbIM. Ilo cyII1eCTBY HHTYHTHBHO 5ICHbIM B€KTOpHbIM aHaJIH3 TaK 

H He 6hIJI BbIT€CH€H TeH30pHbIM aHaJIH30M H3 rrporpaMM Ha'laJibHOro 

yHHBepcHTeTcKoro o6yqeHHR. 

MaTeMaTHKH B OCHOBHOM yMe COrJiaCHJIHCb, a <l>H3HKH IIOCTerreH­

HO rrpHBbIKaIOT K TOMy, 'ITO caMhIM y11:06HhIM arrrrapaTOM 1f:Jl5I reo­

MeTpnqecKoro aHaJIH3a RBJIReTCR BHemHee 11:n<l><l>epeHu;HaJihHOe HC­

'IHCJieHHe rpaccMaHa H KapTaHa. Ero rrpeHMyII1eCTBO COCTOHT B TOM, 

'ITO HapR,rzy c rrpocTbIMif If qeTKHMH rrpaBHJiaMH BhI'IHCJieHH5I Bee 

o6'beKThI HMeIOT rrpo3pa'IHhIM reoMeTpH'IeCKHil CMhICJI. BHemHee HC­

'IHCJieHne pa6oTaeT rrpH JI1060M 'IHCJie H3MepeHnit, xopomo ce6R Be-

11:eT rrpH OT06paM€HH5IX H H3MeHeHH5IX CHCTeMbI KOOP1f:HHaT, 06Jia11:a­

eT cyII1eCTBeHHblM €,II,HHCTBOM OCHOBHbIX TeopeM H 'leTKO pa3JIH'laeT 

«TorroJiorH'lecKMe» n «MeTpM'IeCKHe» cBoilcTBa. B paMKax BHemHe­

ro aHaJIH3a reoMeTpH'I€CKHe 3aKOHbI <l>H3HKH rrpHHHMaIOT rrpocTyIO H 

3JieraHTHYIO <l>opMy. qT06bI 3TO rrpo11:eMOHCTpHpoBaTh, IIOJie3HO rrpH­

BeCTH Ta6JIHD;Y, B35ITYIO H3 KHHrH «Kypc MaTeMaTH'l€CKOM <l>H3HKH», 

HaIIHCaHHyIOTHppHHrOM. 
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Ta6Jmu;a 1. licTopH.H 3aTIHCH yprurneHHii Mru<:cBeJIJia. 
KoHcTaHThI c, µ0 , H Eo rroJIO)KeHhI paBHhIMH 1. 

0,n;Hopo,n;Hoe ypaBHeHe:e I Heo,n;Hopo,n;Hoe ypaBHeHHe 
CaMaB paHHBB <l:>opMa 

8Bx + 8By + 8Bz _ 0 
ax oy oz -

8Ez _ aEy _ -B· a az- x 
a7f:x _ aE. _ -B· 
J) ax - y 
~ _ aEx _ -B 
ax ay- z 

8Ex + 8Ey + 8Ez _ p 
ox O'JJ oz -

aB. _ <!!!JL _ · + E. 
a oz - Jx x 

a
1JL _ aB. _ J. + E. 
8 8x-Y Y 

ffBy _ 8Bx _ · + E 
8x 8y - Jz z 

KoHeu; XIX BeKa 

V·B=O 
V xE=-B 

*pf3c. - 0 ,c.-

dF=O 

V·E=p 
VxB=j+E 

Ha11ano XX BeKa 

F f3c. - Jf3 ,c,-

Cepe,n;nHa XX BeKa 

&F=J 

B 1844 ro,n;y r. rpaccMaH (1809-1877) orry6JIHKOBaJI KHHry «Aus­

dehnungslehre». MaTeMaTn11ecKoe coo6ID;eCTBO He ou;eHHJIO 3TY pa-

6oTy H Be,IJ;yID;He HeMeD;KHe MaTeMaTHKH Toro BpeMeHH rrpoHrHO­

pHpOBaJIH ee. <l>aKTH"IeCKH, rpaCCMaH TaK HHKOr,IJ;a H He IIOJIY"IHJI 

MeCTO B YHHBepCHTeTe; BCIO CBOIO )Kll3Hb OH rrperro,n;aBaJI MaTeMa­

THKY B IIIKOJie. 0,n;HaKo, IIOXO)Ke, "ITO OH rrpO)KHJI c11aCTJIHBYIO H 

IIJIO,Il;OTBOpHyIO )Kll3Hb. Y rpaccMaHa 6bIJia 60JihIIIaB CeMh5I H OH 

C'1HTaJIC5I rrpH3HaHHbIM 3KcrrepTOM ITO caHCKpHTCKOH JIHTepaType. 

B KoHu;e )KH3HH OH rrorrpo6oBaJI eID;e pa3 BhIIIYCTHTh HOBoe 113,n;a­

HHe «Ausdehnungslehre», Ho OHO TaK)Ke He HMeJio ycrrexa. ToJib-
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KO HeMHOrIIe H3 MaTeMaTHKOB Toro BpeMeHH o:u;eHHJIH ero pa6oTy. 

Cpe,r:i;H HHX 6bm K. Me6Hyc (1825-1908). TeM He MeHee, B KHnre 

«Ausdehnungslehre» BnepBbie n051BHJIIICb KJIIoqeBhie B COBpeMeHHOH 

MaTeMaTHKe noH51TH51 n 6oJibIITHHCTBO anre6panqecKHX CTPYKTyp, 

ncnoJih3yeMhIX B aToil: KHnre. B Heil: 6hIJIH onpe,r:i;eJieHhI: BeKTOpHoe 

npocTpaHCTBO, BHeIITH5151 aJire6pa, BHeIITHee H BHyTpeHHee npOH3Be­

,r:i;eHHe, TeopeMa CToKca B o6o6i:u;eHHOil: <l>opMe. 

B HaCT051IIJ;ee BpeM51 o6i:u;enpH3HaHo, qTo 9. KapTaH (1869-1951) 
51BJI51eTC51 KpynHeil:IITHM cne:u;HaJIHCTOM no reoMeTpnn B XX BeKe. Ero 

paHHHe pa60ThI, 0THOC51IIJ;Heca K rpynnaM J1H H ,r:t;II<l><l>epeH:a;HaJibHbIM 

ypaBHeHH51M B qacTHhIX rrpOH3BO)J;HbIX, HMeroi:u;ne orpoMHOe 3HaqeHHe 

)J;J151 COBpeMeHHOH MaTeMaTHRH, TO)Ke CHaqaJia He 6bIJIH IIOH51Tbl. Ho 

B 1920 ro,rry OHH CTaJIH H3BeCTHhI IITrrpoRoMy Kpyry yqeHhIX. K 3TO­

MY BpeMeHH Teopn51 rpyrrn J1rr Haqana rrrpaTh KmoqeByro pOJih B 

MaTeMaTHKe H <l>H3HKe, H r. Beil:Jib 3aHOBO rrpe,r:i;cTaBHJI HX B CBOHX 

cTaTh51X. B HacT05Ii:u;ee BpeM51 pa6oThI KapTaHa no OCHOBHhIM y3-

JiaM rr CB51351M (rr3BecTHhie no,r:i; o6i:u;HM Ha3BaHHeM «Kanrr6poBO'IHhJe 

Teoprrrr») 51BJI51IOTC51 ocHoBoil: Teoprrn aJieMeHTapHhIX qacTrr:u;. B 1922 
ro,rry KapTaH orry6JIHKOBaJI KHrrry «J1eK.u;rru no HHTerpaJihHhIM HHBa­

puaHTaM», r,r:i;e nOKa3aJI, qTO H306peTeHHOe HM BHeIITHee ,r:i;u<I><l>epeH­

:u;uaJibHOe HC'IHCJieHue 51BJI51eTC51 ru6KHM HHCTpyMeHTOM He TOJibKO 

)J;J151 reoMeTpHH, HO H )J;J151 Bapua:u;HOHHOro ncqucJieHH51 c IIlHpOKHM 

KpyroM <l>n3H'IeCKHX nprrJio)KeHuil:. KaK y)Ke 6hmo CKa3aHo, npH3Ha­

Hne npHIIlJIO He Cpa3y, HO cero,IJ;H51 H <l>H3HKH, H MaTeMaTHKH C'IHTa­

IOT, 'ITO BHeIITHee HC'IHCJieHHe no3BOJI51eT HaHJIY'IIIlHM o6pa30M <l>op­

MYJIHpOBaTh reoMeTprr'IeCKHe 3aKOHhI <Pn3HKII. ll HaM Ka)KeTc51, 'ITO 

npHIIlJia nopa 3aMeHHTb HM BeKTOpHoe HC'IHCJieHHe B nporpaMMax 

Ha'IaJihHOro yHnBepcuTeTCKoro o6y-crnHH51. 

Heo6xo,r:i;nMo no5ICHHTh, no'IeMy B KHHre TaK MHoro BHHMaHH51 

y,r:i;eJieHO TeOpHH 3JieKTpH'IeCKHX :u;eneil:, XOT51 o6bI'IHO 3Ta TeMa He 

BXO,IJ;HT B y'Ie6Hh1e nporpaMMhI no MaTeMaTHKe. ITpe)K,r:t;e Bcero, aTo 

onpaB,r:i;aHO c ne,r:i;arorH'IeCKOH TO'IKH 3peHH51. ,Il;aHHM TeMa BCe­

"r,r:i;a HpaBHTC51 CTy,IJ;eHTaM. 0Ha n03BOJI51eT Ha O'IeHb npH3eMJieHHOM 

ypoBHe BBeCTH nOH51TH51 ,rryaJihHOro npocTpaHCTBa H <l>aKTOpnpo­

CTpaHCTBa. llHa'Ie 3TH nOH5ITH51 K~YTC51 CTy,r:t;eHTaM CJIHIIlKOM a6-

CTpaKTHbIMH rr noaToMy TPY,IJ;HO BocnpHHHMaIOTC51 HMM. KpoMe Toro, 

B )J;HCKpeTHOM, aJire6paH'IeCKOM no,r:i;xo,r:i;e K TeopHH :u;eneil: TeopeMa 
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CToKca rro5IBJIHeTC5I, rro cyru;ecTBy, KaK ecTeCTBeHHoe orrpe,n;enem-re, 

qTo II03BOJI5IeT IIOH5ITh pOJih orrepaTopa d H TeopeMhI CToKca rrpH 

cpopMynnpoBKe BHeurnero ncqncneHH5I. KoHeqHo, ecTh 6onee rny-

6oKHe, cpHJIOCOcpCKHe rrpnqHHhI, rroqeMy Mbl rrpHH5IJIH pemeHHe rro­

,n;po6Ho paccKa3aTb o TeopHH u;erreii. Y2Ke rroqTH cTo neT, KaK mo,IJ;H 

,IJ;yMaIOT, "'ITO CHJihI, y,n;ep2KHBaIOru;He MaKpOCKOIIHqecKHe Tena, HMe­

IOT ::meKTpn:qecKyIO rrpnpo,n;y. TaKHM o6pa3oM, rroH5ITHe TBep,n;oro 

TeJia H OTCIO,IJ;a eBKJIH,IJ;OBa reoMeTpH5I BbITeKaIOT H3 3JieKTpOCTaTH­

Kll (KoHe"'IHO, B HepeJI5ITHBHCTCKOM rrpH6JIH2KeHHH, Kor,n;a IIOH5ITH5I 

TBep,n;oro Tena n reoMeTpH5I EBKJIH,n;a HMeIOT CMhICJI). <l>H3H"tfecKHe 

HCcJie,IJ;OBaHH5I KaK rrpe,n;eJibHO MaJibIX o6'beKTOB ( 3JieMeHTapHbIX -qa­

CTHu;), TaK ll rrpe,n;eJibHO 6oJibIIIHX (KOCMOJIOI'H5I) 3aHOBO CTaB5IT cpyH­

,n;aMeHTaJibHble Borrpocbr o reoMeTpHH rrpocTpaHCTBa H BpeMeHH. Mbr 

rronaraeM, qTO pa3yMHO y2Ke B CaMOM Ha"tfane If3yqeHH5I MaTeMaTHKH 

,n;aTh cTy,n;eHTaM rrpe,n;cTaBJieHH5I o CB5I3H reoMeTpHH n ¢n3HKH. Be3 

COMHeHH5I, CTOpOHHHKH KOMIIbIOTepoB H p5I,n;a COBpeMeHHblX Teopuii 

B cpH3HKe 3a,n;a,n;yT BOIIpOCbI 0 ,Il;HCKpeTHOCTH, rrpoTHBOIIOCTaBJI5Ie­

MOll HerrpepbIBHOMY xapaKTepy rrpocTpaHCTBa H BpeMeHH ( rrpo6ne­

Ma, IIO,IJ;H5ITa5I PnMaHoM B ero ,n;n:ccepTau;nn 06 ocHoBax reoMeTpnn:). 

Ha,n;eeMc£, qTo Harne o6cy2K,n;emrn M02KeT 6bITh rroJie3HO TeM, KTO B 

6y,n;yru;eM CTaHeT peruaTh 3TY rrpo6neMy. 

Ham Kypc MaTeMaTHKH qnTaeTC5I B TeqeHHe o,n;Horo ro,n;a, n: rro-

3TOMY MbI BhIHY2K,IJ;eHbI 6bIJIH orrycTHTb HeKOTOpbre Ba2KHbie TeMbI. 

MbI He 06cy2K,I1;aeM 6ecKoHe"'IHOMepHbie BeKTOpHbre rrpocTpaHCTBa, 

B qaCTHOCTH, I'HJib6epTOBbI rrpOCTpaHCTBa; He ,n;aeM orrpe,n;eJieHH5I ll 

He H3y"'IaeM a6cTpaKTHhie ,n;ncpcpepeHu;npyeMhre MHoroo6pa3H5I H nx 

CBoiiCTBa. Ham OIIhIT rroKa3aJI, "'ITO '3TH TeMbI CJIHIIIKOM CJI02KHhI ,IJ;JIH 

CTy,n;eHTOB, ll YCHJIH5I, KOTOpbie Heo6xo,n;HMO 3aTpaTHTh Ha HX o6'h-

5ICHeHHe, nyqrue ncrroJih30BaTh rro-,n;pyroMy. KoHeqHo, B KHnre ecTh 

MecTa, r,n;e HaM rrpHXO,Il;HTC5I KOMIIeHCHpOBaTh OTCYTCTBHe '3THX no­

H5ITHll. 0,n;HaKo, 6oJiee cepbe3Ho To, qTo B KHHre HeT rro,n;po6ttoro 

o6cy2K,n;eHH5I rapMoHnqecKoro aHaJIH3a <l>yphe, KJiaccnqecKoiI Mexa­

HHKH u TeopHH Bepo5ITHOCTeii. MbI TOJihKO cnerKa KacaeMc5I '3THX 

TeM, He ,n;aBM rro,n;po6Horo H3JI02KeHH5I. Hae M02KeT H3BHHHTh TOJibKO 

TO, qTo Ka2K,ll;a5I H3 3THX TeM IIOTpe6oBaJia 6hI ceMecTpOBOro Kypca, 

a HX no,n;po6Hoe H3JI02KeHIIe Ha COBpeMeHHOM ypOBHe JierKO HaiiTH. 

B KOHu;e KHHrH rrpHBO,Jl;HTC5I crrncoK peKOMeH,n;yeMoii JIHTepaTyphI. 
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HaM rrpmITHO rro6Jiaro,r:i;apHTb rrpo<l>eccopa ,1J;aHH3Jia fopo<P<Pa, 

TliiaTeJibHO rrpoqMTamnero pyKorrHch, 3a MHoroqHcJieHHhle HcrrpaB­

neHH.H H rrone3Hhie rrpe,r:i;no)KeHH.H. Mb1 HCKpeHHe 6naro,r:i;apHM ,lJ;)KHH 

MoppHc 3a OTJIHqHoe KaqecTBO Ha6opa, 3a TO, qTo OHa BHHMaTeJibHO 

corrpOBO)K,Il;aJia rrpOH3BO,IJ;CTBO KHHrH Ha rrpOT.H)KeHHH BOCbMH neT -

c caMoro Ha"<Iairn rrpoeKTa ,r:i;o ero 3aBeprneHHH. 

OT M3,ll,aTeJu1 M pe,n,aKTopa 
pyccKoro nepeBo,n_a 

,lJ;aHHbIH Kypc HBJIHeTCH rrpnMepoM rny6oKoro CHHTe3a MaTeMa­

TnqecKHX H cPH3HqeCKHX 3HaHHH H M€TO,IJ;OB. Ilo HameMy MH€HHIO, 

XOTH OH Ha3hIBaeTCH «Kypc MaTeMaTHKH ,IJ;JIH CTy,r:i;eHTOB-cPH3HKOB», 

c TeM )Ke ycrrexoM ero MO)KHO paccMaTpHBaTb KaK «Kypc tj;>H3HKH 

,IJ;JIH CTy,IJ;eHTOB-MaTeMaTHKOB». 

IlepBbIH TOM co,r:i;ep)KaJI H3JI0)K€HHe OCHOBOIIOJiaraIOliIHX MaTeMa­

TH"<IeCKHX IIOH5ITHH H TeopHH, TaKHX KaK ,IJ;HcP<i>epeHIJ,HaJibHOe H HH­

TerpaJibHOe HcqncJieHHe, BeKTOpHble rrpocTpaHCTBa H JIHHeHHbie rrpe­

o6pa30BaHH.H, nnHeiiHhle .n;n<P<Pepemi;HanhHhie ypaBHeHM.H. Ha 3TOM 

3Tarre B KaqecTBe o6JiaCTH rrpHMeHeHH5l H3Y"<IaJIHCb Teop1rn KOJie6a­

HHH, crreIJ;HaJibHa5l Teopna OTHOCHT€JlbHOCTH H rayccoBa OilTHKa. 

Bo BTopoM ToMe MaTeMaTHqecKHH anrrapaT He TOJihKO 3aMeT­

HO pa3BirnaeTca, HO H HaxO,IJ;HT Ba)KHbie cPH3H"<IeCKHe rrpHJIO)KeHI'15l. 

Ilpe2K,r:i;e BCero 3TO 3Jl€KTPOMarHHTHbie 5IBJieHH5l - OT TeOpHH 3JieK­

TpHqecKHX IJ;erreii (rnaBa 12) ,r:i;o ypaBHemrft MaKcBenna (rnaBa 19). 
TepMO,IJ;MHaMHKe H cTaTHCTH"<IeCKOH MexaHHKe rrocBHIIJ;eHa rnaBa 22. 

To o6cToaTeJihCTBo, qTo Kypc paccqHTaH Bcero Ha o,n;n:H ro,r:i;, HO 

rrpn: 3TOM 3aTparirnaeT caMbie pa3Hble pa3,IJ;eJibl MaTeMaTHKH, KOTO­

pble Ha MaTeMaTH"<IeCKHX CII€IJ;HaJibHOCTHX pOCCHHCKHX ymrnepCHTe­

TOB rrperro,r:i;aIOTC.H Ha rrpoTa)KeHHH 6onhme:H qacTH cpoKa o6yqemrn, 
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BhIHY2K,Il,aeT aBTOpOB llCIIOJlh30BaTh MeCTaMll B€ChMa KOHCII€KTllBHhlll 

CTIIJlh II3JI02K€HIIH. 9To Bbipa2KaeTCH B TOM, 'ITO onycKaIOTCH ,IJ;€TaJill 

CTporn:x MaTeMaTIIqeCKHX ,IJ;OKa3aTeJibCTB Ba2KHhIX pe3yJihTaTOB (Ha 

KOTOphre, BnpoqeM, o6hrqHo ,n;aeTca cchrnKa). A HeKOTophre o6nacTH, 

KaK Teopmr BepOHTHOCTeii llJIII anre6pan:qecKaH TOIIOJIOI'HH, B006ll1e 

npe,IJ;CTaBJI€HhI TOJihKO HaqaJihHhIMll CBe,n,eHIIHMll. IlocTpOeHIIe Kypca 

TaK2Ke He B IIOJIHOll Mepe COOTBeTCTByeT pOCCllllCKOll YHIIBepCIITeT­

CKOll nporpaMMe. TaK, pH,ll;hI <l>yphe (6e3 KOTOphIX Tpy,n;Ho npe,n,cTa­

BIITh perneHHe MHOI'llX COBpeMeHHhIX 3a,n;aq cpH3llKll ll ,n;pyrn:x ecTe­

CTB€HHhIX HayK) BBO,Il,HTC5I TOJihKO B KOHu;e rJiaBhI 20, IIOCBHII1€HHOll 

KOMIIJieKCHOMY aHaJIII3y. (Y qHThIBaH Ba2KHYIO pOJih rapMOHIIqecKIIX 

cpyHKIJ;llll B cplI3IIKe, B qaCTHOCTII, KaK IIOT€HIJ;HaJIOB CllJIOBhIX IIOJieii, 

pe,n,aKTOp c,l:J;eJiaJI K TOH)£(€ 20-ii rJiaBe He60JihIIIOe ,n;o6aBJI€Hlle 0 B3a­

IIMOCBH3ll M€2K,IJ,y rapMOHFiqecKIIMll cpyHKIJ;llHMll ,l:i;BYX nepeMeHHhIX ll 

aHaJIHTHqeCKHMII cpyHKIJ;llHMll KOMIIJI€KCHOro nepeMeHHOI'O.) 

Ilpll nepeBo,n,e ll pe,n,aKTIIpOBaHIIll 6bIJill IICrrpaBJieHhI MHoroqn:c­

JieHHbie onm6KH H HeToqHocTH opHrHHarra. Pe,n;axTophI ( nepBoro n: 

BToporo TOMOB) ,n;o6aBIIJIH K TeKCTY ,IJ;OBOJihHO MHOI'O npHMeqaHn:ii. 

06HOBJI€Hbl ll yToqHeHbI CIIHCKH peKOMeH,IJ,y€MOll JIIITepaTyphI, ,n;aHbI 

CCblJIKII Ha IIM€IOll1ll€CH pyccKHe nepeBO,IJ;bI. 3aHOBO COCTaBJieH npe,n;­

MeTHbill YKa3aTeJih; BO BTOpOM TOMe OH OXBaTbIBaeT MaTepHaJI BCeii 

KHHI'II. 

Mbr Ha,n;eeMca, qTo :::JTOT coBpeMeHHhIH Kypc, BeCbMa OTJIHqaro­

II1IIHCH OT OTeqeCTBeHHhIX o6pa30BaTeJibHhIX Tpa,n;n:u;n:fi, 6y,n;eT IIHTe­

peceH He TOJibKO cTy)J,eHTaM, HOH npeno,n;aBaTeJIHM. 

Ha,n;eeMCH TaK2Ke, qTo II3,IJ;aHn:e 6y,n;eT none3HO IIIHpOKOMy Kpyry 

HayqHbIX pa6oTHllKOB pa3H006pa3HbIX cpH3HqeCKHX, TeXHHqecKIIX H 

MaTeMaTll'l€CKIIX cneu;HaJibHOCTeH. 

Mbr 6y,n,eM 6naro,n;apHhI qn:TaTeJIHM 3a nro6bre 3aMeqaHHH no KHH­

re; rrpocn:M HanpaBJIHTh FIX HaM no a,n;pecy publisher©phasis. ru. 

MocKBa, Mali 2006 



rJiaBa 12 

TeopH.H 3JieKTpHqecKHX u;eneii 

fJiaBbI 12-14 MO)KHO C"IHTaTb BBe)l,eHIIeM B MaTeMaTH­

KY <PopMhI, T. e. B anre6parrqecKyIO Torronorrrro. B rJia­

Be 12 MhI HaqrrHaeM rr3yqeHrre ::ineKTprrqecKHX I!erreit 

3)1,eCb HMeIOTC.H )],Ba acrreKTa. Bo-rrepBhix, H3y'laeTC.H crr­

cTeMa rrpOBO,Il,OB I!eIIH c ToqKH 3peHH5I CB5I3H Me)K)l,y co-

6oli pa3nrrqHhIX y-qacTKOB. Ha MaTeMaTrrqecKoM .H3hIKe 

3TO Ha3hIBaeTC5I TOIIOJIOrHeli O)l,HOMepHbIX KOMIIJieKCOB. 

Bo-BTOph1x, rrpe)l,rronara.H, qTo MhI 3HaeM rroBe)l,eHrre OT­

)l,eJihHhIX yqacTKOB, H3yqaeTC.H peaKJ~H.H I!eIIH B I!eJIOM, 

B qacTHOCTH, paCCMaTpHBaIOTC5I MOIII;HOCTb H 3HeprH.H. 

IlpHBO)l,.HTC51 rrpHMepbI I!erreli, HHTepeCHbie c cPH3HqecKOll 

TOqKH 3pemrn. 

Teoprr5I ::ineKTprrqecKHX I!erreli aBJI.HeTc.H rrprr6m1MeHrreM K ::ineKTpo­

MarHHTHoli TeOpHH, KOr)l,a rrpe)l,IIOJiaraeTca, qTo Bee HHTepecHbie 51B­

JieHHH rrporrCXO)l,HT B rrpOBO)l,aX II )l,pyrn:x 3JieMeHTaX 3THX Ileneli. Ilpn: 

3TOM TaKMe rrpe)l,IIOJiaraeTCH, qTO I!eJih MOM€T 6hITb pa3JIOMeHa Ha 

pa3JIHqHbie KOMIIOHeHTbI c orrpe)l,€JI€HHbIM xapaKTepOM IIOBe)l,eHHa, 

H 3a)l,aqa COCTOHT B TOM, qT06hI rrpe)l,CKa3aTb IIOBe)l,eHHe BCeM Ilemr, 

eCJIH ee KOMIIOHeHTbI C0€)l,HHRIOTC51 pa3JIHqHbIMH crroco6aMM. 

OcHOBHhie rrepeMeHHhie Teoprrrr I!erreii: xoporno H3B€CTHhI no 

6bITOBbIM rrprr6opaM: 3TO TOK, HarrpHM€HH€ ll MOIIIHOCTb. <PyH)l,a­

M€HTaJihHOll e)l,HHHI!ell 3JieKTPOMarHHTHOH Teopnn 51BJIH€TC51 3apH)l, 
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3JieKTPOHa. K MOMeHTY Hanncamrn: 3TO:ti KHHrH (,rr,o o6Hapy)KeHnf! 

KBapKOB) qaCTHu;a, 3apfl,II, KOTOpo:ti 6bIJI 6bI ,IJ,OJieii 3apfl,rr,a 3JieKTPO­

Ha, HeH3BeCTHa. Ha npaKTHKe e,rr,1rnnu;eii 3ap£,rr,a cqHTaeTCf! KJJIOH, 

KOTOph1ii npoTnBonoJIO)KeH 3ap£,rr,y 6.24 x 1018 3JieKTPOHOB. B 1819 
ro,rr,y 9pcTe,rr, 3aMeTHJI, qTo noToK 3JieKTpn:qecKoro 3ap£,rr,a co3,rr,aeT 

CHJiy, ,rr,eiiCTBYIOIIJ;YIO Ha MarHHTHYIO HrOJIKy, npnqeM 3Ta CHJia npo­

IIOPllHOHaJibHa CKOpOCTH IIOTOKa 3ap£,rr,a. 9TOT 3cpcpeKT H3Mepf!Tb 

ropa3,IJ,O Jierqe, qeM 3JieKTpocTaTHqeCKlfe CHJihI, KOTOpbie Tpe6yIOTCf! 

,Il,Jlfl H3MepeHHf! 3ap£,rr,a. Ilo3TOMY HMeHHO mo'IC, a He 3apfl,II,, cqHTa­

eTCf! ocHOBHO.ii: nepeMeHHO.ii: TeopHH u;erreii:. E,rr,HHHu;eii: TOKa f!BJif!eTcfl 

aMrrep, rrpHqeM 1 aMrrep = 1 KJJIOH/ceKyH,rr,y. ToK 6y,rr,eM o6o3HaqaTh 

6yKBoii I. l1TaK, 

I= dQ 
dt' 

r,rr,e I - TOK, H3Mepf!eMhiii B aMrrepax, Q - 3ap£,rr,, H3Mepf!eMbiii B 

KJJIOHax, a t - BpeMf!, H3Mep£eMoe B ceKyH,rr,ax. Boo6iu;e roBopfl, MhI 

MOrJIH 6bI O)KH,II,aTb, qTO TOK, npoTeKaIOiu;HH no u;errH, 3aBHCHT OT 

TOqKH Ha6JI10,rr,eHHf!. B TeopnH u;erreii: rrpe,rr,noJiaraeTcf!, qTo TOK rrpH­

HHMaeT orrpe,rr,eJieHHOe 3HaqeHHe Ha Ka)K,Il,OM JIHHeii:HOM yqacTKe ( BeT­

BH) u;errH (Ho MO)KeT H MeHf!ThCf! co BpeMeHeM). IIycTb a o6o3HaqaeT 

HeKyIO B€TBh B u;enH, Tor,rr,a J0 (t) o6o3HaqaeT TOK, npoTeKaIOiu;Hii: qe­

pe3 a B MOMeHT t. 
IIpoxo,II,f! B,Il,OJih yqacTKa u;errH, 3JieMeHT 3ap£,rr,a rrpno6peTaeT 

3HeprHIO HJIH Tepf!eT ee. lfaMeHeHn:e 3HeprHH (n:3Mepfl€MOH B ,IJ,)KO­

YJiflX) Ha e,rr,1rnHu;y 3ap£,rr,a (H3Mepf!eMoro B KyJioHax) Ha3hrnaeTCf! 

'H,anpJl:>tee'H,Ue.M. 9To 3HaqHT, qTo 1 BOJihT = l ,rr,)Koynh/KynoH. Ha­

rrp£)K€HHe 6y,rr,eM o6o3HaqaTb 6yKBoii: V. Harrpfl)KeHHe (pa3HOCTh 

IIOTeHllHaJIOB) M€)K,II,y ,IJ,BJMfl KOHllaMH BeTBH a B MOMeHT t o6o3Ha­

qaeTCf! V 0 (t). IlpOH3Be,IJ,eHIIe TOKa Ha HaITpfl)KeHlie HMeeT pa3Mep­

HOCTb 3HeprHH/BpeMf! H Ha3bIBaeTCf! .M0'111>'H,OCm'b10, H3Mepf!eMoii: B 

COOTB€TCTB€HHO BaTTax, T. e. 

1 BaTT = 1 BOJibT x aMrrep = l ,IJ,)KOJJib/CeKyH,rr,y. 

B TeopHH u;erreii rrpe,rr,noJiaraeTCfl, qTo cyiu;ecTByeT TpH THrra BeTBeii: 

u'H,ay'l\:mop'bt, '/CO'H,ae'H,c.amop'bt H conpomuBJl,e'H,UJl. ,Il;Jifl KaM,rr,oro THrra 

HMeeTCf! onpe,rr,eJieHHOe COOTHOIIIeHHe M€)K,II,y HaIIpfl)KeHH€M H TOKOM. 

B IIH,II,yKTope Harrpfl)K€HIIe rrporropu;HoHaJihHO cKopocTII II3MeHeHIIfl 
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TOKa, T. e. ecmr a o603HaqaeT HH,IzyKTOp, TO 

L dla = va 
a dt ' 

r,1.1,e rrocT051HHa51 La Ha3bIBaeTC51 uttdy'K',mumwcm'b10. CooTBeTCTBYIO­

rn;a51 e,1.1,HHHll,a HH,IzyKTHBHOCTH Ha3bJBaeTC51 reHpH, T. e. 

1 reHpH = 1 BOJihT / ( aMrrep / ceKyH,rzy) = 1 BOJihT x ceKyH,rzy / aMrrep. 

B KOH,1.1,eHcaTope TOK rrporropu;ttoHaJieH cKopocTH H3MeHeHH51 Harrp51-

)KeHH51. Ecmr a - KOH,1.1,eHcaTop, TO 

cadVa =I 
dt a, 

r,1.1,e IIOCT051HHa51 ca Ha3bIBaeTC51 ero e.M'K',OCm'b'IO H H3Mep51eTC51 B cpa­

pa,n;ax, T. e. 

1 cpapa,1.1, = 1 KyJioH/BOJihT. 

,Il;JI51 corrpOTHBJieHHH (pe3HCTOpOB) cyrn;ecTByeT cPYHKll,HOHaJihHOe co­

OTHOIIIeHHe, CB513bIBaIOrn;ee TOK H HaIIp51)KeHHe (Ho He HX rrpOH3BOfl,­

Hhie). B KJiaccHqecKoH. TeopHH AUtteiltt'btX naccuett'btX u;erreH. OHO HMe­

eT BH,1.1, V = RI, r,1.1,e rrocT051HHa51 R, H3MepReMa51 B oMax, Ha3hIBaeTC51 

conpomU6Ae'HUe.M BeTBH. rpacpHKl 3TOrO COOTHOIIIeHH51 Ha IIJIOCKO­

CTH I, v H3o6pa)KeH Ha pHC. 12.1. cho IIp51Ma51 JIHHH51, rrpOXOfl,5Irn;a51 

v 

Pttc. 12.1. IlpocToH. pe3HCTop Pttc. 12.2. PeaJihHa51 6aTape51 

qepe3 HaqaJio KOOp,1.1,HHaT. Jiro6oH. rrpH6op, OIIHCbIBaeMblH (HeOf!,HO­

p0,1.1,HhIM) JIHHeHHhIM ypaBHeHHeM rro I H V, MhI 6y,1.1,eM cqHTaTh AU­

tteiltt'bt.M conpomueAettue.M. HarrpttMep, peaJibHa51 6aTape51 (pttc. 12.2) 

1
Ha3bIBaeMblH BOJibT-aMrrepHOH xapaKTepIICTIIKQH. - !Ipu.M. pea. 
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c B'H,ympe'H,'/-1,U.M conpomuej/,e'/-1,Ue.M Ra Mo2KeT 6hITh orrncaHa ypaB­

HeHIIeM va = wa +Ra Ia, r,n;e rrocTOHHHaH wa Ha3bIBaeTCH 9,ll,C 
(3J/,e-x;mpodeu:HCyw,eu CUJ/,ou) 6aTapeH. ll,n;ea.n:hHaH 6aTapeH, c03,n;aro­

rn;aH 1mrrpH2Kemrn wa rrpH Jiro6oM TOKe, onHcbrnaeTCH ypaBHeHHeM 

va = wa. Ha pHc. 12.3 M3o6pa2Ketta ropH30HTaJibHaH JIHHHH. ll,n;e­

aJibHbIH HCTO'IHHK TOKa, co3,n;aIOrn;Hll. TOK Ka He3aBHCHMO OT HarrpH-

2KeHHH Ha ero IIOJIIOcax, orrHChrnaeTCH ypaBHeHHeM Ia = Ka, T. e. 

rpaqHfKOM 6y,n;eT BepTHKaJibHaH JIHHHH. 

v 

I 

PHc. 12.3. ll,n;eaJihHaH 6aTapeH PHc. 12.4 

AHaJIH3HpyH u,errH, B KOTOphIX HanpH2KeHHe H TOKH 3aBHCHT OT 

BpeMeHM, Mhl ,}];OJI)KHhl paccMaTpHBaTh HCTO'IHHKH HaIIpH2KeHHH H 

TOKa, T02Ke 3aBHCHrn;1ie OT BpeMeHM. B 3TOM cJiyqae JIHHell.Hoe co­

rrpoTHBJieHHe B o6rn;eM BH,n;e OIIHChrnaeTCH ypaBHeHHeM 

r,n;e wa(t) H Ka(t) - 3a,n;aHHh1e cPYHKIJ,HH BpeMeHH. 

B 6oJiee o6rn;eM cJiyqae paccMaTpHBaIOTCH HeJIHHeHHhre corrpo­

THBJieHHH, HH,Ll;JKTOpbI H KOH,Ll;eHcaTophr. HarrpHMep, ,n;Ho,n; HJIH Tep­

MHCTop MoryT C'IHTaThCH 'H,CJ/,U'H,CU'H,'bt.MU conpomuBJ/,C'H,U.R.MU, OIIHCbI­

BaeMbIMM HeJIMHeHHoii: cPYHKIJ,Meii: Ia = f(Va) Tmrn H306pa2KeHHOH 

Ha pHc. 12.4. 
Jlro6oe o6o6rn;eHHOe corrpOTHBJieHHe xapaKTepH3yeTCH cPYHKIJ,HO­

HaJihHblM cooTHOIIIeHHeM R(I, V, t) = 0 c e,n;HHCTBeHHhIM orpaHH'Ie­

HHeM: B Hero He BXO,Ll;HT rrpoH3BO,Ll;Hbre I H V. 
06o6rn;aH IIOHHTHe HH,Ll;yKTOpa, MO)KHO rrpe,n;rrOJIO)KHTh, 'ITO HH­

,Ll;yKTHBHOCTh 3aBHCHT OT ToKa I, H 3arrHcaTb 

V = L(I)~~. 
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TaKoe, HarrpuMep, MO)KeT peaJIH30BaTbe£ B HH,IcyKTope e )KeJie3-

HhIM eep,n;e'IHHKOM, uerronh3yeMoM ,n;n£ 6oJihIIIIIX TOKOB. AHanorII'IHO 

MO)KHO paecMOTpeTb HeJIHHeRHbIR KOH,ll;eHeaTop 

I= C(V)dV 
dt) 

KOTOpbIR rronyqaeTe5!, eeJIH HellOJih30BaTh ,n;mmeKTPHK e HeJIHHeli­

HhIM OTKJIHKOM2. 

Mbr elile 6y,n;eM roBopHTh o HeJIHHeliHhIX yeTpolieTBax. 0,n;HaKo 

Ba)KHO oe03HaTh, 'ITO rroeJie,IcyIOlila5! TeopH5!, B OeHOBHOM, 6y,n;eT Ka­

eaTbe5! rronyqeHH2! ypaBHeHHii ,ll;JI2! 3JieKTpuqeeKHX I!erreii, a He ux 

peIIIeHH5!. IlpH'IeM 3TH ypaBHeHH5! 6y,rcyT O,ll;HHaKOBO rrpuMeHIIMhI KaK 

K JIHHeHHhIM 3JieMeHTaM, TaK II K HeJIHHeHHhIM. 

A eeit'Iae rrpe,n;noJIO)KHM, 'ITO Halla 3JieKTpH'IeeKa2! II,errb eocToHT 

H3 b BeTBeii Tpex THIIOB, 0 KOTOpbIX roBopnJIOeh BbIIIIe. Bee BeT­

BH KaK-TO eoe,n;HHeHhI ,n;pyr e ,n;pyroM. Mbr xoTeJIH 6hr orrpe,n;eJIHTh 

TOKH H HaIIp5!)KeHH5! B Ka)K,ll;OH BeTBH, T. e. HaHTH 2b HeH3BeeTHhIX 

BeJIH'IHH. ,11,JI5! Ka)K,ll;Oit BeTBH y Hae eeTb TOJihKO O,ll;HO ypaBHeHHe 

(nu6o ,n;mp<J>epeHI!HaJihHOe ypaBHeHHe, JIH6o <i>YHKI!HOHaJihHOe eooT­

HOIIIeHHe Me)K,Icy TOKOM H Harrp5!)KeHHeM). HaM Ha,n;o HMeTh ellle b 
ypaBHeHHii. 9TH ypaBHeHH2! H3BeeTHhI KaK 3a'IW'H'bt K upxzo<fia. 

K11pxro<J>, 6y,Icy'IH eTy,n;eHTOM Ha eeMHHape HeitMaHHa, BnepBbie 

11eeJie,n;oBan rrpo6neMhI I!erreit. Ero pe3yJihTaThI 6hIJIH orry6JIHKOBaHhI 

B nepH0,21; e 1845 rro 184 7 ro,n;. OH ,ll;OKa3aJI eylileeTBOBaHHe peIIIeHH2! 

rrpo6neMhI II,eneit ,ll;JI2! cny'Ia£, Kor,n;a eeTh TOJihKO rraec1rnHhre JIHHeit­

Hhre eorrpoTHBJieHH2!. 3aHHMa£eh 3TO:it 3a,n;aqeii, Kupxro<J> rrepBhIM 

eTaJI H3y'IaTh anre6paH'IeeKHe eBoiieTBa <J>opMbI. IlO'ITH II5!Tb,ll;ee£T 

JieT erryeT5! IlyaHKape e03,ll;aJI a6eTpaKTHYIO TeopHIO cpopMhI, KaK Ma­

TeMaTH'!eeKyIO ,n;neI!HIIJIHHy, KoTopyro Ha3BaJI analysis situs. Ceit'Iae 

;:)TO Ha3bIBaeTe5! anre6pawieeKOH TOIIOJIOrneil:. Ilpnpo,n;a M€TO,ll;OB aJI­

re6paH'IeeKoii Torronorun Han6onee O'IeBH,ll;Ha B enyqae I!erreii, eoeTo­

HlilHX lI3 rraeeHBHhIX JIHHeHHhIX eonpOTlIBJieHHH. Il03TOMY eHa'IaJia 

2
I1MeeTCR B Bll)ly (HeTpllBll8JihHaR) 3aBllCllMOCTh Ou3J1,e'1'mpu"tec1wii npottu'4a­

e.,w,ocmu MaTepHana M8:lKIJ;Y IIJiaCTllHaMll KOH,lJ;8HCaTopa OT HarrpR:lKeHHOCTll 3JI8K­

TpOCTaTWI8CKOrO IIOJIR. CTporo roBopR, rrpll ,n;ocTaTO'!HO 6oJihIIIllX 3Ha'!eHHRX Ha­

npR:lK8HHOCTll 3TO RBJI8Hlle llM88TCR y BCRKOro ,ll;ll3JI8KTPllKa, TaK KaK HaCTyrraeT 

ero npo6oii (pe3Kllii: pocT IJ;ll3JieKTpll'IeCKOii: rrpOHHu;aeMOCTll, a 3aTeM rrepexo,n; B 

COCTOHHlle rrpOBO,lJ;HllKa). - Ilpu.M. pea. 
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Mbl oqeHb IIO,Iq>06Ho H3yqHM HM€HHO 3TH :u;errH, rrpe)K,lI.e qeM rrepe:tl:­

,n;eM K o6m;eMy cJiyqaIO. llccJie.n;y51 TaKHe :u;errH, MhI 6y,n;eM cJie,n;oBaTh 

CTaTbe r. Be:ti:JI51 (1923 ro.n;), B KOTOpo:tl: pe3yJihTaThI KHpxro<Pa rrpe.n;­

CTaBJI€HhI B <PopMe, rrp51MO II0Ka3bIBaIOm;e:tl: CBH3h c aJire6paHqecKOH 

TOIIOJIOrHeH. 

3aKOHhI KHpxro<Pa, rrepeOTKphIThre MaKcBeJIJIOM, <PopMyJIRpy­

IOTCH oqeHh rrpocTo. 1Iep6'btu 3a'IW'l-t BhITeKaeT M3 3aKoHa coxpaHeHMH 

3ap51,n;a H COCTOHT B TOM, qTo aJire6paHq€CKaH cyMMa TOKOB, CXO,I1;51-

m;HXCH B TOqKe pa3BeTBJieHRH rrpoBO,Il;HMKOB, paBHa Hymo. Bmopou 

smwn yTBep)K,lI.aeT, qTo cym;ecTByeT TaKa51 cPYHKllHH <I>, Ha3hrnaeMaH 

3JI€KTpOCTaTRqecKHM IIOTeHIJ;MaJIOM, qTO HarrpH:>KeHMe B Ka:>K,Il;OH BeT­

BH orrpe,n;eJIHeTc51 pa3HOCThIO 3HaqeHMH <I> Ha ee KoH:u;ax. MaKcBeJIJI 

rrpR.n;JMaJI ,n;Ba MeTo,n;a pemeHMH rrpo6JieMhI :u;erre:tl: c corrpoTHBJieHHH­

MH, H3B€CTHble celiqac KaK M€TO,II; 'K;PY206'bLX mo'K;06 H MeTO,II; Y3.!W6'bLX 

nomenu,ua.11,06. Mhr HaqHeM pa6oTaTh c rrpRMepaMR, MJIJIIOCTpHpy­

IOlli;MMH MeTO,Il;hI MaKcBeJIJia, M no xo.n;y ,n;eJia c<l>opMyJIRpyeM H3hIK 

aJire6paHqeCKOH TOIIOJIOrMH. 

12.1. Jiuneii:Hhie u;enH c pe3HCTopaMH 

Pe3RCTOphr coe,n;RHHIOTCH rrpoBo,n;aMH c rrpeHe6pe)lrnMo MaJihIM co­

rrpoTRBJieHHeM. Coe,n;HHeHRe, R3o6pa)KeHHOe Ha pRc. 12.5, Ha3hIBa­

eTCH napaMe.l/,'b'l-t'bt.M. ITpe.n;rroJIO:>KMM, qTo K 6aTapee, co3,n;aIOm;e:tl: rro­

CTOHHHOe HaIIp51:>K€HHe v' rrpMcoe,n;MH€HhI H€CKOJibKO pe3MCTOpOB, 

rrpMqeM i-ii pe3HCTop RMeeT corrpoTMBJieHRe ~. BBe,n;eM BeJIRqM­

HY Ci = Rj1
, Ha3hrnaeMy10 npoeodu.MocmMo3 i-ro pe3RcTopa. MbI 

XOTHM BbiqRCJIHTh IIOJIHhIH TOK, IIOCTaBJIH€MhIH 6aTapee:ii, a rrocJie 

Toro, KaK rrpou,ecc ycTaHOBHTCH, - TOK B Ka:>K,n;oli BeTBM. Coe,n;H­

HeHRe BepxHHX BXO,Il;OB pe3HCTOpOB o6ecrreqHBaeT Ha HHX O,Il;HHaKO­

BbIR IIOT€HU,HaJI B CTa:u;HoHapHOM COCTOHHHH. AHaJIOrHqHo RMeIOTCH 

o,n;RHaKOBhre rroTeHU,MaJihI Ha HM:>KHMX Bxo.n;ax pe3HCTopoB. CJie,n;oBa­

TeJihHO, Ha Ka:>K)J,OM pe3HCTOpe Mhl MMeeM O)J,HO H TO )K€ HaIIp5I:>K€HRe, 

paBHoe HarrpH:>KeHHIO v, C03,n;aBaeMOMY 6aTapee:tl:. c TOqKH 3peHM51 

TeOpMM u.erre:tl: Mhl MO)K€M cqMTaTh, qTo BCe BepXHMe H HH)KHHe rrpo­

BO,Il;a cT~lTHBaIOTCH B ToqKR. IToaTOMY pHc. 12.5 MO)KHO 3aMeHRTh Ha 

3
E,n;KHKIJ;a npOBO,IJ;HMOCTH, o6paTHasl e)l,HHYD,e conpOTHBJieHH~ OM, HOCHT Ha-

3BaHn:e cUMe'ltc. - IIpuM. pea. 
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pnc. 12.6, r.n;e ,n;Be BepIIIHHhI A H B (BBepxy H BHH3y) coe,n;HHHIOT 

n + 1 BeTBeH, Ha O,Il;HOH H3 KOTOphIX HaxO,Il;HTCH 6aTapeH. 

IIocKOJihKY KO BceM pe3HCTopaM rrpHJIO)Ketto o,n;Ho H TO )Ke HarrpH­

)KeHHe V, TO H3 ypaBHeHHH V = RI HJIH I = GV cJie.n;yeT, qTo TO­

KH, rrpoTeKa10m;ne qepe3 cooTBeTCTByrom;ne pe3HCTOphr, paBHhI G1 V, 
G2 V, ... , Gn V. CorJiactto rrepBOMY 3aKoHy Knpxro<l:>a, TOK, rrp0Te­

Ka10m;n:H qepe3 BeTBh c 6aTapeeif, ,Il;OJI)KeH 6h1Th paBeH no BeJIHqntte 

H rrpOTHBOIIOJIO)KeH ITO 3HaKy aJire6paHqeCKOH cyMMe TOKOB B BeTBHX 

c pe3HCTopaMH, T. e. 

(Ha pnc. 12.6 CTpeJIKaMH o6o3HaqeHhI HanpaBJieHmI TOKOB, npnqeM 

TOKH, TeKym;He CBepxy BHH3, cqnTaeM IlOJIO)KHTeJihHhIMH, a TOKH, 

TeKym;ne B o6paTHOM ttarrpaBJieHHH, - OTpHu;aTeJihHhIMH.) TaKHM 

o6pa30M, Mbl peIIIHJIH 3a,n;aqy ,Il;JIH 3TOH rrpocTeHIIIeH u;e1rn, T. e. 3HaeM 

HaIIpH)KeHHe H TOK B Ka)K,Il;OH BeTBH. lfa IIOJiyqeHHOro pe3yJihTaTa 

CJie.n;yeT, qTo IIOJIHhIR TOK, rro,n;aBaeMhIH 6aTapeeii B 3TOM cJiyqae, 

paBeH TOKY OT 6aTapeH, ecmr 6bl B u;errH 6hIJI TOJlhKO O,Il;HH pe3HCTOP 

c rrpoBO,Il;HMOCThIO G = G1 + G2 + · · · + Gn H corrpoTHBJieHHeM R, r.n;e 

1 1 1 1 -=-+-+ .. ·+-. 
R R1 R2 Rn 

lITaK, ecmI HeCKOJlbKO pe3HCTOpOB coe,n;HHeHhl rrapaJIJieJihHO, TO 

OHM 3KBHBaJieHTHhI O,Il;HOMY pe3HCTopy, o6paTHOe corrpOTHBJieHHe 
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KOTOporo paBHO cyMMe o6paTHbIX corrpOTHBJieHHH BCex OT)J;eJibHhIX 

pe3IICTOpOB. 9To xopomo II3BeCTHhlH pe3yJihTaT, KOTOphIH rrperro.n;a­

eTC51 B 3JieMeHTapHblX Kypcax. 

R1 R2 ·· · Rn 

Ci: 
+v 

PIIc. 12.7 

Ha pHc. 12. 7 H306pa:if<eHa rpyrrrra pe3IICTOpoB, coe,n;HHeHHhIX rrpo­

BO,ll;aMH nocJ1,edoBame.!/,'b'lio. IlycTh B 11errII HMeeTca 6aTapea, co3,z:i;a­

ro111aa HarrpmKem1e V, B pe3yJihTaTe qero B03HHKaeT rrocTOaHHhIH 

TOK I. (Ilo rrepBoMy 3aKoHy KHpxro¢a TOT )Ke caMhIH TOK I rrpoTeKa­

eT qepe3 Ka)K)J;yIO BeTBh, IIOCKOJibKY B Ka)J(,ll;OM Y3Jie anre6pawiecKaa 

cyMMa TOKOB )J;OJI)l(Ha 6bITh paBHa HYJIIO.) IlycTh corrpoTIIBJieHIIa pe-

3HCTopoB paBHhI Ri, R2, ... , Rn COOTBeTcTBeHHO. IIocKOJihKY 'Iepe3 

i-rr pe3IICTop rrpoTeKaeT TOK I, TO Harrpa)KeHIIe Ha HeM paBHO Ril. 
Ifa BToporo 3aK0Ha KIIpxro<Pa cJie.n;yeT, qTo Harrpa)KeHHe Ha 6aTapee 

,ll;OJI)KHO 6bITh paBHO cyMMe HarrpaMemIH Ha Bcex p€3HCTopax, T. e. 

IIocKOJihKY MhI 3HaeM V, TO H3 3Toro ypaBHeHHa rroJiyqaeM TOK I. Ta­

KHM o6pa30M, 3a,n;aqa IIOJIHOCThIO pemeHa - Mbl 3Ha€M TOK II Harrpa­

)KeHIIe B Ka)K)J;OH BeTBH. 11TaK, eCJIH HeCKOJihKO pe3IICTOpOB coe,n;II­

HeHbl IIOCJie,n;oBaTeJibHO, TO OHM 3KBHBaJieHTHbl O)J;HOMY pe3HCTopy, 

corrpOTIIBJieHIIe KOToporo paBHO CYMM€ corrpOTHBJieHHH OT)J;eJibHhlX 

pe3IICTopoB. OrraTh xopomo H3BeCTHhili pe3yJihTaT. 

A Terreph ,n;aBaliTe paccMoTpHM 6oJiee cJIO)KHYIO n;errh, cocT05IIIIYIO 

H3 6aTapeH c HaIIp51)KeHHeM v' coe,n;HH€HHOH c TpeM51 pe3HCTOpaMII, 

o6Jia,n;aIOIIIHMII corrpoTIIBJieHIIHMII R1, R2 II R3, TaK, KaK 3TO rroKa-

3aHo Ha pnc. 12.8. To'!Ka, II3 KOToporr Bhrxo,n;aT ,n;Ba IIJIH 6oJiee rrpo­

BO,ll;OB, Be.n;ym;nx K pa3JIHqHbIM 3JI€MeHTaM, Ha3hIBaeTC51 Y3.!/,0.M, HJIH 

Bepwu'liou. To'!Ka A aBJiaeTca Y3JIOM, K KOTopoMy rro.n;xo,I1;51T ,n;Ba rrpo­

Bo,n;a: OT 6aTaperr H OT pe3rrcTopa. K TO'IKe B rro,n;xo,n;aT rrpoBo,n;a OT 
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Tpex pe3IICTopoB. K TO'fKe C rro,D,XO,IJ,5.!T ,D,Ba rrpoBo,D,a OT pe3IICTopoB II 

O,Il,IIH OT 6aTapeII. H:mKHHH rrpaBbIH yroJI cxeMbI He C'IHTaeTc5I y3.JIOM, 

IIOTOMY 'ITO OH COe,IJ,IIH51eTC51 c TO'IKOH c rrpoBO,Il,OM c HyJieBbIM co­

rrpoTIIBJieHIIeM II, cne,D,oBaTeJibHO, comra,D,aeT c y3.110M C. I1TaK, n;errb 

IIMeeT TpII y3Jra A, B II C II 'feTbrpe BeTBH: BeTBh c 6aTapeei1, co­

e,D,IIH51IOlll,a51 Y3JihI A II C; pe3IICTop, coe,IJ,IIH51IOlll,Hi1 y3JihI A II B; ,D,Ba 

pe3IICTopa, coe,IJ,IIH51IOlll,IIe y3JihI B H C. ,Il,nnHa II cpopMa rrpoBO,Il,OB, 

COe,IJ,HH51IOlll,HX BCe 3TII TO'IKH, He IIMeIOT HHKaKoro 3Ha'feHII51. BaM­

Hhl TOJihKO BeTBII II Y3JihI, II TO, KaK OHII COe,IJ,IIHeHhl ,D,pyr c ,IJ,pyroM. 

TaKIIM o6pa3oM, Ha pIIc. 12.8 II puc. 12.9 II3o6paMeHa O,D,Ha II Ta Me 

n;errh, B KOTopoH. eCTh rrapanneJibHhie u rrocJie,IJ,OBaTeJihHhie coe,IJ,IIHe­

HH51. 

B 

B 

Ri R2 
+ 
v R3 R2 

c c 

PIIC. 12.8 PIIC. 12.9 

CorrpoTirnneHII51 R2 II R3 coe,IJ,IIHeHhI napanJieJibHO II, cne,D,oBa­

TeJihHO, c TO'IKII 3peHII51 Been n;erm, 3KBIIBaJieHTHhl O,Il,HOMY pe3II­

CTopy, o6paTHoe corrpoTIIBJieHIIe KOToporo paBHO Hi 1 + H31
, T. e. 

IIMerorn;eMy corrpOTHBJieHIIe 

9TOT 3KBIIBaJieHTHbIH pe3IICT0p coe,IJ,IIHeH nocne,D,OBaTeJihHO c corrpo­

TIIBJieHIIeM R1 . 9To 3Ha'IIIT, 'ITO ,IJ,.1151 6aTapeII ecTh O,IJ,IIH pe3IICTop c 

corrpOTIIBJieHIIeM 
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ToK, BhITeKa10rn;nii: H3 6aTapeH, paBeH 

I= V/R. 

TaKoii: )Ke TOK rrpoTeKaeT qepe3 pe3HCTop Ri, T. e. Ii = V / R. Tor,n;a 

rra,n;eHHe HaIIpR)KeHmI Ha pe3HCTOpe Ri paBHReTCR V1 = I1R1. ToK 

I ,n;eJIHTCH Me)K,n;y pe3HCTopaMH R2 H R3 B rrporropu,nn, o6paTHoii nx 

corrpOTHBJieHHRM, KaK Mhl y)Ke Bll,Il;CJIH ll3 o6cy)K,Il;eHHR pe3HCTOpOB, 

coe,n;HHeHHhIX rrapanneJihHO. TaKHM o6pa30M, TOKH, rrpoTeKarorn;ne rro 

pe3HCTopaM R2 H R3, paBHhI 

H 

0TCIO)l,a Mhl Bll,Il;HM, 'ITO rra,n;eHHe HaIIpH)Kemrn, O,n;HHaKOBOe ,Il;JIH pe-
3HCTOpOB R2 H R3, paBHO 

llTaK, Mhl IIOJIHOCThIO paCC'IHTaJIH u,errh, COCTOHlll,YIO ll3 pe3HCTopa 

R 1, coe,n;nHeHHoro rrocne,n;oBaTeJihHO c pe3HCTopaMH R2 H R3 , KOTO­

pb1e coe,n;nHeHhI rrapanneJihHO. TaKaR rrpou,e,n;ypa4 o'!eHh y.n;o6Ha ,n;JIH 

pac'!eTOB rrpOCThlX u,erreii:. ,ll;JIH CJIO)KHhIX u,erreii Heo6xo,n;HMO pa3pa-

6oTaTh 6onee cncTeMaTH'!ecKnii: MeTo,n;. Ha rrpnMepe aToii: rrpocToii: 

u,errn MhI rrpo,n;eMOHCTpnpyeM o6a MeTo,n;a MaKCBenna. 

Ilpe)K,n;e 'IeM rrepeii:Tn K aToMy, HapncyeM u,errh ern;e pa3, H3o6pa­

)KaR BeTBH ( c HX opneHTall,lleii:)' Y3Jihl ll crroco6 llX COe)l,HHeHHH Me)K.­

,n;y co6oii:, HO He IIOKa3hIBaR rrpnpo,n;y OT,D;eJihHhIX BeTBeii (pnc. 12.10). 
llTaK, y Hae ecTh TPH y3na A, B, C n 'IeThipe BeTBH a, (3, 'Y n 8. BeTBh 

a n,n;eT OT TO'IKH A K TO'!Ke B. 3arrmneM 3To CHMBOJIH'!eCKH 

oa=B-A. 

CHMBOJI a Ha3hIBaeTC5I ?pa:H,U'l/,'H,'bt.M onepamopo.M. BhIIIHCaHHOe co­

OTHOIIIeHHe HHTeprrpeTHpyeTCH cne,n;y10rn;HM o6pa30M: BeTBh a HMeeT 

,n;Be rpaHH'!Hhie TO'IKH B H A; BeTBh BhIXO,Il;HT H3 TO'IKH A, rroaTOMY 

4
Bhrrueomi:caHHhiil aHa.JIH3 rrapaJIJieJibHhIX H rrocJie,n;osaTeJihHb!X coe,n;rmeHHil 

Ha3hIBalOT TaK)f{e MeTO,lJ;OM 3KBHBa.JieHTHbIX corrpOTHBJieHHll. - Ilpu.M. pea. 
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B 

A 

c 

Puc. 12.10 

MhI IIHIIIeM ee co 3HaKOM MHHyc; BeTBh rrpHXO)J;HT B TO'IKY B, rro::iTo­

MY MbI IIHIIIeM ee CO 3HaKOM IIJIIOC. I'paHH'IHble COOTHOIIIeHH51 )J;Jl51 

.r:i;pyrHX BeTBell. 3aIIHChIBaIOTC51 aHaJIOrH'IHO: 

8{3 = c - B' 8"( = c - B H 88 = A - C. 

Ilo.r:i; mpae11:mopueii, Mbl 6y,r:i;eM IIO.r:i;pa3yMeBaTb IIOCJie)J;OBaTeJibHOCTh 

BeTBell., rrpOXO)J;HMbIX B HX co6CTBeHHOM HJIH B o6paTHOM HarrpaB­

JieHHH TaK, 'ITO KOHe'!Ha51 TO'!Ka O)J;HOro 0Tpe3Ka rryTH CTaHOBHTC51 

Ha'IaJIOM cne.r:i;y10iu;ero oTpe3Ka. HarrpHMep, TpaeKTOpHa a + f3 H,r:i;eT 

H3 A B B H IIOTOM H3 B B c. rpaHH'IHOe COOTHOIIIeHHe )J;Jl51 3TOro 

rryTH 8( a+ [3) = B - A+ C - B = C - A. TpaeKTOpHa f3 - "( H,r:i;eT H3 

BB c B)J;OJib {3, IIOTOM H3 c BB B)J;OJib BeTBH 'Y· rpaHH'IHOe COOTHO­

IIIeHHe .r:i;na 3Toro rryTH 8({3 - 'Y) = C - B - ( B - C) = 0. TpaeKTOpHa 

rrpe,r:i;cTaBJI51eTC51 KaK IIOCJie)J;OBaTeJibHOCTb: y3eJI, BeTBh, y3eJI, BeTBh, 

... , neTBh, y3eJI, B KOTopoll. Ka)K)l;aa BeTBh orpaHH'IeHa ,r:i;ByMa y3na­

MH. TpaeKTOpHa rrocne,r:i;oBaTeJihHO coe,r:i;HHaeT rrepnyro H rrocne,r:i;HIOIO 

TO'IKH. TpaeKTOpHa Ha3hIBaeTca aa.M:x:ttymoil, ecJIH rrepBaa H rrocJie,r:i;­

H5151 TO'IKH coBrra.r:i;aroT. B o6iu;eM cnyqae MhI He rrpe.r:i;rronaraeM, 'ITO 

Bee BeTBH B)J;OJih TpaeKTOpHH pa3Hhie; Mhl MO)KeM rrpOXO)J;HTb qepe3 

O)J;HH H TOT )Ke y3eJI HJIH B)J;OJih O)J;HOH H TOH )Ke BeTBH HeCKOJlhKO 

pa3. EcJIH Bee ::iJieMeHThI TpaeKTOpHH pa3JIH'IHhI (KpoMe rrepBoll. H 

IIOCJie,r:i;HeH TO'IeK )J;Jl51 3aMKHYTOii TpaeKTOPHH)' TO OHa Ha3hIBaeTC51 

npocmoil. IlpocTaa 3aMKHyTaa TpaeKTOpHa tta3hrnaeTca .R:4,ei111:oi15. 

5C TO'IKli 3peHli.H pyccKoro 'lllTaTeJrn ecTeCTBeHHee Ha3BaTh TaKyIO TpaeK­
TOpllIO He .H'leii:KOH (mesh), a KOHTypoM. TepMllH «.H'leii:Ka», a 'lam;e «KJieTKa» 
(cell), 6oJiee IIO~O.D;llT .D;JI.H MaTeMaTH'leCKOH TeOplH! KOMIIJieKCOB, o6cy)K.n;aeMOH 
B nocJie.n;y10m;nx rJiaBax. - IlpUM. peiJ. 
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TaKHM o6pa3oM, M 1 = a+ f3 + [J RBJUieTCR 5.1qeiiKoi1., TaK )Ke, KaK 

n M2 = 'Y - /3 (pnc. 12.11). B 5.1qe:fiKe He Ba)KHO, qTo RBJrneTCR Ha­

qaJihHO:fi ToqKoll:, T. e. 51qe:fiKa {3 + c5 +a coBim,n;aeT c M1 =a+ /3 + c5. 
0,n;HaKo HanpaBJieHne HMeeT 3HaqeHne: -ry + /3 = - M2 He To )Ke 

caMoe, qTo M2. 

B 

A G r 

c 

Pnc. 12.11 

PaccMoTpnM TpeThIO 51qe:fiKy M3 = a+ry+c5. B KaKOM-To CMhICJie 

3Ta 5.1qe:fiKa He 5IBJI5IeTC5I He3aBJICHMOll OT ,n;pyrn:x: ecJIH Mhl cpopMa.rrb­

HO CJIO)KHM M 1 n: M 2 , TO npn: BhIIIOJIHeHHH KOMMyTaTHBHoro 3aKoHa 

,ll;Jl5I CJIOMeHH5I rroJiyqn:M 

M1 + M2 = a + /3 + o + 'Y - /3 = a + 'Y + o = M3. 

B cJie,n;yIOII1eM naparpacpe MhI no,n;po6Hee 3a:fiMeMCR MaTeMaTn:qe­

CKHM o6ocHOBaHn:eM TaKHX MaHn:nyJIRIJ;Hll:. B paMKax MeTo,n;a Kpy­

roBhIX TOKOB MaKcBeJIJia Bh16epeM Ha6op He3aBHCHMhIX w1eeK ( Toq­

HOe onpe,n;eJiemie B cJie,TI;yIOII1eM naparpacpe), Hanpn:Mep, M1 n M2. 
BBe,n;eM HeII3BecTHhie TOKH J 1 n h, npoTeKaIOIIIHe no 3TIIM 5.1qe:fiKaM 

(pIIc. 12.12). ToK J1 Te<JeT no pe3HcTopaM R1, R3 n: 6aTapee; TOK J2 
TeqeT BHH3 '-Iepe3 pe3HCTOp R2 n BBepx qepe3 pe3HCTop R3. EcJin: MhI 

3HaeM 3Haqemrn TOKOB J1 Il J2' TO Cpa3y )Ke MOMeM BhlqIICJIHTh 3Ha­

qeHmI TOKOB BO Bcex BeTB5IX. ,Il;ell:CTBHTeJihHO, nocKOJihKY pe3HCTOP 

R1 ecTh TOJihKO B R'lell.Ke M1, TO TOK qepe3 M1 paBeH 11. TaKoil )Ke 

TOK npoTeKaeT no 6aTapee. IIocKOJihKY pe3HCTop R2 npnHa,n;Jie)KIIT 

TOJihKO 5.1qe:fiKe M2, TO TOK J2, npoxo,IJ;5III1Hil qepe3 3TY 51qell.Ky, pa­

BeH TOKY qepe3 pe3HCTop R2. BeTBh, co,n;epMa1IIaR pe3IICTOP R3, ,n;e­

JiaeT noJIOMHTeJihHhiil BKJia,n; B 5.1qe:fiKy M1 n: oTpn:u;aTeJihHhIH BKJia,IJ, 

B 51qe:fiKy M2. TaKHM o6pa3oM, TOK, npoTeKaIOII1Hil qepe3 pe3HCTop 

R3, paBeH J1 - Jz. 
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A R1 Q B 

0 fJ I 

+ (!; :9 v R3 R2 

c 

Puc. 12.12 

CorJiacno BTopoMy 3aKoHy Knpxrocpa, rrpn 06xo,1.1,e mo6oH: RqeH:­

KlI lI3MeHeHne rroTemi;naJia ,II,OJI)KHO 6bITh paBHO nymo. HarrpnMep, 

B eJiyqae R'IeHKH M 1 MhI nMeeM rra,1.1,emrn HarrpR)KeHHR RiJ1 B,II,OJih 

BeTBH a, rra,1.1,eHne HarrpR)KeHHR R3(J1 - h) B,II,OJih BeTBH f3 n pocT 

narrpR)KeHHR V B,1.1,0Jib BeTBlI 6, co,1.1,ep)Karu;eH: 6aTape10. OTKy,1.1,a cJie­

,II,yeT 

I1TaK, y Hae eeTh ,II,Ba ypaBHemrn ,II,JIR ,1.1,BJX HelI3B€CTHhIX J1 H h. 
O'IeBH,II,HO, permrn sTH ypaBHeHnR, MhI rroJiy'IHM npe,1.1,hr,II,yru;nH: pe-

3JJihTaT. 

TaKlIM o6pa30M, H,II,eR MeTO,II,a KpyrOBbIX TOKOB COCTOHT B BbI6o­

pe He3aBnenMoro Ha6opa R'IeeK, no KOTOpbIM rrpoTeKaIOT HelI3BeeT­

HbI€ TOKH. Tor,1.1,a TOKH B Ka)K,II,OH BeTBlI Bbipa)KaIOTCR qepe3 TOKH 

B R'IeHKax. 3aTeM ,1.1,JIR Ka)K,II,OH R'IeHKH rrpHMeHReTeR BTOpoH: 3aKOH 

Kupxrocpa, yTBep)K,1.1,a10ru;nH:, 'ITO H3MeHeHne rroTeHIJ;HaJia rrpn 06xo­

,1.1,e BOKpyr Hee paBHo HJJIIO. TaK rroJiy'IaIOTCR ypaBHeHnR ,II,JIR Ka)K­

,1.1,oH: R'IeHKlI, T. e. Mbl rro.11yqaeM eTOJihKO ypaBHeHn:ti:, eKOJihKO y Hae 

nMeeTeR Hen3BeeTHhIX. B KaKOM-TO CMhICJie n,1.1,eR MeTo,1.1,a CB0,1.1,HTCR 

K eJie,1.1,yroru;eMy: Hen3BeeTHbie TOKH BB0,1.1,RTCR TaKlIM o6pa30M, 'IT0-

6bI aBTOMaTn'IeCKH BhIIIOJIHRJieR rrepBhIH 3aKOH Knpxrocpa, a rroTOM 

ncrroJib3JeTcR BTopoti: 3aKoH. B eJie,II,yroru;nx rraparpacpax MhI ,1.1,a,1.1,nM 

TOqHoe orrpe,1.1,eJieHne «He3aBHeHMbIX» R'IeeK lI ,II,OKa)KeM, 'ITO '3TOT 

MeT0,1.1, pa6oTaeT, T. e. ,II,OKa)KeM e,II,HHCTBeHHOCTb perneHHR ,II,JIR n.erreH: 

c pe3lICTOpaMlI. 
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A Terrepb rrorrpo6yeM ofrMICHHTh cyTh BToporo MeTo.n;a MaKcBeJI­

Jia - MeTo.n;a y3JIOBbIX IIOTeHII,HaJIOB. IlocKOJihKY cPYHKIJ,HH 3JieKTpH­

-.::recKoro IIOTeHIJ;HaJia orrpe.n;eJieHa c TO"IHOCThlO .n;o a,Il,Il,HTHBHOH IIOCTO­

HHHOH, Bh16epeM rroTeHIJ,HaJI paBHhIM HYJIIO B O,Il;HOM H3 Y3JIOB. (EcJIII 

O,ll;HH H3 Y3JIOB coe.n;HHeH c 3eMJie:H, TO y.n;o6Ho HMeHHO B HeM C'IH­

TaTh rroTeH~aJI paBHhIM HYJIIO.) PaccMoTpHM TOT LKe rrpHMep, CM. 

pHc. 12.13. IlycTh rroTeHIJ;HaJI paBeH HYJIIO B TO'IKe C. IloTeHIJ,HaJI B 

TO'!Ke A, co3.n;aBaeMb1:H 6aTapee:H, paBeH V. Mb1 He 3HaeM rroTeHII,HaJI 

TOJihKO B TO'!Ke B. 06o3Ha'IHM 3TOT HeII3BeCTHhIH rroTeH~aJI 6yK­

BOH x. IlpHMeHHM rrepBbIM 3aKoH KHpxro<Pa K Y3JiaM c HeH3BeCTHhIM 

rroTeHIJ;HaJIOM, T. e. B HameM cJiyqae K TO'IKe B. ToKH, rrpoTeKaIO­

:rn;He qepe3 y3eJI B, 3arrmneM qepe3 corrpoTHBJieHHH KaLK.n;oH: BeTBH, 

Bxo.n;a:rn;eH: B Hero, H qepe3 pa3HOCTb IIOTeHIJ;IIaJIOB COOTBeTCTByIO:rn;HX 

y3JIOB. llTaK, TOK, rrpHxo,n;a:rn;HH: B TO'IKY B qepe3 pe3IIcTop R 1 , paBeH 

(V-x)/R1; TOK, rrpHxo.n;a:rn;IIH: B TO'IKY B qepe3 pe3HCTop R2, paBeH 

(0- x)/R2; TOK, rrpIIxo,n;a:rn;HH: B TO'IKY B qepe3 pe3HCTop R3, paBeH 

( 0 - x) / R3. ComacHo rrepBoMy 3aKoHy KIIpxro<Pa, aJire6paHqecKaH 

cyMMa TOKOB B Ka)K,ll;oM y3Jie paBHa HYJIIO, T. e. 

(V - x)/R1 - x/R2 - x/R3 = 0. 

MbI MoLKeM pemIITh 3TO ypaBHeHirn II IIOJIY'IHTh HarrpaLKeHIIe H TOKH 

BO Bcex BeTBHX. B cJie.n;yro:rn;eM rraparpa<Pe MhI rrpHBe.n;eM o6ocHoBa­

HHe 3Toro MeTo,n;a B o6:rn;eM cJiyqae. 

A B 

0 

c 

Pttc. 12.13 

3aMeTHM, 'ITO B HameM rrpHMepe BTOpOM MeTo.n; pa6oTaeT Jiyqme 

rrepBoro, IIOTOMY 'ITO Ha,n;o HaMTH TOJibKO O,Il;HY HeII3BeCTHyIO BeJIH'III­

Hy, a He .n;Be. Ho rrpeHMy:rn;ecTBa 3Toro MeTo.n;a rro cpaBHeHHIO c aHaJIH-

30M IIOCJie.n;oBaTeJibHbIX II rrapaJIJieJibHbIX coe.n;IIHeHIIM He O'IeBII,ll;HbI. 
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Ilo3TOMy, paCC'IHTbIBaR u;errh B o6Iu;eM cJiyqae, MbI COBeTyeM CHa­

qaJia rrpoBepHTh, HaCKOJibKO nerKO ee MO)KHO rrpe,n;cTaBHTb B BH,n;e 

rrapanneJihHhIX H rrocne,n;oBaTeJihHhIX coe,n;HHemrtt. EcnH 3TO Tpy,n;Ho, 

TO, BepORTHO, He HMeeT CMbICJia 3aHHMaTbC5I TaKHM pa3JIO)KeHHeM. 

Tor,n;a IIOCMOTpHTe, CKOJibKO IIOJiyqaeTCR He3aBHCHMhIX 5{qeeK H COOT­

BeTCTBeHHO CKOJihKO HeH3BeCTHhIX TOKOB. AHanorH'IHO, orrpe,n;eJIHTe, 

cKOJibKO HeH3BeCTHhIX Y3JIOBhIX rroTeHu;HaJIOB. Bb16Hpaii:Te TOT Me­

TO,Il; pacqeTa u;errH, ,Il;JIR KOToporo IIOJiyqaeTCR MeHbIIIe HeH3BeCTHbIX. 

(qHCJIO HeH3BeCTHbIX qacTO MoryT COKpaTHTb coo6pa)KeHH5I CHMMeT­

pHH.) HecMoTpa Ha To, qTo MhI peKoMeH,n;yeM ,n;enaTh Bb16op Me)K,n;y 

,n;ByMR MeTo,n;aMH MaKcBenna TOJihKO rrocne Tiu;aTeJibHOro paccMoTpe­

HHR, cym;eCTByeT H o6m;ee rrpaBHJIO: eCJIH B u;err.H MaJIO aqeeK H MHOrO 

Y3JIOB, TO JIY'IIIIe pa6oTaeT rrepBbIM MeTO,IJ; (KOHTYPHhIX TOKOB), a ec­

JIH B u;errH MaJIO Y3JIOB H MHOrO aqeeK, TO nyqIIIe BOCIIOJib30BaTbC5I 

BTOpbIM MeTO,IJ;OM (y3JIOBbIX IIOTeHu;HaJIOB). ,IJ;pyrHM Ba)KHbIM ¢aKTO­

poM 51BJI51eTC51 THII HCTO'IHHKOB IIHTaHH51. ECJIH TOK B u;errh rro,n;aeTC51 

HCTOqHHKOM c 3a,n;aHHbIM Harrpa)KeHHeM, TO 3TO yMeHbIIIaeT 'IHCJIO 

Y3JIOB c He.H3BeCTHhIMH IIOTeHu;HaJiaMH, 'ITO roBOpHT B IIOJ1b3Y MeTO­

,n;a y3JIOBhIX rroTeHu;HaJioB. EcnH )Ke 3apaHee H3BeCTHhI TOKH, To 3TO 

roBOpHT B IIOJib3Y MeTo,n;a KpyrOBbIX TOKOB. qT06hI yqecTh BCe yKa-

3aHHbie coo6pa)KeHH51, o6biqHo xopoIIIO HapHCOBaTh ,IJ;Be ,IJ;HarpaMMbI 

u;errH, Ha KOTOpbIX OTMeTHTb qHCJIO HeH3BeCTHbIX B O,Il;HOM MeTo,n;e H 

'IHCJIO HeH3BeCTHbIX B ,n;pyroM. I1 TOJibKO IIOCJie 3Toro c,n;eJiaTb pa-

3YMHbIH BhI6op Me)K,n;y HHMH. 

,LI;o CHX rrop MbI paccMaTpHBa.JIH u;errH, co,n;ep)Kam;He TOJihKO pe-

3HCTOpbI. 06a MeTo,n;a MaKcBeJIJia rrpHMeHRIOTCa TaK)Ke ,IJ;JI51 H3yqe­

HH51 CTau;HOHapHoro ( ocu;HJIJIHpyrom;ero) IIOBe,n;eHH51 JIHHeMHbIX u;e­

rreii c HH,IJ;yKTOpaMH H KOH,IJ;eHcaTopaMIL ( JI1rneiiHOCTb 03Ha'!aeT, qTO 

Bee HH,IJ;yKTHBHOCTH H eMKOCTH rrpe,n;rronararoTcH rrocTOHHHhIMH.) Ec­

JIH BCe reHepaTOpbI rrpoH3BO,IJ;51T TOK c O,IJ;HHaKOBOM qaCTOTOH w /27r' 
T. e. BCe HCTOqHHKH Harrp51)KeHH51 HMeIOT BH,Il; v eiwt' a Bee HCToqHH­

KH TO Ka - I eiwt, To, KaK xopoIIIo H3BeCTHO ( TpHBHaJihHoe cne,n;cTBHe 

orrpe,n;eJieHHii:)
6 , ,IJ;JI51 HH,IJ;YKTopa c HH,IJ;yKTHBHOCThIO L HMeeM ¢op­

MYJIY V = iwLI, a ,IJ;JI51 KOH,IJ;eHCaTopa c eMKOCThIO C - ¢opMyny 

6
Ilpe;i;;iaraeTC51 paccMaTpirnaTh BhIBOA HIDKeCJie,n;yrom;Hx cPOPMYJI ,Il;JI51 HMITe­

,n;aHCOB HHAJ'KTOpa H KOH,Il;eHCaTopa li3 orrpe,n;eJieHHH Ha c. 577 KaK HeCJIO)KHOe 

yrrpa)KHeHHe. - IlpuM. pea. 
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V = (1/iCw)J. Terreph MO)KHO BocrrOJih30BaThCR TeMH )Ke rrpaBH­

JiaMH, qTO ll paHbIIIe, HO c 'IW.Mn.11,ex;c'/i/bt.MU conpomU6.J1,e'/-tU.Ft.MU IIJill 

U.Mneaanca.MU. 0,n;HaKo B 3TOM CJIJ"Iae peIIIeHII5l cyrn;ecTBYIOT He BCe­

r,n;a H3-3a 5IBJieHH5I pe3oHattca. HarrpHMep, rrycTh HH,D;yKTOp c L = 1 
coe.n;tttteH c KOH,n;ettcaTopoM, HMerorn;HM C = 1. EcJIH MhI K HHM rrptt­

coe,n;HHHM reHepaTOp TOKa c qacTOTOH w = 1, TO rrpaBHJIO CJIO)KeHH5l 

corrpoTHBJieHH:ii: .n;aeT R = i+l/i = 0, T. e. KopoTKOe 3aMhIKaHHe c 6ec­

KOHeqHhIM TOKOM. B CJie.n;yrorn;eM rraparpa<Pe MhI o6cy,n;HM HeKOTOphie 

YCJIOBH5l, II03BOJI5IIOIIJ;He H36e)KaTh TaKO:ii: HepeaJihHO:ii: CHTyau;m1. 

12.2. TorroJior1u1 o,n;HoMepHhIX KOMIIJieKCOB 

,Il;Ba TepMHHa - opuenmup06a'l-t'l-t'btU 2pa<fi ll oano.Mep'l-t'btU '/CO.Mn.11,ex;c 
- 5IBJI5IIOTC5I CllHOHHMaMH. 0HH o6a OTHOC5ITC5I K MaTeMaTH'!eCKOH 

CTPYKType, Bhipa)Karorn;e:ii: coe.n;n:tteHn:e pa3JIHqHhIX BeTBe:ii: B 3JieKTpH­

qecKyro u;errh rrpH ycJIOBHH, qTo Mhl He HHTepecyeMC5l rrpttpo.n;o:ii: 3THX 

BeTBe:ii:. TaKaR CTPYKTypa .n;aeT HaM B03MO)KHOCTh rr3yqaTh 3aKOHhI 

KrrpxroQ:>a B a6cTpaKTHo:ii: <PopMe H BH,D;eTh, KaK cBo:ii:cTBa oT,n;eJih­

HhIX BeTBe:ii: BJIH5IIOT Ha peIIIeHHe Bce:ii: 3a,n;aqrr. 

oano.Mep'l-t'bt.M '/CO.Mn.11,ex;co.M Mhl Ha3hIBaeM CTPYKTypy, COCT05IIIJ;YIO 

H3 ,D;Byx MHO)KeCTB: H3 MHO)KeCTBa o6'heKTOB HyJieBofi p83MepHOCTH, 

HJIH Y3JIOB, o6o3Ha<IaeMoro {A, B, ... } =So, H MHO)KeCTBa o,n;HoMep­

Hhix o6'beKTOB, HJIH BeTBe:ii:, o6o3HaqaeMhIX {a, (3, ... } = S1. Ilpll 

3TOM cyiu;ecTByeT rrpaBHJIO, corJiaCHO KOTOpOMY Ka)K,IJ;OM BeTBH co­

OTBeTCTBYIOT ,IJ;Ba pa3JIHqHhIX Y3Jia: HaqaJihHaR H KOHe'!Ha5l TOqKa 

BeTBH. l1TaK, ttaM .n;atto OTo6pa)KeHrre H3 S1 B So x So. 7 B ,D;aJihttefi­

IIIeM 6y,n;eM cqn:TaTh, qTo MHO)KeCTBa So n: S1 KOHe'IHhI. 

Orrpe,n,eJIHM TepMHHhI mpae?CmopuR, R"ieu?Ca n: T . .rr,., BBe.rr,eHHhie 

B rrpe,n;h1.n;yrn;eM rraparpa<Pe. TpaeKTOpH5I orrpe,n;eJIReT u;eJioe qrrcJio 

,D;JI5l Ka)K,D;O:ii: BeTBH, T. e. CKOJihKO pa3 rrpoxo,n;HTC5l ,n.aHHa5l BeTBh ,D;JI5I 

,n.atttto:ii: TpaeKTOpHH c y<IeTOM oprrettTau;rrrr. EcJIH BeTBh rrpoxo,n.HTCR 

OT Ha'laJihHO:ii: ToqKH K KOHe'IHO:ii:, TO ee BKJia,n; paBeH +1, a ecJIH B 

o6paTHOM HarrpaBJieHHH, To -1. TaKHM o6pa30M, Ka)K,IJ,a5I TpaeKTO­

pHR orrpe,n;eJIReT BeKTOp p = (Pa,P(3, ... )Tc u;eJihlMH KOOp,D;HHaTaMH, 

HMerorn;rrMH HH,D;eKChI, COOTBeTCTByroiu;n:e BeTBRM. HarrpHMep, Pa -

7 So x So o6o3Ha"<IaeT ,n;eKapTOBO rrpOH3Be,n;emi:e MHo.>KeCTBa So Ha cefor, T. e. 

So x So HBJrneTcH Ha6opoM yrropH,ll;O"<IeHHbIX nap Y3JIOB. 
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3TO u;eJioe 'IHCJIO, KOTopoe o6o3HaqaeT, CKOJihKO pa3 BeTBh a rrpoxo­

,Il,HTCR B ITOJIO:IK.IlTeJibHOM HarrpaBJieHHH, Mimyc CKOJihKO pa3 OHa rrpo­

XO,JJ,HTCR B oTpau;aTeJihHOM HarrpaBJiem,nr. Mo:IK.HO cKa3aTh, qTo pac­

rrpe,n,eJieHHe TOKa B u;errH orrpe,n,eJIReTCR BeKTopoM I= (Im If3, ... )T, 
KOOp,II,HHaThI KOTOporo HMeIOT HH,II,eKChI, COOTBeTCTBYIOiu;He BeTBRM. 

HarrpuMep Ia - aTo Beru;ecTBeHHOe qucJio, orrpe.n,eJIRIOiu;ee TOK (B aM­

rrepax)' rrpOXO,Il,Riu;HM no BeTBH a ( eCJIH Halli O,JJ,HOMepHhIM KOMIIJieKC 

rrpe.n,cTaBJIReT co6oii: BeTBH 3JieKTpuqecKOH u;errH). 9To 3HaqHT, qTO 

,Il,JIR JII06oro KOMIIJieKca MO:IK.HO BBeCTH BeKTOpHoe rrpocTpaHCTBO, co­

CT051Iu;ee H3 BeKTOpOB K = (Km Kf3, ... )T, KOMIIOHeHThI KOToporo 

HMeIOT HH,ll,eKChI, COOTBeTCTBYIOiu;He B€TB51M. (EcJIH 3TO crreu;HaJihHO 

He oroBapuBaeTCR, TO IIOJiaraeM, 'ITO BCe KOMIIOHeHThI 5IBJI51IOTC51 Be­

iu;ecTB€HHhIMH qucJiaMH, TaK qTo Mhl HMeeM Beru;ecTB€HHOe B€KTOp­

HOe rrpocTpaHCTBo.) 06o3HaquM aTo rrpocTpaHCTBO C1 H Ha3oBeM ero 

1-u,en'b'IO. Ka:IK.AJIO BeTBh k 3a.n,aeM BeKTopoM, y KOToporo k-R KOM­

rroHeHTa paBHa 1, a ocTaJihHhie paBHhI Hyn10, T. e. a= (1, 0, 0, ... )T, 
{3 = (0, 1, 0, ... )TH T . .n,. 8 

AHanoruqHo rrocTpOHM Beru;ecTBeHHoe BeKTOpHoe rrpocTpaHCTBO 

Co, COCTORiu;ee H3 BeKTOpOB, KOMIIOHeHThI KOTOporo HMeIOT HH,II,eK­

ChI, cooTBeTCTBy10ru;He y3naM, H na3oBeM ero 0-u,en'b'IO. Y3ny A cooT­

BeTCTByeT BeKTop, A-51 KOMrroneHTa KOToporo paBHa 1, a ocTaJihHhie 

paBHhI HYJIIO, TaK 'ITO Terreph y3en cTaHOBHTCR aJieMeHTOM BeKTop­

Horo rrpocTpaHCTBa C0 . B qacTHOCTH, A - B TO:IK.e RBJIReTCR ane­

MeHTOM BeKTOpHoro rrpocTpaHCTBa Co. 3aMeTHM, 'ITO pa3MepHOCTh 

rrpocTpaHCTBa C1 paBHa 'IHCJiy BeTBeii, a pa3MepHOCTh rrpocTpaHCTBa 

C0 - 'IHcny y3noB. 

Orrpe.n,eJIHM Terreph JIHHe:iinoe oTo6pa)KeHHe f) H3 C1 B Co, na-

3hmaeMoe 2pa'ltU"i'lt'bt.M omo6paJ1Ce'ltue.M. qTo6hr aTo c.n,enaTh, .n,ocTa­

TO'IHO 3a.n,aTh ero 3Ha'IeHH51 ,JJ,JIR Ka)K,II,OH BeTBH, IIOCKOJihKY BeT­

Bil o6pa3yIOT 6a3ac B rrpocTpaHCTBe C1. Ka)K,JJ,a51 BeTBh HMeeT na­

'IaJihHYIO H KOHe'IHYIO TO'IKH, II03TOMY ITO orrpe.n,eneHHIO fJ(BeTBH) = 
(KoHe'IHhiii y3eJI) - (Ha'IaJihHhIH y3eJI). HarrpHMep ecJIH a - BeTBh, 

u.n,yru;aR H3 TO'IKH A B TO'IKY B, TO fJa = B - A. 

8B 3TOM a63au,e ll B ,ll,aJihHeiirneM BeKTOp B npocTpaHCTBe ]Rn o6o3Ha'laeTCR 

(a, b, .. .)' HM~ ( D , """5hl '~•~ Me~me MOC'<a. 
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,lJ;aBa:liTe p836epeMcR, qTo 03HaqaeT orrepaTop 8. Ilpe)J;IIOJIO)KHM, 

qTo K = (Km K13, K1, ... )T H 8K = L, r)J;e L = (L0 , L13, L1, ... )T. 
BL1qHCJIRR, HarrpHMep, LA, MhI rroJiyqHM cyMMY orrpe)J;eJieHHhIX KO­

acpqmrweHTOB K, T. e. 

r)J;e <51, ... , bz - BeTBH, BXO)J;Rrn;He B y3eJI A, a c1, ... , ck - BeTBH, 

BhIXO)J;Rrn;He H3 Hero. TaKHM o6p83oM, )J;JIR y3Jia, H3o6pa)KeHHoro Ha 

pHc. 12.14, MhI HMeeM 

p 

PHc. 12.14 

0TCIO)J;a BH)J;HO, qTo rrepBbIH 3aKOH KHpxrocpa HMeeT oqeHh rrpo­

cTyIO cpopMyJIHpOBKy. 

Ilep6'btu amw'l-t Kupxw<fia: EcJIH I RBJIReTcR 1-u;errLIO, 3a)J;aIOrn;eli 

pacrrpe)J;eJieHHe 3JieKTpHqecKoro TOKa, TO 

&1=0. 

HarroMHHM, qTo rrpocTaR 3aMKHYTaR TpaeKTOpHR H83hIBaeTcR 

.R"teu?Cou. Ha pHC. 12.15, HarrpHMep, TpaeKTOpHR a+ f3 + 5 RBJIR­

eTcR 51qe0.KOH, KOTopoli COOTBeTCTByeT BeKTOp Pl = (1, 1, 0, lf; 
TpaeKTOpHR -(3 + 'Y - TO)Ke RqeifKa, H eH. cooTBeTcTByeT BeKTop 

P2 = (0, -1, 1, o)T. CyMMa 3THX )J;BYX BeKTOpOB p3 = Pl + P2 = 
(1, 0, 1, lf COOTBeTCTByeT 51qeifKe a+ 'Y + 5. QqeBH)J;HO, qTo Ka)K)J;aR 

H3 3THX 51qeeK He HMeeT rpaHHIJ;, T. e. 8p1 = 8p2 = 8p3 = 0. 
,lJ;JIR JII06oro O)J;HOMepHoro KOMrrJieKca rro)J;rrpocTpaHCTBO C1, co­

cToRrn;ee H3 1-u;erreli K, y)J;OBJieTBOpRIOrn;Hx ycJioBHIO 8K = 0, 6y)J;eM 
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B 

A 1 fJ 1 
2 I 

c 

Puc. 12.15 Puc. 12.16 

o6o3HaqaTb Z1. 3arrmneM 3TO CUMBonuqecKu: Z1 = ker 8 c C1. 9Jie­

MeHThI rro,n;rrpocTpaHCTBa Z1 Ha30BeM U,U'JC.l/,a.Mu. Ka)K,n;a5I 5Iqe:i1Ka 5IB­

m1eTC5I u;uKJIOM, HO He Ka)K,ll;hIH IJ;IIKJI RBJIReTcR 51qe:i1Ko:H. HarrpuMep, 

BeKTOp 

(

3/2 ) 
11 = 1~2 

3/2 

y,n;oBJieTBOp5IeT ycJIOBUIO 811 = 0, HO OH Re OIIUChIBaeT 51qe:i1Ky, IIO­

TOMY qTo ero aJieMeHThI He Bee paBHhI 1, -1 IIJIU 0. 9ToT BeKTOp 

rrpe,n;cTaBJI5IeT Ha CaMOM ,n;eJie Ha6op TOKOB, y,n;oBJieTBOp5IIOlll;IIH rrep­

BOMY 3aKoHy KIIpxrocPa. IIo cym;ecTBy, Jierqe Bcero y6e,n;1IThCR, qTo 

11 5IBJI5IeTC5I JJ;IIKJIOM, HaIIIICaB y Ka)K,IJ;OH BeTBII COOTBeTCTBy10m;u:H 

TOK II rrpoBepuB, qTo anre6pa1IqecKa5I cyMMa TOKOB B Ka)K,IJ;OM Y3Jie 

paBHa HYJIIO (cM. p1Ic. 12.16). 
I1JIII, rro-,n;pyroMy, 3arr1IUieM BeKTOp B BII,n;e I1 = ~PI + ~P2· 

ITocKOJihKY Pl u P2 5IBJI5IIOTC5I aJieMeHTaMII rrpocTpaHCTBa Z1, TO II 

l 1 rrpuHa,n;ne)KUT 3ToMy 2Ke rrpocTpaHCTBy. B aTo:H rrpocTo:H u;err1I ,n;Be 

51qe:i1K1I Pl II P2 06pa3y10T 6a31IC rrpocTpaHCTBa Z1. 
Orrpe,n;eJIUB rro,n;rrpocTpaHCTBO Z1 C C1 KaK Rapa rpaHuqHoro 

OTo6pa2KeHU5I 8, paccMoTpUM Terreph 06pa3 8. IIycTh Bo - rro,n;rrpo­

CTpaHCTBO Co, 5IBJI5IIOm;eec5I o6pa3oM 8. CIIMBOJiuqecKII 3TO MO)KHO 

3arrucaTb KaK 

ITo,n;rrpocTpaHCTBO Bo 6y,n;eM Ha3bIBaTh npocmpm-tcmeo.M ipaHuu,. 
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CMhICJI npocTpaHCTBa Bo MO%.eT cTaTh acHee, ecm1 rrocMoTpeTh 

Ha pnc. 12.17. fpaHHI1a BeTBH a, paBHaa A- B = (1,-1,0)r, npn­

Ha,n;Jie)KHT npocTpaHCTBY Co n Jie)KHT B rrqn;rrpocTpaHCTBe Bo. AHa­

Jiorwrno rpaHnn;a (3 paBHa B - C = (0, 1, -l)r. CyMMa 3THX ,n;Byx 

BeKTopoB A - C = (1, 0, -1 )T TO)Ke aBJrneTca 3JieMeHTOM rrpocTpaH­

CTBa Co n rpaHnn;eii TpaeKTopnn a + (3. 
0,n;HaKo, He Ka)K,ll;hiil 3JieMeHT rro,n;rrpocTpaHCTBa Bo peann3yeTca 

KaK rpaHnn;a TpaeKTop1rn. HanpnMep, (2, -1, -l)T 5IBJrneTca 3Jie­

MeHTOM Bo, HO He cooTBeTCTByeT HHKaKoii TpaeKTopnn. 

EcJIH MhI paccMOTpHM Te -aneMeHThI rrpocTpaHCTBa Co, KOTOphie 

ue Jie)KaT B rro,n;rrpocTpaHCTBe Bo, TO YBH,ll,HM, 'ITO OHM He o6pa3yIOT 

no.n;rrpocTpaHCTBa. PaccMoTpHM u;enh, n306pa)KeHHy10 Ha pnc. 12.17. 
BeKTopa A = (1, 0, o)T H B = (0, 1, o)T tte 5IBJI5IIOTC5:1 3JieMeHTa­

MH rrpocTpaHCTBa Bo, HO nx pa3HOCTh A - B = ( 1, -1, 0 f Jie­

)KHT B 3TOM rro.n;npocTpaHCTBe. MLr MO)KeM o6pa3oBaTh cpaKToprrpo­

CTpaHCTBo Ho = Co/ Bo, :meMeHThI KOToporo cyTh KJiacchI 3KBHBa­

JieHTHOCTH -aJieMeHTOB C0 , pa3HOCTh KOTOphIX JI€)KHT B B0 . BeKTo­

phr A = (1, 0, of H B = (0, 1, o)T B rrpocTpaHCTB€ Co COOTB€T­

CTBYIOT TOMY )Ke BeKTopy B Ho, rroToMy 'ITO nx pa3HOCTh paBHa 

B€KTopy (1, -1, o)T' JI€)Kain;eMy B Bo. 06o3Ha'IHM 3TOT KJiacc 3K-

BHBaJI€HTHOCTH A HJIH (1, 0, O)T. AHanorH'IHO B€KTOphI (2, 0, of H 

(0, 1, l)T rrpnHa)l;JI€)KaT O,ll,HOMy H TOMY )Ke KJiaccy 3KBHBaJieHTHOC-
---T 

TH (2, 0, 0) , rroToMy 'ITO nx pa3HOCTh (2, -1, -lf Jie)KHT B B0 . ,Il,Jia 

u;enn, H3o6pa)KeHHOii Ha pnc. 12.17, Ka)K,ll,hIH B€KTOp H3 npOCTpaH­

CTBa Co JI€)KHT B TOM )Ke KJiacce 3KBHBaneHTHOCTH, 'ITO n BeKTop 

THITa ()., 0, O)T 1 r,n;e A ~ BeID;eCTBeHHOe 'IHCJIO. Ilo3TOMY cpaKTOp­

IIpOCTpaHCTBO Ho = C0 / B 0 aBJiaeTca o,n;HoMepHhrM BeKTopHhIM rrpo­

cTpaHCTBoM, H30MOpcpHhIM rrpocTpaHCTBY Bein;ecTBeHHhIX qn:cen. 

A A D 

B (3 

c B c 

Pn:c. 12.17 PHc. 12.18 
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Ha pnc. 12.18 M3o6pa)KeH rrpnMep KOMUJieKca, )l,mI KOToporo <PaK­

ToprrpocTpaHCTBO Ho 5IBJUieTC5I ,11,ByMepHblM. BeKTOpbI (1, 0, 0, of M 

(0, 0, 1, O)T tte IIpHHa)l,Jie)KaT 0,ll;HOMJ KJiaccy 3KBHBaJieHTHOCTM, IIO­

TOMJ 'ITO H3 pa3HOCTb ( 1, 0' -1, 0) T He 5IBJI5IeTC5I rpaHmi;eii HHKaKO­

ro aneMeHTa C1. B 3TOM cnyqae Knacc 3KBHBaneHTHOCTH BeKTopa 

(1, 0, 0, O)T H KJiacc 3KBHBaJieHTHOCTM BeKTopa (0, 0, 1, Of o6pa3y­

IOT 6a3n:c ,n,ByMepHoro BeKTOpHoro rrpocTpaHCTBa Ho. 3aMeTHM, qTo 

ecJIM 6bI K KOMIIJieKcy ,n;o6aBHTh BeTBb 'Y, coe,n;nHRIOrnyro A n: C, TO 

(1, 0, -1, o)T CTaJI 6bI 3JieMeHTOM rrpocTpaHCTBa Bo, a <PaKTOprrpo­

CTpaHCTBO Ho cTano 6b1 o,n,HoMepHhIM. 

CMhICJI Ho H Z1 

11epBa5I 3a,D,aqa, CT05IIIJ;a5I rrepe,n, HaMM - ,n;aTb reoMeTpH'IeCKYIO MH­

TeprrpeTan;mo rrpocTpaHCTB Ho n: Z1, qTo rroMO)KeT nyqme IIOHRTh 

MeTO,IJ; KpyroBhIX TOKOB. Mbr XOTHM )l,OKa3aTb cne,n;yroni;ne ,IJ;Ba <PaK­

Ta ( TO'IHhre <PopMynnpoBKH ,n;a,n;nM B rrpou;ecce o6cy)K,n;eHM5I): 

(i) dim Ho paBHa 'IHCJIY CB5I3HbIX KOMIIOHeHT KOMIIJieKca; 

(ii) MO)KHO HaHTH 6a3HC Z1, cocTORIIJ;HH H3 5J:qeeK. 

Ha'IHeM c (i). 1-ITo TaKoe CB5I3Hhie KOMIIOHeHTbr? Mb1 roBopHM, 

'ITO TpaeKTopm1 coe,IJ,HHReT y3eJI A c y3JIOM D, ecnn A RBm1eTC5I 

HaqaJihHOil: ToqKoil: rrepBoro OTpe3Ka rryn1, a D - KOHeqHaR TO'IKa 

rrocJie,IJ,Hero OTpe3Ka. Ecnn P - 1-u;enh c u;enbIMH Koa<P<Pnu;neHTaMH, 

COOTBeTCTByroni;aR 3TOH TpaeKTOpHH, TO oqeBH,Il;HO, 'ITO aP = D - A, 
ITOTOMJ 'ITO 3Ha"<IeHHe OP MO)KHO Bhl'IHCJIHTh, CKJia,IJ;b1Ba5I rpaHHll;hl 

OT,IJ;eJibHhIX BeTBeii. 11pH 3TOM HC'le3aIOT Bee npoMe)KyTO"'IHbie J3Jihl. 

KoMrrJieKc Ha3hIBaeTcR C6R3tt'bt.M, ecnn Bee ero TOqKn MoryT 6hITb 

coe,n,HHeHhI .n;pyr c ,IJ,pyroM. B 3TOM cnyqae npon:3BOJihHYIO O-u;errh9 

L= 
N=A,B,C,. .. 

MO)KHO 3aTIHCaTh B BH,D,e 

L= LLN{(A+(N-A)}= LLNA+ L LN(N-A), 
N#-A 

9
HanOMHHM, 'ITO no,11 N 3,11ech B Bhipa:lKeHHH LNN noHuMaeTcH BeKTop -

tta6op qncen, 3aHyMepoBaHHhiii Y3JiaMH, y KOToporo N-H KOMIIOHeHTa paBHa 1, a 

OCTaJibHbie 0. - Ilpu.M. ped. 
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llJIII, 'ITO TO Me CaMoe, 

L =(LA+ Ls+ ... , 0, 0,. .. f + LB(-1, 1, 0, 0,. .. f 
+Lc(-l,O,l,0, ... )r +··· 

,Il;Jrn CB.H3Horo KOMIIJieKca N - A .HBJrneTc.H rpamn1eii _n;JI.H Bcex N 
(#A) u 

L - (2= LN) A= L LN(N - A) 
N Ni=A 

.HBJI.HeTc.H aneMeHTOM Bo. TaKHM o6pa3oM 1w:J1Coa.n 0-u;errb L co,n;ep-

2KHTC.H B KJiacce 3KBHBaJieHTHOCTII HeKoToporo KpaTHOro A, a KaM­

,Il;hlii aneMeHT cpaKTopnpocTpaHCTBa H0 =Co/ Bo .HBJI.HeTc.H KpaTHhIM 

A - KJiacca 3KBHBaJieRTHOCTll A. C ,n;pyroii cTOpOHhI, caMo A He .HB­

JI.HeTC.H rpattuu;eii, rro::iToMy A # 0. llTaK, MbI ,n;oKa3aJIH, 'ITO ,D;JI.H 

mo6oro CB.H3aHHOro KOMIIJieKca pa3MepHOCTb Ho paBHa 1. 
ITycTb A - y3eJI rrpou3BOJibHOro KOMIIJieKca. PaccMoTpuM Bee 

BeTBll, ,Il;JI.H KOTOpbIX A .HBJI.HeTc.H rpattll'IHOM TO'IKoii, Ha'IaJihHoii HJill 

KoHe'IHOii. To'IKY A CB.HMeM co BCeMu y3JiaMH, Haxo,n;.HIIJllMllC.H Ha 

,n;pyroM KOHIJe BeTBeii. Terrepb ,n;o6aBuM Bee ocTaJibHhie BeTBu, uc­

xo,n;.HIIJlle II3 3TJIX Y3JIOB, ll Bee HOBbie TO'IKJI Ha KOHIJax 3THX BeT­

Beii. Ilpo,IJ,OJI)KaeM 3TY rrpou;e,n;ypy ,Il;O TeX rrop, IIOKa He OCTaHeTC.H 

Hll Y3JIOB, Hll BeTBeH:, KOTOpbie MO)KHO 6bIJIO 6bI eIIJe rrpucoe,n;JIHJITb. 

B pe3yJibTaTe rroJiy'IJIM Ha6op Y3JIOB S0 (A) JI Ha6op BeTBeii 5 1 (A). 
IlpH'IeM rpaHH'IHhie TO'IKH mo6o:H BeTBH H3 51 (A) rrpuHa,IJ,JieMaT Ha-

6opy So( A). TaKHM o6pa3oM, (So(A), 51 (A)) 06pa3yeT noO'X:O.MnAe'X:c 

Ha'IaJibHOrO KOMIIJieKca. EcJill OH He coBrra,n;aeT co BCeM KOMIIJieK­

COM, To M02KHO BhI6paTh y3eJI B, He neMaIIJJIH B So(A), u rroBTO­

PHTb BCIO rrpou;e,n;ypy. ,Il;e:HcTBY.H TaKHM o6pa30M, Mbl IIOJIY'IllM ce­

MeHCTBa HerrepeceKaIOIIJJIXC.H MHO)J{eCTB: Y3JIOB So(A), So(B) H T. ,n;. 

H BeTBeii S1 (A), 81 (B) H T. ,n;. IlpJI 3TOM CB.H3Hbie rro,n;KoMrrJieKCbI 

So(A), S1 (A), 8o(B), 81 (B) HT. ,n;. He coe,n;uHeHhI ,n;pyr c ,IJ,pyroM. MbI 

rroJiy'IJIM cooTBeTCTBYIOIIJHe BeKTopHbie rrpocTpaHCTBa Co (A) H T. ,n;. 

H pa3JI02KeRu.H B rrp.HMYIO cyMMy10 Co= Co(A)EBCo(B)EB· ··JI C1 = 

10IlpHMrui cyMMa Vi EB V2 ,n;Byx BeKTOpHhIX npocTpaHcTB Vi rr V2 ecTh ,n;eKapTOBO 
nporr3Be,n;eHrre V1 x V2, npeBpam;eHHoe B BeKTOpHoe npocTpaHCTBO no ecTeCTBeH­

HhlM npaBHJJaM: (v1,v2) + (w1,w2) = (v1 +w1,v2 +w2) rr r(v1,v2) = (rv1,rv2). 
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C1(A) EB C1(B) EB···, rrpwreM 8C1(A) c Co(A), 8C1(B) c Co(B) 
u T. ,n;. 0Tcro,n;a Mh1 BH,Il;HM, qTO Ho = H0 (A) EB H0 (B) + · · · , rroaTo­

MY pa3MepHOCTh Ho paBmieTC51 qncJiy cJiaraeMbIX n qncJiy CB513HhIX 

KOMIIOHeHT. 

Terreph paccMoTpHM (ii). )lqeii:Ka - aTo rrpocToll. 3aMKHYThIH 

rryTh. CJie,n;oBaTeJibHO, Ka:)K,n;a51 51•-rell.Ka orrpe,n;eJI51eT aJieMeHT M B 

C1 c Koop,n;nHaTaMn, paBHhIMH JIH6o + 1, Jiu6o -1, JIH6o 0, a 3TO 3Ha­

qHT, qTo 8M = 0. Mb1 roBopnM, qTo MHmKeCTBo 51qeeK He3aBHCHMo, 

ecJiu JIHHell.Ho He3aBHCHMhI cooTBeTcTBYIOilIHe aJieMeHThI C1. (9To 

ll eCTb CTpora51 1:>opMyJIHpOBKa IIOH5ITH51 He3a:BUCHMOCTH, KOTopoe 

MhI ncrroJih30BaJIH B rrpe,n;hI,il,YilieM rraparpacpe.) A cell.qac MhI XOTHM 

IIOKa3aTh, qTo MO)KHO Hall.TH TaKoe ceMell.CTBO 51qeeK, qTO COOTBeT­

CTBYIOilIHe 3JieMeHTbI Mi, ... , Mz o6pa3yIOT 6a3HC B rrpocTpaHCTBe 

Z1 . B rrpou,ecce ,n;oKa3a:TeJihCTBa 6y,n;eT rroKa3aHa rrpou,e,n;ypa HaxO)K­

,n;eHH51 TaKoro ceMeHCTBa 51qeeK. 3aMeTHM, qTo B CIIJIY CKa3aHHOro 

rrpH o6cy)K,n;eHHH rryHKTa (i) ,Il;OCTa:ToqHO pa6oTa:Tb co CB513HbIM KOM­

rmeKCOM. EcJIH KOMrnreKc He CB513eH, TO rrpou,e,n;ypa rrpnMeH51eTC51 ,Il;JI51 

Ka)K,1],0H CB513HOH KOMIIOHeHTbI OT,Il;eJibHO. IloCKOJibKY KOMIIOHeHTbl He 

3a:BHC5IT ,n;pyr OT ,n;pyra, TO MbI IIOJiyqHM pe3yJibTaT ,IJ,JI51 Bcero KOM­

rmeKca. 

CB513HbIH KOMIIJieKC, He co,n;ep)KailIHH 51qeeK, Ha3brnaeTC51 aepe-
60.M. B )1,epeBe HMeeTC51 no Kpall.Heii: Mepe O)J,HH y3eJI, KOTOpbrll. 5IBJI51-

eTc51 rpaHHqHOH ToqKoii: TOJihKO ,LJ,JI51 0)1,HOH BeTBH. (MbI HCKJIIOqaeM 

TpHBHaJihHbIH CJiyqall., Kor,n;a B KOMIIJieKce eCTb TOJibKO 0)1,HH y3eJI H 

HeT BeTBell..) LlT06hr ,n;OKa3aTb 3TOT cpaKT, HaqHeM c Jiro6oro y3Jia. Ec­

JIH K Y3JIY IIO)J,X0,1],HT HeCKOJibKO BeTBell., TO BhI6epeM 0,LJ,HY H )1,BHHeMC51 

B,Il;OJib Hee K npOTHBOIIOJIO)KHOMY KOHll,Y. ECJIH 3TOT HOBbIH y3eJI He 

o6Jia,n;aeT Tpe6yeMbIM CBOHCTBOM, TO )1,BHHeMC51 B)J,OJib )1,pyroii: BeTBH 

(He Toll., B)J,OJih KOTopoii: rrpnrnJIH) K cJJe,n;yroilieMy y3Jiy. Ilpo)J,OJI)KHM 

aTy rrpou,e,n;ypy. IIocKOJihKY B KOMIIJJeKce HeT 51qeeK, MhI HHKOr)J,a He 

EcJIH U rr W HBJI5IIOTCH rro,n;rrpocTpaHCTBaMH B€KTOpHoro rrpocTpaHCTBa V TaKrr­

MH, 'ITO Ka:lK,lJ;blll 3JI€M€HT v E v MO.lK€T 6bITb 3armcaH e,n;HHCTB€HHbIM o6pa30M 

B BH,n;e v = u + w, r,n;e u E V, v E W, TO v ~ (u, w) ,n;aeT H30Mop<l>H3M V 
c rrpHMOH cyMMOil: U rr W. B 3TOM cJiy'Iae Mhr rrrrIIIeM V = U E& W, rrpH'IeM 

dim v = dimU +dim w. [06hI'IHO roBOpHT, 'ITO v HBJIHeTCH Bttympe'Htteu rrpa­

MOH CYMMOH no,n;rrpOCTpaHCTB u H w, B OTJIII'IIIe OT OilIICaHHOH BHa'IaJie 6'Hewtteu 
cyMMbl H€3aBHCHMbIX B€KTOpHhIX rrpOCTpaHCTB, a TaK)Ke HCIIOJib3YIOT ,ll;JIH BHYT­

peHH€H npHMoil: cyMMbI ,n;pyroe 0603Ha'IeHHe orrepau;m1, HaIIpHMep, V = U + W. 
- Pea.] 
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BepHeMe5I B IIeXO,Il;HhIH J3€JI. TaK KaK B KOMIIJieKee KOH€'!HOe 'IIIe­

JIO J3JIOB, TO B KOHlJ;e KOHll,OB Mhl rrpII,n;eM B J3€JI, KOTOphIH 6y,n;eT 

rpaHIIU,e:H: TOJihKO O,Il;HOH B€TBII. 

PIIe. 12.19 

ITpe,n;rroJimKIIM, 'ITO y Hae eeTh ,n;epeBo II MhI Ha'!aJIII e J3Jia, KOTO­

phr:H: 5IBJI5IeTe5I KOHIIPM TOJihKO o,n;Ho:H: BeTBII. Ha'!IIHa5I e ::>Toro J3Jia, 

MhI rroeTpOIIM Bee ,n;epeBo, ,n;o6aBJI5l5I no O,Il;HOH BeTBII (pIIe. 12.19). 
IIoeKOJibKY HeT aqeeK, TO Ka:tK,n;hIH pa3, ,n;o6aBJI5I5I BeTBh, Mhr ,n;o-
6aBJI5leM y3eJI. TaKIIM o6pa3oM, y ,n;epeBa '!IIeJio y3JIOB Ha e,n;IIHIID,y 

6oJihIIle 'IIIeJia BeTBe:H:: eeJIII b o6o3Ha'!aeT '!HeJio BeTBe:if, a n - '!HeJio 

Y3JIOB, TO 

n=b+l. 

Mhr J2Ke ,n;oKa3aJIII, 'ITO dim Ho = 1 ,n;JI5I mo6oro eB5I3Horo KOM­

rrJieKea. BBII,n;y Ho = Co/ Bo IIMeeM dim Ho = dim Co - dim Bo, oT­

Ky,n;a eJie,n;yeT, 'ITO dim Bo = dim Co - dim Ho = n - 1 = b. IIo::>ToMy 

Bo, 5IBJI5I5leh o6pa30M OT06pa2KeHII5I a, IIMeeT TY 2Ke eaMyIO pa3Mep­

HOeTh, 'ITO II rrpoeTpaHeTBO C1' r,n;e ,n;e:ifeTByeT a. Mhl 3HaeM, 'ITO ,Il;JI5I 

JII06oro JIIIHe:ifHoro oTo6pa2KeHII5I T : V --+ W BhIITOJIHaeTe5I yeJIOBIIe 

dim(ImT) + dim(KerT) = dim v. IlpIIM€H5I5I ero K OT06pa2KeHIIIO 

a, MhI rronyqaeM, 'ITO dim(Ker a) = dim C1 - dim Bo = b - b = 0, 
eJie,n;oBaTeJihHO, Ker a = {O}, T. e. Z1 = {O}. TaKIIM o6pa30M, MhI 

,Il;OKa3aJIII (ii) ,Il;JI5I eJiyqa51 ,n;epeBa: eeJIII HeT 51qeeK, TO HeT HeTpIIBH­

aJihHhIX ll,HKJIOB. 

IIpe,n;rroJio2KIIM, 'ITO y Hae eeTh eB5I3HhIM KOMIIJieKe, rroeTpoeHHhr:if, 

KaK TOJihKO qTo 6hIJIO IIOKa3aHo, HaqIIHa5I e o,n;Horo rrpOII3BOJihHOro 

y3na. Ka2K,n;hr:if pa3 ,II.o6aBJI5I5l BeTBh, Mhr M02KeM .ri;o6aBHTh HJIII He 

.ri;o6aBHTb HOBhIH y3eJI. B KOHU,e KOHll,OB, rroeKOJihKY KOMIIJieKe eB5I3eH, 
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KOr,II,a Mbl BKJIIO'IIIM Bee BeTBII, Mhl ,IJ,06aBIIM II Bee Y3JihI. I1TaK, B 

o6ru;eM eJiyqae ,IJ,JI51 eB513HOrO KOMIIJieKea Mhl IIMeeM 

n:Sb+l. 

IIoeKOJihKY ,IJ,JI51 eB513Horo KOMIIJieKea dim Ho = 1, a dim Co -
dim Bo = dim Ho, Haxo,IJ,IIM n - dim Bo = 1 n dim Bo = n - 1. 
IIoeKOJihKY Bo 51BJI51eTe51 o6pa30M a II Z1 51BJI51eTe51 51,IJ,pOM a, TO 

dim Bo+ dim Z1 = dim C1 = b, IIJIII (n - 1) +dim Z1 = b. IImToMy 

,IJ,JI51 JII06oro eB513HOro KOMIIJieKea 

/ dim Z1 = b + 1 - n. / 

11To6hI ,Il,OKa3aTb (ii), Mhl ,IJ,OJI)KHbI Hall.TH b+ 1- n He3aBIIeIIMhIX 

51qeeK, KOTOphre o6pa3yIOT 6a3ne B rrpoeTpatteTBe Z1. ~JI51 aToro eHa­

qana pa3,IJ,eJIIIM MHO)KeeTBO Beex BeTBell. 81 Ha .Ma'X:CU.Ma.Jl,'b'/-We iJepe60 

T' KOTOpoe CO,IJ,ep)KIIT Bee Y3JibI Harnero KOMIIJieKea 11 ' II MHO)KeeTBO 

BeTBell. t, KOTOpbie He rrpnHa,IJ,Jie)KaT ,IJ,epeBy. ~eJiaTh 6y,IJ,eM eJie,IJ,yIO­

ru;nM o6pa30M: BbI6epeM JII06yro BeTBh, 51BJI51IOIIl;YIOC51 qaeThIO 51qell_­

KII, rryeTh oHa 6y,IJ,eT aneMeHTOM rro,n,MHO)KeeTBa t. Bee oeTaBrnnee51 

BeTBII rro-rrpe)KHeMy eoe,IJ,IIH51IOT Bee y3JihI. IloBTOpIIM aTy rrpou;e,IJ,y­

py, IIOKa He oeTaHeTC51 Hll O,IJ,HOH 51qell.KII. Tor,IJ,a BeTBII, '/-1,e IIOMeru;eH­

Hhie B rro,IJ,MHO)KeeTBO t, o6pa3yIOT MaKeIIMaJihHOe ,II,epeBo T. TaKa51 

rrpou;e,IJ,ypa He o6eerre'IIIBaeT e,IJ,IIHeTBeHHOeTb MaKCIIMaJihHOro ,IJ,epe­

Ba 12. Ha pnc. 12.20 II3o6pa)KeHhI ,II.Ba pa3JIII'IHhIX erroeo6a, KOTOphI­

MII ,IJ,aHHhIH KOMIIJieKe MO)KeT 6bITh eBe,IJ,eH K MaKeIIMaJibHOMY ,IJ,epeBy 

( errnornHhie JIIIHIIII) rryTeM y,IJ,aneHII51 BeTBell. ( rryHKTIIpHhie JIIIHIIII), 

5IBJI5IIOru;nxe5I qaeT5IMII 51qeeK. IIoeKOJihKY T o6pa3yeT ,IJ,epeBo, eB5I-

3hrnaroru;ee n Y3JIOB, TO OHO eo,IJ,ep)KIIT n - 1 BeTBh. Ilo,IJ,MHO)KeeTBO t 
eo,IJ,ep)KIIT b - ( n - 1) = b + 1 - n BeTBell.. K0Hu;h1 Ka)K,IJ,OH BeTBII II3 T 
eoe,IJ,nHeHhI BeTB5IMII II3 MHO)KeeTBa T, rroeKOJihKY T eoe,IJ,IIH5IeT Bee 

11 
lJ:epeBO MaKCHMa.TibHO B TOM CMbICJie, qTO rrpH p;o6aBJieHHll K HeMy mo6oii 

HOBOH BeTBll rrepBOHaqa.rrbHOro KOMIIJieKca IIO/J;KOMIIJieKC rrepecTaeT 6b!Tb p;epe­

HOM. KcTaTH, KaK JierKo BHp;eTb, p;epeBO 6yp;eT MaKCHMaJibHblM KaK pa3 B TOM ll 

TOJibKO TOM CJiyqae, eCJIH OHO coep;HHHeT Bee Y3Jibl p;aHHOrO KOMIIJieKca, qTO p;aeT 

aJibTepHaTHBHbIH crroco6 IIOCTpoemrn TaKoro p;epeBa: He BbI6paCbIBaTb no BeTBH 

( KaK orr:u:caHo HH)Ke), a p;o6aBJIHTb no y3ny. - IlpuM. peo. 
12

MaKCHMaJibHOe p;epeBO ep;HHCTBeHHO TOJibKO rrp:u: OTCYTCTBHH B KOMIIJieK­

ce HqeeK, 3a HCKJiroqeHHeM BeTBeii c COBrrap;a!OillHMH HaqaJIOM H KOHilpM. -

IlpuM. peo. 
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Pu:c. 12.20. ,II,sa pa3JIWIHhix MaKCHMaJihHhix ,n;epesa 

,IJ;JI5I O,IJ;HOI'O KOMIIJieKca 

y3JihI. BoJiee Toro, rrocKOJihKY T He co,n;ep:IKHT aqeeK, To CB5I3bIBaIO­

rn,aa TpaeKTOpna e,n;uHCTBeHHa. Ka:1K,n;aa seTBh H3 f' B KOM6HHa11,uu c 

::iTo:H e,n;HHCTBeHHOH TpaeKTopue:H B T, coe,n;nHa10rn,e:H ee KOHIJ;hI, o6-

pa3yeT aqe:HKy. IloCKOJihKY qHCJIO BeTBe:H B f' paBHO b + 1 - n, qTO 

cosrra,n;aeT c pa3MepHOCThIO Z1, HaM ocTaeTca TOJihKO ,n;oKa3aTh, qTo 

IIOCTpOeHHbie HaMH aqeHKH JIHHeHHO He3aBMCMMbI. 

,Il,Jia ,n;oKa3aTeJihCTBa JIMHe:Htto:H tte3aBMCMMOCTM i-10 seTBh B T 
o6o3HaqnM ai. IlycTh Mi o6o3ttaqaeT aqe:HKy, co,n;ep:1Karn,y10 BeTBh 

ai. PaccMoTpMM JIMtte:HttyIO KOM6nttau;n10 aqeeK 2: ciMi. IlocKOJihKY 

seTBh Oi rrpncyTcTsyeT moA'b'IW B aqe:HKe Mi c Ko::i<Pqmu;neHTOM 

+ 1, TO K03cPcPMD;MeHT rrpn Oi B cyMMe ,IJ;OJI:IKeH 6bITb Ci. Ilo3TOMY 

2= CiMi = 0 BbIIIOJIH5IeTC5I TOJibKO eCJIM Bee Ci = 0. 0TCIO,IJ;a CJie,n;yeT, 

qTo aqeliKM Mi JIMtte:Htto tte3aBMCMMhI. 

,LJ;epeBh.H H npoeKIJ;HH 

3aMeTMM, qTo BbI6op MaKcHMaJihHOro ,n;epesa T orrpe,n;eJiaeT rrpoeK-

11,MIO PT rrpocTpaHCTBa C1 tta rro,n;rrpocTpaHCTBO Z1 rro rrpaBMJiy: 

ecJIM ai ET, 

ecJin: ai ET, 

To PT(ai) = O; 

To PT(ai) =Mi· 

HarrpnMep, ,n;Jia MaKCMMaJibttoro ,n;epesa, cocT05Illl,ero M3 a M (3 (CM. 

pnc. 12.21), rrpoeKIJ;MOHHhIH orrepaTop PT ecTh PT( a) = 0, PT(/3) = 0, 
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pr(!')= a+ /3 + {, pr(5) =-a+ 5. (3aMeTHM, qTo Ka)K,11,a.H 51qeiIKa 

Mi BKmoqaeT B ce65I BeTBh ai E f' c Ko3<Pqmu;:rreHTOM + 1, a He -1.) 
IlpoeKu;H5I PT MO)KeT 6hITh 3arr:rrcaHa B BH,11,e MaTp:rru;hI 

EcJI:rr MhI :rrMeeM ,n;eJio c HeCB5I3HhIM KOMrrJieKcoM, TO (ii) ,n;oKa3hI­

BaeTca BbI6opOM MaKCHMaJibHOro ,n;epeBa ,If,J15I Ka)K,11,0H CB5I3HOH KOM­

IIOHeHTbl H IIOCTpOeHHeM rrpoeKu;:rr:rr PT. 

MeTo,n; KpyroBhIX TOKOB 

Terrepb CTaHOB5ITC5I IIOH5ITHOH Ba)KHOCTb MeTo.n,a KpyroBblX TOKOB, 

pa3pa6oTaHHoro MaKCBeJIJIOM. Bh16:rrpaa ceMeiicTBO He3aB:rrCHMhIX 

51qeeK H rrpHIIHChIBa5I Ka)K,IJ,OH 51qeiIKe 'K',pyWBOU mO'K', Ji, Mbl o6pa3y­

eM 3JieMeHT JiMi + · · · + JmMm rrpocTpaHCTBa Z1. TaKHM o6pa30M 

MO)KHO IIOJiyqHTb Ha:rr6oJiee o6iu;ee Bbipa)KeH:rre ,Il,J15I TOKOB, y,11,0BJie­

TBOpmoiu;:rrx rrepBoMy 3aKOHY K:rrpxro<Pa, T. e. Ha:rr6oJiee o6iu;:rriI BH,11, 

3JieMeHTa rrpocTpaHCTBa Z1. 
PaHee MhI y)Ke rroJih30BaJIHCh ypaBHeH:rreM 

1 - dim Z1 = n - b (12.1) 

)~JI5I CB5I3HbIX KOMITJieKCOB. IlpHMeH5I5I ero K KaM,Il,OH KOMIIOHeHTe 

1IpOH3BOJ1bHOro KOMITJieKca H CKJia,11,bIBaa, IIOJiyqaeM 

dim Ho - dimZ1 =dim Co - dimC1. (12.2) 
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IIocKOJihKY dim Ho = dim Co - dim Bo H dim Bo = dim C1 - dim Z1, 
ypaBHeHHe (12.2) eCTb rrpaMOe CJie,LI,CTBHe orrpe,n;eJieHHH pa3JIH'IHbIX 

IIpOCTpaHCTB, CB.H3aHHbIX CO. 
B paMKax aToro MeTo,n;a MaKcBeJIJia MhI cqnTaeM, qTo KpyroBoti 

TOK orrpe,n;eJI.HeT TOKH B Ka:M,LI,OH BeTBH. cho MO)KHO ccpopMyJIHpO­

BaTh MaTeMaTHqecKH CTporo: paCCMOTpHM rrpocTpaHCTBO KpyrOBbIX 

TOKOB KaK ern;e O,LI,HY Komuo rrpocTpaHCTBa Z1; Ha30BeM ero H1. 9To 

rrpocTpaHCTBO KpyroBhIX TOKOB, 6y,n;yqH Korrneti Z1, paccMaTpHBaeT­

ca KaK a6cTpaKTHOe BeKTOpHOe rrpOCTpaHCTBO, He RBJIRIOrn;eec.H IIO,LI,­

rrpocTpaHCTBOM C1. A Terrepb paccMoTpHM rrpou;e,n;ypy HaXO)K,LI,eHHR 

TOKOB B BeTBRX, orrpe,n;eJI.HeMbIX KpyrOBbIMH TOKaMH, KaK JIHHeHHOe 

oTo6pa)KeHHe a: H1 ----+ C1, KOTopoe H,LI,eHTHcpHIJ,HpyeT H1 c rro,n;rrpo­

CTpaHCTBOM Z1 rrpocTpaHCTBa C1. HarrpHMep, B u;errn, H3o6pa)KeHHOH 

Ha pnc. 12.21, rrpocTpaHCTBO H1 ,n;ByMepHo. 0To6pa)KeHHe a rrpnrrH­

ChrnaeT .HqetiKe M1 TOKH B BeTBax a+,8+"(, TaK qTo MO)KHO HarrncaTh 

lITaK, ecJIH MhI HCITOJih3yeM M 1 H M2 B KaqecTBe 6a3Hca a6cTpaKT­

Horo rrpocTpaHcTBa H1 (rrpocTpaHCTBa TOKoB), a a, ,8, "(, 5 - B Ka­

qecTBe 6a3HCa rrpOCTpaHCTBa c 1, TO MaTpHu;a (J' CB.H3hIBa10m,a.H 3TH 

6a3HChI, HMeeT BH,ll, 

(~ -~) 0 1 . 

1 0 

TaKIIM o6pa30M, MbI BH,ll,HM, qTo MeTO,ll, KpyrOBbIX TOKOB CBO,LI,HT 

3a,LI,aqy o6parn;enHR nnneiiHoro OTo6pa)KeHHR H3 rrpocTpancTBa H 1 

B ero ,LI,yaJII>Hoe rrpocTpaHCTBO, o6o3HaqaeMoe H 1. 

Bo3Bparn;a.Hch K ypaBHeHHIO (12.2), MO)KHO Terrepb HarrncaTh 

I dim Ho - dimH1 =dim Co - dimC1. I (12.3) 

BTopoti 3aKOH Knpxrocpa yTBep)K,n;aeT, qTo Harrpa)KeHHe B Ka)K­

,n;oii BeTBH MO)KeT 6bITb IIOJiyqeHO KaK pa3HOCTb IIOTeHIJ,HaJIOB OT 
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rroTeHIJ;HaJihHOii: cpyHKu;irn, orrpe,n;eJieHHoii: Ha y3Jiax. IIocKOJihKY MMe­

eT CMhlCJI TOJihKO pa3HOCTh IIOTeHIJ;liaJIOB, Mhl M01KeM IIOJIO)KlITh 

IIOTeHIJ;liaJI Ha 0,il;HOM Y3Jie Ka1K,n;Oii: CB5I3HOH KOMIIOHeHThl paBHhlM 

Hymo. Tor,n;a rroTeHIJ;liaJihI Bcex ocTaJihHhIX Y3JIOB orrpe,n;eJIRT Harrp5I-

1KeHMe Ha BeTBRX. HarrpMMep, paccMOTplIM u;errh, M3o6pa1KeHHYIO Ha 

pMc. 12.22. EcJIM rroJI01KlITh rroTeHIJ;liaJihI <J>A = <I>D = 0, To HarrpR-

1KeHMR BeTBeii: 6y,n;yT paBHhl: V°' = <I>c' v.B = <I>8 ' v.s = <I>c - <I>B' 
V1 = <I>E. IIocKOJihKY qlicJio y3JIOB paBHO dim Co, a qlfCJio CB5!3HhIX 

KOMIIOHeHT paBHO dim Ho, cyru;ecTByeT TOJihKO dim Co -dim H 0 'H,e3a-
6UCU.M'btX cnoco6o6 orrpe,n;eJieHH5I HaIIp5!1KeHMH B BeTB5IX, COBMeCTH­

MhlX co BTOphIM 3aKOHOM Kupxrocpa. 'Cho 3HaquT, qTo, rpy6o roBopR, 

qlicJio ycJIOBHii:, Ha.n:araeMhIX BTOphIM 3aKOHOM Kupxrocpa, paBHO 

dimC1 - (dim Co - dim Ho)= dimH1. 

c E 

B 

A D 

PMc. 12.22 

IIocKOJihKY qMcJio He3aBMClIMhIX pacrrpe,n;eJieHMii: TOKOB B BeTBRx, 

coBMeCTMMhIX c rrepBhIM 3aKOHOM KMpxrocpa, paBHO dim H 1 ( quc­

JIY JIHHeii:Ho He3aBMClIMhIX 51qeeK), TO rrepBhIH 3aKoH KHpxrocpa Ha­

JiaraeT dim C1 - dim H1 ycJIOBHii:. 06a 3aKoHa BMecTe Ha.n:araIOT 

dim C1 = b ycJIOBMfi. (3aKOHhI He3aBHCHMhI, rroToMy qTo o,n;HH OT­

HOCHTCR K TOKaM, a BTOpoil: K HaIIp5!1KeHH5IM.) CB5I3h Me)K,n;y TOKOM 

H HarrpR1KeHHeM B Ka)K,D;oii: BeTBH ,n;aeT eru;e b ypaBHeHttii:. TaKMM o6-

pa30M Mhl lIMeeM 2b ypaBHeHHfi ,D;JI5I 2b HeH3BeCTHhlX TOKOB H Ha­

IIp5!1KeHHH. Teope.Ma K upxw<fia ,n;JIR JIHHeii:Hoii: u;errtt c pe3McTopaMH 

yTBep)K,n;aeT, qTo 3TH ypaBHeHMR MoryT 6h1Th pa3perneHhI. qT06hI 

,il;OKa3aTh 3TY TeopeMy, Mhl ,D;OJI)KHhl o6paTHThC5I KO BTOpOMY 3aKOHY 

Kttpxrocpa. 
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12.3. Kou;enH H d-onepaTop 

Ilpe)K,Il,e BCero OTMeTHM, 'ITO HarrpR)KeHue B KaKOM-TO CMhICJie ,Il,BOH­

CTBeHHO TOKy. IIpou3Be,II,eHue Harrpa)KeHHR VI' Ha TOK II', KOTOphIH 

TeqeT no BeTBH "(, ,II,aeT MOIIJ,HOCTh, Bhl,II,eJieHHYIO B aTo:ti BeTBH. IIo-

3TOMY eCJIH Mhl BBe,IJ,eM 6e'X:mop 'HanpRJICe'HUU V = (V°', V,8, ... ), TO 

OH ,IJ,OJI)KeH Jie)KaTh B rrpocTpaHCTBe, ,IJ,YaJihHOM rrpocTpaHCTBY C1. 

Tor,II,a BBe,II,eM aTo ,II,yaJihHoe rrpocTpaHCTBO u Ha30BeM ero rrpocTpaH­

CTBOM 1--x;ov,eneu. 0603Ha'IHM ero C1 . TaKHM o6pa30M, C1 - 3TO 

npocTpaHCTBO JIHHefiHhIX cPYHKU,H:ti B C1. AHanorH'IHO BBe,IJ,eM rrpo­

cTpaHCTBO c0 mrne:tiHhIX cPYHKu;u:ti Ha Co, H Ha30BeM ero rrpocTpaH­

CTBOM 0--x;ov,eneu. A Terrepb ,II,aBa:tiTe BBe,IJ,eM HeCKOJihKO o6o3Ha'leHn:ti, 

KOTOpble Ha rrepBbIH B3rJIR,Il, MoryT IIOKa3aThCR CTpaHHblMH, HO IIO­

TOM oKa)KyTca BeChMa rrpO,IJ,YKTHBHhIMH B CMhicne o6o6rn,eHHR. IIycTh 

,IJ,aHbl BeKTopa K =(Ka, K,13, ... f E C1 Ii w = (W°', w,8 ... ) E C 1 . 

3Ha'!eHne nrrHeiiHo:ti cPYHKIJ;HR W Ha BeKTOpe K 6y,II,eM o6o3HaqaTh 

JK W. Tor,II,a 

AHanorrrqHo 3HaqeHne 0-Kou;errn f - (!A, JB, ... )TE c0 Ha 0-u;errn 

c = (cA,CB, ... )T 6y,II,eM o6o3Ha'!aTb fcf· Tor,II,a 

Cne,II,Yrorn,ee o6o3HaqeHrre CBR3aHo c oTo6pa)KeHueM 8. fpaHH'!Hoe 

OTo6pa)KeHne 8 aBJrneTca nrrHeHHhIM oTo6pa)KeHneM R3 C1 B Co. Ero 

COIIpR)KeHHOe 6y,II,eT JIHHeHHbIM OT06pa)KeHHeM Ii3 CO B C1 . 8TO CO­

ITpR)KeHHOe OTo6pa)KeHHe 6y,II,eM o6o3HaqaTh d H Ha30BeM era KOrpa­

HH'IHblM orrepaTopoM. IiTaK, ecnu f ecTh 0-Kou;errh u K eCTh 1-u;errh, 

To 3HaqeHue df Ha K paBHO f, BhrqrrcneHHOMY Ha 8K. B TepMRHax 

y)Ke BBe,II,eHHhIX o6o3HaqeHRH, Mbl MO)KeM Hairn:CaTh 

r df = r r 
jK JaK 

(12.4) 
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(HarnH o6o3Ha'IeHH.H BbI6paHbl TaKHM o6pa30M, 'IT06hI 3TO ypaB­

HeHIIe 6bIJIO IIOXO)Ke Ha cpyH,ri;aMeHTa.JlhHYIO TeopeMy ,IJ;HcpcpepeHIJ,ll­

aJihHOrO HC'IHCJieHH.H. KoHe'!HO, B ypaBHeHnH HeT HHKaKHX HHTe­

rpa.rroB; 3TO Bbl'IHCJieHHe JIHHeiiHbIX cPYHKI],HH OT BeKTOpOB B BeK­

TOpHOM npocTpaHCTBe, T. e. KOHeqHbIX cyMM. 0,ri;HaKo, eCJill rrpe,ri;­

CTaBHTh, qTo f - ,IJ;Hcp<f>epeH:u;HpyeMa.H cpyHKI],ll.H Ha rrp.HMOH, df -
KaK f'(x)dx, a K - KaK HHTepBa.rr A S x S B, TO JieBaa "<IaCTh 

ypaBHeHHa (12.4) MO)KeT 6hITb HHTepnpenrpoBaHa KaK HHTerpa.rr 

JK dj = 1: J'(x) dx = f(B) - J(A), a rrpaByIO '!aCTb 3TOro ypaBHe­
HH.H nMeHIIo TaK H Ha,ri;o rroHnMaTb. A Terrepb MhI rrpocHM quTaTeJI.H 

Ha BpeM.H 3a6b1Th 3TY aHa.rrormo. Mbr BepHeMc.H K Hen B naparpacpe 

15.2.) 

EcJIH o o6o3Ha-qaeT BeTBh H 80 = B - A, TO ypaBHeHne (12.4) 

npHHHMaeT BH,IJ; fa df = f(B) - f(A). BTOpoil: 3aKOH Knpxro<f>a 

YTBep)K,ri;aeT, 'ITO ,IJ;JI.H y3JIOB cyr:u;ecTByeT TaKa.H <PYHK:u;na <I>, T. e. 

0-Ko:u;errh, qTo V°' = <I>(A) - <I>(B) ,IJ;JI.H mo6oil: BeTBH a TaKoil, 'ITO 

8a = B - A. Tor,ri;a 3TOT 3aKoH Knpxrocpa MO)KHO 3anHcaTb B BH,IJ;e 

v = -d<I>. 

(3aMeTnM, 'ITO eCJill ypaBHeHHe f K v = - faK <I> cnpaBe,IJ;JIHBO ,IJ;JI.H 

BCex BeTBeil:, TO OHO cnpaBe,IJ;JIHBO ,IJ;JI.H Bcex 1-:u;erreil:, IIOCKOJibKY BeTBH 

06pa3y10T 6a3HC rrpocTpaHCTBa 1-:u;erreil:. Tor,ri;a V H -d<I> rrpnmrMaIOT 

o,ri;Ho H TO )Ke 3HaqeHne Ha Bcex 1-:u;enax, T. e. V = -d<I>.) 
lfa ,ri;Byx 3aKoHOB Knpxrocpa cJie,ri;yeT meope.Ma TeJ1,.11,e2e'tta. Ilpe,ri;­

rroJio)KHM, 'ITO ,IJ;JI.H ,ri;aHHOH ::ineKTpn"<IecKoii :u;errn I E C1 o6o3Ha"<IaeT 

pacrrpe,ri;enemie TOKOB no BeTBaM, KOTOpoe y,ri;oBJieTBOp.HeT nepBOMY 

3aK0Hy Knpxrocpa 81 = 0. Ilpe,ri;rroJIO)KHM TaK)Ke, 'ITO ,ri;na Toil: )Ke 

:u;enH pacrrpe,ri;eJieHHe Harrp.H)KeIInil: v y,IJ;OBJieTBOp.HeT BTOpOMY 3aKO­

HY KHpxro<f>a V = -d<I>. Tor,ri;a noJIHa.H MOI:u;HOCTh, BhI,IJ;eJieHHa.H BO 

BCex BeTB.HX, paBHa 

0,ri;HaKo, no orrpe,ri;eJieHHIO orrepaTopa d, 

p = - r d<I> = - r <I> = o, 
11 la1 



606 rJiaBa 12. Teop1rn 3JieKTpn:qecKHX u;eneii: 

IIOCKOJihKY 81 = o. 9TOT pe3yJihTaT IIOKa3hIBaeT, qTo B 3JI€KTpn:qe­

CKOH u;errn: coxpami:eTCR 3Hepnrn - 6aTapeH H reHepaTopbI rro.n;aroT 

poBHO CTOJihKO 3HeprHH, CKOJihKO pacceHBaeTcR B pe3HCTopax. Ba)K­

HO OTM€THTh, 'ITO HHKaKH€ rrpe,n;rroJIO)K€HHR 0 rrpHpo.n;e 3JI€M€HTOB 

u;errH He ,n;eJiaIOTCR. 

,Il;JIR paCCMOTpeHHR TOKOB OKa3aJIOCb IIOJI€3HblM BB€CTH ,n;Ba rro,n;­

rrpocTpaHCTBa - R,Il;pO H o6pa3 rpaHHqHoro OTo6pa)K€HHR 8: rro.n;­

rrpOCTpaHCTBO D;HKJIOB Z1 =Ker 8 c C1 H rro.n;rrpocTpaHCTBO rpaHHD; 

Bo = Im 8 c Co. ,Il;aBaii:Te c,n;eJiaeM TO )K€ caMoe f];JIR KOrpaHHqHoro 

orrepaTopa d. 
IIycTh zo c c0 o603HaqaeT R,n;po orrepaTopa d. Tor.n;a zo RB­

JIR€TCR rro.n;rrpocTpaHCTBOM rroTeHIJ;HaJihHhIX cpyHKD;Hii: Ha Y3Jiax, 06-

Jia,n;aroiu;Hx T€M CBOHCTBOM, qTo BC€ HarrpR)K€HHR Ha B€TBRX paBHhl 

Hymo. ,Il;JIR CBR3HOro KOMIIJ1€KCa BC€ HarrpR)K€Hlrn 6y.n;yT paBHhl Hy­

mo Tor.n;a H TOJibKO Tor.n;a, KOr,n;a IIOT€HD;HaJI BO BC€X Y3Jiax 0,1.l;HHaKOB. 

B o6iu;eM cJiyqae zo eCTh rro.n;rrpocTpaHCTBO rroTeHD;HaJIOB, rrocTORH­

HhIX Ha Ka)K.n;oii: CBR3HOii: KOMIIOHeHTe. CJIO)K€HHe 3JieMeHTa H3 zo c 

3J1€M€HTOM H3 c0 He HM€€T cpH3H'I€CKOro CMblCJia - rrpH 3TOM H3M€­

HR€TCR TOJihKO rrpOH3BOJihHblH ypoB€Hh, OT KOTOporo OTC'IHThIBaeTCR 

KaM,Il;hlH IIOT€HD;HaJI. 

IlyCTb <I> RBJIR€TCR 3JI€M€HTOM rrpOCTpaHCTBa z0 ' TaK 'ITO d<I> = o. 
IIycTb 8K o6o3HaqaeT rrpOH3BOJibHhIH 3JI€M€HT rrpocTpaHCTBa rpa­

HHD; Bo. Tor.n;a 

{ <I> = { d<I> = 0. 
laK jK 

,IJ;pyrHMH cJioBaMH, 3JI€M€HT H3 z0 , ,n;eii:CTBYR Ha 3JieMeHT H3 Bo, ,n;aeT 

HYJih. l1 o6paTHO, rrpe,n;rroJIO)KHM, 'ITO faK <I> = 0 AJIR Bcex K. Tor,n;a 

JK d<I> = 0 AJIR Bcex K. CJie,n;oBaTeJihHO, d<I> = 0, T. e. 3TO HyJieBaR 

cpyHKD;HR B IIpOCTpaHCTB€ C 1 H <l> E zO. l1M€HHO II03TOMy rOBOpRT, 

qTo zo eCTh rrpocTpaHCTBO, a'l-l'l-lyJtupyww,ee Bo. 
PaccMOTpHM cpaKToprrpocTpaHCTBO Ho = Co/ Bo, 3JI€M€HThI KO­

Toporo RBJIRIOTCR KJiaccaMH 3KBHBaJI€HTHOCTH 3JI€M€HTOB rrpocTpaH­

CTBa C0 , pa3HOCTh K0Toph1x JI€)KHT B B0 . IIycTh ci H c 2 RBJIRIOTcR 

3JieMeHTaMH rrpocTpaHCTBa Co, pa3HOCTh KOTOphIX c1 - c2 JI€)KHT B 

Bo. Tor.n;a f];JIR mo6oro <I> E zo HMeeM 
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CJie,n;oBaTeJibHo, fci <I> = fc
2 

<I>, eCJIH c1 = c2 (mod Bo). 1lTaK, 3Jie­

MeHT z0 rrpHHHMaeT O,ll;HO H TO )K€ 3Ha'I€HH€ Ha mo6oM rrpe,n;cTaBHTe­

Jie ,n;aHHOrO KJiacca 3KBHBaJI€HTHOCTH. Ilo3T0MY z0 MO)K€T paccMaT­

pirnaTbCH KaK rrpocTpaHCTBO JIHHeiiHhIX cpyHKJJ;Hii Ha Ho. 
CBH3h rrpocTpaHCTBa z0 

c C0 , Bo H Ho HBJIHeTcH rrpHMepoM 

o6ru;ero rrpHHJJ;HIIa, c KOTOpbIM Mbl BCTp€THJIHCb: Jtapo omo6pa;J1Ce­

'H,UJt, conpJt;JfCe'l-t'l-t020 K JIHH€HHOMY rrpeo6pa30BaHmo, 51BJ151€TC51 att'l-ty­
J1,Upy10w,u.M rro,n;rrpocTpaHCTBOM o6pa3a 3Toro rrpeo6pa3oBaHHH. Otto 

51BJ151€TC51 TaK)K€ ayM'b'l-t'bt.M IIpOCTpaHCTBOM </XJ/l\,ffiOpnpocmpattcmBa 
rro o6pa3y rrpeo6pa3oBaHHH. B ttarneM cJiy'Iae MhI HMeeM rrpeo6pa-

30BaHHe a, ,n;eiiCTByroru;ee Ha C1; corrpH)K€HHOe rrpeo6pa30BaHH€ d, 
,n;eiiCTByroru;ee B c0 ' H 51,ll;pO corrp51)K€HH51 zo' 51BJ151IOIJJ;€€C51 aHHYJIH­

pyIOIJJ;HM rrpocTpaHCTBOM Bo = Im a H ,IJ;yaJihHhIM K rrpocTpaHCTBY 

Ho= Co/Bo. 
A Terreph paccMoTpHM cpaKToprrpocTpaHcTBO po = c0 / zo. Ilo­

CKOJihKY z° COCTOHT H3 cpyHKJJ;HH, IIOCTOHHHhIX Ha Ka)K,ll;OH CB513HOH 

KOMIIOH€HTe, 3JI€M€HTbl rrpocTpaHCTBa po 51BJ15IIOTC51 KJiaccOM 3KBH­

BaJI€HTHOCTH cpyHKJJ;HH, OTJIH'IaIOIJJ;HXCH Ha Ka)K,ll;OH CB513HOH KOMIIO­

H€HT€ TOJibKO IIOCTOHHHOH. 11TaK, eCJIH Mhl K B€KTopy H3 rrpocTpaH­

CTBa c0 
,n;o6aBHM cpH3H'I€CKH Hecyru;ecTB€HHYIO IIOCTOHHHYIO, B03-

MO)KHO, pa3HYIO ,ll;JIH Ka)K,ll;OH CB513HOH KOMIIOH€HThI, TO pe3yJihTHpy­

IOIJJ;HH BeKTop ocTaeTCH TeM )Ke 3JieMeHTOM rrpocTpaHCTBa po. Kor,n;a 

Mhl rrpH6aBJI51€M IIpOH3BOJibHYIO aMHTHBHYIO KOHCTaHTY K Ka)K,IJ;OH 

CB513HOH KOMIIOH€HTe, TO HM€HHO po COOTB€TCTByeT rrpOCTpaHCTBY 

IIOT€HJJ;HaJIOB. ,lI;JIH ,n;aHHOro B€KTOpa HaIIp51)K€HHH v' y,n;oBJI€TBOp51-

IOIJJ;ero BTOpOMY 3aKOHY KHpxrocpa, COOTB€TCTBYIOIJJ;HH IIOT€HJJ;HaJI 

<I>' y,n;oBJI€TBOp5IIOIJJ;HH ycJIOBHIO v = -d<I>' orrpe,n;eJieH c TO'IHOCTbIO 

,n;o 3J1€M€HTa rrpOCTpaHCTBa pO' KOTOpoe orrpe,n;eJI51€T <I>. 

12.4. Ba3HChI H ,zzyaJibHbie 6a3HChI 

qT06hI BbI6paTh 6a3HC ,IJ;JIH po' y,n;o6Ho B Ka)K,ll;OH CB513HOH KOMIIO­

H€HTe 3a3e.MJl,Uffi'b 0,ll;HH y3eJI. IlocJie 3TOrO BbI6paTb dim c0 - dim z0 

6a3HCHbIX B€KTOpOB, ,IJ;JIH KOTOpbIX IIOT€HJJ;HaJI paBeH €,ll;HHHJJ;€ B o,n;­

HOM H€3a3€MJieHHOM y3Jie H HYJIIO BO Bcex OCTaJihHhIX y3Jiax. HarrpH­

Mep, B u;errH, H3o6pa)KeHHOii Ha pHc. 12.23, y3Jihl A H D 3a3eMJieHhI, 

a B€KTOp ( cpB' cpC' cpE) rrpe,n;cTaBJI51€T rrpOH3BOJibHbIH 3J1€M€HT po. 
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B .!3 C E 

A D 

PHC. 12.23 

0T06pa)KeHHe d: CO----+ C1 HH,ITyll,HpyeT OT06pa)KeHHe [d] : pO----+ 

C 1, KOTOpoe 6y,n;eM Ha3bIBaTb 02pa'/-l,U"le'/-l,'/-l,'bt.M '/W2pa'/-l,U"l'/-l,'bt.M omo6pa­

:JICe'/-l,Ue.M. MaTpnqHoe rrpe,n;cTaBJiettne [d] rroJiyqaeTCR H3 MaTpwrnoro 

rrpe,n;cTaBJieHH5I d, eCJIH y6paTb CTOJI61I,hl, COOTBeTCTBYIOIIIHe 3a3eM­

JieHHbIM Y3JiaM. TaK, ,Il;JIR n.ern1, H3o6pa)KeHHOH Ha pnc. 12.23, MbI 

y6npaeM rrepBbIH CTOJI6en. (A) H 'leTBepTbIH (D), T. e. 

(

-1 

d= 0 
1 
0 

1 
-1 

0 
0 

0 0 
1 0 

-1 0 
0 1 ~)' -1 

a 

IIocKOJihKY z0 - aHHYJIHPYIOIIIee rrpocTpaHCTBO ,Il;JIR Bo, JII06ble 

,Il;Ba 3JieMeHTa c0
' OTJIHqaIOIIIHeC5I Ha 3JieMeHT z0 ' ,n;aIOT O,Il;HHaKOBbIH 

pe3yJihTaT rrpH ,n;e:HCTBHH Ha 3JieMeHT Bo. TaK ¢aKToprrpocTpaHCTBo 

po = C0 / zo MO)KeT 6hITb 11:,n;eHTHcPHII.HPOBaHo c ,rryaJibHbIM npo­

CTpaHCTBOM Bo. Corrpa)KeHHbIM K OT06pa)KeHHIO [d] : po ----+ C1 5IB­

JI5IeTC5I orpaHH'leHHhIH rpaHH'IHbIH orrepaTop [8] : C1 ----+ Bo. ,Il;Jia Bo 
y,n;o6Ho IIOJib30BaTbC5I 6a3IICOM, ,ITyaJibHbIM K 6a3Hcy, BbI6paHHOMy 

,n;Jia po. Tor,n;a MaTpHqHoe rrpe,n;cTaBJiem1e [8] ecTh rrpocTo TpaHcrro­

HIIpoBaHHoe MaTpII'IHOe rrpe,n;cTaBJieHIIe [d]. Ilo OTHOIIIeHHIO K 3TOMy 

6a3IICY BeKTOp B rrpocTpaHCTBe Bo ecTb BeKTop B rrpocTpaHCTBe C0 , 

ll3 KOTOporo y6paHbI KOMIIOHeHTbI, COOTBeTCTBYIOillHe 3a3eMJieHHbIM 

y3JiaM. HarrpHMep, ,Il;JIR n.errH, II3o6pa)KeHHOH Ha pIIc. 12.23, r,n;e 3a-

3eMJieHbl Y3JibI A II D, MhI HMeeM 

8a=B-A. 
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B BeKTOpHbIX o6o3Ha'Iem,rnx 3TO BhirJI51:fJ.IIT TaK: 

a@~ 
-1 

rn 
1 

m 0 II [8] 
0 
0 

KpoMe Toro, 

-1 0 1 0 
1 -1 0 0 [8]~ G -1 0 ~) ~w a= 0 1 -1 0 HO 1 -1 
0 0 0 1 0 0 -1 
0 0 0 -1 

IlyCTb B 1 o603Ha'IaeT rro,n;rrpocTpaHCTBO C1 ' 51BJI51IOIIl,eeC51 o6pa-

30M d. C cpII3II'IeCKoii TO'IKII 3peHII51 B 1 - 3TO rrpocTpaHCTBO BeK­

TopoB HarrpmKeHIIH Ha BeTB51X, IIO,Il;'IIIH.HIOIIJ.IIXC51 BTOpOMY 3aKOHY 

KIIpxrocpa. Bonee Toro, cornacHo TeopeMe TennereHa, ,Il;OKa3aHHoii 

ttaMII paHee, B 1 51BJI51eTC51 attHyJIIIPYIOIIJ.IIM rrpocTpaHCTBOM ,Il;JI51 Z1: 
JII06oe pacrrpe,n;eJieHIIe HarrpmKeHIIii, y,n;oBJieTBOp51IOIIJ.ee BTopoMy 3a­

KOHY KIIpxro¢a, rrpn rrpnMeHeHHH K nro6oMy pacrrpe,n;eneHHIO TOKOB, 

rro,n;'IHH51IOIIJ.HXC51 rrepBOMY 3aKotty Knpxro¢a, ,n;aeT HYJih. Ecnn MhI 

o6pa3yeM <PaKTOpnpocTpaHCTBO H 1 = C1 I B1' TO ero MO:ll<:HO n,n;eH­

TMcpIIIJ.IIpOBaTb c ,n;yaJihHhIM rrpocTpaHCTBOM H 1 ( II3BeCTHhIM TaKlli:e 

KaK Z1). ,ll;oKmaTeJibCTBO ::iToro YTBep)K,n;eHII51 O'IeHh rrpocToe. IIycTb 

V 1 II V 2 - BeKTOpa B rrpOCTpaHCTBe C1 , a pa3HOCTb Me)K,Il;Y HIIMII 

Jie)KIIT B npocTpaHCTBe B 1 , TaK 'ITO V 1 - V 2 = -d<ti .D,JI51 tteKoTo­

poii cPYHKIJ.HH <Ii. Tor,n;a ,Il;JI51 rrpOH3BOJihHoro BeKTOpa TOKa I E Z1, 
y,n;oBJieTBOp51IOIIJ.ero ycJIOBHIO 81 = 0, HMeeM 

r v 1 - r v 2 = r (v 1 - v 2) = - r d<Ii = - r qi = o, 
11 11 11 11 lm 

OTKy,n;a cne,n;yeT, 'ITO J1 V 1 = J1 V 2. TaKHM o6pa3oM, V 1 H V 2, KO­

TOphre cooTBeTCTBYIOT o,n;HoMy H TOMY )Ke ::ineMeHTY H 1 , coBrra,n;aroT 

KaK ::ineMeHThI .D,yaJibttoro rrpocTpaHCTBa H l · 
Terreph rro,n;Be,n;eM HTor cooTHOllleHH51M Me)K,n;y rrpocTpaHCTBaMH 

c 0 , c1, z1, B 1 n Z1. 
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o Ilpeo6pa30Battne d ,I1.eiiCTByeT B rrpocTpattcTBe c0 u oTo6pa:>Ka­
eT CO---+ C1. 

o Ero corrpH:>Kettne a ,I1.eiicTByeT B rrpocTpaHCTBe C1, oTo6pa:>KaH 

C1---+ Co. 

o .H,I1.po a ecTh Z1, ero attHyJrnTopoM HBJIHeTCH B 1 = Imd, aero 

,Il.YaJibHOe rrpocTpaHCTBO eCTb H 1 = C1 I B 1. 

12.5. MeTO,ll;hI MaKcBeJIJia 

MbI paccMoTpeJIH rrpmi;e,I1.Ypy rrocTpoeHH.H 6a3nca wieeK B rrpocTpaH­

CTBe Z1 rryTeM Bb16opa MaKCHMaJihHoro ,n;epeBa. IIycTh CT o6o3HaqaeT 

oTo6pa:>KeHne, KOTopoe orrpe,n;eJIHeT Ka)K,Il.bIH BeKTOp B Z1 = Hi KaK 

3JieMeHT rrpocTpaHCTBa C1. Terrepb Bb16epeM 6a3nc ,Il.JIH H 1, KOTO­

pbIH 6y,I1.eT ,I1.YaJieH 6a3ncy, BhI6paHHOMY ,Il.JIH H 1. IIycTh s o6o3HaqaeT 

rrpoeKil,HIO rrpocTpaHCTBa C 1 Ha q>aKTOprrpocTpaHCTBO H 1 = C 1 I B 1. 
Tor,I1.a s H CT - B3aHMHO corrpH:>KeHHbie rrpeo6pa30Battm1, H MaTpnqttoe 

rrpe,I1.CTaBJI8HHe O,Il.HOro 6y,I1.eT TpaHCIIOHHpOBaHHbIM rrpe,I1.CTaBJieHH8M 

,I1.Pyroro. 

MaTpHIJ;hI CT u s rrocTpOHTh oqeHh rrpocTo. PaccMoTpHM ri;errb, 

H306pa:>KeHHYIO Ha puc. 12.24, c MaKCHMaJibHbIM ,n;epeBOM, COCTO.H­

IIJ;HM H3 au I'· Tor,n;a 6a3nc rrpocTpaHCTBa Z1 HMeeT BH,Il. 

CJie,I1.0BaTeJihHO, MaTpnri;a rrpeo6pa3oBamrn CT ecTh 

(: J). 
0 +1 

3aMeTHM, qTo 
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T. e. (j orrpe,IJ,eJI.HeT rrpaBIIJIO, no KOTOpOMY TOKH B BeTB.HX BhI'IHCJI.H­

IOTC.H qepe3 KpyrOBbie TOKH. 

MaTpnu;a rrpeo6pa3oBaHH.H s - TpattcrroHnpoBaHHa.H MaTpnu;a a: 

(
1 1 

s = 0 0 
1 

-1 ~). 

8 ((~;)1) = (v°' + vf3 + v'Y) 
v'Y -v'Y + v8 ' 
v8 

OTKy,IJ,a CJie.nyeT, qTo KOMIIOHeHThI BeKTOpa s v paBHhI Harrp.H)KeHH.HM 

Ha BeTB.HX, rrpocyMMHpoBaHHhIM no BCeM ,HqeifKaM, BbI6paHHhIM B 

KaqecTBe 6a3nca Hi. 

IlonyqeHHhie COOTHOllleHH.H CB0,11,.HTC.H K cne.ny10ru;eMy: 

Po [d] i s Hi 
---t c --+ ' 

[8] (Y 

Bo+- Ci<- Hi. 

BeKTOpHhie rrpocTpaHcTBa, pacrroJJo)KeHHhie 0,11,HO Ha,IJ, ,IJ,pyrnM, .ny­
MhHhI ,IJ,pyr K ,IJ,pyry: ci ll Ci; poll Bo; Hill Hi. Bonee Toro, [d] H 

[8] COIIp.H)KeHhI, TaK )Ke, KaK s H CY. 06a OTo6pa)KeHll.H [d] ll (j llH'h­

eKTllBHhl ( HMeIOT HyJieBoe .H,IJ,pO)' B TO BpeM.H KaK [ 8] H s CIOp'beKTllB­

Hhl (Bee BeKTOpttoe rrpocTpaHCTBo .HBJI.HeTC.H nx o6pa3oM). HaKotteu;, 
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Im a = Ker [8] rr Im [d] = Ker s. YqrrThIBa.H 3To, 3aKOHhI KrrpxroQ:>a 

MO)KHO 3arrncaTb B CHMMeTpHqHOH Q:>opMe. 

ITepBhIH 3aKOH KrrpxroQ:>a: I = a J, J E H 1; 

BTOpoil 3aKoH KrrpxroQ:>a: V = -[d]<I>, <I> E P 0 . 

Terreph Mhr MO)KeM o6cy,IJ;HTh TeopeMy Krrpxro¢a ,IJ;Jrn rrerreil c 

pe3HCTOpaMH. IJpe,IJ;IIOJIO)KHM, qTo Harna 3JieKTprrqeCKa5I rreIIb COCTO­

HT H3 pe3HCTOpOB, BOJibT-aMrrepHa5I xapaKTepHCTHKa KOTOpbIX ,IJ;JI5I 

Ka)K,Il;OH BeTBH O'. 5IBJI5IeTC5I IIp5IMOH JIHHHeH Ha IIJIOCKOCTH (I a, Va). 
C,IJ;eJiaeM peanrrcTrrqHoe ( rr yrrporrrarorrree) rrpe,IJ;IIOJIO)KeHrre, qTo 3Ta 

IIp5IMa5I He rrapaJIJieJihHa HH O,IJ;HOH H3 OCeH. cho 3HaqIIT, qTO JII060H 

HCTOqHIIK Harrp5I)KeHH5I coe,IJ;HHeH c HeKOTOpbIM pe3HCTOpOM IIOCJie­

,IJ;OBaTeJibHO, a JII06orr HCTOqHHK TOKa coe,IJ;HHeH c corrpOTIIBJieHHeM 

rrapanJieJihHO, T. e. HeT HCTOqHHKOB, IIO,IJ;arorrrrrx IIOCT05IHHOe HarrpR­

)KeHHe rrpH JII060M TOKe, H HeT HCTOqHHKOB TOKa, C03,IJ;alOIIIHX IIOCT0-

5IHHbIH TOK He3aBIICHMo OT HarrpR)KeHHR. TaKHM o6pa3oM, MhI rrpe,IJ;­

rroJiaraeM, qTo Jiro6aR BeTBh a c oa = B - A IIMeeT BH,IJ;, rr3o6pa)KeH­

HhIH Ha prrc. 12.25.13 

HarrpmKeHHe Ha pe3HCTope paBHO va - wa' a TOK, rrpoTeKaIOIIIHH 

rro HeMy paBeH Ia - Ka. Tor,IJ;a BOJihT-aMrrepHaR xapaKTepIICTIIKa 

CHCTeMhI orrpe,IJ;eJI5IeTC5I cpopMyJIOH 

3,IJ;eCh rrpH Za i- 0 3a,IJ;aHbI 3HaqeHH5I wa H Ka (rrpIIqeM JII06oe H3 HHX 

MO)KeT 6hITh paBHO HyJiro14). EcJIH B rrerrrr ecTh TOJihKO pe3HCTOphr, 

13
Ilomt3aHO nrnpOKO HCIIOJib3YeMoe B 3JieMeHTapHbIX Kypcax cPH3HKH pa3JIO:lKe­

mre pea.!l!b'HOW HCTO'IHHKa IIHTaHHH Ha rrpOCTOH pe3HCT0p H uaea.J1,'b'H'b£U HCTO'l­

HHK HarrpH:lKeHHH ( c HyJieBbIM BHyTpeHHHM corrpOTHBJieHHeM) HJIH TO Ka ( c « 6ec­

KOHe'IHO 6oJibllIHMH» corrpoTHBJieHHeM Ra H HarrpH:lKeHHeM ua = RaKa). -
Ilpu.M. pea. 

14 
ABTOpbI, BepOHTHO, HMeIOT B BH,IJ;y, 'ITO ,IJ;JIH C03,IJ;aHHH BbillleOIIHCaHHOH JIH­

HeHHOH BOJihT-aMrrepHOH xapaKTepHCTHKH BH,IJ;a va = Za(Ia - Ka) = Zala - wa 
,IJ;OCTaTO'IHO ,n;o6aBHTb K pe3HCTOpy HCTO'IHHK TOJibKO O,IJ;HOI'O (JI106oro) H3 3THX 

,IJ;BYX THIIOB. IlpHHHTO Ha3bIBaTh wa 'Hanp.f/,:J/Ce'HUe.M xo.11,ocmow xoaa peaJibHOI'O 

HCTO'IHHKa, a Ka - ero mo'JW.M 1wpom1w20 3a.M'/J/,'IW'/tU.f/,. 0TMeTnM, 'ITO BeTBh c 

,IJ;BYMH HCTO'IHHKaMH, y,IJ;OBJieTBOpHIOIIJ;HMH COOTHOIIIeHHIO W" = ZaKa (rrpH co-

6JIIO,IJ;eHHH YKa3aHHOH IIOJIHpHOCTH)' Be,n;eT ce6H c TO'IKH 3peHHH OCTaJibHOH u,errrr 

KaK rrpOCTOH pe3HCTOp. - Ilpu.M. pea. 
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B 

Pnc. 12.25 

TO Za - IIOJIO)KHTeJibHOe Beru,ecTBeHHoe 'IHCJIO. Mb! MO)KeM TaK)Ke 

pacCMOTpeTb CTall,HOHapHOe COCTORHHe JIHHeHHOH n;ern1, co,n;ep)Karu,eil 

KOH,TI;eHcaTophI H HH,IzyKTOphI. B 3TOM cJiyqae Za - KOMIIJieKCHoe 'lHC­

Jio, 3aBHCRru,ee OT qacTOThI. BeJIH'lHHhI Ia H V°' HeH3BeCTHhI. IlycTb 

z : C1 -+ C1 - JIHHeHHOe rrpeo6pa30BaHHe, MaTpHu,a KOToporo B 

6a3nce, COCTORIIl,eM H3 BCeX BeTBeli, ,TI;IIaroHaJibHa, II Ha ,TI;IIaroHaJIII 

CTORT COOTBeTCTBYIOIIl,He Za· Tor,n;a rrpe,D,bI,IzyIIl,ee ypaBHeHIIe MO)KHO 

rreperrncaTh B ¢opMe 

V - W = Z(I - K). 

KoM6IIHIIpyR 3TO cooTHOIIIeHHe c 3aKOHaMH KHpxro¢a, rroJiyqaeM 

ypaBHeHH51 

)v-W=Z(I-K), l=aJ, V=-[dJ<I>) 

,D,JIR HeII3BeCTHhIX J E H 1 II <I> E po, rrpH 3a,n,aHHhIX W, K II Z. 8TH 

ypaBHeHH51 MhI 6y,n,eM IIbITaThCR peIIIaTb 0,D,HIIM II3 ,D,BYX MeTO,Il,OB 

MaKCBeJIJia, orrHCaHHhIX HH)Ke. 

MeTo,n; KpyroBbIX TOKOB 

(i) 3arrIIIIIeM I = aJ, 'lT06hI y,n,oBJieTBOpRJICR rrepBhIH 3aKOH KHpx­

ro¢a. IIocJie 3Toro rrpnMeHHM s K ypaHeHIIIO V - W = Z(aJ - K). 
IIocKOJihKY II3 BTOporo 3aKoHa KIIpxro<Pa sV = s(-[d]<I>) = 0, MhI 
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rroJiyqaeM -sW = sZO"J-sZK MJIM (sZO")J = s(ZK-W). IIpaBaR 

qaCTh 3Toro paBeHCTBa H3B€CTHa, KaK H JIHH€HHOe rrpeo6pa30BaHHe 

sZO". EcJIM rrpeo6pa3oBaHMe sZO" o6paTMMO, TO 

J = (sZ0")- 1s(ZK - W), (12.5) 

H3 KOToporo MoryT 6hITh IIOJiyqeHhl Bee TOKH H Harrp5I)KeHH5I, TaK 

KaK I= O"J, V = W + Z(I - K). B 3TOM cocTOHT MeTo,n; KpyroBhIX 

TOKOB. OH 3aBMCHT OT o6paTMMOCTH rrpeo6pa3oBaHH5I sZO". 

MeTo,n; Y3JIOBhIX 110TeHIJ;Ha.JIOB 

(ii) 3aIIHIIIeM v = -[d]<I>, qTo6hI o6ecrreqHTh BhlIIOJIHeHHe BTOpo­

ro 3aKoHa KMpxro<Pa. IIocJie 3Toro o6paTHM rrpeo6pa3oBaHMe Z, 
KOTopoe 3a,n;aeTc5I ,n;MaroHaJihHO:it MaTpmi;eii, M rroJiyqHM I - K = 
z-1(-[d]<I> - W). K o6eHM qacrnM 3TOro paBeHCTBa rrpHM€HHM [a]. 
IIocKOJihKy, B CMJIY rrepBoro 3aKoHa KMpxro<Pa, [8]1 = 0, MhI rroJiy-

qaeM 

HJIH 

([a]z-1 [d])<I> = [a](K - z-1w). 

EcJIM rrpeo6pa3oBamrn [a]Z-1 [d] o6paTMMo, MhI rroJiyqaeM 

(12.6) 

IIOCJie qero BCe TOKH H HaIIp5I)KeHH5I HaXO,IJ;5ITC5I H3 ypaBHeHH5I 

v = -[d]~, I= K + z-1(V - W). (12.7) 

B 3TOM cocTOHT MeTo,n; y3JIOBhIX rroTeHIJ;MaJIOB. OH 3aBHCHT OT o6pa­

THMOCTH rrpeo6pa3oBamrn [a]z-1 [d]. 

12.6. MaTplPIHhie Bb1pa)l(eH1u1 ,n;Ju1 orrepaTopoB 

YpaBHeHMR (12.5)-(12. 7) ,n;aroT HaM cyTh MeTo,n;on MaKCBeJIJia. "lfro-

6h1 MO)KHO 6hIJIO c HHMH pa6oTaTh, Ha,n;o rroJiyqHTh MaTpHqHhie Bhl­

pa)K€HH5I ,Il;J15I orrepaTopoB. Ilo3TOMY Heo6xO,IJ;HMO BhI6paTh COOTBeT­

CTBYIOIIJ;He 6a3MChI M 6a3HChI, ,IJ;yaJihHhie K HMM. B 3TOM rraparpa<Pe 

Mhl em;e pa3 IIOCMOTpHM, KaK 3TO ,n;eJiaeTC5I H IIpHBe,n;eM HeCKOJihKO 
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rrpRMepoB. 4o?Ca3ame.llibcmBo Toro, 'ITO 3TH MeTO,Il;hI Bcer.n;a pa6oTaIOT 

B cJiy'Iae u;erreit c pe3ncTopaMR, MhI .n;a,n;RM B Ha<J:aJie naparpa¢a 12. 7. 
Ba3HC .n;m1 npocTpaHCTB B0 , Ho, zo H po onpe,n;emieTCH Bhr6opoM 

3a3eMJieHHoro y3Jia B Ka)K,Il;Oii: CBH3HOit KOMITOHeHTe u;enn. HarrpnMep, 

Ha pnc. 12.26 MO)KHO c,n;eJiaTb 3a3eMJieHne B y3Jie A ,Il;JIH o,n;Hoit CBH3-

Ho:ii: KOMITOHeHThI H B y3Jie E ,Il;JIH ,n;pyro:ii:. Tor.n;a 6a3Rc rrpocTpaHCTBa 

Bo cocTOHT H3 rpaHnu; TpaeKTopn:ii:, coe,n;RHHIOnrRx 3a3eMneHHhre y3-

JihI c ,n;pyrnMH y3JiaMH TO:ii: )Ke KOMITOHeHThI. B 3TOM cnyqae 6a3RCHhie 

BeKTOpbl HMeIOT BH,II; 

-1 -1 -1 0 
1 0 0 0 

b1 = 0 
b2 = 1 

b3 = 0 
b4 = 0 

0 0 1 0 
0 0 0 -1 
0 0 0 1 

qTo6hr rrocTpORTh 6a3HC ¢aKTopnpocTpaHcTBa Ho Co/ Bo, Ha,n;o 

6a3RC rrpocTpaHCTBa Bo pacnmpRTh .n;o 6a3nca npocTpaHCTBa Co, 
BBe,n;H 6a3RCHbie BeKTOpa, y KOTOpbIX Ha MecTe KaKOrO-JIR6o O,Il;HO­

ro 3a3eMJieHHOrO Y3Jia CTORT 1, a Bee OCTaJibHhie 3JieMeHThI paBHhl 

Hynro. Ilocne 3Toro ,n;JIH Ka)K.n;oro H3 3THX BeKTopoB 6epeTcH KJiacc 

3KBHBaJieHTHOCTR. B HaIIIeM npnMepe 3TO ,n;aeT 

1 0 
0 0 

h1 = 
0 

h2 = 
0 

0 ' 0 
0 1 
0 0 

D 
F 

c 

E 

PHC. 12.26 
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B rrpocTpaHcTBe zo, RBmuorn;IIMCR R,I.1,pOM d II fl.YMhHhIM K Ho, 6a-

3IICHhIMII 3JieMeHTaMII 6y,I.1,yT IIOTeHIJ;IIaJihl c IIOCTORHHhIM 3HaLCeHIIeM 

1 rroo-qepe,I.1,HO Ha Ka)K.,I.l,OH CBR3Hoii KOMrroHeHTe. B HarneM rrpIIMepe 

Mhl IIMeeM 

zl = 

1 
1 
1 
1 
0 
0 

z2 = 

0 
0 
0 
0 
1 
1 

KOTOphie, oqeBII,I.l,HO, ,I.1,YaJihHhl h1 II h2, rrpirne,I.1,eHHhIM BhIIIIe. qT06bI 

Bh16paTh 6a3IIC ¢aKToprrpocTpaHCTBa po = c0 / zo, MhI rrpocTo rro­

JI02KIIM IIOCJie,[l,OBaTeJibHO IIOTeHIJ;IIaJihl Ha Ka2K,[l,OM He3a3eMJieHHOM 

y3Jie paBHhIMII 1 II ,I.l,JIR Ka2K,I.1,0ro B03hMeM KJiacc 3KBIIBaJieHTHOCTII. 

B HarneM rrpHMepe MhI rroJiyqHM 

0 0 0 0 
1 0 0 0 

pl= 0 p2 = 1 p3 = 0 p4 = 0 
0 0 ' 1 0 
0 0 0 0 
0 0 0 1 

QqeBH,[l,HO, 'ITO 3TII KJiaCChl 3KBIIBaJieHTHOCTII fl.YaJihHhl IIOCTpO­

eHHOMY Bh1rne 6a3IIcy {b1, b2, b3, b4} B rrpocTpaHCTBe Bo. IIooiToMy 

MaTpwrnoe rrpe,I.1,cTaBJieHIIe [d] : po ---+ c0 RBJIReTCR TpaHcrromrpo­

BaHHhIM K MaTpHqHoMy rrpe,I.1,cTaBJieHIIIO [8] : Co ---+ B 0 . CmoA6t1/bt [d] 
II cmpor.u [8] OTBeqaIOT He3a3eMJieHHhIM Y3JiaM, KOTOphie COOTBeT­

CTBYIOT 6a3IICHhIM BeKTOpaM. 

Terrepb paccMOTpHM rrpocTpaHCTBa Z1, B 1 
II H 1, KOTOpbie CBR-

3aHhI c R,[l,pOM 8 II o6pa30M d. ,Ll;JIR IIOJIHOThl KapTIIHhl paCCMOTpIIM 

TaK2Ke <PaKToprrpocTpaHCTBO G1 = Ci/ Z1, ,I.1,yaJihHOe K rrpocTpaH­

CTBY B 1
. Bo Bcex 3THX rrpocTpaHCTBax Bh16op 6a3rrca orrpe,I.1,eJIReTcR 

Bh16opoM MaKcrrMaJihHoro ,I.1,epeBa. Ha prrc. 12.27 rr306pa2KeHo TaKoe 

,I.1,epeBO c BeTBRMH a, (3 II E. 

KaK MhI yMe BH,I.1,eJirr, 6a3IICHhie oiJieMeHThI rrpocTpaHCTBa Z1 -

3TO R'leHKH, CBR3aHHhie c BeTBRMH, 'lie rrprrHa,I.1,Jie2Karn;rrMH MaKCH-
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c 

A 

Puc. 12.27 

Ma.JihHOMY ,n;epeBy. B HaIIIeM rrpHMepe 3TO 6y,n;yT 

-1 1 
1 0 

m1 = 1 ll m2= 0 
0 1 
0 1 

CB513aHHbie COOTBeTCTBeHHO C BeTB51MH / H 0. ,l];.JI51 cpaKTOpilpOCTpaH­

CTBa G1 = C1 / Z1, KoTopoe rrpe,n;cTaBnaeT HapyIIIeHHe rrepBoro 3aKo­

Ha Kupxrocpa, MhI MO)KeM o6pa3oBaTh K.Jiacchr 3KBHBa.JieHTHOCTH BeK­

TopoB, HMeIOru;Hx 1 Ha M€CTe COOTBeTCTBy10ru;eli BeTBH MaKCHMa.JihHO­

ro ,n;epeBa H Hynu B ocTa.JihHhIX MecTax. B HaIIIeM cnyqae MhI HMeeM 

1 0 0 
0 1 0 

gi = 0 g2 = 0 g3 = 0 
0 0 0 
0 0 1 

IIocKOJihKY 3TH BeKTopa HMeIOT 0 Ha MecTe Ka)K,n;oli BeTBH, He rrpH­

Ha,n;Jie)Karu;eli ,n;epeBy, TO HH O,IJ;Ha mrneliHa51 KOM6HBa1IH51 H3 HHX He 

MO)KeT 6bITh WiellKOll. 9To 3Haq:rrT, qTo OHH 51B.JI51IOTC51 He3aBHCHMhI­

MH 3.JieMeHTaMH rrpocTpaHcTBa G1 . 

,Il;.Jia rro,n;rrpocTpaHCTBa B 1 , o6pa30BaHHoro KOrpaHHI1aMH - Ha­

npa)KeHH51MH BeTBeli, rro,n;q:rrHaIOru;:rrM:rrca BTopoMy 3aKoHy K:rrpxro­

¢a, Mhl MO)KeM IIOCTpOHTh 6a3HC, rrpHIIHCbIBaa Harrpa)KeHHe, paBHOe 

1 O,IJ;HOll H3 BeTBeM MaKCHMaJihHOro ,n;epeBa, ll HYJIIO BCeM OCTaJih­

HhIM ero BeTB51M. TaKaa rrpo1Ie,n;ypa rrp:rrrr:rrchrnaeT rroTeHIIHaJI Ka)K­

,n;oMy Y3.JIY ( c ToqHOCThlO ,IJ;O KOHCTaHThI)' H 3TH IlOTeHI1HaJibl MO)KHO 
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HCIIOJib30BaTb ,Il;Jl51 orrpe.n;enemrn Harrp51)KCHHH Ha BCTB51X, He rrpH­

Ha,IJ;JIC)Ka:rn;Hx .n;epeBy. lIJIH, .n;pyrHMH CJIOBaMH, IIOCKOJibKY Ka)K,IJ;a5J 

BCTBh, He IIpHHa,IJ;JIC)Ka:rn;a51 MaKCHMaJibHOMY .n;epeBy, CB513aHa c C,IJ;HH­

CTBCHHOH 51qeiiKOH, co.n;ep)Ka:rn;e:H 3TY BCTBb H .n;pyrne BCTBH, KOTOpbie 

rrpHHa,IJ;JIC)KaT .n;epeBy, TO Ka)K,Il;JIO TaKyIO 51'ICHKY MO)KHO HCIIOJlb30-

BaTh ,IJ;JI51 orrpe.n;eneHH51 Harrp51)KCHHii Ha TaKHX BeTB51X. HarrpHMep Ha 

pHC. 12.27 3Ta rrpou;e.n;ypa rrpHBO,IJ;HT K 6a3HCHbIM BCKTOpaM, CB513aH­

HbIM COOTBCTCTBCHHO C BCTB51MH O:, {3 H C:: 

b 1 = (1 0 1 -1 0), 

b 2 = (0 1 - 1 0 0), 

b 3 = (0 0 0 -1 1). 

9TH BeKTOpa, aHHJJIHpyIO:rn;He 51'ICHKH m1 H m2, ,IJ;yaJibHbl 6a3HCY g1, 
g2, g3 rrpocTpaHCTBa G1. 0HH He cosrra,IJ.aIOT co cTon6u;aMH [d], HO 

OHM 3a,IJ;aIOT TO )KC CaMoe IIO,IJ;IIpOCTpaHCTBO IIpOCTpaHCTBa C 1 . 

lITaK, 6a3HCHhie BCKTopa rrpocTpaHCTBa B 1 MoryT accou;HHpo­

BaThC51 c BeTB51MH, rrpHHa,IJ;Jie)Ka:rn;HMH MaKCHMaJihHOMy .n;epeBy. Toq­

HO TaK )KC 6a3HCHbie BeKTOpa H 1 = C1 I B 1 
accOD;HHPYIOTC51 c BeT­

B51MH, He IIpHHa,n;Jie)Ka:rn;HMH .n;epesy. 0HH 51BJI51IOTC51 KJiaccaMH 3K­

BHBaJieHTHOCTH BeKTOpOB HaTip51)KeHHii, KOTOpbie HMeIOT 1 Ha MCCTe 

O,IJ;HOii: BeTBH, He rrpHHa,IJ;Jie)Ka:rn;eii .n;epesy, H HJJIH Ha Bcex OCTaJib­

HbIX MecTax. TaKHM o6pa3oM, B HarneM rrpHMepe 6a3HCHhie BeKTopa 

rrpocTpaHCTBa H1 HMeIOT BH,IJ; 

0 0 
0 0 

hl = 1 h2 = 0 
0 1 
0 0 

0HH COOTBeTCTBJIOT eauttU"l,'H,'bl.M ttapywettUJt.M BTOpOrO 3aKOHa 

KHpxrocpa B 51qe:HKax 1 H 2 cooTBeTCTBeHHO. QqeBH,IJ;Ho, 'ITO h 1 H h 2 

,IJ;yaJihHhI 51qeH:KaM m1 H m2. Bcne,n;cTBHe aToro MaTpHu;a rrpeo6pa3o­

BaHH51 s : C 1 -+ H 1 51BJI51eTC51 TpaHCIIOHHpOBaHHbIM no OTHOIIIeHHIO 

K MaTpHu;e <J : Z1 -+ C1. 
Mttor.n;a y,n;o6Hee IIOJih30BaThC51 ,n;pyrHM MeTO,IJ.OM Bb16opa 6a3HC­

HhIX BeKTopoB B rrpocTpaHCTBe B 1 (Harrp51)KCHHH, IIO.IJ;'IHH51IOIIl;HXC51 
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BTopoMy 3aKoHy KHpxro<Pa). B 3TOM cJiy'lae rroTeHIJ;HaJI Bh16npaeTC5! 

paBHhIM 1 IIOCJie,11,0BaTeJihHO B Ka)K,D;OM He3a3eMJieHHOM Y3Jie H Hymo 

BO Bcex OCTaJihHhIX y3Jiax. Ha rroJiy'IHBrrmecR rroTeHI!HaJlhI ,n;e:HcTBy­

eM orrepaTOpOM d. (MJIH, 'ITO TO )Ke caMoe, MO)KHO B35!Th IIOTeHI!HaJlhl 

paBHhIMH -1 IIOCJie,n;oBaTeJihHO B Ka)K,D;OM He3a3eMJieHHOM Y3Jie H 3a­

IIHCaTb Harrp5I)KeHH5I Ha BeTBRx). B HameM rrpnMepe 3a3eMJieH y3eJI 

A. Ba3HCHhre BeKTOpa, CB5I3aHHhre c y3JiaMH B, CH D cooTBeTCTBeH­

Ho, HMeIOT BH.n,: 

a 1 = (0 -1 1 0 0), 

a 2 = (1 1 0 -1 0), 

a 3 = (0 0 0 1 - 1). 

B Ka'leCTBe ,11,yaJihHoro 6a3nca B rrpocTpaHcTBe G1 = Cif Z1 MhI 

,ll,OJI)KHhI BbI6paTb pacrrpe.n,eJieHH5I TOKOB, ,ll,JI5I KOTOpbIX e.n,HHH'IHhIH 

TOK rrpoTeKaeT H3 3a3eMJieHHoro Y3Jia B,ll,OJib ,n;epeBa IIOO'lepe,n;Ho K 

Ka)K,D;OMY He3a3eMJieHHOMY y3ny. B HameM rrpnMepe MhI rroJiy'laeM 

6a3HCHhie BeKTopa 

1 1 0 
-1 0 0 

ki = 0 k2 = 0 k3 = 0 
0 0 0 
0 0 -1 

cooTBeTcTBYIOII!He e,n;HHH'IHhIM HapymeHH5IM rrepBoro 3aKoHa Knpx­

ro<Pa B He3a3eMJieHHhIX y3nax B, CH D cooTBeTCTBeHHO. 

,ll,aBa:itTe rrpnMeHHM o6a MeTo,n;a MaKCBeJIJia K I!errn, H3o6pa)KeH­

ttoii. Ha pnc. 12.28. Ee TonoJiorH5I y)Ke 3HaKoMa HaM no pnc. 12.24. 
CHa'laJia MhI rrpoH3BOJihHO Bbr6npaeM 3a3eMJieHHhIH y3en, rrycTh aTo 

6y,n;eT y3eJI A. Tor.n,a q>A = 0. Harrp5I)KeHH5I B BeTB5IX Bbrpa)KaIOTC5I 

qepe3 rroTeHIJ;HaJihI B ,n;pyrHx y3Jiax cJie,D;YIOII!HM o6pa30M: 

V°' = -<PB, v/3 = <PB _ <I>c, v,, = <I>c, v8 = <I>c. 

IIoaToMy ,ll,JI5! Toro, 1IT06b1 rroJiy'IHTh V = -[d]<I>, MhI Haxo,n;HM 

(
+1 0) 

[d] = -~ =~ . 
0 -1 
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B f3 c (j 

10M Af 

+ + 
BB llB 

3A t ~ ~ 40M 

20M 30M 

<Y 

A 

PHc. 12.28 

qT06hr 3TO rrpoBepHTh, IIOCTpOHM MaTpHrzy 8. IIocKOJihKY 

8a = B-A, 8/3 = C-B, 8"( = A-C, 86 =A- C, 

Mhl HM€€M: 

8 = (~ ~ - ~ + ~ + ~) . 
0 +1 -1 -1 

qT06hI IIOJIJ"UITh [8], y6epeM H3 MaTpHirhI 8 CTpOKJ, COOTB€TCTBJ­

I01IIJIO 3a3eMneHHOMY y3ny A. IhaK, y6Hpa.H rrepByIO cTpoKy, MhI 

rronyqaeM 

[8] = (+1 -1 0 0) 
0 +1 -1 -1 . 

KaK H O)KH,n;anoch, MaTpHu;a [8] .HBJI.HeTc.H TpattcrroHHpoBaHHOH MaT­

pHu;ell: [d]. 
EcnH Bhr6paTh .H"I€HKH Mi H M2, KaK IIOKa3aHO Ha pHc. 12.28, 

TO TOKH B B€TB51X Bhipa)KalOTC.H qepe3 TOKH B 51"I€HKax Ji H J2 CJI€­

,ll;JI01IIHM o6pa30M: 

Ia.= J1, If3 = J1, Ly= Ji - h, 18 = h. 
IIocKonhKY I = (7 J, MhI HMeeM 
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,Il;Jrn npoBepKH IIOCTpOHM MaTpHuy s' Bb!pa)KaR rra,n;eHHe HarrpR)Ke­

HHR E B Ka)K,Il;OH wrnliKe qepe3 HarrpR)KeHHR Ha BeTBRX. 

B RqeliKe 1: £1 = V°' + v.B + V'"Y. 

B Rqeil:Ke 2: £2 = -V'"Y + V 8• 

IlocKOJihKY E = s V, MhI HMeeM: 

s= G 1 
0 

1 
-1 

KaK H O)KH,Il;aJIOCh, MaTpnu;a s RBJIReTCR TpaHCTrrOHHpoBaHHoli K MaT­

pnu;e O'. 

,Il;aJiee MhI ,IJ;OJI)KHhI 3arrncaTh BeKTopa W n K, KOTOphie rrpe,n;­

CTaBJIRIOT HCTOqHlfKH HarrpR)KeHHR H TOKa B qeThipex BeTBRX. ,Il;o­

roBapn:BaeMCR cqnTaTh HarrpR)KeHHe 6aTapeH w IIOJIO)KHTeJihHhIM, 

ec.JIH HarrpaBJieHHe y6hIBaHHR IIOTeHIJ;HaJia (OT IIOJIO)KHTeJihHOro rro­

JIIOCa K OTpnu;aTeJihHOMy, rrpOTHBOIIOJIO)KHOe HarrpaBJieHHIO 9,Il;C) 

COBrra,n;aeT c HarrpaBJieHHeM rrpoxo,n;a BeTBH, YKa3aHHhIM CTpeJIKOll, 

B rrpOTHBHOM CJiyqae - OTpnu;aTeJihHhIM. ,Il;JIR u;errH, H306pa)KeHHOll 

Ha pHC. 12.28, Mhl HMeeM: 

W°'=-8, w.B=o, W'"Y=+ll, W 8 =0. 

AHaJiorn:qHo, HCTOqHHK TOKa ,n;aeT rroJIO)KHTeJihHhIH BKJia,n;, ec.JIH ero 

HarrpaBJieHne coBrra,n;aeT c HarrpaBJieHneM rrpoxo,n;a BeTBH no cTpeJIKe, 

H oTpn:u;aTeJihHhIM, ec.JIH Hao6opoT. CJie,n;oBaTeJihHO, 

Ka=+3, K,B=O, K--y=O, K,s=+l. 

Terrepb Mhl MO)KeM BBeCTH BeKTopa ,IJ;JIR OIIHCaHHR HCTOqHlfKOB B 

~errn: 

HaKoHeu;, 3arrmrreM MaTpnuy Z, orrncbrnaroiuyro pe3HCTOphI. IIo­

CKOJihKY 

Ra= 2, R.B = 1, R--y = 3, R,s = 4, 
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Mbl HMeeM: 

(

2 0 0 0) 0 1 0 0 
Z= 0 0 3 0 . 

0 0 0 4 

qT06hI rrpHMeHIITh MeTO,Il; KpyrOBhIX TOKOB, 3amm1eM ypaBHeHHe 

J = (sZo-)- 1s(ZK - W). 

IIepeMHO)KeHne MaTpmr ,n;aeT 

(~ 
0 0 

~) (l -[) = (-~ (11 1 0) 1 0 -3) sZo- = 0 0 -1 1 0 3 7 ' 
0 0 

(sZo-)-1 
= ;

3 
G ~) . 

KpoMe Toro, rroJiyqaeM 

H, HaKoHeu,, 

J = 3
1
3 G ~) (1~) = 3~ (~~) = G) , 

OTKy,n;a IIOJiyqaeM J1 = 2 II h = 3. l1TaK, 
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EcJIH BHHMaTeJihHO npocJie,IJ;HTh 3a rrpo:u;e,n;ypoH. BhI'IHCJieHmI, TO 

M02KHO y6e,n;HThC.H, 'ITO ,IJ;JI.H mo6oH. :u;errH crrpaBe,IJ;JIHBhl CJie,IJ;yIOIIJ;He 

YTBep)K,ll;eHH.H. 

1. B MaTpH:u;e sZ<7 Ka)K,ll;hIH ,n;HaroHaJihHhIH 3JieMeHT paBeH cyMMe 

corrpoTHBJieHHH BeTBeii, 06pa3y10i:u;Hx .H'leliKy. B HameM cJiyqae 

.H'leii.Ka M 1 , cocTO.HIIJ;a.H H3 BeTBeH. o:, f3 H 'Y, HMeeT rroJIHoe 

corrpoTHBJieHHe, paBHOe 6 OMaM - JieBhIH BepXHHH 3JieMeHT 

MaTpHIJ;hl. 

2. B MaTpH:u;e sZ<7 Ka2K,IJ;hIH He,n;HaroHaJihHhIH 3JieMeHT paBeH co­

rrpoTHBJieHHIO B BeTBH, o6i:u;eH. ,IJ;JI.H ,n;Byx .H'!eeK ( c TO'IHOCThIO 

.n;o 3HaKa ±). B paccMaTp1rnaeMoii :u;e1rn .H'leHKH 1 H 2 HMeIOT 

o6i:u;ee COIIpOTHBJieHHe, paBHOe 3 OMaM, a 3HaK - B03HHKaeT 

H3-3a Toro, 'ITO BeTBh "f B .H'leiiKax Mi H M2 rrpoxo,n;HTCH B 

pa3HhIX ttarrpaBJieHH.HX. 

3. 9JieMeHThl MaTpHIJ,hI (sZ<7)J paBHhI rra,n;eHHIO HarrpH)K€HHH, KO­

Topoe B03HHKJIO 6bI rrpH o6xo.n;e Ka)K,IJ;OH H'l€HKH rrpH OTCyT­

CTBHH HCTO'IHHKOB15 . HarrpHMep, ecJIH J1 = 2 H h = 3, TO rrpH 

o6xo.n;e .H'l€HKH 1 B03HHKaeT rra,n;eHHe HarrpH)K€HHH B 3 BOJibTa. 

4. 9neMeHThI MaTpHIJ;hI ZK - W paBHhI cKa'!KaM Harrp.H)K€HH.H16 

B BeTBHX, ecJIH 6hI Bee TOKH B H'leliKax 6hIJIH paBHhI HYJIIO. Ha­

rrpHMep, ecJIH J1 = 0, TO B BeTBH 0: 6y,n;eT TOK B 3 aMrrepa, rrpo­

TeKaIOIIJ;HH qepe3 pe3HcTop c corrpoTHBJieHHeM B 2 oMa. Tor.n;a 

CKa'IOK HarrpH)KeHHR B 3TOH B€TBH 6y,n;eT paBeH (2. 3 + 8) = 14 
BOJihTaM. 

5. 9neMeHThI MaTpHIJ;hI s(ZK - W) HBJIRIOTC.H CKa'IKaMH Harrp.H­

)KeHHR rrpH o6xo.n;e pa3JIH'IHhIX .H'leeK, ecJIH 6hI BCe TOKH B BeT­

B.HX 6bIJIH paBHhI HyJIIO. HarrpHMep, ecJIH J1 = h = 0, TO rrpH 

o6xo.n;e R'leHKH 1 IIOJIHhIH CKa'!OK HaIIpR)KeHHR 6y,n;eT paBeH 3 
BOJibTaM. 

15
H Tex :lKe TOKax. 9To rra,n;eHHe Harrp.H:lKeHH.H B 3aMKHyTOM KOHType (KopoT­

KOe 3aMbIKaHHe) MO)f(HO HHTeprrpeTHPOBaTb KaK (KaTaCTpoqmqeCKHil:) pe3yJibTaT 

MrHoBeHHOro OTKJiloqeHH.H 9,UC HCTOqHHKa. - IlpuM. peiJ. 
16

9THM (He CJIHIIIKOM KOppeKTHO 3Byqarn;nM) TepMHHOM o6o3HaqaeTC.H B03pac­

TaHHe IIOTeHil;HaJia (voltage rise) B,Ll;OJib yqacTKa u;errn, B OTJIHqHe OT y6hIBaHHR 

(voltage drop), Ha3hIBaeMoro rra,n;eHHeM Harrp.H:lKeHHR. - IlpUM. peiJ. 
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6. IIoaToMy ypaBHemi:e (sZ!7)J = s(ZK- W) o3HaqaeT, 'ITO ,n;Jrn 

Ka*,n;oft 51qeftKH cyMMapHoe rra,n;eHHe HanpR)KeHHR B 51qefiKax, 

C03,n;asaeMoe TOKaMH, npoTeKaIOrn;HMH qepe3 pe3HCTOpbI, paB­

HO cyMMe CKa'IKOB HanpR)KeHHR, KOTOpbie ITOJIY'IHJIHCb 6hI rrpH 

ycnoBHH, 'ITO see TOKH B 51qeitKax paBHhI Hymo. Tor,n;a rronHoe 

rra,n;eHHe HarrpR)KeHHR rrpH o6xo,n;e Ka)K,Il;OH 51qefiKH rrpH HMe­

IOIIl;MXCR TOKax B 51qefiKax H HCTO'IHHKax paBHO HYJIIO, 'ITO H 

Tpe6yeTCR BTOpbIM 3aKOHOM KHpxro<Pa. 

qT06bI BOCIIOJlb30BaThC51 MeTO,lJ;OM Y3JIOBbIX IIOTeHIJ;HaJIOB, pac­

CMOTPHM ypaBHeHHe 

IIepeMHO)KeHHe MaTpH~ ,n;aeT 

0 -1 1 
0 1 -1 -1 0 0 0 0 -1 

[aJz-1[dJ = (1 -1 o o) (11~ ~ 
0 0 

0 
0 

1/3 
0 

0) ( 1 0) 
1/4 0 -1 

- (3/2 -1) 
- -1 19/12 . 

([a]z-1[d])-1 = 24 (19/12 1) 
33 1 3/2 . 

KpoMe Toro, rronyqaeM 

0 
0 

1/3 
0 
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Tor.n;a 

<I> = 24 (19/12 
33 1 

1) ( 7 ) = 24 (165/12) = (10) 
3/2 8/3 33 11 8 ' 

OTKy,n;a nonyqaeM HeH3BeCTHbie IIOTeHU,HaJihl Ha y3nax <I>B = 10, 
<I>c = 8. 

3.n;ecb TaKMe, BH:HMaTeJihHO rrpocJie,IJ;HB rrpou,e.n;ypy BhlqHCJieHmI, 

MOMHO YBH,IJ;eTh, qTo ,IJ;JIH mo6oii u,erru crrpaBe,IJ;JIHBhI cne.n;yIOill,:He 

yTBepM,n;eH:HH. 

1. J];:HarOHaJihHhie 3JieMeHThI MaTpHQhl [8Jz-1 [d] paBHhl cyMMe 

o6paTHhIX corrpOTHBJieH:Hii (rrpOBO,Il;HMOCTeii) Bcex pe3HCTOpOB, 

rro,n;xo,n;Hlll,HX K y3ny. B HarneM rrp:HMepe K y3ny B rro.n;coe,n;:H­

HeHhI )];Ba pe3HCTOpa c corrpOTHBJieHHHMH 1 H 2 OMa. Ilo3TOMY 

neBhIH BepXHHH 3JieMeHT paBeH 1+1/2 = 3/2. 

2. He,n;:HaroHanhHhie 3JieMeHThI MaTpHU,hI [&Jz-1 [d] paBHhI (c Toq­

HOCThIO ,Il;O 3HaKa ±)17 o6paTHOMY corrpOTHBJieH:HIO B BeTBH, 

coe,n;HHHIOill,eii ,n;Ba COOTBeTCTBYIOill,HX y3na. IlocKoJihKY y Hae 

Y3JihI B H C coe,n;:HHeHhI pm:HcTopoM c corrpoT:HBJieH:HeM B 1 oM, 

TO He,n;:HarOHaJihHhlH 3JieMeHT MaTpRU,hl paBeH -1. 

3. KoMIIOHeHThl BeKTOpa [ 8] z-1 [ d] <I> rrpe,n;CTaBJIHIOT cyMMapHbIH 

TOK, KOTOphIH BhITeKan 6hI H3 Ka)l()J;oro y3na, eCJIH y6paTb H3 

u,err:H :HCToqHHKH. TaK, B Bh1rneyKa3aHHOM rrp:HMepe, ecn:H HeT 

HCTOqHHKOB, <I>A = 0 H <I>B = 8, TO TOK B 5 aMrrep 6y,n;eT Teqh 

OT y3na B K y3ny A qepe3 pe3:HCTop c corrpOTRBJieH:HeM B 2 
oMa, H TOK B 2 aMrrepa 6y,n;eT Teqh OT y3na B K y3ny C qepe3 

pe3HCTOP c corrpOTHBJieH:HeM 1 OM, C03,IJ;aBaH IIOJIHhIH TOK B 7 
aMrrep. MoMHO rrpoBep:HTh, qTo rrepBaH KOMIIOHeHTa BeKTopa 

[8]z- 1 [d]<I> paBHa 7. 

4. KoMrroHeHTaM:H BeKTopa K-z-1w HBJIHIOTCH TOKH B BeTBHx, 

KOTOpbie B03HRKJIH 6bI rrpH ycJIOBHR, qTo BCe Y3JIOBhie IIOTeH-

11,HaJihl o6paT:HJIHCh B HYJih. B HarneM cnyqae, ecn:H <I>A H <I>B 

17
Bbr6op 3HaKa, KaK H B MeTo,n;e KpyrOBbIX TOKOB (rryHKT 2 Ha c. 623), 3aBHCHT 

OT HarrpaBJieHH.H rrpoxo,n;a BeTBH. TO'IHYIO cpopMyJIHpOBKY OCTaBHM 'IHTaTeJIIO B 

Ka'IeCTBe yrrpa*HeHH.H. - Ilpu.M. pea. 
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rrpHpaBHRTh Hymo, TO B BeTBH a qepe3 pe3HCTOp c conpoTHB­

JieHHeM B 2 OMa npoTeKaJI 6hI TOK B 4 aMnepa, a nOJIHbIH TOK 

6bIJI 6bI paBeH 4 + 3 = 7 aMnepaM. IlepBaR KOMnOHeHTa TOKa 

K - z-1w ;:i;eil:CTBHTeJihHO paBHa 7. 

5. KoMnoHeHTaMH BeKTopa [8](K-z-1w) RBJIRIOTCR TOKH, KoTo­

pbie BTeKaJIH 6b1 B KaM,JJ;hiil: y3eJI npH ycJIOBHH, qTo Bee Y3JIOBhie 

noTeHllHaJihI paBHhI nyJiro. I1TaK, ecJIH <I>A = <I>B = <I>c = 0, 
TO B y3eJI B 6y,n;eT BTeKaTh TOK B 7 aMnep no BeTBH a. He 6y­

,n;eT HHKaKOro TO Ka B BeTBH /3, TeKyru;ero K Y3JIY c. Ilo3TOMY 

cyMMapHhIH TOK B y3Jie B 6y,n;eT paBeH 7 aMnepaM. 

6. YpaBHeHHe [8]z-1 [d]<I> = [o](K - z-1w) nOKa3bIBaeT, qTo 

cyMMa TOKOB, BhITeKaIOIU;HX H3 Ka)J{,!J;Oro Y3Jia no BeTBRM qe­

pe3 pe3HCT0pbl B CHJIY HMeroru;eil:cR pa3HOCTH noTemi;HaJIOB Ha 

y3Jiax, paBHa cyMMe TOKOB, BTeKaIOIU;HX B 3TOT y3eJI, eCJIH 6bI 

Bee y3JIOBhie noTeHIJ;HaJihI 6bIJIH paBHhI HYJIIO. IIo::iToMy noJIHhiil: 

TOK, BTeKaIOIU;HH B KaM,JJ;hIH y3eJI B CHJIY HMeroru;HXCR pa3HOCTH 

IIOTeHIJ;HaJIOB H HCTOqHHKOB, paBeH HYJIIO, qTo COOTBeTCTByeT 

rrepBoMy 3aKoHy KHpxrocpa. 

EcJIH Terrepb cpaBHHTh rueCTh YTBepM,n;eHHil:, Kacaroru;HXCR MeTo­

;:i;a Y3JIOBhIX noTeHIJ;HaJIOB, c rneCThIO yTBep)J{,!J;eHHRMM OTHOCHTeJihHO 

MeTO,JJ;a KpyroBbIX TOKOB, TO MO)J{HO YBH,JJ;eTb HX ,!J;BOHCTBeHHOCTh. 

3aMeHHTe TepMHH y3e.rt, Ha R"ieiJ:K:y, mo'K', Ha HanpR:J1CeHue H conpo­
mU6J1,eHue Ha npo6oau~wcm'b - H cpaKThI 3aMeqaTeJihHO coBna.n;yT. 

B paccMoTpeHHOM rrpHMepe ecTh o,n;Ha oco6eHHOCTh, KOTopaH He 

BbIIIOJIHReTCR B o6ru;eM cJiyqae: pa3Mep MaTpHIJ;hI, KOTopyro Ha,n;o 06-

paru;aTb, 6bIJI O,!J;HHaKOBbIM ,JJ;JIR ,JJ;BYX MeTO,!J;OB, nOCKOJihKY TaM 6bIJIO 

,n;Be He3aBHCHMhIX Rqeil:KH H ,n;Ba He3a3eMJieHHhIX Y3Jia. 0,n;HaKo qHcJio 

He3aBHCHMhIX RqeeK He Bcer;:i;a paBHO qHcJiy He3a3eMJieHHhIX Y3JIOB, 

II03TOMY MaTpHIJ;hI MoryT 6bITh pa3HOrO pa3Mepa. 

12.7. TeopeMa KHpxro<Pa 

Bo3HHKaeT Borrpoc: 6y,n;eT JIH MeTo,n; KpyroBhIX TOKOB pa6oTaTh ,JJ;JIR 

JII060il: ii;errH? cha IIp06JieMa CBO,!J;HTCR K o6paTHMOCTH OT06paMeHH5I 

sZ(J. IIocKOJihKY sZ(J HBJIHeTCR oTo6paMeHHeM H3 npocTpaHCTBa Hi 
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(rrpocTpaHCTBO KpyroBhIX TOKoB) Ha rrpocTpaHCTBO H 1 , ,nyaJihHOe K 

HeMy ( rrpocTpaHCTBO HaIIp5DK€HHH rrpH o6xo,n;e 51qeeK)' TO o6a 3TH 

npocTpaHCTBa HM€IOT 011.HHaKOBYIO pa3MepHOCTb. Ilo::>TOMY HaM Ha-

11.0 TOJibKO rrpoBepHTh, qTo sZ(J - HH'h€KTHBHOe OT06pa)KeHHe, T. e. 

'ITO ero 51,n;po paBHO HYJIIO. PaccMOTpHM rrpoH3BOJihHhii1 HeHyneBoi1 

3JieMeHT J B rrpocTpaHCTBe H1. Ero o6pa3 (sZ(J)J 51BJI51eTC51 ane­

MeHTOM ,IlyaJihHoro rrpocTpaHCTBa H 1 . HaM Ha,l.l;o rroK83aTh, qTo ::>TOT 

3JieMeHT Ne paBeH Hymo. C,n;enaeM ::>To, npocTo BhrqneJIHB ero 3Haqe­

HHe Ha 3JieMeHTe J. TioeKOJihKY s 51BJI51eTe51 eonp51)K€HH€M ()' TO Mhl 

HMeeM [(sZ(J)J](J) = [Z(JJ]((JJ). 0,n;HaKO (JJ eeTb npoeTO BeKTOp 

TOKa I B BeTBH, a Z () J = ZI. Cne,l.l;OBaTeJihHO, 

[(sZ(J)J]J = (ZI)I = 1 ZI = L z-yl~, 
I "I 

I',l.l;e cyMMa 6epeTe51 no BeeM BeTB51M. Eenn y MaTpHIJ;hI Z Bee ,n;na­

roHaJihHhie aneMeHThI IIOJIO)KHTeJihHhI, TO J1 ZI > 0, KpoMe enyqa51, 

KOr,l.l;a I = 0. IloeKOJihKY () HH'heKTHBHO, TO yenoBne I = () J = 0 
03HaqaeT, qTo J = 0, T. e. Bee TOKH B B€TB51X paBHhI HJJIIO, TOJihKO 

eeJIH paBHhI HJJIIO Bee TOKH B 51qefiKax. TaKHM o6pa3oM, ,ll;JI51 HeHy­

JieBoro J Mhl HMeeM [(sZ(J)J]J > 0. 0TeIO,l.l;a MO)KHO 3aKJIIOqHTh, qTO 

(sZ(J)J He MO)KeT 6hITh HyJieBhIM aneMeHTOM npoeTpaHCTBa H 1 , ee­

Jrn J #- 0. Ilo3TOMY sZ(J, HMe51 HyJieBoe 51,1.!;pO, 51BJI51€TC51 o6paTHMhIM 

c>To6pa)KeHHeM. Cne,l.l;OBaTeJihHO, MhI ,l.l;OK83aJIH, qTo MeT0,1.1; KpyroBhIX 

TOKOB pa6oTaeT ,l.l;Jl51 JII06hIX :u;enen, eO,l.!;€p)Kar:u;nx TOJihKO pe3HCTOpbI. 

AttaJIOrnqHbie apryMeHThI IIOK83bIBaIOT, qTo B 3TOM enyqae [ 8] z-1 [ d] 
TaK)Ke o6paTHMO. A ::>To 3HaqnT, qTo pa6oTaeT H MeT0,1.1; y3JIOBhIX no­

Tett:a;naJIOB. 

B 6onee o6r:u;eM enyqae, KOr,l.l;a B :u;enn HMeIOTe51 pe3neTophr, KOH­

)\eHeaTopbI H HH,IlyKTOphI, H3JIO)KeHHa51 npo:u;e,nypa TaK)Ke ,n;aeT HHTe­

peeHyIO nmpopMa:a;nIO. Eenn B :u;enn b BeTBei1, TO Z 3a,l.l;aeTe51 ,l.l;Haro­

llaJihHOH MaTpn:u;en bx b, c MaTpnqHhIMH 3JieM€HTaMH (nMIIe,l.l;aHeaMH 

BeTBei1), 3aBHe51IIJ;HMH OT 'IaeTOThI w /27r. Eenn Ka)K,ll;a51 BeTBh eo,n;ep­

)KHT TOJihKO 0,1.l;HH KOH,l.l;eHeaTOp HJIH 0,1.l;HH HH,IlyKTOp, TO HMIIe,l.l;aHe 

fiy,l.l;eT paBeH JIH6o iwL, nn6o -i/wC. Eenn B :u;errH eeTh m He3aBHen­

Mhrx 51qeeK, TO sZ(J 6y,l.l;eT MaTp:rr:u;en m x me MaTpnqHhIMH 3JieMeH­

TaMH, 3aBHe51IIJ;HMH OT w. Orrpe,1.!;eJIHTeJih ::>Ton MaTpn:a;hr rrpHBO,l.l;HTe51 
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K rroJirrHoMy D(w2) cTerreHrr He BhIIIIe m. OrrepaTop sZ<7 He 6y,n;eT 06-

paTHMhIM rrprr ycJioBrrrr D(w2) = 0. 9To 3Ha'IrrT, 'ITO cyrn;ecTByeT He 

6oJiee m 3Ha'Iettrrli w2, ,n;Jrn KOTOphIX sZ(J' tteo6paTrrM. TaKrre qacTOThI 

w /27r Ha3blBaIOTCH pe3ottattC'H,'bt.MU 'IaCTOTaMrr CHCTeMhl. ,Il;JIH KadK,ll;OM 

Il3 3THX pe30HaHCHhIX 'IaCTOT ypaBHeHrre (sZ(J')J = 0 HMeeT HeHyJie­

BOe peIIIettrre, HeCMOTpH Ha HyJieByro rrpaByro qacTh, YKa3hIBarorn;yro 

Ha OTCYTCTBHe HCTO'IHHKOB, T. e. TOKH MOryT Te'Ib no CHCTeMe ,n;a)Ke 

6e3 rrcTO'IHHKOB HarrpH)KeHrrH rrJirr TOKa. PeIIIeHrrH 3Toro ypaBHemrn 

orrpe,n;eJIHIOT ttop.MaJ1,'btt'bte .Moa'bt crrcTeMhI. AHanorrr'IHhie coo6pa)Ke­

mrn, rrprrMeHeHHhie K MaTprru;e [8JZ-1[d] pa3Mepa (b- m) x (b- m), 

IIOKa3bIBaIOT, 'ITO MO)KeT 6hITh He 6oJiee b - m pe30HaHCHhIX 'IaCTOT. 

Ilo3TOMY ,ll;JIH HaxO)K,ll;eHrrH pe30HaHCHhIX 'IaCTOT u;errrr Mhl CTporrM 

MaTprru;y orrepaTOpa sZ(J' rrJirr [8JZ-1[d] (y KOTopoiI MeHhIIIe pa3Mep) 

rr Bhl'IHCJIHeM 'IaCTOThl ( w2 )' ,ll;JIH KOTOpbIX orrpe,n;emITeJib MaTprru;hI 

paBeH HYJIIO. 

B c 
c 2C 

2L L 

A 

Prrc. 12.29 

B Ka'IeCTBe rrprrMepa paccMoTprrM u;errh, rr3o6pa)KeHHYIO Ha 

prrc. 12.29. 9Ta u;errh HMeeT TY )Ke TOITOJIOI'HIO, 'ITO rr u;errb Ha 

prrc. 12.28. Il03TOMY 

s = (~ 1 
0 

1 
-1 

B 3TOM cJiy<me MaTprru;a Z co,n;ep)KHT rrMrre,n;aHChI pa3JIH'IHhIX KOM­

rroHeHT: 

Za = 2iwL, Zf3 = -i/wC, z1 = iwL, Z8 = -i/2wC. 
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(

2wL 

z . 0 = l 0 

0 

0 
-(wc)-1 

0 
0 

0 
0 

wL 
0 

0 ) 0 
0 . 

-(2wc)-1 

Z . (3wL - (wc)- 1 -wL ) s (]" = l -wL wL - (2wC)-1 · 

Orrpe,IJ.eJIHTeJib 3TOH MaTpHIJ;hI paBeH 

MJIH 

Det(sZCT) = -2w2 L2 + 5L/2C - 1/2w2C2
. 

629 

Ilonara5I Det(sZCT) = 0, rronyqaeM ypaBHemie, KBa,IJ.paTMqHoe no w2: 

Ono nerKo pa:maraeTC5I Ha MHO)KMTem-1: 

(Lw 2 - c-1)(2Lw2 - (2C)-1) = 0. 

TaKMM o6pa3oM, pe3oHaHCHhie qacTOThI 3TOH n;errM paBHhI 

w2 = 1/ LC M w2 = 1/4LC. 

l.-ho6bI HaHTH COOTBeTcTBYIOillHe HOpMaJibHbie M0,11.hl, ,IJ.J15I Ka)K,IJ.OH 

pe3onaHcHoH: qacTOThI pemMM ypaBHeHHe (sZCT)J = 0. HarrpHMep, 

,IJ.JI5I w = y'l/ LC 

-. (2JL7C -JL!C\ 
sZCT - i -JLlC ~JLlC). 

PemeHMeM ypaBHeHH5I (sZCT)J = 0 5IBJI5leTC5I (;). cho 3HaquT, qTO 

TOK B 51qeH:Ke 2 B ,IJ.Ba pa3a 6oJibme TOKa B 51qeH:Ke 1. AHanorMqHo 

,IJ.JI5I w = Jl/4LC MMeeM 
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TaK 'ITO ypaBHemi:e (sZo)J = 0 HMeeT pemeHHe (-~). cho 3Ha'-IHT, 

'ITO B HOpMaJibHOH MO~e c '-!aCTOTOH w /27r TOKH no 51'-!e.tl:KaM J1 H h 
HMeIOT O~HHaKOBYIO aMIIJIHTy~, HO rrpOTHBOIIOJIO)KHhie cPa3bl. 

12.8. II;errn: rrepeMeHHOro TOKa B CTaIJ,HOHapHOM 

pe)K.HMe H cl>n:JibTpbl 

IloH5ITHe HMrre~aHca, HCIIOJih30BaBmeec5I B rrpe~b1~111,eM rraparpacl>e 

~JI5I orrpe~eJieHH5I pe30HaHCHbIX '-IaCTOT u;erre.tl:, co~ep:>KaIIJ,HX HH~K­

TOpbl H KOH~eHcaTOpbI, MO:>KeT 6bITb HCIIOJib30BaHO ~JI5I aHaJIH3a u;e­

rre.tl: rrepeMeHHOro TOKa B ycTaHOBHBmeMC5I pe:>KHMe. Ilpe~IIOJIO:>KHM, 

'ITO Bee HCTO'-IHHKH TOKa H HaIIp5I:>KeHH5I HMelOT O~HHaKOBYIO '-IaCTOTY 

w /27r' TaK 'ITO TOKH B BeTB5IX o6pa3yIOT BeKTOp 

a Harrp5I:>KeHH5I Ha BeTB5IX o6pa3yIOT BeKTOp 

3~eCb KOMIIOHeHTbl Ia.113, ... H V°', vf3, ... 5IBJI5IIOTC5I 'IW.MnAe'X:C'H'bt­

.MU BeJIH'-IHHaMH; Be111,eCTBeHHa5I '-IaCTb Ka:>K~O.tl: KOMIIOHeHTbl rrpe~­

CTaBJI5IeT HCTHHHblH TOK HJIH HaIIp5I:>KeHHe. (BcrrOMHHM, 'ITO eiwt = 
cos wt + i sin wt.) McTO'-IHHKH Harrp5I:>KeHH5I H TOKa rrpe~cTaBJI5IIOTC5I 

COOTBeTCTBeHHO BeKTOpaMH 

,Il;JI5I Ka:>K,IJ,OH BeTBH ITO-rrpe:>KHeMy BhIIIOJIH5IeTC5I COOTHOIIIeHHe 
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r,n;e Za .HBJrneTC.H ,n;irnroHa.JihHOH MaTpnu;eii, 9JieMeHTbl KOTOpOH 

KOMIIJieKCHbie HMne,n;aHChl B pa3JIH'IHhIX BeTB.HX. <I>opMa.JIH3M, pa3-

pa6oTaHHblH HaMH ,Il;Jl.H u;erreii IIOCTO.HHHOrO TOKa, rrepeHOCHTC.H npaK­

Tff'JeCKH 6e3 ll3MeHeHJI.H Ha u;enH nepeMeHHOro TOKa B CTa.o;HoHapHOM 

pe)KHMe. Heo6xo,n;HMO c,n;eJiaTh TOJihKO HecKOJihKO H3MeHeHttii. 

1. <l>H3HqecKHe Harrp.H)KeHII.H H TOKH B BeTB.HX orrpe,n;eJI.HIOTC.H 

Bew,ecmBe'H'HOU "-laCm'b1o COOTBeTCTBYIOI.o;eH KOMIIOHeHTbl KOM­

IIJieKCHhIX BeKTOpOB I eiwt HJIH V eiwt. 

2. AMrrJIHTY,Il;Hhie 3HaqeHH.H Harrp.H)KeHHH H TOKOB B BeTB.HX orrpe­

,n;eJI.HIOTc.a MO,D;yJieM KOMIIJieKCHOH BeJIHqHHhI, KOTOpa.a rrpe,n;­

CTaBJI.HeT Harrp.a)KeHHe HJIH TOK, T. e. eCJIH B BeTBH a TOK rrpe,n;­

CTaBJI.HeTC.H Ia, TO ero aMIIJIHTY,Il;HOe 3HaqeHne paBHO 

3. Cpe,n;H.a.a MOI.o;HOCTh, BhI,D;eJieHHa.a B BeTBH a, orrpe,n;eJI.aeTc.a 

cpe,n;HHM 3HaqeHHeM rrpoH3Be,n;eHH.a Bew,ecmBe'H'H'btX "-lacmeu 

KOMIIJieKCHbIX BeJIHqHH va H Ia' T. e. cpe,n;H.a.a MOI.o;HOCTh p 
Bbipa)KaeTC.H ¢opMyJIOH 

Pa= Cpe,n;Hee OT [Re(Vaeiwt) Re(Iaeiwt)] 

= 1 Cpe,n;Hee OT [(Vaeiwt + va*e-iwt)(Iaeiwt + I~e-iwt)] 

= l Cpe,n;Hee OT (Va Iae2iwt +Va I~+ Va* Ia+ Va* I~e-2iwt), 

l',n;e 3HaK * o6o3HaqaeT KOMIIJieKcHoe corrp.a)KeHHe. 

IIocKOJihKY qJieHhI, co,n;ep)I<:aI.o;He e 2iwt H e-2iwt, rrpn ycpe,n;HeHHH 

IIO BpeMeHH o6pai.o;aIOTC.H B HYJih, Mbl HMeeM 

P. = ~(Va* I +Va I*)=~ Re(Va I*). a 4 a a 2 a 

I3 cJiyqae, Kor,n;a BeTBh a cocToHT TOJihKO H3 pe3HCTopa, T. e. va 
Rla. 9To Bb1pa)KeHHe yrrpoiu;aeTc.a, H MhI rroJiyqaeM 
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Ee.JUI BeTBh COCTOMT TOJihKO M3 KOH,n;eHCaTopa MJIM MH~KTOJ:ia, TO ee 

MMIIe,n;aHC Za '-IMCTO MHMMhIH, II03TOMY cpe,n;a~rn: BhI,Il;eJieHHaR MOIIJ;­

HOCTh B 3TOH BeTBM paBHa Hymo. 

B Ka'-leCTBe rrpocToro rrpnMepa I!errn B cTa!IMOHapHOM pe2KnMe 

paCCMOTpMM TaK Ha3bIBaeMhlH HH3KO'-laCTOTHhIH cPMJibTp, M3o6pa-

2KeHHhIH Ha pnc. 12.30. By,n;eM C'-IMTaTh, '-ITO B I!errn ecTh ,n;Be BeT-

BM. Ba3ncoM ,Il;JIR Z1 RBJIReTCR R'-leiiKa a+ /3, TaK '-ITO <J = (~), 

s = (1 1). IIocKOJihKY Z = (~ -iJwc), ~o cpa3y 2Ke rroJiyqaeM 

sZu = (1 1) (~ -iJwc) G) = R - i/wC. 

R 

A 

Pnc. 12.30 

HarrpR2KeHHe Ha BeTBM a paBHO wa = -£eiwt (rroJIRpHOCTh yKa-

3aHa Ha pncym(e). Tor,n;a TOK B R'-le:HKe paBeH 

( ) 1 ( ) 1 c iwt J = sZu - -sW = R- i/wCc-e . 

AMrrJinTy,n;Hoe 3Ha'-!eHne 3Toro TOKa paBHO Mo~mo 3Toro Bhipa2Ke­

HMR, T.e. 

IJI -I £ I- £ - R - i/wC - JR2 + (w2C2)-1' 

a aMIIJIMTY,Il;HOe 3Ha'-!eHMe HarrpR2KeHMR B BeTBM /3 paBHO 

IV131 = lz I I= 1-i£/wC I= £ 13 13 R - i/wC J(wRC)2 + 1 · 
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9To 3Haqemre yMeHhrnaeTCR OT £ ,IJ;JIR w = 0 ,n;o Hym1 rrptt w ---+ oo. 

0TCIO,IJ;a H rrpOHCXO,IJ;HT Ha3BaHHe 'H,U3'/CO"iacmomtt'btU cPHJibTp18 . 

9Ty u;errh MO)KHO cnerKa ycJIO)KHHTh, rrpttcoe,IJ;HHHB IIOCJie,IJ;OBa­

TeJibHO K KOH,IJ;eHcaTopy ttH,IJ;yKTop. B 3TOM cnyqae ttMrre,zi;attc BeTBH 

(3 paBH5IeTC5I ZL = i(wL - l/wC), a TOK B 51.qe:H:Ke paBett19 

J = £/(R + i(wL - (wc)-1
)). 

JlerKO BH,IJ;eTh, qTO 3TOT TOK ,IJ;OCTHraeT MaKCHMaJihHOH aMIIJIHTY,IJ;hl 

rrptt L = l/w2C HJIH w = JI/ LC. 9Ta qacToTa Ha3hrnaeTcR peao­

ttattcttou qacToTo:H u;errtt, tt3o6pa)KeHHoll: Ha pttc. 12.31. 

+ 

A 

Pttc. 12.31 

Ha pttc. 12.32 H3o6pa)KeH 6onee CJIO)KHhIH rrpttMep u;errtt. Terreph 

6mttc Z cocTOHT tt3 ,n;Byx 51.qeeK Mi = a+f3 H M2 = -f3+"'f, rro3TOMY 

G -D S= G 1 ~). (1 = H 
-1 

IlOCKOJlhKY 

z~G 
0 0) iwL 0 ' 
0 -i/wC 

18
0rrncaHHOe IIOBe,ZJ;eHHe CHHMaeMoro c BeTBH /3 HarrpH:lKeHIHI - y6hIBaHHe c 

poCTOM qaCTOTbI - ,n;aeT B03MO:lKHOCTh OT,ZJ;eJUITh HH3KYIO 'lacTOTy CHrmwra (Ha­

IIpHMep, 3ByKa) OT MO,ZJ;YJIHpOBaHHOll HM BbICOKOll qacTOThI 3JieKTpOMarHHTHhIX 

BOJIH. )J,aHHhill IIpHHIJ,HII Jie:lKHT B OCHOBe pa6oTbI Bceii: pa,n;HOCBH3H. - IlpUM. pea. 
19

3,n;ech H ,n;aJiee ,Zl;JIH yrrpoIIJ,eHHH 3aIIHCH orrycKaeTCH cPa30Bbill MHO:lKHTeJib 

eiwt. - Ilpu.M. pea. 
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R a "! 

/) 

£ iwt e @ L ~ c 

PHC. 12.32 

MbI HMeeM 

sZ~= (~ _:f -iJwc) G -D 
= (R + iwL -iwL ) 

-iwL iwL - i/wC · 

HeTpy,n;tto rroJiyqHTh o6paTHYIO MaTpHuy 

( Z )-1 1 (iwL - ijwC iwL ) 
8 

O" = R(iwL - i/wC) + Lc-1 iwL R + iwL . 

. llT06b1 orrpe,n;eJIHTb TOKH B Rqe:ii:Kax, 3arrmneM BeKTOp 

-1 [ (iwL - i/wC) 
J = (sZO") (-sW) = R(iwL - i/wC) + LC-1 iwL . 

I1HTepeCHblM RBJIReTCR perneHHe ,LI;JIR pe30HaHCHOH qacTOTbI w /211"' 

r,n;e wL = I/wC If J = L~C c~L). B 3TOM CJiyqae B Rqe:ii:Ke M1 
HeT TOKa, H B pe3HCTOpe He BbI,LJ;eJIReTCR MOIIJ;HOCTb. 

Harna TeXHHKa rro3BOJIReT attaJIH3HpOBaTh n,err11 rrepeMettttoro TO­

Ka rrpoH3BOJihHOH CJIO)KHOCTH TaK )Ke JierKo, KaK H n,e1rn IIOCTORHHOro 

TOKa TO:ii: )Ke TorroJior1111. B KaqecTBe rrp11Mepa paccMoTpHM ,n;ByxcTy­

rrettqaTbI:ii: cPHJibTp (pHC. 12.33). 
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O'. L B L '/ c 

c c 

A 

PHc. 12.33 

IIocKOJihKY 3Ta u;errh HMeeT TPH 51qeifKH H TOJihKO ,II.Ba tte3a3eM­

JieHHhrx y3Jia, TO rrporu;e BOCIIOJih30BaTbC5I MeTo,n.oM y3JIOBhIX rroTeH­

D;HaJIOB. IlycTb y3eJI A 3a3eMJieH. Tor,n.a 

1 0 

[&]= G -1 -1 0 -~) 
-1 0 

0 1 -1 
H [d] = -1 1 

0 -1 
0 -1 

B 3TOM cnyqae 

-i/wL 0 

ra1z- 1 [dJ = G -1 -1 0 -~) 
iwC 0 

0 1 -1 i/wL -i/wL 
0 iwC 
0 -1/R 

= cwC-2i/wL 
i/wL 

i/wL ) 
iwC - (i/wL) + 1/ R . 

n: orrpe,n.eJIHM rroTeHD;HaJihI y3JIOB B H C. OrpaHHqHMCR perneHHeM 

3a.n,aqH ,II,JIR pe3oHaHcttoit qacToThI, Kor.n,a wC = 1/wL. B 3TOM CJiy­

qae o6paru;aeMa5I MaTpHu;a HMeeT BH,Il. 
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Tor,1.1;a 

(</>B) 1 ( 1/ R 
<Pc = ( -iwC / R) - w2C2 -iwC 

-~wC) (iwC) E 
-1wC o ' 

HJIH 

(<PB) E (iwC / R) 
<Pc = ( -iwC / R) - w2c2 w 2C 2 · 

Pe3IOMe 

A. 1-KoMrrJieKChI 
,IJ,n51 3a,IJ;aHHo:H cxeMbl, rrpe,1.1;cTaBJI5IIOI11e:H 1-KOMrrJieKc, Bb1 ,IJ;OJI)KHbl 

3HaTb, KaK IIOCTpOHTb MaKCHMaJibHOe ,1.1;epeBO II CB513aHHble c HHM 

6a3HCHb1e 51qe:HKH rrpocTpaHCTBa Z1 H KaK HarrrrcaTb MaTpHIJ;bI ,IJ;JI51 

CY, S, 0 H d. 
Bbr ,IJ;OJI)KHbI 3HaTb orrpe,1.1;eneHH5I rro,1.1;rrpocTpaHCTB Bo, Ho, Z1, 

H 0 , po H B 1 H yMeTb cTpoHTb ,1.1;n51 HHX 6a3Hcb1. 

B. I.I,errH c pe3HCTopaMH 
Bb1 ,IJ;OJI)KHbl yMeTb rrHcaTb cooTHOIIIeHHe Me)K,Il;y V rr I ,IJ;JI5I BeTBH, 

co,1.1;ep)Ka111e:H 6aTapero, HCTOqHHK TOKa H pe3HCTOp. 

,IJ,n51 pacqeTa :meKTpHqecKHX u;erre:H Bbl ,IJ;OJI)KHbI 3HaTb H yMeTb 

rrOJib30BaTbC51 MeTo,IJ;aMH MaKcBenna: MeTO,IJ;OM KpyroBbIX TOKOB H 

MeTO,IJ;OM Y3JIOBblX rroTeHu;rranoB. 

C. I.I,errH rrepeMeHHoro TOKa 
Bb1 ,IJ;OJI)KHbr yMeTb IIOJib30BaTbC51 MeTO,IJ;aMH MaKCBenna ,IJ;JI51 HaXO)K­

,1.1;eHH5I CTau;HoHapHblX pemeHHH H HOpMaJibHblX MO,Il; ceTe:H, co,1.1;ep)Ka-

1IIHX HH,IJ;yKTOpbI, KOH,IJ;eHCaTOpbl, CHHyCOH,Il;aJibHbie HCTOqHHKH TOKa 

H Harrp51)KeHHH. 
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12.1, 2.,II:Jrn u;erreii:, 11306pa)KeHHhIX Ha p11c. 12.34 11 12.35, c,n;eJiaii:Te cJie,n;y-

101u;ee: 

+ 
7B 

10M 

11A 

B I 

(J 10M 

30M 

A 

P11c. 12.34 

(1 c 

20M 

(Jo 

+ 
9B 

10M 

A 

P11c. 12.35 

c c 

(j 

4B 
+ 

20M 

20M 

(a) Haii:,n;11Te MHO)KeCTBO He3aBHCHMhIX ~PieeK 11 Harr11m11Te 3JieMeHT 

C1 , cooTBeTCTByroiu;11ii Ka)K,ll;oii si:qei\Ke. (Mo)KHO BOCIIOJih30-

BaTbcsi: o6o3HaqeHHSIMH THrra M 1 = a + f3 - -y.) IIpoBeph­

Te, qTo q11cJio He3aBHCHMhlX si:qeeK m y,n;oBJieTBopsi:eT ycJIOBHIO 

m= b+ 1-n. 
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(b) Bb1pa3HTe TOK B Ka2K,n;oii: BeTBH qepe3 TOKH B 51qeii:Kax H Haii:­
,ll;HTe HarrpH2KeHHH Ha BeTBHX. 

(c) IlpnMemrn BTopoii: 3aKOH KHpxro<Pa K Ka)K,ll;oii: 51qeii:Ke, rro­
cTpoii:Te CHCTeMy ypaBHeHHH ,ll;JIH TOKOB B 51qeii:Kax. PemHTe 
3TY CHCTeMy. 

(d) IlycTb y3eJI A 3a3eMJieH. Bb1pa3HTe HarrpH2KeHHH n TOKH qe­

pe3 ocTa10II1HecH HeH3BeCTHhie Y3JIOBhJe rroTeHu;HaJihI. IlpnMe­

HHH rrepBbiii: 3aKOH KHpxro<Pa K Ka)K,ll;OMY y3Jiy, rroJiyqHTe CH­
cTeMy ypaBHeHHii: ,ll;JIH y3JIOBhIX rroTeHu;HaJIOB H pemHTe ee. 

12.3, 4.ti:JIH KOMIIJieKCOB, H306pa2KeHHbIX Ha pHC. 12.36 H 12.37, c,n;eJiaii:Te 
cJie,n;yroII1ee: 

D 

B ;3 H 

(¥ 'Y E Ll 
A 0 F G 1) I 

P:ac. 12.36 

(a) Orrpe,n;eJIHTe pa3MepHOCTh rrpocTpaHCTB Ci, Z1, Co H Ho. Ilpo­
BepbTe, qTo dim Ho - dimZ1 =dim Co - dimC1. 

(b) ti:JIH Ka)K,ll;OH CBH3HOH KOMIIOHeHTbl Haii:,n;HTe ,n;epeBO T' KOTopoe 

coe,n;HHHeT Bee Y3JihI. IlocJie 3Toro rrocTpoii:Te 6a3HC rrpocTpaH­
CTBa Z1 H 3arrnmnTe HBHO rrpoeKu;Hro PT B Bn,n;e 

PT(a.) = 0, 

PT(f3) = (3 + 'Y - O, HT. ,n;. 

( c) Orrpe,n;eJIHTe, CKOJihKO Heo6xo,n;HMO HMeTb ypaBHeHHii: ,ll;JIH TO­
KOB B 51qeii:Kax H ,n;JIH Y3JIOBbIX IIOTeHil;HaJIOB, qTo6hI paccqnTaTh 
u;errb c ,n;aHHOH TOIIOJIOrHeii:. 

12.5. ti:JIH Ka2K,ll;OH H3 Tpex BeTBeii:, H3o6pa2KeHHbIX Ha pnc. 12.38, Haii:,n;HTe 
cooTHOmeHne Me2K,n;y V n I. B Ka2K,ll;OM cJiyqae rrocTpoii:Te BeTBh c 

TeM 2Ke COOTHOmeHHeM, co,n;ep2Kamyro TOJibKO IIO,ll;XO,ll;HIIIHe 6aTapero 
H pe3HCTOp (Ho He HCTOqHHK TOKa), a IIOTOM - HCTOqHHK TOKa H 
pe3HCTop (Ho 6e3 6aTapeH). 
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A c 

/'4 
as 0'.3 

H D 

CX7 CX4 

"Y2 

Pttc. 12.37 

A c E 

J,f 

+ 
12B 12B 12B 

+ 

14A ! 4A 
20M 40M 30M 

B D F 

Pttc. 12.38 

12.6. PaccMoTpHTe KOMIIJieKc, u306pa)KeHHhlii: Ha puc. 12.39. 

(a) HaIIHIIIHTe MaTpHIJ;hI 8 H d, cooTBeTCTByroiu;ue IIopg,n;Ky BeTBeii: 

a, {3, "(, 8, c:, ¢. 
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B E 

Q (3 

A c 

Pn:c. 12.39 

(b) Ilo~re, qro Bewropa m H m 00- 6~HC ~ 
CTpaHCTBa H 0 . 3a3eMJIHTe Y3Jlhl AH c H IlOKa)KHTe, 'ITO BeK-

TOpa m , m H m 00p~ 6~c Il~CT-CIBB ~ ~ 
c0 / zo. B 3TOM 6a3Hce nocTpoiiTe MaTpHu;y onepaTopa [d] 
po---+ c1. 

( c) ,Il;JI.H Ka2K,ll;OH KOMilOHeHThI Bhr6ep11Te MaKCHMaJihHOe ,n;epeBO c 

BeTB.HMH a, 8 H r::. TpeM.a 6a3HCHhIMH 3JieMeHTaMH npocTpaH­

CTBa Z1 6y,nyT .a:qeiiKH, o6pa3oBaHHhre ocTaJihHhIMH BeTB.HMH 

(3, 'Y H </> c BeTB.HMH ,n;epeBa (.a:qeiiKY BbI6HpaH:Te TaK, 'IT06hr /3, 
'Y HJIH 8 HMeJIH K03cpcpHu;HeHT + 1). B 3TOM 6a3Hce HaIIHIIIHTe 

MaTpHu;y a : Z1 ---+ C1. 

( d) IloKa2KHTe, qTo CTOJI6IJ,hr MaTpHu;h! [d] onpe,n;eJI.HIOT 6a3HC B 1
. 

CB.H)KHTe BeKTOpa cpaKTOpnpocTpaHCTBa H 1 = C 1 I B1 c Tpe­

M.H BeTB.HMH, ne npHtta,n;Jie:1KanrHMH MaKCHMaJihHhIM ,n;epeBh.HM, 

IIOJiyqHB 

0 
1 
0 
0 ' 
0 
0 

0 
0 
1 
0 
0 
0 

H 

0 
0 
0 
0 
0 
1 
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IloKa2KHTe, 'ITO 3TH TPH BeKTopa o6pa3yIOT 6a3HC npocTpaH­
CTBa H 1, ,lIYaJihHhIH K 6a3Hcy, Bb16paHHOMY ,n;Jrn Z1. 

(e) B 3TOM 6a3HCe IlOCTpOil:Te MaTpHuy s: C1 ---+ H 1. Y6e,n;HTCCh, 
'ITO MaTpm1a s eCTb TpaHCilOHHpOBaHHaSI MaTpn11a K (f. 

( f) IloKa2KHTe, 'ITO rpaHHIJbl TpaeKTOpHfi, coe,n;HHSIIOillHX 3a3CM­
JICHHbie y3JlhI c He3a3eMJICHHhIMH, o6pa3yIOT 6a3HC npocTpaH­

CTBa Bo, ,uyaJihHhIH K 6a3ucy npocTpaHCTBa P 0
. 

(g) IloKa2KHTe, 'ITO KJiacchI 3KBHBaJieHTHOCTH 3a3eMJieHHhIX Y3JIOB 

m·m 
o6pa3yroT 6a3HC npocTpaHCTBa Ho = c0 / B0 , ,uyaJihHhifi K 6a-
3ucy npocTpaHCTBa zo. 

12.7. ~JIH 11enn, H3o6pa2KeHHOfi Ha pnc. 12.34 (3a,n;aqa 12.1), nocTpofiTe 
[d], [8], er, s, Z, Ku W. CocTaBhTe ypaBHeHusi: ,ll;JISI TOKOB B si:qefiKax 

u ypasHeHusi: ,n;JIH y3JIOBhIX noTeHIJHaJIOB, ncnoJih3ysi: aTH MaTpHIJhI H 

BCKTOpa. IlpoBepbTe, 'ITO noJiy'laTCSI B HTOre Te 2Ke ypaBHCHHSI. Ilpu­
MHTe, 'ITO y3eJI A 3a3eMJieH, a BeTBH (3 u o o6pa3yroT MaKCHMaJihHOe 

.n;epeso. 

12.8. C,n;eJiafiTe To 2Ke caMoe ,n;Jisi: 11enn, H3o6pa2KeHHOfi Ha puc. 12.35 (3a­
,n;aqa 12.2), C'IHTasi:, 'ITO y3eJI A 3a3eMJieH, a BCTBH a, f3 Ho o6pa3yIOT 

MaKCHMaJlhHOe ,n;epeBO. 

12.9. BocnOJih3YHTCCb MCTO,Il;OM KpyrOBbIX TOKOB H Haii:,n;HTe TOKH B BeT­

BSIX Ia, 113, 11 ,n;Jisi:11enH, H3o6pa2KeHHOii: Ha puc. 12.40. HcnoJih3yii:Te 
aqeii:KH, onpe,n;eJieHHbie Bb16opOM (3 B Ka'leCTBe MaKCHMaJibHOro ,n;e­

pesa. 

12.10. PaccMoTpHTe 11enh Ha puc. 12.41. IlycTh MaTpHIJa npeo6pa3osamrn 
s HMeeT BH,Il; 

(
-1 

s-- 0 
+1 

0 
0 

+1 
Haii:,n;uTe B HBHOM su,n;e 6a3HC npocTpaHCTBa Z1, KOTOpb1ii: onpe,n;e­
.JISieTCH 3Tofi MaTpHIJeii: s. KaKoe MaKCHMaJibHOe ,n;epeso npuse,n;eT K 
:)TOMY 6a3ucy? IlycTb 6a3HC B npocTpaHCTBe po Bb16paH TaK: 
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(}'. B I 

+ /j 
+ 

6B BB 

f 2A 10M 

20M 40M 

A 

Pttc. 12.40 

(J c 0 

I 

+ 
5B 

20M 

10M 10M 

A 

Pttc. 12.41 

BMp"3wre »e=op (!) ~epro 6"3•CHhle BeKTOpa p' H p'. HrurnmnTO 

MaTpllD;hl, rrpe.n;cTaBJI5IIOID;lle [ 8] tt [ d]. ,Il;JIB .n;aHHOH u;erm BOCIIOJib3YH­

TeCb MeTO,ll;OM Y3JIOBhIX IIOTeHu;HaJIOB H BbrqHCJIHTe <1> 8 II <1> 0 . 

12.11. PaccMoTpHTe u;errh, H3o6pa2K.ettttyro Ha pHc. 12.42. ,Il;JIB aToii: rrerm 

HaIIHIIIHTe MaTpHrrhI 0 H d. fiyCTb BeTBH (}'. H / o6pa3yIOT MaKCH­

MaJibHOe .n;epeBo. HarrHIIIMTe 6a3HC rrpocTpaHCTBa Z1 , cooTBeTcTBy­

rorn;Hii: 3TOMY MaKCHMaJibHOMY .n;epeBy, ll B 3TOM 6a3HCe IIOCTpoii:Te 

MaTpHu;y O". BocrroJih3yii:Tecb MeTo,n;oM KpyroBhIX TOKOB H rroJiyqHTe 

TOKH B BeTB51X 3TOH rreIIH. 



3a,n;a'IH 643 

B 10M ~i c 

J 

+ /3 2B 

20M 2A i 
20M 30M 

A 

PMc. 12.42 

12.12. (a) McrroJib3Y51 MeTo.n; KpyroBbIX TOKOB, orrpe.n;emITe qacTOThI Hop­

MaJihHhIX MO,ll; )1;JI51 u;errH, H306pa:>KeHHOH Ha pHC. 12.43, T. e. 

orrpe,n;eJIHTe 3Ha'feHH51 w/27r, )1;JI51 KOTOpbIX MaTpHu;a sZa Bbl­

po)K,ll;eHa. ,Il;JI51 3THX qacTOT Hali.n;HTe pemeHH51 ypaBHeHH51 

(sZa)J = 0. 

c L B L D 1@ .. 
} 000 .. 

le /3 J 

~ 1 
Co~ IC, J'" 

A 

PMc. 12.43 

(b) Pacc'fHTaliTe 3TY u;errb MeTO,ll;OM y3JIOBhIX rroTeHu;HaJIOB. EcJIH 

y3eJI A 3a3eMJieH, TO Bee paBHO rrpH,ll;eTC51 o6pa:rn;aTh MaTpHey 

3 x 3. Ilo'feMy cy:rn;ecTBYIOT TOJihKO .n;Be HOpMaJihHbie MO,ll;hI? 

( c) Coe.n;HHHB rrocJie.n;oBaTeJihHO BeTBH a c f3 H {J c c; H y6paB Y3JihI 

C H D, rrpeo6pa3yliTe aTy u;errb B u;errh, co.n;ep:>Kaiey10 TOJihKO 
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,n;Ba y3Jia. PaccqMTaiiTe u;enh MeTO,ll;OM Y3JIOBbIX noTeHn;HaJIOB. 

Ha aTOT pa3 ocTaeTc.H pa6oTaTb c MaTpMu;e:li 1 x 1! 

12.13. (a) IIcnoJih3Y.H MeTo,n; KpyroBhIX TOKOB, onpe,n;eJIHTe qacTOThl Hop­

MaJibHhIX MO,ll; ,ll;JI.H u;enH, H306pruKeHHOH Ha pHC. 12.44. ,ll;JI.H 

Ka2K,]];OH MO,ll;bl Bbipa3HTe qacTOTY w /27r qepe3 BeJIHqHHY Wo = 
1 / J Lo Co H noJiyqMTe OTHorneHMe TOKOB B .HqefiKax J2 /Ji. 

c B 

3Lo 

A 

PHc. 12.44 

(b) ,ll;JI.H TOH )l{e u;errM MeTo,n;oM Y3JIOBhIX noTeHD;HaJIOB orrpe,n;eJIMTe 

qacTOTbl HOpMaJibHbIX MO,ll;. 

12.14. (a) ,ll;JI.H u;enH, H3o6pa)l{eHHOH Ha pHC. 12.45, IIOCTpoii:Te KOMilJieKC­

HyIO MaTpHu;y sZa. 

B 

A 

Pnc. 12.45 

(b) Ilpe,n;noJio)l{HM, qTo reHepaTop B BeTBH a no,n;aeT Hanp.H)l{e­

HMe, paBHoe BeIIJ;eCTBeHHOH qacTH £oeiwt. IloJiyqMTe Bblpa)l{e­

HH.H ,ll;Jl.H CTaD;MOHapHbIX Hanp.H)l{eHHH v.a H V 8 . 

12.15. BepHeMc.H K yrrpa)l{HeHMIO 12.13 H npe,n;110JIO)l{HM, qTo nocJie,n;oBa­

T8JihHO c KOH,n;eHcaTopoM Me)l{,ll;y Y3JiaMH A M B coe,n;MHeH MCToqHMK, 

co3,n;aI01IIHH TOK K = Re(K0 eiwot), r,n;e wo = 1/ JL0 Co. IloJiyqMTe 

Bbipa)l{eHH.H ,ll;JI.H TOKOB B .HqeifKaX Ji H J2· 



rJiaBa 13 

MeTo,n; opTorottaJihHhIX rrpoeKu;Hii 

B 3Toii nrnBe Mhr rrpo,IJ,OJDKaeM 1nyqaTh ::ineKTpHqecKHe 

n;errH. I1ccne,IJ,yeM KpaeBbie 3a,IJ,aqH, B03HHKaIOrn;He B n;e­

IIHX c KOH,IJ,eHCaTopaMH, H HCIIOJih3yeM H3JIO)KeHHhie Me­

TO,IJ,bl ,11,JIH perneHHH pH,IJ,a KJiaCcHqecKHX 3a,IJ,aq B 3JieKTpO­

CTaTHKe rrpH HaJIHqHH rrpOB0,11,HHKOB. 

13.1. MeTo,n; opToroHaJibHbIX rrpoeKn;1di BeiiJI~ 

PaccMoTpHM ern;e ,IJ,Ba MeTo,IJ,a, HCIIOJih3yeMbIX ,IJ,JIH pacqeTa ::ineKTPH­

qecKHX n;erreii: MeT0,11, opToroHaJihHhIX rrpoeKn;Hii BeiiJIH H opHrH­

HaJihHhIH MeT0,11, KHpxro<Pa. 06a MeTO,IJ,a HHTepeCHbl H HX CTOHT H3y­

qHTh, XOTb OHR H orpaHHqeHbl TOJibKO n;errHMH c corrpOTHBJieHHHMH, 

T. e. cnyqaeM, KOr,IJ,a Bee HMIIe,IJ,aHCbl Za - IIOJIO)KHTeJihHbie qHCJia, 

Za =Ta > 0. 
HaqHeM c MeTO,IJ,a BeiiJIH. YpaBHeHHe, CBH3hIBaIOrn;ee BeKTOphr 

HarrpH)KeHHH Ha BeTBHX v H TOKOB B BeTBHX I, HMeeT BH,11, 

V - W = Z(I-K). 

ITeperrHrneM ero B BH,IJ,e 

V=W+Z(I-K) 

HJIH 

v = Z(z-1w +I- K). 

MaTpHn;y Z HCIIOJih3yeM ,IJ,JIH orrpe,IJ,eJieHHH rroJIO)KHTeJihHO orrpe­

,IJ,eJieHHoro CKaJIHpHoro rrpoH3Be,IJ,eHHH B rrpocTpaHCTBe C1 TOKOB, 
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ITpOTeKaIOIIJ;IIX ITO BeTBHM: 

Ilpe,n;ITOJIO)l(lIM, qTo y Hae eCTb ITpOH3BOJlbHOe pacITpe.n;eneHHe TOKOB 

ITO BeTBHM I', y,n;oBneTBOpHIOrn;ee ITepBoMy 3aKoHy Kttpxrocpa 81' = 0, 
H ITpOH3BOJlhHOe pacITpe.n;eneHHe HaITpH:>KeHHH v' y,n;OBJieTBOpHIOIIJ;ee 

BTopoMy 3aKoHy Kttpxrocpa V = -d'I!. HaM H3BeCTHO, qTo J1, V = 0. 
IlocKonbKY V = Z(z-1w +I - K), MO)KHO HaITttcaTh 

{ Z(z-1W+l-K)=0. 
111 

EcnH aTo cooTHOIIIeHHe Bbipa3HTh qepe3 cKanHpHoe ITpOH3Be,n;eHHe, 

BBe,n;eHHOe BbIIIIe, TO ero MO)KHO ITepeITHCaTb B BH,IJ;e 

(I', z-1w +I- K)z = o. 

9To 3HaqHT, qTo BeKTOp (K - z-1 W) - I opTorOHaJieH BCeM rrHKJlaM. 

TeITepb MhI MO)KeM 3a,n;aqy o rreITH c coITpOTHBJieHHHMH ccpopMy­

m1poBaTh ITo-.n;pyroMy. HaM ,n;aHo ITpOcTpaHCTBO C1, o6pa3oBaHHoe 

TOKaMH B BeTBHX. BHyTpH Hero ne)KHT ITO,IJ;ITpocTpaHCTBO rrHKJIOB Z1 . 

,Il,nH ceTH c 3a,n;aHHhIMH BeKTopaMH HCToqHHKOB W H K MO)KHO ITO­

CTpOHTh BeKTOp K - z-lw, KOTOphlll OITHCbIBaeT TOKH B BeTBHX, 

cyrn;eCTBJIOIIJ;He ITPH JCJIOBHH, qTo BCe J3JIOBhie ITOTeHrrHaJibI paBHbl 

HJJIIO. B o6rn;eM cnyqae 3TOT BeKTOp tte HBJIHeTCH aneMeHTOM ITo,n;­
ITpocTpaHCTBa Z1 . TeITeph MhI xoTeJIH 6hr ITonyqHTh TaKoii BeKTop 

I E Z1, qT06hr BeKTOp (K - z-1w) - I 6bIJI opTOrOHaJieH BCeM 

1IHKJlaM. I1TaK, Mbl CBeJIH pacqeT rreITH C pe3HCTOpaMH K reoMeTpH­

qeCKOH 3a,n;aqe, H306pa)KeHHOH Ha pHC. 13.1. ,Il,nH ,n;aHHOro BeKTopa 

K - z-1w B ITpOCTpaHCTBe C1 Ha,n;o BhlqlfCJIHTb ero opTorOHaJib­

HJIO ITpoeKrrHIO Ha ITO,IJ;ITpocTpaHCTBO Z1 OTHOCHTeJihHO CKaJIHpHoro 

ITpOH3Be,n;eHHH, oITpe.n;eneHHoro MaTpHrreii Z. 
Tor.n;a BeKTOp K - z-1 w 3aITHChIBaeTCH B cpopMe 

K - z-1w = 1 + (K - z-1w - I), 

r.n;e I ITpHHa,n;Jie)KHT ITpOCTpaHCTBY Z1, a K - z-1w - I= -z-1v 
opToroHaneH Z1. IlycTb 7r o6o3HaqaeT JIHHeiiHoe ITpeo6pa3oBaHtte, 
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-z- 1v=K-z- 1w-1 

Pnc. 13.1 

KOTopoe rrpoeKTnpyeT C1 opToroHaJihHO Ha Z1. B e>TOM cJiyqae pe­

rneHHeM 3a,n;aqn o u;errn RBJIReTCR 

1=7r(K - z-1w), 
v = Z(1r - l)(K - z-1w). 

feoMeTpHqecKH oqeBH,Il;HO, qTO cyrn;eCTByeT e,n;HHCTBeHHbIH IIpOeKIJ;H­

OHHbIH orrepaTOp 7r, a CJie,Il;OBaTeJibHO, cyrn;ecTByeT e,n;HHCTBeHHOe pe­

rneHHe 3a,n;aqn ,n;JIR ,n;aHHOH :u;errn. 

0,n;HHM H3 crroco6oB rroJiyqeHH5I opTOrOHaJibHOH rrpoeKIJ;HH H3 

C1 B Z1 ocHoBaH Ha Bbr6ope opTOHopMnpoBaHHoro 6a3nca. IlycTb 

{ ei' e2' ... ' em} - OpTOHOpMHpOBaHHbIH 6a3HC rrpocTpaHCTBa z 1 · 
Tor.n;a ecJIH u - e>JieMeHT rrpocTpaHCTBa C1, TO ero rrpoeK:a;HR Ha 

rro,n;rrpocTpaHCTBO Z1 .n;aeTcR ¢opMyJioii 

Ilpo:u;e.n;ypa BblqHcJieHH5I MaTpHIJ;bI 7r ,Il;OBOJibHO yTOMHTeJibHa. 

CHaqaJia MhI ,n;oJI)KHhI Bb16paTh 6a3HC rro.n;rrpocTpaHCTBa Z1, Harrpn­

Mep, ceMeiicTBO He3aBHCHMhIX 51:qeeK. IIocJie e>Toro rrpnMeHReM rrpo:u;e­

;zypy fpaMa-llIMH,Il;Ta, qT06bI 3TOT 6a3HC rrpeo6pa30BaTb B OpTOHOp­

MIIpOBaHHbIH OTHOCIITeJihHO CKaJI5IpHoro rrpOII3Be,n;eHmI, orrpe,n;eJieH-

11oro MaTpII:u;eii Z. HaKoHe:u;, MhI ,n;oJI)KHhI 6paTb rro oqepe,n;II Ka)K,n;hIH 

6a3IICHhIH BeKTOp rrpocTpaHCTBa C1 II BhJqlJCJIRTh ero rrpoeKIJ;IIIO Ha 

npocTpaHCTBO Z1, 6epR cyMMY rrpoeK:a;IIii Ha BeKTOphI opTOHOpMIIpo­

HaHHoro 6a3IIca Z1. Ka)K,Il;aR TaKaR rrpoeK:a;IIR orrpe,n;eJIReT cToJI6e:u; 

MaTpHIJ;bl 7r. 
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B KaqecTBe HJIJIIOCTpau,nn MeTo,n;a Beiim1 paccMOTpIIM u,errh, 

1no6pa)KeHHYIO Ha pnc. 13.2. ,ll;JIR 3Toii u,errn rrpocTpaHCTBO C1 ,n;By­

MepHo. B Heii eCTh TOJihKO o,n;Ha RqeiiKa a + /3, rro3TOMY rro.n;rrpo-

cTpaHCTBO Z1 o,n;HoMepHo H HaTRHYTO Ha BeKTOp (~). MaTpnu,a Z 

IIMeeT Bll,11; ( ~ ~) . 

B 
O:' (J 

lB 

30M 
10M 

A 

Pnc. 13.2 

qT06bI BblqIICJillTb rrpoeKU,HOHHYIO MaTpnu,y 7r, Mbl ,ll;OJl)KHbl no 

oqepe,n;H crrpoeKTllpOBaTb ,n;Ba 6a3HCHbIX BeKTOpa (~) ll (~) Ha 

rro.n;rrpocTpaHCTBO Z 1. CHaqaJia OTHOpMIIpyeM 6a3HCHhIH 3JieMeHT Z 1: 

,n;JinHa BeKTopa G) paBHa ((i) , (~ ~) (i)) = 4, rroaToMy MhI 

,n;eJIHM BeKTOp (~) Ha v'4 = 2, B pe3yJibTaTe IIOJiyqaR BeKTOp (~j;), 

,n;JinHa KOToporo paBHa 1. ITpoeKU,HR BeKTopa (~) paBHa 

(
1/4) 
1/4 , 
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a rrpoeKu;m1 BeKTopa ( ~) paBHa 

fl(O) (1 0) (1/2)~ (1/2) _ (3/4) 
~ 1 ' 0 3 1/2 ~ 1/2 - 3/4 . 

0TCIO,r:t;a MaTpHu;a 7r = (~j! ;j:). ,Il;m1 u;errH, H306pa)KeHHOii Ha 

pHc. 13.2, rroJiy'rnIOTCR BeKTopa K = (i) H W = (-~). IIoaToMy 

K - z-1w = (i) - (-~) G). IlpHMeH5151 MaTpHu;y 7r K 3TOMY 

BeKTOPY, llOJiyqaeM 

-1 (1/4 3/4) (5) (2) l=7r(K-Z W)= 1/4 3/4 1 = 2. 

Tor,r:i;a pemeHHe HMeeT BH,r:t; Ia = 1(3 = 2. 3aMeTHM, qTo BeKTOp 

K-z-1w -I= G)-G) = (-~) opToroHaneH I, KaK H ,r:i;oJI)KHO 

6hITh. PacqeT aToii u;e1rn: rpaqrnqecKH H3o6paMeH Ha pHc. 13.3. IIo­
CKOJihKY BBe,r:t;eHHOe CKaJI51pHOe rrpOH3Be,r:t;eHHe He 51BJI51eTC51 06h1qHbIM 

eBKJIH,r:t;OBhIM, TO rro,r:i;rrpocTpaHCTBO Z1 H ero opToroHaJihHoe ,r:i;orroJI­

HeHHe rrpe,r:t;CTaBJI5IIOTC51 He rreprreH,r:t;HKYJIRpHbIMH rrp51MhIMH. 

, 

---, , , , ------

, 
, , , 

,,,,' Z1 ( TOKH, y.n;osJieTsop.morn;11e 

,/,/ rrepsoMy 3aKoHy K11pxro<Pa) 

--------------- ---

PHc. 13.3 

IloHRTHO, KaK HaiiTH 51BHOe Bbipa)lrnHHe rrpoeKD;HOHHOro orrepaTO­

pa BeiiJIR 7r, HCITOJih3YR pemeHHe MeTo,r:t;oM KpyroBhIX TOKOB. BcrroM­

HHM, qTo B aToM MeTO,r:t;e I = O"J, r,r:i;e J = (sZ0")- 1s(ZK - W). 
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Tor.n;a I= a(sZa)-1sZ(K - z-1w). CpaBHHBaJI 3TOT pe3yJihTaT e 

cPOPMYJIOH Beiim1 I= ?r(K - z-1w), IIOJiyqaeM, qTQ 

JierKO rrpoBepHTh, qTo ?r2 = 1T' KaK ll ,IJ;OJI)KHO 6bITh ,IJ;JIH mo6oro 

rrpoeKIJ,HOHHoro orrepaTopa1. 

13.2. MeTo,z::i; KHpxrocf>a 

PaeeMoTpHM MeTo,n;, pa3pa6oTaHHhiii eaMHM Kupxro<PoM. M xoTH oH 
6hIJI rrpu,n;yMaH 3a MHoro ,n;eeHTHJieTuii .n;o MeTo,n;a BeiiJIH, MhI o6pa­

rn;aeMeH K HeMy eefiqae, IIOTOMY qTo OH .n;aeT HBHYIO cPOPMYJIY ,IJ;JIH 

rrpoeKIJ,HOHHoro orrepaTopa 1T qepe3 .n;epeBhH B u;errHx. 

Ilpe,n;rroJIOMHM, qTo y Hae eeTh eBH3Hhiii KOMITJieKe u nyeTh T 
o6o3HaqaeT MaKeHMaJihHOe .n;epeBo. BerroMHHM, qTo ,IJ;JIH KaM,n;oro 

TaKoro .n;epeBa MhI orrpe,n;eJIHJIH rrpoeKIJ,HOHHhiii orrepaTop PT: 

PT(a) = { ~a, eeJiu a ET, 
eeJiu a fj. T, 

r.n;e Ma eeTh 11,HKJI, eooTBeTeTByrorn;uii e,n;uHeTBeHHOii wrniiKe, eo.n;ep­

Marn;eii BeTBh a, a Bee oeTaJihHhie BeTBH rrpuHa,n;.n:eMaT T. (Li;uKJI eJie­

,n;yeT Bh16upaTh TaK, qTo6hI OH eo,n;epMaJI +a, a He -a.) HarrpuMep, 

Ha pue. 13.4 o,n;Ha BeTBh f3 o6pa3yeT MaKeHMaJihHOe ,n;epeBo. Tor.n;a 

PT(a) =a - {3, PT(f3) = 0, PT("!) = 'Y + f3. 

II(oa~od ~)aTpuu;a, rrpe,n;eTaBJIHIOrn;aH 3TY rrpoeKIJ,HIO PT, HMeeT BH,IJ; 

-1 0 1 . 3aMeTuM, qTo Bee .n;uaroHaJihHhie aJieMeHThI PT paBHhI 

0 0 1 
JIH60 + 1, JIH60 0. 

JI106oii TaKoii orrepaTop PT HBJIHeTeH rrpoeKIJ,HOHHhIM orrepaTo­

poM Ha rrpoeTpaHeTBO Z1: ero o6pa3 eeTh Z1 u PT(M) = M ,IJ;JIH 

1 
MaTeMaTI1qecKoe H83BaHHe 3TOI'O CBOHCTBa Ilpo€KI1,HH - uae.Mnomettmttocm·1,. 

Ka:lK,D;hIH u,ri;eMnoTeHTHhIH onepaTop 7r B KOHeqHoMepHOM BeKTOpHOM npocTpaH­

CTBe MO:lKeT 6hITh reoMeTpnqecKH oxapaKTepH30BaH KaK npoeKI1,HH Ha o6p83 Im 7r 

B,D;OJih H,ri;pa Ker7r. - flpu.M. pea. 
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M E Z1. O,zi;ttaKo OH He .HBJrneTc.H opmo201-tM'b'H'btM rrpoeKIJ;J10HHhIM 

orrepaTopoM, rroToMy qTo ero .H,n;po He opToroHaJihHO rro,n;rrpocTpaH­

CTBY Z1 (rro OTHornemuo K CKaJI.HpHoMy npon3Be,n;emuo, orrpe,n;eJieH­

HOMY MaTpm1eii Z). ~yrnMH cJioBaMn, PT - He caMocorrp.HMeHHhIH 

onepaTop, IIOTOMY qTO B 06IlleM cnyqae ,n;m1 .IIBYX BeTBeii a H j3 

(pra, f3)z-=!= (a, Prf3)z. 

llTaK, PT .IIJI.H oT,n;eJibHO B3.HToro MaKCHMaJibHOro ,n;epeBa T -
He caMoconp.HX<:eHHbIM orrepaTop, HO B KOMITJieKce eCTb MHOro pa3-

JIHqHbIX MaKCHMaJibHhIX ,n;epeBheB. 0TKpbITne Knpxrocpa cocTO.HJIO 

B HaXOM.IIeHHH rrpo:u;e.IIYpbl noJiyqeHH.H caMOCOIIp.HMeHHOrO orrepaTO­

pa: pa3JIHqHhie npoeK:u;noHHbie onepaTopbI ycpe,n;H.HIOTC.H c onpe,n;e­

JieHHhIM BeCOM. Ilpe,n;noJIO)KHM, qTo .IIJI.H Ka)K.Iloro MaKCHMaJibHOro 

,n;epeBa T MhI nMeeM BelileCTBeHHOe qncJio Ar, npnqeM 0 ::::; Ar ::::; 1 H 

L:r Ar = 1, r,n;e cyMMa 6epeTC.H no BCeM ,n;epeBb.HM. Tor,n;a orrepaTop 

ToMe .HBJI.HeTc.H rrpoeK:u;neii Ha rrpocTpaHCTBo Z1: ero o6pa3 ecTh Z1, 
n oH oTo6paMaeT JII06oii BeKTOp B rrpocTpaHCTBe Z1 B caMoro ce6.H. 

Boo6Ille roBop.H, P>.. - He opToroHaJibHa.H rrpoeK:u;n.H, HO cylileCTByeT 

TaKoii Ha6op Ar, qTo opToroHaJihHOCTh nMeeT MeCTO. Pe:u;errT Knpx­

rocpa COCTOHT B TOM, qTo .IIJI.H Ka)K.Iloro MaKCHMaJibHOrO ,n;epeBa T 
onpe,n;eJI.HeM 
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T. e. rrpOH3Be,n;emie corrpOTHBJieHHH Tex BeTBeii, KOTOpbie 'He rrpnHa,n;­

Jie)KaT T. BecoBhie MHO)KHTeJin )q Bh16npa10TCR rrporrop11noHaJihHhI­

MH Qr TaK, 'IT06bI HX CJMMa paBHRJiaCb e,n;HHHlle, T. e. 

)q =Qr/ R, r.n;e R = L Qr. 
r 

TaKHM o6pa30M, MhI rroJiyqnJin RBHhIH BH,n; rrpoeKllHOHHoro orrepaTo­

pa BeiiJIR 7f, a nMeHHO 

Terrepb MhI ,Il;OJI)KHhI rroKa3aTh, 'ITO 3TOT orrepaTop caMocorrpR­

)KeHHhiii; .n;pyrnMn cJioBaMn, 'ITO caMocorrpR)KeH orrepaTop R1f = 

L:r Qr pr. IIocKOJibKJ BeTBH o6pa3yIOT 6a3HC B rrpocTpaHCTBe C1 , 

TO ,Il;OCTaTO'IHO IIOKa3aTb, 'ITO ,Il;JIR mo6oii rrapbl BeTBeii a H f3 Mbl 

HMeeM 

LQr(PTa,f3)z = LQr(a,prf3)z. 
r r 

,Il;JIR cPHKCHpOBaHHbIX a H f3 Mbl CJMMnpyeM ITO BCeM MaKCHMaJib­

HhIM .n;epeBhRM. MMeIOTCR Tpn cJiy'IaR, H3o6p~eHHhIX Ha pnc. 13.5. 

a: a: a: 

(? (? (? 
r 

/ 

, / 

CJiyqa:ti: 1 CJiyqa:ti: 2 CJiyqa:ti: 3 

Pnc. 13.5 

CJiyqaii 1. BeTBH a n f3 rrpnHa,n;Jie)KaT .n;epeBy. B 3TOM cJiyqae 

Pr(a) = 0 H pr(/3) = 0. Ilo3TOMY OT .n;epeBa HeT HHKaKOro BKJia,IJ;a B 

o6e qacTH ypaBHeHHR. 

CJiyqaii 2. BeTBH a n f3 He rrpnHa,n;Jie)KaT .n;epeBy. B 3TOM cJiy­

qae pr(a) RBJIReTCR R'IeiiKoii, KOTopaR He co.n;ep)KHT /3, rro3TOMY 

(pr(a), f3)z = 0. AHaJiornqHo (a, pr(f3))z = 0, rro3TOMY orrRTh oT 

.n;epeBa HeT HnKaKoro BKJia,n;a. 
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CJiyqaii 3. BeTBh a He rrpHHa,n;Jie)KHT ,n;epeBy, a /3 rrpHHa,n;Jie)KHT. 

B 3TOM cnyi:rne ecJIH /3 BXO,IJ;HT B R'Ieii:Ky Mai o6p83oBaHHYJO a H ,n;py­

rHMH BeTB51MH ,n;epeBa (HHa'Ie CHTyau,HR TaKa51 )Ke, KaK B CJiy'Iae 2), 
TO Mhl HMeeM 

(pra, /3)z = ±r,13, 

r,n;e 6epeTC51 3HaK +, ecJIH a H /3 BXO,I1;51T B Ma c O,IJ;HHaKOBhIMH 3Ha­

KaMH, H 3HaK - ' eCJIH 3TH BeTBH BXO,IJ;51T B 51'-leii:Ky B rrpoTHBOIIO­

JIO)KHbIMH 3HaKaMH. HarrpHMep Ha pHc. 13.6(a) MhI HMeeM pr(a) = 
a-"(-/3+8 H (pr(a),/3)z = -r,13. Bcer,n;a cyIIJ,ecTByeT e,n;HHCTBeHHOe 

MaKCHMaJihHOe )J,epeBo T', o6p83oBaHHOe 3aMeHoii: BeTBH /3 Ha a B ,n;e­

peBe T, ,IJ;JIR KOToporo PT'(/3) =±pr( a), TaK 'ITO (a, pr1(/3))z = ±ra. 
TaKoe )J,epeBo T' rroKa3aHo Ha pHc. 13.6(6). 

a n 

' '° ~ 
8 8 ' 

I 
I 

,,If' (3 

a) ,ll;epeBo T 6) ,ll;epeBo T' 

PHc. 13.6 

EcnH H3 ,n;epeBa T y6paTh BeTBh /3, TO ocTaHyTcR Te )Ke BeTBH, 

'ITO H rrpH y)J,aneHHH H3 T' BeTBH a. 3Ha'IHT, ,IJ;JIR 3THX ,n;Byx ,n;epeBheB 

crrpaBe)J,JIHBO paBeHCTBO Qrr f3 = Qrr °', H o6a Bhipa)KeHHR Qrr f3 H 

Qrr °' 51BJI51JOTC51 rrpOH3Be)J,eHH51MH corrpOTHBJieHHM OCTaIOIIJ,HXC51 BeT­

Beii:. CooTHOIIIeHHR Me)K,n;y T H T' CHMMeTpH'IHhI OTHOCHTeJihHO rre­

pecTaHOBKH BeTBeii: a H /3. Tor,n;a 

Ka)K,IJ;OMY ,n;epeBy T, ,IJ;JIR KoToporo JieBaR 'IaCTh paBeHCTBa He paB­

tta Hynro, cooTBeTCTByeT ,n;epeBo T', y,n;oBJieTBOpRIOIIJ,ee aToMy paBeH­

CTBy, H Hao6opoT. TaKHM o6p83oM, ecJIH rrpocyMMHpoBaTh no BCeM 

T, TO rrony'IHM )KenaeMhiii pe3yJihTaT 

T T 
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r.n;e .n;o6aBJieHbI HeKOTOpbxe HyJieBbie cJiaraeMhie. I1TaK, ,n;oK33aHa 

<PopMyJia Kttpxro<Pa 

r.n;e 

H cyMMHpOBaHHe Be,n;eTCH no BCeM MaKCHMaJihHhlM ,n;epeBbHM. 

B Ka'!eCTBe HJIJIIOCTparr;HH MeTo,n;a Kttpxro<Pa paccMoTpHM rr;errh, 

H306p8.)KeHHYIO Ha pHC. 13. 7 H HMeIOIIcylO TY )Ke TOIIOJIOrHIO, 'ITO H 

rr;errh Ha pHc. 13.4. B rr;errH eCTh TpH MaKCHMaJihHhIX ,n;epeBa: BeTBh a 
(,n;epeBo T1), BeTBh f3 (,n;epeBo T2) H BeTBh 'Y (,n;epeBo T3). 

B 

Cl 

f3 

20M 

A 

Pttc. 13.7 

,ll;JIH ,n;epeBa T1 

G 
-1 

D PT1 = 1 H Qr1 =2·3 = 6. 
0 

,ll;Jrn ,n;epeBa T2 

H 0 

D PT2 = 0 H Qr2 = 1·3 = 3. 
0 
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Li,JIH .n;epeBa T3 

~' = G ! D n Qr, = 1 2 = 2. 

Tor.n;a 

R = Qr1 + Qr2 + Qr3 = 6 + 3 + 2 = 11. 

CJie.n;oBaTeJihHO, 

lfJIH 

::ha MaTpmi;a rrpoeu,HpyeT Ha rro.n;rrpocTpattcTBO Z1, HaTHHyToe Ha 

ReKTOPM •~eeK (-D H G) Mo~Ho rrposepHTb, qTO 

MaTpHu,a 1 - 7r paBtta 

1-~= 111 U J =D 
Otta rrpoeu,HpyeT Ha opTorottaJihHOe .n;orroJIHeHHe K Z1. Ee o6pa3, 5IB­

JI5IIOIII,HHC5I 5I,D;pOM 7r' eCTh 0,1.l;HOMepttoe rrpocTpaHCTBO, orrpe.n;eJI5IeMoe 

BeKTOpoM ( J) . ClTOT BeKTOp opToromi.rre• o6eHM ""e~ro>M (-D 
H G). 3aMeTHM, =o 
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KaK H CJiel\ORllJIO O>KYl\RTh, ReKTOp ( J) 3a,1\IWT uaupH>«e1m• R 

BeTBRX, 'ITO cooTBeTCTByeT BTopoMy 3aKOHY Knpxro<Pa. 

13.3. TeopeMa B3aHMHOCTH rpHHa 

lfayqeHne u;erreti c pe3HCTOpaMII Mbl 3aKOH'IIIM MOillHhIM pe3yJibTa­

TOM, Ha3bIBaeMhIM TeopeMOH B3alIMHOCTII fplIHa. c 3TOH TeopeMOH 

Mbl BCTpeTIIMCR e111e pa3 IIplI II3y'IeHIIII u,erreti, co,n;ep:)J<:ailllIX eMKO­

CTII, II B 3JieKTpOCTaTIIKe. '-ho6bI ,IJ;OKa3aTh 3TY TeopeMy, rrpe,n;cTaBIIM 

ce6e u,errb, B KOTOpoti BCe BeTBII, KpOMe ,IJ;Byx, co,n;ep:)J<:aT TOJihKO pe-

31ICTOpbl 6e3 IICTO'IHIIKOB TOKa II HaIIpR)KeHIIR, a B ,IJ;BYX BeTBRX a II 

/3, KpOMe pe31ICTOpOB, MOryT 6hITb TaKIIe HCTO'IHHKII TOKa IIJIII Ha­

rrpR)KeHIIR. Ilpn orrpe,n;eJieHHOM BbI6ope IICTO'IHHKOB B BeTBRX a H /3 
MhI rroJiy'IHM perneHHe c ToKaMn I, y,n;oBJieTBOpRIOillHMH rrepBOMY 3a­

KOHY K11pxro<Pa, II HarrpR)KeHHRMII V, y,n;oBJieTBOpRIOilllIMH BTopoMy 

3aKOHY K1Ipxro<Pa. Bb16paB ,n;pyr1Ie IICTO'IHHKII, MhI rroJiy'IHM ,n;pyroe 

peIIIeHIIe, ,IJ;JIR KOToporo TOKII i II HarrpR)KeHHR v TaK)Ke y,n;oBJieTBO­

pRIOT ,IJ;BYM 3aKOHaM Knpxro<Pa. (TIIrrlI'IHaR cnTyau,IIR, K KOTopoti 

rrpHMeHHMa TeopeMa fplIHa, IIOKa3aHa Ha pHC. 13.8.) IloCKOJihKY o6a 

BeKTopa TOKOB I 11 i y,n;oBJieTBOpRIOT rrepBOMY 3aKoHy K1Ipxro<Pa, TO 

OHM Jie)KaT B rrpocTpaHCTBe Z1. AHanor1I'IHO, rrocKOJihKY o6a BeKTO­

pa HarrpR)KeHIIH V II V y,n;oBJieTBOpRIOT BTopoMy 3aKoHy K11pxro<Pa, 

20M ') 

(); 

5QM 
30M 

10M 

PeIIIett:11e I, V PeIUeH11e I , V 

P11c. 13.8 
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OHH Jie21<aT B npocTpaHCTBe B 1 . MbI 3HaeM, 'ITO mo6oii: ::iJieMeHT npo­

CTpaHCTBa B 1, ,n;eii:CTBY5I Ha mo6oii: 3JieMeHT npocTpaHCTBa Z1, ,n;aeT 

HYJib. 0Tcro,n;a M02KHO c,n;eJiaTb Bhrno,n;, 'ITO 

Tor,n;a, ecJIH 3anHcaTb cyMMY no BeTB5IM, MbI IIOJIY'IHM 

V'Y i,. 
no BC€M B€TBHM no BCeM B€TBHM 

lfa cyMM Bbl,D;€JIHM CJiaraeMhie, COOTB€TCTByIOIIJ,M€ BeTB5IM a H {3: 

no OCTa.JlbHbIM 
B€TBHM 

no OCTa.JlbHbIM 
B€TBHM 

MbI npe,n;rroJI02KHJIH, 'ITO Bee BeTBH, KpoMe a H {3, HMeIOT TOJibKO 

pe3HCTOpbI. Ilo::iToMy V'Y = r'Yi'Y H V'Y = r'YI'Y. Tor,n;a 

M Mbl M02KeM COKpaTHTb cyMMbI no ,n;pyrHM BeTB5IM B o6eHX 'IaCT5IX 

ypaBH€HH5I. B pe3yJihTaTe noJiyqaeM 

'ITO H Ha3bIBaeTC5I meope.MOU 63aU.M'l-WCmu I'pU'/-1,a. 

C noMOIII,bIO TeopeMbI B3aHMHOCTH M02KHO rroJiy'IHTb p5I,D; y,n;HBll­

TeJibHhIX CBOHCTB naCCHBHbIX :u;eneii:, co,n;ep2KaIII,HX pe3HCTOpbI, T. e. 

:u;eneii:, B KOTOpbIX HeT HHKaKHX HCTO'IHHKOB. B35IB TaKyIO :u;enh, MhI 

M02K€M ,n;o6aBJI5ITb K H€H HOBYIO B€TBb ,D;BYM5I cnoco6aMH, KaK 3TO 

noKa3aHo Ha pHc. 13.9. Ha'IaB c :u;enH, co,n;ep2KaIII,eii: TOJibKO pe3HCTO­

pbI (pHC. 13.9(a)), Mbl M02K€M npHCO€,D;HHHTb HOBYIO B€TBb a M€2K,lzy 

)~BYM5l y3JiaMH (pttc. 13. 9( 6)). TaKa5I «crraii:Ka» He c03,n;aeT HOBbIX 

.Y3JIOB. 9Ta HOBa5I B€TBb M02K€T 6bITb KaK KOpOTKHM 3aMbIKaHH€M, 

TaK H co,n;ep2KaTb HCTO'IHHKH TOKa, HCTO'IHHKH Hanp5I2K€HH5I HJIH pe-

3HCTOp. HoByro BeTBb M02KHO no,n;KJIIO'lHTb H TaK, KaK noKa3aHo Ha 

pHC. 13.9(B), T. e. Mb! M02KeM «nepeKyCHTb» npOBO,D; H BCTaBHTb B 

pa3pbIB HOBYIO B€TBb, C03,D;aB HOBbIH y3eJI. 
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B B B 

PHc. 13.9. (a) Hcxo,n;Ha.51 u;errh. (6) HOBa.H BeTBh 6e3 co3,n;aHH.H HOBhIX 

J3JIOB ( crraitKa). ( B) HoBa.H BeTBh c HOBhIM J3JIOM ( BCTaBKa) 

IIpe,n;rroJIO)KHM, "ITO y Hae ecTh JIHHefiHa.H u;errh, IIOKa3aHHa.H Ha 

pHC. 13.10, HK Heit rrp11coe,n;HH€Hhl ,IJ;Be HOBbie BeTBH: B€TBb a M€)K,IJ;y 

J3JiaMH A H B, a BeTBh f3 Me)K,n;y y3JiaMH C H D. HecyllleCTBeHHO, 

KaK Mbl 3TO c,n;eJiaJIH: rrpHIIa.HB HOBbIH rrpOBO,IJ; HJIH BCTaBHB B CTapbIH. 

113 TeopeMbl B3aHMHOCTH MO)KHO c,n;eJiaTh CJI€,IJ;yIOlllH€ BbIBO,IJ;bl. 

P11c. 13.10 

V°' =0 

PHC. 13.11 

CJiyqaii 1. BcTaBHM 6aTape10, co3,n;a10ll1YIO Harrp.H)K€HHe £ B 

BeTBh a, H H3MepHM TOK I B BeTBH (3. IIocJie 3TOro TY )Ke 6aTape10 

BCTaBHM B BeTBb f3 H H3MepHM TOK B B€TBH a (cM. pHC. 13.11). 
IIoCKOJibKY v,B = 0 H V°' = 0 (o6e BeTBH coe,n;HH€Hbl HaKOpOTKO), 
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113 TeopeMhI B3aHMHOCTH CJie,rcyeT, qTO 

MbI HCTIOJih30BaJIH o)l,Hy M TY )Ke 6aTape10, TaK qTo y/3 = ya = t:. 
ITo::iTOMY EI,a = Ela H I,a = la. 9ToT pe3yJihTaT MHTepeceH TeM, 

'ITO XOT5I caMa IIeIIb He o6R3aHa o6Jia)l,aTh CBOHCTBaMH CHMMeTpHH, 

COOTHOIIIeHHe Me)K,rcy npHJIO)KeHHbIM HanpR)KeHMeM H B03HMKaIOIIIHM 

TOKOM CHMMeTpMqHo. 

CJiyqaii 2. BcTaBHM HCToqHMK TO Ka j B BeTBh a M H3MepHM 

IIOJiyqHBIIIeecR HanpR)KeHHe Ha BeTBH (3 B pa30MKHYTOM COCT05IHHH. 

IToTOM TOT )Ke HCTOqHMK BCTaBMM B BeTBb (3 H H3MepMM TOK B BeTBH 

a (cM. pttc. 13.12). ITocKOJihKY 1(3 = 0 M la= 0 (pa30MKHYThie I!eIIM), 

TO TeopeMa B3aHMHOCTH rOBOpMT, qTO B 3TOM CJiyqae 

Ho 

CJie)l,OBaTeJihHO, 

va = vP. 

I0 ~joV' 
1(3 = 0 

PMc. 13.12 

B o6IIIeM cJiyqae MhI MO)KeM paccMoTpeTb pe3ucmoptt'btu n-nopm, 
113 KOToporo BhIXO,ll,SIT n nap npoBo,n,oB. Ecntt K pa3JIHqHhIM nopTaM 

11pttcoe)l,ttHeHbI HCTOqHHKH TOKa Ia, 1(3, ... , TO B03HHKaIOIIIHe HanpR­

)l{eHHR ya, y/3, ... 6y,rcyT 3aBMCeTb OT TOKOB corJiacHo cpopMyJie 

V=RI, 
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r,n;e R - MaTp:ttn;a n x n. IIp:ttBe,n;eHHhie coo6pa)KeHHR rroKa3hIBaroT, 

'ITO .Mampuu,a R aoj/,;JfC'H,a 6'btm'b CU.M.Mempu"lHOU, IIOTOMY 'ITO ,I.J;JIR 

JII06hIX rropToB ,\ H µ 3aBHCHMOCTh V.A OT Iµ TO'IHO TaKaR )K€, KaK 

3aBHCHMOCTb Vµ OT f ,A. 

TeopeMy B3aHMHOCTH rpHHa MO)KHO TaK)K€ BhIBeCTH KaK CJI€,I.J;­

CTBH€ perneHHR, IIOJIJ'I€HHOro M€T0,I.J;OM KpyrOBbIX TOKOB. B CJiyqae, 

ecJIH HeT HCTO'IHHKOB ToKa, T. e. K = 0, TO MhI HMeeM 

J = (sZa)-1 s(-W). 

MaTpHn;a Z cHMMeTpH'IHa, a MaTpHn;a s - TpaHcrroHHpoBaHHaR MaT­

p:ttn;a a. IIoaTOMY MaTpHn;a 

CHMMeTpH'IHa. Tor,n;a MO)KHO HarrHCaTb 

I=GW, 

r,n;e MaTp:ttn;a G, BhipaMaIOIJiaR TOKH B B€TBRX qepe3 rrpHJIO)KeHHoe 

HarrpR)KeHHe 6aTapeH, CHMMeTpH'IHa. AHaJiorH'IHo MO)KHO Ha'IaTb c 

pemeHHR, IIOJIJ'I€HHOro MeTO,I.J;OM y3JIOBbIX IIOT€HII;HaJIOB: 

EcJIH HeT rrcTO'IHHKOB HarrpR)Kemrn, T. e. W = 0, TO 

Ha ::>TOT pa.3 MaTpHn;a [d] - TpaHcrrOHHpoBaHHaR MaTpHn;a [8]. Tor,n;a 

MaTprrn;a 

Bhipa)KaIOm,aR HarrpR)K€HHR Ha BeTBRX qepe3 IIPHJIO)K€HHhie TOKH, 

CHMMeTpH'IHa. 

B CBR3II c 3THM CTOIIT 3aMeTIITh, 'ITO 3aBHCHMOCTh V OT W HJIH 

I OT K B o6IJieM cJiyqae tte ,n;aeTCR CIIMMeTpH'IHO:fi MaTpHn;e:H. 
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13.4. IJ;enH c Kott,n;ettcaTopaMH 

HeMHoro II3MeHIIM 3a.z:i;aqy - BMecTo u;erreil: c pe3IICTopaMII paccMOT­

pIIM u;errn c KOH,l:i;eHcaTopaMII. Terreph Ka)K;:i;aR BeTBh MO)KeT IIMeTh 

6aTape10 II Kott;:i;eHcaTop, coe;:i;IIHeHHhie rrocne.z:i;oBaTeJihHO. Kor;:i;a 

rro;:i;coe~IIHeHa 6aTapeR2 ' Ha ITJiaCTIIHaX KOH,l:i;eHCaTopa HaKaIIJIIrna­

eTCR 3apR,1:i; II co BpeMeHeM ycTaHaBJIIIBaeTCR CTaD;IIOHapHoe COCTO­

RHIIe. IlocKOJihKY 3apR~bl He MOryT rrepeceqb paCCTORHlle Me)K;:i;y 

rrJiaCTIIHaMH KOH,l:i;eHCaTopa, TO B u;errII He 6y;:i;eT HIIKaKoro TOKa. HaM 

HY)KHO y3HaTh BeJIIIqIIHY 3apR;:i;a Q°' Ha KOH~eHcaTope B BeTBII a II 

HarrpR)KeHIIe V°' Ha aTOH BeTBII. 

l 

PIIc. 13.13 

TIInIIqHhIH rrpIIMep TaKOH u;emI II3o6pa*eH Ha pIIc. 13.13. Ha 

BeTBII a o603HaqeHbl 3HaKII 3ap5l:,1J;OB Ha ITJiaCTIIHaX KOH,l:i;eHCaTopoB. 

3aMeTIIM, qTO TaK )Ke, KaK II paHbIIIe, ITOJIO)KIITeJibHble 3HaqeHII5l: 

V°' n W°' OTHOCRTCR K rra;:i;eHIIRM HarrpR)KeHIIR, Kor;:i;a BeTBh rrpoxo­

,l:i;IITCR B HarrpaBJieHHII, YKa3aHHOM cTpeJIKOH. IloJIO)KHTeJibHhIH 3HaK 

Q °' 03HaqaeT, qTo CHaqana rrpoxo;:i;IITCR IIOJIO)KIITeJibHO 3apR)KeHHaR 

rmacT1rna KOH,l:i;eHcaTopa. ,II,oroBopIIBIIIIICh 06 aToM, o603HaqIIM Ca 
eMKOCTb BeTBII II HaITIIIIIeM ypaBHeHIIe 

2
rrOCTOHHHOrO TOKa. - Ilpu.M. pea. 
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MbI MO)KeM paccMaTpirnaTb BeKTOP Q = ( Q a' Q f3' ... ) KaK 

1-u;enh, a BeKTOP v = (V°'' yf3' ... )T - KaK 1-Kou;enh. 0,11,HaKo, 

Terrepb CB513h Me)K.zzy Harrp51)KeHJieM H 3ap5I,11,0M ,1],aeT aHeprmo, a He 

MOlll;HOCTh 3 . B BeKTOpHhIX o6o3Ha'!eHH51X MhI MO)KeM HarrttcaTh 

V-W=C-1Q, 

r,11,e C - ,ll,HaroHaJihHa51 MaTpn:u;a c MaTpH'IHhIMH 3JieMeHTaMH Ca. 
EcJIH 3aMeHHTh z Ha c-1 H MOlll;HOCTh Ha 3Heprmo, TO CHTyaD;H51 

cPOPMaJihHO COBIJa,1],aeT c TOH, 'ITO B03HHKaeT B u;err51x c pe3HCTopaMH. 

Harrp51)KeHHe V rro-rrpe)KHeMy rroJiyqaeTC51 H3 rroTeHu;ttarra V = -d'P. 
IlocKOJibKY TOK He MO)KeT Te'Ib qepe3 KOH,11,eHCaTOpbI, TO IIOJIHhIH 

3ap5I,11, Ha KOH,11,eHcaTopax, coe,11,HHeHHhIX c mo6bIM Y3JIOM, He MO)KeT 

H3MeH51ThC51. EcJIH BHaqarre KOH,11,eHcaTophI He 6bIJIH 3ap5I)KeHhI, TO 

IlOJIHhIH 3ap51,1], Ha Ka)K,11,0M Y3Jie 6y,1],eT paBeH Hymo H aQ = 0, TO'IHO 

TaK )Ke, KaK Mhl HMeJIH 81 = 0 ,ll,J151 u;erreii: c pe3HCTopaMH. 

JfaoJIHpoBaHHhie u;errH KOH,1],eHCaTopoB, KOTOpbie BHa'IaJie He 6hI­

JIH 3ap51)KeHhI H ,ll,JI51 KOTOphIX cnpaBe,11,JIHBO ycJIOBHe BQ = 0, MO)KHO 

paccMaTpHBaTb TaK )Ke, KaK Mhl paccMaTpHBaJIH u;errH c pe3HCTO­

paMH. B rrpe,IJ;bI,11,Jlll;HX pe3yJihTaTax Ha,IJ;O TOJihKO 3aMeHHTh I Ha Q 
H z Ha c-1. BaTapeH, KaK H paHbIIIe, rrpe,IJ;CTaBJI5IIOTC51 BeKTOpOM 

w' H HeT HH'Iero, 'ITO Hrpano 6hI pOJih HCTO'IHHKa TOKa. Tor,1],a ITO 

aHaJIOI'HII c MeT0,11,0M KpyroBbIX TOKOB MO)KHO BBeCTII aap.Ra'bi .R"iee'l'C, 
orrIIChrnaeMhie BeKTOpoM P E Z 1 . B 3TOM cJiyqae JII06oe pacrrpe,n;eJie­

HHe 3ap51,IJ;OB, y,ll,OBJieTBOp51IOlll;ee ycJIOBHIO BQ = 0, MO)KHO 3arrncaTh 

B <PopMe Q = (j P. Tor,IJ;a 

AHaJIOI'H'IHO, Mhl MO)KeM 3aMeHHTh z-1 
Ha c B MeTO,IJ;e Y3JIOBhIX 

IlOTeHD;HaJIOB H IlOJIY'IHTh 

'P = -([8]C[d])-1 [8]CW. 

3
CJie,zzyeT HaIIOMHifTb, 'ITO B OTJIIf'Ilfe OT BhI,D;emieMOH B pe3IfCT0pHOM y'IaCTKe 

u;e1m c corrpoTHBJieHHeM R rrpH Harrp5DK€HHH U If TOKe I MOiu;HOCTH P = U I = 
I R 2 = U2 R- 1

, IIOT€HI\IfaJihHa1! 3HeprH1! KOH,!J;eHcaTopa €MKOCTif c rrpH 3ap11,n;e 

IIJiaCTifH ±Q If Harrp1!)K€Hlflf u COCTaBJI1!€T E = ~UQ = ~CU2 = ~Q2c-1; TaK 

'ITO aHaJIOrl'.111 «MOiu;HOCTb-3HeprH1!» 3,!1;€Ch IfMeeT MeCTO JIIfllih c TO'IHOCTblO ,n;o 
MHO)KHTeJI11 ~. - Ilpu.M. pea. 
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B o6rn;eM cny<Iae, ecJIH KOH,II;eHcaTOphr BHa<Iane 6hIJIH 3ap5DKe­

Hhr, Ha rmacTHHa:x, rrpncoe,n;HHeHHhIX K y3ny A, MO)KeT 6h!Th cPHK­

cnpoBaHHhrii rroJIHhrii 3ap5I,II; p A. BeKTop p = (p A, p B, ... ) MO)KeT 

paccMaTpnBaThC5I KaK 0-u;errh. IIocKoJihKY Mhr ,n;oroBopHJIHCh, 'ITO c 

KOHe'IHhIM J3J10M BeTBH coe,n;nHeHa ompuu,ameJ1,'b'H,Q,.f(, IIJiaCTHHa KOH­

,n;eHCaTopa, TO B o6rn;eM cny<Iae MO)KHO HarrncaTh BQ = - p. (IIocMoT­

p1ne Ha pnc. 13.14 n y6e,n;nTech B rrpaBHJihHOCTH 3HaKa -.) CyMMa 

3ap5I,II;OB Ha ,II;Byx rrnacTHHax Ka)K,n;oro KOH,II;eHCaTopa paBHa Hynro, 

CJie,II;OBaTeJihHO, 

-Qa 

+Q-y 1-Q-y fJ 

A 

Pnc. 13.14 

YpaBHeHne BQ = - p Ha3hIBaeTc5l 3a'/WHO.M I'aycca. 3aKoH rro­

Ka3hrnaeT CB5l3h Me)K,n;y 3ap51,n;aMH Y3JIOB H 3ap51,n;aMH Ha rrnacTH­

Ha:x KOH,II;eHcaTopa B BeTB5IX. B rnaBe 16 MhI 6y,n;eM H3y<IaTh :=meK­
TpocTaTHKY H TaM JBH,II;HM, 'ITO aHanoroM J3JIOBhIX 3ap5I,II;OB 6y,n;eT 

IIJIOTHOCTh 3ap5I,n;a p, a aHaJIOrOM Q - ,II;H3JieKTpH<IeCKOe CMern;eHHe 

D. Mhr o6'b5ICHHM, 'ITO D MO)KHO paccMaTpHBaTh KaK 2-¢opMy B 

TpexMepHOM rrpocTpaHCTBe H OIIHIIIeM, KaK Ha,n;o CTaBHTh cPH3H'Ie­

CKHH 3KcrrepnMeHT, <ITo6hI H3MepHTh 3Ha<IeHHe D. 0Ka)KeTC5I, "ITO 3a­

KOH raycca - 3TO rrpOCTO TpexMepHhIH BapnaHT TeopeMhI CTOKCa. B 

6oJihIIIHHCTBe KHHr 3JieKTpOCTaTHKa H3JiaraeTC5I B paMKa:x BeKTOpHO­

ro aHaJIH3a, r,n;e ,II;H3JieKTH<IecKoe CMern;ettne D Cl:J:HTaeTC5I BeKTOpHhIM 

IIOJI€M. 3aKOH I'aycca CTaHOBHTC5l T€0p€MOH 0 ,II;HBepr€HIJ;HH. 0,n;HaKO, 

B paMKax Ramero HCCJ1€f!.OBaHH5l ri;erreii c KOH,II;€HCaTopaMH ypaBH€­

HH€ BQ = - p 03Ha<IaeT, <ITO Ka)K,II;OMY y3ny MhI npnrrnchrnaeM cyMMY 
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3apR,IJ;OB na mrncnrnax KOH,IJ;encaTopa, rrp1Icoe,I.1;1rnennoro K HeMy. ,II,o 
Kon:u;a 3TOH rJiaBhl Mhl 6y,Ii;eM II3Y'-IaTh :u;errlI 6e3 IICTO"IHIIKOB narrpR­

)K:eHIIR, T. e. c w = 0, I',IJ;e KOH,IJ;eHCaTOPhI U.Me10m rrepBOHa"la.JihHhIH 

3apR,IJ;. Tor,Ii;a nanrn ypaBneHIIR rrp1IH1IMaIOT BII,IJ; 

Q = cv, v = -dCJ> II aQ = -p. 

9TII TPII ypaBH€HIIR MO)KHO co6paTh BMeCTe II IIOJIY"llITh 

-8C dCJ> = - p. 

9To ypaBnen1Ie H83hrnaeTcR ypa6'1-le'/-l,ue.M Ilyacco'/-1,a. Ono CBR3hIBaeT 

<PYHKIJ;IIIO rroTeHr.i;IIaJia c 3apR,IJ;aMII y3JI0B. OrrepaTop -8Cd, CTOR­

lll;IIH B neBo:H '!aCTII ypaBneHIIR IIyaccoHa, Ha3hrnaeTcR .11,anJ1,acua'H,O.M 

II 0603na'!aeTCR b.. Tor,Ii;a ypaBnen1Ie Ilyaccona MO)KHO rreperr1IcaTh 

B <PopMe 

b.CJ> = -p. 

Terreph orrepaTOp d OT06pa)KaeT c0 
----7 C 1' c OT06pa)KaeT C 1 

----7 C1 
H a OT06pa)KaeT C1 ----7 Co. Ilo3TOMY narrnac1IaH b. OT06pa)KaeT 

c0 
----7 C0 . KaK II cne,Ii;oBano O)KII,IJ;aTh, rroTeHr.i;IIa.rr CJ>, cTORlll;II:H B 

neBo:H "laCTII ypaBHeHHR IIyaccoHa, rrpnna,n;Jie)KHT c0 , a p II3 rrpaBoi1 

"laCTII 3Toro ypaBH€HIIR rrp1IHa,IJ;Jie)K1IT Co. 
IIone3HO Harr1IcaTh RBHYIO <PopMy na1rnac1Iana. IlycTh u - 3Jie­

MeHT npocTpaHCTBa c0 , a A - y3eJI. Ecm1 BeTBh a IIMeeT A B Ka'!e­

CTBe 0,1.l;HOI'O II3 KOHIJ;OB, TO 

du( a) = ±(u(A) - u(B)), ecJIII oa =±(A - B). 

Ilo3TOMY c du IIMeeT K03cPcPHIJ;H€HT 

±C0 (u(A) - u(B)) ,IJ;JIR BeTBII a. 

Ilo,Ii;eHCTByeM Teneph orrepaTopOM a II Haii:,IJ;eM K03cPcPIIIJ;II€HT B Y3Jie 

A (cyMMHPYR no BCeM a c ycnoBHeM 8a =±(A - B) ,IJ;JIR y3na B): 

(b.u)(A) = C0 (u(B) - u(A)). 
o: 8o=±(B-A) 

B "lacTHOCTII, u y,IJ;OBJieTBOpReT ypa6'1-le'/-l,U10 JlanJ1,aca 

b.u = 0, 
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Tor,n;a H TOJihKO Tor,n;a, Kor,n;a 

1 
u(A) = L:Ca LCau(B), 

I',n;e cyMMa 6epeTC5I rro BCeM y3naM B, 5IBJI5IIOIIJ;HMC5I KOHIJ;aMH BeTBeii, 

BbIX0,11,5IIIJ,HX H3 y3na A, KaK 3TO TIOKa3atto ua puc. 13.15. ,IJ,pyrHMH 

cnoBaMH, ypaBneuue Jiarrnaca roBopHT, qTo 3uaqem1e u ua y3Jie A 
eCTh cpe,n;Hee OT Bcex 3HaqenHH ua 6J1,UJ1Cailwux coceattux Y3Jiax, 

npuqeM BeCaMH 5IBJ15IIOTC5I eMKOCTH COOTBeTCTBYIOIIJ,HX BeTBeii. 

Puc. 13.15 

chy HHTerrpeTaIJ;HIO CJie,II,yeT CpaBHHTb C ypaBHeHH€M B qaCTHhIX 

llpOH3B0,11,HhIX 

1rne,n;eHHbIM B rJiase 6. 9To ypasneHHe roBopaT, qTo 3HaqeHHe u B Toq­

Ke P eCTh cpe,n;Hee OT u TIO MaJihIM oKpy:>KHOCT5IM c u;eHTpOM B ToqKe 

A. TaM, qTo6br oTipe,n;enHTh TIOH5ITHe oKpy:>KHOCTH, MhI ,n;on:>KHbI 6hIJIH 

HMeTb eBKJIH,11,0BY reoMeTpHIO Ha TIJIOCKOCTH. 3,n;ech, qTo6hr OTipe,n;e­

JlllTb ycpe,n;ueHHe TIO 6JIH:>KaHlllHM coce,n;RM, HaM Tpe6yeTC5I MaTpuu;a 

PMKOCTeii C. Cyru;ecTByeT aHanorHR Me:>K,II,y Bhr6opoM MaTpHIJ;hI C 
11 Bbr6opoM eBKJIH,Il;OBoii reoMeTpHH Ha TIJIOCKOCTH. Mbr paccMOTpHM 

·no rro,n;po6Hee B rnaBe 16. 
A TioKa BepneMC5I K u3yqeHmo ypaBHeHHR IIyaccoHa. 3aMeTHM, 
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qTo IIOTeHn;HaJI <I> B JieBOH qacTH ypaBHeHHH orrpe.n;eneH c TOqHO­

CTblO .n;o <l>YHKn;mi:, KOTOpaa IIOCTOHHHa ,Il;JIH Bcex CBH3HbIX KOMIIO­

HeHT u;errn. ,Il,eliCTBHTeJibHO, JII06aH TaKaH <l>YHKn;Ha rrpHHa,IJ;Jie:arnT 

H.n;py d n, cJie.n;oBaTeJihHO, H,IJ;py ~ = -8Cd. BeJinqHHa p B rrpa­

Boli qacTH ypaBHeHna Jie)KHT B rro.n;rrpocTpaHCTBe Bo rrpocTpaHCTBa 

Co, rrocKOJihKy, no orrpe,n;eJieHHIO, Y3JIOBbre 3apH,IJ;hI rroJiyqa10TcH B pe-

3YJibTaTe .n;eii:CTBirn a Ha 3apH,Il;bI BeTBeii:. BcrrOMHHM, qTo Mbl BBeJIH 

<l>aKToprrpocTpaHcTBO po = c0 / zo, orpaHnqeHHhIH KorpaHHqHhrH 

orrepaTOp [dj : pO -t C1 H orpaHHqeHHbIH rpaHHqHblH orrepaTop 

[8] : C1 -> Bo. CnTyau;n10 B u;eJIOM MO)KHO H3o6pa3HTh Ha cxeMe 

OT06pa)KeHHM 

(dJ c [a] co____,.. po____,.. ci ____,.. C1 ____,..Bo____,.. Co. 

A 

C:ho 3HaqnT, qTo MO)KHO BBeCTH 02pa'HU"ie'H'H'btU J1,anJ1,aCUa'H [ ~ l 
-[8]C[d] H paccMoTpeTb orpamfieHHoe ypaBHeHne IIyaccoHa 

[~]'11 = -p 

,IJ;JIH '11 E po. (,Ir,pyrHMH CJIOBaMH, '11 HBJIHeTCH IIOTeHn;HaJIOM, orrpe.n;e­

JieHHbIM c TOqHOCTbIO .n;o aMHTHBHOH IIOCTOHHHOH Ha Ka)K,IJ;OH CBH3-

HOH KOMIIOHeHTe u;errn.) ,Ir,arree, IIOCKOJibKY orrepaTop c .n;aeTCH IIO­

JIO)KHTeJibHOH ,IJ;IiarOHaJibHOH MaTpHD;eH B CTaH,IJ;apTHOM 6a3HCe C1 H 

C1, H3 TeopeMbI Knpxro<l>a ( c <l>opMyJIHpOBKOH ,IJ;JIH y3JIOBhIX rroTeH­

u;narroB), Mbl 3HaeM, qTO MaTpnu;a [8]C[d] o6paTHMa H, CJie,IJ;OBaTeJih­

HO, perneHne orpami:qeHHoro ypaBHeHmI IIyaccoHa HMeeT BHA 

'11 = ([8JC[d])-1 p. 

IlpHMep. 3a.n;aqa, r.n;e rrpHMeHaeTCH IIpOCTOe ypaBHeHHe Ilyac­

COHa, u3o6pa)KeHa Ha pnc. 13.16. Ha y3ne B 3apH.n; paBeH 4, Ha Y3Jie 

C OH paBeH 1. MbI xoTHM HaHTH rroTeHD;HaJibI Ha Bcex y3Jiax. (,Il,JIH 

KOHKpeTHOCTH 3apH,n; 6y,n;eM orrpe.n;eJIHTb B MHKpOKyJIOHax, eMKOCTb 

B MHKpo<l>apa.n;ax, a IIOTeHD;HaJI B BOJibTax.) 

IlycTb y3eJI A 3a3eMJieH. Tor.n;a orpami:qeHHhrii: rpaHnqHhIH orre­

paTop 

[8]= G -1 
1 -~) 
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PHC. 13.16 

(ttaIIOMHHaeM, qTo y6patta cTpoKa, cooTBeTCTBYIOIIJ,aH y3JIY A). MaT­

pmi,a onepaTopa [d] HBJIHeTCH TpaHCIIOHHpOBaHHOH K MaTpHIJ,e [8], 
T.e. 

[d] = (-~ ~) . 
0 -1 

(

1 0 
MaTpHu,a C paBHa 0 2 

0 0 

PemeHHe ypaBiieHHH IIyaccotta HMeeT BH,IJ; 

([a]C[d])-1 = _.!:__ (5 2) w 1 (5 2) (4) (2) 11 2 3' =u 2 3 1 = 1 · 

13.5. KpaeBhie 3a,n;aq:u 

3a,ri,aqa ,IJ.JIH ypaBHeHHH IlyaccoHa, KOTopyIO Mbl TOJihKO qTo pe­

llIHJIH, aHaJIOrliqHa 3JieKTpOCTaTHqecKOR 3a,IJ.aqe, Kor,n,a BblqHCJIHeT­

C.H IIOTeHIJ,HaJI <P ( r)' C03,IJ.aBaeMhIR pacrrpe,IJ.eJieHHeM 3apH,IJ.a p( r) B 
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naKyyMe, Kor,n;a He 3a,n;aHb1 rpamfiHhie ycJioBirn. B ::iJieKTpocTan1-

Ke B03HHKaIOT 6oJiee ll.HTepeCHhie 3a,n;a•u1, Kor,n;a KOHKpeTM3HpyIOTC51 

rpaHWIHhie ycJIOBH51 ,Il;Jl51 HyJieBoro IIOTeHIJ;HaJia Ha orrpe,n;eJieHHbIX 

rrpOBO,Il;HHKax, HJIH Kor,n;a cpHKCHpyeTC51 IIOTeHIIHaJI Ha rpaHmi;e 06-

JiaCTH. 3,n;ech Mbl paCCMOTpHM HeCKOJibKO TaKHX rrpHMepoB. 

PHc. 13.17 

Ha pHc. 13.17 H3o6paMeHa CHCTeMa KOH,n;eHcaTopon, rrpHqeM HH 

B o,n;Hoii BeTBH HeT 6aTepeii. Y3JihI 3TOH IIerrH pa3,n;eJIHM Ha ,n;na KJiac­

ca: zpm-tU'4iH'bte y3JihI H B'Hympe'H'H.Ue Y3JihI. fpaHHqHhie y3JihI A H B 
coe,n;HH51IOTC51 c BHeIIIHHMH HCToqHHKaMH, KOTOpbie 110,rr,n;epMHBaIOT 

Ha HHX 011pe,n;eJieHHb1e 3HaqeHH51 rroTeHI1HaJIOB. ITocKOJihKY 3ap51,Il;hI 

MoryT cno6o,n;Ho rrepeTeKaTh no rrpono,n;aM, coe,n;HH51IOIIIHM 3TH y3JihI 

c BHeIIIHHMH HCTOqHHKaMH, TO HeT CMhICJia 3a,n;aBaTb Ha rpaHHqHhIX 

y3Jiax 3HaqeHHe rroJIHoro 3apH,n;a. BHyTpeHHHe y3JihI C H D coe,n;tt­

HeHhI TOJibKO c ,n;pyrHMH Y3JiaMH IIeIIH, H He IIO,Il;XO,Il;51T K BHeIIIHHM 

HCTOqHHKaM. IloJIHhIH 3ap51,Il; Ha TaKHX Y3JiaX IIOCT051HeH H MOMeT 

6hITb 3a,n;aH. IlpH 3TOM HeT CMbICJia 3a,n;aBaTb IIOTeHIIHaJI Ha BHYT­

peHHHX y3Jiax. 

,r:i;JI51 pacqeTa TaKoii IIerrH B 06111eM cJiyqae MhI 6y,n;eM 3a,n;anaTh 

IIOTeHIIHaJI Ha rpaHlfqHbIX Y3Jiax H IIOJIHhIH 3ap51,IJ; Ha BHyTpeHHHX y3-

Jiax. 3a,n;aqa B TOM, qTo6bI HaHTH IIOTeHIIHaJihl Ha BHyTpeHHHX Y3JiaX 

H IIOJIHbie 3ap51,Il;bl Ha rpaHlfqHhIX. Ilo cy111ecTBy 3Ta 3a,n;aqa MOMeT 

6hITh rrpe,n;cTaBJieHa KaK cyrreprro3HIIM51 ,n;nyx 6oJiee orpamiqeHHhIX 

rrpo6JieM. 

1. 3ada""a JI.upuxAe. IloJIHhIH 3ap51,n; Ha KaM,n;OM BHyTpeHHeM y3Jie 

IIOJiaraeTC51 paBHblM HYJIIO, a IIOTeHIIHaJI Ha Ka)K,Il;OM rpaHlfq-
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HOM y3Jie nMeeT orrpe,II.eJieHHOe 3Ha'leHne ( B o6rn;eM cJiyqae He 

paBHOe Hy mo). 

2. 3aaa"-la aJ/,.R ypaB't-te'/-1,U.R Jlyacco1-1,a. IloTeHIJ;IIaJI Ha Ka:)K,Il.OM rpa­

Hll'IHOM y3Jie rroJiaraeTc5I paBHhIM Hymo, a rroJIHhIH 3ap5I,II. p 
Ha Ka)K,Il.OM BHyTpeHHeM Y3Jie IIMeeT orrpe,II.eJieHHOe 3Ha'leHne. 

3a,II.aqa nMeHHO TaKoro Tnrra II3o6pa)KeHa Ha pnc. 13.15, r,II.e 

y3eJI A £BJI5IeTC5I rpaHH'IHhIM. 

PeIIIeHIIe o6rn;eli 3a,II.a'!II Bcer,II.a MO)KeT 6hITh rrpe,II.cTaBJieHo KaK 

cyrreprro31IIJ;ll5I peIIIeHHH 3a,II.a'IH ,ll;IIpHXJie c COOTBeTCTBYIOlli;HMH rpa­

HII'IHhIMH ycJIOBH5IMH II 3a,II.aqn IIyaccoHa c coOTBeTCTBYIOlli;IIMH 3Ha­

qeHH5IMII 3ap5I,II.OB Ha BHyTpeHHHX Y3Jiax. 

Pa3,II.eJinB y3JihI Ha ,II.Ba KJiacca, MhI rroJiy'lnJin ,II.Ba BeKTOpHhIX 

rrpocTpaHCTBa: Co (y3JIOBhie 3ap5I,Il,hI) n c0 (y3JIOBhie rroTeHIJ;IIaJihI). 

IlpocTpaHCTBO Co eCTh rrp5IMa5I cyMMa 

FY - crpaH ffi CBHYTP 
LIQ - Q W 0 l 

r,II.e C~paH COCTOHT II3 0-u;erreH, HMeIOlli;HX HeHyJieBhie K03¢qmIJ;HeHThl 

TOJihKO Ha rpaHWIHhIX Y3JiaX, ll C~HYTP COCTOIIT ll3 0-u;erreli, IIMeIO­

IIJ;IIX HeHyJieBhie Kooi<Pqmu;1IeHThI TOJihKO Ha BHyTpeHHHX y3Jiax. AHa­

Jiorn'IHO Mhl HMeeM 

C0 
= c~paH EB c2HYTP, 

r,)];e C~paH COCTOHT H3 TeX JIIIHeHHhIX cPYHKIJ;HH, KOTOpbie o6parn;aIOTC5I 

B HYJih B C~HYTP, a C2HYTP COCTOHT ll3 cPYHKIJ;HH, o6parn;aIOlli;llXC5I B 

C
rpaH 

HYJih B 0 . 

IloTeHIJ;llaJI <I> MO)KeT 6hITh pa3JIO)KeH e,II.HHCTBeHHhIM crroco6oM B 

CYMMY 3JieMeHTOB II3 IIpOCTpaHCTBa C~paH ll C2HYTP' T. e. 

,ll;JI5I u;errn, n3o6pa)KeHHOH Ha pnc. 13.17 c rpaHII'IHhIMII y3JiaMn A, 
B II BHyTpeHHHMH Y3JiaMn C, D, TaKoe pa3JIO)KeHne nMeeT BH,II. 
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AHa.norHqHo pa3naraeTcH BeKTop, rrpe.n;cTaBJIHIOIIl;HH 3apH,ll;hI y3JIOB 

Tor.n;a B IIerru, H3o6pa*eHHOH Ha puc. 13.17, MhI HMeeM 

Terrepb 3a.zi;aqu MoryT 6bITh c<f>opMynupoBaHhI B TepMHHax pa.3-

JIO)l(eHHH 3THX BeKTOpHbIX rrpocTpaHCTB. 

1. 3a,u;aqa ,ZJ;u:pu:xJie. IIocKOJihKY rroTeHI1HaJI 3a.zi;aeTCH Ha Ka)l(­

.n;oM rpaHHqHoM y3ne, BeKTop <PrpaH H3BecTeH. Bonee Toro, rrocKOJihKY 

Ha BHyTpeHHHX y3nax HeT 3apH,ll;OB, BeKTOp p 8HYTP = 0. Mb1 .n;oJI)l(­

HhI HaHTH TaKOH BeKTOp <PaeyTp' qTo6bI Ha Bcex BHyTpeHHHX y3nax 

BbIIIOJIHHJIOCb ycJIOBHe 

Ha rpaHHqHhIX y3nax MhI HMeeM ypaBHeHHe 

PemHB 3TH ypaBHeHHH, MhI y3HaeM rroTeHI1HaJihI H 3apH,n;hl Ha Bcex 

y3nax. 

2. 3a,u;aqa IlyaccoHa. Ha Ka)l(,ll;OM BHyTpeHHeM y3ne 3a.zi;aeT­

CH 3apH.n;. Cne.n;oBaTeJibHO, BeKTop p 5HYTP H3BecTeH. IIocKOJihKY rro­

TeHI1HaJI paBeH HYJIIO Ha Ka)l(,ll;OM rpaHuqHoM y3ne, <PrpaH = 0. MbI 

,ll;OJI)l(Hbl HaHTH TaKOH BeKTOp <PBHYTP' qT06bI Ha BCex BHyTpeHHHX 

y3nax BhIIIOJIHHJIOCh ycnoBHe 

Pa.3 rroTeHI1HaJI H3BecTeH, pacrrpe.n;eneHHe 3apH,ll;OB Ha rpaHuqHbIX 

y3nax orrpe.n;enHeTCH ypaBHeHHeM 
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13.6. PemeHHe KpaeBhIX 3a,n;aq MeTo,n;oM 
opToroHa.JihHhIX rrpoeKu;ttii BeiiJUI 

CHaqa.Jia MhI paccMoTpHM CBH3HYIO :u;errh, HMeroi:u;yro ni BHyTpeHHHX 

Y3JIOB H nb rpaHHqHhIX Y3JIOB. 06e 3a,n;aqH MoryT 6hITh pemeHhl Me­

TO,Il;OM opToroHa.JihHhIX rrpoeK:a;Hii BeiiJIH. ,lJ,JIH orrpe.n;eneHHH CKMHp-

11oro rrpOH3B€,ll;€HHH HaITpH)K€HHH Ha B€TBHX B I1pOCTpaHCTBe C 1 
BOC­

llOJih3Y€MCH €MKOCTHOH MaTpH:u;eii c: C1 ---+ C1 H Ha1rnmeM cPOPMYJIY 

(V,V)c = 1 V = L CaV0 Va. 
CV no BCeM BeTB»M 

::ho CKa.JIHpHoe rrpoH3Be)l;eHHe ITOJIO)KHTeJihHO orrpe.ri;eneHo, ITOTOMY 

'ITO c - ,IJ;HarOHa.JihHM MaTpH:u;a, y KOTOpoii BCe MaTpH'IHbie 3Jie­

M€HThl rroJIO)KHTeJihHhI. He YAHBHTeJihHO, qTo 3TO Bhlpa)KeHHe MO­

)KeT 6hITh HHTeprrpeTHpoBaHO qepe3 3HeprHIO. ,lJ,eiiCTBHT€JlhHO, )l;JIH 

mo6oro 3HaqeHHH V <PopMyJia 

11pe,n;CTaBJIH€T ITOJIHYIO 3HeprHIO, HaKOITJI€HHYIO B KOH,ll;€HCaTopax. 

0THOCHTeJibHO 3TOI'O CKMHpHoro rrpOH3Be,n;eHHH rrpocTpaHCTBO 

C1 
pa3JiaraeTCH B opToroHa.JihHYIO rrpHMYIO cyMMY 

C1 = d( C0
) EB c-1 Z1 . 

.lJ,e:ikTBHTeJihHO, Mhl 3HaeM, qTO d( C0 ) HBJIHeTCH aHHYJIHpyIOID;HM 

11pocTpaHCTBOM rro.n;rrpocTpaHCTBa Z1 rrpocTpaHCTBa C1. BhlqHcJie-

1me CKMHpHoro rrpoH3Be.ri;eHHH 3JieMeHTa V H3 C1 Ha 3JieMeHT THrra 

c-1 I paBHOCHJihHO BhlqHcJieHHIO CKa.JIHpHoro rrpOH3B€,ll;€HHH v Ha J: 

(V, c-1 I)c = J v. 

Pa3JIO)KHM )l;a.Jiee rrpocTpaHCTBO d(C0 ). ITocKOJihKY dC2HYTP HBJIHeTcH 

110.ri;rrpocTpaHCTBOM c0 , TO ero opToroHa.JihHoe .ri;orroJIHeHHe BHYTPH 

dC0 ecTh rro.n;rrpocTpaHCTBO dC0 , KOTopoe o603HaqHM D 1 . Tor.ri;a MhI 

HMeeM pa3JIQ)K€HHe B BH)l;e rrpHMOH cyMMhl 
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Cne,n;oBaTeJihHO, 

(13.1) 

.HBJUieTC.H pa3JI02KeHHeM rrpOCTpaHCTBa C1 Ha Tpll IIOTiapHO OpTO­

rOHaJibHbIX rro,n;rrpocTpaHCTBa. 3aMeTIIM, 'ITO BC.HKllll 3JieMeHT rrpo­

CTpaHCTBa D 1 nMeeT BH,n; d<P, rroToMy 'ITO D 1 C dC0 . KpoMe Toro, 

eCJIH V E D 1
, TO V l_ dC2HYTP' H Tor,n;a 

,UJI.H mo6oro BHyTpeHHero y3J1a MhI Mo2KeM Ha:HTH TaKyro cPYHKIJ,MIO 

<f?BHYTP, KOTopa.H He paBHa Hy mo Ha 3TOM Y3Jie H o6paIII,aeTc.H B HYJih 

Ha Bcex ,n;pyrHx y3J1ax. Tor,n;a 8CV ,n;oJIMHa u:MeTh HYJieBhie KOMIIO­

HeHThI )l,JI.H Bcex BHyTpeHHMX Y3JIOB, T. e. 8CV E c~paH. Ho v = -d<P' 
cJie,n;oBaTeJibHo, 

~<P = 0 ,IJ;JI.H Bcex BHyTpeHHMX y3JIOB. 

,UpyrMMH CJIOBaMH, D 1 cocmoum U3 d<P' 2oe <P ecm'b pewe'l-tue aaoa­
'l/,U J(upux.rte. TeM caMblM dim c-1 Z1 = dim Z1 = m. EcJIH eCTb 110 

KpaiiHeH Mepe O,Il;MH rpaHH'!Hblll y3eJI, TO d: C2HYTP -7 C1 
MH'heKTHB­

HO, Il03TOMY dim dC2HYTP = ni. KpoMe Toro, dim C1 = n + m - 1 = 
nb - 1 + ni + m. Tor,n;a H3 ypaBHemrn (13.1) cJie,n;yeT, 'ITO 

dimD1 = nb - 1. 

EcJIH HCKJIIO'IU:Th 3a3eMJieHHhiii y3eJI, TO ocTaHeTC.H nb - l rpaHM'IHhIX 

Y3JIOB, Ha KOTOpbIX Mbl MO)K€M 3a,n;aTb rrpOM3BOJihHbie 3Ha'!eHH.H <P. 
TaKHM o6pa30M, 3a,n;aqa ,UHpllXJie IIMeeT perneHu:e Bcer,n;a. 

B KaqecTBe rrpHMepa pa3JIOMeHH.H (13.1) paccMOTpHM u,errh, H3o6-

paMeHHYIO Ha pn.c. 13.18. 3,n;ech A, B u: C - rpaHM'IHhie Y3JihI, a 

D - BHyTpeHHHii y3eJ1. IIocKOJihKY B u,errn. ecTh qeThipe BeTBH, TO 

dim C 1 = 4. Tor,n;a IIOJiyqaIOTC.H CJie,n;yIOIIJ,Me opTorOHaJibHhie rrpo­

CTpaHCTBa. 

1. 0,n;HoMepHOe rro,n;rrpocTpaHCTBO c-1 Z1 c 6a3HCHhIM BeKTOpOM 
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Pnc. 13.18 

(-: ;~) . 9ro1 BeKrop COOTBCTcrnyITT pacnpe)\enemno 3apH-

AOB C (-:;~) ~ (-l} )lnnmo~ro p ~ 0 w scex -ax 

Kotte'IHO, rrpH 3TOM ttapyrnaeTca BTopoiI 3aKOH KMpxrocpa, rro-

3TOMY 3TH 3apa,n;bI HeJih351 IIOJIY'IHTb H3 IIOTeHIIHaJia. 

2. 0,n;HoMepttoe rro.n;rrpocTpaHCTBO dC~HYTP c 6a3MCHblM BeKTO-

~M ( ~ ~), 9TOT BeKTOp OITHCh!BOOT H8IlJ»DfffiHIDI Ha BerBHX, 

B03HHKaIOI11He OT IIOTeHIIHaJia 

<I>A = <I>B = <I>C = 0 <I>D = 1. 
' 

3. ~yMepttoe rro.n;rrpocTpattcTBO D 1 c 6a3HCHhIMH BeKTopaMH 

(
2/3) 1/3 

1 
0 

( 

1/3) -1/6 
1/6 . 
2/3 
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9nr BeKTOpa OIIHCbIBaIOT Harrp.H)f(eHH.H Ha BeTB.HX, B03HHKIIrne 

H3 

COOTBeTCTBeHHO. IlpH'leM B o6oHX CJiyqa.HX PD= 0. (B o6m;eM 

cJiyqae coBceM He rrpocTo cpa3y HaIIHCaTh 6a3HC ,ll;JI.H D 1.) 

Pemem1e ypa.BHeHH.H Ilyaccoaa 

Ceiiqac MbI y)Ke MO)KeM pemHTh ypaBHeHHe IlyaccoHa MeTo,n;oM op­

ToroHaJibHhIX rrpoeKn;Hii BeiiJI.H. IIpe,n;noJIO:a<HM, qTo Ha Bcex BHyT­

peHHHX y3Jiax 3a,n;aHb1 3HaqeHH.H 3ap.H,J1.0B p. Mbr rrocTpoHM Jt106oe 

pacIIpe,n;eJieHHe Harrp.H)KeHHH v' ,ll;JI.H KOTOporo -8CV = p HMeeT 

,n;aHHhre 3HaqeHH.H Ha Bcex BHyTpeHHHX y3Jiax. (IlpH 3TOM V MO)KeT 

,n;a)Ke HapymHTh BTopoii 3aKOH KHpxro<Pa.) Tor,n;a cym;ecTByeT e,n;Hn­

CTBeHnoe pa3JIO)KeHHe 

'V=V+W, 

r,n;e V .HBJI.HeTc.H 3JieMeHTOM dC2Hyrp H W opToroHaJieH dC2HYTJ>' By­

,n;yqH 3JieMeHTOM dC2HYTP' pacnpe,n;eJieHHe uanp.H)KeHHii v MO:a<eT 

6b1Th ITOJiyqeuo H3 IIOTeHIJ;HaJia npH ycJIOBHH, qTO Ha rpaHHqHblX y3-

Jiax cl> = 0. IIocKOJihKY BeKTOp W opToroHaneH V, TO OH Jie)KHT 

B D1 EB c-1 Z1 H II03TOMY y,n;OBJieTBOp.sieT YCJIOBHIO {)CW = 0 ,ll;Jl.H 

Bcex BHyTpeHnHx Y3JIOB. Tor,n;a ,LJ;JI.H BHyTpeHHHX y3JIOB -8CV = 
-8CV = p, H V .HBJI.HeTc.H pemeHHeM 3a,n;aqH. EcJIH 7r o6o3Haqa­

eT OpTOI'OHaJibHYIO IIpOeKIJ;HIO C1 
Ha dC2HYTP, TO pemeHHe MO)KHO 

3aIIHCaTb B ci>opMe 

v = 7rV. 

3a,n;aqa ,Il;HpHXJie TO)Ke MO)KeT 6hITb pemeHa MeTO,ll;OM OpTorOHaJib­

HbIX rrpoeKIJ;Hii. IIycTb <i> o6o3HaqaeT rroTeHIJ;HaJI, KOTophrii rrpHHHMa­

eT orrpe,n;eJieHnhre 3Ha'leHH.H Ha rpaHHqHbIX Y3Jiax H KOTOphrii paBeH 

Hymo ua Bcex BHyTpeHHHX y3Jiax. IlycTh V = -d«f.. Tor,n;a 

v = 7rV + (1 - 7r)V. 
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IlOCKOJibKY 7rV E dC2HYTP' Mbl MO)KeM Ham1caTb 7rV = -d'lj;, r.n;e 
'If; = 0 Ha rpaHWIHbIX y3nax. Ecm1 3am1caTb 

(1 - 7r)V = -d<P, 

TO rrocKOJihKY (1 - 7r)V E D 1, Ha Bcex BHyTpeHHHX y3nax y,n;oBne­

TBOp.HeTC.H ypaBHeHne b.<P = 0. Bonee Toro, rrocKOJibKY 

-d<i> = -d'lj; - d<P 

H 'If; = 0 ,n;n.H Bcex rpam1qHbIX y3JIOB, TO Ha rpaHmi;e <P = <i>. Tor.n;a 

<P H ecTb )KeJiaeMoe pemeHHe 3a.n.aqn ,IJ;upuxne. 

1Ip11Meph1 

06a rro.n;xo.n;a K pemeHHIO 3a,n;aqu MoryT 6bITb rrpo,n;eMOHCTpHpOBaHbl 

Ha IIpHMepe ii;errH, H306pa)K€HHOH Ha pHC. 13.19. 

1 1 

Pnc. 13.19 

,II;mr 3TOH ii;em1 633HCOM B rrpocTpaHCTBe dC2HYTP .HBJIReTC.H BeK­

TOp 
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KBa,l!J)aT ,LJ,JUIHbI KOToporo (B COOTBeTCTBHH c orrpe,LI,eJieHHeM CKaJI5Ip­

HOro rrpoH3Be,LI,eHH£ qepe3 MaTpm:zy C) paBeH 1+2+1 = 4. Tor,LI,a 

,LJ,JI5I JII06oro B€KTOpa V E C1 Mhl l:IM€€M 

1 
?rV = 4(V, U)cU. 

~ettCTBYH oneparopoM ~ Ha ~HC~C ~~ropa m , m , ... , M~ 
IIOJiyqHM MaTpl:lll,hI 

1 
7r = -

4 (-~ -~ ~ -~) 
0 0 0 0 

-1 2 0 1 

l:I 
1 

(1-?r)=-
4 (~ ~ ~ -~) 

0 0 4 0 . 
1 -2 0 3 

Ilpe,LI,IIOJIO)KHM, qTo Mbl XOT€JIH 6hI peIIIHTh ypaBH€HHe IlyaccoHa 

,LI,JI£ p D = 1. 3ap£,LJ,, paBHhili e,LJ,HHHU.e Ha y3Jie D, MOMeT 6bITh B 

CJiyqae Q0 = Qp = Q, = 0 H Q, = -!, TaK qro V = ( j} T0101a 

A 1 (-~) 7r V = 4 _ ~ ,LI,aeT HaM peIIIeHHe 3a,LJ,aqH. 

3aMeTHM, qTo V- He o6£3aH y,LJ,OBJieTBOp5ITh BTopoMy 3aKoHy 

KHpxro<Pa. KpoMe Toro, PD = 1 H rrpH ,LJ,pyroM pacrrpe,LI,eJieHHH 
A lA lA A 1 

3ap5I,LJ,OB: Q0 = 3, Qf3 = - 3, Q1 = 1, Q8 = - 3. Tor,LI,a 

( 
1/3) v- = c-1Q = -1/~ . 

-1/3 
9To pacrrpe,LI,eJieHHe Harrp£MeHHH He y,LI,oBJieTBOp5IeT BTopoMy 3aKoHy 

KHpxrocpa, rroTOMY qTo cyMMa rra,LI,eHHli Harrp£MeHH5I rrpH o6xo,LI,e 
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51qeiiKH f3 + a - 'Y He paBHa ttymo. l1 TeM tte Mettee 

?TV= l (-~ -n -~) (-~~~) l (-~) 
-1 2 0 1 -1/3 -1 

qTO 5IBJrneTC5I rrpaBHJlbHbIM perneHHeM 3a,n;aqH. 

qT06bI IIOCTpOHTb v' rrporn,e Bcero (Kor,n;a 3TO B03MOilrnO) rrpH­

IIHCaTb 3ap5I,IJ; Ha Ka)K,Il;OM BHyTpeHHeM y3J1e O,IJ;HOH BeTBH, KOTOpa5I 

CB5I3hIBaeT 3TY BeTBh c rpaHHqHbIM y3noM. B CJIO)KHhIX 1IeII5IX, r,n;e 

HeKOTOpbie BHyTpeHHHe Y3Jlbl CB5I3aHbI TOJlbKO c BHyTpeHHHMH y3-

J1aMH, nyqrne Bcero HaqHHaTb HMeHHO c TaKHX y3JIOB H ,IJ;BHraTbC5I 

H3HYTPH ttapy)Ky. HarrpHMep, Ha pHc. 13.20 rpaHHqHbie Y3JihI - 3TO 

A H E. Jlyqrne Bcero HaqHHaTh c y3na C. EcnH PB = 1, Pc = 2, 
PD= 3, TO Bb16epeM Q,, = 2. Tor,n;a Qli = 5, Qa = -1, TaK 'ITO 

l ftF 2µF 
f] 

• ;y 1-1 -·-'•-II 
A -1 +1 B 

PHc. 13.20 

lµF 
8 4 

1> • II 
+5 -5 

• 
E 

Bo3Bparn,a5Icb K pHc. 13.19, ,n;aBaliTe pernHM 3a,n;aqy ,ll;HpHxne ,IJ;J15I 

<I>A = 0, <I>8 = 5 H <I>c = 6. IlOJIO)KHM ~ = <I> Ha rpaHHI1e H ~D = 0, 

T~ ~ro v = -d~ = m· Tor~a 

V=(l-n)V=~ (~ j } -~) m ~ (:~) m 
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.n;aeT rrpaBRJibHoe perneHRe rrpR <pD = 4. To )Ke caMoe pernettRe 

MO)KHO 6hIJIO 6hI IIOJIJ'IRTb .n;m1 mo6oro rrpOR3BOJibHO BhI6paHHOrO 

3Ha<JeHmI cl>D. 

13. 7. «l>yHKl.J;IIH rpnHa 

0To6pa:a<eHRe, rrpRilRCbIBa10rn,ee pacrrpe.n.eneHRIO 3ap51.IJ;OB p COOTBeT­

CTBYIOIIJ,RH IIOTemi;mw-1 u, c KOTOpbIM pernaeTCSI ypaBHeHRe Ilyacco­

Ha, Ha3bIBaeTCSI onepamopo.M I'putta. MaTpR'IHhre 9JieMeHThI 9Toro 

orrepaTopa G B 683Rce Co, cocTOSIIIJ,eM R3 J3JIOB, 6y.n;eM o6o3Ha<JaTh 

G(A, B), r.n;e ARB - cooTBeTCTBJIOIII,He y3JihI. Mbr HCIIOJih3JeM o6o-

3Ha<JeHRe G(A, B) BMecTo npRBhI<JHoro GAB, rroToMy 'ITO rro3.n;ttee, 

Kor.n;a 6y.n;yT paccMaTpHBaThCSI HerrpephIBHhie pacrrpe.n;eJieHHSI 3apSI­

.n;oB, OHR y.n;o6ttee .IJ;JISI cooTBeTCTBYIOIII.HX cpopMyn. TaKHM o6pa3oM, 

G(A, B) = rroTeHIJ;HaJIY B y3ne B 
6Jiaro.n;apSI perneHHIO ypaBHeHRSI Ilyaccotta 

c e,n;HHH'IHhIM 3apSI,IJ;OM B y3ne A. 

<l>yHKIJ;IISI G, rrpIIIIIIChIBaIOIIJ,aSI J3JiaM A II B MaTpII'IHhrii aneMeHT 

G(A, B), Ha3hIBaeTcSI <fiy'H'K:U,Ueu I'putta. 0Ha 3aBIICHT OT ,n;Byx rrepe­

MeHHhrx. EcJIII cpIIKCIIpoBaTb rrepByIO rrepeMeHHYIO II paccMaTpIIBaTh 

3aBIICIIMOCTb OT BTOpoii rrepeMeHHOH, TO rronyqaeTCSI 9JieMeHT rrpo­

CTpaHCTBa ~Hyrp· IlycTb A2 o6o3Ha<JaeT orrepaTop A, rrpIIMeHeHttbrii 

K 9JieMeHTY G(A, ·) rrpOCTpaHCTBa c2HyTp· Tor,n;a 

-AG(A, ·) = c5A, 
G(A, B) = 0 .IJ;JISI y3na B aa rpaHIIIJ;e. 

IloBTOpIIM 9TY orrepaIJ;IIIO: 

A cO c:BHyTp u: BHYTP~ 0 . 

OrrepaTop, o6paTHbIR K -A, ecTb G, rroaToMy 

-Au = p, ecnR Gp= u. 
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OnepaTop ~ CHMMeTpir<JeH, cJie):ipBaTeJibHO, CHMMeTpnqeH n onepa­

Top G. EcJIH B3.HTb 6a3HC, 38,ll;aHHhiii y3JiaMH, TO 

\u(B) = LP(A)G(A,B) ,ll;JIH Bcex B,\ 

r.n;e cyMMHpoBaHHe Be,n;eTC.H no BceM BHJTpeHHHM y3JiaM A. 
<'I>JHKIJ;HIO rpHHa MO)KHO HCnOJib30BaTb f];Jl.H perneHH.H 3a,n;aqH ,L.l;H­

pHXJie. ,L.l;JI.H 3TOro y,n;o6Ha <l:>opMyJia ,Il;Jl.H cyMMHpOBaHH.H, H3BeCTHaH 

KaK <fiop.MyJta I'pmta. 3aMeTHM, qTo eCJIH u H v - npOH3BOJlhHbie 

3JieMeHTbl c0
' TO 

L u(A)~v(A) = L u(A)aCdv(A) 
rro BCeM A rro BCeM A 

= f u = 1 du = (du, dv), 
lacdv Cdv 

r.n;e CHMBOJI (·, ·) o6o3HaqaeT CHMMeTpHqHoe CKaJI.HpHoe npOH3Be,n;e­

HHe B ci. Tor.ri;a 

L u(A)~v(A) = L ~u(A)v(A). 
rro BceM A rro BCeM A 

EcJIH MhI pa3,n;eJIHM BCIO cyMMY Ha cJiaraeMoe no rpaHHqHhIM y3JiaM 

H CJiaraeMOe no BHJTpeHHHM J3JiaM, TO noJiyqHM cPOPMYJIY rpHHa: 

L (u(A)~v(A) - ~u(A)v(A)) 
rro BHyTp. A 

L (u(B)~v(B) - ~u(B)v(B)). (13.2) 
rro rpaH. B 

,L.l;aBaiiTe B03hMeM ,n;Be BHyTpeHHHX TO'IKH Ai H A2, H B <l:>opMyJie 

rpnHa nOJIO)KHM u = G(Ai, ·) H v = G(A2, ·). IlpaBaH qaCTb (13.2) 
o6paru;aeTC.H B HJJih, noToMy qTO Ha rpaHHu;e G(Ai, ·) H G(A2, ·) 
paBHhI HJJIIO. Bo BHJTpeHHHx ToqKax u(A) = 0, ecJIH A # Ai H 

u(Ai) = l. AHanorHqHo ,Il;JIH v H A2. Tor.n;a o6paru;eHHe B HJJib JieBoii 

'laCTH (13.2) 3HaqHT, qTO 
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EcJIH MhI HarrmneM u = <I>, D.u = -p H v 
ypaBHeHHe (13.2) rrpeo6pa3yeTCH B 

rpaH. B 

-p, TO 

(13.3) 

I1TaK, MbI BH,!J;HM, qTO <l>opMyJia fpHHa eCTb TeopeMa B3aHMHOCTH 

fpHHa ,IJ;JIH u;erreii:, CO,I:i;ep)KailiHX eMKOCTH. 

Terrepb rrpe,I:i;rrOJIO)KHM, qTo <i> RBJIReTca peIIIeHHeM 3a,IJ;aqH ,Il;HpH­

xJie ,IJ;JIR 3a,I:i;aHHhIX 3HaqeHHii: Ha rpaHHll,e, TaK qTo p = 0 BHJTpH. B 

<l>opMyJie (13.3) B03hMeM <I>= G(A, ·). Tor,IJ;a MhI rroJiyqHM 

L (-D.G(A, C)<i>0 
- fJcG(A, C)) 

BHyTp. C 

L (fJBG(A, B) + D.G(A, B)<f>B). 
rpaH. B 

BcrroMHHM, qTo -D.G(A, C) = 1, ecJIH C = A H Hymo BO Bcex 

ocTaJihHhIX cJiyqaax, rroToMy qTo G(A, C) ecTh peIIIeHHe ypaBHe­

HHR IlyaccoHa c e,IJ;HHHqHhIM 3apa,IJ;OM B J3Jie A H HyJieBhIMH 3apa,IJ;a­

MH Ha ,IJ;pyrHx BHJTpeHHHX J3Jiax. KpoMe Toro, MhI rrpe,IJ;rrOJIO)KHJIH, 

qTo Pc = 0 Ha BHJTpeHHHX J3Jiax. IloaToMy B JieBoii: qacTH ypaBHe­

HHR BhI)KHBaeT TOJihKO O,IJ;HH qJieH <f>A. B rrpaBoii: qacTH MhI HMeeM 

G(A, B) = 0. CJie,IJ;oBaTeJihHO, 

<f>A = L D.G(A, B)<f>B. 
rpaH. B 

TaKHM o6pa3oM, 3HaqeHHe rroTeHIJ;HaJia <f>A Ha BHJTpeHHeM y3Jie A 
paBHO cpe,IJ;HeMy 3HaqeHHIO IIOTeHIJ;HaJIOB <f>B Ha rpaHHqHbIX J3Jiax c 

BeCOBhIM MHO)KHTeJieM D.G(A, B), KOTOphiii: RBJIReTca 3HaqeHHeM oT­

pHu;aTeJihHOro 3apa,IJ;a, HH,Il;Jll,HpOBaHHoro Ha rpaHHqHoM J3Jie B, ec­

JIH B J3Jie A rroMeilieH e,IJ;HHHqHhiii: rroJIO)KHTeJihHhiii: 3apa,IJ;, a rroTeH­

ll,HaJI Ha Bcex rpaHHu;ax paBeH HJJIIO. MaTpHu;a (D.G(A, B)), rrpe,IJ;­

cTaBJIRIOiliaR JIHHeHHOe rrpeo6pa30BaHHe OT C~paH K C2HYTP, Ha3bIBa­

eTCR Rapo.M Ilyaccotta. 
,Il;aBaii:Te rrpHMeHHM cPYHKIJ;HIO fpHHa K pacqeTy u;errH, H306pa­

)KeHHOH Ha pHC. 13.18. IlocKOJibKY B u;e1m eCTb TOJihKO O,IJ;HH BHJT­

peHHHH y3eJI D, HaM Heo6xo,IJ;HMO peIIIHTh ypaBHeHHe IlyaccoHa ,IJ;JIR 
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cJiy'IaH p D = 1. Mh1 y)Ke '.3TO c,n,eJiaJill n rroJiyqnJIH BeKTOp HarrpH)Ke-

Hllll 

II0::1T0My, ecJIH y3JihI A, B H C 3a3eMneHhI, TO rroTeHI!HaJI Ha y3ne 
1 

D paBeH G(D, D) = 4. ,Ii,JIR '.3TOH u;errn 3ap5I,D,hI Ha rpaHH'IHhIX 

1 1 1 
y3nax paBHhI: PA = - 4, PB = - 2, pc = - 4. Tor,II,a MhI HMeeM 

1 1 1 
~G(D, A) = 4' ~G(D, B) = 2 H ~G(D, C) = 4· c IIOMOIIIhIO 

cpyHKIJ;HH fpuHa MhI nerKo pernaeM 3a,II,aqy ,Il,upuxne ,n,m1 ::1ToH: IIerru. 

Ecnu PD= 0, TO <I_>D HBJIHeTcH ycpe,n,HeHHhIM 3Ha'IeHHeM rpaHuqHhIX 

IIOTeHIIHaJIOB c BeCOBhIMH MHO)KHTeJIHMH /:!;.G: 

<I.>D = /:!;.G(D, A)<I.>A + /:!;.G(D, B)<I.>B + ~G(D, C)<I.>0 

HJIH 

<I.>D = ~<I.>A + ~<I.>B + ~<l.>c. 
4 2 4 

CyIIIeCTByeT ,II,pyroil BapHaHT cpopMyJihI fpuHa ( Ha3hIBaeMhIH 

BTOpoH: cpopMynoH: fputta), KOTOphIH HHor,n,a 6hIBaeT ITOJI€3€H. B03h­

M€M rpaHHqHhIH y3eJI A. B cpopMyJie 

/:!;.u(A) = Ca(u(A) - u(B)) 
a 

±8a=(B-A) 

cyMMY cnpaBa pa3,II,€JIHM Ha ,D,Be qacTn: BeTBh o: coe,II,um1eT ,II,Be rpa­

HH'IHhre TO'IKH HJIH B€TBh coe,II,HmieT rpaHH'IHYIO TOqKy c BHyTpeH­

Heii:. Tor,II,a nony'IHM 

/:!;.u(A) = 
a 

±8a=(B-A) 
B - BHyTp. y3eJJ 

Ca(u(A) - u(B)) 

+ 
a 

±8a=(B-A) 
B - rpan. y3eJJ 

Ca(u(A) - u(B)). 
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BTopyIO cyMMy o6o3Ha11HM ArpaHu(A). BeTBh, coe,n;HH.HIOIIzyIO ,n;Be 
rpaHH'l:Hhre TO"IKK, 6y)J,eM C'IHTaTh OT)J,eJihHOH n;errhIO. Tor;:J;a Arpatt 
6y,n;eT orrepaTopoM Jiarnrnca ,n;Jrn ::>Toii rro,n;n;emi:, orrpe,n;eJrneMhIM eM­

KOCT.HMH BeTBeii, coe,n;HH.HIOliIHX rpaHH'l:Hhie Y3Jihr. CJie,n;oBaTeJihHO, 

L (u(A)ArpaHv(A) - ArpaHu(A)v(A)) = 0 
rpaH. A 

H II03TOMY 

L (u(A)Av(A) - Au(A)v(A)) 
rpatt. A 

L (u(A)Ca(v(A) - v(B)) - C0 (u(A) - u(B))v(A)). 
rpaH. A 

oa=±(B-A) 
BHyTp. B 

"llJieHhI, co,n;ep)l<anrHe u(A) v(A) crrpaBa, coKpanraroTc.H, rrpaBa.H 

-.:racTb paBeHCTBa yrrporn;aeTC.H H rrpHHHMaeT BH,n; 

L Ca(u(B)v(A) - u(A))v(B)). 
rpaH. A 

oa=±(B-A) 
BttyTp. B 

Ilo,n;cTaBJI.H.H 3TO B cPOPMYJIY I'pHHa, Mhl IIOJiy-.:raeM emopy10 <fiop.MyJty 
I'puna: 

L (u(A)Av(A) - Au(A)v(A)) 
BHyTp. A 

L C0 (u(A)v(B) - u(B)v(A)). 
rpatt. A 

oa=±(B-A) 
BHYTP· B 
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13.8 . .51,a;po IlyaccoHa H cJiyqaiiHoe 6Jiy:>K,lJ;aHHe 

Ilpo,n;omKHM H3yqeHHe 3a,n;a~rn ,II;HpHXJie. IlyCTb Q = b..G - 51,IJ;pO 

IlyaccoHa. Tor,n;a eCJIH </> E c~paH onpe,n;eJIHeT KOHKpeTHblll rpaHH'I­

Hblll noTeHIJ;Ha.JI, TO u, onpe,n;eJIHeMoe cPOPMYJIOll 

u(A) = L Q(A, B)</>(B), 
rpaH. B 

,n;aeT perneHHe 3a,n;a~m ,II;HpHxJie c KpaeBbIM ycJIOBHeM </>. B npe,n;hI­

,n;yIIJ;eM naparpa<Pe MhI BH,IJ;eJIH, KaK HaliTH G H, cJie,n;oBaTeJibHo, Q, 
HcnoJih3YH MeTo,n; opToroHa.JihHhIX npoeKIJ;HH. B 3TOM naparpa<Pe MhI 

,n;a,n;HM BepOHTHOCTHOe nOCTpoeHHe Q. 11 XOTH 3TOT MeT0,11; o6b1~rno 

He npHM€H5!€TCH B KOHKpeTHbIX pacqeTax, OH ,n;aeT HaM KaK HOBblll 

B3rm1,n; Ha npo6JieMy, TaK H HTepaIJ;HOHHYIO npoIJ;e,n;ypy BbiqHCJieHHH 

MaTpHIJ;bl Q. 
CHaqa.Jia BCnOMHHM eIIJ;e pa3, B qeM COCTOHT 3a,n;aqa ,II;HpHXJie. 

IlycTb A - mo6on BHyTpeHHHH y3eJI. IlycTb B - 6JimKalirnHn co­

ce,n; Y3Jia A, T. e. y3eJI B HBJIHeTCH Haqa.rroM HJIH KOHIJ;OM HeKoTopon 

BeTBH /3, coe,n;HHHIOIIJ;eft ero c y3JIOM A. (Y3eJI B M02KeT 6bITh KaK 

BHyTpeHHHM, TaK H rpaHHqHbIM.) IlyCTb 

Tor,n;a ycJIOBHe 

Ps,A = C13 ( L Ca)-l 
oa=±(B-A) 

(b..u)(A) = 0 

COBna,n;aeT c ycJIOBHeM 

u(A) = L u(B)Ps,A, 

r,n;e cyMMa 6epeTCH no BCeM 6JIH2KaHIIIHM coce,n;HM. 3aMeTHM, qTO no 

IlOCTpoeHHIO 

PA,B > 0, 

IlOJI02KHM 

PA,A = 1, PA',A = 0, A'#- A 
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,n;mr Bcex rpaHH'fHhIX y3JIOB. Tor,n;a rrycTh P o6o3Ha'faeT MaTpHIJY 

n x n c MaTpH'fHhIMH 3JieMeHTaMH PA,B· qTo6hr orrpe11.eJIHThC£ c 

o6o3Ha'feHHRMH, 6y,n;eM CHaqaJia IIHCaTh rpaHH'fHhre J3JlhI, TaK 'fT06hI 

BepxHHH JICBhiii yroJI MaTpHIJhl p 6bIJI e,ll,MHH'fHOH MaTpn:u;eii k x k, 
r,n;e k ecTh 'fHCJIO rpaHH'fHhIX J3JIOB. CToJI6e:u;, cooTBeTCTBy10r:u;uii: 

BHJTpeHHeMy J3Jiy, 6y11.eT HMeTh 3JieMeHT Ps,A Ha y3Jie B, ecJIH B 
- 6Jin:x<:aiirrmii coce,n; y3Jia A, H ttyJIIO BO Bcex OCTaJihHhIX cJiyqa£x. 

YcJioBne 

b. u = 0 tta BHJTpeHHeM y3Jie A 

rrpeBpar:u;aeTc£ B 

u=uP, 

ecJIH paccMaTpHBaTh u = (u(B1), u(B2), ... ) KaK BeKTOp-cTpoKy. 

EcJIH rrepBbie k KOMIIOHeHT BCKTOpa u 3a,n;aIOTCR </>, TO TaKOBhI )Ke 

6y11.JT H ,Il;JI5I rrepBhie k KOMIIOHCHT uP' IIOCKOJibKY rrepBhie k CTOJI6:a;oB 

p HMeIOT 1 Ha k-M MecTe H 0 Ha OCTaJihHhlX. 1'haK, 3a,n;aqa ,Il,HpllxJie 

MO)KeT 6bITh ccpopMyJIHpOBaHa CJie11.JIOID;HM o6pa30M: 

uP = u, ll nepBble k 3JieMeHTOB u orrpe,n;eJIHIOTCR ¢>. 

C 11.pyroii cTopotthI, MaTpurra P HMeeT CTPYKTYPY MaTpH:a;hr eepo­
Rm'l-tocmeu nepexoda. ,Il,eiicTBHTeJihHO, rrpe,n;rroJIO)KHM, 'fTO y Hae ecTh 

'faCTHI!a, HaXO,ll,5IID;aRC£ B KaKOM-TO J3Jie I!CIIH B Ka)K,ll,hIH ,IJ;HCKpeT­

HhIH MOMeHT BpeMeHH t = 1, 2,... ,[l;orrycTHM, 'fTO OHa ,IJ;BHraeTCR 

corJiactto cJie11.J10r:u;eMy rrpaBHJiy. EcJIH B KaKoii-To MOMeHT BpeMeHH 

t oHa ttaxo,n;HTCR B rpaHH'fHOM J3Jie, TO otta TaM H ocTaeTC£. A ec­

JIH OHa HaXO,II,HTC5! Ha BHyTpeHHeM Y3Jie, TO ,II,OJDKHa nepeCKO"'lllTh Ha 

KaKoii:-JIH6o coce,n;ttuii y3eJI, rrpu 3TOM Bepo5ITHOCTh ee rrepexo,n;a tta 

y3eJI B paBHa PB,A· 
MaTpn:u;a pN npe,IJ,CTaBJI£eT BepoRTHOCTh nepexo11.a nocJie N rna­

roB. QqeBH,IJ;HO, 'fTO npe,ll,eJihHOe TIOBe,ll,eHHe MaTPHIIhl pN HMeeT Be­

p05ITHOCTHYIO HHTeprrpeTa:u;n10. HaqaB c JII06oro BHyTpettttero y3Jia, 

IIOCJie ,ll,OCTaTO'fHO 6oJibllIOro 'fllCJia rnaroB TIOJIY'fllTC5I HeHyJieBaR Be­

p05ITHOCTh qacTu:u;e OKa3aThC£ Ha rpattn'fHOM Y3Jie, H c BepoHTHO­

CThIO M€Hhille €,IJ,HHHI!hl Otta OCTaHeTCR BO BHJTpeHHeii qaCTll rre­

IIH. IIocJie,n;tt£5! BepoRTHOCTh rrptt tteKOTopoM N 11.orrycKaeT e,n;uttyIO 

o:u;ettKy CBepxy ,IJ;JI5I BCCX Ha'faJihHhIX BHyTpeHHHX J3JIOB, II03TOMY c 

,IJ,aJihHeRillHM pOCTOM 'fHCJia IIIaroB B€p05ITHOCTh qaCTHrre OCTaTbC5I 
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Ha BHyTpeHHHX y3Jiax cTpeMHTCH K Hymo. TaKHM o6pa3oM, rrpe,n;eJib­

Hoe Bbipa)KeHHe MaTpMIJ;bl pN rrpHHHMaeT BM,)]; 

r,n;e ][ - e,n;MHMqHa51 MaTpRu;a k x k, a Q - MaTpMu;a, y KOTOpoii k 
CTpOK M n - k CTOJI6u;oB, rrpRqeM n- k eCTb qflCJIO BHyTpeHHMX Y3JIOB. 

MaTpHqHhiii 3JieMeHT Q(A, B) rrpe,n;cTaBJrneT BepoHTHOCTh Toro, qTo 

qacTRu;a, HaqaB ,n;BirraThC51 M3 TOqKH A, B Kom:i;e KOHIJ;OB rrpM,n;eT B 

rpaHHqHy10 ToqKy B. (IlyTh qacTMIJ;hI paHo MJIM rro3,n;Ho 3aKOHqMTC51 

B HeKoii rpam1qHoii TOqKe.) Tor,n;a pN --+ H H, cJie,n;oBaTeJibHO, 

pN+l = pN P--+ H, oTKy,n;a HP= H. Ilo9TOMY ecmf v - KaKoii-To 

rroTeHu;HM, TO ,n;JIH v H Bhl1lOJIH51eTc51 ycJIOBMe 

(vH)P = vH 

M, CJie,n;oBaTeJibHO, 

u=vH 

51BJI51eTC51 pemeHHeM 3a,n;aqM ,I(RpHXJie, Kor,n;a KpaeBblMM ycJIOBH51MH 

6y,n;yT rrepBbre k KOMrroHeHT BeKTopa v. EcJIM rrepabre k KOMITOHeHT 

3a,n;aIOTC5I </>, T. e. ecJIH v BbI6JrpaeTC51 B BM,n;e 

v = ( </>, w)' w - JII06oii M3 n - k BeKTOpOB-CTpOK, 

TO v H 5tBJI51eTc51 penreHReM 3a,n;aqH ,I(npRXJie. li£3 BH,n;a MaTpRIJ;hI 

H oqeBR,n;Ho, qTo ,ll,JIR JI106oro BHyTpeHHero y3Jia A Bhl1lOJIHHeTC51 

ycJIOBHe 

u(A) = (vH)(A) = L </>(A)Q(A, B). 
rpaH. B 

Cne,n;oBaTeJibHO, Q ,n;eiiCTBnTeJibHO 51BJIHeTC51 51,n;poM IlyaccoHa. 

MaTpttu;e H, T. e. rrpe,n;enhHOMy BH,n;y MaTpnu;h1 pN, MO)KHO ,n;aTh 

MHTepecHyIO reoMeTpHqecKyIO HHTeprrpeTaIJ;MIO. MaTpHqHhiii 3Jie­

MeHT pN (A2, Ai) orrpe,n;eJIHeT BepoHTHOCTh rrepexo,n;a H3 A1 B A2 
IIOCJie N maroB. cha Bep051THOCTb paBHa CYMMe Bep05ITHOCTe.ii acex 

N-marOBhrx TpaeKTOpRii, Be,n;yru;nx H3 A1 B A2. (EcJIM A2 - rpaHHq­

Hhrii y3eJI, TO HeKOTOpbre M3 9THX TpaeKTOpMii <PaKTnqecKll llMeIOT 

MeHblliYIO ,ll,JIMHy, T. e. B TeqeHHe IIOCJie,n;HMX r maroB qacTm:i;a CTOHT 
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B TOqKe A2.) Bepo.HTHOCTh mo6oH: TpaeKTOpHH paBHa ITpOH3Be,n;eHHIO 

PB,A ITO BCeM BeTBHM a, ITpoxo,n;HMhIM B.IJ;OJih TpaeKTOpHH. EcJIH A 
- BHyTpeHHHH: y3eJI, a B - BHernHHH:, TO oqeBH.IJ;HO, qTo c pocToM 

N ITPH BhiqHcJieHHH pN ( B, A) MhI ,n;o6aBJI.HeM Bee 6onee .IJ;JIHHHhie 

ITYTH. Tor,n;a 

Q(B,A) = 
no BCeM nyTHM, 
coep;HHHJO~HM 

AcB 

( BepO.HTHOCTh ITYTH). 

13.9. TeopeMa B3aHMHOCTH I'pHHa 

B 3JieKTpOcTaTHKe 

B KaqecTBe He6oJihIIIOro 0606II1;eHH.H u;eITefi c eMKOCTHMH MO)l(HO pac­

CMOTpeTb CHCTeMy 3ap.H)KeHHhIX ITpOBO,lJ;HHKOB, Ka)K,ll;blH H3 KOTO­

pbIX HMeeT OITpe,n;eJieHHhIH 3ap.H,n; p Ii orrpe,n;eJieHHblH ITOTeHIJ;HaJI ¢ 
(pHC. 13.21). "l.JTo6bI OITHCaTb aHaJIOr BeTBH ,lJ;JI.H CHCTeMbl TaKoro TH­

ITa, Tpe6yeTC51 BBe,n;eHHe ITOJI.H ,lJ;H9JieKTpHqecKoro CMelll;eHH.H H IT0-

9TOMY .IJ;OJI)l(HO 6bITh OTJIO)l(eHO ,n;o rJiaBbl 16, B KOTOpoH: Mhl 6y,n;eM 

H3yqaTb 9JieKTpOCTaTHKy. 0,n;HaKo, OITHCaHHe u;eITH qepe3 3ap.H,lJ;hl H 

ITOTeHIJ;HaJihl HMeeT MHoro 06II1;ero c OITHCaHHeM eMKOCTHhIX u;eITeH. 

IloJIHhlH 3ap51,I1; Ha Ka)l(,lJ;OM ITPOBO,lJ;HHKe MO)KeT OITHChIBaTbC.H BeK-

TOPOM p = (~n B npocTpaHCTBe, o6osna~aeMOM Co; UOTelll(HM 

)Ke o6pa3yeT BeKTOp </> = (¢A' ¢B' ... ) B ero ,D;yaJibHOM ITpocTpaHCT­

Be c0 . ,Il;JI.H u;eITefi c eMKOCT.HMH CKaJI51pHOe ITpOH3Be,n;eHHe 'aJieMeHTa 

ITpocTpaHcTBa c0 Ha 9JieMeHT ITpocTpaHCTBa C0 ,n;aeT 9JieKTpocTa­

THqecKyro 3HeprHIO CHCTeMbl ITpOBO,lJ;HHKOB, T. e. 9HeprHIO, paBHYIO 

~ fp </> = ~ 2:., PA¢A. (B rJiaBe 16 Mhl YBH,ll;HM, qTO 3TO Bbipa)KeHHe 

paBHO HHTerpany 

j (d¢, d¢) dx dy dz 

ITO ITpOCTpaHCTBY Me)K,n;y ITpOBO,ll;HHKaMH, r,n;e ¢ o6o3HaqaeT 3Jte-r;;mpo­

cmamu"iec-x:uu nomeHU,UaJt. A cefiqac MhI ITpocTo orpaHHqHBaeMC.H 

OITHCaHHeM Toro, qTO ITpOHCXO,lJ;HT B ITpOBO,lJ;HHKax.) 
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PHc. 13.21 

IloJIHbIM 3ap5I,IJ; rrpoBO,Il;HHKa p MO)KeT 6hITb Bbrpa)KeH qepe3 IIO­

TeHIJ;Ha.Jl <P c rroMOIIi;hIO orrepaTopa JlarrJiaca A, T. e. 

P =-A¢. 

OrrepaTop A 3aBHCHT OT cpopMhI pa3JIHqHhIX rrpoBO,Il;HHKOB, OT HX 

pacrrpe,.a;eJieHH5I B rrpocTpaHCTBe H cpH3HqeCKHX KOHCTaHT aJieKTpo­

CTa THKIL KpoMe p5I,.a;a qacTHhIX cJiyqaeB, Kor,.a;a B CHCTeMe ecTh rra­

pa.nJieJihHhre IIJIOCKOCTH, KOHD;eHTpHqecKHe ccpepbl HJIH D;HJIHH,Il;PhI, 

BhrqHcJieHHe A oqeHh Tpy,.a;Ho. 0,.a;HaKo, KaK Mhr y3HaeM B rJiaBe 16, 
,IJ;JI5I CHCTeMbI rrpOBO,Il;HHKOB BhIIIOJIH5IeTC5l TeopeMa B3aHMHOCTH fp11-

Ha, TOqHo TaK )Ke, KaK OHa BbIIIOJIH5IeTC5I ,Il;Jl5I u;erreii c eMKOCT5IMH. 

foBOpH TOqHee, ecJIH p H <P o6o3HaqaIOT B03MO)KHOe pacrrpe,.a;eJieHHe 

IIOJIHOrO 3ap5I,.a;a H Harrp5I)KeHHM B CHCTeMe IIpOBO,Il;HHKOB, a p' H ¢' 
o6o3HaqaroT ,.a;pyroe pacrrpe,.a;eJieHHe, TO TeopeMa B3aHMHOCTH fpnHa 

yTBep)K,.a;aeT, qTQ 

r <P= r <P'. 
}p' jp 

0Tcro,.a;a HeMe,.a;JieHHO CJie,n;yeT, qTo orrepaTop A caMocorrp5I)KeH 

H rrpe,.a;cTaBJIHeTC5I CHMMeTpHqHQM MaTpHu;eii. qT06hI 3TO YBH,Il;eTb, 

IIOJIO)KHM 

p =-A¢, p' =-A¢'. 

Tor,.a;a 

r <P = r <P', 
1-t:.<J/ 1-t:.<P 

T.e. 

(A¢',¢) =(¢',A¢), 
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OTKy.n;a cJie.n;yeT, "CJ:TO ~ caMocorrp.~DKeH. B cPH3H'lecKoii: JIHTepaType 

orrepaTop ~ o6w"IHO Ha3hIBaIOT Mampuupl, e.M1wcmtt'btX '1w:3<fajjuu,u­

ettmo6. 

MaTptt:u;a, o6paTHa5I K -~, Ha3hIBaeTC5I MaTptt:u;eii: rroTeHIJ;HaJih­

HhIX Koa<P<Ptt:u;HeHTOB. MbI HarrmneM 3Ty MaTpttey .n;mr p5I,n;a rrpocTbIX 

qacTHbIX cJiyqaeB qepe3 xoporno H3BeCTHbie cPOPMYJibI 3JieMeHTapHOH 

aJieKTpocTaTHKH. HarrpHMep, paccMoTpHM CHCTeMy ,n;Byx KOHIJ;eHTpH­

qecKHX c<Pep (pttc. 13.22) c pa.n;ttycaMH r A H rs. ,II:JI5I c<Pepb1 c pa,n;H­

ycoM ro, o6Jia,n;aIOliieH e,n;HHH"CJ:HbIM IIOJIO)l{HTeJibHbIM 3ap5I,1J;OM, 3JieK­

TpH'leCKHH IIOTeHIJ;HaJI, Bbipa)l{eHHbIH B raycCOBbIX e,n;HHHIJ;ax, HMeeT 

BH,ll; 

1>(r) = { iJ~o (r :S ro), 
(r > ro). 

(CM., HarrpHMep KHH:ry Purcell «9JieKTpuqecTBO H MarHeTH3M», rra­

parpa<P 1.11.) IIo3,n;Hee B rraparpa<Pax 16.1 H 16.2 MhI Bhrne,n;eM 3TOT 

pe3YJibTaT aJihTepHaTHBHbIM rryTeM H3 rrepBbIX rrpHHIJ;HIIOB. 

Puc. 13.22 

EcJIH PA = 1, PB = 0, TO rroTeHIJ;HaJihl 1>A = 1/r A, 1>B = l/rs. 
0,n;HaKo ecJIH PA = 0, PB = 1, TO o6a rroTeHIJ;HaJia paBHhI <PA =<PB = 
I/rs. 0Tc10,n;a cJie.n;yeT, "CJ:TO 

9Ta MaTptt:u;a II03BOJI5IeT HaM BbI"IHCJIHTb IIOTeHii;ttaJI ,n;Byx c<Pep ,n;JI5I 

rrpoH3BOJibHoro pacrrpe,n;eJieHH5I 3ap5I,1J;OB. 06paTHa5I MaTptt:u;a ,n;aeT 
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orrepaTop JiarrJia.ca 

-~ _ (~~ _ ~)-l ( I/rs 
- rs rA r~ -1/rB 

HJIH 

-I/rs) 
I/rA 

-rA). 
rs 

9Ta MaTpmi;a orrpe.n.emi:eT 3ap5I,LI,bI Ha ,n;Byx c<Pepax rrpn 3a,n;aHHhIX 

rroTemi;nanax. B cnyqae </>A = I, </> s = 0 MhI RMeeM 

T. e. Ha ,n;nyx c<l>epax eCTb ,n;na 3ap51,LI,a c rrpOTRBOIIOJIO)KHbIMH 3HaKa­

MR, paBHbie r Ars/(rs - r A)· 9Ta BeJIR'IRHa r Ars/(rB - r A) Ha3bI­

BaeTC51 eMKOCTbIO ,n;nyx c<l>ep. 

MaTpney - ~ - l O,LI,HHaKOBO nerKo Hann ca Th ,LI,JI51 nro6oro qncna 

Komi;eHTpnqecKnx c<l>ep. HarrpnMep, ,LI,JI51 Tpex c<Pep, R3o6pa)KeHHhIX 

Ha pnc. 13.23, OHa panHa 

(

I/rA 
-~-l = I/rs 

1/rc 

I/rB 
I/rs 
I/re 

Pnc. I3.23 

I/re) 
I/re . 
1/rc 
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A celiqac npe,n;cTaBHM ce6e u;enb c eMKOCTBMH H nycTb HeKoTo­

pbie npOBO,IJ;HHKH 6y,n;yT 2pa'H,U'l(,'H,'btMU npo60a'H,U'/W.MU, IIOTeHI.J;Ma.JibI 

KOTOpbrx onpe,n;eJiaIOTca no,n;coe,n;imeHHbIMH 6aTapeaMH, a Ha ,n;pyrnx 

rrpoBO,Il;HHKax, Ha3bIBaeMhIX 6'/-1,ympe'H,'H,UMU, 3a,n;aeTca 3apa,n;. B 3a­

,n;aqe IlyaccoHa MbI HMeeM IIOTeHIJ;Ha.JibI ¢/ = 0 Ha BCex rpaHHqHbIX 

rrpoBo,n;HnKax H 3apR,n;hr p' Ha Bcex BHyTpeHHHX. Tpe6yeTca HaHTH q/ 
,n;Jia Bcex BHyTpeHHHX npoBO,IJ;HHKOB H p' ,n;Jia Bcex rpaHHqHhIX. A B 

3a,n;aqe ,Il,HpHxJie HaM ,n;aHO, qTO p = 0 Ha BHyTpeHHHX rrpOBO,IJ;HHKax 

H ¢ Ha Bcex rpaHHqHbIX. H MbI ,n;OJI)KHbr HaliTH ¢ ,n;Jia BHyTpeHHHX 

IIpOBO,Il;HHKOB H p ,IJ;JIB rpaHHqHbIX. 

9TH ,n;Be 3a,n;aqH CBH3aHbI Me)K,n;y co6oli TeopeMOH B3aHMHOCTH 

I'pttHa. B o6IIIeM cJiyqae 

rpan. A BHyTp. B 

I ,1..B 
PB'+' = 

rpan. A BHyTp. B 

,1..tB 
p B'f' . 

HaM ,n;aHo, qTo ¢' = 0 Ha rpaHHqHhIX npoBO,Il;HHKax (3a,n;aqa Ilyacco­

Ha) Hp= 0 Ha BHyTpeHHHX (3a,n;aqa ,Il,ttpHxJie). Tor,n;a rroJiyqaeM 

L p~</JB = L PA¢A. 
BHyTp. B rpan. A 

,II,onycTHM, <ITO B 3a,n;aqe IIyaccoHa Q(C, A) o6o3HaqaeT 3apR,n; 

PA Ha rpaHH'lHOM npoBO,IJ;HHKe A, HMeeTcR e,n;HHH<IHhrli 3apa,n; Ha 

BHyTpeHHeM npOBO,IJ;HHKe c' a 3ap5I,IJ;bI Bcex OCTa.JlhHbIX BHyTpeHHHX 

npoBO,Il;HHKOB paBHhI HyJIIO. Tor,n;a cJieBa BhI)KHBaeT TOJihKO o,n;HH 

<IJieH, H Mbl HMeeM 

<Pc= - LQ(C,A)cpA, r,n;e Q(C,A) = -~G(C,A). 

9Ta cpyHKIJ;HH I'pHHa 5IBJI5leTC5I pemeHHeM 3a,n;aqH ,Il,HpHXJie. 

Ha npaKTHKe ,n;oBOJihHO qacTo ,Il;JIH cttcTeMbI rrpoBo,n;HHKOB MO)K­

HO JierKO pemHTb 3a,n;aqy ,Il,HpHXJie, a 3aTeM c IIOMOII!hIO TeopeMbI 

B3aHMHOCTH pellIHTh ypaBHeHne IIyaccoHa. PaccMoTpHM, HanpHMep, 

CHCTeMy H3 Tpex 6oJihillllX napa.rrJieJibHbIX IIPOBO,Il;HII!HX IIJIOCKOCTe:fi, 

IIOKa3aHHYIO Ha puc. 13.24. Ha 3TOH cxeMe A H C - rpaHHqHhre 

npoBO,Il;HHKH, a B - BHyTpeHHHH. B 3TOH reoMeTpHH rroTeHIJ;HaJI HB­

m:reTCH JIHHeliHoli cpyHKIJ;Heli rroJio)KeHHH Me)K,n;y IIJIOCKOCTHMH. CJie­

,n;oBaTeJihHo, 



13.9. TeopeMa B3a:HMHOCTM fpttHa B 3JieKTpocTaTMKe 691 

A B c 

Pnc. 13.24 

MJIH 

</>B = ~</>A + !</>c. 
3 3 

cho M eCTh perneHHe 3a,IJ;a'IH ,11,HpHXJie. 

A Terreph paccMoTpHM ypaBHeHne IIyaccoHa c 3apH.n;oM P'e Ha 

BHyTpeHHell: nnocKOCTH. IIpn 3TOM <f/A = </>'c = 0. lfa TeopeMhI 

B3aHMHOCTH cne.n;yeT, 'ITO 

P'e<PB = -pA¢A - Pc¢0 . 

0.n;HaKO ,IJ;JIH rrpoH3BOJibHOH 3a,IJ;a'IH ,11,npHXJie </>B 
CJie)J;OBaTeJibHO, 

I 2 ,;,A I 1 ,;,C I ,;,A I ,;,C 
PB. -'f' +PB. -'f' = -PA'f' - PC'f' . 

3 3 

0TCIO.n;a cne.n;yeT, 'ITO 

I 2 I 
PA=-3PB, 

T. e. Mbl BbISl.CmimI, KaK fIH,IJ;yll,HpoBaHHblll 3apH,IJ; pacnpe.n;enHeTCH 

Me)K,Ily ,Il;BYMH rpaHH'IHhIMM IIJIOCKOCTHMH. 

B o6lll,eM cnyqae TeopeMa B3aHMHOCTH fpnHa MO)KeT npnMemITh­

CH B 3a.n;aqax, r.n;e HM€IOTCH KaK rrpOBO,Il;HHKM, TaK M pacrrpe.n;ene­

HM5I 3apH,IJ;OB B o6nacTn, orpaHH'leHHoii: 3THMH rrpoBo,IJ;HHKaMn. Ha­

npnMep, eCJIM 3ap5I,IJ; +q TIOMelll,eH B6JIH3M 6eCKOHe'IHOH 3apH)KeHHOH 
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p 

r~ 
q -q (o6pa3) 

PMc. 13.25 

TIJIOCKOCTM (pHC. 13.25), TO 3JI€KTPWieCKHH TIOT€HIJ;Ha.JI Be3,n;e Ha TOH 

)1(€ CTOpOHe TIJIOCKOCTH, r,n;e Hax0,11,HTCH 3apH,n;, MO)K€T 6hITh onpe,n;e­

JI€H Memoao.M u306pa;>1Ce1-1,uu, T. e. 

q q 
<f;(P) = - - -

r r' 

(cM. naparpa<P 16.1). ,Ll;JIH 3TOH TIOT€HIJ;HaJihHOH cPYHKIIHH MO)KHO no­

JIY'IHTh pacnpe,n;eJieHHe OTpHu;aTeJihHOrO 3ap51,n;a B,11,0Jih npoBO,Il;HIIJ;€H 

TIJIOCKOCTH. A 3To, B csoro oqepe,n;h, ,n;aeT B03MO)KHOCTh pernHTh 3a­

,n;aqy ,Ll;HpHXJie, Kor,n;a B€3,1l,€ Ha TIJIOCKOCTH 3a,n;aH TIOT€HIJ;HaJI H Tpe-

6yeTCH HaHTH pacnpe,n;eJieHHe TIOT€HIJ;HaJia BO BCeM rrpOCTpaHCTBe. 

AHaJIOrH'IHhIM crroco6oM CTpOHTCH cPYHKIIHH rpHHa ,n;mi: perneHHH 

ypasHeHHH IIyaccoHa, Kor,n;a To'Ie'IHhIH 3apH,n; Haxo,n;HTCH BHYTPH 3a-

3eMJieHttoi1 npOBO,Il;HIIJ;ei1 c<PepbI. IloTOM 3Ta cPYHKIJ;HH HCTIOJih3JeTCH 

,IJ;JIH perneHHH 3a,n;aqI:1 ,Ll;MpMXJie, Kor,n;a Ha TIOBepXHOCTM c<Pepbl 3a,n;aH 

TIOT€HIJ;Ha.JI H Tpe6yeTCH HaHTH TIOT€HIJ;Ma.JI B o6JiaCTH, orpaHM'I€HHOH 

c<Pepo:H M cso6o,n;Hoi1 OT 3apH,n;oB. 

Pe3IOMe 

A. OpToroHa.JihHhie npoeKu;1111 
Bhl ,11,0JI)KHhI 3HaTh cso:HcTBa caMoconpHMeHHoro npoeKIJ;HOHHoro 

onepaTopa K ,IJ;JIH u;erre:H c pe3HCTopaMH H MCTIOJih30BaTh ero ,n;JIH 

pacqeTa TaKHX u;ene:H. 

Bhl ,n;OJIMHhI yMeTh cTpoHTh onepaTop K, TIOJih3JHCh rrpou;e,n;ypo:H 

rpaMa-lIIMH,IJ;Ta HJIH MeTO,ll.OM Kttpxro<Pa. 
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B. I..J;enH c eMKOCTHMH 

Bb1 ,n;omKHbl yMeTb pacc11HTbIBaTh u,e1rn c eMKOCTBMH c rrOMOllJ,hIO 

MeTo,n;oB MaKcBemia mm: o6paID,emrn orrepaTopa Jiarrnaca. 

,ll;nB pac11eTa u,errett c eMKOCTBMH Bb1 ,n;omKHbl yMeTh pernaTb 

ypaBHeHHe IlyaccoHa HJIH 3a,n;aqy ,ll;HpHXJie c IIOMOllJ,hlO opTOI'OHaJib­

HblX rrpoeKD,Hii; ,Il;OJl)KHbl OIIHCbIBaTh CBB3aHHOe c 3THM pa3JIO)KeHHe 

C1 Ha OpTOrOHaJibHhle IIO,n;IIpOCTpaHCTBa. 

C. <l>yHKll;Jnt: rp1ma 

Bbl ,Il;OJI)KHhl yMeTb CTpOHTh <l>YHKIJ,HIO rpHHa ,D;JIB u,errH c eMKOCTBMH 

H HCIIOJib30BaTh ee ,Il;JIB perneHHB ypaBHeHHB Ilyaccotta H 3a,n;a'-l:H 

,lJ;HpHXJie. 

13.1. PaccMoTpHTe 11enb, H3o6pa)KeHHYIO Ha pHc. 13.26. 

+ 
6B 

t2A 

B 

10M 

A 

PHc. 13.26 

(a) HanHmHTe 6a3HC npocTpaHcTBa Z1. OfrMICHIITe CMbICJI YTBep­
)K,ll;eHmI «onepaTop 7r npe,n;cTaBJIHeT npoeK11nIO C1 Ha no,n;npo­
cTpaHCTBO Z1 ». BbrnOJIHHB cooTBeTCTBYIOIIIHe Bhl'-IHCJieHHH, ,n;o­

Ka2KnTe, '-ITO MaTpH11a 

2 
3 

-1 -:) 



694 DiaBa 13. MeTo,n; opToroHa.JihHhIX npoeKIIHH 

(b) )];JUI 3TOH IIeITH Haii,n;1ue TOKH B BeTBHX, HCITOJib3YH MaTpHIIY 
n. C,n;eJiaiiTe pncyHOK, nOKa3hIBaIOillHH o6pa3 H a,n;po 1f, noKa­
)KHTe, KaK c ero IlOMOIIIblO pemHTb aTy 3a,n;aqy. 

( c) KaKoe JIHHeii:Hoe npeo6pa3oBaHne npe,n;cTaBJI»eTC» MaTpHI1eii: 
nT, TpaHcnonnpoBaHHoll: K n? Ha30BHTe H .n;aliTe xapaKTepn­
CTHKY c cPH3HqecKOH TOqKH 3peHHH npOCTpaHCTBy, HBJIHIOIIIe­
MYC5l a,n;poM aToro npeo6pa3oBaHmL 06ocHyTI:Te CBOii OTBeT JIH-
60 c IlOMOillhIO o6rn;e:ii: TeopeMbI, JIH6o CCbIJiaHCb Ha COOTBeT­
CTBYIOillHe CBOHCTBa MaTPHilbl 7fT. 

13.2. (a) IlocTpO:ii:Te MaTPHIIY 2 x 2, npe,n;cTaBJia10my10 7r: C1 ~ Z, ,n;JI» 
1Ienn, H3o6pa)l{eHHO:ii: Ha pnc. 13.27. 

B 

/3 

70M 

A 

Pnc. 13.27 

(b) C,n;eJia:ii:Te pHcyHoK, ITOKa3hIBaIOrn;H:ii: 06pa3 H a,n;po n. Ha HeM 
ITOKa)KHTe BeKTopa K HI= nK. 

13.3. PaccMOTpIITe 1Ienh, 11306pa*eirny10 Ha pnc. 13.28. 

(a) 11cnoJih3Y» npo1Ie,n;ypy fpaMa-IllMH,n;Ta, npeo6pa3y:ii:Te 6a3HC 

B opTOHOpMaJibHhiii: 6a3HC {E1 , E2 } npocTpaHCTBa Z1. IlpHMe­

H»» onepa1IHIO 7f I = (E1, I) z E1 + (E2, I) z E2 no oqepe,n;n K 
Ka)K,ll;OMy H3 qeThipex 6a3HCHhIX BeKTopoB C1, nocTpoiiTe MaT­
pney, npe,n;cTaBJI»IOmyIO n, H paccqHTa:ii:Te ,n;aHHYIO 1Ienh. 
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B 

A 

Pn:c. 13.28 

(b) ,II,m1. 3TOii u,erm ,n;oKa2KHTe ¢opMyJiy n = a(sZa)-1sZ. 

(c) IIocTpoihe MaTpmzy Z(l - n) II rroKa2KIITe, 'ITO ee o6pa3 ecTb 
rrpocTpaHCTBO B 1. 

(

22 
1 14 

'lT = 50 ~ 

28 
36 
-8 
-8 

24 
-12 

36 
36 

_;) 
6 . 
6 

13.4. (a) ,II,m1. u,errII, II306pa)l.{eHHOii Ha pIIC. 13.28, IIOCTpO:il:Te MaTpmzy, 
rrpe,n;cTaBJI.HIOlll,YIO 

T: c 1 __. c1, 

KOTOpa.H rrpoeKTHpyeT rrpocTpaHCTBO C1 Ha B1' npn'IeM npo­
eKTIIpyeT opTOrOHaJibHO no OTHOIDeHHIO K CKaJI.HpHoMy rrpOH3-
Be,n;eHIIIO, OIIpe,n;eJieHHOMy rrpeo6pa30BaHIIeM z-l, T. e. 

(V, V')z-1 = { V. 
lz-1v1 

l.JT06b1 rrocTpOHTb 6a3IIC ,n;JI.H rrpocTpancTBa B 1, IIOJIO)l.{IITe rro­

TeHll,IIaJI paBHbIM nyJIIO B y3Jie A ( 3a3eMJIIITe ero) H -1 B J3Jiax 
BnC. 

(b) IloKa2KHTe, 'ITO V = T(W - ZK) II ncrroJib3YiiTe 3TY ¢opMyJiy 
,IJ;JI.H pacqeTa u,errII, H306pa)!<:eHHO:il: na pnc. 13.28. 

13.5. (a) Ha:il:,n;nTe .HBHOe Bbipa)l.{enne ,n;JI.H MaTpIIll,bI T H3 npe,ll;bI,LzyIIJero 
yrrpa)l.{HeHH.H qepe3 [d], z-l H [o]. C IIOMOJI\bIO 3TOH MaTpHIJ;bl 
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noKa2KHTe, 'ITO T 2 = T, 'ITO o6pa3 T eCTb B 1, 'ITO T - caMoco­

np512KeHHa51 MaTpH11a no OTHOIDeHHIO K CKaJI51pHOMY npOH3Be­

,r:i;eHHIO, OIIpe,r:i;eJieHHOMY z-l. 
(b) IloKa2KHTe, 'ITO ,Ll;Jl51 JII06oii: 11enH MaTpH11a 

npe,r:i;cTaBJI51IOIIIa51 JIHHeii:Hoe npeo6pa3oBaHHe H3 C1 B Ci, 51B­

JI51eTC51 e,r:i;HHH'IHOH MaTpH11eii:. 

13.6. ,n;JI51 11enH, H3o6pa2KeHHoii: Ha pHc. 13.28, c noMOIIlhlO MeTo,r:i;a KHpx­

rocpa c,r:i;eJiaii:Te cJie,r:i;y10111ee. 

(a) B 11enH ecTb Il51Th pa3JIH'IHhIX MaKCHMaJihHhIX ,r:i;epeBheB. ,n;JI51 

Ka2K,r:i;oro ,r:i;epeBa noJiy'IHTe MaTPHIIY pr (4 x 4). 3aMeTHM, 'ITO 

Ka)K,l1;a51 napa BeTBeii:, KpoMe {a, ,B}, o6pa3yeT ,r:i;epeBo. ( CJie,r:i;H­

Te 3a 3HaKaMH - Bee ,r:i;HaroHaJibHhie 3JieMeHThI MaTpHIJ,bI PT 
,Ll;OJI2KHbI 6b1Tb 2: 0.) 

(b) ,n;JI51 Ka2K,r:i;oro ,r:i;epeBa BhI'IHCJIHTe Qr H Haii:,Ll;HTe R = 'L Qr. 
(IloJiy'IHTC51 R = 50, 'ITO coBna,r:i;aeT c Det(sZa). By,r:i;eT JIH 3TO 

TaK B 06111eM CJiyqae?) 

( c) BocnoJih3yii:TeCb cpopMyJioii: KHpxrocpa 

n = ~ LQrpr, 
T 

'IT06b1 noJiy'IHTh npoeKI1HOHHhlii: onepaTop 1f MeTo,r:i;oM BeiiJif!. 

13.7. IlpH,r:i;yMaiiTe H3MeHeHHe B MeTo,r:i;e KHpxrocpa, '!To6hI nocTpOHTh ca­

Moconp512KeHHhIH npoeKIIHOHHbIM onepaTOp T : C1 ---> C1, 06Jia,r:i;a­

IOIIIHH TaKHM 2Ke CBOHCTBOM V = T(W - ZK), 'ITO H ycpe,r:i;HeHHoe 

3Ha'IeHHe npoeKIIHM C1 Ha Z 1, B351TbIX C OIIpe,r:i;eJieHHblMH BeCaMH, H 

He 51BJI5110llleecg caMOCOIIp512KeHHbIM onepaTOpOM. 0,r:i;HH H3 cnoco6oB 

c,r:i;eJiaTb 3TO - Ha'IaTb c MeTo,r:i;a KHpxrocpa B npocTpaHCTBe C1 H 

IlOTOM o6e 'IaCTH yMH02KHTb Ha z. 
13.8. ,n;oKa2KHTe cpopMyJiy ,Ll;JI51 npoeKIIHOHHOro onepaTopa Beii:JI51 1f = 

a( sZ (T )-
1 sZ' npoBepHB, 'ITO 1f o6Jia,r:i;aeT Tpe6yeMbIMH CBOHCTBaMH: 

(a) 1f 51BJI51eTc51 npoeKIIHeii: n 2 = n; 

(b) o6pa30M 1f 51BJI51eTC51 z 1 ; 

( c) 1f - caMoconp512KeHHhiii onepaTop OTHOCHTeJihHO (., ·) z, T. e. 

(nl,I')z = (I,nl')z. 
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13.9. (a) ,Il,Jrn u;errn:, 11:306pa2KeHHOH Ha pn:c. 13.29, IIOCTpoil:Te MaTpHuy 
7f, rrpe,n;cTaBJUIIOIIJYIO opTOrOHaJibffYIO rrpoeKD;HIO rrpocTpaHCTBa 
C1 Ha rro,n;rrpocTpaHcTBO Z1. BocrroJih3yfiTech 3THM rrpoeKu;ttoH­
HhIM orrepaTopOM ,n;mI Bbl'lHCJieHHH TOKOB B BeTBHX I. (Bee TOKH 
3a,n;aIOTCH u;eJiblMH 'lHCJiaMH.) 

B 

A 

Pnc. 13.29 

(b) ,Il,JIH 3TOfi u;e1rn rrocTpoil:Te 6a3HC H,n;pa orrepaTopa 7r. BocrroJih-

3yil:Tecb HM, 'lT06bI IIOKa3aTb B HBHOM BH,n;e, 'ITO a,n;po 7f opTO­
rOHaJibHO ero o6pa3y. 

13.10. B Ka'!eCTBe HJIJIIOCTpau;HH TeopeMbl B3aHMHOCTH rpHHa pacCMOTpHTe 

u;errh, H3o6pa2KeHHYIO Ha pnc. 13.30. 

A 

B 

Pnc. 13.30 

(a) EcJIH Me)K,D;Y y3JiaMH AH B BcTaBHTh 6aTapero Ha 60 BOJihT, To 
KaKoli TOK rroTe'!eT Me)K,D;Y Y3JiaMH C H D rrpn 3aMbIKaHHH HX 
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HaKopOTKo? EcJin, Hao6opoT, 6aTapeIO BCTaBHTh Me)K,izy y3JiaMH 

C n D n ycTponTh KOpOTKOe 3aMhIKattne A c B, TO KaKoli TOK 

noTeqeT 'Iepe3 AB? 

(b) EcJIH HCTO'IHHK TO Ka Ha 25 aMrrep BcTaBHTb Me)l{,lzy y3JiaMn A 
n B, TO KaKoe Hanp.H)KeHne B03HHKHeT BCD (Y3JibI pa30MKHY­

Tb1)? EcJIH, B CBOIO O'Iepe,n,b, TOT )Ke HCTO'IHHK TOKa BCTaBHTb 

Me:>K,n,y y3JiaMn C n D, TO KaKoe Hanp.H:>KeHne B03HHKHeT B AB? 

13.11. (a) )l;JI.H :u;errn, H3o6pa)KeHHOH Ha pnc. 13.31, IlOCTpOHTe CHMMeT­

pH'lHYIO MaTpn:u;y Zn. 11crroJib3YMTe ee ,ll,JI.H onpe,n,eJieHnH Ha­

np.H)KeHHH Ha BeTBHX v' ecJIH B BeTBb a BCTaBJieH HCTO'IHIIK 

TOKa, ,n,aIOm;Hii 8 aMnep. Haii,n,u:Te V TaK)Ke B cJiy'lae, Kor,n,a 

TOT )Ke HCTO'IHHK BCTaBJieH B BeTBb 'Y· 

Cl' 

(b) )l;JIH TOM )Ke :u;errH IIOCTpOHTe CHMMeTpH'IHYIO MaTpH:u;y 7r z-l. 
BocrrOJih3YliTech eli ,ll,JI.H orrpe,n,eJieHHH TOKOB B BeTBHX I, ecnn 

B BeTBb a BCTaBJleHa 6aTapeH, ,n;aIOru;a.H Harrp.H)KeHHe 16 BOJibT? 

KaKoii 6y,n;eT TOK, ecJIH Ty )Ke 6aTapeIO BCTaBHTb B BeTBb "(? 

l :3 c i------ilJ?} 
3 

A 

PHC. 13.31 PHc. 13.32 

13.12. Orrpe,n;emue 3ap.H,n; Ha Ka)K,ll;oM KOH,n;eHCaTope :u;enn, n306pa)KeHHOM 

Ha pnc. 13.32, HCilOJib3YH MeTO,l], KpyrOBbIX TOKOB H MeTO,ll, Y3JIOBbIX 

IlOTeHIJ;HaJIOB. Ilpe,n;rroJIO:>KHM, 'ITO [o]Q = 0, T. e. 'ITO ,n;o IIO,ll;KJIIO­

qeHH.H 6aTapeli Bee KOH)l;eHCaTOpbl He 6hIJIH 3ap.H)KeHbl. (EcJIH Hy)K­

HO, orrpe,n;eJIHM e,n;HHHIJ;bI: Harrp.H)KeHHe v H3Mep.HeTCH B BOJibTax, eM­

KOCTb c - B MHKpocpapa,n;ax, a 3ap.H,n; Q - B MHKPOKYJlOHax.) 

13.13. B :u;enn, n306pa)KeHHOM Ha pnc. 13.33, PB= 13 H Pc= -1, II03TOMY 

PA = -12. PemnTe ypaBHeHne Ilyaccotta ~<I>= -p )l;JI.H 3TOH :u;enn H 

:::~ ~( ~f). B~··~Te 3ap~ Ha BeTBHX Q. npoHepbTe 
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A B\27C 14 121_3 (}' 'Y 

32!2 [v4 T "J 
c A (3eMJUI) 

PHc. 13.33 PHc. 13.34 

13.14. ,lJ,Jrn: u;em1, II3o6pa:>KeHHOii: Ha pIIC. 13.34, HaIIIIIIIIITe MaTpIID;bl d II 8. 
,IJ,mi: p B = 10 II pc = - 2 pernIITe ypaBHeHIIe IIyaccoHa II Haii:,LI,IITe 
rroTeHD;IIaJihI Y3JIOB <P 8 II q,c. 

13.15. PacCMOTpIITe u;errh KOH,LI,eHcaTopoB, II3o6pa:>KeHHYIO Ha pIIc. 13.35. 
Y3JihI AH B - rpaHH'IHhie, a y3eJI C - BHyTpeHHIIii. 

A lA 
0: I; c 

,£3 

TB
1 

B 

PHc. 13.35 

(a) IIocTpoiiTe MaTpIIey 2 x 2 orrepaTopa 71', KOTOpbIH 5IBmreTc5I 
opToroHaJihHOH rrpoeKu;IIeii ( OTHOCHTeJihHO CKaJI5Ipttoro rrpOII3-

Be,LI,eHII5I, orrpe,LI,eJieHttoro C) C' Ha dC~ayTp· 

(b) BeKTOp W = (-~) cooTBeTCTByeT c1nyau;IIn, KOr,ll,a Ha y3Jie 

C HaXO,ll,IITC5I 3ap5I,LJ; 4. BocrrOJih3YHTech orrepaTopoM 7f' ,LJ;JI5I Ha­
xo)K,ll,eHII5I pacrrpe,l],eJieHII5I 3ap5I,LJ;OB B cJiy'Iae, ecJIII y3JihI A H 

B 3a3eMJieHhI. 

( c) Ilpe,l],IIOJIO:>KHM, 'ITO rroTeHIJ,HaJI Y3Jia A paBeH <J>A = 0, rroTeH­

D;IIaJI y3Jia B paBeH <I> 8 = 4 II 3ap5I,ll, y3Jia C paBeH HYJIIO. 



700 rJiaBa 13. MeTO,ll, OpTorOHaJihHhIX rrpoeKrriri1 

BocrrOJih3yi1TeCh orrepaTopoM 7r II orrpe,ll,eJIIITe Harrpx:iKeHII.H B 

BeTB.HX V°' II v.a. 

13.16. PacCMOTpIITe CIICTeMy KOH,[f,eHCaTOpoB, IIOKa3aHHyIO Ha pIIC. 13.36. 
B 3Toii: u;errII y3JihI A II D rpaHir'IHhre, a y3JihI B II C BHyTpeHHIIe. 

(a) ,Il;JI.H 3TOH u;errH HaIIHillHTe MaTpIIrrhI 8 H d. 

(b) Il~Tb ¢, ~ m H ¢2 ~ m -BeKTOphl B ~aHCTBe 
c0 • BhPIIICJIHTe d</>1 H d¢2. IloKa:lKHTe, qTo OHH opToroHaJihHhI 

ITO OTHOmeHHIO K CKaJI.HpHOMY IIp0II3Be,[f,eHHIO, orrpe,n;eJieHHOMY 

MaTpHu;eii: eMKOCTeii: c. 
( c) IlycTh 7r rrpe,n;cTaBJI.HeT opToroHaJihHYK> rrpoeKrrHK> H3 C1 Ha 

:oa).CTpaHCTBO, 3"""'"'"" BOKTO-· d¢, • #2. BhPmcmne 

(d) IlycTh Ha Y3Jie B Haxo,n;IITC.H e,ll,IIHHqHhIH 3apx,[1,, Ha Y3Jie C 
3apx,n; paBeH HYJIK>, a Y3Jihl A H D 3a3eMJieHhI. BocrroJih3yii:TeCh 

opToroHaJihHoii: rrpoeKrrIIeii: H Bhlqn:cJin:Te rroTeHIIHaJihI y3JIOB B 
H C. Haii:,n;n:Te 3ap.H,n;hI Ha y3Jiax AH D. 

c 

D 

l~T ~ , v2 
B 

Pn:c. 13.36 PHc. 13.37 
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( e) IIycTh <t>A = 5, <I>D = 0, Ha y3Jiax B H C HeT 3apB,n;OB. Boc­

IIOJih3YHTecb MeTO,ll;OM OpTOrOHaJibHblX rrpoeKI1HH H orrpe,n;eJIH­

Te HarrpB:>KeHHB Ha BeTBBX v. 
(f) ,II:JIB 3a,n;a'IH, IIOCTaBJieHHOH B rryHKTe (e), IIOKa:>KHTe, KaK HaHTH 

<l> B, HCIIOJib3YB cPYHKIIHIO rpHHa H3 IIYHKTa ( d). 

13.17. PaccMoTpHTe 11errh KoH,n;eHCaTopoB, rroKa3aHHYID Ha pttc. 13.37. Y3JihI 

AH B - rpaHH'IHbie, a Y3JihI CH D - BHyTpeHHHe. 

(a) BeKTopa 

BBJIBIOTCB aJieMeHTaMH rrpocTpaHCTBa c0 . Ha30BHTe, KaKoe 

rrpOCTpaHCTBO OHH 3a,n;a10T, H ,n;aiiTe eMy cPH3H'IeCKYIO xapaKTe­

pHCTHKy. Orrpe,n;eJIHTe d'ljJ1 H d'ljJ2 • IloKa:>KHTe, 'ITO OHH o6pa3y­

IDT OpTOrOHaJibHblH 6a3HC IIO,ll;IlpOCTpaHCTBa 0 1 OTHOCHTeJihHO 

CKaJIBpHororrpoH3Be,n;eHHB, orrpe,n;eJieHHoro C. 

(b) IIycTb 7r o6o3Ha'IaeT opToroHaJihHYID rrpoeKIIHID rrpocTpaHCTBa 

0 1 Ha IIO,lJ;IIpOCTpaHCTBO, ,ll;JlB KOTOporo TOJlbKO 'ITO IlOJiy'IeH 

6a3HC. c cPH3H'IeCKOH TO'IKH 3peHHB ,n;aiiTe xapaKTepHCTHKY 

BeKTopaM, KOTOphle rrpttHa,n;Jie:>KaT .H,apy orrepaTopa n. BhI'IHC-

"HTe ~ m· 
( c) IlycTh Ha y3Jie D Haxo,n;HTCB e,ll;HHH'IHhIH rroJIO:>KHTeJihHhIH 3a­

pB,n;, Ha Y3Jie C 3apB,n;a HeT, a y3JihI A H B 3a3eMJieHhl. I1c­

IIOJih3YB pe3yJibTaT IIYHKTa (b), HaH,n;HTe 3apB,ll;bl H HarrpB:>Ke­

HHB BCex BeTBeH. 

(d) IlycTb Ha Y3Jie D Haxo,n;HTCB 3apB,n; 2, Ha y3Jie C 3apB,n;a HeT, 

<I>A = 4 H <I>8 = 1. I1crroJib3YB TOJlbKO 'ITO noJiy'IeHHYIO cPYHK­

llHIO rpHHa, orrpe,n;eJIHTe IIOTeHI1HaJI Y3Jia D. (YKa3aHHe: 3Ta 

3a,n;aqa BBJIBeTCB cyrrepII03HllHeH 3a,n;a'IH ,II:ttpHXJie H 3a,n;a'IH 

IIyaccoHa.) 

1:3.18. PaccMOTPHTe 11errh, H3o6pa:>KeHHYID Ha pttc. 13.38. Y3Jihl A, B H C 
- rpaHH'IHhie, a y3Jihl DH E - BHyTpeHHHe. 
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PMc. 13.38 

(a) IIoJiyqHTe 6a3HC no.n;npocTpaHCTBa c2HYTP c CO H dC2HYTP c 
C1. IIpoBepbTe, qTO MaTpmi;a 

~~~ (i 
1 8 2 

-~) 5 2 10 
1 8 2 

19 2 5 2 10 -4 
6 -4 6 -8 7 

npoeKTHpyeT C 1 Ha 3TO IlO,ll;IlpOCTpaHCTBO. 

(b) IIocTpOiiTe MaTpHIJY 1 - 7r H npoBepbTe, qTo ee o6pa3 opToro­
HaJieH 06pa3y 7r. 

(c) IIpoBepbTe, qTQ H 1 (o6pa3 Z1 npH .n;eiiCTBHH c-1) HBJIHCTCH 
g,n;pOM 7r. 

(d) IIocTpOiiTe MaTpHIJY (l-7r)d, npe,n;cTaBJIHIOITi;yIO npeo6pa30Ba­

HHe H3 c0 B C1. IIpoBepbTe B HBHOM BH,n;e, qTo ecJIH <i> - npoH3-

BOJihHhlii 6a3HCHblM BeKTOp B C~paH, TO V = -( 1-7r )d<i> OilHCbl­
BaeT MH02KeCTBO HanpH2KCHHM BeTBeii, ,ll;JIH KOTOpbIX 8CV = 0 
Ha BHyTpeHHHX y3Jiax D H E. 

13.19. ,Il;JIH IJCITH, H306pa2KeHHOM Ha pHC. 13.38, HCilOJib3YMTe MaTpHIJY 
(1 - 7r)d H penmTe 3a,n;aqy ,Il;HpHXJie ,ll;JIH IlOTeHIJHaJIOB <I>A = 3, 
<I>8 = -5, <I>0 = 0 npH PD =PE = 0. IIoJiyqHTe <I>D, <J>E, PA, PB 
H PC· 

13.20. B npe.n;b1.n;yni;eM ynpa2KtteHHH pemHTe ypaBHCHHe IIyaccoHa ,LJ;JIH cJiy­

qaa, Kor.n;a 

PE = 1, PD = 0, <I>A = <I>8 = <I>c = O. 

(a) Bb16epHTe JII06oe 3HaqeHHe Q, y.n;oBJieTBopaIOni;ee ycJIOBHHM 

PD = 0, PE = 1. IIocTpoiiTe BeKTop Hanpa2KeHHii B BeTBHX 
v = c-10. 
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(b) BhrqHCJIHTe V = 7f V H orrpe,n;eJIHTe TaKOH rroTemrn:aJI, qT06h1 

Ha rpaHn::a;e <I>= 0 H -d<I> = V. 

(c) IloBTOpn:Te rryHKThl (a) n: (b) c ,n;pyni:Mn: 3HaqeHmIMH Q. Bhr 

,ll;OJI:lKHhl IIOJiyqHTb TOT )Ke caMhlH OTBeT. 

( d) Pemn:Te ypaBHeHn:e IlyaccoHa AJI.H cJiyqa.H p D = 1, p E = 0. ,Il;JI.H 

aToii: :u;errn: y2Ke rrocTpoeHa cpyHKD;H.H fpHHa. BocrrOJih3yii:Tecb 

eii: n: pemHTe ypaBHeHHe IlyaccoHa AJI.H PD= 10 H PE= 7. 

( e) llcrrOJih3Y.H cpyHK:a;n:ro fpHHa, rrocTpo:HTe si:,n;po IIyaccoHa 

6.G(A, B). ~:ho 6y,D;eT MaTpn::u;a c TpeM.H CTOJI6:a;aMH n: ABYM.H 

CTpOKaMR, KOTOpasi: rrpe,n;cTaBJISieT OT06pa2KeHHe 

(!~c) ~ B (:~). 

TpaHCIIOHHpoBaHHa.H K Heii: MaTpH:a;a OTo6pa2KaeT 

(f) IIpoBepbTe, qTo .H,n;po IlyaccoHa ,D;aeT rrpaBHJihHOe pemeHn:e 3a­

,n;aqH ,Il;HpHXJie, IIOCTaBJieHHOH B yrrpa2KHeHHH 13.18(c). 

13.21. KoH)J;eHCaTop COCTOHT H3 Tpex )J;JIHHHhIX KOaKCHaJihHbIX D;RJIHHAPOB 

c ,ll;JIHHOH l H pa,n;HycaMH r A =a, TB = 2a, re = 8a. 

(a) PemHTe 3a,D;aqy ,Il;HpHxJie, Kor,n;a :a;HJIRHAP B He 3ap.H2KeH, a 

pa3HHII,a rroTeHII,HaJIOB Me)K,JJ,y II,HJIHH,D;paMH A n C paBHa <1>0 . 

(b) 1IcrrOJib3Y.H TeopeMy B3aRMHOCTH fpnHa, pemnTe ypaBHeHHe 

IlyaccoHa, ecJIH II,HJIRH,ll;phr A H C 3a3eMJieHhl, a 3ap.H,n; Q Ha­

XO)J;HTC.H Ha II,HJIHH,D;pe B. 

I :J.22. Tpn KOHII,eHTpHqecKHX rrpoBOA.HIIIHX ccpephl nMeIOT pa,D;HYChI r A = 2, 

TB = 3, re = 4 COOTBeTCTBeHHO. 

(a) ,Il;JISI 3TOH CHCTeMbl HaIIHIDHTe MaTpHrr,y -6. - 1, o6paTHTe ee H 

rrocTpoiiTe orrepaTop JlarrJiaca - 6.. 

(b) IIycTh rrOTeHII,HaJihr paBHhr ¢A = 0, <f>B = 1, ¢0 = 0. Orrpe,D;e­

JIHTe 3apsi:,n; Ha Ka)f(,ll;OH ccpepe. 

J:J.23. l:JeTblpe 6oJihmnx rrpoBO)J;.HII!HX llJIOCKOCTH (rrJIOIII,a,n;n Ao Ka)f(,ll;a.H) 
HaXO)J;.HTC.H Ha paCCTOSIHHH l ,n;pyr OT ,n;pyra (pnc. 13.39). 
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[--.. 

A B c D 

Puc. 13.39 

(a) PemuTe 3a,n;aqy ,IJ;upuxJie, Kor,n;a 3a,n;aHbI noTeHIJ;HaJihI ¢A, ¢D, 

a nJIOCKOCTH Bu C He 3ap5DKeHhI. 

(b) McnoJih3J51 TeopeMy B3aHMHOCTH rpHHa, pemHTe ypaBHeHHe 

Ilyaccotta .D;JI51 3a,n;aT.J:H, Kor,n;a IlJIOCKOCTH A H D 3a3eMJieHhl, 

a Ha BHJTpeHHHX IlJIOCKOCT51X HaxO,n;51TC51 3ap51,ll;hl QB H Qc. 
Onpe,n;eJIHTe noTettu;imJihl ¢8 , ¢0 H 3ap51,n;hI QA, Q D. 



rJiaBa 14 

KoMrrJieKChI BhICIIIHX 

pa3MepHOCTeii 

B 3TO:ti rJiaBe MhI 3aKoHqnM BBe.n;eHne B anre6panqecKyro 

TonoJiorHIO. BKpaTu,e onmneM, KaK o.n;HoMepHhie pe3yJih­

TaThI, IIOJiyqeHHbie B rJiaBax 12 H 13, o6o6IIJ,aIOTCR Ha 

cJiyqa:ti 6oJihIIIero qncJia H3MepeHH:ti. 

14.1. KoMrrJieKchI M roMonornn 

B 3TO:ti rJiaBe MhI npepBeM n3yqeHne 3JieKTpnqecKHX u,ene:ti H pac­

CMOTpHM PR,Il; o6o6IIJ,eHHH TeX MaTeMaTnqeCKHX MeTO,Il;OB, KOTOphIMH 

MhI 3aHHMaJIHCh B IIpe)l;hI,Il;yIIJ,HX rJiaBax. Mhr onpe.n;eJIHJIH o.n;HoMep­

HhI:ti KOMITJieKC KaK CHCTeMy, COCTOmu,yro H3 o6'beKTOB HyJieBOH pa3-

MepHOCTH, Ha3BaHHhIX Y3JiaMH, H o.n;HoMepHhIX o6'heKTOB, Ha3BaHHhIX 

BeTBRMH. BeTBH coe.n;HHRIOTCR Me)K,lzy co6o:ti B Y3Jiax. TaKne KOM­

nJieKChI npe.n;cTaBJIRIOT oco6hIH HHTepec c TQqKH 3peHHR CB513HOCTH, 

•1To HaIIIJIO cBoe oTpa:m:eHne B npocTpaHCTBe Ho. Ba)KHhIM TaK)Ke 

HBJIReTCR qncJIO He3aBHCHMhIX 51qeeK, KOTOpoe paBHO pa3MepHOCTH 

11pocTpaHCTBa H1. B 3To:ti rJiaBe MhI 6y.n;eM paccMaTpHBaTh KOM­

llJieKChI c 66JihIIIHM qnCJIOM H3MepeHHH, T. e. co.n;ep)KaIIJ,He ,Il;ByMep­

Ilhie, TpexMepHhre H T . .n;. 3JieMeHThI. B .n;ByMepHOM KOMTIJieKce HJIH 

2-'ICO.MnJ1,e'ICce, noMHMo Y3JIOB H BeTBefi, HMeIOTCR .n;ByMepttbre ~meMeH­

ThI (KYCKH IlOBepxHOCTH), KOTOpble Mhl 6y.n;eM Ha3hIBaTh 2-.R"ifU'ICa.MU 

HJm 2patt.R.MU. Ha pnc. 14.l IIOKa3aHo, qTo 3TH rpaHH conpnKacaroTcR 

;~pyr c .n;pyroM B)l;OJib BeTBe:ti. fpaHHU,a rpaHH COCTOHT H3 HeCKOJih­

KHX BeTBe:ti, rrpnqeM Ka)K.n;aR BXO,Il;HT co 3HaKOM IIJlIOC HJIH MHHyc. 
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D 

PRC. 14.1 

TpexMeptthIH KOMrrJieKc co.n;ep)KHT TpexMepHhie 3JieMeHThI ( o6'heM­

Hhie KYCKH)' Ha3hIBaeMhie 3-Rqe:HKaMH, KOTOphie KacaIOTCR ,n;pyr ,n;py­

ra B,ll;OJih rpane:H. fpaumi;a 3-RqeHKH COCTOHT H3 HeCKOJihKHX rpane:H, 

rrpifqeM Ka)K,Il;aR BXO,ll;HT co 3HaKOM IIJIIOC HJIH MHHyc. 

B o6rn;eM cnyqae n-1w.MnJ1,e'K;C COCTOHT H3 KOHeqnoro MHO)KeCTBa 

n + 1 aneMeHTOB So, S 1, S2, ... , Sn, CBR3aHHhIX Me)K,Il;y co6o:H pR,ll;OM 

ycJIOBHH, KOTOpbre MhI onmneM II03)Ke, IIOCJie BBe,n;eHHR o603Haqe­

HHH. Mno)KeCTBO So cocTOHT H3 3JieMeHTOB nyJieBo:H pa3MepnocTH, 

T. e. H3 Y3JIOB. Mno)KeCTBO S1 cocTOHT H3 o,n;HoMepHh!X 3JieMeHTOB, 

T. e. H3 BeTBeH. MHO)KeCTBO S2 COCTOHT H3 ,ll;ByMepHbIX 3JieMeHTOB, 

T. e. H3 rpaneii: H T . .n;. TiocKOJihKY y nae HeT .n;ocTaToqnoro qHcJia 

IIO,Ll;XO,Ll;RIIJ;HX ampaBHTOB ,Ll;JIR o603HaqeHHR o6'heKTOB pa3JIHqHo:H pa.3-

MepHOCTH, TO 3JieMeHThI So o603naqaeM 01, 02, 03, ... , 3JieMeHThI S1 
o6o3naqaeM 11, 12, 13, ... , 3JieMeHThI S2 o6o3naqaeM 2i, 22, 23 ... H 

TaK .n;anee. B rrocJie.n;yrorn;Hx npHMepax ,Ll;JIR o6o3HaqeuHR 3JieMeHTOB 

So 6y.n;eM noJih30BaThCR JiaTHHCKHMH 6yKBaMH, 3JieMeHThI Si 6y,n;eM 

o603HaqaTh rpeqecKHMH 6yKBaMH, 3JieMeHThI S2 6y.n;eM o603HaqaTh 

CJIOBaMH (nanpRMep, ri;BeTaMH Kpactthr:H, CRHHH HT . .n;.). 

,Il;JIR Ka)K,Ll;OrO MHO)KeCTBa Sk BBe.n;eM BeKTOpHOe IIpOCTpaHCTBO 

k-ri;erreif Ck, COCTORIIJ;ee H3 BeKTOpOB, KOMIIOHeHThl KOTOphIX HH,ll;eK­

CifpOBaHhl 3JI€MeHTaMH Sk· lfa H3yqeHH5l 3JieKTpllqeCKHX ri;erreii HaM 

H3BecTHhI npocTpaucTBa Co If C1. B o6rn;eM cJiyqae pa3MepHOCTh npo­

cTpancTBa ck paBHa qHcJiy 3JieMeHTOB sk. KaK H paHhIIIe, 3JieMeHT 

MHO)KeCTBa Sk 6y.n;eM H,Ll;eHTH<pHIJ;HpOBaTh C BeKTOpOM, y KOTOpOrO 

o,n;Ha KOMilOHeHTa, COOTBeTCTBYIOIIJ;aR 3TOMy 3JieMeHTy, paBHa e,n;H-
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mm;e, a OCTaJibHbie KOMIIOHeHTbI paBHbI Hymo. HarrpnMep, roJH KOM­

IIJieKca, n306pa)KeHHoro Ha pnc. 14.1, MbI nMeeM BeKTopa B npocT­

paHCTBe Co: 01 =A= (1,0,0, ... )T, 02=B=(0,1,0, ... f, n T.,lJ..; 

B npocTpaHCTBe C1 : 11 =a= (1, 0, 0, ... )r, 21 = {3 = (0, 1, 0, ... f 
ll T. ,lJ..; B rrpocTpaHCTBe C2 : 21 = KpaCHbiii = (1, o)T, 22 = CnHHii = 
(O,lf. 

LIT06br 3aKOHqHTb orrncaHne KOMrIJieKca, MbI ,ll.OJI)KHbI onpe,ll.e­

JIHTb rpaHnqHbiii: orrepaTop, B ,ll.eMCTBHTeJibHOCTll IlOCJie,ll.OBaTeJib­

HOCTb rpaHnqHbIX orrepaTopoB, KOTOpyIO 6y,ll.eM o6o3HaqaTb TeM )Ke 

CHMBOJIOM 8 : ck --+ ck-1 ,ll.JIH mo6oro k. OnepaTop 8 rrpnrrHCbI­

BaeT Ka)K,ll.OMy 3JieMeHTY Sk onpe,lJ.eJieHHYIO KOMfornan,mo 3JieMeHTOB 

MHO)KeCTBa s k-1 ( c COOTBeTCTBYIOIIl,llM 3HaKOM)' KOTopaH ll o6pa3yeT 

rpaHm:zy aToro aJieMeHTa. OrrepaTop 8 orrpe,ll.eJieH ,ll.JIH Ka)K,ll.Oro 6a-

3HCHoro 3JieMeHTa Ck H, CJie,ll.OBaTeJibHO, orrpe,ll.eJIHeT JIHHeHHOe OT06-

pa)KeHHe Ck Ha Ck-1 · (,Il;JIH k = 0 MbI BbI6HpaeM 0 = 0, IlOCKOJibKY 

He cyrn,ecTByeT 3JieMeHTOB OTpHil,aTeJibHOH pa3MepHOCTH.) 

,Il;JIH 2-KOMIIJieKca, IIOKa3aHHoro Ha pnc. 14.1, MbI HMeeM 

an = B - A, 8{3 = c - A, ll T. ,lJ.. 

9TH cooTHorneHHH orrpe,ll.eJIHIOT rpaHrrqHoe oTo6pa)KeHHe H3 C1 B Co, 
KOTopoe rrpe,ll.CTaBJrneTcH MaTpnn,e:H 8 x 6. LIT06b1 HarrlicaTb 3TOT orre­

paTop B HBHOM BH,ll.e, Heo6xo,ll.HMO Ha pncyrrKe II3o6pa3HTb CTpeJIKaMH 
optteHTau;nro Ka)K,ll.oii BeTBH. Atta.rrorrrqHo, qTo6bI HanncaTb rpami:q­

Hb!ii: orrepaTop H3 C2 B C1, MbI ,ll.OJI)KHbI 3a,ll.aTb opneHTau;nro Ka)K,ll.OH 

rpaHH (no qacoBo:ii CTpeJIKe HJIH rrpoTHB). fpattnu;eii rpami: HBJIHeT­

CH 3aMKHYTbIH nyTb B,ll.OJib ee nepRMeTpa, npOXO,ll.RMhIH B HarrpaBJie­

mrn, coBrra,ll.aIOIIl,HM c opHettTau;He:ii rpaHH. HarrpHMep, Ha pHc. 14.1 
o(KpaCHbIH) = Q +I - {3, a o(CHHHH) = 'Y + v - E - 8. B KaqecTBe 

oTo6pa)KeHHH H3 C2 B C1 rpaHrrqHbIH orrepaTop 3a,ll.aeTcH MaTpHu;e:H 

1 0 
-1 0 

1 1 

a= 0 -1 
0 -1 
0 0 
0 0 
0 1 
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B 683Mcax {KpaCHhIH, CMHMif} rrpocTpaHCTBa C2 M {a, ,6, ')', c:, .A, v} 

rrpocTpaHCTBa C1. 
IlpM M3y'IeHHH O)l,HOMepHbIX KOMIIJieKCOB Mbl o6Hapy)KHJIH, 'ITO 

rroJie3HO paccMaTpMBaTh rro,n;rrpocTpaHCTBa 51,n;pa M o6pa3a orrepaTo­

pa 0. 06o6rn;MM 3TY H)l,elO, orrpe,n;emrn rrpOCTpaHCTBO k-rrMKJIOB Zk, 

KOTOpOe 6y,n;eT IIO)l,IIpOCTpaHCTBOM Ck, COCT05IIIJ;HM H3 3JieMeHTOB C 

HyJieBOH rpaHHrre:ti., T. e . .R.dpo {): ck ---t ck-1· HarrpnMep, Ha pnc. 14.1 

• Z2 5IBJI5IeTC5I HyJieBbIM rro,n;rrpocTpaHCTBOM, rroToMy 'ITO HeT 

TaKoif HeTpnBHaJihHo:ti. JIHHeifHo:ti. KoM6nHarrRM KpacHbIH H 

CRHn:ti., KOTopa5I RMeeT HyJieBylO rpaHnrry; 

• Z1 5IBJI5IeTC5I TpexMepHbIM rro,n;rrpocTpaHCTBOM, rropO)K,II.eHHhIM 

51qe:ti.KaMn 

Mi = a + ')' - ,6, M2 = ')' + v - E - o, M3 = .A - µ - v; 

• Zo eCTh BCe rrpocTpaHCTBO Co, rrocKoJihKY rro orrpe,n;eJieHnlO 

OC = 0 ,II.JI5I JII060H 0-rreIIH C. 

AHanorn'IHO orrpe,n;eJIMM Bk - rrpocTpaHCTBO k-rpaHnrr, KOTOpoe 6y­

,n;eT rro,n;rrpocTpaHCTBOM Ck, cocT05IIIJ;MM H3 3JieMeHTOB, 5IBJI5IIOIIJ;MMH­

c5I rpaHnrraMn 3JieMeHTOB rrpocTpaHCTBa Ck+1, T. e. o6pa3 8: Ck+l ---t 

Ck. ,Il;JI5I KOMIIJieKCa, ll306pa)KeHHOrO Ha pnc. 14.1, 

• B2 5IBJI5IeTC5I HyJieBbIM rro,n;rrpocTpaHcTBOM, rroToMy 'ITO He 

cyrn;eCTByeT TpexMepHbIX 3JieMeHTOB B ,II.ByMepHOM KOMIIJieK­

ce ( TO'IHO TaK )Ke, KaK B O,II.HOMepHbIX KOMIIJieKcax, KOTOpbie 

MhI paccMaTpRBaJIH, Bi Bcer,n;a 6bmo HyJieBbIM rro,n;rrpocTpaH­

CTBoM); 

• Bi 5IBJI5IeTC5I ,II.ByMepHbIM rrpocTpaHCTBOM, 683nc KOToporo o6-

Pa3YIOT a(KpaCHbIH) =a+')' - ,6 ll 8(CnHHH) = 'Y +I/ - E - o; 

• Bo 5IBJI5IeTC5I II5ITHMepHbIM rro,n;rrpocTpaHCTBoM; TaK )Ke, KaK 

eCJIH 6br KOMIIJieKC 6bIJI O,IJ.HOMepHbIM, a He ,II.ByMepHbIM. 

B 3TOM rrpRMepe Ka)K,Il.oe rrpocTpaHCTBO Bk 5IBJI5IeTC5I rro,n;rrpo­

CTpaHCTBOM COOTBeTCTBYIOIIJ;erO Zk, T. e. 'IW:J/Cda.R 2paHUV,a .R.6.!t.R.em­

C.R. V,U'll:.!tO.M. HeMHoro IIO,II.yMaB, MO)KHO y6e,n,nTbC5I, 'ITO 3TO cBo:ti.­

cTBO ,Il.OJI)KHO BbIIIOJIH5ITbC5I )l,Jl5I mo6oro ,II.ByMepHoro KOMITJieKca, 
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cxeMa KOToporo rro,n;o6Ha pnc. 14.1. IlocKOJihKY B2 HyJieBoe, oqe­

BH,D;HO, qTo OHO HBmi:eTCH rro,n;rrpocTpaHCTBOM Z2. IIocKOJihKY rpaHH­

u;a mo6oro MHoroyroJihHHKa - 3aMKHyTaH TpaeKTOpHH, TO B 1 ecTh 

rro,n;rrpocTpaHCTBO Z1. II HaKoHeu;, rrocKOJihKY Zo - 3To Bee rrpo­

cTpaHCTBO Co, oqeBH,D;Ho, qTo Bo eCTh rro,n;rrpocTpaHcTBO Z0 . YcJio­

BHe Bk c zk MOLKHO BhIBeCTH H rro-,n;pyroMy. IlocKOJihKY Bk eCTb 

o6pa3 8 : Ck+l ---+ Ck H Zk eCTb H,D;pO 8 : Ck ---+ Ck-l, TO YCJIO­

BHe Bk c zk 03HaqaeT, qTo KOMIT03HIJ;HH a 0 a : Ck+l ---+ ck-l paBHa 

ttymo. ,IJ;pyrHMH CJIOBaMn: rpaHnu;a rpaHHIJ;bI ecTb HYJih. lf3 rrocJie,n;y­

IOIIJ;HX rrpHMepoB CTaHeT HCHO, rroqeMy 3TO crrpaBe,D;JIHBO MH mo6oro 

KOMITJieKca. 

roMOJIOI'IUI 

IlocKOJibKY Bk HBJIHeTCH rro,n;rrpocTpaHCTBOM zk, TO MO)KHO o6pa30-

BaTb <PaKToprrpocTpaHcTBO Hk = Zk/ Bk, KOTopoe Ha3hIBaeTcH npo­

cmpattcmeo.M k-.Meptt'btX 20.M0.//,02UU KOMIIJieKca. 0Ka3hIBaeTCH, qTo 

OHO HMeeT 6oJiee cPYH,D;aMeHTaJibHOe 3HaqeHne, qeM zk H Bk ITO OT­

;i;eJibHOCTH. IlpocTpaHCTBa zk H Bk CBH3aHbl co CBOHCTBaMH ,n.aHHOro 

KOMITJieKca, a Hk. KaK MbI CKopo YBH,11.HM, CBH3aHo co CBOHCTBaMH 

upocTpaHCTBa, IIOCTpOeHHOro H3 3JieMeHTOB KOMilJieKca. 

IlpH n3yqeHHH 3JieKTpnqecKHX u;erre:H Mhl yLKe BCTpeqaJIHCb c npo­

CTpaHCTBaMH Ho H Hi. BcrroMHHM, qTo pa3MepHOCTb Ho paBHa qnc-

11y CBH3HbIX KOMIIOHeHT, a ero ,D;yaJihHOe rrpocTpaHCTBO H 0 HHTep­

upeTHpyeTCH KaK rrpocTpaHCTBO ITOTeHIJ;HaJIOB, KOTOpbie IIOCTOHHHhl 

Ha Ka)K,Il;OH CBH3HOH KOMIIOHeHTe. IlocKOJihKY rrpocTpaHCTBO rpaHHIJ; 

Bi HyJieBoe ,11.JIH 1-KoMrrJieKca (B HeM HeT ,n.ByMepHhIX 3JieMeHToB), TO 

l/1 = Zif Bi = Z1. TaKHM o6pa30M, ,D;JIH mo6oro o,n.ntt-KOMrrJieKca 

lI 1 eCTb rrpocTpaHCTBO IJ;HKJIOB z 1, KOTOpoe HrpaeT CTOJib BaLKHYIO 

poJib B MeTo,n.e KpyroBhIX TOKOB MaKcBeJIJia. 

,Il;aBa:HTe paccMoTpHM rrpocTpaHCTBO Hk ,11.JIH 2-KOMITJieKca, H3o6-

pa:>KeHHoro Ha pHC. 14.1. IlocKOJibKY y 3TOro KOMIIJieKca HeT 2-IJ;HK­

JIOB, rrpocTpaHCTBO Z2 ecTh {O}, aHanornqHo rrpocTpattcTBO H2 TOLKe 

11yJieBoe. IlocKOJihKY Z1 - TpexMepttoe rrpocTpaHCTBO, a B 1 - ,n.By­

Mepttoe, TO <PaKToprrpocTpattcTBO Hi = Zif B1 o,n;HoMepHo. EcJIH rro­

«MOTpeTb Ha pncyHoK, TO BH,11.HO, noqeMy: nyTh >. - µ - I/ He HBJIHeTCH 

rpattnu;e:H HHKaKoro 3JieMeHTa rrpocTpaHCTBa C2. EcJIH TpeyroJihHHK 

( ~ E F ,n.o6aBHTh K KOMITJieKcy B KaqecTBe TpeThero 3JieMeHTa C2, TO 
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rryTh A - µ - v CTa.JI 6hr rpaH1Irreil II pa3MepHOCTh rrpocTpaHCTBa 

H 1 6hIJia 6br paBHa HyJuo. H HaKoHerr, rrocKOJihKY KOMITJieKc CBR3eH, 

rrpocTpaHCTBO Ho o,n;HoMepHo. 
B Ka'leCTBe rrplIMepa TpexMepHoro KoMrrJieKca paccMoTplIM TeT­

pa3,n;p co BCeMII ero rpaHRMII, pe6paMII (BeTBRMII) II BeprrrnHaMII (y3-

JiaMII), rroKa3aHHhIH Ha p1Ic. 14.2(a). Pa3BepHyTaR rroBepxHOCTh TeT­

pa3,n;pa n3o6paJK.eHa Ha pnc. 14.2(6). B KOMITJieKce nMeeTcR qeThrpe 
BeprrrliHhr: A, B, C, D; rrrecTh pe6ep: a, (3, "(, o, e:, rt; qeTbrpe rpaHn: 

KpacHhril, ./KeJIThrii:, 3eJieHhl:ii:, CnHnil. OpReHTarrna KIDK,n;oii: rpaHII 

BbI61IpaeTCR TaK, 'IT06br CTpeJIKa, IIOKa3aHHaR Ha pncyHKe, Bparrra­
JiaCh rrpOTIIB qacOBOH CTpeJIKM, eCJIM CMOTpeTh Ha TeTpa3,n;p CHapy)KM 

(cM. 3eJieHbIH M ./KeJITbIH Ha p1IC. 14.2(a)), M no qacOBOH CTpeJIKe, 

eCJIM CMOTpeTb Ha Hero II3HYTPM (cM. p1IC. 14.2(6)). 

D 

a) 

c 

Pnc. 14.2 

D 

6) 

H3 plICYHKa JierKo yBn,n;eTh, 'ITO rpaHII'IHhril orrepaTop II3 C2 B 

C1 orrpe,n;enaeTcR ¢opMyJiaMM 

o(KpaCHbIH) =-a - f3 - "(, 
8(3eneHhril) = a + e: - o. 

IIocKOJihKY rpaHIIrra Ka)K,Ll;OH rpaHII RBJIReTCR I!IIKJIOM, TO Ka)K,n;aa 

TaKaR rpaHIIrra IIMee"r"HyJieByJO rpaHIIIIY, T. e. 

8[8(3eneHhrtt)] = o(a + e: - o) = (B - A)+ (D - B) - (D - A)= 0. 
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B 3TOM KOMrrJieKce HMeeTcH O)I.HH TpexMepHhIH 3JieMeHT - caM 

TeTpa3)1.p. qTo6hl Ha1rncaTh rpaHHqHbIH orrepaTop H3 C3 B C2 , Ha­

)1.0 rrpHIIHCaTb 3TOMY 3JieMeHTY OpHeHTau,mo. (XoTH COBCeM He rrpo­

CTO H3o6pa3HTh 3TY opHeHTau,mo Ha pHCYHKe.) Mb1 )I.OJI)KHhI C)I.eJiaTh 

3TO B a6cTpaKTHOH cJ:>opMe. Bh16epeM TaK Ha3bIBaeMyro npa6ocmopon­
n'!fi10 opuenmau,u10. 9To 3HaqHT, qTo KOr)I,a Mbl CMOTpHM Ha 3JieMeHT 

CHapy)KH, TO Bee rpaHH, COCTaBJIHIOIIl,He era rpaHHil,Y, )I,OJI)KHbl 6bJTb 

opHeHTHpoBaHbI rrpoTHB qacoBoii cTpeJIKH. OpHeHTaU,HH Ha3bIBaeT­

CH rrpaBOCTopoHHeii, rroToMy qTo ecJIH rroJIO)KHTh npa6y10 PYKY Ha 

IIOBepXHOCTb TeTpa3)1,pa TaK, qTOObI 6oJihIIIOH rrarreu, CMOTpeJI Hapy­

)Ky, TO IIaJihll,hI rrpaBoii pyKH 6y)I,yT rroBopaqHBaTbCH TaK, qTo rpaHh 

BOH)I.eT B rpaHHil,Y co 3HaKoM nA10c. KoHeqHo, 3TO yTBep)K)I.eHHe BhI­

rJIH)I.HT KOpoqe, ecJIH 3arrHcaTh era aJire6paHqecKH qepe3 rpaHHqHbIH 

orrepaTop H3 C3 B C2: 

8(TeTpa3)1.p) = KpacHhiii + ./KeJIThiii + 3eJieHhiii + CHHHii. 

EcJIH )I.JIH TeTpa3)1.pa BhI6HpaeTcH JieBocTopoHHHH opHeHTaU,HH, TO 

BCe qeTblpe rpaHH BOH)J,yT B Bbipa)KeHHe )I,JIH rpaHHil,bl co 3HaKOM 

.Munyc. TaKHM o6pa30M, H3MeHeHHe op1rnHTaI1,HH JII06o:H rpaHH Be)I.eT 

K H3MeHeHHIO ee 3HaKa B Bbipa)KeHHH )I,JIH rpaHHil,bl. 

QqeBH)I,HO, qTO rpaHHU,a TeTpa3)1.pa - 3aMKHyTaH IIOBepXHOCTh, 

HMeIOIIl,aH HyJieByIO rpaHmzy. 9To JierKO 110Ka3aTb aJire6paHqecKH, 

HCIIOJih3YH Bhipa)KeHHH )I.JIH rpaHHqHhIX orrepaTopoB HX C3 B C2 H H3 

C2 B C1: 

8[8(TeTpa3)1.p)] = 8[KpaCHblH + ./KeJITbIH + 3eJieHbIH + CHHHii] 

= (-a - /3 - !') + (/3+1J - c) +(a+ E - 6) + ('y + 6 -17) = O. 

9TOT pe3yJihTaT HHKaK He 3aBHCHT OT Bb16opa opHeHTall,HH caMoro 

TeTpa3)1.pa, era rpaHeii HJIH pe6ep. (I1orrpo6yiiTe H3MeHHTe opHeHTa­

ll,HIO KaKOH-HH6y)I,h rpaHH H rrapbl pe6ep H y6e,n;HTeCb B 3TOM.) 

llTaK, HarnH KOMIIJieKCbl rrepBOHaq34"bHO 6bIJIH H3o6pa)KeHhl pH­

cyHKaMH, IIOTOM Mbl rrpeo6pa30BaJIH pHCYHKH B aJire6paHqecKHe Bbl­

pa)Kemrn )I.JIH rpaHHqHoro orrepaTopa 8. QqeBH)I.HO, qTo rpaHH't,HhIH 

orrepaTop, KaK H pHcyHOK, orrpe)I,eJIHeT KOMIIJieKC IIOJIHOCTbIO. l1o3TO­

MY oqeHb xoqeTcH yMeTh 3a)I.aBaTb KOMrrJieKc, He pHcyH ero, a rrpo­

CTO BhIIIHCbIBaH ero 3JieMeHThI H rpaHHqHhIH orrepaTop. Kor)I.a MhI 

TaK C)I.eJiaeM, TO rroKa)KeM, qTo )I.JIH mo6oro 3JieMeHTa c KoMnneKca 

BhIIIOJIHHeTCH YCJIOBHe 8( 8c) = 0. 
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rryTh A - µ - v CTa.n 6b1 rpaHH~efi H p83MepHOCTh rrpocTpaHCTBa 

H 1 6hma 6b1 paBHa Hymo. H HaKoHe~, rrocKOJihKY KOMITJieKc CBH3eH, 

rrpocTpaHCTBo Ho o,n;HoMepHo. 
B Ka'IecTBe rrpHMepa TpexMepHoro KOMrrJieKca paccMOTpHM TeT­

paa,n;p co BCeMH ero rpaHHMH, pe6paMH (BeTB.HMH) H BepnmHaMH (y3-

JiaMH), IIOK83aHHhIH Ha pttc. 14.2(a). P83BepHyTaH rroBepxHOCTh TeT­
paa,n;pa H3o6pa)KeHa Ha pttc. 14.2(6). B KOMrrJieKce HMeeTcH 'IeTbipe 

BepIIIHHhI: A, B, C, D; ruecTh pe6ep: a, /3, "(, 6, E, 'r}; '!eTbipe rpaHH: 
KpacHbiii:, )KeJIThI:ii:, 3eneHbiii, CttHH:ii:. OptteHTa~HH Ka)K,n;o:ii: rpaHH 

BhI6HpaeTCH TaK, 'IT06hI CTpeJIKa, IlOK83aHHa.H Ha pHCYHKe, Bpa~a­
JiaCh rrpoTHB '!aCOBO:ii: CTpeJIKH, eCJIH CMOTpeTh Ha TeTpaa,n;p CHapy)KH 

(cM. 3eJieHbI:ii: H )KeJIThIH Ha pHC. 14.2(a)), H ITO '!aCOBO:ii: CTpeJIKe, 

eCJIH CMOTpeTb Ha Hero H3HYTPH (cM. pHC. 14.2(6)). 

D 

a) 

c 

Pttc. 14.2 

D 

6) 

H3 pHCYHKa nerKo yBtt,n;eTh, 'ITO rpaHH'IHhI:ii: orrepaTop H3 C2 B 

C1 orrpe,n;enHeTCH cpopMyJiaMH 

a(KpaCHhl:ii:) =-a - /3 - "(, 
8(3eneHh1ii) =a+ s - 6. 

IloCKOJibKY rpaHH~a Ka)K,Il;Oll rpamf HBJIHeTC.H ~HKJIOM, TO Ka)K,Il;aH 

TaKaH rpaHH~a HMee"r'HyJieByIO rpaHHey, T. e. 

8[8(3eJieHbI:ii:)] = a(a + c - 6) = (B - A)+ (D - B) - (D - A)= 0. 
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B 3TOM KOMrrJieKce HMeeTCH o,n;HH TpexMepHhIH ::meMeHT - caM 

TeTpa3.n;p. qT06h1 HarrHcaTh rpaHWIHhIH orrepaTop H3 C3 B C2 , Ha­

.n;o IIpHIIHCaTh 3TOMY 3JieMeHTY opHeHTau,mo. (XoTH COBCeM He rrpo­

CTO H3o6pa3HTh 3TY opHeHTau,mo Ha pHCYHKe.) Mh1 ,n;OJI)KHhI c,n;eJiaTh 

3TO B a6cTpaKTHoii <l>opMe. Bh16epeM TaK Ha3hIBaeMyIO npa6ocmopon­

n'lfi10 opuenmau,u10. 9To 3HalJHT, qTo Kor.n;a MhI CMOTpHM Ha 3JieMeHT 

CHapy)Kll., TO BCe rpaHH, COCTaBJIHIOIIJ,ll.e ero rpaHHIJ,y, ,Il.OJl)KHhl 6hITh 

opReHTRpoBaHhI rrpoTHB qacoBoi1: cTpeJIKH. OpHeHTaIJ,HH Ha3hIBaeT­

CH rrpaBOCTOpOHHei1:, IIOTOMY qTo eCJIH IIOJIO)KHTh npaBy10 pyKy Ha 

IIOBepxHOCTh TeTpa3,n;pa TaK, qTo6hI 60JihIIIOH rraneu, CMOTpeJI Hapy­

)Ky, To IIaJihIJ,hI rrpaBoi1: pyKH 6y.n;yT rroBopaqHBaThCH TaK, qTo rpaHh 

Boi1:,n;eT B rpaHHIJ,y co 3HaKOM nJ1,10c. KoHeqHo, 3TO yTBep)K,Il;eHHe BhI­

rJIH,Il;HT KOpoqe, ecJm 3arrHcaTh ero anre6paHqecKH qepe3 rpaHHqHhIH 

orrepaTop H3 C3 B C2: 

8(TeTpa3,n;p) = KpacHh1i1: + )KeJITh1i1: + 3eJieHhii1: + CHHHi1:. 

EcJIH ,n;JIH TeTpa3.n;pa BhI6HpaeTcH JieBocTopoHHHH opHeHTaIJ,RH, TO 

BCe qeTbipe rpaHH BOH,Il;YT B Bhipa)KeHHe ,Il;JIH rpaHHIJ,hl co 3HaKOM 

.uunyc. TaKHM o6pa3oM, H3MeHeHHe opHeHTaIJ,HH JII06oi1: rpaHH Be,n;eT 

K H3MeHeHHIO ee 3HaKa B Bhipa)KeHHH ,Il;JIH rpaHHIJ,hl. 

QqeBH,Il;HO, qTo rpaHHIJ,a TeTpa3,n;pa - 3aMKHyTaH IIOBepxHOCTh, 

HMeIOIIJ,aH HyJieByIO rpaHHIJ,y. 9To JierKO IIOKa3aTh anre6paHqeCKH, 

HCIIOJih3YH BhipaMeHHH ,n;JIH rpaHHqHhIX orrepaTopoB HX C3 B C2 H H3 

C2 B C1: 

8[8(TeTpa3.n;p)] = a[KpaCHhIH + )KeJIThIH + 3eJieHhIH + CHHHH] 

= (-a - ,B - 'Y) + (,B + 'TJ - .s) +(a+ .s - 8) + ('Y + 8 - TJ) = 0. 

9TOT pe3yJihTaT HHKaK He 3aBHCHT OT BhI6opa opHeHTaIJ,HH caMoro 

TeTpa3,n;pa, ero rpaHei1: HJIH pe6ep. (I1orrpo6yi1:Te H3MeHHTe opHeHTa­

IJ,HIO KaKOH-HH6y,n.h rpaHll. H rrapbI pe6ep ll. y6e,n;HTeCh B 3TOM.) 

II TaK, HaIIIH KOMIIJieKChI rrepBoHaqaJ!:hHO 6hIJIH H3o6pa)KeHhI pH­

cyHKaMH, IIOTOM Mhl rrpeo6pa30BaJIH pHCYHKll. B aJire6paHqeCKll.e Bhl­

pa)KeHHH ,lJ,JIH rpaHll.qHOrO OIIepaTopa 0. QqeBH,Il;HO, qTO rpaHH~HhIH 

orrepaTop, KaK H pHCYHOK, orrpe,n;eJIHeT KOMIIJieKC IIOJIHOCThIO. Ilo3TO­

MY oqeHh xoqeTCH yMeTh 3a,n;aBaTh KOMrrJieKc, He pHcyH ero, a rrpo­

cTo BhIIIHChIBaH ero 3JieMeHThI H rpaHHqHhIH orrepaTop. Kor.n;a MhI 

TaK c,n;eJiaeM, TO IIOKa)KeM, qTo ,Il;JIH JII06oro 3JieMeHTa c KOMIIJieKca 

BhIIIOJIHHeTCH ycJIOBHe a(ac) = 0. 
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,II;aBa:HTe pa36epeMCH, IIO'IeMy ycJIOBHe 8(8c) = 0 pa3yMHO ,Il;JIH 

mo6oro KOMIIJieKca, ,n;a)Ke, HarrpnMep, ,Il;JIH IIOBepXHOCTH, KOTopyIO 

H€Jlh35I IIOCTpOHTh B TpexMepHOM rrpocTpaHCTBe, HJIH ,Il;JIH KOMIIJieK­

COB, 9JieMeHThl KOTOpbIX BKJIIO'IaIOT qeTbipexMepHoe rrpocTpaHCTBO­

BpeMH. qT06bI ,Il;OKa3aTb, 'ITO ycJIOBHe 8(8c) = 0 BblIIOJIHH€TCH ,Il;JIH 

BCex 9JieMeHTOB c, ,Il;OCTaTO'IHO rrpoBepHTb, 'ITO OHO BbIIIOJIHHeTCH 

,Il;JIH reHepaTopoB, T. e. ,Il;JIH aJieMeHTOB rrpocTpaHCTBa 8k. ,Il;JIH mo-

6oro TaKOrO 9JI€M€HTa Mhl MO)K€M IIOCTpOHTh noa-x:o.MnJ/,e-x;c, COCTOH­

IIJ;llH ll3 9TOrO 9JieMeHTa, BCeX 9JI€M€HTOB IIpOCTpaHCTBa 8k-1, KOTO­

pbie BXO,Il;HT B Bbipa)KeHHe ,Il;JIH ero rpaHHIJ; HeTpHBllaJihHbIM o6pa30M, 

Bcex rpaHHIJ; ll TaK ,n;anee. fpaHH'IHbie COOTHOIII€HHH Me)K,Il;y 9THMH 

9JieMeHTaMH orrpe,n;eJIHIOTCH CBOHCTBaMH Toro 9JI€M€HTa, c KOTOporo 

MhI Ha'IaJIH. HecMoTpH Ha TO, 'ITO B3anMOCBH3H Me)K,Il;J pa3JIH'IHhI­

Mn CTpOHTeJibHhIMH 6.TIOKaMH MoryT 6bITb ,Il;OCTaTO'IHO CJIO)KHbIMH, 

Mhl O)Kll,Il;aeM, 'ITO OT,I1;€JlbHble 9JI€M€HThI, ll3 KOTOpbIX IIOCTpOeH Harn 

KOMIIJieKc, 6y,n;yT BIIOJIHe 3HaKOMbIMH reoMeTpnqecKHMH o6'beKTaMH. 

HarrpnMep, rrpe,n;rroJIO)KHM, 'ITO Ka)K,Il;bIH aJieMeHT rrpocTpaHCTBa 83 

5IBJIH€TCH BbIIIJKJihIM MHOrorpaHHHKOM B TpexMepHOM npOCTpaHCTBe 

(rro Kpa:HHeH Mepe, eCJIH HaM HHTepeCHhl ero COOTHOIII€HHH c rpa­

HHIJ;aMH, Mhl ,n;orrycKaeM JII06b1e HerrpepbIBHhie HCKa)KeHHH peaJibHOH 

reoMeTpH'I€CKOH cpopMbl o6'beKTa - TaK )1(€, KaK paHbIIIe Mbl He HH­

TepeCOBaJIHCh cpopMOH npOBO,Il;OB rrpn ll3J'I€Hllll 9JI€KTpH'IeCKHX IJ;e­

rreii.). fpaHHIJ;a TaKoro MHOrorpaHHHKa 6y,n;eT COCTOHTh ll3 KOH€'IHOro 

'IHCJia MHOroyroJibHbIX rpaHeH, K~aH ll3 KOTOpbIX opneHTllpOBaHa 

rrpOTHB qacoBoit CTpeJIKH, eCJill CMOTpeTb Ha MHOrorpaHHllK CHapy)KH 

(pnc. 14.3). Kor,n;a MhI BhI'IHCJIHM cyMMY rpaHHIJ; '.':>THX MHoroyroJih­

HhIX rpaHeH, KR)K,Il;Oe pe6po 6y,n;eT BXO,Il;llTb ,Il;Ba)K,Il;bl OT Ka)K,Il;OH rpa­

Hll c rrpOTHBOIIOJIO)KHbIMH 3HaKaMll. Ilo'.':>TOMY CJMMa BCex rpaHHIJ; 

6y,n;eT paBHa HJJIIO. B '.':>TOM cJiyqae rpaHHIJ;a Ka)K,Il;oro aneMeHTa 83 

HBJIHeTCH IJ;HKJIOM. AHanorH'IHO, MhI MOrJin 6h1 rrpe,n;rroJIO)KllTh, 'ITO 

Ka)K,Il;blH 9JieMeHT 82 HBJIHeTCH BbIIIJKJibIM IIJIOCKHM MHOroyrOJihHH­

KOM. QqeBH,Il;HO, 'ITO rpaHHIJ;a Ka)K,n;Oro 9JI€M€HTa 82 6y,n;eT IJ;HKJIOM 

(ITO cyrn;eCTBY '.':>TO COOTB€TCTByeT H'l€HKe). 

,II;aBaHTe llCCJie,n;yeM rrpocTpaHCTBa roMOJiorn:H KOMIIJieKca, HBJIH-

10rn;eroc5I TeTpaa,n;poM. EcJin Hae HHTepecyeT H 0 , TO MhI MO)KeM rrpo­

nrHopnpoBaTh C2 n C3 n paccMoTpeTh 1-KOMIIJieKc, 3a,n;aHHhIH Bep­

rnnHaMn n pe6paMH. (ho CBH3HhIH 1-KOMIIJieKc c dim Ho = l. 
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PHc. 14.3 

l.fro6h1 onpe.n;eJIHTh H 1, paccMoTpHM 2-KOMTIJieKc, 3a.n;atttth1ii: Bep­

IIIHHaMH, pe6paMH H rpamIMH. IIpocTpaHCTBo Z1 rrpoaHaJIH3HpyeM c 

IIOMOIIJ;bIO MeTo.n;a, KOTOphlM MhI IIOJib30BaJIHCb rrpH H3Y'I€HHH 3JieK­

TpH'I€CKHX 11,eneii:. PaccMOTpHM pHc. 14.2. Ha HeM BeTBH 8, E H 'r/ 
06pa3y10T MaKcHMaJihHoe .n;epeBo. Ka)K,Il;rui: H3 ocTaJihHhIX BeTBeii: a, 
{3, "( onpe.n;emreT He3aBHCHMhIH IJ,HKJI. CJie.n;oBaTeJibHO, dim Z1 = 3. 

KaJK,Il;hIH H3 3THX 11,HKJIOB RBJIReTcR rpattH11,eii: rpaHH, cJie.n;oBaTeJihHO, 

dim B3 = 3. 0Tc10.n;a CJie.n;yeT, 'ITO dim H1 = dim Z1 - dim B1 = 0, 
T. e. H1 = {O}. 

Tenepb paccMOTpHM H2. Cttaqana B03hMeM npocTpaHCTBo 2-11,HK­

JIOB Z2 - R,Il,po onepaTopa 8, .n;eii:cTBy10rn;ero Ha C2. MbI Y*e BH­

.n;eJIH, 'ITO o6pa3 8, T. e. npocTpaHCTBO B1 C C2, TpexMepeH. IIo­

CKOJihKY C2 - qeTbipexMepttoe npocTpattCTBo, R.n;po 8 O,Il,HOMeptto. 

Ba3HCOM npocTpattcTBa Z2 RBJIReTCR ::iJieMeHT Kpactthiii:+ :JKeJIThiii:+ 

3eJieHhrii: + CHttH.ii:, T. e. noBepxttocTh TeTpa::i.n;pa, KoTopaR HMeeT Hy­

JieBy10 rpam1ey. Kotte'IHO, 3TOT ::iJieMeHT npHtta.n;Jie)KHT H npocTpatt­

CTBY B2, TIOCKOJihKY OH RBJIReTcR rpattH11,eii: TeTpa::i.n;pa. CJie.n;oBa­

TeJihHO, dim B2 = 1, dim Z2 = 1 H dim H2 = 0. 
HaKotte11,, paccMoTpHM H3. 3aMeTHM, 'ITO B HeM tteT 3-11,HKJIOB, 

TaK 'ITO dimZ3 = 0 H dimH3 = 0. 

TeopeMa 9itnepa 

dimHo - dimH1 =dim Co -dimC1. 



714 fJiaBa 14. KoMnJieKCbl BhlCillHX p83MepHocTe:ii 

TeopeMa 9:HJiepa o6o6rn;aeT 3TOT pe3yJihTaT Ha n-KoMrrJieKCh1: 

dim Ho - dimH1 + dimH2 - · · · ± dimHn 

=dim Co - dimC1 + dimC2 - · · · ± dimCn. 

CToarn;ee B o6ettx qacTax 3Toro paBeHCTBa qHcJio Ha3hrnaeTca 3U­
Jtepo6ou xapa:x:mepucmu-x:ou KOMrrJieKca. Mb1 cKopo µpKa)KeM 3TOT 
pe3yJihTaT B o6rn;eM cJiyqae, HO cttaqana rrpoBepHM ero ,n;Jia cJiyqaa 

TeTpa3,n;pa. IlocKOJihKY dim Ho = 1, a rrpocTpaHCTBa H1, H2 n H3 
TpHBllaJihHhl (paBHhl { 0})' HM€eM 

dim Ho -dimH1 + dimH2 - dimH3 = 1. 

c ,n;pyroii CTOpOHhI, 

dim Co - dimC1 + dimC2 - dimC3 = 4 - 6 + 4 -1=1. 

Ilpe,n;rrOJIO)KllM, qTo BMeCTO TeTpa3,n;pa ( c BHyTpeHHOCThIO) Mhl 
paccMaTpHBaeM 2-KOMIIJieKc, COCTO»Ill;Hll ll3 IIOBepXHOCTll TeTpa3,n;pa. 
E,n;HHCTBeHHOe OTJilfqlfe B TOM, qTO Terrepb B KOMIIJieKce HeT Tpex­

MepHoro 3JieMeHTa. KaK H paHhme, dim Ho = 1 n dim H1 = 0. Ilo­
rrpe)KHeMy dim Z2 = 1, rrocKOJihKY 110BepXHOCTh TeTpaa.n,pa HMeeT 
HyJieBy10 rpaHHIIy. O,n;naKo Terreph dim B 2 = 0, rrocKOJihKY HeT Tpex­
Mepnoro 3JieMeHTa, rpaHHll,e:H KOTOporo 6blJI 6bI KaKOM-HH6y,n;h ,n;By­
MepHhlll 3JieMeHT. Ilo3TOMY HMeeM dim H2 = dim Z2 - dim B2 = 1. 
Tor,n;a ,Il;JIS 3Toro KOMrrJieKca dim Ho-dim Hi +dimH2 = 1-0+1 = 2, 
a dim Co - dim C1 + dim C2 = 4 - 6 + 4 = 2 

,Il,aBailTe rrpo,n;eJiaeM TO )Ke caMoe ,n;Jia crrJiomHoro ( TpexMepnoro) 
Ky6a. On H3o6paJKeH B rrepcrreKTHBe Ha pttc. 14.4(a), aero pa3BepHy­
Taa rroBepxHOCTh H3o6pa)KeHa Ha pnc. 14.4(b). KaK H B 11pe,n;h1,n;yrn;eM 
CJiyqae, dim Ho = 1, IIOTOMy qTo KOMIIJieKC CB»3eH, H dimH3 = 0, 
rroToMy qTo HeT 3-11,HKJIOB. 

"l{To6hl nailTH pa3BepHOCTh Zi, paccMoTpHM MaKCRMaJihHoe ,n;epe­
Bo, COCToarn;ee ll3 ceMH BeTBeii, 110Ka3aHHoe Ha pnc. 14.4 )KllpHbIMH 
JIHHH»MH. Ka)K,n;aa H3 ocTaBmnxca rr»TH BeTBeii orrpe,n;eJiaeT ll,HKJI. 

CJie,n;oBaTeJihHO, dim Z1 = 5, no dim B1 = 5, II03TOMY dim H1 = 0. 
Terreph 3a:HMeMca rrpocTpaHCTBOM H2. IlocKOJihKY dim C2 = 6 n 

dim B2 = 5, MhI ,n;eJiaeM Bhrno,n;, qTo dim Z2 = 1. Ba3HCOM Z2 »BJia­
eTca BC» rroBepXHOCTh Ky6a. Ho 3Ta rroBepxHOCTh aBJiaeTC» rpaHnll,e:H 

Ky6a, rro3TOMY dim B2 = 1 n dim H2 = dim Z2 - dim B2 = 0. 
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Pnc. 14.4 

0Ka3hIBaeTC.H, qTo rrpocTpaHCTBa roMOJIOrMH Ky6a H TeTpaa,rrpa 

O,ll,HM H Te )Ke. ,ll,n.H Ky6a MhI nonyqaeM dim Ho - dim H1 +dim H2 -
dim H3 = 1. HeTpJ,[!,HO TaK)Ke npoBepHTh, qTo 

dim Co - dimC1 + dimC2 - dimC3 = 8 - 12 + 6 - 1=1. 

llHBap:naHTHOCTb rOMOJIOr:nii 

c TOqKJi 3peHH.H TOITOJIOrHH eCTh cPYH,ll,aMeHTaJihHa.H rrpnqHna, rroqe­

MY KOMITJieKC Ky6a H KOMIIJieKc TeTpa3,[!,pa HMeIOT O,ll,HH H Te )Ke rrpo­

CTpaHCTBa rOMOJIOrn:fi. Ilpocmpa:Hcm6o, 3aIIOJIH.HIOIIl;ee Ky6, - 3TO TO 

)Ke caMoe rrpocTpaHCTBO, KOTopoe 3aIIOJIH.HeT TeTpa3,[1,p, n, B CBOIO 

oqepe,[1,h, coBna,[l,aeT c rrpocTpancTBOM, 3anonH.HIOIIl;HM map. Bee 3TM 

rrpOCTpaHCTBa MOryT 6h1Tb HenpepbIBHblM o6pa30M rrpeo6pa30BaHhl 

,[!,pyr B ,rrpyra 1 . AHanornqno, noBepxHOCTM Ky6a, TeTpaa,[1,pa M rnapa 

rrpe,ll,CTaBJI.HJOT O,ll,HO n TO )Ke npocTpaHCTBO. Pnc. 14.5(a) rroKa3hI­

BaeT, KaK IlOBepXHOCTh c<Pepbl MO)KeT rrepeHTH rrpH pa36MeHHH Ha 

1
To<rnee, rOBOpHT, 'ITO TaKHe npocTpaHCTBa 20.MEO.Mop<fn-t'bt, HJIH TOIIOJIOrH'!eC­

KH 3KBHBaJieHTHhl - KruK,!l;oe H3 HHX .n;onycKaeT B3aHMHO-O.!l;H03Ha'!Hoe Henpe­

pbIBHOe B o6e CTOpOHhl OTo6pa)K€Hlie ( 20.MED.Mopif>U3.M) Ha .z:i;pyroe. - Ilpu.M. pea. 
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Pnc. 14.5 

rpaHH B IIOBepXHOCTh TeTpaa;:wa, a pnc. 14.5(6) IIOK83hIBaeT, KaK 

3Ta )Ke rroBepxHOCTh rrpeo6pa3yeTca B rroBepxHOCTh Ky6a. KoHe'iHO, 

'IWMnAe'X:c TeTpaa,n;pa H 'X:O.MnAe'X:C Ky6a OTJIH'iaIOTCa, HO OHM rrpe,n;­

CTaBJI5.IIOT co6oit pa3JIH'iHble CITOC06bI pa36HeHH51 oa'/1.020 U mo20 :JIC€ 

npocmpm-tcm6a. 

B TOITOJIOrHH HMeeTca TeopeMa, KOTopaa, rpy6o roBopa, yTBep­

)K,Il;aeT CJie,n;yrorn;ee. Ilpe,n;rroJIO)KHM, 'ITO Mhl CTpOHM rrpocTpaHCTBO 

X, coe,n;nHaa pa3JIH'iHhie aqeii:KH ,n;pyr c ,n;pyroM B,Il;OJih rpam1q­

HhIX aqeeK, pa3MepHOCTh KOTOph1x Ha e,n;HHHuy MeHhIIIe. HarrpnMep, 

IIOCTpOl-IM IlOBepXHOCTb ccl>ephI, coe,n;HH5151 BMecTe 'i€Tblpe 2-a'ieHKH 

B,Il;OJib HX pe6ep, KaK 3TO ITOK83aHO Ha pnc. 14.5(a), HJIH coe,n;HH5151 

BM€CTe IIIeCTh 2-aqeeK, KaK 3TO ITOK83aHO Ha pHC. 14.5(6). ,Il;pym­

MH CJIOBaMH, Mhl MO)KeM IlOCTPOHTh TpexMepHhlH aHCaM6Jib MHOro­

rpaHHHKOB, CO€,Il;HH5151 aqeii:KH B,Il;OJih HX rpaHeit, rro,n;o6HO CKOITJieHHIO 

MhIJihHhIX rry3hipeit. Tor,n;a TeopeMa roBopHT, 'ITO npocmpattcmBa 20-

M0Ao2ui1 peByA'bmupy10w,e20 -x:oMnAe-x:ca 3a6UCRm moA'b'X:O om npo­

cmpattcm6a X u He 3a6UCRm om cnoco6a coeauttettuR. EcJIH rrpo­

CTpaHCTBO x pa3JI0)KHTh Ha aqeii:KH KaKHM-TO ,n;pyrHM cnoco6oM, 

To MhI noJiy'iHM ,n;pyroit KOMITJieKc. IlpocTpaHCTBa Hk ,n;Jia pa3HhIX 

KOMITJieKCOB 6y,n;yT H30MOPcPHhl rrpH Ka)K,Il;OM k. 
Ha pnc. 14.6 rrOK83aHo, KaK c<Pepa MO)KeT 6hITh pa3JIO)KeHa B 

KOMITJieKC ern;e rrporn;e, 'ieM rrpeo6pa30BaHHe B Ky6 HJIH TeTpaa,n;p. 

IloBepXHOCTh c<Pepbl pa36HBaeTC51 Ha ,n;Ba TpeyroJihHHKa, COOTBeT-



14.1. KoMrrJieKChI H roMoJioruu 717 

___ ..,.. __ _ .. - ~( -.. ,,. ... A C ', 
/ ' I \ 

B 

PHc. 14.6 

CTBYIOIIJ;He ceBepHOH H IQ)KHOH IIOJiyc<PepaM, coe,n;HH5IIOII\HMC5I B,IJ;OJih 

3KBaTopa. 

y 3TOro 2-KOMIIJieKca cyru;ecTByeT TOJihKO O,IJ;Ha 51qeiiKa a+ /3 + 'Y' 
KOTOpa5I 5IBJI5IeTC5I rpaHHIJ;eit o6eHX rroJiyc<PepuqecKHX TIOBepxHOCTeit. 

CJie,n;oBaTeJihHO, dim Z1 = dim B1 = 1 H OII5ITh dim H1 = 0. CyMMa 

3THX ,IJ;BYX rpatteit HMeeT HyJieByIO rpattmzy, TIOCKOJihKY 

8(CeBep) =a+ /3 + "f, a 8(10r) =-a - /3 - 'Y· 

Ilo3TOMY TaK )Ke, KaK H ,Il;J15I TIOBepxHOCTH Ky6a HJIH TeTpa3;:i;pa, 

HMeeM dim H2 = dim Z2 = 1. I1 on5ITh 3aMeqaeM, qTo ,IJ;JI5I 2-KOM­

IIJieKca 

dim Co - dim C1 + dim C2 = 3 - 3 + 2 = 2 

=dim Ho - dimH1 + dimH2. 

K CO)KaJieHHIO, MhI He roTOBbI ,IJ;OKa3aTb ynoM£HYTYIO Bhnne Teo­

peMy H ;:i;a)Ke ,n;aTb ee TQqHyIO cPOPMYJIHpOBKy. "lfro6hI 3TO c,n;eJiaTh, 

tta,IJ;O HMeTb TQqHbie orrpe,n;eJieHH5I IIOH5ITHH npocmpattCmBo, aerjjop­
.MaU,UJl, coeaunenue H T. ;:i;. Kor;:i;a 3TH IIOH5ITH5I CTporo orrpe,n;eJieHbI, 

TO COBCeM He CJIO)KHO CcPOPMYJIHpOBaTh H ,Il;OKa3aTb TeopeMy, HO pa3-

BHTHe Heo6xo,n;HMOH ,IJ;JI5I 3TOro 6a3bl yBe,n;eT Hae CJIHIIIKOM ,IJ;aJieKO. 

TeM He Mettee, MbI 6y,n;eM rrOJib30BaThC5I 3Toit TeopeMoit, He 3a6oT5ICh 

0 TOM, HaCKOJihKO TOqHO OHa CcPOPMYJIHpOBaHa. c ee IIOMOII\hlO Mbl 

rrpo,n;eJiaeM p5I,IJ; BbiqHCJieHHH, qT06hI rro.rryqrne II03HaKOMHTbC5I c rrpo­

CTpaHCTBaMH H k. 
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Top 

PaccMOTpHM rrpHMep 2-KOMITJieKca, HMeIOIIJ,ero rrpocTpaHCTBa roMo­
Jiorull:, OTJIWIHbie OT Tex, KOTOphre Mhl y)Ke paccMaTpHBaJIIf. ,Il;Jrn 3TO­

ro llOJIY'IHM pa3JIO)KeHHe ,ll;ByMepHoro TOpa, T. e. llOBepXHOCTif 6y6JIH­
Ka. (BMeCTO Toro, 'IT06hr pa3pe3aTh M.H'IHK, Mbl pa3pe2KeM KaMepy 

KoJieca.) Puc. 14.7(a) rroKa3hIBaeT, KaK TOP pa36usaeTc.a Ha ,n;se 06-
JiaCTH; pHC. 14. 7(6) llOKa3hIBaeT, KaK 3Tif o6JiaCTif )l,eJiaIOTC.H llJIOCKif­
MH; puc. 14.7(s) noKa3hrnaeT, KaK 3TH o6JiaCTH pa3,n;en.a10Tc.a. Mo2KHO 

C'IHTaTh, 'ITO pHC. 14.7(s) llOKa3hIBaeT aJieMeHThI Topa, If llOllbITaTh­
C.H llOH.HTh, B 'IeM rrpHHIJ;IfllifaJihHOe OTJIIf'!Ife 3Toro Ha6opa 3JieMeHTOB 

OT Ha6opa 3JieMeHTOB c¢ephl, KOTOphIH IIOJIY'IHJIC.H 6hr, eCJIIf 6hI Mhl 
pa3)l,eJIHJIIf Ha 3JieMeHTbl pHC. 14.5(a). 

IToc'!HTaB sepIIIHHhr, pe6pa If rpaHH, MhI Haxo,n;HM dim Co = 4, 

dimC1=8IfdimC2=4. 0TKy,n;a rroJiy'IaeM, 'ITO dimCo-dimC1 + 
dim C2 = 4 - 8 + 4 = 0. (BcrroMHHM, 'ITO )l,JI.H 2-KoMrrJieKca, o6pa3o­
BaHHoro H3 rrosepxHOCTH c¢epbr, 3Ta BeJIH'IHHa scer,n;a pasHa 2.) 

PaccMoTpHM rrpocTpaHCTBa roMoJiorHll: ,ll;JI.H KOMIIJieKca Topa. 

TaK KaK aToT KOMIIJieKc CB.H3Hbill:, TO rrpocTpaHcTBO Ho o,n;HoMep­
Ho. ITocKOJihKY BC.a rrosepxHOCTh Topa HMeeT HyJieByro rpamni;y, TO 

dim Z2 = l. (ITposephTe caMOCTO.HTeJihHO, "ITO ,n;JI.a yKa3aHHhIX opH­
eHTari;Hll: a(KpaCHhIH + )KeJITbIH + 3eJieHhIH + CHHHH) = 0.) Mhl 

paccMaTpusaeM 2-KOMIIJieKc, rroaToMy B rrpocTpaHcTBe C2 He M02KeT 
6h!Th aJieMeHTOB, .HBJI.HIOIIJ,HXC.H rpaHHIJ;aMH. 3Ha'IHT, dim B2 = 0 If 

dim H2 = dim Z2 - dim B2 = l. (B o6IIJ,eM cnyqae O"leBH,lJ;HO, 'ITO no 
TeM 2Ke npH'IHHaM ,n;JI.a Jiro6oro 2-KOMrrJieKca, rroJiy'IeHHoro ,n;eJieHH­
eM rJia,n;KOH CB.H3HOH noaepXHOCTif, .HBJI.HIOIIJ,eHC.H rpaHHri;ell: o6JiaCTif 

B npocTpaHCTBe IR.3, HMeeT MecTo dim H2 = l.) 
HaKoHeri;, paccMOTpHM rrpocTpaHCTBO H1. PHc. 14.8 nOKa3hIBaeT 

MaKCHMaJihHoe ,n;epeao, cocTO.HIIJ,ee TOJihKO H3 Tpex pe6ep. CaMOCTO­

.HTeJibHO rrpoaephTe, 'ITO eCJIH K 3TOMY MaKCHMaJihHOMY ,n;epeay ,n;o-
6aBHTb JII06oe H3 ocTaBIIIHXC.H IT.HTH pe6ep, TO nony'IaeTc.a IJ;HKJI! Ha­

rrpHMep, a+/3 .HBJI.HeTC.H IJ;HKJIOM, TaK 2Ke, KaK s+>. If µ+T]. l1o3TOMY 

)l,JI.H aToro KOMIIJieKca dim Z1 = 5. C ,n;pyroll: cTopOHhl, dim C2 = 4. 
5I,n;po orrepaTopa 8, ,n;ell:cTayroIIJ,ero Ha C2, - rrpocTpaHCTBO Z2 -
.HBJI.HeTc.a o,n;HoMepHhIM, a o6pa3 8 B rrpocTpaHCTBe B1 HMeeT pa3-

MepHOCTh 3. l1o3TOMY 

dimH1 = dimZ1 - dimB1=5-3 = 2. 
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IloJie3HO ,LJ,a.rree rrocTpOI:ITh 6a3HChI ,LJ,JIH rrpocTpaHCTB B1 H H1. 
Ilporn,e Bcero B Ka'!eCTBe 6a3I:ICHhIX aJieMeHTOB B B 1 B3HTh H'leii:KH, 

KOTOpbre HBJIHIOTC5l rpaHI:Ill,aMM 'l€Tblpex rpatteii:, HaIIpI:IMep, 

8()KeJIThIH) = 'fJ - {3 + E + 8, 
8(3eJietthrli) = a - >. - 'Y - µ, 

o(CHHI:Ili) = >. + {3 + µ - 8. 
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Prrc. 14.8 

9JieMeHTaMH <PaKTOprrpocTpaHCTBa H 1 = Z1/ B1 HBJIHIOTCH KJiac­

ChI 3KBHBaJieHTHOCTH no .uoayA'IO B 1 . Ilo3TOMY Mhr ,n;oJIMHhI Ha:ti:TH 

,n;Ba ll;HKJia, KOTOpbre He .HBJI.HIOTCH rpaHrru;aMH H, 6oJiee Toro, JII06aH 

HX JIHHe:ti:HaH KOM6HHau;H.H TOMe He rpaHrru;a. EcJIH IIOCMOTpeTh Ha 

pHC. 14.7(a), TO TaM Cpa3y BH,ll;HO ,ll;Ba TaKHX ll;HKJia: ll;HKJI a+ /3, 
rr,n;yru;rr:ti: BOKpyr Topa B o,n;HOM HarrpaBJieHHH, H u;rrKJI c + A, rr,n;y­

ru;rr:ti: BOKpyr Topa B ,n;pyroM He3aBHCHMOM HarrpaBJieHHH. Ilo3TOMY 

63.3HC rrpocTpaHCTBa H 1 cocTOHT H3 KJiaccoB 3KBHBaJieHTHOCTH a + f3 
H c +A. KoHe'IHO, ecTh MHoro ,n;pyrrrx u;HKJIOB, He .HBJI.HIOiu;HXC.H rpa­

Hrru;aMH, HO BCe OHH rrorra,n;aIOT B KJiacc 3KBHBaJieHTHOCTH HeKOTOpo:ti: 

JIHHe:ti:Ho:ti: KOM6HHau;rrrr a + f3 H c + A. HarrpHMep, ll;HKJI 'Y + S JieMHT 

B KJiacce 3KBHBaJieHTHOCTH a + /3' II OTO MY 'ITO 

'Y + s =a+ /3 + 8(KpaCHbI:ti:) + 8(:/KeJIThI:ti:). 

ll,HKJI a + c + s - µ MOMeT 6hITb rrpe,n;cTaBJieH B BH,ll;e 

(a+ /3) + (c +A) - 8(CrrHrr:ti:). 

Ilo3TOMY OH Jie)KHT B TOM Me KJiacce 3KBHBaJieHTHOCTH, 'ITO H 

CMhICJI rrpocTpaIICTBa H 1 

Ce:ti:qac MhI yMe MOMeM B o6ru;eM cJiyqae rrOH.HTh CMhICJI dim HI· fpy-

60 rOBOp.H, 3TO 'IHCJIO He3aBHCHMbIX 3aMKHJTbIX KpHBhIX, KOTOpbie 

He orpaHH'IHBaIOT HHKaKo:ti: o6JiaCTH. Ha c¢epe mo6aa 3aMKHyTa.H 
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KpHBaR o6R3aTeJihHO orpaHHqHBaeT KaKyIO-TO o6naCTb H II03TOMY 

dim Hi = 0. C ,1.1;pyro:H cTopoHhI, Ha Tope cyliieCTByeT ,Il;Ba pa3nHq­

HhIX THIIa 3aMKHYTbIX KpHBbIX, KOTOpbie He RBJIRIOTCR rpaHm:J;aMH 

rro,1.1;06nacTe:H, KaK 3TO IIOKa3aHO Ha pHC. 14.9. Ilo3TOMY ,Il;JIR TOpa 

dim Hi = 2. 3aMeTHM, qTO ,Il;JIR KOMIIJieKca, KOTOpbIH Mbl IIOCTpO­

HJIH ,Il;JIR Topa, BhIIIOJIHReTrn ycnoBHe dim Co - dim C1 + dim C2 = 
4 - 8 + 4 = dim Ho - dim Hi +dim H2. IIocMoTpHM, KaK H3MeHHTCR 

rrpocTpaHCTBO H 1 , ecnH MhI rrpH,1.1;enaeM K Topy pyqKy (pHc. 14.10). 
9To 3HaqHT, qTO Ha ero IIOBepXHOCTH Bbipe3aIOTCR ,Il;Ba ,Il;HCKa H Ha 

HX MeCTO BCTaBJIReTCR (HCKpHBJieHHhIH) IJ;HJIHH,Il;p, OTKpbITbIH c 060-

HX KOHIJ;OB: BepXHIOIO qacTb IJ;HJIHH,Il;pa Mbl rrpHKperrnReM K rpaHHIJ;e 

o,1.1;Horo ,Il;HCKa, a HH)KHIOIO - K rpaHHIJ;e BToporo ,Il;HCKa. Bb16epeM 

TaKoe pa36HeHHe HCXO,Il;HOH IIOBepxHOCTH, qT06bI Ka)K,Il;blH ,Il;HCK 6hIJI 

Rqe:HKOH 3Toro pa36HeHHR. IlyCTb 3TO 6y,1.1;eT KBa,Il;paT, a IJ;HJIHH,Il;p 

Mbl rrpe,1.1;cTaBHM, KaK 6y,1.1;TO OH CKneeH H3 qeTbipex rpaHe:H. IlpHCO­

e,1.1;HHRR IJ;HJIHH,Il;p TaKHM o6pa30M, Mhl He C03,Il;aeM HOBhIX Y3JIOB, HO 

,1.1;06aBJIReM qeTbipe HOBbIX BeTBH (pe6pa «KBa,1.1;paTHOro» ll;HJIHH,Il;Pa). 

Terrepb y,1.1;anHM H3 82 ,1.1;Ba aneMeHTa ( BHyTpeHHHe qaCTH ,Il;HCKOB) H 

,1.1;06aBHM qeTbipe HOBbIX (rpaHH IJ;HJIHH,Il;pa), CM. pHC. 14.11. ~JIR IIO­

nyqHBIIIeHCR B pe3yJihTaTe IIOBepxHOCTH rro-rrpe)KHeMy rrpocTpaHCTBa 

Ho H Hi o,1.1;HoMepHbI. Bh1qucnRR Z1 ,Il;JIR HOBoro KOMrrneKca, MhI MO­

)KeM BhI6paTh MaKCHMaJibHOe ,1.1;epeBO, KOTOpoe He co,1.1;ep)KHT HM 0,1.l;HY 

H3 HOBbIX BeTBeH ( IIOCKOJibKY Ka)K,Il;aR HOBaR BeTBb Jie)KHT Ha Rqe:HKe 

- BCIIOMHHM rrpo11;e,1.1;Ypy IIOCTpOeHHR MaKCHMaJibHOrO ,1.1;epeBa, KOTO­

paR 6bIJia ccpopMynupoBaHa rrpH H3yqeHHH 3JieKTpHqeCKHX 11;erre:H). 

lhaK, Mbl IIOCTpOHJIH MaKCHMaJibHOe ,1.1;epeBo, 11;enHKOM COCTORIIIee H3 

BeTBe:H rrepBOHaqanhHOro KOMrrneKca. Ka)K,1.1;aR BeTBh IJ;HJIHH,Il;pa Te­

rrepb ,1.1;aeT HOBYIO He3aBHCHMYIO Rqe:HKy, qTo rrpHBO,Il;HT K yBenHqe-

PHc. 14.9 Puc. 14.10 
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mno p83MepHOCTll B1 Ha 4. C .n;pyro.H cTopOHhI, pa3MepHOCTh C2 u, 

CJie,LJ;OBaTeJihHO, B 1 yBeJIWrnJiach Ha 2. Ho Tor.n;a u p83MepHOCTh H 1 

TO)Ke yBeJiuquJiaCh Ha 2. HTaK, MhI UOK83aJiu, qTo .n;o6aBJI.H.H pyqKy, 

MhI yBeJiuquBaeM pa3MepHOCTh H 1 Ha 2. EcJiu K c¢epe rrpuKperruTh 

k pyqeK, To dimH0 = 1, dimH1 = 2k u dimH2 = 1.2 HarrpuMep, 

TOP MO)KHO npe,n;cTaBllTh ce6e KaK c¢epy, K KOTopo.H rrpHKpenllJIIi 

O,LJ;HY pyqKy (puc. 14.12). 9To .n;aeT HaM ellle O,ll;HO ,LJ;OK83aTeJihCTBO 

pe3yJihTaTOB, IIOJiyqeHHhIX ,LJ;Jrn Topa. 

Puc. 14.11 P11c. 14.12 

Mo)KHO uccJie,n;oBaTh pe3yJihTaT Bhipe3aHH.H OTBepcTll.H B rroBepx­

HOCTll. B KaqecTBe rrpuMepa paccMoTpllM KOMrrJieKc, KOTOphIH (BMec­

Te c BHyTpeHHOCThIO) o6p83yeT Ha IlJIOCKOCTll KBa,n;paT. QqeBll,ll;HO, 

qTo ,LJ;JI.H TaKoro KOMIIJieKca dimHo = 1, dimH1 = 0 u dimH2 = 0. 
Ilpe,LJ;IIOJIO)KHM, qTo ll3 BHyTpeHHero KBa,n;paTa Mhl Bhipe3aJill OTBep­

CTlle (puc. 14 .13). EcJiu 6hl y Hae 6hIJIO p836ueHue ucxo,n;Horo KBa,n;pa­

Ta, ,LJ;JI.H KOTOporo Bhipe3aHHOe OTBepCTlle 6hIJIO O,LJ;HllM ll3 aJieMeHTOB 

82, TO MhI 6h1 yBu,n;eJiu, qTo y,n;aJieHue OTBepcTu.H He u3MeH.HeT Z1, HO 

yMeHhrrmeT p83MepHOCTh C2 u, cJie,n;oBaTeJihHo, B1 Ha 1. Ho Tor.n;a 

p83MepttoCTh H 1 yBeJiuquBaeTC.H Ha 1. HTaK, ecJIH Ha IIJIOCKOCTH HMe­

eTC.H o6JiaCTh, u3 KOTopo.H Bhipe3aHhI k OTBepcTuii, TO dim H1 = k, 
dim Ho = 1 u dim H2 = 0. AttaJioruqHhie paccy)K.n;ettu.H B TpexMep­

HOM rrpocTpaHCTBe IIOKa3hIBaIOT, qTo eCJill ll3 TpexMepHOH o6JiaCTll 

Bhipe3aTh k (TpexMepHhIX) OTBepCTHH, TO dimHo = 1, dimH1 = 0, 
dimH2 = k u dimH3 = 0. 

2
l13BeCTHO, 'ITO BC5!KMI 3aMKHyTa5! (He nMeIOrn,MI Kpa.a) KOMTiaKTHa5! CB.H3HMI 

opneHTnpyeMMI ,IJ;ByMepHa5! IIOBepXHOCTh TOIIOJIOrH<JeCKll 3KBllBaJieHTHa c¢epe c 

,IJ;o6aBJieHneM orrpe,IJ;eJieHHoro KOJin<IeCTBa py<IeK, KOTopoe Ha3hrnaeTc.H poao.M rro­

BepxHOCTH H o603Ha<IaeTC5! g (genus). TaKHM o6pa3oM, pO,ll; paBeH rroJIOBHHe pa3-

MepHOCTH rrpocTpaHCTBa H 1 o,IJ;HOMepHhIX roMoJiornil: rroBepxttocTH. - Ilpu.M. pea. 



14.1. KoMrrJieKChI 11 roMOJior1111 723 

A 

L::::::::i E 

Pnc. 14.13 Pnc. 14.14 

ByThIJIKa KJieiitta 

Ilpn 113yqeHnn 3JieKTpwiecKnx 11,erreii: Bb1, ,z:i;omKHO 6bITh ,z:i;ora,z:i;a.nnch, 

qTo cyIII,eCTBYIOT n,emi:, rro,z:i;o6Hhie nso6pa)KeHHOM Ha pnc. 14.14, Ko­

TOpbie He MoryT 6bITh YJIO)KeHbI Ha IIJIOCKOCTH TaK, qTo6bI He rrepe­

CeKaJIHCh oT,z:i;eJihHb1e rrpoBo,z:i;a. O,z:i;ttaKo, TaKne 11,enn Bcer,z:i;a MO)KHO 

co6paTh B TpexMepHoM npocTpaHcTBe. Toqtto TaK )Ke cyIII,eCTBYIOT 

2-KOMIIJieKChI, KOTOpbie HeJib3>I co6paTb B TpexMepHOM rrpocTpaH­

CTBe. Xoporno nsBeCTHhIM rrpnMepoM 5IBJI>IeTc51 6ym'btA'IW KAei1Ha, 
H3 IIOBepXHOCTH KOTOpo.ii TIOJiy'IaeTC>I KOMTIJieKc, H3o6pa)KeHHhIM 

Ha pnc. 14.15(a). HecMoTp>I Ha 6m1sKoe cxo;i;cTBO c TopoM3 (cM. 

pnc. 14.7(6)), 3TY IIOBepXHOCTh B TpexMepHOM rrpOCTpaHCTB€ no­

CTpOHTh HeJib351. 9TOT (pa3BepHyThIH) KOMIIJieKC MO)KHO co6paTb B 

u,nnntt;i;p, H3o6pa)KeHHhIM Ha pnc. 14.15(6). Ho rrpn 3TOM OKa3hrna­

eTc51 HeB03MO)KHO coe;i;nHHTh BMecTe pe6pa s n ,\ c co6nro;i;eHneM 

11x opneHTa11,nn. ,Il;n5I KOMIIJieKca, rrpe;i;cTaBJI5IIOIII,ero 6yThIJIKY KJieii:­

Ha, rOMOJIOrnqeCKHe rrpocTpaHCTBa OTJinqaroTC51 OT roMOJIOrn'IeCKHX 

rrpocTpaHCTB Topa. KoHe'IHO, dim Ho = 1, rroToMy qTo KOMITJieKc 

CB513HhIM. O;i;HaKo dim H2 = 0, rroToMy 'ITO B rrpocTpattcTBe C2 HeT 

3ByThIJIKa Knell:Ha, B OTJIH'Uie OT c¢epbl ll Topa, OTHOCllTCR K HeopneHTll­

pyeMhIM ( o,n;HocTopoHHllM) noBepxHOCTRM. HeopneHTnpyeMaR noBepxHOCTh Mo­

)KeT 6hrTh nony'leHa ll3 opneHTnpyeMoii 3aMeHoii Ha JillCT Me6nyca ( o,n;HocTopoH­

HKHo IIOBepxHOCTb c KpaeM-OKpy.a<HOCTblO) O,D;HOI'O llJlll HeCKOJibKHX ,D;HCKOB. -

llpuM. pea. 
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:meMeHTa c HyneBoll: rpamnJ,ell:. (I'pam111,ell: Bcero pacrrpRMJieHHoro 

KOMIIJieKca (cM. pHc. 14.15(a)) RBJIReTCR 2c + 2,\. IIpoBephTe ca­
MOCTORTeJihHO, qTo rrpH H3MeHeHHH 3HaKa O~HOM HJIH HeCKOJihKHX 

2-RqeeK B rrpocTpaHCTBe C 2 He rroRBHTCR :o>JieMeHT c HyneBoll: rpaHH-

11,ell:.) ,lJ;nR KOMIIJieKca, H3o6pa)KeHHoro Ha pHc. 14.7, dim Z1 = 5, a 

~JIR KOMIIJieKca 6yThIJIKH Knell:Ha dim B1 = 4 H dim H1 = 5 - 4 = 1. 
cho 3HaqHT, qTO cyrn;eCTByeT TOJihKO O~HH He3aBHCHMhIM IJ,HKJI, KO­

TOphIM He 51BJI51eTC51 rpaHHIJ,eM. ll,HKJI a+ f3 He 51BJI51eTC51 rpaHHIJ,ell: HH 

Ha pHc. 14.7(6), HH Ha pHc. 14.15(a). A BOT IJ,HKJI E + ,\, KOTOphIM He 
RBJIReTCR :o>neMeHTOM rrpocTpaHCTBa B 1 B cnyqae Topa, B cnyqae 6y­

ThIJIKH Knell:Ha cTaHOBHTCR :o>JieMeHTOM B1. 9To rronoBHHa rpaHHIJ,hI 

Bcero KOMrrneKca, H3o6pa)KeHHoro Ha pHc. 14.15(a). 

D A A ..\ D -
E 

, 
' a 

B Q c µ 
B B c 

,!3 T/ , 8 ~ 

-- _.__ ..... 
; c .... 

A A D A D 

..\ 
a) 6) 

PHc. 14.15 

l1 ~JIR Topa, H ~JIR 6yThIJIKH Knell:Ha MhI HMeeM dim Co 4, 

dimC1 = 8 H dimC2 = 4, TaK qTQ 

dim Co - dimC1 + dimC2 = 4 - 8 + 4 = 0. 

IIone3HO 3aMeTHTh, qTo ~JIR 6yThIJIKH Knell:Ha MhI TaK)Ke HMeeM 

dim Ho - dimH1+dimH2=1-1+0. 
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,ll;oKa3aTeJihCTBO TeopeMbI 9ii:Jiepa 

B o6lll,eM cJirrae ,n;oKa)KeM ¢opMyJiy 

dim Ho - dimH1 + dimH2 - · · · ± dimHn 

725 

=dim Co - dimC1 + · · · ± dimCn, 

KOTopyIO Mbl y)Ke rrpoBepHJIH B HeCKOJibKHX qacTHbIX CJiyqa.HX. ,IJ;o­
K83aTeJibCTBO COCTOHT l'.I3 oqeHb rrpoCTbIX maroB. 

(2) EcJIH TeopeMy 0 pattre l'.I ,n;ecpeKTe rrpnMeHHTb K 8 : ck-1 --+ ck, 
TO dimCk+l = dimZk+1 +dim Bk. 

(3) ,Il;JI.H n-KOMIIJieKca dim Bn = 0, rroToMy qTo He cylll,eCTByeT 

o6'beKTOB p83MepHOCTH n + 1. 

( 4) dim Zo = dim Co, rroToMy qTo rpattm:J;a JI106oii: .HqefiKH ttyJieBoii: 

pa3MepHOCTH ITO orrpe,n;eJieHHIO paBHa HYJIIO, a B KOMIIJieKce HeT 

o6'beKTOB OTpHIJ,aTeJibHOll p83MepHOCTH. 

Co6npa.H BMecTe (1) n (2), IIOJiyqaeM 

,II;JI.H 1 :s: k < n. ,Il;JI.H k = 0 B CHJIY ( 4) Mbl HMeeM 

dim Ho= dim Co - dimC1 + dimZ1, 

a B c1rny (3) ,II;JI.H k = n nMeeM 

dimHn =dim Zn. 

TaKHM o6p830M, 

dim Ho - dimH1 + dimH2 + · · · ± dimHn 

=(dim Co - dimC1 + dimZ1) - (dimZ1 - dimC2 + dimZ2) 

+ (dimZ2 - dimC3 + dimZ3) - ···±dim Zn 

=dim Co - dimC1 + dimC2 - · · · ± dimCn. 
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B KaqecTBe rrpHMeHemu:c aToro pe3yJihTaTa paccMoTpHM BbIIIYK­

JibIH MHOrorpaHHHK, KOTOpblll 6y,n;eM paccMaTpHBaTb KaK KOMIIJieKc, 

o6pa30BaHHblll B pe3yJibTaTe pa3pe3aHH.H IIOBepXHOCTH c<t>epbl Ha OT­

,n;eJibHbie 51qefiKH. EcnH MbI cqHTaeM, qTo cornacHo TeopeMe, yrro­

M.HHyToii: paHbIIie, pa3MepHoCTH rrpocTpaHCTB Ho, H1 H H2 TaKHe 

:>Ke, KaK y mo6oro KOMIIJieKca, o6pa30BaHHOrO pa36HeHHeM ,n;aHHOH 

IIOBepXHOCTH, TO MO:>KHO c,n;eJiaTb BblBO,IJ;, qTO dim Ho - dimH1 + 
dim H2 = 1 - 0 + 1 = 2. 9ToT pe3yJibTaT MbI y:>Ke IIonyqHJIH paHb­

rne ,IJ;JI.H Ky6a H TeTpaa.n;pa. TaKHM o6pa3oM, ,Il;JI.H mo6oro BbIIIYKJioro 

MHOrorpaHHHKa 

dim Co - dimC1 + dimC2 = 2 

HJIH «(qHCJIO BepIIIHH) - (qHCJIO pe6ep) + (qHCJIO rpaHe:ii) = 2». 

0pHeHTaQH51 H OIIepaTop 8 

KaK y:>Ke 6b1JI0 cKa3aHo, MbI He ,Il;aJIH CTpororo orrpe,n;eJieHH.H IIOH.HTH.H 

IIpOCTpaHCTBa, Jie:>KaII1ero B OCHOBe KOMIIJieKca. 3.n;ecb Mbl IIOIIbITaeM­

C.H H3JIO:>KHTb, KaK CJie.n;yeT IIOHHMaTb ,n;aHHYIO CHTyaIIHIO. Ka:>K,IJ;a.H k-
51qefiKa, T. e. Ka:>K,IJ;blll 9JieMeHT IIpOCTpaHCTBa Sk, CJie.n;yeT IIOHHMaTb 

KaK CB.H3Hblll BblIIYKJiblll MHororpaHHHK B IIpOCTpaHCTBe ]Rk c OIIpe­

,n;eJieHHOll opHeHTaIIHell. (HaIIOMHHaeM, qTO B IIpOCTpaHCTBe JRk H, 

CJie,Il;OBaTeJibHO, B mo6oM ero OTKpblTOM IIO,IJ;MHO:>KeCTBe Mb! MO:>KeM 

BbI6HpaTb O,IJ;Hy H3 ,Il;BYX opHeHTaIIHll, cPHKCHpOBaB HeKOTOpblll YIIO­

p.H,Il;OqeHHblll 6a311c.) TeIIepb rpaHHIIeil 9Toro BbIIIYKJioro MHOrorpaH­

HHKa 6y,n;eT o6'be,IJ;HHeHHe KOHeqHoro MHO:>KeCTBa BbIIIYKJibIX MHOro­

rpaHHHKOB pa3MepHOCTH k - 1, Jie:>KaII1HX B HeKOTOpOM a<l><l>HHHOM 

IIO,IJ;IIpocTpaHCTBe pa3MepHOCTH k - l. BhI6paB HaqaJio Koop,n;HHaT 

H 6a3HC, Mb! MO:>KeM OTO)K,Il;eCTBHTb Ka:>K,n;oe TaKoe IIO,Il;IlpOcTpaHCTBO 

c JRk-l. IIpe,n;rroJIO:>KHM, qTo B HTore TaKHX 11,n;eHTHcPHKaIIHH B Ha­

rneM KOMIIJieKce Ka:>K,Il;blll (k - 1)-MepHblll MHOrorpaHHHK COOTBeT­

CTByeT (k - 1)-.HqeifKe, T. e. 9JieMeHTY rrpocTpaHCTBa sk-1· Ho 9TH 

9JieMeHTbl rrpOCTpaHCTBa Sk-1 HMeIOT orrpe,n;eJieHHYIO OpHeHTaIIHIO. 

Ilo9TOMY Mbl ,IJ;OJI:>KHbI YBH,IJ;eTb, KaK OpHeHTaIIH.H k-.HqeifKH CB.H3aHa 

c opHeHTaIIHeil ( k - 1 )-.HqeifKH Ha ee rpaHHIIe. TaKa.H HHcPOPMaIIH.H 

3aKJia,n;brnaeTc.H B orrepaTop 8. 
IIycTb v1, ... , vk .HBJI.HeTc.H 6a3HCOM rrpocTpaHCTBa JRk, TaK qTo 

v2, ... 'Vk KacaTeJieH K BbI6paHHOll (k - 1)-MepHOll rpaHH Harneil 
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k-51qell:Kn C. KpoMe Toro, BeKTOp v1 ttarrpaBJieH H3 k-51qell:Kn Ha­

py2Ky. Ilpe,n.nOJIO)KHM, qTo OpHeHTaIJ,H51 rrpocTpaHCTBa JR.k' orrpe,n.e­

JieHHa51 BeKTopaMH v1, ... , vk, coBrra,n.aeT c opHeHTaIJ,Hell: C. Tor,n.a 

V2' ... 'Vk orrpe,n.eJI51IOT opHeHTaI1,HIO KOHKpeTHOH ( k-1 )-MepHOH rpa­

HH, COOTBeTCTBYI01I1,ell:, CKaJKeM, F c sk-1· 9Ta OpHeHTaIJ,H51 M02KeT 

KaK coBna,n.aTh, TaK H He coBna,n.aTh c opHeHTaIJ,Hell: F. EcJIH opHeH­

TaIJ,HH coBrra,n.aroT, TO MhI rrpHrrHchrnaeM rro,n.rrpocTpaHCTBY F 3HaK +, 
B rrpoTHBHOM cJiyqae - 3HaK - . Tor,n.a 

8C = L±F, 

r,n.e cyMMa 6epeTc51 rro TeM F, KOTOphre cooTBeTCTBYIOT rpaHHqHhIM 

(k - 1)-rpatt51M C. KoHeqHo, ecJIH 6mHc v 1 , ... , vk cooTBeTCTByeT 

rrpoTHBOIIOJIO)KHOH OpMeHTaIJ,HH c' TO 3HaK MeH51eTC51 Ha rrpoTHBOIIO­

JIO)KHhIH. 

EcJrn k 2: 2, TO BeKTop vk M02KHO 3aMeHHTh Ha -vki ecJIH HaM 

Tpe6yeTC51 IIOJiyqHTb «XOpournll:» 6a3HC. IlpH k = 1 rrpocTpaHCTBO 

JR.k-l eCTh HyJieBoe BeKTOpHOe rrpocTpaHCTBO. 3,n.ecb «OpHeHTaIJ,H51» 

03HaqaeT Bhr6op 3HaKa + HJIH - . CorJiactto HarrrnM rrpaBHJiaM, Mhr 

BbI6MpaeM 3HaK +, eCJIH BeKTOp V1, IIOKa3bIBaIOII1,HH OpHeHTaIJ,HIO, 

TIOKa3hIBaeT Hapy2Ky, H 3HaK - B rrpOTHBHOM CJiyqae: 

KoHeqtto, Ka2Kp,a51 (k - l)-51qeiiKa M02KeT rroaBHThCa B rpaHHIJ,ax 

HeCKOJihKHX k-5IqeeK. Ho rrocKOJihKY k-51qeiiKH 06pa3y10T 6mHc C, 
TO, KaK Mhl IIOKa3hIBaJIH paHhIIre, Ka)K,Il.a51 k-51qeiiKa orrpe,n.eJI51eT JIH­

HeiiHOe OTo6pa2KeHHe {): ck ---+ Ck-1· 

qT06bI IIpOBepHTh paBeHCTBO 88 = 0, ,11.0CTaToqHO IIpOBepHTh, 

Y:TO p,JI51 Ka2K,n.oii k-51qeiiKH BhIIIOJIHeHo 8( 8C) = 0. Terreph Ka2K,n.a51 

(k - 2)-51qell:Ka E, KOTopa51 M02KeT II051BHThC51 B Bhrpa2KeHHH 8(8C), 
,n.eiiCTBHTeJihHO TaM II051BJI51eTC51, IIOTOMY qTo 3TO rpaHHIJ,a ,Il.J151 ,11.BYX 

(k - 1)-MepHhIX rpaHeii 51qeiiKH C, cKa2KeM, ,11.JI51 Fi H F2. qHTaTe-

1110 peKOMett,n.yeTC51 caMOMY y6e,n.HThC51 B crrpaBe,11.JIHBOCTH paBeHCTBa 

8( 8C) = 0, IIpOBepHB CBOe IIOHHMaHHe IIOH51Tll51 OpHeHTaIJ,HH H OIIpe­

;~eJieHH51 OIIepaTOpa 8. 
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PaccMaTp1rna51 Ka:IK,IJ;hIH 3JI€M€HT sk KaK BhIIIYKJihIH MHOrorpaH­

HIIK, Mhl MO:IK€M orrpe,n;eJIIITh rJia,IJ;KOe OT06pa:1KeHIIe KOMIIJieKca B u;e­

JIOM B IIpOCTpaHCTBO JR.N. cho CBO,IJ;IITC51 K rrpaBIIJiy, COrJiaCHO KOTOpO­

My f rrpIIIIIIChIBaeT Ka:IK,IJ;OH TOqKe k-51qefiKII TOqKy B rrpocTpaHCTBe 

JR.N. EcJIII OTO:IK,IJ;eCTBIITh TeM IIJIII IIHhIM o6pa30B k-RqefiKy C c BhI­

rryKJihIM MHororpaHHIIKOM B rrpocTpaHCTBe ]RN' TO OT06pa:1KeHII€ f' 
orpaHIIqeHHOe Ha c' MO:IKHO paccMaTpIIBaTh KaK OT06pa:1KeHIIe II3 

BhIIIYKJioro MHOrorpaHHIIKa B JR.k B rrpocTpaHCTBO ]RN. Mbr XOTIIM, 

qTo6hr 3TO 0To6pa:1KeHIIe 6hIJIO rJia,IJ;KIIM. IIo cylll,eCTBY MhI xoTIIM 

pa6oTaTb c OT06pa:1KeHIIeM g, orrpe,n;eJieHHOM B 60JihIII€H o6JiaCTII, 

r,n;e OHO rJia,n;Ko ( TaK, qTo6hr BKJIIOqIITh BHYTPh o6JiaCTII C II Bee ero 

rpaHIID;hr). Mhr rro,n;po6Ho 3aH:MeMc51 3TIIM B rJiaBe 15. 

14.2. ,IJ;yaJihHbie rrpocTpaHCTBa H KOrOMOJIOrHH 

A Terreph 3aH:MeMc51 ceMeH:cTBOM ,IJ;yaJihHhIX rrpocTpaHCTB K rrpo­

CTpaHCTBaM Ck. 9TII IIpOCTpaHCTBa 6y,n;eM 0603HaqaTb Ck. 9JieM€HT 

TaKOrO IIpOCTpaHCTBa Ck, Ha3hIBa€MhIH k-KOD;€IIhl0 1 51BJ151€TC51 JIIIH€M­

HOH cPYHKD;II€H 3J1€M€HTOB IIpOCTpaHCTBa Ck, KOTOpbie MhI Ha3bIBaeM 

k-u;errRMII. EcJIII u 5IBJI51€TC51 k-Kou;errhIO II c - k-u;errh, TO 3HaqeHIIe 

Kou;errII <7 Ha u;errII c 6y,n;eM o6o3HaqaTb fc <7' TOqHO TaK:IKe, KaK Mhl 

,n;eJiaJIII B CJiyqa51x k = 0 II k = 1 rrpII paccMOTpeHIIII 3JI€KTpIIqecKIIX 

u;erreH:. 

PaccMoTpIIM TpaHCIIOHIIpoBaHHoe rrpeo6pa3oBaHIIe d K rpaHIIq­

HOMY orrepaTopy f) : Ck+l -+ ck, KOTopoe Mhl 6y,n;eM Ha3hIBaTh KO­

rpaHIIqHhIM orrepaTopoM. l-haK, d : Ck -+ ck+l orrpe,n;eJI51€TC51 <Pop­

MYJIOH 

1du = r u, 
c lac 

lfa Toro qmKTa, qTo rpaHIIu;a rpaHIID;hI paBHReTCR HYJIIO, cJie,n;yeT, 

qTo dod = 0. (KoHeqHo, IIM€€TC51 B BH,IJ;y KOMII03HD;H51 d: Ck -+ ck+l 
c d: ck+l -+ ck+2.) B TOJihKO qTo BBe,n;eHHhIX o6o3HaqeHH51X MO)KHO 

HaIIMCaTh 

1d(du) = r du= r <7 = 0, IIOCKOJihKY a(ac) = 0. 
c lac la(ac) 
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,ll;JIR Toro, ~IT06h1 rroqyBCTBOBaTb CMhICJI KOI1emI M BmKHOCTb KO­

rpaHifqHoro orrepaTopa d, paCCMOTpHM 2-KOMIIJieKC, H3o6pa)KeHHhIH 

Ha pHC. 14.16. 9JieMeHT c0 ' T. e. 0-KOIIeIIh <I>' IIOJIHOCThIO orrpe,n;eJIR­

eTCR 3a,n;aHHeM 3HaqeHHii B Ka~oM y3Jie. HarrpHMep, 

D 

PHc. 14.16 

IloTeHII;HaJihHhie cPYHKII;HH, KOTOpbie HrpaIOT orpOMHYIO pOJih B 

TeOpHH '.:WeKTpHqecKHX ii;erreii, RBJIHIOTCR rrpHMepaMH 0-KOII;erreii. 

,ll;eiicTBHe KorpaHHqHoro orrepaTopa d Ha 0-KOIJ;errh ,n;aeT 1-KOII;errh 

d<I>. qT06hI BbiqHCJIHTh 3HaqeHHe d<I> Ha BeTBH, Mhl BOCIIOJih3yeMCR 

TeM, qTO d COIIp5I)K€H K 8. HarrpHMep, IIOCKOJihKY oa = B - A, 
TO J d<I> = f aa <I> = <I>B - <I>A. KaK HaM Y*e H3BeCTHO, orrepaTop 

d : c'b ---+ C 1 
rrpeo6pa3yeT IIOT€HII;HaJibHYIO cPYHKII;HIO, RBJIRIOIII;YIOCR 

0-KOII;eIIhIO HJIH JIHHeiiHoii cPYHKII;Heii, 3a,n;aHHOii B y3Jiax, B cPYHKII;HIO 

CKaqKa HarrpH)K€HMR, T. e. B 1-KOII;€IIh, orrpe,n;eJieHHYIO ,ll;JIR BeTBH KaK 

JIHHeiiHaR cPYHKII;HR. 

IJpO,lJ;OJI)KHM HCCJI€,ll;OBaTb CMhICJI orrepaTopa d : C 1 ---+ C2 . IJpH­

MepOM 1-KOII;€IIH M0)K€T CJIY)KHTh JIHHeiiHaR cPYHKII;HR w' rrpMHMMa­

IOIII;aR CJie,n;yIOIII;He 3HaqeHHR: 

W°'= 1, w/3 = 2 
' 

WI'= 1 W 8 = 2, we = -3 W 11 = 2. 

HarrpR)KeHHR Ha 6aTapeRx B o,n;HoM H3 rrpHMepoB 3JieKTpHqecKoii 

II;eIIH onpe,n;eJIRJIH TaKyIO 1-KOII;eIIb. 

,ll;eiiCTBHe orrepaTopa d Ha 1-KOIJ;eIIh w ,ll;OJI)KHO ,n;aBaTh 2-KOII;eIIb 

dW, KOTopaR .HBJIReTCR JIHHeiiHoii cPYHKII;Meii 2-II;erreii. MbI MO)KeM 
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BhfiHCJII:ITh 3Ha'leHHe dW Ha 2-R'leitKe KpaCHhIH, HCIIOJih3YR orrpe-

lpaCHhlH dW = la(KpaCHhlii) w. 
IIocKOJihKY a(KpaCHhIH) =a+ /3- "(, Mbl HMeeM 

{ dW = W°' + W/3 - W'Y = 1 + 2 - 1 = 2. 
}KpaCHhIH 

r dW = w15 
- we: + w11 = 2 + 3 + 2 = 7. 

lcumrii 
Terrepb H3BeCTHhI 3Ha'leHm1 dW B 6a3Hce rrpocTpaHCTBa C2. Ho Tor­

,n;a H3 JIHHeHHOCTH MoryT 6hITb IIOJiy'leHhl ee 3Ha'leHHR Ha mo6oM 

3JieMeHTe rrpocTpaHCTBa C2. 
B Ka'leCTBe rrocJie,n;Hero rrpHMepa, paccMoTpHM 3-KOMIIJieKc TeT­

pa3,n;pa, IIOKa3aHHhIH Ha pHc. 14.17. IlycTb R, Y, G n B o6o3Ha'laIOT 

'leTbipe rpaHH TeTpa3,n;pa, rrpH'IeM Bee OHM opneHTllpoBaHhl rrpOTHB 
qacOBOH CTpeJIKH, eCJIH CMOTpeTh Ha HHX CHapy:am. 

PHc. 14.17 

Tor,n;a 2-Kou;errh T orrpe,n;eJiaeTca ee 3Ha'!eHHRMH Ha rpaHax, T. e. 
TR = 1, Ty = 2, TG = 4, TB = -1. )J;eitCTBHe onepaTopa d : C 2 -+ 

C3 Ha 2-Kon;errb T ,n;aeT 3-Kon;errh dT' orrpe,n;eJieHHYIO Ha 3JieMeHTax 
rrpocTpaHCTBa C3. HaM Ha,n;o TOJihKO BhI'IHCJIHTh 3Ha'leHHe dT ,n;Jia 
crrJiornttoro TeTpa3,n;pa. EcJin TeTpa3,n;p nMeeT rrpaBOCTopoHHIOIO opH­

ettTaD;HIO, TaK 'ITO 

a(TeTpa3,n;p) = R + Y + B + G, 
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TO 

{ dT = TR +Ty + TG +TB = 1 + 2 + 4 - 1 = 6. 
1TeTpa31J,p 

LJnTaTeJih, 3HaKOMhIH c 3JieKTpOMarHHTHOH Teopne:H, B03MO)K­

HO, y)Ke 3aMenw CXO,ll.CTBO Me)K.n;y KorpaHnqHblM OITepaTopoM H 

HeKOTOphIMH oITepan;n.HMH <Pn3nqecKoro ITponcxo~eHn.H. Hanpn­

Mep, 2-Kon;eITh T MO)KeT paccMaTpnBaThC.H KaK ITOTOK aneKTpnqe­

cKoro ITOJI.H qepe3 rpattn TeTpaa.n;pa. B 3TOM cnyqae 3-Kon;enh dT ITO 

3aKOHy I'aycca 6y.n;eT ITPOITOpIJ;HOHaJibHa ITOJIHOMY 3JieKTpnqeCKOMY 

3ap.H.n;y BHYTPH TeTpaa.n;pa. B ITpe.n;hl.n;yrn;eM ITpnMepe, ecnn 1-Kon;eITh 

w ITpe,n;cTaBJI.HeT HaITp.H)KeHH.H, 1rn.n;yn;npoBaHHhie H3MeHeHHeM Mar­

HHTHOro ITOJI.H, TO 2-Kon;eITb dW ITO 3aKOHY <I>apa,n;e.H 6y,n;eT ITporrop­

D;HOHaJibHa CKOpOCTH H3MeHeHH.H MarHHTHOro IlOTOKa qepe3 COOT­

BeTCTByIOrn;ne 2-.HqeliKH. ,I(eliCTBHTeJihHO, KOrpaHnqHhlH OITepaTop d 
rrpeo6pa3yeTC.H B ,n;n<f><PepeHIJ;HaJihHhiti: onepaTop, KOTOpbIH IT03BOJI.H­

eT ,n;aTh ToqHhie <PopMynnpoBKH Bcex ypaBHeHnti: MaKcBenna. 

LIT06h1 BhI,IJ;eJIHTh rro,n;npocTpaHCTBa rrpOCTpaHCTB ck' paCCMOT­

pHM o6pa3 n .H,n;po KorpaHnqttoro oITepaTopa. I'oBop.H KOHKpeTttee, 

o6pa3 d : ck- l ---+ Ck Ha3hIBaeTC.H ITO,ll.IIpOCTpaHCTBOM 1W2pattUU, H 

o6o3HaqaeTC.H Bk' a .H,ll;pO d : Ck ---+ ck+ 1 Ha3bIBaeTC.H ITO,ll.ITpOCTpaH­

CTBOM X:OU,U'/CJl,06 H o603HaqaeTC.H zk. IIocKOJihKY d 0 d = 0, JII06a.H 

KorpaHnn;a o6.H3aTeJihHO .HBJI.HeTc.H KOU.HKJIOM, n TeM caMhIM Bk .HBJI.H­

eTC.H ITO,ll;ITpOCTpaHCTBOM zk. KpoMe Toro, Mhl o6pa3yeM <PaKTOprrpo­

CTpaHCTBO Hk = zk I Bk' Ha3hIBaeMOe npocmpattcm60M k-Meptt'btX 

X:020.MO.lt02UU KOMIIJieKca. 

Mttorne acITeKThI 3THX ITpocTpaHCTB y)Ke ITpO.HBJI.HJIHCh ITPH H3y­

qettnn aneKTpnqecKnx n;eITeli. HaITpnMep, B cnyqae k = 0 rrpocTpaH­

CTBO z0 (rrpOCTpaHCTBO 0-KOIJ;HKJIOB) 6bIJIO rrpOCTpaHCTBOM <Pn3H­

qeCKH OCMhICJieHHhIX IIOTeHIJ;HaJIOB, KOTOphie 6bIJIH IlOCTO.HHHhl Ha 

Ka)K,ll.OH CB.H3HOH KOMIIOHeHTe n;entt. IlpocTpaHCTBO B 0 6hIJIO Hy­

JieBhIM, IlOCKOJihKY 0-Kon;enb HHKOHM o6pa30M He MOrJia rrpttHa,II,­

Jie2K:aTb o6pa3y d. B pe3yJihTaTe nonyqanoch <PaKTopnpocTpaHcTBO 

H 0 = z0 / B 0 = zo. (PatthIIIe rrpn o6cy2K:.n;ettnn 3Toro rrpocTpaHCTBa 

MhI ncnOJih30BaJIH TOJihKO o6o3HaqeHne H 0 .) 

,I(JI.H 1-KOMIIJieKca IlpOCTpaHCTBO zl COBIIa)l.aeT CO BCeM npo­

CTpaHCTBOM C 1 . IlpttqHHa 3TOrO oqeHh npOCTa H COCTOHT B TOM, 

qTO npH OTCYTCTBHH 2-Kon;erre:H Ka2K:,IJ;a.H 1-Kon;errh ,ll.OJl2K:Ha Jie2K:aTb 
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B 51,n;pe d. IlpocTpaHCTBO Korpamm, B 1 co,n;ep)KHT Te pacrrpe,n;eJieHH51 

Hanp51)KeHntt, KOTOphre rroJiyqaroTC51 H3 noTemwana. B 3TOM cJiy­

qae <PaKTOpnpocTpaHCTBO H 1 = Z 1 I B 1 COBIIa,n;aeT c rrpocTpaHCTBOM 

C 1 I B 1 . BcrrOMHHTe, qTo rrpocTpaHCTBO H 1 ,IJ;yaJihHO npocTpaHCTBY 

H 1 (B cJiyqae 1-KOMIIJieKca OHO coBrra,n;aeT c Z1). 
IlpocTeHIIIHM rrpHMepoM CHTya:u;nn, Kor,n;a zk' Bk If Hk He TpH­

BHaJihHhI, 51BJI51eTc51 cJiyqafi k = 1 ,IJ;JI51 2-KOMIIJieKca. PaccMoTpHM 

KOMIIJieKC, H306pa)KeHHhIR Ha pHC. 14.18. IJpOCTpaHCTBO C 1 IIIeCTH­

MepHO, ITOTOMY qTO B KOMIIJieKCe IIIeCTh BeTBeH. LJTo6hI onpe,n;eJIHTh 

pa3MepHOCTh IIpOCTpaHCTBa zl, Mhl ,IJ;OJI)KHhI IlOCMOTpeTh Ha o6pa3 

If 51,IJ;pO OITepaTopa d : C 1 ---+ C 2 . 

0: 

c 

(J 

Pnc. 14.18 

CHaqana pacCMOTpHM o6pa3 d : C1 ---+ C2 ' T. e. rrpocTpaHCTBO 

B 2. IlocKOJihKY rrpocTpaHCTBO C2 ,IJ;ByMepHO, TO B 2 He MO)KeT HMeTh 

pa3MepHOCTh 60JihIIIe, qeM 2. LJT06hI IIOKa3aTh, qTo ero pa3MepHOCTh 

paBHa 2, ,IJ;OCTaTOqHO HaRTH 6a3HC C 2 , KOTOphIR Jie)KHT B o6pa3e d. 
1-Ko:u;errh v, KOTOpa51 IIpHIIHChIBaeT 3HaqeHHe 1 BeTBH O'. If 0 ,n;pyrHM 

BeTB51M, o6Jia,n;aeT CBORCTBOM: 

dV(KpaCHhIR) = 1, dV(CHHHli) = 0. 

AHanornqHo, 1-Ko:u;errh W, KOTopa51 rrpnnnchrnaeT 1 BeTBH f3 H 0 
,n;pyrHM BeTB51M, o6Jia,n;aeT CBOHCTBOM'. 

dW(KpaCHhIR) = 0, dW(CHHHH) = 1. 
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Ilo3TOMY B 2
, T. e. o6pa3 d, 3a,n;aHHhiii BeKTopaMM dV M d\V, MMeeT 

pa3MepHOCTh 2. B cmry TeopeMhI o pattre M ,n;ecpeKTe, 51,n;po d, T. e. 

rrpOCTpaHCTBO zl, y,n;OBJieTBOp51eT ycJIOBHIO 

dimZ1 = dimC1 
- dimB2 = 6- 2 = 4. 

06paTMM Terrepb BHMMaHMe Ha rrpocTpaHCTBO B 1 M paccMOTpMM 

d : CO --+ C1 . .H,n;po 3TOI'O OIIepaTopa, T. e. IIpOCTpaHCTBO zO (KOTO­

poe coBrra,n;aeT c H 0 ), MMeeT pa3MepHOCTh 1, rroToMy 'ITO KOMIIJieKc 

CB513eH. CJie,n;oBaTeJihHO, 

dimB1 = dimC0 
- dimZ0 = 4- 1 = 3. 

3Ha'IMT, cyII1eCTBYIOT TPH He3aBMCHMhIX 1-Ko:u;errM, KOTOpbie Bhl­

BO,l.1;51TC51 H3 IIOTeHIJ;HaJIOB. 

MbI BH,l.l;HM, 'ITO rrpocTpaHCTBO Z 1' COCT051II1ee H3 1-KOIJ;HKJIOB, 

MMeeT pa3MepHOCTh 4, a rrpocTpaHCTBO B 1 , cocT051II1ee M3 1-KorpaHMIJ;, 

HMeeT pa3MepHOCTh 3. Ilo3TOMY dim H 1 = dim Z 1 - dim B 1 = 
4 - 3 = l. C:ho 3HaqMT, 'ITO cyII1eCTBYIOT «HHTepeCHbie» KOIJ;HK­

JlhI, KOTOpbie Jie)KaT B 51,n;pe d, XOT51 OHM H He MoryT 6bITh BhI­

Be,n;eHhI M3 rroTeHIJ;MaJia. KJiacc 3KBMBaJieHTHOCTH o,n;Horo TaKoro 

KOIJ;HKJia ,n;aeT 6a3HC O,l.l;HOMepHOI'O cpaKTOpIIpOCTpaHCTBa Z 1 . ,lJ;a­

BaiiTe, HarrpMMep, BbI6epeM KOIJ;HKJI v' ,l.l;Jl51 KOTOporo ya = ! ' 
y.B = l VI' = l V 8 = l ye = 0 v11 = 0 QqeBMTTHO 'ITO 2' 2' 2' l • M l 

3TOT KOIJ;HKJI ne MO)KeT 6hITh BhIBe,D,eH H3 IIOTeHu;MaJia, IIOTOMY 

'ITO cyMMa rra,n;eHMH Harrp51)KeHHH rrpM o6xo,n;e IJ;HKJia a + f3 HJIH 

'Y + 8 He paBHa Hymo. c .n,pyroii CTOpOHhI, v rrpMHa.n,Jie)KMT 51,n;py 

d: C 1 --+ C 2
, IIOTOMY 'ITO dV(KpaCHhIH) =ya - V 8 = ! - ! = 0 H 

dV(CHHHii) = y.B - VI'= ! - ! = 0. 
1fa 3Toro aHaJIM3a O'IeBM,Il,HO, 'ITO cyII1eCTBOBaHMe «MHTepeCHhIX» 

KOIJ;MKJIOB TeCHO CB513aHO c HaJIHqMeM d'blpO'K: B KOMIIJieKce. ECJIH ,n;o-
6aBMTh K KOMIIJieKcy ,l.l;HCK c B€TB51MH 'Y H 8 ( Ha30B€M ero )KeJIThIH)' 

TO KorpaHMIJ;aMM 6y,n;yT TOJihKO KOIJ;MKJihI. HarrpMMep, Ko:u;errh V, pac­

CMOTpeHHa51 BhIIIIe, 6y,n;eT y,n;oBJI€TBOp51Th ycJIOBHIO dV ()KeJIThIH) = 
1 M He 6y.n,eT KOIJ;MKJIOM. HMeHHO TaKMM o6pa30M rrpocTpaHCTBa KO­

roMoJiorMii KOMIIJI€KCa lIOKa3hIBaIOT HaJIH'IH€ ,l.l;blpKM, TO'IHO TaK )!(€, 

KaK aHaJIH3 rrpocTpaHCTB rOMOJIOI'HH. 

B 3TOM rrpMMepe cpa3y )Ke BM,Il,HO, 'ITO rrpocTpaHCTBO H 1 ,n;y­
aJihHO H 1 B TOM CMhICJie, qTo 6a3MCHhiii 3JieMeHT V rrpMIIMChrnaeT 
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1 mo6oMy IJ;HKJiy, KOTOpbIH o6xo,n;HT ,LI;blpKy rrpOTHB qacOBOH CTpeJI­

KH. PaccMoTpHM, HarrpHMep, IJ;HKJI I = a+ c: - 8 + T/· MbI BH,LI;HM, qTo 

J1 V = V°' + vc: - V 0 + V7J = ! - ! = 0. 0,n;HaKo, Bee IJ;HKJihI, o6xo­

,n;RIIJ;He ,LI;blpKy O,LI;HH pa.3 rrpOTHB qacOBOH CTpeJIKH, o6pa3yIOT KJiacc 

3KBHBaJieHTHOCTH, KOTOpbIH MOMeT 6bITb 633HCOM H 1 . KpoMe Toro, 

KOHKpeTHbIH BbI6op 3JieMeHTa v B KaqeCTBe rrpe,n;cTaBHT€JI51 3TOro 

KJiacca 3KBHBaJieHTHOCTH He HMeeT 3Haqemrn. ITpe,n;rroJIOMHM, qTo 

MbI BhI6panH W = V + d<I>. Tor,n;a ,n;Jia mo6oro IJ;HKJia M BbIITOJIH51-

eTca ycJIOBHe 

r w = r v + r d<l> = r v + r qi = r v, 
JM JM JM JM JaM JM 

rrocKOJihKY 8M = 0, ecJIH M - IJ;HKJI. B 3TOM CMbICJie KJiacc 3KBHBa­

JieHTHOCTH V ( 633HC ,n;Jia H 1) orrpe,n;eJiaeT JIHHeH:HyIO cPYHKIJ;HIO OT 

KJiacca 3KBHBaJieHTHOCTH I ( 633Hc ,n;Jia H 1). ,Il;Jia BbJqHcJieHH51 3TOH 

cPYHKIJ;HH HaXO,LI;HM f1 v' B351B .mo6ou 3JieMeHT KJiacca 3KBHBaJI€HT­

HOCTR. 

I1orrpo6yeM ,n;oK33aTb B o6iu;eM cJiyqae, qTo Hk - 3TO ,LI;yaJihHoe 

rrpocTpaHCTBO Hk. CHaqana ycTaHOBHM, qTo dimHk = dimHk, rro­

TOM rroKaMeM, qTo JII06oH: 3JieMeHT Hk orrpe,n;eJiaeT JIHHeHHYIO cPYHK­

IJ;HIO B rrpocTpaHCTBe H k. 

Pe3yJibTaT rroJiyqaeTca H3 Toro, qTo MbI yMe 3HaeM . .51,n;po corrpa­

MeHHoro orrepaTopa aHHYJIRpyeT o6pa3; o6pa3 corrpaMeHHoro orrepa­

Topa aHHYJIHpyeT a,n;po. PaccMoTpHM cJie,LI;yIOIIJ;YIO ,n;ttarpaMMy: 

ck-1 ~ck~ cH1 

8 8 
ck-1 *---ck*--- ck+i 

CHaqana IIOCMOTpHM Ha 8 : Ck+l ---+ ck H ero corrpaMeHHbIH orrepa­

TOp d : Ck ---+ ck+l. fldpo corrpaMeHHOro orrepaTopa d 51BJI51€TC51 rrpo­

CTpaHCTBOM KOIJ;HKJIOB zk; OHO aHHYJIHpyeT o6pa3 O, KOTopoe 51BJI51€T­

C51 rrpocTpaHCTBOM rpaHRIJ; Bk· A Terrepb paCCMOTpHM a: ck---+ ck-1 
H ero corrpaMeHHbIH d : ck- l ---+ Ck. 06pa3 corrpaMeHHoro orrepaTO­

pa ecTb rrpocTpaHcTBO KorpaHHIJ; Bk; OH aHHYJIHpyeT .Rdpo 8, KOTopoe 

51BJI51eTC51 rrpocTpaHCTBOM IJ;RKJIOB Zk. 
0,n;HaKo, MbI 3HaeM, qTo ,n;Jia JII06oro rro,n;rrpocTpaHCTBa rrpocTpaH­

CTBa Ck CYMMa pa3M€pHOCTR IIO,LI;IIpOCTpaHCTBa H pa3M€pHOCTR ero 
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aHHYJIHpy10:rn;ero rrpOCTpaHCTBa ,11,0JI)l<:Ha 6hITb paBHa pa3MepHOCTH 

ck. CJie,II,OBaTeJibHO, 

0TCIO,II,a CJie,II,yeT, 'ITO 

T.e. 

IIOCKOJihKY 

Tmrn'IHhIM ::meMeHTOM rrpocTpaHCTBa Hk RBmieTc.H KJiacc 3KBH­

BaJieHTHOCTH V, cocToR:rn;H:ll H3 KOD;HKJIOB BH,II,a V + d<P. EcJIH V He 

RBJIReTc.H HyJieBhIM 3JieMeHTOM, TO V - tte KorpaHHu;a. AHaJIOrH'I­

Ho, THIIH'IHhIM 3JieMeHTOM rrpocTpaHCTBa Hk RBJI.HeTc.H KJiacc 3KBH­

BaJieHTHOCTH I, cocTo.a:rn;H:ll H3 D;HKJIOB BH,II,a I+ or. EcJIH I - He 

HyJieBo:ll 3JieMeHT, TO I - He rpaHHu;a. Mb! orrpe,II,eJI.aeM 3Ha'IeHHe V, 
,II,e:llcTBy10:rn;ero Ha I, T. e. J

1 
V, ,II,aBa.a B03MO)KHOCTh mo6oMy 3JieMeH­

TY KJiacca V ,II,e:llcTBOBaTh Ha JII06o:ll 3JieMeHT KJiacca I. Tor,II,a 

r v = r v + d<P = r v + r d<P + r v + r d<P 
11 ll+oT 11 11 1 OT 1 OT 

= lv+ r 'P+1dV+1d(d<P). 11 lol T T 

0,II,HaKo, 81 = 0, rroToMy 'ITO I - D;HKJI; dV = 0, rroToMy 'ITO V -
KOD;HKJI H, KOHe'IHO, d( d<P) = 0. CJie,II,oBaTeJibHO, 

,IJ;pyrHMH CJIOBaMH, He HMeeT 3Ha'IeHHR, KaKOH 3JieMeHT KJiacca 3K­

BHBaJieHTHOCTH MhI BhI6HpaeM. Mhr HMeeM KoppeKTHoe orrpe,II,eJieHHe 

3JieMeHTOB Hk KaK JIHHe:llHhrx <PYHKD;HH B rrpocTpaHCTBe Hk. TaKHM 

o6pa30M, MhI rrpOH3BeJIH OTO)K,11,eCTBJieHHe rrpocTpaHCTBa Hk c ,II,y­

aJihHhIM rrpocTpaHCTBOM H k. 
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Pattee roBopHJIOCh, qTo rrpocTpaHCTBa roMoJiorHii Hki oTHOCH­

:uwecH K KOMrrJieKcy, 3aBHCHT TOJibKO OT rrpOCTpaHCTBa, Jie)I<:arn,ero 

B OCHOBe KOMrrJieKca, H He 3aBHCHT OT Toro, KaK KOMITJieKC 6hIJI o6-

pa30BaH. Terrepb ITOHHTHO, qTo TO Me caMoe crrpaBe,IJ;JIHBO .IJ;JIH rrpo­

CTpaHCTB KOrOMOJIOrHii Hk. IIocKOJihKY Kou,errH, H3 KOTOpbIX rroJiy­

qaIOTCH Hk, TeCHO CBH3aHhI c cpn3nqecKHMH BeJinqnHaMH, TO 3TH 

rrpocTpaHCTBa OTKpbIBaIOT CBH3b TOITOJIOrHH H TeOpHH 3JieKTpOMar­

HeTH3Ma. 

IIpeM,n;e qeM 3aKoHqHTh paccMoTpeHHe KOMrrJieKcoB, HMeeT CMhICJI 

ITO,IJ;BeCTH HTOrH Toro, qTo Mbl H3yqHJIH, Ha ,n;HarpaMMe, H306paMeH­

HOH Ha pHC. 14.19. ,II,ttarpaMMa HapHCOBaHa .IJ;JIH 3-KOMITJieKca, Ha Heii 

I10Ka3aHbl BCe CBH3H Me)K.IJ;y rrpocTpaHCTBaMH, KOTOpbie Mbl H3yqHJIH. 

zo aHHym1pyeT Bo 
B 0 HyJieBoe 

H 0 = z 0 .n;yaJihHO Ho= Co/ Bo 

Z 2 aHHYJIHpyeT B2 
B 2 aHHYJIHpyeT Z2 
H 2 = Z 2 I B 2 .n;yaJihHO H2 = Z2/ B2 

C3 = z3 

Z 1 aHHYJIHpyeT B1 
B 1 aHHYJIHpyeT Z1 

H 1 = z1 / B 1 ,IJ;yaJihHo H1 = Zif B1 

B3 HyJieBoe 

B 3 aHHymrpyeT Z3 

H 3 = C3 / B 3 .n;yaJihHO H3 = Z3 

PHc. 14.19 
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Pe3IOMe 

A. KoMrrJieKChI BhICIIIHX pa3MepHocTeii 
Bbl ,IJ;OJDKHbl 3HaTb orrpe,n;eJiemrn: rrpocTpaHCTB zk, Bk H Hk ,IJ;JI51 n­
KOMITJieKCOB H yMeTb CTpOHTb 6a3HCbl 3THX rrpocTpaHCTB. 

,ll,JI51 3a,n;aHHOM ,IJ;MarpaMMbl, rrpe,n;cTaBJI51101Il€M 51'!€MKM 2-KOM­

IIJieKca, tta,n;o yMeTb orrpe,n;eJIHTb, 'ITO 3TO 3a KOMrrJieKc: ccpepa, Top 

HJIM 'ITO-TO erne. 

B. KoroMoJiorHH H orrepaTop d 
,ll,JI51 n-KoMnJieKca Bbl ,n;omKHbl yMeTb orrpe,n;eJIHTb orrepaTop d H 

rrpocTpaHCTBa zk' Bk' Hk; ,IJ;OJDKHbl YM€Tb CTpOMTb 6a3MCbl 3THX 

rrpocTpaHCTB. 

Bb1 ,IJ;OJI)KHbl IIOHMMaTb, KaK ,IJ;OKa3aTb H rrpHMeH51Tb ,n;yaJibHOCTb 

rrpocTpaHCTB Hk H Hk. 

3a,[l,a-c.iH 

14.1. Il51Tb 2-KOMITJieKCOB, H306pa1KeHHbIX Ha pHc. 14.20, npe,z:t;CTaBJI51IOT B 

KaKOM-TO nop51,z:t;Ke cne.z:ryro111,He ¢ttrypb1: 

(a) HCKpHBJieHHa51 IIOBepxHOCTb IIHJIHH,z:t;pa; 

(b) JIHCT Me6ttyca ( «nepeKpy<IeHHhIM» IIHJIHH,n;p); 

(c) c¢epa; 

(d) Top; 

( e) 6yThIJIKa Knell:Ha. 

Ono3Hall:Te 3TH ¢Hrypb1 H BhPIHCJIHTe ,z:t;JI51 Ka1K,z:t;o:ll H3 HHX dim H 1 H 

dimH2. B Ka1K,z:t;OM cnyqae Hall:,z:t;HTe 6a3HCbI npocTpaHCTB Z1, B1 H 

H1. IlpoBepbTe, 'ITO 

dim Co - dimC1 + dimC2 =dim Ho - dimH1 + dimH2. 

14.2. ,Il;JI51 Ka)K,l:t;oro KOMTIJieKca H3 npe,z:t;h1.z:ry111,ero ynpa1KHeHH51 nocTpoll:Te 

6a3HCbl npOCTpaHCTB Z1' B1 H H 1. 

14.3. Pe3HHOBa51 Ha.z:ryBHa51 HrpyrnKa pa3,z:t;eJieHa Ha TPH qacTH, OKparneH­

Hbie B pa3Hbie IIBeTa. Ha pttc. 14.21 noKa3aHbI ,z:t;Be H3 3THX o6nacTe:ll. 

(a) Onpe,z:t;eJIHTe a(KpaCHbIH) H a(CHHHH). 

(b) Onpe,z:t;eJIHTe pa3MepHOCTH npocTpaHCTB Z2, H2 H H 0 . 
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A a A B o: A 

/3 j EH /1 /3' EeBhIH ',B 

B ,!3 c 
A o: A A I B 

a GOBbIH J3 
A a A B Cl B 

~I~! I~ 
A a B 

f3 EH '/3 

A ct A A A. 'Y 

PRC. 14.20 

D B c A D 
r1 /3 a 

0 ~H e c 0 

'Y f3 E 

A B c D A 

PMc. 14.21 

( c) Ha:ll,ll;MTe 6a3MChI npocTpaHCTB Z1, B1 M H1. 

(d) Ha pMc. 14.22 noKa3aHa TpeTMI o6JiaCTb. KaKOBhI 6y,ll;YT pa3-

MepHOCTM npocTpaHCTB C0 , C1, C2, H1, H2 nocJie Toro, KaK 
BCH HrpyrnKa co6paHa? IloJiy'IHTCH JIM MH'IHK (dimHo = 1, 
dimH1 = 0, dimH2 = 1), nJiaBaTeJihHhIH Kpyr (dimHo = 1, 
dimH1 = 2, dimH2 = 1) HJIH 'ITO-TO ,ll;Pyroe? 

A 

e B 

D 

PIIc. 14.22 
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14.4. Tpoe pa6o'IIIX 3aBo,n,a, BhmycKarom;ero aBTOM06m1hHhle mlIHhI, pa3-
,n,en1In1I IlOBepXHOCTb BHyTpeHHell KaMepbl Ha TplI op1IeHT1IpoBaH­
HhIX o6naCTII II IlO,IJ,IllICanlI Ka2K)1;YIO CBOIIM IIMeHeM. Ilony'IIIBIITIIHC.H 
2-KOMrrneKC rroKa3aH Ha p1IC. 14.23. 

B 

c 

A l_~J 
A (J B 

A 

P1Ic. 14.23 

(a) KaKOBa pa3MepHOCTh rrpocTpaHCTBa Ho? 

(b) Orrpe,n,en1ITe pa3MepHOCTh rrpocTpaHCTBa H2 II BhIITIIIITIITe 6a-
31IC aToro rrpocTpaHCTBa (2-.H'IeHKII IIMeIOT IIMeHa 9n, BeH II 
rneM; IlOCTpOHTe COOTBeTCTBYIOIIJ;IIe AIIHeHHbie KOM61IHaIJ;IIII, 
cne,n;.H 3a op1IeHTau;1Iett). "l1To 03HaqaeT rrony'IeHHhIH pe3ynhTaT 
,Il;n.H co6paHHon KOHCTPYKIJ;IIII? 

( c) Orrpe,n,en1ITe pa3MepHOCTII dim Co, dim C1 II dim C2 , rroToM BhI­
'IIICAIITe dim H 1 . 

( d) Bhlrr1Im1ITe 6a31IChI rrpocTpaHCTB Z i, B 1 II 6a31Ic <PaKToprrpo­
cTpaHCTBa H1 = Zi/B1. 

(e) HII2Ke BhIITIICaHhI TPII 1-Kou;errlI, T. e. aneMeHThI C1: 

a(o:) = 1 

a({J) = 1 

a('y) = 2 

a(o) = -2 

a(c:) = -2 

a(>.) = 1 

T(o:) = 1 

T(fJ)=-1 

T('y) = 2 

T(o) = 2 

T(c) = -2 

T(A) = -1 

w(o:) = 1 

w({J) = -1 

w('y) = 2 

w(o) = -2 

w(c:) = 2 

w(>.) = -1 

Han,n,IITe Kou;errh, KOTopa.H He .HBn.HeTC.H KOIJ;IIKnoM, n orrpe,n,e­
nlITe 2-Kou;errh, KoTopa.H .HBn.HeTc.H ee KOrpaHnu;ett (d0(9n) = 1, 
dO(BeH) = 3, dO(rneM) = 2). 

(f) Orrpe,n,ennTe Kou;errh, .HBn.HIOIIJ;YIOC.H KOrpaHnu;ett, II Harr1Im1ITe 
0-u;errh f, 'Ihett KorpaHIIIJ;eH OHa 6y,n,eT. 
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(g) IloKa)KIITe, 'ITO OCTaBmaB:CR Kou;errh HBJIB:eTCR KOIJ;IIKJIOM, HO 

He 6y,n;eT KorpaHIIu;eii:. BhI'IIICJIIITe ee ,D;JIB: ,n;Byx 6a3IICHhIX 3Jie­

MeHTOB rrpocTpaHCTBa H 1 . 

(h) IlocTpOii:Te BTOpoii: KOIJ;IIKJI, KOTOpblii: He RBJIB:eTca KOrpaHIIu;eii:, 

HO 6y,n;eT BTOpbIM 6a3IICHhIM 3JieMeHTOM rrpocTpaHCTBa H 1. 

(i) HarrIIIDIITe 6a3IICbI rrpocTpaHCTB B1 II Z1. 

14.5. Bo3pO)K,n;eHHaa PIIMCKaa IIMrrepII» rrocJiaJia yrroJIHOMO'leHHoro rrpe,n;­

cTaBIITemr fag lOJIIIH IJ;e3apa o6cJie,ll;OBaTb CIITyau;mo Ha Me)K,ll;YHa­

pO,ll;HOH KOCMII'leCKOH CTaHIJ;IIII «HoBaa faJIJIIIH». B ero OT'leTe, Ha'lII­

HaBmeMC5I CJIOBaMII: «Beg HoBa5! faJIJIII» pa3,n;eJieHa Ha TPII qacTII», 

6bIJIII TPII KapThl, II3o6pa)KeHHhre Ha pIIc. 14.24. KapThI rroKmhrnaroT 

TeppIITOpIIII, KOHTpOJIIIpyeMbie aKBIITaHu;aMII (Aqu), 6eJiraMII (Bel) 

H KeJihTaMII (Cel) COOTBeTCTBeHHO. 9TII Bpa)K,ll;YIOIIJ;IIe IIJieMeHa He 

CMOI'JIII ,ll;OI'OBOpIITbCR 0 e,n;IIHOH (HerrpOTIIBOpe'lIIBOH) OpIIeHTaIJ;IIII 

BCeH IIOBepXHOCTII 3TOH CTaHIJ;IIII. ,ll;aliTe OTBeTbI Ha CJie,n;yroru;IIe BO­

npocbl OTHOCIITeJihHO KOMIIJieKca «HOBOH faJIJIIIII». 

(a) BbI'lllCJIIITe rpaHHIJ;Y Ka)K,ll;oro perHOHa: a(Aqu) ll T. ,n;. 

A /3 B 

(t Ei 0 

B c c 
A (\' B 

~f ~ I/ 

B 0 c 
A 'Y 

B ~ 

/J ' ~ -

B -I/ c 

PHc. 14.24 
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(b) Hafi.,II,IITe MaKCIIMaJibHoe ,II,epeBo. C IIOMOm;bro 9Toro ,II,epeBa BbI­

'IIICJIIITe dim Z1, dim B1 II dim H1. IIocTpOHTe 6a31IC H 1. B 

3TOM 6a31ICe Bbipa31ITe 0: - 'Y + 8 - 'rJ II (3 + 'Y. 

(c) EcJIII w ecTb l-Korpamu1a (::meMeHT B 1), y,II,OBJieTBOpBrom;aB 

ycJIOBIIBM wa = 2 II w0 = 1, TO KaKOBbI 3Ha<J:eHII51 w' II wTJ? 

( d) EcJIII T eCTb l-Kor1errh, 3Ha<J:eHIIB KOTopoH. ,II,JIB Ka:m:,II,OH BeTBII 

paBHbI 1, TO <J:eMy paBHbI dT(Aqu) II dT(Bel)? 

(e) Bb1<J:1ICJI1ITe dimZ1. EcJIII u ecTb 1-KOIIIIKJI (9JieMeHT Z1), y,II,o­

BJieTBOpB10m;1Ifi. ycJIOBII5IM (Ta = 3, uf3 = 1, u 0 = 2, uTJ = 4, TO 

KaKOBbI 3Ha<J:eHII51 u' II u 0 ? 

( f) IIocTpofi.Te 6a31IC H 1, ,II,YaJibHhIH K 6a31Icy H 1 II3 rryHKTa (b). 
B 9TOM 6a31Ice Bbipa31ITe KJiacc 3KBIIBaJieHTHOCTII ff. 

(g) Mo:m:eT JIII IIOBepxHOCTb «HOBOH raJIJIIIII» 6hITb ccpepoH.? IIII­

JIIIH,II,poM? TOpoM? 

14.6. Ha He6oJibIIIOH rrJiaHeTe MIIBeT KOJIOHIIB, pa3,II,eJieHHa51 Ha ,II,Be rrpo­

BIIHIIIIII, KpacHhrfi. II 3eJieHbrH., KaK rroKa3aHo Ha p1Ic. 14.25. 

B >- D 

{J EH ' 6 

A_ 
0: c 

B c D 

fj EH J 

A_ r1 c 

PHc. 14.25 

(a) BbI'IIICJIIITe a(KpaCHbIH) II 8(3eJieHbIH). c IIOMOm;bIO pe3yJibTa­

Ta orrpe,II,eJIIITe pa3MepHOCTb H2 ,II,JIB 9Toro 2-KOMIIJieKca. Ofrh­
BCHRTe IIOJiy<J:eHHbIH pe3yJibTaT Ii CKa:m:RTe: 3aHRMaeT Jlli KOJIO­

Hli51 BCIO IIOBepXHOCTb rrJiaHeTbI liJili HeT? 

(b) MaKCRMaJibHOe ,II,epeBo ,11,JIB 3TOro KOMIIJieKca COCTORT II3 BeT­

BeM o:, (3 II 8. Hall:,II,1ITe 6a31ICbI rrpocTpaHCTB Z1, B1 II H1. ,II:a:U:Te 
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reorpa<l>II'IeCKOe ofrMICHeHIIe 6a3IICHOMY 3JieMeHTY rrpocTpaH­
CTBa H1. 

( c) Onpe.n,eJIIITe rrpocTpaHCTBO B 1. KaKoe npocTpaHCTBO OHO 6y.n,eT 
aHHYJIIIpoBaTh? ,LLoKa:amTe cBoii OTBeT. PaccMoTpIITe l-Ko11errh 
w, .n;mi: KOTOpoii W°' = 2, w/3 = -1, W 8 = 1. 

( d) Haii,n;IITe TaKIIe 3Ha'IeHII.H WI', W"', W'1, 'IT06bI W 6b1JI0 KO­
rpaHm1eii. 

(e) IlycTb WI'= 3, W"' = 2, W'1 = 1. Bhl'IIICJIIITe dW. 

(f) Haii,n;IITe TaKIIe 3Ha'Iemrn WI', W"', W'1, 'IT06bI W 6hIJIO KO­

IIIIKJIOM, HO He KorpaHIII1eii. BhI'IIICJIIITe 3TY Ko11errh B 6a3IICe 
rrpocTpaHCTBa Hi. 

14.7. (a) Haii)J;IITe pa3MepHOCTII rrpocTpaHCTB: C1, C2 , Z1, B1 II H 1 )J;JI.H 

A 

/ 

B 

KOMIIJieKca, II3o6pa2KeHHOro Ha pIIC. 14.26(a). 

(b) Haii,n;IITe pa3MepHOCTII rrpocTpaHCTB Ho II H 2 ; .n,oKa2KIITe, 'ITO 

dimCo-dimC1 +dimC2 = dimHo-dimH1 +dimH2. (14.1) 

( c) IlycTb K KOMIIJieKcy .n;o6aBIIJIII HOBYIO BeTBb (J II HOBhiii y3eJI 

C, KaK rroKa3aHo Ha pIIc. 14.26(6). B .HBHOM BII,II;e HarrIImIITe 
MaTpIIIlhl orrepaTopoB a : C1 --+ Co II a : C2 --+ C1 II BbI'IIICJIIITe 

MaTpIIIIY a 0 a : C2 - Co. 

(t B A a B 

/2 EH ' ''/1 

EIH I c c 
/1 E '12 

(J A B ,B A 
a) 6) 

A a B 

/2 EH U1 
/1 

/1 E U2 /2 

B /3 A 

B) 

Pnc. 14.26 
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(d) B,n;oJih BeTBII fY c,n;eJiaH pa3pe3, pa3,n;eJIIIBIIIII:iI ee Ha fY1 (Ha cTo­
poHe 3eJieHb1:iI) H fY2 (Ha cTopoHe CttHtt:iI), pIIc. 14.26(B). Ha­
IIHIIIHTe 8 : C1 --+ C0 . IlocTpOHB 6a3HC, Ha:iI,n;IITe pa3MepHOCTh 
H 0 . l.fro 3TO roBopIIT o ,n;aHHO:iI 11e11II? IlocTpo:iITe 6a3HC 11po­
CTpaHCTBa H 1 H 11poBephTe ypaBHeHHe (14.1). 

(e) IlyCTh 1-KOIJeIIb T HMeeT 3Ha'IeHIIe 1 Ha BCex BeTB.HX Me)K,IIY 

pa3JIH'IHblMH TO'IKaMH ll 3Ha'IeHHe 0 BO Bcex OCTaJihHbIX CJIY­
'Ia.HX. l.JeMy paBHhl dr(3eJieHhI:iI) ll dr(CIIHII:iI)? 

14.8. Ha pttc. 14.27 II3o6pa)KeH 2-KOMIIJieKc, cocTO.HIIJHM H3 ,n;Byx qacTe:iI. 

A /3 B 

r5 EH ' "( 

B /3 B 

B 
"( 

B 

O'• EH •n 

A r5 A 

Puc. 14.27 

(a) BhI'IHCJIIITe 8(KpaCHhIH) II 8(3eJieHhI:iI), OTCIO,n;a 011pe,n;eJIHTe 

dimZ2. 

(b) ,Il;JI.H 3TOro KOMIIJieKCa Ha:iI,n;HTe MaKCHMaJihHOe .n;epeBO. lic­
IIOJih3YMTe ero ,n;JI.H Haxo~eHH.H dim Z 1, dim B 1 H dim H 1 . 

( c) Ha:iI,n;ttTe 6a3IIC 11pocTpaHCTBa H 1 , II B 3TOM 6a3Hce Bhipa3HTe 

1HCt+8 + /3. 
( d) IlycTh w - 3TO 1-KorpaHIIIJa, y,n;oBJieTBOp.HIOIIJa.H ycJIOBHIO 

wf3 = 2. BbI'IHCJIHTe w"'. 

(e) IlycTh 1-KOIJeIIh T IIpIIHHMaeT Ha Ka~o:iI BeTBII 3Ha'IeHHe 1. 
BhI'IIICJIHTe dr. 

( f) 011pe,n;eJIHTe dim B 2 ,n;JI.H aToro KOMIIJieKca. 



rJiaBa 15 

KoMrrJieKCbI B rrpocTpaHCTBe ffi.n 

B rJiaBax 15-18 BHemHee ,r:i;rrcpcpepem:t;HaJihHoe n:cqn:cJie­

Hrre H3JiaraeTC51 KaK HerrpephIBHaR BepCHR )J;HCKpeTHOH 

Teoprrrr KOMrrJieKCOB. B rJiaBe 15 ccpopMyJirrpoBaHhI oc­

HOBHhie IIOJIO)KeHHR BHemHero HC'1HCJieHH51: BHeillH5151 aJI­

re6pa, k-cpopMhI, orrepai:i;n:R rrepeHoca (pullback), BHem­

HRR rrpoH3BO,IJ;HaR rr TeopeMa CToKca. 

,II;o CHX rrop, paCCMaTpHBaR pa3JIH'1Hhie KOMIIJieKChI, Mhl He HHTepeco­

BaJIHCh TeM, KaK KOMIIJieKC MO)KeT 6bITh pacrrOJIO)KeH B rrpocTpaHCTBe 

1Rn. lfayqa51 3JieKTprrqecKHe i:i;errrr, MhI rrpeHe6peraJIH cpopMoii rrpoBo­

,Il;OB H )J;a)Ke He CTaBHJIH BOIIpoc, MO)KeT JIH ,r:i;aHHaR i:i;errh 6bITh peaJIH-

30BaHa Ha rrJIOCKOCTH. Ceiiqac MhI Ha'1HeM n:3yqaTh qacTHhiii cJiyqaii 

KOMIIJieKca, IIOMe11:t;eHHOrO B rrpOCTpaHCTBO ]Rn' '1T06hI YBH,IJ;eTh, KaK 

ecTeCTBeHHhIM o6pa30M H3 reoMeTprrqeCKHX HJIH cpH3H'1eCKHX coo6-

pa)KeHHH B03HHKaIOT K01:t;errrr. 

CHaqana o6cy,r:i;n:M 1-KoMrrJieKc B rrpocTpaHCTBe JR3 THrra n:306pa­

)KeHHoro Ha prrc. 15.1. B 3TOM rrpocTpaHCTBe y3JihI RBJIRIOTCR T0'1-

KaMrr, a BeTBH - ,r:i;rrcpcpepeH1:t;HpyeMhIMH KpHBhIMH. IloCKOJihKY KO­

i:i;errh O)J;H03Ha'1HO orrpe,r:i;eJieHa CBOHMH 3Ha'1eHH51MH B Ka)K,IJ;OM y3-

Jie KOMIIJieKca, Mhl MO)KeM paccMaTpHBaTh ee KaK cpyHKI:t;HIO Y3JIOB. 

0,r:i;HH H3 0'1eBH)J;HhIX rryTeii rroJiy'1eHH51 TaKOH cpyHKI:t;HH 3TO 3a,IJ;aTh 

cpyHKI:t;HIO, orrpe,r:i;eJieHHYIO B JR3 . Ka)K,r:i;aR TaKM cpyHKI:t;HR ¢( x, y, z) 
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B 

PHc. 15.1 

orrpe,n;emrnT 0-Kou;errh <I> cornacHo rrpaBHJIY <I>A = ¢>( xA, yA, zA), r.n;e 

xA, yA, zA RBJIRIOTCR Koop,n;HHaTaMH y3Jia A. 
<l>yHKll;H.H </> MO)K€T paccMaTpHBaTbC.H KaK aapod'blU/, 0-'IW'IJ,enu B 

TOM CMbICJie, 'ITO OHa orrpe,n;eJI.HeT 0-Kou;errh ,Il;JI.H JII06oro KOMIIJieKca, 

pacrroJIO)K€HHOro B 3TOM rrpocTpaHCTBe. 

LITo6hI TaKHM )Ke crroco6oM rrony'IHTh 1-Kou;errh, HaM Ha,n;o HMeTh 

rrpaBHJIO, ITO KOTOpOMY JII06oii B€TBH KOMIIJI€KCa rrpHIIHChIBaeTC.H 'IHC­

JIO. TaKoe rrpaBHJIO rronyqaeTc.a, HarrpHMep, H3 .n;mp¢epettu;HaJihHoil 

1-¢opMhI w, orrpe.n;eneHHoil B rrpocTpaHCTBe JR3. Tor.n;a ecJIH Ka)K­

.n;a.a B€TBb KOMIIJI€KCa .HBJI.HeTC.H ,n;H<P<PepeHu;HpyeMOH .n;yroil, TO, HH­

TerpHpy.a w B,Il;OJ!b Ka)K,Il;OH B€TBH, MbI MO)K€M IIOCTpOHTb 1-Kou;errb. 

HarrpHMep, ecJIH BeTBh a orrHchrnaeTc.a rrapaMeTpH30BaHHOM KpHBOH 

a(t), TO 1-Kou;errh, orrpe.n;eneHHa.a w, 6y,n;eT rrpHHHMaTh Ha BeTBH a 
3Ha'leHHe fa w. TaKHM o6pa30M, l-¢opMa w MO)KeT paccMaTpHBaTh­

c.a KaK aapod'btw 1-'IW'IJ,enu. Otta orrpe.n;en.aeT 1-Kou;errb .n;n.a mo6oro 

KOMIIJieKca, paCIIOJIO)K€HHOro B JR3. 

Ilpe,n;IIOJIO)KHM, 'ITO</> - HerrpepbIBHO ,n;H<P<Pepettu;HpyeMa.H cPYHK­

ll;HR, H MhI o6pa3yeM ee ,n;H¢¢epettu;Han, T. e. 1-¢opMy w = d<f>. Ilpe.n;-

IIOJIO)KHM, 'ITO .n;n.a BeTBH a B(h~(~))HReTCR ycnoBHe 8a = B - A, TaK 

'ITO a OIIHCbIBaeTC.H KpHBOH y(t) c ycJIOBH.HMH: 

z(t) 

(
x(O)) 
y(O) 
z(O) 



747 

Tor,n;a 

i w = i dcp = 11 a*d<P = 11 d(a*¢) 

= a*¢(1) - a*¢(0) = ¢(B) - ¢(A). 

<I>yHK:o;m1 ¢ orrpe,n;em1eT 0-Ko:o;errh <I> c ycJIOBH.HMH <I>A = ¢(A) H 

<I>B = ¢(B). lfa 3TOH 0-Ko:o;errH Mhl MO)KeM o6pa30BaTh 1-Ko:o;errh d<I>, 
3Ha'leHHe KOTOpoii Ha BeTBH Ct paBHO 

1 d<I> = { <I> = <I>B - <I>A = cp(B) - ¢(A). 
a laa 

Mb1 HCITOJih3yeM o,n;Ho H TO )Ke o6o3Ha'leHHe d ,IJ;JI.H ,n;Byx pa3JIH'l­

HhIX CHTya:o;Hii: BO-rrepBhIX, KaK JIHHeHHbIH orrepaTop, ,n;eiiCTBYIOI:o;Hii 

Ha 0-Ko:o;errh <I> H o6pa3yIOI:o;HM 1-Ko:o;errh d<I>; BO-BTOpbIX, KaK ,n;mp­

¢epeH:o;HaJihHhIH orrepaTop, KOTOpbIH ,n;eiiCTByeT Ha cPYHKll;HIO ¢ H 

o6pa3yeT ,n;H<P<l:>epeH:o;HaJihHYIO <l:>opMy dcp. Ceiiqac CTaHOBHTC.H oqe­

BH,IJ;HhIM, 'ITO TaKOe HCITOJib30BaHHe d KOppeKTHO B TOM CMhICJie, 'ITO 

eCJIH H3 cPYHKll;HH ¢ rroJiyqaeTC.H 0-Ko:o;errh <I>, TO H3 1-<PopMbl dcp rro­

JiyqaeTC.H 1-Ko:o;errh d<I>. B rrpocTpaHCTBe JR3 paccMoTpHM rrpocTpaH­

CTBO rJia,IJ;KHX cPYHKll;HM n°(JR3) H rrpOCTpaHCTBO rJia,IJ;KHX 1-cPOPM 

0 1(JR3). Tor,n;a MO)KHO ITOCTpOHTh ,IJ;HarpaMMy, OTpa)KaIOI:o;yIO Herrpo­

THBOpe'IHBOCTh orrpe,n;eJieHH.H d: 

d 
---+ c1 

9Ta ,IJ;HarpaMMa 'IW.M.Mymamumw B TOM CMhICJie, 'ITO OT cPYHKll;HH 

cp K 1-KOll;eITH MO)KHO rrepefiTH KaK qepe3 CO, TaK H qepe3 0 1. 

Terreph MhI ,IJ;OJI)KHhI npo,n;eJiaTh He'ITO noxo)Kee ,IJ;JI.H 2-Ko:o;erreii 

H 3-Ko:o;erreii. B cJie,n;y10i:o;eM naparpa<Pe MhI BBe,n;eM o6'beKThI, Ha-

3brnaeMhie ,n;H<P<PepeH:o;HaJibHhIMH 2-<PopMaMH H 3-<PopMaMH, H3 KO­

TOpbIX B pe3yJihTaTe COOTBeTCTByIOi:o;ero HHTerpHpOBaHH.H noJiy'laTC.H 

2-Ko:o;enH H 3-Ko:o;enH coOTBeTCTBeHHO. Ha,n;o 6y,n;eT orrpe,n;eJIHTh TaKoii 

,JJ,HcP<l:>epeH:o;HaJihHhIH onepaTop d, KOTOpbIH npeo6pa3yeT 1-<PopMbl 
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B 2-cpopMbl M 2-cpopMbI B 3-cpopMbI. IlpR"<IeM 3TO ITpeo6p83oBaHMe 

,n;omKHO 6bITh COBMeCTMMhIM c ,n;e:iiCTBMeM OITepaTOpa d Ha COOTBeT­

CTBYIOIIIMe KOI!eITM. 

B "<IaCTHOM cJiy-qae 2-KOMITJieKca, pacITOJIO)KeHHoro Ha ITJIOCKO­

CTM, Mhl MO)KeM YBM,l];eTb, KaK 6y,n;eT pa6oTaTb 3Ta ITporpaMMa. 3apo­
a'btW 2-u,enu ,l];OJI)KeH 6y,n;eT ITpHITMChIBaTh "<IMCJIO Ka)K,l];OH OpMeHTMpO­

BaHHOH o6JiaCTM Ha ITJIOCKOCTM; 3Ha"<IeHmI, ITPMITMCbIBaeMbie Ka)K,l];OH 

R"<Ie:iiKe Q 3Toro KOMITJieKca, 6y,n;yT oITpe,n;eJIRTh 2-KOI!eITh. Ce:ii-qac Mhl 

MO)KeM ITepe:iiTM OT 1-cpopMhI (3apo,n;hlrna 1-KOI!eITR) w K 2-cpopMe T 
,n;ByMR p83JIM"<IHhIMM CIToco6aMR, KaK 3TO ITOK83aHo Ha pRc. 15.2. Pac­

CMOTpMM, HaITpHMep, ITYTh a+,6+[', RBJIRIOIIIMHCR rpaHMII,e:ii R"<IeHKM 

Q. O,n;1rn CIToco6 cocTOHT B TOM, "<IT06h1 o6p83oBaTh 1-Kor.i;eITh W H3 

w, BhI"<IMCJIRR MHTerpaJI ITO ITYTH B,il;OJih Ka)K,n;o:ii BeTBH KOMITJieKca. A 
y)Ke ITOTOM ITO,l];eHCTBOBaTh OITepaTOpOM d : C 1 

--t C2 . cho ,n;aeT 

{ T= { dW= { W'==Wa+w,B+Wl'=1w+ { w+jw. JQ JQ JaQ a J,e ,, 

c 

B 

x 

PRC. 15.2 

,IJ;pyro:ii CITOC06 COCTOMT B TOM, "<ITO ,n;e:iiCTBYR ,l];HcpcpepeHI!MaJib­

HbIM OITepaTopOM d Haw, eCTb Ha,n;e)K,n;a ITOJIY"<IllTh 2-cpopMy T, KOTO­

py10 MO)KHO ITPOllHTerpRpOBaTb ITO o6JiaCTM Q M ITOJIY"<IMTh 3HaqeHMe 

2-KOI!eITM T Ha R"<Ie:iiKe Q. 
B 3TOM cJiyqae TeopeMa fpRHa Ha ITJIOCKOCTH roBopRT HaM, Ka­

KYIO cpopMy ,n;OJI)KeH RMeTh oITepaTop d. BcITOMHHM, qTo corJiacHo 
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3TOH TeopeMe, eCJIH opneHTHpOBaHHa51 o6JiaCTb Q Ha IIJIOCKOCTH HMe­

eT rpaHHizy OQ, TO HHTerpaJI ITO TpaeKTOpHHl 

laQ Adx +Edy = l ( ~: -~:) dx /\ dy. 

B 3TOM qacTHOM cJiyqae Ka)KeTc51 u;eJiecoo6pa3HhIM BBecnr 2-<l>opMhI 

Bn,n;a T = f(x, y) dx/\ dy. B pe3yJihTaTe rroBTOpHoro HHTerpnpoBaHH51 

H3 2-<l>opMbl IIOJiyqaeTC51 2-Kou;errb, H 2-cpopMa MO)KeT 6bITh IIOJiyqe­

Ha H3 1-<PopMbl COrJiaCHO rrpaBHJiy 

(
oB oA) d(Adx + B dy) = ox - {)y dx /\ dy. 

15.1. BtteIIIH.H.H aJire6pa 

B cJiyqae 0-Kou;erreii n 1-Kou;erreii MhI y)Ke HMeeM .n;n<P<PepeHTI;HaJih­

HhIH orrepaTop, rrpeKpacHo corJiacy10iu;niic51 c KorpaHnqHhIM orrepa­

TopoM. 3ap0,1J;hIIII€M 0-Kou;errH 51BJI51€TC51 .n;n<P<l>epeHu;npyeMa51 cPYHK­

TI;H51 ¢, KOTOpa51 Ka)K,Il;OH TOqKe rrpHIIHCbIBaeT Beiu;ecTBeHHOe qncJIO. 

3apO,Il;hIIIIeM 1-u;errH 51BJI51eTC51 1-<PopMa w' IIpHIIHCbIBaIOiu;a51 Ka)K,Il;OH 

TOqKe 3JieMeHT rrpocTpaHCTBa V*, .n;yaJihHOro K ncrroJih3yeMoMy HaMH 

OCHOBHOMY rrpocTpaHCTBY v. <l>yHKTI;H51 <P rrpnHa,n;Jie)KHT rrpOCTpaH­

CTBY n°(V), a 1-<l>opMa w rrpHHa,n;Jie)KHT rrpOCTpaHCTBY 0 1(V). Mb! 

orrpe,n;eJIHJIH orrepaTop d : 0° (V) -+ 0 1 (V), comacoBaHHhIH c Korpa­

HHqHhIM orrepaTOpOM. 

Ceiiqac Mhl 6y,n;eM CTpOHTh IIOCJie.n;yroiu;ne rrpocTpaHCTBa 0 2 (V), 
0 3 ( V)' ... ' nk ( V)' KOTOpbie II03BOJI51T o6o6Iu;HTh .n;n<P<PepeHu;H­

MhHhIH orrepaTop d. 9JieMeHT w' rrpnHa,n;Jie)KaITI;HH rrpOCTpaHCTBY 

Ok(V), Ha3hrnaeTc51 iJu<fxfiepen'4ua.11ib'l-WU k-<fiop.Mou. Ka)K.n;oii TOqKe 

o6JiaCTH w OH 6y,n;eT rrpnrrnchrnaTh 3JieMeHT rrpocTpaHCTBa Ak(V*). 
06b1qHo 3TO Ha3hIBaIOT «k-51 BHeIIIH5151 cTerreHh rrpocTpaHCTBa V*», 
,Il;JI51 Hae 3TO - o6o6iu;eHHe ,Il;YaJihHoro rrpocTpaHCTBa V*. "lfro6b1 

orrpe,n;eJIHTh k-Kou;errh, MhI 6y.n;eM HHTerpnpoBaTh k-<PopMy. IIo­
CJie 3TOrO Mhl CMO)KeM orrpe,n;eJIHTh .n;ncp<l>epeHTI;HaJihHhIH orrepaTop 

1 
HarroMHHM, 'ITO B pyccKo:il: MaTeMaTH'IeCKO:il: JIHTepaType OH Ha3bIBaeTCH KpH­

BOJIHHe:il:HbIM HHTerpaJIOM BTOporo po.n;a. - Ilpu.M. pea. 
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d : Ok(V) ---+ Ok+1(V), KOTOpbIH 6y.rr,eT corJiaCOBaH C rrpeo6pa30Ba­

HlieM KOMIIJieKCOB d : Ck ---+ ck+l. B KaqecTBe rrepBoro rnara B 3TOM 

HarrpaBJiemn1 BBe.rr,eM rrpocTpaHcTBO A k ( V*). 
IIycTh V - HeKoe BeKTOpHoe rrpocTpaHCTBO pa3MepHOCTH n, a V* 

- ero ,11,YaJihHOe rrpocTpaHCTBO. ,L.ljaJihHOe rrpocTpaHCTBO V* .HBJI.HeT­

c.H rrpocTpaHCTBOM JIHHeiiHhIX cpyHKii;ttii H3 VB JR, T. e . .C(V; JR). CHa­

qana paccMOTpHM B(V, V; JR) - rrpocTpaHCTBO 6uJtuHeUH'btX cpyHK­

u;ttii H3 V x V B JR. Mb1 roBopHM, qTo cpyHKll;H.H r(v1, v2) 6ttJIH­

HeiiHa, eCJIH ,11,Jl.H cpHKCHpOBaHHOro 3HaqeHH.H V2 cpyHKll;H.H r(v1, v2) 
mrneiiHo 3aBHCHT OT rrepBoro apryMeHTa, T. e. r(av1 + f3w1, v2) = 
ar(v1, v2) + (3r(w1, v2) H, aHaJIOrHqHo, ,11,JI.H cpHKCHpOBaHHOro 3Ha­

qeHH.H v1 cpyHKll;H.H T JIHHeiiHo 3aBHCHT OT BToporo apryMeHTa. IIpo­

CTpaHCTBO B(V, V; JR) .HBJI.HeTC.H BeKTOpHhIM rrpocTpaHCTBOM, r.rr,e BhI­

rroJIH.HIOTC.H o6hlqHhie rrpaBHJia CJIOMeHH.H cpyHKll;Hii H yMHOMeHH.H 

cpyHKll;HH Ha qifCJIO. 

BHyTpH rrpocTpaHCTBa cpyHKll;Hii B(V, V; JR) ecTh rro.rr,rrpocTpaH­

CTBO, o6o3HaqaeMoe A2 (V*). 8To rrpocTpaHCTBO 1wcocu.M.Mempu""H'btX 

6HJIHHeiiHhIX cpyHKll;Hii, y.rr,oBJieTBOp.HIOiu;HX ycJIOBHIO r(v1, v2) = 
-r(v2, v1). lfa mo6oii 6HJIHHeiiHOH cpyHKll;HH a(v1, v2) Mhl M02KeM 

IIOCTpOHTh KOCOCHMMeTpHqHyIO cpyHKll;HIO 

lfa 3JieMeHTOB rrpocTpaHCTBa V* He CJIOMHO rrocTpOHTh 3JieMeHThI 

A 2 (V*). ,Ll,JI.H 3a.rr,aHHhIX 3JieMeHTOB wi, wJ E V* BBe.rr,eM cpyHKll;HIO 

wi /\ wJ corJiaCHO orrpe.rr,eJieHHIO 

IIocKOJihKY cpyHKll;HH wi H wJ mrneiiHhI, TO wi f\wJ 6HJIHHe:iiHa. BoJiee 

Toro, 

CJie,11,0BaTeJihHO, cpyHKll;H.H wi /\ wj - KOCOCHMMeTpHqHa.H. 

lfa orrpe.rr,eJieHH.H BHernHero rrpOH3Be.rr,eHH.H CJie.rr.yeT, qTo OHO ,11,HC­

TpH6yTHBHO no CJI02KeHHIO: 
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"lfro6bI ,IJ;OK83aTb 3TO yTBep)K,Il;emi:e, paccMOTpHM rrpoH3BOJibHbie BeK­

Topa v1 H v2. Tor,n;a 

[(w
1 + w 2

) /\ w
3
](v1, v2) 

= [(w
1 + w 2

)(v1)]w
3
(v2) - [(w

1 + w 2
)(v2)]w

3
(v1) 

= [w
1
(v1) + w 2

(v1)]w
3
(v2) - [w

1
(v2) + w 2

(v2)]w
3

(v1) 

= w
1 

/\ w
3

(v1, v2) + w 2 
/\ w

3
(v1, v2). 

Ilpe,n;rrOJIO)KHM, qTo Mb! BbI6paJIH ,IJ;yaJibHbie 683HCbI: 683HC ei' 

V 6 1 2 n V*· e2' ... ' en rrpocTpaHCTBa H 83HC € ' € , ... ' € rrpocTpaHCTBa ' 

TaKHM o6p830M, 

i( ) { 1, eCJIH i = j, 
E e· = 

J 0, eCJIH i f= j. 

EcJIH Bbip83HTb w1 II w2 qepe3 683HC V*, TO 

6y,n;eT cyMMOH qJieHOB BH,IJ;a Ei /\ Ej. 0,n;HaKO, Ej /\ Ei = -Ei /\ Ej. Ilo-

3TOMY Ka)K,Il;bIH 3JieMeHT BH,IJ;a w1 /\ w2 MO)KeT 6bITb Bbipa2KeH qepe3 

oineMeHTbI BH,n;a Ei /\ Ej, r,n;e i < j. B o6rn;eM cJiyqae, rrycTb T HBJIHeT­

CH oineMeHTOM rrpocTpaHCTBa A2(V*). BcJie,IJ;CTBHe 6HJIHHeii:HOCTH H 

KOCOCHMMeTpHqHOCTH T OK83bIBaeTCH, qTo T orrpe,n;eJIHeTCH 3HaqeHH­

HMH T(ei,ej) ,IJ;JIH i < j. BBe,n;eM HOBOe o6o3HaqeHHe T(ei,ej) = bij· 

BeJIHqHHa Z::::: bij Ei /\ Ej rrpHHHMaeT Te 2Ke 3HaqeHHH, qTo H T, Ha Bcex 

ek, ez. CJie,n;oBaTeJibHO, T = Z::::: bijEi /\ Ej. 3HaqHT, 3JieMeHTbI Ei /\ Ej 

rropo)K,Il;aIOT rrpocTpaHCTBO A2(V*). C ,n;pyroii: cTopOHbI, JierKo rrpo­

BepHTb, qTo Bee OHH JIHHeii:Ho He3aBHCHMbI. Tor,n;a H3 n 683HCHbIX 

oineMeHTOB rrpocTpaHcTBa V* MbI M02KeM rrocTpOHTb 1n( n - 1) JIH­

Heii:Ho He3aBHCHMbIX oiJieMeHTOB rrpocTpaHCTBa A 2 (V*), rroToMy qTo 

oineMeHTbI Ei /\ Ej rrpH i < j o6p83yIOT 683HC rrpocTpaHCTBa A2(V*). 
B CJiyqae, Kor,n;a rrpocTpaHCTBOM V HBJIHeTCH JR3 , B KaqecTBe 

683HCHbIX oiJieMeHTOB V* y,n;o6Ho B3HTb dx, dy H dz. Tor,n;a 683HC 

A2 (JR3*) COCTOHT H3 Tpex 3JieMeHTOB dx /\ dy, dx /\dz H dy /\dz. 
B3HB ,n;Ba oineMettTa rrpocTpaHCTBa V*, MbI M02KeM, BocrroJib30-

BaBIIIHCb BHeIIIHHM rrpOH3Be,n;eHHeM H rrpaBHJIOM wj /\ wi = -wi /\ wj' 

YMHO)KHTb H yrrpOCTHTb, HarrpHMep, ( dx + dy) /\ ( dx + 2dy - 3dz) = 
2dx /\ dy - 3dx /\dz+ dy /\ dx - 3dy /\dz = dx /\ dy - 3dx /\dz - 3dy /\dz. 
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,II;eii:cTBHe 9JieMeHTa npocTpaHCTBa A2 (V*) y,n;o6Ho Bhipa3HTh qe­

pe3 onpe,n;eJIHTeJih, T. e. 

Mb1 BocnoJih3yeMC51 9Toii: <PopMyJioii: ,Il;JI51 0606II1eHH5I BHerrrnero npo­

H3Be,n;eHH51 Ha CJiyqafi:, Kor,n;a MHO)KHTeJieii: 6oJihIIIe ,Il;Byx. 

<I>yHKIJ;H51 f' 3aBHC51llla51 OT Tpex BeKTOpOB B npocTpaHCTBe v' 
Ha3bIBaeTC51 mpu.1tuttei11-wi1, ecJIH f (v1, V2, v3) 3aBHCHT JIHHeii:HO OT 

Vi (i = 1, 2, 3), Kor,n;a ,n;Ba ,n;pyrHx BeKTopa <l:>HKCHpoBaHhI. TpHJIH­

Heii:Ha51 <l>YHKII,H51 f Ha3bIBaeTC51 'l\,OCOCU.M.MempU"i'HOU, eCJIH 

lfa 9THX COOTHOIIIeHHH CJie,n;yeT, B 'laCTHOCTH, paBeHCTBO 

HanpHMep, onpe,n;eJIHTeJih MaTpHII,hI 3 x 3 51BJI51eTC51 TpHJIHHeii:Hoii: 

KOCOCHMMeTpH'IHOH <l>YHKII,Heii: CTOJI6II,OB. 

A Teneph ,n;aBaii:Te nocTpOHM npocTpaHCTBO A3 (V*), T. e. rrpo­

CTpaHCTBO KOCOCHMMeTpH'IHhIX TPHJIHHeii:HhIX <l>YHKII,HH H3 v B JR. 
9JieMeHThl 9TOrO npocTpaHCTBa MO)KHO nocTpOHTh, BOCnOJih30BaB­

IIIHCh o603Ha'leHH51MH BHeIIIHero npOH3Be,n;eHH51 H 0606II1HB onpe,n;e­

JieHHe Ha 513hIKe onpe,n;eJIHTeJieii: CJie,Il;YIOIIIHM o6pa30M: 

wi(v2) 
wi(v2) 
wk(v2) 

<l>yHKII,HH wi /\ wi /\wk o6Jia,n;aIOT p51,Il;OM CBOHCTB, 51BJ15IIOIIIHXC51 CJie,n;­

CTBHeM JIHHeHHOCTH wi ( v) H 9JieMeHTapHbIX CBOHCTB onpe,n;eJIHTeJI51. 

(a) ,Il;JI51 <l:>HKCHpOBaHHhIX BeKTOpOB V2 H V3 <l>YHKII,H51 wi /\ wi /\wk 
JIHHeii:HO 3aBHCHT OT V1' nOTOMY 'ITO 9JieMeHThl nepBoro CTOJI6-

II,a onpe,n;eJIHTeJI51 JIHHeii:HhI no v1, a onpe,n;eJIHTeJih 51BJI51eTC51 

JIHHeHHOH <l>YHKII,Heii: 9JieMeHTOB nepBoro CTOJI6II,a. 

(b) <I>yHKII,H51 wi /\ wi /\ wk JIHHeii:Ha TaK)Ke no V2 H V3' T. e. OHa 

TpHJIHHeii:Ha. 
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( c) <l>yHKll,Irn: wi /\ wi /\ wk H3Memi:eT 3HaK ITPH ITepecTaHOBKe ,II;Byx 

coce,n;HIIX apryMeHTOB (T. e. V1 II V2 IIJIII V2 II v3) MemIIOTC5I 

MeCTaMII, ITOTOMY 'ITO OITpe,n;eJIIITeJih MeH5IeT 3HaK ITPII ITepe­

CTaHOBKe coce,n;HIIX CTOJI6:upB. 

( d) <l>yHKIJ;H5I wi /\ wi /\ wk MeH5IeTC5I 3HaK Ha ITPOTIIBOITOJIO:)l<HYIO 

ITPII ITepecTaHOBKe ,II;BYX coce,n;HIIX «MH02KHTeJieii:» B Hell ( T. e.' 

HaITpHMep, cj /\ ci /\ck = -ci /\ cj /\ck), TaK KaK oITpe,n;eJIIITeJih 

MeH5IeT 3HaK ITPH ITepecTaHOBKe coce,n;HHX CTpOK. 

( e) wi /\ wi /\ wk = 0, ITOTOMY 'ITO OITpe,n;eJIHTeJih c ,II;BYMR o,n;nHaKo­

BhIMII cTpoKaMII paBeH HYJIIO. 

( f) Tpoii:Hoe BHer:uHee ITp01I3Be,n;eH1Ie ,IJ;IICTp1I6yTHBHO OTHOCHTeJih­

HO CJI02KeHII5I ITO Ka)K,II;OMY MH02K1ITeJI10, ITOTOMY 'ITO OITpe,n;e­

JIIITeJih ,IJ;HCTp1I6yT1IBeH ITO Ka2K,IJ;Oll CTpOKe. 

(g) EcJIII v1, v2 II v3 JIHHeii:Ho 3aBIICIIMhr, TO 

ITOTOMY 'ITO OITpe,n;eJIIITeJih paBeH HYJIIO, ecJIII JIIIHeii:Ho 3aBIICII­

MhI ero CTOJI6:U,bl. 

(h) EcJIII wi, wi II wk - JIIIHeii:Ho 3aBIICIIMhre ::iJieMeHThI ITpocTpaH­

CTBa V*, TO wi /\ wi /\wk = 0, ITOTOMY 'ITO oITpe,n;eJIHTeJih paBeH 

HYJIIO, ecJIII JIIIHeii:Ho 3aBIICIIMhI ero cTpOKII. 

KaK II paHhllle, HeCJI02KHO ,n;oKa3aTh, 'ITO ::iJieMeHThI ci /\ cj /\ ck ITPII 

i < j < k o6pa3yIOT 6a31IC ITpocTpaHCTBa A3 (V*), ecJIII ci, ci, ck 
5IBJI5IIOTC5I 6a3HCHhIMII 3JieMeHTaMH ITpocTpaHCTBa V*. Cylll,eCTByeT 

n B03M02KHOCTeii: Bbr6paTb i, 3aTeM n - 1 B03M02KHOCTh Bhr6opa j II 

n - 2 B03M02KHOCTII BbI6opa k, ITOTOMY 'ITO ecJIII JII06bre ,IJ;Ba IIH,IJ;eKCa 

paBHhr, TO ci /\ cj /\ ck = 0. Ho KOM61IHall,H5I II3 Tpex IIH,D;eKcoB 

,[];OITycKaeT 3 . 2 . 1 = 6 ITepecTaHOBOK, COOTBeTCTBYIOlll,HX TOJihKO 

O,l.l;HOMY 3JieMeHTY c i < j < k. CJie,D;oBaTeJihHO, 

1 nl 
dimA3 (V*) = -n(n - l)(n - 2) = 

1 
( · ) • 

6 3. n - 3 
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Terrepb MhI MO)KeM ,n;aTh orrpe,n;eJiemrn rrpocTpaHCTBa A k (V*) rrpn 

rrpOll3BOJihHOM k. 9To rro,n;rrpocTpaHCTBO rrpocTpaHCTBa2 IIOJillJlllHeH­

HbIX <l>YHKIJ;llH £(V, v, ... 'V; JR), KOTOpbie KOCOCllMMeTpWIHbl B TOM 

CMblCJie, qTo <l>YHKD;llR ll3M€HReT 3HaK rrpn rrepecTaHOBKe mo6blX 

,n;Byx coce,n;Hnx aJieMeHTOB. 9JieMeHT rrpocTpaHCTBa Ak(V*), Ha3hIBa­

eMhIH k-<l>opMOH, MO)KeT 6bITh IIOCTpoeH ll3 k 9JieMeHTOB rrpocTpaH­

CTBa V* corJiacHo npaBnJiy: 

(

wi1 (v1 ) 

wi2 (v1) 
= Det . 

wik(v1) 

wi1 (v2) 
wi2 (v2) 

wi1 (vk)) 
wi2 (vk) 

. . 

wik(vk) 

Pa3MepHOCTh rrpocTpaHCTBa Ak(V*) paBHa n!/(k!(n - k)!),3 a ero 

6a3RC COCTOIIT ll3 BCex 9JieMeHTOB c:i1 /\ c:i2 /\ ... /\ c:ik rrpII ycJIOBllll 

ii < i2 < · · · < ik. 4 3aMeTIIM, qTo rrpocTpaHCTBO An (V*) o,n;HoMeptto, 

II ero e,n;IIHCTBeHHhIH 6a3IICHbIH 9JieMeHT paBeH c:1 /\ c:2 /\ ... /\ En' a B 

cJiyqae k > n rrpocTpaHCTBO Ak(V*) = {O}. 
,l.l;JIR Hae 6y,n;eT Ba)lrna ei:u;e o,n;Ha anre6panqecKaR orrepa:o;nR -

«BHenrnee» yMHO)KeHne aJieMeHTa rrpocTpaHCTBa AP(V*) Ha aJie­

MeHT rrpocTpaHCTBa Aq(V*), B pe3yJihTaTe qero rroJiyqaeTCR aJieMeHT 

AP+q (V*). EcJIII rroJih30BaThCR 6a3HCHhIMH aJieMeHTaMn, TO BHeIIIHee 

yMHO)KeHne orrpe,n;eJIReTcH <l>opMyJioii 

(c:i1 /\c:i2 /\ ... /\c:iP) /\ (c:Jl /\c:h /\ ... f\Ejq) = c:i1 /\ ... f\Eip /\c:Jl /\ ... f\Ejq. 

9To orrpe,n;eJieHne MO)KeT 6bITh rrpo,n;OJI)KeHO Ha JlllH€HHbJe KOM6HHa­

:u;nn 6a3HCHhlX 9JieMeHTOB TaK, qT06b1 coxpaHRJiaCb JlllH€HHOCTb no 

2
o6bPIHO H83bIBaeMoro IIpOCTpaHCTBOM me'H.30p06 nma (k, 0), HJU:! k p83 KO­

BapHaHTHbIX. TaKHM o6p83oM, A k (V*) ecTh npocTpaHCTBO KOCOCHMMeTpwrecKliX 

TeH30pOB TliIIa (k, 0). -: Ilpu.M. peo. 
3
8To BbipaJKeHHe npe,n;cTaBJU!eT co6oii 6U'HO.MUUA'btt'btU 'IWWUU,Ue'Hm C~ 

(,n;pyroii BapnaHT o603Ha'Iemrn: - G)), a HMeHHO, Koa¢qmu;neHT npH xk B p83JIO­

JKeHHH MHOrO'IJieHa ( 1 + x) n' paBHblll 'IHCJIY cnoco6oB Bb16opa ueynopH,IJ;O'IeHHOrO 

Ha6opa k 3JieMeHTOB H3 n-aJieMeHTHOro MHOJKeCTBa. - Ilpu.M. peo. 
4
KaK H npeJK,n;e, HMeeTCH B BH,II,y, 'ITO c

1
' c

2
' .•• ' en - HeKOTOpblll 683HC npo­

CTpaHCTBa v·. ,Il,oK83aTeJibCTBO JIHHellHOll He3aBHCHMOCTli YK83aHHblX 3JieMeHTOB 

H rropO)K,D;eHHH HMH Bcero Ak(V*) OCTaBJIHeM 'IHTaTeJIIo B Ka'J:eCTBe yrrpaJKHeHmI. 

- Ilpu.M. pea. 
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Ka)K,ll;DMY MHO)KJfT8JIIO OT,1l,8JihHO, T. e. ,1l,0JI)K8H BhIIIOJIH5IThC5I ,1l,MCTpM-

6yTMBHhlll 3aKoH yMHO)KeHMa. HarrpHMep, ecJIM 

aBJiaIOTca 3JieMeHTaMH rrpocTpaHCTBa A2 (V*), TO 3JieMeHT w/\a rrpo­

CTpaHCTBa A 4 (V*) BhiqHcJiaeTca cJie.n;yrorn;HM o6pa3oM: 

w /\a = 5(E1 A E7
) /\a+ 3(E2 

/\ E
4

) /\a 

= 30E1 /\ E7 /\ E1 /\Es+10E1 /\ E7 /\ E3 /\Es - 45E1 /\ E7 
/\ E3 /\ E

6 

+ 18E2 /\ E4 /\ E1 /\Es + 6E2 /\ E4 /\ E3 /\cs - 27E2 /\ E4 
/\ E

3 
/\ c-6 . 

IlepBOe CJiaraeMoe B rrpaBOH qaCTM paBHO HJJIIO, IIOTOMY qTo B Hero 

3JieMeHT E 1 BX0,1l,MT ,n;Ba pa3a. OcTaJihHhie cJiaraeMhie tta,n;o rrpeo6-

pa3oBaTh, qT06hI rrpeBpaTMTh MX B 6a3MCHhie 3JI8M8HThI; rrpM 3TOM 

B03MO)KHhI H3MeHeHMa 3HaKOB. HarrpMMep, 

II OTO MY qTO c 7 Ha,11,0 rrepecTaBJI5ITh Ha ,11,Ba MecTa Ha3a,ll,, a 

w /\a = 10c:1 /\ c:3 /\cs /\ c:7 - 45c:1 /\ c:3 A c:6 /\ c:7 

+ 18E1 /\ E2 /\ E4 /\Es - 6E2 /\ E3 
/\ E

4 /\Es+ 27E2 
/\ c3 

/\ E
4 

/\ E
6

. 

Mb1 ttacToaTeJihHO peKOMeH.n;yeM qlJTaTeJIIO C,11,eJiaTh rro6oJihIIIe 

rrpMMepoB BHeIIIHero YMHO)K8HM5I, qT06bI rroqyBCTBOBaTh, KaK ycTpo­

eHa 3Ta orreparwa. ,Il;o KOHI1a KHMrM BH8IIIHee yMHO)K8HMe 6y,I1,eT 

0,11,HMM M3 OCHOBHhIX Bhlq1fCJIHT8JihHhlX MeT0,11,0B. Ilo3TOMY ycMJIMa, 

BJIO)K8HHhie B rrp1m6peTeHMe IIO,ll,06HhIX BblqlJCJIMTeJihHhIX HaBhIKOB, 

OKJII5ITC5I CTOpm1eii B ,11,aJihHeiirneM. l:..JMTaTeJih ,ll,0JI)K8H y6e,I1,MThC5I B 

crrpaBe,11,JIHBOCTM CJI8,ll,YIOIIl;MX rrpaBMJI: 

Acco11MaTMBHhiii 3aKOH: 

,Il;McTpM6yTMBHhIH 3aKoH: 

(w /\a)/\ T = w /\(a/\ r). 
W /\ (a + T) = W /\ O" + W /\ T. 
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AHTHKOMMyTaTirnHOCTh ( cero,n;H£ 3TO qacTo Ha3hIBaIOT cyrrepKOMMY­

TaTHBHOCThIO) 3HaqHT cne,n;yrorn;ee5 : 

9Tn rrpaBnna ycKOp5IIOT rrpou;e,n;ypy BhrqncJieHH5I BHeurnero rrpon3Be­

,n;eHH5I. 

c JIOrnqecKOll TOqKH 3peHH5I Harne orrpe,n;eJieHHe He COBCeM y,n;o­

BJieTBOpHTeJibHO, IIOTOMY qTo Ka)KeTC5I, qTo eCTh 3aBHCHMOCTh OT 

Bh16opa 6a3nca. CTporo roBop5I, MhI ,n;OJI)KHhI ,n;oKa3aTh, qTo ecJIH 

BhI6paTh ,n;pyrofi 6a3HC B rrpocTpaHCTBe v' COOTBeTCTBeHHO IIOJiyqnB 

,n;pyrofi 6a3HC rrpocTpaHCTBa AP(V*), TO pe3yJihTaT yMHO)KeHH5I 3Jie­

MeHTOB He H3MeHHTC5I. 9To MO)KHO IIOKa3aTh Herrocpe,n;cTBeHHhIM Bhl­

qncJieHHeM, qTo ,n;oBOJihHO JTOMHTeJihHO. fopa3,n;o Jiyqrne ,n;aTh 6oJiee 

a6cTpaKTHOe orrpe,n;eJieHHe JMHO)KeHH5I, KOTOpoe 6y,n;eT aBTOMaTnqe­

CKH y,n;OBJieTBOp5ITh BCeM rrpaBHJiaM, TaK qTo <PopMyna ,Il;JI5I YMHO­

)KeHH5I cTaHeT cne,n;cTBHeM sToro orrpe,n;eJieHH5I. Mhr c,n;eJiaeM 3To B 

rrpHJIO)KeHHH K rJiaBe 18, HO eCJIH qlfTaTeJIIO 3TO oqeHb HHTepeCHO, 

IIJCTh rrpoqnTaeT 3TO rrpHJIO)KeHHe rrp5IMO cefiqac - OHO He3aBHCH­

MO OT OCTaJihHOro MaTepnaJia. fopa3,Il;O Ba)KHee rrpno6peCTH HaBblK 

Bh1qncJieHH5I BHellIHero rrpOH3Be,n;eHH5I. 

B KaqecTBe rrpnMepa paccMoTpHM qeTbipexMepHoe rrpocTpaHCTBO 

V. MMe£ B BH,Il;J oqeBn,n;Hyro HHTeprrpeTau;nro KaK rrpocTpaHCTBa­

BpeMeHn, o6o3HaqnM 6a3HCHhre sJieMeHThI rrpocTpaHCTBa V* KaK dt, 
dx, dy H dz. B 3TOM cJiyqae rroJiyqnM rroJIHhIH Ha6op npocTpaHCTB 

Ak(V*): 

• rrpocTpaHCTBO A 0 (V*) o,n;HoMepHo; e,n;nHCTBeHHhIH 6a3HCHhri1 

3JieMeHT Ha30BeM 1; 

• rrpocTpaHCTBO A 1 (V*) qeThrpexMepHo; 3To rrpocTpaHCTBO V*, 
ero 6a3HCHhie sJieMeHThr: { dt, dx, dy, dz}; 

• rrpocTpaHcTBO A2 (V*) rnecTHMepHo; 6a3HCHhre sJieMeHThr: dt /\ 
dx, dt /\ dy, dt /\dz, dx /\ dy, dx /\dz, dy /\dz; 

• npocTpaHCTBO A3 (V*) qeThipexMepHo; 6a3HCHhre 3JieMeHThr: 

dt /\ dx /\ dy, dt /\ dx /\dz, dt /\ dy /\dz, dx /\ dy /\dz; 

5 AKKypaTHoe ,r:i;oKa3aTeJibCTBO 3Toro cBoil:cTBa TaKlKe HBJISieTCH xopourn:M 
yrrpa:l1rnemi:eM. - IJpu.M. peo. 
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• rrpocTpaHCTBO A 4 (V*) o,n;ttoMeptto; 6a3HCHhIH 3JieMeHT dt /\ dx /\ 
dy /\dz. 

15.2. k-cpopMhI II orrepaTop d 

"lJT06b1 rrepe:ifTH OT rrpocTpattcTBa Ak(V*) K rrpocTpaHCTBY Ok(V), 
MbI c,n;eJiaeM TaKoe )Ke pacnrnpettHe, KaK MbI ,n;eJiaJIH, rrepexo,n;R OT 

,D;yaJibHoro rrpocTpaHCTBa V* ( o603ttaqaeMoro TaK)Ke A 1 (V*)) K npo­

CTpaHCTBY 0 1(V). 9JieMeHTOM rrpoCTpaHCTBa Ok(V) RBJIReTCR cPYHK­

ll;HR, KOTOpaR Ka)K,D;OH TO'!Ke rrpHIIHCbIBaeT 3JieMeHT rrpocTpaHCTBa 

Ak(V*), T. e. K03cPcPHI1;HeHTaMH 6a3HCHbIX 3JieMeHTOB Ak(V*) cTatto­

B5ITC5l cPYHKll;HH, rrpHHHMa101u;He Beiu;ecTBeHHbie 3Ha'IeHH5l. HarrpH­

Mep, 06Iu;HH BH,ll; 3JieMeHTa IIpOCTpaHCTBa 0 2 (JR3) - 3TO 

a(x, y, z)dx /\ dy + b(x, y, z)dx /\dz+ c(x, y, z)dy /\dz, 

r,n;e a, b, c - Beiu;eCTBeHH03Ha'IHbie <fiy'H'X:'4UU. qTO KacaeTCR M2e6pa­
U"tec-x:ux orrepau;H:if, B TOM 'IHCJie CJIO)KeHHR Ii BHernttero YMHO)KeHH5l, 

TO 3JieMeHTbl IIpOCTpaHCTBa Ok (V) Be,D;yT ce65l TaK )Ke, KaK 3JieMeH­

TbI rrpocTpaHCTBa Ak(V*). 9JieMeHTbI rrpocTpaHCTBa nk(V), Ha3bI­

BaeMbie du<fi<fiepe'H'4UaJ1,'b'H'bt.Mu k-<fiop.Ma.Mu HJIH rrpocTo k-<fiop.Ma.Mu, 
6y,n;yT BbicTyrraTb KaK 3apo,n;bIIIIH k-Kou;erre:if. MbI ,n;oJI)KHbI ttay'IHTb­

C5l ,n;H<P<l:>epeHu;HpOBaTb H HHTerpHpoBaTb HX. PaccMoTpHM rrpocTpaH­

CTBO V = Rn H rrycTb dx1 , ... , dxn o6pa3yIOT 6a3HC rrpocTpaHCTBa 

V*. (MbI HCIIOJib3yeM TaK)Ke o603Ha'IeHH5l dx, dy H T. ,n;.) 

Mb1 y)Ke 3HaKOMbI c ,n;H<P<l:>epemI,HaJibHbIM orrepaTopoM d, rrpHrrH­

CbIBaIOiu;HM 1-<PopMy 0-<PopMe. EcJIH f ( x, y, z) - ,n;H<P<Pepettu;Hpye­

Ma5l cPYHKll;HR ( 0-<PopMa)' TO 

B KOHe'IHOM C'IeTe Mb! XOTHM IIOCTpOHTb k-cpopMy KaK o6'heKT, 

KOTOpbIH Mbl 6y,n;eM HHTerpHpoBaTb no «k-MepHOH rHrreprroBepXHO­

CTH». KpoMe Toro, MbI xoTHM ,n;oKa3aTb TeopeMy CToKca, KOTopa5I 

roBOpHT, 'ITO 

r dw = r w, 
ls las 
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r,n;e s - 3TO «k-MepHaR nmeprroBepxHOCTb» H as - ee rpaHm.J;a. B 
rJiaBe 8 Mb! BH,I1;€JIH, qTo 3TO ypaBH€HHe, rrpHM€H€HHOe K HHcPHHHTe-

3HMaJibHbIM rrapanJieJiorpaMMaM, ,n;aBaJIO orrpe,n;eJieHHe orrepaTopa d, 
,n;eifcTBYIOiliero Ha 1-¢opMbI. Tor,n;a MbI rroJiyqHJIH, qTo 

d(j dg) = df /\ dg. 

IIocKOJibKY JI106aR 1-<PopMa RBJIReTcR cyMMoif TaKHX Bbipa.tKeHHif, 

TO 3To ,n;aBano HaM orrpe,n;eJieHHe d ,n;JIR 1-<PopM. MmKeT 6bITb, ceif­

qac IIOJI€3HO B€PHYTbCR Ha3a,n; H €ilI€ pa3 IIOCMOTp€Tb Ha OCHOBHbI€ 

cPOPMYJibI rJiaBbI 8, BbIIIHCaHHbie Ha c. 425. 

,Il;aBaifTe B KaqecTBe rrpHMepa rrpo,n;eJiaeM anre6paHqecKHe BbI­

KJia,n;KH ,n;m1 1-<PopMbI. Mb1 xoTeJIH 6bI rroJiyqHTb 

d(j dg /\ dh /\ ... ) = df /\ dg /\ dh /\ ... 

cho 3aCTaBJIR€T Hae OIIp€,I1;€JIHTb ,I1;€HCTBH€ orrepaTopa d Ha k-cPOPMY 

B CJI€,Il;JIOilI€M BI-I,l];€: 

ecJIH T = f dxi 1 
/\ • • • /\ dxik + g dxii /\ · · · /\ dxJk + · · · , 

TO dT = df /\ dxi 1 /\ • • • /\ dxik + dg /\ dx11 /\ • • • /\ dxJk. (15.1) 

IIocJie ,n;eifcTBHR orrepaTopa d 6brnaeT Heo6xo,n;HMO rreperpyrrrrH­

poBaTb qJieHbI, '-IT06bI co6paTb K03cPcPHIJ;H€HTbl rrpH Ka)K,Il;OM 6a3HC­

HOM 3JI€M€HT€. 

PaccMoTpHM rrpHMep ,n;eifcTBHR d Ha 2-¢opMy B rrpocTpaHCT­

Be ffi.3 . IIycTb T = BxdY /\dz - Bydx /\dz+ Bzdx /\ dy, r,n;e Bx, 
By, Bz - ,Il;HcPcPepeHIJ;HpyeMbie cPYHKIJ;HH x, y, z, KOTOpb1e MO)K­

HO paccMaTpHBaTb KaK KOMIIOH€HTbl B€KTOpHoro IIOJI}l. Tor,n;a dT = 
dBx /\ dy /\dz - dBy /\ dx /\dz+ dBz /\ dx /\ dy. IIo,n;cTaBJIRR ,Il;HcP<Pe­

peHIJ;HaJibI H HCIIOJib3YR TOT <PaKT, qTo BH€IIIHee rrpOH3B€,Il;€HH€ paBHO 

HyJIIO, €CJIH COBrra,n;aIOT JII06ble ,Il;Ba MHO)KHT€JIR, Mbl IIOJiyqaeM 

Te, KTO 3HaKOM c BeKTOpHbIM aHaJIH30M, MoryT 3aMeTHTb cxo,n;cTBO 

Me)K,n;y d: 0 2 (JR3 ) ---+ 0 3 (JR3) H orrepaIJ;Heif div. 
OrrepaTop d o6Jia,n;aeT pR,Il;OM rroJie3HbIX CBOHCTB, KOTOpb1e cJie,n;y­

eT OTM€THTb. Ka)K,n;oe CBOHCTBO ,n;ocTaToqHo rrpoBepHTb ,Il;JIR cJiyqaR 
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k-cPOpMbI BM,n;a n = f dx /\ dy /\ · · · . 06rn;nii: CJiy'Iaii: CTaHOBMTC}l IIO­

HaTHbIM B CMJIY JIMHeii:HOCTll orrepaTopa d. 
IIepBoe cBoii:cTBo cBa3aHo c pe3yJibTaTOM ,n;eii:cTBMa orrepaTopa 

d Ha rrpOH3Be,n;eHne cPYHKIJ;Mll ll k-<PopMbI. IlyCTb f ll g - ,n;n<P­

<l>epemwpyeMbie cPYHKD;llll ll n = g dx (\ dy (\ .... Tor,n;a d(JD) = 
d(f g dx /\ dy /\ · · · ) = d(f g) /\ dx /\ dy /\ · · · . Ho ,n;Jia ,n;mp<l>epeH­

.o;naJioB cyrn;ecTByeT rrpaBMJIO d(f g) = f dg + g df. 0Tc10,n;a cJie,n;y­
eT, 'ITO d(fn) = f dg (\ dx (\ dy (\ ... + g df (\ dx (\ dy (\ ... MJIM 

d(JD) = f d(g dx /\ dy /\ · · ·) + df /\ (g dx /\ dy /\ · · · ). Tor,n;a MbI 

IIOJiy'IaeM 

d(fn) = f dn + df An. 

BTopoe CBOMCTBO OTHOCMTCa K ,n;eliCTBMIO orrpepaTopa Ha rrpOH3-

Be,n;eHne P-cPOPMbI W ll q-<l>opMbI n. IlyCTb W = f dx 1 (\ · · · (\ dxP ll 

D = g dy1 (\ · · · (\ dyq, r,n;e f ll g - ,Il;McPcPepeH.o;MpyeMbie cPJHKD;llll. 
lIMeeM d(w (\ n) = d(fgdx1 (\ ... (\ dxP (\ dy1 (\ ... (\ dyq). IT03TOMJ 

d(w /\ D) = f (dg /\ dx1 /\ · · · /\ dxP (\ dy1 /\ · · · (\ dyq) + g df /\ dx1 /\ · · · /\ 

dxP /\ dy1 /\ · · · /\ dyq. B rrepBoM 'IJieHe rrepecTaBmi:eM dg n MHO)KMTeJib 

dx1 /\ · · · /\ dxP, B pe3yJibTaTe 'Iero rroJiy'!aeTca 3HaK ( -1 )P. Tor,n;a 

d(w (\ D) = (-l)P(f dx1 
(\ · · · (\ dxP) (\ (dg (\ dy1 (\ · · · (\ dyP) 

+ ( df /\ dx1 
/\ · · · /\ dxP) /\ (g dy1 

/\ · · · /\ dyP). 

IIocKOJibKY Ka)K,n;aa p-<l>opMa ecTb cyMMa 'IJieHOB Bn,n;a f dx1 /\ · · · /\ 

dxP ll Ka)K,n;aa q-<PopMa eCTb CJMMa 'IJieHOB BM,n;a g dy1 (\ ... (\ dyP' 
Mb! MMeeM 

d(w/\D) = (-l)Pw/\dD+dw/\D. (15.2) 

TpeTbe CBOHCTBO KacaeTca ,n;ByKpaTHoro ,n;eii:cTBMa orrepaTopa d. 
CHa'IaJia paccMOTpHM d(df), r,n;e f (x, y, ... ) - ,Il;Ba)K,Il;bI ,n;n<P<PepeH­

u;npyeMaa cPYHK.o;na. B 3TOM CJiy'Iae 

(
af af ) a2 f a2 f 

d(df) = d -dx + -dy + · · · = --dy/\dx+--dx/\dy+ · · . 
ax ay 8yax 8x8y 

JI3 paBeHCTBa CMernaHHbIX 'IaCTHbIX rrpOM3BO,Il;HbIX ll COOTHOIIIeHMa 

dy/\dx = -dx/\dy cJie,n;yeT, 'ITO d(df) = 0. Terrepb paccMOTpMM 6oJiee 

o6rn;nii: cJiy'Iaii: k-¢opMbI w = f dx /\ dy /\ · · ·. B 3TOM CJiy'Iae dw = 
df /\(dx/\dy/\· · ·) n d(dw) = df /\d(dx/\dy/\· · · )+d(df)/\dx/\dy/\· · ·. 
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0,n;HaKo d( dx (\ dy (\ ... ) = 0 ll d( df) = 0. 0Tc10,n;a CJie,rr,yeT, '-ITO B 

o6rn;eM cJiyqae 

d(dw) = 0. (15.3) 

9TO corJiacyeTC5! co CBOHCTBOM KorpaHH'-IHOrO orrepaTopa: 

Id o d = o. I 

Kotte'-IHO, ypaBHettne (*) Terreph cne,rr,yeT II3 (15.2) R (15.3). 
EcJIR MhI C'-IRTaeM, '-ITO dx - 3TO pe3yJihTaT ,n;e:llCTBH5! orrepaTopa 

d Ha KOOp,Il;HHaTHYIO <PYHKIJ;lllO x, TO orrpe,n;eJieHHe (15.1) CTaHOBHTC5! 

cJie,Il;CTBHeM (15.2) n (15.3). IIoaToMy, Kor,n;a Bh1 y6e,n;HJIHCh B cy­

rn;ecTBoBaHIIH orrepaTopa d, OCTaeTC5! TOJlhKO 3aIIOMHllTh CJie,rr,y10rn;ne 

ero CBOHCTBa: 

(1) dj =(of jax)dx+(aj jay)dy+· · ·, r,n;e X, y, ... KOOp,Il;HHaTHhie 

<PYHKIJ;HH; 

(2) d aMHTHBeH, T. e. d(w +a) = dw + da; 

(3) KaK orrepaTOp d ,n;elicTByeT Ha rrp01nBe,n;em1e, T.e. (15.2); 

(4) dod=O. 

c IIOMOIIl;hIO 3TllX '-!eTbipex rrpaBHJI MO)f{HQ BhlqIICJlllTh ,n;e:llCTBIIe 

d Ha JI106y10 <PopMy. 

15.3. lIHTerpnpoBaHne k-cl>opM 

"l{To6hI 3aKOHqllTh R,Il;eHTll<PHKau;mo k-<PopM B KaqeCTBe 3apoa'btWei1 
k-'IWV,eneu, Mhl ,Il;OJl)KHhl 06'h5!CHI1Th, KaK k-<PopMa 0 IIpHIIIIChIBa­

eT k-KOIJ;eIIh KaM,Il;OMy KOMIIJieKcy c ,n;n<P<PepeH.u;11pyeMhIMll 51qe:llKa­

Mll, Haxo,n;51rn;eMyc51 B n-MepHOM rrpocTpaHCTBe. CHaqaJia paccMOTpHM 

cJiyqa:ll k = 1. IIycTh B rrpocTpaHcTBe Rn 11MeeTC5! rJia,n;Ka5! KpHBa5!, 

coe,n;HH5!IOIIl;a5! TO'-IKH A H B, 11 MhI xoTHM Bh1q11cJIHTh IIHTerpaJI OT 1-
<PopMhI w Ha 3TOH KpllBOH. ,ll;JI5! 3TOro Bb16epeM rrpOI13BOJlhHYIO rJia,n;­

KYIO rrapaMeTp1nau;n10 Kpirnoii, T. e. rrpoII3BOJihHOe rJia,n;Koe OTo6pa­

)Kettne a : JR---+ !Rn, KOTopoe OTo6pa)KaeT oTpe30K [O, 1] B )KeJiaeMyIO 

KpHBYIO c ycJIOBII5!MH a(O) = A n a(l) = B, KaK 3TO rroKa3aHo Ha 
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pRc. 15.3. 3aTeM npOH3Be,n;eM nepettoc (pullback) 1-<PopMbI w n rro­

JIJ'IllM a*w, Bb1pa)Kettne Tnrra g(t) dt. Orrpe,n;eJIRM HHTerpan no Tpa-
. 1 

eKTOpHH OT <PopMbI w B.IJ;OJih KpllBOii: a <PopMyJioii: Ia w = Io (a* w). 
9To orrpe,n;eJieHHe IIOJie3HO TeM, t.{TO pe3JJibTaT He 3aBHCHT OT crroco-

6a rrapaMeTpR3aIJ;HH KpllBoii: a. B 3TOM cnyqae HHTerpan no KpRBoii: 

CBO.IJ;RTCH K HHTerpRpoBaHHIO rro oTpe3KY [O, 1]. KJiroqeBbIM rryHK­

TOM IIOCTpOeHHH HBJIHeTCH rrpou;e,n;ypa rrepettoca ,IJ;JIH 1-<PopMbI: eCJIH 

w = f dx + gdy +···,TO a*w =(a* f) d(a*x) + (a*g) d(a*y) + · · ·. 
QqeHb Ba)KHO ,11;0Ka3aTb ( c IIOMOIIJ;blO u;errttoro rrpaBHJia)' qTO pe3JJib­

TaT He 3aBHCHT OT napaMeTpll3aIJ;HH. 
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B 3TOM orrpe,n;eJieHHH H B cooTBeTCTByroru;eii: TeopRR ,n;ByMepttoro 

HHTerpllpOBaHHH, KOTopyro Mb! o6cy)K,IJ;aJIH B rJiaBe 8, rrepeHOC Hr­

paeT qpe3Bb1qaii:HO Ba)KHJIO poJib. Ilo3TOMY B rrepByIO oqepe,n;h Mb! 

,IJ;OJI)KHhI 0606IIJ;HTh 3TY rrpou;e,n;ypy. IIycTh <P : ~k ---+ ~n - ,n;R<P<Pe­

pettu;npyeMoe oTo6pa)KettRe. Mb1 XOTHM orrpe,n;eJIIITh orrepau;nro <P*, 
Ha3bIBaeMyIO rrepeHOCOM, KOTOpaH JII06oii: ,n;n<P<PepeHIJ;HaJibHOH <Pop­

Me w (Jiro6oii: cTenettn) B npocTpaHCTBe ~n npHTIIIChIBaeT ,n;n<P<PepeH­

IJ;HaJihHJIO <PopMy <P*w (Toii: )Ke cTenettn) B rrpocTpattCTBe ~k. Ilpll 

3TOM HJ)KHO, qT06b1 <P* coxpaHHJia orrepau;RR CJIO)KeHHH n JMHO)Ke­

HHH, T. e. BbIIIOJIHHJillCb paBeHCTBa 

(15.4) 

(15.5) 
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KpoMe Toro, Mhr xoTHM, qTo6hr ¢* ocTaBa.JIOCh HaIIIeil: rrpe)lrneil: orre­

parweil: rrepeHoca, Kor,n;a OHa ,n;eil:CTByeT Ha 0-cpopMhI ( T. e. Ha cpyHK­

rrHn:) H Ha JIRHeRHhie ,]];licpcpepeHrrlia.JihHhie cpopMhI. cho 3Haqn:T, qTO 

eCJIH j E f!0 (JRn) - cpyHKU.RR, TO ,Il;OJIMHhl BhIITOJIHRThCR paBeHCTBa 

</>*I = I 0 </>, (15.6) 

</>*df = d(</>* !). (15.7) 

YcrroBRR (15.4)-(15. 7) rrorrHOCThlO ,n;eTepMn:Hn:pyIDT rrocTpoeHn:e. Ha­

rrpHMep, paccMoTpn:M oTo6paMeHn:e ¢ : JR3 --+ JR3, orrpe,n;errReMoe 

crre,n;yIOITWM o6p330M: 

Tor,n;a, KaK crre,n;yeT n:3 (15.6), 

x = r sin e cos 1jJ' 

r,n;e y = r sin (} sin 1jJ, 

z = rcosO. 

</>*x = r sin(} cos 1/J, 

li TaK ,n;a.Jiee. Ilpe,n;rrOJIO)KHM, qTO HaM Ha,n;o Bhrqn:CJiliTh </>(dx (\ dy (\ 
dz). Mhr n:MeeM 

</>*(dx /\ dy /\dz) 

= </>*dx /\ </>*dy /\</>*dz 

= (d<f>*x) /\ (d<j>*y) /\ (d</>*z) 

= [d(r sin 0cos1jJ )] /\ [d(r sin(} sin 1jJ )] /\ [d(r cos O)] 

H3 (15.5) 

li3 (15.7) 

li3 (15.6). 

BHyTpn: Ka)K,J];oro MHOMRTeJIR 3Toro TpOil:Horo rrpOH3Be,n;eHRR Mhl 

ITOJih3JeMCR o6brqHhIMH rrpaBHJiaMH BhiqHCJieHHR ,n;Hcpcpepem:J;Ha.Jia OT 

cpyHKU.lili, TaK qTO d( T sin (} COS 1f}) = sin tJ COS 1f} dr - T sin(} sin 1}J d1}J + 
r cos (} cos 1jJ d(} li T. ,n;. 3aTeM Mhl IlOJih3JeMCR rrpaBn:JiaMR BHeIIIHero 

yMH0MeHm1, qT06hr Bhrp33HTh Tpoil:Hoe rrpon:3Be,n;eHn:e qepe3 dr f\d(} /\ 
d1)J. B pe3yJihTaTe rronyqaeM 

</>*(dx /\ dy /\dz) = r 2 sin(} dr /\dB/\ d1)J. 



15.3. HHTerp1IpOBamrn k-¢opM 763 

( 06bP:IHO 3TY cPOPMYJIY Ha3bIBaIOT eBKJIII,IIOBbIM o6'heMOM B c<PepH­

qeCKIIX KOOp,IJ;IIHaTax6 .) 

B o6ilieM cJiyqae cJie,IICTBHeM ycJIOBHii (15.4)-(15. 7) RBmi:eTCR 

orrpe,IIeJieHHe 

r.n;e xi (i = 1, 2, ... , n) - KOOp,IIHHaThI B rrpocTpaHCTBe IR.n. B cH­

JIY ycJIOBH5I (15.4) HaH60Jiee 06ilIIIH BH,II ¢* 5IBJI5IeTC5I cyMMOH TaKHX 

Bhipa:iKeHHii. EcJIH B35ITh (15.8) Hero o6o6ilieHHe Ha cyMMhI B Kaqe­

CTBe orrpe,IIeJieHHR rrp011e.n;yph1 rrepeHoca, TO MhI ,IIOJI:iKHhI BepHyThCR 

Ha3a,II H rrpoBepHTh, qTO ycJIOBH5I (15.4)-(15.7) BbIIIOJIH5IIOTC5I. 9To 

rrpocToe BblqHCJieHIIe, II Mbl OCTaBJI5IeM ero qlITaTeJIIO KaK yrrpa:iKHe­

HHe. lfa orrpe,IIeJieHHR orrepaTopa d II cBoiicTB rrp011e.n;yph1 rrepeHoca 

cJie.n;yeT, qTo 

¢*[d(f dxi /\ dxi /\ · · · )] = ¢*[df /\ dxi /\ · · ·] 

= d(¢* f) /\ d¢*xi /\ · · · 

= d[(¢* f) d¢*xi /\ · · ·] 

= d[¢*(f dxi /\ · · · )]. 

IIpo,n;eJiaB TaKHe BbiqHcJieHHR c cyMMaMH Bb1pa:iKeH1Iii TaKoro BII,IIa, 

Mbl IIOJiyqaeM OCHOBHYIO cPOPMYJIY 

¢*dw = d¢*w. (15.9) 

9ToT pe3yJihTaT qpe3Bh1qaiiHo Ba:iKeH. OH rroKa3hrnaeT, qTo ecJIII cHa­

qaJia rro.n;eiiCTBOBaTb orrepaTOpOM d II IIOTOM IIPIIMeHHTb rrepeHOC, TO 

IIOJiyqHTC5I TO )Ke caMoe, qTo H eCJIII CHaqaJia C,IIeJiaTh rrepeHOC, a 

IIOTOM rro.n;eiiCTBOBaTb orrepaTOpOM d. 
EcTb ellle o,n;tta Ba:iKHM <PopMyJia ,IIJIR rrpou;e.n;yphI rrepeHoca, KO­

TopyIO CJie.n;yeT OTMeTHTb. IlyCTb 'l/J : JRP --t JR.k' TaK qTo Mbl MO:iKeM 

paccMoTpeTh KOMII03HIJ;HIO ¢ o 'l/J : JRP --t IR.n. Tor.n;a MhI 3HaeM, qTo 

,IIJI5I JII06oii cPYHKIJ;HH f crrpaBe,IIJIHBO paBeHCTBO 

(¢ 0 'l/J)* f = f 0 (¢ 0 'l/J) = (f 0 ¢) 0 'l/J = 'lj;*¢* f. 
6 OH )Ke - orrpe.z:i;emneJib MaTpHIJ;bI 5IK0611 0To6p~eHm1 Koop.z:i;1rnaTHOro rrpo­

cTpaHCTBa r, (), 'ljJ B KOOp)J,HHaTHOe rrpocTpaHCTBO x, y, z; CMblCJI orrpe,z:i;emneJIH B 
11,ByMepHOH CHTyau;mi: o6cy)K)J,aJICH B pa3)J,eJie 8.5 (c. 407). - IlpUM. pea. 
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Ho TOr,IJ,a II3 noJiyqeHHhIX npaBIIJI cJie,II,yeT, qTo 

(7/J o ¢)*w = ¢*(7/J*w) (15.10) 

cnpaBe,IJ,JIIIBO ,n;mi: mo6oii ,11,II<P<PepeHIJ;IIaJibHOH <PopMbI w. 
,Il;aBaiiTe co6epeM BMecTe pa3JI1IqHbie npaBIIJia BHemHero ,IJ,IIcP<Pe­

peHD;IIaJihHOro 1ICq1IcJieH1IR. 

AA2e6pau"iec'K:ue onepav,uu - cJio)KeH1Ie II yMHO)KeH1Ie ,n;1I<P<PepeHu;1I­

aJihHhIX cPOpM: 

• IlplI CJIO)KeHIIII II YMHO)KeHIIII Ha CKaJIRp ,11,II<P<PepeHIJ;IIaJibHbie 

<PopMbI ( mo6oii 3a,n;attttoii CTenemi:) 06pa3y10T BeKTOpttoe npo­

CTpaHCTBO . 

• Ilp01I3Be,IJ,eHIIe ¢opMbI CTeneHII p Ha ¢opMy CTeneHII q o6pa3y­

eT <Pop My CTeneHII p + q. 

• AHTIIKOMMyTaTIIBHOCTh: w1 /\ w2 = ( -1 )Pqw2 /\ w1, ecJIII cTeneHb 

W1 paBHa p II CTeneHh W2 paBHa q. 

Onepamop d: 

• EcJIII w RBJIReTcR <PopMoii cTeneHII p, TO dw 6y,IJ,eT <PopMoii 

CTeIIeHII p+ 1, r,IJ,e df =(of /ox)dx +(of /oy)dy + · · · B KOOp­

,11,IIHaTaX (x, y, ... ). 

KpoMe Toro, 

d(w1 + w2) = dwi + dw2, 

d(w /\ O") = dw /\ O" + (-l)Pw /\ dO", ecJIII cTerreHh w paBHa p, 

d(dw) = 0. 



llepe1wc: 

15.3. llHTerpHpoBaHHe k-<PopM 

</>* f = f O </> ,ll;JUI <}>yHKIJ;Frn: f, 
</>*(w1 + w2) = </>*w1 + </>*w2, 

</>*(w /\a)= </>*w /\</>*a, 
</>* d = d</>* 

('If; 0 </> )* = </>* 0 'If;*. 

765 

Bo Bcex paccy)K,ll;emrnx rrpe,n;rrOJrnraJiocb, 'ITO oTo6pruKeHHH ¢>, 'If; 
HT. ,n;. H <}>opMbI w, a HT. ,n;. orrpe,n;eJieHbI BO BceM rrpocTpaHCTBe. Ko­

He<J:Ho, 9TO He o6H3aTeJibHO. Mb1 MO)KeM orrpe,n;eJIHTh pa3JIH'-IHhl€ orre­

pau;HH Ha,n; <}>opMaMH, OTo6pruKeHH}IMH H TaK ,n;aJiee, KOr,n;a OHM orrpe­

,ll;€Jl€Hbl Ha pa3JIH'-IHhIX OTKpbIThIX MHO)KeCTBax. Ha,n;o TOJihKO 6bITh 

yBepeHHbIM, '-ITO o6JiaCTH orrpe,n;eJieHH}I COOTB€TCTBYIOT ,n;pyr ,n;pyry. 

TaK, ecJIH </> orrpe,n;eJieHo Ha HeKoTopoM OTKpbITOM MHO)KeCTBe U, TO 

,ll;OCTaTO'-IHO, 'IT06b1 w 6bIJIO orrpe,n;eJieHO Ha OTKpbITOM MHO)KeCTB€ 

0, KOTopoe co,n;ep)KHT </>(U). Tor,n;a MhI CMO)KeM orrpe,n;eJIHTh rrepeHoc 

</>* w. EcJIH 'If; orrpe,n;eJieHO TOJibKO Ha OTKpbITOM MHO)K€CTBe 0' TO Mbl 

,ll;OJl)KHbl rrpe,n;rroJIO)KHTb, '-ITO 'lf;(O) c u, eCJIH XOTHM orrpe,n;eJIHTb 

</> 0 'If;. 

Onpe.n;eJieHHe HHTerp11poaaHH.H no o6JiaCT.HM B npocTpaHcT­
Be JRk. Celi'-Iac MhI xoTHM orrpe,n;eJIHTh HHTerpaJI OT k-<}>opMbI no 

OpH€HTHpOBaHHOH o6JiaCTH u B rrpocTpaHCTBe ]Rk' T. e. Mbl paccMaT­

pHBaeM CHTYaIJ;HIO, Kor,n;a cTerreHb <}>opMbI paBHa pa3MepHOCTH rrpo­

cTpaHCTBa. Ilpe,n;rroJIO)KHM, '-ITO u - orpaHH'I€HHM o6JiaCTb, H OHa 

«Xopornam> B CJl€,ll;YIOIIJ;€M CMblCJie. IlyCTb Ha rrpocTpaHCTBO ]Rk Ha­

JIO)KeHa ceTKa c }l'-J:eHKaMH c, TaK '-ITO ]Rk OKa3bJBaeTca COCTaBJieH­

HbIM H3 HerrepeKphrnaroiu;Hxca Ky6HKOB c pe6poM s. ITycTb Innc:(U) 
o603Ha'-!aeT IIOJIHblH o6'heM BCex Tex Ky6HKOB, '-ITO u;eJIHKOM Jie)KaT 

B o6JiacTH U, a Outc:(U) - rroJIHbIH o6'beM Bcex Ky6HKOB, KOTOpb1e 

xoTa 6h1 '-!aCTH'-IHO Jie)KaT B ,n;a~Holi o6JiaCTH (cM. pHc. 15.4). Tor,n;a 

MO)KHO COCTaBHTb pa3HOCTb 
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PHC. 15.4 

H c,n;eJiaTb ee ,il;OCTaTff'IHO Ma.JIOM, BhI6paB COOTBeTCTByIO:ru;ee Ma.JIOe 

3Ha'IeHHe E. 9To 3HaqHT, qTo, BbiqMCJUUI armpOKCHMHpy10:ru;He pHMa­

HOBbI cyMMhI, Mbl He ,il;OJDKHbI 6ecIIOKOHTbC}[ 0 Ky6HKax B,il;OJib rpaHH­

IJ,bI. HarrpHMep, oqesH,n;Ho, qTo mo6oii orpaHHqeHHhIM MHororpaHHHK 

B 3TOM CMhICJie «xopornHii». KpoMe Toro, ecJIH U - xopornaa o6JiaCTh 

H 'ljJ - ,n;mp<l>epeHu,HpyeMoe oTo6pa)l{eHHe, orrpe,n;eJieHHOe B o6Jiac­

TH HeMHoro 60JibIIIeii, qeM u' TO H3 TeopeMbI 0 cpe,n;HeM 3HaqeHHH 

cJie,n;yeT, qTo 'l/;(U) TO)l{e xopornee. (Bbl MO)l{eTe ,n;oKa3aTh 3TO caMo­

cToaTeJibHO HJIH rrpoqHTa:HTe rJiaBy 8 KHMrH Loomis and Sternberg, 

Advanced Calculus, r,n;e rro,n;po6Ho o6'bacHaIOTca ocHOBHhie <PaKThI 

06 MHTerpa.rrax PHMaHa B n-MepHOM rrpocTpaHCTBe.) Ilpe,n;rroJIO)l{HM 

TaK)l{e, qTO opHeHTaIJ,M}[ u CTaH,n;apTHM (3a,n;asaeMaa CTaH,n;apTHbIM 

6a3HCOM H COOTBeTCTByIO:ru;HMH KOOp,il;HHaTaMH x 1 ' ... ' xk). 
IlyCTb n o6o3HaqaeT k-<l>opMy B rrpocTpaHCTBe JRk. Tor,n;a MO)l{HO 

HaIIHCaTb 
n = fdx 1 /\ ... /\ dxk, 

r,n;e f - ,n;H<l><l>epeHIJ,HpyeMaa cPYHKIJ,Ha. ,Il;Jia JII06oii aqeMKH E MO)l{HO 

COCTaBHTb arrrrpOKCHMHpy10:ru;y10 pMMaHOBY cyMMY 

r,n;e Pi E Di H Di rrpo6eraeT no sceM Ky6MKaM ceTKH B o6JiaCTH 

U ( MJIH xoTa 6hI qacTMqHo rrorra,n;a10:ru;HM B Hee). HerrpephIBHOCTh 

(paBHOMepHaa) f rapaHTHpyeT, qTo 3Ta cyMMa CTpeMHTCa K rrpe,n;eJiy 

rrpM E -+ 0, He 3aBHca:ru;eMy OT BhI6opa KaK Pi B Ky6HKax, TaK H OT 

caMoii ceTKH. 9TOT rrpe,n;eJI 6y,n;eM o6o3HaqaTb 
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Ba)lrno rroMHHTh, qTo B 3TOM orrpe,n;eJieHHH o6JiaCTh U HMeeT cTaH­

,n;apTHYIO opHeHTaIJ;HIO rrpocTpaHCTBa JRk. IlpHBe,n;eM oqeBH)l;Hhie 

CBOHCTBa 3Toro HHTerpana. Ilpe,n;rroJimKHM, qTo U = U1 U · · · U Up RB­

JIReTCR KOHeqHbIM o6'be)l;HHeHHeM xoponrnx rro,n;o6JiaCTefi, HMeI01IIHX 

cTaH,n;apTHYIO op11eHTau;11ro. Tor,n;a 

HrHopu:pomunm MHO)KeCTB MeHbrneii pa3MepHOCTH. By,n;eM 

rOBOpHTh, qTo MHO)KeCTBO s HMeeT HyJieByIO Mepy 
7

' eCJIH )l;Jl51 JII06o­

ro rroJIO)KHTeJihHoro q11cJia /5 MhI HMeeM Oute(S) < /5 rrp11 ,n;ocTaToqHo 

MaJIOM BbI6paHHOM 3HaqeHHH €. (,Iq>yrHMH CJIOBaMH, s HMeeT HyJie­

BYIO Mepy, eCJIH llOJIHhIH o6'beM Ky6HKOB B CeTKe, KOTOpa51 rrepeceKaeT 

s, MO)KeT 6bITh c,n;eJiaH CKOJih yro,n;Ho MaJihIM, BbI6llpa51 pa3Mep 51qeeK 

ceTKll ,n;ocTaTO'IHO MaJihIM.) HarrpnMep, ecJin S Jie)KllT B JIRHefiHoM 

rro,n;rrpocTpaHCTBe pa3MepHOCTll < k, TO oqeBll)l;HO, qTo s llMeeT Hy­

JieByIO Mepy. MHo)KeCTBa HyJieBofi MepbI He ,n;aroT HRKaKoro BKJia,n;a 

B llHTerpan, T. e. ecJin U = U' U S, r,n;e S nMeeT HyJieByro Mepy, 

TO fu f! = fu, f!. 0TCIO)l;a, HarrpnMep, CJie,n;yeT, qTO eCJIH Mhl pa3-

,n;eJillM MHOrorpaHHllK Ha llO,ll;MHOrorpaHHllKll (pnc. 15.5), TO MO)KHO 

rrpH BhlqllCJieHllll llHTerpaJIOB He 6ecrrOKOllTbC51 0 rpaHRX MeHbIIIefi 

pa3MepHOCTll. KpoMe Toro, 

eCJill u - e,n;RHll'IHhlH Ky6 { 0 ::; Xi ::; 1, i = 1, ... ' k}' TO 

L n = k-KpaTHOMY llHTerpany OT f = fo 1 

... fo 1 

f dx1 ... dxk. 

,Il,OKa3aTeJibCTBO TOqHo TaKoe )Ke, KaK H )l;Jl51 CJiyqaR ,n;Byx ll3MepeHllH 

(cM. c. 389 B rJiaBe 8). KoHeqHo, TaK )Ke KaK n B cJiyqae ,n;Byx ll3Me­

peHnfi, BMeCTO Ky6a MO)KHO B351Th JII06yro o6JiaCTh, rrpllBO,ll;RIIIYIO K 

KpaTHOMY llHTerpany. 

7
Ilo,JJ,p83yMeBaeTCH orrpe,JJ,eJieHlie Mephl B CMbICJie )Kop,JJ,aHa, KOTOpaH OTJIH­

'laeTCH OT «CTaH,JJ,apTHOH» Mepbl Jle6era 6oJiee Y3KHM KJiacCOM H3MepHMbIX MHO­

)!(eCTB. OrpaHH'leHHoe MHO)!(eCTBO B eBKJIH,JJ,OBOM rrpocTpaHCTBe H3MepHMO rro 

)Kop,JJ,atty (HJIH KBa,JJ,pHpyeMo), eCJIH cyrn;ecTByeT HHTerpan PHMaHa (rro o6'heM­

morn;e:ii: o6JiacTH) OT ero xapaKTepHCTH'leCKOil: <l>YHKIJ;HH, rrpH 3TOM Mepa MHO­

)!(eCTBa paBHa 3Ha'leHHIO HHTerpaJia. - Ilpu.M. pea. 
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PHc. 15.5 

«I>opMyJia 3aMeHhI nepeMeHHhIX. IIpe,n;rroJIO)KHM, qTo <j> : Rk -. 
JRk - B3aHMHO o,n;H03HaqHoe, ,n;ml><l>epemwpyeMoe, coxpatt.Fl10w,ee 
opuntmau,u10 oTo6pa)KeHHe, ,n;mr KOToporo cym;ecTByeT ,n;tt<P<PepeH­

:u;ttpyeMoe o6paTHoe. Tor,n;a ,n;m1 mo6o:ii k-<PopMbI w, orrpe,n;eneHHO:ii 
B rrpocTpaHCTBe o6pa3oB, H ,ll;JI.H mo6o:ii xoporne:ii o6nacTH U B rrpo­
CTpaHCTBe rrpoo6pa30B Mbl HMeeM 

{ w = 1 <j>*w. 
j</>(U) U 

(KaK ncer,n;a, </> ,n;oJI)KHa 6bITh orrpe,n;eneHa B o6nacTH, HeMHoro 6oJih­

rne:ii, qeM U, aw ,n;oJI)KHa 6bITh orrpe,n;eneHa B o6nacTH HeMHoro 6oJih­
rne:ii, qeM <j>(U).) 

,401w3ame.11,'bcmBo <fwpMyJ1:bt 3a.Me'H'bt nepe.Me'H'H'btX. 

(i) IlycTb A : JRk -. JRk - JIHHeiiHoe oT06pa)KeHHe. Tor,n;a ,ll;JI.H 

mo6o:ii CB.H3Ho:ii xoporne:ii o6naCTH Vol(AU)/Vol(U) =I Det AJ. 
HaqHeM c ,n;oKa3aTeJibCTBa Toro, qTo neBa.H qacTb 3Toro paBeH­

CTBa He 3aBHCHT OT U. cho ,n;eJiaeTC.H TaK )Ke, KaK H ,)];JI.H ,ll;ByMepHOrO 
rrpocTpaHCTBa (cM. rraparpa<l> 1.9). ,Il;aBaiiTe o6o3HaqHM neByro qacTb 

paBeHCTBa Vol(A). TeM caMhIM Vol(A) rroKa3hrnaeT, BO CKOJihKO pa3 

oTo6pa)KeHHe A H3MeH.HeT o6'beM. Ifa orrpe,n;eneHH.H cne,n;yeT, qTo 

Vol(AB) = Vol(A) · Vol(B). 

1fa rnaBhI 11 MhI 3HaeM, qTo 

Det(AB) = Det A· Det B. 
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Vol( A) = I Det Al 

,Il;JUI seex k x k MaTJHUJ;. lfa rrpe,n;hl,IzyIIJ,HX ,n;syx paBeHeTB MO:>KHO e,n;e­

JiaTb 3aKJIIO'leHHe, 'ITO eeJIH ( *) enpase,n;mrno ,Il;JI.H A H B, TO OHO 

sepHo H ,n;JI.H AB. EeJIH A - ,n;ttarOHaJihHa.H MaTpmi;a, TO JierKo yBH­

,n;eTh, 'ITO ( *) BhIIIOJIH.HeTe.H. EeJIH y MaTpHIJ;hI A see aJieMeHThI rro,n; 

,n;ttarOHaJihlO paBHhI HyJIIO, Ha ,n;HarOHaJIH eTO.HT 1 H Ha,n; ,n;HaroHa­

JlhlO TOJihKO o,n;HH aJieMeHT He paseH HYJIIO, TO Vol(A) = 1 (aTo no 

eyTH ,n;ByMepHoe YTBep)K,ll;eHHe OTHOeHTeJihHO rrpeo6pa30BaHH51 e,n;BH­

ra). lfa 3Toro eJie.zzyeT, 'ITO eeJIH A = U - sepxHe-TpeyroJibHa.H MaT­

pHIJ;hI e 1 Ha ,n;HarOHaJIH ( no,n; ,n;HarOHaJihlO eTO.HT TOJlhKO HYJIH)' TO 

Vol(U) = Det U = 1. AHanorH'IHO ,ll;JI.H HH:>KHe-TpeyroJihHhIX MaT­

pHIJ;. llTaK, MO:>KHO e,n;eJiaTb BhIBO,II;, 'ITO ( *) BepHo ,Il;Jl.H Beex MaTpHIJ; 

A, 'ITO MO:>KHO 3arrHeaTh KaK 

A=LDU, 

r,n;e L - HH:>KHe-TpeyroJihHa.H, D - ,n;HaroHaJihHa.H H U - sepxHe­

TpeyroJibHa.H. Kor,n;a MO:>KHO pa3JIO:>KHTh MaTpHey A TaKHM o6pa3oM? 

BHHMaTeJihHoe H3y'leHHe npou;e.zzyphI pe.zzyKIJ;HH no eTpoKaM B rrapa­

rpa<l>e 10.8 IIOKa3bIBaeT, 'ITO TaKoe pa3JIO:>KeHHe B03MO)KH0 Tor,n;a H 

TOJihKO Tor,n;a, Kor,n;a B pe.zzyKIJ;HH no eTpoKaM MaTpHIJ;hI A He Tpe6y­

eTeH ,n;eJiaTh TpaHenOHHpOBaHHe. A 3TO rrpoHexo,n;HT Tor,n;a H TOJihKO 

Tor,n;a, Kor,n;a HM 0,ll;HH H3 rJiaBHhIX MirnopOB He o6pam,aeTe.H B HYJib. 

(rJiaBHhle MHHOpbl - 3TO orrpe,n;eJIHTeJIH KBa,n;paTHhIX MaTpHIJ;, B03HH­

KaIOIIJ,He Ha nepeeeqeHHH rrepBhIX r eTpoK H eToJI6u;os MaTpHIJ;hI A.) 

I1TaK, ,ll;OJI:>KHhl BbIIIOJIH.HThe.H yeJIOBH.H: 

an -1- 0, ... ' Det A =f. 0. 

0,n;HaKo, ,D;JI.H JII06oit MaTpHIJ;hI A see 3TH HepaseHeTBa MO:>KHO o6ee­

rre'IHTh, ,n;eJia.H eKOJlh yro,n;Ho MaJihie H3MeHeHH51 MaTpH'IHhIX 3JieMeH­

TOB. IloeKOJihKY Vol(A) H Det A - HenpepbIBHhie cPYHKIJ;HH A, TO 

paBeHeTBO ( *) BhIIIOJIH51eTe51 ,Il;Jl.H Beex MaTpHIJ;. 

Teneph npHse,n;eM ,n;pyroe ,n;oKa3aTeJiheTBO <l>opMyJihI ( *), oeHo­

BaHHoe Ha ,n;pyroM erroeo6e pa3JIO:>KeHH51 HeeHttryJI.HpHbIX MaTpHIJ; B 
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rrpo113Be,n;emrn. ,Il,Jrn mo6oii: MaTp1-n:i;hI A MaTp11IJ,a A* A - caMocorrp.H­

)l(ettHa.H, IIOCKOJibKY 

(A* A)*= A* A**= A* A. 

Bonee Toro, ecn11 A ttec11ttryn.Hptta, To BCe co6cTBeHHhie 3Ha'!eH11.H 

MaTpllIJ,hI A* A rroJIO)l(llTeJibHhI, TaK KaK (A* Ax, x) = (Ax, Ax) > 0 
,n;n.H mo6oro ttettyneBoro BeKTOpa x. Ilo::>TOMY A* A 11MeeT IIOJIO)l(ll­

TeJihHO orrpe,n;eneHHblll KBa,n;paTHbIH KopeHh, T. e. MaTpllIJ,y s' KO­

TOpa.H CllMMeTpll'IHa, IIOJIO)l(llTeJibHO orrpe,n;enetta II y,n;OBJieTBOp.HeT 

ycJIOBHIO 8 2 = A* A. (,II,eii:CTBllTeJihHO, Mhl MO)l(eM Harr11caTh, 'ITO 

A* A = OLO*, r,n;e L - ,n;HaroHaJihHa.H MaTpHIJ,a c rroJIO)l(HTeJibHhI­

MH ,n;HarOHaJibHhIMll 3JieMeHTaMll II 0 - OpTOrOHaJibHa.H MaTpllIJ,a. 

Tor,n;a S = OMO*, r,n;e M - ,n;11arottanhHa.H MaTp11IJ,a, ::>JieMeHThI 

KOTOpo:B: paBHhI KBa,n;paTHhIM KOpmrM 113 COOTBeTCTBYIOIIJ,llX 3JieMeH­

TOB MaTpHIJ,hI L.) YTBep)l(,Il;aeTC.H, 'ITO MaTp11IJ,a As-1 opTorottanhHa. 

,Il,eii:CTBllTeJibHO, 

IIOCKOJibKY s-1 - caMOCOIIp.H)l(eHHa.H MaTpllIJ,a. Tor,n;a MO)l(HO HaIIll­

caTh 

A=SK, 

r,n;e K = As-1 opTorottanhtta. O,n;ttaKo S = OMO*. Ilo::>TOMY 

A=OMO*K, 

r,n;e 0 (11 O* = 0-1) 11 K opTorOHaJihHhI, a M - ,n;HarottaJih­

Ha.H MaTp11IJ,a c rroJIO)l(HTeJibHhIMH ::>JieMettTaM11. ,Il,JI.H M MhI HMeeM 

Vol(M) = Det M. OpTorottaJihHbie MaTpllll,bI coxpaH.HIOT ,IJ;JillHY 11 

rro::>TOMY coxpatt.HIOT o6'beM, T. e. Vol(O) = Vol(K) = 1. C ,n;pyroii: 

cTOpOHhI, Det 0 = ±1 (rroToMy 'ITO Det 0 · Det O* = Det 00* = 1 
11 Det 0 = Det O*). B ::>TOM 11 cocTOllT ,n;pyroe ,IJ;OKa3aTeJihCTBO <Pop­

MYJihI (*). 

(ii) IIycTh ¢ = A : JRk ----> JRk - n11tteiittoe 0To6pa)l(ett11e. Tor,n;a 

¢* ( dx1 
/\ · · · /\ dxk) = (Det A)dx1 

/\ · · · /\ dxk. ( **) 
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I-fa orrpe,n;eJiemrn: rrpo:u;e,izypbI rrepeHoca H BHeurnero rrpoH3Be,n;eHH.H 

CJie,rzyeT, 'ITO </J*x1 = aux1 + ai2x2 + ... + alkxk H T. ,n;. IloCKOJibKY 

aij IIOCTO.HHHhI, IIOJiyqaeM 

</>* dx1 = au dx1 + · · · + alkdxk, 

Terrepb </>* dx1 /\ · · · /\ </>* dxk 6y,n;eT KpaTHO dx1 /\ · · · /\ dxk. CooTBeT­

CTBYIOIIJ;HH MHO)KHTeJib o6o3Ha'IHM f (A). 9To HeKOTopa.H 'IHCJIOBa.H 

<PYHKIJ;H.H A, KOTOpa.H y,n;oBJ1eTBopaeT BCeM aKcHoMaM orrpe,n;eJIHTeJI.H. 

B cnJiy e,n;HHCTBeHHOCTH TaKOH <PYHKIJ;HH, ,II;OKa3aHHOH B rJiaBe 11, MhI 

C'IHTaeM, 'ITO <PopMyJia ( **) crrpaBe,II;JIHBa. 

(iii) IIyttKThI (i) H (ii) ,n;aIOT <PopMyJiy 3aMeHbI rrepeMeHHhIX ,II;JI.H 

cJiy'Ia.H, Kor,n;a </> - JIHHeiiHoe oTo6pa)KeHHe, T. e. ,II;JI.H </> = A rrpH 

ycJiomrn, 'ITO Det A > 0. ,Il;oKa)KeM 3TO. 3arrmrreM w = g dx1 /\ · · · /\ 

dxk, r,n;e g - <PYHKIJ;H.H. B cHJiy (ii) 

</J*w = hDet Adx1 
/\ · · · /\ dxk, r,n;e h(x) = g(Ax). 

IIoKpoeM o6JiacTh U ceTKOH c MaJihIMH 51qeiiKaMH, KaK 3TO rroKa3a­

HO Ha pHC. 15.6. 9To 3Ha'IHT, 'ITO o6JiaCTh </>(U) ,n;eJIHTC.H Ha MaJibie 

rrapanJieJie1rnrre,n;h1, rrpH'IeM o6'beM K~oro rrapanJieJie1rnrre,n;a OTJIH­

qaeTc.H OT o6'beMa cooTBeTCTByroi:u;ero Ky6HKa MHO)KHTeJieM Det A. 

PHc. 15.6 
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Bo3hMeM ITpOH3BOJihHOe 3HaqeHHe c > 0. MhI MO)J{eM c.n;enaTh 

pa3Mep 51qeiiKH ,Il;OCTaTOqHo MaJihIM, qTo6bI B Ka)K,Il;OM ITapanJieJieITH­

ITe,n;e <l>YHKII,H.H g MeH.HJiaCh 6hI He 6oJihIIIe, qeM Ha c: 

lg(p) - g(q)I < c 

ITPH ycJIOBHH, qTO p H q Jie)KaT B O,Il;HOM H TOM )Ke ITapanJieJieITHITe,n;e. 

'.::ho 3HaqHT, qTo eCJIH 0 o6o3HaqaeT O,Il;HH H3 BHyTpeHHHX Ky6HKOB, 

a <,b(O) o6o3HaqaeT COOTBeTCTBYIOIII,HH ITapanJieJieITHITe,n;, TO 

{ w - g(p)Vol(<,b(D)) < c, 
}q,(D) 

r.n;e p - ITpOH3BOJihHa.H ToqKa H3 <,b(D). 0,n;HaKo B CHJIY (i) 

Vol(<,b(D)) = Det A· Vol(O). 

ITo9ToMy 

{ w - g(p) Det A· Vol(D) < c. 
}q,(D) 

ITycTh U' o6o3HaqaeT o6'he,n;HHeHHe Bcex BHyTpeHHHx Ky6HKOB ceT­

KH. CyMMHpya HepaBeHCTBa ( ****) ITO BceM BHyTpeHHHM Ky6ttKaM, 
ITonyqaeM 

r w - Lg(Ar) Det A. Vol(O) < €, 
}q,(D) 

r.n;e r - mo6aa TOqKa B Ky6ttKe 0. CyMMHpoBaHHe Be,n;eTca ITO BCeM 

BHyTpeHHHM Ky6HKaM. Kor.n;a ceTKa H3MeJihqaeTca, B ITpe.n;ene Ky6H­

KaMH B,Il;OJih rpaHHII,hI MO)J{HO ITpeHe6peqh, H Tor.n;a 

r w--+ r w, 
j ¢(V') j ¢(U) 

a 

L g(Ar) Det A· Vol(D) --+ j <,D*w. 

(iv) ,Ll;aBaiiTe ITOCMOTpHM, qTo Ha,n;o H3MeHHTh B ITpe,n;hI,Il;YIII,HX 

paccy)J{,Il;eHHax, ecJIH <P y)Ke He ITpe,n;ITonaraeTc.H JIHHeHHhIM. Ilpe)J{,Il;e 
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BCero, cp*w = hDet(ocp/8x)dx1 A ... A dxk. IIoaTOMY IIOCTORHHaR 

Det A 3aMeHReTcR cPYHKIJ;IIeH Det(ocp/ox), r)l.e (8¢/ox) o6o3HaqaeT 

MaTpH'IHYIOcPYHK~HIO 

( 
a¢1 I ax1 

( 8¢ I ax) = oc/>k I ax1 

B 3TOM cJiyqae arrrrpoKCHMHpyrorn.aR pHMaHoBa cyMMa cTaHOBHTCR 

paBHOH 

L g(Ar) Det(8¢/8x)Vol(D). 

HepaBeHCTBO ( ***) Bee ern.e BhIITOJIHReTcR, ecJIH ceTKa )l,OCTaTO'IHO 
MeJIKru:t. Ho ¢(0) y)Ke He 6y)l,eT rrapaJIJieJierrHrre)l,OM, H y Hae y)Ke He 

6y)l,eT TO'IHOro paBeHCTBa 

Vol(cp(D)) = Det(8¢/8x)(r)Vol(D). 

Ho HaM )l,OCTaTO'IHO 3HaTh, 'ITO aTo paBeHCTBO BhIITOJIHReTcR rrpH-

6JIH3HTeJihHO, T.e. 'ITO 

IVol(cp(D)) - Det(8¢/8x)(r)Vol(D)I < c-Vol(D). 

cho HepaBeHCTBO CJie)l.yeT H3 TeOpeMhI 0 cpe)l,HeM 3Ha'IeHHH. ,lJ;eTa­

JIH )l,OKa3aTeJihCTBa )l,OCTaTO'IHO rrpoCThI. Mx MO)KHO HaHTH B KHHre 

Loomis and Sternberg, Advanced Calculus, rJiaBa 8, c. 343~344. MbI 

ern.e pa3 OTCbIJiaeM 'IHTaTeJIR K 3TOH rJiaBe )l,JIR IIOCJie)l,OBaTeJibHO­

ro H3y'IeHHR TeopHH HHTerpHpOBaHHR B rrpOCTpaHCTBe Rk. 9THM MhI 

3aBepmaeM o6cy)K)l,eHHe cPOPMYJihI 3aMeHbI rrepeMeHHhIX. 

MHTerp:upoBaH:ue k-<l>opM no k-u;engM KOMIIJieKca. IIpe)l,rroJio­

)KHM, 'ITO w - k-<PopMa B rrpocTpaHCTBe Rn. IIycTh cp : Rk ---+ Rn -
rJia)l,Koe oTo6pa)KeHHe, a U o6o3HaqaeT o6JiaCTh B rrpocTpaHCTBe Rk. 
PaccMOTpHM HHTerpan 

l cp*w. 

IIycTh K - KOMIIJieKc, a cp - oTo6pa)KeHHe aToro KOMrrJieKca B rrpo­

CTpaHCTBO Rn. HarroMHHM: aTo 3Ha'IHT, 'ITO cp oTo6pa)KaeT Ka)K)J.yIO 

R'IeilKy KOMIIJieKca C B rrpocTpaHCTBO Rn, rrpH'IeM orpaHH'IeHHe </> 

Ha C - )l.HcP<PepeH~HpyeMoe oTo6pa)KeHHe. 
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cho HMeeT CMbICJI, ITOTOMY qTO KIDK,IJ;M 51qe:i1:Ka C 51BJI51eTC51 Bbl­

nyKJibIM MHOrorpaHHHKOM B HeKOTOpOM eBKJIH,ll.OBOM npocTpaHCTBe. 

Ilo cyrn;ecTBy, Mbl Tpe6yeM, qT06bI OTo6paMemie <P y,n;oBJieTBOp51-

JIO 6oJiee CHJibHOMy (c TeXHHqeCKOH TQqKH 3peHH51) ycJIOBIUO: ,ll.JI51 

Ka)K,Il;OH k-aqeiiKH c KOMITJieKca cyrn;ecTByeT o6JiaCTb u ( OKpecT­

HOCTb C) B npocTpaHCTBe JRk H TaKoe ,n;mpcpepemwpyeMoe oTo6pa­

MeHHe 'I/; : u --t }Rn' qTo orpaHHqeHH51 <P H 'I/; Ha c COBrra,n;aIOT. 

Ka)K,Il;aa k-aqeiiKa C KOMITJieKca opHeHTHpoBaHa. IIo::iToMy MOMHO 

paCCMOTpeTb HHTerpaJI 

no 51'IeiiKe C. IlycTb c - HeKoToprui: k-n;enh. Tor,n;a c .flBJI.fleTC.fl JIH­

HeiiHoii KOM6HHan;Heii k-aqeeK: 

r,n;e cj - k-aqeHKH, a rj - Bern;eCTBeHHbie qHcJia. Tor,n;a HHTerpaJI 

OT </J*w no n;errH c ,n;aeTca cpopMyJioii 

QqeBH,ll.HO, qTo 3To BbipaMeHHe mrneiiHo 3aBHCHT OT c. TaKHM o6pa-

30M, k-cpopMa w BMecTe c oTo6paMeHHeM <P orrpe,n;eJiaeT k-Kon;enh Ha 

KOMnJieKce K. 
HarrpHMep, npe,n;rroJIOMHM, qTo Harn KOMITJieKc K co,n;epMHT rpa­

HH, pe6pa H BeprnHHbl TeTpa::i,n;pa. ,Ll;JI51 npOCTOTbl nyCTb Bee rpaHH 

OpHeHTHpOBaHbl «COrJiaCOBaHHO». Ilo,n; 3THM no,n;pa3yMeBaeTC51, qTo 

Ilpe,n;cTaBHM ce6e, qTo n;eHTp TeTpa::i,n;pa HaxO,IJ;HTC51 B Haqane KOOp­

,ll.HHaT npocTpaHCTBa JR3. 

He3ruu1c11MocTh OT ,n;eJieHHSI aa gqeiiKH. PaccMOTpHM npoeKn;HIO 

(pHC. 15. 7) H3 n;eHTpa TeTpa::i,n;pa Ha IlOBepXHOCTb e,n;HHHqHoii ccpepbl 

s H Ha30BeM ee OTo6paMeHHeM </J. JierKO BH,ll.eTb, qTo <P - rJia,n;Koe 

oTo6paMeHHe TeTpa::i,n;pa B npocTpaHCTBO JR3. KaM,n;aa rpaHh TeTpa­

::i,n;pa oTo6paMaeTc51 B qacTb ccpephI, a </J 6y,n;eM paccMaTpHBaTb KaK 



15.3. lIHTerpHpOBaHHe k-<l>opM 775 

Pnc. 15.7 

OT06p8.)KeHHe u;errn c Ha IIOBepxHOCTb c¢epbl ( c orrpe,n;eJieHHbIM Bbl-

6opoM opneHTau;nn). EcJIH w - 2-¢opMa B IR3, TO fc <f>*w - HHTerpaJI 

OT w ITO c¢epe ( TaK)Ke c BbI6opoM opHeHTaD;HH)' qTo 3aIIHChIBaeTCH 

B BH,Il;e 

9TO o603HaqeHHe HeHBHO co,n;ep)KHT pH,n; rrpaBOMepHbIX ,n;orryru;eHHH. 

Ilpe)K,Il;e Bcero, rrpe,n;rroJiaraeTcH, qTo rpamfiHhie KpHBhie TpeyroJih­

HhIX o6JiaCTe:H, Ha KOTOpbie Mbl pa3,n;eJIHJIH c¢epy, MO)KHO HrHopnpo­

BaTb. CBH3aHo 3TO c TeM, qTo rrpn BhrqncJieHHH ,n;ByMepHoro HHTe­

rpaJia orrpe,n;eJieHne qepe3 pHMaHOBhI cyMMhI 03HaqaeT, qTo rJia,n;Kne 

KpHBbie He BHOCHT BKJia,n;a. BoJiee Ba)KHOe rrpe,n;rroJIO)KeHHe COCTOHT 

B TOM, qTo KOHKpeTHbIH Bbr6op pa36HeHHH Ha TpeyrOJibHbie o6JiaCTH 

(KoMrrJieKca K H oTo6pa)KeHHH ¢>) He HMeeT 3HaqeHHH. BcJie,n;cTBHe 

TeopeMbI 0 3aMeHe rrepeMeHHbIX Hae HHTepecyeT TOJibKO IIOBepXHOCTb 

c¢epb1 (rroKpbrnaeMaH o,n;HH pa3) c orrpe,n;eJieHHOH opneHTau;ne:H. ,II;a­

Ba:HTe o6'bHCHHM 3TO. ,II;orrycTHM, qTO Mbl paccMaTpHBaeM ,n;pyro:H 

KOMIIJieKC L, COCTOHiu;HH H3 rpaHe:H, pe6ep H BepmHH Ky6a, c u;eH­

TpOM B HaqaJie KOOp,Il;HHaT. 06o3HaqHM µ OT06pa)KeHHe KOMIIJieKca 

L Ha rroBepxHOCTh c¢epb1, 3a,n;aBaeMoe rrpoeKu;ne:H Ky6a H3 u;eHTpa 

(pnc. 15.8). IIpe,n;rroJio)KHM TaK)Ke, qTo rpaHH KOMrrJieKca L opneH­

THpoBaHhI corJiaCOBaHHO, TaK qTo 
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Pnc. 15.8 Pnc. 15.9 

I',Ll.e Fi (i = 1, 2, ... , 6) - rpaHM Ky6a. °YTBep)K.n;aeTcH, 'ITO 

1µ*w = ± 1 cp*w (15.11) 

co 3HaKOM +, eCJIM OpMeHTaIJ;MM e M c «COBIIa,IJ;aIOT». (B rrpo:u;ecce 

,IJ;OKa3aTeJibCTBa MbI ofrMICHMM, 'ITO 3TO 3Ha'IMT.) 

)J,eH:cTBMTeJihHO, paccMOTpHM KpHBhie Ha c<l:>epe, HBJIHIOIIJ;MeCH o6-

pa3aMM pe6ep KOMrrJieKca K ( rrpn oTo6pa)KeHMM cp) M KoMrrJieKca L 
( rrpH OTo6pa)KeHMM µ). 9TM KpHBhie ,n;eJIHT IlOBepXHOCTb c<l:>epbl Ha 

MHOro rro.n;o6JiacTeii (pnc. 15.9). 
Ka)K,Il;aH TpeyroJihHaH o6JiaCTh Ha c<l:>epe cocTOMT M3 HeCKOJihKMX 

TaKMX rro.n;o6JiaCTeii, M TO'IHO TaK )Ke Ka)K,Il;aH «KBa,n;paTHaH o6JiaCTh», 

rrpOHCXO,IJ;HIIJ;aH OT Ky6a. IlycTb w o603Ha'IaeT O,IJ;HY M3 TaKMX rro.n;­

o6JiaCTeii. Tor,n;a MhI MO)KeM HarrncaTh 

W = cp(U), r.n;e U - rro.n;o6JiacTb o,n;Hoii M3 rpaHeii K 

W = µ(V), r.n;e V - rro.n;o6JiacTb o,n;Hoii M3 rpaHeii L. 

PaccMOTpHM oTo6pa)Kettne 'ljJ: U-+ V, 3a,n;aHHoe 'ljJ = µ-1 o ¢. Tor,n;a 

OTKJ,IJ;a 

cp*w = 'ljJ*(µ*w) M V = 'ljJ(U). 

(JierKo rrpoBepttTh, 'ITO 'ljJ - ,n;mp<l:>epeH:u;npyeMoe oTo6pa)KeHMe.) 
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lfa cPOPMYJihI 3aMeHbI rrepeMeHHhIX HMeeM 

iµ*w = ± i </>*w 

r,n;e 3HaK + 6epeTcH Tor,n;a n TOJihKO Tor,n;a, Kor,n;a 'ljJ coxpattHeT opneH­

Tau;mo. JierKO BH,ZJ;eTh, qTo OT06pWKeHI'le 'l/J, KOTOpoe MbI IIOCTpOHJIH 

,n;Jrn rro,n;o6JiaCTH W, 6y,n;eT coxpaHHTh opneHTau;mo Tor,n;a n TOJihKO 

TOr,n;a, Kor,n;a COOTBeTCTBYIOIU;ne OT06pa)KeHHH ,ZJ;JIH BCex ,n;pyrnx no,n.­

o6JiaCTeii TO)Ke coxpaHHIOT opneHTau;mo. EcJIH 3TO nponcxo,n.nT, TO 

Mbl roBopnM, qTO c H e C03,IJ.aIOT O,Il.HHaKOBYIO opneHTau;mo Ha c<l>epe. 

CyMMHpoBaHne no BCeM no,n.o6JiaCTHM ,n;oKa3hrnaeT (15.11) n o6'hHC­

HHeT BBe,n;ettttoe o6o3ttaqettne. Mb1 y)Ke KpaTKO tta6pocaJin ,n;oKa3a­

TeJibCTBO cnpaBe,IJ.JIHBOCTH Ramero o603HaqeHHH ,ZJ;JIH CJiyqaR c<l>epbI. 

Kotteqtto, OHO pa6oTaeT n B ropa3,n;o 6oJiee o6iu;eM cJiyqae. ,Il;JIR mo-

6oll. opneHTHpOBaHHOH noBepxHOCTH B TpexMepHOM npOCTpaHCTBe ( B 

o6iu;eM cJiyqae ,IJ.JIR JII06oro opneHTHpOBaHHoro no,n.Mttoroo6pa3HR M 
B rrpocTpaHCTBe ~n) HHTerpaJI JM w HMeeT CMhICJI H He 3aBHCHT OT 

Toro, KaK MhI «Hape3aJIH M Ha KYCKH», qTo6hI 3anncaTh ero KaK 

o6'he,n.nttettne o6pa3oB RqeeK. 

(lhaK, Mbl onpe,n.eJIHJIH HHTerpaJI OT 2-<l>opMbI no opneHTHpOBaH­

HOH 2-c<l>epe, «pa3pe3aB ee Ha KYCKH» H nOTOM nOKa3aB, qTo pe3yJih­

TaT He 3aBHCHT OT crroco6a pa3pe3aHHH. Cyiu;ecTByeT ,n;pyroe (aK­

BHBaJieHTHOe) orrpe,n.eJieHne, KOTOpoe COCTOHT B «IIOKphITHH c<l>epbl 

3arrJiaTKaMH», a He B pa3pe3aHHH ee Ha KYCKH. B KoHu;e CJie,n.y10iu;ero 

naparpa<l>a Mhl KOpOTKO paccKa)KeM 06 3TOM.) 

15.4. TeopeMa CToKca 

TeopeMa CToKca, K0Topy10 MhI ,IJ.OKWKeM B 3TOM naparpa<l>e B o6iu;eM 

cJiyqae, roBopnT cJie,n.y10iu;ee. IIycTh K - HeKoTophIH KOMIIJieKc, a ¢ 
- rJia,n.Koe oTo6pWKeHne K B rrpocTpaHCTBO ]Rn. IlycTh, ,n.aJiee, w -
( k - 1 )-<l>opMa B ~n, a c - k-u;errh. Tor,n.a 

1 ¢*dw = r cjJ*w. 
c lac 

(15.12) 

EcJIH ¢nKcnpoBaHhI ¢ n w, TO o6e qacTn aToro paBeHCTBa - JIHHeii­

Hhie cPYHKll;HH c. IIocKoJihKY JII06aR u,enh RBJIReTcR JIHHeiittoll. KOM-

6nttau;nell. RqeeK, TO paBeHCTBO (15.12) ,Il.OCTaToqHO ,Il.OKa3aTh ,IJ.JIR 
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CJiy'-Ia.H, KOr,[I,a c - H'-IeiiKa. ,ll;OK83hIBaTb 6y,ll,eM TaK )Ke, KaK 3TO ,[l,e­

JiaJIOCb B ,ll,ByMepHOM CJiyqae B rJiaBe 8, ll TOJlhKO B CaMOM KOHu;e 

6y,n;eT He60JibIDOe OTKJIOHeHHe. 

B Ka'-IeCTBe nepBoro mara paccMoTpHM cJiyqaii, KOr,IJ.a H'-IeiiKa C 
HBJIHeTcH Ky6oM. Mo)l(HO npe,ll,nOJIOiKHTh, '-ITO 3To e,ll,HHH'-IHhrii Ky6 

B npocTpaHCTBe JRk. IlycTh u1 , . .. , uk - KOOp,ll,HHaThI B JRk. Tor,IJ.a 

MO)l(HO HaIIHCaTh 

</J*w = ai du2 /\ · · · /\ duk + a2 du1 /\ du3 /\ · · · /\ duk + · · · 
+ ak du1 /\ · · · /\ duk-I, 

TaK '-ITO JieBa.H qaCTb paBeHCTBa (15.12) npHHHMaeT Bll,ll; 

fc </J*dw = fc d</J*w 

f (oa1 oa2 oak) 1 k =le oul - ou2 + ... ±auk du /\ ... /\du . 

(15.13) 

(15.14) 

HanoMHHM rrpaBHJIO Bhr6opa 3HaKOB ,ll,JIH onepaTopa a, ,[l,eRCTBYI0-

111ero Ha H'-Ieiixy KOMIIJieKca. BcnoMHHaeM, '-ITO opHeHTaJJ;HH H'-IeiiKH 

c onpe,[I,eJUieT, «IIpaBHJibHO» HJIH «HenpaBHJlhHO» ynopH,[1,0'-IeHbl 6a-

3HCHbie BeKTopa. «HerrpaBHJlbHOe» MHO)l(eCTBO 683HCHbIX BeKTOpOB 

rrpeo6pa3yeTCH B «rrpaBHJlbHOe» JIH6o nepecTaHOBKOR ,Il;BYX BeKTOpOB 

c coce,[I,HHMH HOMepaMH, JIH6o ll3MeHeHHeM 3HaKa o,n;Horo BeKTOpa. 

IIpaBHJihHhre H HenpaBHJihHhie MHO)KeCTBa ,[I,JIH k = 1, 2, 3 IIOK83aHhI 

Ha pHC. 15.10. 

rpaHHJJ;a OpHeHTHpOBaHHOR k-H'-IeRKH COCTOHT ll3 CYMMbl Opn:eH­

THpOBaHHhIX (k-1)-HqeeK. 06111ee npaBHJIO onpe,IJ.eJieHHH 3HaKa Ka)l(­

,ll,OR H'-IeiiKH Ha rpaHHu;e: B TO'-IKe mt rpaHHu;e H'-IeRKH c CTpOHM MHO­

)KeCTBO BeKTOpOB, B KOTOPOM nepBhlR BeKTOp HarrpaBJieH U3 H'-IeRKH 

c' a OCTaJibHhie k - 1 BeKTOpOB o6pa3yIOT rrpaBHJlhHO OpHeHTHpOBaH­

HbIR 683HC rpaHH'-IHOii H'-IeiiKH. EcJIH noJiy'-IHBmeecH MHO)l(eCTBO k 
BeKTOpOB HBJl5IeTCH rrpaBHJibHO OpHeHTHpOBaHHbIM MHO)KeCTBOM ,r:t;JIH 

H'-IeHKH C, TO rpaHH'-IHaH H'-IeiiKa BXO,r:t;HT B OC CO 3HaKOM IIJIIOC; B 

npoTHBHOMOM cJiyqae OHa BXO,[I,HT co 3HaKOM MHHyc. 

Ha pttc. 15.11 IIOK83aHo npHMeHeHHe 3Toro npaBHJia B cJiyqae 

k = 1. BeKTop v1 HarrpaaJieH Hapy)Ky, a ,n;pyrttx neKTopoB HeT. B 
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k=l k=2 k=3 

~ 
npaBOCTOpOHH11M 

HeaepHo 
HeBepHO 

HeBepHO 

PHc. 15.10 

B B 

A~ 
A 

BepHO (+B) HeaepHO (-A) 

PHc. 15.11 

TO'IKe B B€KTOP V1 HMeeT npaBHJlbHYIO opneHTau;HIO OTHOCHTeJihHO 

B€TBH a, a B TO'IKe A - HenpaBHJihHYIO. CJie,11,0BaTeJihHO, aa = B-A. 
Ha pHc. 15.12 IIOKa3aH cJiyqa:ii: k = 2 ,11,JI51 TpeyroJihHO:ii: 51qeiiKH 

c' OpHeHTHpoBaHHOii npOTHB qacoBoii CTpeJIKH. 

BeKTOp v2 Bb16paH TaK, 'ITO OH KacaTeJieH K BeTBH, a ero HarrpaB­

JieHHe orrpe,I1,eJI5IeT opHeHTaU,HIO BeTBH. BeKTop v1 Bcer,I1,a HarrpaBJieH 

113 51qe:ii:KH C. ,11,JIR BeTBe:ii: a H /3 3Ta rrapa BeKTopoB npaBHJihHO 
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VI 

BepHO (+a) BepHO ( + (1) HeBepHO ( /) 

PRC. 15.12 

k=2 

PRC. 15.13 

OpReHTRpOBaHa ( B COOTBeTCTBRR c OpReHTarweii wieiiKR c rrpo­

. TRB qacOBOH CTpeJJKR)' a BOT ,Il.JUI BeTBR 'Y BeKTOpa opReHTRpOBaHhl 

HerrpaBRJihHO. CJie,IJ.OBaTeJibHO, aC =a+ /3 - 'Y· 
BepHeMc51 K paccMoTpeHRIO cJJyqa51, Kor,n.a 51qeiiKa C = Jk 51BJI51-

eTC51 Ky6oM, opReHTRpOBaHHhIM rrocpe,n.cTBOM CTaH,n.apTHOrO 683RCa 

v1, v2, ... , Vk (ero BeKTOphr rrapaJIJJeJihHhI pe6paM Ky6a). PaccMoT­

pRM OT,IJ;eJibHhie 'IJieHhl, IIOJiyqarorrwec51 B pe3yJihTaTe IIO,IJ.CTaHOBKR 

(15.13) B foe </>*w. PacCMOTpRM p83JIR'IHhie rpaHR aC. Ha'IHeM c 

,n.Byx rpatteii, ,IJ.JJH KOTOphrx u 1 = const. Ha rpaHR B1, r,n.e u 1 = 1, 
BeKTOp V1 HarrpaBJieH ttapy;:ocy R OCTaJihHbie BeKTopa v2, ... 'Vk OpR­

eHTRpOBaHbl rrpaBRJihHO. Ha rpaHR Ai, r,n.e u 1 = 0, BeKTOp v1 tta­

rrpaBJieH 6ttymp'b R II03TOMY v2, ... 'Vk opHeHTRpOBaHhl HerrpaBRJih­

HO. cha CRTYallR51 B CJiy'IaHX k = 2 R k = 3 IIOK83aHa Ha pMC. 15.13. 
Kor,n;a MhI BhI'IRCJJHeM </>*w Ha 3THX ,n.Byx rpaHHX c ypaBHeHRH­

MR u 1 = Const, Bee 'IJJeHbl B T, co,n.epa<:aIIIRe MHOJKRTeJih du1 ' ,n.aIOT 

HYJih. OcTaeTCH TOJihKO ai ( u 1 , u 2 , ... , uk) du2 /'" · · /\duk. BhI'IRCJJeHRe 

3Toro qJJeHa Ha rpaHR B1, r,n.e v2, ... , vk yrropH,n.oqeHhI rrpaBRJihHO, 
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f],aeT J1k-i a1 (1, u2, ... , uk) du2 ... duk. A BhrqrrcneHrre ero Ha rpa-

HH A1, rf],e BeKTOpa v 2 , ... , vk yrropHf.f,oqeHhI HerrpaBHJihHO, f],aeT 

- JJk-1 ai (0, u2, ... , uk) du2 ... duk. Bee BMecTe f],aeT HHTerpan 

lfa cPYHAaMeHTaJihHOit TeopeMbI Arr<P<PepeHIJ;HaJibHoro rrcqrrcne­

HHH HMeeM 

( 2 k) ( 2 k) [
1 

8a1 ( 1 2 k) d 1 
ai 1, u ' ... 'u - ai 0, u ' ... 'u =lo aul u 'u ' ... 'u u . 

Ilo3TOMY o6rn;rrit BKJiaf], OT ABYX rpaHeit c u1 = canst paBeH 

f, 8a1 1 k 
a 1 du ... du , 

Jk u 

rf],e Terrepb HHTerpan BhrqrrcJIHeTCH ITO ef],MHHqHOMY Ky6y B rrpOCT­

paHCTBe )Rk. 

BhmOJIHHB TaKyIO )Ke rrpoI!eAYPY fl,JIH rpaHeit c u2 = canst, 

3aMeTHM, qTo MHO)KeCTBO BeKTOpOB v2, V1, V3, ... 'Vk yrropHfl,OqeHO 

Henpa6U.11,'b'HO. Ha rpaHrr, rf],e u
2 = 1, BeKTOp v2 HarrpaBJieH Ha­

PY)KY rr rro3TOMY ocTaJihHhre BeKTOpa v1, v3, ... , vk yrropHf.f,OqeHhI 

HerrpaBHJihHO. Ha rpamr, rf],e u2 = 0, BeKTOP v2 HarrpaBJieH BHYTPh, 

a OCTaJibHbie BeKTOpa V1, V3, ... 'Vk yrropHfl,OqeHbI rrpaBHJlhHO. Ilprr 

BhrqrrcneHHH r BKJiaA f],aeT TOJihKO qJieH a2(u1, u2, ... , uk) du1 /\du3 /\ 

· · · /\ duk. Ilo3TOMY MhI rronyqaeM 

f, [-a2(u1, 1, ... , uk) + a2(u1, 0, ... , uk)] du1 du3 ... duk 
Jk-1 

f, 8a2 1 2 k 
= - a 2 du du ... du . 

Jk u 

AHanorrrqHhre coo6pa)KeHHH rroKa3hrna10T, qTo BKJiaA OT rpaHeit, rf],e 

ui = canst, paBeH ± f1k ( aaj I aui) du 1 ... duk' rrprrqeM 6epeTCH 3HaK 

+ AJIH HeqeTHhIX j, rr 3HaK - AJIH qeTHhIX. Ecnrr rrpocyMMHpoBaTb 

BKJiaf],hI OT BCeX 2k rpaHeit B 8Jk, TO IIOJiyqrrTCH (15.12). 
l·lTaK, MhI f.f,OK83aJIH TeopeMy CToKca AJIH Ky6a. Terreph Hafl,o 

paccMoTpeTh HqefiKH 6onee o6rn;ero BHfl,a. KaK MhI rroK83aJIH B rna­

Be 8, Ha IIJIOCKOCTH JII06oit MHOroyroJibHHK MO)KeT 6hITb pa3JIO)KeH 
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Ha TpeyrOJihHHKH. ,II;eiiCTBHTeJibHO, mo6oii MHOroyrOJihHHK MO.>KHO 

pa3JIO)KHTb Ha BhIIIJKJibie MHoroyroJibHHKH, KOTOpbre, B CBOIO oqe­

pe,n;h, pa3JiaraIOTC51 Ha TpeyroJihHHKH, ecJIH Bhr6paTh ToqKy BHYTPH 

H coe,n;HHHTb ee co BCeMH BeprrmHaMH. 

AHaJiorHqHo B TpexMepHOM rrpocTpaHCTBe JII06oii MHororpaH­

HHK MO.>KeT 6bITh pa3JIO.>KeH Ha TeTpa3,n;pbI. ,Il;eiiCTBHTeJibHO, c,n;eJiaeM 

rrpe,n;BapHTeJihHOe pa3JIO.>KeHHe H rrpe,n;rroJIO.>KHM, qTo c - BhIIIYKJihIH 

MHororpaHHHK. IIpe,n;rroJIO.>KHM, qTo Bee ero rpaHH y.>Ke pa3Jio.>KeHhI 

Ha TpeyroJibHHKH. Orr51Th BhI6HpaeM ToqKy p BHYTPH C. Tor,n;a 3TOT 

MHOrorpaHHHK pa3JiaraeTC51 Ha TeTpa3,II;phr, OCHOBaHHeM Ka.>K,n;oro H3 

KOTOpbIX 51BJI51eTC51 TpeyrOJibHHK H3 pa3JIO.>KeHH51 rpaHH, a BepIIIHHa 

uaxo,n;HTca B ToqKe p. TaKHM o6pa3oM, B cJiyqae 2-cpopM TeopeMy 

CToKca ,n;ocTaToqHo ,n;oKa3aTh ,II;JI51 TeTpa3,n;pa. 

c IIOMOIIJ;hIO HH,11;JKI1HH Mbl MO.>KeM rrpo,n;eJiaTh 3TY IIPOI1e,n;ypy H 

B rrpocTpaHCTBe k H3MepeHHH. IlyCTb s E JRk 6y,n;eT MHO.>KeCTBOM, 

orrpe,n;eJieHHbIM cpopMyJIOH 

S = { x I Xi 2:: 0 ,II;JI51 Bcex i H L Xi :S 1}. 

k-CHMIIJieKC - 3TO IIO,II;MHO.>KeCTBO rrpocTpaHCTBa ]Rk' 51BJIHIOIIJ;eec51 

o6pa30M S rrpH o6paTHMOM acpcpHHHOM oTo6pa.>KeHHH. TaKHM o6pa-

30M 1-CHMIIJieKC - 3TO 0Tpe30K, 2-CHMIIJieKC - 3TO TpeyrOJibHHK H 

3-CHMIIJieKC - 3TO TeTpa3,n;p. 

Ilpe,n;rroJio.>KHM, qTo MhI pa3JIO)KHJIH C Ha CHMIIJieKChI [6.i]. YTBep­

.>K,II;aeTca, qTo ecJIH MhI 3HaeM TeopeMy CToKca ,n;Jia Bcex CHMIIJieKCOB, 

TO Mbl 3HaeM ee ,II;J151 c. ,Il;eHCTBHTeJibHO, paCCMOTpHM KOMIIJieKC, KO­

TOpbIH pa3JiaraeTca Ha aqeiiKH - CHMIIJieKChI. Tor,n;a KOMIIJieKc C 
MO.>KHO H,II;eHTHcPHIIHPOBaTh c IleIIbIO B HeM, T. e. MO.>KHO HaIIHCaTh 

Ilo3TOMJ 

fac w = I.: fa~i w 

= L ii dw (B CHJIY TeopeMhI CToKca ,II;JIR 6.i) 

= lc dw. 
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lITaK, TeopeMy CToKca ,n,ocTaToqHo ,n,oKa3aTh ,n,Jrn CHMIIJieKca. 

BocrrOJih3yeMcR HHBapHaHTHOCThlO HHTerpana OTHOCHTeJihHO rrpo­

u;e,n,yphr rrepettoca H CBe,n,eM ,n,oKa3aTeJibCTBO K cnyqa10 Ky6a. 3,n,ecb 

Mbl paCCMOTpHM ,11,0Ka3aTeJihCTBO ,ll,JIR TpeyrOJibHHKa. 

qT06br ,n,oKa3aTh TeopeMy CToKca ,11,JIR TpeyroJihHHKa, ,n,ocTaToq­

HO ,11,0Ka3aTb ee ,11,JIR paBHOCTOpOHHero TpeyrOJihHHKa !:-,, IIOCKOJibKY 

,11,JIR JII06oro TpeyrOJibHHKa M0)1(H0 HaMTH a¢¢HHHOe rrpeo6pa30Ba­

HHe, KO<ropoe rrpeo6pa3yeT ero B paBHOCTOpOHHHM. Ilpe,n,rrOJIQ)KHM, 

qTO ,11,JIHHa CTOpOHbl TpeyrOJihHHKa paBHa 1. IlycTb JIHHeii:HaR ,11,HcP­

<t>epeHu;HaJibHaR ¢opMa r TO)K,11,eCTBeHHO paBHa ttyn10 3a rrpe,n,enaMH 

Kpyra, u;eHTp KOTOporo Hax0,11,HTCR B 0,11,HOM H3 BepnmH H KOTOpblll 

He ,11,0CTHraeT rrpoTHBOIIOJIO)KHOM CTOpOHbl (pHC. 15.14). 

PHc. 15.14 PHC. 15.15 

Tor,n,a dr TaK)Ke TO)K,n,ecTBeHHo paBHReTCR ttyn10 3a rrpe,n,enaMH 

Kpyra. B CHJIY TeopeMhI CToKca B 3TOii: CHTyau;HH BKJia,11, B HHTerpan 

B03HHKaeT TOJlhKO OT BHyTpeHHeii: qaCTH Kpyra, TaK qTo Mbl MO)KeM 

6e3 yru;ep6a HapaCTHTb «BHeIIIHIOIO» qacTh TpeyrOJibHHKa, ,11,0CTpOHB 

ero ,n,o rrapannenorpaMMa (pHc. 15.15). 
TaKHM o6pa3oM, ecnH D o6o3HaqaeT rrapannenorpaMM, a !:-, o6o-

3HaqaeT TpeyrOJibHHK, TO IIOCKOJihKY r H dr paBHhl HYJIIO 3a rrpe,n,e­

JiaMH Kpyra, Mbl HMeeM 

O,n,ttaKo, c TOqHoCThlO ,n,o 3aMeHhI rrepeMeHHhIX rrapannenorpaMM -

3TO rrpocTo KBa,n,paT. Cne,n,oBaTeJihHO, J80 r = f 0 dr H rro3TOMY 

J86 r=f6 dr. 
TeopeMa CToKca 6y,n,eT ,11,0Ka3aHa ,11,JIR !:-,, ecJIH MhI ycTaHOBHM 

cne,n,y10ru;ee. Ka)K,11,aR rna,n,KaR ,n,H¢¢epettu;HanbHaR ¢opMa ( orrpe,n,e­

neHHaR B OKpeCTHOCTH !:-, ) MO)KeT 6hITh 3aIIHCaHa B BH,11,e cyMMbl Tpex 
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'IJieHOB 

T = 71 + 72 + 73, 

r.n;e KaJK,Il;hIH qneH Ti TO)K,1.l;eCTBeHHO paBeH Hymo BHe Kpyra Di. IlpH­

'leM u;eHTp Kpyra Haxo,n;HTCH B BepnmHe TpeyroJihHHKa, a pa,n;Hyc R 
H3MeHHeTcH

8 
B upe.n;enax 2/3 < R < 3/4 (TaK 'ITO TPH Kpyra rroKphI­

BaIOT BeCb TpeyrOJihHHK, HO HH O,Il;HH Kpyr He ,Il;OCTHraeT rrpOTHBOIIO­

JIO>KHOH CTOpOHhl TpeyrOJihHHKa, CM. pHC 15.16). 

PHc. 15.16 

qT06bI 3TO ,Il;OKa3aTh, IIOTpe6yeTC5I CBOHCTBO cpyHKD;HH O,Il;HOH rre­

peMeHHOH. 

JleMMa. <Py1tK:U,U.H, 

{ 
-l/u 

f(u) = ~' ' 
u ~o, 
u :S 0 

6ecK:O'/-te"l,1tO au<fxjJepe'l-ttt,UpyeMa 60 6CeX mO"l,K:aX. 

,l(oK:aaame.!libCm6o. QqeBH,Il;HO, 'ITO ,Il;Jl5I u ¥- 0 cpyHKD;HH f HMeeT 

rrpOH3BO,Il;Hhie Bcex IIOpH,11,KOB If j(k)(u) = 0 ,Il;JIH u < 0. Ilo3TOMY Mhl 

.n;omKHhI ,n;oKa3aTh, 'ITO J(k)(u)/u -t 0 rrpH u -t 0 ,n;nH mo6oro k. 
MbI HMeeM j(k)(u) = Pk(l/u)e-l/u, r.n;e Pk - HeKOTOphIH rrOJIHHoM9 , 

8
BoJiee rrocJie,D;OBaTeJihHhlH IIO.D;XO.D; - 3a<l>HKCHpoBaTb pa,D;Hyc R = 1/.,12. 

IlpHqHHa OO'hHCHHeTcH B cHocKe Ha c. 786. - IlpUM. pea. 
9
IIoJie3HOe yrrpa)KHeHHe - BbJqHCJIHTb ero B HBHOM BH,ll;€ HH,lJ;YKD;H€ll no k. -

IlpuM. pea. 
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H II03TOMY 

lim (1/u) · f(k)(u) = lim sPk(s)e-s = 0, 
u->O s->oo 

IIOTOMY 'ITO e8 CTpeMHTC5! K 6ecKOHe'IHOCTH 6bICTpee mo6oro IIOJIH­

HOMa. 

3aMeTHM, 'ITO f TO)K,n;ecTBeHHO paBHa HYJIIO ,ll,JI5! u :S 0 n CTporo 

IIOJIO)KHTeJibHa ,ll,Jl5! u > 0. 
IIycTh Ti o6o3HaqaeT paccT05!HHe OT i-ll: BepmHHhI. Orrpe,n;eJIHM 

cPYHKI1HIO 9i cPOPMYJIOH 

9i(x) = { J(R - ri(x)), 
0, 

ri(x) :SR, 
ri(x) > R. 

Tor.n;a 9i 6ecKoHe'IHO .n:n<P<PepeHI1HPYeMa n 

IlyCTb 

9i(x) { ~ ~: ri(x) < R, 
ri(x) 2: 0. 

9 = 91 + 92 + 93. 

IIocKOJihKY K~a51 TO'IKa B L - BHyTpeHH5!5! ,ll,JI5! rro Kpall:Hell: Mepe 

o,n;Horo H3 KpyroB Di, T. e. rroCKOJihKY r i ( x) < R XOT51 6b1 ,ll,JI5! o,n;Horo 

H3 i = 1, 2, 3, TO 

9(x) > 0 

,n,JI.a Ka21<:.n;oro x E L. IloaToMy MhI M02KeM pa3,n,eJIHTh Ha 9 H orrpe­

,n;eJIHTh 

H 

c/Ji = ~, L = 1, 2, 3. 

> 0, 
= 0, 

ri(x) < R, 
ri(x) 2: 0 

¢1(x) + ¢2(x) + cp3(x) = 1 ,ll,JI5! Bcex x E 6.10 

Y MHO)Ka5! rrocne,n;Hee ypaBHeHHe Ha T, nonyqaeM 

10
TiocTpOeHHbI:il: Ha6op ¢YHKIJ;II:il: c/>i rrpHHHTO Ha3hIBaTh paa6ue'HUeM eiJu'HU'U/bt, 

IIO,[\'IHHeHHhIM .n;aHHOMy IIOKph!TH!O MHOroo6p83HH ( TpeyrOJihHHKa) MHO)KeCTBa­

MH Di (TpeMH KpyraMH). 9To IIOHHTHe HrpaeT Ba)KHYIO pOJih B aHaJIH3e Ha MHO­

roo6pa3HHX. Ilo.n;po6Hee CM. B KOHD,e 3Toro pa3.n;eJia Ha c. 791. - IJpUM. pea. 
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Ecnn MhI rrono:iKHM Ti = </JiT, TO rrony'IHM :iKenaeMoe p83JIO:iKeHne 

QqeBH,IJ;HO, 'ITO 9TO ,IJ;OK83aTeJlbCTBO MO:iKHO rrpoBeCTH H B cnyqae 

n H3MepeHn.ii:. TonhKO BMecTo 3 6y.n;eT cooTBeTCTBeHHO n+ 1 (no qncny 

BeprnnH CHMrrneKca) rnapoB Di, cPYHKIIHH <Pi HT . .n;., a pa.n;nyc rnapoB 

MO:iKHO BhI6paTh R = 1/..;2.11 JthaK, TeopeMa CToKca ,IJ;OK83aHa. 

Ha caMoM .n;ene MhI He ,IJ;OJl:iKHhI 6bITh HaCTOJlhKO rre.n;aHTH'lHhI­

MH. Ha.n;o rrpocTo rroKphITh CHMrrneKc KoHe'lHhIM 'IHCJIOM rnapoB Di, 
TaK 'IT06h1 rrepece'!eHne Di c cnMrrneKCOM HMeno BH,IJ; qacTn Ky6a, 

p836HTh Ha KYCKH H CBeCTH K cnyqaro Ky6a. 

fip:uMep 

B Ka'leCTBe rrpnMeHeHH51 TeopeMhI CToKca H BhI'!HcneHH51 <PopM Ha 

51qe.ii:Kax paCCMOTpHM 2-<PopMy 7 = ( x 2 + y 2 + z2) dx /\ dy B rrpOCTpaH­

CTBe JR3 n 51qe.ii:Ky C, 5IBJ15IIOrny10c51 crrnoIIIHhIM rronyrnapneM pa.n;nyca 

R, 06na.n;a10rny10 rrpaBOCTOpOHHe.ii: opneHTaI1He.ii: n H3o6pa:iKeHHYIO Ha 

pnc. 15.17. B 51BHOM Bn.n;e MW BhI'lncnnM J80 r n f0 dr. 
CrrnornHoe rronyrnapne orpaHn'leHo ,IJ;BYM51 51qe.ii:KaMn: rronyc<Pe­

pnqecKo.ii: rroBepxHOCThIO A n .n;ncKoM B B 9KBaTopnanhHO.ii: rrnocKo­

CTH. IlyCTh 9TH 51qe.ii:KH opneHTHpOBaHbI rrpOTHB qacoBOH CTpeJIKH, 

ecnn CMOTpeTb Ha HHX CHapy:iKH, Tor.n;a ac = A + B. 
11 

IlpmiCXO)K)l;eHHe ,n;aHHOii: B€JIH'IHHbI, BepOHTHO, CJie,n;yeT IIOHCHHTh, Y'IHTb!Bal'I 

He6pe:lKHOCTh aBTopoB B 3TOM MeCTe opHrHHaJia. EcJIH CHMIIJieKC rrpaBHJihHbiii: 

(KaK n-MepHblii: MHOrorpaHHHK) H ,Zl;JIHHa ero pe6pa paBHa 1, TO ero BbICOTa 

h =Jn+ 1 
n 2n , 

a paCCTOHHHe OT BepmHHbl ,n;o rreHTpa CHMIIJieKca 

dn = n: 1 hn = J 2(n: 1) · 

To, 'ITO IIIapbl pa,n;Hyca R = 1/,,/2 c rreHTpaMH B B€pIIIHHax CHMIIJI€KCa IIOKpbIBa­

IOT CHMIIJI€KC H He ,ll;OCTHraIOT rrpOTHBOJie:lKaIIIHX rpaHeii:, BbITeKaeT H3 O'leBH,ZJ;HblX 

HepaBeHCTB dn < 1/,,/2 < hn, rrpH'I€M o6e IIOCJie,ZJ;OBaTeJibHOCTH CXO,ZJ;HTCH K 1/,,/2 
rrpH n --> oo. reoMeTpH'I€CKH 3TO BblrJIH,ZJ;HT TaK: c pOCTOM n rrpHMoyroJihHblll 

TpeyrOJibHHK «BepIIIHHa CHMIIJieKca- rreHTp rrpOTHBOIIOJIO:lKHOii: rpaHH - BepIIIHHa 

rpaHH» c rHIIOTeHy3oii: 1 H KaTeTaMH hn H dn-1 CTpeMHTCH K paBH06e,n;peHHOMy. 

- IIpUM. pea. 
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z 

x 

P11c. 15.17 

B KaqecTBe rrapaMeTpos AHH orr11caHHH rronyccpep11qecKoli rro­

BepxHOCTH BOCITOHh3yeMCH c¢ep11qeCKHMH KOOPAHHaTaMH (} H </J. ,ll,sy­

MepHOe rrapaMeTpHqecKoe rrpocTpaHCTBO H306pa)KeHO Ha pHC. 15.18. 
B rrp11mwrre MO)KHO BBeCTH rrapaMeTphr u = 20 / 7r H v = <P /27r, TaK 

qTO o6naCThlO HHTerpHpOBaHHH 6yAeT eAHHHqHhlll KBaApaT, HO rrpH­

MOyronhHHK He MeHee yAo6eH AHH Bhrq11cneHHH. 

Hy~eBOHMepeAHaH 2Kr----,._ __ ......, 

_________ ....___ e 
Hy~eBOH MepeAHaH K /2 

P11c. 15.18 

IlepeHoc x, y z rrpH yKa3aHHOH rrapaMeTpH3aI1HH o: HMeeT BHA: 

o:*x = RsinOcos<jJ, o:*y = RsinOsin<jJ, a*z = RcosO. TorAa 

d'' dx = R cos(} cos <Pd(} - R sin(} sin <P d<jJ, 

o:* dy = R cos(} sin <Pd(} + R sin(} cos <P d<jJ. 
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CJie,n,oBaTeJihHO, 

a*T = a*(x2 + y2 + z 2 )(a*dx) A (a*dy) 

= R 2 (R2 sin() cos() cos2 ¢ d() A dcp - R 2 sin() cos() sin2 ¢ dcp Ad()) 

= R 4 sin() cos() d() A dcp. 

qT06hI rrpoBepHTh, qTo a coxpam:1eT opHeHTau;mo, IIOCMOTpHM Ha 

o6pa3bI ynopR,n,oqeHHOro MHO)KeCTBa BeKTOpOB ei H e2. 06pa3bI V1 

H v2 cooTBeTCTBYIOT opHeHTau;HH noJiyccl>ephI A, qTo noKa3aHo Ha 

pHC. 15.18. 
,II;JIR BhJqHcJieHHR 2-<PopMhI T Ha noJiyc<Pepe A MhI npocTo BhJqHc­

JIHM ,n,BoiiHoii HHTerpa.n J a*T = fo~6 J~:o R4 sin() cos() d() dcp = 7r R 4
. 

,II;JIR ,D,HCKa B y,n,o6Ho Bh16paTh napaMeTphI r2 = x 2 + y2 H yroJI ¢. 

qT06h1 ,LI,HCK B HMeJI npaBHJihHYIO opHeHTau;Hro, Bh1fo1paeM nopR,D,OK 

¢, r. CooTBeTCTByroiu;ee rrapaMeTpHqecKoe npocTpaHCTBO H3o6pa)Ke­

HO Ha pHc. 15.19. Tor,n,a o6pa3hI ei H e2 npaBHJihHO ynopR,n,oqeHhI 

,D,JIR opHeHTau;HH B npoTHB qacoBoii cTpeJIKH, ecJIH cMoTpeTh Ha ,D,HCK 

CHH3y, H no qacoBoii CTpeJIKe, eCJIH CMOTpeTh Ha Hero CBepxy. 

z r 

PHc. 15.19 

,II;JIR napaMeTpH3aD;HH /3 nepeHOC HMeeT BH,D,: /3*x = r cos¢, /3*y = 
rsin¢, f3*z = 0, cJie,n,oBaTeJihHO, /3*T = r 2(cos¢dr - rsin¢d¢) A 
(sin¢ dr + r cos¢ dcp) = r3 dr A d¢ = -r3 dcp A dr. TaKHM o6pa30M, 

3HaqeHHe T ,D,JIR opHeHTHpoBaHHoro ,D,HCKa B paBHO 

1R 12n 1 
-r3 dcpdr = --?rR4

. 
r=O ¢=0 2 
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Co6paB BMecTe pe3yJihTaTbI ,IJ;mr ,IJ;Byx 51qeeK Ha rpamni;e, MhI rrony-

r = r T + r T = 1rR4 - _217rR4 = !1rR4. 
lac }A JB 2 

Terreph BhiqMcJIMM fc dT. IlocKOJihKY T = (x2 + y2 + z 2) dx Ady, 
dT = 2z dz A dx A dy = 2z dx A dy A dz. Mbr rrapaMeTpM3yeM 

51qeliKy c' MCIIOJlh3Y51 c¢epHqeCKMe KOOp,IJ;MHaTbl r' ()' ¢. IlepeHOC, 

COOTBeTCTBYIOIIJ;HH ,IJ;aHHOH rrapaMeTpM3aIJ;MM: 'lj;*x = r sin() cos¢, 

'lj;*y = r sin() sin¢, 'If;* z = r cos(). Ilocne BbiqMcneHMH MhI rronyqaeM 

'lj;* ( dT) = 2r3 sin() x cos() dr A d() A dcp. ,Il;n51 HaxmK,IJ;eHM51 3Haqe­

HM51 dT Ha c MHTerpHpyeM no IIp51MOyroJihHOMY rrapanneJieIIHIIe,IJ;y B 

rrapaMeTpHqecKoM rrpocTpaHCTBe: 

1 1R 11r /2121r l 
dT = 2r3 sin() cos () dr d() dcp = -

2 
7r R4

. 
C r=O 0=0 ~=0 

,lJ;aBaHTe IIOKa)KeM KpaTKO, KaK MO)KHO MCIIOJlb30BaTh ao'K',a3a­

meA'bCm60 TeopeMbI CToKca, ITPMBe,IJ;eHttoe Bhrrne, qTo6hr ,IJ;aTh aJih­

TepHaTMBHOe onpeaeJte'HUe MHTerpMpOBaHM51 k-¢opMbI ITO k-MepHOMY 

ITO)l;MHOroo6pa3HIO. '.:ho aJibTepHaTHBHOe OITpe)l;eJieHMe 6y,IJ;eT COBIIa­

)l;aTb c OITpe,IJ;eJieHMeM MHTerpHpOBaHM51 ITO k-ri;eITH, KOTOpoe Mbl )l;aJIM 

B cnyqae, KOr,IJ;a ITO)l;MHO)KeCTBO 51BJI51eTC51 o6pa30M k-ri;eITM. IloTOM 

6onee ,IJ;eTaJibHO ITOKa)KeM, KaK )l;OKa3aTb, qTo MHTerpan ITO k-ri;eITM 

He 3aBMCMT OT cIToco6a pa3JIO)KeHM51 Ha 51qeliKM. C,IJ;enaeM 3To TaK 

)Ke, KaK y)Ke c,IJ;eJianM B KOHri;e ITpe,n;hr,IJ;yni;ero ITaparpa¢a ,D;JI51 c¢epbr. 

Ilpn: ITepBOM qTeHMH MaTepMaJI c 3TOro MeCTa M )l;O KOHIJ;a ITaparpa¢a 

MO)KHO OITYCTMTb. 

3anJiaTKH 

,Il;oKa3bIBa51 TeopeMy CToKca, MhI MCITOJih30BaJIM Ha6op cPYHKIJ;HH 

{ ¢1, ... ' <Pn}' ITpMqeM Ka)K,z:i;a51 M3 3TMX cPYHKIJ;MH HeITpepbIBHO ,D;McP­

¢epeHri;MpyeMa, HeOTpMIJ;aTeJibHa M 

¢1 + ... + <Pn = 1 B paccMaTpMBaeMOH o6JiaCTM ( CMMITJieKce). 

KpoMe Toro, Ka)K,IJ;a51 ¢YHKIJ;M51 </Ji 3a ITpe,n;enaMM rnapa Di o6pani;a­

eTc51 B HYJih. lllap Di BhI6paH TaK, qT06b1 BhIIIOJIH51JIMCh )KeJiaeMhre 
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CBoficTBa. (IIpn ,n;oKa3aTeJihCTBe TeopeMhI CToKca MhI xoTeJin, 'IT0-

6h1 c rroMOIIJ;hIO ,n;mpcpepemi;npyeMoro oTo6pa)KeHH51 rrepeceqeHne Di 
c CHMIIJieKCOM MOrJio 6hITb rrpeo6pa30BaHO B IIO,Il;MH0)K€CTBO Ky6a.) 

A Terreph BCIIOMHHM orrpe,n;eJieHne rro,n;MHoroo6pa3H51 M B rrpo­

CTpaHCTBe ~n. IIo,n;MHO)KeCTBO M B rrpocTpaHCTBe ~n Ha3hIBaJIOCh 

rro,n;MHOroo6pa3H€M pa3MepHOCTH k, eCJIH BOKpyr Ka)K,Il;Ofi TO'IKH p 
rro,n;Mttoroo6pa3H51 M MhI Mo)KeM HafiTn rnap D n ero ,n;ncpcpeoMop­

cpn3M J Ha OTKpbITOe IIO,Il;MH0)K€CTBO u B rrpocTpaHCTBe ~n' TaK 

'ITO J(D n M) = u n ~k' r,n;e ~k n,n;eHTHcpnu;npyeTC51 c k-MepHbIM 

rro,n;rrpocTpaHCTBOM rrpocTpaHCTBa ~n' 3a,n;aHHbIM ycJIOBHeM, 'ITO rro­

CJie,Il;HHe n - k KOOp,n;nHaT paBHbl Hymo. Ilpe,n;rroJIO)KHM, 'ITO Mbl MO­

)K€M rroKphITh rro,n;MHOroo6pa3ne M KOHe'IHhIM 'IHCJIOM TaKnx rna­

poB Di, ... , Dr. (9To Bcer,n;a MO)KHO c,n;eJiaTh B cJiyqae, ecJin M -
KOMIIaKTHOe, T. e. 3aMKHYTOe H orpaHH'I€HHOe IIO,Il;MHO)K€CTBO B rrpo­

CTpaHCTBe ~n.) Ha Ka)K,n;OM Di orrpe,n;eJieH CBO:H: ,n;ncpcpeoMopcpn3M Ji 
H 

9To IIO,Il;MHO)K€CTBO o6o3Ha'IHM wi. Tor,n;a 

6y,n;eT OTKpbITbIM IIO,Il;MHO)K€CTBOM rrpocTpaHCTBa ~k. ,Il,JI51 JII06oro 

rrepeKpbITH51 Din Dj Mbl MO)K€M paCCMOTpeTb orpaHH'I€HHe JIH6o Ji, 
JIH60 Jj. Il03TOMY fi(Di n Dj) €CTb OTKpbITOe IIO,Il;MHO)K€CTBO Ui H 

Jj (Di n Dj) - OTKpbITOe IIO,Il;MH0)K€CTBO Uj. Tor,n;a 

Ji 0 Jj-l OT06pa)KaeT Jj(Di n Dj) B fi(Di n Dj) 

H rrepeBO,Il;HT 

llTaK, Harna CHTyau;nR BhirJI51,Il;HT CJI€,Il;YIOIIJ;HM o6pa30M: Mbl IIOKpbIJIH 

M MH0)K€CTBaMH oi =Din M. IIycTb 9i o6o3HaqaeT orpaHH'I€HHe 

Ji Ha Oi. Tor,n;a 9i 6y,n;eT B3alIMHO-O,Il;H03Ha'IHbIM OT06pa)K€HHeM oi 
Ha OTKpblTOe IIO,Il;MHO)K€CTBO Wi B rrpOCTpaHCTBe ~k .12 

12 0rrncaHHblll Ha60p o6JiacTeil: oi c M, IIOKpbIBaIOIIIIIH MHOroo6pa311e M, 
BMecTe c ,!1;II<pcl>e0Mop<l>113MaMII 9i : oi -+ wi c Rk rrpIIHHTO Ha3b1BaTb amJtaCO.M 
icapm ,11;aHHoro (rJia,!l;l(oro) MHoroo6pa311sr. - IIpu.M. pea. 
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Pttc. 15.20 

,lJ;a.nee, oTo6pa)KeHHe 

,1.1,mpcpepem:wpyeMo H HMeeT ,1.1,ttcpcpepem:i;ttpyeMoe o6paTHoe, orrpe,1.1,e­

JieHHOe cpopMyJioii 9ji = 9j o gi1
. CM. pttc. 15.20. 

MbI MO)KeM Boo6pa3HTh, 'ITO MHoroo6pa3He M rroKphITO «3arrJiaT­

KaMH». 0To6pa)KeHH.H 9il rOBOp.HT, KaK Wi IIOKpbIBaIOT MHOroo6pa-

3He, a OT06pa)KeHH.H 9ij roBop.aT, KaK wi li Wj CIIIHBaIOTC.H BMeCTe. 

Ka)K,1.1,oe oTo6pa)KeHHe 9ij MO)KeT JIH6o coxpaH.HTh optteHTaIJ;HIO, JIH6o 

MeH.HTh ee Ha o6paTHyIO. ,lJ;orrycTHM, 'ITO B HaIIIeM cJiyqae Bee OT06-

pa)KeHH.H 9ij coxpaH.aIOT optteHTaii;mo13 . (C:ho orrpe,1.1,eJI.aeT «OpHeH­

TaIJ;HIO» Ha M. llHTYHTHBHO .acHo, 'ITO ecJIH M cB.a3Ho, TO Ha HeM 

cyIIJ;eCTBYIOT TOJihKO ,1.1,Be optteHTaIJ;HH.) IIycTh Terrepb Ha6op cpyHK-

11,Hit </>1, ... ' </>r 06Jia,1.1,aeT CBORCTBaMH: 

0 :S </>i :S 1, </>i = 0 BHe Di H </>1 + · · · + </>r = 1 Ha M. 

Terrepb ,IJ,JI.H Ka)K,1.1,oii k-cpopMhI w MhI MO)KeM HarrttcaTh 

W = </>1w + · · · + </>rw. 

13CJie,n;osaTeJihHO, MHoroo6pa3He M opHeHTHpyeMo. Bo3MO)KHOCTh Bb16opa aT­

Jiaca, .n;mr KOTOporo Bee OTo6pa)KeHH51 CKJieHKll 9ij coxpaH51IOT opHeHTa~HIO, Ii 
CCTb KpHTepHii. opHeHTHpyeMOCTll MHOroo6pa3Ii51. - llpUM. pea. 
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Bee cnaraeMbre crrpaBa o6parn;aIOTC5I B HYJih BHe rnapa Di. Tor,n;a 

MO)KHO 6bIJIO 6hr orrpe,n;emITb 

,Il;pyrHMH cnoBaMH, BMecTo pa3pe3aHH5I M Ha oT,n;enhHhre KYCKH, Mhr 

MO)KeM 3aITHCbIBaTh JII06yIO cpopMy B BH)l;e cyMMbl He60JiblIIHX Kyc­

KOB, Ka)K)l;bIH H3 KOTOpbIX IIOMern;aeTC5I BHYTPh O)l;HOH-e)l;HHCTBeHHOH 

KOOp)l;HHaTHOH 3arrJiaTKH Ha M. chy cpopMy MO)KHO HHTerpHpOBaTb 

rrocpe,n;cTBOM rrepeHoca Ha rro,n;MHO)KeCTBO rrpocTpaHCTBa Rk. IIoBTop­

Hoe rrpHMeHeHHe cpopMyJihl 3aMeHhl rrepeMeHHbIX IIOKa3hIBaeT, qTO 

3TO orrpe,n;eneHHe HHTerpana He 3aBHCHT OT Bbr6opa cpyHKIJ,HH </>i 
HJIH OT 3aITJiaTOK (T. e. OT BbI60pa Qi H 9i), HO 3aBHCHT OT BbI6opa 

opHeHTaIJ,HH M. ,Il;nR ,n;eTaJibHoro H3yqeHH5I aToro orrpe,n;eneHHR Mhr 

orrRTh OTChIJiaeM qHTaTeJIR K KHHre Loomis and Sternberg, Advanced 
Calculus, rnaBhI 9-12. 

15. 5. ,Il;IIcl>cl>epettu;IIaJibHbie cl>opMbI 

II KOrOMOJIOrIIII* 

,Il;JI5I rrpOH3BOJibHOro KOMIIJieKca, paCIIOJIO)KeHHOro B rrpocTpaH­

CTBe Rn, k-cpopMhI, KOTOphre MhI orrpe,n;eJIHJIH, 6y,n;yT 3apo,n;hIIIIaMH 

k-KOIJ,erre:H:, a )l;HcpcpepeHIJ;HaJibHbIH orrepaTop d COBMeCTHM c KOrpa­

HHqHbIM orrepaTopoM d. AHanorHqHo rro,n;rrpocTpaHCTBaM, KOTOpbre 

MhI orrpe,n;enHJIH qepe3 o6pa3 H R,n;po KorpaHHqHoro orrepaTopa, ce:H:­

qac Mbl MO)KeM IIOCTpOHTb rro,n;rrpocTpaHCTBa ( 6eCKOHeqHoMepHbIX) 

rrpocTpaHCTB fi(k) (Rn) c IIOMOIIl;bIO )l;HcpcpepeHIJ,HaJibHOro orrepaTO­

pad. 

EcnH k-cpopMa w y,n;oBJieTBOpReT ycnoBHIO dw = 0, oHa Ha3hrnaeT­

C5I 3a.M:11;'Hymou. TaKa5I k-cpopMa rrocne HHTerpHpoBaHHR rro 51qe:H:KaM 

CTaHOBHTC5I k-KOIJ,eIThIO w, y,n;oBJieTBOp5IIOrn;e:H: ycJIOBHIO dW = 0, H 

II03TOMY OHa rrprrna,n;Jie)KHT IlpOCTpaHCTBY k-KOllHKJIOB zk. ,Il;pyrHMH 

CJIOBaMH, 3a.M'K;'HymaR k-cpopMa 5IBJI5IeTC5I 3apO)l;bIIIIeM k-KOllHKJia. 

EcnH k-cpopMa w MO)KeT 6hrTh 3armcatta B mi:,n;e w = dr, TO oHa 

Ha3hrnaeTC5I mO"J,'HOU. B 3TOM cnyqae rrocne HHTerpHpoBaHHR r no 

*IlpH rrepBOM 'IT€HHH 3TOT rraparpa¢ MO)KHO orrycTHTb. 
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.wieil:KaM KOMITJieKca rronyqaeTcR ( k - 1 )-KOIJ;eITb T, a w rropo)K,z:i;aeT 

k-Kori;errb w, TaK qTo w = dT. Ilo3TOMY Kou;errb w Jie)KHT B rro,z:i;­

rrpocTpaHCTBe k-KorpaHn:u; Bk. ,IJJ>yrn:MH cnosaMn:, mo6a5I mo"l'HaJt, 

k-cpopMa 5IBJI5IeTC5I 3apO,IJ;bIIIIeM KOrpaHHIJ;bI. 

Mbr 3HaeM, qTo ,IJ;JIR mo6oro KOMrrneKca rrpocTpaHCTBO Bk RB­

JIReTCR rro,z:i;rrpocTpaHCTBOM zk. CoOTBeTCTBy101u;ee yTBep)K,ll;emre OT­

HOCHTeJibHO k-cpopM COCTOHT B TOM, qTO mo6a5I TOqHa5I k-cpopMa 

(3apo,z:i;hrIII ::ineMeHTa rrpocTpaHCTBa Bk) TaKlli:e 3aMKHyTa (3apo,z:i;brIII 

3JieMeHTa IIpOCTpaHCTBa zk). ,lJ;oKa3aTeJibCTBO oqeHb IIpOCTOe: eCJIH 

w ToqHaR, TO w = dT H rro::iToMy dw = d(dT) = 0. Cne,z:i;osaTeJibHO, w 
3aMKHyTa. 

,lJ;nR mo6oro KoMrrJieKca cpaKToprrpocTpaHCTBa (rrpocTpaHCTBa 

KOrOMOJIOrHil:) Hk = zk I Bk 3aBHC5IT JIHIIIb OT OCHOBHOro rrpocTpaH­

CTBa ll He 3aBHC5IT crroco6a ero pa3pe3aHH5I B KOMIIJieKC. Ilo3TO­

MY pa3yMHo O)lm,z:i;aTb, qTo rrpocTpaHCTBa Hk MO)KHO rronyqHTh, 

paccMaTpHBa5I ,IJ;HcpcpepeHIJ;HaJibHbie cpopMbI: OT 6ecKOHeqHoMepHoro 

rrpocTpaHCTBa 3aMKHYTbIX cpopM (dw = 0) MbI rrepeXO,IJ;HM K cpaKTOp­

rrpocTpaHCTBY ITO rrpocTpaHCTBY TOqHbIX cpopM ( w = dT). 06pa30-

BaBIIIHeC5I IIpOCTpaHCTBa orrpe,z:i;eJI5IIOT TaK Ha3bIBaeMhie 'IW?O.MOJ1,02UU 

ae Pa.Ma OCHOBHOrO rrpOCTpaHCTBa, Ha KOTOpOM orrpe,z:i;eJieHbI ,IJ;Hcp­

<PepeHIJ;HaJibHbie cpopMbr. 

,II;nR rrocTpoeHHR 6a3n:ca rrpocTpaHCTB Hk scrroMHHM, qTo ,IJ;JIR 

nro6oro KOMrrJieKca rrpocTpaHCTBO Hk ,IJ;yaJibHO roMonorn:qecKOMY 

rrpocTpaHCTBY Hk. Ilo::iToMy pa3yMHO O)KH,IJ;aTb, qTo 6a3HCHbIH ::ine­

MeHT ,IJ;JIR rrpocTpaHCTBa Hk 6y,z:i;eT orrpe,z:i;eJIRTbCR ero 3HaqeHH5IMH Ha 

k-u;errRx, KOTOpbre o6pa3yIOT 6a3HC Hk B nro6oM y,z:i;o6HoM KOMIIJieKce 

rrpOCTpaHCTBa. 

,II;asail:Te pacCMOTpHM HeCKOJibKO COBCeM rrpOCTbIX rrpn:MepOB ,ll;Jl5I 

HJIJIIOCTpau;HH 3THX a6cTpaKTHbIX paccy)K,ll;eHHH. 

Ilp11Mep IA. IlycTh ocHOBHoe rrpocTpaHCTBO - oTpe30K rrpRMOH 

(pHc. 15.21). B 3TOM rrpocTpaHCTBe rrocTpOHM 0-cpopMbI, KOTOpbre 

6y,z:i;yT ,IJ;Hcpcpepettu;HpyeMbIMH cpyHKIJ;H5IMH f (t), ll 1-cpopMbI, HMeID­

lIJ;He BH,IJ; W = g(t) dt. 

a, b t 

PHc. 15.21 
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B 3TOM cJiyqae 3aMKHJThie 0-cpopMhI - 3To rrocTOHHHhie cpyHK­

:u;:irn:, orrpe.n;emnoi:u;ne o.n;HoMepHoe rro.n;rrpocTpaHCTBO. To'IHhIX 0-cpopM 

He 6hrnaeT, rro3TOMY cpaKToprrpocTpaHCTBO H 0 3aMKHJThIX 0-cpopM 

no TO'IHbIM O,Il;HOMepHO. TaK OTpa.)KaeTCR TOT cpaKT, 'ITO KOMIIJieKC, 

rroJiy'IeHHhIH H3 oTpe3Ka, Bcer.n;a CB.R3e'H H HMeeT dim H 0 = 1. 
IlpH paCCMOTpeHHH 1-cpopM Mbl o6Hapy)KHBaeM, 'ITO Ka_)K.n;aR 

1-cpopMa TO'IHaR: ,Il;JIR 3a.n;aHHOH w = g(t) dt Mbl o6pa3yeM rrepBO­

o6pa3HJIO cpyHKIJ;HIO G(t) = J g(t) dt TaKJIO, 'ITO w = dG. CJie.n;o­

BaTeJihHO, B 3TOM cJiyqae rrpocTpaHCTBO H 1 nMeeT HyJieBy10 pa3Mep­

HOCTh. 

Ilp:uMep lB. IlycTb OCHOBHOe rrpocTpaHCTBO COCTOHT H3 ,Il;Byx Herre­

peceKaIOI:u;HXCR oTpe3KOB rrpRMOit (pnc. 15.22). B 3TOM cJiyqae rrpo­

CTpaHCTBO H 0 = z0 ,Il;ByMepHoe: OHO COCTOHT H3 cpyHKIJ;Hll, KOTOpbie 

HMeeT O,Il;HO IIOCTORHHOe 3Ha'IeHne Ha 0Tpe3Ke [a, b] H .n;pyroe, MO­

)KeT 6bITb OTJIH'IHOe OT rrepBoro, IIOCT05IHHOe 3Ha'IeHne Ha 0Tpe3Ke 

[c, d]. 8TO OTpa_)KaeT TOT cpaKT, 'ITO KOMIIJieKC, IIOCTpOeHHbIH Ha 3TOM 

rrpocTpaHCTBe, 6y.n;eT HMeTb .n;Be CB5I3HblX KOMIIOHeHTbl. 

b c d 

Pnc. 15.22 

B o6i:u;eM cJiy'Iae rrpn JII06on pa3MepHOCTH ocHOBHoro rrpocTpaH­

CTBa 3aMKHJTbie 0-cpopMbl 6y.n;yT cpyHKIJ;HRMH, rrpHHHMaIOI:u;HMH no­

CTORHHOe 3Ha'IeHHe Ha Ka)K,Il;Oil: CB5I3HOil: KOMIIOHeHTe. 0HH 6y.n;yT o6-

pa30BhIBaTh rrpocTpaHcTBO H 0 = zo c pa3MepHOCThIO, paBHoil: qncJiy 

CBR3HbIX KOMIIOHeHT B OCHOBHOM rrpOCTpaHCTBe. c 3TOro MOMeHTa H 

,Il;aJihIIIe Mbl 6y.n;eM paccMaTpnBaTh TOJibKO CB5I3Hbie rrpocTpaHCTBa, H 

HaM He HY)KHO 6y.n;eT B03Bpai:u;aTbCR K rrpocTpaHCTBY H 0 . 

IIp:uMep 2A. OcHOBHoe rrpocTpaHCTBO - rrpRMoyroJihHHK Ha rrJIOC­

KOCTH (pnc. 15.23). 8To rrpocTpaHCTBO CBR3HO, rro3TOMY H 0 o.n;HoMep­

HO. lfayqa51 1-cpopMhI 3aMeTnM, 'ITO JI106aR 1-cpopMa w TO'IHaR. Mb1 

,Il;OKa3aJIH 3TO, paccMaTpHBa.H KpHBOJIHHeil:Hhie HHTerpaJibI. Ilo3TOMY 

rrpocTpaHCTBO H 1 
nMeeT HyJieByIO pa3MepHOCTh. 

PaccMOTpeB Terrepb 2-cpopMhI, 3aMe'IaeM, 'ITO Ka_)K,n,aR 2-cpopMa 

TO'IHaR. 06i:u;nil: BH,II; 2-cpopMbl - 3TO T = J(x, y) dx Ady. 06pa3yeM 
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·~]} 

~T 

Pnc. 15.23 

cPYHKIJ,MIO 

F(x, y) =fox J(t, y) dt TaKyro, qTQ 
8F 
ox = J(x,y). 

Tor,IJ;a 

d(Fdy) = f(x, y) dx /\ dy = T. 

0TCIO,IJ;a cne,IJ;yeT, qTo H 2 MMeeT HyneByIO pa3MepHOCTh. 

IlpHMep 2B. IlycTh OIUITh OCHOBHOe rrpOCTpaHCTBO 6y,n;eT rrpHMO­

yrOJihHIIKOM Ha IIJIOCKOCTM, HO c O,IJ;HOH BhlKMHYTOH TOqKoH - Haqa­

JIOM KOOp,IJ;MHaT (pIIc. 15.24). M Ha 3TOT pa3 rrpocTpaHCTBO H 0 O,IJ;HO­

MepHo, rroToMy 'ITO ocHOBHOe rrpocTpaHCTBo CBH3HO. A rrpocTpaHCTBO 

H 2 MMeeT HyJieByro pa3MepHOCTh, rroToMy 'ITO Ka:>K,IJ;aH 2-Q:>opMa Toq­

HM. 0,IJ;HaKo, ecJIM Mhl paCCMOTpllM 1-Q:>opMhI, TO IIOHBIITCH HOBOe HB­

JieHne: Terreph cyru;ecTBYIOT 3aMKHYThie 1-Q:>opMhI, KOTOphie He 6y,IJ;yT 

TO'IHhIMM. TaK 'ITO B aToM cnyqae rrpocTpaHCTBO H 1 HeTpMBMaJihHO. 

•0 

Pnc. 15.24 Pnc. 15.25 

qT06hr rronyqnTh 6a3IIC rrpocTpaHCTBa H 1 , cHa'Iana paccMoTpIIM 

upocTpaHCTBO roMonorIIii H 1 ,IJ;JIH 2-KOMIIJieKca, rrocTpoeHHoro Ha 

3TOM rrpOCTpaHCTBe (cM. pnc. 15.25). IlocKOJlhKY Haqano KOOp,IJ;II­

ttaT He rrpIIHa,IJ;Jie:>KMT rrpocTpaHCTBy, TO B KOMIIJieKce He MO)KeT 6bITh 
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aqe:tiKH, BKJIIO'larorn;eti: Ha'laJIO. B pe3yJihTaTe IJ,HKJI Tnrra a + f3 + 'Y, 
oKpy)Karorn;nti: Ha'laJIO Koop,n;nHaT, He MO)KeT 6hITh rpaHnIJ,eti:. KJiacc 

3KBllBaJieHTHOCTll TaKoro 11,llKJia ( 110 MO,IJ;yJIIO rrpOCTpaHCTBa rpaHHIJ, 

B1) o6pa3yeT 6a3nc o,n;HoMepHoro rrpocTpaHCTBa H1. ,Il;na Toro )Ke 

KOMIIJieKca rrpocTpaHCTBO KoroMonornti: H 1 ,IJ;yaJihHO H1. Ero 6a3nc­

HhIH 3JieMeHT 6y,n;eT KJiaCCOM 3KBHBaJieHTHOCTll 1-KOIJ,HKJia w, KOTO­

pbIH 'He RBJIReTcR 1w2pa'Huu,eu. ITocKOJihKY H 1 ,n;yaJihHO H 1 , MhI O)Kll­

,n;aeM, 'ITO w rrpHHHMaeT q:mKCHpOBaHHOe HeHyJieBoe 3Ha'leHne ,IJ;JIR 

nro6oro IJ,HKJia Tnrra a + f3 + 'Y, o6xo,n;arn;ero Ha'laJIO o,n;nH pa3 rrpoTHB 

qacOBOH CTpeJIKll. qT06bI IIOJIY'IHTb 6a3HC ,IJ;JIR rrpocTpaHCTBa KOro­

MOJiornti: ,n;e PaMa H 1 , MhI ,n;oJI)KHhI Hati:TH 3apo,n;hIIII KOIJ,HKJia ,IJ;JIR W: 
3aMKHYTYIO 1-cpopMy wo c cpHKCllpOBaHHbIM HeHyJieBbIM 3Ha'leHHeM 

,n;na nro6oti: KpnBoti:, OKpy)Karorn;eti: Ha'laJIO o,n;nH pa3. TaKyIO 1-cpopMy 

MO)KHO IIOJIY'IHTh, paCCMOTpeB cpyHKIJ,llIO 0 = arctan(y/x), KOTOpaR 

orrpe,n;eJieHa Be3,n;e, KpOMe Ha'laJia KOOp,IJ;HHaT, H KOTOpaR MO)KeT 6hITb 

c,n;eJiaHa HerrpepbIBHOH Be3,n;e, KpOMe O,IJ;HOH rrpRMOH, BbIXO,IJ;Rrn;eti: H3 

Ha'laJia KOop,n;nHaT ( o6hI'IHO 3TO OCb x B OTpHIJ,aTeJibHOM HarrpaBJie­

HHll, TaK 'ITO -Jr < e :s: 7r). Tor,n;a HaIIHIIIeM ,n;ncpcpepeHIJ,llaJI 

wo = de = x dy - Y dx 
x2 +y2 

9Ta 1-cpopMa orrpe,n;eJieHa n HerrpephrnHa Be3,n;e, KpoMe Ha'laJia KO­

op,n;nHaT. KpoMe Toro, oHa 3aMKHyTaa: dwo = 0, 'ITO MO)KHO rrpo­

BepnTh rrpRMbIM BbI'lllCJieHneM. c ,n;pyroti: CTOpOHhI, OHa He TO'IHaR: 

HeT TaKOH HerrpepbIBHOH cpyHKIJ,llll f ( x' y)' 'IT06hI wo = df. ,Il;JIR JII0-

6oti: KpllBOH a, o6xo,n;arn;eti: Ha'laJIO KOOp,IJ;HHaT n pa3 rrpOTHB qacOBOH 

CTpeJIKH, Mbl HMeeM 

i wo = 27rn. 

11o3TOMY 6a3HCOM rrpocTpaHCTBa H 1 RBJIReTCR KJiacc 3KBHBaJieHT­

HOCTH 
_ xdy-ydx 
WO= 2 2 + dg, 

x +y 

r,n;e g(x, y) - nro6aa ,n;ncpcpepeHIJ,npyeMaR cpyHKIJ,HR. 

IlpHMep 3A. IlyCTb OCHOBHOe rrpocTpaHCTBO - rrpRMoyroJibHbIH rra­

PaJIJieJierrnrre,n; B rrpocTpaHCTBe JR.3 (pnc. 15.26). Be3 ,n;oKa3aTeJihCTBa 
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PHc. 15.26 

H 0 
o,n;HoMepHo ( CB.H3Ha.H o6JiaCTh); 

H 1 = {O} (KaM,n;a.H 3aMKHYTa.H 1-<l>opMa TO'!Ha); 

H 2 = {O} (Ka)l(,Il;a.H 3aMKHYTa.H 2-<l>opMa TO'!Ha); 

H 3 = {O} (KaM,Il;a.H 3-<l>opMa TO'!Ha). 

9TH pe3yJibTaTbI ,Il;JI.H rrpocTpaHCTB H 1 , H 2 , H 3 .HBJI.HJOTC.H cJie,n;­

CTBH.HMH o6IIJ,efi TeopeMbl, H3BeCTHOH KaK .fl,e.M,.M,a Jiya'/-1,-x;ape. fpy6o 

roBop.H, JieMMa YTBepM,n;aeT, 'ITO Ha JIJ06oM npocTpaHCTBe, KOTopoe 

MOMHO HerrpepbIBHO CT.HHYTb B TO'IKy, BCe 3aMKHYTbie .zw<t><t>epemw­

aJibHbie <t>opMbI TO'IHbie. MHTepeCHhie cJiy'laH B03HHKaJOT, ecJIH rrpo­

cTpaHCTBO HMeeT «,Il;blpKH» H II03TOMY ero HeJib3.H CT.HHYTb B TO'IKy. 

KoHe'IHO, B 3THX CJIY'la.HX cyIIJ,eCTBYJOT IJ;HKJibI, He .HBJI.HJOIIJ,Hec.H rpa­

HHD;aMH, H rro3TOMY ,n;yaJihHbie rrpocTpaHCTBa H1 , H2, ... ttettyJieBbie. 

IlpHMep 3B. IlycTb OCHOBHOe rrpocTpaHCTBO OII.HTb 6y,n;eT rrp.HMO­

yroJibHbIM rrapaJIJieJieIIHIIe,n;oM B rrpocTpaHCTBe JR.3 , HO Ha 3TOT pa3 

BhIKHHyTo Ha'laJIO Koop,ri;HttaT. Pe3yJihTaThI ,Il;JI.H H 0 , H 1 H H 3 He Me­

H.HJOTc.H. 0,n;HaKo Terreph rrpocTpaHCTBO H 2 o,n;HoMepHo. ,Ll;H<l><t>epeH­

u;naJihHa.H <t>opMa 

x dy /\ dz + y dz /\ dx + z dx /\ dy 
TO= 

(x2 + y2 + z2)3/2 
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orrpe,n;eJieHa Be3,n;e, KpoMe HaqaJia Koop,n;irnaT. 0Ha 3aMKHyTa, qTo 

MO)KHO rrpoBepHTh, rrpo,n;eJiaB rpOM03,Il;KHe BbPIHCJieHH51. 0,n;HaKO, 

fs ro = 47r ,IJ;JI51 mo6o:H 3aMKHyTo:H rroBepxHocTH S, 0Kpy)Ka10ru;e:H 

HaqaJio Koop,n,nHaT. KoHeqHo, TaKa51 rroBepxHOCTh 51BJI51eTC51 11,HKJIOM, 

HO He rpaHHll,e:H. He y,n;HBHTeJihHO, qTo oHa rrpnHa,n;Jie)KHT KJiaccy 

3KBHBaJieHTHOCTH, KOTopbIH .n;yMeH H 2 • 

IlpHMep 3C. IlycTb OCHOBHOe rrpOCTpaHCTBO 6y,n,eT rrp51MOyrOJibHblM 

rrapMJieJierrnrre,n;oM B rrpocTpaHCTBe JR3 , H3 KOToporo BhIKHHyTa och 

z. B 3TOM cJiyqae H 1 o,n;HoMepHo, Hero 6a3nc 

_ xdy-ydx 
WQ = 2 2 + dg. 

x +y 

Ilpn 3TOM rrpocTpaHCTBO H 2 HMeeT HyJieByIO pa3MepHOCTh. 

IlpHMep 3D. IlyCTb OCHOBHOe rrpOCTpaHCTBO - IIOBepXHOCTb Topa, 

pacrroJIO)KeHHOro B rrpocTpaHCTBe JR3 (cM. pnc. 15.27). B 3TOM cJiyqae 

H 1 ,n;ByMepHo. 0,n;HH H3 ero 6a3HCHh1x 3JieMeHTOB HMeeT BH,n; 

_ xdy-ydx 
WQ = 2 2 + dg, 

x +y 

H orrpe,n;eJI51eT, CKOJibKO pa3 3aMKHyTa51 KpHBa51 o6XO,[l,HT OCb z. ,I.:Wy­

ro:H 6a3HCHbIH 3JieMeHT 

__ ( R - 1) dz - z dR d 
W1 - z2 + (R- 1)2 + g, 

3HaqeHHe 3TOH <l>opMbl Ha JII06o:H 3aMKHYTOH KpHBOH orrpe,n;emreT 

CKOJibKO pa3 KpHBa51 rrpo:H,n;eT no OKpy)KHOCTH e,n;HHHqHoro pa,n;ny­

ca B rrJIOCKOCTH xy. TaKHM o6pa30M, 6a3HCHhie 3JieMeHThI wo H w1 

,ll,yaJibHbl ,Il;BYM THrraM 11,HKJIOB ,IJ;JI51 JII06oro KOMrrJieKca Ha Tope. 

z 

y 

x 

Pnc. 15.27 



15.5. ,Il;mp<i>epeHIWa.JibHhie ci>opMbl H KOrDMOJIOrHH 799 

A ceifqac MhI ,1.1;0Ka:lli:eM JieMMY IlyaHKape, qT06h1 o6ocHOBaTb 

yTBep)K,Il;eHHR, c,1.1;eJiaHHb1e B 3THX rrpnMepax. Mb1 rroJiyqMM ToqHhiii 

pen;erIT, KaK CTpOHTb (k - 1)-cpopMy </>, 06Jia,1.1;a10rn;y10 CBOHCTBOM 

d</> = w, r,1.1;e w - 3a,IJ,aHHa:R 3aMKHyTaR k-cpopMa. JleMMa 6y,1.1;eT ,1.1;0-

Ka3aHa ,ll;JIR CJiyqa:R, Kor,1.1;a w orrpe,1.1;eJieHa Ha OTKpbITOM MHO)K€CTBe B 

rrpocTpaHCTBe ]Rn' 06Jia,D,aIOlll;HM TeM CBOHCTBOM, qTo KR)K,ll;a51 TOqKa 

MHO)KeCTBa M0)K€T 6hITb COe,ll;MHeHa c HaqaJioM KOOp,ll;MHaT 0Tpe3KOM 

rrpRMoii, n;eJIHKOM rrpHHa,1.1;Jie)Kalll;MM MHO)KeCTBy. TaKoe MHO)KeCTBO 

Ha3hrnaeTcR 3ee3att'btM. Ilo3,1.1;Hee MhI o6o6rn;MM ,1.1;0Ka3aTeJihCTBo Ha 

CJiyqaif MHO)K€CTBa, KOTOpoe c IIOMOlll;bIO rJia,D,KOrO OT06pa:)KeHH51 

MO)KeT 6bITh B3aMMHO-O,ll;H03HaqHo rrpeo6pa3oBaHo K 3B€3,ll;HOMy. Ha 

pMC. 15.28 IIOKa3aHbl rrpMMepbI TaKHX MHO)KeCTB. 

,ll;JIR ,1.1;aHHOH 3Be3,ll;HOH o6JiaCTH Q c KOOp,ll;MHaTaMH x
1

' ... 'xn Mbl 

MO)KeM IIOCTpOHTb 0Tpe30K rrpRMOii, C0€,ll;HH51IOlll;HH HaqaJIO KOOp,ll;H­

HaT c rrpOH3BOJibHOH TOqKoii p. IloCKOJlbKY Q 3Be3,ll;Ha, TO 3TOT 0Tpe-

30K n;eJIMKOM Jie)KMT B o6JiaCTH Q. Orrpe,1.1;eJIMM cpyHKD;MIO /3, KOTopaR 

,ll;JIR KR)K,ll;Oii ToqKH p oTo6pa)KaeT [O, 1] B 3TOT oTpe3oK. TaKMM o6pa-

30M, eCJIH TOqKa p HMeeT KOOp,ll;MHaTbl x
1

' ..• 'xn' TO rrpRMOJIHHeiiHhIH 

oTpe3oK 3a,1.1;aeTCR rrapaMeTpMqecKH cpopMyJioii 

O:St:Sl. 

EcJIM BocrroJih30BaTbCR TepMMHOJiorMeii rrepeHoca, TO MhI MMeeM 

/3* ( u 1
) = tx1 

M T. ,1.1;. 

a) 6) B) r) 

Pnc. 15.28. a) 3Be3,ll;HOCTh OTHOCHTeJihHO TOqKH 0 (Ho He ToqKH p). 
6) BHyTpn o6JiaCTM ,ll;hipKa, rroaToMy HeT 3B€3,ll;HOCTM OTHOCMTeJibHO 

KaKOH-JIM6o TO'IKH. B) 06JiaCTb Ha IIOBepXHOCTH ccpepbl He 3Be3,ll;­

Ha, HO 3TO o6pa3 3Be3,ll;HOH o6JiaCTH. r) IloBepXHOCTb BCero Topa He 

51BJI51eTC51 o6pa30M HHKaKoii 3Be3,ll;HOH o6JiaCTH 
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JI106rur cPYHKn;:m1 g' orrpe.n;eJieHHruI B o6JiaCTH Q' c IIOMOIIJ;bIO 11e­
peHOCa Mo:>KeT 6bITh rrpeo6pa30BaHa K o6JiaCTH Q x [O, 1]. HarrpH­

Mep, cPYHKIJ;HH g(u1, ... , un) B pe3yJihTaTe rrepeHoca rrpeo6pa3yeTCH 

B cPYHKIJ;HIO (3* g = g( tx1 ' ... 'txn). Ilo cyrn;ecTBy, 3TO 3HaqHT, qTO 

(3* g HBJIHeTCH cPYHKIJ;HeH p = ( x 1' ... 'xn) H t; rrpH H3MeHeHHH t OT 

0 .n;o 1 oHa rrpo6eraeT 3HaqeHHH g B,ll;OJih OTpe3Ka, coe.n;HHHIOIIJ;ero 

p c HaqaJioM Koop.n;HHaT. KoHeqHo, ecJIH p MeHHeTcH, TO 3HaqeHHH 

g 6epyTCH B,ll;OJih .n;pyroro rrpHMOJIHHeliHoro oTpe3Ka. BHHMaTeJibHO 

IIOCMOTPHTe Ha pHC. 15.29, qT06bI OC03HaTh CMhICJI f3*g. 

t=O 
0 

( 1 n) t=l X,···,X 

PHc. 15.29 

(£1, ... ,xn) 

t=l 

CorJiacHo 06h1qHhIM rrpaBJrnaM, MhI MO)KeM rrpo.n;eJiaTh rrepeHoc c 

JII060H 6a3HCHOH 1-ci>opMOH JII06o:li k-<PopMbl: 

IlpOH3BOJibHruI k-<PopMa w, orrpe.n;eJieHHruI Ha Q, MO)KeT 6hITb 3aIIH­

caHa B Koop.n;HHaTax u 1, ... , un: 

w = L aii, ... ,ik ( ul' ... 'un) duii /\ ... /\ duik. 
ii <···<ik 

Ilpo.n;eJiaB rrepeHOC c TaKoif <PopMOH, IIOJiyqHM 

(3*w= L aii, ... ,ik(tx1, ... ,txn) 
ii <·:-<ik 
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9Ta k-<PopMa (3* w .HBJUieTC.H cyMMOM qJieHOB BH,11.a 

HJIH 

72(t) = B(t, x1 , ... , xn) dt f\ dxi1 f\ · · · f\ dxik- 1. 

Orrpe,11.eJIHM JIHHeitHhIM orrepaTop L, ,11.eitCTByro11wit Ha 3Tli <PopMhI 

CJie,11.YIOIIWM o6p830M: 

£71 = 0, 

£72 = (fo1 
B(t, x1, ... , xn) dt) dxi1 f\. · · f\ dxik-1. 

9TOT orrepaTOp o6Jia,11.aeT 3aMeqaTeJihHhIMli CBOMCTBaMH: 

dL71 + Ld71 = 71(1) - 71(0), 

dL72 + Ld72 = 0. 

0HH ,11.0K83hIBaIOTC.H rrp.HMhIM Bhl'IHCJieHHeM. 

Ha'!HeM c 71. KoHe'IHO, dL71 = 0. KpoMe Toro, 

IJ03TOMY 

f 1 (8A . . ) Ld71 = lo 8t dxi1 f\ · · · f\ dxik dt 

= (A(l,x1 , ... ,xn) - A(O,x1 , ... , xn)) dxi1 f\ · · · f\ dxik. 

KOTopoe He 3aBHCHT OT t. BhI'IliCJI.HR dL72, MhI ,11.HcPcPepemi,HpyeM II0,11. 

3HaKOM liHTerpana If i.IOJiy'IaeM 

~ ( f 1 
oB ) . . . dL72 = L....t lo oxJ dt dxJ f\ dxi1 f\ ... f\ dxik-1. 

J=l 
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c .n;pyroii CTOpoHbI, 

llJlll 

~ ( {
1 

8B ) · · · Ldr2 = - ~ Jo axj dt d:d /\ dxi1 /\ ... /\ dxik-1, 
J=l 

OTKy.n;a cne.n;yeT, qTo dLr2 + Ldr2 = 0. 
IfraK, ecJIH MbI paccMoTpHM dL(f3*w) + Ld(f3*w), TO MOMHO Hr­

HOpttpoBaTh Bee qJieHbl BH,LJ;a T2, co.n;epMallllle MHOMHTeJib dt. ,Il;JIH 

BCex k > 0 Mbl HMeeM r1 (0) = 0, IIOCKOJibKY MHOMHTeJib t CTOHT rrpll 

KaM.n;oM dxi. IIonoMHB t = 1, MhI rronyqaeM 

dL(j3*w) + Ldj3*w = L ai1 ••• ik (x1, ... , xn) dxi1 /\ · · · /\ dxik = w. 
ii <-·-<ik 

0.n;HaKO HaM ll3BeCTHO, qTo df3*w = /3*dw, II03TOMY 

dL/3*w + Lf3*dw = w. 

TaKHM o6pa30M, orrepaTop S = L(J* y.n;osneTBOpHeT TOM.n;ecTBY 

dSw+Sdw =w. 

EcnH w 3aMKHyTa, T. e. dw = 0, TO 

dSw =w. 

HTaK, MhI .n;oKa3aJIH, qTo w TOqHaH. 

,II;o cttx rrop MbI rrpe.n;rronaranM, qTo w orrpe.n;eJieHa B 3Be3,LJ;HO:ii 

o6nacTH Q. Cell:qac .n;asall:Te pacrrpocTpaHHM Harne .n;oKa3aTeJihCTBO 

Ha cnyqall:, Kor.n;a w orrpe.n;eneHa s o6nacTH '1!( Q), KOTopaH HBJIHeT­

CH o6pa30M 3Be3,LJ;HOH o6naCTH rrpH rna.n;KOM B3aHMHO-O,LJ;H03HaqHOM 
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oTo6paMemm W. Ecmr w 3aMKHyTa, TO \[J*w ToMe 3aMKHyTa, rroToMy 

'ITO dw*w = \[J*dw = 0. Ilo9TOMY MOMHO HaIIHCaTh \[J*w = d(Sw*w). 
IIocKOJihKY \[! o6paTHMa5I, TO MOMHO rrpHMeHHTh 06paTHh1ii: rrepettoc 

(W*)-l Ii IIOJIY'IHTb 

w = (w*)d(Sw*w) HJIH w = (w*)-1Sw*w . 

.YlTaK, ,n;JI5I <PopMbI w, orrpe,n;eJiettttoii: B o6JiaCTII D, MhI HMeeM ce­

Meii:CTBO tteorrpe,n;eJieHHhIX HHTerpaJioB (w*)-1 Sw*w, cooTBeTcTBYIO­

ni;Hx pa3JIH'IHbIM crroco6aM BbipaMeHH5I D B Ka'leCTBe o6pa3a 3Be3,n;­

ttoii: o6JiaCTH: D = w(Q). EcTb Ii ,n;pyroii: B3rJI5I,Il; Ha 9TY CHTyaii;mo. 

B o6JiaCTH D MhI MOMeM BBeCTH pa3JIH'IHh1e cHcTeMhI Koop,n;HttaT, 

TaK 'IT06b1 o6nacTh B 1wopdu'/iam'lio.M npocmpa'licmee, oTo6pa)KaeMa5I 

B D, 6brna 3Be3,n;ttoii:. Tor,n;a orrepaTop (w*)-1Sw* cooTBeTCTByeT HH­

TerpHpoBaHHIO B,Il;OJib 1Ip5IMblX JUiHHH B KOOp,Il;HHaTHOM rrpocTpaHCT­

Be. EcJIH, ttarrpHMep, D - rroBepxHOCTh MeKCHKattcKoro 3aJIHBa, TO 

Mbl rronyqaeM s' MHTerpHpy5I B,Il;OJib IIp5IMblX JIHHHH, coe,n;HH5IIOIIJ;HX 

TO'IKH o6JiaCTH D c ii;ettTpOM 3eMJIH ( HJIH c ,n;pyrHM Ha'laJIOM KO­

op,n;1rnaT). BBe,n;5I c<PepH'IecKHe Koop,n;HHaThI, MhI rrocTpOHM ,n;pyroii: 

tteorrpe,n;eJieHHb1ii: HHTerpaJI (w*)-1Sw*, Kor,n;a Ka)K,n;a5I TO'IKa 3aJIHBa 

coe,n;HH5IeTC5I c Ha'laJIOM KOOp,Il;IIHaT JIHH:Meii:, rrpe,n;cTaBJI5IeMOH rrp5I­

MOH Ha KapTe c rrpoeKIJ;Heii: MepKaTopa. 

,Il;aBaii:Te c<PopMyJIHpyeM rrpoii;e,n;ypy rronyqeHII5I Heorrpe,n;eJieHHO­

ro HHTerpaJia OT ,Il;HcPcPepeHIJ;MaJibHOH <PopMbl 

w = L ai1 ... ik (x1 , ... , xn)dxii /\ · · · /\ dxik. 
ii <··-<ik 

ll1a2 1. IIocTpoHM rrepettoc f3*w, c,n;eJiaB 3aMetty xi --t txi B apryMeH­

Tax Bcex cPYHKIJ;HH TaK, 'IT06hI 

H 3aMeHHB 

ll1a2 2. Bb16pocHM Bee qnettbI, B KOTOpbie He BXO,Il;HT dt. Bo Bcex 

OCTaIOIIJ;HXC5I qJieHax dt C,Il;BHraeM BJieBO, BHHMaTeJibHO cne,n;5I 3a 3Ha­

KaMH. 
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llia2 3. 06parn;aeMC.H c dt KaK B o6bI'IHOM HHTerpaJI:e H HHTerpHpyeM 

ITO t OT 0 ,n;o 1. ::ha rrpou;e,n;ypa B .HBHOM BH,Il;e IIOK83aHa Ha CJie,n;yrorn;Hx 

rrpHMepax. 

IIp:uMep 1. w = y 2 dx + 2xy dy ( 3aMKHYTa.H 1-<i>opMa). 

llia2 1. f3*w = t2y2(xdt + tdx) + 2t2xy(ydt + tdy). 
llia2 2. f3*w = (t2xy2 + 2t2xy2 ) dt + ,n;pyme qJieHhI. 

llia2 3. Sw = xy2 J; 3t2dt = xy2. 
Ilpoeep1w. d(xy2) = y2 dx + 2xy dy. 

IIp:uMep 2. w = sinxdx Ady. 
llia2 1. /3*w = sin(tx)(x dt + t dx) A (y dt + t dy). 
llia2 2. /3*w = xt sin tx dt Ady - yt sin tx dt A dx + 'IJieHhI, He co,n;ep­

:>Karn;He dt. 
llia2 3. 

Sw = (xdy-ydx) fo1 

tsintxdt 

( d d ) (
sinx - xcosx) = x y-y x 2 

x 

= ( sinx -xxcosx) dy -y ( sinx ~:cosx) dx 

HJIH 

S d (
xcosx - sinx) d sinx d w = -cosx y+y 2 x+-- y. 

x x 

0TB€T OTJIH'laeTC5I OT «O'IeBH,Il;HOH» rrepBoo6pa3HOH - cos x dy Ha 

TO'IHYIO 1-<i>opMy 

d (
y . ) xcosx - sinx d sinx d 
- sm x = 

2 
y x + -- y. 

x x x 

IIp:uMep 3. (3*w = (y2 - x 2 )zdx Ady+ (x2 
- z2 )ydz A dx + (z2 -

y2 )xdy A dz. 
llia2 1. 

f3*w = t 3 (y2 
- x2)z(x dt + t dx) A (y dt + t dy) 

+ t 3 (x2 
- z2 )y(z dt + t dz) A (x dt + t dx) 

+ t 3 (z2 
- y2 )x(y dt + t dy) A (z dt + t dz). 



IIIaz 2. 

IIIaz 3. 

Pe310Me 

(3*w = t 4(-(y2 
- x 2 )zy + (x2 

- z 2 )yz) dt /\ dx 

+ ((y2 
- x 2 )zx - (z2 

- y2 )xz) dt /\ dy 

+ (-(x2 
- z2 )yx + (z2 

- y2 )xy) dt /\dz 

+ qJiettb1, He co,n;ep)Kall1He dt. 

Sw = fo1 

t4 dt(2x2yz - y3 z - yz3
) dx 

+ (2y2zx - x 3 z - xz33) dy + (2z2xy - xy3 - x 3y) dz 

HJIH 

805 

Mbl TOJibKO qTo IIOK83aJIH, qTQ 51,IJ;pO s : nk --t nk- l 51BJI51eTC51 

rro,n;rrpocTpaHCTBOM o6p83a s : nk+l --t nk. Ha caMOM ,n;eJie 3TO 

Beeb o6p83. Ilpe,n;rroJIO)KHM, HarrpHMep, qTQ k-cpopMa y,n;OBJieTBOp51eT 

ycJIOBHIO Sw = 0. Tor,n;a, rrocKOJibKY w = Sdw + dSw, Mbl 3HaeM, qTo 

w = Sdw, T. e. qTo w 51BJI51eTC51 o6p830M s. l-haK, Sw = 0 mozaa u 
mO.!lib'IW mozaa, '/Co2aa W = 8 rj> a./l,JI, '/-le'ICOmopozo rj>. 

Pe3IOMe 

A. BHelIIH.H.H a.Tire6pa 11 ,n;mp<f>epemJ;Ha.TihHOe 11cq11cJieH11e 

Bbl ,IJ;OJI)KHbl yMeTb orrpe,n;eJIRTb rrpocTpattcTBa Ak(V*) ,IJ;JIR rrpoH3-

BOJibHOro n-Mepttoro rrpocTpaHCTBa v H 3aIIHCbIBaTb 683HC ,IJ;J151 Ka)K­

,n;oro H3 HHX. 

Heo6xo,n;HMO 3HaTb H yMeTb rrpHMeHRTb cBoiiCTBa orrepaTopa d 
,IJ;JI51 ,IJ;HcpcpepeHIJ;HaJibHblX cpopM rrpOH3BOJlbHOH CTerreHH, BKJI1Qqa51 

rrpori;e,n;ypy rrepettoca. 

B. HHTerp11poBaH11e ,n;11<f><f>epeHIJ;Ha.TihHhIX <f>opM 

Bb1 ,IJ;OJI)KHbl yMeTb Bb1qHcJIRTb HHTerpaJI OT k-cpopMbl rro k-RqeiiKe, 

npe,n;cTaBJiettttoii B BH,n;e o6p83a e,n;HHHqttoro k-Ky6a. 
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Bbl .n,omKHbl 3HaTb, yMeTb .n,oKa3bIBaTb H rrpHMemITb TeopeMy 

CToKca. 

c. ,II;mp<l>epeHIJ;IHlJihHbie <l>opMbl II KOrOMOJIOrMM 

Bbl .n,omKHbl 3HaTb, KaK cTpOHTb Ko:u;errH rrocpe.n,cTBOM HHTerpHpo­

BaHHH .n,mp<l>epeH:u;HaJibHblX <PopM; ,LI,OJDKHbl yMeTb HaxO,LI,HTb <Pop­

Mbl, orrpe.n,eJIHIOI:u;He 6a3HCHble aneMeHTbl rrpocTpaHCTBa Hk ,D,JIH 

2-KOMIIJieKca H 3-KOMIIJieKCa. 

,ll;JIH .n,aHHOH ,D,HcP<PepeH:u;HaJibHOH k-<PopMbI ¢>, y,D,OBJieTBOp.Hro­

r:u;eii ycJIOBHIO d¢> = 0 H orrpe,n;eJieHHOH B 3Be3,D,HOH o6JiaCTH, Ha.n,o 

yMeTb cTpOHTb (k-1)-<PopMbl S¢>, 06na.n;a10r:u;He csoiicTBOM dS¢> = ¢>. 

15.1. (a) IlycTb r(v1, V2, V3) - KOCOCHMMeTpwmaH TPHJIHHeiittaH cpyttK-
IJirn (T. e. 3-cpopMa). He o6par:u;aHCh K CBOHCTBaM onpe,z:i;emue­
Jieii, ,D,OKa:/KMTe, 'ITO eCJIM V1' V2 M V3 JIMHeHHO 3aBMCMMhI, TO 

r(v1, v2, v3) = 0. 

(b) IlycTh w1 , w2 , w3 - TPM aJieMettTa npocTpaHCTBa V*. He MC­

nOJih3YH CBOHCTBa onpe,z:i;eJIMTeJieii, ,D,OKa:IKMTe, 'ITO eCJIM w1' w2 ' 

w3 JIMHeHHO 3aBMCMMhI, TO w1 /\ w2 /\ w3 = 0. 

15.2. IlycTh B 'IeTbrpexMepttoM npocTpaHCTBe-BpeMeHH ,z:i;atta 2-cpopMa E = 
dt /\(Ex dx + Ey dy + Ez dz). IlycTh B = Bz dx /\ dy - By dx /\dz+ 
Bx dy /\dz. BhI'IMCJIMTe E /\ B. 

15.3. Ilpe,z:i;noJio:tKMM, 'ITO ,z:i;eTepMMHaHT JIMHeiittoro npeo6pa3oBaHMH A 
~n ___, ~n HMeeT BM,D, 

(a) ,Il;oKa:tKMTe, 'ITO ecJIM A - e,z:i;MHH'IHaH MaTpttrra, TO Det A= 1. 

(b) ,Il;oKa:tKMTe, 'ITO ecJIH A* o6o3tta'IaeT MaTpMIJY, conpH:tKeHHYIO 

KA, TO 

15.4. Bhr'IMCJIMTe cJie,D,yIOIIJMe onpe,z:i;eJIMTeJIM, HcnoJih3YH pe3yJihTaThI npe­
,D,hI,D,yIIJero ynpa:tKtteHMH: 
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(a) 

-1 
3 
2 

J) dxAdyAdz [ (-[} n} en l · 
(b) 

(

a -b 
b a 

Det 0 b 

0 0 

0 
-b 

a 
b -~) 

15.5. IlyCTb A3(V) o6o3HaqaeT npocTpaHCTBO 6cex 1wcocu.M.Mempu""tt'b£X 

mpUAUtteUtt'btX <l>YHKIJ,HM H3 v x v x v B JR. ,Il;onyCTHM, 'ITO v -
'leTb1pexMepHoe npocTpaHCTBO H nycTb c1, c2 , c3, c4 06pa3y10T 6a3HC 
,nyaJibHoro npocTpaHCTBa V*. McnOJib3YH o6o3Ha'leHHH /\, HaIIHIIIHTe 

6a3HC A 3 (V) H HaIIHIIIHTe ¢opMyJiy, KaK 6a3HCHhIM ::iJieMeHT .n;eii:CTBy­

eT Ha TpOii:Ky BeKTOpOB (v1, V2, V3). 

15.6. IlyCTb w = f dx + dy H T = g dx + dz, r.n;e f H g - ,ll;H¢¢epeHIJ,H­
pyeMbie <l>YHKIJ,HH x, y H z. BbI'lHCJIHTe d(w /\ r), 3aIIHCaB OTBeT KaK 
MHO:>KHTeJib IIpH dx /\ dy /\dz. 

15. 7. IlyCTb /3 o603Ha'!aeT ,n;H¢¢epeHIJ,HpyeMoe OT06pa:>KeHHe H3 a¢¢HH­
HOro npocTpaHCTBa A (pa3MepHOCTH m) B npocTpaHCTBo B (pa3Mep­
HOCTH n). IlycTh r(q, w) - l-¢opMa B npocTpaHCTBe B, r.n;e q HBJIH­

eTCH TO'IKOM B 3TOM npocTpaHCTBe, w - BeKTOp, HanpaBJieHHbIM H3 

3Toii: TO'IKH. Tor.n;a dr MO:>KHO onpedeAum'b KaK 

dr(q, W1, w2) = HaHJIY'lIIIee JIHHeii:Hoe npH6JIH:>KeHHe K 

r(q + wi, w2) - r(q, w2) - r(q + w2, w1) + r(q, w1). 

IlepeHoc 1-<l>opMbI onpedeAJ1,emcJ1, cJie,ny101I1,HM o6pa30M: 

(/3*r)(q, v) = r(/3q, df3(v)), 

a ,ll;JIH 2-¢opMbI O": 

(a) BocnoJib30BaBIIIHCb 3THMH onpe,n;eJieHHHMH (H npH Heo6xo,n;H­

MOCTH IJ,eIIHbIM npaBHJIOM)' ,ll;OKa:>KHTe, 'ITO 
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(b) B npocTpaHCTBe A BBe,n;nTe acpqmHHhIC Koop,n;nHaThI u 1, ... , 
um, a B npocTpaHCTBe B - Koop,n;nHaThI x 1, ... , xn. Tor.n;a 

/3 MOJKHO 3a,n;aTb c IlOMOIIJ;bIO .n;ncpcpepem1npyeMbIX cpyHKD;HH 
nepeHoca 

/3* 1 pl ( 1 m) x = u , ... ,u ' 

/3* 2 F2( i m) x = u , ... ,u ' 

/3* n pn( 1 m) x = u , ... ,u ' 

a 
n 

_ '°'Gi( i n)d i T-~ X, ... ,X X, 

j=l 

r.n;e Gi .n;ncpcpepeHu;npyeMhle cpyHKD;HH. BhrqncJIHTe HBHO 
d/3*r H /3*(dr) H IlOKaJKHTe, qTo OHH paBHhl. 

(c) IlycTb T HA - 1-cpopMbI. IloKaJKHTe, qTo eCJIH n = T /\A, TO 

/3*fl = (f3*r) /\ (/3* .X). 

15.8. CcpepnqecKne Koop,zr,nHaThI r, (}, <f> CBH3aHhr c ,zr,eKapTOBhIMH Koop,II,H­

HaTaMH x, y Hz cpopMyJiaMH 

a*x = rsin0cos¢, a*y = rsin0sin¢, a*z = rcosO, 

r)le a - ""'6pa><eHHe, nepeBOMU<ee TO<n<y G) B npoCTpaHCTBC 

c<!>ep .. eCKHX KOOprornaT B TO'll<Y G) c KOOp)llli<aTaMll r, e H ¢. 

BhrqHCJIHTe rrepeHOChI cJie.n;yrom;nx .n;ncpcpepeHD;HaJihHhIX cpopM ( T. e. 
Bbipa3HTe HX B ccpepnqecKHX KOOp,n;HHaTax): 

(a) a*(xdy -ydx); 

* x dx + y dy + z dz 
Ct • 

(x2 + y2 + z2)3 ' 
(b) 

* x dy /\ dz + y dz /\ dx + z dx /\ dy 
Ct • 

(x2 + y2 + z2)3/2 ' 
(c) 

( d) a* dx /\ dy /\dz. 
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15.9. (a) IIycTb f -,ri;mpcpepeHIJ,IIpyeMaH <l>YHKIJ,IIH B rrpocTpaHCTBe JR.3 . 

IIycTb A o6o3HaqaeT 2-cpopMy 

of of of 
A= ox dy /\dz+ oy dz/\ dx + oz dx /\ dy. 

IloKa:~KIITe, 'ITO dA = Af dx /\ dy /\ dz, r,ri;e A o6o3HaqaeT 

JiaIIJiaCJiaH o2 I ox2 + o2 I oy2 + o2 I 0 z2
• 

(b) IIycTh Fx, Fy, Fz - ,ri;IIcpcpepeHIJ,IIpyeMbie cpyHKIJ,IIII B rrpocT­

paHCTBe JR.3 , y,ri;oBJieTBOpHIOIIJ,Jie ycJIOBIIIO 

oFx oFy oFz 
ox + oy + oz = 0· 

Orrpe,ri;eJIHM 

B = (oFz _ oFy) dx+(oFx _ oFz) dy+(oFy + oFx) dz. 
oy oz oz ox ox oy 

IloKaJKIITe, 'ITO dB = AFx dy /\dz+ AFy dz/\ dx + AFz dx /\ dy. 

15.10. TeJIO Bpa111,eHJIH BOKpyr OCH z orpaHJI'IeHo: CHII3Y - ,ll;IICKOM x 2 + 
y2 ::; 1, z = O; c6oKy - rroBepxHOCTbIO 11,IIJIIIH,LJ;pa x 2 + y2 = 1, 
0 < z < 2; CBepxy - rrapa60JIOII,ll;OM z = 1 + x 2 + y2 ' 3a,ri;aBaeMbIM 

rrapaMeTpII'IeCKII B BJI,LJ;e 

/3* x = r cos 0, /3* y = r sin 0, j3* z = 1 + r2
• 

EcJIII CMOTpeTb CHapy)KJI, TO BCe IIOBepXHOCTII opIIeHTIIpOBaHbl rrpo­

TIIB qacOBOH CTpeJIKII, KaK 3TO IIOKa3aHO Ha pIIC. 15.30. 

(a) BbI'IIICJIJITe IIHTerpaJI OT 2-cpopMbl T = x dy /\dz - y dx /\dz ITO 

IIOBepXHOCTII BepxHero rrapa60JIOII,ll;a. 

(b) BbI'IIICJIIITe IIHTerpaJI OT T ITO IIOBCpXHOCTII 11,IIJIIIH,LJ;pa. 

( c) C rroMOIIJ,hIO TeopeMhl CToKca Bbipa3IITe o67>e.M 3Toro TBep,ri;oro 

TeJia qepe3 TOJibKO 'ITO IIOJiy'IeHHble HHTerpaJibl. 

15.11. IIycTb n = xdy /\dz. 

(a) BbI'IIICJIJITe Jn no ,ll;IICKY x 2 + y2 ::; R2 , z = 0. 

(b) PaccMOTpIITe rroJiyccpepy x 2 + y 2 + z2 = R2 , z 2 0, KOTopyro na­

paMeTpII3yeM ccpepII'IeCKIIMII KOOp,LJ;IIHaTaMII (cM. pIIC. 15.31): 

z = RcosO, x = Rsin0cos¢, y = Rsin0sin¢. 

Bhlpa3IITe n qepe3 R, 0 II ¢. IloTOM Bbl'IIICJIJITe J n no 3TOH 

rroJiyccpepe. 
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z 

----- ---- .... 

z 

x 

Pnc. 15.30 Pnc. 15.31 

( c) BocITOJih3YiiTecb TeopeMoii CToKca H 3aITHIIIHTe HHTerpaJI OT 

3-¢opMbI, KOTOpbiii paBmieTCH pa3HOCTH )J,BYX ITOBepxHOCTHbIX 

HHTerpaJIOB, BhI'IHCJieHHhIX B ITYHKTax (b) H (a). BhrnCHHTe 

reoMeTpH'IeCKHM CMbICJI 3Toro HHTerpaJia H BbI'IHCJIHTe ero. 

15.12. (a) PaccMoTpHTe TBep,n;oe TeJio c o,n;ttopo,n;ttoii ITJIOTHOCThIO p, KOTO-

poe 3aHHMaeT o6JiaCTb Q B ITpOCTpaHCTBe JR3 . IloK8JKHTe, 'ITO 

IIHTerpaJI OT 2-¢opMbI 

1 
T = "3 ( x 3 dy A dz - y3 dx A dz) 

ITO 2pa'1-tUU,C Q ,n;aeT MOMeHT HHepJIHH lzz 3TOro TBep,n;oro TeJia. 

(b) IlpH,ZJ;yMaMTe 2-¢opMy a, IIHTerpaJI OT KOTOpOH ITO {)Q ,n;aeT 

MOMeHT HHep!IHII lxy· Ilo'!eMy OTBeT B 3TOM 3a,n;aqe He e)J,HH­

CTBeHHhiii? 

(c) licITOJih3YHTe pe3yJihTaT ITYHKTa (a) )J,JIH BhI'IHCJieHHH MOMeHTa 

HHep!IHH c¢epbI pa,n;Hyca a OTHOCHTeJihHO ee ,n;HaMeTpa. Boc­

ITOJih3yiiTeCh c¢epH'IeCKIIMH KOOp)J,HHaTaMH. 

15.13. (a) IlycTb w o603HaqaeT o6JiaCTb B ITpOCTpaHCTBe JR3 , 3aHHTYIO 

TBep,n;bIM TeJIOM c O)J,HOpO)J,HOM ITJIOTHOCTbIO p. IloKa:lKHTe, 'ITO 

KOOp)J,HHaTa z JieHTpa Mace 3TOro TeJia z MO:lKeT 6bITb OITpe­

)J,eJieHa KaK qacTHOe OT )J,BYX ITOBepXHOCTHblX IIHTerpaJIOB, BbI­

'IHCJieHHbIX ITO rpaHHJie TeJia OW, T. e. 

z= f !pr2 dx/\dy/ f zdx/\dy, 
law 2 law 

r,n;e r
2 = x

2 + y2 + z 2
. 
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(b) Ilepexo,n; c¢ep1IqecK1IM KOOp,ll;IIHaTaM ,n;aeTC51 ¢opMyJiaM1I: 

a*x = rsin0cos¢, a*y = rsin0sin¢, a*z = rcosO. 

Bb1q1ICJI1ITe a* ( dx /\ dy). 

( c) licIIOJih3YH pe3yJihTaT ITYHKTa (b), Bb1q1IcJI1ITe 

r ~r2 dx /\ dy 
law 2 

,ll;JI51 CJiyqa51, Kor,n;a w 51BJI51eTC51 BHyTpeHHOCTbIO IIOJiyc¢epbI 

pa,n;1Iyca a c ITpaBOCTOpOHHeii op1IeHTa!I1Ieii. 

15.14. IIycTh C o603HaqaeT noJIOBIIHY I!IIJIIIHAJ>a, orpaH1IqeHHoro ITJIOCKO­

CTHMII z = 0 «HII3», z = 1 «Bepx», ITJIOCKOCTbIO x = 0 «ITJIOCKOCTh» 

II OOKOBOii ITOBepxHOCThIO x 2 + y 2 = a 2 «Kp1IBa51». C IIMeeT ITpaBo­

cTopoHHIOIO Op1IeHTa!I1IIO, TaK qTo BeKTOpa ex, ey, ez o6pa3yIOT rrpa­

BIIJihHO YITOp51,lJ;OqeHHblll 6a31IC, KaK 3TO ITOKa3aHO Ha p1IC. 15.32. ,ll,JIH 

Ka)K,ll;oii rpaHII c IIMeeTC51 YITOpH,n;oqeHHhIH 6a31IC, KOTOpblll onpe,n;e­

JI51eT ee OpHeHTa!IIIIO. 

(a) HaITHilllITe Bbipa)KeHIIe ,ll;Jl51 aC, CJie,n;H 3a 3HaKaMII. 

(b) lIMeeTCH 2-¢opMa T = x2 dy /\ dz - 2xz dx /\ dy. Bb1q1ICJI1ITe 

rrepeHOC T ITPII OTo6pa)KeHIIII, 3a,n;aHHOM CJI€,ll;YIOII!IIM o6pa30M: 

f3*x =a cos u, f3*y =a sin u, /3* z = v. Bb1q1ICJI1ITe IIHTerpaJI OT 

T ITO 60KOBOH ITOBepxHOCTII «KPIIBa51». 

( c) IIycTh 3a,n;aHo OT06pa)KeH1Ie: a* x = r cos 0, a* y = r sin 0, 
a* z = 1. BhlqlICJIIITe IIHTerpaJI OTT ITO ITOBepXHOCTII <<Bepx». 

(d) l.JeMy paBeH IIHTerpaJI OT T ITO AJ>YrHM ,ll;BYM ITOBepXHOCT51M? 

06'h51CHIITe. 

( e) Bhlq1ICJI1ITe dT. licITOJih3YH TeopeMy CToKca, OO'hHCHIITe, c ITO­

MOlIIhIO 3TOro pe3yJibTaTa ITpOBeplITb OTBeThI B ITYHKTaX (b)) 
(c) II (d). 

15.15. PaccMoTplITe 2-KOMITJieKc, II3o6pa)KeHHhiii Ha p1Ic. 15.33. 

(a) IIycTh W - 1-KOI!eITb. Bb1pa31ITe 2-KOI!eITh dW qepe3 W, T. e. 

Bhipa31ITe J81 dW II J82 dW qepe3 Wa II ,n;p. 

(b) PaccMOTplITe 1-¢opMy w = y dx + x dy = d( xy). Bhlq1ICJI1ITe 

1-KOI!eITb w, OITpe,n;eJieHHYIO IIHTerp1IpOBaHHeM w ITO B€TB51M. 

IIpoBephTe, qTo dW = 0. 
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z 

Pttc. 15.32 

tv 
l,B 

T/ 

P11:c. 15.33 

x 
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( c) C,11;eJiail:Te TO 2Ke caMoe ,ll;JIH 1-¢opMbI w = ( x dy - y dx) / r 2 . 

IIoKa2KHTe, 'ITO oHa onpe,11;eJIHeT KOirenh W, KOTopag aBJiaeTcH 

KOIJ,HKJIOM, HO He KorpaHHI!eit. By,11;eT JIM W KOI!HKJIOM, eCJIH 
S3, BHyTpeHHHit Kpyr, orpaHH'IeHHhiit a H c:, T02Ke BKJIIO'IHTh B 
KOMilJieKc? 

15.16. E,11;HHH'IHhIM Ky6, H3o6pa2KeHHbIM Ha pHc. 15.34, orrpe,11;eJiaeT 3-KOM­
mreKc c meCThIO rpaHaMH: 

x = 0, 
x = 1, 
y = 0, 

0:::; y, 
0:::; y, 
0:::; x, 

z:::; 1; 
z ~ 1; 
z < 1· 

- ' 

y = 1, 
z = 0, 
z = 1, 

0:::; y, z:::; 1; 
0:::; x, y:::; 1; 
0:::; x, y:::; 1. 

Ka2K,11;aH rpaHh opHeHTHpoBaHa rrpoTHB '!acoBoit cTpeJIKH, eCJIH CMOT­
peTh Ha Hee CHapy2KH. BHyTpeHHHH o6JiaCTb Ky6a R HMeeT rpaHHIIY 

8R = Si+ S2 + S3 + 84 + 85 + S6. 

(a) IIycTh T - rrpoH3BOJihHaH 2-KOI!eIIb. IIoJiy'IHTe Bblpa2KeHHe 
,ll;JIH dT. 

(b) llMeeTca 2-¢opMa T = x 2 dy /\ dz + xy dz /\ dx + xz dx /\ dy. 
IIocTpOil:Te cooTBeTCTBYIOIIIYIO 2-KOI!eIIh T, HHTerpHpyH T no 
Ka2K,11;oit rpam1. Bhl'IHCJIHTe dr H nocTpoil:Te cooTBeTCTBYIOIIIYIO 

3-KOI!eIIb. IIpoBepbTe, 'ITO oHa paBHa dT. 

( c) llMeeTcH 1-¢opMa w = x 2 y dz. BhI'IHCJIHTe dw. IloJiy'IHTe 

1-KOI!eIIb w, COOTBeTCTBYIOIIIYIO w Ha BeTBHX a, (3, "(, 8, c:, 
TJ. IIoJiy'IHTe 2-Ko11errh T, cooTBeTCTBYIOIIIYIO dw Ha rpaHax S2 

z 

~ 
c 

~ ' ® @i 
'fl 

(§' 

n :c 

PHC. 15.34 
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H S3. IlpoBepbTe, 'ITO T, noJiy'IettHa51 ,ll;JI51 S2 + S3, paBHa W, 
noJiyqeHHoil: ,n;JI51 rpaHHIJ;hl S2 + S3. 

15.17. (a) B npocTpaHCTBe JR3 HMeeTC51 2-¢opMa T = a dx /\ dy + b dx /\ 
dz+ cdy /\dz, r,n;e a, b, c - ,n;tt¢¢epettu;ttpyeMb1e cPYHKIJ;HH x, 
y, z. IlycTb <P 6y,n;eT OT06pa:>KeHHeM H3 JR2 (Koop,n;HHaTbl u, v) 
B JR3 (Koop,n;ttHaTbI x, y, z). Otto 3a,n;atto ¢opMyJiaMH 

<f;*x = F(u, v), <f;*y = G(u, v), ¢* = H(u, v). 

Ilpo,n;eJiaB Bbl'IHCJieHH51B51BHOM BH,n;e, npoBepbTe, 'ITO <f;*(dT) = 
d(<j;*T). Kotte'IHO, nptt,n;eTC51 HCIIOJih30BaTb u;enttoe npaBHJio. 

(b) IlycTb v 1 H v 2 BeKTopa B npocTpaHCTBe JR2 . Tor,n;a nepettoc </>*T 
onpe,n;emrnTC51 B BH,n,e 

(HMeil:Te BBH,n;y, 'ITO B Ka)K,ll,Oil: TO'IKe def> npe,n,cTaBJI51eTC51 MaT­
pttu;eil: 51Ko6H 3 x 2). HcnOJib3Y51 3TO onpe,n,eJieHHe H u;enttoe 

npaBHJIO, ,ll;OKa:>KHTe, 'ITO </>*(dT) = d(</>*T). 

15.18. HcnOJih3Y51 onepaTop S, ormcaHHhril: B naparpa¢e 15.4, c,n,eJiail:Te 

cJie,n;yroru;ee. 

(a) Hail:,n;ttTe TaKyro cPYHKIJ;HIO f ( x, y, z), 'IT06hr 

df = yeYz dx + (x + xyz)eyz dy + xy2 eyz dz. 

dw = x dy /\ dz + y dx /\ dz. 

( c) Hail:,n;HTe TaKyIO 2-¢opMy T, 'ITOOhI 

dT = xy2z3 dx /\ dy /\dz. 

15.19. IlycTb B = z 2 dx /\ dy + yz dx /\dz - xz dy /\dz. 

(a) IlyCTb w - JII06a51 o6JiaCTb B npocTpaHCTBe JR3. IloKa:>KHTe, 

f B=O. 
law 

(b) Hail:,n,HTe TaKYIO 1-¢opMy A, 'IT06hl dA = B. 
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15.20. PaccMOTpHTe 2-KOMrmeKc, H3o6paJKeHHhI:ii Ha pttc. 15.35. OH HMeeT 
qeThrpe y3Jia, II5ITh BeTBe:ii H o,n;Hy 2-5fqe:iiKy S, 3arrITpHXOBaHHyro Ha 

pHCYHKe. IJyCTh 

w = d() = x dy - y dx 
x2 +y2 

Orrpe,n;eJIHTe 1-u;errh W, KOTopa5I cooTBeTCTByeT w. BhrqHcJIHTe W°', 
w.B' W'Y' W 8

' W". IloKaJKHTe, qTo w 5IBJI5IeTC5I KOD;HKJIOM, HO He 
KorpaHttu;e:ii. 

Pnc. 15.35 

15.21. IlycTh IR1•3 o6o3HaqaeT qeThrpexMepHoe npocTpaHCTBO-BpeM5I c yno-­
pH,n;oqeHHhIMH a¢¢ttHHhIMH KOOp,LJ;HHaTaMH t, x, y, z. 

(a) HanHIIIHTe 6a3HC ,LJ;JI5I A2(JR1,3). 

(b) PaccMoTpHTe 2-¢opMy 

W = A(x, y, t) dt /\ dx + B(x, y, t) dt /\ dy + C(x, y, t) dx /\ dy. 

EcJIH dW = 0, TO KaKHe OTHOIIIeHH5I MeJK,n;y qacTHhIMH npoH3-
BO,LJ;HhIMH A, B, c ,Ll;OJIJKHhI BhIIIOJIH5ITbC5I? 



rJiaBa 16 

9JieKTpOCTaTHKa B rrpocTpaHCTBe 
JR.3 

rnaBa 16 IIOCB.Hrn;etta 3JieKTpOCTaTHKe. Mhl C'IHTaeM, 'ITO 

,l],H3JieKTpH'leCKHe CBOHCTBa BaKyyMa ,n,aIOT HerrpephIB­

Hhlll aHaJIOr :o;erreit c eMKOCT.HMH H 'ITO HMeHHO 3TH ,IJ,H-

3JieKTpH'leCKHe CBOHCTBa orrpe,n,eJI.HIOT eBKJIH,l],OBY reo­

MeTpHIO B TpexMepHoM rrpocTpaHCTBe. B 3TOH rnaBe 

rrpe,n,cTaBJieHhl OCHOBHhie IIOJIO)KeHH.H TeOpHH IIOTeH:o;H­

aJIOB. 

16.1. OT ,z:t;McKpeTHOCTM K ttenpepbIBHOCTM 

IlycTh A0 = n°(JR3) o603HaqaeT rrpocTpaHCTBO rna,n,KHX cPYHK:D;HH 

B JR3 (Mhl HX C'IHTaeM <J>opMaMH HyJieBOH CTeIIeHH). IlycTh, ,n,anee, 

A1 = 0 1 (JR3) o6o3Ha'laeT rrpocTpaHCTBO rna,n,KHX JIHHeHHhIX ,IJ,HcP­

<J>epeH:D;HaJihHhIX <J>opM, A2 - rrpocTpaHCTBo rna,n,KHX <J>opM BTopoit 

cTerreHH, a A3 - rrpocTpaHCTBO rJia,IJ,KHX <J>opM TpeTheit cTerreHH. Mh1 

6y,n,eM paccMaTpHBaTh Ai KaK sapod'biw 1w~enu cTerreHH i, T. e. ecJIH 

B rrpOCTpaHCTBe JR3 y Hae eCTh KOMIIJieKc, TO Ka)K,Il,a.H <J>opMa CTe­

rreHH i B pe3yJihTaTe HHTerpHpoBaHH.H orrpe,n,en.HeT Ko:o;errh cTerreHH 

i. TaKHM o6pa3oM i-<J>opMhI orrpe,n,eJI.HIOT rrpaBHJia, rrpHIIHChrna10rn;He 

I\eII.HM cooTBeTCTByIOrn;He 'IHCJia. Ha aTy KapTHHy MO)KHO B3rJI.HHYTh 

H c ,n,pyroit cTopoHhI. EcnH MhI cPHKCHpyeM orrpe,n,enetttty10 :o;errh c 

CTerreHH i, TO C'IHTaeM, 'ITO c orrpe,n,eJI.HeT JIHHeitHyIO cPYHK:D;HIO Ha 

npocTpaHCTBe Ai: Ka)K,Il,oii <J>opMe w CTerreHH i MhI rrpHIIHChIBaeM 
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'lliCJIO fc w. EcJin: eCTh ,n;Be <l>opMhI w1, w2 cTerrettn: i, a a n: b - BeII1e­

CTBeHHhie 'IHCJia, TO H3 CBOHCTB orrepa11n:n: HHTerpn:poBaHH5I CJie.n;yeT, 

'ITO 

,II,pyrRMli CJIOBaMR, liHTerpa.rr f cw 5IBJI5l.eTC5l. mmell:HOH <i>YHKIJ,aell: 

cPOpMhl W. 

B Ka'leCTBe rrpocTeii:rneii: RJIJIIOcTpa11RR paccMoTpRM 0-11errh c. 

IIycTh 3Ta 0-11errh cocTORT R3 e,n;RHCTBeHHOH TO'IKH P E JR3 c op11-

ettTaI1Reii: +. B 3TOM cJiyqae HHTerpHpoBaHHe CBO,ll;HTCH K rrpocToMy 

Bhl'IHCJieHMIO: 11errh c rropO)K,ll;aeT JIMHeii:ttyIO cPYHKI1I110 Ha rrpocTpaH­

CTBe A 0 , KOTopa5I Ka)K.n;oii: cPYHKllHH f E A 0 rrpHIIMChIBaeT 3Ha'leHMe 

f(P). Mo)KHO rroJiaraTh, 'ITO f(P) 5IBJI5IeTC5I atteprHeii:, cooTBeTcTBy­

IOllleii: TaKOMY pacrrpe,II,eJieHHIO 3ap5I,IJ;OB, Kor.n;a B TO'IKe p HaX0,1J;HTC5I 

e,n;HHH'IHhIH 3ap5I,II, H co3,n;aeTc5I rroTeH11Ha.rr f. TaKa5I «o6paII1eHHa5I» 

TO'IKa 3peHn:5I, KOr,II,a p C'IMTaeTC5I JIHHeHHOH cPYHKllHeii: f' n:MeeT 

onpe,II,eJieHHhie rrpeHMYllleCTBa. ,ll;orrycTHM, 'ITO Mhl XOTHM ,IJ;HCKpeT­

Hoe pacrrpe,n;eJieHMe 3ap5I,IJ;OB, CKOHlleHTpMpOBaHHOe B TO'IKe p' 3a­

M€HHTh Ha «pa3Ma3aHHOe», HJIH HerrpephIBHOe pacrrpe,II,eJieHHe 3ap5I­

,ll,OB c IIJIOTHOCThIO p. Ilpe,II,IIOJiaraeTC5I, 'ITO IIJIOTHOCTh p - rJia,n;Ka5I 

cPYHKllH5I c KOMIIaKTHhIM HOCHTeJieM. (IIocJie,n;Hee 03Ha'laeT, 'ITO p 
06paII1aeTc5I B HYJih 3a rrpe,n;eJiaMH tteKoToporo orpaHH'lettttoro MHO­

)I<:eCTBa.) Mh1 MO)KeM rrocTJIIHTh cJie,IJ;yIOIIIHM o6pa30M. PaccMoTpHM 

3-<l>opMy ( c KOMIIaKTHhIM HOCHTeJieM) p dx (\ dy (\dz. Ka)K,IJ;yIO cPYHK-

111110 f E A0 MhI yMHO)KaeM Ha p dx /\. dy /\. dz H rroJiy'laeM 3-<PopMy 

f p dx (\ dy (\ dz' KOTOpa5I 5IBJI5IeTC5I 3-<l>opMOH c KOMIIaKTHhIM HO­

CHTeJieM B rrpocTpaHCTBe IR3 . 11Me5I cPHKCHPOBaHHYIO opMeHTallHIO B 

JR3 , HHTerp11pyeM 3TY 3-<PopMy M rroJiyqaeM qn:cJio. TaKMM o6pa30M, 

<PopMa p dx (\ dy (\ dz orrpe,n;eJI5IeT JIHHeilHyIO cPYHKllMIO B rrpOCT­

paHCTBe A 0 . 9Ta mrneii:tta5I cPYHKllH5I Ka)K,ll;Oii: f E A 0 rrpHrrHchrnaeT 

'I.HCJIO JJR.3 f p dx (\ dy (\ dz. (3aMeTRM, 'ITO eCJIH IIOJIHhIH HHTerpan OT 

cPYHKI1HH p paBeH 1 H ecJIH p CTaHOBHTC5I BCe 6oJiee CKOHI1€HTpHpO­

BaHHOH BOKpyr TO'IKH p - ,II,pyrHMH CJIOBaMH, eCJili Mhl ycTpeMHM 

HerrpepbIBHOe pacrrpe,n;eJieHHe 3ap5I,1J;OB K TO'le'IHOMY BOKpyr p' - TO 

3Ha'leHHe HHTerpana 6y,n;eT CTpeMHThC5I K f (P). IlycTh A3 o6o3Ha'la­

eT rrpocTpaHCTBO 3-<l>opM c KOMIIaKTHhIM HOCHTeJieM B rrpocTpaHCTBe 

JR3 . Mb1 y)Ke IIOKa3aJIH, 'ITO Ka)K,Il;M p dx /\. dy /\dz E A3 orrpe,n;eJI5IeT 
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JIHHeiiHyIO cPYHKIJ;HIO Ha npocTpaHCTBe A 0 . Tor,n;a 3JieMeHT rrpocTpaH­

CTBa A3 OKa3hrnaeTC51 pa3Ma3aHHoii 0-u;errhIO. 

Ha caMoM ,n;eJie 3JieKTPH'IeCKHe 3ap5I,Il;hI, KaK H3BeCTHO, ,n;ncKpeT­

HhI. Ho ceiiqac Mbl HaMeTHM, KaK MO)KHO annpo-X:CU.MUpo6am'b auc­

r;;pemttoe pacnpeaMettue ttenpep'bt6'H'bt.M. IIpe,n;noJio:m:nM, qTo ecTh 

rrJIOTHO yrraKoBaHHOe pacrrpe,n;eJieHHe He6oJihIIIHX 3ap51,Il;OB c( P;,). Tor­

,n;a IIOJiyqaeM JIHHeiiHyIO cPYHKIIHIO 

• • 
••• • • 

Pnc. 16.l 

OT cPYHKIIHH. cha JIHHeiiHa51 cPYHKIIH51 MO)KeT 6hITh XOpOIIIO arrrrpOK­

CHMHpOBaHa (,n;JI51 IIIHpOKOro KJiacca cPYHKIIHH f) pa3.Ma3a'H'H'bt.M pac­

npeaej/,e'HUe.M 3ap.Rao6 p dx /\ dy /\ dz B TOM CMhICJie, qTo 

j f p dx /\ dy /\ dz 

6JIH3KO K 

::.:.ti· . .::;· •• 1" ., ..... 
·.:1~.~·-i:l 
: . ~.?-!:·::· . . . \ .... 

PHc. 16.2 

BBe,n;eM ttenpep'bt6'H'bte annpo-x:cu.Ma11iuu ,n;JI51 1-u;erreii, 2-u;erreii H T. ,n;. 
IlycTb A2 o6o3HaqaeT rrpocTpaHCTBO rJia,Il;KHX 2-<PopM c KOMIIaKT­

HhIM HOCHTeJieM. YTBep)K,n;aeTC51, qTO 3JieMeHT n rrpOCTpaHCTBa A2 
MO)KHO paccMaTpHBaTb KaK CBOero po,n;a pa3Ma3aHHYIO 1-u;errh, T. e. 

'ITO n orrpe,n;eJI51eT JIHHeiiHyIO cPYHKIIHIO Ha rrpocTpaHCTBe Ai. qT06bI 

3TO yBH,n;eTh, paccMoTpHM w ( 3JieMeHT rrpocTpaHCTBa Ai) H o6pa3yeM 

W /\ f2. 9TO 3-cPOpMa C KOMIIaKTHhIM HOCHTeJieM, KOTOpyIO MO)KHO HH­

TerpMpOBaTb no rrpOCTpaHCTBY JR3 H IIOJiyqHTb qncJIO. ,LJ;pyrHMH CJIO­

BaMH, n E A2 orrpe,n;eJI51eT JIHHeiiHyIO cPYHKIIHIO Ha rrpocTpaHCTBe Ai' 
KOTopa51 Ka)K,n;oii w rrpHrrHchrnaeT qncJio JJR.3 w/\0. AHanornqHo, ecJIH 

Ai o6o3HaqaeT rrpocTpaHCTBO rJia,n;KHX l-¢opM c KOMnaKTHhIM HOCH­

TeJieM, TO Ka)K,n;hrii 3JieMeHT rrpocTpaHCTBa Ai onpe,n;eJI51eT JIHHeiiHyIO 

cpyttKI1HIO B npocTpaHCTBe A 2 H MO)KeT paccMaTpHBaThC51 KaK pa3-

Ma3aHHa51 2-u;errh. EcJIH Ao o6o3HaqaeT rrpocTpaHCTBO O-¢opM (T. e. 

l'Jla,Il;KHX cPYHKIIHH) c KOMIIaKTHhIM HOCHTeJieM, TO Ka)K,Il;hIH 3JieMeHT 

Ao orrpe,Il,eJI51eT mrnefiHyIO cPYHKIIHIO B rrpocTpaHCTBe A3 H MO)KeT 



paccMaTpIIBaThC.H KaK pa3Ma3aHHa.H 3-:u;errh. l'iTaK cyMMHpyeM IIOJiy-

qeHHhie pe3yJihTaThI: 

Ao crrapHBaeTc.H c A3, 
Ai crrapHBaeTC.H c A2, 
A2 crrapttBaeTc.H c Ai, 
A3 crrapHBaeTc.H c Ao, 

B TOM CMhICJie, qTO ecJIH w E Ai H n E A3-i' TO Mhl IIOJiyqaeM qHCJIO 

JJR.3 W /\ 0. ,l];JI.H cpHKCHpOBaHHOH f2 3TO JIHHeHHa.H cpyHKIJ;H.H W, a ,IJ;JI.H 

cpHKCHpOBaHHOH w 3TO JIHHe:iiHa.H cpyHKIJ;H.H n. KpoMe Toro, 3TO crra­

pHBaHI-Je HHBapttaHTHO OTHOCHTeJihHO mo6oro coxpaH.HIOI:u;ero opHeH­

Ta:u;mo B3aHMHO-O,Il;H03HaqHoro oTo6pa)KeHH.H ¢> rrpocTpaHCTBa ~3 Ha 

ce6.H, HMeroi:u;ero ,n;ttcpcpepeH:u;ttpyeMoe o6paTHoe. EcJIH ¢> - HMeHHO 

TaKOe OT06pa)KeHHe, TO ,IJ;JI.H JII06o:H 3-cpopMhI T c KOMIIaKTHhIM HO­

CHTeJieM H3 cpopMyJihI 3aMeHhI rrepeMeHHhIX B HHTerpaJie IIOJiyqaeM 

JJR.3 </J*T = JJR.3 T. C ,n;pyroii CTOpOHhI, <P*(wf\O) = <fa*w/\<fa*O.. IIoaTOMY 

J ¢>*w/\¢>*0= J w/\O. 

,IJ;pyrHMH CJIOBaMH, crrapHBaHHe HHBapHaHTHO OTHOCHTeJihHO coxpa­

H.HIOIIJ;e:H opHeHTaIJ;HIO 3aMeHhI KOOp,IJ;HHaT. 

16.2. rpaHJP1HhIH orrepaTop 

IIocKOJihKY y Hae ecTh oTo6pa)KeHHe d : Ai ----+ Ai+ 1 , TO MhI HMe­

eM TaK)Ke corrp.H)KeHHOe OTo6pa)KeHHe 8, KOTopoe Ka)K,IJ;OH JIHHeHHOH 

cpyHKIJ;HH c Ha rrpocTpaHCTBe Ai+1 rrpHIIHChrnaeT JIHHe:iiHyro cpyttK­

IJ;HIO 8c Ha rrpocTpaHcTBe Ai rro cpopMyJie ( 8c) ( w) = c( dw). 9TO 
03HaqaeT, qTo Mhl ,IJ;OJI)l(Hhl yMeTh HaHTH TaKoe OT06pa)KeHJie 8 H3 

Ai+l B Ai, qTo6hI ,IJ;JI.H mo6oro a E Ai+l H mo6oro w E Ai 6hIJIO 

crrpaBe,IJ;JIHBO paBeHCTBO 

r w /\ 8a = r dw f\ a. 
JJR.3 JJR.3 

qT06hI HaHTH TaKOH orrepaTop 8, 3aMeTHM, qTO 

d(w f\ a)= dw /\a+ (-l)iw /\ da 
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H IIO TeopeMe CTOKCa (6Jiaro.n;ap51 TOMy, 'ITO W/\(J' HMeeT KOMIIaKTHhIH 

HOCHTeJih, TaK 'ITO HHTerpnpoBaHHe IIO JR3 MO)KHO 3aMeHHTh HHTe­

rpttpOBaHHeM IIO H€KOTOpoii: KOHe'IHOH o6JiaCTH, Ha rpaHtt:u;e KOTopoii: 

¢op Ma w /\ (}' o6paIII,aeTC51 B HYJih) HHTerpan JJR3 d( w /\ (}') CTaHOBHTCR 

paBHhIM Hymo. Tor.n;a 

(-l)i+l r w /\ d(J' = r dw /\ (}', 
JJR3 JJR3 

0TCIO,l1,a Mhl BH,l1,HM, 'ITO 

~yrHMH CJIOBaMH, 

8 = -d B rrpocTpaHCTBe Ao, 

8 = d B rrpocTpaHCTBe Ai, 

8 = -d B rrpocTpaHCTBe A2, 

8 = d = 0 B rrpocTpaHCTBe A3. 

TaKHM o6pa3oM, MhI rroJiyqnJitt rrocJie,n;oBaTeJihHOCTh oTo6pa)KeHttii: 

Ao.!!..,, AI.!!..,, A2 .!!..,, A3, 

a• a a A3 ~ A2 ~ Ai ~ Ao, 

r.n;e 8 = (-I)i+1d B rrpocTpaHCTBe Ai+l· 
l1Hor.n;a orrepaTop 8 Ha3hIBaIOT <fiop.MM'b'l-t'bl.M mpa'l-tcno1-tupoea'l-tu­

e.M d. IlpH'IHHa .n;m1 II051BJieHH51 CJIOBa «cPOPMaJihHbIH» COCTOHT B 

TOM, 'ITO orrepaTop 8 MO)KeT 6bITh Bblpa)KeH qepe3 d, H ¢opMyJia 

J w /\ 0(}' = J dw /\ (}' 

crrpaBe.n;mrna TOJibKO Tor.n;a, Kor.n;a HHTerpttpOBaHI'.le Be,ll,eTCH IIO 06-

JiaCTH, r.n;e rpaHHIIhI He BHOCHT BKJia,n;a. Mb1 o6ecrre<J:HJIH 3To, rrpottH­

TerpupoBaB IIO BCeMy rrpocTpaHCTBY rrpH ycJIOBHH, 'ITO(}' HMeeT KOM­

rraKTHhIH HOCHTeJib. 9Ta ¢opMyJia BhIIIOJIH51eTCH TaIOKe, eCJIH w HMe­

eT KOMIIaKTHhIH HOCHTeJih, T. e. Mhl C'IHTaeM, 'ITO d 5IBJIHeTCH OT06-

pa)KeHHeM H3 Ai B Ai+ 1, a 8 - oTo6pa)KeHtteM H3 Ai B Ai+ 1 . TaKHM 

o6pa30M, Mhl MO)KeM paccMaTpHBaTb ¢opMbl c KOMIIaKTHhIM HOCHTe­

JieM KaK cPYH,ll,aMeHTaJihHhie o6'heKTbl H C'IHTaTh, 'ITO OT06pa)KeHHe 

8 orrpe,n;eJieHo Ha rrpocTpaHCTBe JIHHeii:HhIX cPYHKllHil: Ai. 
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16.3. TeJieCHhIH yroJI 

B Ka'IeCTBe HJIJIIOCTpau;HH BhillleyK83aHttoii o6paiu;ettHoii TO'IKH 3pe­

HH5!, ,n;aBaHTe rrpo.n;enaeM p5!,ll; Bbl'IHCJieHHH. IlycTb ,n;aHa TO'IKa p B 

rrpocTpaHCTBe JR3 c KOOp,ll;HHaTaMH Xp, yp, Zp. IlycTb Tp o603Ha­

qaeT meJteC'HibtU yzoA, tta6n10.n;aeMbIH H3 TO'IKH P, orrpe.n;en5eeMhlii 

2-¢opMOH 

(x - Xp) dy /\dz - (y - yp) dx /\dz+ (z - Zp) dx /\ dy 
Tp = 3 . 

Tp 

3.n;ech rp o6o3Ha'IaeT paccT05!HHe .n;o TO'IKH P. <l>opMa Tp orrpe.n;ene­

Ha He Ha BCeM rrpocTpattcTBe JR3, a TOJihKO B rrpocTpaHCTBe JR.3 - { P}, 
T. e. B TpexMepttoM rrpocTpattcTBe, H3 KOToporo y,n;aneHa TO'IKa P. l1 
TeM He Mettee ¢opMa Tp orrpe.n;en5!eT JIHHeHHYIO cPYHKD;HIO B rrpocT­

paHCTBe Ai. ,Il;eiicTBHTeJibHO, rrycTb w = adx+bdy+cdz o6o3Ha'IaeT 

JIHHeiiHyIO ,n;H¢¢epeHD;HaJibHYIO ¢opMy c rna,n;KHMH K03cPcPHD;HeHTa­

MH H KOMIIaKTHbIM HOCHTeJieM. Tor.n;a 

w /\ Tp = r:p3 [a(x - xp) + b(y - yp) + c(z - zp )] dx /\ dy /\dz. 

Koc.1¢¢m1HeHT dx /\ dy /\ dz He orrpe.n;enett B TO'IKe P, HO oco6ettHOcTb 

B p II0p5!,ll;Ka r:p2 (rroCKOJihKY B TO'IKe p Bbipa)KeHHe B KBa,n;paTHbIX 

cKo6Kax HMeeT HYJih rrepBoro rrop5!,ll;Ka). Cne,n;oBaTeJihHO, rrpH BhI­

'IHcneHHH HHTerpana TO'IKa P He co3,n;aeT rrpo6neM. IIocKOJihKY w 
HMeeT KOMIIaKTHblH HOCHTeJib, TO HHTerpan 110 BCeMy rrpocTpaHCTBY 

orrpe.n;eneH KOppeKTHO. qT06hI Bbl'IHCJIHTb 3TOT HHTerpan, y,n;o6Ho 

rrepeiiTH K c¢epn'IeCKHM Koop,n;HHaTaM c u;ettTpOM B TO'IKe P. EcnH 

Tp, 0, cp - TaKHe KOOp,ll;HHaTbI, TO 

Tp = sinOdO /\ d</J. 

(TaKHM o6pa30M, Tp .n;aeT HaM TeJieCHbIH yron, 3aMeTaeMhIH IIOBepx­

HOCThIO, no KOTOpoii Mbl HHTerpnpyeM, pHC. 16.3.) Ilpe,n;rrOJIO)KHM, 

'ITO B 3THX c¢epH'IeCKHX Koop,n;HHaTax w = F drp + G dB + H d¢>. 
Tor.n;a 

w /\ Tp = FsinO drp /\dB/\ d¢>. 
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Pnc. 16.3 

,Il,aBaiiTe paccMoTpMM CJiy-<rnii, Kor.n;a w = du .n;m1 tteKoTopoii rJia.n;­

Koii cPYHKr.i;nn u c KOMrraKTHhIM HOCHTeJieM. Tor.n;a B rrpe.n;hr.n;yrn;eii 

<PopMyJie B c<Pepw1eCKHX Koop.n;nHaTax F = ou/orp, H BHyTpeH­

HHH HHTerpa.rr B rrpaBOH qacTH CBO,ll;HTC51 K IIOCT051HHOMy 3Ha'feHHIO 

-u(P), TaK 'ITO HHTerpnpoBaHne 110 () H </J CBO.ll;HTCH K yMHO)KeHHIO 

Ha 1rnorn;a.n;h noBepxttocTn e.n;nHH'fHOH c<Pephr 47r. TaKnM o6pa3oM, 

Mbl .ll;OKa3aJIH 6a3HCHJIO cPOPMYJIY 

j du/\ Tp = -47ru(P). (16.1) 

IIycTh Op o6o3HaqaeT 0-n;errh, KOTopM KaM.n;oii cjJyHKn;nn u npnrrn­

ChrnaeT 3Ha'feHne u(P), T. e. Op npe.n;cTaBJIHeT e.n;nHH'IHhIH 3apa.n;, co­

cpe.n;oTo'leHHhIH B TO'IKe P.1 Tor.n;a rrpaBaH qacTh ypaBHeHnH (16.1) 
ecTh 3Ha'fettne 0-n;errn Ha cPYHKn;nn u, paBHoe -47rOp. A JieBaa qacTh 

ypaBHeHH.H ecTh 3Ha'lettne Tp, BhI'IHCJieHHOe ,ll;JI.H du. Tor.n;a ypaBHe­

Hne (16.1) MO)KHO 3arrncaTh B BH.n;e 

OTp = -4m5p. (16.2) 

(3aMeTHM, 'ITO B rrpe.ll;br.n;yrn;eM ypaBHeHHH f) tteJl,'b3.R. rrpnpaBHHBaTh 

K d. <I>opMa Tp He onpe.n;eJieHa B TO'IKe p, 1103TOMY dTp TaM TO)Ke He 

onpe.n;eJieHa. Bo Bcex TO'fKax, r.n;e Tp orrpe.n;eJieHa, MhI nMeeM drp = 0. 

I1 TeM He Mettee ypaBHeHne (16.2) crrpaBe,ll;JIHBO KaK paBeHCTBO 0-

u,eneii, T. e. JIHHeHHhIX cPYHKIT;HH OT cPYHKIT;HH.) 

Ilpe.n;rroJIO)KHM, 'ITO y Hae ecTh KOHe'IHoe qncJio TO'leK P 1, P2, 

P3 H T . .n;. 3apH.n; er IIOMern;aeM B P1' c2 B P2 H T . .n;. 3Ha'fHT, Mhl 

1
IlpHHHTO H83bIBaTb Dp ae.!l'bma-ifjy'H'ICV,Ueu ,l(upana, cocpe,IJ;OTO'leHHOH B TO'IKe 

P. 0Ha OTHOCHTCH K TaK H83bIBaeMbIM o6o6w,ett'/t'bf,.M, ifjy'lt'IC'U,UJl,.M,, KOTOpbie Hrpa­

IOT cPYH,IJ;aMeHTa.JlbHYIO pOJib BO MHOrHx 3a,l);a'!ax aHa.JIH3a H MaTeMaTH'l€CKOH 

cptt3HKH. - IIpuM. pea. 



paccMaTpHBaeM 0-n;errb 

IlyCTb 

D = -(CITP1 + C2TP2 + ... ). 
Tor.n;a D KoppeKTHO orrpe.n;emi:eT mrneii:Hyro ¢yttKn;nro B rrpocTpaH­

CTBe A1, n MbI HMeeM ¢opMyJiy 

an= -47rQ. 

EcJIH BMecTo .n;ncKpeTHoro pacrrpe,n;eJieHHH KOHeqHoro qncJia 3apH­

,n;oB, HaM ,n;aHO pacrrpe,n;eJieHHe 3apH,1.l;OB c rJia,n;Koii: <PYHKD;Heii: IIJIOTHO­

CTH p, HMerorn;eii: KOMIIaKTHhIH HOCHTeJib, TO rrpe,n;hI,1.l;Yin;ee orrpe,n;eJie­

HHe D qepe3 cyMMY 3aMeHHeTcH Ha cooTBeTCTByrorn;nii: HHTerpaJI, T. e. 

MhI Terreph rrmrreM D = J p(P)Tp dP n Q = p dx /\ dy /\dz, rrpn 3TOM 

BhIIIOJIHHeTCH rrpe,n;h1.n;yrn;ee ypaBHeHne. B 3TOM cJiyqae Herrpephrn­

Horo pacrrpe,n;eJieHHH HeCJIQ)KHO IIOKa3aTb (Mbl 3TO c,n;eJiaeM oqeHh 

cKopo), qTo D - rJia,n;KaH 2-¢opMa, orrpe,n;eJieHHaH BO BCeM rrpocT­

paHCTBe. 

16.4. Harrp~)KeHHOCTh ::>JieKTp1rc1ecKoro rroJI~ 

1:1 ::>JieKTpuqecKoe cMeru;ett1:1e 

Ceii:qac MhI y)Ke MO)KeM ,n;aTh orrpe,n;eJieHHH ¢yH,n;aMeHT8JlhHhIX rro­

HHTHii: Teopnn 3JieKTpocTaTHKH. Hanp.R;JfCett1wcm'b 3J1,eK:mpu"lecK:o20 

noJ1,.R E HBJIHeTcH JIHHeii:ttoii: .n;n¢¢epemi;naJihHOii: ¢opMoii:, rrponHTe­

rpnpoBaB KOTopyro no JII06oii: TpaKTOpHH, Mbl IIOJiyqaeM rra,n;eHHe Ha­

rrpH)KeHHH Ha Heit. BeJinqnHa E HMeeT ¢n3nqecKyro pa3MepHOCTh Ha­

rrpH)KeHne / ,1.l;JIHHy. (IIocKOJihKY pa3MepHOCThIO HarrpH)KeHHH HBJIHeT­

CH 3HeprnH/3apH,n;, a pa3MepHOCTblO CHJibl HBJIHeTCH 3HeprnH/ ,1.l;JIHHy, 

TO MO)KHO TaK)Ke cqnTaTh, qTo E H3MepHeT CHJIY /3apH,n;.) OcHOBHoe 

ypaBHeHne, KOTopoMy y,n;oBJieTBOpHeT E, HMeeT BH,1.1; 

dE=O. 

chO ypaBHeHHe JIOKaJihHO 3KBHB8JleHTHO cyrn;eCTBOBaHHIO IIOTeHn;Ha­

Jia u, T. e. ycJIOBHIO 

E =-du. (16.3) 
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Mb1 6y,n;eM rroJih30BaThC.H ::>THM ypaBHeHHeM ,IJ;JI.H 6oJihIIIHHCTBa pac­

CMaTpHBaeMbIX o6JiacTeii. 

By,n;eM paccMaTpHBaTb E KaK 3apo,n;hIIII l-u;e1rn, a u - KaK 3apo­

,ll;hIIII 0-u;errH. KpoMe Toro HaM rroaa,n;o6HTC.H o6'beKT, rrpe,n;cTaBJJ.HIO­

ru;Hii pa3Ma3aHHyro 1-u;errh. 9To 6y,n;eT 2-<l>opMa D, Ha3hIBaeMa.H :Jj/,e'/'1,­

mpu'l.eC'/'1,U.M C.Mew,ettue.M. 0Ha ,IJ;OJI)KHa rrpe,n;cTaBJI.HTb pa3Ma3aHHbIH 

BapHaHT 1-u;errH, ,n;aroru;eii 3ap.H,lJ;hI BeTBeii. Mbr TaK)Ke xoTHM HMeTh 

pa3Ma3aHHhIH BapHaHT 0-u;errH, rrpe,n;cTaBJI.Hroru;eii 3ap.H,I1.hI y3JIOB. 9To 

6y,n;eT 3-<PopMa p dx A dy A dz. B HaIIIeii Mo,n;eJJH eMKOCTHOH u;errH MbI 

HMeJIH 

8(3ap.H,Il.hI BepBeii) = -3ap.H,n;hr y3JIOB. 

Ilo::>TOMY Mb! O)KH,n;aeM, 'ITO 

8D = -pdx Ady A dz. 

eTaH,n;apTHoe orrpe,n;eJJeHHe e,n;nHHTI; H3MepeHH.H D H p ( B cHcTeMe 

ere) TaKOBO, 'ITO 3TO COOTHOIIIeHUe BepHO C TO'IHOCTbIO ,Il.O MHO)KH­

TeJI.H 4 7l': 

I oD = -41l'pdx Ady A dz. I (16.4) 

9To Ha3hIBaeTc.H 3a'/'1,0ttO.M I'aycca. BcJie,n;cTBHe TeopeMhI eToKca H 

Toro, 'ITO ,IJ;JI.H 2-<PopM BbIIIOJIH.HeTc.H ycJIOBHe 8 = -d, Mb! MO)KeM 

HaIIHCaTb 

{ D = 47!' { pdx Ady A dz, 
law lw 

'ITO CB.H3hIBaeT HHTerpaJI OT D ITO IIOBepXHOCTH, orpaHH'IHBaroru;eii 

o6JiaCTb W, c IIOJIHhIM 3ap.H,Il.OM BHYTPH Hee. 

KoHe'IHO, ypaBHeHHe 8D = -41l'pdx Ady A dz He orrpe,n;eJJ.HeT D 
o,n;Ho3Ha'IHO. IlpH6aBJJeHHe K D Jiro6oii 3aMKHyToii <PopMbI He BJIH.H­

eT Ha ypaBHeHHe. qacTH'IHO 2-<l>opMa D ,n;aeT HaM HH<l>opMau;Hro 06 

3JieKTpocTaTH'IeCKoii CHCTeMe. B rrpHHTI;Hrre oHa MO)KeT 6hrTh H3Me­

peHa cJJe,n;yroru;HM o6pa30M. HarrHIIIeM 

D = Dx dy A dz+ Dy dz A dx +Dz dx Ady. 

qT06hr H3MepHTh Dz, rroMeCTHM B HCCJie,n;yeMyro cpe,n;y ,n;Be 

He60JibIIIHe rrapaJIJieJibHbie IIJIOCKOCTH xy MeTaJIJIH'IeCKHe IIJiaCTHHbl 
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(pHc. 16.4). eoe,lJ.IIHIIM mrncTIIHhI BMecTe, a rroToM BHOBh pa.3,ll.eJIIIM 

IIX. IlJiacTIIHhI rrp1Io6peTyT 3apR,lJ.hI ±Q. Tor.n.a 

D 4 1
. 3ap5I,lJ. BepxHeii IIJiaCTIIHhI (co CTOpOHhI + z) 

z = 7r Im 
IlJIOIIJ;ap;b->0 IIJIOID;a,ll.h IIJiaCTIIH 

(47r II05IBJI5IeTC5I 3a C'IeT CIICTeMhI ere.) 8TOT MeTO,ll. pa6oTaeT B JII0-

6oM ,ll.II3JieKTp1IKe, .n.a)l{e eCJIII MhI He 3HaeM ero ,ll.II3JieKTplI'IeCKYIO 

rrpoHmi;aeMOCTh E, II rrplI 3TOM 1-m2ae He yno.MU'Haemc.R 3.11,eK:mpu"ie­
cK:oe no.11,e. 

z 

-CJ 

P1Ic. 16.4 

Ilo cyrn;ecTBY 3TO orrpe.n.eJieH1Ie D MOMHO 0606rn;1ITh H .n.aTh orrpe­

.n.eJieH1Ie D, He CB5I3aHHOe c CIICTeMo:H KoOp,lJ.IIHaT. ,ll;JIR JII06oii rra­

pb1 BeKTOpOB V1 II V2 o6pa3yeM IIJIOCKOrrapaJIJieJibHbIH KOH,ll.eHCaTOp 

(plIC. 16.5), IIJiaCTIIHaMH KOToporo 5IBJ15IIOTC5I rrapaJIJieJiorpaMMbI, IIO­

CTpOeHHbie Ha BeKTOpax hv1 II hv2. Tor.n.a 

D( ) - 4 l" 3ap5I,ll. Ha BepXHeii IIJiaCTIIHe 
V1,V2 - 7r Im h2 . 

h->O 

P1Ic. 16.5 
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KaKyIO rnmcnmy e'IHTaTh BepxHeil:, 3aBHeHT OT opHeHTa.£J;HH2 , no­

eKOJihKY opHeHTau;irn: H3Memi:eTeR npH nepeeTaHOBKe V1 H v2: 

IloeKOJihKY 3apR.n; a,n;.n;HTHBeH, TO D - 6HJIHHeil:HaR cPYHKil;HR v1 H 

v2. IloaToMy, no onpe.n;eJieHHIO, D RBJIReTeR 2-<PopMoil:. 

lhaK, Mbl o6o6iu;HJIH TOnOJIOrH'IeeKHe ypaBHeHHR )l;JIR eeTeil: e 

eMKOeTRMH Ha eJiyqail: 3JieKTpoeTaTHKH. 

v = -dil> 3aMeHReTeR E =-du; 
oQ = - p 3aMeHReTeR oD = -4npdx /\ dy /\dz. 

EeJIH D - 2Jlaa-x:aR 2-<l>opMa, To dD = +47r p dx /\ dy /\ dz. 
Ceil:qae MhI .n;oJIMHhI BenoMHHTh, 'ITO E MOMeT paeeMaTpHBaTheR 

(npH BbI6ope, HanpHMep, eTaH.n;apTHOil: OpHeHTau;HH) KaK JIHHeil:HaR 

cPYHKil;HR OT D, KOTOPM npHnHehrnaeT D 'IHeJio 

{ E /\ D. 
J'R3 

B aTo:it <PopMyJie MhI Bee eiu;e e'IHTaeM, 'ITO JIH6o D, Jm6o E HMeeT 

KOMnaKTHhlll HOeHTeJib. Ho no eyiu;eeTBY 3TOT HHTerpaJI MO)KeT 6hITh 

onpe.n;eJieH )l;JIR .n;pyro:it naphI E H D, y KOTopoil: npoH3Be.n;eHHe E /\ 
D .n;oeTaTO'IHO 6hleTpo eTpeMHTeR K HYJIIO Ha oo. HanpHMep, eeJIH 

npOH3Be.n;eHHe eTpeMHTeR K HYJIIO KaK r-4 HJIH 6bieTpee, TO HHTerpaJI 

exo.n;HTeR. Mh1 He .n;oJIMHhI 3a6brnaTh 06 3Toil: B03MOMHOeTH. 

Teneph y Hae eeTh HerrpepbIBHhie pa3Ma3aHHhie BepeHH TorroJio­

rHqeeKo:it qaeTH Hameil: TeopHH u;erreil: e eMKOeTRMH. Ho HaM eiu;e 

Ha.n;o HMeTb BapHaHT MaTpHil;hl c' y.n;oBJieTBOpRIOiu;e:it eOOTHOlleHHIO 

Q = CV. IloaToMy MhI XOTHM HMeTh OTo6paMeHHe 

D = C(E), 

orrpe.n;eJIRIOiu;ee 3JieKTpH'IeeKoe eMeiu;eHHe no HarrpRMeHHOeTH IIOJIR. 

B ene.n;yroiu;eM rraparpa<Pe MhI 6y.n;eM rro.n;po6Ho H3y'IaTh TaKoe oTo6-

paMeHHe C. 3.n;eeh MhI rroJiy'IHM pR.n; ene.n;eTBH:it H3 orrHeaHHhIX HHMe 
rrpe.n;noJIO)KeHHll OTHOeHTeJihHO c. 

2
0'IeBii,LIHO, liMeeTCH B Bli,LIY, 'ITO BeKTOphl Vi, V2, w o6pa3ylOT IIOJIO:lKliTeJihHO 

optteHTlipOBaHHhIH 6a3liC JR3
' eCJili w HarrpaBJieH OT Hli:lKHeii: IIJiaCTliHhl K BepxHeii:. 

- llpUM. pea. 
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BcrroMHIIM, 'ITO B TeopIIII u;erre:H oTo6pa2KeHIIe C 6hIJIO ,n;IIaro­

HaJihHOii: MaTpIIu;e:H OTHOCIITeJihHO Harrpa2KeHIIH BeTBeii:. B qacTHOC­

TII, eCJIII Ha KaKOH-TO BeTBII Harrpa2KeHIIe paBHO Hymo, TO o6pam,aeT­

C51 B HYJih II 3apa.n; 3Toii: BeTBII. B KaqecTBe cJia6o:H attaJiormr c 3TIIM 

ycJIOBIIeM rrpe.n;rroJI02KIIM, 'ITO 

(a) oTo6pa2KeHIIe C JIOKaJihHO B TOM CMhICJie, 'ITO ecJIII E T02K,n;e­

CTBeHHO paBHO HYJIIO BHYTPII KaKoii:-To o6JiacTII, To D = C(E) 
T02Ke TaM TO)K,LJ;eCTBeHHO paBHO HYJIIO. 

Ilo aHaJiorIIII c TeopIIeii: u;erre:H rrpe.n;rroJI02KIIM, 'ITO 

(b) OTo6pa2KeHIIe c CIIMMeTpII'IHO, T. e. eCJIII eCTh ,n;Ba 3JieKTpII'Ie­

CKIIX IIOJIH E1 II E2, TO 

B cJie.n;y10m,eM naparpacpe MhI orrmneM oTo6pa2KeHIIe C c no3II­

u;II:H ero peaJihHOii: cPII3II'lecKoii: IIHTeprrpeTau;IIII. Mh1 YBII,LJ;IIM, 'ITO 

cym,eCTByeT TecHaH CBH3h Me2K.n;y OT06pa2KemreM c ,LJ;JIH 6ar.;yy.Ma ll 

reoMeTpIIeii: EBKJitt,n;a. Bo 6cex cpe.n;ax BhIIIOJIH51IOTca ycJIOBII51 (a) H 

(b). A ceii:qac MhI rroJiy'IIIM HeKOTOphie cJie,n;cTBHH H3 HIIX. 

Ilo onpe,n;eJieHIIIO, rrpoBo,n;am,tt:H MaTepttaJI He OKa3hrnaeT conpo­

THBJieHtta rrpII ,LJ;BH2KeHIIII 3JieKTpH'IeCKOro 3apa.n;a. ,IJ;pyrttMII CJIOBa­

MII, B rrpoBo,n;HttKe <PopMa E, KOTopaa H3MepaeT pa6oTy, BhIIIOJIHeH­

HYIO nptt ,n;Btt2KeHHH 3JieKTpttqecKoro 3apa.n;a, ,n;oJI2KHa o6pam,aThCH B 

HYJih. Tor.n;a, HCIIOJih3ya cBoii:CTBO (a), MhI BII,LJ;HM, 'ITO 

Bnympu Jt106oeo npo6oanur.;a <f>op.M'bt E u D aoJt:>tCtt'bt 06-

pawpm'bcR 6 'HYJt'b. CJteao6ameJt'b'HO, <f>ynr.;u,uR u aoJt:>IC-

1-ta 6'btm'b nocmoRnna na r.;a:>tCaou cucme.Me coeaune'H'H'btx 

npo6oaRw,ux meJt. 

TaK KaK BHYTPII rrpoBo,n;HttKa D = 0, TOH p = 0. Ilo3TOMY BHYTPII 

npOBO,LJ;HIIKOB He M02KeT 6hITh 3JieKTpli'leCKHX 3ap51,LJ;OB ( B paMKax 

3JieKTpOCTaTIIKll). 11JIII, rOBOp51 CJIOBaMH <I>apa.n;ea, 

Bee aapRa'bt npo6oanur.;a pacnoJtaea10mcR na eeo no6epx­

nocmu. 



16.4. HanpR>KeHHOCTh rroJ1H H aJieKTpHqecKoe cMem;ettHe 829 

KoHeqHo, nnoTHOCTh aToro noBepxHOCTHoro 3apHAa onpeAeJ1HeTCH 

<f:>opMOH D. IlonHhIH 3apHA Pi OTAeJ1hHoro npoBOAHHKa nonyqaeTCH 

HHTerpnpoBaHneM D no ero noBepxHOCTll. 

,Il,aBaHTe npeAnOJIO)KllM, qTo 3apHAhI eCTh TOJlhKO Ha npoBOAHll­

Kax. MhI cqnTaeM, qTo BHe npoBOAHHKOB dD = 0. TorAa AJIH ABYX 

noTeHII;HaJIOB u ll ft c cooTBeTCTBYIOIII;HMll D n D MhI HMeeM 

d(uD) =du/\ b + udD 

= -E /\D 

BHe npoBOAHHKOB, TaK KaK TaM dD = 0. TorAa no TeopeMe CToKca 

(E, E) f E /\ b = f ub. J TIO o6JiacTH BHe J _no IIOBepXHOCTHM 
IIpoBOAHHKOB BcexnpOBOAHHKOB 

Ha noBepxHOCTll i-ro npoBOAHHKa u npHHHMaeT nocTOHHHOe 3Haqe­

Hlle <Pi· TorAa u MO)KHO BhrnecTH H3 noBepxHOCTHoro HHTerpana n 

nonyqnTh 

(E,E) = <Pp. 
IIpOBOAHHKaM 

9To TeopeMa B3allMHOCTll fpnHa, paCCMOTpeHHaH B naparpa<f:>e 13.8. 
TpeTbe CBOHCTBO OT06pa)KeHllH c COCTOllT B TOM, qTo CKaJIHpHOe 

npoH3BeAeHne (., ·) noJ10)KHTeJ1hHO onpeAenAeHo. TaKHM o6pa3oM, ec­

Jlll B npeAhIAYIII;eM ypaBHeHHH B3HTh E = E, TO nonyqnM 

(E,E) = <Pp. 
IIpOBOAHHKaM 

Ecnn 3apHAhI Bcex npoBOAHHKOB paBHhI Hymo, TO npaBaH qacTh 3TO­

ro ypaBHeHHH paBHa Hymo. BcneACTBHe noJ10)KHTeJ1hHOH onpeAeJ1eH­

HOCTll aTo 3HaqnT, qTo E = 0 n cneAOBaTeJlhHO Bee noTeHllllaJihI 

<I> paBHhI. Ecnn MhI paccMaTpHBaeM OAHH npoBOAHHK ( cKa)KeM, BO­

o6pa)KaeMhIH npOBOAHllK Ha 6ecKOHeqHOCTll) KaK 3a3eMJleHHhIH, TO 

3apHAhI p onpeAeJIHIOT noTeHllllaJI <I> eAHHCTBeHHhIM o6pa30M. AHa­

nornqHo, noTeHllllaJihI OAH03HaqHo onpeAeJIHIOT 3apHAhI. TorAa MhI 

HMeJlll 6hI OT06pa)KeHlle ll3 npocTpaHCTBa noTeHllllaJIOB BCex npOBOA­

HllKOB ~Ha npocTaHCTBO 3apHAOB Bcex npoBOAHHKOB p, n 3TO AaJIO 

6bI HaM B03MO)KH0CTh llCnOJlh30BaTb pe3yJihTaTbl rnaBbl 13. 
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IlpM 3TOM rrpe.n;rroJiaraeTcR, 'ITO ,IJ;JIR J1,106oeo 3a.n;aHHoro pacrrpe­

.n;eJieHMR IIOTeHJ:J;HaJIOB <I> no pa3JIM'IHbIM rrpoBO,Il;HMKaM Mb! MO)KeM 

rroJiy'IMTb cooTBeTCTBYIOII!Me E M D ( e.n;MHCTBeHHbIM o6pa30M). B 
3TOM BOrrpoce B3rJIR,IJ;bI MaTeMaTMKa M cpM3MKa paCXO,IJ;RTCR. 

c TO'IKM 3peHMR MaTeMaTMKa IIOCTaBJieHa MHTepecHaR M HeTpM­

BMaJibHaR 3ada"ia ,l{upUXJl,e. 9To Borrpoc TeopeMbI CyII!eCTBOBaHMR B 

TeopMM ypaBHeHMH c qacTHbIMM rrpoM3BO,IJ;HbIMM. PerneHMe ee rroTpe-

6oBaJIO orpOMHbIX ycMJIMH MHOrMX TaJiaHTJIMBbIX MaTeMaTMKOB IIO­

CJie.n;Heii: TpeTM .n;eBRTHa.n;I!aToro BeKa. B KOHI!e KOHI!OB oHa 6bIJia 

perneHa IIOJIO)KMTeJibHO c IIOMOII!blO pa3JIM'IHbIX MeTO,Il;OB, Ka)K,Il;bIH 

M3 KOTOpbIX BbI3BaJI K )KM3HM MHTepeCHOe MaTeMaTM'IeCKOe pa3BM­

TMe, qacTo c Ba)KHbIMM CJie,IJ;CTBMRMM B cpM3MKe. CooTBeTCTBYIOII!aR 

rrpo6JieMa ,IJ;JIR 6oJiee o6II!MX ypaBHeHMH c 'IaCTHbIMM rrpOM3BO,IJ;HbIMM 

6oJiee o6II!ero BM,IJ;a Bee eII!e aKTMBHO MCCJie.n;yeTCR. B cJie.n;yIOII!MX rra­

parpacpax Mb! eIIIe rrorOBOpMM 06 3TOH MaTeMaTM'IeCKOH rrpo6JieMe, 

HO ee rro.n;po6Hoe o6cy)K,IJ;eHMe He BXO,IJ;MT B 3a.n;aqy 3TOH KHMrM. 

c TO'IKM 3peHMR cpM3MKa BOIIpoc 0 cyII!eCTBOBaHMM He CTOJib Ba­

)KeH M OTHOCMTCR K JIOrM'!eCKOH IIOCJie,IJ;OBaTeJibHOCTM MaTeMaTM'Iec­

KOH M,IJ;eaJIM3a!IMM cpM3M'IeCKOH MO,IJ;eJIM. <l>M3MK 3HaeT, 'ITO rMIIOTe3a 

0 pacrrpe.n;eJieHMM CTaTM'IeCKOro 3apR.n;a RBJIReTCR JIMIIIb rrpM6JIM)Ke­

HMeM K peaJibHOCTM. EcJIM Mo.n;eJib pa6oTaeT, T. e. ecJIM M,IJ;eaJIM3a!IMR 

pacrrpe.n;eJieHMR CTaTM'IecKoro 3apR.n;a Ha IIOBepxHOCTM rrpoBO,Il;HMKa 

rrpM IIOCTORHHbIX IIOTeHI!MaJiax M COOTBeTCTBYIOII!MX 3JieKTpM'IeCKMX 

IIOJIRX .n;aeT Pa3YMHOe OIIMCaHMe CMTya!IMH, TO, KOHe'IHO, TeopeMa cy­

II!eCTBOBaHMR ,IJ;OJI)KHa BbIIIOJIHRTbCR, IIOTOMY 'ITO Ka)K,IJ;bIH rrpoBO,IJ;­

HMK MbI MO)KeM cHa6.n;MTb JII06bIM 3apR,IJ;OM, KaKMM 3axoTMM. EcJIM 

)Ke TeopeMa cyII!eCTBOBaHMR HapyrnaeTCR, TO JIM6o IIOTOMy, 'ITO Ma­

TeMaTMKM rrpM,IJ;yMaJIM HeMbICJIMMbie rrpoBO,IJ;HMKM, KOTOpbie HeJib3}l 

IIOCTpOMTb Ha rrpaKTMKe (MJIM .n;pyrMe «cpM3M'IeCKM 6ecCMbICJieHHbie» 

ycJIOBMR), JIM6o II OTO My, 'ITO eCTb cpyH,IJ;aMeHTaJibHaR OIIIM6Ka B Teo­

pMM. fopa3.n;o rrpoII!e BbIBeCTM JiorM'IeCKMe cJie,IJ;CTBMR M3 rrpe.n;rroJia­

raeMoro cyII!eCTBOBaHMR perneHMR M rrpoBepMTb Ha OIIbITe, BbIIIOJI­

HRIOTCR JIM cpM3M'IeCKMe rrpe,IJ;CKa3aHMR. EcJIM OHM BbIIIOJIHRIOTCR, TO 

HapyrneHMR TeopeMbI cyII!eCTBOBaHMR, BepORTHO, rrpe.n;cTaBJIRIOT '!TO­

TO 3K30TM'IeCKOe M He MMeeT 60JibIIIOro cpM3M'IeCKoro 3Ha'IeHMR. 

B ,IJ;aJibHeii:rneM 3TOT rraparpacp M3JiaraeTCR c cpM3M'IeCKOH TO'IKM 

3peHMR. MbI rrpe.n;rroJiaraeM cyII!eCTBOBaHMe perneHMH ,IJ;JIR .n;aHHoro 
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pacrrpe,IJ;eJiemrn 3ap£,IJ;OB HJIH HarrpmKeHH:fi Ha rrpoBO.IJ;HHKe. Ilpe,IJ;rro­

JI02KHM TaK2Ke, 'ITO perneHH5! 3aBHC5!T OT 3a,IJ;aHHhIX rpaHWIHhIX ycJIO­

BHH HerrpephrnHo. 

A Terreph rroJiy'IHM HeCKOJihKO Ba2KHhIX 3aKJIIO':IeHH:fi. 

IlpHHlJ;IUI 3JieKTPH~eCKOH 3KpaHHpOBKH. ,ll;orryCTHM, 'ITO HeKO­

TOphie H3 rrpoBO,IJ;HHKOB, CKa2KeM, c rrepBoro ITO Ce,IJ;hMOH, IIOJIHOCThlO 

OKpy2KeHhl ,IJ;pyrHM - BOChMhIM - rrpOBO,IJ;HHKOM (pHC. 16.6). ,ll;orry­

CTHM, 'ITO Ha oKpy2KeHHhIX rrpoBO.IJ;HHKax HeT 3ap5!.IJ;OB. PaccMoTpHM 

rrpOH3BOJihHOe pacrrpe,IJ;eJieHHe 3ap5!,IJ;OB Ha OCTaJihHhIX rrpOBO,Il;HHKax. 

Tor,IJ;a B03HHKHeT 3JieKTpH'IecKoe rroJie E = -du c cooTBeTCTBYIOIIIHM 

3JieKTpH':IeCKHM CMellleHHeM D H rroTeHIJ;HaJiaMH, HH,Il;JIJ;HpoBaHHhIMH 

Ha Bcex rrpoBO.IJ;HHKax. B pe3yJihTaTe ,IJ;e:ficTBH5! 3ap£,IJ;OB BOChMO:fi rrpo­

BO.IJ;HHK rrpHo6peTeT IIOCT05!HHhIH IIOTeHIJ;HaJI <I>s. 

PHC. 16.6 

ArrpHopH MhI He 3HaeM, KaKOBhI HH,Il;JIJ;HpOBaHHhie 3ap5!,IJ;hI H rro­

TeHIJ;HaJihI Ha BHyTpeHHHX rrpOBO,IJ;HHKax. Ilpe,IJ;IIOJI02KHM, 'ITO Mhl 

paccMaTpHBaeM HoByro cPYHKIJ;HIO u' = u BHe H u' = <I>s BHYTPH 

IlOJIOCTH BOChMOrO IIpOBO,Il;HHKa. chO .R6./l,.Remc.R perueHHeM Harne:fi 3a­

/~a':IH, rrpH':IeM BHYTPH rroJIOCTH E = D = 0, H Ha Bcex BHyTpeHHHX 

npoBO,IJ;HHKax 3ap5!,IJ;hl HyJieBhie. B CHJIY eauncm6e'H:Hocmu OHO COB­

na,IJ;aeT c HCXO,IJ;HhIM perneHHeM, IIOTOMY 'ITO HH O,IJ;HH 3ap5!,IJ; He IIOIIaJI 

Ha BHyTpeHHHe rrpoBO,IJ;HHKH, H TO 2Ke caMoe 6hIJIO 6hI H rrpn H3MeHe­

HHH IIOTeHIJ;HaJIOB BHerrrnnx rrpoBO,IJ;HHKOB. Kopo':Ie, BHyTpeHH5!5! IIO­

JIOCTh BOChMOro rrpOBO,IJ;HHKa 3KpamipOBaHa OT BCe:fi 3JieKTpOCTaTH':Ie­

CKOH CHCTeMhl BHe 3TOro rrpOBO,Il;HHKa. 8TOT rrpHHIJ;HII HCIIOJih3yeTC5! 
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rrpH co3,n;aHHH 3JieKTpOCTaTHqecKHX H3MepHTeJibHbIX HHCTpyMeHTOB, 

qTo6bI BHeIIIHHe 3JieKTpHqecKHe IIOMeXH He BJIHf!JIH Ha Ha6mo,n;ae­

MbIH a<P<PeKT. (EcJIH Mbl XOTHM HMeTh B03M0)KHOCTb BH,n;eTb BHYT­

peHHOCTb IIOJIOCTH, TO MO)KHO OCTaBHTb MaJieHbKOe OTBepCTHe HJIH 

3aMeHHTb qacTb rrpOBO,Il;HHKa rrpOBOJIOqHoii ceTKOH, KOTOpafl 3KpaHH­

pyeT rroqTH TaK )Ke xopOIIIO, KaK H CITJIOIIIHOH rrpOBO)l,HHK.) IloMIIMO 

rrpaKTHqecKOH Ba)KHOCTH, rrpHHD;Im 3JieKTpHqecKoro 3KpaHHpOBaHHf! 

oqeHb rroJie3eH rrpH BblqHcJieHHf!X, Kor,n;a OH rrpIIMeHf!eTCf! BMeCTe co 

CJie,n;yIOIIJ;IIM rrpHHIJ;HIIOM. 

3aMeHa 3KBRIIOTeH:l~llClJihHOH IIOBepxHOCTR rrpoBO,LJ;SIII.J;RM 

CJIOeM. Ilpe,n;rroJIO)KHM, qTo )l,Jlf! HeKOTOpoii CHCTeMbI 3apfl)l.OB HJIH 

rroTeH:u;HarroB y Hae ecTh peIIIeHHe E =-du, D =CE. IlycTb S o6o-

3HaqaeT IIOBepxHOCTb, Ha KOTOpoii IIOTeH:u;Harr u IIOCTOf!HeH H paBeH 

cl>. (Tor,n;a s Ha3bIBaeTCf! 3KBHIIOTeH:u;HarrhHOH IIOBepXHOCTbIO.) ,ll.o­
rrycTHM, qTo IIOBepxHOCTb s 3aMeHHJIH TOHKHM rrpOBO)l.flIIIHM CJIOeM, 

Ha KOTOpOM rro,n;,n;ep)KHBaeTCf! IIOTeHIJ;HaJI cl>. IlpHpo,n;a OT06pa)Ke­

HHf! c TaKOBa, qTo OHO <PaKTHqeCKH He H3MeHfleTCf! BCTaBKOH 3Toro 

rrpOBO)l,HHKa. IloaTOMY BCTaBKa rrpOBO)l,HIIKa rrpaKTHqecKH He rrpo­

H3BO)l,HT a<P<PeKTa. BHyTpII aToro TOHKoro rrpoBO)l.f!IIIero cJiof! E 
H D o6paIIIaIOTCf! B HYJih, 3apf!)l.hI aKKYMYJIHPYIOTCfl Ha ero ,n;Byx 

IIOBepxHOCTf!X, HO BCe OCTaJibHOe OCTaeTCf! 6e3 H3MeHeHHf[. 

HarrpHMep, paccMoTpHM cpe,n;y, HHBapHaHTHyIO OTHOCHTeJibHO 

BpaIIIeHHH. Tor,n;a rroTemwarr 3ap£,n;a Q, rroMeIIIeHHoro B Haqarro 

Koop,n;HHaT, )l,OJI)KeH HMeTb BH)J. 

u = AJ(r). 

(B CJie,n;JIOIIIeM rraparpa<Pe Mbl YBH)l,HM, qTo eCJIH CHCTeMa HHBapH­

aHTHa OTHOCHTeJibHO Bcex eBKJIH)l,OBbIX )l,BH)KeHlfH, TO, 

c 
f(r) = r' 

r,n;e c - HeKOTOpM rrocTOf!HHaf!.) Terrepb BCTaBHM TOHKHii rrpoBO,n;fl­

IIIHii c<PepnqecKHii cJioii pa,n;nyca a. IloJifl BHYTPH H BHe 3TOH c<PephI 

He H3MeHf!TCfl, a D BHYTPH o6paTHTCf! B HYJih. EcJIH BHYTPH rrpoBo­

)l.f!IIIero CJIOf! c<Pepbl HapHCOBaTb eIIIe o,n;Hy c<Pepy, TO IIOJIHbIH 3apfl,n; 

BHYTPH Hee ,n;OJI)KeH 6bITh paBeH HYJIIO. TaKHM o6pa3oM, Ha BHyT­

peHHeii IIOBepxHOCTH rrpOBO)l.f!IIIeii c<Pepbl aKKYMYJIHpyeTCf! IIOJIHbIH 
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3apR,n; -Q (a Ha BHenrneii - rroJIHhIH 3apR,n; Q). MbI MO)J(eM Terrepb 

pa3p5I,ll;HTh BHyTpeHHIOIO IIOBepXHOCTh ( c IIOMOIII;hIO rrposo,n;a, coe,n;u­

HRIOIII;ero 3ap5I,ll; B HaqaJie KOOp,ll;HHaT H BHyTpeHHeii IIOBepXHOCTH 

rrposo,n;Rru;eii c<PepbI). B cirny rrpuHu,urra 3JieKTpuqecKoro 3Kpattu­

posaHHR, BHe c<Pepbl Huqero He rrpOH30H,ll;eT, HO IIOTeHIJ,HaJI BHYTPH 

c<Pepbl CTaHeT IIOCTORHHhIM. TaKHM o6pa30M, IIOTeHIJ,HaJI IIOJIR, co-

3,z:i;asaeMoro 3apR)J(eHHOH c<Pepoii, HMeeT su,n;: 

Qf(r), r ~a, 

Qf(a), r ~a, 

r,n;e f ( r) o6o3HaqaeT rroTeHil,HaJI e,n;uttuqttoro 3apR,n;a, Haxo,n;Rru;erocR 

B HaqaJie KOOp,ll;HHaT. 9TOT MeTO,ll; II03BOJI5IeT HaM BhiqucJIRTh IIOJie H 

eMKOCTh c<PepuqecKoro KOH,ll;eHCaTopa, IIJiaCTHHaMH KOToporo 5IBJI5I­

IOTC5I ,ll;Ba KOHil,eHTpuqecKHX 3ap5I)J(eHHhIX rrpOBO,ll;HHKa (puc. 16.7). 

Puc. 16.7 

,II;asaiiTe OIIRTb IIOMeCTHM 3ap5I,ll; Q B HaqaJio KOop,n;uHaT, a 3aTeM 

OKPY)J(HM ero ,n;syMR c<Pepu:qecKHMH rrposo,n;ttuKaMu:. 3apR,ll;hI co6e­

PYTCR Ha BHyTpeHHHX u BHenrnu:x rrosepxttocTRX rrposo,ll;5Iru;n:x c<Pep. 

Pa3pR,ll;RM BHyTpeHHIOIO rroBepxHOCTh BHyTpeHHeii c<Pepb!, coe,n;u:ttn:B 

ee rrposo,n;oM c HaqaJioM Koop,n;uHaT. A BHeIIIHIOIO rrosepxHOCTh BHern-

11eii c<PepbI pa3pR,n;uM, 3a3eMJIHB ee. IloJIR BHYTPH u BHe o6eux c<Pep 

o6paTRTC5I B HYJih. <l>yHKil,IUI u Me)J(,ll;y A.BYMR c<PepaMR OCTaeTCR 6e3 

H3MeHeHHR, rrpu 3TOM OCTaeTCR 3ap51.,z:i; Q Ha BHernHeii IIOBepXHOCTR 

BHyTpeHHeii c<Pepbl H 3apR,n; -Q Ha BHyTpeHHeii IIOBepXHOCTH BHeIII-

11etf ccpepbI. 
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PaccMOTpHM eru;e o,n;nH rrpnMep. Ilpe.n;rronmKHM, qTo 3apR,n; Q 

rroMenieu B mqKy (-~) ua ocn x, "3ap•11 -Q B ToqKy G) . Thrl(a 

IIOJiyqnTCR IIOTeH~llaJI 

Q(J(r +) - J(r -)), 

r.n;e r _ n r + o6o3HaqaIOT paccTORHHR .n;o 3THX ,n;Byx ToqeK. Ilpn 

ycJIOBllll llHBapnaHTHOCTll OTHOCllTeJibHO eBKJlll,Il;OBbIX rrpeo6pa30Ba­

HMH J(r) = c/r. 8KBHIIOTeH~llaJibHbie IIOBepXHOCTll B 3TOH CHTya~n 
H3o6p8.)KeHhI Ha pnc. 16.8. 

Pnc. 16.8 

B.n;onh o,n;ttoit H3 3KBHIIOTeH~HaJihHhIX rroBepxttocTeit BCTaBnM 

rrpoBO,Il;Rill;llH CJIOH. IloJie c 0,1.l;HOH CTOpOHbl 3TOrO rrpOBO,Il;HllKa y6npa­

eM, coe,n;nHHB ero c 3apR,Il;OM -Q. Tor.n;a MhI rronyqaeM none, co3,n;a­

BaeMoe ToqeqHbIM 3ap5I,Il;OM Q ll OCTaBmeitcR 3apR)KeHHOit IIOBepx­

HOCTblO BCTaBJieHHoro rrpoBo,n;ttnKa (pnc. 16.9). HarrpIIMep, ecnn B 

KaqeCTBe rrpOBO,Il;Rill;eit IIOBepxHOCTll Mbl B03bMeM IIJIOCKOCTb x = 0 c 

ttyneBbIM rroTettwrnnoM (pnc. 16.10), TO rronyqnM pemettne ,n;JIR 3a­

,n;aqII c ToqeqHbIM 3ap5I,Il;OM B rrpHCJTCTBIIII 3a3eMJieHHOI'O IIJIOCKOro 

rrpoBO,Il;HIIKa. Ha rroBepxHOCTH rrpoBO,Il;HHKa, o6paru;ettttoit K 3apR.n;y 

Q' llH,Il;y~HpyeTCR 3ap5I,Il; -Q. Ilone c ,n;pyroit CTOpOHbl rrpOBO,Il;HHKa 

o6paru;aeTC5I B HJJlh, a IIOJie co CTOpOHbl 3apR,n;a 6y,n;eT TaKHM )Ke, KaK 

ecnn 6bI Ha ,n;pyroit CTOpOHe rrpOBO,Il;HHKa ( B CllMMeTpifiHOit TOqKe) 
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x 

PHc. 16.9 PHc. 16.10 

.T Q -QR/x ::r: 

PHc. 16.11 

HaXO,lJ;HJIC.H 3ap.a,n; -Q. 9To O,ll;HH H3 rrpHMepoB rrpHMeHeHH.H MeTo,n;a 

o6pa3oB. 

H HaKotteu;, eru;e o,n;HH rrpHMep, KOTOphrii MhI HCIIOJih3yeM rro3,n;-

11ee. PaccMOTpHM c<Pepy pa,n;Hyca R. 3ap.a,n; Q rroMeCTHM B ToqKy 

(~). IlycT& x' TaKooo, ~TO xx'= R2. Jfa rrol(o6ttwx o·pcyronLHHKOR 

(pHC. 16.11) CJie,.uyeT, 'ITO ,ll;Jl.H mo6oii TO'fKH Ha IIOBepXHOCTH c¢epbr 

x' R 1 R 
HJIH 

Tx' Tx 
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[]oMeCTHB 3aPH.J\ -Q(R/x) B TO'!KY e~), MbI noeyqaeM, qTQ 

IIOTeHlJ;HaJI Ha c<Pepe paBeH HJJIIO. 9To II03BOJI5IeT BblqHCJilITb IIOTeH­

IJ;llaJI .n;mi: ToqeqHoro 3ap5I,n;a, Haxo,n;51iu;eroc51 B JI1060Il: ToqKe BHYTPII 

3a3eMJieHHOH rrpOBO,ll;5!In;eH c<Pepbl. 

PaccMoTpIIM 3a,n;aqy Haxo)K,Il;eHII5I ::meKTpocTaTIIqecKoro aHaJiora 

OT06pa)KeHIIB ll3 C 1 B C1, orrpe,n;eJI5IeMoro MaTpIIn;eli eMKOCTeH, T. e. 

oTo6pa)KeHII5I Q = CV. 
BcrrOMIIHaeM, qTO MaTpII.u;a c aua20'H,a.!lib'l-ta, eCJill B KaqecTBe 6a-

3IICa B35!Tbl BeTBll. ,Z:WyrIIMll CJIOBaMII, BKJia,n; pacrrpe,n;eJieHII5I 3ap5I­

,ll;OB B pacrrpe,n;eJieHIIe HaIIp5I)KeHIIH B JII06oll: BeTBll JIOKaJill30BaH Ha 

3TOH BeTBll. IlpIIMeM aHaJIOrllqHyIO rIIIIOTe3y B 3JieKTpocTaTIIKe: Mbl 

XOTIIM rroJiyqIITb TaKoe JIIIHeliHoe OTo6pa)KeHIIe E t--t D, qT06b1 B 

JII06oli ToqKe 3HaqeHIIe D 3aBIICeJio OT 3HaqeHII5l E B aToli )Ke TOqKe. 

,l:WyrIIMll CJIOBaMII, eCJill 

E = Ex dx + Ey dy + Ez dz 

II 

D = Dx dy /\dz+ Dy dz/\ dx +Dz dx /\ dy 

(r.n;e K03cPcPHIJ;IIeHThl Ex, ... , Dz 5IBJI5IIOTC5I cPYHKIJ;H5IMH), TO COOTHO­

rneHHe Me)K,ll;J E 11: D orrpe,n;eJI5IeTC5I MaTp11:.u;eli H3 cPYHKIJ;HH 

Tor.n;a 

Dx =cu Ex+ £12Ey + s13Ez, 

Dy= £21Ex + s22Ey + £23Ez, 

Dz = £31Ex + £32Ey + £33Ez. 

Ka)K,Il;bIH MaTpHqHhIH aJieMeHT Eij 5IBJI5IeTC5l cPYHKIJ;IIeli, 11: MaTpII.u;a 

e = (Eij) orrpe,n;eJI5leT au:7.11,e-x;mpu"iec-x;y1-0 npO'H,UU,ae.MOCffi'b Cpe)J;bl. 

CB5I3b Me)K,ll;J D 11: E MO)KHO 3am1caTh B <PopMe 

D=eE. 
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Terrepb 3JI€KTpocTaTHqecKHe ypaBHeHH5! rrpHHHMaIOT BH,IJ; 

E =-du, oD = -4npdx /\ dy /\dz 

H 

D=eE. 

Mo:>1rno co6paTh 3TH ypaBttemrn BMecTe, BBe,n;H orrepaTop Jlarrnaca 

(~u) dz/\ dy /\dz= -oe du 

H rroJiyqHTh ypaBHeHHe Ilyaccotta 

~u = -47rp. 

qT06br npo,n;BHHYTbC5! ,Il;aJihIIIe, Ha,[1,0 HM€Tb 6oJihlll€ HHcPOPMau;HH 

OTHOCHT€JlbHO e. 

,Il;JI5I rrpoH3BOJibHOH cpe,D;bl Mb! 3HaeM TOJibKO, qTo e - CHMM€T­

p11qHa5! MaTp11u;a. IlpHqHHhI Te )Ke, qTo H ,Il;JI5I MaTpttu;hI C. BoJihIIIe 

H11qero CKa3aTb HeJib3H. Cy:m;ecTBYIOT, ttarrpHMep, KpHCTaJIJihI rro,n; 

,n;aBJieHHeM, ,[l,JIH KOTOpbIX e - rrepeMeHHaH CHMMeTpHqHaH MaTpttu;a. 

Cpe,n;a Ha3brnaeTcH 001-wpoihwu, ecJIH c HHBap1rnHTHa OTHOCH­

TeJihHo TpaHCJI5Iu;Hii, H B 3TOM CJiyqae OHa IIOCTOHHHa. Cpe,n;a Ha3bI­

BaeTCH uaompomwu, ecJIH cooTHOIIIeHHe Me)K,Il;y E H D HHBapttaHT­

HO OTHOCHTeJihHO Bpa:m;eHHH. ,II;anee Mbl pacCMOTpHM o,n;Hopo,n;HhI€ H 

H30TpOIIHbie cpe,D;bl H IIOCMOTpHM, KaK BbirJIH,ll,RT e B 3THX CJiyqaHX. 

16.6. 3Be3,ll;HbIH orrepaTop B TpexMepHOM 

eBKRH,ll;OBOM npocTpaHCTBe 

HaqHeM c JIHHeiiHoro oTo6pa)KeHR5! 

KOTopoe RHBapHaHTHO OTHOCHT€JibHO Bpa:m;eHHii. IIo orrpe,n;eJieHHIO 

*dX = dy /\ dz, 

*dy = dz /\ dx, 

*dz = dx /\ dy. 
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,II;anee tty)lrnO ITpo,1.1,omKHTh OITepaTop ITO JIHHe:ti:ttocTH, T. e. oITpe,1.1,e­

JIHTh * : A 1 (JR3*) --; A 2 (JR *3 ) ITpaBHJIOM 

* (a dx + b dy + c dz) = a dy /\ dz + b dz /\ dx + c dx /\ dy. 

IIycTh 

w = a dx + b dy + c dz 

a= Adx + Bdy + Cdz. 

3aMeTHM, 'ITO 

*W /\a= (aA + bB + cC) dx /\ dy /\dz. 

IIocne,1.1,ttee ypaBHeHHe 3aITHmeM ITO-,1.1,pyroMy. CKami:pttoe ITpOH3Be,1.1,e­

HHe B eBKJIH,1.1,0BOM ITpOCTpaHCTBe JR3 OITpe,1.1,emi:eT CKamrpttoe ITpOH3-

Be,1.1,eHHe B JR3* (B ITpocTpaHCTBe l-¢opM) cornactto ¢opMyne 

(w,a) = aA + bB + cC. 

CKaJIHpttoe ITpOH3Be,1.1,ettHe c y"<IeToM opue'}-(,mav,uu BhI,1.1,eJIHeT KOH­

KpeTHJIO ¢opMy o6'beMa dx /\ dy /\dz. Tor,1.1,a ITocne,1.1,ttee ypaBHettHe 

ITPHHHMaeT BH,1.1, 

*W /\a= (w, a) dx /\ dy /\dz. (16.5) 

EcJIH HeMttoro IT0,1.1,JMaTh, TO cTaHOBHTCH ITOHHTHhIM, 'ITO 3TO ypaBtte­

HHe onpeaeJ1,.Rem OT06pa)KeHHe * e,1.1,HHCTBeHHbIM o6pa30M. 0,1.1,HaKo, 

CITpaBa B ypaBHeHHH co,1.1,ep)KHTCH TOJibKO CKaJIHpHoe ITpOH3Be,1.1,ett.He 

H J'IHThIBaeTCH opHeHTaIJ;HH ( KaK cPYHKIJ;HH w H a). J1106oe Bpaiu;ett.He 

coxpattHeT H TO, H ,1.1,pyroe. Cne,1.1,oBaTeJibHO, 

Onepamop * U'}-(,Bapua'}-(,me'}-(, om'}-(,ocumeJ1,'b'}-(,O Bpaw,e'}-(,UU. 

YTBep*,1.1,aeTcH, 'ITO c TO'IHOCThIO ,1.1,0 CKaJIHpttoro MHO)KHTeJIH * 
HBJIHeTCH e,1.1,HHCTBeHHhIM oTo6pa)KeHHeM *: A1 (JR3*)--; A2 (JR*3), HH­

BapHaHTHhIM OTHOCHTeJibHO Bpaiu;ettH:ti:. TaKHM o6pa3oM, MhI YTBep­

*,1.1,aeM, 'ITO ecJIH r : A1 (JR3*) --; A2 (JR*3) - ,1.1,pyroe oTo6pa*eHHe, 

HHBapHaHTHOe OTHOCHTeJihHO Bpaiu;eHHH, TO r = a* ,1.1,JIH HeKOTOpo­

ro CKaJIHpa a. Ctta"<Iana OTMeTHM, 'ITO JIH6o r = 0, JIH6o r HMeeT 
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HyJieBoe 51,IJ;pO. ,Il;eiicTBHTeJihHO, 51,Il;pO r 51BJI51eTC51 rro,n;npocTpaHCTBOM 

JR3 . EcJIH r HHBapuaHTHO OTHOCHTeJihHO Bparn;eHHH, TO 3TO no,n;npo­

CTpaHCTBO TO)Ke ,IJ;OJI)KHO 6h1Tb HHBapuaHTHO OTHOCHTeJibHO Bparn;e­

HHH. Ho B npocTpaHCTBe JR3 HeT no,n;npocTpaHCTB, HHBapuaHTHhIX 

OTHOCHTeJibHO Bparn;eHHH, KpOMe TpHBHaJihHbIX no,n;npOCTpaHCTB { 0} 
u JR3 . TaKHM o6pa3oM, HJIH r = 0, HJIH r 51BJI51eTC51 H30Mop¢u3MOM. 

Ecnu r = 0, TO ,n;oKa3hIBaTh Heqero. Ecnu )Ke r - H30Mop¢u3M, TO 

paCCMOTpHM OT06pa)KeHI:i:e 

CornacHo npe,n;noJIO)KeHHIO, l HHBapuaHTHo OTHOCHTeJihHO Bparn;e­

HHii, T. e. 

l(Rw) = Rl(w) 

,IJ;JI51 n106oro Bparn;eHH51 R. 3anurneM 

lw = aw+Lw, 

r,n;e Lw nepneH,IJ;HKYJI51pHo w. ,IJ;pyrHMH cnoBaMu, pa3JIO)KHM lw Ha 

KOMITOHeHTbl B,Il;OJib H nepneH,IJ;HKYJI51pHO W. B CHJIY Bparn;aTeJibHOH 

HHBapHaHTHOCTH Koa¢¢mi;neHT a onpe,n;eJI51eTC51 ¢opMynoii 

(lw,w) = a[[w[[ 2 

u He 3aBHCHT OT w. YTBep)K,n;aeTc51, qTo Lw = 0. ,II;eiicTBHTeJihHO, ,IJ;JI51 

n106oro Bparn;eHH51 R MhI ,IJ;OJI)KHhI HMeTh LRw = RLw. Bb16epeM no­

BopoT R, KOTOphiii ocTaBJI51eT Ha MecTe w, HO 51BJI51eTc51 HeTpHBHaJih­

HhIM Bparn;eHHeM B nepneH,IJ;HKYJI51pHoii w rrnocKOCTH. Tor,n;a Rw = w, 
HO RLw i= Lw, ecnu Lw i= 0. 3HaquT, Lw = 0. Tor,n;a 

lw = aw, HJIH rw = a*w, 

'ITO H Tpe60BaJIOCb ,IJ;OKa3aTh. 

TaKHM o6pa3oM, c ToqttoCThIO ,n;o cKaJI51pttoro MHO)KHTeJI51 * -
'.3TO e,n;uHCTBeHHoe oTo6pa)Kettue H3 A 1 (JR3*) B A 2 (JR3*), HHBapuaHT­

ttoe OTHOCHTeJihHO Bparn;eHHH. 

( CToHT OTMeTHTh u o6paTHOe yTBep)K,n;eHue. OnepaTop * o,n;Ho­

:rnaqHo onpe,n;en51eT CKaJI51pHoe npoH3Be,n;ettue ( ·, ·), CT051Illee B npa­

Boii qaCTH ypaBHeHH51 (16.5), CJie,IJ;OBaTeJihHO, onepaTop * B npOCT­

paHCTBe JR3* onpeaeJ1,Rem cKan51pHoe npoH3Be,n;ettue u opueHTa11u10.) 
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IlyCTh 

w = a dx + b dy + c dz 

- ,n;mpcl>epettu;u:a.nbHaR <PopMa, T. e. MhI cqu:TaeM, qTo a, b H c -

cPYHKIJ;HH. KaK H paHhIIIe, orrpe,n;eJIHM orrepaTop * <PopMyJioii: 

*W = a dy A dz + b dz A dx + c dx A dy. 

0IrnTh 

*WAT= (w, T) dx Ady A dz, 

r,n;e w H T - .zw<P<l>epeH.o;Ha.nhHhie <PopMhI. 
MhI rrpe,n;rroJI01KHJIII, qTo pa6oTaeM B o,n;ttopo,IJ.ttofi H H30Tpo1rnofi 

Cpe,n;e. (=)To 3HaqHT, qTQ 

e = c*, 

r,n;e c - 'IWHCma?-1,ma, H83bIBaeMaR ,IIH3JieKTpHqecKOH IIOCTORHHOH cpe­

,IIhI. Harrpu:Mep, B BaKyyMe e =co*, r,n;e co - KOHCTaHTa. ll o6paTHo, 

nocKOJihKY orrepaTOp * H3 A 1 (IR3) B A 2 (IR3) ,n;eTepMHHHpyeT CKaJIRp­

Hoe IIpOH3Be,IIeHHe, Mhl MO)KeM CKa3aTh, qTO au3Ae'K:mpu"leC'K:Ue C60U­

Cm6a Ba'K:yy.t.w onpeaeJLJ1,10m eB'K:AuaoBy 2e0Mempu10 npocmpaHcmBa. 

B ,IIaJihHeii:IIIeM MhI rrpe,n;rroJiaraeM, qTO e,IIHHHIJ;hI H3MepeHHR E, 
D H c TaKOBhI, qTo c norJIOI.o;aeTcR orrepaTopoM *. Tor,n;a ypaBHeHHR 

3JieKTpOCTaTHKH rrpHHHMaIOT BH,II 

E =-du, D = *E, dD = 4npdx Ady A dz, 

~u = -47rp, 

r,n;e Herrocpe,IICTBeHHOe BhlqHcJieHHe IIOK83hIBaeT, qTO 

Ba1KHO 3aMeTHTh, qTo orrepaTop * He HHBapu:attTeH OTHOCHTeJih­

HO ,n;u:<P<Pepettu;u:pyeMhIX OTo6pa1KeHHH. Ilo3TOMy, Boo6iu;e rOBOpR, 

Mhl He HMeeM paBeHCTBa 
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PaBeHCTBO 6y,II.eT moJt'b'IW 6 CJty'l/,ae, ecJtu <P HBJrneTcH coxpaHHIOIWiM 

opneHTau;mo eBKJIH,II.OBhIM rrpeo6pa3oBaHneM. TeM He Mettee, MhI MO­

)KeM Bhl'lHCJIHTh orrepaTop * B 6oJiee o6ru;eii CHCTeMe KOOp,II.HHaT, HC­

II0Jlh3YH ero orrpe,II.eJieHne. Harrpn:Mep, MhI xoTHM BhI'lHCJIHTh orrepa­

Top * B ccpepn:qeCKHX KOOp,II.HHaTax, orrpe,II.eJIHeMbIX cpopMyJiaMH 

r = Jx2 + y2 + z2, () = arctan( .../x2 + y2 /z), <P = arctan(y/x). 

Bbr'lHCJIHM ,II.Hcpcpepettu;HaJihI OT 3THX cpyHKD;Hii n: 3arrmrreM n:x B 

6a3HCe dx' dy' dz' a KOOp,II.HHaTbl ,II.JIH y,II.OOCTBa Bhlpa3HM qepe3 r' () 
H </J. Tor,II.a rroJiy'lHM 

dr = sin() cos¢ dx +sin() sin¢ dy +cos() dz, 

d() = ~ (cos () cos ¢ dx + cos () sin ¢ dy - sin () dz), 
r 

dcp = _;_()(-sincpdx + coscpdy). 
rsm 

IlpHMOe Bhl'lHCJieHHe c HCIIOJih30BaHHeM opTOHOpMHpOBaHHOCTH dx, 
dy' dz IIOKa3hIBaeT, 'lTO B Ka)K,Il.oii TO'lKe ( r, ()' ¢) rrpocTpaHCTBa JR3* 
dr' d() H dcp HBJIHIOTCH OpTOrOHaJihHhIMH 3JieMeHTaMH, H 'lTO 

(dr, dr) = 1, 
1 

(d(), d()) = 2' 
r 

1 
(d¢,d¢) = 2 . 2e· 

r sm 

qT06bI IIO,II.BeCTH HTOrH 3THX Bhl'lHCJieHHH, 3aMeTHM, 'lTO dr, 
r d()' r sin() dcp o6pa3yIOT OpTOHOpMHpOBaHHhIH 6a3HC rrpocTpaHCTBa 

A 1 (JR3), cJie,II.oBaTeJihHO, 3TH TPH ,II.Hcpcpepettu;nana MO)KHO BhI'lHC­

JIHTh TaK )Ke, KaK MhI 3TO ,II.eJiaJIH c dx, dy H dz. B pe3yJihTaTe rroJiy­

qaeM 

*dr = r
2 

sin() d() /\ dcp, 

*(rd())= -rsin()dr /\ dcp, 

*(rsin()dcp) = rdr /\ d(). 

BocrroJih30BaBIIIHCh JIHHeiiHOCThIO, MhI MO)KeM 3aTeM BhI'lHCJIHTh *d() 
HJIH * dcp. 
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16. 7. <l>opMyJihl rp11Ha 

B 3TOM rraparpa<Pe MhI pacrrpocTpaHnM <PopMJJihI fpnHa, Bhrne,n;eH­

Hhie B rJiaBe 13, Ha HerrpephIBHhIH cJiyqall.. IIycTh U o6o3Ha'IaeT orpa­

Hll'IeHHJIO o6JiaCTh B rrpocTpaHCTBe JR3 c rpaHnu,ell. 8U, lI ,II;Be JllIHeH­

Hhie ,n;n<P<PepeHU,llaJihHhie <PopMhI 

E = Ex dx + Ey dy + Ez dz lI F = Fx dx + Fy dy + Fz dz 

orrpe,n;eJieHhI BU. Hx c1w.11,Jipttoe npousBeaettue (E, F)u BhI'IncmreTCB 

ITO <PopMyJie 

1 2 
CooTBeTCTBy10111,aB 3.11,e'K;mpocmamu"ieC'K;M 3ttep2uJi paBHa 2 JJEIJu, 
r,n;e 

JJEJJb = (E, E)u = l (E; + E; + E;) dx dy dz. 

IIpe,n;rroJIO)KHM, 'ITO 

E =-du n F = -dv, 

r,n;e u n v - rJia,n;Kne cPYHKU,llll. Tor,n;a 

d( U*dv) = du /\ * dv + ud*dv 

=du/\ *dv + u~vdx /\ dy /\dz 

lIJill 

du/\ *dv = d(u*dv) - (u~v) dx /\ dy /\dz. 

CooTBeTCTBeHHO 

(du,dv)u = l du/\*dv = l d(u*dv)- l u~vdx/\dy/\dz 
n TOr,n;a 

(du,dv)u= r U*dV- r U~vdx/\dy/\dz. 
lau Ju 

(16.6) 
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9To nepea.n rfiop.My//,a I'putta. IIocKOJihKY (E, F)u = (F, E)u, B rrep­

BOH <l>opMyJie fp1rna u H v MO)KHO rrepecTaBHTh, a IIOTOM H3 O,ll;HOH 

cPOPMYJihI BhI'IeCTh ,n;pyry10. Tor,n;a rroJiyqnM 

I f.u (u*dv - V*du) ~ L (u~v - v~u) dx /\ dy /\dz. J (16.7) 

9To emopaJl rfiop.My//,a I'putta. IIycTh TOqKa P Jie)KHT B o6JiaCTH U, H 

,n;aH MaJieHhKHH rnapnK Be: c pa,n;nycoM c H c 11eHTpoM B P, KOTOphIH 

11eJIHKOM HaXO,lJ;HTC51 B o6JiaCTH u (pnc. 16.12). IlpHMeHHM BTOpyIO 

<l>opMyJiy fpnHa K o6JiaCTH U, H3 KoTopoil: BhIHYT rnapnK Be:. fpaHH-

11a 3TOH o6JiaCTH 6y,n;eT COCT051Th H3 [)UH 8Bc:, c rrpOTHBOIIOJIO)KHOH 

opneHTa11neil:. Bo3bMeM 

Tor,n;a 

-1 
V = Tp, 

dr 
dv = 2, *dV = -Tp 

Tp 

CJ u 

Pnc. 16.12 

Ha rroBepxttocTH 8Bc: cPYHKllH51 v rrpnHHMaeT rrocTo5IHHoe 3Haqettne 

c-1. Tor,n;a MhI rroJiyqaeM 

- r (uTp + *dU) + r UTp + c-l r *du 
Jau Tp JaB0 JaB0 

1 ~u 
= - - dx /\ dy /\ dz. 

U-Bc rp 
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CorJiacHo TeopeMe CToKca, 

r *du = r d*du, 
laBe laBe 

TaK 'ITO 3TOT HHTerpaJI rrop.H,n;Ka c:3 . CJie,n;oBaTeJihHO, TpeTHfi 'IJieH 

cJieBa cTpeMHTC.H K Hymo KaK O(c:2). Ilpe.n;rroJiaraeTc.H, 'ITO cPYHKU.H.H 

u ,n;tt<P<PepeHIJ,HpyeMa, H II03TOMY u(x) = u(P) + O(c:) Ha rpaHHIJ,e 

8Be:· Tor.n;a MhI Mo)KeM 3aMeHHTh 

r UTp 

laBe 
Ha u(P) { Tp, 

laBe 
c rrorpernHOCThIO nop.H,n;Ka O(c:). 0,n;HaKo 

r Tp = 47r, 
laBe 

T. e. paBeH TIJIOIU.a)J;H c¢eph1 e,n;HHH'IHOro pa.n;ttyca. YcTpeMHB c: ~ 0, 
Mhl IIOJiyqaeM 

u(P) = - UTp + - - - --dxdydz. 1 1 ( *du) 1 1 Liu 
47r au rp 47r u rp 

(16.8) 

16.8. rapMOHHqecKHe cPYHKIJ;HH 

<l>yHKIJ,H.H u Ha3hrnaeTC.H 2ap.MO'HU"-leC'ICOU, eCJIH Liu = 0. ,Il;JI.H rapMO­

HH'I€CKHX cPYHKll,Hii TIOCJie,IJ;HHll 'IJI€H B ypaBH€HHH (16.8) o6palll,a€TC.H 

B HYJih H MhI HMeeM 

u(P) = - UTp + - . 1 1 ( *du) 
4?r au rp 

(16.9) 

cho IIOKa3bIBaeT, qTo rapMOHH'IeCKa.H cPYHKIJ,H.H u BHYTPH o6JiaCTH 

onpe,n;eJI.H€TC.H ee 3Ha'IeHHeM H 3Ha'leHH.HMH ee npOH3BO.IJ;HhIX Ha rpa­

HHIJ,e. Ha caMOM ,n;eJie MhI ,n;oKa)KeM, 'ITO cPYHKIJ,H.H u orrpe,n;eJI.HeTC.H 

TOJihKO CBOHMH 3Ha'IeHH.HMH Ha rpaHHIJ,€ OU. ,Il;aBaHTe IIpHM€HHM IIO­

JIY'I€HHYIO cPOPMYJIY K rnapHKY w c IJ,€HTpOM B TO'IKe p ( Jie)Kalll,HM 

BHyTpH U, CM. pHC. 16.13): 

u(P) = 41 { UTp + { *du 
7r law law rp 
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u 

PHC. 16.13 

BeJIH'IHHa r p ITOCTORHHa Ha 8W, H ITO TeopeMe CToKca 

f *du = f d*dU = 0, ITOCKOJibKY ~u = 0. 
law lw 

Tor.n.a 

u(P) = 
4

1 
{ UTp. 

1r law 
(16.10) 

Bb1pa:~KeHHe cITpaBa - 3TO ITpOCTO cpe.n.ttee 3Ha'IeHHe u ITO ccpepe 8W. 
l'haK, Mbl ,ll.OKa3aJIH CJI€,Jl.YIOIIlee. 

Ecmr u - rapMOHH'IecKaR cpyHKI1Irn B tteKoTopoH: o6Jiac­

TH, TO 3Ha'leHHe u B JII06oH: TO'IKe paBHO ee cpe.n.HeMy 

3Ha'leHHIO ITO JII06oH: ccpepe c 11€HTpOM B 3TOH TO'IKe, 

BHyTpeHHRR o6JiaCTh KoTopoH: 11eJIHKOM Hax:O,ll.HTCR BHyT­

pH o6JiaCTH. 

0TCIO,ll.a M021<HO ITOJIY'IHTb H€CKOJibKO HHTepeCHbIX CJI€,Jl.CTBHH. 

Ilpe,ll.ITOJIOLKHM, 'ITO BOKpyr TO'IKH xo HMeeTCR oKpecTHOCTh Z, Ta­

KaR, 'ITO 

u(x) :::; u(xo) BO Bcex TO'IKax BHYTPH z. 
IIycTb Sa - ccpepa c pa.n.HycoM a, 11eJIHKOM JieLKalllaR B o6JiaCTH 

z H HM€I0llla51 11€HTp B TO'!Ke Xo. Tor.n.a u(x) :::; u(xo) BO BCex 

TO'IKax Sa. A cpe.n.ttee 3Ha'IeHHe u ITO ccpepe Sa M€Hhrne HJIH paBHO 

u(xo). IIpe,ll.ITOJIOLKHM TeITeph, 'ITO ecTb HeKoTopaR TO'!Ka y H3 Sa, 
r.n.e u(y) < u(xo). Tor.n.a u(x) < u(xo) BO Bcex TO'!Kax x B6JIH3H y, 
H IT03TOMY cpe,z:i;ttee OT u ITO ccpepe Sa 6y.n.eT cTporo MeHhrne u(xo). 
Ho 3TO HeB03MOJKHO. Tor.n.a 

u(y) = u(xo) BO Bcex TO'IKax ccpephI Sa. 
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Pnc. 16.14 

Terreph rrpe.n;rroJIO)KMM, qTo W - OTKphITOe M C6Jl31we MHO)KeCT­

Bo, T. e. )l;OIIYCTMM, qTo mo6b1e )];Be TOqKH o6JiaCTH w MoryT 6hITh 

coe)l;MHeHbl HerrpephIBHOH KpHBOii:, u;eJIMKOM Jie)Kaiu;eii: B w. ,lJ;orry­

CTHM TaK)Ke, qTO cPYHKIJ;H.51 u )l;OCTMraeT CBOero MaKCMMyMa B HeKO­

Topoii: TOqKe x 0 E W. IlycTh y - mo6a.51 .n;pyra.51 TOqKa W M rrycTh 

C - KpMBa.51, coe,n;MH.51IOIIJ;a.51 ToqKM Xo My. BoKpyr Ka)K)l;oii: ToqKM x 

Ha KPMBOH Mhl MO)KeM IIOCTpOHTh )l;OCTaToqHO MaJihIH rnapMK c u;eH­

TpOM B ToqKe x, u;eJIMKOM Jie)Kaiu;Mii: B W. B CMJIY KOMrraKTHOCTM C 
Mhl MO)KeM Bh16paTh KOHeqHoe qJICJIO TaKMX rnapMKOB, ITOKphIBaIO­

Iu;HX C. Terreph MOJKHO yTBep)K)l;aTh cJie.n;y10iu;ee. l1MeeTC.51 KOHeqttoe 

qJicJio ccl>ep Sa1 , ••• , Sak TaKMX, qTo BHyTpeHH.51.51 qacTh Bcex ccl>ep 

Jie:>KMT u;eJIMKOM B W. Ccl>epa Sa1 MMeeT u;eHTp B TOqKe XQ, u;eHTp Xi 

c<PephI Sa;+1 JieJKHT B San a y E Sak (cM. pMC. 16.14). Ho 3TO 3Haq~IT, 
qTO u(xo) = u(x1) = · · · = u(xk) = u(y). ,lJ;pyrMMM cJioBaMM, MhI 

ycTaHOBHJIH CJie.n;yIOiu;ee. 

IlyCTh u - rapMOHMqecKa.51 cPYHKIJ;H.51 B OTKpbITOM CB.513-

HOM MHO)KeCTBe w. Ilpe.n;rroJIOJKMM, qTo OHa )l;OCTMraeT 

MaKCMMyMa B HeKOTopoii: ToqKe Xo E W. Tor.n;a u rrocTo­

.51HHa Ha MHOJKeCTBe w. 

0TCIO)l;a Herrocpe,ll;CTBeHHO CJie.n;yeT BhIBO)l;3 . 

3
Ha3hIBaeMbIH (B TOM 'IHCJie ,n;aJiee B 3TOH rJiaBe) npmt'4Uno.M. .M.a-X:cU.M.y.M.a 

,n;mr rapMOHH'leCKHX cPYHKIJ;HH. BhIIIIe,n;oKa3aHHrui: TeopeMa o cpe,n;HeM H cooTBeT­

CTBeHHO rrpHHIJ;HII MaKCHMyMa crrpaBe,n;JIHBhI ,n;JIH rapMOHH'l€CKHX cPYHKIJ;HH He 

TOJihKO B R3 , Ho n B rrpocTpaHCTBe Rn mo6oi!: pa3MepHOCTH n 2: 2. - llpU.M.. pea. 



16.8. rapMOmi:qeCKHe cPYHKIJ;HH 

IlycTb u - OTKpbITOe CB5I3HOe MHO)KeCTBO H rryCTb u o6o-

3HaqaeT ero 3aMbIKaHHe, TaK 'ITO u = u u {)U' r.n;e {)U 
o6o3HaqaeT rpaHmzy U. Ilpe.n;rroJIO)KHM, 'ITO U orpaHM­

qeHo. Tor.n;a ecJIM u - cPYHKI1M5I, rapMOHM'IeCKM B U 11 

HerrpepbIBHa5I Ha u' TO JIHOO 

u(x) < maxyEcmu(y) ,IJ;JI5I mo6oro x E U, 

JIM6o u IIOCT05IHHa. 

847 

){011:aaame.;i'bcmeo. IloCKOJihKY u 3aMKHYTO H orpaHM'IeHO, TO OHO 

KOMIIaKTHO. <l>yHKrrm1 u HerrpepbrnHa Ha U. TeopeMa 113 BerrrecTBeH­

Horo aHa.JIH3a rOBOpHT, qTo u ,il.OJI)KHa ,[[.OCTMraTb CBOero MaKCHMyMa 

B HeKoTopoii TO'IKe xo MHO)KeCTBa U. EcJIM o,n;Hoii 113 TaKMX TO'IeK 

6y,n;eT Xo E U, TO 113 Harrmx rrpe,n;hr.n;yrrrrrx pe3yJihTaTOB CJie.n;yeT, 'ITO 

u IIOCT05IHHa. EcJIH )Ke u He IIOCTOHHHa, TO Xo E {)U' H Mbl ,IJ;OKa3a.JIH 

Harne rrpe.n;rroJIO)KeHHe. 

0TCIO,IJ;a MO)KHO IIOJIY'IHTb errre 0,IJ;HH pe3yJibTaT. 

IlycTb u - OTKpbITOe CBH3HOe MHO)KeCTBO, a ero 3aMbI­

KaHMe u KOMIIaKTHO. IlycTb u H v - cPYHKI1HH, Herrpe­

pbIBHhie Hau H rapMOHH'IeCKHe Bu. ,Il;orrycTMM, 'ITO 

u(y) = v(y) ,IJ;JIH Bcex y E {)U. 

Tor.n;a 

u(x) = v(x) ,IJ;JIH Bcex x E U. 

){011:aaameA'bCm60. <l>yHKI1HH u - v rapMOHH'IeCKaH H o6parrraeT­

CH B HYJib Ha rpaHMrre au. B CMJIY rrpe,IJ;bI,IJ;yIIIero rrpHHI1HIIa u(x) -
v(x) ::; 0 ,IJ;JIH x E U. AHa.JIOrH'IHO, v(x) - u(x) ::; 0, 'ITO 11 Tpe6oBa­

JIOCh ,IJ;OKa3aTh. 

,Il;pyraH cPOPMYJIMpOBKa IIOCJie,n;Hero rrpe,IJ;JIO)KeHirn: B o6JiaCTH u 
l'apMOHH'IeCKa5I cPYHKI1HH IIOJIHOCTbIO orrpe,n;eJIHeTCH CBOHMH 3Ha'Ie­

llll5IMH Ha rpaHMrre. B 3TOM COCTOHT meope.Ma eau'HCm6e'H'/-WCmu: 

cyrrrecTByeT TOJibKO O,IJ;Ha rapMOHH'IeCKa5I cPYHKrrMH, orrpe,n;eJIHeMaH 

CBOHMH rpaHH'IHbIMH 3Ha'IeHHHMH. IlpH 3TOM B03HHKaeT rrpo6JieMa: 

BepHa JIM COOTBeTCTBYIOIIIaH TeOpeMa cyrrreCTBOBaHMH? cha rrpo6Jie­

Ma ll3BeCTHa KaK aaaa"l,a j{upUXAe. 
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16.9. MeTo,n; opToroHaJibHOii npoeKIJ;HH 

,Il;aBaiiTe paccMoTpHM ~yroe ,n;oKa3aTeJihCTBo eduncmeen1-wcmu pe­

rnemrn: 3a,n;aqH ,Il;RpRxne ,n;m1 orpaHRqeHHoii o6JiaCTH U. BocrroJib3Y­

eMCH rrepBO:ii cPOPMYJIOii: fpHHa (16.6) 

(du, dv)u = r U*dV -1 uLlv dx /\ dy /\dz. 
lau u 

IlycTh c0 o6o3HaqaeT rrpocTpaHCTBO Bcex ,n;R<P<Pepemi;RpyeMbIX 

cPYHKIJ;HM Ha U, a C2Hyrp - ero IIO,ll;IlpOCTpaHCTBO, COCTOHIIJ;ee H3 

cPYHKIJ;Hii:, TO)K,IJ;eCTBeHHO paBHbIX Hymo Ha rpaHHIJ;e au. ITycTb H 
o6o3Ha<J:aeT rrpocTpaHCTBO rapMOHH'leCKIIX cpyHKIJ;IIH v B o6JiacTII u, 
KOTOpbie HenpepbIBHbI Hau H y,n;oBJieTBOpHIOT ypaBHeHHIO Llv = 0 B 

o6JiaCTH U. Tor,n;a, eCJIH u E c2HYTP' TO IIOCKOJihKY u = 0 Ha rpaHHIJ;e 

au, MbI llMeeM 

r U*dV = 0 ,ll;JIH JII06oii: rna,n;KO:ii cPYHKIJ;H:II V. 
lau 

EcJIH v E H, TO uLlv = 0 ,ll;JIH JI106o:ii cPYHKIJ;llll u. Tor,n;a ecJill u E 
c2HYTP H v EH, TO (du, dv)u = 0. ,Il;pyrllMH CJIOBaMll, rrpocTpaHCTBa 

dC2HYTP H dH opToroHaJihHhI OTHOCn:TeJihHO (·, ·)u. B qacTHOCTH, 

rrpe,n;rrOJIO)KHM, qTo u - rapMOHHqecKaH cPYHKIJ;HH, o6paIIJ;aIOIIJ;aHC51 

B HYJih Ha rpaHRIJ;e. Tor,n;a 

(du, du)u = 0. 

0,n;HaKo 

(du,du)u ~ fu ( G:)' + (:)' + (~~)') dxAdyAdz. 

cho Bblpa,)KeHHe o6paIIJ;aeTCH B HYJib TOJibKO npH YCJIOBllH, qTo Bee 

qacTHhie rrpoll3BO,ll;Hbie u paBHhI HYJIIO B o6JiaCTll U. Ho Tor,n;a u 
,ll;OJI)l<Ha 6b!Tb IIOCT051HHOii, H IIOCKOJibKY U = 0 Ha rpaHllIJ;e au, TO 

u = 0. TaKHM o6pa3oM, rapMoHn:qecKaH cpyHKIJ;HH, KOTopaH paBHa 

HYJIIO Ha rpaHllIJ;e au, ,n;om1rna 6hITb paBHa HYJIIO Be3,n;e. KaK H paHb­

rne, 3TO ,n;oKa3hIBaeT eduncmeennocm'b perneHmI 3a,n;a'IH ,Il;RpHXJie. 
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IIpocTpaHCTBa dC0 , dH H TaK .n;anee 51BmnoTC51 6ecKOHe"IHO­

MepHhIMH BeKTOpHhIMH rrpocTpaHCTBaMH. B 3TOit KHHre MhI He 3aHH­

MMHCh TaKHMH rrpOCTpaHCTBaMH HJIH rrpoeKU,HOHHhIMH onepaTopaMH 

7r B TaKHX IIpOCTpaHCTBax. cha TeOpH51 M02KeT 6bITh pa3pa60TaHa H, 

cJie,Izy51 fepMaHy Beitmo, M02KeT 6hITh .n;oKa3aH cJie,IzyIOIIlHM rrpHHU,Hrr. 

IlpocTpaHCTBO dH 51BJI51eTC51 opTorOHaJibHhIM ,Il;OIIOJIHe­

HHeM dC2HYTP K dCO. 

lIJin .n;pyrHMH CJIOBaMH, ecJIH E = dv H (E, du) = 0 ,ZJ;JI51 Bcex 

U E C2HYTP' TO ~V = 0 B 06JiaCTH U. Il03TOMy, B351B JIJ06yro cPYHKll,HIO 

7/;' Mbl M02KeM pa3JI02KHTb d7/; B cyMMY 

d7/J = du + dv' r.n;e u E c2HYTP H v E H . 

.Il,pyrnMH CJIOBaMH, du = 7r d7/;, r.n;e 7r o6o3Ha"IaeT rrpoeKll,HIO Ha 

KOMIIOHeHTY dC2HYTP' H dv = (1 - 7r) d7/;. Terreph MO)KHO penmTh 

3aaa"ly 4upuxJte: ,Zl;J151 .n;aHHOH rJia,ZJ;KOH cPYHKll,HH ¢, orrpe.n;eJieHHOH 

Ha BU, HallTH TaKyJO cPYHKU,:mo V, "IT06bI BbIIlOJIH5IJIOCb ypaBHeHHe 

~V = 0 H V = cp Ha rpaHHU,e au. 
Pewettue. BhI6epeM rrpoH3BOJihHyro cPYHKU,HIO 7/;, KOTopa51 coBrra­

.n;aeT c ¢ Ha rpaHHU,e au H orrpe.n;eJieHa BO BCeit o6JiaCTH u. Pa3JIO)KHM 

d7/; Ha cJiaraeMhie, KaK 3TO rroKa3aHo Bhnne. Tor.n;a nocKOJihKY u 06-

pa1TiaeTCR B HYJlb Ha rpaHHU,e au, Mbl 3HaeM, "ITO v COBna.n;aeT c 7/; 
Ha rpaHHU,e au H, CJie,ZJ;OBaTeJibHO, 51BJI5IeTC51 HCKOMhlM perneHHeM. 

3aMeTHM, "ITO IIOCKOJihKY (du, dv)u = 0, TO 

Jld7/Jlli = IJdulJi + /ldv/li, 

IJd7/JJli 2 lldvJli. 
TaKHM o6pa30M, cpe.n;n Bcex cPYHKU,Hit, 3Ha"IeHH51 KOTOphIX coBirn­

;~aroT c 7/; Ha rpattnu,e, pernettne 3a.n;aqn .Il,npttxJie v M02KeT xapaK­

TepH30BaTbC51 KaK cPYHKU,H51 c HaHMeHhIIIHM 3Ha"IeHHeM /ldv/li. C:ho 

TaK Ha3hrnaeMhIH npu'H:u,un 4upuxJte. EcJIH C"IHTaTh, "ITO ! \\Elli -
:mep2U.fl, 3JieKTpH"IeCKOro TIOJI51, TO npHHll,HII .Il,HpHXJie roBOpHT, "ITO 

pernettHeM 3a,ZJ;a"IH .Il,npHXJie 5IBJI51eTC51 TaKa51 cPYHKU,H5I v' y KOTOpoit 

dv .n;aeT MHHMMaJihHYIO 3HeprMJO, IIpll ycJIOBlIH, "ITO Ha rpaHMU,e au 
BhIIlOJIH5IeTC5I paBeHCTBO v = ¢. 
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Mb1 He ,n;oKa3hIBaeM 3,n;ech, qTo pernemre 3a,n;aqH ,Il;HpHxJie cy­

rn;ecTByeT ,Il;Jl51 rrpOH3BOJibHhIX o6JiaCTeii (,n;OKa3aTeJibCTBO MO)I<:HO 

HaiiTH B rJiaBe 12 KHHrH Loomis and Sternberg). TeM He MeHee, 

MhI rroKaJKeM, KaK pernaeTCR 3Ta 3a,n;aqa ,n;JIR o6JiacTeii orrpe,n;eJieH­

Horo THrra. KpoMe Toro, MhI Bhrne,n;eM HeKOTOpb1e o6rn;He rrpHHIJ;HIIhI 

3JI€KTpOCTaTHKll. 

16.10. <l>yHKD;IUI rp11Ha 

Ilpe,n;rrOJIO)f(HM, qTo B o6JiaCT.fI u 3a,n;aqa ,Il;npnxJie MO)f(€T 6hITh pe­

IIIeHa. 3,n;ecb Mbl IIOJiyqHM ,Il;JI51 3TOH o6JiaCTll u aHaJIOr TOH cPYHKIJ;llll 

fpHHa, KOTOpaR o6cy)f(,D;aJiacb B rJiaBe 13 B ,ll,llCKpeTHOM CJiyqae. 

,Il;JI51 mo6oii TOqKH x B rrpocTpaHCTBe IR.3 IIOJIO)f(llM 

1 1 
K(x, y) = 47r llx - Yll. 

PaccMaTpHBaR K KaK cPYHKIJ;HIO y (rrpH cPHKcnpoBaHHOM x), MhI 

HMeeM 
1 

*dK(x, ·) = -Tx. 
47r 

cI>opMyJiy (16.8) n3 rraparpa<Pa 16. 7 MhI MO)f(eM rreperrHcaTb qepe3 K 
B Bn,n;e 

u(x) = { (u*dK(x, ·) + K(x, ·)*du) -1 K(x, ·)~udV. 
lau u 

Terrepb ,D;JIR 3a,n;aHHOro x E U cPYHKrt;HR K(x, y) RBJIReTcR ,n;H<P<Pe­

peHrt;HpyeMoii cPYHKrt;HeH y, Kor,n;a y ll3MeH51€TC51 B,Il;OJlb rpaHllIJ;bl 8U. 
Ilo rrpe,n;rrOJIO)f(eHHIO Mbl MO)f(€M HaHTll TaKyIO cPYHKIJ;lllO h(x, ·),rap­

MOHHqecKyIO B o6JiaCTll u ll HerrpepbIBHYIO Ha u, qT06hI BbIIIOJIH51-

JIOCb ycJIOBHe 

h(x, y) = -K(x, y) ,D;JIR Bcex y E 8U. 

,II;anee, ,Il;Jl51 cPHKCllpOBaHHOro 3HaqeHH51 y cPYHKIJ;ll51 h(x, y) 51BJI51eTC51 

HerrpepbIBHoii cPYHKrt;Heii x. B cooTBeTCTBHH c rrpHHrt;HIIOM MaKcHMy­

Ma rapMOHnqecKa51 cPYHKIJ;ll51 h(x1, y) - h(x2, y) ,Il;OCTnraeT CBOero 

MaKCHMaJihHoro 3HaqeHH51 Ha rpaHHrt;e 8U. CJie,n;oBaTeJibHO, 
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TaK)Ke 011eBH,n;Ho, 'ITO K(x, z) paBHOMepHo HeITpepbIBHa ITO x ,Il;JI.H 

BCeX Z E au, ITOKa X HaxO,Il;HTC.H Ha orpaHH'IeHHOM CHH3Y paCCTO.HHHH 

OT au. lfTaK, Mb! ITOCTpOHJIH TaKyIO cPYHKIJ;HIO hu, ,Il;Jl.H KOTOpO:ti 

BbIIIOJIH.HIOTC.H cJie,n;y10rn;He ycJIOBH.H: 

(i) cPYHK:U,H.H hu(x, y) HeITpepbIBHa ITO x H y ,Il;Jl.H x, y E u H 

,n;HcP<PepeH:u,HpyeMa ITO y B o6JiaCTH u; 

(ii) ,Il;JI.H Ka)K,Il;Oro cPHKCHpOBaHHOrO 3Ha'IeHH.H x BbIIIOJIH.HeTC.H ypaB­

HeHHe b.yhu = 0, T. e. b.hu(x, ·) = O; 

(iii) Gu(x, y) = K(x, y) + hu(x, y) = 0 ,Il;Jl.H y Eau. 

<l>yHK:U,H.H Gu Ha3brnaeTc.H <fiy'H:K:'IJ,Ueil I'putta o6JiaCTH U. Ilpe,n;­

ITOJIO)KHM, 'ITO Gu cyrn;ecTByeT, H ,n;aBaiiTe BbI.HCHHM ee cBo:ticTBa. B 
,n;aJibHeiirneM MbI 6y,n;eM ITHCaTb G BMecTo Gu, ecJIH .HCHO, o KaKo:ti 

o6JiaCTH U H,n;eT pe11b. CHa'IaJia ITOKa)KeM, 'ITO ,Il;JI.H x E U H y E U 
BbIIIOJIH.HeTc.H ycJioBHe 

G(x,y) = G(y,x). 

IIycTb Bx,e H By ,e o6o3Ha'IaIOT MaJieHbKHe rnapHKH BOKpyr TO'IeK 

x Hy. IlpHMeHHM BTopy10 <l>opMyJiy fpHHa K cPYHK:U,H.HM u = G(x, ·) 

H v = G(y, ·), 3aMeHHB o6JiaCTb U Ha U - Bx,e - By,e· IIocKOJibKY 

o6e cPYHK:U,HH rapMOHH'IeCKHe B paccMaTpHBaeMO:ti o6JiaCTH H o6pa­

rn;aIOTC.H B HYJib Ha rpaHH:U,e au' Mbl ITOJiy'IaeM 

{ G(x, ·)*dG(y, ·) + { G(x, ·)*dG(y, ·) 
laBx,e JaBy,e 

= { G(y, ·)*dG(x, ·) + { G(y, ·)*dG(x, ·). 
JaBx,e laBy,e 

TeITepb ITOKaJKeM, 'ITO ITPH c ---+ 0 JieBa.H 11acTb paBeHCTBa cTpe­

MHTC.H K G(x, y), a ITpaBa.H - K G(y, x). B CHJIY CHMMeTpHH ,n;ocTa­

TO'IHO ycTaHOBHTb 3TO ,Il;Jl.H JieBo:ti 'IaCTH. 

3aITHrneM 

{ G(x, ·)*dG(y, ·) = { G(x, ·)*dK(y, ·) + { G(x, ·)*dh. 
laBy,e laBy,e laBy,e 



IlepBhIH qJieH crrpaBa CTpeMJITC51 K G(x, y), KaK JIB rraparpacpe 16.6, 
rrocKOJihKY 47r*dK - aTo TeJieCHhIH yroJI JI3 TOqKJI y. BTopoii qJieH 

CTpeMJITC51 K Hymo, rroToMy qTo G(x, ·) JI h - rJia,11,KJie cpyHKIJ;HJI B 

o6JiacTJI By,r::· C ,n,pyroii cTopoHhI, 

l G(x, ·)*dG(y, ·) 
8Bx,€ 

= l K(x, ·)*dG(y, ·) + l h(x, ·)*dG(y, ·). 
8Bx,€ 8Bx,e 

TaK Me, KaK JI BhIIIIe, BTopoii qJieH cTpeMJITC51 K Hymo. IlepBhIH qJieH 

MO)KHO rreperrJICaTb B BJI,l1,C 

rrocKOJihKY G (y, ·) - rapMOHJiqecKa51 cpyHK11,JI51 B o6JiacTJI Bx,r::. I1 TaK, 

MhI ,n,oKa3aJIJI, qTO G(x, y) = G(y, x). 

IlycTh u o6o3HaqaeT mo6yro rna,n,KyIO cpyHKll,JIIO B o6JiacTJI U. 
IlpJIMeHJIM BTopyro cpopMyJiy fpJIHa K u JI v = G(x, ·) B o6JiacTJI 

u - Bx,r::· IloCKOJihKY G(x, ·) = 0 Ha rpaHJill,e au, Mhl IIOJiyqJIM 

f u*dG(x, ·) - f U*dG(x, ·) + f G(x, ·)*du 
Jau JaBx" JaBx,< 

= i G(x, ·)~udx1 
/\ · · · /\ dxn. 

TpeTJIH JIHTerpaJI CJieBa MOMHO 3aIIJICaTb B BJI,11,e 

CJie,n,oBaTeJihHO, OH CTpeMJITC51 K Hymo. Tor,n,a MhI rroJiyqJIM 

u(x) = { G(x, ·)~udx1 
/\ · · · /\ dxn + f u*dG(x, ·). 

Ju lau 
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9To ypaBHemi:e rroKa3hrnaeT, qTo ecJIH .Mibt 3'1-tae.M, "tmo cyw,ecm­

Byem peIIIeHHe 3a,n;aqH IlyaccoHa !;,.F = f c ycJIOBHeM F = 0 Ha 

rpaHHu;e, TO OHO HMeeT BH,lJ; 

F(x) = J G(x, y)f(y) dy. (16.11) 

AHaJIOrHqHo, ecJIH MhI 3HaeM, qTo cyiu;ecTByeT rJia,n;Koe peIIIeHHe 

3a,n;aqH ,Il;HpHXJie 

l;,.u = 0, u(x) = f(x) ,D;JIR XE oU, 

TO OHO HMeeT BH,Il; 

u(x) = r U*dG(x, ·). lau (16.12) 

16 .11. IIHTerpa.rrbHa.H cf>opMyJia IIyaccoHa 

Ba)lrno OTMeTHTh, qTo 9TH cpopMyJihI RBJIRK>TCR cJie,n;cTBHeM cyiu;e­

CTBOBaHHR cpyHKD;HH fpHHa ,D;JIR u' T. e. OHH crrpaBe,D;JIHBhl BO BCex 

cJiyqaRx, KOr,n;a Mhl MO)l(eM HaHTH TaKyro cpyHKD;HK> h, qTo (ii) H 

(iii) BhlIIOJIHRK)TCR. B KaqecTBe rrpHMepa Mhl M0)1(€M B RBHOM BH,n;e 

rrocTpOHTh cpyHKD;HK> fpHHa ,D;JIR IIIapa BR c pa,n;HycoM R. ,Il;JIR rrpo­

CTOThI rrpe,n;IIOJIO)l(HM, qTo HaqaJio KOOp,D;HHaT HaxO,D;HTCR B u;eHTpe 

IIIapa. 

IlycTh ,n;JIR x =I- 0 TOqKa x' o6o3HaqaeT ee o6pa3 rrpH utt6epcuu 

no OTHOIIIeHHro K ccpepe pa,n;Hyca R, T. e. 

R2 
I 

X = llxll 2 X 
(cM. pHC. 16.11). 

Orrpe,n;eJIHM cpyHKD;HK> GR cpopMyJioii 

R 
eCJIH X =/:- 0, 

llxll llY - x'll' 
€CJIH X = 0. 
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EcJIH x E BR, TO x' E BR H rro3TOMy BTOphie cJiaraeMhie B rrpaBoft 

qacTH cPOPMYJihI 5IBJl5IIOTC5I HerrpepbIBHhIMH H rapMOHH'feCKHMH B 

BR. HaM Ha,n;o rrpocTo rrpoBepnTh BhIIIOJIHeHne CBOHCTBa (iii). ,Il;JIR 

llYll = R H3 rro,n;o6HhIX TpeyroJihHHKOB (nJIH rrpRMhIM BhI'fHCJieHHeM) 

Mhl HMeeM 

R IJy-x'll 
llxll lly-xll' 

CJie,n;oBaTeJihHO, 

GR(x, y) = 0 ,Il;JIR llYll = R. 

A 3TO H ecTh CBOHCTBO (iii). llTaK MhI rrpoBepHJIH, 'ITO GR RBJIReTCR 

cPYHKrweu I'pHHa ,n;JIR rnapa c pa,n;nycoM R. 
"lfro6bI rrpnMeHHTh Harny cPOPMYJIY K perneHHIO 3a,n;aqn ,IJ;npHXJie 

c IIOMO:rn;hIO cPYHKIJ;HH fpnHa, Mhl ,n;omKHhl Bhl'IHCJIHTh *dG R Ha 

c<l:>epe pa,n;nyca R. 11.MeeM 

Ho 

R 
47r*dGR(x, ·) = Tx - llxll Tx' 

yi _ xi R yi _ xi . 
= L llY - xll3 - W llY - x'll3 *dyi. 

R 

llxll llY - x' 113 R2jjy - xll3' ecJin llYll = R. 

11.TaK, Mhl BH)J;HM, 'fTO ,Il;Jl5I llYll = R 

EcJin MhI rro,n;cTaBHM B Harne perneHne 3a,n;aqn ,IJ;npnxJie 

u(x) = { u(y)*dG(x, y), lau 
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TO IIOJIY'IHM 

0)1.HaKo Ha c<f>epe p~ttyca R <f>opMa *rdr rrpocTo paBHa RdSR, r)l.e 

dSR - aJieMeHT rrJio:rn;~n cQ>ephI p~nyca R. Ilo)l.cTaBHB 3TO B rro­

cJie)l.HIOIO Q>opMyJiy, rroJiy'IaeM U'ttme2pa.11.'b'tty10 <fiop.MyAy Ilyaccotta: 

u(x) = R2 - llxll2 { u(y) dSR 
4rr R J sR llY - xll 3 (16.13) 

IlpH BbIBO)l.€ <f>opMYJlhl (16.13) MhI BOCITOJJh30BaJJHCb rrpe,I1TIOJIO­

)K€Hll€M, 'ITO ¢YHK:u;m1 u AH¢¢epeH:u;npyeMa B HeKOTOpoii OKpeCT­

HOCTll rnapa BR, n 'ITO oHa rapMOHH'IeCKM )l.JI51 llxll < R. Ha caMOM 

)l.eJie HaM 6hIJIO )l.OCTaTO'IHO rrpe)l.IIOJIO)KHTh, 'ITO u - AH¢¢epeH­

:u;npyeMa£ H rapMoHH'IecKa51 rrpn llxll < R H 'ITO OHa HerrpephIBHa 

Ha 3aMKHYTOM rnape llxll ::::; R. Ilo cy:rn;ecTBy, Q>opMyJia (16.13) )l.JI51 

JII06oro llxll < R ocTaHeTC51 BepHoii, ecJIH 3aMeHHTh R Ha Ra, r)l.e 

x < Ra < R. Ec;rn 3aTeM Ra ycTpeMHTb K R, TO Q>opMyJia (16.13) 
BOCCTaHaBJIHBaeTc51 B rrepBOHa'IaJihHOM BH)l.e B CHJIY npe)l.IIOJIO)KeHH51 

0 HerrpephIBHOCTH Q>yHKIJ;llll u. 
<I>opMyJia (16.13) )l.aeT perneHne 3a)l.a'IH ,Il,npnxJie )l.JI51 rnapa rrpn 

ycJIOBHH, 'ITO M'bt attae.M, "tmo ma'K:oe pewettue cy'll.liecmByem, T. e. ec­

JIH u - npOH3BOJibHa51 rapMOHll'I€CKa51 ¢YHKIJ;ll51 Ha OTKpbITOM rnape 

n HenpephIBHM Ha 3aMKHYTOM, TO oHa y)l.OBJieTBOp51eT ypaBHeHHIO 

(16.13). A ceii'Iac IIOKa)KeM, 'ITO (16.13) ,I1eiicTBHTeJihHO 51BJI51eTc51 

perneHHeM 3a)l.a'IH ,Il,npHXJie )l.J151 3a)l.aHHhIX rpaHH'IHhIX 3Ha'IeHHH. 

Ilpe)l.ITOJIO)KllM, 'ITO HaM )l.aHa HenpephIBHa51 cPYHKIJ;ll51 u, onpe)l.e­

JieHHa51 Ha cQ>epe SR· Tor)l.a HaM )l.aHa u(y) )l.JI51 Bcex y E SR. IlycTh 

ypaBHeHne (16.13) onpe)l.eJI£eT u(x) )l.JI51 llxll < R. Mh1 )l.OJI)KHhI rro­

Ka3aTh, 'ITO 

(a) u rapMOHH'IecKa£ B o6JiaCTH llxll < R, 

(b) u(x) -> u(yo), ecJIH x-> Yo H llYllo = R. 

1ho6h1 )l.OKa3aTh (a), 3aMeTHM, 'ITO GR(x,y) - )l.HQ>Q>epeH:u;npy­

eMM ¢YHKIJ;H51 x Hy B o6JiacTH llxll < R1 < R, Ri < llYll < R 2 / R1. 
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KpoMe Toro, no rrocTpoemno oHa - rapMOHHqecKaR cPYHKIJ;HR OT y. 
,Il;na: llxll <RH l\Yll < R MhI 3HaeM, qTQ 

GR(x,y) = GR(y,x). 

Tor,IJ;a ,IJ;JIR cPHKCHpOBaHHoro y, rrpH ycJIOBHH 1\yl\ < R, cPYHKIJ;HR 

GR ( ·, y) rapMOHHqecKaR B o6nacTH BR - {y}. Y cTpeMHB I\ y I\ --+ 

R, MhI BH,Il;HM, qTo GR(x,y) - rapMOHttqecKaa: cPYHKIJ;HR x ,IJ;JIR 

\\xi\ < R1 < R H mo6oro <PttKcttpoBaHHoro y E SR. TaKHM o6-

pa3oM, 8GR(x,y)/8yi - rapMOHHqecKaR cPYHKIJ;HR x ,IJ;JIR mo6oro 

y E SR. ,Il;pyrttMH cnoBaMtt, Bee Ko::i<P<Ptt:u;tteHThI *dGR(·,y) RBJIR­

IOTCR rapMOHHqecKHMH cPYHKIJ;HRMH x ,IJ;JIR Ka)K,IJ;Oro y E SR. cho )Ke 

MO)KHO cKmaTh H o Bcex Ko::i<P<Ptt:u;tteHTaX u(y)*dGR(·, y). Cne,IJ;o­

BaTeJihHO, cPYHKIJ;HR u(x) = fsR U*dGR(x, ·) RBJIReTCR rapMOHHqe­

CKOll cPYHKIJ;Hefi x, IIOCKOJibKY HHTerpan CXO,IJ;HTCR paBHOMepHO IIPH 

\\xi\ < R1 < R (TaK )Ke, KaK H Bee HHTerpanhI OT pmnttqHhIX rrpott3-

BO,IJ;HhIX ITO x). 9To ,IJ;OKa3hIBaeT (a). 

,L.I;na: ,Il;OKa3aTeJihCTBa (b) CHaqana OTMeTHM, qTo TO)K,Il;eCTBeHHaR 

e,IJ;HHHIJ;a RBJIReTCR rapMOHHqecKOll cPYHKIJ;Hefi Be3,IJ;e, II03TOMY K Heil 

rrpttMeHHMO ypaBHeHtte (16.13). Tor,IJ;a rroJiyqaeM 

R 2 
- llx\1 2 

{ dSR 
411R JSR llY - xl\3 = 1 ,IJ;JIR mo6oro \lxll <R. (16.14) 

IlycTh Yo o6o3HaqaeT TOqKy Ha c¢epe SR H rrycTb u - HerrpepbrnHaa: 

cPYHKIJ;HR Ha 3TOll c¢epe. ,L.I;na: mo6oro c > 0 Mbl MO)KeM HallTH TaKoe 

6 > 0, qTO 

\u(y) - u(yo)\ < c rrptt llY - Yo\I :S 26, YE SR. 

IJycTh 

Z1 = {y E SR: llY-Yol\ > 26} H Z2 = {y E SR: l\Y-Yol\::::; 26}. 

Tor,IJ;a B cttny (16.13) H (16.14) ,IJ;JIR l\xl\ < R MhI HMeeM 

( ) _ ( ) = R 2 
- llxll 2 

{ u(y) - u(yo) dS 
u x u Yo 411R JsR \IY - x\13 R· 

Ilo3TOMY 

\u(x) - u(yo)\ :S Ii + h, 
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Ii= R2 
- llxll 2 

{ lu(y) - u(yo)I dSR 
47r R j Z1 llY - x\\ 3 

/z = R2 - Jlx//2 { /u(y) - u(yo)/ dSR. 
47r R J z2 \IY - x\1 3 

Ecm1 \\Yo - x\\ < 8, TO ~Jrn Bcex y E Z1 MhI HMeeM \\y - xii > 
llY - Yoll - l\x - Yo\\, TaK 'ITO \IY - x\\ > 8. lfraK, ~Jrn Bcex x, 
Y~OBJieTBOp.HIOIIJ,HX ycJIOBHIO l\x-yo\I < 8, HHTerpan B Ii paBHOMepHO 

orpattn'IeH. IlocKOJihKY \lx\I ---+ R rrpn x ---+ yo, MhI rrpnxo~HM K 

BhIBO~, 'ITO Ii ---+ 0 rrpn x ---+ YO· 
3ai1MeMC.H Terrepb 12. Mhr 3HaeM, 'ITO lu(y)-u(yo)I < E ,IJ;JI.H Bcex 

y E Z2 , TaK 'ITO 

I R2 
- llx\\ 2 

{ cdSR R2 
- \\x\\ 2 

{ dSR 
2 < 47rR lz2 llY- x\1 3 = E 47rR JsR llY- xll 3 = E 

B cnny (16.14). TaKHM o6pa3oM, MhI ~OKa3aJIH (b). 
l'lTaK, ,IJ;OKa3aHa 

TeopeMa. Ilycm'b u - uenpep'btBUa.H.. <fiywK:u,uR, onpeaMeuuaR ua 
c<fiepe SR. Cyw,ecmeyem eauucmee~maR uenpep'bte'H..a.H.. na oepanu­
'l(,e'H..'H..O.M ew wape \\x\\ ~ R <fiyn'K:V,UR, 'K:omopaR coenaaaem c aan­
nou <fiyn'K:V,Ueu na c<fiepe SR u .R,6Jl..J(,emcR eap.MO'H..U'l(,eC'K:OU 6 06J1..acmu 
llxll < R u. 9ma <fiyn'K:V,UR onpeaMRemcR aJl..J(, ecex \Ix\\ < R ypae­
nenue.M (16.13). 

Mbr 3aTpaTHJIH H3p.H~Hoe KOJIH'IeCTBO ycnnnii Ha rro~po6ttoe ,n;o­
Ka3aTeJihCTBO cyru;ecTBOBaHH.H perneHH.H 3a,n;a'IH ,ll;npHXJie B rrpOCTOM 

CJiy'Iae c<l>epbI. ,ll;eTaJIH ~OKa3aTeJibCTB ,IJ;JI.H 6oJiee CJIO)KHhIX o6Jia­

CTeH Mhl rrpHBO~HTh He 6y,n;eM. ,ll;a,n;HM TOJihKO H~eIO O,Il;HOro MeTo,n;a, 

rro~po6HOCTH KOTOporo rrpn )KeJiaHHH MO)KHO BOCCTaHOBHTh. 

,ll;aBaiiTe arrrrpoKCHMHpyeM eBKJIH~OBO rrpocTpaHCTBO ceThIO. B 

KOHU,e Ka)K,Il;oro BeKTOpa v' KOOp~HHaThI KOToporo .HBJI.HIOTC.H ~BO­

H'IHhIMH ,n;po6RMH co 3HaMettaTeJieM 2N, rroMeCTHM y3eJI. BeKTopa v 

HMeIOT BH~ 

v = 2~ (,'.) , r11e k, l, m - I;<'11Me 'rncna. 
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3,n;ech N - ¢HKCHpoBaHHoe 6oJibIIIoe u;eJioe 'IHCJIO. Ka)K,Il;hIM y3eJI 

coe,n;HHHM c IIIeCTbIO 6JIH)KaMIIIHMll coce,n;RMH (pHC. 16.15); Tor,n;a Bee 

rrpocTpaHCTBO pa3,n;eJIHTCR Ha Ky611qecK11e 51:qeii:KH. Ka)K,Il;oii: seTBll 

rrpHCBOllM eMKOCTh 2N, a qepe3 !J.N o6o3Ha'IHM orrepaTop JlarrJiaca 

,Il;J15I 3TOM ceTH. JlerKO BH,n;eTb, 'ITO ,Il;J15I JII06oii: ,n;Ba)K,Il;hl ,n;H¢¢epeH­

u;11pyeMOM ¢YHK11;Hll U 

IJ.Nu --+ !J.u rrp11 N --+ oo . 

• • • 

• 

PHC. 16.15 

EcJI11 HaM ,n;aHa orpaH11'leHHaR o6JiaCTh U c rpaH11u;eii: 8U, TO 

MO)KHO paCCMOTpeTb KOHe'IHYIO rro,n;ceTh, COCTORIIIYIO 113 scex Y3JIOB 

B 06JiacT11 U 11 scex BeTseii:, coe,n;11HRI0iu;11x 3Tll Y3JihI. Y3JihI, pacrro­

JIO)KeHHhie 6JI11)Ke Bcero K rpaH11u;e, Ha30BeM rpaHll'IHhIMll y3JiaM11. 

VlcIIOJib3YR HaIIIll pe3yJihTaThl ,Il;J15I KOHe'IHblX u;erreii:, Mbl MO)KeM pe­

IIIHTb 3a,n;aqy ,Il;11p11xJie ,Il;J15I TaKoro KOHe'IHOro rrp116JI11)KeHll5I. 3a,n;a­

,Il;llM HerrpepbIBHYIO ¢YHKu;1110 <P Ha rpaH11u;e {)U. Mo)KHO rrp11rr11caTh 

3Ha'leH11R <P N Ha rpaHll'IHhIX y3Jiax HaIIIero KOHe'IHoro rrp116JI11)Ke­

HllR, B35IB <PN(n) = <P(x), r,n;e x - 3TO 6JI11)Kaii:I1Ia5I K y3JIY n TO'IKa Ha 

rpaH11u;e. (EcJill TaKllX 6Jill)KaMIIIllX TO'leK HeCKOJibKO, TO Bb1611paeM 

o,n;Hy 113 HllX.) TaKllM o6pa30M, HerrpepbIBHYIO 3a,n;aqy ,Il;11p11xJie MhI 

arrrrpOKCllMllpOBaJill ,Il;llCKpeTHOM KOHe'IHOM 3a,n;aqeii:, KOTOpyIO yMeeM 

peIIIaTb. Ilp11 N --+ oo MhI O)K11,n;aeM, 'ITO rrocJie,n;osaTeJibHOCTh pe­

IIIeH11ii: u N 6y,n;eT CXO,Il;llTbC5I K <l>YHKll;llll u ( orrpe,n;eJieHHOM ,Il;J15I Bcex 

,Il;BOll'IHO-pau;11oaHJibHblX BeKTOpOB II rrpo,n;OJI)KeHHOM ITO HerrpepbIB­

HOCTll)' KOTOpa.H ,n;aeT peIIIeHHe llCXO,Il;HOM 3a,n;aqn: ,Il;11p11xJie. 9TOT 

MeTO,Il; ,Il;OKa3aTeJibCTBa pa6oTaeT, eCJill ¢opMa rpaHllll;bl He CJillIIIKOM 

«,I!;llKaR». CaMo ,n;oKa3aTeJibCTBO Tpe6yeT aKKypaTHhIX ou;eHOK, 'ITO 

Haxo,n;11TC5I 3a paMKaMll 3TOM KHllrll. 
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Pe3roMe 

A. 9JieKTpocTaTHKa H ,n;mp<t>epeH:a;HaJihHhie <t>opMhI 
Bh1 ,n;omKHhl yMeTh <l:>opMyJrnpoBaTh 3aKOHhI aJieKTpocTaTHKH B Tep­

MHHax ,n;H<l:><l:>epemi;HaJihHhIX <l:>opM DH E. 
Bbr ,n;omKHhl 3HaTh <l:>opMJJihl I'pHHa, yMeTh HX ,n;oKa3hIBaTh H 

rrpHMemITb B 3a,n;aqax aJieKTpOCTaTHKH B rrpOCTpaHCTBe ffi.3 . 

B. 3ee3,lJ;Hhiii onepaTop B npocTpaHCTBe ffi.3 

,Il,mI ,n;aHHOH ,n;H<l:><l:>epeHIJ;HaJibHOH <t>opMbl w B rrpocTpaHCTBe ffi.3 ' 3a­

IIHCaHHOH B KOOp,ll;HHaTax, ,n;H<l:><l:>epeHIJ;HaJihl KOTOpblX B3aHMHO op­

TOrOHaJibHhl, Ha,n;o yMeTb CTpOHTh opToroHaJihHhlH 6a3HC H c ero IIO­

MOIIJ;hIO CTpOHTh *W. 
Bb1 ,n;oJI)KHhl yMeTh IIOHHMaTh CBR3b Me)K,ll;J aJieKTpocTaTHKOil B 

rrpocTpaHCTBe ffi.3 H TeOpHeft IJ;erreft c eMKOCT5IMH, a TaK)Ke yMeTb o6'b-

5ICHHTh, KaK 3Be3,ll;HhlH orrepaTop HrpaeT TY )Ke pOJih, 'ITO H MaTpHIJ;a 

eMKOCTeil. 

16.1. IlycTh D = To = (x dy /\dz+ y dz /\ dx + z dx /\ dy)/r3
, r,IJ;e r2 = 

x 2 + y2 + z2 . '.:=ha ¢opMyJia ,IJ;aeT aJieKTpwi:ecKoe CMe:m;ettHe B cJiy­

qae e,IJ;HHH'IHoro rroJIO)KHTeJibHoro 3apB,IJ;a, Haxo,IJ;B:m;erocg B Ha'IaJie 

KOOp,IJ;HHaT. 

(a) Bhl'IHCJIHTe JR
1 
D, r,IJ;e R1 - ,IJ;HCK z = z0 , x2 + y2 :::; a2. 

(b) Bhl'IHCJIHTe J R
2

, r,IJ;e R2 - 6oKOBaB rroBepxHOCTb IIHJIHH,IJ;pa 

-zo < z < zo, x 2 + y2 = a2
. 

(c) llcrrOJih3YB pe3yJibTaThI (a) H (b), rrpOBepbTe, 'ITO JR
3 

D = 
47r, r,IJ;e R3 - IIHJIHH,IJ;p c 6oKoBoii: rroBepxHOCTbIO R2 H ,IJ;BYMB 

,IJ;HCKaMH R 1 CHH3Y H cBepxy. 

16.2. ,II;atta l-¢opMa A= Ax dx + Ay dy + Az dz. BeJIH'IHHbI Ax, Ay H Az 
BBJIBIOTCB <l>YHKIIHBMH x' y' z. llcrrOJib3YB JIHHeii:HbIH orrepaTop *' 
y,IJ;OBJieTBOpBro:m;ttii: ycJIOBHBM 

* dx = dy /\ dz, 
*dY /\dz = dx, 
* 1 = dx /\ dy /\dz, 

*dy = dz /\ dx, 
* dz /\ dx = dy, 
*dx /\ dy /\dz= 1, 

*dz= dx /\ dy, 
*dx /\ dy =dz, 
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(a) *dA; 

(b) *d* A; 

(c) *d*dA; 

(d) *d*df, r,n;e J(x, y, z) - cKaJnipnoe noJie; 

(e) *(A/\ B), r,n;e A II B - 1-<PopMhI; 

(f) *(A/\ *B), r,n;e A II B - 1-<PopMhI. 

16.3. C<PepIIqecKIIe Koop,n;IIttaThI r, () II </> onpe,n;eJieHhI <PopMyJiaMII 

x = rsinOcos</>, y = tsinOsin</>, z = rcosO. 

(a) Bhipa3IITe dx, dy, dz, dy /\dz, dz /\ dx, dx /\ dy dx /\ dy /\dz 
B c<l>epIIqecKIIX KOOp,ll;IIHaTax ( T. e. IICUOJih3Y.H cPOPMYJibl 3aMe­
Hhl Koop,n;IIHaT, c,n;enaii:Te nepenoc 3Tlfx ,n;II<P<l>epeHIJ;HaJihHhIX 

cPOPM). 

(b) 3Be3,n;HhIM onepaTop, onpe,n;eJieHHbIM B ynpa)KHeHIIII 16.2, .HB­
JI.HeTC.H JIIIHeii:HbIM npeo6pa30BaHIIeM, KOTOpoe 3a,n;aHO ero ,n;eii:­
CTBIIeM B 6a3IICe dx, dy, dz, dy /\dz, ... Bh1qIICJIIITe 3TOT one­
paTop B c<PepIIqecKIIX KOOp,ll;IIHaTax, T. e. Bblpa3IITe *dr' *d() II 
* d</> qepe3 d() /\ d</>, d</> /\ dr II dr /\dB. Bb1pa3IITe *(d() /\ d</>), 
*(d</> /\ dr) II *(dr /\ d()) qepe3 dr, d(), d<f>. 

( c) Bb1pa3IITe qepe3 c<PepIIqecKIIe Koop,n;IInaThI 2-<PopMy To II3 
ynpa)KHeHII.H 16.1 H noKa)KIITe, qTo oua paBna *d(l/r). 

16.4. EcnII u 0603naqaeT aneKTpHqecKIIii: noTem1IIan B npocTpancTBe JR3, 
TO ero JiannacIIaH f:l.u MO)KHO 3aITIICaTb B BU,n;e 

f:l.u dx /\ dy /\ dx = d*du. 

(b) CqIITa.H, qTo u .HBJI.HeTC.H cPYHKIIIIeii: r, () II </>, nonyqIITe <Pop­
MYJIY ,n;n.a f:l.u qepe3 qacTHhie npoII3B0,2J;Hhie u no r, () H </>. 

16.5. PaccMoTpIITe 2-<l>opMy D, KOTopa.a B c<l>epuqecKIIX Koop,n;IIHaTax 
IIMeeT BII,n; D = r 3 ( 1 - r) sin () d() /\ d</> ( r :::; 1), D = 0 ( r > 1). 

(a) IlpoBepbTe, qTO ecJIII E = r(l - r)dr ,n;n.a r:::; 1, TOD= *E. 
(3aMeTIIM, qTO dr /\ *dr = dx /\ dy /\ dz.) 
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(b) HaH:,z:i;1fTe TaKyIO IIOTenu;HaJibHYIO cPYHKWiIO u, ,ll;JlH KOTOpofi 

E = -du. Bb1qHCJIHTe 8D (KoTopasi: paBHa -dD). IIpoBepbTtJ, 

qTo JD E = - fav u, KaK 3TO yTBep)K,Il;aeTCH TeopeMofi CToKca. 

(BcrroMHHTe, qTO JD E = J R3 E A D.) 

16.6 . .II,tt<Pcl>epeHIJ;HaJibHaH cl>opMa, rrpe,z:i;cTaBJIHrorri;asi: D ,ll;JIH e,z:i;HHHqHoro 

IIOJIO:lKHTeJibHOro 3apsi:,z:i;a, MO:lKeT 6hlTb Bblpa:iKeHa B ccl>epHqecKHX 

KOOp,lJ;HHaTax B BH,ll;e T = sin() d() A d<f;. 

(a) Bh1qHcJIHTe fs r, r,z:i;e S - ccl>epa x 2 + y2 + z 2 = 1. 

(b) IloKa:lKHTe, qTo dr = 0. 

( c) llcrroJib3YH TeopeMy CToKca, o6'hHCHHTe, noqeMy tte .Moa1Cem 
cyrri;eCTBOBaTb 1-cl>opMa w, onpe,z:i;eJieHHaH BO BCeM rrpocTpaH­

CTBe JR.3 ' 3a HCKJIIOqeHHeM, MO:lKeT 6hlTb, Ha'IaJia KOOp~HaT, 
,ll;JIH KOTOpOfi dw = T. 

( d) Hatt,z:i;HTe 1-cl>opMy w, onpe,z:i;eJieHHYIO nepBoM OKTaHTe npo­

cTpaHCTBa JR.3 (r,z:i;e x > 0, y > 0, z > 0), ,ll;JIH KOTOpofi T = dw. 
II pH 3TOM ,ll;JIH HaxO)K,Il;eHHH COOTBeTCTByrorri;efi: w MO:lKHO IIOJib-

30BaTbCH ccl>epHqecKHMH KOOp,lJ;HHaTaMH, IIO ITOTOM Bblpa3HTe 

w B ,z:i;eKapTOBbIX KOOp,ll;HIIaTaX x, y, z. 

16.7. IlyCTb u(r,()) - ma,z:i;KaH cPYHKIJ;HH B npocTpaHCTBe JR.2 c KOMITaKT­

HblM HOCHTeJieM. Bb1qHCJIHTe 

{ du Aw, 
}R2 

w = d() = x dy - y dx. 
x2 + y2 

(IIocKOJibKY w He onpe,z:i;eJieHa B HaqaJie KOOp~HaT, CHa'IaJia Ha,z:i;o 

HHTerpttpOBaTb no o6JiaCTH BHe ~CKa c pa,z:i;ttycoM c H ii;eHTpOM B 

aaqaJie KOOp,ll;HHaT, a ITOTOM B3HTb npe,z:i;eJI npH c ___. 0.) 

16.8. IlyCTb </> o603HaqaeT IlOBOpOT B npocTpaHCTBe JR.3 ' TaK qTO </> npe,n;­

CTaBJIHeTCH MaTpttii;efi: A, ,ll;JIH KOTopott AA t = IT H Det A = + 1 . .Ii,aHa 

1-cl>opMa w = Fx dx + Fy dy + Fz dz . .Ii,oKa:lKHTe, 'ITO B 3TOM cJiyqae 

16.9. PaccMoTpHTe rrsi:Tb cPYHKWifi 

V1 = r
2

, v2 = r
2

cos
2 ()(= z 2

), v3 = r
4

, V4 = r 4 cos2 ()(= r 2
z

2
), 

V5 = r4 
cos

4 
()( = z4

). 

Oatt onpe,z:i;eJIHIOT nHTHMepHoe BeKTOpHoe npocTpaHCTBO, KOTopoe 

o6o3Ha'IHM c0 . 
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(a) ,Il,m1: KaJK,ri;oii: H3 3THX rnITH ¢YHKIJ;Hii: BhI'IHCJIHTe dv, *dv H Av. 

(b) BbI'IHCJIHTe Bee cKam1:pHbie rrpoH3Be,ri;eHmI THrra ( dv1 , dv2) u, 
C'IHTaH, 'ITO u - e,ri;HHH'IHbIH map r :::; 1. 

( c) Haii:,ri;HTe 6a3HC ,ri;ByMepHoro rrpocTpaHCTBa H 110.n;rrpocTpaH­

cTBa c0 ' KOTOpoe COCTOHT H3 ¢YHKIJ;HH, y,ri;oBJieTBOpHIOIIJ;HX 
ycJioBHIO Av= 0. 

(d) IlocTpoii:Te MaTpn:u;y ][ - 7f, KOTopa5I 5IBJI5IeTC5I opToroHaJihHOH 
rrpoeKu;neii: dC0 Ha dH. BhrnHIIIMTe TaKJKe MaTpnu;y 7r. 

( e) 1IcrroJih3Y5I MaTpn:u;y ][ - 7f' Haii:,ri;n:Te ¢yHKIJ;HIO u, y,ri;OBJieTBO­
pHIOiu;ylO ycJIOBHIO Au = 0 H paBHYIO cos4 e + cos2 e Ha c¢epe 
r = 1. (3a,ri;aqa ,Il,n:pn:xJie.) 

(f) c llOMOIIJ;hIO 7f Haii:,ri;HTe ¢YHKIJ;HIO </>, KOTOpa5I y,ri;oBJieTBOp5IeT 
ypaBHeHHIO A</> = 5r2 - 4r2 cos2 e + 1 H o6paiu;aeTC5I Ha e,ri;H­
HH'IHOH c¢epe B HYJih. (PerneHne ypaBHeHMH IlyaccoHa.) 



ToK:u, rroTOKH :u MarHHTOCTaT:uKa 

B 3TO:it rJiaBe MhI rrp0,11,0JI)KaeM 1nyqem1e BHe11rnero ,11,Hcp­

cpepeHIIHaJibHOro HCqHCJieHH51. 3,11,eCb paccMaTpHBaIOTC51 

IIOTOKH H BeKTOpHbie IIOJI51, BHyTpeHHHe rrpoH3Be,ll,eHH51 H 

rrpoH3BO,ll,Hhl€ JIH. Bee 3TO rrpHJiaraeTc51 K 3a,ll,aqaM Mar­

HHTOCTaTHKH. 

17.1. ToKH 

Ha rrepBbI:it B3rJI51,ll, Ka)KeTC51, qTo MO)KHO cp33y )Ke ,11,aTb Herrpephrn­

HhI:it BapHaHT orrHcaHH51 11erre:it e corrpoTHBJieHH51MH. Bee, qTo Ha­

,11,0 e,11,eJiaTb, - 3TO JIHIIIb HeMHOro H3MeHHTb TO, qTo y)Ke o6ey)K,ll,a­

JIOCh B rrpe,11,hIA}'ille:it rJiaBe. Mb1 coxpatt51eM cpopMy E H ypaBHeHHe 

E = -du, HO 3HeprHIO 3aMeH51eM MOillHOCTbIO. 9JieKTpoeTaTHqeeKyIO 

2-¢opMy D 3aMeH51eM Ha 2-¢opMy J, KOTopa51 ,11,0JI)KHa rrpe,11,eTaB­

JI51Th p83M83aHHbIH BapHaHT TOKOB, TeKYII1HX ITO BeTB51M. y Hae eeTb 

errapHBaHHe Me)K,zzy TOKOM J H 3JieKTpHqeeKHM rroJieM E: 

J E /\ J, 

'ITO H3Mep51eTc51 B e,11,HHHllax MOillHOCTH. CorJiacHo rrepBOMy 3aKOHY 

Kttpxrocpa, f)J = 0. Ilo3TOMY eooTBeTeTBYIOillH:it p83Ma3aHHhI:it Ba­

pttaHT HMeeT BH,11, 

8J=O 

HJIH, IIOeKOJlbKY 0 = -d, 
dJ=O. 
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BMecTo cooTHomemrn: D 
CKOH cpe,ZJ;hl Mhl IIM88M 

E* E .n;m1 II30Tporrttoll: 3JieKTpocTaTwie-

J = a*E, 

r.n;e a Ha3hIBaeTC5I npoBoau.uocm'b'>o. EcJIII MhI Terreph BBe,n;eM BeJIII­

qlIHY r = l/a, Ha3hrnaeMy10 yaM'b'H'btM ::JJl,e-x;mpu'l/,ec-x;u.u conpomuB­

Jl,e'Hue.u, TO rrpe,ZJ;hI,ZJ;yrn;ee ypaBH8HIIe rrplIHIIMaeT BII.ZJ; 

qTo 51BJI518TC51 pa3Ma3aHHhIM Bap1IaHTOM 3aKOHa 0Ma 

V=Rl. 

Terreph tta,n;o ocTaHOBIIThC51 II rrOH51Th, qTo )Ke rrpe,n;cTaBJI51eT co-

6oll: cpopMa J. PaccMoTplIM HeK0Topy10 rroBepxttoCTh S. qTo 03Haqa­

eT f s J? IlycTh MhI IIMeeM KOHeqtty10 IJ8IIh, II rroBepxHOCTh rrepece­

KaeT BeTBII a, /3 II "(, Op1IeHTaIJII51 KOTOpbIX IIOKa3aHa Ha pIIC. 17.1. 
Tor.n;a, rrp1IHIIMa51 BO BHIIMaHIIe 3TII op1IeHTaIJ1III, MO)KHO cqlITaTh, 

qTo S orrpe,n;eJI£eT KOIJeIIh, rrp1III1IChrna10rn;y10 Ka)K.IJ;OMY TOKY I qlic­

JIO Ia - !13 +Ly. B o6rn;eM cJiyqae S orrpe,n;eJI51eT KOIJ;eIIh, rrplIIIIIChIBa­

IOIIJYIO Ka)K.ZJ;oMy ToKy I noJl,'H'btu mo-x;, npome-x;a10w,uu 'l/,epe3 noBepx­

'Hocm'b Sc yqeToM cooTBeTCTBy10rn;ell: op1IeHTau;1I1I. TaKIIM o6pa30M, 

B pa3Ma3aHHOM BapliaHTe MO)KHO cqlITaTh, qTo f s J rrpe,n;cTaBJI518T 

co6oll: TOK, rrpoTeKaIOIIJHH qepe3 IIOBepxHOCTh s. 
EcJIII MhI rrpe,n;cTaBJI51eM TOK KaK .ZJ;B1I)Kyrn;Hec51 3ap51.ZJ;hI, TO fs J 

OKa3hIBaeTC51 CKOpOCThIO rrepettoca 3ap51,IJ;OB qepe3 IIOBepxHOCTh s. 

P1Ic. 17.1 
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Eenu S - 3aMKHyTa51 rroBepxHoeTh, T. e. S = {)U, TO MhI HMeeM 

'.:ho 3HaqIIT, qTO IIOJIHa51 eKopoeTb rrepeHoea 3ap51fl,a qepe3 IIOBepx­

HOeTh S paBHa Hymo, II 3ap51f.1. BHYTPH Hee He HaKaIIJIIIBaeTe51, qTo 

rronHoeThIO eornaeyeTeR e rrepBhIM 3aKOHOM KIIpxro¢a, KOTOphrft MhI 

o6ey)Kfl,aJIII paHhrne. 3Haq1u, Bee rrpeKpaeHo pa6oTaeT. 

CyrrreeTByeT, Of.1.HaKo, reoMeTpIIqeeKaR IIHTeprrpeTau;irn, KOTopa51 

Tpe6yeT f.1.0IIOJIHIITeJihHoro ofrh51eHeHII51. Mhr 3HaeM, qTo Ha eaMOM fl,e­

ne TOK eo3fl,aeTe51 f.1.BII)KY1IIIIMHe51 3JieKTpoHaMII. Ka)Kfl,hIH 3JieKTpoH, 
6yfl,Y'Ill ToqeqHOH qaeTIIu;eft, fl,BII)KeTe51 Bfl,OJlh HeKOTOpoft KpIIBOH. 

Torfl,a <PopMa J, rrpoHHTerpIIpoBaHHa511 no rroBepxHoeTH S, Ha ea­

MOM fl,eJie eqIITaeT queJIO 3JieKTpOHOB, rrepeeeKaIOrrrIIX IIOBepxHOeTb 

s (B JII060M HarrpaBJieHIIII) B efl,HHHTI;Y BpeMeHH. y Hae fl,OJI)KeH 6hITh 

reoMeTpHqeeKHH o6'heKT, Herroepefl,eTBeHHO eB513aHHhIH e eeMefteTBOM 

TpaeKTOpHH OTfl,eJibHhIX 3JieKTpOHOB, KOTOphIH OIIHehrnaeT HX fl,BH)Ke­

HHe H H3 KOToporo Mhl MO)KeM BoeeTaHOBHTh 2-<PopMy J. B fl,aJihHeft­

IlleM MhI yBHf.1.HM, qTo TaKHM o6'beKTOM 51BJI51eTe51 ee'X",mopnoe noAe. 

17.2. IloTOKH H BeKTOpHbie IIOJUI 

B 3TOM rraparpa<Pe, qTo6hr H36e)KaTh HarpoMO)Kfl,emrn IIHf.1.eKeoB, MhI 

B oeHOBHOM 6yfl,eM pa6oTaTb B rrpoeTpaHeTBe JR3. 0,1.l,HaKO, TOT <PaKT, 

'ITO 3TO rrpoeTpaHeTBO HMeeT TPII II3MepeHII51, HaM HIIrfl,e He IIOTpe-

6yeTe51. Ilo3TOMY Bee BhlBOfl,hl II cPOPMYJihl 6yfl,YT errpaBef.1,JIIIBhl fl,Jl51 

npoeTpaHeTB JII06oro qIIeJia II3MepeHIIH. 

IIyeTh U o6o3HaqaeT OTKphrTyro o6naeTh B rrpoeTpaHeTBe JRk II 

nyeTh I - HeKOTOphrft IIHTepBan B IR, eo,1.l,ep)KarrrIIft Haqano Koop­

;~11HaT. KpoMe Toro, rryeTh ¢ : I x U --+ JRk - f.1.II<P<PepeHu;IIpyeMoe 

oTo6pa)KeHIIe. MoMeHT BpeMeHII 6yfl,eM o6o3HaqaTh t E J. Torfl,a MhI 

MO)KeM paeeMaTpIIBaTh ¢ f.1.BYMR erroeo6aMII. Bhr6epeM TOqKy p E U. 
Torfl,a oTo6pa)KeHIIe 

¢(·, p) : t--+ ¢(t, p) 
1

3,IJ;eCh HMeeTC.H B BH.IJ;Y a6COJUOTHbI:il:, HJIH HeOpHeHTHpoBaHHhl:il:, HHTerpa.rr 

(11epBoro po,IJ;a). Ero 3Ha'leHHe HeoTpm.1,aTeJihHO. - !Ipu.M. pea. 



866 fJiaBa 17. ToKn, rroTOKH n MarHHTOCTaTHKa 

orrpe,n;emi:eT KpnByro B JRk. Kotteqtto, Ka)K,Il;o:H ToqKe p cooTBeT­

CTByeT CBOH Kp1rnaH. PaccMoTpIIM KacaTeJihHhIH BeKTop <f/(t, p) = 
(d/dt)<f>(t,p). c ,n;pyro:H CTOpOHhl, ,Il;JIH Ka)K,II;Oro MOMeHTa BpeMeHII 

t Mbl MO)KeM paCCMOTpeTh OTo6pa)KeHIIe <Pt : u ---+ JRk' 3a,n;aHHOe 

cPOPMYJIOH 

</>t(P) = </>(t, p). 

Ilpe,n;rrOJIO)KIIM, qTo 

</>o =id, 

T. e. qTo 

</>(O, p) = p 

,II;JIH Bcex ToqeK p. Tor,n;a ,II;JIH Ka)K,II;OH TOqKII p KacaTeJibHaH 1>' (0, p) 
K KpIIBOH </>(., p) HBJIHeTCH KacaTeJihHhIM BeKTOpOM B 3TOH TOqKe p. 
l1TaK, Mbl rroJiyqIIJIII rrpaBIIJIO, corJiaCHO KOTOpOMY Ka)K,II;OH TOqKe 

p B o6JiaCTII u CTaBIITCH B COOTBeTCTBIIe KacaTeJibHbIH BeKTOp B 

3TOH TOqKe. 9To rrpaBIIJIO Ha3hIBaeTCH 6e'K',mOp'l-t'bt.M, noAe.M B o6JiaCTII 

u (pIIC. 17.2). BeKTOpHoe IlOJie 6y,n;eM o603HaqaTh e. l1TaK, e(p) 
HBJIHeTCH KacaTeJihHhIM BeKTOpOM B ToqKe p. 

' I .--

PIIc. 17.2 

,Il;JIH rrpOH3BOJihHOH TOqKII p rrpe,n;rroJIO)KeHIIe </>o = id 03Haqa­

eT, qTO d</>o = id, T. e. d( <Pt )p HeCHHryJIHpHa ,II;JIH ,II;OCTaToqHo Ma­

JibIX 3HaqeHIIH t. Ilo TeopeMe 0 HeHBHOH cpyHKlJ;IIII <Pt OKa3hIBaeTCH 

B3aIIMH0-0,II;H03HaqHOH cpyHKIJ;IIeti: c ,II;IIcpcpepem.1,IIpyeMOH o6paTHOH B 

HeKOTOpoH: OKpeCTHOCTII TOqKII p. qTo6bI If36e)KaTh HarpOMO)K,II;eHIIH 

o6o3HaqeHIIH, rrpe,n;rroJIO)KIIM, qTO <Pt : u ---+ JRk IIMeeT ,II;IIcpcpepeHIJ,II­

pyeMoe o6paTHOe Bo BceH: o6JiaCTH U. Bb16epeM MOMeHT BpeMeHII 
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s E I. Tor.n;a orrpe,n;eJIHM 

Tor.n;a 'l/Jt o6Jia,n;aeT BCeMH cBoiicTBaMH <Pt u rrpu 3TOM 

'l/Js =id. 

l-haK, .n;m1 Ka)K.n;oro MOMeHTa BpeMeHH s E I MhI rroJiyqaeM BeKTOp­

Hoe rroJie ~s· 3HaqHT, MhI IIOKa3aJIH, qTo rrpu ,n;aHHOM ¢ : Ix U --+ JRk, 
IIOJiyqaeTC5I O,Il;HOIIapaMeTpHqecKOe CeMeHCTBO BeKTOpHhIX IIOJieiI ~s. 

,il,JI5I Ka)K,Il;OH TOqKH p E u cyilieCTByeT HeKOTopa5I OKpecTHOCTh w 
BOKpyr p H HeKOTOpa5I OKpecTHOCTh K BOKpyr 0, TaK qTO es RBJI51-

eTC5I BeKTOpHhIM IIOJieM, orrpe,n;eJieHHhIM B w. 
IlpHMep. (a) 3a.n;a,n;HM BeKTOp w. IlycTh ¢(t, p) = p + tw. Tor.n;a 

¢'(0,p) = w ,Il;JIR Bcex p. KpoMe Toro, 

CJie,n;oBaTeJihHO, 

<Pt o ¢:;1(p) = rPt(P - sw) 

= p + (t - s)w 

= rPt-s(w), 

~8 (P) = w ,Il;JIR Bcex v H s. 

(b) IlycTh 3a.n;atta MaTPH!Ia A. Onpe,n;eJIHM ¢(t, p) = etAp. Tor.n;a 

KpoMe Toro, 

H, CJie,n;oBaTeJihHO, 

q/(O,p) = Ap. 

<Pt 0 ¢:;1(p) = etA(e-sAp) 

= e(t-s)AP 

= rPt-s(P) 

es(P) = Ap ,Il;J15I Bcex s. 
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B 3TOM CJiyqae BeKTOpHoe IIOJie KaJK,ll;OH TO'!Ke p CTaBHT B COOTBeT­

CTBHe BeKTop Ap. 

3aMeTHM, 'ITO B o60HX IIpHMepax BeKTOpHOe IIOJie es He 3aBHCHT 

OT s. 9To HBJI.HeTCH CJI€,ll;CTBHeM TO)K,ll;eCTBa 

<Pt O </>--;
1 = <Pt-s 

HJIH, 3aMeHHB s Ha -s, T02K,11;€CTBa 

</>t+s = <Pt o </>s. 

OT06pa2Kem1e </>, y,1.1;0BJieTBOpH10rn;ee 3TOMY T02K,ll;eCTBY BCIO,ll;Y, r,1.1;e 

orrpe,1.1;eJieHbI o6e "'laCTH, Ha3brnaeTcH (cTa:o;uoHapHbIM) nomo'l\,O.M. B 
CJiyqae <Pt(U) = u H I= JR Mb! rOBOpHM 06 oattonapa.Mempu"ieC'l\,OU 

2pynne npeo6pa3oeattuu o6Aacmu U. 
ll TaK, ,ll;JIH IIOTOKOB Mb! IIOJIJ'IHJIH ¢HKCHpOBaHHOe BeKTOpHoe 

IIOJie e = es ,ll;JIH BCeX S. 

,Il;aBaii:Te CHa'!aJia paCCMOTpHM Jl,Utteuttoe BeKTOpHoe IIOJie 

e(p) = Ap, 

r,1.1;e A - 3a,1.1;aHHa.H MaTpu:u;a. Tor,1.1;a, orrupaHCb Ha pe3JJibTaTbI rJia­

BbI 3, Mb! 3HaeM, 'ITO M02KHO IIOCTpOHTb etA H IIOTOM orrpe,1.1;eJIHTb </> 
ITO ¢opMyJie 

llTaK, Mb! IIOJIJ'IHJIH TeopeMy cyrn;ecTBOBaHHH ,ll;JIH o6bI'IHblX ,ll;H¢­

¢epeH:o;HaJibHbIX ypaBHeHHH. Ha'IaB c e, Mb! IIOJIY'IHJIH </>. CoOTBeT­

CTBJIOI:o;aH TeopeMa crrpaBe,ll;JIHBa H B o6rn;eM cJiy"'lae. 

llycm'b Be'l\,mopttoe noAe es 3a6ucum 2Aaa'l\,o om s E I u p E 

u. To2aa aAfl 'K:a;)!Caou mO"i'K:U p cy'llliecmeyem O'K:pecmttocm'b w 3 
p B npocmpattcmee JRk u O'K:pecmttocm'b K ttyA.Ft B JR ma'K:ue, 'limo 

omo6pa;JfCettue <P : K x W ---* JRk, <Po = id 2Aaa'K:oe, a 3aeuc.Ft14ue 

om S Be'K:mOptt'bte nOA.Ft, onpeaeAfle.M'bte </J, mO"i'/-f,0 COBnada'IOm C es· 
EcAU ;)!Ce es = e ( m. e. tte 3aeucum om s)' mo <P yaoeAemeop.Ftem 
mo;JfCaecmey 

<Ps+k = <Ps 0 <Pt 

ec10ay, 2ae onpeaMett'bt o6e '4-acmu. 
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,ll,oK33aTb 3TY TeopeMy HeCJIO)KHO. 9To ,n;eJiaeTCH MeTO)J;OM nocJie­

)J;OBaTeJibHbIX 11pu6m1)Kemrit 3.n;ecb Mbl He 6y,n;eM npMBO)l;HTb 3TO .n;o­

K33aTeJibCTBO. Otto cTatt.n;apTHo, Hero MO)KHO ttaii:TH B mo6oM yqe6-

HHKe no TeOpHH o6bIKHOBeHHbIX .n;mp<l>epeHIJ;HaJibHblX ypaBHeHHH, B 

qacTHOCTH, B rJiaBe 6 KHHrH Loomis and Sternberg. 

IJpe)J;IIOJIO)KHM, qTo HMeIOTCH BeKTOpHOe noJie e H )l;HcPcPepeH-

11,HpyeMaH cPYHKII,HH f. B Ka)K.n;oii: TOqKe p MbI MO)KeM nocTpOHTb 

npoH3BO,n;ttyro no HanpaBJieHHIO: Dt;,(p)f. Tor.n;a noJiyqaeTCH HOBaH 

cPYHKII,HH, KOTopaH Ka)K.n;oii: TOqKe p npHnHchrnaeT 3HaqeHHe Dt;,(p)f. 
HanpHMep, npe.n;noJIO)KHM, qTo B npocTpaHCTBe JR3 HMeeTcH BeKTOp­

Hoe noJie 

(
a(p)) 

e(p) = b(p) , 
c(p) 

r.n;e a, b H c - cPYHKII,HH. Tor.n;a 

l1JIH, B COKpaIII,eHHOM BH)J;e, 

Ilo3TOMY B )J;aJibHeii:rneM Mbl 6y.n;eM nHCaTb 

B 3THX o603HaqeHHHX, HanpHMep, CHMBOJI {)I ax o6o3HaqaeT nOCTO­

HHHOe BeKTOpHOe noJie 

0,n;HaK01 

af 
De;exf = ax, 
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TaK 'ITO ,n;aHHOe BeKTOpHoe IIOJie ,n;eiiCTByeT KaK qacTHM rrpoll3BO,Il;­

Ha5I. Attanorn'IHO, BeKTopttoe rroJie 

MOMHO 3arrncaTh B BH,n;e 

MoMHO H3JIOMHTh 3TO rro-,n;pyroMy: ,n;mpcl>epemi;nan 

af of af df = - dx + - dy + - dz ax ay oz 
MOMHO paccMaTpHBaTh KaK cPYHKIJ;HIO, KOTOpa5I KaM,n;oii TO'IKe rrpH­

JIHChIBaeT BeKTOp-cTpOKY 

Tor,n;a B KaM,n;oii TO'IKe Mhr MOMeM BhI'IHCJIHTh rrpon3Be,n;ettne 3Toro 

neKroptHTJ>OKH 11a BCKTOp-croi.6c~ G) H IIOR)"'TIT» Bblpa.wHHe 

:VITaK, 

I Def= (e, df). f 

Qqetth rroJie3HO HHTeprrpeTnpoBaTh BeJIH'IHHy Def eru;e o,n;ttnM crro­

co6oM. IIycTh nMeeTC5I TaKoe Me oTo6paMettne ¢ : I x U ---+ JR.k n 
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COOTBeTCTBYIOIIJ;He BeKTOpHbie IIOJUI es· B Ka)K,Il;hIH MOMeHT BpeMemI 

t MhI MO:IB:eM paccMOTpeTb cpyHKI1IIIO ¢; f. BcrroMHIIM, qTo 

</>U(P) = f(</>t(P)) = f(</>(t, p)). 

~(<PU - f) 

- rro-npe)lrneMy xopornaR cPYHKI1IIR. BhrqIICJIIIB ee B HeKoTopoll: Toq­

Ke v II ycTpeMIIB t-+ 0, MhI YBII,Il;IIM, qTo 

lim ~(¢; f - f)(p) = lim ~[f(</>(t, p) - f(p))] 
t--->O t t 

= Dt;,(p)f· 

0TKy,n;a IIOJiyqaeM 

Dr;.f = lim ~(<PU - !). 
t--->0 t 

Terreph MhI BII,Il;IIM, qTo ecTeCTBeHHhIM reoMeTpIIqecKIIM o6'heK­

TOM, CBR3aHHblM c IIOTOKOM, RBJIReTCR BeKTOpHOe IIOJie. B rrpe,n;hI,Il;y­

Ill,eM naparpacpe Mbl YBII,Il;eJIII, qTO 3JieKTpIIqeCKIIH TOK (KOTOpbIH IIO 

cylll,eCTBY RBJIReTCR IIOTOKOM 3JieKTpOHOB) orrpe,n;eJIReTCR 2-cpopMOH. 

Ilo3TOMY HaM Tpe6yeTCR MaTeMaTIIqecKaR orrepal1IIR, KOTOpaR II03-

BOJIIIT rrepeiiTII OT BeKTOpHoro IIOJIR, OIIIIChIBaIOIIIero IIOTOK 3JieKTpo­

HOB, K 2-cpopMe, orrpe,n;eJIRIOIIIeH TOK. cha 2-cpopMa 6y,n;eT 3aBIICeTh 

OT IIJIOTHOCTII 3JieKTpOHOB. QqeBII,Il;HO, qTo 6oJiee BbICOKaR IIJIOTHOCTb 

3JieKTpOHOB, ,Il;BIIraIOIIl,IIXCR B,Il;OJib Tex )Ke JIIIHIIH IIOTOKa, 6y,n;eT co-

3,Il;aBaTb 6oJihIIIIIii TOK. Ilo3TOMY HaM HY)l(Ha TaKaR MaTeMaTIIqecKaR 

orrepal1IIR, KOTOpaR ,z:i;acT B03MO)KHOCTb rrepeXO,Il;IITb OT BeKTOpHbIX 

IIOJieii e II 3-cpOpM p dx A dy A dz K 2-cpOpMaM. '.:hy orrepal1IIIO Mbl 

ormrneM B cJie,n;yrolll,eM rraparpacpe. 

17.3. BHyTpeHHee npo113ne,n;eH11e 

IlycTb v - BeKTOpHoe IIpOCTpaHCTBO, a w o6o3HaqaeT 3JieMeHT 

Ak(V*). BcrroMHIIM, qTo w RBJIReTCR cpyHKI1IIeii (rroJIIIJIIIHeiittoll: II 
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KOCOCHMMeTpH'IHOH) k BeKTOpOB B rrpocTpaHCTBe v. ,Il;JIR Ka)K,11,oro 

Ha6opa V1' ... ' Vk Mhl noJiyqaeM 'IIICJIO 

w(v1, v2, ... , vk)· 

IIycTh v o6o3Ha'IaeT BeKTOp B V. Orrpe,11,eJIHM cPYHKI!IIIO k - 1 BeK­

TopoB B rrpocTpaHCTBe v' II0,11,CTaBJIRR v Ha rrepByIO II031II!HIO B w. 
TaKHM o6pa3oM, MhI paccMaTpHBaeM cPYHKI!IIIO w1, ... , wk-1, 3a,1J,a­

BaeMyIO 

w(v, wi, ... , wk-1). 

cha cPJHKI!HR BeKTOpOB W TaKMe OKa3hIBaeTCR IIOJIHJIHH€HHOH 

11 KOCOCHMMeTplI'IHOH. CJie,11,0BaTeJihHO, oHa RBJIReTcR 3JieMeHTOM 

Ak-1(V*). Ha3oBeM 3TY cPYHKI!HIO eHympeHHUM npou3eeaeHUeM v 

H w H 6y,11,eM o6o3Ha'IaTh ee 

i(v)w. 

i(v)w(w1, ... , wk-1) = w(v, w1, ... , wk-1)· 

,Il;aBaii.Te IIOCMOTPIIM, KaK BhirJIR,11,HT BHJTpeHHee rrpOH3Be,11,eHHe B 

pa3JIH'IHhlX CJiyqaRx. ,Il;orrycTHM, 'ITO B rrpocTpaHCTBe JR.3 y Hae eCTh 

6a3HC 

~x = (~1) u II 3JI€MeHT ,ll,yaJihHOro 6a31ICa dx = (1, 0, 0), 

:Y = (o~) u II 3JI€M€HT ,ll,yaJihHOrO 6a3HCa dy = (0, 1, 0), 

~ = (~) H 3JieMeHT ,ll,yaJihHoro 6a31ICa dz= (0, 0, 1). 
fJz 1 

Tor,11,a ecJIH k = 1, T. e. w RBJIReTcR 1-¢opMoii, TO i(v)w paBHReTcR 

w(v), T. e. ecTh 'IIICJIO. TaKIIM o6pa3oM, 

H TaK ,11,aJiee. 
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Ecm1 k = 2, TO 

i ( ! ) ( dx /\ dy) ( w) = dx /\ dy ( ! , w) 
= dx (!) dy(w) - dy (!) dx(w) 

= dy(w), 

rrocKOJihKY dy( [) / 8x) = 0. 3HaqnT, 

i ( :x) dx /\ dy = dy. 

H 

i ( :x) dy /\ dz = 0. 

KpoMe Toro, 

i ( :y) (dx /\ dy)(w) = dx ( :y) dy(w) - dx(w)dy ( :y) 

= -dx(w). 

i ( :y) dx /\ dy = -dx, i ( :y) dx /\dz = 0, i ( :y) dy /\dz = dz. 

i (:z) dx/\dy = 0, i (:z) dx/\dz = -dx, i (:z) dy/\dz = -dy. 



87 4 fJiaBa 17. ToKII, ITOTOKII II MarHIITOCTaTIIKa 

KpoMe Toro, 

i (:x) (dx/\dy/\dz)(w1,w2) = (dx/\dy/\dz) (:x,w1,w2) 

(

dx (%x) dy (fx) dz (%x)) 
= Det dx(w1) dy(w1) dz(w1) 

dx(w2) dy(w2) dz(w2) 

= Det (dx(~1) dy(~1) dz(~1)) 
dx(w2) dy(w2) dz(w2) 

_ D t (dy(w1) dz(w1)) 
- e dy(w2) dz(w2) · 

CJie,n;oBaTeJihHo, 

i ( :x) ( dx /\ dy /\ dz) = dy /\ dz. 

AttaJIOI'IfiHO 

i ( ~) ( dx /\ dy /\dz) = -dx /\ dz 

H 

i ( :z) ( dx /\ dy /\ dz) = dx /\ dy. 

Terreph Hctto, 'ITO i(v)w 6HJIHHeiitta no v H w. IIo::iToMy ecJIH 

f) f) f) 
e=a-+b-+c-

8x f)y oz 

H 

w = pdx /\ dy /\dz, 

TO 

i(e)w = pady /\dz - pbdx /\dz+ pcdx /\ dy. 

JfTaK, Mhl orrpe,n;eJIHJIH BHJTpeHHee rrpOH3Be,n;eHHe i ( e )w BeKTO­

pa e H 3JieMeHTa w rrpocTpaHCTBa Ak(V*). 0,n;HaKo, HCITOJ1h3JH 3TO 
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onpe.n;enemw B Ka)K,Il;OH TO'IKe, Mhl MO)K€M TaK)Ke orrpe,n;eJIHTh BHJT­

peHHee rrpOH3B€,1.1;€HHe i(e)w, r,n;e e - B€KTOpHO€ IIOJie, a W - ,n;mpcpe­

peHIIHaJibHaH cpopMa cTeneHn k. M TOr,n;a Bee rronyqeHHhie cpopMJJihI 

BhITIOJIHHIOTCH B rrpocTpaHCTBe JR3 . 

B 'laCTHOCTH, eCJIH Mhl paCCMOTpHM B€KTOpHoe IIOJI€ e, npe.n;­

CTaBJIHIOIIIee CTall,HOHapHblH IIOTOK 3Jl€KTpOHOB, H 3-cpopMy w = 
p dx/\dy/\dz, ,n;aIOIIIYIO TIJIOTHOCTh 3Jl€KTpOHOB (TO'IHee, pa3Ma3aHHO€ 

rrpn6JIH)K€HH€ K H€H)' TO TIOJIJ'IHM 2-cpopMy 

J = i(e)w, 

orrpe,n;eJIHIOIIIYIO TOK . .HBHhlH BII,Il; cpopMJJihl B ,n;eKapTOBbIX KOop,n;n­

HaTaX ,n;aeTCH rrpe,II;blAJIIIHM Bblpa)K€HH€M. "l.!To6hI IIOHHTh, IIO'leMy 

J rrpe,n;cTaBJIHeT TOK, MO)KHO BOCIIOJlh30BaTbCH HCXO,Il;HhlM orrpe,n;e­

Jl€HH€M BHJTpeHHero rrpoH3Be.n;eHIIH. Bo3hMeM TO'IKY p n rrocTponM 

He60JihllIOH rrapannenorpaMM Ha BeKTOpax W1 H W2, BhIXOAHIIIHX H3 

TO'IKII p. BeKTop v = he(p) rrpe,n;cTaBnHeT nnHeH:Hoe rrpn6JIH)Ke­

H11e ,Il;Bll)K€HHH qaCTHll,hI, IIOMeIIIeHHOH B TO'IKY p, Ha rrpOTH)K€HHH 

He60JihIIIOrO Bp€M€HHOro HHTepBana h. ,ll;pyrHMII CJIOBaMH, rrapan­

JieJien11rre,n;, IIOCTpOeHHhIH Ha BeKTOpax v, W1 H W2 (p11c. 17.3), ,n;a­

eT ( npn6JIH3HTeJihHO) o6naCTh, npoxo,n;nMyIO rrapannenorpaMMOM 3a 

BpeMH h. IloJIHhIH 3apH,n; 3Toro rrapannenorpaMMa ,n;aeTcH Bhrpa)Ke­

HIIeM 

w(v, w1, w2) = [i(v)w](w1, w2) 

= h[i(e(p))w](w1, w2) 

= hJ(p)(w1, w2). 

11 TaK, J (p) ( W1' W2) ,Il;€HCTBHT€JlhHO rrpe,n;cTaBJIHeT CKOpOCTh II OTO Ka 

3apH,n;a qepe3 napannenorpaMM, TIOCTpOeHHhIH Ha B€KTOpax W1 H W2. 

Pnc. 17.3 
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Ilo3TOMy, eCJIH J ITpOHHTerpnpoBaTh ITO ITOBepXHOCTll, TO ITOJirrnTCf! 

CKOpOCTb ITOTOKa 3apa.n.a qepe3 3TY ITOBepXHOCTb. 

B 3aKmoqeHRe aToro ITaparpacl>a .n.asaiiTe .n.oKa)KeM oqeHb Ba)K­

HYIO cl>opMyJiy .ll.Jlfl BHyTpeHHero ITpOR3se.zi.eHRf!: 

(17.1) 

(IIposepKa ITOKa3hIBaeT, qTQ B ITpOCTpaHCTBe JR3 cl>opMyJia (17.1) 

CITpase.n.JinBa .ll.Jlfl scex cJiyqaes, KOTOphie MhI paccMoTpeJIH.) B cl>op­

MyJie ( 1 7 .1) e o603HaqaeT B€KTOpHO€ ITOJie, a W1 ll W2 .ll.llcPcP€P€H­

IJ;MaJibHbie cl>opMbI. IIocKOJihKY ( 17 .1) - qncTo anre6panqecKoe BhI­

pa)KeHHe, TO .n.ocTaToqHo .n.oKa3aTb ero .ll.Jlfl Ka)K.n.o:H ToqKn, T. e. B 

CJiyqae, KOr.zi.a e = V f!BJif!€TCf! B€KTOpOM B ITpOCTpaHCTBe V, W1 -

3JieMeHTOM Ak(V*), a w2 - aJieMeHTOM A1(V*). 06e qacTH Bbipa)Ke­

HMf! JIMH€HHbI ITO e, W1 If W2, Kor.zi.a .ll.Ba .zi.pyrMX apryMeHTa cPMKCMpO­

BaHbI. MbI MO)KeM HaITHCaTb e = aiv1 + ... +anVn, r.n.e {v1, ... , Vn} 
f!BJif!eTCf! 6a3MCOM. B CMJIY JlllH€HHOCTH ITO e, .n.ocTaTOqHo ITpOBepMTb 

cPOPMYJIY .ll.Jlfl e = Vi, T. e . .ll.Jlfl 6a3RCHOro 3Jl€M€HTa. Be3 ITOTepM o6iu;­

HOCTM ITpe.n.ITOJIO)KlfM 

CHaqana .zi.oKa)KeM cl>opMyJiy B cJiyqae, Kor.n.a w1 f!BJifleTca 1-<l>op­

MOH. B CMJIY JIMHeiiHOCTM MO)KHO cqnTaTh, qTo 

w1 = v;, i = 1, ... , n, 

T. e. f!BJif!eTca aJieMeHTOM .n.yanbHoro 6a3nca. KpoMe Toro, ITpe.n.ITo­

JIO)KHM, qTo W2 f!BJif!€TCf! 6a3MCHbIM 3JI€M€HTOM BM.ll.a 

w2 = v~ /\ · · · /\ v* )1 ]l • 

PaccMoTpHM TeITeph pa3Hbie B03MO)KHOCTM. 

(a) IlycTb i = 1, ji > 1. Tor.n.a vj(v1) = 0 .ll.Jlfl scex j = ji, ... ,jz, 
M B oITpe.n.eJIMTeJie Bb1pa)KeHMf! .ll.Jlfl 
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Bee 3JieMeHThI, KpOMe Jiesoro sepxHero, o6parn;aroTcR B HYJih. HarrpH­

Mep, ecJIH w2 = v2 /\ v3 /\ v4, TO 

v2(v1) 
v'.2(w1) 
v2(w2) 
v2(w3) 

0 
v2(w1) 
v2(w2) 
v2(w3) 

v3(w1) 
v3(w2) 
v3(w3) 

= (v2 /\ v3 /\ v4)(w1, w2, w3). 

IfraK, Bhipa*eHHR ,IJ;JIR (w1 /\ w2)(v, w1, ... , wz) H w2(w1, ... , wz) 
qpe3 orrpe,n;eJIHTeJIH cosrra,n;aroT. CJie,n;osaTeJibHO, 

i(v)(w1 /\ w2) = w2 = [i(v)w1)w2 - w1 /\ i(v)w2, 

IIOCKOJibKY B 3TOM cJiyqae i(v)w1 = 1 H i(v)w2 = 0. 

(b) IlycTh i = 1, )1 = 1. Tor,n;a w1 /\ w2 = 0. B 3TOM cJiyqae 

i(v1)w1 = 1 H Tor,n;a 

B TO *e speMR 

i(v1)w2 = v". /\ · · · /\ v". )2 Jl. 

Tor,n;a 

w1 /\ i(v1)w2 =vi/\ vj2 /\ • • • /\ vj
1 

= w2. 

TaKHM o6pa3oM, 

i(v1)w1 /\ w2 - w1 /\ i(v1)w2 = w2 - w2 = 0. 

(c) IlycTh i > 1, )1 = 1. B 3TOM cJiyqae MO)l(HO HarrHcaTh w2 = 
vi /\w3. Tor,n;a JieBaR qacTh <l:>opMyJihI (17.1) rreperrHChIBaeTcR B BH,n;e 

i(v)[w1 /\vi/\ w3] = -i(v)[vi /\ (w1 /\ w3)] (rrepecTaBJIRR v1 c w1) 

= -W1 /\ W3, 
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corJiactto cJiyqaro (a). IIepBhIH qJieH B npaBoii qacrn: cpopMyJihI (17.1) 
o6paliiaeTcH B HYJih, a BTopo:H qJieH paBeH -w1 /\ W3 ( eliie pa3 rrpH­
MeHHeM CJiyqaH (a)). 

(d) IlycTh i > 1, J1 > 1. Tor.n;a 

i(v1)(w1 /\ w2) = 0, 

i(v1)w1 = 0 

Ilo3TOMY o6e qacTR <PopMyJihI (17.1) o6paliiaIOTCH B HYJih. llTaK, MhI 
,lJ;OKa3aJIH cpopMyJiy (17.1) ,n;JIH cJiyqaH, Kor.n;a degw1 =1. Ho Tor.n;a 
accou;naTirnHhIH 3aKOH BHemHero YMHOLKeHHH .n;aeT HaM B03MOLKHOCTh 
,n;oKa3aTh 3TY cpopMyJiy B o6liieM cJiyqae. Harrp11Mep, rrpe.n;rroJIOLKHM, 
qTo w1 = a1 /\ a2, r.n;e deg a1 = deg a2 = 1. Tor.n;a 

i(v)(a1 /\ a2 /\ w2) 

= i(v)a1 /\ (a2 /\ w2) - a1 /\ i(v)(a2 /\ w2) 

= i(v)a1 /\ (a2 /\ w2) - cr1 /\ i(v)a2 /\ w2 + a1 /\ a2 /\ i(v)w2 

= [i(v)a1 /\ a2 - a1 /\ i(v)a2] /\ w2 + a1 /\ a2 /\ i(v)w2 

= i(v)(a1 /\ a2) /\ w2 + (a1 /\ a2) /\ i(v)w2. 

l'.haK, Mhl ,ll;OKa3aJIH cpopMyJiy, Kor.n;a w1 = a1/\a2, H TeM caMhIM, B CH­
JIY JIHHeHHOCTH, ,ll;JIH Bcex CJiyqaeB, Kor.n;a deg W1 = 2. ,ll,aJihme ,ll;OKa-
3aTeJihCTBO rrpo,n;oJILKaeM no HH,lJ;YKIJ;HH. Harrp11Mep, ecJIH deg a1 = 1 
H dega2 = 2, TO 

i(v)(a1 /\ a2 /\ w2) 

= i(v)a1 /\ (a2 /\ w2) - a1 /\ i(v)(a2 /\ w2) 

= i(v)a1 /\ 0'2 /\ w2 - cr1 /\ i(v)a2 /\ w2 - a1 /\ a2 /\ i(v)w2 

= i(v)(a1 /\ a2) /\ w2 - cr1 /\ a2 /\ i(v)w2. 

ITo3ToMy 
i(v)w1 /\ w2 = i(v)w1 /\ w2 - w1 /\ i(v)w2, 

eCJIH deg W1 = 3, M TaK ,n;aJiee. 
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17.4. IIpoH3BO,LJ;Hbie JI11 

TaK )Ke, KaK B rraparpa<Pe 17.2, rrycTh cp : I x U --t JRk. Tor.n;a .n;;rn 

Ka)K,ll;oro t E I 
0

Mh1 HMeeM oTo6pa)KeHHe 

rrpHqeM rrpe.n;rronaraeTcR, qTo 

<Po= id. 

IIycTb e = eo o603HaqaeT B€KTOpHOe rroJie, CBR3aHHOe c <Pt B MOM€HT 

t = 0. 
IlycTb w - ,IJ;HcPcPepeHU,HaJibHaR <PopMa cTerreHH k. PaccMoTpHM 

cPOPMY cpt W lI COOTB€TCTB€HHO cPOPMY 

~(<P'tw - w) 
t 

rrpH t i= 0. °YTB€p)K,ll;aeTCR, qTo 3TO Bbipa)KeHHe HMeeT rrpe.n;en rrpH 

t = 0. ,Il;eiiCTBlITeJibHO, eCJIH w = f - cPYHKil;HR, TO TaKOH rrpe.n;en 

rrprr t = 0 cyrn;eCTByeT H, KaK Mbl y)Ke BH)l;€JIH, OH 3arrHCbIBaeTCR B 

BH,IJ;e 

Def= lim ~(¢* f - !). 
t--->O t 

Ecnrr w = df, TO 

H l103TOMY 

t(c/>'tdf - df) = d u(cptf - n] . 
Mb1 rrMeeM rrpaBo rrepecTaBHTb rrpe.n;enhI B qacTHhIX rrpoH3BO)l;HhIX, 

orrpe.n;enR1011wx d u Dt;.. Tor.n;a rronyquM 

lim ~(c/>'tdf - df) = dD1;,f. 
t--->0 t 

Ha06onee o6rn;rrii BH.D; JIHHeiiHoii ,D;HcPcPepeHIJ,HaJihHOH <PopMbI RBJIR­

eTCR cyMMOH Bhipa)KeHHH BH,n;a f dg. Tor.n;a 

¢; (! dg) - f dg = ( ¢; J) ¢; dg - f dg 

= ¢; f c/>'tdg - f c/>'tdg + J(c/>'tdg) - f dg. 
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CJie,n;oBaTeJihHO, 

lfraK, limt_,o(l/t)(</>*w-w) cyrn;ecTByeT ,n;JI.H mo6o:ti: 1-ct;>opMhI. BoJiee 

Toro, 3TOT rrpe,n;eJI MO>KHO Bblpa3HTb qepe3 e H W. 9TOT rrpe,n;eJI 6y,n;eM 

o6o3tta'laTh Dew. ,II;anee, ecJIH 

r,n;e W1 H W2 - 1-ct;>opMbI, TO Mbl HMeeM 

<j>;(w1 /\ w2) - w1 /\ w2 = ¢;w1 /\ ¢;w2 - w1 /\ w2 

= (¢;w1 - w1) /\ ¢;w2 + w1 /\ (¢;w2 - w2). 

lim !(¢;(w1 /\ w2) - w1 /\ w2) 
t-+O t 

cyrn;eCTByeT H paBeH 

TaK KaK mo6a.H 2-ct;>opMa MO:>KeT 6hITh rrpe,n;cTaBJietta KaK cyMMa 

qJieHOB BH,n;a W1 /\ W2' TO 

lim !(</>*w - w) 
t-+O t 

cyrn;ecTByeT ,ll;JI.H mo6o:ti: 2-ct;>opMbI w. 9ToT rrpe,n;eJI MhI 6y,n;eM o603tta­

'!aTh Dew, IIOTOMY 'ITO OH 3aBHCHT TOJibKO OT e H w. ,II;e:ti:CTBY.H TaKMM 

o6pa30M, Mbl y6e,n;HMC.H, 'ITO 3TOT rrpe,n;eJI cyrn;eCTByeT ,ll;JI.H ct;>opM w 
mo6ofi CTerreHH H 3aBHCHT TOJibKO OT e H w. Mb! ero o603Ha'IHM Dew 
H Ha30BeM npOU360d'/iOU Jlu OT W ITO e. ,lI;JI.H JII06bIX cPOPM W1 H W2, 

KaK H BbIIIIe, MO:>KHO ,11;0Ka3aTh cPOPMYJIY 

Orrpe,n;eJiettne H paBettcTBO d<j>* = </>* d, noKa3hIBaIOT, 'ITO 
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Cyrn;ecTByeT <PopMyJia, CB513hrnarorn;rui: BHyTpeHHee rrpOH3Be,n;emie 

i(e), BHernH1010 rrpOH3BO,D;Hyro d H rrpoH3Bo,n;Hyro JIH D1;.. ITpe)K,IJ;e 'IeM 

IIOJIY'IHTh 3TY <PopMyJiy, BCIIOMHHM, 'ITO d OTo6pa)KaeT l-<PopMbl B 

( l + 1 )-<l>opMbl H y,n;OBJI€TBOp51eT paBeHCTBY 

ecJIH cTerreHh w1 paBHa k. KpoMe Toro, i(e) oTo6pa)KaeT l-<PopMhI B 

( l - 1 )-<l>opMbl H y,n;oBJieTBOp51eT paBeHCTBY 

I103TOMY d 0 i(e) OTo6pa)KaeT l-<PopMbl B l-<PopMbl H y,n;OBJieTBOpMeT 

paBeHCTBy 

[d O i(e)J(w1 t\ W2) = d(i(e)w1 t\ W2 + (-l)kwl t\ i(e)w2) 

= di(e)w1 /\ w2 + (-l)k-1i(e)w1 /\ dw2 

+ (-1)kdw1 /\ i(e)w2 + (-1)2kw1 /\ di(e)w2. 

3aMeTHM, 'ITO ( -1 )2k = l. KpoMe Toro, HMeeTc51 aHaJIOrH'IHruI <Pop­

MyJia 

[i(e) O d](w1 t\ W2) = i(e)dw1 /\ W2 + (-l)k+ldw1 /\ i(e)w2) 

+ (-1)ki(e)w1 A dw2 + w1 A i(e)dw2. 

EcJIH MhI CJIO)KHM 3TH ,n;Ba Bhipa)KeHmI, To cpe,n;Hlfe 'IJieHhI coKpa­

T51TC51, H Mbl IIOJIY'IHM npa6U.//,O Jleu6nuv,a 

[i(e) 0 d + d 0 i(e)](w1 t\ w2) 

= [i(e)d + di(e)Jw1 A w2 + w1 /\ [i(e)d + di(e)Jw2. 

Horo HC'IHCJieHH51 

I D1;. = i(e)d + di(e). \ (17.2) 

j(o'K:aaame.ri'bcm6o. 06e 'IaCTH 3Toro ypaBHeHH51 51BJI51IOTC51 orrepa­

TopaMH, KOTOpbie, ,n;eiiCTBY51 Ha rrpOH3Be,n;eHH51, y,n;oBJieTBOp51lOT TO)K­

)~eCTBY neii6Hm~a. Ka)K,n;a51 <l>opMa 51BJI51€TC51 cyMMOH rrpOH3B€)1;€HHH 
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cpyHKU,HH f H ,n;HcpcpepeHU,HaJIOB dg. IIo3TOMY HaM .n;ocTaTOqHo rrpo­

BepHTh TO)K,II;eCTBO 

,IJ;JI51 w = f H ,IJ;JI51 w = dg. B cJiyqae w = f no ycJIOBHIO MhI HMeeM 

i ( e) f = 0 (He cylll,ecTByeT ( -1 )-cpopM). Tor.n;a cpopMyJia yrrpolll,aeTC51 

qTo MhI y)Ke rronyqmrn B rraparpacpe 17.2. B cnyqae w 
HMeeM 

Ded9 = dDe9 
= d(i(e_)dg) 

= (i(e_)d + di(e_))dg, 

dg Mbl 

rrocKOJihKY d2 = 0. lfTaK, cpopMyJia BepHa B o6lll,eM CJiyqae. B rrpH­

JIO)KeHHH K 3TOH rJiaBe Mhl ,IJ;a,IJ;HM .n;pyroe ,IJ;OKa3aTeJibCTBO 3TOH cpop­

MYJibl B 6onee o6lll,eM BH,n;e. 

HarrpHMep, rrpe.n;rroJio)KHM, qTo 

w = p dx A dy A dz 

B rrpocTpaHCTBe JR3. Tor.n;a dw = 0, rrocKOJihKY B TpexMepHoM rrpocT­

paHCTBe He cylll,eCTByeT HeHyJieBhIX 4-cpopM. Tor.n;a 

ECJIH Mbl IIOJIO)KHM 

J = i(e_)w, 

TO ycJIOBHe 

dJ=O 

3KBHBaJieHTHO 

Dew= o. 
9To - HHcpeHHTe3HMaJihHhIH crroco6 Bh1pa)KeHH5I Toro, qTo <f4w = w 
.n;JI51 Bcex t. TeM caMbIM, rrepBhIH 3aKoH KHpxrocpa MO)KHO rrepecpop­

MYJIHpoBaTh TaK: IIOTOK ef>t coxpaH51eT IIJIOTHOCTh 3ap51,n;a w' TaK qTO 

Dew= o. 
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17.5. MarHeTH3M 

9JieKTpWieCKHe H MarHHTHhie .HBJieHH.H B O'leHh IIpHMHTHBHOii <PopMe 

6hIJIH H3BeCTHhI e:rn;e c ,n;peBHHX BpeMeH. Mccne,n;oBaHH.H 3THX 3ara,n;oq­

HhIX .HBJieHHii yqeHbIMH ceMHa,n;n;aToro H BOCeMHa,n;n;aToro BeKOB rrpH­

BeJIH B ,n;eB.HTHa,n;IJ;aTOM BeKe K IIOHHMaHHIO cPYH,ll;aMeHTaJibHOii poJIH 

3JieKTpOMarHHTHbIX CHJI B rrpHpo,n;e H K peBOJIIOIJ;HOHHbIM H3MeHeHH­

.HM B o6:rn;ecTBe, B03HHKIIIHM B pe3yJihTaTe OTKpbITH.H 3JI€KTpH'leCKHX 

TeXHOJIOrHii. 

B ,n;peBHOCTH 6bIJIO H3B€CTHO, 'ITO ecJIH rroTepeTh .HHTapb ( 0KaMe­

HeBrny10 ,n;peBeCHYIO CMOJIY) TKaHblO, TO He6oJihIIIHe KYCO'IKH JierKoro 

MaTepHaJia IIO,ll;HHMYTC.H B B03,ll;YX H rrpHKJielOTC.H K HeMy . .HHTapb IIO­

rpeqecKH Ha3hrnaeTC.H «3JieKTpOH». B KHHre «0 MarHeTH3Me», orry6-

JIHKosaHHoii B JloH,n;oHe B 1600 ro,n;y, Y. fHJI6epT BBeJI TepMHH «3JieK­

TpH'leCTBO» ,ll;JI.H o6o3HaqeHH.H rrpMT.H)K€HH.H, CBOiiCTBeHHOro .HHTaplO. 

OH rrocB.HTHJI .HHTapID n;enyID 60Jihrny10 rnasy, «'IT06h1 rroKa3aTb rrpn­

po,n;y rrpMT.H)K€HH.H TeJI K HeMy H rro,n;qepKHYTh orpOMHYIO pa3HHIJ;Y 

M€)1(,Izy 3THM CBOiiCTBOM H MarHHTHbIMH ,n;eiiCTBH.HMH» H OTJIH'lHTb 

«IIPOCTYIO CHMIIaTHIO, CB.H3hIBaIOieyIO )K€Jle30 H MarHHThI, OT Hepa3-

6opqMBOro rroBe,n;eHM.H .HHTap.H». ,IWeBHMe paccMaTpMBaJIH rrpMT.H)Ke­

HH.H .HHTap.H H MarHHTOB KaK O,ll;HHaKOBbie .HBJieHH.H, ,n;aBa.H HM O,n;HHa­

KOBbJe o6'h.HCHeHH.H. Kap,n;aHo (1550) oco3HaJI p.H,n; pa3JIH'lHii Me)K,ll;y 

3JieKTPH'l€CKHMH H MarHHTHbIMH rrpHT.H)KeHH.HMH. 0,n;HaKo, TOJibKO 

fHJr6epT o6Hapy)KMJI, 'ITO 3JI€KTpocTaTH'IeCKOe CBOiiCTBO IIpHT.H)Ke­

HH.H .HHTap.H MO)KeT 6hITh H y MHornx ,n;pyrHx TBep,n;hIX Be:rn;ecTs. Ko­

H€'IHO, 3JieKTpOCTaTH'leCKOe rrpHT.H)KeHHe 3ap.H)K€HHoro TeJia K Jier­

KOMy HeiiTpaJibHOMY TeJiy 3a C'IeT HH)l;yIJ;HpOBaHHOii IIOJI.HpH3aIJ;HH H 

6onee CHJihHOe rrpHT.H:>KeHHe K TeJiy c 3ap.H,J];OM rrpOTHBOIIOJIO)KHOro 

3HaKa - O'leHb CJIO)KHbJe .HBJieHH.H KaK ,ll;Jl.H TO'IHOI'O TeopeTH'leCKO­

ro pac'leTa, TaK H ,n;m1 3KcrrepHMeHTa. JlerKHe Kyco'IKH 6yMarH ne­

T.HT K .HHTapIO XOOTH'leCKH H rrpMKJieHBalOTC.H K HeMy. 3aTeM qepe3 

HeKOTOpoe BpeM.H OHM na,n;aIDT. Ilo3TOMy, KOHe'lHO, IIOBe,n;eHHe .HHTap.H 

no cpaBHeHHIO c IlOCTO.HHHbIM rrpHT.H)K€HHeM )K€Jie3a K MarHHTy HJIH 

MarHHTa K MarHHTY MO)KHO C'IHTaTh «Hepa360p'IHBbIM». Ilo cy:rn;e­

CTBy rrpOIIIJIO e:rn;e IIO'ITH ,n;Ba BeKa, IIOKa JIIO,ll;H OC03HaJIH, 'ITO cPYH,ll;a­

MeHTaJibHOe rrpHT.H)K€RHe H OTTaJIKHBaHHe B paMKax 3JieKTpOCTaTHKH 

;~eiicTByeT Me)K,ll;y 3ap.H)KeHHbIMH TeJiaMH, H IIOKa 6bIJI OTKpbIT rrpa­

BHJibHhiii 3aKOH B3aHMO,n;eiicTBH.H M€)K,ll;y HHMH. 9To 6bIJIO c,n;eJiaRO 
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KynoHOM B 1789 ro,zzy B Trn;aTeJihHO rrocTaBJieHHOM 3KcrrepHMeHTe c 

rroMOill;hIO H3o6peTeHHhIX HM KPYTHJihHhIX BecoB. 

B ,n;peBHerpeqecKHX HCTO'IHHKax HMeIOTC5I cBe,n;eHH5I o KaMH5IX, 

KOTOpbre MoryT rrpHT5IrHBaTh )KeJie3o. Coo6rn;anocb, 'ITO O,ll;HH TaKoii 

6onhrnoii KaMeHb B oKpeCTHOCTH ropo,n;a MarHe3H5I B Manoii A3HH 

BhIT5IrHBaeT Kyco'IKH )KeJie3a H3 aMyHHI!HH rracTyxoB H rB03)J;H H3 

HX 6oTHHOK. Ilo HMeHH 3Toro ropo,n;a Mbl H IIOJIY'IHJIH TepMHH «Mar­

HHT». BhIJIO o6Hapy)KeHo, 'ITO 3TOT KaMeHb MO)KeT rrepe,n;aBaTh cBoii­

CTBO rrpHT5II'HBaTb )KeJie3HOH HrJie, rrpH'IeM y rrocne,n;Heii OHO 6y,n;eT 

3aBHCeTh OT HarrpaBJieHH5I. B TOM )Ke 3KCrrepHMeHTe c KPYTHJihHhIMH 

BecaMH KynoH o6Hapy)KHJI H H3MepHJI CHJihI rrpHT5I)KeHH5I H OTTaJIKH­

BaHH5I Me)K,Izy MarHHTHhIMH rronrocaMH. (OH ern;e pa3 OTKpbIJI 3aKOH 

o6paTHOro KBa,n;paTa.) 0,n;HaKO, COBpeMeHHOe IIOHHMaHHe rrpHpO,ll;bI 

MarHHTHhIX CHJI rrpHrnJio rrocne pa6oT AMrrepa. 0Ka3aJIOCh, 'ITO Hc­

THHHhIM o6'heKTOM H3y'IeHH5I 6bIJIO He I1pHT5I)KeHHe )KeJie3a K Mar­

HHTY HJIH rrpHT5I)KeHHe Me)K,zzy MarHHTaMH, a CHJia, KOTOpyro MarHHT 

OKa3bIBaeT Ha ,ll;BH)KYill;HHC5I 3ap5I,n; (HJIH, ern;e TO'IHee, CHJia, c KOTO­

poii O,ll;HH )J;BH)KYill;HHC5I 3ap5I,ll; ,n;eiiCTByeT Ha ,n;pyroii). 

BecHoii 1820 ro,n;a, 'IHTM neKI!HIO 06 3JieKTpH'IeCKHX TOKax, 

9pcTe,n; 3aMeTHJI, 'ITO CTpeJIKa KOMrraca, cnyqaiiHO OKa3aBrnerOC5I 

p5I,ll;OM, OTKJIOH5IeTC5I TOKOM. 06'h5IBJieHHe 06 3TOM pe3yJihTaTe - 'ITO 

3JieKTpH'IeCKHH TOK ,n;eiiCTByeT Ha MarHHT - BCKOJlbIXHYJIO Hay'IHhIH 

MHp. 9neKTpH'IeCTBO H MarHeTH3M, pa3,n;eJieHHbie B Te'IeHHe IIO'ITH 

,n;Byx BeKoB, BHOBh OKa3aJIHCh CB5I3aHHhIMH Me)K,zzy co6oii. AMrrep 

OC03HaJI, 'ITO ecJIH TOK OTKJIOH5IeT MarHHTHYIO CTpenKy, TO MarHHT 

,ll;OJI)KeH ,n;eiiCTBOBaTh Ha TOK H ,ll;Ba TOKa ,ll;OJI)KHbI ,n;eiiCTBOBaTb ,n;pyr 

Ha ,n;pyra. B Te'IeHHe HeCKOJihKHX He,n;enh c 18 ceHT5I6p5I rro 9 OKT5I6-

p5I 1820 ro,n;a, AMrrep 6e3 ycTaJIH rrpoBeJI cepHIO 6necT5Illi;HX 3Kcrre­

pHMeHTOB H reoMeTpH'IeCKHX Hccne,n;oBaHHii. B HeKoTopoM CMhICJie 

IIOH5ITHe ,n;mp<l>epeHI!HaJibHbIX cPOPM B03HHKJIO H3 MaTeMaTH'IeCKO­

ro aHaJIH3a, rrpo,n;eJiaHHOro AMrrepoM, KOTOpbIH OTKpbIJI OCHOBHhie 

3aKOHbl MarHHTOCTaTHKH. 

MarHHTHOe IIOJie C03,n;aeT cnny, ,n;eiiCTBYIOIIIYIO Ha TOK, a TOK 

rrpe,n;cTaBJI5IeTC5I HaM KaK cndreMa ,ll;BH)KYill;HXC5I 3ap5I)J;OB. 3Ha'IHT, 

MarHHTHoe rrone ,n;eiicTByeT Ha 3ap5I,ll;hI. B TO )Ke BpeM5I CHJia 3aBH­

CHT oT cKopocTH ,n;BH)KeHH5I 3ap51,n;a. Maz'J-f,um'/-1,aR u'/-1,ay'K:U,UR 5IBJI5IeTc5I 
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2-<PopMofi B B npocTpaHCTBe ffi.3 . Ilpe.n;noJio)KMM, qTo 3ap.a.n; e .IJ;BM­

)KeTC.H qepe3 ToqKy p co CKopocThIO v. Tor.n;a B03HMKaeT cirna 

ei(v)Bp. 

B 9TOM Bb1pa)KeHMM B .HBJI.HeTC.H 2-<PopMofi, noaTOMY Bp paBHO 3Ha­

qemIIO BB ToqKe p, T. e . .HBJI.HeTca aJieMeHTOM A2 (ffi.3 ). TaKMM o6pa-

30M i(v)Bp - JlHHeHHM cPYHKII;lI51 KaCaTeJihHhlX BeKTOpOB B TOqKe 

p, T.e. TO, qTo Mhl Ha3blBaJIH CHJIOBbIM IlOJieM (cp. TOM 1, c.348). 

lITaK, eCJIH qacTMII;a c 3apa,n;OM e )J;BM)KeTC51 B)J;OJlb KpMBOH "(, TO 

B MOMeHT t Ha Hee .n;efiCTByeT CMJia 

ei( "f1 (t) )B'Y(t). 

Tor.n;a H3 onpe,n;eJieHH51 BHyTpeHHero npoM3Be,n;eHH51 HeMe,n;JieHHO cJie­

.n;yeT, qTo 

i(v)i(w)w = -i(w)i(v)w 

,n;Jia mo6h1x v, w M w. B qacTHOCTM, 

i(v)i(v)w = 0, 

MJIM, ecJIM w E A2 (V*), TO 

[i(v)w)(v) = 0. 

chO 3HaqMT, qTO COCTaBJI51IOIII;a51 CHJihl B)J;OJih HanpaBJieHH51 )J;BH­

)KeHH51 oTcyTCTByeT. Tor.n;a CHJia, .n;eficTByroiu;aa Ha JIHHeHHhIH npo­

BO.IJ;HHK c TOKOM, 6y,n;eT nepneH)J;HKyJiapHa 9TOMY npOBO)J;HHKy. ('.:ho 

6bmo npoBepeHO AMnepoM B ocTpoyMHOM aKcnepHMeHTe, Kor.n;a TOK 

npoTeKaJI no IlO)J;BH)KHOMY npOBO.IJ;y, COe)J;HH51IOIII;eMy )];Ba cocy.n;a co 

PTYThIO.) 

B Ka)K)J;ofi TOqKe <PopMa B # 0 6y,n;eT onpe,n;eJI51Th HanpaBJieHHe 

B npOCTpaHCTBe - npaMyro, 3a,IJ;aBaeMyIO ypaBHeHHeM 

i(w)B = 0. 

(qMTaTeJIIO CJie.n;yeT y6e,n;HTbC51, qTo 9TO )];Ba JIHHeHHO He3aBHCHMhIX 

ypaBHeHH51 )J;JI51 w.) )KeJie3Hhie OITHJIKH, IlOMeIII;eHHhie B MarHHTHOe 

IlOJie ( cnoco6Hhle Bpaiu;aTbC51, HO He )J;BHraTbC51 IlOCTynaTeJibHO) no­

BepHyTC51 B)J;OJib 9TOI'O HanpaBJieHH51, C03,IJ;aBa51 .MaZ'HUm'Hibte CU.JW6'bte 
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//,U'HUU. (Ha TOKH B,ll;OJib HMeHHO 3THX HanpaBJieHHfi He .n,ettCTByeT 

CHJia.) 

AMnep He TOJihKO OTKpbIJI CHJiy, c KOTopoii MarHHTHOe IIOJie .n,eii­

CTByeT Ha TOK. OH TaK2Ke BhIBeJI KOJIWieCTBeHHYIO cpopMyJiy 3aKo­

Ha ( BnepBhie o6Hapy2KeHHoro 9pcTe.n,oM), corJiaCHO KOTopoMy TOK 

co3.n,aeT MarHMTHOe rroJie. ,LJ,m1 3Toro rroJie3HO BBeCTH 1-<fiop.My H, 
KOTOpyIO BCJie.n, 3a 30MMepcpeJib)J,OM 6y.n,eM Ha3hIBaTb .Ma2'HUm'H'bt.M, 
eo36y;)ICae'Hue.M HJIH .Ma2Hum'H'bt.M no.11,e.M. BTopott 3aKoH AMrrepa ro­

BOPHT, 'ITO ecJIM rrpoH3BOJihHM rroBepxHOCTh S orpaHH'leHa KpHBott 

1 =as, To 

,LJ,pyrHMH CJIOBaMH, HHTerpaJI OT MarHHTHOro nom1 no 3aMKHYTOtt 

KpMBott, orpaHM'IHBarorn;ett HeKoTopyro rroBepxHOCTh, paBeH noToKy 

TOKa qepe3 3TY IIOBepXHOCTb. 

Ilo TeopeMe CToKca 3To TO 2Ke caMoe, 'ITO 

dH = 47rJ. 

B OTJIH'IMe OT 3JieKTpocTaTMKH, MhI M02KeM ccpopMyJIHpoBaTh ern;e 

O)J,HH 3aKOH MarHHTOCTaTHKH B BH)J,e 

ls B = 0 )J,JI51 JII06ott 3aMKHyTott noBepxHOCTH S. 

( CorJiaCHO repey, 3TO 3Ha'IHT, 'ITO «He cyrn;ecTByeT MarHHTHhIX 3a­

p51)],0B».) H, HaKoHe.u;, HaM Ha.n,o rroJiy'IMTh 3aKOH, CB513hIBarorn;Hii B 
H H. B HecpeppoMarHHTHhIX MaTepnanax oH MMeeT BH,ll, 

r.n,e µ Ha3hrnaeTC51 .Ma2HumHou eocnpuU.M"-tueocm'b'/O. A ce:tiqac .n,a­

Ba:fiTe BhIIIHIIIeM Bee 3aKOHbl MarHHTOCTaTHKH. 

(i) CUAa, aeucmey'IOW,a.R 'Ha 3/le.Me'Hm mO'/i",a I = ev 6 mO"-t'/i",€ p, 
paetta i(I)Bp. 

(ii) Is B = 0 a.11,.R j/,'/06ou 3a.M'/i",'Hymou noeepx'Hocmu S. C.11,edoea­

me/l'b'HO, 

dB=O. 
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(iii) J88 H = 47r fs J, uJ1,u 

dH = 47rJ (3aKoH AMrrepa). 

Ilpe,n;rroJimKHM, qTo MbI Haxo,n;ttMc.a B o6JiaCTH U, r,n;e H 2(U) = 0. 
Tor,n;a ycJioB:He dB = 0 03HaqaeT, qTo 

B=dA 

,n;JI.a HeKoTopoii 1-<PopMbI A. KoHeqHo, 

A = Ax dx + Ay dy + Az dz 

He orrpe,n;eJI.aeTc.a o,n;H03HaqHo ypaBHeH:HeM B = dA, rrocKOJihKY 

cPYHKD;H.SI A + d'ljJ, r,n;e 'ljJ - rrpott3BOJibHM cPYHKu;tt.a, y,n;oBJieTBO­

p.aeT TOMY )Ke ypaBHeH:HIO. ,II,aBaiiTe B03hMeM TaKyIO <i>YHKD;HIO 7/J, 
qT06bI 

KaK TOJibKo Mhl Bh16paJitt A, 3a,n;aqa cBo,n;ttTc.a K peIIIeH:HIO ypaBHeHtt.a 

IlyaccoHa. 2 Tor,n;a, 3aMeHHB A Ha A + d'ljJ, MbI rroJiyqnM 

Terrepb 

H = _!*-1B = _!*-1dA 
µ µ 

dH=J. 

IIpe,n;rroJIO)KHM, qTo B paccMaTpttBaeMoii o6JiaCTH µ - rrocTo.aHHa.a. 

Tor,n;a 

2IIocJie,zzyrom;ne Bhl'IHCJieHIUI CTaIIYT HCHee IlOCJie Toro, KaK Mhl BBe,n;eM o6nzyro 

<PopMy onepaTopa *. CM. cJie,zzyronzyro rJiaBy. 
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B 3TOM cJiyqae 

( ) 
oAx OAx 

d Ax dx = - oy dx /\ dy + oz dz /\ dx, 

II03TOMY 

1 oAx OAx *- d(Axdx) = - oy dz+ oz dy 

H 

Ilpo,n;eJiaB Te )Ke BhJqncJieHH.H ,ll;JI.H Ay dy H Az dz H CJIO)f(HB Bee BMec­

Te, rroJiyqaeM 

(d*- 1d)A =-(~Ax dy /\dz+ ~Ay dz/\ dx + ~Az dx /\ dy), 

o2 o2 o2 
~ = ox2 + oy2 + f)z2 

- 06b1qtth1ii orrepaTop JlarrJiaca. Tor,n;a ecJIH ttarrHcaTb 

TO ypaBHeHH.H 

dA=B, 

B=µ*H, 

dH = 47rJ 

CBO,ll;.HTC.H K perneHHIO Tpex ypaBH€HHH Ilyaccotta: 

~Ax= -41l"Jx, 

~Ay = -47rJy, 

~Az = -41l"Jz. 

HarrpnMep, MhI xoTHM IIOJiyqHTb B H H BHe ,n;JIHHHoro TOHKoro 

rrp.HMOJIHHeHHOro rrpoBo,n;a, no KOTOpOMY TeqeT IIOCTO.HHHbIH TOK I. 
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Ilpe,n;IIOJIO)KHM, 'ITO pa,n;nyc rrpoBo,n;a paBeH a, II paCIIOJIO)KeH OH 

B,ll;OJih OCR z. B 3TOM cJiy'Iae Jx = Jy = 0 R 

Jz = {O I 
7ra2 

BHe rrpOBO,n;a, 

BHYTPII rrpoBo,n;a. 

Tor,n;a Ax = Ay = 0. Pernaa ypaBHeHne ,ll;JIH Az, rroJiy'IaeM 

Az = -2µJlog Jx2 + y2 

oAz oAz 
B = dA = - - dx /\ dz - - dy /\dz ax oy 

= 2µ! ( ~ dx /\ dz + ~ dy /\ dz) 

= 2µ! dr /\dz 
r 

B IJ;RJIRH,n;pR'IeCKHX KOOp,ll;RHaTax 

x = r cos (), y = r sin (), z = z, 

r = Jx2 +y2. 

CmIOBhIMR JIHHRHMH HBJIHIOTCH Kpyrn c u;eHTpoM B cepe,n;nHe rrpo­

Bo,n;a, n H = 1/ µ*-l B rrporropu;noHaJihHO dB. EcJIR 6b1 MhI 3apaHee 

3HaJIR, 'ITO 

H = f d(), 

TO H3 coo6pa.m:eHRit CRMMeTpRR Mbl MOrJIR 6b1 3aKJIIO'IHTh, 'ITO f = 
f ( r). Tor,n;a H3 COOTHOIIIeHRH 

i H = 47rl 

Mbl IIOJIJ'IHJIH 6hI 

f(r) = 21. 
r 

IlocKOJibKY d(} /r = dr /\dz, Mbl 6bI Tor,n;a RMeJIR 

B = µ*H = 2µTdr /\dz. 
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B o6rn;eM cJiyqae pememw ypaBHemu1 IIyaccoHa IIOKa3bIBaeT, qTo 

A orrpe,n,emi:eTcH o6'beMHhIM llHTerpa.JIOM 

Atta.JiornqHhie cPOPMY.JihI rro.JiyqaroTCH ,IJ,.JIH Ay ll Az. 

IlpHJIO)KeHu:e: aJibTepHaTHBHOe ,lJ;OKa3aTeJibCTBO 

cpyH,n;aMeHTaJihHOii cf>opMyJihl 

,n;11cf>cf>epeHu;1t:aJihHoro 11cq11cJieHH.H 

3,n,ecb Mbl ,ll,a,IJ,HM a.JihTepHaTHBHOe ,ll,OKa3aTe.JihCTBO OCHOBHOH ¢op­

MY.JihI (17.2). Ilo cyrn;ecTBy, MhI ,n,oKa)l(eM ee B 60.Jiee o6rn;eM c.Jiyqae. 

IIycTb W C ]Rm ll Z C ]Rn - OTKpbITbit MHO)l(eCTBa. IIpe,n,rro.JIO)l(llM, 

qTO HaM ,n,aHo ,n,n¢¢epemi;npyeMoe oTo6pa)l(eHne <P : W x I ~ Z, 
r,n,e I - HeKOTOphrli llHTepBa.JI B JR, co,n,ep)l(arn;nii: Haqa.Jio Koop,n,n­

HaT . .II;.JIH Ka)l(,IJ,OH cPllKCllpOBaHHOH ToqKll w E w Mbl IIO.JiyqnM Kpll­

BYIO ¢(w, t), 3aBllCHrn;yIO OT t. IlyCTb et(w) o6o3HaqaeT KaCaTe.JihHbIH 

BeKTOp K KpllBOH </J(w, t). 9To KacaTe.JibHbIH BeKTOp B rrpocTpaHCT­

Be o6pa3oB ]Rn, HO 3aBnc51rn;nii: OT t n w E W. KpoMe Toro, rrycTh 

oTo6pa)l(eHne <Pt : W ~ Z orrpe,n,e.JieHo KaK 

<Pt(w) = ¢(w, t). 

Mbr cqnTaeM, qTo <Pt o6pa3yIOT o,n,HorrapaMeTpnqecKoe ceMeilcTBO 

OT06pa)l(eHllH ll3 W B Z. 
IlycTb CT - ,n,n¢¢epeHu;lla.JihHa51 (k + 1)-<l>opMa B rrpocTpaHCTBe 

Z . .II;.JI51 Ka)l(,n,oro t orrpe,n,e.JinM k-¢opMy <Pti(et)u B W cor.JiacHo 

¢opMy.Jie 

[¢;i(et)u] ( 171, ... , 11k) = u({t(w), d</Jt'YJ1 , ... , d</Jt"lk), 

r,n,e .,,1, ... , "lk - KacaTe.JibHhre BeKTopa B TOqKe w. Bee k + 1 BeK­

TopoB, B03HllKarorn;ne BHYTPll CT B rrpaBoii: qacTn 3Toro cooTHome­

Hll51, 51B.J15IIOTC51 KacaTe.JibHbIMH BeKTOpaMII K KpllBbIM <Pt(w). Ilo3TO­

MY rrpaBa51 qacTh llMeeT CMhIC.JI. IlpnMeM 3To KaK orrpe,n,e.JieHne .JieBoii: 

qaCTll ,n,aHHOH cPOPMY.JibI. .IJ;.JI51 o6o6rn;eHll51 cPOPMY.JibI (17.2) Mbl xo­

TllM ,ll,OKa3aTb c.Jie,n,yIOrn;ee. 



IT pHJI02KeHHe 

IlycTh at o6o3Ha<J:aeT rJia,n.Koe o.n;ttorrapaMeTpw1ecKoe ce­

MeficTBO <PopM B z. Tor.n;a <J>;at .HBJI.HeTc.H rJia,IJ.KMM ce­

MeficTBOM cPOPM B w' M OCHOBHa.H <l:>opMyJia .n;H<P<PepeH­

IJ;MaJihHOro MC'IMCJieHM.H <PopM rrpMHMMaeT BM.II;: 

891 

CHa'laJia .n;oKa2KeM <PopMyJiy ,II;JI.H qacTHoro cJiy'la.H, Kor.n;a W = 
Z = M x I, r.n;e M .HBJI.HeTC.H OTKphIThIM rro.n;MHO)KeCTBOM rrpocTpaH­

CTBa ~m, a <f>t .HBJI.HeTC.H oTo6pa)KeHHeM 'l/Jt : M x I --t M x I, orrpe­

.n;eJieHHhIM cPOPMYJIOH 

'!/Jt(x, s) = (x, s + t). 

HaM6oJiee o6iu;Mfi BM.II; .n;M<l:><l:>epeHIJ;HaJihHOH <PopMhI B M x I MO)KHO 

3aIIMCaTh B BH,II;e 

ds /\a+ b, 

r.n;e a M b .HBJI.HIOTC.H <PopMaMH B M, KOTOphie MoryT 3aBMCeTh OT 

t H s. (B TepMMHax JIOKaJihHhIX KOOp,II;MHaT s, x 1 ' ••. 'xn 3TM <PopMbl 

OKa3hIBaIOTC.H cyMMaMM qJieHOB BM,II;a c dxii (\ . .. f\dxik' r.n;e c .HBJI.HeTC.H 

cPYHKIJ;Mefi, 3aBMC.Hiu;efi OT t, s M x.) qT06hI IIOKa3aTb 3aBMCMMOCTb 

OT x M s, MhI rreperrmneM Harne Bhipa)KeHMe B BM.n;e 

at = ds /\ a(x, s, t) dx + b(x, s, t) dx. 

'lj;;at = ds /\ a(x, s + t, t) dx + b(x, s + t, t) dx 

M II03TOMY 

d'l/J;at aa ob 
~ = ds (\ as (x, s + t, t) dx + as (x, s + t, t) dx 

aa ob 
+ ds (\ at (x, s + t, t) dx + at (x, s + t, t) dx. 

CJie.n;osaTeJihHo, 
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B 3TOM cJiyqae TaK)Ke oqeBII,ll;Ho, qTo BeKTop, KacaTeJibHhiii K KpHBoii 

'l/Jt(X, s), paBeH a/as, BblqHCJieHHOM B TOqKe (x, s + t). 
Tor,n;a a I as OKa3bIBaeTCR BeKTOpHbIM IIOJieM H 

CJie,n;oBa TeJihHO, 

H Il03TOMY 

d'lf;; (i ( :s) t7t) = ~: (x, s+t, t) ds/\dx+dxa(x, s+t, t) dx. (17.5) 

3,n;ecb dx o6o3ttaqaeT BHernmo10 rrpoII3BO,ll;HYIO cl>opMhI a(x, s+t, t) dx 
B M rrpn cl>nKcnpoBaHHOM 3HaqeHIIH s. AttaJiornqtto 

ab 
dt7t = -ds /\ dxadx +as ds /\ dx + dxbdx. 

Tor,n;a 

'lf;;i ( :s) dat = -dxa(x, s + t, t) dx + ~~ (x, s + t, t) dx. (17.6) 

B pe3yJihTaTe CJIO)KeHIIR COOTHOIIIeHHM (17.4)-(17.6) Mbl IIOJiyqaeM 

,ll;OKa3aTeJibCTBO cPOPMYJibI (17.3) ,ll;JIR 'l/Jt· 
IlycTb Terrepb </> : W x I -+ Z HMeeT BH,ll; <f>(w, s) = <Ps(w). 

B pe3yJihTaTe ,n;eiicTmrn </> rrpRMhie, rrapaJIJieJihHbie I H rrpoxo,n;RliIHe 

qepe3 w B W x I, rrepexo,n;RT B KpHBhie <Ps ( w) B Z. ~yrnMH CJIOBaMH, 

d<f> (:) = et(w). 
8 (w,t) 

EcJIH MhI paccMoTpHM oTo6pa)KeHHe l : W -+ W x I, 3a,n;aHttoe 

rrpaBHJIOM l(w) = (w, 0), TO OT06pa)KeHHe <Pt MO)KHO 3aIIHCaTh KaK 



Pe3IOMe 893 

<Po 'l/;t o l. Tor,n;a <P;rTt = l*'l/Jt</J*rTt· IIocKOJibKY l H <P He 3aBHC5IT OT t, 
Mbl HMeeM 

B ToqKe w, t npocTpaHCTBa W x I MO)KHO HanncaTb 

n Tor,n;a 

IIo,n;cTaHOBKa B cpopMyJiy ,ll;JI5I ( d/ dt) [¢; <P* O"t] ,n;aeT (17.3). 

Pe3roMe 

A. ,LJ;mp<l>epeHu;murbHhie <l>opMbI, BeKTOpHbie 110Ju1 
H MarHeTH3M 

,ll;JI5I ,n;aHHOI'O BeKTOpHOI'O IIOJI5I e H ,ll;HcpcpepeHll,HaJibHOH cpopMbl W 

Ha,n;o 3HaTb, KaK onpe,n;eJIHTb H BwqncJIHTb npoH3Bo,n;HyIO Jin D1;,w. 
Bbl ,n;oJI)KHbl 3HaTb onpe,n;eJieHHe BHyTpeHHero npoH3Be,n;eHH5I BeK­

Topa H ,n;HcpcpepeHI:J;HaJibHO:li cpopMbl, yMeTb BblqHCJI5ITb ero H HCIIOJib-

30BaTb ,ll;JI5I cpopMyJIHpOBKH 3aKOHa 0 MarHHTHO:li CHJie. 

Bbl ,n;OJI)KHbl 3HaTh cpopMyJinpoBKH 3aKOHOB MarHHTOCTaTHKH H 

TeXHHKy BblqHcJieHH5I B ,n;JI5I ,n;aHHoro TOKa J c noMOIIl;bIO ,n;ncpcpe­

peHIJ;HaJibHblX cpopM. 

'ITO 

IlyCTb e = Xe2 - ye1. 9TO BeKTOpHOe IlOJie e OilHCbIBaeT CKOpOCTb, 

CB.H3aHHYIO c paBHOMepHblM BpaIIIeHHeM BOKpyr OCH z. Mb! MmKeM 

rrepeIIHCaTb 3TO Bbipa)KeHHe B BH~e e = x({)j{)y) - y({)j{)x). 
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(a) MMeeTCB IIOCTOBHHaB IIJIOTHOCTb 3apB,r:i;a, OIIHCbIBaeMaB <Pop­

MOH w = p0 dx /\ dy /\dz. McrroJih3YB cooTHomeHHe J = i(e)w, 
orrpe,r:i;eJIHTe TOK, CBB3aHHblH c BpaII1eHHeM 9Toro O)J;Hopo,r:i;Horo 

pacrrpe,r:i;eJieHHB 3apB,r:i;a. 

(b) II ycTh w = z dx /\ dy. B BB HOM BM,r:i;e rrpoBephTe BhIIIOJIHeHHe 

TO)K,Il;eCTB Dew = i(e)dw + di(e)w H dDew = Dedw, r,r:i;e e = 
x(a/ay) - y(a/ax). 

17.2. IlycTb I o6o3HaqaeT TOK Ha e,r:i;MHHIIY )J;JIHHhI, KOTOphIH pacrrpocTpa­

HBeTCB aKCHaJibHO CHMMeTpHqHO OTHOCHTeJibHO OCH z TaKHM o6pa-

30M, qTo, rrpoxo,r:i;B qepe3 IIOBepXHOCTb IJ;HJIHH,r:i;pa pa,r:i;Hyca r' OCb KO­

TOporo BBJIBeTCB OCbIO z, He 3aBHCHT OT r. B 9TOM CJiyqae CKOpOCTb 

HOCHTeJieii 3apB,r:i;a orrpe,r:i;eJIBeTCB cPOPMYJIOH 

HJIH 

Bh1qHcJIHTe 2-<PopMy J, HcrroJih3YB paBeHcTBo J = i(e)dx /\ dy /\dz 
H y6e,r:i;HTeCb, qTO dJ = 0. 

17.3. Ilpe,r:i;rroJI02KHM, qTo B = Bo dz, r,r:i;e Bo - KOHCTaHTa. Haii,r:i;HTe 

cPYHKIJ;HIO A, y,r:i;oBJieTBOpBIOIIJYIO ycJIOBHBM 

B=dA H 

17.4. Ilpe,r:i;rroJI02KHM, qTo no rrpOBO)J;Y c pa,r:i;HyCOM a )J;BH2KeTCB aKCHaJibHO 

CHMMeTpHqHbJH TOK J, BeJIHqHHa KOTOporo rrporropu;HOHaJihHa r 2 . B 

9TOM CJiyqae oqeBH)J;HO, qTo Jx = Jy = 0 H 

]z = {~J(x2 + y2) 
7ra4 

BHe rrpoBo,r:i;a, 

BHYTPH rrpoBo,r:i;a. 

(a) Haii,r:i;HTe cPYHKIJ;HIO Az, 3aBHCBIIJYIO TOJihKO OT r = J x 2 + y2 , 

)];JIB KOTOpOH 

~Az = -47rJz. 

(b) Bb1qHcJIHTe B H H B IJ;HJIHH)J;pHqecKHX H ,r:i;eKapTOBhIX Koop,r:i;H­

HaTax. IlpoBephTe, qTo dH = 47r J. 

17.5. QqeHh )J;JIHHHhIH IJ;HJIHH)];p c pa,r:i;HycoM a H OChIO B)J;OJih z HMeeT o,r:i;­

HOpO,r:i;HyIO IIJIOTHOCTh 3apB,r:i;a p0 . BHe IJ;HJIHH,r:i;pa 3apB,r:i;OB HeT. UH­

JIHH,r:i;p BpaII1aeTCB BOKpyr CBOeii OCH c yrJIOBOH CKOpOCTbIO w' TaK 

qTo J = wrp0 )];JIB r < a. 
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(a) Bhlpa3HTe J B IJ;HJIHH,n;pwiecKHX H ,n;eKapTOBhIX Koop,n;HttaTax 

(CM. 3a,]];a'Iy 17.1 ). 

(b) B CHJIY CHMMeTpHH <PopMa B HMeeT BH,ll; B = f(r) dx /\ dy 
H H = 1/ µf (r) dz. IloJiy'IHTe TaKoe H, 'IT06hr BhIIIOJIHj!JIOCh 

ycJIOBHe dH = 47r J. 

( c) Hafi,n;nTe <l>YHKIJ;HIO A BHYTPH H BHe Bparu;aroru;erocj{ IJ;HJIHH,n;pa. 

B IJ;HJIHH,ll;pH'IeCKHX Koop,n;HHaTax A 6y,n;eT HMeTh BH,ll; g(r) d(}. 



3Be3,lJ;HhIH onepaTop 

B 3TOii rJiaBe MhI .n;aeM o6m,ee 06cy)K,Il;em1e 3Be3,n;Horo orre­

paTopa. 9To II03BOJIHT HaM CcPOPMYJIHpOBaTb B CJie,eyIO­

m,eii rJiaBe ypaBHeHHH MaKcBeJIJia H rroHHTh CBH3h Me)K,lly 

HHMH H reoMeTpneii rrpocTpaHCTBa-BpeMeHH. KpoMe To­

ro, Mbl ofrbHCHHM pa3JIH'IHbie orrepaTOpbI H TO)K,Il;eCTBa 

BeKTOpHoro aHaJIH3a. 

18.1. CKaJI.HpHhie rrpo:u3Be,n;eHH.H :u BHellIH.H.H 

aJire6pa 

IlycTb v o603Ha'laeT KOHe'IHOMepHoe B€KTOpHOe rrpocTpaHCTBO c 

HeBbipO)K,Il;eHHbIM CKaJIHpHhIM rrpoH3Be,ll.eHHeM. Mh! He rrpe.n;rroJiara­

eM, 'ITO 3TO CKaJIHpHoe rrpOH3B€,11.eHHe (.' . ) ITOJIO)KHTeJibHO orrpe,n;eJie­

HO. 0.n;HaKo, IIOJI€3HO HM€Tb B BHAY IIOJIO)KHT€JibHO orrpe.n.eJieHHbIH 

cJiyqa:H:, 'IT06b1 HHTYHTHBHO 'IYBCTBOBaTb, 'ITO rrponcxo,n;HT. B 3TOM 

rraparpa<l>e Mbl XOTHM o6'bHCHHTh, KaK (.' • ) HH,eyIJ;HpyeT CKaJIHpHoe 

rrpOH3Be,11.eHne B Ka)K,11.0M H3 rrpocTpaHCTB A k (V*). 11.n.eH cocTOHT B 

TOM, 'ITO 3a ITOHHTHeM ,11.JIHHhl CJI€AYIOT IIJIOIU,a,Ll;h rrapaJIJieJiorpaMMa, 

o6'heM rrapaJIJieJierrnrre.n.a H TaK ,11.aJiee. 

CHa'laJia OTMeTHM, 'ITO CKaJIHpHoe rrpOH3Be,ll.eHHe B rrpocTpaH­

CTBe V HH,eyu;npyeT CKaJIHpHoe rrpoH3Be,n;eHne B rrpocTpaHCTBe V*. 
~eiicTBHTeJibHO, JI106oe CKaJIHpHoe rrpoH3Be,ll.eHHe B V HH,eyu;npyeT 

oTo6pa)KeHHe L : V ---+ V*, 3a,n;aBaeMoe <l>opMyJioii 

L(v)(w) = (v, w), v, w EV. 
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B 3TOM ypaBHemrn: L(v) 51BJrneTC51 3JieMeHTOM V*, T. e. cPYHKrrneil: 

B rrpOCTpaHCTBe v' H II03TOMY ee MO)KHO Bbl'IHCJIHTb ,II,Jl51 mo6oro 

w E V. 0To6pa)KeHne L orrpe.rr.eJieHo TaK, 'ITO BhI'IHCJieHne rrpHBO,II,HT 

K (v, w). EcJIH (·, ·) HeBbipO)K,II,eHo, TO H3 Toro, 'ITO (v, w) = 0 
,II,JI51 Bcex w, cJie.rr.yeT, qTo v = 0. CJie,II,oBaTeJibHO, cooTHOIIIeHne 

L(v)(w) = 0 ,II,JI51 Bcex w 03Ha'laeT v = 0, T. e. H3 L(v) = 0 cJie.rr.yeT, 

'ITO v = 0. IlocKOJihKY Dim V* = Dim V, MO)KHO c,II,eJiaTh BhIBO,ll., 

qTo (·, ·) He cnHryJI51pHo Tor.rr.a H TOJihKO Tor.rr.a, Kor.rr.a L 51BJI51eTc51 

H30Mop<J:>n3MOM. MbI rrpe,II,IIOJIO)KHJIH, 'ITO (·, ·) HeBbipO)K,II,eHo, HO 

Tor.rr.a Ha caMOM .rr.eJie L OKa3hIBaeTc51 H3oMop<J:>n3MOM. Terrepb MO)KHO 

orrpe.rr.eJIHTh CKaJI51pHoe rrpoH3Be,II,eHne B rrpocTpaHCTBe V* 

HarrpnMep, rrpe,II,IIOJIO)KHM, 'ITO V = ~n cocTOHT H3 BeKTopoB­

CTOJI6rroB. Tor.rr.a V* = ~n* cocTOHT H3 BeKTopoB-cTpoK. B o6rn;eM 

CJiyqae CKaJI51pHoe rrpOH3Be,II,eHIIe B rrpOCTpaHCTBe ~n .rr.aeTC51 CHM­

MeTpHqHoil: MaTpnu;eil: S. ,It;orrycTHM, qTo S .rr.naroHaJihHa. Tor.rr.a 

ecJIH 

B 3TOM cJiyqae 

l1TaK, ecJin 

TO 
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CJie,n;oBaTeJihHO, 
1 

(o:, ,6)v• = ~ - o:i,Bi. 
L..._; Si 

3aMeTHM, qTO Si CTOHT B 3HaMeHaTeJie. IIoaToMy MhI ,n;omKHhI rrpe,n;­

noJio.IKHTh, qTo Bee Si =fa 0. A 9TO H eCTb rrpe,n;noJio.IKeH:rre o HeBhI­

po.1K,n;eHHOCTH (.' . ) . 

EcJIH ( ·, ·) rroJIO.IKHTeJihHO onpe,n;eJieHo H { ei, ... , en} HBJIHeTCH 

opTOHOpMHpOBaHHbIM 6a3HCOM B rrpocTpaHCTBe v' TO { ei' ... ' e~} 
6y,n;eT ,n;ya.rrbHhIM 6a3:rrcoM. HccJie,n;oBatt:rre orrpe,n;eJieHHH L rroKa3hI­

BaeT, qTo 

L(ei) = e; 
H, CJie,n;oBaTeJihHO, { ei' ... 'e~} o6pa3yeT opTOHOpMHpOBaHHbIH 6a3HC 

B npocTpaHCTBe V*. B 6oJiee o6ru;eM cJiyqae, ecJIH He rrpe,n;noJiaraTh 

IIOJIO.IKHTeJibHOH onpe,n;eJieHHOCTH (·, ·) (Ho rrpH 9TOM rrpe,n;noJiaraTb 

HeBbipO)K,ll;eHHOCTb)' TO MO.IKHO B3HTb B KaqeCTBe { ei' ... ' en} op­

TOI'OHa.JlhHbIH 6a3HC c ycJIOBHeM (ei, ei) = ±1. Tor,n;a {ei, ... , e~} 
OKa3bIBaeTCH opTorOHa.JihHhIM 6a3HCOM B V* H 

Terreph MO.IKHO ,n;aTh orrpe,n;eJieH:rre (., ·) ,n;JIH ,n;Byx mo6bIX JIHHeil:HbIX 

,n;mp<Pepemi;HaJihHbIX <PopM. Hanp:rrMep, B eBKJIH,ll;OBOM npocTpaHCT­

Be ~n 6a3HC 1-<PopM dx1 ' ... ' dxn opTOHOpM:rrpoBaH H 

IIycTb B rrpocTpattcTBe ~3 eCTb ,n;Be <PopMbI w =Ax dx+Ay dy+Az dz 
HT= Bx dx +By dy + Bz dz. Tor,n;a (w, r) = AxBx + AyBy + AzBz. 
3aMeTHM, qTO (w, T) HBJIHeTCH <fiytt'l\:'ll,Ueil. 

,Il;aBail:Te paccMoTpHM rrpocTpattcTBO Ak(V*). Ka)K,ll;biil: aJieMeHT 

9Toro rrpocTpaHCTBa HBJIHeTCH cyMMOil: BH,n;a 

1 k ,61 ,Bk o:=o: /\···/\o: + /\···/\ +···. 

YTBep.1K,n;aeTCH, qTo cyru;ecTByeT e,n;HHCTBeHHoe CKaJIHpHoe rrpo:rr3Be­

,n;eH:rre, onpe,n;eJieHttoe B npocTpaHCTBe A k (V*) H y,n;oBJieTBOpH1m1i;ee 

YCJIOBHIO 

I 1 k 1 k · · I (o: /\···/\a , 'Y /\ · · · /\ 'Y ) = Det((o:\ 'Y3 )). 



900 fJiaBa 18. 3Be3,LJ;HhIH onepaTop 

QqeBJl)J;HO, qTO ecmi: TaKoe CKaJIHpHoe rrpo113se,n;eH11e cyrn;eCTByeT, 

TO 3TllM ypaBHeH11eM OHO orrpe,n;eJieHO e,n;11HCTBeHHbIM o6pa30M, rro­

CKOJibKY B CllJIY 611JI11HeHHOCTll (.' • ) MO)KHO rrpo,n;OJI)KllTb Ha Bee a II 

'Y, KOTOpbie rrpe,n;cTaBJIHIOT co6ofi cyMMhI pa3JIO)KllMhIX ::weMeHTOB, 

T. e. Bbipa)KeHllH Bll)J;a a 1 /\ ••• /\ ak II "(1 /\ .•• /\ 'Yk). 3a,n;aqa COCTOllT 

B TOM, qTo6bI )J;OKa3aTh COrJiacoBaHHOCTb TaKoro orrpe,n;eJieHllH, T. e. 

IlOKa3aTb, qTO eCJill a 11/11JI11 'Y 3al111CbIBaIOTCH B Bll)J;e cyMM pa3JIO­

)KllMblX 3JieMeHTOB ,D;BYMH pa3JillqHbIMll crroco6aM11, TO Mbl IIOJiyq11M 

o,n;Ho 11 TO )Ke 3HaqeH11e (a, 'Y). TaKoe ,n;oKa3aTeJihCTBO cTaHOBllTCH 

rrpOCTbIM, eCJill Mbl BOCI10Jlb3YeMCH 6oJiee a6cTpaKTHblM orrpe,n;eJieHll­

eM rrpocTpaHCTBa Ak(V*), qeM TO, qeM rrOJib30BaJillCh ,n;o c11x rrop. 

9To orrpe,n;eJieHlle H )J;OKa3aTeJibCTBO rrpHBO)J;HTCH B rrpllJIO:>KeHllll K 

3TOH rJiaBe, l103TOMY 3,D;eCb Mbl He 6y,n;eM OTBJieKaThCH. 

Ceiiqac rroJiyq11M CKaJIHpHoe rrpo113se,n;ett11e ( 3HaqeHllH KOToporo 

cyTh cPYHKu,1111) B rrpocTpaHcTBe k-<PopM. Harrp11Mep, )J;JIH 2-<l>opM 

B rrpocTpaHCTBe ~3 ,n;JIH esKJI11,n;osa CKaJIHpHoro rrpo113se,n;eH11H 

(dx /\ dy, dx /\ dy) = +l. 

B qeThipexMepHOM rrpocTpaHCTBe-BpeMeH11 ,n;JIH CKaJIHpHoro rrpo113-

se,n;eHllH JiopeHu,a MhI 11MeeM 

(dt /\ dx, dt /\ dx) = -1, 

HO 

(dx /\ dy, dx /\ dy) = +l. 

B KaqecTBe llJIJIIOCTpau,1111, KaK ,n;eJiaTh TaKHe BhlqHcJieHHH B 6oJiee 

o6rn;eii CllCTeMe Koop,n;11HaT, paCCMOTpllM c<l>ep11qecKHe KOOp,ll;llHaThl 

B rrpocTpaHCTBe ~3 ' KOTOpbie orrpe,n;eJIHIOTCH <t>opMyJiaMll 

r = Jx2 + y2 + z2, () = arctan( J(x2 + y2)/z), </> = arctan(y/x). 
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Ecmr MbI BbI'IHCJIHM .n;mp<Pepemi;HaJibI 3THX cPYHKIJ;Hii H Bbip83HM 

pe3yJihTaThI '!epe3 683HC { dx, dy, dz} c Ko::1<P<Pnii;ueHTaMH, 3arrucaH­

HbIMH .n;m1 y.n;o6CTBa B KOOp,n;HHaTax r' () H </>, TO IIOJIY'IHM 

~=~()~</>~+~()~</>~+~()~ 

d() = ~ (cos () cos </> dx + cos () sin </> dy - sin () dz), 
r 

d</> = ___;._() ( - sin </> dx + cos </> dy). 
rsm 

McrroJib3YH opTOHOpMuposaHHOCTb dx, dy H dz, rrpHMoe BbI'IHCJieHue 

IIOK83bIBaeT, 'ITO dr' d() H d</> HBJIHIOTCH opTOrOHaJibHbIMH 3JieMeHTa­

MH rrpocTpaHCTBa V* B Ka)K,Il;OH TO'!Ke (r, e, </>). Ilpn: 3TOM 

1 1 
(dr,dr) = 1, (d(),d()) = 2 , (d</>,d</>) = 2 . 2 e· 

r r sm 

0TCIO,Il;a HeMe,n;JieHHO CJie,n;yeT, 'ITO dr /\ d()' dr /\ d</> H d() /\ d</> o6pa-

3YIOT opToroHaJibHhiii 683HC B rrpocTpaHCTBe A2 (JR3), a CKaJIHpHbie 

rrpOH3Be,n;eHHH 

1 
(dr /\ d(), dr /\ d()) = 2 u T. ,n;. 

r 

HaKoHeii;, MbI MO)KeM BbI'IHCJIHTb CKaJIHpHoe rrpoH3Be,n;eHne 683HCHO­

ro 3JieMeHTa dr /\ d() /\ d</> Ha ce6H: 

1 
( dr /\ d() /\ d</>, dr /\ d() /\ d</>) = r 4 sin2 (;I° 

qT06bI rro,n;BeCTH HTOr IIOJIY'I€HHbIM pe3yJibTaTaM, Jiyqrne BCero OT­

MeTHTb, 'ITO 

dr, rd(), r sin() d</> 

o6p83yIOT opmonop.Mupo6a'H:H:b£U 683nc A 1 (JR3*) B Ka)K,Il;oii TO'!Ke. Ilo-

3TOMY Mbl M0)1{€M pa6oTaTb c 3THMH TpeMH ,n;u<P<PepeHIJ;HaJiaMH TaK 

*e, KaK c dx, dy u dz. 

18.2. 3Be3,lJ;Hhiii orrepaTop 

PaccMoTpHM KOHe'IHOMepttoe BeKTOpttoe rrpocTpaHCTBO V. B rJia­

se 8 MbI o6cy)K,Il;aJIH rroHHTHe opuenmau,uu seKTOpHoro rrpocTpaH­

CTBa V. BcrroMHHM 3TO orrpe,n;eJieHne. J1106h1e ,n;sa 683n:ca { ei, ... , en} 
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11 {f1, ... , fn} CBR3aHbI Me)K,Ily co6oit MaTpmi;eit 3aMeHbI 6a3nca B. 
,Il;Ba 6a3HCa Ha3bIBaIObCR 3'K:BUBaJ1,ettm'H'bt.MU HJIH onpeaeJ1,R10m oau­

tta'K:OBY'IO opuenmau,u10, ecn11 Det B > 0. B rrpoTHBHOM cnyqae OHH 

orrpe,n;eJIRIOT rrpoTHBorroJio:>KHhie op11eHTa:ci,n11. MHo:>KeCTBO Bcex 6a-

3HCOB pa36HBaeTCR Ha ,n;sa KJiacca 3KBHBaJI€HTHOCTH, H Ka)K,ll;blit 

KJiacc 9KBHBaJieHTHOCTH Ha3bIBaeTCR opuenmau,ueu. c IIOMOIIJ,bIO 

rrpocTpaHCTBa An(V) MhI MO:>KeM c<:PopMynnposaTb 3TO HHaqe. Ba311c 

{ ei' ... ' en} orrpe,n;eJIR€T HeHyJieBoit B€KTOP B O,ll;HOMepHOM rrpocT­

paHCTBe An(V), a HMeHHO 

ei /\ ... /\en. 

BTopoit 6a3HC {f1, ... , fn} orrpe,n;eJIReT aJieMeHT f1 A · · · A fn. 8TH 

.n;sa aneMeHTa OTJI11qa10TCR CKaJIRpHhIM MHO:>KHTeJieM Det B. TaKHM 

o6pa30M, BbI6op OpHeHTaIJ,HH rrpocTpaHCTBa v paBHOCHJI€H Bb16opy 

O,ll;HOrO 113 .n;syx KJiaCCOB 9KBHBaJieHTHOCTH HeHyJieBhlX 3JI€M€HTOB 

An(V). 8TH .n;sa 3JieMeHTa cqnTaIOTCR 3KBHBaJI€HTHhIMH, ecn11 OHR 

OTJIHqaroTCR .n;pyr OT .n;pyra nOJl,O;JtCUmM'btt'bt.M MHO:>KHTeJieM. 

IIpe.n;rroJIO:>KHM, qTo s rrpocTpaHCTBe V ecTh HeBblpO)K,ll;eHHoe cKa­

JIRpHoe rrpoH3Be,n;eH11e. IIycTb { ei, ... , en} 6y.n;eT opToroHaJihHhIM 

6a3n:coM B V, c ycJioBn:eM (ei, ei) = ±1. ,Il;sa TaKn:x 6a3n:ca OT­

Jin:qaroTcR .n;pyr OT .n;pyra MaTpn:11,eit 3aMeHbI 6a3n:ca B, ,IJ,JIR KOTO­

poit Det B = ± 1. TaKRM o6pa3oM, Bb16op opn:eHTa11,n:n V BMecTe 

co CKaJIRpHbIM rrpOH3Be,n;eHHeM orrpe,n,eJIReT €,ll;HHCTB€HHbiit 3JI€M€HT 

ei /\···/\en rrpocTpaHCTBa A n(V). IIoaToMy y Hae ecTb TaK:>Ke e.n;n:H­

CTBeHHbiit ,IJ,yaJihHbiit 3JieMeHT n:3 rrpocTpaHCTBa An(V*), KOTOphiit 

6y,n,eM o6o3HaqaTh a. 
IIpe.n;rroJio:>Kn:M, qTo MbI paccMaTpn:BaeM .n;n:<:P<:PepeHIJ,IfaJibHhie 

<:PopMbI. Tor,n,a s Ka:>K.n;oit TOqKe rrpocTpaHCTBa V MbI rronyqaeM 

€,IJ,HHCTB€HHblit 3JI€M€HT An (V*)' .n;pyrn:Mn: CJIOBaMn:, Mbl IIOJiyqaeM 

n-<:PopMy. qT06bI H36e:>KaTb rpoM03,ll,KifX o603HaqeHRH (Ho pn:CKYR 

B03MO)KHOi1 rryTaHn:11,eit), 3TY n-<:PopMy TO)Ke 6y,n,eM o6o3HaqaTh a. 
l1TaK, eCJIIf v = ]Rn - n-MepHOe eBKJIIf,ll;OBO rrpocTpaHCTBO, TO 

a= dx1 
/\ dx2 

/\ • · · /\ dxn. 

PaccMaTpRBaR rrpocTpaHCTBO-BpeMR, .n;orosopn:McR speMR cqn:TaTb 

nepeou Koop.n;n:HaTofi. Tor.n;a ,ll;JIR qeTbrpexMepHoro rrpocTpaHCTBa 

a = dt /\ dx /\ dy /\ dz. 
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(3aMeTHM, 'ITO B 3TOM CJiyqae (a, a) = -1.) 
Ceii:qac MhI Y*e MO)l(eM orrpe,n;eJIHTh JIHHeii:Hoe OTo6pa*eHHe H3 

Ak(V*) B An-k(V*), Ha3hrnaeMoe 36eaiht'bt.M onepamopo.M. ,Il;Jrn noro 

6y,n;eM H,n;eHrn:<lmn.HpOBaTh H Ak(V*) H An-k(V*) c rrpocTpaHCTBOM 

JIHHellHhIX <i:>YHK:U.Hll Ha A n-k(V*). IIoTOM OTO)l(,ll;eCTBHM 9JieMeHThl 

Ak(V*) H An-k(V*), KOTOpbre COOTBeTCTBYIOT o,n;Hoii: H TOH *e JIH­

Heii:Hoii: <i:>YHK:U.HH. TaKaa H,n;eHTH<i:>HKa:a.mi: Ak(V*) H An-k(V*) 6y,n;eT 

Ha3hIBaThC.H 3Be3)J;HhIM orrepaTopoM. 

CHa'IaJia rroKa)l(eM, KaK 6ttewnee rrpoH3Be,n;eHHe BMecTe c Bb160-

poM a E An(V*) rrpHIIHChrnaeT Ka*,n;oMy 3JieMeHTY >. E Ak(V*) JIH­

Heii:Hy10 <i:>YHK:U.HIO Ha rrpocTpaHCTBe An-k(V*). ,Il;eii:cTBHTeJihHO, ec­

JIH w E A n-k (V*), TO >. /\ w .HBJISJeTC.H 3JieMeHTOM An (V*). CJie,n;oBa­

TeJihHO, 3Ta <i:>YHK:U.H.H )J;OJI)l(Ha 6bITh rrporrop:a.HoHaJihHa HeKOTOpOMY 

MHO)l(HTeJIIO a. ,Il;pyrHMH CJIOBaMH, Mhl MO)l(eM HarmcaTh 

>. /\ w = f(w)a. 

w 1--t f(w). 

IIpH 3TOM cyr:u.ecTByeT e,n;HHCTBeHHhrii: 3JieMeHT rrpocTpaHcTBa 

A n-k (V*), o6o3Ha'IaeMhIH B )J;aJihHeii:nreM * >., KOTOpbrii: orrpe,n;eJI.HeT 

TY )l(e caMyIO <i:>YHK:U.HIO f(w) H3 An-k(V*) B JR qepe3 C'X",MRpnoe 
npOH3Be,n;eHHe 

(*>.,w) = f(w). 

TaKHM o6pa30M, 3a,n;aB JII06oii: 3JieMeHT >. E Ak(V*), MhI MO)l(eM 

orrpe,n;eJIHTh * >. E A n-k (V*) ycJIOBHeM 

)J;JI.H Bcex w E An-k(V*). 3aMeTHM, 'ITO 3TO orrpe,n;eJieHHe 3Be3,n;Horo 

orrepaTopa 3aBHCHT OT Bhr6opa OpHeHTa:U.HH. lfaMeHeHHe OpHeHTa:U.HH 

MeH.HeT 3HaK a H, CJie,n;oBaTeJihHO, 3HaK * >.. 
qT06br Bhl'IHCJIHTb * >., B o6r:u.eM CJiyqae MbI )J;OJI)l(Hhl IIpHMeHHTh 

3TO orrpe,n;eJieHHe, HCIIOJih3Y.H B Ka'!eCTBe w ITO oqepe,n;H Ka)l()J;hlll 6a-

3HCHhlll 3JieMeHT An-k(V*). 0,n;HaKo, eCJIH >. .HBJI.HeTC.H 6a3HCHhIM 3Jie­

MeHTOM A k (V*) BH,n;a dxi1 /\ • • • /\ dxik, TO HaM ,n;ocTaTO'IHO paccMOT­

peTh TOJihKO O)J;HH 6a3HCHhiii: 3JieMeHT An-k(V*), a HMeHHO TOT w, 
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K0Toph1fi co,zI,ep)KIIT n - k MHO)KIITeJiefi, tte BXO,ll,.HIII;HX B .X. B aToM 

cJiyqae A /\ w OKa3hrnaeTc.H BHeIIIHIIM rrpoII3Be,n;eHIIeM Bcex ,n;mp<l>e­

peHllIIaJIOB OT dx1 ,n;o dxn B KaKOM-TO rrop.H,n;Ke, T. e. OHO paBHO ±C7. 
Tor,n;a * .X = ±w. OcTaJiach e,n;IIHCTBeHHa.H Tpy,n;HOCTh - rrpaBIIJihHO 

orrpe,n;eJIIITh 3HaK. 

06111ee orrpe,n;eJieHIIe 

CJie,n;yeT ,ll,OIIOJIHIITh corJiarneHII.HMII ,ll,Jl.H CJiyqaeB k = n II k = 0. 
Ba3IICHhIH 3JieMeHT rrpocTpaHCTBa A0 (JRn) o6o3HaqIIM 1. IlpII 3TOM 

CKaJI.HpHoe rrpoII3Be,n;eHIIe (1, 1) = 1 II TpIIBIIaJihHOe BHernHee rrpo­

H3Be,IJ,eHHe 1 /\ w = w /\ 1 = w. Tor.n;a ecJIH .X = O", TO HaM Ha,n;o 

paCCMOTpeTh TOJlhKO 683IICHhlll 3JieMeHT w = 1 II 

TaK qTo *O" = 1. C ,n;pyrofi cTopoHhI, ecJIII A= 1, TO paccMaTpIIBaeM 

w = () II IIOJiyqaeM 

1 /\ C7 = ( * .X, () )C7. 

B 3TOM cJiyqae * 1 = (C7, C7)C7. 9To 3HaqIIT, qTo ecJIII MhI pa6oTaeM c 

eBKJIII,ll,OBhIM CKaJI.HpHhIM rrpOH3Be,n;eHIIeM, ,ll,Jl.H KOTOporo (C7, C7) = 1, 
TO Mhl IIMeeM *O" = 1 II * 1 = (). 0,n;HaKo, B Ba)KHOM CJiyqae ,ll,ByMep­

Horo IIJIH qeThipexMepHoro rrpocTpaHCTBa-BpeMeHII, co CKaJI.HpHhIM 

rrpOII3Be,n;eHIIeM JlopeH11a, ( O", ()) = -1, CJie,ll,OBaTeJihHO, 

*O" = +1, HO *1 = -(). 

Bh1qIIcJieHIIe 3Be3,n;Horo orrepaTopa Jiyqrne Bcero IIJIJIIOCTpIIpyeT­

c.H Ha rrpIIMepax. 

Ilp11Mep 1. B rrpocTpaHCTBe JR2 IIMeeTc.H eBKJIII,ll,OBO CKaJI.HpHoe rrpo­

II3Be,n;eHIIe. Ba3IIC rrpocTpaHCTBa A 1 (V*) o6pa3oBaH dx II dy c ycJio­

BII.HMII (dx, dx) = 1, (dy, dy) = 1 II()= dx (\ dy. 

*(dx /\ dy) = 1 (BepHo Bcer,n;a); 

dx (\ dy = ( *dx, dy) dx (\ dy, II03TOMY *dX = dy; 

dy (\ dx = ( *dy' dx) dx (\ dy' II03TOMY *dY = -dx; 

* 1 = dx (\ dy, IIOTOMy qTo (C7, C7) = +l. 
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IIp:uMep 2. ,Il;atto ,n;ByMepttoe rrpocTpattCTBO-BpeMR, r,n;e orrpe,n;eJie­

HO CKaJI51pttoe rrpoH3Be,n;ettHe J1opett:u;a. B rrpocTpattcTBe A 1 (V) HMe­

eTC51 6a3HC {dt,dx}, y,n;OBJieTBOp5IIO:r:u;Hii ycJIOBH51M (dt,dt) = +1, 
(dx, dx) = -1 Ha= dt /\ dx. 

*dt /\ dx = 1; 

dt /\ dx = ( *dt, dx) dt /\ dx, rroaToMy *dt = -dx; 

dx (\ dt = ( * dx, dt) dt (\ dx, II09TOMY *dx = -dt; 

*1 = -dt (\ dx, IIOTOMY 'ITO (a,a) = -1. 

Ilp:uMep 3. B rrpocTpattcTBe JR3 orrpe,n;eJietto eBKJIH,IJ;OBO CKaJI51pttoe 

rrpoH3Be,n;ettHe. Ba3HCOM rrpocTpaHCTBa A1 (V) 51BJI51eTc51 {dx,dy,dz}. 
IlpH 9TOM BbIIIOJIH51IOTC51 ycJIOBH51 (dx, dx) = (dy, dy) = (dz, dz) = 1 
H a = dx /\ dy /\dz. 

*(dx /\ dy /\dz) = 1 

(dx /\ dy) /\dz= ( *(dx /\ dy), dz)a, 

(dx /\dz)/\ dy = (*(dx /\ dz),dy)a, 

(dy /\dz)/\ dx = (*(dy /\dz), dx)a, 

dx/\(dy/\dz) = (*dx,dy/\dz)a, 

dy /\ (dx /\dz) = (*dz, dx /\ dy)a, 

dz/\(dx/\dy) = (*dz,dx/\dy)a, 

* 1 = dx /\ dy /\dz. 

Tor,n;a 

Tor,n;a 

Tor,n;a 

Tor,n;a 

Tor,n;a 

Tor,n;a 

*(dx /\ dy) =dz; 

*(dx /\dz)= -dy; 

*(dy /\dz) = dx; 

*dx = dy /\ dz; 

*dy = -dx /\ dz; 

*dz = dx /\ dy; 

IIp:uMep 4. PaccMoTpHM 'IeTbipexMepttoe rrpocTpattCTBO-BpeM51, r,n;e 

orrpe,n;eJietto CKaJI51pttoe rrpoH3Be,n;ettHe J1opett:u;a. Ba3HCOM rrpocTpatt­

CTBa A1 (V) 51BJI51eTc51 {dt,dx,dy,dz} c ycJIOBH51MH (dt,dt) = 1, 
(dx,dx) = (dy,dy) = (dz, dz) = -1 H a = dt /\ dx /\ dy /\dz. 
Tor,n;a 

*(dt /\ dx /\ dy /\dz) = 1. 

,Lt;anee, 

(dt /\ dx /\ dy) /\dz= ( *(dt /\ dx /\ dy), dz)a, 

II09TOMY 

*(dt /\ dx /\ dy) = -dz. 



906 fJiaBa 18. 3Be3AffhIH orrepaTop 

*(dt /\ dx /\dz) = +dy; 

*(dt /\ dy /\dz) = -dx. 

KpoMe Toro, 

(dx /\ dy /\dz)/\ dt = ( *(dx /\ dy /\dz), dt)<:T, 

II09TOMY 

*(dx /\ dy /\dz) = -dt. 

PaccMoTpHM 2-¢opMhI: 

Tor,ri;a 

,Il;aJiee, 

(dt /\ dx) /\ (dy /\dz)= (*(dt /\ dx), (dy /\ dz))<:T, 

*(dt /\ dx) = dy /\dz. 

*(dt /\ dy) = -dx /\dz, 

*(dt /\dz) = dx /\ dy. 

(dx /\ dy) /\ (dt /\dz) = ( *(dx /\ dy), dt /\ dz)<:T. 

*(dx /\ dy) = -dt /\dz. 

*(dx /\dz) = dt /\ dy, 

*(dy /\dz) = -dt /\ dx. 

Terrepb paccMOTpHM 1-¢opMhI: 

dt /\ (dx /\ dy /\dz)= (*dt,dx /\ dy /\ dz)<:T. 
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TaKHM o6pa3oM, 

*dt = -dx /\ dy /\dz. 

KpoMe Toro, 

dx /\ (dt /\ dy /\dz) = ( *dx, dt /\ dy /\ dz)<:F, 

TaK 'ITO 

Atta.rrorH'IHO 

M HaKoHeu;, 

*dX = -dt /\ dy /\dz. 

*dY = dt /\ dx /\dz, 

*dz= -dt /\ dx /\ dy. 

*1 = -dt /\ dx /\ dy /\dz. 
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QqeBH,n;Ho, 'ITO B rrpHBe,n;eHHhIX rrpHMepax *( * >.) = ±>.. qT0-

6bI c<t>opMyJmpoBaTb o6ru;ee rrpaBHJIO, B rrpOCTpaHCTBe v BbI6epeM 

opTOrOHa.JlhHhlll 6a3HC ei' ... 'en' rrpH ycJIOBHH, 'ITO ( ei' ei) = ± 1. 
PaccMoTpHM cJiyqaii, Kor.n;a >. E Ak(V*) .HBmieTc.H rrpoH3Be.n;eHHeM 

k BeKTOpOB e;' H w .HBJI.HeTC.H rrpOH3Be.n;eHHeM OCTaBIIIHXC.H ( n - k) 
BeKTOpOB e~ c HeKOTOpbIM 3HaKOM ±. ,D;orrycTHM, 'ITO>. H w TaKOBbI, 

'ITO >./\w =CT (ttarrpHMep, >. = dx, w = dy/\dz B rrpocTpaHCTBe JR3). 

Tor.n;a * >. = ±w H *W = ±>.. qT06h1 orrpe.n;eJIHTh 3HaKH, IIOJIO)KHM 

*>. = c1w H *W = c2>.. Tor.n;a 

a = >. /\ w = ( * >., w )a. 

0TKy,IJ;a 

(*>.,w) = ci(w,w) = 1. 

KpoMe Toro, corJiacHo rrpaBHJIY rrepecTaHOBKH MHO)KHTeJieii BO BHern­

HeM rrpOH3Be.n;eHHH, 
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IIocKOJihKY .\ H w RBJIRIOTCR 6a3HCHhIMH aneMeHTaMH, MhI HMeeM 

(>.,>.)(w,w) = (.\/\w,.\/\w) = (o-,o-). 

0TKy,n;a 

cic2(0-,o-) = (-l)k(n-k)_ 

IloCKOJihKY (o-, o-) = ±1, Mhl MO:>KeM rrepeHeCTH 3TOT MHO:>KHTeJib B 

,n;pyryro qacTh ypaBHeHHR. Tor,n;a rrony'IHM 

r,n;e 

B c1rny JIHHeii:HOCTH orrepaTopa *, ecJIH Bee BhIIIHCaHHhie ypaB­

HeHHR BhIIIOJIHRIOTCR ,n;nR Ka:>K,n;oro 6a3HCHoro aneMeHTa Ak(V*), TO 

OHM ,n;oJI:>KHhI BhIIIOJIHRThCR H ,n;JIR Bcex aneMeHTOB Ak(V*). llTaK, MhI 

,ll;OKa3aJIH, 'ITO 

EcnH n - He'IeTHoe 'IHCJIO H (o-, o-) = +1, 'ITO crrpaBe,n;JIHBO 

,ll;JI51 rrpocTpaHCTBa JR3 
c eBKJIH,ll;OBbIM CKaJI51pHbIM rrpOH3Be,n;eHHeM, 

TO * ( * .\) = .\. 0,n;HaKO, B o6rn;eM cnyqae 3TO He BhIIIOJIH51eTC51. 

HcrroJih3YR TOJihKO 'ITO rronyqeHHhrii: pe3yJihTaT, T. e. 'ITO 

**W = (-l)k(n-k)(o-,o-)w, 

MbI MO:>KeM BhIBeCTH IIOJie3HYIO cPOPMYJIY ,ll;Jl51 CKaJI51pHoro rrpoH3-

Be,n;eHH51 ,n;Byx JII06h1x k-<PopM. CHa'Iana 3aMeTHM, 'ITO rrocKOJihKY 

**W = ±w, TO "lem'btpe IIOCJie,n;oBaTeJihHblX rrpHMeHeHH51 3Be3,n;Horo 

orrepaTopa rrpHBO,ll;51T K TO:>K,n;eCTBy, T. e. 

****W = W. 

Ilo orrpe,n;eneHHIO 3Be3,n;Horo orrepaTopa 
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Bhmonm1eTCR .n;na ,n;Byx mo6hrx k-<PopM ). H w. Cne,n;oBaTeJihHO, 

0,n;HaKo, 

(>.,w)O" = (-l)k(n-k)(O", O")*A /\ w 

= w /\ *A(O", O"). 

,Il;ell.cTBYR orrepaTopoM ***Ha o6e qacTn ypaBHeHua, rronyqaeM 

HJIH 

I (>.,w) = ***(w /\ *,\) = ***(,\ /\ *W).1 

Ern,e O,Il;HH rrone3HhIH pe3yJihTaT rronyqaeTca H3 

,Il;ell.cTByeM orrepaTopoM * Ha 3TO ypaBHeHue u rronyqaeM 

909 

c IIOMOlli,hIO IIOJiyqeHHhIX 3,n;ech cPOPMYJI CKaJIRpHhie rrpOH3Be,n;eHHR 

MoryT 6brTh 3a11ucaHhI qepe3 3Be3,II;Hhiii orrepaTop. 

18.3. MttTerpaJI ,IJ;npnxJie n JianJiacnaH 

ITycTh w o6o3HaqaeT k-cl>opMy, a ,\ - ( k - 1 )-<l>opMy. Tor.n;a 

d(,\ /\ *W) = d). /\ *W + (-l)k-l A(\ d(*W). 

Ilo3TOMY ,II;JUI mo6oli ( orpaHuqeHHOM) o6JiaCTH u Mhl HMeeM 

Ilpe.n;rrono:>KHM, qTO ,\ HJIH w o6parn,aIOTCR B HYJih Ha rpaHuu;e au (B 

TOM qucne eCJIH u HeorpaHHqeHa H eCJIH ,\ HJIH w HMeeT KOMIIaKTHbIM 
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HOCHTeJib BHYTPH u HJIH eCJIH OHH CTpeM.HTC.H K Hymo Ha 6eCKOHeq­

HOCTH ,n;ocTaToqHO 6bICTpo). Tor,n;a no TeopeMe CToKca HMeeM 

,lJ;eikTBY.H * Ha cPOPMYJIY (p, T) = ***(P /\ *T), Mbl BH,IJ;HM, qTQ 

d).. /\ *W = (d)..,w)*l. 

c ,n;pyro:H CTOpOHhI, w .HBJI.HeTC.H k-<PopMOH, II03TOMY *W .HBJI.HeTC.H 

(n-k)-<PopMOH H, CJie,n;oBaTeJibHO, d*W .HBJI.HeTC.H (n-k+l)-<PopMOH. 

Tor,n;a 

).. /\ d*W = (-1 )(k-l)(n-k+l) d*W /\).. 

= (-l)(k-l)(n-k+l)(*-ld*w,>-.)u 

= (-l)(k-l)(n-k+l) (>-., * -ld*w )u. 

,IJ;anee, *d*W .HBJI.HeTC.H <PopMOH CTerreHH n - ( n - k + 1) = k - 1. 
Tor,n;a rrocKOJihKY **** =id, rroJiyqaeM 

TaKHM o6pa3oM, 

llTaK, Mhl MO:>K.eM HaIIHCaTb 

3HaqHT, eCJIH ).. HJIH w o6pam;aIOTC.H B HYJih Ha rpaHm1e au ( eCJIH 

o6JiaCTb u orpaHHqeHa) HJIH HMeIOT KOMIIaKTHblll HOCHTeJih ( HJIH 

y6bIBaIOT ,IJ;OCTaToqHO 6bICTpO Ha 6eCKOHeqHOCTH), TO 
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Orrpe,1.1,eJIHM orrepaTop d* cornactto <PopMyne 

TaKHM o6pa3oM, d* oTo6pa:JKaeT k-<PopMhI B ( k - 1 )-<l>opMhI. ,II;na 

rrpOH3BOJihHhIX k-<l>opM ,\ H T ,1.1,aBa:ti:Te ttarrmIIeM 

(,\,T)u = IJu(,\,T)a = ~(,\,T)a. 

B 3TOM cnycme rronyqHM 

IJu(d,\,w) = IJu(,\,d*w) 

,1.1,JIH ,\ HJIH W, paBHhlX HYJIIO Ha rpattmi;e OU (HJIH ,1.1,0CTaTOqHQ 6bICTpO 

y6hIBaIOIIIHX Ha 6eCKOHe'-IHOCTH). 

3aMeTHM, qTQ 

d*d* = 0, 

IIOCKOJihKY 

dd = 0. 

,Il;aBaii:Te orrpe,1.1,eJIHM onepamop JlanJ1,ac,a D, 0To6pa:JKaI01IIHH 

k-<PopMhI B k-<PopMhI, <PopMynoii:1 

I D = dd* + d* d.1 

Dd = dD, 

Dd* = d*D, 

D* = *D. 

qT06hI ycTaHOBHTh paBeHCTBO D d = d D, 3aMeTHM, qTo 

D d = (dd* + d*d)d = dd*d 

dD = d(dd* + d*d) = dd*d, 

1
9TOT onepaTop D OTJUPiaeTcH OT Jiamrnc1rnHa, onpe,L1eJieHHOro B npe,Llhl,L\y­

IIJ;IIX rJiaBax, 3HaKOM MHHyc. 
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rrocKOJihKY dd = 0. Atta.norn:qttoe Bhrqn:cnettn:e IIOK83hIBaeT, qTo 

Od* = d*O. 

~OK83aTeJibCTBO paBeHCTBa o* = *o qyTb CJIO)KHee, IIOTOMY qTo 

tteo6xo,n;n:Mo cne,n;HTh 3a 3HaKaMH. HaqtteM c paBeHCTBa 

3aMeHHB k-cpOpMy w Ha ( n - k )-cpopMy *W' Mbl HMeeM 

d*w = (-1r-k***d**W. 

IloCKOJibKY d( * *W) 5IBJI5I€TC5I ( k + 1 )-cpopMo:it, 

A rrocKOJihKY w HBJIHeTcH k-cpopMo:it, 

**W = (-l)k(n-k)(a, a)w. 

Co6n:pa.H BMeCTe 3TH pe3yJihTaThI n: yqn:ThIBaH, qTo (a, a) 2 = 1, Mhr 

IIOJiyqaeM 

HJIH 

c 3THM pe3yJihTaTOM H cpopMyno:it *d*w = (-l)kd*W ,ll;OK83aTeJib­

CTBO CTaHOBHTC.H COBCeM rrpOCTbIM: 

B TO )Ke BpeMH 

*Ow= *d(d*w) + *d*(dw), 

*Ow= (-l)kd*dw + (-l)k+ld*dw. 

D*W = dd**W = d*d*W, 

O*w = (-l)k+ld*dw + (-l)kd*d*w. 
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CJie,n;oBaTeJihHO, 

*O = O*. 

OrrepaTop 0 B rrpocTpaHCTBe JR3 • Bhr'IHCJIHM RBHhrii BH,Il; Jiarma­

cimHa B npocTpaHCTBe JR3 . ,11,JIR <PYHKU,HH f HMeeM 

Of= dd* f + d*df. 

0,n;HaKo, * f RBJIReTCR 3-cpopMOH FI dO = 0 ,Il;JIR mo6oii 3-cpopMbl 

B JR3 . Ilo3TOMY Of= d*df. ,11,anee, 

of of of 
df = - dx + - dy + - dz 

ox oy oz 

of of 
*ox dx = ox dy /\ dz. 

d -dx = -* d*-dx = --. * (of ) -1 of 0
2 

f 
ox ox ox2 

Ilpo,n;eJiaB aHaJIOrH'IHhie Bhl'IHCJieHHR ,Il;JIR OCTaJibHhIX ,Il;BYX 'IJieHOB, 

IIOJiy'IaeM 

(
o

2
f o

2
f 0

2
f) 

Of = - ox2 + 8y2 + 8z2 . 

,11,aBaiiTe BhI'IHCJIMM JiarmacHaH ,n;JIR 1-cpopM. B 3TOM cJiyqae ,n;o­
CTaTO'IHO BhI'IHCJIHTh 0 w ,Il;JIR w = a dx. OrrepaTop 0 orrpe,n;eJIReT­

CR TOJihKO CKaJIRpHbIM rrpOH3Be,n;eHHeM H opHeHTaU,Heii. Ilo3TOMY OH 

KOMMYTHpyeT co BCeMH Bparu.eHHRMH, H OCH MO)KHO rrepecTaBJIRTh. 

Tor,n;a, ecJIH MhI IIOJIY'IHM cpopMyJiy ,Il;JIR 0 (a dx), To attanorH'IHaR 

cpopMyJia rroJiy'IHTCR ,Il;JIR O(bdy) H O(cdz). B CHJIY JIHHeiiHOCTH Mhr 

6y,n;eM HMeTb cpopMyJiy H ,Il;JIR a dx + b dy + c dz. llrnK, 

oa oa 
d(adx) = da /\ dx = oy dy /\ dx +oz dz/\ dx. 

Ilo3TOMY 

8a oa 
*(d(adx)) = - oy dz+ oz dy. 
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&a &a &a &a 
d*d(adx) = - 8x8y dx/\dz- ay2 dy/\dz+ 8x8z dx/\dy+ 8z2 dz/\dy. 

CJie,n;oBaTeJibHO, HCIIOJib3JR CBOHCTBO * = * -l ,ll;JIR 2-<PopM B rrpocT­

paHCTBe .IR.3 ' IIOJIJ'IaeM 

,II;anee, 

d*(adx) = -*d*(adx) = -*d(ady /\dz) 

= -* ( ~: dx /\ dy /\ dz) 

8a 
-ax· 

82a 82a 82a 
dd*(adx) = - 8x2 dx - 8x8y dy- 8x8z dz. 

0TCIO,ll;a CJie,n;yeT, qTo 

TaKHM o6pa30M, ecJIH w = a dx+b dy+c dz, TO MhI MO)KeM BhI'IHCJIHTb 

D w, rro,n;eficTBOBaB orrepaTopoM D Ha Ka)K,ll;hifi 'IJieH. 

Ilpoll3BOJibHM 2-<l>opMa B rrpocTpaHCTBe JR3 MO)K€T 6bITb 3aIIH­

CaHa KaK *W, r,n;e w HBJIH€TCH 1-<PopMofi. IlocKOJibKY *D = D*, MhI 

Bll,ll;HM, 'ITO ,ll;JIR 2-cPOPMbl 

0 = A dx /\ dy + B dz /\ dx + C dy /\ dz 

IIOJIJ'IaeTCR TOT )K€ pe3yJihTaT 

D 0 =(DA) dx /\ dy +(DB) dz/\ dx +(DC) dy /\dz. 
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AHarrorwrno ,n;Jrn: 3-<l>opMhI 

D(pdx /\ dy /\dz) =(Op) dx /\ dy /\dz. 

llTaK, B o6wt'H.'btx np.n.M.oy20.1t'b'H.'btX 1wopaunamax B rrpocTpaHcTBe JR3 

Mhr MOMeM BhrqncJIHTh D ,ll;Jl.H mo6o:ii cl>opMhI, ,n;e:iicTBY.H orrepaTopoM 

D Ha KaM,n;hr:ii K03cPcPHD;HeHT. 

A Terrepb ,n;aBaitTe rroBTOpHM paccy)l(,ll;eHH.H H3 rrocne,n;Hero rrapa­

rpacl>a rnaBbl 17 - CBe,n;eHHe ypaBHeHHH MarHHTOCTaTHKH K ypaBHe­

HHIO IlyaccoHa. Ilpe,n;rroJIO)KHM, qTo Bhr6paHbl TaKHe e,n;HHHD;hl, ,ll;Jl.H 

KOTOpbrx µ = 1. Tor,n;a rroJIOMHM 

Terrepb ypaBHeHH.H MOMHO 3arrncaTh B Bn,n;e 

dB=O, 

d* B = 47rj. 

dA' = B. 

(9To B03MOMHo, TaK KaK MhI rrpe,n;rronoMHJIH, qTo H 1 = 0.) PemaeM 

ypaBHeHne IlyaccoHa 

D 'lfa = d* A'. 

3aMeH.HeM A' Ha 

A= A' - d'lfa 

dA=B. 

IlocKOJlhKY -iP .HBJI.HeTC.H cPYHKD;Hefi, TO 

0 'l/i = d* d'lfa = d* A'. 

Cne,n;oBaTeJihHO, 

d* A= d* A' - d*d'lfa = 0. 

I1TaK Harne BTopoe ypaBHeHHe IIpHHHMaeT BH,ll; 

d*dA = 41Tj, 
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mrn:, rrocKOJihKY d* A= 0, 

DA= 47rj. 

K8,)KeTC.H, 6y.n,To n 3TOM .n,oKa3aTeJibCTBe MhI HCIIOJih30BaJIH TOT 

<PaKT, 'ITO B .HBJI.HeTC.H 2-<PopMoii, A - 1-<PopMoii, a 'I/; - cPYHKIJ;Heii. 

Ha caMOM .n,eJie 3TO neprro n o6iu;eM cJiy'lae. IlycTb B .HBJrneTc.H k­
<PopMoii n n-MeprroM rrpocTparrcTne. MbI xoTHM pemHTh ypanrreHH.H 

dB=O, 

d*B = 47rj. 

Ilpe.n,rroJimKHM, 'ITO paccMaTpHBaeMa.H o6JiaCTh TaKona, 'ITO B = dA' 
)l,JI.H HeKoTopoii A'. Tor.n,a pemaeM ypaB'HeHue Ilyacco'Ha 

D'I/; = d*A'. 

HarrHmeM 

A= A' -d'lj;. 

Tor.n,a 

d* A= dd*'l/;. 

dd*A = O 

DA= (dd* + d*d)A = 47rj. 

TaKHM o6pa30M, MhI ornITh cneJIH 3a.n,a'ly K pemerrmo ypanrreHH.H 

Ilyaccorra. 

18.4. OrrepaTop DB qeTbipexMepHoM 
rrpocTpaHCTBe-BpeMeHH 

PaccMoTpHM 'leTbipexMeprroe rrpocTpaHCTBo-npeMH c Koop.n,HHaTaMH 

t, x, y, z H CKaJI5IpHbIM rrpoH3Be.n,eHHeM, ,ll;J15I KOTOporo BbIIIOJIH5IIOTCR 
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ycJiomu1 (dt,dt) = 1, (dx,dx) = (dy,dy) = (dz,dz) = -1. Ilo.n;e:ti:­

cTsyeM orrepaTopoM 0 Ha cPYHKll,HIO 

Of= d*df 

= -*-ld* (of dt +of dx +of dy +of dz) 
ot ox oy oz 

=-*-1d(-of dxf\dyf\dz-
0

f dtf\dyf\dz 
ot ox 

of of ) + oy dt /\ dx /\dz - oz dt /\ dx /\ dy 

-1 ( o2f o2f o2f o2f) 
= -* - ot2 + ox2 + oy2 + oz2 dt /\ dx /\ dy /\dz. 

0TKy,D;a 

B Ka<JeCTBe 1-<PopMhI CHa"'IaJia paccMoTpHM a dt. IloJiy"'IHM 

oa oa oa 
d(adt) =ox dx /\ dt + ay dy /\ dt +oz dz/\ dt, 

Tor.n;a 

oa 8a 8a 
*d(adt) = - ax dy /\dz+ ay dx /\dz - oz dx /\ dy 

CJie.n;osaTeJihHO, 



918 fJiaBa 18. 3Be3~biii: orrepaTop 

c ,n;pyro:H: CTOpOHbI, 

d*(a dt) = -* - 1d*(a dt) 

= * - 1d(a dx /\ dy /\dz) 

1 aa = * - at dt /\ dx /\ dy /\ dz 

aa 
- at· 

a2a a2a a2a 82a 
dd*(adt) = - at2 dt - atax dx - atay dy - ataz dz. 

llTaK, IIOJiyqaeM 

Attanor1P-rnoe BhJqHcJieHHe ( HJIH HCIIOJih30BaHHe Bparn,aTeJihHOH HH­

BapHaHTHOCTn2) IIOKa3hJBaeT, qTO 

H TaK ,n.anee. 

D(bdx) =(Db) dx, 

D(cdy) = (D c) dy, 

To Me caMoe BhIIIOJIHHeTCH H ,IJ.JIH 2-<PopM. HarrpHMep, paccMOT­

pHM a dt /\ dx. IloJiyqHM 

d*(adt /\ dx) = *-1d*(adt /\ dx) 

= *-1d(ady /\dz) 

= * - l ( ~; dt /\ dy /\ dz) + * - l ( ~: dx /\ dy /\ dz) 

8a 8a = --dx- -dt. 
at ax 

23,n:ecb no,n: Bpam;eHHHMH cJie,n;yeT noH.HMaTb co6cTBeHHbie npeo6pa3oBaHHH 
JiopeHI1a, coxpaHHIOID;He JiopeHIJeBO CKaJIHpHoe npoH3Be,n:eHHe H op.HeHTaIJ.HIO 
npocTpaHCTBa-BpeMeHH. - IlpUM. pea. 
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0TKy)l;a 

( 
EPa 82a) 82 a 82 a 

dd*(adt) = - 8t2 + ax2 dt/\dx- ataydy/\dx- atazdz/\dx 

82a 82a 
- axay dt /\ dy - axaz dt /\dz. 

c ,n;pyroil CTOpOHhI, 

aa aa 
d(adt /\ dx) = ay dy /\ dt /\ dx + az dz/\ dt /\ dx, 

II03TOMY 

H 

Tor.n;a 

d*d(adt /\ dx) = -*-1d*d(adt /\ dx) 

Mbr rrpe.n;ocTaBJrneM qHTaTemo caMOCTO.HTeJihHO rrpoBepHTh, qTo 

D(bdx /\dz) = (Db) dx /\dz. 

MTaK, MhI rroJiyqHJIH, qTo ,n;JI.H mo6oi1 2-<PopMhI, 3arrHcattttofi qepe3 

dt, dx, dy, dz, .n;eilcTBHe orrepaTopa D paBHOCHJihHO .n;eilCTBHIO 3TO­

ro orrepaTopa Ha K03cPcPHIJ;HeHThI. CrrpaBe,n;JIHBOCTh aHaJIOrHqttoro 

yTBep)K,Il;eHH.H ,n;JIR 3- H 4-<PopM BhITeKaeT Terrepb H3 paccMoTpeHHhIX 

cJiyqaeB 0-, 1- II 2-<PopM II paBeHCTBa *D = D*. 
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18.5. AJire6pa KJincf>cf>op,n;a 

Terreph 'IHTaTeJih y)Ke, .IJ;OJI)KHO 6hITh, .z:i;ora.z:i;ancR, 'ITO B rrpocTpattcT­

Be ~n Mhl MO)KeM Bhl'IHCJIHTh .z:i;eil:CTBHe orrepaTopa 0, 3aIIHCaHHOro 

B e6'K',Jl,Uao6'btX 'K',OOpamwmax, Ha rrpOH3BOJihHYIO k-<l>opMy KaK ,n;eil:­

CTBHe 3Toro orrepaTopa Ha Ka)K,Il;hIH Ko3<l><l>mweHT. KpoMe Toro, y)Ke 

IIOH51THO, 'ITO eCJIH Mhl rrorrpo6yeM ,Il;OKa3aTh 3TOT pe3yJihTaT TeMH 

)Ke MeTO,IJ;aMH, KOTOpbie HCIIOJih30BaJIHCh B IIOCJie,IJ;HHX ,IJ;BYX rrapa­

rpa<l>ax, TO rrpocTo 3arryTaeMC51. I..I;enh 3Toro rraparpa<l>a - BBeCTH 

anre6paH'IeCKHH <l>opMaJIH3M, KOTOpbIH II03BOJIHT HaM ,IJ;OKa3aTb BCe 

oqeHh rrpocTo. B 3Toil: KHHre HaM 6oJihIIIe He rroHa,n;o6RTC51 pe3yJih­

TaThl ,n;aHHoro rraparpa<l>a - Be,n;h MhI y)Ke ,n;oKa3aJIH pe3yJihTaThI B 

Ba)KHhIX cnyqa51x Tpex H qeTblpex H3MepeHHH. 0,n;HaKO, H3JiaraeMbie 

3,IJ;eCh H,IJ;eH OKa3aJIHCh O'IeHb Ba)KHhIMH B COBpeMeHHOH cPH3HKe. 

HaIIIe ,n;oKa3aTeJihCTBO 6y,n;eT ocHoBaHo Ha cne,n;yrom,eM CBOHCTBe 

Du(dw, r) = Du(w, d*r) + rpaHH'IHhie qJieHbl. 

9To CBOHCTBO MO)KHO rrepe<l>pa3HpOBaTh, rOBOp51, 'ITO d* 51BJI51eTC51 

<fiop.MM'b'H'bt.M conpR:JICettue.M d. CnoBo «<l>opMaJihHhIH» 03HaqaeT «no 

MO,IJ;yJIIO rpaHH'IHhlX qJieHOB». y Hae eCTh paBeHCTBO 

Du(dw, r) = Du(w, d*r), 

TOJihKO Kor,n;a ,n;eJiaIOTC51 pa3JIH'IHbie rrpe,n;IIOJIO)KeHH51, KOTOpbie ra­

paHTHPYIOT OTCYTCTBHe BKJia,D;a OT rpaHHllhl. ,I.l,aBail:Te paCCMOTpHM 

3TY CHTYaIIHIO B 6onee o6m,eM cnyqae. 

IlycTh E H F o6o3Ha'IaIOT BeKTOpHhie rrpocTpaHCTBa, B Ka)K,IJ;OM 

H3 KOTOpbIX HMeeTC51 CBOe CKaJI51pHoe rrpOH3Be,n;eHHe. Tor,n;a Mhl MO­

)KeM H,IJ;eHTHcPHllMPOBaTh E c E* H F c F*. B qacTHOCTH, ecJIH 

A : E -+ F - JIHHeil:Hoe oTo6pa)KeHHe, TO MhI MO)KeM paccMaT­

pHBaTh A* : F* -+ E* KaK JIHHeil:Hoe OTo6pa)KeHHe A* : F -+ E, 
orrpe,n;eneHHOe ycnoBHeM 

(e, A* f)E = (Ae, J)p, 

r,n;e (·, ·)E H (·, ·)p o603Ha'IaIOT CKaJI51pHhie rrpOH3Be,n;eHH51 B rrpo­

CTpaHCTBax E H F cooTBeTCTBeHHO. Terreph rrpe,n;rroJIO)KHM, 'ITO 
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B BeKTOpHOM rrpocTpaHCTBe v Mbl BhI6pa.nH CHCTeMy KOOp,LI;HHaT 

xi, •.. , Xn. Tor,n;a COOTBeTCTBYIOIII.aH cpopMa o6'beMa HMeeT BH,ll; 

PaccMoTpHM rrpocTpaHCTBO rJia,LI;KHX cpyHKIJ;Hii H3 VB E, o6o3Haqae­

MOe F(V, E). EcJIH ui H u2 - TaKHe cpyHKIJ;HH, a U - orpaHH'IeHHaH 

o6JiaCTh, TO MO)KHO orrpe,n;eJIHTb 

(EcJIH o6JiaCTb u He orpaHH'IeHa, TO Bee paBHO Mbl MO)KeM orrpe­

,n;eJIHTb Du ,LI;JIH Tex nap cpyHK1IHii, KOTOpbie ,n;ocTaTO'IHO 6bICTpo 

y6hrnaIOT Ha 6ecKoHe'IHOCTH.) Mo)KHO paccMoTpeTh orrepaTOphI L H3 

F(V, E) B F(V, F). Tor,n;a Ka*,n;oii cpyHK1IHH u E F(V, E) CTaBHTCH B 

cooTBeTCTBHe 3JieMeHT Lu rrpocTpaHCTBa F(V, F). OrrepaTop L Ha3hI­

BaeTcH J/,U'HeU'H'bt.M du<fxf>epewu,uM'b'H'bt.M onepamopo.M nep6020 nop.nd­
'K:a, ecJIH cyrn;ecTBYIOT TaKHe JIHHeiiHhie OTo6pa*eHHH Ai : E --> F, 
A2 : E --t F, ... , An: E --t F H B: E --t F, 'ITO 

OU OU 
Lu= Ai-+··· +An- +Bu. 

OXi OXn 

B o6rn;eM cJiyqae OTo6pa)KeHHH Ai, ... , An H B MoryT 3aBHCeTb OT 

TO'IKH B rrpocTpaHCTBe V, T. e. Ai H B - 3TO cpyHK1IHH B rrpocTpaH­

CTBe v' 3Ha'!eHHH KOTOpbIX HBJIHIOTCH JIHHeHHblMH OTo6pa)KeHHHMH. 

Tor,n;a rrpe,n;h1,n;yrn;ee ypaBHeHHe MO)KHO 3arrHcaTb B cpopMe 

OU OU 
(Lu)(x) = Ai(x)-

0 
(x) + · · · + An(x)-

0 
(x) + B(x)u(x). 

Xi Xn 

EcJIH Ai H B rrocTOHHHhI, TO MhI roBOpHM, 'ITO L HBJIHeTCH JIHHeHHhIM 

,LI;HcpcpepeHIJ,HaJibHbIM orrepaTOpOM rrepBoro rropH,n;Ka c IIOCTO~HHbIMH 

K03cpcpH11HeHTaMH. 

Terrepb rrycTh u E F(V, E) H v E F(V, E). Tor,n;a 

{) ({)Ai ) ( ou ) ( ov ) -
0 

_(Aiu,v)F= -
0 

_u,v + Ai-
0 

_,v + Aiu,-
0

. 
Xi Xi F Xi F Xi F 

( ou ) ( ({)Ai)*) ( *{)v) Ai OXi' v F + u, OXi v E + u, Ai OXi E . 
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Ilo3TOMY 

( (
8Ai)* ) 

u, 8xi ,V E. 

M TaK, ecmf MhI orrpe,n;eJI.HeM 

TO 

IIocJie,n;ttu:ii '!JieH crrpaBa CBO,Il;HTC.H K yMHO:>KeHHIO rpaHH'!Horo 

'!JieHa Ha (! H HHTerpHpOBaHHIO. ,Il;eiicTBHTeJihHO, eCJIH Mhl HarrmIIeM 

TO 

Tor.n;a 

{ (Lu,v)FC!= { (u,L*v)ECT+ { T. 
lu lu lau 

TaKHM o6pa3oM, orrepaTop L * .HBJI.HeTc.H cpopMaJihHO corrp.H:>KeHHhIM 

orrepaTOpa L. 
CTporo roBop.a, k-cpopMa w He .HBJI.HeTC.H cpyHKQHeii H3 rrpocTpaH­

CTBa v B cpHKCHpOBaHHOe BeKTOpHoe rrpocTpaHCTBO. (IloTOMY '!TO 

w(x) .HBJI.HeTC.H 3JieMeHTOM rrpOCTpaHCTBa KOCOCHMMeTpH'!HhIX IIOJIH­

JIHHeHHhIX k-cpyHKIJ,HH Ha KaCaTeJibHOM rrpOCTpaHCTBe B TO'!Ke x, a 

KacaTeJihttoe rrpocTpaHCTBO H3MeH.HeTC.H OT TO'!KH K TO'!Ke.) O,n;ttaKo, 

KaK TOJihKO Mhl BbI6paJIH CHCTeMy KOOp,Il;HHaT, k-cpopMy w MO:>KHO 

paccMaTpHBaTh KaK cpyHKIJ,HIO H3 V B Ak(V*). TaKHM o6pa30M, MhI 
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MO)KeM cq11TaTh, 'ITO E = Ak(V*). Ec;rn MhI xoT11M B Ka'IeCTBe ,n;mp­

<J>epett1111anhHoro orrepaTopa L B3.HTh d, TO rronaraeM F = Ak+l(V*). 
Tor,n;a MO)KHO ttarr11caTh 

8 8 
d=E1--+···+En--, 

8x1 OXn 

r,n;e Ek o6o3HaqaeT n11ttell.ttoe 0To6pa)Kett11e Ak(V*) ---> Ak+l(V*), 
COCTO.HIIIee 113 BHeIIIHero YMHO)KeHl1.H Ha dxk, T. e. 

Terreph ,n;na BhI'Il1CJieH11.H d* HaM HY)KHa <J>opMyna ,n;na c:'k. Y TBep­

)K,IJ;aeTc.H, 'ITO 

qT06hI 3TO ,ll;OKa3aTb, rrpe,n;rroJIO)Kl1M, 'ITO k = 1 (3TO rrpOCTO 

BOIIpOC o603Ha'IeH11ll.) 11 11ccne,n;yeM, 'ITO rrp011CXO,ll;l1T c 6a311CHbIMl1 

3JieMeHTaMl1 

w = dxi 1 /\ • • • /\ dxik 

rrpocTpaHCTBa Ak(V) 11 6a311coM Ak+l(V*). Cy111ecTByeT ,n;Be B03MO)K­

HOCTl1. 

(a) i1 = 1. Tor,n;a c:1w = 0. C ,n;pyroll. cTopoHhI, ,n;mi: 

Mbl 11MeeM 

i ( O~l) T = 0 ( eCJil1 j1 > 1) 

11 

i (0~1 ) T = dx32 /\ · · · /\ dx3n (ecn11j1 =1). 

B mo6oM cnyqae MhI 11MeeM 
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(b) ii > 1. Tor)l;a 

H 

i (_!____) T = {Q, 
oxi dxjz /\ · · · /\ dxjk+ 1 , 

B 3TOM cJiyqae 

EcJIH )Ke ji = 1, TO MhI rro-rrpe)KHeMy HMeeM 

eCJIH ji > 1, 

eCJIH ji = 1. 

KpoMe cJiyqaeB, Kor.n.a h = ii, j3 = i2 H TaK .n.anee. EcJIH j2 = ii, 
j3 = i2 H T. ,l.l.., TO 

B o6rn;eM cJiyqae ,l.l.OKa3aTeJibCTBo rroKa3hIBaeT cJie.n.yrorn;ee. IIycTh 

L : V ---+ V* o6o3HaqaeT JIHHeii:ttoe oTo6pa)KeHHe, orrpe.n.eJiettttoe cKa­

JIRpHbIM rrpoH3Be.n.ettHeM B rrpocTpaHCTBe V. IIycTh (} - rrpoH3BOJih­

HaR 1-cl:>opMa H c:(O) - BHerrrnee YMHO)KeHHe Hae. Tor.n.a 

Orrpe.n.eJIHM 
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Mb1 noKa3aJIH, qTo 

lfa aHTHKOMMyTaTHBHOCTH BHemHero npOH3Be,n;eHmI CJie,n;yeT, qTo 

EpEq + EqEp = 0 ,n;m1 BCex p H q. 

CJie,n;oBaTeJihHO ( HJIH Henocpe,n;cTBeHHO H3 cBoiicTB BHyTpeHHero npo­

H3Be,n;eHH.H)' 

lplq + lqlp = 0 ,n;m1 Bcex p H q. 

EcJIH p =I= q, TO BHemHee yMH02KeHHe Ha dxp H BHyTpeHHee yMH02Ke­

HHe Ha i ( 8 / 8xq) y,n;oBJieTBop.HIOT paBeHCTBY 

i ( [)~q) s(dxp) + s(dxp)i ( [)~q) = 0. 

,Il;eiiCTBHTeJihHO, ,Il;OCTaToqHo rrpoBepHTh 3TO paBeHCTBO ,Il;Jl.H p = 1, 
q = 2. 9To rrpocToe BhlqflCJieHHe Mhl OCTaBJI.HeM qf1TaTeJIIO. c ,n;pyroii 

CTOpOHhI, ,Il;Jl.H 683HCHhIX 3JieMeHTOB w Mhl HMeeM 

a 

TaKHM o6pa3oM, 

ecJIH w = dx1 /\ · · · , 

ecJIH w = dx2 /\ · · · , 

ecJIH w = dx1 /\ · · · , 

ecJIH w = dx2 /\ · · · . 

EcTeCTBeHHO o6o6rn.a.H co cJiyqa.H x1 Ha cJiyqaii Xp, M02KHO c,n;eJiaTh 

BhlB0,11;, qTQ 



926 niaBa 18. 3Be3,D;HbIH orrepaTOp 

M HaKOHeu;, IIOCKOJihKY orrepaTOphl lp H Eq IIOCTO.HHHhI (B Hameii: 

CHCTeMe KOOp.lJ;HHaT)' TO Mhl HMeeM 

MTaK, MhI .n;oKa:3aJIH <PopMyJiy ll;JI.H D B eBKJIH.lJ;OBhIX Koop.n;HttaTax. 

B cJiyqae rroJIO)KHTeJihHO orrpe.n;eJieHHoro CKM.Hpttoro rrpOH3Be.n;e­

HH.H orrepaTOphI Ep H lq HMeIOT oqeHh Ba)KHOe 3HaqeHHe B KBaHTOBOH 

cPH3HKe, r.n;e OHH H3BeCTHhI KaK orrepaTOphl po:J!Cae'HU.R H yttu"tmo­

:J/Ce'HU.R <PepMHOHOB. PaBeHCTBa 

EpEq + EqEp = 0, lplq + lqlp = 0, 

{
o, Pf:. q, 

Eplq + lqEp = 
1, p = q 

Ha:3hlBaIOTC.H attmU'X:O.M.Mymau,uotttt'bt.Mu coomttowettu.R.Mu .n;JI.H ::>THX 

orrepaTopoB. 

AJire6pa, rropo)K.n;eHHa.H ::>THMH orrepaTopaMH, T. e. MHO)KeCTBO 

Bcex cyMM H rrpoH3Be,n;eHHH Ci H li' .HBJI.HeTC.H qacTHhIM CJiyqaeM ce­

Meii:CTBa anre6p, rrocTpoettttoro KJIH<P<Pop.n;oM B .n;eB.HTtta.n;u;aToM Be­

Ke. 9TH anre6pbI, T. e. MHO)KeCTBa o6'heKTOB, ll;JI.H KOTOphIX orrpe.n;e­

JieHbl orrepau;HH cJio)KeHH.H H yMHO)KeHH.H, 6hIJIH pa:3pa6oTaHhI KJimp­

<l>op.n;oM KaK o6o6iu;ettHe CHCTeM KOMIIJieKCHhIX qHceJI H KBaTepHHO­

HOB faMHJihTOHa. OttH HrparoT oqetth Ba)KHYIO pOJih B coBpeMeHHoii: 

cPH3HKe, II03TOMY Mhl H paccKa)KeM 3.n;ech 0 HHX. 

HaqHeM c rrepe<l>opMyJIHpOBKH rrpe.n;h1.n;yiu;ero rrpHMepa aHTHKOM­

MyTau;noHHhix COOTHomeHHH Me)K.n;y orrepaTopaMH po)Kll;eHH.H H YHH­

qTQ)KeHH.H <PepMHOHOB. IlycTh V - BeKTOpttoe rrpocTpaHCTBO, a V* 
- ero .n;yanhttoe rrpocTpaHCTBO. PaccMoTpHM rrpocTpattcTBO rrp.HMoii 

cyMMhI W = V EB V*. Tor.n;a BeKTopoM rrpocTpaHCTBa W .HBJI.HeTC.H 
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w = (:) , r)J;e v E V H a E V*. Orrpe)J;eJIHM CKaJI.Hpttoe rrpOH3Be.n;e­

HHe B rrpocTpaHCTBe w cPOPMYJIOH 

(w, w') = ~(a(v') + a'(v)), 

r.n;e 

IlycTb v1, ... , Vn o6pa3yIOT 6a3HC rrpocTpaHCTBa V, a a 1, ... , an -
.n;yaJihHhIH 6a3HC rrpocTpaHCTBa V*. Tor.n;a BeKTopa 

o6pa3yJOT 6a3HC rrpocTpaHCTBa w. 0603Ha'IHM 3TH BeKTOpa ep H iq, 
T. e. IIOJIO)KHM 

B 3TOM cJiyqae 

eCJIH p = q, 

eCJIH p =/= q 

Terreph MhI MO)KeM 3arrHCaTh aHTHKOMMyTaIJ;HOHHhie cooTHOIIIeHH.H 

)J;JI.H Si H Li B KpaTKoii <PopMe. By.n;eM C"IHTaTh, "ITO Sp cooTBeTCTByeT 

ep, a lq COOTBeTCTByeT iq, T. e. paCCMOTpHM JIHHeiittoe OTo6pa)KeHHe 

'Y, orrpe.n;eJieHttoe <PopMyJiaMH 

Tor.n;a )J;JI.H 

"f(ep) =Sp, 

'Y(iq) = lq. 



928 fJiaBa 18. 3Be3,n;Hhiil onepaTop 

IIOJiy'laeM, 'ITO 

.SIBJI.Sl€TC.SI 3JieMeHTOM Hame:i1 anre6pbl M 

1(w)l'(w') + 1(w')l'(w) = 2(w, w')id. 

cho MO)KHO o6o6m;MTb Ha J/,106oe B€KTOpHO€ rrpOCTpaHCTBO W, MM€­

IOID;ee CKaJI.SipHoe rrpOM3Be,n;eHne (.' . ) ( B03M0)KHO, BblpO)K,1];€HHOe). 

l-lTaK, Ka)K,D;OMY B€KTOpHOMY npocTpaHCTBY w co CKaJI.SlpHbIM rrpo­

M3Be,n;eHHeM (·, ·) cooTBeTCTByeT accou;HaTHBHa.SI anre6pa3 C(W), Ha-

3hIBaeMa.SI M2e6pou Kj/,u<fxfiopaa )];JI.SI W n ( ·, ·). ,Ll;oJI)KHO cym;ecTBo­

BaTh TaKoe JIHHei1Hoe oTo6pa)KeHHe 'Y : W --t C(W), 'ITO 

(i) Ka)K)l;hIH aJieMeHT C(W) MO)KeT 6bITh 3anHcaH B Bn,n;e cyMMhI 

rrpOH3Be,n;eHH:i1 3JieMeHTOB 1(W) (H KpaTHhIX JI); 

(ii) 1(w)l'(w') + 1(w')l'(w) = 2(w, w')JI. 

(Kor,n;a MhI roBOpHM «aJire6pa KJimp<l>op,n;a )];JI.SI ... », TO rro,n;pa3y­

MeBaeTc.SI TeopeMa - )];JI.SI ,n;aHHoro rrpocTpaHCTBa w co CKaJI.SipHbIM 

rrpoH3Be,n;eHHeM ( ·, ·) cym;ecTByeT anre6pa C (W), y,n;oBJieTBOp.Sirom;a.SI 

ycJIOBH.SIM (i) H (ii). Ilpn 3TOM C(W) e,n;HHCTBeHHa c TO'IHOCThIO ,n;o 
H30MOPcPH3Ma. B rrpHJIO)K€HHH K 3To:i1 rJiaBe MhI ,n;a,n;nM KpaTKoe ,n;o­
Ka3aTeJibCTBO 3TO:i1 TeopeMhI.) 

,ll;aBa:i1Te paCCMOTpHM HeCKOJibKO rrpHMepoB. 

(a) IlycTh O)l;HOMepHoe rrpocTpaHCTBO w HMeeT OTpHn;aTeJibHO 

onpe,n;eJieHHOe CKaJI.SipHOe IIpOH3B€,1];€HH€. cho 3Ha'IHT, 'ITO cym;ecT­

ByeT BeKTOp e, )];JI.SI KOTOporo 

(e, e) = -1 

H Ka)K,D;bI:i1 3JieMeHT rrpocTpaHCTBa V KpaTeH e. CorJiacHo (ii), 

1(e)2 = -1, 

3Ilo,n; accou;HaTHBHOii: aJire6poii: A Mbl rro,n;pa3yMeBaeM, qTo A HBJrneTcH BeK­

TOpHhIM rrpocTpaHCTBOM c 6mmHeii:HhlM OTo6pa:it<:eHHeM Ax A ---> A, Ha3hIBaeMhlM 

yMHO)KeHHeM. Ilpe,n;rroJiaraeTcH, qTo 3TO yMHO)l(emi:e y,n;oBJieTBOpHeT accou;Hanrn­

HOMY 3aKOHY H qTo ,ll;JIH Hero cyru;eCTByeT Heii:TpaJibHbii!: 3JieMeHT JI. 
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a ycJIOBHe (i) roBOpHT HaM, qTo Ka2K,n;b1ii 3JieMeHT C(W) M02KHO 

3a1mcaTb B <PopMe 

ali + lry(e). 

EcJIH IIOJI02KHTh 'Y(e) = i, To cpa3y BH,D;Ho, qTo C(W) OKa3bIBaeTCR 

aJire6poii KOMIIJieKCHbIX qifceJI. 

(b) ITycTh V = JR2
, IIpHqeM CKaJIRpHoe IIpoH3Be,n;eHHe IIpOTHBO­

IIOJI02KHO 06b1qH0My. TeM caMbIM 

(v, v) = -x2 
- y2

, ecJIH v = (:) . 

ITyCTb 

YcJIOBHe (ii) roBopHT, qTo 

i2 = -][ 
' 

·2 ][ J = -

ij + ji = 0. 

Tor,n;a ycJioBHe (i) 03HaqaeT, qTo Ka)l()J;bIH 3JieMeHT C(W) M02KHO 

3a1mcaTh B <PopMe 

r,n;e Mbl IIOJIO)KHJIH 

Tor,n;a 

TaK qTo 

KpoMe Toro, 

ali + bi + cj + dk, 

k = ij. 

k2 = ijij = -iijj = -li, 

·2 ·2 k2 ][ l=J= =-. 

ij = k, 

jk = jij = -ijj = i, 

ki = iji = iij = j, 
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a 
kj = ijj = -i 

H 

ik = iij = -j. 
IIo,n;se,n;eM HTOrH: 

·2 ·2 k2 ][ I=J= =-, 

ij = k, jk = i, 
ij = -ji, jk = -kj, 

ki = j, 

ik = -ki. 

9Ta a.rrre6pa Ha3bIBaeTc.H a.rrre6poii 'K:Bamepttuottoe. BrrepBbre oHa 6br­

Jia Hafi,n;eHa raMHJibTOHOM. 

B o6rn,eM cJiyqae ,lI,Jl.H rrpoBepKH ycJIOBH.H (ii) )J;OCTaToqHo rroKa-

3aTh, qTo 

1(w)2 = (w, w)K. 

,Il;eiicTBHTeJibHO, 

1(w + w') 2 = ["Y(w) + 1(w')]2 

= 1(w)2 +1(w)/(w') + 1(w')/(w) + 1(w')2 

H 

1(w + w')2 = (w + w', w + w')][ 
= (w, w)][ + 2(w, w')][ + (w', w)][, 

T. e. ycJIOBHe (ii) ,n;oK83aHo. 

IlpHH.HB aTo so BHHMaHHe, B03bMeM W = R1•3, T. e. rrycTh W 
6y)J;eT rrpocTpaHCTBOM-BpeMeHeM c nopeHii;esoii MeTpHKOii. IloJIO)KHM 

H "'f(W) = 
( 

0 0 t + z x + iy) 
0 0 x - iy t - z 

t - z -x - iy 0 0 . 
-x + iy t + z 0 0 

Tor,n;a 

1(w)
2 ~ (t2 -x' -y' - z') (~ ~ H). 

0 0 1 
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lfraK, ecJm: e,n;HHifqttyro MaTpHizy 4 x 4 o603HaqHTb Il, TO ycJIOBHe (ii) 
6y,n;eT BbIIIOJIHeHo. Ilo cyrn;ecTBY MbI MO)KeM paccMaTpHBaTb C(W) 
KaK onpe,n;eJieHHYIO no,n;anre6py anre6pbl KOMITJieKCHbIX MaTpHu; 4 x 4. 
9Ta anre6pa C(W) Ha3hIBaeTcH Mze6poi1 J(upa'K:a. Otta 6bma pa3pa-

6oTatta ,lI;HpaKoM, Kor,n;a OH HCCJie,n;oBaJI 3JieKTpoH. Cefiqac otta Hr­

paeT Ba)KHYIO pOJib B TeOpHH 3JieMeHTapHbIX qacTHIJ;. 

( c) IlycTb w - npOH3BOJihHOe BeKTOpHoe npOCTpaHCTBO, a CKa­

JIHpttoe npoH3Be,n;etttte (., ·) TO)K,Ll;eCTBeHHO paBHO HyJiro. Tor,n;a ycJio­

Btte (ii) roBOpHT, qTo 

'Y(w)'Y(w') = -')'(w')'Y(w) 

,n;JIH JI106b1x w H w'. B 3TOM cJiyqae C(W) OKa3bIBaeTcH B TOqHoCTH 

BHemHeii anre6poii A(W). 

18.6. 3ee3,LJ;HhIH onepaTop H reoMeTpH.H 

B rJiaBe 16 MhI Btt,n;eJIH, qTo 3Be3)1;HbIH onepaTop, ,n;eiicTByrorn;Hii H3 

A1 (JR3) B A2 (JR3), onpe,n;eJIHeT eBKJIH,Ll;OBO CKaJIHpttoe npott3Be,n;etttte 

B npocTpaHCTBe JR3. 9To He qTo HHOe, KaK MaTeMaTHqecKoe Bbipa­

)KeHHe Toro <i>aKTa, qTO ,Ll;H3JieKTpHqecKHe CBOHCTBa BaKyyMa onpe­

,n;eJIHIOT eBKJIH,Ll;OBY reoMeTpHIO npocTpaHCTBa. 

Cefiqac MbI MO)KeM nocTaBRTb cJie,n;yrorn;Hii Bonpoc. IlycTb V 
o6o3HaqaeT BeKTOpHoe npocTpaHCTBO c 3a,n;aHHOH opHeHTau;Heii, If 

nyCTb (" . ) If (.' . )' - ,n;Ba HeBblpO)K,Ll;eHHbIX CKaJIHpHbIX npoH3Be,n;e­

HHH B npocTpaHCTBe v. Ilpe,n;noJIO)KHM, qTo npH HeKOTOpOM k, r,n;e 

1 ~ k < n = dim V, OHH ,n;alOT oaw-1, U mom ;)ICe 3Be3,n;ttbIH onepaTOp 

H3 Ak(V*) B An-k(V*). 3HaqHT JIH 3TO, qTo (·, ·) = (., ·)'? OTBeT 

noqTH yTBep,n;HTeJibHhiii. PaccMoTpttM ttecKOJibKO npHMepoB. 

Bo3hMeM V = IR2 c 06b1qHbIM CKaJIHpHbIM npoH3Be,n;eHHeM. Tor,n;a 

MbI MO)KeM A1(IR2*) H,ri;eHTRcPHIJ;ttpoBaTb c IR2 . KaK MhI y)Ke m1,ri;em1, 

3Be3,ri;Hhiii onepaTop *: A1(JR2*) ---> A1(IR2*) B 3TOM cJiyqae HBJIHeTCH 

npocTo noBopoTOM Ha ,ri;eBHHOCTO rpa,n;ycoB. BcsiKoe ,ri;pyroe CKaJISIP­

Hoe npOH3Be,ri;eHHe B npocTpaHCTBe JR2 (1rnH B JR2*) onpe,ri;eJIHeTCH 

cPOPMYJIOH 

(u, v)' =(Au, v), 
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r,n;e A - CHMMeTpHqHaa MaTpHu;a. EcJIH (·, ·)' orrpe,n;em1eT TOT )Ke 

caMbIH orrepaTop, TO Mbl ,.!J;OJI)KHbl HMeTb paBeHCTBO 

( *U, *v)' = (u, v). 

0,n;HaKo, ecJIH RAR-1 = A ,n;m1 HeKoToporo HeTpHBHaJihHoro Bpa­

iu;eHmI R (He Ha 0 HJIH 180 rpa,rzycoB), TO A ,n;oJI)KHa 6hITh rrporrop­

u;110HaJihHa e,n;HHHqHofi MaTp11u;e.4 Tor,n;a 

(u, v)' = .\(u, v), 

r,n;e A - q11cJio, OTJIHqHoe OT HymL 

Mb1 cefiqac rroKa)KeM, qTo (·, ·)' rrp11 A > 0 orrpe,n;eJIHeT TOT )Ke 

caMhIH orrepaTop *. TatrnM o6pa3oM, Ha ITJIOCKOCTH orrepaTop * He 

orrpe,n;eJiaeT reoMeTpHIO EBKJIH,n;a, HO orrpe,n;eJIHeT 1w1ufiop.Mtty10 reo­

MeTpHIO. 9TOT <:PaKT HBJIHeTCH OCHOBOH TeOpHH cPYHKIJ;HH KOMITJieKC­

HOI'O rrepeMeHHoro. BBe,n;eHHe B 3TY TeMy MhI H3JIO)KHM B rJiaBe 20. 
,ll;aBa:ttTe rrocMOTpHM, KaK B o6iu;eM cJiyqae .Macwma6ttoe npeo6-

paso6attue (3aMeHa v Ha cv, r,n;e qffCJIO c OTJIHqHO OT HYJIH) ,n;e:ttcTByeT 

Ha orrepaTop *· Ilp11 yMHO)KeHHH ,.!J;JIHHbI Ha c rrJioiu;a,n;h yMHO)KaeTCH 

Ha c?' o6'beM YMHO)KaeTCH Ha c3 H TaK ,n;anee. Ilo3TOMY B rrpocTpaH­

CTBe A k (V*) MhI yMHO)KaeM Ha ck. Tor,n;a, qT06h1 MacnITa6HhIH MHO­

)KHTeJib c He OKa3bIBaJI HHKaKoro 3cPcPeKTa, ,.!J;OJI)KHO BbIIlOJIHHTbCH 

paBeHCTBO 

(ck A, cn-kw)cnCJ =ck A/\ en-kw. 

"L{To6b1 rroJiyqHTh TY )Ke JIHHe:ttHyIO cPYHKIJ;HIO w, MhI ,n;oJI)KHhI HMeTh 

c2k-n = 1. 

l1TaK, rrp11 k = n/2 MacmTa6Hoe rrpeo6pa30BaH11e He BJIHHeT Ha 

* : Ak(V*) ---t Ak(V*). HecJIO)KHO ,n;oKa3aTh, rro,n;o6Ho TOMY KaK 

MhI ,n;eJiaJIH 3TO B rJiaBe 16 ,.!J;JIH * : A1 (~3*) ---t A2 (~3*), qTo BO 

BCex OCTaJibHbIX cJiyqaax 3Be3,.!J;HbI:tt orrepaTOp orrpe,n;eJIHeT CKaJIHpHoe 

rrpOH3Be,n;eHHe O,.!J;H03HaqHo. 

4 
AHaJIOrHqHoe YTBep)K,!l;eHHe crrpaBe,n;JIHBO B eBKJIH,ll;OBOM rrpocTpaHCTBe mo-

6o:ll: p83MepHOCTH; ,ll;OK83aTeJibCTBO OCTaBm1eM B KaqecTBe yrrpa:iKHeHHH. -

Ilp'U.M. pea. 
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BepHeMCH K oqeHh Ba)KHOMY BOIIpocy, KOTOphIH Mhl 3,n;ech TOJih­

KO cJierKa 3aTpoHeM. BcrroMHHM, qTo o6cy*,n;aH ,n;mmeKTpnqecKy10 

IIOCTOHHHYIO, Mhl ,n;orryCKaJIH B03M0)KHOCTh, qTO e MO)KeT 6bITh rrepe­

MeHHOH CHMMeTpnqHoii MaTpnu;eii 

(

Exx 

Eyx 

Ezx 

Exz) 
Eyz , 

Ezz 

BCe 3JieMeHThI KOTOpoii HBJIHIOTCH cPYHKIJ;HHMH B rrpocTpaHCTBe IR.3 . 

Ho Tor,n;a B03HHKaeT MhICJih, qTo caMo rroHHTHe ,II;JIHHhI ,II;OJI)KHO Me­

HHThCH OT TOqKH K TOqKe, T. e. qTo CKaJIHpHOe rrpOH3Be,n;eHHe ,II;Byx 

KaCaTeJihHhIX BeKTOpOB e = (x, v) H 1J = (x, w) B TOqKe X ,n;aeTCH 

cPOPMYJIOH 

L9ij(x)viwi, 

r,n;e vi H wi - Koop,n;nHaThI BeKTopoB v n w. H,n;eH, qTo CKaJIHpHoe 

rrpOH3Be,n;eHHe MO)KeT MeHHThCH OT ToqKH K TOqKe, BrrepBhie 6bIJia 

BhICKa3aHa PnMaHOM H c Tex rrop HBJIHeTCH O,II;HOH H3 OCHOB reoMeT­

pHH. B qacTHOCTH, HMeHHO OTCIO,II;a IIOIIIJia TeopHH OTHOCHTeJihHOCTH 

9iiHrnTeifHa. TeopHH 3Be3,n;Horo orrepaTopa 6e3 rrpo6JieM pacrrpocTpa­

HHeTcH Ha pttMaHOBY reoMeTpHIO. 

18. 7. 3Be3,LI;HbIM orrepaTop H BeKTOpHbIM aHaJIH3 

KaK 06h1qHo, cyiu;ecTBOBaHtte CKaJIHpHoro rrpott3Be,n;eHHH ycTaHaBJIH­

BaeT COOTBeTCTBHe Me)K,II;y rrpocTpaHCTBOM v H ero ,II;yaJihHhIM npo­

CTpaHCTBOM V* = A 1 (V), KOTopoe MO)KHO ucrroJih30BaTh ,II;JIH u,n;eH­

THcPHKau;uu ,n;u<P<PepeHIJ;HaJihHOH <l>opMhI c BeKTOpHhIM IIOJieM . .[l;JIH 

y,n;o6CTBa o6o3HaqeHHfi BeKTOpHOe IIOJie, CBH3aHHOe c ,n;n<P<PepeHu;H­

aJihHOfi <PopMOH, 6y,n;eM IIOMeqaTh TeM )Ke CHMBOJIOM co CTpeJIKOfi 

Ha,n; HMM, T. e. ecJIH A - 1-<PopMa, TO A o6o3HaqaeT BeKTOpHoe rroJie, 

CBH3aHHOe c Heil: cPOPMYJIOfi 

w[AJ =(A, w) ,n;JIH Bcex 1-<PopM w. 

l1TaK, eCJIH HMeeTCH BeKTOpHoe IIOJie 
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TO CBH3aHHaH c HMM 1-<PopMa 

A = ±A1 dx 1 ± A2 dx2 + · · · , 

r,n;e 3HaK Ka)K)l;oro 'IJieHa BhI6HpaeTCH B COOTBeTCTBHH co 3HaKOM 

(ei,ei) = ±1. B qacTHOCTH, B npocTpaHCTBe JR3 c eBKJIH)l;OBhIM CKa­

JIHpHhIM IIpOH3Be,n;eHHeM, eCJIH 

A= Axex + Ayey + Azez, 

TO 

A = Ax dx + Ay dy + Az dz. 

)l;m1 'leThipexMepttoro npocTpaHCTBa-BpeMeHH c Jiopett1IeBhIM cKa­

JIHPHhIM IIpOH3Be,n;ettHeM, eCJIH 

TO 

A= Atdt-Axdx -Aydy-Azdz. 

Terreph B npocTpattcTBe JR3 MhI MO)KeM 3aIIHChIBaTh onepa1IHH 

BeKTopttoro attaJIH3a qepe3 3Be3)l;Hhiii onepaTop H onepaTop d. Tor,n;a 

CKaJIHpHoe rrpoH3Be,n;emre5 MO)KHO 3ailHCaTh B BH)l;e 

a BeKTOpHoe IIpOH3Be,n;eHHe B BH)l;e 

Ax jj = *(A(\ B). 

)l;H<P<PepeHI1HaJihHhie BeKTOpHhie onepaTOpbI rrpHHHMaIOT BH)l; 

~ 

grad/= df, 
-. ~ 

rot A= *dA, 

div A= *d*A. 

5qHTaTeJI10 CJie,eyeT OTJIH'laTb CKamipHoe rrpOH3Be,n;eHHe H3 BeKTOpHOl'O atta­
JIH3a (dot product), HMerorn;ee <l>H3HKO-reoMeTpH'lecKyIO rrpHpo,ey, OT COOTBeT­
CTByrorn;ero TepMntta JIHHeii:ttoii: aJire6phI (scalar product) c ero ¢opMaJihHhIM 
orrpe,n;eJieHHeM. 9To o6'hHCmieT pa3JIH'IHe B aHl'JIHii:CKlfX Ha3BaHlfHX H B o603Ha­
'leHHHX. - IlpUM. peiJ. 
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B CHCTeMax KOOP,IJ;HHaT, OTJIH'IHbIX OT ,n;eKapTOBOH, CB.H3b Me2K,rzy 

BeKTOpHbIM rroJieM AH ,n;mp<l:>epeHIJ;HaJibHOH <I:>opMoii A ycTaHaBJIHBa­

eTc.H, eCJIH CHa'IaJia IIOCTpOHTb opTOHOpMHpoBaHHbIH 6a3HC 1-<l:>opM 

B Ka)K,ll;OH TO'!Ke. HarrpHMep, B D;HJIHH,IJ;pH'IeCKHX Koop,n;HHaTax dr, 
r d(} H dz .HBJI.HIOTC.H opTOHOpMHpOBaHHbIMH 1-<l:>opMaMH, ,IzyaJibHblMH 

K (e,n;HHH'IHbIM) 6a3HCHblM BeKTOpaM er, ee H ez. Tor,n;a 

A = Arer + Aeee + Azez 

COOTBeTCTByeT 1-<l:>opMe 

A= Ar dr + Ae(r d(}) + Az dz. 

AHanorH'IHO B c<l:>epttqecKHX Koop,n;HHaTax dr, r d(}, r sin(} def> - op­

TOHOpMHpOBaHHhie 1-<l:>OpMbI, ,IzyaJibHbie K 6a3HCHbIM BeKTOpaM er, 
ee, e<f>- Tor,n;a 

COOTBeTCTByeT 

Terrepb oqeHb rrpocTo BbI'IHCJI.HTb div, grad, rot B D;HJIHH,IJ;pH'Ie­

cKHX HJIH c<l:>epH'IeCKHX KOOp,IJ;HHaTax. IlpaBHJIO rrpHMeHeHH.H orre­

paTopa d o,n;1rnaKOBO BO Bcex CllCTeMax KOOp,IJ;IIHaT. 3Be3,IJ;HbIH orre­

paTop ,n;eiiCTByeT Ha opTOHOpMllpOBaHHbIH 6a3IIC { dr, rd(}' dz} llJill 

{ dr, rd(}, r sin(} def>} TO'IHO TaK 2Ke, KaK II Ha 6a3IIC { dx, dy, dz}. Ha­

rrpIIMep, MbI xoTHM BhI'IIICJIIITh rot AB D;IIJIIIH,n;pIIqecKIIX Koop,n;IIHa-
- ----+ 

Tax, IICIIOJib3Y.H rot A = *dA: 

A= Arer + Aeee + Azez, 

A = Ar dr + Aer d(} + Az dz, 

dA = (8Az _ 8(rAe)) ~(rd(}/\ dz)+ (8Ar _ 8Az) (dz/\ dr) 
8(} {)z r oz or 

(
o(rAe) _ 8Ar) (d dO) + or {)(} r/\r' 

*dA = (8Az _ o(rAe)) ~ dr + (8Ar _ 8Az) rdO 
{)(} {)z r {)z or 

(
o(rAe) _ 8Ar) ~ d 

+ or {)(} r z. 
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rot A= (oAz _ o(rAe)) ~er+ (oAr _ oAz) ee 
8() 8z r az 8r 

(
8(rAe) oAr) L 

+ or - o() ;:-ez. 

Attarrorwrno BhrqMcJrneTcR ,ll;MBepremi;nR pa,rt.HaJihHoro BeKTopa B 

ccl>epnqecKnx Koop,n;HHaTax, ncrroJih3YR div A = *d* A: 

A= Arer, 
A= Ardr, 

*A = Ar(r d() /\ r sin() d</J) = r2 Ar sin() d() /\ d</J, 

o(r2 A ) 
d*A = or r sinOdr /\ dO /\ d</J 

1 8(r2 Ar) 
= 2 a dr /\ r dO /\ r sine d</J, 

r r 

d A _ 1 o(r2 Ar) _ d' A-* * - 2 8 - IV • r r 

MTaK, ceKpeT COCTOMT B TOM, qTo CHaqarra tta.n;o Bbipa3HTh BCe ,ll;M<p­

<l>epemwarrhHbie cl>opMhI qepe3 OpTOHOpMHpOBaHHbie 1-cl>opMhI M 

TOJihKO IIOTOM .n;e:ifCTBOBaTb 3B€3,ll;HhIM orrepaTopoM. 

IlpHJIO)KeH:He: TeH30pHbie rrpOH3Be,n;eHH~ 

,Il;JIR Toro, qTO Mhl ,n;eJiaeM B 3TOH KHMre, oqeHb Ba)KHO IIOHRTMe 

T€H30pHoro rrpOH3Be,n;emrn ,D;Byx MJIM 6onee B€KTOpHhIX rrpocTpaHCTB. 

9To Of];HO M3 OCHOBOIIOJiararoni;nx IIOHRTMH B TeopHM BeKTOpHbIX rrpo­

CTpaHCTB. Mhr ,ll;OJI)KHhr 3,n;ech ,n;aTh ero KpaTKoe M3JIO)Kettne, IIOTOMY 

qTo OHO OTCYTCTByeT BO MHOrMX yqe6HMKax no 3JieMeHTapHOH JIMHe:if­

HOH arrre6pe. 6 

6
9THM He.n;ocTaTKOM He o6Jia.n;a10T 6oJihllIHHCTBO y<ie6HHKOB JIHHeii:Hoi!: a.rrre6-

phl Ha pyccKOM H3hIK€. c .n;pyroi!: CTOpOHhl, Heo6xo,.[\HMO OTM€THTh, 'ITO B 3TOH 

KHHre aBTOpbI TaK H He rrpHBO,.[\HT HBHOro orrpe,II.eJieHHH me'lt30pa - CTOJlb )K€ 

<l>YH,LlaMeHTaJibHOro IIOHHTHH JIHHei!:HO.i!: a.rrre6phl ( li He TOJihKO)' BKJIIO'laIOrn;ero 

B ce6H 6oJiblllliHCTBO H3y'la€MhIX €IO o6'b€KTOB H .n;aalllero Ha3BaHH€ H3y'laeMoi!: B 

3TOM rrpHJI0)K€HHli orrepau;irn Ha,[\ BeKTOpHbIMli rrpocTpaHCTBaMH. - Ilpu.M. pea. 
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IlycTb y Hae eCTh BeKTOpHbie rrpocTpaHCTBa v, w Hu. 0To6pa­

)KeHHe f : V x W -+ U Ha3hrnaeTCH 6u.11,uuei1tt'bt.M, ecJIH 

f(v1 + v2, w) = f(v1, w) + f(v2, w), 
f(v, w1 + w2) = f(v, w1) + f(v, w2) 

f(av, w) = af(v, w) = f(v, aw) ,ll;JIH CKaJIHpa a. 

~yrHMH CJIOBaMH, OTo6paMeHife f Ha3hIBaeTCH 6HJIHHeHHhIM, ecJIH 

OHO JIHHeiiHO ITO v rrpH <PnKCHpOBaHHOM w H JIHHeiiHO no w rrpH 

<i>HKCHpOBaHHOM V. 

lfaBecTHhIM rrpMMepoM, Kor,n;a V = W = U, .HBJIHeTca ee-x;mopuoe 
npouaeeaeuue B o6blqHoM TpexMepHOM rrpocTpaHCTBe. 

B3HB rrpocTpaHCTBa V H W, MhI XOTHM rrocTpoHTh BeKTOpHoe 

rrpocTpaHCTBO z H 6HJIMHeiiHoe OT06paMeHHe b : v x w -+ z' KO­

TOpoe 6y,n;eT YHHBepcaJibHhIM B CJie,n;y10m;eM CMhICJie. Ilpe,n;IIOJIO)KHM, 

qTo f : V x W -+ U - rrpoH3BOJihHOe 6HJIHHeiittoe OTo6paMeHHe. Tor­

,n;a cym;ecTByeT eauucmeeuuoe JIHHeiiHOe OTo6paMeHHe l I : z -+ u 
TaKoe, qTo 

f = z, 0 b. 

Ha ,n;MarpaMMe "aTO MOMHO H3o6pa3HTh TaK: 

v x w b z 

~/.: 
u 

TaKHM o6pa3oM, ,n;JIH JI106oro f cym;ecTByeT e,n;HHCTBeHHoe JIHHeiiHoe 

OT06paMem1e l I, ,ll;JIH KOTOporo l I o b = f, T. e. ,n;HarpaMMa KOMMyTa­

THBHa. 

3aMeTHM, qTo ecJIH b H z cym;ecTBYIOT, TO OHH e,n;HHCTBeHHhI c 

TOqHOCThlO ,n;o H30Mop<l>M3Ma. ,LI.eiicTBHTeJihHO, rrpe,n;IIOJIO)KHM, qTo 

b' H Z' - ,n;pyroe yuueepc.a.11,'buoe 6nJIHHeiiHoe OTo6paMeHMe. Tor,n;a, 

rroJIOMHB U = Z' M f = b' a Hamett ,n;HarpaMMe, MhI rroJiyqHM 

VxW b Z 

~h 
Z' 
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TaKHM o6pa30M, HMeeM 0To6pruKett11e h1 : Z ~ Z' c 

b' =lb' 0 b. 

AmUiorwrno rroJiyqaeM JIHHeiittoe OTo6paMeHHe h : Z' ~ Z c 

b =lb 0 b'. 

Ho Tor,n;a 

B TO Me BpeMH 

3HaqHT, l = id H l = lb 0 lb' y,n;oBJieTBOpHIOT ypaBHeHHIO 

b =lb. 

B CHJIY e,n;HHCTBeHHOCTH MhI rrp11xo,n;11M K BhlBO,n;y, qTo 

h1 0 lb= id. 

TaKHM o6pa30M, lb' ,n;aeT H30Mop<l>H3M Z c Z' H b' = lb' o b. Ilo3TOMY 

c TOqHOCThIO ,n;o H30MOP<l>H3Ma b H z orrpe,n;eJieHhl O,ll;H03HaqHo. 

Hama 3a,n;aqa COCTOHT B TOM, qT06b1 IIOKa3aTh cyII1eCTBOBaHHe 

TaKoii rraphI (b, Z). Mh1 3,n;ech rrp11Be,n;eM ,n;Ba rrocTpoeHHH, KOTOphre 

Ha rrepBhlii B3rJIH,ll; BhirJIH,n;HT pa3JIHqHhlMH. 0,n;HaKO B CHJIY e,n;HHCT­

BeHHOCTH OHH ,ll;OJI)KHhl ,n;aBaTh O,ll;HHaKOBhIH pe3yJihTaT. 

IlyCTh y 0603HaqaeT rrpocTpaHCTBO Bcex CKaJIHpHhIX 6HJIHHeii­

HhIX <l>YHKIIHH, orrpe,n;eJieHHhIX B rrpocTpaHCTBe V x W. Tor,n;a a E Y 
HBJIHeTCH 6HJIHHeHHhIM OTo6paMeHHeM v x w ~ JR. QqeBH,ll;HO, qTo 

MHOMeCTBO Bcex 6HJIHHeHHhIX <l>YHKIIHH a o6pa3yIOT BeKTOpHoe rrpo­

CTpaHCTBO Y. Bo3hMeM 

Z=Y*. 
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Tor,ll;a BeKTop B rrpocTpaHCTBe Z 5IBJ15IeTC5I mrnell:ttoll: cPYHKI.J;Hell: Ha 

rrpocTpaHCTBe Y. 0To6pa:>KeHHe b : V x W ---+ Z orrpe,n;enHM <l:>opMy­

noll: 

[b(v, w)](a) = a(v, w). 

cho 3HaqHT, qTo b(v, w) 51BmieTC51 TaKOH JIHHeHHOH cPYHKI.J;Hell:, KO­

TOpa51 Ka)K,ll;OH 6HJIHHeHHOH cPYHKI.I;HH a rrpHIIHCbIBaeT 3HaqeHHe 

a(v, w). QqeBH,ll;HO, qTo b(v, w) 3aBHCHT JIHHeHHO OT a H 6HJIHHeHHO 

OT v H w. YTBep)K,ll;aeTcH, qTo b H Z ,n;aroT perneHHe ttarnell: o6rn.ell: 

3a,n;aqH. 

,11,ell:CTBHTeJlbHO, nycTb f : v x w ---+ u - 6HJIHHell:Hoe OT06pa­

:>Kem1e. 3,n;ech U o6o3Ha'IaeT BeKTOpttoe rrpocTpaHCTBO. ,11,n51 Ka:>K,n;oro 

v E U* MbI rronyqaeM 6HJ1Httell:ttyro cPYHKI.J;HIO 

vof EY. 

llTaK, MbI orrpe,n;eJ1HJ1H JIHHell:ttoe oTo6pa:>KeHHe l* : U* ---+ Y: 

l*(v) = v of. 

0Tcro,n;a rronyqaeM ero corrpH:>KeHHoe l** 
orrpe,n;eneHHIO 

z 

l**(b(v, w))(v) = b(v, w)(l*(v)) 

= (l*(v))(v, w) 
= (v o J)(v, w) 
= v(f(v, w)). 

Y* ---+ U**. IIo 

,11,pyrHMH CJIOBaMH, l**(b(v, w)) OKa3bIBaeTC51 TOH JIHHeHHOH cPYHK­

u;Hell: B rrpocTpaHCTBe U*, KOTopa51 Ka:>K,ll;OMY v rrpHIIHCbIBaeT 'IHC­

no v(f(v, w)). A cell:qac BCIIOMHHM, qTo cyrn.ecTByeT KaHOHH'IeCKHil: 

H30MOPcPH3M 7 

U ~U** 
' 

r,n;e Ka)K,ll;bIH 3JleMeHT u E u H)J;eHTHcPHI.J;HpyeTC51 c JIHHeHHOH cPYHK­

u;nell: i ( u) Ha rrpocTpaHCTBe U*, cornacHo <l:>opMyne 

i{u)(v) = v(u), u EU, v EU*. 

7
HarrOMHHM, 'ITO OH H83hIBaeTCH OTo6paJKeHHeM Bhl'IHCJieHHH. B .ZJ;aJihHeii:IIIeM 

,ll;JIH 3Ha'leHHH 3JieMeHTa Q E u· Ha BeKTOpe u E u TaK)Ke liCIIOJib3YeTCH «CHM­

MeTpH'IHoe» o603Ha'leHHe (a, u) = (u, a) = i(u)(a) = a(u). - IlpUM. pea. 
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Tor,n;a MhI MO)l(eM Ha1rn:caTh 

l**(b(v, w)) = i(f(v, w)). 

licrrOJih3YH 3TY H)l;eHTHcPHKau;mo i, MO)l(HO HaIIHCaTh l** = i 0 l, r,n;e 

l HBJIHeTCH OT06pa)l(eHHeM z -t u. lITaK, Mhl HaIIIJIH OT06pa)l(eHHe 

l : z -t u' y,n;OBJieTBOpHIOill;ee ycJIOBHIO 

l 0 b = f. 

Ilpe,n;rroJIO)l(HM, qTo cyiu;ecTByeT ,n;Ba TaKHX oTo6pa)l(eHHH. Tor,n;a ,n;JIH 

HX pa3HOCTH m CJie,n;yeT, qTO 

(mo b)(v, w) = 0 ,n;JIH Bcex v, w EV. 

m*(v)(b(v, w)) = 0 ,ll;JIH Bcex v EU*. 

lITaK, m*(v) E y HBJIHeTCH TaKOH 6HJIHHeHHOH cPYHKu;Heii Ha rrpo­

CTpaHCTBe v x w' KOTOpaH rrpHIIHCh!BaeT 0 BCeM rrapaM ( v' w)' T. e. 

m * ( v) HBJIHeTcH HyJieBoii 6HJIHHeiiHoii cPYHKu;Heii. IIocKOJihKY m * rre­

peBO,ll;HT Bee ::iJieMeHThI rrpocTpaHCTBa U* B HYJih, ::iTo HyJieBoe JIHHeii­

Hoe oTo6pa)l(eHHe. 0Tc10,n;a cJie,n;yeT, "tJ:TO m = 0. TaKHM o6pa3oM, MhI 

,ll;OKa3aJIH e,n;HHCTBeHHOCTh l. 
IIpocTpaHCTBO Z Ha3hrnaeTCH mettaoptt'bt.M npoua6eoettue.M rrpo­

CTpaHCTB V H W H o6o3HaqaeTCH V ® W. KpoMe Toro, MhI 6y,n;eM 

IIOJih30BaThCH o6o3HaqeHHeM 

b(v, w) = v ® w. 

IIpe,n;rroJIO)l(HM, qTo rrpocTpaHCTBa V H W KOHe"tJ:HOMepHhI. IIycTh 

{ ei, ... , em} - 6a3HC rrpOCTpaHCTBa v, a { f 1 ... ' fn} - 6a3HC rrpo­

CTpaHCTBa W. Tor,n;a 6HJIHHeiiHaH cPYHKll;HH /3 Ha rrpocTpaHCTBe 

V ® W rroJIHOCThIO orrpe,n;eJieHa CBOHMH 3Ha"tJ:eHHHMH /3(ei, fj)· Mb1 

/3 = L /3( ei, fj )Eij, 

r,n;e Eij - 6HJIHHeiiHaH cPYHKll;HH, orrpe,n;eJieHHaH <l:>opMyJiaMH: 

Eij(v, w) = ViWj, ecJIH v = v1e1 + · · · + Vmem, 

W = W1f1 + · · · + Wnfn. 
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QqeBH,D;HO, qTo 3JieMeHTbI Eij JIHHeHHO He3aBHCHMbI H rropO)K,ll;aIOT 

rrpOCTpaHCTBO y' HBJIHHCb ero 6a3HCOM. ,lljaJibHbIM 6a3HCOM rrpo­

CTpaHCTBa Z = Y* HBJIHeTCH b(ei, f1) = ei@ f1. Tor,n;a 

eCJIH { ei' ... ' em} HBJIHeTCH 6a3HCOM rrpocTpaHCTBa v' 
a {f1, ... 'fn} HBJIHeTCH 6a3HCOM rrpocTpaHCTBa w, TO 

{ ei @ fj h=l, ... ,m; j=l, ... ,n OKa3bIBaeTCH 6a3HCOM rrpocTpaH­

CTBa V@ W. KpoMe Toro, 

dim(V © W) =(dim V) x (dim W). 

OrrmneM .n;pyroii cuoco6 rrocTpOeHHH upocTpaHCTBa V @ W. Ott 

6oJiee rrpHMOH H a6cTpaKTHbIH, HO HMeeT O,D;HH He,n;ocTaTOK - HC­

IIOJib3YIOTCH 6eCKOHeqHOMepHbie upocTpaHCTBa. ,Il,JIH rrpOH3BOJibHO­

ro MHO)KeCTBa M o6o3HaqHM F(M) BeKTOpHoe rrpocTpaHCTBO Bcex 

JIHHeiiHhIX KOM6Httau;Hii 3JieMeHTOB 3Toro MHO)KeCTBa8 . Tor,n;a F(M) 
6y,n;eT COCTOHTb H3 KOHeqHbIX cyMM BH,n;a 

r,n;e mi - 3JieMeHThI M, a am; - CKaJIHpHbie Ko3¢qmu;HeHThI. TaKHe 

Bbipa)KeHHH CKJia,D;bIBaIOTCH rryTeM upHBe,n;eHHH rro,n;o6HhIX qJieHOB. 

EcJIH M - KOHeqHoe MHO)KeCTBO, TO F(M) 6y,n;eT upocTpaHCTBOM 

6cex cPYHKIJ;HH Ha 3TOM MHO)KeCTBe, IIpHqeM cPYHKIJ;HH f COOTBeT­

CTByeT ¢opMaJibHOH cyMMe 

L f(m)m. 
mEM 

EcJIH )Ke M 6ecKoHeqHo, TO MO)KHO cqHTaTh, qTo F(M) HBJIHeTcH 

rrpocTpaHCTBOM Bcex ¢YHKIJ;Hii Ha MHO)KeCTBe M, KOTOpbie paBHhI 

HYJIIO Be3,n;e, KpOMe KOHeqHoro qHCJia ToqeK. (3,n;ech Mbl OTO)K,ll;eCTB­

JIHeM m E Mc cPYHKIJ;Heii 8m, 06Jia,n;a10iu;eii CBOHCTBaMH: 8m(n) = 0, 
ecJIH n I- m, H 8m(m) = 1. Tor,n;a o6iu;Hii BH,n; 3JieMeHTa F(M) - 3TO 

KOHeqHaH JIHHeiiHaH KoM6Httau;HH 8m. 0To6pa)KeHHe M ----+ F(M), 
rrepeBO,D;HIIJ;ee m ----+ 8m, ,n;aeT B03MO)KHOCTh paccMaTpHBaTb M KaK 

rro,n;rrpocTpaHCTBO F ( M).) 
8
0Ho Ha.3bIBaeTC.H cBo6o,n;HhIM BeKTOpHbIM rrpocTpaHCTBOM Ha)]; ,n;aHHbIM MHO­

:iKeCTBOM. ~ IlpUM. pea. 
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IIpocTpaHCTBO F(M) ynu6epc.a.tt'b'ltO rro OTHomemno K OTo6pa)Ke­

HHHM M Ha BeKTOpHbre rrpocTpaHCTBa: ,n;JIH ,n;aHHoro oTo6pa)KeHHH 

</J : M --t U, r.n;e U - BeKTOpHoe rrpocTpaHCTBO, cyrn;ecTByeT e,n;HH­

CTBeHHOe JIHHeii:Hoe OTo6pa)KeHHe L</>: F(M) --t U TaKoe, 'ITO 

L</> o 8m = </J(m). 

,IJ;eii:cTBHTeJibHO, 3Ta <PopMyJia CBH3hIBaeT L</> c 3JieMeHTaMH 8m 
H, cJie,n;oBaTeJihHO, B CHJIY JIHHeiiHOCTH L</> pacrrpocTpaHHeTcH Ha ace 

3JieMeHThI F(M). 
Terreph aepHeMcH K Hamett 3a,n;a'fe. Bo3bMeM M = V x W. EcJIH 

</J - OTo6pa)KeHHe M'ltO;)ICecmBa V x W --t U, TO cyrn;ecTByeT L<f> : 
F(V x W) --t U, KOTopoe JIHHeii:Ho H y,n;oBJieTBOpHeT ypaBHeHmo 

L</> o 8m = </J(m) ,n;JIH Bcex m E V x W. EcJIH f : V x W --t U 
6HJIHHeHHO, TO LI ,n;oJI)KHO o6parn;aThCH B HJJih Ha Bcex 3JieMeHTax 

8(v1 +v2,w) - 8(v1,w) - 8(v2,w)> 

8(rv,w) - r8(v,w)' 

8(v,w1 +w2) - 8(v,w1) - 8(v,w2)> 

8(v,rw) - r8(v,w). 

M TaK, LI ,n;OJI)KHO o6parn;aThCH B HYJih B rro.n;rrpocTpaHCTBe B, rro­

po)K,Ll;eHHOM 3THMH 3JieMeHTaMH. Tor.n;a MO)KHO orrpe,n;eJIHTh V 0 W 
KaK<PaKTOprrpocTpaHCTBO 

V 0 W = F(V x W)/ B 

H OT06pa)KeHHe b : v x w --t v 0 w <PopMyJIOH 

b(v, w) = [8(v,w)J, 

r.n;e [·] o6o3Ha'faeT KJiacc 3KBHBaJieHTHOCTH mod B. Terrepb ,n;OJI)KHO 

6bITb HCHO, 'ITO 3TO orrpe,n;eJieHHe b H v 0 w y,n;oaJieTBOpHeT c<Pop­

MYJIHpOBaHHhIM CBOHCTaaM YHHBepcaJihHOCTH. 

,Il;aBaHTe IIOJIY'fHM pH,n; CJie,n;CTBHH H3 3TOH YHHBepCaJibHOCTH. 

IlycTh V' H W' o6o3Ha'faIOT ,n;Ba .n;pyrnx BeKTOpHbIX rrpocTpaHcTaa. 

IlycTh A : V --t V' H B : W --t W' - JIHHeiiHhie rrpeo6pa3oaa­

HHH. PaccMoTpHM oTo6pa)KeHHe, rrepeBo,n;Hrn;ee (v, w) B Av 0 Bw. 
0'feBR,Ll;HO, 'ITO OHO 6HJIHHeii:Ho. CJie,n;oaaTeJihHO, cyrn;ecTByeT e,n;HH­

CTBeHHOe ./l,U'/teu1we oTo6pa)KeHHe V 0 W --t V' 0 W', o6o3Ha'faeMoe 

A 0 B, ,n;JIH KOToporo crrpaBe,n;JIHBa <PopMyJia 

(A0B)(v0w) = Av@Bw. 
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Ilpe,n;ITOJIO:lKHM, "ITO A' : V' ---+ V" H B' : W' ---+ W" - ern,e o,n;Ha 

ITapa BeKTOpHbIX ITpocTpaHCTB n JIHHeiiHhIX ITpeo6pa3oBaHHii. Tor.n;a 

OTo6pa:>KeHHe, ITepeBo,n;.Hrn,ee (v, w) B A' Av@ B' Bw, o6o3Ha"IaeTC.H 

A' A 0 B' B : V 0 W ---+ V" 0 W". 

KpoMe Toro, y Hae eCTh oTo6pa:>KeHH.H 

A 0 B : V 0 W ---+ V' 0 W' 

lI 

A' 0 B' : V' 0 W' ---+ V" 0 W". 

(A'@ B') o (A 0 B) : V 0 W---+ V" 0 W". 

Ilo ITOCTpoeHHIO (A'@ B')(Av@ Bw) = AA'v@ BB'w. CJie,n;OBa­

TeJihHO, B CHJIY e,n;HHCTBeHHOCTH Mhl HMeeM 

(A'@ B') o (A 0 B) =A' A@ B' B. 

IlpHBe,n;eM ern,e O.IJ;HO CJie.IJ;CTBHe CBOHCTB TeH30pHoro ITPOH3Be,n;e­

HH.H. Ilpe,n;ITOJIO)KlIM, "ITO B ITpOCTpaHCTBax v H w HMeIOTC.H CKaJI.Hp­

Hbie ITpOH3Be,n;eHH.H (·, ·)v H (·, ·)w. PaccMoTpHM CKaJI.HPHYIO cPYHK­

u;n10 f, oITpe,n;eJieHHYIO Ha ITpocTpaHCTBe (V x W) x (V x W) <Pop­

MyJioii: 

f((v, w), (v', w')) = (v, v')v(w, w')w. 

,ll;JI.H 3a,n;aHHbIX v' lI w' cPYHKIJ;HH f 6HJIHHeiiHa ITO v H w' T. e. OITpe­

,n;eJIHeT JIHHeii:HyIO cPYHKIJ;HIO l(v',w') Ha ITpOCTpaHCTBe V@ W, y.n;o­

BJieTBOpHIOIIJ,yIO ycJioBHIO 

l(v',w')(v @w) = (v, v')v(w, w')w. 

,ll;JIH 3a,n;aHHbIX v H w 3TO Bbipa:>KeHHe 6HJIHHeHHO ITO v' H w'. Ilo­

CKOJlhKY Ka:>K.IJ;hIH 3JieMeHT a E v @ w HBJIHeTCH KOHe"IHOH cyMMOH 

3JieMeHTOB BH.IJ;a v @ w' 3aKJIIO"!aeM, "ITO 



944 rJiaBa 18. 3Be3,LJ;HbIM onepaTOp 

6HmrneifHa no v' H w' .n;m1 mo6oro 3a,n;aHHoro a B ITpocTpaHCTBe 

V@ W. ilTaK, cy:rn;eCTByeT JIHHeifHa.H cpyHKIJ;H.H [Ci B ITpOCTpaHCTBe 

V @ W, ,ll;Jl.H KOTOpOH 

Tor.n;a za(f3) JIHHeifHa ITO a H ITO {3. J1erKO ITpOBepHTh, qTo 

OITpe,n;eJI.HeT CKaJI.HpHoe ITpOH3Be,n;eHHe B ITpOCTpaHCTBe v 0 w. Ilo.n;­

Be,n;eM HTOrH. 

Cy:rn;ecTByeT H o,n;H03HaqHo oITpe.n;eneHo CKaJI.HpHoe ITpo­

H3Be,n;eHHe (.' . ) v © w B ITpOCTpaHCTBe v 0 w' KOTOpoe 06-

na.n;aeT CBOHCTBOM 

(v 0 w, v' 0 w')v0w = (v, v')v(w, w')w. 

TeH30pHbie rrpo.u3ee,n;eH1u1 .u rrpocTpaHcTBa JI.UHeiiHhIX oTo6-

pa>KeH.uii. 3.n;ech MhI ITPHBe,n;eM e:rn;e o,n;Ho ITOJie3Hoe oITpe.n;eneHHe, 

CB.H3aHHOe c TeH30pHhIMH ITpOH3Be,n;eHH.HMH. IlycTh eCTh ,n;Ba BeK­

TOpHhIX ITpocTpaHCTBa V H W. OITpe,n;eJIHM BeKTOpHoe ITpocTpaH­

CTBO Hom(W, V) KaK ITpocTpaHCTBO Bcex JIHHeifHhIX ITpeo6pa30Ba­

HHH H3 w B v. 9To BeKTOpHoe ITpOCTpaHCTBO HMeeT pa3MepHOCTh 

(dim W)(dim V). ,ll;JI.H Ka)K.n;oro v E V H µ E W* paccMoTpHM JIH­

HeifHoe ITpeo6pa3oBaHHe T/: : W --+ V paHra 1, oITpe.n;eneHHOe cpop­

Mynoif 

T/:(w) = (µ, w)v. 

3.n;ech (µ, w) - 3TO 3Ha'IeHHe JIHHeifHoif cpyHKIJ;HH µ E W* Ha BeK­

Tope w E W. QqeBH,n;Ho, qTo oTo6pa)KeHHe Tt' JIHHeifHo 3aBHCHT 

OT v ,ll;Jl.H cpHKCHpOBaHHOro µ H JIHHeHHO 3aBHCHT OT µ ,ll;JI.H cpHKCH­

poBaHHOro v. TaKHM o6pa3oM, MhI HMeeM e,n;HHCTBeHHoe JIHHeifHoe 

OT06pa)KeHHe 

i : V 0 W* --+ Hom(W, V), 

oITpe.n;eneHHOe cpopMynoif 

i(v 0 µ)w = (µ, w)v. 
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JlerKo rrpoBepHTh, 'ITO oTo6pa)KeHMe i MH'heKTMBHOe. Otto oTo6pa­

)KaeT V Q9 W* tta rro,II;rrpocTpattcTBO Hom(W, V), cocTOHIIl,ee M3 JIM­

HeHHhIX rrpeo6pa30BaHMH KOHe'IHOro pattra. EcJIM XOTH 6hI O)J,HO M3 

rrpocTpaHCTB w HJIH v KOHe'IOMeptto, TO 3TO rro.n;rrpocTpaHCTBO COB­

rra.n;aeT c Hom(W, V). EcJIM )Ke o6a rrpocTpattCTBa V M W 6ecK0He'I­

HOMeptth1, TO OHO - co6CTBeHHOe rro.n;rrpocTpaHCTBO. 

TeH30pHbie rrpoH3Be,a;eHHSI 6onee BhICOKoro rropsi,a;Ka. Cy­
rn.ecTBYIOT HeCKOJihKO o6o6rn.eHMH M MO)J,McPMKaU,MH ITOHHTMH TeH-

30pHoro rrpOH3Be.n;eHMH, Ha KOTOpbIX Mbl 3,D;eCb KpaTKO OCTaHOBMM­

CH. Ilpe.n;rroJIO)KMM, 'ITO BMeCTO )J,BYX BeKTOpHbIX rrpocTpaHCTB v H 

w Mbl MMeeM k BeKTOpHblX rrpOCTpaHCTB Vi, ... ' vk. Tor.n;a MO)K­

HO orrpe,n;eJIMTb k-JIMHeHHOe ( MJIM IlOJIMJIMHeiittoe) OT06pa)KeHMe f : 
Vi x .•• x vk -t u' KOTOpoe )J,OJI)KHO 6bITb JIMHeHHbIM no Ka)K,n;Oii M3 

rrepeMeHHhIX, Kor.n;a Bee ocTaJihHhie cPMKCHpoBaHhI. B 3TOM cJiy'Iae 

cyrn.eCTByeT YHMBepcaJihHOe rrpOCTpaHCTBO Vi Q9 • •• Q9 vk H ITOJIMJIHHe:H­

HOe OT06pa)KeHMe m : Vi X · · · X Vk -t Vi Q9 • • • Q9 Vk, KOTOpoe 06Jia,n;aeT 

TeMM )Ke CBOHCTBaMM, 'ITO MB CJiy'Iae ,Ll;BYX COMHO)KMTeJie:H. lfa CBOH­

CTBa YHMBepCaJibHOCTH CJie.n;yeT, 'ITO cyrn.ecTByeT H30MOPcPM3M 

c 

IlOCKOJibKY OHM o6a y.n;oBJieTBOpHIOT CBOiiCTBY YHMBepCaJihHOCTM ,Ll;JIH 

(k + l)-JIHHeHHblX OT06pa)KeHMH. 

KaK M B cJiy'Iae k = 2, ecJIM ttaM .n;atthl JIMHeHHhie oTo6pa)KeHMH 

Ai : Vi --+ Wi, A2 : Vi --+ W2 M TaK .n;anee, TO MhI rroJiy'IaeM JIMtte:Httoe 

oTo6pa)KeHJfe 

TaK)Ke rroJiy'IaeTcH o6o6rn.ettMe rrpaBMJia BhI'IMCJieHMH KOMIT03MU,MM. 

KpoMe Toro, rrpM M,n;ettTMcPMKall,lm (Vi Q9 • • • Q9 Vk) Q9 (Vk+i Q9 • • • Q9 Vk+t) 
c Vi Q9 • • • Q9 Vk+l MhI rroJiy'IaeM M)J,ettTMcPMKau,Mro (Ai Q9 • · · Q9 Ak) Q9 

(Ak+l Q9 • • · Q9 Ak+t) c Ai Q9 • • • Q9 Ak+t· 
Ilpe.n;rroJIO)KMM, 'ITO Vi = V2 = ... = vk - O,Ll;HO M TO )Ke BeKTOp­

HOe rrpocTpattCTBO. Mb1 roBopHM, 'ITO rroJIMJIMHeiittoe oTo6pa)KeHMe f 
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rrpOCTpaHCTBa v x ... x v (k pa3) B (.n;pyroe) BeKTOpHOe rrpocTpaH­

CTBO w KOCOCMMMeTpM"IHO, eCJIM 

,Ll;Jl.H BCex i = 1, 2, ... 'k. ,ll;pyrMMM CJIOBaMM, rrepecTaHOBKa ,Ll;BYX 

mo6hIX coce,n;HMX MH,Ll;eKCOB M3MeH.HeT 3HaK f. 0Tcro.n;a CJie.n;yeT, "ITO 

,Ll;JI.H mo6oit rrepecTaHOBKM 1f MH,Ll;eKCOB (1, ... 'k) MO)l(HO HaITMCaTb 

Terreph MO)KHO MCKaTb yttMBepcanhHOe rrpocTpaHCTBO M KOCOCMMMeT­

pM"IHOe ITOJIMJIMHeiiHoe OT06pa)KeHMe, T. e. Mbl mn;eM BeKTOpHOe rrpo­

CTpaHCTBO A k (V) M TaKoe KOCOCMMMeTpM"IHOe rroJIMJIMHeiittoe oTo6-

pa)KeHMe mk : V x • · · x V (k pa3) ~ Ak(V), "IT06h1 .n;na nro6oro Koco­

CMMMeTpM"IHOro ITOJIMJIMHeiiHoro OT06pa)KeHM.H f : v x ••• x v ~ u 
cyII1eCTBOBaJIO e,n;MHCTBeHHOe JIMHeitttoe oTo6pa)l(eHMe l f : A k (V) ~ 
u' ,Ll;JI.H KOTOporo l 0 mk = f. lfao6pa3MM 3TO Ha ,Ll;MarpaMMe: 

TaKMM o6pa30M, .n;na ,n;aHHoro OTo6pa)KeHM.H f ,n;OJI)KHO cyII1eCTBO­

BaTh e,n;MHCTBeHHOe OT06pa)KeHMe l f. 
0Tcro.n;a HeMe,n;neHHO cne.n;yeT, "ITO ecJIM mk M A k (V) cyII1eCTBJIOT, 

TO OHM e,n;MHCTBeHHhI c TO"IHOCThIO .n;o M30MOPcPM3Ma. KpoMe Toro, 

JII06oe M3 rrpMBe,n;eHHblX HaMM ,Ll;OKa3aTeJibCTB cyII1eCTBOBaHM.H TeH-

30pHhlX rrpOM3Be,n;eHMH rrpMBO,Ll;MT, c He6oJihIDMMM M3MeHeHM.HMM, K 

,n;oKa3aTeJihCTBY cyII1eCTBOBaHM.H Ak(V) M mk. B "IacTHOCTH, nepBoe 

,Ll;OKa3aTeJihCTBO ITOKa3hIBaeT CJie.n;yroII1ee. 

IlycTh V* - .n;yanhHOe rrpocTpaHCTBO KV. Tor.n;a Ak(V*) 
MO)KHO H,Ll;eHTHcPHIJ;HpOBaTh c rrpOCTpaHCTBOM Bcex k-JIH­

HeHHhlX KOCOCMMMeTpH"IHblX cPYHKIJ;HH Ha rrpocTpaHCTBe 

v x ... xv. 
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BHemHSISI aJire6pa. PaccMoTpHM OTo6paMeHHe mk+l rrpocTpaH­

CTBa V x · • • x V (k + l pa3) B rrpocTpaHCTBO Ak+1(V). 0Ho rro­

JIHJIHHeiiHo H KOCOCHMMeTpWIHO no rrepBbIM k rrepeMeHHbIM, c O.IJ;HOH 

CTopoHbI, H no ocTaJibHbIM l rrepeMeHHbIM - c .n;pyroii. CJie,n;oBaTeJib­

Ho, OHO orrpe.n;eJI5I€T OT06paMeHHe 

H3B€CTHOe KaK BH€IIIHee YMHO)K€HHe H o6o3Ha'!aeMoe CHMBOJIOM /\. 

C rroMOIIJ;bIO CBOHCTBa yHHBepcaJibHOCTH nerKo rrpoBepHTb, 'ITO A 

aCCOIJ;HaTHBHO, T. e. 

(w Au) AT= w A (u Ar), 

r.n;e o6e qacTH oT06paMaIOT rrpocTpaHCTBO Ak(V) 0 A1(V) 0 AP(V) 
Ha rrpocTpaHCTBO Ak+l+p(V), w E Ak(V), u E A1(V) H T E AP(V). 
KpoMe Toro, BbI'IHCJI5I5I 3Ha'!eHH5I Ha 6a3HCHbIX 3JieMeHTax, MOMHO 

rrpoBepHTb, 'ITO 

HaKoHeI!, rrpe.n;rroJIOMHM, 'ITO V HMeeT CKaJIHpHoe rrpoH3Be,n;eHHe. 

Tor.n;a <PYHKI!H5I B rrpocTpaHCTBe (V x · • • x V) x (V x • · · x V) (KaM.IJ;bIH 

MHOMHT€Jlb BXO.IJ;HT k pa3)' 3a,n;aHHa5I <Pop My JI OH 

ITOJIHJIHH€HHa H KOCOCHMMeTpH'IHa ITO V1' ... 'Vk H ITOJIHJIHHeiiHa H 

KOCOCHMMeTpH'IHa ITO w1, ... 'Wk· Tor.n;a, KaK Mbl yMe o6cyM.IJ;aJIH 

.IJ;JI5I HH.IJ;YI!HPOBaHHOro CKaJI5IpHoro rrpOH3B€.IJ;€HHH B rrpOCTpaHCTBe 

v 0 w' H3 YHHBepCaJibHOCTH CJie.n;yeT, 'ITO f HH.IJ;YI!HpyeT CKaJI5IpHOe 

rrpoH3Be,n;eHne B rrpocTpaHCTBe Ak(V). ,I:WyrHMH CJIOBaMH, MbI rrony­

qaeM e,n;HHCTB€HHOe CKaJI5IpHOe rrpOH3B€.IJ;€HHe (.' . h k (V)' .IJ;J15I KOTO­

poro crrpaB€.IJ;JIHBO paBeHCTBO 

Terrepb n.n;ero «yHHBepcaJibHoro o6beKTa» MOMHO ncrroJib30BaTb 

.IJ;JI5I ITOCTp0€HH5I a.nre6p, KOTOpbie Mbl H3Y'IaJIH B 3TOH rJiaBe, T. e . 

.IJ;JIH BHeIIIHeii anre6pb1 H .IJ;JI5I anre6pb1 KJin<P<Pop.n;a. 
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IIp1rne.n,eM HeKOTOph1e .n,eTa.rrH. BeKTopttoe rrpocTpattcTBO A Ha-

3hIBaeTCR aA2e6pou, ecJIH 3a,z:i;atto oTo6pa)Kettne m 

m:A®A~A, 

Ha3hrnaeMoe yMHO)KettHeM. 06pa3 m( a Q9 b) 6y.n,eM o6o3Ha'IaTh a · b 
HJIH rrpocTo ab. AJire6pa Ha3hrnaeTcH accou,uamumwu, ecJIH 

a(bc) = (ab)c 

,1],JIR Bcex a, b H c. fOBOPRT, 'ITO OHa RBJIReTCR a.rrre6poii c e.n,HHHIJ;eii, 

eCJIH cyrn;ecTByeT 9JieMeHT, o6o3Ha'!aeMhIH lA (HJIH rrpOCTO 1, eCJIH 

HeT pMCKa rryTaHHIJ;hl)' ,1],JIR KOToporo BhlIIOJIHReTCR paBeHCTBO 

.n,JIH Bcex aJieMeHTOB A. EcJIH aTo crreu;na.rrhHO He oroBapnBaeTcH, TO 

Bee a.rrre6ph1 accou;naTHBHbl H HMeIOT e.n,nm1u;y. 

TeH3opHCUI aJire6pa. IIycTh V o6o3Ha'IaeT BeKTopttoe rrpocTpatt­

CTBO. PaccMOTpHM cJie.n,yroiu;yro yttHBepca.rrhttyro 3a,z:i;aqy: Ha.n,o ttaii­

TH TaKyIO a.rrre6py u H JIHHeiiHoe OTo6pa)KeHHe i : v ~ u' 'IT06bI 

,D,JIR rrpOH3BOJihHOH a.rrre6phI A u JII06oro JIHHeiittoro OTo6pa)KeHHR 

f : V ~ A, cyrn;ecTBOBa.rr e.n,HHCTBeHHhIH 20Mo.Mop<fiu3.M 1> : U ~ A, 
,D,JIR KOTOporo crrpaBe,D,JIHBO paBeHCTBO 

H 

</>(lu) = lA 

</>(iv) = f(v) ,D,JIR Bcex v E V 

v~u 

~1¢ 
A 

(3.n,ecb CJIOBO rOMOMop<l>H3M 03Ha'IaeT, 'ITO 1> - mrneiittoe OTo6pa­

)KeHHe, y.n,oBJieTBOpH10rn;ee ycJIOBHIO </>(ab) = </>(a)</>( b).) EcJIH U u i 
cyrn;ecTBYIOT, TO rrapa (U, i) e.n,uHCTBeHHa c TO'IHOCThIO .n,o B3aHMH0-

0,1],H03Ha'IHOro roMOMop<l>H3Ma B CHJIY Tex :m:e apryMeHTOB, KOTOphie 
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rrpHMeHHJIHCh ,D;JIH Bcex ymrnepcaJihHhIX rrocTpoeHHH. ( Om1 ,n;e:HcTBH­

TeJihHO HBJIHIOTCH apryMeHTaMH, rrpHHa,n;Jie)Karn;HMH TeOpHH KaTero­

pHH.) KaK Bcer,n;a, Harna 3a,z:i;a-qa - rrocTpOHTh o,z:i;tty TaKyro anre6py. 

PaccMoTpHM ( 6ecKoHe"'!HYIO) rrpHMYIO cyMMY 

T(V) = JR EB V EB (V 0 V) EB (V 0 V 0 V) EB · · · . 

IlpeBpaTHM ee B anre6py, orrpe,n;enHB oTo6pa)KeHHe 

pp~ qp~ p+qp~ 

~~~ 
m = mpq : (V 0 · · · 0 V) 0 (V 0 · · · 0 V) - V 0 · · · 0 V, 

KOTopoe ,I.J,OJI)KHO 6bITh e,n;HHCTBeHHhIM H y.n,oBJieTBOpHTh cpopMyne 

(r,n;e rrpOCTO y6paHhl CK06KH). IloJIHJIHH€HHOCTb rapaHTHpyeT, "'ITO 

3TO OTo6pa)K€HHe KoppeKTHO orrpe,n;eneHO. Ilo3TOMY Mbl 3HaeM, KaK 

yMHO)KaTh ap Ha bq, r,n;e 

pp~ 

def~ 
ap E Tp(V) = V 0 · · · 0 V 

(,Il,JIH r E JR Mhl IIOJiaraeM r . a = ra.) IlocKOJihKY KaM,ll;bIH 3JI€M€HT 

()() 

T(V) = ffiTr(V) 
r=O 

.HBJI.HeTC.H KOH€"9:HOH cyMMOH a = ao + ai + ... + ar, r,n;e 3JieMeHT 

ap E Tp(V), TO ,ll;HCTpH6yTHBHhiit 3aKoH (6HJIHHeitHOCTh) orrpe,n;enHeT 

yMHO)KeHHe B T(V). Bo3hMeM U = T(V) H rrycTh i : V __,, T(V) 
- OTo6pa)KeHHe, KOTopoe H,ll;€HTHcpHIJ;HpyeT v KaK KYCOK rrp.HMOH 

cyMMhI T(V) ,n;n.a r = 1, o6o3Ha"CJ:aeMhIH T1 (V). 
Bo3bMeM JIHHeitttoe oTo6pa)KeHHe f : V - A. Tor,n;a 
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(yMHO)Kettne BA) 6mrntteiitto no v1 H v2. CJie,n;oaaTeJibHO, OHO orrpe­

,n;emi:eT OTo6p~eHHe 

</J2 : V 0 V --t A. 

Attanorwrno 

<Pr : Tr(V) --t A 

o,n;tto3Ha'IHO orrpe,n;emi:eTc.H cpopMyJioii 

</Jr(V1 0 · · · 0 Vr) = /(v1) · · · /(vr)· 

HaKotten;, rroJIO)KHM 

</>(ao +···+a,.)= </>o(ao) + · · · + <f>,.(ar), 

r,n;e <Po(ao) = ao · lA. JierKo rrpoBepHTh, 'ITO <P .HBJI.HeTc.H roMoMop­

cpH3MOM, rrpH'IeM e,n;HHCTBeHHbIM, H y,n;oBJieTBOp.9'.IOJn;HM ycJIOBHIO 

</J(iv) = J(v) ,ll;JI.H Bcex v EV. 

TaKHM o6pa3oM, (T(V), i) HBJIHeTCH «yHHBepcaJibHOH» anre6poii tta,n; 

rrpocTpaHCTBOM v. 
IlycTh A .HBJI.HeTc.H anre6poii. Tor,n;a rro,n;rrpocTpaHCTBO I C A 

Ha3bIBaeTC.H (,n;sycTOpOHHHM) udea.tto.M, eCJIH 

a EA, b EI 03HaqaeT, qTo ab EI H ba E J. 

Terreph MhI MO)KeM orrpe,n;eJIHTh YMHO)Kettne B cpaKToprrpocTpattcTBe 

B=A/I 

cpopMyJioii 

[a/ J] · [a'/ I] = [aa' /I], 

r,n;e MhI KJiacc ::>KBHBaJieHTHOCTH a mod I o6o3HaqaeM [a/ J]. 0Ka3hI­

saeTc.H, 'ITO 3TO YMHO)KeHHe KOppeKTHO orrpe,n;eJieHo, T. e. OHO He 3a­

BHCHT OT qacTHoro Bb16opa a HJm a' mod I. 

AJire6pa KJIH<f><f>op,n;a. Terreph Mhl MO)KeM socrrOJih30BaThC.H 3TMM 

orrpe,n;eJieHHeM cpaKTOpanre6pbl, 'IT06bI peIIIHTb ,a;pyrne BOIIpoCbl o6 



IlpHJIO)KCHJre: TCH30pHhle rrpOH3BC,ll,CHH.H 951 

ymrnepcaJihHhIX o6'beKTax. HarrpHMep, ,n;aBaiiTe paccMoTpHM arrre6-

pb1 KJimp¢op.n;a. IIycTh V o6o3HaqaeT BeKTOpHoe rrpocTpaHCTBo, r.n;e 

HMeeTC5I KBa,n;paTHqHa5l ¢opMa Q H CB5I3aHHOe c Heil CKaJI5IpHoe npo­

H3Be,n;eHHe (·, ·). IIycTh A o6o3HaqaeT cooTBeTCTBYIOIIzyIO arrre6py 

c e,n;HHHU.eli lA· 0To6pa2KeHHe KnH¢¢op.n;a - 3To TaKoe JIHHeliHoe 

OTo6pa2KeHHe 

f: V--+ A, 

,IJ;JI5I KOToporo 

f(v) 2 = Q(v)lA ,IJ;JI5I Bcex v E V. 

::ho ypaBHem1e M02KHO nepenncaTh B ¢opMe 

f (u)f(v) + f(v)f (u) = 2(u, v)lA. 

A.11,2e6pou K.11,u<fxfiopda Ha,n; npocTpaHCTBOM V Ha3hrnaeTc5I arrre6-

pa C(V, Q) BMecTe c OTo6pa2KeHHeM KJiu¢¢op.n;a j : V --+ C(V, Q), 
KOTOpa5I 5IBJI5leTC51 ymrnepCaJihHOH B 06h1qHoM CMhlCJie: )l;Jl51 JII06o­

ro 3a,n;aHHoro oTo6pa2KeHH51 KnH¢¢op)l.a f : V --+ A cy111.ecTBYeT 

e)l.HHCTBeHHhiii 20MO.Mop¢u3M </J : C(V, Q) --+ A, y,ll,OBJieTBOp5IIOIII.Hii 

ycJIOBHIO f = </J O j. 

KaK 06h1qHo, ecJIH aJire6pa C(V, Q) cy111.ecTByeT, To oHa ,n;oJI2KHa 

6b1Th e)l.HHCTBeHHoii c ToqHOCThIO ,ll,O H30MOPcPH3Ma. Harna 3a,z:i;aqa 

nocTpOHTh TaKyro aJire6py. IIocTpoeHHe )l.HKTyeTC51 cBo:iicTBaMH TeH-

30pHo:ii arrre6pbI. EcnH cy111.ecTByeT TaKoe OT06pa2Kem1e j npocTpaH­

CTBa V B aJire6py C(V, Q), TO MhI ,n;oJI2KHhI nMeTh e,z:t;HHCTBeHHhI:ii 

roMOMop¢n3M </J : T(V) --+ C(V, Q), ,z:t;JI51 KOToporo 

j = <P 0 i. 

V~T(V) 

~1~ 
C(V,Q) 
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Ilo-npe)1rneMy npe,n;noJiaraB, qTo C(V, Q) H j cyrn;ecTBYIOT, o603Ha­

q1fM qepe3 JC T(V) MHO:>KecTBo Bcex b B T(V), ,IJ;JI51 KOTOpbIX 

'lf;(b) = 0. 

Tor,n;a J 51BJI51eTC51 H,IJ;eaJioM, H MhI ,n;oJI:>KHhI noJiyqHTh H30Mop<i:>H3M 

aJire6p 

if; : T(V)/ J---+ C(V, Q), 

HH,IJ;yll;HpOBaHHbIH 'lj;: 

i{;[a/ J] = 'lf;(a) (tte3aBMCMMO OT BhI6opa a B [a/ J]). 

Tor,n;a 3JieMeHThI 

v 0 v - Q(v)lr(V) 

o6513aHbI Jie:>KaTb B J B CHJIY onpe,n;eJieHH51 oTo6pa:>KeHHii KJIH<i:><i:>op­

,n;a. CJie,n;oBaTeJihHO, J ,n;oJI:>KHO co,n;ep:>KaTb Bee cyMMhI npaBbIX H Jie­

BhIX KpaTHblX 3THX 3JieMeHTOB. Ilo3TOMY ,n;aBaii:Te HaqHeM CHaqaJia. 

lITaK, rrycTh I 51BJI51eTC51 H,n;eaJioM B T(V), nopo:>1Caetttt'bw 3JieMeH­

TaMH v@ v - Q(v)lr(V)> T. e. I COCTOHT H3 BCex (KOHeqHbIX) cyMM 

Bblpa:>KeHMH BM,IJ;a 

a· (v 0 v - Q(v)lr(v))b, 

r,n;e an b npntta,n;Jie:>KaT T(V), av - npocTpaHCTBY V. B 3TOM cJiyqae 

I 51BJI51eTC51 H,n;eaJIOM. Onpe,n;eJinM 

C(V,Q) = T(V)/I 

H 

j: V---+ C(V,Q), j(v) = [i(v)/J] = [v/J]. 

Ilo nocTpoettn10 j 51BJI51eTC51 oTo6pa:>KeHHeM KJIH<i:><i:>op,n;a. qHTaTeJIIO 

peKoMeH,n;yeTC51 npoBepHTh, qTo Bee CBOii:CTBa yHHBepcaJibHOCTM BhI­

noJIH51IOTC51. B qacTHOM cJiyqae, Kor,n;a Q = 0, ycJIOBHe KJIH<i:><i:>op,n;a 

npHHHMaeT BH,Il; 

f(u)f(v) = - f (v)f (u). 

Tor,n;a qHTaTeJIIO peKOMett,n;yeTc51 npoBepnTh, qTo aJire6pa KJimp­

<i:>op,n;a OKa3bIBaeTc51 BHenrneii: aJire6poii: A(V). Ilo,n;po6Hbiii: aHaJIH3 

CTPYKTYPhI aJire6pbI KJin<i:><i:>op,n;a npHBO,n;MTC51 B 3TOii: maBe nocJie 

3a,n;aq. 
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Pe3IOMe 

A. CKaJI.HpHbie rrpo:u3Be,n;eH:u.H :u 3Be3,ll;HbIH orrepaTop 
,II;mr ,n;aHHoro opTOHOpMnpoBaHHoro 6a3nca B rrpocTpaHCTBe A1(V*) 
Ha,n;o yMeTb BbP'IHCJI.HTb CKaJI.HpHble rrpOH3Be,n;eHH.H B rrpocTpaHCTBe 

Ak(V*). 
,Il;JI.H ,n;aHHOro BeKTOpHoro rrpocTpaHCTBa co CKaJI.HpHblM rrpOH3-

Be,n;eHHeM (He o6.H3aTeJibHO IIOJIO)KHTeJibHO orrpe,n;eJieHHblM) H opneH­

Tal1HeH c rroMOIIIbIO orrpe,n;eJieHH.H 3Be3,n;Horo orrepaTopa Ha,Il;O yMeTb 

BblqHCJI.HTb *A ,Il;Jl.H rrpOH3BOJibHOH 6a3HCHOH k-<l>opMbl >.. 
Bbl ,n;OJI)KHbl yMeTb orrpe,n;eJI.HTb orrepaTop J1arrJiaca H Bblpa)KaTb 

ero qepe3 qacTHble rrpon3BO,Il;Hble B ,n;eKapTOBblX Koop,n;nHaTax. 

B. BeKTOpHbIH aHaJI:U3 
Bbl ,n;oJI)KHbl yMeTb orrpe,n;eJI.HTb div, grad H rot qepe3 d n * n ncrroJib-

30BaTb 3TH orrpe,n;eJieHH.H ,Il;Jl.H ,Il;OKa3aTeJibCTBa TO)K,Il;eCTB BeKTOpHoro 

aHaJIH3a n ,Il;JI.H 3arrncn ,n;n<P<l>epeHI1HaJibHblX orrepaTopoB B opToro­

HaJibHblX CHCTeMax KOOp,Il;HHaT. 

18.1. B ,LJ,ByMepHoM rrpocTpaHCTBe-BpeMeHH nMeIOTCH a¢¢ttHHb1e KOOp,LJ,H­

HaThI t, x H CKaJIHpHOe rrpOH3Be,LJ,eHHe (et,et) = +1, (ex,ex) = -1, 
(et, ex)= 0. Ba3HCHaH 2-¢opMa HMeeT BH,ll, dt /\ dx. 

(a) l1crroJih3YH orrpe,LI,eJieHHe 3Be3,n;Horo orrepaTopa 

>.. /\ w = ( * >.., w )a, 

BblqHCJIHTe *1, *dt, *dX H *(dt /\ dx). 

(b) B 3TOM rrpocTpaHCTBe BBO,LJ,HTCH ,LJ,pyraH rrapa a¢¢ttHHhIX KO­

op,LI,HHaTHhIX cPYHKllHH 

u = t - x, v = t + x. 

BhPIHCJIHTe du, dv, *du, * dv. 

( c) IlyCTb f - ,LJ,Ba)K,LJ,bl ,LJ,HcPcPepeHllHPYeMaH cPYHKllHH B ,LJ,ByMep­

HOM rrpocTpaHCTBe-BpeMeHH. BhlqHcJIHTe ee JiarrJiacnaH 

qepe3 qacTHbie rrpOH3BO,LJ,Hbie f ITO t H x. 
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(d) Bb1qncmITe Of qepe3 qacTHhie ITpOH3BO,Il,Hhie f ITO u n v. 

18.2. Ha ITJIOCKOCTH BBO,ll,}ITCH ITOJIHpHbie KOOp,D,HHaTbI. BeKTOpa er H eo 
o6pa3yIOT opTOHOpMHpOBaHHhiii 6a3HC BO Bcex TOqKax ITJIOCKOCTH, 
KpOMe HaqaJia Koop,IJ,HHaT, r.n;e yron (}He orrpe,D,eJieH. IlycTh 1-cpopMbI 
dr H r d(} ,D,yaJibHbI 3THM 6a3HCHbIM BeKTOpaM. 

(a) McITOJib3JH oITpe,D,eneHHe 3Be3,D,Horo oITepaTopa 

BbiqHCJIHTe *dr H *d(}. 

(b) IlycTb f - ,D,Ba)K,Il,bI ,D,Hcpcpepeuu;npyeMaH cpyHKIJ;HH Ha ITJIOCKO­
CTH. BbiqncnnTe ee naITnacnaH 

qepe3 qaCTHble ITpOH3BO,Il,Hbie f ITO r H (}. 

18.3. IlepennmHTe CJie,D,yIOIIIHe TO)K,IJ,eCTBa B o6o3Hal:JeHHHX BeKTOpHoro 
aHaJIH3a (f 0603uaqaeT cpyHKu;mo, A -1-cpopMy, uo OTBeThI ,D,OJI)KHhr 
co,D,ep)KaTh BeKTOp A). 

(a) d(df) = 0. 

(b) d(dA) = 0. (B rrpocTpaHCTBe JR3 orrepaTOp ** HBJIHeTCH TO)K-
,D,eCTBeHHhIM.) 

(c) d(f A)= df I\ A+ fdA. (IlpHMeHHTe * K o6enM qacTHM.) 

(d) d(Af\ B) = dAl\B-Af\dB. (IlocMOTpHTe Ha (*d* )*(Af\B).) 

(e) d(f*A) = df I\ *A+ f d*A. (IlpHMeHIITe * K o6eHM qaCTHM.) 

18.4. IlyCTh J(t,x, y, z) -,D,Ba)K,Il,hl ,D,HcpcpepeHu;npyeMaH cpyHKD;HH B 'IeTbI­
pexMepHOM rrpocTpaHCTBe-BpeMem1. Bhil:JHCJIHTe narrnacnaH Of qe­

pe3 l:JaCTHbie rrpOH3BO,D,Hbie f. 
18.5. BeKTopHoe none 3a,D,aHO B ccpepnqecKHX Koop,D,HHaTax ii = Brer + 

Boeo + Bcpe4,. BhI'IHCJIHH *d*B, r,D,e B - cooTBeTCTByIOru;aH 1-

cpopMa, IIOJIJ'IHTe Bbipa)KeHHe ,D,JIH div ii. 
18.6. (a) IlycTh A = Axex + Ayey + Azez. Bbil:JHCJIHH (dd* + d*d)A, 

r,D,e A - cooTBeTCTBYIOIIIaH 1-cpopMa, rroJiy'InTe cpopMyny ,D,JIH 

6e,,,,mopttoeo JtanJtacuatta OT A qepe3 qacTHhie npon3BO,IJ,Hhie 

Ax, Ay, Az. 

(b) Ilpo,IJ,enaiiTe TO )Ke caMoe B IJ;HJIHH,IJ,pHl:JCCKHX KOOp,IJ,HHaTax, 

KOr,IJ,a A = Arer + Acpecp + Azez. By,D,bTe BHHMaTeJibHbI: KO­
acpcpuu;HeHT rrpu d() 6y,n;eT r Ao! 
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18. 7. IloJiy<rnTe Bhlpa)KeHiw ,11,mr rot A B ccpepHqecKHX Koop,11,HHaTax, T. e. 

HaqHHTe c 

A= Arer + Aoeo + Aq,eq,, 

r,11,e COOTBeTCTByIOIII,ruI 1-cpopMa HMeeT BH,11, 

A = Ar dr + Aor d() +A.pr sin() d<f>. 

BbiqHcJIHTe * dA H rrpe,11,cTaBhTe pe3yJihTaT B BH,11,e BeKTopa. 

II;eJih nocJie,n;yJOrn;ero o6cy)K,n;emrn: - on11caTh Bee ( KoHeqHoMep­

Hhre) aJire6phI Kmi:cpcpop,n;a Ha,n; Bern;ecTBeHHhIMH q11cJiaMH. BcrroM­

HHM, qTo aJire6pa KJIHcpcpop,n;a C(V, W) rroJIHOCThJO onpe,n;eJieHa BeK­

TOpHbIM npocTpaHCTBOM v H KBa,n;paTHqHoii cpopMOH Q. 0TCIO,D;a H 

H3 csoiicTBa yHMBepcanhHOCTH aJire6pbI KJimpcpop,n;a cJie,n;yeT Bhrno,n;. 

IlycTb HMeeTcz JIHHeiiHoe OTo6pa)KeHHe f : V ~ V', KOTopoe 

«COxpami:eT ,n;JIHHy», T. e. y,n;OBJieTBOp5IeT ycJIOBHIO 

Q'(J(v)) = Q(v) ,D;JIH Bcex v EV. 

Tor,n;a f HH,n;y11,11pyeT e,n;HHCTBeHHhiii roMoMopcpH3M </>1 : C(V, Q) ~ 
C(V', Q'), ,n;Jiz KOToporo 

</>1(v) = f(v) )l;JIH v E V, 

ecJIH MhI cqHTaeM, qTo V HBJIZeTcH no,n;npocTpaHCTBOM C(V, Q). B 
qacTHOCTH, ecJIH f - H30MeTpHH, TO eCTb f TaK)Ke HBJIHeTCH JIH­

HeHHbIM H30MopcpH3MOM V c V', TO </> f 5IBJIHeTCH H30MopcpH3MOM 

C(V, Q) c C(V', Q). TaKHM o6pa30M, 'K:Aaccu<f>u·mu,uR anre6p KJIHcp­

cpop,n;a COBna,n;aeT c KJiaCCHcpHKa11,HeH BeKTOpHbIX npocTpaHCTB, CHa6-

)KeHHbIX KBa,n;paTHqHbIMH cpopMaMH. 0TBeT Ha 3TY 3a,n;aqy KJiaCCH­

cPHKaD;HH Mb! 3HaeM: KBa,n;paTHqHaH cpopMa IlOJIHOCThlO KJiaCCHcPHIJ;H­

poBaHa ee cHrHaTypoii (p, q). BoJiee ToqHo, nyCTh VJ_ c V o6o3Ha­

qaeT no,n;npocTpaHCTBO v' COCT05IIII,ee H3 Bcex BeKTOpOB u, KOTOpbie 

y,n;oBJieTBopHIOT ycJIOBHJO: (u, v)Q = 0 )l;JIH Bcex v E V. Tor,n;a Q HH­

,n;yu;11pyeT HeBhlpO)K,ll;eHHOe CKaJIHpHoe npOH3Be,n;eHHe B cpaKTOpnpo­

CTpaHCTBe v /VJ_. H.3 npo11,e,n;ypbl fpaMa-lliMH)J;Ta Mhl 3HaeM, qTo 

3TO HH,IIJ'IJ;HpOBaHHOe CKaJIHpHOe rrpOH3Be,n;eHHe orrpe,n;eJieHO c Toq­

HOCThlO ,n;o H30MOpcpH3Ma qHcJiaMH p H q 3HaKOB + HJIH - B CBOeii 

3aIIHCH B opTOHopMHpoBaHHOM 6a311ce. EcJIH MhI Bhr6epeM BeKTOpHoe 

npocTpaHCTBO W, ,n;orroJIHHTeJihHoe K V _i B V, TaK qTo V = WEB V _i, 
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TO W 6y,n;eT H30MeTpifiHO V /V ..L. EcJIH dim V = n, TO V H30MeTpHq­

HO ffi.n' r,n;e CTaH,n;apTHbIH 6a3HC 81, ... '8n OpTOrOHaJieH H BbIIIOJIH51-

IOTC51 paBeHCTBa: 

Q(8i) = 1, 

Q(8i) = -1, 

Q(8i) = 0, 

1 :s: i :s: p, 

p + 1 :s: i :s: q, 

p + q < i :S: n. 

lhaK, anre6pa KJimp<l>op,n;a rroJIHOCThIO 3a,n;aHa u;eJibIMH qHcJia­

MH ( n, p, q), y,n;oBJieTBopaIOiu;HMH ycJIOBHIO p + q :S: n. HaM xoTe­

JIOCh 6b1 YBH,n;eTh, qTo co6oll: rrpe,n;cTaBJiaeT Ka)K,11,aa H3 3THX anre6p. 

HaqHeM c aJieMeHTapHoro, HO oqeHb Ba)KHoro cBoll:cTBa. lfaoMeTpHa 

I : V ---+ V' HH,Il;YllHPYeT H30MOPcPH3M </>I cooTBeTCTByIOiu;ell: anre6-

pb1 KJIH<l><l>op,n;a. PaccMOTpHM OTo6pa)KeHHe rrpocTpaHCTBa VB ce6a, 

orrpe,n;eJieHHOe cPOPMYJIOH 

l(v) = -v. 

8To, oqeBH,Il;HO, H30MeTpHa H 12 = id. IloaToMy OHO HH,Il;YllHPYeT 

H30MOPcPH3M </>1 anre6pb1 KJIH<l><l>op,n;a C = C(V, Q) Ha ce6a. 8TOT 

H30MOPcPH3M 6y,n;eM o603HaqaTb w. Tor,n;a 

w = <l>t· 
lfa o6iu;Hx rrpHHllHIIOB cJie,n;yeT, qTo ecJIH I : V ---+ V' H g : V' ---+ V" 
- H30MeTpHH, TO 

</>go/= </>g 0 </>/· 

Bo3bMeM V = V' = V" H g = I. Tor,n;a rroJiyqHM 

</>p = w2. 

Ho 12 = id. B CHJIY e,n;HHCTBeHHOCTH </>, </>id ,n;oJI)KHO 6hITh TO)K,n;ecT­

BeHHhIM H30MOPcPH3MOM C. Tor,n;a 

w2 =id. 

Mb1 roBopHM, qTo w aBJiaeTca U'/-tBOA'/OU,Uei1 C. 

Z2-rpa,zzy-:upoBKa. IIycTb Co aBJiaeTca 110,n;rrpocTpaHCTBOM C, co­

CT051Iu;HM H3 Bcex c, KOTOpbie y,n;OBJieTBOp51IOT ycJIOBHIO 

w(c) = c, 
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H rrycTh C1 .HBJrneTc.s rro,n;rrpocTpattcTBOM, cocTo.s:rn;HM H3 c, KOTOpb1e 

y,n;osJieTsop.sroT ycJIOBHIO 

w(c) = -c. 

Tor,n;a Jiro6oe c MO)KHO 3arrHcaTh B BH,n;e 

1 
r,n;e co= 

2
(c + w(c)), 

1 
c1 = 2(c - w(c)), 

IIpH 3TOM 

KaK seKTopttoe rrpocTpaHCTBO. KpoMe Toro, ecJIH 

w(c) = (-l)ic H w(c') = (-lf c', 

TO 

w(cc') = (-l)i+i' cc'. 

Ilo3TOMY 

coc~ E Co, eCJIH COE Co H c~ E Co, 

coc~ E C1, eCJIH co E Co H c~ E C1, 

C1C~ E C1, eCJIH C1 E C1 H c~ E Co, 

c1c~ E Co, eCJIH C1 E C1 H c~ E C1. 

Mb1 MO)KeM rro,n;seCTH HTor: 

H 

Co· Co c Co, 

Co· C1 c C1, 

C1 ·Co c C1 
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Mh1 roBopHM, qTo C HBJrneTCH Z 2 -epaayupoeattttou a.rrre6poii. Terreph 

V C Ci H 1 E Co, a Ka)K,Zl;hIH 3JieMeHT C MO)KeT 6bITh 3arrHcaH (B03-

MO)KHO, HeCKOJihKHMH crroco6aMH) KaK cyMMhI rrpOH3Be,n;eHHH (e,n;H­

HHI!hl H) 3JieMeHTOB rrpocTpaHCTBa V. TaKHM o6pa3oM, Co cocToHT 

H3 Tex 3JieMeHTOB, KOTOpbie MO)KHO 3a1rncaTh B BH)l;e cyMM rrpOH3-

Be,n;emri\ '3JieMeHTOB V, HMeIDIIIHX 'leTHoe 'lHCJIO MHO)KHTeneii, a Ci 
COCTOHT H3 cyMM rrpOH3Be,n;eHHH HeqeTHOro qHcJia MHO)KHTeJieii. 

CKpyqeHHhie TeH30pHhie rrpoH3Be,z:t;eH1u1. Bo3hMeM ,IJ,Be Z2-rpa­

.n;ynpoBaHHhIX a.rrre6ph1: A= AoEBAi H B = BoEBBi. Onpe,n;eJIHM Hx 

c'K:py"lennoe menaopnoe npouaeeaettue, o6o3HaqaeMoe A 0 B, cne.n;yro­

IIIHM o6pa3oM. KaK BeKTOpHoe rrpocTpaHCTBO A 0 B - 3TO 06b1qttoe 

TeH30pttoe rrpoH3Be.n;ettne A @ B )l;JIH A H B, T. e. B ,n;aHHOM cJiyqae 

A 0 B = (Ao EB Ai)® (Bo EB Bi) 

=A® Bo EB Ai® Bo EB Ao® Bi EB Ai® Bi. 

YMHO)Kettne onpe,n;eJIHeTCH npaBHJiaMH: 

(ao@ bo) ·(a'@ b') = aa'@ bob, 

(a@ b) ·(a~@ b') = aa~@ bb', 

(a@ bi)· (ai@ b') = -aa~@ bib', 

r.n;e Hlf)KHHH HH)l;eKC o6o3HaqaeT, qeTHhIH HJIH HeqeTHblH 3JieMeHT. 

0TCYTCTBHe HH)Kttero HH)l;eKCa 03HaqaeT, qTO ypaBHeHHe BblIIOJIH51-

eTC51 He3aBHCHMO OT qeTHOCTH ,n;aHHOrO 3JieMeHTa. 3arrnmeM 3TH rrpa­

BHJia B C)KaTOH <PopMe: 

(a®bi)(aj@b') = (-l)ijaaj®bib'. 

,IJ;pyrHMH cJioBaMH, rrpn rrepecTaHOBKe aj H bi tta.n;o yMHO)KaTh Ha 

( -1 )ij. 11oJie3HOCTh IIOH51TH51 CKpy'leHHOro TeH30pHoro npoH3Be,n;e­

HH51 COCTOHT B CJie,ll;YIOIIIeM. IlycTb y Hae eCTh )l;Ba BeKTOpHbIX rrpo­

CTpaHCTBa v H w' r.n;e HMeIOTC51 KBa,n;paTHqHbie <PopMbI Qv H Qw 
cooTBeTCTBeHHO. Ha rrpHMoii cyMMe npocTpaHCTB V EB W B03hMeM 

Ilp51MY10 CYMMy QV$W 3THX cPOpM. cho 3HaqHT, qTo KBa.n;paTlfqHa51 

<PopMa QvE!:lW coBna.n;aeT c Qv Ha rrpocTpaHCTBe V H c Qw Ha rrpo­

CTpaHCTBe w' a v H w OTHOCHTeJibHO Hee opTorOHaJihHhl. Tor.n;a Mhl 

HMeeM H30MOPcPH3M 

C(V EB W,QvE!:lw) ~ C(V,Qv) 0 C(W,Qw). 
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OrnnneM 3TO IIOfq>06ttee. 0To6pa)Kemu1 f: V-+ V EB W, r)J;e f(v) = 
v EB 0, II g: W-+ V EB W, r)J;e g(w) = 0 EB w, «coxpamnoT )J,JIIIHY» II 

II03TOMY IIH)J;YIJ;IIPYIOT rOMOMop<l>I13Mhl 

¢1 : C(V, Qv)-+ C(V EB W, QvEBW) 

II 

¢9 : C(W, Qw)-+ C(V EB W, QvEBW ). 

<I>: C(V, Qv)@ CCW, Qw)-+ C(V EB W, QvEBW) 

<I>(a © b) = <P1(a) · ¢9 (b). 

Mhl YTBep)K)J;aeM, 'ITO <P HBJrneTCH Il30Mop<l>I13MOM. Ctta'lana MhI 

)J;OJI)KHhl llOKa3aTh, 'ITO <P - roMOMop<l>I13M, T. e. 'ITO 

<P((a ® b) ·(a'® b')) = <P(a ® b) · <P(a' ® b'). 

II 
I a =V1 ... Vj· 

,II,anee, )J;JIH v E VII w E W MhI IIMeeM (v, w) = 0 B npocTpaHCTBe 

V EB W. (Mb1 IIIlmeM v BMecTo f ( v) = v EB 0 II attanom'IHO )J;JI51 w.) 
Ilo3TOMy )J;JI51 anre6pb1 Knil<l>cl>op)J;a C(V EB W, QvEBW) MhI HMeeM 

v·w+w·v=O 

II, CJI€)J;OBaTeJihHO, 

ba' = (-l)iia'b. 

9To KaK pa3 II )J;OKa3bIBaeT, 'ITO <P 51BJI51eTC51 rOMOMop<l>H3MOM. qT06bI 

IIOKa3aTh, 'ITO <P 51BJI51€TC51 Il30MOp<l>I13MOM, paccMOTPIIM OT06pa)Ke­

HI1e h: V EB W-+ C(V, Qv) © C(W, Qw ), 3a)J;attttoe <l>opMyno:H 

h(v EB w) =Iv© w + v © lw, 
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r,n;e 1 v - e,n;nttn11,a H3 C (V, Qv), a 1 w - e,n;nttn11,a n3 C (W, Qw). 1fa 
orrpe,n;eJieHHf! @ HeMe).l;JleHHO CJie.zzyeT, 'ITO 

h(v EB O)h(O EB w) + h(O EB w)h(v EB 0) = 0, 

B TO BpeMf! KaK h(v EB 0)2 = Q(v)lv n h(O EB w)2 = Q(w)lw. Ta­

KHM o6pa30M, B cnJiy cBo:iicTBa YHHBepcaJihHOCTH C(V EB W, Qv81w) 
OTo6pa)KeHHe h HH).l;yll,HpyeT roMOMOpqm3M 

cPh : C(V EB W, Qv81w) -+ C(V, Qv) @ C(W, Qw) 

H 

¢ o ¢h(v 0 w) = ¢(v@ lw +Iv @w 

= ¢1(v © lw) + ¢9 (lw@w) 

=v+w. 

vlTaK, ¢ 0 cPh = id B rrpocTpaHCTBe v EB w. CJie,n;oBaTeJihHO, B CHJIY 

e).l;HHCTBeHHOCTH 

cP O cPh = id Ha V Q9 W, 

T. e. ¢h f!BJif!eTCf! rrpaBhIM o6paTHhIM K ¢. AHanorH'IHhie coo6pa)Ke­

HH51 IIOKa3hIBaIOT, 'ITO cPh 0 ¢ = id, a 3TO 3Ha'IHT, 'ITO ¢ - H30M0p­

cpll3M. 

HarrpnMep, ecJin U - BeKTOpHoe rrpocTpaHCTBO c KBa,n;paTH'IHOH 

cpopMo:ii Q = 0, TO ero anre6pa KJincpcpop,n;a ecTh rrpocTo A(U) (3TO 

CJie.zzyeT H3 orrpe,n;eJieHHH). IlycTh v - rrpOH3BOJihHOe BeKTOpHOe rrpo­

CTpaHCTBO c KBa,n;paTH'IHOH cpopMo:ii Q. BcrroMHHM, 'ITO MhI MO)KeM 

Hann ca Th 

V = V.l EB W, 

r,n;e orpaHH'leHne Qw cpopMhl Q Ha rro,n;rrpocTpaHCTBO W HeBhI­

po)K,n;eHo. Tor,n;a ¢ ycrnHaBJIHBaeT H30Mopqm3M Me)K.zzy C(V, Q) n 

A(V .l) @ C (W, Qw). CJie,n;oBaTeJihHo, c TO'IHOCThIO ,n;o BKJIIO'leHHf! B 

CKpyqeHHOe TeH30pHoe rrpOH3Be,n;eHne BHenrne:ii aJire6pbI, Mhl MO)KeM 

orpaHH'IHThCf! TOJihKO HeBblpO)K,ll;eHHhIMH KBa,n;paTH'IHhIMH cpopMa­

MH. BBe,n;eM o6o3Ha'leHne 

C(p, q) = C(JRn, Qp,q), 
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r,n;e Qp,q o6o3HaqaeT CTaH,n;apTHYIO KBa,n;paTH'IHYIO cpopMy B rrpocT­

paHCTBe ]Rn (p + q = n), B KOTopoii p IIJIIOCOB M q MHHJCOB. HaM 

xoTeJIOCb 6b1 rroHHTh CTPYKTYPY C(p, q). 

Pacm;errJieHHhIH CJiyqaft. B KaqecTBe rrpMMepa paccMOTPHM p = q. 
B 3TOM cJiyqae Mo,n;eJibIO ,ll;JIH C(p, q) MO:>KeT 6b1Tb U + U*, r,n;e U -
p-MepHoe BeKTOpHoe rrpOCTpaHCTBO, B KOTOpOM B03hMeM (u, u') = 0, 
(u*, u'*) = 0 ,ll;JIH u, u' E U, u*, u'* E U* M 

(u*, u) = (u*, u) (oTo6pa2KeHHe BhI'!HCJieHHH). 

KaK y2Ke o6cy)K,ll;aJIOCb paHee B OCHOBHOM TeKcTe, y Hae eCTb OIIMCa­

HHe cooTBeTCTBYIOII1eii aJire6phI Km1cpcpop,n;a qepe3 orrepaTophI po2K­

,n;eHHH H yHM'IT02Kemrn B A(U). ,[t;aJihHeihnee H3y'!eHHe rroKa2KeT, 'ITO 

aJire6pa KJIHcpcpop,n;a M,n;eHTMcpmwpyeTcH c aJire6paMH Bcex JIHHeii­

HhIX rrpeo6pa30BaHMii Ha A(U). IIocKOJihKY pa3MepHOCTh A(U) paB­

Ha 2P, TO aJire6py KJIMcpcpop,n;a C(p,p) M02KHO M,n;eHTMcpmwpoBaTb 

c JR(2P), r,n;e JR(n) o6o3Ha'IaeT aJire6py Bcex Bern.ecTBeHHhIX MaTpHu; 

nxn. 
B cJiyqae p =I q 3aMeqaeM, 'ITO ]Rn M02KHO 3arrHCaTh KaK rrpH­

MYIO CJMMY ]RP c IIOJI02KHTeJibHO onpe,n;eJieHHOM cpopMoii H JRq c OT­

pHu;aTeJibHO orrpe,n;eJieHHOii cpopMoii. CJie,n;oBaTeJihHO, no TeopeMe o 

rrpHMOH CYMMe Mbl HMeeM 

C(p, q) = C(p, 0) @ C(O, q). 

EcJIH BBeCTH o6o3Ha'IeHHH C(p) = C(p, 0) H C(-q) = C(O, q), TO no 

ypaBHeHHe rreperrHCbIBaeTCH B BH,n;e 

C(p, q) = C(p) ® C(-q). 

Terrepb Ha,n;o rroHHTb CTPYKTYPY C(p) H C(-q). 

Heeb1po:>K,n;eHHhIH cJiyqaft. 0,n;HaKo cHaqaJia MhI paccMoTpHM 

rrpOH3BOJibHOe BeKTOpHoe rrpocTpaHCTBO v c HeBblp02K,ll;eHHOM KBa,n;­

paTH'IHOM cpopMoii Q. IIoJio2KHM 

C = C(V,Q). 

IIycTb {e1, ... ,en} 6y,n;eT opTOHOpMHpoBaHHhIM 6a3HCOM V (rrpH 

3TOM Q(e1) = ... = Q(ep) = 1 H Q(ei) = -1 ,ll;JIH i = p + 1, ... 'n). 
PaccMoTpHM 3JieMeHT 

"( = e1 · · · en B C. 
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EcJIH 

rJiaBa 18. 3Be3.D;HhIH onepaTOp 

n 

Xi = L aijei, i = 1, ... , n, 
j=l 

- rrpOH3BOJibHbie 3JieMeHTbI rrpocTpaHCTBa v' TO H3 opTOrOHaJibHO­

CTH ej CJie,nyeT, qTo 

B qacTHOCTH, ecJIH {f1, ... , fn} - .n;pyroii opToroHaJihHhiii 6a3HC, TO 

MTaK, c TOqHOCThIO .n;o 3HaKa aJieMeHT "'(He 3aBHCHT OT Bh16opa 6a3R­

ca. (B anre6pe ,UHpaKa C(l, 3) aJieMeHT "'(a cPH3HqecKoii JIHTepaType 

o6h1qHo o6o3HaqaeTcH "'(5. Mtt,n;eKc 5 cooTBeTcTsyeT To My <PaKTy, qTo 

B qeThipexMepHOM CJiyqae "'( .HBJIHeTCH npOH3Be,n;eHHeM qeTbipex 3Jie­

MeHTOB.) 3aMeTHM, qTQ 

qHCJIO n(n - 1)/2 B03HHKaeT H3-3a rrepecTaHOBOK ei IIOCJie e2 ... en, 
e2 IlOCJie e3 ... en H TaK .n;anee. qHCJIO q IIOHBRJIOCb IIOTOMy, qTQ 

e~+l = · · · = e~ = -1, r.n;e n - p = q. 
HaKoHeu;, 3aMeTRM, qTo ,ll;JIH mo6oro i (1 ~ i ~ n) crrpase,n;JIHBhI 

paseHCTBa 

Tor.n;a 

"'(ei = (-1t-1en. 

IlocKOJihKY ei o6pa3yIOT 6a3HC rrpocTpaHCTBa v' MhI HMeeM 

CJie,n;osaTeJibHo, 
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Ilpu:MephI npocTpaHCTB MaJIOH pa3MepHOCTH. PaccMoTpHM ,n;Ba 

Ba)KHbIX rrpHMepa. IlycTh V = ~2 . MbI yTBep)K,Il;aeM, qTo 

C(2) ~ M(2) = aJire6pe Bcex MaTpH~ 2 x 2, 

r.n;e CHMBOJI ~ o603HaqaeT H30Mop<l>H3M. qT06bI 3TO ,ll;OKa3aTh, B03b­

MeM OTo6pa)f<eHHe 

</>: ~2 
-+ M(2), 

3a,Zl;aHHOe <l>opMyJIOH 

</> ((:)) = (: _;) . 

Tor,n;a 

</>(u)2 = Q(v) G ~) 
H, TaKHM o6pa3oM, M(2) o6na.n;aeT BceMH CBOHCTBaMH anre6phI 

Kntt<l><l>op.n;a C(2). EcJIH B3HTh opTOroHaJihHbIH 6a3HC (~), (~), 
TO cooTBeTCTBYIOliIHe 3JieMeHThI aJire6pbr KJm<l><l>op,n;a M(2) HMeIOT 

Bll,ll; 

3aMeTHM, qTO 1 2 = -1, KaK H Tpe6yeTcH. qeTHaH qacTb Co Mre6-

pbI C cocTOHT H3 Bcex MaTpH~ 2 x 2, KOTOphre KOMMYTHPYIOT c r· 
8To - MHO)KeCTBO KOH<l>opMHhIX MaTpH~. HeqeTHaa qacTh C1 anre6-

pbI c B 3TOM qacTHOM cnyqae COCTOHT H3 caMoro rro.n;rrpocTpaHCTBa 

~2 ' rrpe,n;cTaBJieHHOro rrpocTpaHCTBOM CHMMeTpHqHhIX MaTpH~, HMe­

lOliIHX HyJieBOll CJie,n;. 
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MbI y)Ke paccMOTpemr cJiyqa:tf C(-2) H IIOKa3aJIH, 'ITO aTa an­

re6pa H30Mopq:ma KBaTepmmHaM. ,Il;aBaiiTe ern;e pa3 IIOCMOTpHM Ha 

aTy KOHCTpyKu;mo. IlycTb aJieMeHTOM i B C(-2) 6y,u;eT BeKTop G), 
a aJieMeHTOM j - BeKTOp (~). Tor)J,a 

i 2 =-1, P=-1, ij+ji=O 

B CHJIY CBOHCTB anre6pbI KJimp<l>op)J,a. ,Il;anee, rroJIOMHM 

k = ')' = ij. 

Tor)J,a 

k2 = -1 

Ii 

ki + ik = 0 = kj + jk. 

TaKHM o6pa3oM, C(-2) 3a)J,aeTcH 1, i, j H k, a rrpHBe)J,eHHhie Bhime 

cooTHomeHHH orrpe)J.eJIHIDT CBOHCTBa KBaTepHHOHOB. TaKM anre6pa 

qacTo o6o3Ha'laeTca IHI. 
IlycTh A H B - anre6pbI. Orrpe)J.eJIHM HX TeH30pHoe rrpoH3Be)J,e­

HHe A ® B KaK anre6py, KOTopaa HBJiaeTca BeKTOpHbIM rrpocTpaH­

CTBOM A ® B, a 3aKoH yMHOMeHHH B Heii HMeeT BH)J, 

(a ® b) · (a' ® b') = aa' ® bb'. 

(3aMeTHM, 'ITO B OTJIH'IHe OT CKpy'leHHOro TeH30pHoro rrpOH3Be)J,eHHH 

3,1],eCb He MeHHeTCH 3HaK.) 

Ilepe:o,zi;1PIHOCTh. MbI XOTHM )J,OKa3aTb cJie,lJ,YIOrn;He OCHOBHhie cl>op­

MYJihI: 

C(p, q) ® C(2) ~ C(q + 2,p), 

C(p, q) ® C(l, 1) ~ C(p + 1, q + 1), 

C(p, q) ® C(-2) ~ C(q,p + 2), 

r)J,e ~ o6o3Ha'laeT H30MOPcPH3M. 
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CHaqana ,n;aBall:Te ,n;oKa)KeM rrepByIO <l>opMyJiy. IlycTh V (p + q )­
MepHoe BeKTOpHoe rrpocTpaHCTBO ( CKa)KeM, ]Rn)' CHa6)KeHHOe KBa,IJ;­

paTlfqHoll: <l>opMOH THIIa (p, q). ,11,anee rryCTb w = JR2 c IIOJIO)KHTeJib­

HO orrpe,n;eJieHHbIM CKaJIHpHbIM rrpOH3Be,n;eHHeM. 06o3HaqHM 'Y = ei e2 

,ll.JIH C(W) = C(2). PaccMoTpHM oT06pa)KeHHe 

'I/;: V EB W - C(p, q) ® C(2), 

3a,IJ;aHHOe <l>opMyJiaMH 

'lj;(v) = V@"(, VE V 

'l/;(w) = 1 ®w. 

,11,anee, 

(v ® 'Y)(l ® w) + (1 ® w)(v ® 'Y) = v ® ('Yw + W"f) = 0, 

OTKy,n;a 

'l/;(v)'l/;(w) + 'l/;(w)'l/;(v) = 0. 

KpoMe Toro, 

'l/;(v)2 = (v ® 'Y)(v ® 'Y) = v 2 ® 'Y2 

= v 2 ® (-1) 
= -Q(v)l ® 1. 

l-lTaK, MeHHeM Q Ha -Q B rrpocTpaHCTBe v H 6epeM rrpHMyIO cyMMY 

-Q Ha V H II · 11 2 Ha W. ,11,JIH 9TOH KBa,n;paTHqHoll: <l>opMhI B rrpocT­

paHCTBe V EB W OTo6pa:m:eHHe 'I/; y,n;oBJieTBOpHeT To)K,Il;ecTBaM KJimp­

<l>op.n;a. cha KBa.n,paTlfqHaH <l>opMa HMeeT q + 2 IIJIIOCOB H p MHHYCOB. 

TaKHM o6pa3oM, oTo6pa:m:eHHe 'I/; rrpo,n;oJI:m:aeTcH .n;o roMoMop<l>H3Ma 

'I/;: C(q + 2,p) = C(V EB W) - C(p, q) ® C(2). 

B KaqecTBe yrrpa:)l(HeHHH qHTaTeJIIO peKoMeH.n;yeM rrocTpOHTh o6paT­

HOe oTo6pa:m:eHHe M rrpoBepHTh, qTo 'I/; HBJIHeTcH H30MOPcPH3MOM. Te 
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)Ke caMhie apryMeHTbl (TOJibKO Terrepb llwll 2 OTprru;aTeJibHO) ,n;aIOT 

R30Mop<f>R3Mbl 

C(p, q) 0 C(l, 1) ~ C(p + 1, q + 1) 

R 

C(p, q) 0 C(-2) ~ C(q,p + 2). 

IIprrse,n;eM pH,n; rrprrJio)KeHHil: 3TRX R3oMop<f>rr3MOB. 

IHI 0 IHI= C(-2) 0 C(-2) 

= C(O, 2) 0 C(-2) 

~ C(2, 2) 

~ ~(22 ) = ~(4), 

cJie,n;osaTeJibHO, 

IHI 0 IHI~ ~(4). 

,11,anee, 

,n;JIH R30Mop<f>rr3Ma, rrepeso,n;mu;ero 

x 1 + ye -+ ( x - y, x + y), 

qTo MO)KHO JierKo rrposeprrTh (yrrpa)KttettHe). TaKRM o6pa30M, 

C(-3) ""C(l) 0 C(-2) ~(~EB~) 0 IHI 

~ IHI EB IHI. 

C(3) ~ C(-1) 0 C(2) = <C 0 ~(2). 

9To anre6pa KOMrrJieKCHhIX MaTprru; 2 x 2, o6o3ttaqaeMaH <C(2). Atta­

Jiorrrqtto 

<C 0 IHI~ C(-1) 0 C(-2) ~ C(O, 1) 0 C(O, 2) 

~ C(l, 2) 

~ C(O, 1) 0C(l,1) 

~ <C 0 ~(2) = <C(2). 
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9TH H30MOPcPH3Mbl Mbl MO)KeM HCIIOJib30BaTb ,ll;JIH 3aIIOJIHeHHH 

Ta6JIHI.J;bI Bcex 3JieMeHTOB C(p, q): 

0 1 2 3 4 ... 
0 JR c lHI lHI EB lHI 
1 JR+JR JR(2) 
2 JR(2) JR(4) 
3 C(2) 
4 

HarrpHMep, '-IT06b1 Haii:TH C(l, 2), MhI 3JieMeHT C ~ C(O, 1) TeH-

30pHo yMHO)KaeM Ha JR(2) ~ C(l, 1) H IIOKa3hIBaeM, qTo C(l, 2) ~ 
C(2). AttanornqHo, qTOOhI HaiiTH C(3, 1), MbI 3JieMeHT JR(2) ~ C(2, 0) 
TeH30pHo yMHO)KaeM Ha JR(2) H Haxo,n;HM, qTo C(3, 1) ~ JR(2) © JR(2). 
0,n;HaKo, 110 orrpe,n;eJieHHIO MaTpHqHoii: anre6pbI JR(r) © JR(l) ~ JR(rl). 
Ilo3TOMY JR(2) © JR(2) ~ JR(4). AHanor11qHo 

C(l, 3) ~ lHI © JR(2) = lHI(2), 

T. e. anre6pa BCex MaTpm.i; 2 x 2 c KBaTepHHOHHbIMH 3JieMeHTaMH. 

(3aMeTHM, qTO C(l, 3) H C(3, 1) tte H30MOPcPHb1.) AHanornqHo, 

C(4, 0) ~ C(O, 2) © C(2, 0) = lHI © JR(2) ~ JHI(2) 

H 

C(O, 4) ~ C(2, 0) © C(O, 2) ~ JHI(2). 

Ilpo,n;OJI)KaH TaKHM o6pa30M, MbI IIOJiyqaeM CJie,n;yronzyro Ta6Jimzy: 

q 

0 1 2 3 4 5 6 7 8 
0 JR C lHI lHI EB lHI JHI(2) C(4) JR(8) JR(8) + JR(8) JR(16) 
1 JR EB JR 
2 JR(2) 
3 C(2) 
4 JHI(2) 
5 lHI(2) EB lHI(2) 
6 lHI(6) 
7 C(8) 
8 JR(16) 
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OcTan:hHhie sJieMeHThr Ta6m1u;hr MoryT 6hITh rroJiyqeHhI, ,n;B11raach 

B,Ll;OJih ,n;imrOHaJIH H Ha Ka)K,Ll;OM rnary TeH30pHO YMHO:>KaR Ha JR(2). 
9Ta Ta6JIRIJ;a 8 x 8 orrpe,n;eJiaeT Bee an:re6phr KJimp¢op,n;a, TaK KaK 

C(n + 8, 0) ~ C(n, 0) 0 IR(16) R C(O, n + 8) ~ C(O, n) 0 IR(16), 
qTo CJie,n;yeT H3 qeThipexKpaTHOro rrpRMeHeHHR 6a3IICHhIX II30M0p­

<i>H3MOB. HarrpRMep, qT06h1 BhiqHCJIHTh C(9), MhI HaqHeM c C(l), 
rrocJie,n;oBaTeJihHO rrpoBo,n;a TeH30pHoe YMHo:>KeHHe Ha C(-2), C(2), 
C(-2), C(2). 9To TO :>Ke caMoe, qTo H 

C(2) 0 C(-2) 0 C(2) 0 C(-2) ~ C(-4) 0 C(2) 0 C(-2) 

~ C(6) 0 C(-2) 
~ C(8) ~ C(-8) ~ IR(16). 

TaKHe :>Ke coo6pa:>KeHHa IIOKa3hIBaIOT, qTo 

C(k + 8) ~ C(k) 0 IR(16) 

H 

C(-k - 8) ~ C(-k) 0 IR(16). 

TaKHM o6pa3oM, 

C(8r + k) ~ C(k) @IR(16r) (rrep110,n;HqHoCTh BoTTa) 

C(-8r - k) ~ C(-k) 0 IR(l6r). 

9To rroJIHOCThIO orrpe,n;eJiaeT CTPYKTYPY Bcex KOHeqHoMepHhIX an:re6p 

KJIH<i><i>op,n;a. 



rJiaBa 19 

YpantteH:u.SI MaKcBeJIJia 

fJiaBy 19 MO)KHO C'IHTaTh KYJihMHtta:u;Heif Kypca. Pe3yJih­

TaTbI npe,n;hI,LIY:rn;Hx rJiaB npHMemIIOTC.H K H3y'leHHIO ypaB­

HeHHH MaKcBeJIJia H cooTBeTCTByIO:rn;Hx BOJIHOBhIX ypaB­

HeHHH. 

19 .1. YpaBHeH1u1 

chieKTpOCTaTHKa If MarHHTOCTaTHKa .HBJI.HIOTC.H BCerO JIHllib npH6JIH­

)KeHHblMH TeOpH.HMH. ,Il,JI.a noJieif, 3aBHC.H:rn;HX OT BpeMeHH, HX Ha,n;o 

3aMeHHTb TeOpHeii MaKCBeJIJia. Ha'!HeM c 3a'K:O'l-la uuay'K:'4UU <l>apa­
aeR, corJiaCHO KOTOPOMY ,Il;JI.H JII06oll. noBepXHOCTH s' HaT.aHyToii Ha 

KpHBYIO "(, npoH3BO,Il;Ha.H no BpeMeHH OT noJI.a B cB.a3aHa c E paBeH­

CTBOM 

IIepenHrneM 3TO Bbipa)Kemrn B <flopMe, y,n;o6Holl. ,n;JI.a npocTpaHCTBa 

'leTbipex H3MepeHHH. PaccMoTpHM BpeMeHHOii oTpe3oK [a, b] H Tpex­

MepHhIH IJ;HJIHH,IJ;p s x [a, b], rpaHH:u;ell. KOTOporo .HBJI.HeTC.H 60KO­

Ba.H noBepXHOCTb - ,IJ;ByMepHbI:ti IJ;HJIHH,IJ;p 'Y x [a, b] If Top:u;eBbie no­

BepXHOCTH - HH)KH.H.H s x {a} II BepXH.H.H s x {b} (cM. pHC. 19.1). 
IlpOHHTerpHpOBaB 3aKOH <l>apa,n;e.a no BpeMeHH t OT a ,n;o b, IlOJiyqaeM 

ypaBHeHne 

{ B - { B + 1 EA dt = 0. 
lsx{b} lsx{a} 1x[a,b] 
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b 

.,,,.--- .... 

Pttc. 19.l 

IIycTh 

F = B + E /\ dt, 

TaK "'ITO F - 3TO 2-<l>opMa B "'!eTh1pexMepttoM rrpocTpaHCTBe. M rrycTh 

c o603Ha"'IaeT TpexMepHblH II,HJIHH,D;p c = s x [a, b], y KOTOporo 

oC=Sx{b}-Sx{a}+'Yx [a,b]. 

3.n;ech B - 2-<l>opMa, co.n;epxmIII,aH TOJihKO rrpocTpaHCTBeHHhie rrpo­

H3BO,lJ;Hhie H rroToMy 06paIII,a10III,aHCH B HYJih Ha 6oKOBOii rroBepxttocTH 

IJ,HJIHH,n;pa 'Y x [a, b], a .n;mp<l>epeHIJ,HaJI dt H, cJie,n;oBaTeJihHO, E /\ dt, 
o6paIII,aeTCH B HYJih Ha o6ottx TOpIJ,ax ttarnero II,HJIHH,n;pa. TaKHM o6-

pa3oM, 3aKOH HH,lJ;YKIJ,HH <l>apa,n;eH MO)KHO 3aIIHCaTh B BH,n;e 

{ F=O. 
lac 

KpoMe Toro, MhI MO)KeM paccMoTpeTh TpexMepttyIO o6JiaCTh C, 
co,n;ep)KaIII,yIO TOJlhKO rrpocTpaHCTBeHHhie KOOp,lJ;HHaTbl rrpH cPHKCH­

poBaHHOM BpeMeHH. B 3TOM CJiy"'!ae ac 6y,n;eT IIOBepxHOCThIO, Ha KO­

TOpoii dt = 0, TaK "'ITO 

lacF- lacB 
H, B CHJIY OTCYTCTBHH HCTHHHOrO MartteTH3Ma1 ' IIOBepxHOCTHhIH HH­

Terpan ,n;OJI)KeH 6hITh paBeH HYJIIO. TaKHM o6pa3oM, fac F = 0 ,D;JIH 

1
T. e. OTCYTCTBIUI «MarHHTHhIX 3apH,LIOB». - IlpUM. pea. 



19.1. YpaBHeHH}I 971 

Bcex TpexMepHbIX Ky6oB, pe6pa KOTOpbIX rrapa.n:JieJibHbl mo6bIM TpeM 

H3 qeTbipex imop,n.HHaTHbIX oceii. 9Toro )l.OCTaTO'IHO, 'IT06bI BbIIIOJI­

H51JIOCb paBeHCTBO dF = 0, r,n.e, KOHe'IHO, d o603Ha'IaeT BHellIHIOIO 

rrpOH3BO)l.HYIO B qeTbipexMepHOM rrpocTpaHCTBe. IlocKOJibKY 

F = Bx dy A dz - By dx A dz + Bz dx A dy 

+Ex dx A dt + Ey dy A dt + Ez dz A dt, 

ypaBHem1e dF = 0 3KBHBaJieHTHO 'IeTbipeM ypaBHeHH51M 

aBy - aEz + aEx - 0 
at 8x 8z - ' 

aBz _ aEx + 8Ey = O. 
at oy ax 

Mb1 BocrroJih3yeMC51 3aKOHOM <I>apa,n.e51 )l.JI51 orrpe,n.eJieHH51 e,n.HHHIJ;hI 

H3MepeHH51 B 

ttarrpmKeHHe • BpeM51 ::meprH51 • BpeM51 
= 

3ap51,n. • (,n.JIHHa) 2 · 

3aKoH AMrrepa CB513brnaeT TOK c MarHeTH3MOM - rroToK 3JieKTpH­

qecKoro TOKa qepe3 IlOBepXHOCTb s' HMeIOIIzyIO rpattmzy 'Y' paBH51eTC51 

IJ;HPKYJI51IJ;HH MarHHTHoro rroJI51 no KOHTYPY 'Y· CorJiactto BeJIHKOMY 

OTKphITHIO MaKCBeJIJia, MhI ,n.oJI)KHhI rrHcaTh rroTOK 3JieKTpH'IecKoro 

TOKa B BH,n.e ,n.Byx cJiaraeMbIX aD / 8t + 47r J, r,n.e D - 3JieKTpH'Ie­

CKoe CMeIIJ;eHHe, a J - IlJIOTHOCTb TOKa )l.BH)KYIIJ;HXC51 3ap51,ll.OB. (,ll,JI51 

Me,n.JieHHO MeH51IOIIJ;HXC51 IlOJieii: rrepBbIM qJieH rrpette6pe)KHMO MaJI ITO 

cpaBHeHHIO co BTOpbIM, H Il03TOMY ero HeT B rrepBOHa'IaJibHOii cpop­

MyJIHpOBKe 3aKoHa AMrrepa.) il,HpKyJI51IJ;H51 MarHHTHoro rroJI51 rroJiy­

qaeTc51 HHTerpHpoBaHHeM JIHHeii:Hoii: ,n.HcpcpepeHIJ;HaJihHOM cpopMhI H, 
Ha3hIBaeMoii: Hanp.Ft;)ICe'H:Hocm'b'IO Manmmno20 noA.Ft, no 'Y· Tor,n.a MO­

)l.HcpHIJ;HpoBaHHhIM MaKcBeJIJIOM 3aKoH AMrrepa HMeeT BH)l. 

PaccMoTpHM TpexMepHhiii IJ;HJIHH,ll.P C = S x [a, b] H rroJIO)KHM 

G= D-H Adt. 
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IlpmrnTerpnpyeM 3aKoH AMrrepa not OT a ,n;o b. Tor,n;a rroJiyqaeM 

{ G = -47r 1 J /\ dt. 
lac c 

EcJin MhI paccMoTpRM TpexMepHyIO o6JiaCTh R rrpR rrocTOHHHOM Bpe­

MeHR, TO dt o6parn,aeTC5l B HYJib Ha rpaHm:i;e {)R Ii liHTerpan OT 

G no 8R ToqHo TaKoii: )Ke, KaK RHTerpan OT D, qTo paBHHeTCH 

47r x (noJIHhIH 3apH,n; BHYTPR o6JiaCTR R) = 47r J p dx/\dy/\dz. TaKRM 

o6pa30M, ,Il;JIH o6JiaCTeii: rrpR IIOCTOHHHOM BpeMeHR Mbl llMeeM 

{ G = 47r { p dx /\ dy /\ dz. 
laR }R 

IlOJIO)KlfM 

j = p dx /\ dy /\dz - J /\ dt, 

Tor,n;a Mbl Bli,Il;RM, qTo 

lac G = 47r fcj 
,Il;JIH JI106oro TpexMepHoro Ky6a, pe6pa KOToporo napanJieJihHhI ocHM 

Koop,n;nHaT. Tor,n;a 

dG = 47rj, 

OTKy,n;a CJie,n;yeT, qTo dj = 0. 
liTaK, IIO,Il;Be,n;eM liTOrR: 

IlOJIO)KRM 

F = B+E /\dt, 

G=D-H/\dt 

Tor,n;a R3 ypaBHeHnii: MaKcBeJIJia RMeeM 

dF=O, 

dG = 47rj. 

3aMeTRM, qTo ypaBHeHRH MaKcBeJIJia RHBapRaHTHhI OTHOCHTeJib­

HO rJia,n;KOH 3aMeHhI KOOp,Il;RHaT. 

BocrroJih3yeMCH 3aKOHOM AMrrepa ,Il;JIH orrpe,n;eJieHRH H. 9JieK­

TpRqecKoe cMern,eHMe D R3MepHeTca B e,n;1rnm~ax 3apH,n;/rrJiorn,a,n;h, 

TaK qTo {) D / 8t ll3MepHeTca B e,n;RHm:i;ax 3apH,n;/ ( rrJiorn,a,n;h · BpeM.H), a 

IIJIOTHOCTb TOKa J - B e,n;MHHIJ;ax TOK/IIJIOIIJ,a,Il;b = 3apa,n;/(rrJiorn,a,n;h. 

BpeMa). TaKHM o6pa3oM, H ll3MepHeTcH B e,n;RHnu;ax 3apH,n;/(BpeM.H · 

,n;JIRHa). B ea'l\,yyMe MhI MMeeM 'l\,OHcmumymumt'bte coomHoweHu.fl 
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r,n;e co H3Mep5IeTCH B e,n;HHm:i;ax 

,II;JIHHa ( 3apH,n;)2 

x ~~~~~ - ' 
IIJIOru;a,n;h HarrpR>KeHHe 3HeprH5I . ,II;JIHHa 

a µo - B e,n;ttmn:i;ax 

3HeprHH. BpeMH BpeMH. ,n;mrna 3HeprHH. (BpeMH)2 
~~~~~-- x = ~-~~~-~-
3 a pH ,n; • (,n;JIHHa ) 2 3ap5I,II; ( 3apH,n;)2 . ,II;JIHHa 

IlpII 3TOM BeJIWIHHa 1/coµo HMeeT pa3MepHOCTh 

TaKHM o6pa30M, B Teopmo aneKTpoMarHeTH3Ma rrpHHIJ;HIIHaJihHO 

BCTpoeHa cPYH,n;aMeHTaJihHaH cKopocTh. BeJIHKoe OTKphITHe MaKc­

Benna COCTOHT B TOM, 'ITO 3Ta CKOpOCTh 5IBJI5IeTC5I He '!eM HHhIM, KaK 

cKopocThIO cBeTa c! Ilo3TOMY BMecTo dt BBe,n;eM cdt. Tor,n;a '!eTbrpex­

MepHhIH orrepaTop * rrpmmMaeT BH,II; 

B 3TOM cnyqae 

*(dx /\ dy) = -cdt /\dz, 

*(dx /\dz)= cdt /\ dy, 

*(dy /\dz) = -cdt /\ dx, 

*(dx /\ cdt) = -dy /\dz, 

*(dy /\ cdt) = dx /\dz, 

*(dz/\ cdt) = -dx /\ dy. 

*F = c(Bz dz/\ dt +By dy /\ dt + Bz dx /\ dt) 

- (1/c)(Ex dy /\dz - Ey dx /\dz+ Ez dx /\ dy). 

Tor,n;a KOHCTHTJTHBHhie COOTHOIIIeHHH MO)KHO 3aIIHCaTh B BH,II;e 

co 
G = --*F. 

µo 

HaKoHer:i;, B BaKyyMe, r,n;e BeJIH'IHHa co/ µo rrocTOHHHa, MO)KHO rrepe­

orrpe,n;eJIIITh j' BKJIIO'IHB B Hero BCe KOHCTaHThI, H 3aIIIICaTb ypaBHe­

HHH MaKcBenna B Btt,n;e 
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lfa IIOCJie,n;Heii rJiaBhl Mbl 3HaeM rrpou;e,n;ypy pernemrn: TaKOH CHCTeMbl 

ypaBHeHHH: rrpe,n;rroJimKHB COOTBeTCTBy101u;ee TOIIOJIOrHqeCKOe ycJio­

BHe, MhI mu;eM 1-<PopMy A, y,n;oBJieTBopmoiu;yro ycJIOBH51M 

TaKHM o6pa3oM, perneHH51 ypaBHeHHii MaKcBeJIJia TecHo CB513aHhI c 

u3yqeHHeM BO./l,H08020 onepamopa 

a2 a2 a2 a2 
-0--------

- 8t2 8x2 8y2 8z2 ' 

ecJIH HCIIOJih3yeTC51 CHCTeMa KOOp,n;nHaT, B KOTOpoii c = 1. 

19.2. O,n;ttoMepttoe o,n;ttopo,n;ttoe BOJIHOBOe 

ypaBHeHHe 

B 3TOM rraparpa<Pe B KaqecTBe rro,n;roTOBKH K u3yqeHHIO ypaBHe­

HHii MaKcBemia paccMoTpHM ypaBHeHHe, rrpe,n;cTaBJI51IOIIJ;ee caMOCTo-

51TeJihHhIH llHTepec2: 

82u 82u 
8t2 - 8x2 = O. 

EcJin MhI c,n;eJiaeM 3aMeHy rrepeMeHHhIX p 
ypaBHeHHe rreperrnrneTc51 B Bu,n;e 

perneHH51MH KOToporo 51BJIHIOTC51 cPYHKIJ;Hll 

HJIH 

x + t, q 

u(x, t) = u1 (x + t) + u2(x - t). 

X - t, TO 

(19.1) 

2
0Ho H3BeCTHO TaJOKe rro,n; Ha3BafflfeM ypaBHeHII.H KOJie6amdi: CTPYHhl H HMeH­

HO B ::iToii HHTeprrpeTau;nn o6hlqHo H3yqaeTC.H o,n;HHM H3 rrepBhIX B Kypcax ypaa­

HeHHii c qacTHhIMH rrpOH3BO,LJ;HhIMH. - IlpUM. pea. 
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QqeBH,Il;HO, qTo mo6af! <l>YHKIJ;Hf! TaKoro BH,n;a 6y,n;eT perneHHeM. 

<l>yHKIJ;Hf! u2(x - t) MO)KeT paccMaTpHBaThCH ,Il;HHaMHqecKH. B Ka)K­

,Il;hIH MOMeHT BpeMeHH t rpa<l:>HK <l>YHKIJ;HH u2 ( x - t) f!BJif!eTCf! rpa­

<l:>HKOM u2(x), cMeiu;eHHhIM BITpaBo Ha BeJIHqHHY t. Mb1 roBopHM, qTo 

<l>YHKIJ;Hf! u2 ( x - t) OITHCbIBaeT BOJIHy, ,Il;BH)KYIIJ;YIOCf! BITpaBO 6e3 HCKa­

)K€HHH. TaKHM o6pa3oM, o6iu;ee perneHHe o,rr,HoMepHoro o,n;Hopo,n;Horo 

BOJIHOBOro ypaBHeHHf! f!BJif!€TCf! cyMMOH ,n;Byx BOJIH, pacITpOCTpaHf!­

IOIIJ;HXCH BITpaBO H BJ1€BO 6e3 HCKa)KeHHH. 

KaK ITpaBHJIO, ITpe,n;cTaBJif!eT HHTepec OITHCaHHe BOJIHOBoro ,Il;BH­

)K€HHfl, COOTBeTCTBJIOIIJ;ero HeKOTOpOMY Haqa.JihHOMY B03MYIIJ;€HHIO, 

CKa)KeM B MOMeHT t = 0. IIocKOJihKY MhI HMeeM ,n;eJio c ypaBHeHHeM 

BToporo rropH,n,Ka, TO MO)KHO 3a,n,aTb Ha•ra.JihHhie 3Ha•IeHHH Uo H Vo, 
r,n;e 

uo = u(x,O) 
au 

H Vo = at (x, 0). 

,11.eil:cTBHTeJihHO, ITYCTh A( x, t) o6o3HaqaeT OITepau;Hro ycpe,n;HeHHH ITO 

HHTepBMY ,Il;JIHHhI 2t (HJIH pa,n;Hyca t) c u;eHTpoM B ToqKe x. Tor,n;a, 

ITO OITpe,n;eJieHHIO, ,Il;Jlfl JII06oil: <l>YHKIJ;HH w 

11x+t 
A(x, t)w = 2 w(s) ds. 

x-t 

a 
u(x, t) = A(x, t)vo + at [A(x, t)uo] 

HBJIH€TCH e,n;HHCTBeHHhIM perneHHeM BOJIHOBOro ypaBHeHHH c 3a,Il;aH­

HhIMH HaqaJihHhlMH ycJIOBHf!MH. ,Il;eil:CTBHTeJihHO, 3aITHCaB u(x, t) = 
u1(x + t) + u2(x - t), Mhl BH,IT,HM, qTo 

~~(x,O) = u~(x) - u;(x). 

Ilo,n;cTaBHM Vo = 8u/8t B ITOCJie,n;Hee ypaBH€HHe H ITpOHHTerpHpyeM. 

B pe3JJihTaTe ITOJiyqaeM 
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r.n;e c - HeKoTopaH KOHCTaHTa. CKJia,n;hIBaH H BhP'IHTaH ypasHemi:e 

uo = u1(x) + u2(x), BH.n;HM, qTO 

2u1(x) = uo(x) +fox vo(s) ds + c, 

2u2(x) = uo(x) - fox vo(s) ds - c. 

Ilo3TOMY H3 cPOPMYJibI (19.1) HMeeM 

1 ( 1x+t ) u(x, t) = - uo(x + t) + uo(x - t) + vo(s) ds . 
2 x-t 

9To ern;e o,n;nH crroco6 3arrncn perrreHHH. 

3aMeTHM, qTo Mbl ,Il;OKa3aJIH TeopeMy cyrn;eCTBOBaHHH H e,n;HHCT­

BeHHOCTH ,n;JIH Harne:H 3a,n;aqn c HaqaJihHhIMH ycJIOBHHMIL Ifa HBHOH 

cPOPMYJibI TaK)Ke Bli,Il;HO, qTO MaJibie H3MeHeHHH HaqaJibHbIX 3Haqe­

HHH rrpHBO,Il;HT K He6oJihIIIHM H3MeHeHHHM B perrreHHH. B 3TOM cJiyqae 

Mhr rosopHM, qTo 3a,n;aqa 1wppe'K:mtta. KpoMe Toro, 3HaqeHHH cPYHK­

u;nn U B TOqKe (xo, to) 3aBHCHT He OT BCeX 3HaqeHHH UH oujot rrpli 

t = 0, a TOJibKO OT 3HaqeHHH B HHTepBaJie [xo - to, Xo +to] (pnc. 19.2). 
c .n;pyro:H CTOpOHhI, perrreHHe B TOqKe (x, 0) BJIHHeT TOJibKO Ha 

Te ToqKH rrpocTpaHCTBa-speMeHn, KOTOpbre Jie)KaT BHYTPH 'K:ottyca 

llxoll = lltoll (pnc. 19.3). 9To - H3BeCTHhIH npum1,un npu""uttttocmu. 

Pnc. 19.2. 06JiaCTh 3aBHCHMOCTH 

PHc. 19.3. 06JiaCTh BJIHHHHH 
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19.3. O,z::r;ttopo,z::r;ttoe BOJIHoBoe ypaBHeHHe 
B npocTpaHCTBe ~3 

Mb1 xoTMM ttaiiTM pernettMe ypaBHeHM.H 

o2u o2u o2u o2u 
-------=0 
ot2 ox2 oy2 oz2 

c Ha'IaJibHbIMM ycJIOBM.HMM 

u(x, 0) = uo(x), 

OU 
ot (x, 0) = vo(x). 

IlycTb A(t, x) o6o3ttaqaeT ycpe.z:i;ttettMe no c<Pepe pa.z:i;Myca ltl c u;ett­

TPOM B TO'IKe x. Tor.z:i;a 

A(t,x)f = fs!(x+t·)T. 

3.z:i;ecb f (x, t·) o603Ha'IaeT cPYHKD;MIO Ha c<Pepe S e.z:i;MttM'IHOro pa­

,ll;Myca, 3Ha'IeHMe KOTopoii Ha mo6oM BeKTOpe v c llvll = 1 paBHO 

f(x + tv) M T - 3JieMeHT TenecHoro yrna, YMHO)KeHHhIH Ha 1/47r. 
°YTBep)K.z:i;aeTC.H, 'ITO cPYHKD;M.H u, 3a)l;aHHa.H cPOPMYJIOH 

0 
u(x, t) = tA(t, x)vo + ot [tA(t, x)uoJ, 

.HBJI.HeTC.H e)l;MHCTBeHHbIM perneHMeM Harneii 3a.z:i;a'IM. 

Ilpe)K)l;e Bcero, noKa)KeM, 'ITO 3Ta cPYHKD;M.H .HBJI.HeTC.H perneHMeM. 

,Ll,JI.H 3TOrO npoBepMM, 'ITO Otta y)l;OBJieTBOp.HeT Ha'IaJibHbIM ycJIOBM.HM. 

,LI,na MaJibIX 3Ha'IeHMH t MO)KHO HanMCaTh 

u(x, t) = A(t, x)uo + O(t). 

0'IeBM)l;HO, 'ITO npe.z:i;en A(t, x) npM ycpe.z:i;HeHMM no c<PepaM c u;ett­

TpOM B TO'IKe x, pa.z:i;Myc KOTOpbIX CTpeMMTC.H K Hymo, paBeH uo(x). 
Ta1mM o6pa30M, 

u(x, 0) = uo(x). 

KpoMe Toro, 

ou [ oA ] !l(x,O) = lim A(t,x)vo + -;::;-(t,x)uo , 
ut t-+O ut 
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rrocKOJihKY Bee ocTa.JihHhie 'IJieHhI cyTh O(t). 0,II,HaKo, 

IIOCKOJihKY cpe,IJ,Hee 3Haqemre He'leTHOH cpyHKrrim ( TaKOH, KaK KOOp­

,II,IrnaTa xi) rro e,II,HHH'IHOH ccpepe ,IJ,OJI)KHO o6parrraThCH B HYJih. 

qTo6hr ,II,OKa3aTh, 'ITO u y,II,OBJieTBops:ceT BOJIHOBOMY ypaBHettmo, 

,ll,OCTaTO'IHO ,IJ,OKa3aTh, ,ll,JIH mo6o:H cpyHKI1HH w, 3aBncarrre:H OT x, 

cpyHKI1HH 

W(x, t) = tA(t,x)w 

y,II,OBJieTBopaeT BOJIHOBOMY ypaBHeHnIO. .Il;eil:cTBnTeJihHO, Harne BhI­

pa)Kettne ,ll,JIH u ~IBJISieTC51 cyMMOH ,II,BYX 'IJieHOB: O,IJ,HH BH,II,a w' a 

,II,pyro:H BH,IJ,a 8W I at. Ecmr w 51BJI51eTC51 perneHHeM BOJIHOBOro ypaB­

HeHH51, TO H 8W I at TaK)Ke 51BJI51eTC51 ero perneHHeM . 

.IJ;n51 JII06o:H ,ll,Ba)K,ll,hl ,II,HcpcpepeHIIHpyeMOH cpyHKI1HH w Mhl HMeeM 

r,II,e Sx,t o6o3Ha'IaeT ccpepy c pa,IJ,nycoM ltl n rreHTpoM B TO'!Ke x. 

Ha rroBepxHOCTH ccpephr c pa,II,nycoM r Mhr MO)KeM HarrncaTh 

aw 
(*dw) /\ dr = or dx /\ dy /\dz 

H 

dx /\ dy /\ dz = T /\ dr. 

1 1 {) -
4 2 *dw = ~A(t,x)w. 

7rt Bx,t ut 

TaKHM o6pa30M, 

{) 1 1 ~A(t,x)w = -
4 2 (~w)(y)dy 

ut 7rt ly-xl ~ltl 

1 1't' 1 = -
4 2 

dp (~w)(y) dS. 
7rt 0 jy-xl=p 
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,Il.H<l><l>epettu,Hpy51 3TO Bbipa)KeHHe ITO t, ITOJiy-<IaeM 

aa2~=-213 rdp f (~w)(y)dS+412 f ~w(y)dS. 
t 7rt Jo Jly-xl=p 7rt Jly-xl=p 

TeITeph ITOJIO)KHM W(x, t) = tA(t, x)w. B 3TOM cJiyqae 

a2w a a2
A 1 1 £l"2 = 2!'lA(t,x)w+t!l2(t,x)w = -

4 
~w(y)dS. 

ut ut ut 7rt Jy-xJ=JtJ 

Ho 

~W = _!_ f ~xw(x + tv) dS = 
4

1 f ~w(y) dS, 
47r Jlvl=l 7rt }Jy-xl=ltl 

CJie,n;oBaTeJibHO, w - perneHHe BOJIHOBOro ypaBH€HH5!. 

Mo)KHO BhICTpOHTh aTH paccy)K,n;eHH5! ITo-,n;pyroMy H ,n;oKa3aTh 

e,n;HHCTB€HHOCTh Harnero perneHH5!, CBe,ll;5! TpexMepttoe O,ll;HOpo,n;ttoe 

BOJIHOBoe ypaBHettHe K o,n;ttoMepHoMy. MbI ,n;oKa3aJIH HHTerpaJihttyro 

cPOPMYJIY 

f ~u(y) dy = r 2 f : u(x + vr) dw. 
J1y-xl~r l1vl=l r 

IloaTOMY ,ll;JI5! cPYHKll,HH u(x, t) Mhl HMeeM 

f ~u(y, t) = 47rr2 
8
° A(r, x)u. 

Jly-xl~r r 

EcJIH u y,n;oBJieTBOp5!eT ypaBHeHHIO 

TO 3TO MO)KHO ITO,lJ;CTaBHTh B ITpe,lJ;hI,ll;yill,€€ ypaBH€HHe H ITOJiyqJITh 

2 1 &u 1r 1 &u 47rr A(r, x)u = 
0 2 (y, t) dy = dp 

0 2 (y, t) dS. 
ly-xj~r t 0 ly-xj=r t 

,Il.H<l><l>epettu,HpOBaHHe ITO r ITOKa3hIBaeT, qTo cPYHKll,Irn 

Z(r,t) =rA(r,x)u(x,v) 
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y,n;oBJieTBOp.HeT O,lJ;HOMepHOMY BOJIHOBOMY ypaBHemuo 

[)2 z [)2 z 
f)r2 - {)t2 = 0. 

TaKHM o6p83oM, 

Z(r, t) = rA(r,x)u(x,v) = w1(r + t) + w2(r - t). 

IIocKOJihKY Z(O, t) = 0, MhI HMeeM 

HanncaB w BMecTo w1, noJiy'IaeM 

Z(r, t) = w(r + t) - w(t - r). 

,II;m:P<l:>epemwpyeM aTo Bhipa)KeHHe no r H nepexo,n;HM K npe,n;eJiy 

r-+ 0. B pe3yJihTaTe noJiyqaeM 

u(x, t) = A(O, x)u(x, t) = 2w' (t). 

KpoMe Toro, 
{)Z {)Z I 

or + 8t = 2w ( r + t)' 
CJie,n;oBaTeJihHO, 

( ) '( ) . '( ) . 8Z . 8Z u x, r = 2w r = hm 2w r + t = hm -
0 

+ hm -
0 

. 
t->0 t->0 r t-tO t 

IIo,n;cTaHOBKa Bhipa)KeHH.H ,D;JI.H Z B 3TY <l:>opMyJiy ,n;aeT 

u(x, r) 

a(ri ri au ) = -
0 

- u(x+r1,0)dS+- -
0 

(x+r1,0)dS . 
r 411" 1-Yl=l 471" 1-Yl=l t 

Ho 

u(x + r1, 0) = uo(x + r1) 

H 
au 
at (x + r1) = vo(x + r1). 

EcJIH B 3TOM COOTHOilleHHH TIOJIO)KHTh r = t, TO TIOJIY'IHM Hallie 

HCXO,Il;HOe pellleHHe, 'ITO ,Il;OK83hIBaeT ero e,n;HHCTBeHHOCTb. 
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19.4. Heo,n;ttopo,n;ttoe BOJIHOBoe ypanHeHHe 
B npocTpaHCTBe ~3 

Mh1 MO)KeM peumTh ypaBHemn1 MaKcBeJIJm, pemaJI uocJie,npBaTeJih­

HOCTh ypaBHemi:ii BH,IJ,a 

Du=f, 
a2 

D = at2 - .6.. 

,11,aBaii:Te CHa'JaJia IIOKa)KeM, KaK peIIIHTh 3TO ypaBH€HHe c Ha'IaJih­

HhIMH ycJIOBH.HMH 

u(x, 0) = 0, 
au 
at (x, 0) = 0. 

Heo,n;Hopo,n,Hoe BOJIHOBOe ypaBHeHHe MO)KHO peIIIHTh, CBO,IJ,.H ero K pe­

meHHIO O,IJ;HOpO,IJ,HOro BOJIHOBOro ypaBH€HH.H c IIOCJie,n;oBaTeJibHOCThIO 

HaqaJihHhIX ycJIOBHii cJie,IJ,yIOIIIHM o6pa3oM. ITycTh v(x, t, T) - peme­

HHe 3a,IJ,a'IH c Ha'IaJihHhIMH ycJioBH.HMH 

Ov = 0, v(x, T, T) = 0, 
av 
at (x, T, T) = f (x, T). 

IToJIO)KHM 

u(x, t) = - lot v(x, t, T) dT. 

Tor,n;a O'IeBH,n;Ho, 'ITO u(x, 0) = 0 H 

au ft av 
at (x, t) = -v(x, t, t) - lo at (x, t, T) dT. 

Ho v(x, t, t) = 0 B CHJIY Ha'IaJihHhIX ycJIOBHii ,IJ,JI.H v. ITo3TOMY 

au rt av 
at (x, t) = - lo at (x, t, T) dT 

H, CJie,n;oBaTeJibHO, 

au 
at (x, 0) = 0. 

KpoMe Toro, ,n;mpcpepeHIJ;HpOBaHHe ypaBHeHH.H ,IJ;JI.H au/ at ,n,aeT 

&u av r&v 
- at2 (x, t) = at (x, t, t) +lo at2 (x, t, T) dT, 
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a 

~u = - lot v(x, t, r) dr, 

TaK "ITO 

( ::2 - ~) u = f. 

Terreph <PYHKu;1u1 v orrpe,n;emi:eTcH Bhipa)KeHifeM 

v(x, t, r) = (t-r)A(x, t - r)f = _!_(t-r) { f(x+(t-r)'Y, r) d-y, 
47r 11-rl=l 

" CJie,n;oBaTeJihHO, 

u(x,t)=-4
1 

rt(t-r) r f(x+(t-r)'Y,r)d-ydr 
7r J 0 11-rl=l 

- _!_ r r' r f(x + r'-y, t - r') d-y dr'. 
47r lo l1-r1=1 

B 3TOM Bb1pa)Kemm IIOJIO)KHM y = x + r'-y, Tor,n;a rrocne,n;md1: HHTe­

rpan rrpHHHMaeT BH,Il; 

1 1t 1 1 ') , - - / f (y, t - T dS dr 
47r 0 T iy-xl=itl 

= _ _!_ 1 f(y, t - llY - xii) dy. 

47r ly-xl=IT'I llY - xii 

( t) = _ _!_ J f(y, t - llY - xii) d 
u x, 47r llY - xii y. 

0Ha IIOXO)Ka Ha <PopMyJiy IlyaccoHa ,J];JIH IIOTeHu;Hana, HO BKJia,n; OT 

c<Pepbl c pa,n;HycoM a H u;eHTpOM B TO":!Ke x 3a,n;aeTCH BeJIH":!HHOH l/a, 
YMHO)KeHHOH Ha 3Ha"IeHHe f B MOMeHT BpeMeHH, paBHbJH a e,n;HHHD;. 

Pa3 MhI rrony"IHJIH pemeHHe Heo,n;Hopo,n;Horo ypaBHeHm1 c Hyne­

BhIMH Ha":!aJibHbIMH ycJIOBHHMH, TO Terrepb pemeHHe HeO,Il;HOpO,n;Horo 

ypaBHeHHH c rrpoH3BOJihHhIMH Ha"IaJihHhIMH ycnoBHHMH MO)KHO cBe­

CTH K pemeHHIO o,n;Hopo,n;Horo ypaBHeHHH rryTeM BbI":!HTaHHH y)Ke IIO­

Jiy"IeHHOro pemeHHH. 
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BocrroJih3yeMC51 rrocne,n;tte:ti: <PopMyno:ti:, qT06b1 peurnTb tteo,n;Ho­

po,n;Hoe BOJIHOBOe ypaBHem1e ,IJ;Jl51 KaM,IJ;OH KOMIIOHeHTbl 4-nomenu,u­
aJia A B ypaBHemrnx MaKcBenna. IlonyqMM 

A( ) =-j*j(x,t-lx-x'l)d 
x I 'I x. x-x 

9To perneHMe Ha3bIBaeTc51 nomenu,ua.n,o.M Jhenapa-Buxepma ,IJ;JIR 3a­

,n;aHHoro pacrrpe,n;eneHM51 rrJIOTHOCTM TOKa j. 06rn.ee pernemrn ypaB­

HeHM:ti: MaKCBeJIJia rronyqaeTc51 rrpM6aBJieHMeM K A rroTemi;Mana, 

KOMIIOHeHTbl KOTOporo y,n;oBJieTBOp51IOT O,Il;HOpO,IJ;HOMY BOJIHOBOMY 

ypaBHeHHIO. 

19. 5. JlarpaH:>K:MaH 3JI€KTpOMarHMTHOrO IIOJI.H 

II T€H30p 3HeprHM-HMIIYJibCa 

IlycTb A - 1-<PopMa H j - 3-<PopMa B rrpocTpaHCTBe MMHKOBCKoro 

IR 1•3. PaccMoTpHM 4-<PopMy 

1 
C = C(A,j) = - 2 dA A *dA - 47rA A *j. 

IlpOHHTerpMpyeM [, ITO JII06o:ti: orpaHMqeHHOH qeTbipexMepHOH o6nac­

TH N H IIOJiyqMM cPYHKIJ;HIO 

3,n;ecb MbI cqMTaeM, qTo N H j "3a,n;aHbI H cPMKCMpoBaHbI, TaK qTo 

L .HBJI51eTC51 TOJibKO cPYHKIJ;Me:ti: A. Mb1 roBopMM, qTo A 51BJI51eTC51 

a'K:cmpe.MM'b'/O L, ecJIM 

,n;m1 mo6oro ,n;M<P<PepeHIJ;MpyeMoro ceMe::ti:cTBa 1-<PopM As, y,n;oBJie­

TBOpRIOIII,HX ycJIOBHRM Ao = A M As = A Ha rpaHMIJ;e fJN. IlycTb 

dfs• ls=O = B. Tor,n;a 
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Tenepb 

H 

dB/\ *dA = dA /\*dB, 

CJie)l.OBaTeJihHO, 

!£(A8 ,j)' = B /\ [d*dA - 47rj] = d(B /\ *dA). 
ds s=O 

llHTerpaJI f aN B /\ *dA o6paru;aeTc.H B HJJih, noToMy 'ITO Ha rpaHH:u;e 

B = 0. TaKHM o6pa30M, 

EcJIH 3TO Bhipa,)KeHHe paBHO Hymo )l.JI.H Bcex B, o6paru;aroru;HxcH B 

HJJib Ha rpaHH:u;e, TO Mbl )l.OJI)KHbl HMeTb 

0,n.HaKo, B o6JiaCTH, r,n.e H 2 = 0, 3To 3KBHBaJieHTHO ypaBHeHHIO 

MaKcBeJIJia F = dA. qT06b1 3TH ypaBHeHHH MO)KHO 6bIJIO pemHTh, 

Heo6xo,n.HMO BhITIOJIHeHHe ycJIOBHH 

dj = 0. 

TaKHM o6pa3oM, MhI BhrneJIH ypaBHeHHH MaKcBeJIJia H3 6apuau,u­
O'H/1-w20 nputtu,una: ypaBHeHHH MaKcBeJIJia B TO<JHOCTH coBna,n.aroT c 

ypaBHeHHHMH )l.JIH 'K:pumu'4-ec'K:UX 1-if>op.M A Jia2patt;)ICUatta L. <l>opMy­

JIHpOBKa B TepMHHax JiarpaH)KHaHa o6Jia,n.aeT p5I,1J.OM npeHMyru;ecTB. 

0,n;Ho H3 HHX COCTOHT B TOM, 'ITO H3MeHHH JiarpaH)KHaH L, Mbl no­

JiyqaeM npo:u;e,n.ypy M0,1J.HcpHKa:u;HH ypaBHeHHH ,il;JIH ero 3KCTpeMaJieii 

H, TaKHM o6pa3oM, MO)KeM OTKphrnaTh pa3JIH'IHhie 3aKOHhI npHpo,n;h1. 

,LJ;pyroe npeHMyru;eCTBO B TOM, 'ITO c TIOMOlll;hIO JiarpaH)KeBa cpopMa­

JIH3Ma Mbl TIOJiyqaeM npo:u;e,n.ypy nepexo,n;a OT KJiaCCH<JeCKOH MexaHH­

KH K KBaHTOBoii. <l>yHK:u;HH L HrpaeT KJIIO<JeByro poJih B KBaHTOBoii 

3JieKTpo,n.HHaMHKe. TpeTbe npeHMyru;ecTBO - B paMKax JiarpaH)Ke­

Ba cpopMaJIH3Ma Ka)K)J.aH O)l.HOTiapaMeTpH'IeCKaH rpynna CHMMeTpHii 
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JiarpaH)KHaHa L ,n;aeT ttaM 3aKoH coxpaHeHHH c noMOID;hIO MeTo,n;a, H3-

BeCTHoro KaK meope.Aw Hemep. 9ToT MeTo,n; MhI o6'hHCHHM B qacTHOM 

CJiyqae 3JieKTpOMarHeTH3Ma. 

fiyCTh e - BeKTOpHoe IIOJie B IIpOCTpaHCTBe JR1•3 , 06Jia,n;arorn;ee 

CBOHCTBOM 

De*w =*Dew ,IJ;JIH Bcex 2-<PopM w. 

KaK MhI y)Ke BH,IJ;eJIH, JII06oe KOHcPOPMHoe npeo6pa3oBattHe npo­

cTpattcTBa-BpeMeHH coxpattaeT .n;ell.cTBHe 3Be3,n;ttoro onepaTopa tta 

2-cPOpMbl. fio3TOMy e MO)KeT 6bITh BeKTOpHbIM IIOJieM, CBH3aHHhIM 

c mo6oll. O,IJ;HOIIapaMeTpH'IeCKOH rpynnoll. KOHcPOPMHhIX rrpeo6pa30-

BaHHH. B '!aCTHOCTH, e MO)KeT 6hITh JII06hIM IIOCTOHHHhIM BeKTOpHbIM 

IIOJieM, 'ITO COOTBeTCTByeT TpaHCJIHIJ;HHM, HJIH JII06hIM HHcPHHHTe3H­

MaJihHbIM rrpeo6pa30BaHHeM JiopeHri;a. 

ilTaK, 

IIocKOJihKY 

rrepBbIH H BTOpoll. '-IJieHhl paBHhI, 1103TOMY OHM CKJia,IJ;hIBaIOTCH B 

TaKHM o6pa3oM, 

B CHJIY ypaBtteHHH MaKcBeJIJrn d*dA = 47rj. Ilo3TOMY 

DeC = -d(DeA /\ *dA) - A/\ 47r De] 

= -d((i(e)dA + di(e)A) /\ *dA) - A/\ 47rDej 

= -d[i(e)F /\ *F] - di(e)A /\ d*dA - A/\ 47rDeJ 

= -d[i(e)F /\ *F] - di(e)A /\ 47rj - A/\ 47rDe), 
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r,II,e MhI IICllOJih30Ba.Jur dA = F II d*dA = j. C ,II,pyroll: cTopOHhI 

a 

DeA = i(e)dA + dA + di(e)A 

= i(e)F + di(e)A, 

1 
De.C = -2De(F /\ *F) = De(A /\ 47rj) 

1 
= 2di(e)(F /\ *F) - (i(e)F + di(e)A) /\ j - A/\ Df.i, 

llOCKOJibKY d(F /\ *F) = 0, llOTOMY qTo F /\ *F - 4-¢opMa. IlpII­

paBHIIBaH 3TII ,II,Ba Bb1pa)KeHIIH ,II,JIH De.C, 11onyqaeM 

- d[i(e)F /\ *F] - di(e)A /\ 4?rj - A/\ Df.i 
1 

= -2d[i(e)F f\*F+F f\i(e)*F]-i(e)F f\j-di(e)Af\4?rj-Af\47r Dej 

IIJIII 

EcnII HeT TOKOB, T. e. ecnII j = 0, OKa3brnaeTcH, qTo 3-¢opMa 

3aMKHyTa. 9TOT <PaKT IIHTep11peTIIpyeTCH KaK 3aKOH coxpaHeHIIH: 

IIHTerpaJibl OT C(e) 110 ,11,BJM TpeXMepHbIM 06JiaCTHM, orpaHIIqIIBaIO­

IllIIM HeKyIO qeTblpexMepHyIO o6JiaCTh, paBHbl. 

EcnII 11pII cTpeMJieHIIII K 6ecKOHeqHoCTII B 11pocTpaHCTBeHHhIX Ha-

11pasneHIIHX F ,II,OCTaToqHo 6hICTpo y6hrnaeT, TO ,II,Ba IIHTerpana OT 

C(e) 110 nro6h1M TpexMepHhIM 11pocTpaHCTBeHH0110,II,06Hb1M 11osepx­

HOCTHM paBHhl. 

Ha11pIIMep, B HeKoTopoll: cIICTeMe KOOp,11,IIHaT B03hMeM Tpex­

MepHbie llOBepxHOCTII, 3a,II,aHHbie ypaBHeHIIHMII t = ti II t = t2 

(pIIC. 19.4). IlOJIHOe 3HaqeHIIe BeJIIIqIIHbl C(e) B MOMeHT t = ti 

pasHo 11onH0My 3HaqeHIIIO C(e) s MOMeHT t = t 2 . 9To 3HaqIIT, qTo 

llOJIHOe 3HaqeHIIe BeJIIIqIIHhl C(e) COXpaHHeTCH BO BpeMeHII. Ilo3TOMJ 

ypaBHeHIIe dC(e) = 0 Ha3hIBaeTCH 3aKOHOM coxpaHeHIIH. 
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t 

Pnc. 19.4 

HarrpnMep, ,n;aBaiiTe B03bMeM e = a I at, qTo COOTBeTCTByeT HH­

cpHHHTe3HMaJlhHOH TpaHCJI.HIJ;HH BO BpeMeHH (B CMhICJie HeKOTOporo 

pacru;ermeHR.H Ha rrpocTpaHCTBO n BpeM.H). IIp.HMoe, HO BeCbMa rro­

yqnTeJihHOe BhlqHCJieHRe, KOTOpoe Mhl OCTaBJI.HeM qnTaTemo, IIOKa-

3hIBaeT, qTo 

1 
C(e) = 2(11Ell 2 + llBll 2

) dx /\ dy /\dz 

+ P1 dy /\dz/\ dt - P2 dx /\dz/\ dt + P3 dx /\ dy /\ dt, 

r,n;e 

RJIR, 6oJiee KpaTKO, 

P1 = EyBz - ByEz, 

P2 = ExBz - BxEz, 

P3 = ExBy - BxEy, 

P=Ex:B. 
(TpexMepHhrii BeKTOp P Ha3hIBaeTc.H BeKTopoM IIoiiHTRHra.) TaKRM 

o6pmoM, Ha rroBepxHocTn t = canst nHTerpan OT C(e) ,n;aeT rroJI­

Hyro 3HeprRro 3JieKTpnqecKoro R MarHRTHoro rroJieit, T. e. Harn 3a­

KOH coxpaHeHR.H cTaHOBHTC.H 3aKOHOM coxpaHeHR.H 3HeprRR. OcTaJih­

Hhre KOMIIOHeHThI C(e) B 3TOM CJiyqae OIIHCbIBaIOT IIOTOK (JIOKaJlhHOH 

IIJIOTHOCTR 3HeprnR) qepe3 JII06yro IIOBepXHOCTb. 
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To'IHO TaK :>Ke, KaK 3Hepnrn CBH3aHa c BpeMeHH6ii TpattcJrnn;neii, 

X-KOMIIOHeHTa HMIIYJihCa CBH3aHa c 6ecKOHe'IHO MaJibIM CMern,eHHeM 

B HarrpaBJieHHH x. C:ho o6rn,nii rrpHHIJ;HII MeXaHHKH (cM., HanpHMep, 

Loomis and Sternberg, rJiaBa 13, HJIH 6oJiee CJIO:>KHOe H3Jio:>KeHne B 

KHHre Guillemin and Sternberg, maBa 2). TaKHM o6pa3oM, C(a/ax) 
6y,n;eT 3aMKHYTOii 3-cl:>opMoii, HHTerpaJI OT KOTopoii ITO rrpOCTpaH­

CTBeHHOIIO,II;06Hoii TpexMepHoii IIOBepXHOCTH t = const ,n;aeT IlOJIHhiii 

HMIIYJihC 3JieKTpoMarHHTHoro ITOJIH B HarrpaBJieHHH x. llHTerpnpoBa­

HHe no IlOBepXHOCTHM BH,II;a [a, b] x s, r,n;e s - IIOBepXHOCTb B npo­

CTpaHCTBe JR3 , a [a, b] - BpeMeHHoii HHTepBan, BeJIH'IHHhI C(a/ax) 
,n;aeT noToK x-KOMITOHeHThI HMITYJibca qepe3 noBepxHOCTh S B Teqe­

HHe BpeMeHH [a, b]. 
,Il,JIH JII06oro IlOCTOHHHOrO BeKTOpa e BeJIH'IHHa C(e) HBJIHeT­

CH 3-cl:>opMoii, a *c(e) - 1-cl:>opMoii. TaKHM o6pa3oM, paBeHCTBo 

T(e,'r/) = *c(e)(11) HMeeT CMbICJI ,II;JIH HeKOToporo ,n;pyroro IIOCTO­

HHHOro BeKTopa 17. <l>yHKIJ;HH T = T(e, 11) Ha3hrnaeTcH men3opo.M 
31tep2uu-u.Mny.11.'bca, ITOTOMY 'ITO B Heit 3aKO,II;HpOBaHbl Bee KOMilOHeH­

TbI IIJIOTHOCTH H IIOTOKa 3HeprHH H HMIIYJibCa. 

IlpH HaJIH'IHH TOKa j cPOPMhI C(e) y:>Ke He 6y,n;yT 3aMKHYTbIMH, 

HO OHR y,n;OBJieTBOpHIOT ycJIOBHIO 

dc(e) = i(e)F /\ 47rj. 

9To Ha3bIBaeTCH CU.!WU Jlope'H'u,a H npe,n;cTaBJIHeT nepe,n;aqy 3HeprHH­

HMITYJihCa OT 3JieKTpoMarHHTHoro noJIH TOKY 3apH,n;oB. 

19.6. BoJIHOBhie cPPOHThl M rrpMHD;MII r10iireHca 

PerneHHe BOJIHOBoro ypaBHeHHH 

BH,II;a 

u(x, t) = f(x)g(h(x) ± t) 

Ha3hrnaeTCH pacnpocmpan.Rww,euc.R eo.11,nou. Bhipa:>KeHHe h( x ± t) Ha-

3hIBaeTcH <f>a3oii, BOJIHhI, a IlOBepxHOCTH ypoBHH h = Const - 60./l,'H,0-
6'bt.MU ef>ponma.Mu. 
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MbI y)Ke BH,11.eJrn, 'ITO B 0,11.HOMepHoM rrpocTpaHCTBe, B3RB f = 1, 
h(x) = x H rrpOH3BOJlhHYIO cPYHKII,HIO g, IIOJiyqaeM perneHHe, KOTO­

poe B o6III,eM CJiyqae MO)KeT 6bITh 3arrncaHO KaK cyMMa ,11.BYX TaKHX 

Bhipa)KeHHH, O,IJ;HO co 3HaKOM +, a .n;pyroe co 3HaKOM -. 

B TpexMepHOM rrpocTpaHCTBe B Ka'!eCTBe h B03hMeM cPYHKII,HIO, 

JIHHeHHYIO no x 

h(x) = k · x, 

f = 1 H rrpoH3BOJ1hHYIO cPYHKil,HIO g. qT06hI peIIIHTb ypaBHeHHe, 

HaKJia,11.hIBaeTCR e.n;HHCTBeHHOe ycJIOBHe llkll = l. (Ilo cyIII,eCTBY Mhl 

CBeJIH 3a,n;aqy K O,IJ;HOMepHOMY cJiy'laIO: c IIOMOIII,bIO BpaIII,eHHH MO)l(­

HO c.n;eJiaTb TaK, 'ITO k = (1, 0, 0). Ilo3TOMY perneHHe 3aBHCHT TOJlhKO 

OT x H t, 'ITO paBHOCHJlhHO perneHHIO BOJIHOBOro ypaBHeHHR B rrpo­

CTpaHCTBe O,IJ;Horo H3MepeHH51.) 

B qacTHOCTH, eCJIH MhI B03hMeM g( 0) = eiO, TO ITOJIY'IHM cPYHKII,HH 

i(k-x-t) 
e ' llkll = 1. 

Ba)KHOCTh 3THX perneHHH c cnHycon.n;aJihHhIMH BOJIHaMH ofrhRCHR­

eTCR CJie,IJ;yIOIII,HM: 3TO TeopeMa, corJiaCHO KOTOpo:H Ka)K,Il;aR rJia,IJ;KaR 

cPYHKII,HR B rrpocTpaHCTBe IR1•3 (HJIH B o6III,eM cJiyqae B rrpOCTpaH­

CTBe Rn), KOTopaR Ha 6ecKoHe'!HOCTH .n;ocTaTO'IHO 6bICTpo y6hrnaeT, 

MO)KeT 6bITh 3aIIHCaHa B BH,IJ;e cynepII03HII,HH cPYHKII,HH BH,IJ;a eik-x' 

T. e. JII06yro TaKyIO cPYHKII,HIO MO)KHO 3aITHCaTb B <PopMe 

1 J A •e J(x) = (27r)3/2 J(e)e1 ·x dx, 

r.n;e J - IT0,11.X0,11.RIII,aR cPYHKII,HR. B rJiaBe 21 MhI .n;a.n;nM o'leHh KpaT­

Koe ,IJ;OKa3aTeJibCTBO 3TOro <l>aKTa. 0Ka3hIBaeTCR, 'ITO 3Ta <PopMyJia 

06pamno20 npeo6pa3oeattuR <l>yp'be BepHa H B 60J1ee o6III,eM cJ1yqae. 

B HarneM )Ke cJ1yqae o6III,ee perneHne BOJIHOBoro ypaBHeHHR MO)KeT 

6hITh 3arrncaHo KaK cyrreprro3HII,HR cPYHKII,HH ei(k-x-t), r.n;e llkll = 1. 
B Ka'!eCTBe BToporo rrpnMepa paccMoTpHM c<PepnqecKH CHMMeT­

pH'IHhie perneHHR BOJIHOBOro ypaBHeHHR ( orrpe.n;eJieHHOro BHe rrpRMOH 

r = 0). 3arrnrneM J1arrJ1acnaH B c<i>epnqecKHX Koop.n;nHaTax: 
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TaK 'ITO ,ll;JUI ccl>epH'IeCKH CHMMeTpH'IHOii cPYHKIJ;HH u = u(r, t) BOJI­

HOBOe ypaBHeHHe rrpHHHMaeT BH,ll; 

o
2
u = ]:__~r20U = ~ [2ou + o2

u] = ~ o2 
ru 

ot2 r2 or or r or or2 r or2 ( ) . 

TaKHM o6prooM, cPYHK~HH v = ru y,n;oBJieTBOpHeT o,n;ttoMepttoMy 

BOJIHOBOMY ypaBHeHHIO 

(
02 02) 
f)t2 - or2 v = O. 

06rn;ee perneHHe 3Toro ypaBHeHHH ,n;aeTCH <l>opMyJioii 

v(r, t) = f (r + t) + g(r - t), 

TaK 'ITO o6rn;ee perneHHe ccl>epH'IeCKH CHMMeTpH'IHOro BOJIHOBOro 

ypaBHeHHH HMeeT BH,ll; 

u(r,t) = f(r + t) + g(r - t). 
r r 

3,n;ech rrepBhiii qJieH rrpe,n;cTaBJIHeT rra,n;arorn;yro BOJIHy, a BTopoii -

HcrrycKaeMyro. B qacTHOCTH, B03bMeM f = 0 H g( s) = eiks. Tor,n;a 

eik(r-t) 
Wk(t, r) = --­

r 

rrpe,n;cTaBJI5IeT HCIIYCKaeMyro ( CHHYCOH,ll;aJibHYIO) BOJIHY c 'IaCTOTOii 

k. ,Ll;eiiCTBHTeJibHO, JierKO rrpoBepHTb, 'ITO c TOqHOCTbIO ,n;o HOpMHpo-

BO'IHOii IIOCTOHHHOii 
eikr 

Ek(r) = -
r 

5IBJI5IeTC51 «<l>ytt,n;aMeHTaJibHbIM perneHHeM» rrpHBe,n;eHHOrO BOJIHOBO­

ro orrepaTopa ~ + k2 , T. e. 

IIpH r f. 0, H 
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,n;m1 mo6oii rJia,z:i;Koii cPYHKIJ;HH ¢. B rJiaBe 15 MhI ,n;oKa3aJIH 3TOT pe-

3YJibTaT B cJiyqae k = 0 H3 cl>opMyJihI fpnHa. AHanorH'!Hoe ,n;oKroa­

TeJibCTBO cpa6oTaeT H 3,ll;€Cb. 

,Il;anee, ecJIH D - mo6rui orpaHH'leHHa.H o6JiaCTh B JR3 n u 
y,n;oBJieTBOpHeT rrpnse,n;eHHOMY BOJIHOBOMY ypaBHeHHIO (ypaBH€HHIO 

f eJibMrOJihIJ;a) 

TO H3 cPOPMYJibI fpnHa MO)KHO BH)l;€Tb, 'ITO sepHa CJl€,ll;yIOIIJ;aH cl>op­

MyJia feJihMrOJibIJ;a: 

- --*dU - U*d -- -1 /~ [eikrp (eikrp )] _ {u(P), 
47r av rp rp 0, 

ecJin PED 

ecJin P <t. D, 

r,n;e rp o6o3Ha'!aeT paccTOHHHe OTP. 

Bo MHOrHX rrpHJI0)K€HHHX HaM HHTepecHa CHTyaii;nH, Kor,n;a BMeC­

TO orpaHn'leHHOCTH o6JiaCTH D OHa HBJIHeTCH BHemHeil: )l;JIH HeKoTo­

poil: rrosepxHOCTH S. CHa'laJia socrroJih3YeMCH rroJiy'leHHoii cl>opMy­

JIOii ,ll;JIH orpaHH'leHHOii o6Jiacnr DR, co,n;ep)KaIIJ;eii rrepeceqeHne D c 

mapoM pa,n;nyca R n ii;eHTpoM B TO'!Ke P. EcJIH R BbI6npaeTCH ,n;ocTa­

TO'!HO 6oJihllIHM (pnc. 19.5), TO HHTerpaJI CTaHOBHTCH cyMMOH ,n;syx 

HHTerpaJIOB no IIOBepXHOCTHM, H Mbl rroJiyqaeM cPOPMYJIY 

1 Jr { 1 Jr { {u(P), 
47r ls+ 47r }r:,R = 0, 

Pnc. 19.5 

ecJIH PED, 

ecJIH P <t. D. 
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3,n;ech :ER - c<i>epa pa,n;ttyca R. Tor,n;a 

( 
eikr ) eikr [· 1] d - = - ik- - dr 

r r r 

H *dr = R2dw Ha rroBepxHOCTH :ER, r,n;e dw - 3JieMeHT TeJiecHoro 

yrJia Ha 3TOil: rroBepxHOCTH. TaKHM o6p83oM, BTopoil: HHTerpan rrpH­

HHMaeT BH,IJ; 

Ilpn R--+ oo nHTerpa.n no c<i>epe cTpCMHTca K ttyJIIo, ecJin 

3,n;ecb HHTerpaJihI BhI'IHCJI.HIOTCa rrpH r = R. 9TH ycJIOBH.H H83hIBa­

IOTca ycJIOBH.HMH H3Jiy'leHHH 3oMMep<i>eJib,IJ;a. llx 3Ha'IHMOCTh orrpe­

,IJ;€JI.H€TC.H TeM, 'ITO OHH rrpe,n;cTaBJI.HIOT CHTyaII,HIO, Kor,n;a pemeHHe 

u co,n;ep)KHT TOJihKO HcrrycKaeMbie BOJIHhI, a rra,n;aIOIII,HX BOJIH HeT3 . 

Ilpe,n;rroJIO)KHM, 'ITO 3TO ycJIOBHe BhIIIOJIHeHo. Tor,n;a 3Ha'leHHe u BHe 

HeKOTOpoil: IIOBepXHOCTH s 3a,IJ;aeTC.H <i>opMyJIOH 

1 r [ eikr ( eikr ) ] 
u(P) = 47f J s -;:-*du - U* d -;:- (19.2) 

3
CTporoe MaTeMaTIPieCKoe ofrMICHeHlrn ycJIOBHH H3Jiy'leHmI 30MMep¢eJib,D;a 

MO:lKHO Haii:TH B KHHre Lax and Phillips, c. 120-128. H,n;eH AOKa3aTeJibCTBa cocTo­

HT B cJie.n;yroru,eM. IlycTh f = {fi, h} - ,n;aHHhre Koum .D;JIH BOJIHOBOI'O ypaBHe­

HHH. MbI Hru,eM peIIIeHHe BOJIHOBoro ypaBaeHHH 

fPw 
---~w=O 
{)t2 

c Ha'laJihHhIMH ycJIOBHHMH w(x,O) = fi H (8w/8t)(x,O) = /2. MbI roBopHM, 'ITO 

f OIIHCbIBaeT pacxoa.nw,y10c.n 60Jt'Hy, eCJIH cyru,ecTByeT HeKOTOpaH KOHCTaHTa c, 

TaKaH 'ITO w = 0 AJIH lxl < t - c. EcJIH Mhr Hru,eM peIIIeHHe c cPHKCHpoBaHHOii: 

'lacTOToii:, TO cooTBeTCTByIOru,He Ha'laJihHI>Ie yCJioBHH KoIIIH HMeIOT BHA { w, ikw }. 
Ilpe,n;IIOJIO:lKHM, 'ITO w - peIIIeHHe rrpHBe,n;eHHOI'O BOJIHOBOI'O ypaBHeHHH BHe HeKO­

TOpoii: orpaHH'leHHoii: o6JiacTH. Tor.n;a ycJIOBHe { w, ikw} o6ecrre'IHBaeT pacxo,n;H­

ru,eecH peUieHHe TOr,n;a H TOJibKO Tor.n;a, Kor.n;a BbIIIOJIH.HIOTC.H ycJIOBH.H H3Jiy'leHH.H 

3oMMep¢eJih)l;a. 
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TaKHM o6pa30M, pernemrn 3a rrpe,I1,eJiaMH o6JiaCTH S orrn:chrnaeTCH 

paCXO,Il,H:rn;HMHCH c<Pepn:qecKHMH BOJIHaMH, H3JiyqeHHhlMH IIOBepXHO­

CThlO S. MMeHHO f10ii:reHcy rrpHHa,Il,Jie)KHT H,Il,eH, qTo pacrrpocTpa­

HeHHe B03My:rn;eHHH B BOJIHOBOH TeOpHH rrpe,Il,CTaBJIHeTCH cyrreprro-

3HlI;IIeii: 6mOpU'l/,'H,'btX 603.Myw,ettuu OT rrpoMe)KyToqHoii: IIOBepXHOCTH, 

cKa)KeM OT S. 0,Il,HaKo, OH He ,Il,aJI a,I1,eKBaTHoro ofrMICHeHHH, rroqeMy 

He cy:w;ecTByeT o6pamttou 60.Jttt'bt (rra,I1,a10:rn;eii: BOJIHhr), T. e. rroqeMy 

BOJIHhl pacrrpOCTpaHHIOTCH TOJihKO OT IIOBepxHOCTH. 11:,Il,eH, qTo 06-

paTHhie BOJIHhl MOryT JHHqTO)KaTh ,Il,pyr ,Il,pyra B CHJIY pa3HOCTH HX 

cPa3, rrpHHa,Il,Jie)KHT <I>peHeJIIO. <I>peHeJih ,Il,yMaJI, qTo ecJIH BCe HC­

TOqHHKH aaxo,I1,HTCH BHYTPH rroBepxHOCTH S, TO 6mopu..,,ttoe ua.1ty'l/,e­

ttue ( T. e. IIO,Il,HHTerpaJihHOe Bhlpa)Kemce B cPOPMJJie reJibMrOJihll,a) 

B CHJIY HHTep<Pepem:i;n:n: ,Il,JIH Ka)K,Il,Oro 3JieMeHTa IIOBepXHOCTH 6y,I1,eT 

C03,Il,aBaTh HJJieBOH a<P<PeKT B Ka)K,Il,OH BHJTpeHHeii ToqKe. IlpHBe­

,Il,eHHbie coo6pa)KeHHH, rrpn:Ha,I1,Jie)Ka:w;n:e no cy:w;ecTBY feJihMrOJihizy, 

6hIJIH rrepBblM CTporo MaTeMaTHqecKHM IIO,Il,XO,Il,OM K rrpo6JieMe. 0HH 

IIOKa3hIBaIOT, qTo BOJIHhl YHHqTO)KaIOTCH BHJTPH o6JiaCTH 6Jiaro,I1,apH 

cyMMapHoMy a<P<PeKTY OT rpaHHIJ,hI. M TeM He Mettee, KaK MhI yan:­

,Il,HM B rJiaBe 21, <I>peHeJih 6bIJI rrpaB c ToqHOCTblO ,Il,O qJieHOB rropH,Il,Ka 

1 / k. 9To 6y.n;eT c.n;eJiaHO c IIOMO:rn;hIO acHMIITOTHqecKOii: ou,eHKH HH­

TerpaJIOB B <PopMyJie feJihMrOJihlra. 

,II;o CHX rrop Mbl pa60TaJIH c .MO'H,OXpO.MamU'l/,eC'K:U.M ua.1ty'l{ettUe.M 

u, COOTBeTCTBJIO:rn;HM 3aBHCH:rn;eii OT BpeMeHH cPYHKil,HH v(x, y, z, t) = 
u(x, y, z)e-ikt. ,II;m1 cPHKCHpOBaHHOH TOqKH p BBe,Il,eM cPYHKIJ,HIO 

vp(x, y, z, t) = v(x, y, z, t - r), 

r,I1,e r - pacCTOHHHe OT p ,Il,O (x, y, z). Ilo.n;cTaHOBKa B cPOPMYJIY 

f eJihMrOJihIJa .n;aeT 

v(P,T)=- Vp*d - ---*dr--*dvp. 1 1 ( (1) 1 au 1 ) 
471" s r r otp r 

9To <PopMyJia Kn:pxro<Pa. IlocKOJihKY oHa JIHHeiiHa no v He co,I1,ep)KHT 

B HBHOM BH,n;e qacTOTy, TO OHa BepHa ,Il,JIH Jil06oii: cyrreprro3Hll,HH MOHO­

xpoMaTn:qeCKHX BOJIH c pa3JIHqHhIMH qacToTaMH, a cJie,n;oBaTeJihHo, 

,n;JIH rrpOH3BOJihHOro pernemrn BOJIHOBoro ypaBHeHHH. B 3TOii: <PopMe 

CBH3h c rrpHHIJ,HIIOM f10ii:reHca oqeBH,Il,Ha. 
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Pe3IOMe 

A. YprurneHHSI Mru<caemia 
Bhr ,n;omKHbI 3HaTh 3aKOHhI <l>apa,n;eH H AMnepa B HHTerpaJibHoii H 

,n;mp<Pepem:i;HaJibHOH <PopMe H yMeTb ,11;0Ka3bIBaTb, 'ITO 2-<PopMbl 

F = B + E /\ dt H G = D - H /\ dt 

y,n;oBJieTBOpHIOT ycJIOBHIO G = * F B BaKyyMe. 

BhI ,n;omKHhI yMeTh npHBO,Il;HTb ypaBHeHHH MaKcBeJIJia K BH,lly 

DA= 47rj H onHCbIBaTb pernettmr 3Toro BOJIHOBoro ypaBHemrn:. 

Bbl ,n;omKHhI 3HaTh, KaK <PopMyJI11pyeTc.S1 3aKoH coxpatteHHH 3Hep­

rHH-HMIIYJibCa ,Il;JIH 3JieKTpoMarHHTHOro IlOJI.SI qepe3 ,n;11<P<PepeHIJ;H­

aJibHbie cPOpMbl. 

19.1. B 'leThipexMepHoM npocTpattcTBe-BpeMemi (ncnOJih3YIOTCH e.n;nttn­

upr, Kor.n;a c = 1) (dt,dt) = 1, (dx,dx) = (dy,dy) =(dz, dz)= -1 H 

O' = dt /\ dx /\ dy /\ dz. 2-<PopMa F, npe,n;cTaBJIHIOIIJ;aH aJieKTpoMar­

HHTHoe IIOJie, M02KeT 6bITb Bbipa2KeHa qepe3 KOOp)l;HHaTbI x, y, z, t B 

BH,n;e F = Bz(x, y, t) dx /\ dy - Ex(x, y, t) dt /\ dx - Ey(x, y, t) dt /\ dy. 
Bee .n;pyrne qJieHhI paBHbI HYJIIO. 

(a) KaKoe cOOTHornettne )l;OJI2KHO BhIIIOJIHHThCH )l;JIH qacTHhIX npo­

H3BO)l;Hh1X Bz, Ex H Ey, 'IT06br BhIIIOJIHHJIOCh paBeHCTBO dF = 
O? 

(b) Bbipa3nTe *d*F qepe3 qacTHbte rrpOH3BO)l;Hhie Bz, Ex H Ey. 

19.2. Ilpeo6pa30BaHHe Jlopemi;a a, COOTBeTCTByIOrri;ee CKOpoCTH v B)l;OJib 

OCH x M02KHO 3aIIHCaTb B TepMHHax rrepeHoca (.n;JIH y.n;o6cTBa Mbl 

Il0JI02KHJIH c = 1) CJie,n;yroni;HM o6pa30M: 

a*t' = 1(t - vx), 

a*x' = 1(x - vt), 
a*y' = y, 

a*z' = z, 

r,n;e 'Y = 1/v'l - v 2 . EcJIH x, y, z, t - KOOp)l;HHaThl CHCTeMbl OTC'IeTa 

tta6JIIO)l;aTeJIH, CTOHni;ero Ha IIJiaT<PopMe, a x'' y'' z'' t' - KOOp.n;H­

HaThl CHCTeMhl OTC'IeTa tta6JIIO)l;aTeJIH, CH,n;Hrri;ero B rroe3.n;e, KOTOpblll 
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,n;mrnceTC51 co CKOpOCThlO v B,ll;OJih OCH x, TO a* rrpeo6pa3yeT KOOp,n;n­

HaTbl co6hlTH51 x', y', z', t', Ha6Jiro,n;aeMoe B rroe3,n;e, B Koop,n;HHaThI 

Toro )Ke co6bITH51 B CHCTeMe OTCqeTa Ha6Jiro,n;aTeJI51 Ha IIJiaT<pOpMe. 

(a) IloKa2KHTe 5IBHO, qTo a* coxpaH5IeT 3Be3,lJ;HhIH orrepaTop, T. e. 

qTo a**w = *(a*w). llcrrOJih3Y51 3Be3,n;Hwil: orrepaTop ,ll;JI51 KO­

op,n;HHaT x, y, z, t, T. e. *dt = dx /\ dy /\dz H T. ,n;., rrpoBepbTe 

cJie,n;yrom;ee: 

a** dx' /\ dy' /\ dz' = *a* ( dx' /\ dy' /\ dz'), 

a**dt' /\ dy' /\dz'= *a*(dt' /\ dy' /\dz'), 

a**dt' /\ dx' = *a*(dt' /\ dx'), 

a**dx' /\ dy' = *a*(dx' /\ dy'). 

(b) IloTeHIJ;HaJI A M02KeT 6hITh 3anHcaH 'Iepe3 Koop,n;nHaThI nacca-

2KHpa noe3,n;a B cpopMe 

A = A' dt' + A' dx' + A' dy' + A' dz' t x y z . 

At dt + Ax dx + Ay dy + Az dz, 

OTKy,n;a rroJiy'IHTe Bhlpa2KeHH51 ,ll;JI51 At, Ax, . . . 'lepe3 A~, A~, 

19.3. BhmOJIHHTe yrrpa2KHeHHe 19.2 ,n;JI51 2-cpopMhI 

F = B' + E' /\ dt', 

F = B~ dy' /\ dz' + · · · + E: dz' /\ dt'. 

F = Bx dy /\ dz + · · · + Ez dz /\ dt. 

IloJiy'IHTe Bhlpa2KeHH51 ,n;JI51 KOMIIOHeHT IIOJI51 Bx, By, Bz, Ex, Ey, Ez 
qepe3 B~, B~, B~, E~, E~, E~. 

19.4. Toqe'IHhlH 3ap51,n; IIOKOHTC51 B HaqaJie KOOp,lJ;HHaT B CHCTeMe OTcqeTa 

noe3,n;a. ,Il,JI51 "3TOro 3ap51,n;a, KaK H3BeCTHO, 

'd I+ 'd I 'd I 
F = B' E' /\ dt' = x x y y + z z /\ dt'. 

+ (x'2 + y'2 + z'2)3 /2 

Bh!qHcJIHTe a* F H OIIHIDHTe IIOJI51 3ap51,n;a, coBepmarom;ero paBHO­

MepHoe ,ll;BH)KeHHe B,ll;OJih OCH x. 
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19.5. lfa 2-cpopMhl F MO)KHO rrocTpOHTh ,IJ;Be pa3JIHqHhie 0-cpopMhl: 

Ji = *(FI\ F), h = *(FI\ *F). 

Bbipa3HTe 3TH BeJIHqlIHbI, HHBapnaHTHbie OTHOCHTeJibHO rrpeo6pa30-

BaHHH JiopeHii;a, qepe3 KOMIIOHeHThI F, T. e. qepe3 Bx, By, ... , Ez. 



rJiaBa 20 

KoMrrJieKCHhIH aHaJIH3 

B aTofi nrnBe rrpHBO)l.HTC.H .zi.ocTaTo~rno cTaH.zi.apTHoe H3-

JIO)KeHrre TeOpHH cPYHKD;HH KOMIIJieKCHOro rrepeMeHHOro. 

BBe,n.eHHe 

HacTO.HIIJ;a.H rJiaBa rrocB.Hrn;eHa rr3yqeHHIO Teoprrrr cPYHKIJ;Hfi KOM­

rrJieKcHoro rrepeMeHHOrO. cha TeOpH.H, B ee pa3JIHqHblX MO)l.HcPHKaD;H­

.HX, .HBJI.HeTc.H rJiaBHbIM .zi.ocTH)KeHrreM MaTeMaTHKH XIX BeKa. 3.zi.ech 

MbI KpaTKO paccMoTpHM TOJihKO KJiroqeBhre pe3yJihTaThr. BcrroMHHM 

OCHOBHbie IIOJIO)KeHH.H TeOpHH cPYHKD;HH HeCKOJibKHX rrepeMeHHbIX, B 

qacTHOCTH, )l.Byx rrepeMeHHbIX (rJiaBbI 7-8). IIycTb x H y - Koop.zi.rr­

HaThI B rrpocTpaHCTBe ~2 . OcHOBHbie o6'beKTbI .zi.rr<P<PepeHD;HaJihHoro 

rrcqrrcJieHH.H - cPYHKD;HH, JIHHeHHbie .zi.rr<P<l>epeHD;HaJibHbie <PopMbl H 

<PopMbI BTopofi cTerreHH. Ka)K)l.hifi H3 HHX MO)KeT 6hITb orrpe.zi.eJieH 

TOJibKO Ha OTKpbITOM IIO)l.MHO)KeCTBe rrpocTpaHCTBa ~2 . <l>yHKD;H.H f 
rrpHIIHCbrnaeT qrrcJio f(x, y) ToqKe (x, y). EcJIH crreu;HaJihHO He oro­

BopeHo, TO Bee cPYHKD;HH rrpe.zi.rroJiararoTC.H .zi.rr<P<l>epeHu;rrpyeMbIMH. 

JIHHeHHa.H .zi.rr<P<PepeHD;HaJihHa.H <PopMa HMeeT BH)l. 

w = adx + bdy, 

r.zi.e a H b - cPYHKD;HH. EcJIH 'Y - oprreHTHpoBaHHa.H KpHBa.H (KycoqHo­

.zi.rr<P<l>epeHu;rrpyeMa.H H Jie)Karn;a.H B o6JiaCTH orrpe.zi.eJieHH.H w), TO 

MO)KHO BhrqrrcJIHTb KpHBOJIHHefiHhrfi HHTerpaJI J'Y w. EcJIH HMeeTc.H 

cyrreprro3HD;H.H ( o6'he)l.HHeHrre) 'Y = 'YI ... 'Yn, r.zi.e 'Yi - .zi.rr<P<PepeHu;rr­

pyeMhre KpHBbre, rrapaMeTpH30BaHHhre Xi(t), Yi(t) rrprr O:i ~ t ~ /3i, 
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TO 

1w=1 w+···+1 w, 
"( "fl "(n 

r.n;e 

3a.n;aHHMI cpyHKII;lUI f HMeeT ,ll;Hcpcpepettu;HaJI df' .HBJUIIOIIJ;HMC.H JIH­

H€HHOH .n;ncpcpepeHII;H8JlbHOH cpopMOH BH,ll;a 

Bf Bf 
df =ax dx + 8y dy. 

TeopeMa CToKca f];JI.H cpyHKII;Hii ( cpyH.n;aMeHT8JlhHMI TeopeMa .n;Hcpcpe­

peHu;MaJibHoro Hcq.HcJieHM.H) roBopHT, qTo ecJIH 'Y - mo6a.H KpHBa.H, 

coe.n;HH.HIOIII;a.H ToqKH p H q' TO J, df = f ( q) - f (p). 
2-cpopMa HMeeT BH,ll; 

!1 = cdxAdy, 

r.n;e c - cpyHKII;H.H. EcJIM D - orpaHnqeHHMI o6JiaCTh Ha IIJIOCKOCTM 

( COf];ep)KaIIJ;a.HC.H B 06JiaCTH OIIpe.n;eJieHM.H f2), TO MO)KHO CcpOpMHpO­

BaTb MHTerpaJI f v n. EcJIH rrpH 3TOM D HMeeT CTaH.n;apTHYIO op.HeH­

TaIJ;HIO, TO f D f2 - ,ll;BORHOH HHTerpaJI 

l w = l c(x,y)dxdy. 

(EcJIH D HMeeT rrpoTHBOITOJIO)KHyro opneHTau;nro, TO Heo6xo.n;HMO H3-

MeHHTb 3HaK.) Ilpe.n;rroJiaraeTC.H, qTo BCe o6JiaCTH HMeIOT KycoqHo­

,ll;HcpcpepeHu;HpyeMyIO rpattnu;y, KOTOpa.H o6Jia.n;aeT HH,lJ;YII;HpOBaHHOii: 

op.HeHTau;Heii. '.:ha rpaHnu;a (c opnettTau;Heii) o6o3ttaqaeTc.H 8D. EcJIH 

w = a dx + b dy' TO dw .HBJI.HeTC.H 2-cpopMoli BH,ll;a 

(aa 8b) 
dw = ay - ax dxAdy, 

H TeopeMa CToKca (.n;JI.H 1-cpopM) mac.HT 

r w = r dw. 
lav iv 
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MbI rrpe,n.rroJiaraeM, 'ITO 'IHTaTeJih 3HaKOM c oCHOBHhIMH cso.tl:­

CTBaMH KOMIIJieKCHhIX 'IHCeJI. Ka>K,n.oe KOMIIJieKCHoe 'IHCJIO c MO>KHO 

3amwarh B <PopMe c = r +is, r,n.e r H s - sern.ecTBeHHhie 'IHCJia, 

i2 = -1. IlpH 3TOM r Ha3bIBaeTC5I eew,ecmBe'H'HOU "4.aCm'b'lo H s - M'HU­

MOU "iacm'b'lo KOMIIJieKCHoro ~rn:cJia c. "l!HcJio c = r - is Ha3hIBaeTc5I 

'IWMnJ1,e-X:ctto-conp.R:>1Ce'H'H'btM OT c, H cc = lcl2 = r2 + s 2 . ,Ii;JI5I KOM­

nJieKCHhIX 'IHCeJI BhIIlOJIH5IIOTC5I Bee 3aKOHbl anre6pbl, B qacTHOCTH, 

KOMMyTaTHBHbI.ti: H acCOIJ,HaTHBHbI.tl: 3aKOHhl ,ll.J15I onepaIIH.ti: CJIO>KeHH5I 

H yMHO*emrn H ,ll.HCTpn6yTHBHhI.tl: 3aKOH. 

20.1. KoMnJieKCH03Ha"tJHhie <l>YHKU,HH 

Terrepb MhI paccMaTpHBaeM <i>YHKI1HH H ,n.n<P<PepeHI1HMhHhie <l>op­

MhI, KOTOpbre MOryT HMeTb KOMIIJieKCHbie 3HaqeHH5I, T. e. 'IWMnJl,e'l'(;C­

H,03'1-ta"i'Ha.R <fiymcu,UJt f rrpHIIHCbIBaeT KOMIIJieKCHOe 'IHCJIO f ( x' y) = 
u(x, y) + iv(x, y) Ka)l(,ll;OH TO'IKe Ha IlJIOCKOCTH, r,n.e u H v - sern.e­

CTBeHH03Ha'IHhie cPYHKI1HH. ,Il;pyrHMH CJIOBaMH, 3a,n.aHne KOMIIJieKC­

H03Ha'IHOH cPYHKI1HH 03Haqaer 3a,ll.aHHe rrapbl sern.ecTBeHH03Ha'IHbIX 

cPYHKI1HH, T. e. TO >Ke caMoe, 'ITO 3a,n.aHHe OT06pa>KeHH5I ( OTKpbITOro 

rro,n.MHO)KeCTBa) ~2 B ~2 . Mbr rosopHM, qro f ,n.n<P<l>epeHIIHPYeMa, 

ecJIH ,ll.HcP<i>epeHIIHPYeMO 3TO oro6pa>KeHHe, T. e. ,n;mpcpepemi;HpyeMbl 

cPYHKI1llll u ll v. TaKHM o6p330M, <l>opMyJihI of /ax= ou/8x+i8v/ox 
H Of jay = oujf)y + iavjf)y 3a,n;aIOT qaCTHhle IIpOH3BO,ll.Hhie cPYHK­

IIHH f. Mo>KHO paccMarpnsarh pa3JIH'IHbre mrneiiHhie KOM6nHaI1HH 

3THX qaCTHhIX IIpOll3BO,ll.HhIX c BeIIJ,eCTBeHHhIMll HJIH KOMIIJieKCHhIMH 

K03cPcPHI1HeHTaMH. HarrpnMep, paccMOTpHM Bhipa>KeHHe 

lof iof --+--. 
2 ox 2 oy 

Mo>KHO C'IRTaTh, 'ITO 3TO pe3yJihTaT ,n.eiicTBR5I iJu<fi<fiepeH'11,UM'b'Ho20 

onepamopa 1 ( o /ox + i8 / oy) Ha cPYHKI1RIO f. B rrocJie,n.yrorn.eM R3Jio­

>KeHRH 3TOT orrepaTop qpe3BhI'laiiHO Ba>KeH ,ll.J15I Hae, II03TOMY BBe,n;eM 

,n.JI5I Hero crrel1RMhHoe o6o3HaqeHRe o/oz. TaKnM o6prooM, 

(20.1) 
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Atta.noruqHo orrpe,n;eJIHM 

{) 1(8 .8) -- - --1-
{)z - 2 ax {)y . 

(20.2) 

HecKOJihKO II03)Ke cTaHeT rrOH.HTHa rrpuqutta ,l.l;JI.H BBe,n;eHH.H 3TlIX o6o-

3HaqeHHfi. 3aMeTHM, qTo ecJilI f = u +iv, TO 

TaK qTO, co6upa.H BMeCTe Beru;ecTBeHHYIO lI MHlIMYIO qacTlI, Mhl IIO­

JiyquM 

(20.3) 

3aMeTHM, qTo ,n;JI.H JII06oii rraphI ,n;mp<l>epem:i;upyeMhix cPYHKIJ;lIH f u 

g Mhl lIMeeM 

a of ag 
az(f g) = oz 9 + f oz 

lI atta.noruqttoe paBeHCTBO crrpaBe,n;JIHBO ,l.l;JI.H {)/oz. 
PaccMoTplIM KOMIIJieKCH03HaqHyIO cPYHKIJ;lIIO z(x, y) 

3arrmrreM 3TO B Bu,n;e 

z = x + iy 

z = x - iy. 

Tor,n;a cPYHKIJ;lI.H z
2 

3a,n;aeTc.H <PopMyJiofi 

z2 = (x2 - y2) + i2xy, a z2 = (x2 - y2) - 2i2xy 

lI 

zz = izl2 = x2 + y2. 

(20.4) 

x + iy. 

(20.5) 

AHa.noruqHo MO)KHO c<PopMHpoBaTh rroJIHHOM OT z, ttarrpuMep, 17 z3 -

5z2 + 2z - 3, IIOJilIHOM OT z, lIJilI CMeIIIaHHhIH IIOJilIHOM, HallplIMep, 
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3z2 z - 2zz3 + z2 - 5z + 1 H T. ,n;. Bee 3TO - rrpnMephI KOMrrJieKCH0-

3Ha'!HhIX cpyHKI1HH. EcJIH B cpopMyJiy (20.3) BMeCTO f rro,r:t;cTaBHTh z, 
r,n;e u(x, y) = x H v(x, y) = y, TO rroJiyqnM 

oz =O 
oz -

oz 
oz = 1. 

(20.6) 

lfa cpopMyJihl (20.4) H JIHHeHHOCTH o/oz Mhl 3aKJIIO'!aeM, qTo eCJIH 

P = P(z) - rrpoH3BOJihHhIH rroJIHHOM TOJihKO OT z, TO 

oP 
oz =:O. 

EcJIH P(z) = ao + aiz + · · · + anzn, TO 

oP 2 n 1 
oz = ai + a2z + · · · + nanz - . 

9To rroJIHHOM P'(z) - o6hI'!HaH rrpoH3BO,r:t;HaH rroJIHHOMa P. TaKHM 

o6pa30M, 

H 

20. 2. KoMrrJieKCH03HaqHhie 

,n;1nf><l:>epeHu;1:1aJihHh1e <l:>opMhI 

PaccMoTpHM ,n;ncpcpepeHI1HaJihHhie cpopMhI, HMeIOIIIHe KOMrrJieKCHhie 

3Ha'!eHH51. JlHHeHHaH ,r:t;HcpcpepeHI1HaJibHa51 cpopMa HMeeT BH,ll; 

adx + bdy, 

r,n;e a H b - KOMITJieKCH03HaqHhie cpyHKI1HH. CoxpaHHIOTCH orrpe,n;e­

JieHHe KpHBOJIHHeHHOro HHTerpana H O,ll;HOMepHbIH BapHaHT Teope­

Mhl CToKca, TOJihKO Terreph 3HaqeHHHMH 6y,n;yT KOMrrJieKCHhie qncJia. 

Orrpe,r:t;eJIHM JIHHeHHhie ,n;ncpcpepeHI1HaJihHhie cpopMhI dz H dz 

dz = dx + i dy, n dz = dx - i dy. 
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0TMeTHM, qTo 3TH ,n;mpcl>epeHIJ;HaJihHhie <l>opMhl JIHHeHHO He3aBHCH­

Mbl B KaJK,ll;OH ToqKe H, KpOMe Toro, 

1 
dx = 2(dz +dz), 

1 
dy = 

2
i (dz - dz). 

TaKHM o6pa3oM, npOH3BOJihHruI JIHHeiiHruI ,n;n<l><l>epeHIJ;HaJihHa.H cl>op­

Ma MmKeT 6hITh 3anncatta B sn,n;e 

adx + bdy =Adz+ Bdz, 

r,n;e 

A = ~ (a - ib) H B = ~ (a + ib). 

B qacTHOCTH, ,n;JI.H mo6oii ,n;n<P<l>epett11;npyeMoii KOMTIJieKCH03Haqttoii 

cPYHKIJ;HH f Mbl HMeeM 

af of 
df = -dx+-dy 

ax 8y 

1 (of .of) 1 (of .of) -= 2 OX - I oy dz + 2 OX + I {)y dz. 

I1cnOJih3Y.H onpe,n;eJieHH.H (20.1) H (20.2), Mhl MO:>KeM 3To nepenncaTh 

B BH,JJ;e 

(20. 7) 

,II:asaiiTe paccMoTpHM HeCKOJihKO npnMepos. EcJIH B3.HTh f = z, To H3 

("20.5) n (20.6) nMeeM d(z) =dz. TaKnM o6pa30M, Hamn o6o3HaqeHn.H 

JiomqHhI (nMeHHO no3TOMY MhI sseJin CHMBOJihI 8/8z n 8/8z). EcJin 

f = p - TIOJIHHOM OT Z, TO 

dP=P'dz. 

B 3TOM Bhipa:a<.eHHH oTcyTcTsyeT qJieH c dz. Bo3hMeM f = \z\2 = zz, 

dlz\2 = zdz + zdz. 

Onpe,n;eJIHM KOMTIJieKCHYIO 3KCTIOHeHIJ;llaJihHYIO cPYHKIJ;llIO ez <l>op­

MYJIOH 



Tor,n;a 

20.2. KoMnJieKCH03Ha'IHhle .n;mp<l>epeHII,HaJihHhle <PopMhl 1003 

dez = ex (cos y + i sin y) dx + ex ( - sin y + i cos y) dy 

= ex (cos y + i sin y) ( dx + idy), 

lfa 3Toro Bh1pa)Kemrn: 110Jiy11aeM 

KoMrrJieKCH03Ha11HaH 2-<}>0pMa ttMeeT BH,n; 

cdx Ady, 

r,n;e c - KOMIIJieKCH03Ha'lHaH cPYHKIJ;IUI. lfa ,n;syx mrneHHhIX KOM­

IIJieKCH03Ha'lHblX ,n;ttc}>c}>epeHIJ;HaJihHhlX c}>opM W1 H w2 Mhl MO)KeM o6-
pa30BaTb BHenrnee npoH3Be,n;emie w1 A w2. Tor,n;a, HarrpttMep, 

B 11acTHOCTH, 

dz A dz= (dx + idy) A (dx - idy) 

= -2idx Ady 

I 
dx A dy = 2 dz A dz. 

d(Adz) = 0, eCJIH H TOJlhKO eCJIH aA =O oz - . 
TeopeMa CToKca coxpaHHeTcH 6e3 H3MeHeHHH, TOJihKO Terreph w -
JIHHeiiHaH KOMIIJieKcH03Ha•rnaH ,n;ttc}>c}>epeHIJ;HaJihHaH c}>opMa. HanpH­

Mep, ecJIH A dz = 0 y,n;osJieTBOpHeT paseHCTBY d( A dz) = 0, TO Teo­

peMa CToKca rosopHT, 'ITO ,n;JIH mo6oii o6JiaCTH D, co,n;ep*aIIJ;eiicH B 

o6JrncTH orrpe,n;eJieHHH A, MhI HMeeM 

9ToT Ba)K.HhIH pe3yJihTaT Ha3hIBaeTCH meope.Mou Kowu. 
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20.3. roJIOMOp<l:>Hhie <l>YHKIJ;IUI 

,Il;H<l><J>epeHIJ;HpyeMaR <l>YHKIJ;HR f' orrpe,n;eJieHHaR B HeKOTOpofi o6Jiac­

TH D rrpocTpaHCTBa JR2
, H33brnaeTcR 20Ao.Mop<fnwi11, ecnH oHa y,n;oB­

JieTBOpReT TO)l{)J;eCTBy 

of 
oz = 0· (20.8) 

TaK KaK 3TO orrpe,n;eJieHHe RBJIReTCR OCHOBHbIM ,ll;JIR Bcefi TeMbI, TO 

3TOT rraparpa<J> IIOCBR:rn;eH o6cy)l{,ll;eHHIO 3KBHBaJieHTHbIX <J>opMyJIH­

pOBOK H rrpoCTeHlIIHM CJie)J;CTBHRM IIOHRTHR rOJIOMop<J>HoCTH. Ilo­

CKOJibKY o /oz - ,n;H<J><J>epeHIJ;HaJibHbIH orrepaTop, TO MbI HMeeM ypaB­

HeHHR 

o of 09 o of 09 
ozU+ 9) =oz+ oz' ozU9) = oz 9+f oz' 

:z ( ~) = :2 ( ~~ 9 - f ~~) ' 9 # 0. 

lfa 3THX COOTHOllleHHH Mb! BH,ll;HM, qTo cyMMa, rrpOH3Be,n;eHHe H qacT­

HOe ,ll;BYX roJIOMop<J>HbIX <l>YHKIJ;HH TO)l{e rOJIOMop<J>HbI (B CJiyqae 

qacTHoro 3HaMeHaTeJib HHr,n;e He ,n;oJI)l{eH o6pa:rn;aTbCR B HYJib). B 
rrpe,n;bI)J;y:rn;eM rraparpa<J>e Mb! y)l{e IIOJ1b30BaJIHCb 3THM 3aMeqaHHeM, 

qTo6bI IIOJiyqHTb TO)l{,ll;eCTBO (o/oz)P(z) = 0, T. e. qTO JII06oii IIOJIH­

HOM ( TOJibKO OT z) - roJioMop<J>HaR <l>YHKIJ;HR. AHanorHqHo, JI106aR 

paIJ;HOHaJibHaR <J>yHKIJ;HR, T. e. OTHOllleHHe ,n;Byx rroJIHHOMOB P/Q, -
roJioMop<J>HaR <l>YHKIJ;HR B o6JiaCTH D rrpH ycJIOBHH, qTo Q HHr,n;e He 

o6pa:rn;aeTcR B HYJib B 3TOfi o6JiaCTH. 

c yqeTOM (20.7), <l>YHKIJ;HR f roJIOMop<J>Ha, eCJIH H TOJibKO eCJIH 

df = hdz, (20.9) 

T. e. ecJIH H TOJibKO eCJIH df He HMeeT qJieHOB c dz. 3.n;ecb, KOHeqHo, 

h =Of /oz. cho ycJIOBHe MO)l{HO 3aIIHCaTb B 3KBHBaJieHTHOH <J>opMe 

d(f dz) = 0. (20.10) 

1a TaK>Ke a'HaJ!UmU'l/,eC'IWU. IlpH 3TOM rrpe.n;rroJiaraeTC.H HerrpepbIBHOCTb '!acT­

HbIX rrpOH3BO,!J;HbIX rrepBoro rrop.H,n;Ka, 'ITO HHor.n;a B )J;aJibHeil:rneM He YTO'IH.HeTC.H, 

HO HCIIOJib3yeTC.H. - Ilpu.M. pea. 
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IIycTh f = u+iv, r,n;e sern;ecTBeHH03Ha<JHhie <i>yttKu;m-1 u H v HBJUIIOT­

CH sern;ecTBettttoii H MHHMOH qacTbIO f. Terrepb, rroJiaraH sern;ecTBeH­

HYIO H MHHMJIO qacTH of j{)z paBHblMH HJJIIO H HCIIOJih3JH (20.3), 

Mbl BH,Il;HM, qTO 

au 

ax 

av 
{)y' 

au 
{)y 

= 
av 
ax" 

(20.11) 

9To CHCTeMa ,n;R<i><i>epettn;HaJihHbIX ypaBHeHHH B qaCTHblX rrpOH3BO,Il;­

HbIX rrepsoro rropH,n;Ka, Ha3hIBaeMbIX ypaBttettU.R,MU Kowu-Pu.Matta. 
TaKHM o6pa30M, <i>YHKIJ;HH f roJioMop<i>tta, ecJIH H TOJihKO ecJIH BhI­

rroJIHHIOTCH ypastteHRH Korrm-PRMatta. 

Cyrn;ecTsyeT ,n;pyroii crroco6 3aIIHCH ypastteHHH KornR-PRMatta. 

PaccMoTpHM ,n;R<i><i>epettn;HaJihHYIO <t>opMy 

udx + vdy. 

Tor,n;a s eBKJIR,n;osoit MeTpRKe tta IIJIOCKOCTH 

*(udx + vdy) = -vdx + udy. 

TeM caMbIM ypastteHHH KornR-PRMatta 3KBHBaJieHTHhI pasettcTBaM 

d(udx+vdy)=O H d*(udx+vdy)=O. 

3aMeTRM, qTo OHR attaJiorRqHhI ypastteHHHM MaKcBeJIJia B rrpocTpatt­

CTBe JR.1,3. B ypastteHRHX MaKcBeJIJia MhI RMeJIR ,n;eJio c 2-<i>opMaMH B 

qeTbrpexMepttoM rrpocTpaHCTBe. YpastteHHH KornR-PRMatta ttarrRca­

HhI ,Il;JIH 1-<i>opMbI B ,n;syMepttoM rrpocTpaHCTBe. KaK y)Ke 6bIJIO OTMe­

qetto B rJiase 18, 3Be3,Il;HhIH orrepaTop * : A n/2 
--t A n/2 ( n - qeTHoe 

qHCJIO) 3aBHCHT TOJihKO OT Kott<i>opMttoit CTPYKTJpbr. 

By,n;eM rroJiaraTh, qTo f - OTo6pa)KettRe (rro,n;rrpocTpattcTsa) JR2 

B JR.2 , rrepeso,n;Hrn;ee (x,y) B (u(x,y),v(x,y)). MaTpRu;a RKo6R 3Toro 

OT6pa)KeHHH paBHa 

(
au/ax 8u/8y) 
av/ ax av I ay · 

(
a -b) lfa <t>opMyJI (20.11) CJie,n;yeT, qTQ 3Ta MaTpHu;a HMeeT BH,Il; b a . 

B rrpocTpaHCTBe JR.2 MaTpRu;a HMeeT TaKoit BH,Il;, r,n;e a2 + b2 =/= 0, ecJIH 



1006 rJiaBa 20. KoMIIJieKCHblH aHaJIM3 

H TOJibKO €CJIH OHa KOH<j:>opMHa (T. e. coxpamieT yrJibI) H coxpamieT 

opHeHTau;mo. Tor,n;a (20.11) MO)KHO rreperrncaTh TaK: 

(
8u/8x 8u/8y) 
av I ox 8v I 8y H coxpami:eT opHeHmu;mo. 

HJIH paBHa HYJIIO, HJIH KOH<j:>opMHa2 
(20.12) 

IIycTb f = u + iv H g = r + is - KOMIIJieKCHhie <j:>yHKIJ;HH. By,n;eM 

paccMaTpHBaTb f Hg KaK OT06pa)KeHHH (rro,n;rrpocTpaHCTBa) JR.2 B JR.2. 

EcJIH o6p83 g Jie)KHT B o6JiaCTH orrpe,n;eJieHHH f, TO MO)KHO rrocTpo­

HTh KOMII03HIJ;HIO f o g. B cnJiy u;errHoro rrpaBHJia, MaTpnu;a 51Ko6n 

f 0 g (paCCMaTpHBaeMaH KaK OTo6pa)KeHHe JR.2 B JR.2), BblqHCJieHHaH 

B ( x' y)' HBJIHeTCH rrpOH3B€)1;€HHeM MaTpHIJ;bI 51Ko6n cPYHKIJ;HH f' BbI­

qncJieHHOH B TOqKe (r(x, y), s(x, y)), Ha MaTpHu;y 51Ko6n cPYHKIJ;MH 

g, Bb1qncJieHHOfi B ToqKe (x, y). IIpoH3Be,n;eHne ,n;Byx KOH<j:>opMHhIX 

coxpaHHIOIIJ;HX opneHTau;mo MaTpnu; TO)Ke KOH<j:>OpMHO H coxpaHH­

eT opHeHTau;mo. KpoMe Toro, rrpoH3Be,n;eHne HyJieBoif MaTpHIJ;hI Ha 

mo6y10 MaTpHu;y paBHo HJJIIO. Ifa (20.12) cJie,n;yeT, qTo KOMII03HIJ;HH 

,IJ;Byx roJIOMOp<j:>HbIX cPYHKIJ;HH TO)Ke roJIOMop<j:>Ha. ,Il;JIH KOMII03HIJ;HH 

,Il;BYX rOJIOMop<j:>HbIX cPYHKIJ;HH Mb! HCIIOJib3yeM CTaH,n;apTHOe Bbipa­

)KeHne: ecJin, HarrpnMep, f(z) = ez n g(z) = 3z2 -2, TO fog= e3z
2

-
2. 

IIocKOJihKY 8/8z - JIHHeHHaH KOM6nHau;nH orrepaTOpoB 8/8x n 8/8y 
( c IIOCTOHHHhIMH K03<j:><j:>nu;neHTaMH)' H3 u;errHoro rrpaBHJia CJie,n;yeT 

-(fog)= -og -. a (of ) og 
oz oz oz 

(20.13) 

Ilo3TOMY ,Il;JIH rrpnMepa, rrpnBe,n;eHHOI'O BbIIIIe, Mbl HMeeM 

:z e3z2-2 = 6ze3z2-2. 

,Il;pyrHMH CJIOBaMH, )J;JIH rOJIOMOp<j:>HhIX cPYHKIJ;HH ,n;eifCTBHe orrepaTO­

pa o /oz MO)KHO BhlqncJIHTh KaK 06b1qHy10 rrpoH3BO,IJ;Hyro <j:>yHKIJ;HH 

O,IJ;HOH rrepeMeHHOH. IlpnqnHa BCKOpe CTaHeT HCHa. 

YcJIOBHe (20.12) He CJIHIIIKOM y,n;o6Ho, rroToMy qTo B HeM ecTb 

,n;Ba p83HhIX cJiyqaH: MaTpnu;a 51Ko6n paBHa HYJIIO HJIH He paBHa 

HJJIIO. ,II;asaifTe 3aIIHIIIeM ycJIOBHe (20.12) HeCKOJibKO no-,n;pyroMy. 

PaccMoTpHM MaTpnu;y 

(0 -1) J= 1 0 . 

2Ilo 3TOH rrpH'lHHe roJIOMop¢Hrui: ¢YHKn;m1, ,IJ;JIH KOTopoii 8 f / 8z =f. 0 BCIO,IJ;y 
B paccMaTpuBaeMoii o6JiaCTH, 3a,n;aeT 1wttrfiop.M:Hoe omo6pa::>1eettue. - Ilpu.M. pea. 
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MaTp1rn;a 

A- (a c) - b d 

KOMMYTHpyeT c J, T. e. BhIIIOJIH.HeTC.H paBeHCTBO 

AJ= JA, 

ecJIH H TOJihKO ecJIH a= d H c = -b, KaK nerKo YBH,ll;eTh, rrepeMHo:a<:a.H 

MaTpHTI;hI. TaKHM o6pa3oM, AJ = J A, ecnH H TOJihKO ecJIH MaTpHu;a 

A HMeeT BH,n; 

A=(~ ~b)' 
r,n;e a H b MoryT 6bITh paBHhI Hymo. Tor,n;a ycJIOBHe (20.12) MO:a<:Ho 

3aIIHCaTh B BH,n;e 

(
8u/8x 
8v/8x 

8u/8y) (0 -1) = (0 
8v/8y 1 0 1 

-1) (8u/8x 
0 8v/8x 

8u/8y) 
8v/8y 

(20.14) 
Mb1 MO:a<:eM ,n;aTh HHTepecHyro HHTeprrpeTau;mo paBeHCTBY AJ = J A 
H TeM caMhIM ycnOBHIO (20.14). MaTpHu;a A HMeeT pa3Mep 2 x 2. 
0Ha 3a,n;aeT JIHHeiiHoe rrpeo6pa30BaHHe Beiu;eCTBeHHOrO ,IJ;ByMepHO­

ro BeKTOpHoro IIpOCTpaHCTBa IR.2 B ce6.H. IlpocTpaHCTBO IR.2 M02KHO 

H,n;eHTHqmu;HpOBaTh c O,lJ;HOMepHbIM KOMIIJieKCHhIM BeKTOpHbIM rrpo-

CTpaHCTBOM C, H,n;eHTHqmu;Hpy.H BeKTop (~) c KOMIIJieKCHhIM qHc­

JIOM x+iy. YMHO:a<:eHHe 3Toro qHcna Hai rrepeBO,IJ;HT ero B -y+ix. Ho 

KOMIIJieKCHOe qHCJIO -y +ix COOTBeTCTByeT BeKTopy (-;) = J (:). 

TaKHM o6pa3oM, J - MaTpHu;a yMHo:a<:eHH.H Ha i c Beiu;ecTBeHHoii Toq­

KH 3peHH.H3 . IlpOH3BOJihHOe JIHHeHHOe rrpeo6pa3oBaHHe O,ll;HOMepttoro 

KOMIIJieKCHOrO BeKTOpHoro rrpocTpaHCTBa c - 3TO JIHHeHHOe rrpeo6-

pa30BaHHe rrpocTpaHcTBa .IR2. Ho He Ka:a<:,n;oe JIHHeiittoe rrpeo6pa3o­

BaHHe A rrpocTpaHCTBa IR.2 Ha,n; Beiu;ecTBeHHhIMH qHcJiaMH cooTBeT­

CTByeT JIHHeHHOMy rrpeo6pa30BaHHIO rrpOCTpaHCTBa c Ha,n; KOMIIJieKC­

HhlMH qHcnaMH. KoMrrJieKcHoe JIHHeiittoe rrpeo6pa30Bam1e ,n;oJI:a<:Ho 

3B o6bPIHO:ii eBKJUi,ll;OBOii MeTpHKe IR.2 3TO IIOBOpOT Ha yroJI 90° (B HarrpaBJie­

HHH OT ex K ey). y MHOJKeHHe Ha qHCJIO c = a + ib rrpe,n;cTaBJIHeT co6o:ii KOMII0-

3HI.J;Hl0 roMOTeTFrn c K03cPcPHI.J;HeHTOM r = [c[ = Ja 2 + b2 H IIOBOpOTa Ha yroJI (} 

(apryMeHT c), y.n;oBJieTBop.a10ru;Hii ycJIOBHIO c = r(cos B+i sin B), T. e. KoH¢opMHoe 
JIHHeiiHoe rrpeo6pa3oBami:e. - Ilpu.M. pea. 
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KOMMYTHpOBaTb c YMHO)l(eHHeM Ha KOMTIJieKCHbie ~rn:cna, B qacTHOC­

TH, Hai. TaKHM o6pa3oM, qT06b1 MaTpmi;a A cooTBeTCTBOBaJia KOM­

nneKCHOMY JIHHeii:HOMY npeo6pa30BaHmo, ,ll;OJl)l(HO BbITIOJIHHTbCH pa­

BeHCTBO AJ = J A. Ecn11 A y,ri;oBJieTBopHeT 3TOMY ycnoBmo, T. e. 

(
a -b) A = b a , TO nerKo npoBepHTh, qTo A cooTBeTCTByeT YMHO-

)l(eHHIO Ha KOMnJieKCHoe q11cno a + ib, T. e. A (:) cooTBeTCTByeT 

(a + ib) ( x + iy). QqeBH,ll;HO, qTO YMHO)l(eHHe Ha KOMTIJieKCHOe q11c­

JIO B npocTpaHCTBe C KOMnJieKCHO JIHHeii:Ho. TaKHM o6pa3oM, (20.14) 
MO)l(HO nepenHCaTb B <f>opMe 

(
au/ax au/ay) 

Ilpeo6pa30BaHHe av I ox av I oy KOMTIJieKCHO JIHHeii:HO. 

(20.15) 
H11 o,ri;Ha H3 npHBe,ri;eHHhIX 3KBHBaJieHTHhIX <f>opMynHpOBOK, 3a 11c­

KJI10qeHHeM ypaBHeHHii: Kom11-PHMaHa (20.11), He 6bma H3BeCTHa 

MaTeMaTHKaM XIX BeKa. A Teneph ,ri;a,ri;HM KJiacc11qecKy10 <f>opMyJIH­

poBKY, HaH6onee 6JIH3KYIO K (20.15). IlycTb f - ,ri;11<f><f>epeHii;HpyeMaH 

<f>YHKIJ;HH, He o6H3aTeJibHO rOJIOMop<f>HaH, a (:) - TOqKa H3 o6nac-

TH orrpe,ri;eneHHH f. KpoMe Toro, nycTh (~) - MaJihiii BeKTop. Tor,ri;a 

H3 onpe,ri;eJieHHH ,ri;11<f><f>epeHIJ;HpyeMOCTH Mbl HMeeM 

f ((~: ~)) - f ((:)) = ~~ k + ~~ l + o((llk
2 

+ l
2

11)
1
1

2
). 

3,ri;ecb qaCTHbie npOH3BO,ll;Hbie BblqHCJIHIOTCH B ToqKe (:) • 

IlycTb z = x+iy 11 h = k+il. By,ri;eM n11caTh f(z) BMecTo f ((:)). 

Tor,ri;a npe,ri;h1,ri;yIIJ;ee ypaBHeHHe MO)l(HO nepen11caTb B <f>opMe 

f(z + h) - J(z) = ~~ k + ~~ l + o(lhl). 

llcrroJih3yeM (20. 7) H nepen11meM eIIi;e pa.3: 

of of-
J(z + h) - f(z) = oz h + oz h + o(lhl). 
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9To ypaBH€HHe CO,IJ,ep)KHT KOMIIJieKCHbie -cmcJia. Ilo3TOMY eCJIH h =I 0, 
I TO o6e qacTH ,ll,€JIHM Ha h H IIOJiyqaeM 

J(z + h) - f(z) _ 8f 8f ~ (l) 
h - 8z + 8z h + 0 

· 

3aMeTHM, "ITO JieBaH qacTh 3TOro paBeHCTBa BbirJIH,ll,HT KaK o6bI"I­

HOe p83HOCTHOe OTHOllI€HHe, HO TOJibKO 3,ll,€Cb KOMIIJI€KCHble "IHCJia. 

Ilpe,IJ,IIOJIO)KHM, "ITO !hi --t 0. BeJIH"IHHa h/h MO)KeT 6hITh mo6h1M 

KOMITJieKCHbIM "IHCJIOM, MO,IJ,yJib KOTOporo paaeH €,ll,HHH:u;e. (HanpH­

Mep, €CJIH h - aeiu;eCTBeHHOe "IHCJIO, TO h/h = 1, a eCJIH h = is, 
T.e. "IHCTO MHHMOe, TO h/h = -1.) Ilo3TOMY npe,IJ,eJihHOe Bblpa)Ke­

HHe crrpaBa MO)KeT 3aBHCeTh OT yrJia, rrpH KOTopoM h --t 0. EcJIH Mhl 

XOTHM, "IT06bI 3TOT npe,IJ,eJI cyiu;ecTBOBaJI, T. e. He 3aBnceJI OT yrJia, 

Ha,IJ,O noTpe6oaaTh, "IT06h1 8 f / 8z = 0 B TO"!Ke (:) . TaKHM o6p830M, 

eCJIH f - rOJIOMOpqmaH <i>YHKII,HH, TO npe,IJ,eJI JieBOH qaCTH paBeHCTBa 

cyiu;ecTayeT BO acex TO"!Kax o6nacTH onpe,IJ,eJieHHH f, n 3TOT npe,IJ,eJI 

paaeH 8 f / 8z H HBJIHeTcH HenpepbIBHoii <i>YHKI.I;Heii. 06paTHO, rrpe,IJ,­

IIOJIO)KHM, "ITO B Ka)K,IJ,OH TO"!Ke cyiu;ecTayeT npe,IJ,eJI 

lim f(z + h) - J(z) = J'(z) 
h~o h 

(He3aBHCHMO OT Toro, KaK h CTpeMHTCH K Hymo) H HBJIH€TCH Herrpe­

pbIBHOH <i>YHKI.I;Heii. Bb16HpaH h aeiu;ecTBeHHhIM "IHCJIOM, MO)KHO rro­

Ka3aTh, "ITO 8 f / 8x cyiu;ecTByeT H HerrpephIBHa, a BbI6HpaH h "IHCTO 

MHHMhIM, MO)KHO noK83aTh, "ITO 8 f / 8y cyiu;ecTayeT H HenpephIBHa. 

Tor,IJ,a f - HenpepbIBHO ,ll,H<P<l>epeHu;HpyeMaH <i>YHKI.I;HH. IIpe,IJ,hI,IJ,y­

iu;ee paccy)K,IJ,€HH€ IIOK83bIBaeT, "ITO Of j8z = 0 H f 1(z) = 8j j8z. 
1-haK, Mbl ,ll,OK83aJIH, "ITO f rOJIOMop¢Ha, eCJIH H TOJibKO eCJIH cy­

iu;ecTByeT npe,IJ,eJI 

lim J(z + h) - f(z) = J'(z) 
h~o h 

(20.16) 

He3aBHCHMO OT Toro, KaK h CTpeMHTCH K Hymo, H 3TOT npe,IJ,eJI -

HenpepbIBHaH <i>YHKI.I;HH. Kopoqe ycJIOBHe (20.16) MO)KHO c¢opMy­

JIHpOBaTb TaK: <i>YHKI.I;HH f HerrpepbIBHO ,ll,H<i><i>epeHu;HpyeMa c KOM­

IIJieKCHOii: TOqKH 3peHHH. MMeHHO TaK paccy2K,IJ,aJIH MaTeMaTHKH B 
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XIX BeKe. TaKofi IIO.LQCO,JJ; ,n;oBOJibHO o6Mawnrn, IIOTOMY 'ITO ycJIOBire 

KOMIIJieKCHOfi .n;:mp¢epeHI~HpyeMOCTII HMeeT ropa3,JJ;O 60Jibllle orpaHH­

qemrli, 'IeM o6bI'IHOe ycJIOBHe ,n;H<P<l>epeHI~MpyeMocTH. TeM He Mettee, 

MbI rrpHHHMaeM o6o3Ha'IeHHe f'(z), KaK 6oJiee y,n;o6Hoe, 'IeM 8f /oz. 
KaK yMe 6bIJIO OTMe'IeHo, H3 TeopeMbI CToKca H (20.10) cJie,n;yeT 

r f(z) dz= 0, 
laD 

(20.17) 

'ITO HBJIHeTc.H HHTerpaJibHOH TeopeMoii KolIIH ,JJ;JIH mo6oii o6JiaCTH 

D, JieMa~efi B o6JiacTH orrpe,n;eJieHHH roJioMop¢ttoii cPYHK~HH f. 11 
o6paTHO, eCJIH f - rrpOH3BOJibHa51 cPYHK~H51, TO 

r f(z) dz= r d(f dz). 
laD jD 

9ToT HHTerpaJI o6pa~aeTcH B HYJib ,JJ;JIH Bcex D, ecJIH rro,JJ;bIHTerpaJib­

Hoe BbipaMeHHe TOM,JJ;eCTBeHHO paBHO Hymo, T. e. eCJIH f - rOJIO­

Mop¢Ha51 cPYHK~H51. 
TaKHM o6pa30M, MbI rroKa3aJIH, 'ITO Bee ycJIOBHH (20.8)-(20.17) 

3KBHBaJieHTHbI. ct>yHK~H51, y,n;oBJieTBOpHIO~a51 JII060MY H3 HHX (a TOr­

.n;a H BCeM HM)' 20.!W.MO'p<fn-ia. 

20.4. BbrcIHCJieHHe Bh1qeToB 

Ha'!HeM c BbI'IHCJieHHH KOHTypHoro HHTerpaJia J'Y zn dz, r.n;e 'Y -
OKpyMHOCTb c ~eHTpOM B Ha'IaJie Koop,n;HHaT. EcJIH n ~ 0, TO cPYHK­

~HH zn roJioMop¢Ha Ha Bcefi IIJIOCKOCTH, Tor.n;a H3 TeopeMbI Konm 

cJie,n;yeT, 'ITO 3TOT HHTerpaJI paBeH HYJIIO. ,I.l;JIH oTpH~aTeJibHbIX 3Ha­

'IeHHfi n cPYHK~HH Zn He roJIOMop¢Ha (H He orrpe,n;eJieHa) B Ha'IaJie KO­

op,n;MHaT, H CJie,n;oBaTeJibHO, Mb! ,JJ;OJI)KHbI Bbl'IHCJI51Tb HHTerpaJI IIp51-

MbIM crroco6oM. EcJIH OKPYMHOCTb 'Y HMeeT pa,n;Hyc r, TO B rroJIHpHbIX 

Koop,n;HHaTax MOMHO HarrHcaTb z = rei8 . Tor.n;a B,JJ;OJib OKPYMHOCTH 

'Y HMeeM dz = irei8 de. l1TaK, 

zn dz = irn+lei(n+l)B de 
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9TOT IIOCJie,n;mi::ii HHTerpaJI paBeH Hymo Bcer,n;a, KpOMe CJIY'Ia.H 

n = -1, Kor,n;a OH paBeH 27r. B 3TOM CJiyqae rn+ 1 = 1 H II03TOMY 

1 nd {O, z z= 
'Y 27ri, 

ecJIH n -f. -1, 

ecJIH n = -1. 

IIycTh D - HeKoTopaH o6JiaCTh, co,n;ep:a<:aI11,aH Ha'IaJIO Koop,n;HHaT 

(pHc. 20.1), H rrycTh f - cPYHKIJ;HH, roJioMop<l:>ttaH B o6JiaCTH D-{O}. 
,l],aJiee rrpe,n;IIOJIQ)KHM, 'ITO B6JIH3H Ha'IaJia KOOp,]];HHaT MO)KHO HaIIH­

caTb 

f = a_nz-n + a-n+1z-n+l + · · · + a_1z-1 + g, 

r,n;e g - rOJIOMOPcPHaa cPYHK.U:HH B6Jlll3H naqaJia KOOp,n;1rnaT . 

• 

PHC. 20.1 PHc. 20.2 

,l],aBaiiTe BhI'IHCJIHM fav f(z) dz. HapHcyeM OKPY)KHOCTh 'Y He-

6oJihllloro pa,n;Hyca c .a;eHTpOM B Ha'IaJie KOOp,]];HHaT, .a;eJIHKOM Jie­

)KaIII,YIO B D H B o6JiaCTH, r,n;e pa6oTaeT BhIIIHCaHHoe pa3JIO)KeHHe 

(pHc. 20.2). Tor,n;a f roJioMop<l:>tta B TOH qacTH D, KOTopaH HBJIH­

eTcH BHeIIIHeii no OTHOIIIeHHIO K 'Y. Ilo3TOMy, B CHJIY HHTerpaJibHOH 

TeopeMhI KornH, 

{ fdz = jJ dz. 
j {)D 'Y 

EcJIH cro,n;a rro,n;cTaBHTh pa3JIO)KeHHe f H rrpoHHTerpHpoBaTh Ka)K)J;hIH 

'IJieH, TO Bee OTpH.a;aTeJibHble CTerreHH ,n;a,n;yT HYJih, KpOMe a_1z-1. 

II pH 3TOM J'Y g dz = 0, IIOCKOJibKY g - roJIOMOPcPHaH cPYHK.U:HH. 

Tor,n;a 

{ f (z) dz= 2?ria_1. 
lav 
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IloCKOJihKY Haqa.no KOOp,l:t;HHaT 6bIJIO BhI6paHO rrpOH3BOJibHO, TO ero 

MO)KHO 3aMeHHTb mo6oii: .z:i;pyroii: TO"l{KOH HJIH KOHe"l{HbIM "l{HCJIOM TO­

qeK B o6JiaCTH D. roBOpHT, qTo cPYHKIJ;HH f HMeeT no.11,10c4 B TO~Ke 
a, eCJIH OHa roJIOMopcJ:>Ha B o6JiaCTH u - {a}, r.n;e u - HeKOTOpaH 

OKpeCTHOCTb TO"l{KH a, H ecJIH B ee OKpeCTHOCTH cPYHKIJ;HH f HMeeT 

pa3JIO)KeHHe 

J(z) = a_n(z - a)-n + · · · + a_1(z - a)-1 + g, 

r.z:i;e g - rOJIOMOPcPHaH cPYHKIJ;HH B6JIH3H a. qHCJIO a_1 Ha3hIBaeTCH 

6'bt"-temoM cJ:>yHKIJ;HH f B TOqKe a H o6o3HaqaeTCH resa(f). lfa rrpe,n;h1-

.n;yiu;Hx paccy)K,l:t;eHHH CJie.n;yeT, "l{TO HHTerpa.n OT f ( z) dz no MaJIOH 

OKpy)KHOCTH BOKpyr a paBeH 27ria-1 = 27ri resa(f). <l>yHKIJ;HH, ro­

JIOMopcJ:>HaH B o6JiaCTH D, 3a HCKJIIOqeHHeM rroJIIOCOB, Ha3hrnaeTCH 

Mepo.Mop<fnwu. 

• 

PHc. 20.3 PHc. 20.4 

Ilpe.n;rroJio)KHM, "l{TO f MepoMopcJ:>Ha B o6JiaCTH D H HMeeT B Heii: 

KOHeqHoe qHcJio rroJIIOCOB (pHc. 20.3). Tor.n;a BOKpyr Ka)K,l:t;oro rroJiro­

ca MO)KHO HapHcoBaTb MaJieHhKyro OKPY)KHOCTh (pHc. 20.4) H, rrpH­

MeHHB HHTerpa.nbHYIO TeopeMy Konrn, HaIIHCaTb 

r J(z) dz= 27ri I: resa(f). 

J [)D no IlOJIIOCaM a 

cha cJ:>opMyJia Ha3hIBaeTCH meope.MOU Kowu 0 6'bt"-temax. 0Ha oqeHb 

rroJie3Ha rrpH BhiqHcJieHHH orrpe,n;eJieHHhIX HHTerpa.noB. HarrpHMep, 

4B npe,z:i;noJimKemnr, qTo cTapurn:il: Koa<f><f>n:n;n:eHT pa3JIO:lKeHH.H a-n # 0, qn:cJio 

n Ha3hIBaeTC.H nop.H,[IKOM IIOJIIOCa. - IlpUM. pea. 



20.4. Bbr'IHCJieHHe BhlqeToB 

Mhl XOTHM BhlqHCJIHTh orrpe,n;eJieHHhIH HHTerparr 

r.n;e a > 1. 3arrnmeM ero B <l>opMe 

1 [ 21r_d_O_ 
2 }0 a+ cos(:f 

1013 

Terreph rroJIO)KHM z = eiB, Tor.n;a Ha e,n;nHwrno:H OKPY)KHOCTH dz /iz = 
dO. KpoMe Toro, 2 cos e = ei(} + e-iB = z + z-1. Tor.n;a Ham HHTerparr 

rrpHHHMaeT BH,ll; 

11 dz l 1 dz 
2 1 iz(a+~(z+z-1)) =i 1 (z2+2az+l)' 

r.n;e 'Y - e,n;HHHqHa5I oKpy)KHOCTh. B TO )Ke BpeM5I 

z 2 + 2az + 1 = (z - 0:1)(z - 0:2), 

r.n;e 

0:1 = -a + Ja2="i H a2 = -a - Ja2="1, 
OTKy,n;a MhI rroJiyqaeM 

1 
( 

1 . 1 ) 
_a_1 ___ a_2 z - 0:1 - z - a2 · 

1 

z 2 +2az+1 

IloCKOJihKY a > 1, HMeeM 0:2 < -1, H II03TOMY a2 JI€)KHT BHe e.n;n­

HHqHofi oKpy)KHOCTR. A TaK KaK a10:2 = 1, TO 0:1 Jie)KRT BHYTPR e.n;n­

HnqHofi oKpy)KHOCTH. KpoMe Toro, <l>yHKIJ;H5l 1 / ( z - 0:2) roJIOMop<i>Ha 

BHYTPH 3TOH OKPY)KHOCTn, rro3TOMY Hama <l>opMyJia rroKa3hIBaeT, qTo 

BhlqeT paBeH 
1 1 

---=----
2Ja2 - i" 

TaKRM o6pa3oM, corJiaCHO TeopeMe KomH o Bh1qeTax, rroJiyqaeM 

OTBeT r d(} 1 1 dz 
Jo a + cos(} = 2i 1 z2 + 2az + 1 Ja2 - i" 
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MbI BCKope ym1,IJ,HM, 'ITO mo6a.H pa:u;noHaJibHa.H <PYHKIJ;H.H Bn.n,a 

R(z) = P(z)/Q(z) MepoMop<PHa H HMeeT rromoca B TO'!Kax, r.n,e Q 
o6paIIJ;aeTC.H B HYJih. (9To cJie.n,yeT HeMe.n,JieHHO H3 pa3JIO)KeHmI pa:u;n­

OHaJihHOii <PYHKIJ;HH Ha .n,po6w. Ho 3.n,ech MhI 3TO He rrpe.n,rroJiaraeM.) 

KpoMe Toro, MhI rroJiy'lHM ::i<P<PeKTHBHhiii crroco6 BhI'lHCJieHH.H BhI­

qeTOB. Tor.n,a 3TO rro3BOJIHT HaM BhI'IHCJI.SITh, HarrpuMep, HHTerpaJihI 
r2~ ·o 

BH,IJ,a Jo R( cos(), sin()) d(), c.n,eJiaB rro.n,cTaHOBKY z = e1 H Y'IT.SI, 'ITO 

cos()= (1/2)(z + z-1) H sin()= (1/2i)(z - z-1), rrocJie qero rrpo.n;e­

JihIBa.H rrpo:u;e.n,ypy, OITHCaHHYIO BhIIDe. 

Ha'lHeM c JieMMhL Ilpe.n,rroJIO)KHM, 'ITO g roJioMop<PHa B o6JiaCTH 

D 5, KpoMe KOHe'lHOro 'lHCJia TO'leK a1, ... , ak. Ilpe.n,rroJIO)KHM, 'ITO 

B Ka)K,IJ,OH H3 3THX TO'leK <PYHKIJ;H.H g y.n,oBJieTBOp.HeT ycJIOBHIO 

Tor.n;a 

lim lz - al lg(z)I = 0. 
z->a 

r gdz = 0. 
lav 

,LI;JI.H ,l.J,OKa3aTeJibCTBa 3TOro yTBep)K,IJ,eHH.H Hap11cyeM MaJieHhKHe 

OKPY)KHOCTH '°Yi BOKpyr Ka)K.n;oii TO'IKH ai. Tor.n,a, KaK H paHhme, 

fav g dz = L J'Yi g dz. Ilp11 3TOM 

r.n;e r - pa.n;uyc OKPY)KHOCTH '°'fi, H Mr - MaKCHMYM IYI Ha '°Yi· B CHJIY 

rrpe.n,rroJio)KeHH.H r Mr -+ 0 rrpn r -+ 0. TaKHM o6pa30M, ycTpeMJI.SI.H K 

Hymo pa.n;11ych1 OKPY)KHOCTeii, MhI rroJiy'lHM fav g dz = 0. 
A Terreph rrycTh f roJioMop<PHa B o6JiacTH D n: a - TO'IKa B 

o6JiacTH D. IlpnMeHHM ,IJ,OKa3aHHYIO JieMMY K <PYHKD;HH 

g(z) = f(z) - f(a). 
z-a 

5 D - 3a.M'blicanue o6JiacT11 D: otta cqn;ep:iKHT Bee TO'IKH o6JiaCTH D IIJIIOC TO'I­

KH Ha rpattmi;e. [roJioMopcl>HoCTh <i>YHKIJ;HH Ha 3aMKHYTOM MHO:lKeCTBe IIO,rq>a3y­

MeBaeT BhIIIOJIHeHHe COOTBeTCTBYIOIIJ;HX YCJIOBHil: B HeKOTOpoii OTKpbITOil: OKpecT­

HOCTH 3TOI'O MHO:lKeCTBa. - Pea.] 
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<l>yHKu;irn g roJioMopqrna B D Be3.n;e, KpoMe TO"IKH a. BoJiee Toro, 

(z - a)g(z) = f(z) - f(a) H 3TO Bbipa)KeHHe CTpeMHTC5.I K Hymo rrpH 

z ---+ a. Tor.n;a 

{ f(z) - f(a) dz= O. 
lan z - a 

Ho f (a) - rrocTo5.IHHM H 

{ dz 
2 

. 
J &D z - a = m. 

{ J(a) dz = 27rif(a), 
J0n z- a 

H Terrepb MO)KHO HaIIHCaTb 

J(a) = ~ { f(z) dz. 
2m}0nz-a 

,Il;JI5.I y.n;o6cTBa 3aMeHHM a Ha z H z Ha ' H HarrHmeM uume2pa.11,'buy10 
rfiop.My.11,y Kowu 

f(z) = ~ f f(O d,. 
2m J0n, _ z 

(20.18) 

9Ta <PopMyJia 5.IBJrneTC5.I KpaeyroJibHbIM KaMHeM, Ha KOTOpOM CTpo­

HTC5.I BC5I TeOpH5.1 KOMIIJieKCHOro aHaJIH3a. 

C<PopMJJIHpyeM cJie.n;y10rrzy10 JieMMy. IlycTb <P - KOMIIJieKCHo-

3Ha"!Ha5.I cPYHKlJ,H5.I, orrpe,n;eJieHHa5.I H HerrpepbrnHa5.I Ha rpaHHIJ,e 8D 
HeKoTopoii: o6JiaCTH D. Tor.n;a cPYHKIJ,H5.I 

in </>(') 
Fn(z) = (' ) d' BD -Zn 

roJioMop<PHa B o6JiaCTH D H o6Jia,n;aeT CBOii:CTBOM 

F~(z) = nFn+1(z). 

,Il;oKa)KeM 3TY JieMMY no HH,IJ;yKIJ,HH. Ilpe)K.n;e BCero ,IJ;OKa)KeM, "ITO 

F1 HerrpepbrnHa B D. IIycTb zo - HeKOTopa5.1 TO"IKa B o6JiaCTH D. 
Bh16epeM a HacTOJihKO MaJihIM, "ITO oKpecTHOCTH Jz" - zoJ < 2a H 
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lz' - zol < a u;e;n1KoM ttaxo,n;HTC5I B o6JiaCTH D. TaKHM o6pa3oM, 

paCCT05IHHe OT z' ,n;o BCex TO'l€K rpaHHD;hl 8D He M€HhIII€ a H, CJie­

)J;OBaTeJihHO, rrpH e E 8D HepaBeHCTBO 

1 1 1 
-----<-<­
le - z'l le - zol 2a2 a2 

BhIIIOJIH5IeTC5I )J;JI5I Bcex TaKHX z. Terreph y6HpaeM rnTpHx H rrpHMe­

H5IeM paBeHCTBO 

1 1 1 
-e ---z - -e --zo - (e - z)(e - zo) (z - zo), 

TaK 'ITO 

IF1(z) - F1(zo)I = lz - zoi lfav (e _<P;flt~ zo) I 
::;; lz - zol 12 f l<P(e)I de. 

a lav 
cho 03HaqaeT, 'ITO F1 - HerrpephIBHa5I cpyHKD;H5I. BoJiee Toro, 

F1(z)-F1(zo)= { <P(e)de 
Z - Zo lav (e - z)(e - zo)" 

EcJIH cpHKCHpoBaTh 3Ha'leHHe z0 , To cpyHKIJ;H5I ¢(0/(e - z0 ) Herrpe­

phrnHa Ha rpaHHu;e 8D. CJie,n;oBaTeJihHO, rrpaBa5I qacTh aToro paBeH­

CTBa - HerrpepbIBHa5I cpyHKIJ;H5I OT z' H OHO BhlIIOJIH51€TC5I )J;J15I Bcex 

z # zo. YcTpeMJI515I z --+ zo, Mhl BH)J;HM, 'ITO F1 - ,n;HcpcpepeHu;Hpye­

Ma5I cpyHKD;H5I B KOMIIJI€KCHOM CMhlCJie H 

KpoMe Toro, 

1 (z - zo) 1 -----+ ----
(e - z)(e - zo) (e - z)2 (e - zo) - (e - z) 2 ' 

II03TOMy 



20.4. BbI'lHCJieHHe Bbl'leTOB 1017 

'ITO IIOKa3bIBaeT ( c y'leTOM rrpe.n;hIAYIIJ;HX coo6pa2KeHHH) HerrpepbIB­

HOCTh cpyttKII,HH F2 H roJioMopcpHOCTh cpyHKII,HH Fi. ,ll;anee, 

F2(z) - F2(zo) = R1(z) - R1(zo) + J </>(e) de , 
z - zo z - zo (e - z)2(e - zo) 

r.n;e 

I <t>(e) de 
Ri(z) = (e - z)(e - zo). 

IlocKOJlhKY cpyHKII,HB <l>(e)/(e-zo) HerrpephIBHa Ha rpaHHII,e 8D, 6Jia­

ro.n;apB rrpe.n;hI,nyrn;eMy pe3yJihTaTy MhI rrp11xo.n;11M K Bhrno,ny, 'ITO Ri 
.n;11cpcpepeHII,HpyeMa H R~ ( zo) = J ( </>( e) I ( e-zo )3) ~. Ilepexo.n;B K rrpe­

.n;eJiy B HarrreM ypaBHeHnH, rroJiy'laeM, 'ITO F2 - .n;mp<l:>epeHIJ,HpyeMaB 

cpyHKII,HB B KOMIIJieKCHOM CMbICJie H 

Terrepb rrpou.e,nypa HHAYKU.HH y2Ke O'leBH,Ll;Ha. Ilpe.n;rroJI02KHM, 'ITO 

MhI )l;OKa3aJIH CBOHCTBO F~-l = (n - l)Fn iJJut Bcex ttenpepu6'HiblX 
<fiytt'K:'4UU </>. McrrOJih3YB T02K,Ll;eCTBO 

1 z- zo 
(e - z)n-1(e - zo) + -(e---z-)n-(e---z-o) 

1 

MhI BH,Ll;HM, 'ITO 

Fn(z) - Fn(zo) 

I <t>(e) de J <t>(e) de J <t>(e) de 
= (e - z)n-1(e - zo) - (e - zo)n + (z- zo) (e - z)n(e - zo) 

I <t>(e) de 
= Rn-1(z) - Rn-1(zo) + (z - zo) (e _ z)n(e _ zo), 

I <t>(e) de 
Rk(z) = (e - z)k(e - zo) 

cBB3aHhr c HerrpephrnHoli cpyHKII,neH: </>(e)/(e - z0). MTaK, Mhr .n;oKa-

3aJIH, 'ITO Fn HerrpepbrnHa. 

B cnJiy rrpe.n;rroJio)KeHHB HHAYKU.HH R~_1 (zo) = (n - l)Rn(zo) = 
( n - 1) Fn+l ( zo), II09TOMY pa.3.n;eJIHM ypaBHeHHe .n;JIB Fn ( z) - Fn ( zo) 
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Ha z - zo II rrepetl:.n;eM K rrpe.n;eJiy z --+ zo. B pe3yJihTaTe rroJiy'IIIM 

F~ = nFn+Ii 'ITO II Tpe6oBaJIOCh .n;oKmaTb. 

Ilp1IMeH1IM ::>TOT pe3yJihTaT K IIHTerpaJihHOH <l:>opMyJie Korrrn 

(20.18). IlocKOJibKY <i>YHKII;H51 f HerrpepbIBHa, Mbl rrplIXO,ll;IIM K Y,ll;II­

BIITeJibHOMy 3aKJIIO'IeHIIIO: eCJIII <i>YHKII;II.H f rOJIOMop<l:>Ha B o6JiaCTII 

D, TO OHa B Heil 6ecKoHe'IHO .n;1I<l:><l:>epeHrr;1IpyeMa, rrp1I'IeM KaM.n;a.H 

rrp01I3BO,ll;Ha.H ( KOMIIJieKCHa.H) rOJIOMop<l:>Ha II y.n;oBJieTBOp.HeT ycJIO-

BIIIO 

(20.19) 

lfa <l:>opMyJI (20.18) II (20.19) M02KHO IIOJIY'IIITb MHOro Ba2KHhIX 

cJie.n;cTBIIiI, 'ITO MhI II c.n;eJiaeM B cJie.n;yIOIII;IIX rraparpa<l:>ax. Ha'IHeM 

c npuHu,una ycmpaHUM'btX oco6eHHocmeu. Ilpe.n;rroJI02KIIM, 'ITO <i>YHK­

II;II.H f orrpe.n;eJieHa II roJioMop<l:>Ha B o6JiaCTII D - {a}, r.n;e a E D, 
T. e. BO Bcetl: o6JiaCTII D, KpoMe o.n;Hoti: TO'IKII a. Heo6xo.n;1IMhIM II 

,lJ;OCTaTO'IHbIM ycJIOBIIeM Toro, 'ITO cyirr;eCTByeT rOJIOMop<l:>Ha.H <i>YHK­

II;II.H, orrpe.n;eJieHHa.H B o6JiaCTII D, KOTopa.H coBirn.n;aeT c f B o6JiaCTII 

D - {a}, .HBJI.HeTc.H limz--->a(z - a)f(z) = 0. TaKa.H rrpo.n;OJI2KeHHa.H 

<i>YHKII;II.H ( eCJIII OHa cyirr;ecTByeT) orrpe.n;eJieHa O,ll;H03Ha'IHO. 

,40-x:asame.11,'bcmBo. IlycTb f(a) o6o3HaqaeT 3Ha'IeHIIe rrpo.n;oJIMeH­

HOH <i>YHKII;IIII B TO'IKe a. IlocKOJibKY rrpO,lJ;OJI2KeHHa.H <i>YHKII;II.H rOJIO­

Mop<l:>Ha, OHa HerrpepbIBHa B TO'IKe a II limz--->a J(z) = J(a). Ilo::>TOMY 

limz--->a(z - a)f (z) = limz--->a(z - a)f(a) = 0, 'ITO .n;oKa3hIBaeT Heo6-

XO,ll;IIMOCTh. qT06bI ,ll;OKa3aTb ,ll;OCTaTO'IHOCTh, HaplicyeM He6oJihIIIYIO 

OKPY2KHOCTh "( c rr;eHTpOM B TO'IKe a, rr;eJIIIKOM Jie2Kairr;y10 B o6JiaCTII 

D. PaccMoTplIM <l:>YHKII;IIIO 

_1 I J(()d( 
27ri ( - z . 

9To <i>YHKII;II.H roJioMop<l:>Ha BHYTPII 'Y· Hap1IcyeM .n;pyry10 oKpy2K­

HOCTh "(1 BOKpyr a, Jie2Kairr;y10 BHYTPII 'Y· Tor.n;a BO Bcex TO'IKax KOJih­

rr;a Me2K.n;y 'Yl II 'Y, comacHo IIHTerpaJihHOii <l:>opMyJie KoIIIII (20.18), 

f(z) = ~ j f(O d( - ~ j !(() d(. 
2m 'Y ( - z 2m 'Yi ( - z 

CorJiacHo HaIIIeMy rrpe.n;rroJI02KeH1IIO, ecJIII <l:>IIKCIIpoBaTb z II pa.n;1Iyc 

oKpy2KHOCTII "(1 ycTpeMIITh K HYJIIO, To BTopoiI IIHTerpan 06paT1ITC.H 
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B HYJih. Ilo3ToMy 

f(z) = ~j f(O d~ 
2m 'Y ~ - z 

,n;JIH scex z =I- a BHYTPH 'Y· 9To 03HaqaeT, qTo crrpasa CTOHT roJio­

MopqmaH cPYHKIJ;HH, orrpe,n;eJieHHaH BHYTPH "(, rrpnqeM oHa cosrra,n;aeT 

c f rrpll z =I- a. QqeBll,ll;HO, qTo TaKaH rrpo,n;OJI)KeHHaH cPYHKIJ;HH e,n;HH­

CTBeHHa, IIOTOMY qTQ ,IJ;JIH Hee ,IJ;OJI)l(Ha BbIIIOJIHHTbCH llHTerpaJibHaH 

¢opMyJia KoIIrn. B ,n;aJihtteiimeM MhI 6y,n;eM o6o3HaqaTb 3Ty rrpo,n;oJI­

)KeHHYIO cPYHKIJ;HIO TaK)Ke 6yKBOH f. 
IlycTb f roJIOMop¢tta B o6JiaCTii D, H rrycTh a - TOqKa B 3TOii 

o6JiaCTll. IlpMMeHMM IIpllHI1llII ycTpaHMMbIX oco6eHHOCTeii K Bblpa-

)KeHMIO 

fi(z) = J(z) - f(a). 
z-a 

QqeBM,Jl;HO, qTo cPYHK1lllH Ji orrpe,n;eJieHa ll roJIOMop¢tta B o6JiaCTll 

D - {a} M o6Jia,n;aeT CBOHCTBOM limz-ta(z - a)fi(z) = 0. CJie,n;oBa­

TeJibHO, ee MO)KHO rrpo,n;OJI)KllTb ,n;o roJIOMOPcPHOH cPYHKI1llll, orrpe,n;e­

JieHHOH BO Bceii: o6JiaCTM D, M ttarrMcaTh 

IJpM 3TOM 

1 j f(~) - f(a) 
fi(z) = 27ri 'Y (~ - a)(~ - z) df 

-(~---a-)1_(~---z-) =(a - z)-1 (-~-~-a - -~ -~-z) ' 

(a - z)fi(z) = ~ 1 f(~) - f(a) d~ - ~ 1 f(~) - f(a) d~ 
2m 'Y ~ - a 2m 'Y ~ - z 

= f(a) - f(z). 6 

6B 3Tofi H cJie,n,yrorn;eil: cl;>opMyJie Y'IHThIBaeTcH, 'ITO 

1 df,, -o 
'I (f,, - z)(f,, - a) - ' 

H 3TOT HHTerpaJI rrpw6aBJIHeTCH K BblpruKeHHIO ~H Ji ( z) c K03cl;>cl;>mi;weHTOM 

f(a)/27ri. - Ilpu.M. pea. 
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TaKRM _o6p83oM, 

1 1 !(~) J(z) = J(a) + (z - a)fi(z), r.n;e fi(z) = 27ri 'Y (~ _ z)(~ _a) d~. 

Ji (a) = J' (a). 

Ty )Ke rrpo:a;e,ri;ypy MO)KHO rrpRMeHHTh K Ji n orrpe,n;eJIRTh h H3 BhI­

pa)Kemu1 Ji ( z) = Ji (a) + ( z - a) h ( z). TaKIIM o6p830M MO)KHO rrpo­

,n;eJiaTh n rnaroB 

f(z) = f(a) + (z - a)fi(z), 

fi(z) = fi(a) + (z - a)h(z), 

fn-1 = fn-1(a) + (z - a)fn(z), 

f(z) = J(a) + (z- a)fi(a) + ... + (z - a)n-l fn-1(a) + (z - ar fn(z). 

,II;mp<l>epeH:a;IlpyH 3TO cPOPMYJIY k ~ n p83, IIOJIY"IIIM fk (a) = 
(1/k!)j(k)(a). B pe3yJihTaTe rroJiyqaeTcH pH,n; TeiiJiopa c ocTaTKOM 

(z a)2 

J(z) = f(a) + (z - a)J'(a) + ~! J"(a) + ... + (z - ar fn(z), 

(20.20) 
r.n;e, KaK II paHhrne, 

(20.21) 

,ll;JIH Bcex z BHYTPII 'Y. 7 

l'.h cPOPMYJihI (20.21) MO)KHO IIOJIY"IIITh IIOJI€3HYIO o:a;eHKY OCTaT­

Ka. Ilpe.n;rroJio)KIIM, "ITO 'Y - oKpy)KHOCTh c pa,n;IlycoM R II :a;eHTpoM 

7
,LI:oK83aTeJibCTBO cPOPMYJibl (20.21) HH,llyKllHeil: IIO n OCTaBmi:eM q1uaTeJIIO B 

KaqecTBe yrrpa:itrneHH.H. - IlpUM. pea. 



20.5. IlpHJIO:>KeHH.H H CJie,n;CTBH.H 1021 

B TOqKe a, a M o6o3HaqaeT MaKCHMaJihHOe 3HaqeHHe IJ(~)l ,ri;JI.si: ~Ha 

OKPY:>KHOCTH 'Y· Ilo,ri;cTaHOBKa B cPOPMYJIY (20.21) ,ri;aeT 

M 
lfn(z)I ~ Rn-l(R - lz - sl). (20.22) 

IlocKOJibKY fn(a) = (1/n!)j(n)(a), c IIOMOID;bIO cPOPMYJI (20.21) H 

(20.22) Mbl IIOJiyqaeM 

(20.23) 

ll 

(20.24) 

(3,ri;ech 'Y - OKPY:>KHOCTh c pa,ri;HycoM R, II,eHTpoM B TOqKe a, M -
MaKCHMYM cPYHKIJ,HH f Ha 3Toii oKpy:>KHOCTH.) 

06paTHTe BHHMaHHe Ha 3aMeqaTeJibHOe JIOrHqecKOe pa3BHTHe 

CHTyaII,HH. Mb1 HaqaJIH c rrpe,ri;rroJio:>KeHHH, qTo cPYHKIJ,HH f HMeeT 

HerrpepbIBHYIO rrpOH3BO,JJ;HYIO rrepBoro rropH,ri;Ka, KOTOpaH y,ri;oBJieTBO­

pHeT ypaBHeHHHM Korrm-PHMaHa B qacTHhIX rrpoH3BO,JJ;HhIX. J.fa 3THX 

ypaBHeHHH CJie,ri;yeT, qTo f HMeeT rrpoll3BO,JJ;Hbie BCex rropH,Il;KOB, H qTo 

n-H rrpOH3BO,JJ;HaH cPYHKII,HH f (B KOMIIJieKCHOM CMbICJie) cym;eCTBY­

eT H orrpe,ri;eJIHeTCH rrpOCTbIM Bbipa:>KeHHeM (20.23) qepe3 3HaqeHHH 

caMOH cPYHKIJ,HH f. 
B cJie,ri;y10m;eM rraparpa<l>e MhI rroJiyqHM pH,ri; cJie,ri;cTBHH H3 3Toro 

cl>aKTa. 

20.5. IlpHJIO:.>KeHH.H H CJie,LJ;CTBH.H 

B KaqecTBe rrepBoro rrpHMepa rrpHMeHeHHH cPOPMYJihI (20.24) ,ri;oKa­

:>KeM meope.My Jluyeu.11./1,Jl,. 

foJIOMOPcPHaH H orpaHHqeHHaH Ha BCeii IIJIOCKOCTH cPYHK­

IJ,HH ,JJ;OJI:>KHa 6bITb IIOCTOHHHOH. 

,l(oK:aaame.11/bcmeo. IlycTh IJ(z)I ~ M ,JJ;JIH Bcex z. B <PopMyJie 

(20.24) rroJIO:>KHM n = 1. 3HaqeHHe R MO:>KHO Bh16paTh CKOJih yro,ri;Ho 

6oJihmHM, a 3TO 3HaqHT, qTo f' (a) = 0 ,JJ;JIH Bcex a. TaKHM o6pa3oM, 
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o6e qaCTHbie npoII3BO,II;Hhie f TO)K,II;eCTBeHHO paBHbI Hymo, T. e. f 
nOCTOHHHa. 

CJie,n;cTBIIeM TeopeMbI J1IIyBHJIJIH HBJIHeTCH ocHOB'Ha.F/, meope.Ma 

M2e6p'bt, corJiaCHO KOTOpoit 

mo6oit nOJIIIHOM nOJIO)KHTeJibHOH CTeneHII IIMeeT no Kpaii:­

Heit Mepe O,Il;IIH KOpeHb. 

,401w3amM'bcmeo. HanmneM P(z) = anzn + an-lZn-l + · · · + ao, 
r,n;e n > 0 II an -=fa 0. Tor,n;a 

,Il,JIH ,II;OCTaToqHo 60JibIIIIIX lzl Bblpa)l{eHIIe B KBa,n;paTHbIX CK06KaX 

> 1ianl· TaKIIM o6pa3oM, \P(z)i ---+ oo npII izl ---+ oo, II, CJie,n;oBa­

TeJibHO, <l>YHKIJHH 1/ p rOJIOMop<l:>Ha H orpaHHqeHa BHe HeKOTOpoii: 

oKpy)KHOCTII 6oJibIIIoro pa,n;IIyca. EcJIH 6b1 P(z) HIIr,n;e He o6paIIJa­

JiaCb B HYJih, TO <PYHKI!IIH 1 / P 6bma 6hI roJioMop<l:>Ha II orpaHIIqeHa 

Ha Bceii: nJIOCKOCTII, T. e. 6hma 6hI nOCTOHHHOH. Ho nOCKOJibKY p - He 

nocToHHHaH <l>YHKIJHH, TO 3TO HeB03MO)KHO. TaKIIM o6pa3oM, ,n;OJI)KeH 

6hITh, no KpaitHeit Mepe, O,II;HH HYJih <l>YHKI!IIII P, qTo II Tpe6oBaJIOCh 

,Il;OKa3aTb. 

EcJIII P(a) = 0, TO (z - a)[P(z)/(z - a)] ---+ 0, II MhI MO)KeM 

BOCnOJib30BaThCH npIIHI!HnOM ycTpaHHMbIX oco6eHHOCTeii: II YTBep­

)K,Il;aTh, qTQ P(z)/(z-a) - roJioMop<l:>HaH <PYHKI!IIH. ,II,anee, nocKOJih­

KY zJ - aJ = (z -a)(zj-l + · · · +aj-l ), TO P(z)-P(a) MO)KHO pa3,n;e­

JIHTh Ha z - a. A nocKOJihKY P(a) = 0, TO P(z)/(z - a) - noJIIIHOM 

cTeneHM n - 1. EcJIM n > 1, TO onHTh MO)KHO npIIMeHMTh ocHOBHYIO 

TeopeMy anre6pbI II yTBep)K,Il;aTh, qTo 

nOJIIIHOM CTeneHII n IIMeeT pOBHO n KOpHeit, cqMTaH c 

KpaTHOCTHMII. 

CJie,II;yIOIIJIIH npMMep. IloKa)KeM, qTo roJioMop<l:>HaH <l>YHKI!MH, 

onpe,n;eJieHHaH B HeKoTopoii: CBH3HOH o6JiaCTII D, He MO)KeT o6pa­

IIJaTbCH B HYJib BMeCTe co BCeMII npOH3BO,II;HbIMII B JII06oit TOqKe a 

BHYTPII o6naCTH D, ecJIM TOJihKO oHa He paBHa HYJIIO TO)K,n;ecTBeH­

HO. ,II,eitCTBHTeJibHO, npe,n;nOJIO)KIIM, qTQ f(a) = 0 II j(n)(a) = 0 ,II;JIH 

Bcex n. Bh16epeM R TaK, qT06h1 ,n;IIcK pa,n;Myca R c I!eHTpOM B TOqKe 
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Pnc. 20.5 

a u.ennKoM Jie)KaJI B o6nacTn D (pnc. 20.5). CttaqaJia rroKa)KeM, 'ITO 

f TO)K,ll;eCTBeHHO paBHa Hymo Ha 3TOM ,ll;HCKe. lb <l>opMyJI (20.20) H 

(20.22) MhI 3HaeM, 'ITO (20.22) 

f(z) = (z - ar+1 fn+I, 

M lz-aln+l 
lf(z)I ~ (R - lz - al) Rn 

IIocKOJihKY lz - al < R n n MO)KeT 6hITh CKOJih yro,n;tto 6oJihIIIHM, 

3TO ttepaBeHCTBO 03HaqaeT, 'ITO f(z) = 0. A Terreph B03hMeM rrpon3-

BOJihHYIO TO'IKY BHYTPH ,ll;HCKa B Ka'leCTBe HOBOro u,eHTpa, yBeJIH'IHB, 

TaKHM o6pa30M, o6JiaCTh, r,n;e MbI 3HaeM, 'ITO f(z) = 0 (pnc. 20.6). 
Ecnn b - n106aR ,n;pyrM TO'!Ka B o6nacTn D, To TO'IKH a n b MO)KHO 

coe,n;nHHTh KpHBofi, KOTOpM BCR Jie)KHT B o6nacTH D n, cne,n;oBa­

TeJihHO, Ha KOHe'IHOM paccTORHHH OT rpaHHU.hl. Mo)KHO HapncoBaTh 

KOHe'IHOe 'IHCJIO ,ll;HCKOB (PRC. 20.7), Ha'laB c ,ll;HCKa, HMeiom;ero u,eHTp 

B TO'IKe a H 3aKOH'IHB ,ll;HCKOM c u,eHTpOM B TO'!Ke b, rronyqRB, TaKHM 

o6pa30M, f(b) = 0. lfraK, MhI ,n;oKa3aJIR cne,n;yrom;ee. 

Ilpe,n;rroJIO)KHM, 'ITO f roJIOMOp<i>Ha B HeKOTopofi CBR3HOH 

o6nacTH D n paBHa ttymo BMecTe co BCeMn rrpoH3BO,ll;HhI­

MH B TO'!Ke a, Jie)Kam;efi BHYTPH o6nacTn D. Tor,n;a f 
TO)K,n;ecTBeHHO paBHa ttynro. 
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PHc. 20.6 PHc. 20.7 

Ilpe,IJ;IIOJIO)l(HM, 'ITO an - IIOCJI€,IJ;OBaTeJihHOCTb TO'I€K B 06JiaC­

TH D, rrpH'IeM an ---+ a, r.n;e a TO)l(e Jie)l(HT BHYTPH D. Ilpe.n;rro­

JIO)l(HM, 'ITO f(an) = 0 .n;m1 Bcex n. Tor.n;a J(a) = limf(an) = 0 
H f'(a) = lim(f(a) - J(an))/(a - an) = 0. YTBep)l(.n;aeTcH, 'ITO 

B 3TOM CJiy'Iae BCe rrpOH3BO,IJ;Hbie J(k)(a) = 0 H, CJie,IJ;OBaTeJihHO, 

f = 0. ,Il;eiicTBHTeJihHO, rrpe.n;rroJIO)l(HM, 'ITO k - rrepBoe IIOJ10)l(HT€Jlb­

HOe u;eJioe 'IHCJIO, ,Il;Jl}l KOTOporo J(k)(a) i= 0. Tor.n;a, B CHJiy (20.20), 
f(z) = (z - a)k fk(z), r.n;e fk(a) i= 0, H, cJie.n;oBaTeJibHO, fk(z) i= 0 
,IJ;JIH z B OKpeCTHOCTH a. Ho IIOCKOJlbKY z - a i= 0 ,Il;Jl}l z i= a, MO)l(HO 

YTBep)l(,Il;aTh, 'ITO J(z) i= 0 ,IJ;JIH Bcex z, .n;ocTaTO'IHO 6JIH3KHX, HO He 

paBHhIX a. Ho 3TO rrpoTHBope'IHT Hcxo.n;HoMy rrpe.n;rroJio)l(eHmo, 'ITO 

f(an) = 0, r.n;e an ---+a. ToJibKO 'ITO ,IJ;OKa3aHHYIO TeopeMy <l>opMyJIH­

pyroT TaK: HYJIH ( HeTpHBHaJihHO:ii) roJioMopqmofi cPYHKD;HH ,IJ;OJI)l(HhI 

6bITh H30JIHpoBaHHhIMH. EcJIH f H g - .n;Be roJIOMOpcPHhie cPYHK­

D;HH, TO rrpe,IJ;bI,IJ;ylllHH pe3yJibTaT MO)l(HO rrpHMeHHTb K rOJIOMOPcPHOH 

cPYHKD;HH f - g. Tor.n;a YTBeP*AaeTC5I cJie,IJ;yIOlllee. 

EcnH f H g - ronoMop<l>Hhie cPYHKD;HH B CB5!3Hofi o6nacTH 

DH ecJIH f(an) = g(an) ,IJ;JIH rrocne.n;oBaTeJihHOCTH TO'IeK 

an, HM€IOII1HX rrpe.n;en a = lim an, Jie*alllHfi BHYTPH D, 
TO f = g BO Bcefi o6nacTH D. 

9TOT pe3yJibTaT IIOKa3bIBaeT, HaCKOJibKO CHJibHO OTJIH'IaeTC}l Teo­

p1rn roJIOMOpcpHblX cpyHKD;Hfi OT TeOpHH 6ecKOH€'IHO ,IJ;HcpcpepeHD;H-
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pyeMhIX <PYHKII;MM (KJiaCCa C00
) BeIIJ,eCTBeHHOrO rrepeMeHHOrO. <l>yHK­

II;MH f' 38.,ll;aHHaH <PopMyJIOM 

{ 

-1/x 

J(x) = ~ 
,ll;JIH X > 0, 

,11,JIH X ~ 0, 

HBJI.HeTCH C00 -<PyHKII;MeM B IIpOCTpaHCTBe JR. 0Ha T02K,ll,eCTBeHHO paB­

Ha Hymo ,11,JIH Bcex oTpmi;aTeJihHbIX x. TaKMM o6pa3oM, rroBe,n;eHMe 

C00 -<PYHKII;HH B O,ll;HOM qacTM o6JiaCTH ee orrpe,11,eJieHMH He 0Ka3bIBaeT 

HMKaKoro BJIHHHHH Ha ee IIOBe,11,eHMe B ,n;pyroii qacTM, paCIIOJIO)KeHHOM 

Ha KOHeqHoii paccTOHHMM. CMTyan;MH c ronoMop<PHhIMM <PYHKII;MHMM 

coBceM ,11,pyraH. EcnM HaM 3a,n;aHo rroBe,11,emre roJioMop<l>Hoii <PYHKII;MM 

B KaKOM-TO qaCTM o6JiaCTH orrpe,11,eJieHMH, TO Otta IIOJIHOCTbIO oupe,11,e­

JieHa BO Bceii o6JiaCTM. 8 

Mb1 y2Ke BM,11,enM, qTo roJioMop<PttaH <PYHKII;MH g He M02KeT 6hITh 

paBHa HYJIIO BMecTe co BCeMM rrpoM3BO,ll;HbIMM B mo6oii TOqKe BHYTPM 

o6JiaCTM orrpe,n;eJiemrn. Ilo3TOMY, eCJIH g( a) = 0 B HeKOTOpo.M TOqKe 

a, TO cym,ecTByeT HaMMeHhIIIee qJiCJIO k, ,11,JIH KOTOporo g(k)(a) i= 0. 
CJie,n;oBaTeJibHo, 

g(z) = (z - a)kgk(z) i= 0 ,11,JIH z B6JIM3M a, z i= a, 

r,n;e 9k - rOJIOMop<PHaH <PYHKII;MH. Ilpe,n;rrOJI02KMM, qTo f T02Ke roJIO­

Mop<PHa B Toil 2Ke o6JiaCTM. ,Il;aBaiiTe paccMoTpMM <PYHKn;mo h = f / g, 
KOTopaH orrpe,n;eJieHa ,n;JIH z B6JIM3M a, HO z i= a. HarrMIIIeM pa3JI02Ke­

HMe (20.20) <PYHKII;HH f B OKpeCTHOCTH a 

J(k-l)(a) 
f(z) = J(a)+(z-a)J'(a)+ · ·+(z-a)(k-l) (k _ l)! +(z-a)k fk(z). 

Tor,n;a 

f(a) 1 !'(a) 1 
h(z) = f(z)/g(z) = ( )k _(_) + ( )k-1 _(_) + · · · z - a 9k z z - a 9k z 

j(k-1).(a) 1 fk(z) 
+ +--(z - a)(k - 1)! 9k(z) 9k(z) · 

8
IloA qacTb!O o6JiacTH orrpe,ll;eJieHml HMeeTCH B Bli,IJY ee OTKpbIToe IIO,ll;MHO­

)KeCTBO. Ilpou;e,nypa BOCCTaHOBJieHHH roJIOMOpqrnoii: cPYHKlllili no ee pocm-x:y, 
orrpe,ll;eJieHHOMY Ha TaKOH qaCTH, BO BCIO o6JiacTb Ha3hIBaeTCH atta.11,umu"teC'K:u.M 
npoao.11,:J1Cettue.M. - Ilpu.,w,. pea. 
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IlocKOJihKY 1/gk rOJIOMopqma B6JIII3ll a, TO ee TaK)Ke MO)KHO pa3JIO­

)KlfTb B OKpeCTHOCTlf a: 

bo = 1/gk(a) = K!/g(k)(a) H T.,n;. 

EcJrn 3TO pa3JIO)KeHHe rro,n;cTaBHTh B <l>opMyJiy .D;JIH h, TO rroJiy'IHM 

r.n;e 

a_k = f(a)bo = f(a)/gk(a), 

a-k+I = f(a)b1 + J'(a)bo, 

Ji T . .n;.' a ho roJIOMOpcl>Ha B6JIR3lf a. 1fraK, Mbl AOKa3aJIH CJie.n;y10rn,ee. 

qaCTHOe .D;BYX roJIOMopcj>HbIX <l>YHKI.J;HH - MepoMopcj>HaH 

cj>yHKI.J;HH. 

Ilpe,n;hIAYll1He cj>opMyJihI yrrporu;a10TCH, ecJIH g HMeeT npocmou ttyJih B 

TO'IKe a, T. e. ecJIH k = l. B 3TOM cJiyqae YTBep)K,D;aeTcH cJieAYIOll1ee. 

EcJIH g(a) = 0 H g'(a) =f 0, TO qacTHOe f /g HMeeT 

rrpocTo:H rromoc B TO'IKe a. BhI'IeT B 3TOH TO'IKe paBeH 

f(a)/g'(a), T.e. J(z)/g(z) = a_1(z-a)-1 +ho(z) B6JIH3H (20.25) 
a, r.i:i;e a_1 = f(a)/g'(a) If ho(z) - roJIOMopcj>HaH <l>YHK-

U.HH B6JIH3H a. 

qHCJIO k, KOTopoe Mb! lfCIIOJlb30BaJIH ce:Hqac, Ha3hIBaeTCH nopRa­
'/CO.M, HYJIH. TaKHM o6pa3oM, roJioMopcl>ttaH <i>YHKU,HH g HMeeT HYJih 

rrepBoro rropH,n;Ka B TO'!Ke a, ecJIH g( a) = 0 H g' (a) =f 0. Otta HMeeT 

HYJib rropH,n;Ka kB TQqKe a, ecJIH g(a) = ... = g(k-l)(a) = 0, HO rrpH 

3TOM g(k)(a) =f 0.9 

Ilpe,D;IIOJIO)KHM, 'ITO <i>YHKU.Irn f rOJIOMopcl>tta B orpaHHqeHHOH 

o6JiaCTH D If HMeeT KOHe'Ittoe 'IHCJIO ttyJieii B 3Toii 06Jiacn1, T. e. 

MhI rrpe.i:i;rroJiaraeM, 'ITO eCTh Kotte'IHOe 'IHCJIO pa3JIH'IHhIX TO'IeK 

a1, ... , ar, r.i:i;e cj>yHKIJ;HH f paBHa HYJIIO. 11 rrycTb kj - rropH,lJ;OK HYJIH 

9
9KBHBaJieHTHoe YCJIOBHe COCTOHT B TOM, 'ITO cPYHKn;m1 1/g HMeeT B TO'IKe a 

noJiroc nop.H,n;Ka k. - IlpUM. pea. 



20.5. IlpIIJIO)KeHirn H CJie,n;CTBHH 1027 

cPYHKu;1rn f B TO'IKe O!j· Tor.ri;a J(z) = (z - a1)k1 g(z), r.ri;e cPYHKIJ;IUI 

g o6paIIJ;aeTC51 B HYJib TOJibKO B TO'IKax a2, ... 'O!r H HMeeT TOT )Ke 

rrop51)J;OK HyJieii B 3THX TO'IKax, 'ITO H cPYHKIJ;H51 f. ,lJ,aJiee MO)f(HO 

HarrncaTh g(z) = (z - a2)k2 h(z), r.ri;e cPYHKIJ;H51 h o6paIIJ;aeTC51 B HYJih 

B TO'IKax a3, ... 'O!r. ITpO)J;OJI)f(a51 TaKHM o6pa30M, Mbl IIOJIY'IHM 

r.ri;e F - roJioMop<l>Ha51 cPYHKIJ;H51 B o6JiaCTH D, KOTOpa51 He paBHa 

HYJIIO HH B o.ri;Hoii TO'IKe 3Toii o6JiacTn. IIpo.ri;H<P<l>epeHu;npoBaB 3TO 

Bhipa)f(eHne n pa.3.ri;eJIHB ero Ha f, rroJiyqaeM 

J'(z) 
J(z) 

ki kr F'(z) 
z - a1 + ... + z - ar + F(z)' 

r.ri;e F' / F - roJIOMop<l>Ha51 cPYHKIJ;H51 B o6JiacTn D. B qacTHOCTH, 

ecJin g - .ri;pyra51 roJioMop<l>Ha51 B o6JiacTn D cPYHKIJ;H51, TO gf' / f 
HMeeT TOJibKO rrpOCTbie IIOJIIOCa B TO'IKax O!j' BbI'IeThl B KOTOpbIX 

paBHhI kj g( aj). I1crroJih3Y51 <PopMyJiy Konrn:, rroJiyqaeM cJie.ri;yroIIJ;HH 

pe3yJihTaT. 

IIpe.ri;rroJIO)KHM, 'ITO f H g - roJIOMOPcPHhie cPYHKIJ;HH B 

orpaHn'IeHHoii o6JiacTn D, rrpn'IeM f HMeeT B o6JiaCTH 

D KOHe'IHOe 'IHCJIO HyJieii B TO'IKax a1, ... , ar, rrop51)J;OK 

KOTOpbIX paBeH k1, ... , kr cooTBeTCTBeHHO. IIycTh, KpoMe 

Toro, f I- 0 Ha rpaHHu;e 8D. 

B qacTHOCTH, ecJIH B351Th g = 1, To HMeeM 

= 'IHCJIY HyJieii cPYHKIJ;HH f 
c yqeTOM HX KpaTHOCTH. 

(20.27) 

3aMeTHM, 'ITO eCJIH f - rOJIOMop<l>Ha51 cPYHKIJ;H51 B 60JibIIIeii o6JiaCTH 

E, TaKoll:, 'ITO D co.ri;ep)f(HTC51 BE, Tor.ri;a f MO)f(eT nMeTb TOJihKO KO­

He'Ittoe 'IHCJIO HyJieii B o6JiacTH D. B rrpoTHBHOM cJiyqae f 6hma 6h1 
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paBHa HyJIIO B TIOCJle,Il,OBaTeJlhHOCTH ToqeK, CXO,Il,HIIJ;eiicH K npe.n,eJiy, 

pacrroJio:>KeHHoMy B o6J1acT:a E.10 A aTo 03HaqaJio 6h1, qTo f TO:>K­

.n.ecTBeHHo paBHa Hymo. TaKHM o6pa3oM, MO:>KHO yTBep:>K.n,aTh, qTo B 

3TOM CJiyqae npe,Il,IIOJIO)KeHHH ,Il,JIH (20.26) H (20.27) crrpaBe,Il,JIHBhl. 

Teope.Ma Pywe YTBep:>K.n,aeT cJ1e.n.y10m;ee. 

EcJIH f H h - roJIOMopcpHhle cpyHKIJ;HII B orpaHHqeHHOH 

o6JiaCTH DH HenpephIBHhI B D =DU 8D, H ecJIH BCIO.n.y 

Ha D If (z) - h(z)J < lf(z)J, To f H h HMeIOT o.n,HHaKoBoe 

qHCJIO HyJieH (c yqeTOM HX KpaTHOCTH) B 3TOii 06J1aCTH. 

(20.28) 

113 IIOChIJIOK TeopeMhl CJie.n.yeT, qTo f He paBHa HYJIIO Ha rpaHH:o;e 

8D, H, CJie,ll;OBaTeJlhHO, He paBHa HYJIIO B IlOJIOCe B6JIH3H 3TOH rpa­

HHIJ;hl. IIoaToMy f HMeeT KOHeqHoe qHcJio HyJieil: B 06J1acTH D. To 

:>Ke caMoe MO:>KHO CKa3aTh H o cpyHKIJ;HH h. Ha caMOM .n,eJie MO:>KHO 

YTBep:>K.n,aTh, qTo ,Il,JIH JII06oro 0 ~ t ~ 1 cPYHKIJ;HH ht, 3a.n,aHHaH 

cPOPMYJIOH 

ht(z) = f(z) + t(h(z) - f(z)), 

roJ10MopcpHa B 06J1aCTH D, He paBHa HyJIIO Ha rpaHH:o;e {)D H HMeeT 

KOHeqHoe qHCJIO HyJieii B D, KOTOphie MO:>KHO cocqHTaTh no cpopMyJie 

(20.27). <I>opMyJia (20.26) HenpephIBHO 3aBHCHT OT t H .n,aeT B pe3yJih­

TaTe :o;eJioe qHcJio. CJ1e,ri;onaTeJ1hHo, 3TO qHcJio HBJIHeTCH KOHCTaHTOil:. 

IlpH 3TOM ho = f H hi = h, TaK qTO f H h ,Il,OJl:>KHbI HMeTh O,ll;HHaKO­

BOe qHCJIO HyJieil:, qTo H Tpe60BaJIOCh ,Il,OKa3aTh. 

Ilpe.n,TIOJIO)KHM, qTo cPYHK:o;HH f rOJIOMOpcpHa BO BCeX ToqKax z f:. 
f3 B OKpecTHOCTH {3, HO lf(z)I --t 00 npH z --t {3. Tor.n,a cPYHKIJ;HH ff:. 0 
,ll;JIH z ,Il,OCTaTOqHO 6JIH3KHX K f3 H 1103TOMY 1/ f(z) - rOJIOMOpcpHaH 

,ll;JIH z ,Il,OCTaTOqHO 6JIH3KHX K {3, KpOMe z = {3, H 1/ f(z) --t 0 npH z --t 
/3. cho 03HaqaeT, qTO 1/ j HMeeT ycTpaHHMYIO OC06eHHOCTh B TOqKe 

f3. TaKHM o6pa3oM, oHa cTaHoBHTCH roJ10MopcpHoii He TOJihKO B6JIH3H 

/3, HOH B caMoil: 3TOil: ToqKe, eCJIH Mbl TIOJIO:>KHM ee TaM paBHOil: HYJIIO. 

IIocKOJihKY Teneph 1/ f roJ10MopcpHa B TOqKe f3 H B ee oKpecTHOCTH, 

H OHa - He TO)K,Il,eCTBeHHhiil: HYJih, TO OHa ,Il,OJl:>KHa HMeTh B TQqKe 

f3 HYJih KOHeqHoro rrop»,ri;Ka, T.e. l/f(z) = (z-f3)igj(z), r.n,e gj 
roJ10MopcpHa n6JIH3H f3 H gj (f3) f:. 0. Ho Tor.n,a 

f(z) = (z - {3)-jh(z), r.n,e h = l/gj TOJIOMOpcpHa B6JIH3H {3. 

10
To'!Hee, Ha rpaHHIJ,e av, KOTOPMl B c1my orpaHH'leHHOCTH D RBJIReTCR KOM­

IlaKTHbIM MHO)KeCTBOM. - !IpUM. pea. 
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Ecmr ,n;m1 cPYHKil,HII h HCIIOJih30BaTh pa3JIO)Kemre TeitJiopa B ToqKe 

(3, TO YBH,ll;HM, qTo f HMeeT IIOJIIOC rropR,n;Ka j B 3TOit TOqKe. I-iTaK, 

Mhl ,1J;OKa3aJIH, qTO 

ecJIH f rOJIOMopcl>Ha BCIO,ll;y rrpH z i- (3 B OKpeCTHOCTH 

(3 H lf(z)i - oo, Kor,n;a z - (3, TO OHa HMeeT IIOJIIOC 

KOHeqHoro rropR,n;Ka B TOqKe (3. 

Ilpe,n;rroJIO)KHM, qTo f MepoMopcl>Ha B orpaHHqeHHOit o6JiaCTH D, 
HerrpepbIBHa Ha rpaHHil,e {)DH He o6paiu;aeTC51 HHr,n;e Ha Heit B HYJih. 

Tor,n;a aTa cPYHKil,HR MO)KeT HMeTh JIHIIIh KOHeqHoe qHcJio HyJieit H 

IIOJIIOCOB B o6JiaCTH D. Ilpo,n;eJiaB BhlmeorrHcaHHYIO rrpou,e,n;ypy c 

KaJK,IJ;hlM HyJieM H C KaJK,lJ;hIM IIOJIIOCOM, IIOJiyqHM 

(z - 0:1)k1 ... (z - O:r)kr 

f(z) = ( (3 )' ( f3 )' F(z), z - 1 JI • . • z - p Jp 

r,n;e F roJioMopcl>Ha H He HMeeT HyJieit B 06Jiacn1 D. (3,n;ech O:i -

HYJIH rropR,n;Ka ki, H f3i - rroJI10ca rropR,n;Ka ji.) ,ll;anhrne MhI MO)KeM 

paccy)K,n;aTh TaK )Ke, KaK H rrpH ,n;oKa3aTeJihCTBe (20.25) H (20.26). B 
pe3yJihTaTe rroJiyqaeM cJie,n;yroiu;ee. 

Ilpe,n;rroJIO)KHM, qTo f - rOJIOMop<l>Ha51 cPYHKil,H51 B orpa­

HHqeHHOit o6JiaCTH D, tterrpephIBHa B D H B6JIH3H rpa­

HHil,hI 8D. ,II;anee rrpe,n;rroJIO)KHM, qTo g - roJioMopcl>HaR 

cPYHKil,HR B o6JiaCTH D H HerrpephIBHa Ha Heit. Tor,n;a 

3,n;ech 0:1, ... ' O:r - HyJIH cPYHKil,HH f IIOp51,1J;Ka ki' ... ' kr 
COOTBeTCTBeHHO, H f31, ... ' (3p - rromoca 3TOit cPYHKil,HH f 
rrop51,11;Ka j1, ... ,jp. IlycTh g = 1, Tor,n;a 

1 in f'(E) u 

2?Ti f(I:) d~ = qHcJiy HyJieH cPYHKil,HH f 
oD <,, - qHCJIO ee IIOJIIOCOB 

(c yqeTOM HX KpaTHOCTH). 
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Ilpe,n;rrOJIO)KHM, qTo f rOJIOMopqma .n;mi: z i- 'Y B OKpeCTHOCTH 

ToqKn 'Y. H rrycTh 'Y - He ycTpattnMaH oco6eHHOCTh <l>YHKIJ;HH, n He 

HBJIHeTCH ee IIOJIIOCOM (TaK qTo y Hae Hem ycJioBHH Jf(z)J -too rrpn 

z -t 'Y). B 3TOM cJiyqae 'Y Ha3hIBaeTCH cy'Uliecm6e'H'HOU oco6eH'ltocm'b10 

f. HeKOTopoe rrpe,n;cTaBJiettne o CJIO)KHOM rroBe,n;emrn: <l>YHKU,HH B6mr-

3H cyi:u;ecTBeHHOii oco6eHHOCTH .n;aeT CJie.n;yIOilIHH pe3JJibTaT. 

,lI;orrycTHM, qTo f rOJIOMop<l>Ha B6JIH3H 'Y, HO He B ca-

MOii ToqKe, r.n;e 3Ta <l>YHKIJ;HH HMeeT cyi:u;ecTBeHHYIO oco-

6eHHOCTb. Tor.n;a .D;JIH mo6oro 3a,n;attttoro KOMIIJieKcttoro (20.29) 
'IHCJia c MO)KHO HafiTll TaKyIO IlOCJie,n;oBaTeJihHOCTb T011eK 

ai -t "(, qTo f(ai) -t c. 

,lI;oKa)KeM OT rrpoTHBHoro. Ilpe.n;rroJIO)KllM, qTo 3TO yTBep)K.n;em1e 

He BbIIIOJIHHeTCH .D;JIH HeKOToporo qncJia c. 9To 3HaqnT, eCTb TaKa.H 

OKpeCTHOCTb u TOqKn 'Y' qTO f ( z) OTJinqaeTCH OT c Ha KOHeqttoe 

3Haqettne rrpn Bcex z BHYTPH o6JiaCTR U, z i- 'Y· CKa)KeM, rrycTh 

lf(z) - cl > 1/M .D;JIH HeKoToporo qncJia M. Orrpe,n;eJinM <l>YHKIJ;RlO 

g(z) = 1/(f(z) - c). Otta roJioMop<Ptta B o6nacTH U Be3,n;e, KpoMe 

TOqKn "(, ll Jg(z)J < M. Ilo3TOMY <l>YHKIJ;HH g B TOqKe 'Y RMeeT ycTpa­

HHMYIO oco6eHHOCTh. Ho Tor.n;a f = 1/ g + c MepoMop<Ptta B ToqKe 

'Y ( B xy,n;IIIeM CJiyqae RMeeT TaM IIOJIIOC)' qTo rrpOTHBOpe11HT Harne­

My rrpe.n;rroJIO)KeHHIO. ITpnMepoM <l>yttKu;nn, nMelOilieii cyilieCTBeHHYIO 

oco6eHHOCTb B TOqKe 0, HBJIH€TCH e1/z. IloKaJKeM B HBHOM BR,n;e, qTO 

,n.nH 3TOii <l>YHKU,HR crrpaBe,IJ;JIHBO ycnoBne (20.29). Mbr ,IJ;OJI)f(Hbl rro­

Ka3aTh, qTO 3HaqeHne <l>YHKIJ;Hll e1/z MO)KHO c,n;eJiaTb CKOJib yro.n;tto 

6nn3KHM K JII06oMy KOMIIJieKCHOMy qncJiy, ecnn z -t 0. C.n;enaeM 3a­

Metty rrepeMeHHOii w = 1/ z. Tor.n;a Mhr XOTHM rroKa3aTh, 11To 3Haqettrre 

ew MO)J{HO c.n;enaTh CKOJib yro,n;Ho 6JIH3KRM K n1060My KOMIIJieKCHO­

MY qncJiy c rrpn ycnoBHH JwJ > R ,n;nH rrpon3BOJihHOro 3HaqeHHH R. 
HarrnrneM c = rei9 n w = u +iv. Tor.n;a ycJIOBHe JwJ > R BhIIIOJI­

m1eTcH, ecnM Bhr6paTb v > R. Terreph ew = eu · eiv. IlosToMy, ecJIH 

r > 0, TO MO)KHO B3HTb U = log r H V = 0 + 27rn, r,n;e n - .D;OCTa­

TOqHo 6onbIIIoe u;eJioe qflcJio, qTo6br BhIIIOJIHHJIOCh ycJioBne v > R. 
Mbr HaIIInJI Toqttoe pernettne ypaBHeHmI ew = c rrpn CKOJih yro.n;tto 

6onhIIIOM n, TaK qTo z = 1/w rrpn6JIH)KaeTCH K ttymo. EcTb TOJihKO 

0.D;HO 3Ha'leHHe KOMIIJieKCHOro 'IllCJia c, B KOTOpoe Mb! He MOMeM IIO­

rraCTh - sTo c = 0. Ho MOMHO B3HTh rrocne,n;oBaTeJibHOCTh ck -t 0, 
Ck i- 0 ll COOTBeTCTBYIOIIIYIO rrocne,n;oBaTeJibHOCTb Wk, r.n;e lwkl -t 00 
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H ewk = Ck· Tor)l,a Zk =Wk - HCKOMasI IlOCJie)l,OBaTeJihHOCTb ToqeK, 

CTpeM.Hill;HXCH K Hymo, KOr)l,a eZk --t 0. 
TaKoe noBe)l,emrn cPYHKIJ;llH el/z THITHqHo )l,JIH roJIOMOPcPHhIX 

cPYHKIJ;HH B6JIH3H cyin;ecTBeHHOH oco6eHHOCTH, T. e. Mbl MO)KeM pe­

IIIHTb TOqHO ypaBHeHHe f ( z) = c B mo6o:H OKpeCTHOCTH z = 'Y )l,JIH 

Bcex KOMITJieKCHbIX qlfceJI c, KpOMe O)l,HOro. (,Il;JIH cPYHKIJ;HH el/z 3TO 

6bIJIO c = o.) 9To <PaKT BeCbMa rJiy6oKHH, H )l,OKa3aTeJibCTBa ero Mbl 

3)1,eCh He ITPHBO)l,HM. 

20.6. JloKa.TihHOe OT06pa)J(eHHe 

B 3TOM ITaparpa<Pe MhI IICCJie)l,yeM 6oJiee ITO)l,po6Ho JIOKaJihHhie cBoil:­

CTBa rOJIOMOPcPHblX cPYHKIJ;HH. IlepBbiil: pe3yJibTaT - 3TO oqeBH)l,HOe 

cJie)l,CTBHe TeopeMhI Pyrne: 

Ilpe,n;ITOJIO)KHM, qTO f roJIOMOPcPHa H He ITOCTOHHHa B 

oKpeCTHOCTH ToqKH a, ITpHqeM J(a) = b. Tor,n:a cyin;ecT-

ByeT TaKOe c > 0, qTO )l,JIH scex w, y,n:oBJieTBOp5.!IOIIJ;HX (20.30) 
ycJIOBHIO \w - b\ < c' Haii,n:eTCH TaKOe z B6JIH3H a, "lJTO 

f(z) = w. 

,l(o'K:a3ame.11:bcmBo. IlycTh g(z) = J(z) - b. Tor,n:a g HMeeT HYJih 

Kotteqttoro ITOpH,n:Ka B ToqKe a. Mhl MO)KeM HaHTH )l,OcTaTO"tJHO MaJioe 

r, )l,JIH KOTOporo g(z) # 0, eCJIH \z - a\ ~ r, KpOMe caMOH TOqKH 

a. IlycTh o6JiaCTh D - 3TO )l,HCK pa,n;Myca r c n;ettTpoM B ToqKe a. 
Bh16epeM TaKoe c > 0, qTO Jg(z)J > c )l,JIH z E an. Ilpe)l,ITOJIO)KHM, 

qTo \w - b\ < c, H OITpe,n;eJIHM 9w ycJioBHeM 

9w(z) = J(z) - w = g(z) + (b - w). 

B CHJIY TeopeMhI Pyrne (20.28), cPYHKIJ;HH 9w HMeeT TaKoe )Ke qlfcJio 

HyJie:H (c yqeTOM Hx KpaTHOCTH), B o6JiacTH D, qTo H cPYHKIJ;HH g. 
IlocKOJlbKY g HMeeT, ITO KpaiiHefi Mepe O)l,HH HYJih, TO H 9w HMeeT, 

ITO Kpaiitte:H Mepe, O)l,HH HYJih, Il03TOMY MO)KHO HaHTH, no KpaliHeH 

Mepe, o,n;tto 3HaqeHHe z B o6JiacTH D, r,n;e f (z) = w. 

YTBep)K,n;emrn (20.30) HHor,n;a <PopMyJIHpyeTcH ITo-,n;pyroMy: ro­

JIOMopcl>HaH cPYHKIJ;HH OITpe,n;eJIHeT om'K:p'btmoe OTo6pa)KeHHe, T. e. ec­

JIH TOqKa rrpHHa,n;Jie)KHT o6pa3y, TO B HeM n;eJIHKOM co,n;ep)KHTCH H 

HeKOTOpaH OKpeCTHOCTb 3TOH ToqKH. 
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YTBep:iK,n;eHne (20.30) ,n;eMoHcTpnpyeT em;e o,n;Ho rropa311TeJihHOe 

OTJUi'IHe TeOpHH rOJIOMOpQlHhIX cPYHKllRH KOMIIJieKCHOH rrepeMeHHOH 

OT Teop1111 rna,n;KHX cPYHKllHH Bem;ecTBeHHOfi rrepeMeHHOH. PaccMoT­

pHM 0To6pa:iKeH11e IR. --+ IR., rrpeo6pa3y10m;ee x B u = x2 . Tor,n;a 3Ha'le­

HH.H u MoryT 6bITb TOJihKO HeOTp1111aTeJibHhIMH (p11c. 20.8). Ilo3TOMY 

0 rrpHHa,n;Jie:lKHT o6pa3y 3Toro OT06pa2KeHH.H, HO HHKaKa.H OKpecT­

HOCTh 0 B HeM He Jie:lKHT. Mb1 MO:lKeM nerKo H3MeHHTh 3TOT rrp11Mep, 

paCCMOTpeB 0To6pa2Kem1e IIJIOCKOCTR B IIJIOCKOCTh, T. e. rryCTh (x, y) 
rrpeo6pa3yeTC.H B (u, v), r,n;e u = x2 11 v = y. Ilp11 TaKOM oTo6pa:iKe­

HRH IIJIOCKOCTh CKJla,ll;hIBaeTC.H B,ll;OJih OCH y' TaK 'ITO B o6pa3e HeT 

TO'leK (u, v) c OTp1111aTeJibHhIMH u (p11c. 20.9). 

u 

P11c. 20.8 P11c. 20.9 

YTBep)K,ll;eHHe (20.30) r0Bop11T, 'ITO TaKoro He 6brnaeT B cny'lae 

OT06pa2KeH11fi, cooTBeTCTByrom;nx ronoMopQlHhIM cPYHKllH.HM. Ha­

rrp11Mep, eCJIH B3.HTh f ( z) = z2 ' TO ,ll;Jl.H w = rej() i- 0 MO:lKHO HaHTR 

,ll;Ba 3Ha'leHH.H z, a HMeHHO z = r 112ei8/ 2 H z = r 1/2ei(7r+B/2)' ,ll;Jl.H 

KOTOpbIX z2 = w. Ilo3TOMY BMeCTO OTCJTCTBH.H perneHHH ypaBHeHH.H 

z2 = w B HeKOTopofi o6naCTR w Mbl HMeeM ,n;Ba perneHH.H. 

9To TaK:lKe THIIH'IHOe CBOHCTBO cPYHKllHH f ( z) = z2• Ilpe,n;rro­

JIO:lKHM, 'ITO f - rOJIOMOpQlHa.H cPYHKllH.H B OKpeCTHOCTH a, r,n;e 

f (a) = b. BepHeMC.H K ,n;oKa3aTeJihCTBY (20.30). <I>yHKllH.H g, BBe,n;eH­

Ha.H rrpH ,ll;OKa3aTeJihCTBe, HMeeT HJJib KOHe'IHOro rrop.H,n;Ka B TO'!Ke 

a. IlycTh k - rropa,n;oK 3Toro HJJI.H. Ecm1 k > 1, TO g'(a) = 0. Mo:iK­

HO BhI6paTb TaKoe r (B03MO:lKHO, MeHbIIIee, '!eM rrpH ,ll;OKa3aTeJihCTBe 

(20.30)), TaK 'ITO He TOJihKO g, HO 11 g' He HMeeT Hynefi B 06nacT11 D. 
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TaKHM o6pa30M, B o6oHx cJiyqrui:x k = 1 H k > 1 cPYHK:u;m1 g Boo6m,e 

He HMeeT HyJieii B o6JiaCTH D, 3a HCKJIIO'IeHHeM TO'IKH a, a cPYHK­

:u;m1 g' He HMeeT HyJieii B D, KpoMe, B03MO::>KHO, TO'IKH a. 3aMeTHM, 

'ITO cPYHKIJ;H51 9w, BBe,n;eHHruI rrpH )J;OKa3aTeJibCTBe (20.30), OTJIWia­

eTC51 OT g Ha KOHCTaHTy. TaKHM o6pa3aM, g~ = g' H, CJie,n;oBaTeJihHO, 

g~(z) # 0 B o6JiaCTH D rrpH z #a. 0,n;HaKo, ,IJ;JIB w # b cPYHKIJ;HB 9w 
He JIMeeT HYJI51 B TO'IKe a. 9To 03HaqaeT, 'ITO Ka)K)J;bIH H3 HyJieii 9w 
)J;OJI)KeH 6bITb rrpOCTbIM H, CJie)J;OBaTeJibHO, y 3TOH cPYHKIJ;HH )J;OJI)KHO 

6bITb k pa3JIH'IHbIX HyJieii. llTaK, Mhl )J;OKa3aJIH CJie,n;y10m,ee. 

IlyCTh f - rOJIOMop<l>Ha51 cPYHKIJ;Jrn B OKpeCTHOCTH TO'I­

KH a H J(a) = b. Ilpe,n;rroJIO)KHM, 'ITO g, orrpe,n;eJieHHaB 

cpopMyJioii g(z) = f(z)- b, HMeeT HYJib rrop51,IJ;Ka kB TO'I-

Ke a. Tor,n;a MO)KHO HaiiTH r > 0 H E > 0 TaKJie, 'ITO (20.31) 
)J;J151 JII06oro w # b JI3 OKpeCTHOCTJI lw - bl < E cym,ecT-

ByeT k pa3JIH'IHhIX 3Ha'IeHHH z: z1, ... 'Zk, )J;J151 KOTOpbIX 

lzi - al < r H f (zi) = w. 

YTBep)K)J;eHHe (20.31) ,n;eMOHCTpn:pyeT HCTHHHhIH CMhICJI HYJIB rro­

pB,n;Ka k. 9To CHTya:u;n:B, rrpH KOTopoii k pa3JIH'IHbIX KOpHeii COBIIa­

,n;aIOT. 

PaccMoTpHM qacTHhIH cJiyqall: k = 1 yTBep)K)J;eHHB (20.31), KO-

TOpbIH BeCbMa Ba)KeH )J;J151 Hae. 

IlycTb f - roJIOMop<l>Ha51 cpyHKIJ;H51 B OKpeCTHOCTH TO'I-

KH a, r,n;e f(a) = b H f'(a) # 0. Tor,n;a MO)KHO HaHTH 

TaKHe r > 0 JI E > 0, 'ITO )J;J151 BCex w, y,n;OBJieTBOp51IOIIJ,HX 

ycJIOBHIO lw - bl < E, cym,ecTByeT e,n;n:HCTBeHHoe 3Ha'Ie­

HHe z, ,IJ;JIB KOToporo lz - al < r n: J(z) = w. /Wyrn:Mn: 

CJIOBaMH, cym,eCTByeT e,n;JIHCTBeHHa51 cpyHKIJ;H51 g, orrpe­

,n;eJieHHruI rrpn: lw - bl < E, y,n;oBJieTBOp51IOIIJ,ruI ycJIOBH51M 

lg(w) - bl < r n: f(g(w)) = w. 

IlpH 3TOM Mbl yTBep)K,n;aeM, 'ITO 

(20.32) 

cPYHKIJ;II51 g, orrpe,n;eJieHHa51 B (20.32), I'OJIOMOpcpHa JI (20.33) 
g'(w) = 1/ f'(g(w)). 

B yTBep)K,n;eHHM (20.32) MhI MO)KeM Bb16paTh r TaK, 'IT06b1 

J'(z) # 0 )J;J151 lz - al < r. Ilo::>TOMy, 'IT06bI ,Il;OKa3aTb (20.33), )J;OCTa­

TO'IHO )J;OKa3aTh, 'ITO cPYHKIJ;H51 g ,n;n:<P<l>epeH:u;n:pyeMa B KOMIIJieKC­

HOM CMhICJie B TO'IKe b H g'(b) = 1/ f'(a). AHaJIOrH'IHbie apryMeHThl 
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rroTOM rrpHBeAeM AJIH rrpoH3BOJihHOH TOqKH z = g(w), H <PopMyna 

AJIH g' rroKaJKeT, qTo OHa tterrpepbIBHa. HTaK, rrpeAITOJIO>KHM, qTo 

!'(a)= c =f. 0. IlyCTh"' < !lei- 113 orrpeAeJiemrn: rrpOH3BOAHOH cPYHK­

ll,llll f MO)l(HO HaHTll TaKoe 6 > 0, qTO 

I J(z~ =~(a) - f'(a)I < 'TJ AJIH lz - al < 6. (20.34) 

Bh16ttpaH 6 B KaqecTBe HOBoro r (ecJIH 3TO tteo6xoAHMo) B (20.32), 
Mhl BllAHM, qTo An.H BCex w, AOCTaToqHo 6Jill3KllX Kb, HMeeM 

\
w-b I 1 -- -c <-lei, 
z-a 2 

1 
II03TOMY !w - bl > 2!c(z - a)i, 

rAe z = g( w) HJIH 

I 
z-a I 2 

(w-b)c < ~-

EcJIH Terrepb yMHO)l(llTh o6e qacTH paBeHCTBa (20.34) Ha cooTBeT­

CTBYIOill,He qacTH rrpeAhIAJill,ero ttepaBettcTBa, TO rroJiyqnM 

1

1 g(w)-a' -2 
f'(a) - w - b < 2lcl 'T/· 

MbI MO)l(eM CAeJiaTh 'TJ CKOJih yrOAHO MaJihIM, BhI6npaH 6 n, cJieAO­

BaTeJihHO, c: AOCTaToqtto MaJihIMH. 9To H AOKa3hIBaeT, qTo g AHcP­

<Pepettu,HpyeMa B KOMIIJieKCHOM CMbICJie B TOqKe b ll g'(b) = 1/ !'(a), 
TeM caMhIM AOKa3aHo yTBep)l(AeHHe (20.33). YTBep)l(AeHHH (20.32) n 

(20.33) COCTaBJIHIOT TeopeMy 0 He.HBHOH (o6paTHoii) cPYHKU,Hll AJIH 

cJiyqaH roJIOMOPcPHhIX cPYHKU,Hii. CJieAJeT, OAHaKo, IIOAqepKHYTh, 

qTo 3Ta TeopeMa JIOKaJihHaH. ,It;aBaitTe elll,e pa3 BepHeMCH K cPYHK­

ll,llll f ( z) = z 2 . l13BeCTHO, qTo AJIH Jiro6oro 3HaqeHHH w =f. 0 ecTh 

ABa KOpHH ypaBHeHHH f (z) = w. IlpeAIIOJIO)l(HM, qTo Mhl BhI6pa­

Jlll KBaAPaTHhIH KopeHb IIOJIO)l(llTeJibHOro qncJia IIOJIO)l(llT€JihHhIM. 

HarrpnMep, AJIH J(a) = 1 B03hMeM a = 1. YTBep)l(Aettne (20.32) 
03HaqaeT, qTo AJIH w B OKpeCTHOCTH eAHHllll,hI, Mhl 6yAeM BbI6HpaTb 

eAHHCTBeHHhIH KBaApaTHhIH KopeHb - TOT, KOTOpbIH 6JIH30K K eAH­

HllU,e, a yTBep~eHHe (20.33) 03HaqaeT, qTO cPYHKU,llH g(w) = w 112 

6y,LJ;eT rOJIOMOPcPHOH B OKpeCTHOCTll w = 1. ,It;eiicTBHTeJibHO, JierKO 



20.6. JloKa.JibHOe OTo6pa:>Keane 1035 

BH)l;eTb, 'lTO B (20.33) MO:>KHO B3.HTh B Ka'leCTBe E mo6oe 'lHCJIO, MeHh­

mee e)1;1JHHIJ;hI. KoHe'lHO, MhI Mo:>KHO B3.HTh mo6y10 TO'lKY w BHYTPM 

)l;HCKa pa,n;Myca E c u;eHTpOM B w = 1 B Ka'leCTBe HOBOro 3Ha'leHH.H 

b, a g( w) B Ka'leCTBe HOBoro 3Ha'leHH.H a, Ii eiu;e pa3 rrpMMeHHTh Teo­

peMy o He.HBHoii cPYHKIJ;MM. IIpe.n;rroJimKMM, 'lTO MhI B3.HJIH rrocne.n;o­

BaTeJILHOCTh TaKHX TO'leK c ycJIOBMeM lwl = 1, KaK 3TO IIOKa3aHO 

Ha pMc. 20.10. Kor.n;a, rrpoii,n;.H TaKMM o6pa30M no BCeMy Kpyry, MhI 

BepHeMC.H Ha IIOJIO)KHTeJILHYIO OCh w' TO IIOJIY'lHM OTPHIIaTeJihHOe 

(rrpoTMBOIIOJI02KHoe) 3Ha'leHMe KBa,n;paTHoro KOpH.H, 'lTO He y,n;MBH­

TeJILHO. l'lTaK, XOT.H (20.32) rapaHTHpyeT cyiu;ecTBOBaHHe JIOKaJihHOH 

cPYHKIJ;HH, o6paTHOH K f' IIOCJie)l;OBaTeJihHOe IIpMMeHeHMe (20.32) M0-

2KeT rrpMBeCTM K rno6aJILHOii HecornacoBaHHOCTH. B cnyqae cPYHKIJ;HH 

f(z) = z
2 

He cyiu;ecTByeT rJIOOaJihHO orrpe.n;eneHHOH cPYHKIJ;HH w1
/

2 

Ha IIJIOCKOCTH W. 

PMC. 20.10 

Cyiu;ecTByeT ,n;Ba crroco6a pa6oTaTL c 3Toii rrpo6neMofi Heorrpe­

.n;eneHHOCTM, Ii Ka2K)l;hIH H3 HHX Mhl rrpo,n;eMOHCTpHpyeM Ha rrpMMepe 

KBa,n;paTHOI'O KOpH.H. 0,n;MH crroco6 - rrpOCTO )KIJTh c 3TOH Heorrpe.n;e­

JieHHOCThIO. IlJIOCKOCTh z paccMaTpHBaeTC.H KaK deyAucmttoe tta-X:p'bt­
mue IIJIOCKOCTH w c mO"i'X:OU 6em6Aettu.R B HyJie, r.n;e 3Ha'leHHIO w co­

OTBeTCTByeT TOJihKO O)l;HO 3Ha'leHHe z. JI106y10 3a,n;aHHYIO cPYHKIJ;HIO 

THrra cos( w312 +1) MhI paccMaTpHBaeM He KaK Q:>yHKIJ;HIO, orrpe.n;eneH­

Hyro B IIJIOCKOCTH w, a KaK cPYHKIJ;HIO OT z, T. e. cos(z3 +1). IlJIOCKOCTh 

z - 3TO pu.Mattoea noeepxttocm'b, CB.H3aHHa.H co BCeMH cPYHKIJ;H.HMH 
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w112 B TOM CMbICJie, 'ITO BCe OHH orrpe,n;eJieHbI KaK cPYHKU,HH OT z. 
TaKoli TO"'IKH 3peHHH npH,n;ep)KHBaJICH caM PHMaH. IIo,n;po6Hoe HC­

cne,n;oBaHHe CTPYKTYPhI pHMaHOBhIJ:C rroBepxHocTeli p83JIH'IHhIX rono­

MOpcPHhIX cPYHKU,HM crroco6cTBOBaJIO p83BHTHIO reoMeTpHH, TOIIOJIO­

rHH H anre6pbl BIIJIOTb ,n;o HaCTOHlll,ero BpeMeHH. 0,n;HaKo, 3,ll;eCb Mbl 

He 6y,n;eM OCTaHaBJIHBaThCH Ha 3TOM. 

,Z:Wyro:if, 6onee npH3eMJieHHhIH rro,n;xo,n; K rrpo6neMe onpe,n;eneHHH 

w 112 COCTOHT B 3a,n;aHHH HeKOTOpoli KpHBOH, BbIXO,n;.mu,eli H3 Ha"'!aJia 

KOOp,ll;HHaT H H,D,ylll,eli Ha 6ecKOHe'IHOCTb B,ll;OJib nyTH, r,n;e Mbl C'IH­

TaeM, 'ITO w112 He onpe,n;eneH, "'!T06b1 c,n;enaTh onpe,n;eneHHe KopHH 

e,n;HHCTBeHHhIM Be3,n;e. HarrpHMep, rrpe,n;rroJIO)KHM, "'ITO MhI paspe3a./l,U 
rrnocKOCTh w B,ll;OJib OTpHu,aTeJibHOM ocH w. TaKHM o6prooM, K3.)K­

,n;oe 3Ha'IeHHe w BHe 3TOro paapeaa MO)KeT 6hITb 3aIIHCaHO B BH,ll;e 

w = reiB, r,n;e -7!" < () < 7r. Tor,n;a, BbI6HpaH w112 = r 112 ,n;nH () = 0 
(T. e. IIOJIO)KHTeJihHbIH KBa,n;paTHblM KopeHb ,ll;JIH IIOJIO)KHTeJibHbIX w), 
H ,ll;BHra.HCb ,n;anee ( qepe3 rrepBbIM H qeTBepTbIH KBa,n;paHT) KO BCeM 

3Ha'IeHHHM () yK83aHHoro HHTepBana, HMeeM 

,ll;JIH -rr<0<7r. 

IIo::iToMy, HarrpHMep, rrpH TaKoM BbI6ope KBa,n;paTHoro KopHH 

H (-i)l/2 = e-i7r/4 (pHC. 20.11). 

Borrpoc, r,n;e npoBecTH pa3pe3, pernaeTcH Ka)K,ll;bI:if pa3 B 3aBHCHMOCTH 

OT 3a,n;a'IH. BhmieyK83aHHhIH Bb16op pa3pe3a rrpHMeHHeTcH ,n;oBOJihHO 

qacTo, H HHor,n;a ero Ha3hIBaIOT 2Aamwu eeme'b10 KBa,n;paTHoro KOpHH. 

-i 

PHC. 20.11 
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IloKa2KeM, KaK Bb16op p83pe3a rrpHMemi:eTCH ,ll;JlH Bhl'IHCJieHHH 

HeKOTOpbIX HHTerpaJIOB, KOTOphie IIOTOM 6y,n;yT O'leHh Ba2KHhl ,ll;JIH 

Hae. PaccMoTpHM HHTerpan 

1
00 

2 
-oo e-.Xx /2 dx. 

Kor,n;a Re A > 0, cPYHKU.HH e-.Xx
2
12 6hICTpo CTpeMHTCH K Hymo Ha 

±oo, H HHTerpan cxo,n;HTCH a6coJIIOTHO. Kor,n;a 2Ke Re A < 0, cPYHK­

U.HH e-.Xx
212 CTpeMHTCH K 6eCKOHe'IHOCTH, H 3TOT HHTerpan He HMeeT 

CMhICJia. Kor,n;a Re A = 0, a6coJIIOTHoe 3Ha'leHHe cPYHKU.HH e-.Xx
2
12 

paBHO e,n;HHHU,e ,n;JIH Bcex x' II03TOMY 3aBe,n;OMO HCHO, 'ITO HHTerpaJI 

He cxo,n;HTCH a6coJIIOTHO. H TeM He MeHee, yTBep2K,n;aeTcH, 'ITO HHTe­

rpan cxo,n;HTC5L Ilo cym;ecTBy, yTBep2K,n;aeTcH cJie,n;yrom;ee. 

HHTerpan J~00 e-.Xx2 12 dx cxo,n;HTCH paBHOMepHo, Kor,n;a 

,n;JIH A BhIIIOJIHHIOTCH ycJiomrn Re A ~ 0, J.X.I ~ 1, H rro-

3TOMY OH HBJIHeTCH HerrpepbIBHOH cPYHKU,Heii: >. B 3TOH 

o6JiacTH. 

qT06hI ,ll;OK83aTb paBHOMepHyIO CXO,ll;HMOCTh, Ha,n;o IIOK83aTh, 'ITO 

,ll;JIH mo6oro E > 0 MO)KHO Hall:Tn: Re: (3aBn:cHm;ee OT E, HO He OT A) 
TaKoe, 'ITO 

,ll;JIH Bcex S > R >Re:. ,ll;anee, 

II03TOMY HHTerpHpOBaHn:e ITO qacTHM ,n;aeT 
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IIocKOJihKY le--Xx
2

/
2 1 ~ 1 ,lVIH Bcex x H paccMaTpHBaeMhIX 3Haqe­

HHti >., HHTerpaJI crrpaBa MO)KHO o:u;eHHTh KaK J% x-2 dx, H, TaKHM 

o6pa3oM, (rrocKOJihKY S > R) noJiyqaeM o:u;eHKY 

I 
rs -,Xx2 /2 I 4 

JR e dx ~ l>-IR' 

'ITO MeHhrne c, ecJIH R > 4j>.j-1c-1 . To'!HO TaK )Ke o:u;eHHBaeTCH H 

J~!/ IIocKOJihKY l>-1 ~ 1, TO MO)KHO B3HTh Re = 4/c. (3aMeTHM, 

'ITO BMeCTO YCJIOBHH l>-1 ~ 1 MO)KHO B3HTh 1>-1 ~ c, r.n;e CTOHT JII0-

6oe cPHKCHpOBaHHO~ c > 0, H IlOJIY'IHTh paBHOMepHyIO CXO,lJ;HMOCTb.) 

IloCKOJihKY cPYHKIJ;HH e-Ax
2

/ 2 HenpepbIBHO 3aBHCHT OT>. H x, paBHO­

MepHaH CXO,ll;HMOCTh HHTerpaJia o6ecne'!HBaeT TO, 'ITO HHTerpaJI HB­

JIHeTCH HenpepbIBHoti cPYHK:u;Heii >.. Bhl'IHCJIHM 3TOT HHTerpaJI ,ll;JIH 

Re>. > 0, r.n;e OH cxo.n;HTCH a6coJIIOTHO. IlpH 3TOM nocTynHM BeChMa 

XHTpo. A HMeHHO, BhI'IHCJIHM KBa.n;paT 3TOro HHTerpaJia, nepeii:.n;H K 

IlOJIHPHhIM KOOp,lJ;HHaTaM: 

TaKHM o6pa3oM, 

(20.35) 

KaKoii KopeHh B3HTh? Kor.n;a >. - Bei:u;ecTBeHHoe noJIO)KHTeJihHoe 

'IHCJIO, IIO,lJ;hIHTerpaJihHa.H cPYHKIJ;HH e-.Xx
2
12 - TO)Ke IIOJIO)KHTeJib­

HaH, rro3TOMY HHTerpaJI .n;oJI)KeH 6hITh rroJIO)KHTeJihHhIM. CJie.n;oBa­

TeJibHO, ,ll;JIH Bei:u;ecTBeHHhIX H IlOJIO)KHTeJibHbIX >. Mbl ,ll;OJI)KHbI BhI-

6paTh IIOJIO)KHTeJihHbiti KBa.n;paTHhIH KopeHh. IIocKOJihKY HHTerpaJI 

- HerrpepbIBHaH cPYHKIJ;HH >., Mhl ,ll;OJI)KHhI B3HTb rJiaBHYIO BeTBb 

KBa.n;paTHOro Kopmi:. 9To THilH'IHaH HJIJilOCTpa:u;irn Toro, KaK CaMa 

3a.n;aqa rOBOpHT HaM, KaK orrpe.n;eJIHTb KBa.n;paTHhIH KopeHb. 
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B cmiy HerrpepbIBHOCTH, cl>opMyJia (20.35) crrpaBe,ZJ,JIHBa ,ZJ,JIH Bcex 

Re A ;?: 0. B qacTHOCTH, rroJI02KHB .X = -it H .X = it, rroJiyqaeM 

Ba2KHbie cPOPMYJibl 

crrpaBe,ll;JIHBbie ,ll;JIH Bcex Be1IIeCTBeHHbIX t > 0, r,n;e rro,n;p83yMeBaeT­

CH IIOJI02KHTeJibHbIH KBa,n;paTHbIH KopeHb. 9TH HHTerpaJibI, qpe3Bbl­

qaftHO Ba2KHbie ,ll;JIH OIITHKH, H83hIBaIOTCH unmeipa.n,a.Mu <Ppette.Jl.R,. 
Ilo3,n;Hee Mbl K HMM BepHeMCH. 11 

Bee, 'ITO 3,n;ecb roBopHJIOCh o KBa,n;paTHOM Koptte, crrpaBe,D;JIHBO 

H ,ll;JIH KOpHH CTerreHH n (c He60JibillHMH H3MeHeHHHMH), r,n;e n -
mo6oe IlOJimKHTeJibHOe 'IHCJIO. 9To 2Ke Ha CaMOM ,n;eJie OTHOCHTCH K 

3KCIIOHeHIJ;HaJibHOH cPYHKIJ;HH. <l>yHKIJ;HH ez OT06pa2KaeT IIJIOCKOCTb Z 

Ha IIJIOCKOCTh w 6ecKOHe'IHoe 'IHCJIO p83. Ka)K,ll;aH rroJioca mHpHHbI 

27r, rrapaJIJieJibHaH OCH x, OTo6pa2KaeTCH Ha BClo12 IlJIOCKOCTb w. Jlo­

rapHcPMH'leCKaH cPYHKIJ;HH log w He o,n;H03Ha'!Ha. Otta orrpe,n;eJieHa c 

TO'IHOCTbIO ,n;o rrpOH3BOJibHOrO KpaTHOro 27ri. I1 Ha 3TOT p83 eCTb ,n;Ba 

rro,n;xo,n;a K Heorrpe,n;eJieHHOCTH. 0,n;HH rro,n;xo,n;: IIOJiaraeM, 'ITO IIJIOC­

KOCTb z HBJIHeTCH 6ec-x:otte'l(,1t0J1,UCm1t'bt.M tta-x:pumue.M Bceii IIJIOCKO­

CTH w. Jlro6aH cPYHKIJ;HH, co,n;ep2KalIIaH log w, paccMaTpHBaeTCH KaK 

cPYHKIJ;HH z. ~yro:fi rro,n;xo.ri;: p83pe3aeM IlJIOCKOCTb w' HarrpHMep, 

B,ll;OJih oTpHIJ;aTeJibHOH Be1IIeCTBeHHO:fi OCH. Tor.ri;a M02KHO ttarrHcaTb 

I' Aa6'HM BemBb JIOrapHcPMH'leCKOH cPYHKIJ;HH orrpe,n;eJI.HeTCH IIpH 

3TOM ycJIOBHeM 

logw = logr + iO. 

B c1rny (20.32) H (20.33), MhI 3HaeM, 'ITO log w - roJIOMOpcPHM 

cPYHKIJ;HH, rrpoH3BO,n;HaH KOTopo:fi paBHa l/w. Orrpe.ri;eJIHB JiorapHcPM, 

11 
He MeHee Ba.JKeH H cJiyqail: Bew;ecTBeHHOro A. > 0. Ilo.a;hIHTerpaJihHOe Bhlpa­

:lKeHHe e->.x
2

/
2

, .a;eJieHHoe Ha 3HaqeHHe HHTerpaJia ~' rrpe.a;cTaBmieT co6oii: 

IIJIOTHOCTb 'H.OpM0,.!1,'b'H.OW, HJIH 2ayccoac1w20 pacrrpe.a;eJieHHR CJiyqail:HOH BeJIHqH­

Hhl, KOTOpoe HI'paeT OCHOBOIIOJiaraIOw;yIO POJib B reopHH BepORTHOCTeli H CTaTH­

CTHKe. - Ilpu.M. pea. 
12

HcKJIIQqag 3HaqeHHe w = 0, CM. BblIIIe. - Ilpu.M. pea. 
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MO)KHO orrpe,n;eJIHTb CTerreHb KOMIIJieKCHOro 'fHCJia w c rrpOH3BOJib­

HblM KOMIIJieKCHbIM IIOKa3aTeJieM c, a HMeHHO 

KaK Y*e yrroMHHaJIOCh BhIIIIe, eCTh ,n;Be B03MO)KHhie HHTeprrpeTau;uu 

3Toro Bhipa*eHH.H. CorJiacHo rrepBo:H HHTeprrpeTau;uu, paccMaTpHBa­

eM WC KaK ,M,1-f,0203'H,a"tHY10 <fiy'H,'/CU,U'IO w, T. e. paCCMaTpHBaeM ee He 

KaK cpyHKIJ;HIO w, a KaK cpyHKIJ;HIO z. CorJiacHo BTopo:H HHTeprrpeTa­

u;uu, tta.n;o Bb16paTh BeTBh, HarrpuMep, rJiaBHYIO BeTBh logw. Tor.n;a 

WC CTaHOBHTC.H orrpe,n;eJieHHOH ,Il;Jl.H Bcex TO'feK, 3a HCKJIIO'feHueM w' 
Jie)Kaiu;ux Ha OTpmi;aTeJibHOil: Beiu;ecTBeHHOH OCH. 

20. 7. KoaTypHbie HHTerpa.TihI 

TeopeMa Ko111u o BhI'feTax rrpnMeH.HeTc.H ,IJ;JI.H BhI'fHCJieHH.H orrpe.n;e­

JieHHhIX HHTerpanoB. Turrn'fHhie rrpnMeHeHH.H MhI IIOKa3aJI.H B rrapa­

rpacpe 20.4. B rraparpacpe 20.5 .H3JIO)KeH y.n;o6HhIH rrpneM BhI'fHCJieHH.H 

BhI'feToB, B qacTHOCTH, cpopMyJia (20.25). B 3TOM rraparpacpe MhI .n;a­

,IJ;.HM eiu;e HeCKOJibKO IIOKa3aTeJibHhIX rrpuMepoB, rrpn'IeM HeKOTOpbie 

ux H.HX MhI ucrroJih3yeM rro3,n;Hee. Bo Bcex CJIY'fa.HX Tpe6yeTc.H orrpe.n;e­

JieHHa.H .H3o6peTaTeJihHOCTb rrpu BhI6ope KOHTypa .HHTerpnpoBaH.H.H. 

lITaK, Mbl ,Il;OJl)KHbl Bbl'fllCJIHTh orrpe,n;eJieHHhIH HHTerpaJI. 06hl'fHO 

3TO 3Ha'fHT, 'ITO tta.n;o Bhl'fHCJIHTb HHTerpaJI B,Il;OJlh KpHBOH B KOM­

IIJieKCHOH IIJIOCKOCT.H. K 3TOH KpHBOH .n;o6aBJI.HIOTC.H .n;pyrue, 'fT06b1 

o6pa30BaTh rpaHnu;y HeKo:H o6JiaCTH. A 3aTeM rrpuMeH.HeTc.H Teope­

Ma Ko111u o BhI'feTax. KycKH KOHTypa BhI6upaIOTC.H TaK, 'fT06b1 nx 

BKJia,n; B HHTerpaJI 6hIJI ll3BeCTeH, rrporropu;noHaJieH HCKOMOMY .HHTe­

rpany, HJI.H )Ke 6eCKOHe'fHO MaJI rrpu rrepexo.n;e K COOTBeTCTBYIOiu;eMy 

rrpe,n;eJiy. 

(a) IlycTh R(x) = P(x)/Q(x) - pau;uoHaJihHa.H cpyHKIJ;H.H, T. e. P 
ll Q - IIOJl.HHOMbl. Ilpe.n;rroJIO)KHM, 'ITO Q He .HMeeT Beiu;ecTBeHHhIX 

HyJie:H. EcJI.H cTerreHh Q 6oJibIIIe CTerreHn P no Kpa:HHe:H Mepe Ha ,n;Ba, 

TO HHTerpan J~00 R(x) dx cxo,n;.HTC.H u paBeH rrpe,n;eJiy f~r R(x) dx 
rrpn r --t oo. Mb1 C'f.HTaeM, 'ITO 6epeTC.H .HHTerpan OT KOMIIJieKc­

HOH cpyHKIJ;HH R(z) B,IJ;OJih OTpe3Ka rrp.HMOH OT TO'fKH -r .n;o TO'f­

KH r, pacrroJio)KeHHhIX Ha Beiu;ecTBeHHoii ocu. Coe,n;HH.HM 3TH TO'fKH 



20.7. KoHTYPHhie HHTerpa.rrhI 1041 

_Q 
Pttc. 20.12 

nonyoKpy)KHOCThIO pa,n;ttyca r, Jie)Kalileil: B BepxHeil: nonynnocKOCTH 

(pHC. 20.12). 
Teneph y Hae HMeeTca 3aMKHyTaa TpaeKTOptta, orpaHHqMBaIO­

IIlaa nonyKpyr B BepxHeil: nonynJIOCKOCTH, H MO)KHO ITPMMeHHTb TeO­

peMy KornH. C ,n;pyrofi cTopoHhI, ,n;na ToqeK z Ha ITonyoKpy)KHOCTH 

IR(z)i :s:; Kr-2, r,n;e K - HeKOTopaa KOHCTaHTa. IIocKOJibKY ITony­

OKPY)KHOCTh HMeeT ,Il;JIHHY TIT' TO HHTerpan ITO Heil: CTpeMMTCSl. K Hy­

JIIO, Kor,n;a r--? oo. TaKHM o6pa3oM, ITonyqaeM 

j 00 

R(x)dx = 27ri L resR(z), 
-oo Imz>O 

r,n;e cyMMa 6epeTC5l. no BCeM IlOJIIOCaM B BepxHeil: ITOJIYTIJIOCKOCTH. 

(b) PaccMOTpHM MHTerpan J~00 eix R(x) dx, r,n;e R = P/Q - pa­

D;HOHaJibHM cPYHKD;HR, He HMeIOIIlM ITOJIIOCOB Ha BelileCTBeHHOH OCH. 

EcnM deg Q ;;::: deg P + 2, TO MO)KHO ,n;eil:cTBOBaTh, KaK M B ITpe,n;h1-

AYIIleM cnyqae. EcnM deg Q ;;::: deg P + 1, TO HaM H3BecTHO TOJih­

Ko, qTo R(x) Be,n;eT ce6a Ha 6ecKoHeqHoCTM KaK l/x. 0,n;HaKo B 

9TOM cnyqae e1Tie MO)KHO ,n;oKa3aTh, qTo HHTerpan cxo,n;HTCR. KaK 

H B ITaparpa<i>e 20.6, MO)KHO MHTerpttpoBaTb ITO qacTaM. IIocKOJihKY 

eix = -i(d/dx)eix, Mbl HMeeM 

18 

eix R(x) dx = -iei8 R(s) + ieir R(r) + 18 

eix R'(x) dx, 

ITpMqeM cPYHKD;HR R' Be,n;eT ce6a Ha 6ecKoHeqHoCTH KaK 1/x2 . qT06h1 

BblqHCJIHTb 9TOT HHTerpan, Mbl OITRTb B03bMeM ITpe,n;eJI HHTerpana 

OT -r ,n;o r' coe)J;HHHB 9TH ToqKH ITOJiyOKpy)KHOCTbIO B BepxHeil: ITO­

JIYITJIOCKOCTH. Ho 3,n;ech, ou;eHHBaH MHTerpan no rronyoKpy)KHOCTH, 

Ha,n;o 6hITh 6onee ocTopO)KHbIMH. EcnH z = reie = r(cosO + isinO), 
TO 

eiz = eircosOe-rsine, 
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H TIOJiyqaeTC5I 011,eHKa HHTerpana TIO TIOJIYOKPY)KHOCTH 

I [ eiz R(z) dzl = I r eircosO e-rsinO R(reiO)r d(}I 
J rro ;nyre J 0 

~ 17r e-rsin9r!R(rei9)1 d(}. 

TeTieph cPYHKI1,H5I Ir R( rew) I orpaHHqeHa KOHCTaHTO:ii, cKa)KeM, K. 
11o3TOMy HaM Ha,n;o 011,eHHTb HHTerpan 

[Tr [7r/2 Jo e-rsinO d(} = 2 Jo e-rsinO d(}. 

3.n;ech Mhl BOCTIOJih3yeMC5I HepaBeHCTBOM sin(} :;:::: 20 / 7r ,D;JI5I 0 ~ (} ~ 
7r /2. (,Il;e:iiCTBHTeJihHO, o6e qacTH paBHhI B KOHeqHhIX TOqKax, H HX 

pa3HOCTb HMeeT O,ll;HH MaKCHMYM BHyTpH.) 11o3TOMY 

r12 r12 Jo e-rsinO d(} ~Jo e-2r9/7r d(} = (7r/2r)(l - e-r) --t 0. 

TaKHM o6pa3oM, HHTerpan TIO TIOJIYOKPY)KHOCTH cTpeMHTCH K Hymo, 

H Mbl TIOJiyqaeM 

j 00 

eixR(x)dx=27ri L resR(z), 
-oo Imz>O 

r.n;e cyMMa 6epeTcH TIO BCeM TiomocaM B BepxHe:ii TIOJIYTIJIOCKOCTH. Ec­

JIH Q HMeeT HYJih Ha Belll,eCTBeHHOH OCH, TO paCCMOTpeHHbIH BhIIIIe 

HHTerpan, B TipHHll,HIIe, He HMeeT CMbICJia. Ho TeM He Mettee, HHor.n;a 

OH MO)KeT HMeTb CMbICJI, eCJIH paccMaTpHBaTb ero KaK Tipe,n;eJI oco-

6oro po.n;a, Ha3hrnaeMhI:ii 2Jta6'Hibt.M 3tta"tettue.M K owu. IloKa)KeM 3To 

Ha rrpHMepe. Ilpe.n;rroJIO)KHM, qTo cPYHKI1,H5I R HMeeT TipocTo:ii TIOJIIOC 

TIPH z = 0 c BhJqeTOM A, TaK qTo R(a) = A/z + Ro(z), r.n;e cPYHKll,HH 

Ro roJIOMop<Ptta B OKpecTHOCTH HYJIH. PaccMOTpHM TOT )Ke HHTerpan, 

qTo H paHhrne, HO Terrepb B KOHTYP BCTaBHM TIOJIYOKpy)KHOCTh pa,n;H­

yca E B HH)KHe:ii TIOJIYIIJIOCKOCTH, qT06b1 o6oiiTH Haqano Koop,n;HHaT 

(pHc. 20.13). TeTiepb oxBaThrnaeMaH o6JiaCTh co.n;ep)KHT Bee TIOJIIDca 

B Bepxtte:ii IIOJIYTIJIOCKOCTH TIJIIOC TIOJIIOC B HaqaJie KOOp,ll;HHaT. llH­

TerpaJI OT A/ z rro MaJIO:ii rroJiyoKpy)KHOCTH paBeH 7riA, coKpalll,aH 
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• 

PHc. 20.13 

rroJIOBHHY Bb1qeTa OT ToqKH z = 0. Tor.n;a 

P (1-: eixR(x)dx) = !~ [1-: + 100

] eixR(x)dx 

= i7rA + 27ri L res(eiz R(z)). 
Imz>O 

3.n;ech P( ·) 03HaqaeT rJiaBHOe 3HaqeHHe Konm. HarrpHMep, rrycTb 

R(x) = 1/x, Tor.n;a 

(loo eix ) 
P -dx 

-00 x 
= 7ri. 

Bo3hMeM BellleCTBeHHYIO qacTb aToro paBeHCTBa H irnJiyqHM, qTo 

P(f ~00 (cos x / x) dx) = 0. Pe3yJihTaT oqeBH)l;eH, rrocKOJihKY cos x / x 
- HeqeTHaR cPYHKIIHR. EcJIH B3RTh MHHMyro qaeTb paBeHCTBa, TO 

rroJiyqaeM P(f~00 (sinx/x)dx) = 7r. <l>yHKIIHR sinx/x He HMeeT oco-

6eHHOCTH B HaqaJie Koop,n;HHaT, rroaTOMY HeT HY)K,ll;hI 6paTb rJiaBHoe 

3HaqeHHe aToro HHTerpMa. <l>yHKIIHR sin x / x qeTHaR, rroaToMy 

1
00 

sinx d _ 7r 
-- X- -. 

0 x 2 

Mb1 ellle HCIIOJih3yeM 3TOT HHTerpan B TeopHH pR,n;OB <l>yphe. 

(c) PaccMoTpHM HHTerpaJihI BH.n;a J0
00 xa:R(x) dx, r.n;e o: - Be1IIe­

CTBeHHoe qHcJio, rrpHqeM 0 < o: < 1, R - paIIHOHaJihHaR cPYHKIIHR, 

KOTOpM Ha 6ecKoHeqHoCTH y6hrnaeT KaK 1 / x 2 H B xy.n;rneM cJiy'!ae 

HMeeT IIOJIIOC rrepBoro rropR,n;Ka B HyJie. TpIOK COCTOHT B TOM, qTO ,n;e­

JiaeTCR 3aMeHa rrepeMeHHOH: x = t 2' TaK 'ITO Terrepb HHTerpaJI HMeeT 

BH.n; 2 J;'1 t2a:+l R(t2) dt. ,Il;JIR ero BhI'IHCJiemrn y.n;o6Ho Bb16paTh BeTBh 

cPYHKllHH z2
Q' KOTOPM IIOJiyqaeTCR, eCJIH IIJIOCKOCTb z pa3pe3aTb 



1044 fJiaBa 20. KoMrmeKCHhIH aHaJIH3 

B,Ll,OJlh oTpH.o;aTeJibHOii MHHMoii OCH. Tor,LT,a MO)KHO HairncaTh z = reiO, 

r,LT,e -7r /2 < () < 37r /2, a z2a = r 2aei2ao, r.n;e -m:t < 2o() < 3m:t. Te­

rrepb MhI ,l1,0JI)KHhI Bhr6paTh KOHTYP TaK, -cITo6hI OH He rrpoxo,n;HJI qepe3 

OTpH.o;aTeJlbHYIO MHHMYIO OCb. IlycTb KOHTYP COCTOHT H3 ,l1,BYX 0Tpe3-

KOB np5IMOM B,l1,0Jib OTpHIJ;aTeJihHOH H IlOJIO)KHTeJibHOH BeI.u;eCTBeHHOH 

OCH, a TaK)Ke 6oJibIIIOM H MaJIOH IlOJIYOKPY)KHOCTeii:, Jie)KaIIJ;HX B Bepx­

Heii rroJiynJIOCKOCTH (pHc. 20.14). Mb! cqHTaeM, qTo HHTerpaJihI no 

IIOJIYOKPY)KHOCTRM CTpeMRTCfl K HYJIIO, Kor,n;a pa,n;Hyc 6oJihllIOH ,n;yrH 

cTpeMHTCa K 6ecKoHeqHOCTH, a pa,n;Hyc MaJIOii: - K HYJIIO. Tor,LT,a 

Mb! Bh16paJIH BeTBh z 20 TaK, qTo ( -z )20 = e27rio z2a ,l1,JIH IIOJIO)KH­

TeJibHhIX 3HaqeHHH z. IloaTOMY IIOCJie,LT,HHH HHTerpaJI HMeeT BH,l1, 

IlocKOJibKY 1- e 27riO #- 0, Ha 3TOT Koa<P<lrn.u;tteHT MO)KHO pa3,l1,eJIHTh H 

rroJiyqHTh 3HaqeHHe Ramero HHTerpaJia. CJieBa MhI ,n,on)KHhI rrpocyM­

MHpoBaTh BhiqeThI cPYHKIJ;HH z 20+1 R(z2 ) B aepxtteii: noJiyIIJIOCKOCTH. 

OHM COBIIa,n;aIOT c BhlqeTaMH cPYHKIJ;lili za R(z) BO Bceii: IlJIOCKOCTH, 

pa3pe3aHHOM B,l1,0Jlb IIOJIO)KHTeJibHOll BeIIJ;eCTBeHHOH OCH. IloaTOMY 

,LT,pyroii crroco6 pernHTh Harny 3a,n;aqy cocTOHT B TOM, qTo He Ha,n;o 

,n;eJiaTh 3aMeHy x = t2
' a IIpOCTO pa3pe3aTb IlJIOCKOCTh z B,l1,0Jlb IIOJIO­

)KHTeJibHOH BeIIJ;eCTBeHHOH OCH H HCIIOJih30BaTb BeTBb cPYHKIJ;HH Za, 

orrpe,n;eJieHHYIO ycJIOBHeM z = rei0, r.n;e 0 < () < 27!". 3aMeTHM, qTo 

• 
Pnc. 20.14 PHc. 20.15 
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Mbl pa3pe38JUI IIJIOCKOCTb TO'IHO B,IJ,OJih nyTH HCXO,IJ,HOro HHTerprurn! 

Ilo3T0MY Mhl He MO:>K.eM IIOJIY'IHTb Harn HHTerpan KaK "!aCTb HHTerpa­

Jia no 3aMKHyToMy KOHTYPY· BMecTo 3Toro MhI HHTerpHpyeM B,IJ,OJih 

nyTH, napanneJibHOro IIOJIO>KHTeJihHOFc Bell1eCTBeHHOFc OCH, HO cner­

Ka C,IJ,BHHyToro B BepXHIOJO IIOJIYIIJIOCKOCTh, HMeH B BH,IJ,Y nepeXO,IJ, 

K npe,IJ,eJiy ,IJ,JIH IIOJiy'leHHH Ramero HHTerpana. l1TaK, paccMOTpHM 

3aMKHYThIFc KOHTyp, COCTOHII1HFl H3 ,IJ,BYX npHMOJIHHeHHhIX 0Tpe3KOB, 

O,IJ,HH qyTh Bhlille noJIO)f(HTeJibHOH Bell1eCTBeHHOH OCH, a ,IJ,pyro:H -

qyTh HH)f(e, a TaK)f(e H3 6onhrno:H H MaJIOH oKpy)f(HOCTe:H, B3HThIX 

noqTH u;emIKOM (pHc. 20.15). BKna,n; o6eHx OKpy)f(HOCTe:H B npe,IJ,eJie 

o6pall1aeTCH B HYJih. BKJia,IJ,hI OT ,IJ,Byx npHMOJIHHeHHhIX oTpe3KOB He 

COKpaIIIaIOT ,IJ,pyr ,IJ,pyra, IIOTOMY qTo onpe,IJ,enemre <l>YHKIJ;HH za Bhl­

rne H HH)f(e Bell1eCTBeHHOH noJIO)f(HTeJihHOH OCH OTJIH"!aIOTCH Ha MHO­

)f(HTeJib e2nia. TaKHM o6pa3oM, HMeHHO Heonpe,IJ,eJieHHOCTh <l>YHKIJ;HH 

Za B HyJie n03BOJIHeT HaM BhlqHCJIHTh HHTerpan. 

( d) l1HTerpHpoBaHHe no KOHTYPY MO)f(HO HCnOJib30BaTh ,z:r,.rrn BhI­

qHcJieHHH cyMM 6eCKOHe'IHbIX PH,IJ,OB. 11,IJ,eH COCTOHT B TOM, 'IT06bI 

npHMeHHTh TeopeMy KornH o BhI"!eTax KO Bee yBeJIHqHBaIOII1HMCH 06-

nacTHM, qTo6hI HHTerpaJihl no rpaHHu;e o6nacTH CTpeMHJIHCh K Hy­

mo. Tor,IJ,a ocTaHeTcH (6ecKOHe"!HaH) cyMMa Bh1qeTOB, KOTopaH TO­

)f(e ,IJ,OJI)f(Ha ,IJ,aBaTh HYJih. IlepeHecH O,IJ,HO H3 cnaraeMhIX B ,IJ,pyryro 

qacTh ypaBHeHHH, noJiy'IHM cyMMY 6ecKOHe'IHOro pH,IJ,a. IlpOiiJIJIIO­

CTpRpyeM 3TOT MeTO,IJ, Ha npRMepe cyMM, none3HhIX npH R3yqeHRH 

TpHroHoMeTpHqecKHX <l>YHKIJ;HH. c 3TOH u;eJihIO CHaqana onpe,IJ,eJIHM 

TplirOHOMeTpHqeCKHe <l>YHKIJ;liH KOMnJieKCHOH nepeMeHHOH: 

i . . 
sin z - --(e1z - e-1z) - 2 . 

Q-qeBH,IJ,HO, qTO 3TH <l>YHKIJ;Hli ronoMop¢Hhl BO BCeH KOMIIJieKCHOH 

IIJIOCKOCTH Ii ,IJ,JIH Bell1eCTBeHHhIX z COBIIa,LJ;aIOT c TpHrOHOMeTpH'IeCKH­

MH <l>YHKIJ;HHMH Bell1eCTBeHHOH nepeMeHHOH. 3aMeTHM, qTo sin z = 0, 
eCJIH H TOJlbKO ecJIH e2iz = l. ::ho BhIIIOJIHHeTCH TOJibKO ,Il,JIH Bell1eCT­

BeHHhlX 3HaqeHHH z = n7r. AHanorR'IHO, KOMnJieKCHhre HYJIH cos z -
TOJihKO B Bell1eCTBeHHhIX TO"!Kax (n + 1/2)7r. Onpe,IJ,eJUIM 

sinz 
tanz = --, 

cosz 
cosz 

cot z = -.--. 
smz 
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9TM cPYHKII,MM MepoMOPcPHhl M MMelOT nomoca, pacnOJIO)KeHHbie B 

HYJI.HX nx 3HaMeHaTeJieii. Mo)KHO BocnoJib30BaTbC.H (20.25) n BhI'IMC­

JIMTb BbI'leTbI B 3TMX nomocax, noToMy 'ITO Bee HYJIM npocTbie. Ha­

npHMep, cot z MMeeT nomoca B TO'IKax n7r' M Bee BbI'leTbI B HMX paB­

Hbl 1. 3aMeTMM, 'ITO cPYHKII,M.H 

.eiz + e-iz 
cot z = i . . 

elZ - e-IZ 

6y,n;eT orpaHM'leHa no a6coJIIOTHOMy 3Ha'leHMIO ,n;o Tex nop, noKa 

z Haxo,n;nTc.a Ha KOHe'IHOM paccTO.HHMM OT TO'leK n7r. B qacTHOCTM 

I cot z I 6y,n;eT paBHOMepHo orpaHM'leH Ha Bcex oKpy)KHOCT.HX pa,n;nyca 

( n + ~ )7r c u.eHTpOM B HaqaJie Koop,n;nHaT. PaccMoTpHM MHTerpaJI no 

3TMM OKPY)KHOCT.HM 

{ cote de 
le e2 - z2 ' 

r,n;e z i= n7r - cPMKcnpoBaHHOe KOMnJieKcHoe 'IMCJIO. EcJIM pa,n;nyc 

OKpy)KHOCTM ycTpeMHTb K 6ecKOHe'IHOCTM, TO MHTerpaJI 6y,n;eT CTpe­

MMTbC.H K HYJIIO, noTOMY 'ITO I cot el orpaHM'leH, a B 3HaMeHaTeJie 

CTOMT nOJIMHOM BTOpOH CTeneHM no e. IlOJIIOCa nO,ll;bIHTerpaJibHOrO 

Bbipa)KeHM.H Haxo,n;.aTc.a B TO'IKax ±z M n7r. Bb1qeTbI B TO'!Kax ±z 
paBHbI ~cot z/z, a B TO'IKax n7r OHH COCTaBJI5IIOT (n27r2 - z2)-1. Ilo-

3TOMY 
00 

cot z + ~::)n27r2 - z2)-1 = 0. 
z 1 

IlepBbIH qJieH nepeHeceM BnpaBo, YMHO)KHM 3TO paBeHCTBO Ha z H H3 

cyMMbI BhI,ll;eJIHM qJieH c n = 0. B pe3yJihTaTe noJiy'IHM cPOPMYJIY 

1 
00 

1 
cot z = - + 2z L 2 2 2 . z 

1
z-n7r 

(20.36) 

PH,n; cnpaBa cxo,n;HTCH, npH'leM cxo,n;HTCH paBHOMepHo npH Bcex z, Ha­

XOMIII,HXC.H Ha KOHe'IHOM paccTOHHMM OT Bcex noJIIOCOB. EcJIM f(z) = 
sinz, TO f'(z)/ f(z) = cot z. Mo)KHO TaK)Ke HanMCaTb f'(z)/ f(z) 
(d/dz)(log f(z)). IlocJie 3Toro (20.36) neperrHCbIBaeM B <l:>opMe 

d ( sin z) ~ d 2 2 2 - log-- = L.....t- log(z -n 7r ). 
dz z 

1 
dz 
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<l>yHKu,m1 sinz/z He paBHa Hymo B rrpe.n;ene rrpH z = 0. IlpoHHTe­

rpHpyeM 3TO ypaBHeHHe no KOHTypy, coe.n;HHHIOIIl;eMy 0 c TOqKOH z H 

rrpoxo.n;Hm;eMy Ha KOHeqHOM pacCTOHHHH OT BCex ToqeK n7r. IlonyqHM 

ypaBHeHHe 

00 

log(sinz/z) - log 1 = L:.)log(z2 - n 2
7r

2) -log(-n2
7r

2)). 

1 

cho ypaBHeHHe co.n;ep:>KHT HeO)J;H03HaqHOCTH, IIOTOMY qTo 3HaqeHHH 

norapmj>Ma, orrpe.n;eneHHhie rrpaBHJIOM, qTo log g paBHHeTcH HHTe­

rpany OT g' /g, 3aBHCHT OT BbI6paHHOro KOHTypa HHTerpnpoBaHHH. 

0,n:HaKO eCJIH BblqHcJIHTh 3KCIIOHeHTY o6eHX qacTefi, TO Bee Heorrpe­

.n;eneHHOCTH Hcqe3aroT, H Mhl IIOJiyqaeM H3BeCTHYIO <t>opMyJiy 

sin z = z IT (i - ~
2 

2) , 
1 n 7r 

rrpe.n;cTaBJIHrom;yro sin z KaK 6ecKoHeqHoe rrpOH3Be,n;eHHe. 

20.8. Ilpe,n.eJihI II pSI,U.hI 

HaqHeM c rrpHMeHeHnH HHTerpanhHOfi ¢opMyJihI Kornn. 

IlycTh fn - IIOCJie,n:oBaTeJibHOCTh <l>YHKIJ;HH, roJIOMOp<j>­

HhIX B o6naCTH D. Ilpe.n;rrono:>KHM, qTo fn--+ f (z) paBHO-

MepHO B D. Tor.n;a f - ronoMop¢HaH <l>YHKIJ;HH B o6nacTH 

D, H f ~ ( z) cxo,n:HTCH K f' ( z) paBHoMepHo Ha mo6oM rro,n:­
MHO>KeCTBe D, pacnono>KeHHOM Ha KOHeqHOM paccTOHHHH 

OT rpaHHIJ;hl {)D. 

(20.37) 

,4011:aaame.11:bcmBo. ,Il;nH nro6ofi TOqKH z E D Bb16epeM oKpy)K­

HOCTh C, ,n;HcK KOTopofi Jie)KHT BHYTPH D (a ToqKa z BHYTPH C). 
Tor.n;a 

fn(z) = ~ 1 Jn(() d(. 
27rl c ( - z 

f(z) = ~ 1 f(() d(. 
27rl c ( - z 
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1:13 o6cy)K,r:t;eHmi:, cJie,r:t;yrorn;ero rrocJie (20.18), MhI 3HaeM, qTo ::>To 

03HaqaeT rOJIOMop¢HOCTh ¢YHKl.J;HH f. 113 ¢opMyJihl (20.19) HMeeM 

f f ( ) 1 { f n ( 0 d c 
n z = 27ri Jc ( e - z) 2 .,, , 

KOTopoe, oqeBll,IJ;HO, paBHOMepHO CXO,IJ;HTC5.! K 

, 1 r f(e) 
f (z) = 27ri le (e - z) 2 de. 

qacTo B03HllKaeT )KeJiaHue rrpuMeHHTh yTBep)K,r:t;ettue (20.37) B cJiy­

qae, Kor,r:i;a o6JiaCTh D 5.!BJI5.!eTca orpattuqeHHOH rro,r:i;o6JiaCThIO HeKo­

Topofi 6oJihIIIefi o6JiacTu, r,r:i;e rrocJie,r:t;oBaTeJihHOCTh f n orrpe,r:i;eJieHa 

H CXO,Il;HTC5.!, T. e. ¢YHKIJ;HH fn orrpe,r:t;eJieHbl H rOJIOMop¢Hhl B 60Jih­

IIIOH o6JiaCTH E u paBHOMeptto cxo,r:t;aTca Ha Ka)K,r:t;oii u3 rro,r:i;o6JiacTefi 

Dk CE, o6pa3yrorn;ux rrocJie,r:t;oBaTeJihHOCTh c LJ Dk= E. IIpuMettaa 

yTBep)K,r:t;ettue (20.37) K K~,r:t;ofi o6JiaCTH Dk, rrpuxo,r:i;uM K Bhrno,r:i;y, 

qTo f roJIOMop¢Ha BO Bcefi o6JiaCTH E. 
IIpuMeHHM yTBep)K,r:t;ettue (20.37) K qacTuqHhIM cyMMaM u pa,r:t;aM. 

EcJiu pa,r:i; ll3 roJioMop¢HhIX cJiaraeMhIX f ( z) = Ji ( z) + 
h ( z) + · · · paBHOMepHo cxo,r:i;uTca B o6JiaCTH D, TO cyMMa 

f - rOJIOMop¢Ha5.! ¢YHKIJ;ll5.!, H pa,r:i; MO)KHO ,r:i;u¢¢epeH­

u;upoBaTb rroqJieHHO. 

(20.38) 

Hau6oJiee Ba)KHhIH pa,r:i;, CB5.!3aHHhIH c roJioMop¢HhIMH ¢YHKIJ;ll-

5.!Mll, - pa,r:i; TefiJiopa. Ilpe,r:i;rroJIO)KllM, qTo f roJioMop¢tta B o6JiacTu 

D, u ,r:t;HCK pa,r:i;uyca R c u;eHTpoM B ToqKe a u;eJillKOM Jie)KHT B o6Jiac­

Tll D. IIycTh z - ToqKa BHYTPll ::>Toro ,r:i;ucKa, rrpuqeM lz - al < R. 
Tor,r:i;a MO)KHO BOCIIOJih30BaThC5.! (20.22) u ou;eHHTh rrocJie,r:t;HHH qJieH 

B ¢opMyJie (20.20). Ero a6coJIIOTHoe 3HaqeHue He rrpeBhIIIIaeT 

Mlz - al lz - aln-l 
R - lz - al Rn-l 

u paBHOMepHo CTpeMuTca K HYJIIO Ha JII06oM ,r:i;ucKe MeHhIIIero pa,r:i;uy­

ca. TaKuM o6pa3oM, ll3 yTBep)K,Il;eHua (20.38) rroJiyqaeM cJie,r:t;yrorn;ee. 



20.8. Ilpe,n;eJibI H pH,ll;hl 

EcJIH f ronoMopqma B o6nacTH D H a - rrpOH3BOJibHaH 

TO'IKa B D, TO pa,n; 

1049 

J"(a) J(n)(a) 
f(a)+ f'(a)(z-a)+--(z-a) 2+. ·+ (z-ar+· ·. (20.39) 

2! n! 

CXO,Il;IITCH K f ( z) Ha caMOM 60JiblIIOM OTKPbITOM ,Il;HCKe c 

u;ettTpoM B TO'!Ke a, u;eJIIIKOM JieMaIIIeM B o6nacTH D. 

8ToT pa,n; Ha3hIBaeTcH pRaoM TeuJ1,opa cPYHKIJ;HH f B oKpecTHOCTH 

TO'IKH a. Mttor1Ie orrepau;IIH c roJIOMOPcPHhIMH cPYHKIJ;HHMH cooTBeT­

CTBYIOT rrpocThIM orrepau;HHM c HX pa,n;oM TeH:nopa. ,II,na yrrpoIIIeHHH 

3aIIHCH rroJIOMIIM a = 0. Tor,n;a ecJIII 

II 

TO IIOJiyqaeM 

J'(z) = ai + 2a2z + 3a3z2 + · · · , 
f(z) + g(z) = (ao + bo) + (a1 + bi)z + (a2 + b2)z2 + · · · 

f(z)g(z) = aobo + (a1bo + aob1)z + (a2bo + aib1 + aob2)z2 + · · · . 

EcnH ao = bo = 0, To 

f(g(z)) = ai(b1z + b2z2 + · · ·) + a2(b1z + b2z2 + · · · )2 + · · · 
= aib1z + (a1b2 + a2bI)z2 + (a1b3 + 2a2b1b2 + a3by)z3 + · · · . 

EcnH MbI 3HaeM cTeneHHOH pa,n; cPYHKIJ;HH f, To H3 3Toro nocne,n;ttero 

ypaBH€HHH M02KHO peKypcHBHO onpe,n;eJIHTb CTeneHHOH pa,n; cPYHK­

IJ;HH, o6paTHOH K f. IIycTh MhI 3HaeM 3Ha'leHHH ai II XOTIIM HaHTH 

TaKHe bi, 'IT06br f(g(z)) = z. (Y:T06br o6paTHTb cPYHKIJ;HIO, tteo6xo­

,Il;HMO rrpe,n;rroJIOMHTh, 'ITO J'(O) # 0.) Tor,n;a 

a 1b1 = 1, 

a1b2 + a2b1 2 = 0, 

a1 b3 + 2a2b1 b2 + a3b1 3 = 0, 

b -1 
1 =al ' 

b2 = -a1-1(a2b1 2), 

b3 = -a1 - 1(2a2b1b2 + a3b13) 
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11 T . .n;. Boo6m;e Ko-a<P<PmJ.HeHThI rrp11 zn 6y.n;yT Bbipa)l<:eHllHMll T11rra 

ai bn + ( qJieHhI, co.n;ep*am;11e bi rropH.n;Ka, MeHhIIIe, qeM n). Ilo-aToMy 

MO)KHO IIOCJie.n;oBaTeJihHO Haxo.n;llTb Ka)K,ll;oe bn. 
lfaBecTeH 3JieMeHTapHblH <t>aKT, qTo JII06o:H CTerreHHOH pH.n; llMe­

eT pa.n;11yc cxo.n;11MocTH R (Bo3MO)KHO, 11 O); np11 3TOM pH,IJ. cxo,IJ.HTC5I 

,ll;JI5I lzl < R 11 He cxo.n;11TcH ,IJ.JIH lzl > R. lfa (20.38) cJie.n;yeT, qTo 

p5I,IJ. npe,IJ.CTaBJIHeT roJioMop<l>HYIO cPYHKIJ.llIO BHYTPll pa.n;11yca cxo.n;11-

MOCT11. I1 o6paTHO, 113 (20.39) cJie.n;yeT, qTo p5I,IJ. TeiiJiopa ,IJ.JI5I roJio­

Mop<i>Ho:ti cPYHKIJ.llH B KaqeCTBe pa.n;11yca CXO,ll.llMOCTll llMeeT pa,I1.11yc 

caMoro 60JibIIIOro ,IJ.llCKa, CO,IJ.ep)Kam;eroc51 B llCTHHHOH o6JiacTll orrpe­

.n;eJieHHH13 cPYHKIJ.1111 f. 
PH.n; Bll,IJ.a a0+a-1z-1 +a-2z-2 + · · · MO)KHO paccMaTp11BaTh KaK 

CTeneHHOH PH.II; no rrepeMeHHOH 1/ z. Ilo3TOMY OH 6y.n;eT CXO,IJ.llTbC5I 

BHe OKPY)KHOCTll pa.n;11yca R (B03MO)KHO, qTo R = oo). roBOp5IT, qTo 

PH.II; Bll.n;a E~oo anzn CXO,IJ.llTCH, ecJI11 11 TOJihKO ecJI11 CXO,ll.5ITC5I ero 

IIOJIO)KllTeJihHhie II OTpllIJ,aTeJibHbie qacTll. IloJIO)KllTeJibHa5I qacTh 

6y,IJ.eT CXO,ll.llThC5I rrp11 lzl < R2 ,IJ.JI5I HeKOToporo R2, 11 OTp11II,aTeJihHM 

qacTh 6y,IJ.eT cxo,IJ.llThCH np11 izl > Ri ,ll;JI5I HeKoToporo Ri. Ilo-aToMy 

,ll.JIH .n;BoiiHoro pH,IJ.a 6y,IJ.eT HerrycTM o6JiacTh cxo,I1.11MocT11 Tor.n;a 11 

TOJihKO Tor.n;a, Kor.n;a Ri < R2. B 3'.J'OM cJiyqae, B cHJIY (20.38), 
OH 6y.n;eT rrpe.n;cTaBJIHTh roJIOMOPcPHYIO cPYHKIJ.llIO B KOJibIJ,e Ri < 
lzl < R2. I1 o6paTHO, rrpe.n;rroJIO)KllM, qTo f roJioMop<l>Ha B TaKOM 

KOJlbU,e. IloKa)KeM, qTo B 3TOM cJiyqae cPYHKIJ.1151 f rrpe.n;cTaBllMa 

B Bll.n;e ,ll;BOHHOrO p.H,IJ.a. ~Jrn ,lJ,0Ka3aTeJibCTBa Mbl ,ll,OJI)KHbI TOJibKO 

IIOKa3aTh, qTo MO)KHO pa3JIO)KllTb f B cyMMY f = Ji + h, r.n;e 

Ji roJioMop<i>Ha rrpH izl < R2 11 h roJioMop<i>Ha rrp11 izl > Ri. 
IlpHqeM h(l/ z) ,ll,OJl)KHa llMeTh ycTpaHllMYIO oco6eHHOCTb B HyJie, 

TaK qTO h ( 1 / z) roJioMop<i>Ha ,IJ.JI5I j 1 / z I < 1 / R l · q To6b1 3TO c.n;eJiaTh, 

orrpe.n;eJillM 

fi(z) = ~ r !(~) d{, 
2m Jl~l=r2 ~ - z 

r.n;e llHTerpan 6epeTc.H no mo6o:H OKPY*HOCTll pa.n;11yca r2 c ycJIOBHeM 

lzl < r2 < R2; 11 

13
T. e. o6JiacTH, 3a rrpe,n;eJibl KOTopoil: <l>YHKIJ;HIO HeB03MOlKHO rrpo.n;omKHTb H3-3a 

IIOJIIOCOB HJIH cyiu;ecTBeHHbIX oco6eHHOCTeil: Ha rpaH11u;e. - llpUM. pea. 
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r,n;e 1rnTerpa.n: 6epeTC.H no mo6ott OKpyX<HOCTH pa,n;e:yca r1, npwrnM 

Ri < r1 < lzl. QqeBH,Il;HO, 'ITO /1 roJioMopqma npH lzl < R2 H 

h roJioMopqma npH lzl > Ri. lfa HHTerpa.n:hHOii <PopMyJlhI Kome: 

cJie,n;yeT, qTo Ji ( z) + h ( z) = f ( z). EcJIH IIOJIOX<HTh z' = 1 / z H 

IIO,Il;CTaBHTh ~' = 1/~ B HHTerpaJI ,ll,Jl.H h, TO IIOJIY'IHM 

f (1/ ') = ___!__ 1 f(l/e) z' ,./cf 
2 z 2 • (:f I (:f ._..,, • 

m Wl=l/ri .._ - z .._ 

9To IIOKa3hIBaeT, qTo f2(1/ z') roJIOMop<PHa no z' ,ll,Jl.H lz'I < 1/ R1. 
<l>yHKU.HIO Ji MOX<HO p83JIOX<HTh B cTerreHHOH PM 

a cPYHKII,HIO h(l/ z') - B pa,n; 

00 

h(l/z') = Lbnzm, 
1 

r,n;e bn = ~ r f(l/e) d( = ~ { J(~)~n-l d~; 
27fI Jwl=l/r ~m+l 2m Jl€1=r 

3,n;ecb r - JII06oe 3HaqeHHe Me)K,Il;y Ri H R2. IloJiara.H a_n = bn, 
IIOJiyqaeM HCKOMOe p83JimKeHHe, H83bIBaeMoe pJtdO.M Jlopa:na 

(20.40) 

B ,Il;aJihHeli11ieM HaM 110Ha,n:.06HTC.H 51BHhIH BH,Il; aTott <PopMyJihI B cJly­

qae R1 < 1 < R2· lfraK, MhI npe,n;noJYaraeM, qTo cPYHKU.Irn f onpe,n;e­

JieHa H rOJIOMOPcPHa B HeKOTOpoii OKpecTHOCTH e,n;HHHqHoro Kpym, 

T. e. lzl = 1. IlycTh F(O) = J(ei8 ) H B <PopMyJle (20.40) r = 1. Tor,n;a 

rroJiyqaeM 

1 1271" r,n;e an= - F(O)einB d(}. 
27f 0 

(20.41) 
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B '!aCTHOCTH, B3HB z = eiO (Ha e,n;HHH'IHOH oKpy)KHOCTir) n ITo.n;cTaBnB 

3TO B pH,lI, JiopaHa ,lI,JIH f' HMeeM 

00 

F(O) = L UneinO, (20.42) 
-oo 

r.n;e K03<l>qmu;neHThI Un OITpe.n;eJieHhI <PopMyJioii (20.41). PH,n; (20.42) 
Ha3hrnaeTcH p.RaoM <Pyp'be cPYHKu;nn F. EcJin f roJioMopcl>Ha B 06-

JiacTn R < lzl < 1/ R, r.n;e R - HeKOTopoe 'IHCJIO, ITpH'IeM R < 1, TO, 

ITOCKOJihKY Un - K03cPcPHIJ;HeHThl CXO,Il;HIIJ;erocH CTeITeHHOrO pH.n;a, H3 

KpHTepHH CXO,Il;HMOCTH CTeITeHHblX pH.IJ;OB IIOJiy'IaeM, 'ITO 

H COOTBeTCTBy10iu;eii KOHCTaHTbl c = Cr. 

~o6anJieH:u:e: CB.H3b Me)K,z:i;y I'OJIOMOpQlHblMH 

H rapMOHHqeCKHMH cPYHKD;H.SIMH 

IlycTh f = u+iv-<PyHKIJ;HH, roJioMopcl>HaH B o6JiacTn D. Tor.n;a, KaK 

,LI,OKa3aHo B ITaparpa<Pe 20.4, oHa 6ecKoHe'IHO .n;n<P<l>epeHu;npyeMa, 

T. e. HMeeT B D ITpOH3BO,Il;Hhie JII06oro ITOPH,LI,Ka. ~JIH ITepBhIX qacTHhIX 

ITpon3BO,ll,HhIX BhlITOJIHHIOTCH ypaBHeHHH Konrn-PnMaHa 

au 
ax 

av 
ay' 

au 
ay = 

av 
ax' (20.11) 

Ilpo.n;n<P<l>epeHu;npyeM ITepBoe ypaBHeHHe ITO x, BTOpoe ITO y H CJIO­

)KHM. B ITpaBoii qacTH CMernaHHhie qacTHhie npoH3BO,Il;Hhie BToporo 

ITOPH.IJ;Ka OT v COKpaiu;aIOTCH, H Mbl HMeeM 

llTaK, cPYHKIJ;HH u y.n;oBJieTBOpHeT ,lI,ByMepHOMy ypaBH€HHIO Jiammca 

!:1u = 0, 
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H .HBJrneTC.H rapMOHH'IeCKOM. AHa.rrorH'IHO, rapMOHH'IeCKOM cPYHKI.I;H­

e:H .HBJI.HeTC.H MHHMa.H 'IaCTb v ( 'IT06hI y6e,n;HTbC.H B 3TOM, MO:iKHO CHO­

Ba rrpo,n;H<i:><i:>epeHu;HpoBaTh ypaBHeHH.H Konm-PHMaHa HJIH 3aMeHHTh 

cPYHKI.I;HIO f Ha -if). 
TaKHM o6pa30M, 

Beiu;ecTBeHHa.H ll MHHMa.H 'IaCTb BC.HKOM roJIOMOPcPHOM 

cPYHKI.I;HH, paCCMaTpHBaeMbie KaK cPYHKlJ;llll ,ll;BYX Beiu;ecT­

BeHHbIX rrepeMeHHbIX, .HBJI.HIOTC.H rapMOHH'IeCKHMH. 

I1 o6paTHO, Ka:iK,ll;a.H rapMOHH'IeCKa.H cPYHKI.I;H.H u B O,ll;HOCB.H3HOM 

(He HMeroiu;e:H «,ll;blpOK») IIJIOCKOM o6JiaCTH MO:iKeT 6bITb peaJIH30BaHa 

KaK Beiu;ecTBeHHa.H qaCTb roJIOMopqmo:H cPYHKI.I;HH, rrpH'leM IIOCJie,n;­

H.H.H orrpe,n;eJieHa O,ll;H03Ha'IHO c TO'IHOCTbIO ,n;o a,n;,n;HTHBHOM ('IHCTO 

MHHMoii) IIOCTO.HHHOii. I1Ha'Ie roBop.H, cyiu;eCTByeT e,n;HHCTBeHHa.H ITO 

MO,ll;YJIIO KOHCTaHTbI cPYHKI.I;H.H v' KOTOpa.H CB.H3aHa c u ypaBHeHH.HMH 

Korrm-PHMaHa. <l>yHKI.I;H.H v - TaK:iKe rapMOHH'IeCKa.H H Ha3hIBaeTC.H 

conpR;J1Cettttou K u. 

,40'/'i",aaame.11/bCmBo. IlpHMeHHM 3Be3,n;Hhiii orrepaTop * K ,n;H<P<l>e­

peHu;Ha.rry cPYHKI.I;HH u(x, y): 

au au 
*dU=--dx+-dy. 

ay ax 

IloJiy'IeHHa.H 1-<l>opMa *du .HBJI.HeTC.H 3aMKHYTOii, TaK KaK 

( 
au au ) (a2u a2u) 

d*dU = d - ay dx + ax dy = ax2 + ay2 dx /\ dy = 0 

B CHJIY rapMOHH'IHOCTH u. Ho Tor,n;a, KaK IIOKa3aHo B rraparpa<l>e 7.3, 
3Ta <l>opMa .HBJI.HeTC.H TO'IHOM, eCJIH paccMaTpHBaTb ee B 3Be3,ll;HOH 

o6JiaCTH. Ha caMOM ,n;eJie o6JiaCTh ,n;ocTaTO'IHO rrpe,n;rroJiaraTh o,n;Ho­

CB.H3Ho:H. CJie,n;oBaTeJibHO, <l:>opMa *du .HBJI.HeTC.H ,n;H<l><i:>epeHI.I;HaJIOM 

HeKOTOpo:H cPYHKI.I;HH v: 

IlpH 3TOM cPYHKlI;ll.H v orrpe,n;eJieHa O,ll;H03Ha'IHO c TO'IHOCTbIO ,n;o a,n;­
,ll;HTHBHOM KOHCTaHTbI. PaBeHCTBa K03cPcPHI.I;HeHTOB rrpH dx H dy B 
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BhipaMeHH5IX ,l1.Jl5I *du cyTh ypasHeHH5I Konrn:-PHMaHa. TeM caMhIM 

f = u + iv 5IBJrneTC5I HCKOMO:ii I'OJIOMOpqmofi cPYHKD;Hefi. 

0TCIO,l1.a nerKO BhIBeCTH, qTo: 1) eCJIH u - rapMOHHqecKa5I cPYHK­

D;H5I B o6nacTH D, a cpyHKIJ;H5I g ronoMop<l:>Ho OTo6paMaeT o6nacTh 

G B o6nacTh D, TO u o g 5IBJI5IeTC5I rapMOHHqecKoii cPYHKD;HeH: B G; 
2) BC5IKa5I rapMOHHqecKa5I cPYHKIJ;H5I 5IBJI5IeTC5I 6ecKOHeqHo ,lJ.HcP<l>e­

peHIJ,HpyeMOH. 

KcTaTH, rrocJie.n;Hee YTBepM,l1.€HHe crrpase.n;mrno ,l1.JI5I cPYHKIJ;Hfi 

mo6oro qn:cna nepeMeHHhIX. Bc5IKa5I rapMOHHqecKa5I cPYHKD;H5I HMe­

eT BHYTPH o6naCTH onpe,n;eneHH5I qacTHhie rrpoH3BO,ll;Hhie ncex nop5I,l1.­

KOB, KOTOpbie, B CBOIO oqepe,ll.b, TaKMe 5IBJ15IIOTC5I rapMOHnqeCKMMH 

cPYHKIJ;H5IMH. 

0TM€THM, qTo npe,LI,UOJIO)K€HHe 06 O,II,HOCBH3HOCTH o6JiacTH cy­

iu;ecTBeHHO. fapMOHHqecKa5I cPYHKD;HH u = log r = ~ log(x2 + y2) 

orrpe.n;eJieHa Ha Bce:ii IIJIOCKOCTH, 3a HCKJIIOqeHMeM Haqana KOOp,lJ.H­

HaT 0. 0Ha 5IBJI5IeTC5I sem.ecTBeHHOH qacTbIO KOMIIJI€KCHOii JIOrapmp­

MHqecKOH cPYHKIJ;HH log z' KOTopyro MO)KHO orrpe.n;eJIHTb O,l1.H03HaqHo 

TOJibKO B O,l1.HOCB513HOH II0,l1.06JiaCTH o6JiaCTH orrpe,LJ;eJieHIUI. 

Bhrno,n; TeopeMhl o cpe,n,HeM. IlycTh cPYHKD;H5I f ronoMopqma B 

Kpyre D pa,LJ;Ryca R c u;eHTpoM B TOqKe z = c H HerrpepbIBHa Ha D. 
Cornactto HHTerpanbHOH <l:>opMyne Kornn, MMeeM 

f(c) = ~ f f(Od~ 
27rl laD ~ - C 

3aMeHa nepeMeHHOii ~ = c + ReifJ Ha oKpyMHOCTH 8D ,n;aeT 

3-_ =id{)=..!_ ds, 
~-c R 

r,n;e ds - 3JieMeHT ,ll;JIHHhl ,ll.yI'H. TaKHM o6pa3oM, 

f(c) = 
2

1 
{ f(z) dO = 

2

1
R { f(z) ds. 

7f laD 7r laD 
lhaK, 3Haqemi:e f B :u;eHTpe Kpyra cosrra,n;aeT co cpe,n;HHM 3HaqeHHeM 

no oKpy)KHOCTH. Ilepexo,LJ;H K sem.ecTBeHHOii qacTM, HMeeM .n,syMep­

ttyro TeopeMy 0 cpe.n,HeM ,l1.JI5I rapMOHMqecKMX cPYHKD;Mii. 
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Pememie 38,lW'IH ,Ll;HpHxJie ~JUI Kpyra. IlycTh D - Kpyr pa,n;H­

yca R c n,eHTpOM B TO'lKe c, Ha= a(z) - HerrpepbIBHa.H <l>YHKu;m1 Ha 

OKpy)KHOCTH aD. Tor,n;a pemeHHe 3a,D;a'lH ,Il,HpHXJie 

~u = 0 BHYTPH D, u =a Ha {)D 

cym;ecTByeT H ,n;aeTcH unme2pa.tt'bnou <fiop.My.1wu Ilyaccona 

u z = _2_ f a(z)(R2 - r2) dO 
( ) 271" laD R 2 + r 2 - 2Rrcos(O - ¢) ' 

r,n;e z = c + rei<f>. 

Mb! TOJihKO KpaTKO onmueM H,n;e10 BhIBo,n;a <l>opMyJihI B npe,n;rro­

JIO>KeHHH cym;ecTBOBaHH5I perneHH5I. qT06bI BhI'lHCJIHTh u(zo), r,z:i;e 

zo = c + rei<f>, r < R, npnMeHHM .n;po6HO-JIHHeH:Hoe rrpeo6pa3oBaHHe 

w = g(z) = R(z - zo) 
R2 - (zo - c)(z - c)' 

KOTopoe roJIOMop<l>Ho H B3aHMHO-O,D;H03Ha'lHO oTo6pa)KaeT Kpyr D Ha 

e,n;HHH'lHhlii Kpyr D1 = {lwl :::; l}, rrpn-.:ieM TO'IKa zo nepexo,n;HT B 0. 
,II,anee, rrycTh v - pememrn 3a,n;a'IH ,II,npnxne Ha e,n;HHH'IHOM Kpyre: 

~v(w) = 0 npH lwl < 1, v(w) = a(g-1(w)) rrpH jwj = 1. 

JierKO BH,D;€Th, 'lTO u( z) = v(g(z)) .HBJI.HeTrn pemeHHeM HCXO,D;HOH 

3a,D;a'lH ,II,HpHXJie. IlpH 3TOM u(zo) = v(g(zo)) = v(O) Bhl'IHCJIH€TC5I 

KaK cpe,n;ttee 3Ha'leHHe a(g-1(w)) no oKpy:arnocTH 8D1 = {lwl = l}. 
,II,eTaJIH ,ZJ;OKa3aTeJibCTBa OCTaBJI.HeM 'IHTaTemo. 

OnHcaHHhiii MeTo,n; perneHH5I 3a,D;a'IH ,II,npHxJie nepeHOCHTC.H Ha 

,D;OCTaTO'IHO IDHpOKHH KJiacc o6nacTeH:, .HBJI5IIOlllHXC.H KOH<l>opMHhIMM 

o6pa3aMM Kpyra. 

Pe3roMe 

A. roJIOMOPcPHbie cPYHKIJ;HH 
Bhl ,D;OJI)KHhl 3HaTh orrpe,z:i;eneHHe ronoMop<Pttoii <PYHKlJ,MH 'Iepe3 

2-<PopMbI M yMeTh IIOKa3b!BaTb, 'ITO ee MaTpnn,a 5IKo6H npefJ,CTaBJI.H­

eT KOH<l>opMHOe npeo6pa30BaHHe. 

Bhr ,ZJ;OJI)KHhI yMeTh BhIBO,lJ;HTh HHTerpanhHYIO TeopeMy Kornn M 

<PopMyny fl.JI£ BhI'leTOB M3 TeopeMhI CToKca. 
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Bbl )l.OJI)KHhI yMeTb BhPH1CJI.HTh Bh1qeT <PYHKIJ;Jrn: B rrpocTOM HJIH 

B KpaTHOM rromoce. 

B. HHTerp:upoarunm no KOHTYPY 
Bhl )l.OJI)KHhI yMeTh BhiqncJI.HTh HHTerpaJihI c rroMOIIIhIO TeopeMhI 

0 BhlqeTax )l.JI.H BbI6paHHOI'O KOHTypa. ,lJ,JI.H HeKOTOpbIX THIIHqHbIX 

HHTerpanon HY)KHO yMeTh HaxO)l.HTh cooTBeTCTBYIOIIIHH KOHTYP· 

C. CTeneHHbie pR,lJ;bI 
BhI ,ll.OJI)KHhI yMeTh pacKJia)J.bIBaTh roJioMop<PHYIO <PYHK:u;nro B p.H)l. 

Teti:Jiopa HJIH JiopaHa n yMeTh BhlqncJI.HTh pa)J.nyc cxo)l.MMOCTH aTnx 

p.H)l.OB. 

20.1. (a) IlperoioJIO)KHM, 'ITO f(z) - roJioMopqma.H cpyHKIJ,H.H. IlycTb 

z = x + iy, f(z) = u +.iv. IloKa)KHTe, 'ITO ceMeii:CTBa KpHBbIX 

u(x, y) = const H v(x, y) = const opToroHaJihHhI, T. e. 'ITO OHH 

nepeceKaIOTC.H IIO,ll; np.HMbIM yrJIOM.14 

(b) IlpoBepbTe 3To cBoii:cTBO ,ll;JI.H cpyHKD;HH f(z) = z 2 . HapHcyii:­

Te ttecKOJihKO KpHBhlX. C,n;eJiaii:Te TO )Ke caMoe ,n;JI.H cpyHKD;HH 

f(z) = l/z. l.fro B 3TOM CJiyqae npOHCXO,ll;HT B HyJie? 

20.2. (a) Ilpe,n;IIOJIO)KHM, 'ITO J(z) - rOJIOMOpcpHa.H cpyHKII,H.H, BeIIle­

CTBeHHa.H 'IaCTb KOTopoii: paBHa 3x2y - y 3 • IloJiy'IHTe MHHMYIO 

qacTb f(z). 

(b) Mo)KeT JIH cpyHKIJ;H.H 6hITh roJioMopcpttoii:, ecJIH ee BeII1eCTBeH­

Ha.H qaCTh paBHa xy2? EcJIH .n;a, TO IIOJIY'IHTe ee, a ecJIH HeT, TO 

o6'b.HCHHTe, IIO'IeMy. 

20.3. fOJIOMopcpHble cpyHKD;HH cos z H sin z MO)KHO onpe,n;eJIHTb TO)K,ll;e­

CTBaMH 

1 . . 
sinz = -(e'z - e-•z) 

2i ' 

HCIIOJib3Y.H onpe,n;eJieHHe KOMIIJI€KCHOii: 3KCIIOH€HIJ;HaJibHOii: cpyHKIJ,HH. 

14
9To 03Ha'IaeT, 'ITO OpTOrOHa.JlbHhl BeKTOphl KacaTeJibHbIX (H HOpMa.Jieii:) K 

KpHBhIM u = const H v = const B KaJK)J;OH. TO'IKe (XO' Yo). EcJIH 06 3TOM IIOMHHTb, 

TO f];OKa3aTeJibCTBO ,n;aHHOro rryHKTa He COCTaBHT Tpy.n;a. - IlpUM. pea. 
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(a) Bb1pa3HTe cosz H sinz qepe3 TpHrOHOMeTpH'leCKHe H rmiep6o­

JIH'IeCKHe <l>YHKIIHH x Hy. licnOJih3YH 3TH BblpaJKeHHH, BhI'IHC­

JIHTe d(cosz) H d(sinz). 

(b) ,Il,oKaJKHTe, 'ITO <fiop.My.11:1>1, C.11,0;JfCettUJi sin( z + w) = sin z cos w + 
cos z sin w H cos( z + w) = cos z cos w - sin z sin w BhlITOJIHHIOTCH 

,ll;JIH KOMITJieKCHhlX Z H W. 

(c) licnOJih3YH ¢opMyJihI CJI02KeHHH, IIOKa2KHTe HBHO, 'ITO ¢YHK-

1IHH sin z H cos z HenpephlBHO ,n;H¢¢epeHI1HpyeMhI B KOMIIJieKC­

HOM CMhICJie. IloJiy'IHTe npOH3BO,ll;Hhle 3THX <l>YHKIIHH, Bhl'IHC­

JIHH COOTBeTCTByIOm;He npe,n;eJibI. 

20.4. c IIOMOIIIhlO MeTo,n;a, H3JI02KeHHoro B naparpa¢e 20.7, IIOJiy'IHTe 3Ha­

'IeHHH onpe,n;eJieHHhIX HHTerpaJioB: 

(a) r sin6 () d() = 5
71". 

lo 16' 

(b) 
r cos() d() 

lo 1 - 2a cos B + a 2 

7ra 
a2 < 1. = 1 -a2 ' 

20.5. c IIOMOID;hlO MeTo,n;a, H3JI02KeHHOro B naparpa¢e 20.7, IIYHKT (a), 

npoBepbTe ¢opMyJihI ,ll;JIH onpe,n;eJieHHhIX HHTerpaJIOB: 

Joo dx 7r 

(a) ( b)2 2 = -, a> O; 
-oo x + +a a 

{00 d 
(b) lo (x4 +x4a4) 

(c) {oo x2 dx = ~. 
lo x6 +1 6 

7r 
a> O·, 

8a3 ' 

20.6. (a) Ilpe,n;ITOJIO)KHM, 'ITO f(z) rOJIOMop¢Ha B HeKOTopoii o6JiaCTH 

3a HCKJIIO'IeHHeM TO'IKH z = a, r,n;e OHa HMeeT IIOJIIOC 6mopo-
20 IIOpH,n;Ka. ,Il,oKa2KHTe, 'ITO BhI'IeT B 3TOM IIOJIIOCe 3a,n;aeTCH 

¢opMyJIOH 

res= lim dd ((z - a)
2 f(z)). 

z........,.a z 

(b) c ITOMOID;blO 3TOH ¢opMyJihI Bhl'IHCJIHTe HHTerpaJI 

Joo dx 

-oo (x2 + a2)2. 
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( c) 0606II1HB 3TOT MeTO,LJ;, BblqHCJIHTe HHTerpaJI 

1
00 dx 

-oo (x2 + a2)k 

,LJ;JUI rrpoH3BOJibHOro 11eJioro IIOJIO:>KHTeJibHOro qHcJia k. 

20.7. (a) 3,n;ecb H3JiaraeTCH MeTo,n;, aJibTepHaTHBHblH MeTo,ey, H3JIO:>KeH­

HOMY B rraparpa<l:>e 20.7, rryHKT (b). IlycTb R(z) = P(z)/Q(z), 
r,n;e p H Q - IIOJIHHOMhI, CTerreHH KOTOpbIX CBH3aHbl yCJIOBHeM 

deg Q ~ deg P + 1, TaK qTQ 

IR(z)I ~ A/lz\ 
,LJ;JIH HeKOTopoH: KOHCTaHThI A H ,n;ocTaToqHo 6oJihmHx lzl. 
Ilpe,n;rroJio:>KHM, qTo Q He HMeeT Be111ecTBeHHh1x ttyJieH:. CJie­

,zzya H3JIO:>KeHHOMY HH:>Ke rrJiaHy, ,LJ;OKa:>KHTe, qTQ HHTerpaJI 

J~00 R( x )eix dx cxo,LJ;HTCH, T. e. rrpe,n;eJI 

cy111ecTByeT, H BblIIOJIHHeTCH paBeHCTBO 

1_: R( x )eix dx = 27Ti L res( R( z }eiz), 

r,n;e cyMMa 6epeTCH 110 BCeM IIOJIIOCaM, Jie:>KalllHM B BepxtteH: 

IIOJIJIIJIOCKOCTH. 

Illae 1. Bh16epeM ,n;ocTaToqHo 6oJibmHe X1, X2 HY, TaKHe, qTo-

6h1 rrpaMoyrOJibHHK, H306pa:>KeHHbili Ha pHC. 20.16, co,n;ep:>KaJI 

Bee IIOJIIOCa B Bepxtteti IIOJIYIIJIOCKOCTH. 

-Xi+ iY~X2 + iY 
III 

IV II 

-X1 I X2 

PRC. 20.16 

IL R(z)eiz dz' ~A lay~:~ dy ~ ~lay e-y dy ~ ;
2 

,n;Jia ,n;ocTaToqHo 6oJibillHX X2. 
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Illa2 2'. IloKa:>KHTe, 'ITO 

Illa2 3. IloKa:>KHTe, 'ITO 

Illa2 4. IlyCTb y --+ 00. ,ll;oKa:>KHTe, 'ITO 

IJX2 . . I ( 1 1 ) R(x)e1x dx - 27ri L res(R(z)e1z) <A X + X 
-X1 z-+O 1 2 

H 3aBepmHTe ,IJ;OKa3aTeJibCTB0. 

(b) Bhl'IHCJIHTe HHTerpaJI 

['X! cosx d 
lo x2 + a2 x. 

20.8. Ilpe,n;noJIO:>KHM, 'ITO Q(O) = 0, a Q'(O) =/:- 0, TaK 'ITO <i>YHKI.J;ml R(z)eiz 
HMeeT npocToll: nomoc B 0. IlycTb B - BbI'IeT 3TOH <i>YHKI.J;HH B 0. 
PacCMOTpHTe TOT :>Ke npaMoyrOJibHblM KOHTyp, HO c o6xo,n;oM Ha'IaJia 
KOOp,IJ;HHaT B HH:>KHeH noJiynJIOCKOCTH no MaJIOH IlOJIYOKpy:>KHOCTH 

pa,n;nyca 8 (pHc. 20.17). 

Puc. 20.17 

(a) IloKa:>KHTe, 'ITO npe,n;eJI HHTerpaJia no IIOJIYOKPY:>KHOCTH npH 
{, --+ 0 paBeH 7riB. 

(b) ,ll;oKa:>KHTe, 'ITO rJiaBHoe 3Ha'IeHHe KomH onpe,n;em1eTca <Pop­

MYJIOH 

lim ( [J-o + r=i R(x)eix dx) = 27ri L res(R(z)eiz) + !B. 
o-+o -oo lo o 2 Z-+ 
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{oo sinx dx = ~. 
Jo x 2 

20.9. IIycTh f(z) = (fo(z}} - MaTpHqHMI <i>YHKu;mr. Mb1 roBopHM, qTO 
f 20.1to.Mop<f11-ia B o6JiaCTH D, ecJIH Ka:>K,~hI:ii MaTpHqHhiii 3JieMeHT Iii 
~rnmi:eTC.H roJioMoptj>ttoii <i>YHKD;Heii B o6JiacTH D. IlycTh 'Y - rrpo­
H3BOJihHa.H KpHBa.H. llHTerpaJI J1' fij(z) dz ,n;omi<eH 6b1Tb MaTpHu;eii, 

ij-ii 3JieMeHT KOTopoii paBeH J1' fij(z) dz. 3aMeTHM, qTo ecJIH B H C 
- nocmO.R'H,'H,'b/,e MaTpHD;bI H f - roJIOMOptj>Ha.H MaTpnqHa.H <i>YHK­
D;ll.H, TO BJC - TO:>Ke roJioMoptj>ttaa Ma:TpHqHa:a <i>YHKD;HH, H )l,JIH 

rrpoH3BOJibHOH KpHBOH 'Y Mbl HMeeM 

i Bf(z)C dz= B (i f(z} dz) C. 

3 ')'3 

PRC. 20.18 

(a) IlycTb A= (~1 o~ o~) H f(z) = (zil-A}-1, r,n;e 

(
1 0 0) 

][ = 0 1 0 . 
0 0 1 

IloKa:lKHTe, qTo f rOJIOMOptj>Ha Be3)l,e, KpOMe ToqeK z = 1, 
z = 2 H z = 3. IIycTh P1', = (1/27ri} J1', f(z} dz (KoHTyphl 'Yi 
IIOKa3aHbI Ha pHc. 20.18}. BhlqHcJIHTe P1', ,n;m1 i = 0, 1, 2, 3. 
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(b) IlycTb D - MaTpmi;a 3 x 3 c co6CTBeHHhIMH 3Ha'IeHHHMH 1, 2 
H 3. IlycTh g(z) = (zlI - D)-1 . IloKa)frnTe, 'ITO g roJIOMopq>Ha 
Be3,n;e, KpoMe TO'IeK z = 1, 2, 3. IlycTb 

Q"f; = _21 · 1 g(z} dz. 
11"1 "(; 

OrrnmHTe Im Q'Y1 H Ker Q'Y1 • qTo TaKoe Q;1 ? OnHmHTe Im Q'Y2 

H KerQ'Y2 • qTo TaKoe Q;
2
? 

( c) Cq>0pMJJIHpyiiTe o6nzyIO TeopeMy. IlycTh A - MaTpmi;a n x n 
c p83JIH'IHhIMH co6cTBeHHhIMH 3Ha'IeHHHMH >.1, ... , An· IlycTh 
f(z) = (zlI - A)-1. f.n;e roJioMopq>Ha Q>yHKIJ;HH f? IlycTh 'Y 
- KpHBaH, KOTopaH He npoxo,n;HT qepe3 KaKHe-JIH6o co6CTBeH­
Hhle 3Ha'l:eHH51 H orpaHH'IHBaeT o6JiacTb, co.n;ep)Kanzyro TO'!KH 
>.1 ... , >.k H He co.n;ep)Kanzyro HH o.n;no ll3 ocTaJihHhIX co6cTBeH­
HhIX 3Ha'IeHHii. IloJIO)KHM 

P'Y = ~ j f (z) dz= -
2
1

. j (zlI - A}-1dz. 
211"1 'Y 11"1 

20.10. (a) IlycTh f(z) o6o3HaqaeT BeTBh Q>yHKIJ;HH z114, onpe,n;eJieHHYIO 
Be3,n;e, KpoMe IlOJIO)KHTeJihHOii BeIIJ;eCTBeHHOii OCH, H 06Jia,n;a10-
IIzyIO CBOifCTBOM 

lim J(x + ic) = 1x1 1/ 4 (BeIIJ;eCTBeHHOe 'IHCJIO). 
e--+0 

BbI'IHCJIHTe f(-x) n npe,n;eJI lime--o f(x - ic) ,n;JIH BeIIJ;eCTBeH­
HhIX X. 

(b) 11cnOJih3J51 KOHTyp, H3o6pa2KeHHhlii Ha pnc. 20.19, Bbl'IHCJIHTe 
onpe,n;eJieHHhiii HHTerpaJI 

I = foo tl/4 dt 
} 0 (t+a)2 . 

06cy,n;HTe BKJia,n; OT Ka)K,!l;Oii OKPJ2KHOCTH. 

20.11. 11crroJih3JH MeTo,n;, H3JI02KeHHhiii B naparpaQ>e 20.7, nyHKT (c), Bhl­
'IHCJIHTe HHTerpaJibI no KOHTypy, H306pa2KeHHOMy Ha pHC. 20.14. 

100 x°'-1 11" 
(a) --dx = -.--, 0 <a< 1, 

0 x + 1 sman 
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x 

PHC. 20.19 

1
00 x0

-
1 (1 - o:)n 

(b) l)2 dx= . , 0<o:<2. 
Q X + Slll0:7l" 

20.12. (a) BhPIHCJIHTe J f (z) log z dz no KOHTypy, H3o6pa)KeHHOMY Ha 
pHc. 20.15. IIcrroJih3YH BeTBh log z, orrpe,n;eneHHYIO ycJIOBIWM 

log z = log r + iO, 0 < 0 < 2n, 

,Ll;OKa)KHTe cPOPMYJIY 

100 

f(x)dx = - I:res(f(z)logz), 

KOTOpaH BepHa BCer,n;a, Kor,n;a f(z) CTpeMHTCH K Hymo rrpH lzl ~ 
00 ,Ll;OCTaToqHo 6hICTpo, qTo6hI HHTerpan no 6oJihIIIOMY Kpyry 
CTpeMHJICH K Hymo. 

(b) IloK~Te, qTQ 

(
00 dx = 1fa + 2blog(b/a) 

) 0 (x + a)(x2 + b2 ) 2b(a2 + b2) 
a, b > 0. 

(c) PaccMoTpeB HHTerpan J f(z)(log z) 2 dz, rrpu,n;yMatiTe crroco6 
BhiqHCJieHHH HHTerpana 

fo 00 

f(x) logxdx. 

c ero IIOMOID;hlO ,Ll;OKa)KHTe cPOPMYJIY 

[
00 

log x dx = 7r log a. 
} 0 x 2 + a2 2a 
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20.13. (a) IIony'IHTe ps,n; JlopaHa ,n;ns <l>YHKII,HH 

5 
f(z) = z2 - 5z/2 + 1 

C ITOMOUJ;blO HHTerpHpOBaHHS ITO e,n;HHH'IHOfi OKPY*HOCTH. r,11;e 

CXO,ll;HTCS 3TOT ps,n;? 

(b) 9TOT )Ke ps,n; IIOJIY'IHTe c IIOMOUJ;hIO pa3JIO)f(eHH» ci>YHKIJ;HH 

f ( z) Ha IIpOCTbie ,n;po6n. 3aTeM pa3JIO)f(HTe Ka)K,ll;hIH 'IJieH no 

CTerreHSM z HJIH 1/ z TaK, 'ITo6hr ps,n; CXO,ll;HJIC}{ rrpn izl = 1. 

( c) IIony'IHTe ps.n. <I>yphe M» <l>YHKIJ;HH 

F(B) = (5/2+ 2coso)-1
. 

F(B) = 0, -11" < B < 71". 

Mo)KHO JIH 3TO rroJiy'IHTh KaK pa3JIO)f(emre ronoMoP<l>Hoii ¢YHKIJ;HH 

B PM JlopaHa? 



rJiaBa 21 

AcHMIITOTHqecKoe BbiqHcJieHHe 

HHTerpaJIOB 

BBe,n;euue 

AcHMIITOTH<JecKoe rroBe,n;emfe HHTerpaJIOB II03BOJUieT IIOH51Th MHOrHe 

cPH3HqecKHe 3aKOHhI. B 3TOH rJiaBe MhI ,n;a,n;HM 3JieMeHTapHhJe rrpH­

MephI MaTeMaTH<JeCKHX rrpHeMOB, HCIIOJlh3yeMbIX B HaCT051llJee BpeM51 

BO MHOrHX rrpHJio:>KeHmIX cPH3HKH H MaTeMaTHKH. 

AcuMnmomu"tec-x:a.n <fiopMyJia Cmup.1tutt2a - o,n;Ha H3 rrepBbIX H 

µ,o cHx rrop Ba)KHeilumx: 

n! rv (27r)l/2nn+l/2e-n. 

0Ha rroJiy<JeHa ,II,)KefiMcoM CTHpJIHHroM B rrepBoil TpeTH XVIII BeKa. 

3HaK rv CJieµ,yeT IIOHHMaTb B TOM CMbICJie, qTO OTHOIIIeHHe OOeHX 

qacTeil <PopMyJihl ( OHH o6e CTpeMHTC51 K 00 c pOCTOM n) CTpeMHTC51 

K 1 rrpH n --+ oo. Mbr rrpHBe,n;eM H µ,oKa)KeM 3,n;ech 6oJiee TO<JHYIO 

BepCHIO 3TOH cPOPMYJibI BMecTe c on.eHKOH rrorpeIIIHOCTH. 

XoT51 <PopMyJia CTHpJIHHra ;.I,OJI)KHa rrpHMemIThCH TOJihKO npH 

6oJihlllHX 3Ha<JeHH51X n, OHa ,n;aeT y,n;HBHTeJihHO TO'IHOe IIpH6JIH)Ke­

HHe (B CMbICJie OTHOCHTeJihHOH norpeIIIHOCTH) ,n;a)Ke rrpH MaJibIX n. 
TaK, )l;JI51 n = 1 MhI HMeeM n! = 1, a rrpaBa51 <JaCTh <PopMyJihI CTHp­

mrnra ,n;aeT 0.92. ,II,mr n = 10 MhI HMeeM n! = 3 628 800, a npaBa51 

CTOpOHa ,n;aeT 3 598 600, T. e. OIIIH6Ka MeHhllJe o,n;Horo rrpon.eHTa. 9TO 

cHcTeMaTH'IecKoe 51BJieHHe. B 3Toil rJiaBe MhI ,n;a,n;HM orreHKH, crrpa­

Be;.I,JIHBhie /1,JI51 6oJihIIIHX 3Ha'IeHHH rrapaMeTpa, HO OKa3hIBaeTC51, 'ITO 

3Ta <l>opMyJia xoporno pa6oTaeT H npH MaJihIX 3Ha'IeHH51X. 
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21.1. MeTo,zi; JianJiaca 

Mb1 rrpHMeHHM 3TOT MeTo)J. ,n,.rrn rroJiyqemu1 6oJiee TO'IHOH BepcHH 

<f>opMyJihI CTHPJIHHra. HttTerpHpoBaHHe no qacT51M IIOKa3hIBaeT, 'ITO 

2a.M.Ma-<fiyH'K:'4UR, orrpe)J.eJieHHa51 <f>opMyJioii 

y)J.OBJieTBOp51eT ycJIOBHIO 

r(x + 1) = xr(x), r(l) = 1, 

TaK 'ITO 

r(n + 1) = n!. 

TaKHM o6pa3oM, MO)KHO rreperrHcaTb <f>opMyJiy CTHPJIHHra B BH)J.e 

Ha caMoM )1.eJie MhI )1.0Ka)KeM 6oJiee TO'IHhIH pe3yJihTaT. IloKa)KeM, 

'ITO 

x x(27r)l/2
( 1 1 ) r(x),....., e- x - 1 + - + -- +... . 

x 12x 288x2 

AcHMIITOTHqecKHH p51,11. B 3TOH <f>opMyJie 03Ha'IaeT, HarrpHMep, 'ITO 

HT . .n;., r.n;e Ci - KOHcTaHThI. ~yrHMH cJioBaMH, 06ph1Ba5I p51,r:t; B mo-

6oM MecTe, MO)KHO ou;ettHTb rrorpernHOCTb qepe3 cJie.n;yroiu;yro, 6oJiee 
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BblCOKYIO CTeneHh x-1. Ha•rneM c <PopMyJihl r(x) = r(x + 1)/x H 
nonyqHM 

r(x) = - e-ttx dt 1100 

x 0 

= e-xxx Joo e-x[w-log(l+w)] dw 
-1 

= e-xxx Joo e-xp(w) dw, 
-1 

r,n;e t = (1 + w)x, TaK qTo dt = xdw Ht= 0 {::} w = -1, t = oo {::} 

w = oo, r,n;e <l>YHKU,H.H 

1 2 1 3 
p(w) = w - log(l + w) = 2w - 3w + · · · 

pacKna,n;hrnaeTc.a YKa3aHHhIM o6pa3oM B p.a,n; Te:iinopa B ttyJie. 3a­

MeTHM, qTO p'(w) = 0 TOJibKO npH w = 0, Hp HMeeT a6cOJIIOTHhIH 
MHHHMyM B Hyne. Mtto)l(HTeJih e-xxx npncyTCTByeT B npaBo:ii qacTH 

<PopMyJihI CT11pnHHra. I1o3TOMY ttaM tta,n;o nccne,n;oBaTh acHMITTOTH­

qecKoe noBe,n;ettne JIHTerpana 

Joo e-xp(w) dw. 
-1 

IlpeM,n;e BCero OTMeTJIM, qTO )];JI.a 6oJibIIIHX x e,n;HHCTB€HHbIH 60Jib­

IIIOH BKJia,n; B HHTerpan noJiyqaeTC.H OT w B OKpeCTHOCTJI HYJI.H -

MJIHHMyMa <PYHKU,HH p. HanpHMep, ecJIH c - n106oe <l>HKCHpoBaHHoe 
IlOJIO)KHT€JlbHO€ qHCJIO, TO 

J-€ e-xp(w) dw < J-€ e-x·w2/2 dw < J-€ e-xw2/2 dw. 
-1 -1 -00 

MoMHo nonyqHTh rpy6y10 ou,ettKy nocne,n;ttero HHTerpana, ttanHcaB 

e-xw2 /2 = e-xw2 /4 . e-xw2 /4 ~ e-c2x/4e-xw2 /4 

)J;JI.H -OO < W < -€. Ilo3TOMY 

1_: e-xwz/2 dw ~ C(x)e_czx/4, 

r,n;e C(x) = 1: e-xw
2
14 dw - cxo,n;.aru,n:iic.a HHTerpan 
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n, 6oJiee Toro, C(x) ~ 0 rrpM x ~ oo. CJie)J.oBaTeJihHO, MHTerpaJI 

J~: 3KcrrotteHI.J;MaJihHO y6hrnaeT c pocToM x. AttaJiorwrno, rrpn w > 0 
cPYHKII;mI p( w) CTporo B03pacTaeT, TaK 'ITO 

100 e-xp(w) dw < e-p(e)x/2100 e-xp(w)/2 dw. 

9TOT BTOpoii MHTerpaJI CXO)J.MTC51 a6COJIIOTHO M paBHOMepHO B o6Jiac­

TM x > 0 (rrpH'IeM see 6hICTpee, KOr)J.a x ~ oo). TaKMM o6pa3oM, 

MhI MO:>KeM KOHTpOJIMposaTh o6a MHTerpaJia J~: M fe
00 

M 3aH51ThC51 

MHTerpaJIOM J~e e-xp(w) dw )1.JI51 c > 0. Terreph p(O) = 0, p'(O) = 0 M 

p"(O) = 1. Ilo3TOMY MO:>KHO C)J.eJiaTh 3aMeHy rrepeMeHHOH w = w(8) 
B OKpeCTHOCTM HYJI51, TaK 'IT06hI p rrpHH51Jia BH)J. 82 /2, T. e. 

p(w(8)) = 82 /2. 

HarroMHMM 'IHTaTemo, KaK 3TO )1.eJiaeTC51. IlocKOJihKY p(O) = 0, MhI 

p(w) =law p'(r) dr = w fo1 

p'(wu) du, 

r)J.e MhI rroJIO:>KMJIM r = wu rrpM rrepexo)J.e OT rrepsoro MHTerpaJia KO 

BTopoMy. AttaJiorM'IHO, 

p'(w) = w fo1 

p"(wu) du 

TaK 'ITO 

r)J.e 

q(w) = 2 fo1 fo1 

up"(uvw)dudv. 

3aMeTMM, 'ITO q - )1.McP<l>epeHrr;MpyeMa51 cPYHKII;M51 OT w M q(O) = 1. 
3Ha'IMT, q(w) > 0 )1.JI51 )1.0CTaTO'IHO MaJihIX w. Terreph MO:>KHO C)J.eJiaTh 

3aMeHy rrepeMeHHhIX 

M 

8 = w.Jr/M 

1 
p(w(8)) = 282. 



21.1. MeTO,IJ; Jlarmaca 1069 

BbI6epeM E > 0 HaCTOJihKO MaJihIM, "IT06hr TaKa51 3aMeHa rrepeMeHttoit 

6hIJia ,Il;OIIYCTHMa rrpH -f < w < E q( w) ( T. e. qT06hI cpyHKil,H51 g( w) 
6hIJia rroJIO)KHTeJihHa B 3TOM HHTepBane). Terreph c,n;eJiaeM 3aMeHy 
rrepeMeHHOH B HHTerpane f~e: e-xp(w) dw H IIOJiyqHM 

e-xp(w) dw = e-xs 12 - ds Je: je:2 
2 (dw) 

-e: -e:i ds 

r.n;e c2 = c..j(i{E) H -E1 = -EJq(-E) (cM. rpacpHK Ha pHC. 21.1). 

-f1 E2 

Pnc. 21.1 

,L ~I 
-C:1 -2r7 _,,, 

'f/ 2r7 E2 

Pnc. 21.2 

Ilpn ou,eHKe HHTerpana HrpaeT POJih TOJihKO o6JiaCTh B OKpecT­

HOCTH s = 0. HarrpnMep, rrpe.n;rroJIO)KHM, qTo y Hae eCTh 6ecKotteqHO 

.n;ncpcpepettu,npyeMa51 cpyttKil,H51 p TaKa51, qTO p = 1 rrpn Isl < 'r/ H 

p = 0 rrpn s > 2'f"/, r.n;e -E1 < -2'f"/ n 2'f"/ < E (pnc. 21.2). Tor.n;a 
0003HaqffM 

dw 
b(s) = p(s) ds, 

HarnmreM 

dw 
T. e. b(s) = ds (s) ,Il;JI51 Isl < 'r/· 
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r.n;e rrorpemHOCTh 3KCIIOHemi;mtJihHO CTpeMMTCH K HJJIIO c poCTOM x, 
- 2 

B "laCTHOCTM, 6b!CTpee IIO rropH.n;KY BeJIM"IMHhI, qeM e 7/ x. (9To HB-

JIHeTCH CJie,ll;CTBMeM Toro, 'ITO rrorpemHOCTh .n;aeTCH HHTerpaJiaMM BH­

.n;a f!i::
1 

e-xs
2
12 (b(s) - w'(s)) ds M J;2 e-xs

2
/ 2 (b(s) - w'(s)) ds. Tor.n;a 

IIO,ll;hlHTerpaJibHOe BblproKeHMe CTpeMMTCH K HJJIIO 6blCTpee, qeM KOH-
2 

CTaHTa Ha e-11 x.) 
llHTerpaJI f ~!1 e-xs

2
12 b( s) ds MO)KHO 3aMeHMTh HHTerpaJIOM 

1
00 

2 
-oo e-xs 12b(s) ds 

rrocKOJihKY b = 0 .ll;JIH s < c-1 M s > c-2. TaKMM o6pa3oM, MhI Bee cBeJIM 

K oii;eHKe 3Toro rrocne.n;Hero MHTerpaJia. 

BocrroJih3JeMCH <l>opMyJio:H Te:Hnopa c ocTaTKOM M HarrMmeM 

1_: e-xs
2 

/
2 b( s) ds = bo 1_: e-xs

2
12 ds + bi 1_: e-xs

2 
/
2 s ds 

+ b21_: e-xs
2

/
2s2 ds + · · · + RN(s), 

r.n;e 



21.l. MeTO,ll; Jlarmaca 

,ll;Jrn qeTttoro qHcna k c,n;enaeM 3aMeHy rrepeMettttoit 

dy 
ds = xl/2. 

Tor,n;a HMeeM 

r,n;e 

1: e-xs2/2sk ds = x-1/2-k 1: e_Y2/2yk dy 

= Ckx-1/2-k/2, 

Ck = l: e_Y2 f2yk dy 

He 3aBHCHT OT x ( rrpHqeM Co = J27r). 3aMeTHM, qTo 

OTKy,n;a 

ck = 2Ck+i)/2r ( k ; i) . 

1071 

AttanorHqtto, ocTaToqHhiii qneH MO)KHO ou;eHHTh rrpoH3Be,n;ettHeM 
x-112-N/2 Ha KOHCTaHTy. Bo3hMeM N = 2n, Tor,n;a 

i: e-xs
2 
l 2b(s) ds = (

2
:) 

112 

(ao+a1x- 1+· · ·+an-lX-n+l+cn(x)), 

I'/I..e En(x) = o(x-n). 3/I.,eCb ao = bo, a1 = b2, az = b4/..J2ii- H T.,n;. 

<l>yttKll;HH b H dw / ds HMeIOT ooutta?Coeoe pa3JIO)KeHHe B psr,n; Teiinopa 

B 0. IIo,n;cTaHOBKa pa3JIO)K8HHH Teiinopa cPYHKll;HH p(w) = w-log(l+ 

w) ,n;aeT 6onee Toqttoe rrpH6JIH)KeHHe CTHpnHHra. 

Ilpe,n;rroJIO)KHM, qTo HaM ,n;atta rna,n;KaH IIOJIO)KHTeJihHaH cPYHK­

ll;HH p c e,n;HHCTBeHtthIM a6conIOTHhIM MHHHMyMoM B ToqKe to BHYT­

pH o6naCTH orrpe,n;eneHHH 3TOH cPYHKll;HH (pHC. 21.3), H rrpH 3TOM 

p"(to) > 0. Ilpe,n;ITOJIO)KHM, qTQ a(t) - ,n;pyrasr rna,n;KaH cPYHKll;HH. 
PaccMoTpHM HHTerpan 

j a(t)e-kp(t) dt. 
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to 

PHc. 21.3 

cha MO)KHO rreperrHCaTh B BH,lJ;e 

e-kp(to) J a(t)e-k(p(t)-p(t0 )) dt, 

r.n;e <l>YHKIJ;H51 p(t)-p(to) HMeeT MHHHMaJibHOe 3Ha'leHHe 0 rrpH t =to. 
lfaJIO)KeHHbIH BbIIIIe MeT0,11; 1103BOJIHeT ,11;0Ka3aTb nputtu,un JlanJtaro 
(oTKpbIT B 1820 ro.n;y): 

J e-kp(to) (27!") ( ai a2 ) 
a(t)e-kp(t) dt,...., v9'(i;J T ao + k + k2 + · · · , 

r.n;e ao = a(to), a IIOCJie.n;yIOIIJ;He KOa<l><l>Hu;HeHTbl Bbipa)KaIOTCH qepe3 

<l>YHKIJ;HH a H p H HX npOH3B0,11;Hbie B TO'IKe to. 

21.2. MeTo,n; cTau;:uoHapHoii cpa3hI 

,II,aBaifTe pa:36epeMCH, 'ITO rrpOH30H,11;eT c MeTO,lJ;OM Jlarrnaca, eCJIH B 

3KCIIOHeHTe -kp 3aMeHHTb Ha ikp. 0Ka)KeTCH, qTo crrpaBe,lJ;JIHBa aHa­

JIOrH'IHaH <l>opMyna, HO B 3TOM cnyqae B Hefi Y'IHThIBaIOTCH BCe KpH­

TH'leCKHe TO'IKH <l>YHKIJ;HH p, a He TOJibKO a6cOJIIOTHbIH MHHHMyM. B 

MeTo.n;e Jlarrnaca MHO)KHTeJib e-p(w) B rro.n;blHTerpa.nhHOM Bhipa)Ke­

HHH 3KCIIOHeHIJ;HaJlbHO y6blBaeT no cpaBHeHHIO co 3Ha'leHHeM B6JIH3H 

MHHHMyMa p. Ilo3TOMY BCH HH<l>opMaIJ;HH 06 aCHMIITOTHKe <l>YHKIJ;HH 

6b1na JIOKaJIH30BaHa B 3TOM MHHHMyMe. Kor.n;a MhI paccMaTpHBaeM 

HHTerpa.n 

j eikp(y)a(y) dy, 

MHO)KHTeJib eikp(y) Y*e He CTpeMHTCH K Hynro rrpH k -t oo. BMec­

TO 3TOro OH 6bICTpO OCIJ;HJIJIHpyeT KaK <l>YHKIJ;HH OT y Be3.n;e, r.n;e 

p' (y) f= 0. BhICTpbre ocu;HJIJIHIJ;HH rrpHBO,lJ;HT KO B3aHMHhIM coKpaiu;e­

HHHM, 1103TOMY cyiu;ecTBeHHbIH BKJia,11; B HHTerpa.n BHOCHT o6JiacTH B 



21.2. MeTo,11; CTau;nottapttoii ¢a3bl 1073 

oKpecTHOCTH KpHTH'leCKHX TO'leK. qT06h1 ::>To yBH,ll;eTh, .n;aBa:il:Te pac­

CMOTpHM cnyqa:fi, Kor.n;a p' (y) He o6parn;aeTCR B HYJib BO Bceii o6JiaCTH, 

r.n;e a(y) # 0. To'IHee, npe.n;noJIO)KHM, 'ITO cPYHKIIHR a(y) HMeeT npo­

H3BO,Jl;Hhie Bcex nopH,Jl;KOB H KOMilaKTHbIH HOCHT€Jlh, T. e. paBHa HYJIIO 

BHe KOHe'IHoro HHTepBana. KpoMe Toro, npe.n;noJIO)KHM, 'ITO 

Jp'(y)J > C > 0 .n;JIH Bcex y, r.n;e a(y) # 0. 

Tor.n;a MO)KHO yTBep)K,ll;aTh, 'ITO ,ll;JIH nro6oro 'IHCJia N cyrn;ecTByeT 

nocTOHHHaH CN TaKaH, 'ITO 

,IWyrHMH CJIOBaMH, Mbl YTBep)K,ll;aeM, 'ITO HHTerpan CTpeMHTCH K Hy­

JIIO 6hICTpee, qeM nro6aH 0Tpn11aTeJibHaH CTeneHh k. ,II:eiicTBHTeJihHO, 

paCCMOTpHM .n;HcPci>epeHI1HaJihHhIH onepaTop 

D = _1_!__ 
p'(y) f)y' 

KOTOpbIH (B CHJIY Haurnx .n;onyrn;eHHH) HMeeT CMhICJI B o6JiaCTH, r.n;e 

a(y) # 0, H 

Deikp(y) = ikeikp(y) 

HJIH 

eikp(y) = ..!._(Deikp(y)) 
ik . 

I eikp(y)a(y) dy =Ii~ (Deikp(y))a(y) dy 

= j ..!._ (!__ eikp(y)) a(y) dy 
ik ay p'(y) 

= ~I eikp(y)c(y) dy, 

1 {) (a(y)) 
c(y) = -i f)y p'(y) . 
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3.n;ech Mbl rrpOHHTerpHpOBaJIH ITO qacTf!M H BOCITOJib30BaJIHCb TeM, 

qTo <i>YHKIJ;Hf! a BMeCTe co CBOHMH rrpoH3BO,ll;HbIMH paBHa ttymo Ha 

rpaHHrr;ax o6JiaCTH HHTerpnpoBaHHf!. <I>yttKQHf! c o6Jia,n;aeT TeMH )Ke 

CBO:ii:CTBaMH, qTo H a, Il03TOMY 3TY rrporr;e.n;ypy MO)}{HO ITOBTOpHTb H 

IlOJiyqHTb 

j b(y)eikp(y) dy = k~ j CN(y)eikp(y) dy 

,ll;Jif! COOTBeTCTBy1mrr;eii <i>YHKIJ;HH c N (y). EcJIH Terrepb o6o3ttaqHTh 

TO ttarne yTBep)K,ll;eHne ,n;oKa3aHo. 

PaccMoTpHM Terrepb o6irr;nii cJiyqafi. ITo-rrpe)}{tteMy cqHTaeM, qTo 

a - rJia,n;Kaf! <i>YHKU,Hf! c KOMITaKTHbIM HOCHTeJieM. Ho Terrepb Mbl 

He HCKJI10qaeM, qTo p' (y) HMeeT HYJIH. O.n;ttaKo rrpe.n;rroJiaraeM, qTo 

<i>YHKIT;Hf! p HMeeT KOHeqHoe qHcJio KpHTHqecKHX TO'·IeK YI, ... , Yr 
(B KOTOpbIX p'(y) = 0), H qTo p"(y) -=I 0 B Ka)}{,ll;Oii H3 HHX. Tor.n;a 

YTBep)K,ll;aeTCf!, qTo 

I . (27r) 1/2 r e±7ri/4eikp(yj) ai . 
a(y)e•kp(y) dy rv - '""" (ao . + ---2:L + ... ) 

k f:1_ Jlp''(yj)I ,J k , 

r.n;e ao,j = a(yj) = aj' a OCTaJlbHbie K03<l:><l:>Hrr;HeHTbI Bbipa)}{aIOTCf! 

qepe3 a, p H HX rrpon3BO,ll;Hhie B ToqKe Yj. 3ttaK + B <l:>yttKrr;nn e±7ri/4 

6epeTCf! B TOqKe MHHHMyMa, r.n;e p" (Yj) > 0, a 3HaK - B TOqKe MaK­

CHMyMa, r.n;e p" (Yj) < 0. B 3TOii <l:>opMyJie <i>YHKIT;Hfl p rrpHHHMaeT 

Beirr;ecTBeHHbie 3HaqeHHfl, a <i>YHKIJ;Hf! a MO)KeT 6bITb KOMTIJieKCHO:ti 

<i>YHKIT;Heii y. 9To Ha3bIBaeTCf! <l:>opMyJioii CTarr;HOHapttoii <l>a3bI. ,ll;o­

Ka)}{eM ee. B oKpeCTHOCTH K~,n;oii KpHTH'leCKoii ToqKH Yi MO)}{HO 

HaiiTH TaKyIO KOOp,ll;HHaTy s, ,ll;Jlf! KOTopoii 

p(y(s)) = ±s2 /2 

( 3HaK BbI6HpaeTCfl B 3aBHCHMOCTH OT 3HaKa p" (Yj)). C,n;eJiaeM 3aMeHy 

rrepeMeHHO:ti H rroJiyqHM 

dy 
ds 

1 

JIP"(yj)I 
B ToqKe Yj· 
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p 

'Pl 'P2 'P3 Cfj n n n 
Yi 

P:ac. 21.4 Pttc. 21.5 

9THM OO'h5ICH5IeTc5I MHO)KHTeJih 1/ J)p"(yj)) B c}:>opMyne CTaIJ;HOHap­

Hoii cPa3bI. 

B oKpecTHOCTH Ka:*,n;oii TO'IKH Yi orrpe,n;eJIHM TaKyro c}:>yHKIJ;HIO 

</>i, 'ITO </>i = 1 B6JIH3H Yi H </>i = 0 BHe MaJIO:il oKpecTHOCTH, r,n;e orrpe­

,n;eneHa rrpo.u;e.n;ypa 3aMeHhI rrepeMeHHOii (pttc. 21.4); rrpH'IeM oKpecT­

HOCTH pa3JIH'IHhIX TO'IeK He rrepeceKalOTC5I (pttc. 21.5). Tor,n;a c}:>yHK­

.u;m1 

b =a - (a1</>1 + a2</>2 + · · · + arc/>r) 

HMeeT KOMIIaKTHhIH HOCHT€Jlb H p' (y) # 0 Be3,n;e, r,n;e b(y) # o. TaKHM 

o6pa3oM, MO)KHO IIpHM€HHTb rrpe,n;hI,ll;YID;Hii pe3yJibTaT Kb H IIOJIY'IHTb 

j eikpady = L j eikp(aic/>i) dy + O(k-N) 

)J,JIH n106oro 3Ha'IeHH5I N. Ka)K)J,blii 'IJieH cyMMhI MO)KHO paccMoT­

peTh OT)J,eJihHO, c,n;eJiaB B HeM COOTBeTCTBYlOIIJ;YlO 3aMeHy rrepeMeH­

HOH. ,I.I;n5I j-ro cnaraeMoro rronyqaeM 

J ±iks
2 
/2 ( .A.. dy) d e aJ'f'J ds s. 

Orrpe,n;eJIHM c}:>yHKD;HlO 'ljJ paBeHCTBOM 

dy 
'ljJ = aic/>i ds · 

Tor,n;a cPYHKIJ;HH 'ljJ HMeeT KOMIIaKTHhIH HOCHTeJib, H Mhl CBeJIH 3a,n;aqy 

K Bhl'IHCJieHHlO HHTerpana 

1-: e±iks2;2'1j;(s)ds. 

l.JT06h1 3TO c,n;enaTh, cHaqana paccMoTpHM rayccOBhI HHTerpanhI. Mh1 

y)Ke CJierKa KOCHYJIHCh 3TOro BOIIpoca B rrpe)J,bl,ll;YIIJ;€H rJiaBe. 
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21.3. rayCCOBbl HHTerpaJihl 

MaTepn:a.n, H3JiaraeMhIH B 3TOM rraparpa<Pe, OCHOBhrnaeTc51 Ha paBeH-

CT Be 

_1_ 100 e-x2;2 dx = 1. 
J27r -oo 

Ero MO)KHO ,ri;OKa3aTh, B35IB KBa,ri;paT OT neBoii -qacTn: 

[
_l_ 100 e-x2 ;2 dx] 2 = _!_loo loo e-(x2+y2)/2 dx dy 
J27r -oo 27r -oo -00 

= _!_ {21f {oo e-r2 ;2r dr dO 
27r lo lo 

= hoo e-r2/2r dr = 1. 

_1 _ 100 e -x2 /2-,,,x dx 
J27r -oo 

CXO,ll;HTC5I paBHOMepHO ,ll;J15I BCex KOMIIJieKCHhIX 3HaqeHHH 'f/ B rrpo­

H3BOJihHOH KOMrraKTHoii o6nacTn:. Cne,ri;oBaTeJihHO, 3TOT HHTerpa.n 

orrpe,ri;enReT atta.nn:THqecKyID cPYHKD;HID, KOTopyID MO)KHO Bh1qn:cnn:Th 

,ll;J151 Bei:u;ecTBeHHhIX 'f/ H IIOTOM aHa.JIHTJiqecKH rrpo,ri;OJI)KHTh. ,II:JI5I Be­

i:u;ecTBeHHOro 'IHCJia 'f/ IIOKa3aTeJib 3KCIIOHeHThl ,ll;OIIOJIH5IeM AO IIOJI­

Horo KBa,ri;paTa n: ,ri;enaeM 3aMetty rrepeMetttto:H 

_1_ 100 e-x2/2-x,,, dx = _1_ 100 e-(x+T/)2+,,,2/2 dx 
J27r -oo J27r -00 

= e"'2;2_l_ 100 e-(x+,,,)2/2 dx 
J27r -oo 

= e"'212. 

9Ta <PopMyJia Beptta ,ll;JI5I Bcex KOMrrJieKCHhIX 'f/· Ecnn: B35ITh 'f/ = i(, 

_l_ 100 -x2 /2-i(x d - -(2 /2 rr>= e x-e . 
v ~7! -oo 

,II:pyrn:Mli CJIOBaMH, rrpeo6pa30BaHHeM <l>ypbe cPYHKD;HH e-x
2 

/
2 5IBJ15I­

eTC5I e-(
2 

/
2 . Teneph rroJIO)KHM x = ../Xu, r,ri;e ../X > 0 - rroJIO)Kn:TeJih­

ttoe Bei:u;ecTBettttoe qn:cno. Tor,ri;a dx = ../X du. IloJIO)KHB ~ = ../X (, 
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rrony-qaeM 

_1_ j ->.u2 /2 -i~u d __ 1_ -e /2 v'21f e e u - v'21fe . 

8ToT HHTerpan cxo,ri;HTC51 ,ri;JI51 Bcex A. rrpH ycnoBHH, "<ITO Re >. > 0 H 

>. # 0. ,l.l;eiicTBHTeJibHO, ,z:i;n51 S > R > 0 HMeeM 

B rrocne,ri;HeM HHTerpane MO)KHO HarrHcaTb 

H e:rn;e pa3 rrpoHHTerpHpoBaTh rro -qacT51M. Tor,ri;a rrony"<IHM 

0TcIO,ri;a BH,Il;HO, "<ITO cpyHKlJ;H51 

1 ->.x2 /2 d --e x 
v'21f 

paBHOMepHo (HO He a6comOTHO) CXO,Il;HTC51 no >. B npOH3BOJibHOH 06-

JiaCTH BH,Il;a 

Re>. > 0, i>.I > &, npH n1060M & > 0. 

C,ri;enaeM aHaJIHTH"<IecKoe rrpo,ri;OJI)KeHHe. 3Ha"<IeHH51 cpyHKIJ;HH 3a,ri;a­

IOTC51 TOii )Ke cpopMyJIOH, "<ITO H npH Be:rn;ecTBeHHbIX IIOJIO)KHTeJib­

HbIX >., HO Tenepb KBa,ri;paTHbIH KOpeHb )J;OJI)KeH 6bITb aHaJIHTH"<IeCKHM 

npo,ri;OJI)KeHHeM noJIO)KHTeJihHOro KBa,ri;paTHoro KopH51. B -qacTHOCTH, 

ecJIH B351Tb >. = -ir, r > 0, TO 

H 
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Ecmr B3HTh A = ir, TO amlJiorwrno 

Teneph MO)KHO 3aKoHqHTh ,npKa3aTeJihCTBO Q:>opMyJihI cTallMOHap­

HOH Q:>a3bl. ,Il;JISI 3Toro HaM H~O TIOJiyqHTh aCHMTITOTHqecKyIO 011eHKY 

HHTerpaJia BH,ll.a 1-: e±iks2 ;2'1j;( s) ds 

r,L1.e 'If; - <l>YHKllHSI c KOMIIaKTHhlM HOCHTeJieM, KOTOpaH HM€€T BH,ll. 

'lj;(s) = 'lj;(O) + sx(s). 

y MHO)KHM 3TO paBeHCTBO Ha <i:>YHKllHIO p, KOTOpaH TO)K,ll.€CTB€HHO 

paBHa 1 TaM, r,L1.e 'If; # 0 H paBHa HYJIIO ,ll.JIH 6oJihIIIHX 3HaqeHMH Isl. 
Tor,L1.a 

'lj;(s) = 7/Jo(s) + sp(s)x(s), 

r,L1.e 

7/Jo(s) = p(s)'lf;(O) = 'lj;(O) B6JIH3H s = o. 
TaKMM o6pa3oM, 

J 7/Jo(s)e±iks
2

/
2 ds = 2

; e±i/4 + rrorpeIIIHOCTh, 

r,L1.e rrorpeIIIHOCTh y6hIBaeT 6bICTpee JII06o.H CT€II€HH k. 0,ll.HaKo, 

J s[p(s)x(s)]eiks
2
/2 ds = ~ J[p(s)x(s)]~ e±iks

2
/2 ds 

±1k ds 

= - i~ J ! [p(s)x(s)] · e±iks2;2 ds, 

H (d/ds)[p(s)x(s)] paBHHeTCH HyJIIO ,ll.JIH 60JihIIIHX Isl. 9Ty rrpo11e,L1.ypy 

MO)KHO IIOBTOp51Th, IIOKa He IIOJiyqHM aCHMIITOTHqecKHH p51,ll., qTo H 

3aBepIIIaeT ,ll.OKa3aT€JihCTBO HaIIIeli Q:>opMyJihl. 

,IJ;aBaliTe rroJiyqMM n-MepHyIO BepcMIO rayccoBa MHTerpaJia. IIycTh 

C:) -•eKTOPHaH nepeMeHHaH H Q = 
(

±r1 0 ) 

0 ±rn 
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HBJIHeTCH MaTpnu,eit n x n ,II,JIH BCex Ti > 0 H sgn Q paBHHeTCH 

qncny rrnrocoB MHHyc qncno MirnycoB. Tor,II,a lr1I · · · lrnl = I Det(Q)I. 
YMHOMaH <l>opMyJihI ,II,JIH O,IJ,HOMepHhIX HHTerpanoB, rronyqaeM 

(27r~n/2 j exp (~Qx · x) exp(-ie · x)dx = IDet(Q)l-
1
/
2 

- exp ( :isgnQ) x exp (-~Q-1e. e)' 
r,IJ,e Terrepb e -TOMe BeKTOp, a Q-l - o6paTHaH MaTpHll,a. JfraK, Mbl 

,IJ,OKa3aJIH cPOPMYJIY ,II,JIH ,II,HaroHaJihHOit MaTpHll,bl Q. 0,n;HaKO, ,ll;JIH 
mo6oit Hec1rnrym1pHOit CHMMeTpH'IHOit MaTpHll,bl Q MO)KHO Haii:TH 

opToroHaJihHYIO MaTpney 0 TaKyro, ~IT06h1 MaTpHll,a OQo-1 6bma 

,n;naroHaJibHOM. 9To 3Ha'IHT, 'ITO rronyqeHHaH BbIIIIe <i>opMyJia BepHa 

,n;n.a BCex TaKHX MaTpHll, Q. 
MbI MOMeM ncrroJib30BaTh n-MepHyIO Bepcnro rayccoBa HHTerpa­

na, 'IT06hI IIOJIY'IHTb n-MepHyIO BepCHIO cPOPMYJibl CTall,ImHapHOit <Pa-
3bl. IlyCTb p - cPYHKll,H.8 c KOHe'IHblM 'IHCJIOM KpHTH'IeCKHX TO'IeK. 

Ilpe,n;rroJIO)KHM, 'ITO Bee KpHTli'IeCKHe TO'IKH cPYHKll,HH p HeBblpOM­

,n;eHbl. Tor,n;a reccnaH 

5IBJI.aeTCH HeBblpOM,ll;eHHOit MaTpHll,eit BO Bcex KPHTH'IeCKHX TO'IKax 

Yi. IlycTh fJ = rJj o6o3HaqaeT cnrHaTypy j-it KpHTH'IeCKoit TO'IKH. 

Tor,n;a 

I a(y)eikp(y) dy 

(
27l")n/2 eTriu/4 ( al(Yj) ) 

rv k L JIDet(H(yj))I a(yj) + -k- +... ' 

r,n;e cyMMa 6epeTCH ITO BCeM KPHTH'IeCKHM TO'IKaM. 3,n;ecb BeJIH'IH­

Hbl a 1 ( y j) ' a2 ( y j) H T. ,n;. BblpaMaIOTC.a qepe3 cPYHKll,liH a H p H HX 
rrpoH3BO,lJ;Hhie pa3JIH'IHhIX rrop.a,n;KoB B TO'IKax Yj. 
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21.4. I'pynnoBa.H CKOpOCTb 

B KaqeCTBe npuMeHemrn: MeTo,n;a CTan;uottapttoii cpa.3bI B o,n;HoMepttoM 

npocTpaHCTBe pacCMOTpHM CJie,l];yIOIIzyIO CIITyan;mo. IlycTb y nae eCTb 

ceMeHCTBO 6eryin;ux BOJIH 

e-(i/h)(E(p)t-px) 

' 
r,n;e h - MaJioe qucJio, TaK 'ITO 1/h urpaeT pOJib Ramero 6oJibmoro 

napaMeTpa k. BoJIHOBoe qucJio ,n;JIH npocmpm-tcmBettttou Bapuav,uu 
pasno p/h B K8.)K,It;bIH MOMeHT BpeMeHH t. MbI noJiaraeM, 'ITO E 3a­

BHCHT OT p, T. e. Ka)K,Il,aH BOJIHa HMeeT CBOIO CKOpOCTb. Ilpe,n;noJIO­

)KHM, 'ITO Mb! CJIO)KHJIM ceMeHCTBO 6eryin;ux BOJIH, 'ITO Bhlpa:>KaeTCH 

llHTerpaJIOM BH,It;a 

j a(p)e-(i/h)(E(p)t-px) dp. 

,Il;aJiee, npe,n;noJIO:>KHM, 'ITO cpyHKIT;MH a(p) cocpe,n;oToqena BOKpyr 

HeKoToporo cpuKcHpOBaHttoro 3Haqemrn PO· ,Il;pyrMMH CJIOBaMH, MbI 

npe,n;noJiaraeM, 'ITO <l>YHKIT;HH a OTJill'IHa OT HYJI.SI TOJibKO ,n;mr 3Ha­

qeHMH p B He6oJibIDOii OKpecTHOCTH PO· CorJiactto MeTo,n;y CTan;uo­

Hapttofi cpa.3bI, cyin;ecTBeHHblH BKJia,n; B llHTerpaJI B03HMKaeT TOJibKO 

OT TeX 3Ha'IeHHH p, r,n;e npOH3BO,It;HaH no p IlOKa.3aTeJIH 3KCITOHeHTbl 

paBHHeTCH nymo, T. e. TOJibKO npu ycJIOBMH, 'ITO 

E'(p)t - x = 0. 

IloCKOJlbKY a(p) paBHHeTCH Hymo, eCJill p He Jie:>KHT B MaJIOH OKpecT­

HOCTll Po, TO 3TO ypaBHeHHe ,n;aeT HaM CBH3b Me:>K,n;y x ll t. lfa ypaBne­

HllSI cJie,n;yeT, 'ITO HHTerpaJI npaKTM'IeCKH paBeH HYJIIO Be3,n;e, KpoMe 

Tex 3Ha'IeHMH x ll t, ,ll;JIH KOTOpbIX paBeHCTBO 

x = E'(po)t 

BbIIlOJIHSieTCSI npu6JIH)KeHHO. ,Il;pyrHMH CJIOBaMH, llHTerpaJI BbII'JIH­

,It;HT KaK He60JibillOH crycTOK, ecJIH paccMaTpHBaTb ero KaK cpyHK­

D;HIO x' npuqeM 3TOT crycTOK ,ll;BH:>KeTCH co BpeMeHeM co CKOpOCTbIO 

E' (p). (9ToT crycTOK Ha.3bIBaeTCH BOJt'HOB'btM na'/\,emoM, a ero cKo­

pocTb E' (p) Ha.3bIBaeTcH 2pynn0Bou C'/\,Opocm'b'lo.) 



21.4. rpynnOBaH CKOpOCTb 1081 

,II,asaii:Te HCCJie,nyeM, KaKOH ,npm1rna 6h1Tb cPYHKIJ,HOHaJibHaH 3a­

BHCHMOCTb E OT p, ecJIH rroTpe6osaTb, 'IT06b1 Bb1pa:>KeHHe E · t - p · x 
6bIJIO irnsapHaHTHO OTHOCHTeJibHO rrpeo6pa3oBaHHii JiopeHii;a. Co­
rJiaCHO rrpeo6pa3osamno JiopeHii;a, TO'IKa (t, x) Mo:>KeT rrepeiiTH B 

TO'IKY (t', x') rrpH ycJIOBHH, 'ITO BbIIIOJIHHeTcH paseHCTBO 

Tor.n;a (E,p) rrpeo6pa3yeTcH B (E',p'), rrpH'IeM 

E2 _ c2p2 = E'2 _ c2p12. 

TaKHM o6pa3oM, e,n;HHCTBeHHaH HHBapMaHTHaH CBH3h Me:>K,ny E H p 
HMeeT BH,ll; 

E 2 
- c2p2 = const. 

06o3Ha'IHM 3TY KOHCTaHTy m 2c 4 , TaK 'ITO 

HJIH 

Tor.n;a 

' pc2 p 
E (p) = E(p) = M' 

r.n;e 

E(p)=Mc2 H M=(m2 +(pc) 2 ) 112 , 

TaK 'ITO, ecJIH p/c MaJIO rro cpastteHHIO c m, TO M ~ m). EcJIH 

C'IHTaTb, 'ITO M - aTo .Macca, TO CBH3h Me:>K,ny rpyrrrrosoii cKopocTbIO 

E' (p) H p - 3TO B TO'IHOCTH cooTHOllieHHe Me:>K,ny CKopoCTbIO H 

HMIIYJibCOM. TaKHM o6pa3oM, MhI CBH3aJIH BOJIHOBoe 'IHCJIO k = p/h 
c HMIIYJibCOM p, a COOTBeTCTByroui;aH ,ll;JIHHa BOJIHbl 

A=..!:.=!!. (<l>opMyJia .n;e BpoiiJJH). 
k p 

EcJIH C'IHTaTh, 'ITO E - 3Heprmi:, TO CB}l3h Me:>K.n;y 3HeprHeii H qa­

CTOToii l/ BpeMeHHOH BapHa!lHH .n;aeTCH cPOPMYJIOH 

E = hv ( <l>opMyJia 9iiHIIITeiitta). 
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B 3THX <PopMyJiax CTOHT MaJihiii napaMeTp h, KOTOpbIH MhI ycTpeMJIH­

JIH K HJJIIO. BeJIHKOe OTKpbITHe KBaHTOBOH MexaHHKH COCTOHT B TOM, 

qTO rrapaMeTp h He .n;omKeH CTpeMHTbCH K HJJIIO. '.:ho cPYH,lJ;aMeH­

TaJihHaH KOHCTaHTa npHpO,lJ;hI, H3BeCTHaH KaK IIOCTOHHHaH IlJiaHKa. 

B <PopMyne 9:HHmTe:HHa oHa B03HHKaeT KaK MHO)KHTeJih, CBH3hIBa­

rorn;uii 3HeprHIO H o6paTHOe BpeMH, CJie,n;oBaTeJibHO, ee pa3MepHOCTh 

3HeprHH x BpeM51. 3HaqeHHe IIOCTOHHHOH IlnaHKa paBHO 

h = 6.626 x 10-34 ,n;)K . c. 

21.5. <l>opMyJia o6paTHoro rrpeo6pa30BaH1u1 
<l>yphe 

,Il;aBaiiTe paCCMOTPHM oqeHh Ba)KHOe rrpHMeHeHHe cPOPMYJibl CTaII,HO­

HapHOH cPa3hI. IlycTh n = 2, Koop,n;uHaTbI o6o3HaqHM x H f Bo3hMeM 

cPYHKII,HIO 

p(x, e) = Pri(x, e) = x(e - 17), 

r,n;e 17 - cPHKCMpOBaHHOe qlfCJIO. 9Ta cPYHKII,HH HMeeT TOJihKO O,lJ;HY 

( HeBblpO)K,lJ;eHHYIO) KpHTifqecKyro TOqKy, a HMeHHO 

x = o, e = 17 

c CHrHaTypo:H <7 = 0. 
Tor.n;a 

2~ I eikx(~-TJ)a(x, e) dxde = ~ ( a(O, 17) + ~ + ... ) . 

9Ta cPOpMyJia 6hIJia )1;0Ka3aHa )1;JIH a(x, e) C KOMIIaKTHbIM HOCHTe­

JieM. ,Il;aJibHe:Hmee o6o6rn;eHHe ,11;0Ka3aTeJibCTBa IIOKa3bIBaeT, qTo OHa 

ro,n;HTCH )1;JIH cPYHKII,HH, o6parn;arorn;HXCH Ha 6eCKOHeqHOCTH B HJJib 

BMeCTe co CBOHMH rrpOH3B0)1;HbIMH JII06oro rropH,n;Ka. IlpuqeM OHH 

CTpeMHTCH K HJJIIO 6bICTpee, qeM JII06aH OTPHII,aTeJihHaH CTeIIeHb k. 
B qacTHOCTH, .n;orrycTMM, qTo 

a(x, 0 = J(x)g(e), 
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r)I.e f H g - rJia)I.KHe <PYHKIJ;HH 0)1.HOfi rrepeMeHHOfi, 6bICTpO CTpeMH­

Iu;HeCH K HYJIIO Ha 6ecKOHeqHOCTH BMeCTe co CBOHMH rrpOH3BO)I.HbIMH. 

Tor)I.a MO)f(HO HarrHcaTh 

__!__ff f(x)g(~)e-ikx({-ri) dx d~ = ! f(O)g(17) + 0 (__!__) . 
271" k k 2 

B 3TOM HHTerpane C)I.eJiaeM 3aMeHy rrepeMeHHoli u = kx. Tor)I.a 

! f(O)g(17) + 0 (__!__) = - 1 J f (~) g(~)e-iu({-ri) dud~ 
k k2 27rk k 

= ~ ~ J J (~) eiuri ( ~ j g(~)e-iu{ d~) du. 

IlyCTb [J - <1>yp'be-o6paa <PYHKIJ;HH g' orrpe)I.eJieHHbIH <PopMyJIOH 

[J(u) = ~ J g(~)e-iu{ d~. 
Ilo)I.CTaBHM 3TO Bbipa)f(eHHe B rrpe)I.bl)J.ylIJ;YIO <PopMyJiy H IIOJiyq11M 

~ ~ J f (*) [J(u)eiuri du= ~f(O)g(17) + 0 (k~). 
Ilpe)I.IIOJIO)f(HM, qTQ <PYHKIJ;HH f y)I.OBJieTBopHeT ycJIOBHIO f (0) = 1. 
Tor)I.a 

-
1
-/ f (~) g(u)eiuri du= -

1-f g(u)eiuri du+ 0 (!). v1'Fff k v1'Fff k 

IlepeXO)I.H K rrpe)I.eJiy k ---t oo, IIOJiyqaeM 

1 J . g(17) = v1'Fff [J(u)e-iuri du. 

9Ta <PopMyJia Ha3hIBaeTCH <fiop.My.1wu 06pamtto20 npeo6paaoeattuR 
<Pyp'be. 0Ha IIOKa3hIBaeT, KaK BOCCTaHOBHTh <PYHKIJ;HIO ITO ee <l>yphe­

o6pa3y. 

AHanor11qHo )I.OKa3bIBaeTCH <PopMyJia )I.JIH rrpocTpaHCTBa n H3Me-

peHHH 

( ) 1 J A ( ) -iuri d g 17 = (27rr12 g u e u. 
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21.6. Ac11MnToT1P1ecKa.s.c ou,eHKa <l>opMyJihI 

reJibMrOJibIJ,a 

IlycTh u HBJrneTCH pememi:eM ITp1rne,L1.eHHoro BOJIHOBoro ypaBHemrn 

(Ll + k2 )u = 0 B TpexMepHOM rrpocTpaHcTBe. B ITaparpa<Pe 19.6 MhI 

ITOKa3aJIH, qTo ecJIH u y,ll.OBJieTBOpHeT 3TOMY ypaBHeHmo, TO ,ll.JIH TO­

'IeK p BHe HeKOTopo:ii 3aMKHYTOH ITOBepxHOCTH s' pa6oTaeT <PopMyJia 

reJibMrOJihIJ;a 

u(P) = 4~ Ifs ( e~r *du - U*d ( e~r)). (19.2) 

IlpH 3TOM ,ll.JIH ToqeK P BHYTPH S TOT )Ke HHTerpa.rr paBeH Hymo. TaM 

Mbl YITOMHH8.JIH1 qTO reJihMrOJihIJ, TaKHM o6pa30M o6'bHCHHJI ITpHH­

IJ;HIT r10:iireHca - OTCYTCTBHe o6paTHblX BOJIH. 0,ll.HaKO, o6parn;eHHe 

HHTerpaJia B HYJih BHYTPH S 3aBHCHT OT BKJia,ll.OB co Bceli ITOBepx­

HOCTH. <l>peHeJih ITOJiaraJI, 'ITO eCJIH 6bI BHYTPH s 6hIJIH BCe BOJIHhI, 

TO HHTerpaJI OT Ka)K,ll.oro MaJIOro 3JieMeHTa ITOBepXHOCTH ,ll.aBaJI 6b1 

HyJieBoli 3<P<PeKT BHYTPH 3a c'IeT HHTep<l>epemi;HH. 11cITOJih3YH Me­

TO,ll. CTaII,HOHapHOH cPa3bI, Mbl celiqac ITOKaMeM, qTo <l>peHeJib 6bIJI 

ITpaB c TOqHoCThIO ,ll.O 'IJieHoB ITOpH,ll.Ka 1/k. Kor,L1.a MhI ITPHMeHHeM 

MeTO,ll. CTaII,HOHapHOH cPa3hI, cPYHKIJ,HH u B ITpaBOH qaCTH cPOPMYJibl 

OCIJ,HJIJIHpyeT. Ilpe)K,ll.e, qeM ,ll.BHraTbCH ,ll.aJihIIIe, He06XO,ll.HMO C,ll.eJiaTb 

pH,ll. ITpe,ll.ITOJIO)KeHHH OTHOCHTeJihHO Hee. Ilpe,ll.ITOJIO)KHM, 'ITO B6JIH-

3H ITOBepXHOCTH s 3Ta cPYHKII,HH HMeeT BH,ll. u = aeik</>' r,L1.e a H </> -
rJia,ll.KHe cPYHKIJ,HH. KpoMe Toro, rrycTh II grad </>II = 1. TaKaH cPYHK­

IJ;HH 6y,L1.eT, HaITpHMep, OITHCbIBaTb H3JiyqeHHe OT TO'IKH Q' JieMarn;eli 

BHYTPH ITOBepxHOCTH S, r,L1.e <f>(y) = y - Q. 
,ll;aJiee, ITpe,ll.ITOJIO)KHM, qTo Mbl HaxO,ll.llMCH ,ll.OCTaToqHo ,ll.aJieKO OT 

ITOBepxHocTn S, TaK 'ITO 1/r2 
ITpeHe6pem:HMO MaJIO ITO cpaBHeHHIO 

c k, H 'ITO a H da TOMe MaJihI ITO cpaBHeHHIO c k. Ilo,L1.cTaBHM Bee 

B cPOPMYJIY reJibMrOJibIJ,a ll ITOJiyqHM, qTO qJieH CaMOrO BhICOKOrO 

ITOpH,ll.Ka ( OTHOCHTeJibHO CTeITeHeli k) HMeeT BH,ll. 

ik f" r (a/r)eik(cf>+r)(*d<f>- *dr). 
4?T ls 

3,ll.eCb TOqKaMH CTaIJ,HOHapHOH cPa3bl HBJIHIOTCH TOqKn y Ha ITOBepx­

HOCTH s, r,L1.e </>(y) +grad r(y) ITepITeH,ll.HKYJIHpeH s. IlpH 3TOM B03-

HHKaIOT ,LI.Be B03MO)KHbIX CHTyaII,HH (pHC. 21.6). 
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s 
a) 

grad r(y) 

grad 1.p(y) 

gradr(y) 

6) 

y 

s 

Pnc. 21.6. ,II,ea Tnna: a) grad<f>(y) = - grad r(y), *d<f>(y) = -*dr(y), 
P = y + rgrad<f>(y); 6) grad</>(y) = 2(grad<f>(y),n)n - gradr(y), 

*dcp(y) = *dr(y), P = y - r(2(grad cp(y), n)n - grad r(y)) 

CHa11aJia npe,n;IIOJI02KHM, 'ITO y - HeBhipO)K,ll;eHHfill KpHTH'leCKfill 

TO'lKa THIIa ( 6). "l!JieH caMoro BhICOKOrO nopH,D;Ka B <l:>opMyJie CTau;no­

HapHOit cpa3bl paBeH HYJIIO, H IIOJIHbIH BKJia,D; B <l:>opMyJiy reJibMrOJib­

Ila OT TaKOH TO'lKH y 6y,n;eT IIOpH,n;Ka 1/k. (3aMeTHM, 'ITO eCJIH 6hI 

IIOBepXHOCTb s 6bIJia BhIIIYKJIOit H grad </> 6bIJI HanpaBJieH Hapy2Ky, 

TO ,D;JIH mo6oit TO'lKH P BHYTPH noeepxHOCTH S ece KPHTn11ecKne 

TO'lKH 6bIJIH 6hI Tnna (6). B HeKoTopoM CMhICJie 3TO onpaB,n;hrnaeT 

TO'lKY 3peHHH <I>peHeJIH, 'ITO eCTb JIOKaJihHOe COKpaIIIeHHe o6paTHhIX 

BOJIH.) ,lJ,JIH HeBb!pO)K,ll;eHHOit KPHTH'leCKOH TO'lKH THIIa (a)' IIOCKOJih­

KY *d<f>(y) = -*dr(y), npn BhI'lHCJieHHH BKJia,n;a caMoro BhICOKO­

ro IIOpH,D;Ka B cpopMyJiy CTal!HOHapHOH <l>a3hl Mb! M02KeM 3aMeHHTh 

npe2KHHH HHTerpaJI HHTerpaJIOM BH,D;a 

ik f" r (a/r)eik(<f>+r) d*r. 
271" J s 

9To IIOK83hIBaeT, 'ITO ( c TO'lHOCTbIO .n;o nopH,n;Ka 1 / k) HH,lJ;Yl!HPOBaH­

Hoe emopU"t'l-We U3.lty"tenue OT IIOBepXHOCTH s o6Jia,r:i;aeT CJie,D;yIOIIIH­

MH CBOHCTBaMH: 

(i) ero aMnJinTy,n;a paBHa 3Ha'leHHIO >., yMHo2KeHHOMY Ha aMIIJIH­

Ty.n;y nepBH'lHo:H BOJIHhI, r.n;e >. = 271" / k - ,D;JIHHa BOJIHhii 

(ii) ero cpa3a Ha o,n;tty 11eTBepTh nepno.n;a onepe2KaeT cpa3y nepen11-

Hoit BOJIHhI. (9THM o6'bHCHHeTCH MH02KHTeJih i.) 
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llMeHHO 3TM ,n;Ba CBOHCTBa <I>peHeJih IIOCTYJIMpOBaJI B CBOeii <l>op­

MYJIMpOBKe rrpMHD;MIIa fro:HreHca, M II03TOMY MHOrMe paccMaTpMBaJIM 

ero Teop:mo KaK cJiy'laiiHyro. MhI 3,n;ech rroKa3aJIM, 'ITO 3TM rrpe,n;­

rroJI0:>1<:eHm1 5IBJI5IIOTC5I CJie,n;CTBMeM MeTo,n;a CTaD;MOHapHOH cPa3hI M 

<PopMyJihI feJihMrOJihu;a. 

Terreph Heo6xo,n;n:Mo o6cy,n;MTh cMTyau;n:ro, Kor,n;a KpMTM'leCKMe 

TO'IKM He BhlpO)K,lJ;eHhI. llccJie,rzyeM TO'IKM TMIIa (a). (To'IKM TMIIa 

( 6) paccMaTpMBaIOTCH aHaJIOrM'IHO.) Mhl BOCIIOJih3yeMCH 3,n;ech TeMM 

)Ke apryMeHTaMM, 'ITO M rrpM n:ccJie,n;oBaHMM M3Jiy'leHMH. Orrpe,n;eJIMM 

:3'1Ccno'l-te'l-t'4UM'b'l-We omo6pa;J1CeHue E : S x JR ---> IR3 <l>opMyJioii 

E(y, r) = y + r grad <f>(y). 

Tor,n;a KpMTM'leCKMe TO'IKM Ha IIOBepXHOCTM s, CBH3aHHbie c TO'IKOH 

P, - 3TO KaK pro Te TO'IKM y, ,n;JIH KOTophIX E(y, r) = P, r,n;e 

r = llY - Pll. EcJIM grad <f>(y) He KaCaTeJieH K rroBepxHOCTM S, TO 

E HBJIHeTcH ,n;M<P<PeoMop<l>M3MOM B oKpecTHOCTM (y, 0). 
HeTpy,n;Ho rroKroaTh, 'ITO y - Bhipo)K,n;eHHaH KpMTM'!ecKaH TO'!Ka 

,n;JIH P = E (y, r), ecJIM M TOJihKO ecJIM (y, r) - TO'!Ka, B KOTopo:H 

oTo6paMeHMe E CMHryJIHpHo. B 3TOM cJiy'lae Ha30BeM TO'IKY P <Po­

KaJihHOii TO'IKOH oTo6paMeHMH E B y. EcJIM )Ke P - He <PoKaJihHaH 

TO'!Ka, TO MH,IJ;eKC reccn:aHa <P + r B TO'!Ke y - 3TO 'IMCJIO cPOKaJihHhIX 

TO'leK (c y'leToM MX KpaTHOCTM) B cerMeHTe OT y ,n;o P. ,lI,oKa3aTh 3TO 

Mhl OCTaBJIHeM 'IMTaTeJIIO. 

Pe3IOMe 

A. AcHMITTOTIPieCKOe pa3JIO:>KeHHe HHTerpa.TioB 

,lI,JIH ,n;aHHOH cPYHKD;MM, orrpe,n;eJieHHOH MHTerpaJIOM BM,n;a 

I e-xp(w) dw, 

tta,n;o yMeTh ttaxo,n;HTh o6JiaCTh 3Ha'lettuii w, ,n;aromyro OCHOBHoii 

BKJia,n; B MHTerpaJI ,IJ;JIH 60JihlIIHX x, M IIOJIY'laTb rrepBbie ,n;Ba 'IJie­

Ha aCMMIITOTM'leCKOro pa3JIO)KeHM5I MHTerpaJia. 

B. CTau;110HapmUI <1>a3a 

,lI,JIH MHTerpaJia BM,IJ;a 

j a(y)eikp(y) dy 
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Ha,Ilp yMeTb rronyqaTb cl>opMyJiy )l.mI rrepBblX )l.BYX qJieHOB aCHMIITO­
TllqecKoro p83JIO)KeHHR rrpH 60JibllIHX k. 

MeTo)l.oM cTan;noHapttoii cP83hI Ha,ri;o yMeTh rronyqaTh cl>opMyny 
)l.JIR o6paTHOrO rrpeo6p830BaHHR <l>ypbe. 

21.1. MoJurfiuu,upo6ani-wR rfiytt'K:U,UR Becce.n,R mpemt>e20 poaa onpe,n;emi:eT-

CR HHTerpaJIOM 

ko(x) = - e-xcosht dt. 1 J<Xl 
2 -(X) 

IIony<uITe nepBble ,n;Ba 'lJieHa acHMIITOTH'lecKoro pa3JIO)KeHHR ¢yHK­

IJ;HH ko(x). 

21.2. <l>yHKIJ;HR Beccena Jo(x) onpe,n;enaeTCR HHTerpaJIOM 

Jo(x) = _!.._ {21' eixsint dt. 
27f Jo 

MeTo,n;oM CTan,noHapHofi cPa3hl nony'lHTe nepBhie ,D;Ba 'lJieHa acnMn­

TOTH'lecKoro Pa3JIO)KeHHR J0 (x). 

21.3. BeTa-¢yHKn;HR B(x + 1, x + 1) npe,n;cTaBJIReTca HHTerpaJIOM 

I= 11 [t(l - tW dt = 11 ex(logt+log(l-t)] dt. 

(a) r,n;e Ha6HpaeTCR OCHOBHOH BKJia,D; B HHTerpaJI ,11,JIR oqeHh 60Jih­

illHX x? 

(b) IIony'lHTe rnaBHh!e 'lJieHhI acHMIITOTHqecKoro pa3JIO)KeHHR 

B(x + 1,x + 1). 

( c) 0IIHillHTe B03MO)KHO no,n;po6Hee' KaK IIOJIY'lHTh CJie,D;YIOII1He 

qJieHhI acnMIITOTH'lecKoro pa3JIO)KeHHR. Bhl'lHCJIHTe eIIle 0,11,HH 

qJieH. 

21.4. (a) OnnmHTe npon;e,n;ypy nony11eHHR acHMIITOTH11ecKoro pa3JIO)Ke­

HHR HHTerpaJia BH,D;a 

IIpe,D;IIOJIO)KHTe, 'ITO p( 0) HMeeT e,n;HHCTBeHHYIO KPHTH'lecKyIO 

T0'1KY (}=a Ha 0Tpe3Ke [Bi, 82]. 
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(b) IlpHMeHHTe aTy rrpou;e,zzypy ,ll;JUI IIOJIY'JeHH}l l'JiaBHOI'O 'IJieHa 

aCHMIITOTH'IeCKOI'O pa3JIO:lKeHHH <f>yHKD;HH BecceJIH 

r,n;e n - u;eJioe 'IHCJio. 



TepMO,II;HHaMHKa 

B 3TOH rJiaBe rroK83aHo, KaK BHemHee ,n;mpcpepemJ;HaJih­

Hoe HC'IHCJieH11e HCIIOJih3YeTCR B KJiaCCH'leCKOH TepMo,n;H­

HaMHKe, cJie,n;yR 11,n;eRM BopHa H KapaTeo,n;opH. 

TeMa 3Toif rJiaBhI - paBHOBeCHaR TepMo,n;11HaMHKa, 11Merorn;a51 

HeCKOJibKO BeTBe:li. IlepBaR 113 HHX - «KJiacCH'leCKaH TepMO,IJ;HHa­

MHKa» - HMeeT ,n;eJIO c IIOHHTHRMH TeIIJia H pa60ThI, 113 KOTOpbIX 

CJie,n;yIOT IIOHHTHR 3HTpOIIHH, TeMrrepaTyphI H 3HaMeHHTOe «BTOpoe 

Ha'laJio TepMO,IJ;HHaMHKH». B KJiacc11qecKo:li TepMo,n;HHaMHKe o6cy)l(­

,n;aroTc51 06rn;11e rrpHHIJ;HllhI, HO He ,n;eJiaeTCR IIOIIhITOK OIIHCaTh IIOBe­

,n;eHHe Bern;eCTBa HJIH BhI'IHCJIHTb H3Mep51eMhie BeJIH'IHHhI B paMKaX 

MHKpOCKOIIH'lecKo:li Mo,n;eJIH. BTopaa: BeTBh - «paBHOBecttaR CTaTH­

CTH'lecKaH MexaHHKa» B KJiaCCH'leCKOM HJIH KBaHTOBOM BapHaHTe -

,n;aeT RBHhie cpopMyJihI ,n;JIR BCex «MaKpOCKOIIH'leCKH Ha6Jiro,n;aeMbIX 

BeJIH'IHH» paBHOBecttoro COCTOHHHR B paMKax Mo,n;eJIH aTOMHhIX HJIH 

MOJieKyJIRpHbIX B3aHMo,n;e:liCTBHH. 9TH cpopMyJihI HMeIOT o6rn;yro rrpH­

po,n;y, T. e. BCe OHR HMeIOT o6rn;yro <PopMy H CBR3aHhI c HMeHaMH MaKC­

BeJIJia, BoJihIJ;Matta 11 oco6etttto f1166ca. TpeThH BeTBh 3aHHMaeTCR 

o6'bHCHeHHeM, IIO'leMy 3TH cpopMyJihI pa6oTaIOT, 113yqaeT rrpo6JieMhI c 

TO'IKH 3peHHR TeOpHH Bep05ITHOCTe:li HJIH ,IJ;HHaMHKH, HJIH Toro H ,n;py­

roro, 3aHHMaeTCH rrpo6JieMaMH ycTaHOBJieHHH paBHOBeCHR. B 3TO:li 

rJiaBe Mhl COBCeM HeMHOro 6y,n;eM roBOpHTh 06 3TOif TpeTbe:li BeTBH. 

B rrepBhIX ,n;Byx rraparpacpax paccMaTpHBaeTCH KJiacc11qecKa5l TepMo­

,n;11ttaM11Ka. Ho rrpH 3TOM MhI Ha'ltteM c 'IHCTO MaTeMaTH'leCKOH Teope­

MhI KapaTeo,n;op11, KOTOpaR reoMeTpH'IecKH BIIOJIHe HarJia:,n;tta, XOTR 

ee ,IJ;OK83aTeJibCTBO BO BCex ,n;eTaJIRX Mhl 3aBepmHM B rrpHJIO)l(eHHH 
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K 3TOH rJiaBe. cha T€0peMa HBJIH€TCH MaTeMaTH'IeCKHM HHCTpyMeH­

TOM, cornactto KOTopoMy B paMKax rro)Veo,n;a Boptta H KapaTeo,n;opH 

K TepMO,lJ;HHaMHKe cPYHKIJ;HH 3HTpOIIHH cyrn;eCTByeT. Ilocne 3TOro Mbl 

IIOJIY'IHM pH,n; cPH3H'IeCKHX CJ1€,D;CTBHH TeopHH, a KOHeu; rJiaBbl IIOCBH­

THM paBHOBeCHOH CTaTHCTH'IeCKOH MexaHHKe. 

22.1. TeopeMa KapaTeo,n;opH 

IlycTh a= Ai dx1 +···+An dxn - JIHHeiiHaH ,n;H<P<PepeHIJ;HaJihHaH 

<PopMa B rrpocTpaHcTBe :!Rn, r,n;e see Ai - sern;ecTBeHHbie cPYHKIJ;HH 

Ha 3TOM rrpocTpaHCTBe. Bo3hMeM HeKOTopyro cPHKCHposattttyro TO'I­

Ky p H 6y,n;eM paccMaTpHBaTb 3Ha'IeHHe Q B TO'!Ke p KaK BeKTOp­

CTpOKY (A1(P),. .. ,An(P)). EcJIH 3TOT BeKTOp He paseH Hymo, To 

ero ttynesoe rrpocTpaHCTBO - 3TO (n -1)-Mepttoe rrpocTpaHCTBO scex 

X= (~:) TBKHX,~TO 

IlyCTb "( = x(t) - KYCO'IHO-,D;HcPcPepeHu;HpyeMaH Kp1rnaH. Tor,n;a 

B(±i~))a~::~c~ .:o=~=T:;::)) ~eKT~:n ~~;:)): 
±n(t) 

TO HHTerpan J"Y a= 0. KpHBaH 'Y Ha3bIBaeTCH 1-1,yJ/,eBou 11:pu6ou a, ec­

JIH "( HenpepbIBHa H KYCO'IHO-,n;H<P<i>epeHIJ;HpyeMa H ecm-i: rrpH KIDK,D;OM 

t, ,D;JIH KOTOpOrO orrpe,n;eJieHa x(t), 3Ta x(t) Jie)lrnT B HyJieBOM IIpO­

CTpaHCTBe (A1(x(t)), ... , An(x(t))). Ceifqac MhI xoTHM paccMoTpeTb 

reoMeTpH'IeCKYIO 3a,n;aqy. 

IJpe,D;IIOJIQ)KHM, 'ITO Mbl Ha'IaJIH C HeKOTOpOH TO'IKH p. r,n;e HaXO­

,ll;HTCH Te TO'IKH Q, KOTopbre coe,n;HHHIOTCH HyneBhIMH KpHBhIMH c P? 
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HarrpHMep, rrpe.n;rroJIO)l(HM, 'ITO ,ll,JI51 HeKoTopoil: <l>YHKU,MH f BhIIIOJI­

H51eTC51 paBeHCTBO 

a= df. 

Tor.n;a ecJin: ')' - HyJieBa51 Kpn:BaH, coe.n;n:H51IOII1,a51 P n: Q, MhI n:MeeM 

0 = i a= J(Q) - f(P). 

Tor.n.a f(Q) = f (P). EcJin: df =/= 0, To ypaBHettn:e f = J(P) = canst 

3a.n;aeT (n-1)-MepHyIO IIOBepXHOCTb1 (pHc. 22.1), rrpOXO,ll,51Ill,yIO qepe3 

TO'IKY p' H Q ,ll,OJI)l(Ha 6hITh Ha 9TOH IIOBepXHOCTll. 

Pn:c. 22.1 

Ilpn 9TOM cym;ecTBYIOT TO'IKH, CKOJih yro,n;HO 6JIH3KHe K p' KOTO­

pbie tte MoryT 6bITh coe.n;HHeHbl c p rrocpe,ll,CTBOM HyJieBhlX KpHBhIX. 

To )Ke caMoe Beptto n: B cJiyqae, Kor.n.a a = g df, r.n.e g - HeKo­

Topa51 HeHyJieBa51 cPYHKIJ,HH, H df =/= 0. B caMoM .n;eJie, "( - HyJieBasr 

Kpn:Ba51 ,ll;J151 a, eCJIH H TOJlhKO eCJill OHa 51BJI51€TC51 HyJieBoii: KpHBOH 

,ll;Jl51 g-1 a = df. l1 ycJIOBHH, 'IT06hI 6hITh HyJieBOH KpllBOii:, Te )Ke. 

IloaTOMy, 'IT06hI MO)l(HO 6bIJIO coe,l],MHHTh TO'IKH Q H p HyJieBOH Kpn:­

BOH, Q ,ll,OJI)l(Ha Jie)l(aTb Ha (n - 1)-MepHOH IIOBepXHOCTH f = f (P). 
3aMeTHM, 'ITO eCJIH a = g df' TO da = dg /\ df H II09TOMY 

a /\ da = g df /\ dg /\ df = 0. 

1 B IIpllJIO:lKemrn:x, r.n;e ¢opMa a = df HHTeprrpeTHpyeTCH KaK CHJlOBoe IIOJie, a 

¢YHKD;RH f - KaK ero IIOTeHIJ;HaJI, TaKaH rroaepXHOCTb H83hIBaeTCH 3KBHIIOTeH­

D;liaJibHOH. - IlpUM. pea. 
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A Terrepb paccMOTpHM cl>opMy 

a= dz+ xdy, 

orrpe.n,eJieHHYIO B rrpocTpattcTBe JR3 . B 3TOM cJiyqae da = dx /\ dy H 

a /\ da = dx /\ dy /\ dz 

mrr.n,e He o6parn;aeTC.H B HYJib. IloKa)l(eM, qTo JII06h1e .n,Be TOqKH MO)l(­

HO coe.n,HHHTb ttyJieBOH KpHBOH ,ll;JI.H dz+ x dy. ,Ll;JI.H 3TOrO )J,OCTaToqno 

IIOKa3aTb, 'ITO MO)l(HO coe.n,HHHTb naqano KOOp)l,HHaT 0 c JIIOOOH .n.py­

roli TO'IKOH Q. HanmneM 

Cnaqana rrpe.n,rroJIO)l(HM, 'ITO b f= 0. Terrepb BH)l.HO, qTo och x .HBJI.H­

eTC.H nyJieBoii KpHBoii )l.JI.H a, rroToMy 'ITO dz H dy paBHhI HYJIIO B)l.OJih 

rrp.HMOii z = y = 0. B CHJIY 3THX )l(e rrpHqHH, JII06a.H rrp.HMa.H, rrapan­

JieJihHa.H OCH x, .HBJI.HeTc.H ttyJieBoli KpHBOii ,ll;JI.H a. Terrepb rrycTb 3a 

BpeM.H 0 :::;; t :::;; 1 Mbl C)J,BHraeMC.H B)J,OJib OCH x OT Haqana 0 )J,O TO'IKH, 

X-.H KOOp)J,HHaTa KOTopoii paBHa -c/b. ,Ll;anee )J,BHraeMC.H H3 TOqKH 

(-c~/b) B TOqKy 

B)J,OJib 

(-c/b) ( 0 ) x(t) = 0 + (t - l)b , 
0 (t - l)c 

1:::;; t:::;; 2. 

IlocKOJibKY 

X(t) = G) H (A1(x(t)), A2(x(t)), A3 (x(t))) = ( 0, -~, 1) , 

MbI BH)l.HM, qTo 3TO TO)l(e HyJieBa.H KpHBa.H. HaKOHeII, nepeli.n,eM H3 

TO'IKH 

(-c~/b) B TO'IKY 
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B,IJ;OJib 

(
-c/b) ((t -2)(a - c/b)) 

x(t) = b + 0 , 
c 0 

2 ~ t ~ 3. 

IlocKOJibKY 3Ta rrpHMaH rrapaJIJieJibHa OCH x, OHa TO)Ke HBJIHeT­

CH HyJieBOH KpHBOH. l1TaK, Mbl rrepeIIIJIH H3 TOqKH 0 B ToqKy Q 
B,IJ;OJib HerrpepbIBHOH TpaeKTOpHH - JIOMaHOH, COCTOHIIJ;en ll3 Tpex 

rrpHMOJIMHeHHhIX 0Tpe3KOB. 9Ta TpaeKTOpHH HBJIHeTCH KycoqHo­

.n;mpcl>epett:u;npyeMOH HyJieBOH KpHBOH. 

EcJIH b = 0 rr c I= 0, TO c,z:i;eJiaeM tteMHoro rro-;::wyroMy. Cttaqana 

nepel\lleM Bl\OJih HyneooA KpuooA • roqKy G) . CttaqaJia 111\eM B 

m Bl\Mh X = Z = 0, a 3aTeM B G) Bl\ORb y = c, Z = 0 

( rrapaJIJieJibHO OCH x). HaKoHe:u;, rrepeit.n;eM H3 ToqKH 

(~1) B TOqKy 

B,Il;OJib 

x(t) = (~) + (-(t ~ 3)c) , 2 ~ t ~ 3. 
0 (t - 3) 

IlocKOJibKY B,IJ;OJib 3TOH KpHBOH dz = cdt, dy = -cdt H x = 1, Mbl 

BH,IJ;HM, qTo sz + x dy TO)K,Il;eCTBeHHO paBHO HJJIIO Ha 3TOH KpHBOH, 

rroaToMy oHa - HyJieBaH KpHBaH. Terrepb MO)KHO rrepefiTH B TOqKy 

Q B,Il;OJib rrpHMOit, rrapaJIJieJihHOH OCH x, T. e. KOOp,IJ;HHaTbI y H z 
cPHKCHpOBaHbI, a KOOp,IJ;HHaTa x MeHHeTCH OT 1 .n;o a. 

Kotteqtto, ecJIH b = c = 0, MO)KHO cpa3y rrorracTb HX 0 B TOqKy 

Q B,Il;OJib OCH x. l1TaK, Mbl ,IJ;OKa3aJIH, qTo JII06bJe ,IJ;Be TOqKH B rrpo­

CTpaHCTBe JR3 MO)KHO coe,n;HHHTh ttyJieBoii KPHBOH cl>opMhI dz+ x dy. 
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B rrpocTpaHCTBe JR3 MOMHO paccMoTpeTh TPII TIIrra 1-cl>opM. 

TIIII IJpIIMep 

(i) a, r.n;e a =/:- 0, Ho da = 0 a=dz 
(ii) a, r.n;e da =/:- 0, HO a /\ da =/:- 0 a=xdy 

(iii) a, r.n;e a /\ da =/:- 0 a= dz+xdy 

B cJiyqae (i) MhI 3HaeM, 'ITO ecJIII da = 0, TO JIOKaJihHO MOMHO Haii:­

TII TaKyIO cPYHKIJ,IIIO f' 'ITO a = df. (9TO MOMHO c.n;eJiaTh B JII06oii: 

3Be3.n;Hoii: o6JiaCTII, co.n;epMam;eii:c.H B o6JiaCTII orrpe,n;eJieHII.H a.) EcJIII 

a He o6pam;aeTC.H B HYJih B HeKOTOpoii TO'IKe p' TO II3 TeopeMbl 0 

He.HBHOH cPYHKII,IIII CJie.n;yeT, 'ITO MO)KHO c.n;eJiaTh TaKyIO 3aMeHy rre­

peMeHHOH, 'ITO cPYHKII,II.H f CTaHeT 0).l;HOH II3 KOop.n;1rnaT, CKa)KeM, z. 
~yrIIMII CJIOBaMII, c TO'IHOCThIO ,n;o 3aMeHhl rrepeMeHHOH rrpIIMep II3 

rrepBoii: cTpoKII rrpe,n;cTaBJI.HeT ee o6m;IIii: cJiyqati. MaTeMaTII'lecKa.H 

TeopeMa, KOTopyro Mhl 3,ll;eCh npIIBe,n;eM, roBOpIIT, 'ITO 3TO crrpaBe,n;­

mrno II B ,n;Byx ,n;pyrttx cJiyqa.Hx, T. e. mo6a.H cl>opMa Tttna (ii) HJIH 

(iii) CBO)J;HTC.H K COOTBeTCTByIOm;eMy rrpIIMepy. l103).l;Hee B 3TOM rra­

parpacl>e Mhl ,n;a,n;HM cPOPMYJIHpOBKY TeopeMhl II HaMeTIIM BKpaTu;e, 

KaK ee ,ll;OKa3aTh, a Bee ,n;eTaJIII ,ll;OKa3aTeJihCTBa ,n;a,n;HM B rrpHJIO)Ke­

HHH. TeopeMa II ee ,n;oKa3aTeJihCTBO BepHhI He TOJihKO B TpexMepttoM 

rrpocTpaHCTBe, HO H B rrpocTpattcTBe n II3MepeHIIH. Mb1 yMe Btt,n;eJIII, 

'ITO B CJiyqae (iii) MOMHO coe,n;HHllTh Jiro6yro TO'IKY c JII06oii: 6JIII3-

Jie)Kam;eH: c rroMOID;hIO HyJieBo:ti: KpIIBoii cl>opMhI a. CJie,n;oBaTeJihHo, 

eCJIH cl>opMa a TaKOBa, 'ITO ,ll;Jl.H JII06oii: TO'IKII p cym;ecTBYIOT TO'IKH 

Q, CKOJih yro,n;Ho 6JIH3KIIe K Heii, KOTOphie HeJih3.H coe,n;HHIITh c p 
rrocpe,n;cTBOM HyJieBOM KpHBOii cl>opMhl a, TO HMeeT MeCTO CJiy'laii: (i) 
HJIII (ii). 9To YTBep)K,ll;eHtte, TO'IHee ero n-Mepttoe o6o6m;etttte, H eCTh 

co,n;epMami:e TeopeMhI KapaTeo,n;optt. 

TeopeMa KapaTeo,n;opH. IlycTh a - JIIIHeiiHa.H .n;ttcl>cl>epeHII,II­

aJihHa.H cl>opMa, 06Jia,n;a10m;a.H TeM CBOHCTBOM, 'ITO ,ll;JI.H mo6oii TO'IKII 

p cym;ecTBYIOT CKOJlh yro.n;Ho 6JIH3Klle K Heil: TO'IKll Q, KOTOphie He 

MOryT 6h1Th coe,n;ttHeHhl c p c IIOMOIIl;hIO HyJieBoii KpIIBOH cl>opMhl a. 
Tor,n;a (JIOKaJihHo) cym;ecTBYIOT TaKHe cPYHKII,HH f II g, 'ITO 

a= f dg. 
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9To Bbipa:>Kem1e ,IJ;JIH Q He e,n;IIHCTBeHHOe. ,lJ;eiiCTBIITeJibHO, eCJIII 

H - ,n;ml>cpepeHI11IpyeMaH cpyHKillIH o,n;Hoii rrepeMeHHOii, rrpo1I3Bo,n;­

HaH KOTOpoii HIIr,n;e He paBHa Hymo, II 

G= Hog, 

TO, corJiaCHO 1IeITHOMY rrpaBIIJiy, dG = H'(g) dg. Ilo3TOMY MO:>KHO 

IIIICaTh 

a=FdG, r,n;e G=Hog, F=f/H'(g). 

Ilpe:>K,IJ;e qeM rrpo,n;oJI:>KaTh q1ICT0 MaTeMaT1IqecKoe 06cy:>K,IJ;eH1Ie 

TeopeMhl KapaTeo,n;oplI, ,n;aBaiiTe KpaTKO OIIIIIIIeM, KaK OHa IICIIOJih-

3yeTCH B TepMO,[I;IIHaMIIKe. ,lJ;eTaJihHOe 06cy:>K,IJ;eH1Ie c TOqHbIMII orrpe­

,n;eJieHIIHMII qlITaTCJih Hatt,n;eT B CJIC,Ll;yIOIIICM rraparpa¢e. 

Mo:>KHO II3MepHTh KOJIIIqecTBO TerrJia, BhI,n;eJieHHoe B XIIMIIqecKoii 

peaKillIII, KOTOpaH npo6oaUAaC'b 6 U36eCm'H'btX yc.JW6URX, HaIIplIMep, 

IIplI IIOCTOHHHOM 0675e.Me IIJIII IIplI IIOCTOHHHOM aa6J1,e'HUU. (9TO MO:>K­

HO c,n;eJiaTh, HarrplIMep, B YMHOM rrp1I6ope, Ha3bIBaeMOM Jie,n;HHhlM 

KaJIOplIMeTpoM. OH IICIIOJih3yeT TOT cpaKT, qTo ofrheM Jih,n;a rrplI TaH­

HIIH COKpaIIIaeTCH. IlpH 3TOM B o6hPIHhIX YCJIOBIIHX, qT06b1 pacTaHJIO 

,n;aHHOe KOJIIIqecTBO Jih,n;a, Tpe6yeTCH orrpe,n;eJieHHOe KOJI1IqecTBO TeII­

Jia.) KoJI1IqecTBO TerrJia, Heo6xo,n;IIMOe ,n;JIH He6oJihIIIOro II3MeHeHIIH 

KaKOH-HII6y,n;h BCJIIIqlIHbl (HarrplIMep, IIOBbICIITh TeMrrepaTypy O,Ll;HO­

ro rpaMMa BO,IJ;hI Ha o,n;HH rpa,n;yc IIJIII yBeJI1Iq1ITh ero o6'beM), Kor,n;a 

3KCrrep1IMeHT BbIIIOJIHHCTCH KaKHM-TO 3a,n;aHHbIM crroco6oM, ( rrpH6JIII-

31ITeJihHO) JIHH€HHO CBH3aHO c 3THMH MaJihlMH H3MeHeHHHMII. Il03TO­

MY «KOJIIIqecTBO TerrJia, coo61IIeHHoe» CIICTeMe B paBHOBeCHOM co­

CTOHHIIII, HBJIHeTcH JIIIHeiiHoli ,n;1IcpcpepeHI11IaJihHOii ¢opMoii a. B Te­

qeH1Ie ,n;OBOJihHO ,Ll;OJiroro BpeMeHII 6bIJIO rrplIHHTO cqlITaTh, qTo 3Ta 

¢opMa TOqHaH, T. e. qTo cy1IIeCTByeT TaKaH cpyHKIIHH C (Ha3hmae­

MaH KaJIOp1IqeCKOH)' rrpe,n;cTaBJIHIOIIIaH «IIOJIHOe KOJIHqecTBO TerrJia 

B CHCTeMe», ,Ll;JIH KOTOpoll: Q = dC. ,IJ;pyrlIMII CJIOBaMII, Mbl cqlITaeM, 

qTo «KaJIOpliqecKaH cpyHKillIH» B CIICTeMe II3MeHHeTCH Ha BeJI1Iq1I­

HY coo61IIeHHOro TerrJia. ToJihKO rrocTerreHHO yqeHbie oco3HaJIII, qTo 

¢opMa Q He 3aMKHyTa II II03TOMY He MO:>KeT OIIIICbIBaTh 6ecKOHeqHO 

MaJIOe II3MeHeHIIe KaKOH-JIH6o cpyHKIJ;HII. 

c ,n;pyroii CTOpOHhI, ,Ll;OBOJibHO paHO CTaJIO IIOHHTHO, qTO pa6oTa, 

COBepIII€HHaH Ha,n; CIICTeMoii, TO:>Ke 3a,n;aeTCH JIIIHeHHOH ,n;1I¢cpepeH­

IIHaJlbHOH ¢opMOH w, KOTOpaH He 3aMKHyTa. ,lJ;eiicTBIITeJibHO, rrycTh 
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B D;IIJIIIH,rq>e HaxO,LJ;IITCSI ra.3, TOr,n;a rrpII C)KaTIIII ero rropIIIHeM COBep­

IIIaeTCSI pa6oTa TeM 6oJibIIIaSI, 'leM 60JibIIIe ,n;aBJieHIIe ra3a II COOTBeT­

CTBeHHO BhIIIIe ero TeMrrepaTypa. B,n;aBHM rropIIIeHb B u;nJIHH,rq> rrpII 

BblCOKOH TeMrrepaType, COKpa:ru;aSI o6'heM, II IIOTOM OXJia,LJ;IIM CIICTeMy 

B 3TOM IIOJIO)KeHIIII (rropIIIeHb HeIIO,LJ;BII)KeH, II pa6oTa He COBepmaeT­

CSI), rrpII HII3KOH TeMrrepaType BepHeM rropIIIeHb B IICXO,LJ;HOe IIOJIO)Ke­

HIIe II HarpeeM ra.3 ,n;o TOH )Ke TeMrrepaTyph1, 'ITO II BHaqane. TaKIIM 

o6pa30M, Mbl 3aBepIIIIIJIII «D;IIKJI», T. e. Mbl rrpoIIIJIII B,Ll;OJib 3aMKHyTOH 

KpIIBOH, B,LJ;OJib KOTopoii IIHTerpaJI OT w He paBeH Hymo. (KoHe'IHO, 

3cPcPeKTIIBHblH crroco6 rrpoBepHTb, 3aMKHyTa <PopMa HJIII HeT, - 3TO 

npoHHTerpIIpoBaTh B,Ll;OJih 3aMKHyToii Kp1rnoii. BoT rroqeMy «D;IIKJihI» 

urpaIOT TaKyIO Ba)KHYIO pOJib IIpII II3y'leHHH 3a,n;aq TepMO,LJ;IIHaMHKH.) 

CorJiaCHO nepBo.My 3a?W'HY mep.ModU'Ha.MU'K:u2, HeCMOTpSI Ha To, 

'ITO cPOPMbl a H w He 3aMKHYTbl, HX cyMMa 3aMKHyTa, T. e. d(a+w) = 
o. ~yrHMH CJIOBaMH, rrepBblH 3aKOH TepMO,Ll;HHaMHKH roBopIIT, 'ITO 

( JIOKaJibHO) 

a+w=dU, 

r,n;e u - cpyHKD;HSI CIICTeMbl ( orrpe,n;eJieHa c TO'IHOCTblO ,n;o a,n;,n;HTIIB­

HOH rrocToSIHHoii). 9Ta cPYHKD;HSI Ha3hIBaeTcSI BHympemteu ::mepzueu 
CIICTeMbI. Cy:ru;ecTBOBaHIIe cPYHKD;HH U - 3TO o,n;IIH II3 BapHaHTOB 

3aKOHa coxpaHeHIISI 3HeprIIII. 

BTopoii 3aKOH TepMO,ll.IIHaMHKH cne.n.yeT 113 rroBe,n.eHHSI c11cTeMb1, 

K KOTopoii He rro,n;BO,LJ;IITCSI TerrJia II3BHe. EcnH MbI rroMeCTHM CIICTeMy 

B o60JIO'IKY ( Ha3hIBaeMyIO a,n;Ha6aTII'leCKOH o60JIO'IKOH)' qepe3 KO­

Topyro HeB03MO)KH0 o6MeHIIBaTbCSI TeIIJIOM, TO COCTOSIHIIe CIICTeMbl 

CMO)KeT H3MeHSIThC.H TOJihKO no HyJieBhIM KpIIBhIM cpopMbI a. B rrpII­

po,n;e 3aMe'leHO, 'ITO B 3TIIX YCJIOBII.HX ,n;mr JII06oro COCTOSIHHSI CIICTe­

Mbl cy:ru;ecTBYIOT 6JIII3KIIe COCTOSIHirn, B KOTOpbie HeB03MO)KH0 rrepeii­

TII. CorJiacHo TeopeMe KapaTeo,n;op11, 3TO 3Ha'IIIT, 'ITO cy:ru;ecTBYIOT 

TaKIIe cPYHKD;IIII f II g' ,LJ;JISI KOTOpblX 

a= f dg. 

2K ,!J;BYM OCHOBHhIM rrpllHJ:J;JHiaM TepMO,!J;llHaMllKll B pyCCKO.H3bl'IHOii: JlllTepa­

Type '!acTo rrpllMeH.HeTC.H Ha3BaHlle «Ha'laJIO» BMeCTO «3aKOH». - llpUM. pea. 
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KoHeqHo, 3TO ycJiomre He orrpe,n;em1eT f H g IIOJIHOCThlO, o qeM 

MhI y)Ke I'OBOpHJm BhIIIIe. 0,n;HaKO, aHaJIH3 o6MeHa Me)K,n;y CHCTeMa­

MH, HaxO,n;HIIJ;HMHCH B TeITJIOBOM KOHTaKTe, IIOKa3hIBaeT, qTo B Kaqe­

CTBe cPYHKl.J;HH f MO)KHO B3HTh yHHBepcaJihHYIO cPYHKu,mo T ,n;JIH Bcex 

cHcTeM, Ha3hrnaeMyro a6co.11:10mttou me.Mnepamypou, KOToprui: orrpe,n;e­

JIHTCH c TOqHOCThlO ,n;o ITOCTOHHHOI'O K03cPcPHU,HeHTa ( MaCIIITa6Horo 

MHO)KHTeJIH). 3To 3HaqHT, qTO rrpH cPHKCHpOBaHHOM MaCIIITa6e a6co­

JIIOTHOH TeMrrepaTyphr )l;JIH Ka)K,D;OH CHCTeMbI cPYHKU,HH g orrpe,n;eJIH­

eTCH c TOqHOCThlO ,n;o aMHTHBHOH IIOCTOHHHOH. 06hrqHO 3TY cPYHK­

ll,HIO o6o3HaqaroT 6yKBOH s H Ha3hIBalOT 3ttmponueu CHCTeMbI. llTaK, 

corJiacHo emopo.My amwtty mep.Moauna.Mur;;u, cym;ecTByeT yHHBep­

CaJihHaH TeMrrepaTypa T ( Ha3hrnaeMaa: a6cOJIIOTHOH TeMrrepaTypoii 

H onpe,n;eJieHHruI c ToqHOCThlO ,n;o ITOCTOHHHOro MHO)KHTeJIH)' H )l;JIH 

Ka)K,ll;Oii CHCT€MhI cym;ecTByeT cPYHKll,HH s (Ha3hIBaeMaH 3HTpo1meii 

H orrpe,n;eJieHHruI c TOqHOCThlO ,n;o aMHTHBHOH IIOCTOHHHOH rrpH cPHK­

CHpOBaHHOM MaCIIITa6e TeMrrepaTyp)' ,ll;JIH KOTOphIX 

a= TdS. 

TeMrrepaTypHyro cPYHKU,HIO Bhr6nparoT TaK, qTo6hr oHa Bcer,n;a 6w­

Jia IIOJIO)KHTeJibHOH. Ilpn 3TOM ycJIOBHH H3MeHeHHe 3HTpOIIHH Bcer,n;a 

HMeeT TOT )Ke 3HaK, qTQ H KOJinqeCTBO TeIIJia, coo6m;eHHOe CHCTeMe 

B)l;OJih JII06oro KaCaTeJibHoro BeKTOpa CHCT€MhI (T. e. 6ecKOHeqHo Ma­

JIOe H3MeHeHHe). ITocKOJihKY H3MeHeHHe S B,1J;OJib Jiro6oii 3aMKHyToii 

TpaeKTOpHH ,n;OJI)KHO 6hITh paBHO HYJIID, 3TO 03HaqaeT, qTo ,n;JIH mo-

6oro ll,HKJia, ecJIH r,n;e-TO ,n;o6aBJIHeTCH TeIIJIO, B ,n;pyroM MeCTe OHO 

,n;oJI)KHO H3hIMaThCH. KeJihBHH ,n;an H3BecTHyro <PopMyJIHpOBKY BTO­

poro 3aKOHa TepMO,n;HHaMHKH: «He cym;ecTByeT ll,HKJIHqecKHX rrpo­

u,eccoB, B KOTOphIX B35ITOe y CHCTeMhI TeIIJIO IIOJIHOCThlO rrepexo,n;HT 

B pa6oTy». Pa6oTa MO)KeT rrpoH3B0,1J;HThCH TOJihKO c rroMOIIJ;hIO Terr­

JIOBoii MaIIIHHhI, rrepeno,n;Hm;eii orrpe,n;eJieHHOe KOJIHqeCTBO TerrJia B 

XOJIO)l;HhIH pe3epByap. 

B cJie,n;y10m;eM rraparpa<Pe MhI cro,n;a nepHeMCH H ,n;a,n;nM ToqHhie 

<PopMyJIHpOBKH ncex 3THX 3aKOHOB. A ceiiqac o6cy,n;HM qncTo MaTe­

MaTnqecKn TeopeMy KapaTeo,n;opH. ,II;anaiiTe paccMoTpHM <PopMy 

a= dz+ xdy 

B IIIeCTHMepHOM rrpocTpaHCTBe JR6 c KOop,n;HHaTaMH x, y, z, u, v, 
w. QqenH,n;Ho, qTO JII06rui: KpHBruI, B,ll;OJlh KOTOpoii IIOCTOHHHhI y H 
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z, ~IBJUieTCH HyJieBOM KpHBOH <l:>opMbl a. Ilo3TOMy Mbl MO)KeM )J;BH­

raTbCH H3 0 B mo6yro TOqKy Q rrpocTpaHCTBa JR6 B)J;OJib HyJieBOM 

KpHBOM <l:>opMbl a, CHaqaJia )J;BHraHCb B TpexMepHOM rrpocTpaHCTBe 

u = v = w = 0 JJ.O TOqKH, y KOTOpoii rrepBbie TPH KOOp)J;HHaTbl COB­

rra,r:i;aIOT c COOTBeTCTBYIOIIJ;HMH KOOp)J;HHaTaM TOqKH Q, a 3aTeM y)Ke 

B)J;OJib IIpHMOH JIHHHH JJ.O TOqKH Q. (B,r:i;OJib 3TOH rrpHMOM X, y H Z 

rrocTOHHHb1e.) A Terrepb paccMOTpHM <l:>opMy 

a = dz + x dy + u dv. 

KaK H paHhme, B rrpocTpaHCTBe, r,r:i;e u = v = w = 0, MhI 

JJ.BHraeMCH H3 HaqaJia KOOpJJ.HHaT ,r:i;o ToqKH, rrepBbie TPH KoopJJ.HHaThI 

KOTOpoii COBIIaJJ.aIOT c COOTBeTCTBYIOIIJ;HMH KOOPJJ.HHaTaMH TOqKH Q. 
3aTeM, coxpaHHH 3HaqeHHH x H y, MhI MO)KeM H3MeHHTh HY)KHbIM 

o6pa3oM KOOPJJ.HHaTbI u H v, rroToMy qTo BJJ.OJih JIJ06oii KpHBOii y = 
const <l:>opMa a rrpHHHMaeT Te )Ke 3HaqeHHH, qTo H <l:>opMa dz+u dv, H 

Mbl, TaKHM o6pa30M, CBOJJ.HM K CJiyqa10 TpexMepHoro npocTpaHCTBa. 

HaKoHeu;, MO)KHO H3MeHHTh KOOPJJ.HHaTy w, cPHKCHpya ocTaJihHhie 

IIHTh KoopJJ.HHaT. 

,ll;aJiee paCCMOTpHM cPOPMY 

a = w dz + x dy + u dv. 

IlpeJJ.IIOJIO)KHM, qTO y TOqKH Q KOOpJJ.HHaTa w He paBHa HYJIIO, T. e: 

w(Q) = r -:/= O. CHaqaJia JJ.BHraeMcH OT ToqKH 0 BJJ.OJih npaMoii 

x = y = z = u = v = 0 JJ.O TOqKH, y KOTOpoii KOOPJJ.HHaTa w 
paBHa r. Terrepb MhI ocTaeMCH B rHrreprrnocKOCTH w = r. Ho JJ.JIH 

JII06oii KpHBOM B 3TOM rHneprrJIOCKOCTH <l:>opMa a IIPHHHMaeT Te )Ke 

3HaqeHHH, qTo H <l:>opMa 

a'= rdz' + xdy + udv. 

EcJIH MhI CJJ.enaeM 3aMeHy nepeMeHHoii z' = r z, TO 

a'= dz'+ xdy + udv. 

Teneph, KaK H paHhme, MO)KHO rrpHJJ.aTh HY)KHhie 3HaqeHmI ocTaJih­

HhIM rrHTH rrepeMeHHhIM, HCIIOJih3YH TpexMepHhiii cJiyqaii. AHaJIOrHq­

HO, eCJIH KOOp)J;HHaTa x HJIH u TOqKH Q He paBHa HYJIJO, TO HCilOJib-

3YIOTCH Te )Ke coo6pa)KeHHH, rrpOCTO H3MeHHeTCH pOJib pa3JIHqHbIX 

KoopJJ.HHaT. 
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c .n;pyroil CTOpOHhI, eCJIH TOqKa Q HaXO,Il;HTC.H B TpexMepHOM rro.n;­

rrpocTpaHCTBe, 3a,n;aHHbIM ycJIOBHeM x = u = w = 0, TO mo6a.H KpH­

Ba.H B 3TOM rro.n;rrpocTpaHCTBe .HBJI.HeTC.H HyJieBOH KpHBOH. Ilo3TOMY 

MO)KHO coe,n;MHHTh Ha'IaJIO KOOP,LJ;HHaT c ToqKoii Q. llTaK, B rrpocT­

paHCTBe JR6 MO>KHO pacCMOTpeTb meCTb THIIOB 1-<l>opM. 

(i) 
(ii) 

(iii) 
(iv) 

(v) 
(vi) 

THrr 

0: =/= 0, HO do: := 0 
do: =/= 0, HO 0: /\ do: := 0 
0: /\ do: =/= 0, HO do: /\ do: := 0 
do: /\do: =/= 0, HO 0: /\do: /\ do: := 0 
0: /\ do: /\do: =/= 0, HO do: /\ do: /\ do: := 0 
do: /\ do: /\ do: =I= 0 

IlpMMep 

dz 
xdy 
dz +xdy 
xdy+ udv 
dz +xdy + udv 
wdz + xdy + udv 

HamH paccy)K,n;eHH.H rr0Ka3hrna10T, qTo B cJiyqae <PopMhI THIIOB 

(iii)-( vi) MO)l(HO ,Il;BHraThC.H Me)l(.n;y ,Il;BYM.H JII06bIMH ToqKaMH B,Il;OJlh 

HyJieBOH Kplrnoii. llMeeTC.H MaTeMaTnqecKa.H TeopeMa 0 'HOp.Ma/l,'b'/-WU 

<ftop.Me, corJlacHo KOTopoii ,Il;JI.H mo6oii R3 cl>opM o,n;Horo H3 THTIOB, 

CTO.HII1;HX CJieBa, MO)KHO c,n;eJiaTh JIOKaJibHYIO 3aMeHy KOOp,Il;MHaT, TaK 

qTo B HOBhIX KOOp,Il;RHaTax cl>opMa 0: npHHHMaeT COOTBeTCTBYIOII1;HH 

BR,n;, yKa3aHHhIH cnpaBa. (Ha6pocoK ,n;oKa3aTeJihCTBa 3Toii TeopeMhI 

.n;aeTC.H B npHJIO)KeHHH.) c yqeTOM 3TOro cPaKTa Mbl MO)KeM ,1l;OKa3aTh 

TeopeMy KapaTeo.n;opH B mecTnMepHOM rrpocTpaHcTBe cJie.n;y10ru;HM 

o6pa30M. 

CHaqana rroKa)KeM, qTo 

do:/\ do:/\ do: = 0. 

IIpe.n;rroJIO)KHM npOTHBHoe - Bbrpa)KeHHe do: /\ do: /\ do: He paBHO 

HYJIIO TO)K.n;ecTBeHHO. Tor.n;a B HeKoTopoii TO'IKe P (H TI03TOMY B 

OKpecTHOCTH P) MhI HMeeM ,n;eJio co cJiyqaeM (vi). CJie.n;oBaTeJihHO, ·B 

OKpeCTHOCTH TOqKH p MO)KHO c,n;eJiaTh 3aMeHy KOOp)l;MHaT, TaK qTo6bI 

cl>opMa a HMeJia BM.II;, cTo.Hru;Hii cnpaBa. Ho Tor.n;a ToqKy P MO)KHO 

coe.n;HHHTb c JII06oii TO'IKOH c IIOMOII1;bl0 HyJieBOH KpHBOH cl>opMbl 

a. Ho Be,Il;h MhI rrpe.n;noJio)KHJIH, qTo 'll:a:J1CaaJt TO'IKa HMeeT B cBoeii 

OKpeCTHOCTH TOqKH, B KOTOpble HeJih3.H nonaCTb c ITOMOII1;hl0 HyJieBhIX 

KPHBhrx. IlpoTHBopeqHe! Ilo3TOMY do: /\ do: /\ do: = 0. Ho 3TH )Ke 

paccy)K,n;eHH.H TIOKa3bIBaIOT, qTo 

0: /\do:/\ do: = 0, 
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110CKOJihKY HHalJ:e Mhl 6y,n;eM HMeTh ,n;eJIO co cJiriaeM ( v) B6JIH3H HeKO­

TOpoii TOlJ:KH H TaK ,n;anee. TaKHM o6pa30M, MhI MO)KeM ,n;BHraThCH 

,lJ,aJihme H ,lJ,OKa3aTh, 'ITO a/\ da = 0, a 3TO 3HalJ:HT, lJ:TO TeopeMa Ka­

paTeo,n;opH ,lJ,OKa3aHa. AHanorHlJ:Hhie coo6pa)KeHHH pa6oTaIOT B 11po­

CTpaHCTBe n H3MepeHHH. 

22.2. KJiacc11qecKa» TepMO,lJ;HHaMHKa no BopHy 
11 KapaTeo,ii;op11 

B 3TOM naparpa<f>e MhI H3JIO)KHM OCHOBHhie 110JIO)KeHHH TepMO,lJ,HHa­

MHKH c TOlJ:KH 3peHHH BopHa H KapaTeo,n;opH. IlpeHMy:rn;ecTBO 3TO­

ro 110,n;xo,n;a COCTOHT B TOM, "'ITO MO)KHO M36e)KaTb ,lJ,OBOJihHO CJIO)K­

HhIX coo6pa)KeHHH OTHOCHTeJihHO IJ;MKJia KapHo H HeBo3MO)KHOCTH 

110CTpOHTh BelJ:HhlH ,lJ,BMraTeJib. 9TOT 110,ll;XO,lJ, OCHOBhIBaeTC.H Ha a6-

CTpaKTHhIX n,n;e.srx, ,lJ,aJieKHX OT 110Bce,n;HeBHOro 011hITa, H p.sr,n;e <l>H-

3R"'leCKHX 3aKOHOB, KOTOpbie 11pOCTO <f>opMyJIHpOBaTh. 3,n;ecb menJto 

- 11pOH3BO,n;Hoe noHHTHe. Teopmr <f>opMyJIHpyeTc.sr B CTaH,n;apTHhIX 

TepMHHax 3JieMeHTapHOH MexaHHKH. 0,n;HaKo, HeCMOTp.H Ha TO, lJ:TO 

B TeopHH co,n;ep)KaTC.H 110H.HTH.H MexaHHKH, ee 3aKOHhI ,lJ,OJI)KHhl 6bITh 

MO,lJ,H<f>Hn;HpOBaHhl. llMeHHO MO,lJ,H<l>HKau;n.sr 3THX 3aKOHOB 11pHBO,lJ,HT 

K 110H.HTH.HM TeM11epaTyphI H Tel1Jia. IlocJie 3TOro ,n;Ba 11pOCThlX <l>H-

3HlJ:eCKHX 3aKoHa BMecTe c TeopeMoii KapaTeo,n;opH 11pHBO,ll;.HT K 110-

HHTHHM a6COJIIOTHOH TeM11epaTyphl H 3HTp011HH. 

OcHOBHOe 11pe,n;110Jio)KeHHe, o6:rn;ee ,lJ,JIH 11olJ:TH Bcex <f>H3HlJ:eCKHx 

TeopHii, COCTOHT B TOM, lJ:TO Mhl MO)KeM BhI,lJ,eJIHTh HHTepecy10:rn;y10 

Hae qacTh H3 ocTaJihHOii BceJieHHOii. 9Ty qacTh BceJieHHoii MhI Ha3hI­

BaeM cucme.Moil. CHcTeMa MO)KeT cy:rn;ecTBOBaTh B pa3JIH'lHhIX cocmo­

Jl/HURX. 011HcaHne Bcex cocTOHHHii CHCTeMhI MO)KeT 6hITh HeBepoHTHO 

CJIO)KHO:li 3a,n;a'leii. HanpHMep, ecJIH Hama CHCTeMa - r33 B HeKoTo­

poM o6'beMe, TO 3TOT ra3 MO)KeT COBepmaTh Typ6yJieHTHOe ,lJ,BH)KeHHe. 

B 3TOM cJiyqae ,lJ,JIH OIIHCaHHH cocToHHHH ra3a MhI ,lJ,OJI)KHhI 6y,n;eM 

011pe,n;eJI.HTh JIOKaJihHYIO cKopocTh Ka)K,ll;Oii MaJIOH rropn;HH. TaKHM o6-

pa3oM, CJie,lJ,OBaJIO 6bI O)KH,lJ,aTh, lJ:TO MHO)KeCTBO Bcex COCTO.HHHH ra3a 

MO)KeT 6hITh 6ecKOHelJ:HOMepHhIM B cooTBeTCTBy10:rn;eM CMhICJie. B mo-

6oM cJiyqae B Hamett TeopHH MbI 6y,rr,eM pa6oTaTh c Heonpe,rr,eJieHHbI­

MH TepMHHaMH - c «CHCTeMOH» H «COCTO.HHHeM». Ilo3,lJ,Hee, Kor,n;a Mhl 



22.2. KJiaccwi:ecKaH TepMo,11,1rnaMHKa 1101 

p83pa6oTaeM «MO,IJ;eJih» TepMO,IJ;IrnaMHKH, 6y,n;yT ,n;aHbI MaTeMaTHqe­

CKHe orrpe,n;eJieHHH. ~yroif TepMHH, TaK)Ke IIOHHTHbIH HHTYHTHBHO, 

HO rroKa He orrpe,n;eJieHHhrif, - B3au.MoaeucmBue. Ilpe,n;rroJiaraeTcH, 

qTo M02KHO KOHKpeTH3HpOBaTb p83JIHqHbie B3aHMO,IJ;eHCTBHH Harnett 

cncTeMhI c ,n;pyrHMH cHcTeMaMH HJIH co BceJieHHOii. 

CJie,n;yrorn;ee cPYH,IJ;aMeHTaJihHOe rrpe,n;rroJio2KeHHe - cpe,n;H Bcex 

B03M02KHbIX COCTOHHHH CHCTeMhI cyrn;eCTByeT BbI,IJ;eJieHHbIH KJiacc co­

CTOHHHH, H83hrnaeMbIX pa6tt06ectt'bt.Mu. EcJIH Bee B3aHMo,n;eifcTBHH 

cHcTeMhI co BceJieHHOH cPHKCHpoBaHhI, TO cttcTeMa 6y,n;eT rrepexo­

,IJ;HTh H3 o,n;Horo COCT051HHH B ,n;pyroe, CTpeMHCb rrpH 3TOM K orrpe­

,n;eJieHHOMy paBHOBeCHOMY COCTOHHHIO (OHO orrpe,n;eJIHeTCH HaqaJih­

HblM COCTOHHHeM CHCTeMbI B MOMeHT, Kor,n;a 6bIJIH cPHKCHpoBaHbI BCe 

B3aHMO,IJ;eifCTBHH). XoTH rrpOH3BOJibHhle COCTOHHHH CHCTeMbl oqeHh 

CJIO)KHbI, KJiacc paBHOBeCHbIX COCTOHHHH OTHOCHTeJibHO rrpOCTO OIIH­

ChIBaTb, OH M02KeT 6blTb rrapaMeTpH30BaH KOHeqHbIM qlfCJIOM rrepe­

MeHHhIX. vlTaK, MH02KeCTBO paBHOBeCHbIX COCTOHHHH HMeeT CTPYKTY­

py IIO,IJ;MHOroo6p83HH3 KOHeqHOMepHoro BeKTOpHoro rrpocTpaHCTBa. 

9To .M'tt0W06pa3Ue pa6'tt06eC'tt'btX cocmO.fl'H,Ufi, HBJIHeTCH IlO,IJ;MHOMe­

CTBOM MHOMeCTBa Bcex COCTOHHHH CHCTeMhI. 

CJie,n;y10rn;ee rrpe,n;rroJio2KeHHe BhI,IJ;eJIHeT orrpe,n;eJieHHhie THIIhI B3a­

HMo,n;eifcTBHH. Cyrn;ecTByeT oco6aH <PopMa B3aHMo,n;eifcTBHH Me2K,n;y 

,IJ;BYMH CHCTeMaMH, H83bIBaeMaH auamep.Ma.!l/b'H,'bt.M 'X:Ottma?CmO.M. IlpH 

B3aHMO,IJ;eHCTBHH TaKoro THIIa He rrpoHCXO)l;HT Ha6JIIO,n;aeMoro MaKpO­

CKOIJHqecKoro ,IJ;BHMeHHH H o6MeHa Bern;ecTBOM. Bo3HHKaIOrn;He H3Me­

HeHHH MOMHO OIIHCaTb CJie)zyIOIIJ;HM o6p830M. 06'he,IJ;HHHM ,IJ;Be CHC­

TeMbI B O,IJ;HY HOBYIO CHCTeMy (pHC. 22.2). 9Ta COCTaBHaH CHCTeMa 

HBJIHeTCH rrpHMbIM rrpOH3Be,n;eHHeM ,n;Byx rrepBOHaqaJihHbIX CHCTeM B 

TOM CMbICJie, qTo COCTOHHHH HOBOH CHCTeMbI - 3TO napa COCTOHHHH 

(p1,P2), r,n;e Pl - COCTOHHHH rrepBOH CHCTeMbI, a P2 - COCTOHHHH 

BTOpOH. IlpH auamep.Ma.rt'b'ttO.M 'X:Ottma-x;me paBHOBeCHhie COCTOHHHH 

o6'be,IJ;HHeHHOH CHCTeMbI - 3TO IIO,IJ;MHO)KeCTBO MHO)KeCTBa rrap paB­

HOBeCHhIX COCTOHHHH HCXO,IJ;HhIX CHCTeM (pHc. 22.3). ~yrHMH CJIO­

BaMH, ecJIH Pl - paBHOBecHoe cocTOHHHe rrepBoif cHcTeMhI, a P2 -
paBHOBeCHOe COCTOHHHe BTOpoif CHCTeMbI, H o6e CHCTeMbI HaxO,IJ;HTCH 

B ,n;HaTepMaJihHOM KOHTaKTe, TO He o6H3aTeJibHO, qTo o6'he,IJ;HHeHHaH 

CHCTeMa 6y,IJ;eT B paBHOBeCHOM COCTOHHHH, HO OHa 6y,n;eT CTpeMHTbCH 

3CM. o6cy)f(,ll;eHJi:e IIO,D;MHOI'000pa31UI B naparpacj:>e 10.9. 
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PHC. 22.2 

CocTOHHMH paBHosecMH 

KOM6MHHpOBaHHOH CMCTeMbl 

PHc. 22.3 

K orrpe,ll,eJieHHOMY paBHOBeCHOMY COCTOHHHIO (q1, q2), r,l],e Q1 - HOBOe 

paBHOBeCHOe COCTOHHHe rrepBOH CHCTeMbI, a Q2 - HOBOe paBHOBeCHOe 

COCTOHHHe BTopoii CHCTeMbl. Tor,l],a Mhl roBopHM, qTo rrepBaH CHCTe­

Ma B COCTOHHHH Ql HaxO,l],HTCH B menJW60.M pa6'H06ecuu co BTOpoii 

CHCTeMOH B COCTOHHHH Q2. 
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9TOT Ha6mo,n;aeMhIH 3aKOH rrpI1pO,]];hl IIHOr,n;a Ha3hIBaeTCH tty.11,e-

6'bt.M amwtto.M mep.Modutta.Mux;u. CornacHo eMy, men.11,oeoe paettoee­

cue .R6.11,J1,emc.R omttotuettue.M 3'K:6U6aJ1,ettmttocmu. 9To 03Ha'laeT cne­

,n;yrorn;ee. IlycTh MhI IIMeeM TpII CIICTeMhI, rrpil'IeM Pl, P2 II p3 - paB­

HOBeCHhre COCTOHHIIH 3TIIX CIICTeM. Ilpe,n;IIOJIQ)KIIM, 'ITO rrepBbie ,n;Be 

CIICTeMhl B 3TIIX COCTOHHIIHX (p1 II P2), 6y,n;yqII rrpIIBe,n;eHhl B ,n;IlaTep­

MaJihHhIH KOHTaKT, OKa3hIBaIOTCH B TeIIJIOBOM paBHOBeCIIII, II TO )Ke 

caMoe crrpaBe,)];JIIIBO ,Il;JIH BTOpofi II TpeTheH CIICTeM ( B COCTOHHIIHX P2 
II p3). Tor,n;a rrepBaH II TpeThH CIICTeMhI (p1 II p3) rrpII ,n;IlaTepMaJihHOM 

KOHTaKTe TaK2Ke 6y,n;yT B TeIIJIOBOM paBHOBecirn. 

Knacc 3KBIIBaJieHTHOCTH Bcex CIICTeM, Haxo,n;Hrn;IIXCH B TerrnoBoM 

paBHOBeCHII, Ha3hIBaeTcH a6cmpax;mttou me.Mnepamypou. Ilpe,n;rrono-

2KIIM, 'ITO Mbl cPIIKCilpyeM o,n;tty orrpe,n;eJieHHYIO CIICTeMy II HeKOTO­

pyro 'IIICJieHHYIO cPYHKll;HIO paBHOBeCHbIX COCTOHHIIH 3TOH CIICTeMbI, 

KOTOpaH rrpIIHIIMaeT pa3JIIl'IHbie 3Ha'leHIIH B COCTOHHIIHX, rrpIIHa,)];Jie­

)Karn;Ilx pa3JIIl'IHhIM a6cTpaKTHhIM TeMrrepaTypaM
4

. TaKIIM o6pa30M, 

y Hae eCTb 'IIICJieHHaH cPYHKI1IIH ()' orrpe,n;eJieHHaH ,)];JIH BCex paBHO­

BeCHbIX COCTOHHIIH BCex CIICTeM, Ha3bIBaeMaH 3.Mnupu'4.ecx;ou me.Mne­

pamypou. Bhr6pattttaH cI1cTeMa BMecTe c ee cPYHKI1Ilefi Ha3hIBaeTCH 

mep.Mo.Mempo.M. 

KpoMe Toro, MhI rronaraeM, 'ITO ,n;nH mo6oii CIICTeMbI () - ,n;mp­

<l>epeHI1IIPYeMaH cPYHKIJ;HH Ha MH02KeCTBe paBHOBeCHbIX COCTOHHIIH. 

(Bo3M02KHOCTb Bbr6paTb ,Il;IlcP<PepeHI1IIPYeMyIO () - T02Ke 'laCTh «Hy­

JieBoro 3aKotta TepMO,Il;I1HaMI1KI1».) Bonee Toro, M02KHO ttaiiTII HeKo­

Topyro CIICTeMy II ,)];JIH Hee Bhr6paTb TaKyIO cPYHKI1IIIO ()' 'ITO d() -=!= 0 Ha 

BCeM MH02KeCTBe paBHOBeCHbIX COCTOHHIIH 3TOH CIICTeMbl. ToJihKO Ta­

Kiie cPYHKI1IIII () Mhl 6y,n;eM IICIIOJ1b30BaTh B Ka'!eCTBe 3MIII1pI1'1eCKIIX 

TeMrrepaTyp. Kotte'IHO, ecJIII ()' - ,n;pyraH 3MIII1pI1qecKaH TeMrrepaTy­

pa, TO Otta - CTporo MOHOTOHHaH ,Il;IlcP<PepeHI1IIPYeMaH cPYHKI1IIH (). 

l1 o6paTHO, B3HB JII06yro CTporo MOHOTOHHYIO ,Il;IlcP<l>epeHI1IIPYeMyIO 

cPYHKI1IIIO II rrpIIMeHIIB ee K ()' IIOJIJ'IIIM HOBYIO 3MIII1pI1'1eCKYIO TeM­

rrepaTypy ()'. B nro6oM cny'lae ,n;Ba cocTOHHIIH IIMeIOT O,Il;IIHaKoByIO 

a6cTpaKTHJIO TeMrrepaTypy, eCJIII II TOJibKO eCJIII OHII IIMeIOT O,Il;Il­

HaKOBOe 3Ha'leHile cPYHKI1IIII () rrpH JII060M BbI6ope 3MIIHpH'IeCKOH 

TeMrrepaTyphr. 

4
11Ha"!e roBOpH, MHO:lKeCTBO a6cTpaKTHbIX TeMrrepaTyp rrpeBpa!IIaeTCH B O.JJ;HO­

rrapaMeTpH"!eCKOe ceMeHCTBO. ,ll,ocTaTO"IHOCTb O.JJ;HOro "IHCJieHHOro rrapaMeTpa -

3TO e1IIe 0.JJ;HO HeTpHBHaJibHOe .D;OIIY!IIeHHe. - JlpUM. pea. 
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Cyru;ecTByeT p.a,n; cpyHKIJ;Hii, KOTOpbre HrpaIOT Ba:arny10 poJib rrpH 

orrHcaHHH n106o:H cHcTeMbr. TaK HarrpHMep, ecJIH y Hae ecTb ra3, 3a­

KJIIOqeHHhIH B HeKOTOpbIH cocy,n;, TO TaKoii cpyHKIJ;Heii 6y,n;eT o6'b­

eM, a TaK)Ke MaCCbl pa3JIHqHbIX XHMHqecKHX COCTaBJI.HIOIIJ;HX ra3a. 

9TJr cpyHKIJ;HH Ha3bIBaIOTC.H 'IW'tufiu2ypa:u,u01tH'bt.MU nepe.Me'HH'bt.MU. Ta­

KHM o6pa30M, Ka)K,n;a.a CHCTeMa HMeeT n <PYHKIJ;HH, orrpe,n;eneHHbIX Ha 

MHO)KeCTBe ee COCTO.HHHH If Ha3bIBaeMbIX KOHcpHrypau;HOHHbIMH rre­

peMeHHbIMH. qHCJIO KOHcpHrypau;HOHHbIX rrepeMeHHbIX n 3aBHCHT OT 

CHcTeMbI, HO Bcer,n;a n ~ 1. EcnH paccMaTpHBaTh TOJibKO paBHOBec­

Hhre COCTO.HHH.H, TO KOHcpHrypau;HOHHbie rrepeMeHHbie .HBJI.HIOTC.H ,n;mp­

cpepeHu;HpyeMbIMH cpyHKIJ;H.HMH. KoHcpHrypau;HOHHhre rrepeMeHHbie H 

cpyHKIJ;H.H () o6pa3yIOT CHCTeMy JIOKaJibHbIX KOOp,Il;HHaT Ha MHO)Ke­

CTBe (n + 1)-MepHbIX paBHOBeCHbIX cocTO.HHHii. KoHcpHrypau;woHHbie 

rrepeMeHHbre o6o3HaqHM x1, x2, ... , Xn· Tor,n;a (), x1, x2, ... , Xn -

JIOKaJibHa.H CHCTeMa KOOp,Il;HHaT Ha MHO)KeCTBe paBHOBeCHbIX COCTO.H­

HHiL Bo MHOrHx cnyqa.ax o,n;ttoii H3 KottcpHrypau;HOHHhIX rrepeMeHHhIX 

.HBJI.HeTC.H o6'heM v. 06brqHo 6epyT X1 = v' TaK qTo ()' v' X2' .•. ' 

Xn - JIOKaJibHbie KOOP,Il;HHaTbI, r,n;e X2, ..• ' Xn - OCTaJibHbie KOHcpH­

rypau;HOHHbie rrepeMeHHbre. 

IlocKOJibKY d() mi:r,n;e He o6paru;aeTC.H B HYJih, TO B CHJIY Teope­

Mbl 0 He.HBHOH <PYHKIJ;HH MHO)KeCTBa () = const o6pa3yIOT n-MepHbie 

IIO,Il;MHOroo6pa3H.H. Ilo,n;MHoroo6pa3H.H () = const Ha3bIBaIOTC.H U30-
mep.Ma.MU. KoHcpHrypau;woHHbie rrepeMeHHbre MO)KHO HCIIOJih30BaTb 

KaK JIOKaJibHhie KOOp,Il;HHaTbl ,n;m1 H30TepM. 

Cyru;ecTByeT ,n;pyroii Ba)KHhiii Knacc B3aHMo,n;eiicTBHii cHcTeMhI 

c OCTaJihHOH BceneHHOii, KOTOphie Ha3bIBaIOTC.H aaua6amu"ieC'/W.MU 

63aU.Moaeucm6UJi,.M,U. ,ll;JI.H TaKHX B3aHMO,n;eiiCTBHH paBHOBeCHe Hapy­

rnaeTC.H TOJibKO rrp:n H3MeHeHHH KOHcpHrypau;HOHHbIX rrepeMeHHhIX. 

EcJIH Bee B3aHMo,n;eiicTBH.H c:ncTeMbI B Ha6mo,n;aeMbiii rrep:no,n; a,n;Ha6a­

THqecKHe, TO TaKyIO CHCTeMy Ha3bIBaIOT aaua6amu"ieC'K:U 3a.M'K:Hymoi1,. 

IlpHMepoM a,n;:na6aTHqecKH 3aMKHYTO:ii CHCTeMbl (rrpH6JIH3HTeJibHO) 

.HBJI.HeTC.H TepMOC. 

KpHBa.H "(, coe,n;HH.HIOru;a.a cocTO.HHH.H p 11 p' a,n;Ha6aT:nqecKH 3a­

MKHyToii CHCTeMbI, Ha3bIBaeTC.H aaua6amu"ieC'K:OU K:pU60U, HJIH aaua-

6amou. 06o6ru;eHHe "3KCIIepHMeHTaJihHOro OIIhITa - nep6'btU 3a'K:O'H 

mep.Moautta.MU'K:U - rOBOpHT HaM, qTO a,n;:na6aTHqecKH 3aMKHYTa.H 

CHCTeMa rrepexo,n;HT H3 O,Il;HOro COCTO.HHH.H p B ,n;pyroe p' 3a cqeT co­

BeprneHH.H BHellIHeii pa60Tbl, BeJI:nqHHa KOTOpo:ii He 3aBHCHT OT CITO-
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co6a ee rrpHJIO)KeHirn. Ilo3TOMY Ha rrpocTpaHCTBe COCTORHHH 3TOH 

cncTeMhI cyrn;ecTByeT cpyHKlJ;HR U, Ha3hrnaeMaR BHympeHHeu :mepzu­
eu. Otta o6Jia)l,aeT TeM CBOHCTBOM, qTo KOJIHqecTBO pa60ThI, COBep­

rneHHOH Ha,n; CHCTeMOH rrpH rrepexo,n;e H3 COCTORHHR p B COCTORHHe p' 
B,Il,OJih mo6o:H: a,n;na6aTnqecKoli Kpnsoii, paBHO W = U(p') - U(p). 

EcJIH cncTeMa He RBJIReTCR a,n;na6aTnqecKH 3aMKHyToii H 3a cqeT 

B3aHMO,n;eHCTBH5I OHa rrepexo,n;HT H3 O,D;HOI'O COCTORHHR p B ,n;pyroe p' 
B)l,OJih HeKOTopo:H: KpHBOH, TO KOJIHqeCTBO BHernHeii pa6oThl y)Ke He 

paBHReTCR U(p) - U(p'). Pa3HOCTh U(p) - U(p') - W = Q Ha3hI­

BaeTCR men.1toM, coo6rn;eHHhIM cncTeMe B ,n;aHHOM rrpo:u;ecce. B 3TOM 

cJiyqae KOJinqecTBO COBeprneHHOH pa60Thl H TerrJia, coo6rn;eHHOI'O CH­

CTeMe, 3aBHC5IT OT rrpo:u;ecca, a He TOJihKO OT HaqaJihHOro H KOHeqHoro 

COCTORHHH p H p1
• 

cho - cpOpMyJIHpOBKa rrepBOI'O 3aKOHa TepMO,D;HHaMHKH B paM­

Kax rro)l,Xo.n;a BopHa-KapaTeo,n;opn. 06paTHTe BHHMaHne, qTo rrpn 

TaKOM IIO)l,XO,D;e TeIIJIO onpede.1t.11,emc.Ft KaK pa3HOCTh Me)K,n;y H3MeHe­

HHeM BHyTpeHHeii 3HeprHH H pa6oTOH, COBepmeHHOH Ha)l, CHCTeMOH. 

l1,n;eR paccMaTpHBaTh TeIIJIO He KaK cpyH)l,aMeHTaJihHYIO, a KaK npo­

H3BO,D;HYIO BeJinqnHy, RBJIReTCR O,D;HOBpeMeHHO H CHJihHOH, H CJia6o:H: 

cTopoHoii rro)l,Xo,n;a BopHa-KapaTeo,n;opn. CnJia 3aKJIIOqaeTcR B TOM, 

qTO 3,D;eCh OTpa:)KaeTCR cpyH,n;aMeHTaJihHhIH B3I'JI5I,D; B cpH3HKe, cyrn;e­

CTBYIOill;HH 6oJiee BeKa, - OCHOBHhIM o6'beKTOM RBJIReTCR 3HeprHR, 

KOTopaR coxpaHReTCR c yqeToM scex ee cpopM. A cJia6ocTh - B TOM, 

qTO 3TOT IIO)l,XO,D; He OTpa)KaeT 3KCrrepHMeHTaJihHbie H HCTOpHqecKHe 

peMHH. 06hiqHo TeIIJIO, IIO,D;BO,D;HMOe K CHCTeMe, Jierqe Bcero H3Me­

p51Th. ,Il,)KOYJih rrposeJI B 1840 ro,n;y OCHOBOIIOJiaraIOrn;He 3KCIIepHMeH­

ThI c :u;eJihIO rroJiyqHTh MexaHU"tec'/Cuu .3'/C6U6a.1teHm men.1ta. EcJIH cn­

cTeMa rrepexo,n;nT B HeKoTopoe ,n;pyroe cocTORHHe 3a cqeT orrpe,n;eJieH­

Horo KOJIHqeCTBa TeIIJia, IIO)l,Be,n;eHHOrO K Heii, TO TaKoe :m:e H3MeHeHHe 

CHCTeMbl MO)KeT rrpOH30HTH, eCJIH Ha,n; Heii coseprnHTh orrpe,n;eJieHHYIO 

pa6oTy. Ho IIOJIHOe KOJinqecTBO coBepmeHHOH pa6oThI He 3aBHCHT OT 

Toro, KaK 3Ta pa6oTa 6bIJia BhIIIOJIHeHa. Ilo3TOMY B peaJibHhIX 3KCIIe­

pHMeHTax H3MepReTC5I HMeHHO rro,n;Be,n;eHHOe KOJIHqecTBO TerrJia H co­

BeprnaeTCR pa3HOro po,n;a pa6oTa. J13 cyrn;eCTBOBaHHR e,n;HHCTBeHHOrO 

MexattnqecKoro 3KBHBaJieHTa TerrJia MhI ,n;eJiaeM 6'bt6od, qTo rroJIHaR 

pa6oTa ,D;JIR rrepeBO)l,a CHCTeMbI H3 O)l,HOro COCTORHHR B )l,pyroe He 3a­

BHCHT OT crroco6a BhIIIOJIHeHHR 3TOH pa60ThI, rrpH ycJIOBHH, qTO OHa 

BhIIIOJIHReTCR a)l,Ha6aTnqecKH. 
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CJie,rzyIOm;ee cpyH,IJ;aMeHTaJihHoe rroH.HTHe Teopuu - o6paTHMa.H 

KpHBa.H. KpuBa.H 'Y Ha3hrnaeTc.H (rro'ITH) o6pamuMou, ecJIH B KaJK,IJ;hrii: 

MOMeHT BpeMeHH t COCTO.HHHe 'Y(t) paBHOBeCHOe (AOCTaTO'IHO 6JIH3KO 

K paBHOBeCHOMy). 

l1HTYHTHBHO IIOHHTHe o6paTHMOCTH COCTOHT B TOM, 'ITO BCe B3a­

HMO,IJ;eii:CTBH.H B CHCTeMe rrpOHCXO,IJ;.HT O'IeHh Me,IJ;JieHHO no cpaBHeHHIO 

co «BpeMeHeM peJiaKCaIJ,HH>.> CHCTeMhI, T. e. co BpeMeHeM, Heo6xo,IJ;H­

MhIM ,IJ;JI.H BOCCTaHOBJieHH.H paBHOBecnH B cncTeMe5 . HanpHMep, rrpe,IJ;­

rroJIO)KHM, 'ITO B IJ,HJIHH,IJ;pe c rropmHeM HaxO,IJ;HTC.H ra3. B3aHMO,IJ;eii­

CTBHe - 9To ,IJ;BH)KeHHe rropmm1, H3MeH.HIOm;ee o6'heM ra3a. EcJIH ra3 

HaxO,IJ;HJIC.H B paBHOBeCmI, H MhI BHe3aIIHO C,IJ;BHHYJIH nopmeHh, TO HO­

BOe cocTO.HHHe ra3a y)Ke He 6y,IJ;eT paBHOBeCHhIM. B HeM 6y,rzyT pa3Ho­

ro po,IJ;a y,IJ;apHhie BOJIHhI H BHXpH. KoHe'IHO, ecJIH rropmeHh ocTaBHTh 

B 9TOM IIOJIO)KeHJrn, TO B IJ,HJIHH,IJ;pe ycTaHOBHTCR co BpeMeHeM HOBOe 

paBHOBecHe. Mo:»rno rroJiaraTh, 'ITO cKopocTh B03Bpam;eHH.H B paBHO­

BecRoe COCTORHHe ,Il;OCTaTO'IHO BeJIHKa, TaK 'ITO eCJIH rropmeHh ,Il;BH­

raTh ,Il;OCTaTO'IHO Me,IJ;JieHHO, TO COCTO.HHHR CHCTeMbI 6y,rzyT Bee BpeMR 

(rrpH6JIH3HTeJihHO) paBHOBeCHhIMH. TaKa.H KPHBa.H cocTo.HHHH Ha3hI­

BaeTC.H o6pamu.Moi1. B cJiyqae H3MeHeHH.H o6'heMa H3 orrhITa H3BeCTHo, 

'ITO cym;eCTByeT cpyHKIJ,H.H p, Ha3hIBaeMa.H ,IJ;aBJieHHeM, TaKa.H, 'ITO pa-

6oTa, COBepmeHHa.H Ha,IJ; CHCTeMOH B,IJ;OJlh mo6oit o6paTHMOH KPHBOH 

'Y' 3a,IJ;aeTC5I Bhipa)KeHHeM - J,, p dV. 
3aMeTHM, 'ITO ,IJ;O CHX nop Mhl H3Mep.HJIH pa6oTy qepe3 H3MeHeHHe, 

BHemHee no OTHOIDeHHIO K CHCTeMe. ,Il,aBJieHHe - cpyHKIJ,H.H paBHOBec­

HhIX COCTOHHHH, II03BOJIHIOm;aH HaM BhlqHCJIHTh COBepmeHHYIO pa6o­

TY rrocpe,IJ;CTBOM o6paTHMoro H3MeHeHHH o6'beMa. 3aMe'IeHo, qTo cy­

m;ecTBYIOT aHaJiorH'IHhie cpyHKIJ,HH, cooTBeTCTByIOm;He ,IJ;pyrHM KOH­

cpHrypaIJ,HOHHhIM rrepeMeHHhIM, T. e. B rrpocTpaHCTBe paBHOBeCHbIX 

COCTOHHHH cym;ecTBYlOT TaKHe cpyHKIJ,HH V1' ... ' Vn' 'ITO pa6oTa, co­

BepmeHHaH Ha,IJ; CHCTeMOH B,Il;OJib JII06on (rro'ITH) o6paTHMOH KPHBOH 

'Y' paBHa ( rrpH6JIH3HTeJibHO) HHTerpaJiy B,IJ;OJih 'Y OT JIHHeHHOH ,IJ;Hcp­

cpepeHIJ,HaJihHOH cpopMhl 

5TaKoii IIP01'eCc H3MeHemrn: COCTO.HHH.H CHCTeMbl Ha3bIBalOT 'IC6a3ucmamu"te­
C'ICUM. - llpUM. pea. 
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W('Y) = i w. 

IIoaToMy Ternrn, rro,n;Be,z:t;eHHOe K CHCTeMe B,z:t;OJih rryTH "(, 3a,z:t;aeTCH 

HHTerpaJIOM 

Q('Y) = i a, 

r.n;e a - JIHHeiiHaH .n;mpcf>epemi;HaJihHaH cf>opMa a= dU - w. B cny­

qae, KOr,z:t;a X1 = v - o&beM, npHHHTO Ha3hIBaTh p = -1/1 ,z:t;aBJieHHeM. 

Cne,n;oBaTeJihHO, 

w = -pdV + v2dx2 + · · · + VndXn 

a = dU - w = dU + p dV - V2 dx2 - · · · - Vn dxn· 

B 'laCTHOCTH, no orrpe,z:t;eJieHHIO, aoua6amu'4-eC'X:aR o6pamu.MaR 1i:pU-
6M - 9TO Kp1rnaH Ha MHO)KeCTBe paBHOBeCHhIX COCTOHHHH, KOTOpaH 

HBJIHeTCH HyJieBOH KpliBOH ,z:t;JIH mrneiiHOH .n;11cf>cf>epemi;11aJihHOH cf>op­

Mhl a. 
MTaK, MhI rro.n;ornJIH K 3HaMeHHTOMy «BTopoMy 3aKoHy TepMO,z:t;H­

HaMHKH». Ka)K,z:t;O,z:t;HeBHhIH OIIhIT r0Bop11T, "ITO orrpe.n;eneHHhie THIIhI 

pa6oThI, BhIIIOJIHH€Mhie Ha,z:t; CHCTeMoii, He MoryT 6bITh B03BpailieHhI. 

ToqHee, ,z:t;JIH a.n;1rn6aT11"IeCKH 3aMKHyToii CHCTeMhI cyilieCTBYJOT orrpe­

.n;eneHHhie THIIhI pa6oT, COBeprnaeMhie Ha,z:t; CHCTeMoii, TaKHe KaK CHJih­

HOe BCTp.aXHBaHHe HJIH pa3M€IIIHBaHHe, Kor.n;a HeJih3H IIOJIY"IHTh 9TY 

pa6oTy o6paTHO B,z:t;OJih KaKoii-n1160 a.n;11a6aTH"IecKoli KpHBOii. YTBep­

)K,z:t;aeTCH, "ITO 9TO MO)K€T rrpOHCXO,z:t;HTh B6JIH3H JII06oro paBHOBeCHoro 

cocTOHHHH. MTaK, cf>opMyn11poBKa Bmopo20 sa'X:mta mep.MoOU'Ha.MU'X:U 

TaKoBa. 

B OKpeCTHOCTH JIJ06oro paBHOBeCHoro COCTOHHHH p CHC­

T€Mhl cym.ecTBYIOT CKOJih yro,z:t;HO 6JIH3KHe paBHOBeCHhie 

COCTOHHHH, KOTOphie HeJih3H coe,z:t;HHHTh c p c ITOMOru;hIO 

o6paTHMhIX a.n;na6aTH"IeCKHX KpHBhIX. 

KaK MhI YBH,z:t;HM B ,z:t;aJihHeiirneM, 9TO rrpocToe yTBep)K,z:t;eHHe HMeeT 

,z:t;aJieKO H,z:t;yru;He CJie,z:t;CTBHH. 3aKOH rOBOpHT, "ITO B OKpecTHOCTH JII0-

6oii TO"IKH MHO)KeCTBa paBHOBeCHhIX COCTOHHHH cyru;ecTBYIOT npOH3-

BOJihHO 6JIH3KHe TO"IKH, B KOTOphie H€Jlh3H rronaCTh B,z:t;OJih HyJieBhIX 
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KpHBhIX ¢opMhI o:. lfa TeopeMhI KapaTeo,n;opH cJie,II,yeT, 'ITO ,IJ,JI.H mo-

6o:i1: CHCTeMbI cyrn;ecTBYIOT TaKHe <PYHKIJ;HH .x H 1> Ha MHO)KeCTBe paB­

HOBeCHbIX COCTOHHHH, 'ITO 0: = A de/>. 
KoHe'IHO, ,IJ,JI.H JII06o:i1: 3a,n;aHHO:i1: cncTeMhI HH ¢YHKIJ;H.H .X, HH 

¢yHKIJ;H.H r/> He onpe,n;eJI.HIOTC.H noJIHOCThIO paBeHCTBOM o: = .X de/>. O,n;­
HaKo, ecJIH BhI6paTb <PYHKIJ;HIO .X, TO 1> onpe,n;eJI.HeTC.H c TO'IHOCTbIO 

,n;o a,II,,II,HTHBHOH KOHCTaHThI. MbI noKa)KeM B cJie,II,yrorn;eM naparpa­

¢e, 'ITO H3 paccMOTpeHH.H noBe,n;eHmI ¢opMbI 0: rrpn o6'he,IJ,HHeHHH 

CHCTeM MO)KHO c,n;eJiaTb BhIBO,IJ,, 'ITO cyrn;ecTByeT npe,n;no'ITHTeJibHbIH 

Bh16op TeMrrepaTypHo:i1: ¢YHKIJ;HH T ( onpe,n;eJieHHOH c TO'IHOCThIO ,n;o 
ITOCTO.HHHOI'O MHO)KHTeJI.H)' rrpH 3TOM ,IJ,JI.H Bcex CHCTeM MO)KHO IIO­

JIO)KHTb .X = T. 9Ta <PYHKIJ;H.H T Ha3hIBaeTC.H a6co./l,1omnou me.Mne­
pamypou. B TepMHHax HeKoTopo:i1: Bh16paHHO:i1: 3MnnpnqecKo:i1: TeM­

rrepaTyphI () yTBep)K,n;aeTc.H, 'ITO cyrn;ecTByeT TaKa.H yHnBepcaJihHa.H 

¢YHKIJ;H.H T = T(()), 'ITO ,IJ,JI.H Bcex cncTeM MO)KHO BhI6paTh .X = T(e). 
EcJIH MhI peIIIHJIH ncnoJih30BaTh ,IJ,JI.H HaIIIe:i1: TeMrrepaTypHo:i1: 

IIIKaJihI a6coJIIOTHYIO TeMnepaTypy, TO ,IJ,JI.H JII06o:i1: CHCTeMbI MO)K­

HO HanncaTh 

o: = Td8 

r,n;e <PYHKIJ;H.H s onpe,n;eJieHa c TOqHOCTblO ,n;o a,II,,II,HTHBHOH KOHCTaHTbI. 

9Ta <PYHKIJ;HH S Ha3hrnaeTc.H :mmponueu. 

22.3. 9HTpOillUI H a6coJUOTHa~ TeMnepaTypa 

Ilpe,IJ,ITOJIO)KHM, qTO ,IJ,Be CHCTeMhI HaxO,IJ,.HTCH B ,IJ,HaTepMaJihHOM KOH­

TaKTe. Mo)KHO TaK)Ke cqnTaTh, qTo 3Heprn.H, Heo6xo,n;nMa.H ,II,JIH o6'h­

e,n;nHeHH.H 3THX cncTeM, npeHe6pe)KHMO MaJia. Me)K,II,y cHcTeMaMH 

HeT C,IJ,BHraeMhIX neperopo,n;oK H HeT rrp.HMOI'O o6MeHa Bern;ecTBOM. 

Tor,n;a noJIHa.H BHyTpeHH.H.H 3HeprHH U o6'be,II,HHeHHO:i1: CHCTeMhI paB­

Ha cyMMe 3Heprn:i1: COCTO.HHHH OT,II,eJibHbIX CHCTeM 

,II,JIH JII06oro COCTO.HHH.H o6'be,IJ,HHeHHOH CHCTeMbI (Pl' P2). 3,n;ecb u 
o6o3HaqaeT cPYHKIJ;HIO BHyTpeHHeH 3HeprHH o6'be,Il;HHeHHOH CHCTeMbI, 

U1 - BHyTpeHHIOIO 3HeprHIO nepBo:i1: CHCTeMhI, a U2 - BHyTpeHHIOIO 

3HeprHIO BTOpo:i1: CHCTeMbI. 
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,Il,mp<l>epemi;HaJibHa51 <l>opMa, OIIHCbIBaIOrn;a51 pa6oTy, TO)Ke aMH­

THBHa: 

W = W1 +w2. 

3.z:i;ecb WI - JIHttefittaR .z:i;n<P<Pepem.waJihHa51 <PopMa, orrpe,ri;eJiettHaR 

tta MH02KeCTBe paBHoBeCHbIX cocT051HHH rrepBoil: cncTeMhL Otta M02KeT 

paccMaTpHBaTbC51 KaK JIHHeil:Ha51 .z:i;n<P<Pepem.i;ttaJihHa51 <l>opMa, orrpe­

,z:i;eJieHHa51 Ha rrpOH3Be,ri;ettHH rrpOCTpaHCTB, COCT051lli;eM H3 Bcex nap 

paBHOBeCHblX COCT051HHH. IlpH 3TOM Ha WI He BJIH51IOT paBHOBeCHbie 

COCT051HH51 BTOpoil: CHCTeMbl. AttaJIOrHqHO Ha MHO)KeCTBe TaKHX nap 

paBHOBeCHbIX COCT051HHH onpe.n.eJietta <Pop Ma W2' KOTOpa51 He 3aBHCHT 

OT cocT051HH51 nepBofi cncTeMhL CJie,IJ,oBaTeJihHO, <l>opMa WI +w2 onpe­

,ri;eJietta tta MH02KeCTBe Bcex nap paBHOBeCHbIX coCT051HHfi. IIpocTpatt­

CTBo paBHOBeCHblX COCT051HHH o6'he,IJ,HHeHHOH CHCTeMbI, HaXO,IJ,51I11;efic51 

B TenJIOBOM KOHTaKTe, eCTb nO,IJ,MHOroo6pa3He MHO)KeCTBa BCex nap 

(onpe,ri;eJIReMoe ycJioBHeM fh = fh, CM. pnc. 22.4). 9To 3HaqnT, qTo 

w 51BJI51eTC51 orpattnqeHHeM <PopMbl WI + W2 Ha 3TO nO,IJ,MH02KeCTBO. 

0TCIO,IJ,a CJie.n.yeT, qTo ( B TOM )Ke CMbICJie) 

HanncaB 

rroJiyqaeM 

CocTORHMRpaBHOBecMHKoM6MHMpoBaHHOH 
CMCT€MbI3a~aBaeMOHypaBH€HM€M 

(Ji= fh 

Pnc. 22.4 
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,II;mI mo6o:H CJICTeMhI TeMrrepaTypy MO)KHO JI3MemITh a,n;Jia6a­

TWieCKJI (HaIIpJIMep, JI3Memrn: v npJI IIOCT05.IHHOM ,n.aBJieHJIJI). 9To 

03HaqaeT, qTo ,n;JI5.1 nepBOH CHCTeMhI cl>opMhl a1 H d(}i mrneHHO He3a­

BJICJIMhI; JI aHanorJiqHo ,LJ;JIR BTOpo:H CJICTeMhI. YcJIOBJie a1 = A1 d</J1 
03HaqaeT, qTo ,Il.JicPcl>epeHIJ,HaJihHhie cl>opMbI d</J1 JI d(Ji JIJIHeHHO He3a­

BHCHMhI. B cJIJIY TeopeMhI o HeRBHofi cPYHKIJ,HH, 3TO 3HaqHT, qTo 

MO)KHO c,n.eJiaTh 3aMeHy rrepeMeHHhIX, TaK qTo ()i JI </J1 CTaHyT nepBbI­

MJI KOOp,l:i;HHaTaMH, T. e. ( fh' </J1' YI' ... ) - JIOKaJihHhie KOOp,Il.HHaThI Ha 

MHO:>KeCTBe paBHOBeCHhIX cocT05.IHJIH nepBo:H cJicTeMhI. AHanorHqHo 

,Il.J15I BTOpOH CJICTeMhI. Ilo'.3TOMY B KaqeCTBe JIOKaJibHhIX KOOp,LJ;JIHaT 

Ha MHO:>KeCTBe nap paBHOBeCHhIX COCT05.IHJIH MO)KHO B35.1Th 

PaBHOBeCHhie cocT05.IHJI5.I o6'be,n;HHettttoii CJICTeMhI ( B TeIIJIOBOM KOH­

TaKTe) 3a,D;aIOTC5.I ycJIOBJieM 01 = 02. Ilo3TOMY MO)KHO B35.1Tb nepe­

MeHHbie 

(0, </Ji, </J2; yi, ... ; z2, ... ) 

B KaqecTBe KOOp,Il.HHaT Ha MHO:>KeCTBe paBHOBeCHhlX COCT05.IHHH o6'b­

e.i:i;HHeHHOH CJICTeMhI. YpaBHeHJie ( *) IIOKa3hrnaeT, qTo B 3TJIX KO­

op,n.HHaTax d¢ 5.IBJI5.leTC5.I mrneiiHOH KOM6HHa1we:H d¢1 JI d¢2' T. e. 

¢ = F(¢1, ¢2). ,IJ;pyrHMJI cJioBaMH, cPYHKllH» ¢ o6'he,Il.HHeHHott cHcTe­

MhI 3aBHCHT TOJihKO OT 3HaqeHHH cPYHKllHH ¢1 H <P2 H He 3aBHCHT OT 

OCTaJibHhIX KOOp,Il.HHaT. K Jiro6oii CHCTeMe B Jiro60M COCT05.IHHH MO:>K­

HO no,n.BeCTH TenJio, no::iToMy cl>opMa o: H, cne,n.oBaTeJihHO, .A HHr.n,e 

He 06pa111aeTC» B HYJib. Ilo::iToMy ypaBHeHHe ( *) MO:>KHO pa3.n,eJIHTh 

Ha A H HanHcaTh 

3aBHCHT TOJibKO OT ¢1 H <P2' H aHaJIOrHqHO 

IlepBoe H3 3THX ypaBHeHHH MO:>KHO pa3,n.eJIHTb Ha BTOpoe, IIOCKOJihKY 

RH o.n,Ha H3 cPYHKllMH A1, A2 H .A He 06pa111aeTc» B HYJib. IloJiyqaeM 
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HJllI 

log >.1 - log >.2 = log(fi/ /2), 

r,r:i;e rrpaBaH 'IaCTb 3aBIICIIT TOJibKO OT <Pi II ¢2. B 'IaCTHOCTII, ecJIII 

Bbl'IlICJllITb 'IaCTHYIO rrp01I3BO,r:t;HYIO 3Toro paBeHCTBa no ()' TO rrpaBaH 

'IacTb o6paTIITCH B HyJib, H Mbl IIOJIY'IHM 

8log >.1 
8() = 

Blog >.2 
8() 

CJieBa CTOHT cPYHKI.J;HH OT rrepeMeHHbIX, orrHCbIBaro:rn.:ux rrepByro 

ClICTeMy, T. e. OT ( 0' </>1' YI' ... ) ' a crrpaBa CTOHT cPYHKIJ;lIH OT rrepeMeH­

HbIX ( 0, </>2, z2, ... ) . E,r:t;HHCTBeHHaH B03MO:>KHOCTb coBrra,r:t;eHmI 3THX 

cPYHKD;lIH - 3TO Kor,r:i;a o6e 'IaCTlI 3Toro paBeHCTBa 3aBIICHT TOJlb­

KO OT 0, IIplI'I€M HBJIHIOTCH O,ll;HOH lI TOH :>Ke lj>yHKI.llieH (). ,apyrIIMH 

CJIOBaMH, cy:rn.ecTByeT HeKoTopaH yHIIBepcaJihHaH cPYHKI.llIH g, ,IJ;JIH 

KOTOpoii 

8(Iog >.)/80 = g(O) 

,r:t;JIH BCex CHCTeM. MccJie,n;oBaHIIe KOHKpeTHblX ClICTeM IIOKa3bIBaeT, 

'ITO cPYHKQIIH g HIIr,n;e He o6pa:rn.aeTCH B HYJih. 

Terrepb npe,n;rroJIO:>KHM, 'ITO ,n;enaeTcH 3aMeHa rrepeMeHHOii B 3MIIII­

pII'IecKoii TeMrrepaType, T. e. 3aMeHHM 0 Ha T(O). Tor,n;a 6y,r:i;eM IIMeTh 

KOOp,n;1rnaTbI (T, </J, ... ) H paBeHCTBO 

8(1og >.)I f)T = [o(log >.)/80](80 I dT) = [8(log >.)/ 80](8T I ao)-1
. 

Ecn:u Bb16paTh T TaK, 'ITO 

dT/dO = Tg(O), 

TO 

8(1og >.)/8T = 1/T = 8(logT)/8T. 

YpaBHeHIIe ( ***) orrpe,r:i;eJIHeT T c TO'IHOCThIO /1.0 rrocTOHHHoro MHO­

:>KHTeJIH. ,II;eiicTBIITeJibHO, T(O) = ceG(O), r,r:i;e G - Heorrpe,r:i;eneHHbiii 

IIHTerpan OT g, a c - KOHCTaHTa. TaKoii Bb16op cPYHKI.lHlI T Ha3bI­

BaeTcH a6coJ1,10mttou meMnepamypou. ,Il;aBaiiTe BepHeMCH K ttaqany 

3TOro rraparpalj>a, HO BMeCTO 0 6y,r:i;eM lICIIOJib30BaTb a6coJIIOTHYIO 

TeMrrepaTypy T. Tor,r:i;a ,IJ;JIH Ka:>K,r:t;oii CHCTeMbI MbI IIMeeM 
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r,n;e Gi He 3aBHCHT OT T. Tor,n;a 

rAe <l>YHKI1,HH G1, G2 HG He 3aBRCHT OTT. KpoMe Toro, MhI 3HaeM, 

qTo >..if >..2 3aBHCHT TOJihKO OT </J1 H </J2. Ho >..1 - <l>YHKI1,HH rrepBo:H 

CHCTeMbI, CJie,n;oBaTeJibHO, Otta He 3aBHCHT OT </J2, H aHaJJOrHqHo, >..2 

He 3aBHCHT OT </J1. CJieAOBaTeJihHO, .D;JIH mo6o:H CHCTeMhI Ka)K,ll;aH Gi 
3aBHCHT TOJibKO OT </Ji. 

Jl,aBaitTe orrycTHM HH,n;eKChI. MTaK, MhI rrOKa3aJIH, qTo AmI mo6o:H 

CHCTeMhI BhIIIOJIHHeTCH paBeHCTBO 

a= TG(</J) d</J, 

rAe <l:>YHKI1,HH G HHrAe He o6paiu;aeTc.H B HYJih H 3aBHCHT TOJihKO OT 

rrepeMeHHhix CHCTeMhI. Ho Tor,n;a MO::lKHO pemHTh ypaBHeHHe 

dS =Gd¢, 

KOTopoe orrpeAeJI.HeT s c TOqHOCThIO ,n;o aAAHTHBHOH KOHCTaHThI. 

JI,pyrHMH CJIOBaMli, <l>YHKI1,H.H s eCTh Heorrpe,n;eJieHHhIH HHTerpaJI OT 

G. TorAa MhI HMeeM a = T dS. MTaK, MhI ,n;oKa3aJIH cJie.n;yroiu;ee. 

Cyiu;ecTByeT yHHBepcanhtta.H mKana a6co.momttou me.M­

nepamyp'bt T, orrpe,n;eJieHHa.H c ToqttocThIO ,n;o rrocTO.HHHO­

ro MHO::lKHTeJIH. <l>HKCHpy.H 3TOT MHO::lKHTeJih H TaKHM o6-

pa30M BbI6Hpa.H <l>YHKI1,HIO T, MhI orrpeAeJI.HeM <l:>YHKI1,HIO 

s Ha MHO::lKeCTBe paBHOBeCHhIX COCTO.HHHH JII06oii: CHCTe­

MhI. cha <l:>YHKI1,H.H 8 orrpe,n;eJieHa C TOqHOCThIO AO a,D;­

AHTHBHOH KOHCTaHThl ( OAHOH ,ll;Jl.H Ka)K,ll;OH CHCTeMbl) H 

Ha3hrnaeTCH :mmponueu. JI,n<l:><l:>epettI1,HaJihHa.H q,opMa a 
,ll;JIH TerrJia HMeeT BRA 

a= TdS. 

KaK MhI yMe OTMeqann, H3 cyiu;ecTBOBattH.H <l>YHKI1,HH S H ypaBHe­

HH.H a = T dS cne.n;yeT KeJihBHHOBcKa.H <l:>opMYJIHpOBKa BToporo 3aKo­

Ha TepMO,ll;HHaMHKH: ,ll;Jl.H JII06o:H 3aMKHYTOH KpHBO:ii: (I1,HKJIHqecKoro 

rrpon,ecca) MhI AOJI::lKHhI HMeTh J dS = 0, <l>YHKll,H.H T HMeeT rrocTo­

.HHHhiii 3HaK ( KOTOph1ii: 06h1qtto BhI6HpaeTc.H IIOJIO::lKHTeJihHhIM). EcnH 
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B,II;OJib O,II;HOH qacTH IJ;HKJia K CHCTeMe IIO,II;BO,II;HTC5I Terrno, TO B ,IJ;pyroii 

qacTH 3Toro IJ;HKJia TerrJio ,II;OJILKHO 6bITh H3BJieqeHo. CJie,II;oBaTeJih­

HO, HeB03MOLKeH IJ;HKJI, B KOTOpOM TeIIJIO IIOJIHOCTbIO rrpeo6pa3yeTC5I 

B pa6oTy. TaKHM o6pa30M, «BeqHbiii ,II;BHraTeJib BToporo po,II;a» cy­

ru;ecTBoBaTh He MOLKeT. 

PaccMOTpHM rrpOCTOH IJ;HKJI c (pHC. 22.5). cho KpHBaa, COCT05I­

ru;aa H3 qeTbrpex qacTeii, ,II;Be H3 KOTOphrx, CKaLKeM, C3 H C4 HaxO,II;5IT­

ca Ha IIOBepXHOCT5IX, r,II;e <l>YHKIJ;H5I s IIOCT05IHHa (H II03TOMY TeIIJIO 

He rrepe,II;aeTca); B,II;OJib O,II;HOH H3 HHX, CKaLKeM, C1 CHCTeMa HaXO,II;HT­

C5I B TeIIJIOBOM KOHTaKTe c 6oJibIIIOH CHCTeMOH ( Ha3bIBaeMoii TeIIJIO­

BbIM pe3epByapoM) rrpH BhICOKOii TeMrrepaType T1. B,n,oJih qeTBepToro 

yqacTKa C2 CHcTeMa Haxo,n,HTca B TerrJIOBOM KOHTaKTe c xoJIO,II;HhIM 

pe3epByapoM rrpH HH3KOii TeMrrepaType T2. ITycTh Q1 = fe
1 

a -
rroJIHoe KOJIHqecTBO TerrJia, no2Aow,ett1-weo CHCTeMoii Ha yqacTKe C1, 
a Qz = - fe

2 
a - rroJiaoe KOJIHqecTBO TerrJia, U3Ay'l/,etttto20 ero Ha 

yqacTKe C2. Tor,n,a Q1 = fe
1 
T dS = T1 fe

1 
dS H Qz = -T2 fe2 dS. 

Ho 

o = r ds = r ds + r ds, 
le lei le2 

II03TOMJ 

PHc. 22.5 
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Tor.n;a MmKHo HarrncaTb 

llTaK, eCJIH w - pa6oTa, COBepIIIeHHaR CJJ.M,OU CHCTeMoii, TaK "ITO 

W = -J0 w, To 

9To H3BeCTHaH cl>opMyJia, KOTopyro MO)KHO HaiiTH B Jiro6oM yqe6-

HHKe. Otta orrpe,n;eJIHeT pa6oTy, coBepIIIeHHYIO B I!HKJie KapHo, Me)K­

,n;y pe3epByapaMH c TeMrrepaTypaMH T2 If T1. Ha caMoM ,n;eJie Kap Ho 

yTBep)K,Il;a.rr, 'ITO 3TO HaH6oJiee ::i<P<PeKTHBHhIH crroco6 rroJiy<JHTh pa-

6oTy 3a C"IeT 3THX TeMrrepaTyp, T. e. 3Ta <PopMyJia .n;aeT MaKCHMaJib­

HOe 3Ha"IeHHe pa60TbI ,n;JIH JII06oii MaIIIHHbI, IIOJiyqarom;eii TeIIJIO Qi 
rrpH TeMrrepaType T1 H BhI,n;eJrnrom;eii TerrJio rrpu TeMrrepaType T2. 

B OCHOBe 3Toro <PaKTa Jie)KHT H3MeHeHHe cPYHKI!HH S rrpH Heo6pa­

THMhIX a.n;ua6aTH"IeCKHX rrpou;eccax. ,Il;aBaiiTe CcPOPMYJIHpyeM o6m;ee 

yTBep)K,ll;eHHe, a orrpe,n;eJiemie 3cPcPeKTHBHOCTH pa60Tb16 ocTaBHM "IH­

TaTeJIIO ( ero MO)KHQ HaHTll B CTaH,n;apTHbIX yqe6HHKax). 

EcJIH ,n;Ba paBHOBeCHhIX cocTOHHHH 0"1 H 0"2 MO)KHO coe,n;HHHTh 06-

paTHMOii a,n;Ha6aTH"IeCKOH KpHBOH, TO (KaK Mbl y)Ke 3HaeM) OHH Jie­

)KaT Ha o,n;Hoii rroBepxHOCTH S = const, T. e. S(D"1) = 8(0"2). Ilpe,n;rro­

JIO)KHM, "ITO CHa"IaJia CHCTeMa HaxO,ll;HTCH B paBHOBeCHOM COCTOHHHH 

0"1. PaccMoTpHM a,n;ua6aTH"IeCKHii rrpou;ecc, He o6H3aTeJihHO o6paTH­

Mhiii, KOTOphIH nepeBO,l];HT CllCTeMy B paBHOBeCHoe COCTOHHHe 0"2. B 
3TOM CJiyqae KpHBaH, coe,n;HHHIOID;a.R COCTOHHIUI 0"1 lI 0"2, MO)KeT lI 

He Jie)KaTh B IIO,Il;MHO)KeCTBe paBHOBeCHhIX COCTOHHHii, XOTH KOHe"I­

Hbie TO"IKH ttaxo,n;HTCH HMeHHO TaM (puc. 22.6). HarrpHMep, y Hae 

RMeeTCH )KH,Il;KOCTh B TepMoce, Ii Mhl pa3MeIIIRBaeM ee MHKCepoM. 

Kor,n;a pa3MeIII1rnaHHe 3aKaH<JHBaeTcH, )KH,Il;KOCTh B TepMoce rrepe­

xo,n;HT B paBHOB€CHOe COCTOHHIIe c ,n;pyrIIM 3Ha"IeHHeM 3HTpOIIlilI s. 
OrrhIT IIOKa3hIBaeT, "ITO Mhl He MO)KeM BepHyThCH B HCXO,ll;HOe COCTO­

HHHe, eCJIH He OTBeCTH TeIIJIO H3 TaKOH CHCTeMbl. Tor,n;a ( eCJIH Mbl 

BbI6paJIH rrocTOHHHhiii MHO)KIITeJib TaKoii, "ITO TeMrrepaTypa T rro­

JIO)KHTeJihHa) ,n;JIH TaKOH Heo6paTHMOH a.n;1rn6aTH"IeCKOH KpHBOH Mbl 

6 ,npyroe ( tte MeHee pacnpocTpaJieHHoe) H83Bami:e - Ko::icl>cl:m1w:eHT noJie3Horo 
,n;eiicTBIUI (KIT,Il;). - IlpUM. pea. 
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RpHBbre rroKa3hlBaIOT 

nosepxHoCTH S = const ~ ____ ...__ __ ~ 

MHomecTBO COCTOJ'IHHH 

paBHOBeCHJ'I 

Puc. 22.6 

HMeeM S(a1) < S(a2). ,Il;a,n;HM Tenepb 6oJiee cTpory10 <l:>opMyJIHpOBKY 

BTOporo 3aKOHa TepMO,IJ;HHaMHKH. 

EcJIH paBHOBeCHhie cocTO.HHH.H a1 H a2 MoryT 6b1Th coe,n;n­

HeHhI a,n;Ha6aTH'JeCKOH KpHBOH ( T. e. eCJIH B ,IJ;aHHOM npo­

u;ecce 3aMKHyTa.H a,n;Ha6aTH'IeCKa.H CHCTeMa MO)KeT nepe­

BeCTH CHCTeMy H3 COCTO.HHH.H 0"1 B a2), TO 

npH'IeM S(a1) = S(a2), ecJIH H TOJibKO ecJIH cocTO.HHH.H a1 
H 0"2 coe,n;HH.HIOTC.H o6paTHMOH a,n;na6aTH'JeCKOH KpHBOH. 

22.4. C11cTeMhI c o,n;aoii Koacp11rypa:u;11oaaoii 
rrepeMeHHOH 

B 3TOM naparpa<Pe MbI paccMOTpHM sa)KHbIH 'IacTHbIH cJiyqaii, Kor,n;a 

CHCTeMa HMeeT TOJibKO O,IJ;Hy KOHcPHrypau;HOHHYIO nepeMeHHYIO H, 

CJie,n;osaTeJibHO, MHO)KeCTBO paBHOBeCHhIX COCTOHHHH TaKOH CHCTeMbl 

,n;syMepHo. By,n;eM noJiaraTb, 'ITO TaKoii nepeMeHHOH 6y,n;eT o6'beM. 

CooTBeTCTBYIOiu;aH cPYHKD;HH, sxo,n;.Hru;aH B Bbipa)KeHHe <l:>opMbI ,IJ;JI.H 

pa60TbI, - 3TO ,n;aBJieHHe, a pa6oTa, COBeprneHHaH Ha,ll; CHCTeMOH, 

HMeeT BH,IJ; 

w = -pdV. 

TeM He MeHee coo6pa)KeHH.H 3Toro naparpa<l:>a npnMeHHMhI H KO MHO­

rHM ,n;pyrHM cPH3H'IecKHM CHCTeMaM. Ha,n;o TOJibKO 3aMeHHTh o6'beM 

COOTBeTCTBy10ru;eii KOHcPHrypau;HOHHOM nepeMeHHOM, a ,n;aBJiemrn -
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Ta6Jrnu;a 22.l. CncTeMhI c o.n;Ho:H KOHqmrypau;noHHOH rrepeMeHHo:H 

CncTeMa Kompnrypa- 06o6iu;eHHrui: <l>opMa .n;mi: 

IJ;HOHHa5I CHJia pa6oThI w B 

rrepeMeHHa5I ,ll;)K=H·M 

I'83 06'heM V ,ll;aBnemre p w = -pdV 
B M 3 

B H/M
2 

CTpyHa ,ll;mrna L HaT5I)Kemre T w=TdL 
BM BH 

MeM6paHa Ilnoiu;a.n;h A IloBepXHOCTHOe w=SdA 
B M 2 HaT5I)Kemre S 

B H/M 

8neKTpIJqec- 3ap5I.n; Q HarrpmKeHIIe E w=EdZ 
Ka5I u;errh B Kn BB 

MarHIITHhifi floJIHhlfi MarHIITHOe w = µoHdM 
MaTepIIaJI MarHIITHhIH rroJie H 

MoMeHT M B A/M
2 

B A/M 

coOTBeTCTBYIOiu;eii «o6o6iu;eHHoii cIIJIOfi». B Ta6JIIIu;e 22.l rrpIIBO,l.1;5IT­

c5I HeKOTOphie II3 Ba.IKHhix <l>II3IJqecKIIx CHCTeM. B 3TOM rraparpa<l>e 

Mbl He 6y.n;eM 6oJihIIIe rOBOpIITh 0 HIIX. 

Ilpe)K,n;e qeM HaqaTb o6cy)K,ll;eHHe, cJie.n;yeT c.n;eJiaTh necKOJih­

KO 3aMeqaHIIfi 06 IICTOpIIII BOrrpoca II COOTBeTCTByIOiu;en JIIITepaTy­

pe. MHorIIe II3 OCHOBHhIX MaTeMaTIJqecKIIX IIOH5ITIIH, KOTOpbIMH Mbl 

IIOJlh3yeMC5I 3,n;ech, TaKHe KaK «MHO)KeCTBO», <«pyHKIJ;M5I», «MHOrO­

o6p83Me», «KOOp,ll;HHaThI», «JIHHefiHa5I ,n;H<l><l>epeHu;HaJihHruI <l>opMa», 

6bIJIH BBe,n;eHhl ( B MX COBpeMeHHOH <l>opMe) HJIH CTaJIH o6iu;errpHH5I­

TblMH y)Ke noc.fl,e <l>yn.n;aMeHTaJibHhIX OTKpbITHfi B TepMO,ll;MHaMHKe. 

BoJiee Toro, 6oJihIIIHHCTBO repoeB 3Toii IICTopirn ( 3a MCKJIIOqeHHeM 

KeJihBHHa H I'eJihMroJihu;a) He HMeJIH MaTeMaTHqecKoro o6prooBa­

HH5I, HJIH (KaK KapHo) rrpe.n;rroqHTaJIH He ITOJih30BaThC5I MaTeMaTH­

qeCKHM 5I3hIKOM. B pe3yJihTaTe BIIJIOTh ,n,o Harrrn:x ,n,ttell. B 6onhlllHH­

cTBe KHIIr MaTepHaJI lI3JiaraeTC5I 5I3bIKOM rrepBOHaqaJibHhIX rrpe.n;­

CTaBJieHIIH, ,ll;OBOJlhHO TyMaHHhIM c MaTeMaTIJqecKOH TOqKIJ 3peHII5I, 

B KOTOpOM, O,ll;HaKO, llCIIOJib3JIOTC5I COOTHOIIIemrn Me)K,ll;Y qaCTHbl­

Mll rrpOH3BO,ll;HhIMII. IlpIIBe,n;eM rrpIIMep. IlOH5ITIIe JIHHefiHOH ,ll;II<l><l>e-
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peHIJ,llaIThHOH <PopMbI, KplIBOJIIIHeHHhlH lIHTerparr OT Hee lI BapIIaHT 

TeopeMhI CToKea (Ha ITJIOeKoeTII) 6hIJIH BBe,n;eHhI AMrrepoM B Haqarre 

1920-x ro,D,OB B eepHH OpHrHHaITbHblX eTaTeit, r,n,e eoqeTarrHeh HO­

BhIH Ba,)KHbIH MaTeMaTHqeeKHH aITITapaT H OeTpoyMHbie cPH3HqeeKHe 

3KeITepHMeHThI. BoJiee o6IIJ,a.H BepeH.H TeopeMhI CToKea ,JJ;JI.H KpH­

BOJIHHeitttoro HHTerparra OT 1-<l>opMbl B TpexMepHOM ITpOeTpaHeTBe 

BITepBbie ITO.HBmiaeh B ITHebMe, KOTopoe KeJihBHH HarrHearr CToKey B 

1850 ro.n;y. (l.Iepe3 HeeKOJihKO JieT CToKe oITy6JIHKOBarr 3TY Bepemo B 

KaqeeTBe 3K3aMeHaIJ,HOHHOro BOITpoea.) TeM He Mettee, B eBOHX eTa­

Tb.HX ITO TepMO,JJ;HHaMHKe KeJibBHH HHKOr,n,a He HeITOJlh30Ba71 TeopeMy 

CToKea, xoT.H 3TO 3HaqHTeJihHO yITpoeTHJIO 6b1 ero ,n;oKa3aTeJibeTBa. 

11TaK, Mhl 3aITHearrH T€IIJIO, ITO,JJ;Be,n;eHHOe K eHeTeMe, B BH,JJ;e JIH­

HeHHOH ,n;H<P<PepeHIJ,HaITbHOH <PopMbI a, OITpe,n;eJieHHOH Ha MHOroo6-

pa3HH paBHOBeeHhIX eoeTO.HHHH. <l>yHKIJ,HH T H V HMeIOT He3aBHeH­

Mhie ,n;H<P<Pepettu,Harrhi. Ilo3ToMy, eeJIH YKa3aHHoe MHoroo6pa3He ,n;By­

Mepttoe, MO)KHO HeITOJib30BaTb T H v KaK JIOKaITbHhie KOOp,JJ;HHaTbl H 

HaITHeaTb 

a= AvdV + GvdT, (22.1) 

r,n,e Av H Gv - cPYHKIJ,HII Ha MHOroo6pa3HH paBHOBeeHhIX eoeTO.HHHit. 

AttarrorHqHo, He3aBHeHMhI cPYHKI1HH p H T, H IT03TOMY OHH TO)Ke 

MoryT 6bITh JIOKaIThHhIMH Koop,n;HttaTaMH. Tor.n;a 

a = Ap dp + Gp dT (22.2) 

r.n;e Ap H Gp - ,n;Be .n;pyrHe <PYHKIJ;HH. ( CTporo roBop.H, e HeTOpHqe­

eKoii ToqKH 3peHH.H Mhl ,JJ;OJI)KHbl HeITOJlb30BaTb 3MITHpHqeeKyIO TeM­

ITepaTypy () BMeeTO T, ITOeKOJlhKY Mbl o6ey)K,ll;aeM eHTyaIJ,HIO, eJio­

)KHBIIIYIOe.H .n;o oTKpbITH.H BToporo 3aKOHa TepMO,JJ;HHaMHKH. Ho Tor­

.n;a, BepttyBIIIHeb K eoBpeMeHHOH TpaKTOBKe, Mhl ,JJ;OJI)KHhl 6hJJIH 6bJ 

ITepeITHeaTb Bee <PopMyJihI qepe3 T. Ilo3TOMy MhI pemmm ITpe,n;o­

eTaBHTh qHTaTemo eaMoMy e,n,eJiaTh Bee 3TH 3aMeHhI.) Kotteqtto, Bee 

qeTbipe cPYHKIJ;HH eB.H3aHbl Me)K.n;y eo6oit <PopMyJIOH 3aMeHhl ITepe­

MeHHbIX, eB.H3aHHOH e ITepexo,n;oM OT KOOp,JJ;HHaT v' T K KOOp,JJ;HHa­

TaM p, T. CKopo MhI BepHeMe.H K 3TOMY BOITpoey. CooTBeTeTBYIOIIJ,He 

cPH3HqeeKHe 3aKOHhI, Bhipa)KeHHbie ,JJ;BYM.H ITpe,n;hI.JJ;YIIJ,HMH yTBep)K,ll;e­

HH.HMH, 6bIJIH e<t>opMyJIHpOBaHhl KaK «,JJ;OKTPHHa eKpbITOro H .HBHO­

ro TeITJia». <l>yttKIJ,H.H Av 6bma H3BeeTHa KaK «eKphITa.H TeITJIOTa ITO 

OTHOIIIeHIIIO K ofo,eMy», a cPYHKIJ;H.H Gv - KaK «TenJioeMKOeTh npII 
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rrocTOHHHOM o6'beMe». AHa.nonPrno, cPYHKu;1rn Ap 6hma H3BeCTHa KaK 

«CKphITaH TemmTa no OTHorneHHIO K ,n;aBJieHHIO», a cPYHKD;llH Gp -
KaK «TeIIJIOeMKOCTb rrpn IIOCTOHHHOM ,n;aBJieHllll». I10HCHllM CMbICJI 

TepMnHa «CKphIThiil». Ha rrpoTH)KeHnn ,n;JIHTeJibHoro BpeMeHn 6h1-

Jia rryTaHnu;a Me)K,n;y rroHHTHHMH TerrJIOThI n TeMrrepaTyph1. Y11eHh1e 

)I;yMaJill, "ITO TeMrrepaTypa TeJia OTpa)KaeT «IIOJIHOe KOJIH"IeCTBO Terr­

Jia, co,n;ep:IB:aru;erocH B HeM». 8To, KOHe"IHO, 6ecCMbICJillD;a, IIOCKOJibKY 

MhI 3HaeM, "ITO <PopMa a He 3aMKHyTa. EcJIH MhI 110,n;BO,ll;HM TerrJio, 

TO TeMrrepaTypa TeJia IIOBhIIIIaeTCH. Ho, ecJIH TerrJio rro,n;BO,ll;HTCH rrpn 

yBeJIH"IeHHH o6'beMa HJill ,n;aBJieHHH, TO OHO CTaHOBllTCH «CKpblTbIM» 

HJIH «JiaTeHTHhIM». KoHe"IHO, ypaBHeHHH (22.1) H (22.2) ,n;aroT 11eT­

KYIO MaTeMaTn11ecKy10 cl>opMyJIHpOBKY 3TOH 3ara,n;o11Ho:H cPH3M11ecKo:H 

«,ll;OKTpMHe». 

B rrpocTpaHcTBe ,n;Byx H3Mepemr:H MHorHe BhI"IHCJieHHH CHJihHo 

yrrporu;a10TcH, rroToMy "ITO ecJIH 01 H 02 - 2-<PopMa n 02 =I- 0, 
TO 01 = J02, r,n;e f - HeKOTopaH cPYHKD;llH. ~yrHMll CJIOBaMH, 

MO)KHO B3HTb «OTHOIIIeHHe» ,ll;BYX 2-<l>opM ll IIOJIY"IllTb cPYHKIJ;llIO, 

rrpH ycJioBirn, qTO 3HaMeHaTeJih He paBeH HYJIIO. Tor,n;a MhI rrnrneM 

f = Oi/02. 
B Ka11ecTBe rrpHMepa paccMOTpnM cPYHKu;nro 

a/\ dp = f. 
a /\dV 

qTO 3TO TaKoe? ,Il;JIH JII06ofi TOqKll X IIYCTh e - BeKTOp, KacaTeJib­

HhIH K a,n;na6aTnqeCKOH KpllBOH, rrpoxo,n;Hru;e:H qepe3 TOqKy x, TaK 

qTO a(e) = 0, a 'f/ - HeKOTOpbIH BeKTOp, He3aBHCHMbIH OT e, TaK qTo 

a( 17) =I- 0. Tor,n;a, BhiqHcJIHB <PopMbI a /\ dp n a /\ dV Ha rrapa.nJieJI­

JiorpaMMe, IIOCTpOeHHOM Ha BeKTOpax e H 'f/ 1 IIOJiyqaeM 

dp(e) 
f(x) = dV(e) · 

8To ypaBHeHHe MO)KHO rreperrncaTb KaK 

f = (dpjdV)ap,>t.a6aT.1 

r,n;e rrpaBaH qacTh o6o3HaqaeT OTHornemrn JIHHeiiHhIX ,n;H<P<l>epeHu;H­

aJibHhIX cPOPM dp ll dV' BbiqHcJieHHbIX Ha BeKTOpax, KacaTeJibHbIX K 
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a.n;na6aTaM. Amu10rnqHo, HarrnmeM 

dT /\ dp 
dT /\ dV = (dpjdV)H3oTepM.· 

Ecnn B35ITh BHemHee rrpon3Be,n;eHne ypaBHeHH5I (22.2) Ha dp, TO rro­

JiyqnM 

o: /\ dp = Gp dT /\ dp, 

a eCJIH B35ITb BHeIDHee rrpOH3Be,ll,eHHe (22.1) Ha dV, TO IIOJiyqnM 

o: /\ dV = Cv dT /\ dV. 

Pa3,n;ennM rrepBoe ypaBHeHne Ha BTopoe n 110nyqnM Ba:>KHhIH pe3yJih­

TaT 

(dp/dV)a;11,Ha6aT. = '"'f(dp/dV)H3oTepM., r.n;e '"'( = Cp/Cv. (22.3) 

EcJIH BBeCTH IIJIOTHOCTh p = m/V, TO ypaBHemi:e (22.3) MO)KHO 

3arrncaTh B BH,n;e 

(dp/dp)a;11,Ha6aT. = "f(dp/dp)H3oTepM., 'Y = Cp/Cv. (22.4) 

IlpnBe,n;eM qm3nqecKHe H HCTopnqeCKHe rrpnqHHhl Ba:>KHOCTH 3Toro 

pe3yJihTaTa. O,n;nH H3 H3BeCTHhIX BhIBO,ll,OB, c.n;enaHHbIX HhtoTOHOM H3 

ero 3aKOHOB, orrpe,n;eJI5IeT CKOpOCTb 3ByKa B ra3e c <PopMyJIOH 

c2 = dp/dp, (22.5) 

r.n;e HhtoTOH rrpe,n,rroJIO)KHJI, qTo p n p CB5I3aHhI cOOTHomemrnM 

p =Np, r.n;e N =canst, (22.6) 

pV =canst. (22.7) 

,Il,aBJieHne, IIJIOTHOCTb H CKOpOCTb 3ByKa (HarrpnMep, B B03.n;yxe) MO­

ryT 6hITh H3MepeHhI He3aBHCHMO. ll yTBep)K.n;emi:e HhloToHa, qTo 

c2 = p/ p, rrpOTHBOpeqHJIO 3KCIIepHMeHTaM Ha rrpOT5I)KeHHR rroqTH CTa 

JieT. Bhlno o6Hapy)KeHo, qTo CKopoCTh 3ByKa rrpeab1mana rrpe,n;cKa-

3aHHoe cpopMyJio.H HhJOTOHa B 1.4 pa3a. C ,n;pyroii cTopOHhI, 3Kcrre­

pnMeHThI I'e:H-J110ccaKa H .n;pyrnx IIOKa3blBaJIH, qTo rrpn IlOCT05IHHOH 



1120 fJJaBa 22. TepMO,ll;HHaMHKa 

TeMrrepaType <t>opMyJrn (22. 7) BepHa, HO KOHCTaHTa B rrpaBoii qacTH 

3aBHCHT OT TeMrrepaTyphI. llTaK, eCJIH Mhl IIOJih3yeMCR He3aBHCHMhl­

MH cPYHKIJ;HRMH pH v B KaqecTBe KOOp,Il,HHaT Ha MHoroo6pa3HH paB­

HOBeCHhIX COCTORHHH, ypaBHeHHR (22.7) ,IJ,JIR pa3JIHqHhIX 3HaqeHHH 

IIOCTORHHOH crrpaBa RBJIRIOTCR ypaBHeHHRMH H30TepM, II cPOPMYJIY 

HbIOTOHa MOMHO HarrHcaTh B BH,IJ,e 

c
2 

= ( dp / dp )H3oTepM. • 

B 1816 ro,IJ,y JiarrJiac BhICKa3aJI H,n;e10, qTo <t>opMyJiy HhIOTOHa cJie­

,IJ,yeT 3aMeHHTh BhipaMeHHeM 

c2 = (dp/dp)a!1,Ha6aT. = ry(dp/dp)H30TepM.· (22.8) 

Ero apryMeHThI 6hIJIH qHcTo cPH3HqecKHMH: cKopocTh pacrrpocTpaHe­

HHR B03Mym;eHHR ropa3,IJ,O 6oJihIIIe CKOpOCTH rrepeHoca TeIIJia. Ilpo­

ll,HTIIpyeM caMoro Jiarrnaca: «llCTHHHaR CKOpOCTh 3ByKa paBHa rrpo­

H3Be,IJ,eHHIO CKopocTH, rronyqeHHOii H3 <PopMyJihI HhlOTOHa, Ha KBa,IJ,­

paTHhiii KopeHh H3 OTHOIIIeHHR y,n;eJihHOH TeIIJIOeMKOCTH B03,IJ,yXa rrpH 

IIOCTORHHOM ,IJ,aBJieHHH II Pa3JIIIqHhIX TeMrrepaTypax K y,IJ,eJihHOH Terr­

JIOeMKOCTH rrpn rrocTORHHOM o6'heMe». KpoMe Toro, JiarrJiac rro,IJ,qep­

KHBaeT, qTo Mhl MOMeM HCIIOJih30BaTh Ha6JIIO,D;aeMylO CKOpOCTh 3ByKa 

,IJ,JIR 3KcrrepHMeHTaJihHoro orrpe,n;eJieHHR ry. KoHeqHo, ecJIH MhI 3HaeM 

'Y H ypaBHeHHR H30TepM, TO ypaBHeHHe (22.3) MOMHO paccMaTpHBaTh 

KaK ,n;n<t><t>epeHU,HaJihHOe ypaBHeHHe ,Il,JIR a,IJ,Ha6aTnqecKHX KpHBhlX. 

HarrpnMep, ,Il,JIR MHornx ra3oB rrpn HH3KOM ,IJ,aBJiemm BeJIHqima 'Y 
rroqTH IIOCTORHHa. (Bo,n;opo,n; RBJIReTCR HCKJIIOqemieM H3 3TOro rrpa­

BHJia.) K po Me Toro, ypaBHeHHe ( 22. 7) BepHo rrpH nocToRHHhIX TeM­

nepaTypax. Ecnn rrpe,n.rronoMHTh, qTo (22.7) RBJIReTcR ypaBHeHHeM 

H30TepM H 'Y IIOCTORHHa, TO H3 ypaBH€HHR (22.3) CJie,n;yeT, qTo a,n;na-

6aTnqecKHe KpMBhie 3a,n.a10TCR <PopMynoii 

pV1 = const. (22.9) 

3aMeTHM, qTO B 3TOM rraparpa<t>e Mhl ,Il,O CHX rrop He I10Jlh30BaJIHCh HH 

rrepBhIM, HH BTOphIM 3aKoHaMM TepMO,IJ,MHaMHKH. Mhl rroJih30BaJIHCh 

TOJihKO rrpe,IJ,IIOJIO)K€HH€M, qTo MHOMeCTBO paBHOBeCHhIX COCTORHHH 

,IJ,ByMepHo, H qTo T€I1JIO orrpe,n;eJIReTCR JIHHeHHOH ,n;n<P<t>epeHU,HaJih­

HOH <t>opMoii, - T. e. «,IJ,OKTPHHOH CKpbIToro H RBHoro TerrJia». 
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Terreph BBe.n;eM o6a 3aKotta: rrepBbIH 3aKOH - dU = a - p dV n 

BTopo:H 3aKoH - a = T dS. Co6epeM nx BMecTe n rroJiyqHM 

dU = TdS- pdV. (22.10) 

Bo3hMeM BHeIIIHIOIO rrpon3Bo.n;ttyio OT 3Toro ypaBttettnH M rroJiyqMM 

dT /\ dS = dp /\ dV. (22.11) 

KaK orrpe.n;eJIHTh cPYHKII,HH T, S M U n3 3KCrrepnMeHTa, cKa)l(eM B 

Koop.n.,nttaTax p n V? qT06b1 rrpoHJIJIIOCTpttpoBaTh MeTo.n;, rrpe.n;rroJio­

)l(lfM, qTo tta6JIIO.n;aeMbie lf30TepMbl lf a.n;tta6aTbl 3a.ll;aIOTCH ypaBHe­

HmlMH (22. 7) 11 (22.9) coorneTCTBeHHO. BBe,n,eM cPYHKII,HM 

t(p, V) = pV (22.12) 

a(p, V) = pV'Y. (22.13) 

Tor.n;a 

lf30TepMbl - JIMHlflf ypoBH.H t (22.14) 

lf 

a.n;1rn6aTbl - JUiHMH ypOBH.H a. (22.15) 

IlocKOJihKY t M T MMeIOT o.n;tttt M Te )Ke JIMHHH ypoBHH M rrocKOJihKY 

HX .ll;HcP<PepeHII,MaJibl HMr.n;e He o6paIIIaIOTC.H B HYJib, TO cPYHKll,ll.H 

T MO)l(eT 6hITh Bbipa)l(eHa KaK cPYHKII,M.H t, T. e. qTo T = T(t) M 

T'(t) Httr.n..e He o6palllaeTc.H B HYJih. Toqtto TaK )Ke 3aKJIIOqaeM, qTo 

S = S(a). Harua 3a.n..aqa - orrpe.n..eJIMTh T(t) M S(a). ,lt;aJiee, H3 

ypaBttemrn (22.11) MMeeM 

dT /\ dS = T'(t)S'(a) dt /\ da = dp /\ dV. 

MbI .n..oJI)l(HhI ncrroJih3oBaTb .HBHhie Bb1pa)l(eHM.H .n;JI.H t M a KaK cPYHK-

1IMH OT p M V, qT06b1 Bhipa3HTh dt /\ da qepe3 dp /\ dV. Tor.n..a MhI 

IIOJiyqlfM, qTo OTHOIIIeHMe 

dp /\ dV 

dt /\ da 
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51BJrn:eTC51 rrpOM3Be,n;emieM cpyHKIJ;IUI OT t Ii cpyHKIJ;lili OT a, Ii TaKIIM 

o6pa3oM Ha:H,n;eM T' II S'. l1TaK, 

dt /\ da = (pdV + V dp) /\ ('YpV"- 1dV + V 1 dp) 

= ('Y- l)pV1 dp /\ dV = ('y- l)adp /\ dV, 

dp /\ dV = [( _ l)a]-l. 
dt /\ da 'Y 

T'(t)S'(a) = [('y- 1)ar
1

. 

B 3TOM ypaBHeHIIII YMHO)KIIM T' Ha mo6yro KOHCTaHTY k, a S' YMHO­

)KIIM Ha k- 1 . 9TO OTpa)KaeT TOT cpaKT, 'ITO a6COJUOTHa5l TeMrrepaTy­

pa orrpe,n;eJieHa c TO'IHOCThlO ,n;o IIOCT051HHOrO MHO)KIITeJI51. Ilo3TOMY 

6e3 rroTepII o6ru;HoCTII MO)KHO rrpe,n;rroJIO)KIITh, 'ITO T' = 1 II Tor,n;a 

S' (a) = [ ('y - 1)ar
1

. CJie,n;oBaTeJihHo, 

T=t+To, S=('y-1)-
1
loga+So, 

r,n;e To II So - KOHCTaHThr. BcrroMHIIM, 'ITO cpyHKIJ;II51 S orrpe,n;eJieHa 

IIMeHHO c TO'IHOCThlO ,n;o aMIITIIBHOH KOHCTaHThl. Ho HaM eru;e Ha,n;o 

orrpe,n;eJIIITh T0 II U. C 3To:H u;eJihIO rro,n;cTaBIIM IIX 3Ha'!eHII51 B (22.10) 
II IIOCJie rrpOCThIX Bhl'IIICJieHIIH IIOJIY'IIIM 

dU = ('y - 1)-
1 [Tod log a+ dt]. 

BcrroMHIIM eru;e o,n;IIH 3KcrrepIIMeHT - ,Il,)KOYJI51-ToMrrcoHa, - KOTO­

phIH IIOKa3hIBaeT, 'ITO eCJIII ra3 pacnmp51eTC51 a,n;n:a6aTII'!eCKII B BaKy­

YM, TO ero TeMrrepaTypa IIpII 3TOM rrpaKTII'!eCKII He II3MeH51eTC51. IlpII 

TaKOM pacrnIIpeHIIII He COBeprnaeTC51 pa6oTa, II CIICTeMa He IIOJiy'IaeT 

,Il;OIIOJIHIITeJihHOe TeIIJIO, II03TOMY BHyTpeHH5151 3HeprII51 u He II3MeH51-

eTC51. Ho rrpII 3TOM pacrnIIpeHIIe 51BJI51eTC51 Heo6paTIIMhIM rrpou;eccoM 

II II03TOMY yBeJIII'IIIBaeTC51 3HTpOIIII51 s. 9TO MO)KeT rrpOII30HTII TOJih­

KO rrpII ycJiomm, 'ITO To = 0. Tor,n;a 

(22.16) 

KoHe'!Ho, KOJIII'!eCTBO BHyTpeHHe:H 3HeprIIII rrporrop.o;IIOHaJihHO rroJI­

HOMY KOJIII'IeCTBY ra3a. 9To 3Ha'IIIT, 'ITO cyru;ecTByeT KOHCTaHTa, CB51-

3h1Ba10ru;a51 t c Bh16opoM yHIIBepcaJihHO:H rnKaJihI TeMrrepaTyp. Ilo3TO­

My MO)KHO HarmcaTh 

t = nRT, (22.17) 
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r,1.1,e n - KOJrn:qecTBO Monell. r83a, H T - yHHBepcanhHa51 TeMrrepaTy­

pa, H3Mep51eMa51 B KeJlbBHHax. (ITpH TaKOM Bhr6ope IIIKaJihI p83HOCTb 

Me)l(,11,Y TeMrrepaTypoii 3aMep3aHH51 H KHrreHH51 B0,11,hI paBHa 100°. Toq­

Horo cornaIIIeHH51 OTHOCHTeJihHO 3Toii IIIKaJihI MhI He rrpHB0,11,HM.) Tor­

,1.1,a R - rrocT051HHhrii MHO)l(HTeJih, rrpeo6p83YIOIIIHH e,1.1,HHHU,hI TeMrre­

paTyphr B e,1.1,HHHU,hr 3HeprHH, H83hrnaeMhIH 2aao6oi1 nocmo.11:1-1,1wu7. lfa 
(22.10) cne,1.1,YeT, qTO 

dU /\ dV = a /\ dV = Gv dT /\ dV. 

Tor,1.1,a H3 (22.16) H (22.17) rronyqaeM, qTo 

51BJI51eTc51 KoHcTaHToii. Terreph Gp TO)l(e ,11,0Jl)l(Ha 6hITh rrocT051HHOH H 

Cp-Cv = nR. 

Bee rrepeqHcneHHbre cBoiicTBa rronyqeHhI Ha ocHoBaHHH Tpex rrpe,1.1,­

rroJIO)l(eHHii, KOTOpbre OIIpe,1.1,eJ15IIOT uaeaJl!b'H!btU za3: 

(i) 3aKOHhI feii-JiroccaKa H Boiin51 (ypaBHeHHe (22.7)): 

pV=nRT; 

(ii) BHyTpeHH5151 3HeprH51 U 3aBHCHT TOJihKO OT T (3KcrrepHMeHT 

,IJ;)l(oyn51); 

(iii) l1 - IIOCT051HHa51 BeJIHq:irna. 

,Il;aBaiiTe Terrepb co6epeM BMeCTe HaIIIH pe3yJihTaTbI, HO mi:caTh HX 

6y,1.1,eM ,11,Jl51 0,11,HOro MOJl51. 11TaK, cqHTaeM, qTO n = 1, H ,11,aJihIIIe 

IIHIIIeM v BMecTo V, cp BMeCTO Gp HT. ,1.1,. Tor,1.1,a rronyqaeM 

3aKOHbI 11,n;eaJibHoro ra3a. 

• l13oTepMhI - pv = RT; 

• a,1.1,Ha6aThI - pv'Y = const; 

7t.facJieHHoe 3Haqemi:e R ~ 8.31.LI;)K/K. - llpu.M. pea. 
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• u = ('y - 1)-1RT; 

• Cv = ('y - 1)-1 R; 

• Cp = ['Y/('y- l)]R, OTKy,n;a Cp - Cv = R; 

• s = ('y- 1)-1 Rlogpv'Y +so= Rlogv + Cv logT + s~. 

,ll;JI.a peaJibHhIX ra30B MO)KHO H3MepHTb BeJIWIHHbI p, v, T, Cv, Cp 

H ')'. "l.J:To6br H3MepHTb Cv' ra3 noMern;aIOT B CTaJibHOH cocy.n; c TOH­

KHMH CTeHKaMH, BOKpyr KOToporo HaMOTaHa HarpeBaTeJibHaH cnu­

paJib. TenJio, no,n;Bo,n;uMoe K ra3y, onpe,n;eJI.aeTc.a no H3BeCTHOMY ToKy, 

npoTeKarorn;eMy no o6MOTKe, H H3Mep.aeTCH H3Mettemre TeMrrepaTy­

pbI ra3a. qT06br H3MepHTb Cp, ra3 nponycKaIOT qepe3 aHaJIOrHqHbIH 

HarpeBaTeJibHblH 3JieMeHT npu noCTO.HHHOM ,n;aBJieHmr; H3Mep.aeTC5I 

TeMnepaTypa BTeKarorn;ero H BbITeKarorn;ero ra3a. HH)Ke npHBO,lJ;.HTCH 

pe3yJibTaTbl 3THX 3KcrrepHMeHTOB npH HH3KOM ,n;aBJieHHH, KOr,n;a ra3 

Be,n;eT ce6.a rroqTH KaK u,n;eaJibHhIH. 

,D,.11,J/, ecex 2aaoe Cv H Cp 3aBuc.aT TOJibKO OT T, H 

ep- Cv = R. 

,D,,/l,R oanoamOM'HibtX 2a306, TaKHX KaK He, Ne, Ar, H rrapOB 60Jib­

IIIHHCTBa MeTaJIJIOB Cv nOCTO.HHHa B IIIHpOKOH o6JiaCTH TeMnepaTyp 

T H oqeHh 6JIH3Ka K 3R/2. Ilo::>ToMy Cp oqeHh 6JIH3Ka K 5R/2. Be­

JIHqHHa ')' nOCTOHHHa B nrnpoKOH o6JiacTH TeMnepaTyp T H 6JIH3Ka 

K 5/3. 
,D,,/l,,H, aeyxamoM'tt'btX 2a306, TaKHX KaK 02, N2, NO, co H B03-

.n;yx8' npH o6bPIHbIX TeMnepaTypax Cv nocTOHHHa H npHMepHo paB­

Ha 5R/2, Ilo::>TOMY Cp npHMepHo paBHa 7 R/2, a 'Y TO)Ke nocTo.aHHa 

IIpH 06b1qHbIX TeMrrepaTypax H npHMepHO paBHa 7 /5. '.:'.ha KOHCTaHTa 

yMeHbrnaeTc.a c pOCTOM TeMnepaTypbI. 

11MeHHO ::>To 3Haqettue 'Y = 7 /5 yqacTByeT B paccy)K,ll;emrnx Jla­

nJiaca OTHOCHTeJibHO CKOpOCTH 3ByKa B Box.n;yxe. McTHHHOe 3HaqeHHe 

.n;po6e:H 3/2, 5/2 HT . .n;. CTaHOBHTCH oqeBII,lJ;HblM TOJibKO B paMKax CTa­

THCTlfqeCKOH MexaHHKH. 

8
KOTOpbIH Ha 98% COCTOHT H3 ,LJ;ByxaTOMHbIX KOMIIOHeHT - a30Ta N2 (75%) If 

KHCJIOpo,n;a 02 (23%). - Ilp'U.M. ped. 
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,11,m1 pe.a.tlib'HibtX r830B MO)KHO rrp11BeCTll TaKlle )Ke paccy)K,ll;emrn:, 

HaqaB c ypaBHemu1 (22.14). Terrepb MhI y)Ke He rrpe)J;nonaraeM, qTo 

1130TepMbI II a)l,1Ia6aThI 3a)J;aIOTC.H ypaBHeHIUIMll (22.12) II (22.13), 
11n11 qTo 'Y - rrocTO.HHHa.H BeJI11q11Ha. Ho 3KcrrepnMeHTaJihHO MO)KHO 

orrpe)l,eJIHTb H30TepMbI H 3HaqeHHe 'Y' CJie)l,OBaTeJibHO, pemHTb ypaB­

HeHHe (22.3) (B03MO)KHO, TOJihKO qncJieHHO) H IIOJiyqHTb a)l,Ha6aTbI. 

Ilocne 3Toro MO)KHO HaHTll T' ( t) 11 S' (a), qTo )l,aCT B03MO)KHOCTh rro­

nyqnTh S, a 3aTeM Uc noMorrrhro ypaBHeHH.H (22.10). 9Ta HH<l>opMa­

u,n.a co6npanacb Ha npOT.H)KeHHH 150 JieT )l,JI.H p83JIHqHbIX BerrreCTB, 

11 Terrepb oHa co6paHa B BR)l,e crreu,HaJihHhIX )l.RarpaMM. KpoMe 3TO­

ro, BBe,n;eHhI HOBhie cPYHKIJ,HH B )l,OIIOJIHeHHe K y)Ke paCCMOTpeHHbIM, 

BecbMa rrone3Hhie )l,JI.H orrpe)l,eJieHHhIX 3a)l,aq. HarrpwMep, 3'Hma.11ibnU.R 

H, onpe.n.emi:eMa.a ypaBHeHneM 

H=U+pV. 

06'b.HCHHM, rroqeMy 3Ta cPYHKIJ,H.H Ba)KHa )l,JI.H Hae. lfa ypaBHeHH.H 

(22.10) CJie)l,YeT, qTO TeIIJIO, IIO,LJ;Be)l,eHHOe K CHCTeMe rrpH IIOCTO.HH­

HOM o6'heMe, paBHO 113MeHeHHro BHJTpeHHell. 3Heprnn U. Ho B XHMH­

qecKHX Jia6opaTOpH.HX rop83)l,O J)l,06Hee rrpOBO)l,HTb OilbITbI rrpH IIO­

CTO.HHHOM )l,aBJieHHH (cKa)KeM, rrpH aTMoc<PepHOM )l,aBJieHHH) H rrpH 

3TOM H3MeH.HTb o6'beM. ,11,u<P<l>epem:J,Hpy.a orrpe)l,eJieHHe 3HTaJibIIHH, 

IIOJiyqaeM 

dH =a+ Vdp. 

Ilo3ToMy H3MeHeHne H orrpe)J;en.aeT KOJinqecTBO Terrna, IIO)l,Be)l,eHHO­

ro K CHCTeMe rrpH IIOCTO.HHHOM )l,aBJieHHH. Tor,n;a TeIIJIOTa XHMHqecKOH 

peaKIJ,HH 3a)l,aeTC.H H3MeHeHneM 3HTaJihIIHH. 

Cpe)l,n p83JIHqHbIX 3MrrnpnqecKHX )l,HarpaMM oco6eHHO rroJie3HhI­

MH .HBJIRIOTC.H )l,HarpaMMhI MoJIJihe, Ha KOTOphrx p H H - Koop)J;HHaT­

Hhre OCH, H B 3TOll CHCTeMe KOOp)l,HHaT H306pa)KaIOTC.H JIHHHH ypOBH.H 

S, V n T. Ha cJie)J;Yrorrreii CTpaHHII,e B KaqecTBe rrpnMepa rrpHBO)l,HTC.H 

)l,HarpaMMa MoJIJihe )l,JI.H Kncnopo)J;a. 

CyrrrecTByroT )J;pyrne KoM6HHau,nn U, p, V 11 S, H3 KOTOphrx rrony­

qaroTc.a cPYHKIJ,HH, rroJie3Hhre rrpn pemeHHH orrpe)J;eJieHHhIX 3a)l,aq. llx 

o6o3HaqeHH.H MeH.HIOTC.H, II03TOMY 3)l,eCh MbI He 6y)l,eM HX OIIHCbIBaTb. 

0)l,HaKo, eCTb cPYHKIJ,H5I, oqeHh IIOJie3Ha.H )l,JI.H rrpaKTnqeCKHX u,eneii H 

HMerorrra.a Ba)KHOe TeopeTnqecKoe 3HaqeHne. B rrocne)J;Yrorrrnx rrapa­

rpa<l>ax Mhr 6y)J;eM HeO)l,HOKpaTHO o6parrraThC.H K Hell.. To, qTo 6y)l,eT 



,ll;HarpaMMa MoJIJibe 1\JIH KHCJiopo.n;a. EcJIH 3a,n;aHb1 3Ha•rnHHH mo6blx ,n;Byx H3 IIHTH 

cpyHKD;HH p, V, H, T, S, TO MO)KHO HaliTH TO'IKy, B KOTopoli .n;ocTHraIOTCH 3TH 3Ha'l€HHH, 

KaK rrepeceqeHHe cooTBeTCTBYIOID;Hx JIHHHH ypoBHH. Tor.n;a MO)KHO orrpe,n;eJIHTb 3Ha'leHHH 

OCTaJibHbIX Tpex cpyHKD;HH ,n;HarpaMMbl H cpyHKD;HH u H3 paBeHCTBa u = H - pV. 
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c.n;eJiaHO 3,lJ;eCh, Ha nepBbIH B3rJIR,Il;, MO)KeT IlOKa3aTbC51 BeCbMa CTpaH­

HbIM, HOB paMKax CTaTMCTlrqecKOH MexaHMKll 3TO 6y.n;eT BilOJIHe y6e­

,Il;MTeJibHbIM. PaccMoTpMM ifiyn'/\;u,u10 ll.1tan1(;a Y, onpe.n;eneHHYIO pa-

BeHCTBOM 

qT06bI 3aITMCaTb 3TY <f>opMyJiy B 6onee y.n;o6HOH <f>opMe, BBe,n;eM 

(3 = (RT)-1 , v = (3p. (22.18) 

3aMeTMM (HanpMMep, M3 ypaBHeHMii (22.16) M (22.17)), qTQ R -
MHO)KMTeJih, CB513bIBaIOliIMH 3HeprMIO ll TeMnepaTypy, Il03TOMY pa3-

MepHOCTbIO (3 RBJIReTCR o6paTHa51 3Heprirn, CKa)KeM, B e.n;MHMD;aX 
(,II,)K)-1 , a pa3MepHOCTbIO ll - o6paTHbIH o6'heM, TaK qTo (3 dU ll 

v dV - 6e3pa3MepHbre BemrqMHhI. IIpe.n;noJio)KMM, qTo c caMoro Ha­

qana MhI BKJIIOqHJIM R B onpe.n;enemre TeMnepaTyphI T, qTo6hI M3Me­

pRTh TeMnepaTypy B e.n;MHHirax 3HeprMM. Tor.n;a ra30BM nocTORHHaR 

11cqe3aeT. IlocKOJibKY pa3MepHOCTbIO a = T dS RBJIReTCR 3Hepnrn, M 

MhI M3MepReM TeMnepaTypy T TO)Ke B e.n;HHMIIax 3Hepr11M, TO B Ta­

Koii TeMnepaTypHOH IIIKaJie 3HTpOilll51 s CTaHOBMTCR 6e3pa3MepHoii. 

Tor.n;a S M <PYHKIIMR IlnaHKa 

Y = S - (3U - vV (22.19) 

6e3pa3MepHbre. KoM6MHHpyR nepBbiii M BTopoii 3aKOHhI TepMO,Il;MHa­

MHKM, ypaBHeHMe (22.10) MO)KHO 3an11caTb B BH,Il;e 

dS = (3 dU + vdV. (22.20) 

Tor.n;a M3 <f>opMyJihI (22.19) cne.n;yeT, qTo 

dY = -U d(3 - V dv. (22.21) 

YpaBHeHMR TMna (22.20) M (22.21) 6y.n;eM MHTepnpeTMpoBaTh cne­

,lJ;YIOliIMM o6pa30M. PaccMoTpMM qeThrpexMepHoe npocTpaHCTBO ffi.4 c 

Koop.n;MHaTaMM ((3, v, U, V). B 3TOM npocTpaHCTBe BBe.n;eM BHeIIIHIOIO 

2-<f>opMy 

n = d(3 /\ dU + dv /\ dV. (22.22) 

Bo BceM npocTpaHCTBe ffi.4 MhI MMeeM 

f!=d((3dU+vdV) M f!=d(-Udj3-Vdv). 
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,Il;ByMepHoe IIO,LJ;MHOI'006pa3He [, rrpocTpaHCTBa IR4 Ha3bIBaeTC5! Aa-

2pa'lt:>1Ce6'bt.M, eCJIH 2-ci>OpMa 0, OI'paHH'IeHHMI Ha £, TOM,LJ;eCTBeH­

HO o6paIIJaeTC5! B HYJib. ,Il;JI5! mo6oro ,n;ByMepHOI'O IIO,Il;MHOI'006pa3ll5! 

rrpocTpaHCTBa IR4 
BeJIHqJIHbI f3 ll v MOMHO paccMaTpHBaTb KaK cPYHK­

IJllll. EcnH Hx ,n;Hci>cPepeHIJllaJibI JIHHeitHo He3aBHCHMbI rrpH orpaHJiqe­

HHH Ha IIO,LJ;MHOI'006pa3He, TO cPYHKIJllll f3 ll v MOMHO llCIIOJib30BaTb 

B KaqecTBe JIOKaJihHbIX Koop,n;HHaT. AHaJIOrJiqHo, cPYHKIJHH U H V 
MOMHO paccMaTpHBaTb B KaqecTBe JIOKaJibHbIX KOOp,LJ;HHaT, eCJill llX 

,n;Hci>cPepeHIJllaJihI JIHHeitHo He3aBHCHMbI. CM. pHc. 22. 7. 

,I/ 

/3 

I . . . . 
v 

:J------u 

PHc. 22. 7. IIo,n;MHoroo6pa3He £ narpaHMeBo. IIpoeKIJHH Ha rrnoc­

KOCTh {3, v B3allMHO-O,LJ;H03HaqHa, 1103TOMY MOMHO paccMaTpllBaTb 

{3, v KaK JIOKaJibHbJe KOOp,LJ;HHaTbI Ha £. Ilo TOH Me rrpJiqJIHe MO)l(HO 

B KaqecTBe JIOKaJibHbIX KOOp,LJ;HHaT Ha [, B35!Tb u' v 

EcJIH rro,n;MHoroo6pa3He £ 5!BJI5!eTC5! narpaHMeBbIM, TO rrpH orpa­

HJiqeHHH Ha 3TO IIO,Il;MHOI'006pa3He HMeeM 

d(f3 dU + v dV) = 0, 

ll, cne,n;oBaTeJibHO, ( JIOKaJibHO) cyIIJeCTByeT cPYHKIJH5! s' orrpe,n;eJieH­

Ha5! Ha £ TaK, qTo BhlIIOJIH5!eTC5! ypaBHeHHe (22.20). AHaJIOrHqHo, 

IIOCKOJibKY rrpH orpaHJiqeHllll Ha IIO,LJ;MHOI'000pa3He [, MbI HMeeM 

d(-Ud{3-Vdv)=0, 

TO MO)l(HO c,n;eJiaTb BbIBO,n;, qTO ( JIOKaJibHO) cyIIJeCTByeT TaKa5! cPYHK­

IJll5! Y, qTo BbIIIOJIH5!eTC5! ypaBHeHHe (22.21). TaKHM o6pa30M, MOMHO 

,n;aTb o6IIJYIO cPOPMYJillpOBKy ,Il;J15! rrepBOI'O H BTOporo 3aKOHOB: 
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MHOroo6pa3He paBHOBeCHhIX COCTOHHHH HBJIHeTCH JiarpaH­

MeBbIM IIO,II,MHOroo6pa3HeM B rrpocTpaHCTBe c KOOp,IJ,HHa­

TaMH (/3, v, u, V). 

Ilpo,II,OJI)l(HM Harne MaTeMaTH'-leCKOe paccyM,II,eHHe. Ilpe,II,IIOJIO­

)l(HM, 'ITO Mhl BBeJIH cPYHKlJ;HM u H v B Ka'-leCTBe JIOKaJihHhlX KO­

op,II,MHaT (CM. pMC. 22. 7)' M rrpe,II,IIOJIO)l(MM, 'ITO Mhl 3HaeM cPYHKl.lMIO 

s. 9To 03Ha'-!aeT, 'ITO HaM 38.,IJ,aHa cPYHKIJ;MH s, HBHO 3aBMCHll.laH OT 

U M V. EcJIM corrocTaBMTh paseHCTBO 

dS = (8S/8U) dU + (8S/8V) dV 

c paBeHCTBOM (22.20), TO IIOJIY'IHM BbipaMeHMH ,II,JIH /3 M v 'Iepe3 u 
M v, a HMeHHO 

f3 = as;au H v = as;av. (22.23) 

9To, KOHe'IHO, orrpe,II,eJIHeT IIO,II,MHOroo6pa3He £. ~yrHMM CJIOBaMM, 

ecJIM y Hae ecTh ,1.1,HarpaMMa MoJIJihe B Koop,II,HHaTax U M V c JIM­

HMHMH ypoBHeH H 3Ha'-leHHHMM TOJlhKO cPYHKl.lHH s' TO MOMHO BOC­

CTaHOBMTh £ M, CJie,n;oBaTeJibHO, ITO KpaiiHeii Mepe B rrpMHl.lHIIe, see 

Heo6xo,II,HMhie TepMO,II,MHaMM'-leCKMe cPYHKl.lMH. BcH HHcPOpMal.lHH OT­

HOCHTeJihHO £ 3aKO,II,HpOBaHa B s' eCJIH s HBJIHeTCH cPYHKl.lMeii u M 

V. Mb1 Ha3hrnaeM S npOU360d.Hiw,ei1 <fiy'H'K"-U,ueu JiarpaHMesa rro,II,MHO­

roo6pa3HH £. 
AHanorM'IHO, ecJIM B Ka'-leCTBe JIOKaJihHhIX Koop,1.1,n:HaT B3HTh (3M 

v H 3a,IJ,aTh y KaK cPYHKl.lMIO /3M v, TO M3 paBeHCTBa (22.21) MOMHO 

BOCCTaHOBMTh cPYHKl.lMM u H v B 3aBMCMMOCTM OT (3 H v c IIOMOll.lhIO 

paBeHCTB 

u = -oY/8(3 H V = -8Y/8v. 

TaKMM o6pa3oM, Y - rrpOH3BO,IJ,HlllaH cPYHKl.lHH £. (3aMeTMM, 'ITO 

3TO ,1.1,aeT o6paTHOe OT06paMeHHe, BbipaMaH (3 M v KaK cPYHKl.lMM OT 

u M V.) 
Mb1 MOMeM rrpo,1.1,eJiaTh To Me caMoe, Bb16pas B Ka'-!eCTBe JIOKaJih­

HhIX KOOp,II,HHaT ,II,pyrHe rrepeMeHHhie. Harrpn:Mep, MOMHO HaIIHCaTh, 

'ITO Ha BCeM rrpocTpaHCTBe JR4 

0 = d( -U d(3 + v dV) 

M COOTBeTCTBeHHO Ha L 

dZ = -U d(3 + vdV, 
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r,n;e if>ytt'li:U,UR Macc'be Z orrpe,n;eJI51TC51 Bhip8.)KemrnM 

z = s - /3U. (22.24) 

TaKHM o6pa3oM <l:>YHKII;H51 Macche - rrpo113Bo,11;51irr;a51 <l>YHKII;H51 ,D;JI51 

£, B Koop,n;rrHaTax /3 H V. B ypaBHeHHH (22.24) 3aKo,n;11poBaHhI rrep­

BhIH H BTOpoil: 3aKOHhl TepMO,ll;HHaMHKH BMeCTe c IIOJIHhIM OIIHCaHHeM 

paBHOBeCHhIX COCT051HHH Hamett CHCTeMhI! 

Kor,n;a MhI rrepeil:,n;eM K 113yqeHHIO paBHoBecHoil: cTaTHCTH'IecKoil: 

MexaHHKH, TO YBH,ll;HM, 'ITO <l>YHKII;HH S H Z 51BJI51IOTC51 6a3HCHhIMH. 

By,n;eT ,n;aHa HHTeprrpeTaII;H51 <l>YHKII;HH S Ha 513hIKe TeopHH Bepo51THO­

cTeil:, 113 qero cTaHeT 51CHO, 'ITO ee 3Ha'IeHHe pacrrpocTpaH51eTc51 ,n;a­

JieKo 3a rrpe,n;eJihI TepMO,ll;HHaMHKH. By,n;eT rroKa3aHo, 'ITO <l>YHKII;H51 

z o6ecrre'IHBaeT CB513h Me)K,lzy MHKpOCKOIIH'IeCKOH TeopHeH H Ha6mo­

,n;aeMhIMH MaKpOCKOIIH'IeCKHMH 51BJieHH51MH, T. e. H3 o6irr;eil: KOHCTpyK­

II;HH CTaHeT IIOH51THO, KaK MO,D;eJib 3HeprHH Ha aTOMHOM HJIH MOJieKy­

JI51pHOM ypoBHe rrpHBO,ll;HT K orrpe,n;eJieHHOMY Bbipa)KeHHIO ,ll;Jl51 z KaK 

<l>YHKII;HH OT /3 H v. (MHOrHe TeXHH'IeCKHe acrreKThl CTaHyT 'IHCTO Ma­

TeMaTH'IeCKOH 3a,n;aqeil: - KaK Bhl'IHCJI51Th HJIH orr;eHHBaTh 3TO Bbipa­

)KeHne.) ll, KOHe'IHO, Mhl pa30BbeM Teopmo TaK, 'IT06b1 OHa pa60TaJia 

fl.J151 CHCTeM c HeCKOJihKHMH KOH<l:>Hryparr;HOHHhIMH rrepeMeHHhIMH. 

Ilpe)K,n;e qeM rrepexo,n;HTh K CTaTHCTH'IeCKOH MexaHHKe, CJie,n;y­

eT eirr;e o6cy,n;HTh p51,11; n,n;eil: OTHOCHTeJihHO paBHOBeCH51. 9To 6y,n;eT 

c,n;eJiaHo B cJie,n;yroirr;eM rraparpa<l:>e. Ho B 3aKJIIO'IeH11e 3Toro rrapa­

rpa<l:>a o6paTHMC51 K 3aMeqamrro, c,n;eJiaHHOMY B caMoM Ha'IaJie. Mhl 

roBOpHJIH, 'ITO MHOrne <l>H3H'IeCKH H3Mep51eMhie BeJIH'IHHhl 3a,n;aIOT­

C5I OTHOilleHHeM 2-<l>opM Ha IIOBepxHOCTH paBHOBeCHhIX COCT051HHH, H 

IIOKa3aJIH 3TO Ha rrpMMepe ,D;Byx THIIOB «TeIIJIOeMKOCTeH». IlpHBe,n;eM 

eirr;e ,n;Ba rrpMMepa. 

Koa<l:><l:>11rr;11eHT dV /\ dp 
TeIIJIOBOro pacmHpeHH51 

V dT /\ dp 
rrpH IIOCT051HHOM ,n;aBJieHHH 

Koa<l:><l:>11rr;11eHT C)KHMaeMOCTH dV /\ dT 
rrpH IIOCTORHHOH TeMrrepaType V dT /\dp 

,Il;pyrHe rrpHMephl BeJIH'IHH H crroco6oB o6pairr;eHH51 c HHMH Mhl 

,n;a,n;HM B 3a,n;aqax K 3TOH rJiaBe. 
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22.5. YcJioB1u1 paBHOBec1n1 

PaccMoTpHM cncTeMhI c rrpoH3BOJihHhIM qncJIOM Kompnrypau,noHHhIX 

rrepeMeHHbIX. ,II;o CHX rrop Mbl orrpe.n;eJIHJIH cPYHKil,HIO s TOJibKO Ha 

MHoroo6pa3HH paBHOBeCHhIX cocTOHHHH. Ba)KHO OTMeTHTh, qTo HeKo­

TOpbie cPYHKil,HH, HarrpnMep, TeMrrepaTypa HJIH .n;aBJieHHe, orrpe.n;eJUI­

IOTC5I TOJibKO Ha MHOroo6pa3HH paBHOBeCHbIX COCT05IHHH. HeT CMblC­

Jia rOBOpHTb 0 TeMrrepaType ra3a ( KaK u,eJioro)' eCJIH OH He HaXO,IJ;HT­

C5I B paBHOBeCHH. B cBoe BpeM5I 6hIJIO c.n;eJiaHo BeJIHKOe OTKphITHe -

3HTpOIIH5I 5IBJI5IeTC5I cPYHKil,He:H, orrpe.n;eJieHHOH Ha MHO)KeCTBe BCex 

cocT05IHHH, T. e. cyI11eCTByeT cPYHKil,HR Ent TaKaR, qTo 

Ent(p) = S(p), 

eCJIH p - paBHOBeCHOe COCT05IHHe. 3.n;ech Mbl He 6y.n;eM .n;aBaTh orrpe­

.n;eJieHne Ent, rrocKOJihKY 3TO rroTpe6yeT orrncaHHR rrpoH3BOJihHhIX co­

CTORHHH cncTeMhI. TaKoe orrpe.n;eJieHne 6y.n;eT .n;aHo, Kor.n;a MhI 6y.n;eM 

3aHHMaTbC5I cTaTHCTnqecKo:H MexaHHKOH. Tor.n;a MhI HarrmneM RBHYIO 

cPOPMYJIY ,IJ;JI5I Ent, <l:>aKTnqecKn rroJiyqeHHyro BoJihll,MaHOM. 0.n;HaKo, 

MHorne n.n;en, H3JiaraeMhie B 3TOM naparpa<l:>e, npnHa.n;Jie)KaT KJiay-

3nycy H .n;pyrnM, KTO pa6oTM .n;o OTKpbITH5I CTaTHCTHqeCKOH HHTep­

npeTall,HH. 

Mb1 BOCIIOJih3yeMC5I CBOHCTBOM aMHTHBHOCTH 3HTponnn ,IJ;JI5I 

.n;Byx cncTeM, HaXO,IJ;5II11HXC5I B KOHTaKTe. ( Ceilqac 3TO cBoilcTBO 6y­

.n;eM paccMaTpHBaTh KaK aKC.HOMy, HO IIOTOM OHO 6y.n;eT ,IJ;OKa3aHO B 

paMKax cTaTHCTnqecKo:H MexaHHKH.) llTaK, no.n; ABYMR cncTeMaMn, 

HaXO,ll;5IIllHM.HC5I B KOHTaKTe, Mbl no,zi;pa3yMeBaeM 6oJibIIIYIO C.HCTeMy, 

IIOCTpoeHHYIO H3 ,ll;BYX MeHhIIIHX, TaK qTo COCT05IHHe 6oJihIIIOH CHCTe­

Mbl p 5IBJI5IeTC5I napo:H COCT05IHHH p = (p1, P2) OT,IJ;eJihHbIX KOMIIOHeHT 

CHCTeMbI, H BHyTpeHH5I5I 3HeprH5I 

,Il;pyrHMH CJIOBaMH, «3HeprH5I B3aHMO,IJ;eHCTBH5I» rrpeHe6pe)KHMO Ma­

Jia no cpaBHeHmo c cyMMOH HH,IJ;HBH,IJ;YMhHhIX 3Heprn:H. Mb1 tte npe.n;­

noJiaraeM, qTo KOHTaKT TOJihKO TenJioBo:H (pnc. 22.8). HanpnMep, 

B03M0)KH0 ,IJ;BH)KeHHe nopIDH5I Me)K,Il;Y pe3epByapaMH, TaK qTo B03-

MO)KeH «06MeH o6'beMaMH». llJIH HMeeTC5I npOHHU,aeMa5I neperopo.n;­

Ka Me)K.n;y CHCTeMaMH, TaK qTo B03MO)KeH o6MeH MOJieKyJiaMH ra3a 
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Puc. 22.8. ,ll;Be cucTeMbI, Haxo,n;Hm;uecH B KOHTaKTe Tpex BH,lJ;OB. OHM 

MOryT o6MeHHBaThCH T€IIJIOM ( CBepxy)' Bem;ecTBOM ( B cepe,n;HHe) H 

o6'beMOM (BHH3Y) 

H T. ,n;. 9HTpOIIH.H COCTaBHOH CHCTeMhl .HBJI.HeTCH CJMMOH 3HTpoIIHH 

COCTaBJIHIOID;HX CHCTeM, T. e. 

Ent(p) = Ent(p1) + Ent(p2), ec;rn p = (p1, P2). 

,LI;anee MhI 6y,n;eM HCIIOJih30BaTh 3TO Ba:arnoe cBoiicTBO. EcJIH MhI 

¢YHKIJ;H.H 3HTpOIIHH orrpe,n;eJieHa Ha MHO)KeCTBe Bcex COCTO.HHHH, TO 

pa3yMHO ,n;aTh 6oJiee CHJihHJIO ¢opMJJIHpOBKY BTOporo 3aKoHa Tep­

MO,lJ;HHaMHKH. 

Ecm1 CHCTeMa a,n;Ha6aTwiecKH 3aMKHyTa, TO 3HTporru.H 

Jiro6oro cocTO.HHHH He MO)KeT y6hrnaTh co BpeMeHeM. Bo­
Jiee TOro, 3HTpOIIH.H BCer.n;a B03pacTaeT, eCJIH TOJihKO CH­

CTeMa y)Ke He HaXO,ll;HTC51 B paBHOBeCHOM COCT051HHH. 

IIocKOJihKY 3HeprH.H coxpaHHeTcB, 3TO rrpHBO,ll;HT K Ba)KHOH xapaKTe­

PHCTHKe paBHOBeCHhIX COCTOHHHH, HaH60Jiee Ba)KHOH B CTaTHCTH'Ie­

CKOH MexaHHKe. 

IIp:uH:u;:urr MaKcHMaJihHOH 3HTporr:u:u: cpe,n;H Bcex cocTOHHHii 

c )J;aHHOH BHJTpeHHeii 3HeprHeii paBHOBeCHOe COCTOHHHe o6Jia.u;aeT 

MaKCHMaJihHOH 3HTpOrrHeii. 

IIp:uH:u;:urr MHH:UMaJlbHOH 3Hepr:u:u r:u66ca: eCJIH p - paBHOBeC­

HOe COCT051HHe, a(} - .u;pyroe COCTO.HHHe c TOH )Ke 3HTporrneii, 'ITO H 

p, T. e. Ent((}) = Ent(p), TO U(p) ~ U((J). 
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qT06bI rroJiyqHTb rrpaBHJIO fH66ca H3 rrpHHIJ;HIIa MaKCHMaJibHOH 

3HTPOIIHH, socrroJib3yeMCH cPH3HqecKHM orrbITOM. Mb1 scer,n;a Mo:a<.:eM 

IIO,Il;BO,IJ;HTb TeIIJIO K CHCTeMe H II03TOMY HerrpepbIBHO yseJin:qn:saTb 

3Heprmo H 3HTpOIIHIO CHCTeMbI, rrpn:qeM 3TO MO:a<.:HO ,n;eJiaTb, He H3-

MeH5!5I KOHcPHrypau;HOHHbIX rrepeMeHHbIX. Ilpe,n;rroJIO:a<.:HM, qTo p -
paBHOBeCHOe COCTOHHHe, H rrpe,n;rrOJIO:a<.:HM, qTO ( sorrpeKH OIIbITY) eCTb 

,n;pyroe COCTOHHHe (T B OKpeCTHOCTH p, rrpHqeM Ent(a) = Ent(p) H 

u ( (T) < u (p). Ilo,n;so,n;H TeIIJIO K CHCTeMe, Mb! MO:a<.:eM HerrpepbIB­

HO yseJIHqHBaTb 3HeprHIO If 3HTPOIIHIO, IIOKa He ,n;ocTHrHeM HOBOrO 

COCT05IHH5I c TOH :a<.:e BHyTpeHHeli 3HeprHeii, qTo H p, HO 60JibIIIeii 

3HTporrneii, qTo rrpOTHBOpeqffT rrpHHD;HIIY MaKCHMaJibHOH 3HTp0lIHll. 

9To ,Il;OKa3bIBaeT rrpHHD;HII fH66ca. 

Ilpe:a<.:,n;e qeM lIOJib30BaTbC5I rrpHHD;HlIOM rH66ca, c,n;eJraeM PHA 

rrpe,n;BapHTeJibHbIX 3aMeqaHHH. Ilpe,n;rrOJIO)l(HM, qTO Ji' ... 'fk -
cPYHKD;HH OT KOHcPHrypau;HOHHbIX rrepeMeHHblX CHCTeMbl. <l>HKCHPYH 

3HaqeHHH 3THX cPYHKD;Hli, MO:a<.:Ho rroJiyqHTb H06y10 cncTeMy. Harrpn­

Mep, rrpe,n;rroJIO:a<.:HM, qTO ,n;se CHCTeMbI, H306pa:a<.:eHHbie Ha pHC. 22.8, 
cHaqana 6bIJIH pa3,n;eJieHbI, H Ka:a<.:,n;aH HMeJia csoii rropIIIeHb. ,Il;o o6'h­

e,n;HHeHHH Mb! HMeJIH CHCTeMy, KOTOpaH 6bIJia rrpocTO rrpHMbIM rrpo­

H3Be,n;eHHeM ,n;syx rro,n;cHCTeM. Il03TOMY y Hae 6bIJIO qeTbipe KOHcPH­

rypau;HOHHbJe rrepeMeHHbJe: o6'heMbI rro,n;CHCTeM - Vi ll V2, IIOJIHaH 

Macca ra3a s Ka:a<.:,n;oii rro,n;cHcTeMe - M1 H M2. (,Il;JIH yrrporu;eHHH 

o6cy:a<.:,n;eHH5I rrpe,n;rroJIO:a<.:HM, qTO B lIO,Il;CHCTeMax 6bIJI O,ll;RIIaKOBbIH 

ra3.) IlpHBO,Il;H IIO,Il;CHCTeMbl B KOHTaKT, KaK lIOKa3aHO Ha pHC. 22.8, 
Mb! HMeeM cPHKCHposaHHbie lIOJIHbIH o6'beM H lIOJIHYIO Macey. ,Il;py­

rHMH CJIOBaMH, MbI HaJIO)f(HJIH orpattnqeHHH Ha cPoPMhI J = canst u 
g = const, r,n;e 

COKpaTHB qffCJIO He3aBHCHMbIX rrepeMeHHbIX c qeTbrpex ,n;o ,n;syx. 

Bo3bMeM HeKOTopy10 cHcTeMy n rrepeii,n;eM K Hosoli CHCTeMe, Ha­

JIO:a<.:HB HeKOTOpbie orpaHHqeHHH Ha KOHcPHrypau;HOHHbJe rrepeMeH­

Hbie. TaKa.H CHCTeMa 6y,n;eT HMeTb co6cTseHHbie paBHOBeCHbie cocTo­

HHHH, KOTOpbre xapaKTepH3YIOTC5I MaKCHMYMOM 3HTpOIIHH Ii MHHHMY­

MOM BHyTpeHHeii 3HeprHH, HO, KOHeqHo, no OTHOIIIeHHIO K 6oJiee orpa­

HHqeHHOMY KJiaccy COCTOHHHH, T. e. Tex, qTO y,n;osJieTBOpHIOT orpaHH­

qeHHHM. Ilpe,n;rroJIO:a<.:HM, qTo HaM 3a,n;aHo rro,n;MHo:a<.:ecTBO M cocTOH­

HHii HCXO,Il;HOH CHCTeMbl ( 6e3 orpaHHqeHHH)' KOTopoe co,n;ep:a<.:HT see ee 
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paBHOBeCHhie cocTo.si:mrn:, H rrpe,Il;IIOJIO)l(HM, qTo M - MHoroo6pa3He. 

KpoMe Toro, npe)J;IIOJIO)l(HM, qTo cpyHKIJ;HH Ent H orpaHHq1rna10ru;He 

cpyHKIJ;HH Ji, ... , fk ,Il;HcpcpepeHu;npyeMhI Ha M. IIycTh p - paBHO­

BecHoe COCTOHHHe CHCTeMhI c orpaHHqeHHHMH, B KOTOpoil: <l>YHKIJ;HH 

Is nocTOHHHhie. CorJiacHo rrpHHIJ;HIIY I'H66ca, cpyHKIJ;HH U ,n;oJI:arna 

HMeTh JIOKaJibHhiil: MHHHMYM B COCTOHHHH p rrpH ycJIOBHH, qTo 

Ent = const, Ji = const, ... ' fk = const. 

BocrroJih3yeMc.si: MeTO,Il;OM MHO)l(HTeJieil: JlarpaH)l(a. Cyru;ecTBYIOT 

cpyHKIJ;HH >.o, >.i, ... , >.k, ,n;JI.si: KOTOphIX 

dU = >.o dEnt + >.1 dfi + · · · + >.k dfk. (22.25) 

HanpHMep, B cJiyqae CHCTeMhI, H3o6pa)l(eHHOil: Ha pHc. 22.8, MHoroo6-

pa3ne M ,ll;OJI)l(HO 6hITh napoil: paBHOBeCHhIX cocTOHHHil: OT)J;eJibHhIX 

CHCTeM, KOr)J;a OHH He KOHTaKTHPYIOT ,n;pyr c ,Il;pyroM. Ka)l(,Il;aH IIO,Il;­

CHCTeMa B OT)J;eJibHOCTH HMeeT KOHcpHrypau;HOHHhle nepeMeHHbie v H 

M. Tor)J;a ,Il;JIH ,n;Byx IIO,Il;CHCTeM HMeeM 

Ko3cpcpHu;HeHT µ npH dM Ha3hIBaeTCH «XHM11qecKHM noTeHIJ;HaJIOM». 

MHoroo6pa311e M rnecTHMepHoe, nocKOJihKY MHO)l(eCTBO paBHOBec­

HhIX cocTOHHHil: Ka)l(,Il;oil: IIO,Il;CHCTeMbI TpexMepHoe. MbI npe,n;noJiara­

eM, qTo 

CBoil:cTBO a,Il;,Il;HTHBHOCTH 3HTPOIIHH 03HaqaeT, qTo 

Tor,n;a 

lb ycJIOBHH (22.25) CJie)J;yeT, qTo 

rrocKOJihKY Vi+ Vi 11 Mi+ M2 - orpaHHqHBaIOru;He cpyHKIJ;HH. 
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,II,mpcl>epeHIJ,llaJlbI, CTOHIIJ,lle B rrpaBOll ~rnCTll 3TllX ,IJ,BYX paBeHCTB, 

He3aBHCHMhr Ha MHoroo6pa3HH M, rroaToMy MbI HMeeM 

TaKHM o6pa3oM, .n;aBJieHne, TeMrrepaTypa n xnMw1ecKne rroTeHIJ,HaJibI 

.n;omKHbI 6bITb paBHbI. QqeBH,IJ,HO, 'lTO 3TO YTBep*,n;eHne o6o6IIJ,aeT­

CH Ha CJiyqaft HeCKOJibKllX CllCTeM, HaxO)l;Hlll,llXCH B KOHTaKTe, Kor.n;a 

K~aH IIO)l;CllCTeMa MQ)K€T co,n;ep)l{aTb CMeCb pa3Horo KOJIH'leCTBa 

pa3HblX BeIIJ,eCTB. Ilo3TOMy, ecJIH Bbipa)l{eHne )l;JIH BHyTpeHHeli 3Hep­

rllll Ha MHO)l{eCTBe paBHOBeCHbIX COCTOHHllll Ka)l{,Il,Oll OT,IJ,eJibHOll CllC­

TeMbI HMeeT Bll)l; 

dUi = Ti dSi - Pi dVi + µ'f Mf + µ~ dMf + · · · , 

TO IIOJiyqaeM ycJIOBHH paBHOBeCHH o6'he)l;HHeHHOH CllCTeMbl 

T1 = T2 = ... ' 
Pl= P2 = · · ·, 

a a µl = µ2 = ... ' 
µ~ = µ~ = ... ' 

ll T. ,lJ;. 

(22.26) 

c.hll paBeHCTBa HBJIHIOTCH o6IIJ,HMll ycJIOBllHMll paBHOBeCl:IH. Ottll .n;a­

IOT HaM B03MO)l{HOCTb IlO'lYBCTBOBaTh, 'lTO TaKoe «HHTeHCHBHbie rre­

peMeHHbie»: T, p, µ n T. ,n;. 
B KaqecTBe rrpnMepa paccMoTpHM ra3, cocTOHIIJ.HH TOJibKO H3 o.n;­

Horo BeIIJ,ecTBa. Ka)l{)l;brli yqacTOK TaKoro ra3a MO)lrno paccMaTpn­

BaTb KaK rro.n;cncTeMy. EcJIH Ka)l{,n;aH TaKaH rro.n;cncTeMa, B3HTaH B 

OT)l;eJibHOCTH, HaXO,IJ,llTCH B COCTOHHHH paBHOBeci:rn, TO Mbl HMeeM )l;JIH 

Hee orrpe,n;eJieHHbre 3Ha'leHHH T, p 1:1 µ. ,IJ,pyrnMn cJioBaMH, MhI C'lHTa­

eM, qTo T, p n µ HBJIHIOTCH cPYHKIJ.HHMH B TpexMepHoM rrpocTpaHCTBe, 

KOTOpbre Ka)l{,Il,Oll TO'lKe rrpHITHCbIBaIOT 3Haqemrn TeMrrepaTypbI, ,n;aB­

JieHHH H XHMH'leCKOrO IIOTeHil,llaJia B He60JibillOll OKpeCTHOCTl:I 3TOH 

TO'lKH. YcJioBne Toro, 'lTO ra3 KaK IJ,eJioe Haxo,n;HTCH B cocTOHHHH 

paBHOBecHH, COCTOHT B TOM, 'lTO 3Tll cPYHKIJ,llll ,ll;OJI)l{Hbl 6hITb IIO­

CTOHHHbIMH no BCeMy o6'heMy ra3a. Tor.n;a ra3 KaK IJ,eJioe, CKa)l(eM, 
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c IIOCTOHHHOH IIOJIHOH Maccofi HMeeT TOJihKO o,n;Hy KOHcPRI'ypaII,HOH­

HYIO cTerreHh CBo6o,n;hr V. Mhr MO:>KeM ucrroJih30BaTh p u T B Ka'fe­

CTBe KOOp)l,HHaT ,n;ByMepHOI'O rrpOCTpaHCTBa paBHOBeCHhIX COCTOHHHH 

I'a3a KaK rreJIOI'O. 9TO 03Ha'faeT, 'ITO BeJIH'fllHa µ Bbipa:>KaeTCH KaK 

<PYHKII,RH Koop,n;1rnaT p n T. Tor,n;a )l,JIH ra3a, cocTOHiliero H3 o,n;Horo 

BeilieCTBa, HaXO)l,HilI€I'OCH B COCTOHHllll paBHOBeCRH, XllMll'f€CKllH rro­

TeHrrllaJI µ - aTo HeKoTopaH orrpe,n;eJieHHaH <PYHKII,HH OT p n T, T. e. 

µ = µra:J(p, T). ITpe,n;rroJIO:>KRM, 'ITO 3TO BeilieCTBO MO:>KeT Haxo,z:i;RTh­

CH ll B :>Kll,ll.KOH ¢a3e. ,Il;JIH :>Kll,ll.KOCTll B COCTOHHllll paBHOBeCHH MhI 

rroJiy'fHM ,n;pyryro <PYHKI!HIO µ = µ*l'l./J.K.(p, T). A Terrepb paccMoT­

puM KOM6H:HllpOBaHHYIO CllCTeMy, COCTOHIIIYIO ll3 I'a3a ll :>Kll,ll.KOCTM 

o,z:i;Horo BeilieCTBa. ITo oT,n;eJibHOCTR ra3 M :>KR,II;KOCTh ttaxo,n;HTCH B co­

CTOHHHH paBHOBeCRH. I1pe,n;IIOJIO:>KHM1 'ITO 3Ta CHCTeMa, KaK rreJioe, 

TO:>Ke Haxo,n;RTCH B paBHOBecnn. Tor,n;a H3 ycJioBuit (22.26) cJie,n;yeT, 

'ITO 

EcJIH p u T o6o3Ha'faIOT o6ilIRe 3Ha'feHHH ,n;JIH rrepBhIX ,n;Byx ycJIOBRfi, 

TO TpeTbe ycJIOBHe rrpHHHMaeT Bll,ll. 

µ")¥;.H11,K. (p, T) = µI'a3 (p, T). 

ITocKOJihKy, KaK rrpamrno, µ*H11,K. u µra:J - He3aBRCllMhre <PYHKI!Rll 

OT p u T, TO rrocJie,n;Hee paBeHCTBO orrpe,n;eJIHeT KpuByro Ha rrJiocKo­

CTR p, T. ,Il;pyrHMH cJioBaMn, :>KH,n;KaH u ra3oo6pa3HaH ¢a3a o,n;Horo 

ll Toro :>Ke BeilieCTBa MoryT Haxo,n;RThCH B paBHOBec1rn TOJihKO rrpn 

orrpe,n;eJieHHOM COOTHomeHHll Me:>K,n;y TeMrrepaTypofi ll ,n;aBJI€HlleM. 

EcJin HMeIOTCH TpR cPa3hI o,n;Horo BeilieCTBa, CKa:>KeM, ra3, :>KH,il,KOCTh 

ll TBep,n;aH ¢a3a, TO ycJIOBHH paBHOBeCRH B TaKofi CllCTeMe HMeIOT 

Bll,ll. 

Tor,n;a pemeHneM 3THX ypaBHeHnfi 6y,n;eT TaK Ha3brnaeMaH TpoitHaH 

TO'fKa c orrpe,n;eJieHHhIM 3Ha'feHneM TeMrrepaTyphr n ,n;aBJieHHH. II Ha­

KOHeu,, 'feTbipe cPa3hI O,ll.HOrO BeilieCTBa He MOryT HaXO,ll.llThCH B paB­

HOBeCHll. lIMeHHO TaK fn66c IIOJIY'fllJI CBOe 3HaM€HllTOe npa6UJ/,O <fia,3. 

0Ho (KaK n ero 0606ilieHm1) co,n;ep:>KRTCH B ycJiomrnx (22.26), KOTO­

phre HBJIHIOTCH rrpHMhIM CJie,II.CTBHeM paBeHCTBa (22.25) - rrpHHII,HIIa 

MllHllMaJibHOH 3HeprHH fu66ca. 



22.6. CttcTeMhl 11 cocTO.HHH.H B CTaTHCTWiecKofi MexaHHKe 1137 

22.6. CHcTeMhI H cocTO.HHH.H B cTaTHCTH"CJecKo:H 

MexaHHKe 

B 3TOM rraparpa¢e MhI 3aifMeMC.H M1IKpocKorr1IqecK1IMII TeoplI.HMII, 

KOTOpbie MOryT IIOCJIY)KIITb MO,Il;eJihIO ,Il;Jl.H TepMO,Il;IIHaMIIKII. Haq­

HeM c KJiacc1IqeCKOH CTaT1ICT1IqeCKOH MeXaHIIKII, B paMKax KOTOpOH 

«COCTOHHIIe» orrpe,n;e;rneTCH KaK «Mepa BepOHTHOCTII» orrpe,n;eJieHHO­

ro po,n;a, II 3HTpOirnefi COCTOHHII.H 6y,n;eT «KOJ11IqeCTBOM 6ecrropH,n;Ka 

3Toro cocTO.HHIIH». MaTeMaT1IqecK1Ie ocHOBhI Teop1I1I BepO.HTHOcTeif 

6bIJIII 3aJIO)KeHhI B rrepBo:H TpeTII XX BeKa, rnaBHhIM o6pa3oM, Bope­

neM, Jie6eroM II KoJIMOropoBbIM. 9To rrpon3oIIIJIO ropa3,n;o rro3,n;Hee 

IIOHBJieHHH cPYH,Il;aMeHTaJibHbIX n,n;e:it CTaTHCTHqeCKOH MexaHHKII, Bbl­

,Il;BIIHYTbIX BoJihll;MaHOM rr I'n66coM. TaKHM o6pa30M, n 3,n;ecb B03HHK 

KOMMYHIIKan;HOHHblH 6apbep . .5I3hIKOM Teop1m BepOHTHOCTe:it HBJIHeT­

CH Teopna MephI. MbI 6y,n;eM rroJib3oBaThCH 3TIIM H3hIKOM, He B,Il;aBa­

.HCh rny6oKo B caMy Teopmo. ,Il.JI.H mo6oro cepbe3Horo pe3yJihTaTa 

TeOpHH BepOHTHOCTe:it, CBH3aHHOro c 6eCKOHeqHblM qnCJIOM B03MO)K­

HOCTe:it, cyin;eCTBeHHO HClIOJ1b30BaHHe BCero a1111apaTa Teopnn Mepbl. 

IIocKOJihKY MhI 6y,n;eM paccMaTp1rnaTb Han6onee rrpocThie ¢aKThI, To 

lIOJ1b30BaTbCH 6y,n;eM TOJibKO caMbIMII rrpOCTbIMII lIOHHTHHMII, CMbICJI 

KOTOpbIX CTaHeT HCHblM Ha KOHKpeTHbIX 11p1IMepax. 

lf a.1vtepUMoe npocmpaucmBo - 3TO MHO)KeCTBO M BMecTe c ceMe:H­

CTBOM A rro,n;MHO)KeCTB 3Toro MHO)KeCTBa. Mepa µ 3a,n;aeT 11paB1IJio, 

cornacHo KOTopoMy Ka)K,n;oMy MHO)KeCTBY A ceMe:itcTBa A cTaBIITCH 

B COOTBeTCTBIIe HeOTplin;aTeJibHOe q1ICJIO (IIJIII +oo) µ(A). ,Il.JIH ce­

Me:itCTBa A II MepbI µ cyin;ecTByeT pa,n; aKCIIOM, Ha KOTOphie MhI He 

6y,n;eM 3,n;ech OTBJieKaThCH. (,II,na Hae cyin;ecTBeHHO, qTo A - 3aMKHY­

Toe ceMeHCTBO OTHOCIITeJibHO cqeTHOro 06'be)1;1IH€HIIH, 11epeceqeHIIH II 

,n;orronHeHIIH9 , II qTQ µ(LJ Ai) = L µ(Ai) ,Il;JIH n106oro cqeTHoro 06'h­

e,n;1IHeH1IH He11epeceKaIOill;1IXCH MHO)KeCTB Ai.) MbI He paccMaTplIBaeM 

Ha6op Bcex 110,n;MHO)KeCTB M, qT06h1 II36e)KaTb 11poT1IBopeq1Ifi, B03-

H1IKa10in;1Ix 11p1I paccMOTpeHIIII CIIJibHO rraTOJIOrliqecKIIX MHO)K€CTB. 

B 6oJihIIIIIHCTBe cnyqaeB MhI 3,n;ech paccMaTplIBaeM o<ieHh 11po­

CTb1e MHO)KeCTBa M. Ha11pnMep, 11ycTb M - KOHe<iHoe MHO)KeCTBO, 

II 11ycTb ceMe:itcTBO A 6y,n;eT ceMe:itcTBOM Bcex 110,n;MHO)KeCTB M. Tor­

,n;a MHO)KeCTBa, COCTOHill;IIe II3 O,Il;HOH TO'IKII M' TO)Ke 6y,n;yT BXO,Il;IITb 

9TaKoe ceMeil:cTso MHO.lKecTB rrpHHRTO Ha3hIBaTh o--aJire6poil:. - IIpuM. pea. 
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B Harne ceMeiicTBO, H Ka)f{,Il;DMY TaKOMY MHO)f{eCTBY { m} rrpmmCbI­

BaeTCH HeOTpHI].aTeJibHOe 'IHCJIO µ( { n:}). 3HaH 3TH 'IHCJia, MO:iKHO 

BOCCTaHOBHTb Mepy µ, IIOCKOJibKY 

µ(A)= L µ({m}). 
mEA 

EcJIH f - rrpoH3BOJihHa.H (BeIIJ.eCTBeHHa.H HJIH BeKTOpHaH) cPYHKIJ.H.H 

Ha M, TO MO:iKHO orrpe,IJ;eJIHTh «HHTerpaJI no Mepe µ» B BH,IJ;e 

j fµ = L f(m)µ({m}). 
mEM 

(9To TaKa.H :iKe ,IJ;OrOBOpeHHOCTb, KOTOpa.H 6bIJia C,IJ;eJiaHa B TeopHH 

3JieKTPH'I€CKHX IJ.erreii.) 

B KaqecTBe M MO:iKHO 6b1JI0 6b1 B3.HTh Z - MHO:iKecTBO Bcex IJ.e­

JibIX 'IHCeJI, HJIH N - MHO)f{eCTBO Bcex HeOTPHIJ.aTeJibHhIX IJ.eJihIX qH­

ceJI. A B KaqecTBe A MO)f{HO 6b1JI0 6b1 B3.HTh ceMeiicTBO, cocTO.HIIJ.ee 

H3 BCex rro,IJ;MHO:iKeCTB. Orrpe,IJ;eJieHHe MephI 03HaqaeT 3a,IJ;aHHe HeoT­

pnIJ.aTeJibHOro qHCJia ,IJ;JI.H Ka:iK,IJ;oro IJ.eJioro qJicJia (B cJiyqae Z) HJIH 

,IJ;JI.H Ka:iK,IJ;Oro HeoTpHIJ.aTeJihHoro IJ.enoro "IHCJia ( B cJiyqae N). Tor,IJ;a 

MbI IIOJiyqnJill 6bI TaKoe ){{€ Bbipa:iKeHHe ,IJ;Jl.H µ(A), KaK H paHbIIIe, 

HO CJMMa crrpaBa B 3TOM CJiyqae 6y,IJ;eT 6ecKOHeqHoii, KOTOpa.H MO­

:iK€T CXO,IJ;llTbC.H, a MO:iKeT II HeT. EcJIH OHa CXO,IJ;HTC.H, TO µ(A) paBHO 

rrpe,IJ;eJiy cyMMhI; ecJIH :iKe OHa pacxo,IJ;HTC.H, TO µ(A)= +oo.10 To :iKe 

caMOe rrpOHCXO,IJ;llT H ,IJ;JI.H cPYHKIJ.llH f' ,IJ;JI.H KOTOpoii: MbI orrpe,IJ;eJI.HeM 

HHTerpaJI J f µ B BH,IJ;e cyMMhI. CyMMa Terreph CTaHOBHTC.H 6ecKoHeq­

HhIM p.H,IJ;OM. Mb1 roBopnM, 'ITO cPYHKIJ.H.H f HHTerpHpyeMa, ecJIH p.H,IJ; 

CXO,IJ;IITC.H a6comOTHO, H TOr,IJ;a J f µ orrpe,IJ;eJI.HeTC.H KaK CJMMa 3TOro 

p.H,IJ;a. B rrpoTHBHOM cJiyqae J f µ He HMeeT CMhICJia. 

B KaqeCTBe M MO:iKHO B3.HTh BeIIJ.eCTBeHHyro rrp.HMJIO ~. Tor,IJ;a 

ceMeiicTBO A ,IJ;OJI:iKHO co,IJ;ep:iKaTb Bee oTpe3KH [a, b] = {x I a ~ 
x ~ b }. 06b1qHa.H Mepa (Jle6era) Ka:iK,IJ;OMY OTpe3KY rrpHIIIICbIBaeT 

ero ,IJ;JIHHY 

µ([a, b]) = b - a. 

lO JlerKO BH,[\eTb, qTO eCJIH l:n µ( { n}) - cxo,r:i;sun;Hii:C.H p.H,r:i; (,r:i;JI.H n E z HJIH 

n E N)' TO Mepa BC.HKOro MHO)KeCTBa KOHeqHa H He rrpeBOCXO,L\HT cyMMhl p.H,r:i;a. -

IIpuM. pea. 
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Ecmi: f - rrpoH3BOJihHruI Kyco"!HO-HerrpepbIBHa.H cPYHKlJ;H.H, ,ri;ocTa­

TO"IHO 6bICTpO CTpeM.Hnra.HC.H K Hymo Ha 6ecKOHe"!HOCTH, TO Mbl 3Ha­

eM, KaK BbI"IHCJIHTb HHTerpan11 

j fµ = 1: f(x) dx. 

ArrrrapaT TeopHH MephI npe,ri;Ha3Ha"!eH )J;JI.H nocTpoeHH.H ,ri;ocTaToqHo 

6oraToro KJiacca ceMeHCTB A, Ha KOTOpbIX orrpe,ri;eneHa Mepa µ, H ,n;o­
cTaToqHo nrnpoKoro KJiacca cPYHKIJ;HH, HHTerpaJibl OT KOTOpbIX orrpe­

,ri;eJieHbl. MhI 6y,ri;eM paccMaTpHBaTh ,ri;ocTaTO"IHO rrpoCThie MHO)KeCTBa 

cPYHKIIH:li, H ll03TOMy HaM He IIPH,JJ;eTC.H B)J;aBaTbC.H B ,ri;eTaJIH TeOpHH 

MepbI. KaK MbI y)Ke roBopHJIH, Heo6xo,n;HMO 3a,ri;eiicTBOBaTb Bech arr­

napaT TeopHH Mepbl, eCJIH 3aHHMaTbC.H rny60KHMH rrpo6neMaMH. 

Bepo.RmHocmHa.R Mepa rrpHIIHChrnaeT 3Ha"!eHHe 1 caMoMy MHO­

)KeCTBY M, T. e. µ(M) = 1. '.:ho cooTBeTCTByeT rrpHH.HTOMy B TeopHH 

ycJIOBHIO, "ITO «Bepo.HTHOCTH» rrpHHHMaJOT 3Ha"!eHH.H OT 0 )J;O 1. 
<l>yH,ri;aMeHTaJibHOe llOH.HTOe «CHCTeMbI» B CTaTHCTH'leCKOH Mexa­

HHKe - 3TO rrpocTpaHCTBO c Mepoii. MHo)KeCTBO M, ceMeiicTBO A H 

Mepa µ 3a,ri;aHbI HaM cPH3HKOH HJIH reoMeTpHeii 3a,ri;a"IH. B 06111eM cny­

"!ae Mepa µHe 6y,ri;eT Bep051THOCTHOH Mepoii. 0Ha HrpaeT pOJib «anpu­

Op'H,020 COCTO.HHH.H 3HaHH.H» CHCTeMbl. IloKa)KeM 3TO Ha HeCKOJibKHX 

rrpHMepax. 

A. IlpocmpaHcmeo 'IWHe"l,HOU 6'bt6oP'"'U c paeHoil anpuopHoil eepo­

.RmHocm'b10. cho rrpocTeiinrnii rrpHMep. M - KOHe•rnoe MHO)KeCTBO, 

A - ceMeiicTBO Bcex rro,n;MHO)KeCTB M. B 3TOM cJiy"!ae µ ( { m}) = 1 

11 B CMhICJie PnMaHa. MHTerpan Jle6era 'IHCJieHHO c HHM coBrra,n;aeT, HO orrpe­

,n;eJieH ,D;JI.H 3Ha'lllT€JihHO 6oJiee rrrnpOKOro KJiacca <i>YHKQJIH ( B TOM 'lllCJie TaKllX 
BCIO,JJ;Y pa3phIBHhIX, KaK <i>YHKD;ll.H ,Ll;npnxJie, paBHa.H 1 B pau;noHaJihHhIX TO'IKax H 
0 B nppau;noHaJihHhIX)' ll rrpou;e,n;ypa ero Bhl'lllCJieHH.H cyrn;ecTB€HHO OTJIH'laeTC.H 
OT pnMaHOBhIX cyMM, IIOCKOJihKY pa36HBaeTC.H He o6JiaCTh orrpe,n;eJieHH.H <i>YHK­

II;HH, a o6JiaCTh 3Ha'leHn:il:. ,Ll;JI.H Bern;ecTBeHHO:il: <PYHKIJ;llll f llHTerpaJI J f µ 110 

Mepe Jle6era µ = dx (nJin ,n;pyro:il: Mepe µ) paBeH npe,n;eJiy rrpH h---> 0 cyMM Bn,n;a 

LY;µ({x I Y;:::; f(x) < Y;+1}), 
iEZ 

r,n;e {y;};Ez - TaKoe pM6neHHe o6JiacTn 3Ha'leHn:il: f, 'ITO 0 < Yi+i - y; < h. -
IlpuM. pea. 
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,n;Jrn Ka.*,n;oro m E M. TaK orr11ehrnaeTeR e11Tyau;11R, Kor,n;a eeTb KO­

He'IHOe "'IHeJIO B03M0)KHOeTeii, H y Hae HeT oeHoBaHHH rrpe,n;rro-qeeTb 

O,IJ;HY B03MO)KHOeTb ,n;pyroii. 

B. M - eew,ecmee'/-1,'H,aR npRMaR JR co cma'H,aapm'/-1,'btM ceMeil­

cmeo.M U3.MepuM'btX .M'H,O:>tCecme u Mepoil Jle6eca µ. Tor,n;a µ([a, b]) = 
b-a ,IJ;JIR mo6oro oTpe3Ka [a, b]. Mepa µ rroKa3hrnaeT «arrp11opHy10 Be­

poRTHOeTb» oTpe3Ka, rrporropu;110HaJihHJIO ero ,IJ;JIHHe. KoHe"'IHo, µ He 

RBJIReTeR BepORTHOeTHOH Mepoii, IIOTOMY "'ITO µ(JR) = 00. 3aMeTHM, 

"'ITO eeJIH p - rrpoH3BOJihHaR HHTerpnpyeMaR <PYHKTI;HR, ,IJ;JIR KOTOpoii l: p(x) dx = 1, 

TO p orrpe,n;eJIReT BepORTHOeTHYIO Mepy p dx Ha MHO)KeeTBe JR, r,n;e 

P([a, b]) = l: p(x) dx. 

TaKHM o6pa3oM, Mepa µ( = dx) orrpe,n;eJIReT BhI,IJ;eJieHHhiii KJiaee Be­

poRTHOeTHbIX Mep Ha MHO)KeeTBe JR. (Ha R3bIKe Teopnn Mepbl 3TO 

KJiaee Tex BepORTHOeTHbIX Mep, KOTOpbie a6eoJIIOTHO HerrpepbIBHbl ITO 

dx. He Bee BepoRTHOeTHhie MepbI Ha JR 06Jia,n;a10T 3THM eBoiieTBOM. 

Harrp11Mep, paeeMOTpHM BepoRTHOeTHYIO Mepy P, KOTopaR rrp11rr11-

ehrnaeT 3Ha"'!eHHR P( {O}) = 1/2, P( {1}) = 1/2 n P(A) = 0, eeJIH 

{O, 1} n A= 0. Tor,n;a p o603Ha"'IaeT BepoRTHOeTb B eJiy"'Iae, Kor,n;a 

,n;oeTnraIOTeR TO"'IKH JIH6o 0, JI1160 1, rrpn-qeM HX ma.Hehl O,IJ,HHaKOBbl. 

IIp11 3TOM O"'IeBn,n;Ho, "'ITO P He rrpe,n;eTaBJIReTeR12 Mepoii BH,n;a p dx.) 
,Il;JIR JII06oii Mepbl µ Ha H3MepHMOM rrpoeTpaHeTBe H ,IJ,JIR JII06oii 

HHTerp11pyeMOH HeOTp11u;aTeJibHOH cPYHKTI;HH p Mbl IIOJIJ"'!aeM HOBJIO 

Mepy, KOTOpyIO o603Ha"9:aeM pµ, IIOJIO)KHB 

pµ(A) = ipµ. 

3,n;eeb eJie,n;yeT BBeeTn o6iu;ee 

Orrpe~eJiem1e: nyeTb (M, A,µ) - rrpoeTpaHeTBO e Mepoii. CocmoR­

'/-1,Ue (eTaTHeTn"'IeeKoe) (M, A,µ) - 3TO BepoRTHoeTHaR Mepa B rrpoeT­

paHeTBe M BH,n;a pµ, r,n;e p ~ 0 - HHTerp11pyeMaR cPYHKTI;HR. ,IJ;pyr11-

MH eJIOBaMH, eoeTORHHe eOOTBeTeTByeT Ta.KOH HHTerp11pyeMOH cPYHK­

TI;HH p, ,IJ;JIR KOTOpOH f pµ = 1. 

12ecJIH He paccMaTpirnaTh o6o6m;eHHhIX cpyttKu;ufi. - IlpUM. peiJ. 
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C. Ilycm'b M = JR u µ = H(·) dx, 2de H(x) = 0 npu x ~ 0 
u H(x) = 1 npu x > 0. 13 

9To eOOTBeTeTByeT eIITyau;1rn:, Kor,n,a Mbl 

yBepeHbI, 'ITO ,n,aHHOe Bei.o;eeTBeHHOe 'IIIeJIO IIOJlO)KIITeJihHOe, rrpII'IeM 

Bee rroJIO)KIITeJihHhie 'IIIena paBHOBepo5ITHhI. KoHe'IHO, MO)KHO e TeM 

)Ke yerrexoM B351Th M = JR+ = {x j x > O}, rroeKOJihKY 3,D,eeh 

eKOH.D;eHTpIIpOBaHa Mepa µ. 

D. T..fuc.1w 3ano.11:nettUJ1, i).11,.f(, 'IC.11,accu"f-eC'ICUX "f-acmu'4. B 3TOM eny­

qae M = N = {O, 1,2,3, ... } II µ({k}) = l/k!. Mepa µ rrp1mIIehrnaeT 

Bee 1/k! Bep05ITHOeTII k qaeTII.D;aM HaXO,D,IITbe5I B 5II.o;IIKe. 06'b5IeHIIM, 

IIO'IeMy 3TO IIO,Il,XO,Il,5II.o;a5I Mepa. Ilpe,D,IIOJIO)KHM, 'ITO y Hae €CTh H€KO­

TOpoe KOJIII'IeCTBO 5II.o;HKOB n II HeeKOJihKO qacTn.o; N. LJ:ncno crroeo-

6oB pa3M€I.o;€HH5I qaeTII.D; no 5II.o;IIKaM, TaK 'IT06bI ki qaeTII.D; IIOIIaJIII 

B rrepBblH 5II.o;IIK, k2 - BO BTOpoii: H T. ,n,. paBHO 

N! 

(KoHe'IHO, 3,Il,€Cb qaeTH.D;bl rrpe,n,rronara10Te5I «pa3JIII'IHMbIMII»: o6MeH 

rrapoii: qaeTH.D; M€)K,D,y pa3HhIMII 5II.o;HKaMII H3M€H5IeT erroeo6 pa3Me­

I.o;€HH5I qaeTII.D;. Cyiu;ecTByeT N! pa3JIII'IHhIX rrepecTaHOBOK qacTrr_o;, 

HO Mbl ,Il,OJl)KHbl pa3,n,enHTh 3TO qrreno Ha ki ! ... kn!' IIOTOMY 'ITO rre­

peeTaHOBKa qacTn.o; BHYTPH Ka)K,n,oro 5II.o;IIKa He ,n,aeT HOBhIH crroco6 

rrx pa3Mei.o;eHH5I.) Ecnrr HaM He H3BeCTHhI qrrcna N H n, TO nyqmee, 

'ITO Mbl MO)K€M CKa3aTh, - 3TO 'ITO 'IIICJIO crroco6oB pa3M€I.o;€HH5I 

qacTII.D; TaK, 'IT06b1 B rrepBOM 5II.o;HKe 6hIJIO ki qacTH.D;, rrporropu;rro­

HaJihHO l/k1!.14 
9To H eCTb Harne anpuopttoe 3HaHHe OTHOCIITeJihHbIX 

Bep05ITHOCTeii:. 

E. T..fuc.11,0 3ano.11,ttettUJ1, d.11,.f(, "f-acmu'4 <Pep.Mu-,l{upa'ICa. B 3TOM cny­

qae B Ka)K,D,hiii: 5II.o;HK MO)KHO rroMeCTHTh TOJihKO o,n,Hy qacTrrey. Tor­

,n,a M = {0,1} H µ({O}) = µ({1}) = 1. 9TO, KOHe'IHO, qacT­

HhIH cnyqafi rrprrMepa A. Mb1 TaK)Ke Mornrr 6b1 B351Th M = N = 

HeOTprr_o;aTeJibHhIM .o;eJihIM 'IHCJiaM, rrpH'I€M µ( {O}) = µ( {1}) = 1 H 

13YK83aHH8.5! <PYHKu,1u1 H H83brnaeTC5I tPYHKU,Hefi XeBHcafi.ri;a. 0Ha 5IBJrneTc5I 

nepBoo6p83Hofi ,rt;Jrn o6o6rn;eHHOil: ,ri;eJibTa-<PyHKU,lrn ,ll,HpaKa ( cocpe,ri;oTo'leHHOH B 

HyJie). - Ilpu.u. peo. 
14 ,ll,aHHOe yTBep)K,rt;eHHe cnpaBe,rt;JI.IIBO JI.IIIIIb npH N ;S n, B npOT.IIBHOM cJiyqae 

caMhIM Bep05ITHbIM 'l.IICJIOM qacT.IIU, a 5IIIl;HKe 6y,rt;eT 6JI.II)Kafiruee u,eJioe K N /n. -
IlpU.M. pea. 
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µ( { k}) = 0 ,JJ,JI5i Bcex k > 1. B 9Tofi cxeMe 3arronHemrn: oTp3.)KeH 

«np1rnu;1m 3arrpeTa». B O,ll,HOM RID;MKe He MO)l(eT 6hITh 6onbrne O,Jl,HOH 

qacTn:D;hI. HanM'IHe qacTMD;hI B Ril!MKe HJIM ee oTcyTCTBMe anpuop­
'HO paccMaTpMBaIOTCR KaK paBHOBepoRTHhie co6hITMR15 . KoHe'IHo, B 

peaJibHOH HHTeprrpeTaD;HH 51ID;HK M0)1(€T 6hITh )l,OCTaTO'IHO a6cTpaKT­

HhIM. HarrpMMep, 9To MO)l(eT 6hITh KBaHToBoe cocTORHMe o,r:i;Ho:H qa­

CTHD;hI )l;JI51 qaCTHD;, IlO)l;'IHH5IIOID;HXC51 rrpHHD;HilY 3arrpeTa IlayJIH. 

F. LfucJio aanOJl'He'HUR aj/,JI, "i.acmu'4 Boae-9u'Hwmeutta. 3,r:i;ech 

M = N = {O, 1, 2, 3, ... } H µ( { k}) = 1. .IT106oe 'IHCJIO qacTMD; B RID;M­

Ke MO)l(eT 6hITh o6Hapy)l(eHo c O)l;MHaKOBOH BepoRTHOCThIO. Ecmr, 

HanpMMep, qacTMD;a - 9TO B03MyID;eHHe cpe)l;bl (nRTHO Ha 9KpaHe) H 

)l;Be qacTHIJ;hI npe,r:i;cTaBJI5IIOT B03Myrn;ettMe )l;BOHHOH HHTeHCHBOCTH, TO 

rrpM pacnpe,r:i;eJieHMM N «e,r:i;IIHHD; B03Myrn;eHMR» rro n «RID;MKaM» Ha­

,r:i;o yqeCTh, 'ITO «'IaCTHD;hI» «He pa3JIH'IHMbI» B TOM CMhICJie, 'ITO Bee 

IIX pacnpe,r:i;eJieHMR paBHOBepoRTHhI. TaKIIM o6pa30M anpuopu Mepa, 

npHIIHChIBaeMa51 HaJIH'IHIO k1 qacTIID; B rrepBOM 51ID;IIKe, paBHa 1. 
B KBaHTOBOH MexaHttKe Bee qacnm,hI ,JJ,eJI51.TC5i Ha ,JJ,Ba KJiacca: 

qacTIID;hI <I>epMM-,lJ;IIpaKa II qacTMD;hI Bo3e-9:HHrnTeHHa. qaCTIID;hI 

<I>epMII-,lJ;IIpaKa ( 9JI€KTp0HhI, rrpOTOHhI, H€HTp0HhI II T. )l;.) Ha3hIBa­

IOTC51 <PepMIIOHaMM, a qacTIID;hI Bo3e-9:HHrnTe:HHa ( <PoTOHhI, IIMOHhI 

II T. ,r:i;.) Ha3hIBIOTC51 6o30HaMH. 

G. Bu'Ho.MUM'b'HM .Mepa. Ilpe,r:i;rroJIO)l(IIM, 'ITO y Hae ecTh 6oJih­

rnoe 'IIICJIO N qacTIID;, Ka)l()l;aR II3 KOTOphIX MO)l(eT 6b1Th B ,JJ,Byx rro­

JIO)l(eHIIRX - «BBepx» HJIH «BHH3». IlpII'IeM COCT051HH€ IIX COBOKyrr­

HOCTH OIIIIChIBaeTC51 TOJihKO IIOJIHhlM 'IHCJIOM qaCTIID; B IIOJI0)1(€HIIII 

«BBepx» MMHyc IIOJIHOe 'IHCJIO qacTIID; B rroJio)l(eHIIII «BHM3». Tor,r:i;a 

M = {-N, -N + 2, ... , N - 2, N}. ,lJ;JIR npocTOThI rrpe,r:i;rroJIO)l(MM, 

'ITO N - 'IeTHoe 'IMCJIO. Tor,r:i;a 'IMCJIO qacTHD; B rroJIO)l(€HIIII «BBepx» 

MIIHyc 'IIICJIO qaCTHD; B IIOJl0)1(€HIIH «BHII3» paBH51€TC51 2m, Kor,r:i;a 

(N /2) + m qacTIID; HaXO)l;51TC51 B IIOJI0)1(€HHII «BBepx», a (N/2) - m 
'IaCTHD; - B IlOJlO)l(eHIIII BHH3. qIICJlO crroco6oB c,r:i;eJiaTh 9TO paBHO 

(
N ) N! 
N/2 + m - (N/2 + m)! (N/2 - m)!' 

15
npH YCJIOBHH, 'ITO Mbl He 3HaeM OTHOIIl€HHe 'IHCJia qaCTHD; K 'IHCJIY HID;HKOB. 

To )Ke OTHOCHTCH H K CJie,zzy10io;eMy IIpHMepy. - JlpUM. pea. 
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EcJIH HaM HHTepecHo 3HaTb OTHOCHTeJihHYIO qacToTy no.HBJieHUH 

2m, Ha,n;o pa3,n;eJIHTb Ha caMbI:ii 60JibIIIO:ii fornOMHa.JlbHbI:ii K03cpqm-

D;HeHT (~;2) H TOr,n;a 

(
N ) (N ) [(N/2)!]

2 

µ({2m}) = N/2+m N/2 = (N/2+m)!(N/2-m)!. 

McnoJih30BaHHe cpopMyJihI CTHpJIHHra N! = ../27rN · NN e-N noKa-

3brnaeT, qTo ,n;JI.H 6oJibIIIHX qJiceJI N nocJie,n;Hee Bbipa)KeHHe oqeHb 

xopomo annpoKCHMHpyeTCR cpyHKU,Heii e-2m
2
/N. Ha 3TOM ocHoBaH 

CJie,n;yIDIII;Hit npHMep. 

H. J{uc11:pemttaR 2ayccoaa .Mepa. IIycTb M = Z - MHO)KeCTBO 

BCex u;eJibIX qJICeJI H 

µ({m}) = e-2m2/N. 

3aMeTHM, qTO Kor,n;a m = VN/2, 3HaqeHHe µ( { m}) paBH5leT,C51 K 

e-1µ({0}). Ilpe,n;noJIO)KRM, qTo Mbl XOTHM 3HaTb BeJIH'IRHY m/N, 
T. e. qTO Ka)K,ll;oe COCT05IHHe «BBepx» HJIH «BHH3» ,n;aeT BKJia,n; ±1/N 
B H3MepReMyro BeJIHqHHy. Tor,n;a cpyHKD;H.H m/N HMeeT oqeHh ocTpb1:ii 

nHK B oKpecTHOCTH 0 ,n;JI.H 6oJibIIIHX qnceJI N. HanpHMep, ecJIH N,...., 
1024 ' TO µ( { m}) yMeHbruaeTC.H B e pa3, KOr,n;a m/ N C,ll;BHraeTC.H OT 0 
Ha BeJIH'IHHY 10-12 . 

qT06bI «yBH,n;eTh» pacrrpe,n;eJieHHe, Mbl ,ll;OJl)KHbl H3MeHHTb Mac­

IIITa6 MHO)KHTeJieM N 112 , H He N. EcJIH B351Th Xk = 2k/N112 , TO 

b 

µ({a~ xk ~ b}) = I>-xV2. 
a 

CyMMa crrpaBa pacTeT rrpH6JIH3HTeJibHO KaK N 112 . ,II;eii:cTBHTeJib­

HO, eCJIH pa3,n;eJIHTb 3TO Bbipa)KeHHe Ha (27rN)-1!2 , TO rrpaBa5l qaCTb 

_l_ 1b -x2/2 d J21r a e x. 

TeM caMbIM MhI rro,n;oIIIJIH K cJie,n;yroIII;eMy rrpHMepy. 

I. M =IR H µ - (HopMHpoBaHHM) ttenpep'bt6HM 2ayccoaa .Mepa 

1 lb 2 µ([a, b]) = - e-x 12 dx. 
J21f a 
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J. B Ka'leCTBe nocJie,n,ttero npMMepa paccMoTpllM 'X:Jtaccu"tec,,,;y10 
.Mexm-tu'X:y. B 3TOM cny'lae npocTpattcTBO M - <Pa3oBoe npocTpatt­

CTBO MexaHll'l€CKOH CllCT€MhI. <I>a30BOe npOCTpaHCTBO llMeeT Bhl,ll,€­

JI€HHhie KOOp,1l,llHaThl (KaHOHll'l€CKlle KOOp,1l,llHaTbI) q, p ll Bhl,1l,€Jl€H­

HYIO Mepy ( Mepa J1Hymwm1) 

µ = dpdq. 

HanpRMep, ToqeqttaH KJiaCCll'lecKaH qacTR.u;a ,1l,Bll)K€TCH B npo­

CTpaHCTBe JR.3 . Koop,z:i;RttaThI q1, q2, q3 on1Ichrna10T ee noJIO)K€Hlle, a 

Koop,z:i;RttaThI Pl, p2, p3 3a,z:i;a10T ee llMIIYJihC. Tor,z:i;a M = JR.6 ll 

T. e. npOCTpaHCTBO JR.6 c o6hI'IHOH Mepoii. 

22. 7. IlpOH3Be,n;eHH.H H o6pa3bl 

B 3TOM naparpacpe MhI o6cy,z:i;RM pa3Jill'IHhie cnoco6h1 nocTpoettllH Cll­

cTeM. Ctta'laJia o6cy,z:i;RM IIOHHTlle npOll3Be,z:i;ettllH. Ilpe,z:i;noJio)KllM, 'ITO 

yttacecTh,1l,Bec1IcTeMhI (M1,A1,µ1) ll (M2,A2,µ2). Mo)Kttoo6pa3o­

BaTh Mx npoll3Be,z:i;ettMe (M1 x M2, Ai x A2, µix µ2)· HanpRMep, nycTh 

(M1,A1,µ1) H (M2,A2,µ2) - cHcTeMhI, onHcaHHhie B npHMepe E 
npe,1l,h1,1l,Ylll€I'O naparpa<l>a, T. e. OHH npe,z:i;cTaBJIHIOT B03MO)KHOe 'IHC­

JIO 'laCTHIJ; B HIIIHKe (cM. pHc. 22.9). Tor,z:i;a (M1 x M2, Ai x A2, µix µ2) 
npe,z:i;cTaBJIH€T CHCTeMy, COCTOHIIJ;YIO H3 ,1l,BYX HIIIHKOB, coe,n;HH€HHhIX 

BMeCTe (cM. pllc. 22.10). 
Mepa µi x µ 2 xapaKTepH3yeTCH Bhipa)KeHHeM 

,1l,JIH npoH3Be,z:i;ettHii MHO)KeCTB A= Ai x A2, r,z:i;e Ai E Ai, i = 1, 2. 16 

Kotte'IHO, COCTOHHHe p CHCT€MhI-IIpOII3B€,1l,€HHH He o6H3atto HM€Th 

16
CeMeii:CTBO H3MepHMhIX IIO,L\MHOJKeCTB A1 x A2 rrpoH3Be,D,eHH.H H3MepHMhrx 

rrpOCTpaHCTB (M1,A1) H (M2,A2) COCTOHT H3 CYJeTHbIX o6'be,L\HHeHHii: «IIp.HMO­

yrOJibHbIX» MHOJKecTB BH,L\a Ai x A2, r,D,e A; E A;, T. e • .HBJI.HeTC.H rrorroJIHeHHeM 

ceMeii:CTBa {A1 x A2 } ,LIO O"-aJire6pbr. IlpOH3Be,lleHHe Mep µi x µ2 orrpe,L1emreTC.H 

rrpe,L\hl,llyID;HM paBeHCTBOM H CBOUCTBOM a,[\,L\HTHBHOCTH. - IlpUM. peiJ. 



22.7. IlpOH3Be,J:i;eHIUI H o6pa3bl 

1 1 
Puc. 22.9. µ({k}) = k!' µ({l}) =TI 

1 
Puc. 22.10. (µ1 x µ2)(k, l) = k! l! 

1145 

BU)l. p1 x P2. Ecnu )Ke 3TO cocTo.HttHe THIIa p = p1 x p2, TO cooT­

BeTCTByrorn.a.H BepO.HTHOCTHa.H Mepa (p1 x P2)(µ1 x µ2) = p1µ1 x p2µ2 
Ha MHO)KeCTBe Mi x M2 TO)Ke .HBJI.HeTC.H rrpOM3Be,IJ.eHUeM Mep. cho 

03HaqaeT, qTo co6hITHHM B rrpocTpaHCTBax Mi H M2 rrpurrucbrnaIOT­

C.H tte3a6UCUM'bte BepOHTHOCTH. 

Mo)KHO rrocTpOHTh rrpoH3Be,IJ.ettue nro6oro17 KOJilfqecTBa cucTeM 

(Mi, Ai, µi), r,n;e i rrpo6eraeT rrpoM3BOJihHOe MHO)KeCTBO HH,IJ;eKCOB I. 
,[f,pyro:il: crroco6 IIOCTpOeHH.H CHCTeMhI HCIIOJih3yeT OT06pa)KeHHe. 

IlycTh (M, A,µ) - O,IJ.Ha cRcTeMa, H (N, B) - H3MepMMoe rrpocTpaH­

CTBO, T. e. N - MHmKeCTBO c Bhr,IJ.eJieHHhIM KJiaccoM rro,IJ.MHO)KeCTB. 

IlycTh f : M --t N - oTo6pa)KettHe. Ilpe,IJ.rroJio)KHM, qTo )l.JI.H Ka)K­

,IJ.oro B E B rro,IJ.MHO)KeCTBO f-1(B) MHO:JKeCTBa M rrpRHa)l.Jie)KHT 

ceMe:il:cTBY A.18 Tor,IJ.a MO)KHO orrpe,IJ.eJIHTh rrpaBHJIO f *µ, cornactto 

KOTopoMy Ka)K,IJ;OMY B E B rrpHrrHchrnaeTCH 3HaqeHHe 

17 B rrpHHIJ;Hrre 'IHCJIO COMHO:>KHTeJieii: MO:>KeT 6bITb 6ecKOHe'!HbIM' HO K orrpe­

,D;eJieHHIO H3MepHMbIX MHO:>KeCTB rrpOH3Be,D;eHHH B 3TOM CJiy'lae Heo6xo,D;HM 6oJiee 

OCTOpO:>KHbiii: I10,ll;XO,lJ;. - llpUM. pea. 
18

Tor,D;a OTo6pa:>KeHHe f Ha3bIBaeTcH H3MepHMhIM. B '!acTHOCTH, H3MepHMhI 

OTHOCHTeJihHO o6bl'IHOii: Mepbl see KYCO'IHO-HerrpepbIBHbie OT06pa:>KeHHH eBKJIH­

,ll;OBhIX rrpocTpaHCTB. - llpu.M. pea. 
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© 8 
N 

Puc. 22.11 

Ec.rru cPYHKu;m1 f*µ Ha MHO)KeCTBax H3 B HBJIHeTCH Mepoii:, TO oHa 

Ha3hIBaeTCH nepettoco.M19 MepbI µ rrpu OTo6pa)KeHHH f. Tor,n;a MhI 

HMeeM HOBYID cucTeMy (N, B, f*µ), Ha3hIBaeMy10 o6pa3oM cucTeMhI 

(M, A,µ). HarrpuMep, HaqHeM c rrpott3Be,n;eHH51 M = M1 x M2 ,n;Byx 

CHCTeM H3 Toro )Ke rrpttMepa E. IlycTb N - ::>To 60.rrbmoii: HIIJ;HK, H3 

KOToporo y,n;a.rru.rru rreperopo,n;Ky (CM. puc. 22.11). Tor,n;a oT06pa)Ke­

HHe f 3a,II;aeTC51 <PopMy.rroii: 

f((k, l)) = k + l. 
TaKHM o6pa30M, rrpu oTo6pa)KeHHH f HrHopupyeTCH TO, qTo B 

51IIJ;HKe c.rreBa HaxO,II;HTC51 k qacTHIJ;, a B 511IJ;HKe crrpaBa - l qaCTHIJ;. 

0Ho ocTaB.rrHeT TOJihKO HHcPOpMau;u10, qTo B 60.rrbmoM Hiu;HKe Ha­

XO,n;HTCH k + l qacTHIJ;. Tor,n;a ,n;.rrH .rr106oro rro.JIO)KHTe.JibHoro u;e.rroro 

quc.rra s MO)KHO HaIIHCaTh 

2s 
(f*µ)({s}) = 1· 

s. 
06a crroco6a IIOCTpOeHH51 - c IIOMOIIJ;blO rrpOH3Be,n;eHH51 HJIH c IIO­

MOIIJ;blO OT06pa)KeHH51 - B ,n;aHHOM c.rryqae CTaHOB5ITC51 HHTYHTHB­

HO 60.rree rroHHTHhlMH, ec.rru HeMHoro H3MeHHTh rrpuMep E. ,Il,aBaii:Te 

orrpe,n;e.JIHM CHCTeMy, COOTBeTCTBYIOIIJ;YIO 511IJ;HKY c o6'heMOM v' IIOJIO-
)KHB 

Mv=N, 
vk 

µv({k}) = kf· 

19B OpHnrna.rre pushforward, T. e. ,LJ;BH:lK€HHe Brrepe,n;. ,Il,elicTBHTeJihHO, B OTJIH­

'IHe OT rrepeHoca ,n;mp¢epeHll,HaJihHOli ¢opMbI (pullback, CM. rrpHMeqaHHe Ha c. 291 
B TOMe I)' rrpH 3TOH orrepall,HH o6JiaCTb orrpe,n;eJieRHH Mepbl rrepeMeIIJ,aeTCH B TOM 

:lKe RarrpaBJieHHH, qTO H TOqKH rrpH OT06pa:lKeRml'.. - IlpUM. pea. 
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CD 

© 
v,I 

C0 ' IMv, xMv, 

\,2 

PHC. 22.14 

Tor,n;a eCJIH paccMoTpeTb ,n;Be CHCTeMbI, cooTBeTCTBy101n;He HID;HKaM 

c o6'beMaMH Vi H V2 (cM. pHc. 22.12), To MVi x Mv2 cooTBeTCTByeT 

paccMOTpeHHIO ,n;Byx HID;HKOB BMecTe (cM. pHc. 22.13). Y6epeM Terreph 

rreperopo,n;Ky If paCCMOTpHM HID;HK c o6'heMOM Vi+ V2 (CM. pHC. 22.14). 
OrrHTh rrono:>KHM N = MVi +Vi H orrpe,n;eJIHM oTo6pa:>KeHHe f: MVi x 

MVi ---> N <l>opMynoii J((k, l)) = k + l. Tor,n;a 

s! 
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BepHeMCR K paccMOTpemno o6rn;ero cnyqaR. IlycTh (M, A,µ) -
CHCTeMa, H oTo6paJKeHHe F : M ~ N ,IJ,aeT HaM o6pa3 cHcTeMhI 

(N, B, f*µ). EcnH <J - ITPOH3BOJihHOe cocTORHHe H3 (N, B, f*µ), TO 

cPYHKIJ;HR f* <J = <Jo f OITpe,IJ,eJIReT cocTORHHe H3 ( M, A, µ). ,Il;eiicTBH­

TeJihHO, f* a ;::: 0, Tor,IJ,a H3 oITpe,IJ,eneHHR HHTerpana cne,IJ,YeT, qTo 

TaKHM o6pa3oM, cocTORHHR, OITpe,IJ,eneHHhie Ha MHOJKecTBe N, 3a­

,IJ,aIOT cocTORHHR, oITpe,IJ,eneHHhie Ha MHOJKeCTBe M. CocTORHHe p 
Ha MHOJKeCTBe M TaKJKe OITpe,IJ,eJIReT COCTORHHe f*p Ha MHOJKeCTBe 

N, HO 3TO oITpe,IJ,eneHHe neJKHT 3HaqHTeJihHO rny6JKe. ,Il;aBaitTe cHa­

qana paccMOTpHM ITPHMep. PaccMOTpHM ITpocTpaHCTBO M 1 = JR.2 

co CTaH,IJ,apTHhIMH ceMeiiCTBOM H3MepHMhIX MHOJKeCTB A n Mepoit 

µ( = dx dy). IlycTh OT06paJKeHHe f : JR.2 ~ JR+ 3a,IJ,aHO cPOPMYJIOH 

f(x,y) = (x2 +y2) 112 . Tor,IJ,a f*µ = 27rrdr. IlycTh p(x,y) -ITpOH3-

BOJihHaR HeITpephIBHaR cPYHKIJ;HR Ha ITJIOCKOCTH, y,IJ,OBJieTBOpRrorn;aR 

ycJIOBHIO J p dx dy = 1. Tor,IJ,a p RBJIReTcR cocTORHHeM. OITpe,IJ,eJIHM 

COCTORH.He f*p ycJIOBHeM 

1 {27r 
f*p(r) = 

2
7r Jo p(rcose,rsin())d(). 

TaKHM o6pa3oM, f*p(r) - cocTORHHe, «ycpe.n,HeHHoe» ITO OKPYJKHOC­

TH c pa,IJ,HycoM r, T. e. cpe,IJ,Hee OT p ITO 1-1(r). Tor,IJ,a 

r (f*p)µ= f
00

(f*p)(r)27rrdr 
}IR+ Jo 

roo {21r 
= Jo Jo p(r cos 0, r sin 0) dr d() 

= 1_: 1_: p(x, y) dx dy = 1. 

0TCIO,IJ,a CJie,IJ,YeT, qTo f*p - COCTORHHe, OITpe.n,eJieHHOe Ha MHOJKeCTBe 

N. 3aMeTHM, qTo f*f*a =a, Ho, Boo6rn;e roBopR, f* f*p He o6R3aHo 

6hITh paBHhIM p. B o6rn;eM cJiyqae, KOr,IJ,a p - cocTORHHe, oITpe,IJ,e­

neHHoe Ha MHOJKecTBe M, pµ RBJIReTcR BepoRTHOCTHoii: Mepoii Ha M. 
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Ilo3TOMY f*(pµ) - Bepo5ITHOCTH851 Mepa Ha MHmKeCTBe N. KpoMe 

Toro, ecJIH B E l3 - mo6oe MHOMecTBo, y,n;oBJI€TBOp5I10ru;ee ycJIOBHIO 

H, CJie,n;oBaTeJihHO, 

(f*(pµ))(B) = (pµ)(f- 1 (B)) = L pµ = 0. 

lhaK, paBeHCTBO (f*µ)(B) = 0 03Ha'!aeT, 'ITO f*(pµ)(B) = 0. Teo­

peMa H3 TeopHH MepbI, Ha3hrnaeMa5I TeopeMOM Pa,n;oHa-HHKO)J;HMa, 

yTBep)K,ll;aeT, 'ITO ecJIH v 1 H v2 - ,n;Be MepbI TaKHe, 'ITO ,D;JI5I Bcex B 
H3 v2 ( B) = 0 cJie,n;yeT, 'ITO v1 ( B) = 0, TO cyru;ecTByeT TaK851 cPYHKU,H5I 

a, )J;JI5I KOTopoil: v1(B) = f s av2. EcJIH B35!Th v1 = f*(pµ) H l/2 = f*µ, 
TO MbI npHXO,ll;HM K 3aKJIIO'I€HHIO, 'ITO cyru;ecTByeT HeOTpHu,aTeJibHM 

HHTerpHpyeMa5I cPYHKU,H5I a, onpe,n;eJieHHM Ha MHoMeCTBe N, )l;JI5I 

KOTOpoil: cnpaBe,n;JIHBO paBeHCTBO 

,D;JI5I JII06hIX B. I.fa Toro, 'ITO f*(pµ) - Bepo5ITHOCTHa5I Mepa, cJie,n;yeT 

Tor,n;a a - cocT05IHHe, onpe,n;eJieHHOe Ha MHOMeCTBe (N, !3, f*µ ), H 

Mbl IIOJiy'!aeM 

22.8. Ha6;110,n;aeMb1e, o:>KH,n;aeMhie 3HaqeHH51 

H BHyTpeHH5151 3HeprH51 

l.{acTHblM cJiy'!aeM OT06paMeHHM 5IBJI5IeTC5I o6bI'IHa5I cPYHKU,ll5I c 'IHC­

JieHHbIMH 3Ha'!eHH5IMH f : M--+ JR. TaKoe oTo6paMeHne Ha3hIBaeTC5I 

'l-ta6;1:1odae.M/btM ,n;JI5I ,n;aHHOH CHCTeMbl. fpy6o roBop5I, Ha6mo,n;aeMa5I 

B€JIH'IHHa KaKOH-TO CHCT€Mbl - 3TO npocTO 'IHCJI€HHOe CBOHCTBO 
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CHCT€Mhl, KOTopoe MO)KHO H3MepHTh. 06cy)K,r:t;a5I qHCTO TeopeTHqe­

CKHe Bonpoch1, 6y,n;eM o6o3ttaqaTh tta6mo.ri;aeMoe 6yKBOii: 1. Kott­

KpeTHhie Ha6mo,n;aeMbie, KOr,n;a OHH 6y.ri;yT TI05IBJI5IThCR, o603HaqaIOT­

C5I 6yKBaMH, oTpa)KaIOIIJ;HMH HX cpH3HqecKHH CMhICJI. Kotteqtto, KaK 

qacTh ttamero onpe,n;eJieHHR tta6JI10,r:t;aeMoro, MhI npe.ri;noJiaraeM, qTo 

1-1 ([a, b]) npHHa,r:t;Jie)KHT ceMeiicTBY A ,r:t;JIR Ka)K,r:t;oro oTpe3Ka [a, b] 
Ha Be111ecTB€HHOH IIp5IMOH, T. e. npe.ri;noJiaraeTCR H3MepHMOCTh OT06-

pa:>KeHH5I 1. 
IlyCTh 1 - tta6JIIO,r:t;aeMoe JI p - COCTORHHe. ,lJ;JIR Ka)K,r:t;Oro 0Tpe3Ka 

[a,b] MO)KHO paccMoTpeTh no,n;MHO)KeCTBo 1-1 ([a,b]) MHO)KeCTBa M, 
H TOr,r:t;a HHTerpaJI 

1-l([a,b]) pµ 

eCTh KaK pa3 pa3Mep MHO)K€CTBa 1-1 ([a, b]) no OTHOmeHHIO K Bepo-

5.lTHOCTHOH Mepe pµ. ,lJ;pyrHMH CJIOBaMH, 3T0 eCTh BepORTHOCTh Toro, 

qTo TOqKa MHo)KeCTBa M Jie)KHT B 1-1 ([a, b]), Kor.ri;a MhI npHIIHChI­

BaeM BepoRTHOCTH B cooTBeTCTBHH c BepoRTHOCTHoii Mepoii pµ. To 

)K€ CaMoe MO)KHO CKa3aTh no-.ri;pyroMy: 3TO eCTh BepORTHOCTh Toro, 

qTo tta6JIIO,r:t;aeMoe 1 npHHHMaeT 3HaqeHHR Ha OTpe3Ke [a, b], Kor,n;a 

MhI npHIIHChrnaeM BepoRTHOCTH Ha MHO)KeCTBe M corJiactto BepoRT­

HOCTHoii Mepe pµ. 3anHmeM 3TO YTBep)K,Il;eHHe B CJie,r:t;yIOIII€M BH,n;e. 

Prob(l E [a, b], KOr,n;a CHCTeMa HaxO,IJ;HTCR B COCTORHHH 

P) = IJ-l([a,b]) pµ, 

HJIH Kopoqe 

Prob (1 E [a, b]; p) = { pµ. 
} J-l([a,b]) 

(22.27) 

TaKHM o6pa30M, tta6JI10,n;aeMoe H cocTORHHe BMecTe npHIIHChrnaIOT 

3HaqeHHe BepoRTHOCTH Ha Be111ecTBeHttoii npRMoii. BepoRTHOCTh, 

npHIIHCaHHM JII060MY 0Tpe3Ky, eCTh BepORTHOCTh H3MepeHH5I Ha-

6JIIO,IJ;aeMOH 1 Ha 3TOM 0Tpe3Ke, Kor,n;a CHCT€Ma HaXO,IJ;HTCR B COCTOR­

HHH p; Otta 3a,n;aeTC5I npe,IJ;hl)J;ylll€H cpopMyJIOH. 

B TeopHH BepORTHOCTeii cy111ecTByeT R3hIK, KOTOphIH MhI 6y,n;eM 

3,IJ;€Ch HCIIOJih30BaTh. I1HTerpaJI 
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Ha3hrnaeTCH Mame.Mamu"tec'ICUM o;J1Cuaanue.M mrn o;J1Cuaae.M'btM ana­

"tenueM cPYHKIJ;HH J ITO OTHOIIIeHHIO K BepOHTHOCTHOH Mepe pµ. cho 

ecTh cpe,zwee 3Ha'leHMe J, Kor.n;a Bee ITO,ll.MHO)KeCTB MHO)KeCTBa M 6e­

peTCH B cooTBeTCTBHH c BepoHTHOCTHOH Mepo:H pµ. TaKMM o6pa30M, 

O;J1Cuaae.Moe atta"tettue J 6 cocmoJ1,ttUU p OITpe,ll.eJrneTcH HHTerpanoM 

E(J;p) =JM Jpµ. (22.28) 

IlpMBe,ll.eM ITPHMep. IlycTh M - cPa30Boe ITpocTpaHCTBO KJiaccMqec­

KOH qacTHI.J;hI, TaK 'ITO M = JR6 c KOOp,ll.HHaTaMM qi, q2, q3, p1, 
P2, p3 M cTaH,ll.apTHOH Mepo:H. IlycTh J - 3To cPYHKIJ;MH 3HeprMM, 

paBHaH cyMMe KHHeTH'leCKOH H ITOTeHIJ;HaJihHOH 9Heprn:H, TaK 'ITO 

J = H = K + V, T.e. 

r,ll.e K - KMHeTM'lecKaH 3Hepnrn 

H v - ITOTeHIJ;HaJihHaH 3HeprHH. B 3TOM CJiyqae COCTOHHHe - 3TO 

HeOTpHIJ;aTeJihHaH cPYHKIJ;HH p, OITpe,zi;eJieHHaH Ha ITpOCTpaHCTBe JR6 , 

HHTerpan OT KOTOpoii: ITO BCeMy ITpOCTpaHCTBy paBeH 1. Ilo orrpe,ll.e­

JieHHIO 

(22.29) 

Ilpe,ll.ITOJIO)KHM, 'ITO Mhl XOTHM pacCMOTpeTh 3Heprmo «CB060,ll.HOH 

qacTMIJ;hI, ITOMeIIJ;eHHOH B HIIJ;HK B c ofrheMOM V ». '.:ho MO)KHO 

C,ll.eJiaTh, ITpe,ll.ITOJIO)KHB COOTBeTCTBYIOIIJ;YIO cPOPMY ITOTeHIJ;HaJia v. 
IlycTh V paBHHeTcH 0, KOr,ll.a TO'IKa (q1, q2, q3) Jie)KHT BHYTPH HIIJ;HKa 

B, n V cTaHOBHTCH qpe3BhI'laii:Ho 6oJihIIIHM 3a ITpe,ll.eJiaMM HIIJ;HKa. 

TaKHM o6pa3oM, ITpe,ll.ITOJiaraeTcH, 'ITO qacTHIJ;a ,ll.OJI)KHa ITpeo,ll.OJieTh 

O'leHh BhICOKMH 6aphep, 'IT06h1 BhIJieTeTh M3 HIIJ;MKa. Bh16paHHhIH 

ITOTeHIJ;HaJI BHeceM B Bhipa)KeHHe ,lI.JIH H B <i>opMyJie (22.29). Ilpe,ll.­

ITOJIO)KHM TeITeph, 'ITO COCTOHHHe p TaKOBO, 'ITO OHO ITPHITHChIBa­

eT ITpeHe6pe)KHMO MaJIYIO BepOHTHOCTh O'leHh 6oJihIIIHM 3Ha'leHHHM 
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~Hepnrn:, T. e. npe,n;noJIO)KHM, 'ITO Prob(H > E; p) npaKTH'fecKH paB­

Ha Hymo ,n;na oqeHb 6oJihmHx E. ·tITo6hr 6bITh coBceM TO'fHhIMH, 

,n.aBaiiTe npe,n.noJimKHM, 'ITO IIpHUHCbIBaeMoe 3Ha'leHHe Bepo5ITHOCTH 

HaCTOJibKO MaJIO, 'ITO npH BhI'fHCJiemrn HHTerpana (22.29) MO)KHO 

npeHe6peqh BKJia,n;oM OT TO'feK (q1, q2, q3), ne:amnwx 3a npe,n;enaMn 

aru;11Ka. BHyTpH aru;HKa V = 0, H HHTerpan rrpHHHMaeT BHA 

1 1 2 2 2 ( -
2 

(P1 + P2 + P3) P qi, q2, q3, PI, P2, P3) dq1 dq2 dq3 dp1 dp2 dp3. 
BxIR3 

(22.30) 
qT06bI )l;BHraTbC51 ,IJ.aJihIIIe, Heo6xo,n;HMO HM€Tb 60Jiblll€ HH<i>opMall,HH 

o cocT051HHH p. HanpHMep, npe,n;rroJIO)KHM, 'ITO Kor,n;a qacTHll,a Ha­

xo,n;HTCa B .m:n;nKe, TO OHa c O,Ll;HHaKOBOti B€p05ITHOCTbIO HaXO,Ll;HTC5I 

B mo6oii ero TO'fKe, T. e. p He 3aBHCHT OT KOOp,IJ.HHaT ITOJIO)KeHH5I 

(q1, q2, q3), a 3aBHCHT TOJibKO OT (p1,p2,p3). Tor,n;a HHTerpan (22.30) 
npHHHMaeT BHA 

(22.31) 

,II,anee npe,n;noJIO)KHM, 'ITO B COCT05IHHH p pacnpe,n;eneHHe CKOpOCTeit 

qacTHD;hl 3a,n;aeTc.a TaK Ha3hIBaeMbIM pacnpe,n;eneHneM MaKcBeJina c 

rrapaMeTpOM /3, T. e. 'fTO 

r,n;e F13 - HOpMMpOBO'fHruI KOHCTaHTa, saBncmn.aa OT {3. Mbr ,LJ;OJI)KHhI 

Terrepb Bhr6paTb F13 TaK, 'fT06hr IIOJIHbIIf MHTerpan JM pµ = 1, T. e. 

Mbr .IJ;OJI)J(Hbr B3HTh F13 = JM pµ, 'fTO cocTaBJI5IeT 

Ff3 = V(27r,8)-312 • 

Tor,n;a <i>opMyna (22.31) npHHHMaeT BMA 

(/3/27r)312 j ~(PI+ p~ + p~) exp[-f3(PI + P~ + p~)/2] dp1 dp2 dp3. 

9To rayccoB HHTerpan, 3Ha'feHHeM KOTOporo 5IBJI51eTC51 (3/2)13-1 . 

Tor,n;a, c yqeToM Bcex c,n;eJiaHHhIX rrpe,II,IIOJIO)J(ettn:fi, MhI MMeeM 

E(H; p) = (3/2)/3-1 . 
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KaK 3TO CJie,rr,yeT IIOHRMaTh? C TO'IKR 3peHRR MaTeMaTHKH, ¢opMy­

JihI (22.29)-(22.31) rrpe,n;cTaBJIRIOT 'IRCTO HHTerpaJibHbie Bbipa)KeHHR. 

'.:ho CTaH,n;apTHbie rrpOI!e,II,ypbI MameMamu"f,eC'X:OU TeopRH BepORTHO­

CTefi. C TO'IKH 3peHRR 'X:Uttemu""ec'X:ou meopuu 2a3o6, paccMaTpnsaeT­

C.H orpOMHOe KOJIH'IeCTBO MOJieKyJI ra3a, 3aKJIIO'IeHHbIX B HIIIHK H He 

B3aHMo,n;eficTBYIOIIIHX ,n;pyr c ,n;pyroM
20 . Tor,n;a p( Q1, Q2, q3, Pl, P2, p3) 

orrpe,n;eJIReT OTHOCHTeJibHYIO 'JaCTOTY IIORBJieHHR MOJieKyJI ra3a B 

OKpecTHOCTH TO'IKH ( Q1, q2, q3, Pl, P2, p3) ¢a3osoro rrpocTpaHCTBa. B 

TaKOH HHTeprrpeTaI!HH rrpOI!e,rr,ypa ycpe,n;HeHHR, BX0,1l,RIIIaR B orrpe,n;e­

JieHHe E(H; p), eCTh ycpe,n;HeHue rro MOJieKyJiaM ra3a, H Tor,n;a MO)KHO 

CKa3aTb, 'ITO E( H; p) - cpe,n;HRR 3Heprua, rrpuxo,n;RIIIaRCR Ha o,n;Hy 

MOJieKyJiy ra3a. 

floHa,n;o6HJICR reHHH ru66ca, 'IT06bI OC03HaTh, qro Ue G.11,edyem 
C6Jt3'brnam'b ce6Jt ma'K:ou unmepnpemav,ueu. Mbr srroJIHe MO)KeM nc­

cJie,n;oBaTb CHCTeMy, COCTORIIIYIO H3 O,IJ;HOH MOJieKyJibl B RIIIHKe. Teo­

pHR BepORTHOCTefi rrpHMeHHMa H B 3TOM CJiyqae, BCR MaTeMaTHKa 

OCTaeTCR 6e3 H3MeHeHmI. Bhr6paB HeKOTOpoe COCTORHRe p, MbI pac­

CMaTpHBaeM Bep05ITHOCTb 3Hepnrn IIpHHHMaTb orrpe,n;eJieHHbre 3Ha'Ie­

HHR B JII060M HHTepBaJie HJIH BepORTHOCTb HaxO)K,IJ;eHH5I qacTHIJ;hI B 

orrpe,n;eJieHHOH o6JiacTH ¢a3oBoro rrpocTpaHCTBa. KoHe'IHO, ecJIH MhI 

3aXOTRM HCCJie,IJ;OBaTb 6oJiee rJiy6oKHe rrpo6JieMbI, TO HaM rrpH,n;eTCH 

H3Y'IHTb 06IIIHH CMbICJI TepMIIHa «BepORTHOCTb» Ha 6oJiee BhICOKOM 

ypoBHe. K CO)KaJieHHIO, HeCMOTpR Ha To, qTo MaTeMaTuqecKoe o6oc­

HOBaHue Teop1rn BepORTHOCTefi 6hIJIO c,n;eJiaHo 6oJiee IIRTR,IJ;eC5ITH JieT 

Ha3a,n;, HeJib3R CKa3aTh TO )Ke caMoe o ee ¢mrnco¢cKofi HHTeprrpe­

TaI!HH. Kor,n;a rrHrrreTcR 3Ta KHHra (1987 ro,n;), Bee eIIIe cyIIIeCTBYIOT 

cepbe3Hbie pa3HOrJiaCHH OTHOCHTeJihHO «HCTHHHOrO» CMbICJia BepORT­

HOCTH. CTopoHHHKH o,n;Holi Kpa:liHOCTH - «'IaCTOTHHKH» - orpaHH­

'IHBaIOT o6JiaCTb IIpHMeHeHHR BepORTHOCTH TOJibKO CHTyau;mIMH, KOr­

,n;a «0,1l,HO H TO )Ke» RBJieHRe ITOBTOpReTCR MHOro pa3, TaK 'ITO Bepo­

RTHOCTb HMeeT CMbICJI 'JaCTOTbI. c ,n;pyrofi CTOpOHbI, ecTb «IIOCJie,1.1,0-

BaTeJIH Ba:Beca», KOTOpbre paccMaTpHBaIOT BepORTHOCTh KaK crroco6 

MbIIIIJieHHR - TeOpHR BepORTHOCTeit Bbrpa)KaeT, KaK ,IJ;OJI)KeH ,rr,yMaTb 

Ka)K,IJ;bIH 3,n;paBOMbICJIRIIIHH «paIJ;HOHaJihHbIH» rpa)K,11,aHHH. 8KCTpe­

MHCTbI H3 Ka)K,IJ;OH IIIKOJlhI paccMaTpHBaIOT qJieHOB ,n;pyro:H IIIKOJlhI 

20
9To O.z:J;HO ll3 lIOCTyJmpyeMbIX CBOHCTB H.z:J;eaJibHOI'O ra.3a, KOTOpoe .z:J;OBOJlbHO 

xoporno BbilIOJIHHeTCH B o6bI"!HbIX ycJIOBllHX. - llpu.M. pea. 
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KaK JIIO,D;eii:, y KOTOphIX B I'OJIOBe «Karna» H T. ,n;. 9TH qmJioco<l>cKHe 

CIIOphI IIPHBO)l;flT K OIIzyTHMbIM IIOCJie,n;cTBHHM B peaJihHOM CTaTHCTH­

qecKoii: rrpaKTHKe. Pa3JIHqHhie B3I'JIH)l;hI rrpMBO,D;flT K pa3HhIM cTaTR­

CTHqecKHM rrpm1e,rzypaM, oco6eHHO eCJIH paccMaTpMBaeTCH He60Jih­

moe qifCJIO o6'heKTOB. K cqacThIO, 3TM crrophI He MMeIOT OTHomeHMa 

K CTaTHCTifqeCKOM MexaHMKe, IIOCKOJlhKY qifCJIO paccMaTpHBaeMhIX B 

Heil: o6'beKTOB qpe3Bbiqaii:Ho BeJIMKo. Ba:>1rna TOJihKO MaTeMaTHqecKaH 

CTOpOHa 3TOM 3a,n;aqlf, T. e. BblqlfcJieHHfl c ,n;aHHblMH orrpe,n;eJieHHflMR. 

0,n;RaKO, fH66c pa60TaJI OKOJIO CTa JieT Ha3a)l;, Kor,n;a MaTeMaTifqe­

CKaa TeOpHa ern;e Re 6hIJia pa3pa6oTaHa. IloaTOMY eMy rrpHXO)l;HJIOCh 

3aHRMaThca H <l>MJioco<l>Reii TO)Ke. Ka)KeTc.H, qTo OH cKopee pa3,n;eJIHJI 

TOqKy 3peHH.H «qacTOTHRKOB». Ilo3TOMy, OIIHChIBa.H BepoHTHOCTHYIO 

Mepy THIIa pµ, OH I'OBOpHJI 06 «aHcaM6Jie», IIO)l;TBep)K)l;a.H HHTeprrpe­

TallHIO «qacTOTHHKOB». K CO)KaJieHRIO, 3Ta TepMHHOJIOI'H.H H cJioBo 

«aHCaM6Jib» KaK CRHOHHM BepO.HTHOCTHOM Mephl rrpoqHo 3aCeJIH B 

CTaH,n;apTHblX yqe6HHKax. 

Ho, He3aBHCHMO OT HHTeprrpeTallRR, MhI y)Ke roTOBhI rrepeKR­

HYTh nepBbiii MOCTRK Me)K,D;y IIOHflTR.HMR CTaTRCTH:qecKoii: MexaRRKR 

R TepMo,n;IrnaMRKR. EcJIR B KaqecTBe tta6Jiro,n;aeMoro paccMaTpRBaTb 

atteprRIO H, TO 

B'liympett'lt.flJI, 3'1tepiu.Ft cocmo.FtttU.Ft p onpede.11,J1,emc.Ft 'K:a'K: 

E(H;p). 

,Il;pyrRMR CJIOBaMR, BHyTpeHR.HH 3HeprRH eCTb Q)KH)l;aeMOe 3Haqe­

HHe aHeprttR B ,n;aHHOM cocTOHHRR. KoHeqHo, <l>YHKllR.H aHeprRR H -
<l>ttKcttpoBaHHaH <l>YHKllRH Ha MHO)KeCTBe M. Cyrn;ecTBYIOT pa3JIRq­

Hhie cocTO.HHRH p, ,n;arorn;tte 3Haqemrn atteprHR E(H;p). 3arrttrneM 3To 

onpe,n;eJieRRe B <l>opMe 

U(p) = E(H; p), (22.32) 

TaK qTO BHyTpeHHHH 3Hepnrn - 3TO <l>YHKllHH Ha rrpOCTpaHCTBe co­

CTOHH.HM. 

Mb1 y)Ke CKa3aJIH, qTo H - <l>HKCRpoBaHHa.H <l>YHKllHH Ha MHO­

)KeCTBe M. Ho B o6rn;eM cJiyqae MhI II03BOJIHM <l>YRKllHH H 3aBHCeTb 

OT ReKOTOphIX ,n;orroJIHHTeJibHhIX rrapaMeTpOB. HarrpHMep, eI11e pa3 

paccMoTp.HM ra3, Haxo,n;.HI11Riic.H B HID;HKe. Ho Terrepb rrycTh B arn;HKe 

RMeIOTCH pa3JIIfqHbie nopllIHH (pRc. 22.15), TaK qTo ero <l>opMa R3Me­

HfleTC.H COOTBeTCTBeHHO 3HaqeHR.HM Qi, Q2, ... ' Qd, orrpe,n;eJI.HIOllI;HM 
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v = () BHYTPH 

V = +oo cHapyarn 

PHc. 22.15. 3aBHCHMOCTh V OT napaMeTpoB 

rroJimKeHHe rroplllHeif. Tor,n;a rroTeHIJ;MaJihHa.a ::meprn:R V (rrpe,n;rroJia­

raeTC51, qTo OHa paBHa 0 BHYTPH HIIl,HKa H «+oo» 3a ero rrpe,n;eJiaMH) 

3aBHCllT OT cpopMbl 51II1,l1Ka H, cne,n;oBaTeJibHO, OT rrapaMeTpOB Qi' 
Q2, ... , Qd. 

TaKMM o6pa30M, 3HeprM51 U TaKMe 3aBMCHT oT 3THX rrapaMeTpoB: 

l'haK, y Hae MMeIOTCH IIOH51TH51 COCT051Hll51 H BHyTpeHHeif 3HeprMH. 

'-!To TaKoe paBHOBeCHbie COCTOHHR5I? Mb! MOMeM orrpe,n;eJIMTb RX c 

rroMOIIl,hIO rrp11tt:u;Hrra MaKcMMaJibHOM 3HTpomm. B o6m,eM cnyqae Mb! 

c,n;eJiaeM 3TO B rraparpacpe 22.11. A ceiiqac BepHeMC51 K rrpn:Mepy ra3a, 

3aKJIIO'IeHHOro B 51II1,HK. 

~Jl51 KaJK,II,oro IIOJIO)KHTeJibHOrO 3HaqeHll51 (3 paccMOTpHM cpyHK­

Il;HIO e-f3H B rrpOCTpaHCTBe JR6 . (3,n;ecb (3 - rrapaMeTp, MMeIOIIl,HH 

pa3MepHOCTb o6paTHOH 3HeprHH, TaK qTO (3H - 6e3pa3MepHa51 qHC­

JlOBaH <l>YHKD;HH. QqeHb CKOpo /3 CTaHeT HrpaTh pOJih, 0 KOTOpoii 

roBOPHJIOCh B rraparpacpe 22.4.) IlocKOJihKY V 11, cne,n;oBaTeJihHO, H 
o6pam,aeTCH B +oo, KOr,n;a TO'!Ka ( q1' q2, q3) HaXO,Il;HTC51 3a rrpe,n;enaMH 

.HIIl,HKa, <l>YHKJJ;M51 e-f3H TaM paBHa Hymo, H OHa Be3,n;e HeOTpn:n;aTeJih­

Ha. Il03TOMY B KaqecTBe COCTOHHHH MOMHO HCIIOJib30BaTh p-1e-f3H, 

r,n;e IIOCTOHHHaH F Bb1611paeTC5I TaK, 'IT06bI HHTerpaJI OT 3TOH <l>YHK­

IJ;llli no BCeMy rrpocTpaHCTBY 6bIJI paBeH 1, T. e. 

(22.33) 
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Mb1 Y*e BhPIHCJUIJIH 3TOT HHTerpan. I1HTerpHpoBaHHe ITO ITpocTpaH­

CTBeHHhIM ITepeMeHHhIM (q1, Q2, q3) ITpOBO,IJ,HTC51 TOJihKO BHYTPH 51111,H­

Ka, r,II,e cpyHKII;H51 H OT HHX He 3aBHCHT. Ilo3TOMY 3TO HHTerpHpoBa­

HHe .n;aeT MHO)KHT€Jih V - o6'beM 51111,HKa. A HHTerpan ITO HMITYJihCaM 

rayccoB, qTo ITpHBO,IJ,HT K pe3yJihTaTy 

F = V(2n-!1)- 312 . (22.34) 

3.n;ecb F 3aBHCHT OT {3, a TaK*e OT ITapaMeTpoB Qi, Q2, ... , Qd TOJih­

KO qepe3 o6'heM V. B 3TOM qacTHOM cJiyqae oITpe,n;eJIHM paBHOBeCHbie 

COCT051HH51 KaK 

P/3,Q = p-le-f3H, 

r.n;e F = F(/3, Qi, Q2, ... , Qd) 3a,II,aeTCR cpopMyJioii (22.33). 
,Il,aBaiiTe oITpe,II,eJIHM 

Z = logF. 

(22.35) 

(22.36) 

Mo*HO BhiqHcJIHTh 8Z/8{3, ,n;HcpcpepeHrr;Hpy51 (22.33) IT0,11, 3HaKOM 

HHTerpana, H ITOJiyqHTh 

8Z/8f3 = p-18F/8{3 = p-l { -He-f3H dq1 dq2 dq3 dp1 dp2 dp3 
J.~6 

= - J Hp/3,Q dq1 dq2 dq3 dp1 dp2 dp3 = -E(H; P/3,Q) (22.37) 

HJIH 

8Z/8{3 = -U. (22.38) 

BepHeMC51 K ITOH51TH51M pa60Tb1 H o6paTHMOii KpHBOii. Ilpe,IJ,ITO­

JIO)KHM, qTo Mbl Me,IJ,JieHHO )J;BHraeM O,IJ,HH H3 ITOpmHeii, CKa)KeM, 

Qi. CooTBeTCTBeHHO H3MeH51eTC51 3HeprH51 H, H B03HHKaeT cpyHKII;H51 

8H/8Q1 Ha ITpocTpaHCTBe M, KOTOpa51 HMeeT CMhICJI CHJibI. ,Il,JI51 mo-

6oro 3a,n;aHHoro COCT051HH51 p Mbl ,11,0JI)KHbl BblqHCJIHTb cpe,n;Hee 3Ha­

qeHHe H ITOJiyqHTb 0606111,eHHYIO CHJIY 

06paTHMOCTb ITporr;ecca 03HaqaeT, qTQ MbI orpaHHqHBaeM COCT051HH51 

p Tpe6oBaHHeM, qTo OHH ITPHHa,II,Jie)KaT MHO)K€CTBY paBHOBeCHbIX co­

CT051HHH. CJie,II,oBaTeJihHo, cpopMa ,IJ,JI51 pa6oTbI HMeeT BH,IJ, 

w = E(8H/8Q1;p)dQ1 + E(8H/8Q2;p)dQ2 + ·· · 
+ E(8H/8Qk; p) dQk. 
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-(3w = (8Z/8Qi) dQi + (8Z/8Q2) dQ2 + · · · + (8Z/8Qk) dQk 
(22.39) 

RJIH B 6oJiee ClIMBOJIRqecKOH <f:>opMe 

(22.39a) 

r,n,e dQ o603ttaqaeT npaByro qacTh <f:>opMyJihI (22.39), T. e. MhI BhrqRc­

mreM orrepaTop d B HarrpaBJieHIHIX Q ( rrpR cPHKCHpOBaHHOM 3HaqeHMM 

(3). 3aMeTHM, qTQ Ilpli BhIBO,ll,e ypaBHeHRH (22.37)-(22.39) Mhl HRr,n,e 

He RCITOJih30BaJIR HBHhIH BRA H. EcJIR )Ke Tenepb npe,n,noJIO)l(RTh, 

qTo paccMaTpMBaeTCH «CBo6o,n,tthIH ra3 B HIIIRKe», r,n,e <f:>yHKIJ;RH FR, 
CJie,ll,OBaTeJihHO, z 3aBIICHT TOJibKO OT Qi qepe3 o6beM v, TO MO>KHO 

HaITRCaTb 8Z/8Qi = (8Z/8V)(8V/8Qi), lI <f:>opMyJia (22.39) rrpeBpa­

I1IaeTCH B 

-(3w = (8Z/8V) dV. 

KoHeqHo, yBeJIRqeHRe V BhI3hIBaeT yMeHhllleHRe H (rrocKOJihKY Toq­

KR, KOTOpbre patthllle 6bIJIR 3a rrpe,n,eJiaMR HIIIRKa, r,n,e V = +oo, 

Teneph OKa3hIBaIOTCH BHYTPR HIIIRKa, r,n,e V = 0). KaK o6hrqtto, ,n,aB­

JIBHHe C'IHTaeTCH IIOJIO)l(HTeJihHbIM, H3 qero CJie,n,yeT, qTO w = -pdV. 
Tor,n,a rrocJie,n,ttee ypaBHeHRe npRHRMaeT BH,ll, 

az;av = f3p = v, 

a 3TO IlOKa3bIBaeT, qTo z o6Jia,n,aeT BCeMH CBOHCTBaMH cPYHKIJ;HH 

Macche. 

l'lTaK, y Hae Terreph eCTh 06I1IHH peu;enT BbJqifcJieHHH cPYHKIJ;HH 

Macche. ,Il;JIH 3a,n,attHoll: cHcTeMhI (M, A,µ) R cPYHKIJ;HH H, orrpe,n,e­

Jiettttoll: Ha npocTpaHCTBe M H Ha3hrnaeMoll: «3Heprnell:», orrpe,n,eJIHM 

<fiytt1\.U,U10 pa36uettu.R F Bhrpa)l(eHHeM 

F =I e-f3Hµ. (22.40) 

<I>yttKIJ;HH H H, cJie,IJ,oBaTeJibHo, F MoryT 3aBHceTh OT ,n,onoJIHRTeJih­

HhIX rrepeMeHHhIX Qi, Q2, ... , Qk. KpoMe Toro, HHTerpaJI B <f:>opMyJie 

(22.40) 6y,n,eT CXO,lI,HThCH TOJlbKO B orrpe,n,eJI€HHOH qacTH npocTpaH­

CTBa ((3, Qi, Q2, ... , Qk). Orrpe,n,eJIMM BHyTpeHHIOIO 3Heprmo <f:>opMy­

Jioll: (22.32), paBHOBeCHbie COCTOHHHH - cPoPMYJIOH (22.35) (r,n,e F 
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orrpe.n.em1eTC.H cpopMyJioil: (22.40)) 11 cpyHKIJ;HIO Macche - cpopMy­

Jioil: (22.36). Tor.n.a crrpaBe,IJ;JillBa cpopMyJia (22.38), 11 cpopMa ,IJ;JI.H 

pa6oThI w 3a,IJ;aeTC.H cpopMyJioil: (22.39). 9To 11 eCTh peu,errT ,IJ;JI.H rre­

pexo.n.a OT «MHKpOCKOIIll'leCKOH MO)J;eJill», 3aKO,IJ;HpOBaHHOH cpyHKU,ll­

eil: H, K «MaKpocKOIIll'leCKllM paBHOBeCHhIM .HBJieHll.HM», orrnchrnae­

MhIM cpyHKu,11eil: Macche. IloJiy'leH 'leTKHil: peu,errT, HO ero em;e Ha.n.o 

o6ocHOBaTb. 9To MO)KHO 6y,IJ;eT C,IJ;eJiaTh, Kor.n.a Mhl IIOHMeM BepO.HT­

HOCTHOe orrpe.n.eneHlle 3HTpOIIllll, KOTOpblM 3aHMeMC.H B CJie,r:i;yrom;eM 

rraparpacpe. 

EcTh em;e o,n;Ho He6oJihIIIOe 0606m;eH11e Harn11x paccy)K,IJ;eHm1, KO­

Topoe OKa)K€TC.H IIOJI€3HhIM. Ilpe,n;rroJIO)KHM, 'ITO MbI XOTllM paCCMOT­

peTb He O,IJ;HO Ha6JIIO,L1;aeMoe, a H€CKOJihKO tta6JIIO,IJ;aeMbIX (Ji, ... ' Jn) 
cproy. B 3TOM cJiyqae MO)KHO BBeCTH J = (J1, ... , Jn) - BeKTOpHoe 

Ha6mo,n;aeMoe, 3Ha'leHH.H KOToporo Jie)KaT B rrpocTpaHCTBe ]Rn, T. e. 

tta6mo.n.aeMoe, rrpl1Hl1Ma10m;ee 3Ha'leHll.H B BeKTOpHOM rrpocTpaHCTBe 

W. Ha6n10,n;aeMoe co 3Ha'leHH.HMll B W - 3TO rrpocTo cpyHKU,H.H H3 

M B W (y.n.oBJieTBOp.Hrom;a.H cooTBeTCTByrom;eMy ycnoBHIO ll3MepH­

MOCTH, KaK H B cnyqae IR). IloH.HTlle llHTerpana OT BeKTop-cpyHKU,HH 

orrpe,n;eneHo, II03TOMY orrpe.n.eJieHHe {22.28) ,IJ;JI.H MaTeMaTH'lecKoro 

O)Kll)J;aHll.H BeKTOp-Ha6JIIO,IJ;aeMoro B ,IJ;aHHOM COCTO.HHHll coxpaH.HeT­

C.H 6e3 H3MeHeHH.H. To'IHO TaK )Ke MO)KHO roBopHTh rrpo Bepo.HTHOCTh 

(B .n.aHHOM COCTO.HHllll) Ha6JIIO)J;aeMoro J Jie)KaTh B HeKOTOpOM IIO,IJ;­

MHO)K€CTBe W. Ho HaM He rrp11.n.eTC.H 3THM 3aHllMaThC.H. 

22.9. 9HTpOIIH.H 

BBe,IJ;eM rroH.HTHe 3HTporrHH cocTO.HHll.H. ITycTh (M, A,µ) - cHcTe­

Ma. Mbl XOTHM Ka)K)J;OMY COCTO.HHHIO CHCTeMhI p rrpHIIHCaTh 'IHCJIO 

Ent(p), KOTopoe 6y,IJ;eT H3Mep.HTb Mepy «6ecrrop.H,IJ;Ka» COCTO.HHH.H p ITO 

OTHorneHHIO K µ. TaKHM o6prooM, Ent 6y.n.eT cpyHKU,Heil:, orrpe.n.eneH­

HOil: Ha rrpocTpaHCTBe BCeX COCTO.HHHH. "llTo6hI orrpaB,IJ;aTh TaKOe orrpe­

.n.enemie, CHa'lana paCCMOTpHM rrpocTpaHCTBO KOH€'IHOH BhI6opKH, 

T. e. cnyqail: A H3 rraparpacpa 22.6. EcnH M = { ei, ... , ek}, TO cocTo­

.HHHe p orrpe.n.en.HeTC.H 3a,IJ;aHHeM k Bem;ecTBeHHhIX q11ceJI Pi = p( ei), 

i = 1, ... , k. Tor.n.a Pi eCTh Bepo.HTHOCTh co6bITll.H { ei}. B TeOpHH 

HHcpopMaU,HH 3HTpOIIH.H cocTO.HHH.H p = (p1, ... , Pk) orrpe.n.eJI.HeTC.H 
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paBeHCTBOM 

k 

Entk(P) = - LPi log pi. (22.41) 
i=l 

9Ta cpyHKU.IUI o6na.n;aeT pa3JIHqHbIMH CBOitCTBaMH, .n;enaIOlll,HMH 

ee Mepoit «6ecrropH,n;Ka» HJIH He,n;ocTaTKa HHcpopMall,HH. BhmmneM 

HeKOTOpbie H3 HHX. 

(i) Entk(P1, ... ,pk) CHMMeTpH'rna ITO (p1, ... ,pk)· 9TO COOTBeT­

CTByeT Tpe6oBaHHIO, qTO Mepa 6ecrropa,n;Ka He 3aBHCHT OT crro­

co6a HH,n;eKcau.nn pe3yJihTaTa. 

(ii) Entk(l, 0, ... , 0) = 0. (3.n;ech MhI orrpe,n;emi:eM x log x = 0 .n;mr 

x = 0 B CHJIY HerrpepbIBHOCTH.) 9To COOTBeTCTByeT YTBepX<,n;e­

HHIO, qTO ecJIH B ,n;aHHOM COCTOHHHH pe3yJibTaT rrpe.n;orrpe,n;eJieH, 

TO OHO HMeeT HyJieBOH 6ecnopH,ll;OK. 

(iii) Entk+i(P1, ... ,pk,O) = Entk(P1, ... ,pk). 9TO 03HaqaeT, qTQ 

ecnH Hamy CHCTeMy M = { ei, •.• , ek} 3aMeHHTh Ha CHCTeMy 

M' = { e 1, ..• , ek, ek+ 1}, HO rrpH 3TOM paccMaTpHBaTh TOJih­

KO COCTOHHHH, B KOTOpbIX ek+l HeB03MOX<HbI, TO 3HTpOIIHH He 

H3MeHHeTCH. ,IJ;pyrHMH CJIOBaMH, .n;o6aBJI€HHe cpHKTHBHOH aJib­

TepHaTHBbl He H3MemreT He,n;ocTaTOK HHcpOpMall,HH. 

(iv) Entk(P1, ... ,pk) ~Ent (t,··· ,t), r.n;e 6y,n;eT cmpowe ttepa­

aettcmao, ecJIH Pi ¥= l/k ,ll;JIH HeKoToporo 3HaqeHHH i. 

TaKHM o6pa30M, He,n;ocTaTOK HHcpopMall,HH .n;ocTHraeT MaKCHMy­

Ma, Kor.n;a Bee aJibTepHaTHBbl paBHOBepOHTHbl. ,Il;JIH ,ll;OKa3aTeJibCTBa 

3TOro yTBepX<,n;eHHH 3aMeTHM, qTo ,l];JIH BCex x ~ 0 crrpaBe,l];JIHBO ycno­

BHe 

x logx ~ x -1. 

PaBeHcTBO 6y,n;eT TOJihKO ,n;nH x = 1, qTo nerKo rrpoBepHeTC.H ,n;H<l>­

cpepeHU.HPOBaHHeM 06e11x qacTeit. IlpH x ¥= 0 .3TO ycJIOBHe MOMHO 

rreperr11caTh B BH,n;e 

- log x ~ x-1 - 1. 
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Tor.n;a 

( 1) Pi (k-1 
) -Pi log pi- -pi log k =-pi log k-l ~ -pi Pi - 1 

IlpR Bhr<mcneHRR cyMMhI no i crrpaBa rronyqaeTCH 0, rroTOMY qTo 

E(l/k) = 1 = EPi· I!TaK, MhI RMeeM 

1 1 1 1 
- L Pi log Pi ~ - L Pi log k = - log k = - L k log k. 

3aMeTRM, qTo Ent(p1, ... ,pk) oTpa)l(aeT He.n;ocTaTOK 3HaHRH 

do BblIIOJIHeHHH 3KCrrepRMeHTa, KOTOpbifi CKa)l(eT HaM, KaKRe H3 

k B03MO)l(HOCTeii peaJIR3YIOTCH Ha caMOM .n;ene. B ::>TOM CMhICJie 

Ent(p1, ... , Pk) rrpe.n;cTaBmi:eT 1w.11,u"tecmeo U'l-ujjop.Mau,uu, rroJ1yqeH­

Ho:H rrpR BhIIIOJIHeHRR 9KcrrepRMeHTa. 

(v) IIpe.n;rroJIO)l(HM, qTo M = M1 x M2, r.n;e Mi co.n;ep)l(RT k ::>Jie­

MeHTOB { e1 , ... , ek}, a M2 co.n;ep)l(HT l ::>JieMeHTOB, TaK qTo 

M cocTORT R3 kl ::>JieMeHTOB {ei,fj}. Ilpe.n;rroJIO)l(RM, qTo p = 

Pl x P2, TaK qTQ p( {( ei, fj)}) = PiQj. Tor.n;a 

Entk1(P) = - LPiQilog(PiQj) 

= - LPiQj(Iogpi + logQj) 

= - LPi log pi - L Qi log Qi· 

Ho rrocKOJihKY EPi = E Qj = 1, MhI RMeeM 

,Il;pyrHMH CJIOBaMH, eCJIH Mhl rrpoBe,n;eM ,ll;Ba He3aBRCHMhIX 3KC­

rrepRMeHTa, TO IIOJIHOe KOJIHqeCTBO IIOJiyqeHHOH HHcPOpMaIJ;RH 

6y.n;eT paBHO cyMMe RH<PopMan;nii, rronyqeHHhIX oT Ka)l(.n;oro 

3KCrrepHMeHTa. 

0Ka3bIBaeTCH, qTo CBOHCTBa (i)-(iv) BMeCTe c 6onee CHJibHhIM Ba­

pRaHTOM yTBep)l(.n;eHRH ( v) orrpe.n;eJIHIOT <PYHKil;RIO Ent c ToqHoCTbIO 
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;rr..o nocTO£HHoro MH0>K1ueJI£. TaKHM o6pmoM, B npocTpaHCTBe KO­

He'IHOH BbI60pKH eCTb TOJibKO O,ll,HH cnoco6 H3MepeHH£ «6ecnopg;rr..­

Ka» COCTO£HH£, eCJIH 3Ta Mepa 6ecnop£;rr..Ka y,n;OBJieTBOp£eT HeCKOJib­

KHM pa3yMHbIM aKCHOMaM. Mepa 6ecnop£,n;Ka 3a;rr..aeTc£ Bbipa)KeHH­

eM (22.41). '.:'.ho Bbipa)KeHHe MO)KHO nepenncaTb TaKHM o6pa30M, "ITO 

OHO 6y;rr..eT HMeTb CMbICJI ,II,JI£ mo6oif CHCTeMbI. 

Ilo onpe,n;eJieHmo, ,ll,JI£ npoH3BOJibHOH CHCTeMhI (M, A,µ) H npo­

H3BOJibHOro COCTO£HH£ p HMeeM 

Ent(p) = - J plogpµ, (22.42) 

npn ycJIOBHH, 'ITO 3TOT llHTerpa.n: CXO,ll,HTC5l. 

22.10. PaBHOBecue B CTaTHCTHqecKHX cucTeMax 

l'haK, y Hae ecTh onpe,n;eJieHne MepbI <~6ecnop£,II,Ka» B cncTeMe. Ilpe,n;­

noJio)KHM, "ITO HaM 3a,lJ,aHa CHCTeMa ll IlOCJie;rr..oBaTeJibHOCTb Bem;ecT­

BeHHbIX Ha6mo,n;aeMbIX Ji, ... , Jn. MbI MO)KeM Ha6mo;rr..aTb O)KH;rr..ae­

Mhie 3Ha':leHHH 3THX Ha6JIIq.z:i;aeMhIX B mo6oM cocT05IHHH. Co6epeM Ha-

6mo;rr..aeMbie B BeKTOpttyro KOHCTPYK.LJ;HIO J = (J1, .•. , Jn)· McnoJib3Y£ 

npnHI.J;Hil MaKCHMaJibHOH 3HTpOIIHH, paCCMOTpHM COCT05IHHe «CTaTl'l­

CTHl'.JeCKOro paBHOBeCH£», B KOTOpOM «6ecnop£;rr,OK» lJ.OCTHraeT MaK­

CHMyMa B COOTBeTCTBHH c HallIHM 3HaHHeM Q)KH;rr..aeMoro 3HaqeHH£ J. 
CHa"laJia nocTaBHM TOqHyID MaTeMaTnqecKyro 3a;rr..a'Iy. 

IlycTh J : M ~ V - BeKTopaoe aa6Jiro;rr..aeMoe CHcTeMhI, H nycTh 

J - npOH3BOJihHOe B03MO)KHOe O)K:H,IJ;aeMoe 3Ha'!emrn J. PaccMOTpHM 

cJie;rr..yrom;yro npo6JieMy. 

Cpe,n;H Bcex COCTOHHHH p, o6Jia;rr..arom;nx CBOHCTBOM 

E(J;p) =I pJµ = J, 

HaHTH TaKoe, B KOTOpOM 3HTpOIIH£ ,IJ;OCTHraeT CBoero MaK­

CHMyMa. 

MHa"le roBop£, HY)KHO pemHTh 3a,n;aqy Ha ycJIOBHhIH MaKCHMYM 

Ent(p) npn orpaHH'IeHnn J pJµ = J. 
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0Ka3hrnaeTcH, qTo ecnu ,Il;JIH cucTeMhI (M, A,µ) H Ha6mo,n;aeMoro 

J BhIIIOJIHHIOTCH pH,n; npe,n;nOJIO:>KeHH:ti, TO 3Ta 3a,n;aqa HMeeT e,n;HH­

CTBeHHOe perneHHe. lITaK, HaqHeM. 

IlycTh V* o6o3HaqaeT npocTpaHCTBo, ,Il;yaJihHoe K V. Tor,n;a 3Jie­

MeHT ; E V* - JIHHeiiHaH cpyHKU,HH Ha npocTpaHCTBe V. IlycTh ; · v 

o6o3HaqaeT 3HaqeHHe ; Ha BeKTope v. Tor,n;a ,Il;JIH JII06hIX ; E V* H 

m EM MO:>KHO paccMoTpeTh ;·J(m), qTo HBJIHeTcH qucnoM, 3aBHCH­

Ill,HM OT; H m. Ho Tor,n;a; · J - ~rncnoBaH <l>YHKU,HH Ha MHO:>KecTBe 

M. 3anurneM HHTerpan 

F(;) =JM e-'"'f·J µ. 

0Tcro,n;a BH,IJ;HO, 'ITO 0 < F(;) :::;; +oo (uHTerpan MO:>KeT pacxo,n;HThCH 

K +oo). Ilpe,n;nono:>KHM, 'ITO; TaKoBo, qTo HHTerpan F(;) KOHeqeH. 

Tor,n;a 

- _1_ -'"'(·J 
P'"Y - F(;) e (22.43) 

onpe,n;eJIHeT COCTOHHHe CHCTeMhI. ,Il,eikTBHTeJihHO, P'Y - IlOJIO)KHTeJih­

HaH cpyttKU,HH, H no onpe,n;eneHHIO F(;) MhI HMeeM J p'Yµ = 1. ,Il,nH 

Ka:>K,n;oro 3HaqeHHH ;, Kor,n;a F(;) < +oo, MhI nonyqaeM cocTOH­

HHe P"f• lITaK, Mhl nonyqHJIH tta6op COCTOHHH:ti, napaMeTpH30BaHHhI:ti 

no,n;MHO:>KeCTBOM V*. 3aMeTHM, qTQ ecnu F(;) < +oo, TO Ent(p'"Y) 
KOHeqHa. ,Il,e:ticTBHTeJihHO, 

- j p'"Ylogp'"Yµ = - j p'Y(-logF(;) - ; · J)µ. 

3,n;ech F(;) nocTOHHHa, ecnu paccMaTpHBaTh ee KaK cpyHKU,HIO Ha 

MHO:>KeCTBe M. Ilo3TOMY 

J p'"YlogF(;)µ = logF(;). 

KpoMe Toro, 

J p'"YJµ = E(J; p'Y) 

ecTh npocTo o:>Ku,n;aeMoe 3Haqettue BeKTOpHoro Ha6nro,n;aeMoro J B 

COCTOHHHH p. Ilo3TOMY MO:>KHO HanucaTh 

J p'Y; · Jv =; · E(J; h)· 
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Ho Torµ,a 

Ent(p-y) =log F(T) + 'Y · E(J; P--y)· (22.44) 

,Ll,aBafiTe Terreph yqTeM, qTo cPYHKU.lUI J MO)KeT TaK)Ke 3aBHCeTh 

OT HeKOTOphIX «KoH<Pnrypau.noHHhIX» rrapaMeTpOB Q. EcJin Harrn­

caTh S(T,Q) = Ent(p-y,Q) n Z(T,Q) = logF(T,Q), TO paBeHCTBO 

(22.44) rrpnHHMaeT Bll)J; 

s = z +-y ·J(T,Q). 

B qacTHOM cJiyqae, Kor,n;a J = H, 3TO paBeHCTBO coBrra,r:i;aeT c (22.24). 
Ho <PopMyna (22.24) rrpe,n,cTaBmieT co6ofi KoMfornau.mo rrepBoro H 

BTOporo 3aKOHOB TepMO,}J,HHaMHKH. 

ITpe,n,rroJIO)KHM, 'ITO ,r:t;JI51 3a,n,aHHoro 3Ha'IeHH51 J E V MhI MO)KeM 

HafiTn TaKoe "Y E V*, 'ITO 

(ITpH 3TOM npe,n;nonaraeTC51, 'ITO J Jp--yµ CXO,)J,HTC51 a6comOTHO.) 

Tor,n;a yTBep)K,)J,aeTC51, 'ITO p - e,n,HHCTBeHHoe perneHne 3KCTpe­

MaJihHOfi 3a,}J,a'In. ,Ll,pyrnMH CJIOBaMn, crrpaBe,}J,JIHBa 

TeopeMa. Ilycm'b "YE V* mwwBo, ""mo F("Y) < +oo u cnpaBeiJ.//,U60 

pa6e?-tcmeo (22.44), 2<Je P--y onpeiJMetto <fiopMy.//,OU (22.43). H nycm'b 

p - ()py20e cocmoRttue, iJ.ftR ?>:omopo20 

J pJµ=l. (22.45) 

Ent(p) ~ Ent(p-y), 

npu""eM M'bt uMeeM cmpo20e nepaeencmBo, ec.ftu p u P--y om.ftu'<J,a10mcR 

na .M'Ho'11CecmBe c no.fto'1/Cume.ft'bttou .Mepou µ. 

,l!,o?>:asamM'bCffi60. 3µ,ech Mbl TIOBTOp51.eM apryMeHThI, KOTOphie 

npHBO,ll,HJIH ,1J,Jl51 ,ll,OKa3aTeJibCTBa, 'ITO (1/k, ... '1/k) ,n;aeT MaKCHMYM 

3HTponnn B KOHe'!Hofi cncTeMe. l'iTaK, ,}J,JI51 mo6oro cocT051.HH51 p n 

mo6oro m E M MhI nMeeM 

-p(m) log p(m) - (-p(m) log P-y(m)) ~ P-y(m) - p(m). (22.46) 
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B caMOM .ri;eJie, eCJIM p( m) = 0, TO JieBasi qacTh paBeHCTBa paBHa 

Hymo, a rrpaBaH rroJio.>KMTeJibHa. EcJIH p( m) > 0, TO 

- p(m) log p(m) - (-p(m) log P-r(m)) = p(m) log[p(m)/ P-y(m)] 

:::;; p(m)([P-y(m)/ p(m)] - 1) = P-y(m) - p(m), 

rrpH 3TOM MCIIOJih3J€TC5I HepaBeHCTBO - log x:::;; x-1 - 1. 
MttTerpHpOBaHMe no rrpocTpaHCTBY M .ri;aeT 

- j plogpµ - j plogp-yµ:::;; 0, 

IIOTOMY qTQ 

J pµ = J p-yµ = 1. 

Ho 

log P-r = - log F ("Y) - / · J, 

a CJie)l;OBaTeJibHO, 

-J plogp-yµ = logF('Y) + J p(T ·J)µ = logF("Y) +1· (/ pJµ) 

=log F("Y) + / · J = Ent(p-y), 

IIOCKOJihKY E ( J j P-r) = J. 
TaKMM o6pa30M, 

Ent(p) :::;; Ent(p-y)· 

(3aMeTMM, TaK)Ke, qTO M3 HepaseHCTBa (22.46) CJie.ri;yeT, qTo 

-plog p:::;; -p[log F("Y) + / · J] + P-r - p, 

rrpHqeM rrpaBaH qacTb 3TOro HepaBeHCTBa - a6COJIIOTHO MHTerpHpy­

eMasI cPYHK.a;MH. MTaK, ecJIM - J p log p µ pacxo,ri;HTCH, TO 3TO rrpoHc­

xo,n;MT Ha -oo.) 

HepaBeHCTBO (22.46) 6y,n;eT cTpornM, ecJIH p(m)/ P-y(m) -I l. Tor­

.ri;a, ecJIM p(m) -I P-y(m) f];JIH MHO)KeCTBa c noJIO)KMTeJihHOH Mepoii, 

TO MhI MMeeM Ent(p) < Ent(p-y), qTQ H Tpe60BaJIOCh .ri;oKa3aTh. 

B KaqecTBe cJie,ri;cTBM5I 3TOH TeopeMhI Mhl .ri;a,ri;MM cTaTMCTMqeci<oe 

orrpe,ri;eJieHMe paBHOBeCHOrO COCT05IHH5I. 
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Orrpe,z:i;enea.11e. IIycTh J - Ha6mo,n;aeMoe B CHCTeMe (M, A,µ). EcJIH 

r TaKoso, qTo F(r) = J e--y-J µ < oo, TO 

- _1_ --y·J 
P-r - F(r) e 

H83bIBaeTCH pa61-W6eC'H,'bt.M cocmO.R,'H,Ue.M cucme.M'bt ( OTHOCHTeJibHO Ha-

6mo,n;aeMoro J). 

MbI ,n;omKHbI rroK83aTh, qTo (rrpH cooTBeTCTBYIOIIIHX rrpe,Il;IIOJI0-

)Kettm1x) ,Il;JIH JIIo6oro 3HaqeHHH j cyIIIeCTByeT COCTOHHHe p-y, ,Il;JIH 

KOTOporo E ( J; P-r) = J. Ifa ,n;oK83aTeJibCTBa TeopeMbI cJie,L1;yeT, qTo 

ecJIH TaKoe cocToamre P-r cyIIIecTsyeT, TO otto e,n;HHCTBeHHO. Mb! sep­

HeMCH K 3TOMY sorrpocy rro3,n;ttee. A cttaqana ,n;a,n;HM ttecKOJihKO rrp11-

Mepos paBHOBeCHbIX COCTOHHHH, HCIIOJib3YH CHCTeMbI, BBe,Il;eHHbie B 

rrpn:Mepax rraparpacpa 22.6. 

Al. IlycTh M = { ei, ... , ek} H µ TO'-IHO TaKHe )Ke, KaK H B rrp11-

Mepe A rraparpacpa 22.6. IIycTh V =JR- o,n;HoMepttoe rrpocTpattcTso 

11 rrycTh J : M -+ JR 3a,Il;aeTcH ycJIOBHeM J(ei) = Ei, r,n;e Ei - BeIIIe­

CTBeHHhre '-IIICJia (Mbl 6y,n;eM cqHTaTb HX «3HepreTH'-leCKHMH ypoBHH­

MH»). Be3 rr0Tep11 o6IIIHOCTII ,D;JIH 3JieMeHTOB MHO)KeCTBa M BBe,Il;eM 

HH,IJ;eKCbI 

Tor,Il;a V* = JR H ,Il;JIH JII06oro f3 E V* MhI HMeeM 

k 

F(/3) = L e-/3c:p' 
p=l 

TaK 'ITO paBHOBecttoe cocTOHHHe P/3 3a,n;aeTCH cpopMyJio:H 

Otto Ha3bIBaeTcH «pacrrpe,Il;eJieHHeM MaKCBeJIJia-BoJibD;MaHa». 

BcrroMHHM BhiqHcJieHn:e O)KH,n;aeMoro 3Ha'-leHHH «3HeprHH» 
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HJIH KOpoqe 

E(J· ) = _ 8logF(/3) 
,pf3 8/3 . 

(KaK MhI y)Ke Bn,n;eJIH, 3TO IIOCJie,n;ttee paBeHCTBO ,n;aeT o6rn;ee rrpaBH­

JIO.) Tor,n;a 

oE( J; Pf3) = L, cre-f3e:; _ ( L, Eie-f3e:;) 
2 

8/3 L, e-f3e:; L, e-f3e:; 

=I llJll2P(3µ - (/ Jp(3µ) 2 

= /(J -J)2p(3µ ~ 0, 

rrpH'IeM 6y,n;eT CTporoe HepaBeHCTBO, ecJIH TOJihKO He BCe Ci paBHhl 

Me)K,ll;y co6oi1:. (EcJIH )Ke Bee Ci paBHhI, TO cyrn;ecTByeT TOJibKO O,ll;HO 

B03MO)KHOe 3HaqeHHe ,n;mI J' paBHOe 3TOMY 061IIeMy 3Ha'IeHHIO BCex 

Ei· Tor.n;a BCe Pf3 o,n;nHaKOBhI H paBHhI Pf3(ei) = 1/k. TaKHM o6pa30M, B 

3TOM CJiyqae TeopeMa CBO,ll,HTC.H K yTBep)K,Il;eHIIIO (iii).) EcJIH E 1 =I Ek' 

TO E(J; P(3) - cTporo y6h1BaI01IIaH cpyttK:u;Irn OT {3. QqeBH,lJ,HO, 'ITO 

lim E(J; P(3) =Ek n lim E(J; Pf3) = E1. 
f3~-oo f3~+oo 

I1TaK, JII06oe 3Ha'IeHHe J TaKoe, 'ITO Cl < J < Ek, MO)KeT 6bITb 

IIOJiy'IeHO TOJihKO e,n;nHCTBeHHbIM Bb16opoM /3. ,ll;JIH JII06oro 3Ha'IeHH.H 

/3 MbI HMeeM 

9To, KOHe'IHO, qaCTHhlii CJiyqafi cpopMyJihl (22.24). 

A2. PaccMOTpHM CJiyqafi KOHe'IHOii cHcTeMbI M, 3JieMeHTbI KO­

Topoii: ,IJ;JI.H y,n;o6CTBa o6o3Ha'IHM eo, ... 'ek, TaK 'ITO B Hett HaC'IH­

ThIBaeTC.H k + 1 3JieMeHT. IlycTb J = (J1, ... , Jk) OTo6pa)KaeT M B 
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npoeTpaHeTBO ~k' r,n;e 

Ji(ej) = o{. 
TaKHM o6pa3oM, J OTo6pa)KaeT MB BeprnHHhI eHMTIJieKea B rrpoeT­

paHeTBe JRk' 3a,n;aHHOro 6a3HeHbIMH BeKTopaMH. 

B 3TOM enyqae / = b1 , ... , "f k) H 

cxo,n;nTeH µ,.rm Beex 3Ha'IeHHfi / e 

1 
P-r(eo) = F(i), ... ' 

Eenn Mhl o6o3Ha'IHM p-y(ei) 'Iepe3 Pi, TO rroHHTHO, qTo B mo6yro Toq­

Ky p = (P1, ... , Pk) BHYTPH e11MnJieKea MO)KHO rrorraeTh e rroMOIII,hIO 

eoOTBeTeTBYIOrn.ero Bb16opa 'Yi· B 3TOM enyqae Bee eoeTOHHHH, eooT­

BeTeTBYIOIII,He BHyTpeHHeH TQqKe p, 51BJI51IOTeH paBHOBeCHhIMH eoeT0-

51HIHIMH. 

0To6pa)l{eHne / -+ E ( J; P-r) rrepeBO,lJ;HT Bee 3JieMeHThI rrpoeTpaH­

eTBa ~n = V* BO BHyTpeHHroro o6naeTh e,n.n:HHqHoro CHMITJieK­

ca. "lJn:TaTeJlb MO)KeT rrpoBepHTh, qTo 3TO OTo6p8.)KeHHe B3aHMHO­

O,ll.H03HaqHo H HMeeT ,n.mpcj)epemi;HpyeMoe o6paTHoe. 

B. IlyeTh (~,A,µ) - Bern.eeTBeHHa.51 rrpHMa.51 c 06h1qHo:H Mepo:H. 

Eemi: J - TO)K,ll.eeTBeHHOe oTo6p8.)KeHne J ( x) = x, TO cooTBeTCTByIO­

III,8.51 cPYHKIJ;lrn z ( 'Y) = f ~oo e-'YX dx paCXO,ll.HTe51 ,ll.Jl51 BCex 3HaqeHHH 

"f. O,n.ttaKo, eenn paeeMoTpeTh oTo6pa)KeHHe J : ~ ---+ ~2 , 3a,n.aH­

Hoe paBeHeTBOM J ( x) = ( x' x 2)' TO ,ll.Jl51 BCeX I = bi' "/2) e 'Y2 > 0 
cPYHKIJ;H51 

F(T) = 1: e-ry1x-ry2x2 µ 

exo,zr.n:Tea. CooTBeTeTByrorn.ee paBHOBeeHoe eoeToHHHe 

P-y = F(T)-1e-'Y1x-ry2x2 = F(/)-Ieryf/4'Y2e-(x+ry1/Zry2)2/2(1/2'Y2) 

HMeeT HOpMaJJhHYIO IIJlOTHOeTh, MaTeMaTnqeeKoe O)KH,ll.aHHe m = 
-'Y1/2'Y2 H ,n;n:errepen:ro21 er= (2"12)-112. QqeBH,n;Ho, qTo ,n;na mo6oro 

21 
HanOMHHM, 'ITO iJucnepcUJ! cJiy'Iail:Hoii: BeJI.H'IHHbI ( cpyHKllHH Ha npocTpaHCT­

Be c BepoHTHOCTHOH Mepoii:) f c MaTeMaT.H'IeCK.HM OlK.H,n;aH.HeM m onpe,n;eJIHeTCH 

KaK MaTeMaTH'IecKoe o:am,n;aH.He BeJIH'IHHbl (f - m )2. - Ilpu.M. pea. 
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a > 0 H mo6oro m MO)KHO tta:HTH TaKoit BeKTOp / = (/'1, ')'2), 'ITO 

( ) __ 1_ -(x-m)2 /2u2 

p'"Y x - t<>= e . 
<J'y 27r 

MTaK, ,n;Jrn Bcex cJiy'IaHHhIX BeJIII'IIIH c rrpoII3BO,LJ;HhIMII, IIMeIOm;IIx 

3a,n;aHHbie MaTeMaTII'IeCKOe O)KII,LJ;ami:e H ,Ll;HCIIepcIIIO, 3HTPOIIHR MaK­

CHMaJihHa rrpH HOpMaJibHbIX pacrrpe,n;eJiemrnx. qT06b1 BbI'IHCJIHTb 3H­

TPOIIHIO, 3aMeTRM, 'ITO B CHJIY TpaHCJIR~HOHHOH HHBapHaHTHOCTH 

MO)KHO C'IHTaTh, 'ITO m = 0. Tor,n;a 

1 j 2 12 2 [ 1 x
2 

] Ent(p'"Y) = av'2ii e-x u 21og 27r +log a+ 
2

0'2 dx 

1 
= log a + 2 log 27r + 1. 

9HTpGIIHR CTpeMIITCR K -00 rrpII (]' ~ 0. 9To COOTBeTCTByeT TOMy, 

'ITO IIpH (]' ~ 0 COCTORHHe p CTaHOBHTCR 6oJiee cocpe,n;OTO'IeHHbIM 

BOKpyr TO'IKH H II03TOMy Tpe6yeTCR «6eCKOHe'IHOe KOJIH'IeCTBO HH­

<l:>opMa~HH, 'IT06bI BbI,LJ;eJIHTb 3TY TO'IKY H3 KOHTHHyyMa». 

c. ,Il;aBa:HTe paCCMOTpHM Ha6mo,n;aeMbie J1 = x H h = log x B 

rrpocTpaHCTBe JR+. Tor,n;a / = ('Y1, ')'2), J = (J1, J2) H 

F(1) = fooo e-11x-12Iogx dx = fooo e-11xx-12 dx 

CXO,LJ;HTCR rrpH 'Yl > 0 H ')'2 < -1. 
EcJIH rroJIO)KHTh k = -')'2 + 1 H y = 'Yl x, TO HHTerpaJI rrpHHHMaeT 

BH,LJ; 

CooTBeTCTBy10m;He pacrrpe,n;eJieHHR Ha3hIBaIOTCR 2a.MMa-pacnpe­

deJ1,ettu.R.Mu. B 3TOM cJiyqae rrJIOTHOCTh p1 paBHa 

Mb1 xoTHM BhI'IHCJIHTh BeKTOpttoe O)KH,LJ;aeMoe 3Ha'IettHe 

E(J) = (E(J1), E(h)). 
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IlpM 3TOM Mhl MMeeM 

E(J1) = fooo xe-"f1X-"f2 logx dx 

H 

Tor'Aa 

E(J1) = fooo xl-'Y2e-11x dx. 

CttoBo o66o3Ha'IMM y = /'1 x M k = 1 - 1'2, 'ITO ,n;aeT 

E(J1) = l'f-1 fo00 

e-Yyk dy = l'f-1r(k + 1). 

BhI'IMCJJeHMe E(h) ocTaBm1eM 'IMTaTemo B Ka'leCTBe yrrpa)l<Hettmi:. 

D. IlycTh J - Ha6mo.n;aeMoe, 3a'AaHHoe cl>opMynoit J(k) = k, a 

/3 E JR.1. Tor.n;a MhI BM'AMM, 'ITO p.a'A 

-/3-k 

F(/3) = L e k! = e-f3 

CXO'AHTCH 'AJIH Bcex 3Ha'!eHHH /3. BBe,n;eM BeJJM':IMHY e-f3 = >.; TOr'Aa 

F(/3) = e>.. (IlapaMeTp ,\ qacTo Ha3hIBaroT «aKTMBHOCThlO».) Tor'Aa 

IloaTOMY 

- 1 -f3·k 
Pf3 - F(/3) e 

>,k 
Prob{Jpf3 = k} = e->.kf· 

cho pacrrpe'AeJJeHMe BepOHTHOCTeH Ha3bIBaeTCH pacnpedeJteHUeM 
llyaccoHa. 3aMeTMM, 'ITO 

E(J; P{3) = -8log F(/3)/8/3 = -8e-f3 /8{3 = e-{3 

HJIH 

E(J; Pf3) = ,\. 

,IqlyrMMH CJIOBaMM, rrapaMeTp ,\ IIOKa3bIBaeT Q)l{M'AaeMoe 'IHCJIO qa­

CTllD; B 5IIIJ;HKe. 

,IJ,aBa:HTe Terrepb em;e pa3 rrepe'IMCJIMM rroJiyqeHHhie TeopeTM'le­

CKMe pe3yJJhTaTbl. 
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• Cucme.Ma (M, A,µ) .HBJrneTc.H rrpocTpaHCTBOM c Mepo:it 

• CocmoRHUe - HeoTp1m;aTeJihHa.H cPYHKu;1rn p Ha M c ycJIOBHeM 

J pµ = 1. 

• 9HmponuR cocTO.HHH.H ecT~ Ent(p) = - J plogpµ. 

• H a6.11,10dae.Moe ecTb ( BeKTOpHa.H) cPYHKIJ;H.H Ha rrpocTpaHCTBe M. 

• O:J1Cudae.Moe 31-ta'l(,e'Hue Ha6mo,n;aeMoro K B cocTo.Hmnr p ecTb 

E(K;p) = f Kpµ. 

EcJIH J - Ha6mo,n;aeMoe co 3Ha'IeHH.HMH B rrpocTpaHCTBe V, TO if>YH'X:­
'4UR pa36Ue'HUJI,, CB.H3aHHa.H c J' eCTh cpyHKIJ;H.H, orrpe,n;eJieHHa.H ,ll;JI.H 

'Y E V* ycJioBHeM 

F("t) = J e--y·Jµ. 

0Ha orrpe,n;eJieHa Ha rro,n;MHO)KeCTBe C rrpocTpaHCTBa V*, r,n;e 3TOT 

HHTerpan CXO,ll;HTC.H. 

<I>yHKIJ;H.H Maccbe Z orrpe,n;eJieHa Ha C ycJIOBHeM Z = log F. 
Pa6'H06ec'H'bie cocmO.R,'H,UJI, OTHOCHTeJibHO J - 3TO COCTO.HHH.H BH,n;a 

,n;JI.H "f E C. C rroMOIIJ;hIO cPYHKIJ;HH Macche MO)KHO BhI'IHCJIHTh O)KH­

,n;aeMoe 3Ha'!eHHe J B cocTO.HHHH P-y rrpH ycJIOBHH, 'ITO 'Y Haxo,n;HTC.H 

BHYTPH rro,n;MHO)KeCTBa C, no <PopMyJie 

'ITO ,ll;JI.H KpaTKOCTH MO)KHO 3aITHCaTb B BH,n;e 

J = -fJZ/f)"f. 

Tor,n;a 

S("t) = Ent(p-y) = Z + 'Y · J. 

B qacTHOCTH, 'Y MO)KHO rroJiy'IHTh H3 J rro <PopMyJie 

'Y = 88/fJJ. 
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3.n;ech Mhl paccMaTpirnaeM s KaK cPYHKI!HIO OT J' IIOCKOJihKY ' MO)K­

HO Bblpa3HTb KaK cPYHKI!HIO OT J' o6paIIIa.H 3a,n;aHHYIO cPYHKI!HIO 

J = J ( r). Ha6J110.n;aeMoe J MO)KeT 3aBHCeTh OT .n;orroJIHHTeJihHhIX 

KOOp,ll;HHaT Qi, ... ' Qd, T. e. J MO)KeT 6bITh cPYHKI!HeH Ha rrpocTpaH­

CTBe M x B, r.n;e B rrpocTpaHCTBO c Koop,n;HHaTaMH Qi, ... , Qd. 
Tor.n;a cPYHKI!H.H F H paBHOBeCHhie cocTO.HHH.H P-r TaK)Ke 3aBHC.HT OT 

3THX ,ll;OIIOJIHHTeJibHhIX KOOp,ll;HHaT. 

B cJiyqae, Kor.n;a o.n;Hoii H3 KOMIIOHeHT J RBJI.HeTC.H H - «3Hep­

rH.H», B'Hympe'H'HJl,.ff, :mep2uR cocTO.HHH.H p .n;aeTc.H E(H; p). lIMe.H Bee 

3TH orrpe.n;eJieHH.H H rrocJie o6cy)K,ll;eHH.H pa6oThI B rraparpa<Pe 22.8 

(cM. (22.39a)), Mbl rro.n;roTOBHJIHCh B rrepexo.n;y OT «MHKpOCKOIIHqe­

CKOH» MO,ll;eJIH K «MaKpOCKOnn:qeCKH» Ha6JIIO,ll;aeMhIM .HBJieHH.HM. 

22 .11. KnaHTOBbie 11 KJiaccuqecK11e ra.3hI 

Ha'!HeM co cpaBHeHH.H cPYHKI!HH pa36HeHH.H ,ll;JI.H Tpex CHCTeM D, E H 

F, paccMOTpeHHhIX B rraparpa<Pe 22.8. KaK H paHhrne, ,ll;JI.H Ka)K.n;oii: 

H3 3THX CHCTeM 6y.n;eM paccMaTpHBaTb ,n;ByMepHoe Ha6J110.n;aeMoe J = 
(N, H), r.n;e N - «'IHCJIO 3arroJ1HeHH.H», H - «ypoBeHh aHeprHH», 

rrpH'IeM N H H CB.H3aHhI cooTHorneHHeM 

H=Ns, 

r.n;e E - «3Hepnrn o.n;Horo 3arroJ1HeHHoro cocTO.HHH.H». B rrpe,n;hI.n;JIIIeM 

rraparpa<Pe MhI y)Ke rrpo.n;eJiaJIH BhI'IHCJieHH.H ,ll;JI.H cJiyqa.H D, a Terreph 

c.n;eJiaeM Bee cpa3y B BH,n;e Ta6JIHI!hI 22. 2. 

Bo Bcex Tpex cJiyqaax MhI BhiqHCJI.HeM rrocJie,n;HHH CTOJI6e!I no 

<l>opMyJie E(N) = -8logF/8f3i. CyMMa, B03HHKaIOIIIa.H rrpH BhI'IHC­

JieHHH cJiyqaa F, .HBJI.HeTc.H reoMeTpH'IecKoii rrporpeccHeii, a B cJiy­

qae E - 3TO rrpocTo cyMMa ,n;Byx CJiaraeMhIX. Bo Bcex Tpex cJiyqaax 
E(N) MaJia Tor.n;a H TOJihKO Tor.n;a, Kor.n;a BeJIHKa e-(µ-e)/T. Tor.n;a 

Mhl rrpeHe6peraeM CJiaraeMbIM ±1, IIO.HBJI.HIOIIIHMC.H B 3HaMeHaTeJie 

Bbipa)KeHH.H ,ll;JI.H Z. Ho Tor.n;a pacnpe.n;eJieHH.H Bepo.HTHOCTeii Ha6JIIO­

.n;aeMoro N o'IeHh 6JIH3KH. B Ta6JIHI!e 22.3 MhI BBe,n;eM o6o3Ha'IeHHe 

A= e(µ-e)/T. 

EcJIH paccMaTpHBaTh O)KH,ll;aeMoe 'IHCJIO 3arroJ1HeHH.H KaK Me­

py «KOHI!eHTpa!IHH», TO ,ll;JI.H «pa3pe)KeHHhIX» CHCTeM pacrrpe.n;eJie­

HH.H BepoRTHOCTeii BoJihI!MaHa, <I>epMH-,l:t;HpaKa H Bo3e-9ii:HrnTeii:Ha 
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Ta6mm;a 22.2 

CHcTeMa µ(k) E(N) 

D 1/k! exp[e-C/31 +,82e:)] 
= exp[eCµ-e:)/Tj 

E µ{0)=µ{1)=1 

µ(k) = 0, k > 1 

1 + e-C/31+.B2e:) 

= 1 + e(µ-e:)/T 

1 
l+e-(µ-e)/T 

F 1 
1 1 

e-(µ-e)/T -1 

1 - e(µ-e:)/T 

Ta6mm;a 22.3 

C11cTeMa Ha3Batt11e Prob(N = k) 

D BoJihD;MaHa-IlyaccoHa e-)..>.k/k! 

Prob(N = 0) = 1/(1 + >.) 
E <I>epMH-,Il;HpaKa Prob(N = 1) = >./(1 + >.) 

Prob(N > 1) = 0 
F B03e-9ii:ttmTeii:Ha {1 - >.)>.k 

O'IeHh 6JIH3KH, T. e. BCe 'IJieHhl B rrpaBOM CTOJI6n;e Ta6JIHD;hI 22.3 6y­

,IIyT 6JIH3KH ,rwyr K ,D,pyry, KOr,D,a >. oqeHh MaJIO. Ho ,D,JIH 6oJihllIHX 

«KOHD;eHTpan;Hii» OHM CHJihHO OTJIH'IaIOTCH. Ha pHc. 22.16 H3o6p8.)Ke­

HhI rpa<l>HKH Tpex <l>YHKD;Hll e-t' 1/{et + 1) H 1/{et - 1). 3aMeTHM, 

'ITO rrpH t > 2 KpHBhie IIO'ITH CJIHBaIOTCH, HO IIpH MaJibIX 3Ha'IeHHHX 

t OHH CHJihHO paCXO,lJ,HTCH. 

,Il;aBaHTe paCCMOTpHM CHTyau,mo, KOr,D,a HMeeTCH d 3K3eMIIJIHpOB 

O,ll,HOH H3 3THX CHCTeM, rrpH'IeM K8,)K,ll,aH HMeeT pa3JIH'IHOe 3Ha'Ie­

HHe 3HeprHH O,lJ,HOro 3aIIOJIHeHHOrO COCTOHHHH, TaK 'ITO Mbl HMeeM d 
3Ha'IeHHH c1, ... , Ed. CucTeMa rrpe,D,cTaBJIHeT co6oii rrpHMoe rrpoH3Be­

,D,eHHe 
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1 
et+ 1 

1 

2 t 

1173 

PIIc. 22.16. fpacPIIKII mKII,D;aeMhIX 3Ha'leHIIii 'IIICJia 'laCTIIIJ; ,D;JI51 pac­

rrpe,n;eJieHIIii BoJih:a;MaHa, <I>epMII-,lJ;IIpaKa II Bo3e-9iiHIIITeiiHa B 3a­

BIICHMOCTH OT (µ - E) jT = t 

MbI rrpe.n;rroJiaraeM, 'ITO «3Heprn.51 B3anMo,n;eiicTBH.51» rrpeHe6pe)KIIMO 

Marra, T. e. 

H=H1+···+Hd. 

KpoMe Toro, orrpe,n;eJIHM 

Tor,n;a cPYHKIJ;H51 p836IIeHII51 Bceii CHCTeMhI eCTh rrpocTo rrpoII3Be,n;eHIIe 

cPYHKIJ;lIH p836IIeHH51 BCex KOMIIOHeHT: 

F = F1 x ··· x Pd, 

r,n;e 

Fi = Fc:i (,81, /32). 

B Ta6JIII:a;e 22.2 MhI ,D;OJI)KHhI B Bbipa)KeHH51X ,IJ;JI51 cPYHKIJ;Hii p836HeHII51 

BMeCTO E IIO,D;CTaBHTh Ei· 

)J.aBaliTe e~e p83 o6cy,n;HM, 'ITO 3TO 03HaqaeT. y Hae eCTb d Cll­

CTeM. MbI co6parrH IIX B o,n;Hy ClICTeMy. CJie,n;oBaTeJihHo, OHH Mo­

ryT «B3alIMo.n;eiicTBOBaTh». PaBHOBeCHhle cocT051HlI51 i-H: rro,n;cHCTe­

MhI orrpe,n;eJI51JIIICh 6b1 ee co6cTBeHHhIMII napaMeTpaMII /31i II /32i. ToT 

<t>aKT, 'ITO CIICTeMbl HaxO)J;5ITCH B paBHOBecnn, 03Ha'!aeT, 'ITO y Hae 



1174 rJiaBa 22. TepMO,ll;IIHaMHKa 

HMeIOTC51 06rn;1rn ,IJ;JI51 Bcex 3HaqeHH51 /31 H /32. TaKHM o6pa3oM, MhI 

ern;e pa3 OTKpbIJIH KPIITepHtt fH66ca (22.26). 
,Il;o CHX rrop meJI BeChMa a6cTpaKTHhitt pa3rOBOp, H Mbl He ,n;a­

BaJIH cpH3HqecKoro orrHcaHH51 KOMIIOHeHT Hamett CHCTeMhI. Cettqac 

paCCMOTpHM CJie,nyronzyro MO,IJ;eJih «ra3a B 51ID;HKe» ( OTJIHqHyIO OT 

rrpe)trnett Mo,n;eJIH). B cpa30BOM rrpocTpaHCTBe paccMoTpHM rro,n;o6-

JiaCTh B x D, r,n;e B C ~3 - Ham 51ID;HK H D E ~3 - He6oJibmott KY-

6HK c u;eHTpOM B TOqKe p B rrpocTpaHCTBe HMIIYJihCOB. llTaK, KOr,n;a 

Mbl roBOpHM, qTO MOJieKyJia HaxO,IJ;HTC51 B Hamett o6JiaCTH, TO HMeeM 

B BH,liy, qTO OHa HaxO,IJ;HTC51 B 51ID;HKe H ee HMIIYJibCbI 6JIH3KH K p. 

Ilo,n;CHCTeMbI «B3aHMO,n;ettCTBYIOT» rrocpe,n;CTBOM CTOJIKHOBeHHtt, T. e. 

3a cqeT o6MeHa HMIIYJibCaMH. Ilpe,n;rroJIO)KHM, qTo 3HeprH51 o,n;Hoii qa­

CTHD;hI B BbI6paHHOtt rro,n;o6JiaCTH eCTb ee KHHeTHqecKa51 3HeprH51, T. e. 

9To H eCTb «3HeprH51 3aIIOJIHeHHOro COCT051HH51» ,Il;JI51 IIO,IJ;CHCTeMbI c 

u;eHTpOM B ToqKe p. CorJiacHo yTBep)l(,IJ;eHHIO BoJibD;MaHa-IlyaccoHa 

«O)KH,IJ;aeMoe qHCJIO qacTHD; B Hamett IIO,IJ;CHCTeMe» rrporropu;HOHaJibHO 

9To H ecTh pacrrpe,n;eJieHHe MaKCBeJIJia-BoJihD;MaHa, r,n;e ,n;orroJIHH­

TeJihHhitt rrapaMeTp µ 3aBHCHT OT IIJIOTHOCTH ra3a. KoHeqHo, MhI rre­

perrphirHyJIH qepe3 ,IJ;Be TeXHHqeHCKHX CTyrreHH - Mbl paccMOTpe­

JIH 6eCKOHeqHoe qHCJIO IIO,IJ;CHCTeM, 3aIIOJIH51IOID;HX Bee cpa30BOe rrpo­

CTpaHCTBO, H ycTpeMHJIH pa3Mep 51qettKH B cpa30BOM rrpocTpaHCTBe K 

HYJIIO. Ho 3TO He rrpe,n;cTaBJI51eT 6oJihmott CJIO)KHOCTH. 

9TH )Ke coo6pa)l(eHH51 MO)KHO 6bIJIO 6bl rrpHMeHHTb K CTaTH­

CTHKaM Cl>epMH-,Il;HpaKa H Bo3e-9ttHmTettHa. Tor,n;a BMecTo pacrrpe­

,n;eJieHH51 MaKcBeJIJia-BoJihD;MaHa MhI rroJiyqHJIH 6hI pacrrpe,n;eJieHHe 

Cl>epMH-,Il;HpaKa 

1 
f(p) = 1 . 

exp[(211Pll
2 - µ)/TJ + 1 

AttaJIOrHqHa51 3aMeHa rrpoHcxo,n;HT H B cJiyqae CTaTHCTHKH Bo3e-

9ttHmTe:fiHa. 
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22.12. Onpe,n;eJu1TeJI:u :u cJie,ll;bI 

,Ll;aBaHTe rrepemuIIeM cPOPMYJIY 

(22.47) 

(B Ka)l(,IJ;OM H3 Tpex CJiy"IaeB) Ha rrepBbIH B3rm1,n; CTpaHHblM o6pa30M, 

HO TaK, "IT06hr H3 Hee 6bIJIH BH,IJ;HhI cne,n;cTBHH. ITycTh V =]Rd H X 
- ,n;narOHaJihHaH MaTpm:i;a, i-if 3JI€M€HT KOTopo:ti paBeH Ci· 

Ctta"Iana paccMoTpHM cnrrn:ti Bonhri;MaHa-ITyaccoHa. ITocKOJih­

KY rrpon3Be,n;eHne 3KcrroHeHT paBHHeTCfl 3KcrroHeHTe OT cyMMhI, MhI 

HMeeM 

F(/3i,/32) = exp[e-(,81+,82ci) + ... + e-(,81+,82cd)] 

= exp( tr e-(,Bin+,82X)) 

= Det(exp e-(,Bin+,82X)). 

3,n;ecb HCl10Jlh30BaHo, 'ITO )l;JIH mo6oii MaTpHIJ;hI HMeeT MeCTO paBeH­

CTBO Det(exp A)= exp( tr A). 
,Ll;aBaifTe paccMoTpnM cJiyqaif <l>epMn-,Ll;npaKa. ITocKOJihKY orrpe­

,n;eJIHTeJih ,n;naroHaJihHOii MaTpHIJ;hI paBeH rrpon3Be,n;eHHIO ee ,n;naro­

HaJihHhIX 3JieMeHTOB, MO)l(HO HarrncaTh 

0 

MaTpnri;a, cToarri;aH crrpaBa, - 3TO MaTpnri;a 

J[ + e-(,81Il+,82X), 

H 1103TOMY 
F = Det(Il + e-(,Bin+.B2X)). 

FdJ,f>J 
(22.48) 

AHanorH'IHO, B cJiy"Iae Bo3e-9ii:HmTeiiHa cooTBeTCTByrorri;ee paBeH­

CTBO HMeeT BH,IJ; 

,Ll;pyrnMH CJIOBaMH, Mbl IlOJIY"IHJIH Ta6JIHIJ;Y 22.4. 
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Ta6mui;a 22.4 

CncTeMa 

BoJihIJ;MaHa 

<I>epMH-,Il,HpaKa 

Bo3e-9iiHmTeiiHa 

<l>yHKIJ;mI p836HeHHH 

Det( exp e-(.Bin+.B2X)) 

Det(JI + e-(.Bin+.B2X)) 

Det[JI - e-(/31n+/32X)]-1 

EcJIH cpaBHHTh Ta6JIHIJ;hI 22.2 H 22.4, TO ynn,n;HM, qTo H3MeHeHHe 

COCTOHT B TOM, qTo CKaJIHP /31 + /32c 3aMeHHeTCH Ha MaTpHu;y f31JI + 
f32X H BblqHCJIHeTCH orrpe,n;eJIHTeJib. 

Om1meM HeCKOJihKO no-,n;pyroMy npo:u;e,n;ypy B3HTHH orrpe,n;eJIHTe­

JIH. Ho cHaqaJia c,n;eJiaeM pa,n; 3aMeqaHHii OTHOCHTeJibHO JIHHeiiHo:ii 

aJire6pb1. IlycTh V - BeKTOpHoe rrpocTpaHCTBO, H A - ero mrne:iiHoe 

rrpeo6p830Bamie. Tor,n;a A HH,n;y:u;npyeT mrneiiHoe rrpeo6p830BaHne 

A ® A rrpocTpaHCTBa V ® V corJiacHo cpopMyJie 

(A@A)(u®v) = Au®Av. 

EcJIH A = etY, TO, ,n;ncpcpepeHu;npya ypanHeHHe 

etY ® etY ( u ® v) = etY u ® etY v 

(d/dt)[etY ® etY (u ® v)]lt=O =Yu EB v + u ® Yv 

= (Y ®JI+ JI 0 Y)[u ® v]. 

9To IIOK83hI~aeT, qTo etY ® etY = exp(tZ), r,n;e Z - orrepaTop, 

orrpe,n;eJieHHbIH paBeHCTBOM 

Y®JI+JI®Y 

,Il,pyrHMH CJIOBaMH, 

AHaJiornqHo, ecJIH paccMoTpeTh HH,n;y:u;npoBaHHoe ,n;eiicTBHe Ha V ® 
V ® V, TO rroJiyqnM 

etY ® etY ® etY = et[Y©Il©n+Il®Y©IlH©Il©Y]. 
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,D,arree H,IzyT aHarrorH'lHhie Bhipa*eHH.H ,D;JI.H V ® V ® V ® V H T. ,ri;. 
BBe,n;eM o6o3Ha'leHHe Dk (Y) ,IJ;JI.H MaTpHIJ;hI, cTomu;eii B 3KCIIOHeHTe 

crrpaBa. Tor,ri;a 

D2 (Y) = Y ® JI + JI ® Y Ha V ® V, 

D3(Y) = Y ®JI® JI+ JI® Y ®JI+ JI® JI® Y Ha V ® V ® V 

H T. ,ri;. HarrpHMep, ecJIH B3.HTh t = 1 Ha V ® V ® V, TO rroJiy'lHM 

ey ® ey ® ey = eD3 (Y). 

BhI'lHCJieHHe cJie,ri;a MaTpHIJ;hI, cTo.Hiu;eii cJieBa, ,ri;aeT (tr eY)3, rro­

CKOJihKY tr(A ® B ® C) = (tr A)(tr B)(tr C), T. e. rro,ri; 3HaKOM TeH-
30pttoro IIpOH3Be,ri;eHH.H CJie,IJ;hl yMHO)KalOTC.H. llTaK, 

,Il,aBaiiTe IIOJIO)KHM 

Do(Y) = 0, D1(Y) = Y, 

(tr Y)k =tr eDk(Y). 

Terrepb cPYHKIJ;HIO pa36HeHH.H ,IJ;JI.H 6oJihIJ;MaHoBcKoli cocTaBHoii 
CHCTeMhI MO)KHO HaIIHCaTh B BH,IJ;e 

Det(expe-(13ill+,B2X)) = exp(tre-(,Bill+,B2X)) 

= L(tr[e-(,B1ll+,B2X)])k /k! 

= L(l/k!) tr{exp(Dk[-(/3iJI + f32X)])}, 

r,ri;e Mhl B3.HJIH y = e-(,Bill+,B2X). 3arrmneM 3TY cPOPMYJIY 6oJiee KOM­

rraKTHO. IlycTh Tk(V) - k-KpaTHoe TeH30pHoe rrpoH3Be.n;eHHe V Ha 

ce6.H, TaK 'lTO 

To(V) =IR, 
T1(V) = V, 

T2(V) = V® V, 

T3(V) = v ® v ® v, H T.,IJ.. 
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PaccMoTpHM IIOJIHYIO TeH30pHyIO anre6py 

(9To 6ecKOHe'IHOMepHoe rrpocTpaHCTBO, HO He Ha,n;o 6ecrrOKOHTbC51.) 

JI106a5I MaTpHu;a Ha 3TOM rrpOCTpaHCTBe pa3JiaraeTC51 Ha 6JIOKH 

Aoo A01 Ao2 Ao3 
A10 A11 A12 A13 

A = A20 A21 A22 A23 
A3o A31 A32 A33 

r,n;e Aoo - rrpeo6pa30Bam1e To(V) (T. e. CKaJI51p), An - mrneii­

Hoe rrpeo6pa3oBaHHe T1(V), A22 - mrneiiHoe rrpeo6pa30Bam1e T2(V) 
H T. ,n;. Orrpe,n;em1M 

tr® A= :~:.)1/k!) tr Akk· 

KoHe'IHO, aTo Bbipa:>KeHHe He o6513aTeJibHO cxo,n;HTC51. Mb1 6y,n;eM C'IH­

TaTh, 'ITO OHO orrpe,n;eJieHO TOJlbKO ,Il;Jl51 6ecKOHe'IHbIX p51,II;OB, CXO,I1;51-

ID;HXC51 a6coJIIOTHO. 

,l.l;JI51 JI106oro orrepaTopa Y B rrpocTpaHCTBe V MOJKHO 3am1caTb 

D(Y) = 

Do(Y) 
0 
0 
0 

0 
D1(Y) 

0 
0 

0 
0 
0 

D3(Y) 

IloJiaraeM Terrepb Do(Y) = 0 H D1 (Y) = Y. Tor,n;a rroJiy'IaeM 

tr® eD(Y) = L(l/k!) tr exp{ Dk(Y)}, 

CJie,n;oBa TeJibHO' 
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IlocTpOHM amworwrny10 KOHCTPYKIJ;HIO .n;m1 cJiyqrui: <I>epMH­

,lJ;RpaKa. BMeCTO T(V) (TeH3opHoii aJire6pb1) paccMoTpHM A(V) 
(BHeIIIHIOIO aJire6py). HarrpRMep, ,n;aBaiiTe rrocMoTpHM Ha A2(V) = 
V /\ V - rrpocTpaHCTBO BHeIIIHHX 2-BeKTopoB Ha,n; V. B 3TOM cJiyqae 

orrpe,n;eJIHM D2(Y) KaK JIHHeiiHoe rrpeo6pa3oBaHHe A2(V) comacHo 

<PopMyJie 

D2(Y)(u /\ v) =Yu/\ v + u /\ Yv. 

chO Ta :a<:e cPOpMyJia, qTO H paHbIIIe, TOJihKO 3HaK 0 3aMeHeH Ha /\. 

KaK H paHhrne, MhI HMeeM 

To~rno TaK :a<:e orrpe.n;emi:eM 

D3(Y) =Y /\lI/\lI+lI/\Y /\lI+lI/\lI/\ V Ha A3(V) 

H T . .n;. TaK :a<:e, KaK H paHhrne, MhI orrpe,n;eJI.HeM D(Y) KaK rrp.HMYIO 

cyMMY Bcex Di(Y) - MaTpH:czy Ha A(V), .n;11aroHaJihHhie KOMIIOHeH­

ThI KOTopoii cyTh Di(Y). EcJIH V - KOHeqHoMepHoe BeKTOpHoe rrpo­

CTpaHCTBo, TO Terrepb 3TO KOHeqHaH MaTpHn;a. 

Ilpe.n;rroJIO)KHM, qTo z - ,IJ;HarOHaJIH3yeMaH MaTpHn;a, co6cTBeH­

Hbie 3HaqeHHH KOTOpoii paBHhl z1, ... 'Zd, a COOTBeTCTByIOlll;He co6-

CTBeHHhle BeKTOphI - e1, ... , ed. Tor.n;a MhI 3HaeM, qTo BeKTOphI 

ei /\ ej, r.n;e i < j, o6pa3yIOT 6a311c rrpocTpaHCTBa A2(V) H 

TaK qTo ZiZj ,IJ;JIH i < j - co6cTBeHHhie 3HaqeHHH Z /\ Z Ha A2 (V). 
AHaJIOrHqHo, ZiZj Zk ,IJ;JIH i < j < k - co6cTBeHHhie BeKTOphI Z /\ 
Z /\ Z Ha A3(V) H T . .n;. Ilo3TOMy, ecJIH Z" o6o3HaqaeT rrp.HMYIO 

cyMMY paCCMOTpeHHbIX orrepaTopoB, T. e. onepaTOp Ha npocTpaHCTBe 

A(V) = JR EB V EB (V /\ V) EB • • • , r.n;e 

Z" = 

][ 0 
0 z 
0 0 
0 0 

0 
0 

Z/\Z 
0 

0 
0 
0 

Z/\Z/\Z 
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tr z/\ = 1 + L Zi + L ZiZj + L ZiZjZk + ... 
=IT (1 + Zi) = Det(][ + Z). 

IlycTh Z = ey. BocrrOJih3yeMCH cpopMyJio:H 

KOTOpaH HBJIHeTCSl rrpHMOH cyMMOH Bcex cpopMyJI 

1 = e0 = eDo(Y) Ha JR, 

ey = eD1(Y) 

ey /\ ey = eD2(Y) 

Ha V, 

Ha A2 (V) 11 T,,n;. 

tr/\ eD(Y) = Det(][ + eY), 

r,n;e B JieBOH qacTH ypaBHeHmI Mhl HCIIOJih30BaJIH orrepaTop tr/\' 'iT0-

6bI oTpa3RTh To, 'iTO cJie,n; BhI'iRCJIHeTCH B rrpocTpaHCTBe A(V). EcJI11 

B3HTh Y = e-(.ihH/J2 X), TO IIOJIY'iHM 

)J;aBa:HTe e:m;e pa3 o6cy,n;11M CTpaHHble MaTeMaTH'ieCKHe MaHHIIy­

mm;1111, KOTOphIMH MhI 3,n;ecb 3aHRMaJIRCh. Ha'iHeM c rrpocTo:H cnc­

TeMhI, KOTOpaH MO:>KeT HaxO,D;HThCH B d COCTOHHHHX c «3HeprRHMH» 

c1, ... , cd· CooTBeTCTBy10:m;asi: cpyHKIJ;HSI pa3611eH11H RMeeT BH,LI; 

EcJIR X - ,n;naroHaJihHaSI MaTpnu;a c co6cTBeHHhIMH 3HaqeHRHMH 

c1, ..• 'Cd, TO 3TY cpopMyJiy MO:>KHO rreperrncaTb B BH,D;e 

Z({3) = tr e-,BX. (22.49) 

IlycTh v o603HaqaeT BeKTOpHOe rrpocTpaHCTBO JRd, H CJie,n; eCTh rrpo­

CTO CJie,n; MaTpHIJ;hl. Mbl XOTHM pacCMOTpeTh 6oJiee CJIO:>KHYIO CHCTe­

My, B KOTopo:H Ha Ka)K,D;OM «3HepreTH'ieCKOM ypOBHe» MO:>KeT Haxo­

,Ll;HThCH pa3JIH'iHOe 'iHCJIO qacTHIJ; - «OKKyrraHTOB». y Hae eCTh ,D;Be 
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paBHOBeCHhIX Ha6.mo,n;aeMhIX - IIOJlHOe 'IHCJIO OKKYIIaHTOB H IIOJ1Ha£ 

::meprm1. Tenepb ¢yHKu;1u1 pa36HeHH£ 3aBllCHT OT ,n,syx nepeMeHHhIX, 

H nepexo,n, OT npOCTOH CHCT€Mhl K 3TOH CJIO)KHOH COCTOHT B CJie,D,YIO­

iu;eM: 

3aMeH£eM V Ha T(V), H Tor.n;a 

Z(/31,/32) =tr© e-D(l'1H.B2 X) (cTaTHCTHKa BoJibD;MaHa-IlyaccoHa); 

3aMeHaeM V Ha A(V), H Tor.n;a 

TaKHM o6pa30M, pa3JIHqJie Me.IK,n;y CJiy'Ia£MH BoJihu;MaHa-Ilyac­

coaa H <I>epMH-,[l;HpaKa COCTOHT B TOM, 'ITO HCIIOJib3Y€TCH BHeIIImrn 

aJire6pa A(V) BMecTo nonao:B: TeH3opHo:0: aJire6phI T(V). B cny-

11ae Bo3e-9:0:HmTeiiHa MhI 3aMeaaeM BHeIIIHIOIO anre6py CHMMeTpH­

qecKoH: aJire6poii S(V) (aJire6poii scex IIOJIJIHOMOB Ha rrpocTpaHcT­

se V*). llcnoJih3JIOTCa Te .iKe coo6pa.iKeHH£, qTo H B cJiy11ae <I>epMH­

,[l;HpaKa, HO Tenepb y Hae 6y,n,eT 

trsym Z = Det(II - z)-1. 

Bee nony11eHHhJe pe3yJihTaThI co6paHbI B Ta6m1u;e 22.5. 

Ta6Jittn;a 22.5 

CttcTeMa BeKTOpHoe <l>yHKll;HH pa36HeHHH 

rrpocTpaHCTBO 

IlpOCTaH v exp(-,BX) 

BoJibIJ,MaHa-IlyaccoHa T(V) tr® e-D(.B1n+.82X) 

= Det(e-<.B1n+.B2X)) 

<I>epMH-,[l;HpaKa A(V) tr" e-D(.B1n+.B2X) 

= Det(lI + c(.Bin+.82X)) 

B03e-9iiHIIITeilHa S(V) trsym e-D(.B1H.B2X) 

= Det(lI - e-(.B1H.B2X))-1 
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22.13. KeaHTOBbie cocTo»HlUI H KBaHTOBa» 

JIOrHKa 

)J;aBa:ti:Te ern;e p83 paccMoTpHM nocTpoeHH.H npe,IJ,hI,nyrn;ero naparpa­

<Pa B npocTe:firueM CJiy<me. IlyCTh CHCTeMa 6y,IJ,eT KOHeqHhIM MHO­

)K€CTBOM, B KOTOpOM µ npHIIHCbIBaeT O,l1,HHaKOBhie Beca BC€M TQqKaM, 

T. e. CHCTeMy A H3 naparpa<Pa 22.6. B TaKo:fi CHCTeMe «HHTerpHpo­

BattMe» ecTh npocTo cyMMHpOBaHHe. Ha6JIIO,IJ,aeMoe - :::>TO <i>YHKn;M.H, 

OIIpe,IJ,eJieHHa.H Ha 3TOM KOHeqHoM MHO)K€CTBe, a COCTO.HHHe - HeOTpM-

1IaTeJibHa.H <i>YHKI1m1, cyMMa 3ttaqeHH:fi KoTopo:fi paBHa 1. Ho B 3TOT 

p83 Mhl 6y,ri;eM 3aIIMChIBaTh <i>YHKIIHM KaK ,ll.MaroHaJihHhie MaTp:m:J;hI, 

TaK qTo cyMMMpoBaHMe CTaHOBMTC.H BhlqHcJieHMeM CJI€,l1,0B 3TMX MaT­

PHII. 1-ITaK, cocTo5IHMe p 3anMChIBaeTC5I B BM,IJ,e 

(

p(l) 0 
0 p(2) 

p= 0 0 
. . . . . . 

0 
0 

p(3) 

M Ra6J110,l].aeMoe J attanorwrno 

(

J(l) 0 
0 J(2) 

J = 0 0 
. . . . . . 

0 
0 

J(3) 

E(J;p) = trJp. 

<I>yttKn;M.H pro6uemrn 3a,IJ,aeTc.H B <i>opMe 

F(/3) = tr e-/3X, 

r,ll.e 

... ···1 

···1 ::: ' 

(22.50) 

(22.51) 
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Tor.n;a paBHOBeettbie eoeTO.HHM51 nMeIOT BH,ll; 

... ···i 
HJIH 

_ F((3)-l -/3X P/3 - e . (22.52) 

Ilepexo.n; OT npoeToil: eHeTeMbl K enyqa10 e qlleJiaMH 3aITOJIHeHH51 

eoeT051JI B 3aMeHe KOHeqHoMepttoro BeKTOpttoro rrpoeTpatteTBa v Ha 

o.n;tto M3 6onee nmpoKHX rrpoeTpaHCTB T(V), A(V) HJIH S(V), B 3a­

BHeHMOeTH OT Toro, KaKa51 «eTaTHeTHKa» Heene.n;yeTe51. IlpH 3TOM 

Bee paeeMaTpHBaeMbie MaTpHI.J;bl 6hIJIH ,n;HarOHaJibHbIMH, Il03TOMY He­

IlOJib30BaHHe MaTpHIJ; Ka3aJIOeb BeebMa HCKyceTBeHHbIM. 3.n;eeb )Ke 

.n;aBail:Te paccMoTpHM 3TY pOJib MaTpmi; 6onee eepbe3HO. 

TiyeTb V - BeKTopttoe rrpoeTpatteTBO, r.n;e orrpe.n;enetto eKaJI51p­

Hoe rrpOH3Be,n;ettHe. (B CHJIY Ba)f(HbIX cPM3HqecKHX rrpHqMH Mbl 6y.n;eM 

paeeMaTpMBaTb KOMITJieKettoe BeKTOpHoe npocTpaHCTBO v' r.n;e (.' . ) 

- IlOJIO)f(MTeJibHO orrpe.n;eneHHOe eKaJI51pHoe rrpOH3Be,n;ettne, TaK qTo 

V 51BJIHeTC51 yttnTapttbIM rrpocTpaHCTBOM. B peaJibHhIX 3a.zi;aqax qac­

TO IlpHXO,D;HTeH paeeMaTpHBaTb 6eeKOHeqHoMepttoe rrpoeTpatteTBO v. 
Ho ,n;JI51 rrottnMaHH51 KJIIOqeBbIX n.n;eil: tteT tteo6xo.n;nMoeTH BKJIIOqaTb 

ero.n;a eni;e n TexttnqeeKne rrpo6neMbI TeopHH (yttnTapttbIX) rHJib6ep­

TOBhIX rrpoeTpatteTB, I103TOMY Bee I10H51Tll51 Mbl rrpo.n;eMoHeTpMpyeM 

tta KotteqttoMepttoM npoeTpatteTBe.) BerroMHMM, qTo orrepaTop A B 

rrpoeTpatteTBe V Ha3bIBaeTe51 ca.Moconp.R:>tCe'Htt'bt.M, eeJIH 

(Au, v) = (u, Av) ,ll;JI51 Beex u, v E V. 

Paeey)f(,ll;emrn, rrpHBe,n;eHHhie B rraparpa<l>e 4.3 (BbIITOJIHeHHbie ,ll;JI51 

KOMITJieKeHoro BeKTOpHoro rrpoeTpatteTBa), I10Ka3bIBaIOT, qTO mo-

6oil: eaMOCOI1p51)f(eHHbJil: orrepaTop MO)f(HO rrp1rneeTH K ,ll;HarOHaJib­

HOMY BH,ll;Y, T. e. qTo eyni;eeTByeT TaKoil: OpTOHOpMHpoBaHHbiil: 6a3Me 

ei, ... , ed, qTo 

Aei = Aiei, i = 1, ... ,d, 

r.n;e Ai - Beni;eeTBeHHbie qnena. (B enyqae 6eeKOHeqHoMepttoro rrpo­

cTpaHCTBa COOTBeTCTBy10ni;a51 TeopeMa, MO,ll;McPMIJ;MpOBaHHasI orrpe,n;e­

JieHHbIM o6pa3oM, Ha3brnaeTC51 cneKTpaJihHOil: TeopeMoil:.) OrrepaTop 
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A H83bIBaeTcH tteoTpnu;aTeJibHhIM, HJIH A~ 0, ecJin Bee Ai~ 0. ~y­
rnMn CJIOBaMn, A tteoTpnu;aTeJieH, ecJin n TOJihKO ecJin 

(Au, u) ~ 0 ,ll;JIH Bcex u E V, 

'ITO MO)KHO JierKO rrpoBepHTb, 3arrncaB u B BH,ll;e JIHHeiiHOH KOM6HHa­

u;nn Bcex ei. Terreph MO)KHO BBecTH cJie,n;yrom;ne orrpe,n;eJieHnH. 

K BattmOBM cucme.M.a - yttnTapttoe ( rnJih6epToBo) rrpocTpaH­

CTBO V. 

KBattmoBoe ( cmamucmu"l.ec?Coe) cocmo,H,ttUe - tteoTpnu;aTeJib­

HhIH caMOCOIIpH)K€HHbIH orrpepaTop p, ,ll;JIH KOTOporo 

tr p = 1. 

9ttmponU,H, COCTOHHHH p 3a,n;aeTCH cl>opMyJIOH 

Ent(p) = -trplogp. 

KBattmoBoe tta6.11,10aae.M.oe - caMocorrpH)K€HHhIH orrepaTop. 

o~uaae.M.oe 3'Ha"l.ettue tta6JIIO,ll;aeMoro A B COCTOHHHH p 3a,n;aeTCH 

cPOpMyJioii 

E(A; p) =tr Ap. 

IlyCTb Ji, . · · , Jk 
rrpe,n;rrOJIQ)KHM, 'ITO 

k ?Co.M..M.ymupyww,ux Ha6mo,n;aeMbIX, T. e. 

IlyCTb f3 = ([3i, ... 'f3k), r,n;e f3i - Bem;eCTB€HHhie 'IHCJia, H rryCTb f3J 
- tta6mo,n;aeMoe 

Tor,n;a cooTBeTCTBy10m;aH <fiytt?C'4UJl, paa6uettu,H, orrpe,n;eJIHeTcH Bbipa­

)KettneM 

F(f3) =tr e-f3J, (22.53) 

n pa6'HOBecttue cocmO,H,ttUJi, P/3 orrpe,n;eJIHIOTCH Bbipa)KettneM 
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llTaK, O)lrn:,n;aeMoe 3Haqemi:e Ha6mo,n;aeMoro A B paBHOBeCHOM cocTo­

.HHHH, COOTBeTCTBy10rn;eM /3, HMeeT BH,I1. 

E(A; p13) = F(/3)-1 tr Ae-f3J. (22.54) 

YpaBHeHH.H (22.53) H (22.54) .HBJI.HIOTC.H TeopeTH'IeCKHM 6a3HCOM 

KBaHTOBOH CTaTHCTH'IeCKOH MeXaHHKH. Ilp1rne,n;eM IJ;HTaTy c rrepBOH 

CTpaHHIJ;bl KHHI'H <I>e:HHMaHa «CTaTHCTH'IeCKa.H MexaHHKa»: «cho 

cpyH,n;aMeHTaJibHOe COOTHOIIIeHHe .HBJI.HeTC.H BepIIIHHOH CTaTHCTH'Ie­

CKOH MexaHHKH; OCTaJibHOe ee co,n;ep:>KaHHe ecTb JIH6o crrycK c BepIIIH­

HbI, Kor,n;a OCHOBHbie IIpHHIJ;HIIbl rrpHMeH.HIOTC.H K 'IaCTHbIM BOIIpOCaM, 

JIH6o BOCXO>K,IJ;eHHe Ha Hee, Kor,n;a BbIBO,I1..HTC.H OCHOBHbie COOTHOIIIe­

HH.H ... » 

B cnyqae, Kor,n;a V - 6ecKoHe'IHOMepHoe rrpocTpaHCTBO, cne,n; 

orrepaTopa CTaHOBHTC.H 6eCKOHe'IHbIM p.H,I1.0M, KOTOpbIH MO>KeT H He 

cxo,n;HTbC.H. IloaToMy He Bee orrepaTOpbI HMeroT cne,n;. CooTBeTCTBeH­

HO, cpyHKIJ;H.H F(/3) 6y,n;eT cxo,n;HTbC.H TOJibKO B orpaHH'IeHHOH o6naCTH 

f3. Cei1qac MbI ocTaBHM aTH rrpo6neMbI B cTopoHe H 3a:HMeMc.a Mo,n;e­

JibIO KOHe'IHOMepHoro rrpocTpaHCTBa v. 
OcHOBHOe pa3JIH'IHe Me~ KBaHTOBOH H KJiaccnqecKoi1 CHCTe­

MaMH COCTOHT B TOM, 'ITO B KJiaCCH'IeCKOH CHCTeMe Ha6JIIO,IJ;aeMa.a 

.HBJI.HeTC.H cpyHKIJ;HeH (Ha KOHe'IHOM MHO)KeCTBe)' KOTopyro 6y,n;eT ,I1.Ha­

rOHaJibHOH MaTpnu;e:H, a ,I1.Jl.H KBaHTOBOH CHCTeMbl Mb! ,n;orrycKaeM 6Ce 

( caMocorrp.a)KeHHbie) MaTpHIJ;bI. Ha rrepBbIH B3rn.a,n; aTo MO)KeT noKa-

3aTbC.H TOJibKO TeXHH'IeCKOH MO,I1.HcpHKau;nei1 (KOTOpa.a IIO,I1.TBep)K,n;a­

eTC.H aKcrrepHMeHTaMH Ha rrpoT.H)KeHHH IIIeCTn,n;ec.HTH neT). Ha caMoM 

)Ke ,n;ene 3TO Han6onee rny6oKa.H peBOJIIOIJ;H.H B HCTOpHH HayKH, IIOTO­

MY 'ITO oHa H3MeH.HeT aneMeHTapHbie rrpaBHJia norHKH. ,l:I;aBai1Te aTo 

o6'b.HCHHM. 

Orr.aTb Ha'IHeM c KJiaccnqecKoi1 CHCTeMbI. Ha6n10,n;aeMoe THrra «,n;a 

HJIH HeT» .HBJI.HeTC.H cpyHKIJ;HeH /, rrpHHHMarorn;e:H 3Ha'IeHHH 0 HJIH 1. 
cho COOTBeTCTByeT JII060MY 3KCIIepHMeHTy, B KOTOpOM OTBeT 3a,n;a­

eTC.H HeKHM HH,I1.HKaTopoM (HarrpHMep, BbIKJIIO'IaTeJieM HJIH CBeTOM), 

BKJIIO'IeH OH HJIH HeT. Kor,n;a MbI roBopHM, 'ITO cpyHKIJ;HH f rrpHHH­

MaeT 3Ha'IeHH.H 0 HJIH 1, - 3TO TO )Ke caMoe, 'ITO 

/(m)2 = /(m) 

,I1.JI.H BCex m, HJIH KOpoqe 

/2 = f. (22.55) 
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Ka)K,n;a.a TaKa.a cPYHKn;n.a cooTBeTCTByeT rro,n;MHO)KeCTBY B c M MHO­

)KeCTBa, r,n;e f = 1. Ilo3TOMY ,ll;JI.H mo6oro 3a,n;aHHOro IIO,lJ,MHO)KeCTBa 

B MhI HMeeM cPYHKn;mo
22 f B, ,IJ,JI.H KoTopo:H 

fs(m) = 1, ecmr m EB, H fs = 0, ecJIH m ~ B. 

EcJIH f H g - ,IJ,Be TaKHe cPYHKD;HH «,IJ,a mrn HeT», TO B KJiaccHqecKo:H 

CHCTeMe 

f g - TO)Ke cPYHKD;H.H «,IJ,a HJIH HeT». 

,II;e:HcTBHTeJihHO, ecJIH CH D - rro,n;MHO)KeCTBa, To 

fcfv = fcnv, 

(22.56) 

(22.57) 

IIOCKOJihKY fc(m)Jv(m) = 1, eCJIH H TOJihKO eCJIH ,IJ,JI.H o6eHX cPYHK­

D;HH MhI HMeeM Jc(m) = 1Hfv(m)=1. TaKoe YMHO)KeHHe cPYHKD;HH 

COOTBeTCTByeT nepeceqemno IIO,IJ,MHO)KeCTB, T. e. JIOrHqecKOH KOH'h­

lOHKD;HH - TO'IKa rrpHHa,IJ,Jie)KHT IIO,ll;MHO)KeCTBY c n D' ecJIH li TOJih­

KO ecJIH OHa npHHa,n;Jie)KHT n C, H D. HanpttMep, no,IJ,MHO)KeCTBa C 
H D He rrepeceKaJOTc.a, T. e. 

c n D = 0, eCJIH H TOJibKO eCJIH Jcfv = 0. 

EcJin C n D He rrepeceKaJOTc.a, TO 

Jc+ fv = fcuv, (22.58) 

IIOCKOJibKY o6e qaCTH paBeHCTBa paBHhI 1, KOr,IJ,a apryMeHT npnHa,IJ,­

Jie)KllT C HJIH D (H He cyin;ecTByeT ToqeK, rrpHHa,IJ,Jie)Kain;ttx o6onM 

rro,n;MHO)KeCTBaM). ,II;ncTpH6yTnBHhIH 3aKOH yMHO:JtCe'l-tu.fl 

fnUc + fv) = fsfc + fnfv. (22.59) 

- 3TO rrepeBO,ll; ,ll;HCTpH6yTHBHOI'O 3aKOHa meopuu .M'IW:>/Cecm6 

Bn(CUD) = (BnC)U(BnD), (22.60) 

qTo, B CBOlO O'Iepe,IJ,h, .HBJI.HeTC.H 3arrnChlO ,Il,llCTpH6yTHBHOro 3aKOHa 

JIOrHKH. IlyCTb B o6o3HaqaeT YTBep)K,ll;eHne m E B ll T. ,n;., TOr,n;a n 
22

Ha:3bIBaeMylO xapaKTepncni:qecKOH cPYHKll,He:H, HJIH HH,D;HKaTOpOM MHO:lKeCT­

Ba B. - IIpuM. pea. 
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o603HaqaeT KOH'bIOHKIJ;IUO: <l>opMyJia B n c YTBep)K,Il;aeT, '1TO H B, H 

C BepHbI. AmWior11'1HO, U o6o3Ha'1aeT (tteHCKJiroqaronzyro) ,IJ;H3'hIOHK­

u,1110, T. e. <PopMyJia CUD 03HaqaeT, '1TO Beptto JI1160 C, JI1160 D, JIH6o 

H TO, H ,n;pyroe. (,IJ;anee Mhl 6y,n;eM yrroTpe6JIHTh «HJIH» B HeHCKJIIO­

qaroiu;eM CMbICJie, He yT0'1HRR «HJIH o6a».) ffraK, ,n;11cTp116yTHBHbIH 

3aKOH rrpOCTO OTpa)KaeT 3JieMeHTapHblH JIOI'H'1eCKHH rrpHHIJ;HII: 

EcJIH MbI roBopHM, '1TO BepHbI B 11 ( C HJIH D), TO 3TO TO 

)Ke caMoe, '1TO CKa3aTb: BepHo (B H C) HJIH (B 11 D). 

PaccMOTpIIM COOTBeTCTBYIOIIzyIO CIITyau;IIIO B KBaHTOBbIX CHCTeMe. 

Hanm tta6Jiro,n;aeMbie y)Ke RBJIRIOTCR He cPYHKIJ;IIRMH, a caMocorrpR­

)KeHHhlMII orrepaTopaMII. MbI y)Ke He MO)KeM roBopIITb o «3Ha'1eHII­

RX» Ha6JIIO,n;aeMbIX, a TOJibKO 0 HX co6cTBeHHhIX 3Ha'1eHIIRX. Ilo3TO­

My Ha30BeM caMOCOIIpR)KeHHhIH orrepaTop 7r Ha6JIIO,IJ;aeMhIM TIIIIa «,n;a 

IIJIII HeT», eCJIH ero co6CTBeHHhie 3Ha'1eHIIR paBHhl 0 IIJIH 1. '.::ho rrpo­

II30H,IJ;eT, ecJIII H TOJihKO ecJIH 

7r2 = 7r, (22.61) 

'1To aHanorH'1HO (22.55). YcJIOBHe (22.61) 03HaqaeT, '1TO 7r RBJIReTcR 

rrpoeKu;nell.. BoJiee Toro, ecJIII e 1 , ... , ed - co6cTBeHHbie BeKTOpbI 7r, 

TO 7r - opmozotta.11ibttaJ£ npoe'K:V,UR Ha rro,n;rrpocTpaHCTBO, HaTRHyToe 

Ha co6cTBeHHhie BeKTOpbI, COOTBeTCTBYIOIIJ;He co6CTBeHHOMy 3Haqe­

HIIIO 1. TaKHM o6prooM, Ka)K,Il;oe Ha6Jiro,n;aeMoe «,n;a IIJIII HeT» cooT­

BeTCTByeT rro.n;rrpocTpaHCTBY (BMeCTO IIO,IJ;MHO)KeCTBa), II MO)KHO IIH­

caTb 7r A' o603Ha'1aR OpTOI'OHaJihHYIO rrpoeKIJ;HIO Ha rro,n;rrpocTpaHCTBO 

A. 3aMeTIIM, '1TO Terrepb HyJieBoll. orrepaTop cooTBeTCTByeT opToro­

HaJibHOH rrpoeKIJ;HII Ha HyJieBoe rro,n;rrpocTpaHCTBO { 0} H 

7T"C7T"D = 0, eCJIII H TOJihKO eCJIH c n D = {O}, (22.62) 

II03TOMY HyJieBoe rro,n;rrpocTpaHCTBO {O} IIrpaeT pOJih, aHaJIOI'H'1HYIO 

rrycTOMY MHO)KeCTBy. 3aMeTIIM, '1TO ecJIH 7T"C7T"D = 0, TO, rrepell.,Il;R K 

corrpR)KeHHhIM orrepaTopaM, HMeeM 

OTKy,n;a IIOJiyqaeM, '1TO 7T"D7T"C = 0 II 

( )
2 2 2 

7rC + 7T"D = 7rc + 7rD = 7T"C + 7rD· 
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TaKHM o6pa3oM, rrc + rrv .HBJrn:eTc.H Ha6mo,n;aeMbIM «,n;a HJIII HeT». 

O'!eBH)l,HO, 'ITO 3TO opToroHaJihHa.H rrpoeKIJ;H.H Ha rrp.HMYIO cyMMY 

C EB D opToroHaJihHhIX 110,n;11pocTpaHCTB C H D. lhaK, ycnOBHe 

(22.63) 

.HBJI.HeTc.H 11onHoii aHaJionrnii (22.58), r,n;e EB 3aMeH.HeT U. 0,n;HaKo 

(22.56) 11onHOCThIO HapyrnaeTc.H. Boo6rn;e roBopa, ,n;na 11poH3BOJih­

HhIX 110,n;11pocTpaHCTB CH D paseHCTBO rrcrrv = rrvrrc ne BhIIIOJIH.H­

eTc.H, ll 1103TOMY 011epaTop 1fC1fD He .HBJI.HeTC.H caMOCOllp.H:IKeHHhIM, ll, 

cne,n;osaTeJihHO, OH 'H,e Jt6./l,JlemcJt na6Awdae.M:btM. Ha11pnMep, ecnn C 
H D - ,n;Be HeopToroHaJihHhie 11p.HMb1e Ha 11nocKOCTH, TO rrcrrv "I 0. 
Ho o6pa3oM 1fC7rD HBJIHeTCH C, a o6pa30M 7rD7rC - D. Ilo3TOMY 

rrcrrv -1 rrvrrc. IIpo6neMa B03HHKaeT H3 HeKoMMyTaTHBHOCTH yMHO­

:IKeHM.H MaTpllu;. 3aMeTHM, 'ITO aHaJIOrOM ,Ll;llCTpR6yTHBHOro 3aKOHa 

TeopRH MHO:IKeCTB .HBJI.HJIOCh 6bl yTsep:1K,n;eHne 

B n ( c EB D) = ( B n C) EB ( B n D)' 

KOTopoe BepHO )l,aJieKO He Bcer,n;a. ,lJ,eiiCTBllTeJibHO, eCJill B Ka'leCTBe 

C B3.HTh och x, a B Ka'!eCTBe D - och y Ha llJIOCKOCTH, TO C EB D -
BC.H llJIOCKOCTh, ll 1103TOMY B n [(C EB D) = B )l,Jl.H JII06oii 11p.HMOH B 
Ha 3Toii rrnocKOCTH. Ho ecnn B - nro6aa 11paMa.H, OTJIH'IHa.H OT oceii 

x If y, To B n c = B n D = {O}, rro3ToMy (B n C) EB (B n D) = 
{O} EB {O} = {O}, II Mhl y:1Ke He HMeeM paBeHCTBa ,n;syx 'laCTeii. 

l'lTaK, B KBaHTOBOH JIOrHKe He BhIIIOJIH.HeTC.H )l,HCTpn6yTHBHbIH 3a­

KOH. KaK y:1Ke yrroMMHanoch, Ha 11poT.H:1KeHHH MHOrHx JieT 3Kc11epn­

MeHTaJihHO 110,Ll;TBep)K,Ll;aeTC.H crrpaBe,Ll;JIHBOCTh KBaHTOBOH MeXaHHKH. 

Ilo3TOMY 3KCIIepH:MeHT IIOKa3hIBaeT, 'ITO, pa6oTa.H c KBaHTOBbIMH Ha-

6nro,n;aeMbIMH, Heo6xo,n;HMO OTKa3aTbC.H OT O)l,HOro H3 Hatt6oJiee ,n;pa­

rou;eHHhIX rrpHHD;HIIOB JIOrllKll. 

Pe3IOMe 

A. «I>opMyJIHpoaKa KapaTeo,n,opH aToporo 3aKOHa 
TepMO,lJ,HHaMHKlf 

Bhr ,n;oJI:IKHhI yMeTh o6'b.HCHHTh, 11pH KaKHX o6cTO.HTeJihCTBax cyrn;ecT­

BYIOT TO'IKH B OKpecTHOCTH TO'IKH p' KOTOpbre HeJib3.H coe,n;HHHTh c 

Heii HyJieBOH KpllBOH 1-cpopMbI a. 
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Bb1 ,n;omKHhI yMeTb <l>opMyJIHpoBaTb H o6'b.HCHHTb <l>opMyJiy Ka­

paTeo,n;opn ,ll;JI.H BTOporo 3aKOHa TepMO,li;HHaMHKH. 

Bbl ,n;oJDKHbI yMeTb o6'hHCH.HTb noH.HTH.H a6coJIIOTHoii: TeMnepa­

TYPhI H 3HTponHH B TepMHHax ,n;11<l><l>epeH.QHaJihHhIX <l>opM H KOH­

TYPHhIX HHTerpaJioB, yMeTh orrHChIBaTh, KaK 3TH BeJIH'-lHHhI MO)KHO 

Bbl'-lHCJI.HTb ITO 3KCIIepHMeHTaJibHbIM ,n;aHHblM. 

22.1. IlyCTb Q = (y3 +y) dx+(xy2 +x) dy . .IT,aii:Te xapaKTepHCTHKY MHO)Ke­
CTBY ToqeK B npocTpaHCTBe JR2, KOTOpbie MO)KHO coe,n;HHHTb c ToqKoii: 

( ~) c ITOMOIIIbIO HYJieBOii: KpHBOii. 

22.2. IlycTb a= ydx + xdz. Haii:,n;nTe HyJieByIO KpHBYIO <l>opMbI a, KOTO­

pa> c°"""""'"' uaq=o KOOP!1HH•T c TO""o• G) , c)le b > 0 u c > 0. 

KpnBa51 He .IJ;OJI)KHa rrpoxo,n;HTh qepe3 KaKne-nn6o ToqKn, y KOTOpbIX 

x, y HJIH z paBHbl HYJIIO, 3a HCKJIIOqeHHeM Haqana KOOp.IJ;HHaT. 

22.3. IlyCTb Q = x dy. IloKa)KHTe, qTQ JII06hie ,n;Be TOqKH B rrpocTpaHCTBe 

JR3 MO)KHO coe)l,HHHTb HyJieBoii: KpHBOH <l>opMbl a, HeCMOTp51 Ha TO, 
qTQ Q /\do: = 0. IloKa)KHTe, qTQ ,ll;JIH <l>opMbI f3 = (1 + x2 ) dy .IJ;Be 
TQqKH c pa3JIHqHbIMH KOOp,lJ;HHaTaMH y He MOryT 6bITb coe,n;nHeHbl 

HyJieBoii: KpHBOii:. 

22.4. <I>opMy a= 2yex dx 3arrnmnTe B BH)l,e a= f dg H B Bn,n;e a= F dO, 
r,n;e F He nporrop11noHaJibHO f. 

22.5. PaccMOTPHTe o,n;nH MOJih o,n;HoaTOMHOro ra3a, ,n;ns KOToporo pV 
3 

RT H U = 2pV. Ilpe,n;noJIO)KHM, qTo HaqanhHbie rrapaMeTpbI ra3a: 

p = 32, v = 1, HO IIOTOM OH pacmnpseTCH ,n;o rrapaMeTpOB: p = 1, 
V = 8. BhiqHCJIHTe pa6oTy, coBepmeHHYIO ra3oM, H KOJinqecTBO 
Terrna, rrorJIOIIIeHHoro HM, B cne.n;yIOIIIHX rrpo11eccax. 

(a) CHaqB.Jia ra3 oxJra)K,ll;aeTc51 npn nocT051HHOM ofrheMe, H ero ,n;aB­
neHne p IIOHH)KaeTC51 ,Ll,O 1; 3aTeM 06'beM v yBeJinqnBaeTCH ,Jl,O 

8 npn IIOCTOHHHOM ,n;aBJieHHH. 

(b) CHaqana ra3 moTepMnqecKH pacmnp51eTc51 ,n;o o6'beMa V = 8; 
IIOTOM npn cPHKCHpOBaHHOM o6'heMe ,n;aBJieHHe CHH)KaeTCH ,n;o 1. 

(c) Ilponcxo,n;nT rrpo11ecc, B xo,n;e KOToporo pV513 = 32. 
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22.6. ,II;mr o,n;HoaTOMHOro n,n;eaJihHoro ra3a H3 yrrpa)[rneHn.H 22.5 Harrnmn­

Te <PopMy )J;JIH TeIIJia B BH,n;e a = T dS. Orrpe,n;eJinTe 3HTporrnIO S ( c 
TO'IHOCTbIO .n;o a.n;,IJ;HTHBHOH KOHCTaHTbl) KaK cPYHKIIHIO p n v. Ilpo­
aepbTe, 'ITO dT /\ dS = dp /\ dV. 

22.7. Cocy.n; o6'beMa V 3arrOJrneH aJieKTpoMarHnTHhIM H3Jiy'IeHneM rrpn 
1 

TeMrrepaType T, .n;aaJieHnn p = 3cT4 (r.n;e C - rrocTO.HHHa.H). Ero 

aHeprn.H U = 3pV. 

(a) 3arrncaa <l>opMy TerrJia dU + p dV B an.n;e o: = T dS, Haii,n;nTe 
Bblpa,)[{eHne )J;JI.H S qepe3 p n V. 

(b) Ilpe,n;rrOJIQ)KHM, 'ITO Ha'IaJibHbIH o6'beM cocy.n;a paBeH Vo, a TeM­
rrepaTypa T0 . 06'heM yBeJin'InBaeTc.H a.n;na6aTn'IecKn .n;o BeJin­
'IHHhI 64 Vo. Orrpe,n;eJinTe KOHe'IHYIO TeMrrepaTypy n pa6oTy, BhI­
IIOJIHeHHYIO rrpn pacmnpemm. 

22.8. (a) B MamnHe KapHo TeIIJIO rrorJIOIIIaeTc.H rrpn TeMrrepaType 4T0 , 

a oT,n;aeTC.H rrpn TeMrrepaType T0 . KaKOBa MaKCHMaJibHa.H ,n;o;rn 
rrorJIOIIIeHHoro Temra, KOTopa.H MO:lKeT 6bITh rrpeo6pa30BaHa B 

IIOJie3HYIO pa6oTy? 

(b) Ilpe,n;IIOJIO)KHM, 'ITO 3Ta :lKe MamnHa pa6oTaeT KaK XOJIO,IJ;HJlb­
HHK. EcJin TeIIJIO Q rrorJIOIIIaeTC.H rrpn 6oJiee HH3KOi1 TeMrrepa­

Type To, TO KaKyIO pa6oTy Heo6xo,n;nMo 3aTpaTnTh )J;JIH 3Toro 
XOJIO,IJ;HJibHHKa? 

22.9. CncTeMa n3 N rrpoTOHOB, Ka)K)J;bIH n3 KOTopbIX nMeeT MarHHTHhIH 
,IJ;IlIIOJibHbIH MOMeHT µ, IIOMeIIIeHa BO BHemHee MarHHTHOe IIOJie H. 
Pa3yMHO rroJiaraTh, 'ITO H - e,n;nHCTBeHHa.H KoH<l>nrypa1IHOHHa.H rre­
peMeHHa.H. MarHHTHbIH MOMeHT cncTeMhI rrpoTOHOB M n cooTBeT­

CTBYIOIIIa.H aHeprn.H U rrpn 6oJibIIIHX TeMrrepaTypax T xopomo arr­
rrpoKCnMnpyIOTC.H <l>opMyJiaMn 

U = - N(µH)2 
kT 

Pa6oTa, coBepmeHHa.a cncTeMoi1, orrpe,n;eJI.HeTc.H Bbipa:lKeHneM W = 
J M dH. IIorJioIIIeHHoe TeIIJIO paBH.HeTC.H AU+ W. IloJiy'InTe Bbipa­
:lKeHne )J;JI.H 3HTporrnn S qepe3 T n H. 

22.10. PacCMOTpnM CHCTeMy, y KOTopoii o6'heM v - e,n;nHCTBeHHa.H KOHcPH­
rypa1IHOHHa.H rrepeMeHHa.H. ,II;oKa:lKnTe CJie,IJ;YIOIIIHe COOTHOIDeHH.H. 
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(b) (as) 
av H30TepM. 

(°YKa3aHHe: llCilOJ1b3Yil:Te paBeHCTBO dT (\ dS = dp (\ dV.) 

22.11. «CBo6o,n;HaH 3HepI'HH reJibMrOJibIJ;a>.> F AJIH CllCTeMbl CBH3aHa c BHYT­

peHHeil: sHeprHeil: U cooTHomeHHeM F = U -TS. 

22.12. 

(a) IloKa:lKHTe, 'ITO eCJIH CHCTeMa B3aHMO,n;eil:CTByeT c OKpy:>KeHH­

eM H30TepMli'IeCKH, TO cBo6o,n;Ha.H saepnrn F paBHa pa6oTe, 

COBepmeHHOH Ha,Il; CHCTeMOH. 

(b) Ilpe,n;noJIO:>KliM, 'ITO F 3am1caHa KaK cPYHKIJMH V HT. Bhl'IHC­

JiliTe ee 'IaCTHbie rrpoH3BO,lJ;Hbie no 3TliM nepeMeHHbIM. 

( c) Haii,n;HTe cPYHKIJHIO F (V, T) ,n;JIH H,n;eaJibHoro o,n;HoaTOMHoro ra-

3a H3 yrrpa2irneHm1 22.5. 

dV /\ dT 
IlycTh K = V dT /\ dp o6o3Ha'IaeT H30TepMH'IecKyro c:>KuMaeMOCTh, 

dV /\ dp 
H a = V dt /\ dp o6o3Ha'IaeT Kos¢¢u11neHT TenJioBoro pacmnpeHH.H 

rrpM IlOCTOHHHOM ,n;aBJiemrn:. ,Il;oKa:>KHTe COOTHOIDeHHe 

22.13. ,Il;m1 0.IJ.HOaTOMHOI'O ra3a ll3 ynpa:>KHeHH.H 22.5 IlOJIY'IHTe HBHOe Bbipa­

:>KeHn:e ,D;JI.H cPYHKIJHH Z((3, V). BbI'IHCJin:Te ee 'IaCTHbie rrpoH3BO,Il;Hbie 

H IIOKa:>KHTe, 'ITO OHM paBHhl -UM f3p COOTBeTCTBeHHO. 

22.14. Ilpe,n;noJIO:>KHM, 'ITO 3HTpOUHH CHCTeMbl s 3aBHCHT TOJibKO OT ee 

BHyTpeHHeii 3Heprn:M U comacHo ¢opMyJie S = N(U/U0 )
112

. IloJiy­

'IHTe Bbipa:>KeHHSI ,Il;Jl.H TenJIOeMKOCTeil: 3TOH CHCTeMbl B 3aBHCHMOCTH 

OT TeMnepaTypbI. 

22.15. PacCMOTpHM CHCTeMy Tpex 'IaCTHIJ. ,Il;Be H3 HHX - Hepa3JIH'IMMbie 

6o30HhI, a TpeTh.H - KaKaa-To ,n;pyraa 'IaCTHIJa. Ka:>K,n;a.H 'IaCTHIJa 

MO:>KeT HaxO,D;HTbCH B O,Il;HOM H3 Tpex COCTOHHHii:, npn:'IeM Bee OHM 

HMeIOT O,Il;HHaKOByIO 3Heprn:ro. 

(a) KaKoBa BepoHTHOCTh Toro, 'ITO Bee Tpn: 'IaCTHIJbI HaXO,n;HTCH B 

O,Il;HOM COCTOHHHH? 

(b) KaKoBa BepoHTHOCTb Toro, Bee Tpu qacTHIJbI Haxo,n;HTCH n p8.3-
HbIX COCTOHHHHX? 
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22.16. ,II;m1 KJiaccnqecKoro MarHHTHOro )l;HIIOJIH c MOMeHTOM µ B MarHHT­

HOM noJie H 3HeprnH paBHa U = -µHcosO, r,n;e 0 - yroJI Me)K,llY 

3THMH BeKTopaMH. Bb1qHcJIHTe <f>yHKllHIO pa36nemrn 3TOH CHCTeMhI, 

HHTerpttpyH IIO BCeB03MO)KHbIM HanpaBJieHHHM. 

22.17. PacCMOTpHM CHCTeMy, y KOTopoii eCTb TpH COCTOHHHH c 3HeprHHMH 

-c:, 0 H c:. Ilpe)l;IIOJIQ)KHM, qTQ O:>KH)l;aeMoe 3HaqeHHe 3HeprHH paBHO 

3 - 7c:. Onpe,n;eJIHTe BepoHTHOCTH 3THX Tpex cocTOHHHH. 

22.18. Ilpe,n;IIOJIO:>KHM, qTo B CHCTeMe eCTb 0,ll;HO COCTOHHHe c 3HeprHeii -c:, 
,n;Ba COCTOHHH51 c 3HeprHeii 0 H O)l;HO COCT051HHe c 3HeprHeil: c:. EcJIH 

1 
o:arn,n;aeMoe 3HaqeHne 3Heprnn paBHO -5c, TO KaKOBbl Bepo51THOCTH 

3THX COCTOHHHH? 

22.19. IlyCTb B CHCTeMe ecTb TOJlbKO )l;Ba COCTOHHlrn: O)l;HO c 3HeprHeH -c:, 
,n;pyroe c 3Heprtteil: c:. Hail:,n;ttTe ¢YHKI1HIO pa36tteHH51 3TOH CHCTeMbI 

H HCIIOJib3YHTe ee ,ll;JIH onpe,n;eJieHH51 3HeprHH u H 3HTpOIIHH s B 

3aBHCHMOCTH OT TeMnepaTyphl T. 

IlpHJIO)KeHHe: ,n:oKa3aTeJibCTBO TeopeMhl 

0 HOpMaJibHOH <f>opMe 

1. Pa.Hr 1-cpopMhI 

Ctta'!a.na orrpe,n;em1M paHr 2-cpopMbI. IlycTb 0 - 2-cpopMa. ,Il,JIH 

Ka)K,ll;oro IIOJIO)f(HTeJibHOro a;eJioro 'IHCJia k MO)f(HO paCCMOTpeTh 

2k-cpopMy 

,Il,JIH Ka)K,ll;OH TO'IKH x rryCTb k 6y,n;eT TaKHM HeOTpHu;aTeJibHbIM u;e­

JlblM 'IHCJIOM, 'ITO (Ok)x f:. 0, HO (Ok+1 )x = 0. Boo6iu;e roBOpH, u;eJioe 

'IHCJIO k MO)f(eT MeHHTbCH OT TO'IKH K TO'IKe. Patt2 cpopMbl 0 B TO'!Ke 

x paBeH 2k. HaM, rJiaBHhIM o6pa30M, HHTepecHbI cpopMbI rrocTOHHHO­

ro pattra, Kor.n;a 2k He 3aBHCHT OT x. EcJIH 2k = 0, TO 0 = 0. Tor.n;a 

cpopMa 0 = dx /\ dy HMeeT pattr 2, IIOCKOJibKY 0 f:. 0, B TO BpeMH KaK 

0 2 = 0. <I>opMa 

0 = dx /\ dy + du /\ dv 

HMeeT paHr 4, IIOCKOJlhKY 

0 2 = 2dx /\ dy /\ du /\ dv f:. 0, 
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HO 0 3 = 0. (3,IJ.eCh Mbl rrpe,IJ.IIOJiaraeM, qTO x, y, u, v H T. ,IJ.. -

He3aBHCHMhie cpyHKI!HH.) 

A Terrepb orrpe,IJ.eJIHM paHr 1-cpopMhI. 9To HeMHoro cJIOiKHee, rro-

3TOMY BOCIIOJih3yeMC}l HH,Il.YKI!Heit EcJIH w = 0 B ToqKe x, TO Mbl 

roBOpHM, qTo paHr w B x paBeH 0. EcJIH Wx i= 0, HO dwx = 0, TO MhI 

roBopHM, qTo paHr w B ToqKe x paBeH 1. EcJIH Wx i= 0 H dwx i= 0, 
HO Wx /\ dwx = 0, TO paHr w B ToqKe x paBeH 2. B o6m;eM cJiyqae MhI 

HID;eM TaKOe IIOJIOiKHTeJibHOe I!eJioe qHCJIO k, qTo 

Wx /\ (dw)~-l # 0, 

HO 

Wx /\ (dw)~ = 0. 

B 3Toit CHTya!IHH cym;ecTByeT ,II.Be B03MOiKHOCTH. 

ECJIH ( dw )~ i= 0, TO paHr w B TO'IKe x paBeH 2k. 

EcJin ( dw )~ = 0, TO paHr w B TO'IKe x paBeH 2k - 1. 

KoHeqHo, TaKHM o6pa30M paHr w orrpe,IJ.eJieH B Ka)K,Il.oit ToqKe x. HaM 

HHTepeCHbl TOJihKO Te CJiyqaH, KOr,IJ.a paHr IIOCTOHHHbiit. Ilo3TOMY 

Ha caMOM ,IJ.eJie Mbl HMeeM B BH,IJ.y, qTo: paHr w paBeH 2k + 1, eCJIH 

w /\ ( dw )k HHr,IJ.e He o6pam;aeTCH B HYJib, a ( dw )k+l TO)K,Il.eCTBeHHO 

paBHa Hymo; pattr w paBeH 2k, ecJIH (dw)k HRr,IJ.e He o6pam;aeTcH B 

HYJih, HO Be3,IJ.e BbIIIOJIHHeTCH TO)K,Il.ecTBO w/\(dw)k = 0. EcJIH K 3ToMy 

TOiK,IJ.eCTBY rrpHMeHHTb orrepaTop d, TO (dw)k+l TOiK,IJ.eCTBeHHO paBHa 

Hymo. l'.ITaK, eCJIH 1-cpopMa w HMeeT paHr 2k HJIH 2k+ 1, TO 2-cpopMa 

dw RMeeT paHr 2k. 

Ilp.HMephI. HyJieBaH cpopMa nMeeT pattr O; dxo RMeeT paHr 1, rro­

ToMy qTO d(dxo) = 0, OTKy,IJ.a CJie,IJ.yeT k = O; X1 dx2 HMeeT paHr 2 
B o6JiaCTH x1 i= 1, rroToMy 'ITO cpopMa d(x1 dx2) = dx1 /\ dx2 HMeeT 

k = 1 n x1 dx2 /\ dx1 /\ dx2 = O; dxo + x1 dx2 HMeeT paHr 3, rroToMy 

'ITO d( dxo + X1 dx2) = dx1 /\ dx2 HMeeT k = 1, B TO BpeMH KaK 
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HMeeT pattr 2k + 1, a 

x1 dx2 + X3 dx4 + · · · + X2k-l dx2k 

HMeeT pattr 2k B o6JrncTH, r,z:i;e He nee X2k-l paBHhI HyJiro. 

B ::>TOM rrpHJIO)KeHHH MhI xoTHM ,II,OK8.3aTh, qTo ::>TO <PaKTHqecKH 

e,II,HHCTBeHHhie npHMepb1. A HMeHHo, ecJIH w - JIHHeiftta.si: ,II,HcP<i>epeH­

:u;HanhHa.SI <l>opMa IlOCTOSIHHOro pattra 2k, TO BCer,z:i;a MO)KHO HaHTH 

TaKHe JIOKaJihHbie KOOp,II,HHaThl x1, X2, ... 'X2k, qTo 

a eCJIH paHr w paBeH 2k + 1, TO BCer,ri;a MO)KHO HaHTH TaKHe KOOp,II,H­

HaThl xo, x1, X2, ... 'X2k, qTo 

8To H eCTh TOT <PaKT, no MO,II,yJilO KOToporo Mhl ,IJ,OK8.3aJIH TeopeMy 

KapaTeo,z:i;opH. 

2. CBe,ri;eH11e K TeopeMe ,LJ;ap6y 

KaK MO)KHO 3aKJIIOqHTh H3 rrpe,II,hI,II,YIII.eif TeopeMhI, Bcer,ri;a MO*HO 

BB€CTH TaKHe KOOp,II,HHaThI, qTO 

dw = dx1 /\ dx2 + dx3 /\ dx4 + · · · + dx2k-l /\ dx2k· 

TeopeMa ,IJ;ap6y ( ee MhI ,II,OKa)KeM IT03,II,ttee B ::>TOM rrpHJIO)KeHHH) 

yTB€p)K,II,aeT, qTO €CJIH 0 - mo6asi: 3aMKHyTa.SI 2-cPOpMa IlOCTOSIHHOrO 

pattra 2k, TO BCer,z:i;a MO)KHO BB€CTH TaKHe KOOP,II,HHaThI, qTo 

,IJ;aBaifTe ,II,OIIYCTHM, qTo 3Ta TeopeMa ,II,OK8.3aHa, H c ee IlOMOIII.hlO 

rronyqHM TeopeMy o HOpMaJihHOH <PopMe. EcnH pattr w tteqeTHhiii, 

TO 3TO COBCeM npocTO. ,IJ;eiicTBHTeJihHO, dw - 3aMKHyTaSI 2-cpopMa 

pattra 2k' Il03TOMY MO)KHO 3arrHCaTh ee B BH,II,e 

TaK 'ITO 

dw = dx1 /\ dx2 + dx3 /\ dx4 + · · · + dx2k-1 /\ dx2k 

= d(x1 dx2 + x3 dx4 + · · · + X2k-l dx2k, 

d(w - (x1 dx2 + X3 dx4 + · · · + X2k-l dx2k)) = 0. 
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0TKy)I,a, B CHJIY JieMMbl IlyaHKape, HMeeM 

w - (x1 dx2 + x3 dx4 + · · · + x2k-l dx2k) = dxo, 

Ho MhI npe)I,nOJIO:>KHJIH, qTo 

He paBHHeTcH HYJHO. CJie,n;onaTeJihHO, dxo He 3aBHCHT OT ocTaJihHhIX 

dxi' H MO)KHO HCilOJib30BaTb xo, X1' X2' ... 'X2k B KaqecTBe KOOp)I,H­

HaT. lhaK, c yqeTOM TeopeMhl ,Il,ap6y 0 3aMKHYThIX 2-<PopMax, 3TO 

,ll;OKa3hIBaeT TeopeMy 0 HOpMaJihHOH <PopMe ,ll;JIH mrneHHhIX .zw<P<Pe­
peHIJ;HaJibHbIX <l>opM HeqeTHOI'O paHra. 

,Il,m1 <PopM qeTHoro paHra )I,OKa3aTeJibCTBO HeCKOJibKO CJIO:>KHee. 

MbI ,n;oKa)KeM, qTo ecJIH <PopMa w HMeeT rrocTO.HHHbIH paHr 2k, TO 

MO)KHO HaHTH TaKyIO IlOJIO)KHTeJihHYIO cPYHKIJ;HIO f' qTo 

w = ft7, 

r,n;e <PopMa t7 HMeeT paHr 2k - 1. EcJIH Terreph npHMeHHTb TeopeMy 

0 HOpMaJihHhIX <t>opMax HeqeTHOro paHra, TO MmKHO HaITHCaTh 

r,n;e xo, w1, x2, W3 HT. )I,. - KoOp)J,HHaThI. Tor)I,a 

w = f dxo + f w1 dx2 + · · · 
=XI dx2 + X3 dx4 + ... + X2k-l dx2k1 

ecJIH IlOJIO)KHTb 

... ' 
X2k-l = f, X2k = Xo. 

B CHJIY Toro, qTo ( dJJJ )k -I 0, BHenrnee npoH3Be)I,eHHe Bcex dxi He 

paBHO HYJIIO, TaK qTo dxi JIHHeHHO He3aBHCHMhI BO BCex TOqKax, H Xi 
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06proy10T qacTh cHcTeMhI KOOp,11,HHaT. CJie,11,0BaTeJihHO, MhI ,11,0JI)KHhI 

,11,0K83aTh, qTo w = f (J' r,11,e (J HMeeT paHr 2k-1 H f IIOJIO)KHTeJihHa. c 
3TOH n;eJibIO BOCIIOJlh3yeMCH TeopeMOH ,ll;ap6y ( IIOKa He ,11,0K83aHHOH) 

H HarrnmeM 

r,11,e YI, ... , Yn - II0,11,XO~m;He JIOKaJihHhie Koop,11,HHaThI. Mo)KHO nc­

IIOJih30BaTh 3TH KOOp,11,HHaThl H HaIIIICaTb 

w = a1 dy1 + a2 dy2 + · · · + an dyn. 

Tor,11,a IIOCKOJihKY w /\ (dw)k = 0, BCe ai = 0 ,11,JIH i > 2k. lfa 3aIIHCH 

<PopMbl dw CJie,IJ;yeT, qTo BCe ai ,11,JIR i ~ 2k He 3aBHC51T OT rrepeMeHHhIX 

Y2k+1, ... , Yn, rrocKOJihKY IIHaqe B Bhipa)KeHHH ,11,JIR dw MhI rroJiyqHJIH 

6h1 HeHyJieBbie K03cPcPIIn;HeHThl IlpH dyi /\ dyj' r,11,e i ~ 2k H j > 2k. 

1-haK, ,11,0K83hIBa51 TeopeMy 0 HOpMaJihHhIX <PopMax qeTHoro paHra 

2k, MO)KHO npe,n;nOJIO)KHTh, qTo Mhl pa6oTaeM B npocTpaHCTBe JR.2k. 

(Bee OCTaJihHhie rrepeMeHHbie pOJIH He MrpalOT.) lfraK, w /\ (dw)k-l 
- HeHyJieBaH <PopMa CTeneHII 2k - 1 B rrpocTpaHCTBe JR2k. CJie,11,o­

BaTeJibHO, B Ka)K,11,0H TOqKe CBOeii o6JiaCTH orrpe,n;eJieHH51 OHa 3a,11,aeT 

rrpRMyIO, T. e. O,ll;HOMepHoe rrpocTpaHCTBO Bcex pemeHHii ypaBHeHH51 

i(e)[w /\ (dw)k-1] = o. 

TaKIIM o6p83oM, w /\ (dw)k-I onpe,11,em1eT «3JieMeHT ITOJIR HanpaBJie­

HIIii», ,lJ,pyrHMH CJIOBaMH, CHCTeMy o6bIKHOBeHHblX ,n;HcPcPepeHil;HaJih­

HhIX ypaBHeHHii. ,ll;aBaiiTe Bb16epeM (2k - 1)-MepHyro IIOBepXHOCTh 

H 6y,11,eM paccMaTpIIBaTb TOqKH 3TOH IIOBepXHOCTH KaK HaqaJibHhie 

ycJIOBHR. Tor,n;a Ka)K,ll;aR ToqKa B6JIH3H rHnepnoBepxHOCTH Jie)KHT Ha 

e,n;HHCTBeHHOii KpHBOM pemeHHR, H II03TOMY COOTB€TCTByeT onpe,11,e­

JieHHOMY MOMeHTY BpeMeHH t (napaMeTp KpHBOii) H onpe,11,eJieHHOH 

TQqKe (HaqaJihHOe ycJIOBHe) Ha rm1epnoBepXHOCTH. 

EcJIH Ha rIInepnoBepxHOCTH BBeCTH KOOp,11,IrnaThI zi, ... , z2k-I, TO 

t, z1, ... 'Z2k-l 6y,IJ;yT JIOKaJihHbIMH KOop,n;HHaTaMH B npocTpaHCTBe 

JR.2k. B 3THX KOOp,11,HHaTax e = a I at. ,l.l,pyrHMH CJIOBaMH, <PopMbl 

w /\ (dw)k-I H dz1 /\ dz2 /\ · · · /\ dz2k-1 

onpe,lJ,eJIHIOT 0,11,HH H TOT )Ke 3JieMeHT rroJIR HarrpaBJieHHii. Tor,11,a 

w /\ (dw)k-l = gdz1 /\ dz2 /\ · · · /\ dz2k-1, 
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r,n;e g - cPYRKn;m1, m1r,n;e Re o6pam.arom.aHcH B HYJih. MmKHO rrpH 

Heo6xo,n;HMOCTH 3aMeHHTb z1 Ha - Z1 H C'lMTaTh, 'ITO 9 - IlOJIO)KH­

TeJibHaH cPYHKIJ;H.H. IlycTh Jk = g. EcJIH orrpe,n;eJIHTh <PopMy a pa­

BeHCTBOM w = fa' TO 

dw = df t\ a + f da, 

OTKy,n;a 

wt\ dw = f 2a t\ da. 

,Il,anee, HaXO,LJ;HM 

Tor,n;a 

at\ (da)k-l = dz1 t\ dz2 t\ · · · t\ dz2k-l· 

,Il,eiicTBYH orrepaTopoM d Ha o6e qacTH oiToro ypaBHeHH.H, rroJiyqaeM 

(dCTl = 0. 

,[l,pyrHMH CJIOBaMH, (j - <PopMa pattra 2k - 1. 9To ,1];0Ka3bIBaeT Teo­

peMy 0 HOpMaJibHOH <PopMe B rrpe,n;noJIO)KeHHH TeopeMhI ,Il,ap6y. 

3. ,ll;oKa3aTeJihCTBO TeopeMbI ,z::t;ap6y 

,Il,JI.H ,n;oKa3aTeJihCTBa oiToii TeopeMbI c,n;eJiaeM p.H,n; pe,n;yKD;HH. Haq­

HeM C 3aMKHyTOH 2-cPOpMbI n paHra 2k B n-MepHOM npOCTpaHCTB€. 

Ilpe,n;rroJIO)KHM, qTo n > 2k. Mo:>Irno Bhr6paTh TaKoe BeKTopHoe rroJie 

e, qTo i(e)n = 0. Tor,n;a, KaK H paHbme, MO)KHO (pema.H CHCTeMy 

o6bIKHOBeHHbIX ,n;n<P<PepeHD;MaJibHhIX ypaBHeHHH) BBeCTH KOOp,n;HHa­

TbI Y1, ... 'Yn-1, t TaKHe, qTo e = 8/8t. IlocKOJibKY i(e)n TO)K,IJ.e­

CTBeHHO o6pam.aeTC.H B HYJib, <}>opMa n He co,n;ep)KHT dt, ecJIH 3aIIH­

caTh ee B 3TMX JIOKaJibHhIX KOOp,n;1rnaTax, T. e. 

Ho Tor,n;a ypaBH€HHe dn = 0 03HaqaeT, qTo Bee aaij I at = 0, TaK KaK 

MHaqe B dn 6y,n;yT HeCOKparu;aeMhle qJieHbI (8aij/8t) dt t\ dyi t\ dyj. 
TaKHM o6pa30M, aij 3aBHCHT TOJihKO OT Y1, ... , Yn-1 · ,[l,pyrnMH CJIO­

BaMH, Ha CaMOM ,n;eJie n - 2-<PopMa B (n -1)-MepHOM IIpOCTpaHCTBe 
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Koop,n;HHaT Yi· EcJIH n - 1 > 2k, TO MO)KHO rroBTOpHTh rrpou;e,n;ypy 

H y6paTb ,ll;OIIOJIHHTeJibHhie KOOp,lJ;HHaThI, T. e. rrpH ,ll;OK83aTeJibCTBe 

TeopeMbl ,IJ;ap6y MO)KHO rrpe,ll;IIOJIO)KHTh, 'ITO 2k = n. 
YTBep)K,n;aeTC51, 'ITO 3TO ycJIOBHe 03HaqaeT, 'ITO <j>opMa n HeCHH­

ryJI51pHa B Ka)K,ll;Oii TO'!Ke B TOM CMhICJie, 'ITO eCJIH 

,ll;Jl51 KaCaTeJibHOrO BeKTOpa ep B TO'!Ke p, TO ep = 0. ,IJ;eiicTBHTeJibHO, 

H3 3TOro ypaBHemrn O'IeBH,ll;HhlM o6p830M CJie,n;yeT, 'ITO 

k pll.3 

Ho [n /\ n /\ ... /\ O]p - n-<j>opMa B n-MepHOM rrpOCTpaHCTBe, a 

rrpocTpaHCTBO n-<j>opM O,ll;HOMepHO. IlOCKOJlhKY Mhl rrpe,n;rroJIO)KHJIH, 

'ITO n-<j>opMa [n /\ n /\ ... /\ O]p -=I- 0, TO ep = 0. (8TO CJie,n;yeT 

Ha caMOM ,n;ene H3 Toro, 'ITO B n-MepHOM rrpocTpaHCTBe ycJIOBHe 

HeCHHryJrnpHOCTH 0 3KBHBaJieHTHO yCJIOBHIO, 'ITO 3Ta <j>opMa HMeeT 

paHr n.) CK83aTb, 'ITO n HeCHHryJI51pHa, MO)KHO H rro-,n;pyroMy: n x n 
MaTpHIJ;a ( aij (y)), B03HHKaIOin;M B Bbipa)KeHHH 0 = 2: aij dyi /\ dyj, 
HeCHHryJI51pHa ,ll;Jl51 BCex y. 

,IJ;OK83aTeJibCTBO TeopeMbl ,LI;ap6y p83o6'heM Ha )l;Be qacTH. 

(a) ,IJ;H<j><j>epeHIJ;HaJihHo-reoMeTpHqecKa51 qacTh, B KOTopoii YTBep­

)K)l;aeTc51, 'ITO Bcer,n;a MO)KHO rrpoBeCTH JIOKaJihHYIO 3aMeHy KOop,n;H­

HaT TaK, 'IT06b1 B HOBhIX KOOp,ll;HHaTax MaTpHn;a ( aij (y)) 6hIJia IIO­

CT051HHOii, T. e. BCe MaTpH'IHhie 3JieMeHThl aij He 3aBHCeJIH OT y. 

(b) Anre6paHqecKM qacTh, B KOTopoii yTBep)K,n;aeTc51, 'ITO MO)K­

HO c,n;eJiaTh JIHHeiiHYIO 3aMeHy KOOp,ll;IIHaT TaK, 'IT06b1 IIOCT051HHM 

MaTpHn;a ( aij) HMeJia BH,ll; 

(

0 -1 
1 0 

0 

0 

0 
0 -1 
1 0 

0 

8TO - TeopeMa 0 KOCOCHMMeTpH'IHhIX 6HJIHHeiiHhIX <j>opMax B BeK­

TOpHOM rrpOCTpaHCTBe, KOTopyro Mhl )l;OKa)KeM no HH,ll;YKIJ;HH. 
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Ilpe,r:t;ITOJIO:>KHM, 'ITO V - ,r:t;ByMepHoe BeKTOpHoe ITpocTpaHCTBO 

H n - HeBblpO:>K,r:t;eHHa51 6HJIHHefiHa51 cpOpMa B 3TOM ITpOCTpaHCTBe. 

IlycTb u - ITpOH3BOJibHbIH ttettyJieBofi BeKTop B V. Tor.r:i;a JIHHefiHM 

cpopMa 

i(u)n = n(u, ·) 

51BJI.HeTC.H HeHyJieBoii JIHHeiiHOH cpopMoii B c1my HeBblpO:>K,r:t;eHHOCTH 

n. CJie,r:t;oBaTeJibHO, MO:>KHO HaHTH TaKOH BeKTOp v, 'ITO 

n(u, v) = 1. 

EcJIH B Ka'leCTBe 6a3ttca ITpocTpaHCTBa V B351Tb u H v, a dy1 H dy2 
o6pa3yIOT .r:t;yaJibHbIH 6a3HC1 TO 

'ITO Mbl H XOTeJIH ITOJIY'IHTb. IlycTb Terrepb v - n-Mepttoe ITpOCTpaH­

CTBO, H n - qeTHoe 'IHCJIO > 2. Bo3hMeM Te :>Ke u H v, 'ITO u pattbme, 

u ITpocTpaHCTBO V1, HaT51HYTOe Ha 3TH BeKTopa. Tor.r:i;a 

V =Vi EB V/-, 

r.r:i;e V11- o6o3Ha'laeT opTorottaJihHOe ,r:t;OITOJIHettue ITO OTHOIIIeHHIO K 

n. OrpaHH'leHHe n .r:i;o v/ HeBblpO:>K,r:t;eHO. IIoaTOMY :>KeJiaeMbIH 6a-

3HC ITpocTpaHCTBa V11- MO:>KHO HafiTH ITO ITpe,r:t;ITOJio:>KeHHIO HH.r:t;yKIJ;HH. 

Tor.r:i;a pa3JIO:>KeHue B ITp51MYIO cyMMY BMecTe c pe3yJibTaToM ,r:t;JI51 ,r:t;By­

Mepttoro CJIY'IM ,r:t;OKa3bIBaeT TeopeMy .r:t;JI51 ITpOCTpaHCTBa v. 
IloJiy'IHM TeITepb reoMeTpuqecKHii pe3yJibTaT (a). EcJIH MaTpH'I­

Hbie aJieMeHThI aij (y) 3acpuKcttpoBaTb B KaKofi-To TO'!Ke yo, TO ITOJIY­

'IHM HeBblpO:>K,r:t;eHHyIO 2-cpOpMy no, COBITa,r:t;aIOIIJ;yIO C W B TO'!Ke YO· 
TaKHM o6pa3oM, .r:i;ocTaTO'IHO ,r:t;OKa3aTb cJie.r:i;ymrn;ee. 

IJyCTb nl H no - ,r:t;Be 3aMKHYThie HeBblpO:>K,r:t;eHHbie 2-cpopMbI, 

KOTOpb1e coBITa,r:t;aIOT, HaITpuMep, B 0. Tor.r:i;a cyru;ecTByeT .r:i;ucpcpeo­

Mopcpu3M f' OITpe,r:t;eJieHHbIH B OKpeCTHOCTH 0, )J;Jl51 KOTOporo BblIIOJI­

H.HeTC51 paBeHCTBO 

rn1 =no. 
,Il;oKa:>KeM 3TO YTBep:>K,r:t;eHHe, cttoBa peIIIM ,r:t;Hcpcpepettu;uanhHhie 

ypaBHeHH51. Ho 3,r:t;ecb ITOTpe6yeTC51 HeKOTOpM ITO,r:t;roTOBKa. IIycTb 
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Tor,n;a da = 0 M a paBHO Hymo B 0. IlocKOJihKY no Hec1rnrym1pHa, 

TO M nt(O) = no HeCHHrymipHa ,n;m1 Bcex t. CJie,n;oBaTeJihHO, M02K­

HO HaHTH OKpeCTHOCTh HaqaJia KOOp,Il;HHaT, r,n;e nt HeCHHrymipHa ,n;m1 

Bcex 0 :::;; t :::;; 1. Ilepexo,n;51 K MeHhIIIeii OKpeCTHOCTH ( ecmi: 3TO Heo6-

XO,IJ;HMO) MO)KHO npe,n;noJI02KHTh, 'ITO HaIIIa OKpeCTHOCTb HBJIHeTC51 

3Be3,n;Hoii o6JiaCThIO. CJie,n;oBaTeJihHO, cyrn;ecTByeT onpe,n;eJieHHaH B 

3TOH OKpecTHOCTH 1-<f>opMa /3 TaKaH, qTO 

a = d/3, /3(0) = 0. 

CJie,n;oBaTeJihHO, <f>opMa nt HeBhlpo:>K.,n;eHa, H cyrn;ecTByeT e,n;HHCTBeH­

Hoe (3aBHCHill;ee OT t) BeKTOpHOe IlOJie et, ,n;JIH KOTOporo 

IloJie et MhI paccMaTpHBaeM KaK 3aBHCHill;YIO OT BpeMeHH CHCTe­

MY o6hIKHOBeHHhIX ,n;H<f><f>epeHIJ;MaJihHhIX ypaBHeHHH. PeIIIeHHe 3THX 

ypaBHeHMH ,n;aeT HaM 0,D;HOIIapaMeTpM'leCKOe ceMeHCTBO ,n;n<P<PeoMop­

<Pn3MOB ft, ,D;JIH KOTOporo Jo = id M KacaTeJihHhIH BeKTOP K KpHBOii 

ft(x) B MOMeHT BpeMeHH t eCTb etUt(x)). KpoMe Toro, ft(O) = 0 ,D;JIH 

Bcex t. A Terreph H3 <f>yH,n;aMeHTaJihHOH <f>opMyJihI ,n;H<f><f>epemi;HaJih­

Horo HC'IHCJieHHH <f>opM (rJiaBa 18) Mhl HMeeM 

IlOCKOJihKY 

dnt = 0, 
d 
-nt=a 
dt 

1-haK, Mhl IIOJIY'IHJIM HCKOMhiii ,n;H<P<f>eoMop<f>H3M Ii' 'ITO 3aBepIIIaeT 

,D;OKa3aTeJihCTBO TeopeMbI ,IJ;ap6y M BMeCTe c Heit ,Il;OKa3aTeJibCTBO 

TeopeMbI 0 HOpMaJihHOH <f>opMe, Ha KOTOpyro Mhl CChIJlaJIHCh IIpH 

,IJ;OKa3aTeJihCTBe TeopeMhI KapaTeo,n;opH. 
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IlOBTOpHM, qTO rrpHBe,n;eHHblH HHMe rrepeqeHb KHHr CJie.zzyeT cqH­

TaTb He 6H6JIHorpaq:me:H, a .n;orroJIHHTeJihHOH JIHTepaTypo:H. KHHra 

LOOMIS AND STERNBERG ern;e 3aMeTHee, qeM B cJiyqae TOMa I, rrpe­

TeH.zzyeT Ha pOJih rrapanJieJibHoro yqe6HHKa. Mb1 ccbIJiaeMca Ha Hee, 

Kor.n;a HYMHbl TOqHbie (HJIH 6oJiee a6cTpaKTHbie) MaTeMaTHqecKHe 

,lJ;OKa3aTeJihCTBa. ToqHo TaK Me <l>EMHMAHOBCKME JlEKLI;MM MOM­

HO cqHTaTb ymrnepcaJihHbIM crrpaBoqHHKOM ITO cPH3HKe. 

OcHOBHOe anre6paH<J.ecKoe co.n;epMaHHe TOMa II cocTaBJIReT rrepe­

xo.n; OT JIHHeliHoli anre6pb1 K ITOJIHJIHHeliHoli. KHHra GREUB RBJIReTca 

acHbIM H aKKypaTHhIM BBe,n;eHHeM B aTy o6JiaCTb. B qacTHOCTH, B Hett 

;::i;aeTCR ITO,n;po6Hoe OIIHCaHHe TeH30pHOH aJire6pbI, CHMMeTpHqecKOH 

anre6pb1 H anre6p KJIH<l>cl>op.n;a, KOTOpbIX MhI TOJihKO KacaeMca. 

fJiaBbI 12 H 13 rrocBarn;eHhI TeopHH aJieKTpHqecKHX u;erre:H. KJiac­

cHqecKHli yqe6HHK rro TeopHH u;erre:H - 3TO G UILLEMIN. B KHHre 

LORRAIN AND CORSON 06cy)l(,ll;a10Tca TeopeMhI o u;errax H3 rJia­

BhI 8. Mb1 peKOMeH.zzyeM 03HaKOMHThCH c BepoaTHOCTHhIM acrreKTOM 

TeopHH u;erre:H orrHTb-TaKH ITO KHHre DOYLE AND SNELL, a ,n;Jia 60-

Jiee cepbe3Horo H3yqeHHH rro~rnTaTh KELLY. Ilo TeopHH rpacl>oB Hee 

rrpHJIOMeHHHM MhI peKoMeH.zzyeM KHHry BONDY AND MURTY. 

B rJiaBe 14 MhI .n;aeM orrpe,n;eJieHHH roMOJIOrH:H H KOroMoJiorH:H c 

u;eJibIO BBeCTH COOTBeTCTBYIOlli;HH H3bIK H He B,n;aeMCH B rro.n;po6HOCTH. 

)J;JIH 3HaKOMCTBa c 3TOH o6JiaCTbIO Ha ypoBHe 3TOH KHHrH CM. KHH­

ry GIBLIN, a Ha 6oJiee BhICOKOM MaTeMaTHqecKOM ypoBHe Haxo,n;HT­

ca KHHra MUNKRES. IlocJie ee rrpoqTeHHH MOMHO rrepeHTH K KHH­

re BOTT AND Tu, KOTopaa rrpe,n;cTaBJIHeT co6o:H BeJIHKOJieITHYIO H 

3JieraHTHYIO TpaKTOBKY MHOrHX rJiy6oKHX BOIIpOCOB anre6paH<J.eCKOH 
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TOIIOJIOrHH c ToqKH 3peHmr BHeurnero HCqHcJieHmr. Ern,e pa3 peKo­

MeH)zyeM KHHry GUILLEMIN AND POLLACK KaK reoMeTpHqecKH HH­

TYHTHBHOe II MaTeMaTHqecKII CTporoe II3JIO:>KeHHe ,n;mp¢epeHII,HaJib­

HOM TOnOJIOrIIII. IlpHJIO:>KeHmI BHerrrnero HC'IHCJieHHH, II3yqaeMoro B 

rJiaBe 15, MO:>KHO HaMTH B KHIIre STERNBERG. 

fJiaBhI 16-19 nocBHI11,eHbI 0:>JieKTpH'leCTBY H MarHeTH3My. EcTh 

MHoro 3aMeqaTeJihHhIX KHHr no O:>TOMY npe,n;MeTy. HaH6oJiee ,LI,OcTyneH 

Ha ypoBHe '.':>TOM KHHrH yqe6HIIK PURCELL, O:>JieraHTHO H npe,n;eJihHO 

HCHO HanIICaHHbIM, HO B HeM H3JIO:>KeHHe Be,n;eTCH no npHHII,Hny, OT­

JIHqHOMY OT Harnero. B KHIIre MISNER ET AL. 3JieKTpoMarHeTH3M 

o6cy)K,Il;aeTCH c :acnOJib30BaHHeM ,n;mpcpepeHII,IIaJibHbIX cpopM. 

11MeeTCH ,n;Be cepHH KHHr, r,n;e MaTeMaTH'leCKaH cpH3HKa H3Jiara­

eTCH Ha cyrn,ecTBeHHO 6oJiee BhICOKOM ypoBHe, qeM y Hae. 9To REED 

AND SIMON II THIRRING. IIepBaH II3 HHX MaTeMaTHqecKaH, BTO­

paH cpH3HqecKa51. 06e cepIIH q:aTaTb HeJierKo, HO OHM Toro CTOHT. 

B THIRRING HCITOJih3yeTcH BHerrrnee :acq:acJieH:ae. 

KJiacc:aqecKHM yqe6HHKOM no KOMnJieKcHoMy aHaJIH3y HBJIHeTCH 

AHLFORS; ero noJie3HO npoqHTaTh nocJie HarneM rJiaBhI 20. Ern,e o,n;­

Ha xopornaH KHHra - P6LYA AND LATTA. KoHeqHo, ecTb H MHOrHe 

,n;pyrHe. Ilpo ac:aMnTOTHqecKHe MeTO,Il;bl H HX CBH3b c KOMnJieKCHbIM 

aHaJIH30M MO:>KHO npo'IHTaTb B KHHre OLVER, HMe10rn,eMCH B 6oJih­

rnoM II MaJieHhKo:ii BepcHH. KHHra GUILLEMIN AND STERNBERG 6e­

peT o6cy:>K,n;eHHe aCHMnTOTHKII H3JiyqeHHH II3 rJiaBbI 21 B KaqecTBe 

OTnpaBHOM TOqKH ,Il;JIH H3JIO:>KeHHH COBpeMeHHOM TeopIIII HHTerpaJib­

HblX onepaTopoB <I>ypbe H reoMeTpnqecKOM TeopHH aCHMnTOTHK. IlpH 

'.':>TOT OT q:HTaTeJIH Tpe6yeTCH BeCbMa cepbe3Ha51 MaTeMaTHqecKaH no,n;­

rOTOBKa. 

11MeIOTCH COTHH KHHr no TepMO,Il;HHaMHKe H CTaTHCTHqeCKOM Me­

xaHHKe. 11CTOpHH '.':>TOM HayKH B cpopMe HKOH06opqecTBa HMeeTCH 

B KHHre TRUESDELL. KcTaTH, OH KaTeropHqecKH He pa3,n;eJIHeT Ty 

ToqKy 3peHHH Ha TepMO,n;HHaMHKy, KOTOpa51 npHHHTaH y Hae 3,n;ech. 

KHnra BORN HBJIHeTcH KJiaccnqecKHM noJiynonyJIHpHbIM H3JIO:>KeHH­

eM yKa3aHHhIX TeM. Harna TpaKTOBKa CTaTHCTH'leCKOM MexaHHKH ,LI,O­

BOJihHO 6JIH3Ka K BeCbMa o6'beMHOM KHHre TRIBUS. KHHra KITTEL He 

TaKaH TOJICTaH H 6oJiee O:>JieMeHTapHa, qeM Harne H3JIO:>KeHne. CTaH­

,n;apTHhIM yqe6HHKOM HBJIHeTCH REIF, a B KHHre THOMPSON xoporno 
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H3JIO)KeHbI pa3JIH'IHhie BOIIpOChI c 6oJiee Bbipa)KeHHhIX MaTeMaTH'IeC­
KHX II03HIJ;HR. 

B 3TOM Kypce MhI He 3aHHMaJIHCh KBaHTosoti: MexaHHKoti:, He C'IH­
Ta.H KpaTKOrO YIIOMHHaHmI 0 KBaHTOBOH JIOrHKe B caMOM KOHD;e. Jlyq­
mee BBe,n;eHHe B 3TOT rrpe,n;MeT c MaTeMan1qeCKOH TO'IKH 3peHH.H -
KHHra MACKEY. IIo,n;po6Hoe o6cy)K,ll;eHHe KBaHToaoti:: JIOrHKH Ha BhI­
coKOM Hay'IHOM yposHe co.n;ep)KHTC.H B VARADARAJAN. KHHra BOHM 
- 3TO c6aJiaHCHpoBaHHOe H BbIBepeHHOe H3JIO)KeHHe, 3aTparHBaIO­
ru;ee MHOrHe rrpHJIO)KeHH.H. ,IIPyroe ,ll;OCTYIIHOe BBe,n;eHHe B ,n;aHHYIO 
o6JiacTh - SUDBERY. 
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aHTHKOMMyTarr;110HHbie COOTHOIIIeHHH, 

926 
annpOKCHMarr;HH ,!l;HCKpeTHOro 

pacrrpe,n;eJieHHH HerrpephIBHhIM, 

819 
aTJiac KapT MHOroo6pa3HH, 790 
acPcPHHHMI IIJIOCKOCTh, 2 
acPcPHHHoe rrpeo6pa30BaH11e, 23 

acl>cl>HHHOe rrpocTpaHCTBO 

B 

( accorr;HHpOBaHHOe c BeKTOpHbIM 

rrpocTpaHCTBOM), 12 

6a3HC, 14, 55, 488 
- ,!J;YaJlhHhIH, 491 
- OpTOHOpMHpOBaHHhlH, 177 
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6a3HCbI 
- rro,n;o6Hhle, 398 

- rrpoTHBOIIOJIO:lKHhle, 398 

Beccemi: cPYHKa;m1, 1087, 1088 
6HeHmI, 194 

6HJIHHeil:HruicPYHKD;HH1 379, 750 
6HJIHHeil:Hoe oT06pruKeHHe, 937 
6JIH3Hea;oBrrapa,n;oKc, 217 
Bo3e-9il:HIIITeiiHa pacrrpe,n;eJieHHe, 

1172 
6030HbI1 1142 

BoJiha;MaHa-IIyaccoHa 
pacrrpe,n;eJieHHe, 1172 

6opHOBCKOe pa3JIO:lKeHHe, 270 
BoTTa rrepHO,ll;H'IHOCTh, 968 
6yThlJIKa KJieiiHa, 723 

B 

BaKYYM 
-, ,n;mmeKTpH'leCKHe CBOHCTBa, 840 
-, KOHCTHTyTHBHble COOTHOIIIeHHH, 

972 
BapHaa;HOHHbIH rrpHHD;HII, 984 

BapHaa;HH IIOCTOHHHbIX, 149 
Be,n;yru;Hii 3JieMeHT CTpOKH MaTpHD;bI, 

507 
BeiiJIH MeTo,n; opToroHaJibHhlX 

rrpoeKa;Hii,645, 848 
BeKTOp 
- KaCaTeJibHbIH, 286 

- IloiiHTHHra, 987 
- 3HeprHH-HMIIYJibCa, CM. 4-HMIIYJibC 

BeKTOpHoe IIOJie, 866 
BeKTOpHoe rrpOH3Be,n;eHHe, 934, 937 
BeKTOpHoe rrpocTpaHCTBO, 6, 10, 476 

-, 6a3HC, 488 
- ,n;ByMepHoe, 55 
- ,ll;yaJibHoe, 479 

- KacaTeJibHoe, 290 
- JIHHeHHbIX rrpeo6pa30BaHHii, 944 

- ' HaTHHyToe Ha MHO:lKeCTBO 
BeKTOpOB, 484 

- 0,ll;HOMepHOe, 13 

-, rro,n;rrpocTpaHCTBO, 480 
-, pa3MepHOCTb, 486 
- CBo6o,n;Hoe HB,!1; MHO:lKeCTBOM, 941 

- CHMIIJieKTH'leCKoe, 461 

- YHHBepCaJibHOe, 942 
BepOHTHOCTb (Mepa), 1139 
Be'IHbIH ,ll;BHI'aTeJib BTOporo po,n;a, 

1113 

B3aHMO,n;eiiCTBHe, 1101 
- a,n;Ha6aTH'leCKOe, 1104 

BHXpb (rot), 934 
BHeIIIHee rrpOH3Be,n;eHHe, 383, 756 
BHeIIIHHH anre6pa (A(V)), 947, 952 
BHeIIIHHH rrpOH3BO,ll;HaH, 379 

BHeIIIHHH CTeneHb, 7 49, 754, 946 
BHyTpeHHee rrpOH3Be,n;eHHe, 872 
BHyTpeHHHH 3Hepr1rn, 1096, 1105, 

1171 
- COCTOHHHH 1 1154 

BOJIHa 

- o6paTHrui: ( rra,n;aroru;rui:), 990, 993 
- rrpHMrui: (HcrrycKaeMrui:), 990 

- pacrrpocTpaHHIOID;ruICH, 988 
- pacxo,n;Hru;aHcH, 992 
BOJIHOBOH orrepaTOp, 97 4 

BOJIHOBOH rraKeT, 1080 

BOJIHOBOH cPPOHT, 988 
BOJibT, 576 
BOJibT-aMrrepHrui: xapaKTepHCTHKa, 

577 
BpeMH 

- HCTHHHoe (rro HbIOTOHy), 15 
- co6cTBeHHOe, 372 
BTOpH'IHoe H3Jiy'leHHe, 993, 1085 
BTOpoii 3aKOH TepMO,ll;HHaMHKH, 1097, 

1107 

BbIHY:lK,ll;eHHbie KOJie6aHHH, 148 
-, pe30HaHC, 154 
BblpO)K,ll;eHHaH MaTpHu;a, CM. 

JIHHeiiHoe rrpeo6pa3oBaHHe 

CHHI'YJIHpHoe 
BbI'leT cPYHKD;HH, 1012 

r 

I'a30BaH IIOCTOHHHaH, 1123 
ranHJieH rrpeOOpa30BaHHe, 221 
raMHJibTOHa TeopeMa, 452 

raMHJlbTOHa ypaBHeHHH, 452 
raMHJibTOHa-K3JIH TeOpeMa, 86 
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raMMa-pacnpe,n;eJieHli:e, 1168 

raMMa-<f>yttKn;mI, 1066 
rapMOHH'leCKruI cPYHKD;H.H, 844 
- COIIp.H:lJ<:eHHruI, 1053 
raycca 3aKOH (o IIOTOKe IIOJI.H), 663, 

731, 825 
rayccoBo pa3JIO:lKeHli:e, 448 
rayccoBo pacnpe,n;eJieHHe, 1039 

reJibMrOJibD;acPOpMyJia, 991, 1084 
rettpH, 577 
reoMeTpH.H 

- KOHcPOPMHruI, 932 
- pHMaHOBa, 933 

reccHaH, 313 
I'H66ca npHHD;HII MHHHMB.!IbHOH 

3HeprHH, 1132 
rHnep6oJIH'JeCKHe CHHYC H KOCHHyc, 

213 
rJiaBHruI BeTBh, 1036, 1039 
rJiaBHoe 3Ha'leHHe KomH, 1042 
rJiaBHbie IIJIOCKOCTH, 448 

rOJIOMop<f>Hrui: cPYHKD;H.H, 1004 
roMeOMOPcPHble npocTpaHCTBa, 715 

rOMOJIOrHH, 709 
rpa,n;HeHT (grad), 934 
rpaMa-IIIMH,Zl;Ta npon;ecc, 176 
rpan11n;a, 708 

rpattHn;a o6JiaCTH, 415 
rpaHH'!Hoe OTOOpa:lKeHHe, 591 
rpaHH'IHhIH onepaTop, 707, 820 
rpHHa OIIepaTOp, 678 
rpHHa TeopeMa B3aHMHOCTH, 657 

rpHHa <f>opMyJia, 415 
- BTOpruI, 843 

- )l;HCKpeTHruI, 679 
- ,ll;HCKpeTHruI BTOpruI, 682 
- nepBrui:, 842 

rpHHa cPYHKD;H.H, 851 
- ,ll;HCKpeTHruI, 678 

rpynnOBruI CKOpOCTb, 1080 

I'roilreHca IIpHHD;HII, 993 
- B cPOPMYJIHPOBKe CI>peHeJI.H, 1086 

,n;aBJieHHe, 1106 
,ll;ap6y TeopeMa (o 2-<f>opMax), 1194 

,ll;BH:lKeHHe eBKJIH)l;OBO, 213 

,ll;ByxcTyIIeH'laTbIH cPHJib'l'p, 634 

,n;eJibTa-<f>yHKD;H.H ,ll;HpaKa, 823 
,n;epeBo, 597 

- MaKCHMa.JibHOe, 599 

,n;eTepMHHaHT, C.M. onpe,n;eJIHTeJih 

,n;e<f>eKT JIHHeHHOro npeo6pa30BaHH.H, 
503 

,n;HarpaMMa MoJIJihe, 1126 

,n;HaTepMB.!IbHbIH KOH'l'aK'l', 1101 

,n;HaepreHn;H.H (div), 758, 934 

,ll;HpaKa an:re6pa, 931 

,ll;HpaKa ,n;eJibTa-<f>yHKD;H.H, 823 

,ll;HpHXJie3a,n;aqa, 830, 849 

- ,ll;HCKpeTHa.H (AJI.H n;emi:)' 668 
)l;HCKpHMHHaHT KBa,n;paTH'IHOH 

cPOpMbI, 184 

,ll;HCIIepCH.H, 1167 

,ll;H<f>paKD;H.H, 434 
,n;H<f><PepeHn;Han:, 250, 254 

,Zl;HcP<f>epeHn;Ha.JihHruI <f>opMa 
- 3aMKHYTruI, 367, 385, 792 
- KOMIIJieKCH03Ha'IHa.H, 1003 

- JIHHeiina.H (1-<f>opMa), 277 
- CTeIIeHH k, 749, 757 

- CTeIIeHH 2 (2-<f>opMa), 386, 412 

- TO'IHa.H, 363, 792 

,n;H<f><Pepettn;Ha.JibHOe ypaBHeHHe 
-, HHTerpB.!IbHruI KpHBa.H, 135 

- Jlarniaca, 317 

- JIHHeiiHoe Heo,n;Hopo,n;noe, 148 

- -, ycTaHOBHBIIIeec.H peIIIeHHe, 152 

- JIHHeiiHoe o,n;Hopo,n;noe, 125 

- -, Ha'Ja.JibHble ycJIOBH.H, 128 

- -, o6in;ee peIIIeHHe, 127 

-, cPa30Bblfi IIOpTpeT, 135 

,n;H<f><PepeHn;HpyeMoe OT06pa:lKeHHe, 
250 

-, peryJI.HpHa.H TO'!Ka, 524 

-, coxpaH.HIOin;ee opHeH'l'an;Hro, 401 
)l;H3JieKTpH'IeCKruI IIOCTO.HHHruI, 840 

,ll;H3JieKTpH'IeCKa.H IIpOHHn;aeMOCTb, 
579, 836 

,Zl;JIHHa 

- BeKTOpa, 166, 371 

- - JiopeHn;eBa, 372 



1210 

- KpHBOH, 372 

- OIITli'IeCKaH, 452 

,D;OKTpHHa CKpbITOro H RBHOro TerrJia, 

1117 

,lzyaJihHOe rrpocTpaHCTBO, 4 79 

,!zyaJihHhIH 633HC, 491 

E 

eBKJIH,D;OBa IIJIOCKOCTh, 165 

eBKJIH,D;OBOIIpeo6p330BaHHe, 23, 166 

e,D;HHHqHaRMaTpHQa, 35 

eMKOCTh, 577 

3 

3a.zi;aqa 

- ,[I;npmme, 830, 849 

- - ,D;HCKpeTHaR (,n;JIR QeIIH)' 668 

- IIyaccoHa 

- - ,n;HCKpeTHaR (,n;JIR QeIIH)' 669 

3aKOH 

- AMnepa ( BTopoil:), 886 

- - B ct>opMe MaKcBeJIJia, 971 

- raycca (o IIOTOKe IIOJIR), 663, 731, 

825 

- KenJiepa BTopoil:, 27 4 

- 06 OTCYTCTBHH «MarHHTHhIX 

3apR,D;OB», 886 

- CJIO:lKeHHR CKOpocTeil:, 214 

- CHeJIJIHyca, 436 

- - JIHHeapH30BaHHhIH, 442 

- coxpaHeHHR, 986 

- - 4-HMIIYJihCa, 229 

- - yrJIOBoro MOMeHTa, 273 

- - 3HeprHH, 987 

- TepMO,D;HHaMHKH 

- - BTOpoil:, 1097, 1107 

- - HyJieBOH (o paBHOBeCHH), 1103 

- - rrepBbIH, 1096, 1104 

- YMHO:>KeHHR orrpe,n;eJIHTeJieil:, 559 

- <I>apa,n;eR, 731, 969 

3aKOHhl 

- n,n;eaJihHOro r33a, 1123 

- Knpxroct>a, 580, 592, 612, 882 

3aII33,D;hIBaIDIQHe IIOTeHQHaJihI, 982 

3arrJiaTKH, CM. aTJiaC KapT 

MHOroo6p33HR 

3apO,D;hillIKOQerrH, 746, 817 

3apR,D;, 576 

- «MarHHTHhIH», 886 

-, pacrrpe,n;eJieHHe (rrJIOTHOCTh), 818 

-, CKOpOCTh IIOTOKa, 875 

3aTyxaHHe 

- arrepHO,D;H'IeCKOe, 146 

- KpHTH'!eCKoe, 145 

3Be3,D;HOe MHO:>KeCTBO, 799 

3Be3,D;Hh1il: orrepaTop (*), 837, 903 

3oMMepct>eJih,n;a ycJIOBHR H3Jiy'IeHHR, 

992 

H,D;eaJI, 950 

n,n;eaJihHhlil: r33, 1123 

H,D;eMIIOTeHTHbIH orrepaTop, 650 

H3JiyqeHHe 

- BTOpH'IHOe, 993, 1085 

-, 30MMepct>eJih,D;a ycJIOBHR, 992 

- MOHOXpOMaTH'IeCKOe, 993 

H3MepHMOe rrpOCTpaHCTBO, 1137 

-, rrpOH3Be,n;eHHe, 1144 

H30MOPcPH3M BeKTOpHbIX 

rrpocTpaHCTB, 14, 56 

H30TepMa, 1104 

H30Tp0IIH8.H cpe.n;a, 837 

HMIIe,n;aHc, 590 

HHBOJIIOQHR, 956 

HH,D;eKC CTPOKH MaTpHQhl, 507 

HH,D;HKaTop (cPYHKQHR), 1186 

HH,lzyKTHBHOCTh, 577 

HH,lzyKTOp, 576 

HHTerpaJI 

-, rJiaBHOe 3Ha'IeHne Ko111n, 1042 

-,D;BOHHOH 

- - a6coJIIOTHhlil: ( rrepBoro po.n;a), 

391 

- - OT 2-<PopMhI (BTOporo po.n;a), 

389 

- KpHBOJIHHeHHhIH 

- - a6coJIIOTHh1il: ( rrepBoro po.n;a), 

371 
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- - OT 1-<i>opMbI (aToporo po,n;a), 
355 

- Jle6era, 1139 
- Heco6CTBeHHhlii, 428 
- OT k-<i>OpMhl, 765, 77 4 
- ITO Mepe, 1138 
- <I>peHemi:, 1039 
HHTep<l>epeHI~HH, 435 
HCTO'IHHK IIHTaHHH, 612 

K 

KaJIOpHMeTp, 1095 
«KaJIOpH'leCKaH» <i>YHK~H, 1095 
KaHOHH'leCKOe rrpeo6pa30BaHHe, CM. 

CHMIIJieKTH'leCKOe OT06pa.JKeHHe 
KapaTeo,n;opH TeopeMa, 1094 
KapHo QHKJI, 1114 
KacaTeJibHOe rrpOCTpaHCTBO, 290 
KaCaTeJibHhlii BeKTOp, 286 
KBa,n;paTH'IHaH<i>OpMa, 184 
KBa,n;paTH'IHaH<i>YHKQHH, 191 
KBa3HCTaTH'leCKHii rrpoQecc, 1106 
KBaHTOBaH JIOrHKa, 1187 
KBaHTOBaH CHCTeMa, 1184 
KBaTepHllOHhI, 930 
KeJihBlfH (rpa,n;yc), 1123 
Kerrnepa 3aKOH BTopoii, 27 4 
Kllpxro<Pa 3aKOHhI, 580, 592, 612, 882 
Kllpxro<l>a TeopeMa, 603, 626 
KneiiHa 6yThIJIKa, 723 
KnH<i><i>op,n;a aJire6pa, 928, 951 
KOaKCHaJihHblii JIY'I, 438 
KOrOMOJIOrlfH, 731 
- ,n;e PaMa, 793 
KOrpaHm~a, 793 
KorpaHH'IHOe OTo6pa:>KeHHe 

orpaHH'leHHoe, 608 
KorpaHH'IHhlii orrepaTop, 729 
KOJilf'leCTBO HH<i>OpMaQHlf, 1160 
KOMMyTaTop rrapbl MaTpllQ, 271 
KOMIIJieKC 
- ,n;ayMepHhiii, 705 
- 0,lJ;HOMepHbiii, 590 
- pa3MepHOCTH n, 706 
- CBH3Hhlii, 595 
KOMII03HQlfH OT06pa.JKeHlfii, 20 

KOH,n;eHCaTop, 577 
KOHCTlfTYTlfBHble COOTHOIIIeHHH (,n;m1 

BaKyyMa), 972 
KOHTaKT, 1131 
- ,n;lfaTepMaJibHhiii, 1101 
KOH<i>HrypaQlfOHHhie rrepeMeHHbie, 

1104 
KOH<i>OpMHaH reOMeTpHH, 932 
KOH<i>OpMHaH MaTpllQa, 80 
KOCOCHMMeTpll'IHOCTh, 750, 752 
KOQeIIb, 604, 728 
KOQJIKJI, 792 
KoIIIH TeopeMa lfHTerpaJihHaH, 1003 
KoIIIH TeopeMa o BhI'leTax, 1012 
KoIIIH <i>opMyna lfHTerpaJihHaH, 1015 
KoIIIJ1-PJ1MaHa ypaaHeHlfH, 1005 
KoIIIn-IIIaapQa HepaaeHcTao, 233 

K03<i><l>lf~JfeHT 

- IIOJie3HOrO ,n;eiicTBmI (KII,ll.), 1114 
-rrpeJIOMJieHlfH,436 
- C:>KHMaeMOCTH, 1130 
- TeIIJIOBOrO pacIIIHpeHHH, 1130 
KpllBaH 
- a,n;Ha6aTH'leCKaH, 1104 
- HyJieBaH, 1090 
- o6paTHMaH, 1106 
KpllBH3Ha, 441, 443 
Kpyroaoii TOK, 601 
KYJIOH, 576 

JI 

JlarpaH:>Ka MHO:>KHTeJih, 318 
JiarpamKeBO IIO,ll;MHOroo6pa3lle, 1128 
narpaH:>KHaH, 983 
Jlarrnaca rrpllHQHII, 1072 
Jlarrnaca ypaBHeHlfe, 317 
JiaIIJiaCHaH, 317 
- D, 911 

- ,lJ;HCKpeTHhlii (,n;JIH QeIIH)) 664 
- orpaHH'leHHhlii, 666 
Jle6era Mepa If lfHTerpaJI, 1139 
Jle:>KaH,n;pa IIOJIHHOMhl, 180 
Jleii6Hlf~a rrpaBHJio, 881 
Jleii6HJfQa <l>opMyJia (rrpOll3BO,n;HaH 

rrpOH3ae,n;eHHH<i>YHK~ii), 263 
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JieMMa 
- Mopca, 339 

- TiyaHKape, 797 

JIHHeii:Hal'I 3aBHCHMOCTb BeKTOPOB, 9, 
47, 483 

JIHHeii:Hoe npeo6pa30BaHHe, 28, 57 

-, H3Memnom;ee opHeHTau;mo, 401 

- KOHcPOpMHOe, 77, 1007 

- JlopeHu;a, 210 

- - co6CTBeHHOe, 209 

-, MaTpHu;a, 29 
- , HOpMa, 308 

- OpTOrOHaJihHoe, 166 

- perym1pHoe (HecHHrym1pHoe), 28 
- CHMIIJieKTH'IeCKoe, 231, 460 

- CHHrymrpHoe, 28 

- CKOpOCTH, 221 

- COIIp5DKeHHOe, 526 

-, coxpamnom;ee opHeHTau;mo, 400 

- TpaHCIIOHHpoBaHHoe, 183 

JIHH3a 

- TOHKal'I, 443 

-, cPOKaJihHbie IIJIOCKOCTH, 445 

-, ¢oKyCHOe pacCTOHHHe, 444 

JIHcT Me6Hyca, 723, 737 

JlHyBHJIJIH TeopeMa, 1021 

JIOrHKH )l;HCTpH6yTHBHblH 3aKOH, 

1186, 1187 

JlopaHa pH,i::i;, 1051 
JlopeHu;a npeo6pa3oBaHHe, 210 

- co6CTBeHHOe, 209 

JlopeHu;a CHJia, 988 

M 

MarHHTHal'I BOCIIpHHM'IHBOCTh, 886 

MarHHTHal'I HH)l;yKD;HH, 885 

MarHHTHOe IIOJie (Bo36y)K,ll;eHHe, 
HaIIpH:lKeHHOCTb), 886, 971 

MarHHTHble CHJIOBble JIHHHH, 885 

MaKCBeJIJia MeTOAhl aHMH3a u;eneii:, 

580 
MaKCBeJIJia pacnpe,i::i;eJieHHe, 1152 

MaKcBeJIJia ypaBHeHHH, 972, 984 

MaKcBeJIJia-BoJihD;MaHa 
pacnpe,i::i;eJieHHe, 1165, 1174 

MapKoBa npou;ecc, 93 

- , MaTpHu;a BepoHTHOCTeii: nepexo.i::i;a, 

95 

Macca IIOKOH, 228 

Maccbe cPYHKD;HH, 1130, 1157, 1170 

MacmTa6Hoe npeo6pa3oBaHHe, 932 

MaTeMaTH'IeCKOe O:lKH)l;aHHe, 1151 

MaTpHu;a 

-, Be.i::i;ym;Hii: 3JieMeHT CTpOKH, 507 

- BepoHTHOCTeii: nepexo.i::i;a, 95, 684 

- Bpam;eHHH, 564 

- recce, 313 

- e)l;HHH'IHal'I, 35 

- eMKOCTHbIX K03cPcPllD;HeHTOB, 688 

- 3aMeHhI 6a3Hca, 58, 490 

-, HH)l;eKC CTpOKH, 507 

- KOHcPOPMHal'I, 80 

- JIHHeii:Horo npeo6pa3oBaHHH, 29 

- -, 3aBHCHMOCTh OT 6a3HCa, 29 

- o6paTHal'I, 45 

-, onpe,i::i;eJIHTeJih, 549 

- OIITH'IeCKal'I 

- -, raycCOBO pa3JIO:lKeHHe, 448 

- - o6m;ero BH.D;a, 448 

--npeJIOMJieHHH,442 

- - pacnpocTpaHeHHH, 441 

- opTorOHaJibHaH, C.M. JIHHeii:Hoe 
npeo6pa30BaHHe OpTOrOHaJihHOe 

- IIOTeHD;HaJihHbIX K03cPcPHD;HeHTOB, 
688 

- IIpHCOe)l;HHeHHaH, 562 

-, pe.i::i;yKD;HH no CTpOKaM, 506 

- CHMnJieKTH'IeCKaH, C.M. JIHHeii:Hoe 

npeo6pa30BaHHe 
CHMTIJieKTH'IeCKoe 

- CHHryJIHpHal'I (BbipO:lK)l;eHHal'I), C.M. 

JIHHeii:Hoe npeo6pa3oBaHHe 

CHHryJIHpHoe 

- TpaHCilOHHpOBaHHal'I, 183 

-, cPYHKD;HH OT, 115 

- 51Ko6H, 303, 407 

Me6Hyca JIHCT, 723, 737 

Mepa, 1137 

- «6ecnopH,i::i;Ka», 1159 

- BepOHTHOCTHal'I, 1139 
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- rayccosa (,n;HcKpeTHMI H 
HenpephIBHaH), 1143 

- :/Kop,n;aHa, 767 
- Jfaysmvrn, 1143 
-, nepeHoc (pushforward), 1146 
MepoMop<l:>Hrur <l:>YHKIJ;:lrn, 1012 
MeT0,11; 
- sapHaIJ;Hll IIOCTOHHHbIX, 149 
- raycca, CM. pe.n;yKIJ;llH IIO CTpOKaM 
- KHpxro<l:>a pacqeTa n;enH, 650 
- KpyrOBbIX TOKOB (MaKCBeJIJrn), 

587, 613, 622 
- MHOlKHTeJie:li: J1arpam1<:a, 317 
- HhIDTOHa, 323 
- opToroHaJihHhlX npoeKn;H:li: Be:li:JIH, 

645, 848 
- IlHKapa, 325 
- Y3JIOBhlX noTeHIJ;HaJIOB 

(MaKCBeJIJia), 588, 614, 624 
- 3KBllBaJieHTHbIX conpoTHBJieHH:li:, 

584 
MeXaHHqecKH:li: 3KBHBaJieHT TenJia, 

1105 
MHHKOBCKOro paCCTOHHHe, 216 
MHoroo6pa3He, CM. IIO,ll;MHOroo6pa3He 
- paBHOBeCHbIX COCTOHHH:li:, 1101 
MoJIJihe ,n;HarpaMMa, 1126 
Mopca JieMMa, 339 
Myaspa TeopeMa, 81 

H 

Ha6Jiro,n;aeMoe, 1149, 1170 
- «,n;a llJlll HeT», 1185, 1187 
- KBaHTOBOe, 1184 
HaKpbITHe, 1035, 1039 
HanpiDKeHHe, 576 
- XOJIOCTOrO xo.n;a, 612 
HaIIpH)f(eHHOCTb 

- MarHHTHOro IlOJIH, 971 
- 3JieKTpHqecKoro IIOJIH, 824 
HepaseHCTBO 

- Konm-lllsapn;a, 233 
- TpeyrOJibHHKa, 216 
- - o6paTHoe, 217 
Hihep TeopeMa, 985 
Hll3KoqaCTOTHhI:li: <l:>HJibTp, 632 

HllJlbIIOTeHT, 54 
HOpMa JIHHe:li:Horo npeo6pa30BaHHH, 

308 
HOpMaJibHaH MO,n;a, 628 
HOpMaJihHoe pacnpe,n;eJieHHe, 1039 
HOpMaJibHhJe KOJie6aHHH, 192 
HyJieBrur KPHBM, 1090 
HyJieBo:li: BeKTOp, 9 
HyJieBo:li: KOHyc, CM. CBeTOBO:li: KOHYC 
HhroToHa MeTo,n;, 323 
HbroToHa ypasHeHHe ( onTHqecKoe), 

450 
HhroToHa-J1e:li:6HHIJ;a ¢opMyJia, 362, 

415 

0 

o6JiacTh 

- a6COJilOTHOrO 6y.n;yIIJero, 208 
- BJIHHHHH, 976 
- 3aBHCHMOCTH, 976 
- 3Be3,n;HM, 366, 799 
- O,ll;HOCBH3HM, 1053 
o6o6IIJ;eHHbJe <l:>YHKIJ;llll, 823 
o6pa3 
- JIHHe:li:Horo npeo6pa3osaHHH, 51, 

502 
- OT06pa)f(eHHH, 18 
o6paTHMM! KpHBMI, 1106 
o6paTHMI MaTpHn;a, 45 
o6paTHOe OT06pa)f(eHHe, 19 
o6paTHOe npeo6pa30BaHHe <l>yphe, 

989, 1083 
o,n;Hopo,n;Hrur cpe.n;a, 837 
O*H,ll;aeMoe 3HaqeHHe, 1151, 1170, 

1184 
OKKynaHTbl, CM. qifCJIO 3aIIOJIHeHHH 
OM, 577 
onepaTop 

- BOJIHOBO:li:, 97 4 
- - npHBe,n;eHHbI:li:, 990 
- rpaHHqHbI:li:, 707, 820 
- rpHHa, 678 
- 3Be3,ll;Hhl:li: (*), 837, 903 
- H,ll;eMIIOTeHTHbl:li:, 650 
- KOrpaHHqHbI:li:, 729 
-JlanJiaca, CM. JianJiacHaH 
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- mrneiiHhIH .r1mpcpepeHI\HaJibHhIH 
rrepBoro rropH,n;Ka, 921 

- pmK,[leHHH cpepMHOHOB, 926 
- caMOCOIIpmKeHHhIH, 1183 
- YHH'ITO)Kemrn cpepMHOHOB, 926 
- cpopMaJihHO corrpH)f(eHHhIH, 920 
orrpe.n;eJIHTeJih (AeTepMHHaHT)' 42' 

549 
OITTHKa 

- BOJIHOBaH ( TeopHH <I>peHeJIH)' 434 
- rayccoBa, 437 
- reoMeTpH'leCKaH, 436 
- JIHHeHHaH, 436 
OITTH'leCKaH OCh, 438 
OIITH'leCKaH CHJia, 443 
opHeHTau;HH 

- BeKTOpHoro rrpOCTpaHCTBa, 399, 
902 

-KoMrrJieKca, 726, 778 
- MHOroo6p83HH, 791 
- o6JiaCTH (Ha IlJIOCKOCTH), 389, 416 
- rrapaJIJieJiorpaMMa, 387 
- IlOBepXHOCTH ( B rrpocTpaHCTBe)' 

391 
- TpaeKTOpHH, 351 
OpHeHTHpOBaHHaH IlJIO~a,Llh 

(rrapa.JIJieJiorpaMMa), 387 
opneHTHPOBaHHhIH rpacp, 590 
OpHeHTHpOBaHHhIH o6'beM ( n-Mepttoro 

rrapaJIJieJierrnrre.n;a), 547 
OpTorOHaJihHaHITpoeKu;HH, 179, 235 
OpTorOHaJlhHOe rrpeo6p830BaHHe, 166 
OpTorOHaJlhHOCTh BeKTOPOB, 166 
opTOHOpMHpoBaHHhIH 683HC, 177 
opTOHOpMHpOBO'IHaH rrpou;e~pa, c.M. 

rpaMa-lliMH,IJ;Ta rrpou;ecc 

OCHOBHaH TeopeMa aJire6phI, 1022 
oco6aH TO'IKa 

- rromoc, 1012 
- cy~eCTBeHHaH, 1030 
- ycTpaHHMaH, 1018 
OCn;HJIJIHTOp 

- 6e3 3aTyxaHHH, 144 
- c 3aTyxattHeM, 145 

OTo6paJKeHHe, ma'X::JICe cpyHKIJ;HH, 
orrepaTop, rrpeo6p83oBaHHe, 18 

- acpcpHHHOe, c.M. acpcpHHHOe 

rrpeo6p830BaHHe 
- 6HeKTHBHOe, 19 
- 6HJIHHeiittoe, 937 
- BhI'IHCJieHHH, 939 
- rpaHH'IHOe, 591 
- ,n;Hcpcpepettu;HpyeMoe, 250 
- -, peryJIHpHaH TO'IKa, 524 
- -, coxpaHHJO~ee opnettTau;H10, 401 
- eBKJIH,[IOBO, CM. eBKJIH,IJ;OBO 

rrpeo6p830BaHHe 
- H3MepHMOe, 1145 
- HH'heKTHBHOe, 19 
- KJIHcpcpop.r1a, 951 
- KOrpaHH'IHOO orpaHH'leHHoe, 608 
- KOHcpopMHoe, 1006 
- KOCOCHMMeTpH'IHOe, 945 
- JIHHeiittoe, c.M. JIHHeiittoe 

rrpeo6p830BaHHe 
- o6paTHoe, 19 
- orpaHH'leHHoe, 250 
- OTKphITOe, 1031 
- IlOJIHJIHHeHHOe ( k-JIHHeHHOe)' 945 
- CHMilJieKTH'leCKOe, 467 
- CIOp'heKTHBHoe, 19 
- yttHBepcanhttoe, 937 
- 3KCilOHeHu;HaJihHOe, 1086 

II 

naKeT BOJIHOBOil:, 1080 
rrapanJieJibHOecoe.r1HtteHHe, 580 
napaMeTpHsau;xrn TpaeKTOpHH, 352 
nepBbii!: 3aKOH TepMO,ll;HHaMHKH, 

1096, 1104 
rrepettoc 

- Mephl (pushforward), 1146 
- cpopMhl (pullback), 402, 761, 763 
- cpyHKU:HH (pullback), 291 
rrepHO,ll;H'IHOCTbBOTTa, 968 
rreprreH,ll;HKYJIHPHOCTh, c.M. 

OpToroHaJibHOCTh BeKTOpOB 
IIH1<apa MeTo.n;, 325 
IIJiaHKa rrocroHHHaH, 1082 
IIJiaHKa cpyHKU:HH, 1127 



IIJIOCKOCTb 
- aQ:>qmHHMI, 2 
- IIpOeKTHBHMI, 72 
IIJIOTHOCTb, 393 
- 3apH,n;a, 818 
- TOKa ( CKOpOCTb IIOTOKa 3apH,n;a)' 

875 
IIOBepXHOCTb 
- pHMaHOBa, 1035 
- 3KBHilOTeHJ:J;HaJibHa51, 832, 1091 
IIO,]J;KOMIIJieKC, 596 
IIO,ll;MHOroo6pa3He 
- BeKTOpHoro IIpoCTpaHCTBa, 523 
- narpamKeso, 1128 
-opHeHTHpyeMoe, 791 
IIO,D;IIpOCTpaHCTBO BeKTOpHoro 

IIpOCTpaHCTBa, 480 
IIoii:HTHHra seKTop, 987 
IIOKa3aTeJib IIpeJIOMJieHHH, 438 

IIOJIIOC Q:>yHKQHH, 1012 
IIOJIHpH3aQHH CBeTa, 436 
IIOJIHpHbie KOOp,D;HHaTbl, 291, 370 
IIOpH,D;OK 

- HYJI.H, 1026 
- IIOJIIOCa, 1012 
IIOCJie,D;OBaTeJibHOe coe,n;HHeHHe, 582 
IIOCT.HHHMI IInaHKa, 1082 

IIOTeHQllaJI 
- 3aIIa3,ll;hIBaIOIQHii:, 982 
- JlheHapa-BHxepTa, 983 
- XHMWieCKHH, 1134 
- 3JieKTpOCTaTH'leCKHii:, 686 

IIOTOK, 868 
- 3HeprHH, 987 
IIpaBHJIO 
- Jieii:6HHQa, 881 

- Q:>a3, 1136 
IIpeo6pa30BaHne 
- MacuITa6Hoe, 932 
- ~yphe, 1076 
- - o6paTHoe, 989, 1083 
IIpn6nmKeHne BopHa ( IIepsoe), 270 

IIpHHQHII 
- BapHaQHOHHbIH, 984 
- rroii:reHCa, 993 
- - B cPOPMYJIHpOBKe ~peHeJI.a, 1086 

1215 

- ,[l;HpHXJie ( MHHHMyMa 3HeprHH)' 
849 

- JlaIInaca, 1072 

- MaKCHMaJibHOH 3HTpOIIHH, 1132 

- MaKCHMyMa (.n;mr rapMOHH'leCKHX 

cPYHKQHii:), 846 
- MHHHMaJibHOH 3HeprHH rn66ca, 

1132 

-IIpH'IHHHOCTH,976 

- ycTpaHHMhIX oco6eHHOCTeii:, 1018 

- ~epMa (HaHMeHbIIIero BpeMeHH), 
457 

- 3JieKTpH'IeCKOH 3KpaHHpOBKH, 831 

IIpHcoe,n;HHeHHMI MaTpm1a, 562 

IIPOBO,ll;llMOCTb, 580, 864 
IIpoeKTHBHMI IIJIOCKOCTb, 72 

IIpoeKQHH, 52 

-opTOrOHaJibHMI, 179, 235 

IIPOH3Be,n;eHHe MaTpHQ, 31 

IIPOH3BO,ll;HMI 
- BHeIIIH.H.H, 379, 881 

- JIH (TIO HaIIpaBJieHHIO)' 288, 880 

- MHOrOMepHMI ( OT06pruKeHJUI 
BeKTOpHbIX IIpOCTpaHCTB)' CM. 

maicatee ,n;HQ:>Q:>epeHQHaJI, 247 

- IIpOH3Be,n;eHH.H Q:>yHKQHii:, CM. 

Jieii:6HnQa Q:>opMyna 

- CMeIIIaHHMI ( BTOpMI)' 282 

- 'laCTHMI, 275 

IIPOH3BO,ll;.HIQMI <PYHKQH.H, 1129 
IIpocToii: (IIopH,n;Ka 1) HYJib HJIH 

IIOJIIOC, 1026 

npocTpaHCTBO 

- k-Q:>opM, 754, 946 

- aHHYJIHpyroIQee, 606 

- 6HJIHHeii:HbIX Q:>yHKQHH, 750 
- roMOJIOrHii:, 709 

- rpaHHQ, 593, 708 

- KOrOMOJIOrHii:, 731 

- QHKJIOB, 708 

IIpOCTpaHCTBO-BpeM.a, 205 
IIpOTHBOIIOJIO:lKHblH BeKTOp, 10 

IIPOQecc 
-rpaMa-llIMH,n;Ta, 176 

- KBa3HCTaTH'leCKHii:, 1106 



1216 IJpe,n;MeTHbIH YKa3aTeJib 

- MapKoBa, 93 
- -, MaTplUJ,a BepOHTHOCTei!: 

nepexo,n;a, 95 
IIpHMaH cyMMa B€KTOpHbIX 

npocTpaHCTB, 596 
IIyaHKape JieMMa, 797 
IIyaHKape npeo6pa3oBaH:ue, 213 
IIyaccoHa pacnpe,n;eJieH:ue, 1169 
IIyaccoHa ypaBnen:ue, 837, 915 
- ,lJ;HCKpeTHOe (,n;JIH u;en:u)' 664 
- orpan:uqennoe, 664 
IIyaccona ¢opMyJia HHTerpaJihHaH, 

855, 1055 
Ilyaccona H,D;po, 680 

p 

pa6oTa, 1095, 1156 
- CHJIOBOro IIOJIH, 349 
paBHOBec:ue TeIIJIOBOe, 1102 
paBHOMepHaH ,n;:u¢¢epenu;:upyeMOCTh, 

326 
paBHOMepHaH CXO,ll;HMOCTh 

IIOCJI€,ll;OBaTeJihHOCTH 

roJIOMop¢HblX <l>YHKD;Hti, 1047 
pa,n;:uyc CXO,ll;HMOCTH, 1050 
pa36HeH:ue €,ll;HHHD;hI, 785 
pa3Jio:lK€HHe 

- 6opHOBCKoe, 270 
- raycCOBO, 448 
pa3MepHOCTh BeKTOpHoro 

rrpocTpaHcTBa, 486 
paHr 

- ,n;:u¢¢epeHD;HaJihHOH ( 1- HJIH 2-) 
¢opMhI, 1192 

- JIHHei!:Horo rrpeo6pa30BaHHH, 503 
pacnpe,n;eJieH:ue 

- B03e-9i!:HIIITei!:Ha, 1172 
- BoJihD;MaHa-IlyaccoHa, 11 72 
- raMMa-, 1168 
- raycCOBO (HopMMhHoe), 1039 
- MaKcBeJIJia, 1152 
- MaKcBeJIJia-BoJihD;MaHa, 1165, 

1174 
- IIyaccoHa, 1169 
- <I>epM:u-,Il;:upaKa, 1172 
pacnpocTpaHHIOIIi;aHCH BOJIHa, 988 

paccToHHHe Mn:HKOBCKOro, 216 
peryJIHpHaH TQqKa 

(,n;:u¢¢epeHu;:upyeMoro 

OTo6paJK€Hll:H), 524 
pe,n;yKD;HH IIO CTpoKaM, 506 
pe3HCTOp, 577 
pe3HCTOpHbIH rropT, 659 
pe30HaHC, 154, 194 
pe30HaHCHaH qacTOTa, 628, 633 
pn:MaHOBa reoMeTpHH, 933 
p:uMaHOBa IlOBepXHOCTh, 1035 
po,n; IIOBepXHOCTH, 722 
pOCTOK roJIOMop¢Hoi!: <l>YHKD;ll:H, 1025 
poTop (rot), 934 
Pyme TeopeMa, 1028 
p.H,D; 
- Jlopana, 1051 
- CTerreHHOH, 116 
- - a6coJIIOTHO CXO,ll;Hill;HHCH, 119 
- - CXO,ll;Hill;HHC.ll, 118 
-Tei!:Jiopa, 1020, 1049 
- <l>yphe, 1052 

c 
CBeTOBOH KOHyc, 210 
CBo6o,n;Hoe B€KTOpHoe npocTpaHCTBO, 

941 
CBH3HO€ MH0)K€CTBO, 846 
CHJia 

- JiopeHii,a, 988 
- o6o6rn;enHaH, 1156 
CHJIOBOe IIOJie, 348 
- , pa6oTa, 349 
CHJIOBble JIHHHH MarHHTHble, 885 
CHM€HC, 580 
CHMIIJI€KT:UqecKaH rpyrrna, 232, 461 
CHMIIJI€KTHqecKaH ¢opMa, 461 
CHMIIJI€KTHqecKoe B€KTOpHoe 

npocTpaHCTBO, 461 
CHMIIJI€KT:UqecRoe OTo6paJ:KeH:ue, 467 
CHHryJIHpHaH ( Bblp0)K,ll;€HHaH) 

MaTp:uu;a, c.M. JIHH€HHoe 

rrpeo6pa30BaHH€CHHryJI.HpHoe 

CHCTeMa, 1100, 1170 
- a,n;:ua6aT:uqeCKH 3aMKHYTaH, 1104 
- KBaHTOBaH, 1184 
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CK8JUipHoe npOH3Be,n;emi:e, 167 
- B rrpocTpancTBe k-<PopM, 900 
- ,D;yaJihHoe (1-<PopM), 899 
- eBKJIH,Il;OBO, 1 75 
- H3 BeKTOpHoro aHBJIH3a (dot 

product), 934 
-, CBOHCTBa, 169 
- CHMIIJieKTH'leCKoe, 231 
CKOpOCTH rrpeo6pa30BaHHe, 221 
CKOpOCTb 
- rpyrrrroBaH, 1080 
- 3ByKa, 1119 
- IlOTOKa 3apH,n;a, 875 
- CBeTa, 206, 973 
CJIO::iKeHHH CKOpOCTeil: 3aKOH, 214 
cJiyqail:Hoe 6Jiy)f()J;aHne (rro rpa<i>y), 

684 
CMelll;eHne, CM. TpaHCJIH~HH 

acPcPHHHaH 
CHeJimi:yca 3aKoH, 436 
- JIHHeapH30BaHHbIH, 442 
co6cTBeHHOe BpeMH, 372 
co6cTBeHHOe 3Ha'leHne, 82 
co6CTBeHHblH BeKTOp, 82 
COIIpOTHBJieHHe, 577 
- KOMIIJieKCHoe, CM. HMrre,n;anc 
- HeJIHHefi:Hoe, 578 
- y,n;eJihHoe, 864 
conpH::iKeHHoe oTo6pa::iKeHne, 526 
conpmKeHHbie ITJIOCKOCTH, 443 
COCTOHHHe, 1100, 1140, 1170 
- KBaHTOBoe, 1184 
- paBHOBeCHoe, 1101, 1165, 1170, 

1184 
cne~HaJlbHaH TeopHH 

OTHOCHTeJihHOCTH, 206 
CTaTHCTHKa (Bo3e-9fi:HIIITeHHa, 

Cf>epMn-)J;npaKa), CM. 

pacnpe,n;eJieHne 
CTnpJIHHra <PopMyJia, 1065 
CToKca TeopeMa, 757, 777 
cynepKOMMyTaTHBHOCTh, 756 
cylll;eCTBeHHaH oco6eHHOCTh, 1030 

T 

Teil:Jiopa p.a:,n;, 1020, 1049 

Teil:Jiopa <PopMyJia ( MHoroMepHaH), 
311 

TeJieCKOII acTpOHOMH'leCKHH, 447 

TeJieCHbIH yroJI, 822 
TeJIJiereHa TeopeMa, 605 
TeMrrepaTypa 
- a6cOJIIOTHaH, 1097, 1111 
- a6cTpaKTHaH, 1103 
- 3MimpH'IeCKaH, 1103 
TeH30p 
- Tnrra (k, 0), 754 

- 3HeprHH-HMIIYJihCa, 988 
TeH30pHaH aJire6pa (T(V)), 949 

TeH30pHoe rrpOH3Be,n;eHHe, 940, 945 
- CKpy'leHHoe, 958 
TeopeMa 
- aJire6pbl OCHOBHaH, 1022 
- B3aIIMHOCTII rpIIHa, 657, 687 
- raMHJibTOHa, 452 
-raMHJibTOHa-K3JIH, 86 
- rpnHa, CM. rpnHa cPOpMyJia 

- ,II.ap6y (o 2-<PopMax), 1194 
- KapaTeo,n;opn, 1094 
- Knpxro<Pa, 603, 626 
- Kornn HHTerpaJibHaH, 1003 
- Kornn o Bhl'leTax, 1012 

- Koa<P<Pn~neHTOB Mop3e, 457 
- JlnyBHJIJIH, 1021 

- MyaBpa, 81 
- HeTep, 985 
- 0 KOCOCHMMeTpH'leCKHX 

6HJIHHeHHbIX <PopMax, 1198 

- 0 HeHBHOH cPYHK~HH, 334 
- 0 HOpMaJibHOH 1-<PopMe, 1099, 

1194 
- 0 IIOCTOHHHOM paHre, 517 
- o paHre a ,n;e<PeKTe, 503 
- 0 cpe,n;HeM 3Ha'leHHII, 305 
- - rapMOHII'leCKOii cPYHK~IIII, 845 
- - MHOI'OMepHaH (HepaBeHCTBO), 

309 
- 06 o6paTHOH cPYHK~IIII, 332 
- P~oHa-HIIKO,D;IIMa, 1149 
- Pyrne, 1028 
- crreKTpaJibHaH (,n;JI.a: 011epaTopoB), 

1183 
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- CToKca, 757, 777 
- TeJIJiereHa, 605 

- 9ii:Jiepa ,Zl;JIH KOMIIJieKca, 714 

TeIIJIO, 1095 
- MexaHH'leCKHH 3KBHBaJieHT, 1105 
- CKpbITOe (JiaTeHTHoe), 1118 

TeIIJIOBOe paBHOBeCHe, 1102 
TeIIJIOeMKOCTb, 1117 

TepMOMeTp, 1103 

TOK, 576 
- KOpOTKOrO 3aMbIKaHHH, 612 

- KpyroBoii:, 601 
- qepe3 IIOBepXHOCTb, 864 

TOHKaH JIHH3a, 443 
TOp, 718 
TO'le'IHaH xapaKTepHCTHKa 

(orrTH'leCKOH CHCTeMbI), 452 

TO'IKa BeTBJieHHH, 1035 
TpaeKTOpHH 

- KYCO'IHO-,n;H<l><l>epeHa;RpyeMaH, 352 
-opHeHTHpoBaHHaH,351 
-, rrapaMeTpH3aIJ;HH, 352 

- rrpOCTaH ( B u;errH)' 585 

TpaHCJIHIJ;HH acPcPHHHaH, 6, 25 
TpaHCIIOHHpoBaHHe, 183 
- <PopMaJihHoe (orrepaTopa), 821 

TpHJIHHeii:HaH<l>YHKIJ;HH, 752 

yBeJIH'leHHe 
- JIHH3bl, 446 
- TeJieCKOIIa yrJIOBOe, 447 

yrJIOBOH MOMeHT, 272 
-, 3aKOH coxpaHeHHH, 272 
yroJI Me)K,lzy BeKTOpaMH, 167 
y,n;eJihHOe corrpOTHBJieHHe, 864 

YMHmKeHHe MaTpHu;, 31 
YHHBepCaJibHOe OT06pru1<eHHe, 937 
yHHBepcaJibHoe rrpocTpaHCTBO, 942 

ypaBHeHHe 
- BOJIHOBOe 

- - Heo,n;Hopo,n;Hoe, 981 
- - 0,ll;HOMepHOe ( KOJie6aHHH 

CTPYHbI), 974 
- - IIpHBe,n;eHHOe (reJibMrOJibIJ;a), 

991 

- - TpexMepHoe, 977 

- ,n;mi><l>epeHIJ;HaJihHoe, C.M. 

,n;H<l><l>epeHIJ;HaJibHO€ ypaBHeHHe 
- Jlarnrnca, 317 

--,n;ByMepHoe, 317, 665 
- - ,D;HCKpeTHoe (,n;Jrn u;e1m), 664 

- HbIOTOHa ( OIITH'lecKoe), 450 
- IlyaccoHa, 837, 915 

- - ,Zl;HCKpeTHOe (,n;mI u;errH)' 664 
- - orpaHH'leHHoe, 664 
- xapaKTepHCTH'leCKoe, 83 

ypaBHeHHH 
- raMHJlbTOHa, 452 
- Korrm-PRMaHa, 1005 
- MaKCBeJIJia, 972, 984 
ycJIOBHH H3JIY'leHHH 3oMMep<l>eJih,D;a, 

992 

ycJIOBHbIH 3KCTpeMyM, 317 
ycTpaHHMaH oco6eHHOCTb, 1018 

cPa3 rrpaBHJIO, 1136 
cPa3a BOJIHbI, 988 

<PaKTOpaJire6pa, 950 
<PaKTOprrpocTpaHCTBO, 497 

<Papa,n;, 577 
<I>apa,n;eH 3aKOH, 731, 969 
<I>epMa IIpHHIJ;HII ( HaHMeHbIIIero 

BpeMeHH), 457 
<I>epMH-)J;HpaKa pacrrpe,n;eJieHRe, 11 72 

<PepMHOHbI, 1142 
cPHJibTp 
- ,D;BYXCTyrreH'laTbIH, 634 
- HH3KO'laCTOTHbIH, 632 
cPOKaJlbHble IIJIOCKOCTH, 445 
<l>oKyCHOe pacCTOHHlle, 444 
<PopMaJihHoe corrpH.lKeHHe, 920 

<l>opMaJibHOe TpaHCIIOHHpOBaHue 

(orrepaTopa), 821 
<PopMyJia 
-reJihMrOJihIJ;a, 991, 1084 
- rpuHa, 415 
- - BTOpaH, 843 

- - ,Zl;HCKpeTHaH, 679 

- - ,Zl;HCKpeTHaH BTOpaH, 682 
- - rrepBaH, 842 
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- 1J.e Bpoiimr, 1081 
- .n;n:<l><l>epeHI1H8JlbHOI'O HC'1HCJieHml 

cPYH,!J;aMeHT8JlbHruI, 881 
- 3aMeHbl rrepeMeHHbIX B k-MepHOM 

HHTerpaJie, 768 
- Kn:pxrocl>a, 993 
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