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K1mra IIOCBllIIJ;aeTCll CBeTJIOH rraMHTM 

MwxawJia <l>MJibIIITMHCKoro, M)'3hIKaHTa M MaTeMaTrrKa, 

rrorM6IIIero B caMOM pacr.(BeTe CBOMX TBOp'IeCKMX CMJI 



nPE.QMCilOBlllE 

,[(aHHlUI KHHra rrpe,n:CTaBJUieT co6oil rrepBblM TOM IIHTHTOMHOM cepHH, IIOCBHIIJeHHOM B3aHMO

,n:ei!CTBHIO <i>HJHqecKHx rroJieil B CTPYJCTYPHposaHHhIX CHCTeMax. B rrocJie,n:HHe .necHTHJieTHH 3Ta Te

MaTHKa CTaHOBHTCH oco6eHHO aKTYaJihHOM B CBH3H c pa3BHTHeM HOBbIX TeXHOJIOrHil. TeopHH H Tex

HHKa HHTeJIJieKTYaJibHbIX CHCTeM, HaHOKOMII03HTbl H HaHOTeXHOJIOrHH, Jia3epHbJe TeXHOJIOrHH, TeopHH 

TepMO.!(HHaMHqecKHX IIOTOKOB BO qipaKTaJibHbIX CTPyKTYpaX IIpHBeJIH K pa3BHTHIO Me)!(.!(HCUHIIJIH

HapHbIX H MYJibTH.!(HCIJHIIJIHHapHblX o6JiaCTeii 3HaHHH, KOTOpbie HCIIOJib3YIOT cospeMeHHblM MaTe

MaTHqecKHii arrrrapaT H Hepe,n:Ko CTHMYJIHpYIOT HOBbie MaTeMaTHqecKHe H,n:eH 11 3HaHHH. TaK 6hIJIO 

H paHhUie, ,n:ocmToqHo yrroMHHYTh 11ccJie,n:osaHHH Xes11cail,n:a B Teopnn 3JieKTPnqecK11x uerreil, rro

JIO)!(HBUIHe HaqaJio orrepaQHOHHOMY ncqnCJieHHIO, ,n:eJibTa-<i>YHKU11!0 ,lJ;HpaKa, HBl1BIIIYIOCH rrpe,n:BeCT

HHKOM 060611JeHHblX <i>YHKUHM, HCCJie,n:oBaHHH 3. Herep B o6JiaCTH aHaJIHTH:qeCKOM MeXaHHKH, 060-

raTHBUIHe reopH!O TOIIOJIOrH'IeCKHX rpyrrrr. Pa3BHTHe <l>H3HKH Bcer,n:a rrpHBO.!(HJIO K 06ora11JeHl1!0 

MaTeMaTHKH. TaK, pa6oTbI <t>oH Hei!MaHa no MaTeMaTHqecKoMy o6ocHOBaHHIO KBamosoil MexaHHK11 

npHBeJIH K c03,n:aHH10 reopn11 caMocorrpH)!(eHHhIX oneparnpos B rnJih6epToBbIX npocTPaHCTBax. Ta

KHX np11MepoB MO)l(HO np11seCTH MHO)!(eCTBO. 

CJie,n:yeT OTMeTHTh, qrn 11.ne11 11 MeTO.!(hI <i>YHKUHOHaJibHoro aHaJIH3a, annapaT Teop1111 0606-

11JeHHbIX <i>YHKUHH, TeXHHKa CHHryJIHpHbIX H rnnepc11HryJIHpHblX HHTerpaJibHbIX ypaBHeHHH cpaB

HHTeJibHO He,n:aBHO HCIIOJlb3YIOTCH B TeXHHqeCKHX 11 ecTeCTBeHHOHayqHbIX .!(HCU11IIJIHHax. MHorHe 

cnenHaJIHCTbl, 3aKoHqnsnrne TeXHHqecKHe BY3bl, c HeKOTOpbIM npe.ny6e)!(.!(eH11eM OTHOCHTCH K co

speMeHHbIM MaTeMaT11qeCKHM MeTO.!(aM peUieHHH aKryaJihHbIX rrpo6JieM. 

11,eJib .naHHOM KHHrH 3aKJIIOqaeTCH B TOM, qTo6bI CHa6,n:l1Tb 11H)!(eHepa, MexaH11Ka, <l>H3HKa 3Jie

MeHTaMH 3HaHHH, H,n:eii, MeTO.!(OB, oco6eHHO anrrapaTHOM qaCTH, HaH60Jiee 3KCIIJiyaT11pyeMbIX pa3-

,n:eJIOB MaTeMaTHKH. KHnra - He yH11sepc11TeTcKHii yqe6H11K H He cnpasoqHHK, ypoBeHb 113JIO)!(eHHH 

MaTep11aJia qacTo He cooTBeTcTsyeT cospeMeHHhIM TPe6osan11HM MaTeMaTnqecKoii CTPOrocT11. MHo

rHe TeopeMbl IIp11BO,n:HTCH 6e3 .!(OKa3aTeJibCTB, HO IIOCJie COOTBeTCTBYIOIIJeii apryMeHTaUH11 H rro,n:ro

TOBKH. B pa60Te na.n KHHrOM y nae 6bIJIO HeCKOJlbKO opHeHTHpOB, cpe,n:11 KOTOpb!X uenpeB30M.!(CH

HblM .ll:BYXTOMHHK <I>. M. Mopca Hr. <l>eUI6axa «MeTO.!(bl TCOpeTHqecKOM <l>H311Kl1». 

A Tenepb, IIOCJie 3TOro KpaTKOro H HeCKOJibKO cyM6ypnoro BBC.!(CHHH, rrpoil,n:eMCH no co,n:ep)l(a

HHIO. B nepBOM rnase H3JiaralOTCH 3JieMCHTbI Teop1111 aHaJil1THqecKHX <i>YHKU11H 0.!(HOro KOMIIJieKC

HOro nepeMennoro. Ocnosuoe BHHManne y,n:eJIHeTCH annapaTHo:il: qacTH H HHCTPYMemap1110 Teopnn. 

Cio,n:a BOUIJIH: HHTerpaJibHbie npe,n:cTaBJieHHH rOJIOMop<i>HhlX H KycoqHo-roJIOMop<i>HhIX <i>YHKUHH, 

npe,n:CTaBJieHHH aBTOMop<i>HhIX, a TaK)!(C 3JIJIHIJTHqecKl1X <i>YHKUHii; npe,n:eJibHbie 3HaqenHH HHTerpa

JIOB T11rra KoUIH, 06061IJCHHhIX HHTerpaJioB THna Kornn. ITpe,n:cmsJieHhI HCKOTOpb1e MeTO.!(hI Bb1qnc

JieH11H 11HTerpaJIOB OT 0.!(H03HaqHbIX, a TaK)!(e MHOro3naqHbIX <i>YHKU11H. B KOHUe rnaBbl co.nep)l(aTCH 

Ta6JIHl)bl qaCTO HCIIOJib3YCMbIX CHHryJIHpHbIX HHTerpaJIOB. 

Bo BTOpo:il: rnase H3JiaraIOTCH 3JieMeHTbl TCOpHH rapMOH11qecKHX H MeTarapMOH11qecKHX <i>YHK

u11:il: B R2 
H R3 

• .LJ;aioTCH nocTaHOBKH 3a,n:aq .LJ;npHxJie, HeiiMana n cMemaHHOil. I13JiaraIOTCH ocHos

HhIC TeopeMbl TeopHH IIOTeHl)HaJia. BbIBO.!(HTCH HHTerpaJibHbIC npe,n:cTaBJICHHH rapMOHHqecKl1X 

H MCTarapMOHHqecKHX <i>YHKUHH. B IIJIOCKOM cJiyqae Mb! rrpe,n:noq11TaeM onnpaTbCH Ha MOIIJHbIM 

H ,n:aJieKo rrpo,n:BHHYThIM arrrrapaT Teopnn aHaJIHTnqecKHx (jlyHK1J11il. B TPeXMepHoM c~ae 11cnoJih-

3y10TcJI <i>YHKUHH fpHHa COOTBeTCTBYIOIIJHX 3a,n:aq TCOpH11 IlOTCHUHaJia. MaTepHaJI 3TOM rnaBbI co

.nep)!(HT 6oJibUIOe KOJIHqecTBO npHMepoB pemeHHH rpaH11qHblX 3a,n:aq, 

B rrynKTe 2.2 paccMaTPHBaeTCH TeopHH rroTeHn11aJia B R3 
,n:JIH ypasHeH11H div(gradu )

-qu = 0. BhIBOMTCH <t>opMyJihI fpnHa ,n:JIH rrepsoii, BTOpoii H TPeTbe:il: rpannqHhIX 3a,n:aq, paccMaT-
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p1maIOTCll BOI1p0Cbl cy111ecTBOBaHIDI H erorncTBeHHOCTH HX perneHHH. B KOHUe 3'fOro nyHKTa npHBO

JJ:HTCH IIOC'I'pOeHHe <j:>yHKIJ,HH fpHHa ):{JIH HeKOTOpbIX KaHOHH'leCKHX o6rracTeH. 

B nyHKTe 2.3 paccMa'I'pHBaIOTC» rpaHH'IHbie 3a):{al!H .n:rr» ypaBHeHIDI !'l.u +Cu= f. BhmHCbIBa-

IOTC» <l>YHAaMeHTaJibHble perneHIDI onepaTOpa feJibMroJibua ( c = k2 > 0) H o6cy)!():{aIOTCll BOnpOCbl 

e):{HHCTBeHHOCTH perneHH» B CBH3H c ycJIOBHHMH H3JIYl!eHIDI 30MMep<l>eJib):{a. IlpH c = -k2 < 0 <l>YH

,n:aMeHTaJibHble perneHHH onepaTOpa feJibMI'OJibIJ,a 3KCIIOHeHUHaJibHO 3aTyxaIOT Ha 6eCKOHel!HOCTH. 

,[(arree B 3TOM nyHKTe OIIHCbIBaIOTCH ):{Ba yHHBepCaJibHbIX npHHIJ,Hna, KOTOpbie Il03BOJllllOT Bhl):{eJIHTb 

e,n:HHCTBeHHOe perneHHe ypaBHeHIDI feJibMfOJlb!Ja: npHHUHII npe):{eJibHOfO rrorno111eHHll H np1rnuHrr 

rrpeAeJibHOH aMIIJIHTyJJ:bI. B KOHUe JTOro nyHKTa paCCMO'I'peH PM rrpHMepoB HCTIOJib30BaHIDI TeopHH 

B 3a):{al!ax onpeAeJieHH» <j:>H3H'leCKHX norreil: B cnnoIIIHbIX cpeAax. B rryttKTe 2.4 npHBe):{eH crrpaBO'l

HhIH MaTepHarr H3 TeOpHH Il,HJIHH):{pHl!eCKHX <l>YHKIJ,HH. 

frraBa 3 rrpe,n:cTaBJllleT co6oH: JJieMeHTapHoe BBe,n:eHHe B <l>YHKIJ,HOHaJibHbIH aHaJIH3. B nepBbIX 

'leTbipex IIYHKTax ofo,eKToM myqeHHH llBJlllIOTC» npocTPaHCTBa (JIHHeHHbie HOpMHpoBaHHbie, npeA

rHJib6eproBbI, fHJib6epTOBbl). BBO):{HTCll IlOHHTHe HHTerparra Jle6era, npOCT)JaHCTBO Jle6era I! 
H p -IIpOC'I'paHCTBa IJ'. Onpe):{eJlllIOTC» TaKHe <l>YHAaMeHTaJibHbie IIOHHTIDI aHaJIH3a, KaK KOMITaKT

HOCTb, cenapa6eJibHOCTb, IIOJIHOTa H npHBO):{HTCH OCHOBHbJe <l>aKTbl, CBH3aHHbie c HHMH. PaccMa'I'pH

BaIOTCll Bonpoch1 arrnpoKCHMa!JHH B 6aHaxoBhIX H rHJih6epTOBb1x rrpoc'I'paHCTBax, reopHll pl!AOB 

<l>ypbe H HeKOTOpble Apyrne. 

B IIYHKTe 3.5 npHBOiJ.HTC» npHJIOJKeHHe TeopeMbI 06 oproroHaJibHOH AeKOMIT03HIJHH rnrrb6ep

TOBa npOC'I'paHCTBa K 3a):{a'le 06 OITTHMaJibHOM ynpaBJieHHH BbIHY:>KAeHHblMH ):{BHJKeHHHMH ITbe30-

KepaMH'!eCKOro CTepJKHH ITO):{ ):{eHCTBHeM nepeMeHHOH BO BpeMeHH 3JieK'I'pH'leCKOH pa3HOCTH no

TeHIJHaJIOB, npHK!Ia):{hlBaeMOH K TOpUeBbIM 3JieKT)JOJJ:aM. 

B rryHKTe 3.6 ,n:aIOTCll orrpeAeJieHIDI H HeK0Toph1e CBe):{eHH» H3 TeopHH co6orreBcKHx npocT

paHCTB. B qacTHOCTH, orrpe,n:erreHo ITOHllTHe 0606111eHHOH npoH3Bo,n:ttoH:, Ha ypoBHe npaBAOITO):{o6HbIX 

paCCYJK):leHHH BbIBe):{eHO HepaBeHCTBO <l>pH):{pHxca, HCITOJlb3YIOIIIeec» B TeOpHH rpaHH'IHOH 3a):{a'IH 

,[(HpHXJie ,n:JIH 3JIJIHITTH'leCKOro ypaBHeHIDI BTOporo rropH,n:Ka. 

B nyHKTe 3.7 paccMa'I'pHBalOTC» cBoil.cTBa HerrpepbIBHbIX oTo6paJKeHHH B Me'I'pH'leCKHX rrpo

crpaHcTBax. B 3.8 mrraraIOTCH OCHOBbl TeopHH HerrpepbIBHbIX H BITOJIHe HenpepbIBHblX oneparopoB 

B 6aHaXOBbIX rrpoc'I'paHCTBax, npHHIJ,Hn paBHOMepHoi1 orpaHH'!eHHOCTH, TeopeMa EaHaxa-llheH:H

ray3a. B Ka'leCTBe npHJIO)KeHHH paccMa'I'pHBaIOTCH BOIIpOCbl CXO):{HMOCTH KBa.n:parypHblX <l>opMyJI. 

B nyttKTe 3.9 ,n:aeTC» oqepK reopHH JIHHeHHhIX <l>YHKUHOHaJIOB B 6aHaxoBbIX rrpoc'I'paHCTBax. 

BBOA»TCll conpll)!(eHHbie rrpoc'I'paHCTBa JJ:JIH p -npocrpaHCTB (p > 1) H ,n:Jlll rrpoc'I'paHCTBa C[ a,b]. 

Onpe,n:eJllleTC» KOHCTIJYKIJ,H» HHTerparra CTHJibTbeca H ,n:OKa3bIBaeTc», '!TO 06111a» <l>opMa mrneil:Horo 

HerrpepbIBHOro <l>YHKUHOHaJia B c[ a,b] ,n:aeTCH HHTerpaJIOM CTHJibTbeca. ,[(oKa3bIBaeTCll TeopeMa 

<l>. PHcca 06 o6IIIeM BH,n:e JIHHeil:Horo <l>YHKUHOHana B rnrrh6eproBoM npocrpaHcTBe. IJ;eH'I'paJihHOe 

MecTo B JTOM nyHKTe 3aHHMaeT <l>yH.n:aMeHTaJibHa» reopeMa XaHa-EaHaxa o rrpo,n:oJI)!(eHHH JIHHeH

Horo HenpepbIBHoro <l>YHKUHOHaJia H crre,n:CTBHH H3 Hee. 

IlyHKT 3.10 IIOCB»IUeH rrpo6rreMe MOMeHTOB H JJ:OKa3aTeJibCTBY TeopeMbl M. r. Kpeil:Ha 0 cyIUe

CTBOBaHHH perneHIDI L-npo6rreMbI MOMeHTOB. B Ka'lecTBe npHJIOJKeHIDI TIOH TeopeMbI paccMa'I'pH

BaeTc» 3a):{a'la 06 OIITHMaJibHOM yrrpaBJieHHH HeKOTopoil: ):{HHaMH'!eCKOH CHCTeMOH. B KOH!Je 3TOro 

nyHKTa BBe,n:eHo noHHTHe corrp»JKeHHoro onepaTOpa, yKaJaHbI JJieMeHTapHbie cBoil:cTBa, IIpHBeAeHbI 

rrpHMepbl corrpllJKeHHblX orrepaTOpOB B pa3!1Hl!Hb1X rrpOC'I'paHCTBax. 

B nyHKTe 3.11 H3JiaraIOTCH OCHOBbl reop:im caMOCOIIpl!JKeHHbIX orrepaTOpOB B rHJib6eproBOM 

IIpOC'I'paHCTBe, OCHOBHble TeopeMbl 06 3pMHTOBblX, IIOJIO)KHTeJlbHbIX H IIOJIO)KHTeJlbHO onpe):{eJieHHbIX 

orrepaTOpax. BBOJJ:HTCH IIOHHTHe 3HepreTHl!eCKOro rrpOC'I'paHCTBa H ycTaHaBJIHBaeTCH CBH3b MeJK,n:y 
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3Maqen o MHIIBMYMe KBMpaTwrnoro <l>YHKIJHOHarra 3HepmH I ( u) == (Au, u )-2 (f, u) H peilleHMeM 

ypasHeHHH Au== f, r.n:e A - rroJIO)l(lfTeJihHhIH orrepamp B rHJih6epTOBOM rrpocTPaHcTBe H. 

B rryttKTe 3.12 paccMaTPMBaeTCH 3a.n:aqa o npe.n:crnsJieHHH corrpH)KeHHoro orrepampa B 6aHa

xosoM rrpOCTPaHCTBe c 6a3HCOM. IlpH 3TOM HCIIOJlb3YeTCH IIOHHTHe 6HOpTOroHaJihHOll CHCTeMbI 

{J;} C X' K 6a3HCHOH CHCTeMe {ek} C X. 

IlyHKT 3.13 IIOCB»lIIeH B~HOH ,L{Jl}! rrpHJIO)KeHHll rrpo6JieMe peilleHHH orrepaTOpHbIX ypaBHe

HHll. Bse.n:eao rroHHTHe o6paTHoro onepaTopa, J.IOKa3aHhI rrpocTenilIMe TeopeMbI 06 o6paTHhIX orre

pampax, reopeMa EaHaxa o HerrpephIBHOn o6paTHMOCTH JIHHenHoro orpaHHqeHHoro onepampa. ,l(a

Jiee paccMaTPHBaIOTCH JlHHeHHhie onepaTOpHbie ypasHeHH}! c rrapaMeTPOM, BBO).IHTC}! IIOHHTHe crreK

TPa H pe30JibBeHTHoro onepampa. ,l(oKa3hIBaeTcH, ~o crreKTP - 3aMKttyTOe MHO)KecTBo. B KoHI1e 

3TOro IIyttKTa H3JiaraIOTCH OCHOBHbie BbIBO,L{bl H3 TeOpHH <l>. PHCCa H IO. lllay.n:epa JlHHeHHbIX ypaB

HeHlfll c BIIOJIHe HerrpepbIBHblMH onepampaMH, KOTOpbie <PopMyllHpJIOTC}! KaK reopeMhI <l>pe).lrOJlbMa. 

BBO,L{HTC}! TaK)Ke orrpe.n:eJieHHe HOpMaJibHO pa3peIIIHMOro orrepampa, IIOHHTHe 0 HeTepOBbIX onepa

TOpax, <PopMyJIHPYIOTCH TeopeMhI <l>. HeTepa o pa3peIIIHMOCTH ypasHeHHH c N -onepampoM. 

B npMJIO)Kemrn A .n:aH KpaTKHH oqepK TeopHH MeTPMqecKHX rrpocTPaHCTB. ,l(oKa3aH npHHIIHn 

C)KaThlX OT06p~eHHll, rrpHBe,L{eHhl npHMepbI ero rrpHMeHeHH}! K peIIIeHHIO ypaBHeHHll. <l>opMyJIH

pyeTC» 6oJiee o6ui:nn rrpHHIJHII HeIIO,L{BmKHOll TQqKJI (rrpHHIJHII lllay.n:epa). ,l(OKa3bIBaeTCH <l>yHJ.1a

MeHTaJibHal! TeopeMa 0 IIOIIOJIHeHHH MeTPMqecKoro IIpOCTPaHCTBa. 

BBO,L{HTCH IIOHHTHe KOMIIaKTHOro MHO)KeCTBa B M~HqecKOM npOCTPaHCTBe, ,L{OKa3bIBaeTCH Kpl'.1-

TepHH KOMIIaKTHOCTH <l>. Xayc.n:op¢a 11 TeopeMa lJ. Ap1IeJia 0 KOMnaKTHOCTH MHO)KeCTBa B c[ a,b ]. 

B KOHIIe np11Jio)Kemrn np11se.n:eab1 ).IOKa3aTeJibCTBa TeopeM BeH.epIIITpacca o HerrpephIBHhIX ¢YHK

IJHOHaJJax Ha KOMIIaKTax B MeTP11qeCKHX rrpOCTPaHCTBax. 

B rrpMJIO)KeHHH E .n:oKa3bIBaIOTCH p -HepaseHCTBa ).IJIH KOHeqahIX H 6ecK0Heqah1x cyMM H HH-

rerpaJJOB. 

B rnase 4 H3JiaraIOTC» 3JieMeHThl TeopHH o6o6rri:eHHhIX <l>YHKIIHH. B nyHKTe 4.1 npe.n:crnsJie

HhI HeKOTOpbie paccMOTPeHH.ll 11 3a,L{aqYI, IIp11BOMll.\Yle K o6o6meHHblM <l>YHKIJYIHM. 

B IIyttKTe 4.2 BBO,L{YITC.ll IIOHHTYle OCHOBHOro rrpOCTPaHCTBa D, a TaK)Ke HeKOTOpbIX .n:pymx oc

HOBHblX rrpOCTPaHCTB, orrpe.n:eJIHeTCH CXO,L{YIMOCTb B 3TYIX IIpOCTPaHCTBax, rrpHBO,L{}!TCH <PaKTbI OTHO

Cl'.ITeJibHO KOHCTPYlfPOBaHH}! ocHOBHhIX <l>YHKIJHH. 

B IIyttKTax 4.3-4.5 BBO,L{}!TC}! IIOHHTHH npOCTPaHCTBa D', peryJIHpHblX YI CHHryJIHpHblX 0606-

rri:eHHbIX <l>YHKIJHH. Onpe.n:eJIHeTcH rrpocTon cJion Ha rrosepxHOCTH, rnaBHhie 3HaqeHHH ¢YHKIJHH 

1 1 1 
Vp-, Vp-z, Vp- H HeKOTOphIX .n:pymx. ,l(oKa3hIBaIOTCH ¢opMyJihI CoxoIJKOro. B nyHKre 4.6 pac-

x x x" 
CMaTPHBaeTC.ll sorrpoc 0 HeBblpO)K).leHHOM JlYIHeHHOM npeo6pa30BaHHYI nepeMeHHbIX IIO,L{ 3HaKOM 

o6o6ui:eHiioii <l>YHKIJYIYI. 

B IIyttJITe 4.7 BBO,L{HTC.ll IIOHHTHe rrpOY13BO,L{HOll OT o6o6meHHOll <l>YHKIJllH, IIOKa3bIBaeTCH, ~o 

rrpoM3BOJ.1HaH JII06oro nopHwa OT o6o6meHHon <l>YHKIJYIYI TaK)Ke rrpMHa,L{Jle)KHT D'. ,l(aeTcH BhIBOJ.1 

,L{Jl}! IIpOH3BO,L{HOll OT pa3pbIBHOro <P113HqeCKOro IIOAA B 0,L{HOMepHOM H MHOroMepHOM cJiyqaHX. ,l(oKa-

3hIBaeTCH ¢opMyJia fpYIHa, IIpHBOMTCH CBe,L{eHYI}! 0 <l>yHJ.1aMeHTaJ!bHbIX peIIIeHH.l!X HeKOTOpbIX orrepa

TOpOB. B KOHIJe TIOro rryHKTa paccMaTPHBaIOTCH BOIIpOCbl HHTerpHpOBaHHH B D' o6hIKHOBeHHbIX 

J.1Yl¢¢epeH1JllaJibHbIX ypasHeHHll H CYICTeM. HeKOTOpbie CBe,L{eHH}! 0 .n:eJibT006pa3HbIX IIOCJie,L{OBaTeJih

HOCTHX IIpHBe,L{eHhl B rryHKTe 4.8. 
Tip.l!MOe rrpOH3Be,L{eHHe H CBepTKa 0606rri:eHHbIX ¢YHKIIYIH onpe.n:eJieHhl B 4.9, 4.10. IlpHBe,L{eHhl 

OCHOBHhie CBOHCTBa YI npHMepbl. Onpe.n:eJieHhl o6beMHhle H nosepXHOCTHbie IIOTeHIJHaJlbl rrpocToro 

H J.IBOHHoro CJIOll s BH).le csepTOK ¢YHJ.laMeHTaJihHOro peweHH}! ypasHeHHH JiarrJiaca s R" c npocTuIM 

H ,L{BOHHbIM CJIOeM COOTBeTCTBeHHO. C¢opMyJIY1pOBaHbI ycJIOBYI}! cyui:ecrnoBaHH}! csepTKH HT. II. 
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IIpoc-rpaHCTBa OCHOBHhIX H 0606II1eHHhIX <l>YHKllHH Me,l1JieHHOro pOCTa paCCMo-rpeHbl B 4.11. 
IIpe.n;cTaBJieHbl OCHOBHbie CBOHCTBa, 06II1He npe,l1CTaBJieHIDI 3THX 0606II1eHHbIX <l>YHKIIHH, pacCMOT

peHhl npHMepbI. Orrpe.n;eJieHHe 0606II1eHHhIX <l>YHKIIHH c rroMOIIIbIO JIHHeiiHhIX .n;H<}l<}lepeHIIHaJibHhIX 

orreparopoB rrpOH3BO):{HTC51 B 4.12. 
IToCTaHOBKa 3a.n;a1m 0 Bhl,l1eJieHHH KOHeYIHOH YiaCTH CHHryAApHOH o6o6meHHOH <l>YHKIIHH, HH

TerpaJia c CHJibHOH oco6eHHOCTbIO IIpHBe):{eHa B 4.13. 3.n:ecb ,l1aH BbIBOA <}lopMyJibl A.naMapa wrn KO

He'IHOH qacTH. ITpHBeAeH npHMep peryJIMpma11HH npocTeihuero rnrrepcHHryAApHoro HHTerpana 

B KOMIIJieKCHOH IIJIOCKOCTH. IioJiee IIO,l1p06Hbie pacCMO'fPeHHH rnrrepCMHryJIHpHbIX HHTerpaJIOB co

.n:ep)l(aTCH B rnaae 8. 
B 4.14-4.17 paccMaTlJHBaIOTCH MHTerpaJibHbie npeo6pa3oBaHIDI <l>ypbe M JlarrJiaca a rrpoc-rpaH

cTBax 0606U1eHHbIX <l>YHKIIHH. BbIBOMTCH OCHOBHbie CBOHCTBa, IIOKa3bIBaeTCH, 'ITO HHTerpaJibHOe 

rrpeo6pa30BaHMe <l>ypbe HerrpepbIBHO M3 :£' B :£'. IlpMBOAHTCH KpaTKoe OIIMCaHHe pacnpe,l1eJie-

HMH I! ( R") M rrpeo6pa3oaaHIDI <l>ypbe B E ( R" ). ,Alli! y.n;o6cTBa BhIIIHCaHbI rn6JIMIIhI npeo6pa3oaa

HMH <l>yphe M JiarrJiaca 0606111eHHbIX <}lyHKIIMH, qacTo HcrroJib3yeMbIX B rrpvmoJICeHIDIX. ITYffKT 4.18 
IIOCBHllleH peweHMIO ypaaHeHHH B CBePTKax. ITOMMMO CBeproqHQH aJire6pbl 3,)1eCb IIpMMeHHeTCH TaK

JICe HHTerpaJibHOe npeo6pa3oBaHMe JlaIIJiaca. TipMae.n;eHbI npit.Mepb1. B IIYffKTe 4.19 BbIIIMcaH anro

PHTM KaHOHHYieCKOH peryJIHpM3aIIHH paCXOMIIIMXCH MHTerpaJIOB M onpe.n;eJieHa CBH3aHHaH c 3THM 

orrepa11IDI .n:po6Horo HHTerpOAM<}l<}lepeHQMpOBaHIDI. 

B nyHKTe 4.20 AaeTCH rroHHTMe 0606II1eHHoro peweHMH AH<}l<}lepeHIIHaJihHoro ypaaHeHMH 

B qaCTHblX rrpoM3BO.ll:HbIX c HCilOJib30BaHMeM corrpHJICeHHOro .n:H<t><}lepeHIIHaJibHOfO orreparopa. IloKa-

3aHa npo11eAypa rroc-rpoeHIDI 4Jytt.n:aMeHTaJibHoro perneHIDI JIMHeiiHoro AM<}l<}lepeHIIMaJibHoro orrepa

Topa c IIOCTOMHHblMM K03<}l<}lMIIMeHTaMM IIpM IIOMOIIIH HHTerpaJibHOro rrpeo6pa30BaHIDI <l>ypbe. 

B nyHKTaX 4.21--4.23 MeTOAOM HHTerpaJihHhIX npeo6pa3oBaHHH noc-rpoeHhJ ¢YHAaMeHTaJihHbJe 

perneHMH BOJIHOBoro ypaBHeHMH, ypaBHeHMH feJibMI'OJlbIIa H TeIIJIOIIpOBO,l1HOCTH COOTBeTCTBeHHO 

AJIH n =I, 2 H 3. 0606U1eHHhle perneHIDI 3a,l1a•rn KornH AJ15I 3TMX ypaaHeHMH paccMo-rpeHbI a 4.24. 

TiocJie.[lHHH nyHKT 3TOH rnaBhl IIOCB5IllleH npHJIO)l(eHHIO 0606111eHHblX <l>YHKllHH B llJIOCKMX M rrpo

c-rpaHCTBeHHblX 3a;:i:aYiax yrrpyrocTH, TepMoyrrpyrocTH, 3JieK-rpoyrrpyrocTH. 

fJiasa 5 B OCHOBHOM IIOCBHIIIeHa TeOpHH peryJIHpHbIX HHTerpaJibHbIX ypaBHeHHH. B rrepBbIX AByx 

IJYHKTaX H3JlaraJOTCH HCXO.IJ:Hbie rroffHTHj{ H onpe,n:eJieHIDI, a TaK)l(e npo11e,l1ypa MeTOAa rrocJie,n:oaa

TeJihHhlX npH6JIM)l(eHHH. BBO;:i:HTCH HTepttpoBaHHbie H.n;pa, orrpe,l1eJIHeTCH pe30JibBeHTa H.n;pa H AOCTa

roqHbie YCJIOBMH CXO.n;HMOCTH B npoc-rpaHCTBax c H I3. 
B nyHKTe 5.3 MHTerpaJibHble ypasHeHIDI <l>pe,l1roJihMa BTOporo po):{a c BblpO)f(JleHHblMH H,l1paMH 

CBO;:i:HTCH K paBHOCHJibHbIM CMCTeMaM JIHHeHHbIX anre6paHqeCKHX ypaBHeHMH, qTo ,l1aeT B03MOJIC

HOCTb 3JieMeHTapHblMH cpe;:i:cTBaMH IIOC'fPOMTb Teopmo H .1J:OKa3aTb COOTBeTCTBY!OlllHe TeopeMbl 

<l>pe.n;roJibMa. 

06111aH TeopHH ypaaHeHIDI <l>pe,l1roJibMa BTOporo po,l1a c HenpepbIBHbIM MJIH L2 
-H,n:poM npe,n:

CTaBJieHa B 5.4. CornacHo cxeMe 3. lliMMJITa TaKoe MPO MHOrMMH cnoco6aMM MOJICHO npe,llCTaBMTb 

a BH,n:e CYMMbI PG-H.n:pa M «MaJioro» H,n:pa, 'ITO ,n:aeT B03MOJICHOCTb o6paTMTh ypaaHeHHe, T. e. caec

TH ero K ypaaHeHMJO c BbipOJICAeHHhIM H,n:poM. TaKHM o6pa30M, H B 3TOM 06111eM cnyqae crrpaBeAJIH

BhI TeOpeMbl <l>pe,n:roJibMa. 

TeopIDI CHMMe-rp:HqHblX HHTerpaJibHbIX ypaBHeHMH rrpe,n:cTaBJieHa B 5.5. 3)1,eCb .[lOKa3bIBaJOTC51 

OCHOBHble TeopeMbl 0 crreK-rpe, TeopeMa fHJib6eprn-lliMH,l1Ta, BbIBO,n:HTCH 6MJIHHeHHbie pa3JIO)l(e

HHH AJIH HTepHpOBaHHblX H.n;ep H T. II. H3JiaraJOTC51 TaKJICe rrpH6JIH)l(eHHbie cxeMbI orrpe,n:eJieHIDI 

xapaKTepMCTHqecKMX qMceJI 11 co6cTBeHHbIX <l>YHKIIHH CMMMeTpHqHbJX H11,ep. B nyHKTe 5.6 1nna

ra10TCH 3JieMeHTbI TeopHH ypaaHeHHH <l>pe;:i:rOJibMa nepaoro poAa. B YiaCTHOCTH OIIHCbIBaeTcH cxeMa 

M. M. JlaspeHTbesa peryJIHpM3aIIHH 3roro ypaaHeHHH. 
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CttMMelpHqm,1e HHrerpa.rrbHhie ypaBHeHIDI 3cp<j:>eKTHBHO HCIIOJlh3)'10TCJl: B 3a,[laqax MaTeMaTH

qecKoii cptt3HKH Ha co6cTBeHHhie JHaqeHIDI. 3TOT cpparMeHT TeopMM rrpe,[lcTaaneH B rryHKTe 5.7. Ifa
naraeTCH TeOpHH 3a,[laqH lllTypMa-JlHyBHJIJIJl: H CBJI3aHHbie c Heii cpaKTbl. 

IlyHKThl 5.8-5.10 IIOCBHIU:eHhl rrpHJIO)l(eHHIO HHTerpa.rrhHhIX ypaaHeHHH B TeOpHH IIOTeHI_\HaJia, 

B TenrrorrpoBO.flHOCTH M Teoptttt yrrpyrocTH. YKa3aHbI ycrroBIDI pa3pelllHMOCTH HHTerpa.rrbHhIX ypaB

HeHMii BHYJPeHHHX H BHelllHHX KpaeBbIX 3a,[laq, KOTOpbie rrorryqeHbl rrpe,[leJibHbIM rrepexO,[IOM Ha 

rpaHHizy o6naCTH COOTBeTCTB)'lOIU:HX IlOTeHIJ;HaJIOB (rrpOCTOro HJIH ,[IBOHHOro CJIOH). B TeOpHH ynpy

roCTH 3TOT MeTO,[I ITOTeHIJ;HaJIOB npHBO,[IHT, Boo6rn:e rOBOpH, K CHHryJIHpHbIM HHTerpa.rrbHhlM ypaB

HeHIDIM, 0,[IHaKO ,[\JUI HHX cnpaBe,[IJIHBbl Bee TeopeMbl <Ppe,[lrnJibMa. 

KoHeIJ; rnaBhl (rr. 5.11-5.13) IlOCBHIU:eH paCCMOlpeHHIO HeKOTOpbIX THIIOB HemmeHHhlX HHTe

rpa.rrbHbIX ypaBHeHHM. YKa3hJBalOTCJl: ycnOBIDI, npH KOTOpbIX Mll: perueHHJl: ypaBHeHHJl: THITa faM

MeplllTeiiHa MO)l(HO npttMeHHTh MeT0,[1 IlOCJie)..\OBaTeJlhHhIX rrptt6JIH)l(eHHM. IlpttBe,[leHa Ta6JIHIJ;a pa3-

JIHqHbIX cnyqaeB cyrn:ecTBoBaHHH perueHMii ypaBHeHHH faMMeplllTeiiHa. ,lJ,IDI perueHIDI 6onee o6rn:e

ro HemrneiiHoro HHTerpa.rrbHoro ypaBHeHHH YphICOHa c onepampoM, YllOBJieTBopHIOIU:HM ycrroBHIO 

JlttnruttQa, YKa3aHbI rrptt3HaKH cyrn:ecTBoBaHIDI H e,[IHHCTBeHHOCTH perueHHH. Ilptt 3TOM c ycnexoM 

rrpHMeHHeTCH npHHIJ;HIT C)l(aTbIX om6pa)l(eHHM. ~Jl: ypaBHeHHM c BIIOJIHe HerrpepbIBHhIM orrepaTO

poM cyrn:ecTBOBatttte pemeHttii .flOKa3hIBaeTcH c Mcrrorrh30BaHMeM rrpHHI.\HIIa lllay,flepa. B nyHK

Te 5.12 mnaraJOTCH rrpoQe.!.\yphI MeTO,fla HhIOTOHa ,[IJUI pemeHHH HerrttHeiiHhIX onepaTopHhIX ypaB

HeHttii, a B 5.13 ,!.\aeTCJl: MaTeMaTHqecKoe OilHCaHHe Jl:BJleHHJl: 6ttcpypKaIJ;HH perueHHH HCJIHHeHHblX 

ypaBHeHHM. 

B 6-ii rnaBe ,!.\aH oqepK TeopHH CHHryJUipHblX HHTerpaJibHbIX ypaBHeHHM. IlpHBe,[leHhl OCHOB

Hhle CBC,[leHHH, KaCaIOIU:HeCH HHTerpa.rroB THITa Koum, perynHpHhie rrpe,[ICTaBJleHHJl: TaKHX HHTerpa

JIOB Ha pa30MKHyrbIX H 3aMKffYThlX KOHTypax, cpopMyJihl rrepeCTaHOBKH IIyaHKape-EeplpaHa, TeO

peMbl ITpttBa.rroaa o rrpe).J;e!IhHhIX 3HaqeHIDIX HHTerpa.rroB Tttrra Komtt M HeK0Topr,1e llpyrtte <j:>aKThl. 

B rryHKTe 6.2 ,flaeTCH rrocTaHOBKa H pemeHtte 3a,[laqM PHMaHa (3a,[laqtt corrpH)l(eHIDI) llJIH 3aMK

HYThIX KOHTYPOB, B 6.3-6.5 mnaraeTCH TeopMH 0,[IHOMepHblX CHHrynHpHbIX HHTerpaJibHhlX ypaBHe

HHM (CHY) c MJJOM Komtt Ha 3aMKHYTOM KOffTYPe, MeTO.!.\ KapneMaHa perueHHH xapaKTepHCTttqe

CKoro ypaBHeHHH, rrpo6rreMhl peryrrHpmau,HH norrHoro CHY. B 6.4 <j:>opMYrrHp)'lOTCH H .flOKa3bIBa

JOTCH TeopeMhI <P. HeTepa. B 6.5 npoBO.flHTCH peryJ1HpmaQHH rrorrHoro CHY 110 MeTO.flY KapneMatta 

(pemeHHeM xapaKTepHCTHqecKoro ypaBHeHHH). 3,[leCh )l(e ,[laHO OIIHCaHHe o6rn:eii IlOCTaHOBKH 3a,[la

qfi o perynHpmaQHH orrepaTopHoro ypaBHeHHH B paMKax <j:>yttKll,HOHaJihHOro aHa.rrma. CttcTeMhI 

CHY Ha 3aMKHyrhIX KOHTYPax paccMalpHBaIOTCH B 6.6. Onpe,[leJUieTcH noHHTHe CHMBona cttcTeMbI, 

cpopMynttpyIOTCH TeopeMbI <P. HeTepa, rrpttBO.!.\HTCH npttMep. 

CHY Ha pa30MKffYThlX Komypax paccMalpttBaIOTcH B 6.7. AHarrH3 perneHHii H orrpe,fleneHHe 

KJlaCCOB perneHHM OCHOBbIBaeTCH Ha pe3yJihTaTax 3a,[laqH PHMaHa MH pa30MKffYThlX KOHTypOB. <Pop

MYJIHpYIOTCH ycnoBHH cyrn:ecTBoBaHHH KJ1accoa pemeHHii B 3aBHCMMOCTH OT HH,[leKca ,flaHHoro KJ1acca. 

PemeHHH xapaKTepttCTJ1qeCKHX ypaBHeHHii KJlaccoB hu, hq, hzn orrpe).J;eJUIIOTCH B 3aMKffYTOM BH,!.\e. 

B rryttKTe 6.8 npMMeHHeTcH MeTO.!.\ opTOroHaJihHhIX MHoroqrreHOB K pemeHHJO HeKoTophIX rrpo

CTeiiruttx ypaBHeHHH. B 6.9 paccMaJPHBaJOTCH CHY c H.flPOM fMnh6eprn. BhlBO.!.\HTCH <j:>opMYrra rre

pecTaHOBKH nopH!IKa HHTerpttpoBaHHH aHanornqHaH cpopMyne IlyaHKape-EeplpaHa, cpopMYJihI 06-

parn:eHHH MH c1rnryJUipHblX HHTerparroB c ll:,[lpOM fHJib6eprn. ,ll;aeTCH perneHHe xapaKTepHCTHqeCKO

ro ypaBHeHHH. BhmttcaH .flByxcTOpOHHHii perynHpmaTOp .flJUI rronHoro CHY c H.flPOM fttnr,6eprn. 

B 6.10 rrpttBO.!.\HTCH perneHtte no MeTO.flY KapMaHa CHY TpttKOMH c HeITO.!.\BH)l(HbIMH oco6eHHO

CDIMH. B KOHU,e rrraBhl (rr. 6.11) CO).J;ep)l(HTCJf <j:>parMeHTapHoe H3JIO)l(eHHe reopHH MHOroMepHbIX CHH

ryJUipHbIX HHTerparroB H CHHryJill:pHbIX ypaBHeHHH H CHCTeM. <Pytt,!.\aMeHTaJibHOe 3HaqeHHe HMeeT 

BBe,[leHHOe C. r. MHXJIHHbIM IIOHHTHe CHMBOJia CHHryJUipHoro orrepaTOpa. B TepMHHax CHMBOJla 

ccpopMy!IHpOBaHhl OCHOBHbie TeopeMhl TeOpHH. B KaqecTBe rrpH!IO)l(eHIDI paccMalpHBa!OTCH CHCTeMhl 

IrnTerparrbHblX ypaBHeHHH KpaeBbIX 3a,[laq TeOpHH yrrpyrocTH. IloCKO!IbKY CHMBOJIJ1qeCKHe orrpe,[leJIH

TeJIH 3THX CHCTeM He paBHbl ttyJIIO, TO llJIH 3THX ypaBHeHHH crrpaBeMHBbl TeopeMbl <Ppe,[lrOJlbMa. 
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B 7-M rnaBe paccMarpnsaIOTCl'I HCKOTOpbie HHTCipa.JibHbIC ypaBHeHIDI rnrra CBepTKH. B rryHK

TaX 7.2 H 7.3 H3JI01KeHbl CBC)J;eHIDI H3 TeopHH HHTeipa.JibHbIX rrpeo6pa30BaHHM <l>ypbe, Jia1maca 

H MeJIJIHHa, KOTOpb1e HCllOJih3YIOTCJI B )la.JihHeiirneM H3Jio1KeHHH. B 7.4 c npHMeHeHHeM rrpeo6pa3o

saHHJI <l>ypbe H TeopeMhl 0 csepTKe llpHBe)leHO perneHHC HHTCipO)IH<j:><j:>epeHUHa.JlhHOro ypaBHeHID! 

Ha OCH. 

B nyHKTe 7.5 )laHo H3JI01KeHHe ocHoB MeTO)la BHHepa-Xomj:>a, TeopHH 4JaKropH3aUHH 4iYffKUHM. 

OrMeqaeTCJI CBJI3b 11po6JieMbl 4JaKTOpH3aUHH Ha OCH c KpaCBOM 3a)laqei1: PHMaHll )IJIJI llOJIYIIJIOCKOCTH. 

PaccMorpeH npHMep Ha perneHne HHTerpa.JibHoro ypasHeHHJI BHHepa-Xon4Ja BToporo po)la. 

fJiaBy 8, IIOCBJIIIICHffYIO mnepc1mryJIJipHbIM HHTCipa.JibHblM ypaBHCHIDIM, JII06e3HO cornacH

JiaCb HanncaTh H noMeCTHTh s )laHHYIO KHHry E. A. CrpeJihHHKOBa. 3)1eCh )laeIT'CJI 011pe)leJieHHe KO

HeqHoii qacTH rHnepcHHryJIJipHoro HHTerpana no A.rlaMapy Ha 01pe3Ke IIpJIM0M H Ha rna)IKOM pa-

30MKHyTOM KOHType, pa3!IHqHhie HHTepnpeTaUHH mnepcHHIYJIJipHoro HHTerpaua. PaccMarpHBaeTCJI 

11po6JieMa BblqHCJICHIDI HHTCipaJIOB THIIa A)laMapa. 

B nyHKTaX 8.2 H 8.3 paccMarpHBaIOTCJI mnepmHryJIJipHhie HHTerpa.JihI B npocrpaHCTBCHHOM 

cnyqae, 11po6JieMbl BhJqHcJieHHJI HX no IIJIOCKHM 3JICMCHTaM, 0606II1eHHbIC llOTCHUHaJihl )IBOMHOrO 

CJIOJI Ha KYCKe IIOBepXHOCTH lliinyHOBa H HCKOTOpbIC )lpyme BOIIpOCbl. HaKOHCU, B II. 8.4 OIIHCaHhl 

pa3JIHqHhie 'IHCJieHHhie MeTO)lbl perneHHJI rHnepcHHryJIJipHbIX ypaBHeHHM B llJIOCKOM H npocrpaHCT

BeHHOM CJiy'laHx. 

B rnaBe 9 npHBe)ICHhI pa3!IH'IHhie npHJI01KCHHJI MaTeMaTHtJecKoro a1111apam B 3a)latJax 4JmHKH 

H MeXaHHKH CllJIOIIIHOM cpe)lhl. 

0 TeMaTHKe CJIC)IYIOIUHX BbIIIYCKOB M01KHO COCTaBHTh 11pe)ICTaBJieHHe 110 npHMepHOMY orJiaB-

JieHHIO 3THX TOMOB, KOTopoe llOMCIUCHO HH1Ke. 

ToM II. CmTHtJecKHe H )IHHaMH'leCKHe 3a)laqH 1JieKrpoMarHHTOTepMoy11wocTH. 

ToM m. KoHTaKTHhie 11po6neMhI MexaHHKH pa3pyrneHHJI aHH3orponHhIX nnacnm H o6ono'leK. 

ToM IV. HeKJiaccH'!ecKHe 11po6JieMhI Te11JI011pOBO)IHOCTH H TepMoynpyrocTH. <l>paKTaJihHbie 

MO)leJIH. YtJeT 14J4JeKToB 11aMJITH (HHTCJIJieKTYa.JihHb1e MaTepHa.JihI). fHnep6onH'leCKHe MO)leJIH. BJI3-

Koy11pyrHe MO)leJIH. 

ToM V. HeKJiaccHqecKHe 11po6JieMhI MexaHHKH KOMll03HTOB. HaHoMexaHHKa. 

B 3aKJI10qeHHe asTOpb1 Bb1pa1Ka10T rny6oey10 6Jiaro)lapHOCTh npoqi. E. A. CrpeJihHHKOBOM 3a 

yqacnre B pa6oTe Han KHHroii, o6CY1K!IeHHe pe3ynhTaTOB, crroco6cTsosasrnee ynyqrneHHIO ee co

i:1ep1KaHHJI. 

AsTOpb1 6Jiaroi:1apJIT TaK1Ke corpyt1HHKOB Jia6opampHH 3JieKrpoTepMOMaI'HMToy11pyrocTH 11pH 

Ka4Jei:1pe 11pHKJia)IHOM H BhI'IHCJIHTCJihHOM MaTeMaTHKH CyMcKoro rocyHHBepcHTeTa 3a o6cy)K)leHHe 

TeMaT.HKH 1-ro TOMa H CJIC):ly!OIIIHX TOMOB cep.HH. 

HaKoHeu, MhI Bbipa1KaeM rey6oKyIO npmHaTeJihHOCTh corpy)IHHUaM Jia6opampHH JI. JI. <l>HJiblll

nrncKoii HA. 0. KJla)l.HeHKO 3a TCXH.H'ICCKYIO pa6ory Ha):\ PYKOII.HChIO: KOMllhIOTepHbIB Ha6op, 6eCKO

HC'IHhie ero 11paBKH H Bbl'IHTKY TeKCTa. 

liap.1uoi.:ac )1,eMocrenuc Hoannuc. Ilpo4Jeccop A4JHHCKoro HaUHOHaJibHoro Te%HHtJecKoro yHHBep

cMTeTa (NTUA). Po)IHJICJI B r. TarnKeHTe s 1952 r. s ceMhe rpeqecKHX 110JIHTIMHrpaHTOB. IIocJie 

OKOHqamrn cpe)IHeM IIIKOJlbl B 1970 r. nocrynHJI Ha MexaHHKO-MaTeMaTH'ICCKHM 4JaKyJibTeT Taw

KeHTCKOro rocy)lapcTBeHHoro yHHBepcHTeTa HM. B. H. JieHHHa H OKOH'IHJI ero c11 1975 r. IIocJie na

):ICHHJI t1HKTaTyph1 B fpeuHH BCJI ceMhJI B03BpaII1aeTcJI Ha PoAHtty. B 1976 r. 6mJI IIpHHJIT HaYtJHhIM 

corpyt1HHKOM Ha Ka4Je!lpy MexaHHKH Ali>HHCKoro HaUHOHaJihHoro TeXHH<recKoro yHHBepcHTem, 

3asei:1y101UHM KOTopoii 6hm H3BeCTHhIM YtJeHhIM, aKat1eMHK IT. C. TeoKapHc. Ilo,11 ero PYKOBO):ICTBOM 

B 1984 r. 3aII1HTHJI )l.HCCepTaU.HIO «l1CcJie)IOBaHHe llJIOCK.HX 3a)la'l yKpenJieHJlm TeJI c rpeII1HHaMH 

H llJIOCKHX KOHTaKTHhlX 3a):\a'l y11pymx TeJI MeTO,rJ,OM T<l>KIT». c 1987 110 199'0 IT. IIpOXO):\.HJI HaYtJ

HYIO CTa1KHpOBKY s MHXMe 11oi:1 pyKoBOiICTBOM B. 3. IlapmHa HE. A. Kynp~qesa. CeM'lac JIBJIJieTCJI 
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rrpo<l>eccopoM Ha Ka<l>e11,pe MexaHHKH <l>aKYJihTeTa rrpHKJia11,HOH MaTeMaTHKH H <PmwiecKHx Hayx 
A<l>HHcxoro HaUHOHaJihHOro y1mBepcHTeTa. Ony6nHKosan 6onee 130 Ha)"IHhIX pa60T no pa3JIH'lHhIM 
pa311,enaM MeXaHHKH CIIJIOUIHOH cpe.z:u,1 (MexaHHKa pa3pyrneHIDI, yrrpyrocTu, TepMoyrrpyroCTu, 3JieK
rpoyrrpyroCTh, MeXaHHKa CBH3aHHbIX rroneii, MexaHHJCa KOMII03HUHOHHhlX MaTepHaJIOB, MexaHHKa 
3eMJierpHceHHH, reopHH BOJIH H T. IJ,.), HBnHeTCH aBTOpOM H coasTOpOM MHOrHX )"Ie6JIHKOB H MOHO
rpaqmii B BbIIDeyKa3aHHOH Ha)"IHOH o6nacTH, KOTOpbie 6b!JlM H3)J,aHbI Ha pa3Hb!X H3b!Kax (pyccKHii, 
aHrJIHHCKHH, rpe'leCKHH). 

cl>HJiblllTHHCKBii JleoHB)J, AHWeJIOBH'I • .ll:oKTop <l>tt3HKO-MareMaTH'!ecKHX HayK, rrpo<l>eccop, 3ase
JzyIOIUHii Ka<l>e.npoii rrpHKJJa)J,HOii H BhI'lHCnHTeJihHoii MaTeMaTHKH C)'McKoro rocy,napcTBeHHoro yHH
sepcttreTa, aKa,neMHK PoccttiicKoii aKa,neMHH ecTeCTB03HaHIDI (PAE). 3aceyx<eHHhrn ,nenTenh Ha)'KH 
H o6pa3oBaHHH no orrpe11,eneHmo PAE. I1011,rOTOBRJJ 3 ,noKTOpos H 26 xaH11,R1J,aTOB Hayx. Asrnp 6onee 
300 Ha)"IHbIX CTaTeii, 11 MOHOrpa<l>Hii H )"Ie6HhIX rroco6Hii. Ha)"!Hhle HHTepeChI: MaTeMaTH'leCKaH 
<l>mHKa, MexaHHKa CIInOIIIHOH cpe)J,bl. 

cl>HJiblllTHHCKHii MuxanJI JleoHB)J,OBH'I. Po,n11ncH Br. Hosoc116npcKe (PoccHH) B 1961 r. C 1975 r. 
)KHJI Br. CyMhI (YKpaHHa). B 1989 r. 3aJUHTHn KaH,n11,naTCK)'IO ,n11ccepTaUHIO «PeIIIeHHe IJ,B)'MepHbIX 
)J,HHaMH'leCKHX 3a_naq TeOpHH yrrpyroCTH 11 3neKTPoyrrpyrocTH MH Ten c rronOCTHMH-pa3pe3aMH» Ha 
MexaHHKo-MareMaTH'leCKOM <l>axynhTeTe MfY. Be,nym11ii Ha)"IHhIH corpy,nHHK C)'McKoro rocy,nap
CTBeHHoro YHHseprn:TeTa, asTop 6onee 55 Hay'lHhIX rpy,nos. Ee3speMeHHO yrnen 113 )KH3HH 21 HOH6-
pn 2003 r. XapaKTepHoii qepToii ,nenTenhHOCTH Mnxa11na JieoHH)J,OBH'la 6bIJIO co'!eTaH11e TaJiaHTa 
c 6onhIIIOH pa6oTOcrroco6HOCThIO, 6e3 KOTOpoii HeB03M0)KH0 6b1no )J,OBeCTH )J,0 KOHUa MHome HH
TepeCHhie pa6oTbl, OTJlH'laIOIUHeCH aKT)'aJJhHOCTbIO KaK c TO'IKH 3peHHH TeOpeTH'leCKOH IIOCTaHOB
KH, TaK H rrpHnO)KeHHH. .ll:pyroii KOMIIOHeHTOH ero rrpHpO)J,HOro ,napa H ysne'leHml 6hIJia M)'3bIKa 
H ee KOMII03HUHH. 
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1.1. OcH06Hb1e onpeoeneHUR. TeopeMa Kowu 

IlyCTh f ( x, y) - ,!IIHpcpepem:i:HpyeMIDI KOMIIJieKCH03HaqHIDJ cpyttKqIDI KOMIIJieKCHhlX rrepe

MeHHbIX x H y. Bse.n;eM HeBb1po)J(;::i:ettHoe rrpeo6pa3oBaHHe z = x+iy, z* = x-iy H orrepaTO

phl KOMIIJieKCHOro .n;wcpcpepem:i:wpoBaHHH ( i - MHHMIDI e.n;HHHI:t:a) 

:z=~(:x-i:J. d~.=~(:x+i~} (1.1) 

Heo6xo.n;HMhIM H .n;ocTaTOqHhIM ycnosHeM tte3aBHCHMOCTH cpyttKQHH f ( x, y) OT rrepeMeH

HoiI z. HBJIHeTCH paBeHCTBO 

df +idf =0. 
dx dy 

(1.2) 

IlycTh Tenepb x H y - .n;eiicrnmeJibHhie rrepeMeHHhie. B 3TOM cnyqae cpyttKJ:t:HIO f ( x, y) 
If orrepaTOpbI KOMIIJieKCHOro ,!IHcpcpepeHQHpOBaHHH (1.1) MO)J(HO rrpe,!ICTaBHTb B BH,]:(e 

f(x, y)=u(x,y)+iv(x,y), (1.3) 

d I(d .dJ d 1(d .d) 
dz = 2 dx - i dy ' Oz' = 2 dx + 1 dy ' 

r.n;e u ( x, y)' v ( X, y) - .n;eiICTBHTeJibHbie cpyttKQHH rrepeMeHHbIX x If y, z - BeJIHqHHa KOM

IIJICKCHO-COIIpH)J(eHHIDI C z. 
YcJIOBHe (1.2) c yqeTOM npe,!ICTaBJieHIDI (1.3) .n;aeT cJie;::i:yIDIQHe COOTHOlIIeHIDI Me)J():(y ;::i:eiICT

BHTCJibHOH H MHHMOH qacTHMH cpyttKQHH f ( X, y) : 

du dv 
ax= oy' 

du dv 
-=--
dy dx 

(1.4) 

TaKHM o6pa30M, ecmi: cpyttKD,HH u ( x, y), v ( x, y) ;::i:mp(j_)epetti:i:wpyeMhI B HeKOTopoii o6nac

TH (j) Ha IIJIOCKOCTH KOMIIJICKCHOro rrepeMeHHOro z = x+iy, TO 3TH ycJIOBHH (Konm-PHMaHa, 

,lJ,anaM6epa-3iinepa) Heo6xo.n;HMbI H ,!IOCTaTOqHbl ,!IJIH TOro, qT06bI 

1) f (x,y) = u(x,y)+iv(x, y} = f (x+iy} = f (z}; 
2) CYIJ:t:eCTBOBaJia rrpOH3BO):(HIDI 

f'(z)=df =du+idv=dv_idu=du_idu=dv+idv, ZE<D. (l.S) 
dz dx dx dy dy dx dy dy dx 
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0.l:IH03Ha'lHaJ! <l>YHKI.(IDI f ( z), .LLM<l><l>epeHIJ;npyeMaJ! B KIDK):(OH TO'!Ke o6nacrn (j)' Ha3bIBa

eTCH aHaJIITTH'!ec1<oi1: (ronoMop<l>HoH, perynHpHOH, MOHoreHHOH) B TI'OH o6naCTH. PaseHCTBa (1.4) 
HJIH (1.5) .l:\OCTaBJIHIOT Heo6xo,n:HMbie H .l:\OCTaTO'IHble ycJIOBIDI aHaJIHTH'IHOCTH <i>YHKI.(HH f ( z). 
Ha caMoM .1:1ene aHaJIHTH'IHOCTh <l>YHKUHH J(z) B o6nacTH i]) o6ecrre'IHBaeT cyuieCTBOBaHHe 

rrpoH3BO.l:\HOH nro6oro rropH,n:I<a f(kl(z) s 3TOH o6nacTH. YKa3aHHoe 3aMe'IaTeJibHOe csolicTBO 

aHaJIHTH'IeCKHX <i>YHI<IJ,HH BbITeKaeT, HarrpHMep, H3 HHTerpanbHOH <i>OPMYJibI Konm, 0 KOTOpOH 

pe'lb noli,n:eT HH)l(e. 

Ih paseHCTB (1.4) cne.zzyeT, 'ITO .1:1ei1:CTBHTeJibHaH H MHHMaH '!aCTH J(z) - rapMOHH'IeCKHe 

<i>YHI<IJ,HH, T. e. 

a2u a2u a2v a2v 
!:i.u=-+-=0 !:i.v=-+-=0. ax2 oy2 

, ox2 ay2 

0HH Ha3b1BalOTCH conpH:>KeHHbIMH rapMOHH'IeCI<HMH <i>YHKIJ,HHMH B o6JiaCTH <D, H60 B CH

ny (1.4) Ka)l(,D;aJ! 113 HHX c TO'lHOCTblO .1:10 a)];)];HTHBHOH ITOCTOHHHOH onpe.1:1enHeT corrpH)KeHHYfO 

C HeH <i>YHKIJ,HIO. 

HHTerpan OT <i>YHKIJ,HH J(z) no cnpHMJIHeMoH .zzyre C orrpe,n:enHeTCH o6hI'IHbIM o6pa3oM 

Jt ( z)dz = Judx-vdy + i Judy+ vdx. (1.6) 
c c c 

B CHJiy (1.4) no,D;b1HTerpanbHbie BbipIDKeHIDI B KpHBOJIHHeHHbIX HHTerpanax HBJIHIDTCH non

HbIMH .l:IHci>cpepeHIJ,HaJiaMH, I103TOMY 3Ha'IeHHe HHTerpana B nesoil: 'IaCTH onpe,n:eJIHeTCH TOJibKO 

I<OHIJ,aMH ~H c. .[(ml 3aMKHyTOro Komypa HHTerpan (l.6) paseH HyJIIO. TO'IHee, HMeeT MeCTO 

TeopeMa Kowu [12, 16, 21]. 
IlyCTb i]) - O,D;HOCBH3HaJ! o6naCTb, orpaHw-reHHaJ! npocTOH 3aMKHyTOH cnpHMJIHeMOH I<pH-

BOH r, H <l>YHKIJ,HH J(z) aHaJIHTH'IHa B (j) H HenpepbIBHa B 3aMbIKaHHH iJJ. Tor,n:a 

J! (z)dz =0. 
r 

TeopeMa KoIIIH o6o6ll1aeTCH Ha MHorocBH3HYfO o6naCTb <JJ, orpaHH'leHHYfO KOHe'IHbIM 'lHC

noM KOHTYPOB rk B npe,n:Jio:>KeHHH, 'ITO J(z) aHaJIHTw-IHa B 3TOH o6naCTH H HenpepbIBHa B 3a-

MbIKaHHH (j) = iJJUr (pHC. 1.1). HanpaBJieHHe o6xo,n:a KOmypOB rk IlpHHHMaeTCH TaKHM, 'IT0-

6bl o6naCTb i]) ocrnsanacb cnesa. 

Puc. 1.1. MHoroCBH3HaH o6nacTh i]) 
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flpHMemITeJlbHO K KOH<j:mryparurn, mo6paiKeHHOH Ha pHC. 1.1, MO)l(HO 3arrncaTb 

ft(z)dz= ff(z)dz+ ff(z)dz+ ft(z)dz=O. 
r r1 r, r, 

3)1,eCb r = r; + r 2 + f 3 - IIOJIHaJ'I rpamn~a 06JiaCTH <]). 

1.2. HHmeapan&H&1e npedcmaeneHUR 

Ifa reopeMbI Kourn BhITeI<aeT ij:iopMyna Kornn [4, 21, 22], I<OTOpM orrpe)J,eJIJ'IeT HHTerpanh

Hoe rrpeil,CTaBJieHHe cp)'HKUHH f ( z) , roJIOMopcpHOM B KOHeqHOM MHOrOCBJ'I3HOH o6naCTH <]) H He-

rrpepbIBHOH a <])=<])Ur, qepe3 ee rpaHnqHbie 3HaqeHmr f(() 

f(z)=-
1 . ff(() d(, ZE <]), 

2m r ?-z 
(1.7) 

3)1,eCb o6Hapy)lmBaeTCJ'I eme 01.(HO 3aMeqaTeJibHOe CBOMCTBO: 3HaqeHHe f (z) B mo6oii BHyT

peHHeii ToqKe o6nacTH ee aHaJIHTH:qHOCTH O)J,H03HaqHo orrpe)J,emreTCH ee rpaHll'IHbIMH 3Haqe

HHJ'IMH. 

ECJIH f(z) aHaJIHTHqHa Ha BHernHOCTH I<OHeqHoii O,n:HOCBH3HOH o6JiaCTH <]) c rparrm~e:H r 
H ncqe3aeT Ha 6ecKOHeqHOCTH (limf ( z) = 0, z -7 00 ), TO cpopMyna KornH (1.7) OCTaeTCJ'I B CHJie. 

Heo6xo.n:HMO TOJibI<O o6xoiJ,HTh KOHTYP r no qacoaoii cTpenKe (rnKHM o6pa3oM o6nacTb aHa

JIHTll'IHOCTH cpyuKI.I,HH f(z) 6yiJ,eT oCTaaaTbcH cneaa). B TOM cnyqae, KOr)J,a limf (z)=c=const 

rrpH z -7 oo, cpopMyna (1.7) orrpeil,eJIHeT cpyHKUHIO f ( z )-c. I-fa cpopM)'Jibl Kourn: cneiJ,YeT cy

mecTBoBaHHe rrpOH3BO)J,HOH rr106oro IIOpl'Iil,Ka y aHaJIHTHqeCI<OH cpyHKQHH f ( z). 

t<"l(z)==-~:J f((~+td( (n=l,2, ... ). 
21li r(( -z) 

(1.8) 

IlyCTb <]) - Kpyr lz-zol < R, r -rpaH~a o6JiaCTH <]), $)'HKUH.!I f(z) aHam1THqua B <]) 

II HerrpepbIBHa B <.]); M - MaKCHM)'M MO)J,)'JIJ'I f (z) B <]). lb ij:iopM)'JibI (1.8) BbJBOMTCJ'I Hepa-

BeHCTBa Kornn, KOTOphie B 3THX 0603Haqemrnx HMeJOT BH)J, [21, 22, 29] 

If (n) ( ) I< n ! ( _ ) Z0 - M R" n - 1, 2, ... . (1.9) 

HMeeT MeCTO TeopeMa flHyBHJimt, BbITeKaIOlll.aJ'I 113 (1.9); eCJIH f(z) aHaJIHTHqHa B IIOJIHOH 

Z-IIJIOCKOCTH, TO OHa IIOCTOJ'IHHa. 

PaccMOTpHM rerrepb HHTerpan KoIIIH, qmrypHpYJOII.I,HH B rrpaaoii qacTH (1.7), KaK caMoCT011-

TeJibH)'IO aHaJIHTll'IeCKYJO KOHCTPYKUHJO. IIycTb <JY - KorreqHM O)J,HOCB113HM o6rraCTb, orpa

HHqeHHM KOHTypOM r, {fj:::: <]) LJ r, <])- - .ll:OIIOJIHerr11e 3aMI<HYTOH o6JiaCTH <.]) .ll:O IIOJIHOH 

Z-IIJIOCKOCTH (T. e. IIJIOCKOCTH, CO)J,ep)l(alll.eii TO~ Z == oo), f(() - rpaHHqHoe 3HaqeHHe 

cpyrrI<UHH f(z) Ha f. ~JIJ'I HarnHX QeJieH )J,OCTaTOqHO 6y.n:eT rrpe)J,IIOJIO)l(HTb, 'ITO r - 3aMKH)'

TM K)'COqHo-rna.n:KaH Kp11aa11 6e3 ToqeK caMorrepeceqeHII1!. 



18 

Ton:i:a 

rJIABA 1 

_1. ff(() d( ={f(z), ZE <JY, 
2m r ( - z 0, z E <IT. 

3TO 03HatJaeT, '!TO IIHTerpaJI Kornn onpe.ll;emreT Ha TIOJIHOH TIJIOCKOCTII z TaK Ha3hIBaeMyio 

J<YCOqHo-roJioMopqmyio (J<YCO'IHO-aHaJIIITII'leCKYJO) cpyHKIJ;HIO F(z) c JIIIHHeii CKa'IKOB r, 
npII'ICM 

Eonee o6mIIii npHMep KycotJHo-ronoMopqmoii cpyHKIJ;HII .L\OCTaBJigeT HaM IIHTerpaJI mrra Ko

illII [5, 21, 24, 25]. 

IlycTh f - npOCTOH rJia.ll;KIIH 3aMKHYThIH HJIH pa30MKHYThIM KOHryp, II rryCTh f ( () = 

= h ( () + if2 ( () - KOMTIJieKCHag $yHKIJ;Hg TO'IKII ( E f. fiy)J;eM r0BOpIITh, '!TO f (() Y.L\OBJie

TBOpgeT Har ycJIOBHIO feJih.ll;epa (HenpephIBHa no feJih.ll;epy, npIIHa.[\Jle)KIIT KJiaccy H(µ)), ecJIH 

(l.10) 

EcnH ?o - <jlHKCHpOBaHHM TO'!Ka Ha r. TO 6y)J;eM roBOpHTh, '!TO <jlyHKIJ;IIg /(?) Y.L\OBJieTBO

pgeT ycJIOBIIIO H(µ) B TO'!Ke ?o npII It ( ?)- f ( ?o )l<AI? -?l. A >0, 0<µ::;1 .[\AA ? Er 
.[\OCTaTO'IHO 6JIH3KIIX K ( 0 • 

Ilo.ll; HHTerpanoM TIIIIa KomII TIOHIIMaeTcg KOHCTpyKIJ;lrn 

F(z)=-1 . JI(?) d(, zE"f, 
2m 1 ( -z 

(1.11) 

r.[\e f (()E H(µ) II HanpaBJieHIIe IfHTerpupoBaHIIg .[\Jlg 3aMKffYTOr0 KOHTypa f - IIpOTHB tJa

COBOH CTpeJIKif (pHC. 1.2), Mg pa30MKffYTOr0 KOHTypa f - OT Ha'laJia (TO'!Ka a) K KOHIJ;y )J;yrH 

(TotJKa b ). IlpII TaKOM Bh16ope HanpasneHHg o6xo)J;a KOH'rypa o6naCTh, pacnonom:eHHyIO no 

nesyIO (npasyIO) PYKY OT KOHTypa r, o603Ha'IHM tJepe3 qy ( <D-). 

CJ.:l 
+! a1 

_J-
al -:;:::/" 

Puc. 1.2. IlonoJKHTeJibHbie HarrpaaneHHg Ha 3aMKH)'ThIX 11 pa30MKHYThIX KOHyYpax 
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I1HTerpa.rr THIIa Kornn ( 1.11) cymecTByeT ,LI.ID! mo6oro z E r H Hcqe3aer Ha 6eCKOHeqHOCTH 

( lim F ( z) = 0, z ~ oo) . Orrpe,LleJUieMM HM <l>YHKUHH F ( z) ammHTHqHa s mo6oii ToqKe, He ne

)KaJ.Ueii Ha r. EcJIH )Ke z E r, TO HHTerpan THIIa KoIIIH (1.11) B o6bJqHoM (pHMaHOBOM) CMbIC

Jie He cymecrnyer . .[VIH Toro, qT06bI rrpH,LlaTh eMY onpe,L1eJieHHblii CMhICJI, crpoHTCH cneu;Hanh
HaH npou;e.J:IYPa (BhI,Llenemur KOHeqHoii qacTH oco6oro HHTerpruia). 

TiyCTh TOqKa Z COBIIa,LlaeT C <i>HKCHpOBaHHOH TOqKoii ; 0 , Jie)KaID;eH Ha JIHHHH r H He COB

IIa,LlaIOID;eii C ee KOHD;aMM. 0603RaqttM qepe3 r H ;" TOqKH nepeceqeHHH KOmypa r C OKpJ)K

HOC'ThJO lz-?0 1 = r, a qepe3 y .J:IYTY KpHBOH r Me)K,Lly TOqKaMH r H (" (pHC. 1.3). 

b 

\ 
(' 

Puc. 1.3. K orrpe1wnemuo rnasHoro 3Ha'leHH» oco6oro HHTerpana no Konrn 

TIO.LI rnaBHhIM 3HaqeHHeM HHTerpana THna Konm (1.11) B ToqKe KOHTYPa ; 0 noHHMaeTCH 

cJie.L1yromee [4, 5, 21, 24, 25): 

Vp J !(?) d(=lim J !(?) d{ (1.12) 
r ? - ?o ,__.o nr ( - ?o 

TaK KaK 

J J(?)- J(?o) d( s fAl?-?l-1d?, 
nr ?-?o nr 

TO npe,LleJI B npaBOH qaCTH (1.12) cymecTByer. 11.MeeM OKQHqaTeJibHO 

Vp J f (?) d( = J1(?)- f (?o) d? +(i.Jr+ ln b-?o )1 (?o)· 
r?-~ r (-~ a-~ 

(1.13) 
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TaKHM o6pa30M, rnasHoe JHalJeHHe (oco6oro, cumymq>Horo) HHTerpa.rra Tuna Koum s TOlJ

Ke ( 0 onpe,Z1,em1eTc.H <):iopMynoH: (1.13). ,Il;JIH cnpase,ZJ,JIHBOCTH onpe,ZJ,erremrn (1.13) B mo6oH: 

BHyTpeHHeH (He COBIIa,ZJ,aIOJ:D;eH C KOHI~aMH) TO'IKe JIHHHH r ,ll,OCTaTO'IHO, 'IT06hI <):iyttKUH.H f (() 
YJl.OBJieTBOp>ma ycJIOBHIO ieJib,ll,epa (l.10) Ha r. ~H 3aMKH)"fOro KOHrypa (a= b) cpopMy

rra (1.13) yrrporu;aeTCH. HMeeM 

(l.14) 

B 6orrhlllHHCTBe HCTO'IHHKOB 3HaK rnasHoro 3HalJeHHH Vp (valeur principale) orrycKaeTcH H HC

IIOJih3YeTCH o6bI'IHOe o603Ha'IeHHe HHTerparra. HIDKe Mbl TaIOKe 6y)1,eM npH,ZJ,ep:amBaTbC.H :no

ro corrrallleHHH. 

113 paBeHCTBa (1.14) BbITeKaeT <):iopMYJia !aycca ,ll,JI.H 3aMKHYTOrD KOHTypa 

_1 f~=_!. !' E [' 

2 . !' - !' 2, !:>o . 
1Cl r !::> !:>o 

(1.15) 

B cooTBeTCTBHH c 3THM npoCTeH:lllttH: HHTerpan THna KolllH onpe,ZJ,eJI.HeT Ha IIJIOCKOCTH z eyco11-

Ho-rorr0Mopqmy10 cpyHKU:HIO C JIHHHeH CKa'IKOB r. 

(l.16) 

B IIpHJIO)KeHIDIX 'IaCTo HCIIOJib3YeTC.H CJieJ1.Y101.11ee o6o6ru;eHHe HHTerparra THIIa KOlllH. IlyCTu 

t'1 - KOMIIJieKCHOe 'IHCJIO, ,ll,JI.H onpe,ZJ,eJieHHOCTH 6y,ZJ,eM C'IHTaTh, 'ITO Im t'1 > 0. BBe,ZJ,eM KOM-

IIJieKCHYfil rrepeMeHffY10 z1 = x +!Ji y = Re z + µ 1 Im z, OCYJ.lleCTBITHIOJ.llY10 a<):i<):i11HHOe oro6pa)Ke

Htte IIJIOCKOCTH KOMIIJieKCHOro nepeMeHHOro z Ha IIJIOCKOCTb Z1. IlpH 3TOM HOJib rrepexo,ZJ,HT 

B HOJib, 6eCKOHe'IHOCTh B 6ecKOHe'IHOCTh, CB.H3HOCTb o6JiaCTH H HanpaBrremre o6xo,ZJ,a He MeHH

IOTC.H. JI106a.H BffYTPeHHH.H TO'IKa o6rraCTH <D Ha IIJIOCKOCTH KOMIIJieKCHOro nepeMeHHOro z rre

pexo,ZJ,HT rrpH a<):icpHHHOM OT06pa)l(eHJrn BO BHyrpeHHIOIO TOlJKY o6rraCTH <DI Ha IIJIOCKOCTH Z1 
(pnc. 1.4). 

z!J 
Puc. 1.4. K rnrronornH a<j:><j:>HHHoro orn6pa)KeHHH z1 =Rez+14 Imz, µ1 > 0 
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06o6ll(eHHbJH HHTerpa.n: THila Kornn [ 44] 

(l.17) 

orrpe,11,eIDier Ha TIJIOCKOCTH KOMTIJieKCHOro nepeMeHHoro Z1 3aryxaIOIIJYIO Ha 6eCKOHeqHOCTH Ky

COlfHO-roJioMopqmyro <PYHKI.l;HIO F(z1) c JUIHHeH CKalfKOB rl. A<P<PHHHOe rrpeo6pa30BaHHe ne

peMeHHbIX 

(1.18) 

onpe_n,emrer oneparophl KOMnneKcHoro ,11,H<P<PepeHu;HposaHmr 

(l.19) 

Ha OCHOBamrn: COOTHOllieHHH (1.19) YCJIOBHe He3aBHCHMOCTH KOMTIJieKCH03HalfHOH _n,mptl>epeH-

1.l;HpyeMOH <l>YHKQHH <I> ( X, y) = u ( X, y) +iv ( X, y) OT nepeMeHHOH Z1 HMeeT BH,11, 

a<I> 1 (a a) . -= --1-4- (u+tv)=O. 
dz; 2ilmtJi ay ax 

flocne pa3_n,enemrn B 3TOM paseHcTBe ,11,eiiCTBHTeJibHOH H MHHMOH qacTeii npHX0,11,HM K COOTHO

meHmIM snonHe aHanorHlfHhIM ycnoBHHM KomH-PHMaHa (1.4) 

1 

au av av 
ImtJi-+Re1-4-=-, 

dX OX dy 

dU dU av 
ay -RetJi ax =-ImtJi ax 

flpH /4 = i OHH H nepeX0,11,.!IT B YCJIOBH.!I (1.4). 

TaKHM o6pa3oM, ycnoBHH (1.20) Heo6xo,11,HMbI H ,11,ocTaTOlfHbI MH Toro, 'IT06b1: 

l) <I>(x, y) = <I>(x + f..4Y) = <I>(z1); 

2) Cyll(eCTBOBaJia IIpOH3BO,!l,Ha.!I 

a<I> .m.'( ) a ( . ) 1 a ( . ) -=.., Z1 =- u+zv =-- u+zv. 
dZ1 ax f..4 dy 

(l.20) 

(1.21) 
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B3HB seru:eCTBeJIHYIO np0113BO)J;Hyl0 a2<1> I OZ10Z1 OT KOMIUieKCHOH <J>ymm:mr <I>( X, y )=u +iv, 
IIpIDCO)J;HM K BbIBOiJY, lJTO conpIDKeHHhle <J>ymai;mr u, v eCTb pemeHHH O)J;HOpo;::i;Horo ;::i;H<J><J>epeH

IUfaJlbHOro ypaBHeHHH BTOporo nopH;::i;Ka c ITOCTOHHHbIMH K03<jJ<jJHQHeHTaMH 

(1.22) 

BBOM HeBbipolK,!l,eHHoe npeo6pa:30BaHHe 

{

x = ; + Re JLi 1] 

{
; = x + y Re Jli ¢:::> InlJii ' 
1] = y lmJLi 1] 

y=--
InlJLi 

npHXO)J;HM K conpH)J{eHHbIM rapMOHHlJeCKHM <jJyHKQHHM u(;,1]) = u(x, y) H v ( ;,17) = v(x, y): 

1.3. npeoenbHble 3Ha'leHuR uHmeepana muna Kowu 
u HeKomopb1x uHmeepanoe co cnequanbHblMU RdpaMu 

IlyCTb r - rrpOCTOH rJia)J;KHH 3aMKH)'TbIH KOHTyp, TO'lKa (Er, p(zS)=minp(z,(}= 
(er 

= d > 0 - paCCTOHHHe OT T01IKH Z ):10 MHO)l(eCTBa r H Z E r. fIOJI)'1IHM npe;::i;eJihHble 3Ha1IeHHH 

HHTerpana THna Konrn, Kor;::i;a TOlJKa z crpeMHTCH K ( 0 H3 o6nacTH <If (<IT ) . B rrpe;::i;noJIO)l(e-

HHH, lJTO BeJIHlJHHa lz- ?ol/ d - orpaHHlJeHHaH (TO'lKa Z ~ ( 0 E r TIO HeKaCaTeJibHOM)' nyTH), 

MO)l(HO IlOKa3aTb, lJTO HHTerpan 

f J(()- J(?o) d( ~ f !(()- J(?o) d( 
r (-z r ?-?o 

npH CTpeMJieHHH z K ?o KaK 113 o6naCTH <IY' TaK H H3 o6naCTH <IT. Bbipa)l(aH ero 113 (1.14) 

11epe3 rnaBHoe 3Ha11eHHe oco6oro HHTerpa.rra nma KomH H YlJHTbIBaH npH TIOM cPOPMYJIY (l.16), 
3aTIHIIIeM 

(
_l. f J(?) d(J± =~ff(() d(-_!_ f(?o)+{f(?o), 
2m r (-z z->to 2m r (-(0 2 O, 

ZE <Jf, 

ZE <D-. 
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Orc10,na no.rryqaeM cpopMYJihI Coxon:Koro-IlneMem1 ,nm1 npe,nen1>HbIX 3Ha'Iem1H: HHTerpana THna 

Koum (1.11) 

r(?o)=~f((o)+ 2~i f {~~ d(, 

P-((o) =-_!_ f (?a)+~ J f (() d{ 
2 2m r (-(0 

(1.23) 

O'IeBH,nHO, cpopMYJibl (1.23) cnpase,nmmhl H ,nm1 pa30MKnyroro KOHTYPa r, eCJIH ?o - BHyT

peHID!H TO'IKa (He COBIIa,naeT c ero KOHl(aMH). TaKHM o6pa30M, HHTerpan THIIa KoIIIH (1.11) OII

pe,neJIHeT Ha IIOJIHOH IlJIOCKOCTH z K)'CO'IHO-roJIOMOpq:my10, HC'Ie3aJOrnyio Ha 6eCKOHetJHOCTH 

<l>YHKLt:HIO F(z) CJIHHHelipa3pbIBOB r, IlpH'ICMCKaqoK F(z) Har paBCH«IlJIOTHOCTH» !((). 
AHanorH'JH1>1e pacC)')l<J(eHIDI OTHOCHTeJibHO o6o6meHHoro HHTerpana THna KoIIIH ( 1.17) ,naJOT 

F+ ( r ) - 1 f ( r ) 1 f f (;) d r ~10 -2 ~o +~ r _r ~I' 
ll'l r, ~ 1 ~ 10 

(1.24) 

Ilo,nqepKHCM eme pa3, 'ITO B npe,nenhHblX COOTHOIIICHHHX (1.23), (1.24) cpHrypHpYJOT rnaBHble 

3Ha11eHHH CHHrJ'JIHPHbIX HHTerpanos c MPOM KoIIIH, KOTOpble onpe,nemIIOTcH <t>opMYnaMH ( 1.13) 
H (1.14) COOTBCTCTBCHHO AJIH pa30MKH)'TOrD H 3aMKHyTOro KOHTypOB [5, 14, 24, 25). 

B npHJIO)l(CHHHX 11acTo BCTPeqaercH HHTerpan mr.na 

(1.25) 

0THOCHTCJibHO 3TOrD HHTerpana cnpaBCAJiliBO CJICA)'IOIIIee )'TBCp~eHHe (7, 8). flyCTb f' -
IIpOCTOH rna,nKHH: 3aMKH)'TbIB IDIH pa30MKHyTblH KOHTyp, TO'IKa ( 0 E l (He COBIJa,naeT C KOHl(aMH, 

ecnH TaKOBble HMeJOTCH) H /(;) y,nosneTBOpHeT ycnoBHJO fen1>,nepa B TOtJKe ?a- Tor,na cpynK

U:HH F; (z) Herrpep1>IBHO npo,non)l(HMa cnesa H crrpasa (H3 o6nacTH CJ)+ H o6naCTH <JY) Ha TOtJ

KY ( 0 • CoorneTcTBYJOIIIHe rpaHHqHhie 3HatJeHHH B 3Toli TOtJKe TaKOB1>1: 

(1.26) 

3,neCb If/ 0 - yron MC)l(A)' IIOJIO)l(HTCJibHOH HOpMaJiblO K r B TOtJKC ( 0 H OCblO 0x1• 

c HCIJOJib30BaHHCM cpopMYJI (1.23)-(1.26) MO'lKHO BbltJHCJIHTb rpaHH'IHbIC 3HatJCHHH HCKO

TOpbIX HHTerpanoB. IlpHBe,neM rrpHMCpbI. 

1. Hmerpan, coi:1ep)l(aII1Hli B KatJeCTse H):lpa ):13eTa-<l>ynKn:HJO BeH:epIIITpacca [1, 2, 36]. IlycT1> 

Qli H OJ2 (lmaJi/ Qli > 0) - OCHOBHbIC rrepHO):lbl, fl 0 - OCHOBHOH rrapannenorpaMM rrepHOAOB 



24 rJIABA 1 

H r - 3aMKH)'TbIH HJIH pa30MKH)'TbIH KOHTyp, u;eJIHKOM Jie)J(al1(HH BHyrpH Il0 • PaccMOTpHM 

HHTerpaJI 

F(z)=~ f J(t)((t-z)dt, 
2m r 

(l.27) 

r_i:i;e ((z) -,[13eTa-<l>YIIKil;HJI BeifepuITpacca, IIOCTpOeHHaJI Ha OCHOBHbIX nepMO,[laX llli• mz. 
0THOCMTeJibHO 3JIJIMIITH1feCKHX <l>YHKU:HH Mbl noroBOpHM II03)J(e, ce:H<Iac )J(e OTMeTHM, qyo 

B npe.[leJiax OCHOBHOH HqeifKM Il 0 MO)J(HO 3aIIHCaTb 

((z) =.!..+qi(z), 
z 

rAe qi(z) - peryAApHM <l>YHKu:HH. Hcnonb3yH 3TO npe.[ICTaBJieHHe n qiopM)'JlbI Coxou;Koro-IlJie

MeJIH (1.23), IIOJiyqMM npe.[leJihHble 3HaqeHHH <l>YHKD;HM (1.27) IIpM Z __, t0 E r: 

(l.28) 

2. PaccMOTpMM MHTerpan 

F(xl'x2 )= iy f!(()e-iaH?)(rr)ds, 
4 r 

(l.29) 

r,[le ? - z = reia' z =Xi+ ixz' ( = ;l + i;2 E r, H~l(x) - <l>YHKIJ;HH raHKemr nepBoro POAa IIO

PMKa p, r > 0 - qifCJIOBOH napaMeTp, ds - 3JieMeHT AyrM KOHTypa r. HMeeT MeCTO npeA

CTaBJieHHe [6, 15,23,27,31) 

Ht1l (x) =-!:---+H1 (x), 
llrX 

(l.30) 

npnqeM H 1 (x) He MMeeT oco6eHHOCTeli rrpH x;;:::: 0. 

Ilo.[ICTaHOBKa B (1.29) Bblpa)J(eHMH (1.30) c yqeTOM CBH3H d( = ieil/f ds, ,[laeT 

) 1 fJ((}d( iyf -ia F(xpx2 =-. i'I'( ) +- f (()e H1 (rr)ds. 
2mre (-z 4r 

3.[leCb nepBbIH MHTerpan THIIa KornM c IIJIOTHOCTblO f ( () e -ii/I' BTOpoli Hmerpan cyni;ecTBYeT 

B 061>1qHOM CMblCJie H HeIIpepnIBHO IIpOAOJI)J(HM qepe3 r. TaKMM o6pa30M, OKQHqaTeJihHO IIO

JiyqaeM IIpM z __, So E r: 

p± ( 4'10.4'20) = ±.!_ f ((o)e-il/fo + iy ff ( ()e-ia, HP) (yr0 )ds, 
2 4 r 

r.[le 'ii =l(-(0 !,a0 =arg((-(0 ). 

3. IIycT1> 
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3TOT HHTerpan rryTeM ITO,ll,CTaHOBKH (1.30) BMeCTO SI,ll,pa CBO,ll,HTCSI K BbipaJKeHHIO, CHHryJrnp

HaSI qaCTb KOTOporo COBIIa,ll,aeT c HHTerpanoM (1.25). Il03TOMJ', npHBJieKaH <}lOPMYJIY (1.26), no

nyqHM 

F± (q10• q20) = +~ f (so )e-3ilflo + i: J! (()e-3ia, H1(1) (rro )ds. 
r 

C<}lopMyJIHpyeM Terrepb HeCKOJibKO rrpe,ll,JIOJKeHHH OTHOCHTeJibHO CBOHCTB CHHryJISipHoro HH

Terpana THrra Konm [5, 14, 25]: 

a) B TOqKaX t E r H OTJIHqHblX OT KOHIJ;OB HMeeT MeCTO <}lopM)'Jia ,ll,H$$epeHIJ;HpOBaHHSI 

!!:__ f!(s)In(s-t)ds =itrf (t)- ff (s)ds; 
dt r r ? -t 

6) rryCTb 

J'(z)=F(z)=-1. ff(?) ds, 
2m r ?-z 

TOr)l,a B ToqKax t E r H OTJI~HbIX OT KOHIJ;OB ,ll,OrrycnrMa rrepecTaHOBKa orrepau;HH rrpe,ll,eJibHOro 

rrepexo,L1,a H ,ll,H<}l<jlepeHu;ttpoBaHHSI 

d 
F±(t)= dtf±(t); 

B) eCJIH r - rJia,ll,KHH 3aMKHyTbIH HJIH pa30MKHyTbIH KOHTYP H !(?) y,ll,OBJieTBOpSier Ha r 
ycnoB1110 fen1>,L1,epa H(µ), TO rrpe,L1,eJI1>H1>1e 3HaqeHHSI llHTerpana T11rra Konm (1.11) F+(?0 ) 

H r (So) TaKJKe y,ll,OBJieTBOpSIIOT yCJIOBHIO H (µ ), B TOM c.rryqae KOr,ll,a µ < 1, II ycJIOBllIO H (µ-8), 
r)l,e 8 > 0 - CKOJib yro,ll,HO MaJiaH BeJIHq11Ha, B cnyqae µ = 1. Pa3YMeeTCSI, ,ll,JISI pa30MKHyTOro 

KOHTypa rrpe,L1,rronaraercSI, qTo ToqKa s0 He c0Brra,L1,aer Hll c O,ll,HllM 113 KOHIJ;OB; 

r) rrp11 c<t>OPMYJillpOBaHHhlX BhIIIIe ycJIOBHSIX rrpe,ll,hI,ll,ymee rrpe,L1,JIOJKeH11e crrpaBC,ll,JillBO 

II )l,JISI CllHryJISipHoro llHTerpana (rrOHllMaeMoro B CMbICJie rJiaBHOro 3HaqeHllSI) 

F(t)=-1 . SJ(() d?. 
2m r ?-t 

Ope,ll,JIOJKCHllSI B) II r) COCTaBJISIIOT CO,ll,epJKaHHC TeopeMbI IJJieMeJISI-IJpHBaJIOBa. 

1.4. AcuMnmomuKa uHme2panos muna Kowu 

KoHIJ;eBbIC TOqKH KOHrypa r SIBJISIIOTCSI llCKJIIOqHTeJihHhIMll XOTSI 61>1 IIOTOMJ', qTO )l,aJKe CCJill 

IIJIOTHOCTb HHTerpana THIIa KOIIIll ( 1.11) y,ll,OBJieTBOpSieT YCJIOBllIO H Ha r, BKJIIOqaSI KOHIJ;hl, 

B 3THX TOqKax <}lyHKIJ;llSI F(z) llMeeT oco6eHHOCT11. XapaKTep 3THX oco6eHHOCTeif 3aB11c11T OT 

IIOBe,ll,eHllSI ITJIOTHOCTll f (?) Ha KOHIJ;ax. PacCMOTPllM Ha116onee 'laCTO Bcrpeqa10mHeCSI c11rya

u;1111 [5, 24, 25]. 

1. ilJIOTHOCTb llHTerpana TllIIa KOIIIll y,ll,OBJieTBOpSieT YCJIOBHIO feJib,ll,epa Ha BCeif ,ll,yre r, 
BKJIIOqaH KOHIJ;hl. HMeeM 

F(z) =-1. J1(?) ds = f(c_) J~+-1. f !(?)- f (c) ds, 
2mr ?-z 2m r?-z 2mr ?-z 

r,ll,e c - KOHIJ;eBaH ToqKa (a HJill b ). 
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IlpH z ~ c IIOCJie,D;HHH HHTerpan cymecTByeT B 06bI'fHOM CMbICJie (KaK Heco6cTBeHHbIH), 

II03TOMJ OH rrpe,D;CTaBIDieT C060H OrpaJIBtieHH)'IO <l>JHKI(HIO Ha f, BKJIIOqM KO~bl. IlepBbIH HH

Terpan .n:aeT 

0KOHqaTeJibHO rronyqaeM B OKpeCTHOCTH KOHI(OB a H b COOTBeTCTBeHHO 

F ( z) = - f ( ~} ln ( z - a) + F; ( z) , lim F; ( z) = F; (a) , 
2Jrl z-ta 

f (b) . 
F(z) =-. In(z-b)+F2 (z), hmF2 (z) = F2 (b). 

2Jrl z->b 

2. Oco6eHHOCTb cTerreHHoro xapaKTepa Ha KOHQe c. IIycTb 

f(()= f.(()r' r=a+i/3, O~a<l, 
((-c) 

(1.31) 

(l.32) 

r,n;e f. (() Y.Lt:OBJieTBOp11eT ycJIOBHIO feJib,D;epa H (A) Ha KOHrype f, BKJIIOqM KOHI(bl. IJpe,n;

CTaBHM HHTerpan THIIa Konm ( 1.11) B BH,n:e 

F(z)=-1 f J(() d( =-1 f J.({)d( = 
2Jti r (-z 2Jti r ((-c}Y((-z) 

= f. (c) f d( +-1 ff.(()- f.(c) d(. 
2Jri r((-cr(s-z) 2trir((-cr((-z) 

(1.33) 

Ilocne.n:nHil: mrrerpan ocraercH orprurnqeHHbIM, ecJIH a < ). H rrpH z ~ c HMeer orrpe.n:eneHHbIB 

npe.n:en. EcJIH )Ke a;::: A, To OH npe,n:CTaBJIHeT HeorpaHffqeHnyro B OKpeCTHOCTH TO~H c <l>YHK
QHIO, rropH,D;OK oco6eHHOCTH KOTOpOH MeHbIIIe a [13, 25, 28). fJiaBnyIO oco6eHHOCTb B ToqKe c 
,n:aer rrepBbIH mrrerpan. IlyCTb, HarrpHMep, TOqKa C COBIIa,D;aeT C JieBbIM KOHI(OM [ - TO~OH a. 

Ilpose.n;eM pa3pe3 Ha IIJIOCKOCTH Z, coe.n;HH.srroru;Hil: TO~H BeTBJieHHH cpyttKQHH ( z - a )-r: a H 00, 

y .n:o6Hee BCero 3TOT pa3pe3 rrpOBO,D;HTb qepe3 KOHTYP r (pHc. 1.5). 

Puc. 1.5. K nocrpoemuo cTeneHHOii: acHMITTOTHKH HHTerpana THna Konrn B oKpeCTHOCTH nesoro KOH

l(a KOHrypa [ 



AHAflHTWIECKHE~YH~HH 

CornacHo onpe):leJieHHIO o6meii cTeneHHOH <l>YHKnHH 

3aIIHIIIeM 

r):le r = jz-aj,O = arg( z-a ). 

zw = ewlnz 

( )
-r -rln(z-a) -rlnr-i)il z-a =e =e , 

27 

(1.34) 

MHoro1HaqHOCTh <PYHK~H (1.34) CBH3aHa c m1JiffqHeM B rroKa3aTene yrna 0, KOTOpbrn YBe

JlffqHBaeTcH Ha 21l rrpH rronHoM o6xo):le ToqKH a npoTHB qacoBoii CTPeJIKH (cM. pttc. 1.5). Tio-

3ToMy, o603HaqHB 3HaqeHHe KaKOH-JIH6o ee BeTBH Ha JieBOM 6epery pa3pe3a qepe3 

rronyqHM B 3TOH )l(e TOqKe ( Ha rrpaBOM 6epery 

(1.35) 

einr 
IP( z) = w( z) 

2
. . ( z - arr, 
!Slll1t"f 

(1.36) 

r):le 

w(z) =-1 f d( . 
21li r (? -ar ((-z)' 

HenpepbIBHO IIpO):IOJI)l(HMa qepe3 pa3pe3, BKJIJOqa£: H KOHen a. HMeeM B CHJIY (1.23) H (1.35) 
nenoqey paBeHCTB 

einr _ _ 
tp+(z)-ip-(z)=m+(z)-w-(z)+ . . ((-a) r(e-2"'r-1)= 

21Slll1t"f 

=(?-arr{1+ .e'.nr (e-2;nr_1)}=0. 
2zsm1t"( 

Cne):loBaTeJibHO, HMeeT MeCTO npe):ICTaBJieHHe 

einr 
w( z) = . . ( z - arr + 14 ( z), 

2zsm1t"( 
(1.37) 

r):le 14 (z) aHaJIHTHqHa B OKpeCTHOCTH TQqKH a. 
yqHTbIBM paBeHCTBO (1.33) H 3aMeqaHHe OTHOCHTeJibHO BTOporo CJiaraeMoro B 3TOM pa

BeHCTBe, nonyqaeM B OKpeCTHOCTH TOqKH a 

F ( z) = e~ ~ (a) ( z - arr + Fi ( z) , 
2zsm1t"( 

r):le Pi(z) MO)l(eT HMeTb oco6eHHOCTb B TQqKe a, HO 6onee HH3KOro rropH):(Ka, qeM ,-a. AHaJIO

rtttfHbie pacc~eHHH MO)l(HO IIpOBeCTH ):IJIH cnyqM CTeIIeHHOH oco6eHHOCTH Ha npaBOM KOHne 

):lyrH - B ToqKe b 

J(()= f.(() r=a+i/3. 
((-bf' 
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TaKHM o6pa30M, eCJIH IDIOTHOCTh f (s) HMeeT Ha KOHI(ax KOmypa f oco6eHHOCTII CTeITeHHoro 

xaparcrepa, TO IIOBe)J,eHHe HHTerpana THITa KOIUH (1.11) B OKpeCTHOCTH KOHI(eBbIX TQqeK a H b 
orrpe)J.emieTC.!I <PopMynaMH [5, 25] 

F(z)= e;~~.(a)(z-afr +r;(z), zE"r, (1.38) 
2zsmnr 

F(z) =- e-;~ !* (b) (z-bfr + F
2 
(z), 

2zsmnr 

r)J,e <l>YHKI(HH r; ( z ), F2 ( z) MOryT HMeTu oco6eHHOCTH Ha KOHI(ax a H b COOTBeTCTBeHHO, HO 60-

Jiee HH3KOro rropH;:i;Ka, qeM r-a. 
B TOqKax KOHTypa f B6JIH3H KOHI(OB <J>YffKI(HH m{z) H3 (1.36) orrpe,ll,eJI.!IeTCH rrpH IIOMOlllH 

<j>opMYJI CoXOI(KOro-IlneMeJIH (l.23) H COOTHOIUeHHH (1.35) 

1 J ds ( ) -( ) 
JZir(s-aY(s-so)=at So +m So= 

(1.39) 

I J d s ctg 1lJ' ( 7 b)-r ( 7 ) 7 
Jrir(s-bf(s-so) --i- ~o- +COz ~o, ~oEf, 

r;:i;e <l>YHKI(HH Wi (so) H lOz (so) aHaJIHTttqHJ,J B6JIH3H KOHI(OB a H b cooTBeTCTBeHHO. 3HaqeHH.!I 

HHTerpana (1.33) Ha KOHType r B TOqKe So IIOJiyqHM c HCIIOJih30BaHHeM acttMIITOTHKH (1.39). 

HMeeM MH ToqeK a H b [5, 25] 

F(s0 )= f. ~a) (s0 -arr ctgnr+r; (so), 
l 

(1.40) 

<l>yHKI(HH r; {So), F2 {So) MOryT HMeTh oco6eHHOCTH B cooTBeTCTByiolllHX ToqKax, HO 6onee 

HH3KOrO rropH)J,Ka, qeM I So - c r" . 
BhlrrttrueM Terreph acttMIITOTHKY HHTerpana (1.25) B OKpCCTHOCTH y3na c ( c =a HJIH b ). 

IloJimKHM 

!(()= f.(() , r=a+i/3 
(s -cf 

H rrpeo6pa3yeM HHTerpan cne;:i;yJOlllHM o6pa3oM: 

( ) f.(c){( )f(-~ ds (- -)J ds } 
r; z = 2Jli 1-y rs-c.(s-cY{s-z)+\c-z r((-cY{s-z)2 + 

(1.41) 
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+J.(c){J~('-~)-(?-ctr ds+-1 s?-z. J.(?)-J.(c) ds}+ 
2m ras ?-c ?-z 2mr?-z (?-cY(?-z) 

(-~ (? -c)'-r 
+--· . 

?-c ?-z 
r 

IlepBbIH HHTerpa.JI 3.D;eCh - Tmm Konm, BTOpoil: HHTerpa.JI Bbl'IBCID!eTC» qepe3 HHTerpa.JI TIIIIa 

KOIIIH rrpH IIOMOIIJII COOTHOIIIeHH» 

OcTa.JihHhie cnaraeMble Moryr HMeTh oco6eHHOCTH, HO 6onee cna6b1e qeM I z - cj-a. 0KoHqarenh

HO ITOJI)"IaeM, HCIIOJib3Y» cpOPMYJibl (1.37), (1.41), aCHMIITOTHKY HHTerpa.Jia (1.25) B OKpeCTHOCTH 

Y3Jia (ToqKa z He JieJKHT Ha n 

F; (z) = ± e~p( ±ip~) ~· ( c) {-(1- r)e-2
i\V, + r~- 2}+ Fc1 ( z). (1.42) 

2i ( z - c) sm pr c - z 

3,n;ecb lflr - yrOJI MeJK,n;y HOpMa.JiblO K JieBOMy 6epery KOHTypa r B Y3Jie C H OCbIO Oxl' 

BepxHHH 3HaK 6epeTc» rrpH c =a, HHJKHHH - rrpH c = b, rropn,n;oK pocTa IF0 (z~ B OKpeCTHOC

TH Y3Jia c MeHbIIIe, qeM a = Re r [7, 8, 10]. 

HaK0He11, BhIIIttrueM acHMIITOTMKY HHTerpa.Jia Tmm Koum (1.17) B OKpecTHocm KOHllOB ntt

HHH HHTerpHpOBamrn. IlOJIOJKHM, B6JIH3H TOqKH c (a HJIH b) 

f(?)= f.(() r' c, =Rec+JLilmc, r=a+i/3, 0$;a<l. 
(?, -c,) 

IlpttMeHHB K 3TOMY HHTerpany cpopMyJihl (1.38), IIOJI)"IHM B OKpecTHOCTH y3na cl 

e±iny f. ( c) -r 
F ( Z1 ) = ± . . ( Z1 - c,) + F0 ( Z1 ). 

2ism7rf 

(1.43) 

(l.44) 

(1.45) 

3.n;ecb Bepxmrn 3HaK 6eperc» rrpH c =a ( c1 = l1i), HHJKHHH - rrpH c = b ( c1 = b,), <PYHKIIHH F0 ( z,) 

Moryr HMeTh oco6eHHOCTH B y3Jle, Ho 6onee HH3Koro rrop».n;Ka, qeM lz-cra. TaK KaK 

z1 - c1 = Re ( z - c) + /4 Im ( z - c) = r (cos a+ µ 1 sin a) , 

TO acHMIITOTHKY (1.45) HHTerpana (1.44) B OKpeCTHOCTH Y3Jia MOJKHO rrpe,n;CTaBHTb B BH)l;e 

_ + e±iny f. ( c) r-r 
F ( z,) - . . . + F;1 ( zi). (l.46) 

2i sm 1r'f( cos a+ Jli sm a r 
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1.5. npeocmaaneHUR aHanumU'leCKUX c/JYHKU.UU pROaMU 

CornacHO KOHu;erm;mr Beiiepw1'pacca mo6oli CTerreHHoli pH.n; (THrra Telinopa HJIH MaKJio

peHa) BHYfPH CBOero Kpyra CXO)l;HMOCTH rrpe.n;CTaBmieT roJIOMOpqmy10 (T. e. O)l;H03Ha'IHyIO aHa

JIHTH'IeCr<yJO) <jlyttKD;HIO. c .n:pyroii CTOpOHbl, H3 HHTerpaJibHoro rrpe,n;CTaBJICHHH aHaJIHTH'ICCKOH 

<PYHKU:HH (1. 7) cne.n;yer TeopeMa KowH. 

<I>yttKD;HH J(z) rrpe)J,CTaBHMa CBOHM p»)J,OM Teiinopa B JI1060M OTKphITOM Kpyre c u;eHT{>OM 

B TO'IKe a, B KOTOpOM OHa amunrrH'IHa. Bo BCHKOH 3aMJrnyrnli o6nacTH, Jie)l(ameli BHyTPH Kpy

ra aHaJIHTH'IHOCTH, pM)J, Telinopa 

~ f(kl(a) 
J(z)= L--(z-4 

k=O k! 

cxo)J,HTCH paBHOMepHo [33-35]. HarrpHMep, rrpH \z\ < 1 O)J,H03Ha'IHaH BeTBb ln(l + z) »BJI»eTCH 

cyMMOli pHJJ,a MaKnopeHa 

z2 z3 
ln(l+z)=z--+-- ... 

2 3 

Ecmf J(z) aHaJIHTH'IHa B KpyrOBOM KOJibu;e <D: r< !z-a\<R H HenpepbIBHa B 3aMKH}'TOM KOJib

u;e CJ) (pHc. 1.6), TO cornacHo n.merpanbHOli cpopM}'ne KowH (1.7) 

f (z) =-1 . J f (() d( + J f (() d{ 
21n c. ( - z c, ( - z 

Puc. 1. 6. KpyroBoe KOJih1(0 r < I z - al < R c u;eHTJ)OM B TO'IKe a 

)J,JIH JI106oii BttyTpeHHeli TO'IKH z E <]) HMeeM: 

l
z-al 1) IIpH ( E c R OTHOilICHHe -- < 1, II03TOMY HMCeT MCCTO pa:moJKeHHe 
(-a 

_1_=-· =I (z-a)" . 
r; - Z S - a 1 + z -a n=O ( S - a r+l, 

(-a 

(1.47) 
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2) npH ( E C, OTHOIIIeHHe I ( -al< 1 H cnpase,1:1JIHBO pa3JIO)l(CHHe 
z-a 

_1_=--· 1 =-I ((-a)" 
( - Z Z - a l - S - a n~o ( z -a t 1

• 

z-a 
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flony•i:eHHble PHAbl paBHOMepHO CXOMTCH B 'l)'Tb 3a)')l(eHHOM 3aMKH)'TOM KOJII:.U:e (])
1 
:k-1r ~ 

~ \ z - a\ ~ kR, 0 < k < 1. IlmTOM)' IIOACTaHOBKa HX B ( 1.4 7) AJIH KOJII:.U:a <D' H rro'IJICHHoe HHTer

puposaHHe AOII)'CTHMI:.I. B pe3)'JII:.TaTe rrpHXOAHM K npeACTaBJieHHIO [21, 37-39] 

f(z) = l:Cn (z-a)", (1.48) 

rAe K03<pq>HIIHCHTbl c. Bblpa)l(aIOTCH B BHAC HHTerpaJIOB no JII06oii OKPY)l(HOCTH r:\z-a\= 
= p, k-1r< p< k R B BHAe 

en= 2~i J~~~~~ (n=0,±1,±2, ... ). (1.49) 

TaKHM o6pa3oM, ecnu <l>YHKIIHH f(z) aHaJIHTH'IHa B KpyroBoM KOJII:.U:e 0 < r < \z-a\ < R, TO 

B mo6oii BHyrpeHHett TO'IKe z OHa MO:>KeT 6hlTb npe,LICTaBJieHa CBOHM pH,LIOM (l.48), KOTOpblll 

Ha3I:.1BaeTc» pMOM JiopaHa. 3TOT p»A pasHoMepHo CXOAHTC» s n1060H: 3aMKH)'TOtt o6nacTH, ne

)l(ameii BH)'TPH KOJII:.U:a aHaJIHTH'IHOCTH <PYHKllHH f ( z). l1MeeT MCCTO H o6paTHOe yTBep)l(,[le

HHe. Ecnu PHA 

(l.50) 
n=-QO 

CXOAHTC» B KpyroBOM KOJII:.U:e r < \z-a\ < R, TO ero C)'MMa J(z) aHaJIHTH'IHa B 3TOM KOJII:.IIC 

H pa3JIO)l(CHHe (l .50) npe,D,CTaBJIHeT co6oii p»A JiopaHa M» <PYHKU:HH f ( z). 

IIpaBHJII:.Ha» 'laCTI:. PHAa JiopaHa 

c0 +c1(z-a)+c2 (z-a)2 + ... 

,D,aeT pa3lIO)l(eHHe $)'HK1um, aHaJIHTH'ICCKoii BffYTPH Kpyra paAuyca R > 0 c 11effTPOM B TO'IKe a. 
fJiaBHM 'laCTb p»Aa JlopaHa 

C_1 C_z c_n 
--+ 2 + ... + + ... 
z-a (z-a) (z-a)" 

rrpeACTaBJI}JeT <PYHKU:HIO, aHaJIHTH'leCK)'IO BHe HeKOTopoli OKpCCTHOCTH TO'IKH a :jz-al > r. 3To 

o6cTo»TeJTuCTBO ,1:1aeT B03MO)l(HOCTI:. KOHCTP)'KTHBHO KJiaccn<t>m:~upoBaTh TaK Ha3I:.rnaeMI:.Ie H30JIH

poBattHI:.Ie oco6hle TO'IKH aHaJIHTH'lecKoli <PYHKUHH. To'IKa a Ha3I:.IBaeTCH H30JIHPOBaHHoii oco-

6oli TO'IKOll <PYHKUHH f ( z), ecJIH cymecTByeT OKpeCTHOCTb 3TOH TO'IKH, B KOTopoli J(z) aHaJill

TH'IHa 3a HCKJIIO'leHneM caMOll TO'IKH a. 
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Pa3m1qaJOT 'TpH rnrra H30JIHpOBaHHbIX oco6bIX ToqeK B 3aBHCHMOCTH OT IIOBe,D;eHHH cpyttK

~H J(z) B HX OKpecTHOCTH. 

1. Y crpamIMaH oco6aH ToqKa. B 3TOM cJiyqae JiopaHOBCKoe pa3JIO)l(eHHe B OI<peCTHOCTII 

ToqK11 a He co.nep:>rmT rJiaBHOii: qacTH, T. e. 

(1.51) 

limf(z)== c0 
z-->a 

II pH,n TeiiJiopa (1.51) rrpe,n;CTaBJIHeT aHaJilJTHqecKYJO B OKpecTHOCTH TOqKII a II B caMOH 3TOH 

TQqKe cpYfIKD;HIO. 

2. IloJIIOC nopH,n:Ka p. ToqKa a Ha3bIBaeTcH rroJirocoM rropH,n:Ka p cpyHKD;IIII f ( z), ecJIH 

lim(z-aY f(z)=c_P < 00• 
Z-->a 

CJie,n:oBaTeJibHO, crrpaBe,n:JIIIBO pa3JIO)J(eHHe 

n=l 

0TCIO,D;a BbITeKaeT CTpyKTypa pH,na nopaHa ,n:JIH cpyHKD;HII f(z) B OKpeCTHOCTII ITOJIJ()Ca IIO

pH,n:Ka p 

( ) c_P c-p+t c_1 ~ ( )" f z = p + p-1 + ... +--+~en z-a . 
(z-a) (z-a) z-a n=O 

(l.52) 

3. Cyrn.ecrneHHO oco6aH TOqKa. B 3TOH To~e limf (z) rrptt z ~a He cyrn.ecTByeT H rnaa

HaH qacTb pH,na nopaHa He o6pbIBaeTCH, T. e. co.nep)l(IIT 6ecKOHeqHO MHOro qJieHOB. B rrpOH3-

BOJibHOH KaK yro,n;HO MaJIOH OKpeCTHOCTII cyID;eCTBeHHO oco6oli TQqKH cpyttKD;IIH J(z) MO)l(eT 

rrpHHIIMaTb JII06bie Harrepe.n 3a,naHHble 3HaqeHHH. 3To yTBep)J(,D;eHHe COCTaBJIHeT co,nep)l(aHHe 

TeopeMbI Coxon;Koro [21, 22]. 
Ilo xapaKTepy oco6hlx ToqeK BbI.D;eJIHJ()T: 

a) Kn:acc n;eJibIX cpyttKD;HH, T. e. roJIOMopcpHbIX cpYJIKD;HH, He IIMeJ()ID;HX oco6bIX roqeK B JII0-

6oli KOHeqHoli qacTH ITJIOCKOCTH z. QqeBH,n:Ho, QeJiaH cpyttKU:HH rrpe,n:cTaaHMa cTeneHHhlM PMOM, 

pa.neyc CXOil:HMOCTH KOTOporo R = oo. IlpttMepbI QeJibIX cpyHKD;IIH: sin Z, cos Z, e'' MHOroqJieH 

mo6oli CTeIIeHH H .np. 

6) MepoMopcpHbie cpyttKD;HH B mo6oli orpaHHqeHHOH o6Jiacm HMeIOT KoHeqHoe qIIcJio 

ITOJIJ()COB, .npyrttx oco6h1x ToqeK He HMeIOT. IlpHMepbl MepoMopcpHblX (.npo6HhlX) cpyHKD;Hll: 

2 P(z) 
tgz,sc z,cthz, Q(z)' (P(z),Q(z)-MHOroqJieHbI). 

TaKHM o6pa30M, eCJIII J(z) roJioMopqma B Kpyre, Ha BHeIIIHOCTH I<pyra HJIH B I<pyrOBOM 

KOJihD;e, TO n;eJiecoo6pa3HO IIOJih30BaThCH il:JlH ee aHaJIHT~eCKOro rrpe,D;CTaBJiemrn pH,naMII THITa 

Telinopa HJIH nopaHa. ECJIH o6JiaCTb roJIOMOpcpHOCTH cpyttKQHH J(z) (KOHeqHaH HJlH 6ecKO

HeqHaH) orpamrqeHa KpyroBhlMH KOHTypaMII (pHC. 1. 7), TO il:JIH ee OITHCaHHH MO)l(HO HCIIOJib-

30BaTb rrpe.ncTaBJieHH.sI THrra ArrneJIH [40, 43]. 
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a) 6) B) 

Puc. 1. 7. Kom}mrypa~HH KJlYI'OBhIX o6nacTeii 

PaccMoTpHM ¢ynKu;mo f ( z), roJToMop¢H)'lO B KpttBOJIHHeHHOM TpeyroJibHttKe ABC, or

paHnqeHHOM ,zzyraMH OKp)')KHOCTeH r;, r2, r3 C u;eHTpaMH B TOqKaX COOTBeTCTBeHHO al' a2, a3• 

<l>opM)'Jia KoIUtt .umr 3Toro CJIY'IaH .uaeT 

f(z)=-
1 

.{ f + f + f }~~) dr 
2!rl AC CB BA ~ z 

Ha Ka)K,ZloH m 3THX .uyr HMeeM pa:mo:lKeHtte 

B pe3yJihTaTe rrpHXO,llHM K npe.ucrnBJieHHIO rnna AnrreAA <l>YHKD;HH, roJioMop¢Holi BIIYfPH KpH
somrneliHoro TpeyroJibHHKa ACB: 

r,Zle dn H Cnk - K03¢qmu;HeHTbl, KOTOphle MOryT 6bITb JTerKO orrpe,ZleJieHbl. 

~ <l>YHKU:HH f ( z), roJIOMop¢HoH B orpaHnqeHHOH MHOI'OCBH3HOH o6JiaCTH (pttc. I. 7, 6), 

rrpe,ZlcTasneHHH nma ArrrreAA aHaJIOrHqHbI. TaK, ecJIH o6JiacTb orpaHHqeHa KpyrosbIM KOHTy

poM rl H KOHTYPaMH rk (k =1,2, ... ,N), TO 

(1.53) 

HaKOHeu;, ,ZlJIH YpeTbeH KOH¢ttrypau;HH (pHC. 1.7, B) B rrpe,ZlCTaBJieHHH (1.53) OTCyYCTByeT pH,Zl 

rro u;enhlM creneHHM 6HHOMa z - a. 
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Ecmr J(z) amLJIHTiflIHa B HeKOTOpoil: (orpaHH'IeHHOM HJIH HeorpaHH'IeHHOil:) o6JiaCTH, TO 

npep;CTaBJieHHe ee B BHp;e p11p;a MO)J(}IO IIOJiy'IHTb c IIOMOmbIO KOH<pOpMHOro OT06pmKeHH11 06-

JiaCTH Ha Kpyr B IIJIOCKOCTH w c 11eHTpOM B TO'IKe w = 0 [21]: 

w=m(z) ~ z = m-1 (w). 

BttyrpH Kpyra HMeeM pa3JIO)l(eHHe 

f (z) = f [ m-1 
( w)] = f. ( w) = f A.w" = f A.m" (z). (1.54) 

n=O n=O 

IlpuMep. ITycTb f(z) roJioMopqma B IIOJioce y = ±h. Oro6pa3HM ee Ha ep;HHH'IHblii Kpyr 

IIpH IIOMOmH cpyttKl.IHH 

trz 

e2h -1 
w=m(z)=-1r-z -, m(O)=O. 

e2h + l 
Torp;a B COOTBeTCTBHH c (l .54) IIOJiy'laeM 

[ '" ]" ~ e2h-1 ~ trz n 

f(z)=2:A. ~ =2:A,,(th-). 
n=O 2h l n=O 4h e + 

,L(.rr11 o6JiacTeii, OTJIH'IHbIX OT KpyrOBbIX, npHMeH11JOT HHOrp;a PMbl no IIOJIHHOMaM <l>a6epa [22]. 
IIycTb K - orpaHH'IeHHbiil: KOHTHHYYM (3aMKttyTOe cs113Hoe MHO)l(eCTBo), cop;ep)l(amHii 

6oJiee 0,ll;HOM TO'IKH, H G~ - Ta H3 CMe)l(HbIX c HHM o6JiaCTeii, KOTOpoil: IIpHHap;Jie)l(llT TO'I-

Ka Z = oo. 3TO 0,ll;HOCB113Ha11 06JiaCTb IIOJIHOM Z -IIJIOCKOCTH, rpaHHl.la KOTOpoil: r~ 11BJI11eTC11 'Ia

CTbIO KOHTHHYJMa K. KoHcpopMHoe oT06pmKeHHe o6JiaCTH G~ Ha BHeIIlHOCTb Kpyra c 11ettTpoM 

B TO'IKe w = 0 o6o3Ha'IHM 'Iepe3 w = <I> ( z), rrpH'IeM cpHKCHpyeM <I>(z) ycJIOBH11MH 

• <I>(z) 
<I>( oo) = oo, hm-- =I. 

z->~ Z 

c J'IeTOM :noro MO)l(HO IIOKa3aTb, 'ITO B OKpeCTHOCTH 6ecKOHe'IHO yp;aneHHOM TO'IKH HMeeT Mec

TO JIOpaHOBCKOe pa3JIO)l(eHHe 

( ) 
a_1 

<I> z =z+a0 +-+ ... 
z 

CooTBeTCTBeHHO, <I>" ( z) ( n > 0-11eJioe) HMeeT pa3JIO)l(eHHe BHp;a 

.m.n ( ) - n (n) n-1 (n) a~] (0) .,.,.. z - z +a._1z + ... +a0 +-+ ... , a0 = a0 • 

z 
MHoro'IneHhl 

.m. ( )- n (n) n-1 (n) 

.,.,.." Z - Z +a._1 Z + ... +a0 , (1.55) 

rrpep;cTaBAAIOil.IHe COBOKJIIHOCTH 'IJieHOB c HeOTPHl.laTeJibHbIMH CTeIJeH11MH z B nopaHOBCKHX 

pa3JIO)l(eHH11X cpyttKl.IHM <I>" (z ), Ha3bIBaIOTC11 MHOI'O'IJieHaMH <I>a6epa ,ll;JI11 KOHTHHJYMa K. 
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lJpUMepbl. 

1. K ecTh Kpyr lz- z0I ~ r0 • B :noM cnyqae w = <I>(z) = z- z0 H, 3HaqHT, 

<l>"(z)=(z-zo)". 

2. K ecTu 3aMKH)'TM BHJ'TPeHHOCTh neMHHCKaThl c ,n;sywi <t>mcycaMH lz 2 -11~1 (pHc. 1.8). 

Puc.1.8. Kp1rnaJ1 lz2 -lj=l 

B 3TOM cnyqae, B cmzy (l.55) HMeeM 
I 

<I> ( z) = z ( 1- z -i p . 
CooTBeTCTBeHHO, MHoroqJieHhl <l>a6epa TaKOBhI: 

3. K ecTb oTpe3oK ,n;eiicTBHTeJihHOH octt: -1 ~ x ~ 1. 3,n;ech <i>YHKU:IDI 

w = <I>(z) = z +.J z2-1 

orn6pa)l(aeT K Ha o6JiaCTh JwJ > _!_, npH 3TOM 6epeTc1I BeTBh .J z2 -1, y,n;oBJieTBop1IIOIQM yc-
2 

noBHIO lim z -i .J z2 -1 = 1 rrp11 z ~ oo. B 3TOM cnyqae 

<I> n ( z) = ;n [ ( z + .J Z2 -1 r + ( z -.J Z2 
-1 r] ( n = 0, 1, 2, ... ) . 

nonarM Z = COS t, IIOJl)"IHM 

1 
<I> n ( Z) = 

2
n-I cos ( n arccos Z) = Tn ( z) , (l.56) 

T. e. MHOroqJieHhI <l>a6epa ,ll;JI1I oTpe3Ka (-1, 1] cosrra,n;aIOT c MHoroqneHaMH tie6hlmesa rrepBo

ro po,n;a. 

ITyCTh Isl= R - KaKM-JIH6o OKpJ)l(HOCTu, co,n;ep)l(amrui: KOHTHHJYM K, TOr,n;a 11HTerpaJih-

11oe rrpe,n;cTaBneHHe MHoroqneHoB <l>a6epa HMeeT BH,n; 

<I>" (z) =-1. f <I>" (s) d{ 
2m l?'l=R ?-z 
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PaccMoTpHM pH,ll, ITO MHoroqJieHaM <l>a6epa 

(l.57) 

ECJIH 

-.Li 1 I limvlanl =-<-, 
n->~ Ro p 

TO pH,ll, (1.57) CXO)J,HTCH BttyrpH o6JiaCTH, orpaHHqeHHOH KpHBOH CRo (ITpoo6pa3a OKp)')l<HOC

TH lw\ = Rv > p rrpH OT06pa)J(eHHH w = <I>(z)), a6comoTHO H paBHOMepHO H paCXO)J,HTCH Ha 

BHeIIIHOCTH KpHBOli Clio. CyMMa pH,ll,a (l.57) ITpe,ll,cTaBJIHeT <l>YHKU:HIO, aHaJIHTHqecK)'IO BH)'T

pu C Ro. CrrpaBe)J,JIHBO H o6parnoe yrnep)K)J,eHHe. BcHKM <l>YHKD:HH f ( z), aHaJIHTHqeCKM BH)'T

pH Clio ( f\i > p ), MO)J(eT 6bnh rrpe,ll,CTaBJieHa B TioH: o6JiaCTH B BH)J,e C)'MMhI pMa (l.57), rrpffieM 

BH)'TPH o6JiaCTH, orpaHHqeHHoli KpHBoli C Ro, 3TOT PM cxo)J,HTCH a6coJIIOTHO H paBHOMepHo [22). 

TaK, cj:>yHKU:HH, aHaJIHTHqecKaH BttyTpH 3JIJIHrrca 

x2 y2 
-+-=1 a1 b2 , 

1 1 
a== Ro + 4Ro , b =Ro - 4Ro , 

pa3JiaraeTCH B pH,ll, ITO MHOroqJieHaM lJ:e6hIIIIeBa 

f(z)=I>.T.(z). 
n=O 

BHyrpH :noro 3JIJIHrrca pH,ll, (1.58) pasHoMepHo cxo)J,HTCH. 

(1.58) 

K rrpo6neMe rrpe,ll,cTaBJieHHH J(z) PMOM MHoroqJieHOB MO)J(HO rro)J,ottTH H c ,ll,pyroH: CTO

poHhJ. IIycTb r - 3aMKttyTbIH BblII)'KJibIH rna)J,KHH KOHTYP (,ll,OCTaTOqHo, qTo6w OH HMeJI He

rrpepbIBttyIO KaCaTeJibttyIO), H nycTb pa,ll,ttyC KpHBH3Hbl r He rrpeBbIIIIaeT HeKOTOporo IIOJIO)J(ll

TeJibHOro qHcJia. Tor)J,a )J,JIH Ka)K)J,OH ToqKH ME r CYUieCTB)'eT COOTBeTCTByIOIIIHH Kpyr C, Ka

caIOIIIHHCH B 3TOH TOqKe KOHrypa f, CO,ll,ep)J(amHH 3T)' KpHB)'IO (H, CTaJIO 6hITh, KOHeqH)'IO 

o6JiaCTb c rpaHHI(eH: f) BH)'TPH ce6H H rrpHTOM TaKOH, qTo ero u:ettrp rrepeMemaeTCH HerrpepbIBHO 

BMecTe c ToqKoli M (pttc. 1.9). 

' .. ~ / 
/ 

Puc. 1.9. K HJ1,ee IleHnese 
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Ecm1 J(z) roJIOMopqma B o6naCTH <D H HenpepbIBHa B 3aMb!KaHHH <D, TO OHa npe,n;cTa

BHMa qiopMynoif Konrn 

f(z)=-1 . Jf(s) d(, ZE <JJ. 
2m r (-z 

flyCTb TOlJKe SE r COOTBeTCTBYeT Kpyr C U,eHYpOM B TO'IKe a. 011eBH,D;HO, a= a(() - Henpe

pbIBHllil <i>YHKU,HH. lIMeeM 

ITo,n;cTaBJIHH 3TO pa3JIO)J(eHHe B <tioPMYJIY KmnH, 3aTIHIIIeM 

1 = J (z-a(())" d( 
f(z)= 2n-i~ rf(() ((-a(()r). (l.59) 

TaKHM o6pa3oM, noJIY1IaeM npe,n;cTaBJieHHe ronoMop$Hoif B o6nacTH <D <i>YHKU,HH J(z) B BH

,n;e pH,n;a no MHOrOlJJieHaM. ,ll,n:H npHMeHeHHH 3TOro pH,D;a Heo6xo,D;HMO HMeTb aHaJIHTHlJeCKOe BbI

pa)J(eHHe ,D;JIH TPaeKTOpHH a ( s). 

1.6. Cmpy«mypHble npedcmaeneHUR MepoMopcpHblX 
u L(enblX cpyHKU,UU 

ITo,n; OKpeCTHOCTbIO 6ecKOHelJHO y,n;MeHHOH TOlJKH z = 00 IlOHHMaeTCH BHeIIIHOCTb Kpyra 

lzl > R ,n;ocTaTO'IHO 6oJibIIIoro pa,n;eyca. EcJIH B 6ecK0He11Ho y,n;MeHHOH TO'IKe <i>YHKU,HH J(z) 
HMeeT TIOJIIOC nopH,D;Ka p, TO rJiaBHaH lJaCTb J(z) npe,n;cTaBJIHeTCH B BH,D;e 

p 

g(z)= ~:C<l. (l.60) 
k=l 

flyCTb $yttKD,HH f(z) HMeeT KOHelJHOe lJHCJIO TIOJIIOCOB B TO'IKax an(n=1,2,. . .,N), nopH,D;OK 

nomoca B TOlJKe a. o603HalJHM 11epe3 Pn· 3attyMepyeM HX B nopH,D;Ke Hey6bIBaHHH HX MO,D;yJieH 

Tor,n;a rnaBHaH 11acTb J(z) B noJiroce an corJiacHo HaIIIHM 0603Ha11eHHHM npHMeT BH.L\ 

C(n) C(n) (n) Pn C(n) 

gn(z)= -p. + -p.+l -1 + ... +~=L -k k. 

(z-ant (z-ant z-an k=l (z-an) 
(l.61) 

Pa3HOCTb 

N 

tp(z)= J(z)-g(z)- Lgn(z) 
n=l 
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aHaJIHTifl!Ha B IIOJIHOH Z-IIJIOCKOCTH, H Ha OCHOBaHHH TeopeMbl JlttyBHJIIDI MO)l(HO c,n:eJiaTb 3a

KJIIOqeHHe, qTo ip( z) = c0 =canst. Orc10.n:a rronyqaeM rrpe.n;cTaBJiemi:e 

N 

f (z) =Co+ g(z)+ Lgn (z). (l.62) 
n=I 

ECJIH B (l.62) IIO.D:CTaBHTb BhlpIDI<eHHH rnaBHhlX qacTeH H3 (l.60) H (l.61), TO IIOCJie rrpHBe,n:eHHH 

npaBbIX qacreii K o6meMY 3HaMeHaTeJIIO Hail.n:eM, ~o MepoMopqmaH <j;>)'HKQHH, HMeIOIIJM B noJI

HOH Z-IIJIOCKOCTH KOHeqffoe qffCJIO IIOJIIOCOB, eCTb OTHOIUeHHe .n:syx MHOfOqJieHOB. ,1],JIH Mepo

MOp<j;>HOH <j;>yttKUHH c 6eCKOHeqHblM qucJIOM IIOJIIOCOB al' a2, ... 

lllil:::; la2j:::; ···:::; lanl:::; ... , liman = =. 
n-.~ 

<l>opM)'Jia (l.62) B o6meM cnyqae HerrpHro.n;Ha, TaK KaK PM _Lg.(z) MO)l(eT OKa3aTbCH pacxo.n;H-

n=l 

IUHMCH. ,1],JIH CXO)UiMOCTH, cornacHO Mlfl'Tlll'-Jleqmepy [12, 22], Heo6xO,n:HMO H ,n:OCTaTOqHo B Ka

)1(.!l:OM qJieHe pH,n:a BbJqecTh H3 rnaBHOH qacTH g n ( Z) O'Ipe30K ee TeliJiopoBCKOro pa3ITO)l(eHHH 

p <kl (o) 
h.(z)= I-8n-l. 

k=O k! 
(1.63) 

Tor,n:a rrpOH3BOJihHaH MepOMOp<j;>HaH cpyttKUHH, rrpaBHJibHaH B ttyJie H HMeIOIIJaH B IIOJIIOCaX an 
rnaBHhle qacTH g.(z), MO)l(eT 6hITh rrpe,n:cTaBJieHa B BH.n;e 

f (z) =h(z)+ _L{gn (z)-h. (z)}, (1.64) 
n=:l 

r.n:e h(z) - uenaH <l>YHKUHH, PP p2 , ••• - rrocJie,n:osaTeJihHOCTb noJIO)l(HTeJihHhIX ueJihlX qu

ceJI. ECJIH f(z) HMeeT B TOqKe z = 0 IlOJIIOC c rnaBHOH qaCTbIO 80 ( z), TO cpopM)'Jia (l.64) 6y,n:eT 

cnpase,n:JIHBOH .D:JlH <l>YHKUHH f ( z) - g 0 ( z) . 
,1],mr CTpJKTYPHbIX pa3JIO)l(eHHH MHOfHX MepoMop$HblX <l>YHKUHM y.n:o6eH 6oJiee KOHCTJ>yK

THBHbIH no.n:xo.n: KoIUH (21]. YcJIOBHMCH rro.n: npaBHJibHOH CHCTeMoli KOHTYPOB {CJ rroHHMaTh 

COBOKYIIHOCTb 3aMKHyThlX KpHBbIX, y,n:oBJieTBOpHIOIIJHX CJie.n:YIOIIJHM 'Ipe6osaHHHM: 

1) C1 CO,Uep)l(J{T Btty'IpH ce6H TOqKY Z = 0, Ka)f(.ll:bIH KOHryp en HaxO)J,HTC.II Btty'IpH o6nac-

TH, OrpaHttqeHHOH KOHrypOM Cn+I; 2) Kparqalirnee paCCTO.IIHHe dn OT TOqeK KOHTJPa Cn ,n;o Ha

qarra KOOp,ll,HHaT HeorpaHHqeHHO B03paCTaeT C pOCTOM n; 3) OTHOIIIemte )J,JIHHbl [n KORrypa en 
K d" ocTaeTcH orpaHuqeHHhIM ln Id. :::; A. 11MeeT MeCTo TeopeMa KornH. 

IlyCTb MepoMopcpHaH <l>YHKUHH J(z) Ha HeKOTopoH: rrpaBHJibHOH CHCTeMe KOHTYPOB {eJ 
paCTeT He 6bIC'Ipee, qeM zP, T. e. Ha BCeX en 

r.n:e M - IIOCTOHHHM H p <:: 0 - ueJioe qJ{CJio; rrycTb eme z = 0 He HBJIHeTCH IIOJIIOCOM f ( z). 

B 3THX ycJIOBHHX cnpase,n:JIHBO rrpe.n;cTaBJieHHe 

/(z}=h(z}+ _L{g.(z)-hn(z)}, (l.65) 
n=l 
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r,n:e g.(z)-rnaBHhJeqacni: f(z) BeerrOJIIOCaX an, H 

h(z)= f f(kl~o) l, 
k=O k. 

- MHOroqJieHbI CTerremr He BbIIIIe p. 

p (kl(o) 
h.(z)= I b.__/ 

k~ k! 
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PH,n: (1.65) cxo,n:HTCH (rrpn Ha,n:Jie)KaIIJeM rropH,n:Ke C)'MMHpoBaHHH) B mo6oii rrpaBHJihHoii 

rnqKe f ( z), rrpnqeM cxo,n:HMOCTh ero paBHOMepHa B mo6oii 3aMKH)'Toii orpaHnqeHHoii o6nac-

TH, He co,n:ep)J{aIIJeii IIOJIIOCOB. EcnH ToqKa z = 0 HBJIHeTCH IIOJIIOCOM f (z) c rnaBHOll qacTblO 

go ( z)' TO paBeHCTBO (1.65) 6y,n:eT crrpaBe,n:JIHBblM ,n:JIH <l>YHKIJHH f ( z )- go ( z ). 
Ilepexo,n:HM rerrepb K rrpe,n:CTaBJieHlffiM u:enhIX <PYHKIJllil, HMeIOIIJHX HY™ B TO~ax al' a2 ,. •• , 

qepe3 rrepBHqHhie MHO)J{HTeJIH BeiiepIIIrpacca. TonqKoM K 3THM wccne,n:oBaHHHM rrocny)J{HJia 
<PopMyna 3iinepa 

crrpaBe,n:nwBaH rrpH Bcex 3HaqeHHHX x. Ilpe,n:rrono)J{HM, cne,n:yH KoIIIH, qTo Bee KopHH an -

= 1 
pa3JJllqHbl H cxo,n:HTCH pH,n: ~ \a,J PacIIOJIO)J{HM Bee KOpHH B IIOpH,n:Ke B03pacTaHHH HX MO-

,n:yJieii 

\a1\ < \a2 \ < ... <\an\< ... ; lim\an\ = oo. 
n->~ 

B OKpeCTHOCTH KOpHH an Il;eJiaH <l>YHKU:HH f(z) HMeeT npe,n:CTaBJieHHe 

CJie,n:oBaTeJihHO, Bblpa)J{eHHe 

f ( Z) = ( Z - an) F ( Z), F (an ) ;t 0. 

f'(z) 1 F'(z) 
J(z) - z-a" = F(z) 

J'(z)_f-1-=G'(z), G(O)=O 
f (z) n=l z-an 

(1.66) 

rrpe,n:CTaBJIHeT co6oii roJIOMopqmyro <l>YHKU:HIO Ha BCeii IIJIOCKOCTH z. 3aMeTHM, qTo pH,n:, <l>H

rypHpyIOIIJHll B (l.66), CXO.ll:HTCH IIpH JII06bIX Z, OTJittqHbJX OT an. 11.HTerpttpOBaHHe Bblpa)J{e

HHH (l.66) ,n:aeT [21] 

@= eG(z) (1-~)(1-...£) ... (1-...£) ... = eG(z)fJ:(1-...£). (1.67) 
f ( 0) al a2 an n=l an 

n=] 

HeHHH [13, 37, 40]. IlycTb cxo,n:HTCH PH.ll: 
~ 1 

I-I l,.+1· 
n=l an 

(1.68) 
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0603Ha'IHM 

Tor;::i;a 

Crnno 6bITb, px;::i; 

(l.69) 

CXO):(HTCH B mo6oif TO'IKe Z-:/. an. B '.HOM CJIY1lae COOTHOIIIeHHe (1.66) BH):(OH3MeHHeTCH CJie

):(YIOIIIHM o6pa3oM: 

J' ( z) - f {-1 + _!. P.<+1 (~J} = G' ( z ). 
f ( Z) n=I Z - an Z an 

(l.70) 

IlOJIY'J:aeM IlOCJie HHTerpHpoBaHHH (1.70) 

(1.71) 

Bo3MOJKHa eme O):(Ha cttryaQIDI, Kor;::i;a PAA (1.68) pacxo):(HTCH npH nio6oM KOHe'IHOM IL. HanpH

Mep, npH a. = In n PAA 

= 1 
2:-
n=2 (Inn)'' 

paCXO):(HTCH. B TaKOM CJIY1lae IlOKa3aTeJih ;i HeJib3H 6paTb IlOCTOHHHhIM, OH ;::i;omKeH H3MeHHTh

CH BMecTe c n. IlpHMeM, cne;::i;yx BeH:epIIITPaccy, IL= n - I. Tor;::i;a PAA (1.69) npHo6peTaeT BH;::i; 

= { 1 1 ( z J} = zn-I 1 = zn 1 L -+-P - =2: =-2:-·-
n=I z-an z n an n=I a:-1(z-a.) z n=1 a: 1-~' 

an 

H Ha OCHOBaHHH npH3HaKa Koum 3aKJIIO'laeM, 'ITO TIOT pH):( CXO):(HTCH npH mo60M Z -:/. an. 3Ha'IHT, 

H B 3TOH o6meii CHryaU:HH npe;::i;cTaBJieHHe (1.71) OCTaeTCH B CHJie, Ha):(O TOJibKO HMeTb B BH):(y, 

'ITO Tenepb IL = IL. = n - 1. 
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Ha3BaH1>1 BelieprrrrpaccoM rrepBJi:qHJ>IMH MHO)l(HTem1MH. 

HaxoHeIJ, ecnH z = 0 mmHeTCH KOpHeM J(z) Kparnocm m H cpe)J.H KOpHeH an eCTb KpaT-

HOie, TO see paccyx<)J,eHHH Heo6XO)J.HMO rrpoBO)J.HTb OTHOCHTeJibHO <l>YHKIJHH f ( z) z -m, a rrep

BffqffbJH MHO)l(HTeJib, COOTBeTCTBYJOIQHH KpaTHOMY KOpmo B03BeCTH B tty)l(HYJO CTerreHo. Tor)J,a 

rrpe)J.cTasnemi:e u;enoii <l>YHKQHH J(z) 6y)J.eT TaKHM: 

(l.72) 

3)1.eCb MHO)l(HTeJib, COOTBeTCTBYJOIQHH KpaTHOMY KOpHIO, IIOBTOpHeTCH CTOJibKO pa3, KaKOBa ero 
KpaTHOCTb. 

B 3aKmoqeHHe rrpHBe)J.eM CTpYKTYPHoie IIpe)J.CTaBJieHHH HeKOTOpoIX BCTpeqaJOIQHXCH B rrpH
JIO)l(eHHHX MepoMop$HoIX H u;eJiblX <l>YHKIJHH [6, 23, 30] 

1 2z = 1 1 z = 1 
ctgJrz=-+-L:--"22=-+- L , 

1Z"Z 1Z" n=I Z -n 1Z"Z 1Z" n=-n(z-n) 

1 2z:L= (-1r 
cosec.1l'z = -+- ---2 2, 

Jl'Z 1Z" n=I Z -n 

] = 1 
cosec2 

JZ"Z = - 2 L 2 
1l' n=-(z-n) 

1 2 = z2 +n2 

1l'2Z2 + .,.2 L( 2 2)2' ,. n=l z -n 

1rZ 4z~ 1 
tg-=-L.., 

2 Jl' n=I ( 2n -1) 
2 

- z2 
' 

sinz=zfi(1- ;
2 

2 ), 

n=I n Jr 

= ( 4z
2 l cos z = II 1- 2 , 

n=O (2n+ 1) 1l'
2 

sin~(z+a) = z+afi(i--z-)(l+-z-), 
SlllJZ"G a n=I n-a n+a 

1 CZ=( z)-'--(_) =ze IJ I+- e ", r Z n=I n 

3)1.eCb r(z) - raMMa-$yttKIJHH 3iiJiepa, C = 0,5772157 ... - IIOCTOHHHM 3linepa. 
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1.7. HeKomop&1e cneu,uan&H&1e Mep0Mopc/JH&1e u u,en&1e c/JYHKu,uu. 
3nnunmu'lecKue c/JYHKu,uu 

IlycTb OJi H OJ2 (IOJii:;CO, lm2 !:tO, lm<Vz/OJi>O) - ,n;Ba KOMrrneKCHI:JX 1-mcna HP= 

= mOJi + nOJ2 ( m, n = 0, ± 1, ± ... ) . ToqKH Z1 lI Z2' cmI3aHHbie COOTHOIIIeHHeM 

(1.73) 

Ha3hlBaIOTCH KOHrpy:mTHbIMH ( CHMBOJIHqecKaH 3aIIHCb Z1 = Z2 mod(OJi' 0)2 )). 

Ha IIJIOCKOCTH z MO)J(HO BI:J,D;eJIHTb o6JiaCTb, He co,n;ep)J(aIII)'IO ,D;Byx KOHrpY3HTHhlX ToqeK, 

TaK)'JO, qTQ ,D;JIH BHeIIIHeH TQqKH BHYTPH o6naCTH Haii,n;eTCH KOHrpY:JHTHaH eii TOqKa. Jlerno BH

,D;eTb, qTQ 3a TaK)'JO o6JiaCTh MO)J(HQ B3HTb rrapaJIJieJiorpaMM, IIOCTpOeHHhIH Ha BeKTopax Wi lI lVz' 

co cTopoHaMH OA H OB 6e3 rnqeK A H B H ocTaJihHOH qacTH rpaHHU:hl (pnc. 1.10). <l>yttK

U:HH f (z) Ha3hIBaeTCH ,D;BOHKOIIepHo,D;HqecKOH, eCJIH ,D;JIH mo6oii TQqKH z BhIIIOJIHHIOTCH COOT

HOIIIeHHH 

f (z+OJi) = f (z), f (z+mz) = f (z). (l.74) 

0,D;H03HaqHa}! MepoMopcpHaH ,D;BOHKOIIepHO,D;HqecKaH cpyttKU:HH Ha3bIBaeTCH 3JIJIHIITnqecKOH <PYHK

u;neii [l, 2, 9, 21-23, 36, 45]. IIpeo6pa3oBaHHe (1.73) rrepeBO,D;HT rrapannenorpaMM rrepno,n;oB 

B HOBbIH rrapaJIJienorpaMM, KOHrpy3HTHbIH HCXO,D;HOMY. TaKHM o6pa30M, BCIO IIJIOCKOCTb z 
MO)J(HO IIOKpbITb yKa3aHHbIMH rrapaJIJieJiorpaMMaMH lI B K~OM H3 HHX 3JIJIHII~eCKaH cpyttK

IJ;HH 6y,n;eT IIpHHHMaTb O,D;HH lI Te )J(e 3HaqeHHH B KOHrpy3HTHhlX TQqKax. 

x 

Puc. I.JO. OcHOBHoif rraparmeJiorpaMM rrepHOJIOB I10 

0THOCHTeJibHO 3JIJIHIITHqecKHX cpyttKIJ;HH crrpaBe,D;JIHBbI cne,n;yromne yTBep)J(,D;eHHH. 

1. Jlro6aH pau;HOHaJibHaH KOM6HHaQHH 3JIJIHIITHqecKHX cpyHKIJ;HH c rrepno,n;aMH OJi lI lVz' 

a TaK)J(e rrpOH3BO):(HaH OT 3JIJIHIITHqecKOH cpyHKIJ;HH HBJIHIOTCH 3JIJIHIITHqecKHMH cpyHKIJ;HHMH. 

2. 3JIJIHII~eCKaH cpyttKIJ;HH, He HMeIOIIIM IIOJIIOCOB, IIOCTOHHHa. 3TO cneeyeT lI3 orpaHH

lJeHHOCTH cpyHKIJ;HH B IIOJIHOH Z -IIJIOCKOCTH. 

3. CYMMa BhNeTOB 3JIJIHII~ecKoii <PYHKU:HH J(z) OTHOCHTeJibHO scex ee rronrocoB, rrpn

Ha,D;Jie)J(amHX rrapaJIJienorpaMMy rrepno,n;oB, paBHa HYJIIO. 
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,lVIH ,[(0Ka3aTellbCTBa 3Toro yrnep)l{)J;eHirn ,[(OCTaTO'fHO Bhl'IHCJDITb liHTerpan OT J(z) ITO KOH

rypy naprumenorpaMMa rrep1m,[(OB, )"IHTbIBaH TO o6CTOflellbCTBO, lffO 3HalleHHH J(z) Ha npo

THBOIIOllO)l(HbIX ero CTOpoHax paBHbI. 0TCIO,[(a cne,[(yeT YTBep)l{)J;eHHe. 
4. He cymecrByeT 3nnHIITHl!ecKoii <l>YHKQHH nepBoro rropH.[(Ka, T. e. He cymecTByeT 3nnHrr

THqecKOH <l>YHKQHH, HMe10meii B rraprumenorpaMMe rrepHO,[(OB O,[(HH non10c nepBoro rropH.[(Ka. 
3TO cneeyeT H3 npe.[(bI.[(ymero YTBep)l{)J;emrn. 

5. 3nnHIITHlleCKaH <l>YHKQHH B rrapannenorpaMMe rrepHO,[(OB npHHHMaeT Ka)l{)J;oe CBOe 3Ha
qeHHe 0,[(HHaKOBOe llHCno pa3, paBHOe ee rrOpMKy. 

«l>ynKQHH BeiiepmTpacca p( z) u ( ( z). PacCMOTpHM 3nnHrrTHl!ecKJIO <)>YHKQHIO BTO

poro rropMKa, HMeIOmyIO non10c BToporo rropsr,[(Ka (.[(BOHHoii rron10c) B Hatiane Koop.[(HHaT. 3To 

03HatiaeT, 'ITO B TOl!Kax p = 0 {mod <Vi, Wi) <l>YHKQHH f (z) HMeeT IIOllIOChl BTOporo nopSI,[(Ka. 

IlocTpOHM MepoMop<l>HYIO <l>YHKQHIO, HMeIOmyIO B non10ce z = p rllaBffYIO llaCTb ( z - p r2 . 
CornacHo cxeMe MHTTar-ne<)>nepa HnH Kourn (cM., HarrpHMep, (1.64) CTpyiaypHoe npe.[(cTaBne
HHe TaKOH <j>JHKQHH 6y.[(eT HMeTb BH,[( [1, 21] 

1 "'{ 1 1 } t<J(z) =-z+ L.i ( )2 -pz • z m,n z-P 
(1.75) 

r.ne p = maJi + nm:i H rrrrpHX Ha,[( 3HaKOM CJMMbI JKa3bIBaeT Ha TO, lffO l!neH, COOTBeTCTByIOIIJ;HH 

3HatieHHHM m = n = 0, He yqacrByeT B CJMMHpOBaHHH. PaBHOMepHrur cxo,nHMOCTb psr.[(a (1.75) 

B n106oii 3aMKHJTOH o6naCTH, He co.nep)l(ameii nonIOCOB, cneeyeT H3 CXO,[(HMOCTH pH,[(a 

IloKIDKeM, lffO ga(z) - ,[(BOHKOrrepHO,[(HlleCKaH <l>YHKQHH. ,iJ,H<)><)>epeHQHpysr (l.75), 3aIIHIIIeM 

ga'(z) =-2L 
1 

3 • 

m,n (z-P) 
(l.76) 

<t>opMJna (1.76) crrpaBe,nmrna npH n1060M z "# P. 3aMeHHB B Hett z Ha z +OJi, rronyqHM 

ga'(z+0Ji)=-2L 
1 

3 • 

m.n [ Z - { p - OJi) J 
IlOCKOllbKJ m H n npo6eraIOT BCe Qeno'IHCneHHbie 3HatieHHH, TO p - <Vi 6y,neT npHHHMaTb TOT 

)Ke pH,n 3HaqeHHH, lffO H P. AHanorH'lHbie paCCJ)l(,neHHSI HMeIOT MecTO H ,nnH BToporo rrepHo

.na al:i· 0TCIO,[(a cne.nyIOT COOTHOUieHHH rreptto,n:HqHQCTH 

ga'( z + Wi )-ga'( z) = 0, ga'( z + m:i)-ga'( z) = 0. (1.77) 

HHTerpHpyH TO)l{)J;ecTBa ( 1. 77), Haxo,n:HM 
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<l>yHKU:IDI ( 1. 7 5) qeTHillI, CJie,L(OBaTem.HO, ITOCTOHHHhle cl = C2 = 0. TaKHM o6pa30M, go( z) -

MepoMop<lmaH .D:BOHKorrepHO.D:HqecKaH <i>YHKU:IDI, oHa Ha3hlBaeTCH <i>YHKU:Heil: Beil:epurrpacca 
( rre-<l>yHKU:Heil:). 

IlpOH3BO,L(HllI mo6oro IIOPH.D:Ka OT p(z) TaIOKe 3JIJIHITTHqeCKaH <i>YHKU:HH H HMeeT B TOq-

Kax mcq + n01i ( m, n = 0, ± 1, ± ... ) rromoc, nopH.D:OK KOToporo paBeH nopH,L(Ky rrpoH3BO.D:HOil: nmoc 

.n:Ba. )J,JIH mo6oil: Heqernoil: rrpoH3BO.D:HOil: OT rre-<i>YHKU:HH Beil:eprrITpacca cnpaBe.D:JIHBhI paBeH
CTBa (B IIOJiynepHO,L(ax) 

p(2k+1) ( i) = 0, p{2k+l) ( i) = 0, p{2k+l) ( Wi ~ Oli) = 0. 

lIHTerpHpyH <i>YHKU:HIO p(z) cornaCHo paBeHCTBY (l.75), HaXO,L(HM 

f P( z )dz= -( ( z) +const, 

s(z)=_!_+ I'{-1-+2-+~} 
z m.n z-P P P 

(1.78) 

Ha3hIBaeTCH mem-<l>ym<n:tteil: Beil:eprrITpacca. 3.n:ech, cornacHo o6meii TeopHH (cM. rr. 1.6), B KIDK

,ll,OM qJieHe CYMMbI H3 <i>YHKU:HH ( z - pr I BblqHTaeTC}I ,ll,Ba nepBblX 'UleHa ee Teil:rropOBCKOro pa3-

rrmKeHIDI B OKpeCTHOCTH ttyJrn. Tor.n:a PH.LI B (1.78) Ma)JCOpHpyeTCH B OCHOBHOM rrapaJIJieJIO-
rpaMMe rreptt:o.n:oB cxo.n:HIIIHMCH pH.D:OM 

"' 1 constL,, -
3

• 

m,n IPI 
TaKHM 06pa10M, Me)K)zy <i>YHKU:IDIMH BeiieprrITpacca p(z) H ((z) HMeeT MecTO CBH3h 

('(z)=-t<J(z). (1.79) 

,L1,3eTa-<l>yttKn:IDI rrpe.n:cTaBMeT co6oii Heqemyro MepoMop<l>HYJO <i>YHKU:HIO, HMeIOIIIYIO B TQqKax 
mCVi +nm2(m,n =0,±1,± ... ) rrpOCTOH ITOJIIOC. 0Ha OTHOCHTCH K KJiaccy TaK Ha3bIBaeMbIX KBa3H-

rrepno.n:nqecKHX <i>YHKU:Hll F ( z) , KOTOpbie B KOHrpY3HTHblX TO~ax CBH3aHbl COOTHOIIIeHHHMH 

F ( z + CVi )- F ( z) = const, 

F ( z + Oli )- F ( z) =con st. 

B CaMOM .n:eJie, HHTerpnpyH TO)J(,L(eCTBa 

p(z+cq)-p(z)=O, p(z+01i)-p(z)=O 

H yqHTbIBaH nptt: 3TOM paBeHCTBO (1.79), ITOJiyqHM 

((z+CVi)-((z) = c>i, 

(( z + w2)-(( z) = c52, 

r.n:e JV - HeKOTOpbie IIOCTOHHHbie. 

(1.80) 



AHAJIMTWIECKHE <l>YHKU,MM 45 

IlOJIO)l(HM B COOTHOIIJeHmIX (1.80) z = -0,5a.li H z = -0,50Ji COOTBeTCTBeHHO. B cmzy He

qerHOCTH ,[(3eTa-<l>YHKLIHH IIOJI)"IHM 

(l.81) 

Me)l()zy rrocTOHHHhIMH 01 H 82 HMeeT MecTO cooTHOIIIeHrre Jle)l(aH,Llpa [1] 

(1.82) 

3TO COOTHOIIJeHHe MO)l(HO IIOJiyqHTh, paCCMO'rpeB HHTerpaJI OT s(z) ITO KOHT)'PY IIapaJIJieJIO

rpaMMa c BepIIIHHaMH ±0,5a.li ±0,50Ji H )"IHTbIBaH rrpH 3TOM paBeHCTBa (1.80). IlpOH3BO,lJ;Hbie 

OT <l>YHKQHH BeliepIIIrpacca &a(z) orrpe,LleJIHIOTCH Bhipa)l(eHHHMH 

.f.J(kl(z) _ k{ 1 "' 1 } _ -( -) -(-1) k+2+L.i k+Z (k-J,2, ... ). 
k + J ! Z m,n ( z- P) 

(l.83) 

11crroJih3YH pa3JIO)l(eHHe <l>YHKQHH (z- p tm B pH,LI Telinopa B OKpeCTHOCTH ttyJIH IIOJiyqaeM H3 

orrpei:1eJiem1li (1.78) H (1.83) cne,L1yIOmHe pH,LlhI JiopaHa [9]: 

r( )- 1 ~ g~J+z Zj+1 _ 1 ~ Z
2

j-J -(2 . l) g~~) 
~ z --- Li22j+2 z ---L.icj 2 ·-1' cj- 1- 22j' 

Z j=I Z j=Z } 

(l.84) 

(k . I)' (o) 
r.(O)=[l+(-J)k+j] +1+ .gk+1+Z (k+j°?.J), 
k,j (k+ j)!j!2k+1+3 

( )

2k 

(0) - (0) - (0) - I 1 > gz -O, gzk+, -o, gzk -L - (k-2), 
m,n T 

1 1 
T =-P =-(mali +n01z), m,n = 0,±1,± ... 

2 2 

,[J,JIH BbJqJicJieHHH KOHCTaHT peIIIeTKH g~~) MO)l(HO BOCIIOJib30BaThCH peKyppeHTHhIM COOTHO

IIIeHHeM 

k-2 

(k-3)(2k+l)ck =3L:cjck-j' (1.85) 
j=2 

H3 KOTOporo orrpe,LleJIHIOTCH see KOHCTaHThI, eCJIH H3BeCTHb1 g~O) H g~0l. IloKa)l(eM, qTo <l>YHK

[(HH BeliepIIIrpacca &a(z) HBJIHeTcH peIIIeHHeM i:IH<l><l>epeHQHaJihHOro ypasneHHH 

(1.86) 
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<l>yHKU:IDI (l.75) qerHaH, CJie,noBaTeJII.HO, IIOCTOHHHI.Ie cl= Cz = 0. TaKHM o6pa30M, t<J(z) -

MepoMopcl>HaH .nsoHKorreptto,nttqecKaH <l>YHKU:HH, oHa Ha3i.rnaeTCH cl>YJIKU:Heii Beiieprmpacca 
( rre-cl>YJIKU:Heii). 

IlpOH3BO):(HaH mo6oro rropH,nKa OT t<J(z) TaIOKe 3JIJIHmHqecKaH cl>YJIKU:HH H HMeeT B Toq-

Kax m£4 + nOJ2 ( m, n = 0, ± 1, ± ... ) rromoc, rropH,nOK KOToporo paseH rropH.nry rrpoH3BO.nttoii IIJIIOC 

.nsa. ,[(JIH JII06oii HeqeTHoii rrpoH3Bo,nHoii OT rre-cl>yHKU:HH Beiieprmpacca crrpase,nnHBI.I paBeH
cTBa (B IIOJIYIIepHO)l:ax) 

$<7(2k+l) ( i) = 0, $<7(2k+l) ( i) = 0, $<7(2k+l) ( l4 ~ l02) = 0. 

lIHTerpttpyH cl>YJIKU:HIO t<J(z) cornacHO paseHCTBY (l.75), HaxOAHM 

f 8<7( z)dz =-(( z) +const, 

?(z)=_!_+ z:·{-1-+_!_+~} z m,n z-P P p-
(1.78) 

tta3i.rnaercH A3eTa-cl>yttKU:Heii Bei1:ep1mpacca. 3.neci., cornacHo o6iu:eii TeopHH (cM. rr. 1.6), B Ka)K

AOM qneHe CJMMI.I H3 cl>YJIKL(HH (z- p t1 BblqHTaeTCH .nsa rrepBI.IX qJieHa ee TeiiJiopOBCKoro pa3-

JIO)KeHIDJ B OKpeCTHOCTH ttyJIH. Tor.na pH,n B (1.78) Ma)l(OpttpyeTCH B OCHOBHOM rrapanJieJio-
rpaMMe rrepHO,[(OB CXO,[(HIL(HMCH pH,nOM 

"' 1 const.t..,, -
3

• 

m,n IPI 
TaKHM o6pa3oM, Me)K.ny cl>YHKU:HHMH Beiieprmpacca t<J(z) H ((z) HMeeT MecTO CBH3b 

('(z)=-t<J(z). (1.79) 

,[(3eTa-cl>YffKU:IDI rrpe11:CTaBJIHeT co6oii HeqeTttylO MepoMOP<l>HYIO <l>YHKu:HIO, HMe10iu:y10 B roqKax 
mcq + n~(m,n = 0,±1,± ... ) rrpocTOii IlOJIIOC. 0Ha OTHOCHTCH K KJiaccy TaK Ha3I.IBaeMI.IX KBa3H-

nepHO)l:HqeCKHX <l>YHKD:HH F ( z) , KOTOpI.Ie B KOITTpJ3HTHI.IX TOqKax CBH3aHI.I COOTHOUieHHHMH 

F (z + cq)-F (z) = const, 

F ( z + ~ )- F ( z) = const. 

B caMoM 11:eJie, HHTerpttpyH TO)l(AecTBa 

t<J(z+£4)-t<J(z)=O, t<J(z+~)-t<J(z)=O 

H yqHTI.IBaH npH 3TOM paBeHCTBO (1.79), nonyqHM 

((z+£4)-((z) = Oi, 

(( z + m2 )-(( z) = '52 , 

r11:e t5v - HeKOTOpI.Ie IlOCTOHHHI.Ie. 

(1.80) 
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IloJIO)l(HM B COOTHOIIIeHmIX (1.80) z = -0,50Ji H z = -0,5aJi COOTBeTCTBeHHO. B cmiy He

'IeTHOCTH )J,3eTa-$)'HKO:HH IIOJIY'IHM 

(1.81) 

Me)l()ly IIOCTOHHHbIMH 01 H 02 HMeeT MeCTO COOTHOIIIeHHe Jle)l(aH)J;pa [1] 

(1.82) 

3To COOTHOIIIeHHe MO)l(HO IIOJIY'IHTb, paCCMOTpeB HHTerpan OT ?(z) ITO KOH'fYPY rrapanJieJIO

rpaMMa c BepllIHHaMH ±0,50Ji ±0,5aJi H YtJMTbIBaH rrpH '.HOM paBeHCTBa (1.80). IlpOH3BO)J;Hbie 

OT <l>YHKO:HH BeifepI1ITPacca f<J(z) orrpeAeJIHIOTCH Bbrpa)l(eHHHMH 

,IO(k)(z) k{ 1 "' 1 } -( -) =(-1) --;;:;:z+L,, k+2 (k=l,2,. .. ). 
k + 1 ! Z m,n ( z - P) 

(1.83) 

HcrroJib3YH pa3JIO)l(eHHe <J:>ymru,nn (z- Ptm B pM Teiirropa B OKpeCTHOCTH HyJIH TIOJIYtJaeM m 
orrpe)J;eJieHHH (1. 78) H ( 1.83) cJieiJ:YfOI11He pHAbI JlopaHa [9]: 

r( )- 1 I~ g;~+2 2j+l - 1 I~ z2j-l -(2. i) g;~i "' z --- --z --- c.-- c. - 1- -. ' 
Z j=l 22

j+
2 Z j=Z J 2j-1' J 221 

,IO(k) ( z) = (-1 )k + fi r(o)zj 
(k + 1)' k+2 L,,'k,J (k = 0,1,. .. ), 

· Z J=O 

(1.84) 

(k . 1) I (O) 
,.(o)=[l+(-l)k+j] +1+ .gk+j+2 (k+j~l), 
k,j (k+ j)!j!2k+J+3 

( )

2k 
(o) _ (o) _ (o) _ ' 1 

gz -O, gzk+i -o, gzk -L - (k~2), 
m,n T 

l 1 
T =-P =-(mtoi +nw2 ), m,n =0,±1,± ... 

2 2 

,ll,JIH Bbl'IHCJieHHH KOHCTaHT perneTKH g ~~) MO)l(HO BOCTIOJib30BaTbCH peKyppeHTHbIM COOTHO

rneHHeM 

k-2 

(k-3)(2k+l)ck =3~.:Ch-j• (1.85) 
j=2 

H3 KOTOporo onpe)J;eJIHIOTCH BCe KOHCTaHTbl, ecJIH H3BeCTHbl gi0) H g~0l. IloKa)l(eM, 'ITO <l>YHK

O:HH BeifeprnTpacca ,IO(z) HBJIHeTCH perneHHeM AH<P<l>epem.i,HaJibHoro ypasHeHHH 

(1.86) 
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r.iw BBC,lJ,CHI>I o6o3Ha11emur BeliepIIITpacca 

60 (0) 
g -20c --g 

2 - 2 - 16 4 ' 

_ _ 140 (o) 
83 -28c3 --g6 

64 

B caMOM )J,CJie, Ha OCHOBamrn: COOTHOIIlCHHH (l.84)-(1.87) MO)J(eM 3armcaTh 

( ) 
1 2 4 

$0 Z =-z+C2Z +c3z + ... , 
z 

Orcro)J,a HaXO)J,HM 

[So'( z) J 2-4$0"1 
( z) + 20c2p( z) =-28c3 + 0( z ). 

(1.87) 

B JieBOH 'laCTH :noro paBCHCTBa CTOHT 3JIJIHIITH'lCCKruI <l>YlJKU:mI, He HMCIOII.lruI IIOJIIOCOB B IIa

paJIJieJiorpaMMe IIepHO)J,OB. CneJJ,oBaTeJlbHO, oHa IIOCTOHHHa. llcIIOJih3YH o6o3Ha11eHHH Beiiep

II1Tpacca (1.87), rrpHXO)J,HM OTCIO)J,a K )J,H<P<PepeHU:HaJihHOMy ypaBHeHHIO (l.86). 0603Ha'lHM 

TaK KaK f</(z) <l>YHKU:HH HC'leTHaH, TO H3 COOTHOIIICHHH IIepHO)J,H'lHOCTH 

So' ( z + U\ ) - p' ( z) = 0, p' ( z + 01i ) - p' ( z) = 0, 

IIOJIY1laCM paBeHCTBa 

OTcJOJJ,a BhITeKaeT, 'ITO 'IHcJia ek ( k = 1, 2, 3) CYTh ,lJ,BOHHhie KOpHH ypaBHCHHH 

So(z)-e=O, 

T. e. )J,H<P<l>epeHU:HaJihHOC ypaBHeHHe (1.86) MO:lKHO rrpe)J,cTaBHTh B BH)J,e 

CpaBHHBaH rrpaBhie 'lacrn ypaBHeHHH (1.86) H (1.88), rroJIY1laeM (cooTHoIIIeHHH B0eTa) 

1 
et +ez +e3 =0, eiez +e2e3 +e3e1 =--gz, 

4 

(1.88) 
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3.D,eCb L\ - TaK Ha3bIBaeMbIH .D,HCKJ>FIMHHaHT ey6H'IeCKOro ypaBHeHIDI 4x3 - g zX- g3 = 0, rro

CTOHHHbie g 2 II g 3 Ha3hIBaJOTCH HHBap1IaHTaM1I <l>YHKU:HH BeiieprrITpacca p( z). 

lfa ypaBHeHIDI (1.86) cneeyeT, 'ITO BeJIII'IIIHa u =,f<J(z) eCTb 06pa111eH1Ie '.}JIJllIIITII'IecKOro 

IIHTerpana rrepsoro po.D,a B cpopMe BeiieprrITpacca [12, 23, 41] 

z = J 3 du 
" ~4u - g2u - g 3 

OplI pacCMOTpeHIIII HeKOTOpbIX cpmH'IeCKHX 3a.D,aq B03HHKaeT Heo6xo.D,JIMOCTb B TeopeMe CJIO)l(e

HIDI 3JIJllIIITII'IeCKJIX <l>YHKUIIH IIO.D,06HOH TeM, KOTOpbie, HarrpHMep, JIMelOT MeCTO B reoplIII TPII

roHOM~H'IeCKIIX cpyHKU:MH. TaKaH TeopeMa eCTh II cpopMYnHpyeTcH cne.D,y10I111IM o6pa30M. 

OplI JI106h1x 3Ha'IeHIIHX z1 II z2 crrpase.D,JIIIBO paseHCTBO 

(l.89) 

OTcJO.D,a rrplI rroMOilllI rrpe.D,eJihHoro rrepexo.D,a z1 ~ z2, rronyqaeM cpopMYJIY y.D,soeHHH 

1 p"(z) 
{ }

2 

p(2z) = 4 p'(z) -2p(z). 

AHa.JIHTn11ec1rne npe)J,CTaBJieunH 3JIJIHDTH'IeCKHX «l>YHKnnii. EcJIII J(z) - 3JIJIJIIITII'Ie

cKaH <l>YHKU:IDI rropH.D,Ka p c rrpOCTblMH IIOJIIOCaMH Zp Z2 ' ... , z p' Jie)l(aIUIIMII B rrapannenorpaMMe 

rrepHO.D,OB, a Bk ( k = 1, 2, ... ' p) - Bbl'leTbl cpyHKIJ:IIII f ( z) B IIOJIJOCax, TO 

(1.90) 

(l.91) 
k=I 

Op1Ipa111eH1Ie J(z) B KOHrpy3HTHbIX TO'IKax .D,aeT B CIIJIY (1.80) 

p 

f(z+t0i)-f(z)=c'12:Bk =0, 
k=I 

p 

f ( Z + Wi )- f ( Z) = Oz L Bk = 0. 
k=I 

Cne.D,OBaTeJibHO, rrpe.D,CTaBJieHIIe ( 1. 91 ) orrpe.D,eJIHeT 3JIJIIIIITII'IeCKYJO cpyHKIJ:IIIO c rrpocThIMII 110-

JIJOcaMII Zp z2, ... , z P B rrapaJIJienorpaMMe rrep1Io.D,0B. 3To rrpe.D,cTaBJieH1Ie MO)l(HO pacrrpocTPa-

HHTh M Ha TOT CJIY'J:aH, KOr.D,a Zp Z2 , ... , z p - JI106I.1e pa3JIII'IHbie TO'IKII rrapannenorpaMMa rre

pHO.D,OB, a K03$qmu:tteHTbl Bk - mo6ble 'IHCJia, y.D,oBJieTBOpHIOilllie COOTHOIIIeHHIO (1.90). 
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Ec;m J(z) irneeT B TOqKax ZpZ2,. .. ,Zp rraprumenorpaMMa rrepHO)J;OB IIOJllOChl rropH)J;KOB 

Sp S2 , ... 's p COOTBeTCTBeHHO, TO rrpeil;CTaBJleHHe f (z) HMeeT BH)J; 

(l.92) 

IlpH 3TOM B IIOJIIOCe zk HMeeM rnaBeyIO qaCTb <l>YHKU:HH f ( z). 

B B B 
Gk ( z) = _k._1 + k,2 

2 
+ ... + k,s, s, 

z - zk ( z - zk ) ( z - zk) 

Cl>yHKUHH v(z) H ~(z).BBe)J;eMljl)'HKQHH v(z) H q(z) rrpHIIOMOIIIHCOOTHOJlieHHH[9, 10) 

v' ( z) = ( ( z) , t ( z) = v ( z). (l.93) 

HHTerpttpoBaHHe B1>1pa)l(eHHH (1.78) )J;Jl5I )J;3eTa-<l>YHKU:HH Beiiepurrpacca rrpHBO)J;HT K cne;zy
IOIUHM CTp)'K'TypHbIM rrpeil;CTaBJleHHHM MHOf03HaqHhlX <l>YHKIJ;IIH (1.93): 

v(z)=lnz+L:'{1n(1-~)+~+ z
2

2 }, lnl=O, (l.94) 
m,n P P 2P 

q(z) = zlnz-z+ L0 {(z-P)ln(1-~)-z+1-+4}. 
m,n P 2P 6P 

Pa3JIO)l(eHHH <l>YHKU:HH (l.94) HMeIOT BH)J; (B OKpecrnocTH HYJIH) 

( ) 
~ g;~+2Z2j+2 

v z - In z = - Li ( . ) zj+z, 
j~I 21+2 2 

~ (0) 2j+3 
;:( ) l L gZj+zZ .,, z +z-znz=- (. )( . ) 2 .,. 

j~I 21+2 21+3 2 J+~ 

HHTerpttpyH COOTHOIIIeHHH ( 1.80), rronyqaeM 3aBHCHMOCTH B KOHrpy3HTHhlX ToqKax 

v ( z + lOi )-v ( z) = Jti + <5, ( z + ~ lOi)' v ( ~k )-v (- i ) = Jti' ( k = 1, 2) ' 

v( z + Wz)-v( z) = Jti + <52 ( z +~Wz} 

q( z +ffli)-q( z) = .!.<>i ( z + Wi) z+Jti z+ q" 
2 

q( z + Wz)-q( z) = ~<52 ( z + Wz) z+Jti z+q2. 

(1.95) 
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flonarrui 3;:\eCh z = -0,50Ji' z = -0,5mz H )"IHThIBax paBeHCTBO 

~( z) + ~(-z) = -iJT z. 

fl>yHKUHH B. ll. HaTaHJoua u po,IJ;CTBeHHhie eii cneu;na.JihHhie <l>YHKUHH. B CBOeM 11c

cne;::i;oBaHHH HanpX)l(eHHOro COCTOXHHX ynpyroil: IlJiaCTHHhI, ocna6neHHOH reKCarOHaJihHOH JIH6o 

TerparoHaJihHOH CHCTeMOH O):\HHaKOBhIX KpyrOBhIX OTBepCTHil:, B. 51. HaTilH30H BBeJI MepoMop<t>

H)'IO <i>YHKQHIO BH;:\a [26) 

f(z)=-22::'{( p ) 3 +p~}· P=m0Ji+nm2 • 
m,n z-P 

3Ta <l>YHKQHX HMeeT IlOJIIOChI rpeTbero nopx;::i;Ka BO Bcex TOqKax, KOHrpymTHhIX H)'JIJO, KpoMe 

caMoro H)'JIH, KOTOpbIH HBJIHeTCH TpexKpaTHhIM KOpHeM ypaBHeHHH f ( z) = 0. 

Pa3BHBM H;:\eIO pa6oThI, BBe;::i;eM CHCTeM)' cneQHaJibHhIX MepoMop<l>HhIX <l>YHKQHH [10] 

.f<J; ( z) = :L 2 :L ( r + 1 )--;:+Z ( 1 = 1, 2, ... ) . , { p; i pi Zr } . 

m,n ( z - P) r~o P 
(1.96) 

<l>)'HKQHH (1.96) onpe;::i;eneHhI H aHaJIHTHqHhl npH JII060M z He KOHrpY3HTHOM H)'JIIO, a TaK)l(e 

B caMOM H)'Jie. B TOqKax z = p = mtvi + nmz ( m, n = ± 1, ± 2, ... ) OHM HMeIOT IlOJIIOChl BTOporo no-

p»;::i;Ka. Hanp11Mep, npH i = 1 HMeeM 

""'{ p p p} .f<71(z)=~ (z-P)2 pz -2z p3 · (1.97) 

QqeBH;:\HO npomBo)J;Ha» OT <l>YHKQHH ( 1.97) coBna;::i;aer c <l>YHKQtteil: B. 51. HaTaH30Ha f ( z) . 

.[I.JI» myqeHHH CBOHCTB <l>YHKQHH (l.96) npo;::i;11<t><t>epeHQHpyeM <l>YHKQHH .f<J;(z) nocne;::i;oBa

TeJihHO k pa3. flOJI)"IHM 

,f<J~k)(z)=(-1)k(k+1)1:L pi k+Z (k~i+1, i=1,2, ... ). 
m,n (z-P) 

3anmneM ;::i;anee 

(k) ( ) -. 
(-l)k ,f<Ji z+mv = L P' 

( k + 1) ! m,n [ ( z +at)- pf 2 

(P+at Y 
:L k+2 , ( v = i, 2 ). 
m,n(z-P) 
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PacKpbmrur 6HHOM B rrpaBoii qacTH :noro paBeHCTBa, Haxo.n;HM 

fJ'.kJ ( z + wv )-fJ'.kJ ( z) = 't c/ w!fJ~~j ( z ), (1.98) 
j=l 

r.n;e ., 
C/= .'('1~ ·)r (k~i+l; V=l,2; i=l,2, ... ). 

J. l J . 

lh orrpe.n;eneHHH <J>YHKU:Hll fJ(z) H fJ;(z)cne.n;yIOT YCJIOBHH CHMMeTpHH 

fJ'.kl(-z)=(-1y+k fJ'.kl(z). 

Y'IHThlBaH HX, HaXO,!l,HM, IIOJIO)J(HB B (1.98) z =-0,SOJV 

OrcI0,!1,a rronyqaeM CBH3H Me)l(,L\y 3Ha'leHHHMH BBe,!1,eHHbIX <l>YHKI.J;Hll B rronyrrepHO,!l,ax 

2h(2k+i+I) (OJv) = ~(-l)j+l Cj 7.ij M(Zk+i+l) (aJv) ( = 1 2· . = 1 2 • k = 0 1 2 ) 
()U'j L..J I LUy()t'"j-j V , , l , , ... , ' ' , ... 

2 N 2 
(l.99) 

MO)l(HO IIOKa3aTb rrpH IIOMOmH (l.99), 'ITO COOTHOIIICHHH (l.98) crrpaseMHBhl H ,!l,JIH cnyqrur 
k = i. COOTHOIIIeHHH (1.98) 6y.n;eM Ha3blBaTb o6o6meHHbIMH ycJIOBHHMH HHBapHaHTHOCTH OT-

HOCHTeJibHO rpyrrnb1 rpaHCJIHIJ;HH T ( z) = z + P. B qacrnoCTH, rrpn i = 1 HMeeM CBH3H s rronyrre

prro.n;ax 

Pi ( Z + OJV ) - fJ; ( Z) = wVfJ' ( Z) ( V = 1, 2) • 

IlHTerprrpyH :no paBeHCTBO, HaX0,!1,HM 

fJ1 ( z+ot )-fJ1 ( z) = OivfJ( z)+ r., (v =I, 2). (1.100) 

IlocTOHHHhle Yv Bbl'IHCJIHCM, IIOJIQ)J(HB B COOTHOIIIeHmlX (l.100) z = -0,Smv H yqHTbIBaJI yc

JIOBHH CHMMeTpHH <l>YHKU:Hll fJ(z) H fJ1 (z). IlMeeM 

Yv = 2fJ1 ( i )-wvfJ( i J 
Mo)l(HO ycTaHOBHTh CBH3h y1 H y2 c I.J;HKJIH'leCKHMH secaMH ,!l,3eTa-<j>)'HKUHH BeiiepIIITpacca. 

)J,nH :noro tteo6xo,!l,HMO paccMorpeTb rrmerpan OT fJ1 (z) no KOHTYPY ocHOBHoro rrapanneno

rpaMMa rrepH0,!1,0B, yqHTbIBM ee perynHpHOCTb BffYTPH 110 H <l>OPMYJIY (1.100). B pe3yJibTaTe 

IIOJIY'IHM paseHCTBO 

(1.101) 

aHaJIOrH'IHOe COOTHOIIIeHHIO fle)J(aH,!1,pa (l.82). 

Bbipa3HM Terrepb <l>YHKU:HID fJi{z) qepe3 <)>yHKUHH BeiiepIIIrpacca fJ(z) H (( z ). BBe,!l,eM 

<l>YJIKU:HIO 

f, (z) =afJ; (z)+ PzfJ'(z)-((z)fJ'(z). (1.102) 
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B CH.JIY paBeHCTB ( 1.80), ( 1.100) H rrepHO,[(HqHOcTH g;J' ( z) HaXO,[(HM 

Ii ( Z + OJV )- Ii ( Z) = ( aWV + jJOJV - OV) g;J' ( Z) ( V == 1, 2) · 

0TCIO,[(a IIOJiyqaeM ycJIOBHH rrepHO,[(Hl.fHOCTH l}>yttKQHH J; ( z). 

(l.103) 

r.n:e F - IJJJOil(a.D:h rraparrJJeJJorpaMMa rrep110,n:oB. 

TaKHM o6pa30M, f 1 (z) - qeTHaH 3JJJJHIJTHqecKmr l}>yHKQHH. CornacHo (l.102) oHa HMeeT 

oco6eHHOCTb 2z-4 -2/Jz-2 
B TQqKe z == 0 HBO Bcex KOHrpY3HTHbIX ttyJJIO TOqKax IIJJOCKOCTH z. 

B cm1y TeopeMbI JlnyBHJJJJH rrpnxo,n:nM K paBeHcTBy 

J; ( z) =~So"( z)-2/Jp( z) +c, 

r.n:e c - HeKOTopaH KOHCTaHTa. 

lfa paBeHCTB (1.102) ll (l.104) IIOJJyqaeM 

ag;J; ( z) ==.!.go ... ( z )+(?( z)-/3 z)f<J'( z)-2/3 f<J( z) +c. 
3 

l1HTerpnpoBaHHe 3Toro Bbipa*eHHH .n:aeT 

(1.104) 

(1.105) 

r.n:e c - IIOCTOHHHaH, KOTopaH 6y,n:eT orrpe.n:erreHa HH)Ke, a cl == 0 B CH.JIY HeqeTHOCTH f<l1 ( z). 

,l];JJH BbJqHcJieHHH HHTerparra B (1.105) BOCIIOJih3yeMCH .D:Hl}>l}>epeHQHaJJbHbIM ypaBHeHHeM 

(1.86) .D:JIH <l>YHKQHH Beiieprmpacca f<J( z). ,D;11<l>l}>epeHI1HPYH ero, Haxo,n:HM 

llo,n:CTaHOBKa Bbipa)l(eHHH ,[(JIH f<J2(z) ITO,[( 3HaK HHTerparra B rrpasoii qacTH (l.105) ,[(aeT OKOH

qaTeJJhHO 

ag;J1 ( z) ==.!.f<J'( z) +(? ( z)- /3 z)f<J( z) + /3? (z) +(.&.+c)z. 
2 12 

(1.106) 

AHarrornqHbie COOTHOIIIeHHH HMeIOT MeCTO H .D:JIH OCTaJJbHbIX l}>yttKIJHH CHCTeMbl (l.96). 
Bi,1q11cJJHM rrpnpameHHH <l>YHKI1HH f<l1 (z) rrpH rrepexo,[(e OT TOqKH z K KOHI'pY3HTHbIM eii 

TOqKaM. l1cIIOJib3YH <l>OPMY.JIY ( 1.106), 3arrmueM 

a[f<J1 ( z + mv )-tJ1 (z) J = ( ov - /lat )f<J( z)+ /3 ov +U~ +c) at (v = 1,2). (1.107) 
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Ifa cpaBHeHIDI COOTHOIIIeHHH HHBapHaHTHOCTH (l.100) H (l.107) rronyqaeM CBH3H 

1 
arv = f3'5v --OJv82 (v =1,2). 

12 
(1.108) 

COOTHOIIIeHHH (l.108) Bbipa)l(aIOT ITOCTOHHHhie Yv• qmrypHpyromHe B (1.107) qepe3 ITOCTOHH

H}'IO BeH.epIIITpacca 8 2. 

<l>ymazym f.J i ( z) BMeCTe co BCeMH CBOHMH rrpOH3BO)J,HbIMH amUIHTH'l:Hhl B rraparr.rrerrorpaMMe 

rrepHO~OB c u:eHTpOM B Ha'faJie KOOp~HHaT. Tio:HOMY llX MO)l(HO pa3JIO)l(HTb B pH~bl TeH.rropa 

B OKpecTHOCTH H}'JIH. llMeeM ITOCJie o6bJ'fHbIX rrpeo6pa30BaHHH [10] 

v.(k)( ) ~ 
av; Z _ L (i) j ( ) --- rk .z i =1,2, ... ; k =0,1,2, ... , 
( k + J) ! j~O '

1 

(k . 1)' (i) 
r.(i). =[1+(-l)k+j+l] + 1+ ·8j+k+2 (k+ j-i>l), 
k,1 (k+l)!j!21+k-1+3 

L
,fi 

(i) - • - • (i) - - - - "> rk.j-0 (k+1 z<l), 8k - k' T-0,5P, k z_3. 
m,n T 

(l.109) 

EcrrH k - i - He'feTHoe 'fHcrro, TO O'feBH~Ho, 8i;) = 0. B qaCTHOCTH, rrpH i = 1 ITOJIY'faeM pa3-

JIO)l(eHmr 

t<JlZk) ( Z) ~ ( 2k + 2j + 2) !8;~+zj+3 Z2 j+l 
(2k+l)!= f::t (2k+1)!(2j+1)!22k+2j+2 , 

v.(2k+1) (z) ~ (2k + 21· + 2) '8(1) z21 
avi "'"' . 2k+21+3 
( 2k + 2) ! = 7:t ( 2k + 2) !( 2j) !22k+21+2 

PH~bl (l.110) a6coJIIOTHO CXOMTCH B Kp}'Te lzl <min( 1~1. lm:il). 

(l.110) 

Tio~CTaBHM Terrepb B Bhlp~eHlle (l.106) pa3JIO)l(eHHH BXO~ zy~a cPYHKu:HH H3 (1.84), 
( 1.110). CpaBHHBaH K03cPcPHU:HeHThI rrpH o~HHaKOBhIX cTerreHHX z, Haxo~HM 

1 (l) 2 4 
c=-682• a8s =583 -15/382• 

a (i) =-/3 (o) +[(2j+7)(2j+8) + 1 l 8~~+s 
8 21+7 821

+
6 12 2(2j+6) (2j+5) 

j (2k 2)(2k 3) (o) (o) 
- "'"' + + 82k+4 82j-2k+4 ( L.J j = 0,1, ... ), 

k~O 4(2j+5)(2j +6) 

(1.111) 

r~e 8 2 H 83 - rrocTOHHHhie BeH.epunpacca (1.87). 

<l>opM}'Jihl (1.111) ~aIOT B03MO)l(HOCTb TIO H3BeCTHbIM 3Ha'feHHHM ITOCTOHHHhIX 8io) Bhl'fHC

JIHTb BeJIH'fHHhl 82), a TaK)l(e KOHCTaHTy c, <jlHrypHpyromyro B rrpe~CTaBJieHHH (l.106). 
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HIDKe npHBe,n:eM 3Haqemur HeKOTOpbIX KOHCTaHT ,n:IDI npamI.JlbHbIX peIIIeTOK. Ilo.n: '.ITHM no

HHMaeM reKCarOHaJJbH)'JO ( °" = 2, illi = 2 exp ( iJt I 3)) H wrparoHaJJhH)'JO ( °" = 2, illi = 2i) CHC-

TeM)' nep110,n:oB (pHc. 1.11). feKcaroHaJJhHaj! CHCTeMa: 0-l = 2, {l2i_ = 2exp(i7r I 3). 

y y 

-- -/ 

' / 
' - "\ 

I 
, 

\ / ,.. --
' " I / ' \ 

I I \ I 

x 
I I 0 I I x 
I \ \ " / I I I 

\ \ - --
, / I 

\ ' / / 
' 

,, 

' / 
' - - -

a) 6) 

Puc. 1.11. IlpaBHJihHhie rrepHo,n:HqecKHe CHCTeMhI: a)- reKcarottaJihHa51; 6) - TeTparoHaJihHa51 

TaK KaK MHOJR:eCTBa ToqeK 

ilr ilr ilr 

T=m+ne 3 H Te 3 =n+me 3 (m,n=0,±1,±2,± ... ) 

cosna.n:a10T, To 

(o) _ "' I ( _ ) g 6k - L.J ---r;;;- ;t 0 k -1, 2, ... . 
m,n T 

OcTaJihHhie nocTOj!HHhie g;~i paBHhI Hymo. 

BeJrnqMHY g~o) MOJR:HO BhJqMCJIMTh nocpe,n:CTBOM 6bICTpo cxo,n:HmerocH pH,n:a no <jlopM)'ne 

6 ( )2 ( ) (0) 3 lJT 6 ~ 1 1 2 n 
g 6 =-+16Jr L - --- , ,Bn =l-(-1} ch(Jrn"'3). 

4 725 n~l Pn Pn 5 

OcTaJJbHbie KOHCTaHTbl BbflHCJIHIOTCji no peKyppeHTHbIM COOTHOIIIeHHHM (1.85). Pe3yJihTaTbl 

pacqeTOB npRBe,n:eHhI B rn6nm.1,e. 

Ta6Jim1a 1.1 

3naqenuH BeJIH'IHH gi~) AJIH reKcarouaJibHOH nepHOAUqecKOH CHCTeMbl 

k 1 2 3 4 ::?:5 

g(o) 
6k 5,863032 6,009640 5,9997183 6,000012 6,000000 

AHanoIWIHbie paCCYJR:.n:eHHH no OTHOIIIeHHIO K lj:>yttKQHH f<11 (z) npHBO,n:HT K BbIBO.n:y 0 TOM, 

qrn OTJrnqHhI OT ttyJij! JIMIIIh senMqHHhI g~~-i · Pe3ynhTaThI npRBe,n:eHbI B cne.n:y10meil: Ta6nm.1,e. 
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Ta6Jml(a 1.2 

3na'leHHH BeJIH'IHH gt!-1 11.JIH reKcaronam,noii nepHO/).H'leCKOH CHCTeMbl 

k 1 2 3 4 5 ~6 

(1) 
g6k-1 5,656803 6,03012 5,999179 6,000035 5,999999 6,000000 

0CTaJibHhle KOHCTaHTbl pemeTKH TaKOBbI: 

0, =2r(~J=_!!_ t5 =0,/~ 
1 \,, 2 .J3' 2 1 

Yi =0, Y2 =0. 

TerparoHaJihHCUI cncTeMa: ~ = 2, liJi = 2i. B 3TOM CJI)"lae 

s: - Jr s: - . s: - 5 (0) 
u1 --, uz --1u1, Yi ---g4 , 2 2tr 

3HaqeHHS! KOHCTaHT g i~) H g i~+3 rrpnse;i:eHhl B Ta6Jim~ax 1.3 H 1.4 COOTBeTcTBeHHO. 

Ta6nul(a 1. 3 

3na'leHHH KOHCTaHT gi~> /).JIB TeTparoHaJJhHOH nepHOIJ.H'leCKOH CHCTeMhl °'1 = 2, CDz = 2i 

k 1 2 3 4 5 6 7 

g(o) 
4k 3,151211 4,255773 3,938849 4,015695 3,996097 4,000977 3,989756 

k 8 9 10 :2'.11 

g(o) 
4k 4,000061 3,999985 4,000004 4,000000 

Ta6nul(a 1.4 

3naqeHHH KOHCTaHT gi2+3 11.JIH TerparonaJJbHOH nepHOIJ.H'leCKOH CHCTeMLI °'1 = 2, CDz = 2i 

k 1 2 3 4 5 :2'.6 
(1) 

g4k+3 4,001954 3,999512 4,000122 3,999969 4,000008 4,000000 

g(O) = 1'
4 

+ 2tr4 

~ (--2-+_3_) 
4 45 3 ~ sh 2 trn sh4 trn · 

,l),JIS! Bbl'IHCJieHHSI OCTaJibHhIX BeJIMHH Heo6XO)J;HMO BOCIIOJib30BaTbCH peJ<YPpeHTHhIMH co

OTHOIIIeHHHMH (1.85), (1.111 ). 

cJ>ynK[(HSI BeiiepuITpacca O'( z ). lJ,eJiasr cpyttKu;nsr a(z) orrpe;i:eJisreTCH rrpn rroMomn pa

BeHcTBa [I, 21] 

~lna(z) = ?(z), 
dz 

r;i:e ?(z) - mera-cpyttKUMH Beliepmrpacca. 
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YqHTLIBaH orrpe,z:i;eneHHe cp)'HKI(HH v(z) B (l.93), (1.94), rronyqaeM 

In o-(z) = v(z) 

H, cne,n;oBaTeJILHO, 

a(z) = zIT(1-..£)exp(..£+~)· 
m,n P P 2P 
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(1.112) 

}fa 3TOH cpopM)'Jihl BH,ll;HO, qTQ O"(z) QeJiaH cp)'HKQHH, HMeKl:ru;aH rrpoCTbie H)'JIH B TQqKax p = 

= m@i + nm2 ( m, n = 0, ± 1, ± ... ) . 

IlOJiyqHM COOTHOIIJeHHH HHBapttaHTHOCTH ,ll;J1H cpyHKQHH a ( z). )J,JIH 3TOro BOCITOJIL3yeMCH 

paBeHCTBaMH (1.95) ,ll;JIH v ( z ). I1MeeM 

In O" ( z +wk)- In O" ( z) = ;iri +bk ( z + ~ ~) ( k = 1, 2). 

0TCKl,D;a 

(l.113) 

B qacTHOCTH, 

o-(-~k)=-O"(~k) (k=l,2). 

Ii, Boo6:ru;e, a(z) - Heqernan cpyHKQHH. 

T:na-<t>ynKu,uu JIKoou. ,ll,JIH BLNHcneHHif, CBH3aHHLIX c 3JIJIHrrruqecKHMH cp)'HKI(HHMH, Qe
necoo6pa3HO TIOJib30BaTbCH liX Bbipa)l(eHHHMH c TIOMO:ru;bKl 6LICTpo CXO,ll;H:ru;liXCH pH,D;OB. y ,n;o6-
Hb1M arrrrapaTOM MH 3TOro HBJIHKlTCH T3Ta-cpyHKQHH 5IKo6H. 0HH orrpe,n;eJIHKlTCH cne,n;yKl:ru;H
MH pH,D;aMH (1, 2, 6]: 

oo (I 9 25 ) iJ, ( v) = i k~ (-1 )k h(k-0,5
)' z2

k-I = 2 h4 sin ;irv- h4 sin 3w + h 4 sin 5JrV-... , 

( 1) 00 

2 ( .!. .'!. ~ ) t.92 ( v) = ~ v+2 = k~ h(k-O,s) z2k-i = 2 h 4 cosw+ h4 cos3w+ h 4 cos5w+ ... , (1.114) 

t.93 ( v) = h± e";z z3i (v + _!_ + £.) = f he z2k =I+ 2hcos 2;irv + 2h4 cos 4;irv + 2h9 cos 6;irv + .. ., 
2 2 k=-

t.94 ( v) = ~ (v+.!.) = f (-l)k hk
2 

z2
k = l-2hcos2;irv+ 2h4 cos4w-2h

9 
cos6w+ .. ., 

2 k=-

h = exp{i ;irr }, Im r > 0, Jhl = e-"lmr < 1, z = exp{iw}. 
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<l>yttKIJ,mI 731 ( v) - HeqeTHaH, rrep1m,lUiqecKaH c rrepHO.lWM 2, T. e. 

13, (v+2)-1J, (v) =0. 

HyJIH cj:>yttKIJ,HH ~(v) rrpoCThle H pacrroJIO)J(eHhI B TQqKax m+nr (m,n=0,±1,± ... ,). <l>yttK

IIHH 732 ( v), 733 ( v), 134 ( v) - qeTHhle ueJibie c rrepHo,l:(aMH 2; 1 H 1 cooTBeTCTBeHHO. PH,ll;hI 

(1.114) CXO,ll;HTCH qpe3BbJqaii:HO 6hICTPO. 

IlpHBe,l:(eM eme Bhipa)J(emrn cj:>yttKUHH BeH:epIIITPacca qepe3 nrn-cj:>yHKUHH. l1MeeM 

(1.115) 

r,ll;e 

ir(o)=2.1l" h4 -3h4 +sh4 -7h4 + ... , 
( 

l 9 25 49 ) 

l 9 25 

zJ2 (0)=2h4 +2h4 +2h4 + ... , 

l.9-3(0)=1+2h+2h4 + 2h9 + ... , 

l.9-4(0)= 1-2h+ 2h4 -2h9 + .. . 

llOJIHrapMOHH'leCI\'.He <llYHKIIHH, HHBapuaHTHhle OTHOCUTeJibHO rpynnbl TpaHCJISI• 

IIHH T (z ). Ilo,11; IIOJIHrapMOHHqecKOH cj:>yttKUHeH IIOHHMaIOT peIIIeHHe (soo6me, KOMIIJieKCHoe) 

IIOJIHrapMOHHqecKOrO ypaBHeHJUI U E C2
". 

A"U=O, A=d~+a;, A" =A(A"-1
). 

llMeeT MecTo o6mee rrpe,ll;cTaBJieHHe 

n-1 

U = U" (z,z) = L[ z qJk,n ( z)+ Z\ll"k,n (z) ], (l.116) 
k=O 

r,ll;e qJk .(z) H \f/k n (z) - aHaJIHTttqeCKHe cj:>yttKUHH CBOHX KOMIIJieKCHhIX rrepeMeHHhIX. 
' ' 

IlOCTaBHM 3a,ziaqy: IlOCTPOHTb cj:>yHKUHH qJk,n(z) H \ll"k,.(z) TaKHM o6pa30M, ~06bI BbIIIOJI

HHJIHCb ycJIOBHH HHBapHaHTHOCTH Bblpa)J(eHHH ( 1.116) 

(1.117) 
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c 3TOM n.eJiblO pacCMOTJJHM CHCTeMY IlOJIHrapMOHll'leCKHX <i>YHKU.HM [IO] 
n-1 

f, ( -) = "(-l)k ck -n-k-1 (n-1) ( ) 
n Z,Z L... n-lz f<Jk Z , (l.118) 

k=O 

P ! (n-1) _ dn-l 
k!(p-k)!' f,Jk (z)- dz"-15Jk(z). 

IloKIDKeM, TITO <i>YHKLIHH (1.118) y.n;osneTBOpHIOT ycJIOBHIO HHBapHaHTHOCTH (1.117). ,ll,elicTBH

TeJlbHO, H3 (1.118) HaXO):IHM 

n-1 
f ( __ )- "( l)kCk (- - )n-k-1 (n-1)( ) ( -l 2. -l 2 ) nz+a>v,z+a>v-L..,- n-1z+a>v f<Jk z+a>v V-,,n-,, .... 

k=O 

B CHJlY COOTHOIIJeHHH (1.98) 3TO Bbipa)J(eHHe npe.n;cTaBMM CJle):lylOIIl;HM o6pa30M: 

fn ( z +WV, z + mv) = fn ( Z, z) + 
n-2 n-1 m +" f/J(n-1) ( ) " n-m-lor-k"(-l)s cs cm-s ck L..,Ovk Z L.., Z v L.., n-1 n-s-1 s · 

(1.119) 

k=O m=k+l s=k 

Mo)J(HO nOK<l3aTh, 'ITO noCJie.n;HAA CJMMa B ( 1.119) npH n = 2, 3, ... If 0 ::;; k ::;; n - 2, k + 1 ::;; m ::;; n -1 

o6pam;aeTCH B HOJib. IlpH n = 1 <i>YHKLIHH fn (z, z) COBIIa.n;aeT C f<J(z) If, CJle):IOBaTeJlhHO, TaK:>Ke 

y.n;osneTBopHeT (1.117). 
TaKMM o6pa30M, <PYHKil.lfIO f.(z,z), onpe.n;eneHeyro <)JopMJnoli (l.118), MO)J(HO lpaKTO-

saTh KaK ):IBOHKOnepHO):llflieCKYJO rapMOHMKJ. ,ll,mp<l>epeHl..llfPYH nocne.n;osaTeJibHO 3T)' <l>YHKIJ.MIO 

IIO rrepeMeHHOR Z, o6pa3yeM CMCTeMY BbICIIIHX rapMOHlfK 

f. (m)( -)=~!,( -)=~(-l)kCk -n-k-lf/J(m+n-1)() n Z, Z :I m n Z, Z L.., n-lZ ovk Z • 
OZ k=O 

l1CKOMM IIOJIHrapMOHJfqecKM <l>YHKIJ.HH, y.n;osneTBopHIOm;M ycnOBHHM rrepHO):(HqffOCTH (1.117), 
IIpMo6peTaeT BM):\ 

_ = {!}ml (z,z) fn(m) (z,z) * } 
Un(z,z)= L ( -l)IA..+n-1+ ( -l)IA,;,+n-1 · 

m=O m+n . m+n . 

YqmhIBM rrpe.n;crnsneHHH (1.118), Haxo.n;HM oKoHqaTeJlbHO 

n-1 

Un ( z, Z) = L { zk rpk,n ( z) + Zk'l'k,n (z) }, (l.120) 
k=O 

r.n;e 

( ) 
_ ( )n-k-1 Ck ~ A, (s) ( ) 

fPk,n Z - -1 n-1 L.., ff<Jn-k-1 Z ' 
s=n-1 S · 

= A* 
(-) ( l)n-k-1 ck " s (s) (-) - • 'l'k,n Z = - n-1 L.., ff<Jn-k-1 Z , Z =x-iy. 

s=n-1 S · 

<l>OPMYJla (1.120) .n;aeT peIIIeHHe TIOCTaBJieHHOR 3a.n;aqlf. 
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B KaqecTBe rrepsoro rrpHMepa rrocrpoHM sern:ecTBemryro rapMOHJiqeCK)'IO .z:IBOHKorrepHo

.rlHqecK)'IO cpyHKumo. B 3TOM c.rryqae n = 1 H cpopMYJihI ( 1.118), ( 1.120) .r1aroT 

d'" 
J; (z) =f<J(z), .t;(m) (z) =f<J(m) (z) = dzm f<J(z). 

~ Vl(m) ( ) 
U = Re LA,,, ~v z . 

m~o m! 
(1.121) 

IlOCTPQHM Terrepb ABOllKOIIepHO,[(JiqeCK)'IO 6J.1rapMOHJiqeCK)'IO cpyttKI.l,IDO BH,[la z <p ( z) + IJF ( z) . 
B 3TOM cnyqae n = 2 H cpopMyJihI (1.118), (l.120) .r1a10T 

f2 ( Z, z) := Z,f<J(!) ( Z )-f<J\I) ( Z), f2(m) ( Z, z) = Z,f<J(m+I) ( Z )-f<J\m+I) ( Z). 

Ilonara» B ( 1.120): As = A;, ( s = n -1, n, n + 1, ... ) , rro.rryqaeM OKOHqaTeJihHO 

U2 ( z,z) = 2Re{ z<p1.2 ( z)+<fJo.2 ( z)}, (1.122) 

QqeBH.[IHO, <fJ1,2 ( z) - cpym<UHH ABOHKOrrepHO.[(JiqeCKM, a <fJ0,2 ( z) Y.z:IOBJiernopHeT B CHJIY (1.100) 

YCJIOBH51.M 

</Jo, 2 (z+mv)-<fJo, 2 (z) =-ill/A.2 (z) (v =1,2). 

HHTerpaJibHble npe;:i:craBJieHH.H aBTOMopcllHLIX cllYHKU:HH. Ilo.r1 .r1po6HO-JIHHei1Hi.1M npe

o6pa:30BaHHeM (.[lp06HO-JIHHeHHOH IIO,[ICTaHOBKOH) IIOHHMaeTCH Bblpax<eHHe 

,_ az+b -T( ) z ---- z, 
cz+d 

(1.123) 

r.r1e a,b,c,d - IIOCTOHHHLie H ,[leTepMHHaHT rrpeo6pa30BaHHH ad-be =t-0 (06i.1qHo ero IIOJia

raIOT paBHbIM C,[IHHHUC). 06pamoe rrpeo6pa30BaHHe 

T -1 ( ') z'd-b z= z =---
a-z'c 

TaK)Ke ,npo6HO-JIHHei!HOe H ero ,[leTepMHHaHT paseH e,[ll'IHHUe. 

QqeBH,[IHO, qTo ,[(Ba IIOCJie,[IOBaTeJILHO BbIIIOJIHeHHbIX .r1po6HO-JIHHeHHbIX rrpeo6pa30BaHHH 

T(z) H S(z) cHoBa .r1aroT .r1po6Ho-mrneiiHoe rrpeo6pa3osamre H ecm1 .r1eTepMHHaHTLI Ka)K)loro 

COMHO)J(HTeJIH paBHbl e,[IHHHUe, TO ,[leTepMHHaHTbI TS, ST, T 2
, S 2

, T-1
, s-1

, ••• paBHbl e,[IHHHUe. 

TaKHM o6pa30M, KoHeqHoe qHcno nocne.r10BaTeJILHO Bi.montteHHLIX ;:i:po6HO-JIHHelitti.1x no)],

crnHoBOK paBHOCHJibHO 0)],HOMY )],p06HO-JIHHeHHOMY rrpeo6pa30BaHHIO. 
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IlycTn .n;aHDI rro.n;cTaHOBKH T ( z), S ( z) ,. .. , R ( z). EcJIH o6pa30BaTb MHO)J(eCTBo, co.n;ep)J(a

Ill,ee )J;aHHDie IIO,UCTaHOBKH, o6paTHhle K HHM H rrocrpoeHHDie H3 HHX BCeMH B03MO)J(HbIMH crroco-

6aMH rrp01nBe)J;eHHH, TO 3TO MHO)J(eCTBO o6pa3yeT rpyrrrry. TaKaH rpyrrrra Ha3bJBaeTCH rropo:>K

)J;eHHOH IIO)J;CTaHOBKaMH T ( z) ' s ( z) ' ... ' R ( z) ' a caMH '.ITH IIO)J;CTaHOBKH Ha3bIBaIOTCH OCHOBHbI

MH rro,n:CTaHOBKaMH rpyrrrrDI. Ka:>K.D:M rpyrrrra co,n:ep)J(HT IJ,HKJIHlleCKHe rro.n:rpyrrIIbI, rropo)K)J;eHHnie 

KaKOH-JIH60 O)J;HOH IIO)J;CTaHOBKOH. 

~ TOro, qT06DI 11,HKJIHqecKM rpyrrrra, rropo)K)J;eHHaH IIO)J;CTaHOBKOH T(z) H co.n:ep:>KallJ,M 

Bee ee IIOCJIC)J;OBaTeJibHbie HTepall,HH 

I;(z)=T(z), T[T(z)]=T2 (z), T[T(T(z))] =T3(z), ... 

6nma KOHeqHoH, Heo6XO,IJ;HMO H .n:ocTaToqHo, qT06hl Ha KaKOM-TO mare T,, ( z) = z. 
Br,ipa:>KeHHe .z:vrn n-iI HTepaIJ,HH T.(z) rronyqHM, Hcrronn3YH TaK Ha3nrnaeMDie Herro)J;BH:>K

Hbie rnqKH .;P .;2 rrpeo6pa3oBaHHH ( oT06pa:>KeHHH) (1.123). Ilono:arn:M 

az+b 
T ( z) = z ¢::> -- == z. 

cz+d 

EcnH c "# 0, TO HaxO)J;HM H3 3Toro ypaBHeHHH )];Be Herro.n:BH:>KHDie ToqKH 

.; = a-d±JM 
i,2 2c ' 

r,n:e c yqeTOM paBeHCTBa ,n:eTepMHHaHTa rrpeo6pa3oBaHmr el(HHHIJ,e 

M =(d-a)2 
+4bc=(a+d)

2
-4. 

IlpH a+ d ::: ±2 rronyqaeM OllHY HeIIOl(BH:>KHYJO TQqKy 

.;==a-d. 
2c 

EcJIH c = 0, TO HMeeM l(Be Herro,n:BH)J(Hbie ToqKH 

b .;l =-d-, .;2 =oo. 
-a 

IlpH c = 0, d = a IIO)J;CTaHOBKa w( z) = z + b HMeeT O.D:HY HeIIO)J;BH)J(ttyJO TQqKy .; = 00• 

BnIBO)J; TaKOB: )J;p06HO-JIHHeiIHoe oT06pa:>KeHHe HMeeT He 6onee )J;Byx Herro,n:BIDKHbIX TOqeK, 

eCJIH OHO He eCTb TO:>Kl(eCTBeHHoe: z' = z. 
Bo3BpaI11,MCb K n -iI HTepa11,HH T. ( z), Bocrronb3yeMcH BDipa)J(eHHeM rrpeo6pa30BaHHH qe

pe3 HeIIO.D:BH:IKHhle TOqKH (rrpe.n,rronaraeTC.11, qTQ c #:- 0). llMeeM 

7;(z)-.;, =K z-.;1 
7; ( z) - .;2 z - .;2 ' 

r11e K - MHO:>KHTeJih rrpeo6pa3oBaHHH orrpe.n:en.11eTc.11 cliopMYJIOH 

K - a-c.;1 1 ---"#. 
a-c.;2 

(1.124) 
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IlpH BhIIIOJIHeHHH ycJIOBIDI ad - ch = 1 HMeeM 

K+2-=(a+d)2 -2~J"K+ ~=±(a+d). 
K vK 

Ih (I . 124) BhIBO,L(HM 

T z _ (K"q2-4'i)z+(l-K")ql2 

n ( )- (K" -l)z+~2 -K"~1 
Cne.nosaTeJihHO, I: (z) = z Tor.na H TOJihKO Tor,na, KOr,na Kn = 1, T. e. 

{
2iJ£k} K=exp -n- ( k = 1,2, .. ,n-l). 

Bhlpa)KeHHe ( 1.125) ,naeT B 3TOM CJI)"-Iae 

Jrk 
a+d =±2cos- (k = 1,2, ... ,n-l). 

n 

(1.125) 

(1.126) 

YcnoBIDI (1.126) H ad -ch= 1 Heo6xo,nHMhI H ,nocTaTOqHhI M5I TOro, ~o6hI UHKJIBqecKrur rpyrr
rra, rropO)K,L(eHHruI IlO,L(CTaHOBKOH ( 1.123 ), 6brna KOHeqHOH ( n-•rneHHOH) [22, 41]. 

IlpuMep. IlycTh n = 3, TOr,na k = I, 2. 

1£ 1 
cos-=- a+d=l, 

3 2' 

21£ 1 
cos-=-- a+d =-1. 

3 2' 

IlOJI)"-IaeM ,[(Ba (,nsyxrrapaMeTpHqecKHX) CeMeHCTBa IlO,L(CTaHOBOK 

az+h 
7;.(z)= , a(l-a)-hc=l, T3 (z)=z, 

cz+l-a 

az+h 
S1 (z)= , a(l+a)+hc=-1, S3 (z)=z. 

cz-1-a 

fpyrrrrhI .npo6Ho-JIHHeHHhIX IlO,L(CTaHOBOK MOryT 6hITh KOHe'IHhIMH HJIH 6eCKOHe'IHhIMH. IlpHBe
,neM rrpHMephI. 

1. fpynrra spamemu1. 3Ta rpyrrrra rropo)K,neHa rro,ncTaHOBKOH 

T(z) = zexp{
2
:i}· 

I1MeeM 

I; ( z) = zexp(2:i} T2 ( z) = zexp( 
4:i), .. .,rn-i ( z) = zexp{ 

2
(nn-l) 1£+ 

QqeBH,L(HO, Tn ( Z) = z. 
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2. fpynna 1J>aHcmni;HH ,[(JUI <J>yttKQHH c O,[(HHM nepHo,[(OM. MHo:>KeCTBO npeo6pa30BaHH:il: 

Tm ( z) = z +mm (m = 0,±1,± ... ), 

r,[(e {I)* 0 - IIOCTOHHHOe 'IHcno, o6pa3yeT rpynny, IIOpO:>K,[(CHHylO npeo6pa.30BaHHCM 'Fi ( z) = 

=z+~. 

3. fpynna 1J>aHCMIJ;HH .[(AA .[(BOHKonepHo,[(H'IecKo:il: <l>YffKIJ;HH. MHo:>KeCTso npeo6pa:30BaHH:il: 

T(z) = z+m~ +n01i; Im CO:? -:t 0 (m,n =0,±1,±2,± •.. ), 

~ 

r,[(e 01 H CO:? - IIOCTOHHHbie, OTnH'IHhIC OT ttynH 'IHCna, o6pa3yeT rpynny, IIOpO)l(,[(CHttylO npeo6-

pa30BaHHHMH T = z + 01, T' = z +CO:?. 

4. MO,!J;YMPHM rpynna. MHo:>KeCTBO scex npeo6pa.3osaHHH BH,[(a 

T(z)= az+b 
cz+d 

c ,[(CMCTBHTenhHhIMH QenhIMH K03<l><l>HIJ;HCHTaMH a,b,c,d ,[(nH KOTOphIX ad -be= 1, o6pa3yeT 

rpynny. 06paTHhie npeo6pa.3oBaHHH H npomse,[(eHHH scex TaKHX npeo6pa.3osaHH:il: eCTh npeo6pa-

3osaHHH c QenhIMH K03cpcpHIJ;HeHTaMH H ,[(eTepMHHaIITaMH, paBHhIMH e,[(HHHIJ,e. Ka)l(.[(oe H3 3THX 

npeo6pa.30BaHHM nepeBO,[(HT ,[(CHCTBHTenhHYJO OCh B ce6H. 

Ilo,[( aBTOMop<l>HOH <l>YHKIJ,HCH IIOHHMaeTCH 0,[(H03Ha'IHaH aHaJIHTWICCKM <l>YHKIJ,HH, HHBapH

aIITHM IIO OTHOIIICHHIO K HeKOTopo:il: rpyIIIIe ,!1;p06HO-nHHCMHhIX IIO,[(CTaHOBOK [41]. 

TO'IKH HnH <l>HrYPhI, IIOny'IaCMhie O,[(Ha H3 ,!l;pyroii IIpH IIOMOIIJ;H IIO,[(CTaHOBOK rpynIIhI, Ha-

3hIBalOTCH KOHrpy3HTHhIMH. ABTOMop<l>HaH <l>YHKIJ,HH IIpHHHMaeT B KOHrpy3HTHhIX TQqKax 0,[(

HH H Te :>Ke 3HaqeHHH. 

<l>yH,[(aMeHTaJihHOH o6naCThlO (<l>ytt,[(aMeHTanhHOH l[qeil:KOH) Ha.3hIBaeTCH o6nacTh, He co

,[(ep:>KaIIJ;aH .[(Byx pamWIHhIX KOHrpYJHTHhIX ToqeK, HO CO,!l;Cp:>KaIIJ;M TOqKH, KOHrpYJHTHhie nro-

6oii: TOqKe nnocKOCTH OTHOCHTCnhHO ,[(aHHOM rpynnhl. 

IlyCTh 

'.fu ( z) = z, 'I'i ( z), .•• , T"_1 ( z) 

,!l;p06HO-JIBHCHHhie <l>YffKIJ;HH, COCTaBnHI-OIIJ;HC rpynny, H r 0 - HCKOT?PM IIpOCTM rna,L\Killl KpH

BM (1aMKffYTaH HnH pa.3oMKttyTM). AsToMop<l>HM cpyttKQHH 

n-1 1 
G(z,a)= L ( ) (1.127) 

k=OTk z -a 

Ha3h1BaeTCH OCHOBHOH cpyttKD,HeH rpYIIIIhI. 3,[(eCh a - HeKOTOpoe qHcno, IIpHHHMaI-OIIJ;ee B Ka:>K

,[(OH <J>ytt,!J;aMeHTaJihHOH o6naCTH nro6oe CBOe 3Ha'IeHHe 0,[(HH pa3. 

llHTerpanhHOe npe.[(cTaBneHHe ryco'IHo-ronoMopcpno:ll: aBTOMop<l>noif cpyttKIJ,HH, Hcqe1a-

10IIJ;en Ha 6ecKOHeqHOCTH, HMCCT BH,[( [5, 42] 

<l>(z)=-
1 

. f J(t ){G(t, z)-G(t,= )}dt = 
21Cl ro 

} n-1 { } 

=- 1(1)L 
2Jr i J k=O t - ~ ( z) 

(l.128) 
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<l>)'HKIJ;IDI (1.128) roJJOMOp<jma BCID.D:y, KpOMe KpHBOH r0 H KpHBbIX rk, ypaBHeHHH KOTOphlX 

HMeIOT BH.D: Z =~-I (t), tE r 0 (k = 1, 2, ... ,n-1). 

HarrpHMep, <l>YHKu:HH aBTOMop<l>Hwr OTHOCHTeJJbHO rpyrnrn BpameHHH, nopo)J(.lJ:eHHOH rro.n:-

CTaHOBKOH T( z) = zexp( 
2:i} HMeeT Ha OCHOBaHHH (1.127), (1.128) HHTerpaJJbHOe rrpe.n;CTaB

JJeHHe 

1 f n-1 dt 
<l>(z)=-. f(t):L 2kJri' tE r 0 . 

2Jrz r k=O t o -ze--
(1.129) 

n 

EcJJH r0 paCIIOJJO)l(eH B OCHOBHOM <l>YH.lJ:aMeHTaJJbHOM CeKTOpe TI0 (pHC. 1.12), TO B Ka)l(,D;OM KOH

rpy:mTHOM CeKTOpe paCIIOJJO)l(eH KOHrpy:mTHbIH r0 KOHTYP r k, k = 1, 2, ... , n -1. ,[(mr 6eCKO

HeqHOH rpyrrrrhI <PoPMYJJa (1.127) ~aeTCH B yTOqHeHHH, TaK KaK CYMMa, <l>HrypHpyioma» 
B Heii, rrpeBpamaeTCH B 6eCKOHeqHblH p».n:, BOo6me pacxo,D;HIUHHCH. 

0-::j x 

/ 

Puc. 1.12. <l>yHAaMeHTaJihHhIH ceKTop rr0 Ii KOHrpy3HTHhie eMy ceKTOphI (a= 2:) 

IIycTh <I>(z) - <l>YHKU:Irn, aBTOMop<PHa» omocIITeJJbHO rpyrrrrhI TPaHCJJHIJ;HH T ( z) = 

= z + mOJ ( m = 0, ± 1, ± ... ) . IIepiiO.D:ttqeCKyKJ OCHOBHyKl <l>YHKU:HIO rpyrrrrw rrpe.n;cTaBHM B BH,D;e 

G( ) = ~ 1 =-1- ~ 2(z-a) 
z, a L..J + L..J 2 • 

m=-~ z+mOJ-a z-a m=1(z-a) -m2oi 

BcrroMHH<UI pa3JJO)l(eHHe ctg z Ha rrpoCTbie .n:po6H (CM. II. 1.6), IIOJJyqaeM OTCIO,D;a 

G ( z, a) = Jr ctg Jr ( z - a). 
OJ OJ 

CJJe.n;oBaTeJJbHO, nepHo.n;HqecKyKJ <l>YHKU:HID <I>(z) MO)l(HO rrpe.n;cTaBHTb B BH.n;e 

Cl> ( Z) = ~ ff ( t) ctg Jr ( t - Z) dt, Z E CJJ;, 
2zOJ r OJ 

0 

(1.130) 
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r,a:e r0 - 3aMKH)'ThlH RJIH pa30MKHj'ThIH KOHTyp, JieJKall(HJf B $J1IJJ:aMeHTaJihHOH o6JiaCTH (rro

JIOCe rrepHO)J;OB Il0). B Ka)KJJ:OH KOHrpy3HTHOH IIOJIOCe Ilm ( m = ± 1, ±, ... ) paCIIOJIOJKeH KOH

TYP rm' KOHrpy3HTHJ>IH ro (pHC. 1.13). Ha 6ecKOHeqHOCTH y ~ ±oo HMeeM 

lim<I>( z) = +-1 ff (t )dt. 
y-->±oo 2wr, 

Ilo3TOM)' JJ:JUI 3aTyXaHHH cj:iym<QHH <I>(z) Ha 6ecKOHeqffOCTH Heo6XOJJ:HMO H JJ:OCTaTOqffQ BJ>JIIOJI

Hemrn ycJIOBHH 

ff (t)dt = o. (1.131) 
r, 

y 

x 

Puc. 1.13. IlepHOJJ:HqecKal! o6JiaCTh, I1o - OCHOBHal! IIOJIOCa nepHOJJ:OB 

IlyCTJ> Tenepn <I>( z) - cj:iym<QH» asroMopcj:iHM OTHOCJITeJIJ>HO rpynnJ>1 TPaHCJIHUHH T ( z) = 

= z+11ll4 +n~ ( m,n = 0,±1,±2,±, ... ) H ((z) - ,a:3em-<l;>YHKUHH Beil:epIIITpacca, rrocTPoeH

HM Ha OCHOBHJ>IX nepHo,a:ax Wi H liJ;z (pHC. 1.14). 

Puc. 1.14 . .D:soMKonepHOJJ:WiecKal! o6nacTh, Il00 - ocHosHoli napannenorpaMM nepHO.U:OB 
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PaccM01JJHM <l>YHKU:IDO 

rp(z)=-
1

. f f(t)((t-z)dt. 
21£1 roo 

(l.132) 

B CIDI)' COOTHOIIJeHHH (1.80) 3anmueM 

rp(z+mv)-rp(z)=-~ f f(t)dt=av, (v=l,2). 
2Jrl r oo 

CJie,l(oBaTeJihHO, npeACTaBJieHHe (1.132) onpeAemreT KBa3m1epHOAHqecey10 <l>YHKU:HIO c U:HK-

1mqecKHMH BecaMH a 1, a 2 • Heo6xoAHMhIM H AOCTaTO'IHhIM ycJIOBHeM ABOJIKonepHOAHqHOCTH 

<l>Y1fKU:HH ( 1.132) JIBJIJICTCJI paBeHCTBO 

ff (t)dt ::= 0. 

YcJIOBHJI THna (1.131) o6bl'IHO npoHcTeKaIOT H3 <PmH'IeCKHX coo6pa)l(eHHH. 

<l>opMyJia Kornn AJIB KBaJHnepuo,1J;uqecKoii c)yHKU:HH. BMeCTo npe,l(CTaBJieHHJI KBa3H

rrepHO,l(HqecKoii <l>YHKUHH HHTerparraMH THIIa KOIUH, B HeKOTOpbIX cnyqaJIX u:eJiecoo6pa3Hee 

HCIIOJih30BaTh <PoPMYJIY KoIIIH. CJietzyJI B. T. KoiiTepy [45], BhICKa)l(eM coo6pa)l(eHHJI, rrpHBO

MIIIHe K HHTerparrbHOH <l>OPMYJie KOIIIH ,l(JIJI KBa3HnepHO,l(H'IeCKOH <l>YHKU:HH rp( z)' ITOCTpOeH-

HOH Ha rrepHO,l(aX ~, lUz. IJyCTh ©00 - KOHeqHaJI 06JiaCTh C rpaHHI(eH I'00 , a {j)~ = floo \ {j)oo 

H rrycTh rp(z) - KBa3HrrepHOAH'IecKaJI <l>YHKlUUf, peryJIJipHaJI B o6rraCTH {])+ = U©,:,, r)::(e <D;n = 

= {])~ (mod~' <.Oz). 
PaccMOTpHM HHTerparr B,l(OJih KOHTypa 4 rraparrrreJiorpaMMa rrepHO,l(OB floo 

-
1
-. f rp(t)('(t-z)dt, ZE f100 . 

21£1 I 

" 

(1.133) 

flOCKOJihKY Mhl CTpOHM npe,l(CTaBJieHHe KBa3HIIepHO,[IH'IeCKOH $yttKUirn rp(z) C 3a,l(aHHhIMH U:HK

JIH'IeCKHMH BeCaMH al H a2' TO ,l(OJI)l(Hhl BhIIIOJIHJIThCJI: COOTHOIUeHHJI: 

rp(z+~)-rp(z) =al' rp(z+m2 )-rp(z) = a1 • (1.134) 

Y'IHThIBaJI: ,l(BOJIKYIQ rrepHO,l(HqHocTh <l>YHKU:HH ('(z) H paBeHCTBa (1.134), HaxO,l(HM 

-
1
-. f rp(t)('(t-z)dt =-

1
-.(a182 -aA), ZE noo. 

21£14 27rl 

I1HTerpHpOBaHHe 3TOro Bbipa)l(CHHJI no z B rrpe,L\eJiax OT ttyJIJI: ,l(O z ,[\aeT 

-
1

. frp(t)[?(t-z)-((t)]dt=-
1 

.(aA-aA)z. 
21£1

4 
21£1 

(l.135) 

TiycTh Terrepb z E {j);o' TaK KaK IIO,l(hIHTerparrbHaJI <l>YHKU:HJI HMeeT npOCTOH IIOJIIOC B TO'I-

Ke z c BhJqeTOM, paBHhIM rp ( z)' TO HMeeM 

-
1 .{f+ f }rp(t)[?(t-z)-((t)]dt=rp(z). 

21£1 4 roo 
(1.136) 
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0TCJO,Lla, c yqeTOM paseHcTBa (l.135), rrpHXO,LIHM K HHTerpa.rrhHOH cpopMyne Kounr ,LI.JUI KBa3H

rrepHO.L1HqecKoil: cpyttKQHH <p(z) c 3a,[laHHbIMH QHKJIH'IeCKHMH secaMH al H a2 

<p(z)=-
1
-.(a201 -aA)z+-

1
-. J <p(t)[?(t-z)-?(t)]dt, zE <D~. 

21il 21il r
00 

(1.137) 

<I>opMyna (l.137) rronyqeHa s rrpe,L1rro.JI0)J(eHHH, qTO <p(t) - rpaHHqHoe 3Haqemre KBa3HrrepHo

.L1WiecKoli <l>YHK!IHH <p( z). BhHICHHM, rrpH KaKHX ycnosIDIX :no i:1eiicTBHTenhHO TaK. IloMecTHM 

TO'IKY z B o6naCTb <D~, TOr,Lla BMeCTO paseHCTBa (l.136) ITOJiycIHM 

( a,02 -aA) z = J <p(t)[? (t- z)-? (t) ]dt. (1.138) 
r oo 

CooTHOIIIeHHe (l.138) xsnHeTCH Heo6xo,LIHMhIM ycnosHeM CYIIJeCTBOBaHHH perynxpHoil: s <D+ 
H HerrpepbIBHOH B il) + KBa3HrrepHO,LIHqecKOH cpyttK!IHH <p( z)' 06.Jia,[laJOIIJeH QHKJlliqeCKHMH se-

caMrr a, H a2. Tiprr BbIITOnHeHHH ):(OIIOJIHHTeJibHOro COOTHOIIIeHmI 

J <p(t) dt = a2~ -a1w2 

r oo 

OHO HBJIHeTCH TaK)J(e ,LIOCTaTO'IHhlM ycnOBHeM. 

1.8. KoHc/JopMHble omo6pa)l{eHuR 

<l>yttKQHH w = f ( z) Ha3hlBaeTCH 0,LIHOJIHCTHOH B o6nacrn <D' ecnH B pa3nWIHbIX TOqKax 06-

nacTH <D oHa rrprrHrrMaeT pa3JIWIHhie 3Ha'l.eHHH. Ecnrr w = J(z) perynxpHaH, T. e. OAH03Ha'I

HM aHaJIHTlf'iCCKM cpyttKQHH, TO H3 orrpe,LleJieHHH ee O,LIHOJIHCTHOCTH C.Jie,LlyeT, qTQ H o6paTHaH 

cpyttKQHH z=<p(w) - O,LIH03HaqHM cpyttKlJHH, T.e. w=J(z) ocymeCTBJIHeT B3aHMHO-O,LIH0-

3Ha'IHOe oT06pa)J(eHrre o6nacTH <D B rrnocKOCTH z Ha 06.JiaCTb <n* Il.JIOCKOCTH w. 
0T06pa)J(eHHe OKpeCTHOCTH TO'IKH Zo Ha OKpeCTHOCTb TQqKH Wo, OCYIIJeCTBJIHeMOe cl>YHK-

QHeH w = f ( z)' Ha3bIBaeTcH KOHcl>OpMHbIM, ec.JIH B TOqKe Zo OHO coxpaHHeT yrJihl Me)J(,Lly llHHH

HMH H OCYIIJeCTBJIHeT rrpeo6pa30BaHHe Il0,LI06HH B Ma.IIOM. Tiocne,LIHee 03HaqaeT, qTQ 6ecKO

HeqHO MaJibIH Kp~OK lz - zol ~ r Ha ITJIOCKOCTH z OT06pa)J(aeTCH B 6ecKOHeqHo MaJiblH Kpyr 

lw-Wol ~ kr Ha ITJIOCKOCTH w, ri:1e w0 = J(z0 ) rr K03cpcl>HQHeHT pacTH)J(eHHH k =It'( z0 )1. 
QqeBH,LIHO, ,LIM Toro qT06hI OT06pa)J(eHHe OKpeCTHOCTH TQqKH Zo Ha OKpeCTHOCTb TQqKH Wo 

6hIJIO B3aHMHO-O,LIH03Ha'IHbIM, Heo6xO,LIHMO IIOTpe6osaTh BhIITOJIHeHHH yc.JIOBHH 

0T06pa)J(eHHe w = f ( z) Ha3bIBaeTCH KOHcpopMHbIM B o6naCTH <D' eCJIH OHO KOHcl>OpMHO B Ka)J(

,LIOH TQqKe 3TOH o6nacTH. I1MeeT MeCTO KpHTepHH KOHcl>OpMHOCTH OT06pa)J(eHHH. 

,[(JIH Toro qT06bI OT06pa)J(eHHe w = J(z) 6hl.JIO KOHcl>opMHhIM B o6naCTH <D, He06XO,LIHMO 

H ,LIOCTaTO'IHO, '!T06bI B 3TOH 06.JiaCTH f ( z) 6bIJia 0,LIHOJIHCTHOH, MepoMopcpHOH cpYHKlJHeH, rrpWieM 

f'(z) * 0 .LIJlH scex z E <D. BrrpoqeM, m ycnosHH O.LIHOJIHCTHOCTH ~e cne,L1yeT, 'ITO f' ( z) * 0. 
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0CHOBHOH BOIIpoc 0 C)'IlleCTBOBaJUili KOHcpOpMHOro OT06pa:aceHliH pernaMeHTHpyercH reo

peMOH PHMaHa: KaKOBbl 6hl Hli 6hIJili 0,!l;HOCBH3Hhle o6JiaCTli <]) Ii <])* (c rpaHHQaMH, COCTOHlll,li

Mli 6onee qeM m ,n;Byx ToqeK) II KaK 6hl HH 61>mli Ja,n;aHbI TOqKli z0 II Wa m 3TIIX o6naCTeii II ,n;eii

CTBITTeJIJ.Hoe qliCJIO a, cymecTByeT 0,!l;HO Ii TOJihKO O)J,HO KOHcpopMHOe OT06pa:aceHHe w= J(z) 
o6nacTH <D Ha 06nacT1> <])*, TaKoe, qTQ f (z0 ) = Wo II arg f' ( z0 ) =a. 

B rrpaKTHKe KOHcpopMHhlX OT06pmI<eHliH liCIIOJih3yeTCH CJie,n;yIOIIJliH rrpHHQliII COOTBeTCT

BliH rpaHHQ [21, 19]. 
ITycTb ,n;aHbl )],Be O,n;HOCBH3Hbie o6JiaCTli <]) Ii <])* c rpaJU!QaMH c Ii c·' rrpHqeM OOJiaCTb <])* 

orpaHHqeRa. ECJili cpyttKQliH w = f ( z) : 1) aHaJiliTliqHa B <]) Ii HerrpepbIBHa B <])' 2) OC)'IlleCT

BJIHeT B3aliMHO-O,!l;H03HaqROe OT06pa)J{eHlie C Ha C* C COXpaHeHHeM HarrpaBJieHHH 06XO)J,a, 

TO OHa OC)'IlleCTBJIHeT (OiJ,HOJiliCTHOe) KOHcpopMHOe OT06pa)J{eHHe o6JiaCTli <]) Ha <])*. 

I1MeeT MeCTO rrpHHQHII CliMMerplili. ITycTh o6JiaCTb <])' co,n;ep)J(aIIJaH B COCTaBe CBoeii rpa

HliQbl rrpHMOJiliHeHHbIH liHTepBaJI y, OT06pa:acaeTCH cpyHKQlieH w= J(z) Ha o6JiaCTh <])* TaK, 

qTO y rrepeXO)J,liT B IIpHMOJiliHeHHhIH liHTepBaJI y*, BXO,n;HIIJliH B rpaHHQY o6JiaCTli <])*. Tor,n;a 

eCJili w = J(z) aHaJiliTliqHa B o6JiaCTli <JJ, a TaK)J{e BO Bcex TOqKax rpaHliqHoro liHTCPBaJia y, 
TO :na cpyttKQIIH aHaJiliTIIqHa TaK)J{e B 06JiaCTli <D1 , CliMMerplfqHOH C <]) OTHOCliTeJibHO y , Ii 06-

Jia)J,aeT TeM CBOHCTBOM, qTo JII061>1e ,n;Be TOqKli z Ii Z1' CliMMerpHqHbJe OTHOCHTeJihHO y, OT0-

6pa)J{aIOTCH B TOqKli W Ii Wp CliMMerpliqHJ.IC OTHOCliTeJihHO y* (pliC. 1.15). CornaCHO 3TOMY 

rrpHHQlirry cpyttKQHH w = f ( z), orrpe,n;eneHHaH B o6nacm <]), MO)J{eT 6hlTh aHaJIITTHqecm rrpo

iJ.OJI)J{CHa B 06JiaCTh <])1 qepe3 y ITO cpopMyJie 

J; (z) =! (z), ZE <DI. 

Orrpe,n;eneHHhie orpaHHqeHHH Ha HCKa)J{eHHe cpopMhI cpHryp rrpH KOHcpopMHOM oT06pa:aceHHli 

HaKJia,n;1>rna10TcH JieMMoii lllBapQa, KOTopaH YTBep)J{)];aeT, qro oT06pa:aceHIIH w = f ( z), rrepeBo-

MIIJHC e,n;HHHqHbIB Kpyr B cefo1 rrpli ycJIOBlili f ( 0) = 0, MOryT rrepeBeCTli TQqey Zo B JII06YIO 

TOqey Kpyra lwl:5:lzol li TOJibKO B TOqey TaKOro Kpyra. PaBeHCTBO pacCTOHHliH lwl=lzol B03MO)J{H0 

JiliIIIb B TOM cnyqae, KOr,n;a OT06pa:aceHHe w = J(z) CBO,!l;liTCH K BpaIIJCHliIO BOKpyr Haqana [21]. 

Puc. 1.15. 11.rrJIJOC'fPaQID! K rrpHHQHIJY C.HMMCTJ'HH 
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EcJrn ( K)'CO'IHO-rna,n:KHH) KOHTYIJ c B IIJIOCKOCTH z OT06pa:lKaCTCH cpyHKQHCH w = f ( z) 
B KOHTYP C* B IITIOCKOCTH W, TO ,n:mrna ero z* OIIpe,n:emreTCH ipopMyJIOH 

t = ~f'(z)lldzl-
c 

CooTBeTCTBCHHO, ecntt o6nacTb CJ) rrptt KOHcpopMHOM oT06paJKeHHH w = f (z) oT06paJKaeTCJI 

Ha o6naCTb CJ)*, TO IIJIOID;a,n:b s * Bbl'IHCJIJICTCJI ITO cpopMYJie 

s* = rnr ( z )1
2 

dxdy. 
{[) 

KoHcpopMHI>Ie oT06pa:lKeHHJI rrpHMCHHIOTCH 'la1De Bcero rrpH perneHHH 3a,n:aq TeopHH rrrrocKHX 

rapMOHH'ICCKHX rroneil: (CTallHOHapHaH TCIIJIOIIpOBO.D:HOCTb, 3JICKTPO- H MarHHTOCTaTHKa, TeopHH 

cjlHJII>TPallHH, rn.n:poMeXaHHKa) H paCCMQTPCHHH IIJIOCKHX 3a,n:aq TeOpHH yrrpyrOCTH, 3JICKTPOyrr

pyroCTH, TCpMoyrrpyrOCTH HT. II. TipHMCHHIOTCH o6bl'IHO OT06pa:lKCHHJI paccMaTPHBaeMOH o,n:HO

CBH3HOH o6rracTH Ha Kpyr HJIH BHCIIIHOCTb Kpyra, IIOJiyrrJIOCKOCTb. Oro6pa:lKCHHe ):(ByxCBH3HOH 

o6naCTH Ha KpyroBOC KOJibllO [19, 21, 23, 24, 28, 33, 35, 37 H Ap.]. 

TipH OT06pa:lKeHHH MHOroyrOJibHbIX o6nacTeH HCIIOJib3YeTCH HHTerparr KpHCTOcpcpeJIJl

illBap11a H pa3JIH'IHbie ero MO):(HcpHKau;HH. HMeeT MCCTO TeopeMa [21, 37]. 
EcnH cpyHKllHH w = f (z) pearrH3yeT KOHcpopMHOC OT06pa:lKeHHe BepxHeH: IIOJIYIIJIOCKO

CTH Imz > 0 Ha BttyTpeHHOCTh orpaHH'ICHHOrO MHOroyroJibHHKa c yrnaMH 

akJr(O<ak :::;2, k=l,2, ... ,n) 

rrpH BeplliHHax, IIpl!'leM H3BCCTHbJ TO'IKH ak ,n:eHCTBHTCJibHOH OCH (--=<0i <llz < ... <an <00 ), COOT

BCTCTBYJOJIIHC BeplilHHaM 3TOro MHOroyroJIDHHKa, TO f ( z) rrpe):(CTaBJIHeTCJI HHTerparrOM (pHc. 1.16) 
z 

f (z)=c f (t-0it'-
1 
(t-a2 t'-1 

••• (t-a.t"-
1 
dt+cp (l.139) 

Zo 

r.n:e Zo, c H cl - HCKOTOpbIC IIOCTOHHHbJe. HarrpHMep, OT06paJKeHHe BepxHeH IIOJIYIIJIOCKOCTH 

Ha TPeyrorrnHHK ):(aeTCJI cpyHKI1HeH: 

z 

f ( z) = c Jt"'-1 (t-1 t'-1 
dt+c1• 

0 

3.n:ecb BCpIUHHaM TpeyrOJibHHKa COOTBCTCTBYIOT TO'IKH 0,1 H 00• 

A1 

Puc. 1.16. K KOHcjJOpMHOMY OT06paJKeHH.lO MHOroyrOJibHHKOB ( lXi + a2 + ... +an = n - 2) 
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,IVrn 6e3rpammmro TpeyronhHm<a c yrnaMH 0, 5Jr, 0,5Jr H 0 (pHc. 1.17) 3Ta qiopM)'na ,n;aer 

z dt 
f ( z) =cf~+ c1• 

0 t(t-1) 

Puc. 1.17. K oT06pIDKeHHlO BepxHeii rronymmcKocTH Ha BttyTPeHHOCTh rronyrronocbI 

IIycTh np.srMoyroJihHHK B IlJIOCKOCTH w HMeeT BepwHHhl B TQqKaX 

1 1 1 . 1 . -2%2t:q, 2<q +1m2, -2<q +WJ2, 

r,n;e <q > 0, m2 > 0 - 3a,n;aHHhle qHcna (pHc. 1.18). 

0 
y~ 

~ 
0 _l-1 0 1 1 

k k 
Puc. 1.18. K oT06pIDKeHHIO sepxHeii rronyIIJiocKocm Imz > O Ha rrp.srMoyroJibHHK. To'IKaM x = -1, O, 1, oo 

1 1 . 1 1 
COOTBeTCTByJOT TO'IKH w=--tq,O, -tq, 1a>:i; TO'IKaM x=-,-- COOTBeTCTBYJOT BepIIIHHbl w= 

2 2 k k 

=.!_tq + iaJ2 , _.!_ti\+ ia>:i (0 < k <I) 
2 2 

0T06pa'lll:eHHe BepxHeil: nonynnocKocTH Imz > 0 Ha 3TOT rrp.srMoyronhHHK, ocywecTBn.sre

Moe <l>YHKJJ;Heil: w = f ( z)' HMeeT BH,LI; 

(l.140) 

<l>HrypHpyromHil: 3,n;ech (3JIJIHIITH'IecKHil:) HHTerpan nepBoro po,n;a B <t>opMe Jle'lll:aH,n;pa B 3Jie

MeHTapHhJX <l>YHI<ll;IDIX He 6eperc.sr. Ero o6pameHHe, T. e. <l>YHKJJ;HH z = rp ( w), ocyweCTBJIHroma.sr 

oT06pa'lll:eHHe rrpHMoyroJTuHHKa Ha IlOJIYillIOCKOCTb, Ha3hIBaerc.sr 3JIJIHmll'IeCKHM CHttyCOM 
z = sn w ('IHTaerc.sr «3C 3H W»). 3JIJIHITTH'IeCKHH CHttyC npHHa,n;ne'lll:HT K 'IHCJIY 3JIJIHITTH'IeCKHX 

<l>YHKIJ;HH 5lKo6H [1, 2, 5, 22, 23]. 0Ha HBJI.srerc.sr HeqerHOH MepoMop<t>Holi ,LJ;BOHKOnepHo,n;Hqe
CKOH <l>YHKJJ;Heil: c nepHo,n;aMH r = 201 H r' = 2iaJi, T. e. 

sn ( w + 2~) = sn w, sn ( w + 2ilO;i) = sn w. 
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O'IeBHL(HO, nepHOL(hl sn w Mo:>KHo onpe,!l;enHTb no <l:>opMynaM 

l dt 

T = 2~ = 4c f ~( 1- t2) ( 1- k2t2)' 

0To6pa:>KeHHe BttyTpeHHOCTH (BHeIIIHOCTH) e,!l;HHH'IHoro Kpyra Ha BHYTPeHHOCTb (BHeIIIHOCTb) 

MHoroyronhHHKa ocymecTBIDieTCH <l:>YHKIJ;Heli w = f(z) no <l:>opMyne (1.139), r,IJ;e ak - H3Me-

peHHhle B .IJ;onHx tr BttyTpeHHHe (BHeIIIHHe) yrni,1 MHoroyronhHHKa, ak, Jak J = 1 - TO'IKH e,!l;H

HH'IHOH OKpJ:>KHOCTH, COOTBeTCTBYJOII.J;He ero sepIIIHHaM. IlpH OT06pa:>KeHHH BHeIIIHOCTH Ha 

BHellIHOCTb npe:a:nonaraeTCH, 'ITO TOqKH z = 00 H w = 00 COOTBeTCTBYIOT :a:pyr ,D;pyry. 

HanpHMep, np11 oT06pa:>Kemrn eL(HHH'IHOro Kpyra c u;empoM B Haqane Koop,n:HHaT Ha npa

BHnbHhlH n-yronbHHK c u;eHTpOM B TO'IKe w = 0 nOny'IaeM 

z d 
w=f(z)=c J z . 

o~(z"-lf 
Mo.IJ;ynb c onpe,D;eMeTCH pa3MepaMH n-yronbHHKa, apryMeHT - :a:aeT nosopoT BoKpyr ero u;eHT

pa (pHC. 1.19). IlpH paCCMOTPeHHH 3aL(aq c HCnOllb30BaHHeM KOH<l:>OpMHbIX OT06pIDKeHMH o6bl'IHO 

BBOL(HT <l>H3H'IeCKyro IlllOCKOCTb Z, B KOTOpoH pacnono:>KeHa HCClle)J;yeMaH KOH<):mrypau;m1, H na-

paM~mecKyro IDIOCKOC'Th ? ' Ha KOTOPYJO OT06pIDKaeTcH paccMaTPHBaeMaH o6naC'Th !J>H3H'Ie

CKOH nnoCKOCTH. <l>yttKu;mo, OT06pa:>KaIOlll;YJO KOH<l:>opMHO OL(tty o6naCTb Ha ,D;pyryro, 3anHCbIBa

IOT B BH,IJ;e z = m( 0. EcnH o6naCTb !J>H3H'leCKOH IlnOCKOCTH OT06pa:>KaeTCH Ha eL(HHH'IHbIB Kpyr 

HllH Ha ero BHeIIIHOCTb, TO l?I = 1, T. e. ? = eiO. 

v 

1 x 

Puc. 1.19. K oTo6pa)KeHH!O e,n:HHH'IHOro Kpyra Ha rrpaBHJJbHbIH n -yronbHHK 

B 3THX o6o3Ha'IeHHHX ,!l;nH BHeIIIHOCTH paBHOCTopoHHero TpeyronhHHKa HMeeM 

' 
2 

dt z = m(?) =-c J (1-t3 )3 2 +c1• 

l t 
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Pa3Jiarmr IIO)J,hIHTerpaJibttylO <liYHKU:HJO B pH):( H HHTerpttpyH, IIOJiy1meM rrpH Ha):(Jle)Karu;eM Bhl-

6ope IIOCTOHHHOH cl 

( 
1 (2 (5 ) 

m(()=A -+-+-··· . 
( 3 45 

(1.141) 

<l>yHK11HH (l.14 I) orrpe,a;eJIHeT orn6pa)KeHtte BHeIIIHOCTH pasHocTopoHHero TpeyroJihHHKa 

(co CKpyrneHHblMH yrJiaMH) Ha BHeIIIHOCTb e)J,HHWIBOro Kpyra. c yseJIWielrn:eM qHcJia qJICHOB 

B pa3JIO)KeHirn ( 1.141) HCKa)KeHHe qiopMhI TpeyroJihHHKa YMCH1>111aeTCH H rrpH n ~ = CTPeMHT

CH K eymo. llimIOcTpau;HeH '.3TOMY CJIY)KHT pttc. 1.20. 

a) 6) 

Puc. 1.20. Ilptt6muKeHHoe OTo6palKeHHe BHeIIIHOCTH TPeyronhHHKa Ha BHeIIIHOCTh e)J,HHHqHoro Kpyra: 

a) m(()=A(.!..+L); 6) w(()=A(.!..+L+L) 
( 3 ( 3 45 

0To6pa)Kemre BHeIIIHOCTH KBa,!1,paTa Ha BHelllHOCTb e)J,HHHqHoro Kpyra ocyru;eCTBJIHeTCH 

<liYHKU:HCH 

Pa3JIO)KeHHe B pH,!1, ,!l,aeT 

(l.142) 

OcmsJIHH B pa3JIO)KeHHH ( 1.142) ,a;sa, TPH HJIH qeT1>1pe qneHa, rronyqaeM qimyp1>1, mo6pa)KeHH1>1e 

Ha pHC. 1.21. 

aj ~ aj 
Puc. 1.21. Ilptt6JIHJKeHHOe OT06paJKeHHe BHeIIIHOCTH KBa)J,paTa: a) OCTaBJieHO )J,Ba rrepBbIX qJieHa B pa.3-

JIOlKeHHH (l.142); 6) TPH rrepBhIX qJieHa; B) qeT1>1pe rrepBhIX qJieHa 
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IlpH paccMO'TpeHHH BHeIIIHOCTH IIpHMOyrOJibHbIX o6JiaCTeii MO:lKHO BOCIIOJib30BaTbCJI KOH

<tJopMHhIM oT06pa:lKeHneM Ha BHeIIIHOCTb e.r:1nHwrnoro Kpyra. K03<tJ<Pm~HeHThI <PYflKIIHH m(() 
rrpHBe,[\eHbl B Ta6JI. 1.5. 

~ 
c1 
C3 

Cs 

C1 

3ua11eHHH K03cf>cf>u~ueHTOB OT06pa:iKa10II1eii cf>yuK~HH 
B JaBHCHMOCTH OT OTHOWeHHH CTOpOH npHMOYI'OJibHHKa, 

k - npHBe,.euuaH KpHBHJHa 

z = m(() = R( ( + .~ .. c,(-'} a -
A-=-, k =30 

b 

1 3 5 7 10 

0,0000 0,4649 0,6325 0,7180 0,7900 

-0,1666 -0,1306 -0,0999 -0,0807 -0,0528 

0,0000 -0,0384 -0,0379 -0,0347 -0,0297 

0,0178 -0,0011 --0,0101 --0,0131 -0,0142 

Ta6mn~a 1.5 

18 

0,8650 

-0,0416 

-0,0216 

-0,0164 

1.9. 8b1'lucneHue onpeoeneHHbtx uHmeapanoe om ooH03Ha'IHbtX 
U MH0203HB'IHblX c/:JYHKU,UU 

llHTerpaJihl OT O)J,H03Ha'IHblX fl>YHKU:HH [6, 12, 13, 15, 20, 21-23, 30-32]. IlycTb ([) -

KOHe'IHaJI MHOrOCBJI3HaJI o6naCTb, orpaHI:PleHHaH npOCTblMH KYCO'IHO-rJia,[\KHMH 3aMKHYTblMH 

KpHBbIMH r k, r = urk - IIOJIHaJI rpaHHI~a o6naCTH <D. PaCCMOTJlHM Mep0Mopqmy10 <PYHK-

ll;HIO f ( z) c IIOJIIOCaMH B TOqKax ap a2 ,. ... , a N E <D . B o6JiaCTH ([) c HCKJIJOqeHHbIMH TOqKaMH 

an ( n = 1, 2, ... , N) 6y.r:1eM rrpe.L\TIOJiaraTb, qTo OHa peryAApHa (ronoMop<tJHa) H HerrpepbIBHO rrpo

L(0JI)l(HMa Ha r. 
IlpoBe,[\JI pa3pe3hl TaK, KaK 3TO IIOK3.'.3aHO Ha pHC. 1.22, 3arrmneM Ha OCHOBaHHH Teope

Mbl Kornn 
N 

J f (z)dz+ L J f (z)dz = 0, 
r n=l Yn 

r,[\e Yn - OKpY:lKffOCTb ,[(OCTaToqHo Manoro pa.n;eyca c ueH'TpOM B TO'IKe an. fJiaBHaJI qaCTb J(z) 
B TOqKe an orrpe.n:enJieTCJI <tJopMynoif (1.61), II03TOMY 

J f (z)dz =-2n-ic~~), (n=l,2, •.. ,N). (1.143) 

K03<P<PHIIHeHT c~~) rrpn (z-ant1 
B rnasHoii qaCTH J(z) Ha3hlBaeTcJI BbiqeToM 3TOR cpyttKIIHH 

B IIOJIIOCe an (o603Haqemi:e: Res J(aJ). 0KOH'IaTeJibHO rronyqaeM [21] 

N 

J f ( z)dz = 2n-i_LRes f (an). (l.144) 
r n~I 
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r3 
Puc. 1.22. K <j>opMyimpoBKe TeopeMhI Konrn o ai,1qernx 

lfraK, HHTerparr OT O,[(H03HaqHoii aHaJIHTHqeCKOH <l>YHKU:HH, HMeromeii B o6naCTH (j) no

JIIOCbl B TOqKaX a.' paBeH cyMMe BbJqeToB B IlOJIIOCax, YMHO)l{eHHOH Ha 2tti. B 3TOM COCTOHT 

coJJ;ep)l{aHHe TeopeMbI Konrn o BhlqeTax. Ha ocHoBaHHH (1.49) Bb1qeT <l>YHKU:HH J(z) B nonro

ce a onpe.ri;em1eTcH paBeHCTBOM 

Resf(a)=c_1 =-
2

1
. ff((}d(, 

ttz r 
(l.145) 

r.ri;e r - KpyrOBOH KOHTYP ,[(OCTaTOqHo Marroro paJJ;Hyca, co.ri;ep)l<:alI(HH TOqey a BttyTpH ce6H. 

IlOCKOilbKY BbNeT eCTb ,[(H<l><l>epeHn;HaJibHaH xapaKTepHCTHKa <l>YHKn:HH, TO ero nerqe BbNHCJIHTb 

npH noMomH onepan;HH .ri;H<l><l>epeHn;HposaHHH H npe.ri;eJihHoro nepexo,[(a. 

IlycTb J(z) HMeeT npOCTOH nomoc B TQqKe z =a. Ilpe,[(CTaBHM ny <l>YHKU:HIO B BH,[(e OT

HOIIleHml n;eJibIX <l>YHKI(HH 

f(z)= F(z) = F(z) F(a):;t:O, g(a):;t:O. 
G(z) (z-a)g(z)' 

<DyttKU:HH F(z)I g(z) peryJIHpHa B OKpeCTHOCTH TOqKH a H B caMOH 3TOH TQqKe. Il03TOMY HMeIOT 

MeCTO pa3JIO)l{eHHH 

F(z) 2 

g(z) =c_1 +c0 (z-a)+c1 (z-a) + .. ., 

( ) F(z) c_1 ( ) f z = ( ) ( ) = --+ c0 + c1 z -a + ... z-a g z z-a 

. { } . F(z) F(a) 
c_1 =Resf(a)=hm (z-a)f(z) =hm ( ) ( ) =--;--( )' 

z->a z->a G z - G a G a 
(l.146) 

z-a 
EcJIH TOqKa a eCTb noJIIOc rropH.[(Ka p, TO pacc~aH attano~Ho npe)J;bmy:meMY, 3anHmeM 

f (z) = F(z) = c_P +c_p+i (z-a)+ ... +c_1(z-a)p-i +c0 (z-ar + ... 

(z-a)p g(z) (z-ar 
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1 dp-l 

Resf(a)=c_1 =-( -) lim-_1 {(z-ar f(z)}. p-1 !z->a dzP 
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(l.147) 

Ecfill J(z) B 6ecKoHe'IHO y,!l,aneHHOH TO'IKe orpaHwi:eHa, TO pa3.!Io)J(eHHe ee B OKpeCTHOCTH z = 00 

HMeeT BH)J, 

( ) 
c_1 c_z f z =co +-+-2 + ... 
z z 

Resf(00)=~ f!(z)dz=c_I' 
2m, 

(1.148) 

r)J,e r - OKPY)J(HOCTh )J,OCTaTO'IHO 60JihIIIOro pa,!l,eyca c u:eHTpOM B TO'IKe z = 0, o6xo):( KOH

rypa r ITO 'laCOBOH CTpeJIKe. 

CpaBmrnaH COOTHOIIIeHHH (1.144) H ( 1.148), 3aKJIIO'laeM, 'ITO CyMMa Bhl'leTOB O)J,H03Ha'IHOH 

aHaJIHTH'leCKOH cj:iyttKU:HH ITO BCeM ee ITOJIIOCaM B ITOJIHOH Z-ITJIOCKOCTH paBHa eymo. ,[(JIH Bhl

'IHCJieHHH HeKoTOphIX HHTerpanoB THIIa KoIIIH y,!l,o6Ho ITOJih30BaTucH cj:iopMYJIOH KoIIIH H Teope

Moii 0 Bhl'leTax. IlycTh r - ITpOCTOH 3aMKHYThIH KOHTYP· orpaHH'IHBaIDID;HH KOHe'lttyro 06-

JiaCTh <])+. 06o3Ha'IHM, KaK 06hl'IHO (jj+ = r LJ <])+, <])- - ,!l,OITOJIHeHHe <]) + )J,0 ITOJIHOH Z-ITJIOC-

KOCTH, H IIyCTh f(z) - cj:iyttKD;HH, roJIOMOpcj:JHaH B <])- H HerrpephIBHaH B <])- LJ r. Tor)J,a HMeIOT 

MeCTO cj:iopMYJihl 

_1 ff ( () d ( = {f ( Z )- f ( 00
), Z E <])-, 

2tri r ( - Z - f ( oo) , Z E <])+. 
(1.149) 

B caMOM ,!l,eJie, ecJIH z E <JJ-, TO o6o3Ha'IHB c0 = f ( 00 ), 3aITHIIIeM )J,JIH cj:iyttKU:HH f 0 ( z) = 

= f ( z )- Co, roJIOMopqrnoii B <])- H HC'le3aroiu:eif Ha 6eCKOHe'IHOCTH, 

fo(z)=~Jfo(?)d(=-1.Jfo(?)d(-~f d(. 
2m,(-z 2m,(-z 2m,(-z 

TaK KaK ITOCJie)J,HHH HHTerpaJI B ITpaBOH 'laCTH paBeH ttyJIIO, ITPHXO)J,HM K ITepBOMY paBeHCTBY 

B (1.149). 
EcJIH z E <JJ+, TO (pHc. 1.23) 

_1 ff(()d(+-1 ff(()d(=O (1.150) 
2tri [' ( - z 2tri c. ( - z , 

r)J,e CR - oKpy)J(HOCTh pa,!l,eyca R, co):(ep)J(aID;aH o6JiaCTh <JJ+ BttyTpH ce6H. IlocJie):(HHH HH

Terpan ITpe,!l,CTaBHM B BH)J,e 

~ fJ(()d(=~ f_!{[_+-1. fJ(()-J(oo)d(. 
2mc (-z 2mc (-z 2mc (-z 

R R R 

flpH R ~ 00 BTOpOH HHTerpan 3)1,eCh HC'le3aeT H paBeHCTBO (1.150) )J,aeT 

_1 ff(() d( +1·iBl2" =0. 
2tri [' ( - z 2tri 0 

0TCIO)J,a ITOJIY'laeM BTOpoe paBeHCTBO (1.149). 
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Puc. 1.23. K Bh!BO.U:Y COOTHO!IIeHlUl (1.149) rrpH ZE qy 

B TOM cnyqae, Kor.n:a J(z) roJIOMopqma B qy ll HerrpepbIBHa B qj+, HMeeM Ha OCHOBaHllll 

qmpMyJibI Konm (1.7) 

_l. ff((} d( ={f(z), ZE ([f, 

2m r ( - z 0, z E (fT. 
(1.151) 

<l>opMyJibl (1.149), (1.151) nerKO 0606II1alOTC5! cne)J,yIDll\llM o6pa30M. IlyCTb lPYHKQlHI J(z) 

rOJIOMOpq>Ha B (j)+ H HerrpepbIBHa B (j) + 3a HCKJIIOqeHHCM ToqeK al' a 2, ... ,an E ([f, B KOTOpbIX 

OHa HMCeT IIOITlOCbl C rnaBHbIMH qacrnMtt g J Z ), g 2 (z ), ... , g n (z) COOTBCTCTBCHHO. Tor)J,a [24) 

ZE <[)+, 
(l.152) 

B CaMOM ):(ene, rrptt ZE <[)+ lj)yHKQH5! fo(z)= J(z)- i gk(z) roJIOMoplj)Ha ll Ha OCHOBaHHH cpop-
k=l 

MYJibI Komtt HMeeM Qerroqey paseHCTB 

_1 _ffo(?)d(=fo(z)~f(z)-fgk(z)=-l .ff(()d(--1.fLgk(()d(. 
2m r ( - z k=l 21r l r ( - z 2m r ( - z 

Ho f gk(z) -roJIOMoplj)Ha B <[)- H ttcqe3aeT Ha 6ecKOHeqHOCTH, II03TOMY B CHJiy (1.149) 
k=I 

_1 __ fLgk (z) d( =0, ZE (])+ 

2m r (-z 

ll rrpttXO.IJ:HM K rrepBOH lj)opMyJie (1.152). 

,Zl,n5! BblBO):(a BTOpOH lj)opMyITbl (1.152) 3aMeTHM, qTo B CHJiy ronoMoplj)HOCTM fo(z) B (j)+ 

H Toro o6cT051TeJibCTBa, qTo Lgk(z) ronoMoplj)Ha B <D- tt ttcqe3aeT Ha 6ecKoHeqttocTH, nony

qaeM QerroqKY paseHCTB rrptt z E (])-
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HaKOHCQ, eCJUi <l>YHKQH.H f(z) roJIOMOp<trna B !])- H HerrpephIBHa B !])- LJ f 3a HCKJIIOqeHHCM 

KOHeqHoro qHCJia ToqeK Gp a2 ,. •• ,an E I])-, a TaKlKC TOqKH Z = oo, B KOTOpbIX OHa MO)J(CT HMeTb 

IIOJIIOCbl c rnaBHblMH qacrnMH g 1 ( z) ' g 2 ( z) ' ... ' g n ( z) ' g 00 ( z) ' TO crrpaBC,[(JlliBbl <l>OPMYJibl 

_1. J f ~) ds ={f (z)-g1 (z)-g 2 (z)- ... -gn (z)-goo (z), ZE ©:, (l.1
53

) 

2mr S Z -g1(z)-g 2 (z)- ... -gn(z)-goo(z), zE© · 

3.[(eCb ITO):( rnaBHOH qacTbIO IIOJIIOCa rrop.H):(Ka p <l>YliKQHH J(z) Ha 6ecKOHeqHOCTH IIOHHMaeTC.H 

MHOroqJieH 

goo ( z) = b0 +b1z+ ... +bPzP. 

,il,JI.H BbIBO,[(a nepBOH <l>OPMYJibl B ( 1.153) 3aMeTHM, qTQ <l>YliKQH.H 

J0 (z) = J(z)- gi{z)- 82(z)- ... - gn(z)- gjz) 
roJioMop<lrna B !])- , HerrpepbIBHa B !])- Ur H Hcqe3aeT Ha 6ecKOHeqHocTH. B CHJIY (1.149) 

~ J1° (?) ds =fa ( z). (1.154) 
2m r ?-z 

yqHTbIBa.HTO,qTO<l>YHKQHH gk(z) (k=l,2, ... ,n) H gJz)roJIOMopcpHbIB !])+ HHerrpepbIBHbI 

B !])+ LJ f, HMeeM B CHJIY (l.151) 

- 1.fg;(?)ds=O, - 1 .fg;(?)ds=O, zEi])- (k=l,2, ... ,n). 
2mr!:>-z 2mr!:>-z 

Tio3TOMY paBeHCTBO (l.154) ):(aeT rrpH z E !])-

" 1 !(?) 
f (z)-~gk (z)-goo (z) = 27ri J? -z d{ 

AHaJiornqHo BblBO):(HTC.H BTOpoe COOTHOIIICHHe B (1.153). 
,il,JI.H BbJqHCJICHH.H Heco6CTBCHHblX HHTerpaJIOB BH,[(a 

00 

J J(x)dx 

MO)J(HO BOCIIOJib30BaTuc.ir TeopeMoil: o BhJqeTax, ecJIH f ( z) YAOBJICTBop.ireT cJieAYfOIIUfM ycJioBH.HM: 

1) f ( Z) peryMpHa B BCpXHCH IIOJIYIIJIOCKOCTH 3a HCKJIJOqeHHCM IIOJIIOCOB Gp a2 , ••• , an H HC

rrpepbIBHO rrpoAOJI)J(HMa Ha rpaHHQY Im z = O; 

2) <PYHKQH.H J(z) rrpH z ~ oo YAOBJICTBop.ireT ycJIOBHIO f (z) = o(z-
1

) B IIOJIYIIJIOCKOCTH 

Im z ~ 0. Tor,[(a 

} f(x)dx=2niIResf(ak). 
k=I 

HaKoHeQ, rrpH BbJqHCJieHHH HHTerpaJioB c 6ecKoHe'IHhIMH rrpe):(eJiaMH qacTo npHBJieKaeTc.ir 

JICMMa )J{op):(aHa (21]. ECJIH J(z) B BepxHeil: IIOJIYIIJIOCKOCTH H Ha BCliICCTBeHHOH OCH YAOBJie

TBOp.HeT ycJIOBHIO f (z) ~ 0 paBHOMepHO rrpH z ~ 00 H m > 0 - HCKOTopoe qHCJIO, TO 

lim J f ( Z) eimz dz = 0, R->oo 
c, 
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r,n:e CR - rronyoKpyxrnocTh pa.n;eyca R c n;eHTpoM B HatJarre Koop.n;wttaT, ne)J(amax B sepxtteii 

IlOJIYIIJIOCKOCTH. Ilpirne,n:eM npHMephl: 
1. BhltJHCJIHTb HHTerpM 

f dz 
r (z2 +1( 

r.n;e KOHTJ'p HHTerpHpOBaHHH r IIOKa3aH Ha pHC. 1.24. IlO,ll;bIHTCrpaJibHaH <J?yHKD;HH 

1 1 
J(z)= ( 2 )2 = ( .)2( .)2 z +1 z+1 z-1 

HMeeT ,n:sa rromoca BToporo rropH.n;Ka B TOtJKax z = i H z = -i. BhltJeT B TotJKe i cornacHo <Pop
M)'Jie (1.147) 

Resf (i) = lim~{( z +if2} =~. 
HI dz 41 

Haxo.n;HM no (1.144) 

J dz 2 .R f (") iff ---=-2 = ff1 es 1 =-. 
r ( z2 +1) 2 

y 

-R o--. R x 

Puc. l.24. KomypHHTerpHpoaaHIDI f'=[-R,R]UCR 

I = 
00

Jcosmx dx 0 
2 

, , a> , m>O. 
0 

x +a· 

3aMeTHM npe)K)J.e scero, 'ITO ecmr J(x)== J(-x), TO 

00 00 00 

J J(x)dx= j(f(x)+ f(-x))dx=2 ff(x)dx. 
0 0 

1 OOJ cosmx 1 . J eimz . . ff -am 
/=- --dx=-hm --dz=mResf(a1)=-e . 

2 x2 + a 2 2 R-->00 z2 + a 2 2a 
- r 

HuTerpaJibI OT Mnoro1Ha'IHbIX ljlyHKIJHii. PaccMO'fPHM HHTerpan 

I= f(-zt-'Q(z)dz, 
I 
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r,ue a 7: 1 - HeKoTopoe BemecTBeHHOe 1mcno H Q(z) - pau;HOHanhHfilI ,upo6b, npw1eM 

zaQ(z) ~ 0 npH z ~ 0 H z ~ oo, IloTPe6yeM TaK'lKe, qT06hl Q(z) He HMena nonrocoB Ha no

JIO'lKHTeJibHOtt nonyocH Ox. KoHryp HHTerpttpoBrumH l Bhl6epeM TaK, KaK noKa3aHo Ha pHc. 1.25. 

Ha ITJIOCKOCTH c pa3pe30M B,!lOJib Ox Bbl,L(eJIHM O)J;H03HaqttyJO BeTBh cpymru:HH (- z r-l cne.nyro

mHM o6pa3oM. Ha BepxHeM 6epery pa3pe3a x > 0 noJIO)KHM 

Ha HH'lKHeM 6epery 

( )
a-I -( -iJr )a-I _ a-1 -iJr(a-1) -z - xe -x e . 

( )
a-1 ( itr )a-I a-1 iJr(a-1) -z = xe =x e . 

Tor;:i;a B CHJIY ycnoBHH, HaKJia)J;hrnaeMhIX Ha cpyttKU:HIO Q ( z), npH R ~ oo H npH c ~ 0 HHTer

panhl no CR H C
8 

Hcqe3ttyr H ocTattyrCH HHTerpaIIbI no nonyocH Ox, npoxo;:i;HMhle B rrpHMOM 

H o6paTHOM HanpaBJieHHH. B pe3yJihTaTe HMeeM 

r;:i;e ak - nOJIIOChI cpyHKU:HH (-z r-l Q ( z). OKoHqaTeJibHO, nonyqaeM 

(1.155) 

HanpHMep, 

--dx=--Res -z -- =--Jim -z =-- at:l. ~f Xa-I Jr { a-I 1 } Jr . a-1 Jr 

0
I+x sina1r () l+z sina!r,_.)) sina1r' 

( x 

Puc. 1.25. Komyp HHTerpttpoBaHIUI l 

IlpH peweHHH .lJ;ByMepHbIX rpaHHqHbIX 3a;:i;aq MexaHHKH cnnOWHOH cpe;:i;bI HHor;:i;a B03HH
KaeT Heo6XO)J;HMOCTb B BbJqHcneHHH HHTerpanoB BH)J;a [24, 25] 

(1.156) 
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X(z)=(z-afr(z-br-1
, r=a+i/3, O~a<l, 

L - rJia;:J;KaR pa30MKH)'TaR ,11,yra ab (pIIc. 1.26). ,LJ;Jrn Bbl'IIICJieHlfjJ: IIHTerpana (1.156) OKpy

)l(IIM ,11,yry ab 3aMKHYTblM KOHTYPOM c II paccMoTpIIM IIHTerpan 

1 f f (t)dt 
Q(z)= 21ri c X(t)(t-z)' 

CnrnBaH KOHTYP C K ,11,yre L, 3anmueM 

(1.157) 

Hanll'IIIe pa3pe3a L rro3BOJIReT BbmeJIHTh o~o3Ha'IH)'IO BeTBb <PYHKliHH X ( z). O'!eBB,ll,HO, c,11,e

JiaB IIOJIHhlH 06xo,11, B,ll,OJib KOHTypa c, Mbl BepHeMCH K IICXO,ll,HOMy 3Ha'!eHmO x ( z). l103TO

My, o6ott,IJ,H no qacOBOH CTpeJIKe TO'IKY a, HarrpuMep, IIOJIY'JIIM: 

Ha rrpaBoM 6epery 

Ha neBOM 6epery 

0KOH'IaTeJibHO IIOJiy'IaeM Bbipa)l(eHIIe IICKOMOro IIHTerpana qepe3 Q(z) 

I( )- l n( ) _ x-(s) _ -2ttiy 
z -(1-g) z, g- x+(()-e . (l.158) 

TaKHM o6pa3oM, Borrpoc cBeJicH K Bbl'IIICJICHIIIO IIHTerpana (1.158). TaK KaK <PYHKIUUI J(z)I X (z) 
roJIOMopqma B o6rraCTH <D-, TO Heo6xo,LUIMO BOCIIOJib30BaTbCH rrepBOH <)lopMyJIOH (l.153). l1Me

eM corrracHo orrpe,11,eneHuIO ( 1.157) 

n(z)= ~~:~ -g~(z), (1.159) 

r,11,e 8~ (z) - rrraBHM 'IaCTb cpyHKUIIII f (z)I x (z) B 6eCKOHe'IHO y,11,aneHHOM TO'IKe. 

Puc. l.26. K BbI'IIICJiemno HHTerpana (l.156). <D- - 6ecKoHe'IHruI qacTu rrnocKocm c rpaHHUeii-KoH

TypOM C 



r.n:e 

AHAJIBT.IBIECKHE~YHK~MH 

3arnUIICM pa3JIO:>KCHHC $yttKI:(HH X-1
(z) B OKpCCTHOCTH TOqKH Z = oo 

.1=1-y B =r(b-a)-b B = r(y-1Xa-b)2 
' 0 ' 1 2 ' 

1 
B2 =-y(y-1){(1 + y)b3 -3yab2 -3(1 + r)a2b+ (2- r)a3

}, ••• 

6 

PaccMOTpHM HCKOTOphIC qacTHhlC CJI)"IaH. 
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1. ECJIH f ( z) = 1, TO B COOTBCTCTBHH c paBeHCTBaMH (1.156), (1.158)-(1.160) HaxO,[(HM 

g~(z)=z+B0 , X(z)==(z-arr(z-bf-1
, 

n(z) == 2~i J x (t)~tt-z) - x-1(z)-g~ (z), (1.161) 

I(z) =-1 f d( - 1 Q(z) 
2triLX(()((-z) (1-e_z,,;r) · 

Ilp»:Moe 3HaqeHHe HHTerpana B ToqKe ( 0 E L noJI)"IaeM Ha ocHoBamrn <l>opMyrr CoxoI:(Koro

IlrreMen»: (l.23). lIMCCM 

21((, )==r(, )+r((, )=l+e-2,.,r .x-1((, )- 2goo(?o)_ 
o o o l-e-2my o l-e-2"'r 

(l.162) 

IlycTh, HanpHMep, a=-1, b=l (L= [-1,1]), r=0,5. Tor.n:a H3 (l.160) Bh}qHCJIHCM: Bo= 0 II <l>op

Myllhl (1.161), (l.162) ,n:aIOT 

Q ( Z) = .J z2 -1- Z, 

I(z)=-1 . JR-=!dx =.!.n(z), 
2m _1 x- z 2 

_!_ J.J1-x2 dx=-Xo, -1<xo <l. 
tr _

1 
X-X0 

3,n:ech npHHHTO, qTo .J x2 
- 1 = i.Jl -x2

• 

2. ECJIH f ( Z) = Z, TO B COOTBCTCTBHH C (1.160) 

goo(z)=z2+B0z+B1, 

(1.163) 
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1 J t dt -1 
n(z) = 2tri c X (t)(t-z) = zX (z)-g= (z), 

I( )=-1 J ( d( = n(z) 
z 2triLX(()((-z) 1-e-2Jrir' 

I J ( d( ieilrY (?,2 (, ) ·r -1 (r) 
tri1,X(()(?-?o)= sinff}" o +Bo a+B1 -1.,,aXo ':>o ctg;ry. 

riono)KHB r= o, 5, L = (-1, 1), rron)"IHM c Y'JeTOM c1.160) 

B0 =0,B1 =--~., g=(z)=z2 -~, x-1(z)=Jz 2 -I, O(z)=zX-1 (z)-g~(z), 

I(z)==-1-. JxH="l dx==ln(z), 
2trt_! x-z 2 

_!_ Jx~ dx=-x~+l. 
tr_1 x-x0 2 

(l.164) 

PacCMOTpHM Terrepb HHTerpan (l.156) B TOM CJI)"lae, KOr,!(a 

X(z)=(z-af(z-btr, y=a+i/3, O:s;a:s;l. 

Paccyx<.D,eHHH OCTaIOTCH rrpe)KHHMH 3a HCKJIIO'leHHeM Bbipa)KeHHH .[(ID! rnaBHOH 'laCTH cpyHK

UHH j ( Z) x-l ( Z), KOTOpyIO Bbl'IHCJIHeM C )"IeTOM pa3JIO)KeHHH B OKpeCTHOCTH 6eCKOHe'IHO y.D;a-

r.!(e 

b0 =r(a-b)+b, b1 =.!.(r(r+I)a2 +2r(1-r)ab+(l-r)(2-r)b2
),. •• 

2 

TaK, eCJIH f ( z) = 1, TO g ~ ( z) = 0, II Mhl IIOJI)"IaeM 

n(z)=x-l(z):::: (z-af;z-btr' 

I(z) =-1 J d( = n(z) 
2triLX(()((-z) (1-e2Jr'Y)' 

1 J d( n+((0 )+ff((0 ) l+e2"ir _1 • _ 1 
triLX(?)(?-?o)= 1-ez,,.;y =1-ez,,;rX (?o)=-1X (?o)ctg;ry. (1.165) 

AHaJIOrn'IHO, ecJIH f(z)=z, TO rnaBHM 11aCTb <j.lyHKUHII zX-1(z) B 6ecKoHe'IHOCTH g=(z)=1, 
H ,!(anee HMeeM 

n(z) = zX-1 (z)-1, 

I()=~ Z 1 2Jriy ' -e 
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1 (d( . e-"ir . -1 

tri IX ( ()( ( -(o) =-t sin Jr}' +z(oX (?a )ctgn/'. (l.166) 

ITpn f(z)=z 2 
rnaBmIB'laCTh gJz)=z+b0 n,cnLTio6hITh, 

Q(z) = z2X-1 (z)-g~ (z), 

1 f (2d( z 2X-1 (z)-g~(z) 
2Jri L X (()((-z) = 1-e2"ir ' 

1 (2d( -Kiy 

tri I X(()((-(o) =i(gx-1((o)ctgn'}'-i s;nn'}'g~(?o)· (l.167) 

B 'laCTHOM cnyq.ae rrp1I r = 0,5 1I L = [-1, l] rronyq.aeM 

J dx =--tr-, 

-1.Jl-x2 (x-z) .Jz2 -1 

1 dx 

1 v'1="7 (x-x
0

) O, 

f xdx tr 1 __ z_ f xdx =tr 1 ( J 1 

-1.Jl-x2 (x-z) ~ ' -1.J1-x2 (x-x0 ) ' 

I 2dx ( 2 J l 2dx f ri =Jr z- ~ ' f ci trXo· 
-1 l-x2 (x-z) vz2 -l -1 1-x2 (x-x0 ) 

(l.168) 

BLiquCJieHne CHHrYJIHpHLIX HHTerpaJIOB THna (1.168) c UOMOUILIO MHoroqJJeHOB qe

OLIUieBa. MuoroqneHhI qe6b1UieBa rrepBoro n BTOporo po)J,a o6na)J,aIOT pjliJ.OM 3aMe'laTeJihHhIX 

CBOllCTB 1I OIIpe)J,eJij!IQTCj! COOTBeTCTBeHHO CJie,lzyl01II1IM1I Bbipa)KeH1Ij{M1I [6, 15, 23]: 

T,, ( x) =cos( narccosx), 

sin [ ( n + 1) arccos x J 
Un ( X) = . ( ) , ( n = 0, 1, 2, ... ) . 

sm arccosx 

IlpnBe)J,eM HeCKOJibKO nepBbIX MHOro'IJieHOB Tn (x) H u n (x) 

T0 (x)=l, Ti(x)=x, T2 (x)=2x2 -l, I;(x)=4x3 -3x, ... , 

U0 (x)= 1, U1 (x) = 2x, U2 (x)= 4x2 -1, U3 (x)= 8x3 -4x, .. . 

(l.169) 

Boo61Ile, 3Haj{ T0 (x) H Ti ( x), MO:lKHO orrpe)J,eJIITTh Bee nocne)J.yro1IIIIe MHOrO'IJieHbI T.(x) rro 

peKyppeHTHOMY COOTHOIIIeHIIIO 

AHaJIOrII'IHOe COOTHOIIIeHIIe HMeeT MeCTO II )J,Jrn MHOrO'IJieHOB U.(x) 

Un+! ( x)-2xUn (x) +Un-! (x) = 0 ( n = 1,2, ... ). 
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KpoMe 3TMX paseHCTB BbIIIHIIIeM ern:e ;:i:se peKyppeHTHI>Ie cpopM)'JII>I 

T,, (x) =Un ( x)-xUn-I (x), 

( 1- x
2

) Un-I ( x) = xTn ( x )- Tn+I ( X). 
1 

MHorotJJieHbI qe6onnesa nepsoro po;:i:a opmroHaJibHbI c secoM (1- x
2 t1 Ha mpe3Ke [-1, 1], 

I 

a MHoroqJieHbI qe6bIIIIeBa BTOporo po;:i:a opTorOHaJibHbI Ha 3TOM OTPe3Ke c BeCOM ( 1- x
2 )2 . 

llMeIOT MeCTO COOTHOIIIemIB [6] 

J T,, ( x) Tm ( x) ~ = {O, m: n, 
_ 1 ~ tc, m-n. 

1 {O, m-:tn, 
J.J1-x

2
Un(x)Um(x)dx= ~' m=n. 

113 CIIeKTpaJibHbIX CBOHCTB MHOroqJieHOB 1Ie6bIIIIeBa CJie.!JYIOT cpopM)'JibI ;:i:mr CHHrymipHblX HH

TerpaJIOB c H.IJ:POM KoIIIH [6] 
1J T" (x)dx 

Vp r::----z = tcU n-1 ( Xo)' -1 < Xo < 1 ( n = 1, 2, ... ), 
-1 vl-x- (x-x0 ) 

I .Jl-X2 Un_1 (x)dx 
Vp J =-1CTn(x0 ) (n=l,2, ... ). 

-t X-Xo 
(1.170) 

Jlerno BM.IJ:eTb, qTQ cpopMyJibI (1.163)-(1.168) .IJ:JIH CHHryJIHpHblX HHTerpaJIOB ;:i:aIOT Te )Ke pe-

3YJibTaTbl MH COOTBeTCTByIOID:HX HHTerpaJIOB, qTo 11 COOTHOIIIeHHH (1.170). 
B 3aKJI10qeH11e BbIIIHIIIeM 3HaqeHHH qacm scrpeqa10rn:11xcH HHTerpaJioB [11, 24, 30-32). 
1. IlycTb L = [-a, b], a > 0, b > 0 11 

x (z) =~(z+a)(z-b), x+ (x) = x (x) =~(x+a)(x-b), 

f X(x)dx =tci·{X(z)-X(z0 )} 1 , z,z0 EL, 
L (x-z)(x-z0 ) z-z0 

f dx 
L X ( X) = 1C, 

f dx tci 

1,X(x)(x-z0 ) = X(z0 )' 

2. IlyCTu l = [ -1, 1] , 1 k ( z) - cl>YHKUIDI EecceJIH nepsoro po;:i:a nopH.IJ:Ka k, UP ( x) - MHO

roqJieHbI qe601rnesa BToporo po;:i:a 

f cosmx 
.J 

2
dx=Jr10 (m), 

1 l-x 
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J c-;.1n ( x0 - x) dx = Jl" -1 < x0 <l, 
T ( ) {-Jrln2, m=O, 

I vl - x2 
- m Tm ( Xo)' m = 1, 2, ... 

f 2m dx - ck - p. 
x2"T (x) { 0, n<m, 1 

r;-, - Jl" c•-m > p - k'( k) 1' 
I vJ-x· 

2
2n 2n • n_m, · p- · 

fT (x)cosax " 2"~ dx=(-1) Jrl2.(a), a>O, 
I 1-X 

( )
k ( ) { 0, k < m, 

f y-x 'I'zm X - k 
r;-,1 2 dx- "c2jcj-:m _!!_x2(k-j) k > m 

I V 1- X- ,L_, 2k 2J 22j ' - ' 
J=m 

k 2(k-j)T ( ) { Jr
2 

[ ( 2k !) J2 
"czjcj-m Jr Jx 2n x dx Zk ( ) ( ) ) , k?:.m+n, 
L,, 2k 2j 

2
2j ~ = 2 k+m-n ! k+n-m)!(k+n+m !(k-m-n ! 

1=m I vl-x-
0, k<m+n, 

f( )s ( ) dx K(2s)! 1 + x T. x -- = ------'"----'---
/ k .J1-x2 2'(s+k)!r(s-k+l)' 

f ( )s ) ,.---Z Jl" ( k + 1) ( 2s + 1) ! ( ) 
l+x Uk(x vl-x-dx= ( ) ( ) (r k -raMMa-4lYHK~lUI3iiJrepa). 

I 2' S + k + 2 !r S - k + 1 

3. IlycTh L =[-a, b], a?:. 0, b > 0. 06o3Hal.J.HM 

x (x) =(x+ar' (b-xt
1

, x1 ( z) = (z +af" ( z-b(
1

, 

A.=!!_, tgB=-3l_, O~B<2Jr, 
2Jr 1- r2 

f X (x)dx=Jl" ~l+ r2, 
L r 

a ~dx (~ ) va- -x- vz- -a-
Vp f ( ) ( ) =-Jr + 1 , - a < x0 < a. 

-a X - z X - x0 X0 - Z 



IlHTEPATYPA K filABE 1 

1. AxHe3ep H. 11. 3neMeHTbI TeopHH 3JIJIHIITifliecKHX <f.:>YHKIJHii I H. 11. AxHe3ep. M.-JI.: foc
TexH3,n;aT, 1948. 291 c. 

2. EeihMeH r. BbICJJJHe rpaHCQeH,D;eHTHbJe <l:>YHKIJHH. 3JIJIHIJTiflieCKHe H aBTOMop<f.:>HbJe <f.:>YHK
IU1H, <f.:>YHKIJHH JiaMe H MaTbe Ir. EeHTMeH, A. 3p.n;eHH. M.: Hayica, 1967. 300 c. 

3. EHu,a,n;3e A. B. KpaeBbie 3a,n;a'IH .n;mr 3JIJIHTITH'lecKHx ypaBHeHHH BToporo nop».n;Ka I 
A. B. EHIJa.n;3e. M.: HayKa, 1966. 203 c. 

4. EHn:a.n;3e A. B. OcHOBbI TeopHH aHaJIHTHqecKHx <f.:>YHKIJHH KOMnneKcHoro nepeMeHHOro I 
A. B. EHIJa.n;3e. M.: HayKa, 1984. 320 c. 

5. faxoB <l>. ,Il,. KpaeBbie 3a,n;aqH I <1>. ,IJ,. raxoB. M.: <l>H3MaTrH3, 1977. 640 c. 
6. fpa.n;IIITeHH 11. C. Ta6JIHIJ,bI HHTerpanos, CJMM, pMOB H npoH3Be.n;eHHli I 11. C. fpa.n;IIJTeHH, 

If. M. PbDKHK. M.: Hayica, 1971. 1108 c. 
7. fpHromoK 3. 11. 06 0,I(HOM IIO,I(XO,[(e K HCCJie,n;oBaHHIO CHttryJIHpHbJX IIOJieH HarrpH)l(eHHH 

B KyCO'lH0-0,[(HOpO,n;HOH cpe.n;e c BeTBHJIJHMHCH pa3pe3aMH I 3. 11. fpHrOJIIOK, M. r. fpHH
ray3, JI. A. <l>HJibIIITHHCKHH II ,l],oKJI. AH CCCP. 1981. T. 261, N!! 3. C. 567-570. 

8. fpHroJIJOK 3. 11. K perueHHJO .n;syMepHbIX 3a,n;a'l TeopHH ynpyrocTH ,n;JIH o6nacTeli c Ky
CO'lHo-rna.n;Koli rpaHHu,eH: I 3. 11. fpHroJIJOK, M. r. fpHHray3, JI. A. <l>HJibillTHHCKHH II 
,Il,oKJI. AH CCCP. 1984. T. 275, N!! 4. C. 831-834. 

9. fpHroJIJOK 3. 11. Ilep<l>opHposaHHhie nnaCTHHbI H o6ono'IKH I 3.11. fpHroJIJOK, JI. A. <l>HJib
IIITHHCKHH. M.: HayKa, 1970. 554 c. 

10. fpHroJIJOK 3. 11. IlepHO.I\H'lecKHe KycoqHo-o,n;Hopo.zulble ynpyrHe CTpyKTypbI I 3. 11. fpH
roJIJOK, JI. A. <l>HJibillTHHCKHH:. M.: HayKa, 1982. 290 c. 

11. fpHH6epr r. A. l136paHHbie BOIIpOCbl MaTeMaTH'leCKOll TeopHH 3JieKrpH'leCKHX H MarHHT
HbJX HBJieHHH Ir. A. fpHH6epr. M.: fOCTeXH3,I(aT, 1948. 727 c. 

12. fypBHIJ A. TeopH» <f.:>YHKU:HH I A. fypBHIJ, P. KypaHT. M.: Hayica, 1968. 648 c. 
13. fypca 3. Kypc MaTeMaTH'lecKoro aHaJIH3a. T. II. TeopHH aHaJIHTnqecKHX <f.:>YHKU:HH. ,IJ,n<f.:>

<f.:>epeHIJHaJibHbie ypaBHeHHH I 3. fypca. M.-JI.: OHTl1, 1936. 563 c. 
14. fJOHTep H. M. Teopm1 noTeHIJHaJia Hee npHMeHeHHH K ocHOBHbIM 3a,n;a'laM MaTeMaTHqe

cKoif <f.:>H3HKH I H. M. fIOHTep. M.-JI.: rocTeXH3,I(aT, 1953. 415 c. 
15 . .[l,BallT r. E. Ta6JIHIJ,bl HHTerpaJIOB H .n;pyrne MaTCMaTH'leCKHe <f.:>opMyJibl Ir. E . .[l,BaHT. M.: 

HayKa, 1973. 224 c. 
16. Esrpa<f.:>os M.A. AHaJIHTHqecKHe <f.:>YHKIJHH: [yqe6. noco6ue )],JI» By3oB] I M.A. Esrpa

<i>oB. M.: HayKa, 1965. 423 c. 
17. KanaH.n;HH A. 11. MaTeMaTnqecKHe MeTO)::t,bI AByMepHoH: ynpyrocTH I A. 11. KanaH.n;HH. M.: 

Hayica, 1973. 303 c. 
18. KaHToposnq JI. B. IlpM6Jitt)l(eHHbIC MeTO,I\bI Bbicmero aHaJIH3a I JI. B. KaHToposnq, 

B.11. Kpbmos. 5-e H3.n;., neap. M.: <l>H3MaTm3, 1962. 708 c. 
19. KonneH<f.:>enbc B. IlpaKTHKa KoH<f.:>opMHbJX oTo6pa)l(eHHfr I B. KonneH$eJibC, <l>. lllTaJib

MaH; nep. c HeM. K. M. <l>HIIIMaHa. M.: 113.n;-Bo HHOCTp. JIHT., 1963. 406 c. 
20. KpbJJIOB B. A. Ilptt6JimKeHHoe Bbl'lHCJiemrn HHTerpanos I B. A. KpbrnOB. 2-e H3,[(. M.: Hay

Ka, 1967. 500 C. 
21. JiaBpeHTbeB M.A. Mern.IJ;bI TeopHH <f.:>YHKU:HH KOMIIJieKcHoro nepeMeHHOro IM. A. Jias

peHTbeB, E. B. llla6aT. M.: Hayica, 1973. 736 c. 
22. MapKYJJJeBHq A. 11. TeopHH aHaJIHTHqecKHX <f.:>yttKU:HH I A. 11. MapKYJJJeBJiq. M.: <l>H3MaT

rH3, 1960. 



JIHTEP A TYP A K rJIABE 1 85 

23. Mope <I>. M. MeTO):(hl TeopeTH'leeKOM <jlH3HKH: B 2-x T. I <I>. M. Mope, r. <l>em6ax. M.: 
lfakBO HHOCTp. JIHT., 1958. T. l. 930 c.; 1960. T. 2. 886 e. 

24. MycxeJIHIIIBHJIH H. 11. HeK0Topb1e ocHOBHhle 3a):(a'IH MaTeMaTH'leeKoii TeopHH yrrp)'TOC
m I H. 11. MycxeJIHIIIBHJIH. M.: HaYKa, 1966. 707 c. 

25. MycxeJIHIIIBHJIH H.11. C11:HryIDipHhle HHTerpanhHhie ypaBHeHHH I H. 11. MycxeJIHIIIBHJIH. 
M.: HaYKa, 1968. 512 c. 

26. HaTaH30H B. 51. 0 HanpH)J(eHHHX B pacrnrHBaeMow nJiacTHHKe, oeJia6JieHHOH O):(HHaKo
BhIMH oTBepCTHHMH, pacnoJIO)J(eHHhIMH B maxMaTHOM ITOPHJ:\Ke I B. 51. HaTaH30H II MaT. 
c6. 1935. T. 42, NQ 5. C. 616-636. 

27. HHKH<jlopoB A. <I>. OcHOBhI Teop11:11: cITeU:HaJihHhlX <PYHKu:uii I A. <I>. HliKli<jlopoB, B. E. YBa
poB. M.: HayKa, 1974. 304 e. 

28. IlaproH B. 3. MeTO):(bl MaTeMaTH'leCKOM TeOpHH yrrpyrocm I B. 3. IlaproH, rr. 11. IlepJIHH. 
M.: HaYKa, 1968. 688 c. 

29. IlpHBaJIOB ll. 11. BBe):(eHHe B Teopmo tPYHKU:HM KOMnJieKeHoro ITepeMeHHOro / 11. 11. IlpH
BaJIOB. M.: HaYKa, 1984. 432 c. 

30. Ilpy):(HHKOB A. rr. 11HTerpaJihl H PHJ:\hl. 3JieMeHTapHbie l\lyHKU:lili I A. rr. Ilpy):(HHKOB, 
IO. A. EphI'II<OB, 0.11. Map11:qeB. M.: HayKa, 1981. 800 c. 

31. Ilpy):(HHKOB A. rr. 11HTerpaJibl H PHJ:\hl. CITeU:HaJihHhie <jlyHKU:HH I A. rr. Ilpy):(HHKOB, 
IO. A. EphI'IKOB, 0.11. MapH'leB. M.: HayKa, 1983. 752 c. 

32. Ilpy):(HHKOB A. rr. 11HTerpaJibl H pH):(hl. ,[l,OITOJIHHTeJibHbie rnaBbI I A. rr. Ilpy):(HHKOB, 
IO. A. EphI'IKOB, 0.11. Mapli'leB. M.: HaYKa, 1986. 800 c. 

33. PoMaHOBCKHM rr. 11. PH):(hl <l>ypbe. TeopHH ITOJIH. AHaJIHTlil'.JeCKHe H CITeI.1HaJihHhie <jlyHK
IIHH. I1peo6pa3oBaHHe JlaITJiaca I IT. 11. PoMaHOBCKHM. M.: HayKa, 1980. 336 c. 

34. CBeIIIHHKOB A. r. TeopHH l\lYHKl.IHM KOMnJieKCHOM ITepeMeHHOM I A. r. CBeIIIHHKOB, 
A.H. TnxoHoB. M.: HaYKa, 1971. ll08 c. 

35. CH):(opoB IO. B. JleKI.1HH ITO Teopnn <jlyHI<U:HM KOMnJieI<cHoro ITepeMeHHoro /IO. B. CH):(O
poB, M. B. <l>e):(opIOK, M.11. Illa6yHHH. M.: HaYKa, 1982. 488 c. 

36. CnKopcI<HM IO. C. 3JieMeHThl Teopnn 3JIJIHIITH'leCKHX l\lyHKl.IHM c ITpHJio)J(eHHHMH I< Me
xaHttKe. M.-Jl.: OHTl1, 1936. 365 c. 

37. CMttpHoB B. 11. Kypc Bb1cmeii MaTeMaTHKH. T. Ill, 'I. 2 / B.11. CMHpHoB. Jl.-M.: fl1TTJI, 
1949. 672 e. 

38. CToHJioB C. TeopnH tPYHKl.IHM I<OMITJieKCHoro ITepeMeHHoro. T. l / C. CToHJIOB. M.: 113):(-BO 
HHOCTp. JIHT., 1962. 364 e. 

39. CTOHJIOB C. Teopmi: <jlyHKl.IHM KOMnJieKcHoro ITepeMeHHoro. T. 2 I C. CTOHJIOB. M.: 113k 
BO HHOCrp. JIHT., 1962. 416 C. 

40. Y11:rreI<ep E. Kype coBpeMeHHoro aHanma: B 2 'I. 1I. II. TpaHc1.1eH):(eHTHhle <jlyHKl.IHH I 
E. YttTTeKep, r. BaTCOH. M.: OHT11, 1934. 468 c. 

41. <l>op):( JI. P. ABTOMop<jlH&Ie <jlyHKl.IHH I JI. P. <l>op):(. M.: OHTll, 1936. 340 c. 
42. 1lH6pttKOBa JI. 11. 0 KpaeBow 3a):(aqe PHMaHa MH aBTOMop<jlHhIX l\lyHI<U:HH I JI. 11. 1lH6pn

KOBa II Y'leH. 3an. Ka3aH. yH-Ta. 1956. T. 116, NQ 4. C. 59-109. 
43. 3pMHT Ill. Kype aHanma I Ill. 3pMHT. M.-Jl.: OHTl1, 1936. 383 e. 
44. IllepMaH ,[!,. ll. MeTO!:\ HHTerpaJihHhIX ypaBHeHHM B nJioeKHX 11 npocTpaHCTBeHHhIX,3a):(a

qax eTaTlil'.JecI<oii Teop11:11 yrrpyroeTH I ,l1,. ll. IllepMaH II Tpy!:\hl BeecoI03Horo cne3):(a ITO 
Teopem'leCKOH 11 ITPHKJia):(HOM MexaHHKe (27 HHB. - 3 <jleBp. 1960 r.): ofoop. ):(OKJI. M.-JI.: 
113kBO AH CCCP, 1962. C. 405-467. 

45. Koiter W. T. Some general theorems on doubly-periodic and quasi-periodic functions I 
W. E. Koiter II Proc. Konikl. Nederl. Akademie Wetenschappen, Amsterdam. 1959. Vol. 62, 
NQ 2. P. 120-128. 



rnABA 2 

rAPMOHM4ECKME H METArAPMOHH'-IECKME <l>YHKUMM 

2. 1. rapMOHU'leCKUe cl>YHKLCUU e. R2 

TeopIDI rapMOHWieCKHX <)>yma~Hil: HrpaeT BIDKH)'JO poJib B MaTeMaTWieCKOH QlH3HKe, B nm
po.n;HHaMHKe, TeOpHH :meKTPWieCTBa, Teru10npOBO)];HOCTH H T . .n;. fapMoHHqecKHe QlYHKU:HH 

JJ:Byx rrepeMeHHbIX TeCHO CBH3aHbl c aHaJIHTH'IeCKHMH tPYHKU:HHMH. no orrpe.n;eneHHJO, rapMO

HHqecKOM B o6nacrn: D Ha3bIBaeTCH JIJ06aH <}lyHKU:HH u ( x, y) E C2 
( D), YJJ:OBJieTBOpHJOll.laH 

B 3Toii o6nacnf ypaBHeHHJO narrnaca. 

IlOCKOJibKY rrpOH3BOJlbffYJO rapMOHHqecKy-JO tPYHKU:HJO MO)KHO orrpe.n;eJIHTb KaK .n;eiiCTBH

TeJibH)'JO (HJIH MHHMYJO) qacTb aHaJIHTHqecKOll tPYHKU:HH H o6pamo, ITO rapMOHHqeCKOll <i>YHK

UHH MO)KHO BOCCTaHOBHTb c TOqHOCTbJO .n;o aMHTHBHOH IIOCTOll:HHOll aHaJIHTHqecKy-JO <}lyHK

UHJO, TO IIOJIO)KHB, HaIIpHMep, 

IIOJiyqHM 

u(x, y) =Ref ( z), 

am+n 

--u(x,y)=Re[t/kl(z)], k =m+n. 
oxm()y" 

(2.1) 

CneJJ:OBaTeJibHO, H3 onpe.n;eneHIDI (2.1) BbITeKaeT CYll.leCTBOBaHHe Bcex rrpoR3BO.n;HbIX OT rapMo

HWiecKoii tPYHKU:HH B o6JiaCTH roJIOMOPtPHOCTH f ( z). 

3a}J,aqa )1,HpHXJie [12, 14, 24, 35, 41, 42, 45]. IlycTb o6nacTh D ecTh Kpyr \z\ < R c rpa

HHU:eii r:\z\ = R. IlocTaBHM cne.n;yJOll.IYJO 3a.[(aqy. HaiiTH tPYHKU:HIO u ( X, y), rapMOHHqeCKYJO 

B D H rrpHHHMaJOll.IYIO Ha r 3a.n;aHHhie 3HaqeHHll:. Ilo 06ll.leIIpHHHTOll TepMHHOJIOrHH ee Ha3hl

BaJOT 3a.zi;aqeii )J,HpHxJie .n;nH o6nacTH D (s .uaHHOM cnyqae .n;JIH Kpyra). <l>opMaJihHaH rrocrn

HOBKa TaKOBa: 

o2u o2u 
-

2 
+-

2 
=0, (x,y)E D, ax ay 

(2.2) 

u\r=<I>.(?), (=Rei0
Er. 

0THOCHTeJihHO tPYHKUHH <I>* ( s) =<I>. ( Rei8
) =<I>( B) 6y.n;eM rrpe.n;rronaraTh, qrn oHa pronara-

eTCH B paBHOMepHO H a6coJIJOTHO CXO.[(ll:ll.IHHCH PH.U <l>ypbe BH,[(a 

1 21' 

ck=- f <1>(a)e-ikada (k=0,±1,±2,. .. ). 
2;r 0 

(2.3) 
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,Qmr :noro, oqeBJl,D;HO, ,D;OCTaTOqHO, qTOfaI <l> ( 2Jr) = <l> ( 0) H .n;mr K03<l><J:nmHeHTOB <l>ypbe ck 

HMCJIH MCCTO OU:CHKH ( <l>' ( B) -y,n;oBJICTBOpHeT ycJIOBHIO )l;Hpmrne Ha [ 0, 2Jt ]) 

3a,n;aqa )l;Hpmme .IJ;JIH Kpyra pewaeTCH no CTaH.n;apTHOH cxeMe. AHaJIHTHqecKa.H BttyrpH Kpyra 

<l>YHKU:HH f ( z) rrpe,n;cTaBJIHeTCH CBOHM pH,D;OM TeHJIOpa 

Ilo,n;CTaHOBKa pH,D;a (2.4) B <l>OPMYJIY (2.1) .n;aeT 

u ( x, y) = Rea0 +.!. f (!_)k ( akeikB +-;ke-ikB) = U (r,B). 
2 k=l R 

(2.4) 

QqeBH,n;Ho, .IJ;JIH y,n;oBJieTBopeHHH rpattffqHOro ycJIOBHH B (2.2) Heo6xo,D;HMO H .n;oCTaTOqHo Bhl

rroJIHeHHH paBeHCTB 

CJie,n;oBaTeJihHO, pa3JIO)KeHHe rapMOHHqecKoli B Kpyre <l>YHKn:HH HMeeT BH.IJ; 

u(x, y) = c0 + 2Re f ck (!_)k eiko. 
k=l R 

(2.5) 

Ilpeo6pa3yeM <l>OPMYJIY (2.5), ,D;JIH 3TOro IIO,D;CTaBHM ry.n;a Bhlpa)KCHHH ,IJ;JIH K03<j:lqmn:HeHTOB 

<l>ypbe ck. H3 (2.3) H IIOMeHHeM MeCTaMH orrepaQHH CJMMHpOBaHHH H HHTerpttpoBaHHH. 3TO B03-

MO)KHO B CHJiy paBHOMepHOH CXO,D;HMOCTH p».n;a (2.5) BIIJIOTh .n;o rpattHQhl. B pe3yJlhTaTe rronyqHM 

u(x, y) =-
1 2J <t>( a){l + 2Re f (!_)k e"'(B-a)}da. 

2Jt 0 k=I R 

Bbipa)KeHHe B <PHIJ'PHhIX CK06Kax Jierno CJMMHpyeTcH rrpH r < R Ha ocHoBaHHH <j:lopMJJihI .IJ;JIH 

CJMMhl 6ecKoHeqHo y6h1Ba10I1ICH reOMCTPHqecKOH rrporpecCHH 

L r ik(B-a) _ re _ re -r ~ ( )k i(B-a) R i(B-a) 2 

k=i R e - R-rei(B-a) - R2 -2Rrcos( B-a)+ r 2 
• 

0KoHqaTeJihHO nonyqaeM 

1 2,.. ( Rz - rz) d a 
u(x,y)=U(r,B)=-f <l>(a) 2 ( ) 2 • 

2Jt 0 R -2Rrcos B-a + r 
(2.6) 

3.n;ech <l>(a) -rpaHHqHQC3HaqeHHe U(r,B) Ha r,T.e. <l>(a)=U(Reia). 

<l>opMJJia (2.6), ,n;aIDIIIa.H HHTCrpaJihHOe npe,n;cTaBJICHHe rapMOHHqecKOH B Kpyre <PYHKU:HH 

qepe3 ee rpaHHqHhie 3HaqeHHH, Ha3hlBaeTCH HHTerpaJihHOH <l>opMJJIOH IlyaccoHa, a caM HHTe
rpaJI B npaBOH qacTH - HHTerpaJIOM IlyaccoHa. 
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AHanorwrno pewaerc.H BHernH.H.H 3a,[(atJa ,lJ,npmme .r1m1 Kpyra. 0rJIR1IRe 3aKJIIOtJaeTcH JIHIIIh 

B TOM, 'ITO B ,[(aHHOM CJIY'Iae aHaJIHTWieCKaH <l>YHKQH.H f ( z) npe,[(CTaBJI.HeTCH pH,[( OM JiopaHa 

(a He Tefuropa) 

~ (R)k 
f(z)= Iak - · 

k=O Z 

IlocJie O'ICBH,[(HbIX npeo6pa30BaHHH IIpHXO,[(HM K <l>OPMYJie IlyaccOHa, KOTOpaH onpe,[(eJI.HeT <l>YHK

QHIO u ( x, y) - rapMOHHtJeCKYIO B o6JiacTH !zl > R - qepe3 ee rpaHR1IHhle 3Ha1IeHH.H Ha KOH-

rype lzl= R 

1 2" ia (r2 -R2)da 
u(x,y)=U(r,B)=- fv(Re ) 2 ( ) o. 

2tr 
0 

R - 2Rr cos () - a + r-

K BhIBO.[(y <l>oPMYJihI IlyaccoHa MO)J(HO no.r1oiiTn TaIOKe HCXOM m HHTerpaJihHOH <l>oPMYJihI Ko

wn ,[(JUI npoH3BOJihHOH peryJI.HpHOH B Kpyre D H Henpep1.rnHott B 3aMKeyTOM Kpyre D <l>YHK

inrn f ( z). IlyCTu r < R. Tor.r1a 

H Mbl HMeeM 

R1 R1 
z = re;8 ED, z* =-=-=-e;8 ~D, 

z r 

f (z) =~ff(() d( =-I 2J" f(Reia) Re;ada. , 
2trt r - z 2tr Re'a - re'8 

r ~ o 

Bhl'IHTaH O,[(HO paBeHCTBO H3 .r1pyroro, IIOJiyqaeM IIOCJie IIpOCTbIX npeo6pa30BaHHH 

1 z,,. (R2-r2)da 
f ( re;o) = u ( re;o) +iv ( re;o) = - J f ( Re;a) 

2 
( ) 

2 
• 

2tr 0 R -2Rrcos B-a +r 

0T.[(CJIHH 31l;CCb ;:i;eHCTBHTCJibHYJO qacTb, npHXO,[(HM BHOBb K <l>opMyJie Ilyaccotta 

(2.7) 

(2.8) 

TaKHM o6pa3oM, npoH3BOJihHaH rapMoHH:1IeCKaH B Kpyre lzl < R H Henpep1.rnHaH B D <l>YHK

QH.H u ( reilJ) npe;:i;cTaBJI.HeTCH <l>OPMYJIOH (2.8). 

TeopeMhI o cpe;:i;neM, npuu11un MaKCHMyMa [24, 41, 42]. J1.3 (2.8), nonaraH r = 0, no

JiyqaeM TeopeMY 0 cpe.[(HCM )l;JIH rapMOHWICCKHX <l>YHKQHH 

1 2Jr 

u(O) = - Ju (Re;" )da, 
2tr 0 
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T. e. 3Ha'IeHHe rapMOHH'IeCKOH cpyHKU:HH B u:empe Kpyra, B KOTOpOM OHa rapMOHH'IHa, paBHO 

cpe,LUieMY apHcpMeTH'IeCKOMY ee 3Ha'IeHHH Ha rpaHHU:e I'. 
Ammorn'IHM TeopeMa o cpe.ri;HeM .ri;IDT <l>YHKIJ;HH f ( z), aHanHTH'IeCKOH B Kpyre D H He-

rrpepbIBHOH B D, HeMe.ri;rreHHo cJie.ri;yeT H3 HHTerpaJibHOH cpopMYJibI Korrnr. I1MeeM 

1 21' 

f(O) =-ff (Reia)da, 
2ff 0 

I13 TeopeMbI 0 cpe.ri;HeM M5I aHaJIHTH'IeCKHX H rapMOHH'IeCKHX <l>YHKU:HH BbITeKalOT COOTBeT

CTBYIOIIJ;He rrpHHU:HITbI MaKCHMYMa. 

1. Mo.ri;yJib cpyHKU:HH f ( z), peryJIHpHo:H B HeKoTopoH: o6JiaCTH D, He MO)J(eT .ri;ocrnraTb 

HaH60JibIUero 3Ha'IeHHH mzyrpH D, ecJIH TOJibKO f ( z) OTJIH'IHa OT rroCTOHHHOH. Mo.ri;yJih f ( z) 
He MO)J(eT ,ll;OCTHraTb B 3TOH o6nacTH H HaHMeHbIIIero 3Ha'IeHH5I, eCJIH TOJibKO f ( z) He paBHa 

IIOCT05IHHOH H He o6paiu:aeTC5I B HOJib. 

2. <l>YHKU:HH, rapMOHH'IeCKM BffYTPH HeKoTopoH: o6JiaCTH D, He MO)J(eT .ri;ocTHraTh Bo BHYT

peHHeil: TO'IKe :rloH: o6nacTH HH csoero HaH6onbruero, HH csoero HaHMeHbruero 3Ha'IeHHH, ecJIH 

TOJibKO OHa OTJIH'IHa OT TO)J()];eCTBeHHOH IIOCT05IHHOH. 

TaKHM o6pa30M, HaH6onbruHe H HaHMeHbruHe 3Ha'IeHHH <l>YHKU:HH, rapMOHH'IecKaH B 06-

nacTH D H HerrpepbrnHaH B D, rrpHHHMaeT Ha rpaHHU:e o6JiaCTH. l13 CKa3aHHoro CJie.ri;yer, 'ITO 

yTBep)J()];eHHe «cpyHKU:HH rp y.ri;osJieTBopHeT ypaBHeHHJO JianJiaca !1rp = 0 B o6JiaCTH D» pas

HOCHJibHO ,ll;BYM ycnoBH5IM: 

1) <l>YHKU:H5I rp He )l;OCTHraeT HH MaKCHMyMa, HH MHHHMJMa BffYTPH o6naCTH D (rrpHH

l(HII MaKCHMyMa); 

2) 3Ha'IeHHe rp B Ka)J(,ll;OH TO'IKe o6nacTH )l;OJI)J(HO paBH5ITbC5! cpep;HeMy apHcpMeTH'IeCKO

MY H3 ee 3Ha'IeHHH B cocep;Hnx TO'IKax (TeopeMa o cpe.ri;HeM). 

TipHHU:HII MaKCHMYMa HMeeT .ri;aneKO H.ri;yIUHe cne.ri;CTBH5I B pa3JIH'IHbIX cpH3H'IeCKHX rrpH

JIO)J(eHH5IX, HarrpnMep B TeopHH yrrpyrocTH. PaccMOTPHM HeorpaHH'Iemiyro rrnocKYJO yrrpyryro 

cpep;y, ocna6JieHHYffi OTBepCTHeM, orpaHH'IeHHbIM rna.ri;KHM rrpOCTbIM KOffTYPOM r. TiycTb OT

BepcTHe cso6o.ri;Ho OT CHJI, a Ha 6ecKOHe'IHOCTH HMeeT MeCTO O,ll;HOpO,ll;HOe IIOJie HOpManbHbIX 

H c.ri;sHraJOIIJ;HX HarrpH)J(eHHH. CYMMa HopMaJibHblX HarrpH)J(eHHH s rrpoH3BOJibHOH BHYTPeHHeil: 

TO'IKe M ecTb HHBapHaHT TeH3opa Harrp5I)J(eHHH. Tio3TOMY crrpase.ri;rrHBO paBeHCTBO (pHc. 2.1) 

CTx+CTY =CT,+CT8 =4Re<l>(z), 

r)::(e <I> ( Z) - rOJIOMOpcpHM B 06JiaCTH, 3aH5ITOH cpe.z:i;oif, HenpepbIBHaH BIIJIOTb ,ll;O KOHTypa I' 

cpyHKU:HH. 

B cHny rrpHHU:HIIa MaKCHMYMa .ri;IDT rapMOHH'IeCKHX cpyHKU:HH BeJIH'IHHa CT, + 0"8 .ri;ocTHra-

er CBOero MaKCHMYMa Ha I'. Y'IHTbIBM TO, 'ITO KOHryp OTBepCTHH CB06op;eH OT CHJI, T. e. 

IIpHXO,ll;HM K BblBO)];y, 'ITO max O"o ,ll;OCTHraeTC5! Ha KOHType OTBepcTHH. c 3THM cpaKTOM CB5!3aHO 

5IBJieHHe, Ha3bIBaeMoe KOHl(eHTPau:neH: HaIIp5I)J(eHHH B Tenax c OTBepCTH5IMH [31, 33]. 
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y 

••· B 
0 x 

Puc. 2.1. EecKoHeqHo MaJibJe :meMeHTbI B ToqKe M 

<l>opMyJia illeapQa [12, 24, 30]. BeptteMcH Terrepb K cooTHOIIIeHHHM (2.7). CKJia,n;hIBaJI 

HX rroqJieHHO, 3aITHIIIeM 

OT.nem1si 3,necb MHHMhle qacTH B o6eHX qaCTHX paBeHCTBa H )"IHThIBaJI COOTHOIIIeHHSI 

Reia reia 

Reia - re;o + reia - Rei9 

R2 - 2Rrei(a-9
) + r2 2Rri sin (a- 0) 

R2 -2Rrcos( a-O)+r2 = l- R2 -2Rrcos( a-0)+ r 2
' 

ITOJI)"IHM Bhipa)J{eHHe MHHMOH qacm <PYHKQHH f ( z), aHaJIHTHqecKOH B Kpyre, qepe3 rpaHffq

Hhie 3HaqeHHSI ee .neiicTBHTeJihHOH qaCTH 

( 
;9 ) 1 

2
f" ( ia ) 2Rr sin ( B - a) ( ) 

v re = - u Re 2 ( ) 2 d a+ v 0 . 
21' 0 R -2Rrcos a-B +r 

(2.9) 

HaKoHeQ, KOM6HHHpYH <PoPMYJlhI (2.8) H (2.9) MH .nettCTBHTeJI1>Hoii H MHHMOH qacTeii aHaJIHTH

qecKoii B Kpyre <PYHKQHH, BhlBOAHM 

f (rei9 ) = u(re;9 )+iv(rei9 ) = iv(O) +-1 
2f u ( Reia) Re'a +re;: da. 

2tr 
0 

Re'a - re' 

Bo3Bpamasic1> K rrpe)J{HHM o6o3HaqeHHHM z = re;9
, ( = Re;a, npHXOAHM K <PoPMYJie lllBapQa, 

.naiomeii HHTerpaJihHOe rrpe,nCTaBJICHHe aHaJIHTffqeCKOH B Kpyre <PYHKQHH f ( z) qepe3 3Haqe

HHSI ee ,neHCTBHTeJihHOH qacTH Ha rpaHHile r 

1 ( z) = -
1 

. I u ( o '+ z . d' +iv ( o). 
2mr (-z ( 
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AHanomqHo nonyqaeM BTopyro cpopM)'.rry IIIBapua 

f(z)=~ fv(() ~ +z · d( +Ref(O), 
2mr ~-z ( 

r,n:e V ( () - rpamfqHoe 3HaqeHHe Jm j ( Z) Ha r. 
3aMeTHM, ~o ecJIH B cpopM)'Jiax (2.8) H (2.9) BMeCTo u ( re;a) B3filh KaI<y10-JIH60 Henpeporn

HYJO cpy1rnumo w( a), TO IIOJIY'IHM rapMOHHqecKHe B Kpyre lzl < R cpyHKUHH 

. 1 21r Rz -rz 
u (re'0

) =- fw(a) da 
' 21! 

0 
R2 -2Rrcos(a-B)+r2 

' 
(2.10) 

;1.1 1 2
J1r 2Rrsin ({}-a) 

v,(re )=- w(a) 0 ) 0 da, 
21! 

0 
W-2Rrcos( a-{} + r-

IIpHqeM npH r ~ R, (}~a npe,n:eJibHbIM 3HaqeHHeM u, Ha r OKa3bIBaeTCH cp)'HKIIHH w( a). 

CJie,n:oBaTeJihHO, <t>opM)'Jia (2.10) ,n:aeT perneHHe 3a):¥lqH )],HpIDOie: onpe,n:eJIHTb rapMoHFiqe

CI<ylO B Kpyre <PYHKIIHID no ycJIOBHIO ulr = w( 0). E,n:HHCTBeHHOCTb perneHHH cJie.n:yeT H3 npHH

IIHIIa MaKCHM)'Ma MH rapMOHHqeCKHX cp)'HKIIHM. B caMOM ,n:eJie, npe.n:noJIO)l{HB, qTo HMeeTcH ,n:Ba 

perneHHH U1 H Uz, Mbl o6Hap)')l{HM, qTQ rapMO~eCKaH B Kpyre D cp)'HKUHH u = U1 - Uz Ha rpa-

HHUe paBHa H)'JIIO. CTano 6hJTb, u = 0 B D, OTK)'.IJ:a cJie.n:yeT, qTo u1 = u2 • 

HuTerpaJILHLie npe.r.cTaBJieHHSI [3, 5, 9, 18] . .!J:JIH HeKpyroBoli o6Jiacm D, orpaHRqeH

HOH KycoqHo-rna,n:KHM 3aMKH)'TbIM KOHT)'POM r, npH pemeHHH rpaHHqHOM 3a,n:aqn .!J:Hpmrne 

o6bJqHo HCXOMT H3 HHTerpaJibHOro npe,n:CTaBneHHH rapMOHHqecKHX <l>YHKIIHH, BbITeKa10w:ero 
H3 <t>opM)'JibI fpHHa. HanoMHHM ee. 

TiycTb P(x,y),Q(x,y)E C1 (D), TOr,n:a 

ff(aQ -ap)dxdy = f(Ql-Pm)ds, 
Dax ay r 

r,n:e /, m - npoeKUHH OpTa BHeIDHeM HOpMaJIH K KOHT)'P)' r Ha OCH X H y COOTBeTCTBeHHO. 

IToJIO)l{HB 3,n:ecb 

av av o P(x,y) =-U-, Q(x,y)=U-, U,V E C"(D), 
ay ax 

npHXO.IJ:HM K TaK Ha3hIBaeMOH npe,n:BapHTeJibHOM (nepBOH) cpopM)'ne fpHHa 

snau av+ au dVJdxdy+ fJUi:lVdxdy= fudV ds. 
}l dx ax ay dy D r dn 

(2.11) 

,l],anee MeHHeM B (2.11) u H v MeCTaMH H BbJqHTaeM 0.IJ:HO paBeHCTBO H3 .n:pyroro. B pe3)'Ilb

TaTe npHXO.IJ:HM KO BTOpoiI qiopMyJie fpHHa 

Jf(uAV-VAU)dxdy= f(uav -vau)ds. 
D r an an 

(2.12) 
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3Ta <i>OPMYJia CIIpaBC,l.(JUfBa H .l.(IDI MHOTOCBH3HOH 06JiaCTii D, Heo6xo~MO TOJibKO IIO,ll, r IIOHH

MaTb nonHyro rpaHmzy o6naCTn D, o6xo.n:ttMyJO TaKHM o6pa30M, 'IT06hl o6nacTb oCTaBanacb 

CJICBa. 

ECJIH B <l>OPMYJIC (2. 12) C'IHTaTb v = 1, a u E C2 
( D) - npOH3BOJ1bHOH, TO ITOJIY'IHM 

Jfi:~Udxdy = tu ds. 
D ran 

(2.13) 

c <l>H3H'IeCKOH TO'IKH 3peHHH COOTHOllICHHe (2.13) BblpIDKaeT 3aKOH coxpaHeHHH B CTaQHOHap

HOM none: TO, 'ITO rrpOH3BO,[(HTCH B o6nacrn:, BbUIOCHTC}l qepe3 ee rpaHmzy. HarrpHMep, B CTa

U.HOHapHOM TeIIJIOBOM none (6e3 HCTO'IHHKOB) B o6naCTH D, 3aTIOJ1HeHHOH O}l,Hopo,nHOH H30-

TpOIIHOH cpe,noii c K03<l><l>ttIJ.HeHTOM TeIIJIOIIpOBO,ll,HOCTH k = const, IIpOH3BO,ll,HTCH B e.n;HHHU.Y 

BpeMeHH KOJIH'IeCTBO TeIIJia, paBHOe 

Jf<livqds, 
D 

r,l.(e BeI<Top TeITJIOBOrO IlOTOKa q orrpe.l.(eJIHeTCH COOTHOUleHH}IMH (T = T ( x, y) - TeMrrepaTYPa) 

q = (qpqz), 

ar ar 
q, =-k ax' qz =-k-ay. 

B 3TOH HHTeprrpeTaU:HH <l>opMyna (2.13) BbirJIH.l.(HT TaK 

Jf-kL\Tdxdy = J-k aT ds, 
D r an 

T. e. KOJIWieCTBO Tenna, rrpoH3BO,l.(HMOe B e,l.(HHHIJ.Y BpeMeHH B o6nacTH, paBHO TerrJIOBOMY rro

TOJ<Y qepe3 ee rpaHmzy. 

Ecnn U ::::: U ( x, y) - rapMoHWiecKasr B o6rraCTH D <l>YflKU.HH, To H3 (2.13) nonyqaeM 

Jau ds::::: o. (2.14) 
ran 

06pamo, ecntt HMeeT MecTO paBeHCTBO (2.14) .nrrsr rrpmI3BOJibHOH o6nacTH D. c D, TO 

AU = 0, T. e. U - rapMOHH'IecKa}l <l>YflKU.HH B D. 
IloJIO)J(HM Terrepb B <l>opMyne (2.12) 

1 1 
V=--

2 
ln-, r=l?-zl, (Er, zE.D. 

tr r 

Ee.JIB U - rapMoHAAecKasr B D <l>YflKUHH, TO B pe3yJII>TaTe cTaH.l.(aPTHbIX orrepau.nii rronyqaeM 

U(x,y) =-
1 J{au ln.!.-u (()~ln.!.}ds. 

2tr r an r dn; r 
(2.15) 
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3Ta cpopM}'na aHanorn:qHa ttHTerpanhHOH cpopMJne Kourn B Teopuu aHanmuqecKHX cpyttKQHii:. 
)],JJH pernemrn rpaHHqHblX 3a;:i:aq OHa Hey.n;o6Ha, TaK KaK HeB03MO)J(H0 3a;:i:aTh rpaHHqHbJe 3Ha
qeHHH rapMOHll.qecKOH li>YHKIJ;Hll H ee HOpMaJJhHOH npoH3BO.!J:HOH. 

Ecmi: HMeTh B Bll.LJ:Y perneHll.e 3a,naqu )],llpHxne, To ">KeJJaTeJJhHO ocso6o.n:ttThCH OT nepsoro 
l 

cnaraeMoro rro.n HHTerpanoM B cpopMJne (2.15). H.n:eH 3;:i:ec1> TaKosa. <l>YHKIJ;HH In- y.n:oBJie
r 

TBOpHeT ypaBHeHHIO nannaca B o6nacm D, ( D c BhI6porneHHhlM Kpy">KKoM \( - z\ < E). B 3TOii: 

o6nacrn: rapMOHll.qecKOH 11BJIHeTCH cp)'HKu;HH 

1 1 
-In-17 1

+g((,z)=G((,z), 
2tr ~ -z 

r.n:e g ( (, z) rapMoH~Ha B D npu mo6oM z no rrepeMeHHOli (. 

Tor.n;a, rronara» B l}>opMyne (2.12) cooTBeTCTB)'IOmeii: o6naciu D< :V =G((,z), rrpll.xo

.!J:HM B pe3yJihTaTe rrpe.nenhHOro rrepexo.na E __., +o K BH.!J:OH3MeHeHHOMY rrpe,nCTaBJieHHIO (2.15) 

U(x,y)= f{~U G((,z)-U(()_i__G((,z)}ds. 
r un CJn; 

0CTaeTCH TOJihKO rro.n:o6paTh peryJJHp»yJO rapMOHUqeCKyro cp)'HKQHlO g ( (' z) H3 ycJIOBHH 

G((,z)j, =0, VzE D, 

T. e. paccMOTpeTh COOTBeTCTBYJOll(ylO 3a;:i:aqy )],ttpHXJJe, KOTOpaH .D:JIH orpaHuqeHHOH o6nacTH D 
C .LJ:OCTaTOqHo rna;:i:KOH rpaHHIJ;eH r O.LJ:H03HaqHO pa3pelIIHMa. 

<l>yttKIJ;HH G ( z, z0 ), rapMoHuqecKM B o6naCTH D c BhIKOJJOTOH TOqKoH z0 u paBHM »ymo 

Ha Komyper, Ha3WBa~CH cpyHKIJ;HeH fpHHa OTHOCHTeJJhHO rromoca Zo· B OKpCCTHOCTH IIOJJlO

ca oHa uMeeT rrpe.n:crasneHHe 

1 1 
G(z,z0 ) =-In-I -

1 
+ g(z,z0 ). 

2tr z-zo 

TaKHM o6pa3oM, perneHHe 3a;:i:aqu )J;upHXJJe B o6nacTu D (ecnrr OHO cyrnecTByer) onpe.nemrer
cH cpopMyJJOH 

U (x,y) =-Ju (()~G((,z)ds. 
r CJn( 

3a.n:aqa 06 orrpe.n:eneHHH li>YHKIJ;HH fp11Ha MH o6nacrn: D H KOH<jlopMHOM OTo6pa)J(eHHH 3Toli 
o6nacTH Ha e.n:11HrrqH1>1H: Kpyr paBHOCHJihHhI. ToqHee, ecnu D - o,nHOCBH3HaH o6naCTh, orpa

l!IfqeHHaH rrpOCTOH eycoqHo-rna,nKOH KpHBOH r, a j ( z, Zo) = W - <l>YHKQHH, KOHcpopMHO OT0-

6pa)l(aJOll(aH 3TY o6naCTh Ha e.n:uH~HbIH Kpyr \w\ < 1, rrpuqeM 

(2.16) 
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TO $y:mai:m1 fpHHa o6JiaCTH D orrpe.nemi:eTCH paBeHcTBOM 

1 
G(z,Zo)=lnl ( )I. f Z,Zo 

3.nech Zo E D - rrpomBOJibHaH TOqKa, a KOHcpopMtme orn6pIDKeHHe f ( z, Zo) ycnoBIDIMH (2.16) 

orrpe.nenHeTCH O.[(H03HaqHo (TeopeMa PHMaHa [24]). 

B caMoM .neJie, Ha r tPYHKQHH f ( z, Zo) = eia, T. e. I! ( z, Zo )I= 1 H, 3HaqHT, 

G(z,z0 )lr =0, '<lz0 E D . 

.[(anee, TaK KaK 

I
. f (z,z0 ) 
lill---'---'-'-

z-->;, z- Zo 

F ( Z) = f ( Z, Zo) 
z-zo 

aHaJIHTHqHa H OTJIHqHa OT HYJIH B o6nacTH D. 
Cne.nosaTeJibHO, tPYHKQHH 

U (x,y) = lnlf (z,zo)I =U( z) 
z-zo 

(2.17) 

rapMOHHqHa B D. Ha rpaHHQe o6nacTH 3HaqeHHH rapMOHHqecKoli cpy:HKQHH U ( z) He JaBHCHT 

OT tPYHKQHH f ( Z, Z0 ), II03TOMY 

1 
U(()=ln-

1 

-

1

, (E f. 
(-zo 

IJyCTb Terreph f ( Z, Z0 ) HeH3BeCTHa. Tor.[(a IIO 3a.[(aHHhIM Ha f 3HaqeHHHM MO)!(ffO orrpe.ne

JIHTh rapMOHHqeCKy:fO tPYHKQHIO u ( z) , peIIIHB COOTBeTCTBy:IOIQYIO 3a.[(aqy .[(ttpmme. 3aTeM IIO 

u ( z) BOCCTaHaBJIHBaeM corrpH)l(eHHYIO rapMOHffqeCKy:fO tPYHKQHIO v ( z) c ToqHOCTblO .[(O 

IIOCTOHHHOro CJiaraeMoro a. TaKHM o6pa30M, orrpe.nenHeM B CHJIY (2.17) 

F(z) =Inf (z, Zo) = U (z)+iV (z)+ia. 
Z-Zo 

0TCIO,[(a HaXO.[(HM 

J ( Z, Zo) = eia { Z - Zo) eU(z)+iV(z). 

3aJJ:aqa HeiiMana [39, 40, 43). HeKOTOph1e tPHJHqeCKHe Ja.naqH, TaKHe KaK 3a,r;,aqa o CTa

QHOHapHoM TeIIJIOBOM IIOJie B IIJiaCTHHKe IIpH 3a.[(aHHOM Ha ee KOHTy:pe TeIIJIOBOM IIOTOKe, 3JieK

TPOCTaTHqeCKOM IIOJie rrpH 3a,[(aHHOM Ha rpaHHQe IIOTOKe 3JieKTPHqecKOH HH.ny:KQHH, o6TeKa

HHH rrpocpHJIH IIJIOCKOIIapanJieJibHhlM IIOTOKOM H.[(eaJihHOH HeC)l(HMaeMOH )l(H,[(KOCTH, CBO.[(HTCH 

K TaK Ha3hIBaeMoJ.i Ja.[(aqe HeliMaHa .[(JIH rapMOHHqecKoli <i>YHKQHH. K 3Toli )Ke 3a.naqe MbI rrpH-
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XO,[(HM rrpM paccMOlpCHHH 3a,[(aq TeopMH ynpyrocTH 06 aHTHIIITOCKOH .n:e<t>opMaU,MH, Kp)"ICHHH 

Il,HJIHH,[(pM'ICCKOro CTCp)J(HH HT. II. [31, 33). 
<I>opMarrbHaH rrocTaHOBKa 3a.n:a<IM HeiiMaHa TaKOBa. Heo6xo.n:MMO HaHTM rapMOHM<IeCKYJO 

B o6nacTM D <j:>yttKU,MIO V ( x, y) no rpaHM'IHOMy ycnoBMIO 

av j =<I> ( 0, ( = ( ( s) E r. 
an r 

(2.18) 

3a.naHHaH <l>YHKil,MH <I> ( () rrpe.n:rronaraeTCH HerrpephIBHOH MITH .n:a)J(e KYCO'IHO-HerrpepbIBHOH 

C KOHeqHblM 'IHCJIOM TO'ICK pa3pbIBa rrepBOrO po.n:a Ha r. 
O'leBM.[(HO, m rapMOHM'IHOCTM <PYHKil.MM V B o6nacTM Heo6xo,[(MMO cne.nycr ycrroBMe (2.14), 

I 
T. e. 

fav ds= f<I>(()ds=O. 
ran r 

(2.19) 

PerneHMe 3a,[(aqfl HeiiMaHa, KaK 3TO cne.nycr H3 (2.18), (2.19), orrpe.n:eJIHeTCH c TO'IHOCTbIO .n:o a.n:

iJ.HTMBHOii IIOCTOHHHOH. 

3a.n:a<JY HeiiMaHa ,[(ITH Kpyra, KaK BttyTpCHHIOIO, TaK H BHCIIIHIOIO, MO)J(HO peIIIHTb MCTO,[(OM 

pHiJ.OB, no.n:o6Ho TOMY KaK 3TO .n:enanoch rrpH paccMOlpeHMM 3a;:i:a<IM ~MpHxne. IIocKOJibKY K0-

3<l>qm11MeHT ao B rrpe.n:cTaBJICHHH (2.4) .n:JIH aHaJTHTWICCKOH <l>YHKU.HH f ( z) rpaHH'IHblM ycrro

BHCM (2.18) He orrpe.n:e.IDieTCH, IlOJI)"laeM peIIICHMe BttyrpeHHeii 3a,l(a'IH c TO'IHOCTbIO .n:o rrpom

BOJihHOH aMHTHBHOH IIOCTOHHHOH B BH.n:e MHTerparra ,l];MHH 

u(x, y) = U (r,B) =- f<I>(Reia)ln 1 +~-2~cos(B-a) da+const. 
R 2,, { 2 } 

27r 
0 

R- R 
' 

3a.n:aqy HeliMaHa MO)J(HO CBCCTH K 3a;:i:a<Ie ~HpHxne ,[(JIH corrpH)J(CHHOH rapMOHM'ICCKOH <l>YHK

Il,HH U cne.n:yroIUHM o6pa30M. 3arrMIIIeM eme pa3 CHCTeMy ypaBHeHHH KoIIIH-PMMaHa 

av au 
ax =ay-, 

av au 

YMHO)J(HB rrepsoe ypaBHeHMe Ha l =cos If/, BTopoe ypaBHeHMe Ha m =sin If/, r.n:e If/ - yroJI, 

COCTaBJICHHblH HOpMaJihIO K HeKOTOpoif ITJIOIUa,[(Ke B TO'IKe z E D H OChIO Ox, H CJIO)J(HB HX, 

rrpe.n:cTaBHM 3TY CHCTCMY B BH,[(e 

av au 
-=-
an as 

Terrepb rpaHH'IHaH 3a.n:a<Ia (2.18) cso.n:HTCH K 3a.n:a<Ie ~HpHxJie JJ:JIH corrpH)J(eHHoH: rapMOHH'lec

KOH <i>YHKU:HII u 

au\ =<I>(()~ U\r = f <t>(()ds+U ((0 ). 

as r so 

flocrre peIIIeHHH 3TOH 3a,[(a'IH ~HpHXJie COIIpH)J(CHHaH K Hett rapMOHH'ICCKaH <j:>yttKil,HH v orrpe

.n:eJIHeTCH ITO <PopMyJie (c TO'IHOCTbIO .n:o a,[(,[(HTMBHOH IIOCTOHHHOH) 

' z au au 
V(z) = f dV +V(z0 ) = f-dx--dy+V(z0 ). 

Z 
ay ax 

"" 0 
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B TeopHH rapMOHHqecKHx <l>YHKQHM paccMaTPHBaeTCH TaIOKe cMernaHHM 3a.D:aqa. HaiiTH rap
MOHJIIIeCK}'IO B 06JiaCTH D <l>YHKQHIO ITO ycJIOBHHM Ha rpaHHI.J;e f 

(2.20) 

aul a;;r =cp2((), r=r,Ur2, r 1 nr2=0, 
2 

r.D:e <p1 ( ?) , tp2 ( () - 3a.D:aHHhie HerrpephlBHhle <l>YHKQHH. 

EJ.J:HHCTBeHHOCTh perneHHH rpaHHqHoM 3a.D:aqw (2.20) npw ycnoBHH ero cyIIIeCTBOBaHHH cne
J.J:YeT H3 :mepreTwqecKoro paBeHcTBa (2.11 ). B caMOM J.(ene, rrpe.D:rrono:lKHB, qro CYIIIecTByeT .D:Ba 

perneHHH ul H Uz, rronyqHM .D:JIH <l>YHKQHH u = u! -U2 OJ.(HOpOJ.J:ttylO 3aJ.(aqy (2.20), OTKy.D:a 

Ju au ds= Jo au ds+ Juods=O. 
rdn rdn r 

l 2 

CneJ.(OBaTeJibHO,BCHny(2.ll) U(x,y)=const B D, aTaKKaK U=O Har, TO 

U=O~U1=U2 B D. 

AHanorwqHo .D:OKa3hIBaeTcH TeopeMa eJ.(HHCTBeHHOCTH .D:JIH 3a.D:aqH HeiiMatta: JII06b1e .D:Ba perneHHH 
3aJ.(aqw HeiiMaHa (2.18) OTJIHqaJOTCH JlHIIIh Ha KOHCTaHry. 

OrrepaTOp Jlarrnaca HHBapHaHTeH OTHOCHTCJlhHO KOH<l>OpMHOro rrpeo6pa30BaHHH, qTQ J.(a
eT B03MO:>KHOCTh CTPOHTh <l>YHKQHH fpHHa B pa3HOo6pa3HhIX opTOroHaJihHhIX KOOp.D:HHaTHhlX 

CMCTeMax. ,lJ.eMCTBHTeJlhHO, ecnH <l>YHKQHH w = u +iv = f ( z) ocyrnecTBJlHCT KOH<l>opMHOe rrpe-

o6pa30BaHHe o6nacTH D Ha CJ.J:HHHqHhIH Kpyr, u(x,y) - rapMOHJIIIHa B Du z=cp(w), TO 

HMeeM u;erroqKy paBeHCTB 

u(x,y) =ReA(z)=ReA[cp(w)] =ReB(w) ~~u=4--ReA(z) =0=4Re --B(w) ~ a
2 

[ a
2 

J 
dZdZ dZdZ 

[
iJ2

B(w) dw i;] , 2 iJ2 

~4Re ·-·---= =If (z)j -4~ReB(w). 
dWdW dz dz dWdW 

TaKHM o6pa30M, rronyqaeM 

IIpunQun )J,upuxJie [12, 14). BepHeMcH K <PopMYne (2.11). Ecmi: U =V - rapMoHwqe
CKM <l>YHKQHH, TO rronyqaeM «3HepreTwqeCKOe» COOTHOllICHHe 

H{(au)2 +(auJz}d:xdy =Ju au ds. 
D dX dy r dn 

(2.21) 

B JJCBOM qaCTH paBCHCTBa (2.21) CTOHT KOJIHqecTBO, rrporropu;HOHaJihHoe 3HeprHH rapMOHJIIIeCKO
ro llOJlH, B npaBOM - BCJIWmHa, rrporrop~HOHaJihHM pa6oTe J.(CMCTBJIOmHX Ha rpaHHu;e o6naCTH 
CHJI BHCllIHero llOJlH. 
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IlyCTb n - rrpOH3BOJibHaH o6JiaCTb c rpaHHU:eH r, F ( X, y) E C1 (n). HHTerpan 

(2.22) 

Ha3bIBaeTCH HHTerpaJIOM ,[l,Hpmme. 06JiaCTb Q MO)J(eT 6bITb H HeorpaHHqeHHOH. Tor.zi;a HHTe

rpan (2.22) 6y.zi;eT Heco6cTBeHHbIM H ITO,[( Do ( F) IIOHHMaeTCH BepXHHH rpaHb HHTerpaJIOB no 

mo6oii KOHeqHoH 3aMKHYTOH o6JiaCTH, Jie)J(alll;eH B Q . 
CoOTHOilleHHe (2.21) HaTaJIKHBaeT Ha MbICJib, qTQ MHHHMaJibHOe 3HaqeHHe HHTerpan (2.22) 

IIpHHHMaeT HMeHHO Ha rapMoHHqecKOH <l>YHKQHH. ToqHee, HMeeT MeCTO cne.rzyrorn:HH ppHHD;HII 

,[l,HpHXJie. 

IlycTb Q - 3aMKHYTaH )J(Op.[(aHOBa o6JiaCTb, orpattffqeHHaH rrpOCTOH 3aMKHYTOH KpH

BOH f, f ( () - HerrpepbIBHaH <i>YHI<Il;IDI Ha f H { F} - MHO)l(eCTBO <i>YHKD;HH F ( X, y), Herrpe-

pbIBHbIX B Q, HerrpepbIBHO ,[(H<l><l>epeHD;ttpyeMbIX B Q H IIpHHHMaIOIII;HX Ha f 3HaqeHHH j ( S) . 
Tor.zi;a rapMOHHqecKaH <l>YHKU:HH U ( x, y) m MHO)J(ecTBa { F}, KOTopaH cyrn:ecTByeT H orrpe.zi;e

neHa 0,[(H03HaqHo (KaK peweHHe COOTBeTCTByrorn:eii 3a.zi;aqH ,[l,HpHXJie), rrpH.zi;aeT HHTerpany ,[l,H

pmme (2.22) MHHHMaJibHOe 3HaqeHHe. Cpe.D:H Bcex <i>YHKU:HH H3 MHO)J(ecTBa { F} c KOHeqHbIM 

HHTerpanoM ,[l,HpHxne <l>YHKU:HH U ( x, y) HBJIHeTCH e.zi;HHCTBeHHOH, MH KOTopoii D0 ( F) rrpH

HHMaeT MHHHMaJibHOe 3HaqeHHe. 

HTaK, 

06paTHO, eCJIH B { F} cyrn:ecTByroT <l>YHKU:HH, .[(JIH KOTOpbIX HHTerpan ,[l,HpHXJie B 06JiaCTH Q 

KOHeqeH, II cyrn:ecTByeT <l>YHKU:HH v ( x, y) E { F}, .[(JIH KOTOpOH '.HOT HHTerpan MHHHMaJieH, TO 

v ( X, y) - rapMOHHqeCKaH <l>YHKu:HH· 0Ha ;:i;aeT peweHHe 3a.zi;aqH ,[l,ttpHXJie c 3a,[(aHHOH rpaHHq

HOH <l>YHKU:HeH f ( (). 
c TOqKH 3peHHH BapHaU:HOHHOro HCqHCJieHHH ycJIOBHeM CTaU:HOHapHOCTH <l>YHKQHOHa

Jia (2.22) HBJIHeTCH ypaBHeHHe JlaIIJiaca (ypaBHeHHe 3iinepa .[(JIH .zi;aHHoro <l>YHKu:HOHana). Cne.zi;o

BaTem,Ho, HMeHHO Ha rapMOHHqeCKOH <l>YHKU:HH c 3aKperrneHHbIMH KOHD;aMH (T. e. Y.D:OBJieTBO

pHIOIII;eH Ha f yCJIOBHIO 3a.zi;aqH ,[l,HpHXJie) BapHaU:HH <l>YHKU:HOHaJia (2.22) paBHa HYJIIO. IJpHH

U:HII ,[l,HpHXJie yTBep)J(,[(aeT, qTo rrpH 3TOM <l>YHKU:HOHaJI rrpHHHMaeT MHHHMaJibHOe 3HaqeHHe H3 

Bcex B03MO)J(HbIX CBOHX 3HaqeHHH. 

B KaqecTBe rrpHMepa pacCMOTPHM 6eCQHPKYJIHU:HOHHOe TeqeHHe )J(H,[(KOCTH B o6naCTH n . 
l13BeCTHO, qTo TeqeHHe, HeB03Myrn:eHHOe HCToqHHKaMH H CTOKaMH, Bb16HpaeT TaKOH pe)J(HM, 

IIpH KOTOpOM KHHeTHqecKaH 3HeprHH BCeH MaCCbl )J(H,[(KOCTH B Q 6y.zi;eT MHHHMaJibHOH, T. e. 

HHTerpan 

Ha HCTHHHOM TeqeHHH co CKOpOCTHMH v = ( u, v) rrpHHHMaeT HaHMeHbwee H3 Bcex CBOHX B03-

MO)J(Hb1X 3HaqeHHH. 
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<l>yHK.QHH rpuHa 31maqu )1.upuXJie. MeTO,LI; OTpruKeHHH [29, 30, 36, 42, 44, 47]. IIycTb 

B TO'IKe Zo TIJJOCKOCTH KOMTIJJeKcHoro nepeMeHHoro z HMeeTClI cocpe.z:i;oTO'leHHblll HCTO'IHHK 

(HanpttMep CTilIIHOHapHbIM TeTIJJOBOM HCTO'IHHK HHTeHCHBHOCTH q ). Tor.n:a TeMneparypy B mo6oH: 

TO'IKe z -::/:. Zo MO)KHQ npe.u:cTaBHTb B BH)l.e 

IIocTOlIHJIYIO A Heo6xo)l.HMo onpe.u:enHTu m ycnoBHlI O)l.H03Ha'IHOCTH TeMTieparyphI T ( x, y) 
H ycJJOBHR CYIIJeCTBOBaHHJI CTaIIHOHapHoro TeTIJJOBOro TIOJJlI: IIOTOK Tenna (B e)l.HHHIIY BpeMeHH) 

'1epe3 npOH3BOJJbHblll 3aMKttyTbIM KOHTyp c, OXBaTblBaJOIIIHM TO'IKY Zo' )l.OJJ)KeH 6hJTb paBeH 

HHTeHCHBHOCTH HCTO'IHHKa q. IIepBoe ycnoBHe ):laeT 

[Ref ( z) Jc = Re (A · 2tri) = 0 => Im A = 0, 

r.u:e [·Jc 0601Ha'1aeT npHpa111eHHe COOTBeTCTBYJOIIIeM BeJJH'IHHbl rrpH IIOJJHOM o6xo):le KOHTy

pa C. )J,anee BbI'IHCJJHM TennoBoli rroTOK '1epe3 KOHTYP C. HMeeM (k - K03cpcpHI1HeHT Terrno

rrpoBO.D.HOCTH) 

q= f-k
0

T ds=-k fRe{eiV'f(z,z0 )}ds=-kRe f!'(z,z0 )d.z =-k[Imf(z,z0 )Jc =-2trAk. 
c on c c l 

0TCIO):la 

(2.23) 

YpaBHeHHe TeIIJJOIIpOBO):IHOCTH ):IJJlI ):laHHOM CHTyaI1HH HMeeT BH):I 

t1T = -f 8(x-x0 , y- Yo), (2.24) 

r.u:e 8 ( X, y) - TaK Ha3bIBaeMM ):leJJhTa-c):>yttKIIHlI )J,HpaKa (CM. rn. 4 ), a q8 ( x - Xa, y - Yo) -

rrpOCTPaHCTBeHHoe pacrrpe):leJJeHHe, C03):1aBaeMoe TeIIJJOBbIM HCTO'IHHKOM q, cocpe):IOTO'leHHblM 

B TO'IKe Zo = Xo + iy()" 

<l>yH)l.aMeHTaJJbHbIM peIUeHHeM ypaBHeHHJI narrnaca Ha3bIBaeTClI (0606111eHHM) cpyttKIIHlI 

E ( x, y; x0 , Yo), YLIOBJJeTBopHIOIIIaH cJie)l.YJOIIIeMY ypaBHeHHIO IIyaccoHa 

M' = 8(x-x0 ,y- y0 ). 

lh COOTHOIUeHHM (2.23)-(2.25) BbITeKaeT 

1 1 1 
E(x yx y )=-lnr=--ln-

, ' 0 ' 0 2tr 2tr r' 

(2.25) 

0THOCHTeJThHO 0606111eHHbIX cpyHKIIHM rroroBOpHM ITO):lpo6Hee B mane 4. 3.u:ech H HH)Ke Mbl fIOKa-

3bIBaeM HeKOTOpb1e cpH3H'lecKHe 110,l]XO.U:hI K orrpe.u:eneHHIO rroneH:, co1,n:aBaeMbIX cocpe,n:OTo'IeH

HhIMH «HCTO'IHHKaMH». B lIBHOM BH)l.e He cpHrypHpyeT ,n:eJJhTa-cpyHKIIHlI, a HCTIOJib3YIOTClI cpH-

3H'leCKHe coo6pa)KeHHlI H 3JJeMeHTapHbIM KOMITJJeKCHblll aHaJJH3. 
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PaCCMOTpHM Tenepb rapMOHll'IeCKoe none B BepxHeif TIO.rryIIJIOCKOCTH y > 0, C03)J,aBaeMoe 

cocpe)J,OTOqeHHbIM B TOqKe Zo = Xo + iyo, Yo > 0 HCTOqHllKOM llHTeHCllBHOCTll q (pnc. 2.2). Ilo

TPe6yeM, qro6h1 Ha rpamrn,e y = 0 HCKOMaJI <l>YHK11m1, HanpnMep reMnepazypa T ( x, y), o6pa

UiaJiaCh B HOJib. TaKliM o6pa30M, npnxo)J,HM K cne.D;yIOIIJeif 3a,D;aqe. Ham <l>YHKIIllIO T ( x, y), 
rapMOHll'IeCKYJO B sepXHeii TIO.JI)'IIJIOCKOCTH c BblKOJIOTOH TOqKOH Zo, o6Jia,D;aIOIII)'lO B 3TOH TO~e 

xapaKTepncrll'IeCKOH oco6eHHOCTbIO A In J z - z0 J n o6paIIJaIOIII)'lOCH B HOJib Ha rpaHlllle y = 0. 

Ilpn perneHHH :now 3a)J,aqn ,lJ.HpllXJie )J,JIH BepxHeH IIOJiynJIOCKOCTH npHMeHHM MeTO)J, OT
pIDKeHHH, KOTOpLIH B )J,aRHOM cnyqae 3aKJI10qaeTCH B yqeTe <l>HKTllBHOro HCTO~HKa, npHJIO)l(eH

Horo B TOqKe z0 • ITonaraeM (Hcnonwy» BHOBb MO.D:eJih CTaIJHOHapHoii Tennonposo)J,HOCTH) 

T(x, y) =Ref ( z, z0 ), f (z, Zo) = A{ln( z-z0 )+&ln( z-z0 )}, 

q:i;e KOHCTaHTa A orrpe.D:eneHa B (2.23), a c = -1. 
B 3TOM cnyqae 

T( x, y) = ARe{ln z-_:o} = Alnl z-_:o I=_!_ Aln ( x-xo ): +(y- Yo):. 
z - zo Z - zo 2 ( x- X0 ) + ( y +Yo) 

(2.26) 

(2.27) 

TaKHM o6pa3oM, pemeHne npe)J,cTaBJI»eTcH q,opMyJIOH (2.27). CornacHo onpe.D:eJieHHIO T ( x, y) 
COBila,ll;aeT c <l>YHKIJ;Heii fpnHa 3a)J,aqn ,l],npllXJie )J,JIH IlOJiynJIOCKOCTH: 

T ( x, y) =f G(x, y,x0 , y0 ). 

IToJIO)l(HM Terrepb B <PopMynax (2.26) c = + 1. Tor)J,a HMeeM 

(JT =Re{if'(z,z0 )}=-Alm{-1 -+~}, ay z-zo z-zo 

arl =O 
(Jy y~o . 

Cne)J,oBaTeJibHo,q,yHKIIHH 

T ( x, y) = A Re ln { ( z - z0 ) ( z - zo)} = A ln I( z - z0 ) ( z - zo )i (2.28) 
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.n;aer perneHHe 3a,D;a<J:H HeliMaHa MH BepxHeli nonynrrocKoCTH. 0,n;HaKO Ha 6ecKoHe'IHOCTH <PYHK

u:mr (2.28) B03paCTaeT KaK 2Alnjzj. 06'bHCmieTCH 3TO TeM, 'ITO ,ll;JIH cyru:ecTBOBaHHH CTaU:HO

HapHoro TeIIJIOBOro IIOJIH OT HCTO'IHHKa Heo6xo,n;HM TeIIJIOOTBO,ll; 'Iepe3 rpamnzy o6JiaCTH, KaKO

BOH HBJIHeTCH IIpHMOJIHHeliHaH rpaHMu:a nonynrrocKocTH H 6ecKoHe'IHo y,n;aJieHHaH TO<J:Ka. IIpHMo

JIHHeliHaH rpaHHu:a TepMOH30JIHpOBaHa, II03TOMY CTOK HaxO,D;HTCH Ha 6eCKOHe'IHOCTH ( CHTyau:mr 

aHaJIOrH'IHa HaJIH'IHIO HCTO'IHHKa B IIJIOCKOCTH). TaKHM o6pa30M, perneHHH 3a,n;a<J:H HeliMaHa, 

3aTYXarow;ero Ha 6ecKoHe<J:HOCTH, He cyru:ecTsyeT. 

3TO paccy)l()l;eHHe MO:>KHO o6ocHoBaTh cJie.n;yromwM o6pa30M. Ocyru:eCTBHM HenpephIBHYJO 

.n;e<PopMaU:HIO KOHrypa c, co.n;ep:>Kamero BttyTpH TO'IKY Zo, B KOHTYP r = ( -R, R) u c R, r.n;e 

CR - noJiyoKpy:>KHOCTh pa.n;wyca R (pHc. 2.2). IIocKOJihKY npH Jiro6oM R > 0 noTOK 'Iepe3 

(-R,R) paBeH ttyJIIO, TO npH R ~ 00 (B 6ecKOHe'IHO-y,n;aJieHHOH TO<J:Ke) HaxO,D;HTCH CTOK II, 3Ha

qHT, B 3TOH TO'IKe TeMneparypa HMeeT JiorapH<PMH'leCKYJO oco6eHHOCTb. 

IloKa:>KeM Teneph, KaK MeTo,n; OTPa:>KeHHli MO:>KHO npHMeHHTh ,n;JIH nocTPoeHHH <PyH.n;aMeH

TaJihHhlX perneHHH B HeorpaHH'leHHhIX COCTaBHhIX TeJiaX, KOr,n;a Ha rpam1u:e pa3,n;eJia CTaBHTCH 

ycJIOBHH HenpepbIBHOH npo,n;OJI:>KHMOCTH rapMOHHqecKoro IIOJIH. 

PaccMoTpHM KYCOqHo-o.n;Hopo.n;wyro cpe.n;y, cocTaBJieHHyro H3 .n;Byx pa3Hopo,n;HhIX noJiy

IlJIOCKOCTeli, Ha o6w;eli npHMOJIHHeHHOR JIHHHH pa3,n;eJia KOTOpbIX HMelOT MeCTO ycJIOBHH H,D;e

aJihHOro TeIIJIOBOro KOHTaKTa, II nycTb B TO'IKe Zo = Xo + iyo, Yo > 0 .n;eHCTByeT TeIIJIOBOH HC

TO'IHHK HHTeHCHBHOCTH q (pHC. 2.3). IIoMeTHM BeJIH'IHHhl, OTHOCHIIJHeCH K sepXHeli (HH:>KHeli) 

IIOJIYIIJIOCKOCTH HH,D;eKCOM «I» ( «2» ). IlOJIHaH IIOCTaHOBKa 3a,n;a'IH BhlrJIH,ll;HT TaK. ,D;tt<P<PepeH

U:HaJihHhle ypaBHeHHH. 

y CJIOBHH conpH:>KeHHH Ha OCH x 

AT, =0, x:tx0 , y:ty0 , y>O, 

AT2 = 0, XE (-00,00 ), y < 0. 

T, (x,O) =T2(x,O), 

-k ar,i =-k aT21 
I a 2 a y y~O y y~O 

y CJIOBHe 0,ll;H03HaqHOCTH IIOJIH TeMneparyp 

[ f,, ( X, y) l = 0. 

y CJIOBHe cyru:eCTBOBaHHH CTaU:HOHapHoro TeIIJIOBoro IIOJIH 

q= f-k1 ~s. 
c on 

(2.29) 

(2.30) 

(2.31) 

(2.32) 

,[(JIH perneHmI IIOCTaBJieHHOR 3a,D;a'IH BOCIIOJih3yeMCH TaK :>Ke, KaK H Bhillie, npe,n;cTaBJieHHHMH 

rapMOHH'leCKHX <PYHKU:HH 'Iepe3 aHaJIHTH'leCKHe. IloJIO:>KHM 

T, =T,(x,y)=ReJ;(z,z0 ), Imz>O, 

T2 = T2 ( x, y) = Re f2 ( z, Zo), Im Z < 0, 
(2.33) 
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r.D;e IIO.D; f1 ( Z, Zo) IIOHHMaeM <i>YHKUHIO, aHaJIHTH'leCK)'lO B sepxHeM rro.rryrrnoCKOCTH c BoIKono

TOM TOqKQM Zo, IIO.D; f2 ( Z, Zo) - <i>YHKU:HIO aHaJIHTH'leCK)'IO B HmI<HeM rronynnoCKOCTH. TaKHM 

o6pa30M, .D:H<i><i>epeHQHaJI0Ho1e ypasHeHHH (2.29) y.D;osneTBopHIOTCH. )l,aJiee, ecnu 601 cocpe.D;o

mqeHHhlii HCTO'IHHK .D;eMCTBOBan B O.D;HOpO.D;HOM cpe.D;e, TO pemeHJie HMeno 601 BH.D; (2.23). B Ha

rneM cnyqae He06XO.D;HMO yqecTh B3aHMHOe BnHHHJie rroneii B KOMIIOHeHTax COCTaBHOH cpe.D;ol. 

MO.D:H<i>HU:HpyeM MeTO.D; H306pa)l(eHHH MH paccMaTPHBaeMOM CHryaQHH cne.D;yIOIIIHM o6pa30M. 

IIoMecTHM B HH)l(Heil: nonyrrnocKoCTH 3epKaJioHO OTPa)l(eHHhlii (<i>HKTHBH01H:) 11cmqHJIK Toii )Ke 

HHTeHCHBHOCTH H II0ll0)1(11M 

fi ( Z, z0 ) = A In ( Z ~ Z0 ) + ~ In ( z - zo), hn z > 0, 

f 2 ( z, Z0 ) = Az In ( Z - Zo), hn z < 0. 
(2.34) 

3.D;eCo IIOCTOHHHM A onpe.D;eneHa B (2.23) H TeM caMoIM ycnOBHH (2.31) H (2.32) BoffiOllHHIOTCH. 

IloCTOHHHhle ~ H Az .D;Oll)l(Hol o6ecrre'lHTo BoIIIOnHeH11e ycnOBHM corrpH)l(efiliH (2.30). )l,nH yrr-

po111eHJIH .D;aJioHeMIIIHX BolKna.D;OK rrpe.D;CTaBHM HX B paBHOCHlloHOH <f.:lopMe 

c yqeTOM rrpe.D;CTasneHHM (2.33), (2.34) rpaHH'IHble paseHCTBa (2.35) MO)l(HO 3aIIHCaTo TaK: 

(
A A1 ) Az Re--+-----= =Re--, 

x-zo x-zo x-zo 

Im(~+ ~ )=rhn~. 
x-zo x-zo x-zo 

0TCIO.D;a rrpHXO.D;HM K ypasHeHHHM 

OKoHqaTenoHO rronyqaeM perneH11e 

q(1- r) 
2Jrk1 (1 + r)" 

/ 1 (z,z0 ) =--q-{ln(z-z0 )+ l-y In( z-zo )}. Imz > 0, 
2Jrk1 1 + r 

(2.35) 
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Ti (x,y) =--q-{1n~(x-x0 ) 2 +(y-y0 )
2 

+ I-y In~(x-x0 ) 2 +(y+ yo)2 }• y >0, 
21rk, 1 + r 

T2 (x,y)= t )ln~(x-xo}2+(y-yo}1, y<O. 
trk1 I+y 

QqeBJi,Zl;HO, IIpH k1 = k2 ( y = 1) IIOJI)'IJaCM OTCIO,Zl;a peweHHe ,n;mI 0,Zl;HOpO,LIHOH cpe.n;bI. 

~ 
.·· ·· .. 

: . Zo: 
·. . ·'-

- ~~~x 
2 0 ' . ' . 

~-
Zo 

Puc. 2.3. K IIOCTJ'Oemuo qiyii:,naMeHTarrbHoro peIUemrn: B cocTaBHOH cpe):(e 

<l>yHKru!:IO fpHHa 3a,n;a1I11 .l(Hpmme .n;IDI IIOJIOCbl 0 ~ x ~ a, - 00 < y < 00 orrpe.n;emnoT c IIOMO

lllbIO MeTO.n;a OTproKCHHH, crapryH c cpyimaMeHTam.Horo peweHHH .n;IDI HeOrpaHH1IeHHOH cpe,n;bI. 

1 
E(x, y,x0 ,0) =-lnlz-x0 I. 

2;rr 

PacrroJiaraH HCT01IHHKH (11 CTOKH) TaK, KaK IIOKa3aHO Ha pHC. 2.4, H IIO):(C1IHTblBM HX BKJia.n; 

B cpyHKI.l;HIO IIOJIH (Harrp11Mep TeMneparypy) B T01IKe Ha6JIIO,n;eHHH Z, HaXO,LIHM 

1 sin_!:_(z+x0 ) 

G =-In 1--'2=a.___ __ 1 
2;rr . Jr ( ) sm 

2
a z-x0 

Jlerno IIOKa3hlBaeTCH, 1ITO Ha CTOpoHax TIOJIOCbl iy H a+ iy' - 00 < y < 00 :na cpyHKI.l;HH paBHa 

ttyJIIO H, KpOMe Toro, OHa o6Jia.n;aeT xapaKTepHCTH1IeCKOH oco6eHHOCThIO B TOtIKe Xo, Jie:>Kaweli 

BHYTPH TIOJIOCbl. 
y 

-x 

Puc. 2.4. TiepHO):(H1IeCKaJ! CHCTeMa HCT01IHHKOB B T01IKax Xo + 2ma (m = 0, ± 1, ± ... ) H CTOKOB B T01I

Kax -x0 + 2na (n = 0, ± 1, ± ... ) oca x-s; IT0 - OCHOBH!UI rronoca 
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<l>yHKU:HH fpHHa 3ap:aqu )].upuxrre ,[(JIH npHMOyrOJibHHKa TaK:/Ke onpep:eAAeTeH MeTO,[(OM 

OTpa)f(eHHli. Paenpep:eJIHM H306pa)f(eHHH HCTOqHHKa, rrpHJIO)f(eHHOro B TOqKe Zo oeHOBHOro 

rrpHMoyrorrhHHKa !J:BOHKorrepuop:uqeeKHM o6pa3oM (pue. 2.5). Torp:a <l>YHKU:HH fpuHa rrpuMeT 
BH,[( [29] 

cn(2kx0 /a) en[ k( Z0 - z)/a J 
1 sn ( 2kx0 /a) sn [ k ( z0 - z) /a J 

G = -ln 1----------=----'---==-1 
2" en(2JU

0
/a) en[ K(zo-z)/a J' 

sn(2Kx0 /a) sn[ K(zo-z)/a J 
rp:e 3JIJIHIITuqeeKHe <l>YHKu:HH 51Ko6H sn z H en z (3e 3H, U:3 3H) orrpep:eAAIOTeH erre!J:YIOII:(HM o6-
pa30M [l, 4, 6, 10, 12, 16]. 3TO MepoMop<l>Hbie ,[(BOHKOIIepHop:uqeeKHe <l>YHKI:(HH BTOporo IIOPHP:
Ka, HMe10mHe B rrpHMOyrOJibHHKe rrepHO,[(OB ,[(Ba rrpoeTbIX IIOJIIOea H ,[(Ba H)'JIH H rrpHHHMalO

mue Ka)f()]:oe eBoe 3HaqeHHe B HeM ,[(Ba pa3a. TiepHO,[(bl <l>YHKU:HH 5IK06H WI= 4K, Wz = 2iK', 
rrpuqeM 

(2.36) 

k=sina, k'=eosa (k 2 +k12 
=l). 

TaKHM o6pa30M, sn z H en z 3aBHeHT He TOJibKO OT rrepeMeHHOll z, HO H OT rroeTOHHHOll k 
(MO,[(YJIH <l>YHKU:HH sn z, en z). qT06bl IIO,[(qepKHYTb 3TO o6eTOHTeJibCTB0, IIHIIIYT HHOr,[(a: 

sn ( z, k), en ( z, k). HyrrH <l>YHKU:HH sn ( z, k) pacrroJIO)f(eHhI B ToqKax z = 2mK + 2niK', HYJIH 

<l>YHKU:HH en ( z, k) - B TOqKax z = ( 2m + 1) K + 2niK' (ptte. 2.6). CooTBeTeTBeHHO, rrorr10eb1 

cpyHKU:Hll sn ( z, k) H en ( z, k) HaXO,[(ITTeH B TQqKaX 2mK + ( 2n + 1) iK' ( m, n = 0±1, ± 2, ± ... ) . 

y 
_o o+ -0 o+ 

(J)2 

+o 0- +o 

b_ 

x 

a 

Puc. 2.5. ,[(BOHKorrepn:o,L1n:qeeKoe paerrpe,Llerre
HHe HeTOqHHKOB H eTOKOB. IlepHO,!\hl: Wi = 2a, 

W2 = 2ib 

y 

2ik' 

ik' n,,.-
-k -2k 0 k 2k 4k x 

Puc. 2.6. Paerrpe,UerreHHe Hyrreii H norr10eos <l>YHK
u;ttii sn z H en z; • - HyJIH <l>YHKIJ;HH sn z; " -
HyJIH en z; * - IIOJIIOebI 3THX <l>YHKIIHH. )RllpHOH 

mrnn:eii BbI,LleJieH KOHTYP oeHOBHOro rrpmmyrOJib
HHKa rrepHO,LIOB Iloo 
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<l>OpM)'Jn.I, BhlpIDKaIOil."(Iie <l>YHICQHH 51Im6H qepe3 Tera-<l>~H Fl COOTBeTCTB)'IOII.Ule 4Jop

M)'Jlbl o6pa~eHmI 3JIJIHIITHqecKHX HHTerpanoB HMeIOT BH,ll, 

1 ~(v) YJ dt 
y=sn(z,k)= r.-(-); z=F(k,y)= I , 

vk IJ4 v o \1(1-r 2 )(1-k2r2
) 

z v=-
2K' 

i} ( V) I df 
y=cn(z k)= - 2

-· z- f-r======= 
, IJ4 ( v )' - y ~( 1- t 2

) ( 1- k2 + k2t 2 ), 

(2.37) 

r;:i,e <l>YHKQHH tJk ( v) = tJk ( v, h) orrpe,n,eJieHbl B rnase 1 (CM. ( 1.114 ), k H k' - MO,ll,)'JTh H ,ll,OilOJl

HHTeJibHbIB MO,ll,)'Jih <l>YHKQHH sn ( z, k), en ( z, k); F ( k, y) - 3JIJIHmHqecKHH HHTerpan rrepso

ro po,n,a B <l>opMe JleJKaH,n,pa. 

0TMeTHM TaKJKe IlOJie3Hbie COOTHOlllemrn [29, 30] 

sn2 (z,k )+cn 2 
( z,k) = 1, 

en ( 0, k) = 1, sn ( 0, k) = 0, 

sn(z+2K)=-snz, isnzl:::;;1, 

sn K = 1, sn ( K + iK') = ..!_, 
k 

sn (iK') = .!.. Jk = IJ2 ( O, h) h =exp (m-r) =exp (- "K'). 
k ' IJ3 ( 0, h )' K 

TperM1 <l>YHKQH.sr 51Ko6rr dn ( z, k) orrpe,n,en.sreTc.sr qepe3 sn ( z, k) no 4JopMyne 

dn 2 (z,k) =l-k2 sn2 (z,k). 

(2.38) 

EcJIH rronoJKHTh k = 0, ( K' = oo), TO KaK BH,ll,HO m (2.3 7), 3JIJIHilTHqecKHif CHH)'C 51Ko6H BhipO

JK,ll,aerc.sr B TpHrOHOMeTprrqecKHH CHH)'C, T. e. 

sn ( z, 0) =sin z. 

CooTBeTcTBeHHO, H3 (2.38) cne,n,yeT 

en ( z, 0) =cos z. 

3JIJIHIITWiecme <l>YHKQHH 51Ko6H 3aBHCHT OT O,ll,Horo rrapaMerpa - OTHOllleIDUI K'/ K. 3To cne

.n.yeT m BhipaJKeHrrif (2.37), (2.38). BeJIHqHHhI K H K' He HBJIHIOTC.sr He3aBHCHMhIMH ,n,pyr OT 

.n.pyra. B caMoM ,n,ene, <l>HKcHpy.sr K, onpe,n,en.sreM TeM caMhlM MO,ll,)'Jih k. Ilo seJ1H1IHHe k Haxo

,ll,HM ,n,ononttmeJibHhlif MO,ll,)'Jih k', a 3aTeM H K' (cM. <l>opM)'JihI (2.36). 

IlpHMeHHTeJihHO K <l>YHKUHH f'pHHa ,ll,Jl.sI np.srMOyrOJihHHKa Heo6xo,n,HMO rro,n,o6paTh MO

,ll,)'Jlb k TaKHM o6pa30M, qT06hl 

K' b 

K a 

3TO MOJKHO c,n,eJiaTh, HarrpHMep, HCXO,ll,.sI H3 Ta6JIHQbl [29). 
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Ta6;rnu:a 2.1 

CooTuomeuHH Me~y napaMeTpaMH JJIJIHDTH'leCKHX c(lyuK~Hil 

K/K' 

0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0 

K 1,571 1,571 1,571 1,571 1,573 1,583 1,604 1,643 1,699 1,768 1,854 

K' 00 15,71 7,855 5,237 3,933 3,166 2,673 2,347 2,124 1,966 1,854 

k 0 0 0,00156 0,0213 0,0784 0,171 0,265 0,407 0,520 0,622 0,707 

<l>yma~IDI fpima 3a,z:(a'll )],Hpmme ;::our nepBoro KBa,npama. TiyCTu B TO'Il<e Zo =x0 +iy0, x0 >0, 

Yo >0 pacnono)l(eH HCTO'lmiK e,n;HHH'IHOH HHTeHCHBHOCTH. <l>yttKQH51 fpHHa 3a,!J;a'IH )],Hpmrne 

M51 KBa,z:(paHTa onpe.n;en51eTCH TaK (pHC. 2.7): 

~G(x,y;x0 , Yo) =-b'(x-x0 , y-y0 ), 

GloA = GloB = O. 

CornacHo o6me:if cxeMe crpy1nypa <j:>yttKUHH fpHHa TaKOBa: 

r.n;e 

G( x, y;x0 , Yo)= Ref (z, Zo ), 

f ( z, Z0 ) = --
1 

{In( z- z0 )+ e1 In( z-z0 )+e2 In( z + Z0 ) +&3 ln( z + Zo )}, 
2n 

B 3TOM cnyqae nonyqaeM 

f( )=--1 ln(z-z0 )(z+z0 ) 

Z, Zn ( ) ( ) , - 21l z - Zo z + Zo 

-2 

( ) 
1 Z

2 
- zo 

G x,y;x0 ,y0 =-Reln-2--2
• 

21l z -zo 

(2.39) 

(2.40) 

<l>yHKQHH (2.40) o6na,z:(aeT xapaKTepHCTH'leCKOH oco6eHHOCThlO B TO'IKe Zo H y.n;osneTBOp51eT 

o.n;Hopo,n;HhIM rpaHH'IHhIM ycnoBHHM Ha nyqax OA H OB. 

B 
z 

-Zo • Zo 
9' ............ . ··············~ 

c>· .......................... ·O -
-Zo Zo 

Puc. 2. 7. K MexaHH3M)' MeTOp;a OTpa)J(emrn: rorn Ksap;paHTa. JiyqH OA H OB - rpaHHU:hI o6nacnr 
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B caMOM t(eJie, rronarrur z = x, 0::;; x < 00 , 3amnueM 

-2 

( ) 
1 x 2 

- zo 1 
G O,y;x0 ,y0 =-In -

2
--

2 
=-Inl =0. 

21i x -zo 21i 

IlycTb Terrepb z = iy, 0::;; y < oo. Tort1a HMeeM 

-2 
1 -/-zo 1 

G(x,O;x0 ,y0 )=-In 
2 2 

=-Inl=O. 
2;r -y - z0 21i 

3aMeTHM, qTQ BbI6pas HHbie 3HaqeHID! K03<Pqmu;HeHTOB, <)mrypHpyIOIIIHX B (2.39), Mhl Haiit(eM 
perneHIDI CMernaHHblX 3at(aq {<pyttKIJ;HH rpHHa AIDI CMernaHHbIX rpaHHqHJ,IX ycJIOBHH). HarrpH
Mep, rrpH c1 = 1, £ 2 = £3 = -1 rronyqHM perneHHe cJiet(yIOIIIeii rpaHHqHoii 3at1aqH: 

t:i.G = -o(x-x0 , y-y0 ), 

Glos = 0, (JG' = 0. 
oy OA 

,l],eiiCTBHTeJibHO,IIYCTb 

f ( z, Z0 ) = - 2~ {In ( z - Z0 ) +In ( z - Zo )- In ( z + z0 )- In ( z + ~o)}. 

f (z,zo)=-f(z,z0 )=-- --+----------, , d l{ 1 1 1 1} 
dz 2;r z - z0 z - zo z + Z0 z + zo 

1 ( Z - Z0 ) ( z - Zo) 
G(x,y;x0,y0 )=--In ( ) , 

21i ( Z + Z0 ) Z + zo 

~~=Re{ if'( Z, Z0 )} =-Im{!'( Z, Z0 )}. 

Hanyqe OB 

. _ 1 { liy-z0I Jiy-zoJ }-
G(x,O,x0,y0)--- InJ . 

1

+Inl . I -0. 
21i -zy - zo -zy - Z0 

<l>yttKIJ;HH rpHHa t(JIH Kpyra. PaCCMOTPHM o6JiaCTb D: lzl < R, H IIyCTb B TOqKe Zo E D HMe

eTCH cocpet(OTOqeHHblll HCTOqHHK et(HHttqHOH HHTeHCHBHOCTH. lfope3 z~ o6o3HaqHM Toqey, 

CHMMeTpttqttyIO ToqKe z ornocHTeJibHO OKPYlKHOCTH lzl = R (pHc. 2.8). CornacHo orrpet1ene

HHIO HHBepCHH OTHOCHTeJibHO OKPYJKHOCTH 

* R2 R2 ia 
z0 =-=-=-e, 

zo r0 
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Ey,n:eM pa3hICKHBaTh c]:>yHK~HI-O fpHHa B BH,n:e 

G =Ref (z,z0 ), 

f ( Z, Z0 ) = - 2~ { ln ( Z - Z0 )- In ( Z - Z~) +A ( Z0 )}, 

r)J,e A ( z0 ) rro.z:vre)KHT orrpe,n:eJieHHI-O H3 rpaHHqHoro ycJIOBHH 

llMeeM IlOCJie rrpOCTbIX BbIKJia,n:OK 

G( . )=--1 {i 1z-z0 1 R A}=--1 1 lzl
2

-2izllz0 jcos(a-O)+iz0!
2 

2tr Z - Z0 4tr 2 2 z R x,y,xo,Yo n * + e n ) I 4 

lzl -2R - cos(a-0)+-2 

Zo lzol 
IlpH Z = Re;e IlOJl)"IHM B CHJIY (2.41) 

OrcI-O,n:a 

1 ( R2 
-2RT0 cos( a-0) + T0

2
) T.2 1 

G=--ln °
2 
--ReA=O. 

4tr (T02 -2RT0 cos( a-0)+ R2) R 2tr 

R 
ReA==ln-. 

To 

TaKHM o6pa30M, c]:>ytt~1u1 fpttHa ,n:;u1 Kpyra TaKosa: 

. _ 1 (z-z0)R 
G(x,y,x0 ,y0 )---In( *) , z0 :;t:O. 

2tr z-z0 T0 

EcJIH )Ke HCToqHHK pacrroJIO)J(eH B ttyJie, TO 

G(x, y;O,O) =--
1 ln1~1. 

2tr R 

JzJ=R 
Puc. 2.8. K rroc'IpOeHHIO 4>YHKJJ;HH rpntta rorn Kpyra lzl < R 

107 

(2.41) 

1 
Re A. 

2tr 

(2.42) 
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IlyCTb Terrepb He06XO,[(HMO peIIIFITb 3a,[(a'I)' )J;HpHXJie ,[(ml Kpyra C rpaHHIJeH r 
Au=O, 

uj
1 

= .p((}, ? = Re;o. 

)J;Jrn Toro 'IT06bI BOCIIOJib30BaTbCH HHTerpa.JibHbIM rrpe.ncTaBJieHHeM perneHHH, He06XO,[(HMO BbI

'!HCJlHTb HOpManbH)'K) npml.3BO,!J,Hyl0 OT l\1YHKU,HH fpHHa (2.42) Ha r. YiMeeM rrocne npeo6pa-

30BaHHH, ITOJIO)J(HB z = ? = Re;o H z0 = z = pe;a, 

d 1 R2 -p2 

-GI= . 
dn 1 2:rrR R2 -2Rpcos(a-O)+ p 2 

Ilo,IJ,CTaBHB 3TO Bbipa)J(eHHe B HHTerpanbHOe rrpe.ncTaBJieHHe rapMOHH'IeCKOH cpyttKIJHH, BHOBb 

rrpHXO,IJ,HM K <tiopMYrre IlyaccoHa 

1 21' iB ( R2 - p2 ) d 0 
u (p a)= - J .p( Re )-____;____---'------

, 2Jr 
0 

R2 -2Rpcos(a-O)+p2
• 

TaKHM o6pa30M, jJ.~0 HHTerpMa IlyaccoHa c TO'IHOCThlO ,[(0 MHO)J(HTeM R COBIIMaeT c HOp

MaJihHOH IIpOH3BO,[(HOH OT cpyttKIJHH fp1rna 3a,[(a'IH )J;HpHXJie ,[(JijJ. Kpyra. 

Mern.n <PYHKIJHH fpHHa .naeT MexaHH3M rrocrpoeHHjJ. HHTerpMbHbIX rrpencTaBJiemiii perne

HHH KaK BttyTpeHHHX, TaK H BHeIIIHHX 3a,[(a'I TeOpHH IIOTeHIJHaJia, a B Tex (K CO)J(aJieHHIO) pe.nKHX 

CJIY'IMX, Kor.na ee TO'IHOe aHMHTH'IeCKOe Bbipa)J(eHHe H3BeCTHO, - H caMO pernemre (rro KpaH

HeH Mepe B KBa.npaTypax). 

B Ka'!ecTBe rrpHMepa paccMoTpHM 3a.na'I)' )J;HpHXJie .[(JIH sepxHeii rronyrrnocKoCTH 

Au = 0, u = u ( x, y), - oo < x < =, y > 0 

uL=o =q:>(x), suppq:>c(a,b), a<b, 

rrpH'IeM rrpe.nrroJiaraeM, 'ITO tp( x) - orpaHH'IeHHM cpHHHTHajJ. cpyttKIJHjJ.. B .naHHOM CJIY'fae 

cornaCHo (2.23) H (2.27) cpyttKIJirn fpHHa HMeeT BH.L( ( Xo = q, Yo = 17) 

G(x, y,x0 , Yo)=- 2~ In!:=~!=- 4~ {1n[(x-q)2 
+(y-17)

2 ]-1n[(x-q)2 
+(y+17)

2
]}. 

)];Mee 

y 

Jr (x-q)2 + y2. 

PerneHne rrocTaBJieHHOH 3a,[(a'IH )J;Hpnxne .[(JijJ. rronyrrJiocKocTH, cJie.nosaTeJibHO, TaKoso: 

1 b ydq f ip(q) ( q)2 2· 
Jra X- +y 

B 'IaCTHOCTH, ecmr .p( x) = 1 rrpH x E (a, b) H ip( x) = 0 rrpH x E (a, b), rroJIY1IaeM (pHc. 2.9) 

b-x a-x u(x, y) = arctg---arctg--= tp1 + tp2 , 
y y 
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r.ne 

b-x x-a 
rp, = arctg--, rp2 = arctg--. 

y y 

TaKHM o6pa30M, HCKOMa» rapMOHHqecKa» cpyttKQHH B ToqKe ( X, y) paBHHeTC» yrrry Me)K)J.)' 

OTpe3KaMH, coe,nHHHIOIIl.HMH 3TY rnqry c KOHQaMH HHTepBa.rra (a, b). B TQqKax HerrpepbIBHO

CTH rp( x) - cpyttK[(IDI u ( x, y) HerrpepbIBHO rrpo,noJDKaeTC» Ha OCh X, r.ne OHa COBIIa,naeT c rp( x). 

(x,y) 

a b 

Puc. 2.9. K orrpei:1enemuo <l>YHKQHH rpHHa ):IJJ}I nepxHeH IIOJJYIIJJOCKOCTH 

2.2. rapMOHU'leCKUe cpyHKU,UU 6 R3 

TeopHH rapMOH~eCKHX cpyttK[(:illi Ha IIJIOCKOCTH OIII1paeTCH Ha MOIIJ.HhIB H ,na.rreKO IIpO,D:BH

ttyThlll arrrrapaT aHa.JIITTHqecKHX cpyttKQHH KOMIIJieKCHOH rrepeMeHHOH . .lVJ» TOro qrn6hI qma

TeJih IIOqyBCTBOBa.JI 3TO H rrpH pemeHHH 3a,naq TeOpHH IIOTeHQHa.rra Ha IIJIOCKOCTH HCIIOJih30Ba.JI 

MCTO):lhl TeOpHH aHa.rrITT~eCKHX cpyttK[(HH, Mhl BhI,neJIHJIH TeMY «rapMo~eCKHe cpyttKQHH B R2
» 

B OT,D:eJihHhIH pa3,nen. 

HmKe paccMOTPHM rpaHHqHhie 3a,naqH TeopHI1 rroTeHQRa.rra B R3 
):III» ,nRcpcpepeHQHa.JihHO

ro orreparnpa [3, 9, 13, 14, 15, 18, 28, 35, 43) 

L=div(kgrad)-q . 

.lVI» y,no6CTBa 6y,neM HCIIOJih30BaTh RH,neKCHhie o6o3HaqeHI1» rrepeMeHHhDC xj ( j = 1, 2, 3). Ha

rroMHHM HeKOTOpbie BeKTOpHhie orrepaQHH H o6o3HaqeHH}I. 

BeKTOpHhTii orreparnp «Ha6na» 

a v = ekak, ak =- (k = 1,2,3), 
oxk 

r,ne ek - e,nHHHqHbTe opTbl KOOp,D:HHaTHhlX oceii xk' CYMMHpOBaHHe - ITO IIOBTOp»rorn.eMyc» 

HH,D:eKcy. 
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fpa):(HeHT cp)'HKQHH u ( x)' x = (Xi' Xz 'X3) 

gradu =Vu= ei)ku . 

.n;uBepreHQIDI BeKTopa A = ekAk 

div A =(V, A) =dkAk, 

r):(e ( , ) - CHMBOJI CKamqmoro rrpoH3Be):(eHIDI. 

HaM IIOTpe6yeTCH TaIOKe paBeHCTBO (attanor cpOPMYJihl neil:6HHQa MH IIpOH3BO):\HOH OT rrpo

H3Be):\eHIDI) 

div(kvgradu) = vdiv( k gradu) + k (gradu, grad v ). (2.43) 

IlyCTb n E R3 
- o6naCTb, rpattHQa KOTOpoil: an eCTh 3aMKttyTaj! ):\OCTaT01IHO rJia,[\KM IIOBepx

HOCTh. fpaHH'IHbie ycnOBHj{ MH ypaBHeHHH 

L[u]=f(x), x=(x"x2 ,x3 )E Q (2.44) 

cpopMYJIHpyIOTCH TaK. 

IlepBM rpaHH'IHM 3a):(a'la (,n;upmme) 

ulan = Q'J1 ( q) • q = ( qpq2,q3) E an. (2.45) 

Brnpw rpaHH'IHaH 3a):(a'la (Heil:MaHa) 

~ul = Q'Jz ( q). 
un an 

(2.46) 

TpeTbH rpaHH'IHM 3a):(a'la (cMernaHHM) 

(a1 du + azu)J = Q'J3 ( q). 
dn an 

(2.47) 

B ypaBHeHHHX (2.43)--(2.47) k = k ( x) E C1 (n); f ( x) E c ( Q); 

E c (an) - H3BeCTHbie cpyHKQHH. Pa3bJCKHBaeTCH pernem1.e ypaBHeHIDI (2.44) B KJiacce C2 
( Q)' 

YAOBJieTBopHIOl.Ilee OAHOMY H3 Tpex rrepe'ln:cneHHhIX rpaHH'IHbIX ycnosn:il:. 

3aMe'laHHe. Ilpn: paccMmpemrn: BHeIIIHHX rpaHH'IHhlX 3a,[(a'I AJIH ypasHeHIDI narrnaca L [ u] == 

= t:..u = 0 Heo6XO):\HMO IIOTpe6oBaTb, 'IT06bI B Cny'lae ):(Byx rrepeMeHHbIX rapMOHH'leCKM <l>YHK

QHH u ( x, y) 6hma orpaHn:11eHHOH Ha 6ecKoHe'IHOCTH, a B Cny'lae TPeX rrepeMeHHbIX 

Riu(x)i<C, R~=. x=(xpx2 ,x3 ), 

r):(e R - paCCTOHHHe OT Ha11ana KOOp,13,HHaT ,13,0 TO'IKH x H c - IIOCTOHHHaH. 

U:unrpaJihHhle npe)J,CTaBJieHHB pemeHuii. <l>opMyJILI rpuua. Orrpe):(eJIHM crreQHaJib

Hbie perneHHH (cl>)'HKQHH fpHHa, cpyHKQHH BJIHj!ffllH, cpyttKQHH HCTO'IHHKa) nepBOH, BTOpoil: 

H TPeTheil: rpaHH'IHbIX 3a,ll,a1I ,ll,JIH ypaBHeHIDI (2.44) TaK: 

L[ Gk]= -8( x- y ), x = (Xi,X2,x3 ), Y = (YP y2, y3 ) En, 

G1lan =0, a~2 L =0, (al a~3 
+ap3 ln =0, 

(2.48) 

r,ll,e o ( x) - AeJibTa-cpyHKQHjl .n;upaKa. 
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<l>)'HKQIDI fpHHa G2 seyrpeHHeii 1a,n,a'IH HeiiMaHa .n:m.1 orrepaTOpa L [ u] = f...u B rrocTaHOB

Ke (2.48) He cym:ecrnyeT. IlpHWIB rpaHH'IHOe ycJIOBHe B BH,n:e 

aa2 1 · i 
dn <Jn S0 ' 

r.n:e So - IIJIOIQa,D,b rrosepxHOCTH an, 3aKJIIOl'.JaeM, 'ITO G2 cym:ecrnyeT H orrpe.n:emieTCH c TO'I

HOCTbIO .n:o a.n:,n:HTHBHOH ITOCTOHHHOH. 

IIycTb u, VE C2 (n). Tor.n:a c HCIIOJib30BaHHeM cpopMYilbI raycca-Ocrporpa,n:cKoro (nk -

HarrpaBJIHIOIQHe KOCHttyCbI BHenrneH HOpMaJIH B IIOBepXHOCTH dQ ) 

Jctiv A dx= f (A,n) dCY~ JakAkdx= J AknkdCY (k =1,2,3) 
fl ~ fl ~ 

H, HCIIOJ!b3YH COOTHOIIIeHIDI (2.43), MO)l(HO 3aIIHCaTh 

JvL[u]dx= Jkvdu dCY- Jk(gradu, gradv)d.x- Jquvdx. 
n andn n n 

(2.49) 

<l>opMyJia (2.49) HMeeT CMbICJI rrpH ycJJOBHH HHTerpHpyeMOCTH BXO.U:HIQHX B Hee Bblpa)l(emril:. 

IlpH k = 1 H q = 1 OHa COBIIa,D,aeT c rrepBOH cpOPMYJIOH fpHHa MH orrepaTOpa Jlarrnaca B R3
, a .U:JIH 

,n:ByMepHoro CJIY'IM c cpopMYJIOH fpHHa (2.11 ). 
IJOJIO)l(HB B (2.49) V = U, ITOJIY'IHM 

JuL[u]dx= Jkudud<J-fklgradu!
2
dx-fqu 2dx. 

n an dn n n 

EcJIH u rapMOHH'IHa B Q ( q = 0, k = 1, L [ u] = f...u = 0, x E Q), TO IIOJIY'IaeM H3 (2.49) 

J v du dCY = f(gradu,grad v )dx. 
dfl dn n 

Y'IHThIBaH CTpJKTYPY cpopMYJihl (2.49), 3arrHIIIeM BTopyro cpopMYJIY fpHHa MH orrepaTOpa L 

J ( vL[u ]-uL[v ])dx = J k(v du -u dvJdCY. (2.50) 
fl ~ ~ ~ 

)J,JIH cpyHKQHH u, v - rapMOHH'IeCKMX B Q BTopa~ cpopM)'JJa fpHHa (2.50) ,n:aeT 

J(vau -u
0
vJdCY=0. 

an dn on 

IIycTh Terrepb u = u ( x) - perneHne ypasHeHHH L [ u] = - f ( x), a v = G ( x, y) - cpyHK

QHH fpHHa, y.n:osnernopHIOIQM ypasHeHHIO L [ G] = -o ( y - x). Ilpe.n:sapHTeJihHo rroMewrn rre

peMeHttyIO MHTerpHpoBaHIDI x Ha y, ITOJIY'IHM H3 (2.50) HHTerpaJibHOe rrpe,n:CTaBJieHHe perne

HHH ypasHeHIDI (2.44) 

u(x) =- f G( x, y) f (y )dy- f k (u oG -GOU )da. (2.51) 
n an dn dn 

IlpH BbJBO,n:e cpOpMJ'IlbI (2.51) Mbl OIIHpaJIHCb Ha orrpe.n:eneHMe ,n:eJihTa-cp)'HKllmi (CM. m. 4) 

(o(x),q>(x)) = q>(O), (o(x-y),q>(x)) = q>(y). 



112 fJIABA2 

B cnyqae rrepBoH: ocHOBHOH 3ail:a<J.H (2.45) rrpeil:CTaBJICHHe (2.51) Aaer pemeHHe 

u( x) =-f G, (x, y )f (y )dy- f k( q)q>1 ( q) ~Gt dCY, (2.52) 
n an on~ 

rAe G1 - <l>YHKnHH fpHHa rrepBoro poil:a. 

,l],JIH BTOpoH: OCHOBHOH 3Ma'l.H (2.46) rronyqaeM 

u (x) = - J G2 (x, y) f (y )dy+ J k( q)G2 ( x,q)q>2 ( q)dCY, (2.53) 
o an 

rAe G2 - <l>YHKnlfH fpHHa BToporo poil:a (<l>YHKnxrn HeliMaHa). 

B cnyqae TPe'fheli ocHOBHOM 3Ma'IH a 1 "# 0, a2 "# 0. lfa rpaHH'IHoro ycnoBHH (2.47) Bhipa

:>KaeM HOpMaJihHhIC rrpOH3BOil:HhIC OT <l>YHKQHH <J.epe3 caMH <l>YHKQHH Ha rpaHHQC. lIMCCM 

au\ =~q>3(q)- a2 u\ , ()GI =- a2 GI . 
on ao al al an an an al an 

c yqeTOM 3THX COOTHOUICHHM <PopMyJia (2.51) AaCT 

u(x) =-J G3 (x, y)f (y)dy+ J k((~) G3 (x,q)q.i3 (q)dCY. 
n ana1 ~ 

<l>)'HKnHH fp11Ha Gk ( x, y) ( k = 1, 2, 3) o6JIMaIOT cBolicTBoM CHMMCTPHH 

Gk(x,y)=Gk(y,x), Vx, yEO. 

,lJ,JIH il:OKa3aTCJ!hCTBa rrpHMeHHM BTOpyIO <t>opMyny fp11Ha (2.50) K <l>YH~ G ( x, y1) H G ( x, y2 ). 

f{ G ( x, Yi )L[ G (x, Y2) ]-G(x, y2)L[ G( x, Yi) ]}dx = 
n 

TaK KaK 

L[ G(x,yz)] =-o(x-y2 ), L[ G(x,y1)] =-o(x- y1), 

G(y2 , y 1)-G(yP Y2 ) = J k { G(q, Y2 ) :n G(q, Y1)-G(q, Y1) :n G ( q, Y2) ~CY. 

B cnyqae 3Ma'IH ,lJ,MpMXJIC G(q,x)=O, VxE an. ,lJ,JIH 3Ma'IM HeliMaHa i_G(q,x) = 0, VxEan. on 
HaKoHeQ, )J)IH TPe'fhCH rpaHH'IHOH 3Ma'IH B (2.48), BhlproKaH HOpMaJihHhie rrpoH3BOAHbIC qepe3 

caMJf <l>YHKQHH Ha rpaHHQC, HaxOil:HM 

G(q,y1) ~ G(q,y2 )-G(q,y2) ~ G(q,y1) = a 2 {G(q,y1)G(q,yz)-G(q,y2 )G(q,y1)}=0. 
on on a1 

B CMJIY rrpomBOJ!hHocrn TO'ICK y1, y2 E Q rronyqaeM TPe6yeMhIH pe3yJihTaT. Ero Ha3hIBaJOT 

rrpHttnlfIIOM B3aHMHOCTH. B rrpHJIO:>KCHHH K ypaBHCHHIO Jlarrnaca L [ u] = Liu = 0 B TCpMHHax 
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3JieKTpocrnnnrn OH 3B)"IHT TaK: IIOTeHIUlaJI B TOqKe x, rropo)K)J;eHHhIH 3apH,[(OM cocpe.nOToqeH

HhIM B TOqKe y, paBeH IIOTeHI~HaJIY B TOqKe y, rropmK.[leHHOMY 3apH.L\OM B ToqKe x. 

0TMeTHM, qTo H3 cymecTBoBaHHH perneHHH 3a.naqH He:iiMaHa 

div(kgradu)= f (x), XE n, (2.54) 

aau I = Q'z ( ;) , ; E an 
nan 

cne.nyeT, qTo MeJKey BXO):(HhIMH .naHHhlMH f H Q'z HMeeTCH CBH3h. B caMOM .nene, rronarax 

B cpopMyne (2.49) v =I, ITOJI)"IHM 

fctiv(kgradu)dx= f kau da. 
n an on 

yqF!TbTBaH paBeHCTBa (2.54), HaXO.L\HM OTCIO.D;a 

ff (x)dx= f kq:>2 (;)da. (2.55) 
n an 

CoornmueHHe (2.55) HBJIHeTCH Heo6xO.L\HMhIM ycnoBHeM pa3peIIIHMOCTH 3a.D;aqH HeiIMaHa (2.54). 

EcJIH f ( x) = 0 B n, TO npHXO.D;HM K ycnoBHIO 

f kq:>2 ( ;)da == 0, 
an 

KOTopoe B .LlByMepHOM CJI)"Iae H rrpH k =I COBITa,D;aeT c (2.19). 
TaK )J(e KaK B R 2

, HMeeT MecTo TeopeMa o cpe.D;HeM .D;JIH rapMOHHqecKHX cpyHKQHH 
' 

B R" ( k = 1, q == 0, XE n). 

3HaqeHHe rapMOHHqecKOH B rnape n = UR cpyttKQHH U ( X) E C1 
( n) B QeHTpe rnapa X = 0 

paBHO cpe,D;HeMY apHcpMeTHqeCKOMY ee 3HaqeHHH Ha ccpepe on = SR" IlpH n = 3 HMeeM 

u(0)=-1- 2 f u(;)da, ;=(;1';2,;3)E SR. 
4trR s. 

(2.56) 

Ifa TeopeMbI o cpe.D;HeM (2.56) BhITeKaeT rrpHHQHII MaKCHMYMa (TeopeMa o MaKCHMyMe H MH

HHMYMe). 

<l>yHKQHH u ( x), rapMOHHqecKM B KOHeqHoiI o6naCTH n E R" H HerrpepbIBHaH B Q, .D;OC-

THraeT CBoero HaH60JihIIIero H HaHMeHhIIIero 3HaqeHHH Ha rpaHHQe o6JiaCTH. 0TMeTHM TaKJKe, 

qTQ rapMOHffqeCKYJO cpyttKQHIO MO:lKHO .D;HcpcpepeHQHpOBaTh JIJ06oe qHCJIO pa3 H Bee ee rrpOH3-

BO.D;Hhie rapMOHffqHhl. .[l.JIH CJI)"IaH .D;Byx rrepeMeHHhIX 3TOT cpaKT OTMeqaJICH paHee (CM. II. 2.1). 
11MeeT MeCTO reopeMa JIHyBHJIJIH. <l>yttKQHH, rapMOHffqeCKM BO BCeM npOCTpaHCTBe (Ha BCeH 

nJIOCKOCTH) H orpaHHqeHHaH CBepxy HJIH CHH3y, eCTb IIOCTOHHHM. 

PaccMOTPHM rrpnMephI. 

1. <l>ytt.D;aMeHTaJihHoe perneHHe orrepaTOpa narrnaca. 3m o6o6rneHHM cpyttKqHH - perne-

HHe ypaBHeHHH 

M == o(x), 

r.D;e o ( x) - .D;enhTa-cpyttKQHH .[l.HpaKa. 



114 

Ha rrJiocKocTH 

B rrpocTpaHcTBe 

rJIABA 2 

1 
£ 2 =-Inlxl, x==(.ti.xz). 

2tr 

[xj = ~ .ti2 + x; + x;. 

Ilo~o6Hee o <}lym::i;aMeHTaJihHbIX pernemurx )Ufcp<}lepem.1HaJibHhIX orrepaTOpOB CM. B rnase 4. 
2. <l>y:HKQHH fpHHa ,I(JIH rnapa U w PerneHHe BIJYTpeHHeH 3a,I(aqH ,lJ,HpHXJie ,I(JIH rnapa. 

<l>)'HKIJ;HH fpHHa ,I(JIH rnapa u R c rpaHHqHOH c<}lepoH: s R O,I(H03HaqHo orrpe,I(eJIHeTCH KaK 

perneHHe BHyrpeHHeH 3a,I(aq.H ,lJ,HpHXJie 

iiG1 == -J'(x-y ), x = ( XpX2 ,X:J ), Y = (YP y2 , Y3 ) EUR, 

Gils =0. 
R 

Toqm M 0 ( yl' y2 , y3 ) H M* ( y;, y;, y;) Ha3hIBaIOTc.si CHMMeTp.f!qHbIMH OTHocHTeJTuHO c<}lepbl SR 

c u;eHTpOM B TQqJ(e C, eCJil! OHH Jie)J(aT Ha 0,I(HOM JI)"le, BbIXO,I(.s!IQeM H3 u;eHTpa c<}lepbl, H eCJIH 

CM 0 ·CM* == R2. Ih rro,I(o6H.si TpeyroJibHHKOB CMM 0 H CMM * (pHc. 2.l 0) cJie,nyeT, qTO 

ecJIH ToqKa M E SR, TO crrpaBe,I(JIHBhI paseHCTBa 

MMo =CMo==_!!_ MM =r=\x-y\ CM =p =\y\ CM*=p =\x-y*\. 
MM* R CM*' 0 

' 
0 0 

' * 

c yqeTOM 3THX o6o3HaqenHH <}l)'HKQHJO fpHHa MO)J(HO rrpe,UCTaBHTb B BH,I(e 

1 (1 R J 1 [ I R l 
G == 4tr ;- p

0
r* = 4JT Ix- YI jx- y*jlYI . 

HopMaJibHa.si rrpoH3BO,I(Ha.si OT <}l)'HKQHH G Ha SR TaKosa: 

1 R
2 -lxi2 

4JTR lx-yj3 
s. 

Ilo,I(CTaBJI.sl.sl 3TO 3HaqeHHe HOpMaJihHOH npOH3BO,I(HOH B $OPMYJIY (2.52) npH f = 0, no

JI)"IHM 

I R
2 lxi2 u(x)=- f 91(y) - 3 dSY, lxl<R. 

4trR jyj=R Ix - Yi 
<l>OPMYJia Ilyaccotta aHanomqHa HHTerpanbHOH <}lopMyne KornH, oHa orrpe,I(emreT 3HaqeHHe 

rapMOHJiqeCKOH B rnape <}lynKQHH u B JIJ060H BHyTpeHHeH TOqKe x E u R qepe3 ee rpaH.HqHbie 

3HaqeHHH. Ilpe.nnonaraeTc.si, qTo 91( y) E C (SR). 
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R 

c 

Puc. 2.10. K rrocrpoeHHJO (j:JyHK!UiH fpnHa BffYTPeHHeii 3a)l.a'IH ,[(Hpmwe ,Lilli! rnapa UR 

PerneHne BHCIIIHeii 3a,n:a<JM )J,Hpm01e ,[(JUI rnapa UR orrpeJJ,emreTcH MHTerparroM 

u(x)=-1- f 1JJ(Y)Jx2J-~2 dSY, lxl>R. 
4n"R IYl=R Ix - YI 

3. <l>YJIKUMH fpHHa ,[(JIH rro.rryrrpocTPaHcTBa x3 > 0. IlycTb TO'II<a y = ( yl' y2 , y3 ) JIC)KMT 

B BepxHeM rro.rryrrpOCTPaHcTBe, a TO'II<a y* = (yl'y2,-y3), Y3 >0 - CMMMCTPM'!Ha c TO'IKOH y 

OTHOCHTCJibHO IIJIOCKOCTM y3 = 0. IIcKoMasr <jlyHKUMSI fpMHa orrpeJJ,eJisreTCH <jlopMJJIOH 

1 { 1 1 } G(x,y)=- -I -1--J -.J . 4JZ" x-y x-y 

PerneHMe COOTBCTCTByrorn:e:H: 3a,n:a'IH )J,HpHXJie ,[(JISI BepXHero rroJiyrrpOCTPaHCTBa orrpeJJ,eJISieTCH 
<jlOpMJJIOH THIIa (2.52). 

l1MeeM Ha IIJIOCI<OCTM y3 = 0 

ac ac 

( ) 1 f ( X3dSY 
u x = 2JZ" s IP y) lx-ylz 

rJJ,e x=(Xj,X2 ,X:J), Yo =(ypy2 ,0). 

4. <l>YJIKUMSI fpMHa JJ,JISI cJiosr 0 S: x3 ~ h. PacrroJiarasr cornacHo cxeMe MeToJJ,a OTpa)KeHMH 

HCTO'IHMKM TaK, KaK IIOKa3aHO Ha pHc. 2.11, HaXO,[(HM 

G(x,y)=-I -----. , 1 ~ { 1 1 } 
4JZ" n=- Ix- Ynl Jx- Ynl 
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+ •Y1 

+•Yo 

Puc. 2.11. PacrrOJJO)KeHHe OCHOBHOro H orpa)KeHHhIX HCTO'IHHKOB 

2.3. rpaHU'IHble 3ada'1U dnR ypaeHeHUR Au+ CU = f 

38.,Lla'IH CTall;HOHapHOH ,!l;H<pcpy3HH ra3a IIpH HaJIH11HH pacrr8.,Lla MOneryn ,!l;H<pcpytt,D;Hpyrom;e

ro ra3a rrpHBO,!l;HT K ypaBHeHHJO 

Au+ cu = 0, c ::; 0, u = u ( x)' x = ( Xp X2' X3) E n. (2.57) 

IlpH HaJIH11HH u;errHbIX peaKQHH, Be,D;yIIl;HX K pa3MHOJKeHHIO ,!l;Hcpcpytt,D;Hpyrom;HX qacTHil;, rrpH

XO,!l;HM B CTaD;HOHapHOM cnyqae K ypaBHeHHIO (renbMrQJlbu;a) 

Au +cu = 0, c > 0. (2.58) 

K ypaBHeHHIO (2.58) rrpHXO,!l;HM TaKJKe rrpH paccMmpemrn ycTaHOBHBIIIHXCH Kone6aHHH c qac

TOTOH m. ,D,nH aMIIJJHTJ,!l;hl TaKHX Kone6aHHH u ( X, (I)) 1rneeM ypaBHeHHe renbMrQJlhll;a 

2 (I) 
Au + k u = 0, k = - , a > 0. 

a 

,D,JIH ypaBHeHHH (2.57) crrpaBe,!l;JIHB cne,D;yIOIIl;HH IIpHHil;HII MaKCHMJMa: peIIIeHHH :noro ypaa

HeHHH U ( X) E C ( Q) He MOryT HMeTb B Q HM IIOJIOJKHTeJlbHbIX HaH60JibIIIHX 3HaqeHHH, HM HaH

MeHhIIIHX OTPHUaTenhHhlX 3HaqeHHH. 

,D,eiiCTBHTeJihHO, rryCTh B npomBOJihHoli BIIyrpeHHeii rnqKe M ( x) cpyttKu;HH u ( x) ,D;Ocmra-

eT rronoJKttTeJibHoro MaKCHMaJihHoro 3Haqemur u ( M) > 0. Tor,D;a B 3Toli TO'IKe 

a;u ::; 0 ( i = 1, 2, 3) 

H, cJie,D;OBaTeJibHO, Au < 0. Ho 3To npoTHBopeqHT paBeHCTBaM u ( M) > 0, c < 0. AHanorHqHhie 

paccyJK,!l;eHHH HMeIOT MeCTO )l,JIH BTOpoii 'laCTH npHHIJHila MaKCHMJMa. H3 npHHIJHTia MaKCH

MyMa CJie)l,yeT e,D;HHCTBeHHOCTh peIIIeHIDI nepBOH rpaHHqHoii 3a,D;aqH ,!l;JIH ypaBHeHIDI (2.57). 
EcnH peIIIemie nepBOH rpaHH'lHOH 3a,D;aqH 

Au+cu=O, c~O, u=u(x), XE Q, 

ulan = tp( i;), i; E (}Q, 

u(x)E c(O:) C~eCTByeT, TO OHO e,JJ,HHCTBeHHOe. 

,11,nH ypaBHeHHH (2.58) e,D;HHCTBeHHOCTh HMeeT MeCTO, ecnH c He COBIIa,D;aeT HH c 0,!l;HHM 

H3 co6cTBCHHhIX 3HaqeHHH orreparnpa L =A+ c (He npttHa,D;nexrnT crreKTPY oneparnpa). 
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«l>yHKQHH rpuua («ltYHKQHH BJJHHHHH) ~JIB oneparnpa L=A+c [1, 40, 35]. PaccMOT

pHM CHa'Iarra CJIY'laH .[(Byx He3aBHCHMbIX IIepeMeHHhIX (n = 2). IlpH c = k2 > 0 ypaBHeHHe (2.58) 

HMeeT .n;Ba cpyH.n;aMeHTaJihHbIX pemeHHH. 

(2.59) 

r.n;e H61l ( r), H62l ( r) - coOTBeTCTBeHHO cpyttKQHH XaHKeJUI IIepsoro H BToporo po.n;a eynesoro 

IIOpH,n;Ka, x = (Xi, Xz), y = (Yi, Y2) - TO'IKa Ha6mo.n;eHHH H TO'IKa IIpHJIO'lKeHHH HCTO'IHHKa. 

06o6meHHhie cpyttKU:HH E ( x, y), E* ( x, y) - pemeHHH Heo.n;Hopo.n;Horo ypaBHCHHH feJihM

rOJihU:a 

r.n;e J(x) - J:(CJihTa-<fiyttKUHH. lfro 3TO TaK, 6yJ:(eT IIOKa3aHo B rnase 4. A ceW!ac BhIHCHHM xa

paKTep oco6eHHOCTH cpyH,ll,aMeHTaJihHhIX pemeHHH B TO'IKe r = 0. B OKpecTHOCTH ttyJIH cpyHK

U:HH XaHKeJIH H61l ( kr) H H~2) ( kr) HMelOT IIpe,[(cTaBJieHHH (cM. II. 2.4) 

H62l (kr) = 
2

i In.!..+ 0(1). 
tr r 

Cne,[(oBaTeJihHO, B CHJIY (2.59) Haxo,[(HM 

E 1 1 1 v =-- n-+ perynHpHblH'IJICH =Eo+ ... , 
2tr r 

E* 1 I 1 v = -- n -+ perynHpHhIH 'IJieH = E0 + .. ., 
2tr r 

r,[(e E0 - cpytt.n;aMeHTaJihHOe pemeHHC oIIepaTopa JiaIIJiaca B R2
• 

B OKpCCTHOCTH 6ecKOHC'IHO yJ:(arreHHOii TO'IKH (r ~ oo) IIOBe,n;eHHe <fiyttKU;Hii XaHKeJIH 011-

pe.n;eJUierCH acHMIITOTH'ICCKHMH cpopM)'JiaMH (CM. II. 2.4) 

H~1)(kr)=~tr~r/kr ~v :)[1+o(~)J 

H~2l ( kr) =~tr~ r e-{kr-~v-~) [I+ o( ~) J 
0TCIO,[(a CJie,[(yeT, 'ITO eCJIH IIpH paccMOTpeHHH CTaU:HOHapHoro BOJIHOBOro IIpou:ecca (ycTaHO

BHBIIIHXCH KOJie6aHHii) B R2 
speMeHHylO 3aBHCHMOCTb 6paTh B BH,[(e e-iox (OJ - KpyrOBaH 

'IaCTOTa, t - BpCMH), TO B.U:aJIH OT HCTO'IHHKa BbipIDKCHHC e-iox H611 ( kr) ,[(aCT paCXOMIIJYIOCH 

(OT HCTO'IHHKa) U:HJIHH.Il:PH'IeCKJIO BOJIHY 

f ( ) -iax+ikr j ( ) -ik(r-at) re = re , 
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CooTBeTCTBeHHo, $)'HKQIDI e-imt H~2l ( kr) orrpe,n:eIDieT pacxo.wrmyiocH (m 6ecKoHeqHOCTH) 

I(HJIHH.[(pffqecrcyro Bo1my. CJie,n:oBaTeJibHO, rrpH TaKoM Bhl6ope BpeMeHHoH: 3aBHCHMOCTH: Heo6xo
MMO HCIIOJlb30BaTh rrepBoe <l>YH.n:aMeHTaJibHOe pemeHHe (2.59). 

B cnyqae TPex H3MepeHHH: <PYH.n:aMeHTaJibHhle pemeHHH onepaTOpa feJihMroJI1>u;a CyTb 
o6o6rn:eHHhie «i>YHKD;HH, y.n;oBJieTBopHIOID:He ypaBHeHHIO 

(A+k2 )E = J(x), A= a: +a; +a;, x = (Xi,X2,X3)· 

0HH HMeIOT BHA (CM. rJI. 4) 

eiklxl • e -ikJ~ _ 

E(x)=--
11

, E (x)=--
11

=E(x), k>O, 
4Jr x 4,. x 

lxl = ( Xi
2 +xi + x; ( . 

(2.60) 

IlpH Bhl6ope BpeMeHHoro MHfflKJfTeJIH e -i(l)t ,n:IDI rronyqeHHH pacxo.wrrn:eH:cH c<lJepffqeCKOH BOJIHbI 

Ha 6ecKoHeqttoCTH Heo6xoMMo 6paTh rrepBoe <i>YHAaMeHTaJihHoe pemeHHe E ( x). Bropoe <lJyH

,n:aMeHTaJihHOe pemeHHe <PmHqecKOro CMhICJla B 3TOM CJiyqae He HMeeT. 

BhmHmeM ern:e <l>YHAaMeHTaJibHhie pememrn orrepaTopa feJibMroJihll,a B R 1
• 0HH HBJIHIOT-

CH pemeHHHMH ypaBHeHHH 

(2.61) 

JI HMeIOT Bill( (CM. rn. 4) 

(2.62) 

0TMeTHM COOTHOIIIeHJIH ,n:JIH Ol(HOMepHOro <l>YH.D:aMeHTaJihHOro pemeHHH 

[ E ( x) ]
0 

== E ( +o )- E ( -0) == ~sin kxl == 0, 
k •x~o 

[E'(x)J ==cos kxj = 1. 
0 x~o 

K rrocne,n:HeMy pe3yJibTary rrpHXOl(HM TaK )l(e HHTerpHpyH ypaBHeHHe (2.61). l1MeeM 

E dz E E 

J dx2 Edx+k2 J Edx= f o(x)dx=(J(x),I)=l, t»O. 
-E -E -E 

lim E'( x )je =I. 
e~+o -e 

<l>yHl(aMeIITaJihHhie peIIIeIIIDI oneparopa L =A- k 2 onpe,n:eIDIIOTcH KaK 06o6rn:eHHb1e <lJ)'HKll;HH -
peIIIeHHH ypaBHeHHH 

(2.63) 

B npocTPaHcTBe R3 

(2.64) 
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B R2 

(2.65) 

r.n;e K0 ( r) - l(IDIHH,rqnrqecKasr cpyHKIIIDI Mru<.r10Hanh.n;a Hynesoro nopH.n;Ka (cM. n. 2.4). HaKo

Hel(, B R1 <j>ytt.n;aMeHTaJTbHOe peIUeHHe onepaTOpa 

L=.!£.._-k2 dx2 

HMeeTBHil: 

e-klxl 
E(x)=lk. 

HuTerpaJILHLie npeJJ,CTaBJieHHH pemeuuii [3, 22, 23]. ,[(Jljf orrepaTOpos L = A± k2 crrpa

se.n:nHBa BTOpasr cpopMYJia fpttHa (2.50) 

J(vL[u]-uL[v)}dx= J(v ou -u ov)d<J, 
Q an on on 

r)::(e ITO'A Q IIOHHMaeTCH orpaHH'IeHHaSI 06JiaCTb C il:OCTaTOlJ:HO rna.n;KOH rpaHHI(eH dQ. ECJIH 

L[ u] = f ( x), a v =Gk ( x, y) - cpyHKIIHH fpttHa 3a.n;aqtt ,[(Hpmrne HJTH HeiiMaHa 

L [Gk] = -o ( x - y) ( k = 1, 2), 

a 
G1lan =0, dn G2lan =0, 

TO npttxo.n;HM B CHJIY (2.51) K HHTerpaJTbHOMY npe.n;cTaBJieHHl:O peIUeHH51 :3THX 3a.n;aq 

uk (x) =- JGk (x,y)f (y)dy- J[u dGk -Gk du)d<JY (k =1,2), 
Q an ony on 

(2.66) 

npHlieM B CHJIY rpaHHlIHbIX ycnOBHH (2.66) MS! lj:>yttKI(HH fp1ma nepBOH H BTOpoH OCHOBHhIX 3a.n;aq 
(2.45), (2.46) HHTerpaJibHbie npe.n;CTaBJieHIDI 6y.uyr HMeTb COOTBeTCTBeHHO BM (2.52), (2.53). 

CpaBHHBaH onpe.n:eneHHH cpyttKI(HH fpttHa (2.66) c onpe.n;eneHHeM cpytt.n;aMeHTaJThHhIX pe

IIJeHHH B npOCTPaHCTBe Rn ( n = 1, 2, 3) H yqHThlBasI cpopMYIIhI (2.59), (2.60), (2.63)-(2.65), 3a-

KJTI:OlJ:aeM: .n:nsi onepaTopa L = A+ k2 B npocTPaHcTBe R3 

eiklx-yl 
Gm = 

1 1 
+ V m ( X, Y) ( m = 1, 2) , 

4Jr x-y 
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Ha nnocKoCTH 

r.n:e v m - perymrpHhle pememra ypaBHeHIDI L [ v m] = 0, y,n:oBJierBopHIOmHe COOTBeTCTByIOIQHM 

rpamrqHbJM ycnOBHHM 

(vi(x,y)- ~iH2l(klx-y/)l.on =0, 

~(v2(x,y)-~H~1l(klx-y/)JI =0, XE n. an ~ ~~ 

,lJ,nH orrepaTOpa L = il - k 2 HMeeM: 
rrpH n = 3 

rrp:tt n = 2 

1 
Gm(x,y)=-K0 (k\x-yl)+vm(x,y) (m=l,2), x=(Xi,X2 ), y=(yl'yz), 

2tr 

r,n:e V m ( X, y) - peryIDipHhie peIIIeHIDI ypaBHeHIDI ( Ll - k2) V m = 0, y,n:oBJieTBOpHIOmHe COOTBeT

CTByIOIQHM rpaHHqHhIM ycJIOBHHM rrepBOH HJIH BTOpOH rpaHlfqHOH 3a,n:aqH. 
Y CJIOBHH ua 6ecKOHe'luocTH ll:JIH ueorpauu'leuuoii o6JiaCTH [3, 5]. ,ll,Jrn ypaBHeHHH 

( Ll - k2) u = - f ( x)' r.n,e f ( x) - qm.HHTHM lPYHKUHH, k > 0, HMeeT MeCTO CJie.IzylOIIIa>I TeO

peMa e,n::ttHcTBeHHOCTH: 3To ypaBHeIUie He MO)l(eT :ttMeTh 6onee o,n:Horo pemeHHH, :ttcqe3aromero 
Ha 6ecKOHeqHOCTH. 

c <P:tt3HqecKOH TOqKH 3peHHH BhIBO,n: oqeBH,n:eH, TaK KaK eCJIH B orpaHHqeHHOil o6JiaCTH 
pacrrpe.n:eneHhl JfCTOqHHKH BemecTBa, TO KOH11empauHH ero (B rrpo11ecce .n:H<P<PY3HH) CTpeMHTCH 
K Hymo no Mepe y,n:aneHHH OT 3TOH o6naCTH. 

PaccMoTpHM Terreph ypaBHeH:tte fenhMronL11a ( Ll + k2) u = - f ( x) B rrpocrpaHCTBe (T. e. 

B o6nacTH, co.n:ep)l(ameii 6ecKoHeqno y,n:aneHttylO TOqKy). 3,n:ech B03HHKaeT rrpo6neMa Bh16opa 
pemeHIDI, H6o eCTh ,n:Ba <Pyn.n:aMeHTaJihHhIX pemeHIDI H o6a Ha 6ecKoHeqHOCTH CTpeMflCH K ey
JIIO. B caMoM .n:ene, rroJIO)l(HB B <PopMyne fpHHa (2.50) 

L(u)=(il+k2)u=-f(x), L[v]=o(x-y), 

rronyqHM, HarrpHMep, ,n:nH n = 3 

u ( x) = 1 i ( y) 4:;:x~y~I dy \I { 4:;:x~~I ~: -a~J 4:;:x~~!} ( y)} duy. (2.67) 

3,n:eCh rrpe,n:rronaraeTCH, qTo f ( X) - <i>HHHTHa>I <i>YHKIIHH, Supp f C n0 , an - rpaHHIIa 06-

JiaCTH n-' BHeIIIHeH K orpaH:ttqeHHOH o6nacm n E R 3 
( n- = R3 

\ n). 



fAPMOHWIECKHE ll METAfAPMOHWIECKHE <l>YHKU:llll 121 

YcJIOBHB n3JlyqeuuB [5, 9, 15, 18, 21, 22, 26, 33, 35, 42). lfa qnnH'IeCKHX coo6pa)l(eHHii 

HCHO, lJTO H3 ;::i:Byx Bblp~eHHH (2.67) H)'X<HO BbI6paTb TO, KOTOpoe ;::i:aeT pacxo;::i:HuzyIOCH BOJIHY 

Ha 6eCKOHelJHOCTH. 
1lTo6bI Bbl)J;eJIHTh KJiacc e)J;HHCTBeHHOCTH peweHHH MH ypaBHeHHH feJibMrOJibUa B Heorpa

HHlJeHHbIX o6JiaCTHX, HBJIHIOIIJHXCH BHeIIIHOCThlO orpaHH'IeHHbIX o6JiaCTeii, tty)l(HO IlOTpe6oBaTh 

;::i:orroJIHHTeJibHbie orpaHRlJeHHH Ha nose;::i:eHRe pemeHHH Ha 6ecKoHe1IHOCTH. TaKHMH orpaHH

lJeHHHMH HBJIHIOTCH )'CJIOBHH H3JIY1IeHHH 3oMMep$eJib)J;a. 

B rrpocTpaHcTBeHHOM CJI)'lJae (n = 3) OHR BbffJIH!J:HT TaK: 

(2.68) 

HJIH 

u(x) = 0(1xi-1 
), a~~) +iku(x) =o(lxi-1), lxl ~oo. (2.69) 

YcJIOBHH (2.68) COOTBeTCTB)'IOT paCXO!J:HIIIHMCH c<PepH1IeCKHM BOJIHaM (rrpH BpeMeHHOM MHO)l(H

nme e -imt ), ycJIOBHH (2.69) - cxO!J:HIIIHMCH BOJIHaM (rrpHXOMIIJHM m 6ecKoHelJHocm). B ;::i:sy

MepHoM rrpocTpaHCTBe COOTBeTCTB)'IOIIJHe )'CJIOBHH H3JI)'1JeHHH HMCIOT BH)J; 

(2.70) 

HJIH 

(2.71) 

B 3aBHCHMOCTH OT Toro, KaKOii speMeHHoii MHO)l(HTCJib e -imt HJIH eiox HCIIOJib3)'eTCH. B rrepBOM 

CJI)'lJae )'CJIOBHH (2.70) HJIH (2.71) OTHOCHTCH COOTBeTCTBeHHO K paCXOMIIJHMCH HJIH CXO)J;H

llJHMCH IJHJIHH!J:pH1IeCKHM BOJIHaM Ha 6ecKOHelJHOCTH. Bo BTOpOM CJI)"'lae - Hao6opoT. 

IloK~eM, lJTO 3JICMeHTapHble peweHHH ypaBHCHHH feJibMrQJibIJa IIO)J;lJHHHIOTCH )'CJIOBHHM 

H3JI)'1JeHHH. B o;::i:HoMepHoM CJI)'lJae <l>YHKIJHH 

orrpe;::i:eJIHIOT COOTBeTCTBCHHO rrpHM)'IO H o6paTH)'IO 6eryIIJHe BOJIHbl, KOTOpble HBJIHIOTCH pewe

HHHMH !J:H<l><l>epeHI.J;HaJibHbIX ypaBHeHHH rrepsoro IIOpH;::i:Ka B lJaCTHblX npOH3BO!J:HbIX 

au+.!. au = 0, au· _ _!_au· = 0. 
ax aat ax aat 

,[l,JIH ycTaHOBHBWCroCH pe)l(HMa 

u ( x,t) = v(x) e-iox, u* ( x,t) = v* ( x)eiox 

3TH ypaBHeHHH ;::i:aIOT 

l[v]=av _ikv=O, t
1
[v']=av· +ikv'=O, k= 01

. 
~ ~ a 
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ITepBoe COOTIIOIIIeHHe 3amrcaHO .rorn IIpHMOll BO.JIHbl (H,D,)'llleli Ha 6ecKOHeqHOCTh ( x -t + 00) ), BTO

poe - ):(JIH o6paTHOll BOJIHbl. 

ITepeli):(eM Terreph K ccpepwiecKoli BOJIHe. B cnyqae ToqeqHoro HCToqHHKa B Haqane Koop

):(HHaT rrpHMaH BOJIHa HMeeT BH):( 

-i(ax-kr) 

u ( r, t) = e - v ( r) e-iax. 
4Jrr 

l[v]=--1kv=- - -tk-=---0 =o - , r-too. dv . () ( eikr J . eikr eikr ( 1 ) 
or or 4Jrr 4Jrr 4Jrr" r 

ECJIH HCTOqHHK pacrroJIO)KeH He B Haqane KOOp):(HHaT, a B HeKOTopoli TOqKe M 0 (pHC. 2.12), TO 

aMITJIHT)'):(a ccpepHqecKOll BOJIHbl paBHa 

r):(e R - paccTOHHHe Me)K):(y ToqKaMH M H M 0 paBHo 

HMeeM rrpH 6oJiblIIHX r 

oR r- p
0 

cos(} 
-=--'-"---
or R 

1 - Po cos B ( 1 ) 
r =l+O -

1-2 Po cos (} + pg r , 
r r 2 

l [ v] = ov - ikv = ov ()R - ikv = o (.!_). 
or oR or r 

TaKHM o6pa30M, BhHIOJIHHIOTCH ycnoBHH mnyqeHHH (2.68). HaK0He11, ecJIH HCToqHHKH pacrrpe

):(eJieHbI B HeKoTopoli orpaHWieHHoli o6nacTH Q 0 rrpocTPaHCTBa R3
, TO MH BOJIHOBoro ypas

HeHHH OTHOCHTeJibHO aMITJIHT)'):(bl v 

(A+k2)v=-f(x) (2.72) 

HMeeM rrpe):(CTaBJieHHe (2.67). 
ITpttMeHHM Terreph cpopMYJIY (2.67) K mapy UR c rpaHHQeli SR ):(OCTaTOqHo 6onhmoro pa

):(ttyca (c 11eHTpOM B Haqane KOOp):(HHaT). HMeeM 

eikr { a ( eikr J eikr ov r v(x)= f f(y)-dy- f - - v(y)--- S, r=lx-yl. 
n 4Jrr S' Or 4Jrr 41l"r Or y 

0 R 

(2.73) 
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.Z1,mI IIO.l{hIHTerpaJibHOro BbipaJKemrn Q B IIOBepxHOCTHOM HHTerpane, IIOJI)"laeM Ha OCHOBamrn 

COOTHOIIIeHmI (2.68) npH R ~ 00 

CJie,n:osaTeJihHO, rrpH R ~ oo nosepxHOCTHhIH HHTerpaJI Hcqe3acr. 

Puc. 2.12. K OITHcamuo cqiepttqeCKOH BOJIHbl Ha 6oJibIIIOM paCCTOSIHHH OT HCToqHHKa, paCITOJIOlKeHHOro 

B TOqKe M 0; M - ToqKa Ha6mo,~eHHS1 

TaKHM o6pa3oM, ycJIOBJUI H3JI)"leHHH BhI,n:eJIHJOT e,n:HHCTBeHHoe perneHHe Heo,n:Hopo,n:Horo 

ypaBHeHlUI feJihMI'OJibUa (2.72), COOTBeTCTBYJOIIJ,ee paCXO.ll:SIWHMCH BOJIHaM Ha 6eCKOHeqHOCTH 

eil" 
v(x)= ff (y)-dy, r =lx-yj. 

0 41l'r 
0 

ToqHee, HMeeT MecTo cJie.n:yrowaH TeopeMa e,n:HHCTBeHHOCTH ,n:nH ypaBHeHJUI (2.72). 

flycTb f ( x) - <i>HHHTHM <i>YHKUHH. Tor.n:a perneH11e ypasHeHHH feJihMI'Onhua 

Liv+k2v =-f (x), 

y,n:oBJieTBOpHIOIIJ,ee Ha 6ecKOHeqHOCTH ycJIOBHHM H3JiyqeHHH 

v(x)=o(lxl-
1
), 

0;~)-ikv(x)=o(lxi-1) 

(eCJIH OHO CyWecrnyeT) e,n:HHCTBeHHO. 

(2.74) 

(2.75) 

(2.76) 

B caMoM .n:ene, rrpe.n:noJIOJKHB, ~o cywecrsycr .n:sa perneHHH ypasHeHJUI (2.75), y,n:oBJieTBO

pHIOIIJ,HX ycJIOBHHM H3JI)"leHlUI (2.76), rrpH,n:eM K TOMY, ~o HX pa3HOCTb 6y,n:eT peweHHeM O.U:HO

po,n:Horo ypasHeHHH fenhMI'OJibUa, .ll:JlH KOToporo BhIIIOJIHHJOTCH ycJIOBJUI (2.76). B 3TOM CJI)"lae 

,n:JIH pa3HOCTH .n:syx perneHHH w =vi -Vz <i>OPMYJia (2.73) .n:aei: 

{ 
eikr aw 0 ( eikr Jr ( 1 J w(x)= f ---w(y)- - SY= fo 2 dS~O. R~oo. 

s. 41l'r or or 41l'r s. r 

B CHJiy rrpOH3BOJibHOCTH TOqKH XE 0, OTCJO,n:a cne.n:yeT, qTo w =vi -v2 = 0. 
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-irot ,lVIH .n:syx He3aBHCHMbIX rrepeMeHHbIX rrpH BpeMCHHOM MHO)l(HTCJie e pacXOMIIIYJOCH 

Ha 6ecKoHeqHoCTH BOJIHy, KaK BbIHCHeHo BbIIIIe, .n:aeT cpyttKUHH XaHKeJIH H~1l ( kr ). YcJIOBHHM 

H3JiyqeHHH (2.70) y.n:oBJICTBOpHeT nepBoe cpyH.[l.aMeHTaJibHOe pemem1.e B (2.59) 

E = _!_ H(l) (kr). 
4i 0 

)l,eHCTBHTeJibHO, rrpH r ~ 00 

)l,arree BOCIIOJib3YCMCH peKyppeHTHbIMH COOTHOIIIeHHHMH (CM. n. 2.4) 

H acHMmornqecKHMH cpopMYrraMH npH v = 0 H v = 1. 11orryqHM uenoqey paBeHCTB rrpH r ~ oo 

:r Hb
1
) ( kr )- ikH~1) ( kr) = -kH1(

1
) ( kr )- ikH6

1
) ( kr) = 

=-k~{e{u-¥)(1+0(~ )J+ie{kr1) (1+0(~ )) }= 

=-k /2e{u-¥) .20(.!.)=o(-1 )· 
v~ r ,J;. 

TaKHM o6pa3oM, cpyttK~H XaHKeJIH H~1) ( kr) y.n:oBJiernopaeT ycrroBHHM H~eHHH (2.70). Tipo

Be.n;a amUiorHqHbie BbIKJia,n;KH OTHOCHTeJibHO cpyttKUHH H~2) ( kr) y6e)l(.n:aeMca, ~o BTOPOMY H3 

ycJIOBHH H3JiyqCHHH (2.70) OHa He y.n:oBJieTBopHeT. 3aTO OHa y.n;oBJieTBOpHeT ycJIOBHHM H3JIY

qeHH5! (2.71), H eCJIH BpeMeHHOH MHO)J{HTeJib rrpH aMnrrwry.n:e KOJie6aHHH B3HTb B BH,n;e eio.x, TO 

pacxo.n:HIIIYJOCH Ha 6ecKoHeqHOCTH BOJIHY .n;aeT cpyHKUHH eica H~2) ( kr). 

yqHTbIBruI CKa3aHHOe, peIIIeHHe Heo.n;Hopo.n;Horo ypaBHeHHH (2.72) .U:JIH BHCIIIHOCTH orpa

HHqeHHOH IIJIOCKOH o6JiaCTH Q rrpe.n;CTaBHM B BH,D;e 

r.n;e f ( x) - cpHHHTHaH cpyttKUHH H supp f c Qo· 

Ilpunu:un npe,11;eJibHOro IIOrJIOII1eHHJI [33, 35, 42]. y CJIOBHH H~eHHH 6bIJIH rrorryqeHbl 

.n,ITH BHelIIHOCTH orpaHHqeHHoii o6rracTH Q, T. e. AJIH 6ecKoHe'IHOH o6naCTH R3 
\ Q mm R 2 

\ Q 

B .D;BYMepHOM BapnaHre. B HHbIX crryqaax, ttanpnMep MH o6JiaCTH c 6ecKOHeqlfbJMH rpaHHUaMH, 

ycJIOBHH H~eHHH Moryr HMeTb .n;pyroii BH.n;. OrrttllleM 3.n,eci, rrpHHUHII rrpe;::i:eJibHOro rrorno

II1eHHH, KOTOpbIH npHMeHHM KO BCeM 3a;::i:aqaM .n:ncppaKUHH ycTaHOBHBIIIHXCH KOJie6aHHH. 
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EcJIH BBeCTH B 3~a'I)' 0 BhlH)l)K)J.eHHhlX KOJie6aHIDIX COIIpOTHBJiemre, rrporrop~HOHaJI.bHOe 
CKOpOCTH, TO IIpll,lJ;eM K ypaBHeHHIO 

(2.77) 

Ilonoxurn 3,D;eco 

u==v(x)e-iox, 

CBe,D;eM (2.77) K ypaBHeHHIO OTHOCHTeJI.bHO aMIIJIHTY.D:hl 

L\v+q2v=-f(x). (2.78) 

q2 = k2 +i[Jm, k = m, hnq2 = [Jm> 0. 
a 

YpaaHeHHe (2.78) Ha3.bIBaeTcH B nmeparype ypaaHeHHeM c KOMIIJieKCH.bIM rrornomeHneM. <l>yH

.D:aMeHTanoHDie peweHHH 3TOro ypaaHeHHH (B R3
) HMelOT cornacHo (2.60) BH)J; 

iqlxl -iqlxj 

E(x)=-~l I' E*(x)=-~l I' (2.79) 
4.1l' x 4.1l' x 

q =±~k2 
+i[Jm =±JP( cos%+isin%} 

p=jk2+ifJ~=~k4+[J2m2, cosB=k2, sinB=/Jm, 
p p 

cos%=l+~osB =~k:;p, sin%=)1-c2osB =~p;;
2

• 

~k4+[Jzm2+k2 . ~k4+[Jzmz-k2 
q = + l = % + iql. 

2 2 

Ilpn TaKOM B.bI6ope 3HaKOB ql > 0 (eCJIH fJ > 0) H lPYH.lJ:aMeHTaJI.bHDie peIIIeHHH (2.79) IIpHHHMa

IOT BH,ll; 

T. e. BTopoe <PYH.lJ:aMeHTaJI.bHOe peweHHe HeorpaHHqeHHo B03paCTaeT rrpu Jxl ~ 00 H <1Jn3uqecKo

ro CMI>Icna He ttMeeT. IlepBoe lPYH.lJ:aMeHTaJII>Hoe pewettne orrpe,D;eJI»eT e,D;HHCTBeHHoe 3aTYXaro
mee Ha 6ecKOHeqHOCTH peweHtte ypaBHeHHe (2.78), KOTOpoe aHanomqHo (2.74) HMeeT BH,ll; 

iq0 r 

v(x,fJ)= ff(y)-e -e-q1'dy, r=Jx-yl. 
n 41l'r 

Ilpn /J~O rronyqaeM % ~k,% ~O. Cne,D;oBaTeJIDHO, v(x,[J) CTpeMHTCHKrrore~any(2.74). 
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TaKHM o6pa3oM, e,[(HHCTBeHHoe pemeHHe ypaBHeHIDI feJibMrOJibu,a (2.75), coarBeTCTByIO

mee pacxo,ll,SIIUHMc5t BOJIHaM, eCTu rrpeJJ:en orpaHWieHHoro pemeHIDI BOJIHOBOro ypaBHeHIDI c KOM

IIJieKcHhlM nornomeHHeM npH CTJJeMneHHH K eymo Ko1<P4>Hu,HeHTa nornomeHHH /3. 
Ilpnuu:nn npe,ll,e.TibHOii aMDJIHTYll.bI [33, 35, 42]. PaccMOTpRM BOJIHOBoe ypaBHeHRe c ne

pHO,[(WlecKoii npaBOH 1IaCTblO 

A 1 ·· f ( ) -imt uu-2 u=- x e . 
a 

Ha1IarrbHbie ycJIOBHH npHMeM HyJieBbIMR 

ul,=O = 0, U't=O = 0. 

c Te'IeHHeM BpeMeHH pemeHHe u ( x, t) 3TOH 3a,[(a1IH KoIIIH COBepmaeT 3BOJIIOIJ,HIO OT HalJaJib

HOro pacnpe,[(eJieHHH ,[(0 nepHO,[(HlJeCKOro ,[(BR))(eHHH v ( x) e-imt. 

IlpHHIJ,Hil npe,[(eJibHOH aMIIJIHTY,[(bl yTBCp))(,[(aeT, 'ITO e,[(HHCTBCHHOe pemeHHe ypaBHCHHH 

feJibMrOJibIJ,a ,[(JIH aMIIJIHry,[(bl 

Av+k2v=-f(x), k >0, 

COOTBeTCTByIOlllee paCX0,[(5Illl.HMCH Ha 6ecKOHelJHOCTH BOJIHaM, onpe)J,emieTCH npH IIOMOmH npe

)J,eJibHOro nepexo)J,a 

v(x)= lim{e;miu(x,t)}. 
t-++= 

BJIHHHHe rpaHH1IHblX YCJIOBHH. IlocTpoeune c)lymcu:nii rpnua MeTO,[l,OM OTpam:euuii 
[3, 5, 9, 38, 40]. 

1. <l>)'HKU.HH fpHHa 3a,[(alfH ,lJ;HpHXJie ,UJIH rronyrrpocTpaHCTBa X3 > 0. IlocTpOHM <l>YHKIJ,HIO 

fpHHa )J,JIH ypaBHeHHH 

(A- k2) v = 0, k > 0. 

CornacHo onpe)J,eJieHHIO <i>YJIKU.HH fpHHa 3a)J,alfH ,lJ;Hpmrne 

e-k\x-y\ 
G(x,y)= I 

1

+v(x,y), x=(xl'x2 ,x3 ), y=(y"y2 ,y3 ), 
4Jr x-y 

(2.80) 

r)J,e v ( x, y) - perynHpHOe B BepxHeM IlOJiynpocTpaHCTBe pememie ypaBHCHHH (2.80), y,[(OBJie

TBOpHIOmee rpaHHlfHOMY ycJIOBHIO 

[ 

e-klx-.vl ] 
v(x,y)+ I \ =0. 

4Jr x-y 
x,=O 

JlerKo BH,[(CTb, lfTO 3TOMY rpaHHlJHOMY ycJIOBHIO JIO,[(lJHHHeTCH <l>YHKIJ,IDI 

-klx-y'I 
v ( x, y) = e I *I' 

4Jr x-y 

r)J,e y. = (yl, Y2' -y3) - TOlJKa, CHMMeTpHlfHaH TOlJKe y OTHOCHTeJibHO IlJIOCKOCTH Xi = 0. 
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TaKHM o6pa3oM, <t>ymaimr fpHHa ,11;ur BepxHero rronyrrpocrpaHCTBa (rro cxeMe MeTO.ll:a OT
pmKemi:H:) IIOC'rpOeHa B BH,ll;e 

1 [ e -klx-yl e-tJx-y'f) 
G(x,y)=- ----- . 

4Jr Ix- YI lx-y*j 
(2.81) 

B ToqKe y = (y1, y2, y3 ) BepXHero rronyrrpocrpaHCTBa HMeeT MeCTo e,ll;HHlfqHbIH HCTOqHHK, B Toq

Ke y' = (y1, y2, -y3 ) - tPHKTHBHbIH HCTOqHHK. 

2. <l>yttKQHK fpHHa 3a,naq1r Heil:MaHa MK ypaBHeHHK (2.80). B ,ll;aHHOM cnyqae <i>YHKQHK 
fpHHa Ja)l;aqH Heii:MaHa MH BepxHero rronyrrpocTpaHCTBa TaKOBa: 

_ ] [ e -klx-yl e-kfx-y'f) 
G(x,y)-- -I -I+-, -., . 4tr x-y x-y 

,Ll,eii:CTBHTeJibHO, 

r,ll;e 

4 oG - -kr X3 - Y3 (1 k ) -kr' X3 + Y3 (1 k • ) tr---e -- + r-e --.- + r, 
ox3 r r 

r =lx-yl =~(Xi - Y1)
2 

+(xz -y2)
2 

+(x3 - YS' 

r' = jx-y*j =~(x1 - Y1)2 +(xz -yz}1 +(x3 + YS. 

IlpH X3 = 0 Bbipa:lKeHHK ,ll;JIH r H r' COBIIa,ll;aIOT, II03TOM)' 

3. <l>yttKQHH fpHHa MH rronyrrnocKOCTH. Pacc)')l(,!J;an attanorHqHO npe,ll;hl.ll:)'IQeM)', 3anmueM 
B cnyqae Ja,naqH ,Ll,Hpttxne 

G(x,y) = 2~ K0 (klx-yl)- 2~ K0 (kjx- y'I), 

r,ll;e x=(.ti,x2 ), x2 >0, y=(yl'yz), y' =(yl'-y2 ). 

,LJ,nn Ja)l;aqH Heil:Matta 

G(x,y)=-
1 

K0 (k!x-yl)+-
1 

K0 (kjx-y'I). 
2tr 27t 

B caMOM )l;ene, 

"dGI = ky2 (K1(kr0 )-K1(kr0 ))=0, r0 =~(Xi-Y1 )2 +(-yz)1. 
dx2 x, =O 2trr0 

PaccMOTpHM HeKOTOpb1e npttMepbI. 

flpwwep I. CTaQHoHapHoe BOJIHOBoe none TeMrrepaTyp B rronynpoCTpaHCTBe x3 > 0. Ey-

,ll;eM npe)l;IIOJiaraTb, 'ITO B HeKOTOpOH orpaHWieHHOH o6naCTH Q.0 , Jie)l('.ailleH B BepxHeM II OJI)'-
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rrpocrpaHCTBe, pacrrpe)l,eJieHbl TerrnoBbI)l,emnolll,He HCTO'IHHKH, IIJIOTHOCTb KOTOpbIX rrepHO)l,H

'l.eCKH MemieTCH BO BpeMeHH H HMeeT BH)l, (3HaK peanbHOH 'IaCTH orrycKaeTCH HH)J{e) 

F(x,t)=f(x)e-;ax, suppfcQ.0 , f(x)EC(no). 

Ha IIJIOCKOCTH x3 = 0 3a,z(a)l,HM rpaHH'IHblH pe)J(HM 'P(Xi,X2)e-;"', OTJIH'l.Hblll OT H)'AA B IInOCKOM 

o6nacTH D. 
<I>opManbHaH ITOCTaHOBKa 3a)l,a'IH TaKOBa [36, 42]. 
,ancI>cl>epem.i;Hanhttoe ypaBHeHne 

1 du f ( x) -;., ( 
Au-7ai=----;:-e , suppf cQ.0 , x= Xi,X2 ,x3), 

2 A. 
a=-. 

cp 

(2.82) 

3,[(eCb A, - TerrnorrpoBO)l,HOCTb MaTepHana, c - y)l;eJibHM TerrnoeMKOCTb, p - IIJIOTHOCTb. 

fpaHH'IHOe ycnOBHe 

(2.83) 

B ycTaHOBHBIIIeMcH pe)J{HMe MO)J{HO pa3bICKHBaTb peIIIeHHe rpaHH'l.HOM 3a,[(a'l.H (2.82), (2.83) 
BBH)l,e 

r,[(e ,[(TIH aMIIJIHTy,[(bI v ( x) CTaBHTCH cneeyJOlll,aH 3a,n:aqa: 

2 1 ( ) 2 im Av+k v=--f x k =-
A ' a 2

' 
(2.84) 

B (2.84 ), B OTnH'l.He OT pacCMOTpCHHbIX BbIIIIe cnyqaeB, k2 - 'IHCTO MHHMM Benwnrna, a k HMeeT 

,[(Ba KOMIIJieKCHbIX 3Ha'l.eHHH 

k=±l_ /w(l+i). aV2 
B cooTBeTcTBHH c 3THM rronyqaeM ,[(Ba cl>YH)l,aMeHTanbHblX pemettHH 

eik\x\ -ik\x\ 
E=--- E* =--e-

4n'Jxl ' 4;r jxj · 

(2.85) 

EcJIH B cl>opMJne (2.85) B3HTb BepxHHH 3HaK, TO E 3KcrroHem.i;HanI.HO 3azyxaeT rrpH jxj ~ oo, 

E' - HeorpaHH'ICHHO Bo3paCTaeT. Ilo3TOMJ cl>JHKumo fpHHa cornactto (2.81) 3arrHII1eM B BH,[(e 

G - e iyr e iyr' 1 
( 

-yr -yr' ) 
-- --e ---e 

4;r r r' ' 
(2.86) 



r)l,e 

rAPMOHWIECKME l1 METArAPMOHWIECKH:E <l>YH~Ml-I 

r= g. > 0, r =Ix- YI= ~(xi -yJ +(x2 -y2)
2 

+(x3 - Y3)
2
, 

r* =lx-y*I =J(Xi -y1)
2 

+(x2 -ys +(x3 + YS. 
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B cooTBeTCTBHH c rrpe)l,CTaBJieHHeM (2.52) perueHHe rpaHHqHoii 3a)l,aqH ,lJ,HpHXrre (2.84) onpe
)1,emreTcH cpopM)'noii 

v( x) = _ _!_ ff (y )G( x, y )dy-f <P(Y )_l_G(x, y )dSY, 
A n

0 
D Ony 

r)l,e cpyHKUHH fpHHa G ( x, y) orrpe)l,eJreHa a (2.86). 

CornacHo (2.86) 

1 
[ 

-rr -rr· ) e e • ReG=- --cosrr--.-cosrr , 
4JZ" r r 

Re__i__GI =-Re_i_GI =-5..Re{er(i-l)ro (_.!._- r(i-l)J} = 
On y,=O CJy 21< r,3 r, 2 

Y 3 y3 =0 0 0 

_ X 3 -rro {l + yr0 ysin yr0 } --e --3 -cosr!Q + 2 • 
21Z" r0 r0 

0KoHqaTeJihHO rronyqaeM 

u(x, t) = v( x)cos mt, 

llpUMep 2. TeMrrepaTypHble BOJIHbl B rHrrep6onWieCKOH MOJJ,em1 TerrnorrpOBO)l,HOCTH [48, 
49]. YpasHeHHe Terrnorrposo)l,HOCTH <l>ypbe 6a3Hpyerc.H Ha rnrrOTe3e o rrpHMoii rrponopUHOHaJih
HOCTH BeKTOpa Terrnosoro ITOTOKa H rpa)l,tteHTa TeMrrepaTypbI H HeHBHO CO)l,ep:amT JJ,orryrueHHe 
0 6eCKOHeqHoii CKOpOCTH pacnpocrpaHeHHH TerrJIOBbIX B03MYilleHHH. Ha OCHOBe TepMO)l,HHaMH
KH Heo6paTHMbIX rrpoueccos rronyqeHa 6onee CJIO"lKHaH 3aBHCHMOCTb Me)K)l,Y TeIIJIOBbIM IIOTO
KOM H rpa)l,HeHTOM TeMrreparypbI 

q+r* oq =-A-gradT. at (2.87) 
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3ToT 1aKoH KarraHeo-BepHorra 0606IT1aeT KJiacclfl{eCKIIH 1aKoH <PypLe II cosna.r1aer c no

CJIC.l(HHM, eCJill speMH peJiaKCfil(lili r* Terumsoro UOTOKa paBHO H)'JIIO. <PII3JNeCKIIH CMbICJI 3a

KJIIoqaeTCH a TOM, qTo rrpm~ecc TerrJiorrepeHoca a JIOKaJILHO-HepasHosecH1>1x cpe.r1ax o6Jia;:i;aer 

llHepu;llOHHhIMll CBOHCTBaMII: CllCTeMa pearIIpyeT Ha TCIIJIOBOe B03.l(eHCTBlle He B TOT )Ke MO

MeHT BpeMCHll t, KaK B KJiaCcllqecKOM JIOKaJihHO-paBHOBeCHOM c~ae, a Ha speMH penaKca-

U:llll r* rroTiKe. 

lfa 3aKOHa coxpaHeHllH 3HeprHll, c yqeTOM COOTHOilleHllH (2.87), IIpllXO.l(llM K ypasHemno 

TemmrrepeHoca Tenerpaqrnoro TIIrra 

1 • (ar . a1r) ( . aF) NJ.T-cp -+r --0 =- F+r - , at ar at 
r.r1e F = F ( x, t) - IIJIOTHOCTL Terrnosblx IICToqHIIKOB. 3To ypasHeHIIe coqeTaeT B ce6e csoli

CTsa BOJIHOBOro ypaBHeHIIH, OIIllCbIBaIOlllero pacrrpocrpaHeHlle BOJIH co CKOpOCTblO VT = 

= ( :i/ c pr*) lfz = ( a2 
/ r* t1 

, II .llII<l><l>Y3IIOHHoro ypasHeHIIH, cooTBeTCTBYIOlllero .llllCCIIITaTH.BHo

My crroco6y rrepe.r1aqll 3HepmII. 

PaccMOrpllM CTal(llOHapHLIH .llII<l><l>Y3IIOHHO-BOJIHOBOH rrpou:ecc B BepxHeli ITOJIYIIJIOCKOCTII 

B OITllCaHHOH BhIIIIe HeKJiaccnqecKOH IlOCTaHOBKe. IlycTh B IIHTHe ( orpaHnqeHHOH o6JiaCTH D ), 
pacnoJIO)l(eHHOM B BepxHeli ITOJIYIIJIOCKOCTll pacrrpe,lleJICHbl TeITJIOBble llCToqHllKll c ITJIOTHOC

TblO F(x,t)=Re(e-;oxf(x)), a Ha yqacTKe (a,p) rpaHIIU:bI x2 =0 1a.r1aH TeMnepaTypHbIH 

pe)l(HM Re ( e-iox tp( x 1 )). CTau;HOHapHoe none TeMrreparyp 6y.r1eM pa3bICKHBaTh B BH,lle 

T=Re{e-;"'v(x)}, x=(x"x2 ), x2 >0. 

( L'1+qi)v( x) = -±( 1-iwr*) f ( x), sup pf c D, x = (x"xz), 

v( x )\x,~o =If'( x1 ), sup ptp c (a, /J), 

(2.88) 

<PopMaJibHO 3TO .llll<Plf>epeHL(HaJihHOe ypaBHeHHe ITO BHeJIIHeMy Bll.l(y COBITa,l(aeT c ypaBHeHHeM 

(2. 78) rrpnHu;IIna rrpe.r1eJI1>Horo rrornmu;eHHH. Ho ecmr B rrocJie,n:HeM cJiyqae Im q; -t 0, TO 3Ta 

semrqnHa B ypaBHeHHH (2.88) MO)KeT Ha MHoro rropH,D;KOB rrpeBblluaTL Req;. B caMOM )l;eJie, 

OTHOllICHHe 

.D;JIH MeTaJIJIOB r* "'10-11 
c, )l;JIH HeKOTOpbIX ITOJIHMepHbIX MaTepHaJIOB THIIa IIOJIHBHHllJI6YTII

paJIH r* "' 10-5
, 10-6 

C. Il03TOMy, )l;JIH Toro qro6LI HapH.l(y C AH<l><l>J3llOHHhIM rrpou;eCCOM 3aMeTHOe 

BJIHHHHe OKa3hIBaJI BOJIHOBOH rrpou;ecc, He06XO.l(HMO B036J)K,l(eHHe TeJia c .l(OCTaToqHo BblCO-
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KOH qaCTOTOH JIH6o HMIIyJibCHOe B036j')J<)l.eHHe c IIpO,l(OJI:>KHTeJibHOCThlO HMIIyJibCa COH3MepHMOH 

co BpeMeHeM penaKcau:HH r*. 

Bo3BpamaHcb K perneHHIO rpaHHqHoH: 3a,l(aqH (2.88), 3aJrnrneM Bbipa)l(eHHe ,l(JIH rrapaMeT

pa qT B BH,l(e 

(2.89) 

0TCIO,l(a CJie,l(yeT, qTQ eCJIH on*<< 1, TO MO)l(HO rrpHHHTb 

qT = r;~~ l * (l+i)= ~(l+i), 
v2 on v2 

T. e. B 3TOM cnyqae rroJIHOCTblO rrpeo6na,l(aeT p;mp<l>y3HOHHbIH rrpou:ecc. Ecnn )Ke mr*;;:: I, TO 

,l(JIH qT He06XO,l(HMO HCIIOJib30BaTb <t>opMyJiy (2.89). Tor,l(a <i>JHKil,HH rpnHa 3a,l(aqH )J,HpHXJie 

,l(JIH rronyrrJIOCKOCTH 6y):(eT HMeTb BH,l( 

( ) _ i { {I) ( ) ( l) ( * )} G x,x0 -4 H 0 qTr -H0 qTr . (2.90) 

r=jx-xol=~(x1 -x10)2 +(xz-xzo)2, r' =lx-x~l=~(Xi-xw)z +(xz +xzS· 

l1crronb3YH acHMIITOTHKY cpyHKU:HH XaHKeJIH (CM. rr. 2.4), rronyqHM 
0

Bb1pa)KeHne <l>YHKU:HH G 
rrpH 6oJibIIlHX 3HaqeHHHX qTr 

G = i _ e-rimqT e 4 _ _ e-r lmqT e 4 + O _ {Jf i(rReqT-!:.) IF , i(r'RcqT-!:.)} ( } ) 
r r* !xi . 

OTcJO,l(a BH,l(HO, qrn npH m* << 1 BOJIHOBOe none MrHOBeHHO 3aryxaeT npH y,l(aneHHH OT HCToq

HHKa (~e B Herrocpe,l(CTBeHHOH 6JIH30CTH OT HCTOqttHKa). TipaKTuqeCKHH CMbICJT <i>YHKIJ:HH (2.90) 
HMeeT npH BblCOKoqaCTOTHblX B036y)K,l(eHHHX. 

)J,anee HaXO,l(HM HOpMaJibttylO IIpOH3BO):(HYIO OT <i>YHKU:HH rpHHa Ha rpaHHU:e IIOJiynJTOC

KOCTH: 

IQ ==~(x1 -yi}1 +x;. 

flocne 3TOro cornaCHo <t>opMYne (2.52) 3arrHcbrnaeM pernemi:e rpaHHqHoli 3a,l(aqH (2.88) 

v(x) = i+
4
7' Jfi (y1'yJ{H6') (qTlx-yl)-H61

) (qr \x-y'\)}dy1dy2 + 
D 
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llpUMep 3. fapMOHHqecKHe Kone6attmr IIbe3oKepaMHqecKOH cpe.ll;bI. 3.ll;eCb paCCMO'I'pHM 

rrpocTelirnyro .ll;B)'MepHyro 3a.ll;aqy :meK'I'poyrrpyrocTH o rapMOHHqecKHX KOJie6attmrx IIbe3oKe

paMHqecKoro CJIOR [7, 11, 34, 47]. 
B .ll;eKapToBoli rrpRMOJIHHeliHoli cHcTeMe KOOP.llHHaT Ox1x2X3 paccMOTpHM 6ecKOHeqttyro 

IIhe3oKepaMnqecKyJO cpeey (rrhe303JieK'I'pHK reKcaroHaJibHoro KJiacca cnMMeTpHH 6 mm), B03-

6y)J(,[(aeMyJO B.ll;OJib llIHYPa Xi = Xio, X2 = X20, - 00 < X3 < 00 rapMOHWleCKHMH BO BpeMeHH ycH

JIH}IMH IIOCTORHHOH HHTeHCHBHOCTH p, HaIIpaBJieHHbIMH B.ll;OJih OCH Ox3. TaKM MO.ll;eJib (BOJI

HOBOro IIOJI}I rrpO.ll;OJibHOro C.ll;BHra) B IIbe30KepaMnqecKOH cpe.ll;e OIIHCbIBaeTC}I CJie.ll;yIOIIJHMH 

COOTHOilleHH}IMH (B KBa3HCTaTHqeCKOM rrpH6JIH)l{eHHH). 

YpasHeHHe .llBH)l{CHHR 

MaTepnaJihHhie ypastteHHR 

0',13 = C44d1U3 - e,5E1, 0'23 ::: C44dzU3 - e,5E2, 

D1 =e15d 1u3 +£11E" D2 =e15d 2u3 +£nE2. 

YpaBHeHHR :meKTpocTaTHKH 

E, = -o,<p, E2 ::: -Oz(/J, 

ap, +Cl2D2 =0. 

(2.91) 

(2.92) 

(2.93) 

B COOTHOillemrnx (2.91)-(2.93) O'm3 H U3 -KOMIIOHeHTbl TCH30pa Harrp}l)l{eHH}I H rrepeMeme

HHC ToqeK cpe.ll;hJ B HaIIpaBJieHHH OCH X3,Em,Dm - KOMIIOHeHThI BeKTopoB 3JieK'I'pWICCKOH Ha

IIp}l)l{CHHOCTH H HH,JzyKIIHH, (j) - IIOTCHIJHaJI 3JICK'I'pWleCKOro IIOJI}I; C44 = c!, e,5 H Eu= £1~ -

MO.ll;yJih C.ll;BITTa, H3MepeHHbIH rrpH IIOCTORHHOM 3HaqeHHH 3JieK'I'pHqecKoro IIOM, IIhe30MO.ll;yJih 

H )J;H3JieKTpHqecKM rrpoHm1aeMOCTh, H3MepeHHM rrpH IIOCTOHHHOH )J;eqiopMa!JHH, X3 - HH-

TeHCHBHOCTb 06beMHbIX CHJI B HarrpaBJieHHH OCH X3, p - IIJIOTHOCTb MaTepHaJia. 

flo)J;CTaHOBKa Bbipa)l{eHHH (2.92) B ypaBHeHH}I )J;BH)l{eHH}I (2.91) H ycJIOBHe coxpaHeHH}I 3a

pH,L1a (2.93) rrpHBO.ll;HT K CJie.ll;yJOIIJHM ypaBHeHHHM OTHOCHTeJihHO rrepeMCIIJCHHH H 3JieK'I'pOCTa

TWleCKOro IIOTCH!JHaJia: 

1 d2
U3 p 

L'lu ---=--o(x-x) 
3 c2 dt2 pc2 o , 

(2.94) 

(2.95) 

c= P= pe-iox. 
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BeJIHll.IDlliJ c H K rrpe,D,CTaBIDIIOT COOTBeTCTBeHHO CKOpOCTh C,D,BIITOBOH BOJIHhI B IIhe303JieKTPH

qecKOH cpe.n.e H K03cp<JmQHeHT 3JieKTpOMexaHffqeCKOH CBH3H MaTepHana ( ecJIH IIhe303cpcpeKT 

OTC)'TCTByeT, TO K= 0). 

TaKHM o6pa30M, AIDI rrepeMeIQeHIDI u3 HMeeM Heo,D,Hopo,D,Hoe BOJIHOBoe ypaBHeHHe (c .n.enh-

Ta-cpynKQHeii B rrpasoii qacrn:). Ilocne orrpe.n.enemu1 u3 MO)KHO naiiTH 3JieKTpocTan1qecKHii 

ITOTeHQHaJI <p H3 ypaBHeHIDI (2.95). 

Ilonarax 

3arrmneM ypasneHHH (2.94), (2.95) B aMrrmrry.n.ax 

b.U3+fU3 =-~b'(x-xo), r= m, 
pc c 

(2.96) 

Orcro.n.a cne.n.yeT, qTO U3 rrporropQHOHaJihHa cpyn.n.aMeHTaJihHOMY perueHHIO orrepaTopa feJihM

roJihQa, T. e. 

(2.97) 

c yqeTOM 3TOro Bhipa)KeHHH orrpe.n.enHeM H3 (2.96) aMIIJIHTY.D.Y 3JieKTPOCTaTH'IeCKOro IIOTeH

QHaJia 

(2.98) 

lfraK, COIIpH)KeHHOe 3JieKTpoyrrpyroe none B 6eCKOHeqHOH IIhe30KepaMHqecKOH cpe.n.e c rapMO

HlfqeCKHM HCTO'IHHKOM orrpe.n.eJIHeTCH <PYHKQHHMH (2.97), (2.98). HmepeCHO OTMeTHTh, qTQ rrpH 

MeXaHif'IeCKOM B036y)K.D.eHHH (KaK B HaIIIeM cnyqae) BeKTOp 3JieKTPHqecKOH HH.D.YKQHH D = 0. 
BepHeMCH Terrepb K paccMOTpeHHIO BOJIHOBhIX 3JieKTpoyrrpyrHX rroneii B IIhe3oKepaMH'Ie

CKOM cnoe 0 ~ X1 ~ a, - 00 < Xz, X3 < oo, OCHOBaHIDI KOTOporo Xi = 0 H Xi = a > 0 CB060.D.Hhl OT 

CHJI H rpanttqaT c BaKyyMOM. IlyCTh B,D,OJih IIIHypa XI = Xio, Xz = Xzo, - 00 < X3 < 00 ( 0 < Xio < a) 

pacrrpe.n.eneHhI MexaHif'!ecKHe ycHJIIDI pe-iax (p = const), opneHTHposaHHhie B.D.OJih TPeTheii KO

op,D,HHaThI. B COOTBeTCTBHH co CKa3aHHhIM, 3arrHIIIeM rpaHlfqHhie ycJIOBIDI (MexaHttqeCKHe H 3Jie

KTPlfqeCKHe) na ocnosaHHHX cnox. HMeeM 

a\ =0 D\ =0 13 x1 =0,a ' 1 x1 =0,a • 

yqHThJBaH MaTepHaJihHhie ypaBHeHIDI (2.92), rronyqaeM OTCIO,D,a 

ap3\ _0 =o, a1<t>I _0 =o. x1- ,a x1- ,a 
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Ha caMoM ,[(eJie 3TH ycnoBIDI paBHOCMJihHhI, IIOTIOMy ocTaeTcx O.[(HO H3 RMX. TaKMM o6prooM, 

npnxo,n;HM K 3a,n;aqe l(HpMXJie ,n;JIH IIOJIOCbI, KOTOpyro MOJKHO peurnTh MeTO,ll;OM OlpaJKeHIDI. Pac

IIOJiarax cpHKTHBHhle HCTOqHHKH TaK, KaK IIOKa3aHO Ha pHC. 2.13, 3arrmueM 

U3= ip 2 f{H~1)(r~(Xi-Xio-2ma)2 +(x2-x2S)+ 
4pc m=-

(2.99) 

+H~1) (r~(x1 +Xi0 -2ma)
2 
+(x2 -x20 )2 )}. 

3TOT PM CXO,[(IITCH 6hIClpO, eCJIH ar>> I, T. e. A<< 2aJC, me A - ,[(JIHHa BOJIHbI. TaKHM o6pa-

30M, Bbipa:>KeHHe (2.99) u:enecoo6pa3HO IIpHMeIDITb ,[(JIH KOpoTKMX BOJIH. ECJIH ya << 1, TO ,[(JIH 

aHaJIH3a BOJIHOBOrO IIOJIH B cnoe nyqrne rrpHMeHHTb MeTO,[( pa3,[(eJieHIDI nepeMeHHhIX. 

IIycTb 

3 
• • • • 

Puc. 2.13. CxeMa pacnoJIOJKeHIDI OCHOBHOro IICTQqHHKa H ero o6pa:30B 

(~+f)E=t5(x-x0 ), x=(xl'x2 ), 

Mo= o(x-Xo ), Xo = ( Xio•X20 ). 

HcnoJib3YH pa3JIO)J(eHHe 2a - nepHO.[(HqecKoif ,[(eJihTa-cpyttKU:HH 

1 2~ JCV 
o(Xi -x10 ) =-+-Z:cosavx1 cosavx10 , av=-

a a v=I a 

H npe,[(cTaBJIHH cpyHKU:HH E H E0 B BH.[(e COOTBeTCTBYIOW:HX TpHroHOMelpH'leCKHX pMOB no 

nepeMeHHOH Xi' IIpHXO)J:HM K rrpou:e;:i:ype onpe;:i:eneHIDI cpyH.[(aMeHTaJibHbIX perneHHH o6bIKHO

BeHHhIX ;:i:HcpcpepeHIJHaJihHhlX ypaBHeHHH no nepeMeHHOH x2 • B pe3yJJLTaTe nonyqaeM 

E( x, x0) = Lbv (x2 -x20 )cosavx1 cosavx10 , 
V=O 

(2.100) 

Eo (Xi' Xo) = Ldv ( Xz -x20) cosavXi cos av-'10· 
V=I 
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1 i;>jx,, 1 
b (x )=--e-A,,lx,I b (x )=-e - d (x )=--e-a,,lx,I 

v 2 1 ' 0 2 2· ' v 2 ' 
a,~ 1~ a~ 

{
~a; - r2 , y < av, 

~= 

-i~f-a;, y> av 

(v = 1,2, .. ). 
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P5.!,[(bl (2.100) CX0,[(5.!TC5.! Me,L\JleHHO, ecJIH TO'IKa Ha6mo,n:eHH5.! x pacrrOJIO)l(eHa ,[(OCTaTO'IHO 6JIH3-

KO K TO'IKe Xu· 0,n:HaKO p5.!JJ: ,[(JI5.! <)l)'HKIJ;HH Eo MO)l(HO IIpOC)'MMHpOBaTb H, yiIHTblBM TOT <jlaKT, 

'ITO maBHhle qacTH y E H E0 o,n:HnaKOBhI, rrpoBecTH cne.n:yiolIJYIO rrpou;e.n:ypy ycunenll5.! cxo

JJ:HMOCTH p5.!,n:a .D:JI5.! E ( x, x0 ) • 

Ilpe)l(.l(e scero rrpocyMMHpyeM p5.!,n: JJ:JI5.! <PYHKU:HH E0 • Y'IHTbIBM paseHCTBO 

~ -mlxl 1 L _e -cos my = -{lxl- ln [ 2 ( chx - cosy)]}, 
m~l m 2 

CBopaqusaeM BTOpoii: pH,n: B (2.100) K BH,!IY 

1 1 ll'(z -z) ll'(zo+z) 
E0 =--lx2 -x20 l+-ln 4sin ° sin . 

2a 21l' 2a 2a 

JJ,anee <)l)'HK[(HIO E rrpe,n:cTaBJI5.!eM B BH,n:e 

E( x,x0 ) = E0 (x,x0 ) + E1 (x,x0 ), 

r,n:e «OCTaTOK» E1 rrpe,n:crnsmreT co6oii: p5.!,n: 

eirlx,-x,,, 
E1 (x,x0 )=--. -

2iay 

cm (xz) =-l-e-A,..lx,l __ 1_e-amlx2I. 
/Lm am 

Ilocne Bhl,[(eJieHH5.! rnasHoii oco6eHHOCTH E0 rmnyqeHHbIH PM cxo,n:HTC5.! CYIIJeCTBeHHO 6bICTPee. 

TaK, ero 06m11ii: 'l.JieH B TO'IKe x = x0 3aTyxaeT KaK m-3
• 

IlpUMep 4. I1HTerpaJibHbie npe,n:CTaBJieHHH pemeHHH rpaHH'IHbIX 3a,n:aq ,[(JI5.! ypaBHeHH5.! 

feJibMroJibl(a t:..u + y2u = 0 B JJ:B)'MepHoii: o6naCTH orrpe,n:eneHhI B nyHKTe 2.2. EcnH o6nacTb, 

B KOTOpOH HllleTCSI pemeHue, rrpe,n:CTaBJIS!eT co6oii: Kpyr HJIH BHeIIJHOCTh Kpyra, TO IlOJIHbie CHC
TeMbl qacTHLIX perneHHH ypaBHeHH5.! feJILMroJibl(a HMelOT COOTBeTCTBeHHO BH.l( [2, 8, 17, 20] 

in/JJ() in/JH{l)() 0( -0+1+2+) e n yr ' e n yr ' y > n - ' - ' - ' -· ... ' (2.101) 

r,n:e Jn ( x) 'H~l) ( x) - l(HJiliH,[(pH'leCKHe <PYHKU:HH EecceJISJ H XaHKeJI5.! nopsr,n:Ka n; r H (} -

IlOJISJpHbie KOOp.!l;HHaTbl TO'IKH Ha6mo,n:eHHSI. B 3TOM qacTHOM cnyqae u;enecoo6pa3HO HCIIOJib-
30BaTL npe,n:cTaBJieHHe HCKOMOro perneHHSI B BH,[(e p5.!,n:a 110 <jlyHKIJ;H5.!M (2.101). 
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Ilycn. B HeorpamrqeHHOH yrrpyroli, 0.LIHOPO.LIHOH H30'fPOITHOH cpe.n;e, O'rHeCeHHOH K ,neKap

TOBhIM OC11M OXjXzX3, HMeeTCll 6eCKOHe'IHO npOT11)1(eHHa1! B,ll;OJih OCH X3 Kpyrosa11 U:HJIHH,ll;pH

l.leCKM IIOJIOCTh pamryca R. Ilpe.nnoJIO)KHM, l.ITO IIOBepxHOCTb IIOJIOCTH cso6o.n;Ha OT YCHJIHH, 

a H3 6ecKOHel.IHOCTH B)l;OJih OCH X2 rra,naeT Ha IIOJIOCTh IIJIOCKal! MOHOXpOMaTHl.leCKM SH -BOJIHa 

seKTopa yrrpyroro rrepeMemeHH11 (pHc. 2.14). 

(2.102) 

r.ne r = OJ/ C2 ' C2 - CKOpOCTb pacrrpOCTPaHeHHll C,ll;BHrOBOH SH -BOJIHhl B cpe.n;e, OJ - Kpyro

Bal! l.laCTOTa, A - aMIIJIHzy,na BOJIHhl, t - speMH. B 3THX ycnoBH11X BOJIHOBoe none B cpe.ne 

COOTBeTCTBYeT COCTOHHHIO aHTHIIJIOCKOH .ne<PopMaU:HH (B IIJIOCKOCTH Ox" Xz) HJIH, KaK HHor.na 

rosop11T, COCT011HHIO npO,ll;OJibHOro C)l;BITTa (B,ll;OJib OCH X3). 0TJIHl.IHhl OT HyJill JIHUib KOMIIO

HeHTa BeKTopa yrrpyroro nepeMemeHH11 U3 = U3 (Xi, X2) H KOMIIOHeHThl TeH30pa Harrp11)KeHJ111 

0"23 = O" 23 ( Xp Xz) H 0"13 = 0"13 ( Xp Xz). 

; 
; 

0 

Puc. 2.14. K rrocTaHOBKe 3a,Lla'IH o pacceirnHH SH-soJIBhl Ha IUfJIHH.!lPWiecKo.H rroJIOCTH s yrrpyro.H cpe~e 

lIMeH B BH,ny rapMOHH'leCKHe KOJie6aHHH MaCCHBa c IIOJIOCTbIO, IIOJIO)KHM (3HaK peaJibHOH 

l.laCTH 3,necr, orrycKaeM) 

U3 = e-ioxU3 ( .Xj, X2)' O"k3 = e-iar Sk3 ( XpXz) ( k = 1, 2). 

c Yl.J:eTOM 3THX o603Hal.leHHH IIOJIHaH CHCTeMa ypaBHeHHH Mo,neJIH BOJIHOBoro IIOJI11 B aMIIJIH

Ty,nax 3aIIHCbIBaeTCH B BH)l;e [33, 34, 47]. 
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YpaBHemrn «,[(BHJKeHHH» 

(2.103) 

CooTHOUiemrn KoUIH, CBH3bIBaIOIIUfe rrepeMememi:e U 3 c KOMIIoHeHTaMH TeH3opa ,D;ecpopMau;HH 

ek3=e-iaxrk3' rk3=.!..aku3 (k=l,2), 
2 

3aKOH ryKa )J,JIH aHTHIIJIOCKOH )J,e<jJOpMaD;HH ( µ - MOeyJib C)J,BHra) 

sk3=2µrk3 (k=l,2). 

fpaHH'IHble ycJIOBHH Ha IIOBepXHOCTH IIOJIOCTH r = R 

S.3 =S13 cos8+S23 sin8=0, (2.104) 

BoJIHa (2.102) He MO)J(eT o6ecrreqmb BbIIIOJIHeHHH rpaHHqHoro ycJIOBHH (2.104) Ha IIOJIOCTH, 

II03TOMY B03HHKaeT ,[(OIIOJIHHTeJibHaH (pacceHHHaH) BOJIHa, H3.1I)"IaIOlllaHCH OT rpaH~HOH IIO

BepXHOCTH B yrrpyroe rrpocrpaHCTBO. 3Ty BOJIHY rrpe,D;CTaBHM B BH,[(e cyrrepII03HD;HH qacTHbIX 

pemeHHH (2.101) 

(2.105) 

r)J,e IIOCTOHHHbie A,, - Boo6me KOMIIJieKCHble, IIO)J,Jie)J(aT orrpe)J,eneHHIO H3 rpaHHqHoro ycno

BHH Ha IIOBepxHOCTH IIOJIOCTH. 

YqHTbIBaH cpopMJJibI (2.102), (2.105), CYMMapHoe BOnHoaoe none rrpe)J,CTaBHM B BH)J,e 

n=-<>Q 

fpaHHqHoe ycnos11:e (2.104) .[(JIH KpyroBoro Komypa yrrpomaercH H BblrJIH,[(HT TaK: 

oU31 =0. 
Of r=R 

(2.106) 

TaKHM o6pa30M, rrocrasneHHaH 3a,D;aqa cBenacb K BHeumeii 3a,D;aqe HeH:MaHa )J,JIH ypaBHeHHH 

renbMrOJibD;a (2.103). lJ,rrH ee peIIIeHHH BOCIIOJib3yeMCH H3BeCTHbIM pa3JIO)J(eHHeM (CM. 11. 2.4) 

eipsinlJ =lo (p) + i1. (p )[ einll +(-1)" e-inll J. 
n=l 

BcraBnHH Bbipa)J(eHHe (2.106) c yqeroM 3Toro pa3JIO)J(emrn B rpaHHqHoe ycJIOBHe, rrpHXO,[(HM 

KpaBeHCTBY 

:, { AJ0 (rr)+ A~einll J. (rr)+ A~(-1)" e-inll Jn (rr)+ 

+ AoH~1) ( rr) + ~ A,,H~I) ( rr) einll + ~ A_.H~~ ( rr) e-inll} r=R = 0. 

0TCIO,[(a orrpe,D;enHeM HCKOMble K03cpcpHu;HeHTbl ~n 
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Ilo)J:CTaBJU!H 3Haqemrn '.3THX Kmcpqmn;HeHTOB B cpopM)'ny (2.106), onpe.neJrneM HCKOMOe BOJI-

HOBOe TIOJie B ynpyroM MaCCHBe c IlOJIOCTbIO 

U3 ( xl'x2 ) =A {eir.ri 

PH):( B npaBOH qaCTH CXO)J:HTCH BeCbMa 6hICTpo, TaK KaK npH 6oJihIIIHX n ero o6IIJ;HH qJieH 3a

ryxaeT KaK (o,srRr2 /(n-2)!. 
EcJIH TIOBepxHOCTb TIOJIOCTH 3aKpenJieHa, TO Heo6xo)J:HMO npHHHTb, qTo 

U3\ =0. 
r==R 

llpUMep 5. PacCMOTpHM OTHecemryJO K )J:eKapTOBbIM OCHM Xi, Xz HeorpaHHqemry10 ynpy

ryio cpeey, OCJia6JieHHYfO KpyrOBbIM OTBepCTHeM pa;:i:eyca R. IlyCTb Ha KOHType OTBepcTHH .neu

CTBYeT rapMOHHqecKH H3MeHHJOIIJ;eecH BO BpeMeHH HopMaJibHoe .naBJieHtte N = e-iM P, P= const. 

B '.3THX ycJIOBHHX cpe.na COBepruaeT IIJiaHapHble KOJie6aHHH c BeKTOpoM nepeMeIIJ;eHHH Uk = 

= e-iMUk ( XpX2 ) H TeH30pOM HailpH:lKeHHH ()km= e-iOJt Skm ( XpX2 ). 

MaTeMarnqecKaH Mo.neJib npou;ecca cpopM)'JittpyeTCH cJie)J:yIDID;HM o6pa3oM [33]. YpaB

HeHHH )J:BH:lKeHHH B aMIIJIHTy)J:aX ( cyMMHpOBaHHe no m) 

(2.107) 

n:i:e y2 = 01/ c 2 - BTOpoe BOJIHOBOe qHcno, c2 - cKopoCTh pacnpoCTpaHeHHH nonepeqHoH 3By

KOBOH BOJIHhI B cpe.ne, a= (1-2v r1, v - KmcjJcpttn;tteHT IIyaccoHa MaTepttaJia. 

3aKOH fyKa, CBH3bIBaIOIUHH TeH30pbI HanpH)KeHHH H .necpopMan;HH B cpe.ne 

r.ne A, µ - napaMeTpbl naMe MaTepHaJia, okm - CMMBOJI KpoHeKepa. 

fpaHHqHoe ycJIOBHe Ha KOHTYPe OTBepCTHH r 
S,,\

1 
== P. 

(2.108) 

(2.109) 

IlpttqeM HopMaJibHoe HaIIpH)KeHHe S,,, .neiiCTByIOmee B ToqKe R,B Komypa oTBepcrHH B Ha

rrpaBJieHHH pa.neyca, onpe.neJIHeTC.S! no cpopMyJie 

(2.110) 
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CornacHo o6meii TeopeMe sercropHoro aHamna [25, 30] sercrop rrepeMemeHHH MOiKHO rrpe.L(cTa
BHTh B BH)l,e C)'MMhl rpa)l,HeHTa HeKOTOpoii CKamqmon <l>YHKIJ;HH H poTOpa HeKOToporo Bercropa. 
B rrpHJIO)J(eHHH K paccMaTPHBaeMoii .L(ByMepHoii 3a)l,atJ:e 3TO BhirJIH.L(HT TaK: 

u1 =01<1>1 +02<1>2 , u2 =02<1>1 -01<1>2 , (2.111) 

r)l,e cpyHKIJ;HH <I>! H <l>2 OTBetJ:aIOT COOTBeTCTBeHHO 3a IIOTeHIJ;HMbHOe (H3MeHeHHe ofo,eMa) 

H BHXpesoe COCTOHHHH. ,lJ;eHCTBHTeJibHO, 061.eMHaH )l,eqJOpMaIJ;HH H yron IIOBOpOTa 3JieMeHTa 
HMeIOT BH)l, 

B=omUm =L\<l>" o2U1 -01U2 =L\<l>2 • 

IlO)l,CTaHOBKa B CHCTeMY (2.107) rrpe)l,CTilBJieHHH (2.111) rrpHBO)l,HT K )l,B)'M ypaBHeHHHM feJibM-
roJII>Qa 

L\<l>1 + fi<t>, = 0, L\<l>2 + fi<I>z = 0, 

r)l,e Yi = m/c1 - rrepBoe BOJIHOBOe 'IHCJIO, cl - CKOpOCTb pacrrpOCTPaHeHHH npo)l,OJibHOH BOJI

Hhl B cpe)l,e. 
B paccMaTPHBaeMoii noCTaHOBKe BOJIHOBbie noIDI ocecHMM~WIHbI, nmTOMY cJie)l.yeT rro

JIO)J(HTh <l>2 = 0. c yqeTOM 3TOro o6cTOHTeJibCTBa HaXO)l,HM KOMITOHeHThl TeH30pa HanpH)J(eHHH 

H3 3aKOHa fYKa (2.108) H COOTHOIIIeHHH (2.111). I1MeeM 

S11 = .AA<I>1 + 2,u()~<l>" 

S22 = AA<l>1 + 2µ0i<I>1, 

s12 = 2,ua1a2<I>1. 

OcecHMM~HtJ:Hoe peIIIeHHe ypaBHeHHH feJibMroni,u;a HMeeT BH,n; 

<l>1 =AH2)(Yir), r=~x(+x;. 

(2.112) 

(2.113) 

BhlTIOJIHHH npe)l,TIHCaHHblC B (2.112) orrepau;HH Ha,[( <l>1 H BBO)l,H Sij B Bhlpa)J(eHHe (2.110), IIO

nyqaeM 

( 
. 02 

. a2 
) Srr=(y+µ)L\<l>1+2µ ez11J_2<l>1+e-2'e-=r<l>1 = 

oz oz (2.114) 

= A{-µfiaH~I) (rir)+ µr(H;1) (rir)}. 

IlpH BhlBO)l,e 3TOH <l>OPMYJibl 6bIJIH HCIIOJib30BaHhl cpopMYJihl KOMIIJieKCHOro .L(HcpcpepeHu;HpOBa

HHH (2.121 ), a TaK)J(e paBeHCTBO (A.+µ) =µa. IloCToHHHaH A onpe.L(emreTcH H3 rpaHWIHoro 

ycJIOBHH (2.109). I1MeeM c yqeTOM (2.114) 

µfi A= H;1) ( rir) ~CTH~1) ( rir). (2.115) 

TaKHM o6pa30M, BOJIHOBOH nOTeHIJ;HaJI <l>1 orrpe.L(eAAeTCH cpopMYJIOH (2.113), r,ne rroCToHHHaH A 

3a)l,aHa B (2.115). OcTaeTCH Bhl'IHCJIHTh HarrpH)J(eHHe SIJIJ - HOpManbHOe HarrpH)J(eHHe B Teey

men TO'IKe KOHrypa OTBepcTHH Ha IIJIOilla):(Ke, OpJfeHTHpOBaHHOH B):(OJih HOpManH K KOHrypy 
B 3TOH TOtJ:Ke. 3aMemrn B (2.110) yroJI (}Ha B+tr/2, Bhl'IHCJIHeM 

SIJIJ = s11 sin2 B-Sl2 sin2&+S22COS
2 B. 
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CKJia)l;blBaJ! o6a 3THX paBeHCTBa, HaxO)l;HM c yqeTOM COOTHOIUeHHH (2.112) 

SIJO+Srr =Su +S22 =2(A-+µ),M>, =-2µafic'P,. 

0KOH'laTeJihHO rronyqaeM HOpManbHOe oKpy)lrnoe HarrpH)l(eHHe Ha KOHrype oTBepcTHH 

u
00 

=Re{ e_,,,. StJO}, 

r;:i;e 

S =PuH~')(YiR)+Hi')(YiR) 
{J() uH~') (YJR)-H~') (y,R)° 

AHanofH'IHO, HO c HCIIOJih30BaHHeM QHTIHHAPH'lecKHX <l>YHKQHH rrepsoro po;:i;a pernaeTCH Bttyr

peHHAA 3a;:i;aqa ATIH Kpyrosoro QHTIIfiIAPa, B036J)l()J,aeMoro HOpManhHhIM )J,asneHHeM N =Pe-;"'. 
HarrpH)l(eHHe StJO Ha rpaHnu;e orrpe;:i;enHeTCH pasettcTBOM 

2.4. L./unuHopu'lecKue cpyHKu,uu. HeKomopb1e cpopMynb1 u ma6nuu,b1 

YpasHeHHe Eeccem1 [8, 10, 19, 20, 27, 30-32, 37, 46] 

z2u" + zu' + ( z2 -v2
) u = 0 (2.116) 

JIMeeT CMbICJI )J,M mo6oro ;:i;eliCTBHTeJibHOfO HJIH KOMIIJieKCHOfO rrapaMeTpa v H KOMIIJieKCH0-

1'0 rrepeMeHROI'O z. 
ECJIH v - Heu;enoe, TO o61l(ee perneHHe ypaBHeHHH (2.116) MO)l(HO rrpe;:i;CTaBHTb B BH)J,e 

u = Al v ( z) +BJ _v ( z), 

(2.117) 

QqeBH)J,HO, 3TH <l>YHKI(HH MHOf03Ha'IHhl c TO'IKOH BeTBJICHHH z == 0, 1103TOMy HX Heo6xo)J,HMO 

paccMaTPHBaTb B IIJIOCKOCTH c pa3pe30M ( -00' 0). 
IlpH u;enoM v = ±n HMCIOT MCCTO JIHHCHHbie 3aBHCHMOCTH 

J _n ( z) == (-1 r Jn ( z) ( n == 1, 2,. .. ) ' 

r)J,e cpyHKQHH EeccenH HJIH QHJIHH)J,pHqecKaH <l>YHKQHH rrepsoro po)J,a n-ro rropH)J,Ka orrpe;:i;enH

eTCH cpopMynoli 

~ k (1r+n 
ln(z)= ~(-1) -k.~'(n~+-k-)i' 



fAPMOffilqECKHE ll METAfAPMOH~ECKHE <l>YHKI(llll 141 

3TO qacmoe pewemre ypa.BHeHIDI (2.116) rrpH U:eJIOM v peryIDipHO s mo6oif KOHeqttoif qacm 

IDIOCKOCTH z H HMeer B TO'lKe z = 0 HOilb KpaTHOCTH n. BTopoe 'laCTHOe perneHHe 3TOro ypaB

HeHIDI, cjlyHKU:HH Heil:MaHa, HnH U:HnHH,L\pH'leCKaH tPYJIKU:IDI BTOporo po.n:a, HMeeT npe,n:CTasne
HHe (C"' 0,577215 ... - IIOCTOHHHM 3H:nepa) 

2 ( z ) 1 m-l ( m - k -1) ! ( z )Zk-m 1 ( z )m m 1 
Nm(z)=-lm(z) ln-+C --Z: 

1 
- -, - Z:--

1! 2 1! k=O k . 2 m . 2 k=l k 

1 ~ ( -1 )k ( Z )
2k+m (m+k 1 k 1 J --Z: - Z:-+Z:- (m=0,1, ... ). 

1! k=I k ! ( m + k) ! 2 p=l p p=l p 

3Ta cjlyHKU:IDI IIpH m = 1, 2, ... HMeeT B eyne nomoc KpaTHOCTH m. 06:mee perneHHe ypaBHeHHH 

EeccenH npH u:enbIX v = m eCTh nHHeiiHaH KOM6HHaU:IDI 

u =Alm (z)+ BNm (z). 

IlpH paCCMOTpeHHH 3a,n:aq MaTeMaTHqecKOH cjlH3HKH, CBH3aHHbIX c ypaBHeHHeM feJibMroJib

u:a, y.n:o6Ho pa6oTaTh c U:HnRH.n;pttqecKHMH cpyHKU:IDIMH TpeTbero po.n:a, HnH <PYHKU:HHMH Xatt-

KenH H~l) ( z) HnH H~2) ( z)' KOTOpbie onpe.n:enHIOTCH B BH.n;e cne.n:yIOII\HX KOMIIneKCHbIX KOM-

6ttHaQHH: 

H~1 ) (z) =Jn (z)+iNn (z), H~2l(z) = J" (z)-iN. (z). 

Ecmr Im z = 0, TO 3TH cPYHKU:HH KOMnneKcHo conpH:>R:eHDI .n:pyr c .n:pyroM. 

11MeIOT MeCTO npe.n:cTasneHHH B BH,n:e pH,n:a 

H~1 · 2l ( z) = J. ( z)±i{21. ( z)ln~-f (n-k,-l) !(~)zk-n -
1! 2 k=O k. 2 

- ~(-1)· m::),[\V(•+k + 1)+\V(k+ !)] } 

m 1 ~ 

lf/(m+ 1) =-C+ Z:-, C =-Je-1 lntdt=0,577215 ... , 
k=I k O 

B qacTHOCTH 

H~1 · 2l(z)=l0 (z)± 2i (1n~+c)10 (z)-f (-l)
2 
(~) ±_!_, 

[ 

k 2k l 
1! 2 k=l ( k !) 2 m=l m 

(2.118) 

H?·2l (z) =11 (z)±i{u, (z)ln;:_l_ f(-1)' ~ ) [\lf(k+2)+\V(k +!)] . 
( r+l j 

1! 2 Z k=O k!k+l! 
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0TCIO,n:a cne.n:yeT, qTQ npH z --1' 0 cnpaBe.U:JIHBbl aCHMilTOTH'IeCKHe paBeHCTBa 

H61
·
2l ( z) = ± Zi In z + 0 ( 1), 

tr 

H1(
1
•
2l ( z) = +3!._±i_ zln z + o( z2 ). 

7rZ 7r 

IlpH n --1' 00 H lzl << n HMCIOT MCCTO aCHMilTOTHKH 

Jn (z)- ~!(~J, H~1,z) (z)- + (n:l)!(~J' 

d
d ln(z)-!.:ln(z), dd H~1 •2l(z)--!.:H~1• 2l(z). 
z z z z 

IlpH \z\--1' 00 H tl>HKCHpoBaHHOM v aCHMIITOTHKH QHJlHHIJ:PHqCCKHX <l>YHKQHH TaKOBbJ: 

lv(z)=~[cos( z-~ -~)+o(~}inz+o(~}oszJ 

H~1 ) (z) = ~e{z-~-~)[1 +o(~) J. jargzj <tr. (2.119) 

OTcro.n:a, B 'laCTHOCTH, cne.n:yeT, qTQ BblproKCHHe e-iox H~1 ) (yr)' r.n:e r - BOJIHOBOe qlfCJlO, OJ -

KpyrOBaH l.JaCTOTa, t - Bpewr, npH 6oJibIIIHX r HMeeT xapaI<Tep yxo;wmeH: Ha 6eCKOHeqHOCTb 

rapMOHH'ICCKOll QHJIHH.n:pnqecKOll BOJIHhl. Ee aMIIJIHzy.n:a 3aTyxaeT IIO r B IlOJIHOM COOTBCTCT

BHH c ycnoBHHMH H3J1Y'ICHHH 30MMepcpenh,n:a. 

ITpn nepeMeHe 3HaKa y HHJ:\eKca ci>YHKQHH XaHKeJIH BbIIIOJlHHIOTCH cooTHOIIICHHH 

H(1) ( ) = i!W H(1) ( ) H(2) ( ) = -;"" H(2) ( ) -v z e v z ' -v z e v z ' 

qTo ,n:aeT B03MO)l(HOCTb onpe,n:eJIHTb 3TH <l>YHKQHH npH Bcex 3HaqeHHHX v. 
HMeIOT MeCTO TaK)l(e cne.n:yromne COOTHOIIICHHH o6xo.n:a: 

H~I) (pei") = -e-v";H~z) (p ), 

H:2) (pe-i") = -ev"i H:l) (p)' 

cnpaBCJ:\JIHBbJe npH JII060M BeIQeCTBCHHOM HJIH KOMIIJICKCHOM p. 
IlpH npaKTnqecKOM HCIIOJib30BaHHH QHJIHH):lpHqecKHX ci>YHKQHH y.n:o6Ho HMCTb B BHIJ:Y pe

KyppeHTHbie COOTHOIIICHHH 

2v 
UV-I ( z) + uv+I ( z) =-UV ( z)' 

z 
d 

Uv-I ( Z )- Uv+I ( Z) = 2- uv ( Z), 
dz 

(2.120) 
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r.ne no,n uv ( z) IIOHHMaercH mo6M H3 cpymcrurii J v ( z), Nv ( z), H~1·2l ( z). Omo,na, B qacrnocTH, 

nonyqaeM 
, 

l~(z)=-l1 (z), [ H~1l(z)] =-HPl(z). 

ITycTb z = x1 +ix2 , no,n onepaTopaMH KOMIIJieKcHoro ,nHcpcpepeHQttpoBaHHH no nepeMeH

HbIM z H z IIOHHMaeM c11e.ny10mee: 

i_ =.!_(al -i<Jz ), a_= .!_(al +io2), ak = ~ (k = 1,2). 
dZ 2 dz 2 dXk 

Tor,na cnpaBe,nJIHBbI c11e.ny10mne cpopMYJibI KOMIIJieKcHoro ,nncpcpepeHQHJ'OBaHIDI QHJIHH.npffqe
CKHX cpyHKQttil.: 

a" ( )" iz." l 0 (rr)= -~ e;"
0
J"(rr), 

:;" H~1)(rr)=(-~J e-inBH~1)(rr), (2.121) 

:;" H2) (rr) =(-~J e;"0H~1 ) (rr), 

r> 0, Z = Tei8. 

ITycTb u1 ( z), u1 ( z) - 11106h1e ,nBa qaCTHbIX peweHHH ypaBHeHIDI EecceJIH L ( u) = 0. Ilo.n nx 

BpOHCKHaHOM IIOHHMaeTCH onpe,neJIHTeJib BH,na 

PaccMaTpHBaH cooTHOIIIeHne u2L ( u1 )-u1 L ( u2) = 0, npnxo,nHM K ,nHcpcpepeHQHaJibHOMY ypaB

HeHHIO 

OTKy,na Haxo,nHM 

dA A -+-=O, 
dz z 

A= u1 ( z) u; ( Z )- u2 ( z) u; ( Z) = ~. 
z 

KOHCTaHTa c 3aBHCHT OT BbI6opa qaCTHbIX peweHHH ul 'Uz. 

TaK, npH u1 ( z) == J v ( z) , u2 ( z) == J -v ( z) nonyqaeM 

J~ (z)l_v (z)-Jv (z)J~v (z)= l-v+1 (z)lv (z)+l_v (z)lv-i (z)= 
2

sin1lV. 
J'CZ 
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,IJ;mr tPYHKU:HH XaHKeIDI HMeeM 

H~1l(z)dd H~2l(z)-H~2l(z)dd H~1l(z)=-~, 
Z Z ffZ 

a TaK>Ke 

Jv ( z)!!_H~1 • 2 l (z)-H~1•2 l ( z)!!_Jv ( z) = ±~. 
dz dz ffZ 

IlpOH3BOMmeii tPYHKUHeH )J,JHI Jn ( Z) HBJUieTCH 3KCilOHeHTa 

To'Ittee, HMeeT MeCTO paBeHCTBo 

(2.122) 

B 'IaCTHOCTH, IIOJiarM 3,r(eCb CHaqaJia t == iei!J' 3aTeM t == ei!J' IIOJIY'IaeM CJie;zyromne pH,r(bl <l>ypi.e 

(tPOPMYJibl 51Ko6tt-AHrepa): 

00 00 

eizcoslJ == Ii" Jn ( z)einlJ =lo ( z) + 2Li"ln ( z)cosnB, 
n=l 

(2.123) 

eizsinlJ == f Jn (z )einlJ =la ( z)+ f 1. ( z)( einlJ +(-1)" e-inlJ ). 
n=-oo n=l 

IlyCTh R ==) p2 
- 2prcos rp+ r2

' TOr,r(a HMeer MeCTO CJie;zyromM TeopeMa CJIO:lKeHHH ,[(fill <l>YHK

U:HH EeccenH 1 a ( R) : 

10 (R) ==la (p)la (r )+ 2I1 m (p )1 m ( r)cosmrp. 
m=l 

Eonee o6mM TeopeMa CJio:lKeHHH (fpa<l>a) HMeeT BH.r( 

(2.124) 

r,r(e m - rrpoH3BOJibHoe KOMIIJieKCHoe 'IHcno, r > 0, p > 0, R > 0 rrpe.r(cTaBJIHIOT co6oii CTopo

Hhl TPCyrOJibHHKa, rp -yroJI MC)l(.r(y CTOpoHaMH r H p, 0 <'.If/< ff/2 -yron, rrpOTHBOJie:lKa

mn:H: CTOpoHe p (pHc. 2.15). IlO,r( zv ( mR) IJOHHMaeTCH JII06M H3 IIHJIHH.r(pH'IeCKHX <l>YHKU:HH 

J v (mR), H~1 · 2l ( mR), Nv ( mR), npH'IeM rrpn Zv == J v orpaHH'IeHtte p < r CHHMaeTCH. 

IIpnBe)J,eM eme TeopeMy CJIO:lKeHHH (HettMaHa) 

Zv ( u ± v) == L Zv+k ( u) J k ( v), jvj < juj. 
k=-

Ecnn v - u;eJioe H Zv = 1 v, TO no orpaHH'ICHHe MO:lKHO CHHTh. 
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p 

Puc. 2.15. K TeopeMe ClIO)KeHHSI rpalPa 

Hnor;:i:a IIOJie3HO BOCITOJih30BaThCSI TeopeMOH )'MHO:lKeHHSI 

l v ( A,z) = X f ( -l r (A 2 -1 t (,£)k J v+k ( z) , 
k=O k · 2 

KOTOpasi B ,n:aHHOM BapnaHTe crrpaBe,n:nuBa rrpn mo6oM A. 
Mo;:i:mpm:\ttpoBaHHhle <PYHKl:\HH Eeccensi onpe;:i:ensi10TCS1 rrpn noMOll:\H paBeHCTB 

:Jr . v+I 

Kv (z) =-e"'2 HPJ (iz), largzl <:Jr, 
2 
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crrpaae;:i:nttBhIX rrpu n1060M ;:i:eiicTBHTeJihHOM HJIH KOMIIJieKcHOM v. Ecnu v ne JIBJllfeTcJI QeJihIM 

'H!CJIOM, TO Mo,n:n$ttl:\ttpoBaHHhle <PYHKl:\HH Eeccensi Iv ( z) H l_v ( z) npe;:i:crnansi10T co6oii ;:i:Ba 

JJHHettHO He3aBHCHMhIX qaCTHhIX perneHHJI ,n:mp<PepeHQHaJihHOro ypaBHeHHJI 

z2u" + zu' -( z2 + v2
) u = 0. 

Ecnn v = n - Qenoe qucno, TO Jn ( z) = l_n ( z). B 3TOM C.ll)"Iae BTOphIM JIHHettHO He3aBHCHMhlM 

qacTHhIM perneHtteM 3TOro ypaaHeHHJI CJiy:lKHT <l>YffKQHSI MaK,n:oHanh,n:a Kn ( z). 
ITpe;:i:cTaBJieHHSI MOiJ:H<l>Hl:\HpOBaHHhlX <l>YHK}:\Hll B BH)J;e pS!,ll;OB BhITeKaeT H3 COOTBeTCT

BYlOII:\HX <PopMyn (2.117), (2.118). lIMeeM 

00 
(1f+v 

lv(z)= ~k!r(k+v+l)' 

n+I Z 1 n-l k ( n - k -1) ! ( z )Zk-n 
Kn(z)=(-1) ln(z)ln-+-I(-1) 

1 
- + 

2 2 k=O k. 2 
(2.125) 

(

Z)2k+n 

1 00 2 
+2(-1)" ~ k !(k + n) ! {\Ii( n+k+ 1) +\Ii( k + 1 )}. 
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B qaCTHOCTH, 

I'JIABA 2 

z 
( )

2k 

z ~ 2 
K0 (z)=-I0 (z)ln-+ I--2 Vf(k+I), 

2 k=O ( k !) 

0TClO.n;a cne.Il.)'IOT aCHMTITOTHKH B OKpeCTHOCTH H)'JHI (v - <\lHKCilpOBaHo) 

l,(z)~ ~H) +O(z') (v*-1,-2,-... ). r v+l 

K0 ( z) = - In z + 0 (I) , 

Kn ( Z) - ( n ~ l) ! (; J. 
B OKpeCTHOCTH 6ecKoHeqHo y.n;aneHHOH ToqKn acHMTITOTHqecKHe <\JopM)'JihI .n:mr Mo.n:11<Pmu1po

BaHHhIX <\JyttKU:HH Eeccemr HMelOT BH.D: ( v - <PttKcnposaHo) 

(2.126) 

PeKYPpeHTHhie COOTHOIIIeHIIH ,!l;JIH MO.n;Hqmu;HpOBaHHbIX <l>YHKU:HH EecceJIH BbITeKalOT R3 (2.120) 
rrpH z ~ iz. IIonyqaeM 

B qacTHOCTH, 

2v 
Iv-I (z)-Iv+i (z) =-Iv (z), 

z 

d 
Iv-I ( Z) + fv+I ( Z) = 2 dz Iv ( Z), 

2v 
Kv-i (z)-Kv+i (z) =--Kv (z), 

z 

I~ ( z) = / 1 ( z), K~ ( z) = -K1 ( z). 
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11MeIOT MeCTo noJie3Hhie KOHeIJHhle coornornemur, co,[(ep)J(ar!JHe Mo,nmpm.1wpoaaHHhie <)Jymni:ww 
Eieccemr, 

Iv ( z) 
0
° I_v ( z)- I_v ( z)~Iv ( z) = _2sinnv, 
z oz trz 

a a 1 
Iv(z)-

0 
Kv(z)-Kv(z)-

0 
Iv(z)=--, 

z z z 

Iv (z)I_v+1 (z)-I_v (z)Iv-i (z) =-~sinnv, 
1'Z 

1 
Kv+I ( Z) Iv ( Z) + Kv ( Z) Iv+l ( Z) = -. 

z 
113 <t>opMyJI (2.123 ), 3aMeHHB z Ha iz, IIOJiyqaeM CJie,[()'IOIIJ,He pa3JIO)J(eHmr: 

ezcoso = I0 (z)+ 2~In ( z)cosnB, ezsino = I0 ( z)+ 2tin ( z )cos(~n -n{}} 

B qacTHOCTH, 

n=l 

0TMeTHM TaK)J(e ,[(Be rrpocTeih1rne TeopeMbI CJIO)J(eHHH, a TaK)J(e TeopeMy )'MHO)J(eHHH 

Iv(R)eivl/f = f (-l)k Iv+k(r)Ik(p)eikrp' 
k=-

Kv (R)eivl/f = L Kv+k (r)Ik (p)eikrp' 
k=-

(2.127) 

EcJIH B sepxHell: <)JopM)'Jie B3HThI sepxHHe 3HaKH, TO orpaHH'leHwe Ha A CHHMaeTcH. HeKoTophre 
OI.(eHKH 

\1v(z)\~ r(~~1)\~\' (v~-~J 
Kn+l(r)>Kn(r) (n=0,1,2,. .. ), 

IH~~~l ( z)I > IH~1 •2 l ( z)I, z = x, ix, x > O. 

8 3a.)J,aqax MaTeMaTHqecKOH cpmHKH HCIIOJih3YIOTCJ! pa3JJO)J(eHHJ! <l>YHKI.(HH f ( x) B pH,[(bI ITO 

<l>YHKI.(HHM EecceJJH. Ilpwse,[(eM HeKoTopbie H3 HHx [8, 10, 16]. 
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PH,a:bl Cl>ypbe-liecceJIH .D:JUI $yttKQHH f ( x) Ha HHTepmme ( 0, t) HMeJOT BM.LI 

f ( X) = f, aJ v (µkv .=:), V > -1, 
k=I [ 

r.n:e Jliv < µ2v < µ3v < ... - TIOJIO)l(HTeJII,Hbie KOpHH ypaaHeHIDI 

K03<P<PuQHeHThl pa3Jio:>R:eHmr ak onpe.n:emrJOTc.sr H3 ycJIOBHH opToroHaJibHOCTH 

HarrpuMep, pa3JIO:>R:eHHe <I>ypbe-Eeccen.sr <PYHKQHH f ( x) = 1 Ha ( 0, I) HMeeT BH,n: 

1 = 2 f, Jo (µkx) 
k=I µkJI (µk)' 

r.n:e µk > 0 - nocne.n:osaTenbHbie KopHH ypasHeHu.sr J 0 (µ) = 0. 
l 

11MeeT MeCTO TeopeMa [20, 32, 38]. IlyCTb f .Jtj! (t )ldt < 00 H B JIJ060M HHTepsane ( a,b ), 
0 

1 
r.n:e 0 <a < b < l, <PYHKQHH f ( x) HMeeT orpaHH1IeHHYJO aapHaQHJO. Tor.n:a npH n > -- .n:n.sr 

2 

f (x+O)+ f(x-0) 
,LaJn (µknx). 

2 k=l 

PH,a:hl ,ZJ,unu onpe.n:en.srroTc.sr cne.n:YJOIQHM o6pa30M 

f (x) = ~bklv (µkv T} 
r.n:e 14v < µ2v < ... - TIOJIO:>R:HTeJibHbie KOpHH ypaBHeHIDI 

alv (x)+ ,BxI; (x)=O, ~ +v >0. 

Ko3<P$uQHeHThl bk awrncn.sr10Tc.sr no <PopMyne 
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HH)l(e rrpwse.n:eHo HeCKOJibKO rrepBbIX 3HaqeHHH serr11q11H Pmn - n-H: KopeHh ypaBHeHmr 

J m (;r/J) = 0 H amn - n-M KOpeHb ypaBHeHmI _!!.___} m (;ra) = 0. '.)rn .U:aHHbie B3filblH3 KHHrH [30]. 
da 

/Jmn n=l n=2 n=3 n=4 n=5 

m=O 0,7655 1,7571 2,7546 3,7535 4,7527 

m=I 1,2197 2,2331 3,2383 4,2411 5,2429 

m=2 1,6348 2,6792 3,6988 4,7097 5,7168 

m=3 2,0308 3,1070 4,1428 5,1639 6, 1781 

m=4 2,4153 3,5221 4,5748 5,6073 6,6254 

amn n =l n=2 n=3 n=4 n=5 

m=O 0,0000 1,2197 2,2331 3,2383 4,2411 

m=l 0,5861 1,6970 2,7140 3,7261 4,7312 

m=2 0,9722 2,1346 3,1734 4,1923 5,2036 

m=3 1,3373 2,5513 3,6115 4,6428 5,6624 

m=4 1,6926 2,9547 4,0368 5,0815 6,1103 

AcHMIITOTHqecKIIe 4JopMyrrhI MH 3THX BeJIIfqHH HMeIOT BH.U: 
I m -/3. - -+O 5907m3 

ml 1' ' ' 

I m -
aml - Jr+ 0, 2574m3

, m >> 1, 

4m2 -1 m 1 
Pmn - t5mn -~, t5mn = n+2-4' m < n, n >> 1, 

mn 

a _ s:• _ 4m2 -1 s:* m 3 u u =n+--- m<n, n>>l. mn ~ 88• ' mn 2 4 ' 
mn 

Pa3JI0:1KeuuS1 HeiiMaua. EcJIH f ( z) aHaJIIITIIqHa B Kpyre D c u;eHTpoM B HaqaJie Koop

!J:HHaT H rpaHwu;eii C, To B JI1060H: TOqKe z ED OHa rrpe.n:cTaBIIMa 4JopMyJioil: Koum 

f (z) =-1. ff (t) dt. 
2m c t-z 

(2.128) 

,Ll,JIH H.U:pa Koum crrpase.n:JIHBa 4JopMYJia [IO] 
1 ~ 

-= 0 0 (t)10 (z)+2I,O" (t)Jn (z), \z\ <\t\, 
f- Z n=l 

(2.129) 

r.n:e MHoroqJieHbl Heil:MaHa on ( t) orrpe.n:eJIHIOTCH Bbipa)l(eHIIHMII 

( )-!!." n+m- . ~ n ( I)'( )2m+l 
02n f - ~ ' 

2m=O (n-m)! t 
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0 t -- n+- -1 ( 1) n ( n + m) ! ( 2 )2
m+

2 

2•+! ( ) - 2 2 ~ ( n - m) ! t 

HaTipHMep, 

I 1 1 4 
00 (t)=-, 01 (t)= 2 , 0,(t)=-+ 3 , ... 

t t " t t 

3aMeHIDI Mpo KoIIIH B (2.128) PMOM (2.129) H HHTerpHpyH TIQqJieHHO TIO OKpyxrnocrn cl (:no 

B03MO')l(}f0, Tm< KaK Ha cl OH paBHOMepHO CXO,lUITCH), TIOJI)"laeM PM HeiiMaHa ,LOUI Q>)'HKIUill f ( z) 

J ( Z) = ~>nj n ( Z ), (2.130) 
n=O 

r,D,e 

a0 =f(O), a.=~ fo.(t)f(t)dt. 
1Cl Ci 

HmerpHpOBaHHe 3,D,eCh IIpOH3BO,ll,HTCH TIO OKp~OCTH cl mo6oro pa,D,eyca, JIHlllb 61>1 BttyrpH 

f ( z) He HMeJia oco6hlx ToqeK. 

~ CTeTieHHOH Q>ym<r:(HH JierKo HaXO,D,HTCH KmQ>Q>HW1eHThl a., TIOnyqaeM CJie,D,yIOn:i:ee pa3-

JimKeHHe HeilMaHa: 

(
z)v ~v+2n - = L.-,-r(v+n)lv+2n (z), V "#-1,-2,-... 
2 n=O n. 

IlycTh TeTiepi. 

3aMeHIDI cTeTieHb z ee pH,D,OM HeilMaHa, TionyqHM pM rereH6ay3pa 

f (z)zv = La.Jv+n (z), (2.131) 
n=O 

r,D,e 

<!!_ 
-2 r(v+n-s) 

a = ( V + n) 2v+n L b . 
n s=O 22s S ! n-2s 

TaKHM o6pa30M, TIO pH,D,y MaKJiopeHa )J,JIH ipymcrurn f ( z) BOCCTaHaBJIHBaeTCH ee PM (2.130). 06-

parno, ecJIH 3a,D,aH pH,D, fereH6ay3pa (2.131), TO o,D,H03HaqHo OTipe,D,eJIHeTCH ee pH,D, MaKJiopeHa 

TIPH TIOMOlllH COOTHOllleHHH 

<~ 
-2 r(v+k)a 

bkr(v+k+l)==Tk-v,L(-1r k-2m. 

m=O m!r(v+k-m+l) 

Pa3Jlo;rceuue filJieMHJihXa. 0Ho BhITeKaeT m pellleHHH HHTerpani.Horo ypasHeHIDI illJie-

2 tr/2 

f(x)=- J F(xsintp)dtp. 
1C 0 

(2.132) 
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3)J.CCb f ( x) E C1 
[ 0, Jr] - 3a)J,aHHIDI <P)'H~IDI c rrpOH3BO)J.HOH orpaHHqeHHOH Bapnarum, F ( x) -

HCKOMOe peIIICHHe, pa3bICKHBaeMoe B TOM :>Ke KJiacce <PYHKIIliH, ~o H f ( x) . E)J.HHCTBeHHoe pe

IIICHHe 3TOro ypaBHCHHH, HaH)J.CHHOe lllneMHJibXOM, TaKOBO [20]: 

!r/2 

F (x) = f (0) + x J f'( xsinrp)drp. 
0 

Pa3narIDI B (2.132) IIO)J.bIHTerpanbHYJO <PYHKUHIO B pH)J. <l>ypoe ITO KOCHttyCaM, MCHHH MeCTaMH 

orrepaUHH CYMMHpOBaHHH H HHTerpHpOBaHIDI H rrpHBJICKIDI HHTerpaJibHOe rrpe)J.CTaBJICHHe 

rronyqaeM Ha ( 0, Jr) 

2 !r/2 - J cos ( n.xsin rp)d<p = 10 ( nx), 
Jr 0 

1 n: n:/2 

a0 = f (O)+- Judu J f'(usinrp)drp, 
Jr 0 0 

2 Jr n:/2 ' • 
an=- Jucosnudu J f (usmrp)drp (n=l,2,3, ... ). 

Jr 0 0 

IlpttBe)J,eM HeCKOJibKO pa3JIO:>KCHHH nrrra lllneMHJibXa. 

1. ;r
2 J~Lf,l0 [(2m-l:xJ, -Jr<x<Jr. 

8 2 m=I ( 2m - 1) 

1 = 
2. 0 = - + ~) -1 r lo ( mx ), 0 < x < Jr. 

2 m=I 

IlpH x =Jr pH)J. B rrpasoil: qacTH paCXO)J.HTCH K 00• 

r;---; 1 (;r) ;r
2 

= 10 [(2m-I)x J 
3. vx- -;r- --x-;rarccos - +-= L 

2 
, 

2 X 8 m=l (2m-1) 
;r < x< 2;r. 

U:HJIHH)J.pHqecKHe <PYHKUHH c rronyuenI>IM HH)J.CKCOM (c<PepnqecKHe <PYH~HH EecceIDI) 

orrpe)J.CJIHIOTCH CJIC)J.YIOIUHMH KOHeqHblMH Bbipa:>KeHIDIMH [8, 20]: 

l ( z) = z"'Z _.!!:..___ cos z ~ ]( )" 
-(n+k) zdz z ' 

K (z)=(-1)" ~Zn+1(_.!!:.._)" e-z = ~e-z!, (n+k)! (J...)k 
n+k v2z zdz z v2z k=ok!(n-k)! 2z , 
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H(i) 
1 
(z)=i(-1)" H(1

\ (z). 
-n~ n+-

2 2 

B qacTHOCTH, 

J 1 ( z) = /2 sin z, J 1 ( z) = /2 sh z, 
2 v-m 2 v-m 

H (1) ( ) .H(1) ( ) ·H; ;, I Z = -! l Z = -! -e , 
2 -2 lrZ 

HeKOTOpble HHTerpaJibHble npe~cTaBJieHHH H HHTerpaJibl, co~ep»ea111ne IIHJIHH~pn
qecKne f}lynK11nn. HHTerparrbHOe npe.n;crnsneHHe Eeccem1 [3, 8, 10]. B pa3JIO)l(eHHH (2.122) 
nonaraeM t = e;,P. YMHO)l(M neByro H npasyro qaCTH nonyqettttoro pasettcTBa Ha e-imrp, HHTerpH

PYH no <p B npe.n;enax OT 0 .n;o 2Jr H yqttTbIBrui: ycnoBHH opTOroHaJibHOCTH 

(e-imrp,ei•rp)={2Jr, m=n, 
0, m:#:-n, 

nonyqaeM HHTerparrbHoe npe.n;crnsnettHe EeccenH: 

2Jr Jr 

2Jrf. ( z) = f e-inrp exp ( iz sin <p) d<p == 2 f cos( z sin <p-n<p)d<p. 
0 0 

HttTerparrhHOe npe.n;crnsnetttte IlyaccoHa HMeeT BM.D; [3, 8, 10] 

( 
1 ) 2 ( )V JTjZ 1 r v+2 Jv(z)= $i ~ J cos(zsin<p)(cos<p)

2
v d<p, Rev>-2 . (2.133) 

.Ll,mI nposepKH 3TOro paseHCTBa pa31IO)l(HM cos ( z sin <p) B PM no CTerreHHM z H no.n;CTaBMM rro.n; 

MHTerparr. IlonyqttM 

MeHHH MeCTaMH orreparum HHTerpHpoBaHMH If CJMMHpOBaHMH (3TO B03MO)l(H0 B CHJIY paBHOMep
HOH CXO.D;HMOCTH pH.n;a) H HCIIOJlb3YH onpe.n;eneHMe 6ern-cpyttKU:MH 3ll.Jiepa [6, 27] 

,B( z, w) == r( z)r( w) 
r(z+w) 

K/2 

2 f(sint)
2
'-

1
(cost)

2
w-ldt (Rez>O,Rew>O), 

0 
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1 
a TaK)J(e qiopM)'ny y.n:Boemrn: .n:mr raMMa-<liyHKUF!F! npF! z = m +-

2 

CBO,!l;F!M (2.133) K paBeHCTBY 

~ m (~Sm+v 
J (z)= "'"'(-1) 

v £:ti r(m+l)r(v+m+l)' 

qTO Fl TPe6oBanoch. 

153 

Ilp1rne.n:eM eme HHTerpaJibHOe npe.n:cTaBJieHHe $YHKIJ;HH MaK.D:OHaJih.D:a, cnpaBe.D:JIHBoe npH 
1 

Rev>--, Rez > 0 [8] 
2 

HeKOTOpb1e qaCTo BCTPeqaJOuzyiecH HHTerpanbI (TIF! .n:aHHhie B3HThI m pa3llF!WbIX cnpaBoqHHKOB 
Fl opF!rnHaJibHbIX CTaTeli): 

1'/2 f J µ ( asinO)( sinBr
1 

( cos0)
2
p+i dB= 2Pr(p+ l)a-p-i J p+µ+i (a), Rep >-1, Reµ> -1, 

() 

"
1J

2 

JV (2zsinO)(sinBf ( cosot dB::::. .J1i r(v +.!.)[JV ( z) J, Rev>_.!., 
0 

2zv 2 2 

1'/2 J 1.,+µ (2zcos0)cos[(µ-v) B]dO = .1l" Jv ( z)Jµ ( z), Re(v + µ) > -1, 
0 2 

" 
J10 (2zsinO)cos(2nB)d0=1l"[ln(z)J, n=O, 1, 2, ... 
0 

3 
-Reµ<Rep<-, a>O, 

2 
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~ , 1 ( a
2 
+ f3

2 J ( ajJ ) , flv(at)lv(f3t)e-r2'tdt=
2

y2exp 
4

y2 Iv zy2 , Rev>-1, Rey>O, 

JKv (/3t)tµ- 1dt =2µ- 2 p-µr(µ;v )r(µ;v} Re(µ±v) >0, Re/3>0, 

larg zl <Jr, jarg ZI <Jr, iarg ( z + z)i < : , 

( ~) [~]n-m-1 ~ K avr + x- m 2 2 

ff (bt) n tm+1dt = (!?..) a +b K (x.Ja 2 +b2
) 

m ( 2 2 )n/2 n-m-1 ' 
o t +x a x 

a > 0, b > 0, m > -1, 

J10 (rq)l0 (xq)dq= ( 
2 

)K(
2,J;;J, 

0 
n: r+x r+x 

K ( z) - rroJIHhIH 3JIJIHIITHqecKHH HHTerpan 1-ro po~a [4, 6]. 
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Uk - rronHHOM qe6hIIIIesa BToporo po.n:a [10, 17]. 

I 

J~1-q2U2k_1 (~)sinmqdq = (-1t1 
2ktrl2k (m ), k = 1,2, ... , 

-1 

~ -zJp2
-k

2 J ( ) -ikR 

fe 0 rp p dp=-e-, R=..Jr2 +z2 , lmk <0. 
o ~p2-k2 R 
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rllABA 3 
3IlEMEHTbl <l>YHKUMOHAilbHOrO AHAI1M3A 

3.1. fluHeiiH1>1e HOpMupoeaHH1>1e npocmpaHcmea 

HarroMHHM orrpe,D;enemre mrneiiHoro rrpocTpaHCTBa. IlocKon1.ey Ha6op ::meMeHTOB B pac

cMaTpirnaeMhIX MHO)KeCTBax MO)KeT OKa3aThCj[ 6ecKOHeY.J:HbIM, u:enecoo6pa3HO BBeCTH aKCHO
MaTHY.J:eCKOe orrpe,D;eneHHe. 

HerrycToe MHO)KeCTBo L :meMeHTOB x, y, z, ... Ha3hIBaeTcj[ nHHeHHhIM RnH BeKTopHhIM rrpo

crpaHCTBOM, ecnH B HeM BBe,D;eHbI orrepau:HH CllO)KeHHH H )'MHO)KeHHH Ha "!Reno H3 IIOIDI P(R HRH 

C) H Vx, y, z EL, H Va,/JE P BhmonHj[JOTCj[ cne.rzyIOI11He aKCHOM1.1: 

1. ax+ /JyE L. 

2. X + y = y + X, X + ( y + Z) = ( X + y) + z. 
3. 3 emrncTBeHHhIH :rneMeHT B, TaKoii Y.J:To x + (} = x. 

4. a(f3x)=(af3)x. 

5. a(x+y)=ax+ay, (a+f3)x=ax+f3x. 

6. lx = x, Bx== 0. 

7. 3 3neMeHT -x, TaKOHY.J:TO x+(-x)=B. 

Hynesoii 3neMeHT rrpocrpaHCTBa L: () 061.IY.J:HO o603HaY.J:aeTcH Y.J:epe3 0. 
fipUMepbl. 

(3.1) 

1. Ha MHO)KeCTBe BCeB03MO)KHbJX yrropH,D;OY.J:eHHbIX Ha6opoB H3 n ,D;eHCTBHTenoHhlX Y.J:HCen 

x = (Xi' Xz' ... , xn), y = ( y)' Yz' ... , y n) ' ... BBe,D;eM orrepaU:HH cno)KeHHH H YMHO)KeHHH Ha "IHCna 

H3 R ecTeCTBeHHDIM o6pa30M 

x+ Y = (Xi+ ypx2 + y2 , ••• ,Xn + Yn), AX= ( AXpAX2 , ••• ,Ax. ). 

B pe3ynoTaTe rronyY.J:HM nHHeiiHoe rrpocTPaHCTBO. 3,D;ecb (} = ( 0, 0, ... , 0), rrpoTHBorrono)KHhIH 

::meMeHT -x = (-x1,-x2 , ••• ,-xn)· 

2. MHO)KeCTBO <l>YHKD:HH, HerrpepbIBHhIX Ha [a, b] c eCTecTBeHHbIMH orrepau:HHMH CllO)KeHHH 

H )'MHO)KeHHH Ha Y.J:Hcno, o6pa3yeT nHHeiiuoe IIpOCTPaHCTBO. B Y.J:aCTHOCTH, MHO)KeCTBO Bcex MHO
roY.J:neHOB c BBe,D;eHHhIMH mrneiiHhIMH orrepau:mIMH eCTh mrneii:Hoe rrpOCTpaHCTBO. 

3. Orpe3oK [0,1) c orrepau:Hj[Mff cno)KeHHH H )'MHO)KeHHH Ha Y.J:Hcna m rrom R, oY.J:eBH,D;Ho, 

He j[Bnj[eTCH nHHeHHhIM rrpOCTPaHCTBOM. 

IIepeii:)l;eM Terrepb K orrpe,D;eneHHIO nHHeiiHoro HOpMnposaHHoro npocrpattCTBa. JlHHeiiHoe 

rrpocTPaHCTBO X Ha3DIBaeTcj[ HOpMHposaHHhIM, ecnH VxE X orrpe,D;eneHo se111ecTBeHHOe qHc

no llxll (ttopMa x ), y,D;oBneTBOpj[10111ee cne,D;yIOIIIHM aKCHOMaM: 

1. llxll ;::: 0 H !!xii = 0 <:=} x = B. 
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2. lllxll = 111114 'If A E P. (3.2) 

3. llx+ Yll::;llxll+llyll, 'lfx, YE X. 

PacCTOll:HHe Me)J(;zy 3JieMeHTaMH x H y E X onpe.neJIReTC1! TaK: 

p( x, y) = llx- Yll· 
TaKoe onpe.neJieHHe II03BOJill:eT BBeCTH CXO.l(llMOCTb B x CJie.nyroW:HM o6pa30M. 

IlocJie.l(OBaTeJibHOCTb { x.} c x CXO.l(llTCJJ K 3JieMeHry x E x, ecJIH 

p(x,x.)=llx-x.11-?0, n-?oo. 

TaKaJJ CXO.D;HMOCTb Ha3bIBaeTCll: CXO.D;llMOCTbIO no HOpMe rrpocTpaHCTBa x (HJIH CHJibHOll cxo

.l(HMOCTb!O). 

3aMeTllM, 'ITO H3 CXO.l(HMOCTll IIOCJie.n;oBaTeJibHOCTll { x.} c x K x CJie;zyeT CXO.D;llMOCTb 

'-IHCJIOBOH nocJie.n;oBaTeJibHOCTll llxn II-? llxll, n-? 00• 3ToT <l>aKT BhITeKaeT ll3 BToporo HepaBeH

CTBa TpeyrOJibHHKa 

lllxll-l!Ylll:::; llx - Yll · (3.3) 

flocJie.noBaTeJihHOCTh { x.} c X Ha31>IBaeTcJJ qiyimaMeHTaJihHoli (nocJie.noBaTeJihHOCThJO Kornn), 

ecmi: \:;/ £ > 0, 3N > 0 TaKoe, 'ITO 

Orcio.na cJie;zyeT, 'ITO .nJill: JIJ06oro Harypan1>Horo p HMeeT MeCTo npe.n;eJI1>Hoe coOTHomeHlle 

B KOHe'l.HOMepHOM JIHHellHOM HOpMHpOBaHHOM rrpoCTpaHCTBe x B CHJIY rrpnmuma CXO.l(H

MOCTH EOJ!bQaHo-KomH [23] BCJJKa1! <l>yimaMeHTaJibHall: IIOCJie.D;OBaTeJihHOCTh CXO.l(llTCJJ K 3Jie

MeHry H3 x. B o6rn:eM CJIY'l.ae 3TO He TaK. TO'l.Hee, ll3 CXO)J;llMOCTll IIOCJie.noBaTeJibHOCTH B x 
CJie;zyeT ee qiytt.n;aMeHTaJibHOCTb 

' llxm -x.11 =llxm -x+x-x.11:::; llxm -xll+llx-x.11-? 0, m,n -?oo. 

06paTHoe yrBep)J()J;eHHe He scer.na Beptto. 

JlHHeH:Hoe HOpMnposaHHOe npOCTPaHCTBO, B KOTOpOM BC1!KaJJ <l>YH.naMeHTaJibHall: IIOCJie,!l,O

BaTeJibHOCTb CXO.l(HTCJJ (K 3JieMeHry 3Toro IIpOCTPaHCTBa) Ha3hIBaeTC1! IIOJIHbIM llJill 6attaxo

Bb1M rrpOCTPaHCTBOM (B-rrpOCTPaHCTBOM). 

IlpHBep;eM npnMepIJ JIHHeHHbIX HOpMHposaHHblX rrpocTPaHCTB. 

1. IlpOCTpaHCTBO R" c 3JieMeHTaMH x=(xl'x2 , ••• ,x.), y=(ypy2 , ••• ,y.) c 061>I'IHIJMH Jill-

11ettHhIMH onepau;nll:Mll CJIO)l(eHHJJ n )'MHO)J(eHHH Ha 'l.IICJIO. HopMa 3JieMeHTa 

( 

n )1/2 
llxll = lxl = ~/x, j2 
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PaccTOHHHe Me'lK.n:y :rneMeHTaMH 

( 

n )1/2 
p(x,y)=JJx-yJJ= ~Jx;-YJ 

B .L(aHHOM rrpOC'IpaHCTBe CXO.L(HMOCTh ITO HOpMe paBHOCHJihHa ITOKOOp.L(HHaTHOH CXO.L(HMOCTH. 

2. Ilpoc'IpaHCTBO R; ( p :2: 1). 3arrac 3JieMemos TOT 'lKe, 'ITO B R", HO HOpMa BBO.D:HTCH rro-

.n:pyroMy: 

Cxo.n:HMOCTh 3.D:eCh TaK'lKe paBHOCHJihHa rroKoop.n:HHaTHOH cxo.n:HMOCTH. TpeThH aKcHoMa HOpMhI 
(HepaBeHCTBO 'IpeyroJihHHKa) rrposepHeTCH c ITOMOIIJhlO HepaseHCTBa feJib.L(epa ,[(JIH KOHe'IHblX 
cyMM (CM. rrpHJIO'lKeHHe .6). 

n ( n p )I/ p ( n q )1/q 1 1 
~JxkykJ::; ~Jxkl ~IYkl , p +q-=l. 

3. IIpoc'IpaHcTBO [P ( p :2: 1). 3JieMeHThI 3Toro rrpocTpaHCTBa rrpe.n:cmBJIHIOT co6on 6ec

KOHe'IHhie ITOCJie,L(OBaTeJihHOCTH c p-CXO.L(HMOCTblO 

x=(xl'x2, ... ), ~]xl <oo, 
k~I 

y=(yl'Y2•···), L\YS <oo 
k~I 

HopMa 3JieMeHTa H paccTOHHHe Me'lK.n:y 3JieMeHTaMH orrpe.n:eJIHIOTCH paseHcTBaMH 

BwrroJIHeHHe HepaseHcTBa 'IpeyrOJihHHKa rrposepHeTCH rrpH rroMoIIJH p-HepaseHCTBa feJih.D:epa 

MH 6ecKoHe'IHhIX CYMM (cM. rrpHJIO'lKeHHe .6). 

1 1 
-+-=1, p > 1. 
p q 

IlpH 3TOM HepaBeHCTBO TpeyroJibHHKa eCTh HepaBeHCTBO MHHKOBCKoro. 

4. IJpocTpaHCTBO orpaHH'IeHHhIX 6eCKOHe'IHbIX ITOCJie,L(OBaTeJihHOCTeH m = [~ C 3JieMeH

TaMH x = (Xi, x 2 , ... ) , y = ( yl' y2 ,. .. ) , ••• H HOpMott JlxJJ = sup lxk J. HepaseHCTBO 'IpeyroJihHHKa 
k~l,2, ... 

rrposepHeTCH TaK: 

lxk + Ykl::; lxkl+Jyk I::; suplxkl+ suplykl => suplxk + ykJ::; suplxkl+suplykJ. k k k k k 
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5. <l>yHKUlfOHaJibHOe npoCTpaHCTBO c [a, b] - JilfHeHHOe MHO)J(eCTBO scex HerrpepbIBHbIX 

Ha [a, b] <PYIIKUlflf, Ha KOTOpOM BBe,n:eHa HOpMa 

Jlxll=~~lx(t)I· 
TaK BBe,n:eHHilll HOpMa Ha3bIBaeTCM paBHOMepHOH lfJilf qe6oIIIIeBCKOH, IIOCKOJibK)' CXO!J:lfMOCTb 

IIO llxll [ l - paBHOMepHilll. C a,b 

6. IIpocrpaHCTBO cm [ a,b] - JllfHeHHOe npocrpaHCTBO m pa3 HenpepoIBHO .ll:lf<P<PepeHI(lf

pyeMhIX Ha [ a,b] <PYIIKUlfH, Ha KOTOpOM BBe,n:eHa HOpMa 

(3.4) 

Cxo,n:HMocrr, no HOpMe (3.4) - 3TO pasHOMepHM cxo,n:HMOCTh nocne.n:osaTenoHOCTeli npomso.n:

HhlX x(k) (t) .n:o m-ro IIOpH,n:Ka BKmOqlfTeJibHO. 

7. IIpocrpaHCTBO £:[ a,b) - nMHeliHOe rrpocrpaHCTBO scex HerrpepoIBHDIX Ha [ a,b) <PYHK

l(lfli c HOpMOH 

HepaseHCTBO rpeyrOJibHlfKa nposepHeTCH c IIOMOIIIblO HepaseHCTBa renr,,n:epa ,n:nH lfHTerpanoB 
(cM. npRJIO)J(eHlfe E). 

1 1 
-+-=1. 
p q 

Cxo,n:HMOCTb s 3TOM npocrpaHCTBe Ha3oIBaeTcM cxo,n:RMOCTbIO B cpe,n:HeM. 
JllfHeHHble HOpMRposaHHhle npocTpaHCTBa, paCCMOrpeHHhie B npRMepax, 3a HCKJIJOqeHlf

eM £;[a, b), HBJIHIOTCH 6aHaXOBbIMii. IIpocrpaHCTBO £;[a, b) He nonHo B csoeli MerpRKe. 

B caMoM .n:ene, nocne.n:osaTeJihHOCTb, cocTasneHHM lf3 <PYIIKUHH 

-1, tE [-1,-±J 
xn(t)= nt, tE [-±·±l 

1, tE [±, ll 
HBJIHeTCH qiyH,n:aMeHTaJibHOH (B cpe,n:HeKsa.n:paTHqHoli MerpHKe). Ho npe.n:en 3Toif nocne.n:osa

TeJioHocTH - pa3phIBHilll <PYIIKUHH 

{

-1, tE [-1,0), 

Xn ( t) ~ 0, t = 0, 

1, tE (0,+l). 
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TaKHM o6pa30M, 3Ta cpyH,L(aMeHTarrbHaH rrocne.n;oBaTeJibHOCTb CXO.n;HTCH (B ce6e), HO He K 3Jie

MeHTy H3 £ ~[ a,b). 

Cne.nyeT HMeTh B BH)zy secI>Ma o6nzyio TeopeM)' o nononHeHHH MeTpW-IeCKHX (HopMHposaH

HbJX) npOCTPaHCTB, KOTOPM yTBep)l(.n:aeT, qrn mo6oe (He IIOJIHOe) npOCTPaHCTBO x MO)l(HO 

ITOIIOilHHTh B CJie;zyioru;eM CMhlCJie (12). Cyru;eCTByeT ITOJIHOe I1pOCTPaHCTBO X*, TaKOe qTQ HC-

XO)l;HOe rrpoCTpaHCTBO X H30MeTP~HO IUIOTHOM)' B X* I10.1J:I1pOCTPaHCTBY X1 C X* (OTHOCH

TeJibHO MeTpnqecKnx npocTPaHcTB CM. npHJioJKeHHe A). 
EcreCTBeHHbIM o6o6ru;eHHeM rrpHBe,n:eHIIhlX BhlIIIe JIHHeiirn,JX HOpMHpOBaHHbJX rrpOCTpfilICTB, 

IlOCTPQeHHbIX Ha <l>YHKIIHHX 0,L(HOH nepeMeHHOH, HBJIHeTCH BblXO,L( B rrpOCTpaHCTBa n-H3MepeHHH. 

IlyCTb n E R" - orpaflHqeHHM o6JiaCTb, an - ee rpaHH[(a, Q = nu an - 3aMbIKaHHe MHO

)l(eCTBa n. 
JlnHeHHoe rrpOCTPaHCTBO scex HerrpepbIBHbIX Ha Q <l>YHK[(HH u(x), x=(xl'x1, ... ,x.)En 

CHOpMOH 

(3.5) 

o6o3HaqaeTCH qepe3 c ( Q). 3To rrpocTpaHCTBO 6aHaXOBO, TaK KaK Ha Q cnpaBeMHB KpITTe

pHH paBHOMepHoli cxo.n:HMOCTH Koum. 

PaccMOTPHM TerrepI> rrpocTPaHCTBa .n:n<PcpepeHQnpyeMI>IX <l>YHKLIHH HecKOJibKHX rrepeMeH

HbIX. BBe,n:eM TaK Ha3I>rnaeMI>1ii M)'JJI>THHH,L(eKc - QeJIO'IHCJJeHHbIB seKTop a=(al'a2 , ••• ,an), 

as;::: 0( S = 1, 2, ... ,n) H IIpHMeM TaKHe 0603HaqeHHH ,L(JIH qaCTHbIX IlpOH3BO,L(HbIX 

3.n:ecb qHCJIO !al= ll.1 + a2 + ... +an (,nnHHa M)'JibTHHH,L(eKCa) Onpe,L(eJIHeT IlOpH,L(OK I1pOH3BO,L(HOH. 

HanpHMep, ecnH a=(l,0,3), To 

Dau= a4u 3. 

dx1ax3 

£y,n:eM rosopHTb, qTO cpyttK[(HH U ( X) rrpHHaWJe)l(HT KJiaccy Ck ( n), ecJIH OHa orrpe.n:ene

Ha H HerrpepbIBHa B n BMecTe CO BCeMH CBOHMH I1pOH3BO,L(HblMH .IJ:O k-ro nopH;J.Ka BKJIIO"IH

TeJJI>HO. B TOM cnyqae, KOr.n:a u ( x) H Bee ee rrpOH3BO,L(Hble .n:o rropH,L(Ka k BKmoqHTeJJI>HO He-

rrpepI>IBHhl B n H HerrpepbIBHO rrpO;J.OJJ)l(HMbl Ha rpaHHLIY on, T. e. HenpepbIBHbl B Q, roBO

pHT, qTQ u(x)E Ck (n). 
HopMa B KJiacce ck ( Q) BBO.IJ:HTCK cne.n:yIOUIHM o6pa30M: 

(3.6) 

IlpOCTPaHCTBa Ck (n), k;::: 1 IIOJJHbl B CBOHX HOpMaX, T. e. 6aHaxOBbI. 
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B qe6onneBcKoH. MeTpHKe (3.5) rrpocTpaHCTBO k pa3 HerrpepoIBHO ,n:n<}><}>epettn;npyeMbIX 

<}>yHKI(HH HBmreTCH JIHHeRHbIM MHoroo6pa3HeM (He 3aMKttyTbIM) B 6aHaXOBOM rrpOCTpaHCTBe 

c(n). 3To cne;zyeT m <}>arcra cymecTBOBaHHH rrocne,n:oBaTeJibHOCTeii HerrpephIBHO ,nH<}><l>epeH-

u,RpyeMhrx <l>YHKIJ,HR, CXO,n:HlllHXCH no HOpMe c ( Q) K HerrpepbIBHOM <}>yHKI(HH, KOTOpan HH B O)J,

HOM TO'II<e Q He HMeeT rrpOH3BO)J,HOH [24]. 
ITpHBe,n:eM HeKOTOpb1e <PmH'IecKHe rrpoTOTHIIbI paccMOTpeHHbIX 6aHaxOBbIX rrpocTpaHCTB. 

1. PaccMOTpHM rrpocTpaHCTBO HMIIyJihCHbIX aMrrnnTy,n:Ho-Mo;zynIIpoBaHHbIX CIITHaJIOB 

(pHc. 3.1). ITyCTh rrapaMeTphI CIITHana T H r <}>HKCHpoBaHbI. Tor,n:a Ka)K,[(blii TaKoii cHIBan ecTb 

BCKTOp x==(x"x2 , ... ,xn, ... ). EcnH Ha JIHHeiiHoM rrpocTpaHcTBe cHrHaJIOB BBCCTH HOPMY fP 

IIpH p =: 1, TO 

rrporropu,HoHaJihHa rrnorna,n:H rro,n: KpHBoii cHrnaJia. 

x 

Puc. 3.1. lIMrryJihCHhIH aMrrJIHT)'AHO-MOAyrrnpoBaHHhIH cRmarr 

ITp11: p == 2 KBa,n:paT HopMbI rrponopu11:0HaneH :meprnH CIITHaJia x(t ). ITpe,n:cTaBJICHHe it>11:-

3mecKHx CHrHaJIOB KaK 3JICMCHTOB rrpoCTpaHCTBa [P nenecoo6pa3HO, KOr,n:a CHrHaJibI )J,HCKpeT

HbI, T. e. KBaHTOBaHbl BO speMCHH. 

2. PaccMOTpHM Terrepb HenpepbIBttyIO CHCTeMY c BXO,n:HOH rrepeMeHHOR u, BbIXO,n:HOH rre

peMeHHOH X H HMIIYJibCHOH xaparcrepHCTHKOH (cJ:>yHI<nIIeH rpIIHa) W. B mo6oif MOMCHT Bpe

MeHII t 3TH TpH <l>YHKUHH CBH3aHbl ypaBHeHHeM 

t 

x ( t) == f W ( t, s) u ( s) ds, t '2:. t0 • (3.7) 

CoOTHOUiemi:e (3.7) OIIHCbIBaeT pa3Hoo6pa3Hble <l>II3H'ICCKHC CHCTeMbl, Haxo,n:HllllICCH B COCTOH

HHH IIOKOH B MOMem BpeMeHH to. 0,n:HOH H3 3a,n:aq yrrpaBJieHHH TaKOH CHCTeMOH HBJIHeTCH cne-

)zyJOillM. 
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3a cl>HKCHpOBaHHOe Bpewr T =ti -to npHBeCTH CHCTeMy B 3a,n;aHHoe COCTOHHHe x* = x(T) 

npH MHHHMH3all,HH HOpMbl ynpaBJiemrn !lull· HanpHMep, B CHCTeMe ynpasneHHH paKeTOH-HOCH

TeneM BeJIH'IHHa u MO)l(eT o603Ha'laTb yrnosoe OTKJIOHeHHe OCH peaKTHBHOro ,ll;BHraTeJIH OT 

pacqenmro HanpaBJJeHHH, TI03TOMY BeJIH'IHHa u B KIDK,L(hIB MOMeHT BpeMeHH ,ll;OJI)l(Ha 6bITh ,n;oc

TaTO'IHO Mano:H, a Mepo:H u MO)l(eT cny)l(HTh 

!lull= supiu ( t )i· 
te[r0 ,ti] 

HarroMHHM Terrepb HeKOTOpbie Ba)l(Hhle IIOHHTHH, Ha KOTOphie rrpH,ll;eTCH OIIHpaTbCH B ,n;anb

tte:HrneM. 

Mtto)l(ecTBo Q c X tta3hrnaeTcH IIJIOTHhIM (scro,n;y TIJIOTHbIM) a X, ecJIH Q = X. HttbIMH 

CJIOBaMH, Q IIJIOTHO B x' ecmI \;/ x E x B Q Ha:i1:,n;eTCH IIOCJie,n;osaTeJihHOCTh, CXOMIQMCH 

K 3JieMeHTy x. 
IlpOCTpaHCTBO x Ha3hIBaeTCH cerrapa6eJihHbIM, eCJIH B HeM cyrnecTByeT C'leTHOe IIJIOTHOe 

MHO)l(eCTBO. 

Bee KOHe'IHOMepHhie rrpocTpaHcTBa cerrapa6enbHhI. 3To yTBep)l(,D;eHHe BbITeKaeT H3 cne-

,n;yroIQHX cpaKTOB: 

1. MHo)l(eCTBO Q acex n-MepHhIX seKTopos c paU,HOHaJlhHbIMH KOOp,n;HHaTaMH IIJIOTHO B Rn. 

2. MHo:>KeCTBO Q C'leTHO KaK o6be,D;HHeHHe C'leTHbIX MHO)l(eCTB. 

3. HopMhI scex KOHe'IHOMepHhIX rrpocTpaHCTB 3KBHBaneHTHhI, OTKYAa cne,n;yeT, 'ITO ecntt 

C'leTHOe MHO)l(eCTBO Q IIJIOTHO B R"' TO OHO IIJIOTHO H B JII060M ,n;pyroM HOpMHpOBaHHOM 

n-MepHOM npocTpaHCTBe. 

0THOCHTeJibHO 3KBHBaneHTHOCTH HOpM. TiycTb B JIHHeHHOM rrpocTpaHCTBe L ,n;syM11 cno

co6aMH BBe):leHbl ):(Be HOpMbl llxll1 II llxll2 . 3TH HOpMhl Ha3hIBaIOTCH 3KBHBaneHTHhIMH, eCJIH 

3a, fJ > 0 TaKHe, 'ITO 'ixE l HMeIOT MeCTO HepaBeHCTBa 

Cne,n;osaTeJihHO, II3 CXO):llIMOCTH B O):IHOH HOpMe BhITeKaeT CXO,ll;HMOCTh B i:1pyroli HOpMe H Ha

o6opoT. Cenapa6eJihHbIMII HBJUIIOTCH 6attaxOBhl npoCTpattCTBa fP' c [a, b], ck [a, b], ck ( n) 
H i:1p. IIpocTpattcTBO m -orpaH1I'leHHhIX 110cnei:1osaTeJihHOCTeli He 11an11eTc11 cerrapa6enI>HhIM 

(6onee rroi:1po6tto cM. B rrpHJIO)l(eHIIH A). 
KoMnaKTnocT&. <l>yH.n;aMeHTaJihHhIM rroIDITHeM aHaJIII3a HBIDieTCH KOMIIaKTHOCTh. HarroM

HHM HeKOTOphie 3JieMeHTapHbie orrpei:1eneH1IH. 

To'IKa xE M Ha3h1BaeTc11 BHyTpeHHeli TO'IKOH MHO)l(ecTBa M, ecm1 :le> 0 TaKoe, 'ITO 

rnap B ( x, c) = { y E M : II y - xii < c} c 1..1eHTpOM B TO<JKe x H pa,n;eycoM c ne)l(HT a M. l1HbIMII 

CJIOBaMH, BHYTpeHHHH TO'IKa MHO)l(eCTBa M rrplIHa,n;.rre:>KHT 3TOMY MHO)l(eCTBy BMeCTe c HeKOTO

po:H csoefi t'-OKpeCTHOCThIO ( c > 0). 
MHo)l(eCTso M Ha3hIBaerc11 OTKphIThIM, ecJIH OHO cocroHT II3 BHyTpeHHHX TO'leK. HarrpHMep, 

MHO)l(eCTBo B( x, r )={yE M :lly-xll<r} -OTKpbITOe, II03TOMY II Ha3hIBaeTCH OTKpbIThlM rnapoM. 

IIycTh X - n1IHefiHoe HOpMHpoBaHHoe rrpoCTpattCTBo. To'IKa x E X Ha3bIBaerc11 rrpe,n;enh

HOH TO'IKOH MHO)l(eCTBa M c X, ecmi B n1060M rnape B ( x, r) co,n;ep)l(aTcH TO'IKII H3 M, OT-
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JIH'IHhle OT x. To ecTL, x - npe.n;eJILHaH TO'IKa MHOJKecTBa M, ecJIH B M cym:ecTByeT rro

cJie.n;oBaTeJILHOCTb 113 Pa3JIH'IHhlX :JJieMeHTOB, CXO.IJ:HIIJMCH K x. Ilpe.n;eJILHaH TO'IKa MHOJKeCT

Ba MOJKeT H He rrp11Ha.n;JieJKaTL eMy. HarrpHMep, rrpe.n;eJILHLie TO'IKH MHO)l(eCTBa M = 

= { x, y E M : x 2 + y2 < I}, JieJKamne Ha oKp~HOCTH x
2 + y2 =I, He rrpHHa.n;JieJKaT M. 

MHOJKeCTBO M' co.n;epJKamee BCe CBOH rrpe.n;eJibHbie TO'IKH, Ha3bIBaeTCH 3aMKHyTDIM. Jlro-

6oe MHO)l(eCTBO MOJKHO c.n;eJiaTb 3aMKffYTbIM, rrpHcoe.n;HHHB K HeMY Bee ero rrpe.n;eJibHbJe TO'IKH. 

3Ta orrepaU:HH Ha3b1BaeTCH 3aMhlKaHHeM, o6o3HaT:J:aeTcH M HJIH [ M]. 01'.JeBH.IJ:HO 3aMKttyToe 

MHO)l(eCTBO COBIIa.n;aeT co CBOHM 3aMbIKaHHeM. 

11MeIOT MecTo CJie.n:yromHe CBOHCTBa 3aMhlKaHHH MHoJKecTBa M c X : 
1. M E.M. 
2. M - 3aMKttyToe MHO)l(eCTBO 

3. M - HaHMeHLIIIee 3aMKttyToe MHOJKecTBo, co.n;epJKamee M. 
IlyCTL M c X, .n;orroJIHemie M .n;o Bcero X o603HaT:J:aeTcH CM, T. e. CM = X \ M. CBH3b 

MeJK.n:y OTKphlThlMH H 3aMKHYTbIMH MHOJKeCTBaMH, JieJKaIIJHMH B x' perJiaMeHTHpyeTCH CJie

.IJ:yroIIJHM rrpe.n;JioJKeHneM • 

.IJ,orroJIHeHwe OTKphlToro MHO)l(ecTBa (CM) eCTu 3aMKttyToe MHO)l(eCTBO, .n:orroJIHeHHe 3aMK-

ttyToro MHOJKeCTBa (CF) - OTKphlTOe MHO)l(eCTBo. 

CJie.n:yromne npe.IJ:JioJKeHHH ycTaHaBJIHBaIOT pe3yJibTaTLI TeopeTHKO-MHoJKeCTBeHHLIX orre

paQH:H B X. 
06oe.IJ:HHeHHe OTKpbIThIX MHOJKeCTB B JII060M 'IHCJie H rrepeceT:J:eHHe KOHe'IHOro l:fHCJia OT

KpbITbIX MHOJKeCTB eCTu OTKpbITOe MHOJKeCTBO. )l,BOHCTBeHHoe npe.IJ:JIOJKeHHe: rrepece'leHHe JII0-

6oro 'IHCJia 3aMKffYThlX MHO)l(eCTB H o6oe.IJ:HHeHHe HX B KOHe'IHOM 'IHCJie - MHOJKeCTBa 3aMK

HYTbie. 

OIUIO m 3THX npewim1ceHHi1 cJie;zyeT 113 ;wyroro B CHJJY TeopeTHKO-MHO)KeCTBeHHoro np11H

u:11rra .IJ:BOHCTBeHHOCTH 

c(~Aa) = 0CAa, 

c(0Aa) =~CAa. 
Orrpe.n;eJieHHe. MHoJKeCTBO M, JieJKamee B 6aHaxOBOM npocrpattcTBe X, Ha3hIBaeTc» KOM

rraKTHLIM, eCJIH H3 JII06o:H ero 6eCKOHe'IHOH 1'.JaCTH MOJKHO BbI.IJ:eJIHTb CXO.IJ:HIIJYIOCH IIOCJie.n;oBa

TeJibHOCTb. EcJIH rrpe.n;eJibl BCex TaKHX IIOCJie.n;oBaTeJibHOCTeH rrpHHa.n;JieJKaT M' TO OHO Ha3bI

BaeTCH KOMIIaKTHhlM B ce6e. 3aMKttyTOe KOMJiaKTHOe B ce6e MHO)l(eCTBO Ha3hIBaeTCH KOMJiaKTOM. 

IlpHBe.n;eM HeCKOJibKO rrpHMepoB. 

1. MHOJKecTBa (0,1), [0,1), (0,1] B R1 
- KOMIIaKTHbie, HO He KOMIIaKTHhle B ce6e MHO-

)f(eCTBa. 

2. Orpe3oK [0,1] c R1 
- KOMIIaKTHOe B ce6e MHOJKecTBo, T. e. KOMrraKT. 

3. Jlro6oe orpaHH'leHHOe MHO)KeCTBO QC R" KOMIIaKTHO, a Q - KOMIIaKT. 

3TO CJie.n:yeT H3 TeopeMbl bOJibQaHo-Be:HepUITpacca, B KOTOpo:H yTBep)K.IJ:aeTCH, 'ITO H3 JII0-

6o:H orpaHlI'leHHOH IIOCJie.n;oBaTeJibHOCTH .n:e:HCTBHTeJibHbIX 'IHCeJI MO)KHO Bhl.n;eJIHTh CXO.n;HIIJYIOCH 

IIO.IJ:IIOCJie.IJ:OBaTeJibHOCTb [23]. 
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Bcm<oe KOMIIaKTHoe MHo:>Kecrno OrpaHWieHo. Ilpe.IUIOJIO)l(HM rrpoTHBHoe, 'ITO M - KOM

rraKTHoe, HO He orpaHWieHHoe MHO)l(eCTBO. Bo3bMeM x 1 E M H 'IHCJIO r > 0. TaK KaK, no npe}l,-

rrono)l(eHmo, He cymecrsyer ruapa KOHe'lHoro pa}l,Hyca, co.r1ep)l(amero M, To 3x2 E M TaKrur, 

'ITO llx2 - Xi 11 > r. Ilo TeM )Ke coo6pa)l(eHIDIM 3x3 E M TaKaH, 'ITO llx3 - Xi II > r H llx2 - Xi II > r, 

HT.}],. IlOCTPOeHHaH 6eCKOHe'lHaH IIOCJie,[IOBaTeJibHOCTb { xm} CM 06Jia,[laer TeM CBOHCTBOM, 

TIO llx. - xk II > r ( n i: k). 5IcHo, 'ITO H3 Hee HeJib3H BhmeJIHTb cxo.[l}lmyrocH no)UloCJie.r1osaTeJ1b

HOCTb. IlonyqeHHOe rrpOTHBOpe'lHe }l,OKa3bIBaeT yTBep)l(,n;eHHe. 

06paTHOe HesepHO, B 6eCKOHe'lHOMepHOM npOCTPaHCTBe MHO)l(eCTBO MO)l(ef 6bITb orpa

HH'leHHbIM, HO He KOMilaKTHbIM. IlpHBe}l,eM npHMep. MHO)l(eCTBO BeKTopoB B [
2 

: 

e1 = (1,0,0, ... ), 

e2 =(0,1,0,. .. ), 

e3 = ( 0, 0, 1, 0,. .. ) 

orpaHH'leHHoe, TaK KaK lien II = 1 ( n = 1, 2, ... ) . Bee 3TH seKTOpbI Jie)l(aT Ha e.[IHHH'IHOH ccpepe 

B /
2

, H, 3Ha'IHT, en E B [ 0, 1]. c .r1pyro:H CTOpOHbI, lie. - ek II = .J2 ( n * k), CJie}l,oBaTeJibHO, H3 

6ecKOHe'lHOH IlOCJie.[IOBaTeJibHOCTH { e.} HeJib3}l BbI6paTb CXO}l,HlllYJOCH IlO)UIOCJie}l,OBaTeJib

HOCTb. 0.[IHaKO B /
2 

cymecTBYIOT H KOMTiaKTHbie MHO)l(eCTBa. IlpHMepoM MO)l(ef CJJ)T)KHTb 

«rHJih6ePTOB KHpIIH'l», T. e. MHO)l(eCTBO 3JieMeHTOB x = ( X1,X2····), ,[IJIH KOTOpbIX BbIIlOJIHHIOT

CH YCJIOBHH 

Ilpe)l(.[le 'leM ccpOpMJJIHpOBaTb KpHTepHH KOMTiaKTHOCTH MHO)l(CCTB B JIHHeHHbIX HOpMHpOBaH

HbIX npocTPaHCTBax, HaTIOMHHM HCKOTOpbIC onpe,LICJICHHH. 

IlyCTb x - JIHHCHHOC HOpMHpOBaHHOe npOCTPaHCTBO H MHO)l(CCTBO M c x. 3acpHKCH

pyeM t: > 0. MHO)l(eCTBO M* Ha3bIBaeTCH t:-CerbIO MHO)l(ecrsa M, eCJIH VxE M, 3x* E M* Ta-

KOH, 'ITO llx-x*ll < t:. EcJIH t:-CCTb KOHe'lHa, T. e. MHO)l(CCTBO M* COCTOHT H3 KOHe'lHOro 'IHCJia 

3JICMCHTOB, TO 6y.r1eM rosopHTb, 'ITO cymecrsyer KOHe'lHaH t:-CCTb MHO)l(CCTBa M (.[IJIH 3a,[laH

HOro t: > 0). 
MHO)l(CCTBo M c X Ha3hIBaercH snonHe orpaHWICHHbIM, ecJIH '<:/ t: > 0 cymecrsyer ero Ko

HC'lHrur t:-cerh. KpHTepHif KOMnaKTHOCTH MHO)l(ecTBa .r1aeTcH TeopeMoif Xayc}l,opcpa [12]: 
,[IJIH KOMTiaKTHOCTH MHO)l(CCTBa M B JIHHCHHOM HOpMHpOBaHHOM npocrpaHCTBC x Heo6xo

,[IHMO, a B cnyqae IlOJIHOThl x H ,n;ocraTO'lHO, 'IT06b1 M 6bIJIO BTIOJIHe OrpaHWICHHbIM. lfa Teo

peMbI Xayc}l,opcpa CJIC)J,yCT, 'ITO BTIOJIHC orpaHH'lCHHOe MHO)l(CCTBO orpaHH'leHO (6onee IIO,[l

po6Ho cM. B npHJIO)l(CHHH A). 
AnnpoKCHMaQHSI B JiuueiiHLIX uopMuposauuwx npocrpaucTBax. Bo MHOrHX rrpHKJia,Ll

HbIX 3a.z:1aqax B03HHKaer rrpo6JieMa anrrpoKCHMllllHH HCKOTOporo 3JICMCHTa x JIHHeHHOro Hop-
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MHpOBaHHoro rrpoCTpaHCTBa X 3JieMeHTaMH rro.nrrpoc11mHcTBa L (KaK rrpaBHJIO, KOHeqHoMep

Horo ). ToqHee, Heo6xo.nHMO HaihH 3JieMeHT u. EL, TaKOH qTo 

p(x,L) =Inf !ix-ull = llx-u.11· 
ueL 

BeKTop u. Ha3hlBaeTCH 3JieMeHTOM HaHJiyqmero rrpH6JimKeHIDI x 3JieMeHTaMH rro.nrrpocrpaH

cma L. 3JieMeHT HaHJiyqllero rrpH6JIIDKeHIDI MO){(eT He cymeCTBOBaTh BOBCe HJIH 6I,JTh He e.nHH

CTBeHHbIM. 0.nHaKO HMeeT MeCTO TeopeMa. 

3JieMeHT HaHJI)"IIIIero rrpH6JIH)f(eHHH aeKTopa x E x 3JieMeHTaMH KOHeqffOMepHoro IIO.[(

npocTpaHCTBa L cymecTByeT .[(JIH V x E X. 

BcaMoM.nene,MHqmKrnpoBaHHoro XE X <PYHKIIHOHaJI f(u)=!lx-ull HerrpepoIBeHHa L 

(no HOpMe npocTpaHCTBa X ) . .ll,eiicTBHTeJioHO, Vu, u' E L: 

jJ ( u )- f ( u')j = lllx-ull-llx-u'lll ~ llu' -uj!. 
BBe.[(eM Ha L BTopyIO HOPMY llxllc , rrOJI)"IHB TeM caMhlM eBKJIH.[(OBO npocTpaHCTBO E" ( n -

pa3MepHOCTb no.nnpocTpaHCTBa L). QqeBH.[(HO, 3TH HOpMhl 3KBHsaneHTHhl, T. e. 

aiix!L ~!!xii~ P!lx!L · 
0Tc10.na CJie.nyeT, ~o <PYHKIIHOHaJI f (u) =llx-uil HerrpepoIBeH B E" (T. e. ITO HOpMe llxlL>· 
IlycTo Inf !Ix- u!! = d > 0 (Ha HeKoTopoM mape B [ 0, r] c E" ). Tor.na BHe mapa !lu!L ~ r, r.ne 

r = ( d + 1 +!!xii) a-1
, TOqHaH HH){(HHH rpaHr, <PJHKI(HOHana f ( u) He .nocTHraeTCH. B caMoM .nene, 

rrpH !!ullc > r HMeeM 

llx-u!! ~ !!u!!-llxll ~ a!!uiic -!!xii> ar-llxll = d + 1. 

HraK, TOqHaH HH)KHHH rpaHo f ( u) .[(OCTHraeTCH Ha mape !lulL ~ r ( f ( u) Herrpepi,rneH Ha 

KOMIIaKTe B [ 0, r] c L") H, cne.noBaTeJibHO, 3u, E L TaKOH, qTO Inf !Ix- ull = llx-u. II· 
ueL 

llpUMep. B rrpocTpaHcTae R1
2 

Bcex Ha6opoB x = ( x1 , x 2 ) m BemecTBeHHDix 3JieMeHTOB 

C HOpMOH 

i=1 

B03bMeM TOqKY Xo = ( 1, -1) H 0.[(HOMepHoe rrpOCTpaHCTBO L c 6a3HCHbIM BeKTOpOM e = 
= ( 1, 1): L = { Ae, A E R1}. Bi,1qHCJIHM paccTOHHHe 

p(x0 ,L) = ~f l!x0 -u!! = "}f!!x0 -A-el!= ~£i {!1-A-l+l-1-AI} = 2. 

ToqHaH HH)J(HHH rpaHo .nocTHraeTCH Ha MHO){(ecTBe 3JieMeHTOB k E L rrpH -1~A~1. TaKHM 

o6pa30M, 3JieMeHT HaHJiyqIIIerO rrpH6JIH)KeHIDI B flHfi MO)J(eT OKa3aTbCH He e,[(HHCTBeHHbIM. 

flHHeHHOe HOpMHpOB3HHOe rrpocTpaHCTBO x H33bIBaeTCH CTpOro HOpMHpOB3HHbIM, CCJIH 

paBeHCTBO 

!Ix+ YI!= llxll +IM 
B03MO){(HO TOJibKO rrpH y = Ax, A > 0. 
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HMeer MecTo TeopeMa. 

,ll;mr m-06oro x H3 CTPOro HOpMHpOBaHHOro rrpoCTpaHCTBa x H m-06oro KOHeqHOMepHO

ro rrpocTPaHCTBa L 3JieMeHT HaHJI)"IIIIero rrpH6JimKeHIDI u. E L orrpe):(emie'TCR e):(HHCTBeHHbIM 

o6pa30M. 

)J;oKa3aTeJihCTBO. B CH.JIY rrpe):(hI)zyllJ.eli TeopeMhI 3JieMeHT HaHnyqIIIero rrpH6nmKeHIDI 

u; EL CYIIIecTByeT. Ilpe,LUioJIO)l(HM rrpOTHBHOe, qro eCTh ern,e O):(HH 3JieMeHT HaHJI)"Illlero rrpH-

6nH)l(eHIDI u; E L, OTJIHqHhlli OT u;. 3rn 03Haqaer, qrn 

IlyCTb 

Tor):(a 

~fllx-ull=llx-u;ll=IJx-u;ll=d >0 (xE L). 

u=u;+u;EL. 
2 

YqHThIBaR HepaBeHCTBO llx-ull ~ d, 3aKmoqaeM, qTo llx-ull = d. Cne):(oBaTeJihHO, 

Ii( x-u;) +( x-u; )Ii= llx-u;ll+ llx-u;JI > 0. 

Ho B CTporo HOpMHpoBaHHOM rrpocTpaHCTBe :no paBeHCTBO B03MO)l(HO TOJlbKO rrpH ycJIOBHH 

x -u; = A ( x - u~), A > 0. IlpH A = 1 rroJiyqaeM, qrn u; = u;, rro3TOMY A ;C 1. IlpH A ;C 1 HMe-

eM x = (1-A r1 ( u; -Au;) EL. IlonyqeHHOe rrpOTHBopeqHe ):(OKa3hIBaer TeopeMy. 

IlpoCTPaHCTBO c [a, b] He RBAAe'TCR CTpOrO HOpMHpOBaHHbIM. )J;eHCTBHTeJihHO, rrycTb JIH

HeHHO He3aBHCHMhle cpyttKIIHH x ( t)' y ( t) E c [a, b] HMeIOT MaKCHMYM B O):(HOH H TOH )l(e Toq

Ke t0 E [a,b]. Tor):(a 

llx+ Yll =llxll+llYll· 
XOTH y ;C ax. 

IlpOCTPaHCTBa If (1<p<00) CTporo HOpMHpoBaHhl. 

JleMMa Pucca [12, 22]. B TPexMepHoM npocTPaHCTBe paccMOTPHM n106yro nnocKoCTb, 

rrpOXO):(jilIJ,yI-0 qepe3 Haqano KOOp):(HHaT (IIO):(IIpOCTPaHCTBO L) H TOqI<y z. paCCTOSIHHe KOTO

poil: ):(O L paBHO e):(HHHQe (pHc. 3.2). 

)l;JIHHa n106oli HaKJIOHHOH llu - zll > 1. TaKoe yrnep'lK):(eHHe MO'lKHO Bh1CKa3aTh, H6o 3):(ech 

BBe):(eHO IIOHSITHe opTOroHanbHOCTH BeKTOpOB. B JIHHeHHOM HOpMHpOBaHHOM IIpOCTPaHCTBe 

IIOHHTHe yrJia Me)l():(y BeKTopaMH H, B qacTHOCTH, OpToroHanhHOCTH BeKTopoB He HMeer MeCTa. 

0):(HaKO 6onee cna6oe yTBep)l():(eHHe 0 cyrn,eCTBOBaHHH «IIOqTH rreprreH):(HI<yJIHpa» COCTaBJISie'f 

CO):(Cp)l(aHHe CJie):(yIOrn,ero IIpC):(JIO)l(eHHSI. 
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JleMMa (<l>. Pttcc). 

Ilycn L - npoH3BOJihHoe JIHHefuioe rro~CTpaHCTBO B JIHHeifHoM HopMHpOBaHHOM rrpo

CTpaHCTBe X H Li::X. Tor.n;a VeE(O,I), 3zeEX (zeE"L) TaKOH,'ITO 

,lJ.oKa3aTenhCTBO. IlyCTh p ( z, L) = Inf llz - ull = d > 0 (npH d = 0 3JieMeHT z npHHa,u.rre)l(an 
ueL 

6o1 L ). Ilo CBOHCTBY TO'IHOii HH)l(Heii rpaHH V £ E ( 0, I), 3u, E L TaKOH, qTO 

d::;; llz-uell < d/(1-£). 
PaccMOTpHM Terreph 3JieMeHT 

z-u 
z, = llz-u:1r 

QqeBH)l,HO, llze II= 1 H Ze EL (HHa'le z - ue E L ~ z E L, qTO rrpoTHBOpe'IHT ycnOBHIO ). IloKa

)l(eM, 'ITO z, - HCKOMhIH 3JieMeHT. MhI HMeeM 

II _ ll=11~-11=11z-(ue+u/lz-uelDll (I-e)d _1_ 
z, u llz-uell u llz-u,11 > d e, 

TaKKaK u,+llz-uelluE L. JleMMa.n;oKa3aHa. 

u 0 

Puc. 3.2. K neMMe <I>. PHcca 

BhIDYKJILie MHOxcecrna B JIHHeiiHOM HOpMHpoBaHHOM npocrpaHCTBe. EcJIH a = 

= ( Gi, a 2, a 3 ) - .seKTop B TpeXMepHOM npocrpaHCTBe, TO MHO)l(eCTBo {A-a} , r.n;e A, npo6eraeT R1
, 

O'leBH)l,HO, orrpe.n;emieT rrpxMyIO B rrpocTPaHCTBe, rrpoXO)l,JiilIYIO qepe3 Haqano KOOp)l,HHaT. 

flycTh X - nHHeifHoe HopMHpOBaHHoe npocrpaHCTBO H x0 E X. MHo)J.(eCTBO { A-x0 }, r.n;e A, E R1 

Ha3oIBaeTCJi rrpliMOH B x. 
IIycTh x, y E X, MHO)l(eCTBO 

{ax+ ,By}, a+b=I, O::;;a::;;I 
Ha3bl.BaeTCJi 3aMKHYTbIM 0Tpe3KOM, coe)l,HHIDOilIHM TO'IKH x H y B x. 

Mno)l(eCTBo M 3JieMeHToB JIHHeifHoro HOpMHpoBaHHoro npOCTPaHCTBa Ha3bIBaeTcli BhIITyK

JihIM, ecJIH BCJIKHe )],Be TO'IKH H3 M npHHa,u.rre)l(aT eMY BMeCTe c 0Tpe3KOM, HX coe)l,HHlilOilIHM. 
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IJpUMepbl. 
1. IIycTh x, yE L, r,D;e L - JIHHettHoe MHOroo6pa:me s X. Tor,D;a ax+ fJyE L rrpH mo-

6Mx a, /3 E R1, H s qacTHOCTH rrpH a+ /3=1, 0::; a::; 1. CJie,D;OBaTeJibHO, L - BbirryKJIOe 

MHO'.IKeCTBO B X. 
2. Jiro6oH map (OTKpbITbIH HJIH 3aMKJfYTbIH) B x - BblrryKJIOe MHO'.IKeCTBO. IloKa'.IKeM :no. 

IIycTh x,yE B(x0 ,r). 3To 03HaqaeT, qTo 

Tor,D;a (a+/3=1, O::>a::>l) 

llax+ f3y-x0 ll = i1a(x-x0 )+ f3(y-x0 )JJ ::> lalllx-x0 ll+l/JlllY-Xoll < ar+ /Jr= r. 

CJie,D;oBaTeJihHO, {ax+ fly} c B( x0 , r), qTo H TPe6oBaJIOCb. 

BblrryKJibIM TeJIOM B JIHHeHHOM HOpMHpoBaHHOM rrpocrpaHCTBe x Ha3bIBaeTCH BCHKOe Bbl-

rryKJIOe 3aMKHyTOe MHO'.IKeCTBO, HMeromee ITO KpaHHeii: Mepe O,D;HY BttyTPeHHIOIO TOqKY· 

IJpUMepbl. 
1. 3aMKttyTbIH map B [ x0 , r] HBJIHeTCH BbirryKJibIM TeJIOM. 

2. fHJib6epTOB KHprrHq B [2 - BblrryKJIOe 3aMKttyTOe MHO'lKeCTBO, HO He BblflYKJIOe Teno. 

I:IMeeT MeCTO TeopeMa. 

IIepeceqeHHe JII06oro qJicJia BblrryKJibIX MHOJR:eCTB caMO HBJIHeTCH BblnyKJibIM MHOJR:eCTBOM. 

<l>a1rrop npocYpaucTBa. IIycTb X - JIHHeHHoe HOpMHposaHHoe rrpocTPaHCTBO H X0 He-

KOTopoe ero IIO,D;IIpOCTpaHCTBO. Ha30BCM rrpOH3BOJibHblC X, y E x 3KBHBaJICHTHblMH, CCJIH 

x-y=uE X0 . 

3To OTHomeHHe (3KBHBaJieHTHOCTH) pe<j:meKCHBHO ( x - x)' CHMMeTpHqHo ( x - y => y - x) 

H TpaH3HTHBHO ( x - y, y - z => x - z). Crre,D;oBaTeJibHO, MHO'.IKeCTBO 3JieMeHTOB X pa36Hsacr

CH Ha HerrepeceKaIOIIIHCCH KJiaCCbl [ x], [ y]' [ z], .. . ECJIH x - KaKOH-JIH6o rrpe,D;CTaBHTeJib H3 

KJiacca [ x] ( x E [ x])' TO Bee OCTaJibHbie 3JieMeHTbJ 3TOro KJiacca 3KBHBaJieHTHbl 3JieMeHry x. 

Ilo3TOMY mo6oii KJiacc MO'lKHO npe,D;cTaBHTb B BH,D;e 

[x]=x+X0 , xE[x]. 

Ha MHO'.IKeCTBe KJiaCCOB [ x]' [ y] ' ... MO'lKHO BBeCTH JIHHeHHhle onepa~HH CJie,D;yIOIIIHM o6pa30M. 

IIycTh x E [ x], y E [ y] - rrpe,D;CTaBHTeJIH KJiaccoB [ x] H [ y] cooTBeTCTBeHHO. Ha3oBeM CyM

MOH KJiaccoB [ x] + [ y] TpeTHH KJiacc [ z], Ka'lK,ll;blH 3JieMeHT KoToporo 3KBHBaJieHTeH 3JieMeHry 

x+ yE X. 3To 03HaqaeT, qTo ecJIH zE [z], TO 

x+y-zE X0 ([z]=[x]+[y]=>x+y+X0 =[x+y]). 

IIo,D; rrpomse,D;eHHeM KJiacca [ x] Ha qHcJio A 6y,D;eM rroHHMaTb KJiacc [ u] = [Ax], Ka'lK,ll;bIH 3Jie

MeHT KOToporo 3KBHsaneHTeH 3JieMeHry AX. 3To 03HaqaeT, qTo ecJIH u E [ u], TO Ax-u E X0 
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([ u] =A[ x] =Ax+ X0 ). EcJIH BMecTO x, y B3HTI. mo6b1e .npyrne npe,n:CTamrreJIH x', y' KJiaccoB 

[ x] B [y], TO pe3yJibTaT He H3MeHHTCH. ,[(eHCTBBTeJibHO, onpe,n:eJIHM C)'MMY [ z'] = [ x] + [y] KaK 

KJiacc 3JieMeHToB, 3KBHBaJieHTHbIX 3JieMeHzy x' + y' E X. TaK KaK x - x', y - y', TO x' + y' -

-(x+ y)E X 0 , T. e. x' + y' - x+ y, OTKy,n:a cJie.n:yeT, 'ITO [z'] =[z]. 

MHO)l{eCTBO Bcex TaKHX (cMe)l{HbIX) KJiaCCOB c BBe,n:eHHbIMB Ha HeM JIHHeHHhlMB onepaWUI

MB HBJUleTCH JIHHeHHbIM npoCTpaHCTBOM. B 'laCTHoCTB, eyJieBoiI 3JieMeHT (} = X 0 = [ 0]. 3TO JIH

HeifHoe npocTPaHCTBO Ha3bIBaeTCH cpaKTop-npOCTPaHCTBOM npocTpaHCTBa x no no.n:npOCTPaH

CTBY X 0 (X/X0 ). 

Ha cpaKTop-npocTPaHcTBe X / X 0 BBO):(HTCH HopMa 

II [x] II= inf 114 xe[x] 

IlpoBepHM BbIIlOJIHeHHe aKCHOM HOpMbl. 

1. ii[ x lll ~ 0. EcJIB [ x] = (} = Xo, TO li[x lll = !!1£114 06paTHO, ecmf ii[ x lll = ~!1llxll=0, TO 

B [x] HMeeTCH IlOCJie,n:oBaTeJibHOCTb {x.}, CXO):(HIIl,aHCH K Hymo (llxn -Oll-t 0 ). TaK KaK [x] -

3aMKHyTOe MHO)l{eCTBO, To 0 E [ x]. CJie,n:oBaTeJibHO, [ x] = X 0 = (} = [ 0]. 

2. llA[xJll = ~!1 1Alllxll =IAlll [x] II· 
3. IlycTb [z]=[x]+[y]. Tor.n:a 

II[ z]ll =\I[ x]+[y lll =inf llx+ Yll $inf llxl\+ inf \\y\\ = ll[xJll+ll[y JI\· xe[x] ye[y] 

TaKHM o6pa3oM, cpaKTop-npocTPaHCTBO X/X 0 c BBe,n:eHHOH Ha HeM HOpMoil: CTaHOBHTCH 

mrneHHblM HOpMHpoBaHHbIM npocrpaHCTBOM. Pa3MepHOCTb X / X 0 Ha3bIBaeTCH KOpa3MepHOCTbJO 

rro,n:rrpocTpaHCTBa X 0 B npocTpaHCTBe X. 

TeopeMa. EcJIH X - KOHe'IHOMepHoe JIHHeifHoe HOpMttpoBaHHoe npocTPaHCTBO pa3Mep

HOCTH n (dim x = n), a x 0 - ero no.n:npocTpaHCTBO pa3MepHOCTH k $ n, TO KOpa3MepHOCTb 

x 0 ( codim x 0) paBHa n - k. B 6oJiee CHMMeTpH'IHOH <l>opMe yrnep)l{):(eHHe TeopeMhl CBO):(BTCH 

KpaBeHCTBY 

dimX0 +codimX0 =dimX =n. 

,[(OKa3aTeJibCTBO. IlyCTb el, e2' ... , en 6a3BC B x, nepeHJMepoBaHHbIH TaKHM o6pa30M, 'ITO 

el'e2,. .. ,ek - 6a3BC B X 0 • IloK~eM, 'ITO mo6oii KJiacc [ x]E X/X0 eCTb mrnettHaH KOM6HHa

~BH KJiaCCOB [ ek+I], ... , [em]. J1MeeM 
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T. e. 

i=k+l 

Tenepb IlOKa)KeM, qTO 3JieMeHThI [ ek+l], ... , [en] JIHHeHHO He3aBHCHMhI. ,IJ,eil:CTBHTeJihHO, 

TaKHM o6pa30M, KJiaCCbl [ ek+l], [ ek+2], ... , [en] o6pa3yroT 6a3HC B x I Xo H, CJie;::t;OBaTeJihHO, 

dim( X/X0 ) = n-k =codimX0 • TeopeMa ;::t;OKa3aHa. 

HJ0MeTJ>uquL1e Jiuueiiuhle uopMuposauuble npocrpaucrsa. JlnHeil:Hbie HopMnpoBaH

Hhie npOCTPaHCTBa X 1 H X 2 Ha3hIBaIOTCH JIHHeIDrO H30MeTPIIqHhIMH, eCJIH OHH, KaK JIIIHeH-

Hbie npocTpaHCTBa, H30Mop4>Hhl ;::t;pyr ;::t;pyry H, KaK MeTpIIqecKHe npocTpaHCTBa c MeTpHKaMH 

P1 ( x, Y) = llx- Yllx, II P2 ( x, y) = llx - Yllx, , H30MeTpnqHhI. 

c TOqKH 3peHHH CBOHX anre6paIIqecKHX II M~nqecKHX CBOHCTB 3TH IIpOCTPaHCTBa He pa3-

JIHqHMbl. 

3.2. HHmeepan fle6eea 

3;::t;ecb MhI onmueM (6e3 ;::t;OKa3aTeJihCTB) HeKOTOpbie CBOHCTBa KOHCTPYKIIHH, Ha3hIBaeMoli 

HHTerpanoM Jie6era. Ha npocTelirneM npIIMepe nocTponM 3TY KOHCTPYKIIHIO. 

Mepa Jle6era B R. ITycTh HeKoTopoe TOqeqHoe MHO)KeCTBO g co;::t;ep)KHTCH B IIHTepBane 

(a, b). EcJIH HHTepBany (a, b) B KaqeCTBe ero Mepbl COilOCTaBHTh qncJIO b - a, TO He oqeHb HCHO, 

KaryIO Mepy npIIIlHCaTh MHO)KeCTBY g. HH)Ke 6y;::t;eT BBe;::t;eHO IlOHHTIIe Mepbl ToqeqHoro MHO

)KeCTBa. 

06oe;::t;HHeHIIe OTKpbIThIX MHO)KeCTB B JII060M qncne - MHOlKeCTBO OTKphlTOe. lfaBeCTHO 

H o6paTHOe yrneplK;::t;eHHe: OTKpbITOe MHOJKeCTBO B R COCTOIIT H3 ofo,e;::t;HHeHHH KOHe'IHOro IIJIII 

C'leTHOro 'IHCJia OTKpbIThIX HHTepBMOB. 

roBOpHT, qTo MHOlKeCTBO G IlOKpbIBaeT MHOlKeCTBO g, eCJIH g c G. PacCMOTPHM OTKpbl

TOe MHO)KeCTBO G, noKphIBa10mee g. TaK KaK G eCTb o6oe;::t;IIHemi:e OTKphIThIX nmepBMOB, To 

MO)KHO HattTII CYMMY ;::t;JIHH 3THX HHTepBanoB. ITOCTYJIHM TaK c KalK)];hIM OTKphIThIM noKphITH

eM MHO)KeCTBa g. TO'IHaH HH)KHHH rpaHb CYMM )];JIIIH HHTepBMOB OTKpbIThIX IlOKpbITHH Ha3hI-

BaeTCH BHernHeif Mepoil: MHO)KeCTBa g H o603HaqaeTCH 'Iepe3 m, ( g). 
IJpUMepbl. 
1. ITycTh g = [a, b]. EcnII G - OTKphnoe noKphITIIe MHO)KeCTBa g H v ( G) - CYMMa 

)];JIHH COCTaBJIHIOUIIIX ero HHTepBMOB, TO O'leBH)];HO v ( G) > b - a. c ;::t;pyroil: CTOpOHhl, HMeeM 

G. =(a-£, b+c)~[a,b], 'ic>O H v(G.)=b-a-2£. 

0TCIO;::t;a CJie;::t;yeT, qTQ 

m,([a,b]}= Inf v(G.)=b-a. 
G,:::>g 

(3.8) 
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2. IlyCTh g - HeKOTopoe cqeTHOe MHO:>KeCTBO TOqeK rrpHMOH. IlOJIO:>KHM g = {al' a2, ... } 

H «HaKpoeM» MHO:>KeCTBO g o6ne,n:HHeHHeM HHTepsanos G, 

In = (a. -
2
:+1 , a.+ 

2
:+1 } t' > 0. 

Tor,n:a V&>O 

Crre,n:osaTeIT»HO, cornactto orrpe,n:eneHHI-O (3.8) 

m, ( g) ==Inf v ( G,) = 0. 

1facJIO m, - Mepa c H36bITKOM. Terrepb H)')f(HQ «H3H)'TPH», He BhIXOM 3a rrpe,n:eJihl MHO:>KecTBa, 

H3MepHTh ero (rroCTpOITTb Mepy c B03MO)f(HbIM He,n:oCTaTKOM). ,[VIH 3TOro paccMOTpHM MHO)f(e

CTBO g 1 ==cg = [a, b] \ g 11 HaH,n:eM ero BHeUIHIOIO Mepy. BttyTpeHHeH MepOH MHO)f(eCTBa g c (a, b J 
Ha3hIBaIOT BeJIHqHH)' 

Mtto:>KeCTBO Ha3bIBaeTCH H3MepHMbIM, ecJIH ero BH)'TPeHHHH H BHeIIIHHH Mephl cosrra,n:aIOT, T. e. 

06II1aH BeJiflqHHa BHyrpeHHeii H BHeUIHeii Mephl H3MepHMOro MHO)f(eCTBa Ha3hIBaeTCH ero Me

poii (Mepoii Jie6era, ne6erosoii Mepoii) H o6o3HaqaeTcH m ( g) HJIH mes g. 

IlpUMep. Mepa Jie6era cqeTHoro MHO:>KeCTBa. BhIIIIe MhI BhIHCHHrrH (cM. rrpHMep 2), qTo 

BHeUIHHH Mepa m, cqeTHoro MHO)f(eCTBa pasHa H)'JIIO. BHyrpeHHHH Mepa 0 $; m; $; m,. 0TCIO,n:a 

CJie,n:yeT, qTo m; = m, = 0, T. e. cqeTHOe MHO:>KeCTBO TOqeK Ha rrpHMOH HMeIOT ttyrreBYI-O Mepy. 

0TMeTHM HeKOTOpbie CBOHCTBa MHO:>KeCTB Mephl H)'Jlh. 

1. BCHKOe MHO)f(eCTBO, co,n:ep)f(ameecH BO MHO)f(eCTBe Mephl HYJih, HMeeT Mepy H)'Jlh. 

2. 06ne,D:HHeHHe KOHeqHoro HJIH cqeTHOro qHcJia MHO)f(eCTB Mepbl HYITh, HMeeT HyrreBYI-O 

Mepy. 

3. IlycTh A H B -ToqeqHbie MHO)f(eCTBa, Tor,n:a m(AUB) = m(A)+m(B)-m(AnB). 

EcrrH AnB==0, TO m(AUB)=m(A)+m(B). 
fosopHT, qTQ HeKOTopoe CBOHCTBO BhIIIOJIHHeTCH rroqTH BCIO,D:y (rroqTH Be3,n:e, II. B.), eCJIH 

MHO:>KeCTBO ToqeK, KOTOpbie He o6na,n:aIOT 3THM CBOHCTBOM, HMeeT Mepy HYITh. 

Hunrpa.rI Jle6era JJ;JUI <)>ynKnnu OJJ;noii nepeMenuoii. IlpH myqeHHH orrpe,D;eneHHOro 

HHTerpana 06b1qHQ rrpHBO):\HT B KaqecTBe IIpHMepa HeHHTerpHpyeMYIO Ha [0,1] <i>YHKllHIO )l;H-

pHXJie 

z ( x) = {l, ecrrH x pa11HOHaJihHOe qHCJIO, 

0, ecrrH x HppaQHOHaJihHOe qHCJIO. 

3Ta <i>YHI<IIHH He HHTerpHpyeMa H3-3a TOrO, qTQ OHa CJIHIIIKOM 6hICTp0 H3MeIDICTCH (rrpe,D;eJihHO 

6hICTpo). Mo:>KHO paccMaTpHBaTh H He CTOJih 6hICTp0 H3MeHHIOII1HeCH <i>YHKllHH, ,n:rrH KOTOpbIX 
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HHTerparr PHMaHa BCe-TaKH IIJIOXO rrpncrroco6JieH. IlyCTb rpaqmK <l>YHKI1HH rp( x) > 0 mo6pa

)J(eH Ha pnc. 3.3. IlpH BbJqHCJieHHH IIJIOIIJa,/Uf KpHBOJIHHeHHOH rpaneuHH aABb 3aMeIDieM IIJIO

IIJa,z:(b KpHBOJIHHeHHOH rparreuHH c OCHOBaHHeM [ xk-1' xk] IIJIOIIJa,[(blO IIpHMOyrOJibHHKa c TeM 

)J(e OCHOBaHHeM H BbICOTOH rp( qk ) . B pe3yJibTaTe IIOJiyqHM 

b n 

frp(x)dx "'LffJ(qk)(xk -xk_1). 
a k=I 

Ho, oqeBR,n:Ho, 3Haqettne 3Toii CYMMbI pe3KO MeHHeTCH B 3aBHCHMOCTH OT Bhl6opa ToqeK ~k. 

y = qi(x) 

A 

0 x 

Puc. 3.3. IlpnMep 4>YHKIJHH c pe3KO MeIDnOIIl,llMClI penhe<j:loM 

)J{eJiaJI m6aBHTbCH OT BJill.HHHJI «HerrpaBHJihHOCTeH» peJibecI>a rpa<l:>nKa cl>YHKI1HH ,n:mr Bbl

qncJieHHJI rmoma,n:n rparreuHH aABb, nocryrrHM cJie,n:yroIIJHM o6pa3oM. Orpe3oK [ c,d], r,n:e 

c::: inf rp(x), d::: suprp(x ), pacrrOJIO)J(eHHbIH Ha OCH Oy, pa306beM Ha qacrn:qHbJe HHTepBaJihl 
xe[a,b] xe[a,h] 

ToqKaMH 

C =Yo < Y1 < ... < Yn-1 < Yn = d 

H rrpoBe,n:eM qepe3 ToqKH y, ropH30HTaJibHh1e rrpHMbie (pnc. 3.4). I1pH6JIH)J(eHHO rro,n:cqHrneM 

IlJIOIIJa,[(h TOH qacnf rparreunH aABb, KOTOpaH nonarra B IIOJIOCKY Me:>K,n:y Yi-I H Y; 

r,n:e g, ={xE[a,b]:rp(x):2:y,_1}. 

B 3TO Bbipa:>KeHHe BXO,[(HT Mepa MHO)J(eCTBa g, I1o3TOMY Hy:>KHO IlOTpe6oBaTh, qTo6hJ 

<l>YHKI1HH qJ( x) y,n:oBJieTBOpAAa ycnoBmo: MJI JII06oro y MHO:>KecTBo g = { x E [ a,b]: rp( x)?:: y} 
H3MepHMO. Ecm1 cl>YHKIJHH rp( x) y,n:oBJieTBopHeT 3TOMY ycJioBHIO, TO OHa Ha3bmaeTCH H3Me

pnMoii. 
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y 

0 a b x 

Puc. 3.4. K rroc1'poemuo HHTerpana Jle6era 

3aMeqaHHe. Boo6rn;e, cliYJJKIUUI tp(x) Ha31>rnaeTCH H3MepHMOH, ecJIH tp-1 [a, b J H3MepHMa 

V[a,b]. 
TaKHM o6pa3oM, ec1m <PYHKU:HH <P( x) H3MepHMa, To 

SaABb ""m(go) Yo+ tm(g;)(y; - Y;-1 ). (3.9) 
i:::l 

I1merpan Jie6era orrpe.n;eJIHeTcH KaK rrpe.n;eJI (HmerpanI>Hoif) CyMMbl (3.9). Toqaee, nycTI> 

2 =max ( Y; - yH) - .n;HaMeTp pa36HeHHH. EcJIH "\/ £ > 0, 3 o ( £) > 0 H qHcJio I TaK, qrn H3 
ISt:::;;n 

HepaBeHCTBa .J<J cne.n;yeT 

TO wcJio I Ha3I>IBaercH HHTerpaJioM (Jie6era) tPYJJKll;HH tp( x) no [a, b J. 06o3HaqaeTCH o6hRHO 
b 

TaK (£) f <P(x)dx. 
a 

11Meer MeCTO TeopeMa. lIHTerpaJI Jie6era OT orpaHHqeHHOH H3MepHMOH <}lyttKIJ;HH 'l'( x);?: 0 

cyrn;ecTByer. B qacTHOCTH, cliYHKIJ;HH ,nHpHXJie mrrerpwpyeMa no Jie6ery H ttmerpan OT Hee pa
eeH Hymo, TaK KaK 3Ta cliYJJKll;HH 60JII.ille HyIDI JIHillb Ha MHO)J(eCTBe Mepb! ttyJII. . 

.no CHX rrop B aanmx paCCJ)J(.n:eHHHX IIO.D;bJJITerpa.rrbHaH <PYHKIJ;HH 6mra orpaHmeHHOH 

e [a, b). IlycTh Terrep1> tp( x);?: 0 H HeorpamrqeHa caepxy. IlycTh N > 0. «Cpe)J(eM» Bepxym-

K)' 4'YHKIJ;HH, nOJIO)J(HB 

{
<P(x), ecrrH rp(x) ~ N, 

rpN (x) = 
N, ecrrw rp(x) > N. 
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TaK KaK rpN ( x) orpamitJeHHaH cp)'HKU:HH, TO HHTerparr Jle6era 

b 

IN=(:£) frpN(x)dx 

cyru;ecTByeT. ,[(arree, ITocne,[(oBaTenhHOCTh IN - Hey6hrnaroru;aH, IT03TOMy cyru;ecTByeT ITpe

,[(en Jim IN, KOHetJHhIH HJIH 6ecKoHetJHhIH. EcnH 3TOT ITpe,[(en KOHe11eH, TO ero 3Ha11eHHe c11H-

b 

TaeTCH paBHhIM ( :£) f <p ( x) dx. 

IlycTh TeITeph rp( x) MO)l(eT ITpHHHMaTh 3Ha1IeHHH nro6oro 3HaKa. Tor,[(a 

r,[(e 

<!'i (x) = lrp(x)l+rp(x) 2 0, <!'2 (x) = lrp(x)l-rp(x) 20. 
2 2 

Ilo OITpe,[(eneHHIO 

b b b 

(:£) frp(x)dx=(:£) frpi(x)dx-(:£) frp2 (x)dx (3.10) 
a 

B ITpe,[(ITOJIO)l(eHHH, lJTO o6a HHTerpana B npaBOH 11acTH cyru;ecTByIOT. 

<D)'HKU:HH IP( x), ,[(JIH KOTopoli HHTerparr (3.10) cyru;ecTByeT, Ha3hIBaeTcH CyMMHpyeMoii 

(HHTerpHpyeMoii ITO Jle6ery). 

TaK KaK 
b b b 

(:£) fl1P(x)ldx=(:£) frp,(x)dx+(:£) frp 2(x)dx, 

TO BMecTe c rp( x) - cyMMHpyeMoii HBJIHeTCH H cp)'HKU:HH irp( x )I- EcnH IP( x) - KOMIIJieKCH0-

3Ha11HaH cpyHKU:HH, TO ITO OITpe,[(eneHHIO 
h b h 

(:£) frp(x)dx=(:£) fRe1P(x)dx+i(:£) fbnrp(x)dx, 

ecnH o6a HHTerpana cnpasa cyru;ecTByIOT. 

0rMeTHM OCHOBHhie CBOHCTBa MHTerparra Jle6era H CyMMHpyeMhlX cp)'HKU:HH B R" (6e3 ,[(O
Ka3aTeJihCTB). TeopHIO Mepbl H HHTerpana Jle6era CM., HanpHMep, B [6, 8, 15, 20, 27]. 

Ifa OITpe,[(eneHHH HHTerparra Jle6era cneeyeT, 11To ero 3Ha11eHHe He H3MeHHTCH, ecJIH H3Me

HHTh ITO,[(hIHTerparrbttyIO cp)'HKU:HIO Ha MHO)l(eCTBe eynesoil: Mephl. EcJIH cp)'HKD;HH rp( x) H If/ ( x) 
OTJIH1IaIOTCH .[(pyr OT .[(pyra Ha MH01KeCTBe HyneBOH MephI, TO 

b b 

(:£) frp(x)dx=(:£) flf/(x)dx. 
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06pamo, ecmi: IP( x) ~ 0 H 

b 

(X) f1P(x)dx=O, 

TO IP( X) n,;;:· 0 (T. e. OHa MO)J(eT 6hITb OTJIHqHOH OT H)'JUI JIHillb Ha MHO)J(eCTBe H)'JieBOH Mepbl). 

IlycTh A - H3MepHMoe MHO)J(eCTBO, X A - c)>yttKI!HH MHO)J(ecTBa, T. e. XA ( x) = 1, x E A 

M x A ( x) = 0, x E A. Ey.[(eM roBOpHTh, qTQ c)>yHKIIHH f ( x)' x = (Xi' Xz' ... , xn) MHTerpHpyeMa ITO 

Jie6ery Ha H3MepHMOM MHO)J(eCTBe A, eCJIM f ( x) XA ( x) HHTerpHpyeMa ITO Jie6ery. lfacno 

f!(x)xA(x)dx=(X) ff(x)dx 
A 

Ha3bIBaeTCH MHTerpaJIOM Jle6era c)>yttKI!MM f ITO MHO)J(eCTBY A. 

<l>)'HKI!MH f ( x) Ha3bIBaeTcH JIOKaJihHO-HHTerpHpyeMoii ITO Jle6ery B o6nacTH G, ecnH oHa 

MHTerpHpyeMa ITO Jle6ery Ha mo6oii ITO.[(o6nacTH: G' i:s G (crporo Jie)J(aIJieii B G, T. e. G' c G) 

M JIOKaJibHO HHTerpHpyeMoii B R"' eCJIH OHa MHTerpMpyeMa B mo6oii orpaHHqeHHOH o6naCTH 

GcR". 
BCHKaH KYCoqHo-HeITpephIBHaH c)>MHHTHM c)>yttKIIMH MHTerpHpyeMa ITO Jle6ery Hee MHTe-

rpanhI PHMaHa H Jle6era COBIIa,[(aJOT . .[t;anee, eCJIM f ( x) H if (x )i MHTerpMpyeMhl ITO PMMaHy 

(B03M0)J(H0 B Heco6cTBeHHOM CMhICJie), TO OHM MHTerpMpyeMbI H ITO Jie6ery, 11o6a11HTerpana 
COBITa,[(aIOT. 

Haq11HM c :noro MOMeHTa Mhl 6y.[(eM ITOJib30BaTbCH )].JIH MHTerpana Jle6era 06h1qH@M 

o6o3HaqeHMeM MHTerpana. 

ff ( x)dx = ff R" ···ff ( X 1,X2 , ••• ,xn )dx1dx2 ••• dxn. 

YIHTerpan Jie6era Jil1HeeH OTHOCHTeJibHO f: v f M g' MHTerpMpyeMhIX ITO Jie6ery, 

M v /t,µE P, c)>yHKJ:IHH /if+ µg TaK)J(e 11HTerpHpyeMa ITO Jie6ery H CITpaBe,[(Jil1BO paBeHCTBO 

f(/tf(x)+µg(x))dx=..t ff(x)dx+µ fg(x)dx. 

EcJIH A HMeeT Mepy H)'Jih, TO 

ff (x)dx=O, 
A 

KaKoBa 6nI HM 6brna <l>YHKIIHH f. HarrpHMep, MHoroo6pa311H pa3MepHOCTM k $. n -1 B R" MMelOT 

eyneBylO Mepy (eCJil1 OHM ,[(OCTaTOqHo peryJIHpHhI). 

YIMeIOT MecTo OIIeHK11 

mmesGS. ff(x)dxS.MmesG, mS.f(x)S.M. 
G 

3aMeHa ITepeMeHHhIX B HHTerpane Jle6era. IlycTh xk =xk (y" y2, ... , Yn), k =1,2, ... ,n - rrpe

o6pa3oBaHHe ITepeMeHHhIX, oTo6pa)J(alOIJiee B3aMMHO-O,[(H03HaqHo o6nacTh G Ha o6nacTh G,, 

c)>yttKI!MH xk = xk ( y) E c' ( G) 11 D ( ~ J - HK06MaH 3Toro ITpeo6pa30BaHMH . .[t;JIH TOro qTQfaI 
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<l>YHKIIHH f ( x) 6brna HHTerpHpyeMa no Jle6ery Ha G ' HC06XO)J,HMO H )1,0CTaTO'IHO, 'IT061>1 

<l>YHKIIHH 

6hma HHTerpHpyeMa no Jle6ery Ha G1• IlpH 3TOM crrpa.BCMHBo paBCHCTBO 

HarroMHHM Bb1pa)J(CHHe HK06HaHa ( <l>YHKIIHOHaJIJ>HOro orrpe)J,enHTenH) 

axl a.x; a.x; 
ay1' dy2 , ... , dyn 

( J 
ax2 

D ;- = i1y1 ' 

axn ax. ax. 
ay, ' ay2 , ... , dYn 

(3.11) 

(3.12) 

IlpUMep. IIepeXO)J, K IIOJJHPHOH CHCTCMC KOOp)J.HHaT Ha IIJ10CKOCTH. IlOJ10)J(HM Xi = y, cos Y2· 

x2 = y1 sin y2 , y1 > 0, 0:::;; y2 < 2tr H rrycTb TO'IKa y1 = 0, y2 = 0 TaK)J(C rrpHHa)J,Jle)J(HT rronyrro

noce GI (pHC. 3.5). 51K06HaH B COOTBCTCTBHH c qiopMJJJOH (3.12) Bbl'IHCJJHCTCH TaK: 

n(~) =lc~s Y2• - y1 sin y2 1 = y,. 
y sm y2 , y

1 
cos y2 

Il03TOMy, CCJ1H <l>YJIKI(lUl 

cyMMHpyeMa Ha G1 , TO cornacHo (3.11) 

ff ( x)dx =ff (y1 cos y2, y1 sin y2)y1dy1dy2. 
R2 G1 

Y2 

G=Ji 

0 0 

Puc. 3.5. K orn6pa)J(eHHJO G = R2 Ha rronyrronocy G1 
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IIpe,n:enhHhlM nepexo.n: no.n: 3HaKoM HHTerpana J1e6era. IlyCTh rrocne.n:osaTenhHOCTh H3Me

pHMhlX <l>YHKu.illi fk ( x) CXO,[(HTCH IlO'ITH Be3,n:e K <l>YHKUHH f ( x). EcllH cymeCTBYeT HHTerpH-

pyeMaH MroKopaHTa g ( x), TaKaH 'ITO ltk ( x )I < g ( x), k = 1, 2,... ITO'ITH Be3,n:e, TO f ( x) CYM-

MHpyeMa H 

E~ f fk (x)dx= ff (x)dx (TeopeMaJ1e6era) 

( cnesa HHTerpanhI PHMaHa, crrpaBa HHTerpan J1e6era). B 'laCTHOCTH, ecnH g ( x) cyMMHpyeMa 

H It ( x )I:::;; g ( x) no'ITH se3,n:e, TO f ( x) TaIOKe HHTerpHpyeMa H cnpase,n:nHBO HepaseHCTBO 

~f ( x)ldx:::;; f g ( x) dx. 

TaKHM o6pa30M, ecJIH f ( x) - orpaHH'leHHM <l>YHKUHH Ha orpaHH'leHHOM H3MepHMOM MHO

)J(eCTBe A, TO HHTerpan Jle6era OT Hee cymecTByeT. HarrpHMep, 

3TOT HHTerpan orrpe,n:enHeT Mepy J1e6era o6nacTH A . B R" - 3TO ofo.eMHaH Mepa. EcnH 

MHO)J(eCTBO 0. c R" rrpe.n:cmrurn:eT co6oif rrapannerrerrm1e.n: ( 6pyc) a; :::;; X; :::;; b; ( i = 1, 2, ... , n) , TO 

mes ( 0.) = [!, (bk - ak ) = ( b, - a, ) ( b2 - a2 ) ... ( b n - an ) • 

TeopeMa <l>y6HHH. EcnH <):>yttKUHH f(x,y), 3a,n:aHHM B Rn+m, XE R", yE Rm, H3MepHMa 

H cyiuecTByeT rrosTopHhIM HHTerpan <):>yHKUHH It ( x, y )I 

TO f ( X, y) HHTerpHpyeMa, HHTerpanhI 

ff (x, y )dx, ff (x, y )dy 

cymecTBYIDT ITO'ITH Be3,n:e H HHTerpHpyeMhl, rrpH'IeM crrpase,n:nHBO paBeHCTBO 

Jf! (x,y)dxdy =[ff (x,y)dy ]dx= [J! (x,y)dx ]dy. (3.13) 

TeopeMa <l>y6HHH coxpaHHeTcH H .n:mi HHTerpanoB J1e6era oT <l>YHKUHM f ( x, y), 3a,n:aHHhlx 

Ha R" xS, r.n:e S - eycol:JHo-rna,n:KaH rrosepxHOCTh. 

3.3. npocmpaHcmaofle6eea L[ a,b ], p-npocmpaHcmaa 

Orrpe.n:enHM cHa'lana rrpocTpaHCTBO £.[a,b]. Ha JIHHeMHOM MHO)J(eCTBe Bcex Herrpephrn

HhlX Ha [a, b] <l>YHKUHM sse,n:eM HOPMY 
b 

llxll = ~x(t )ldt. 
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O'JeBH,IUIO, BCe aKCHOMbl HOpMhI BbIIIOJIIDUOTCH. 0,nHaKO, 3TO npocrpaHCTBO He IIOilHO, TaK KaK 

CYIIleCTBYJOT B £. [a, b] <i>YH.naMeHTailhHbie nocne.nosaTeJibHOCTH, CXO,nHIIUieCH K pa3pbIBHbIM 

<i>YHKQHHM. 

3aMeqaHHe. Ecnn nocne.nosarenhHOCTh HenpepbIBHbIX Ha [a, b] <PYHKu:nii pasHoMepHo cxo-

)UITC.S!, TO npe.n.enoM HBJI.S!eTCH HenpephIBHM Ha [a, b] <i>YHKQHH (TeopeMa Beiieprnrpacca). Ec

JIH "lKe CXO,D,HMOCTb TOJibKO IIOTOqeqHM (B Ka)K,ll,OH ToqKe x E [a, b] ), TO rrpe.nen MO"lKeT OKa3aTb

CH pa3pb1BHOH Ha [a, b] <i>YHKQHeii. 0Ka3hIBaeTCH, qro eCJIH rrocne.n.osaTeJlbHOCTh HerrpepbIBHhIX 

Ha [a, b] <i>YHKU:HH CXO.l(lITC.S! noqTH BCIO,D,y Ha [a, b], TO ee rrpe.n.en eCTb H3MCpHMa.S! <i>YHKQH.S!. 

B llaCTHOCTH, <i>YHKU:HH HerrpephIBHaH noqTH BCIO.n.y .S1BJ1.S1eTC.S1 H3MepHMoii. 

EcJIH <p H If/ - H3MepHMbie <i>YHKQHH, TO <p±lf/, <plf/, sup(<p,lf/), Inf(tp,lf/), '""' <p/lf/, 
ecJIH If/ ::/. 0 BCJO,D,y' HBJIHIOTC.S! H3MepHMbIMH. 

CornaCHO TeopeMe 0 ITOilOJIHeHHH, HOpMHpOBaHHOC npocrpaHCTBO £. [a, b] MO)[(HO IIOIIOJl

HHTh. IIonyqeHHOe B pe3yJihTaTe ITOIIOJIHCHH.S! ITOJIHOe JIHHeHHOC HOpMHpOBaHHOe rrpocrpaHCT

BO £ (a, b) Ha3blBaeTCH rrpocrpattCTBOM Jle6era. OrrHIIIeM cxeMY nononHeHH.S! £, [a, b]. CHaqana 

BBCil:CM HeKOTOpbie ITOH.S!TH.S!. 

IIocne.nosaTen1>HocTh { x. ( t)} H { x; ( t)} HerrpepbIBHbIX Ha [a, b] <i>YHKIJHH Ha3hIBaJOTC.S! 3K

BHBaJICHTHbIMH B cpe,nHeM, eCJIH 

b 

ijx. -x:jj = ~x. ( t )- x: (t )jdt--:; 0, n--:; oo. 

a 

IIocne.nosaTeJihHOCTh { x. ( t)} HerrpepbIBHhIX Ha [a, b] <i>YHKU:Hii Ha3hIBaeTc.S! <i>YH.D.aMeHTanh

Hoii B £. [a, b] HJIH <i>yH,naMeHTaJihHOH B cpe,nHeM, eCJIH v t: > 0, 3N ( t:) > 0 TaK, qro npH scex 

HaTypaJibHhIX p 

b 

n > N => llxn+p -x.11 = ~Xn+p (t )-x. (t )ldt < t:. 

OTHorneHrre 3KBHBaneHTHocm pa36rrsaer MHO)[(ecTBo scex nocne.n.osaTen1>HoCTeH: HerrpepbIBHhIX 

Ha [ a,b] <i>YHKIIHH Ha (He nepeceKaIOmHeC.S!) KJiaCCbl. )l,se <PYH.D.aMCHTaJibHbIC B cpe,D,HeM IIOCJie-

.nosaTeJlbHOCTH { x. ( t)} H { x; ( t)} BXOMT B 0.l(HH KJiacc [ x] TOT,D,a H TOJihKO Tor.na, Kor.n.a OHH 

3KBHBaJieHTHhI B cpe.nHeM. 

IIpocrpaHCTBO Jle6era £ (a, b) COCTOHT H3 3JieMeHTOB [ x( t) J - KJiaccoB 3KBHBaJieHTHhIX 

B cpe.D.HCM H <PYH.D.aMeHTaJihHbIX B cpe,nHeM rrocne.nosaTCJlbHOCTeH HenpepbIBHhIX Ha [a, b] <i>YHK

QHH. 3TO <PaKTOp-npocrpaHCTBO qacTO o603HaqaJOT, B OTJIHqHe OT £(a,b), qepe3 I!(a,b) 

HJIH rrpocTo L (a, b). Ecnrr { x. ( t)} E [ x ( t) J, TO no orrpe.neneHHIO 

b 

Ii[ x] 111.[a.b] = ~~ ~x. (t )ldt =~~llxJ 
a 
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EcJIH YifeCTh, IJTO HHTerpa.rr Jie6era OT <PYHKU:HH IC x ( t) J I· r.n;e C x ( t) J E L (a, b), onpe.n;e

JUieTCH npH IlOMOIIJ;H npe,n;eJihHOro paBeHCTBa 

b b 

( :£) J IC x ( t) J I dt = ~~ ~ xn ( t )I dt' 
a a 

TO HopMa B L (a, b) TaKOBa: 

b 

ll[xlllL[a,b] =(£)JI[ x(t)Jldt. 
a 

TaKHM o6pa.30M, npocTPaHcrno Jle6era L( a,b) cocTOHT H3 Bcex HenpephIBHhIX Ha [ a,b] 
<PYHKn:HM H H3 <PYHKU:HM, HBJIHIOIIJ;HXCH npe.n;enaMH <PYHJJ;aMeHTaJihHhIX B cpe,n;HeM IlOCJie)];OBa

TeJibHOCTeM. 3TH npe,n;eJihHhie cpyHKIJHH (tt.n;eanbHhie 3JieMeHThI), Boo6me roBOpH, pa.3pbIBHhl. 

EcJIH roBOpHTb TOIJHee, TO L( a,b) COCTOHT H3 KJiaCCOB HenpephlBHhIX Ha [ a,b] cpyttKIJHM (ec-

JIH x ( t) HenpephlBHa Ha [a, b], TO B 0,!l;HH KJiacc c x ( t) J c HeM BOii:.n;yT Bee <lJYHKIJ;HH, paBHhle x ( t) 

IIOIJTH Be3.n;e, HarrpHMep cpyHKIJ;HH OTJIH'lHhie OT x ( t) B KOHe'lHOM 'lHCJie TO'leK) H H3 KJiaCCOB 

npe,n;eJihHhIX 3JieMeHTOB npoci:paHCTBa :£. [a, bl (B 0,!l;HH KJiacc BXO,!l;HT npe.n;eJibI 3KBllBaJieHTHbIX 

B cpe.n;HeM cpytt.n;aMeHTaJihHhIX B cpe,n;HeM nocne,n;oBaTeJihHOCTeM HenpepbIBHhIX Ha [ a,b] <PYHK

IIHH). B IJaCTHOCTH, <PYHKIJHH ,n:wpHXJie x(t) EL( 0,1) KaK npe.n;cTaBHTeJih KJiacca [ 0]. 

HMeeT MeCTO TeopeMa. IlyCTb x ( t) onpe.n;eneHa Ha (a, b] H HMeeT Ha [a, b] KOHe'lHOe IJHC

JIO TOIJeK pa.3pbIBa, npHIJeM CXO,!l;HTCH 11HTerpan (Heco6crneHHhlM) 

b 

~x(t}ldt. 

Tor.n;a cymecTByer cpytt.n;aMeHTaJihHM B cpe,n;HeM Ha [a, b] IIOCJie,n;oBaTeJihHOCTh HenpepbIBHhIX 

<lJYHKIJl1M { Xn ( t)} , TaKM 'ITO 

b 

~xn(t)-x(t}ldt~O, n~oo, 

T. e. x(t)E:£(a,b). 
3aMeIJaH11e. K onpe.n;eneHmo rrpocTPaHCTBa Jle6era MO:>KHO rro.n;oiITH, .n;eii:cTBYH B o6paT

HOM nopH.n;Ke. Ilpe:>K.n;e scero BBO,!l;HTCH pacnmpeHHOe IIOIDITHe HHTerpana Ha 6oJiee «IIIHpOKOM» 

rrpocrpaHCTBe cpyttKIIHii:, IJeM C [a, b]. 06o3HaIJaerCH 3TO npocrpaHCTBO E (a, b) HJIH npoCTo 

L(a,b). 3aTeM ,n;OKa3hmaercH noJIHOTa L[a,b] H, HaKOHeII, TOT cpaKT, IJTO 3aMhIKaHHe C B L 

COBna,n;aeT c L. IlocJie Toro, KaK BBe,n;eHO IIOHHTl1e HHTerpaJia Jle6era 11, COOTBeTCTBeHHO, CYM

MMpyeMOM <l>YHKU:11H, MO)l(HO orrpe,n;eJIHTh npoci:paHCTBO :£ (a, b)' KaK Jil1HeHHOe MHO)l(eCTBO 

BCex cpyHKIJHM, cyMMHpyeMhIX Ha [a, b] c «HOpMOM»: 

b 

llJll= ~f(x)ldx. (3.14) 
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OnHaKo :£He HBJUHITCR HOpMHposaHHhIM npocT}JaHCTBOM, TaK KaK Bbipa)l(eHHe (3.14) He 

ynoBJieTBOpReT nepsoii aKCHOMe HOpMbl (H3 11111=0 He CJieeyeT f ( x) = 0 Ha [ a,b ]). 

,[l,Jij{ Toro 'IT06bI H36aBHTbCj{ OT :noii HenpHRTHOCTH, COBOKyTIHOCTb scex CYMMHpyeMbIX 

Ha [ a,b] <l>YHKIIHH pa36HBaIOT Ha HenepeceKaIOmHeCH KJiaCCbl 3KBHBaJieHTHbIX <l>YHKIJHH. ,[!,Be 

<l>YHKIJHH f' g E :£ 3KBHBaJieHTHbl, eCJIH f ( x) ::::·~ ( x). 0TCIO):la cneeyeT' 'ITO 

T. e. 

~J-gldx=O. 

MHO)l(eCTBO KJiaccos 3KBHBaJieHTHOCTH B :£ c HOpMoii 

b 

111111 = flfldx= flfldx 

ecTb JIHHeiiHoe HOpMHposaHHoe npocT}JaHCTBO (o6o3HaqaeTcR IJ ( a,b) HJIH L( a,b )). Ka)l():lhiii 

3JieMeHT L - 3TO KJiacc, conep)l(amHii <l>YHKIJHH, cosnana10mHe no'ITH BCIOJ:IY. 

Borrpoc o noJIHOTe rrpOCT}JaHCTBa L peIIIaeT cnenyIOmM qiyttnaMeHTaJibHM TeopeMa (Puce, 
<l>Hmep). IlpocT}JaHCTBO L noJIHO. 

HaK0He11, MO:>KHO J:IOKa3aTh, 'ITO npocT}JaHCTBO C [a, b] nnorno (no HOpMe 11·11
1

) B L [a, b], 

T. e. L ecTb nononHeHHe C. 

EaHaXOBbI p-npocT}JaHCTBa IJ ( G), p;::: 1. Ilpn rrocT}JOeHHH 3THX npocTpaHCTB HCXOJ:IHT 

H3 JIHHeHHOro HOpMHpOBaHHOrO npOCT}JaHCTBa :£ 1: ( G) - JIHHeHHOrD MHO)l(eCTBa BCeX He

npephIBHhIX B G c R" <l>YHKIIHH c nopMoH: 

flpOCT}JaHCTBO If ( G), no Onpe):leJieHHIO, RBJIHeTCH nOnOJIHeHHeM (HenOJIHOro) npOCT}JaH

CTBa :£; ( o). TiocKOJihKY :£; ( G) IIJIOTHO B Jj' (a), TO 3JieMeHThI 3Toro npocTpaHCTBa -

HeKOTOphie «<l>YHKIJHH» (TO'!Hee KJiaCChJ 3KBHBaJieHTHbIX <l>YHKIJHH), npH6JIH3HTbCH K KOTO

pbIM C mo6oii CTeIIeHhlO TO'IHOCTH B cpe):IHeM (no MeT}JHKe IIpOCTpaHCTBa :£ 1:) MO)l(HO C TIO-

MOmbIO HenpephIBHhIX Ha G <l>YHKIIHii. IlpocTpaHCTBO Jie6era IJ eCTh qacTHbiii cnyqaii I! 
rrpH p = J. 

TaKHM o6pa30M, 6aHaxOBO npOCT}JaHCTBO If ( 0) COCTOHT H3 KJiaCCOB 3KBHBaJieHTHOCTH 

qiyma:urn, CJMMHpyeMhlX c p-ii creneHbIO a o6nacrn G, T. e. TaKHX mMepHMbIX <l>YHKIIHii u (x), 

'ITO ]u(xf dx<oo. 
c 
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B IlpHJIO:>l<eHIHl:X HCIIOJib3yeTCH TaK)Ke npoCTpaHCTBO c H3MepHMbIX <l>YHKQHH, Ka:>K,ll;aH H3 

KOTophIX orpaHH'IeHa IIOt:(TH se3,ll;e. HopMa 

l 

llxt = lim(~x(tW dtJ-;; = vraisupjx(t)j, 
p-">= a [a,b] 

t:(TO 03Hat:(aeT cymecTBeHHYIO ( c TOt:(HOCThIO )'.'(O MHO)KecTBa MephI HJIIh) sepxHIOIO rpaHh x ( t) 

Ha[a,b). 

3.4. A6cmpaKmHoe eun1:ii6epmoeo npocmpaHcmeo 

Ilpe;:i;ruJib6epToBbI npocYpaHCTBa. JlHHeH.Hoe BeDJecTBeHHoe rrpocTpaHCTBO E Ha3hIBa

eTCH eBKJIH,ll;OBbIM (rrpe)'.'(rHJib6epYOBbIM), ecmr B HeM BBe,ll;eHO CKaJIHpHoe (mryrpeHHee) rrpOH3-

Be)'.'(eHHe. 3To 03Hat:(aeT, t:(TO Ka)K)'.'(OH nape ero 3JieMeHTOB CTaBHTCH B COOTBeTCTBHe ,ll;eHCTBHTeJih

HOe t:(HCJIO, o6o3HaqaeMoe ( X, y), TaK t:(TO BbJIIOJIIDIIOTCH CJie,ll;JIODJHe aKCHOMbI 'r;j x, y, z E E 

H VA-ER: 
1. (x,x)~O. (x,x)=O~x=O. (3.15) 

2. (x,y)=(y,x). 

3. (A-x,y)=A-(x,y). 

4. ( x+ y, z) = ( x, z)+(y,z). 
B E BBO,ll;HTCH HOpMa 3JieMeHTa, rropo)K)'.'(eHHa»: CKaJI»:pHbIM rrpomse)'.'(eHHeM 

llxll = ~(x,x). (3.16) 

BhIIIOJIHeHHe ,ll;Byx rrepBbIX aKCHOM HopMhI (3.15) Ot:(eBH,ll;HO. IIpoBepHM BhIIIOJIHeHHe Hepa

BeHCTBa YpeyrOJibHHKa. ,ll,JIH 3TOro BOCIJOJib3YeMCH HepaBeHCTBOM lllBapQa (Kourn-EyHHKOB

CKOro) 

(3.17) 

Koropoe BhIBOl-\HTCH cne,ll;JIODJHM o6pa3oM. IlpH JI1060M AE R HMeeM B CHJIY (3.15), (3.16) 
QeIJOt:(Ky COOTHOIIIeHHH 

( x-A,y,x-Ay) = (x,x)-( A,y,x)-( x,Ay) + ( A-y,A,y) = 

=llxll2 -2A-(x,y)+A-2 llYll2 
~O=>(x,y)

2 -llxll2 llYll2 
~O. 

Orc10,1J;a rronyqaeM HepaseHcTBo (3.17). Terrepb 3JieMeHTapHo npoBep»:eTCH rpeTbH aKCHOMa HOp

MhI. HMeeM 

llx+ Y!i2 = ( x+ y, x+ Y) = llxll2 + 2( x, Y) +l!Y112 ~ llxll2 + 2jjxlll!Yll+IM2 
= (llxl! + l!Yll)2 => 

=> llx+ Yll ~ llxll+llYll· 
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TaKHM o6pa.30M, c BBe.D;eHHeM HopM1>1 (3.16) eBKJIH.D;OBO rrpocrpaHCTBO CTaHOBHTCH JIHHeli

HI>IM HOpMHpOBaHHbIM rrpocrpaHCTBOM. 0rMeTHM, 'ITO He BO BCHKOM HOpMHpOBaHHOM rrpocrpaH

CTBe MO)J(HO BBeCTJI. CKaJIHpHoe rrpomBe.D;eHHe. lJyr1> HJl.)J(e IIOKa)J(eM 3TO. 

XapaKTepHCTlflleCKHM csolicTBOM rrpocTPaHcTBa co CKaJIHpHI>IM rrpoH3Be.D;eHHeM HBJIHeTcH 

cymeCTBOBaHHe B HeM paBeHCTBa rrapaJIJieJiorpaMMa. 

(3.18) 

PaccMoTpHM B JIHHeHHOM HOpMHposaHHOM rrpocTpaHCTBe R1" BeKTop1>1 x=(l,0, ... ,0), y= 
= (0,1,0, ... ,0). 11.MeeM 

llxll=i:lxkj=l, l!Yl!=l, llx+yll=i:lxk+ykj=2, Jjx-yjj=2. 
k=l k=l 

Orcro.D;a BH.!l;HO, qTo paBeHCTBO rrapaJIJieJiorpaMMa (3.18) He BhlIIOJIHHeTCH, T. e. B R1" HeJII>3H 

BBeCTJI. CKaJIHpHoe rrpOH3Be.D;eHIIe. 

OrMeTHM erue CBOHCTBO HerrpepbIBHOCTH CKaJIHpHoro rrpomse.D;eHIDI ( X, y) no o6eHM rrepe

MeHHDIM. 

IlycTh x" ~ x, Yn ~ y. Tor.D;a 

(xn,Yn)~(x,y), n~=. 

B caMOM .D;eJie, ncrroJII>3YH HepaBeHCTBO lllsapua (3.17), rroJiyqHM 

J(x, Y )-(x", Yn )j = J( X, y- y.) + (x-x., Yn )j S llxllllY- Ynll +llYnJllJx-xnll ~ 0, n ~ 00
• 

()rpaHHqeHHOCTh HOpMhl CXO.D;HIUeHCH IIOCJie.D;oBaTeJibHOCTH CJie.D;yeT H3 BTOporo HepaseHCTBa 

TpeyroJII>HHKa (3.3).11MeeM Ve >0 

lllY"JJ-llYlll s llY- Ynll < £ => llYnlls \\yj\+e. 
B l)>H3HKe HCIIOJib3YJOTCH TaK)J(e rrpOCTpaHCTBa c KOMITJieKCHbIMH 3JieMeHTaMH, B KOTOpbIX 

orrpe.D;eJieHo CKaJIHpHoe rrpomse.D;eHHe ( u, v) Ha.D; rroJieM C (KOMIIJieKCHI>JX qHceJI). CKaJIHpHoe 

rrpomse.D;eHHe BBO.D;HTCH rrpH rroMOIUH CJie.D;yroIUHX aKCHOM (A E C). 
1. (u,u);?:O, (u,u)=0¢::>u=O. 

2. (u,v)=(v,u). (3.19) 

3. (Au,v)=A(u,v). 

4. (u+v, w) = (u, w)+(v, w). 
TaKoe CKaJIHpHoe rrpoH3Be.D;emre 061>NHO Ha31>IBaIOT 3pMHTOBhlM, a cooTBercTByroruee rrpocTPaH

CTBO u yttHTapHbIM. HopMa B u BBO.D;HTCH TaKJl.M 'lKe o6pa30M, KaK B eBKJIJl..!l;OBOM rrpOCTpaHCTBe 

!lull=~( U,U ). (3.20) 

HepaseHCTBO llJBapua 3.D;ech TaK)J(e HMeeT MecTo n ycTaHaBJIHBaercH cne.D;yroIUHM o6pa-

30M VAE CH Vu, VE U, HMeeM, cornacHo (3.19), (3.20). 

Jiu+ Avlj2 = ( u +AV, u +AV)= !lu!J2 + ( u,AV) +(Av, u) + ll..1v!j2 ;?: 0. 
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Ilycrh V -:f:. 0. IlOJIO'.lKHM 

H rro,n:cTaBHM s Harne HepaseHcrso. Tor.n:a IIOJIY'IHM 

llull2 -(u,v)M M(u,v) i(u,v)j2ll ll2 >0 11112 11112-I( )l2 >0 llvll2 llvll2 + llvll4 v - => u v u, v - ' 

T. e. 

i( U, V )i ~ llull llvll· 
HepaseHCTBO IIIBapQa crrpase,n:JIHBO Vu, v E U, TaK KaK rrpH v = 0 OHO TaIOKe BhIIIOJimreT

cH. HepaseHcTBO TPeYTOJihHHKa .D:JIH HopMLI, rropo)l(,l:(eHHoil: CKaJIHpHLIM rrpomse,n:eHHeM s yttH

mpHoM npOCTPaHCTBe, rrposepHeTCH 06bJqHbIM o6pa3oM c HCilOJib30BaHHeM HepaseHCTBa 

lllsapQa. 

I'HJILoepTOBhl npocTpaHCTBa. t(a.n;HM HeCKOJibKO Ba)J(HbIX orrpe.n;eJieHHH. 

EBKJIH,n:OBO (yttHTapHoe) IIpOCTPaHCTBO, IlOJIHOe OTHOCHTeJihHO HOpMbl nopo)J(.ll:eHHoil: CKa

JIHpHbIM rrpomse,n:eHHeM, Ha3hIBaeTCH semecTBeHHbIM (KOMIIJieKCHbIM) I1IJib6epTOBblM IlpoCTPaH

CTBOM H. 
I>attaxoso npocTPaHCTBO B - no TIOJIHOe mrneil:Hoe HOpMHpOBaHHoe rrpocTPaHCTBo, o.n;Ha

KO HOpMa B He o6H3aTeJibHO rropo)J(.ll:aeTCH CKaJIHpHhIM rrpomse.n;emreM. Ho ecIDI Vu, VE B, BhI

rroJIHHeTCH rrpasmIO naparrnenorpaMMa, TO MO)l(HO BBeCTH CKaJIHpHoe rrpOH3Be,n:eHHe no <Pop

MYJie [10]. 

(u, v) = ±{!lu+vll2 -llv-ulj2 +illiu +vll2 -illv-iull2}. i = ~. 

KoHeqHaH CHCTeMa HeHynesLrx 3JieMeHTOB {<pk} c H Ha3LrnaeTcH opToroHaJihHOH, eCJIH 

( ) = jllrpJ > 0, k = m, 
<pk' f/Jm 

0, k-:t.m. 

CttcTeMa { rpk} Ha3hlBaeTCH opTOHOpMHposaHHOH, ecnH 

r.n:e Jkm - CHMBOJI KpoHeKepa. 

I>ecKOHeqHaH CHCTeMa HeHyJieBhlX 3JieMeHTOB Ha3bJBaeTCH opToroHaJibHOH, eCJIH opToro

HaJibHa mo6aH ee KOHeqHM rro,n:CHCTeMa. OpTorOHaJihHaH CHCTeMa {<pk} JIHHeHHO He3aBHCHMa. 

~ HeopTOroHaJibHOH CHCTeMhl HettyJieBhlX tPYHKQHif {Jk} HMeeT MeCTO cne.n;yroIQHil: KpHTepHH 

JIHHeHHOH He3aBHCHMOCTH. 
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~JUI mrneHHOH He3aBHCHMOCTH KOHe'lHOH CHCTeMbl {fk} c H Heo6xo.n;HMO H ,n:OCTaTO'lHO, 

'IT06bl onpe,n:eJIHTeJib fpaMa 3TOH CHCTeMbJ 

(Ji, Ji) ,(!2' Ji) ... (fm, Ji) 

(Ji,J2 ),(!2, fz) ... (fm,J2) 

:tO. 

IJpUMepbl. 

1. EBKJIH.ll:OBO rrpocTpaHCTBO En. CKam1pHoe npoH3Be,n:eHHe H HOpMa BBO.D;HTCH o6oI'lHbIM 

06pa30M 

HepaseHCTBO lllsap!Ia (3.17) BbirJIH.D;HT TaK: 

y CJIOBHe opTOfOHaJihHOCTH 

IlocKOJioKy KoHe'lHOMepttoe rrpocYpaHCTBO rroJIHO, rrpocTpaHcTBO E" - rHJio6epToBo. 

2. IlpocTpaHcTBO z2. CKanHpHoe rrpomse.n:emre onpe.n:eJIHeTCH <l>oPMYJIOH 

(x,y)= ~::XkYk· 
k=I 

TaK KaK 

1 ( 2 2) ~ 1 ~ 2 1 ~ 2 
xkyk :=:;- Xk +yk => L,,xkyk :=:;-L,,xk +-L,,Yk < 00, 

2 k=l 2 k=l 2 k=l 

(3.21) 

TO pH.D; B rrpaBOH qacrn (3.21) CXO)J,HTCH. HopMa 3JieMeHTa, nopo)J(JJ.eHHaH CKaJIHpHbIM npoll3-
Be,D;eHIIeM, orrpe.n:emieTCH <l>OPMYJIOH 

HepaseHCTBO lllsap!Ia 3annchrnaeTCH TaK: 
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y CJIOBHe opTOI'OHaJibHOCTH HMeeT BH,ll; 

~>kyk =0. 
k=! 

TaK KaK [2 - IIOJIHOe rrpocrpaHCTBO, OHO I'HJib6epTOBO. 

3. KoMIIJieKCHOe I'HJib6epTOBO rrpocrpaHCTBO [ 2. C1<a.rrnpHoe rrpOH3Be_n:eHHe MO)J(HO orrpe
_n:eJIHTb OiJ:HHM H3 _n:ayx crroco6os: 

k=I k=! 

HopMa 3JieMeHTa 

4. IlpoCTPaHCTBO .:e;[a,b]. Ha MHO)J(eCTBe scex HerrpepbIBHbIX Ha [a,b] KOMIIJieKCH03Ha'I

HbIX <l>YHKI\HM 3a_n:a)];HM CKam1pHOe rrpoH3se_n:eHHe. 

b --

(u,v)= fu(x)v(x)dx, \iu,vE C[a,b]. 

HopMa, rropo)J(_n:eHHmr cKamipttbIM rrpomse_n:emreM 

(3.22) 

y_n:osneTBopj{eT sceM aKcHoMaM HopMbI. HepaseHCTBO lllBapna HMeeT BHil: 

3To YHHTapHoe rrpocrpaHCTBO HeIIOJIHO B MeTpHKe (3.22), T. e. He j!BJij{eTCj{ I'HJib6epTOBhlM. 

Ero rrorronHeHHe L2 [a, b] - mnb6epTOso rrpocTpaHCTBO. 

5. IlycTb p(x) > 0 HerrpepbIBHaj{ Ha [ a,b] <PYHI<I11rn. Bse_n:eM CKaJij{pHoe rrpomse_n:eHHe 

b --

( u, v) = f p(x)u(x)v(x)dx, \tu, VE C[a,b ]. 

Bee aKCHOMbl CKaJij!pHoro rrpoH3se_n:eHHj{ (3 .19) BhlIIOJIHj!IOTCj{. HopMa 3JieMeHTa orrpe_n:enj{eT-
Cj{ paBeHCTBOM 

l 

llull=~(u,u) =(J p(x)Ju(x)/1 dxr (3.23) 

TaKoe (rrpe_n:rHJio6epToso) rrpocTpaHCTBO o603Ha'IaeTcj! £;[ a,b;p ]. Yc11osHe opToroHaJibHO

CTH B HeM HMeeT BlliJ: 
b f p(x)u(x)v(x)dx =0, \tu, VE .c;[a,b;p]. 
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HepaseHCTBo lllsapu;a BhlI'JIH)J.HT TaK: 

1 I 

I! p(x)u(x)v(x)dxl ~op(x)!u(x)r dx r op(x)1v(x)1
2 

dx r 
IlpocrpaHCTBO £;[a, b; p] He IIOJIHO B MeTpHKe (3.23). 

OpTOHOpMHpoBaHHhIH Oa3HC B H. mmeiiHO tte3aBMCHMaJI CHCTeMa {fk} B rttnb6epTOBOM 

rrpocTpattcTse H tta3hIBaeTcH rronttoH, ecnH mrneiittoe Mttoroo6pa3He L( {fk}) rrnoTHO B H, 

T. e. L({fk}) = H. TaK KaK opTOttopMHpOBaHHaJI cHcTeMa {'Pk} c H nHtteiitto He3aBHCHMa, TO, 

rro orrpe)J.enemno, otta rrontta s H, ecnH L ( { tpk}) rrnoTHO B H. IIonttaJI opTottopMHposattHaH 

CHCTeMa Ha3brnaeTCH opTOHOpMHpOBaHHbIM 6a3HCOM B H. 
IlpUMep. B fHJib6epTOBOM rrpocTpattcTBe t2 CHCTeMa BeKTopos 

e1 =(1,0,. .. ), e2 =(0,1,0, ... ), ... ,en =(0,0, ... ,0,1,0, ... ), ... 

5IBJIHeTCH OpTOHOpMHpOBaHHhlM 6a3HCOM . .lJ.eiiCTBHTeJibHO, rrycTb x = (Xi, X2 ,. •• ) E /
2

, paCCMOT

pHM ITOCJIC)J,OBaTeJibHOCTb BCKTOpOB X(n) = (Xi, X2 , ••• , Xn, 0, 0 ... ), n = 1, 2, ... 3Ta IIOCJie)J,OSaTeJih

HOCTb CXO)J,HTCH K x ITO HOpMe l 2
, TaK KaK 

llx-x(n)lr = f x; ~o, n~= 
k-=n+l 

KaK OCTaTOK CXO)J.5lll\eroc5! p5I)J,a. 0TCIO)J,a cneeyeT, qTo 

x = lim i:Xkek =I XA => L({ ek}) = l2. 
n~= k=1 k=l 

MO'll<HO IIOKa3aTh, qTo ecnn opTOHOpMHposattHaH CHCTeMa {<Pk} IIOJIHa B H, TO He cyme

CTByeT B H OTJIHqHoro OT HYJI5! ::meMCHTa, OpTorottanbttOro BCeM tpk (x) . 
.lJ.eiiCTBHTeJihHo, rrpe)J.rrono)f(HM, qTO TaKOH oTnHqHhIH OT HYJIH :meMeHT lf/( x) cymecTBy

eT s H. Tor)J,a B CHJIY rronHOThI cncTeMhI {'Pk} HMeeM npe)J.CTaBJiemrn 

If!= i>ktpk ( x ). 
k=I 

y CJIOBHe opTOrOHaJihHOCTH )J,aeT 

(lfl,tpm)=(:~:>ktpk,tpm)=am =O (m=l,2, ... ,n). 
k=l 

EcJIH lf/( x) HBJI5leTc5! rrpe)J.eJihHhIM 3JieMeHTOM JIHtteiittoro Mttoroo6pa3tt.5! L( { tpk}), T. e. 

If!= ~>k<Pk =lim:faktpk, 
k=1 n~oo k=l 

TO B CHJIY tterrpephIBHOCTH CKaJIHpHOrO npo1!3Be)J,CHMH rronyqaeM am = 0 ( m = 1, 2, ... ) . Ilo~eH

HOe npoTHBopeqne )J,OKa3bIBaeT yTsep)f()J.emi:e. 
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HMeeT MeCTO TeopeMa. 
B cerrapa6enI>HOM eBKJIH,D,OBOM (rnnI>6epToBoM) rrpocrpaHCTBe mo6rur opTOHOpMHposaH

Hrur cHcTeMa He 6onee qeM cqeTHa. 

,[J,OKa3aTeJII.CTBO. IlycTb {<Pa} - OpTOHOpMHpoBaHHruI CHCTeMa, TOr.L(a 

PaccMorpHM MHo:>KeCTBO rnapos B ( rp a, 1/ 2) , oqesH.L(Ho, OHH He rrepeceKaIOTC»:. TiocKOJibKY E -

cerrapa6CJibHO, TO B HeM cymecrnyer cqeTHoe BCIO.L(y WIOTHOC MHO')KecTBO Q ={qi' q2, .. .}. B Ka:>K

.L(bIB H3 mapoB B( <fJa,1/2) rrorra.n:er ITO KpaliHeH Mepe 0.L(HH 3JieMeHT MHO:>KeCTBa Q, a 3TO 03Ha

qaeT, qro MHO')KeCTBO mapos B(rpa,1/2) He 6onee qeM cqCTHo. To )Ke MO)KHO CKa3aTb Ho MHO

')KCCTBe HX n;eHTpOB { <JJa}, qTo H rpe6oBaJIOCb. 

Crrpase.n:mmo H o6parHoe yrnep)K.L(eHHe. EcnH rnno6eproso rrpocrpaHCTBO H co.n:ep')KHT 

IIOJIHYIO opTOHOpMHpOBaHHyJO CHCTCMY {<pk}, TO OHO cerrapa6eJII.HO. 

Ilpouecc opToromlJIH3aQHH filMH.L(Ta. Ifa mo6oil JIHHCMHO He3aB11CHMOM CHCTCMbl BeK

TOpOB {lk} B H HJIH E MO:>KHO IIOCT.pOHTb opTOHOpMHposaHeyIO CHCTeMY <pk IIpH IIOMOIIIH 

rrpon:ecca opTOroHaJIH3aU:HH llIMH,D,Ta. 

Ha rrepBOM mare rrpon;ecca BBC.L(CM BCIIOMOraTeJII.HbIM 3JieMeHT 11* = 11 H IIOJIO)KHM <JJ1 = 
= .t;/ll!1ll· QqeBH.L(HO Ii*= J; :/. 0, II03TOMY orrpe.L(eJICHHe 3JieMeHTa <JJ1 KOppeKTHO. 

Ha BTOpOM mare BBC.L(eM 3JieMeHT 1; = f2 +a21<P1 H rrorpe6yeM, qro6bl 12* H <P1 6I>mH op

TOroHaJibHbl. Tor,na rronyqHM 

TiocKOJibKY 12* :/. 0 (H6o B rrpoTRBHOM cnyqae BCKTOpbI J; H 12 6oIJIH 601 JIHHCRHO 3aBHCHMbI), 

MO)KHO IIOJIO)KHTb 

Ha rperoeM mare, rronaraeM 13' = 13 +a31 <p1 +a32<p2 H H3 ycnosHli 13* .l <p1 H 13' .l <p2 orrpe

.n:emreM: a31 =-(!3 ,<Jli), a 32 =-(f3 ,rp2 ) H <p3 = f3' /\\13*1\- Tipo.n:oJI)Krur npou,ecc, Mbl Ha m-M IIIare 

nocrpOHM 3JieMeHT 

m-1 

1; =Im - L(fm,<pk )<pk, (3.24) 
k~I 

np~eM no rrocrpoeHHIO (<pi, rpj) = oij ( i, j = 1, 2, ... , m). Herrocpe.L(CTBCHHO BH,ll,HO, qTo 
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llpuMep. CHcTeMa { xk} ( k = 0, l, 2, ... ) - JIHHeHHO He3aBHCHMa B L2 [-1, l]. BocnoJih30-

BaBIUIICh npou:eccoM OpToroHaJIH3aU:HH, TIOCTPOHM HeCKOJlhKO nepBhIX 3JleMeHTOB OpTOHOp

MHpOBaHHOH CHCTeMIJ {<pk}. 3.n:ech 

h = 1, f2 = X, f3 = X2, .. · 
Haxo,z:i;HM cornacHo npou:e,z:i;ype illMH.U:Ta (3.24) 

f1* =Ii =1, llKll=h, <fJ1 =1/h, 

f2* = !2 -( f2' <fJ1) <fJ1 ~ f2* = !2 = X, llf2* II= .fil3, <fJ2 = ffz x, 

h* = f3 -(f3,<fJ1)CA-(f3,<fJ2)<fJ2 ~ h* =x2 -~. llhl=~, 

TaKIIM nyreM Mhl npHXO,ll;HM K OpTOroHaJihHIJM Ha [-1, 1] MHOrDlffieHaM ne'lKaH.n:pa, HMeIOIIIIIM 

MHOrOt.IIICJieHHhie rrpIIJIO'lKemur B MaTeMaTHt.IeCKOH <l.iH3HKe H .n:pyrnx BOIIpocax. 

Mcxo,z:i;H tt3 CKaJaHHoro Bhlllle MO'lKHO yrBep'lK,ll;aT», t.ITO B 6ecKoHet.IHOMepHoM ce11apa6eJI1>

HOM eBKJIII,ll;OBOM IIpOCTpaHCTBe E cy111ecTByeT He 6oJiee qeM Ct.IeTHhIH, opTOHOpMIIpoBaHHhJH 

6a3IIC . 

.ll,eHCTBIITeJihHO, TiyCTh Q = {qi' q2 ' ... } - Cl.leTHoe BCIO.U:Y IIJIOTHOe B E MHO'lKeCTBO, TOr,n:a 

L( { qk}) = E. Bo31>MeM 11pott3BOJihHhIH HettyJieBOH BeKTop qk
1 

E Q. EcJIII 11pe.n:noJIO'lKIITh, qTO 

Bee OCTaJihHhJe BeKTOphI H3 Q mrneiiHO 3aBHCHMhI c qkl' TO L({ qk}) - O,ll;HOMepHoe JIHHeii

HOe MHOroo6pa3n:e B E, T. e. dim E = 1. Ilo3TOMY B Q Bcer.n:a Haii.n:eTCH BeKTOp qk,, JIIIHeHHO 

He3aBHCIIMhIH c qki. EcJIH Teneph 11pe,n:IIOJIO'lKRM, qTO BCe OCTaJihHhie 3JieMeHThl II3 Q 11pn:tta.n:-

Jie'lKaT L ( { qk
1 

, qk,}), TO npn.n:eM K BblBo,n:y, qTo dim E = 2. CJie,z:i;oBaTeJihHO, HaH:,z:i;eTcsr BeKTop 

qk3 E Q, TaKOH l.ITO CHCTeMa qkl ,q"' ,qk3 6y,n:eT mmeHHO He3aBHCHMOH. IIpo,z:i;oJI'lKaH 3TOT npo

u:ecc, IIOCTpOHM JIHHeHHO He3aBHCHMYJO cqeTHyIO CHCTeMY BeKTopoB 

0Ha TIOJIHa, TaK KaK L({qk})=L({qkJ)~L({qJ)=E. IlpRMeHAA Tenepb K CHCTeMe {qkJ 

npou;ecc opTOrOHaJimaa;HH, TIOJIYl.IIIM opTOHopMn:poBaHHyIO CHCTeMJ {ek}, npIIl.leM L({qkJ)= 

= L( { ek}). CTMO 61>1Th, BeKTop1>1 el' e2 ,. .. o6pa3yJOT 6aJHc B E. 
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AnnpoKCHMaQH.H B ruJib6epTOBOM npocrpancTee. Ilycn, H -rHJib6epToso npocTpaH

CTBO H M - 3aMKHYfOe BblrryKJIOe MHO)KeCTBO B HeM. Paccromrn:e OT 3JieMeHTa x E H ,no MHO

)l(eCTBa M orrpe,nemi:eTCH tPOPMYJIOH 

p(x,M) =inf llx-ull· 
ueM 

ECJIH XEM, TO p(x,M)=O, BIIpOTHBHOMCJiy'lae p(x,M)=d>O. 
3a,na11a o pa3bICKaHHH 3JieMeHTa HaHJiy'IIIIero rrpH6JIH)KeHHH, T. e. 3JieMeHTa u. E M, Ta

Koro 'ITO 

p(x,M) =inf llx-ull =llx-u.11 = d 
ueM 

B IBJib6epTOBOM rrpocTpaHCTBe BCer,na O):(H03Ha1JHO pa3peIIIHMa. To11Hee, HMeeT MeCTO TeopeMa. 

IlycTu M - 3aMKHyme BbinyKJIOe MHO)KeCTBO B rHJib6ePTOBOM npocTpaHCTBe H H TO'IKa 

x EM. Tor,na cymecTByeT e,nHHCTBeHHbIH 3JieMeHT u. E M, TaKOH 'ITO 

p(x,M) = llx-u.11. 

)J,eiicTBHTeJibHO, TaK KaK x EM, TO p ( x, M) = d > 0. Ilo CBOHCTBY TO'IHOH HH)l(Heii rpa

HH 3{u.} c M TaKaH, 'ITO 

d ::;; llx - Un II ::;; d + 1/ n ( n = 1, 2, ... ) . (3.25) 

IToKa)l(eM, 'ITO nocJie,n;oBaTeJibHOCTb { un} - $ytt,n;aMeHTaJibHaH. HMeeM cornacHo paBeHCTBY 

rrapaJIJieJiorpaMMa 

2(1ix-uJ +llx-umlj2) ==llun -umll
2 
+ll2x-u. -umll

2 
=> 

=> llun -uS =2(llx-uJ +llx-uS)-411x- u" ~umlr 
1 

TaK KaK M BblnyKJIO H Un' um E M' TO H cepe,L\HHa 0Tpe3Ka HX COe,L\HHHlOIUCro 2 (Un +um) E M. 

Ilo3TOMY 

Terrepb MO)l(HO 3arrHcaTb 

1iu.-umll2 :s;2(d+l/n)2 +2(d+l/m)2 -4d2 = 4d + 
4

d + 
n m 

2 2 +2 +-
2 

-70 (m-7=,n-t=). 
n m 

B CHJIY noJIHOTbI IBJib6ePTOBa npocTpaHCTBa $ytt,n;aMeHTaJibHaH nocJie,nosaTeJibHOCTb { u.} 
cxo,nHTCH K 3JieMeHry u. E H, a TaK KaK M - 3aMKHyme MHO)KeCTBO, TO u. E M. IIepexoM 

B (3.25) K npe,n;eJiy rrpH n -7 oo, HaxO,D;HM 

llx-u.11= d, 

OTKy,na CJieeyeT' 'ITO u. - 3JieMeHT HaHJiy'IIIIero rrpH6JIH)l(eHHH K x E H. 



192 fJIABA 3 

,Zl;oKa)l(eM e;::i;HHCTBeHHOCTh perneHHH 3KCTPeMaJihHOH 3a,D;alJH 

inf llx-ull = llx-u.11 = d. 
UEM 

IlycTh Hap».D;y c u. HMeeTc» eme O.D;HH 3JieMeHT HaHJIY1IIIIero rrpH6JIH)l(eHH» u ••. Tor;::i;a 

rro paBeHcTBy rrapaJinenorpaMMa 

2(llx-u.ll
2 +llx-u •• 112) =ll2x-u. -u.J +llu. -u •• !1

2 
=> 4d

2 = 

= 411x- u. ~ u·· 112 + llu. -u .• 112 => 4d2 ~ 4d2 + llu. -u.J => 

=> llu. -u •• 11:<;;0 => u. -u •• = 0, 

'ITO H Tpe6oBaJIOCh. 
Ilycn, x - rrpoH3BOJihHhIH 3JieMeHT rHJih6epTOBa rrpocTPaHCTBa H. PaccMOTPHM BOrrpoc 

o JIHHeHHOM rrpH6JIH)l(eHHH K tteMy (rrpw6JIH)l(ettne 3JieMeHTaMH rro;::i;rrpocTPaHCTBa L c H). 
TaK KaK L - 3aMKHYTOe BhIIlYKJioe MHO)l(ecmo, TO rrpe;::i;hmyma» TeopeMa oCTaeTcH B cHJie, ecmr 

rro;::i; paccTO»HHeM p ( x, L) rroHHMaTh BeJIH'IHHY 

p(x,L) =inflix-ull, XE L. 
UEL 

TaKHM o6pa30M, HMeeT MeCTO cne;::i;cTBHe. 
IlycTh L - rro;::i;rrpoCTPaHCTBO B rHJih6epTOBOM rrpocTPaHCTBe H H 3JieMeHT x E L. Tor;::i;a 

cymecTByeT e;::i;HHCTBeHHhIH 3JieMeHT y E L, TaKOH 'ITO 

p(x,L) =inf llx-ull = llx-yll = d > 0. 
UEL 

B KatJecTBe HJIJIIOCTpm1HH paccMoTpHM TPeXMepttoe rrpoCTpattcTBO, rrpomBOJihHYIO rrnoc
KOCTh L, rrpoXOMIUYIO 1Iepe3 HatJaJio Koop;::i;wttaT H TO'IKY x EL (pnc. 3.6). TotJKa y E L »BJI»eT-

c» 3JieMeHTOM HaHJIY1IIIIero rrpn6JIH)l(eHHH. PacCTOHHHe OT TO'IKH x ;::i;o TIJIOCKOCTH L : p ( x, L) = 

=!Ix- Yll = d. O'IeBH.D;HO, x-y J_ L. 

x 

x-y 

0 y 

Puc. 3.6. HnnIOCTJlaIU1ll K rrpo6neMe annpoKCHMaIIHH B E 3 

OpTorouaJibHaSI ~eKoMnOJHIJ,HB. Bo3Bpama»ch K rrpoH3BOJihHOM)' rHJih6epToBoMy rrpo
CTPaHCTBY H, OTMeTHM, 'ITO <PaKT opTOroHaJihHOCTH 3JieMeHTOB y (rrpoeKU:HH 3JieMeHTa x Ha 

rro;::i;rrpocTpattcTBO L) H x- y crrpaBe.D;JIHB H 3.D;eCh. 
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IfMeeT Mecrn TeopeMa (o npoeKQHH). IlycTh H -rnnh6eprnso npocTPaHCTBO, L - ero 
no.n:npocTpaHCTBO H x E H, HO He npHHa,n:Jie)J<HT L. EcnH y - rrpoeKQIDI :meMeHTa x Ha L 

(T. e. p(x,L)=llx-yll=d, yEL), TO y..Lx-y. 

,ll;oKa:mTeJihCTBO. TiycTh h "#- 0 - rrpoH3BOJihHhIH :meMeHT H3 L H /L - KOMIIJieKCHoe (se

mecTBeHHOe s cnyqae )l:eil:cTBHTeJibHoro H) qttcno. IlyCTh x-( y + /Lh) - HaKJIOHHM. IiMeeM 

(x- y-/Lh,x-y-2h) = llx- Yll2 -2( h, x-y )-2( h, x-y )+ 

+l/Ll2 llhll2;::: dz=> -2Re[ /L( h,x- y) J +l2J2 JJhJJ2;::: 0. 

(x-y h) 
Ilonarrur /L = JlhlJ; , Haxo.n;HM 

-2 l(x- y,h)l
2 

+ J(x-y,h)lz ;::: 0=> J(x-y,h)I = 0 => (x- y,h) =0=> x-y ..L h. 

llhlJ2 llhll2 

IlocKOJihKY h - rrpOH3BOJihHhIH :meMeHT s L, TO x - y ..LL M, s qacTHOCTH, x - y ..L y. 

If3 ,n:oKa3aHHoil: TeopeMhI HMeeM cne,n:cTsHe. ,ll;mr VxE H crrpase)l:JIHBO rrpe,n:crnsneHHe 

x = y + Z, y E L, z ..L L. 

B caMoM .n:ene x = y + ( x- y), r.n:e y - oprnroHanhHaH rrpoeKQIDI 3JieMema x Ha rro,n:rrpoCTPaH

CTBo L, a 3JieMeHT x-y = z ..LL (no )l:OKa3aHHOMY smne). 

TeopeMa (06 oprnroHanhHOil: ,n:eKOMil03HQHH rHJih6eprnsa rrpocTPaHcTBa). IlyCTh H -

rHJib6epToso npocTPaHCTBO, L - JIHHeil:Hoe MHoroo6pa3He s HeM H Ll_ - coBOKYIIHOCTh 

scex 3JieMemos H3 H, oprn:roHaJihHhIX L. Tor)l:a Ll_ - no.n:rrpocTPaHCTBO B H. 

,ll;oKa3aTeJihCTBO. IloKa)J(eM, qTo I! - JIHHeil:Hoe MHOroo6pa3He B H. EcnH up u2 E L1-, 

a XE L, TO (x,u1 ) =0, (x,u2 ) =0. IiMeeM .n:n11 rrpOH3BOJihHhIX CKan11poB /LP/L2 H VxE L 

( x,/L1u1 +22u2 ) = X1 ( x,u 1) + X2 ( x,u 2 ) = 0. 

3TO 03HaqaeT, qTo /L1u1 + /L2u2 E LJ_, T. e. Ll_ - JIHHeil:Hoe MHoroo6pa3He B H. Tenepb noRa

)J(eM, ~o I! - 3aMKII)"foe JIHHeil:Hoe MHoroo6proHe B H. IlyCTh { un} E L1- H un ~ u ( n ~ 00 ). 

Tor)l:a VxE L: (x,un)=O. B CHJIY HerrpephlBHOCTH CKanHpHoro IIpOH3Be)l:eHIDI (un,x)~(u,x)=O. 

3aMeqaHHe. EcnH L - 3aMKHyToe JIHHeil:Hoe MHOroo6pa3He B H (T. e. no.n:npocTPaHCT

so), TO, no ,n:oKa3aHHOMY, opTOrOHaJibHOe .U:OilOJIHeHHe K HeMY Ll_ -TO)J(e IIO)l:npocrpaHCTBO. 
3To 03Haqaer, qro VxE H npe,n:craBHM s BH)l:e 

x=y+z,yEL,zELl_, 

IIpflqeM TIO npe,n:CTaBJieHHe e)l:HHCTBeHHO. ,ll;eil:CTBHTeJibHO, nycTh HMeeT MeCTO eme O.U:HO rrpe)l:

CTaBJieHHe 3JieMema x: x = y' + z'. Tor.n:a y-y' = z' - z, r.n:e u = y- y' EL, v = z' - ZE Ll_. lb pa-

eeHcTBa ( u, v) = 0 => JJulJ2 
= JJvJl2 

= 0, T. e. y = y' H z = z', qro H rpe6osanoch. 
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lfa :noro paCC)')J(,U.eHIDI BH)l,HO, qTQ L n Lj_ = { 0}' .lJ.PYrMX o6mHX :meMeHTOB OHR He HMe

IOT. Cne,D,oBaTeJJhHO, rHJJh6ePTOBo rrpocTPaHCTBO H rrpe,D,cTaBIDieT co6oi1 rrp.HMYIO CYMMY B3a

HMHo-opTOroHaJJbHhlX rro,D,rrpocTpaHCTB L H L1- (opToroHaJJbHyIO ,D,eKOMII03HU:HIO H): 

H=L©Lj_. 

AHanornqHo, ecnn L1 (j = 1, 2, ... , m) - B3aHMHo-opToroHanhHhie rro,D,rrpocTpaHcTsa B H, TO 

H = L, © L2 © ... © Lm B TOM CMbICJJe, qTO V x E H MO)l{eT 6hITb rrpe,D,cTasneH B BH,D,e x = u, + 

+u2 + ... +um, Uk E 4 H Lk J_£} (k :f:. j). 
PHi1:hI Cl>ypbe e rHJiboepToeoM npocTpancTee. PaccMOTPHM 3a,D,aqy 06 arrrrpoKCHMau:mr 

rrpOH3BOJJbHOro :meMeHTa f E H 3JJeMeHTaMH opToHopMHposaHHOH cncTeMbI { cp.}. ,ll.n.H 3TO-

ro 3aqmKCHpyeM n, COCTaBHM BCeB03MO)l{Hbie JJHHeHHbie KOM6HHaU:HH BH,D,a 

H IIOTpe6yeM, qT06hl paCCTO.HHHe OT f )J,0 n-MepHoro JJHHeHHOro MHOroo6pa3IDI L( {<pk}) 

IloCKOJJbKY KOHeqHOMepHoe mrneil:Hoe MHOroo6pa3He scer,D,a 3aMKHYTO, TO pe% II,D,eT 06 

arrrrpoKCIIMaU:HH f ::meMeHTaMH KOHeqHoMepHoro rro,D,rrpocTPaHCTBa L c H. Mhl !IMeeM 

Bse,D,eM CJJe,D,yIOiu:ee orrpe,D,eJJeHHe. 1IHcna ck = ( f' <pk) Ha3bIBaIOTC.H K03<P<Pnu:HeHTaMH <l>y

pbe 3JJeMeHTa f E H ITO opTOHOpMttposaHHOH CIICTeMe {<pk}. yqHTbIBa.H paseHCTBO 

k=I k=I 

0TCIO,D,a CJJe,D,yeT, qTo MHHHMaJJbHOe 3HaqeHHe (KBa,D,paT cpe,D,Hero KBa,D,paTHqecKoro YKJJOHe

HH.H) A~ IIpHHHMaeT TOr,D,a H TOJJbKO TOr,D,a, KOr,D,a ak =Ck (MHHHMaJJbHOe CBOHCTBO K03<l>qm

U:HeHTOB <l>ypbe). TaKHM o6pa30M, 

minA~ =11!112 -tlcJ ~o. (3.26) 
k=I 

B cHJJy paseHcTBa (3.26) orrpe,D,en.HeM paccTO.HHHe OT f p;o n -MepHoro 110,D,rrpocTPaHcTsa 

L=L({cpk}) 

p(f,L) =~~f llJ-ull =i~,f lk- ~ak<pkll = lk-~ Ck<pkll= {llfii2- ~1ck12 r2 

(3.27) 
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3aMe'laHHe. BeKTop u = f - f akrpk opTOrommeH BeKTopy rpm ( m = 1, 2, ... , n), a cne):loBa-
k=l 

TeJibHO, H L( {rpm}) B TOM H TOJihKO B TOM CJIY'Jae, KOr):la ak =Ck. B OCTaJibHbJX CJIY'Jill!X U 
rrpe):ICTaBJUieT co6oli «HaKJIOHH)'lO». Il03TOMY paBeHCTBO (3.26) MO:JKHO HHTeprrpeTHpOBaTh TaK: 

):\JIHHa rreprreH):IHeymrpa, orryru;eHHoro H3 TO'IKH x Ha JIO):IJIPOCTpaHCTBO (rrpHM)'IO, JIJIOCKOCTb), 

MeHhIJJe ):\JIHHbI HaKJIOHHOH, rrpoBe):leHHOH H3 TOH lKe TO'IKH. 

lfa (3.26) CJie):lyeT 

k=I k=\ 

3TO HepaBeHCTBO Ha3hrnaeTcH HepaBeHCTBOM EeccenH. TaKHM o6pa3oM, VJ E H PM H3 KBM

paToB ero K03<jJ<Jnru;HeHTOB <Dypbe ITO OPTOHOpMHpOBaHHOH CHCTeMe { rpk} CXO):\HTCH. 0'1eBH):\HO, 

ck ~o (k~oo). 

Ko3<jJ<jJmi:HeHTb1 <l>ypbe ck = ( f' rpk) Ha3hlBaIOTCH KOOP!J:HHaTaMH 3JieMeHTa J B OPTOHOp

MHpOBaHHOH CHCTeMe { rpk} . B 3TOM CMbJCJie HepaBeHCTBO EecceJIH BbipaJKaeT TOT <jJaKT' 'ITO 

cyMMa KBa):lpaTOB KOOP!J:HHaT BeKTOpa He rrpeBhIIIIaeT KBa):lpam ero ):\JIHHhI. 

IlyCTb f - rrpOH3BOJibHblll 3JieMeHT cerrapa6eJibHOro rHJih6epTOBa 6eCKOHe'IHOMepHoro 

rrpocrpaHcrna H H { rpk} - HeKoTopaJI opToHopMHpoBaHHaJI CHCTeMa B H. PH!J: 

I:c!!rpk, ck =(f,rpk) (3.28) 
k=I 

Ha3hrnaeTCH pH!J:OM <Dypbe 3JieMeHTa f rro CHCTeMe { rpk}. <t>opMaJihHhIH pH!J: <Dyphe (3.28) MOlKeT 

0Ka3aTbC» paCXO!J:Hill;HMCH HJIH CXO):\Hill;HMCH (rro HOpMe H), HO He K 3JieMeHTY J. Amr Toro 'IT0-

6bI 3TO IIOHHTHe 6bJJIO CO):leplKaTeJihHbIM, He06XO):\HMO c<jJOPMYJIHpOBaTb ycJIOBHH, rrpH KOTO

pbIX OH CXO):\HTCH K :rneMeHTY f. 
Orrpe):leJieHHe. 0pToHopMHpoBaHHaJI cwcTeMa { rpk} B cerrapa6eJihHOM rnnh6epTOBOM rrpo

crpaHCTBe H Ha3hrnaeTCH 3aMKttyTOH, ecJIH VJ E H, HMeeT MecTo paBeHCTBO (IIapceBaJIH) 

f c; =11!112
, ck =(f,rpk). 

k=I 

I-fa (3.27) Herrocpe):ICTBeHHO CJie):lyeT, 'ITO M» CXO):\HMOCTH pH):la <t>ypbe K 3JieMeHry f 
(rro HOpMe H) He06XO):\HMO H !J:OCTaTO'IHO, 'IT06hI OpTOHOpMHpOBaHHaH CHCTeMa { rpk} 6hma 

3aMKHYTOH. )J,eHCTBHTeJihHO, rrepeXOM B (3.27) K rrpe):leny rrpH n ~ oo, JIOJIY'JHM 

Cne!J:)'IOru;aH TeopeMa orrpe):leJIHeT CBH3h MelK!J:Y rroHHTHHMH rroJIHOThI H 3aMKttyTOCTH. 

B cerrapa6eJihHOM rHJib6ePTOBOM rrpocrpaHcTBe JIOHHTHH JIOJIHOThI H 3aMKHYTOCTH !J:JIH 

mo6oli opTOHOpMHpOBaHHOH CHCTeMbl paBHOCHJihHbI. 
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,ll;OKa3aTeJihCTBO. IlycTb opTOHOpMMpoBaHHaH cMcTeMa { l)?k} 3aMKHYTa B H. 3TO 03Ha

qaeT, qTO L({'l'k}} Bc10.zzy JIJIOTHO B H, T. e. {'Pk} - nonHaH OPTOHOpMHpoBaHHasI cHcTeMa 

(opToHopMMpoBaHHhIH 6a3HC B H). 06paTHo, nycTh cMcTeMa noJIHa, T. e. \ff EH MO)l(HO 

annpoKCMMHpOBaTb JIMHeHHbIMli KOM6MHa1IMHMH BH.n;a u. = takl)?k (llf-unll ~ 0, n ~ 00 ). 

k=I 

Ho Tor.n:a M no,n:aBHO 3JieMeHT f MO)l(HO annpoKCHMMpoBaTb JIMHeHHbIMH KOM6HHa1IID1MM fn = 
n 

= L Ckl)?k. HMeeM M3 (3.27) 
k=I 

T. e. CMCTeMa {'Pk} 3aMKflYTa B H, qTO M TPe6oBanocb. 

YJ.3 npe,ll;b1.n;ymHX paccy)l(,n:eHHH cne.zzyeT, qTO no 3a.n;aHHOMy 3JieMeHry f E H, B c):>MKCM

poBaHHoii 3aMKHyTOll OpTOHOpMHposaHHOH CHCTeMe {'Pk} O,ll;H03HaqHo onpe;::\eJIIDOTCS! qHcrra 

Ck = (!, l)?k) - K03c):>c):>HIIHeHTbI <l>ypbe, IlpHqeM 

t1ckl2 =lltll2 

=(f.f). 
k=I 

I1MeeT MeCTO li o6paTHOe yTBep)l(,ll;eHMe. 

TeopeMa (PMcc, <I>mnep). IlycTh {'Pk} - OPTOHOpMHpoBaHHasI CHcTeMa B cenapa6eJII>HOM 

rHJih6epTOBOM npocTPaHCTBe H H qHcJia CP C2,. .. TaKOBhI, qTO 

Tor.n:a Haii;::\eTCH 3JieMeHT f E H, .L\M KOToporo 

ck =(!,'Pk), t1ckl2 ==(f.J)=llJlj2. 
k=I 

k=I 

HOCTb {!.} cpyH;::\aMeHTaJibHasI. ,ll;e:iiCTBHTeJibHO, 

TaK KaK rHJih6ePTOBO npocTPaHCTBO norrttoe, TO fn ~ f E H ( n ~ oo). IloKa)l(eM, qTO f -
HCKOMblll 3JieMeHT. HMeeM B CHJIY HenpepbIBHOCTH CKaJIHpHOro npOH3Be,[\eHIDI 
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3JIEMEHTbl <l>YHKU,llOHAJibHOro AHAJIH3A 

(f,J) =(!- fn,f)+(fn,J) =(!- fn,J)+(~Cktpk,f )==> 

==> l1v112 -~ck ck I= IU - fn.J)I ~II! - 1.1111111~0 ( n ~ 00 
). 

k=I 

TeopeMa ,[(OK83atta. 
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KpHTepHeM IIOJIHOTbI OpTOHOpMHpOBaHHOH CHCTeMbI MO)J(eT CJIY)J(HTb CJie)zyJOmlIB TeopeMa 

(Mbl BHOBb ,[(OK83bIBaeM 3TO yrnep)J(,[(CHHe, HO Terrepb OIIHpaeMCH Ha TeopeM)' PHcca-<l>mnepa). 

,ZJ;rr.ir Toro 'ITo6bI OpTOHOpMHpOBaHHaH CHCTeMa { tpk} B cerrapa6eJibHOM rHJib6epTOBOM rrpo

crpaHCTBe H 6i,ma rronHoli Heo6xo,[(HMO H ,[(OCTaTO'IHO, 'IT06i,1 B H He cymecTBoBa.rro OTJIH'IHO

ro OT HYJIH 3JieMeHTa, opToroHa.rroHoro BCeM 3JieMeHTaM { tpk}. 
,l1,0K83aTeJibCTBO Heo6xo,[(HMOCTH. 

IlycTb { tpk} - rronHaH opToHopMHpOBaHHaH CHCTeMa B H. Heo6xo.[(HMO rroKaJaTb, 'ITO 

He cymecTByeT OTJIH'IHOro OT HYJIH 3JieMeHTa f E H, TaKoro, 'ITO ( f, tpk) =ck = 0 ( k =I, 2, ... ) . 

npe.[(IIOJIO)J(HM, 'ITO TaKOH 3JieMeHT f E H cymecTByeT. Tor,[(a 

TaK KaK IIOJIHlIB OpTOHOpMHpOBaHHaH CHCTeMa 3aMKHYTa, TO HMeeT MeCTO paseHCTBO IlapceBaJIH 

k=I 

)J,oKa3aTeJibCTBO .[(OCTaTO'IHOCTH. 

Heo6xo,[(HMO rroKa3aTb, 'ITO ecnH He cymecTBYeT OTJIH'IHoro OT HYJIH 3JieMeHTa B H, op-

roroHa.rrhHoro BCeM 3JieMeHTaM OpTOHOpMHpOBaHHOH CHCTeMbI {'Pk} , TO OHa IIOJIHa B H. Ilpe.[(

noJIO)J(HM rrpoTHBHoe, 'ITO cHcTeMa { tpk} He rronHa. Tor.[(a 3g EH TaKoli, 'ITO 

k=I 

no TeopeMe PHcca-<l>mnepa ,[(JIH 'IHCeJI C1'C2, ... cymeCTByeT 3JieMeHT f EH, TaKOH 'ITO 

ck =(f,qik), ll!ll2 

= f1ckl2

• 
k=I 

Ho Tor,[(a 

(f - g, tpk ) = 0 ( k = I, 2, ... ) ==> f = g. 

c .[(pyroli CTOpOHbI, llf 112 
< l\g\12

. IlonyqeHHOe rrpoTHBOpeqHe 3asepruaeT .[(0Ka3aTeJibCTBO. 

3aMe'IaHHe. EcJIH s ycnoBHH TeopeMbl PHcca--<l>HIIIepa rrm:pe6osaTh rroJIHOTY OpTOHopMHpo

eaHHoli CHCTeMbl { tpk} , TO TOr,[(a MO)J(HO rapaHTHpOBaTh e,L(HHCTBeHHOCTh 3JieMeHTa f. 3'ro He-

nocpe,[(CTBeHHO CJie,[(yeT H3 .[(OKa3aHHOH BbIIIIe TeopeMbI. 
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H30Mopc)n3M ruJib6epTOBbIX npocrpaHCTB. Onpep;eneHHe. fosopH"r, 'ITO rnnb6ep'I'OBbI 

(eBKlIH,z:IOBhl) npocrpaHCTBa H H H* H30MopcpHbI, ecmr Me)K)zy HX 3JieMeHTaMH MO)l(HO ycrnHo
BHTh B3aHMHO-O)J;H03HaqHoe COOTBeTCTBHe, cornacoBaHHOe c JIHHeHHbIMH onepau;mlMH H co
xpamUOIIIee CKan»:pHoe npmnsep;eHHe. lfHbJMH CJIOBaMH, eCJIH 

xHx*, yHy* (x,yEH;x*,y*EH*), 

TO 

x+ y H x· + y*, AxH Ax*, (x,y) = (x* ,y*). 
Bee KOHeqHoMepHbie eBKnll)J;OBbI npocrpaHCTBa H30MOpcpHbI p;pyr p;pyry. EecKoHeqHoMepHbie 
eBKnll)J;OBbI npocrpaHcTBa MOryT He 6hlTb moMopcpHhIMH. Op;HaKo, HMeeT MeCTo TeopeMa. 

mo6hle p;sa cenapa6enhHhIX rnnh6ep'I'OBhlX npocrpaHcTBa H30MopcpHhI Me)J{)zy co6oii. ,[\o
Ka)l(eM, qTQ mo6oe cenapa6enbHOe rHJib6ep'I'OBO npocrpaHCTBO H H30MOpcpHO 12

• 0TCIO)J;a 6y
)J;eT CJie)J;OBaTh yTBep)l()J;eHHe TeopeMbI. 

B3aHMHO-O)J;H03HaqHoe cooTBeTCTBHe. Bb16epeM B H npoH3BOJibttyIO nonttyIO opToHop

MHposaHttyIO cucTeMY {<pk} ( opTOHOpMuposaHHbIH 6a3HC ). ,[\JI» n106oro f E H onpep;emrM 

qucna ck =(!,<pk). Torp;a BeKTop 

C=(C!'C2, ... ), fjckj2 
==llfll

2 
< 00 

k=I 

HBJIHeTCH 3JieMeHTOM IBJib6epTOBa npOCTpaHCTBa 12. 06parno, v c = (cl' Cz, ... ) E 12 IIO TeopeMe 

Pucca-<l>HIIIepa COOTBeTCTBYeT O)J;HH 3JieMeHT f E H, TaKOH 'ITO ck =(!'<pk) H f 1ck 12 =!It 112. 

TaKHM o6pa30M, B3aHMHO-O)J;H03Ha'IHOe COOTBeTCTBHe 

12 
3CH /EH 

yCTaHOBJieHO. 

k=I 

CornacoBaHHOCTh c JIHHeHHhIMH onepau;HHMH. EcJIH H 3 f H c E 12
, H 3 g H d E 12

' TO 

f + gE H H (! + g,<pk) =Ck +Dk, fjck +Dkj
2 
=II/ +gll2 

<oo. Cnep;osaTeJibHO, BeKTop C+D= 
k=l 

=(C1 +DpC2 +D2 , .•• )El2 
H f+gHC+D. AHaJIOrH'IHO: AfHAC. 

CoxpaHeHHe cKan»:pHoro npm13sep;eHHH. MbI HMeeM 

0TCIO)J;a 

i1fll
2 
+2(!,g )+llgll

2 
=i1Ci1

2 
+2( C,D)+i1Di1

2 
=> (/,g) = ( C,D), 

'ITO H Tpe6osanOCb. 
TaKHM o6pa30M, c TO'IHOCThIO p;o H30MopcpH3Ma cyIIIeCTBYeT JIHWh op;Ho cenapa6enbHoe 

rHJih6epTOBO npocrpaHCTBO. HanpHMep, 12 HBJIHeTCH ero KOOp)J;HHaTHOH peanu3au;ueii. 

ruJib6epTOBO npocrpaHCTBO L2 
( Q). <l>yeKu;HOHailbHOH peamr3au;ueii: a6crpaKTHOro 

r11nb6epT0Ba npocTpaHcTBa HBJIHeTCH npocTpaHCTBO L2 ( Q) - cosorynHOCTh (Knaccos 3K-
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BHBaJieHTHhIX <j:lyHKQHM f ( x) ), CyMMHpyeMhlX c KBa,n:paTOM Ha o6naCTH Q c R"' T. e. Ta-

KHX,qTO 

~f ( x)l
2 
dx < oo. 

Q 

IloKIDKeM, ~o L2 
( Q) - JIHHeiiHoe MHO)l(eCTBO (nHHeiiHoe rrpocTPaHCTBO ). EcnH f E L2 

( Q) 
H gE L2 (Q), TO 

H, cne,n:oBaTeJihHO, JIHHeiiHM KOM6HHaQIDI A,f + µg, \:/A, µ E P TaK)l(e npHHa,n:Jie)l(HT L2 ( Q). 
HyneBhlM 3JieMeHTOM HBmieTcH KJiacc [ 0], co,n:ep)l(aJQHM Bee <j:lyHKQHH, 3KBHBaJieHTHhie eymo. 

,n:anee, B L2 ( Q) crrpaBe,n:JIHBO HepaBeHCTBO lllBapu;a . .I:i:eiiCTBHTeJii.Ho, TaK KaK f, g H A, f + µg 

rrpHHa,n:ne)l(aT L2 
( Q), TO \:/A, E R 

f(l!l+A-jgl)2dx= fl!l2 dx+2A, fjfgidx+A,2 flgl2dx~O. 
o o n 'o 

I-fa HeOTPHU:aTeJihHOCTH 3TOro KBa,n:paTHoro TPexqneHa ( OTHOcHTeJii.Ho A,) cne,n:yeT HenoJIO)l(H

TeJihHOCTh ,ll;HCKpHMHHaHTa 

0Tcro,n:a BhlTeKaeT HepaBeHCTBO UlBapu;a B L2 
( Q) 

I I 

/11 (x)g(x)dxl $~I (x)g (x)ldx $ (~1 (x)!
2 

dx J2 (~g(x)j" dx r. (3.29) 

IlycTi. Q - orpaHHqeHHaH o6nacTh B R" H g = 1. TOr,n:a H3 (3.29) rronyqaeM 

T. e. H3TOro, qTQ f E L2(0)=> f E L!(n). 
Ha JIHHeiiHOM rrpoCTPaHCTBe I3 ( Q) BBe,n:eM CKaJIHpHoe rrpomBe,n:eHHe H HOPMY. HH,n:yu;H

poBaHHYffi CKaJIHpHbIM npOH3Be,L(eHHeM 

( f' g ) = ff ( x) g ( x) dx, (3.30) 

I 

11111=~(!,f) =(11112dx T. (3.31) 

B TepMHHaX HOpMbl (3.31) HepaBeHCTBO lllBapu;a (3.29) nptto6peTaeT CTaH.n:apmyro <j:lopMy 

l(f ,g )1$11fllllgll. 
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AKCHOMhl CKamipHOro npoH3Be,ZJ,eHIDI (3.30) H HOpMhl (3.31) BbIIIOJIIDIIOTCH. IlpH rrpoBepKe 

rrepBOH aKCHOMbI Ha,ZJ,O IIOMHHTb, 'ITO <l>YHKIIHH, paBHble eymo IIOlfTH Be3,ZJ,e o6pa3)'IOT KJiacc [ 0]. 
Csoil:CTBo noJIHOTbl rrpocrpaHCTBa L2 

( Q) BbipaJKaeT TeopeMa PHcca-<l>mnepa [7, 18], KOTo

prur yrsep)l(,ll,aeT, 'ITO BCHKaH <l>YH.D.aMeHTaJibHaH B cpe,ll,HeM IIOCJie,ZJ,OBaTeJibHOCTb {Jk }c L2(n) 
cxo,ZJ,HTCH B 3TOM npoCTpaHcTBe. HarrOMHHM, 'ITO rrpHMeHHTeJibHO K L2 

( Q) <l>YH.D.aMeHTaJihHOH 

6y,ZJ,eT rrocne,ZJ,oBaTeJibHOCTh { fk} c L2 
( Q), TaKaH 'ITO 

I 

llfk - fmll = (~fk (x)- fm (x)j\tx Y -t 0, k -t 00
, m -too. 

Cxo,ZJ,HMOCTh {fk} c L2 
( Q) K <l>YHKU:HH f E L2 

( Q) 03HaqaeT, 'ITO 

I 

llt - tk 11 = (~1 ( x )- tk ( x )j2 

lb: y -t o, k -t 00
• 

TaKHM o6pa3oM, HopMHpoBaHHoe JIHHeHHOe rrpocTPaHcTBO f! ( Q) HBJIHeTCH rHJib6epTOBhIM 

( <l>YHKU:liOHaJibHbIM) rrpOCTPaHCTBOM. 

3.5. npuno>KeHuR e 3aoa'lax ynpaeneHUR ynpyeou cucmeMoii 

B HeKoTopbIX <)lM3H'IeCKHx ycTPOHCTBax, HarrpHMep B 3JieKTpOHHbIX MHKpOCKorrax, Heo6-

xo,ZJ,HMO BbI,ll,ep:>IGiBaTh O'IeHb BbICOKyIO TO'IHOCTb rrpH yrrpaBJiemrn: ,ll,BIDI<eHHHMH MHIIIeHH. 3,ZJ,eCb 

B KaqecTBe ,ZJ,aT'IHKOB rrpHMeHHIOTCH rrhe303JieKTPmecKHe 3JieMeHThl. B CBH3H c 3THM B03HHKa

IOT 3a,ZJ,a'IH 06 OJITHMaJihHOM (B HeKOTOpOM CMbICJie) yrrpaBJieHHH ,ll,BIDKeHHHMH Jibe303JieKTpH

qecKoro ( IIbe3oKepaMH'IecKoro) 3JieMeHTa. 

PacCMOTPHM MO)J,eJibHyIO 3a)J,a'I)' 06 yrrpasJieHHH BbIHy)K.ll.eHHbIMH ,ll,BIDKeHHHMH TOHKOrO 

Jibe30KepaMH'IeCKOro CTep:>KIUI, CB060,n:Horo OT MexaHH'IeCKOH HarpY3KH H COBeprna10mero rrpo

,ll,OJibHble ,ll,BIDKeHHH rro.n: B03,ll,eHCTBHeM rrepeMeHHOH BO BpeMeHH 3JieKTPH'IeCKOH pa3HOCTH rro

TeHl(HaJIOB, rrpHKJia,ll,bIBaeMOH K TOpn;eBbIM 3JieKTPo.z:t:aM (pHc. 3.7). 

' ,-
z 

0 I 

±V(t) 
~ 

Puc. 3. 7. CxeMa 3JieKTpH'IeCKoro HarpYJKeHIDI rrhe30KepaMH'IecKoro cTep)l(IDI 
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CornaCHO [2], COCTOj{HHe CTep)l(Hj{ OIUIChIBaeTCj{ ,!l;B)'Mj{ <l>YHKQIDIMH: ynpyrHM (oceBhIM) 

rrepeMe111eHHeM ToqeK CTep)l(ffj{ w = w( z, t) H IIOTeHQHMOM 3JieKTPJiqeCKOro (3JieKTPQCTaTJiqe-

CKOro) IIOAA <p = <p( Z, t). CoOTBeTCTBeHHO, MeXaHJiqeCKOe ( ocesoe) Harrpj{)l(eHHe (Yz = (Yz ( z, t)' 

oceBM .n;e<PopMaQHj{ cz = cz ( z, t), 3JieKTPJiqeCKM mmyKQHj{ Dz =Dz ( z, t) H Harrpj{)l(eHHOCTh 

3JieKTPJiqeCKOro IIQJlj{ Ez = Ez ( Z, t) orrpe,n;eAAIOTCj{ rrpH IIOMOIIIH COOTHOUieHHii 

ow E=-o<p 
c, =-az· z oz' (3.32) 

r.n;e C33' C33 H e33 - MO,D;)'Jlb yrrpyroCTH, ,n;H3JieKTPHqecKM IIpOHHQaeMOCTh H IIbe30MO,D;)'Jlb Ma

Tep11:ana cTep)l(HR. YpaBHeHHe ,n;BH)l(eHJij{ H ycnos11:e coxpaHeHIDI 3JieKTPJiqeCKoro 3apMa B pac-

CMaTPHBaeMOM cnyqae HMeJOT BH,D; ' 

o<Y, = 0
2
w oDz = 0 oz p ot2 ' ()z ' 

(3.33) 

r.n;e p - IIJIOTHOCTb Marep11:ana CTep)l(ffjl. 

Tio,n;CTaHOBKa B (3.33) COOTHOUieHHH (3.32) .n;aer 

02W _ _!_ 02W =0 a2 =(l+TC)C33. 
'.:\ 2 2 '.:\ 2 ' 3 ' uz a ut p 

a2 ~ 
-2 (e33W-c33q.>)=O, ~ =--. 
{)z C33C33 

(3.34) 

Ilepsoe COOTHOUieHHe B (3.34) - BOJIHOBOe ypasHeHHe, IIpJiqeM a eCTb CKOpOCTb pacrrpocTPa

HeHHR rrpo,n;OJibHhIX B03MY111eHHH B IIhe3oKepaMHqecKOM CTep)l(He, K3 - TaK Ha3bIBaeMbIH K0-

3<l><l>HQHeHT 3JieKTPOMeXaHHqecKOH CBj{3H. 

)J,Jij{ 3aMbIKaHHR MO,D;eJIH .n;11:<P<l>epeHQHMhHhle ypaBHeHHR (3.34) Heo6xo.n;HMO ,D;OIIOJIHHTb 

HaqaJihHbIMH H rpaHJiqHbIMH ycJIOBHj{MH 

wlt=O = 0, Owl = 0, 0 5, z 5, f, at •=O 

<Yz lz=0,1 = O, <p lz=O,l = +V (t)' t > O. (3.35) 

PeUieHHe Haqani.Ho-Kpaesoii 3a,n;aq11: (3.34), (3.35), orrycKM YTOMHTeni.H1>1e rro.n;po6Hocm, rrpe.n;

cTaBHM B BH,[(e 

2e 'f. ( w(z,t)=-11 V i')81(z,t-r)dr, V(O)=O, 
C33 O 

<Yz ( z,t) = 
4
e33 (1 + ~) Jv ( r) 82 ( z,t-r)dr, 
a o 

(3.36) 

I t 

<p( z,t) = f V ( r) 83 ( z,t-r)dr, Dz ( z,t) = 2c33 (1 + ~ )f v ( r) 8 (t-r)dr, 
0 0 
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r,n;e 

qliCJia Sn - KOpHII ypaBHeHmr 

x-; sin ( -( 1 + x-; ) (cos ( = 0 

C aCliMIJTOTliKOH 

2n-l 
rn =--tr+O, limO =0, n~=. \>, 

2 
n n 

HaKOHeu, IIpOTeKaJOW:liH IJO CTep:lKHIO TOK CMew:eHMH BbPiliCJIHeTCH IJO <l>OPMJJie 

I =-S!!_D. 
dt z 

TaKMM o6pa30M, BCe IJOJieBhie BeJiliqlfHhl OIIpe,n;eJieHbl B Bli,!l;e CBepTOK li3BeCTHblX CTaH,n;apTHblX 

<l>YHKI.llill c IIpOii3BO,!l;HOH OT IJOCTYIJaJOw:ero Ha o6KJia,!l;Kli CTep:lKHH 3JieKTPifqecKoro CMrHaJia. 

PaccMoTpIIM TeIIeph tteCKOJihKO 3a,n;aq yIIpaBJieHMH. 

1. OIITliMaJihHblll IIepeBO,!l; CTep:lKHH B 3a,!l;aHHOe COCTOHHlie. TioCTaBliM CJie,n;yJOw:yJO 3a,n;aqy: 

3a 3a,!l;aHHhlll IIpOMe:lKYTOK BpeMeHli T IIpIIBeCTli CMew:eHliH Ha6JIJO,!l;aeMhIX ToqeK cTep:lKHH li3 

HaqaJihHOro ttyJieBoro COCTOHHMH K 3a,n;aHHblM 3HaqeHMHM IIpli ycJIOBlili MliHliMli3aUHH HOpMbl 

YIJpaBJieHHH. Tio,n; yIIpaBJieHHeM 6y,n;eM IJOHMMaTh CKOpOCTb H3MeHeHHH IIO,n;aBaeMoro HaIIpH

:lKeHMH, T. e. V (t). PaccMOTPHM 3TY 3a,n;aqy B rlfJih6epToBOM IIpOCTpattcTBe L2 
( 0, T). 

<DopMaJihHaH IJOCTaHOBKa 3a,n;aqH BhirJIH,!l;HT CJie,!l;yJOW:liM o6pa30M 

w(zk,T) = 
2
e33 wk, (k =l,2, ... ,N), 

C33 

Ml L'~T] min, 

r,n;e 0 ::;; zk ::;; l - 3a,n;attHble ToqKif; wk - 3a,n;aHHhie qlfcJia; T - BpeMH yIIpaBJieHMH. 
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Y1IHThIBIDI rrepBoe paBeHCTBO B (3.36), rrpHXO):(HM K cne;zyrow:eH: /-rrpo6neMe MOMeHToB [10): 
T 

fv(-r)g, (zk, T--r)dr= wk, (k =1,2, ... ,N), 
0 

llvll -t min. 
T}[O,T) 

(3.37) 

MoMeHTHhle <l>YHKU:HH rk ( t) = g 1 ( zk , T - t) orrpeAemIIOTCH m (3 .36). 06w:Hli 'IJieH pHAa AJIH 

g I ( Z, t) 3azyxaeT KaK 1/ n2 
' II03TOMY rk ( t) - HerrpephIBHbie cp)'HKD:HH H Mhl BrrpaBe IIOJIO:>KHTh, 

'ITO rk ( t) E L2 
[ 0, T]. PaccMOTPHM N -Mepuoe IIOArrpocTPaHCTBO 

N 

L = Iakrk (t) c L2 [0,T]. 
k=I 

Ilo TeopeMe 06 opTOroHani,uoH: .l(eKOMII03HD:HH BCHKHH 3JieMeHT V E L2 
[ 0, T] MO)l(eT 6MTo rrpek 

CTaBJieH e.l(HHCTBeHHhIM o6pa30M B BH.l(e 

N 

V(t) = L£Vk (t)+h.l, (3.38) 
k=I 

rAe h.i E L.i - opTOroHaneH IIOAIIPOCTPaHcTBy L. 

IlOACTaHOBKa Bhlpa)l(eHHH (3.38) B MOMeHTHbie paBeHCTBa (3.37) IIpHBO.l(HT K CHCTeMe JIH

HeHHhIX anre6paH'leCKHX ypaBHeHHH OTHOCHTeJihHO K03cpcpHU:HeHTOB ak BH,l(a 

N 

L:c.kak =w •• (n=I,2, ... ,N), 
k=I 

T 

Cnk =('k,r,J= fg,(zk,T-t)g,(z •• T-t)dt. (3.39) 
0 

Orrpe.l(eJIHTeni, 3TOH CHCTeMhl ecTh orrpe.l(eJIHTeni, fpaMa. Ilo3TOMY oHa OAH03Ha'!Ho pa3pe-

IIIHMa. 

0CTaJICH rroKa Heorrpe.l(eneHHOIM 3JieMeHT h.i. Ero Bhl'IHCJIHM H3 ycnoBHH MHHHMYMa HOpMhI 

yrrpaBJieHHH. HMeeM 

N 

OTcIOAa cneAJeT, 'ITO h.i = 0, H6o 3JieMeHT L ak rk ( t) ~e 3acpHKCHpOBaH H eAHHCTBeHHbIM 
k=l 

sapoHpyeMbIM 3JieMeHTOM HBJIHeTCH h.l. 
TaKHM o6pa30M, cpyHKU:HH yrrpaBJieHHH HMeeT BHA 

N 

V(t)= Iakrk(t), 
k=I 

r.l(e BeJIH'IHHhl ak 0.l(H03Ha'IHO orrpe,l(eJIHIOTCH CHCTeMOH (3.39). 

(3.40) 
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PaccMOTIJHM npe.L(CTaB.IDIIOIIJHH npaK'IWleCKHH HHTepec cnyqaH:, KOr,L(a Heo6xo,L(HMO K MO

Memy speMeHH t = T rronyqHTh 3a.L(aHHoe rrepeMemeHHe KOHu;a cTep)J(m1 z = 0. B 3TOH cHTya-

QHH N = 1, 1i ( t) = g 1 ( O,T - t), a 1 = wJj17i112 
H <PYHKUIDI yrrpasneHmr corrracHo (3 .40) TaKosa: 

1j ( t) =_!__:tan cos [ 2?n ( r* -t·) ], 
2 n~l 

sin? • a • a 
an= ?non((n)' T =zT, t =zt. 

OTcJO,L(a Herrocpe.L(cTBeHHO BH.L(HO, 'ITO HopMa yrrpasneHHH rrporropu;HoHanbHa 3MaHHOMY rre

peMemettHIO KOHI~a CTep)l(HH. I1HhIMH CJIOBaMH, 'leM 6onbIIIero rrepeMemeHIDI Mbl -rpe6yeM, TeM 

60JihIIIe 3HepreTH'leCKHX 3a-rpaT, o6ecrre<JHBalOIIJHX BhIJIOJIHeHHe 3TOH rrporpaMMhl, HMO rrpo

H3BeCTH. 3-rH 3a-rpaTb1 TaK)l(e CYI11eCTBeHHO 3aBHCHT OT 3a.L(aHHoro speMeHH ynpasneHIDI. O<Je

BH.L(HO, 'leM MeHbIIIe BpeMCHH OTIIYI11CHO Ha yrrpaBJICHHe, TeM 60JibIIIe ,L(OJI)l(Ha 6bITh HOpMa 

ynpaBJieHHH. 

2. 3a,L(a<Ja 0 MaKCHMMhHOH «pacKa'IKC» CTep)l(HH. B HeKOTOpbIX CJIY<JaHX Heo6xo,L(HMO MaK

CHMH3HpoBaTb rrepeMemeHHe B H36paHHOH TO'IKe CTep)J(HH IlpH orrpe.L(eJieHHhlX orpaHH'ICHHHX 

Ha HOPMY yrrpasneHHH (3aAa<Ja o MaKCHMaJibHOtt «pacKa'IKe» cTep)J(HH). TipH 3TOM u;enecoo6-

pa3HO pa3bICKHBaTh ynpaBMIOIIIYIO lPYHKQHIO B pa3JIH'IHhlX <PYHKUHOHMhHbIX rrpoc-rpaHCTBaX. 

TIO pe3yJihTaTaM MO)l(HO 6y.L(eT Cy.L(HTb 06 3lPlPCKTHBHOCTH yrrpaBJICHHH. 

B CBH3H co CKa3aHHhIM BhIIIIe rrocTaBHM CJIC.L(ylOIIJyJO 3a.L(a<JY yrrpasneHHH. K 3a.L(aHHOMY 

MOMemy speMeHH t = T MaKCHMH3HpOBaTb rrepeMemeHHe w B lPHKCHpoBaHHOll TO'IKC CTCp)J(HH 

rrpH orpaHH'ICHHH Ha HOPMY yrrpasneHHH s H36paHHOM <PYHKQHOHMhHOM rrpocTpaHCTBe. 

<l>opMMhHaH IIOCTaHOBKa 3KCTpeManbHOH 3a,L(a'IH HMCCT BH,L( 

w(z0 ,T)~max, 

11v11~A, (3.41) 

r,L(e A> 0 - 3a.L(aHHoe 'IHCno; z0 E ( 0, l] - 3MaHHM TO'IKa CTep)J(HH. Y'IHTbIBM rrepByJO <Pop

MYJIY B (3.36), 3aIIHIIIeM (3.41) TaK: 

T 

L(V)= Jv(r)g1 (z0 ,T-r)dr~max, 
0 

Ml~A. (3.42) 

YnpaBJieHHe s rrpoc-rpaHCTBaxl!' (O,T), p > 1. Tione3HO paccMOTIJeTu ynpaBJieHHe s <PYHKQHO

HMhHhIX rrpoc-rpaHCTBax I!' c u;eJiblO BbNBJieHHH ero 3lPlPCKTHBHOCTH. B03BpamaHcb K IIOCTa

HOBKe (3.42), 3aJIHIIICM orpaHH'leHHe Ha HOpMy yrrpasneHHH rrpHMCHHTeJibHO K 6aHaxosy rrpo

CTpaHCTBY I!. I1MeeM 

(3.43) 
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/1,JrH rrocrpoeHHH yrrpaBJUilOII.leH 4>yma~HH B 3KC1pCMa.IThHOH 3a,n:aqe (3.42), (3.43) Ol(CHHM 

rrpe)l(,n:e scero c)>yttKl(HOHaJI L ( V). Ilo.rryqaeM, B CHJIY HepaBelicTBa f eJib,n:epa 

T 

L(v) ~ jL(V )j ~ ~v (t)JJg1 ( Zo,T-t)jdt ~ 11v11lf llg1llL' ~ Allg1llL', 
0 

1 1 
-+-=l, p>l. 
p q 

PaBeHCTBo 3,n:ech .n:ocTHraCTcH Ha c)>yHKl(HH 

,ll,eiicTBHTeJihHO, Ha 3JICMCHTe V0 (t) 

IlpH 3TOM HOpMa yrrpaBJICHHH 

(3.44) 

TaKHM o6pa30M, ycnoBHH (3.42), (3.43) BhIIIOJIHHIOTCH Ha c)>yttKl(HH (3.44), oTKy,n:a cne.n:yeT, 

'ITO 3Ta <l>YHKI(HH H HBAACTCH HCKOMhIM yrrpaBJICHHCM. 

OrMeTHM, 'ITO 3JICMeHT V0 ( t) JIC)l(HT Ha rpaHuue o6naCTH .n:orrycTHMhIX yrrpasneHuil.. 3To 

HBJIHCTCH cne,n:CTBHCM Toro c)>aKTa, 'ITO o6JiaCTh ,n:orrycTHMhlX ynpaBJICHHH B HaIIICM c.rryqae 

BbirryKJia. 

3.6. npocmpaHcmea Co6oneea 

IlyCTb OE R" - orpaHH'ICHHaH 3aMKHyTM o6JIUCTh c .ZJ:OCTaTO'IHO rna,n:KOH rpattlll(CH an. 
Orrpe,n:CJIHM Ha Q JIHHCHHOC rrpOCTPUHCTBO c)>yHKUHH u ( x) E c' (n) c 'IHCJIOBbIMH 3HU'ICHHHMH 

s R1 
H ecTeCTBCHHbIMH nutteil:HbIMH onepau;HHMH. Bse,n:eM HOPMY B 3TOM JIHHCHHOM rrpocTPaH

CTBe no c)>opM)'ne 

I 

llull={JJu(xf dx+ 1s~1 JJDauJP dxy, p~l. (3.45) 

JlerKO rrpoBepHCTCH, 'ITO BCC UKCHOMbI HOPMhl BhIIlOJIHCHhI. 

IlOCTPOCHHOC TaKHM o6pa30M JIHHCHHOC HOpMHpoBaHHOC rrpocTpaHCTBO o6o3HatJaCTCH 

W; ( Q). Ero norronHettue s HOpMe (3 .45) o6o3HatJaCTcH W ~ ( Q) H Ha3hIBaCTcH npoc"IpaHCTBOM 

Co6oJieBa. IlpH p = 2 npOCTPaHCTBO w; ( Q) o603Ha'laeTCH o6bJ'IHO qepe3 H' ( Q). 3TO npo-
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crpaHCTBO THJih6epTOBO, HBJUieTCH IIOIIOJIHemreM rrpocrpaHCTBa w; (n) B HOpMe, IIOpO)J{)];eHHOM 

CKaJIHpHbIM rrpOH3Be.r1emreM 

( u, v) = Ju ( x)v(x)dx+ L J Dau ( x) Dav( x)dx. 
n 1s1ai:>tn 

Co6oJieBCKHe rrpocTJ)aHCTBa HcrrOJib3YJOTCH B TeopHH ):(H<P<PepeHU;HaJibHbIX ypasHeHHii B qa

CTHbIX rrpOH3BO,r(HbIX, B rrpHKJia,IJ,HOM MaTeMaTHKe, HeKOTOpbIX Borrpocax MexaHHKH CIIJIOUIHOM 

cpei::i;M, TeopHH yrrpyrocm, HarrpHMep B cMernaHHhix 3ai::i;a'Iax yrrpyrocm [4, 5]. 

IlpocTpaHCTBO H1 (a, b). PaccMoTpHM Ha [a, b) rrpocTpaHCTBO H1 [a, b), COCTOHIIIee H3 

scex Herrpepb!BHO ,r(H<P<l>epeHI1HpyeMbIX Ha [a, b] semecTBeHHbIX <l>YHKI1HM co CKaJUipHbIM rrpo

H3Be):l;eHHeM 
b b 

(u,v)= fu(x)v(x)dx+ fu'(x)v'(x)dx (3.46) 
a 

H COOTBeTCTBYIOIIIeii HOpMOM 
I 

llull=(f u2
(x)d.x+ Ju'

2
(x)dx T (3.47) 

IlpocTJ)aHCTBO Co6oJiesa H' ( a,b) HBJIHeTCH rrorroJIHeHHeM H1 
[ a,b] B HOpMe (3.47). 

CorJiacHo TeopeMe o rrorroJIHeHHH, 3JieMeHTaMH rrpocTJ)aHcTBa H 1 
( a,b) HBJIHJOTCH KJiac

CbI, cocToHmHe H3 rrocJiep;osaTeJibHOcTeii { un ( x)} c H 1 [a, b), <l>YHAaMeHTaJibHhIX B H 1 [a, b) 
B cpep;HeM, T. e. TaKHX qTo 

b b 

]un ( x)-um ( x)l
2 
dx+ ]u: (x)-u: ( x)l

2 
dx--; 0, m--; oo, n--; oo. 

a 

.z:i;se TaKHe IIOCJie,r(OBaTeJibHOCTH {Un ( X)} H { Vn ( X)} IIpHHa,IJ,Jie:>I<:aT O):l;HOMY KJiaccy, eCJIH OHH 

3KBHBaJieHTHbI B cpe.r1HeM (s MeTPHKe H1 
[ a,b ]), T. e. 

b b 

]un ( x )- Vn ( x )!2 
dx + Jiu: ( x )-v: ( x )!2 

dx --; 0, n-? oo. 

0TCJO,r(a BbITeKaeT, qTo OT,r(eJibHO rrpH m--; oo, n--; 00 

b b 

]un ( x)-um ( x)i 2
d.x--; 0, ]u: ( x)-u: (x)l

2
dx--; 0, (3.48) 

a TaK>Ke rrpH n --; oo 
b b 

]un (x)-vn (x)l
2 
dx-;O, ~u: (x)-v: (x)l

2
d.x-;0. 

Ifa (3.48) cJiep;yeT, qTo {un(x)} H {u:(x)} - <l>YH.rlaMeHTaJibHble rrocJiei::i;osaTeJihHOCTH no 

MeTJ)HKe rrpocTpaHCTBa L2 (a, b) H B CHJIY ero rroJIHOTbl, cymecTByIOT 3JieMeHTbI u E L2 (a, b) 
H WE L2 

( a,b) TaKHe, qTo 

B cpep;HeM. 
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B1>1BOJ:1 H3 3rnx paccy~eHHli TaKOB. Ecmr { u. ( x)} E fi 1 (a, b), TO TeM caMhIM B L2 [a, b] 
orrpe):(eJieH 3JieMeHT u c rrpe):(cTamneneM { u. ( x)} Ii 3JieMeHT w c rrpe):(cTaBHTeneM { u: ( x)}, 

KOTOphlli Ha3hlBaeTCH o6o6r.n:eHHOH rrpOH3BO):(HOH (B CMhICJie Co6oneBa) OT u ( x). 3arrHChIBa

eTCH 3TO TaK: u' ( x) = w. 06o6r.n:eHHaH rrpOH3BO):(HaH w orrpe):(eJIHeTCH He B TQqKax HHTepBana, 

a rno6aJihHO - Cpa3y Ha BCeM [a, b]. 
IlycTh u.(x),v.(x)E ii 1 [a,b] (n=l,2,. .. ), T. e. 

{u. (x)}E uE H1 (a,b), {v. (x)}E VE H(1)(a,b). 

IlepeXOM K npe):(eny npH n ~ oo B paBeHcTBax 

b b 

( u., v.) = f u. (x)v. ( x)dr+ f u: ( x)v~ (x)dx, 
a 

b b 

llu.112= fu;(x)dx+ fu:2 (x)dx, 
a a 

rrpH):(eM K paBeHCTBaM (3.46), (3.47), r):(e Teneph HHTerpanhl IIOHHMaJOTCH B CMhICJie J1e6era, 

a rrpOH3BO):(Hhle B o6o6r.n:eHHOM CMhlCJie. 

Ilo):(OH):(eM Teneph K IlOHHTHIO o6o6meHHOH IIpOH3BO):(HOH c ):(pyroli TOqKH 3peHHH. IlycTh 

C~ [ a,b] - MHO)l(eCTBO BCeX <i>HHHTHhIX 4JyttKI.Ulli v(x) E C1 [a,b ], rrp~eM suppv( X) C ( a,b ). 

HarroMHHM, qTQ HOCHTeJieM nerrpephIBHOH <l>YHK1IHH f ( x) ( o603HaqaeTCH supp f') Ha3hIBa

eTCH 3aMhlKaHHe MHO)l(eCTBa ToqeK X, TaKHX qTQ j ( X) :;t: 0. ECJIH U ( X) E C1 [a, b], TO crrpa

Be):(JIHBO paBeHCTBO 'v'v(x)E C~ [a,b]. 
b b 

f u ( x )v' (x )dx = - f u' ( x) v(x )dx. 
a 

)J,orryCTHM, qTQ 'lfv ( X) E C~ [a, b], 3w ( X) E C [a, b] TaKaH, qTO 

b b 

f u ( x)v'(x)dx = - f w(x)v( x)dx. 

CpaBHHBM (3.49) H (3.50), nonyqaeM 

h 

f[ u'( x)-w(x) ]v(x)dx == 0 => u'(x) ::::w(x), 
a 

TaK KaK C~ [ a,b] IIJIOTHO B £.[ a,b]. 

(3.49) 

(3.50) 

J1HTerpaJihHOe COOTHOilleHHe (3.49) crrpaBe):(JIHBO H B TOM cnyqae, KOr):(a u E HI (a, b). 

)J,eil:CTBHTeJihHO, rryCTh { u. ( x)} Eu( x) E H1 
( a,b). Tor.n:a 'v'v E C~ [ a,b], HMeeM cornacHo (3.49) 

b b 

(u.,v')==-(u:,v)=> fu(x)v'(x)=-fu'(x)v(x)dx, n~oo 

no HenpephIBHOCTH CKaJIHpHOro rrpOH3Be):(eHHH. 
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HaKOHeu;, IIYCTb ,UaHbl u (x)E H 1 
( a,b) H WE L2 

( a,b ), TaKHe 'ITO 'ltv(x) E ca a,b] cnpa

Be)J;JIHBO (3.50). IloKa)J(eM, 'ITO Tor.ua u'(x) = w eCTb o6o6IIIeHHaH IIpOH3BO,!l;HaH. 

,[J,eHCTBHTeJibHO, nycTb {un (x)}E u(x), { w" (x)}E w(x). Tor.ua Vv(x)E C6 [ a,b] 
b b b 

fun (x)v'(x)m+ f wn (x) v(x)m = - f[ u: (x)-wn ( x) ]v( x)m ~ 0, n ~ oo. (3.51) 

06o3Ha'l.HM qepe3 zE L2 
( a,b) KJiacc, npe;::i;cTaBHTerreM KOToporo HBJIHeTCH {u~ (x)-wn}· Tor

;::i;a, nepexo;::i;H B (3.51) K npe;::i;e.rry n ~ oo, norryqrrM 

b 

f z( x)v( x)dx = 0, VvE C6 [ a,b ], 

OTCID;::(a Z ( X) = 0. 

TaKHM o6pa30M, IIHTerpaJibHOe TO)J(;::(eCTBO (3.50) MO)J(HO IIpIIHHTb 3a onpe;::i;eneHrre 0606-

IIIeHHOH IIpOH3BO;::J;HOH. 

B TpexMepHoM cnyqae npocTpaHCTBO Co6orresa H 1 
( Q) BBO.UIITCH crre;::i;yIDIIIIIM o6pa3oM. 

IlyCTb Q c R3 
- O;::J;HOCBH3HaH o6naCTb c ;::(OCTaTO'l.HO rna;::i;Koii rpaHrru;eii an. B Q paccMOT

pIIM JlHHeHHOe IIpOCTPaHCTBO BCeB03MO)J(HbIX cpyttKQIIH U ( X) E C1 (:0:) CO CKaJIHpHbIM IIpOH3-

Be;::J;eHIIeM 

(u,v)= ju(x)v(x)dx+ j(Vu,Vv)dx, x=(Xi,X2,x3)E Q (3.52) 
n n 

II HOpMOH 

l 

llull=(iu2
(x)m+ JIVui2 

m J (3.53) 

B paBeHCTBax (3.52), (3.53) BeJIII'l.HHa Vu (Ha6rra u) onpe;::i;enHeTCH o6bl'l.HbIM o6pa30M 

3 a 
Vu=gradu=~:>koku, ok=;-, 

k=l uxk 

r;::i;e ek - e;::i;IIHH'l.Hble opTbl KOOp;::J;rrHaTHbIX oceil: xk. 

IlonyqeHHOe JlIIHeHHOe HOpMrrpoBaHHOe npocTpaHCTBO o6o3Ha'l.aeTCH H1 
( Q), a ero IIO

IIOJIHeHHe B HopMe (3.53) Ha3hIBaeTcH npocTpaHCTBOM Co6orresa H 1 (n). 

Ecnn {un ( x)} - cpytt;::i;aMeHTaJibHaH nocrre;::i;oBaTennHOCTb B H1 (:0:), T. e. 

TO cornaCHO (3.53) 

llun - u., ll81(o) ~ 0, m ~ oo, n ~ oo, 

Jlun -um(m ~ 0, m ~oo, n ~ oo, 

n 
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J Jv ( u. - um) 1

2 

dx ~ 0, m ~ oo, n ~ 00. 

Q 

3HaqHT,IlOCJieAOBaTeJibHOCTH 

{un (x)}, {akun (x)} (k = 1,2,3) 

<l>YHAaMeHTanbHhI B L2 
( Q) H s cttny noJIHOThl 3TOro rnnh6epTosa npocTPaHCTBa B L2 

( Q) 
HMeIOTCH npeAeJibHbJe 3JieMeHTbl (B CMbICJie CXOAHMOCTH B HOpMe L2 

( Q)) 

3neMeHThI 

u.(x)~u(x), d1u. ~d1U, d2Un ~d2u, d3u. ~d3u, n~ 00• 

dU dU dU 
dXj , dX

2 
, dX

3 

Ha3hIBaIOTCH 0606111eHHhlMH qacTHhIMH npoH3BOAHhIMH :meMeHTa u. CKaJIHpHbie npOH3BeAeHHH 

H HOpMa B H 1 
( Q) 3aAaIOTCH COOTHOJIIeHHHMH (3.52), (3.53), HO HHTerpanbI Tenepb IlOHHMaIOT

CH B CMbICJie Jie6era, a npOH3BOAHhie IlOHHMaIOTCH B 0606111eHHOM CMbICJie. 

BseAeM npocTPaHcTBO H; ( Q), KOTopoe HBJIHeTCH nononHeHHeM B MeTpttKe 

llullH!(o) = JIVul2 

dx 
Q 

JlHHeiiHOro npOCTPaHCTBa <l>YHK~Hii KJiacca C1 
( Q), YAOBJieTBOpHIOIIJHX Ha rpam1~e o6JiaCTH 

ycnOBHIO 

uJao =O. 
H; ( Q) - rnnh6epTOBO npocTPaHCTBO co CKanHpHbIM npoH3BeAeHHeM 

(u,v)= J(Vu,Vv)dx. 
0 

Mmrmo noKa3aTh, qTQ ecntt u E H 1 
( Q), a v E H! ( Q), TO 

(3.54) 

(3.55) 

B caMOM AeJie, AJIH u E C1 (n) H v E c; (n) 3TO oqeBHAHO. EcJIH {Un} c fJ 1 (n) - <l>YHAaMeH

TMbHaH nocneAoBaTeJibHOcTb s ii 1 (n), npttqeM lim u. = u E H 1 
( Q), To, nepexoAH K npeAe

ny (no MeTpttKe L2 (Q)) B paseHCTBax 

( u.,ajv) =-(a jun, v ), n ~ oo (J = 1, 2,3) 

H yqttTblBaH HenpepbIBHOCTb CKaJIHpHoro npOH3BeAeHHH 

J( u., w)-(u, w)J =I( u. -u, w)I:::; Jiu" -ulJllwll ~ 0, n ~ 00
, 

nonyqaeM 
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Tiycn, Terrepb { v.} - t):>ytt'AaMeHTaJibHaJI IIOCJie'AOBaTeJibHOCTh B ii; (n)' rrepeXO'AH K rrpe'Ae

JIY B TO)K,ll;eCTBe 

IIOJIY'IHM (3.54). 
If3 COOTHOIIIeHH}[ (3.55) BbITeKaeT CJie'ACTBHe: H: (Q) CO'Aep)JGITC}[ crporo BttyTpH H' (n). 

,l];eiicTBHTeJihHO, lE H' (Q ), Ho He rrpHHaMe)KJIT H; (n). B rrpoTHBHOM cnyqae H3 (3.55) Mhl 

6hJ HMeJIH 

B3HB u = X, IIOJIY'IHM 

'ITO HeB03MO)l(H0. 

TipocTpaHCTBa H; ( Q) H H 1 
( Q) HrpaIOT cymecTBeHeyro poJih rrpH HCcJie'AOBaHHH KJiac

CH'IeCKHX rpaHH'IHbIX 3a'Aa'I 'Am 3JIJIHIITH'IeCKOro ypaBHeHHH BTOporo IIOPH'AKa. 

HepaBeHcTBo <l>pH'ApHxca [14, 16]. ,l];JIH Vu EH' ( Q), 3C > 0, TaKM 'ITO 

(3.56) 

B pa:rnepttyToii 3aIIHCH 

Ju2 (x)dx~ C J{(~)
2 

+(~)
2 

+(~)
2

}dx. 
n n ~ ~ ~ 

IlycTb KY6 Qa ={lxJ:;;a, j=l,2,3} CO'Aep)l(HT o6JiaCTh n. PaCCMOTpHM {u.}E H;(n) 

H 'AOOIIpe'AeJIHM tPYHKU:HH Un ( x) HyJieM B o6JiaCTH Qa /n. ,lJ;M \:;/ x E Q HMeeM 

,l];aJiee, HCIIOJib3YH HepaBeHCTBO lllBapn:a, rronyqaeM 

I1HTerpHpyH 3TO HepaBeHCTBO ITO Qa' 3aIIHIIIeM 
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TaK KaK u. = 0 BHe Q, TO 

T. e. 

llu. ll~'(n) s; 4a2 llu.11:6(n) · 
Ilepexowi 3.[\eCb K rrpe.[(eJiy rrpH n ~ oo, rrpHXO.[\HM K HepaBeHCTBY <l>pH.L\pHXCa (3.56). 0TMe

THM eme pa3, qTQ B (3.56) HHTerpHpOBaHMe IIOHHMaeTCH B CMblCJie J1e6era, a OkU (k=l,2,3)

o6o6meHHbJe IIpOH3BO!J:HbJe B Q. 

Ih HepaseHCTBa <l>pH.L\pHXca H orrpe,n:eJieHHH rrpocTPaHCTBa H~ ( Q) cJie,n:yeT, ~o 3TO rrpo

CTpaHCTBO BJIO)R:eHo B L2 
[ Q]. )J;eiiCTBHTeJibHO, scHKHil: 3JieMeHT u E H ~ ( Q) rrpHHMJie)R:HT L2 

( Q) , 
a cornacHo HepaBeHcTBy (3.56) 

BTopoe CJie.[\CTBHe, KOTOpoe BbITeKaeT H3 HepaBeHCTBa <l>pH.LIPHXCa, 3aKmoqaeTCH B 3KBH

BaJieHTHOCTH HOpM (3.53) H (3.54) B H~ (n). 
AHanornqHbIM o6pa3oM iJ:OKa3bIBaeTcH HepaseacTBo IlyaHKape [19], KOTopoe 3cpcpeKTHB

ao HCIIOJib3YeTCH rrpH HCCJie.[IOBaHHH 3a.[laqH HeliMaHa B TeopHH IIOTeHD;HaJia 

Ju 2 (x)dx S:A JIVul 2dx+B(Ju(x)dx)
2

, A> 0, B > 0. 
n n n 

3. 7. Cl>yHKLCUU 

IloHHTHe <l>YHKD;HH Jie)R:HT B OCHOBe BCero aHaJIH3a. ~e HaIIOMHHM HeKOTOpbie OCHOBHble 

orrpe.[(eJiemrn H cpaKTbI, CBH3aHHbie c 3THM IIOHHTHeM. 

Oroopaa.:eHHSI. IlyCTb X H Y - IIpOH3BOJibHbie HeIJYCTbie MHO)R:eCTBa. oy.[leM I'OBOpHTb, 

~o 3a)J;aHO OT06pa)R:eHHe ( cpyttKD;HH, orrepaTOp) f, ecJIH v x E D f c x, ITO OIIpe.[leJieHHOMY rrpa-

BHJiy f MO)R:HO IIOCTaBHTb B COOTBeTCTBHe O.[IHH 3JieMeHT y E Y. 

MHo)R:eCTBO D 1 c X Ha3bIBaeTCH o6JiaCTbIO orrpe.[(eJieHHH cpyttKD;HH y = f ( x), MHO)R:eCT-

so R 1 = { y E Y : f ( x) = y .LIJIH scex x E D 1 } Ha3bIBaeTcH o6JiaCTbIO 3HaqeHHH cpyHKD;HH f. 
IlyCTb x - npoH3BOJibHbili :meMeHT H3 D1 , 3JieMem y = f ( x) E R1 Ha3bIBaeTCH o6pa30M 

:meMeHTa x. ,ll;JIH yE y MHO)R:eCTBO {XE Df :f (x) = y} Ha3bIBaeTCH (IIOJIHbIM) rrpoo6pa30M 

3JieMeHTa y. Mo)R:eT OKa3aTbCH, ~o y 3JieMeHTa H3 y IIOJIHbIH rrpoo6pa3 eCTb IJYCTOe MHO)R:eCT

BO, COCTOHT H3 HeCKOJibKHX (H .[la)R:e 6ecKOHeqHoro MHO)R:eCTBa 3JieMeHTOB), 0.[IHOro 3JieMeHTa. 

B TOM CJiyqae, Kor.[la y E R1 , ero rroJIHbili rrpoo6pa3 oqeBH.L\HO He IJYCT. 

EcJIH y Ka)R:.[IOI'O 3JieMeHTa y E y IIOJIHblll rrpoo6pa3 eCTb rrycTOe MHO)R:eCTBO HJIH COCTO

HT H3 O.[IHOro 3JieMeHTa, TO OT06pa)R:eHHe f Ha3bIBaeTCH HH'beKTHBHbIM (HH'beKu;Heli). QqesH.[\

HO, 3TO orrpe.[leJieHMe paBHOCHJibHO CJieiJ:YIOmeMY: OT06pa)R:eHMe f - HH'beK[(HH, eCJIH JII06bIM 
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)l;BYM pa3JIWIHhIM :meMeHTaM Xi, x 2 E D 1 coOTBeTCTB)'IQT .n;Ba pa:mWIHhIX 3JieMema y1 = f ( x1 ) 

H Y2 = f (xJ H3 Rf" 

B caMOM .n;eJie, ITyCTh f - HHbeKQHH, Tor.n;a 'iyl E Rf - llOJIHhlH rrpoo6pa3 COCTOHT H3 

O.n;Horo 3JieMeHTa. EcJIH y1 = f (Xi) H x 2 *- x1, TO y2 = f ( x 2) *- y1, B6o B rrpoTHBHOM CJl)"Iae 

y 3JieMeHTa Y1 IIOJIHhlH npoo6pa3 COCTOAA 6hI 6oJiee 'leM H3 O)l;HOro 3JieMeHTa. 06parno, eCJIH 

)l;JI}I mo6wx Xi, Xz E DI (Xi * Xz) HX o6pa3hl Y1 = f (xi) H Y2 == f ( Xz) pa3JIH'lHhl, TO f -
HHbeKQHH. B npoTHBHOM CJl)"Iae 3To 03Ha'laJIO 6w, qTo y E R 1 BMeeT npoo6pa3 {Xi, xi}. 

OTo6pIDKemi:e f Ha3hIBaeTCH cropbeKQBeii ( cropbeKTHBHhlM, HaKphlTBeM), ecmi: Vy E Y 

ero IIOJIHhlli 11poo6pa3 He 11ycT. EcJIH rro.n; MHO)l(eCTBOM f (Dr) noHHMaTh coBOKYITHOCTh scex 

o6pa30B y == f ( x) , x E D 1 , TO no onpe.n;eJieHHIO CIOpbeKQHH: f ( D 1 ) == Y. B 'laCTHOCTH, npB 

D f = x CIOpbeKQH}I 11pe.n;cTaBJIHeT co6oli OT06pa)l(eHHe MHO)l(eCTBa x Ha MHO)l(eCTBO Y. 

0T06pIDKeHHe f: x ~ y O)l;HOBpeMeHHO HHbeKTHBHOe H CIOpbeKTHBHOe Ha3hIBaeTCH 6H

eKQHeli (6HeKTHBHhIM). 01leBH)l;HO, 6HeKQH}I eCTh B3aHMHO-O)l;H03HaqHoe OTo6pa)l(eHHe MHO)l(e

CTBa x Ha Y. HrrJIIOCTpaQH}I 3THX IIOHfilHH .n;aeTCH Ha pHC. 3.8-3.10. 

f 

x 

Puc. 3.8. MHbeKIIHH f :X ~y (!(X)=Rr cY) 

f y 

Puc. 3.9. C10poeKIIHH f :Df -t Y (! (Dr)= Y) 

f 
y 

Puc. 3.10. l>HeKIIHll f :X -tY (!(X)=Y, F 1 (Y)=X) 
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<l>yHKO:HH f H g cqHTaIOTCH paBHblMH, eCJIH HX o6naCTH OITpe.l:(eJieHHH COBITa.L(aIOT H .l:(JIH 

Bcex x H3 HX o6meii o6nacTH oITpe.l:(eneHHH f ( x) = g ( x). 

IlycTb f: X ~ Y, ITOAMHO)l(eCTBO G1 = { ( x, y) :xE D1 , y = f ( x)} MHO)l(eCTBa X xY Ha-

3bIBaeTcH rpa<J:>HKOM f. Ha pttc. 3.11 ITpHBe.L(eHa HJIJIIOCTpan;m1 3Toro ITOHHTHH. 

EcnH oT06pa)l(eHHe f : X ~ Y ecTb foieKn;HH, TO Vy E Y, cymecrayeT ero ITpoo6pa3 x E X, 

ITp~eM e.L(HHCTBeHHbiii. Cornactto oITpe.L(eneHHIO <J:>yttKU:HH, oT06pa)l(eHHe 1-1
: Y ~ X ecTb 

<l>YHKU:HH, oHa Ha3bIBaeTCH o6paTHOH ITO OTHOIIIeHHIO K f. 11MeeM 

y=f(x), x=r1 (y), 

Y=f(X), X=F1 (Y). 

OITepaTop f, ocymecTBJIHIOin;Hii 6tteKn;HIO, Ha3brnaeTCH B3aHMHO-O.L(H03HaqHbIM. 

y 

I 
I 
I 
I I 
I I 

: D1 xR1 : 
I I 
I I 
I I 
I I 
I I 

x 
Puc. 3.1 I. rpaqmK f: G f 

XxY 

IlycTb X, Y, Z - ITpOH3BOJibHbie HerryCTbie MHO)l(ecTBa, f: X ~ Y H g: Y ~ Z. KoM

IT03Hn;Heii OT06pa)l(eHHH f H g (CJIO)l(HOH <l>YHKn;Heii) Ha3bIBaeTCH OT06pa)l(eHHe h: x ~ z 
ITO ITpaBHJIY 

z=h(x)=g[f(x)]. 

QqeBH.L(HO, TaKaH KOMIT03HU:HH OT06pa)l(eHHH B03MO)l(Ha rrpH ycnoBHH, qTo o6naCTb OITpe.l:(eJie

llHH <J:>ynKUHH g co.l:(ep)KJITCH B o6naCTH 3Haqe11Hii <J:>ynKn;HH f ( D 
8 

c R 1 ) . lirmIOCTpan;HH KOM

no3HU:HH oT06pa)l(eHHH ,n;a11a Ha pHC. 3.12. 
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Puc. 3.12. KoMII03HIJ,ID! oT06pIDKem1ii 

JlpUMepbl. 1. <l>YHKU:IDI f ( x) = x2 
ocyru:ecTBJUieT CIOpbeKTHBHOe OT06pIDKemre MHO)Ke

CTBa x = [-2, 2] Ha y = [ 0, 4]. OHO He HBIDieTCH HH'beKU:Heli, tt6o rrpoo6pa3 JII06oro OTJIH'IHO

ro OT H)'JIH y E y - MHO)KeCTBO, COCTOHrn:ee H3 .D;Byx 3JieMeHTOB. Ta )Ke <i>YHKU:HH, KaK OT0-

6pa)KeHHe MHO)KeCTBa X = [ 0, 2] Ha Y = [ 0, 4], eCTb 6HCKL(HH. 06paTHaH <l>J'HKU:HH r 1 
( y) = 

= JY :[0,4] ~ [0,2]. 

2. B R2 
3a.n;a.D;HM oTo6pa)KeHHe f CJie.n;yrorn:HM o6pa3oM: Ka)K.D;oli BepTHKaJibHOH rrpH

Moli x == x0 rrocTaBHM B cooTBCTCTBHe 3TY TO'IKy. O'IeBH,n;Ho f : R2 ~ R1
• 3To orn6pameHHe 

CIOpbeKTHBHO, HO He HH'bCKTHBHO. 

3. <l>yHKU:HH ,lJ,HpIDUie 

% ( x) = {l, eCJIH x- paU:HOHaJibHO, 

0, eCJIH x - HppaU:HOHaJibHO 

3a.n;aeT oTo6paJKeHHe f :R1 ~ R1 
c o6JiacTbIO 3Ha'IeHHH R1 ={0,1}. 

4. I1ycTh E - HeKoTopoe ITO.n;MHOJKeCTBo MeTpH'ICCKoro npocrpaHcTBa X, Tor.n;a f ( x) = 

= p ( x, E): X ~ R1
• 06JiaCTb orrpe.n;eJieHHH D 1 = X. 

5. Orreparnp T Ha C [ 0, 1] orrpe.n;eJIHM cJie.n;ymrn:HM o6pa3oM: 

t 

Vx(t)E c[o,1], (Tx)(t) = fx(r)dr= y(t)E c[o,1]. 
0 

TaKHM o6pa3oM, T :C[0,1] ~ C[O,l]. 

6. OrrepaTOp D Ha cm [ 0, 1] orrpe.n;eJIHM TaK: 

Vx(t)E Cm[O,l] (Dx)(t)= dx(t), O=s;t=s;I. 
dt 

O'IeBH,ll;HO, D: cm [0,1] ~cm-I [0,1]. 
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lIMeeT MecTo TeopeMa. Ilycn. A H B - npOH3BOJihHhie HenycThie no):(MHO)J(ecrna MHO-
)J(ecTBa X H f: X ~ Y. Tor.r1a: 

1. f (AuB) = f (A)u f (B). 

2. f (AnB) cf (A)nf (B). 

3. EcJIH f -6HeKIJHH, TO f (AnB) = f (A)nf (B). 

)J,oKa3aTeJibCTBO. 

l.IlycTb yEf(AuB), TOr,[(a y=f(x), r.r1e XEAUB. 0TCIO):(a y=f(x)cf(A)u 

uf(B). 06paTHO, nyCTh YE f(A)uf(B), TOr,[(a y=f(x), r.r1e XE AuB, T.e. ye 

c f (Au B). Ilepsoe paseHCTBO ):(OKa3aHo. 

2.ITycTb yEf(AnB), TOr,[(a y=f(x), r):(e XEAnB. 0TCIO):(a yEf(A)nf(B), T.e. 

f (A 11 B) c f (A) n f ( B), 'ITO H rpe6osanoch. 06paTHoe BKJIIO'leHHe HMeeT MeCTo He scer,[(a. 

Ilpttse.r1eM ,nsa rrpHMepa. 

a)ITycTh A=[-1,1), B=[0,2] H f(x)=x 2
• Tor.r1a HMeeM AnB=[0,1], f(AnB)= 

= [0,1], f (A)= [0,1], f ( B) = [0,4], f (A) 11 f (B) = (0, l]. B 3TOM CJIY'Iae BhIITOJIHHemr pa

seHCTBO f (An B) = f (A) n f ( B). 

6) ITycTb Tenepb A=[-1,0], B=[O,l]. Tor.r1a AnB={O}, f(A11B)={O}, f(A)= 

=[0,1], f(B)=(0,1], f(A)11f(B)=[O,l]. 3.[(eCh f(AnB)cf(A)nf(B). 

3. IlyCTh f - 6tteKIJHH H YE f(A)11f(B), TOr):(a eCJIH X= r 1 (y), TO XE AnB. 

)J,eH:CTBHTCJihHO, eCJIH XE A H XE B, TO y=f(x)E f(A) H y=f(x)E f(B) H, 3Ha'IHT, 

y E f (A) n f ( B), 'ITO rrpoTHBope'IHT ycJIOBHJO. AHaJIOrH'IHoe 3aKJIIO'leHHe .r1eJiaeM B TOM 

cJiyqae, Kor.r1a XE B H xE A. CJie):(oBaTeJihHO, y = f (x)E f (AnB) H o6paTHoe BKJIIO'leHHe 

f (A) n f ( B) c f (An B) HMeeT MeCTo. IlpHMoe BKJIIO'leHHe ):(OKa3aHo B 2. 

OTHOCHTCJihHO npoo6pa30B MHOJKeCTB rrpH OT06pa)J(eHHH f : x ~ y HMeeT MeCTO aHaJIO

rH'IHaH TeopeMa. 
TeopeMa. 
1. ITpoo6pa3 o6ne,nttHeHHH MHO)Kecrn A H B paseH o6ne):(HHeHHIO Hx rrpoo6pa3os: 

r' (AuB) = r' (A)u r 1 (B). 

2. ITpoo6pa3 rrepeceqeHHH .r1syx MHO)KeCTB paBeH rrepece'leHHIO HX rrpoo6pa3oB: 

F 1 (AnB)= F 1 (A)11r' (B). 

)J,OKa3aTeJihCTBO. 

1. IlycTh XE r' (AuB), TOr,na y = f (x)E AuB, T. e. X rrpHHa,lJ.Jle)J(HT ITO KpaH:HeH 

Mepe O):(HOMJ H3 MHO)J(eCTB r' (A),r1 (B). 3Ha'IHT, XE r' (A)u r 1 (B) H 

F 1 (AuB) c F 1 
(A)u F' (B). 
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,[(oKroKeM Terrepr, o6parnoe BI<JUOqeHJfe. EcnH XE r 1 (A) U F 1 (B), TO y = f ( x)E A UB, T. e. 

XE rI(AuB). 3HaqHT, 

FI(A)u F 1 (B) c r 1 (AuB), 

qTO H Tpe6osanOCb. 

2. ITycTb XE r 1 (AnB), TOr.n;a y = f (x)E AnB, T. e. XE r 1 (A)nrI (B). OTCio.n;a 

FI(AnB) c F 1(A)nFI(B). 

06parno, rrycrr, XE r 1 (A)nF1 (B), TOr.n;a y = f (x)E AnB, T. e. XE r 1 (AnB). 3HaqHT, 

r 1 (A)n rI(B) c r 1 (AnB), qTQ H'rpe6osanoch. 

3aMeqaHtte. Ecntt HHTeprrpeTHpoBaTu oT06pa)J(eHtte X -t Y KaK orrepaTOp A (A : X -t Y) , 
TO 4>aKT B03.n;eil:cTBiur orrepaTopa Ha 3neMeHT x o6o3HaqaIOT pa3mfqHbIMH crroco6aMH: 

Ax = y, A ( x) = y, x -t Ax. 

HenpepbIBBhle OToopIDKeHHH B MeTpuqecKux npocTpaucTsax (OTHOCHTenbHO MeTpH
qecKHX rrpocTpaHCTB CM. rrpttno)J(eHHe A). ITycTb RI H R2 MeTpttqecKHe rrpocTPaHCTBa c MeT-

pm<aMH p1 ( x, y) H p2 ( x, y). 0T06proKeHtte ( orrepaTOp) f : R1 -t R2 ( c o6nacTh!O orrpe.n;ene

HHH D 1 c R1 H o6nacTbIO 3HaqeHHii R 1 c R2) Ha3bIBaeTcH HerrpepbIBHbIM B TOqKe x0 E D 1 , 

ecnH Vt"> 0, 3 c5 ( t") > 0 TaKoe, qTO 

PI ( X, Xo) < <5 ~ P2 ( f ( x)' f ( Xo)) < t". 

ITpe.n:rronaraeTcH, KOHeqHo, qTO map B(x0 ,<5) c Dr 

PasHocunr,Hoe orrpe.n:eneHHe 3ByqHT TaK: OTo6pa)J(eHife f : R1 -t R2 Ha3hIBaeTCH Herrpe

phIBHbIM B ToqKe x0 E D 1 , ecntt .n;nH n106oil: rrocne.n:osaTenhHOCTH { x.} c D 
1

, cxo.n;HmeiicH 

(no MeTPMKe p1) K ToqKe x0 , rrocne.n:osaTenbHOCTh {! ( x. )} c R1 cxo.n;MTCH K f (x0 ) 110 MeT

pMKe p 2 • 

0T06proKeHife f' HerrpepbIBHOe B KroK.U:OH TOqKe If3 DI, Ha3bIBaeTCH HerrpepbIBHhlM 

s Dr EcnH D1 =RP f HerrpepbIBHo B KaJK,JJ,oii ToqKe xE RP TO rosopHT, qTo 0To6pa)Kem1.e 

f : RI -t Ri HerrpepbIBHO Ha RI. 

ITycTb f - 6tteKI!HH. EcnH OT06pa)KCHHH f : RI -t R2 H rI : R2 -t RI HerrpepbIBHbI, TO 

f Ha3hIBaeTCH roMeOMop4>H3MOM (B3aifMHO-O.U:H03HaqHhlM If B3aifMHo-HerrpepbIBHbIM OT06pa

)J(eHHeM). 'lacTHhIM cnyqaeM roMeOMop4>H3Ma HBnHeTCH H30MC'fPHH. 

OTo6proKeHife f : RI ~ R2 Ha3bIBaeTcH paBHOMeptto nerrpepbIBHbIM, ecm1 Vt"> 0, 3 <5 ( t") > 0 

(o.n;MHaKosoe .n;nH Bcex xE D1 ), qTO \7'xpx2 E D1 : 
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3aMe1Ialllie. IlOCI<OJThK)' lIHCJJOBbie $)'III<QHH ( <l>YHI<JUiOHaJJbI) eCTh YJaCTHblll CJIYliaH <l>)'HI<

IUIH (o6JJaCTb 3Ha1IeHHH R1 c RI), TO BBeAeHHbie ITOIDITHH pacnpocYpaHHIOTCH H Ha HHX. Ha-

npHMep, <l>YHI<IUiOHaJJ f ( X) Ha3bIBaeTCH HenpepbIBHhlM B TOYJI<e X0 E DJ, eCJJH H3 p ( Xn, X0 ) --; 

~O (n-; 00 )=?if(x0 )-f(xn)l-;O. 

IlycTh X, Y - JJHHeliHble HopMHpoaaHHbie npocYpaHCTBa, AI : DA 
1 
~ Y, A2 : DA, --; 

--; Y (DA, ,DA, c X ), npH'IeM DA, c DA, H AI ( x) = A2 ( x), 'lixE DA,. B 3TOM CJJY'lae onepa

Top A1 Ha3blBaIOT cy)J(eHHeM onepaTOpa A2 H, COOTBeTCTBeHHO, onepaTop A 2 - pacnrnpe

HHeM (npoAom1<eHHeM) onepaTOpa A1• 

3.8. fluHeiiHbte onepamopbt e 6aHaxoebtX npocmpaHcmeax 

11;:(ex JJHHeapH3aIUIH npoHH3blBaeT aecb aHaJJH3. B CBH3H c 3THM JJHHeHHbJe onepaTOpbI rrpH

MeHHIOTCH a pa3JJH'IHbIX o6JJacrnx npHKJia):IHOH MaTeMamI<H (TeopHH HHTerpaJThHhIX ypaaHeHHH, 
OITTHMaJJbHbJe yrrpaBJJeHmI, BbJ'lHCJJHTeJJbHaH MaTeMaTHI<a, TeopHH ynpyrncm HT. II.). 

IlycTh X H Y - JJHHeliHhle HOpMHpoaaHHbie npocYpaHCTBa H A : X --t Y - orrepaTOp 

(<j:lyHKllHH, oTo6pa)J(eHHe) c o6JJacTMO onpeAeneHHH DA c X H o6nacTbIO 3Ha1IeHRH RA c Y. 

OnepaTop A Ha3hIBaeTCH JJHHeHHhIM, ecJJH BbIIlOJJHeHbI cJJeAyIOII1Re ycJJOBHH: 

1. DA - JJRHeliHoe MHoroo6pa3Re a X. 

2. "I X1 , x2 E DA : A ( x1 + x2) = A.:ti + Ax2 - caolicTBO aMMTHBHOCTH orrepaTopa. 

3. 'ix E DA H 'II A. E RI : A ( A.x) ==A.Ax - caoil:cTBO OAHOpOAHOCTH oneparnpa. 

113 onpeAeneHmr JJMHettHoro oneparnpa BHAHO, 1ITO 'llxl'x2 EDA H n106h1x qwceJJ ApA2 

HMeeT MeCTO COOTHOIIIeHHe 

(3.57) 

CJJeAOBaTeJJbHO, o6nacTb 3HaYJeHHH JJHHeil:Horo onepaTopa RA - JJHHeliHoe MHoroo6pa3He 

a Y. ,.QeliCTBHTeJJbHO, 'llyl' y2 E RA HaliAyTcx Xi, x2 E DA, TaI<He 1ITO y1 = AXi, y2 = Ax1 , a TorAa 

a cMey (3.57) MMeeM A.1y 1 +A.2 y 2 ERA. 

Ifa a.J:IAHTMBHOCTM onepaTopa A cJJe):lyeT: 

A( O+O) =A( 0)+ A( 0)::? A( 0) = 2A( 0) =>A( B) = B, 

A(x-x) = A(x)+A(-x) = 0=? A(-x) :-A(x), 

T. e. HOJJb B npocYpaHCTBe x nepeXOAHT npH aMHTHBHOM orn6pa)J(eHHM x --; y B ttyJJeBOH 

3JJeMeHT npocTpaHCTBa Y M oTo6paJKeHHe npomaonoJJoJKHoro 3JJeMeHTa -XE DA ecTh 3JJe

MeHT -y, npoTHBOIIOJJOJKHbIH 3JJeMeHry y =Ax. 
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51.[(pOM orrepaTopa A: X ~ Y Ha3hIBaeTCH MHO)Kecrno: 

ker A ={xE DA: Ax= B}. 

51.[(po mrneiiHoro orrepaTopa A HBJIHeTCH mrneiiHhIM MHoroo6pa3HeM B X. B caMoM .[(ene, ec

JIH Xi,x2 E ker A, TO Ax1 = B, Ax2 = B, Ho TOr,[(a 

A( A1x 1 + A2x 2 ) = A1Ax1 + A2Ax2 = A-18+ A-28 = B ~ A1x 1 + A2x 2 E ker A, 

'ITO H TPe6oaanoch. 

Orrpe.[(eJieHHe HerrpepbIBHOCTH B TO'!Ke H HerrpepbIBHOCTH «B 11eJIOM» rrpoH3BOJihHoro 

orrepaTOpa (<iiYHKQHH) B MeTPH'leCKOM rrpoCTPaHCTBe 6hmo ,[(aHo B 3.7. 3.[(ech KOHKpeTH3HpyeM 

3TO IIOHHTHe Ha TOT CJiy'IaH, KOr,[(a orrepaTOp ,[(eHCTByeT B JIHHeHHOM HOpMHpoaaHHOM rrpOCTPaH

CTBe H IIOCMOTpHM, 'ITO ,[(aeT HaM JIHHeHHOCTh orrepaTOpa. HH)Ke 6y,[(eM rrpe,[(IIOJiaraTb, 'ITO 

DA = X, ecJIH He oroaopeHo rrpOTHBHoe. 

IlyCTh X H Y - JIHHeiiHhie HOpMHpOBaHHhle rrpoCTPaHcrna H orrepaTOp A: X ~ Y. Orre

paTOp A Ha3hIBaeTCH HerrpephIBHhIM B TO'!Ke x E x, eCJIH ,[(JIH mo6oii CXO,[(HlQeHCH K x IIOCJie-

,[(OBaTeJibHOCTH { x.} c X : II Ax - Ax. 11 ~ 0 ( n ~ 00 ). 

,lJ,JIH JIHHeiiHoro orreparopa HerrpepbIBHOCTh B TO'IKe paBHOCHJihHa HerrpephlBHOCTH «B 11e

JIOM». To'IHee, HMeeT MeCTO TeopeMa. 

ECJIH JIHHeHHhIH (HJIH rrpocTO a,[(,[(HTHBHhIH orrepaTOp) HerrpephIBeH B HeKOTOpoii TO'!Ke 

Xo E x, TO OH HerrpepbIBeH B mo6oii TO'IKe XE x. 
,lJ,OKa3aTeJibCTBO. PaccMOTPHM rrpOH3BOJihHJIO TO'IKJ XE x H CXOMlQYJOCH K Hett IIOCJie

,[(OBaTeJibHOCTh { x.} c x : llx - xn II ~ 0 ( n ~ 00 ). Heo6XO,[(HMO IIOKa3aTb, 'ITO 

B03hMeM IIOCJie,[(OBaTeJihHOCTh Un = Xn - X + X 0 E X. l1MeeM 

llun -xoll= llxn -xii~ 0 (n ~ 00
) ~Un~ Xo· 

B CHJIY HerrpephIBHOCTH JIHHeiiHoro orrepaTOpa A B TO'IKe x0 HMeeM 11erroqey rrpe.[(eJihHhIX co

OTHOUJeHHH 

'ITO H Tpe60BaJIOCh. 

0Tc10.z:1a cJie.[(JeT, 'ITO H3 HerrpepbIBHOCTH JIHHeiiHoro orrepaTopa A a TO'IKe B cJie,[(yeT 

HerrpepbIBHOCTh ero B x. 
Bae.[(eM Ba)KHOe IIOHHTHe orpaHH'leHHOCTH orrepaTOpa. OrrepaTop A : X ~ Y Ha3hIBaeTCH 

orpaHH'leHHhIM, eCJIH ,[(JIH JII06oro x E x HMeeT MeCTO OQeHKa 

llAxll::; M llxJI, 
r.z:1e M ~ 0 - KOHCTaHTa, He 3aBHCH1QaH OT x. lfa 3Toro orrpe,LleJieHHH CJie,[(yeT, 'ITO orpaHH

'leHHhlH orrepaTOp rrepeao.n,HT n106oe orpami:qeHHoe MHO)KeCTBO D c X a orpaHH'leHHoe )Ke 

MHO)KeCTao A( D) c Y. B qacTHOCTH, ecJIH A - O.lJ.HOPO.z:IHhIH orrepaTOp, TO llAxll::; M Ha e)J,H-

HH'IHOH cqiepe llxll = 1. 
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TeopeMa. IlycTb X, Y - mrne:HHbie HopM11poBaHHbie rrpocTPaHcTBa 11 A: X ~ Y - Jil1-

HeHHbIH orrepaTop. Tor;-:i;a cJie.n.y10IIJ;11e yTBep)J()J,emra paBHOCl1JibHbI: 

1. A HerrpepbrneH B HyJie. 

2. A HerrpepbIBeH B X. 

3. A - orpaH11'leHHbIH orrepaTOp. 

,ll,OKa3aTeJibCTBO. YTBep)J()J,CHHe 2 CJie.n.yeT H3 1 Ha OCHOBaHHl1 CJie,D.CTBmI H3 TOJibKO 'ITO 

.D.OKa3aHHOH TeopeMbI. ,ll,aJiee, ecJI11 A - orpaHH'IeHHbIH orrepaTOp, TO .n.mr Bcex x E X, 3M > 0 

TaKasI, 'ITO llAxll :::; M llxll · IlyCTb Xo - IIp0113BOJibHhlH 3JieMeHT H3 x 11 { xn} c x CXO,D.ITTCH K Xo. 

Tor.n.a 

CJie,D.oBaTeJibHO, 111 orpaHH'!eHHOCTH JIHHe:HHoro orreparnpa cJiel()'eT ero HerrpepbIBHOCTb B X. 
,ll,oKIDKeM Terrepb, 'ITO ITT 2 cJie)zyeT 3. IlycTb A HerrpepbIBHbIH orreparnp. Ilpe,n:rroJIO)l(11M 

rrpoT11BHOe, 'ITO A - HeorpaH11'leHHbIH orrepaTop. Tor.n.a B X Ha:H.n.eTCH rrocJie.n.oBaTeJib-

HOCTb { x,,}' TaKaH 'ITO: 

llxn II = 1 11 llAxn II > n ( n = 1, 2, · · ·) · 

IlocJie,D.OBaTeJibHOCTb { xn In} CXO,D.ITTCH K eymo, TaK KaK 

B c11ey tterrpepbIBHOCT11 orrepaTopa A B X, 11 B 'laCTHOCTl1 B TO'IKe 0, 11MeeM A(~)~ 

~A( B) = B ( n ~ oo ), 'ITO rrpornBope'IHT rrpe,n:rroJio)KeH1110 llA( ~)ii> 1. TeopeMa .D.OKa3aHa. 

Orrpe,n:eJieH11e. IlycTb A: X ~ Y - JIHHeHHbIH orpaH11'leHHhlH orreparnp. Ha11MeHbIIIaH 

113 IIOCTOHHHbIX M B HepaBeHCTBe llAxll:::; M llxll Ha3bJBaeTCH HOpMOH orreparnpa ( llAll ). ¥13 OII

pe.n.eJieHHH CJie,D.yeT, 'ITO llAxll:::;llAllllxll .D.JIH Bcex XE X. B 3aMKHyTOM e,D.11Hl1'IHOM IIIape 

llxll:::; 1: llAxll:::; llAll· 
IlOKIDKeM, 'ITO HOpMa Jil1HeHHOro orpaHH'ICHHOro orrepaTopa orrpe.n.eJIHeTCH CJIC.D.YJOlll;l1-

Ml1 paBHOCHJibHbIMl1 paBeHCTBaM11: 

llAll =sup llAxll, 
Ms1 

llAll = sup llAxll, 
M=t 

llAll =sup llAxll. 
x><O llxll 

(3.58) 

(3.59) 

(3.60) 
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1. IlpH llxll ~ 1 HMeeM: llAxll ::;; llAll :::::> sup l!Axll ~ llAll · c .D.pyroii CTOpOHbl, no CBOllCTBY 

BepxHeii rpaHH \;:/ t: > 0 Haii,!l,eTCH 3JieMeHT Xe ;t. 0, TaKoii qTo: 

IlycTb Ye= xe/llxlle, TOr,!l,a no~aeM H3 3Toro HepaBeHCTBa 

TaK KaK TOqHaH BepxHHH rpaHb supllAxll pa3bICKHBaeTCH Ha MHO)J(eCTBe Bcex 3JieMeHTOB e,!l,H

HHqHoro rnapa, TO 

Ifa cpaBHeHHH 011ettoK 

supllAxll ~ llAll, supllAxll ~ llAll 
M,,1 llxll"1 

rrpHXO,!l,HM K paBeHCTBY (3.58). 

2. B c1my 0,!1,HopO.D.HOCTH orrepaTOpa A , ecJIH llxll ~ 1, To 

llAll = supllAYllllxll· 
M=t 

0TCI0,!1,a CJie,!l,yeT, qTQ llAll ~ supllAYll· c ,!!,pyroii CTOpOHbl, llAll = supllAYll ~ supllAYll· CJie,!1,0Ba-
llYll=l Mst M=t 

TeJibHO, !!A!!= sup((Ay((. 
M=t 

3. IloJiaraH B cpopMyJie (3.59) x = ll~ll' ( y ;t. 0), rrpHX0,!1,HM K onpe,!1,eJieHHIO (3.60). 

IlpHMepbl JIHHettHhlX orrepaTOpOB. 
1. JfatteiiHhiii orrepaTOp B n -MepHOM rrpocTpaHCTBe. 3a.D,a,!l,HM orrepaTOp A, .D,ell:CTBYJO

IIIHii no cpopMYJie 

y=Ax, 

r,!l,e y={yl'y2 , ... ,y.}, x={Xj,X2 , ... ,xn} - n-MepHbie CTOJI61IbI, A=[a;k] - KBa,!!,paTHaH 

( nxn) MaTPH1Ia. TaKoe 3a,n;aHHe orreparopa A paBHOCHJibHO rrpeo6pa3oBaHHIO 

k=l 

QqeBH,!l,HO, orrepaTop A - JIHHeiiHhiii. Ero HOpMa 3aBHCHT OT Toro, KaKHe HOpMbI Bb16paHbI 
B rrpOCTPaHCTBax x H y. 

a) IlycTh X = Y = R~, TOr,!l,a 

llxll =max {hi}. 
1SkSn 
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llMeeM 

0TCIOJJ;a cne;zyeT, 'ITO A - orpaHH'leHHbIH orrepaTop H 

]JAJI= supjjAxJj ~max iJa,.k j. 
11+-1 i,;;,;n k~I 

Eonee Toro, MO:lKHO IIOI<a3aTb, 'ITO Ha caMOM )J;ene 

6) TiycTb x = y = R~, TOr)J;a 

B 3TOM cnyqae: 

llYll = JJAxll =ti~ a,.kxk I~ t ~ la,.k 1 lxk I= ~Jxk It la Lt I ~ ~Jxk I~~ t la,.k I= Jlxll ~k~ t1a,.k I· 
3Ha'IHT, 

3JJ;eCb TaK>Ke MO:lKHO IIOKa3aTb, 'ITO 

B)EcmI X=Y=R", TO 

( 
" )v2 llxll= t;x; 

B 3TOM cnyqae ttaxoJJ;HM 

TaI<HM o6pa3oM, 

To'lttoe 3Ha'lettwe ttopMhl orrepaTopa orrpeJJ;emrercH paseHCTBOM [7, 17] 

llAll = jjAjj2 = .p::, 
rJJ;e A,1 - Ha116onLIUee co6cTBeHHoe 3Ha'leHHe MarpHUhl B =A* A H A* - MarpHua rpaHcrro-

1mposaHHH I< A. 
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2. Jhrneil:HbIH orpaHHqeHHbIH onepaTop B l2• OnepaTOp B 12 <l>opMaJibHO MO)l(eT 6bITb 3a
,n:aH B BH,n:e 

(3.61) 
k=l 

x = { xl' x2 ,. •• }, y = { yl' y2 ,. •• } - 6ecKoHeqHbie CTOJI6U:hI, np~eM L x; < oo, A= [ aik] - MaT
k=l 

pttn:a 6ecKOHeqHoro nopH,n:Ka. 0,n:HaKO qTo6bI 3TO npeo6pa30BaHHe HMeJIO CMbICJI, Heo6xo,n:H
MO HaJIO)l(JfTb orpaH1:1qeHHH Ha K03<Pqmn;HeHTbI MaTpHU:bl A. 

IJyCTb 

Tor.n:a 

TiocKOJibKY npaBaH qaCTb 3TlfX HepaBeHCTB OT n He 3aB1:1c1:1T, a JieBhie qaCTH np1:1 i =I, 2,. .. 

He y6hIBaIOT np1:1 so3pacTaHHH n, TO, nepexo,n:H K npe.n:eny npH n ~ 00, Haxo.n;ttM: L laikxk I < 00• 

k=I 

IIocne ycTaHOBJieHHH <PaKTa a6coJIIOTHOH cxo,n:HMOCTlf pH.ll:OB s npaBbIX qacrnx (3.61) ner
KO nposepHeTCH Jil:IHeHHocTb onepaTOpa A. IloKa)l(eM, qTo A - orpaHHqeHHbIH onepaTop. 

l1MeeM ,n:nH BeKTopa x(n) = { XpX2 , ... ,xn,O,O ... } 

11Ax(n)11~{~~a,; ·~x; }V
2 

~(t~a,; f (~x; r2 

0TCIO,n:a np1:1 n ~ 00 nonyqaeM (B ClfJiy HenpepbIBHOCTJf HOpMbI) 

II Axil~ llx!i( ~~a;~ r2 

nerKO Il0Ka3bIBaeTCH, qTo Ly; < oo, T. e. A; z2 ~ z2. 
i=l 

3. 11.HTerpaJibHbIH JllfHeHHbIH orpaH1:1qeHHbIH onepaTOp. 

a) B C[a,b] 3a,n:a,n:HM HHTerpanbHbIH onepaTop K, ,n:eUCTBYIOIIIHH Ha tPYHKU:HIO x(t)E 
E C [a, b] no <PopMJJie 

b 

(Kx)(t)= J K(t,r)x(r)dr= y(t)E C[a,b]. (3.62) 

3,n:ecb K ( t, r) - <l>YHKU:HH, HenpepbIBHaH B KBa,n:paTe [a, b] x [a, b]. IfMeeM 

llKxll = ~~;IJ K(t, r)x( r)drl ~ ~~ pK(t, r)lix( r)!dr~ 
b b 

~max ]K(t, r)l!,1J~lx( r)ldr = JJxllmax ]K (t, r)ldr. 
a a 
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Cne,n;oBaTeJihHO, K - JIHHefun.Ili orpaHWieHHhIH (a 3Ha'IHT HenpephIBHhIB) onepaTop (<I>pe.n:
roJihMa). ,[{Jrn HOpMhI 3Toro onepaTOpa nonyqaeM ouem<y 

b 

llKll=supl!Kxll::;max ~K(t,r)jdr. 
11~=1 asi,,;b a 

Mo:>1mo noKa3aTh [7], 'ITO 
b 

llKll=~ ~K(t,r)ldr. 
a 

TaKHM o6pa30M, HHTerpanhHhIH onepaTop <I>pe.n;roJihMa - JIHHeHHhlll orpaHWieHHhlH onepa

Top B C[ a,b] (oT06pa:lKaIOIL(HH C[ a, b] B C[ a,b ]). 

6) IlycTb Tenepb HHTerpaJibHhlH onepaTOp K CHOBa 3a.n;aH <l>OPMYJIOH (3.62), HO x(t)E 
E I! [a, b], p > 1. Ilpe.n;rrono:lKHM, qTQ 

b b 

rnK (t, r)lqdtdr < oo, 
a a 

Tor.n:a 

1 l 
-+-=l. 
p q 

J1CIIOJih3Yll HHTerpaJibHOe HepaBeHCTBO reJib,n;epa (CM. rrpHJIO:lKeHHe n), HaxO,ll;HM 
q 

J d{PK(t,r)ljx(r)ldr J::; J d{pK(t,rW dr Y llxll~. 

Cne,n;oBaTeJihHO, K : I! [a, b] ~ Lq [a, b] - orpaHHqeHHhIH JIHHeHHhIH orrepaTOp H 

4. IlycTh Q - orpaHHqeHHa11 06naCT1> B R" H orrepaTOp K 3a,n;aH $OPMYJIOH 

(Kf)(x)= fK(x,y)f(y)dy, x=(Xi,X2 ,. •• ,x.), y=(y1'y2 , ••• ,y.). 
Q 

ECJIH 

J jK(x, y)j2 dxdy =C2 <oo, 
QxQ 

To K - JIHHeHHhIH orpaHHqeHHhIH onepaTOp (HerrpephIBHhIH H3 L2 
( Q) B L2 

( Q) ). 
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5. ,ZJ,mp<Pepemi;mmhHhIH onepaTOp. 

a) PaccMOTIJMM npoc'TpaHcTBo C[a,b] tt onepaTOp Dx(t) = x'(t). 3ToT onepaTOp mrneeH, 

HO He HenpepbIBeH. B caMOM .n;eJie, nocJie.n;oBaTeJibHOCTb HenpepbIBHbIX <l>YHKU:HH { xn (t)} = 

= {sin nt/ n} CXO.!J:HTCH no Me'TpMKe c [a, b] K ttymo, B TO BpeMH KaK nocJie.n;oBaTeJibHOCTb 

{ Dx" ( t)} = {cos nt} ne ttMeeT npe.n;eJia. CJie.n;oBaTeJihHO, D - HeorpaHWieHHhlH onepaTOp. 

3a.n;aHtte onepaTopa D B C [a, b] soo6ru:e ney.n;o6Ho, TaK KaK o6JiaCTb ero onpe.n;eJieHttH -

eCTb JIHHeHHOe MHOroo6pa:me HenpepbIBHO .n:tt<P<l>epeHu;ttpyeMbIX <l>YHKU:HH B c [a, b]' a He Bee 

3TO npOC'TpaHCTBO. 

6) TiycTh onepaTOp .n:u<P<PepeHu;ttposamrn D .n;elicTByeT tt3 C1 [a, b] B C [a, b]. HopMy 

B npoC'TpaHCTBe HenpephIBHO .n:tt<P<PepeHu;ttpyeMhIX Ha [a, b] <i>YHKU:MH onpe.n;eJIMM no <PopMyJie 

06JiaCTh onpe.n;eJieHMH onepaTopa D ecTb Bee C1 [a, b]. 3ToT onepaTOp HenpepbIBeH. B ca

MOM .n;eJie, H3 CXO.!J:MMOCTH nOCJie):\OBaTeJibHOCTH { Xn} C C1 [a, b] K XE C1 [a, b] CJie.!J:YeT 

JJx-xnJJ1 =~~jx(t)-xn (t)j+~~JDx-Dxnj-t 0=> Dx. -t Dx. 

TaKMM o6pa30M, onepaTOp D: C1 [a,b]-t C[a,b] -JIMHeHHhrn HenpepbIBHhlH, a 3Ha'IMT, Mor

paHWieHHblli. 
6. OnepaTOp opTOroHaJibHOro npoeKTttposaHHH ( opTOnpoeKTop ). 
TiycTh H - rttJib6epToso npoc'TpaHCTBo tt L - ero no.n;npocTpancTBo. Tipott3BOJihHhIH 

3JieMeHT XE H MO:>KHO npe.n;cTaBHTb B Btt.n;e (CM. n. 3.4) 

x= y+z,yE L, ZE Ll_. 

OnepaTop P, cTaBHlQHH B cooTBeTCTBtte 3JieMeHTY x E H :meMeHT y E L Ha3bIBaeTcH onepa

TopoM opTOroHaJibHOro npoeKTttposaHMH H Ha L. OH .n;elicTByeT no <PopMyJie 

Px=y. 

06JiaCTh ero onpe.n;eJieHHH ecTh see H, o6JiacTh 3Haqenuli - no.n;npoc'TpaHcTBO L. OnepaTop 

P - JIMHeHHhIH. ,ZJ,eH.cTBttTeJibHO, ecJIM x1, x2 E H M Pxk = yk ( k = l, 2), TO 

Xi + X2 = Y1 + Y2 + Z1 + Z2' Y1 + Y2 E L, Z1 + Z2 E LJ_' 

.h=...ty+...tz, ...tyE L, ...tzE Ll_, 

P(Xi +x2 ) = Y1 + Y2 = P(x1 )+ P(xi), P(...tx) = ...ty = ...tP(x). 

TIOKIDKeM Tenepb, qTO opTOnpoeKTop p - HenpepbIBHblH onepaTOp. TiyCTh { xn} c H cxo

.!J:MTCH K 3JieMeHzy x E H. TioKa)f(eM, qTo Tor.n;a Px. -t Px. llMeeM 

Xn = Yn +z •• Yn EL, Zn E L1- (n=l,2, ... ), 

x=y+z, yEL, zELl_. 
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Pa3HOCTb x-xn = y-yn + z-zn, npwi:eM y- Yn EL, z-zn E Ll.. Tor,L(a 

JJx-xJ = jj(y-yn)+(z-zn )jj
2 
= JJy-yJ +JJz-zJ -7 0 (n -7 00 ). 

0TCIO,L(a y n -7 y, Zn -7 z, T. e. p ( xn ) -7 p ( x), 'ITO H TPe6oBa.JIOCb. 

IlpocrpanCTBO JIHHCHHblX onepaTOpOB. IlyCTb x, y - JlliHeHHbie HOpMHpOBaHHhie npo

C'rpaHCTBa. Ha MHO'lKecTBe :£ ( x, y) BCeB03MO'lKHbIX JIHHeHHbIX HenpepbIBHbIX onepaTOpOB, 

onpe,L\eJieHHbIX Ha BCeM npOCTPaHCTBe x co 3Ha'leHHHMH B y, BBep;eM JIHHeHHhle onepau:1m 

CJIO)KeHJrn H yMHO'lKeHHH Ha 'IHCJIO. 

Ilo onpe,LleJieHHIO CYMMOH onepaTOpoB AH B E ::l(X,Y) Ha3bIBaeTCH onepaTOp A+B, 

p;eiicTBy10mHii VxE X no c)JopMYJie 

(A+ B) x = Ax+ Bx. 

IIpomBep;enHeM onepaTOpa A Ha qffcno A, Ha3bIBaeTcH oneparnp A.A, J.(eiicTBYfOin:Hii no c)Jop
MYJie V x E X H n106oro qHcJia A, 

CornacHo onpep;eneHHIO onepaTOpbI A+ B H A-A onpe,LleJieHhl Ha BCeM X H rrpHHHMaIOT 3Ha
qeHHH B y. JIHHeHHOCTb 3THX oneparnpoB CJiel.(yeT H3 paBeHCTB 

(A+B)(AiXi +~xi)= A(AiXi +~x2 )+B(AiXi +~x2 ) = 

=Ai Ax, +~Ax2 +AiBXi +~Bx2 =Ai ( AXi + BXi)+~ (Ax2 + Bx2 ) = 

=Ai (A+ B)x, +~(A+ B)x2 , 

(A.A)(Aix, + ~x2 ) = A.A(Aix, )+ A.A(~x2 ) = A.AiAXi + A.~Ax2 =Ai ( A.A)x, + ~ ( A.A)x2• 

HerrpepbIBHOCTb JIHHeiiHhIX onepaTopoB A+ B H A.A BhlTeKaeT m on:enoK V x E X : 

Jj( A+ B) xJJv = JJAx + BxJJ ~ JJAxJJ + JJBxJJ ~ (IJAJJ + JJBJI) JJxllx , 

jj(A.A)xJJv = JJA.AxJJ = JA.JJJAxJJ ~ IA-IJIAllllxllx · 
TaKHM o6pa3oM, A+ BE :£ ( X, Y) H A,A E £ ( X, Y), OTKyp;a cnep;yeT 3aMKHYTOCTb MHO"lKecTBa 

£ ( X, Y) oTHOCHTeJihHO JIHHeHHhix onepan:Hii. Mno"lKeCTBO £ ( X, Y) co BBep;eHHbIMH Ha HeM 

JIHHeHHhlMH onepaU:HHMH cTaHOBHTCH JIHHeiiHbIM npocTpaHCTBOM. BbIIIOJIHeHHe Bcex aKcHoM 
nHHeiiHoro npocTpaHcTBa nerKo nposepHeTCH. B qacrnocTH, eyneBoii 3JieMeHT (ttyJih - one

parnp B) VA E :£ ( X, Y) onpe,L1eJIHeTcH TaK: 

A+B= A=> VxE X :(A+B)x=Ax+Bx=Ax=>Bx=Bv· 

3,LleCh B - eynesoii 3JieMeHT npocTpaHcTBa :£ ( X, Y), Bv - eyneBoii 3JieMeHT B Y. 

B rronyqeHHOM JIHHettHOM npoc'rpaHcTBe BBep;eM HOPMY 3JieMeHrn: 

IJAJJ = supJJAxJJ. 
llxil"' 

(3.63) 
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CJie.nyeT rrposepHTb rrpH 3TOM, T.ITO see aKCHOMhl HOpMbI BhlIIOJIHHIOTCH. HMeeM: 

1) llAll = supllAxll =sup lllAxl 
11

11=0 => llAxll = 0 VxE X ( x ;C 0) =>Ax= 0 =>A= B. 
Ms1 ~4•o X 

06paTHo, ecJIH A= B, TO Ax = By => llAxllr = llBr II = 0 => llAll = 0. 

2) 11.-tAll =sup Ii( AA )xii = sup 11.-tAxll = j,ij llAI!. 
Ms! llxlts1 

3) !!(A+ B)xli=llAx+ Bxllr $; llAxll+llBxll $; supllAxll+supllBxll· 
M"a l\*1 

llA +Bil = sup Ii( A+ B) xii $; llAll + llBll. 
Ms1 

TaKHM o6pa30M, MHO)J(eCTBO :£ ( X, Y) c orrpe.L(eJieHHhlMH Ha HeM JIHHeiiHI.IMH onepa~HHMH 

II HOpMoii (3.63) HBJIHeTCH JIHHeHHhlM HOpMHpOBaHHbIM rrpOCTpaHCTBOM. OHO Ha3bJBaeTCH rrpo
CTpaHCTBOM JIHHeHHbIX onepaTopos. 

,l(OKa)J(eM CJie,lzy!OrrzyIO TeopeMy. IlyCTb x, y - JIHHeHHbie HOpMwposaHHhle rrpoCTpaHCTBa, 

npHT.IeM Y - 6aHaxoso. Tor.L(a rrpocTpaHCTBo JIHHeiiHhlX HenpepoIBHbIX orrepaTOpos :£( X ,Y) -

TaK:)Ke 6aHaXOBO. 

,l(oKa3aTeJibCTBO. IlycTb {An} c :£ ( X, Y) - cpyH,a;aMeHTaJibHaH rrocJie.L(OBaTeJII.HOCTb. 

3To 03Haqaer, T.ITO Ve> 0 H mo6oro HaTYPaJibHOro T.IHcJia p, 3N ( e) > 0 TaKOe, T.ITO 

KaK TOJibKO n > N ( e). 3,a;ecb TIO.[( llAll IIOHHMaeTCH HOpMa B npocTpaHCTBe :£ ( x, y). 

PaccMOTpHM Terrepb rrocJie.L(OBaTeJII.HOCTb { A,,x} c Y. ,l(nH rrpoH3BOJII.Horo xE X HMeeM 

rrpH n ~°"' 

(3.64) 

CJie.L(oBaTeJII.HO, rrocne.L(oBaTeJII.HOCTb {A"x} - cpym:i;aMeHTaJII.Ha s Y. B cHJiy rroJIHOThI rrpo

CTpaHCTBa Y :na nocne.L(oBaTeJibHOCTb HMeeT rrpe,a;en 

y=limA,,x, VxE X. 
n->~ 

TaKHM o6pa30M, orrpe,a;eneH HeKOTOphlit orrepaTOp A, crus~Hii B coOTBeTCTBHe K~OMY 3Jie

MeHzy x E x 3JieMeHT y E y H ,a;eiiCTB}'IDIIJHH ITO <t>opMyJie y = Ax. 

IloKa)J(eM, T.ITo A E :£ ( X, Y). JlHHeiiHOCTb ero cne;:i;yeT m ~enoT.IKH paseHCTB 

A,, ( Aix1 + Aixz) = AiA,,x1 + A.iA,,xz :::::> limA,, ( Aix1 + Aixz) = 

=AiiimA,,x1 +AiiimA,,xz =AiY1 +AiYz => A(A,x1 +Aix2)=AiAx1 +AiAxz-
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OrrepaTop A - orpami:11eH. )J,eH:cTBHTeJihHO, H3 <)>yHJl:aMeHTaJihHOCTH rrocne.nosaTeJI1>Hoc

TH {AJE £ (X, Y) CJie.nyeT <)>ytt,naMeHTanhHOCTh rrocJie,nosaTenhHOCTH HopM ~JAn JI} B R1 
: 

Ilo:noMY cxo):(illl(IDICH 'IHCJIOBM rrocne,n;osaTenhHOCTh ~IAn JJ} orpattH'IeHa. IlyCTh JJA" JI $ C ,D;JIH 

scex n = 1,2,. .. Tor,n;a IJA.xJJ $ JJA.JJJJxJJ $ cJJxJJ VxE X. Ilepexowr B 3TOM ttepaseHCTBe K rrpe

,n;eny rrpH n -? oo, rronyqaeM Tpe6yeMyIO oQeHKY 

JJAxJJ::::; cJJxJJ. 

OcTaeTcH TOJihKO ,n;oKa3aTh, 'ITO JJA -A. JJ -7 0 ( n -7 oo). Y cTpeMJI»H B (3 .64) p --? oo H }"IHThI

BIDI TOT cl>aKT, 'ITO {Anx J CXO,ll;HTCH K Ax, IIOJI}"IaeM: II( Ax-A,x )II<£. =>II( A-A.) xii<£. < E' => 
n>N(E) 

=>sup II( A-A. )xii$ E' => llA-A.11 $ E' (KaK TOJihKO n > N). 
Jlxlls1 

lfraK, A - nttHeHHhIH, orpaHH'IeHHhIH (a 3Ha'IHT Herrpep1>IBH1>1il.) orreparnp, ,n;eucTByio

IllHH H3 X BY, T. e. AE £(X,Y). <l>yH,n;aMeHTaJihHM rrocJie,n;osaTeJihHOCTh {AJ cxo,n;ttTCH 

K A, cne.nosaTeJihHO, £(X ,Y) - 6attaxoso rrpocTpattcTBO. TeopeMa ,n;oKa3atta. 

Ecmr X = Y, TO npocTPaIICTBo JIHHeHHhIX orrepaTOpos o6o3Haqacrcn o6bNHO 11epe3 £ ( X ) . 

B rrpocTPaHcTBe oneparnpos £ (X) MO)l(HO ssecTH orrepaQttJO YMHO)l(eHHH 3JieMeHToB. IIycTh 

A, B E £ ( X ) , rro,n; npott3Be,n;eHtteM onepaTOpos A H B noHHMaIOT oneparnp AB, ,n;eiicTByio

IUHH no 4JopMyne 

(AB)x=A(Bx), VxE X. 

Qqestt,D;HO, AB : X -? X. IloKa)l(eM, 'ITO AB - JIHHeHHhIH orpaHtt'IeHHhIH oneparnp. 

1. ( AB)(14x1 + µ 2x2 ) =A( B (14x1 + µ 2x2 )) = A(JLiBx1 + µ 2Bx2 ) =A(µ1Bx1 )+ A(µ2Bx2 ) = 

= JLiA( Bx1 ) + µ2A(Bx2 ) = Jli ( AB).ti + µ2 (AB)x2 • 

Cne,n;osaTeJihHO, ABE £ ( X). B 11acTHOCTH, H3 2 nonyqaeM oQeHry: JIABJJ $ IJAJJ JJBJI. 
\;;/A, B, CE£ (X) ttMeJOT MecTO csoiicTsa accoQHaTttBHocTtt OTHOCHTeJihHO yMHO)l(eHttH 

H ,[(BOHKOH ,ll;llCTpH6JTHBHOCTll, T. e. 

(AB)C=A(BC), 

(A+B)C=AC+BC, C(A+B)=CA+CB. 

IlycTh IE £(X) - e,n;HHH'IHhIH (TO)l(,n;ecTBeHHhIH) oneparnp (VxE X: Ix= x). Tor.n:a 

VAE £(X) :IA=AI =A. 
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3aMeqa.HHe. Orrepauwi: )'MHmKemur 3JieMeHTOB £ ( X) HCKOMMY'faTIIBHa. HarrpHMep, ecnH 

b 

(Ax)(t)= fx(r)K(t,r)dr, (Bx)(t)=x(t)y0 (t), 
a 

r)J,e x(t) e C [ a,b], K (t, r) HerrpepbIBHa B I<Ba)J.paTe [a,b ]x [a,b] H y0 (t) - <j:>HKCHpoBaHHIDI 

<j:>yHKIJ;HH H3 C [a, b], TO 

b 

(AB)x=A(Bx)= fx(r)y0 (r)K(t,r)dr, 
a 

b 

(BA )x = B( Ax)= y0 (t) f x( r)K (t, r)dr. 
a 

B rrpocTpaHCTBe £ ( x' y) MO)l(HO BBCCTH )],Ba THITa CXO)J,HMOCTH. 

Orrpe)J,eJJeHHe. foBopHT, qTo rrocne)J,OBaTeJJbHOCTb {A,,} c£(X,Y) paBHOMepHo CXO)J,HT

CH K3JJCMCHTY Ae£(X,Y), CCJIH 'ie>0,3N(c)>0, qTQ 

n > N ~llA-A,,jj< E. 

TaKHM o6pa30M, paBHOMepHIDI CXO)J,HMOCTb B £(X ,Y) - 3TO CXO)J,HMOCTb no MeTpHKe 3TOro 

IIpOCTPaHCTBa. 

fOBOpHT, qTQ ITOCJIC,D;OBaTeJibHOCTb {A.} c £(X ,Y) CXO,D;HTCH K 3JJCMCHTY A E £(X ,Y) 

CHJibHO HJIH IlOToqeqHO, CCJIH '<;t e > 0, 3 N ( E) > 0, qTO 

n>N~llAx-A,,xll<e, 'ixe X. 

QqeBH,D;Ho, H3 paBHoMepHoii cxo,n;HMOCTH {AJ K A cneeyeT CHJibHIDI ee cxo,n;HMOCTb. B ca-

MOM ,n;ene 

llAx-A,,xll = ll(A-A.)xll ~llA-A.llllxll ~ 0 (n ~ oo ). 

06paTHOe yTBep)J(,ll;CHlfC, Boo6m.e roBOpH, He HMCCT MCCTa. 

TipnBe,n;eM npnMep. B npocTPaHCTBe l 2 nocne,n;oBaTeJibHOCTeii x = ( xl' x 2,. .. ) c ycnoBHCM 

L x} < oo paccMoTpHM oneparnp P,,, ,n;eiicTByrom,Hii no <j:>opMyne 

y = P,,x, y = (Xi, Xz ,. . ., x., 0, 0 ... ). 

QqeBH,D;Ho - 3TO mrneiiHbiii, orpaHHqeHHbIH orrepaTop. HMeeM Vxe / 2 

llP,,x-Jxll =[~1 x; r2 

~ 0 (n ~ oo). 

Cne,n;oBaTCJibHO, P. ~ I CHJibHO. B TOJKC BpeMH, B3HB x B BH,D;e Xo = ( 0, 0,. .. 0, Xn+I' xn+2 ,. .. ) ' 

rronyqaeM 

I1o3TOMY paBHOMCpHIDI CXO)J,HMOCTb pn ~ I HCB03MO)l(Ha. 
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TeopeMa. IlycTL onepaTOphl A,BE£(X). EcnH nocne.r10BaTeJI1>HocTH {AJ{BJc£(X) 
CXOMTCH (paBHOMepHo) K A H B cooTBeTCTBeHHO, TO AnBn ~AB paBHOMepHo, T. e. no 

HOpMe £(X). 
B caMOM .r1ene, no HepaBeHCTBY TpeyroJILHHKa 

llAB-A,,Bnll =llAB-A,,B+ A,,B-A,,Bnll::;; ll(A-A,,}Bll+llA,, ( B-B.}11::;; llBllllA-A,,11 +llA,,llllB-BJ 
,ll;anee, TaK KaK llA-A,, II ~ 0 ( n ~ oo), TO 

I llAll-llAnll I::;; llA-A,,11~0 (n ~ 00
). 

ITo:noMY 'IHCJIOBaH nocne.r10BaTeJI1>HocT1> ~IA. II} - cxoM111aHCH H, cne.r10BaTeJI1>Ho, orpaHH

<JeHHaH. ITycTL llAnll::;; C. Tor.r1a 

llAB-A,,B.fi::;llBlf!IA-A,,//+C/IB-Bnll ~ 0 (n ~ 00 ), 

'ITO H 'Tpe60BaJIOCh. 

BnoJiue uenpepLIBHLie onepaTophl. ITycTL X, Y - JIHHettH1>1e HOpMHpoBaHHhie npo-

cTpaHCTBa H A - npoH3BOJihHhIH onepaTOp, oT06pa)J(aI0111Hii X B Y. OnepaTOp A Ha31>1Ba

IOT KOMIIaKTHhIM, ecJIH Ka)J(,L\oe orpaHH<JeHHOe MHO)J(eCTBO M c x OTo6pIDKaeTCH B KOM

naKTHOe MHO)KeCTBO A ( M) c Y. EcnH K TOMY )Ke A - Henpep1>IBH1>1ii onepaTop, To OH Ha-

3i,rnaeTCH BTIOJIHe HenpepbIBHhIM. 

Ka)K,LlhIH orpaHH<JeHHhIH JIHHeiiHLiii onepaTOp npeo6pa3yeT nm6oe orpaHH<JeHHoe MHO

JKeCTBO (HanpHMep e,L\HHH'IHhIH map) B orpaHH<JeHHOe MHOJKeCTBO. MO)J(HQ TIOKa3aTh, 'ITO Ka

)1(,L\Oe KOMIIaKTHOe MHOlKeCTBO OH npeo6pa3yeT B KOMIIaKTHOe )J(e MHOJKeCTBO. 

B caMoM .r1ene, nycTL M c X ecTh KOMTiaKTHoe MHOJKecTBo, KOTopoe orrepaTOp A npe-

06pa3yeT BO MHOJKecTBo N c Y. ITycTh {yJc N - npoH3BOJILHaH nocne.r10BaTeJI1>HOCTh, 

a {xn : Axn = y n} COOTBeTCTBYIOlllaH IIOCJie,L\OBaTeJihHOCTh B M. B CHJIY KOMTiaKTHOCTH M H3 

{xn} MO)J(HO Bb16paTh TIO,L\IIOCJie,L\OBaTeJihHOCTh { Xn,}, CXOMlllYIOCH K 3JieMeflTY x. C X. B CHJIY 

HenpephIBHOCTH orrepaTOpa A IIO,L\IIOCJie,L\OBaTeJihHOCTh { y n, = A ( xn, ) } c N CXO,L\HTCH: 

IT03TOMY Axn, ~Ax, = y, c N. Cne,LIOBaTeJlhHO, H3 npOH3BOJlhHOH rrocne,L\OBaTeJihHOCTH B N 

MOlKHO Bb16paTb CXOMlllYIOCH TIO,L\IIOCJie,L\OBaTeJihHOCTh, a 3TO YKa3hIBaeT Ha KOMilaKTHOCTh N. 
EcnH onepaTOp A - KOHe<JHOMepHLIH (06nacT1> ero 3Ha<JeHHH RA KOHe<JHOMepHoe no.r1-

rrpoc'TpaHCTBO yn B y ) JIHHeHHhIH H HenpepbIBHhIH, TO Ka)K,L\oe orpaHH<JeHHOe MHO)J(eCTBO B x 
OH npeo6pa3yeT B orpaHH'leHHOe MHOJKeCTBO, JieJKa111ee B yn. Ho TaKOe MHO)J(eCTBO KOMIIaKTHO, 

CJie,L\OBaTeJlhHO, JIHHeHHbIH HenpepbIBHhIH H KOHe<JHOMepHbIH orrepaTOp BIIOJIHe Henpepi,rneH. 

0TMeTHM, 'ITO H3 HenpephIBHOCTH onepaTOpa He cne.r1yeT ero IIOJIHaH HenpepbIBHOCTh. 

TaK, HanpHMep, rolK,L\eCTBeHHbIH orreparop I HerrpepLIBeH H rrepeBO,l(HT e,l(HHlf'lHbIH map H3 12 

B ce6H, O,L\HaKo HBJIHHCh orpaHH<JeHHhIM MHOJKeCTBOM, OH He KOMIIaKTeH. 
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llpuMep 1. ilHTerparrhHbIH onepaTOp <I>pe,n;roJihMa K : C [a, b] ~ C [a, b]. OH 3a,n;aeTcH 

<j>opMyJIOH 
b 

y = (Kx)(t) = f K(t,r)x( r)dr, 
a 

r,n;e MPO k(t,r) HenpephlBHO B KBa,n;paTe [a,b]x[a,b]=Q. IloKa:lK:eM, qTO onepaTop <I>pe,n;

rOJihMa BilOJIHe HenpephlBeH. 

IlycTh Mc c[a,b] orpami:qeHHOe MHO:lK:eCTBO, T. e. llxll :$; R, TfxE M. Tor,n;a 

llYll = maxjbfK (t, r) x( r)drl :$;max bnK (t, r)jjx( r)jdr :$; RllKll· 
1e[a,b] JI 

a a 

T. e. MHO:lK:eCTBo <l>YHKQHH y(t )E KM paBHOMepHo orpami:qeHo. ilMeeM 

b b 

jy(t1 )-y(t2 )j :$; ~K (ti' r)- K (t2 , r)jjx( r)jdr :$; R ~K (ti' r)- K (t2 , r)jdr ~ 0 
a a 

He3aBHCHMO OT x(t)E M, nptt t1 -'H2 (scne,n;CTBHe paBHOMepHoii HenpephIBHOCTH <l>YHKQHH 

K(t, r) Ha KOMilaKTe Q). no TeopeMe ApQeJia MHO:lK:eCTBO <l>YHKQHH KM KOMilaKTHO H, 3Ha

qHT onepaTop <I>pe,n;roJihMa BITOJIHe HenpephlBeH. 

llpUMep 2. IlycTh X = Y = L2 [ a,b ], a H,n;po K(t, r) HerrpephlBHO B KBa,D;paTe [ a,b ]x[ a,b ]. 
Mo:lK:Ho noKa3aTh, qTO onepaTop K BIIOJIHe HerrpepbmeH B L2 [a, b]. 

llpUMep 3. BnonHe HenpephIBHhIM B L2 [a,b] RBMeTCH TaK:lK:e HHTerparrhHhIH onepaTop 

fHJih6epTa-IllMH,D;TacH,n;poM K(t,r)E L2 (Q), T. e. 

b b 

(£) rnK(t,r)j
2
dtdr<oo. 

a a 

llpUMep 4. OnepaTOp BoJihTepa 
I 

(Gx)(t)= fc(t,r)x(r)dr, a:$;t:$;b, 

r,n;e H,n;po G(t, r) HenpephIBHO B KBa,n;paTe [a, b ]x [a, b], TaK:lK:e srronHe HenpephIBeH. 

MHO:lK:ecTBo snonHe HenpephIBHhIX orrepaTopos B £ ( X, Y) o6o3HaqHM 'Iepe3 a ( X, Y). 
ilMeIOT MeCTO CJie,n;yIOII.1He rrpe,n;JIO:lK:eHHR [22]. 

1. a(x ,Y) RBJIHeTCR no,n;rrpocrpaHCTBOM (T. e. 3aMKHYThlM mrneHHhlM MHOroo6pa3HeM) 

s£(X,Y). 

2. ECJIH x HJIH y KOHeqHOMepHO,TO a(X,Y)=£(X,Y). 

3. IlycTh AE£(X,Y), BE£(Y,Z). EcJIH xoTH 6hl o,n;HH m 3THX onepaTopos snonHe 

HerrpepbIBeH, TO BIIOJIHe HenpepbIBHhIM orrepaTOpOM 6y,n;eT H HX rrpomse,n;emi:e BA. 

4. BCHKHH JIHHeHHhlH <l>YffKIIHOHaJI f Ex· BIIOJIHe HerrpephlBeH (cne,n;yeT H3 rrpe,n;JIO:lK:e

HIDI 2). 
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Ilpuunun pasuoMepuoii orpaun11euuocTn. Ha'lneM co cnell,yroll(eil: JieMMhI. 

IlyCTh x, y - mrneil:ub1e HOpMHpOBaHHbie rrpocrpaHCTBa H {An} - IIOCJie)J,OBaTeJihHOCTh 

JIHHeliHhIX HerrpephIBHhIX orrepaTOpos H3 £(X,Y). Ecnn ~IAnxll} paBHOMepHo orpaHH'leHa 

BHeKoTopoM 3aMKeyTOM wape B[x0 ,r] C\IAnx\\:s;C, 'v'xE B[x0 ,r]), TO ~\An\\} (n=l,2, ... ) -

orpaHH'leHHaH. 

x 
B caMOM )J,eJie, BBe)J,eM 3JieMeHT z = x0 + N r. lIMeeM 

Tor)J,a 

'ITO H TPe6osarroch. 

\\z-x0 \\= 11\~\ll = r ~ ZE B[x0 ,r]. 

2C 
\\~\\=sup\\~x\\::;- (n=l,2, ... ), 

[[x~~l r 

TeopeMa (rrpHHU:HII paBHOMepHoil: orpaHH'leHHOCTH). IlyCTh X - 6aHaxoso, Y - JIH

Heil:Hoe HopMuposaHHOe rrpocTpaHcTBO H An E £ ( X, Y) ( n = 1, 2, ... ) . Ecnn rrocne)J,OBaTeJih-

HOCTh ~\Anx\\} orpaHH'leHa IIpH KIDK,ll.OM <l>HKCHpOBaHHOM XE x, TO IIOCJie)J,OBaTeJihHOCTh ~\An\\} 
orpaHH'leHa. 

}J,oKa3aTeJihCTBO. Ilpe)J,IIOJIO)l(HM rrpOTHBHOe, rrycTh ~IAn II} He orpamI'leHa. Tor)J,a Hail:AeTCH 

wap B0 , Ha KOTopoM ~IAnxll} He orpamI'leHa (s rrpoTHBHOM CJIY'lae H3 JieMMhI cJie)J,OBaJIO 6h1, 

'ITO ~IAn II} - orpaHH'leHHaH). 3To 03Ha'laeT, 'ITO Cyll(eCTByeT TO'IKa x 1 E B0 II HOMep n = n1, 

TaKIIe, 'ITO 11~1 x 1 II > 1. B CIIJiy HenpephrnHOCTII orrepaTopa A.
1 

:na ou:eHKa ocrnHeTCH cnpa

Be)J,JIIIBOil: II B HeKoTopoM 3aMKHYTOM wape ~ = B1 [ X}, 1j] c B0 • B wape Bi rrocJie)J,0BaTeJih-

11ocTh ~\Anx\I} CHOBa HeorpaHII'leHHaH, II03TOMY HaH,[(eTC5I TO'IKa X2 E Bl II HOMep n2 > 11i, 

TaKIIe 'ITO llAn
2
x 2 ll;:: 2. B CIIJiy HerrpephIBHOCTII orrepaTOpa A., Hail:)J,eTCH 3aMKHYTf>IH wap 

B2 = B2 [ x2 , r2 ] c B1, Ha KOTopoM crrpase)J,JIIIBO HepaseHCTBO II~, x2 II;:: 2. IlpoAOJI)l(aH 3TOT 

npou:ecc HeorpaHII'leHHO, IIOCTpOIIM IIOCJie)J,OBaTeJihHOCTh BJIO)l(CHHhIX il,pyr B .[(pyra 3aMKtty

ThIX rnapoB Bo :::> Bi :::> ••• Jjn :::> • • • II IIOCJie)J,OBaTeJihHOCTb { xn} c x, TaK}'IO 'ITO llA., xk II > k 

B wape Bk =Bk [xk, rk]. Ilo TeopeMe o BJIO)l(eHHhIX wapax Cyll(eCTsyeT TO'IKa x. E Bk ( k = 1, 2, ... ) 

II, cne)J,oBaTeJihHO, llAn, x.11 > k. 3To rrpoTIIBope'IHT ycnoBHIO TeopeMhI 06 orpaHII'leHHOCTII 

~IAnxl\} B KU)l()J,Oil: TO'IKe XE X. TeopeMa )J,OKa3aHa. 
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TeopeMa (EaHax-111Teihrray3). Ilycn, {A,,}c .£(X,Y). ll:Jrn Toro qTQ6I,1 A,,~AE 

E .£ ( X, Y) ( n ~ oo) CJUihHO, Heo6xo.n;MMO 11 .n;ocTaTOqHo, qTo6hl: 

1) -OIA. II} 6bma orpaHMqeHa; 

2) A. ~A (n ~ oo) CJUihHO Ha Her<oTopoM JIMHeHHOM MHoroo6pa3MM X 0 , BCID.LIY IIJIOT

HOM BX. 

)J,OKa3aTeJihCTBO He06XO,LIMMOCTM. 

IlycTh A. ~A (n ~ oo) CMJihHO. 3To 03HaqaeT, qTo Vx E X 

II Ax - A.xii~ 0 ( n ~ 00
) ~ lllAxll-l!A,,xlll::; llAx-A.xll ~ 0 ~ llA,,xll ~ llAxll · 

TaK KaK -OIA.xll} CXO,LIMTCH K llAxll, TO OHa orpaHFJqeHa \;:/ x E x M B CMJIY rrpMHI(HIIa paBHO

MepHOH orpaHFJqeHHOCTH -OIA. II} - orpaHFJqeHHaH. Ilono:>KHB X 0 = X, rronyqaeM 2. 

)J,OKa3aTeJihCTBO ,LIOCTaTOqHOCTM. 

IlycTh Terreph rroCJie,n;oBaTeJII:.HocTh -OIA,, II} orpaHuqeHa H A. ~ A E .£ ( X, Y) (n ~ oo) 
CHJihHO Ha IIJIOTHOM a X JIHHeHHOM MHOroo6pa3HH X 0 . Heo6xo,n;HMO rroKa3aTh, qTo A. ~A 

CHJihHO Ha x, T. e. 

llAx-A,,xll ~ 0 (n ~ oo) VxE X. 

B cJUiy IIJIOTHOCTM X 0 a X .LIJIH JIID6oro x E X 0 Haii.n;eTCH 3JieMeHT x0 E X 0 , TaKOH qTo 

l1MeeM 

llAx-A,,xll =II( Ax-Ax0 )+( Ax0 -A,,x0 )+( A.x0 -A,,x) II::; 
::; llAllllx-xoll+llAxo -A,,xoll+llA..llllxo -xii· 

TaK 1<aK -O!A. II} - orpaHFJqeHHaH rrocne,n;oBaTeJI1>HocTh, TO 

llA,,!l::;C= sup {llA.11} (Ao =A). 
n=O,I, ... 

llAx-A,,xll::; 2Cc + 11Ax0 -A,,x0 II· 
Har<olien:, H3 ycnoBHH CMJihHOH cxo,11:irMoCTH A,,~ A Ha X 0 cne.n;yeT: Ve> 0, 3N(e) Ta.Koe, qTO 

n > N ~ llAx0 -A,,x0 ll < c. 

YqHThIBaH 3TO HepaaelICTBO, MMeeM rrp11 n > N 

llAx-A,,xll::; (2C + l)c, 
qTQ H Tpe60BaJIOCh. 

Cxo,u;HMOCTb KBa,ZJ;paTypnLIX cf>opMyJI. TeopeMa EaHaxa-111Teii.HraY3a HMeeT MHoroqFJc

JieHHhie rrpIDio){(eHHH. PaccMOTpHM o.n;Ho H3 HHx. KBa.n;paTYPHhle <PopMyJihl MH BhlqHcJieHHH 

MHTerpanoB o6bJqHo HMeIOT BM.LI 

b n 

Jx(t)dt"" ,LAkx(tk) (a::;r0 <t1 <···<t. ::;b). 
a k=O 
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PaccMOT{)HM IIOCJie,n:oBaTeJibHOCTh TaKHX KBa,n:parypHbIX cJ>opM)'JI 

b n 

fx(t)dt"" ,LAi"lx(tl"l) (a$tbn) <ti") <···<t~•) $b; n=O,l, ... ) (3.65) 
k=O 

H IIOCTaBHM Borrpoc: rrpH KaKHX ycJIOBIDl.X rrorpeIIIHOCTh 3THX cJ>opMyJI CTpeMHTbCH K HYJIIO 

rrpH n ~ oo? EcJIH .n:JIH HeKOTopoH: c)>yHKQHH x(t) rrorpeIIIHOCTh t5. ~ 0 ( n ~ oo), TO, roBopHT, 

qTo KBa,n:paTYPHhie cJ>opMyn1>1 (3.65) cxo,n;HTCH .n:m1 x(t). OTBeT Ha :no Borrpoc ,n;aeT TeopeMa 

Cere. 
)l,JIH Toro qTOfaI <jlopM)'Jihl MeXaHHqeCKHX KBa,n:paTYP (3.65) CXO.D:HJIHCh .n:JIH mo6oii He

rrpephIBHOH <)>yttKQHH, Heo6xo,n:HMO H )J;OCTaTOqHo, qT061>1: 

1) IIA1"ll$M (n=O,l, ... ); 
k=O 

2) CXO)J;HMOCTh 3THX cJ>opMyJI HMeJia MeCTO .n:JIH mo6oro IIOJIHHOMa. 

)J,oK!l3aTeJI1>CTBO. B rrpocT{)aHCTBe C[a, b] paccMO'fPHM <)>yHKQHOHaJihl 

n b 

f. (x) = _LAl"lx(tl"l) (n =0,1, ... ), f (x) = fx(t)dt. 
k=O a 

M1>1HMeeM 

If. (x)I ~ IIAl"ljix(ri•l)I $ llxllijAl"ll ~Iii.II$ IIAl"lj. 
k=O k=O k=O 

TaKHM o6pa3oM, .n:JIH orpaHHqeHHOCTH rrocne,n;oBaTeJibHOCTH ~If. II} .n:ocTaTOqHo, qTo6hl 

IjAl"lj$M (n=O,l, ... ). 
k=O 

)J,anee, JIHHeHHOe MHoroo6pa3He BCex IIOJIHHOMOB Xo BCIO.n:y IIJIOTHO B c[a,b], a Ha Xo 

(ITO ycJIOBHIO TeopeMhl): f. (x) ~ f(x) (n ~ 00). Il03TOMy, B CHJIY TeOpCMbI naHaXa-ll1TeHH

ray3a, rrocne,n;oBaTeJibHOCTb {J. (x )} CXO)J;HTCH K 4>YHKQHOHaJIY f (x) Ha BCeM c [a, b]. 

3.9. fluHeiiH&1e c/JyHKu,uoHan&1 e 6aHaxoe&1x npocmpaHcmeax 

JlHHeHHhIH <)>yttKQHOHan HBJIHeTcx qacTHhIM cnyqaeM JIHHeiittoro oneparnpa. EcnH X 
mrneliHoe ttopMHpOBaHHOe rrpocT{)aHCTBO H D 1 c X - o6nacTh onpe.n:eneHHH 4>YHKIIHOHaJia 

f ( x)' TO ero o6JiaCTh 3HaqeHHH Rf = f (D f) - qHCJIOBOe MHO)J(CCTBO (.n:eliCTBHTCJihHOe HJIH 

KOMIIJICKCHOe). II03TOM)' onpe.n:eneHIDI. H <)>aKThl, BhlCKa3aHHhIC OTHOCHTCJibHO JIHHeHHhIX one

paTOpOB, OCTaIOTCH B CHJie H 3.z:i:ecb. IIepeqHCJIHM HeKOTOpble H3 HHX. 

1.D1 -JIHHeiIHoeMHoroo6pa3HeB X H VXi,X2 E D1 H VAi,2iEP: 

2. EcJIH f HenpephIBCH B TOqKe Xo E x' TO OH HenpepbIBCH B JII06oii TO~e x E x. 
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3. f - orpam1qeHHbIH <PYHKQHOHaJI, ecJrn OH rrepeBO,[(llT mo6oe orpaHHqeHHOe MHO:lKe

CTBO H3 X B orpaHHqeHHoe qHcnosoe MHO:lKeCTBO. AHaJIHTHqecKH 3TO 03HaqaeT, qTo VxE X, 

3M > 0 (KOHCTaHTa), TaKaH qTQ 

II ( x )I :,; M llxll-
4.,nnH JIHHeHHoro <PYHKQHOHaJia IIOHHTHe HerrpepbIBHOCTll ll orpaHHqeHHOCTll paBHO

CHJibHbI. 

5. HopMa JIHHeiiHoro orpaHHqeHHoro <PYHKQHOHaJia orrpe.ri:enHeTcH O.D:HHM H3 cne.1zyK>ru;HX 

paBHOCHJibHbIX Bblpa:lKeHHH 

llJll =sup if ( x )I, 
M"1 

llJll =sup If ( x )I, 
11+1 

IJ(x~ 
llJll = Sx~fTxf" 

6. IIpocTpaHCTBO :£ (x, R1
) scex JIHHeHHbIX HerrpepbIBHbIX <PYHKQHOHaJIOB f : X --7 R1 

Ha3bIBaeTCH corrpH:lKeHHbIM (.ri:soiicTBeHHbIM) K X rrpoCTpaHCTBOM. 0Ho o603HaqaeTcH o6hNHO 

qepe3 x'. 
7. IlOToqeqHM CXO,[(HMOCTh IIOCJie,[(OBaTeJibHOCTll orrepaTOpoB (A,, --7 A E :£ ( x, y) , n --7 00) : 

llAx - A,,xllr --7 O(n --7 oo ), '\Ix E X 

B rrpHMeHeHllll K rrocJie,[(OBaTeJibHOCTH <PYHKQHOHaJIOB {fn} c X • BbITJIH.[(HT TaK ( fn --7 f E X' ) : 

IJ(x)-fn(x)l--70(n--7 00 ), VxE X. 

TaKM CXO,[(HMOCTb IIOCJie,[(OBaTeJibHOCTH <PYHKQHOHaJIOB {Jn} c x' K f E x. Ha3bIBaeTCH cna-

6oii CXO,[(HMOCTbJO. 

8. PasHoMepHaH cxo.ri:HMOCTb {A,,}c£(X, Y) K orreparnpy AE£(X, Y): 

llA - An 11--7 0 ( n --7 oo) 

B rrpHMeHeHHll K IIOCJie,[(OBaTeJibHOCTll <PYHKQHOHaJIOB {Jn} c x. ( f. --7 f E x.) : 

III - 1.llx· --7 o(n --7 00
) 

Ha3bIBaeTCH CHJibHOH CXO,[(HMOCTbJO IIOCJie,[(OBaTeJibHOCTll 3JieMeHTOB H3 x *. 
9. IlpHHQHII paBHOMepHOH orpaHHqeHHOCTH. 

ECJIH IIOCJie,[(OBaTeJibHOCTb {Jn (x )} c x' orpaHnqeHa rrpH Ka:lK,[(OM <PHKCHpOBaHHOM x E x, 
TO IIOCJie,[(OBaTeJibHOCTb ~l!nll} orpaHnqeHa. 

10. TeopeMa 6aHaxa-lllTeiiHray3a . 

.n.uH TOro qT06bl {fn} C X' CXO,[(HJiaCb K f C X • CJia6o, He06XO,[(HMO H ,[(OCTaTOqHO, qT06bI: 

a) ~lfnll} 6bIJia orpaHnqeHHoii; 
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6) {JJ cxo;:vmacb K 3JICMCHT)' f E x * cna6o Ha HCKOTOpOM JIHHCHHOM MHOroo6pa3HH 

X0 C X, ITJIOTHOM B X. 

11. TeopeMa o rrpo;::i:OJI)l(emm JIHHeil:Horo orpaHWieHHoro <l>YHKUHOHana ITO HeITpepbIBHOCTH. 

IlyCTb JIHHCHHbIH <jl)'HKIJHOHaJI f 3a;::i:aH H orpaHnqeH Ha ITJIOTHOM B x JIHHCHHOM MHO-

roo6pa3HH Xo. Tor;::i:a B x· C)'IIJCCTB)'CT JIHHCHHbIH orpaHHqeHHbIH <jl)'HKIJHOHaJI F ( x), Ta

KOH qTo: 

a) F(x)=f(x)VxeX0 • 

6) llFllx =ll!llx, = sup IJ(x)J. 
fxl:sa,.iex0 

12. TaK KaK R1 
ITOJIHO, TO COITpH)l(CHHOe rrpocTPaHCTBO x· 6aHaxOBO. 

IlpnBe,n:eM ITpHMepbI JIHHCHHbIX HCITpepbIBHbIX <jlyHKD;HOHaJIOB B KOHKpCTHblX ITpOCTpaH

CTBax. 

1. KouequoMepuoe npocTpaucreo. B n -MepHoM rrpocTPaHCTBe BCCB03MO)l(HbIX yITopH

;::i:oqeHHbIX Ha6opoB H3 n -):ICHCTBHTCJibHbIX qnceJI BCHKHH BCKTop MO)l(eT 6bITb pa3JIO)l(CH ITO 

HCKOTOpOM)' 6a3HC)' el' e2 ,. .. , en : 

x=!x;e;. 
i=l 

Ecnn f - JIHHCHHbIH <PYHKIJHOHaJI, 3a;::i:aHHbIH B 3TOM rrpocTPaHCTBe, TO 

n n 

f ( x) = l::XJ ( e;) = L xJ, f; = f ( e;). 
i=l i=1 

TaKHM o6pa30M, ITO 3a):laHHOM)' <l>YHKu;HOHaJIY O):IH03HaqHo OITpe;::i:emieTCH n -MepHbIH BCKTOp 

a = ( J; , !2, .• " fn ) . 06pamo, ITO ITPOH3BOJibHOM)' n -MepHOM)' BCKTopy a = ( J; .f2, •.• ,J. ) OITpe

):ICJIHCTCH HCKOTOpbIH <jlyHKIJHOHaJI (oqeBH):IHO, JIHHCHHbIH) 

n 

f(x) = LX;f; =(x,J). 
i=l 

Cne;::i:oBaTCJibHO, MC)l():I)' 3JICMCHTaMH MHO)l(CCTBa BCCX JIHHCHHbIX <l>YHKIJHOHaJIOB, ;::i:eHCTB)'l0-

1.UHX B n -MepHOM ITpOCTPaHCTBe H 3JICMCHTaMH caMoro 3Toro ITpOCTPaHCTBa MO)l(HO ycTaHO

BHTb B3aHMHO-O,n:H03HaqHoe COOTBCTCTBHe. ,[l.aJibHCHIIIHH XO):\ paCC)')l(il:CHHH 3aBHCHT OT Bbl-

6opa HopMbI B ncxo;::i:HOM ITPOCTPaHCTBe. 

a) IlpocTPaHCTBO R; (p > 1). B 3TOM cnyqae, HCITOJib3)'H HepaBeHCTBo fenh;::i:epa ,n:nH Ko-

11eqHbIX C)'MM, rronyqaeM OIJCHK)' 

3ttaqnT, 

(3.66) 



236 fJIABA3 

IloKIDKeM, 'ITO Ha :meMeIITe x0 = (xi' x1 , ••• , x.), r.n:e X; = l.t:lq-l sign f, B (3.66) .n:ocni:raerc}l TOlf

Hoe paBeHCTBO. 11MeeM 

( 

n )l/p ( n )l/q 
llxallR; = t;lxilp = t;l~tt , 

f(xo) = IxJ = IIJJ. 
i=l i=l 

Cne.n:oBaTeJibHO, 11!11 = llallR; , a 3TO 03HaqaeT, lfTO rrpocrpaHCTBa (R; r H R; H30MeTpHlfHhl. 

TaKHM o6pa30M, ecJIH X = R;, TO X * = R; ( p > 1, p-1 + q-1 = 1). B qacmoM cey1.me p = q = 2 

ITOJI)'lfaeM ( R" r = R". 

6) IlpocTpaHCTBO R;. 3.n:ecb 

Cne,n:oBaTeJibHO, 

II! II::; llallR.: . (3.67) 

,[1,anee, rrycTb 1i1J~ If I= lf
0 
I ( 1 $ i0 $ n). Ha BeKTope x0 = (Xi, x2 ,. •• , xn), r.n:e X; =sign J;O;io 

( O;j - CHMBOJI KpoHeKepa), B (3.67) .n:ocmraeTCH TOlfHOe paBeHCTBO. ,[l,eil:CTBHTeJihHO, 

f(xo)= Ix;J; = Il.t;IO;io =l!iol=llallR~' llxoll= Ilx;I= Ilsigna;~iol=l. 
i==l i=l i=l i=l 

llJll =sup Ji ( x )J ~ llallR.: · 
Jlxll:>l 

(3.68) 

lb (3.67), (3.68) BbJTeKaeT, lfTO 11!11 = llallR.: . 

11TaK, rrpocrpaHCTBa (R; r H R: H30MeTpHlfHbl, II03TOMY MO'.lKHO IIOJIO'.lKHTb, lfTO 

Ji ( x)J::; Ilx;f I$ llxllR.: Ilf I~ llJll $ llallR~ · 
i=l i=l 
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Ha 3JieMeHTe x0 = (sign!.,, sign / 2 , ..• ,sign Jn) .n:ocmraerc» TO'IHOe paseHCTBO. ,ll;ei1:cTBHTeJibHO, 

Crnno 6bITh, lit II= llallRf H ( R: )* = R1". 

2. IIpocTPaHCTBO rrocne.n:osaTeJibHOCTCH l P ( p > 1). IlycTb x = (Xi, x2 , ••• ) E l P. BeKTopbI 

e1 == (1,0,0, ... ), 

e2 == ( 0,1, 0, ... ), 

'· =[ 0,0,.:.,0,l,0, ... J 

o6pa3yIOT 6a3HC B 3TOM rrpOCTPaHCTBe. B caMOM .n:ene, paccMOTPHM B l P BeKTOpbI x(n) = 

= (xpX2 , ••• ,Xn,0,0, ... ). QqeBH,!l;HO, 

TO 

x(n) =~>A (n=l,2, ... ), 
i=l 

x = lim x(n) == lim ~ xe. = ~ x.e. ~ l l L... I l 
n~oo i=I i=l 

B c1my rrpoH3BOJibHOCTH XE f P 3aKJIIO'laeM, 'ITO BeKTOpbI e; (i = 1,2, ... ) o6pa3yIOT 6a3HC Bf P. 

IlycTb f (x) - JIHHeHHhIH HerrpepbIBHhIH cpyHKUHOHaJI, 3a.n;aHHhIH Ha fP. TorJJ,a 

i==I 

TaK KaK x(n) ~ x (n ~ oo ), TO f (x(n)) ~ J(x) B CHJIY ero HerrpepbIBHOCTH. CneJJ,oBaTeJibHO, 

J(x)=limf(x(n))=limfxJ = !xJ. 
n-->~ 

i=I i=I 
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IlepeXOM B JieBOR 'laCTH :noro HepaBeHCTBa K rrpe,n:erry rrpH n ~ 00' IIOJ!Y'!HM 

i=l i=l i=l 

Cne,n:oBaTeJihHO, llJll = llalJiq . 
TaKHM o6pa30M, Ka)l(,n:OMY JIHHeRHOMY orpaHR'leHHoMy <l>YHKU:MOHarry, onpe,n:eneHHoMy 

Ha [P (T. e. Ka)K,LIOMY :meMeHry f E (tP J) MQ)l(HQ IlOCTaBHTh B COOTBeTCTBMe (e,n:MHCTBeHHhIR) 

3JieMeHT a=(J;,f2 , ••• ) m npocTPaHcTBa F, nplf'leM ll!ll=llall,q. 06parno, 3a,n:aB rrpomBOJih

HhIR BeKTop a= ( J;, f2, ... ) E lq, orrpe,n:eJIMM <l>YHKU:MOHaJI f : 

f(x) = L,xJ, \fx = (xPxw.)E [P. (3.69) 
i=l 

TaKoe orrpe,n:eneHMe KoppeKTHO, M6o pJC,n: B rrpaBoli 'lacrn (3.69) a6comorno cxo,n:MTCH 

It ( x )I ::; L lxJ; I ::; llxll,p llall1q < 00
• 

i=l 

<!>yHKU:HOHaJI (3.69), oqeBMAHO, JIHHeRHhIR II orpaHIIqeHHhlH, rrpM'leM II! II= llalJi, . IfraK, Me)l(

AY 3JieMeHTaMM (F )* M lq ycTaHoBneHo B3aIIMHo-o,n:H03HaqHoe cooTBeTcTBMe c coxpaHeHIIeM 

HOpMhl. B CIIJIY H30MeTpII'IHOCTM (t P )* II [ q MX MQ)l(HO OTO)K,LleCTBMTh: ( [ P ) * = lq. 

B qacTHOM cnyqae p = q = 2 rronyqaeM ( 12
) * = l 2

, T. e. rrpocTpaHCTBO, corrpH)l(eHHoe 

K KOOp):(MHaTHOMY rMJib6epTOBY IIpOCTPaHCTBy f 2 eCTh CaMO 3TO rrpocrpaHCTBO (c TOqHOCThJO 

AO H30MeTpMM). 

3. <!>yttKU:IIOHaJihHhie npocrpaHCTBa I! (p > 1). 

Onpe,n:eJIIIM Ha npocTpaHCTBe £P [a,b] (p > 1) <l>YHKU:IIH, CYMMMpyeMhIX co cTerreHhJO p, 
lj:>yttKU:HOHaJI, ,[(eHCTBYJOID;HH no qiopMyJie 

b 

f(x)= fx(t)y(t)dt, (3.70) 
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r,[(e y(t) - cpnKcnposaHHbIH 3JieMeHT H3 Lq (p-1 +q-1 =1 ). B cnny HHTerpaJibHOro HepaseH

cTBa feJih.[(epa (E.6) HMeeM Vxe Il' 

(3.71) 

Cne,[(oBaTeJibHO, orrpe.[(eJieHHe <i>YHKIIHOHana (3.70) KoppeKTHO. B cmiy JIHHeliHoCTH HHTerpana 
Jie6era J(x) -JIHHeliHhrn <l>YHKQHOHaJI, am (3.71) BbITeKaeT ero orpamf'IeHHOCTb n 011eHKa 

ITonyqnM Terrepb HepaBeHCTBO o6paTHoro 3HaKa. l(Jur 3Toro pacCMOTpHM <i>YHKIIHIO x0 ( t) = 

=I y ( t w-l sign y ( t). 3neMeHT Xo E Il' B caMOM ,[(eJie 

b b b 

flxo (t ~p dt = fly(t r(q-l) dt = ]y(t r dt < oo. 

a a a 

Ha 3JieMeHTe x0 e LP Haxo,[(HM 

0TCIO,[(a 

lfraK, II! II = llYt, · 
Mm1rno rroKa3aTb, qTO qiopM)'na (3.70) ,[(aeT rrpe.[(cTaBJieHne rrpoH3BOJibHoro JIHHeliHoro 

HerrpepbmHoro <i>YHKu;noHana f : If -t R1 
( p > 1). TaKHM o6pa3oM, (u )* = U (p > 1). B cny-

qae p = q = 2 3aKJIJOqaeM, qTo (L2 )* = L2
, T. e. <i>YHKIJ;HOHaJibHOe mnh6epTOBO rrpocTPaHCTBO 

COBIIa,[(aeT co CBOHM corrpH:lKeHHbIM. 

3aMeqaHne. Ecnn paccMaTpnsaeTcH KOMrrJieKCHbIH sapnaHT L2 [a, b], TO o6IIJ;ee rrpe.[(cTaB

neHne JIHHCHHOro HerrpepbIBHOro <i>YHKIJ;HOHaJia HMeeT BH,[( (qepTa CBepxy o6o3HaqaeT orrepa
l\HIO KOMIIJICKCHoro COIIpH:lKeHmI) 

b {b }1/2 
f ( x) = f x( t) y (t )dt, lltll = llYll£' = ~y (t )1

2 

dt 

ITpe)J(.[(e qeM rrepeH:Tn K cJie.[(y!OIIJ;eMy rrpnMepy, HarroMHHM HeKoTOpb1e orrpe,!l;eneHHH 
H <t>aKTbl, KaCalOIIJ;HeCH <i>YHKIJ;HH orpaHffqCHHOH Bapnau;nn H HHTerpana CTHJlhTbeCa. 

<l>yHKllHH orpanu'leuuoii eapua11uu. PaccMQTPHM MHO:lKecTBo <i>YHKllHH, 3a,[(aJIHhlX 
e [a, b]. ITpomse,[(eM pa36HeHne OJ OTPe3Ka [a, b] TOqKaMH a = t0 < t1 < ... < t._1 < t. = b. Tor,[(a 

MH Ka)J(,[(oro pa36HeHHH OJ H Ka)J(,[(OH <i>YHKIIHH f (t) MO:lKHO HaHTH qncno 

n-1 

~]1(tk+J-1 (tk )I= l!L,. 
k=O 
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llyCTh Q - MHO)KeC'rBO BCeB03MO)KHblX proforemril. O'Ipe3Ka [a,b]. llo orrpe,D;eJieHJUO, IlOJI

HIDI BapIIalUUI <l>YHK[(IIB Ha 3TOM rrpoMe~Ke orrpe,n;eJUieTCH <PopMJJIOll 
n-1 

var(!)= sup :LIJ (tk+i )- f (tk )I= sup!JL. 
[a,b] k=O WEO. 

b 

B mrTeparype BC'Ipe'lalOTCH H ,n;pyrne o603Ha'leHHH rroJIHOli sapttau;HH: V: [J], V f. EcJIH 
a 

var!...f) < 00, TO rosopHT, 'ITO <l>YHK[(HH f (t) HMeeT orpaHH'leHHyIO BapHa[(HlO ( orpaHH'leHHOe 
[a,b] 

H3MeHeHHe). YKaJKeM HeKOTOpnie rrpocTeliume csoil:cTBa <l>YHK[(HH orpaHH'leHHoil. sapHa[(HH. 
a) MoHOTOHHO B03paCiaromIDI (ttey6nmaromIDI) <l>YHKUHH f (t) Ha [a, b] HBJUieTCH <l>YHKU:Heil. 

orpaHH'leHHOll BapHa[(HH: 

var (f) = f ( b) - f (a). 
[a,b) 

6) MottoToHHo y6hmaromIDI (He so3pacTaIOUIIDI) Ha [a, b] <l>YHKUHH f (t) HMeeT orpaHH'leH-

HyIO BapHa[(HIO 
var(!)= f(a)-J(b). 
[a,b] 

B) EcJIH J(t) YAOBJieTBopHeT Ha [a,b] ycJIOBHlO JlHrrumua: IJ ( t')- f ( t")I ~ K It' -t ... ,, 

Vt', t ... E [a, b], To oHa HMeeT orpattH'leHHOe H3MeHeHHe. B caMoM ,n;eJie, 

n-1 n-1 

!Jl
00 

= ~]f(tk+I)- f(td ~ KLltk+I -tkl = K(b-a) ~ 
k=O k=O 

~ sup!flw ~ K(b-a) ~var(!) <oo. 
WEO. ~~ 

r) EcJIH f (t) AH<P<l>epeHu;HpyeMa Ha [a,b], TO 

b 

var(!)= n f'(t)ldt. 
[a,bJ JI 

a 

A) ll3 rrpe,D;bl,D;ylllero CBOllCTBa CJieeyeT, 'ITO eCJIH f (t) HMeeT Ha [a, bl orpaHH'leHHYlO 

rrpoH3BOAHYJO: If' (t )I< M, Vt E [ a,b], TO 

var(!)~ M (b - a). 
[a,b] 

e) CryrreH'laTIDJ <l>YHK[(HH (T. e. 110CTOHHHIDI BClO):(y, 3a HCKJilO'leHHeM KOHe'IHOro 'IHCJia 
TO'leK, r,D;e OHa rrpeTeprresaeT CKa'IOK) HBJIHeTCH <l>YHK[(Heli orpaHH'leHHOll BapHa[(HH 

~% (f) = LI [ f ( t j) J J. 
J 

r,D;e [r (t j )] - CKa'IOK <l>YHK[(HH B TO'IKe pa3pbIBa t j. 

iK) QqeBH,D;HO TaK)Ke, 'ITO BapHa[(HH IlOCTOHHHOll paBHa ttymo H 

var(af) = ia!var(f), 
[a,b] [a,b] 

var(J1 + f2 )~ var(J1)+ var(J2) 
[a,b] [a,b] [a,b] 



3JIBMEHT11 <l>YHKIJJ10HAJibHOro AHAJIB3A 241 

.rum mo6oro qHcna a H rrpOH3BOJihHhIX <J:>YHKllHM orpaHffqeHHOM sapHaIIHH f ,J, ,f2• B ca

MOM JJ,eJie 

n-1 n-1 

~]f, (tk+l) + !2 (tk+i)- f, (tk )- !2 (tk ~::; ~]fJtk+l )- f1 (tk ~ + 
k=O k=O 

3) EcnH a ::; c ::; b, TO 

var(!)= var(!)+ var(!). 
[a,b] [a,c] [c,b] 

O!MeTHM, HaKOHeII, qTQ BCHK)'IO <j:>ym<IIHlO orpaHffqeHHOM BapHaIIHH B [a, b] MO)l(HO rrpe,[(

CTaBHTb B BH,[(e pa3HOCTH ,[(Byx Hey6b1Ba1011111x <j:>yHKllHM [7, 8]. 0TCIO,[(a H H3 TeopeMbl J1e6era 

0 CYIIIeCTBOBaHHH rrpoH3BOJJ,HOM y MOHOTOHHOM <j:>yttKllHH CJie,[(yeT, qTo BCHKaH <j:>yHKllH5! or

paH11qeHHOM Bap11a111111 HMeeT rroqTH BCIO,l()' KOHeqH)'Kl rrpOH3BO,[(HJ'Kl. 

JlHHeliHoe npocTPaHCTBO BV[a,b] sceso3MO)l(HhIX <l>YHKllHM orpaHHqeHHOM sap11a111111 

C HOpMOM 

11!11 = fa'.!1i(J) 
rrpespamaeTC5! B JIHHeMHOe HOpMHpOBaHHOe rrpOCTPaHCTBO. TipaB,[(a, B03HHKaeT HerrpHHTHOCTb 

c nepsoM: aKcttoMoM: HopMbI, rrocKOJibKY m pasettCTBa II! II = 0 cne.nyeT TOJihKO TO, qTO f = const. 

y CTpaHHTb 3TO MO)l(HO, ttarrpttMep, IIOJIO)l(HB 

lltll =It (a )I+ var(!). 
[a,b] 

B 3TOM c.rryqae rosopHT o npocTpattcTBe BV0 (cocTOHIIIeM m <j:>yHKllHM orpatt11qeHHOM Baptta-

111111, TaKHX qTQ f(a)= 0). BV - rrpocTPaHCTBa 6attaxOBbI [7]. 

TiycTh tp( t) E E (a, b) 11 A - JIHHelittoe MHO)l(eCTBO scex a6co1110THO ttenpepbIBHhIX 

<j:>yHKIIHM, T. e. TaKHX <l>YHKIIHM f ( t), KOTOpbie MOryT 6bJTb npe,[(CTaBJieHhI B <J:>opMe Heonpe

,[(eJieHHOro HHTerpana 

t 

f(t)=f(a)+ f'P(r)dr, 
0 

r,[(e IIO,[( tp( t) rroHttMaeTCH 0606111eHHM npomBO,[(HaH <j:>yHKllHH f. ,[1,oKa3blBaeTcH, qTQ A -

3aMKHYTOe JIHHCMHOe MHO)l(CCTBO, np11qeM [26] 
b 

var(f)=lltllc = ]f(t)ldt. 

TaKHM o6pa3oM, ne6eroso npocTpattcTBO I! (a, b) MO)l(HO rrorpy3ttTh B rrpocTPaHCTBO BV. 
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KoncTpyKQHB uuTerpaJia CTHJILTi.eca. IlyCTL Ha OTpe3Ke [a,b] 3a.n;aHhI <l>YHKIIHH J(x) 
H g(x). IlpoH3Be,D;eM pa36HeHHe [a,b] TOqKaMH a=to <ti < ... <tn-1 <t. =b, Bbl6epeM Ha KIDK

,[(OM qacTHqHoM HHTepsarre (t k-I • t k) Toqry i;k H o6pa3yeM CYMMY 

t f ( i;k) [ g ( tk )- g ( tk-1) J. (3.72) 
k~I 

EcnH npH HeorpaH~eHHOM H3Meni,qeHHH pa36HeHIDI OTPe3Ka [a,b] Ha qacTH ( n ~oo, 
max ltk - tk-1 I ~ 0) :rra CJMMa ~MHTCH K orrpe,!l;eJieHHOMY npe.n;eny, He 3aBHCIDIJeMY HH OT cno

co6a pa36HeHHSI 0Tpe3Ka, HH OT BbI6opa Ha qacrmHDIX HHTepsarrax TOqeK ~k ' TO 3TOT npe.n;en Ha-

3bIBaeTC}l HHTerparroM PHMaHa-CTHJII>Theca OT $)'HKIIHH f (t) no <l>YHKIIHH g(t). OH o6o3Haqa-

eTCH CHMBOJIOM 
b 

ff ( t) dg ( t). 

Ilptt g(t) = t HHTerparr CTHJII>TI>eca cosna,!l;aeT c HHTerparroM PHMaua. EcnH g(t) - rycoqHo

uerrpepnIBHO ,[(tt<l><l>epeHIJHpyeMa}l Ha [a, b] <l>YHKIIHH, TO 

b b 

ff(t)dg(t)= ff(t)g'(t)dt, 
a 

qrn Henocpe.n;cTBeHHO cne.n;yeT H3 (3.72). 
llMeeT MecTO TeopeMa [7]. EcnH /(t)E C[a,b], a g(t) HMeeT orpauttqeHHyIO sapHa1:1mo 

Ha [a,b], To HHTerparr CTHJihTI>eca 
b 

f ! (t )dg (t) 
a 

cymeCTByeT. 
YKIDKeM HeCKOJibKO npoCThIX CBOHCTB HHTerparra PHMaHa-CTHJihTheca ,[(JI}l cnyqa}l, KOr,[(a 

f (t),cp(t) Henpep1>IBHhI ua [a,b]. 
b b b 

a) f[ af (t) + /Jcp(t)]dg (t) =a ff (t )dg (t) + fJ f cp(t )dg (t ). 
a a 

b b b 

6) ff (t)d ( a1g1 (t)+a2g2 (t)) = a1 ff (t)dg (t)+a2 ff (t )dg2 (t ). 
a a a 

B) ECJIH K = maxlJ(t ~.TO 
[a,b] 

\
bf! (t }fg(t~ :5 K var(g ). 

[a,b] 
a 

r) ECJIH nocJie,D;OBaTCJihHOCTh {J.(t)}c C[a,b] CXO,!l;HTC}l K f(t)E C[a,b] paBHOMepHO 

(T. e. no MeTpHKe 3Toro npOCTPaHCTBa), TO 
b b 

!~ff. (t }lg(t) = ff (t }fg(t). 
a a 
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,lJ,) <l>OpMJna HHTerpHpOBaHHH no 'laCTHM 

b b 

f J(t)ig(t)= J(t)g(t~: - f g(t)dJ(t). 
a a 

Orcro)J,a cne,eyeT, 'ITO HHTerpan CTHJThTbeca OT qiymaurn orpaHH'leHHoii BapHaIWH no Henpe

pnrnHoii <l>YHKUHH cymecTByeT. 

e) EcnH g(t) - CTYfieH'laTaH <l>YHKUHH, HMeromaH cKa'IKH B TO'IKax tk (k =I, 2, ... ,n) Be-

JIH'IHHOii Ok =g(tk+O)-g(tk-0), TO 

b n 

fx(t)dg(t)= l:x(tk)ok. 
k=l 

JIHueiinLIH uenpepbIBHblH «ilYHKUJIOHaJI ua c[a,b]. B 6attaxOBOM npoCTpaHcTBe c[a,b] 
<l>YHKUHOHanbI 

f (x) = x(t0 ), t0 E [a,b], x(t)E C[a,b], 
n 

f ( x) = l:Akx(tk ), tk E [a,b] (k = 1,2, ... ,n ), 
k=l 

b 

f (x) = fx(t)<p(t)dt, <p(t)EL1 [a,b]. 

JIHHeHHbl H HenpepbIBHbI. OnHCaTb HX H BCe ,l1,pyme JIHHeHHbie HenpepbIBHbie <l>YHKUHOHaJihl 

f : c [a, b] ~ R1 e)J,HHOH qmpMynoii 0Ka3aJIOCb B03MO)l(HhlM JIHIIIb npH IIOMOID:H HHTerpana 

CTHJibTneca. To'IHee, HMeeT MecTo TeopeMa <1>. PHcca [7]. 
06ru;aH <l>opMa JIHHeHHOro <l>YHKUHOHaJia B npOCTpaHCTBe C[a,b] )J,aeTCH HHTerpanOM 

CTHJibTbeca 

b 

f(x)= fx(t)dg(t), 

r)J,e g ( t) - npoH3BOJibHaH <l>YHKUHH orpaHH'leHHOii BapnaUHH. EcnH npn 3TOM g ( t) - npa

BHJibHaH <l>YHKUHH ( g (a) = 0)' TO 

llJll = var(g ). 
[a,b] 

HH)Ke 3Ta TeopeMa 6y)J,eT )J,OKa3aHa. 

TaKHM o6pa30M, C* [a, b] = BV0 • 

3aMe'laHHe. TaK KaK X* - 6aHaxoBo rrpocTpaHCTBO, TO MO)KHO nocTPOHTb 6aHaxoBhl 

rrpocTpaHCTBa x ** = (x. )*' x ••. = (x ** )* H T. II. lb paccMOlpeHHbIX rrpHMepoB cne,eyeT, 'ITO 

(R" )' = R", (1 2 )* = 12
• )l,anee 6y)J,eT rroKa3aHo, 'ITO H* = H, T. e. a6cTpaKTHOe mn1>6epTOBO 

rrpOCTPaHCTBO HBJIHeTCH caMOCOilpH)KeHHbIM. )l,JIH p-rrpOCTPaHCTB: 
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HoTor;:i:a 

(t P )*' = (tq )* = l P, (u )*' = (Lq )* = U. 

EaHaxOBhl rrpocrpaHCTBa x' o6na;:t;aIOIQHe TeM CBOHCTBOM, qTQ x· = x' Ha3bIBaIOTCH 

caMocorrpHJKeHHhIMH. EcnH ( X *) • = X, TO TaKHe rrpocTpaHCTBa mt3hIBaIOTC» peqmeKCHBHhI

MH. Cne;:i:osaTeJihHO, rnnh6epTOBhl npocrpaHCTBa R", 12
, L2 

- caMoconp»JKeHHbie, p - rrpo

crpaHcTsa peqmeKCHBHhJ. 
06~uii BH.ll: JIHHeiiuoro f}>yHKQHOHaJia B rum.6epTOBOM npoCTpaHCTBe. TeopeMa 

(<l>. PHcc). IIycTb H - rnnh6epToso rrpocTpaHCTBO. ,lVIH n106oro JIHHeilHoro HenpepbIBHoro 
<PYHKI:IHOHana f, 3a;:t;aHHoro sc10;:i:y Ha H, cymecTByeT e;:t;HHCTBeHHhIB 3JieMeHT u E H, Ta

I<oil qTo 

f(x)=(x,u), 'ilxE H, (3.73) 

npHqeM ll!\I =114 
~OKa3aTeJibCTso. IlyCTh L = ker f - »;:i;po rrpoH3BOJihHOro 3JieMeHTa f E H*. PaHee 

6bIJio rroKa3aHo, qro L - 3aMKHYTOe JIHHeilHoe MHoroo6pa3He, T. e. rro;:i:rrpocTpaHCTBO B H. 

EcnH L = H, TO f ( x) = 0, 'ilxE H, a 3TO 03HaqaeT, qTo f = 0. Ilo3TOMY MOJKHO rronmI<HTh 

u = 0 H paseHCTBo (3.73) 6y;:i;er BbIIJOJIHeHo. EcnH JKe L - co6cTBeHHoe rro;:i:rrpocTpaHcTBO 

B H, TO Hail;:t;eTCH x0 E L. HMeeM 'ii x E H : 

x= y+x0 , yE L H x0 J_ y. 

0603HaqHM f ( x0 ) = a ;t 0, H6o x0 E ker f. IIonara» x1 = x0 /a, rronyqHM f ( x1 ) = 1. IlyCTh 

Terreph x - rrpoH3BOJihHhIH 3JICMeHT H, o6o3HaqHM f ( x) = /J. Mb1 HMeeM 

TaI< KaK rro rrocrpoeHHIO x1 _l_ z, TO 

(x,xi) = PllxJ => f (x) = ( x,xJllxJ ). 

Bse;:t;eM seKTop u = xJllXill2
, Tor;:i;a rronyqHM 

f ( x) = ( x, u)' 

r;:i:e uE H - HeKOTophIH 3JieMeHT, KOTOpbIH O;:t;H03HaqHo orrpe;:i;en»eTC» <i>YHKIIHOHanoM f E H*. 

B caMoM ;:i;ene, ecnH Hail;:t;erc» eme o;:t;HH 3JieMeHT v E H, TaKoil: qTo f ( x) = ( x, v), TO oTcro;:i:a 

6y;:i;eT cne;:i;osaTh 

(x,u-v) =0, VxE H => (u-v,u-v) =0=> u = v. 
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IToKmKeM Terrepb, qTo llJll = 114 TaK KaK f E H*, TO 

If (x)I ~ llxllllull ~ llJll~ llull· 
c .n:pyroil: CTOpOHbl, Ha 3JICMCHTe x == u 

f ( x) = llxllllujj ~ llJll ~ 114 
CpaBHeHHe 3THX .n:syx HepaBeHCTB .n:aeT: ll!ll = llull· qTQ H TPe6osanocb. 

I-fa TeopeMbI Pncca cneeyeT, qTo BCHKOMY f EH* coOTBeTCTBYeT e.n:HHcTBeHHb!H 3JieMeHT 

uE H, rrpnqeM ll!ll=llull· 06paTHO, VuE H MO)l(HO rrocTaBHTb B cooTBeTCTBHe cpyHKIIHOHaJI 

( X, u). QqeBH,L(HO, OH JIHHCHHbIH, H B CHJIY HepaseHCTBa Kolllli-DyttHKOBCKOro orpaHttqCHHblH 

Ha H, rrpnqeM ero HOpMa pasHa HOpMe 3JieMeHTa u. TaKHM o6pa30M, MC)l(.[(y 3JieMeHTaMH H 

H H' MO)l(HO ycraHOBHTb B3aHMHO-O,LIH03HaqHoe COOTBeTCTBHe c coxpaHeHHCM HOpMbI, a 3TO 03-

HaqaeT, qTO H* = H. Ilo 3TOH npttqHHe rosopHT, qTo H - caMocorrpH)l(eHHOe npocTPaHCTBO. 

3aMeqaHHe. lfa rrpnsegeHHbIX npHMepOB JIHHeHHblX HenpepbIBHbIX cpyHKIIHOHaJIOB B 6a

HaXOBbIX npocTpaHCTBaX BH.[(HO, qTo see OHH BCCbMa TIOXO)l(H Ha cpyHKIIHOHaJibI B rHJib6ep

TOBbIX rrpocTpaHCTBaX. ,ll;eHCTBHTCJibHO, Ka)l(,L(b!H cpyHKIIHOHaJI f = fu' orrpe.n:eJICHHbIH Ha x, 
06pa3yeTCH B pe3yJihTaTe Bbl6opa HCKOTOporo 3JICMeHTa H3 HeKoero rrpOCTPaHCTBa u H one

paIIHM fu = ( X, u)' r.n:e CHMBOJI ( ' ) o603HaqaeT onepaIIIDO Toro )KC THIIa, qTo H CKaJIHpHoe 

rrpOH3BC.[(CHHe, KOTOpaH B Ka)l(,L(OM KOHKpeTROM cnyqae rrpHHHMaeT BM.[(, COOTBeTCTBYIOIIIHH 

paCCMaTPHBaeMOMJ' rrpOCTpaHCTBY X. IlpOCTPaHCTBa X* H U HaXO.[(HTCH BO B3aHMH0-0.[(H0-

3HaqHOM COOTBeTCTBHH, T. e. Vu E U, 3fu = ( , U) H3 X' H Hao6opOT. IlocKOJibKY ll!u ( X )II = llull, 
TO y COOTBeTCTBYIOIIIHX u H fu - O.[(HHaKOBbie HOpMbI. Ecmr rrepeHMCHOBaTb see u , HCIIOJib30-

BaB .[(JIH 3TOro COOTBeTCTBYIOIIIHC fu, B pe3yJibTaTe qero f (x) OKa)l(eTCH paBHbIM (x,f), TO 

11cqe3HeT Heo6xo.n:nMocTu B HBHOM ynoMnHaHHM rrpocTpaacTBa U. Tor.n:a rrpocTpaHCTBO X', 

6y.n:yqH rrpocTpaHCTBOM orrepaTopOB, .[(OJI)l(HO COCTOHTb H3 3JieMeHTOB BH.[(a ( , f). llHor.n:a 

rrpome rrpe.z:i:cTaBJIHTb X' KaK IIpOCTPaHCTBO, o6pa30BaHHOe 3JieMeHTaMH f H o6Jia.[(aIOIIIee 

onepaIIHeii ( , ) . B 3nrx o6o3HaqeHHHX yTBep)l(.L(eHHe 06 orpaHnqeHHOCTH cpyHKIIHOHana f 
HMeeT BH.[( 

l(x,f)i~lltllll4 VxE X. 

3TO COOTHOIIICHHe HaIIOMHHaeT HepaBeHCTBO llIBapIIa AJIH rHJib6eprOBbIX rrpOCTPaHCTB. c .n:py

roi.f cTopoHhI, 3TO HepaBeHCTBO cnpaseAJIMBO VJ E X *, TaK qTo, cpHKcttpysr x E X, MO)l(eM 3a

m1caTb 

l(x.J)I ~ llxllllJIJ, VJ E X'. 

3TH paccy)l(.L(eHHH IIO.[(bITO)l(HM Ta6JIHI1CM. 
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x x· BH.!1 «t>yma.1H0Ha.rra HopMa 4>YHKI(HOHa.rra 
I 

n 

E" E" (x,J) = L:x,y, = ( x, y) llJll=llYll=(t1yJ r i::=l 

I 

z2 z2 (x,J)= L:x,y, =(x,y) llJll = llYll =( ~IY,12 r i=l 

b 
1 

L2 (a,b) L2 (a,b) (x,J) = f x(t) f (t )dt = ( x,f) 11!11=01 ( t )1
2 

diT 
a 

I! ( a,b ), 
Lq(a,b), 

b 
I 

1 1 (x,J)= fx(t)f(t)dt 11111=0f(t)'q dty l<p<= -+-=1 
p q a 

b 

I!(a,b) C(a,b) (x,f)= fx(t)f(t)dt l\!\I= Vraimaxlf (t)\ 
te[a,b] 

a 

I 

F,l<p<= z• (x,J) = LX;Y; lltll=(~1y,1• J i=l 

z1 r (x,J) = L:x,y, ll!ll = suply,I = l!Yll 
i=1 i 

Ilpoti,omKeeue JIHHeiiuLix uenpepLIBHLIX c}>ynKU:HOHaJIOB. TeopeMa Xaua-liauaxa. 
IlycTb mrneHHhlH HenpepbIBHbIH <l>YHKU:HOHa.JI f ( x) 3a,D,aH Ha JIHHeHHOM MHoroo6pa3HH 

L c X. JIHHeHHbIH HenpepbIBHbIB <f>yma~HOHa.JI F ( x) , onpe.n:eJieHHhlH B X, Ha3oIBaeTcH npo

.n:omKeHHeM <f>ynKQMOHaJia f (x) (c coxpaHeHHeM HOpMhl), eCJIH 

F(x)=f(x), xEL, 

\\Fllx = ll!llL · 
PaHee MDI BbIBCHHJIH, 'ITO ecJIH L IIJIOTHO B X, TO JIHHeHHhlH HenpepoIBHbIH onepaTop (<f>ynK

QHOHaJI) MO)l(HO IIpO,D,OJI)l(HTb Ha Bee npoCTpaHCTBO x (no HenpepoIBHOCTH). 0Ka3hlBaeTCH, 

f ( x) MO)l(HO IIpO,D,OJI)l(HTb Ha x .n:~e B TOM CJI)"Iae, Kor.n:a L - mo6oe JIMHeiiHoe MHOroo6pa-

3He BX. 

TeopeMa (f. XaH-C. EaHax). BcHKHii JIHHeliHbIH HenpepbIBHhlii <f>YHKU:HOHaJI f ( x), orr

pe.n:eneHHhlii Ha mrneHHOM MHOroo6pa3MH L JIMHeHHOro HOpMHpOBaHHOro IIpOCTPaHCTBa x 
MO)l(HO rrpo,D,OJl)l(HTb Ha BCe rrpOCTPaHCTBO c coxpaHeHHCM HOpMhl. 

,[1,0Ka3aTCJibCTBO. QqeBM,ll,HO, Heo6xO,D,MMO paccMOTpCTb cnyqall:, Kor.n:a L He COBIIa,D,aeT 

co BCCM IIpOCTPaHCTBOM. IlyCTo Xo E x H He np1rna;:i;JIC)l(MT L. 06pa3yeM JIHHCHHOC MHOrO-

o6pa3HC 

r;:i;e y - IIpOH3BOJibHOC qMCJIO. BCHKMH BCKTOp y E 4 O)J;H03HaqHo npe,n;CTaBMM B BM,ll,C 

y=x+yx0 ,xEL. 
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B eaMOM ,[(eJie, eeJIH Mhl HMeeM ,[(Ba rrpe.[(eTaBJieHmr: y =Xi+ YiXo H y = x2 + y2x0 , TO 

x1 -x2 = (r2 - ri) x0 • IlpH Yi = y2 rroJiyqaeM x1 = x2 , T. e. 3TH rrpe.[(eTaBJieHHH eoBrra,[(aroT. Ee

JIH )Ke Yi '# y2 , TO x0 = (Xi - x2 )/(r2 -ri), T. e. x0 E L, 'ITO rrpoTHBopel.!HT yeJIOBHIO. 

Orrpe.[(eJIHM Terreph Ha L,_ <l>YHKU:HOHaJI <I> ( y), ,[(elieTByIOlllHH no <PopMyJie 

<I>(y)=f(x)-yc, VyE L,_, 

r,[(e c - HeKOTopoe l.J:HeJIO. IlpH y =XE L HMeeM r = 0 H, 3Hal.J:HT, Ha L: <I> ( x) = f ( x). 
3TOT <l>YHKU:HOHaJI JIHHeHHhIH. ~ell:eTBHTeJihHO, eeJIH 

TO 

Y1 =Xi+ YJXo EL,_, Y2 =xz +rzxo EL,_, 

Y1 + Y2 =(Xi +x2)+(Yi +rz)xo, 

ay = ax+(1tx)x0 • 

Tor,[(a, eornaeHo (3.74), HMeeM 

<I>(y1 + Y2) = f (Xi+ Xz)-(Yi + Y2 )c = f (Xi)-ric + f ( Xz )- Y2C = <I>(y1) +<I>(Y2) • 
<I>( ay) = f ( ax)-(1tx)c = a(f ( x)- ye)= a<P(y). 

(3.74) 

IlOKa)l(eM Terreph, l.J:TO <l>YHK!IHOHaJI <I> ( y) orpaHHl.J:eH Ha L,_ H rrpH eooTBeTeTByrollleM BhI6ope 

l.J:HeJia c ero HOpMa He rrpeBoexO,[(HT II! II· HMeeM 1i7\, x2 E L u;erro'IKY HepaBeHeTB 

f(x1)- f(x2):s;lf(x1)- f(xz)l=lf(Xi-X2)l::;ll!llllx1 -x2ll::; 
::; llJll[llx1 +xoll+llx2 +xoll] => f (x1)-llJllh +xoll::; f (x2)+ll!llllx2 +xoll· 

<l>HKeHpysr Xz B rrpaBOH l.J:aeTH rroeJie):(Hero paBeHeTBa H rrpH):(aBaH X1 E L Bee B03MO)l(Hhle 

3Hal.J:eHHH, rroJiyqaeM orpaHHl.!eHHoe eBepxy l.J:HeJIOBOe MHO)l(eCTBO { f ( x1 )-llJll llx1 + x0 Ii}, TOl.J:

HyIO BepxHIOIO rpaHh KOToporo o6o3Hal.J:HM l.!epe3 a. Kor,[(a '){{e x2 rrpo6eraeT Bee CBOH 3Hal.J:e

HHH H3 L, a Xi - <PttKeHpOBaHHO, IIOJIY'fHM orpaHHl.J:eHHOe eHH3Y l.J:HCJIOBOe MHO)l(eCTBO 

{! ( Xz) +lifllllx2 + xoll}. HH)l(HIOIO rpaHh ero o603Hal.J:HM 6YKBOH /3. Tenepb HMeeM 

f ( Xi)-llJllllXi + Xoll::; a::; /3::; f (xz }+llJllllx2 + Xoll, '1Xi,X2 EL. 
0Tcro,[(a eJie.[(yeT, l.J:TO Me)l(.[(y Kpall:Hell: JieBOH H Kpall:Heli rrpaBOH l.J:aernMH HepaBeHCTBa ey

meCTByeT «rrpoeBeT»' B KOTOphIB Mhl H BeTaBHM l.J:HeJIO c, <l>HrypHpyrolllee B orrpe,[(eJieHHH <l>YHK-

IJ;HOHaJia <I> ( y). Tol.!Hee, noJIO)l(HM 

a:s;c:s;jJ. 

Tor,[(a IIOJIY'fHM ,[(Ba HepaBeHeTBa 

f ( x, )-Jl!llllx. + xoll::; c, f ( x,) + ll!llllx, + Xoll ~ c, Vx, E L. 
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BBOM BeKTop x ::: rx. E L, ITp1rne,L(eM 3TH HepaBeHCTBa K BH)zy 

f ( ~ )-ll!llll~+xall ~ c => f (x)-yc ~ l~ll!llllx+ rxoll => <I>(y) ~I~ llJllllYll, 

f (~ )+ll!lljj~+xall ~ c => f (x)-yc ~ - 1 ~ lltllllx+ rxoll => <I>(y) ~ - 1~ llJllllYll· 

EcJIH y> 0, TO 3TH HepaBeHCTBa ,L(aIOT i<I>(y )I~ llJllllYll· i<I>(y )I~ -llJllllYll· 
Ilpn_ y == -I rl < 0, ITO.rryqaeM aHaJIOrHqHbie OQeHKH 

TaKHM o6pmoM, BO Bcex ceyqrurx 

HepaBeHCTBO ITPOTHBOITOJIO)J(HOro 3HaKa oqeBH,L(HO, T. e. ll<t>ll
4 

==II! llL. 
11TaK, ITO orrpe,L(eJieHHOMy Ha JIMHeihmM MHOroo6pa3MM L c x JIHHeHHOMy HeITpepbIBHOMy 

tPYJIKIIHOHaJI}' f ( X) ITOCTpOeH JIMHeIDibIH HerrpepbIBHbIH Ha 4 ::: L LJ yx0 tPYJIKIIHOHaJI <l> ( y), 
TaKOH qTo 

I) <I>(x)=f(x), XE L; 

2) ll<1>ll1
1 

::: lit llL • 
11HhlMH CJIOBaMH, f ( x) ITpO,L(OJI)J(eH Ha Li c coxpaHeHHeM HOpMbl. 

)J,aJibHeil:umil: XO,[( ,L(0Ka3aTeJibCTBa rrpoBe,L(eM ITPH ,L(OITOJIHHTeJibHOM ITpe,L(ITOJIO)J(eHHH 

0 ceITapa6eJibHOCTM x. B 3TOM c.rryqae B x HMeeTCi! cqeTHOe BCIO)zy ITJIOTHOe MHO)J(eCTBO Q. 
0T6pocHB 3JieMeHTbI Q, ITPHHa,L(Jie)J(aUIHe L, ITepeHyMepyeM ocrnBumecH: {Xi, x 2 , •• .}. Ilo ,L(O

Ka3aHHOMy BblIIIe tPYHKIIlfOHaJI f ( x) IIpO,L(OJI)J(aeM c coxpaHeHHeM HOpMbI Ha Li.= Lu Yi X1' ITO

.rryqeHHbIH tPYHKllHOHaJI ITpO,L(OJI)J(aeM c Li Ha Li ::: 4 U y2x2 H T. ,[(. B pe3yJibTaTe rrocTPOHM 

JIHHeil:Hhlil: Herrpep1>IBHb1il: tPYHKIIHOHaJI F ( x), orrpe,L(eJieHHbIB Ha JIHHeihioM MHoroo6pa3MM X 0 

BCIO,L(y ITJIOTHOM B X, ITpHqeM F ( x) = f ( x) Ha HCXO,L(HOM MHOroo6pa3HH L H llFllx, ==II! llL . 

)J;aJiee ITpo,L(OJI)J(aeM ero ITO HerrpepbIBHOCTH Ha Bee X. TeopeMa ,L(OKa3aHa. 

CJie,L(CTBHH H3 TeopeMLI Xaua-liauaxa. TeopeMa Xatta-Eattaxa HMeeT MHoroqHCJieHHbie 

npHJIO)J(eHJUI 6naro,L(api! CJie,L(CTBHHM, BblTeKaIOUIHM H3 Hee. 

CJie,L(CTBHe 1 (o CYUieCTBOBaHHH H~HBHaJihHbIX 3JieMeHTOB B X'). 
IIycTb Xo - OTJIHqHblH OT ttyJIH 3JieMeHT JIHHeil:Horo HOpMHpOBaHHoro ITpOCTpaHCTBa x. 

Tor,L(a CYUieCTBYeT JIHHeil:Hhiil: HeITpep1>1BHblil: tPYHKIIHOHaJI F ( x), onpe,L(eJieHHbiil: Ha BceM X, 
TaKOH qTQ 

a) F(xo)=llxoll; 
6) liFilx = 1. 
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,ll;o1<a:mTeJihCTBo. Ha OAHOMepHOM mrneil:HOM MHoroo6pa:nrn {yx0 } orrpeAeJIHM JIHHeil:

HhlH orpaHWICHHhIH <l>YHI<I~HOHaJI 

TorAa 

f (x) = rllx0 11, \7'x = yx0 E L({yx0}). 

f ( Xo ) = llXo 11, 11!11 =sup lnllxoll =I. 

lnllxoll 
,ll;anee, no TeopeMe XaHa-EaHaxa npoAOJI)l(aeM 3TOT $yttKUHOHaJI Ha see X c coxpaHeHHeM 

HOpMhI, T. e. HaxOAHM JIHHeHHhIH HerrpepbIBHhIH <l>YHKIJ;HOHaJI F ( x), TaKoil: 'ITO: 

'ITO H 1'pe6oBaJIOCb. 

F(x) = f (x), \7'xE L({rx0 }), 

F(xo)=f(xo)=llxoll, llFllx =l, 

TaJ<HM o6pa30M, B corrpIDI<eHHOM rrpocrpaHCTBe x· cymecrnyroT OTJIWIHbie OT eymr 3Jie

MCHThl. 

CneACTBHe 2. EcnH AJIH scex f E X * HMeeT MecTo paseHCTBo f ( x) = 0, TO x = 0. 

B CaMOM ACJie, eCJIH X 'j:. 0, TO ITO CJICACTBHIO 1 HaHAeTCH 3JICMCHT f E X*, TaKOH 'ITO 

f ( x) = llxll > 0. IlonyqeHHOe rrpOTHBOpe'IHe AOKa3bIBaeT CJICACTBHe. 

IlyCTh f E X* H a - 'IHCJIO. fOBOpHT, 'ITO ypaBHCHHe 

f(x)=a, xE X 

onpe,.qeJIHeT nmepnJIOCKOCTb B JIHHeHHOM HOpMHpOBaHHOM rrpOCTJlaHCTBe x. 
IlycTh y - BhlrryKJIOe MHO)l(CCTBO B x. rosopHT, 'ITO nmepnJIOCKOCTb f ( x) =a HBJIH-

CTCH onopHOH K Y, ecJIH f (Y):::; a(! (Y) ~a) H no Kpail:Heii Mepe OAHa TO'IKa MHO)l(CCTBa y 

JJC)l(HT Ha 3TOH rHnepnJIOCKOCTH. 

CJieACTBHe 3 (o6o6meHHe TeopeMbl r. MHHKOBCKOro). qepe3 TO'IK)' Xo, Jie)l(amyro Ha rro-

BepXHOCTH mapa llxll:::; r, MO)l(HO npoBeCTH onopHyro K 3TOM)' mapy rHnepnJIOCKOCTb. 

B caMOM Aene, B CHJIY cneACTBHH 1 H3 TeopeMhI XaHa-Eaaaxa Ha X cymeCTByeT JIHHeiiHblli 

11errpepbIBHbIH <i>YHKUHOHaJI, TaKOH 'ITO 

f (xo) = llxoll' l!Jllx = 1. 

BseAeM rnnepIIJIOCKOCTu f ( x) = r. To'IKa x0 Jie)l(HT Ha noH: rnnepIIJIOCKOCTH: f ( x0 ) = llx0 II= r. 

JJ,anee, CCJIH B[ x,r] = {XE x :llxll:::; r}, TO \7'xE B: 

f ( x):::; If ( x )! :::; llJllllxll = llxll:::; r. 
OcTaCTCH 3aMeTHTh TOJlbKO, 'ITO map HBJIHCTCH BblrryKJihlM MHO)l(CCTBOM. 

IlyCTh M H N - IIOAMffO)l(CCTBa B x. rosopHT, 'ITO f E x· crporo Pa3ACJIHeT M H N, 
CCJIH 

Inf {J(M)} > sup{J(N)}. 



250 rJIABA 3 

Cne,n:cTBtte 4 (TeopeMa oT,n:eJittMOCTH). IlycTh X - JittHeliHoe HopMttpoBaHHOe rrpoCTpaH

CTBO, L - JIHHeliHoe MHoroo6pa:me B HeM H x0 E X He rrpHHa,n:Jie)l(HT L. Tor,n:a cyn1ecTByeT 

f E X* TaKOH, qTQ 

1) f(L)=O; 

2) f (x0 ) =I; 

3) ll!llx =l/d, d =i~f llx-xoll· 
,[(OKa3aTeJibCTBO. PaccMOTpHM JIHHeHHOe MHOroo6pa3He 4 =Lu rxo (YE R'). ,[(mr mo-

6oro :meMeHTa y E 4 ttMeeT MecTo rrpe.n:crnBJieHtte 

y = x+yx0 , XE L. 

0,n:H03HaqHQCTb TaKoro rrpe,n:CTaBJieHJffi 6bJJia BbIHCHeHa paHee (rrptt ,I\OKa3aTeJibCTBe TeopeMbI 
XaHa-EaHaxa). 

Ha Li orrpe,n:enttM iliYHKUHOHaJI 

<l>(y) = <l>( x+ rxo) = y. 

3TOT iliYHKU:HOHaJI JittHeeH. ,ll.elicTBHTeJibHO, ecntt y, = x1 + r;x0 , Y2 = x2 + y2x0 , To Y1 + Y2 = 
= x, + x2 + (Yi + y2 ) x0 H, cne,n:oBaTeJihHO, 

<l>(Y1 + Yz) =Yi +r2 =<l>(y,)+<1>(y2)· 

0,n:Hopop;HOCTb <l>(y) ITOK33bIBaeTCH TaK )Ke JierKO. Ilptt y =XE L qlfCJIO r= 0, T. e. <l>(L) =0. 

fiptt y = X0 HMeeM X = 0, y = 1, 3HaqHT, <I> ( X0 ) = 1. 

Orrpe,n:eJIHM Terrepb ll<t>ll · 11MeeM u:erroqey HepaBeHCTB: 

!<l>(y )! = !<l>( x+ rxo )! = lrJ JYlllrJ = llYlllrJ = llYll < M. 
llYll llx+rxoll \\xo-(-~)\\ d 

0Tcm,n:a cne.n:yeT: 

Terrepb IIOJIY'IHM HepaBeHCTBO rrpOTHBorrono:arnoro 3HaKa. flo orrpe,n:eneHHIO ToqHoli Hlf)l(

Heli rpaHH qlfCJIOBOro MHO)l(eCTBa Hali,n:eTCH rrocne.n:osaTeJibHOCTh { xn} c L, TaKM qTo 

I llxn -x0 ll ~ d +- (n = 1,2,. .. ). 
n 

l<t> ( Xn - Xo )j = I ~ ll<t>ll llxn - Xo II~ ll<l>ll ( d + 1/ n) => ll<l>jj;:: d : l/ n · 

llllcJIOBOe MHO)l(eCTBO { ( d + 1/ n )-I} orpaHHqeHO CBepxy H IIpH JBCJilfqeHHH n MOHOTOHHO B03-

pacTaeT, cne,n:oBaTeJibHO, 

lim _1 - = _!_ < ll<t>ll 
n-t=d+ljn d- · 
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lhaK, ll<Pll = 1/ d . Ilo TeopeMe XaHa-oaimxa <l>YHKIUIOHan: cl> MO:>KHo IIpOiJ.O.JDIGITh c Li Ha see X 

c coxpaHCHHCM HOpMLI. Tor)l.a IIO.Jiy'IHM f E x·, o6Jia)l.aIOIUHH TPC6yeMhlMH CBOHCTBaMH. CJie)l.

CTBHe )l.OKa3aHO. IlocKOJThKY f ( L) = 0, a f ( Xo) = 1 >sup{! ( L)}, TO <l>YHKIWOHaJI f ( x) CTPO

ro pa3iJ.CJIHeT x0 H L. 

CJie)l.CTBll.e 5 (JieMMa 06 aHttyJIMTope). IlycTh L - co6CTBCHHoe rro)l.npoCTPaHCTBo B JIH

HeHHOM HOpMHpOBaHHOM rrpOCTpaHCTBe x (HJIH JIHHCHHOe MHOroo6pa3He, He IIJIOTHOe B x ). 
Tor)l.a cymecTByeT HCHyJICBOH 3JieMeHT f E x·, TaKOH qTQ f ( L) = 0. 

B caMOM )l.eJie, cornacHo ycnosHIO, cymecTByeT 3JieMeHT XE X, OTCTOj[UJ;Hii OT L Ha no

JIO)l(HTeJihHOM pacCTOHHHH d. CJie)l.OBaTCJibHO, Haii)l.eTCH TaKOH <l>YHKIWOHaJI f Ex·, qTo 

f(L)=O H f(x)=I (T.e. f:;tO),a3TOHTPe6yeTCH. 

MmKHO rroKa3aTL, qTO H o6paTHo, ecJIH 3f E X * ( f :;t 0) TaKOH, qTO f ( L) = 0, r)l.e L -

JIHHCHHOe MHOroo6pa3HC B x, TO [ :;t x (T. e. L He IIJIOTHO B x ). 
,QeiicTBHTeJihHO, npe)l.IIOJIO)l(HM, qTQ [ = X. Tor)l.a 'ilx EL, 3{ x.} c L, CXOMUJ;aHcH K x. 

B CHJIY HenpepbIBHOCTH f : f ( x) = lim f ( xn) = 0. yqHTbIBaH, qTQ Ha 3JICMCHTax L f ( x) = 0 

no ycnoBHIO, 3aKJI10qaeM, qTo f ( x) = 0, T. e. f = 0. IlonyqeHHoe nponrnopeqHe iJ.OKa3bIBaeT 

yTBep)l()l.CHHe. 

3aMeqami.e. KaK J)l(C 6bIJIO OTMeqeHO BbIIIIe, BO MHOrHX CJiyqaHX y)l.o6HO IIOJ1b30BaTbCj[ 

o6o3HaqeHJl.j[MH <l>YffKIWOHaJIOB, CO)l.Cp)l(aIUHMH HapMJ c x E x 3JICMCHT )l.BOHCTBCHHOro npo

CTPaHCTBa f Ex·: 

f (x) = (x,f). 

CHCTeMa 3JICMCHTOB { xk} c x ( k = 1, 2, ... , n) ll. CHCTeMa <l>YHKIUIOHaJIOB {J;} c x * ( i = 1, 2, ... , n) 
Ha3bIBaIOTCH 6wopToroHaJibHblMll., eCJIH 

Xk,J; = cJki = . ( ) {
1, i =k, 

0, z:;tk. 

Cne)l.CTBHe 6. IlycTh { xk} ( k = 1, 2, ... , n) - JIHHeHHO He3aBHCHMaH CHCTeMa 3JieMeHToB 

JlHHCHHOro HOpMHpOBaHHOro rrpOCTPaHCTBa x. Tor.a;a B x· Haii.a;eTCH JIHHeHHO He3aBHCHMaH 

CHCTeMa 3JieMeHTOB { fj} (J = 1, 2, ... , n), TaKaH qTo 

,QoKa3aTeJibCTBO. PacCMQTPHM B x JIHHeHHOe MHOroo6pa3He Li = L ( Xz, Xi, ... , xn). TaK KaK 

CHCTeMa {xk} JIHHCHHO He3aBHCHMa (°4 =Li KaK KOHeqHoMepHoe MHoroo6pa3He), TO paCCTOH-

1me 3JieMeHTa xi OT Li paBHO di > 0. Tor)l.a no CJIC)l.CTBHIO 4 3 ft E x· TaKOH, qTo 

( Xp J;) = 1, J; (Li ) = 0 ~ ( xk , J;) = 0 ( k = 2, 3,. .. , n). 
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,l(arree o6pa3yeM mrneHHOe MHOroo6pa:me 4_ = L ( Xj, X3, ... , Xn). 3JieMeHT X2 OTCTOHT OT 4_ Ha 

paCCTOHHHH d2 > 0. CHOBa npHMemIH pe3yJibTaT cJie;:J;CTBHH 4, HaXO)J;HM 3JieMeHT !2 Ex·' 
TaKOH 'ITO 

Ha n -M mare 3TOro npou:ecca Haxo;:i;HM f" E X*, npn'IeM 

(xn,Jn)=l, (xk,fn)=O (k=I,2, ... ,n-l). 

11TaK, Mbl ITOJIJ'IHJill CIICTeMY { !J c x * (J = 1, 2, ... 'n) , MH KOTOpoil: 

(xk,Jj/=t5kj (k,j=I,2, ... ,n). 

3Ta CIICTeMa JIHHeHHO He3aBHCHMa. Ilpep;noJIO)f(IIM HanpOTHB, 'ITO { fj} - JIHHeHHO 3a

BHCHMaH CIICTeMa. Tor;:i;a O)J;IIH 1I3 3JieMeHTOB, HanpHMep J;, MO)f(HO npe;:i;cTaBHTb B Bll;:J;e JIII

HeHHOH KOM6HHaU:H1I OCTanbHbIX: 

m=2 

IlOJIJ'IeHHOe npOTHBOpe'IHe 3aBepmaeT )J;OKa3aTeJibCTBO. 

MO)f(HO IIOKa3aTb, 'ITO II o6paTHO, )J;JIH mo6oil: JIHHeHHO He3aBHC1IMOH CllCTeMhl { fj} c 

C X* (J=l, 2, ... ,n) CYIIIeCTBYeT CHCTeMa { xm}cX (m=l,2, ... ,n ), 6HopTOroHanhHaH HCXO;:J;HOH: 

nHOpTOrOHfillbHhie CHCTeMbl { Xm} C X II { jj} C X * Ha3hIBaIOT TaK)f(e )J;BOHCTBeHHhlMII (no OT

HOIIIeHIIIO ;:i;pyr K ;:i;pyry) MHO)f(eCTBaMH. 

Oom,uii BH)J, JIHHeHHOI'O HenpephlBHOro cl>YHKUHOHaJia B c[o,1]. PaHee Mbl y)f(e Kaca

JIIICb 3TOro BOIIpoca. 3;:i;ecb )J;OK<l)f(eM OCHOBHYIO TeopeMy npe;:J;CTaBJieHHH. 

TeopeMa (<I>. PHcc). BcHKHH JIHHeHHhIH HenpephIBHhIH <l>YHKU:HOHan, onpe;:i;eJieHHhIH Ha 

BCeM npocTpaHCTBe c [ 0, 1], MO)f(eT 6b1Tb npe;:J;CTaBJieH B BH;:i;e 

J 

f(x)= Jx(t)dg(t), 
0 

r;:i;e g ( t) - <l>YHKU:HH orpaHH'IeHHOH sapHaU:1I1I Ha [ 0, 1] . IlpH 3TOM 

I 

ll!ll = var(g) = V g. 
[0,1) 0 
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,D,oKa3aTeJihCTBO. IlycTh f (x) - JIHHeHHhIH HenpepDIBHhIH cpyHKU:HOHaJI Ha C[0,1]. 
IlOCKOJihKy H3 XE C[0,1] =>XE M (0,1] (npocTpaHCTBO orpaHH'l.eHHhIX Ha (0,1] cpyHKU:HH) 

H llxllM =~~filx(t)I rrepexOAHT B llxllc[o,iJ ==~~lx(t)I AJHI XE C[O,l], TO npoCTpaHCTBO C(0,1] 

HBIDieTCH IIOAIIpOC'I'paHCTBOM JIHRelittoro HOpMHpOBaHHoro rrpoc'I'paHCTBa M. Ilo TeopeMe Xa

Ha-EaHaxa f (x) MO)l{HO IIpOAOJI'.lKHTh Ha see M c coxpaHeHHeM HOpMhl. IlOJiy'l.eHHhIH JIHHeH-

HhIH HenpepDIBHhIH cpyHKU:HOHaJI F ( x) paBeH f ( x) Ha C [ 0, 1] H llFllM =II! lie. 
BBeAeM Terreph ceMelicTBo cryneH'laTDIX cpyttKU:HH Ha [ 0, 1] : 

u,(q)={l, o:q:t, 
0, t _ q _}. 

0'!.eBHAHO, u, (q)E M [0,1]. ,D,mr Ka)J{,[(oro tE [0,1] cpyHKU:HOHaJI F Ha :meMeHTe u, (q) npeA

CTaBJIHeT co6oH: HeKOTopoe 'IHCJio. TaKHM o6pa30M, F [ u, ( q) J onpeAeJIHeT c}lyttKU:HIO OT t: 

F[u,(q)]=g(t). 

IloKIDKeM, 'ITO g ( t) - <l>YHKu:HH orpaHH'IeHHOH BapHal(HH. ,D,mr 3TOro pa306heM O'I'pe30K [ 0, 1] 

y3JiaMH 

0 = t 0 < t1 < · · · < tn-I < t. = 1 

Ha n -'laCTeH H paCCMO'I'pHM sapHal(HIO g ( t) Ha [ 0, 1]. lIMeeM u:enO'l.Ky COOTHOIIIeHHH 

f jg (ti)- g (ti-1 )j = i:si (g ( t; )- g (t;-1)) = i:t:i [ F ( u,, )-F ( u,,_,) J = 
i=l i=l i=l 

= Fte; (u., -u,i-1 )~llFllllts; (u,, -u,1_1 )II· Ei =sign(g(t,)-g(t,_1 )). 

TaK KaK llFll = 11!11 H cpyHKU:HH (pHC. 3.13) 

qJ(q)= ft:;(u,, -u,J=±l;O, 
i=l 

0 t, 
I 

1 

Puc. 3.13. K AOKa3aTerrhCTBY TeopeMhI <l>. PHcca 
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var(g) =sup Ilg (t; )-g (t;-1)I~11111, 
[0.1] i=l 

(3.75) 

'ITO H Tpe60Bil.JIOCb. 

IIycTb Terrep1> x ( t) - rrpott3BOJibHaH Herrpep1>IBHaH Ha [ 0, 1] <l>YHKUHH. PaccMOTPHM rro-

cne,n:oBaTeJihHOCTb 

Zn (t) = t x(~)[u':.. (t )-uk-l (t )]. 
k-1 n n 

B3HB mo6oe t E [ 0, 1], Mhl rrorra,n:eM B o,n:HH H3 rrpoMe)l()'TKOB ( k ~ 1 
, ~). IIo,n:6ttpaH n Ha

CTOJibKO 60JibIIIHM, 'IT06bJ 

I (k)j k-I k x(t)-x-;; <E,-n-<t<-;;,n>N(c), 

ITOJIY'IHM 

jjx- znll = sup Ix( t )-x(~)I < E. 
k-1 k n 
-<t~-

n n 

Cne,n:oBaTeJihHO, zn (t) ~ x(t) (rro MerpttKe rrpocTpaHcTBa C). l1MeeM 

A 3TO ecTh HH 'ITO HHOe, KaK HHTerpan1>HaH cyMMa ,n:nH HHTerpana PttMaHa-CTHJibTheca. TaK 

KaK g ( t) - <l>YHKUHH, HMero:ru:aH orpaHH'IeHHyIO BapHaUHIO, TO 

c ,n:pyroil: CTOpOHbI, B CHJIY HerrpepbIBHOCTH <l>YHKUHOHaJia F HMeeM 

Zn~ x(t) ~ F (Zn)~ F (x) =I (x), VxE C[O,l). 

1 

I ( x) = J x ( t) dg ( t). 

lb (3. 76) cne,n:yer, 'ITO \! ( x )! ~ !lxll var ( g) Ha [ 0,1]. TaRHM o6pa30M, 

11111~ra%(g). 

HepaBeHCTBO rrpoTttBorrono)KHOro 3HaKa co,n:ep)KHTCH B (3.75). Cne,n:oBaTeJI1>Ho, 

11111 = var(g ). 
[0,1] 

TeopeMa ,n:oKa3aHa. 

(3.76) 
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QqeBH)J,HO H o6paTHO, )J,IDI npOH3BOJibHOH <l>YHKU:HH orpaHMeHHOH BapHaU:HH h ( t)' Ta

KOH qTo h ( 0) = 0 <l>YHKU:HOHaJT 

I 

<JJ(x) = fx(t)dh(t) 
0 

JIHHeHHblH H orpaHMeHHbIH. 

06o3HaqHM qepe3 BV0 JIHHeiiHoe HOpMHpoBaHHoe rrpocrpaHcTBO <l>YHKU:Hii, orpaHHqeH-

Hoii: BapHaU:HH Ha [ 0, 1), yiJ,oBJieTBopHIOID;Hx ycrroBHIO h ( 0) = 0 c ecTecTBeHHbIMH JIHHeHHbIMH 

orrepau;mIMH H HOpMOH 

I 

llhll = v (h ) .. 
0 

rro CKa3aHHOMY BbIIIIe MeJK,!l,y 3JieMeHTaMH ( c[o,1])* H BVo MO)l(HO ycTaHOBHTh B3aHMHO-O)J,-

1103HaqHoe COOTBeTCTBHe c coxpaHeHHeM HOpMbI, II03TOMY HX MO)l(HO OTO)l()J,eCTBHTh: 

0TCIO)J,a crre~eT, qTo BV0 - rrorrHoe rrpocrpaHCTBO. 

3.10. flpo6neMa MOMeHmOB U HeKOmOpble npuno>KeHUR 

IIycTb x - JIHHeiiHoe HOpMHpoBaHHOe rrpOC'I'paHCTBO H xi' X2' ... , xn - JIHHeHHO He3aBH

ClfMbie 3JieMeHThl B HeM. 3Maqa 06 onpe)J,eJieHHH 3MaHHOro Ha BCeM x JIHHeii:Horo Herrpe

pbIBHOro <l>YHKU:HOHaJTa f ( x) MHHHMaJTbHOH HOpMbl ITO YCJIOBHHM (MOMeHTHblM paBeHCTBaM) 

n 

f ( x;) = C; (i = 1, 2, ... , n), L ( 2 > 0 (3.77) 
i=l 

c<POPMYJIHpOBaHa M. r. KpeiiHOM H Ha3bIBaeTCH L - rrpo6JieMOH MOMeHTOB [1, 10]. 3)],eCb 

cl' C2····· en - 3a)J,aHHble qHCJia (MOMeHTbl). 

ll.MeeT MeCTO TeopeMa (M. r. KpeiiH). CymecTByeT JIHHeHHblH HerrpepbIBHblll <l>YHKu:HO

llaJI F(x) MHHHMaJTbHOH HOpMbl, 3a)J,aHHblH Ha BCeM x H BbIIIOJIHHIOIL(HH ycJIOBHH (3.77). 

rlpH 3TOM 

)l,OKa3aTeJibCTBO. I1oKa)l(eM rrpe)l()J,e Bcero, qro HH)l(Hj{j{ rpaHb <l>YHKU:HH 

<P( Ai, ... , An)= llt4,x;ll = <P( A) 
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rrpH ycJIOBHH 

(3.78) 
i=l 

,D;OCTHJKHMa. 

II yen, ),
0

' ~' ••• ,A,~ - rrpOH3BOJibHbie qHCJia, BbIIIOJIHHIOIIJHe paBeHCTBO 

n L A;o C; = 1. 
i=l 

n 

x= LA-?x;. 
i=I 

QqeBH,n:Ho, XE L({xJ). Tor,n:a 

qi( A-)= jjx+ tl];Xl 1/; =A; -A,0
, t1J;C; = 0 ( i = 1,2, ... ,n ). 

<l>yttKU:HH 

HerrpepbIBHa no rrepeMeHHbIM l]p1/2····•1/n· .z:t:eiiCTBHTeJibHO, 

Cne,n:oBaTeJibHO, vr( 1]) ,ll;OCTHraeT CBOeii HHJKHeii rpaHH m Ha 3aMKttyTOM orpaHHqeHHOM 

MHOJKecTBe (KoMrraKTe) G B n -MepHOM rrpocTpaHCTBe, o6pa3oBaHHOM rrepeceqeHHeM c4Jepb1 

f,7J;2 =1 H rrnocKocTH f, C;1J; = 0. lhaK, 
i=l i=l 

BbIBCHHM, Ha KaKOM MHOJKeCTBe HaBepIDIKa ,D;OCTHraeTCH HHJKIDIH rpaHb HerrpepbIBHOH 4JyttK

u:HH qi( A,) . .ll:JIH 3Toro BBe,n:eM qHCJIO 

p= ~{llxll+ .inf \\tA,x;\\+1}. 
LA,C;=I 1-1 
/;ol 

Ha MHOJKeCTBe G1, o6pa30BaHHoM rrepeceqem1eM c4Jepb1 f, 7];
2 = p 2 

H IIJIOCKOCTH f, C;1J; = 0 
i=l i=I 
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i=l i=l 

IP( A)= llx + t1J;X;ll :2: llt1];X;ll-11x11 > mp-llxll = }nf. lltA;X;ll + 1, 
1-l 1-l L;A,c,=l 1-l 

i=l 

T. e. HH)l(HHH rpaHb <j:>yHKU:HH ip( A) npH HrumqHH ycnoBHH (3.78) Ha MHO)l(ecTBe 
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He ,[(OCTHraeTCH. Ho TOr,[(a OHa ,[(OCTHraeTCH Ha 3aMKHyTOM orpaJIWieHHOM MHO)l(eCTBe B n -Mep

HOM npocTPaHCTBe 

l1TaK, 

npn: ycnoBn:n: (3.78) ,[(OCTn:raeT Ha G. cBoIO rnqeyro HM)l(HIOIO rpaHb. 

PaccMOTPMM Tenepb n -MepHoe no.[(rrpocTPaHCTBO L = L( { xJ) c X n: onpe.[(eJIMM Ha HeM 

JIHHeHHblH HenpepbIBHbIH <j:>yttKU:MOHaJI 

f(x)= :tc;,i,, x= :tA.x;. 
i=1 i=l 

I1MeeM 

(3.79) 

B cn:ny TeopeMbI XaHa-EaHaxa f ( x) MO)l(HO npO.[(OJI)l(HTb Ha Bee X c coxpaHeHn:eM HOpMbI. 

Tor,[(a rronyqn:M JIHHeHHbili HenpepbIBHbIH <j:>yHKU:MOHaJI F ( x), npHqeM 

llFllx =ll!llL' F(x) = f (x), XE L. 

B qacTHOCTM, 

,iJ.oK~eM, HaKOHeu;, qTQ HOpMa (3.79) HBJIHeTCH MMIIBMaJibHOH ,[(JIH JIMHeHHOro HenpepbIBHOro 

<j:>yHKU:MOHana F ( x), BbIITOJIHHIOW:ero ycnoBHH (3.77). 
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,L(eiicTBHTeJibHO, nycTb F. ( x) - ;a:pyroii JIHHeHHhIH HerrpepbIBHbIH qiym<I~HOHaJI, orrpe.[(e

JieHHhIH Ha BCeM X H BhIIIOJIH51IOIIIHH 3TH ycnoBH51. Tor.[(a, .[(JI51 nro6Mx A; ( i = 1, 2 ... , n) 

It C;A,I = ltA,F. ( X; )' = ,F. ( t A,x; JI~ llF.lllltA;X;ll ~ 

itc;A,I i~c;A;I 
=> II F.11 > lit. ,\x, II => llF.11 > s~p lit. ,\x, II = llF~ 

3THM 3aBeprnaeTC51.[(0Ka3aTeJibCTBO TeopeMbl M. r. KpeiiHa. 

IlpUMep. TiycTh Ha BXO.[(e HeKOTopoii .[(HHaMH'leCKOH CHCTeMbI HMeIOT MeCTO JIHHeHHO He-

3aBHCHMbie CHrHaJibl Xi ( t), X2 ( t), ... , Xn ( t). IlocTaBHM 3a,[(a'ly 0 IIOCTpOeHHH TaKOrO JIHHeHHO-

ro HerrpepbIBHOro <iiYHKl(HOHaJia F ( x) Ha HOpMHpOBaHHOM rrpOCTPaHCTBe x, KOTOpbIH 

o6ecrre'IHBaJI 61>1 K MOMeHT)' BpeMem1 t = T Ha BbIXO.[(e CHCTeMbl 3apaHee 3a.[(aHHbie CHrHaJibl 

Cl' C 2 ,. .. , Cn H rrpH 3TOM HMeJI MHHHMaJibH)'IO HOpMy. TaKHM o6pa30M, Mbl IIpHXO.[(HM K L -
rrpo6neMe MOMeHTOB 

3rn 3a.[(a'la pernaeTC51.[(0CTaTo'IHO rrpocTo B rrpoCTPaHCTBe L2 [O,T]. CornaCHo TeopeMe PHcca, 

rrpOH3BOJibHbIH JIHHeHHbIH HerrpepbIBHbIH <iiYHKl(HOHaJI B 3TOM rrpocTPaHCTBe HMeeT rrpe.[(CTaB-

neHHe 
T 

F (x) = f x( r)g ( r)dr, 
0 

r,[(e g(r) -3JieMeHTH3 L2 [0,T] H llFll=llgll· 

HcX0.[(51 H3 TeopeMbl M. r. KpeiiHa, HMeeM 

(3.80) 

T 

F ( xk) = f xk ( T) g ( T) dT =Ck ( k = 1, 2,. .. , n). 
0 

0TCIO,[(a HaXO.[(HM 

O'!eBH.[(HO, 3TO paBeHCTBO BbIIIOJIH51eTC51 TOr.[(a H TOJibKO TOr.[(a, KOr,[(a 

g (t) = constIA,*x; (t), const > 0. 
i=l 
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TaK KaK llgll = llFll, TO qrn:rypnpyroru:aH 3,[(CCb KOHCTaHTa orrpe,[(eJIHeTCH O,[(H03HaqHo, a 3aTeM 

HaXO,[(HM H caM 3JieMeHT g ( t) rrpH IIOMOU(H u;erroqKH BbJqHcJieHHll 

.ri;nH rron.yqeHHH OKOHqaTeJibHOro perneHHH He06XO,[(HMO orrpe,[(eJIHTb Ha6op qnceJI }.,i* (i = 1, 

2, ... , n ), MHHHMH3Hpy10mnx BeJIHqnHy lit A, X; II rrpn Hannqnn ypaBHeHHH CBH3H ~ A.;C; = 1. 

3Ta rrpoqe,u:ypa CBO,[(HTCH K 3a,u:aqe arrrrpoKCHMal(HH B L2 [O,T] CJJC,[(YIOIIIHM o6pa30M. IJycTb, 

HarrpttMep, CJ"# 0. Tor,[(a MO)l(HO Bbipa3HTb qttcno Ai qepe3 ocTaJibHhie. 

lIMeeM 

BBo,n:H o6o3HaqeHHH 

lf/1 (t)=_!_xJ(t), lf/;(t)= C; x1 (t)-x;(t) (i=2,3, ... ,n), 
CJ CJ 

rrpe,[(CTaBHM 3a,[(aqy MHHHMM3aqHM HOpMbI <j}yttKI(HOHaJia F B BH,[(e 

YcJIOBHH CJ<p/2JA,, =0 (k=2,3, ... ,n) ,[(aIOT 

n 

L A. ( lf/i' lf/k ) = ( lj/p lf/k ) ( k = 2, 3, .... n). (3.81) 
i=2 

r,[(e 

T 

( lf/i' lf/k) = f If/; ( t) lf/k (t )dt. 
0 

ITocKOJibKY orrpe,[(eJIHTeJib fpaMa JIHHeiiHO He3aBHCHMOll CHCTeMbl lf/2 ( t) 'lj/3 ( t) ' ... , lf/n ( t) OT

JIHqeH OT HYJIH, rronyqaeM e,[(HHCTBeHHOe perneHMe CHCTeMbl (3.81): A, =A; (i=2,3, ... ,n). 
ITpH 3TOM 
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TaKttM o6pa3oM, rroc'I'pOeHHbIH <l>YHKU:HOHarr y;:i:osneTBopHeT sceM ycnOBHHM 3a;:i:a•m. 
IlycTb, HailpHMep, cl = 1, Cz = C3 = ... c. = 0. Tor)J,a Ai = 1 H Mbl HMeeM 

feoMeTpli'IeCKH 3TOT <J>aKT 03Haqaer, qTQ BenttqHHa 1/llFll paBHa paCCTOHHHIO BXO)J,HOro CHr

HaJia xl ( t) )J,0 rro;:i:rrpocTpaHCTBa L ( { xJ)' o6pa3oBaHHOro CHrHarraMH Xz' X3 ,. . ., xn. 

ConpSI~enuLiii orrepaTop. IlycTb X, Y - nHHeHHhle HOpMttposaHHi.ie rrpoC'I'paHCTBa H nH

HeHHhIH tterrpepbIBHblH orrepaTop A 3a;:t:aH Ha sceM X co 3Ha'leHHHMH B rrpOC'I'paHCTBe Y. Pac

CMO'I'pHM rrpott3BOnhHblH ::ineMeHT rp E y*, orrpe;:i:eneHHhIH Ha ::ineMeHTaX y = Ax. MMeeM 

rp(y)=rp(Ax)=f(x); VxE X. 

<l>yHKU:HOHaJI f ( x) - llHHeHHblH H HenpepbIBHbIH . .l(eiicTBHTenbHO, 

f(x1 +xz)==rp[ A(x1 +x2 )]=rp(Ax1 +Ax2 )=rp(Ax1)+ f(Ax2 )= 

= f (,.h) = q:{ A(,.h) J = <p(A.Ax) = A.rp(Ax) = A.f (x), 

If ( x )I= l<p( Ax )I~ ll<l'llllAxll ~ ll<fJllllAllll4 

(3.82) 

TaKHM o6pa30M, 3a;:i:att orreparnp, rrepeso,D;HIIJHH nJ06oii ::ineMeHT rp E y* B ::ineMeHT f E X *. 

3TOT onepaTop Ha3hIBaeTcH corrpmKeHHhIM K onepaTopy A H o6o3HaqaeTcH A*. CooTBeTcT
Btte (3.82) 3aITHCbIBaeTCH TaK: 

TeopeMa. ConpH'lKeHHbIH orrepaTop A*: y* -7 x· - llHHeHHbIH H HenpepbIBHblH, npHqeM 

llA*ll=llAll . 
.l(oKa3aTeni.cTBO. B caMOM ;:i:ene, nycTb <pp rp2 - rrpott3BOllbHble ::ineMeHTbI H3 y*. Tor;:i:a 

<fJi (y) = rp1 (Ax)= J; (x) ==> J; = A'<pl' 

<p2 ( y) = <p2 (Ax)= f 2 ( x) ==> / 2 = A* <p2, 

( <fJi +<p2) Y = <fJi (y )+<pz (y) = f1 (x)+ f2 (x) = (/1 + fz)x=> 

==> J; + f2 =A* ( <fJ1 + <fJ2) ==> A* ( <fJ1 + <fJ2) = A* <fJ1 +A* <fJ2, 

T. e. A* - aMttTHBHbIH orrepaTop. O;:i:Hopo,n;HoCTb ero BbITeKaeT tt3 cne;:t:yJOIIJHX cooTHOIIIe

HHH )J,nsr nJ06oro <J>yHKU:HOHana A<p E y* 

().rp) y = (A.rp)( Ax)= ).j (x) ::::>A* (A.rp) = A.j = A.A*<p. 

Terrepi. rroKa'lKeM, qrn A* - Herrpepi.IBHhlli onepaTop H llAJI = llA*ll· lfMeeM 

Cne,n;osaTeni.Ho, A* - mrneliHhlli orpaHttqeHHblH orrepaTop. 
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HepaBeHCTBO rrpOTHBOIIOJIO:arnoro 3HaKa IIOJiy<IHM, HCIIOJib3YH rrepsoe CJie,[(CTBHe H3 Teo

peMbI XaHa-EaHaxa, cornacHO KOTOpOMY cymecTByeT :meMeHT <I> E y*' TaKOH qTo ):IJIH mo6o-

ro x0 E X, OTJIHqHoro OT ttyJIH: <I> (Yo)= <I> ( Ax0 ) = l!Ax0 II H ll<1>ll = 1. HMeeM OTCIO,D;a 

<l>(Yo) =II Yo II= llAxoll = f ( Xo) = ( A*<I> )xo => llAxoll $ llA'llll<1>llllxoll = llA'llllxoll =:> IJAIJ $ llA'll· 
TaKHM o6pa30M, l\A *II = !!All H TeopeMa ,D;OKa3aHa. 

3aMeqaHHe 1. B rrpose,D;eHHbIX BbIIIIe paccy)l(,[(eHFIHx 6hlJIO BbIHCHetto: 

1. EcnH <pE y' H A E £ ( X, Y), TO f (x) = rp( Ax) - JIMHeHHbIH orpaHHqeHHbIH cpyttK-

IIHOHaJI, orrpe,D;eJieHHblH Ha BCeM X, T. e. f E X'. 

2.ECJIH fEX*, <pEY', TO A*:Y'~x· -JIHHeHHb1liorpaHHqeHHb1liorrepaTop (A'E 

E£ (r*,x')). )J;eno o6CTOHT He TaK rrpoCTO, eCJIH A:X ~y - mrneHHbIH, HO HeorpaHH

qeHHblH onepaTop. 

3aMeqaHHe 2. yqHTbIBaH BBe,D;eHHOe BbIIIIe o603HaqeHHe cpyHKIJHOHaJia f ( x) = ( X, f)' 
MOJKHO rrpe;::i:cTaBHTb CBH3b Me*iJY onepaTopaMH A H A* B BH,!l,e 

(Ax, rp) = ( x, A'rp), (3.83) 

oco6eHHO IIOJie3HOM rrpH OIIHCaHHII corrpHJKeHHOro orrepaTopa B rHJib6epTOBOM npocTpaHCT

Be H. B 3TOM cnyqae cooTHorneHIIe (3.83) 3arrIIcbrnaeTCH raK: 

(Ax, rp) = ( x,A* rp). 
I1MeIOT MeCTO CJie,D;yIOl.l(IIe CBOHCTBa corrpHJKeHHbIX orrepaTOpOB: 

a) (A+B)' =A' +B', VA,BE£ (X,Y); 

6) (AA)' = AA'; 

s) e· =B, 1· =I, (x =Y); 

r) (AB)' =B'A*, (X =Y). 

,ll;OKa3aTeJibCTBO. 

a) liMeeM 

rp[(A+B)(x)] =rp(Ax+Bx) = rp(Ax)+rp(Bx) =!A (x)+ f 8 (x) = 
= (A* <p) x + ( B' rp) x = [ (A' + B' ) <p] ( x) =:> (A + B)' <p = 

=(A' +B')rp=> (A+ Bf= A' +B'. 

6) rp[(AA)x J = A-rp( Ax)= Af ( x) =A( A' rp) x =:>(AA)' tp= (AA') tp=> (AA)'= AA'. 

B) flycTb A= 8, TOr,D;a (Ax,tp) =0, qTO 03HaqaeT: (x,A'rp) =(x,J)=O. EcJIII 6hl A'"# 8, 

TO B CIIJIY rrpOII3BOJibHOCTII <pE y* OTCIO,[(a CJie,[(OBaJIO 6bI, qTo f =A' tp "# 0. 3ttaqMT, A' = e. 

l1TaK, 8' = 8. 
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IlycTb Terrepb A= I, X = Y. Tor,ll,a VxE X 

r) IlycTb X =Y li A,B:X ~ X. I1MeeM 

(( AB)x,<p) =(A( Bx ),<p) =(Bx, A* <f>) = ( x,( B* A*)rp). 

C ,ll,pyroif CTOpOHbI, 

CpaBHHBaH,Haxo,ll,HM 

IlpHMepbI orpamrqeHHbIX corrpH)l(eHHbIX orrepaTOpOB. 
1. CorrpH)l(eHHbIH orrepaTOp B n -MepHOM HOpMHpoBaHHOM rrpoCTpaHCTBe X. IlyCTh A -

mmeH:HbIH orrepaTOp B x. Tor)J,a B HeKOTOpOM 6a3HCe OH 3a,ll,aeTCH MaTpliQeH: llaij'' pa3Me-

poM nxn. I1HbIMliCJIOBaMH,eCJIH x=(x1'x2, ... ,xn)E x Ii y=Ax=(y1'y2, ... ,yn)E x, TO 

Yi= 'f,aiixi (i = 1,2, ... ,n ). 
j=1 

.[(JIH rrpOH3BOJibHOro JIHHeliHoro <PYHKQliOHaJia <p = ( <f>i' {/Jz' ... , rpn) E x * HMeeM 

n 

=f(x)= ~:XJi' 
j=1 

r)J,e f =(Ji ,f2 , ... ,fn )EX*. 

Orcro)J,a rroJiyqaeM 

fj = 'f,au~ (j=l,2, ... ,n), 
i=l 

T. e. f = A*<p 11 MaTPHQa orrepaTOpa A*: 

me A' - MaTPHQa, TpaHcrroHHpoBaHHM no oTHOllleH11ro K A. 
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2. IlyCTh X = En, r.r1e E" - yHHTapHoe n-MepHoe rrpocrpaHcTBo H A E :£ ( X). B 3TOM 

CJIY'Iae v (/JE x· = E": 

rp(Ax) =(Ax,rp) = f ?O:'i>ijxj = f (x) =(x,J) = 
i=l j=l 

n n n 

= 'Lxjfj =>Ji= ~>ijq;i :::::>Ji= L~ij(/J; (j=l,2, ... ,n). 
j=I i=l i=I 

TaK KaK f =A* rp, TO MaTPm~a orrepaTOpa A* HMeeT BH.ll 

l
i'li 1 li"21 ... an1 I 

* i'li2 a22 .. . an2 -, A= =A. 
... ... ... . .. 

i'lin a2n .. . a •• J 

3. IIycTb X = Y = L2 [a, b] H onepaTOp <Dpe.r1roJibMa A 3a.llaH cpopMYnoif 

b 

(Ax)(t)= fK(t,r)x(r)dr, 
a 

r.r1e K(t,r) - cpyHKI(Hn HenpepbIBHan B KBa,llpaTe [a,b]x[a,b]. TipoH3BOJibHan cpyHKI(Hn 

x ( t) E L2 [a, b] oT06pa)l(aeTcn onepaTOpOM A B cpyHKIIHIO y ( t) = (Ax) ( t) E L2 [a, b]. ,IJ,eifcT-

BHTeJibHO, 

Cne.r10BaTeJibHO, A : L2 [a, b] ~ L2 [a, b]. ,ll,mr npOH3BOJihHoro 3JieMeHTa rp E ( L2 [a, b]) * = L2 [a, b] 
HMeeM 

b b 

rp(Ax) =(Ax,rp) = frp(t)dt f K(t,r)x(r)dr= f (x) = (x,J) = 
a a 

b b b b 

= fx(r)f(r)dr=> fx(r)drfrp(t)K(t,r)dt= fx(r)f(r)dr=>f(t)= 
a a a a 

b 

= frp(r)K(r,t)dr. 
a 

TaK KaK f = A*rp, nonyqaeM 

b 

(A*rp)(t)= frp(r)K(r,t)dr. 
a 



264 rJIABA3 

IlTaK, nepexop; OT orrepaTOpa A K corrpIDKeHHOMY onepaTOpy A* 3aKmoqaeTCH B JaMeHe 

Hp;pa K ( t, r) Ha TPaHCIIOHHposaHHOe K HeMy, KOMIIJieKcHo-conpIDKeHHoe H,D;po K ( r, t). Ec;rn 

L2 [a,b] - p;eHCTBHTerrbHoe ~YHK[(HOHaITbHOe rHrrb6epTOBO rrpocTpaHCTBO, To 3HaK KOM

rmeKCHoro conpH"lKeHHH MO"lKHO OT6pOCHTb. 

3. 11. CaMoconpR)l(eHHb1e onepamopb1 
a eunb6epmoaoM npocmpaHcmae H 

IlycTh A rrHHeHHhIH orpaHHqeHHhIH orrepaTOp A: DA ____, H, o6rracTh orrpep;erreHHH KOTo

poro DA HBITHeTcH sc10p;y IIJIOTHhIM MHO"lKeCTBOM B H. 

OrrepaTop A Ha3hIBaeTcH caMocorrpH"lKeHHhIM (3pMHTOBhIM B KOMIIJieKCHOM cnyqae), ec

ITH A*=A. 
CornacHo orrpep;erreHHIO corrpH"lKeHHoro orrepaTOpa, B H HMeeT MecTo (6HrrHHeHHoe) co

OTHOIIIeHHe )];ITH 3pMHTOBOro orrepaTopa 

(Ax, y) = (x,Ay ), '\Ix, YE DA. 

3aMeqaHHe. JlHHeHHbIH orrepaTop A, )];ITH KOTOporo BbIIIOITHHeTCH 3TO 6HITHHeHHOe COOT

HOIIIeHHe, Ha3hIBaeTCH CHMMeTp~eCKHM onepaTOpOM, O,D;HaKO H3 CHMMeTPHqHOCTH ITHHeHHO
ro onepaTopa ellie He crrep;yeT ero orpaHHqeHHOCTh, T. e. caMoconpH"lKeHHOCTh. 

Ifa npHMepos conpH"lKeHHhIX onepaTOpos, paccMoTpeHHhIX paHee, crrep;yeT: 

1. ,ll;mi: 3pMHTOBOCTH ( caMoconpH"lKeHHOCTH) orrepaTOpa A E :£ ( E") Heo6xop;HMO H p;oc-

TaTOqHo, qT06b1 BhinOITHHITHCh ycrrosmi:: A = A' (A = A'), rp;e A - MaTP~a, rrpep;cTaBITHIOiliM 

p;aHHbIH onepaTop. TaKHM o6pa3oM, MaTP~a 3pMHTosoro (caMocorrpH"lKeHHoro) onepaTOpa 
,D;OIT"lKHa 6hJTb 3pMHTOBOH (CHMMeTpHqHoH). 

2. ,ll;mI 3pMHTOBOCTH (caMOConpH"lKeHHOCTH) HHTerparrbHOro onepaTOpa <l>pewonbMa He-

o6XO,D;HMO H p;ocTaTOqHo HarrHqHe paseHCTB: K ( t, T) = K ( r, t) ( K ( t, r) = K ( r, t)). 
HMeIOT MecTo crrep;yIOiliHe csolicTsa caMocorrpH"lKeHHhIX onepaTopos. 
TeopeMa 1. EcnH A, B - caMocorrpH"lKeHHhie (3pMHTOBhI) onepaTOpbI a H, TO MX nH

HeHHM KOM6HHa[(HH aA + j3B, rp;e a, /3 - rrI06bJe p;eHCTBHTeITbHbie (KOMIIITeKCHhie) lJHCITa, 

TaK"lKe caMOCOilpIDKeHHbIH onepaTOp. 

,ll;oKa3aTerrhCTBO. CorrracHo onpep;eneHMIO caMoconpH"lKeHHoro onepaTOpa: (Ax, y) = 

= ( x, Ay) H (Bx, y) = ( x, By) )];ITH npoM3BOIThHhix x H y H3 H. HMeeM uenoqey paseHCTB 

( ( aA + /3B)x, y) = (( aA)x+(/3B)x, y) =a( Ax, y) + /3( Bx, y) = 

=a( x,Ay )+ f3(x,By) = (x,a( Ay) + /3( By))= ( x,( aA + /3B) y) ~ 

~(aA+f3B)* =aA+j3B, 

qTQ H TPe6osarroch. 
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TeopeMa 2. IlyCTh A, B - 3pMHTOBhI onepaTOphl B H. OnepaTOp AB 6y,n;eT 3pMHTOBhIM 

TOr,n;a H TOJlbKO TOr.n;a, Kor.n;a AB = BA. B caMoM .nene, H3 paBeHCTBa (AB)* = B* A· => 

=> (AB)· = BA. Ilo3TOMY .L(JUf 3pMHTOBOCTII AB Heo6xo.n;nMo n .n;ocTaTO'IHO, 'IT06h1 BA = AB. 

TeopeMa 3. ,ll,Jur 3pMHTOBOro orrepaTopa A '!Hcno (Ax,x) - BemecTBeHHoe .n;mr mo6oro 

xE H. B caMOM .n;ene, VxE H: 

(Ax,x) = (x,Ax) = (Ax,x) => Im(Ax,x) = 0. 

TeopeMa 4. EcnH A - 3pMHTOB orrepaTOp, TO 

llAll =sup!( Ax,x )!. 
llxll,;J 

,ll,OKa3aTenbCTBO. 0603Ha'IHM 

CA =supi(Ax,x)!. 
~~,;1 

CornacHo HepaBeHCTBY Korrm-EymrKoBcKoro 

(3.84) 

y CTaHOBHM Terrepb HepaBeHCTBO npOTHBOITOno:arnoro 3HaKa. 3aMeTHM, 'ITO .nmr rrpOH3BOnhHO
ro HeeyneBoro x E H 

Ilptt x = 0 3TO COOTHOllICHHe TaIOKe BbITionmieTCH. Terrepb paccMOTpHM TO)K,L(ecTBa 

(A(x+ y),x+ y) =(Ax+ Ay,x+ y) = (Ax,x)+(Ax, y)+(Ay,x)+ 

+(Ay, y) = (Ax,x)+ 2Re(Ax, y)+(Ay, y), 

(A(x-y),x-y) = ( Ax,x)-2Re(Ax, y)+(Ay, y). 

BbI'IHTaH ITO'lneHHO H3 nepBoro TO)K,L(CCTBa BTopoe, ITOnY<JaeM paBeHCTBO 

(A(x+ y),x+ y )-( A(x-y),x-y) =4Re(Ax, y). (3.86) 

O~eHHBaH rrpaBYJO <JacTI, (3.86) no Mo,n;ymo, Hcrronr,3yH HepaBeHCTBO (3.85) H paBeHcTBO rra
pannenorpaMMa, Haxo.n;HM 

4!Re(Ax, y)I :::;\(A(x+ y),x+ y )\+\( A(x-y),x- y )\::::;CA llx+ Yll2 + 

+CA llx- Yll
2 

= 2CA (llxli2 +llY!i2)· 



266 rJIABA 3 

B 11acrnocTM, rrpM llxll = jjyjj = 1 MMeeM 

jRe(Ax, y )j::;; CA. (3.87) 

B HepaseHcTBe (3.87) x, y - rrpoM3BOJibHbie :meMeHTbI e;a;HHM'IHOH c<l>epbI. IIycTb x TaKOB, 

'ITO jjxjj = 1 M Ax -:t 0, a y = Ax/llAxll, Tor;a;a 

u oneHKa (3.87) ;a;aeT 

Re( Ax,
11
:

11
J =llAxll 

llAxll::;; CA=> llAll = supl!Axll::;; CA. 
llxll=l 

J13 (3.84) H (3.88) cnetzyeT: CA= llAll, 'ITO H TPe6osanocb. 

(3.88) 

CaMoconp~rnceHHbIH orrepaTop A E :£ ( H) Ha3bIBaeTcH IIOJIO:lKMTeJibHbIM, eCJIH HMeeT Me-

CTO HepaseHCTBO 

rrpttqeM (Ax, x) = 0 ¢:::> x = 0. 

IloJio)l(IITeJibHbIH orreparnp A E :£ ( H) Ha3bIBaeTcH rroJIO:lKMTeJibHO orrpe;a;eneHHbIM npH 

BblIIOJIHeHMH HepaseHCTBa 

CornacHo onpe;a;enemuo, mo6oli noJIO:lKHTeJibHO onpe;a;eneHHbIH oneparnp HBJIHeTCH ca
MoconpH)l(eHHhIM ITOJIO)l(MTeJibHblM onepaTopoM. 

5l;a;po nono:lKMTeJibHO onpe;a;eneHHoro oneparnpa ker A = { 0}. 3To 03Ha~aeT, 'ITO ypas

HeHHe 

Ax=y (3.89) 

HMeeT He 6onee op;Horo peweHHH. 
B caMOM .n:ene, npe;a;rroJIO')l(HB, 'ITO ypasHeHHe (3.89) HMeeT ;a;sa peweHMH u H v MbI l(JIH 

pa3HOCTH u - v IIOJIY'IHM Ol(HOpO;a;Hoe ypaBHeHMe 

A(u-v) = 0. 

0Tc10,na cne;a;yeT 

(A(u-v),u-v) =0=> u-v=O. 

IlpuMep. IIycTb A - ;a;H<l><l>epemi;MaJibHhIH oneparnp BTOporo nopH;a;Ka 

d2 A=--dxz, 

3a,naHHblM Ha MHO:lKeCTBe DA l(Ba)l(l(bl HenpepbIBHO ;a;mpqiepeHnHpyeMbIX Ha [ 0, 1] <l>YHKIJ:MH, 

y;a;oBJieTBOpHIOIIJ;MX Ol(HOpOl(HbIM rpaHM'IHbIM ycJIOBMHM 

y(O) = y(l) =0. 
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MH0>1ceCTBo DA - JIHHeiiHoe MHoroo6pa:me B rnJTu6ep'I'oBoM npoc'IpaHCTBe L2 
[ 0, 1] <PYHKrurif, 

C)'MMHpyeMbIX c KBa;:i;paToM Ha (0,1], BCIO)J;y nnornoe B L2 [0,1]. 
OrrepaTOp A CHMMC'IpH'IeH. B caMOM ;:i;ene, nycTb 

-y; =f(x), O<x<l, 

yk(O)==yk(l)=O (k=l,2). 
(3.90) 

Tor;:i;a 
1 1 1 

(Ayl' Y2) = - f y;yzd.x = -y;Y2I~ + f y;y;dx= - f Y1Y;dx = (yl'Ayz)· (3.91) 
0 0 0 

,[J:anee, nonmKHB B (3.91) y1 = y2 == y, noJI)"IaeM 

I 

(Ay,y)= f{y'(x)}
2

d.x~O. 
0 

0Tc10;:i;a H H3 rpaHH'IHbIX ycnoaHii (3.90) BhlTeKaeT, 'ITO A - nonmKHTenbHO onpe;:i;eneHHbIH 
onepaTOp. B caMoM ;:i;ene, 

y ( x) = 1 y' ( x) d.x. 
0 

HepaaeHCTBO Koum-EymrKoacKoro ;:i;aer 

{

x }2 {1 }2 J J 1 l ( x) = J y' ( x )dx ~ J y' ( x )d.x ~ Hy' ( x)} 
2 
d.x J d.x = Hy' ( x) t d.x. 

0 0 0 0 0 

HHTerpHpy51 nocne;:i;Hee HepaaeHCTBO no x B npe):(enax OT 0 ;:i;o 1, noJI)"IaeM 
I I l 

J y2 (x)d.x ~ f d.x f{y'(t)}1 dt => f IJY!i2 ~ ( Ay, y), 
0 0 0 

npH'IeM TIOCT05IHHa5! y::: 1. 
TaKHM o6pa30M, o6bIKHOBeHHhlH ;:i;H<P<PepeHu;HanbHhlii orrepaTOp 

d2 
A=--d.x2 

CHMMe'IpH'IHbIH H IIOJIOiKHTeJibHO orrpeJJ;eJieHHbIH. 

Pacnpoc'IpaHHM Tenepb rron)"IeHHbIH pe3yJibTaT Ha MHOroMepHoe npoc'IpaHCTBo Rm. 
ITyCTb s - rpaHHL(a o6nacTH n c Rm' B KOTOpOH HIIJeTC5! perneHne Heo;:i;Hopo;:i;Horo ypaaHe

HHH Jlarrnaca npn O!J:HOpo;:i;HoM KpaeBOM ycnoBHH uJs = 0. 06nacTb onpe;:i;enemrn onepaTopa 

!:J. COCTOHT H3 cpyttKIJHH ):(Ba)J()J;hl HenpepbIBHO ):(HcpcpepeHIIHpyeMhlX B o6naCTH Q. B 3THX yc

JIOBH5IX onepaTop -~ CHMMe'IpH'lHbIH H IlOJIOiKHTCJibHO orrpe;:i;eneHHbIH. 
,[J:eiicTBHTeJibHO, B CHJIY cpopMyJihI rpHHa H O)J;HOpO):(HOCTH KpaeBOrO ycJIOBH5!, HMeeM 

(-~u,u) =-f u!:J.udQ == J(gradu )2 
dQ- f u du dS = 

a a s dn (3.92) 
= J(gradu)2 

dO=(u,-t:J.u). 
a 
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Orc10.n;a CJie.n;yer CHMMeTplNHOCTb H IIOJIO)l{lffeJibHOCTb orrepaTopa -L\. HaKOHeIJ;, IIOJIO:>I<HTeJib

Hllil orrpe.n;eneHHOCTb 3Toro orrepaTOpa BbITeKaer m paseHCTBa (3.92) H HepaseHCTBa <l>pH.n;pHX
ca (3.56). TaKHM o6pa.3oM, .n;mr 3a.D;a'IH )J,npHxne 

(-L\u,u);::: r2 iiuii2' r:t 0. 

PaccMOTp»M Terrepb 3a,n;a'Iy HeiiMaHa rrpH o.n;Hopo.n;HoM KpaesoM ycnosHH ~~ls= 0. Co

OTHOIIIeHne (3.92) 3.D;eCb TaKlKe 6y.n;eT HMeTb MeCTO, o.n;HaKo H3 paseHCTBa 

f (gradu )
2 

dQ = 0 
Q 

CJie.n;yeT TOJibKO TO, 'ITO u = c = const. 3Ha'IHT, B 3THX ycnosm:rx orrepaTop -L\ 6y.n;eT CHM
MeTpFI'IeCKHM, HO He IIOJIO)[(HTeJibHbIM. 

I13secTHO [13, 21], 'ITO 3a.n;a'Ia HeiiMaHa 

-L\u = f' 

<Jul =0, 
on s 

soo6me rosopH, Hepa.3peIIIHMa. y CJIOBFieM ee pa3peIIIHMOCTH HBJIHeTCH paseHCTBO 

ff(x)dQ=O, x=(xpX2 , ••• ,xm), dQ=dx1dx2 ••• dxm. 
Q 

(3.93) 

(3.94) 

B 3TOM CJIY'Iae perneHHe HaXO.D;HTCH c TO'IHOCTblO .n;o ITpOH3BOJibHOll IIOCTOHHHOH, 'ITO .n;aer B03-
M0)[(H0CTb CY3HTb o6JiaCTh orrpe.n;eJieHHH orrepaTOpa -L\u, IIO.D;'IHHHB peIIIeHHe HeKOTOPOMY .n;o-

IIOJIHfITeJibHOMY ycJIOBHIO. 
IlOJIQ)KHM, HarrpttMep [16], 

fudQ=O. (3.95) 
Q 

Tor.n;a, no.n;cTaBJIHH u = c B 3TO ycnosne, IIOJIY'JaeM u = 0 s Q. Cne.n;osaTeJibHO, npn BbIIIOJI
HeH1111 paseHcTBa (3.95), -L\ - CHMMerpH'IHbIH onepaTOp. 3a.n;a'Ia HeiiMaHa (3.93) o,n;H03Ha'IHO 
pa3peIIIttMa rrpH BbIIIOJIHeHHH ycnosHii (3.94), (3.95). IloJio)[(HTeJibHM onpe.n;eneHHOCTb orrepa
Topa B 3a,n;a'Ie HeiiMaHa .D;OKa3bIBaercH c TIOMOIIJ;blO HepaseHCTBa IlyaHKape (3.57). 

3ttepreTuqec1we npocTpaHCTBO. B sapnau:noHHbIX MeTo.n;ax cymeCTBeHHYIO ponb nr
paer TIOHHTHe 3HepreTH'IeCKOro npocTpaHCTBa. IlycTb A - TIOJIO)J(HTeJibHO onpe.n;eJieHHblll 

onepaTOp H DA - o6nacTb ero orrpe.n;eneHHH. Bse.n;eM s DA Hosoe CKaJIHpHoe npomse.n;eH11e 

no <jlopMyne 

(u,v)A =(Au,v), \::lu, VE DA. (3.96) 

J1erKO BH,n;eTb, 'ITO CKaJIHpHoe IIpOH3Be.n;eHHe (3.96) y.n;OBJieTBOpHer aKCFIOMaM (3.15). IlocTpo

eHHOe TaKHM o6pa.30M rttJib6epToso npocTPaHCTBO Ha MHO)[(eCTBe DA Ha.3bIBaercH 3HepreTH'Ie-

CKHM npocTPaHCTBOM, o6o3Ha'IFIM ero 'Iepe3 HA. 
3aMe'IaHHe. EcJIH IIOCTpOeHHOe rrpoCTpaHCTBO OKa3aJIOCb HeIIOJIHbIM OTHOCHTeJibHO M~HKH 
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TO OHO Bcer,11;a MO)l(eT 6bITb IIOIIOJIHCHO BCCMH 11pe,11;eJibHhlMH 3JieMeHTaMH. Ilo3TOMY 3Hepre

TH'ICCKOe rrpocrpaHCTBo HA cqHTaeM rroJIHbIM, T. e. rHJib6epTOBhlM. 

lh rroJIO)l(HTCJibHOii orrpe,11;e11eHnocrn: orrepaTOpa A BbITeKaeT HepaBeHCTBO 

(3.97) 

3To 03HaqaeT, qTo H3 CXO.l(HMOCTH IIOCJIC.l(OBaTeJibHOCTH B rrpocrpaHCTBe HA (T. e. B 3Hepre

TH'ICCKOH MCTPHKe) CJieeyer CXO.l(HMOCTb 3TOH IIOCJIC,!l;OBaTeJibHOCTH B HCXO.l(HOM rrpocrpaHCT

Be. 3.l(eCb Ha,l(O HMeTb B BH.l(y, qTO MC)l(.l(y 3JICMCHTaMH rrpocrpaHCTBa H H rrocrpoeHHOro 110 

cl>OPMYJIC (3.96) 3HepreTHqecKoro rrpocrpaHCTBa HA HMCeTCH B3aHMHO-O.l(H03HaqHoe COOT-

BCTCTBHe. 

B rHJib6epToBOM rrpocrpaHCTBe H paccMoTpHM orrepaTOpnoe ypaBHCHHe 

Au=f, (3.98) 

r.r1e A - rroJIO)l(HTCJibHbIH orrepaTop c 0611acTbJO orrpe.r1e11eHHH DA. IloKa)l(CM, qro B 3THX yc110-

BHHX ypaBHCHHe (3.98) HMeeT He 6011ee 0,l(HOro peweHHH B DA. 

}J,orryCTHM, qTo HMCCTCH ,l(Ba peweHHH U1 H U2' TaK qTO 

Tor.r1a B CHJIY rroJIO)l(HTeJibHOCTH, a 3HaqHT, H JIHHeiinocTH orrepaTopa A, BbIBO.l(HM 

A ( ul - U2 ) = 0 => (A ( U1 - U2 ) ' ( ul - Uz ) ) = 0 => U1 = Uz. 

flo.r1 cpyHKUHOHaJIOM 3HeprnH IIOHHMaJOT KBa.r1paTHqHbJH cpyHKUHOHaJI BH.l(a 

I ( u) = JJuJJ: -2(!,u ). 

flepsoe CJiaraeMoe B (3.99) rrpe,!l;CTaBJIHeT co6oii KBa,!l;paTHqHbIH cpyHKUHOHaJI 

JJuJJ: = ( Au,u ), 

BTOpoe - JIHHCHHblH cpyttKUHOHaJI. 

(3.99) 

lIMeeT MCCTO yTBep)l(.l(eHHe. OrrepaTopHoe ypasttenne (3.98) c rroJIO)l(HTCJibHbIM orrepa

rnpoM H 3a,l(aqa 0 MHHHMHJaUHH cpyHKUHOHaJia (3.99) 3KBHBaJICHTHhl B TOM CMbICJie, qTo eCJIH 

u0 EDA ecTb pemeHHe ypaBHeHHH (3.98), TO Ha 3TOM 3JieMeHTe cl>YHKUHOHaJI (3.99) .l(OCTHraeT 

MHHHMYMa, H o6paTHo, ecJIH min I ( u) =I ( u0 ), To u0 E DA ecTh pewenne ypaBHeHHH (3.98). 

B caMOM .r1e11e, rrycTb u0 - pemeHHe ypaBHCHHH (3.98), T. e. Au0 = f. lIMeeM uerroqKy 

paBeHCTB 

I(u)=JJuJJ:-2(!,u)=JJuJJ:-2(Auo,u)=lluJJ:-2(uo,Ut +JJuoJl:-JJuoll: => 

=>I ( u) = Jlu-uoJI: -JluoJI: · 
Cne.r1osaTeJILHO, 

(3.100) 
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06paTHO, rryCTb <i>YHKU:HOHaJI (3.99) ,n:OCTHraeT CBoero MHHHMaJibHOro 3Hal.JeHHH Ha 3ne

MeHTe u0 EDA. 3To 03Hal.JaeT, l.JTO 

(3.101) 

Tor,n:a, HCIIOnh3YH CHMMeTpHl.{HOCTb rronO'lKHTeJibHOro orrepa1opa H CBOHCTBa CKa.1rnpHoro npo
H3Be,n:eHHH, 3aIIHJileM 

I ( u0 + tv) = (A ( u0 + tv), u0 + tv )- 2 (!, u0 + tv) = 
(3.102) 

= ( Au0 ,u0 ) +2t( Av,u0 ) +t2 (Av, v)-2(! ,u0 )-2t(f, v). 

Ksa,n:paml.JHbIH TPexqneH (3.102) rrpn 4>nKcHpoBaHHbIX u0 , v H f HMeeT cornacHo ycnoBmo 

(3.101) MHHHMYM B TOl.JKe t = 0. Cne,n:oBaTenoHO, 

.!!.__I( U0 + tv )I = 2( Av,u0 )-2(!, v) = 2( Au0 , v)-2(!, v) = 0 => 
dt t~O 

TaKHM o6pa3oM, 3neMeHT Au0 - f opToroHarreH MHmKecTBy DA, scro,n:y rrnoTHOMY B H. Ho 

TOr,n:a B DA cymecTByeT rrocne,n:oBaTenoHOCTh {vn}, cxo,n:mllaHCH K 3neMeHTy Au0 -f, H B cnny 

HerrpepbIBHOCTH cKarrHpHoro rrpmnse,n:eHHH rronyqaeM 

0 = lim ( Au0 - f, vn) = ( Au0 - f, Au0 - f) => Au0 - f = 0, 
n->= 

l.JTO H Tpe60BaJIOCb. 
3aMel.Jami:e. B 3a,n:al.Jax rrpHKna,n:Horo xapaKTepa BCTPel.JaIOTCH cnryaU:HH, KOr,n:a <i>YHKU:HO

Harr 3HeprnH (3.99) ,n:ocTHraeT MHHHMYMa Ha 3JieMeme u. EDA H, CTarro 6orrh, perneHIUI ypaBHe-

HHH (3.98) B o6hil.{HOM CMhICJie He cyII1ecTByeT (!ERA). 
Ha 3TOT cl.JeT ttMeeT MecTo TeopeMa. Ecmi: o6naCTh orrpe,n:eneHHH rronmKHTeJibHO orrpe,n:e

neHHoro orrepaTopa A (MHO:>R:ecTBo DA) scro,n:y rrnoTHO B 3HepreTHl.JeCKOM rrpocTpaHCTBe HA, 

TO tPYHKU:HOHarr 3HeprnH (3.99) ,n:oCTttraeT MHHHMyMa Ha 3JieMeHTe u, E HA, O):(H03Hal.JHO OII

pe,n:enHeMOM paBeHCTBOM 

( u., u) A = (!' u)' u E HA' f E H. (3.103) 

B caMoM ,n:ene, B cHny JIHHeHHOCTH H orpaHHl.JeHHOCTH B H <i>YHKU:HOHarra ( f, u) HMeeM 

j(f,u)j~ll!lllluJJ, VfEH, uEH. 

EcnH Terreph cy3HM 3TOT <i>YHKU:HoHarr Ha 3HepreTHl.JecKoe rrpocTpaHCTBO HA H socrronh3yeM

CH HepaBeHCTBOM (3.97), TO rronyqHM 

IU' u )I~ .!_llJll!iullA, u E HA· r 
Cne,n:osaTeJihHO, <i>YHKU:HoHarr ( f, u) - orpaHHl.JeHHbIH JIHHeliHhrn <i>YHKU:HOHarr B HA, HO TOr,n:a 

rro TeopeMe <l>. PHcca CYII1eCTBYeT 3neMeHT u, E HA, OJJ;H03HaqHo orrpe,n:enHeMbIH <i>YHKU:HOHa

noM f, JJ;JIH KOTOporo crrpaBe,n:mmo (3.103). 
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l1MeeM B cmzy (3.103) 

I ( u) = llu/I: - 2 ( f, u) =!lull: - 2 ( u., u) A = llu - u. I/: -1/u. !I: · 
OTcro,lJ,a cJie,lJ,)'eT, 'ITO <}JyHKU:liOHaJI :meprnH ,lJ,OCTJ.ITaeT MliHHMYMa rrpli u = u. B HA. CoOT

BeTcTBeHHO, u. HBJUieTCH o6o6rn:eHHhlM peIIIeHlieM orrepaTOpHoro ypaBHemrn (3.98), KOTopoe 

He HMeeT KJiaccw:i:ecKoro peIIIeHHH B paccMaTpHsaeMoii cHryan:HH. 
IlpUMep. Cne,lJ,yH [3], paccMOTpliM ,ll,li<}J<}JepeHU:HaJihHOe ypaBHeHHe li3rn6a 6aJIKli rrepe

MeHHOH )KeCTKocm El ( x) 

d
2 

( d
2

w) dx2 El(x) dx2 =q(x), E=const>O, I(x)>O (O<x<l) (3.104) 

c rpaHli'IHhlMli ycJIOBliHMli )KeCTKOH 3a)J,eJlKli (pliC. 3.14). 

w(O)=w(l)=O, w'(O)=w'(t)=O. (3.105) 

q(x) 

~IIIII~~ 
w(x) 

Puc. 3.14. If3rn6 )f(eCTKO 3ameMrreHHOii 6arrKH rrorrepeqHoii Harpy3Koii 

HH)Ke 6y,lJ,eM rrpe,ll,rronaraTb, 'ITO MOMeHT HHepU:Hli I ( x) E C2 [ 0, l]. Bso,lJ,H orrepaTOp 

A=- EI(x)-d
2 

( dz) 
dxz dxz , 

rrpe,ll,CTaBliM ypaBHeHlie (3 .104) B Bli)J,e 

(Aw)(x)=q(x). (3.106) 

OrrepaTOp A orrpe,ll,eJieH Ha MHO)KeCTBe DA c L2 [O,l] <)JyHKI(liH KJiacca C4 [O,l], YAOBJleTBO

pHIOII(liX rpaHWIHhIM ycJIOBliHM (3.105). MHo)KecTBo DA - mrneiiHoe MHoroo6pa3He, IIJIOT

HOe B L2 [O,l]. JlliHeHHhlH orrepamp A CliMMeTpH'leCKHH. B caMOM ):(eJie, Vu, VE DA HMeeM 

u:errO'IKY paBeHCTB I " I II I ' I ' 
(Au,v)= j(Elu ... ) vdx==(Elu") v -f(Elu")v'dx==-J(Elu")v'dx= 

0 0 0 0 I I I , 
= - Elu"v'I~ + J Elu"v" dx == J Elu"v" dx == u' ( Elv")j~ - Ju' { Elv") dx = 

0 0 0 

'II I " =-u(Elv") + fu(E!v") dx=(u,Av). 
0 0 
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IJoJIOX<HTeJI&Hocn, orrepaTopa A cJie;zyeT H3 HepaseHcTBa 
I 

(Au,u)= fEI(x)(u"f dx~O, uE DA. 
0 

lfa paseHCTBa (Au, u) = 0 ~ u" = 0, T. e. u ( x) = Ax+ B. A m rpaHrrqH&IX ycJioBMii (3.105) cJie

JzyeT: A= B = 0. 3HaqMT, (Au,u) = 0 ~ u = 0. 

ITycT& Wa ( x) E DA - pemeHrre ypaBHeHMH (3.106). Tor.n:a <l>YHKUMH Wo ( x) MHHMMM3M

pyeT cpYffKUMOHaJI 3HeprnH (3.99), KOTOphlR B HaIIIeM CJiyqae HMeeT BH):( 
I 

llwlJ: -2( q, w) = f{ EI ( x)( w'f-2q(x)w( x)}dx = Lw. (3.107) 
0 

CornacHo o6rueii Teopnn, MHHHMYM <l>YHKUMOHaJia Lw .n:ocTnraeTcJI Ha pemeHHH ypasHeHMH 

(3.106) Wo ( x) E DA Ii paseH -llwoll:. 3TO MOX<HO IIOKa3aT& H Herrocpe.n:cTBeHHO. I1MeeM, yq11-

T&IBaJI rrpe.n:&r.n;yrune B&IKJia,n:KH, 
I I 

(Aw0 ,w)= fEil1-(7w"'dx= fqwdx, w0 EDA. 
0 () 

Tor.n:a 
I l I l 

Lw= fEI(w"') 2 dx-2 f Elw;w"'dx= fEI(w"'-w;) 2 dx-f EI(w;)2 dx. 
0 () 0 0 

0TCIO,n:a cJie;zyeT, qTo MHHHMYM .n:ocTnraeTcJI rrpH w == w0 (yqHT&IBalOTCJI rpaHnqH&Ie ycJIOBHH 

(3.105)), rrpnqeM 
I 

min Lw=- f EI( w;)
2 
dx=-(AWa, w0 ) =-llWal!:. 

0 

I1TaK, perneHHe ypaBReHHJI (3.104) MMHHMM3HpyeT HRTerpan 3HeprnH (3.107). l1 o6paTHO, co
rnaCRO o6rueii Teopn11, 3JieMeHT 3HepreTmecKoro rrpocTPaHCTBa HA, MHHHMM3HpYJOIUHR <l>YHK

UHOHaJI 3Heprnn (3 .107), JIBJIHeTCJI pemeHHeM orrepaTOpHoro ypaBHeHHH (3.] 06). 

3.12. Mampu'IHoe npeacmasneHue conpRJKeHHoeo onepamopa 
e npocmpaHcmee c 6aaucoM 

ITycn, X - 6aRaxoso rrpocTPaHCTBO c 6a3MCOM { ek} n A: X ~ X - JIHHeiiH&rn orpaHM

qeHHhlii onepaTop. ITpon3BOJI&HhlR 3JieMeHT x E X rrpe,n:cTaBHM B sn.n:e 

x=limx<"l, x(n) = "i:Jkek. 
n-->~ 

k~I 

Tor.n:a 
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IlOCKOJihK)' Aek E x' TO 3TOT 3JieMeHT O)J,H03HaqHo rrpe,ll;CTaBHM B BH)J,e 

Aek = Lak;e;. 
i=l 
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Ilo CJie,ll;CTBHJO 6 H3 TeopeMhI XaHa-EaHaxa cymecTByeT JIHHeHHO He3aBHCHMa51 CHCTeMa 

{.!;} c x'' 6HOpTOroHaJihHM 6a3HCHOH CHCTeMe { eJ c x. TaK KaK y E x' HMeeM u;erroqey co

OTHOIIIeHHll 

= = 

Y =LT/A=> fm (y) = L'IJm (e;)=> 
i=1 i=J 

lITaK, 

'Im= Lakmi;k (m=l,2, ... ). (3.108) 
k=I 

IIocJie,ll;Hee 03HaqaeT, qTo orrepaTOp A (s 6a3Hce e) O,ll;H03HaqHo rrpe,ll;CTaBHM 6ecKoHeqttoll. 

MaTpttu;eil: Ila km II B TOM CMhICJie, qTo Koop,ll;HHaThI seKTopa y = Ax B 3TOM 6a3Hce srroJIHe orrpe

,ll;em110TcH paBeHCTBaMH (3.108) . 
.[l,JIH rrocrpoemrn: corrpH:lKeHHOro orrepaTopa A' BBe,ll;eM B 6aHaxosoM rrpocTpaHCTBe X 

c 6a3HCOM { ek} <l>YHK.Il;HOHaJihI fk ( x) ( k = 1, 2, ... ) CJie)J.yIOID;HM o6pa30M . .[l,JIH rrpOH3BOJihHOfO 

ITOJIO:lKHM: fk ( X) = ;k · 

x= Li;;e;E X 
i=l 

<l>YffKD;HOHaJihI fk (x) - aMHTHBHhI H 0)1,HOpO,ll;HhI, T. e. JIHHeHHhI. .[1,anee, ecmI 

x'= Li;;e;E X, 1;;-;;!<e (i=l,2, ... ), 
i=l 

TO 

TaKHM o6prooM, fk ( x) - JIHHeil:Hhie Herrpepi.rnm,1e <l>YHKD;HOHaJihI, onpe,1J,eJieHmie Ha sceM X. 

B qacrnocrn, rrpH x =em ( ;m = 1, ;i = 0( i * m)) HMeeM 

fk (em)= '5km (k,m = 1,2, ... ). 
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IJocrpoeHHhle 3JieMeHThI fk EX* ,n;aIOT IIpHMep 6HOpTOI'OHaJihHOM 6a3HCHOM CHCTeMbI 

{ ek} c X. YqHTr,rnaH orrpe,n;enemre <PYHKU:HOHana fk, HMeeM rrpe,n;crnsneHHe ,n;JIH x E X 

x= Lf;(x)ei. 
i=l 

r,n:e d; == f ( ei ). IlocI<oJihKY 3JieMeHT xE X rrpOIBBOJieH, rronyqaeM rrpe,n:crnsneHHe mo6oro 

/EX*: 

(3.109) 
i=l 

CHcTeMa {.t;} c x* JIHHeHHO He3aBHCHMa. B caMOM ,n:ene, HMeeM 

<Xl 00 00 00 

2.dJ; =0=> Ld;f;(x)== Ld;~i =0, Vx= L~AE X. 
i=l i=l i=l i=l 

IJoJio:tKHB 3,D;eCh X = ek, TIOJl)"IHM: dk =0 (k =1,2, ... ). lITaK, CHCTeMa {f;} o6pa3yeT 6a3HC B X'. 
B03BpamaHCh K HCXO):(HOM 3a,n:aqe 0 MaTIJH'IHOM rrpe,n:cTaBJieHHH corrpH)J(eHHOro orreparo

pa A', 6y,n:eM Hcxo,n:HTh IB orrpe,n:eneHHH 

qJ(Ax)= f (x) ==(A*qJ)(x), A:X ~ X, A' :X' ~ X*, 

qJ,j EX*, XE X. 

= = 
f=Ld;f;, qJ=Lcif;, di=f(e;), ci==qJ(e;)· 

i=l i=l 

Mr,1 HMeeM 

C ,n:pyroii CTOpOHhI, 

f(x)==(~dif; Jx=!~~dJk(x)==Iim~dk~k == ~~kdk. 
B caMOM ,n:ene, a cmiy cxo,n:HMOCTH pH,n;a (3.108) B X : 
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TaKHM o6pa3oM, .rt:IDI mo6oro x E X rrpnxo,n:HM K paseHcrny 

~;kdk = ~;k(~akiciJ 
IlpH x = e, ( ;, = 1, ;k = 0 ( k :;t J)) HaxO.rt:HM 

d, = ~:O,;c; (j=l,2, ... ). (3.110) 
i=l 

Ilpeo6pa30BaHHe (3.110) rrpe,n:cTasmreT co6oii: Koop,n:1rnarnyro pearrmaunro orrepaTOpHoro pa

seHCTBa f =A* cp B 6a:mce {/;}. 0Tcro.n:a cJie.n:yeT, 'ITO corrpH)J(eHHhIH orrepaTOp A* Bhlpa)J(aeTcH 

B 3TOM 6a3nce 6ecKoHe'IHOii: MaTpnueii: Ila Ji II· TpaHcrroHnposaHHOH ITO OTHoIIIeHHIO K MaTpnue 

oITepaTOpa A. 

3. 13. YpaeHeHuR 

MHorHe <l>H3H'IeCKHe H HH:>KeHepHbie 3a.rt:a'IH CBOMTCH K CHCTeMaM JIHHeHHbIX anre6pa
H'IeCKHX, .n:n<P<PepeHQHaJlhHbIX, HHTerpaJibHbIX ypaBHeHHH, KOTOpbie MO)l(HO rrpe,n:CTaBHTb B a6cT
paKTHOH qiopMe 

y=Ax, 

r.n:e A - HeKoTopbIH JIHHeii:HbIH oITepaTop. 

EcJIH cymecrnyeT o6paTHhIH oITepaTOp A-1
, TO peIIIeHHe ( qiopMaJihHo) oITpe,n:eJIHeTcH ITO 

qiopMyJie 

x= A-1y. 

BhrnCHHM ycJIOBIDI, ITPH KOTOphIX o6paTHhIH orrepaTOp cymecrnyeT. 
06paTHhlii onepaTop. IlycTb oITepaTOp A oT06pa)l(aeT B3aHMHo-o,n:H03Ha'IHoe MHO)l(eCT

so DA c X Ha MHO)l(ecTBe RA c Y, r.n:e X H Y - HeKOTOpbie <PYHKIIHOHaJihHhie rrpocTpaH-

CTBa. 3TO 03Ha'IaeT, 'ITO 'II x E DA Haii:,n:eTcH 3JieMeHT y E RA, TaKOH 'ITO y = Ax n o6paTHO, 

Vy ERA oITpe,n:eJieH 3JieMeHT XE DA: x = A-1y. OITepaTOp A-1 OTo6pa)l(aeT MHO)J(eCTBo RA 

Ha DA H Ha3hIBaeTCH o6paTHhIM K A. TaKHM o6pa3oM, HMeeM .r1sa B3aHMHO o6paTHhIX cooT

HOIUeHHH 

llpUMep 1. JinHeHHhIH orpaHnqeHHhIH orrepaTOp A : R" -? R". EcJIH A - HeBh1po)l(,IleHHhIB 
oITepaTOp, T. e. MaTPHila A 3Toro orrepaTopa B KaKoM-JIH6o 6a3nce tteBbipo)l(,IleHHM (Heoco6ett

HM), TO MaTpHua o6paTHOro orrepaTopa A-1 CYJIJecrnyeT H HBJIHeTCH o6paTHOH K MaTPHile A, 
ITpHqeM 
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IlpUMep 2. IlyCTb orrepaTOp A: c[a,b] ~ c[a,b] .ne:HcTByeT no rrpaanrry 

(Af)(x)=tp(x)= ff(t)dt, f(t}E C[a,b]. (3.111) 

QqeBH,L(HO, 'I'( x) HerrpepbIBHa Ha [a, b]. TaKHM o6pa30M, KIDK,L(aH HerrpepbIBHITTI Ha [a,b] <l>YHK

IUfH rrepeBO.[(HTCH B HeKOTOpoe MHO)KeCTBO u E c [a, b]. lfa (3 .111) HaXO.[(HM 

tp'(x)=f(x), tp(a)=O. 

CJie.[(OBaTeJibHO, MHO)KeCTBO U COCTOHT H3 BCeX <l>YHKil;HH KJiaCca C1 [a, b], o6parn:aIOUIHXCH 

a ttyJib a TOqKe a. Ey.neM cqHTaTb, qTo A: C[a,b] ~ U Tor.na cyrn:ecTByeT o6paTHbIH orrepa

Top K 1 :U ~c[a,b]. 

(AJ)(x) = tp(x), (K1tp)(x) = f (x), 

x 

( AK1 )u =A( A-1u) =Au'= fu'(x)dx =Ju=> AK1 = J, 
a 

x 

( A-1A)u = A-1 (Au)= A-1 f u(x)dx =Ju=> A-1A = J, 
a 

r.ne J - TO)K.necTBeHHbIH (e,LIHHHqHhIH) orrepaTOp. 

IlpUMep 3. IlycTb A: c[o,1] ~ C[O,l] .ne:HcTByeT ITO ITpaBHJIY 

(Af)(x)=tp(x) =ff (t)dt+ f (x), XE [0,1] (3.112) 

IloK~eM, qTo cyrn:ecTByeT o6paTHhlH orrepaTOp A-1 
: C [ 0, 1] ~ C [ 0, 1]. IlycTb orrepaTOp A 3a

.naH Ha MHO)KeCTBe U E C1 [0,1], T. e. j E C1 [0,1]. Tor.na, B COOTBeTCTBHH C (3.112), HaXO.[(HM 

tp'(x)=f(x)+ f'(x), f(O}=tp(O). 

PerneHHe 3Toro .nH<P<PepeHu;HaJibHoro ypaaHeHHH c yqeToM HaqaJibHoro ycJIOBHH .naeT 

f(x)=tp(x)- fe'-xtp(t)dt. 
() 

lfraK, Ka)K.[(OH <l>YHKil;HH 'I'( x )Eu CTaBHTCH B COOTBeTCTBHe e.[(HHCTBeHHITTI cp)'HKil;HH f ( x )Eu 
ITO ITpaanrry 

f (x) =(Btp)(x) = tp(x)-f e'-xtp(t)dt. 
0 
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HMeeM 

(BA)J = B(AJ)=BOJ(t)dt+ J(x)J = J(x)+ f !(t)dt-

x X I -f e'-x f (t )dt-f e'-xdt f J (t1 )dt1• 

0 0 () 

MemreM rropH)J,OK HHTerpttposamrn B IIOBTOpHOM HHTerpane (pHC. 3.15). 3TO B03MO'lKHO, TaK 
KaK <l>YHK~HH exp(t-x )! (t) HerrpepbIBHa B o6JiaCTH HHTerpttpoBaHHH. B pe3yJibTaTe rronyqaeM 

x t x x x x f e'-xdt ff (t1 ) dt1 = ff (t1 ) dtif e'-xdt = f J (t) dt-f e'-x f (t) dt. 
0 0 0 0 0 

x 

Puc. 3. 15. K rrepeMeHe rropHAKa HHTerpHposaHlrn s rroBTOpHoM HHTerpa.rre 

c yqeTOM 3Toro HaXO)J,HM OKOHqaTCJibHO 

(BA) f = lf -=::;. BA = I. 

Attanorn:qHbIM o6pa30M BbIBO)J,HM, qTQ AB= I. Cne)J,oBaTeJibHO, orrepaTop B = A-1
• 

06pamL1e onepaTopL1 B J1nueiiuL1x u uopMupoBaHHhlX npocrpaucTBax. TiycTb JIHHei1:

Hbii1: orrepaTOp A: DA ~RA, r)J,e DA c X, RA c Y H X, Y - JIHHeliHbie rrpocTpaHCTBa. Bse

)J,eM H)J,po orrepaTOpa A 

N (A) = ker A = { x E DA : Ax = 0}. 

OHO He rrycTO, ITO Kpai1:Hei1: Mepe, O)J,HH 3JieMeHT x = 0 CO)J,ep'lKIITCH B HeM (HaITOMHHM, 'ITO 

N(A) - JIIIHelittoe MHoroo6pa3IIe B X ). 
HMeeT MecTo TeopeMa 1. OrrepaTOp A rrepeBO)J,IIT DA B RA B3aIIMHO-O)J,H03Ha'IHO Tor)J,a 

II TOJibKO TOr)J,a, KOr)J,a N (A)= { O}, T. e. co)J,ep'lKIIT TOJibKO 3JieMeHT 0. 

B caMOM )J,eJie, rrycTb H)J,po orrepaTOpa A co)J,ep'lKIIT JIIIIIIb HynesoH: 3JieMeHT II3 DA. ,O:o

rrycTIIM, qTQ yE RA IIMeeT )J,Ba rrpoo6pa3a x1 II x2 EDA. Tor)J,a Ax1 = y II Ax2 = y, OTJ<Y)J,a 

A(Xi-x2 )=0, T.e. Xi-X2EN=>x1=x2. 

06paTHO, rrycTb orrepaTop A coseprnaeT B3aHMHO-O)J,H03Ha'IHoe oTo6pa'lKeHIIe DA~ RA. 

Heo6xo)J,IIMO rroKa3aTb, 'ITO N(A)={O}. Tipe)J,IIOJIO'lKIIM, Harrpoms, 'ITO N(A):;e{O}. Tor-
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,[(a 3ze N(A) H z * 0. IlycTh ye RA, TOr,[(a ypasHemre Ax= y HMeer pelliemi:e x* EDA. 

0'1eBH,[(HO, A(x*+z)=Ax'=y, rrpH'IeM x'+z-:t:x*. 3-ro 03Ha'laeT, 'ITO VyeRA HMeeT no 

MeHhllieli Mepe ,[(Ba rrpoo6proa x * H x • + z. lfrax, rrpe,[(rrono)l(HB, 'ITO N (A) * { 0}, rrpHXO,[(HM 

K rrpoTHBope'lmo. TeopeMa ,[(OKa3aHa. 
IlyCTh A nHHeHHhIH orrepaTop c DA= X, RA= Y, r,[(e X H Y -JIHHeHHhie HOpMHpOBaH

Hhie npocrpaHCTBa. Tor,[(a: 

1) A-1 CYilleCTByeT H orpaHH'leH B TOM H TOJihKO B TOM CJIY'lae, KOr,[(a HaH,[(eTCJI TaKa.H 
IIOCTOJIHHM m > 0, 'ITO 

2) Ecnu crrpasewmso yTBep)l(,[(eHHe 1, TO 

T. e. A-1 
- orpaHH'leHHhIH orrepaTop. 

3. Ecnu A-1 cymecTByeT, TO OH JIHHeHHbIH onepaTop. 
,I:(OKa3aTeJihCTBO rrpe,[(JIO)l(eHHJI 3. 
ITycTh yl' y2 E Y, Tor.r1a 3xpx2 EX TaKHe, 'ITO 

.JJ:anee, 

TaKHM o6pa30M, A-1 
- a,[(,[(HTHBHhIH H O,[(Hopo,[(HhIH, a 3Ha'IHT, JIHHeHHhIH orrepaTop. 

,D;oKa3aTeJihCTBO npe,[(JIO)l(emrli 1, 2. 

(3.113) 

B caMoM .r1ene, rrycTh A-1 CYIIIecTByeT H orpaHH'leH Ha Y. 3-ro 03Ha'laer: Vye Y, 3C > 0, 
TaKM'ITO 

TaK KaK y =Ax, HaXO,[(HM 0Tc10.r1a 

!!xii::; CllAxll ~ llAxll ~ ~ 114 
06parno, rrycTh HMeeT MecTo ttepaBeHCTBO (3.113). Tor.r1a ecnu Ax=O, TO x=O, T. e . .H,[(po 

N (A)= { O}. ITo TeopeMe 1 cymecTsyeT o6paTHhIH onepaTop K 1
, oTo6pa)l(aJOIIIHH RA s3a

HMHO-O,[(H03Ha'IHO Ha DA. Ilonara.H B (3.113): x == A-1 y, 3arrnllieM 

Ey.r1eM rosopHTh, 'ITO JIHHeHHhIH onepaTop A HerrpephIBHO o6paTHM H3 RA = Y B DA = X, 

ecnu CYIIIeCTByer A-1 E£(Y,X), T. e. A-1 
- orpaHH'leHHhIH JIHHeHHhIH orrepaTop. EcJIH BhI

rronH.HeTC.H HepaseHCTBO (3.113), TO orreparnp A HerrpephIBHO o6paTHM H3 RA = Y a DA = X. 
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,l(Jur orrepaTOpa A E £ ( X, Y) HMeer MecTO cne;zyrorn;ITTI TeopeMa ( C . .6aHax). 

Ecnu A - JIHHeHHhIH orpaHuqeHHhIH orrepaTOp, oTo6pa)l(aJOIIJ;Hli B3aHMHO-O.D:H03HaqHo 
6aHaxoBo rrpocTpaHCTBO X Ha 6aHaxoBo rrpocrpaHCTBO Y, TO cyrn:ecTByeT JIHHeHHhIH orpa-

HuqeHHhIH orrepaTOp A-1
, o6paTHhIH K A. 

3aMeqaHHe. PaccMOTpHM ypaBHeHHe 

Ax=y, (3.114) 

r.ne A - HerrpephrnHo o6paTHMhIH orrepaTop. 3To ypaBHeHue HMeeT e,nttHCTBeHHoe peweHue 

x = A-1y. )],JUI .npyroli rrpaBoli qacrn y' rronyqaeM BTOpoe peweHHe x' = A-1y'. HopMa pa3-

HOCTH 

3HaquT, MaJIOe H3MeHeHHe rrpaBOH qaCTH (BXO,!l;HhlX ,naHHhIX) B CMhICJie MCTpHKH rrpocTpaHCT
Ba y BJieqer 3a co6oii MaJIOe H3MeHeHHe pemeHH11 (B CMhICJie MCTpHKH rrpocTpaHCTBa x ). 
B 3TOM cnyqae r0Bop11T, qTo 3a,naqa (3.114) rrocTaBJieHa KoppeKTHO. 

flpUMep 1. PacCMOTpHM B c[o,1] lfHTerpaJibHOC ypaBHCHHC. 

I 

(Ax)(t) = x(t)+ ft 2s2x(s)ds = y(t), x(t)E C[O,l], y(t)E c[o,1]. 
0 

Ero peIIICHHC HMCCT BH.D: 

Cne,noBaTeJihHO, orrepaTop A-1 orpattuqeH, T. e. orrepaTOp A HerrpephIBHO o6paTHM. Brrpo

qeM, 3TO cpa3y cne,noBano lf3 HerrpepbIBHOCTlf 11,npa t 2 s2 B KBa,npaTe [ 0, 1] x [ 0, I]. 

IlpUMep 2. PaccMOTplfM 3a,naqy Kowu Ha [O,T]. 

I(Ax)(t) =( :t22 +al }(t) = y(t), x(t)E C2 [O,T], y(t)E C[O,T]; 

l x ( 0) = 0, x' ( 0) = 1. 

Ee pewettue, KaK Herpy.ntto BH.D:CTh, TaKOBo: 

I ' 
( K 1y )(t) = x(t) =- f y ( r)sin w(t-r)dr. 

OJ 0 

0TCIO,!l;a BhITeKaeT HerrpepbIBHITTI o6paTlfMOCTh 3TOro .nmp<j:JepeHIJ;HaJihHOro orrepaTopa . .ZJ,elicT
BlfTCJihHO, 
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IlpUMep 3. HeorpamrqeHHbIH orrepaTop. PaccMOTpttM BHOBb orrepaTop HHTerpttpoBamur 

t 

(Ax)(t)= fx(r)dr=y(t), o:;;r:;;T, A:C[O,T]~C[O,T). 
0 

06paTHbIH orrepaTOp 

(K 1y )(t) =..'.!.. y(t) = x(t)' K 1
: C1 [O,T] ~ c[o, T]. 

dt 

TaKHM o6pa30M, A-1 
- JIHHCHHbIB, HO HeorpaHlfqeHHblH orrepaTop H3 c 1[0,T] B C[O,T]. Ha

rrpttMep, rrocJieAOBaTeJibHOCTb 

{_!_sin krct} c C 1 (0 T] 
k T ' 

CXOAHTCH ITO MeTpttKe rrpocrpaHCTBa c K Hymo. 0AHaKO IIOCJieAOBaTeJibHOCTb 

-i( 1 . krctJ n knt 
A ksmT =TcosT 

He CXOAHTCH HM K KaKOMY rrpeAeJiy. 

0TMeTHM TaIOKe, qTo BIIOJIHe HerrpepbIBHbIM orrepamp A He MO)l(eT HMeTb orpaHlfqCHHOro 

o6paTHoro A-1
, TaK KaK eAUHttqHbIM orrepaTOp I= AA-1 = A-1 A He o6naAaeT CBOHCTBOM rronHoii 

HerrpepbIBHOCTH. 

3aMeqaHne. Ilpo6neMa orrpeAeJieHHH o6paTHoro orrepaTopa B03HHKaeT, HarrpttMep, B AH

HaMlfqeCKHX CHCTeMax B CBH3H c KoppeKJ:uieH HCKa)l(CHHH BXO,ll;IfOro CttrHaJia. ECJIH BXOAHOH cnr

HaJI x CHCTeMbI, OIIHCaHHOH JIIIHCHHblM orrepaTOpoM A ' ACHCTBYJOII(HM B rrpocrpaHCTBe x ' 
IIOABepraeTCH HCKa)l(eHHIO B pe3yJibTaTe rrpoXO)l(AeHHH qepe3 CHCTeMy A, TO BOCCTaHOBJie

HHe rrepBOHaqaJibHOH <)lopMbI x :noro CHrHaJia MO)l(eT 6bITb AOCTHrttyro c IIOMOUlbIO APyrOH 

AHHaMf!qeCKOH CHCTeMbI, IIOCJieAOBaTeJibHO COCAHHeHHOH c rrepBOH H HMCIOUICH orrepaTOp A-1 

(pnc. 3.16). 

A 
x y=Ax x 

Puc. 3.16. K KoppeKU:HH HCKa:lKeHHH Ha Bh!XO):\e ):\HHaMHqecKOH CHCTeMbl 

IlycTb AE£(X,Y), orrepaTop A;1 E.£(Y,X) Ha3hlBaeTcH rrpaBbIM o6paTHbIM orrepaTO

poM KA, ecnn AA;1 = ly. OrrepaTop A1-
1 E £(Y,X) Ha3bIBaerc11 neBbIM o6paTHbIM KA, ecJIH 

A;1 A= Ix. 3Aeci, qepe3 Ix H Ir o6mHaqeHbI TO)J{AecTBeHHbie orrepaTopbI B rrpocrpaHcTBax 

X H Y COOTBCTCTBCHHO. 

c TOqKH 3pCHHH cymecTBOBamrn H CAHHCTBCHHOCTH perneHHH ypaBHCHHH Ax= y MO)l(HO 

CKa3aTb CJICAYIOU1ee. 

1. Ecntt cyrn:ecTByeT A;1
, TO 3TO ypaBHeHne HMeeT perneHHe 

x=A;1y 

(TeopeMa cyrn:eCTBOBaHHH). 
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2. Benn cym:ecTByeT A-1
, TO 3TO ypaBHeHne MO)KeT HMCTb He 6onee O)J.Horo pellleHHH 

(TeopeMa e)J.HHCTBCHHOCTH). 

B caMoM )J.eJie, 3aMeTHM, qTO 3JieMeHT BH,n;a A;1 y HBJIHeTcH pellleHHeM 

)J,anee npe.L\IIOJIO)KHM, qTo ypasHeHHe Ax= y HMeeT )].Ba pa3JIHqHbJX pellleHHH x H x*. Tor,[(a 

Ax= y, Ax*= y=> A(x-x*) =0=> x-x' E ker A. 

Ilo,[(eHCTBOBaB JieBbIM o6paTHbIM onepaTopoM, nonyqHM 

A1-'A(x-x')=O=>x-x' =0, 

T. e. rrpHXO.L\HM K rrpoTHBopeqmo. <l>aKTnqecKH 3TO 03HaqaeT, qTO H.L\PO onepaTOpa A co,[(ep

)KIIT TOJibKO HyJieBOH 3JieMeHT H, 3HaqHT, onepaTop A COBeplllaeT B3aHMHO-O,[(H03HaqHoe OT0-

6pa)KeHHe X B Y (s TOM cnyqae, ecnn pellleHHe cym:ecTByeT). 

IJpUMep. JlHHeHHbIH onepaTOp A B rnJID6epTOBOM npoc~HCTBe H = 12 
c opTOHOpMHpO

BaHHbIM 6a3HCOM {ek} 3a,n;aeTCH CJie.[(yIOillHM o6pa30M: 

Ae1=0, Aek = ek-I ( k = 2,3, ... ). 

IlyCTb 

x= f .;kek, f1.;kl2 =llxll2 
<oo. 

k=I k=I 

Ax=y; 

00 00 00 00 

Ax= LqkAek = Lqkek-1 => y = LrJkek => x = q,e, + LrJkek. 
k=I k=2 k=I k=I 

Cne.nosaTen1>Ho, rro 3a,naHHOMY yE H orrpe,neJIHeTCH xE H c ToqHoCThIO .no cnaraeMoro 

q1e1 E ker A. 

0TMeTHM, qTQ npe,[(eJibHbIH nepeXO,[\ 3,L\eCb )J.OnyCTHM, TaK KaK Xn = (qpq2,. . .,qn,0 ... ) IIpH 

n ~ oo CXO.L\HTCH K 3JieMeHzy x (no HOpMe H), a B CHJIY Herrpep1>IBHOCTH onepaTopa A 

3a,[(a)J.HM Terrepb JIHHeHHbIH orrepaTOp A;' rrpH IIOMOillH COOTHOillCHHH 

A;1ek=ek+1+rke, (k=1,2, ... ), 

r,[(e IIOCTOHHHbie Yk TaKOBbl, qTO f lrkl2 
< oo. 

k=I 
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B 3TOM cnyqae, ecm1 

Y = f 7Jkek • f J7Jk J

2 

< 00
• 

k=1 k=) 

TO 
00 00 00 Q() 

A;
1
y = L7JkA;

1
ek = L1Jk (ek+1 + rke1) = L7Jkek+1 + LYk1Jke1. 

k=I k=I k=I k=I 

TiocJie,[(HIDI CYMMa 3,[(eCb CXO,[(HTCH ITO HepaBeHCTBY lllsapna. HaKOHel(, BhlqHCJIHM KOMIT03H

UHIO AA;1
• lfMeeM 

00 00 00 

( AA;
1 )y =A( A;

1y) = AL7Jkek+I + LYk7JkAe1 = L1Jkek = Y· 
k=1 k=I k=l 

0Tc10,n:a A· A;1 =I H, T. e. oITepaTOp A;1 ecTb rrpaBbiil: 06paTHb1il: K A. 

lfMeeT MecTO cne.n:y10mee ITpe,n:JIO)l(eHHe. EcJIH ,n:nH orrepaTopa A E :£ ( X, Y) cyiuecTByioT 

A;1 H Ai-1. TO 3A-1
, o6paTHbiil: K A, ITpHqeM 

1) Ki= A,-1 = A;t; 

2) DA_, =Y, RA_, =X (K1 E£(Y,X)); 

3) ITpaBI>Iil:, o6paTHbiil: K A, H neshlil:, 06paTHb1il: e,n:HHCTBeHHbI. 

0Tc10,n:a BbITeKaeT, qTo ecnH cymecTByeT oITepaTOp U, TaKoil: qTo 

UA=lx, AU=lr, Ae:i(X,Y), 

TO K 1=Ue£(Y,X) HOITepaTop A HeITpepbIBHoo6paTHM[12]. 

HarroMHHM HeKOTOpb1e orrpe,n:eneHHH. TiycTb A E :£ ( X), X - 6aHaxoso. Tio.n: cTeITeHhlO 

orrepaTopa ITOHHMaeTcH cne.n:y10mee: 

A1 =A, A2 =A(A)=A·A, Ak=~=A(Ak-1 ). 
k 

QqeBH,[(HO, CTeITeH11 orrepaTopa A KOMMJTaTHBHhl, T. e. A m+k =Am . A k =A k . Am . .lJ.anee, 

jjAxjj ~ JJAJJ Jjxjj. llA 2 xii = llA (Ax )ii ~ jjAjj jjAJJ Jjxjj = jjAJJ
2 

JjxJJ. 
lf soo6me, 

llA k xii ~ llAl/k /lxll ~ llA k II~ II Air . 

TIO OITpe,n:eJieH1110 pH,[( 

(3.115) 
k=I 

CX0,[(11TC51 paBHOMepHO (B CMbICJie CXO,[(HMOCTl1 ITO HOpMe B :£ (x) ), eCJIH paBHOMepHO CXO,[(HT

CH ITOCJie,[(OBaTeJibHOCTb ero qacTHqHbIX cyMM 
n oo 

Sn = LA k, Sn -7 S =LA k ( n -7 oo ). 

k=I k=1 

OITepaTop S Ha3bIBaeTCH CJMMOil: pH,n:a (3.115), oqesH,n:Ho SE:£ ( X). 
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HMeeT MecTo KpHTepHii cxo.n;HMOCTH pH.n;a (3.115). IlyCTh X - 6aHaxoso, Tor.n;a rorn ero 

cxo,n;HMOCTH Heo6xo,n;HMO H .n;oCTaToqHo, qTo6hl {s"} 6bma cpytt.n;aMeHTaJlbHoii, T. e. Ve> 

> 0, 3 N ( e) > 0 TaK, qTO 

(rrpH scex HaTypaJihHhlX p). 

,[J,eiiCTBHTeJibHO, TaK KaK x - 6aHaXOBO, TO cpytt.n;aMeIITaJibHM rrocJie,n;oBaTeJlbHOCTb {sJ 
CXO,!l;HTClI K s. 06paTHO, ecJIH ITOCJie,n;oBaTeJihHOCTb qacTHqHblX CYMM CXO,!l;HTClI B x' TO OHa 

tPYH.LlaMeHTaJibHa. 
rosopii:T, qTQ PH.LI (3.115) CXO,!l;HTClI a6COJIIOTHO, eCJIH CXO,!l;HTClI qHCJIOBOH pH.n; 

Bcii:KHH a6coJIJOTHO cxoAAmwiicii: B X pii:.n; cxo.n;HTCH paBHOMepHo. 
,[J,JIJI HCCJie,D;oBaHHlI B03MO)l(HOCTH o6paTHMOCTH orrepaTOpa BeCbMa ITOJie3Hhl yTBep)l(,n;e

HHlI KOHCTPYKTHBHOro xapaKTepa. IlpHse.n;eM rrpe,n;JIO)l(eHHe, rro3BOJiii:10mee He TOJihKO rapaH
THposaTb cymecTBOBaHHe o6paTHoro orrepaTopa, HO H arrrrpoKCHMHposaTh ero. 

TeopeMa. IlycTb X - 6aHaxoso rrpocTPaHCTBO, A: X ~ X - JIHHeiiHhlH orpaHwqeH-

Hhlii orrepaTOp, orrpe.n;eJieHHhlii Ha X (T. e. AE £(X)), rrpwqeM 

JJAJJ~ a< 1, 
Tor.n;a (1 - A t 1 

orpaHttqeH (T. e. orrepaTOp (1 -A) HerrpephIBHO o6pamM) H y.n;osJieTBopii:eT 

YCJIOBHIO 

EoJiee Toro, pii:.n; LA n B £ ( x) paBHOMepHO CXO,!J;HTClI K orrepaTOpy ( 1 - A)-\ . 
n=O 

CJie.n;osaTeJibHO,pH.Ll 

1+A+A2 + ... 

paBHOMepHo cxo.n;HTCH. Mhl HMeeM 

(1-A)Sn =(1-A)(1 +A+ A2 + ... +A") =1-A"+1
, 

Sn (1-A) =(1 +A+ A2 + ... +A" )(1-A) = 1-A"+1
• 

,[J,aJiee, 
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CJie;::i:oBaTeJibHO, B rrpe;::i:eJie (n ~ oo} rroJiyqaeM 

(I-A)S=l, S(I-A}=l=>S=(I-Af1, 
T. e. 

(!-A(= fAk, 
k=l 

3HaqHT, orrepaTop I -A HerrpepbIBHO o6paTHM. 

TeopeMa. IlycTb AE£(X} HMeeT o6paTHbIH orrepaTop K 1
, a onepaTop BE £(X) Ta-

KOB,qTQ 

Tor;::i:a onepaTop C =A+ B HMeeT o6paTHbIH orpaHHqeHHbIH orrepaTop c-1
, rrpHqeM 

(3.116) 

)J,oKa3aTeJibCTBO. Ilpe;::i:noJIO)J(HM, qTo llBllllA-1II::;a<1. Tor;::i:a, cornacHo rrpe;::i:hiil:YIIIeii 

TeopeMe, orrepaTop I+ A-1 B HMeeT orpaHHqeHHhlii o6paTHhlii. 

k=l 

ll(I+K1B(il::;fllK1Bllk= 1_1 <-1 . 
k=o 1-llA Bii 1-a 

)J,aJiee, TaK KaK (Act = c-l K 1
, 3anmneM 

C-
1 =(A+Br1 = (A(! +A-1B)f =(I +K1B( K1

, 

-1 L -I 1 llK1ll llK1ll 
ll(A+B) 11::;11(! +KB) 1111A-11::; 1-llK1Bll::; 1-11K11111s11" 

Terrepb olleHHM HOPMY llc-1 -A-111- HMeeM llerroqey cooTHorrieHHii 

c-1 -K1 = (A+Bt-A-1 = (A(l +A-1B)t1-A-1 = (1 +A-1Bt1 K1 -A-1 = 

0TCIO):(a 

qTo ll rpe6oBaJIOCb. 
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B KaqecTBe npHM:epa Ha rrp11MeHeHHe 3TOH TeopeMbI paccMOTPHM HHTerpaJibHbIH onepaTop 
I 

Ax=x(t)- JK(t,r)x(r)dr 
0 

c HenpepbIBHbIM B KBa.r:i:paTe [0,1 ]x [o, 1] H.D:pOM K ( t, 1")' OTo6pa)J{alOUIHH npocTPaHCTBO C[O,l] 

B ce6n. IlyCTb K0 ( t, r) - BbipO)J(,[(CHHOe H.D:pO, 6.JimKoe K MPY K ( t, r), H Ao - HHTerpaJibHbIB 

onepaTOp, ,[\CHCTBYIOIIIHH B c[o,1] no <i>OPMY.JIC 

1 

Aox=x(t)- JK0 (t,r)x(r)dr. 
0 

Ilo.JIOJKHM 

OJ= maxiK (t, r)-K0 (t, r)i 
t,T 

H paCCMOTpHM onepaTopHbIC ypaBHCHHH 

Ax=y,Aox=y. 

IlycTb ~A= A-Ao, TOr.r:i:a 

IMxl =Ii( K (t, r)- K0 (t, r))x( r)drl ~ 1~~xiK(t, r)- K0 (t, r)im:xix( r)idr = 
= OJllxll ~ llMll ~ m. 

,lVIH HHTerpaJibHOro ypaBHCHHH c BhlpO)J(,[(CHHbIM H.D:POM peIIICRHe CBO,[(HTCH K CHCTCMe JIHHCH
HhlX anre6pa11qecKHX ypaBHCHHH. Ilpe.r:i:no.JIO)l(HM, qTQ CHCTCMa HMeeT perneHHe Ji[ rrpe,[(CTaimM 

ero B BH.D:e 

r;::i;e R - H3BCCTHbIH orrepaTOp, rrpJi[qeM llRll = r. Ilpe.r:i:noJIO)l(liM, qTO OJ r < 1. Tor.r:i:a 

H B cHJiy TOJibKO qTo .r:i:oKa3aHHOH TeopeMbI orrepaTOp Ao+ M =A HerrpepbIBHO o6paTHM, T. e. 

ypaBHCHHe c HCBblpO)l(,[(CHHbIM H.L\POM HMeeT perneHHC. 06o3HaqHB ero qepe3 x ( t), rronyqHM 

cornacHo (3.116) 
2 

llx-xoll =ll(Ao +M( y-~1Y11~ ll(Ao +Mf1-i\1llllYll ~ l~~)Yll· 

llK1ll< 11~
1

11 _r 
-1-11~1Mll < 1-rm· 

PaccMOTPIIM orrepaTopHoe ypasHeHne 

x=Ax+y, 

r.r:i:e AE£(X), XE X, X -6aHaxoso, yE X -3a.D:aHHbIH3.JieMeHT. 

(3.117) 
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EcJIH llAll::;; a< 1, To orrepaTOp I - A HerrpepbIBHO o6paTHM. Tor,[(a ypaBHeHHe (3.117) O.[(Ho-

3Ha'lHO pa3peumMO, H HMeeM ,[(Be B3aHMHO-o6paTHble <}>opMYJibI 

(I-A)x= y ¢::> x=(I-A( y. 

PaccMoTpMM Terrepb orrepaTOpHoe ypaBHCHHe c rrapaMeTpOM A 

Ax-Ax= y, x, yE X, Ac£(X). (3.118) 

O'leBJi!.D:HO, rrpli! \\A\\< \A-\ o6paTHhIB orrepaTOp (Al -At1 cyUiecTByeT Ji! orrpe,ri:emreTCH paBHO

MepHo CXOMUIJi!MCH pH.[(OM 

0Tcro,ri:a cJie.[(yeT, 'ITO (Al -At1 
- orpaHJil'leHHhitt orrepaTOp, T. e. (A.I -A) HerrpephIBHO 06-

pamM. C y'leTOM :noro o6cTOHTeJJhCTBa 3aKJJIO'laeM, 'lTO rrpli! I/LI> JIAJJ ypaBHeHue (3.118) O.[(

H03Ha'lHO pa3peIIIHMO. 
IlOJiy'l:aeM ,[(Be B3aHMHO-o6paTHhle <jJopMYJibI 

y=(IA.-A)x, x=(!A-Af1 y. 

EcJJJi! HMCTb BBH.D:Y ypaBHCHJi!e 

(A-/LI)x= y, (3.119) 

TO B CHJJy cyUieCTBOBaHHH o6paTHOro orrepaTOpa (A - /LI( perueHHe orrpel(eJIHeTcH paBeHcT-

BOM (rrpH JJAJI < /!,) 

x=(A-A.If1 y. 

3tta'lCHHe rrapaMeTpa /!,, IIpH KOTOpOM CYllICCTByeT el(Ji!HCTBCHHOe peruem1e ypaBHeHHH (3.119), 
Ha3bIBaeTcH pery;rnpHhIM 3Ha'leHHeM. OrrepaTOp 

R;.. = (A-Al)-1 

Ha3bIBaeTCH pe30JihBeHTOtt HJJH pe3oJihBeHTHhIM orrepampoM. TaKHM o6pmoM, peIIIeHHe ypasHe
HHH (3.119) orrpe)J.emi:eTcH <}>opMynoiI 

x= R4 y. 

0Tcro11a cJie.[(yeT, 'lTO O.[(Hopo11Hoe ypaBHCHHe Ax-Ax= 0 HMeeT TOJihKO TpHBHaJihHOe perue-

HHe (rrpu JJAIJ < jl!,j ). 
MHo:lKecTBo Bcex 3Ha'leHJi!tt /!,, rrpli! KOToph1x orrepaTop A - A.l neo6parn.M, Ha3hIBaeTcH 

crreKTPOM orrepaTOpa A. Co6CTBeHHhie 3Ha'leHHH, ecJIH OHH ecTh, rrpHHa,[(Jle)KaT crreKTPY· 0.[(Ha
KO, KpOMe co6CTBeHHbIX 3Ha'leHHH, CIIeKTP MO)KeT co11ep)KaTb .[(pyrHe 'lHCJia HJIH B006Uie He co
,ri:ep)KaTh co6cTBeHHhIX 3Ha'leHHH. 

3aMe'laHHe. IIo .[(OKa3aHHOMY BhIIIIe, ecJIH A HerrpepbIBHO o6pamM, To A+ M rrpH .[(OCTa-

TO'lHO MaJIOH HOpMe \\M\\ TaK)Ke HerrpepbIBHO o6paTHM. Cnel(OBaTeJihHO, ecJIH -1(1/L\ > l\AI\) -
peryMpHoe 3Ha'leHHe orrepampa A, TO A.+~/L(IJ!,+~-1\>jjA+Mll) TaK)Ke peryMpHOe 3Ha'le-
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HRe. Orc10,n;a cne;zyer, 'ITO MHO>KeC'fBo peryIDipHhIX 3Hat.J:emrn OTJ<PhITOe, a ero ,n;onoJIHeHH:e -
COBOK)'IIHOCTh scex A, He HBJI1!101IJRXC11 peryn11pHbIMR, 1aMKH}'TO. TaKHM o6pa3oM, crreICTp JIH:

HeliHoro orrepaTopa eCTb 3aMKHyrOe MHO)J(eCTBO. 

llpUMep I. Oneparop )'MHO)J(eHRH Ha t, T. e. Ax= tx(t) B C [a, b]. llMeeM 

Ax-Ax= y=> (t-A.)x= y => x=(t-A.( y, tE [a,b]. 

3Hat.J:RT, co6cTBeHHbIX 3Hat.J:eHRH y orrepaTopa A HeT, a pe30JihBeHTa 

1 
R.<.=--

t-A.' 

T. e. crreKTp CIIJIOIIIHOH (HerrpepbIBHbIH) li 3aIIOJIIDieT 0Tpe30K [a, b]. 
IlpUMep 2. IlycTb 

Tor,n;a o,n;Hopo,n;Hoe ypasHeHH:e 

d2 
A= - dt2, t E [ 0, l]. 

d2 
Ax-Ax= 0=> -

2 
x(t)+A.t(t)= 0 

dt 

c rpaHH:t.J:HbIMR ycJIOBRHMR x( 0) = 0, x' ( 0) = 1 H:Meer pemeHRe rrpR A> 0 

x(t) = Jx sin.fit. 

Cne,n;osaTeJII>Ho, crreKTp orreparopa A 3anonH11eT aero rronyoco A,> 0. 

(3.120) 

(3.121) 

IlpUMep 3. PacCMOTpRM BHOBb ,n;mp<Pepem:i;H:aJibHbIH orreparop (3.120) li COOTBeTCTByIOIIJee 

eMY ypaBHeHRe (3.121), Ho rpaHH:t.J:HDie ycnoBRH rrpH:MeM TaKH:MR: x( 0) = 0, x(l) = 0. Ot.J:eBH:,n;Ho, 

t.J:TO rrpR A::;; 0 ypaBHeHH:e (3.121) H:Meer JIRIIIb TpRBliaJibHOe peIIIeHRe x = 0. Ilpn A> 0 He-
TpHBJiaJibHhle peI1IeHH1! CYIIJeCTByIOT li H:MeJOT Bli,ll; 

xk(t)=CsinkJCx (k=l,2, ... ). 

flpli 3TOM l.J:JiCJia 

~ = (lm)2 

(3.122) 

o6pa3YJOT ,n;HCKpeTHblH crreKTp { JC2
, 4JC2 '9JC2

' ••• }' a COOTBeTCTByIOIIJlie co6cTBeHHbie <PYHKIUIB 

HMelOT Bli,ll; (3.122). 
JluueiHLie ypaeueHHH c snoJiue uenpepLIBHLIMH onepaTopaMH. IlyCTo A - BIIOJIHe 

HerrpepbIBHhlH JIH:HeHHblH oneparop, ,n;eHCTByIOIIJHH B 6aHaXOBOM npocTpaHCTBe 

X(AE o-(X,X)=CY(X)). 
JlH:HeHHOe ypaBHeHHe 

x-Ax= y. (3.123) 

c BIIOJIHe HerrpepbIBHbIM orreparopoM A Ha3blBaeTC1! ypaBHeHHeM BTOporo po,n;a (no aHaJIOTHH 
c HHTerpaJibHbIM ypaBHeHHeM <l>pe,n;rOJibMa BTOporo po):(a B TeopHH JflITerpaJibHhlX ypaBHeHHH). 

c ypaBHeHHeM (3.123) TeCHO CB1!3aHO conpH)J(eHHOe ypaBHeHHe BTOporo po,n;a 

f-A*f = g (3.124) 

r):(e oneparop A* KaK conpsi>KeHHbIH c BTIOJIHe HenpepbIBHbIM orrepaTopoM A caM BIIOJIHe He
npephlBeH (TeopeMa Iliay,n;epa [12)). 
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YpaBHemn1M (3.123), (3.124) cooTBeTcTByeT napa o.n;ttopo.n;Hhlx ypaBHemrii 

z-Az=O 

h-A*h=O. 

(3.125) 

(3.126) 

HmKe H3JIO)l(HM OCHOBHbJe BbIBO,ll;hl H3 Teop.HH TaKHX ypaBHeHHH, npHHa,ll;Jie)l(aIIleii <l>. Puccy 
H IO. Illay.n;epy. Ilo.n;po6Hoe H3JIO)l(eHHe Teopnn ypasHettuii c BITOJIHe HenpepbIBHbIMH onepa
TOpaMH MO)l(HO HaHTH B [11]. 

1. BnoJIHe HenpepbIBHbIH orrepaTop A MO)l(eT HMCTb JIHIIIb KOHeqHoe qHcJio JIHHeiiHo He-
3aBHCHMbIX co6cTBeHHbIX 3JieMeHTOB, cooTBeTCTBYJ:OIIl,HX o.n;ttoMy co6cTBeHHOMy qHcny A,"# 0. 

2. 0.n;Hopo.n;HbJe ypaBHeHirn (3.125) H (3.126) HMeIOT O.L\HHaKOBOe qHCJIO JIHHeHHO He3a
BHCHMbIX peIIIeHHM (BTOpaH TeopeMa <l>pe,LiroJibMa). 

3. 11HHCHHOe MHOroo6pa3He 3JieMeHTOB y E x' TaKHX qTo x - Ax= y HBJIHeTCH IlO.L\IlpO

CTpaHCTBOM 6attaxosa npocTpaHCTBa x (T. e. 3aMKHYTO). 
4. TpeTbH TeopeMa <l>pe.n;rOJibMa. ,LVIH TOro qT06b1 ypaBHeHne (3.123) HMeno peIIIettue rrpn 

,LiaHHOM y E x' He06XO.[\HMO H .[\OCTaToqHo, qTOfaI f (y) = 0 .n;JIH mo6oro f E x.' TaKOro qTo 

f-A'f =0. 

,ll,oKa3aTeJibCTBO. Heo6xo.n;HMOCTh. IlycTb ypasHeHHe (3.123) pa3peIIIHMO, T. e . .L\JIH ,LiaH
Horo y E x, ::3xo E x TaKOH, qTQ 

y =Xo-AXo· 

EcJIH f E X * npomBOJihHhrn JIHHettHhIH <l>ym<IIHoHaJI, y.n;oBJiernopHIOI1JHM ypaBHeHHIO (3.126), TO 

J(y )= J(x0 -Ax0 )= J(x0 )- J(Ax0 ) = J(x0 )-A* J(x0 )= (J -A* f Xx0 )= 0 => 

=> f(y)=(f,y)=O. 

,ll,ocmTOqHocTh. IIycTh Terreph f ( y) = 0, npHqeM f - A* f = 0. IloKa)l(eM, qTO y E L = 
= { (I - A) x}, r.[ie x npo6eraer Bee X. IIpe,LiIIOJIO)l(HM npoTHBHoe, qTO y EL. TaK KaK L 

3aMKttyro, TO p ( y, L) = d > 0. Ilo cJie,LiCTBHIO 5 m TeopeMhI Xatta-Eattaxa CYIIIeCTBYeT JIHHett

HbIH <i>YHKU:HOHaJI f 0 E X *, TaKOH qTQ 

f 0 (y) = 1 H f 0 ( L) = 0. 

lfa rrocne,L\Hero paBeHcTBa cne.n;yeT V z E L 

fo ( Z) = fo ( x - Ax) = fo ( x) - A* fo ( x) = (I - A* ) f 0 ( x) = 0, 

T. e. 

f 0 ( x )- A' f 0 ( x) = 0. 

Ho, c .n:pyron cTopoHhI, f 0 ( y) = 1. TaKHM o6pa30M, npe.n;noJimKeHue, qTO y EL npHBO)J,lIT 

K npOTHBopeqHIO, IIO.L\TBep.n;HJiocb, qTo H TPe6oBaJIOCh. 
YpaBHeH.He x-Ax = y Ha3bIBaeTCH HOpMaJihHO pa3peIIIHMbIM, ecJIH OHO HMeeT peIIIeHHe 

npH f (y) = 0 MH JII06oro f E X *, Y.L\OBJieTBOpHIOI1Jero ypasHeHHIO f - A* f = 0. TaKHM o6pa-

30M, .n;JIH HOpMaJibHOH pa3peIIIHMOCTH ypaBHeHHH (3.123) .n;ocTaToqHo, qT06bI JIHHeMHOe MHO

roo6pa3He L = (l -A)X 6hrno 3aMKHJTO. 
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Ih TeopeMhI <l>pe,D,ron1>Ma cne,D,yeT, T.ITO ecnn conp.mKeHHoe O,D,Hopo,D,Hoe ypaBHeHne 

f-A*f=O 

HMeeT TOJibKO TpHBHaJibHOe (HyneBoe) perneHHe f = 0, TO HeO,D,HOpO,D,HOe ypaBHeHHe 

x-Ax=y 

pa3peIIIHMO npH mo6oH: npaBOH T.IaCTH. 

CooTBeTcTByIOrn;a11 TeopeMa <l>pe,D,fOJibMa HMeeT MeCTO H )J,JI1! ypaBHeHH1! (3.124). ,D.n11 TO

ro 'IT06I:J TIO ypaBHeHHe npH 3a,D,aHHOM g E x * 6oIJIO pa3peIIIHMO, Heo6xo,D,HMO H ,D,OCTaTO'l

HO, 'IT06bI g ( x) = 0 )J,Jl1! JII06oro HeTPHBHaJibHOro perneHH1! O)J,HOpO,D,HOro ypaBHemrn 

x-Ax=O. 

C<l>oPMYJIHpyeM, HaKoHeu, nepByIO TeopeMY <l>pewon1>Ma, onpe,D,en11IOmyIO CB113h MeJK.ey pa3pe

IIIHMOCTDIO O)J,HOpO,D,HOro H HeO,D,HOpO,D,HOfO ypaBHeHHH B O)J,HOM H TOM ')l(e npocTpaHCTBe. 

TeopeMa. ,D.n1I O,D,H03HaT.IHoli pa1pernHMOCTH ypaBHeHH1! c BnonHe HenpepoIBHI:JM onepa

TOpoM AE o-(X) 

x-Ax=y 

npH JII060M y E x Heo6xo,D,HMO H ,D,OCTaTO'IHO, 'IT06bI COOTBeTCTByIOrn;ee O)J,HOpO,D,HOe ypaB

HeHHe 

x-Ax=O 

HMeno nnru1> TPHBHaJibHoe perneHne x = 0. Ilpn 3TOM onepaTOp I - A Henpep1>IBHO o6paTHM 

H3 6aHaXOBa npocTpaHCTBa x B x. 
TaKHM o6pa30M, pe3IOMnpy11 cKa3aHHoe, npnxo,D,HM K cne,D,yIOrn;eH: aJI1>TepHaTHBe, 0606-

maIOmeH: aJibTepHaTHBY <l>pe,D,rOJibMa H3 TeopHH JIHHeHHbIX HHTerpanbHhlX ypaBHeHHH. 

Jin6o ypaBHeHHH c BnonHe HenpepoIBHhIMH onepaTOpaMH A E a-( X) H A* E a- ( X *) 
x-Ax= y, yE X; 

f-A*f =g, gE X* 

pa3pernHMbI npH JII06bIX npaBI:JX T.Iacrnx, H TOr,D,a O,D,HOpO,D,Hbie ypaBHeHHH 

x-Ax=O, 

f-A*f=O 

(3.127) 

(3.128) 

H:MeIOT JIHIIIb eyneBI:Je perneHHH. Jin6o 3TH O,D,HOpO,D,Hbie ypaBHeHH11 HMeIOT O)J,HHaKOBOe KOHeT.I

HOe 'IHCJIO JIHHeHHO He3aBHCHMhlX perueHHH 

H B 3TOM CJIYT.Iae )J,JIH pa3peIIIHMOCTH ypaBHeHHH (3.127) Heo6xo,D,HMO H )J,OCTaTO'IHO, 'IT06oI 

f; (y) = 0, i = 1, 2, ... , n. CooTBeTcTBeHHo, ,D,JIH pa3pernHMOCTH ypaBHeHHH (3.128) Heo6xo,D,HMO 

H ,D,ocTaTOT.IHO, T.IT06I:J g ( x;) = 0, i = 1, 2, ... , n. ITpn 3TOM o6mee perneHHe ypaBHeHHH (3.127) 

HMeeT BH)J, 

n 

x=xo+ La;x;, 
i=l 
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r.ne ai - rrpOH3BOJibHbie IIOCTOHHHbie, a Xo - KaKOe-JIH6o qacTHOe perneHHe 3TOro ypaBHe

HHH. CooTBeTcTBeHHO, o6lllee perneHHe ypaBHCHHH (3.128) HMeeT BH)J, 

i=l 

r)J,e A - rrpoH3BOJibHbie rroCToHHHDie, a f 0 - KaKoe-ntt6o tJ:aCTHoe perneHHe :noro ypaBHeHHH. 

B 6onee 06111eM crryqae orrepaTOp A c o6naCTbIO orrpe)J,enemrn DA rrnoTHOH B 6attaXOBOM 

rrpOC'I'paHCTBe x H co 3HatJ:eHHHMH B 6aHaxOBOM IIpOC'I'paHCTBe y Ha3blBaeTCH HOpMaJibHO pa3-
penmMbIM, ecJIH 

(3.129) 

Ecntt ker A* ={0}, T. e. co)J,epxnIT TOJihKo HyJieBo0: :rneMeHT, TO ycJIOBHe (3.129) HOpMarrbHoii 

pa3pe1IIHMOCTH orrepaTopa A 03HatJ:aeT, 'ITO RA= Y. 

IlycTb A - HOpMaJihHO pa3pe1IIHMbIH orrepaTOp. PaccMO'I'pHM ypaBHeHHe 

Ax=y 
H corrpH)l(eHHOe O)J,HOpO)J,HOe ypaBHemi:e 

A*v=O. 

CrrpaBe)J,JIHBhI cJJe)J,yroI11He yrnep)l()J,eHHH. 

(3.130) 

(3.131) 

ECJIH ypaBHeHHe (3.131) HMeeT JIHIIIb HyJieBoe perneHHe v = 0, TO ypaBHem1e (3.130) HMeeT 

pellleHHe )J,JIH mo6oii rrpaBoii qacTH y E Y. 
EcJIH ypaBHCHHe (3.131) MMCeT HC'I'pHBHaJibHblC perneHHH, TO ypaBHeHHe (3.130) HMeeT 

ITO KpaiiHeH Mepe O)J,HO pellICHHe B TOM H TOJibKO B TOM cnyqae, KOr)J,a (y, ¥/) = 0 )J,JIH mo6oro 

pellleHHH v ypaBHemrn (3.131). 
IlpHBe)J,eM KpHTepMH HOpMaJibHOH pa3peIIIHMOCTH orrepaTOpa [22]. 

TeopeMa (<l>. Xayc)J,opqi). IlyCTo DA= X. ,[(JIR HOpMarrbHOH pa3pe1IIHMOCTM orrepaTOpa A 

Heo6xo)J,HMO H )J,OCTaTOtJ:Ho, tITOOhI RA= RA, T. e. tITOOhI o6naCTb 3HatJ:eHMii orrepaTOpa A 6hma 

3aMKHYTOH. 
B tJ:aCTHOCTH, KaK 6hmo CKa3aHO Bhlllle, orrepaTOpbI I - M M I - A-A*, me A BITOJIHe He

rrpepbIBeH B 6aHaXOBOM rrpoCTpaHCTBe x' HOpManbHO pa3pe!1IHMbl, TaK KaK HX o6naCTH 3HatJ:e

HHH 3aMKHyThI. 
HopMarrbHO pa3pernHMbIH orrepaTOp A Ha3hlBaeTcH HeTepOBbIM ( N -orrepaTOpOM), ecJIH 

1) N(A)= ker A KOHeqHoMepHo, 

2) N(A' )= ker A* KOHetJ:HoMepHo. 

lIMcno n = n(A)= dimN(A) Ha3bIBaeTcH 'lMCJJOM eyneii orrepaTOpa A, qlfcno m = m( A)= 

= dim N (A* ) Ha3brnaeTcH )J,e<l>eKTOM orrepaTOpa A. l1H,1J,eKcoM orrepaTopa A Ha3hIBaeTCH tJ:Hcno 

K= K(A) = n(A)-m(A). 

TaKMM o6pa30M, HeTepoB orrepaTOp HMeeT KOHetJ:Hoe 'IHCJIO HyJieii (o::; n < +oo) H KOHetJ:HbJH )J,e

<\>eKT (o:s;m<+oo). 
HeTepOBbI orrepaTOpbI eyneBoro HH)J,eKca Ha3b1BaIOTCH <\>pe,nrOJibMOBbIMH ( F -orrepaTO

paMH). ,ll;JIH TaKHX orrepaTopoB n = m, T. e. K= 0. 



3JIEMEHTbl <l>YHKU;I10HAJlhHOfO AHAJIH3A 291 

,[(mr N -oITepaTOpos HMeIOT MeCTo cne.r1yioru;He TeopeM1>1 <I>. HeTepa [11). 
1. lfJrn ypaBHeHHe Ax = y HMeeT perneHHe npH JII060H npaBOH qaCTH y' HJIH ypaBHeHHe 

A 'lf/ = 0 HMeeT HeTpHBHaJI»Hoe perneHHe. 

2. YpaBHemrn Ax= 0 H A*lf/ = 0 HMeIOT ITO KOHe'IHOM)' 'IHCJIY JIHHeMHO-He3aBHCHMhIX 

pemeHHM. 

3. EcnH ypaBHemre A'lf/ = 0 HMeeT HeTpHBHaJI»Hoe perneHHe, TO ypasHeHHe Ax= y HMeeT 

(XOTb O,[(HO) pemeHHe ,[(JIH Tex H TOJibKO ,[(JIH Tex ITpaBbIX qacTeM y, KOTOpbie OpTOroHaJibHbl 

K nI061>1M pemeHHHM ypaBHeHHH A 'lf/ = 0. 

,[(nH F -onepaTOpa A cITpase.r1nHB1>1 TeopeMbI <I>pe,[(roilhMa [11, 22). 
1. AnnTepHaTHBa <I>pe.n,rOJibMa. lI.rrH (n = 0) ypasHeHHe Ax= y HMeeT e,[(HHCTBeHHOe peme-

HHe · ITPH JII06oli ITpaBoli 'IaCTH y, HJIH (n > 0) ypaBHeHHe Ax = 0 HMeeT HeTpHBHaJihHhle pe

rneHHH. 

2. YpaBHeHHH Ax= 0 H A'lf/ = 0 HMeIOT O,[(HHaKoBoe KOHe'IHOe 'IHCJIO (n) mmeMHO-He3a

BHCHMhIX pemeHHM. 
3. EcnH n > 0, TO ypasHeHHe Ax= y HMeeT pemeHHH ,[(JIH Tex H TOJibKO ,[(JIH Tex npaBhIX 

qacTeH y ' KOTOp1>1e OpTOroHaJibHbl K JII06bIM pemeHHHM ypaBHeHHH A *lf/ = 0. 

B Ka"!ecTBe ITpHMepa orpaHHqeHHoro F OITepaTopa MO)l(HO ITpHsecTH oITepaTop I - AA, 

r.r1e A BITOJIHe Henpep1>rneH. 
KpHTepHH cppe.r1ron1>MOBOCTH orrepaTOpa ,[(aIOTCH cne.r1yiomeM: TeopeMoM: C. M. HHKOJih

cKoro [22]. 

,[(nH Toro 'IT06hl orrepaTOp A E £ ( X , Y) 61>m cppe.nron»MOBhlM, Heo6xo,[(HMO H .r1ocrnToqHo, 

qT061>1 BbJIIOJIHJIJIOCb O,[(HO H3 CJie,[(yIOW:HX ycrrOBHM: 

a) A=B+P, r.r1e BE£(X,Y) Herrpep»rnHoo6paTHM,a PE£(X,Y)-KoHe'IHOMepH1>1ii; 

/J) A = C + T, r.r1e CE £ ( X, Y) Henpep»rnHo o6paTHM, a TE £ ( X, Y) - snonHe Herrpe

p1>rneH. 
TeopeMa liauaxa o 3aMKHYTOM rpacj>nKe. Ilo.r1 ITPHMOH CyMMOH Z = X + Y .r1Byx JIHHeii

HhIX rrpocrpaHCTB x H y IIOHHMaeTCH COBOKYITHOCTb rrap z = ( x, y)' x E x' y E y' B KOTOpoii 

BBe,[(eHhl JIHHeHHhie OITepal(HH ITO cpOpM)'JiaM 

Z1 + Zz = ( X1 + Xz' Y1 + y 2 ) ' 

az = ( ax,ay ). 

EcmI x H y JIHHeMHble HOpMHpOBaHHbie rrpocrpaHCTBa, TO HOpMa B z = x + y BBO,[(HTCH, Ha
npHMep, TaK: 

llzll = llxllx + llYllr · 
11ycT» X H Y 6aHaxOBhl H y =Ax. fpa$HKOM JIHHeiiHoro orrepaTOpa A c o6nacTuIO orrpe.r1e

JieHHH DA c X H 06nacT1>IO 3HaqeHHH B Y Ha31>rnaeTCH coBOKYITHOCTh rrap { ( x, Ax) ; xE DA}, 

T. e. TIO,[(MHo>KeCTBO npocrpaHCTBa X + Y. 
fpa$HK JIHHeiiHoro orrepaTOpa Ha31>rnaeTCH 3aMKHYThlM, ecJIH {xJc DA H 

{ xn; Ax.} ~ { x; Ax} ( n ~ oo) => x E DA H y = Ax. 
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JlHHeHHhIH orrepaTOp A : X --7 Y Ha:msaercH 3aMKHyThIM, ecJrn ero rpaqHfK - 3aMKJIY-
TOe MHO)l(eCTBO B X + Y. MMeIOT MecTo cne~ruHe rrpe,IOio)l(eHHH. 

1. EcnH DA = X H A E £ ( X, Y), TO orrepaTop A 3aMKHyr. 

2. Ecirn A 3aMKHyr H cyruecTByer o6paTHhitt onepaTop K 1
, TO oH TaK)l(e 3aMKHyr. 

,L{oKa3aTeJihCTBO 1. Ilycrh x. -? x H Ax. -? y rrpH n --7 oo. B CHJiy orpaHHqeHHOCTH (a 3Ha-

qJIT M HerrpephIBHOCTH A) Axn -?Ax, n-?oo. Cne.n;osaTeJihHO, y=Ax (e.n;MHCTBeHHOCTh rrpe.n;ena). 

,L{oKa3aTenhCTBO 2. PaccMorpMM rpaqmKH orrepaTopos A H K 1 

{ x, Ax}, x E DA, 

{y,K1y} ={Ax,x}, YE RA. 

Ecnu rrepBhIH rpacpHK - 3aMKHyroe MHO)l(eCTBO B rrpocrpaHCTBe X + Y, TO BTopoH: rpacpm< 

TO)l(e 3aMKHyroe MHO)l(eCTBO, HO B rrpocTpaHCTBe y + x. B 3TOM CMhICJ!e H IlOHHMaeTCH 3aMK
HYTOCTh rpaqmKa o6paTHOf0 orrepaTopa. cqiopM)'JIHpyeM Tenepb TeopeMy EaHaxa ( 0 3aMKJIY
TOM rpaqmKe). 

TiycTh A - 3aMKHyrbIH JIMHeHHhIH onepaTop, onpe.n;eneHHhIH scro.n;y B 6aHaxOBOM npo

crpaBCTBe X co 3HaqemrnMH B 6aHaxosoM npocrpaHCTBe Y. Tor.r1a AE:i(X ,Y), T. e. orpa

mrqeH. 0Tc10.r1a BhITeKaeT TeopeMa Eauaxa 06 o6paTHOM orrepaTope. 
Ecntt A - 3aMKHyrhIH orrepaTOp, oTo6pa)l(aIOm;HH 6attaxoso npocTpaHCTBo X Ha 6aHa

xoso rrpocrpaHCTBO Y B3aHMHo-o.n;H03HaqHo (RA = Y), TO orrepaTop A-1 orpaHHqeH, T. e. 

K 1 E:i(Y,X). 
3aMeqaHMe. TeopeMa EaHaxa BhITeKaeT KaK cne.r1cTBHe H3 O.LIHOH o6rueH: TeopeMhI, KOTopyro 

MhI 3,Llecb c<l>opMynttpyeM. 
TeopeMa 06 OTKphIThlX oTo6pa)l(eHHHX. IlyCTh X H Y 6aHaXOBhI npocTpaHcTBa H rrycTb 

A - JIHHeHHhIH orpaHM:qeHHhIH orrepaTop, oT06pa)l(aIOIUHH X Ha Y. Tor.r1a 3TO oTo6pa)l(eHtte 

OTKpbITO, T. e. ecnH G c X - OTKphIToe MHO)l(ecwo, TO OTKphITO H MHO)l(eCTBO A( G) c Y. 

YcnoBHH TeopeMhI rpe6yroT, qT06b1 rrpeo6pa30BaHHe A: X --7 Y 6bmo c10p'beKTHBHhIM 
H qTo6hI rrpocTpaHCTBa x J1 y 6hIJIH IIOJIHhIMH. 

9Ty TeopeMy MO)KHO rrepe<l>opMynHposaTh cne.n;yrom;HM o6pa3oM. Ecntt A HaKphlsaeT Y, 

a qepe3 u x H u y o6o3HaqeHhI e,LIMHHqHhie maphl B npocTpaHCTBax x H y COOTBeTCTBeHHO, 

TO :la> 0 TaKOe, qTO auy c A(Ux ). Mm110crpau:mo 3TOro CM. Ha pttc. 3.17. c TOqKH 3peHHH 

pemeHHH ypaBHeHHH Ax= y 3Ta TeopeMa BhJrJIHWfT TaK. 

CyruecTByeT a> 0, TaKOe qro ecnH llYll $a, y E Y, TO ypaBHeHHe Ax= y HMeeT ITO KpaH-

HeH: Mepe O.LIHO pemeHHe x E B [ 0, 1]. 

1-----------, 1x8 l I I 
I [], I 
I I 
I I 
I I 
I I L..----------....1 

,-- - - - - - - - - -, IY@i i GA([],) l 
I I 
I [], I 
I I 
I I L. __________ ..... 

Puc. 3.17. K reopeMe 06 oTKphIThIX orn6pIDKeHIDIX 



nPMllO>KEHME A 

METP~~ECK~EnPOCTPAHCTBA 

Onpe;:i:eJieuue u npuMepLI Me'Tpnqec1rnx npoc'TpaHcTB. 0,n:ua m Ba)l(tteih1rnx orrepall,HH 

amUIH3a - rrpe;::\eJihHhlH nepexo;::\ - OCHOBhIBaeTCH ua ITOHHTHH «paCCTOHHHe Me)K)zy TO'IKa

MH», KOTOpoe ecTecTBeHHhlM o6pa30M orrpe,n:eIDJeTCH Ha rrpHMOH, ITJIOCKOCTH, B rrpocrpaHCTBe. 

)J,nH H3yqeHHR 3TOH orrepall,HH B <<'IHCTOM BH)l;e», T. e. HCXO;::\H TOJihKO 113 CBOHCTB «paCCTOH

HHH», BBO,ll;MTCH ITOHHTHe MeTPM'leCKoro rrpoCTpaHCTBa. 

ITycTh X - MHO)l(ecTBo 3JieMeHTOB x, y, z ... (rrpott3BOJihHOH rrpttpo,n:h1). EcnH Ka)l():loH 

rrape x, y ero 3JieMeHTOB ITOCTaBJieHO B COOTBeTCTBHe 'IHCJIO p ( x, y) M rrpM 3TOM BhJITOJIHH

IOTCH ycnoBHH (aKCHOMhl) ,n:JIH Vx, y, ZE X: 

1) p( X, y) ~ 0, p( X, y) = 0 <=> x = y (aKCMOMa TO)l():lecrna), 

2) p(x, y)=p(y,x) (aKCMOMaCMMM~HM), 

3) p( x, y) $ p(x, z) + p( z, y) (uepaBeHCTBO TpeyronhHMKa), 

TO roBOpHT, 'ITO Ha MHO)l(eCTBe x 3a,n:auo paCCTOHHMe (MeTpHKa). 

MHO)l(eCTBO x c BBe):leHHOH B HeM MeTPHKOH p Ha3hIBaeTCH M~M'leCKMM rrpOCTPaHCTBOM. 

IIpttMepbI MeTptt'IeCKMX rrpocTPaHCTB. 

1. MHO)l(eCTBO )l;elicTBHTeJihHhIX 'lttcen c paccTOHHHeM 

p ( x, y) =Ix - YI 

o6pa3yeT MeTptt'IecKoe rrpocTPaHCTBO R1 = R. 
2. MHO)l(eCTBO yrropH;::\O'leHHhIX Ha6opoB 113 n ;::\eHCTBMTeJibHblX lJ:MCeJI x = (xi, X2, .. ., xn), 

Y = (y1 , y2 , .. ., Yn) ... C MeTpHKOH 

06pa3yeT MeTpH'IeCKOe rrpOCTPaHCTBO. 

BhlrroJIHeuue aKCHOM 1 11 2 oqeBH.D:HO. IIposepHM BhIITOJIHeHHe aKCMOMhl TPeyronhHHKa. 

II OJI O)l(HM 

IOf)l;a aKCHOMa TpeyrOJihHHKa p ( x, y) $ p ( x, z) + p ( Z, y) 3arrmueTCH B BM;::\e 

{~(ak +bJ r2 

$ {~ak2 r2 

+{~bk2 r2 

(A.1) 

I locne;::\Hee uepaBeHcTBo BhITeKaeT M3 HepaBeHcTBa feJih;::\epa (<lJOPMYJia (E.3) rrp11 p = q = 2): 

(~akbkJ $~a/·~bk2 • 
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llMeeM B c1my (A.1) 

f (ak +bk )2 = f ak2 +2f akbk + f bkz::;; f ak2 + 
k=l k=l k=I k=I k=I 

0TCIO,[\a CJie,LlyeT HepaBeHCTBO TpeyroJihHHKa. 

Onpe,LleJieHHoe BhIIIIe MeTPWiecKoe npoCTPaHcTBO Ha31>IBaeTcH n -MepHhlM apmpMeTH'Ie-

CKHM eBKJIH.L\OBhlM npoCTPaHCTBOM R" ( E"). IlpH n = 1, 2, 3 M~HKa p ( x, y) cosna,LlaeT c ec

TecTBeHHbIM paccTOHHHeM MeJK,!J\y ToqKaMH. M~HKa :noro npocT_PaHCTBa Ha31>rnaeTcH eBKJIH

.L\OBoli. 

3. Ha 3TOM )l{e MHO)l{eCTBe ynopH,LloqeHHhlX Ha6opoB H3 n ,[\eHCTBHTeJibHbIX qHceJI BBe

,[\eM MeTPHKY CJie,L\yIOW:HM o6pa30M: 

r,L(e p ~ l - JII06oe <i>HKCHpOBaHHOe qffCJIO. 

IIposepHM BhlIIOJIHeHHe aKCHOMhI Tpeyron1>HHKa. IlpH p = 1 oHa BhIIIOJIHHeTcH: 

k=l k=I k=I 

IlpH p > 1 aKCHOMa TpeyroJihHHKa CBO,L\HTCH K HepaBeHCTBY MHHKOBCKOro (E.7): 

3TO MeTPHqecKoe npocT_PaHCTBO o603HaqaeTCH CHMBOJIOM R; ( p ~ 1). 

QqeBH.L\HO, R; cosna,L\aeT c apH<i>MeTHqecKHM eBKJIH.L\OBhIM npocTpaHcTBoM R". 

4. IIpe,L1eJI1>HbIM sapHaHTOM MeT_PHqecKoro npocTpaHcTBa R; (npH p ~ +oo) HBJIHeTCH 

MeT_PHqecKoe npocTPaHCTBO R~. MeTpHKa B HeM BBO.L\HTCH <PoPMYJIOH 

CnpaBeMHBOCTh aKcHOM MeTpHKH oqeBH,L\Ha. llMeeT MecTo npe,L1eJI1>Hoe paseHCTBO 

KOTopoe npH,LlaeT CMhICJI o603HaqeHHIO R~. 

5. IlOJIO)l{HB ,L\JIH npOH3BOJibHOro MHO)l{eCTBa 

p(x, y)={~' x=y, 
x:;t: y, 

nonyqHM MeTPWieCKOe npocTpaHCTBO (H30JIHpoBaHHhlX ToqeK). 
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6. Ilycn, MHO)l(eCTBO X COCTaBJieHO H3 BCeX IIOCJie,I(OBaTeJihHOCTeH c = ( &p £ 2, .•• ,en), 

r,I(e n - cj:mKcHposaHo, a &k paBHhI JIH6o 0, Jrn6o 1. PaccTOHHHeM Me)l(,I(y «CJIOBaMH» & = 

= (cl' £ 2, •.• , en) H T] = ( T/p T]2, ... , TJn) Ha30BeM qHCJIO HeCOBIIa,I(eHHH ck C T]k rrpH k = 1, 2, ... , n HJIH 

n 

p(c,TJ) = IITJk -&kl· 
k=I 

HarrpHMep, ecJIH c = (1001), T] = (0011), TO p( c, T]) = 2. 3TO MerpHqecKoe rrpocTpaHCTBO 

HCITOJih3YeTCH B TeopHH KO.LIHPOBaHHH. 

7. Ha MHO)l(eCTBe BCeB03MO)l(HhIX IIOCJie,I(OBaTeJihHOCTeH X = ( x1, x 2, ... , Xn, ••• ) ,I(eHCTBHTeJih-

HhIX qttceJI, Y.LIOBJieTsopHIOll.\HX ycrros1uo 

Ix;<=, 
k=I 

<l>yHKI1HH p ( x, y) HMeeT CMhICJI, 3TO CJie,I(yeT H3 HepaBeHCTB 

(yk ±xS::;; 2(x; + y;) ~ ~)Yk -xS::;; 2f x; +2f yz < 00 
k=I k=I k=I 

c ITOCJie.L1yIOll.\HM rrepeXO,I(OM K rrpe.[(eJiy ( n ~ 00) B JieBOH cyMMe. 

BhrnOrrHeHHe rrepBhIX .LIByx aKCHOM MerpHKH oqeBH.[(HO, HepaseHCTBO rpeyrorrhHHKa HMeeT 

3,I(eCb BR.LI 

H cosrra.i:1aeT c HepaseHCTBOM MHHKOBCKoro (E.9) rrpH p = q = 2. IIorryqeHHoe MeTprrqecKoe 

npocrpaHCTBO o6o3HaqaeTCH qepe3 t2. 
8. IIpocrpaHCTBO [P. Ha MHO)l(eCTBe sceB03MO)l(HhIX rrocJie,I(oBaTerrhHocTeii x = 

= ( Xp X2, •.. , Xn, ••. ) ,I(eHCTBHTeJihHhIX qHceJI, TaKHX qTO 

BBO.[(HTCH pacCTOHHHe Me)l(,I(y 3JieMeHTaMH x=(xl'x2, ... ,xn, ... ) H y=(Yl'Y2····•Yn•···) ITO 

cjlopMYJie 

(A.2) 
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IlpH p = 1 '.ITO BblpIDKCHHe oqemm1m HMeeT CMbICJI. IlpH p > 1 IIpHBJieqeM HepaBeHCTBO MHH

KOBCKOro (E.9). TaKHM o6pa30M, <l>opMyna (A.2) HMeeT CMbICJI rrpH Bcex p;::: 1. 

9. MHo)l(eCTBO C [a, b] Bcex ,D;eHCTBHTeJibHhlX, HerrpepoIBHhlX Ha [a, b] <l>YHKIJ,HH c MeT

pHKOH 

p(x, y)=~;iJIY(t)-x(t)I (A.3) 

rrpe,D;CTaBJIHeT co6oli MeTpHqecKoe rrpoc'TpaHcrno. ITpoaepHM BbIIIOJIHeHHe HepaaeHcrna Tpe
yronhHHKa. 11MeeM u,erroqey HepaaeHCTB 

iy(t )-x(t)j = J( z(t)-x(t)) +(y(t)-z(t) )J:::; lz(t)-x(t )j+iy(t)- z(t )j:::; 

:::; ~:iJiz(t)-x(t )i +~:iJIY(t)- z(t)I = p(x, z) + p( z, y) => p(x, y) = 

= ~;iJ jy(t )-x(t)j:::; p(x, z) + p(y, z). 

MeTpHKa (A.3) Ha3hrnaeTcH paBHOMepHo.H HJIH qe6hlrneacKoH. IlOCTIJOCHHOe MeTpHqecKoe 

npocTpaHCTBO 0601HaqaeTcH qepe3 C [a, b]. 

10. ITpoC'TpaHcrno £;[a, b]. PaccMOTpHM BHOBh MHO)l(ecrno acex ttenpephlBHDIX Ha [a, b] 
,D;eHCTBHTeJibHbIX <l>YHKIJ,HH, HO pacCTOHHHe onpe,D;eJIHM He TaK, KaK B npe,D;bI,D;yI.IJ,eM npHMepe. 
IJOJIQ)KHM 

( 2 ]1/2 
p(x, y) =l~ x(t)-y(t)] dt 

HepaaeHCTBO 'TpeyronbHHKa cneeyeT m HHTerpanottoli <l>opMhl HepaBeHCTBa feJib,D;epa MH mo-

601x RenpepbIBHbIX Ha [a, b] ,ll;CHCTBHTCJibHbIX <l>YHKIJ,HH f (t) H g (t) (CM. (E.6)): 

B caMOM ,D;ene, 

b b ? 

p2 
( X, y) = f[ X ( t )- y ( t) r dt = J[ ( Z ( t )- X ( t)) + ( y ( t )- Z ( t)) l dt = 

a 

b b b 

= f[ z(t)-x(t)J dt + 2 f[ z(t )-x(t )][y(t)- z(t) ]dt+ f[y(t )- z(t)J dt s, 

b (b )1/2 (b )1/2 
:::; ~ z (t )-x(t) r dt+ 2 ~ z(t)-x(t)]2 dt ~y(t )- z (t) r dt + 

b 

+ f[y(t)-z(t)J dt = [p(x, z)+ p(z, y)J => p(x, y) '.5, p(x, z)+ p( z, y). 

Bae,D;eHHoe npoCTIJaHCTBO Ha3hlBaeTCH npoc'TpaHCTBOM £; [a, b] HenpepbIBHhlX <l>YHKIJ,HH c KBM

paTMqHofi Me'TpHKOH. 
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11. IIpocrpaHCTBO m. Ha MHO>KeCTBe Bcex orpaHWieHHhIX IIocne,noBaTeJihHOCTeii x = 

= (xi' Xz' ... , x.' ... ) BBe,neM MeTPHICJ' IIO <j:>opM)'Jie 

CIIpaBe,nmmocTh aKcMoM MeTPMKM oqeBH,nHa. 

12. IlpocTPaHCTBO orpaHMqeHHhIX BemecTBeHHhIX <j:>yHKU:MH M. Ha MHO>KecTBe Bcex Be-

mecTBeHHhIX orpaHWieHHhIX Ha OTPe3Ke (a, b] <j:>yHKa;Mii BBOAMTCH MeTpMKa 

p(x, y)= supjy(t)-x(t)j. 
aSt~b 

(A.4) 

QqeBM,l:(HO, IIpOCTpaHCTBO c [a, b] HBJIHeTCH IIO,l:(IIpOCTPaHCTBOM MeTPMqecKoro rrpOCTPaHCT

Ba M B TOM CMblCJie, qTo Bee :meMeHTbl c [a, b] IIpHHa,nJie>KaT M H MeTPMKa (A.4) ,l:(JlH 3Jle

MeHTOB C( a, b] COBIIa,naeT C OIIpe,neJieHMeM (A.3). 

13. IIpocTPaHCTBO L2 [a, b]. Ha MHO>KecTBe Bcex CYMMIIpyeMhIX c KBa.npaToM Ha (a, b] 
cpyHKU:MH BBO,l:(HTCH MeTPMKa 

[ 

b ]1/2 
p(x, y)= (L) f(y(t)-x(t))

2 
dt 

IIo.n 3JieMeHTOM x(t) IIpocTPaHCTBa L2 [a, b] IIOHMMaeTCH KJiacc ( x) <j:>yHKIJ;Mii IJOqTM Be3,ne 

Ha [a, b] paBHhIX x ( t) M IIo,nqMHHIDIUMXCH ycnoBMIO 

b 

(L} Jx2 (t}dt<oo. 

AKCHOMa TO>K,neCTBa BbIIIOJIHHeTCH, TaK KaK ecJm x(t)
1

~ y(t), TO OHM IIpMHa.nne:)l<aT O,l:(HOM)' 

H TOM)' >Ke Knaccy ( x) . 
14.IIpocTPaHCTBO I![a,b]. Ha MHo>KecTBe CYMMMpyeMhIX c p-ii CTeIIeHhlO Ha [a,b] 

cpyHKIJ;HH BBO,l:(MTCH MeTPMKa 

[ 

b p ]lfp 
p(x,y)= (L)Fy(t)-x(t)j dt (p?:l). 

HepaBeHCTBO TPeyronI>HMKa coBrra,naeT c HepaBeHCTBOM MMHKOBCKoro B MHTerpani,Hoii <j:>op

MC. 3JICMCHTaMH I! [a, b] HBJIHIOTCH (HCIICpeceKalOUIMCCH Me>K,ny co6oii) KJiaCCbl ( x)' ( y) ,. .. 

Ka>K,nbIH KJiacc COCTaBllHIOT <l>YJIKU:HH, IJOqTM Be3,ne paBHbIC Me>K,ny co6oii Ha [a, b] H IIo,nqM

llll!OUIHCCll ycJIOBHIO 

b p 

(L) ~x(t)j dt<oo (p?:I - J1106oe). 
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15. IlpOC'TpaHCTBO Cm [a, b]. Ha MHO)R:eCTBe HerrpepblBHbIX Ha [a, b] BMeCTe CO BCeMH 

CBOHMH rrpOH3BO.[(HbIMli .[(O m -ro rropa.n:Ka BKJIIO'IHTeJibHO <PYHKU:HH BBe,[(eM «paCCTOHHHe» 

Me)R:.[(y 3JieMeHTaMH 

P( X, Y) = ~~ {ly(t )-x(t )I, ly'(t )-x'(t )I, ... , IY(m) (t)-x(m) (t)j}. 

0'1eBH.[(HO, Bee aKCHOMbl Me'TpHKH BblIIOJIHHIOTCH. 

HJOMeTpHH. IIycTb Me)R:.n:y 3JieMeHTaMH MeTpH'leCKHX rrpoc'TpaHCTB ( X, p) H ( X', p') 
cyIIJ;eCTBYeT B3aHMH0-0.[(H03Ha'IHOe COOTBeTCTBHe 

X 3 x H x' E X', X 3 y H y' E X', ... 

EcJIH rrpH 3TOM «paccToHHHe» Me)R:.n:y 3JieMeHTaMH He MeHaeTCH, T. e. 

p(x, y) = p'(x', y'), 

TO rrpocTpaHCTBa X H X' Ha3bIBaJOTCH H30Me'TpH'lecKHMH. 

I110MeTpH'lecKHe rrpocTpaHCTBa Hepa3JIH'IHMbI c TO'IKH 1peHHH MeTpH'leCKHX csolicTB 

H B 3TOM CMbICJie HX MO)R:HO OTO)R:,[(eCTBHTb. 

Ilpe~en. OT1cp1>1T1>1e u JaMKHYTLie MnomecTsa B MeTpH'leCKHX npocTpaucrsax. 

IIycTh X - Me'TpH'leCKOe rrpoc'TpaHCTBO, x0 E X H r > 0 - 'IHCJIO. MHO)R:eCTBO B ( x0 , r) = 

= { x E x : p ( X, Xo) < r} Ha3bJBaeTCH OTKpbITbIM rnapoM c u;eH'TpOM B Xo H pa.n:eycoM r. MHO)R:e

CTBO B [ Xo' r] = { x E x : p ( x, Xo) ::; r} Ha3bIBaeTCH 3aMKHYTuIM rnapoM, a MHO)R:eCTBO s [ Xo' r] = 

= { x E x : p ( X, Xo) = r} - c<Pepoli pa.n:eyca r c u;eHTpOM B Xo. 0TKpbITbIH map B ( Xo' E) Ha-

3bIBaeTCH E - OKpeCTHOCTblO 3JieMeHTa (TO'IKH) Xo. 

flpUMepbl. 

1. B R1
E - oKpecTHOCTb TO'IKH x0 orrpe.n:eJIHeTcH u;erro'IKOH HepaBeHCTB 

p(x, x0 ) <E => lx-x0I <E =>-£ < x-x0 < E => x0 -E<x< x0 +£. 

CJie.[(OBaTeJibHO, E - OKpecTHOCTb TO'IKH Xo - 3TO HHTepBaJI ( Xo - E' Xo + E). 

2. B R 2 
aHaJIOrH'IHO HMeeM MH x = ( x 1 , x 2), x0 = ( xw, x 20 ) : 

CJie.[(OBaTeJihHO, E' - OKpeCTHOCTh TO'IKH Xo rrpe.n:cTaBJIHeT co6oli OTKphlTbIH Kpyr Ha DJIOC

KOCTH Xi Ox2 c u;eH'TpOM B TO'IKe ( Xio' Xzo) H pa.n:HYCOM E'. 

3. B R, 2 
BbIBO.[(HM 

3Ta o6JiaCTb rrpe.[(CTaBJIHeT co6oli OTKpblThlH KBa.n:paT c u;eHTpOM B TO'IKe ( Xw' Xzo)' IIOBepHy

ThlH no OTHOIIIeHHJO K ocHM Ox1, Ox2 Ha yroJI rp = % (pHc. A.1). 
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0 

Puc. A.I. K onpe)J,eJieH1no c: - OKpecTHOCTH s npocTPaHcrne R1
2 

4. B C [ 0, 1] t: - OKpeCTHOCTh qiynKr.urn x0 ( t) onpe;:i;emreTcj! HepaseHCTBaMH 

p(x, x0 ) = 1J!~~/x(t)-x0 (t)/ < c :::> /x(t)-x0 (t)j < c ::::> x0 (t )-t: < x(t) < x0 (t) +£. 

3Ta OKpeCTHOCTh rrpe,n;cTaBnj{eT co6oii KpHBOnHHeiiH)'IO rronocKY (pHc. A.2). 

x0(t)+e 

x(t) 

0 

Puc. A. 2. K onpe)J,CJICHHJO £ - OKpCCTHOCTH B rrpOCTPaHCTBe c[ 0, 1] 
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Mtto)J(eCTBo M c X Ha3bIBaeTC}I orpaHlflleHHhIM, ecnH 3 r > 0 H x0 E X TaKHe, 'ITO M c 

c B ( Xo' r). lIHbIMH cnoBaMH, orpaHlflleHHOe MHO)KeCTBO scer.n;a MO)KHO «Il0rp)".3l1Tb» B HeKO

TOpbIM map. 

IlyCTb M c x. TO'IKa x E x Ha3bIBaeTC}I BttyTpeHHeH TO'IKOH MHO)KeCTBa M' ecnn OHa 

npntta,n;Jie)J(HT M BMecTe c HeKoTopoli csoeii t: -oKpecTHOCThIO. Mtto)KeCTBO Ha3hIBaeTCj{ oT

KpbIThIM, ecJIH OHO COCTOHT TOllbKO H3 BttyrpeHHHX TO'IeK. 

IlpuMepbz. 

1. (a, b) - OTKpbITOe MHO)KeCTBO, (a, b] - He j{BJl}IeTCj{ TaKOBbIM. 

2. IloKa)J(eM, 'ITO map B(x0 , r) - oTKpbnoe MHO)KeCTBo. IIycTb XE B(x0 , r), Tor.n;a 

p ( x, x 0 ):::: 1i < r. PaccMOTpHM map B ( x, r2), r.n;e r2 = r-1i. ,[(JUI npoH3BOllbHOH TO'IKH YE B { x, r2 ) 

ttMeeM p( x0 , y ):::;;p( XO· x)+ p(x, y )<1i +r-1i =r. Cne,n;oBaTeJibHO, map B(x, 'i)cB( x0 , r ), 
'ITO H 1'pe6osanocb. 
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OmocITTeJibHO orrepal(Illi o6neJJ;mremrn n rrepeceqeHIDI OTKpbITbIX MHO)l(eCTB uMeeT MecTO 

crreJJ;yromee yrBep:a<JJ;eHne. 

06ne)l;nHeHne rrro6oH: COBOKYIIHOCTH OTKpbITbIX MHO)l(eCTB - OTKphITOe MHO)l(eCTBO. Ile

peceqeHne KOHeqHoro qncrra OTKphITbIX MHO:a<eCTB - MHO)l(eCTBO OTKpbITOe. 

,[l,OKa3aTeJihCTBO nepBOH qacTH. 

TiycTb Ma - OTKpbITbie MHO:>KecTBa, M = u Ma H x E M. Tor)l;a x rrpnHa)l;Jle:a<HT no 

a 

KpaH:tteH: Mepe O,!UIOMy li3 MHO:>KeCTB crraraeMbIX Ma H, IIOCKOJibKY OHO OTKphITOe, 3 c > 0 

TaKoe, qTo B ( x, c) c Ma'. 0TCIOJJ;a crreJJ:YeT BKrrroqettue B ( x, c) c M, qTO n Tpe6osarrocb. 

,[l,OKa3aTeJibCTBO BTOpoH: qacTH. 
n 

TiycTD Mi - OTKpbIThie MHO:>KecTBa, M = n Mi H x E M. I1MeeM l(erroqry pacc~eHnH:: 
i=l 

XE M =>XE M; (i = 1, 2, ... , n) =>3 c; >O:B(x, c; )cM;=>B(x, c)cM, n:i:e c=min(cl' £2 ,. .. , en)· 

IIycTb x - MeTpnqecKOe rrpocTpaHCTBO. rosopHT, qTo IIOCJie):(OBaTeJibHOCTh { x.} c x 
HMeeT CBOHM npe):(eJioM Toqry x E X, ecrrn p ( x, xn) ---7 0 npn n ---7 00• 3TOT <j:laKT 3am1cnrna-

10T TaK: Xn ---7 X HJIH lim Xn = X ( n ---7 oo). 
Ilpe.nen CXO,l:(HII(eHCH IIOCJie):(OBaTeJibHOCTH orrpeJJ;eJJHeTCH e):(HHCTBeHHbIM o6pa30M. B ca

MOM )l;eJie, rryCTb lim x" = x H lim xn = y ( n ---7 00 ). Tor):(a p ( x, y) Sp ( x, xn) + p ( xn, y) ---7 0 

( n ---7 00). TaK KaK JieBaH qacTb HepaBeHCTBa soo6me OT n He 3aBHCHT, TO p ( x, y) = 

=O=>x= y. 

OrrncaHHM BbIIIIe cxoJJ;HMOCTb Ha3bIBaeTcsr cxOJJ:HMOCTbIO no MeTpnKe rrpocrpaHCTBa X . 
lfa ee orrpeJJ;eJieHIDI CJieJJ;yeT, qTo { xn} c x CXO):(HTCH K ToqKe x E x TOr)J,a H TOJihKO TOr):(a, 

KOI'):(a B JII060H OKpeCTHOCTH X COJJ;ep:>KaTCH BCe TOqKH IIOCJie):(OBaTeJihHOCTH { Xn} 3a HCKJIIO

qeHHeM, 6bITh MO:ll<eT, KOHeqHoro HX qHCJia. CTaJIO 6b1Th, ecrrn x. ---7 X, TO H nro6aH ee (6ec

KOHeqHaH) IIO):(IIOCJie.n:oBaTeJibHOCTb { x., } HMeeT TOT )l(e rrpe.n:err. 

fipUMepbl. 

1. Cxo.n:HMOCTh B R". EcnH x(k l ---7 x ( k ---7 oo), To 

P( x, x(k))---7 0 => p 2 ( x, x(k) )---7 0 => t( X; -x/k) r ---7 0=> 
i=l 

06paTHoe oqeBHJJ:HO. Crre)J,oBaTeJihHO, cxoJJ:HMOCTh B R" paBHOCHIThHa rroKoop.n:HHaTHoH: cxo

JJ:HMOCTH. 

2. CXO)l;HMOCTb B rrpoCTpaHCTBax R/, 12
' zP TaK)J(e paBHOCHJihHa IIOKOOp,!1,HHaTHOll cxo-

)J,HMOCTH. 

3. Cxo,!J,nMocTu B C [a, b]. no orrpe,!1,erreHmo \::/ c > 0, 3 N ( c) > 0 TaKoe, qro H3 n > N ( c) => 

=> p( x., x) = ~~lx(t)-x. (t )I< c. 

TaKasr cxo)J,HMOCTh Ha3hIBaeTcH pasHoMepHoH: cxo.n:HMOCTbIO. 
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4. B £: [a, b] nocne.n,oBaTem.HOCTh { x. ( t)} CXO)J,HTCH K $)'HKU:HH x( t), eCJIH 

b 

p 2 (x,x.)= f[x(t)-x.(t}J2dt~O (n~ 00). 

TaKM cxo.n,HMOCTh mt3bIBaeTcsr cxo.n,HMOCTbIO B cpe,!l,HeM. 

Ecnrr x. ~x, Yn ~ y, TO p(x", Yn) ~ p(x, y). B caMOM .n,ene, no HepaBeHCTBY tieTbI

pexyroJihHHKa 

jp( X, Y )- p( Xn, Yn )j::; p( X, Xn) + p( y, Yn) ~ 0 ( n ~ 00 ). 

TotIKa XE X Ha3bIBaeTCH rrpe.n,eJibHOH ,ll,JlH MHO)J(eCTBa Mc X, ecJIII B JII06oH: oxpeCTHOCTH 

TO'IKH x HMeeTCH no KpattHeH Mepe O)J,Ha TO'!Ka H3 M, OTJIHqHaJI OT x. 

Mo)J(HO .n,aTb H .n,pyroe, paBHOCflJibHOe orrpe.n.eneHHe npe.n.enbHOH TOtIKII: Toqxa x E X 
ecTu npe.n,eJibHM TO'!Ka MHO)J(eCTBa M c x' ecJIII cyiu:ecTByeT IIOCJie)J,OBaTeJibHOCTb { xn} c M 

(c pa3JIH'!HbIMH 3JieMeHTaMII), CXO,ll,HiliaHCH K x. 
MHo)J{eCTBO F c X Ha3hIBaeTCH 3aMKHyThIM, ecntt OHO co.n,ep)J(HT Bee CBOH rrpe.n,eJibHhie 

TO'IKH. 

IJpUMepbl. 

1. 0rpe30K [a, b] - 3aMKffYTOe MHO)J(eCTBO, IIOnyHHTepBan (a, b] He HBJIHeTCH TaKOBbIM. 

2. lllap B[x0 , r] - 3aMKHyTOe MHO)J(eCTBO. 

IlycTb MHO)J(eCTBO M c X. CoBOKyIIHOCTb Bcex ero npe.n,eJibHbIX ToqeK M' Ha3b1BaeTcn 

npoH3BO.D:HhIM MHO)J(eCTBOM MHO)J(eCTBa M. 06oe.n;ttHeHIIe M UM'= M Ha3bIBaeTCH 3aMbI

KaHHeM MHO)J(eCTBa M. lIMeeT MeCTO TeopeMa. 

ITycTb M - 3aMbIKaHHe MHO)J(eCTBa M c X, Tor.n;a: 

1. M cM. 
2. M - 3aMKHyToe MHO)J(eCTBO. 

3. M - HattMeHhlllee 3aMKHyToe MHO)J(eCTBo, co.n;ep)J(amee M. 
,IJ;OKa3aTeJibCTBO. 

1. Bh1TexaeT H3 orrpe.n;eneHHH 3aMhIKaHHH. 

2. IlycTh x0 - npoII3BOJihHM rrpe.n;eJibHM ToqKa M, Tor.n;a V e/2 >0, 3xE M raKasr, 

qTO p( x, x0 ) < e/2 (npe.n;nonaraeTCH, 'ITO x0 :t. x). EcJIII XE M, TO x0 -npe.n;eJlhHM TOtIKa M 
u .n;oKa3aTeJihCTBO 3aBepllleHo. EcnH x EM, To x - npe.n;eJihHM TOtIKa MHO)J(ecTBa M H, crre

)J,OBaTeJibHO, \;/ e/2 > 0, 3 y EM TaKM, 'ITO p( x, y) < e/2. HepaBeHcTBo TpeyronhHHKa )J,aeT: 

T. e. x0 - npe,!l,eJibHaH TOlfKa M. TaKHM o6pa30M x E M, 'ITO H Tpe6oBanoch. 

3. IlycTb F c X - 3aMKHyTOe MHO)J(eCTBO H Mc F. IloKa)J(eM, 'ITO Mc F. Ilpe.n;rro

JIO)J(HM npoTHBHOe, lfTO x0 - npe.n.errbHM TOlfKa MHO)J(eCTBa M H Xo E F. Tor.n.a 3 £ - OK-

pecTHOCTh Xo, B KOTOpOH HeT TOlfeK MHO)J(eCTBa F (tt6o B rrpoTHBHOM cnyqae TOl.fKa Xo E F 
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KaK rrpe)];eJibHaH TO'IKa 3aMI<Hyroro MHO"lKeCTBa). TeM 6onee 3 OKpeCTHOCTb TO'IKH Xo, B KO

TOpoii HeT HH O)];HOH TOqKH MHO"lKeCTBa M (3a HCKJIIO'IeHtteM, 6bITb MO"lKeT, caMOH TOqKll Xo). 

Tio.TI)"IeHHoe rrp0Tttsopeq11e IIOKa3I>IBaeT, qTo Ms; F. TaK KaK F c X - rrpomBOJibHoe 1aMK

ttyroe MHO:lKeCTBO, coJ:J:ep)J(amee M, TO M - tta11MeHI>IIIee 111 HHX. 

Crre)];yromee yrBep)J(Jl:eHlle IIOKa3bIBaeT CBH3b Me:lKJ:J:Y OTKpbITbIMJf 11 3aMKttyTbIMH MHO)J(e

CTBaMll B MeTpttqecKHX rrpocTpaHCTBax. 

TeopeMa. ,Ll,orroJIHeH11e 1aMKttyroro MHO)J(ecTBa F J:J:O scero rrpocTpaHCTBa X - OTKpbI

TO, Jl:OIIOJIHeHl!e OTKpbITOro MHO)J(eCTBa M )];0 scero rrpocTpaHCTBa x - 3aMKHyro. 

,Ll,OKa3aTeJibCTBO rrepBOH qaCTll. 

0601Haq11M M = X \ F =CF. TiycTb x0 E M, Heo6xo)];11Mo rrOKa3aTI>, qTo 3 IIIap 

B ( x0 , t:) c M. TipeJ:J:rrorrarM rrpOTHBHoe, rrpttXOJ:J:llM K ToMy, qTo B rrro6oii t: - OKpecTHOCTH 

TOqK11 x0 eCTb ToqK11 113 F (oTJIH'IHbie OT x0 ). Ho TOrJ:J:a x0 E F KaK rrpe,n:eJibHM TOqKa F. 

TioJiyqeHHoe rrpoT11BopeqHe J:J:OKa3bIBaeT rrepsyro qacTb TeopeMI>I. 

,Ll,OKa3aTeJibCTBO BTOpOH qacTl!. 

0603Haq11M qepe1 F = X \ M = CM. TiycTb x0 - rrpe,n:eJII>HaH ToqKa MHO)J(eCTBa F. He-

06xo,n:11Mo J:J:OKa3aTb, qTo x 0 E F. Tipe,n:rrorro)J(HM rrpoTttBHoe, qTo x0 E F. Tor,n:a x0 E CF= 

= M, a TaK KaK M - OTKpbIToe MHO)J(ecTBo, To 3 B ( x0 , t:) c M. Ho TOr,n:a cymecTByeT t: -

OKpeCTHOCTb TO'IKH Xo, B KOTOpoii HeT ToqeK MHO)J(eCTBa F. TioJiyqeHHOe rrpOTHBOpeqtte ,n:o

Ka3bIBaeT BTopoe yTBep)J(,n:etttte. 

06bl'IHO rrpttHHMaeTCH, qTo MeTpHqecKoe rrpocTpaHCTBO x - 3aMKHYTO ll OTKpbI

TO OJ:J:HOBpeMeHHO. Tio:noMy 0 = CX - 3aMKHYTO Jf OTKpbITO. TIOCJie):(OBaTeJibHOCTb 

{I, 1/2, 1/3, ... , 1/n, ... } HBJIHeTCH rrpttMepoM MHO)J(eCTBa, KOTopoe HH OTKpbITO, Hll 3aMKHyro. 

PaccTOHHHeM Me)J(.n:y MHO)J(eCTBOM A c X H TO'IKOH x0 E X Ha3b1saeTcH qttcJio 

011estt,n:Ho, ecJitt x0 E A, TO p ( x0 , A) = 0. B TOM CJiyqae, Kor.n:a x0 E A, HO HBJIHeTCH ero rrpe

,n:eJibHOH TOqKoii, HMeeM CHOBa p ( Xo' A) = 0. 

PaccTOHHtteM Me)KJl:Y MHO)J(eCTBaMH A c X tt B c X Ha3I>IBaeTcH qttcJio 

p(A,B)=inf p(a,b). 
aeA 
beB 

011esH,n:Ho, ecJIH MHO)J(ecTBa A H B ttMeIOT HerrycToe rrepeceqeHtte, TO p (A, B) = 0. 

To11Ka x 0 E X Ha3brnaeTcH TO'IKOH rrpttKocttoseHttH MHO)J(eCTBa A, ecJIH s JI1060M IIIape 

B ( x0 , r) ecTb ToqKJf tt3 A. 

To11Ka x0 E X Ha3bIBaeTCH H30JittposaHHOH, ecrrtt 3 B ( x0 , t:), B KOTopoM HeT ToqeK H3 X 

(OTJillqHblX OT Xo). 0TCIO,n:a crre.n:yeT, qTo TOqKa rrpHKOCHOBeHHH MHO"lKeCTBa Ac x eCTb JIH-

60 H30JIHposaHHM ToqKa MHO)J(eCTBa A, JIH6o rrpe,n:eJibHaH ero TOqKa. 

3aMeqamrn. JI106oe 110,n:MHO)J(eCTBO rrpOCTPaHCTBa x' CHa6)J(eHHOe MeTPHKOH :noro rrpo

CTpaHCTBa TaK)J(e HBJIHeTCH MeTPHqecKHM rrpocTpaHCTBOM. 



METPWIECKHE ITPOCTP AHCTBA 303 

IJpUMepbl. 
1. Orpe3oK [a, b] c R1 

c MeTpHKoii p ( x, y) = I y - xi - MeTplfl.JeCKoe rrpocTpaHCTBO. 

2. MHoJK:ecTBo Q Bcex paQHOHaJihHhIX 'IHcen Ha rrpHMoil: c TOH JK:e MeTpHKOH .srnmreTc.!I 

MeTpH'IeCKHM rrpocTpaHCTBOM. 

3. MHOJK:eCTBO Bcex MHOrotJneHOB c .n;eHCTBHTenhHbIMH K03tPtPHQHeHTilMH, CHa6JK:eHHOe 

'Je6blIIIeBCKOH MeTpHKOH Ha [a, b], .!IBmreTC.!I MeTpH'IeCKHM rrpOCTpaHCTBOM. 

IlJioTHbie DOJJ;MHo~ecTBa. Cenapa6eJILHOCTb. IIycTh A c X, B c X. MHoJK:ecTBo A 

H33hlBaeTc.!I rrnornhlM B B, ecnH A:::> B. MHoJK:ecTBo Ac X H33hIBaeTcH Bcro.n;y rrnoTHhIM BX, 

ecnH A=X. 
IlpoC'fl'aHCTBO x H33hIBaeTC.!I cerrapa6enhHbIM, ecmi: B HeM HMeeTC.!I C'IeTHOe BCIO.D;y IInOT

HOe MHOJK:eCTBO. 

IlpUMepbl. 
1. IIpocTpaHCTBO R1 

cerrapa6enhHOe, T. K. MHOJK:ecTBo paQHOHaJihHhIX TO'IeK Ha rrp.!IMOH 

BCIO.D;y rrnOTHO B R1
• IlpOCTpaHCTBa R", RP n TaKJK:e cerrapa6enhHhie. 

2. IlpOCTpaHCTBO c [a, b] cerrapa6enhHOe. B caMOM .z:1ene, MHOJK:eCTBO Bcex MHOrotJneHOB 

c paQHOHaJihHhIMH K03tPtPHQHeHTaMH C'JeTHOe, ero 3aMbIK3HHe B MeTpHKe c [a, b] COBIIa.n;aeT 

c MHOJK:ecTBOM Bcex MHOro'IneHoB. B cttny TeopeMhI Beil:epIIITpacca P = C [a, b]. Cne.n;oBa

TenhHO, C [a, b] = Q = P, 'ITO H Tpe6yeTc.!I. 

3. IIpocTpaHCTBO 12 
cerrapa6enbHOe. IIycTh x = ( xl' Xz, X3 ,. .. ) E 12

, L xi < 00, BBe,LleM 
k=l 

rrocne.nosaTenhHOCTh x(•) =(xl'x2 , .. .,x.,0,0,. .. ). O'IeBH.LIHO, x(•)-7x B /2. B caMOM .n;ene, 

p ( X, x(n)) = c~l x; J2 

-7 0 ( n -7 00). Cne.n;oBaTenbHO, MHOJK:eCTBO Bcex TaKHX rrocne,LIOBa

TenbHOCTeH BCIO.D;y IInOTHO B [
2 

. .[l,aJiee, nro6oil: 3neMeHT y = ( Xp X2, .. ., Xn, 0, 0,. .. ) .!IBn.!IeTC.!I 

rrpe,n;enOM ITO MeTpHKe [ 2 IIOCne,n;OBaTenhHOCTH y(k) = h(k), r2(k), .. ., rn(k), 0, 0, ... 0) C paQHOHaJih

HblMH KOOp,LIHHaTaMH, a Tor.n;a 3aMhIKaHHe MHOJK:eCTBa Bcex TaKHX rrocne,LIOBaTenhHOCTeH c pa

QHOHaJihHhIMH KOOp,D;HHaTaMH cosrra.n;aeT co BCeM rrpoCTpaHCTBOM 12
• Ho TaKHx rrocne.n;oBa

TenhHOCTeH C'IeTHOe MHOJK:eCTBO, 'ITO If Tpe6yeTC.!I. 

4. IIpocrpaHCTBO £;[a, b) cerrapa6enhHOe. B caMOM .z:1ene, m cxo.n;HMOCTH rrocne.z:1osaTenh-

HOCTH B c [a, b] => CXO.LllfMOCTh 3TOH JK:e rrocne.n;oBaTenhHOCTH B £; [a, b]. Ilo TeopeMe Beil:ep

rnrpacca n106a.1I HerrpephIBHa.!I Ha [a, b] <PYHKQH.!I eCTh rrpe.n;en paBHOMepHo cxo,[(.!IIIIeiicH rrocne

.nosaTenhHOCTH MHorotJneHOB. Cne.n;osaTenhHO, 3neMeHT rrpocTpaHCTBa £; [a, b] .!IBn.!IeTC.!I rrpe

.nenoM CXOMIIJeHC.!I B £; [a, b] rrocne.n;oBaTenhHOCTH MHOrotJneHOB. EcnH p c £; [a, b] -
IIpOC'fl'aHCTBO BCex MHOrotJneHOB (c MeTpHKOH rrpoC'fl'aHCTBa £;[a, b] ), TO p =£;[a, b]. B CBOIO 

O'Iepe,Llh rrpOCTpaHCTBO P. c £; [a, b] Bcex MHOrOtJneHOB c paQHOHaJihHhIMH K03tPtPHQHeHTaMH 

BCIO.D;y rrnoTHO B p ( P. = p). TaK KaK P. - C'Iernoe MHOJK:eCTBO If £; [a, b] = P., TO £ :r a, b] 
cerrapa6enhHO. 



304 IlPllJIO)l{EHllE A 

5. Ilpoc-rpattcTBa [P, I! cenapa6eJihHhie. 

6. Ilpoc-rpaHCTBO m He cenapa6eJibHOe. PaccMO'fPHM B m MHOH<:ecrno A nocJie.a;oBaTeJih

HOCTeii: BHJJ;a x = ( ~' .;2' ..• ) ' y = ( T/1, T/2' ... ) ... COCTO.llID:HX H3 eyJieii: H e.a;HHHQ. 3To MHOH<:eCTBO 

HMeer MOID:HOCTb KOHTHH)'YMa. Ilpe.a;noJIOH<:HM Tenepb, qTo B m HMeeTC.11 BCI-O)l.)' TIJIOTHOe cqeT

HOe MHOH<:eCTBO mo = ( Xp X2' ... ) . 3TO 3HaqHT' qTo \:/ x E m cyrn:ecrnyeT map B ( xn' 1/3) 3 x 
H, TaKHM o6pa30M, Bee m ,!l;OJIH<:HO pa3MeCTHTbCH B cqeTHOM MHOH<:eCTBe OTKpblTblX IUapOB. 

TaK KaK A HMeeT MOID:HOCTb KOHTHeyyMa, TO no KpaiiHeii Mepe B O,!l;HOM H3 IUapoB 6y,IJ;eT 60-

Jiee O,IJ;Hoii TOqKH H3 A. Ho 3TO HeB03MOH<:HO, H6o p ( x, y} = sup illk - qk I= 1. 
k=l,2,. .. 

MHoH<:eCTBO A c X Ha3hIBaeTCH mff,IJ;e He TIJIOTHhIM, ecJIH B JII-06oM IITape B co,IJ;ep:amTCH 

map B', TaKoii 'ITO B' n A= 0. 
IloJIHOTa. Ifa aHaJIH3a H3BecTHO, 'ITO Ha 'IHCJIOBoii npHMOH c ecTeCTBeHHhIM paccTOHHH

eM MeH<:,IJ;Y TO'IKaMH, T. e. B R1
' HMeeT MeCTO KpHTepttii CXO,!l;HMOCTH Konm, corJiaCHO KOTopo

MY nocJie,IJ;oBaTeJibHOCTh { x.} c R1 
cxop;HTCH K lfHCJIY x E R1 

Torp;a H TOJibKO TOrp;a, Korp;a 

oHa 4Jytt,!l;aMeHTaJihHaH. 3TOT 4JaKT BhITeKaeT H3 noJIHOThI R1
• 

Onpep;eJieHHe. IlocJiep;oBaTeJibHOCTb { xn} 3JieMeHTOB MeTpttqecKoro npoc-rpaHCTBa x 
Ha3hIBaeTCH 4Jyttp;aMeHTaJibHOH ( CXO)J;Hrn:eiicH B ce6e, IIOCJie,IJ;OBaTeJibHOCTbl-0 Kourn:), eCJIH 

\:/&>0,3N(e)>O TaKoe, qTOH3HepaBeHCTBa n>N:::::>p(xn+p'xn)<e, r,IJ;e p>O -JII-06oe 

HaTypaJibHOe qHCJIO. 

BCHKM CXOMID:aHCH IIOCJie,[(OBaTeJihHOCTb 4Jytt,IJ;aMeHTaJihHa. B CaMOM ,IJ;eJie, ecnH xn ~ 

~x(n~oo), TO V&/2>0,3N1(t:),N2 (t:)>O TaKHe, qTo 

n > N1 ( £) ::::::> p( x, xn+p) < ~, n > N 2 ( £) ::::::> p( x, Xn) < ~. 
2 2 

0TCI-O,IJ;a 

p( xn+p' xn)::; p( xn+p' x)+ p(x, xn) <%+% = £ 

nptt n > N = max { N1 , N 2}. 06parnoe, Boo6me roBopH, He Beptto. 

Me-rpHqecKoe npocTpaHCTBO Ha3bIBae'fCH IIOJIHbIM, ecJIH B HeM BCHKaH 4Jyttp;aMeHTaJibHaH 

TIOCJie,IJ;oBaTeJihHOCTb HMeeT npe,IJ;eJI. 

IJpUMepbl. 

1. Ilpoc-rpaHcTBO R" noJIHoe. IlycTh { x( k)} - 4Jytt,IJ;aMeHTaJihHM nocJie,IJ;oBaTeJibHOCTh B Rn. 

Tor,IJ;a p(x(k), x(m))<e (k, m > N} ::::::> I(x!k) -x!m)f <£2 ::::::> Jx}k) -x!m)I <£ (k > N,m > N} 
i=l 

nptt Bcex i = 1, 2, ... , n. CJie,IJ;oBaTeJihHO, nocJie,IJ;oBaTenhHOCTH { x?)} ( i = 1, 2, ... , n) qiyH-

,IJ;aMeHTaJihHhI B R1
• B CHJIY KpHTepttH cxo,IJ;IIMOCTH KomII, OHII cxop;HTCH B R1

• IlonaraeM 

x!k) ~ X; (k ~ oo) ,IJ;JIH Bcex i = l, 2, ... , n. BeKTop x = (xl'x2, ... ,x.) II p 2 (x, x(k)) = 

=I(x;-x!k)f ~O npH k~oo. 
i=l 
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2. IIpocTpaHCTBO /
2 

IIOJIHOe. IIyCTb { x(k)} c /2 
- <i>YH.D:aMeHTanbHaH IIOCJie,!l;OBaTeJib-

= 2 
HOCTb. IIo orrpe.[(eJieHmo p 2 

( x(k), x(m)) =I ( xY) - x!m)) ~ 0 ( k ~ oo, m ~ oo). Cne,[(OBa-

i=l 

(k) (. -1 2 ) k II - ( ) II (k) TCJibHO, X; ~ X; l - , , ... , n... rrpH ~ oo. YCTb x - Xi, Xz, ... . OKa:>KeM, 'ITO x ~ x. 

11MeeM 'It£ > 0 H k > N ( £), m > N ( e) 

{~(x?)-x;m)f r2 <£. 

flepeXOM B 3TOM HepaBeHCTBe K rrpe.[(eny rrpH k ~ oo, HaXO,!l;HM 

{ 

= '}v2 p(x,x("'))= ~(x; -x!mT <£ (k>N,m>N). 

OcTaeTCH rrpoBepHTb, 'ITO x E /
2

. B CHJiy HepaBeHCTBa crrpaBeMHBOro MH Bcex n HMeeM 

f,x;2 
$ 2 I( X; - x}m) f + 2 I( xim) )

2 

$ 2 f ( X; -xim) f + 2f ( xim) f < 00• 

M M M M M 

OcTaJIOCb rrepeiiTH B 3TOM HepaBeHCTBe K rrpe.n:eey rrpH n ~ oo. 

3. IIpocTpaHCTBO C [a, b) rroJIHOe. EcnH { x. ( t)} <i>YH.n:aMeHTanbHaH rroCJie.n:oBaTeJibHOCTb 

B c [a, b), TO \f e > 0, 3N ( e) > 0, 'ITO 

n > N, m > N => Jxn (t)-xm (t)J < e (MH Bcex IE [a,b]). 

<l>HKCHPYH t E [a, b], IIOJIY'laeM <i>YH.D:aMeHTallbHyIO IIOCJIC,!l;OBaTeJibHOCTb { xn ( t)} B R1
• ITycTb 

x ( t) - rrpe.[(eJI 3TOH IIOCJIC)l.OBaTeJibHOCTH. IIoCKOJibKY xn ( t) ~ x( t) )l.J1H JII06oro t E [a, b], TO 

rrpe.n:en eCTb <l>YHKIJ;HH x ( t). IIepeXOM B 3TOM HepaBeHCTBe K rrpe.n:eny rrpH n ~ 00, HaXO)l;HM 

Jx(t)-xm(t)!<c: rrpH m>N .D:JIHBcex tE[a,b]. 

Cne.n:oBaTeJibHO, { x. ( t)} CXO}l.HTCH K x ( t) paBHOMepHO Ha [a, b]. Ho TOr.n:a x ( t) E c [a, b] KaK 

rrpe11.e11 paBHOMepHO cxo.n:m.u;eiicH IIOCJie,[(OBaTeJibHOCTH HerrpepbIBHblX Ha [a, b] <l>YHKIJ;HH [23]. 

4. IIpOCTPaHCTBa m, [P, I! - IIOJIHbie. 

JJ:oKa>KeM IIOJIHOTY rrpocTpaHCTBa m (x=( Xi, x 2, ... )Em, ecnH 3M> 0 TaKoe, 'ITO \x;\ < M 

MH Bcex i = 1, 2, ... ). EcJIH { x(k)} - <l>YHAaMeHTaJibHaH rrocne.n:osaTeJibHOCTb B m, TO \f e > 

> 0, 3N ( £) > 0, i = 1, 2, . . . 'ITO 

m > N, n > N => p( x(m), x(•)) = supjx;(m) -xi•)j < e. 
I 

<l>ytt.n,aMeHTallbHble IIOCJie,ll,OBaTeJibHOCTH { xim)} (i = 1, 2, ... ) CXO,!l;HTCH B R'. IIycTb X;(m) ~ 

-H; ( m ~ 00 ), TOr.n:a \f £ > 0, 3 N ( £) > 0, 'ITO 

m > N => jx; -x}ml' < e ,UJIH Bcex i = 1, 2, ... 

0TCIO,ll,a x}m) -t: < X; < t:+ X;(m), 'ITO H Tpe60BallOCb. 



306 IlPHJIO)l{EHHE A 

5. IlpocrpaHCTBO £; [a, b] He HBJUieTcH rronHhIM. Ha orpe3Ke [-1, 1] paccMOTpHM rrocne

.llOBaTeJihHOCTh HerrpephIBHhIX cpyHKI1HH (CM. pnc. A.3) 

-1 

{

-1, -1 '5. t '5. -1/ n , 
xn(t)= tn, -l/n'5.t'5.lfn, 

1, I/n '5. t '5.1. 

x(t) 

lln 

Puc. A.3. K ,110Ka3aTeJihCTBY HerroJIHOThI rrpoc'IpaHCTBa £; [a, b] 

3Ta rrocne,110BaTeJihHOCTh 4Jytt,11aMeHTaJibHa, T. K. 

I 

p 2 (xn, xm) = f[ x. (t)-xm (t)J dt--tO (m --too, n -too). 
-I 

0,11HaKO rrpe,11eJIOM ee He MO)l(eT 6hITh HerrpepbIBHa5l Ha [-1, 1] cpyHKIJH}I. Ilpe,11rronarM rrpOTHB

HOe, 'ITO x. ( t) --t x ( t )( n --t 00), r,11e x ( t) HeKOTOpM HerrpephIBHM Ha [-1, 1] cpyHKI1HH, Mhl 

llOilJ'IHilH 6bl 
I 0 I 

p 2 (x,x.)= f[x(t)-x.(t)J dt= f[x(t)-x.(t)J dt+ J[x(t)-x.(t)J dt--t 
-I -I 0 

0 I 

--tO (n--t 00 )=> f[ x(t)-x.(t)J dt--tO H f[x(t)-xn(t)J dt--tO. 
-I 0 

0TCI-O,lla CJie,!IOBaJIO 6bl, 'ITO 

Ho TOr,11a 

lx(t)-x.(t)l--tO (n--t 00) Ha [-1,0], 

Ix ( t )- xn ( t )1--t 0 ( n --t oo) Ha [ 0, 1]. 

{

-1 -1'5.t<O; 

x ( t) = o: t = O; 

1, 0 < t '5. l 

pa3pbIBHM cpyHKI1HH, 'ITO H Tpe6oBaJIOCh. 
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B rroJIHhIX MeTpHqecKHX rrpoc'TpaHCTsax HMeeT MeCTO aHanor neMMhI KaHTopa o CTJITH

sa10IIIHXCJI O'Tpe3Kax. 

TeopeMa. IlycTh X - rronHoe MeTpHqecKoe rrpoc'TpaHCTBO H B[an, rJ c X rrocne)J;osa-

TeJihHOCTh BJIO)l(eHHhlX .z:1pyr B .z:1pyra 3aMKttyThlX mapos: B [a.' r,,] :'.) B [ an+l' rn+I] ( n = 1, 2, ... ) ' 

pa,LllfYChl KOTOpbIX rn __, 0 ( n __, 00). Tor.r1a cymecTByeT e)J;HHCTBeHHaJI TOqKa a E x' IIpHHa,[1-

Jie)l(aIIIaJI BCeM rnapaM :noii IIOCJie)J;OBaTeJibHOCTH. 

)J;oKa3aTeJihCTBO. IlocJie)J;OBaTeJihHOCTh 11eHTpOB {an} <i>YH.LlaMeHTaJihHaJI. B caMOM ,LleJie, 

'if p >0 (HaTypaJibHOro) map B[ an+p' r.+p] c B[an, rJ, 3HaqHT, 

p(an+p'an):5:rn _,O (n....,oo). 

TaK KaK X - IIOJIHOe IIpOCTpaHCTBO, TO an __, a E X ( n __, oo). 
PacCMOTJ>HM Terrepb map B [am' rm]. QqeBH,[IHO, see TOqKH IIOCJie,LIOBaTeJibHOCTH { aJ 

(3a HCKJIJOqeHHeM, 6bJTh MO)l(eT, KOHeqHoro HX qHcna) Jie)l(aT B 3TOM mape, a IIOCKOJihKY OH 

3aMKHYT, TO aE B[am, rm] KaK rrpe)J;eJihHaJI TOqKa MHO)l(eCTBa {an} c B[am, rm]. B CHJiy rrpo

H3BOJlhHOCTH m 3aKJIJOqaeM, qTo TOqKa a rrpHHa,LIJie)l(HT BCeM mapaM Hameii IIOCJie)J;OBaTeJih

HOCTH. 0Ha orrpe)J;emreTCJI IIOCJie,[IOBaTeJihHOCThlO BJIO)l(eHHhIX .z:1pyr B .z:1pyra 3aMKHYThIX ma

poB. B [an, rn] e)J;HHCTBeHHhIM o6pa30M, H60 )];Be TOqKH, HaxOMIIIHeCJI Ha KOHeqHOM paCCTOJIHHH 

.z:1pyr OT ,Llpyra, He MOrYT Jie)l(aTh B mape, )J;HaMeTp KOTOporo MCHbIIIe paCCTOJIHHJI Me)l()J;y HHMH. 

3aMeqaHHe. 3aMKHYTOe MHO)l(eCTBO M c x, CHa6)1(eHHOe MeTpHKOH IIOJIHOro rrpocTpaH

CTBa x, caMO JlBJIJieTCJI ITOJIHhIM MeTpHqecKHM rrpOC'TpaHCTBOM. )J;mr )J;OKa3aTeJihCTBa pacCMOT

pHM $Yff)J;aMeHTaJihttyJO ITOCJie)J;OBaTeJihHOCTh { xn} c M. B CHJiy IIOJIHOThl x lim xn = Xo E 

E X ( n __, oo). Cne.r1osaTeJihHO, x0 E M KaK rrpe.r1enhHaJI ToqKa M ( ecJIH M - MHO)l(eCTBO 

H30JIHpOBaHHhIX ToqeK, TO Xo -ToqKa rrpHKOCHOBeHHJI 3Toro MHO)l(eCTBa). 

Ilpuuu,un cxcaTbIX oTo6paxceuuii. IIycTh .z:1atth1 ,LIBa MeTJ>HqecKHx rrpOCTJ>aHCTBa X H Y. 

Ey.z:1eM roBopHTh, qTQ Ha X 3a,LlaHa <i>YHKU:HJI ( om6pa)l(eHHe) f ( x) HJIH orrepaTOp, ecm1 J110-

60MY 3JieMeHTy x E x ITO orrpe.r1eneHHOM)' rrpammy f CTaBHTCJI B COOTBeTCTBHe e)J;HHCTBeHHhIB 

3JieMeHT y E Y. 
3TO COOTBeTCTBIIe MO)l(eT o6o3HaqaThCJI pa3JIHqHhIMH crroco6aMH: 

y=f(x), y=fx, f :X ~y (orrepamp f .r1eiicTByeTH3 X BY). 

EcnII rrpoCTpaHCTBa X H Y cosrra)J;aJOT (!: X __, X), TO rosopJIT, qTQ orrepaTOp f )J;eH:

cTByeT B rrpOCTpaHCTBe x. 
OrrepaTop f, )J;eiicTBYJOIIIHii B MeTpHqeCKOM rrpoC'TpaHcTBe X, Ha3hIBaeTcJI C)l(IIMaIOIIIHM, 

CCJill 'ifxl' Xz E x HMeCT MeCTO HepaBeHCTBO 

p(Jx1 ,fx2) '.5: Bp( Xp x 2), r)J;e 0 < B <1. 

fipH OT06pa)l(eHllll f : x __, x He HCKJIJOqeHhl cnyqaH, KOr)J;a HeKOTOpaJI TOqKa x. E x rrepe

XO,LlllT B ce6JI, T. e. f ( x.) = x •. TaKIIe TOqKH Ha3hIBaJOTCJI HeIIO,LIBH)l(HhlMll TOqKaMH OT06pa

)l(eHHJI f: X ~ X. 
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TeopeMa (npHHQHII Herro.n;BH)J(HOH TOqKH IlHKapa-EaHaxa). C)l(HMaioll(ee oT06pa)J(eHHe f 
IIOJIHOro MeTpffqeCKOro rrpocrpaHCTBa x B cefor HMeeT HeIIO,[(BH)J(H)'IO Toqey H rrpHTOM TOJibKO 

O,[(tty. 

,[l,OKa3aTeJibCTBO. OTrrpaBJIIDICb OT rrpOH3BOJibHOrO 3JieMeHTa Xo E x IIOCTpOHM IIOCJie,n;o-

BaTeJibHOCTb 

.\'.i = f ( Xo), Xz = f ( .\'.i), · · ., Xn = f ( Xn-1), · · · 

TaK KaK f: X ---7 X, TO { x.} c X. IlOKa)J(eM, qTQ { x.} qiytt,n:aMeHTaJIDHM. TaK KaK f C)J(HMa

IOll(HH orrepaTOp, TO 

p ( Xz, Xi)= p (! (Xi), f ( Xo)) ~Op (Xi, Xo), 

p( x3 , xz) = p(f (xz), f ( x1)) ~Op( x2 , Xi)~ 02 p( xi' x0 ), 

l'.l B006ll(e, 

p ( Xv+l' Xv ) ~ ov p ( Xp X0 ) , V = l, 2, ... 

0TCIO,[(a rrpH JII060M QeJIOM p > 0 IIOJI)"IaeM QerroqKy HepaBeHCTB 

p( Xv+p' Xv)~ p( Xv, Xv+I) + p( Xv+I' Xv+2 )+ ... + p( Xv+p-1' Xv+p) ~ 

~ ( ev +ov+l + ... +ov+p-I )p(xl' xo) ~ ov (1+0+02 + ... )p(xl' xo) ~ 

ov 
~-p(xl' x0 ). 

1-0 

TaKKaK 0<0<1, TO p(xv+p'xv)---70 (v---700). 

B CIDI)' IIOJIHOTbl rrpOCTPaHCTBa x IIOCJie,[(OBaTeJibHOCTb { x.} CXO,[(HTCjJ: K 3JieMemy 

x. E x. IloKa)J(eM, qTo x. - HeIIO,[(BH)J(HajJ: TOqKa OT06pa)J(eHHjJ: f : x ---7 x. l1MeeM 

P ( f ( x.), x.) ~ P ( f ( X,), x.) + P ( Xn, X,) = P ( f ( x.), f ( Xn-I)) + P ( x., X,) ~ 

~ Op ( x., x._1) + p ( x., x.) ---7 0 ( n ---7 00 ) => f ( X,) = x •. 

ToqKa x, - e,n;HHCTBeHHM Herro,n;BH)J(HM TOqKa oT06pa)J(eHHjJ: f : X ---7 X. EcJIH y. - ,n;pyraj{ 

HeIIO,[(BH)J(HajJ: TOqKa, TO 

p(x., y.) = p(Ax., Ay.) ~ Op(x., y.) => p(x., y.) = 0 ::::> x. = y •. 

TeopeMa .n;oKa3aHa. 

3aMeqaHHe. B rroJIHOM MeTJ'HqecKoM rrpocTPaHCTBe X paccMOTPHM ypasHeHHe 

f (x) =x, (A.5) 

r,n;e orrepaTOp f : X ---7 X C)J(HMalOll(HH. Tor,n:a rrpHHQHII Herro,n:BH)J(HOH TOqKH rapaHTHpyeT: 

1. PerneHHe ypasHeHHj{ (A.5) x. MO)J(eT 6bITh Haif.n;eHO MeTO,ll;OM IIOCJie,n:oBaTeJibHbIX npH-

6JIH)J(eHHH: Xn+I = j ( Xn), n = 0, 1, 2, ... , IIpHqeM OHO e,D;HHCTBeHHOe H He 3aBHCHT OT TOqKH 

CTapTa Xo E x. 
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2. ITorpeUIHOCTb n -ro rrpH6JHI)l(eHJUJ: y61>rnaeT c )'BeJIIflleHHeM HOMepa n H KOHTpOJIHpy
eTCH HepaBeHCTBOM 

(A.6) 

TeopeMa fIHKapa-EaHaxa H rrpe,n:JiaraeMaH B Hett KOHCTPYKTHBHaH rrpoue,n:ypa orrpe,n:ene
HHH peUieHHH orrepaTOpHbIX ypasHeHHH HMeeT MHOrol.!HCJieHHbJe I1pHJIO)l(eHHH. PacCMOTPHM He
KOTOp1>1e H3 HHX. 

1. PeUieHHe anre6paHl.!eCKHX HJIH TPaHc[(eH,n:eHTHLIX ypasHeHHH. PaccMOTPHM ypasHeHHe 

x=f(x), (A.7) 

r,n:e f ( x) - ,n:eHCTBHTeJILHaH, HerrpepbIBHaH H ,n:mpcpepeHUHpyeMaH Ha [a, b] cpyHK[(HH, rrpH

l.!eM f : [a, b] -t [a, b]. ITycTL, KpOMe Toro, If' ( x )I:::;; a< 1. Tor,n:a f ocymecTBJIHeT C)l(HMaIO

mee oTo6pa)l(eHHe [a, b ]-t [a, b]. B caMOM ,n:ene, Vx1, x2 E [a, b]: 

ITo:noMy K ypaBHeHHIO (A.7) MO)l(eT 6b1Tb rrpHMeHeH MeT0,1:( ITOCJie,n:oBaTeJibHbIX rrpH6JimKe
HHH (rrpocToil: mepaUHH) 

Xn+! = f ( Xn ) ( n = 0, 1, 2, ... ) 

co CTapTOM H3 rrpOH3BOJibHOH TOl.!KH Xo E [a, b]. 
OueHKa rrorpeUIHOCTH n -ro rrpH6JimKeHHH Ha OCHOBaHHH (A.6) HMeeT BH,1:( 

a" 
p(x •• x") =Ix. -x.I :s;;-IXi -xal· 

1-a 

2. PeUieHHe cHcTeMLI JIHHeil:HbIX anre6paHl.!eCKHX ypasHeHHH. B n -MepHOM esKJIH,U:OBOM 

rrpocTpaHCTBe R" paccMOTPHM JIHHeil:HLiil: Hesbipo)l(,L(eHHLIH orrepaTop A, ,n:eil:cTByrorn;Hll: Ha 

I1pOH3BOJibHbIH BeKTOp X = ( Xp X2, ... , Xn ) E R" ITO cpopMyJie 

Y; = ~::>;kxk + b; ( i = 1, 2, ... , n), (A.8) 
k=l 

r,n:e b =(bl' b2, ... , b.)E R" - HeKOTOpblil: cpHKCHposaHHLiil: BeKTop. OrrepaTOp A rrepeso,n:HT 

eeKTOp x E R" B BeKTop y = ( yl' y2, ... , Yn) E R", T. e. A: R" -t R". BLIHCHHM ycJIOBHH, rrpH 

KOTOpbIX OH HasepHHKa 6y,n:eT C)l(HMaIOrn;HM. HMeeM 
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TaKHM o6pa30M, mm: Toro, 1IT06r,1 oTo6pa)l(eHHe A : R" ~ R" 6r,mo C)l(HMarornHM .n:ocTaT01IHO 

BbIIIOJIHeHmI ycJIOBHH 

IlpH 3TOM MO)l(HO yTBep)K,ll;aTI., l{TO CHCTeMa 

X; = i>ikxk + b; ( i = 1, 2, ... , n) (A.9) 
k=! 

HMeeT e,rurncTBeHHOe pernemi:e, KOTOpoe MO)l(eT 6b1Tb Haii.,n;eHO (c JIJ06oii. CTerreHI.IO T01IHOCTH) 

MeTO,ll;OM IIOCJie,n;oBaTeJibHblX rrpH6JIH)l(eHHH, HCXO,n;H H3 rrpOH3BOJibHOH T01iKH x(O) E R" : 

(m) - ~ (m-1) b ( -1 2 ) 
X; - L...aikxk + ; m- ' , .... 

k=! 

3. PaccMOTPHM cHcTeMY (A.9) B rrpocTPaHcTBe Rt H BbIHCHHM rrpH KaKHx ycJIOBHHX orre

paTOp A, 3a,Il;aHHbiii. rrpeo6pa3osaHHeM (A.8) HasepHoe 6y,n;eT C)l(HMaJOrnHM. HMeeM B MeTPHKe 

rrpocTPaHcTBa Rt 

p(Ax, Ax')= tlY;-y;j = tl~aik (xk -x;)\ ~ t~laikllxk -x;I= 

= Ilxk -x;IIlaikl ~ p(x, x')max Ilaikl· 
k=I i=I k i=I 

CJie,n;oBaTeJibHO, .n:nH C)l(HMaeMocTH oTo6pa)l(eHHH A : Rt ~ R; .n:ocTaTo1iHO BhIIIOJIHeHHH yc

JIOBHH 

4. B rrpocTPaHCTBe R: orrepaTop A m rrpe,n;b1.n:ymero rrpHMepa rrpeo6pa3yeT paccTOHHHe 

Me)l(.n:y T01l:KaMH x H x' ITO 4JopMJJJe 

p(Ax, Ax')= ?I;~IY; -ll = m:ix\~aik (xk -x;)\ ~ m~x ~iaikllxk -x;I ~ 

~ ~~xlxk -x;j·~ax Ilaikl = p(x, x')~~ Ilaikl· 
Lk_n Lt~n k=l Lt_n k=l 

)J:oCTaT01iHOe ycJIOBHe C)l(HMaeMoCTH oTo6pa)l(eHHH A : R: ~ R: 

5. CyrnecTBoBaHHe H e,n;HHCTBeHHOCTb perneHHH 3a,n;aqH KornH 

{

dx = f (t, x(t)), 
dt 

x(t0 )=x0 • 

(A.10) 

3.n:ecr, f ( t, x) - cpyHKIIHH HerrpepbIBHaH B HeKOTopoil: IIJIOCKOH o6JiaCTH G :::i ( t0 , Xii). 
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3a,D,a11a Konrn (A.10) paBHOCHJibHa HHTerpaJibHOMY ypaBHeHHIO 

t 

x(t)=x0 + ff(r,x('r))dr. 
'o 

IlycTh It - t0 I ::;; h, M = IllG"!X It ( t, x )I, G' c G - HeKoToprur 3aMKHYTIDI o6JiaCTb H h TaKOBo, 

1ITO rrpHMoyroJihHHK D = {(t, x): lt-t0 j::;; h, lx(t )-x0 j::;; Mh} c G'. 

PaccMOTpHM npocTpaHCTBO C, Bcex HerrpepbIBHhIX Ha [t0 -h, t0 + h] <i>YHKQHii x( t) E 

E B[ x0 , Mh] c 11e6h1IIIeBcKoii MeTpHKOR. IlocKOJihKY C, ecTh 3aMKttyroe TIO,D,MHO)J(eCTBo rroJI

Horo MeTpH11ecKoro rrpocTpaHCTBa C [ t0 - h, t0 + h], TO C, - caMO IIOJIHOe npocTpaHCTBO. 

OnepaTOp <I>, ;:1eiicTByIOIDJiH Ha 'v'x(t)E C, no <i>OPMYJie 

t 

y(t)=<I>(x)=x0 + ff(r,x(r))dr, 
to 

nepeBO,D,HT x(t) B (HerrpepbIBHhIH) 3JieMeHT y(t), I1pH1IeM iy(t)-x01::;; Mh ,D,JIH Bcex tE 

E [ t0 - h, t0 + h]. CJie,D,oBaTeJihHO, <I> : C, ~ C,. EcJIH ,D,OIIOJIHHTeJihHO npe,D,rroJio)J(HTh, 1ITO 

<l>YHKQHH f ( t, x ( t)) MH Bcex t E [t0 - h, t0 + h] y,D,oBJiernopHeT ycJIOBHIO JlHI1IIIHQa rro BTOPOMY 

aprYMeHry: 

jJ(t, z1)-f(t,z2 )j::o:Llz1 -z2I 'v'z1 (t),z2 (t)E C,, 

TO onepaTOp <I> 6y,D,eT C)J(HMaIOIIJHM rrpH Lh < 1. ,ll,eiicTBHTeJihHO, 

t 

p( <I> Xi• <I> x2 ) = t)~:~~+Jy, (t )-y2 (t )j =max f[i ( r, x, ( r))- f ( r, x 2 ( r)) ]dr::;; 
to 

t 

::;; f Lmax Ix, (t )-x2 (t )ldt < Lhp( Xi• x2 ). 

to 

TaKHM o6pa3oM, rrpH BhIIIOJIHeHHH YKa3aHHhlX BbIIIIe ycJIOBHR peIIIeHHe 3a,D,a1IH KoIIIH (A.10) 
cymecTByeT H e,D,HHCTBCHHO (TeopeMa IlMKapa). 

IlpHHQHD lllay.zi;epa. IlpH OT06pIDKeHHH <I> O,D,HOro MHO)J(CCTBa B ,D,pyroe MO)J(eT CYIIJeCTBO

BaTb O,D,Ha HJIH HeCKOJibKO HCTIO,D,BH)J(HbJX T01IeK, TaK 1ITO <I> ( x) = X, a MO)J(eT TaKHX HeIIO,D,BH)J(-

HbIX T01ICK Jf He 6hITb. HarrpHMep, OT06pIDKeHHe, COBepIIIaIOmee IIOBOpOT Kpyra Ha 90° BOKpyr 

ueHTpa, HMeeT O,D,HY HCTIO,D,BH)J(ttyIO T01IKY - QCHTp Kpyra. IIpeo6pa30BaHJfe BCecTOpOHHero 

C)J(aTHH TaK)J(e JfMeeT HCTIO,D,BH)J(HYJO T01IKY, a rrpH OTo6pa)J(eHHH OKp~HOCTH B cefo1 rryTeM 

IlOBOpOTa Ha 90° HeIIO,D,BJf)J(HbJX T01IeK HCT. 

,ll,OCTaT01IHwR npmHaK CYIIJeCTBOBaHHH H e,D,HHCTBCHHOCTH Heno,D,BH)J(HOH T01IKH npH OT0-

6pa)J(CHHH IIOJIHOro MeTpH1IeCKOrO npocTpaHCTBa x B ce6H ,D,aeT, KaK 6hIJIO BbIHCHeHO, rrpHH

UHII C)J(aTbIX OT06pa)J(eHHR (TeopeMa IlHKapa-EaHaxa). 0,D,HaKO OH HaKJia,D,hIBaeT )J(CCTKOe or

paHH1ICHHe CTpOroro C)J(aTHH Ha HerrpepbIBHOe OT06pIDKeime, KOTOpoe ,D,aJICKO He Bcer,D,a MO)J(HO 

BblTIOJIHHTb. IlOHHTHO, 1ITO 3TOT npHHQJfII HMeeT MCCTO H B 6aHaxOBOM I1pOCTpaHCTBe. ,ll,JIH BIIOJI-

11e HenpepbIBHbIX orrepaTopoB ycJIOBHe CTporoti C)J(HMaeMOCTH MO)J(HO OCJia6HTb. 
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HMeeT MeCTO rrpHHQHII lllay,n:epa [12]. IlyCTh orrepaTOp <I> BIIOJIHe HerrpepbIBeH H OT06pa

)J(aeT B cefoc orpalllflieHHoe 3aMKHyfOe BhmyKJioe MHO)J(eCTBO Q. Tor,n:a ypaBHeHtte x = <I> ( x) 
HMeeT B Q ITO Kpall:HeH Mepe O,U:HO perneHHe. EcJm MHO)J(eCTBO Q KOMIIaKTHO, TO ,U:OCTaTO'IHO, 

'IT06n1 orrepaTOp <I> 6bIJI neITpephIBHhlM. 

IlpHHI(HIT c:ll<aThlX OT06pa)J(eHHH H ITpHHIJ;HIT lllay,n:epa o6o6maIOTCH CJie,n:yIOIIIHM 06IIIHM 

rrpHHI(HITOM HeITO,U:BH)J(HOH TO'IKH [9]. 
IlyCTh Q eCTh 3aMKHYTOe orpaHH'leHHOe BhlrryKJIOe MHO)J(eCTBO B 6aHaXOBOM ITpocTpaH-

CTBe X, <I> H <p orrepaTOphI, orrpe,n:eJieHHhie B Q, ITpH'leM 

1) <l>(x)+<p(x)E Q, Vx, ye Q; 

2) OITepaTOp <p C)J(HMaIOmHil.; 

3) OITepaTOp <I> BITOJIHe HeITpepnrnen. 

Tor,n:a B Q HMeeTCH, ITO MeHhIIIeH Mepe, O,U:HO perneHHe ypaBHeHHH 

<l>(x)+<p(x)=x. 

B CJiy'lae ypaBHeHHH x = Ax c JIHHeHHhIM BITOJIHe HerrpepbIBHhIM oITepaTOpoM, OT06pa)J(a

IOIQHM map B [ 0, r] B cefor, HMeeTCH CJie,n:yIOIIIHH cIToco6 orrpe,n:eJieHHH perneHHll: [25). CTapryH 

CHeKOTOporo XoE B[O,r], CTpoHT ITOCJie,n:OBaTeJibHhie IIpOOJIH)J(eHHH xn =Axn-l (n=l,2, ... ). 

IlocJie,n:oBaTeJihHOCTh 3JieMeHTOB 

KOMITaKTHa, H BCe ee ITpe,n:eJibHhie TO'IKH HBJIHIOTCH perneHJrnMH ypaBHeHHH x = Ax. 
IlonoJiueune MeTpnqecr.:oro npocTpancTea. IlycTI> M MeTPH'lecKoe ITpocTPaHCTBO 

(Boo6me rosopx, HeITOJIHOe). Ero ITOITOJIHeHHeM Ha3hIBaeTCH UOJIHOe MeTpH'leCKOe ITpOcTpaH

CTBO M*, ecJIH: 

1) M H30MeTPH'IHO HeKOTopoll: qacTH M1 c M*; 

2) M1 ITJIOTHO B M*, T. e. M.1 = M*. 

HMeeT MecTo TeopeMa (<I>. Xaycnop'1:>). BcxKoe (HeITOJIHoe) M~H'lecKoe ITpOcTPaHCT

BO M HMeeT ITOITOJIHeHHe. :::ho ITOITOJIHeHHe e,n:HHCTBeHHOe c TO'IHOCThlO ,n:o H30MeTPHH, oc

TaBJIHIOIIIeH HeITo,n:BH)J(HhIMH ToqKH H3 M. 
,lJ,OKa3aTeJibCTBO. 

a) KoHCTPYKIJ;HH IIOITOJIHeHHH M * ttcxo,n:noro M~Hl.feCKoro rrpOCTPaHCTBa M. PaccMOT

pttM MHO)J(eCTBO Bcex ll>yn,n:aMeHTaJihHhlX IIOCJie,n:oBaTeJihHOCTell: {xn}, {y.}, {z.}, ... H3 3Jie-

MeHTOB ITPOCTPaHCTBa M. IlocJie,n:osaTeJihHOCTH { xn}' {Yn} c M Ha30BeM 3KBHBaJieHTHhIMH, 

eCJIH p ( Xn, y n) ~ 0 ( n ~ oo). QqeBH)J,HO, BBe,n:eHHOe OTHOIIIeHHe peli>JieKCHBHO, CHMMeTPH'IHO 

H TpaH3HTHBHO. CJie,n:OBaTeJibHO, COBOKYfiHOCTh Bcex $yH,n:aMeHTaJihHhlX IIOCJie,n:oBaTeJibHO

CTell: B M pro6HBaeTcH Ha HenepeceKaJOmHecx KJiacchl x*, y*, z*, ... B KJiacc BXO,WIT Bee no

CJie,n:oBaTeJihHOCTH, 3KBHBaJieHTHhie ,n:aHHOH H JII06hle ,U:Be He3KBHBaJieHTHhle ITOCJie,U:OBaTeJib

HOCTH BXO,WIT B pa3JIH'IHbie KJiaCChl. H3 Bcex TaKHX KJiaCCOB x·' y*, z*' ... CTPOHTCH IIOIIOJI

Hem1e M*. 
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PaccTOHHHe B M* )J;IDI V x*, y* E M* sse)J;eM no <J>opM)'Jie 

p* (x*, y*) =Iimp(x., Yn) (n ~oo), 

r)J;e { x.}, {y.} c M mo6ble npe)J;cTaBHTeJIH KJJaccos x* H y* cooTBeTCTBeHHO. B CH.JI)' He

paseHCTBa qeTbipexyronhHHKa 

IP( Xn+p' Yn+p )- p(xn, Yn )' ~ P( Xn+p' Xn) + P(Yn+p' Yn) ~ 0 (n ~ 00
, P > 0), 

T. e. qlfCJIOBM IIOCJie)J;OBaTeJibHOCTh p(xn, Yn) - <j>ytt)J;aMeHTaJibHal!, a 3HaqHT, HMeeT npe

)J;eJI B R1
• 

3TOT npe)J;eJI He 3aBHCHT OT Bh16opa npe)J;cTaBHTeneH: B KJiaccax. B caMOM ,[(ene, ecnH 

{ x;} , { y;} .Llpyrtte npe)J;CTaBHTeJIH KJiaccoB x •, y*, TO IP ( x:, y: )- p ( x., y n )! ~ p ( x~, x.) + 

+p(y;, Y.) ~ 0 (n ~ oo ). 

Tenepb cne;:zyeT nposepHTh BhIITOJIHeHHe aKCHOM MeTpHqecKoro npocTpaHCTBa. lh onpe

;::i;eneHHll paccTOHHHH p* cne;:zyeT, qTQ OHO He OTpmiaTeJJhHO. ,D;anee, H3 paseHcTsa 

p* (x*, y*) =0~ limp(xn, Yn) =0 ~{ x.}-{Y.} ~ x* = y*. 

06paTHOe oqesll,[(HO. TaKHM o6pa30M, aKCHOMa TO)l()J;eCTBa HMeeT MeCTO. BhIIIOJIHeHHe aKcHo

MhI CHMMeTPHH cne;:zyer H3 CHMMeTPHH pacCTmIHllll B M. 

HaKoHeu:, HepaseHCTBO TpeyroJJhHHKa ,[(Jill p* ycTaHaBJIHBaeTcl! m HepaseHCTBa 

p( x., z.) ~ p( xn, Yn )+ P(Y •• Zn) 

c nocne)J;ylOmHM nepexo)J;OM K npe,[(eny npH n ~ 00• 

lfraK, M • - MeTpHqecKoe npoCTPaHCTBO. 

6) IlpoCTPaHCTBO M moMeTPHqHo IIO)J;IIpOcTPaHCTBY M 1 c M *. 

Bse)J;eM oTo6pa)J(eHHe f MHO)J(ecTBa M Ha MHO)J(eCTBO M 1 c M* cne)J;ylOmHM o6pa3oM. 

Ka)l()J;OMY 3JieMeHry x H3 M IlOCTaBHM B COOTBeTCTBHe KJiacc x*, COCTOl!IUHH H3 <J>yH)J;a

MeHTaJihHhIX IIOCJie)J;OBaTeJJbHOCTeH 3KBHBaneHTHbIX CTaU:HOHapHOH IIOCJJe,[(OBaTeJibHOCTH 

{ X, x, .. ., X, .•. }. TaKHM o6pa30M, K~OMY 3JieMeHTY x E M OTo6pa)J(eHHe f CTaBHT B COOT-

BeTCTBHe e;::i;HHCTBeHHhlll 3JieMeHT x· (COCTOHIUHH H3 scex <J>ytt;::i;aMeHTaJihHbIX IIOCJie)J;OBa

TeJibHOCTeii, CXO,[(l!IUHXCH K 3JieMeHTy x ). I! o6paTHO, pa3HhIM 3JieMeHTaM x, y E M He MO-

)J(eT cooTBeTCTBOBaTh O)J;HH KJiacc H3 M 1• OTcIO)J;a cne;:zyer, qTo f - B3aHMHO-O)J;H03HaqHoe 

oT06pa)J(eHHe M Ha M1 H rrocKOJihKY rrpocTpaHCTBO M HenOJrnoe (T. e. cymecTBYJOT <PYH

)J;aMeHTaJihHhie IIOCJie)J;OBaTeJihHOCTH H3 ero 3JieMeHTOB, KOTOpbie He CXO)J;HTCH B M ), TO Ml 
f f 

ecThqacTh M*. ,D;anee,ecJJH x~x·, y~y*. TO 

p* (x*, y*) = ~_!12P(x., Yn) = Iimp(x, y) = p(x, y). 

CJJe)J;osaTeJihHO, c ToqHoCThIO )J;O H30MeTPHH npocTPaHcTBo M = M 1 c M *. 

s) IlpocTPaHCTBo M 1 nnoTHo B M *. 
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IIycTb KJiacc x* - npmI3BOJibHhlH 3JieMeHT H3 M* c THnH'IHbIM npep;cTaBHTeJieM { xJ. 

PaccMOTpHM B M1 nocnep;oBaTCJ1bHOCTb x;, x;, ... , x:, ... , KIDK,L(bIB 3JieMeHT KOTopoii x: onpe

p;emrercJI CTaIIHOHapHOH nOCJIC,Il,OBaTCJibHOCTb10 B M : xm' xm' ... ' xm' .. . Ilo orrpep;eneHHIO pac

CTOJIHHJI B M' : 

Cnep;osaTCJibHO, x' ecTb npep;en nocnep;osaTeJibHOCTH 3JICMCHTOB H3 M 1• B cHny rrpoH3-

BOJibHOCTH x' EM' 3aKJI10qaeM, qTo M1 = M'. 

r) M' - nonHoe npocrpaHCTBO. 

IlycTh { y:} <PYHAaMCHTaJibHaJI IIOCJIC,IJ,OBaTCJibHOCTb B M.. ,[(mr KIDKp;Oro KJiacca y: Haii-

,Il,CTCJI B M 1 KJiacc x:, TaKoiiqro p'(y:,x:)<_!_ (M1 IIJIOTHOB M').Knacc x:(n=l,2, ... ) on
n 

pe,Il,CJUICTCJI CTaIIHOHapHoii nocJie,IJ,OBaTCllbHOCTb10 ( xn' xn' ... , xn' ... ) 3JICMCHTOB H3 M. IIocne-

,Il,OBaTCllbHOCTb { xn} <l>YH,IJ,aMeHTallbHaJI. B caMOM ,Il,Clle, 

*(. ')< *( * *) *(. *) *(. *) 1 ( ) 1 0 P Yn•Ym -P Yn,xn +p xn,xm +p xm•Ym <-+p Xn,xm +-~ · 
n m 

Orcrop;a 

p ( Xn, Xm) ~ 0 ( n ~ oo, m ~ oo). 

IlocJie,IJ,OBaTCllbHOCTb { x.} orrpep;emrer HCKOTOpbIH KJiacc z'' KOTOpblH JIBJIJICTCJI 3JICMCH

TOM M'. IloKa'lKeM, qTo <l>YH,IJ,aMeHTaJibHM nocnep;oBaTeJibHOCTb {y;} cxo,IJ,HTCJI B M' K 3Jie

MeHry Z'. JilMCCM 

llTaK, BCJIKaJI <PYHAaMCHTaJibHaJI nocnep;oBaTCJibHOCTh { y:} CXO)l;HTCJI B M.' qTo H rpe6oBaJIOCb. 

p;) IlonoJIHeHHe MerpmecKoro rrpocrpaHCTBa M CAHHCTBCHHO (c ToqHOCTbJO p;o moMerpHH). 

,ll,oKa'lKCM, qTo ecnH M • H M ** p;sa nononHeHHJI rrpocrpaHCTBa M , TO OHH H3oMerpmHbI. 

Bsep;eM cooTBCTCTBHe f MC)J()l;y 3JieMeHTaMH MHO'lKCCTB M' H M** cne.izyiouurM o6pa3oM. 

IlycTb x* - rrpOH3BOJibHbIH 3JICMCHT H3 M*. IlocKOJibKY Mi' H30MerpHqHo rrpocTpaHCTBY M 

H i:i; = M*, TO B M; Haii,IJ,eTcJI rrocnep;osaTeJibHOCTb KJiaccoB { x;}, CXOMIIIaJicJI (no MeTpH

Ke p') K 3JICMCHTY x'. Ka'lK,IJ,OMY KJiaccy x: nOCTaBHM B COOTBCTCTBHC CTa.UHOHapHYJO nocne

,Il,OBaTCllbHOCTb ( xn' xn' ... ) c M. 

KoMnaicruocTh. B aHamne Ba'lKHyJO ponh Hrpaer TeopeMa EonbuaHo-BeiiepIUTpacca, co

rnacHo KOTOpoii BCJIKOe orpaHHqeHHOe 6eCKOHeqHoe MHO'lKCCTBO Ha npJIMOH HMCCT no Kpaii

Heii Mepe O,IJ,tty rrpe,D,CJibttyIO mqey. 3ro ymep'lK,Il,eHHe MO'lKHO c<PopM)'JIHpOBaTb H TaK: H3 BCJIKOH 

orpamrqeHHOH IIOCJIC,Il,OBaTeJibHOCTH ToqeK Ha npJIMOH MO'lKHO Bbl,Il,CJIHTb CXO,Il,lIIIIyJOCJI no,IJ,

IIOCJIC,Il,OBaTCJibHOCTb (2-JI TeopeMa EonbuaHo-Beiiepurrpacca). B rrpoH3BOJibHbIX MerpHqe-
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CKHX rrpocrpaHCTBax ammorwmaH TeopeMa He HMeeT MeCTO, O)J;HaKO, MO'lKHO BbI,D;eJIHTb B OT

)J;eJibHj'JO rpyrrny Te npOCTPaHCTBa, AJIH KOTOpbIX OHa OCTaeTCH cnpaBe)J;JIHBOO. 

OnpeAeJieHHe. MHo')l(eCTBO M, ne1Kamee B MeTpnqecKoM rrpocTpaHCT:se X Ha3bIBaeTCH 

KOMIIaKTHhlM, ecm1 H3 mo6oil: 6ecKOHeqHOH IIOCJie)J;OBaTeJibHOCTH { x.} ero ;)JleMeHTOB MO/KHO 

Bhl)J;eJIHTb CXOMIT(ylOCH IIO)J;IIOCJie)J;OBaTeJibHOCTb { Xn,}. 
Benn rrpe)J;eJibI Bcex TaKHX no)J;nocne)J;oBaTeJibHOCTeil: npHHa)J;Jie)l(aT M, TO 3TO MHO)l(eCT

BO Ha3bIBaeTCH KOMTiaKTHbIM B ce6e (6HKOMTiaKTHbIM). QqeBH)J;HO, ecJIH MHOJKeCTBO M KOM

rraKTHO B x H 3aMKttyTO, TO OHO KOMIIaKTHO B ce6e. 

EcJIH BCe MeTplfqecKoe rrpOCTpaHCTBO x - KOMIIaKTHOe MHO)l(eCTBO, TO IIOCKOJibKY OHO 

3aMKttyTO, OHO KOMIIaKTHO B ce6e. TaKoe MeTpnqecKoe rrpocTpaHCTBO Ha3bIBaeI'CH KOMIIaKTOM. 

IJpUMepbl. 
1. flI06oe MHO)l(eCTBO C KOHeqHblM qncJIOM 3JieMeHTOB HBJIHeTCH KOMIIaKTHbIM, H60 JII0-

6aH 6ecKoHeqHaH IIOCJie)J;OBaTeJibHOCTb B HeM 6y)J;eT CO)J;ep)l(aTb CTaIIHOHapH)'IO IIO)J;IIOCJie)J;O

BaTeJibHOCTb. 

2. 0Tpe30K [ 0, I] HBAAeTCH KOMTiaKTHbIM B ce6e MHO)l(eCTBOM B R1
• ::ho CJie)J;yeT H3 Teo-

peMbl 60JibI1aHo--BeiiepnITpacca. EcnH [ 0, 1] c ecTecTBeHHOH MeTpHKOii paccMaTpHBaTb KaK 

MeTpHqecKoe npocTpaHCTBO x ' TO x - KOMTiaKT. 

3. l1HTepBaJI (a, b) KOMTiaKTeH B [a, b]' HO He HBJIHeTCH KOMIIaKTHbIM B ce6e MHO)J(eCTBOM. 

4. Bc»Koe orpaHmeHHOe MHO)KeCTBo M B R" KOMrraKTHO. EcJIH, KpOMe roro, M - 3aMK

ffYTO, TO OHO KOMTiaKTHO B ce6e. 

IlpUMep. fHJib6epToB KHpnHq. TaK Ha3bIBaeTcH MHO)l(eCTBo 

Q ={ X = ( Xp X2 , ..• )E [
2

: lxil::; 1/2i-l}. 
MHO)l(eCTBO Q c [2 

- 3aMKttyTO. B caMOM )J;eJie, eCJIH Xo = ( .ti0 ' x~' ••• ) E !2 
- npe)J;eJibHaH 

TOqKa, TO B Q HaH)J;eTCH rrocne)J;OBaTeJibHOCTb x(n) = (xi")' x;n) , ... ) ToqeK (OTJilfqHbIX OT x0 
), 

l o Q (n) 0 , 1 2 
CXO)J;HIT(aHCH K Xo B - . TCIO)J;a CJie)J;yeT' qTo X; ~ X; npH n ~ 00 .n::rrn BCex l = ' ,. .. 
H lx?i=l~1!xi"ll::;1/2H, T. e. x0 E Q. 

MHo)l(eCTBO Q - orpaHmeHRoe, VxE Q HMeeM 

= = ( 1 J2i-2 
p 2 (0,x)= .frx;2 ::;fr 2 =4/3. 

Cne)J;OBaTeJibHO, Q c B [ 0, 2/ .J3]. MRo)l(eCTBO Q KOMrraKTHO B ce6e. 

MHO)KeCTBo A, Jie')l(amee B MeTpmecKOM npocrpaHCTBe X, Ha3bIBaeTCH c -ceTbIO AJIH 

MHO')l(eCTBa M c X, ecnn WU! HeKOToporo qHcna & > 0 H VxE M cymeCTByeT 3JieMeHT a E A, 

TaKOH q'f0 p( a, X) < c. 
Ilpwwepbz. 
1. CaMo MHO)l(eCTBO A HBJIHeTCH c-CeTbIO MH ce6H. 

2. MHo)KeCTBo pa11HoHaJibHhlX roqeK rE (0, 1) »BJIHeTCH c-ceTbIO JtmI (0, 1) npH JII0-

6oM c>O. 
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TaKHM o6pa3oM, ec;m A eCTb e-CeTb MHo:>KeCTBa Mc X, TO VxE M np1rna,wie:>K1IT 06oe

,n.1rnemuo UB (a, e), a 3TO 03Haqaer, qTO A COAep:lKIIT AOCTaToqHb1H: 3aITac 3JieMeHTOB, qTo6hl 
aeA 

cosoeyITHOCTb wapos B (a, c:) ITOKphma MHO:lKecTBo M. 

MHo:lKeCTBO M, Jie)l(amee B MerpmecKOM npoc'IpaHCTBe X, Ha3bIBaercH BITOJIHe orpaHH

qeHHblM, eCJIH v c: > 0 B x HMeeTCH KOHeqHaH e -CeTb ~ Hero. QqeB~HO, BCHKOe BITOJIHe or

paHWieHHOe MHO:lKeCTBO M orpaHHqeHO B x. 11MeeT MeCTO KpHTepHH KOMITaKTHOCTH MHO:lKe

CTBa B Me'IpHqecKOM ITpOC'IpaHCTBe x. 
TeopeMa (<l>. XaycAopqi). ,Il;JIH KOMITaKTHOCTH MHO:lKecTBa M Me'IpHqec1<oro ITpocTpaH

cTBa x Heo6XOAHMO, a B c~ae ITOJIHOTbl x H AOCTaTOqHo, qT06bI OHO 6bmo BITOJIHe orpa

HHqeHHbIM. 

,Il;OKa3aTeJihCTBO He06XOAHMOCTH. 

IlyCTb M - KOMIIaKTHOe MHO:lKeCTBO B x. IloKa:lKeM, qTo OHO BITOJIHe orpaHHqeHO. 

IlyCTh c: > 0 ITpOH3BOJihHO H x1 E M. Ec;m M c B ( x1 , e) , TO KOHeqHM e -CeTh rroc'IpoeHa, 3TO 

MHO:lKecTBo, cocToHmee H3 OAHOH ToqKH Xi. B npoTHBHOM cJiyqae cymecTByeT Toq1<a x2 E M, 

TaKaH qTo p(xi'x2);;o:c:. ECJIH M cB(x"e)UB(x2,c:), TO KOHeqHM C:-CeTb ITOCTpoeHa. 

3TO - MHO:lKeCTBO { X1, X2}. B ITPOTHBHOM c~ae, paccy:lKAeHHe Heo6XOAHMO ITPOAOJI:lKHTb. 

B pe3yJihTaTe ITOJiyqaeM ITOCJieAOBaTeJibHOCTb Xp X2, X3, •.. , ITpHqeM p(xn, Xm);;:: e (m :;t: n) 
ITO ITOC'IpOeHHJO. 0Ha He MO:lKeT COAep:lKaTb 6eCKOHeqHoe qHCJIO 3JieMeHTOB, H6o 3TO 03HaqaJio 

6bl, qTo H3 6ecKOHeqHOH ITOCJieAOBaTeJibHOCTH 3JieMeHTOB MHO:lKeCTBa M HeJib3H BblAeJIHTb 

CXOAHmelicH ITOAITOCJieAOBaTeJibHOCTH. B CHJIY ITpOH3BOJibHOCTH e > 0 3aKJIJOqaeM, qTo MHO

:lKeCTBO BITOJIHe orpaHHqeHHO. 

,Il;oKa3aTeJibCTBO AOCTaToqHOCTH. 

IlyCTb M - BITOJIHe orpaHHqeHHOe MHO:lKeCTBO, ITOKa:lKeM, qTo OHO KOMITaKTHO B x. 
IlOJIO)l(HM en = 1/ n ( n = 1, 2, ... ) H ITOCTpOHM KOHeqHble C:n -CeTH AJIH MHO:lKeCTBa M H, B qaCT-

HOCTH, AJIH ITpOH3BOJibHOH 6eCKOHeqHOH ITOCJieAOBaTeJibHOCTH { xk} ero 3JieMeHTOB: 

(!) (!) (I) 
a] ' a2 ' anl' 

(2) (2) (2) 
llj , a2 , a,,, , 

IlOCKOJlbK)' wapoB B ( ai(I), el) KOHeqHoe qffCJIO, a { xk} - 6eCKOHeqHaH ITOCJieAOBaTeJib

HOCTh, TO ITO KpaliHeH: Mepe B OAHOM H3 3THX wapOB B, 6yAeT COAep:lKaTbCH 6ecKOHeqHo MHOro 

3JieMeHTOB HaweH: ITOCJieAOBaTeJibHOCTH. 3ry (6ecKOHeqHYJO) qaCTb ITOCJieAOBaTeJibHOCTH { xk} 

o603HaqHM M 1 ( M 1 c B,). ,Il;aJiee B03bMeM ToqKH C:2 -ceTH, Jie:lKamHe B wape B1• TaK KaK wapos 

B ( a?l, e 2 ) - KOHeqHoe qffCJio, a M 1 coAep:lKIIT 6ec1<0HeqHoe qHCJIO 3JieMemos, TO ITO KpaH:HeH: 

Mepe B OAHOM wape B2 ecTb 6ec1<0HeqHM qaCTb M 2 MHO:lKeCTBa M,. IlpoAOJl)l(HB 3TO paccY:lK

AeHHe ~ n = 3, 4,. . ., MbI ITO~HM ITOCJieAOBaTeJlbHOCTh wapos B1 ::::> B2 ::::> B3 ::::> ••• paAffYCbl 
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KOTOpblX En ~ 0. Terrepb IIOC'I'pOHM IIO,ll;IIOCJie,D;OBaTeJibHOCTb { y m} IIOCJie,[(OBaTeJibHOCTH { Xk} 
cne,zzyrorn:HM o6pa3oM: 

3Ta IIO,[(IIOCJie,[(OBaTeJibHOCTh <i>)'H,!laMeHTaJibHWI, TaK KaK 3JieMeHTbl y m H y n ( m > n) IIOIIaJzyT 

mryrpb mapa Bn H, cnep;oBaTeJibHO, p ( y n, y m) ~ 0 ( n ~ oo). B cmiy IIOJIHOThl MeTpH'IeCKoro 

rrpocTPaHCTBa X rrocnep;osaTeJibHOCTb {Ym} HMeeT rrpep;en B X, lfTO H TPe6osanoch. 

113 ,[(0Ka3aHHOH TeopeMbl Herrocpe,D;CTBeHHO BbITeKaeT cne,zzyrorn:ee ,[(OCTaTOqHoe ycnOBHe 

KOMIIaKTHOCTH MHO)f(eCTBa: ,[(JIH Toro qTo6bI MHO)f(eCTBO M' ne:>R:arn:ee B IIOJIHOM MeTPH1IeCKOM 

rrpocTPaHCTBe x 6bIJIO KOMIIaKTHbIM, ,[(OCTaToqHo, qT06hl v E > 0 B x cyrn:eCTBOBana KOM

rraKTHaH E -CeTb ,[(AA Hero. 

E E 
B caMOM p;ene, B3HB rrpomBOJibHOe - > 0, IIOCTPOHM - -ceTb MH MHO:>R:ecTBa M. IlycTh 

2 2 
E 

3TO 6yp;eT MHO:>R:eCTBO N. Torp;a VxE M, 3aE N TaKaH, qTO p(x, a)<-. IlocKOJibKy N -
2 

E 
KOMIIaKTHOe MHO)f(eCTBO, TO cyrn:ecTByeT - -ceTb ,[(JIH N. IlycTb 3TO 6yp;eT KOHeqHoe MHO:>R:e-

2 

CTBO N0 • Torp;a ,[(AA 3JieMema aE N Haii)J;eTCH 3neMeHT a0 E N0 , TaKOH lfTO p( a, a0 ) < .£. Te-
2 

rrepb HMeeM 

p(x, a0 )::; p(x, a)+ p(a, a0 ) <.£+.£ = 8. 
2 2 

TaKHM o6pa30M, ,[(AA MHO:>R:ecTBa M cyrn:ecTByeT B X KOHeqHaH 8-CeTb. TaK KaK £ > 0 rrpom

BOJibHO, TO M - srronHe orplllill'IeHHoe MHO:>R:eCTBO. B cmiy TeopeMbI Xaycp;op<l>a M - KOM

IIaKTHoe MHO:>R:eCTBo. 

IlpUMep. PacCMOTpHM CHO Ba «rHJib6epTOB KHpIIH1I» Q = { x = ( Xp X2' ••• ) E 12 
: Ix; I ::; 1/ 2i-l}. 

IlyCTb Qn ={ X(n) = (Xi• X2 , ••• , Xn, 0, 0, ... )E [
2

: !xii::; 1/2i-1, i = 1, 2, ... ,n }. IJpH Ka)f(,[(OM <i>HKCH

pOBaHHOM n: Qn C Q. QqeBH,!IHO Qn ( C MeTPHKOH rrpOCTPaHCTBa [
2

) H30MeTPH1IHO MHO:>R:eCTBY 

p = { y = ( Xp X2 ,. .• , xn) E R" : Ix; I ::; 1/ 2i-l ' i = 1, 2, ... , n}' Jie:>R:arn:eMY B rrpOCTPaHCTBe R"' TaK 

KaK Me:>R:p;y HX 3JieMeHTaMM MMeeTCH B3aHMHO-O,[(H03HaqHoe COOTBeTCTBMe, rrpHqeM 

MHo:>R:ecTBO P c R" orpaHHqeHHO, TaK KaK 

p~. (y, 0) = ~lx;l2 <~. 
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Tio:noMY ero MO)J(HO rrorpymTu B uiap B( 0, 2/J3). Ka.I< orpaHH'IeHHOe MHo>KeCTBo m R" OHO 

KOMIIaKTHO, CJie,lJ,OBaTeJibHO, KOMIIaKTHO ll MHO>KeCTBO Q. c [2
. TIOKa>KeM, 'ITO Q. o6proyeT 

KOMIIa.KTH)'JO £-CeTu )];JUI MHO>KecTBa Q IIpll mo6oM c > 0. 3a;::i;as c > 0, BbI6epeM n TaKHM, 'IT0-

6bl BbIIIOJIIDIJIOCb HepaseHCTBO 2 < 2•/2 .J3 &. 

I1MeeM )],JUI rrpOH3BOJibHOro XE Q 

{ 
= }1/2 { = ( 1 )2k-2 }1/

2 
2 P(x, x(•)) = L lxkl2 

::;; L - < r::; n/2 < &. 
k=n+I k=n+I 2 v32 

TaKHM o6pa30M, '\/ & > 0, 3N ( & ) > 0 TaKoe, 'ITO rrp11 n > N ( & ) MHO>KecTBO Q. HBmi:eTCH KOM

rraKTHOH £-CeTblO ,lJ,JIH Q. Cne;::i;osaTeJibHO, Q - KOMIIaKTHoe MHO>KeCTBO, a TaK KaK Q -
3aMKHyroe MHO>KeCTBO, OHO KOMIIaKTHO B ce6e. 

I1MeeT MeCTO rrpocToe yTBep>K,lJ,eHHe: JIJ06oe KOMIIaKTHOe MeTPH'IeCKOe rrpocTpaHCTBO x 
cerrapa6eJibHO. 

)J;oKa3aTeJibCTBO BbITeKaeT m Toro <PaKTa, 'ITO 06oe;::i;11HeH11e 1/ n -ceTeiI ( n = 1, 2, ... ) ,lJ,JIH X 

ecTb C'IeTHOe MHO>KeCTBO P. c ;::i;pyroiI CTOpOHbl, VxE x B 3TOM MHO>KecTBe HaH,lJ,eTCH IIOCJie

,lJ,OBaTeJibHOCTb {a.}, cxOMIUMCH K x. Crnno 6bITb, P = X, 'ITO 11 TPe6osanocb. 

06IUHH KpHTepHH KOMIIaKTHOCTll He scer;::i;a y;::i;o6eH ,11,JIH rrpHJIO>KeHHH, II03TOMY pa3pa6o

TaHbl Heo6xo,lJ,HMbie ll ,lJ,OCTaTO'IHbie YCJIOBHH KOMIIaKTHOCTll MHO>KeCTB ,lJ,JIH KOHI<peTHbIX MeT

pH'IeCKHX npOCTPaHCTB. Tip11se;::i;eM KPHTepHH KOMIIaKTHOCTll MHO>KeCTBa B c [a, b]. 
CeMeHCTBO <I> <P~n rp(t) E C [a, b] Ha3bIBaeTcH paBHoMepHo orpaHH'IeHHbIM, ecJIH ,lJ,JIH 

scex <l>YHKUHH 3TOrO ceMeHCTBa HMeeT MeCTO oueHKa Ha [a, b] 

Jrp(t)J<K. 

CeMettcTBO <I> <l>YHKUHH rp( t) E C [a, b] Ha3bIBaeTcH paBHocTerreHHO HerrpepbIBHbIM, ecn11 

\:;/ c > 0, 3 0 ( c) > 0 TaKoe, 'ITO ,lJ,JIH scex <l>YHKUHH rp ( t) E <I> ll \:;/ti' t2 E [a, b] H3 HepaBeHCTBa 

lt1 - t2 I< 0 => Jrp( ti)- cp(t2 )J < &. I1MeeT MeCTO CJie,lJ,yJOIUMH KpHTepHH KOMIIaKTHOCTM B rrpo

CTPaHCTBe C [a, b]. 

TeopeMa (q, Apuen). ,lJ;JIH TOro 'IT06bI ceMeHCTBO <I> <l>YHKUMH cp(t )E c[ a,b] 6bll0 I<OM

naKTHbIM, Heo6XO,lJ,llMO ll ,11,0CTaTO'IHO, 'IT06bJ OHO 6bJJIO paBHOMepHO orpaHHqeHHO ll paBHOCTe

rreHHO HerrpepbIBHO. 

,1J;OKa3aTeJibCTBO Heo6XO,lJ,HMOCTM. TiycTu <I> - KOMJJaKTHO, TOr,lJ,a OHO orpaHM'IeHHO. 3TO 

03Ha'IaeT, 'ITO MHO>KecTBO <I> c B ( 0, K) , HHbIMH cnosaMM, 3K > 0 TaKoe, qTo mm scex <l>YHK-

UHH rp(t) E <I> HMeeT MecTo oueHKa: 

0Tc10;::i;a cne;::i;yeT pasHoMepHM orpaHH'l.eHHOCTb ceMeHCTBa <I>. 
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~ ,ll;OKa3aTem.CTBa paBHOCTerreHHOH HerrpepbIBHOCTII :noro CeMeHCTBa BBe,ll;eM KOHeqH)'IO 

1-CeTh )J;IDI Hero: rp,, (/Jz, ... , rpm. lfMeeM )J;Jij{ "if rp E <I> ll HCKOTOpoH. (/); ll3 3TOH cern 

p( rp, 'P;) < ~ ~ maxlrp(t)-rp; (t )I<~~ ltp(t,)-rp; (t,)I < ~. "ift1 E [ a,b] 
3 a$t:>b 3 3 

ltp(t2 )-tp; (tJI<~, "ift2 E [a,b]. 
3 

,LJ;arree, ll3 HerrpepbIBHOCTll Ha [a, b] (/); ( t) CJie,D,)'eT llX paBHOMepmui HerrpepbIBHOCTb. 

Ilo3TOMY )J;JIH TOro )KC ~ MO)l(HO IIO)J;06paTb ~ > 0, TaK:He qTQ l'P; (ti)-(/); ( t2 )I < ~ rrpn 
3 3 

Jt1 - tzJ < ~ ( i = 1, 2, ... , m). B3HB 8 =min ( Oi, 82, ... , 8m), IIOJiyqHM )J;JIH BCCX (/); ( t) ll3 HaIIIeH 

c 
--CCTll 
3 

Jt1 - t2 J<8~19'; ( t1 )- 91; ( t2)I<1 • l:ft1, t2 E [a, b]. 

Terreph HMeeM M» rrpomBOJihHOro c > 0 n Jt, -t2 J < 8( c) 

rrpnqeM 3TO HepaBeHCTBO cnpaBe,ll;JIHBO ,ll;JI» BCex <l>YHKQHH tp(t) ll3 ceMeHCTBa <I>. 

,LJ;OKa3aTeJihCTBO ,ll;OCTaTOqHQCTll. 

IlycTb ceMCHCTBO <I> paBHOMepHO orpami:qeHHO ll paBHOCTerreHHO HenpepbIBHO, ,ll;OKa)l(CM, 

c 
qrn <I> KoMnaKTHO B C [a, b] . Bo3bMeM "if - > 0 n rro,ll;6epeM TaKoe 8 ( c) > 0, qrn ,ll;JI» Bcex 

5 
tp(t)E <I> H "i/tl' t2 E [a, b] 

3To C,ll;CJiaTb B03MO)l(H0 B CllJIY paBHOCTerreHHOH HerrpepbIBHOCTll ceMeHCTBa <I>. IlocKOJib

KY <I> paBHOMepHo orpaHnqeHo, TO 3 K > 0, O,ll;HHaKOBa» ,ll;JI» Bcex qJE <I>, TaKM qTO 

lrp(t)l<K, tE[a,b]. 

Pa306beM npHMoyroJihHHK a~ t ~ b, -K ~ rp ~ K TOqKaM:H (tk, yi): 

a =t0 <t1 < ... <t" =b, -K =Yo< y, < ... < Ym = K 

Ha rrp»MoyroJihHMe HqeliKH TaKHM o6pa3oM, qTo6M tk+i -tk < 8, Yi+' - Yi<~-
5 

fpa<l>HKll BCex <l>YHKQHH ,ll;aHHOrO ceMeHCTBa <I> Jie)l(aT B npe,ll;eJiax IIpHMOyrOJibH:HKa 

[a, b] x [-K' K], rrpmeM B npe,ll;eJiax j{qeHKll mo6a» <l>YHKQHH tp( t) E <I> 6y,ll;eT ll3MeHHTbCH 

MeHee qeM Ha ~. IlocTaBHM B COOTBeTCTBHe rrpOH3BOJibHOH <l>YHKQllll rp( t) E <I> HenpepbIB-
5 
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HyIO JIOMaHYIO l/f(t}, rrpoxo,n:HuzyIO qepe3 HeI<OTOpbie Y3IlhI (tk, yj) TaKHM o6pa30M, qTo6bI 

l<P(tk }-'l'(tdl < .£. HMeeM no rrocrpoeHHIO Vt E [tk' tk+t] 
5 

l<P(tk )-<P(tk+l )I<~, l<P(tk )-II'( tk+I )I<~, l<P(tk+l )-II'( tk+I )I<~-
0TCIO,D;a 

Ill'( tk )-11'( tk+t )I ~Ill'( tk )- <P( tk )I+ l<P( tk )- <P( tk+t )I+ l<P(tk+l )- II'( tk+1 )I < ~e. 
5 

Ta1<1<a1<HayqaCTKe [tk,tk+1], l/f(t) -nHHeiIBM4JyHKQIDI,TO 'lttE[tk,tk+i] HMeerMeCTOTO)J(e 

HepaBeHCTBO 

Terrepi, rroJiyqaeM 

l<P( t )-1/f(t )I~ l<P(t )-<P(tk )I+ l<P(tk )-1/f(tk )I +11/f(tk )-1/f(t )I< 

e e 3& 
<-+-+-=&. 

5 5 5 

TaKHM o6pa3oM, MHO)J(eCTBO JIOMaH1>1x {II'} o6pa3yeT B C [a, b] &-ceTh ,n:JIH ceMelicTsa <I>. TaK 

KaK {II'} - KOHeqHoe MHO)l(eCTBO, TO <I> - BIIOJIHe orpaHHqeHO, qTo H Tpe6oBaJIOCh. 

B HeKOTOpbIX CJI)"iaHX MOryT 0Ka3aTbCH IIOJie3HhIMH KpHTepHH KOMIIaKTHOCTH B ,n;pymx rrpo

crpaHCTBax. IlpHBe,n:eM HX ,D;JIH rrpocrpaHCTB [P H I!. ,ll.OKa3aTeJibCTBa MO)J(HO HaHTH B [7, 12]. 

KpHTepttH: KOMIIaKTHOCTH B IP. MHO)l(eCTBO M c IP KOMIIaKTHO Tor.n:a H TOJihKO rnr,n:a, 

Kor.n:a 

a) OHO orpaHttqeHO, 

6) '17'&>0, 3N(e)>0, qTo 'lfx=(Xi,X2 ,. • .,xm,. .. )EM: 

i=m+l 

KpHTepwH: KOMrraKTHOCTH B I! [0,1]. HMeeT MecTO TeopeMa (A.H. KonMoropos). 

MHO)J(eCTBO M c I! KOMIIaKTHO TOr,n:a H TOJlhKO Tor.n:a, Kor.n:a 

a) 3K >0, qTo Vx(t}E M 
1 

~x(tWdt~KP; 
0 

6) Ve> 0, 3c5> 0 TaKoe, qTo Vx(t) EM 

h<o~jjx- 2~:1 x(r)drll<&. 

HenpepbIBHble ctiymm;uoHaJibl Ha KOMDaKTHblX MHOJKeCTBaX B MeTpuqeCKHX npo

CTpancTBax. IlyCTb f - OT06pa)J(em1e MHO)l(eCTBa M H3 MeTpHqecKoro rrpocrpaHCTBa x 
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B R1
. 3TO 3HaqHT' qTQ Ka:lK,!(OMY 3JieMeHTY x E M CTaBHTCH B COOTBeTCTBHe qucno f ( x). 

HanoMHHM, qTO TaKoe OTo6pa)l(eHHe Ha3hIBaeTcH qncnoBoif i}>yttKl.J,Heif mm i}>yttKl.J,HOHaJIOM 

(Ux, Ax, f (x) HT. rr.). 

llpUMepbl. 

1. B rrpocTPaHCTBe C [ 0, 1] 

I 

f ( x) = f x2 
( t) dt. 

0 

2. B rrpOCTPaHCTBe C1 
[ 0, 1] 

l 

f(x)= f{x(t)+.i1(t)}dt. 
0 

3. B rrpocTPaHCTBe C [a, b] 

f(x)=x(t0 ), a~t0 ~b. 

TaK )Ke KaK B KJiaccnqecKOM aHaJIH3e BBO,!(HTCH IlOHHTHe HerrpepbIBHOCTH i}>yttKl.J,HOHaJia. 

<l>yttKl.l,HOHaJI f ( x), orrpe;:i:eneHHhlif (;:i:eil:CTBYJOIIIHH) Ha MHO)l(CCTBe M c X, Ha3hIBaeTcH 

HerrpephIBHhIM B TQqKe Xo E M, eCJIH v c > 0, 3 c) ( c) > 0, qTQ H3 HepaaeHCTBa p ( x, Xo) < c) ~ 

~ \! ( x )- f ( Xo )\ < c. 1lacTO y;:i:o6Hee HCITOJih30BaTh ;:i:pyroe, paBHOCHJibHOe rrpHBe;:i:eHHOMY 

BbIIIIe, orrpe;:i:eJieHHC HenpepbIBHOCTH B TOqKe i}>yttKl.J,HOHaJia f ( x). 

<l>yttKl.l,HOHaJI f ( x), onpe;:i:eneHHhIH Ha MHO)l(eCTae M c X HenpepbmeH B TOqKe x0 E M, 

CCJIH v { xn} c M CXOMI11eHCH K Xo (no MCTpHKC X), lim f ( xn) = f ( Xo )( n ~ 00). 

Ilo onpe;:i:eJICHHIO <l>YffKl.l,HOHaJI f ( x)' onpe;:i:eneHHbIH Ha MHO)l(eCTBC M c x' HenpepbI

BCH Ha HeM, eCJIH OH HenpepbIBeH B Ka)l(,!(OH TOqKe Xo E M. 

<l>yHKl.J,HOHaJI f ( x), onpe;:i:eneHHhIH Ha MHO)l(eCTBe M c x, Ha3bIBaCTCH paBHOMepHO He

npepbIBHhIM Ha M, ecnu VE> 0, ::M·(.e) > 0 TaKoe, qTQ m HepaBeHcTBa p (Xi, x 2) < 8 ~ 

~ \! (Xi)- f (xi)\< c MH JII06hIX ToqeK Xp X2 E M. 

QqeBH.l:i:HO, m paaHoMepHoii HerrpepbIBHOCTH <l>YHKl.J,HOHaJia f ( x) Ha MHO)l(eCTBe M cne-

11yeT ero HenpephIBHOCTb Ha 3TOM MHO)l(eCTBe. 06paTHOe - HeBepHO. 

B aHanme Ba)l(Hoe MeCTo 3aHHMaIOT TeopeMhI Beil:epIIITPacca, Bhipa)l(aIOI11He caoil:CTaa 

<hHKl.J,HH, HenpephIBHhIX Ha OTPe3Ke. CYI11eCTBeHHhIM 3;:i:ech HBJIHeTCH TO, qTO OTPC30K eCTh KOM-

11aKT. AHaJIOIWIHbIC reopeMbI HMeIOT MeCTO H ,!(JIH HenpepbIBHbIX <l>YffKl.l,HOHaJIOB. 

TeopeMa 1. <l>yHKl.J,HOHaJI f ( x), onpe;:i:eneHHbIH H HenpepbIBHhIH Ha KOMilaKTHOM B ce6e 

MllO)l(eCTBe M, Jie)l(a111eM B MeTpnqecKoM rrpocTPaHCTBe X, orpaHnqeH Ha M. 

,l1,0Ka3aTeJihCTBO. IIpe;:i:rronmKHM npoTHBHOe, qTo f ( x) He orpaHuqeH Ha M, T. e., qTQ 

3{ x.} c M TaKaH, ~o \! ( x.)\ > n ( n = 1, 2, ... ). TaK KaK M - KOMilaKTHOe B ce6e MHO)l(e-
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CTBO, TO H3 { x.} MO)l(HO BhI.n;eJJHTh no.n;nocne.n;osaTeJJhHOCTh { x.,} -? Xo E M. B c:imy Herrpe

pbIBHOCTH <j>ynKUHOHana f ( x) HMeeM f { xn,} -? f ( Xo) ( k -? 00). Ho 3TO neB03M0)1(H0. Ilo

JJ)"lennoe rrporHsopeqHe .n;oKa3hIBaer reopeMy. 

TeopeMa 2. <I>ynKll;HOHaJJ f ( x)' orrpe.n;eneHHhlH H HerrpephIBHhIH Ha KOMIIaKTHOM B ce6e 

MHO)l(eCTBe M' JJe)l(aru;eM B MeTpHqecKOM rrpocrpaHCTBe x' ,[(OCTHraeT Ha M CBOHX TOqHbIX 

sepxHeH H HH)l(HeH rpaHeH. 

,lJ;OKa3aTeJJhCTBO. 0603HaqHM: sup f ( x) = b. 3To Bhlpa)l(CHHe HMeeT CMbICJJ, TaK KaK MHO
xeM 

)l(eCTBO 3HaqeHHH f ( x) - orpamrqeHHOe qHcnosoe MHO)l(eCTBO. Ilo CBOHCTBy roqHOH sepx

HeH rpaHH Hail:.n;erc»: rrocne.n;oaarenhHOCTh { x.} c M, raKaH qro 

1 
b - - < f ( xn ) ~ b ( n = 1, 2, ... ) . 

n 
(A.11) 

B c:imy KOMIIaKTHOCTH a ce6e MHO)l(eCTBa M, H3 rrocne.n;oaarenhHOCTH { x.} MO)l(HO BhI.n;enHTh 

CXOMIUYJOCH K HeKOTopoil: TOqKe Xo E M rro.n;rrocne.n;osaTeJJhHOCTh { x •• } ' a B c1rny HerrpepbIB

HOCTH <j>ynKl.U10Hana f ( x) : f ( x., ) -? f ( Xo). QqeBH,[(HO, HepaaeHcTBa (A.11) HMeIOT MeCTO 

H rorn IIO,[(IIOCJJe,[(OBaTeJihHOCTH { x., } : 

b-~ < f ( x • .) ~ b. 
k 

Ilepexo.n;H 3.n;ech K rrpe.n;eny rrpH k -? 00 ( nk -? oo), rronyqaeM f ( x0) = b. Ananorwrnoe .n;oKa-

3aTenhCTBo nerKO rrpOBO,[(HTCH H ,[(JJH TOqttOM HH:/I<HeH rpam1 MHO)l(CCTBa 3Haqemi:H: f ( x). 

TeopeMa 3. <PyttKUliOHaJJ f ( x ), orrpe.n;eneHHhIM H nerrpephIBRhIM Ha KOMilaJ<THOM B ce6e 

MHO)l(ecrne M c X, paanoMepHo nenpephIBeH Ha M. 

,lJ;OKa3aTeJJhCTBO. Ilpe.n;nonO)l(HM npOTHBHOe, qTO f ( x) HenpephIBeH Ha M, HO paBHO

MepHOH HenpepbIBHOCTH HeT. Tor.n;a, 3a.n;aB Co > 0, MhI MO)l(CM naiiTH t5 ( £) > 0 H rrocrpoHTh 

nocne.n;oaaTeJJhHOCTH { x.}, { y"} c M, TaKHe qTo 

p(x., Y.) < 1/n ~If (x. )- f (Y.)I ~ £0 (n =1, 2, ... ). 

Ifa { x.} BhI.n;enHM no.n;nocne.n;osaTeJJhHOCTh { x., } -? x0 E M. QqeaH.n;Ho, 110.n;nocne.n;oaaTenh

HOCTh {Y.,} (c TeMH )KC HOMepaMH) TaK)l(e CXO,[(HTCH K TOqKe Xo· 11MeeM 

IlpH .n;ocraToqHo 6onhIIIHX k npaaa»: qacTh noro HepaaeHcTBa MO)l(eT 6hITh c.n;enaHa MeHhme 

mo6oro narrepe.n; 3a.n;anHoro qHcna, a TO apeMH KaK neaa»: qacrh orpaHHqeHa CHH3y. IlonyqeH
Hoe IIpOTHBOpeqHe ,[(0Ka.3hIBaeT TeopeMY. 
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P-HEPABEHCTBA 

HepaeeucTBa reJIL~epa. PacCMOTJJHM cpymru:1no r =ta (a> 0). 0Ha MOHOTOHHO B03pac

TaeT rrpH t > 0, TaK KaK r' ( t) = at a-i > 0. IJOTIOMY O)J,H031Ia'IHO orrpe,!1,eJieHa o6paTHruI cpyHK

u:mr t = rlfa. fpacpHK cpyHKU:HH r = t" H3o6pa)J(eH Ha pHc. E.l. 

B 

0 ~ 

Puc. E. J. K BhIBo;i:y ttepaseHcrna IOttra 

IlyCTh ,;>O, 1]>0 ;i:sa <JHcna. Haii,1wM rmorn:MH KpHBOJIHHeiiHhIX rpeyronhHHKos S1 = S0;A 

Iii s2 = SOryB. lIMeeM 

1+l 
ry a 

s2 = Jrl/"dr=~. 
0 1+-

a 

HepaseHCTBa IOHra. O'IeBH)J,HO, SI+ s2;;::: ,;l], paBeHCTBO HMeeT MeCTO JIHIIIh B cnyqae 

'7 =,;a. 
IlycTh a+ 1 = p, 1+1/ a= q. Tor,!l,a rronyqaeM HepaseHCTBO IOHra 

,;p l]q 1 1 
-+-;;:::,;l], -+-=I. (E.l) 
p q p q 

HepaseHCTBO (E. l) crrpase.wrnso MH mo61>1x rroJIO)J(HTeJihHhIX seJIH'IHH ,; H l]. 
IlOJIO)J(HM 
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HepaseHcTBo (E.1) rrpH no.[(CTaHOBKe B Hero qHceJI <%p1J; .[(aeT 

C)'MMHpy11 HepaseHCTBa (E.2) no i OT 1 .ll;O n, rronyqaeM 

0TCJO.[(a BhITCKaeT HepaBeHCTBO feJih.[(epa .[(JI11 KOHeqHhIX C)'MM: 

(E.3) 

IlycTh x=(xl'.xz, ... )EfP, y=(yl'y2 , ••• )Elq p-1 +q-1 =1, p>l. Ilo orrpe.[(eJieHHJO JIH

Heii:Horo HopMHposaHHOro rrpocTPaHCTBa [P, F : 

= = 

I\xk\P <oo, L\Yl <oo. 
k=I k=I 

Il03TOMY HepaBeHCTBO (E.3) .[(JI11 KOHeqHhIX cyMM MO)l(HO ycHJIHTh: 

(E.4) 

Ilocne.ll;oBaTeJihHOCTh un (n = 1,2, ... ) - Hey6hIBaJOII1M H orpamrqeHa csepxy, cne.[(OBaTeJihHO, 

cyII1ecTsyeT rrpe.ll;en 

IlonyqaeM H3 (E.4) HepaBCHCTBO feJih.[(epa .[(JI11 6ecKOHeqHhIX cyMM: 

(E.5) 

IlyCThTenepb x(t) -$yttKUIDI,C)'MMHpyeMa11Ha [a,b] COCTCIICHhlO p, a y(t) -$yttK

l(H11, cyMMHpyeMa11 Ha [a, b] co CTerreHhlO q. IloJIO)l(HM 

jy(t)j 
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IIo,n;CTaHOBKa 3THX BhipIDKeHHH B HepaseHCTBO (E.1) c IIOCJie,n;yIOill,HM HHTerpHpOBaHHeM IIO
JIY'IeHHOro HepaBeHCTBa B rrpe,n;enax OT t = a ,D;O t == b ,n;aeT 

b 

~x(t) y (t )jdt 
_!_ 2.-1 > __ ___,a'---.-----. 

p + q - -(fix(•ll' dt f (Fy(•ir dt f · 
OrcIO,n;a IIOJI)"laeM HepaseHCTBO feJih,D;epa B HHTerpaJihHOM <iJopMe: 

b (b Jl/p (b Jl/q 
~x(t)y(t)jdt:::; ~x(t)jP dt ~y(t)jq dt (E.6) 

IlpH p == q = 2 rroJI)"laeM OTCIO,n;a HepaseHCTBO IIIBap~a (Kourn-Eym1KoscKoro). 

HepaseucTBa MHHKOBCKoro. PaccMOTpHM CYMMY 

k=I 

H rrpHMeHHM K Hell HepaseHCTBO feJih,n;epa (E.3). lIMeeM ~enoqey COOTHOIIIeHHH 

f,jxk + Yl:::; ~]xkjjxk + Yl-1 
+ ~]Ykllxk + Yl-1

:::; 

k=I k=I k=I 

0TCIO,D;a IIOJI)"laeM HepaseHCTBO MHHKOBCKoro ,n;mr KOHeqHhIX cyMM: 

( 

n )1/p ( n )1/p ( n )lfp 
~jxk+yl :::; ~jxl + ~IYl (p<::l). (E.7) 

IIycTh x=(.:11,x2 , ••• ), y=(ypy2 , ••• ) -3JieMeHThirrpocTpaHcTBa F(p<::1). Tor,n;a 

f1o3TOMY HepaBeHCTBO (E.7) MO/KHO ycHJIHTh: 

(E.8) 

IIocne,n;osaTeJihHOCTh un - Hey6hmaIOrn,asi: H orpaHwqeHa csepxy. Cne.n;osaTeJihHO, cyrn,ecrsyeT 



326 IIPllnO)KEHl1E E 

ITepexo.JUI B (6.8) K npe,n;eny npH n ~ oo, nonyqaeM HepaBeHCTBO MHHKOBCKoro ,n;mr 6ecKo

Heqffhix C)'MM: 

(6.9) 

AHarrornqHbJM o6pa30M c yqeTOM o:ueHKH (6.6) nonyqaeM HepaBeHCTBO MHHKOBcKoro 
B HHTerpa.JibHOH cpopMe: 

(Fx(t)+ y(tt dtJP ~(px(tt dtJP +(Fy(tW dtJP, p~l. (6.10) 

3,n;ecb rrpe,n;rronaraeTCH, qTO cpyttK:UHH x ( t), y ( t) E F [a, b). 
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rnABA4 

0606LUEHHblE <l>YHKUVU1 

B KOHI~e 20-x ro.n;oB npownoro CTOJienrn IT. )J.HpaK B CBOHX KBaHTOBOMexaHHqecKHX HC
cne,n:oBaHIDIX BBeJI TaK Ha3bJBaeM)'lO O -$)'HKL\HIO, orrpe,n:eJIHB ee CJie,n:yIOwHM o6pa30M: 

0 ( x) = 0, x :;t: 0, 

f b'(x)dx=l. 

c MaTeMaTHqecKOH TQqKH 3peHmI 0 ( x) He eCTb 4>YHKUIDI, IIOHHMaeMaj{ B KJiaccHqecKOM CMbIC

ne, HO eCJIH HHTeprrpeTHpOBaTb ee KaK lf>YHK~OHaJI, COIIOCTaBJI}llOillHH Ka)K,Il;OH HenpepbIBHOH 

<PYHKL\HH q>( x) ee 3Haqemi:e B Hyne no lf>opMYne 

(o(x),q>)= f o(x)q>(x)dx=q>(O), 

TO TaKoe orrpe,n:eneHHe CTaHOBHTCj{ BIIOJIHe 3aKOHHbIM. 
B cepe,n:HHe 30-x ro,n:oB C. JI. Co6oneB 3aJIO:>KHJI ocHOBhI TeopHH o6o6weHHblX <PYH~ii KaK 

mrneHHblX HerrpepbIBHbIX lf>YHKL\HOHaJIOB Ha,Il; rrpocrpaHCTBOM ,n:OCTaTOqHO «XOpOIIIHX» 4>YHK
UHH H npHMemm HX B 11ccne,n:0Bamrn 3a,n:aqH KowH ,n:Jijf rnnep6on11qecKHX ypaBHeHHH. C TIHX 
rro3HL\HH o -<PYHKUH}l )J.HpaKa }{BIDieTC}l ( CHHryJij{pttoii) o6o6weHHoii 4>YHKI.1Heii. Pa3nHqHbie 
KJiaCCbI CHHryAApHblX o6o6weHHbIX 4>YHKUHH paccMarpHBaJIHCb TaIOKe B pa6oTax c. Eoxttepa 
11 )JC A,n:aMapa B CB}l3H c 3a,n:aqaMH peryn~H3auHH pacxoMwHXC}l Pj{iWB H HHTerpanoB. 

<l>)'H,Il;aMeHTaJibmUI TeOpIDI 06o6weHHb1X lf>)'HKUHH (pacrrpe,n:eneHHH) IIpHHa,n:Jie:lKHT fl. llJBap
uy (1950-1951 rr.). B ,n:anLHeiirneM Teopffj{ pacnpe,n:erreHHii pa3BHBanacb B rpy,n:ax MHornx yqe
HbIX B CB}l3H c rrpo6neMaMH TeopeTHqecKOH H MaTeMaTHqecKOH lf>H3HKH. B HaCTO}lwee BpeMj{ 
TeOpHj{ o6o6weHHblX 4>YHKL\HH ,n:arreKO rrpo,n:BHHYTa H HMeeT MHOrotIHCJieHHbJe rrpHJIO)f(eHH}l 
B TeopeTHqeCKOH lf>H3HKe, MaTeMaTHKe, HH)f(eHepHbIX HayKax. 

IlpH H3JIO)J(eHHH MaTepHana ,n:aHHOH rJiaBbI 6bIJIH HCIIOJib30BaHbI pa3JiffqHbie HCToqHHKH 
16-13, 16-20,24,25,31,39,41). 

Hcxo)J;HLie DOHHTHH, onpem~JieHHH u 0003ua11euu11. Bee rrocrpoemrn 6y,LIYT rrpoBO.Il:HTb

cl! rrpHMemrreJibHO K BewecTBeHHOMY eBKJIH,L(OBOMY npocrpaHCTBY R", 3JieMeHTaMH (ToqKaMH) 

KOTOporo mIBfilOTC}l yrropMoqeHHbie Ha6opbI H3 n-,n:eiiCTBHTeJibHhlX qffCeJI: x=(xl'x2, ... ,xn), 

y=(yl,y2, ... ,yn) ... HJIH KOMIIJieKCHOMY rrpocrpaHCTBY C" c 3JieMeHTaMH z=(ZpZ2····•Zn), 

w = ( w1 , w2 , ••• , w. ) ... CK~Hhie rrpomBe,n:eHIDI H HOpMbI BeKTopoB onpe,n:eJI}{IOTC}l o6hlqHhIM 

o6pa30M 

(x,y)=~>kyk, 
k=1 

{ 

n }1/2 
llxll = lxl = t;; x; 

{ 

n }1/2 
llzll = lzl = f,;lzJ 

n 

( z, w) = L zk ;k , 
k=1 
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Me1'pHKa (paccT051HHe Me)l()zy :meMeHTaMH x H y) ecTb qncno Ix - YI. 
MHO)KeCTBO ToqeK U ( x0 ; R) = { x E R" :ix- x0 I< R} Ha3bIBaeTC51 OTKpbIThIM mapoM c QeHT

pOM B TOqKe x0 E R" H pa,n:nycoM R ( R > 0). OrKpbITbiil: map pa.[(nyca R c QeH1'pOM B TQqKe 

x0 =0 6y,n:eM o6o3HaqaTb UR. ,[l,JI51 mo6oro e>O map U(x0 ,£) Ha3bIBaeTc51 t"-oKpeCTHO

CTblO ToqKH Xo· 

IlocJie,[(OBaTeJibHOCTb X; = (Xii, X 2;, ••• , Xni), i = 1, 2, ... Ha3bJBaeTC51 CXO,[(HIIJeHC51 K TOqKe X = 
= (Xi, X2, ••• , xn) B R" npH i -7 oo, eCJIH nptt 3TOM )x- xJ-~ 0. 3Ta CXO,[(HMOCTb (no HOpMe R") 

paBHOCHJibHa IlOKOOp,n:HHaTHOH CXO,[(HMOCTH: 

xki -7 X;, k = 1, 2, ... , n; i -7 oo. 

Ilocne,n:oBaTeJibHOCTb X; Ha3hIBaeTC51 <l>YH.n:aMeHTaJibHOil: (cxo.n:Hmeli:c51 B ce6e) B R", ec

JIH Ix; -xPl-7 0 npn i -7 =, p -7 oo. CornacHo npHHQttny cxo,n:HMOCTH Kornn Heo6xo,n:HMbIM 

n ,n:ocTaToqHbIM ycnoBtteM cxo,n:nMOCTH nocne,n:oBaTeJibHOCTH B R" 51BJI51eTC51 ee cpytt,n:aMeHTaJib

HOCTb. 

MHo)KeCTBo Ha3hIBaeTC51 orpaHnqeHHhIM B R" , ecnn cymeCTByeT HeKOTOpbiil: map, co,n:ep

)Kamnli 3TO MHO)KeCTBO. B CHJIY TeopeMbI EonbQaHo-Belieprn1'pacca BCRKOe orpaHHqeHHoe MHO

)KeCTBO Mc R" 51BJI51eTCH KOMIIaKTHbJM, T. e. H3 nro6oll: 6ecKOHeqHOll nocne,n:oBaTeJibHOCTH TO

qeK H3 M MO)KHO BbI6paTb CXOMIIIYIOCH no,n:nocne,n:OBaTeJibHOCTb. 

ToqKa x0 Ha3bJBaeTC51 BHYTPeHHeli: TOqKoli MHO)KeCTBa, ecnn cyIIJeCTByeT map U ( x0 ; R), 
npttHa,n:Jie)l{aIIJHll 3TOMY MHO)KeCTBy. MHO)KeCTBO Ha3bJBaeTC51 OTKpbITbIM, ecJIH Bee ero TOqKH 

BflYTPeHHHe. MHO)KeCTBO Ha3bIBaeTCH CB513HbIM, eCJIH JII06bie ,n:Be ero TOqKH MO)KHO coe,n:HHHTh 

JIOMaHOll JIHHHell, Jie)Kameli B 3TOM MHO)KeCTBe. 06naCTblO Ha3bIBaeTCH CB513HOe OTKpbITOe MHO

)KeCTBO s R". 
To~a x0 Ha3bJBaeTcH rrpe,n:eJibHOH TOqKoli: MHO)KeCTBa M, ecnn cymecTByeT rrocJie,n:oBa-

TeJibHOCTb { xk} c M, He co,n:ep)KamAA TO~ x0, TaKM ~o xk -7 x0 npn k -7 oo. Ecnn K MHO

)KeCTBY M npncoe,n:HHHTb BCe ero npe,n:eJibHbie TOqKH, TO rronyqeHHOe MHO)KeCTBO Ha3bIBaeTC51 

3aMbIKaHtteM MHO)KeCTsa M ( o603HaqaeTcH M HJIH [ M] ). Qqesn,n:Ho, M c M. Ecnn MHO)J(eCT-

BO COBna,n:aeT co CBOHM 3aMb1KaHHeM, T. e. co,n:ep)KHT see CBOH npe,n:eJibHble TOqKH, TO OHO Ha-

3bIBaeTCH 3aMKflYTbIM. 3aMKHYTOe orpaHH'leHHOe MHO)f{eCTBO KOMIIaKTHO B ce6e, T. e. HBJIHeT

C51 KOMITaKTOM. 

OKpeCTHOCThIO MHO)J(eCTBa M Ha3I>rnaeTcH BCRKOe OTKporroe MHO)J(eCTBo, co,n:ep)Kamee M; 

e-oKpecTHOCTbIO MHO)J(eCTBa M Ha3bIBaeTcH o6oe,n:nHeHne rnapoB U ( x; e), Kor,n:a x rrpo6e

raeT M: 

HMeeT MeCTo neMMa feliHe-EopenR. Ecnn KOMrraKT K rroKpbIT cnCTeMoli OTKpbITbIX rnapoB, TO 

H3 3TOI'O IIOKpbITH51 MO)J(HO Bbl,[(eJIHTb KOHeqHyro IIO,[(CHCTeMJ, IIOKpbIBalOIIJYIO K. 

fpaHHQell o6JiaCTH Q Ha3bIBaeTC51 3aMKHYTOe MHO)KeCTBO s = Q \ n. TaK, rpaHHQell ma

pa U ( x0 ; R) 51BJI51eTC51 ccpepa S ( x0 ; R). B qacTHOCTH, S ( O; R) o6o3HaqaeM qepe3 SR. Ey,n:eM 
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rosopHTh, qro rrosepxHOCTb S rrp1ma,n.rre:llIBT KJiaccy C P ( p ~ 1), ecmi: s HeKoropoii oKpecrno

CTH K~OH T()qKH Xo E s OHa rrpeJ1.CTaBJUleTCH ypaBHeHHeM OJXo ( x) = 0, rrpH1IeM grad OJXo * 0 

H cpyttKIIIDI OJXo ( x) HerrpepbIBHa BMecre co BCeMlf CBOHMH rrpoH3BOJ1.HbIMH Jl.O rropHJJ.Ka p BKJHO

qHTem>HO s yrroMHHYTOH OKpeCTHOCTH. IIosepxHoCTh S ml3I.IBae-rcx rnaJ1.KOH, ecJIH oHa rrpH

HaJ1.)le'lKHT KJiaccy C1
; OHa H3.3bIBaeTCH KYC0qttO-rJiaJ1.KOH, eCJIH COCTOHT H3 KOHeqHoro qHCJia 

rnaJ1.KHX IIOBepxHOCTeii. 0KpeCTHOCTb10 TOqKH Xo Ha IIOBepXHOCTH s Ha3brnaeTCH Ta CBH3HaH 

qaCTb MHO'lKeCTBa S n U ( X0; R) , KOTOpaH COJ1.ep'lKHT Toqey X0. 

OrpaHHqeHHaH o6naCTI. Q' Ha3bIBaeTCH rroJ1.06naCTb10, crporo ne'lKaIIIeii B o6nacm Q, ecnH 

Q' C Q, IIpH 3TOM mnnyr Q' <£ Q H roBOpHT, ~O MHO'lKeCTBO Q' KOMIIaKTHO B o6naCTH Q. 

IlyCTI. a= (al' a2 , ••• , a.) - 11enoqHcneHHI.1ii seKTop, rrpH1IeM a; ~ 0 ( i = 1, 2, ... , n). TaKoii 

BeKTop Ha3hIBaeTCH o6I.iqno MYID>THHHJ1.eKCOM. 1.fope3 Da f ( x) o6o3HaqaeM rrpOH3BOJ1.HY10 OT 

cpyttKIIHH f (x) = f (x;,x2 , •• .,xn) rropHJJ.Ka /a/= a1 +a2 + ... +a.: 

Daf(x)= alalt(x1'x2,. .. ,x.), Dof(x)=f(x). 
ox;IZi ox;2 

••• ax:· 

HarrpHMep, ecnH a= (0,1,2), f ( x) = f (x;,x2 ,x3 ), TO 

Daf(x)= o3f(Xj,X~,x3) 
dX2dX3 

none3HO HMeTb B BHJ1.Y TaK'lKC cneJ1.YJ:OIIIHe COKpa111eHHbie o603naqeHHH: 

xa = Xja1 x:;i ... x:·' a!= a"i !a2 !...a.!. 

liyJ1.eM rosopHTh, qTO <l>YHKIIHH f (x) rrpHHaJ1.]Ie'lKHT KJiaccy CP (n), ecnH s o6naCTH n 

OHa nerrpepbIBHa BMCCTe co BCCMH rrpoH3BOJ1.HbIMH Da f ( x) rrpH /al $; p ( p - n106oe 11enoe 

llCOTPHIIaTeJII.HOe qHCJIO ). TaKHM o6pa30M, KJiacC C0 
( Q) = C ( Q) COC'fOHT H3 BCCX nerrpepbIB

l!bIX B o6JiaCTH Q $yttKIIlill, KJiaCC C1 
( Q) - COCTOHT H3 rJia,LU<HX, T. e. HMCIOlllHX HerrpepbIB

l!bie rrepsble rrpomBoJJ.Hbie B Q $yttKIIHH H T. J1.. Ecnu see rrpott3BOJ1,Hbie Da f ( x) rrprr /aj $; p 

HOIIYCKaIOT nerrpepbIBHOe npOJJ.OJI'lKCHHC Ha 3aMbIKaHHC o6nacTH n, TO 6yJJ.CM rosopHTb, qT() 

f ( x) rrpHHaJ1.]le'lKHT KJiaccy CP (n). Knacc c~ ( Q) npCJ1.CTaBJIHeT co6oii COBOKyrrHOCTb Bcex 

6CCKOHeqHO-J1.ll<p$epeHIIHpyeMblX B o6nacrn Q <i>YHKIIHH, KJiacc C~ ( R") COCTaBJIHIOT cpyttK

UHH, 6ecKoHeqno-J1.Hcp$epeHI:(MpyeMhle B R". 

IlyCTb <pE c(R"). HocrrTeneM <l>YHKIIHH rp(x) Ha3i.rnaeTC}l 3aMbIKaHHe MHO'lKeCTBa TO-

'ICK, B KOTOpbIX 9'( x) * 0 ( o6o3HaqaeTCH supp 9'( x) ). EcnH HOCHTeJib cpyttKIIHH 9'( x) - or

paHHqeHHOe MHO'lKCCTBO, TO na <l>YHKIIHH Ha3hIBaeTCH <PttHHTHOii. COBOKYUHOCTb <l>YHKIIHH 

<P(x)e CP (n), rnKHx qTO supp<p<S n, o6o3HaqaeTcx qepe3 ct (n). 
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IIycTL Q - OTl<pbIToe MHOllCecTBo. HH:>I<e HCTIOJib3YJOTCH cJie,nyiomHe o6o3Ha11eHHH HH

Terpana (Jle6era): 

ff (x)dx, ff (x)dx = ff ( x)dx =ff ... f f ( xl'x2 , ••• ,x.)dx1dxz ... dx •. 
11 R" R" 

l.Jepe3 I! ( Q), 1 $ p $ 00 o6o3Ha'laeTCH COBOK)'IlHOCTb Bcex (KOMIIJieKCH03Ha'lHbIX) H:3MepHMbIX 

<l>YHKIJ;HH f' 3a,n:aHHbIX Ha Q, .ruur KOTOpbIX KOHe'JHa HOpMa 

p=co . 

-1(~1 (xf dx rp' ll!lllf{ll) -
vrai maxiJ ( x)j, 
.te!l 

1$ p <co, 

EcJIH f EI! ( K) .ruur mo6oro KOMIIaKTa Kc Q, TO f Ha3b1BaeTcH p, JIOKaJibHO CYMMHpyeMoii 

B Q. COBOK)'IIHOCTb TaKHX <l>YHKIJ.HH o603Ha11aeTCH 11epe3 l!!oc ( n) . COBOK)'IIHOCTb Bcex cpHHHT

HblX B Q H3MepHMbIX cpyHKIJ;HH (IIO'ITH Be3,!l;e paBHbIX HyJIIO BHe HeKOTOporo KOMIIaKTa K c Q ) 

n:3 I! ( Q) 0603Ha11aeTcH qepe3 U:, ( Q). 

IlJiomaAb noBepxHocTn: e1:i:n:HH'IHOH ccpepb1 B R" BbI'lHCJIHeTcH no cpopMyJie 

21ln/2 

<Y. = fds=-( I )' 
Isl r n 2 

r)J:e r(z) -raMMa-cpyttKIJ;HH3iiJiepa[14]. 

4. 1. HeKomopb1e npuMepb1 u coo6paJKeHuR K Momueateuu eeeoeHuR 
u ucnonb306aHUR o6o6w.eHHb/X cPYHKLCUU 

1. IlJIOTHOCTb BemeCTBa, HHJlYIJ;HpOBaHHM cocpe)J:OTO'leHHOH Maccoii. IlycTL B TO'lKe x = 0 
cocpe,n:OTO'leHa Macca, paBHaH e)J:HHn:u;e. nonblTaeMCH IIO)J:C'lHTaTb IIJIOTHOCTb BemecTBa, C03,n:a

BaeMyro 3TOH Maccoii BO BCeM npOCTPaHCTBe. ,ll,rrH 3TOro pacnpe1:i:eJIHM ee BfIYTPH rnapa U,. Tor

,n:a cpe,n:HAA IIJIOTHOCTb 6y1:i:eT paBHa 

Ilpn:MeM CHa'laJia 3a HCKOMYJO IIJIOTHOCTb 0 ( X) IIOTO'le'IHbIH npe,n:en f, ( X) npn: £ ~ +0. Ilo

JIY'IHM 

o(x)= limf,(x)={co 
<-HO Q 

npn: x=O, 
npn: x#O. 

(4.1) 
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Or IJJIOTHOCTH o ( x) eCTeCTBeHHO rr01pe60BaTb, 'IT06b1 HHTerparr OT Hee no mo6oM)' o6beM)' Q, 

co;::i:ep)J(ameMy Haqarro KOOp)J,HHaT, paBHIDICH Macce, T. e. e)J,HHHQe. Ilo3TOM)' )J,OJDKHO 6bIJIO 61>1 

BbIIIOJIHHTbCH paBeHCTBO 

f c>(x)dx = {1 rrpn o~ n, 
.(} 0 rrpH OE n. 

(4.2) 

Ho 3TO HeB03MO)J(H0, TaK KaK B CHJIY (4.1) HHTerparr B nesoil: qacm (4.2), IIOHHMaeMblH KaK 

Heco6CTBeHH1>1il:, paseH eymo. Cne;::i:osaTeJlbHO, rrOToqeqHI.rn rrpe;::i:en fe ( x) rrpn c --t +O He Mo-

)J(eT 6bITb rrpHHHT B KaqeCTBe IJJIOTHOCTH 0 ( x). 

Orrpe,11,eJIHM Terrepi, IIJIOTHOCTb c) ( x) KaK cna61>1il: rrpe,11,en rrocne,11,osaTeJibHOcTH <l>YHKUHH 

fe ( x) rrpH c --t +O, T. e. )J,JIH mo6oil: HerrpepbIBHOH <l>YHKUHH 'I'( x) Haii,11,eM rrpe,11,en qf1CJIOBOH 

IIOCJie)J,OBaTeJibHOCTH ( <l>YHKUHOHaJIOB) 

lim ffelJ'dx. 
C->-t-0 

lim ff, (x)IJ'(x)dx= IJ'(O). 
e->-t-0 

l1MeeM uerroqey HepaaeHCTB 

B cm1y HerrpepbIBHOCTH <l>YHKUHH 'I'( x) )J,JIH mo6oro I] > 0, 3c0 > 0 TaKoe, qTQ f xi< c0 => 

=>!IJ'(x)-IJ'(O)!<!]. 0TCJO)J,a, Ha OCHOBaHHH rrpe)J,bl.lJ:YIUHX HepaaeHCTB, rronyqaeM oueHK)' 

rrpn c < c0 : 

I J fe (x)'l'( x)dx-IJ'(O)I ~ !]. 

l1TaK, cna6brn rrpe.n:en rrocne.n:osaTeJ11>Hocm fe ( x) npH c--t + 0 cymeCTByer H paaeH <l>YHKUH0-

11any 'I' ( 0) , COIIOCTaBJIHJOIUeM)' Ka)J()J,OH HerrpepbIBHOH <l>YHKUHH 'I' ( x) qffCJIO 'I' ( 0) - 3Haqe-

11He 3TOH <l>YliKUHH B HyJie. 3TOT <l>YliKUHOHarr H rrpHHHMaeTCH 3a orrpe,11,eJieHHe IJJIOTHOCTH 0 ( x) ; 

no n eCTb maecmax 8-<l>YHKUHH ~HpaKa. TaKHM o6pa30M, fe ( x) ~ c) ( x) rrpH c --t +O 

B TOM CMhlCJie, qTo 

ffe(x)qJ(x)dx--t(O,IJ')=IJ'(O) rrpH c--t+O, VIJ'(x)E C. 

4T06hl orrpe,11,eJIHTb Terrepb !10Jlttyl0 Macey, tty)J(HO rro;::i:eiiCTBOBaTh <l>YliKUHOHaJIOM (IJJIOTHOCTblO) 

Ha <l>YHKUHIO 'I'( x) = 1. lIMeeM ( 0, 1) = 1, 'ITO H rpe60BaJIOCb. 

ECJIH B TOqKe x :=: 0 cocpe.n;oToqeHa Macca m, TO COOTBeTCTBYJOIUyJO IIJIOTHOCTb cne,11,yeT 

C'IHTaTh paBHOH mO ( X). ECJlff MaCCa m COCpe)J,OToqeHa B TO'IKe x0, TO ee IJJIOTHOCTb CJie.n:yeT 
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cq1uaTb paBHOH mo(x-xo)· HaKOHeD,, ecmr B TOqKax xk ( k = 1,2, ... ,N) cocpe)J;OTOqeHbl Mac

Cbl mk COOTBeTCTBeHHO, TO IIO)J; IIJIOTHOCTbIO 6y)J;eM IIOHHMaTb Bbipa)[(:eHHe 

N 

l:mko(x-xk ). 
k~I 

2. IlyCTb f ( x) - HeKOTOprur cpH3nqeCKM BeJIH:qHHa (TeMrrepazypa, )J;aBJieHHe, IIJIOTHOCTb 

HT. II.). IlpH H3MepeHHH 3TOH BeJIHqHHbl B TOqKe Xo Ha caMOM )J;eJie HaXO)J;fil HeKOTopoe cpe)J;

Hee 3HaqeHHe f ( x)' B351TOe no HeKoTopoif OKpeCTHOCTH TOqKH Xo' T. e. KaKOH-TO HHTerpaJI 

ff (x)cp(x)dx, 

r)J;e cp( x) - cpyHKD,HH, xapaKTepH3yroru,rur H3MepllTeJibHbIH rrpn6op H HMeIOID,M CMbICJI JIHlIIb 

B 3TOH OKpecTHOCTH. 

EcJIH, HarrpttMep, f ( x) E 4oc ( Q) - IIJIOTHOCTb, TO Macca TeJia B o6JiaCTH Q rrpe)J;CTaB

JIHeTCH HHTerpaJIOM 

M =ff (x)dx . 
.Q 

BBO)J;H xapaKTepttCTHqecKyIO cpyHKD,HIO MHO)[(:eCTBa Q 

-{], XE Q, 
%n - 0, xeQ, 

rrpe)J;cTaBJIHeM M B BH)J;e JIHHeHHOro cpYffKD,HOHaJia Ha COBOKYIIHOCTH xapaKTepttcTuqecKHX 

<PYHKD,HH H3MepttMhlX MHO)[(:eCTB 

M = ff(x)zn(x)dx . 

.D:oCTaToqHo B3HTb f ( x) E 4oc ( Q) -T. e. cpYffKD,llIO, HHTerpupyeMYIO Ha BCHKOM KOMIIaKTe 

K c Q, qT06h1 3TO rrpe)J;cTaBJieHtte ttMeJio CMbICJI. 

TaKHM o6pa30M, caMa co6oif HarrparnuBaeTCH MhlCJib, Boo6me He paccMaTpttBaTb <PYHK

u,u10 f ( x)' a rrpe)J;CTaBJIHTb ee JIHHeHHbIM <PYHKD,liOHaJIOM 

(f,cp)= ff(x)cp(x)dx, 

orrpe)J;eJieHHbIM Ha MHO)[(:eCTBe )J;OCTaToqHo «XOpOlIIHX» cpyHKD,HH cp( x). 
3. IlpH BbflepqnBaHliH npoqmJieH o6TeKaeMbIX IlOBepXHOCTeH caMOJieTa Ha crreu,ttaJibHblX 

MeTaJIJirrqecKHX CTOJiax (IIJiaJax) HCIIOJib3yIOT rn6Ktte peHKH (JIHHeHKH), K KOTOpbIM B orrpe)J;e

JieHHbIX TOqKaX IIO)J;BeumBaIOTCH rpy3b1. c IIOMOIIJbIO 3THX rpy30B )J;06HBaIOTCH Toro, qT06bI 

BhNepqrrBaeMbIH rrpocprrJib rrpoxoAHJI qepe1 3a)J;aHHble TO~H. TaKHM o6pa30M, B paMKax corrpo

THBJieHHH MaTepttaJIOB, rrpHXO)J;HM K MO)J;eJIH yrrpyroli 6aJIKH, H3rtt6aeMOH B O)J;HOH IIJIOCKOCTH 

rrprrJIO)[(:eHHbIMH B orrpe)J;eJieHHbIX ToqKax xk cocpe)J;oToqeHHbIMH CHJiaMH pk . 
.n;ucpcpepeHD,HaJibHOe ypaBHeHHe H30rnyTOH OCH 6aJIKH HMeeT BH)J; [47] 

1 
yIV (x) = EJ q(x), 
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fAC y ( x) - rrporn6 6a.JIKH, EJ - ee mrn6Ha.H ')l(CCTKOCTb, q ( x) - norOHHM HHTCHCHBHOCTh 

AeiicTByrorn;eii Harpy3KH. QqesHAHO, TaK')l(e KaK H B npHMepe c cocpeAOTO'IeHHbIMH MaccaMH 

q(x)= LPko(x-xk), 
k 

T. e. HBJIHeTCH o6o6meHHOH <l>YHKUHCH. 

HHTerpHpoBattHe :noro ypasHeHHH c yqeToM paseHCTB y ( xk ) = y k AaeT TaK Ha3brnaeMbIH 

ry6HqecKHH CTIJiaiIH [l]. IlOJIHHOMHHaJibHbie CTIJiaHHbI HaxO,LVIT nrnpOKOe npHMCHCHHe B 3aAa

qax annpoKCHMauHH <l>YHKUHH, CTaTHKH H AHHaMHKH CTCp>KHCBbIX AHCKpCTHO-KOHTHH)'aJlbHbIX 

CHCTCM, B pacqeTax HarrpH')l(CHHO-AecpopMHpoBaHHOro COCT011HHH MHOroCJIOHHbIX IIJiaCTHH H 060-

JioqeK (24]. HanpHMep, JIHHeHHbIH CTIJiaHH Ha CCTKe a= X 0 <Xi···< Xn+I = b HMCCT BHA 

SI ( x) = rox +I Ii ( x - x;) B ( x - x;) , 
i=l 

rAe Yt (i = 0,1, ... ,n) - rrapaMeTpbI crmaiIHa, B( x) - eAHHHqHa» cpyHKUH.SJ XesHcaiiAa [28] 

B(x)={l, x>O, 
0, x<O. 

flpOH3BOAHbie HMelOT BHA 

n 

s;(x) = ro + L Y;B( x-x;), 
i=l 

n 

s;(x)= l:r;o(x-x;). 
i=l 

OTCIOAa BHAHO, ~o rrpH aHaJIHT}iqCCKOM OIIHCaHHH cTIJiaiiHa H ero npOH3BOAHbIX HCTIOJib3YffiT

C11 o6o6rn;eHHbie <l>YHKUHH B ( x), o ( x) H npoH3BOAHbie OT AeJibTa-cpyHKUHH. 

4. PacCMO'IpHM HCOAHOPOAHOe ypasHeHHe reJJbMroJibUa B o6JiaCTH Q c R" 

Au+ fu = f (x), r> 0, 

fAC f MO)J(eT 6bITb HCKJiaccnqecKOH cpyttKUHCH, HarrpHMep f = lxl HJIH f = o( X). 
EcJIH u E C2 

( Q) H YAOBJieTBop11eT :noMY ypasHeHHIO c f ( x) E C ( Q), TO ee cqHTalOT 

KJJaCcHqecKHM perneHHeM. IlycTb tp( x) = <p( Xi, Xz, ... , x.) E c~ H supp <pc Q. TorAa AJIH scex 

TaKHX <l>YHKUHH (/) TIOJiyqaeM rrpH IIOMOlllH HHTerpttposaHH11 no qaCT11M 

f(Au+fu- f}tp(x)dx= fu(Atp+f<p- f)dx=O. 
Q 

HHTerpaJI B rrpasoii qaCTH cymecTByeT H IIpH MeHee orpaH}iqHTCJibHbIX rrpeAIIOJIO)J(eHH11X OT

HOCHTCJibHO u, HanpHMep MS! u E C ( Q) HJIH AJIH u E Eioc ( Q). B 3TOM CMbICJie perneHtteM 

(HeKJiaccttqecKHM) HBJI11eTC11 (o6o6rn;eHHaH) cpyttKUHH u, AJI11 KOTOpoii BbIIIOJIIDieTCH HHTerpo

.nttcpcpepeHUHaJibHOe ypaBHCHHe 

f(Au+fu-f)tp(x)dx=O, V'tpE C~, supp<pcQ. 
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5. Teopmr o6o6m;eHHhIX qiymai,Hii ;n.aer B03MO')l{HOCTh C)'MMHpoBaTh pacxo,rvrm;MeC}l p}J:Abl, 

.n:tt$<PepeHI1MpoBaTb HX CKOJibKO yro,n:Ho pa3. HarrpttMep: 

1 00 00 -L: eik:< = L: o(x-2k1r). 
2Jr k=-oo k=~ 

KoHeqHo, 3TH paBCHCTBa CJie.n:yeT IIOHHMaTb B CMblCJie TeOpHH o6o6m;eHHblX $)'HKI1HH. 

0TMeTHM, qTO o6o6m;eHHblC tP)'HKI1HH (pacrrpe,n:eJICHH}l) 3$<PeKTHBHO IIpHMCH}J:IOTC}l B TeO

pHH .n:tt$<PepeHI1HfillbHblX ypaBHCHHH c qacTHbIMH rrpoH3BO,ll,HblMH, HHTerparibHbIX rrpeo6pa30-

BaHHH <l>ypbe, JlarrJiaca H HCKOTOpbIX .n:pyrHX, TeOpHH HHTerpfillbHblX ypaBHCHHH HT. II. [4, 8, 
9, 11, 20, 24, 31, 32, 34, 38, 39, 53-57]. 

Pa3JIMqHbIC KJiaCCbl OCHOBHbIX (rrpo6HbIX) <l>YHKIIHll rropo')l{,ll,aIOT pa3JlfiqHbJe KJiaCCbl pacrrpe

,l],CJICHHll. MbI BH,ll,CJIH, qTo ,ll,Jl}l orrpe.n:eneHH}l o -<l>YHKIIHM ,n:oCTaTOqHo HMeTb 3arrac rrpo6HbIX He-

rrpepbIBHbIX <l>YlfKIIHH C ( Q). 0,n:HaKO ,ll,Jl}l orrpe,n:eJICHIDI IIpoH3BO,ll,HOll 01 
( X) HCrrpepbIBHOCTH 

OCHOBHbIX li>YHKI1Hll y)l(e HC,ll,OCTaToqHo, Heo6xo,n:HMO HCIIOJib30BaTb <l>YHKI1HH <p( x) E c1 ( Q). 
Boo6m;e, ,ll,JI}l Toro qT06b1 cym;eCTBOBfillH rrpott3BO,ll,Hhie 0606meHHb1x 4>YHKI1Hll JII06oro rropH,n:

Ka, Heo6XO,ll,HMO B KaqecTBe HCXO,ll,HOro ,!l,JIJI BbI6opa rrpOCTJ)aHCTBa OCHOBHbIX li>YHKIIHH B3HTb 

rrpOCTJ)aHCTBO C
00 

( Q). 

B KaqecTBe rrpOCTJ)aHCTB ocHOBHbIX cpYlfKIIHR HCIIOJib3YfOT o6brqHo rrpocTJ)aHcTBa D ( Q) , 

E(il), £(R") =£. 

IlpOCTJ)aHCTBO E ( Q) = c ( Q) COCTOHT H3 li>YHKI1Hll <p ( x) ' 6eCKOHeqHo .n:tt$$epeHIIHpye

MblX B 06JiaCTH Q, C rrpOH3BOJibHbIMH HOCHTCJI}J:MH. IlpOCTJ)aHCTBO D ( Q) = C(;' ( Q) COCTOHT 

H3 $)'HKI1HH rp(x)E C00 (n) c KOMIIaKTHbIMH HOCHTemIMH Kc Q (T. e. 3K c Q TaKOll, qTO 

rp( x) = 0 IIpH XE Q \ K). HaKoHeI1, npoCTJ)aHCTBO llIBaplla £ - COCTOHT H3 tPYHKIIHll rp(x) E 

E C00 

( R"), y6bIBaIOIIl,HX Ha 6eCKOHeqHOCTH BMeCTe co BCCMH CBOHMH rrpOH3BO,ll,HblMH JII06oro 

rropH;n.Ka 6blcTJ)ee n1060H: cTerreHM lxl-1
• 

4.2. npocmpaHcmeo OCH06H&IX c/JYHKU,Uii D 

Ilo,!l, OCHOBHOll 4>YHKI1HCH 6y.n:eM IIOHHMaTb $HHHTH)'IO (.n:eiiCTBHTCJibH)'IO HJIH KOMIIJICKC

H03HaqH)'IO) 6ecKoHeqHo ;n.H$<j>epeHI1HpYCMYfO s R" <l:>YHKIIHIO c KOMIIaKTHbIM HocmeneM. Co

BOKYIIHOCTb Bcex TaKHX $)'HKI1Hll o603HaqHM q:epe3 D = D ( R"). B 3TOM MHO')l{CCTBe BBC,!l,CM 

CCTCCTBCHHbIC JIHHCllHblC orrepal1HH CJIO)l(eHH}l H )'MHO)J(eHIDI Ha qHCJIO . .HCHO, qTO MHO)l(CCTBO D 
c BBe;n.eHHbIMH JIHHellHblMH orrepal1HHMH 06pa3yeT JUiHCHHOe rrpocTpaHCTBO (JIHHeHHOe MHO

)l(CCTBO ). 
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Cxo,nHMOCTh B D orrpe,neJIHM cne.uyrom;HM o6pa30M. CKIDKeM, qTo rrocne,noBaTeJihHOCTh 

{ rpk ( x)} c D cxo.D:HTCH K <l>YHKUHH rp( x) E D npH k ~ oo, ecJIH BhIIIOJIHHIOTCH ,ll,Ba ycnoBHH: 

1. Cym;ecTByeT TaKoe qHcno R > 0, qrn supp rpk ( x) c UR rrpH Bcex k = 1, 2, ... ; 

2. IlpH Ka)J{,L(OM a= ( fXi, a 2 , .. ., an) HMeeT MeCTO paBHOMepHaH CXO)J,HMOCTb 

8 3TOM cnyqae 6y.n:eM mrcaTh <pk ~ <p rrpH k ~ oo B D. 

flHHeillioe IIpOCTpaHCTBO D co BBe,l],eHHOH B HeM CXO.D:HMOCTbIO Ha3hIBaeTCH rrpocTpaHCTBOM 

OCHOBHbIX cpyHKUHH. 

OrrepauHH .n:HcpcpepeHUHpoBaHHH HerrpepbIBHa H3 D B D, T. e. H3 cxo.n:HMOCT» rrocne)lo-

saTenhHOCTH { rpk} c D cne.n:yeT cxo.n:HMOCTb rrocne.n:osaTeJibHOCTH { D/3 <pk} c D rrptt n1060M 

MYJibTHHH)leKce fJ. 3rn cne.n:yeT m orrpe.n:enemrn cxo)lHMOCTH B D. 

COBOKJIIHOCTb OCHOBHbIX cl>YHKU:HH, HOCHTeJIH KOTOpbIX CO)lep)l(aTCH B )J,aHHOH o6naCTH Q, 

o6o3Ha'IHM '1epe3 D ( Q). TaKHM o6pa30M, 

D(.Q) c D(Rn) = D. 

3aMeqaHHe. IlpocrpaHCTBO D(O) HBJIHeTCH TOIIOJIOrnqeCKHM rrpOCTpaHCTBOM [21, 38). 

OpHBe.neM cooTBeTCTByIOIIl;He orrpe.neneHHH. 

IlyCTb E -JIHHeiiHoe rrpocTpaHCTBO. foBopHT, 'ITO Ha E 3a.n:aHa IIOJIYHOpMa, ecn» 'v'xE E 

orrpe.neneHa <l>YHKD;HH p ( x) H rrpH 3TOM BblIIOJIHHIOTCH cne.n:yIOm;He aKCHOMbI: 

1. p(x)~O, KOHeqHa 'v'xE E. 

2. p ( A-x) = IA-Ip ( x) .n1rn: Ka)l(.noro (KoMrrneKcHoro) 'IHCJia A. 

3. p(x+ y)~ p(x)+ p(y), 'v'x,yE E. 

nonyHOpMa CTaHOBHTCH HOpMOH, eCJIH H3 p ( X) = 0 => X = 0. 

TorronorHH B D(n) 3a.n:aeTCH cqeTHbIM Ha6opoM rronyHopM 

Pm (f) = L sup jva f (x)j (m =0,1,2, ... ). 
lalsm x 

:>ro 03HaqaeT, qTo B Ka'leCTBe cl>YH.D:aMeHTaJibHOH CHCTeMbI OKpeCTHOCTeii HYJIH MO)l(HO ripHHfilb 

MHO)l(eCTBa 

Vmn ={!:pm(!)<~} (m=O,l,2, ... ; n=l,2,. .. ). 

Tor.na )J,JIH paBHOMepHOH CXO)lHMOCTH IIOCJie,ll,OBaTeJibHOCTH { rpv ( x)} c D ( n) Heo6xO)J,HMO 

H ,[(OCTaTO'IHO, 'IT06bl 

lim Pm ( qJv) = 0 (m = 0,1,2, ... ). 

Terrepb He06XO,[(HMO IIOKa3aTb, qTo OTJIH'IHbie OT HYJIH OCHOBHble cpyHKD;HH cym;eCTBYJOT H HX 

.nocTaToqHo MHOrO. 
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illanoqKa. IlpH.MepoM OCHOBHOH cp)'HKU:HH HBJHICTCH TaK Ha3bIBaCMruI IIIanoqKa: 

(4.3) 

HopMH.poBoqHrur nocTOHHHruI Ce BbI6RpaeTc»: H.3 ycnoBH.H 

BBOM 3aMetty rrepeMeHHbIX x = £T/ = ( t:1J1 , £T/2, ... , £T/ n ) , nonyqH.M paBCHCTBO MH onpe.n:eneHH.H Ce 
1 

Cet:" J e J-1111' dl] = 1. 
u, 

HocH.TeneM cp)'HKU:H.H me ( x) HBJIHCTCH, cornacHo onpe,n:eneHH.JO, 3aMKttyTbIH IIIap Ue. BHe :no

ro IIIapa caMa «l>YHKU:RH R Bee ee npomBO.D:Hbie paBHbI ttyJIJO. CooTBeTcTByJOma»: KaPTH.HKa ,n:n»: 
cnyqrur n = 1 H.306pa)J(eHa Ha pRc. 4.1. 

-e -e/2 0 

w, (x) 
2 

e/2 

Puc. 4.1. IIpocj>HJib <PYHKIUIH me ( x) B R1 

x 

IloKa)J(CM, ~o .!l:JIH 3a.D:aHHOH HenpepbIBHOH «l>YHKUHR f ( x) MO)J(HO ITOCTPOH.Tb 6eCKOHeqHO

,n:HcpcpepeHUH.pyeMb1e «l>YHKUHH fe ( x) , TaK qTQ fe ( x) -7 f ( x) npH. t: -7 +o paBHOMepHO B JIJ0-

6oif orpaHH.qeHHOH o6nacrn. KpoMe Toro, ecnH. f ( x) cpRHHTHa, TO fe ( x) TaK)J(C cpRHHTHhle 

«l>YHKU:HH, npH.qeM fe ( x) = 0 BHC e-OKpeCTHOCTH HOCHTCJIH cp)'HKU:HH f ( x). 

)J;n»: ,n:OKa3aTeJibCTBa paccMOTPRM KOHCTPYKUHJO (ycpe,n:HeHH.e «l>YHKU:H.R f ( x)) BR,n:a 

fe(x)= ff(y)me(x-y)dy= f f(y)me(x-y)dy. 
lx-yl,;e 
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TaK KaK 

Da f, ( x) = f f ( y) D: OJ, ( x - y) dy, 
!x-y!Se 

TO rPYHKU:IDl f, ( x) - 6eCKOHeqHO AmpcpepeHn;HpyeMa BMeCTe c OJ, ( x - y). 
,qarree, B cH.rry HenpepbIBHOCTH f ( x), '\/ 1J > 0, 3e0 > 0 TaKoe, 'ITO Ix- YI< E0 ~ 

=>Ji ( x )- f ( y )I< lJ. flo:noMY HMeeM ,r:vrn mo6oro e::; e0 : 

If (x)- f, ( x)I =If f (x)OJ, ( x- y )dy- ff (y )OJ, (x- y )dyl::; 

::; f IJ(x)-f(y)IOJ,(x-y)dy:s;lJ. 
lx-y!se 

(}rcIOAa cneeyeT paBHOMepmUI CXOAHMOCTb f, ( x) ~ f ( x) npH E ~ +O B JII06oli OrpaHH'ICH

llOtt o6naCTH Q. B 'laCTHocm, ecJIH f ( x) - <PHHHTHrur <PYHKU:IDI, TO f, ( x) TaIOKe cpHHHTHa, 

11p11'IeM OHa paBHa ttyJIIO BHe t>OKpCCTHOCTH HOCHTCIDI <PYHKIJ;HH f (CM. pHC. 4.2). 

Puc. 4.2. CxeMa £-01<pecTHocn1 Hoc11TeID1 <l>YHKIJ;HH f ( x) 

OrrmneM HCKOTOpbie JIOKaJ!bHbie CBOHCTBa OCHOBHbIX <jlyttKIJ;Hll. 

11MeeT MCCTO JieMMa 1. ,qmr JII06oli orpaHH'ICHHOll o6JiaCTH Q H 'IHCJia E > 0 CyuICCTBy-

c r cpyHKI.{HH 1J E c~ ( R" ) ' TaKaH qTo 

O:s;TJ(x):s;l, TJ(x)=I npH xEn, H TJ(x)=O npH xE"Q3,. 

,qmr AOKa3aTCJibCTBa BBCACM xapaKTepHCTHqeCKJIO l}>yttKIJ;HIO MHO)KCCTBa Q 2, 

,r(x) ={I, x~ n2,, 

0, XE Q 2, 

H paccMorpHM KOHCTPYKIJ;HIO (cpe3ey) 

TJ(x) = f z(y )OJ, (x- y )dy = f z(y )OJ, ( x- y )dy. 
\x-yi<e 

0lJeBHAHO, 1J ( x) ~ 0, AaJiee: 

f {y-x=q} f TJ(x):s; OJ,(x-y)dy= dy=dq = OJ,(q)dq=l. 
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fiycTb Terrepb XE Qe (pHC. 4.3), TOr,n:a y E Q 2e, %( y) = 1 H 

1J(x)= Jz(y)me(x-y)dy= J me(x-y)dy=l. 
[x-y[<e 

ECJIH x€Q3e• TO y€Q2e• z(y)=O H 1J(x)=O. JieMMa,n:OKa3aHa. 

Ifa JieMMbI BbITeKaer, 1ITO ecJIH 06m1CTb Q orpaHlflleHa, TO cyuiecmyer cl>)'HKIUUI 1JE D ( Q), 

TaKaH'ITO 1J(x)=l, XE Q' CS:Q H Q::s;17(x)::s;l. 

03, 

Puc. 4.3. K JJ;OKa3aTeJihCTBY neMMhI 1 

JleMMa 2 (pa3JIOXCeHHe eJJ;HHHQLI). IlycTb HOCHTeJih OCHOBHOH <l>YHKIJ,HH q:i( x) ITOKpbIT 

KOHe'IHbIM 'IHCJIOM rnapos U (xk ;rk) ( k = 1,2, ... ,N). Tor;:i;a cyuiecTByIOT TaKHe <l>YHKIJ,HH 

hk E D , supp hk c U ( xk ; rk ) , 'ITO 

N 

q:i(x) = Lq:>(x)hk (x). (4.4) 

,ll,oKa3aTeJibCTBO. Bo3bMeM YMeH1>IIIeHH1>1e map1>1 U ( xk; r:), r; < rk, rroKp1>rnaIOIIJ,He KOM

rraKT F =supp q:> (pttc. 4.4). Ha ocHosaHHH neMMbI 1 3aKJimqaeM, 'ITO cyIIJ,ecTBymT ocHOBH1>1e 

<l>YHKIJ,HH ek (x), TaKHe 'ITO: 

1. ek(x)=l, rrpH xEU(xk;r;). 

2. ek(x)=O, rrpH xE"U(xk;rk), T. e. suppek cU(xk;rk). 
06o3Ha'IHM 

N 

QqesH.n;Ho, h( x) ~ 1, Lhk (x) = 1, hk ( x)E D, supphk c U ( xk;rk ). Ilo:noMY paseHCTBO (4.4) 
k=I 

crrpase,n:JIHBO, OHO o6hl'IHO Ha3bIBaeTCH pa3JIO)l(eHHeM e.n;HHHIJ,bl. 

EcJIH o6o3Ha'IHTh: q:i( x) hk ( x) = q:>k ( x), TO paseHCTBO (4.4) MO)l(HO rreperrttcaTh B BH,n:e 

N 

q:i(x)= Lq:>k(x), suppq:>k cU(xk;rk). (4.5) 
k=I 
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Puc. 4.4. K p;oKaJaTeJibCTBY JieMMbI 2 

3aMeqam1e. B HeKOTOphIX aonpocax HCIIOJih3YJ0TCH rrpocrpaHcTBa OCHOBHhIX <l>YHKU:HH Km. 
00):( OCHOBHOH <l>YHK[(HeH 3;:\eCh IIOHHMaeTCH mo6aH <l>YHK[(HH tp( X), Y.L\OBJieTBOpHIOIIl,aH CJie

):(ylOIIl,HM YCJIOBHHM 

1. ip(x)E C. 

2. supptpcUR, R<oo. 

IlocKOJibK)' HOCHTeJib - 3aMKHyTOe orpaHWieHHoe MHO:>KeCTBO B R", TO MO:>KHO CKa3aTh, 

'ITO rrpocrpaHCTBO OCHOBHbIX ci>YHKUHH Km COCTOHT li3 HenpepbIBHbIX BMeCTe co CBOHMli npom

BO):\HhIMH ):\0 IIOpH):(Ka m BKJIIOqHTeJihHO <l>YHKUHH tp( x) c KOMIIaKTHbIMH HOCHTeJIHMH. B Km 

BBe):\eHhI JIHHeHHbie orrepau:HH H CXO,[\HMOCTb. rro orrpe;:\eJieHHID, IIOCJie):\OBaTeJihHOCTb {'Pp} c Km 

CXO):(HTCH K ip( x) E Km, ecnH 

supptpP cUR (p=l,2, ... ), Da(ipP-tp)=>O, p~ 00 , laj:s:;m. 
OcymecTBHB C.L\BITT lf/p = tpP -tp, orrpep;eJIHeM cxo):(HMOCTh R Hynro: lf/p ~ 0, p ~ oo, ecnu 

supp lf/p c UR' Dalf/p => 0, p ~ oo, jaj::::; m. 

BBeM TaKHM o6pa3oM oKpeCTHOCTH HYJIH H eCTeCTBeHHhie JIHHeiiHhie onepau:HH, npHXO.L\HM 

K JIHHeiiHOMY Tononor~ecKOMY rrpocrpaHCTBY Km. EcJIH rrono:>KHTb m = 00 , TO nonyqaeM oc

HOBHOe npocTpaHCTBO D, o6pa3oBaHHoe (KoMnneKCH03HaqHbIMH) 6ecKoHeqHo .L\H<l><l>epeHU:H

pyeMbIMH <l>YHK[(HHMH c KOMIIaRTHbJMH HOCHTeJIHMH. 

B OCHOBHbIX npocTpaHCTBax MO:ll<:HO BBO):\HTb pa3JIHqHbie THIIbI CXO):\HMOCTeii. Hau6onee 

CHJibHOH CXO):\HMOCTblO HBJIHeTCH paBHOMepHaH CXO):\HMOCTb B c; (B TOIIOJIOrHH IIpOCTpaHCT-

na D ). Hau6onee cna6oii HBJIHeTCH cpe):(HeKBa;:\paTHqHaH cxop;nMocTb B c;, KOTopaH rropo)l(

;1aeT 3JleMeHThI npocTpaHCTBa L2
. 

4.3. npocmpaHcmao o6o6U(eHHblX cl>YHKU,UU D' 

0606II1,eHHoii <l>YHK[(Heii B CMbICJie Co6onesa-lllsapu:a Ha3bIBaeTCH BCHKHH JIHHeiiHbrn He-

11pephIBHhm <l>YHK[(HOHaJI Ha rrpocTpaHCTBe OCHOBHbIX <l>YHKU:HH D. 3HaqeHHe t)>)'HK[(HOHaJia 

(0606II1,eHHoii <l>YHKU:HH f) Ha ocHOBHOii <l>YHKu:HH tp o6o3HaqHM qepe3 (f,tp). Ecnu 3TO quc-
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JIO Bemecraemme MH mo6oii BemecTBCHHOH OCHOBHOH cl>ymm:IDI </), TO IIpHXOAMM K BemecraeH

HOH o6o6meHHoli cl>YHKU:HH. 

CornacHo 3TOM)' orrpeAeJieHHIO o6o6meHHWI cl>YHKU:HH f ecTh: 

1. <DyttKu;HOHaJI Ha D, T. e. Ka)l()l;OH OCHOBHOH cl>JHKil;HH <j)E D COIIOCTaBJIHCTCH qHCJIO 

(f ,<p). 

2. JlHHeHHhIH cl>YHKIJ;HOHaJI Ha D, T. e. V<p,lf/E DH VA,,µE C 

(f ,A,<p+ µIf/)= A,(f ,<p )+µ(!,If/). 

3. HerrpephIBHhIH cl>YHKU:HOHaJI Ha D, T. e. ecJIH <pk -7 <p; k -7 oo B (TOrronomH D ), TO 

MHoJI<eCTBo Bcex o6o6meHHhIX cl>YHKU:HH o6o3HaqHM qepe3 D' = D' ( R"). Ha 3TOM MHOJI<ecT

Be BBCAeM JIHHCHHhie orrepau;irn: 

CJIOIKCHHC 

(! + g,<p) =(f,<p)+(g,<p), \:ff,gE D', \:f<pE D; 

JMHO)KeHHe Ha qHCJIO 

(A,f,<p) =A(f,<p), VJ ED', V<pE D, VAE C. 

0TCIOAa orrpeACJIHeTCH JIHHCHHWI KOM6HHau;HH o6o6meHHhlX cl>JHKil;HH, KOTOpaH Ha rrpoH3-

BOJihHYIO OCHOBffYIO cl>YHKIJ;HH <p AeHCTBYeT no cl>opMyJie 

(A,f + µg,<p) = A,(f,<p)+ µ(g,<p). 

IlOKa)KCM, qTQ MHO)KCC'TBO D' 3aMKnyTO OTHOCHTeJlhHO BBCAeHHhIX JIHHCHHhIX onepau;Hif. 11.Me

CM AJIH rrpOH3BOJihHhIX <p, If/ E D H a, fJ E c 
(A,f + µg,a<p+ /Jlf/) = A,(f ,a<p+ fJlf/) + µ(g,a<p+ /Jlf/) = 

= ;.,[ a(f, rp) + /J(/,lf/) ]+ µ[ a(g,<p) + fJ(g,lf/) J =a[ A,(f ,<p) + µ(g,rp) ]+ 

+fJ[A,(f ,If/)+ µ(g,lf/) J =a( A,j + µg,<p) + /J(A,f + µg,lf/). 

CneAoBaTeJihHO, A,j + µg - JIHHCHHhIH Q.>yttKUHOHaJI. _nanee, ecnH <pk ( x)-7 <p( x) rrpH 

k-700, TO 

0TC10Aa CJICAYeT HerrpephlBHOCTh cl>YHKIJ;HOHaJia A,f + µg. 
HenocpeACTBCHHO nposepHeTc.si:, 'ITO Bee aKcllOMhl nHHeliHoro rrpocTµaHCTBa BhIIIOJIHH

IOTC.si:, II03TOM)' MHO/KCCTBO D' co BBCACHHhlMH B HCM JIHHeHHhIMH orrepau;H.sIMH .sIBJI.sICTC.sI JIH

HCHHhlM rrpocTµaHCTBOM (JIHHCHHhIM MHO)KeCTBOM). 

B D' OIIpCACJIHM CXOAHMOCTh CJICAYfO!nHM o6pa30M. fiyAeM rOBOpHTh, qTQ IIOCJICAOBa

TCJihHOCTh {/k} c D' cxoAH:TCH K o6o6meHHoli Q.>yttKU:HH f ED', ecnH 
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TaKM CXO)J,HMOCTb nocJie)J,OBa'IeJThHOCTH <l>YHK[(HOHaJIOB Ha.3b1Baerc11 cna6oif CXO)J,HMOCThlO. 

JlHHeifHoe npoCTpaHCTBO D' co BBe)J,eHHOH B HeM CXO)J,HMOCTblO Ha.3b1Baerc11 npOCTpaHCTBOM 

o6o6rn;eHHbIX <l>YHKUHH D'. KaK TononorWiecKoe npocrpattcTBo, OHO 11BJI11erc11: conpIDKeHHbIM 

K TOnonorH'leCKOMY npocTpaHCTBY D. 
JIOKaJibHble CBOHCTBa oooo~ennhIX cjlynrcu:uii. Ey)J.eM rosopHTh, 'ITO o6o6rn;eHHM <l>YHK

[(lll f pas Ha ttyJIIO B o6naCTH n, ecJIH v rp E D ( n) HMeeT MeCTO paBeHCTBO 

(f,rp) =0. 

f],se o6o6meHHhie <l>YHK[(HH f H g no onpe)J.enem110 C'IHTaJOTCll paBHhlMH B Q, ecJIH 

f-g =0, T. e. 

06o6meHHble cpyHK[(IUf f tt g C'lttTaJOTcll paBHbIMH (so sceM R" ), ecJIH 

rosopllT, 'ITO o6o6meHHM cp)'HK[(Hll f npHHa)J,Jie:lKHT KJiaccy CP (n ), eCJIH B n OHa COBITa)J,aer 

C <l>YHK[(HeH f0 ( X) KJiacca cP ( Q), T. e. 

(f ,rp) =(!0 ,rp) = f !0 (x)rp(x)dx, VrpE D(n). 

JleMMa 3. IlyCTb npocTpaHCTBO R" IlOKpbITO C'leTHOH CHCTeMOH OTKpbITbIX wapoB 

u ( xk; rk ) , k = 1, 2, .. . IlpH'IeM B Ka:>K)J,OM wape u ( xk; rk) 0606meHHa11 <l>YHK[(Hll: f COBila)J,aeT 

c o6o6meHHOH <l>YHK[(HeH fk. Tor)J,a f O)J,H03Ha'IHO onpe)J.eJilleTCll CBOHMH JIOKaJibHbIMH 3Jie

MeHTaMH fk. 

f1,0Ka3aTeJibCTBO. 113 C'leTHoro IlOKpbITHll rnapaMH u ( xk; rk ) BbJ6epeM KOHe'IHOe IlOKpbI

rne KOMIIaKTa supp rp:U ( .xi;'i ),U ( Xz;rz), ... ,u ( xN;rN), r)J,e N = N ( rp). Ha OCHOBaHHH pa

BCHCTBa (4.5) HMeeM 

N N 

( f, rp) = L ( f, rpk ) = L ( fk , rpk ) , supp rpk c U ( xk ; rk ) . 

lloKa:>KeM e)J,HHCTBeHHOCTb f. IlyCTb cym;eCTByeT )J.pyrM o6o6meHHM <l>YHK[(Hll g c TeMH )J(e 

JIOKaJibHblMH 3JieMeHTaMH fk, TOr)J,a 

N N 

(g,rp) = 2:(g,rpk) = 2:Uk,rpk) = (f ,rp) ::::.> g = 1. 
k=I k=I 

I-fa 3TOH JieMMbl BbITeKaeT, 'ITO o6o6I[(eHHall <l>YHK[(Hll f paBHa ttyJIIO B 06JiaCTH Q, eCJIH OHa 

paBHa flYJIIO B OKpeCTHOCTH Ka)J()J,OH TO'IKH o6JiaCTH Q. 

fosopl!T, 'ITO o6o6meHHM <l>YHK[(Hll f ( x) cocpe)J.OTO'leHa Ha KOMIIaKTe K, eCJIH OHa pasHa 

llYJIIO Ha )J,OTIOJIHeHHH K 3TOMY MHO)J(eCTBy. HattMeHbrnee 3aMKttyTOe MHO)J(eCTBO, Ha KOTOpOM 

cocpe)J.OTO'leHa f ( x), Ha.3b1Baerc11 HOCHTeJieM 3TOH <l>YHKIIHH (supp f). TaKHM o6pa30M, HOCH

TeJib o6o6meHHOH <l>YHKUHH eCTb )J,OIIOJIHeHHe o6be)J,HHeHHll BCeX OTKpbIThJX MHO)J(CCTB, Ha KOTO-
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phIX f ( x) = 0. Ecm1 supp f - orpaHWieHHoe MHO){(eCTBo, To f Ha3hIBacrcsi ¢mrn:moii o606-

11IeHHOH ¢ymrn;neii. 
I.fa onpe,n;eJieHHS! HOCHTemI o6o6meHHOH <l>YHKUHH f CJie.n;yeT, qTQ B mo6oii o6JiaCTH BHe 

HOCHTeJISJ (B OKpecTHOCTH mo6oii TOqKn, He npHHa,n;Jie){(ameii HOCHTemo) o6o6meHHaSJ <l>YHK-
111-rn: f =0. 

B caMOM ,n;eJie, ecm1 x0 E" supp f, To Haii,n;eTCH OKpecTHOCTh U ( x0 ; t:), B KOTopoii f = 0 

(B npOTHBHOM cnyqae Xa E supp f ). 
llpUMep. XapaKTepncTWiecKasi <l>YHKUHH mpe3Ka 

{l,jxj~ a, 
z(x)= 

o.jxj>a, 

<l>YHKIIHS! c KOMIIaKTHhlM HOCHTeJieM, cocpe.n;oToqeHHaSJ na [-a, a). 

CBoiicmo DOJIHOTLI npocrpaucrna D'(Q). IlMeeT Mecrn TeopeMa [25]. IlyCTu {fv} c 

c D' ( Q) CXO.n;ITTCS! v (/JE D ( n). T. e. Uv• rp) CXO,ll;HTCS! npn v ~ oo. Tor.n;a <l>YHKIIHOHaJI f 
Ha D ( Q), onpe.n;eJISJeMhiii paseHCTBOM 

TaK){(e HBJISJeTCH JIHHeHHhIM n HenpephlBHhIM Ha D ( Q), T. e. f E D' ( Q). 

4.4. PeeynRpH&te 0606w,eHH&1e cpyH«u,uu 

<l>yttKI(HH f ( x) Ha3hJBaeTC.ll JIOKaJihHO HHTerpnpyeMOH (JIOKaJihHO CJMMHpyeMOH) B 06-

naCTH Q, ecJin OHa HHTerpnpyeMa (no Jle5ery) B mo6oii rro.n;o6JiacTR Q' (SQ. Ona Ha3hIBa

eTcsi JIOKaJihHO HHTerpnpyeMOH B R". eCJIH OHa HHTerp11pyeMa B mo6oii orpanWieHHOH 06-

JiaCTH Q C Rn. 

IlpH IIOMOI.l.IH mo6oii JIOKaJihHO HHTerpHpyeMOH <l>YHKIIHH f ( x) MO){(HO orrpe.n;eJIHTh <l>YHK

IIHOHaJI f . .n;eiiCTBYJOlll:IIH no <l>OPMYJie 

(f,rp) = Jt (x)<P(x)dx, 'if<PE D(Q), f (x)E 4oc· (4.6) 

B cnny JIHHeiinocrn nmerpana <l>YHKIIHOHaJI (! ,<P) JIHHeiinhlii, 11 rro TeopeMe o rrpe,n;eJlhHOM rre

pexo.n;e rro.n; 3HaKOM HHTerpana nMeeM [21] 

!~(f .rpk) = lim ff (x)rpk (x)dx =ff (x)~i!rpk ( x)dx = (f ,rp). 

TaKHM o6prooM, <l>oPMYJia (4.6) orrpe.n;en.11cr JIHHeiiHhIH nerrpephlBHhlli <l>YHKUHonan f na npo

CTpaHCTBe D, T. e. o6o6meHHyIO <l>YHKQHIO f. 
06o6meHHasi <l>YHKIIHH f. rropo){(,ll;eHHaSJ JIOKaJihHO HHTerpHpyeMOH B R" <l>ynmneii f ( x) 

no <l>OPMYJie (4.6) Ha3hIBaeTCH peryJISJpHOH o6o6meHHOH <l>YHKUHeii. Bee OCTaJihHhle JIHHeii-
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11b1e HenpepbIBHhie <}lyttKU:HOHaJihI Ha D Ha3hIBaIOTCH c1rnrym1pHhIMH o6o6ll1eHHhIMH <PYHK-

1urnMH. 

HarrpHMep, o6o6ll1eHHM IIOCTOHHHaH c B Q eCTh perym1pHM o6o6ll1eHHa5! $)'HKU:HH, 

.neiiCTBYIOll1iul no <JlOPMYJie 

(f,rp)= fcrp(x)dx, 'iirpe D(n). 

<l>yttKIJ:ll5I cKaqKa ( {), <p), r)J,e £J( x) - e,UlIHll'IHM $YHKU:II5I Xesncall;:J;a, TaJOKe )J,aeT npHMep pe

ryMpHoii o6o6iu:eHHOH $)'HKU:HH, orrpe.nem1eMoH: paseHCTBOM B D' 

(B,rp)= frp(x)dx. 
0 

HMeeT MeCTO JieMMa 4 (~IO 6ya-PeiiMOH~). ,lµH TOro qT06bI JIOKaJihHO HHTerpnpyeMaH 

11 Q <PYHKn:HH f ( x) o6paiu:aJiach s HYJih B o6nacTH Q B CMhICJie paseHCTBa o6o6iu:eHHhIX 

<l>YHKU:HM (T. e. B D' ( Q)) Heo6XOJ:(HMO lI J:(OCTaTOqHo, qT06bJ f ( x) = 0 IIO'ffll BC3J:(e B Q. 

,il,OKa3aTeJibCTBO. ,il,OCTaTOqHOCTh oqeBH)l;Ha, TaK KaK CCJill f ( x) ",;:'.· 0 B Q' TO lIHTerpaJI 

(f,rp)= ff(x)rp(x)dx=O, "i<pE D(Q). 

Heo6xo.n11:MOCTh. TiycTh f = 0 s Q s cMb1cne paseHcTBa B D' 11: rrycTb a E Q - rrpom-

11011hHaH TOqKa. Tor.z1a CYllJecTByeT 3aMKHyThlH map {] (a, c) c Q, B KoTopoM f = 0. CHcTeMa 

<j1yHKU:HH 

.1 · rro 0311aqaeT, qTQ see Km$<)lnu:neHThI <l>yphe no TJ>ITTOHOMe-rpnqecKoH: cnCTeMe {exp~ ( k, x)} 
1py11KU:llll f ( x) me ( x -a), HHTerpnpyeMOH Ha rnape U (a; c), paBHhI ttymo. Orcro.na cne;::i:yeT, 

•110 f ( x) ::=· 0 B 3TOM rnape, a TaK KaK a - rrpOll3BOJihHaH TOqKa B Q' TO f ( x) ::=· 0 B Q. 

1'fa J:(OKa3aHHOH JieMMbl BbITeKaeT, ~o BCHKilll peryJIHpHilll o6o6iu:eHHaH $)'HKn:HH onpe.neJIH

Cf' C)l,lIHCTBCHHYIO (c TQqHOCTblO )J,O 3HaqeHlIH: Ha MHO:lKCCTBe Mepbl H)'Jih) JIOKaJibHO lIHTerp11:pye

My10 <l>YHKIJ:lIIO. B caMoM )J,eJie, ecJill npe)J,IlOJIO:lKlITh, qTO peryMpHoii o6o6ll1eHHoii <PYHKu:lIH f 
CO<YfBeTCTBYfOT )];Be JIOKaJihHO HHTerpnpyeMbie $)'HKD:Hll f ( x) H g ( x)' TO cornaCHO (4.6): 

(! ,<p) =ff (x) rp(x)dx = f g ( x)<p(x)dx ::::> 

:::} f[f (x)-g(x)]<p(x)dx=0=:} f (x)-g(x) ::=·o. 
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TaKHM o6pa30M, BCJIKOH JIOKa.JihHO mrrerpHpyeMOH <i>YHKUHH COOTBeTCTBYeT e,z:urnCTBeHHaJI 

peryJI5IpHa5I o6o6meHHa5I <l>YHK~JI, H o6paTHO, BCJIKOH peryMpHOH o6o6meHHOH <i>JHKUHH MO)J(

HO IIOCTaJUITh B COOTBeTCTBHe e,D,HHCTBeHHyIO JIOKa.JibHO mrrerpHpyeM)'IO <l>YHK~IO, rropo:ac,n;aro

myro ee. B CHJIY :noro B3aHMHO O,D,H03HaqHoro COOTBeTCTBHH Me)J(,n,y MHO)J(eCTBaMH peryIDip

HbIX o6o6meHHhlX <i>JHKUHH H rropo:ac.n;aIOIUHX HX JIOKaJ!hHO HHTerpHpyeMbIX <i>JHK~H rrocne.n:

HHe MO)J(HO BKJIIOqHTh B COCTaB peryJI5IpHbIX o6o6meHHhIX <i>JHI<UHH, T. e. MO)J(HO OTO)J(.!l:eCTBHTh 

JIOKa.JihHO HHTerpHpyeM)'IO <i>JHKUHIO f ( x) H rropo)J(.!l:aeMYIO ero peryn51peyio o6o6meHHyIO 

<i>YHKUHIO f. B 3TOM CMhICJie 06b1qHb1e, T. e. JIOKa.JihHO HHTerpHpyeMhie B R" <l>JHKUHH HBJIH

IOTCJI perynHpHhIMH o6o6meHHhIMH <i>JHKUHHMH (BJIO)J(eHHe Ewe ( Q) c D' ( Q) ). 
0TMeTHM TaK)J(e, qTQ eCJIH IIOCJie,n:oBaTeJibHOCTh JIOKa.JihHO HHTerpHpyeMhIX <i>JHKUHH 

fk ( x) ( k = 1, 2, ... ) cxo,n:HTCJI paBHOMepHo Ha Ka:ac,n;oM KOMIJaKTe K c R", To rrocne,n:oBaTeJih-

HOCTh perynHpHblX o6o6meHHhlX <i>JHKUHH fk CXO,D,HTCJI K perynHpHOH o6o6meHHOH <i>JHK

UHH f B D'. )l,ettCTBHTeJihHO, 

(fk,rp)= f!k(x)rp(x)dx~ ff(x)rp(x)dx=(f,rp), \:f<pE D. 

EcJIH fj E 4oc H fj ~ f ( x) B 4oc, T. e. Ha Ka)J(,U:OM KOMTiaKTe K 

f!fi(x)-f(x)jdx~O, j~ 00 , 
K 

TO Jj(x)~ J(x) B D' . 

.ll,ettcTBHTeJihHO, \:/ rp E D, supp rp c K, HMeeM 

llpuMep. CornacHo TeopeMe PHMaHa-Jle6era [35] 

frp(x)sinnxdx~O, n~=. 

Cne.n:oBaTeJihHO, B TorronorHH rrpoc'rpaHCTBa D': lim sin ( nx) = 0. 

3aMeqaJIHe. EcJIH o6o6mettHaJI <i>JHKUHH f - JIHHeHHhlli HerrpephIBHhlli <l>yHKUHoHan ( f, rp) 
Ha OCHOBHbIX <i>YHKUHHX rp( x) E Km, TO rOBOpITT qTO f HMeeT KOHeqHhlH rrop5!,U:OK p ~ m Ha 

rrpoc'rpaHcTBe Km. 06o6meHHhie <i>JHKUHH, orrpe.n:eJieHHhie Ha rrpoc'rpaHcTBe D, HMeIOT 6ec

KoHeqffhIH rropH,D,oK (0606meHHb1e <i>JHKUHH 6ecKoHeqHoro rropH,D,Ka), a o6o6meHHhie <i>JHKUHH, 

orrpe.n:encHHhie Ha rrpoc'rpaHCTBe K 0 
( m == 0), Ha3hIBaIOTCH MepaMH. 

4.5. CuH2yn11pHb1e 0606U(eHHb1e c/JyHKu,uu 

CornacHo orrpe.n:eneHHIO ,n,eJibTa-<l>JHKUHH, 5( x) - JIHHeHHhIH HerrpephIBHhIH <i>JHK

UHOHarr, CTaBHIUHH B COOTBeTCTBHe Ka)J(.!l:OH OCHOBHOH <i>JHKUHH rp( x) ee 3Haqemre B Hyne: 

(5,rp)==rp(O). 
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IlOKIDKeM, 'ITO (j ( x) - cmnyIDipmUI o6o6meHHM <l>YHKI:(HH, T. e. He cyru,ecTByeT JIOKaJibHO 

HHTerp11pyeMOH <l>YHKU:HH, rropO:>KAaIOIIJeH ee B COOTBeTCTBHH c <l:>OPMYJIOH ( 4.6). Ilpep;rro

JIO:>KHM rrpornBHOe, 'ITO TaKaH JIOKaJihHO HHTerp11pyeMM <l>YHKU:HH f ( x) cyru,ecTByeT. Torp;a, 

p;OJI:>KHO 6hITb, 

(8,q:i)= ff(x)q:i(x)dx=q:i(O), Vq:iED. (4.7) 

0'leBHAHO, <l>YHKu:IDI .x;q:i(x), rp;e X1 - rrepBaH KOOpAHttaTa BeKTopa X, TaK:>Ke HBJIHeTCH OCHOB

HOH, II03TOMY HMeeM 

(f ,x1q:i) = J f (x)x1 q:i(x)dx = x1 q:i(x)L
0
=0 = (.x;f ,q:i), V Q'E D. 

Ha ocHOBaHHH neMMhI AIO Eya-PeiiMoHp;a <l>YHKU:HH .x;f ( x) n:. 0 => f n: 0. Ho TOrp;a 

ff (x)q:i(x)dx=O, Vq:iE D, 

'ITO rrpOTHBOpe'IHT paBeHcTBy (4.7). 

,[1,eJibTa-<l>YHKIJ;HIO MO:>KHO paccMaTPHBaTb KaK rrpep;en B D' <l>YHKU:HH w, ( x) rrpH e ~ +O. 

8 caMOM p;ene, B CHJIY HerrpephlBHOCTH q:i( x) E D, V 1] > 0, 3t:0 > 0, 'ITO 

0TCIOAa 

T. e. 

IJw,.(x)q:i(x)dx-q:i(O)I::;; J w,.(x)iq:i(x)-q:i(O)idx<l] rrpH t:<t:0 , 

l*e 

Jw,.(x)q:i(x)dx~q:i(O) rrp11 t:~+O. 

TaKHM o6pa.3oM, IIOJIYlJaeM 

(w,.,q:i)= Jw,.(x)q:i(x)dx~q:i(0)=(8,q:i)=>w,. ~() rrpw t:~+O B D'. 

06o6meHHeM p;eJibTa-<l>YHKu:HH HBJIHeTCH IIpOCTOH CJIOH Ha IIOBepxHOCTH. IlycTh s - I<)'COlJHO

rnap;KaH IIOBepXHOCTh H µ ( x) - I<yCOlJHO-HerrpepbIBHaH <l>YHKU:IDI, 3ap;aHHaH Ha s. IlpoCTbIM 

CJIOeM c IIJIOTHOCTblO µ ( x) Ha3bIBaeTCH o6o6meHHaH <l>YHKllHH µ<JS' p;eHCTByIDIIJaH Ha rrpo

H3BOJlbttyIO OCHOBttyIO <l>YHKu:HIO Q'( X) 110 $OPMYJie 

(µ<JS'q:i)= fµ(x)tp(x)dS, (/JED. 
s 

HocHTeJih o6o6meHHOH <l>YHKu:HH µ<Js: suppµ8s cS. 06o6meHHaH <l>YHKllHH µ<Js MOp;enwpy

cT rrpOCTPaHCTBeHHOe pacrrpep;eneHHe, HarrpHMep 3JieKrpHlJeCKHX 3apHAOB IIJIOTHOCTH µ ( x)' 

cocpep;OTO'leHHbIX Ha IIOBepXHOCTH s. 
1 1 1 

06o6meHHbie «J>y111rn:uu Vp-,Vp 2 ,P-I 
1

. PaccMQTPHM 3p;ecn rrpHMephl HeKoTopbIX 
x x x 

CHHryIDipHbIX o6o6rn;eHHbIX <l>YHKllHH. 
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1. BBe,D;eM mrneiiHI>Iii cpyHKU:HOHaJI Vp .!. , ,D;eiicTBYJOillHH Ha rrpomBOJII>HYIO ocHOBHYJO 
x 

cpyHKU:HlO ITO cpopMyJie 

( Vp~,{O) = Vp f{O~x) dx = 1~°1(] + J J {O~x) dx, {OED. 

IloKa)l(eM, qTo Vp .!. - HerrpephIBHhIH cpyttKU:HOHaJI. IlycTo supp {O c (-R, R). Tor,D;a 
x 

j( Vp~, {O )j = lvp J{O~x) dxl = lvp j {O( o) + :{O' ( x') dxl = 1-1 {01 

( x') dxl ~ 

~2Rmax!{O'(x)!. x'E (-R,R). 
x 

3,D;eCb HCIIOJib30BaJIOCb paBeHCTBO 

R dx 
Vp f-=0. 

--R X 

IlyCTb Terrepb { <pn ( x)} c D CXO,D;HTCjJ: K <p( x) E D (B CMbICJie CXO,[(HMOCTH B D ). Tor,D;a 

j( Vp~,<p-<pn )j ~ 2Rm~x,qf(x)-<I. (x)! ~ 0 => ( Vp~,<pn) ~ ( Vp~,<p ). n ~ oo. 

(4.8) 

l 
0TCJO,D;a cne,D;yeT HerrpepoIBHOCTb cpyHKU:HOHaJia Vp-; JIHHeiiHOCTb cne,D;yeT H3 JIHHeHHOCTH 

x 
KOHCTPYKU:HH (4.8). 

TaKHM 06pa10M, cpyHKU:HOHaJI vp.!., orrpe,D;eJieHHbIH B (4.8), eCTb 0606U1eHHM cpyHKL(Hj{. 
x 

0Ha Ha3I>IBaeTCjJ: rnaBHhIM 3HaqeHHeM (no Konm) CHHrynj{pHoro HHTerpana
1
) 

J{O(x) dx. 
x 

066 ,h v:l 
6 

v,h vl 6v6 0 IlleHHM 'l'YffKL(Hj{ p- COBila,D;aeT c 0 blqHOH 'l'YHKU:HeH - B JIIO OH 0 JiaCTH, He co-
x x 

,D;Cpll<ail\CH Haqana KOOp,n:HHaT (B CMbICJie paBCHCTBa B D' ), T. e. 

1 1 
Vp-=-, x;t 0 B D'. 

x x 

IlmToMy Vp .!. Ha3bIBaCTCjJ: peryJijJ:pmau:ueii cpyttKU:HH .!. . 
x x 

Y CTaHOBHM Terrepo paBeHCTBa B D' 

lim-
1
-. =-

1
-. =-i.m5"(x)+vp.!., 

e--H-0 X+lc X+lO X 

lim-
1
-. =-

1
-. =iJZ"o(x)+vp.!.. 

e-+1-0 x-1£ x-10 x 

I) CHMBOJI Vp OT cl>pamzy3cKoro valeur principale - rnasHoe 3HaqeHHe. 

(4.9) 
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lIMeeM u;erroqey paseHCTB M5I ocHOBHoii qiymcn;mi: (/JE D(-R,R) 

(
_1 __ ,rp)= Jrp(~) dx= J(x-i&)rp(x) dx=rp(O) J x-i& dx+ 
x+i& x+i& -R x2 +&2 -R x2 +&2 

R X-ic 
+ J[rp(x)-rp(0)]-2 - 2 dx. 

-R X +£ 

Ilptt &~+O: 

( -
1
-. , rp) ~ (-

1
-. , rp) = rp( O )lim RJ : dx 2 - irp( 0) lim (2 arctg R) + 

x+z& x+zO e-++o x +& , .... +-0 & 
-R 

+Vp 1 rp( x)-rp(O) dx = -i!rrp(O)+ Vp 1 rp( x) dx = -i!r( o,rp) +(vp.!..,¢) = (-iJro + Vp.!..,rp). 
-R X -R X X X 

0Tc1wi;a cneeyeT rrepsoe paseHCTBO B (4.9), BTopoe .D:OKa3hIBaeTcH coseprneHHO aHanornqHo. 
PaseHCTBa ( 4.9) Ha3hIBaIOTCH qiopM)'JTaMH Coxou;Koro. 

1 
2. Bse,n:eM o6o6meHH)'IO <i>YHKD;HIO Vp 2 npn rroMOIIJH qiopM)'JThI 

x 

( 
1 ) Jrp(x)-rp(O) Vp x2 ,rp =Vp x2 dx, VrpE D. 

To, qTo :na perynHptt3au;ttH <l>YHKU:HH 1/ x2 KoppeKTHa, cne,n:yer m paseHCTBa 

( x2Vp : 2 , rp) = ( Vp : 2 ,x
2rp) = Vp V

2

rp-~; rp(O) dx = f rp( x)dx = (1,rp), 

1 
T. e. o6o6meHHM <i>YHKD;HH Vp-;;- ecTb perneHne ypasHeHHH 

x-

1 
3. 06o6meHHM <l>YHKU:HH PR orrpe,n:enHeTcH rrpn rroMOIIJ,H cooTHorneHHH 

( 
1 J J rp(x)-rp(O) J rp(x) , P-

11
,rp = II dx+ -

1
-
1 

dx, VrpED(R). 
X ixJ<l X ixi>I X 

B KaqecTBe npnMepa Haii,n:eM qacTHoe perneHne ypasHeHHH xu = sgn x. 

lIMeeM VrpE D(R1): 

( 
1 J ( 1 J J rp(x)x-¢(0)0 J xrp(x) Jxrp(x) 

xPR,rp = PR,xrp =lxl<I lxl dx+lxJ>1-lxl-dx= Ndx=(sgnx,tp). 

Cne,n:osaTeJThHO, o6o6meHHaH <i>YHKU:HH P l:I y.n;osneTBopxer HarneM)' ypasHeHHIO B D' ( R1
). 
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4. Ilces.1w<PYHKU:IHI 1/ x 2 (Pf : 2 ) onpe,JJ;eJieHa An,aMapoM cne,JJ;yIOIUMM o6pa3oM: 

(Pf_.!._, <p) = lim {--Je QJ(x) dx+ oof<p( x) dx- 2 QJ(O)}· 
x2 e--H-O x2 x2 E' 

--oo e 

1 
5. BBeJJ:eM, HaKoHen:, o6o6meHHyIO <PYHKU:MJ-O Vp-(n~l, u:enoe): 

x" 
n--1 

QJ(x)-QJ(O)-xqf(O)- ... --X-<p(n--I) (0) 
(vp:",qJ)=vpf x" (n-l)! dx, 'liqJED(R1

). 

3Ta cnHrym1pHa5I o6o6meHHM <PYHKUM51 HBJIHeTcH 'IaCTHbIM pernemi:eM ypasHeHMH B D' ( R 1
) 

ux" = 1. 
B caMoM JJ:eJie, 

x"qJ-[x"I xk<p(k) (0)) 
( 

1 ) k=O k ! 
( ux" , qJ) = Vp 7 , x" qJ = J x" x=O dx = 

= f'P( x)dx = (1,QJ) ~ x"Vp_!_ = 1. 
x" 

06o6meHHaH <PYHKU:MH Vp_!_ cosnaJJ:aeT c 06b1'IHOii <PYHKU:Meii _.!._ B JIJ-06oii o6nacTM B R 1
, 

x" x" 
He COJJ:ep)J(ameii Ha'Iana KOOPJJ:MHaT. 

4.6. flpeo6pa30BaHUR nepeMeHHb/X 

IIyCTu JJ:aHo JIMHeiiHoe npeo6pa30BaHMe x=Ay+ B, rJJ:e x={ x" x2 , ••• , xn}, y={y" y2 ,. •• , Yn}, 

B ={ bl'b2 , ••• ,b.} - CTOJI6U:bl, A= lla;k 11 - MaTpnn:a rropHJJ:Ka ( nxn ). HanoMHMM, 'ITO rrpeo6-

pa3oBaHne Ha3bIBaeTcH Heoco6eHHbIM, ecnn det A"/:. 0. B 3TOM cnyqae CYIIIecTByeT o6paTHoe 

JIMHeiiHoe rrpeo6pa30BaHMe y = A-1 
( x- B), rJJ:e A--1 

- Marpnu:a, o6parnaH K Marpn11e A. 

IIpeJJ:rrOJIO)J(MM, 'ITO f ( x) - JIOKaJibHO MHTerpnpyeMaH B R" <PYHKU:MH. TorJJ:a MH JIJ-0-

6oii qJE D rronyqnM 

x=Ay+B, 
(f(Ay+B), <p(y))= ff(Ay+B)QJ(y)dy= y=K1 (x-B), 

dx 
dy = lctetAI 

=ff (x)QJ[ K1(x-B)]ld:AI =ff (x) 'P[ Al:e~xAlB)Jdx. 
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IIonyqeHHoe paBeHCTBO rrpHHHMaercH 3a orrpe,n:eJieHHe o6o6meHHoii <l>y:mcu;1m f ( Ay + B) 
.D:JIH rrpoH3BOJioHoii o6o6meHHOH <l>YHKU:HH f ( x) E D' : 

( 
<P[K' (x-B)]l 

(f (Ay+B),<P(Y))= f(x), ictetAI , VqJE D. (4.10) 

)J,JIH y:HHMo.n:ymrpHoIX rrpeo6pa3oBaHHii (Jctet AJ = 1) <l>opM)'Jia ( 4.10) HMeeT oco6eHHO rrpoc

Toii BH):( 

(J(Ay+B),<P(Y))=(!(x), <P[ K'(x-B)]). 
PaccMOTPHM HeKOTOpbie qacTHble cnyqaH. 
1. C.n:mrr Ha BeKTop y0 • B :noM cnyqae A= E, B = y0 , x = y- y0 • Ha ocHOBaHHH <l>opM)'

Jihl (4.10) HMeeM 

(f (y + Yo),<P) = (f ( x) ,qJ(x- Yo)). 

HarrpHMep, .D:JIH .n:enorn-cjJyHKU:HH 

(o(x-xo),<P) =( o(x),<P(x+xo))= <P(xo), Vx,xo ER". 

06o6meHHaH <l>YHKU:HH f ( x + Xo) Ha3bIBaeTCH C):(BHrOM o6o6meHHOH <l>YHKU:HH f ( x) Ha BeK

TOp Xo. 06o6meHHaH cjJy:HKu;HH f ( x) Ha3oIBaeTCH rrepHO):(H'leCKOH c rrepHO):(OM b "# 0, eCJIH 

f ( x + b) = f ( x) B D'. 

2. OrpIDKeHHe B Ha'lane Koop,n:HHaT. 3.n:eco B = 0, A =-E, x =-y. <l>opM)'Jia (4.10) .n:aeT 

(! (-y), g>) = (! (x), <P(-x)) = (!, <P(-x) ). 

HarrpHMep, 

( c5(-x ),'!') = ( c5( x),<P(-x)) = <P(O) = ( c5, <P( x)) ~ c5(-x) = c5( x). 

06o6meHHaH cjJy:HKu;HH f Ha3oIBaercH u;eHrpaJihHO-cHMMerpmHoii, ecJIH f (-x) = f ( x) B D'. 

TaKHM o6pa3oM, ,n:eJioTa-cjJy:HKIJ;HH u;eHrpaJioHo-cHMMeTpH'IHa. 
3. IIpeo6pa3oBaHHe rro.n:o6HH. B 3TOM cnyqae A= cE,B = O,x = cy. <l>opM)'Jia (4.10) .n:aer 

( .5(cx),9J) = 1:·1( .5(x),9J( ~)) = i!~) = l:p(x).9'(x)) =( l!i) ,q>(x) ]~ 
~ c5( ex) =Fic5(x) B D'( R" ). 
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OrMeTMM TaK)Ke rrone3Hhle paseHcTBa [20] 

06o6meHHaJI cpyHKIUUI f ( x), y,z:i;osneTBopHIOIUaJI ypasHeHHIO B D' 

f (ax) =a" f ( x) 

rrpH nro6oM a > 0, Ha3hIBaeTCH o,z:i;Hopo,z:i;Ho:H cpyHKUHe:H CTerreHH A,. Ifa 3Toro orrpe,z:i;eneHHH 

cne,z:i;yeT, qTo o(x) - 0,[(HOpO)l;HaJI o6o6meHHaH <PYH~HH CTerreHH -n B D'(R" ). 

4. BpameHHe. 3AeCh A-1 = A', ictet Al= 1, B = 0. Cornacno ( 4.10), HMeeM 

(f ( Ay) ,qJ(y)) = (f ,qJ[A'x]). 

3AeCh A' - MarpHua rpaHcrroHHposaHHaH K MaTpHue A. 

YMHomeuue oooom;eHHblX <}lyHKU:HH. IlycTb f ( x) - noKanbHO HHTerpHpyeMaJI cpyttK-

UHH, a ( x) E c= ( R"). Orrpe)l;enHM cpyttKUHOHan af ITO cpopMyne 

(4.11) 

<l>yttKUHOHan af, orrpe,z:i;em1eMhIH rrpaso:H qacThIO cpopMJnhI ( 4. I 1 ), nHHeHHhlH H HerrpephIB

HhIH H3 D' B D'. TaK KaK orrepauHH aqJ HerrpephIBHa H3 D B D, To ( af, qJv ) = ( f, aqJv) -7 

-7 ( f, aqJ) = ( af, qJ). Cne)l;oBaTenhHO, af E D'. PaseHCTBO ( 4. I I) rrpHHHMaeTcH 3a orrpe,z:i;enemi:e 

o6o6menHo:H cpyttKUHH af. <l>yHKUHH a ( x) Ha3hIBaeTcH MynhTHrrnHKaTopoM s D ( R"). 

B KaqecTBe rrpHMepa paCCMOTPHM o6o6meHnyro cpyttKUHIO ao' r)l;e a ( x) E c= ( R" ) ' 0 -

)l;enhTa-cpyHKUHH. MhI HMeeM )l;nH nro6o:H ocHoBHO:H cpyttKUHH qJ( x) 

0TCIO)l;a cne,z:i;yeT, qTQ B CMhlCne paBeHCTBa B D' :a(x)o( x) = a(O) o( x), XkO( x) = 0(k~1). 

HMeeT MecTo BKnroqenHe 

sup p(af) c sup pan sup pf. 

0TCIO)l;a BH)l;HO, qTQ ecnH HOCHTenH a ( x) H f He rrepeceKaIOTCH, TO af = 0 B D'. 

IlyCTh j E D' ( Q) H 1] E c= - rrpOH3BOnhHaH cpyttKUHH, paBHaH } B OKpeCTHOCTH HOCH

TenH f. Tor)l;a crrpaBeMHBO paseHCTBO 

f =l]f. 
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B caMOM .n;ene, "I <pE D ( n) HOCHTemr ( l -17) <p H f HMeIOT rrycme rrepeceqeHMe. 11MeeM 

(f-17f ,rp) = ( (1-17) f, <fJ) = {f ,(l-17 )<p) = 0 => f -l]f = 0 => f = l]f B D'(Q). 

3aMeqaHne. IlepeMHO:ll<aTh .n;se rrpOH3BOJihHhie o6o6rn:eHHhle cp)'HKllHH f H g, B 06II1eM 

cnyqae, HeJih3H [11]. IlycTh, HarrpHMep, f = l{l/2
• 3TO JIOKaJihHO HHTerpupyeMaH cpyHKlllfH, 

O,n;HaKO f 2 = lxi-1 He HBJIHeTCH TaKOBOH B R1 H, 3HaqHT, He orrpe,n;eJIHeT HHKaKoro pacrrpe.n;e

neHHH. 0THOCHTeJihHO JMHO)l(eHHH B rrpocTpaHcTBe L2 CM., ttarrpnMep, [31]. 

4.7. ,QucjJcjJepeHu,upoaaHue u uHmeepupoaaHue 
o6o6uceHHblX <l>YHKU,UU 

Onpe)J,eJienue npou3BO)J,uoii s D'(n). IlycTh o6o6rn:eHHaH cl>YHKIIMH f E CP (n). Tor.n;a 

):IJIH n106oro MYJihTlfMH):leKca a, lal $; p HMeeT MeCTO cpopMJna MHTerp11poBaHllH ITO qacTHM 

( Da f ,<p) = J Da f ( x)<p(x)dx = (-1)/ai J f ( x)Da q,>( x)dx = 

= ( -1 )lai (!, Da <p), "I q,> E D ( Q). 

B caMoM .n;ene, MMeeM 11erroqKY paseHCTB 

f a ( ) ( ) f alai f ( Xj, X2, · · ·, Xn ) ( ) 
D f x q,> x dx = a a,a a, a a. <p XpX2, ... ,xn dx1dx2···dxn = 

R• Xi.xz ... xn 

=(-l)lai ff(x)Da <p(x)dx. 

3TO paseHCTBO rrp1rneM Teneph 3a orrpe,':leneHMe ( o6o6rn:eHHOH) rrpomso.n;Hoii Da f OT 0606-

IIIeHHOH cf>YHKllHH f E D' ( n). 
TaKHM o6pa30M, cornacHo orrpe):leneHHIO, MMeeM 

( Da f, <p) = ( -1 )lai ( f, Da q,>) , "I <p E D ( Q). (4.12) 
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.l{rrH TOro qT06b1 y6e,lUITbcll: B KoppeKTHOCTH onpe.n;eneHH.H (4.12), noKIDKeM, qTO VJ ED' -

o6o6IIICHHM npoH3BO.D;HaJI Da f E D'. 

Bo-nepBbIX, V rpE D ( Q) npOH3BO.D;HaJI Da rp TaIOKe ll:BJill:CTCll: ocHOBHoli <iiYHKIIHeli 

(DarpE D(n)). 3HaqHT, npaBaJI qaCTb B (4.12) onpe.n;eJieHa Ha IIpOCTpaHCTBe OCHOBHbIX <iiYHK

u;Hll D. )l,anee, <iiYHKU:HOHaJI Da f JIHHeeH. 11.MeeM, cornacHo (4.12), Vrp,lfl'E D H VA,µE C 

( Da f ,Arp+ µIf/')= (-l)lai (!,Da (Arp+ µIf/'))= (-l)lal (!,( ADarp+ µDalfl')) = 

= (-l)jaj [ A(f ,Darp)+ µ(J' Dalfl') J =A( Da J ,rp) + µ( Da J ,If/'). 

HaKoHeu;, OH HenpepbIBeH B D. B CaMOM .n;ene, nycTu { rpv ( x)} c D cxo.n;HTcll: K rp( x) E D. B CH

ny onpe.n;eneHHll: cxo.n;HMOCTH B D nocne.n;oBaTCJibHOCTb npOH3BO.D;HbIX { Da rpv ( x)} paBHOMep

HO CXO,D;HTCll: K Da rp( X). Il03TOMY HMCCM 

{ Da J' rpv) = ( -1 )jaj ( J, Da rpv) -7 (-1 )jaj { J, Da rp) = { Da J, rp), V -7 00• 

11TaK, npoH3BO.D:HaJI OT 0606II1eHHoli <iiYHKQHH Bcer.n;a CYIIICCTBYCT H caMa ll:BAAeTCll: o6o6IIICHHOli 

<iiYHKQHCll. Ilo3TOMY TepMHH «0606IIICHHall: IIpOH3BO,D;HaJI» npe,D;CTaBJill:eTCll: CCTCCTBCHHbIM. 

06o3HaqHM qepe3 { Da f ( x)} KJiaccmeceyro npOH3BO,D;HyID (TaM, r.n;e oHa CYIIICCTByeT). 

Ecnw f E CP ( Q), To B o6naCTH Q 

Mo:lKHo .n;aTu H 6onee ecTeCTBeHHoe c ToqKH 3peHHll: KJiaccwqecKoro aHann3a onpe.n;eneHHe npo

H3BO.D;HOH OT 0606II1CHHOll <iiYHKIJ;HH. IIycTu n = 1, TOr,D;a HMCCM B CHJIY HenpepbIBHOCTH <iiYHK

QHOHaJia f 

( f (x+~- f (x) ,rp(x)) =(!, rp(x-~-rp(x) )-7 (J,-rp'(x)) = 
=(J',rp(x)), fu:-70, \:;/rpE D. 

0TCIO,D;a CJieeyeT 

B CMbICJIC CXO,D;HMOCTH B D'. 
Csoiic'rna o6o6meHHblX npoHJBOJJ:HbIX. Orrepau;H.H AH<ii<liepeHu;ttpOBaHH.H 0606II1eHHh1x 

<iiYHKIIHll o6na.n;aeT PMOM 3aMeqaTCJibHbIX CBOllCTB, HCKOTOpbIC H3 HHX Mbl 3,D;CCb nepeqHCJIHM. 

1. Jiio6aJI o6o6IIICHHaJI <iiYHKU:Hll: 6eCKOHeqHo .n;n<ti<tiepeHu;wpyeMa. 3TO yTBep:JK,[(eHHe CJie

.D;yeT m Toro, qm Da f npH nio6oM MYJibTHHH,D;eKce a CYIIICCTBYCT H ll:BJill:CTCll: 0606II1eHHOll 

<iiYHKQHCll. 



OEOE~EHHhIE <l>YHKil,lill 355 

2. Pe3yJihTaT p;mp<l>epeHI~HpOBaHIDI He 3aBHCIIT OT IIOpH)J,Ka J(ll<l><l>epeH[(HpOBaHIDI. )J,eHCTBH

TeJibHO, cornactto (4.12) 

( ;::,;·"HO:,[!, J+-( !, · ~:)=h:;rxJ 
( a~:~j ,tp) =( a~j ( ~: }'P )=-[ ~: '~~) =[1' a~i!j J 

B CHJIY paBeHCTBa CMemaHHbIX IIpOH3BOJ(HbIX OT OCHOBHOH <l>YHK[(HH IIOJiyqaeM 

a2
1 =_!..L=d1.1)1. 

dX;dxj dxjdx; 

11 soo6rn:e, Da+/J l = Da ( D/J l) = D/J (Dal). 

3. EcnH l E D' H a ( x) E C
00 

( R"), TO cnpaBe)J,JIHBa <l>oPMYJia Jleii:6HH[(a MH npoH3BOJJ;HOH 

OT rrpoH3Be,D;eHHH al. IlonyqHM ee ,D;JIH nepBoii: rrpOH3BOJJ;HOH. HMeeM 'r:/ tpE D 

(
l_(a1),tp I= -(a1, dtp I =-(1 ,a dtp I= -(1, a(atp) -tp aa I= 
~ ) ~) ~) ~ ~) 

( a ( atp) J ( aa J ( a1 J ( aa J ( a1 oa J =- 1,-- + l,tp- = -,atp + 1-,tp = a-+ 1-,tp => 
dX; dX; dX; dX; dX; dX; 

a da df 
=>-(af)=f-+a-. 

dX; dX; dX; 

4. ECJIH o6o6rn:eHHaH <l>YHK[(HH f = 0, XE n, TOH Da f = 0, XE n. B caMOM )J,eJie, eCJIH 

'PE D(n), To H DatpE D(n). ITo3TOMY 'r:ftpE D(n) 

(Dal ,tp) = (-l)lal (1,Datp)=0 =>Dal= 0, XE Q. 

5. OnepauHH )J,tt<l><l>epeHuwpoBaHHH HenpephIBHa H3 D' B D', T. e. ecnw {fk} c D' cxo

JIHTCH K l E D' ( k ~ oo), TO Da lk ~ Da f B D'. ,[1,eH:cTBHTeJibHO, 

flpUMepbl ( n = 1). 1. IlyCTu l (x) E C1 
( X :5; X0 ) H j (x)E C1 

( X ~ XiJ ). ilOKIDKeM, 'ITO 0606-

lllCHHM IIpOH3BO)J,HaH 

l' ={J'(x)}+[1L. o(x-x0 ), (4.13) 

CKM IIpOH3BO)J,HaH. 
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HMeeM QerrotJKY paseHCTB V <p E D ( R1
) 

.xo-ei oc 

{f',<p)=- lim f f(x)rp'(x)dx- lim f f(x)qf(x)dx= 
E1 -+tO e'J. -H-0 

--oo Xo+E2 

=-,~~{f(x)rp(x)[:-' + f(x)rp(x(+e, - XoT f'(x)rp(x)dx- J f'(x)rp(x)dx}= 
E2 -HO -oo Xo +£2 

=' {! (x0 +O)- f (x0 -O)}rp( x0 )+ f{J'(x)}rp(x)dx. 

(!', rp) = (U]Xo a( x-x0 ), <p) + ( {!' ( x )} ,<p), 

T. e. rrpMXOJUiM K <l>opMyne (4.13). HarrpMMep, ecJIM f(x)=B(x), r.n:e B(x) - e,n:MHWIH<UI 

<l>YHKl~m1 XesHcali.n:a: 

B ( x) = {l, x > 0, 
0, x<O, 

TO B'=8(x), TaKKaK {B'}=O. 

3aMelJaHMe. B ( x) B eyne He orrpe.n:eneHo. ,l(eno s TOM, lJTO B ( x) TpaKryeTCH KaK perynHp

H<UI 0606II.1eHHM <l>YHl<QHH, a 3TO 03HalJaeT, lJTO Hae HHTepecyeT JIHlllb 3HalJeHHe HHTerpana OT 

rrpomse,n:eHHH B ( x) 1-i:a ocHOBttyIO <l>YHKQHIO. Ho HHTerpan He 3aBHCHT OT 3HalJeHHM, rrpHHH-

MaeMbIX 110.U:bIHTerpaJihHOM <l>YHKQHeM Ha MHO)J(eCTBe Mepbl ttyJib. 

B TOM cnyqae, Kor.n:a f ( x) HMeeT TOlJKH pa3phlsa rrepsoro po.n:a xk, <l>oPMYJia (4.13) 0606-

II.laeTcH H HMeeT BH.U: 

HarrpHMep, ecrrH $ym<U:HIO 

f' ={J'(x)}+ _L[JL, b'(x-xk ). 
k 

f0 (x)=2--~, xE[0,2Jr] 
2 2Jr 

(4.14) 

rrpo,n:OJDKHTb Ha BCIO OCb 2Jr-rrepHO,n:HlJeCKHM o6pa30M, TO B TOlJKax xk = 2kJr ( k = 0, ± 1, ± 2, ... ) 

ITOHBJIHIOTCH pa3phIBbI rrepsoro po,n:a, rrpMlJeM [f0 ] = 1. Tor.n:a 0606II.1eHHM rrpomso,n:HM x, 

1 ~ 

1;=--+ .L a(x-2kJr). 
2Jr k=~ 

(4.15) 

2. HaM,n:eM IIJIOTHOCTb 3apH,n:OB, cooTBeTCTBYIOII.IHX )UfllOJIIO c 3JieKTPHlJeCKHM (.n:nrroJihHbIM) 
MOMeHTOM + 1 B TOlJKe x = 0 Ha IIpHMOH. 

IlrroTHOCTb 3apH,n:OB, COOTBeTCTBYJOlll,HX .U:HIIOJIIO rrpH6nmKeHHO paBHa 

b'(x-t')-b'(x) 
--~--~, e>O. 

t' 
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B rrpe):(erre rrpH t: ~ +O HMeeM 

o(x) ,<p)=_!_(o(x-t:),rp)-_!_(o(x),rp) = rp(t:)-rp(O) ~rp'(O) = 
t: t: t: t: 

= (o(x) ,qf (x)) = -( O',rp). 

3HaqHT, HCKOMM rrrroTHOCTh pasHa -o' ( x). CyMMapHI>Iif :JJieKTpttqecKHif 3ap51.L\ .L\HIIOJIJI paseH 

( -o' ( x) , 1) = ( '5 ( x), 0) = 0, a MOMeHT ero paseH ( -'5' ( x) , x) = ( '5 ( x) , 1) = 1. 
3. qaCTo oKa3hIBaeTc51 rrorre3HhIM cnelJYIOmee yrnep)J(_[(eHHe. EcrrH PM m JIOKaJibHO HHTer

pttpyeMhIX <PYHKI!HH Uk ( x) paBHOMepHO CXO):\HTCJI Ha Ka)J\[(OM KOMIIaKTe, TO ero MO)l(HO rroqJieH-

HO .L\H<P<PepeHI1MposaT1> CKOJibKO yro):(HO pa3 H rrorryqeHH1>1e p51.L\hI 6y):(yr CXO.L\HTbCJI B D'( R1 
). 

~.rm .L\OKa3aTeJibCTBa paccMOTpHM qacTHq»yio CyMMY p51):(a. Ilpn rr1060M R > 0 oHa pas

HoMepHo CXO):\HTCJI K cyMMe p51,L\a s ( x) Ha KOMIIaKTe lxl ~ R : 

p 

SP=L,uk(x)~S(x), lxJ~R. p~oo. 

113 Toro, qrn JIOKaJibHO HHTerpHpyeMaJI <PYHKUIDJ s p ( x) Ha KIDK,L\OM KOMIIaKTe paBHOMepHO 

CXO,L\HTCJI K <j:>yttKIIHH s ( x), CJie):(yeT Terrepb CXO,L\HMOCTh s p ( x) K s ( x) B CMbICJie CXO):(HMO

CTH B D' (cM. rr. 4.4). Ho TOr):(a 

p 

vasp = L,Dauk (x) ~Das' p ~ 00 B D', 
k=l 

4TO H 1'pe6oBaJIOCb. 

PaccMOTIJHM p51.L\ Cl>yp1>e 

(4.16) 

M51 KO'.l<P<PHUHeHTOB KOTOporo HMeeT MeCTO oueHKa lak I ~ A lklm + B. Tor,L(a '.lTOT PM CXO):\HTCJI 

e D' ( R1
). B caMoM ):(erre, p51.L\ 

m+2 oo , 

a0x " ak ila S ( ) 
(m+2)! + k~ (ikr+Z e = x 

cxo,L\HTCJI paBHoMepHo Ha rr1060M OTIJe3Ke [-R, R]. Crre):(osaTeJibHO, ero MO)l(HO rroqneHHo .L\H<P

<!JepeHQHpoBaTb CKOJibKO yro,L\Ho pa3, HarrpnMep m+2 proa. B pe3yrr1>TaTe rrorryqMM PM (4.16). 
TaKHM o6pa30M, 

HarrpMMep, H3 paseHCTBa 

L, akeikx =Dm+zs B D'(R1
). 

k=~ 

~ coskx _ lnll . xi L...---- sm-
k=l k 2 



358 rJIABA4 

rrony1-iaeM pa3JIO)J(em1e KOTaHreHca B D' 

ctg~ = 2'tsin kx. 
2 k=I 

4. ,[l,OKa)J(eM <)>opMyny (pa3.1Io)J(eHtte 2;r-rrepuo.n;tt'l.ecKoli .r1em,rn-<)>yHKU:HH B PH.z:I <Dyphe). 

-
1 f eikx = f o(x-2k;r) B D'(R1 

). 

2;r k=- k=-

~rn :noro BOCIIOJih3)'eMCH pH.rlOM <Dypbe .[IJIH 2;r-rreptto.[ltt'l.ecKoli <l>YHKU:HH H3 rrpttMepa I 

i = I eiJa 
fo(x)=--L -. 

2;r k=- k 

B cHJiy pe3ynhTaTa, rronyqeHHoro B rrpttMepe 3, :noT pH.z:I MO)J(HO rro'l.JieHHo .r1u<)><)>epeHU:ttpo

BaTh B D'( R1 
). 11MeeM c yqeToM (4.15) 

' 1 1 ~ ikx 1 ~ ~( ) f 0 =--+- L. e =--+ L. u x-2ktr. 
2;r 2tr k=- 2;r k=-

0TCIO.[la IIOJI)"l.aeM Tpe6yeM)'IO <)>opM)'ny. 

5. IloKa)J(eM, 'I.TO o6mee perneHHe ypaBHeHHH xmu = 0 B D'( R1
) eCTh 

m-l 

u = l:cko(k) (x). (4.17) 
k=O 

Cne.r10BaTeJihHO, o6o6meHHaH <)>yttKU:HH ( 4.17) .r1elicTBHTeJihHO HBJIHeTCH perneHHeM Ramero 

ypaBHeHHH B D' ( R1
). IlOKa)J(eM Terreph, 'I.TO <)>opM)'Jia ( 4.17) orrpe.r1eJIHeT e.n;ttHCTBeHHoe perne-

Htte ypaBHeHHH XmU = 0. 

IlycTb T/ ( x) - OCHOBHaH <)>yttKI(HH, paBHaH e.[IHHHU:e B OKpeCTHOCTH H)'JIH ( T/ ( x) = I, x E 

E ( -c, c)). Tor.r1a <)>yHKU:HH 

,[l,JIH BCHKOro perneHHH u HMeeM 
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IIepBoe cnaraeMoe B rrpaBoiI 11acn1 paBHO H)'JIIO, TaK KaK u - no rrpeLl,IIOJIO)l(emuo -

pernemi:e, a If/ - OCHOBHM <jlyHKIJ,JUI. IIoJTOMY 

m-! ( 1/ 
(u,qi) = L--=-,(u,17xk)(J<k),<p). 

k=O k · 

ITonaraH ck = (-1 )k ( u,17xk )/k ! , rrpHXOLl,HM K perneHHIO (4.17). 

6. <l>yHLl,aMeHTaJihHhIM perneH11eM Ll,H<jl<jlepeHIJ,HaJihHoro orreparnpa 

( 
d) dm dm-l 

L=P - =-+Cli--1 + ... +a dt dtm dtm- m 

c IIOCTOHHHhIMH K03<jl<jlHIJ,HeHTaMH ak H83hIBaeTCH JII06oe peUJeHHe ypaBHeHHH 

(4.18) 

rL1,e i5(t) - Ll,eJihTa-<jlyHKIJ,HH. 

IIoKa)l(eM, 'ITO <jlyHKIJ,HH E+ (t) = B(t) Z (t), rLl,e Z (t) - perneHHe 3a,L1a11H KornH 

LZ(t) = 0, Z(O) = z'{O) = ... = zCm-zJ (0) =0, zCm-l) (0) = 1, 

YLl.OBJieTBopHeT ypaBHeHHIO (4.18). 
HMeeM B c1rny (4.14) 

E: (t) = B(t) z' (t), E: (t) = B(t) Z' (t), ... , Eim-i) (t) = B(t )z(m-lJ (t), 

Eim) (t) =B(t)z(m) (t)+[B(t)z(m-l) (t)]
0 
i5(t) = B(t)z(m) (t)+i5(t). 

IloLl,CTaBJIHH 3TH Bhipa)l(eHHH Ll,JIH rrpOH3BOLl,HhIX B ypaBHeHHe (4.18), rrpHXOLl,HM K TO)l(Ll,ecTBy 

B(t )LZ (t)+ i5(t) = i5(t ). 

7. <l>yHKIJ,HOHaJI IIOpHLl,Ka CHHryMpHOCTH ::;; p orrpeLl,eJIHCTCH c IIOMOIIlhIO paBeHCTBa 

(!,qi)= f,(!k (x) ,qi(k) (x) ). 
k=O 

11cIIOJih3YH IIOHHTHe rrpOH3BOLl,HOH, 3TOT tPyHKil,HOHaJI MO)l(HO rrpeLl,CTaBHTh TaK: 

llpUMepbl rrpH n ~ 2. 1. IIycTh S - eycoK eyco11Ho-rna)),KoiI L1,ByxcropoHHeiI rroBepXHOCTH 

e R3 
H <jlym<IJ,IDI f ( x) E c1 (n), n = R" / s. 0603Ha1111M B03MO)l(Hhrn cKa110K <jl)'HKIJ,IDi f ( x) 

nprr rrepexoL1,e 11epe3 S B TO'IKe XE S CHMBOJIOM [f]
5

• CornacHo orrpeL1,eJieHHIO 

[!]
5 
(x) = f (x')- f (x"), 
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r.n:e TO'IKa x' rrp1rna.n:ne)JUIT sepxHeMy 6epery rrosepxHocnr S , a x" - cooTBeTCTB)'IOIIJ.M eii 

TO'IKa Ha HIDKHeM 6epery S (pttc. 4.5). B YKa3aHHhIX ycJIOBIDIX HMeeT MecTO <PoPMYJia 

af {af} -= - +[f]s cos(nx;)o8 • 

OX; OX; 

0' ,,------

I 
I 

, , 
I 

I 
I 

I 

\ I \ ___ ;. 

s' 

, 
x 
-- ----- ------ ----, __ __..____ ) s 

~------------- ·' 

o.' 

Puc. 4.5. K BhIBO)zy o6o6I.QeHHOH rrpoH3BO.D:HOH OT pa3phIBHoro rr0Ju1 

)J,OKa3aTeJihCTBO. 11MeeM .n:mr mo6oii OCHOBHOH <l>Y"KU:HH <p( x) : 

( -01 ) ( a<p) I a<p . I[ -a af J -,<p =- f,- =- f(x)-dx=-lfm -(f <p)-<p- dx= 
OX; OX; n OX; s ->S n' OX; OX; 

= f,_Ts ff (x)<p(x)cos(nx;)dS + s{af }<p(x)dx= f[f]s<p(x)cos(nx;)dS + 
s' nOX; s 

'ITO H Tpe60BaJIOCh. 

(4.19) 

O'IeBH.D:HO, <PoPMYJia (4.19) .n:mr o6o6rn.eHHoii rrpoH3BO.n:ttoii crrpaBe.n:JIHBa H .n:mr 3aMKeyToii 

IIOBepXHOCTli s. EcJIH f E C1 
( R" ) ' TO o6o6rn.eHHM IIpOH3BO,n:HaH COBIIa,n:aeT c KJiaCCH'leCKOH. 

2. )J,BOHHOH CJIOH Ha s. IlyCTh s - KYCO'IHO-rna,n:KaH .n:syxcTOpoHmrn: IIOBepXHOCTh, 

av( x) - KYCO'IHO-HerrpephIBHaH cpyttKu:IDI Ha Heil:. Ilo.n: .D:BOHHhIM CJIOeM -~(vos) 6y,n:eM ITOan 
HHMaTu cpyHKu;HOHaJI, .n:eiicTByiolll.Hii Ha rrpomBOJihHyID OCHOBHyID cpyHKU:HIO <p( x) ITO cpopMYne 

( -i_(vos ),<p) = fv(x) a<p dS. an s an (4.20) 

<l>yHKu;HOHaJI _i_( vo8 ) - JIHHeiiHhrn H HerrpepLIBHhIH H, CJie,n:osaTeJihHO, HB.illleTCH o6o6rn.eH-an 
HOH <l>Y"Ko:Heii. ,[1,soil:Hoii cnoii eCTu o6o6rn.eHHe - O' ( x) Ha CJIY'laH n :;::: 2. Ero MO)J(HO HHTep-

IIpeTHpoBaTh KaK IIpOC'IpaHCTBeHHyID IIJIOTHOCTh pacrrpe,n:eJieHIDI 3apH,n:OB, o6ycnoBJieHHyID ,n:H

IIOJIHMH, pacrrpe,n:eJieHHhIMH Ha s c HHTeHCHBHOCThlO MOMeHTa v ( x) H opHeHTlipOBaHHhIMH 

B,Lt;OJih 3a,n:aHHOfO HarrpaBJieHIDI HOpMaJIH n Ha s. 
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3. IlpoH3BO,llHbie BTOporo rropH,llKa. IlycTb f ( x) E C2 
( R" \ s ). Bbl'IHCJIHM a1 f /axiaxj. 

l1MeeM Ha OCHOBaHHH <l>OPMYJibI ( 4.19) 

IlpH i = j rro.rry<JaeM 

<l>OPMYJia (4.21) rro1soJIHeT BhrnecTH BbipIDKeHHe MH o6o6rn;eHHOro orrepaTopa Jiarrnaca. l1MeeM 

Bbl'IHCJIHM KIDK,llOe cnaraeMoe, BXO,IIHU1ee B rrpaB)'l-0 'laCTb 3TOro paseHCTBa 

&{~~}={A/}, 

Cne.r1osaTeJibHO, 

)J,anee, Ha ocHoBaHHH orrpe.r1eneHHH (4.20), 1anmneM 

(& ~~; ([!]s cos(ru;)os ),~ )=-(t[f]s cos(nx;)os, ~:) = 

n a a (a ) =-jL[f]scos(nx;) a~ dS=-f[f]s :-.~ dS= -([!]sos),~ . 
s i=l X; s on an 

0TCJO,lla 
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TaKMM o6pa3oM, nonyqaeM OKOH'IaTeJibHO 

(4.22) 

4. Cl>opM)'Jia fpnHa. IlycTb Q E R" - o6nacTb c ryco'IHo-rna.[(KOli rpaHmi;eli S, 

f E C2 
( Q) n C1 (n) Ji f ( x) = 0, XE Q. Tor.[(a (pHC. 4.6) 

H <PopM)'na (4.22) .[(aeT 

N ={A/}-! 8s -:n (!~~ ). (4.23) 

PaBeHCTBo (4.23) BbipIDKaeT BTopyro <PopMyny fpHHa B TepMnHax o6o6IIJ;eHHhIX <i>YHKIJ;Mli. Ilo
.[(ettcTBoBaB JieBOll H npaBOll 'IaCTbIO (4.23) Ha IIpOH3BOJibttyIO OCHOBHyro <i>YHKUMIO, JIOJI)"IHM 
tPOPMYilY fpMHa B o6hNHOll 3aIJHCH 

f(!A<p-<p{!lf})dX= f(!o<p _<pof]dS, 
Q s on on) 

(4.24) 

r.[(e 

{

N(x), XE Q, 

{ Af ( x)} = 0, x E Q, 

He onpe.[(eJieHo Ha S. 

Cl>opM)'Jia (4.24) OCTaeTCH cnpaBe.[(JIHBOll, eCJIH OCHOBttylO <i>YHKUHIO 3aMeHHTb JII06oli <i>YHKUH

eil: KJiacca C2 (n). 
5. Cl>ytt.[(aMeHTaJibHOe perneHMe ypaBHeHHH JlaIIJiaca. IlyCTb n = 2. IloKIDKeM, 'ITO <l>YHKUHH 

E =-
1 

lnr =-
1 mix!, !xi =~x~ +x~, x=(xpx2 ) 

21l 21l 

Y.LIOBJieTBOpHeT ,n;H<i><f>epeHIJ;MaJihHOMY ypaBHeHHIO 

(4.25) 

Ilpe)l(,[(e Bcero OTMeTHM, 'ITO In r E C00 B JII06oli orpaHM'IeHHOll o6naCTH, He CO.[(ep:>IcaIIJ;eli ttyJIH. 

Cne.[(OBaTeJI1>Ho, B TaKoil: o6nacTM A In r = {A ln r}. l1MeeM 

( 
d

2 
1 d) Alnr= -

2 
+-- lnr=O=>{Alnr}=O. 

dr rdr 

,D;anee IIpMMeHHM <f>opMyJIY fpirna (4.24). IlyCTb supp <pc u R Ji Ql - .[(ByxCBH3HM o6naCTb, 

orpaHH'IeHHM c<PepaMM SR H Se (pHc. 4.7). 
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Tor,i:i;a 

f (f t.cp-cp{N})dx=[ f + f ](1 acp -cp
0
f )ds ~ 

n s s on on 
I R e 

~ (f ,Acp) = ( Aln r,cp) =Jim f(-lnc o<p +cp( x)_!_)ds = 
e-+t-0 or t: s, 

=-lim(t:lnt: f o<p d(}J+ lim cp(O) ·2.nc+ lim f cp(x)-cp(O) cdB= 
&-HO 2K Qr F->+-0 C &->+-0 21' C 

= 2Jr cp( o) = 21T( o, cp) = ( 2Jro,cp). 
0TCIO)J,a rroJiy<meM 1'pe6yeMhIH pe3yJihTaT 

Alnr= 2Jro. 

Puc. 4.6. K BhIBOAY <j)opMJJihI fpHHa Puc. 4. 7. K orrpe;:ieneHHIO <j}ytt;:iaMeHTaJihHoro 

perneHIDI orrepaTOpa JlaIIJiaca B R 2 

<l>ym<QIDI E Ha3hIBaeTCH ci>J'HAaMeHTaJihHhIM pemeHHeM ypasHeHHH Jiarmaca (orreparnpa A). 
Qqestt,ll,HO, ecmr ,n:o6aBHTh K <J>~HM E mo6yio rapMOHH'IeCKyio ci>J'HKL(HIO, TO cHoaa rronyqHM 
pemeHne ypasHeHH.ll (4.25). 

6. <DyH,n:aMeHTMhHoe pemeHne ( <J>yH,ll;aMeHTMhHM <iJYHKu;mr) HTepnposaHHOro orrepaTO
pa Jiarmaca ecTh o6o6meHHaH ci>YHKU:HH - peweHne ypaBHeHH.ll 

Am =Am-l(A). 

11MeeT MecTO cJie.n:yiomnH. pe3yJihTaT [38, 40]. 

Ezm = {cn,2m r2m-n, n - He'leTHO HJIH n - qeTHo H 60Jihllle qeM 2m, 

n bn,
2

m r2
m-n ln r, n::,; 2m - 'leTHO, 

rne (<Jn - IIJioma,n:h IIOBepXHOCTH e,n:HHH'IHOH ccl>epbl). 

1 
cn,Zm = c. [ 2 .. .4 ... (2m-2)][(2m-n )(2m-2-n ) ... ( 4-n) ]' 

b - cn,n-2 
n,Zm - (n -2)[ 2 ... (2m-n )][ n( n + 2) ... (2m-2)]' 

1 
r =lxl =(~x; J2 
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HarrpHMep, qiyH,!J;aMeHTaJihHhie pemeHIDI 6HrapMoHHqecKoro orrepaTOpa B R2 H B R3
• 

E~ = b2.4r2 ln r, 

7. 1IaCTo OKa3hIBaeTcH rrone3HhIM cne.[(yroI1Iee yTBeplK.[(emre [20]. flycTh 

f ={.t; ( x),f2 ( x), ... f" ( x)}E c= ( R" ). 

EcJIH BCe 3TH qiymaum HMeIOT e,LIHHCTBeHHI.rn HOJlb x0 =( x10 ,x20 , ••• ,x"0 )E R" H npH 3TOM 51Ko6HaH 

1 ( xo) =la (fi, f2, ... , In )I= )of) ;to, 
() ( Xp x2, ... , x.) ox x=x,, 

TO rrMeeT Mecro paBeHCTBO B D' ( R") 

B caMOM ,L1ene, ):(JUI \::/ <P( f) = <P[ f ( x) J E D ( R") MOlKHO 3arrrrcaTh 

(8(!),<P(f)) = J o(fi,f2,.··,fn)<P(J;,f2,···,f.)dJ;dfrdfn = 
R" 

= f o(f) <P(f )!1 (x)idx = <P(o,o, ... ,o) = <P(o). 
R" 

0Tc10,L1a rronyqaeM TPe6yeMoe paBeHCTBO. 

EcTeCTBeHHhIM 0606I1Iemi:eM }!BJIJfeTCJf Cl1TYaD,IDI, KOr,L(a f; ( i = 1, 2, ... , n) HMeIOT KOHeqHoe 

mrn: cqeTHOe qHcno rrpocTbIX eyneli xj, rrpHqeM J ( xj) ;t 0. Tor,Lla HMeeM 

8(f)=L-, (]. ,8(x-xj), x,xjER". 
j J x1) 

B R1 3TO paBeHCTBo rrpHo6peTaeT BH.[( 

o{J(.x)) = ~,f'/xj)j'5(x-xi ), X,Xi E R
1
. 

HarrpHMep, 

8( x 2 -a2
) = L [ 8(x-a )+o(x+a )] = L [ 6(x-a )-8( x+a) ], a> 0, 

o(sinx) =I. o(x-kn). 
k=-
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H11Terpupouanue 0606mennL1x cl>ynKnuii. 06L1Knouennble .nuct>ct>epenQuam.nLie ypau
HenuH B D'. HerrpephlBHrui: B HHTepBane I = (a, b) $)'HKU.IDI f ( x) HMCCT nepB006pa:my10 

.f(-l) ( X), KOTOpaH OIIpC,[(CJHICTCH C TO'IHOCTbIO ,[(O a,[(,[(HTHBHOH IIOCTOHHHOH 

')To onpe,[(eJJeHHe MO)l(HO HHTepnpeTHpoaaTu B CMbICJJe paaeHCTBa B D' (I) 

(!r1 (x),<p(x))=(f(x),<p(x)), V<pE D(I). 

Ero npHHHMaIOT 3a HCXO,[(HOe npH onpe,[(eJieHHH nepBoo6pa:moif OT o6o6ilieHHOH <l>J'HKU,HH. 

lhaK, nycTh Teneph f E D' (I). 3anHmeM 

(! r 1 (x),<p( x)) = -(f(-l) (x) ,<p'(x)) = (! (x),<p(x)), V QJE D( I). (4.26) 

( hCIO,[(a BH,[(HO, 'ITO nepaoo6pa3HaJI f- 1 
( x) onpe,n:eJJeHa He Ha BCeM npocTpaHCTBe OCHOB-

111.IX tPYHKQHH QJE D, a TOJihKO Ha COBOK)'ITHOCTH <I> HX nepBhIX npOH3BO,[(HhIX. IlOCKOJJbK)' 

q>'(x)E D, V<pE D, TO <l>cD(I). Heo6xo,[(HMO, cTano 6brrh, rrpo,n:OJJ)l(HTh Haw <J:>ynKU.HOHaJI 

c M11oroo6pa3HH <I> Ha Bee D (I) nHHeHHhIM H HenpepbIBHhIM o6pa3oM. 

OycTb 

(4.27) 

lllC we - «IIIano11Ka» npH e<min(x0 -a,b-x0 ), x0 E(a,b) - <l:>HKCHpoaaHo. <l>ynKU.HH 

1J1 ( x) E D(I), TaK KaK oHa 6ecKOHe11Ho ,[(H<J:><J:>epem~HpyeMa H supp If/ c I' r.s I. lfa (4.27) Ha

\OJ\HM 

(4.28) 

llpC,[(ITOJJO)l(HB, 'ITO f- 1 
CYIIIeCTB)'eT, rrpHMCHHM 3TOT tP)'HKU,HOHaJI K paBeHCTBY (4.28). Ilo-

U:rn, y11HTbIBax onpe,[(eJieHHe (4.26), 

(!<-!J, <p) = -(f, If/)+ ( C, <p) f 'P( q)dq, (4.29) 

l;\C ITOCTOHHHaH C=(f(-l),mE(x-xo)). 

TaKHM o6pa30M, ecJIH nepsoo6pa3Hax !(-!) CYIIIeCTByeT, TO oHa onpe,n:eJIHCTCH paseHcT-

110M (4.29), r,[(e lfF(x) 3a,[(aHo B (4.27). 

Mo)l(HO nOKa3aTb, 'ITO <l:>YHKU.HOHan f(-i), onpe,[(eJieHHhlH paaeHCTBaMH (4.27), (4.29) JIH-

11di11i,1if H HenpepbIBHhIH Ha D(I) [8, 11). 0CTaeTCH nposepHTu, 'ITO :JTOT <l:>YHKll.HOHaJJ ,[(eifcTBH-



366 rJIABA4 

TeJihHO HBmieTCH rrepsoo6pa3Hoii 0606II1eHHoii <f>yHKl(HH f E D' (I). B caMoM .n;ene, 3aMeHHB 

B ( 4.27) OCHOBHYJ:O <f>yHKl(HIO rp ( x) Ha rp' ( x) H rrpHHHB BO BHHMaHHe, qTQ 

rronyqHM !fF( x) = rp( x). B pe3yn1>TaTe H3 (4.29) rrpHxo.n;HM K paBeHcTBy 

T. e. K orrpe.n;eneHHIO (4.26). 

TaKHM o6pa3oM, mo6aH 0606II1eHHaH <l>YHK[(HH f E D'(I) HMeeT rrepBoo6pa:myi:o f(-lJ E 

E D' (I), KOTOpaH orrpe,n;eJrneTCH ( c ToqHoCThIO .n;o a.n;.n;MTHBHoii rrocTOHHHoii C) <f>opMJnoii 

(4.29), r.n;e <l>YHKl(HH lfF 3a,n;aHa B (4.27) . 

.IJ:pyrHMH cnoBaMH, AHtl><f>epem.i;HanhHoe ypaBHeHHe B D' (I) 

u' = f, f E D'(J) (4.30) 

H:MeeT pemeHHe 

(4.31) 

EcJIH: f E C ( a,b), TO H:MeeM KJiaccHqecKoe pemeHHe, HarrpHMep, ypaBHeime u' = 0 HMeeT 06-

II1ee pemeHHe B D' (I) : u ( x) = const . EcnH f - perylliipHaH 0606II1eHHaH <f>yHKQHH, To peme

HHe ypaBHCHHH (4.30) TaIOKe 6y.n;eT peryJIHpHOR 0606II1CHHOR <f>yttKl(H:eH. 
Boo6II1e, ,n;H<f><f>epeHl(HaJihHoe ypaBHeHH:e m -ro rropH,n;Ka 

u(m)=f, fED 1 (1) (4.32) 

HMCeT pemeHHe 

U = f(-m) + P (x) 
m-1 ' 

r.n;e f(-m) E D' (I) - rrepBoo6pa3HaH m-ro rropH,n;Ka <f>YHKQHH f, a Pm-l ( x) - rrpOH3BOJib

HhIH IIOJIHHOM (m-1)-ii CTerreHH OT x. 

B caMOM .n;ene, c yqeToM (4.30), (4.31), HMeeM m (4.32) 

.!!._U(m-1) = f ::::::> U(m-1) = /-!) + C, f(-1) E D'(I), 
dx 

~ u(m-2) = u(m-1) = f(-1) + C => u(m-2) = i-2) +Pi ( x)' f(-2) E D' (1)' 

d _ (1) _ J-(m-1) p ( ) 
-U-U - + m 1 X, 
dx - -

' . 
(-k) ( (-k) )(k) r.11:e f - rrepB006pa3HaH10pH,n;Ka k <f>yttKQHlf f: f = f. 
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0.rumpO)J.HOe )J.ttcjJcpepeHIUfaJibHoe ypaBHeHtte m-ro IIOpH,!(Ka B D' (I) MMeeT TOJibKO KJiac

cwiecKoe perneHne u = Pm-I ( x}. 
PaccMOTJ'MM Tenepb O)J.HopO)J.H)'IO cncTeMY )J.HcjJcpepeimnam,HbIX ypasHeHHH B Ma'TpnqHoii 

3anncn 

r)J.e 

~u(x) = A(x)u(x) B D', 
dx 

[

lli 1 
( x), a12 

( x) , ... ,a,. ( x) l [u, J 
A(x) = ~~-'-~-~~.:~~~-~~~.::::~.~~~-~x) , u(x) = ~~ . 

a.1 ( x), a.2 ( x), ... ,a •• ( x) u. 

(4.33) 

lJMeeT MeCTO TeopeMa. ECJIH K03cpcpHIUfeHTbl CMCTeMbl ( 4.33) aij E C~, TO OHa HMeeT TOJibKO 

KJiaccnqecKoe perneHne [8, 40]. 

4.8. ,[len&moo6pa3H&1e nocneooeamen&Hocmu 

IlocJie)J,oBaTeJibHOCTb JIOKaJibHO HHTerpnpyeMblX <l>YHKllllH { fk ( x)} Ha3b1BaeTCH )J,eJibTO

o6pa3HOH, ecnn ttMeeT MecTo rrpe)J.eJibHOe paseHCTBO B D' ( R") npn k ~ oo 

(fk (x),qi(x))~(8(x),qi(x))=qi(O), 'Vq>E D(R"). 

B TIOM cnyqae rosopsIT, qTo 8 ( x) ecTb cna6hIH npe)J.en peryAApHhIX o6o6meHHhIX tPJHK

UHH fk rrptt k ~ °"· 
KpmeptteM Toro, ~o {fk} - )J.eJibToo6pa3HM, CJiyxrnT cne;:zyromee yTBep:>K)J.eHne. IlycTu 

nocne)J.OBaTeJihHOCTb JIOKaJihHO nmerpttpyeMhIX <i>JHKllllH fk ( x), x E R" y)J.oBJiersopsi:er ycno

BHHM: 

a) l1fk(x)dx1~M; k=I,2, ... 

f ( ) {
O, 0 ~ Q, 

6) Jim fk x dx= 
k->~ n 1, 0 E Q, 

r)J.C M He 3aBMCHT OT k ll n - HCKOTOpbIH napanneneIIllIIC)J., rpaHtt KOTOporo rrapanneJib

llbl KOOp)J.HHaTHbIM IIJIOCKOCTHM ll O)J.Ha ll3 BepIIIttH KOTOporo Ao ( Xw' Xzo ,. .. , x.o) TaKOBa, qTo 

X10 < 0, Xzo < 0, ... , x.o < 0. Tor)J.a :na TIOCJIC)J.OBaTeJihHOCTh HBJIHCTCH )J,eJihT006pa3HOH. 

,[1,oKaJKeM TIO yrnep:>K)J.eHtte )J.JIH cnyqasi: n = 1. BBe)J,eM IIOCJie)J.OBaTeJibHOCTb nepBoo6pa3-

ll bIX )J.JIH tPJHKUllH fk ( X) 
x 

Fk ( x) = J fk ( x) dx, x0 < 0. 
-'<> 
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Xo 

) { 
1, x>O, 

limFk (x == 
k-">= 0, x<O. 

0Tcro.n.a B cimy paBHOMepHOH orpaHWieHHOCTH Fk ( x) rro k rro.rryqaeM 

F ( x) = () ( x) ~ f ( x) = lim fk ( x) = lim F( ( x) == ()' ( x) = o ( x) . 
k~oo k--70<> 

PaccMoTpHM rrpHMephI .n.enhT006pa:m:r,1x rrocne)J,oBaTeJihHOCTeil. 
Ilocne.n.oBaTerrbHOCTh K11pxro$a [8-11, 20] 

fk ( x) = f-£e ~' , k = 1, 2,. . ., 

rrepeXO)J,HT B IIOCJie)J,OBaTeJihHOCTh KeJihBJIHa, HCIIOJib30BaHHyIO rrocne)J,HHM rrpH rrpe,D:CTaBrre
HHH ToqeqHhlX HCTOqHHKOB Tenna 

IlMeeM 

1 _ __£_ 
g,.(x)= ~e 4"', c>O; t>O. 

2v1r£t 

b 00 1 _ __£_ J g,.(x)dx:::; J ~e 4c'dx=l. 
"" _2vn:ct 

3.n.ec:r, HcrroJih30BaHo 3Haqemre HHTerpana IlyaccoHa [14] 

1 e-Ndx= ~. 
)l,anee, npH a < 0, b > 0 

b 1 b _ __£_ {x = y/ii } 
lim J ge(x)dx=lim--Je 4e<dx= = 
e-;-+-0 0 2Jffii a dx = dy/ii 

1 bf.JEi _L_ 
=lim c J e 4 dy=l. 

2vtr a/Tei 

IlycTh b > 0 - npOH3BOJlhHO, Tor.n.a 

J-l-e~::dxS,.-1-f~e~:dx={u= :;t 1= 
b 2.fiii 2Jiiii b 2 du = xdx 

2ct 

Jet oof - /ii -b
2 

= r= e "du= ce 4e' _,o, e~+O. 
2vtr b'/(4et) 2vtr 
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AHanorHqHo IIOKa3bIBaeTCH, qTo )];JU! rrpOH3BOJibHOro a < 0 

lim af g e ( X} dx = 0. 
E-->+0 

TaKHM o6pa30M, rrepsoo6pa3HaJI Ge -? (:) ( x) 3HaqHT { g e} = { c;} -? 0 ( x). 
<l>yIIKU:HH ,ll.HpMXJie 

sinnx fn(x)=--, O<n<oo 
ltX 
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rrpM n -? oo )l;aeT B rrpe)l;eJie )l;eJibTa-<l>YHKU:HIO (B CMbICJie paBeHCTBa B D'). ,ll.eiicrn1neJibHO, 

H.3BeCTHO paBeHCTBO [35] 

flo3TOMY M» mo6bIX b > a > 0 

bf 1 bf sin nx 1 nfb ~in t fn(x)dx=- --dx=- -dt-?0, n-?oo. 
It x It t a a na 

To )f(e 6y)l;eT AJI» rrpOM3BOJibHbIX a< b < 0. ,ll.arree, 

I! Jsi:nx dxl=l!Jsi:y dy,$M 

AJI» Bcex n paBHOMepHo no a M b. Cne)l;oBaTerrbHO, HMeeT MecTo npe)l;eJibHoe paBeHCTBo 

B D'(R') 

1. sin nx s:( ) 1m--=u x. 
n->~ ltX 

3. <l>yttKU:M» CTHJITbeca 

n 
f.(x)==--. 

1tchnx 
MbI HMeeM 

x 2 
<l> n ( X} = J fn ( X} dx = -arctg e"x, 

--~ It 

1
1, x>O, 

lim;::(x)= =B(x). 
0, x<O, 

CTaJIO 6bJTb, 

PaHee MbI paccMaTpHBaJIH )l;enbTOo6pa3ttyro rrocne)l;osaTenbHOCTb 

w, (x)-7 8(x), c-? +O. 

np11.Mepbl Apyrnx TaKHX rrocrre)l;oBaTeJibHOCTeH MO)f(HO HaHTH B [8, 1 I' 20]. 
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4.9. CeepmKa o6o6U(eHHhlX tl>YHKquu 

IlpHMoe (Ten1opnoe) npoH3sei:.enue o6o6ru:ennhlx cjlynKQHii. IlycTL f ( x) = 

= f (xl'x2 , ••• ,xn) H g (y )= g (y" y2 , •• ., Ym) - JIOKaJThHO HmerpHpyeMb1e tP)'HKWIB B npocrpatt

CTBax R" H Rm COOTBeTCTBeHHO. Qqes~o, HX npomBe):(eHHe f ( x) g ( y) - JIOKaJihHO HHTer

pHpyeMruI qiyma.urn B npocrpaHcTBe Rn+m. OcHOBHylO 4>YHKU:HIO 'l'(x"x2 , ... ,x.;y"y2 , .• .,ym)E 

E D { Rn+m) 6y.n:eM 1anHChlBaTb B BH):(e cp( x, y). 

<!>ym<u:IDI f ( x) g ( y) onpe.n:emreT perym1pHYJO 0606II1eHHYJO <l>YHKU:HIO, KOTOpruI ):(eHCT

syeT Ha JII06yro OCHOBHylO <l>YHKU:HIO cp( x, y) E D { Rn+m) no qiopMJrre (HCIIOJih3YeTC}l TeopeMa 

<l>y6HHH 0 COBITa):(eHHH KpaTHOro HHTerparra c IIOBTOpHbIMH [21]) 

{J(x)g(y),cp(x,y))= f f(x)g(y) cp(x,y)dxdy= 
R"'m 

= J f ( x)[J g (y) cp(x, y )dy ]dx = ( f ( x),(g (y ), cp( x, y)) ). 

3Ty <l>opMyny npHMeM 3a onpe.n:erreHHe npHMOro npOH3Be):(eHHH 0606II1eHHhlX <l>YHKU:HH 

f(x)E D'(R") H g(y)E D'(Rm): 

(! ( x) · g (y ),cp(x, y)) = (! ( x) ,(g (y ),cp(x, y)) ). (4.34) 

IloKa)l(eM, 'ITO onpe.n:eneHHe IIp}lMOro I1pOH3Be):(eHHH HMeeT CMhlCJl . .[(mr :noro paCCMOTPHM 

<l>YHKU:HIO (npu <l>HKCHpoBaHHOM XE R") 

¥f(x)=(g(y), cp(x,y)). 

IlOCKOJlbKY supp cp( X, y) - orpaHH'IeHHOe MHO)l(eCTBO (CM. puc. 4.8), TO IIpH x Eu R OCHOBHM 

<l>YHKI.IH}l cp( x, y) = 0, \::fy E Rm. Cne.n:osaTeJibHO, BHe rnapa UR 

¥f(x)=(g(y), cp(x,y))=(g(y),0)=0. 

y 

-R x 

Puc. 4.8. K o6oCHosamuo cpopMyJihI (4.34) 
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Terrepb IIOKa)l(eM, qTQ VF ( x) E c~ ( R"). MMeeM, <Jim<cHpyH y E Rm' B CHJI)' JIHHCHHOCTH 

<JiyttKU,HOHaJia g ( y) 

TiocKOJibKY <PYHKIJ,HOHaJI g ( y) HerrpepI>rneH, To (a cMMcne cxo,AHMOCTH a D' ( R") ): 

TaKHM o6pa30M, dVF/dxj cymeCTByeT. IlpoAOJI)l(aH rrpm~ecc AaJII>me, HafuI,eM 

M3 cKa3aHHoro cne.eyeT, qrn VF ( x) - cpHHHTHa H 6ecKoHeqHo AttcJ:>cpepeHu,ttpyeMa a R", T. e. 

VF ( x) E D ( R"). Ho TOrAa <JiopM)'na ( 4.34) HMeeT cMI>Icn: 

(f ( x) · g (y ),q:i( x, y)) = (f ( x),(g (y ),q:i(x, y))) = (f (x) ,VF( x)) = (f ,VF)· 

0Ha orrpe)J;eJIHeT rrpHMOe rrpoH3Be)J;eHHe f ( x) · g ( y) KaK HCKOTOpbIH <JiyttKil,HOHaJI Ha D ( Rn+m ) . 

MO)l(HO IIOKa3aTh [8], ~o 3TOT <l>YHKIJ,HOHaJI JIHHCHHbIH H HerrpepbIBHbIH, H3 qero cne.eyeT, ~o 

f ( x) . g ( y) E D' ( Rn+m). 

CBoiicTsa npsrMoro npon3Be,'J;euusr. 
a) KOMMJTaTHBHOCTh. HapH.ey c rrpHMMM rrpoH3Be,ll;eHHeM f ( x) · g ( y) orrpe,ll;eJIHeTCH rrpH-

MOe rrpOH3BC)J;CHHe g ( y) . f ( x) KaK <l>YHKIJ,HOHaJI, ,ll;CHCTB)'IOIUHH Ha IIpOH3BOJibH)'IO OCHOBH)'IO 

cl>YHKU,HIO q:>( X, y) E D ( Rn+m) ITO <i>opMyJie 

(g (y) · f ( x),q:i(x, y)) = ( g (y ),(f ( x),<p(x, y)) ). (4.35) 

Cao:iiCTBO KOM~THBHOCTH IIpHMOro IIpOH3Be,ll;eHHH Bblpa)l(aeTCH paaeHCTBOM B D' ( Rn+m) 

f (x)· g(y) = g(y)· f (x). (4.36) 

IloKa)l(eM crrpaBe)J;JIHBOCTb 3TOrO paaeHCTBa Ha acex OCHOBHbIX <l>YHKU,HHX BH,ll;a 

N 

q:i(x,y) =~:Uk (xh (y). 
k~I 
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HMeeM, B CHJIY orrpe.n.e.n:emlli (4.34), (4.35) 

(! (x) · g(y),<p(x,y)) =(! (x).( g(y ), tuk (x)vk (y)) J = 

= ( f (x), tuk (x)(g (y ), vk (y))) = t(f (x),uk (x) )(g (y ), vk (y) ). 

(g(y)· f (x),<p(x,y))=( g(y).(f (x).tuk (x)vk (y))J= 

= ( g (y), t vk (y )(! ( x),uk (x))) = t(g (y ), vk (y )}(! ( x),uk ( x) ), 

qTo H 'Ipe6oBa.JIOCb. MmKHO IIOKa3aTb [8], qro paBeHCTBO (4.36) BbIITOJIIDieTCH Ha Bcex OCHOBHbIX 

tPJHKUIDIX <p( x, y) E D ( R"+m). 
6) ,lJ,mf.><Pepemi;HpoBaHHe rrpHMoro rrpoH3Be.n.ettHH. HMeeT MecTo qiopMyna 

D: ( f ( x) · g ( y)) = Da f ( x) · g ( y). (4.37) 

( D: ( f ( x) · g ( y)), <p ( x, y) = ( -1 )laJ ( f ( x) · g ( y), D; <p ( x, y)) = 

= (-l)lal (g (y) · f ( X) ,D:<p( x, y)) = (-1tl ( g (y ).(! (x ),D;rp( X, Y))) = 

= ( g (y ),( Da f ( x),<p( X, y))) = ( g (y) · Da f ( x) ,<p( x, y)) = ( Da f ( x) · g (y ),<p( X, y) ). 

Orcro.n.a rronyqaeM <PoPMYJIY (4.37). 

B) YMHO)J(eHJre rrpHMOro rrp0113Be,ll,eHHH. Ecmr a ( x) E c~ ( R")' TO 

a( x)(! ( x) · g (y )} =a( x) f (x) · g (y ). 

( a(x)(f (x) · g (y) ),<p(x, y)) = (g (y) · f ( x),a(x)<p(x, y)) = 

= ( g (y ),(f ( x),a(x)<p( x, y))) = ( g (y) ,(a( x) f (x),cp( x, y))) = 

= (g (y) ·a( x) f ( x),<p(x, y)) = (a( x) f ( x) · g (y ),rp(x, y) ). 

Orcro.n.a cne.n.yer <PoPMYJia (4.38). 

(4.38) 

r) IlpHMoe rrpoH3Be.n.ettHe f ( x) · 1 ( y). <l>yttKUHOHaJI 1 ( y) ( o6o6meHHM e.n.mnru;a B D' (Rm ) ) 

.n.eiicTByeT Ha rrpoH3BOJihHylO OCHOBttyIO <PYHKU:HIO <p ( y) E D (Rm) rro <PoPMYJie 

(l(y ),rp(y)) = f 'P(Y )dy. 
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IloCMOTpHM, KaK ,n:ell:cTByer rrp.HMOe rrpm1:3Be,n:eHHe f ( x) · l ( y) Ha mo6yio OCHOBH)'IO <l>YHK

Il,HIO cp ( x, y) E D { Rn+m ) . Mhl HMeeM 

(f(x)·l(y),cp(x,y))={!(x),(I(y),cp(x,y)))=[f(x), J cp(x,y)dy} 

c .n:pyrou CTOpoHbI, 

(! (x) · l(y) ,cp( X, y)) = (l(y). f (x),cp( X, y)) = ( I(y ),(! (x),cp( X, y))) = 

=[l(y)']f(x)cp(x,y)tb: )= J(f(x),cp(x,y))dy. 

TaKHM o6pa30M, IIOJIY'!aeM '\If E D' { R") H 'ii cp( x, y) E D { Rn+m) 

(! ( x) · l(y ), cp( x, y)) = [1 (x), J cp(x, y )dy) = J (! ( x ),cp( x, y) )dy. (4.39) 

[ OBOp.HT, qTQ o6o6meHHM <J:>JHKQIDI f ( X) · l ( y) HHBapttaHTHa OTHOCHTeJibHO CJJ:BIITOB B Rm. 

3TO HJIJIIOCrpttpyerc.a paBeHCTBOM 

(! ( x) · l(y-h ),cp( x, y)) = (! ( x) · l(y ),cp( x, y) ). 

(! ( x) · l(y-h) ,cp( x, y )) = (! (x) ,(l(y-h ),cp( x, y))) = 

= (! (x),(I(y ), cp( x, y+ h))) = [1 ( x), J l(y )cp(x, y + h )dy) = 

= ( f ( x), J l(y) cp( x, y )dy) = (! (x),(l(y) ,cp(x, y))) == (! ( x) ·l(y ),cp( x, y) ). 

TaKHM o6pa3oM, IIOJ!Y'laeM 

f (x) ·l(y-h) = f (x)· l(y) . 

.n:) HocttTeJib rrp.aMoro rrpoH3Be,n:eHHH. TiycTb F =supp f ( x), a G =supp g ( y), r.n:e f ( x) E 

E D' ( R") H g ( y) E D' (Rm) - rrpOH3BOJibHbie <l>YHKIIMM. Tor,n:a [9] 

supp ( f ( x) · g ( y)) = F X G = { ( x, y) : x E F, y E G}. 

IlpUMep 1. PacCMOTPMM IIp.HMOe rrpOH3Be,n:eHMe o(x)·o(y). lIMeeM 'ilcp(x,y)E D(R2
) 

( J'( x) · J'(y) ,cp( X, y)) = ( J'(x),( o(y ),cp( X, y)) )=( 0( x),cp(x,O))=cp(0,0)=( J'( X, y) ,cp( X, y) ), 

OTCIO,n:a J'( X, y) = 0( x) · O(y ). 
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IlpUMep 2. IlpHMOe rrpmnse.n:emi:e 

( 8( Xi)· 8( x2) ,tp( Xj,X2 )) = ( B(x1) ,( 8( x2),tp( Xj,X2 )) ) = 

= (o( Xi), f 'P( Xi ,x2 )dxz J =ff 'P( Xi• x2 ) <1Xjdx2 • 

() 0 0 

C ,n:pyroif cTOpoHhI, .n:s)'Mepmui: e1umuqHaJI <l>YHKllH}l Xesucaif.n:a B ( x1 , x2 ) ,n:eilCTBYeT Ha mo6yro 

ocIIOBHYJO <l>YHKIUOO tp ( x1 x2 ) E D { R2
) rro rrpasuny 

( B( Xp Xz)' tp( Xp Xz)) = ff 'P( Xi' Xz )<1Xidx2· 
0 0 

CpasmrnaJI 3TH .n:sa Bbipa)l(eHH}l, IIaxo.n:HM 

B(xpX2 ) = B( xi)· B( xJ. 
IlpUMep 3. IIpoH3BO.ll:HaH 

j_B( Xj.x2 ) = ~( B( Xi)· 8( x2 )) = ()B( Xi) · B( xz) = o(x1 ) • 0( x
2 

). 

aXi a-Xi a-Xi 
lIMeeM Vtp(Xj,x2 )E D(R2

) 

( c5( Xi). B(x2 ),tp( X1X2)) = ( 0( Xz ),( o( xi), tp( X1X1))) = ( B( Xz ),tp( O,x2)) = f <P( 0, Xz )dxz. 
0 

TaKHM o6pmoM, 

(~8( X1X2 ), tp( Xp.X2 )J = f tp(O, X 2 )dx2 • 

a~ o 

CsepTKa o6o6meuuMx cj)yuKu:uii. IIycTb f ( x), g ( .x) E Iioc, rrpHqeM <l>ym<I.urn 

h( x) = ~g (y) llJ (x- y )idy (4.40) 

TaIOKe JIOKa.JibHO HHTerpHpyeMa B R". CBepTICoif 3THX <l>YHKQHH Ha3bIBaeTcH Bbipa)l(eHne 

(/*g)(.x)= ff(y)g(x-y)dy= Jg(y)f(.x-y)dy=(g* f)(.x). (4.41) 

IloKa)l(eM, qTQ CBePTKa z ( x) = ( f * g) ( x) - JIOKaJibHO HHTerpHpyeMaJI <l>YHKllHH. IIpe)l(.ll:e Bee-

ro, HMeeT MeCTO Ol(eHKa 

lz(x)j = j J g(y) f ( x- y )dyj::; h( x). 

TaK KaK h ( x) E Iiac, qiopMyJia ( 4.41) HMeeT CMbICJI. )J:aJiee, 

j J z( x)dxj::; Jlz( x)idx = JI Jg (y) f (x- y )dy,dx::; Jf lg (y) f ( x- y) jdydx = f h( x)dx < =, 

qTQ H rpe6oBa.JIOCb. 
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Ilptt IIOMOI.qH JIOKaJibHO HHTerpttpyeMOH cpyHI<IJ;HH ( f * g) ( x) o6pa3yeM perymrpHylO 

o6o6r.qeHHyIO <}iyttKI!HIO (f * g), )J,eHCTBYIQ~ Ha rrpOH3BOJibHylO OCHOBHYIO <liYHKIIHIO <fl( x )E 

E D ( R") ITO cpopMyrre 

((! * g )(x),<fl) = f[f ! (q)g (x-q)dq }p(x)dx= ff (q)[f g (x-~)<p(x)dx ]d~ = 

= { ~:!;y }=ff (q)[f g(y)<p(q+ y)dy ]dq =ff! (x)g(y)<p(x+ y)dxdy. 

TaKHM o6pa30M, rrorryqaeM 

( (f * g) ( x), <p) = (f ( x) · g (y), Q?( x+ y)), V Q?E D( R"). (4.42) 

Ilpose)J,eHHble BbUIIe Bbl'IHCJiemrn 6a3HpDBaJIHCb Ha rrpe,l1,IIOJIO:JI<eHHH, 'ITO cpyttKIIHH h ( x), orrpe

,n;emreMaH cpopMyrroli (4.40), JIOKaJibHO HHTerpttpyeMa. 0TMeTRM Tj)H crryqaH, KOr)J,a 3TO npe)J,
TIOJIO'lKeHHe BbIIIOJIHHeTCH. 

1. Xorn 6bI o,n;Ha m <PYHKU:HH f HJIH g cpHHHTHa. IlyCTh, HanpttMep, supp g c UR . Tor,n:a 
l 

)J,JIH rrpOH3BOJibHOro rnapa u R HMeeM 

f h(x)dx= f[flg(y)l lf(x-y)ldy ]dx= f lg(y)ldy flJ(x-y)ldx~ 
UR UR URl UR 

~ f lg(y)ldy f IJ(t)/dt< 00
• 

URl URl+R 

2. <!>yHKU:HH f H g o6paillaIOTCH B ttyJib nptt x < 0 ( n = 1). B 3TOM crryqae (cM. pttc. 4.9) 

{

O, x~O, 

h(x)= pt(y)g(x-y)/dy, x>O, 

-1 h(x)dx = Jh(x)dx= K~g (y)ll! (x- y)ldy }tx = 

R R R R 

= ~g(y)/dy ~f(x-y)ldxs ~g(y)ldy ~f(t)ldt<oo. 
0 y 0 0 

6HcCeKTJ>HCa 

x 

Puc. 4.9. K o6ocHoBaHHIO cymecTBosaHHH caepTKH 
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3. <I>yHKU:HH f H g HHTerpttpyeMbI Ha Rn. Tor.n:a 

f h(x)dx = J[ ~g (y )!if ( x-y)ldy ]dx = ~g (y )![ ~/ (x- y )ldx ]dy = 

= ~g(y),dy ~J (t)ldt <oo. 

<I>opM)'rry (4.42) ecTeCTBeHHO IlpHIDITh 3a onpe.n.eneHHe CBePTKH o6o6meHHhlX $YHK~HH f ll g. 

0)1;HaKo Ha,n:o HMeTh B BH,!l,y, 'ITO :na cpopMyna HMeeT CMhlCJI He Bcer.n:a. 

06o3Ha'IHM qepe3 F u G HOCHTenH <PYHKU:HH f H g coOTBeTCTBeHHO. Tor.n:a HocmeneM 

npHMoro npomse,ZJ.emrn f · g 6y.n:eT MHmKecTBo F x G == { ( x, y) : x E F, y E G}. Hocmem. oc

HOBHOH <jJyHKU:Ull rp ( x) - KOMilaKT K, CJie,ll.OBaTeJibHO, HOCHTeJieM <i>YHKUHH rp ( x + y) ~eT
CH MHO)l{eCTBO nap ( X, y), TaKHX 'ITO x + y E K. 3'ro MHO)l{eCTBo ecTb n -MepHoe IIO,ll.IIpOCTpaH

CTBO (cnoJi rro.n: yrnoM 45° K OCHM), rrapanneJihHhIH rrpHMOH X; + Y; == 0(i==1,2, .•. ,n). CTano 

6oITh, npaBaH '!aCTh B (4.42) HMeeT CMbICJI, eCJTH MHO)J(eCTBO FxG (HOCHTeJih rrpHMOro rrpoH3Be

.n:eHHH) H HOCHTeJih $)'HKUHH rp( x + y) HMe!OT orpaHH'!eHHOe rrepece'IeHHe. 11HhlMH CJTOBaMH -

MHO)l{eCTBo TO'IeK ( x, y), x E F, y E G, TaKHX qTO x + y E K, JJ:OJI)l(HO 6hITh OrpaHH'feHHhlM. Tor

p:a B 3TOM rrepeceqeHHH MO)l{HO IlOJIO)l(ITTh If/ ( X, y) == 1J ( x, y) rp( x + y), ri:~e 1J ( X, y) - OCROBHM 

$yHKU:HH B R2
n, paBHaH ep:HHH[(e B OKpeCTHOCTII HOCIITeJIH supp If/. QqeBH,ll.HO, YJ'( X, y) E 

E c= ( R2
"). 3To nepeceqem1e ,ll.OJI)J(HO 6hITh orpaHH'IeHHbIM IIplI JIJ060M K, TaK KaK COOTHO

lIICHIIe (4.42) .n.omKHO BLIIlOJIHHThCH AJI5! JIJ06oJi ip( x) ED. 

Bhrnop:. CBepTKa f * g JIMeeT CMhICJI, ecJTH HOCHTeJTH F H G TaKOBhl, 'ITO rrp1I x E F, y E G 

CyMMa x + y MO)l(eT OCTaBaTLCH orpaHHqeHHOH JTHlllh B TOM cnyqae, eCJUf rrepeMeHHhie x II y 

ocTaIOTCH orpaHII'IeHHhIMII. B 3TOM cnyqae 

lf/(x)=(g(y),rp(x+ y))E D(R"), lf/.(Y) =(f (x),cp(x+ y))E D(R"), 

T. e. HBJTHIOTCH OCHOBHhIMII, qTO IIplI,D.aeT CMhlCJI <iJopMyJTe (4.42): 

((! * g )(x),rp) == (! ( x) · g (y ), rp( x+ y )) = (! ( x),(g (y) ,cp( x+ y))) =(!,If/), 

((!* g)(x),rp) = (f (x)· g(y),rp(x+ y)) == (g(y)· f (x),rp(x+ y)) == 

== ( g ( y), ( f ( x), cp( x + y))) == ( g, l/f.). 

B 'IaCTHocrn, <iJopM)'na (4.42) 1IMeeT CMD1cn s cnep:y10mHX cnyqMX: 

a) O,ll.Ha II3 0606I11eHHhIX <iJyHKU:IIH f IIJTII g <iJIIHHTHa, T. e. HMeeT KOMITaKTHbIH HOCHTeJTh, 

6) HOCHTeJIH o6elIX o6o6meHHhIX <PYHKU:IIH orpaHH'IeHhl c O,ll.HOH II TOH :>Ke CTOpOHhl, Ha

rrpHMep f ( x) = 0 rrpH x < a H g ( y) == 0 rrpH y < b ( n = 1). 

Ha pHc. (4.10) cxeMaTH'IeCKH mo6pa)!(eHa cmyaUHH, Korp:a g ( y) - $HHHTHM o6o6meHHM 

<iJyttK[(HH, supp g cu R' a supp rp(x)cu •. 3aIIITpHXOBaHHM o6JiaCTh A== u Rn{( x, y) :Ix+ yl$a}, 

T. e. A - ecTh rrepeceqeHHe mapa UR c rronocoJi Ix+ YI s a. Qqestt,n:Ho, rrptt (x( >a+ R Toq-
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Ka ( x, y) He nona,n,aer B 3aurrpHX0Baimyio o6nacrh, a 3Ha•nrr, y E UR. Cne,iwBaTeJihHO, lJI ( x) = 

= ( g ( y), <p( x+ y)) = 0 npH )l;OCTaToqHo 6oJihIIIHX !xi, T. e. qmHHrna. KpoMe rnro, lfl( x) E 

EC ( R" ). TaKHM o6pa30M, B paccMaTpHBaeMoM ceyqae lJI( x) = (g (y ),q:i(x+ y ))ED( R" ), 

~o H Tpe60Ba.JIOCh. 

x + y =-a x + y =a Y 

.,,_,....,........,....,.....,...,,.. ___ -------;------; 

I 
I 
I 
I 
I 
I 

I I 

I ! 
I I 

I ! 
I I 

I ! 
I I 

I : 
I !a +R 

l ___________ J_ ____ ......_,__ ........... .__. 
-R 

x 

Puc. 4. JO. CxeMa nepeceqemrn rnapa UR c nonocoH: Ix+ YI= a 

EcJIH g - qmHHTHruI o6o6rn,eHHM tPYHI<I~IDI, TO <lJopMy.rry (4.42) MO)f(HO BH)],OH3MeHIITb CJie

~mHM o6pa30M. IlycTh 1J ( y) - rrpomBOJlbHruI OCHOBHM 4>yHKUIUI, paBHaH 1 B OKpeCTHOC'rn 

HOCHTeJIH g. Tor,!l,a, KaK mBeCTHO, 1J g = g B D', II03TOMy HMeeM V qi( x) E D ( R") 

( (f * g) ( x), qJ) = (f ( x). g ( y), qi( x + y)) = (! ( x) ' ( g ( y)' qi( x + y))) = 

= (! (x),(1J(Y) g( y ),<p( x+ y )) ) = (! ( x),(g ( y ),lJ(y)qi(x+ y))) == 

= (f (x)· g(y),1J(y)<p(x+ y)). 

I1TaK, B cnyqae 4>HHHTHOH o6o6rn,eHHOH <l>~HH g CBePTKa onpe,!l,eJIHeTCH <t>opMyJIOH 

( (! * g )(x) ,<fJ) == (f (x)· g (y) ,7J(Y )<p(x+ y) ). (4.43) 

Mo)f(Ho ,n;oKa3aTh c'Tporo, qTQ ecJIH f - npoll3BOJihHM, a g - <PHHHTHM o6o6rn,eHHaH <PYHK

nIDI, TO caepTKa f * g cyrn,ecTByeT B D' H npe,n;craBJrnerc11 qmpMynoii (4.43) [8]. 

3aMe'Iami:e. HMeeT MecTo npe,n;JIO)f(eHne [39, 42]. Ilycrh f H g - JIOKaJihHO C)'MMHpye

Mhle tPyHKUHH (orrpe,n;eJieHHDie TOJihKO rroqm Be3,n;e) H rrycTh HX HOCHTeJIH F H G y,n;oaneTBo

pilOT ycnoBHHM cyrn,ecTBOBaHHH cBePTKH. Tor,n;a caepTKa f * g 6y)l;eT JIOKaJihHO C)'MMHpyeMoft 

<PYHKQHCH, KOTOpaH orrpe,n;eJIHeTCH rroqTH Be3)l;e cpopMyJIOH 

h*(x)=(f*g)(x)= ff(x-y)g(y)dy= f f(y)g(x-y)dy. (4.44) 
R" R" 
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EcJIH f ( x) II g ( x) HerrpephIBHI.I, TO II CBepn<a (f * g) ( x) 6y;::i:er HerrpephIBHOH cpyttKU,Il

eil:. 3-ro OCTaerc.H BepHhIM, ecJrn TOJihKO O):\Ha Il3 HIIX HenpephIBHa, a BTOpa» - JIOKaJihHO cyM

MrrpyeMa (JIOKaJihHO IIHTerpI1pyeMa). 

CBePTKa f * g MO)l(er IIMeTh CMbICJI, JJ:a)l(e ecJIII ycJIOBil.H Ha HOCI1TeJII1 F II G He BhIIlOJI-

HeHhI. HanpIIMep, ecJIII o;::i:Ha m ;::i:Byx cpyttKUIIH cyMMttpyeMa Ha R", a ;::i:pyra» orpamr'IeHa H:a 

R"' TO CBepTKa ( f * g) ( x) 6y;::i:er HMeTh CMbICJI M nptt '.)TOM OHa 6y;::i:er orpaHH'IeHHOH Herrpe

pbIBHOH cpyHKIJ;Ileil: Ha R", a HHTerpaJI (4.44) 6y;::i:eT ttMeTb CMhICJI L\IIH Bcex 3Ha'IeHHH x. EcJIII 

f E I!' a g ( x) - orpaHH'IeHHa.H cpyttKIJ;H.H, TO MMeeT MeCTO ou;eHKa 

MJIH 

ECJIH f, g E J! , TO CBePTKa ( f * g ) BCer;::i:a MMeer CMbICJI H TaK)l(e rrpHHa):\Jle)l(MT J!. Ilprr TIOM 

JJh'Jlv ~ll!llr! ·llgllv · 
CBePTKa JII-06oil: o6o6UieHHoil: <PYHKUHM f c o -cpyttKIJ;Meil: CYUiecTByer M paBHa f. ,lJ,eil:CTBil

TeJibHO, V <p E D ( R" ) 

( (f * o)(x),rp) = (! ( x). o(y ),17(y )rp( x+ y)) = (! ( x),( o(y ),17(y) rp( x+ y))) = 

= (f (x),17(0)rp(x)) = (f,rp) ~ f *O= f. 

TaKIIM o6pa3oM, MH orrepau;MH CBepTKII 0606UieHm.1x cpyttKUMil: o -cpyttKUHH ttrpaer poIIh e;::i:rr

HMIJ;bI. 

CBoiicrBa csepTirn. a) Onepau;M» cBepTKM KOMMYTaTHBHa, T. e. ecJirr cBepTKM 0606UieH

H1>1x cpyHKIJ;MH f H g cyUieCTBYJ-OT, TO 

f*g=g*f, 

3TO paBeHcTBO Herrocpe;::i:cTBeHHO BhITeKaeT Il3 KOMMYTaTHBHOCTM rrp»Moro rrpott3Be;::i:eHM». 

6) Accou;ttamBHocTh cBepTKM. CBepTKa 0606meHH1>1x <PYHKUMH He o6»3aTeJibHO o6Jia;::i:a

er CBOHCTBOM accou;IlaTHBHOCTM, T. e. paBeHCTBO 

BbIIlOJIH.HeTC.H He BCer;::i:a. ,lJ,mI IIpMMepa B03bMeM J; = 1, f 2 = 01

, j 3 = (}, TOr;::i:a 

(J; * fz,rp(x)) = (1 * o',rp( x)) = (1,( o',rp( x+ y))) = -(1,( o( x) ,rp'( x+ y))) = 
= -(1,rp'(y)) = (1',rp) = (O,rp) = 0. 
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C ~pyroif CTOpOHhl, 

Orc10~a 

U2 * f 3 ,rp)=(J'*B,rp) = (O*o',rp) =(B.(c5',rp(x+ y))) =-(B,(c5,rp'(x+ y))) = 
=-(B,rp'(y))=(c5,rp)=> fz * J; =c5. 

T. e. (Ji* fz)* f3 *Ji *(/2 * f3)· 

379 

O~aKo eCJIH ,[\Be H3 rpex o6o6meHHDIX <l>YHKUHH 1;' !1' f3 HMelOT KOMIIaKTHbIB HOCHTeJib, 

TO accmumrnBHOCTb HMeeT MeCTO [40]. 
s) .n;11qiqiepemu1posaH11e cseprKH. EcnH caepTI<a f * g cymecTByeT, TO cymecrsyioT csepT-

KH Da f * g H f * Dag, rrpH'IeM HMeIOT MeCTO <1.>0PMYJihl 

Da ( J * g) = Da J * g = J *Dag• 

B caMoM ~ene, \;;/ <p E D ( R" ) 

( Da (f * g) ( x), rp) = (-1 )lai ( (f * g) ( x), Da<p) = 

= (-1 )1ai ( f ( x). g ( y) 'v: rp( x + y)) = (-1 t 1 
( g ( y) ' ( f ( x)' v: rp( x + y))) = 

=(g(y),(Da f (x),rp(x+ y))) = (g (y) · Da f (x),rp(x+ y)) = 

= ( Da J * g, <p) => Da ( J * g) == Da J * g · 

BTopoe paseHCTBO BhIBO~cH aHanorH'IHO. 

(4.45) 

EcnH f * g He cymecTByeT, a cseprKH Da f * g H f *Dag cymecTBy10T, TO OHH He o6H-

3aHhI ~OJI'.lKHhI 6hlTh paBHhIMH. HarrpwMep, 

B'*l=c5*1=1, B*l'=B*O=O. 

r) EcnH f E D' ( Q 1), g E D' ( Q 1 ), TO supp ( f * g) c Q 1 + Q 1 - 3aMhlKaHHIO MHO'.lKecTBa 

TO'IeK BH~a x+ y, XE Ql' yE Q2. 

llpUMep 1. Bbl'IHCJIHM CBepmy o( x-a) * c5(x-b ). l1MeeM \;;/ rp(x)E D( R1
) 

( o( x-a )*c5(x-b) ,rp(x)) = ( c5( x-a )· c5(y-b ),rp( x+ y )} = ( c5(x-a)' 

( o(y-b ),rp(x+ y))) = ( o( x-a ),rp(x+b )) = rp( a +b) = ( o( x-a-b)' rp) => 

=> o( x-a) * c5(x-b) = o(x-a-b ). 

IlpUMep 2. EcnH (} ( x) - e~HHH'IHaH <l>YHKI1HH XeBHca~a, TO rrpw 0::; a ::; b 

(} x-a *B x-b = x 

{

O, x>a, 

( ) ( ) JB(t-a)B(x-t-b}dt. 
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HMeeM rrpj[MhIM Bhl'IHCJieHlfeM 

xf x {u=x-t-b} B(t-a)B(x-t-b)dt = fB(x-t-b)dt = ' = 
du =-dt a a 

-b x-a-b x-a-b 

=- f B(u)du= J B(u)du= J B(u)du=x-a-b, x~a+b. 
x-a-b -b 0 

Tor)J,a rroJl)"IaeM 

IlpH a = b = 0 HMeeM 

x+={O, x<O,=xB(x). 
x, x~O 

B(x-a)*B(x-b) = (x-a-b t. 

B(x)*B(x) = x+ = xB(x). 

flpUMep 3. 06o3HaqHM 
a-l 

B(a) =B(x)-x-e;i,x a>O 
4 r(a) ' ' 

r,!l,e B ( x) - e)J,HHffqHM <l;>)'HIQUUI XeBttcaii,!1,a, IL - rrpott3BOJihHoe KOMIIJieKcHoe qttcJIO. CBepT

Ka Bia) * Bf3l = 0 rrptt x < 0. Ilptt x > 0 HMeeM uenoqry paBeHCTB 

(B(a) *B(P))(x) = xfe(a) (x-t\dP) (t)dt = XJ(x-tr-1 -l(x-t) ~e"dt = 
;i, " a ;i, JV;_ 

0 
r( a) r(,8) 

X -lx I a-1 p-ld 
{

t = ux } a+p-1 t 

= dt=xdu =r(a)r(,O)e J( -u) u u. 

c yqeTOM <J:>opMyJihl 

r,!l,e f H B - raMMa H 6eTa <J:>yttKUHH 3ifJiepa (2), IIOJiyqaeM OKOHqaTeJihHO 

Q(a) * Q(P) _ n(a+P) 
" " -u,, . 

CBePTKH TaKOro THIIa HCil0Jlh3yIDTCj[, HarrpHMep, B ,!1,po6HOM HHTerpo1u1<J:><J:>epeHUHpOBaHHH [33). 
flpUMep 4. Ilpeo6pa3oBaHtte fttJih6epTa 

u ( x) ~ Vp =f u ( y) dy 
_x-y 

rrpe,!1,cTaBJij[eT co6oli orrepaTOp CBepTKH c o6o6meHHoli <PYHKUHeli Vp .!_. 
x 
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4.10. PeweHUR oucpcpepeHu,uan&HblX ypaeHeHUU c npaeoii 'IBCfflblO 

Ypaeueuue c nocTOBHHblMH K03c[>c[>u._ueuTaMH. PaccMO'fPHM ypaBHemrn 

P(D)u = f, (4.46) 

r;:i;e p ( D) - DpOH3BOJibHhlH mmeHHbIH ;:i;mf><PepeHqHaJibHbIH onepaTOp c TIOCTOHHHbIMH K03$

<Pm1HeHTaMH, a f - $HHHTHaH o6o6IIJeHHaH $)'HKIIIDI. 

IlyCTb E - $ytt;:i;aMeHTa.TibHOe perueHHe oneparnpa P ( D), T. e. o6o6IIJeHHaH <l>YHKIJHH, 

y;:i;oBJieTBOpHIOIIJaH ypaBHeHHIO 

P(D)E = <5. (4.47) 

Tor;:i;a o6o6IIJeHHaH <l>YHKqHH u ('l.acmoe perueHHe ypaBHeHHH (4.46)) onpe;:i;enHeTCH npn noMo-
IqH CBepTKH 

u = f *E. 

B caMOM ;:i;ene, B CHJIY paBeHCTBa Da ( f * E} = f * Da E )];JIH mo6oro MYJibTmm;:i;eKca a= 

= (al' a2 ,. .. , a.) H JIHHeHHOCTH onepaTopa P ( D) Mo:lKeM 3anncaTb 

P(D)u = P(D)(f * E} = f * P(D)E = f *O = f, 

'ITO H Tpe6yeTCH. 

IlpUMep. YpaBHeHHe IIyaccoHa B R2 

t).U=f. 

1 
B HarneM CJIY'l.ae E = -ln lxl - perynHpHaH o6o6IIJeHHaH <l>YHKIJHH. EcnH, HanpnMep, f -

21l 
$HHHTHaH o6o6IIJeHHaH <l>YHKIJHH, TO 

u = 2~ (! *lnlxl). (4.48) 

EcJm f ( x) - HHTerpHpyeMaH $HHHTHaH <l>YHKqHH B R 2
, TO $opMYna ( 4.48) ;:i;aeT TaK Ha3bIBae

MbIH norapH$MH'l.ecKHH: IIOTeHIJHaJI (c TO'l.HOCThIO ;:i;o MHO:lKHTeJIH l/27r). Ha OCHOBaHHH onpe;:i;e

neHHH CBepTKH Haxo;:i;HM 'ti <pE D ( R") 

-
1 (! *lnlxl,rp) =(-1 Inlxl· f (y),rp(x+ y)) =(-1 Inlxj,(f (y),rp(x+ y ))) = 

27i 21l 21l 

= J 2~ lnlxl[JJ (y)rp(x+ y)dy }tx =ff (y)[ f 2~ lnjxl<p(x+ y)dx ]dy = 

{
x+ y = t,} f [ f 1 ] = = f(y) -lnjt-yl<p(t)dt dy= 
dx=dt 27i 
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= f<p(x)[f! (y)-
1 

Inlx-yldy]dx=(-ff(y)-
1 

ln-
1 

1
-ldy,<pJ=> 

2;r 2;r x-y 

=>(f*-1 Injxl)=--1 
ff(y)In-

1
-dy. 

2;r 2;r Ix - YI 
TaKHM o6pa3oM, qacTHoe pemeHMe ypaattemrn Ilyaccotta (4.46) orrpe;::i:em1eTCH cpopMYnoii 

I f 1 1 JJ 1 u(xpx2 )=-- f(y)ln~I I y=-- f(yl'yi)In ~ 
2 2 

y1dy 2 • 

2;r x-y 2Jr (x1-Y1) +(xz-yi) 

IloTeHu,HaJihI. HhlOTOHOB noTeHu,HaJI. IlycTh p - o6o6ru,ettttaH cpyttKu,1rn. CaepTKa 

1 
vn = p * lxr-2 ( n ~ 3) 

Ha3hlBaeTCH HhIOTOHOBhlM rroTemi:HanoM. CBePTKa 

1 
v2 = p * In !xi ( n = 2)' 

KaK 6hIJIO OTMeqeHo BhIIIIe, Ha3hJBaeTCH norapHcpM~eCKHM IIOTeIDJ:HaJIOM. 

(4.49) 

(4.50) 

EcnH p - cpHHHTHaH o6o6ru,eHHaH cpyHKIJ,HH, TO rroTeHU:HaJihI ( 4.49), ( 4.50) cyru,ecTByroT 

B D' H y;::i:osJieTBopHIOT COOTBeTCTBYIOlll,HM ypaBHeHHHM IlyacCOHa 

AVn =-(n-2)o-np, AV2 =-2;rp, 

r;::i:e o-" - rrnoru,a;::i:h rroaepxHOCTH e;::i:HH~ttoii ccpephI B R". 

TaK, HarrpHMep, A v3 = -4;rp. B caMOM ;::i:ene, cpyttKQHH 

1 
E=---41rixl 

HBJIHeTCH cpytt;::i:aMeHTaJihHhIM pemeHHeM orrepaTOpa narrnaca a R3
• IlmTOMY 

Attanor~Ho 

AV2 =A(p*ln 1~1 J = p*Aln 
1

:

1 

= p*-2;rJ =-2;r( J* p) =-2;rp. 

EcnH p - cpHHIITHaH HmerpHpyeMaH cpyttKIJ,HH a R", TO rroTeHIJ,HaJihI rrpHHHMaIOT o6hiq

Hhiii BH;::i: 
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IloBepxHOCTHble noTeu._uaJILI. IIycn, S - orpaHHqeHHaR .D:ByxcTopoHHRR eycoqHo

rna.n:KaR IIOBepXHOCTb, a µ ( x) H v ( x) - eycoqHo-HerrpepbIBHbie <iiYHKIJ,HH Ha Heit BBe,D;eM 

rrpOCTOH H ,D;BOHHOH CJIOH Ha s: µos H _i_(vos ). an 
IIoBepXHOCTHblMH IIOTeHIJ,HaJiaMH rrpoCToro CJIOR c IIJIOTHOCTblO µ Ha3bIBaIOTCR CBePTKH 

11MeIOT MeCTO $OPMYJibI 

v(O) = f µ(y) dS v(O) = fµ(y)In-1-ds. 
n s Ix- Yln-2 Y' 2 s lx-yl Y 

B caMoM .n:ene, 'if <p E D HMeeM 

(v.'"' ,q>) =(lxl'.' 'µO,,+[µJ, (y ), lxJ~' ,q>(x+ Y+ 
= (µJ, (y i {

1
x1'._, ,,,( x., i)) =Iµ(, i[ s"~~~:) dx ]ds, = 

={x+y=t,}=J ( )[frp(t)dt]ds = 
dx -:::. dt S µ Y It - Yln-2 y 

= fq>(xJ[J 1;'~f-' dS, }ix= (fi;'~~' dS,,q>} 

(4.51) 

0Tcro.n:a BbITeKaeT rrepBaR $opMyna B (4.51). BrnpaR .n;oKa3hIBaeTcR coBeprneHHO aHanornqHo. 

IIoBepXHOCTHbie IIOTeHil,HaJibl ,ll;BOHHOro CJIOR orrpe.n;eJIRIOTCR rrpH IIOMOIIl,H CBePTOK c ,D;BOH

HbIM CJIOeM 

v(l) =--
1-*i_(vb'.) (n;;::3)· y(i) =-ln_!_*i_(vo ). 

n lxr-2 an s , 2 lxl an s 

IIpM JKa3aHHbIX Bhrrne yCJioBIDIX OHH filIDfilOTCR JIOKaJibHO HHTerpHpyeMhlMH <l>YHKIJ,HRMH H orr

pe.n;eJJRIOTCR $OPMYJiaMH 

(1) _ f ( ) a 1 vn - v y :. I ln-2 dSY, 
s unY x-y 

(!) _ f ( ) a 1 v2 - v y -ln-
1 

-

1

dsy. 
s any x-y 

(4.52) 
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.D:oKIDKeM, HarrpttMep, rrepsyro H3 HHX. HMeeM \:/ rp E D 

(v!''. q>): -(lxl~' * :n ( vO, ), +-( ! ( vO, ( Y)) lxl'. ' ,q>( x+ Y + 
:-Un (vo, (y)){lx!~"qJ(x+ y) J): fv(yi[ a:, Jq>~r+,y) d< ]dS,: 

= f v(y) [i- f I rp~t \~~2 Jdsy = f v (y) [ f rp( x )-aa I - i 1·-2 dx]dsy = 
s uny t y s nY x y 

OrcIO,!l,a cne,eyeT <!JopM)'na ( 4.52). BTOpIDI cpopM)'na s ( 4.52) ,!l,OKa3bIBaeTcH aHanorwrno. 

IlosepXHOCTHh!e rroTeH~HanbI H pa3nH'IHOro po,!l,a HX o6o6memrn: HCIIOJib3YJOTCH B 3a)J,a

qax TeOpIDI IIOTCHIUiana, rH,!l,po,!l,HHaMHKH, TeOpIDI yrrpyrocTH, B ,!l,pyrHX 3a,l],aqax )],JI» ,!l,HcpcpepeH

IUianbHbIX ypaBHCHHll 3JIJIHITTH'leCKoro THrra rrpH CBeJJ;eHHH HX K HHTerpanbHbIM ypaBHeHHHM. 

4. 11. 0606w,eHH1:>1e cpyHKu,uu MeoneHHoao pocma 

IlpOCT}>aHCTBO OCHOBHLIX c}lymcu;uii :£. 

Ilo,!l, rrpoCTpaHCTBOM :£ = :£ (Rn ) IIOHHMaIOT rrpocTpaHCTBO 6ecKoHeqHo ;:i;mpcpepeH~Hpye

MhlX KOMIIJieKCH03HaqHbIX <l>YHK~Hll rp( x)' orrpeJJ;eneHHbIX Ha BCCM rrpocTpaHCTBe R" H 6bICTp0 

y6bJBaIOmnx BMecTe co BCeMM rrpOM3BO)J;HbIMH rrpn jxl -j 00, ToqHee, IIO)J, OCHOBHOll cpyHKQH

eli rp( x) E :£ 6y,D;eM IIOHHMaTb JII06yro cpyHKQHIO, y,D;OBJieTBOp»IOmyIO ycnOBHHM: 

a) rp(x)E c(w); 
6) Da rp( x) y6h!saeT Ha 6ecKoHeqHocTH 6hICTpee nw6oli cTerreHH lxi-1 

;:i;nH scex MYJibTH

HH)J;eKcoB a, T. e. rrpoH3BCJJ;emre Da rp( x) Ha IIpoH3BOJibHhlll IIOJIHHOM OT jxj CTpeMHTC» K eynIO 

rrpH lxl ~ 00, <l>opManbHO 3TO BbirJIHJJ;HT TaK: 

Ecmr 3Ta OQeHKa BbJIIOJIH»eTC», TO qJE c~ rrpHHa)J;Jie)l(HT :£. 

Ha MHO)l(eCTBe :£ scex TaKHX OCHOBHhIX cpyHKQHH BBeJJ;eM ecTeCTBCHHbie orrepaIUIH CJIO

)l(CHHH H YMHO)KeHH» Ha qncno. Cxo;:i;HMOCTb B :£ BBeJJ;eM cne;:i;yromHM o6pa30M. Ey,!l,eM roBo

pnTh, qTo {rpk} c:£ CXO)J;HTCH K cpyHKQHH <pE :£, ecnn )J,JIH JII06bJX MYJibTHHH,!l,CKCOB a H /3 
B nw6oli orpaHH'ICHHOll o6nacTH x/3 Da <pk ( x) xeR' x/3 Da rp( x), k -j oo paBHOMepHo. 3-ro 03-
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Ha'IaeT CXO)JJIMOCTh ITO HOpMe (lllf>; - ~la,p -? 0). 011eBH,L(HO, £ - mrneiiHOe TOIIOJIOrH'IeCKOe 

rrpocTpaHCTBO. TorroJiorm1 B £ ( R") orrpeJiem1eTcH cHcTeMoii. rro.rrynopM 

,l]pKa3hIBaeTCH, 'ITO :£ - ITOJIHOe rrpocrpaHCTBO H mo6oe 3aMKH)'TOe orpaHH'IeHHOe MHO'lKeCTBO 

OCHOBHhIX cP)'HKil;HH KOMITaKTHO B £ (25). 

mo6aH OCHOBHaH <l>)'HKIJ;IDI lf>( x) E D CO)lep'lKHTCH B £. 0)1HaKO D He COBIIa)laeT c £. Ha-

rrpHMep, <jlyHKUHH e -/xi' E £, HO He rrpHHa.)IJie)J(HT D. ,[l;anee, H3 CXOJIHMOCTH B D crreeyeT cxo

JIHMOCTh B £, TaK KaK H.oc11Terr11 q>k paBHOMepHo orpaHH'IeHhI no k H 

TaKHM o6pa3oM, D c£. Mo)J<HO rroKa3aTh, 'ITO D rrJIOTHO B £, T. e. JIJIH mo6oii. ocHOBHOH 

<l>YHKUHH lf>( x) E £ cymecTByeT ITOCJie)IOBaTeJihHOCTh { lf>k} c D, CXO,!l)IIIJMCH K tf>( x) B £. 

0TMeTHM, 'ITO orrepau;HH YMHO'lKeHHH Ha a ( x) E c= MO'lKeT BhlBeCTH 3a rrpe)leJihl £. Ha

rrpHMep, lf>( x) = e-Jxj' E £, a elxl' lf>( x) = 1 E £. ,[l;JIH rnro 11To6h1 orrepau;HH YMHO'lKeHH}J Ha 6ec

KoHe1IHO-JIHcP<JlepeHu;11pyeMyro cp)'HKD;HIO a(x) 6hma HenpephIBHa H3 £ B £, Heo6XO)IHMO na

JIO)J(HTh Ha a ( x) HeKOTopoe orpaH1111eH11e. Tiorpe6yeM, 1IT06hl a ( x) pocrra Ha 6ecKOHe1IHOCTH 

BMeCTe co BCeMH CBOHMH rrpOH3BO)IHhIMH He 6hICTpee IIOJIHHOMa: 

(4.53) 

MHo)J{eCTBo TaKHX <l>YliK®M o6o3Ha11aercH 11epe3 (JM. 

Onepan.nH YMHO)l(emrn OCHOBHOH <PYHKU:HH tf>E £Ha a(x) E (JM HerrpephlBHa 113 £ B £. 

,lJ;eHCTBHTeJihHO, \:/ (j)E £ <jl)'HKD;HH a{j)E £, ITOCKOJihKY G(j)E c= H, B CHJIY (4.53), IIpOH3Be)le

HHe arp 3aTyxaeT rrpH !xi-? 00 6hicTpee rrro6oii CTeneHH jxj-
1

. ,Ll,anee, ecrrn { <Pv} c £ crpe

MHTCH K rp E £, TO no orrpe)JerreHHIO x.8 Da lf'v -? xP Da rp ( v -? oo) paBHOMepHo. CJie)IOBaTerrh

HO, x.8 Da ( arpv) -? x.8 Da (a</)) paBHOMepHo. A 3TO rr 03Ha11aeT HerrpephlBHOCTh orrepau;mi: arp 

H3£B£. 

IlpocTpaHCTBO o6o6m,eHHLIX c)>yHKUHii Me)IJieuuoro pocra B £'. 06o6IIJeHHOH <l>YHK

u;rreii Me;:vreHHoro pocrn (Me)IJieHHO pacTymHM pacnpeJieJieHHeM) Ha3hIBaeTCH BC}JKHH mrneii:

HhlH HerrpephIBHhIH <l>YHKU:HOHaJI Ha rrpocrpaHCTBe OCHOBHhlX <PYHKUHH £. MHO)J{eCTBO 0606-

ID;eHHhIX <l>YHKU:Hii Me)IJieHHOro poem o6o3Ha11rrM 11epe3 £'=£'(R"). MHo)J(ecTBo £'co BBe

)leHHhIMH B HeM JIHHeHHhlMH onepa~HHMH CJIO'lKeHH}I H YMHO)J(eHHH Ha 1IHCJIO ecTh JIHHeHHOe 

rrpocrpaHCTBO. 



386 fJIABA4 

CXO.D;HMOCTb B £' orrpe,n;eJIHM KaK cna6y10 CXO.D;HMOCTb IIOCJie,D;OBaTeJibHOCTH cPYHKU:HO

HaJIOB: {!Jc£' cxo,n;HTCH K f E £', ecJIH (fv,rp) ~ (!, <p), V ~ 00, V (/JE £. 

JlHHeHHOe rrpocrpaHCTBO £' c BBe,n;eHHOH B HeM CXO.D;HMOCTblO Hll3bIBaeTCH rrpOCTPaHCT

BOM o6o6ru:eHHbIX cPYHKU:HH Me.D;JieHHOro (YMepeHHOro) poem. 3To rrpocTPaHCTBO HBJIHeTCH 

.D;BOHCTBeHHbIM ( COIIpH)l(eHHbIM) K OCHOBHOMY rrpOCTPaHCTBY £. 

011eBH.D;HO, eCJIH f E £', T. e. f - JIHHeHHbIH HerrpepbIBHbIH cPYHKU:HOHaJI Ha rrpOCTPaH

CTBe £,TO f ED', T. K. D c£. KpoMe rnro, cornacHo orrpe.n;eneHHIO cxo.n;HMOCTH H3 cxo,n;H

MOCTH B £' cne.n;yeT CXO.D;HMOCTb B D'. B caMOM .n;ene, ecJIH IIOCJie,D;OBaTeJibHOCTb {fk} c£' 

CXO.D;HTCH K f E £',TO v (/JE £: (fk,<p) ~ (! ,<p) ( k ~ 00 ). TaK KaK D c£, TO 3TO )l(e rrpe,n;eJlb

HOe paBeHCTBO HMeeT MeCTO .D;JIH Bcex OCHOBHbIX cPyHK[(HH (/JED. A 3TO 03Ha11aeT, 'ITO HMeeT 

MeCTO CXO.D;HMOCTb B D': 

TaKHM o6pll30M, o6o6ru:eHHaH c}>yttKU:HH Met1neHHoro poem (YMepeHHoe pacrrpe.n;eneHHe no 

llJBapu:y) - 3TO JIHHeitHbIH HerrpepbIBHbIH cPYHKU:HOHaJI Ha D, rrpo,n;oJI)l(eHHbIH .n;o JIHHeliHo-

ro HerrpepbIBHOro cPYHK[(HOHaJia Ha£ (CM. CBOHCTBO B) HH)l(e) 

TeopeMa (JI. Illsapn;). )J,mI Toro 1IT06b1 JIHHeHHbIH cPYflKn:HOHaJI f, orrpe.n;eneHHbIH Ha £, 

IIpHHa.D;Jie)l(aJI £'(T. e. 6bIJI HerrpepbIBHbIM B £) Heo6XO.D;HMO H .n;ocmT011HO, 11T06bI cyru:eCTBO

BaJIH mKHe 11HCJia c > 0 H p ;;::-: 0 - u:enoe, 'ITO v <p E £ 

(4.54) 

r.n;e 

!i<fJll = sup (1 +JxlYIDa<p(x)I· 
p laj,;p,xeR" 

,D,oKll3aTeJibCTBO t10CTaT011Hocm. IlyCTb JIHHeHHbIH c}>yttKn:HOHaJI f Y.l.lOBJieTBOpHeT Hepa

BeHCTBY (4.54) rrpH HCKOTOpbIX c > 0 H p ;;::-: 0. ,lJ,OKa)l(eM, 'ITO f E £'. IlyCTu {<pk ( x)} c£ cxo

.l.(HTCH K <p( x) E £. Tor.n;a cornaCHO orrpe,l.(eJieHHIO CXO,l.(HMOCTH B £ 

Cne.n;oBaTeJibHO, 

a 3TO 03Ha11aeT, 'ITO cPyHK[(HOHaJI f HerrpepbIBeH. 

,lJ,OKll3aTeJibCTBO He06XO.D;HMOCTH. IlyCTu f E £'. IlOKa)l(eM, 'ITO TOr,l.(a cyru:eCTByIOT TaKHe 

11HCJia c > 0 H p;::: 0 - u:enoe, IIpH KOTOpbIX HMeeT MeCTO HepaBeHCTBO (4.54). 

Ilpe.l.(IloJio)l(HM rrpOTHBHOe, 'ITO TaKHX 11Hcen He cyru:eCTByeT. Tort1a MO)l(HO rrocrpoHTb rro

cnet10BaTeJibHOCTh {<pk} c £, mKyIO 'ITO 

(4.55) 
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Tiocne;:i;oBaTeJTuHOCTh <j:>ymrn;mi 

VJ"k ( x) = ;11~j1k -7 0 B £ IIpH lal ~ k H l/31 ~ k. 

,[J;eiiCTBHTeJTuHO, 

)l,anee 

I fl 1-1 I/Ji I 1/3' I 1/3, < I II/JI X - X1 X2 ••• Xn _ X • 

TI03TOM)' 

lxll~ Iva <Pk ( x )I 
jxP Davrk ( x )I ~ "k k -7 0. 

v K sup (t +!xi) jDa<Pk ( x)j 
xeR' .lajsk.j~Sk 

Orcm;:i;a H H3 HenpepbIBHOCTH <j:>)'HKIJ;HOHaJia f CJie):()'eT 

c ;:i;pyroii CTOpOHhI, H3 HepaBeHCTBa (4.55) norryqaeM OI!emcy 

TipHIIIJIH K rrpoTHBOpe'illIO, qTo H TPe6oBanoch ;:i;oKll3aTu. 

TaKHM o6pll30M, o6o6meHHrur <l:>YHKIIIDI Me):(JleHHoro pocra HBIDieTcH HerrpepbIBHhIM <j:>)'HK

U,HOHaJIOM OTHOCHTeJihHo HeKOTopoii HOpMhI II llP . 
CeoiicTea ooooIQennhIX cJ»ynKu;uii Me)."(Jieuuoro pocTa. IIpuMephl. 
a) JI106rur rrpomBO):(HaH OT o6o6meHHOH <j:>)'HKU:HH Me;:i;neHHOro pOCTa TaK)K'.e rrp1rna):(Jle

)K'.HT £'. B caMoM ;:i;ene, Vq>E £: 

a TaK KaK orrepaTOp ):(H<j:><j:>epeHIJ;HpOBaHHH Herrpep@BeH H3 £ B £, T. e. H3 tpk -7 <P B £ CJie):()'eT 

Da tpk -7 Da tp( k -7 00 ) B £, TO ( Da f, <Pk) -7 ( -1 )laj ( f, Da <Pk) -7 (-1 )laj ( f, Da <P) = ( D" f, <P). 

TaKHM o6pll30M, Da f - Henpep@BHhIH <j:>yttKD;HOHaJI Ha £. JllfHeHHOCTh ;:i;OKll3hIBaeTcH o6h!q

Hh!M o6pll3oM: 

( Da f ,µtp+vvr) = (-l)laJ (! ,Da (µq>+vvr)) = (-l)laJ ( f ,(µDarp+vDavr)) = 

= (-1)1aj (µ(f ,D"rp) +v(f ,Davr)) = µ( D" f ,<f>)+v( Da f ,VJ"), v tp,VJ"E :£ H v µ, VE c. 
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6) ECJIH a(x) E (JM ,f E £',TO af E £'. ,[{eiICTBHTeJihHO, TaK KaK oITepaQIDI )'MHo:>KeHmI Ha 

a ( x) E (JM HerrpepbIBHa H3 :£ B :£ ( a<p E :£ H eCJIH {<pk} c :£ CXO.D:HTCH K <p E £, TO a<pk ~ a<p 

B £),TO 

H 

( af, <pk ) = (!, a<pk ) ~ (!, a<p) = ( af, <p) ( k ~ 00 ) Ha :£ 

( af ,µ<p+ Vlf/) = (!, a(µ<p+Vlf/)) = ( f ,(µ( a<p) + v( alj/))) = (! ,µa<p) + (!, Valj/) = 

µ(f ,a<p) +v(f ,alf/) = µ( af ,<p) +v( af ,If/), V <p,lf/E :£ H V µ,VE C. 

CTaJio 6h1Th, af - JIHHeiIHblli H HerrpephIBHhIB $yma:i:HOHaJI, orrpe,n:eJieHHhIB Ha£, T. e. af E £'. 

B) EcJIH f -$HHHTHM o6o6w:eHHaH qiyma~HH H3 D', T. e. JIHHeHHhIH HeITpephIBHhIB <liYHK

UHOHaJI c KOMITaKTHhIM HOCHTeJieM Ha ITpOCTPaHCTBe OCHOBHhIX <liYHKUHH D, TO ero MO)J(HO 

rrpo,n:OJI)J(HTh e,n:HHCTBCHHhIM o6pa30M Ha :£ KaK :meMeHT H3 £' ITO qiopM)'Jie 

(f,<p) =(f,1J<p), V<pE £, (4.56) 

r.n:e 1] = 1] ( x) E D H 1] ( x) = 1 B OKpeCTHOCTH HOCHTemr f. 
B caMOM ,n:eJie, l]<pE D, a f - oITpe,n:eJieH KaK JIHHeHHhIH HeITpephIBHhIH <liYHKUHOHaJI 

Ha D. 3HaqHT, rrpaBaH qacTh (4.56) orrpe,n:eJIHeT JIHHeiIHhIH <liYHKUHOHaJI Ha£: 

(! ,µ<p+ Vlf/) = (! ,l](µ<p+ Vlf/)) = (f ,l]µ<p) + (! ,l]Vlf/) = 

= µ(J,17<p)+v(f,171f/) = µ(J,<p)+v(f,lf/), V<p, lf/E £, Vµ, VE C. 

IloKa)J(eM, qTQ ITpaBaH qaCTh paBeHCTBa (4.56) OITpe,n:eJIHeT HerrpephIBHhIH <liYHKUHOHaJI B :£. 

EcJIH {<pk} c :£ cxo,n:HTCH K <p E £, T. e. x8 Da <pk ( x) ~ xP Da <p( x) ( k ~ oo) paBHOMepHo, TO 

{1J<pk} c D cxo,n;HTCH K l]<pE D, T. e. HOCHTeJIH l]<pk orpaHffqeHhI H Jie)l(aT B OKpecTHOCTH HO

CHTeJIH f H Dal]<pk ~ Dal]<p ( k ~ oo) paBHOMepHO. CJie,n:oBaTeJihHO, V <p E £: 

(!,<pk)= (f ,17<pk) ~ (f ,17<p) = (f ,<p) (k ~ 00 ). 

TaKHM o6pa30M, ( f, (/Jk) ~ ( f, <p) B £, ~o H TPe6oBaJIOCh. E,n:HHCTBeHHOCTh ITpo.n;oJDKeHH» cJie

.n:)'eT H3 Toro $aKTa, ~o D IUIOTHO B £. 

r) Ecmi f EI!, TO oHa orrpe,n:eJIHeT o6o6w:eHHyIO qiyma:i:mo Me,n:JieHHOro poCTa ITO qiopM)'Jie 

(f,<p) = J f (x)(fJ(x)m, "V(jJE :£. 

,[{eiICTBHTeJihHO, 

~ ~ 

IU, (fJ)J ~ f I! ( x)li<p( x )Im~ max l<p( x )I fl! ( x )Im< oo. 
~R" 
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~anee, eeJIH { (/)y} E £ erpeMHTeH K (/JE £,TO 

J(!,rp-rpv)J=J(f,rp)-(f,rpv)J::;max jrp-rpvJ JJJ(x)Jdx~O (v~oo), T. e. 
xeR" -cc 

To )J(e MO)J(HO eKa3aTh B TOM eJIY'Iae, KOr)J,a f - orpaHHqeHHaH <i>YHI<U,IDI. 

EeJIH f E I! ( 1 ::; p < +00 ) H a ( x) paeTeT Ha 6eeKoHeqHoeTH He 6hieTPee, qeM nOJIHHOM, 

TO a(x)fE£'.BeaMOM)J,eJie, 

J( a f, (/) )J = J( f' acp )J::; II! Ill'° llarpllLq · 

A) TiyeTh f ( x) - JIOKaJihHO HHTerpupyeMaH <i>YHKU:HH (Me)J,JieHHOro) eTeneHHoro poem 

Ha 6eeKOHeqHoeTH, T. e. rrpH HeKOTOpOM m ~ 0 

~f(x)J(l+lxJfm dx<oo. 

0Ha nopo)J()J,aeT peryJIHpflYIO o6o6meJIHYIO $ymm:mo Me)J,JleHHoro poem no qiopM)'Jie 

(f,rp)= ff(x)rp(x)dx, VrpE£. 

HarrpuMep, perympHM o6o6meHHaH <i>YHKUIDI Me)J.JleHHoro poCTa x2 AeiieTByeT Ha rrpoH3BOJih

flYIO oeHOBHylO <i>YHKUHIO rp( x) E £ no $opM)'Jie 

(x2 ,rp)= Jx2rp(x)dx. 

e) 06o6meHHM <i>YHKU:IDI f e orpaHuqeHHhIM HOeHTeJieM eeTh paenpe)J,eJieHHe yMepeHHO

ro pOCTa, TaK KaK (f ,rp) HMeeT eMbieJI )J,JIH Beex $yttKU:HM (/JE C~ 6e30THOeHTeJihHO K HX y6hI

BaHHJO Ha 6eeKOHeqHoeTH. 

)J()TiyeTb fE£', a P(x) - noJIHHOM OT x. Tor)J.a jPE£'. B eaMOM )J,eJie, VcpE£ 

HMeeM (Pf, rp) = ( f, Prp), u TaK KaK P<pE £,TO npasaH qaeTh paseHeTBa HMeeT eMbieJI. 

3) BeHKYJO o6o6meHH)10 <i>YHKU:HIO Me)J,JieHHOro poCTa MO)J(HO rrpe)J,CTaBHTh B BH)J,e [38, 39] 

f = L Da fa ( X ), 

ial$N 
r):\e j a ( X) - HenpepbIBHhie $yttKU:HH Me)J,JieHHOro ( eTeneHHOro) poem, )],ITH KOTOpbIX HMeeT 

MeeTO ou:eHKa 

J! (x)J::; C(l +lxlt. 

<l>yttKU:HH ex E £ ( R') He onpe)J,eJIHeT o6o6meHH)10 $ymm:HJO Me)J,JleHHOro poCTa. 

CBepn:a B £'. IlyeTh f E £' ( R"), g - o6o6meHHaH <i>YHKU:IDI e KOMrraKTHbIM HOeHTe

rreM (T. e. g E E') H 1] ( x) E D ( R"), rrpuqeM 1] ( x) = 1 B OKpeeTHoeru HOeHTeJIH g. Tor)J,a esepr

Ka f * g eymeeTByer u orrpe)J.eJIHeTeH eJieiJ.YIOIIIHM o6paJoM: 

(f * g,rp) = (! (x) · g (y) ,17(y )rp(x+ y) ), fl'E £( R" ). 
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Bee oeHOBHbIC CBOHCTBa CBepTKH - KOMM)'TaTHBHOCTb, aee0110aTHBHOCTb, ,lUICTpH6yTmmoCTb -

OTHOCHTeJThHO eJIO)J(CHIDJ coxpaIDIIOTeH. Mo)J(HO IlOKa3aTb TaK)J(e, 'ITO CBepYKa f * g E ;f,' [8, 9). 

CornacHo lllBapey [42), f 6y.n.eT pacrrpe.n.eneHHeM Me)J.JICHHoro pocra Tor.n.a H TOJihKO mr

.n.a, Kor.n.a HaMyTCH TaKHe 11enh1e noJIO)J(HTeJThHble p H k, 'ITO f = g (Pl ( x), r.n.e g ( x) E C ( R) 

ll g(x)=O(lxr) IIpH X--t±oo. 

B o6meM cnyqae rrpocYpaHCTBa R" pacnpe.n.eneHHe f 6y.n.eT Me)J.JieHHo paCTYIIIHM mr.ua 

HTOJibKO Tor.ua, Kor.n.a f =Dag, r.n.e a - HCKOTOpblii MyJibTHIIB.Zl:eKC, g = g(xpXz,···,xn) -
HCKOTOpM HerrpepblBHM <l>YHKIIHH MC)J.JICHHoro pOCTa. 

4.12. 06o6w,eHHble cpyHKU,UU c KOMnaKmHblM HOcumeneM 

IlpocTpancTBO E. HarroMHHM, qm 3TO rrpoeYpaHeTBO KOMrrneKCH03HaqHhIX 6eeKoHeqHO 

.n.n<J.><)JepeHIIHpYeMbIX <PYHKIIHii Ha R" e npoH3BOJihHhIMH HoeHTCJIHMH. Cxo.n.HMoCTb B E orrpe

.n.eJIHeTeH cne.uyroIIIHM o6pa3oM. foBopHT, qyo { <pv ( x)} c E CXO)IHTCH K eymo, eenn <pv ( x) -t 0 

ll see npott3BO)IHbIC Da<pv -t 0 rrpn v --too, paBHOMepHO Ha BCHKOM KOMIIaKTe K. 

Ilpoc-rpancTBO E '. IlycTb f - o6o6meHHaH <l>YHKlllfH e KOMIIaKTHhIM HOCHTeneM K, 

a <p(x) -<)JyHKIIHH H3 rrpocYpaHCTBa E. Eenrr 1J(x)E D TaKM, qrn 1J(x)=l B oKpCCTHocnr 

KOMIIaKTa K, TO 1J<pE D H (! ,1J<p) - BIIOJIHe orrpe.n.eneHHOC qrreno, He 3aBHCHIIICC OT BhI6o

pa 17( x). 
B eaMOM .n.ene, ecnn 11. E D 11 11. = 1 B oKpecruocTn K, TO 

(f ,1J<p)-(f, 1J.<p) = (! ,( 11-11.) <p) = 0, 

TaK KaK HOCHTCJIH f H 17 -11. He rrepeceKaIOTCH. 

TaKttM o6pa30M, MO)J(HO rroJIO)J(HTb 

(f,<p)=(f,17<p), V<pE E =C~. 

lIMeeT MeeTO rtpe)J.JIO)J(eHHe [39). BcHKM 0606111eHHM <l>YHKI.IHH c KOMIIaKTHblM HOeHTCJICM eeTh 

JIHHeHHbIH <jJyHKIIHoHan, HerrpepblBHhIH Ha E. 06paruo, BCHKHH nnHeMHhIH <PYHKl.IHOHan, He

rrpephIBHhIB Ha E, orrpe.n.enHeT HCKOTOpy!O 0606111eHH)'IO <)JyHKI.IHIO c KOMIIaKTHblM HOCHTCJICM. 

OTcIO.n.a BblTeKaeT, 'ITO o6o6meHHble <PYHKIIHH c KOMIIaKTHblMH HOCHTeIDIMH o6pa3yIDT BeKTop

HOe (nnHeMHoe) rrpocrpaHCTBO E' - rrpocrpaHCTBo nnHeil:HhlX <l>YHKIIHOHaJIOB, HerrpephIBHhIX 

Ha rrpocTpaHCTBe E. 
IfraK, eenH f E D' ( Q), TO yenoBne f E E' ( Q) paBHOCMJihHO To My, qm supp f - KOM

rraKT, rrpnHa.n,JIC)J(amnii Q. 

0611.1ee npe)J.CTaBJieHHSI. IlyeTh <l>YHKIIHH fa ( x) E c ( Q), fa ( x) = 0, XE Q \ K H KOM

IlaKT K CCTb 3aMhIKrurne HCKOTOpoii OKpeCTHOeTH KOMIIaKTa supp f, r.n.e <p - OCHOBHM <l>YHK-

1.IHH. Tor.n.a BCHKaH 0606111eHHaH <l>YHKIIHH f c HoemeneM B K 3a.n.aeTeH <J.>opMynoii 

(f ,<p) = L (-l)laj f fa (x)Da<p(x)dx = L (-1)1aj ( Da fa (x),<p( x)) => f = L Da fa· 
laj:5N K lal:>N jajs:N 
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3TO paseHCTBO 03HaqaeT, qTQ KR>K)J,a.H <jlHHHTHaJ[ o6o6meHHruI <PYHKI(IDI RBITReTCR JIHHeiiHoii 

KOM6HHau;Heii ( o6o6meHHbIX) rrpOH3BO)J,HblX OT HerrpepbIBHbIX <jlHHHTHbIX <PYHKU:HH )J,O HeKOTO

poro rropHP.Ka. 

EcJIH o6o6meHHaR cp)'HKIJ;Hj! cocpe)J,OTOqeHa B O)J,HOH ToqKe x=O, TO CTpoeHHe TaKOH cpytIK

Il;HH onpe)J,eJIHeTC51 COOTHOIIIeHHeM [8, 9] 

f = L CaDat5(x), 
laJ:>N 

r;::i;e ca - HeKOTOpbie IIOCT051HHbie H C)'MMHposaHHe Be;:J;eTC51 JJ,O HeKOToporo rrop51JJ,Ka \al = N. 

llpUMep 1. (n =1). IlycTb f (x)E c( R1
) TaKOBa: 

f ( x) = xln\x\-x. 

f'(x) = ln\x\, J'(x) = VpI., f"'(x) = -Vp~, ... 
x x 

flpUMep 2. ECJIH XmU = 0, TO U - o6o6ll(eHHaR cpyHKU:HH C HOCMTeJieM B TOqKe X = 0. 

TorP.a, cornacHo rrp11Mepy 5 (cpopMyna (4.17)), 3Ta o6o6meHHaH cl>YHKU:HR HBJIHeTcH JIHHeiiHoii 

KOMfornau:Heii )J,eJibTa-cp)'HKIJ;MH Hee npOH3BO)J,HblX )J,0 (m-1)-ro rropH)J,Ka. 

3aMe'laHHe. 3KBHBaneHTHOe orrpe)J,eJieHHe o6o6meHHbIX cl>YHKIJ:Hll npomBO)J,HTCH c IIOMO

ll(b!O JIHHeHHbIX P.HcpcpepeHu;MposaHHbIX orreparnpos [22]. IIycTb L H L* napa B3aHMHO conpH

)l(eHHbIX )J,McpcpepeHIJ;HaITbHbIX onepaTOpOB TIOpH)J,Ka m C K03cpq1HU:HeHTaMH KJiacca Cm (n.), 
r)J,e n. c n. Tor)J,a o6o6meHHa.H cpyHKU:HH f B n. o603HaqaeTCH c TIOMOll(b!O nopmK)J,aJOll(eH 

cpytIKU:HH w( X) E Cm (n.) CHMBOJIOM 

f=Lw. 

CMbICJI 3TOMY CHMBOJIH'IeCKOMY o603Ha'leHmo rrpH,n:aeTCH c TIOMOIIJ,blO cneP.YJOmero orrpe)J,eJie

HHH CKaJIHpHoro rrpomBe)J,eHHH: 

(f, rp) = ( Daw,rp) = (-l)Jal ( w,Darp). 

TaKMM o6pa30M, rrocne,lJ,oBaTeJibHbie npomBO,lJ,Hbie Daw= f HeKOTopoii HenpepbIBHOH cl>YHKIJ:HM 

(npM n = 1) HBJIHIOTCH o6o6meHHbIMH <PYHKU:HHMH B CMbICJie onpe)J,eJieHHH (4.57). 

B KaqecTBe rrpnMepa paccMOTµMM B R1 
HerrpepbIBHyIO <PYHKU:MJO 

w(x)=xB(x), 

me B ( x) - e,lJ,MHHqHaH <l>YHKU:HH XesHcaii)J,a. 0Ha HBJIHeTCH rropo)l(,lJ,aJOmeii MH t5 ( x) s R1
• 

,ll;eiiCTBHTeJibHO, 

w'(x) = B(x), w'(x) = t5(x). 
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B rrpocTJ>aHCTBe R" rropo)l()J;arouzyro <i>YHKQHIO B03bMeM B Bn,11;e 

w( X) = x 1B( Xi)· x 2B( x 2 ) ·, ... , ·x/~( Xn), X = ( XpX2, .•• ,xn ). 

Tor,11;a 

4.13. KoHe'IHble 'lacmu. OnpeoeneHHble uHmeapanb1 

IIpe,11;CTallJieHHe f =Daw rro3BOIDieT rrpH,11;an. HeKOTOpbIH CMbICJI rrepBoo6pa3HbIM <PYHKQH

HM H.JIH Heorrpe,11;eneHHbIM HHTerpanaM D-P f OT o6o6meHHOH <PYHKI(HH f =Daw. MbI HMeeM 

( <PopMaJibHO) Ha OCHOBaHHH 3TOro orrpe,11;eJieHHH 

D-P f =D-P (Daw)= Da (D-Pw), a"?. /J. 

IIycTu f - rna.D:KM <PYHKQHH B o6nacrH Q 3a HcKJiroqeHHeM HeKoTopoH: 3aMKHymli rro

,11;06naCTH K c Q, HMeIOIIJaH HerrpepbIBHOe rrpo,11;on:>KeHHe BIInOTb ,11;0 rpaHHI(bI an. PacCMOTJ>HM 

<PYHKQHH f o,11;Holi rrepeMeHHoli. Bo3bMeM B KaqecTBe Q IDITepBan (-1,1) H rrpe,11;I1onoJKHM, qm 

f = Dmw HerrpepbIBHa B OKpeCTHOCTH KOHI(OB x = 1 H x == -1. OcHOBttyIO <i>)'HKI(HIO rp rrono

:>KHM paBHOH e,IJJIHHI(e B Q (3HaqHT, Bee ee rrpOH3BO,ll;Hbie paBHbI ttymo Ha ()Q). ,Uanee, rrpo

,ll;OJI:>KHM rp( x) IIpOH3BOJibHbIM o6pa30M Ha ,ll;OilOJIHeHHe Q - MHO:>KeCTBO Ql, HO c ycnOBHeM 

rJia):(KOCTH H <i>HHHTHOCTH (pHC. 4.11). 

-1-62 K 

-1 

Puc. 4.11. K cxeMe A.llaMapa BbllleJieHID! KOHeqHoii: qacTH HHTerpana B R1 

lIHTerpHpoBaHHe ITO qacTHM ,11;aeT 

(f,rp) =(Dmw,rp) =(-lr J wrp(m) (x)dx=(-1r J wrp(m) (x)dx= 
nnn1 n1 

=(-1r(l +"f )w?"'(x)dx= 

=(-1r {Qi::_,, +ill:'' +(-1)" j ~(x)w<·>ax}. 
Q = m(m-1) _ (l)rn(m-2) + (2)m(m-3) _ +{-l)m-1 (m-l)m 

r,11;e wr w r w r ... w r 
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TaK KaK qi{±l) = 1, qi(r) {±1)::::: 0 { r = 1,2, ... ), qi(r) (-1-oz)::::: q>(r) (1 +<\) =0 (r = 0,1, ... ), 

TO HMeeM 

(!,qi)::::: I tpw(m)dx+w(m-1)[~,· 
a, 

0TcIO,n;a orrpe,n;emreM 

l 

Z= ffdx={J,qi)-f qiw(m)dx=w(m-1)[~,· (4.58) 
-1 Ui 

<l>opM)'Jia (4.58) MH 3Ha'IeHIDI z 6hma BBe,LleHa A.n;aMapoM (22] B Ka'IeCTBe KOHel.J:HOH 'IaCTH 

HHTerpana OT cpyttKU:HH f. Tol.J:HO TaKaJI 'lKe cpopM)'Jia (HbIOTOHa-Jieii6HHU:a) CBH3bIBaJia 6bl orr

pe.neneHHbIH H Heorrpe.neneHHbIH HHTerpaJibl B CJiy<Iae o6bJKHOBeHHOH HHTerpttpyeMOH <PYHK

U:HH f (x). 

IlpUMep 1. BM'IHCJIHM HHTerpan OT 0606II1eHHOH <l>YHKo:HH Vp-;.. I1MeeM B D' ( R'). 
x 

1 d 2 d 1 
Vp-=--lnlxl -lnlxl=Vp-. x2 dx2 

' dx x 

Ilo OCHOBHOH cpopM)'Jie HHTerpaJibHOro HC'IHCJieHHH ( 4.58) HaXO,L(HM 

I dx 11
1 

11
1 

I 2=-Vp- =-- =-2. 
-l x x -1 x -\ 

IlpUMep 2. IlycTb 0606II1eHHaH cpyttKU:HH 

d2 
f ( x) =-4 dx2 [ B{ x)Fx], 

r.ne B{ x) - e,n;HHHl.J:HaH cpyHKU:HH XeBHcaH,n;a. Tor,n;a 

f ! (x)dx=-4~[B(x)FxJl1 

=-l B(~JI' =-2. 
_, d:x _, l 2vx _, 

IfraK, KOHe'IHaH l.J:aCTb HaUiero HHTerpana paBHa -2. 
3aMeTHM, 'ITO B rrepBOM rrpHMepe IIO,L( HHTerpaJIOM CTOHT IIOJIO:ll<HTeJibHaH cpyHKIJ;IDI, a pe-

3YJibTaT IIOJiyl.J:HJICH orpHU:aTeJibHblH. 3To MO)l(HO HHTepnpeTHpoBaTb B TOM CMbICJie, 'ITO KOHel.J:

HaJI l.J:aCTh no A.n;aMapy - 3TO pa3HOCTb ,n;Byx pacxoMIIIHXCH HHTerpanos ( oo - oo). EecKoHe'I

Hble l.J:aCTH B3aHMHO YHH'ITO'lKalOTCH, H OCTaeTCH B pe3yJI1>TaTe KOHe'IHOe l.J:HCJIO. 

B HeCKOJibKO 6onee CJIO'lKHOM BapHaHTe, Kor.na IIO,LlbIHTerpanbHaJI <l>YHKU:IDI HMeeT BH,L( 

J =gDmw, 

r.ne g ( x) - perynHpHblH r -HerrpepbIBHbIH <PYHKI.J;HOHaJI (22], HMeeM 

(4.59) 
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B 3TOM cnyqae HHTerpa.JI OT o6o6meHHOH <iiYHKIIHH CBO,[(HTCH K rpaHHtIHbIM qJieHaM H K HHTe

rpany OT HerrpepbIBHOH <iiYHKU:HH. 

B KaqecTBe rrpHMepa paccMOTPHM rrpoCTerrrrrnrr rttrrepcHHrynHpHbitt HHTerpan 

r,n:e r - ,[(OCTaTOtJHO rna;:i:KHH pa30MKHyTbIH KOHTYP c uaqa.JIOM B TOqKe a H KOHIIOM B Toq

Ke b, ( 0 E r. 

ECJIH w(()E C'(r), TO IIOJIO)l(HB ((-(0r2 =-_.!!..__((-(0f1, IIOJIY'IHM 
d( 

I((o)=- w(()lb -Vp Joi(() d{ 
( -(o a r ( -(o 

EcJIH w( () E C2 (r)' TO IIOJIO)l(HB ( ( -(o r2 = - :;2 In ( ( -(o)' rrpHXO,[(HM K orrpe,1:1e

JieHHIO 

Ilo IIOBO.[(y TeXHHKH perynHpH3an;HH rmiepCHHrynHpHblX HHTerpa.JIOB H rrpHMeHeHHS! HX 

B 3a,n:aqax Teopm1 yrrpyrocTH CM., uarrpHMep, [51]. 
B R" MO)l(HO TaK)l(e IIOJIY'IHTh Bee OCHOBHhle HHTerpa.JihHhie <iiOPMYJihl. IlonyqttM, Harrpn

Mep, <iiOPMYJIY faycca--OCTPOrpa,[(CKOro. IlyCTb IIO,[(hlHTerpa.JibHaSI <iiYHKIIHS! COCTaBJieHa H3 0606-

meHHhIX <iiYJIKIIHH THIIa Da W HerrpepbIBHhlX B OKpeCTHOCTH rJia,[(KOH rpaHHilbI an o6JiaCTH HH

TerpttpOBaHHSI n. Ilpe,n:IIOJiaraeTCH, qTO f BCIO,[(y 3a HCKJIIOqeHHeM KOMIIaKTa K C Q HBIDIIOTCH 

06hNHbIMH rJia,[(KHMH <iiYJIKIIIDIMH, HerrpepbIBHO rrpO,[(QJI)l(HMhIMH Ha rJia,[(KYIO rpaHHIIY an. 
<l>yttKn;HIO qJ B03hMeM TO)J(,[(ecTBCHHO paBffYIO e,l:IHHHU:e B n H IIpO,l:IOJDKeHHyIO Ha MHO)J(eCTBO 

n, - ,[(OIIOJIHeHHe o6JiaCTH n c coxpaHeHHCM rJia,[(KOCTH H <iiHHHTHOCTH (pHC. 4.12). Tor,n:a, 

,l:leHCTBYH aHa.JIOIWIHO npe,[(hl,n:ymeMY, IIOnyqHM [22] 

J fdx= J (D;-IDaw)n;ds, 
n an 

r,n:e D;_, - rrepsoo6pa3HaH <liYHKIIHH Drw no i-1 nepeMeHHOrr, {n;} - OPT HOpMa.JIH (BHern

Herr) K IIOBepXHOCTli an. 
IlonyqeHHYIO nHTerpa.JibHyIO qiopMyny MO)J(HQ CBCCTH K o6blqHoH CHMMeTpHqHOH qiopMe 

<iiOPMYJibl faycca-OcTporpa,n:CKOro. ,lJ,JIH 3TOro BBe,n:eM BCKTOp A C KOMIIOHCHTaMH D;-IDaw. 

l1MeeM 

JaivAd.x= fA.dS, 
n an 

r,n:e A_ - rrpoeKn;HS! BeKTOpa A Ha BHCllIHIOIO HOpMa.Jib K IIOBepXHOCTH an. 
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IIHTerparrhHOe npeo6pa30Bam1e <l>ypoe 3<j)<j}eKTIIBHO HCIIOJih3yeTCM B MaTeMaTHKe, <j)H3H

Ke, B HmKeHepHhlX HaJKax. IIpeo6pa3oBaHHe <l>ypoe o6o6rn:eHHhIX <j}yttKUHH m :£' He BhlBO

iUfT 3a npe.n:enhI 3TOro npocTpaHCTBa H o6na.n;aeT pM,!l;OM 3aMeqaTeJihHhIX CBOHCTB. 

0CHOBHhIMH MeTo.n;aMH HCCJie.n;oBaHHM JlHHeHHhIX .ll:H<j)<j)epeHI(HaJihHhIX ypaBHeHHH B qa

CTHhIX npOH3BO,!l;HhIX c IIOCTOMHHbIMH K03<j}<j}Hu;HeHTaMH BH.n;a 

Pu(x) = P(Da)u(x) = L CaDau(x) = f (x), ca EC, 
Jajsm 

j{BJIIDQTCM HHTerparrhHOe npeo6pa30BaHHe <l>ypbe H TeOpllj{ o6o6rn:eHHhIX <PYHKUHH. )J,eno B TOM, 

qTO 3KCIIOHeHTbl e -i(q,x) MBAAIOTCM co6CTBeHHbIMll <PYHKI(HMMH onepaTopa P, T. e. 

r.n:e 

f>(q)= L ca(-ii;r =P(-iq), 
Jajsm 

p ( q) - CHMBOJl onepaTopa p eCTb co6cTBeHHOe qHCJIO 3TOro onepaTopa, COOTBeTCTBYIOrn:ee 

co6cTBeHHoil: <j)yHKUHH e-i(x,q). Cne.n:osaTeJihHO, npe.n;cTasneHHe <l>ypoe 

u(x)= Je-i(;,x)u(q)dq, f(x)= Je-i(;,x)}(q)dq 

eCTh pa3JIO)KeHHe no co6crneHHhIM <PYHKUAAM onepaTOpa P, T. e. npHBOiUfT ero K .n;HaroHarrh

HOMY BH.n:y. <l>opMaJihHO nonyqaeM perneHHe 

( ) = f -i(q,x) ~(q)d~ 
u x e P(q) t:.· 

0.n;HaKO 3TH <j)opMaJihHbie onepal(HH tty)K.n:aIOTCM B o60CHOBaHHH c II03Hl(HH o6o6rn:eHHbIX <j)yHK

l(HH, TaK KaK co6cTBeHHhie <j)yHKI(HH exp (-i ( q, x)), a TaK)Ke co6CTBeHHD1e qffCJia u ( q) H J ( q) 
j{BJlj{IQTCM o6o6rn:eHHhIMH <j)yHKI(Hj{MH. KpoMe 3Toro, B03HHKaeT npo6neMa .n:eneHllj{ Ha MHoro

qJieH p ( q) (8). 
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Ilpeoopa30B3HHe <l>ypbe OCHOBHbIX cl>YHKllHH H3 £. TIO OITpe,D.eJieHHIO, rrpeo6pa30Ba

HHe <l>ypbe - :no HHTerpaJibHhlH orrepaTOp F, ,D.eHCTBYIDill;HH Ha ITpOH3BOJibttylO OCHOBttyID 

<PYHKQHJO ip( x) E £ITO <PopM)'Jie 

(4.60) 

Tiprr n = 1 HMeeM o,1:1H0Mepttoe rrpeo6pa3oBaHne (4.60) 

Tipn n == 2 - ,D.ByMepHOe rrpeo6pa3oBaime <l>ypbe 

B o6ru;eM cJiyqae <PopM)'Jia (4.60) orrpe,D.emreT n-MepHoe ITpeo6pa3oBamre <l>ypbe 

IlOCKOJibRJ If'( X) E c= H 3aTyXaeT ITpH jxj ~ oo 6bICTpee JIID60tt CTerreHH l/jxj , TO tpE E 
11 xatp(x)E E ,D.JIH mo6oro M)'JibTHHH,D.eKca a. HMeeM 

<l>yttKQHJO F [ tp] ( ~) MO)l(HO ,D.H$$epeHQHpoBaTb JIJ06oe qrrcJio pa3 B cHJiy paBHOMepttoli orpa

HrrqeHHOCTH no ~ ITonyqaroru;HXCH ITPH 3TOM HHTerpaJIOB. 

HMeeM ,D.JIH Bcex M)'JibTHHH,D.eKcoB /3 

DP F [ tp] ( ~) = f (ix )P qi( x) ei(q.x) dx = F [(ix )P tp ]( ~). (4.61) 

0TCJO,D.a CJie,D.yeT, qTQ F [ tp] E c= ( R"). Tipeo6pa30BaHHe <l>ypne OT ITpOH3BO,!l.HOH 

(4.62) 

yqHTbJBaH 3TH COOTHOIIIeHHH, HaxO,D.HM 'ii a, /3 

0TCJO,D.a IIOJiyqaeM ou;eHKy paBHOMepHyID ITO ITepeMeHHOH ~ 

(4.63) 

A 3TO n 03Ha<JaeT, qTO F [ tp] H Bee rrpoH3BO):IHble OT F [ tp] y6nrna10T ITptt j~j ~ oo 6MCTPee mo-

6oli CTerreHH 1/1~1, T. e. F[ip]E £. 
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fiyCTh 

B TeOpHH HHTerpaJihHhIX npeo6pa30BaHHH <l>yphe BBO)::(HTCH o6parnoe npeo6pa30BaHHe <l>ypbe 

[35, 37] 

rp(x) = p-1 [VJ"](x) = (2:)" Je-i(q.xJV'(;)d;, VJ"E :£, (4.64) 

06na;:i:a10mee TeM CBOHCTBOM, 'ITO 

F[P-1 (rpl] = p-1 [ F[ rp]] = <p. 

B CHJIY (4.64) 

TaKHM o6pa3oM, Ka)KJ(oli ocHOBHOH cpyttKUJrn rp(x)E :£ cornacHo cpopM)'Jie (4.60) craBHTCH 

BCOOTBeTCTBHe cpyttKUifj{ V'(;)E:£, H o6parno, BCHKOH cpyttKUHH V'(;)E:£ cpopM)'Jia (4.64) 

CTaBHT B COOTBeTCTBRe HeKOTOpyIO <l>YHKUHIO rp(x)E :£. Oro6proI<eHRe F ::£~:£ B3aRMHO 0)::(

H03Ha'IHOe. 3To cne;:i:yeT H3 Toro, 'ITO HOJih nepexo)::(HT B HOJih. 

TioKIDKeM Teneph, 'ITO onepaulfj{ npeo6pa3oBaHHH <l>yphe F HenpephIBHa H3 :£ B :£, T. e. H3 

Toro, 'ITO {<pk} c :£ CXO)J;HTC»: K <p ( x) E :£ cne;:i:yeT CXO)J;RMOCTh F [<pk] ~ F [ <p] ( k ~ 00) B :£. 

)l,eHCTBRTeJihHO, B CHJIY oa;eHKR (4.63) MOiKeM 3a1rncaTh 

0Tc10;:i:a nonyqaeM 

1;p va F [ <p- <pk](;)!~ ~DP ( xa ( <p- <pk)) I d.x ~ 

~suplDP(xa(<p-<pk))l(l+Jxlr1 f dx n+I = 
X£R" ( 1 + lxl) 

= CsuplDP ( xa ( <p-<pk) )i(l +JxJr1
• 

X£R" 

j;P Da F [ rp]-;P va F[ <pk] I~ CsuplDP ( xa ( <p-<pk)) !(1 +JxJr1 ~ 0( k ~ 00) B :£, 
""R" 

a 3TO R 03HaT.Jaer, 'ITO B CMhlcJie cxo;:i:HMOCTH B :£: F [<pk] ~ F [ <p] ( k ~ oo). 
TaKHM o6pa3oM, onepaa;H»: npeo6pa3oBaHH»: <l>yphe B3aHMHO o;:i:Ho3Ha'IHa H HenpephIBHa 

H3 :£ B :£ (TOITOJIOrHT.JeCKHH H30MOpcpH3M F : :£ ( R") ~ :£ (Rn)). 

YMHOiKHB o6e qacTH (4.60) Ha rp(;)E:£(Rn) H HHTerpHpyH no ;, ITOJIYT.JHM (V'(;)E 

E :£(Rn)) 
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Ilpeo6pa3osauue <l>yp1.e o6o6m;euublx cj>yuKQnii MeMeuuoro pocra. I1yCT1> f ( x) E 

E E ( R"). Tor,n,a MO)f(HO orrpe,n,emITb ee rrpeo6pa:mBamre <l>yp1>e 

F[J](;)= fei(q.x)f(x)dx. 

3TO Bbipa')J{eHHe HMeeT CMblCJI, n6o 

IF[J](;)l:s: ~f(x)ldx<oo. 

<l>yHK.QIDI F [f ]( ;) - orpaHWieHa ll HerrpepbIBHa, II03TOM)' OHa orrpe,n,eIDieT peryIDipHbIH <l>YHK
l.lllOHan, KOTOpbIH Ha mo6yro OCHOBHyIO 4iYHKl.lllIO cp( x) E :£ ,[(eHcTByeT no qiopM)'Jie 

(F[J),cp) = fcp(;)F[f](;)d; = fcp(;)[fei(q.x)f (x)dx]d; = 

= J f ( x) [ J ei(q,x)cp( ;)d; ]dx = J f ( x) F [ cp]( x )dx = (J, F [ cp]). 

3ry <):>opMyny (paseHCTBO ITapceBanH) rrpttMeM 3a onpe,n,eneHtte rrpeo6pa3oBaHttH <l>yp1>e rrpo

ll3BOJihHOH o6o6meHHOH <l>YHK11llll ll3 :£'. llTaK, llMeeM 

(F[f),cp)=(J,F[cp]), VcpE£tt f E£'. (4.65) 

IloKa')J{eM, qTQ rrpaBaH qaCTh (4.65) orrpe.n;enHeT JlllHeHHhIH HenpepbIBHhIH <flYHKl.lllOHan Ha:£. 

TaK KaK ,D,JIH scex cp E £ rrpeo6pa3oBaHtte <l>yp1>e F [ cp) E :£, TO lj:JyHKl.lttOHan ( f, F [ <p J) orrpe

,[(eneH Ha£. 

JfaHeHHOCTb: 

( F [f ), a<p+ /31/f) = (!, F [ acp+ f3yr]) = (f ,aF [ cp) +,BF [yr])= 

= a(f, F [ cp]) + ,B(!, F [If'])= a( F [f ], <p) + ,B( F [f ],l/f ). 

HerrpephIBHOCTb: 

rrycTh {<pk} c £ cxo,[(ttTCH K <p E :£. Tor,[(a B cttny Toro, qTQ rrpeo6pa30BaHtte <l>yp1>e Herrpe-

pbIBHO ll3 :£ B :£, IIOJiyqllM 

TamM o6paJOM, rrpeo6paJoBaHtte <l>yp1>e o6o6meHHOH <l>YHKllttll m £' rrp1rna,n,ne')J{llT rrpoc-rpaH

crny :£', T. e. HBJIHeTCH o6o6m;eHHOH <l>YHKlllleH Me,[(JieHHOro poem. 

Terrepb rroKa)l(eM, qTo orrepa11ttH npeo6paJoBaHIDI <l>ypi,e HerrpepbIBHa tt3 :£' B £'. IlycTb 

ITOCJie,D,OBaTeJibHOCTb {fk} E :£' CXO,[(llTCH K f E :£'. Tor,[(a v <pE :£ 

Bse,n,eM B £' orrepa11ttro p-' no <):>opM)'ne 

r'[f]=-1-F[f(-x)]. 
(2tr)" 
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IloKa'lKeM, qTo orrepaf(mr rrpeo6pa30Battm1 <l>ypbe F H p-1 
- B3aHMHO o6paTHhie, T. e. qTo 

HMeIOT MeCTO COOTHOIIIeHHH 

B caMOM .n:ene, V <pE :£ HMeeM f(erroqKH paBeHCTB: 

(F[P-1 [f)],rp(q)) =(P-1 [J](x),F[rp](x)) == ( 2~)" (F[f (-q)],F[q:i]) = 

= ( 2~)" (f (-q) ,F[ F[ q:i)]( q)) == ( 2~)" (f ( q), F[ F[ q:i]](-q)) == 

= (f, p-tp [ q:i]) == (f ,<p) => F [ p-1 [!]] = f' 

(r1[F[f1],'J')= ( 2~)" (F[F[f](-q)],'J')= ( 2~)" (F[f](-q),F[q:i)(q))= 

= ( 2~)" ( F[f], F (rp](-q)) = ( F [f], P-1 [rpl) = (!,F[ P-
1 [rpl]) = 

= (f,<p) => P-1 
[ F[f]J = f, 

qTQ H TPe6oBanocb. 

TaKHM o6pa30M, orrepaflHH F : :£' -7 £', npttqeM :no oT06pa'lKeHHe B3aHMHo o,n:H03Haqtto 

H HenpepblBHO. 

CeoiicTea npeo6pa3oeauun <l>yp1>e e £'. 
1. ~mp<PepeHf(HpoBamre rrpeo6pa3oBaHHH <l>yphe. Ecntt f E £', TO 

(4.66) 

B caMOM .n:ene, HMeeM c yqeTOM <PopMyJihI (4.62) V<pE :£ 

( Da F[f],<p) = (-l)laJ ( F[f],D%<fJ) = (-l)laJ (! ,F[ D%<p J) = 

= ( -1 )laJ ( f, (-ix f F [ <p] ( x)) = ((ix f f, F [ <p]) = ( F [(ix f f]. <p) , 

qTQ H TPe6osanoch. 

2. IIpeo6pa3oBaHHe <l>ypne OT npoH3BO,n:ttoH:. EcnH f E £', TO 

(4.67) 

~eMCTBHTeJibHO, c yqeTOM qiopMyJihl (4.61) rronyqaeM )lJIH scex <fJE :£ 

( F[ Da f J,q:i) = ( Da f, F[ q:i](x)) = (-l)[a[ (!,D; F[ q:i]) = 

= (-1r ( f ,F [u;r <p J) = (-1)1
aj ( F[J],(iqf <p) = ((-i;r F r1J.q:i). 
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3. IIpeo6pa3oBaHHe <l>ypbe cp;BHra. EcnH f E £!,TO 

,ll;eiiCTBHTCJibHO, v (/JE £ HMeeM 

( F[f (x-x0 ) ],'P( ~)) = (f ( x-x0 ),F[ 'P)( x)) = (f ( x), F[ cp)( x + x0 )). 

HarroMHHM, <ITO 

Ilo3TOMY 

4. C.n;BHr rrpeo6pa3oBaHHjJ: <l>ypbe. EcnH f E ::f:, To 

B caMOM .n;ene, ,lJ;JljJ: OCHOBHOii <PYHK.u;m1 (/JE £: 

Ilo3TOMY v rp E £ HMeeM 

( F[J]( ~ +~0 ),rp) = ( F [f)(q),cp( q-;0 )) = (t,F [ cp( q-~0 ) ]( x)) = 

= ( f,e;(;,,.x) F [ rp1) = ( ei(q0 ,x) f, F [ 'PJ) = ( F [ e;(;0 ,x) f], 'P ), 

'ITO H rpe6oBaJIOCb. 

(4.68) 

(4.69) 

5. IIpeo6pa30BaHHe <l>ypbe o6o6ru;eHHOH <PYHK.u;HH c KOMIIaKTHbIM HOCHTeJieM. IlyCTb f -
<PHHHTHM o6o6ru;eHHajJ: <PYHKQHjJ:, 77 ( x) E D ( R"), rrpF1<1eM 77 ( x) = 1 B oKpecTHOCTH HOCHTeJijJ: 

<PYHKU.HH f. Tor.na V qJE £ HMeeM 

(DaF[J],rp) =(-l)lal (F[f],Dacp) =(-1)"'1 (!,F[ Dacp ]) = 

= ( f,17 ( x )(ix)" F [ cp)) = ( f,17 ( x) (ix)" f ei(?.xlcp( q)d~) = 

= f{J:11(x)(ix)" ei(q,x))cp(~)d~=((J:11(x)(ix)" ei(q,x)),cp(~) ). 

TaKHM o6pa30M, rronyqaeM <PopMyny 

Da F [f) = ( J,17( x )(ix)" ei(q,x)) (4.70) 

fl, KaK <IaCTHbIB cnyqaii, orrpe.n;eJICHHe rrpeo6pa30BaHHjJ: <l>ypbe o6o6ru;eHHOH <PYHK.u;HH f c KOM-

rraKTHbIM HOCHTeJieM. 

F [f] = (t ,77( x) ei(q,x)). (4.71) 
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IlpH BhIBO,ne cpopMYllhl (4.70) 6hJllo HCIIOllh30BaHO COOTHOIIIeHHe (4.39). ll3 cpopMYllhI (4.70) 

cne.nyeT, <rro F [!] E C00 

( R" ) . 

IlpUMep. BhPmcnnM rrpeo6pa3oBaHHe <l>yphe OT .nenhTa-cpyHKU:HH. l1MeeM B cnny (4.71) 

F [ 6( x-x
0
)] = ( 6( x-x

0
) ,17( x )ei(q.x)) = 17( x

0 
)ei(q.x,,) = ei(q.x,,). 

B qacTHOCTH, 

F[6(x)]=1. 

06paTHoe rrpeo6pa3oBami:e .naeT 

<>=r
1
(1]= (z~r F[1(-x)]= (z~r F(1]. 

F(l]=(2.n")" S(q), 
T. e. 

fei(q,x)dx=(2.n")" J(q) . 

.IJ,anee, HCIIOllh3YH cpopMyny ( 4.67), Haxo,nHM 

F [ va 6 J = ( -iqr F [ <>] = (-iqr . 
06pall1eHHe :noro rrpeo6pa3oBaHHH .naeT 

·la! 
vas=r1[(-iqr]= (;7r)" F[xa](q). 

0Tcro.na 

F [ xa] = (27r)" (-i)1"1 D"6( q). 

6. Ilpeo6pa3oBamre <l>yphe rrpHMoro rrpomBe.neHHH. Ecnn f ( x) E £' ( R"), a g ( y) E 

F[f ( x) · g (y )] = F[f]( q) · F[g ](17). 
HarrpnMep, 

F[f (x) · S(y) J = F[J]( q) · F[ S(y) ](17) = F [!]( q)· 1(17). 

7. Ilpeo6pa30Bami:e <l>yphe CBepTKH. IlyCTh f E £' H g - cpHHHTHaH o606ll1eHHaH <PYHK-

F[f*g] =F[f]F[g]. (4.72) 

.IJ,eii.CTBHTenhHO, ecJrn 17 ( x) E D (Rn) H 17 = 1 B OKpeCTHOCTH HOCHTenH o6o6ll1eHHOH <PYHK

U:HH g, TO VrpE £: 

(F[f * g],rp) = (f * g,F[rp]) =(f (x)·g(y),17(y)F[rp](x+ y)) = 

= (! ( x),(g (y ),17(y) F[rp]( x+ Y))) = ( f (x) ,(g (y ),17(y) J ei(q.x+y)rp( q)dq) = 
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= ( f, J( g (y) ,7J(Y )ei(b) )ei(q,x}q;>( q)dq) = (!, Jei(q.x) F [g ]( q) q;i( q)dq) = 

= (!,F[ F[g l]q;i(q)) = ( F (!), F(g )q;i) = ( F[f ]F [g ),q;i). 

0TcIO.n;a cne.n;yer cpopM)'na (4.72). 

IlpUMep 1. Bo1qHcJIHM rrpeo6pa3oBamrn <l>ypoe OT <PYHKIJ;HH Me.n;neHHOro pocTa B ( x) 

H B(-x).IlycTu a>O, <PYHKIJ;IDI e-axo(x)~B(x) rrpHa-HOBcMwcnecxo.n;HMOCTHB£'(R1
), 

T. e. \iq;>E£1 (R1
): 

)J,eiiCTBHTeJibHO, HMeeM 

TaK KaK xP Da ( e·ax -1) ~ 0 rrpH a ~ +o paBHOMepHo rro x .n;m1 BCex u;enwx a, fl~ 0. 

IlocKOJihKY orrepau;mi: rrpeo6pa3oBaHH.SI <l>ypoe HerrpepoIBHa H3 £' B £',TO 

lIMeeM 

= i~x-ax 1= 1 • • 
F[e-axB]= Jeiqx-axdx=-e-1 =--=-z-~_z_ a~+o. 

0 iq - a 
0 

a - iq q + ia q + iO ' 

IlpHBneKaSI Terrepb <PopM)'ny Coxou;Koro (4.9) 

rronyqaeM OKOR'laTeJihHO 

-
1
- = -;iri8( q) + Vp_!_ 

q+iO q' 

F[ B(x)] =Jrb(q)+iVpI. (4.73) 

)J,anee, e"xB(-x)~B(-x),a~+o B£1(R1
) H F[eaxB(-x)] ~F[B(-x)] B£'.lIMeeM 

F [ axe ( )] - OJ i¢'x+axdx - eiqx+ax 10 - 1 1 -i e -x - e --- ----~--

- ~+a_ iq-~ q-iO' 

(4.74) 

lf3 3THX .n;Byx cpopMyn cne.n;yer 

F[sgnx] = F[ B(x)-B(-x)] = F[ B(x)]-F[B(-x)] = 2iVpI. 
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flB(x)ldx, flsgnx!dx, flsinx!dx, flcosx!dx 

pacxoi::vncH, rro3TOMY rrpeo6pa3oBamur <l>yphe cpyHKu;Hii B ( x), sgn x, cos x, sin x H HeKOTOphIX 

,!Ipyrnx, B 06hJqHOM CMhICne He CYIIleCTBYIOT. 

2. <l>opMyna cyMMHposaHHH TiyaccoHa. Brr. 4.7 6hlna rronyqeHa cpopM)'na B D'( R1
) 

= = L eikx = '2Jr L g ( x - 2kJr ). 
k=-= k=-= 

yqHTbIBaH TO, qTO F [ g (; - k) J = eikx H ITO,lleHCTBOBaB neBOH, H rrpaBOH qacTHMH 3TOro pa

BeHCTBa Ha rrpoH3BOnhttyro IP( x) E £, rronyqHM 

= = 
=> L (t5(q-k),F[1P](¢"))=2JZ'L 1P[2klr]=> 

= = 
=> L F [IP]( k) = 2JZ' L IP [ 2kJZ']. 

Tiocne,llHee paBeHCTBO Ha3hIBaeTCH cpopMynoil: CJMMHpOBaHHH TiyaccoHa. 
1 

3. Tipeo6pa3oBaHHe <l>yphe cpyttKIJ;HH Vp-. Bo3bMeM rrpeo6pa30BaHHe <l>ypbe OT neBhIX 
x 

H rrpaBhIX qacTeH paBeHCTB (4.73), (4.74). TionyqHM 

F[F[B(q)J] = Jr+iF[ Vp~l F[ F[ B(-¢")]] = Jr-iF[ Vp~J. 

F[f (-x) J = 2JrP-1 [! (x)], 
TO rronyqaeM rrpHMbIM BbJqHcneHHeM 

2JrF[ P-
1 

[ B( q) J]-2JZ'F [ P-
1 

[ B(-q) J] = 2iF[ Vp~] ::::> 

::::> 2Jr( B(q)-B(-q)) = 2iF [ Vp~] ::::> F [ Vp~] = Jrisgn { 

4.15. npeo6pa306aHU6 4'yp&e 
a npocmpaHcmae 0606uceHH&1x c/JYHKu,uu D'. 

Ilpeo6pa3oBanue cJ>ypLe ocuoBHhlX cI>ynKu;un. B cHny cpHHHTHOCTH IP( x) E D ( R"), 

TPaHccpopMaHTa 

[ ] f 
i(q,x) 

'1'(¢")=F IP= e 1P(x)dx, q=(ql'q2 , ••• ,¢".), x=(Xi,Xw.,x.) (4.75) 
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FI Bee ee rrpOFI3BO,L\HhlC cym:ecTByroT. Ilo:nOM}', MO)l(HO IIpO,L\OJI)l(FITb <jlyttKI(FIIO V'( ;) B KOMII

JICKCHyro IIJIOCKOCTh ? =; + i1],1] = ( 1]p1/2 , ... ,1Jn ). HMeeM COOTBCTCTBCHHO, ,L\ml JII06oii OCHOB

HOH lj:>yttKI(FIFI FI3 KOMIIJieKcHoro rrpocTPaHCTBa D 

f i((.x) J 
V'(;+i1J)=Vt(()= e Q?(x)dx=F[Q? ((). 

IlpFI 3TOM, .D;JIH JII06bIX M}'JlbTFIFIH.!l;CKCOB a,j3 

F [ Da{O ](?) = (-i(t F[ {ti]((), Sa =(1a1(/'' ···Sn a.' 

DPF[{O](() = F[(ix)P {O(x)]((), (k =;k +i1]k. 

(4.76) 

(4.77) 

TaK KaK lj:>yHKI(FIH (ix )/J {ti( x) E D, 3aKJiroqaeM, qTQ F [{ti](?) E c=, T. e. HBJIHCTCH aHaJIFI

rnqecKOH no Ka)l(.!l;OH FI3 KOMIIJICKCHbIX rrepeMCHHbIX ?k ( k = 1, 2, ... , n). ,lVIH lj:>yttKI(FIFI 0.!l;HOH rre

peMCHHOH, HOCFITCJib KOTOpoii CO,L\Cp)l(FITCH B 0Tpe3KC [-a, a], rrpeo6pa30BaHFie <l>ypoe 

a 

F[{O](?} =Vt(()= f ei((,x)q>(x)dx, a> 0 

HBJIHCTCH I(CJIOH aHaJIFITFiqecKOH lj:>yHKI(FICH [5, 7, 18]. 
Jtfa rrepBOH lj:>opM}'Jihl (4.77) rroeyqaeM ol(eHey VkE N 

IC F [{ti]( ?)j = IJ 9'(k) ( x )e(i~-q)x dxl::; Ji{O(k) ( x )j e·qxdx::; eaiql _f lq>(k) ( x )jdx::; Ckeaiql, ck > 0. 

lfraK, rrpeo6pa30BaHFie <l>ypoe Ka)l(.!l;OH KOMIIJICKCH03HaqHoli lj:>yttKI(FIH {ti( x )ED ( G), G = 

=(-a,a) CTaBFIT B COOTBCTCTBFIC I(CJIYIO aHaJIHTFiqecKyro lj:>yHKI(FIIO Vt((), y.n:oBJICTBopmo

m:yro IIpFI Ka)K,L\OM k = 0, 1, 2, ... HepaBCHCTBaM 

(4.78) 

Crrpase.D;JIFIBO H o6parnoe yTBep)l(,L\CHHe: BCHKM u;eJiaH lj:>yttKI(FIH V' ( (), rro.n:qFIHHIOIIJ:aHCH 

HepaseHcTBy (4.78) rrpa Ka)l(,L\OM kE N ecr1> rrpeo6pa3oBaHHe <l>ypoe 6ecKoHeqHO .n:mp<)lepeHIJ;FI

pyeMoli lj:>YHKI(FIFI 91( x), o6pam:arom:eiicH B ttyJib rrpFI lxl ~a. MHo)l(eCTBo <jlyttKI(FIH VF(() o6o-

3HaqFIM qepe3 Z (a) . 

TaKFIM o6pa30M, Me~ 3JieMeHTaMFI KOMIIJieKcHoro ocHOBHOro rrpocTpaHCTBa D ( G), 
( G =(-a, a)) FI MHO)l(CCTBa aHaJIFITHqecKHX lj:>yttKI(HH z (a) cym:ecTBYCT B3aHMHO O,L\H03Haq

HOe COOTBCTCTBHC, orrpe,L\CJIHCMOC lj:>opM}'JiaMH 

a 

Vt(()= f ei(x{O(x)dx=F[91]((), {O(x)=O, lxl~a, 
-a 
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06oe,n:1rneHHe u z (a) o6pnyeT OCHOBHOe KOMITileKCHOe rrpocrpaHCTBO z, B KOTOpOM BBe,n:e-
a 

HbI ecTeCTBeHHbie nHHefu.rh1e orrepaUHH, cornacosaHHhie c nHHefu.rhIMH orrepaUIDIMH B D H cxo

,D;HMOCTh ( lflv ( () = F [ <Pv] ~ IJI( () = F [ cp] E Z, ecnH <Pv ~ cpE D, rrpH V ~ 00). Me)K,n:y rrpo

CTpaHCTBaMH D H z HMeeT MeCTO B3aHMHO O,D;H03Ha'IHOe COOTBeTCTBHe 

F[D]=Z, P-1 [Z]=D. 

IlycTb f ( x) E D' ( R1
) - o6o6meHHM <l>YHKUIDI. Ilpeo6pnosam1e <l>ypbe F [ f ( x) J eCTu 

o6o6meHHaH <l>YHKUHH F ( t;) E Z', orrpe,n:eneHHM Ha rrpocTpaHcTBe Z oTo6pa)KeHHeM 

F[f (x)](t;) = fei((.x)f (x)d.x, t; = ;+iTJ. 

CsoiicTBa npeo6pa3osauuB cJ>yphe 0606m,eHHhIX <jlyuK11nii H3 D' ( R"). OcHOBHbie 

CBOHCTBa rrpeo6pa30BaHHH <l>ypbe coxpamIJOTCH. Ilepe'IHCilHM HX: 

F[Daf(x)] =(-it;t F[f](t;), (=q+iTJ, 

DPF[f]=F[(ix)P f(x)], 

P-
1 [F[J]J = f (x), F[ F[f (x)J] = 2;rf (-x). 

)J,nH o6o6IIJeHHOH <l>YHKUHH c KOMITaKTHbIM HOCHTeneM rrpeo6pa30BaHHe <l>ypbe MO)KHO orrpe
,n:emITb no qiopMyne (4.71). 

IJpUMep J. <l>YflKUHH B. feii.3eH6epra orrpe,n:eAAJOTCH Cile,n:yJOIL(HMH paBeHCTBaMH [8, 10, 20] 
1 1 1 

c5+(x)=-
2
c5(x)--

2 
,Vp-, 

:rn x 

1 1 1 
t5_ (x) =-

2 
J(x)+-

2 
. Vp-, 

m x 

HilH, c yqeTOM qiopMyn CoxouKoro (4.9) 

1 i 1 i 
c5+(x)=---. , c5_(x)=----.. 

2;r x+10 2;r x-10 

PaHee MbI ~e orrpe,n:eAAnH F [ 0 ( x) J H F [ 0 ( - x) J KaK rrpeo6pnosaHIDI <l>ypbe OT 0606-

IIJeHHbIX <l>YHKUHH Me,n:neHHOro pocTa O(x) H 0(-x). Bblpa3HM HX qepe3 <l>YHKUHH B. reii.-

3eH6epra. J1MeeM 

F[ 0( x) J = ;rJ( ;) +ivp.!.. =-i- = 2;rt5+ ( ;), 
; ~+iO 

F[ 0(-x)] = ;rc5(~)-ivp{=-~= 2;rc5_ (~). 
':> ':>-10 

Mo)KHO orrpe,n:enHTh rrpeo6pnosaHHe <l>ypbe o6o6meHHOH <l>YHKUHH O(x) Ha rrpocTpaH

CTBe D cne,n:yJOIUHM o6pnoM 

F[ O'(x)J = F[ t5(x)J =-it;F[ O(x)J = 1. 
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0TCIO,L(a 

F[B(x)J =i_=_i_ . . 
( t; +11} 

IlpH 1J -? +O, IIOJIY'IHM rrpexmHH: pe3yJihTaT ( cyxceHHe Ha L ). 

IlpUMep 2. Bse,L(eM 4>YHKU:HH 

{
O, x<O 

x+=xB(x)= > 
x, x_O, 

x_=-xB(-x)= ' -{
-x x<O 

0, x>O. 

11MeIOT MeCTO COOTHOIIIeHIDI 

x = x - x jxj = x + x = xsignx + _, + -

' ' - 8( ) ' - B( ) ( P) - p-i x+ - x , x_ - - -x , x+ - px+ . 

F [ x~] = -i( F [ x+] = F [ () ( x) J = ~ => F [ x+] = - ; 2 • 

Ilpo,L(OJDKIDI x+ (KaK o6o6IUeHHyIO 4>YHKUHIO Me,L(JleHHoro pocTa) Ha rrpocTpaHCTBO D, 

3aIIHIIIeM 

IlocJie,L(HHH <j)opMYna tty)l(,L(aeTCH s o6ocHoBaHHH. PaccMOTpHM rrpe,L(eJI 

li 
1 a 

m----
a-+1-0 1i x2 + a2 . 

(4.79) 

TaK KaK rrpH x0 > 0 

"'fl a 21 x0
1 ----dx =- arctg- ~1, 

-"" 1i a2 + xz 1i a 

. xfz 1 a { 0, 0 ~ ( Xp xJ 
hm ----dx= 
o->+O 1i a 2 + X2 1 0 E ( r. x ) 

Xi ' .. J' 2 ' 

TO cornacHO TeopeMe II. 4.8 IIOCJie,L(oBaTeJibHOCTb (4.79) ,L(eJibT006pa3HaH, T. e. 

lim_!_~=J(x). 
a->+0 1i a" + x 
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,Zl,t1c)>c)>epemit1pyH :no paBeHCTBO, HaXO,D,HM 

lim 
2ax 

2 
=-.m5'(x). 

a--;-t-0 ( a2 + x2) 

TaKHM o6pa3oM, B03BpamaHch K HallleMY npHMepy, nonyqHM 

F[xJ=-i.m5'(q)-Vp ; 2 = (q+\0)2 • 

AHanorH'IHbIMH paccy)J(,D,eHHHMH Haxo.n:HM 

,Zl,anee MO)J(eM 3anHCaTb 

F[x_]=-i7ro'(q)-Vp ; 2 = (q~i0)2. 

F[x]=F[x+]-F[x_] =-2i7ro'(q), 

1 F[ixi] = F[ x+]+ F[x_] =-2Vp~. 

407 

IlpUMep 3. BbI'IHCJIHM npeo6pa30BaHHe <Dypbe OT o6o6meHHOii c)>yttKUHH Vp 2_. HMeeM 
x 

C .n;pyrott CTOpOHbI 

F [ F [ B(x) J] = F[ 7r0( q)+ iVp~] =Jr+ iF [ Vp~ ]· 

CpaBHHBaH o6a :nH paBeHcTBa, Haxo,D,HM 

F [ Vp ~] = ill' - 2i7rB ( -~) = ill'sign{ 

IlpUMep 4. Haii,D,eM Terrepb npeo6pa3oBaHHe <Dypbe o6o6mettnoi1 cpyttKUHH sign x. HMeeM 

F [ signx) = F[ 1-W(-x) J = 27ro( q)-2( 7r8( q)-iVpI) = 2iVp~. 

) 

2 2 

IlpUMep 5. flpeo6pa3oBaHHe <Dypbe c)>yHKUHH f ( x = e-a x E £. HMeeM no onpe.n:enenmo 

F [ e -a'x' J = 1 e'qx-a'x' dx = If/ ( q). 

,Zl,t1c)>c)>epenut1pyH no q, nonyqaeM 
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Orc10,n:a rrpHXO,[(HM K ,n:mp«fJepemi:mmbHOMY ypaBHeHHIO OTHOCHTeJibHO rpattc«fJopMaHThI 'I'"( q) 

-;' 

l/f"'(q)+~l/f"(q) = 0 => 'l'"(q) = Ce 4a', 
2a 

r,n:e KOHCTaHTa c orrpe,n:eJHieTCH Jf3 COOTHOIIIeHH.H 

C=l/f"(O)= l e-a'x' dx=~. 
TaKHM o6pa30M 

4. 16. npocmpaHcmea pacnpeoeneHUU L2 (Rn ),E (Rn) ,I! (Rn). 

IlpocrpaHCTBO L2 (Rn). IlyCTb {<Pk} cc; - nocne,n:oBaTeJibHOCTb KoIIIH. Tor,n:a, KaKOBa 

6bI HH 6bma rrpo6HaH (OCHOBHM) <PYHKIJJ!H l/f"(x), qHCJIOBaH IlOCJie,ll,OBaTeJihHOCTb {(l/f",rpk)} 
cxo,n:HTC.H. B caMOM ,n:ene 

Cne,n:osaTeJihHO, { ( 11'", tpk ) } qiytt,n:aMeHTaJibHa B C (HJIH R) H B ctt:ny rrpHHU:Hrra cxo,n:HMOCTH 

Kormr, oHa cxo,n:HTC.H. Ee rrpe,n:en onpe,n:en.HeT pacrrpe,n:eneHHe f rro <PopMyne 

r,n:e Ii/ - <l>YHKU:HH, KOMilJieKCHO COIIp.H)KeHHaH c 'I'"( x). 
)J,se ¢yH,n:aMeHTaJibHbie rrocJie,ll,OBaTeJibHOCTH {<pk} H { <p;} orrpe,n:eJIHIOT 0,ll,HO H TO )Ke 

pacrrpe,n:enemre ror,n:a H TOJlbKO TOr,n:a, KOr,ll,a OHH 3KBHBaJieHTHbl, T. e. eCJIH ll<Pk -<p:11~0 rrpH 

k~oo. 

3aMeqaHHe. 3,n:ecb paCCMaTJ>HBaeTCH KOMITJieKCHOC JIHHCMHOC rrpocrpaHCTBO C;' C BBe,ll,CH-

HbIMH B HeM CKaJIHpHbIM rrpOH3BC,ll,CHHeM H HOpMoii ( I3 -HOpMoii). 

(4.80) 

TaK KaK (HepaseHCTBO lllsapii:a) 

TO CKaJIHpHOC rrpomse,n:emi:e (4.80) HMCCT CMbICJI ,ll,JIH mo6bIX HHTerpHpyeMbIX c KBa,n:paTOM 

HenpepbIBHblX (H3MCpHMbIX) «i>YHKU:Hii rp H 11'"· 

IJpocrpaHCTBO C;' C BBC,ll,CHHbIM B HCM CKaJIHpHbIM IIpOH3Be,ll,CHHCM ( 4.80) H COOTBCTCT

BYIO!Ileii L2 
-HopMoii HBJIHCTCH npe,n:rnnh6epTOBbIM (3BKJIH,ll,OBb!M) rrpocTpaHCTBOM. 
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Ilycn. { qJk}, { Vfk} C c;; - IIOCJIC)J:OBaTCJibHOCTH KOIIIH ( <i>YHJ:i:aMCHTaJibHbie IIOCJIC)J:OBa

TCJibHOCTH), orrpe.n;emnom;He pacrrpe.n;eJieHHH f H g COOTBeTCTBCHHO, T. e. 

Ilo.n; rrpOCTJ)aHCTBOM L2 
( R") IIOHHMaIOT MHO)l(CCTBO Bcex pacrrpe.n;eJieHHH, orrpe.n;eJIHCMblX 

IIOCJIC.lJ;OBaTeJibHOCTHMH Korrm H3 c; co CKaJIHpHbIM IIpOH3Be.n;eHHCM. 

U, g) = E~ ( q:ik , Vfk ) = f 1 ( x )g ( x) dx. 
R" 

3TOT rrpe.n;eJI Bcer.n;a cyr.uecTByeT H o6na.n;aeT BCCMH CBOHCTBaMH CKamrpHoro npoH3Be.n;eHHH. 

CooTBeTCTBeHHO, orrpe.n;enHeTCH L2 -HopMa 

(4.81) 

TaKHM o6pa30M L2 
( R") - npocTpaHCTBO pacrrpe.n;eneHHH co CKaJIHpHbIM rrpoH3Be.n;eHHeM 

H 3JieMeHThI :noro rrpocTPaHCTBa HBJISIIOTCSI pacnpe.n;eneHHSIMH Me.n;neHHoro poem [31]. EcJIH 

f E L2 
H q:i - rrpo6Hasi <i>YHKU:HH, TO 

(!.q:i)=Cf.q:i). 

3HaqHT, ecJIH fj ~ f rro L2 -HopMe, TO fj ~ f H B CMhICJie cxo.n;HMOCTH pacnpe.n;eneHHli. B ca

MOM .n;eJie 

HMeIOT MecTo cne.n;yrom;He rrpe.n;JIO)l(CHHSI [25, 3 lJ. TeopeMa 1 (0 rroJIHOTe). IlpocTpaHCT

BO L2 = L2 ( R") rroJIHo, T. e. rHJih6epTOBO. 

<l>ytt.n;aMCHTaJihHaSI IIOCJIC)J;OBaTCJihHOCTb { qJk} C c; HMCCT rrpe.n;eJI B £2 -HOpMe: lim qJk = 

= f E L2 ( R"). TeopeMa yTBep)l(.n;aeT, qTQ H nro6asi rrocne.n;oBaTeJihHOCTh Korrm {fk} c L2 

(He o6SI3aTeJihHO H3 c;) TaK)l(e HMeeT npe.n;eJI B L2
• 

TeopeMa 2. Jlro6asi KBa.n;paTnqttO HHTerpttpyeMasi Ha R" HerrpepbIBHM (H3MepHMM) <l>YHK

U:HSI rrpHHa.n;Jie)J(HT L2 
( R"), T. e. SIBJISieTcsi pacrrpe.n;eneHHeM. 

3aMeqaHHe. EcJIH f orrpe.n;eJIHCTCSI rrocJie.n;oBaTeJibHOCTbIO Korrm { q:ik} c c;' T. e. 

TO pacrrpe.n;eJieHHe f - 9'm .n;nsi JII06oro m orrpe.n;ensieTcSI rrocne.n;oBaTeJihHOCThIO KomH 

Tor.n;a, cornacHo (4.81) 

Cne.n;oBaTeJibHO lim 9'm = f B L2. 
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Ecmr rrocrre,n;osaTeJihHOCTb HerrpepbIBHhIX cj:>yHKUHH { rpk} cxo,n;HTCH a L2 K HerrpephIBHOH 

cj:>yttKUHH f ' TO { rpk} - cj:>yH,n;aMeHTaJibHa, TaK KaK 

KJiacc HerrpepbIBHbIX Ksa,n;paTwrno cyMMHpyeMbIX cj:>yHKilHH sxo,n;HT a L2 , HMeeM 

c; cC2 cL2
, 

rrp11qeM o6a BJIO)l(eHHH IIJIOTHbI, rroTOMY qTo mo6oe pacrrpe,n;erreHHe f m L2 MO)l(HO CKOJih 

yro,n;HO ToqHo arrrrpOKCHMHposaTb (B L2
) rrpo6Hh1MH <l>YHKilHHMH H3 c;. 

HMeeT MecTO TeopeMa 3. ,z:(rr11 pacrrpe,n;erremrn f H3 L2 ( R") Heorrpe,n;eJieHHhIH HHTerparr 

x 

ff (x)dx 

HBMeTCH HerrpepbIBHOH c):>yttKUHeii. Ecrrn rrocrre,n;osaTeJihHOCTh { fn} c L2 cxo,n;HTCH a L2 K pac

rrpe,n;e.JieHHIO f E L2
, To 

f!n(x)dx--7 ff(x)dx (n--700). 

IlocKOJihKY Ka)l(,IJ;hIH ::ineMeHT f E L2 ( R" ) rrpe,n;cTasirneT co6oii 0606111eHey10 <PYHKilHIO 

Me,n;rreHHoro pocTa (T. e. f E :£'), TO ,n;JI11 Hero CYillecTsyer rrpeo6pa3oBaHHe <l>ypbe F [!], 
KOTOpoe TaK)l(e HBJIHCTCH 06061IleHHOH cj:>yHKilllCH MC,D;JICHHOro pocTa. 0Ka3bIBaeTCH, qTo 

F [! ]E L2, H OTo6paJI<eHtte f --7 F [!] ecTh H30Mop$H3M. 

IlpocrpaHCTBa pacrrpe,n;erreHHH I! (I~ p < 00 ). JIHHCHHOe rrpocTpaHCTBO, COCTOHIIlee H3 

cj:>yttKilHH rp( X) E c; H Ha,D;eJieHHOe HOpMOH 

He HBJIHCTCH IIOJIHbIM HOpMHpoBaHHbIM rrpOCTpaHCTBOM. Ero MOJKHO IIOIIOJIHHTb JJ,o6asrreHHeM 
orrpe,n;eJieHHhIX pacrrpeJJ,eJieHHli. 

IlyCTb { q;j} c c; - IIOCJIC)J,OBaTeJibHOCTb Konrn:, I/I ( x) E c; ( R1
), TOrJJ,a qncJIOBaH nocrre-

,n;osaTeJibHOCTb lltpjt cj:>ytt,n;aMeHTaJibHa H, 3HaqHT, HMeeT rrpe,n;e.JI. HepaseHCTso rerrh,n;epa ,n;aeT 

T. e. CYilleCTByeT 
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3ToT rrpe)l.eJI rropo)K)J.aeT pacrrpe,!l.eJieHHe f. TaKHM o6pa3oM 

Hm(<p ,l/f) = (f ,l/f), Vl{IE c;; 
1->~ } 

HJIH 

<pj ~ f,lltll =limjj<fJjjj · 
p J->= p 

MHo)l(eCTBO scex TaKHX pacrrpe.n;eJieHHH cocTaBml:eT rrpocrpaHCTBO I! ( R1
). 3arrmneM 

IJ ( R1
) = { f = ~~<pj : { <pj} ~ nocrre.n;osaTeJihHOCTh Kourn: no IJ -HOpMe}. 

HMeeT MeCTO TeopeMa 4. IlpOCTpaHCTBO [J ( R1
) c HOpMOH llt - 6attaxoso, a c;; IUIOTHO 

BJIOJKeHo a IJ ( R1 
) • MHo:lKeCTBo scex orpaHWieHHhIX JIHHeHHhIX tP)'HI<lJ.llOHaJIOB Ha 6aHaxosoM 

rrpocrpaHCTBe [J o6pa3yeT corrp.H)l(eHHOe ()J.BOHCTBeHHoe) rrpocTpaHCTBO, H30Mopqmoe 6aHa

xosy rrpocTPaHCTBY U. 

Ilptt p = l npocrpaHCTBO L1 
( R" ) onpe,!l.eJUieTC.H cJie)J.)'IOII(HM o6pa3oM. IlycTh { <pj ( x)} 

ITOCJie)J.OBaTeJihHOCTh Korrrn rrpo6HhIX tPYHKQHH H3 c;; no E-HOpMe, T. e. 

fl<pj (x)-<pk ( x)ldx ~ 0 (J,k ~ 00 
). 

Rn 

Tor.n;a 3Ta rrocJie.D,osaTeJihHOCTh orrpe.D,eJI.HeT pacrrpe,!l.eJieHHe f rrocpe.n;cTBOM paseHCTBa 

(/ ,l/f) = ¥~ f <pi ( x )'I'( x) dx, V l{/E c;; ( R" ). 
R' 

MHO)l(ecTBo scex TaKHX pacnpe,!l.eJieHHH f cocTaBJI.HeT rrpocTPaHcTBO I! ( R"). 
IlocKOJihKY 3JieMeHThI rrpocTPaHcTBa I! HB.illl:IOTCH pacrrpe,!l.eJieHH.HMH YMepeHHOro pocTa, 

oHH HMeIOT rrpeo6pa30BaHHH <l>yphe. CornacHo JieMMe PttMaHa-Jie6era, ecJIH f E I! ( R"), TO 

npeo6pa3oBaHHe Cl:>yphe F [!] ( ¢") .HBJI.HeTc.H HerrpephIBHOH <l>YHKQHeii, CTpeM.HilieHCH K ttymo 

rrpH l~I ~ ""· 
IlepsoHatJaJihHhIH BapHaHT 3TOH JieMMhl BhirJIH)J,HT TaK: eCJIH f ( x) H3MepHMa Ha ( 0, 2;r) 

2n: 

H f It ( x )j dx < 00, TO Ko3qiqmQHeHThI Cl:>yphe 
() 

1 2n: . 

C" =-f f(x)e-'"xdx~O (n~±=). 
2;r 0 

3aMetJaHHe. EcJIH f -pacrrpe,!l.eJieHHe Ha R", rrpHHa)l.JIC)KHT I! ( Q) rrpH JII06oii orpaHH

qeHHOH o6JiaCTH Q c R", TO rosopHT, 'ITO f rrpHHa,!J.Jle)KHT E ( R") JIOKaJihHO. Pacnpe)l.eJie-
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HHe, rrpttHa,rwe'lKarn,ee JIOKaJibHO L2, rrp1rna,n;ne'lKHT noKarrbHO H I!. )],elicTBHTenbHO, HepaBeH

CTBO lllsapu;a ,n;aeT 

flfldxs flf(dx· fdx=V ]fl
2

dx, 
n n 

r,n;e V - ofo,eM o6nacm Q. 

Ilpeo6pa10Banue <l>ypLe ueK0Top1>1x o6o6meunLix cpyuKuuii. Hirn<e rrpHse,n;eHbI <jlop
M)'JibI, 3aHMCTBOBaHHbie H3 pa3JJHqHbIX HCTOqHHKOB [6, 18, 20, 38). 

1. x,,;E R1. 

F[J](,;) = f eiqx f (x)dx, 

F[l(x)] = F[B(x)+B(-x)] = 2tro(q), 

F[ o(x)J = 1, F[ o(x-a)J = eiaq, F[ o(b:)] =i, 

F [ J<nl ( x)] = ( -iq)" , 

F[ B(x) J =-1
-·. = 1ro( ,;)+iVp_!_ = 21ro+ ( ,;), 

q+10 ,; 

F[B(-x)]=- q~iO =1ro(¢)-iVpI= 21ro_(q), 

F[B(a-lx1)]= 2si;a,;, a>O, 

F[xJ= 
1 

2 =-Vp ; 2 -itrO'(,;) (x+ =xB(x)), 
(q+iO) ~ 

F[x_] = (,;-li0)2 =-Vp ; 2 +itro'(q) (x_ =-xB(-x)), 

F[ x"] =(-if 2tro(n) ( ,;), 

F[lxl]=-2Vp ; 2 , F[vp;]=itrsign,;, 

F[signx]=2iVpI, F[Vp : 2 ]=-trlql, 

F [vp__!__] = _i"_~n-i sign,;, 
x" (n-1)! 
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F[P
1
:
1
]=-2C-21nlql ( C= y-:sa da-ro~a da=0,57721566490 ... -

- IIOCTOHHHaH 3furepa), 

F[ x= ]=i"+1 q~~1 +(-if ;rg{•l (q), F[lxl" ]= ~~~! ( C(-1)=-2sin A; r(A-+ 1),-1 ;t-1,-3, .. J 
F[x:'.]=(-ir1 ;~1 +tnJ•l (q), F[I~" signx J=i~~~) signq (v(-1)=2cos~r(A,+l),-1.c-2,-4, .. J 

F[ sin ax]= i;r[ o(q-a )-o( q+ a)], 

F [cos ax]= ;r[ <5( q -a)+ o( q+a) ], 

F[-aixl]=~ 
e az +qz, 

F[_!__a -] = -al~\ 0 2 2 e , a> , 
Jr a +x 

F [0] = 2K0 ( aq), a> 0 ( K0 ( x) - cpyHKIJ,HH MaK)J,OH!Uih):(a Hynesoro rropH):(Ka), 
x 2 +a-

[ 
1 J 21r ( 2 2 2 I fal2 fa2 fa2 ) F In-; = 1;12 r =Xi + Xz, ':> = ':>1 + ':>2 , 
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F[ ~ ]= l:i sinalql, a>O, 

F[K0 (kr)J= ;tr , Rek>O. 
1;1 +k2 

3. x=(xpx2,x3)E R3, q=(qpq2,q3)E R3. 

4. )],JUI o6o6meHHblX $)'HKU:Hll n rrepeMeHHbIX. 

F[l (xi' ... ,xn) J = (2tr)" o( qi'q2 , ... ,qn ), 

F [ o( X1,X2····•xn) J = 1, 

F [ o( xi -al' Xz -a2'"" xn -an) J = ei(a,q,+a,q,+ ... +a,q,), 

4. 17. npeo6pa3oaaHue nannaca 0606{L4eHHb1x c/JyH«u,uu 

.KJJaccuqecKoe npeo6paJoBauue JlanJiaca [16, 17, 19]. IIpeo6pa3oBaHHe JlarrJiaca KOMII
rreKCH03HaqHoil: <PYHKU:lili ):(eHCTBHTeJibHOro rrepeMeHHOro f (x) 3a):(aeTC}l COOTHOIIIeHHeM 

L[f ( x)] = J f (x)e-pxdx = L(p) = lf/(P ), (4.82) 
0 

r):(e p = (J' + i77 - KOMIIJieKCHhiii rrapaMeTP rrpeo6pa3oBaHH}l Jiarrrraca. )J,rrj{ cymecTBOBaHH}l 

HHTerparra B ( 4.82) ):(OCTaToqHo y):(oBrreTBopeHH}l crre):(yIOmHx ycrroBttii: 

a) f(x)=O rrptt x<O; 

6) f ( x) rycoqHo ):(H$$epettu;ttpyeMa; 

B) It ( x )I :5: Meax, M > 0, (a~ 0 - rroKa3aTerrr, poem <PYHKU:HH J(x)). 
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<l>ym<QIDI f ( x) B 3TOM CJl)"fae mmmaeTcH opHrHHa.JIOM, a L ( p) - H306pIDKem1.eM rro Jlarum

cy q,y1IK1:~HH f ( x). O'leBH,n;Ho, L ( p) - <l:>YHKIJ;HH aHa.JIHTH'leCKM B npaBoii IIOJIYIIJl.OCKOCTH 

Rep>a. 
06parnoe rrpeo6pa30BaHHe Jlarnmca D 1 [If/' ( p)] orrpe,n;enHeTCH TaK: 

1 y+i= 

D'[L[f(x)J]=f(x)=-. f L(p)epxdp, y>O. 
21fl y-i= 

(4.83) 

B o6meM CJl)"fae aHa.JIHTmecKaH B rrpaBoii IIOJIYIIJl.OCKOCTH <l:>YHKIJ;HH L(p) H Bee ee npoH3Bo.n;

Hbie HMeIOT rronHHOMHa.JibHhIH pocT Ha 6ecKoHe'IHOCTH. HarroMHHM HeKOTOpble npocTeiiurne 
CBOHCTBa rrpeo6pa30BaHHH Jlarnmca. 

llpeo6pa30BaHHe npOH3BO,D;HOH OT opHrHHa.Jia. EcnH f ( x) E c' [ 0, 00), TO 

L[f'(x)J= pL(p)- f(O), (4.84) 

r.n;e f (0) = limf ( x). 
x-+•-0 

AHa.JiomqHo, eCJIH f ( X) E C2 
[ 0, oo), TO 

L[f"(x) J = f J"(x)e-pxd.x = f'(O) + pL[f'(x) J = p2L(p )- pf (0) + f'(O), 
0 

r.n;e f'(O) = lim f'( x). 
x->+0 

.n:H<l.:>$epeHu;HpOBaHHe H306pa)l(eHHH 

D")(p)= f(-x)" f(x)e-pxd.x=F[(-x)" f(x)]. (4.85) 
0 

Ilpeo6pa3osaune Jlam1aca 0606mennh1x ct>ymcu,nii. Ocnosnhle csoiicTsa [5, 6, 8, 20]. 
llyCTu f ( x) - o6o6meHHM <i:>YHKIJ;HH, supp f (x) c [0, 00 ), rrpmeM f ( x) e-px E £'. Torp;a orr

pe.n;eneHHe (4.82) MO)l(HO 0606m;HTb H 3aIIHCaTb 

L[f (x) J = (! ( x),e-px). (4.86) 

llepeqHcnHM OCHOBHbie CBOHCTBa rrpeo6pa30BaHHH ( 4.86). 
TeopeMa rro.n;o6HH. TaK KaK rrpH rrpeo6pa3oBaHHH rro.n;o6HH 

(f(,h),qJ(x))= ~(f(x),qJ(1)} 
TO HMeeM cornacHo orrpe.n;eneHHIO (4.86) 

L[f(,h)]=(f(.h),e-px)= ~(f(x),e-1xJ=±L(~} A>O. (4.87) 

TeopeMa 3arra3,n;bIBaHHH. llpH C.n;BHre apryMeHTa o6o6meHHoii <i:>YHKIJ;HH HMeeM 

(f ( x-x0 ),qJ(x)) = (f ( x),qJ(x+Xo) ). 

···-···· ·····-···-·---.. -···· .. ··-------------------
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CTaJIO 6h1Tb, 

L[f (x-x
0

) J = (f ( x-x
0

) ,e-px) = ( f (x),e-p(x+x,,)) = e-px,, L[f (x)] = e-px,, L(p ). (4.88) 

TeopeMa .n;mp<lJepemi;ttpoBaHHH. 

L[f(n)(x)]=(/"l(x),e-px)=(-I)"(J(x), ~n e-px)= 
(4.89) 

= p" (!,e-px) = p"L[f (x)] = p"L(p). 

3.n;eco rrpOH3BO,L(Hbie IIOHHMaIOTCH B o6o6meHHOM CMbICJie. 
TeopeMa cMemeHHH. 

L[ f ( x)e-'x J = (! (x)e-'x ,e-px) = (! ( x) ,e-(p-.<)x) = L(p-A-). (4.90) 

Ilpeo6pa3oBaHHe JlaIIJiaca CBepurn 0606meHH1>IX <lJymai;Hii. IlycTb f ( x) H g ( x) - 0606-

IIJeHH1>1e <PYHKU:HH c HOCHTeJIHMH B [ 0, 00) H rryCTb H306pa"JKeHHH L [ f ( x) J 'L [ g ( x) J CYIIJeCT

B)'IOT cooTBeTcTBeHHO rrptt Rep~ a1 H Rep~ a2• Tor.n;a MO"JKHO 3armcaT1> rrpH Rep~ 

~ max (al' a2 ) 

CornacHo (4.86) H orrpe.n;eneHHIO cBepTKH, Haxo.n;HM 

L[f * g] = (!(x)* g (x),e-px) = (! (x)· g (y)),e-p(x+y)) = 
(4.91) 

= (! ( x),(g (y ),e-PY )e-px) = (f ( x),e-px)(g (y) ,e-PY) = L[f]L[g ]. 

TaKHM o6pa3oM, rrpeo6pa3oBaHHe JlaIIJiaca cBepTKH 0606meHH1>1x <PYHKU:HH paBHO rrpom
Be.n;eHHIO mo6pa"JKeHHH 3THX <PYHKIJ;HH. 

3aMetJaHHe. <l>OpM)'Jia (4.89) rrpH n = 1 OTJIH'IaeTCH OT cpopM)'JibI (4.84) MH 00bl1JHOH rrpom
BO,L(HOH, TaK KaK HBJIHeTCH 6onee o6meH. ECJIH )"IeCTb, 'ITO o6o6meHHaH IIpOH3BO,L(HaH J' = 

={f'}+[f]oo(x)H ITO,L(CTaBHTb 3TO B (4.89), TO rrpH.n;eM K (4.84) l.(JH! rrpeo6pa30BaHHH Jiarr

Jiaca OT o6bl'IHOH rrpOH3BO,L(HOH. 
PaccMOTpHM rrpMMepoI. Cornactto <lJopMyJiaM (4.87), (4.88), (4.89) HaXOl.(HM: 

1. L[o(x)]=(o(x),e-px)=e0 =1, 

L[ o(x-a)J = e-ap L[ o] = e-ap, 

1 1 
L[ o( Ax) J = JL[ o( x) J = }°' 

L[ o("l ( x)] = p". 

2. IfoIIOJib30BaB COOTHOIIIeHHe 0 ( x) = B' ( x) B D' ( R') H cpopM)'JibI ( 4.85) H ( 4.90), HaxOl.(HM 

L[ o( x) J = L[ B'(x) J = pL[ B(x) J ~ L[B( x)J = _!_, 
p 
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L[ x+] = L[ xO(x)] =~, 
p 

L[ O(x)e-'x] = ( O(x)e-'x,e-px) = L(p-A) =-
1
-, Rep> Re A. 

p-A. 

3. BocrroJih30BaBrrmch cooTHoIIIem1eM (4.91), 3arrttIIIeM 

L[ O(x)eb *O(x)] = L[ O(x)e-'x JL[ O(x)] = ( l )' 
Pp-A. 

L[O(x)e"x*O(x)e"x]= ( )\ )' Rep>max(ReA.,Rev), 
p-A. p-v 

L[f (x)*b"(x)] = L[f (x)J, 

L[f(x)*g{")(x)]= p"L[f(x)]. 

4. Haii,L(eM rrpeo6pa3oBaHtte JlaIIJiaca OT <l>YHKU:HH Eeccemr J 0 ( t). HMeeM 
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(4.92) 

TaK KaK J 0 ( t) ::;; 1 rrptt t > 0, To rrpH er = Rep > 0 3TOT HHTerpan CXOL\HTCH. C y<IeTOM acHMIITO

TWiecKoro paBeHCTBa [14] 

10 (t) ""J!cos(t-:) 

MO:>KHO c.n;eJiaTb 3aKJIIoqeHHe, ~ mrrerpan CXO.n;HTCH JIHIIlh ycJIOBHO (He CYMMHpyeM) IIpH (l = 0. 
IlpHBJieKaH pa3JIOX<eHHe 6ecceneBoli <l>YHKU:HH B PM 

= (-1r ( t )2m 
l 0 (t)= ~ -( ')2 2 

m-0 m. 

H IIO.IJ:CTaBJIJIH ero rro.n: HHTerpan B (4.92), IIOJiy<IHM 

lITaK, 

= (-l)m = = (-1)m(2m)l 
L(p) =" ft 2me-P'dt =" · = 

~(m!)2 22m 0 ~(m!)2 22m p2m+I 

_ = (-~)(-~-1J..(-~-m+1) 1 
-I I 2m+l ~· 

m=O m.p p +I 

L[O(t)10 (t)J= ~, cr=Rep>O. 
p2 +1 

Orrpe.n:eneHHe (4.86) MOX<eT 6hITh pacnpocTPaHeHo H Ha o6o6IIJeHHhie <l>YHKU:HH f ( x) E 

E D' ( R"). IIycTh f ( x), x E R" - 0606IIJeHHa11 <l>YHKU:HH, rrpttqeM supp f ( x) co.n:epX<HTCH 
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B o6naCTH Xi ;;::: 0, Xz ;;::: 0, ... , xn ;;::: 0 H f ( x) e -(p,x) E £' ( R"). Tor,[(a npeo6pa3oBaHHe nannaca 

onpe,[(emreTCH COOTHOllleHHeM 

L[f (x) J = (! (x),e-(p,x) ), (4.93) 

X = (xpX2 , ••. Xn }ER", p =(pl' p1 , ••• p. }EC". 

Ilpeo6pa30BaHHH nannaca HeKOTOpblX o6o6meHHbIX <JiyHKIJ,Hil:. Cl>opM)'Jihl 3aHMCTBOBaHhl 

H3 pa3JlliliHbIX HCTOqHRKOB [28, 37-39). 
l.n=l. 

L[ B( x)] = 2-, L[ B( x-a) J =_!_e-ap (Rep> 0), L[ B(x)eiwx J = -
1-. , 

p p p-l(J) 

L[o(x)]=l, L[o(x-a)]=e-ap, L[o(kx)]=l~I' L[£5<"l(x)]=p", 

L[x:J= ;~1 (Rep>O), L[(x-a)J= ; 2 e-ap, 

L[ o( a2x2 -bz) J = jalbj ch~ p, 

L[ o(sin x) J = L>-mrp' 

L[B(x)coswx]= p2 =wz' L[B(x)sinwx]= p2 :w2 (Rep>O), 

L[B(x)chwx]= 2 P 2 , L[B(x)shwx]= 2 w 2 (Rep>)Re~), 
p -(J) p -(J) 

L[B(x)J0 (x)]= ~ (Rep>O), 
p2 +l 

L[B(x)B(x-a)ln(x+.Jx2 -a2 )]= ~ K0 (ap) (a>O), 

L[B(x)B(x-a)]=Ko(ap) (a>O), 
.Jxz -az 

L[7)~(x~~)lj=-pK0 (ap) (a>O). 
( x- -a-) 

3,[(eCh K0 ( x) - Il,HJIHH,!l:pHqecKaH <JiyHKil,HH MaK,[(OHaJib,[(a eynesoro nopHll,Ka. 

2. n > 1. 
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L[ J( a-Ix!) J = 
4

Jra shap3 , 

p3 

L[coslkl)xl]=- 24;r" (Imk=O), 
x p3 +k" 

{'(j~lxl)]=- p;'~q' (Req>!Rep,I). 

1 
L[8(.x;,x2 , ... ,xn)]= , Repi >0 (i=l,2, ... ,n), 

P1P2···Pn 

l[ J( Xp x2 , ••• , x.}] = 1, 

L[ J( .x; -lli' X2 -a2, ... , xn -an) J = e-(a1Pt+a,p,+ ... +a,p"), 

4.18. npuno)l(eHue mexHUKu o6o6w,eHHblX </JyHKu,uii 
K peweHu10 ypaaHeHuii 
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YpaeueuuSI B ceepn~ax [8, 16, 17, 19]. Csepn<y o6o6rn.eHHbIX <jlyHKDJiii MO)J(HO HHTep
rrpemposaTh KaK orrepal(HIO J'MHO)J{emrn o6o6rn.eHHbIX <jlyHKrurli. O)J,HaKO He scer)J,a TaKa.H orrepa-

l(IDI HMeeT CMbICJI. Bb1)J,eJIHM rro)J,rrpocrpaHcTBa B D' ( R") , B KOTOpbIX orrepau;mr yMHO)!(eHH» 

3JieMeHTOB )J,pyr Ha )J,pyra crrpase)J,JIHBa. 
Orrpe)J,enemre. J1HHeiiHoe rrpocrpaHCTBO A Ha3hrnaerc» anre6poM:, ecJIH B HeM orrpe)J,eJieHa 

orrepau;H» YMHO)!(eHHH )J,Byx 3JieMeHTOB H rrpH 3TOM BbIIIOJIHHIOTCH cne)J,yrorn.He ycnoBH»: 

a) x(yz)=(xy)z, Vx,y,ZE A; 

6) (ax)(Py)=(a,B)(xy), '\ix, yEA H Va,,BER; 

B) x(y+z)=xy+xz, (y+z)x=yx+zx, Vx,y, zEA. 
Arrre6pa Ha3hIBaeTc» KOMMYTaTirnHoii:, ecnH: 
r) xy = yx, '\ix, yE A. 
EcJIH cyrn.ecTByeT 3JieMeHT eE A TaKoii:, 'ITO: 
)],) ex=x, xe=x, VxE A, 

TO e Ha3hIBaeTc51 e)J,HHH'IHhlM 3JieMeHTOM, a A - anre6poii: c e)J,HHHu;eii:. 
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HanpttMep. MHm1<ecTBo <}>yma.urn H3 C [a, b] c ecTecTBeHHoli orrepruweii )'MHO)l(eHIDI o6pa-

3)'eT KOMM)'TaTHBHylO anre6py c e;::i:Irnmi;eii ( x ( t) = l). MHO)l(eCTBO CTerreHeii KBa;::i:paTHOH MaT

PHIIhl n -ro nopH;::i:Ka o6pa3yeT KOMM)'TaTHBH)'lO a.rrre6py c e;::i:HHHI.1;eli ( e;::i:HHHqHaH MaTptt11;a 

n -ro rropMICa). MHO)l(eCTBO KBa;::i:paTHhIX MaTP~ n -ro nopMICa o6pa3yeT (HeKOMM)'TilTHBHyIO) 

a.rrre6py c e;::i:ttHm~eli. 

EcJIH ;::i:mr 3JieMeHTa XE A c)'lllecTByeT 3JieMeHT x-1 
EA, TaKOH qTo: 

e) xx-1 = x-1x = e, 

TO ITO orrpe;::i:eJieHHlO x-1 Ha3bIBaeTCH o6paTHhIM 3JieMeHTOM no OTHOIIIeHHlO K x. 06paTHhIB 3Jie

MeHT cylll;eCTByeT He scer;::i:a, HanpttMep B a.rrre6pe KBa;::i:paTHhIX MaTPHII IIOpH;::i:Ka n-o6paTHhlll 
3JieMeHT HMeeT CMhICJI TOJlhKO IJ:JIH HeBhlpO)l(IJ:eHHhIX MaTpHI.1;. 

EcJIH no;::i: anre6pattqeCKOH orrepa11;neli IIOHHMaTh CBePTK)' ;::i:syx o6o6lll;eHHhIX <l>YHKIIHH, TO 
OHa o6na;::i:aeT CBOHCTBOM KOMM)'TaTHBHOCTH H aCCOI!HaTHBHOCTH, npttqeM pOJib e)J;HHHI.l;hl Hrpa
eT 3;::i:ech ;::i:enhTa-<}>)'HKIIHH. Ilo3TOM)' Heo6xo;::i:HMO paccMaTPHBaTh no;::i:npocTpaHcTBa npoc'IpaH
CTBa D', B KOTOphIX CBepTKa o6o6lll;eHHhIX cpyHKI.l;HH cylll;eCTByeT. 

Onpe;::i:eJieHHe. Ilo;::i:rrpocTPaHCTBO K' c D' o6pa3)'eT (KOMM)'TaTHBHyIO) anre6py co cBePT
KOH, ecnH BhIIlOJIHHlOTCH cJie;::i:yIOlll;He ycnomrn:: 

a) CBCpTKa ;::i:syx HJIH HCCKOJihKHX o6o6lll;eHHhlX <}>)'HKIIHH H3 K' cymecTByeT H rrpHHa;::i:
JIC)J(HT K'; 

6) 5 ( x) E K' - e;::i:HHHqHhIH 3JieMeHT. 

Ilo;::i:rrpoc'IpaHCTBO A' c D' o6o6lll;eHHhIX cpyHKIIHH c KOMrraKTHhIM HOCHTeJieM, noAnpo

cTpaHcTBO D~ c D' o6o6lll;eHHhIX cpyHKI.l;HH c HOCHTemrMH, nex<alll;HMH B nepsoM 1<sa;::i:paHTe 

xi ~ 0, Xz ~ 0, ... , xn ~ 0, o6pa3)'IOT a.rrre6py co CBCpTKOH ( CBepTOqH)'lO a.rrre6py). EcnH 0606-

lll;eHHaH <l>YHKIIIDI f (x)E K' o6na;::i:aeT o6parnoii r 1(x), TO f (x)* r 1 (x) = r 1 (x)* f (x) = 

= o(x). 
IJpUMep J. 06o6lll;CHHhie cp)'HKI.l;HH 0 ( X), £)' ( X) E n;. 

HMeeM 

O(x)*J'(x) =~( O(x)*o(x)) = O'(x) = o(x). 
dx 

Cne;::i:osareJihHO, 

0-1 (x) = o'(x). 

IlpUMep 2. 0606lll;CHHhie cp)'HKI.l;HH f ( x) = 0( x) ex,( o'(x)-o( x) )ED~ ( R1 
). 

Ilo)J;cqmaeM csepTK)' 

0( x)ex *( o'(x)-o( x)) =~( o( x) * 0( x)ex )-( 0( x)ex * o( x)) = 
dx 

Cne;::i:osaTeJihHO, 

d =-( 0( x)ex )-0( x)ex = 0( x) ex +o( x)-O(x)ex = o( x ). 
dx 

r 1(x) = o'(x)-o(x). 



OEOEI.U;EHHblE <I>YHKil,I1I1 

IlpuMep 3. <!>yH,n:aMeHTaJibHOe pernemre ypasHeHmI 

y"( x) + aly( x) = 0 

ecTb o6o6ru,eHHaH <l>YHKI.Vrn B D~ 

I1MeeM 

Cne,n:oBaTeJibHO, 

sinOJx 
E+(x)=B(x)--, m>O. 

m 

( 8"(x)+m28(x))*E+ (x) = 8"(x) * E+ (x)+ al8(x)* E+ (x) = 

= :;2 ( 8 ( x) * E+ ( x)) +al E+ ( x)) = E: ( x) + al E+ ( x) = 8 ( x). 

E;i ( x) = 8"( x) + m28( x) ED~. 

IlpUMep 4. 06o6ru,eHHhie <l>YHKUIHI B (Xi, x2 ), ~ 8 (Xi, x2 ) E D~ ( R2
). 

dXiOX2 

e-i (xpx2) =~O(Xi,X2) = J'(xi) .J'(xz). 
OXiOXz 
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I1MeeT MeCTo rrpe,n:no:JKeHHe. TiycTb f ( x), g ( x) E D~ H cyru,ecTByIDT o6paTHbie <l>YHKUHH 

ri ( X), g-i ( X). Tor,n:a CBepTKa f ( X) * g ( X) E D~ HMeeT 06parny10 <l>YHKI.JHIO, orrpe,n:enHeMYIO 

<l>OPMYIIOH 

B caMOM ,n:ene, 

(f (x)* g(x)fi = r 1(x)* g-i (x). 

(! (x)* g(x)* ri (x)* g-i (x))=(! * rl )*(g* g-1) = 

= 8(x)*8(x) = 8(x). 

TiycTb K' c D' - anre6pa co cBepTKoii.; a ( x), b ( x) E K', x E R". YpaBHeHHe BH,D:a 

a(x)*y(x)=b(x), 

(4.94) 

(4.95) 

r;:i:e a ( x)' b ( x) - H3BeCTHbie o6o6ru,eHHble <l>YHKUHH, y - HCKOMM o6o6ru,eHHaH <l>YHKUHH, 

Ha3bJBaeTCH ypaBHeHHeM B CBCpTKaX. 
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llIMeeT MeCTO TeopeMa. )J,mr O.[IH03HaqHoii pa3peIIIHMOCTM ypaBHemrn B CBepTKax (4.95) 
npH mo6oii npasoii qacTH b ( x) E K' Heo6xo.L1HMO H .1:1ocrnTOqHo cymecTBoBaHHH o6paTHoro 

3JieMeHTa a-1 (x). 
)J,oKa3aTeJibCTBO Heo6xo,L1HMOCTH. Tiono)l(HM b ( x) = o ( x) E K' H 6y.1:1eM cqHTaTh, qTO npH 

3TOH npaBOH qacTH ypaBHeHHe (4.95) HMeeT XOTH 6bI O.[IHO peUieHHe. Tor.1:1a 

y(x) =a-1 (x), 

T. e. o6paTHbIH 3JieMeHT cymecTByeT. 
)J,OKa3aTeJibCTBO .LIOCTaTOqHOCTH. TiyCTb cymecTByeT o6paTHaH o6o6meHHM <liYHKIJHH 

a-1 (x), TaKaH qTO 

a(x)*a-l (x) = Q-I (x)*a(x) = O(x). 

Tor.1:1a, YMHO)l(HB ypaBHeHHe (4.95) cnesa Ha a-1 
( x), nonyqHM 

a- 1 (x)*(a(x)* y(x)) =a-1 (x)*b(x)=> (a- 1 (x)*a(x))* y(x) =a-1 (x)*b(x) => 

=> o(x)* y(x) =a-1 (x)*b(x) => y(x) =a-1 (x)*b(x). 

C11e.1:1osaTeJihHo, peIIIeHHe ypaBHeHHH (4.95) cymecTByeT B anre6pe K' H .1:1aeTCH <lJopMynoii 

y(x) = a-1 (x)*b(x). (4.96) 

)J,JIH .[10Ka3aTeJibCTBa e,LIHHCTBeHHOCTH peIIIemrn npe,LIIIOJIO)l(HM, qTo cymeCTBYJOT .[IBa pe

UieHHH ypaBHeHHH ( 4.95): y1 (x)E K' H y2(x)E K'. Tor.1:1a 

a(x) * Y1 ( x) = b( x), a(x) * Y2 (x) = b(x) => a(x) *(Y1 (x)- Y2 (x)) = 0, 

H TaK KaK a-1 (x)E K' cymecTsyeT, nonyqaeM 

Y1 (x)-y2 (x) =a-1 (x)*O=O. 

3JieMeHT a-1 ( x), KOTOpbIH HBJIHeTCH e11:HHCTBeHHbIM pemeHHeM ypaBHeHHH B CBepTKax 

a(x)* y(x) = o(x), 

Ha3hIBaeTCH <lJytt.LlaMeHTaJibHbIM (3JieMeHTapHbIM) peUiemreM ypaBHeHHH (4.95). 
IlpUMep. PaccMoTpHM ypasHeHHe B csepTKax 

p(~)o(x)* y(x) = o(x), (4.97) 

r.1:1e P ( d / dx) - JIHHeHHhlH .1:1u<lJ<lJepeHIJHaJihHhlH onepaTOp c rrocTOHHHhlMH K03<lJ<lJMIJHeHTaMH 

HMeeM 
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Cne,L10BaTeJibHO, y ( x) = E+ ( x) = Z ( x) 0( x), r,L1e Z ( x) - pernemi:e cooTBeTCTByiorn;eH. 1a,L1aqrr 

Kornrr (CM. rr. 4.7) - <PYH.LlaMeHTaJibHOe pellleHrre onepaTOpa P(d/dx). 3TO perneHHe rrpttHa,Ll

Jie'IKHT anre6pe v:. 
IlyCTb, HarrpHMep, 

P (!!...) = ~ + ol. 
dx dx2 

Tor,Lla 

d 2 
, sinmx [( J ]

-1 

dxz +m- o(x) =E+(x)=O(x)-;-· 

IlycTb Tenepb 

( d) d
2 

p dx = dx2 -ol. 

<l>ytt.LlaMeHTaJibHOe pellleHHe :noro orrepaTOpa 

Ilo:noMy 

shwx , 
E+(x)=O(x)-E D+. 

aJ 

[( 
d

2 
2 ) ]-

1 

shmx dx2 -m o(x) =O(x)--;-, m>O. 

<l>yH,L\aMeHTaJibHoe pemeHrre orrepaTOpa P( d/dx) = d" /dx" ecTb 

n-1 

E+(x)=O(x)-(x ) ED:. 
n-l ! 

Cne,LloBaTeJibHO, e,L1HHCTBeHHb1H. o6paTHbIH 3JieMeHT orrpe,L1emreTCH paBeHcTBOM 

( 
d" J-1 x•-1 
-o(x) =O(x)-( -) . 
dx" n-1 ! 

0TMeTHM, qTO MHO'/Kecrno <PYH.LlaMeHTaJibHhlX perneHrrii orrepaTOpa P ( d / dx) co,L1ep'IKHT 

perneHHe, rrpHHa,L\Jle'IKarn;ee v:. 3TO - e,LIHHCTBeHHoe perneHrre ypasHemur B csepTKax (4.97). 

OnepaQHOHHhIH MeTo,11; pemeuuSI ypaBueuuii B csepn~ax. PaccMOTpHM BHOBb ypaBHe
HHe B CBepTKaX B anre6pe D~ 

a(x)* y(x) ""b(x). (4.98) 

IlpttMemrn K (4.98) rrpeo6pa3oBaHrre Jiarrnaca, rronyqHM 

L[ a(x)]L[y(x)] = L[b(x)]. 
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OTKy,n;a 

L[b(x)J . 
L[y(x)]= L[a(x)] =L[p], p=a+1r;. (4.99) 

Ecm1 ,n;mr L[p] cym,ecTByeT opm1man, rrp1ma,n;ne)l(amHH: D;, TO qiopM)'na (4.99) orrpe,n;emreT 

e,n;HHCTBeHHOe perneHHe y ( x) E D;. 
llpuMep 1. B KaqecTBe rrepsoro rrpHMepa paccMOTPHM ypasHeHHe 

B( x )sinx* y ( x) = .!.e( x) xsin x. 
2 

HocHTeJIH BXOMIUHX CIO):la lf3BeCTHhlX o6o6ru;eHHbIX <l>YHK[(lfH co,n;ep)ImTCH B rrpoMe)l(yTKe 

[ 0, oo), cne,n;osaTeJibHO, OHH rrpHHa,n;Jie)J(aT anre6pe D;. <l>opM)'na (4.99) ,n;aeT 

JierKO BbJqlfCJIHeM 

L[y(x)]= 1 L[B(x)xsinx J. 
2 L[B(x)sinx J 

L[Bsinx) = Je-px sinxdx =-1
-

2
, 

0 1+ p 

' 
L[ B(x)xsinx ]= Je-pxxsinxdx=-~L[ B(x)sinx ]=-(~) = 2

P 2 • 

0 dp 1 + p ( 1 + p2) 

L[y(x)] =-!--:::> y(x) = B(x)cosxE D;. 
p·+1 

!IpUMep 2. Hail,n;eM Terrepb o6o6ru;eHttyIO <l>YHK[(HIO, 06pamy10 o6o6ru;eHHOil: <l>YHK[(HH 

a( x) = B( x)+ o'( x) ED;. 

l1MeeM ypasHeHHe B csepTKax B anre6pe D; 
(B(x)+o'(x))* y(x) = o(x). 

0TCIO,n;a HaXO):llfM 

( p +_!_)L[y] = 1 :::> L[y) = ~ :::> y(x) = B(x)cosx. 
p p +1 

Cne,n;osaTeJibHO, 

( B(x)+o'(x) ( = B( x)cosx. 
llpUMep 3. PaccMOTPHM ypasHeHHe 

(O"(x)-oio(x))* y(x) = o(x). 

flpHMeHHB K HeM)' rrpeo6pa3oBaHHe Jlarrnaca, rronyqHM 

(p 2 -of )L[y(x)J =1 :::> L[y(x)J = l =-l (-l ___ l_)· 
p 2 

- ai 2m p - m p + m 

(4.100) 
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y(x) =-1 (B(x)e+wx_B(x)e-wx) = B(x) shmx, m>O. 
2m m 

3Ta o6o6rn;eHHaH <l>YHKUHH coBrra,L1aeT c <l>YH.J:laMeHTanbHhlM peweHtteM E+ ( x) orrepaTOpa 

P(~J =d 2/dx2
-m

2
• 

IlpUMep 4. PacCMOTpHM eme O.LIHH rrpttMep. TiycTb o6o6rn;eHHaH <l>YHKUHH E ( x) = 

= y ( x) * (} ( x) sin x. Hafu:leM <l>mypttpyronzyID B 3TOH CBeprKe o6o6rn;emiyro <i>YHKUHlO y ( X) E D; 
H'.3 ycnoBHH, 'IT06bI E ( x) HBJIHJiaCb <l>YH.LlaMeHTaJibHhlM peweHHeM orrepaTOpa P ( d / dx) = 

= d / dx -1. I1MeeM uerrO'IKY paBeHcTB 

IlpHMeHHH rrpeo6pa30BaHHe Jlamiaca, IIOJIY'IHM 

3JieMeHTapHO HaxO,lJ,HM 

L[B(x)sinx J =-,-
1
-, L[( Bsinx)'] =+-. p-+1 p +1 

~ -l L[y(x)] = 1 => L[y(x)] = P
1 

+l = p+ 1 +-2-=> y(x) = 8(x)+8'(x)+2exB(x). 
p +1 p-1 p-1 

Pemeuue HHTerpaJibHOro ypaeueHHH BOJibTeppa nepeoro po,Lla c pa3HOCTHbIM smpoM 
ua noJiyocu. TaKoe ypaBHemre HMeeT BH.LI 

J K(x-t) y(t)dt = f (x), x ~ 0, (4.101) 
0 

r,Lle K ( x) H f ( x) - JIOKaJibHO HHTerpttpyeMbie <l>YHKUHH H K ( x) = 0 npH x ~ 0. TipO,LIOJI)KHB 

51,LlpO K ( x) H npaByro 'laCTb f ( x) Ha OTpHUaTeJibHylO IIOJIYOCb HyJieM, CBe,LleM MHTerpaJibHOe 

ypaBHeHMe (4.101) K ypaBHeHMIO B CBepTKaX B anre6pe D; 
O(x)K(x)* y(x) = B(x)f (x). (4.102) 

)J,anee npHMeHHM K ( 4.102) npeo6pa'.3oBaHMe JlaIIJiaca. B pe3yJibTaTe IlOJIY'JMM 

L[B(x)f (x)] 
L[ B( x) K(x) JL[y(x) J = L[ B(x) f (x)J => L[y(x)J = L[ B(x) K (x)J = L(p ). 
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llpuMep 1. PaccMOT})HM HHTerpaJibHOe ypaBHeHwe BoJihTeppa 1-ro po;:i;a 

f cos(x-t) y(t )dt = f ( x), x;?: 0. (4.103) 

Tipo;:i;omKHB H)l;pO K H f ( x) Ha OTpm~aTeJihH)'IO ITOJIYOCb eyJieBbIMH 3Ha'-leHHHMH, CBe,[(eM 3TO 

ypaBHeHHe K ypaBHeHHIO B CBepTKax 

0( x) K (x)* y(x) = 0( x) f ( x). (4.104) 

Ol.ICBH,IJ;HO, ii>YHKQHH 0 ( x) K ( x) H 0 ( x) f ( x) rrpwHa;:i;Jie)l(aT aJire6pe D~. CornacHo $opMY

Jie (4.100) 

( 0( x)cosxr1=0( x)+ o'(x). 

c Yl.J:CTOM 3Toro paBCHCTBa HaXO,[(HM 113 CBepTKl1 (4.104) 
, 

y( x) = ( O(x)+ o'( x)) * B( x) f (x) = B( x) * B( x) f ( x) +( o(x) * B( x) f ( x)) . 

~ f t dt, x>O x 

B(x)*B(x)f(x)= fB(x-t)B(t)f(t)dt= J () =O(x) f!(t)dt, 
{

x 

0 
0, x< 0 ° 

, , 
(o(x)*B(x)f(x)) =(B(x)f(x)). 

0KOH'-laTCJibHO ITOJIYl.laCM peUieHl1C ypaBHCHl1H ( 4.103) 

d x 

y(x) =-(O(x)f (x))+B(x) ff (t)dt. 
dx 0 

)l,JIH f ( x) = B( x)sinx, $OPMYJia (4.105) ,[(aeT 

y (x) = ~( B(x) sinx )+ B( x) f sintdt =O( x)cosx+ B( x)(l-cosx) = B( x). 
dx 0 

CJie,[(oBaTeJihHO, perneHl1CM ypaBHCHHH 

fcos(x-t)y(t)dt=sinx, x;?:O 
0 

(4.105) 

(4.106) 

B KJiacce o6o6illCHHhIX ii>YHKQHH D~ HBMeTcH e,[(11H11'-IHaH $YHKQl1H XeBwcaiI,[(a B(x). 
3aMel.laH11e. K TaKOMY )Ke pe3yJihTary rrpw;:i;eM, Herrocpe.[(CTBeHHO rrpHMeHHB K 3TOMY ypaa

HCHttIO rrpeo6pa3oBaHtte flaITJiaca. lIMeeM 113 ( 4.106) 

[ J L[Bsinx] 1 
L y(x) = [ ] =-=> y(x) =B(x). 

L Bcosx p 



OEOEl.QEHHhIE Cl>YH~ill1 427 

flpUMep 2. AHaJIOrIPlHbIM o6pa30M MO)J(HO IIOKa3aTb, l:(TO o(x) - peIIICHlfe HHTCrpaJib

HOro ypaBHeHH» BoJihTeppa 1-ro po.[(a B anre6pe D~ 

fcos(x-t)y(t)dt=cosx, x2:0. 
0 

llpUMep 3. Hali.[(eM perneHHe ypasHeHH» 

f (x- t) cos { x- t) y ( t) dt = f ( x), x 2: 0 
0 

B anre6pe D~ . HMeeM, npHMeHHB K :noM)' ypaBHeHHIO npeo6pa3oBaHHe Jiannaca, 

[ ] 
_ L [ 8 ( x) f] ( 2 )2 

L y - 0 p +l . 
p--1 

(4.107) 

HanpHMep, npH f ( x) = 8 ( x) ex IIOJIY'fHM 

3 2 L[y]=p+l+-+ 2 • 

p-1 (p-1) 

y( x) = o'(x) + o( x) + W(x)( ex {1 + x)+shx ). 

ECJIH He06XO,[(HMO Bblpa3HTb perueHHe B 06II1eM BH.[(e l:(epe3 npasyio l:(aCTb HHTerpaJibHOro 

ypaBHCHHH f ( x)' TO MO)J(HO IIOCTYIIHTb CJIC.[(yIOIIIHM o6pa30M: nyCTb 8 ( x) u ( x) - 0606II1eH-

HM tPYHKU:HH, COOTBCTCTByIOIIla» H306pa)J(eHHIO ( p
2 +1 f ( p 2 

-1 r1 ' T. e. 

(p2 +1 )2 
L[8(x)u(x)]=-2 -

p -1 

Tor,[(a cornacHo (4.91) H Bb1pa)J(eHHIO L[y] l:(epe3 npeo6pa3oBaHHe L[ 8(x) f ], IIOJIY'fHM 

L[y] = L[ 8( x) f JL[ 8(x)u(x) J ~ y( x) = 8( x) f *8(x)u. 

lluTerpa.Jibuoe ypaBueuue BoJibTeppa Brnporo poJJ;a. PaccMOTpHM HHTerpanbHoe ypaB
HeHHe BoJihTeppa 2-ro po,[(a c pa3HOCTHbIM H,[(pOM Ha IIOJIO)J(HTCJlbHOll IIOJIYOCH x 2: 0 

y ( x) + f K ( x - t) y ( t) dt = f { x) , x 2: 0. (4.107) 

IIpo.[(OJI)J(HB K ( x) H f ( x) Ha OTpHu;aTeJibHYID nonyoch HyneM, 3aIIHIIIeM cooTBeTcTsy10-

II1ee ( 4.107) ypaBHeHHe B csepTKax B anre6pe D~ 

( o(x) +8(x) K { x)) * y( x) = 8(x) f (x). (4.108) 

IIocne npHMeHeHH» K (4.108) npeo6pa3oBaHH» Jiannaca Haxo,[(HM 

L[ x ]= L[8(x)f (x)J 
y( ) l+L[8(x)K(x)J 
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B KaqecTBe rrpHMepa Haii):(eM peUJeHHe HHTerpa.n:bHOro ypasHeHH.H 

y(x)+fex-iy(t)dt=f(x), x>O. 
0 

IlpO,l:IOJDKHB <lJyHKUHH ex H f ( X) ffYll.HMH Ha OTpHUaTellbH)'JO IIOllYOCb, 3aIIHUJeM COOTBeTCT

BYJOW:ee ypasHeHHe B csepTKax B anre6pe D~ 

( o( x)+O(x)ex) * y( x) = 0( x) f ( x). 

Ilpeo6pa30BaHHe Jlarrnaca ,l:laeT 

L[y(x)J= L[O(x)f(~?J =L[O(x)f(x)J-2-L[O(x)f(x)J. 
l+(p-1) p 

0TCIO,l:la 

y( x) = O(x) f ( x)- f O(t) O(x-t) f ( x-t )dt = 0( x) f (x)-O(x) f ! ( x-t )dt. 
0 0 

IlrrH TaK: 
x 

y ( x) = f ( x )- ff ( x - t) dt, x ;::: 0. 
0 

OoLIKHOBennhre 11.u<}><}>epenuna.JioHLie ypaenenuSI. 3a11.a11a Komo. PaccMO'fPHM mrneii
Hhlii ,l:IH<lJ<PepeHUHa.JibHbIH onepaTOp c rrepeMeHHbIMH Km<P<lJHUHCHTaMH 

( 
d) d" dn-l d 

P dx = dx" +al ( x) dxn-1 + ... +an-1 ( x) dx +an ( x), 

r,ne a; ( x) E C [a, b) (i = 1, 2,. . ., n). 
Onpe,l:leneHHe. 3a):(alfa o HaxmK,l:leHHH peUJeHH.H ypasHeHH.H 

P ( ! ) y ( x) = f ( x), f ( x) E C [a, b), y ( x) E C [a, b), (4.109) 

y,nosneTBOp.HIOI1Iero Halfa.JibHbIM ycnOBHHM BH,[(a 

y(xo)=yo, y'(xo)=yp ... ,y(n-t)(xo)=Yn-1' XoE[a,b], 

Ha3hrnaeTCH 3a,nalfeii KoUJH (oMOTOlfelfHOH Kpaesoii 3a,nalfeii) M.H ,ntt<lJ<lJepeHUHa.JibHOro ypaB
HeHHH (4.109). C<lJopMYJIHPOBaHHM BbIIIIe 3a,l:lalfa KoUJH MK o6bIKHoBeHHoro /:ltt<P<lJepeHUHanb
Horo ypaBHCHHH HMeeT e):(HHCTBeHHOe peUJeHHe [8, 12, 20]. 

Haii,neM peIIICHHe 3a,nalfH KOIIIH ,nnH ,ntt<lJ<PepeHUHa.JibHOro ypasHeHHH c IIOCTOHHHbIMH K0-

3<lJ<lJHUHeHTaMH H rrpaBOH lfaCTbIO f ( x) E c [ 0, 00). l1MeeM cornaCHO orrpe,neneHHIO 

y(n) (x)+a1y(n-I) (x)+ ... +an_1y'(x)+any(x) = f (x), X;::: 0, 

Iimy(x)=y0 , Iimy'(x)=y1,. .. , Iimy(n-l)(x)=yn-i· 
x-t+O x-t-t-0 x---t+O 

(4.110) 
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Ilpo,11,0JDKHB perneHHC y ( x) H <PYHKIUUO f ( x) H)'JUIMH Ha 011n1u;aTCJibH)'l-O IIOJIYOCh, pac

CMOTpHM ypaBHCHHe (4.110) B rrpocTpaHCTBe D' o6o6ru;eHHhIX <PYHKu;ttH:. IloJioJKHM 

B(x)f(x)=}(x), B(x)y(x)=y(x). 

Tor,11,a 

Y' ( x) = {Y'( x)} + [5']0 c5( x), (4.111) 

y"( x) = {Y"( x )} + [.Y]0 c5' ( x) +[Y'Jo c5(x), 

r,11,e { .Y(P) ( x)} - KJiaccttqecKa}I rrpomBo,11,Ha}I rrop}l,11,Ka p, [ y(P) ]0 = !~1!1 y(P) ( x) = y P - cKa

qoK p-ii. rrpOH3BO,!l,HOH B ToqKe x == 0. 
c yqeTOM COOTHOillCHHH ( 4.111) rrpe,11,CTaBHM ypaBHCHHC ( 4.110) B o6o6ru;eHHhIX rrpom

B0,11,HbIX B BH,11,C 

P(!)Y(x) = F(x), 

F ( x) = J ( x) + bn_1c5( x) + bn_2c5'( X) + ... + b0c)in-I) ( X) = J ( X) + 'i,)n-pc)(p-I) (x) E D~, 

n-p 
bn-p = LY;Gn-i-p' 

i=O 

p=I 

PaccMoTpHM, Harrp11Mep, 3a,11,aqy Kornu ,11,irn ypaBHeHH}I BToporo rrop11,11,Ka 

y"( x) + aJ( x)+ GiY(x) = f (x), x;:::: 0, 

lim y(x) = y0 , lim y'(x) = y1• 
x,,+o x--t+O 

IloJiaraR 

y(x)==B(x)y(x), ](x)=B(x)f(x) 

H HCIIOJih3Y}I tPOPMYJihI (4.111), rrpe,11,CTaBHM 3TO ypaBHCHHC B o6o6ru;eHHhIX rrpoH3B0,!1,HhIX 

BBH,11,C 

y"(x)+GiY'(x)+a2Y(x) = F(x), (4.112) 

r,11,e 

F(x) = ](x)+(y1 +a1y0 )c5(x)+ y0c5'(x), F(x)E D~. 

0rMeTHM, qrn HaqarrbHhle ycJIOBH}I 3a,11,aq11 Konm 3,11,ech yiKe yqTCHhI. 

YpaBHeHHe B CBCPTKax, cooTBCTCTB)'lOIIJ;ee 11;mp$epeHIJ;HaJihHOMY ypaBHeHHI-O ( 4.112), TaKOBo: 

P(!)c5(x)* Y(x) = F(x), 
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r.n,e 

P(~) =.!£_+a !!:_+a2 • 
dx dx2 l dx 

Ilycrh E(x) -<l>YH.n,aMeITTaJlhHOeperneHHeorrepaTOpa P(d/dx) H E+(x)=B(x)E(x) -

o6o6mettHwr cpyttKu;mr KJiacca D~. QqeBH,llHO, 

H 

CJie.n,osaTeJihHO, s cseprnqttoif anre6pe D~ 3JieMem P ( d / dx) i5 ( x) HBJUreTcH o6paTHbTM rro OT

Hornenmo K <Pyn.n,aMeHTaJihHOMY pewenmo E+ ( x) H MO)l(HO orrpe.n,eJIHTh o6o6meHttyIO <PYHK

u;mo Y( x) s BH,D,e 

y( x) = E+ ( x)* F ( x) = E( x)*{J ( x) +(y1 + a1y0 ) o( x) + y00'( x)} = 

= E(x)* ](x)+(y1 +a1y0 )E(x)+ y0 E'(x). (4.113) 

IloJimKHM ,llJIH yrrpomeHHH 3aIIHCH lli = 0, a2 = oi. Tor,Ua <PYH.n,aMeHTaJihHOe perneHHe ecTh 

H COOTHOIIIeHHe (4.113) .n,aeT 

- xf sin 0Jt - sin OJX 
y(x) = B(t)--f (x-t)dt+ y1B(x)--+ y0 B(x)cos0Jx, XE R1 

0 OJ OJ 

HllH 

xf sin 0Jt sin OJX 
y(x)= f(x-t)--dt+yi--+yoCOSOJX, x~O. 

0 OJ OJ 

4.19. Pe2yn11pu3aqu11 pacxot311ucuxc11 uHmeapanoe 

c IIOMOIIlhl-0 arrrrapaTa TeopmI pacrrpe.n,eJieHHH MO){(HO IIOCTpOHTh aJITOpHTM, II03BOJIHJ{)
IIIHH rrpHrrttchTBaTh HeKOTOphIM pacxo,llHIIIHMCH nmerpa.rraM orrpe.n,eJieHHhie qHcJIOBbre 3Haqe:mrn. 
3TOT aJiropHTM Ha3bJBaeTCH peryJIHpmau;HeH paCXO,llHIIlerocx HHTerpana [ 11, 31, 3 8]. 

To'Il<)' x0 Ha3hlBaJOT rnqKoii JIOKaJibHOH cyMMHpyeMOCTH <jlynKIJ;HH f ( x), ecJIH cymecTBy-

eT map u ( Xo, r), B KOTOpOM f ( x) CYMMHpyeMa. TO'-IKH, He HBJIHIOIIIHeCH TO'-IKaMH JIOKaJlbHOH 

CYMMHpyeMoCTH, Ha3hIBaJ-OTCH oco6b1MH TOqKaMH. Ey.n,eM rrpe,llIIoJiaraTh, qyo na JIJ-06oM HHTep

sa.rre f ( x) MO)J(eT HMeTh JIHIIlb KOHeqnoe MHO)J(eCTBO oco6hIX ToqeK. 
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Ilycr.& D1 - noroipoc'I'paHCTBO <PYHKD;mI H3 D, 06paII1a10II1HXCH B ttyn.& B KaJK,IJ,oii oco-

6oii ToqKe <PYHKD;HH f. Cxo,n:HMOCTh B D 1 cne.n:yeT H3 cxo,n:HMOCTH B D : rrocne.n.osaTeJihHOCTh 

{'Pm}cD1 cxo,n:HTCH K <pcD1 , ecnH see <fJm(x) cocpe,n:oroqeHh1 Ha o,n:ttoM H TOM )Ke rnape 

(He co.n.ep)l(aII1eM oco61>1x TOqeK) H Da <pm ( x) ~ Da tp( x) npH nro6oM MYJI.&THHH,n:eKce a, pas

HOMepHo. Tor.n.a onpe.n.eneH JIHHeiiH.&Iii <PYHKD;HOHan f s rrpocTPaHcTBe D 1 , ,n:eiicTByIOIIIHH Ha 

rrpoH3BOJihttyro <PYHKD;HIO <p E D 1 no <jlopMYne 

(f,<p)= ff(x)<p(x)ctt. 

llHTerpan B npasoif qacm cxo.n;HTCH, TaK KaK <p( x) pasHa eymo so scex oco6.&IX roqKax <jlyttK

I(HH f ( x). IlOCTPOeHHbIH mrneHHbIH <PYHKIJ;HOHan MO:JKHO rrpO,L\OJl)l(HTb Ha see rrpOCTPaHCT

BO D [21). 
3HaqeHHe (f,<p) MH KaKott-nH6o ocHOBHOH <PYHKIJ;HH <p(x)E D Ha3.&rna1-0T perynHpH3o

BaHHhIM 3HaqeHHeM HHTerpana 

ff (x)<p(x)ctt, 

a 0606II1eHttyJO <PYHKD;HIO ( f, <p) , rro.rryqaeMyIO npH YKa3aHHOM npo,n:oJl)l(eHirn c D 1 Ha D, Ha-

3.&IBaIOT perynHpH3all;HeH <PYHKD;HH f ( x) . Ba:JKHO OTMeTHTb, qTQ peryJIHpH3aIJ;HH <PYHKD;lffl f ( x) 

cosrra.n:aeT c f ( x) Ha MHO:JKeCTBe ToqeK, ):(OIIOJIHHTeJibHOM K MHO)l(eCTBY oco6.&IX ToqeK. 

0,n:tta H Ta )Ke <PYHKD;HH MO)KeT HMeTh pa3JIH:qHbie peryIDipH3aI(HH. Bse.n.eM IIOIDITHe KaHOHH

qecKOH peryMpH3aD;HH [11, 12]. Ilycrh L - JIHHettHoe rrpoCTPaHCTBO <PYHKD;HH f ( x) (He ofo1-

3aTenhHO JIOKaJibHO HHTerpHpyeMbIX), KaJK,IJ,aH H3 KOTOpbIX HMeeT ):(HCKpeTHOe MHO)l(eCTBO oco-

6.&IX ToqeK H 6eCKOHeqHo JJ:H<P<]lepettu;HpyeMa Ha ,LIOIIOJIHeHHH K 3TOMY MHO)KeCTBy. Ilpe;:i:rrono

)KHM, qTo npocTPaHCTBO L co.n.ep)KHT BMecTe c Ka)K,Llott <PYHKD;Heif f ( x) see ee npoH3BOJJ:H1>1e 

(Ha .n.orronHeHHH K MHO)KeCTBy oco6b1x ToqeK) H see <PYHKD;HH BH,ll.a a ( x) f ( x), r.n.e a ( x) E c=. 
IlyCTb Ka)K,LIOH <l>YHKIJ,HH f ( x) E L COIIOCTaBneH llHHeHHblH <l>YHKD;HOHaJI ( f' <p) - pe

rynHpH3aIJ,HH 3TOH <l>YHKIJ,HH. 3Ta perynapH3aIJ,HH Ha3hlBaeTCH KaHOHH:qeCKOH ( o603HaqaeTCH 

K.p.f ( x) ), eCJIH BhIIIOJIHeHhl cne.n.yroII1He ycnOBHH: 

3,LleCb cnesa CTOHT KJiaCcHqecKaH rrpOH3BO,ll.HaH, a cnpasa - rrpOH3BO,Ll;HaH OT 0606II1eHHOH 

<i>YffKil,HH; 

3) K.p.(a(x)f(x))=a(x)K.p.f(x), \fa(x)E c=. 
IlpHMepoM npocTPaHcTBa <l>YHKD;HH, MH KOToporo CYIIIecTByeT KaHOHHqecKaa peryAApH-

3aIJ,HH, CJiy)l(HT KJiacc <l>YffKil,HH co CTerreHHhIMH oco6eHHOCTHMH. ToqKa Xo Ha3bIBaeTCH crerreH-
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HOH oco6oif TOqKOH <PYHKU:HH f ( x) ' ecJIH B OKpeCTHOCTH 3TOH TOqKH f ( x) MO:lKHO rrpe.l(CTa

BHTb B BH.l(e 

a hj ( x) - O,UHa 113 CJie)zyIOIUHX $)'HKI\HH: 

(x-x0 )~, (x-x0 )~, (x-x0 f" (A-:t:-1,-2,-•.. ), 

x,i ={x,i, x>O, 
+ 0, x<O, 

{°' 
x>O, 

x~ = lxl,i' x<O. 

<l>yHKn:HH f ( x) Ha3bIBaeTCH <PYHKU:HeH co crerreHHbIMH oco6eHHOCTHMH, ecJIH OHa HMeeT Ha Jll0-

6oM HHTepBane KOHeqHoe MHO:lKeCTBO CTerreHHbTX oco6bIX ToqeK. 

PerynHpH3an:rrn <PYHKU:HH x;, x~, x-•. IIycTb Re A> -1, rnr,ua MHTerpan 
w 

(x;,lJ')= fx,itp(x)dx 
0 

cymecTByeT MH mo6oif '7'( x) E D H, cne,qoBaTeJibHO, 3a.l(aeT JIMHell.HhIH <PYHKU:HOHaJI B 3TOM 

rrpocTpattcTBe. 

IlyCThTerrepb ReA>-n-1 (A.:t:-1,-2,-... ), Tor.na Re(A.+n)>-1 HHMeeTCMbICJI<j))'HK

U:HOHaJI 

( x;+n, tp) = J x.4+n tp(x) dx. 
0 

,[1,anee, B CHJIY ycnoBHH 2 KaHOHJ1qeCKoif peryJIHpH3an:1111 rrorryqaeM 

( Mn )= r(-1+1) [( ,l+n)(n) ]=(-l)n r(A.+l) ( .4+n (n)) 
x+ ,lp r(A-+n+l) x+ ,lp r(A-+n+l) x+ ,lp . 

TaKHM o6pa30M, rrp11 Re A> -n -1 - <j)yHKU:MOHaJI ( x;, tp) 3a,naeTcH <j)opMYJIOH 

11HTerpHpOBaHMeM ITO qaCTHM MO:lKHO rrpoBepHTb, qrn 3Ta <j)opMyJia paBHOCHJlbHa CJie)zyIOIQell. 

( x:, 'P) = J X.4 [ '7'( X )- '7'( 0 )- xqf ( 0 )- ... - ( :~-~) ! tp(n-l) ( O)] dx + 

(4.114) 
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IlpH -n -1 < Re A, < -n HMeeT Mecro 6onee rrpocnur <jJopM)'Jia 

Ilpirne,n;eHHbie coorHorueHIDI 3a,n;aroT perymrpmau:nro x: rrpH Re A, < -1. OrMeTHM, 'ITO :na 

o6o6ru;eHHaH cpyHKU:HH He orrpe,n;eneHa rrpn A,== -1, -2,. .. , -n, ... 

AHanorH'IHO orrpe,n;eJIHeTCH perynHpH3au;m1 cpyHKU:HH x~. BhlrrnrueM eru:e perynHpH3aU:HH 

cpyHKU:HH [38] 

11
,\ ,\ ,\ x = x+ +x_, lxl.< signx= x:-x~. 

Ilptt -2m- l <Re A <-2m+ 1 HMeeM 

(lxr .q>) = Jx,i {tp(x)+tp(-x)-2[tp(O)+ ;~ tp"(O)+ ... + ( 2:=~)!'P(zm-z) (o)]}dx. 
IlpH A=-2m 

(x-2m, tp) = f x-zm { tp( x) + tp(-x )- 2[ tp( 0) + ;~ tp"( 0) + ... + ( 2:=~) ! tp(Zm-z) ( 0) ]}dx. 

HarrpHMep, 

(4.115) 

Ilptt A=-2m-l HMeeM 

( X-2m-1' tp) = }x-2m-1 { tp( X )-tp(-x )- 2[ xtp' ( 0) + ~3! tp(3) ( 0) + ... + ( 2:=~) ! tp(2m-1) ( 0) ]}dx. 
B qacTROCTH, 

(x-1,tp)=(vpJ:.,tp)= ftp(x)-q>(-x) dx. 
x 0 x 

(4.116) 

( _3 )=(VJ_ )= 
00

ftp(x)-tp(-x)-2xq>'(O)d x ' tp p 3 ' tp 3 x. 
x 0 x 

x 
IlocKOJibKY ctg- - He'IeTRaH cpyHKU:IDI H B OKpeCTHOCTII HYJIH HMeeT rrpe,n;CTaBJieHHe (B rrpe-

2 
Jr Jr 

,n;enax - - < x < - ) 
2 2 

x 2 
ctg- = - + perymqmaH cpyRKU:HH, 

2 x 
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TO MO)l(HO BOCilOJih30BaThCji perymrpH3aQHeH (4.116). HMeeM "'ii <P( x) = 0 npH xe [-n/2,n/2] 

(ctg.::,tpJ = }[ tp( x )- tp(-x) Jctg.::dx. 
2 0 2 

1 
AHaJiornqHo, HMej{ B BHiJ.Y peryJij{pH3aQHIO Vp 2 (4.115), 3amuneM 

x 

[,m
1'i+ ~*;=,~r s:~o)]d< 

)1,po6uoe HHTerpo~HCl>«J>epeuu;upoBaHHe [33, 38]. IlyCTh <i>YHKQHj{ f ( x) paBHa HYJIIO Ha 

noeyocH ( -=, 0) H JIOKaJihHO HHTerpHpyeMa Ha ( 0, -too). Tor)J.a ee q - KpaTHaj{ nepBoo6-

pa3Haj{ <i>YHKQHj!, o6pam:aro~aj{Cj{ B ttyJih Ha uoeyocH ( -oo, 0), 3a)J.aeTCj{ <PopMyJioli Ko urn 

D-qf = Jq(x) =-(
1 

) f J (t}(x-ir-1 dt. 
r q o 

B TepMirnax CBepTKH 3Ta <i>OPMYJia HMeeT BH)J. 
q-1 

fq ( x) = f ( x) * ;( q) . 

Ilo aHaJIOrHH c 3THM paBeHCTBOM uepB006pa3HM uopj{)J.Ka A, OT o6o6~eHHOH <l>YHKQHH f ( x), 

paBHOH ttyJIIO Ha noeyocrr ( -oo, 0), onpe)J.eJij!eTCj{ TaK: 

1-1 

ff
1 

f = f,i ( X) = f ( X) * ;(A) = f ( X) * Q> ,i ( X) · 

Ih <)>opMyJihI ( 4.114) )J.Jij{ peryJij{pH3au;rrH ( x:, tp) npH Re A. > -n -1 rrMeeM 

f-k ( x) = f ( x) * ct> -k ( x) = f ( x) * ~ k) ( x) = Dk f ( x) . 

TaKHM o6pa3oM, nepBoo6pa3Haj{ nopj!)J.Ka -k ecTh He qTo HHoe, KaK nporr3BO)J.Haj{ nopj{)J.Ka k 

OT o6o6~eHHOH <l>YHKQHH f ( x). 

IlpUMep. I1HTerpaJihHoe ypaBHeHrre A6eJij{ 

1 xfJ(t}dt 
g(x}= r(l-a} 

0 
(x-tt 

rrpe)J.CTaBHM B BH)J.e CBepTKH 

g ( x) = f ( x) *ct> 4 ( x), A.= 1-a. 
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g(x)*<P_,, (x) = f (x)*<P4 (x)*<P_,, (x) = f (x)*O(x) = f (x). 

0Tc10p:a rrpn 0 < a < 1 rro.rryqaeM pellleHHe 

f (x)= ( 
1 

) fg(t)(x-1r-
2
dt, r a-1 

0 

rp:e HHTerpa.rr IIOHHMaeTCl! B CMbICJie peryAApH30BaHHOro 3Ha'leHH1!. 
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EcnH g ( x) - p:mp<i>epeHIUIPyeMM <i>ymai:HH, TO peweHHe 3aIIHcb1BaeTc11 B BH)J;e o6hI'IHoro 

Heco6CTBeHHoro HHTerpana 

f (x) =-(
1 

) f g'(t)(x-tr-'dt. 
r a 0 

4.20. 0606U(eHHble peweHUR oucpcpepeHquanbHblX ypaaHeHUU 
a '18CfflHblX npOU3600HblX 

PacCMOTPHM JIHHeiiHbiii P:H<i><i>epeHI1liaJihHhiii orrepaTOp rropHp:Ka m 

P(x,D)= f aa(x)Da, 
iai=O 

rp:e 

lal = Ui +a2 + ... +an, aa (x)E c=. 

(4.117) 

CooTBeTcTBy10mee orrepaTOpy ( 4.117) JIHHeiiHoe P:H<i><i>epeH11na.rrhHoe ypaBHeHHe B rrpocTpaH
CTBe D' 3arrttweM B BHp:e 

p ( X, D) u = I ( x), I ( x) E D'. (4.118) 

0606111eHHbIM peweHHeM ypaBHeHHH ( 4.118) B o6nacm Q c R" Ha3bIBaeTCH J1106a11 0606111eHHM 

cpyttKIIHH u ( x) E D', yp:oBneTBopHIOIIIM B D' ( Q) :noMY ypaBHeHHJO. lfa 3Toro orrpep:eneHHH 

cnep:yeT, 'ITO '\/ tp( x) E D ( Q) p:OJI)l(HO BblIIOJIHHThCH paBeHcTBo [8, 9] 

( P( x, D) u, tp( x)) = (! ( x), tp(x) ). (4.119) 

BBop:H corrpH)l(eHHhiii p:ttcp<i>epeH11na.rrhHh1ii orrepaTOp rro <tiopMYne 

p* ( x,D)rp = :t (-l)lalDa ( aatp), (4.120) 
iai=O 

MO)J(HO rrpep:cTaBHTb ( 4.119) B BH)J;e paBHOCHJibHOro paBeHCTBa 

( P(x,D)u,rp) = ( u, p* ( x,D)rp) = (f ,tp), tpE D(n). 
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B caMOM .n:ene, rrpHMoe Bhr<mcneHHe ,n:aeT 

= :t (Dau, aarp) = :t ( -1 )laJ ( U, Da ( aarp)) = ( U, p• ( X, D) (/)). 
ial,.O laJ,.o 

ECJIH U ( X) E Cm, a f ( X) E C, TO Bee o6o6lll,eHHhle IIpOH3BO,[(Hble ,[(0 rropH,ll,Ka m BKJIJ()qHTeJibHO 

COBIIa,[(aIOT c KJiaCCWICCKMMH, II03TOM)' o6o6rn:eHHoe pemeHHe COBIIa,[(aeT c KJiaCCWieCKMM, T. e. 

P(x,D)u- f (x) = 0. 

3HaqITT, 3TO paBeHCTBO 6y,n:eT BhIIIOJIIDIThCH H B D'. Boo6rn:e, JIJ-06oe KJiaccWiecKoe perneHHe 
ypaBHeHRH (4.118) HBJIHeTCH H o6o6rn:eHHDIM perneIDieM. 06pamoe JTBep)l(,[(eHHe, Boo6rn:e roBo
p», HeBepHO. 

<I>yn.n:aMeHTaJIJ.Hoe pemenue JIHHeiiuoro .n:ucl><i.epeun;uaJii.uoro ypaBuennst c nocTo
HHHMMH K03t)t)nnuenTaMH [4, 8, 9, 11, 18, 22, 25]. HarrOMHHM orrpeAeJieHHe. 06o6rn.eHHaH 

cpymrn;rnr E ( x) E D' ( R" ) H83hIBaeTC» cpytt,n:aMeHTaJIDHhIM pemeHHeM orreparnpa ( c rroCTOHHHhI

MH K03cpcpm~HeHTaMH) 

P ( D) == :t aaDa, 
iai=O 

ecmi oHa y,n:oBJieTBop»eT ypaBHeHHIO B D' ( R") 

P(D)E(x)==o(x), XE R". (4.121) 

<l>ytt,n:aMeHTaJihHOe pemeHHe orrpe,n:eJIHeTCH ypaBHeHHeM ( 4.121) He e,n:HHCTBeHHbIM o6pa-
30M, a c TQqHOCThIO ,[(O JII06oro CJiaraeMoro, HBJIHIOIUerocH peryJIHpHbIM perneHHeM O,[(HOpo.n:

HOro ypaBHeHIDI P(D )u =0. IIocKOJihKY £' c D', TO MO:>KHO rrpHMeHHTh npeo6prooBaHHe <l>y-

poe .n:M orrpe.n:eneHH» cpytt.n:aMeHTaJihHOro pemeHH» E ( x) E £'. ToqHee, HMeeT MecTO yTBep

)1(,[(eHHe. 

)],JI» Toro qrnfa1 o6o6meHHaH cpyHKQH» EE £' 6oma <}lytt.n:aMeHTaJihHhIM pemeHHeM orre

parnpa P ( D), Heo6xo.n:HMO H .n:ocTarnqHo, qrn6b1 ee rrpeo6pa3oBaHHe <l>ypoe F [ E) y.n:oBJie

TBOp»no ypaBHeHHIO 

P(-iq)F[E]=l, 

r.n:e CHMBOJI orrepaTopa - MHoroqJieH p ( -iq) orrpe.n:eJIHeTCH paBeHCTBOM 

P(q)== f aaqa. 
iaJ=O 

)J,oKa3aTeJihCTBO Heo6xo.n:HMOCTH. IIycTD EE £' - cpytt.n:aMeHTaJihHoe pewemi:e orrepa

Topa P(D). Tor.n:a HMeeM QerroqKy paBeHCTB 

P(D)E(x) = o(x) ~ F[ P(D)EJ ==1 ~ P(-iq) F[E] = 1. 
)J,OCTaTQqHQCTb oqeBH)J,Ha. 
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TaKHM o6pa30M, BOIIpoc CBO,[(HTCH K perneHHIO B npOC'TpaHCTBe :£' ypaBHeHH» 

Q(q)X =1, (4.122) 

rJJ;e Q ( q) = Q (qi' q2, ... , ;. ) - IIOJIHHOM cTeneHH m OT n -nepeMeHHhIX. Ecnu N Q = 

== {q: Q( q) = 0} MHO)l(eCTBO HyJieH Q( q), TO BHe 3T0f0 MHO')l(eCTBa ypaBHeHHe (4.122) HMeeT 

pernettue 

Ecrru N Q = 0, TO 3To perneHHe eJJ;HHCTBeHHo u cpyttJJ;aMeHTaJihHOe pernettue E ( x) E :£' oJJ;

H03HaqHo onpeJJ;eJI»eTC». B npoTHBHOM cnyqae perneHHH ypasHeHH» (4.122) oTrruqaroTc» JJ;pyr OT 

JJ;pyra Ha 0606w:eHHY10 cpyttKilHI-O c HocuTerreM B N Q. 

HanprrMep, ypasttettrre ( q -1) X = 1 B :£' ( R1
) HMeeT perneHHH 

1 1 
Vp q-l' Vp q-l +c8(q-l). 

~OKa3aHO [22], qTQ ypaBHeHue (4.122), f,[(e Q( q) - MHoroqrreH c TIOCTO»HHhIMH K03<j>cpHUJ1-

emaMrr, scerJJ;a IIMeeT pernettue. 0rcI-O,[(a cne):(yeT, qTO cpyttJJ;aMeHTaJibHoe pernettue M<)><)>epeH

IJ,HaJibHoro onepaTopa P(D) B Knacce :£' cyw:ecrnyeT. 

3aMeqattue. Cornactto TeopeMe MarrbrpaH)l(a-3pettrrpeil:ca, M» nro6oro JJ;ttcpcpepeHIJ,uarrh
Horo onepaTopa B qaCTHblX npoli3BO,[(HbIX c IIOCTO»HHbIMH K03<j>cpttUJ1eHTaMH cyw:ecTByeT <)>ytt
,[(aMeHTaJibHOe pernettrre EE D'. 

B pa3.n:ene 4.10 6brno noKa3aHo, qTo pernettue ypasHeH»» c npasoil: qacThI-O 

P ( D) u = f ( x), f ( x) E D' ( R") 

onpe.n:en»eTC» <J:iOPMYJIOH 

u =E(x)* f (x) =P(D)u*E(x), 

ecrrrr TOJibKO csepTKa E * f cyw:ecrnyeT. 

4.21. YpaeHeHuR 2unep6onu'lecK020 muna 

PaccMOTIJHM sonHosoe ypasHettue B R" x R1 

( 
1 a1 J n a2 

Li-2-a 2 u=O, Li= I-a 2' 
a t j=i xj 

(4.123) 

u =u(x;t), x=(Xi,X2, ... ,x.)E R". 

Ypasttem1e (4.123)- rnnep6onuqecKoro Tttna [30]. HaM:.n:eM cpytt):(aMeHTarrhHOe pernettue 
oneparnpa ~anaM6epa (sorrttosoro oneparnpa) ,[(ITH crryqaes n = 1, 2 u 3. 
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<I>)'H.n:aMeHTaJihHOe pernem1e orrepaTopa o a ecTb o6o6ru;eHHaH <i>YJIK[(HH E ( x, t), y.n:os

nernopHIO!IlaH ypasHeHmo s R" x R1 

( 
1 a

2 J oaE= Li-2-2 E(x,t)=o(x,t). 
a ot (4.124) 

IlpHMemrn K ypasHeHHIO (4.124) rrpeo6pa30BaHHe <I>ypbe IIO IIpOCTPaHcTBeHHhlM rrepe
MeHHbIM, nonyqHM 

1 d 2 

Fx[M]- a2 dt2 F,(E] = Fx[o(x,t)] = Fx[ o(x)·o(t)] = 

1 d 2 

= Fx [ o( x)} o(t) = l(q) · o(t) => -1;12 
Fxf E]- a2 dt2 Fxf E] = 1( q) · o(t ). 

Fx [ E] = Fx [ E(x,t) ]( q,t) = y( q,t)' 

npHxo.D,HM K .nH<l><l>epeHQHanbHOMY ypasHeHHIO s £,' ( R") 

0TCIO,na, ycIHTbIBaH rrpaBHno IlOCTPOemrn <l>YH.n:aMeHTMbHOro perneHHH )J,nH o6hIKHOBeHHOro 
.n;H<l><l>epemi;mUibHoro onepaTOpa, Haxo.n;HM 

sin(a\~\t) ( n 2Jl/2 

y(q,t)=-a lql B(t), lql= ~qk (4.125) 

<l>)'H.n:aMeHTaJibHOe perneHHe orrepaTOpa ,l(anaM6epa rronyqHM, o6paTHB paseHCTBO (4.125) 

_1 _1 [sin(alqlt)l E(x,t)==Fq [y(q,t)]=-aFq lql B(t). 

IlycTb n = 1. Hali,neM rrpeo6pa3oBaHHe <I>ypbe OT <l>YJIK[(HH B( at-lxl)B(t ), a> 0 

at 

B(t) F, [ B( at-lxl) J = JeiqxB( at-lxl)B(t) d.x = B( t) J eiqxd.x = 
-at 

( )sinqat ( )sinlqlat =28 t --=2·B t -~-
q 1;1 

0TCIO,ll;a 

[
sin(lq!at)l a 

E1 (x,t) ==-aFt lql B(t) = -28( at-lxl)B(t), a> 0. 

TaKHM o6pa30M, <PYH.n:aMeHTaJibHoe perneHHe o.nHoMepnoro sorrHoBoro orrepaTopa pasHo 

HynIO BHe «KOHyca» r+, 3aKnI01IeHHOrO Me'll<,ll;y ,ll;BYMH XapaKTepHCTHKaMH, a BH)'"IpH KOflYCa 

E(x,t) ==-a/2 (pHc. 4.13). 
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x =-at 

0 x 

Puc. 4.13. CaeTOBOH KOH)'C 6yL1yr.nero r+ ):\JUI O):\HOMepHoro BOJIHOBoro oneparnpa 

IlpH n = 2 HMeeM (CM. Ta6n. npeo6pa30BaHHH <l>ypbe) 

c yqeTOM :noro paBeHCTBa COOTHOIIICHHe ( 4.125) ):(aeT 

E
2
(x,t)= a B(at-r) , 

2tr ..j a1t2 - r1 
r=\x\=~x;+x;, a>O. 

llnH B pa3BCpHyTOM BH):(e (CM. pHC. 4.14) 

X2 

Puc. 4.14. Caernaoii KoHyc 6yL1yrnero Lill~ LIBYMepHoro BOJIHOBoro oneparnpa 

E,(x,t)={ 
a 

at> r, 

at< r. 

439 
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HaKoHeu:, rrp11 n = 3 HMeeM 

[ )] 
sinajqj 

F o(jxj-a =4Jra-j;j-. 

yql1TbIBaH 3TO paBeHCTBO, Haxo,n:HM 113 (4.125) 

E3 (x,t) = --1 
o(jxj-at) = ~B(t)o(a2t2 -jxj2

) =_q_B(t )os ( x), 
4m 21Z" 4m m 

jxj = ~Xj2 +x; +x;, 

r.n:e sat c<)lepa jxj =at. 
0rMeTHM, 'ITO <}_)YHJJ,aMeHTaJihHbie perneHHH £1, £ 2, £ 3 - e,n:MHCTBeHRb1e cp)'H,ll.aMeHTaJibHbie 

peIIIeHHH orrepaTopa ,ll;ruraM6epa D, HMCIOII(He HOCHTCllb B rronyrrpocTpaHCTBe { ( X, t) : t ~ 0}. 
Ha caMOM .n:ene RX HOCHTCllb llC)KHT HC BO BCCM rronyrrpOCTpaHCTBe, a B CBCTOBOM KOHyce 

{ ( x, t) : t ~ 0, jxj ~ at}. 

4.22. YpaaHeHUR 3nnunmu'leCK020 muna 

Ypasueuue reJibMroJibUa. <l>YHJJ,aMeHTaJibHOe peIIIeHHC orrepampa renbMrOllbI(a A-k2 
ecTb o6o6ru:eHHaH cpyHKD:HH EE £' ( R3

), y,n:osneTBopHIOII(aH ypasHeH1110 

(4.126) 

,[Vrn orrpe.n:eneHHH cpyH,n:aMCHTaJibHOro peIIIeHHH rrpHMCHHM K ( 4.126) HHTerpanbHoe npeo6pa-
30Bam1e <l>ypbe no BCCM rrpocTpaHCTBeHHbIM nepeMeHHblM 

F[ AE-k2E ](;) = F[ o(x)J(;), 

r.n:e F[J](;)= fei(q,x)f(x)dx, ;=(~,;2 ,;3 ). 

YqHThIBaH paBeHCTBO (CM. rr. 4.15) 

F[d~f]=-;JF[f], 

rronyqaeM 113 (4.127) 

Ilp11 k = 0 rronyqaeM cpyH,n:aMeHTaJI1>Hoe peUieH11e orrepampa narrnaca B R3 

1 
E(x)=- 41rjxj" 

(4.127) 

(4.128) 

(4.129) 
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Corrp.snKeHHOe <t>YJI)J,aMeHTaJibHOe pemeHHe orrepaTOpa feJibMTOJibU:a 3arrHmeM, 3aMeHHB k 
Ha -k. l1MeeM 

kjxj 
E*(x)=--e-

11

. 
41l" x 

(4.130) 

QqeaH)J,HO,IIOJIYC)'MMa 

1 ( ( ) • ( ))- ch k lxJ - Ex +E x ----
2 41l"lxl 

cHoaa ecTh <l>YH.Jl,aMeHTaJibHOe pemeHHe orrepaTopa feJibMrOJibQa. Pa3HOCTb 3THX pemeHHli ecTb 
perymrpHoe pemenHe ypaaneHIDI 

Au-k2u =0. 

BoJIHoaoe ypaaHeHHe B pe3yJibTaTe rrpHMeHemrn HHTerpa.IIbHOro rrpeo6pa3oaamur JianJiaca no 
apeMemi: CBO)J,HTCH K ypaBHeHHIO feJibMroJibQa BH)J,a 

Au+k2u =0. 

3aMemrn k Ha ik, rronyqaeM H3 (4.128) H (4.130) <i>YH)J,aMeHTaJibHbie pemeHHH orrepaTOpa 

A+k2 B R3 

-ikjxj 
E(x)=--e-, k>O, 

41l"Jxl 

ikjxj 
E*(x)=--e-. 

41l"lxl 

IIonyc)'MMa 3THX pemeHHH )J,aeT tPYHJI,aMeHTaJibHOe pemeHHe orrepaTopa feJibMroJibU:a nma 
CTOHqeli BOJIHbI 

( )
- coskixl 

E x - - 41l"ixi . 

3To o6cTOHTeJibCTBO, KaK OTMeqanOCb paHee, )'Ka3bIBaeT Ha Hee)J,HHCTBeHHOCTb <Pytt)J,aMeHTaJib

HOro pemeHHH orrepaTopa A+ k2
• 

B )J,ByMepHOM npocTpaHcTae 

F-
1 
(- l J = --

1 
K (k ixi) k > 0, 

1~12 + k2 21l" 0 , 

r)J,e K0 ( z) - <i>YHKU:HH MaK)J,OHaJib)J,a Hyneaoro nopH)J,Ka. 

Ilo3TOMY nonyqaeM )J,JIH orrepaTOpa A-k 2 

E ( x) = --
1 

K0 ( k lxl), lxl = r = J x: +xi. 
21l" 

.[l;n» orrepaTOpa renbMroJibQa A+ k2, 3aMeHHB k Ha -ik, HaxO)J,HM 

E(x) = --1 
K0 (-iklxl) =-j_H61l (kJxl). 

2tr 4 
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BTopoe $yH.naMeHTanbHoe pernemie :noro onepaTOpa ecTu 

E*(x)=--
1 Ka(ikJxl)=_£H~2l(kJxl). 

27r 4 

3,n;ecb Hb1
l ( z), Hb2

l ( z) - u:mrHH;i.pu'lecKue <PYHKU:HH faHKemr ttyneBoro nop»,n;Ka, rrepBoro 

H BToporo po.na COOTBeTCTBeHHO. 
Ilpu n = 2 <PYHJ(aMeHTaJibHOe pelllemi:e orrepaTOpa J1arn1aca orrpe.n;e;rneTc» aHanorR'IHO. 

lIMeeM .n;;rn rrpeo6pa3oBamrn <l>ypbe 

(4.131) 

0TCIO)l;a 

1 
r,n;e o6o6meHHaH <PYHKIJ:Irn P-

2 
E £' orrpe.neJIHeTcH paBeHCTBOM [9] 

JxJ 

[P~,rpl = J cp(x)-
2
cp(O) dx+ J cp(~)dx, cp(x)E £. 

Jxl l.ti<J JxJ lxl>l JxJ 
nerno IIpOBepHeTCH, 'ITO ypaBHCHHe (4.131) IIpH 3TOM BbJIIOJIHHeTCH. lfMeeM 

E(x)=-r1
[P-

1 ]=--1-F[-1 ]=-1 lnJxJ+ Ca, 
14'12 4Jr2 JqJ2 27r 27r 

Co= Jl-Ja(u) du-flo(u) du, 
() u a u 

r;i.e J 0 ( u) - U:HJIHH;i.puqecKaH <PYHKU:HH EecceJIH. 

IlocTOHHHaH Ca y,n;oBJiernop»eT o.n;Hopo,n;HoMy ypaBHeHu10 JiarrJiaca, rro3TOMY ee MO)KHO 

OT6poCHTb. 0KOH'IaTeJibHO IIOJIY'laeM 
1 E=-lnJxJ. 

2Jr 
(4.132) 

3TO Bbipa)KeHue )l,JIH $ytt,n;aMeHTaJibHoro pellleHH» orrepaTOpa Jiarrnaca B R2 cornacyeTcH c rro
JIY'IeHHbIM paHee (CM. <PoPMYJIY (4.25)). 

Boo6me, $yH.n;aMeHTaJibHOe perneHHe orrepaTOpa narrJiaca B Rn HMeeT BH)l, [9, 10] 

E ( X) = ( l ) JxJ-n+z ( n ~ 3), 
n-2 an 

r.n:e an - IIJIOUia)l,b IIOBepXHOCTH e)l,HHH'IHOH c<J:>epbl B R". 

PaccMOTPHM Tenepb rrocTPoeHue $yHJ(aMeHTaJibHoro perneHHH 6HrapMOHH'IecKoro orrepa

TOpa B R2
• 3To o6o6meHHa» <PYHKU:H», y.n;oBJieTBOpHIOUiaH ypaBHeHHIO 

ME=t5(x), 
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Ag =&(x), 

T. e. g - <l>YH)J,aMeHTa.rrbHoe pememre orrepaTOpa Jlarrnaca. CornacHo (4.132), 3arrHmeM 

Terreph HMeeM 

l 1 
g =-Inlxl=-Relnz, z=x+iy. 

21C 21C 

a1E 1 
M'=4---=-Relnz. 

azaz 27r 

1 ff - l 2 E=-Re Inzdzdz+ ... =-r Inr+ ... , 
81C 81C 

r)J,e TOqKaMH o6o3HaqeHo rapMOHHqecKoe cnaraeMoe. 
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TaKHM o6pa3oM, 3a <l>YHAaMeHTaJihHOe pemeHHe 6ttrapMOHHqecKoro orrepaTOpa B R2 
MO)l(JIO 

IIpHID!Th <l>YHKIJ;HlO 

E =-I lxl2Inlxl. 
81C 

4.23. YpaeHeHUR napa6onu'lec«o20 muna 

K '.3TOMY THrry OTHOCHTCH, HarrpHMep, ypaBHeHHH: 

)J,M<l><l>Y3HH c rrornomeHMeM HJIH pO)l()J,eHMeM [36] 

p au= div(p gradu )-qu + F ( x,t ), at 
pacrrpocTPaHeHMH Terrna [36, 52] 

lllpe)J,HHrepa[9, 10,31] 

cp au =div( k gradu) + F (x,t ), at 

a h1 

ihJ_ = --/'J..lf/+ Vlf/. at 2m 

B 3THX ypasHeHHHX c,p,k H F ( x,t) -y)J,eJibHaH TeIIJioeMKOCTh, IIJIOTHOCTh, Km<P<PMIUieHT Te

IIJIOIIpOBO)J,HOCTH H HHTeHCHBHOCTh HCTQqHHKOB, v ( x) - IIOTeHIJ,HaJI IIOJIH, B KOTOpoM )J,BUlKeT

CH KBaHTOBaH qaCTHu,a MaCChl m, If/ ( X, t) - BOJIHOBaH <l>YHKIJ,HH 3TOH qaCTHIJ,hl, h - IIOCTOHH

HaH IlJiaHKa. 

EcJIH cpe)J,a O)J,Hopo)J,Ha, TO ypasHeHHe TerrnorrpoBO)J,HOCTH (ypaBHeHMe <l>yphe) HMeeT BH)J, 

l'l.u-_;.. au=- F(x,t)' a 2 =}5_. 
a- at k cp 

Ilpw n = 1 <l>YHAaMeHTaJihHoe pemeHMe orrepaTopa TeIIJiorrpoBO)J,HOCTH YAOBJieTBopHeT ypaB-

HeHHlO 

( az 1 a) ---- E= &(x,t) = b"(x)·b"(t). 
ax2 a 2 at 
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IlpnMernu1 K 3TOMY ypasHemno rrpeo6pa30Bamre Jiarrnaca no rrepeMeHHOH t H npeo6pa-
30BaHne <l>ypbe no npocTpaHCTBeHHOH nepeMeHHOH, nOJiycIHM 

-(;
2 +; )w(g,p)=l, 

r,D,e w(;,t)=F[E], w(;,p)=L[w(;,t)]=L[F[E]]. 

Ilocne o6parn;emrn perneHIDI w( ;, p) no JlaIIJiacy Haxo,D,MM 

W( ~ ) L-1[ 1 J 2B( ) -1;2a2
1 '=''t = ---- =-a t e . 

;z +L 
az 

06parn,eHHe 3TOH Q:>yHKil,Hll no cI>ypbe ,D,aeT 

p-t (-azB( t) e-1;2a'1) = - B(t) a e 4::,. 
2.Jm 

TaKHM o6pa30M, Q:>yH,D,aMeHTaJibHoe perneHHe o,D,HOMepHoro ypasttemrn cI>ypbe orrpe,D,emieTCJ! 
paBeHCTBOM 

B(t)a _ _{__ 
Et(x,t)=- r= e 4a''. 

2vm 
,Il;JIJ! cnyqaeB n = 2 H n = 3 HMeeM COOTBeTCTBeHHO 

( )- B( t) -4:

2

,, -( ) 2 _ 2 2 £ 2 x,t - -
4

.irt e , x - XpXz , r - x1 + x2, 

4.24. 3aoa'la Kowu 

PaccMOTPIIM JIHHeHHoe ,D,IIQ:>Q:>epeHIJ,llaJihHOe ypaBHeHHe B qacTHhIX npoH3BO)J,HhIX nopJ1,ll,
Ka m OTHOCHTeJibHO nepeMeHHOH t 

P( :x, :Ju ( x,t) = f ( x,t ), f ED'( Rn+!), x = ( Xj,X2, ... ,xJ. (4.133) 

06o6rn,eHHOH 3a,D,aqeii Korrm )J,Jij! ypasHeHmr (4.133) Ha3hIBaeTcS! 3a,D,a"!a 06 onpe.n;eneHHH pe

rneHHJ! 3TOro ypasHeHllJI - o6o6rn;eHHOH Q:>yHKIJ,HH u ( x; t) E D' ( Rn+I), nO,D,'IHHJ!IOrn,eifcJ1 cne-

,D,yIOlll;HM Ha"!aJihHbIM ycJIOBHJ!M [22]: 
u( x,+O) = u0 ( x), 

() 
-u(x,+O) = u1 (x), 
dt 

am-1 
dtm-1 u( X, +o) =Um-I ( X)' 

r,D,e Uk ( x) E D' ( R") ( k = 0, 1, ... , m -1) - 3a,D,aHHbie o6o6rn,eHHbie Q:>yHKIJ,HH. 

(4.134) 
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Ilycn. E ( x, t) - <l.>yH.n:aMeHTaJibHoe peUieHHe 3a,n:aqH KoUIH, T. e. o6o6m:eHHa.H <l.>)'HKIJ;IDI, 

y,n:OBJieTBOpHIOID:a.H o,n:Hopo,n:HOMY ypaBHeHHIO ( 4.133) npH f = 0 H HaqaJibHbIM ycJIOBIDIM. 

E(x,+0)=0, 
a -E(x +0)=0 at , , (4.135) 

am-2 
atm-2 E(x,+O) = 0, 

am-1 
()tm-l E(x,+0) = o(x). 

Tor,n:a peUieHHe 3a,n:aqff KoUIH (4.133), (4.134) npH f =0, u0 (x)=u1(x)= ... =um_2(x)=0, 

a Um-l ( X) "# 0 onpe,n:eJIHeTCH CBePTKOH ( eCJIH OHa cym:eCTByeT) 

u(x,t) = E(x,t)*um-l (x). 
,[l.eiiCTBHTeJibHO, 

P( :X, it} E( x,t) *Um-I ( x)) = P(:x, gt )E( x,t )*um-I ( x) = O*um-I ( x) = 0. 
,[1.aJiee, B CHJIY (4.135) 3aKJUOqaeM 

u( x,+0) = E(x,+O) *Um-l (x) = 0, 

a a 
at u ( x,+O) =at E( x,+O) *um-I (x) = 0, 

am-Z am-2 
atm-2 U ( x,+O) = atm-2 E(x,+O) *Um-1 ( x) = 0, 

am-I am-I 
atm-1 u( x,+O) = atm-1 E(x,+O) *Um-I ( x) = o( x) *Um-I ( x) = um-1 ( x), 

qTo H TPe6oBaJJOCb. 
PaccMOTPHM Terrepb peUieHHe o6m:eii 3a,n:aqH KoUIH (4.133), (4.134). ,[l.JIH 3Toro rrpo):loJI

)l(HM <l.>yHKIJ;HIO u ( X, t) H f ( x, t) ttyJieM B o6JiaCTb t < 0 H IlOJIO)l(HM 

u ( x, t) = B ( t) u ( x; t), j ( x, t) = B ( t) f ( x, t ). 
Tor):la 

(4.136) 

~,~ = {~:~}+um-I ( x)o(t)+ um-z ( x)£5'1l (t)+ ... +u0 (x)o<m-l) (t ), 
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{
Ok-} r.n,e Bbipa)l(eHfie Of~ - o603HaqaeT KJiaccnqecJ<YIO rrpon3BO.D,H)'10 IIOpH.D,Ka k. QqeBn.D,HO 

{ ~:~} = { ~:~} rrpn t > 0. 

C yqeToM paBeHCTB (4.136) 3a.n,aqa Kown .D,JIH Heo.n,Hopo.n,Horo ypaBHeHnH 

CBO.D,nTCH K Bn.D,y 

P(:x, iJu(x,t) = f (x,t) 

P(~.~)u(x,t) = g(x,t), 
ox ot 

(4.137) 

r.n,e o6o6meHHM cpyHK[(HH g ( X, t) BKJIIOqaeT B ce6H rrpaByro qaCTb J ( X, t) n HaqaJibHbJe 

,naHHbie. 

PeweHne 3a,naqH Kown 3arrncornaeTCH B sn,ne cBepTKn B R"+1 cpyH,naMeHTaJibHOro pewe-

HnH orrepaTopa P(~.~) c rrpaBoif qacTblO ypaBHeHnH (4.137) 
ox ot 

u ( x,t) = E(x,t )* g ( x,t ). 

BoJIHOBoe ypaBueuue. PaccMoTpnM BOJIHOBOe ypaBHeHne B R"+1 

1 o1u ou=liu---=f(xt) t>O 
a2 Ot2 ' ' 

c HaqaJibHbIMn ycJioBnHMn 
0 u ( x,+o) = u0 ( x), -u (x,+o) = u1 ( x), 
ot 

r.n,e f ( X, t) HerrpepbIBHaH rrpn t;:::: 0 <PYHK[(nH, Uo ( x) E C1 ( R")' ul ( x) E c ( R"). 

(4.138) 

(4.139) 

Ilpe.n,nOJIO)KnM, 'ITO KJiaCCH'leCKOe peweHne u ( X, t) E C2 ( t > 0) n C1 
( t;:::: 0) 3a.n,aqn Kornn 

(4.138), (4.139) cymecTByer. 
BBe.n,H rrpo.n,omKeHHhie HyJieM <PYHK[(HH 

u=B(t)u(x,t), ]=B(t)f(x,t), 

rrpe)l;CTaBHM ypaBHeHHe ( 4.138) B BH.D,e 

DU= J (x,t). 

IlpH 3TOM HaqaJibHble ycJiomrn 6YAYT TaKHMn 

u(x, +0) = u0 ( x), ~u( x,+o) = U1 (x). 
01 

(4.140) 

llMeH BBH.D,y cpopMYJibl ( 4.136) .lJ,JijI o6o6rn:eHHbIX rrpo.lI3BO,)l;HblX, IIOJiyqaeM Terrepb BMeCTO ( 4.140) 
ypaBHeHne 

ou = ](x,t)--;.(u1 (x)8(t)+u0 (x)o'(t))= g (x,t), t >0. 
a 

(4.141) 
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Heo6xo,D,HMLIM H JJ;OCTaToqHbIM ycnoBtteM OJJ:H03HaqHoli pa3pernHMOCTH o6o6ru;eHHOli 3aJJ;aqtt 

Korntt )J;JU! BOJIHoBoro ypaBHeHIDI }JBJUieTC}J o6paru;eHtte B HOJih $yHI<:u;Htt f ( x, t) nptt t < 0. Ilptt 

3TOM pernemre o6o6ru;eHHOH 3aJJ;aqtt Korntt npeJJ;CTaBJUieTC}J B BHJJ;e 

u ( x, t) = E * g ( x, t) = E * f - : 2 E * ( u1 ( x) · 8 ( t) )- : 2 E * ( u0 ( x) · 8' ( t)), t > 0, 

rJJ;e u0 ( x) E D' { R" ) , u1 ( x) E D' { R" ) , f E D' { R"+1 ) . 

(4.142) 

BmKHO OTMeTHTh, qTO KJiaccttqecKoe perneHtte 3aJJ;aqtt Korntt (4.138), (4.139) coJJ;ep)l(HTC}J 

BO MHO)l(eCTBe perneHHll ypaBHeHH}J ( 4.141 ), o6paru;aIOru;H:XC}J B ttyJih rrptt t < 0. 

)J;anee BOCIIOJlh3yeMC}J COOTHOIIIeHH}JMH B D' ( Rn+l) [8, 9] 

()k ()kG(x,t) 
G *u (x) · 8k (t) =-k [G( x,t) *u ( x) J = k *u( x) (k = 1, 2, ... ). 

dt dt 

c yqeTOM :noro paBeHCTBa <l:>OPMYJia (4.142) )l;aeT 

U = V + y(O) + y(l) 
n n n ' 

(4.143) 

rJJ;e 

TaKHM o6pa30M, pernemre o6o6ru;eHHoli 3aJJ;aqtt Korntt rrpeJJ;CTaBJI}JeT co6oll. CYMMY Tpex 3arra3-

JJ:hIBaIOru;ttx rroTeHD;HaJIOB. 0Ho HerrpepbIBHO 3aBHCHT OT f, u0 H u1 B D' [8]. 

ECJIH f(x,t)EC(t~O) H f(x,t)=O rrptt t<O, uo(x)EC1, U1(x)EC, TOKOHCTPYK

u;mr 3THX IIOTeHD;HaJIOB rrptt n = 1 MO)l(eT 6hlTb rrpeJJ;CTaBJieHa B }JBHOM BHJJ;e. 11MeeM 

t x+a(t-r) 

v; = E* f =-%B(at-Jxl)B(t)* f (x,t) =-% J J f (q,r)dqdr, 
0 x-a(t-r) 

l'i(l) = -~ ()E * u0 (x) = _!_8( at-Jxl) * u0 ( x) =_!_[u0 ( x-at) +u0 ( x+ at)]. 
a dt 2 2 

Mo)l(HO ocna6HTh rpe6oBaHH}J Ha <l>YHKD;HIO f ( x, t), rrpeJJ;IIOJIO)l(HB qTO f E ~oc { R"+1 
) • 

OKoHqaTeJihHO rronyqaeM cneJJ;yIOru;yIO <l:>opMyny )J;anaM6epa pemeHH}J 3aJJ;aqtt Korntt )l;JI}J 

O)l;HOMepHoro BOJIHOBOro ypaBHeHH}J (4.138) 

u(x,t) = Uo (x-at);uo (x+at) + L XT ul (q)dq-% raT) f (q, r)dqdr. 
x-at 0 x-a(t-r) 

IlpH n = 2, f ( x, t) E C2 
( t ~ 0)' Uo E C3 ( R")' Ui E C2 

( R" ) HMeeM CJieJJ;yIOru;He }JBHhie cJ:>op

MYJibI JJ;JI}J 3arra3JJ;hIBaIOru;ttx rroTeHu;ttanoB [38]. 
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Vz=E*f= a O(at-r) *f(x,t)=-~Jff(q,r) B(a(t-r)-\x-q\) dqdr= 
2tr.Ja2t2 -r2 

2tro ~a2 (t-r}2-\x-q\2 

=-~f f f(q,r)dqdr , \x-q\2=(Xi-¢;)2+(x2-q2)2, r=lxj. 
2tr o Hlsa(1-r) ~ a 2 ( t-1" )

2 -\x-4'!2 

y2(0J =-~E*u1 (x) = 1 B(at-\x\) *u1 (x) =-1- f u1 (q)dq , 
a 2Jra ~aztz -\xjz 2tra )x-?jsat ~aztz -\x-4'12 

y(ll =-_!__ oE *u (x)=-_!_~(E*u (x))=-l-~ f uo(q)dq 
2 a2 ot 0 a2 ot 0 2;ra ot I 2 2 I J:\2 . lx-;\sat vat - x-.,, 

B pe3yJihTaTe c yqeToM (4.143) rroJiyqaeM rrpe):(cTaBJieHHe TiyaccoHa 

u(x,t)=-l-~ J u0 (q)dq +-1- J u1(q)dg 
2;ra ot lx-?isat ~ a2t2 -lx-¢12 2;ra lx-ql'5at ~ a2t2 -lx-4'12 

-~ J f f (q,r)dqdr . 
2 " 01x-ql,;o(H)~a 2 (t-r)2 

-\x-q\
2 

HaKoHeu:, rrpH n = 3 HMeeM 

V3 =--
1 o(\x\-at)* f =--

1 f - 1-J(q,t-\x-q\Jdq, 
4m 4;r lx-ql,;ai \4' - x\ a 

y3(o) =--1-8(\x\-at)*u1(x)=-1- J u1(q)ds, 
4m 4m lx-ql=ai 

V(iJ_ 1 o 8(\x\-at) ( )--1 .i{! f (;:)d) 
3 - *u0 x - u0 .,, s . 

4;r ot t 4;r ot t jx-;l=at 

PernerrHe 3a):(a•rn KornH ):(JIH BOJIHOBoro ypastteHH}f B R3 onpe.l:(eJIHeTCH cpopMYJIOH Knpxrocpcpa 

u(x,t) =-
1 ~{! J u0 (q)ds)+-

1 J u1 (q)ds-
4.Jl" ot t lx-~l=at 4m lx-ql=at 

(4.144) 

__ l f _l_f(q,t-jx-4'1)dq. 
4;r H\'5at \x - 4'\ a 

TipttBe.l:(eM eme 4JopMYJibI feprnOTu:a-Tie'TpoBcKoro, 3a,n:aromne B HBHOM sn.n:e peIIIemre 3a
.L1aqrr KoIIItt ):(JIH o.n:nopo.l:(Horo BOJIHosoro ypasttemrn B qeTHOMepHOM H HeqeTHOMepHOM rrpo
C'TpaHcTBax [38] 

a u(x,t) =-T,, +T,, , ar 0 l 

(4.145) 
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I k iY ~(k-j) (1) 
Tu ( X, t) = k+t L j 2k+t- i J u ( TJ) ds, n = 2k + 3, 

2 ( 2.?l") j=O Ot t 1111=1 

I k oi ~(k-j) (1) u(TJ) 
T,,(x,t)=--k-+l L-i 2k-i J RdTJ, n=2k+2, 

( 2Jl") j=O Of f 111/~t t 2 -/17/ 

1 dk 0 k 

Pa (t) =I, ~ (t) =-k--k (r -1) (k = 1,2, ... ), 
2 k! dt 
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pk (t) - IIOJIHHOMhl fle)J(aH,n:pa [2, 23]. 

3aMeqaHHe. 113 <PopM)'JihI KHpxro<P<Pa (4.144) HJIH <PopM)'JihI (4.145) .n:mr HeqerHoMepHoro 

npoc-rpaHCTBa BH.O:HO, qTQ ecJIH, HaITpHMep, HaqaJihHOe B03M)'meHHe U1 ( x) > 0 JIOKaJIH30BaHO 

B HeKOTOpOH orpaHHqeHHOM o6JiaCTH Q, a OCTaJihHhie BXO.O:Hhie ,n:aHHhie paBHhl H)'JIIO, TO TOq

KH A, Jie)l(aII1eii BHe Q, B03~eHHe .n;ocmrner K MOMemy speMeHH ti =dJ a, r.n;e dl = p (A, n). 
,iJ,aJiee, OHO 6y,n:eT perncTpHposaThCH B TOqKe A .n;o MOMeHTa t2 = d2 /a, r.n;e d2 - paCCTOHHHe 

OT A .n;o caMoii y.n;aJieHHoil: OT A TOqKH Q. B ITpoMe~Ke t1 < t < t2 pemeHHe u ( x, t) > 0. EcJIH 

)Ke o6JiaCTh Q CTHrnsaerCH K Haqany KOOp,n:HHaT, TO BJIHHHHe HaqaJihHhIX )J,aHHhlX B TOqKe A 
6y.n;er perHC'fPHPOBaThCH TOJihKO B MOMeHT speMeHH t=d/a, r.n:e d - paCCTOHHHe OT Toq

KH A )J,0 HaqaJia KOOp,D;HHaT. CyTh :noro HBileHHH (ITpHHUHITa fIOMreHca) COCTOHT B TOM, qTo 

pe3KO JIOKaJIH30BaHHOe HaqaJihHOe COCTOHHHe Ha6n10,n;aeTCH B Ka)J(,D;OM TOqKe ITpOCTpaHCTBa 

qepe3 OITpe,n:eJieHHOe speMH KaK HBJieHHe, CTOJih )Ke pe3KO JIOKaJIH30BaHHOe. lIHhIMH CJIOBaMH, 

3uaqeHHe pemeHHH 3a,n:aqH Korrrn s ToqKe ( x, t) 3aBHCHT He OT scex 3HaqeHHii uaqaJihHhIX .n:aH-

HhIX B OCHOBaHHH cserosoro KOH)'Ca c sepllIHHOH B TOqKe ( x, t), a TOJihKO OT 3HaqeHHH uaqaJih

HhIX ,n:aHHhIX Ha rpaHmi;e 3TOro OCHOBaHHH. 

l{a)J(r:\aH TOqKa X, B KOTopoii uaqaJihHhie ,n;aHHbie OTJIHqHhI OT H)'AA, HBJIHeTCH uempoM c<Pe-

pHqecKOM BOJIHhI, HMeIOII1eii CKOpOCTh a. EcJIH HaqanhHhle ,D;aHHhle o6paII1aIOTCH B H)'Jlh BHe or

paHmeHHOH o6JiaCTH Q, TO B MOMeHT speMeHH t pemeHHe paBHO H)'JIIO BHe o6naCTH Q, C rpa-

HHqffOM ITOBepxHOCThlO s,, KOTOpaH HBilHeTCH orn6aIOII1ett ceMCHCTBa c<Pep, HMeIOII1HX pa,n;ny

Chl at H ueH-rphI B TQqKax o6JiaCTH Q. HaqHHaH c HeKOTOporo MOMCHTa t ITOBepXHOCTh s, 
COCTOHT H3 ,n;syx CBH3HhIX KOMITOHeHT. 0.n:Ha H3 HHX, 6oJiee y.n:aneHHaH OT Q, Ha3hIBaercH ITepe,n;

HHM $pOHTOM BOJIHhI, BTOpaH - 3a,D;HHM $pOHTOM. 

B cnyqae qeTHoro n ;;::: 2 ITPHHUHIT f10H:reHca He HMeer Mecrn. EcJIH o6JiaCTh Q OTJIHqHhIX 

OT H)'JIH uaqaJihHhIX ,n;aHHhIX orpaHHqeHa, TO u ( X, t) = 0 BO scex ToqKaX OTCTOHII1HX OT Q Ha 

pacCTOHHHH ;;::: at, HO MO)J(eT 6bITh OTJIHqHhlM OT HYJIH B OCTaJihHhIX TOqKaX. '.:ho CJieeyeT H3 

<PopMyJihI (4.145) ,D;JIH qernoro n, r.n:e HHTerpaJihI 6epyTcH He ITO c<Pepe /x/=at, a ITO mapy 

/x/:::;; at. TaKHM o6pa30M, B 3TOM cnyqae BOJIHa HMeeT ITepe)J,HHH <PpoHT, HO 3aJJ:HHH $pOHT OT

CyTCTByeT. 3TO HBJieHHe Ha3hlBaeTCH )J,H<P<l>Y3HCM HJIH pa3MhlBOM 3a,D;Hero <PpoHTa. 
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YpaBueuue Tem1onpoBot1,uocTH. <l>)'H,naMeHTaJJbHbie pernemrn: ypaBHemur Teru10rrpo-
BO,D;HOCTH 

1 au 
du---=0 

a2 dt 
(4.146) 

,nmr crryqaeB n = 1, 2, 3 orrpeAemrroTcH B n. 4.23. B o6meM crryqae qiyimaMeHTaJJbHOe pernemie 

IIMeeT BII,D; 
2 JxJ' a --

En ( X, t) = - e 4a'1. 

(2aJiii)" 
3Ta o6o6meHH~ <iiYHKUIIH y,noBJieTBOpHeT ypaBHCHIIIO 

Mn-~ ()En = o(x,t). 
a dt 

C Apyroii cTOpOHbI, MO)J(HO rroKa3aTh, qTQ En ( x, t) HBMeTC}{ perneHHeM 3aAaqJI Konrn ,D;Jljf ypaB

HCHlijf ( 4.146) c HaqaJibHbIM ycrrOBIIeM E ( x, +o) = o ( x) B D' ( Rn+I). 

PaccMoTplIM 3a,naqy Konrn AJIH ypaBHeHIIH TerrrrorrpoBo,nHOCTII 

1 au 
du-1 -=-f(x,t), t>O, 

a dt 

u (x,+O) = u0 (x). 

EcJIII f E c ( t 2 0) ' Uo E c (Rn)' TO u E C1 ( t > 0) n c ( t ;;:::; 0) - KJiaccJiqecKoe perneHIIe 3a,na

q1I KOUIII. 

IIpo,nomKIIM <iiYHKUIIII u ( x, t) ,f ( x, t) eyrreM npH t < 0. Toma npoAOJI)l(eHHble <iiYHK-

UIIII ii, J y,noBJieTBopHIOT B Rn+I cne.nyromeMy ypaBHeHIIIO TerrnonpoBo,nHOCTJI: 

_ i aa - 1 
du--;;za;=-f-

02 
u0 (x)·o(t). (4.147) 

Ilp1I t < 0 :no ypaBHCHIIe COBITa;:J;aeT c IICXO,D;HbIM ypaBHeHHeM TennorrpoBO,l:\HOCTII, IIOTIOMY 
KJiaCCJiqCCKOe perneHHe co,nep)l(HTCH cpe,nu Tex ero peIIIeHHH, KOTOpbie o6pamaroTCH B eym. 
rrpu t < 0. B cooTBeTCTBIIII c 3THM o6o6meHHOii 3a):(aqeii KoIIItt ,D;Jljf ypaBHeHHH TerrnorrpoBo,nHo-

CTJI c ucroqHHKOM f E D' ( Rn+i) II HaqaJibHbIM pacrrpeAeneHJieM u0 E D' (Rn ) Ha3bIBaIOT Ja,naqy 

06 orrpe,nenemm o6o6iueHHOH <iiYHKUIIII u E D' ( Rn+i), o6paiuaroiueiic}{ B ttynh rrp1I t < 0 

II YAOBneTBopRroiueii ypaBHeHHIO 

1 au 1 
du---=-! (x,t)--u0 (x)·o(t). 

a2 dt a2 
(4.148) 

0TCIO):(a cne,nyeT, qTo MH pa3peIIIIIMOCTH o6o6meHHOii 3a,naqu KornlI Heo6xoAHMo, qTo6w 

f ( X, t) = 0 IIplI t < 0. 

YpaBHeHIIe (4.148) paBHOCHJibHO cne.nyromeMy paBeHcTBy: 

( u, drp+ __;_ d(/J)+ (f, rp) +__;_( u0 ( x ), rp( x,O)) = 0, 'v' rp( x,t) E D ( Rn+l ). 
a· dt a- · 
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IlyCTh M - KJiacc tPYHKUHH, o6pamaromHXcH B H)'Jih rrpH t < 0 H orpaHWieHHhIX B KIDK.ll:OH 
rroJJoce 0 =:;;; t =:;;; T. 

Pernettl!e o6o6mettttoli 3a,na'IH KornH orrpe,nenHeTcH cne.nyromeli TeopeMoli [9]. IlycTh 

f EM H u0 - orpaHH'IeHHM tPYHKUHH B R". Tor,na perneHHe cooTBeTCTByromeli o6o6mett

Hoii 3a,na'IH KornH cymecTByeT R e,nHHCTBeHHO B KJiacce M H npe;::i;cTaBJHieTCH B BH;::i;e 

u(x,t) = V (x,t)+ y(o) ( x,t ), 

r.ne TeIIJIOBOH IIOTeHI(Han v H IIOBepxHOCTHhlll TeIIJIOBOH IIOTeHI(Ran v0 TaKOBhI: 

2 -lxl' l 2! ( f! r) -lx-;J' 
V=E*f= a "e 402'*f(x,t)=-JJ a "'' ne4a'(t-r)d;dr, 

(2arm) OR" [ 2a~n-(t-r) J 
a28( t) _HI' 

y(D) = E*u0 (x)·o(t) =E(x,t)*u0 (x) =- n f u0 (;)e 402' d;. 
(2arm) R" 

PeIIIeHHe u HerrpephIBHO 3aBRClIT OT f lI Uo B cne,n:yromeM CMhICJie: ecmr 

If- f.J < £, lua -u~j < £0, 

TO cooTBeTCTByromHe perneHHH u H u. B Jiro6oli rronoce 0 < t :::;; T y,n:osnernopHIOT 011ettKe 

\u(x,t )-u. ( x,t)\:::;; T£+£0 • 

EcnH K TOMY )J(e u0 E C ( R"), To rrocTpoeHttoe pernettHe u ( x, t) y,nosneTBOpHeT Ha'!anhHOMY 

ycJIOBHIO: rrpH Ka)J(,ll;OM x E R" 

u (x,t)-rn0 ( x), t ~ +o. 
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npMMeHeHMSI o6o6~eHHblX cJ>yHK'-'MM B ynpyrOCTM 

Mo,n:eJlb nHHeiiHoii ynpyroCTH o,n:Hopo,n:Horo H3mporrHoro TeJia B rrpe.n:rrono:>KeHHH MaJILIX 
(6eCKOHe'IHO MaJILIX) .n:e<I>opMalJHM H yrnos rrosopoTa HMeeT BH,[( [50). 

YpasHeHHl! paBHOBeCHl! (,n:BH)KeHHH) 

apij+X;=o(p~
2

t~i} aj=a~j (i,J=l,2,3). (n.1) 

CooTHOilleHHH KollIH 

3aKOH fyKa 

YpaBHeHHl! COBMeCTHOCTH .n:e<l>opMalJHM CeH-BeHaHa 

ond pemq +dmoqenp -dmd penq -dndqemp = 0, 

r.n:e mnpq:1212, 1313, 2323, 1213, 2123, 3132. 
fpaHH'IHLJe ycnOBHH: 

Ha TIOBepxHOCTH Tena 3a,n:aH BeKTop HaITpl!')KeHHl! 

(jijnj = xni (i,j =1,2,3), 

Ha rrosepxHOCTH Tena 3a,n:aH BeKTop rrepeMeIIJeHHH 

U; =J; (i=l,2,3). 

(Il.2) 

(Il.3) 

(Il.4) 

(Il.5) 

(Il.6) 

B COOTHOUieHHl!X (Il. l )-(Il.6) U;' (jij .e;j' x j - KOMilOHeHTLJ BeKTopa rrepeMeIIJeHHl!, TeH-

30pOB Harrpl!)KCHHH, .n:e<I>opMaIJHii H BeKTOpa o6'LeMHLIX CHJI COOTBeTCTBeHHO, nj - rrpoeKIJHH 

opra HOpMaJIH K ITOBepXHOCTH Tena Ha KOOp,n:HHaTHLie OCH, X ni - KOMITOHeHTLJ BeKTopa HanpH

)KeHHH, .n:eiiCTBYJOIIJero Ha ITJIOIIJa,n:Ke c BHeUIHeii HOpMaJILJO n, J; - KOMITOHeHTLI BeKTopa ne

peMememrn, 3~aHHoro Ha rrosepxHocrn Tena; E H µ - MO.lJ:YnH ynpyroCTH rrepsoro H BToporo 

po,n:a, V - K03<l><l>HIJHeHT IlyacCOHa, Oij - CHMBOn KpoHeKepa. B H30rpOilHOH cpe,n:e MLI HMC

CM ,n:Ba He3aBHCHMLIX ynpyrHX rrapaMerpa: Mo.n:ynL ynpyrocTH rrepsoro po.n:a (Mo.n:ynL IOHra) E 
H KO::i<l><l>HIJHeHT IlyaccoHa V. 0CTaJILHLIC napaMCTphl CBH3aHLI c HHMH cne.n:yroll(HMH COOTHO
IIIeHHl!MH: 

µ= E , 4 = vE . 
2(1 +v) (1 +v)(l-2v) 
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113 rrp1rne,neHHhIX BhIIIJe ypaBHeHHH Bll,[(HO, qTo BeKTOp nepeMeIII,eHIUI, TeH3ophl HanpH)l(e

HHH H .necpopMa11Hii ,[(OJI)l(Hhl 6hITh ,noCTaTOqHo rna,nKHMH cpyHKIIHHMH [49]. 
IlpH peIIIeHHH 3a,naqH reopHH YITPYTOCTH s nepeMeIUeHHj{X, Kor.na 3a ocHOBHhie HemseCT

Hhle npHAAThl TPH tPYHKIIHH ul' U2' U3' H3 ypaBHeHHii (II. l) HCKJIIOqaIQT Hanpj{)l(eHffj{ rrpH noMO

IUH COOTHOIIJeHHH KoIIJH (II.2) H 3aKOHa fyKa (II.3). IlpH 3TOM 3a,naqa CBO,[(HTCH K HHTerpHposa

HHIO ypaBHeHHii paBHOBeCffj{ (,[(BH)l(eHHH) B nepeMeIII,eHHj{X JlaMe [49, 50] 

Au;+o8;(akuk)+xi =o(~a
2

~iJ (i,j=l,2,3), (II.7) 
µ c2 at 

c, = /µ' <J'=-1-- fp l-2v 

H BhIIIOJIHeHHIO rpaHHqHbIX YCJIOBHH Ha noBepXHOCTH Tena an : 
no HanpH)KeHHHM 

HJIH nepeMeIUeHHHM 

U; Ian = J; ( x) ( i = 1, 2, 3) , 

HJIH CMeIIJaHHhIM, KOr,na Ha qaCTH ITOBepXHOCTH an 3a,naeTCH rpaHHqHoe ycJIOBHe (Il.5), a Ha 

oCTaBIIIeiicH qaCTH - rpa~oe ycJIOBHe (II.6). IIocJie onpe,neJieHffj{ seKTopa nepeMeIII,eHffj{ u; 

BhJqHCJIHIOTCH ,necpopMa1IHH H Hanpj{)l(eHHH no cpOpMYJiaM (II.2) H (II.3). 

IlpH peIIIeHHH 3a,naqH TeopHH YIIPYTOCTH B HanpH)KeHHHX, Kor,na 3a ocHOBHhie HemseCTHhie 

IIpHHHMaIOTCH IIJeCTh KOMnOHeHT TeH3opa HarrpH)KeHHH, H3 YCJIOBHM COBMeCTHOCTH ,necpopMa

IIHH (II.4) HCKJIIOqaIOTCH ,necpopMaIIHH npH nOMOIIIH 3aKOHa fyKa. B pe3yJihTaTe npHXO,[(HT K CHC

TeMe ypasHeHHii B HarrpH)KeHHj{X IieJihTPaMH-MH~eJIJia (no m He CYMMHpOBaTh) 

A<J' m+-
1-a2 (<J'kk)=-20,,,Xm-~(okXk) (m=l,2,3), 

m l+v m 1-v 

K cHcTeMe H3 IIJeCTH ypaBHeHHii Heo6xo,nHMO npHcoe,nHHHTh 1pH ypaBHeHHH paBHOBe

CHH (IJ.1). 
IIocJie orrpe,neneHHH TeH3opa HarrpH)l(eHHH H3 nonyqeHHOH CHCTeMhl ypaBHeHHH H rpaHH

qffbJX ycnoBHH (II.5) BhJqHCJIHeM TeH3op ,necpopMa1IHH eu H BeKTop nepeMeIII,eHHH u;. Ilocne,n-

Hee B03MO)KH0 rrpH ,[(OCTaToqHoii rJia,[(KOCTH noJieBhIX BeJiffqHH, TaK KaK ycJIOBHH COBMeCTHOCTH 

,necpopMalIHH BhIIIOJIHeHhl. 

B cnyqae IIJIOCKOii ,necpopMa1IHH 6ecKOHeqHo ,[(JIHHHoro IIHJIHH,[(pHqecKoro TeJia B,[(OJib 

OCH X3 HJIH nJIOCKOro HanpH:>KeHHOro COCTOHHHH TOHKOH nJIOCKOH IIJiaCTHHKH HMeeM: 

ypaBHeHHH paBHOBeCHH (,nBH)KeHHH) 

ap11 +aP12 + xl =O (P aa
2
;z1} 

01<J'12 +02<J'22 + X2 = 0 (p a;;z2 J 
(IT.8) 
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3aKOH fyKa 

0"11 =k+2µ() 1up CT22 =k+2,u02u2 , CT12 =µ(d 1u2 +d2u1), e=d1u1 +d2u2 , 

ycJIOBHe COBMCCTHOCTH .n.e<liopMa[(HH 

a~e22 +a;e11 =2a1a2e12, 

ypaBHCHIDI JlaMe 

rpaHHqHbJC ycJIOBHH B HarrpH)J(CHHHX Ha KOHTYPC r rrorrepeqHoro ceqeHIDI [(Hmrn.npa 

CT11 COS a+ CT12 sin a= Xln, 

()12 cos a+ ()22 sin <X = x2n, 

r,ne <X - yroJI, o6pa30BaHHhIH BHCUJHCH HOpMaJihIO K f H OChIO 0x1• 

(Il.9) 

(Il.10) 

)J,eq>opMau;HH onpe,neJIHIOTC» 'Iepe3 uanpH)J(eHIDJ no 3aKOJIY fYKa (MH TIJIOCKoro HanpH)J(CH
Horo COCTOHHHH) 

_l( ) _1( ) 2 _0"12 
e11 - - CT11 -VCT22 , en - - CTzz -vo-11 , e12 - -. 

E E µ 

~H IlJIOCKOro .ne<IiopMHpOBaHHOro COCTOHHHH 3aKOH fYKa HMeeT aHaJiomqHYIO q>opMY, Heo6-
XO,ll,HMO JIHlllh npOH3BCCTH 3aMeey 

E -7 E0 ( l -v2
), v -7 V0 (1-v). 

YpaBHeHMe (Il.9) nocJie MCKJiroqeHHH m Hero ,neq>opMau;Mif rrpMo6peTaeT BH,ll, 

t.( CTu + cr2z) = -(l +v )(Cl 1X1 + o2 X2 ). 

K HeMY Heo6xo,D,HMO rrpttcoe.n.MHHTh .n.Ba ypaBHCHIDI paBHOBecMH B HarrpH)J(eHHHX (Il.8). 

1. ,ll;eHCTBHe cocpe11:0ToqeHHOH CHJILI B ynpyroM npocrpaHCTBe. OrneceM npOCTPaHCTBO 

K ,ll,CKapTOBhIM rrpHMOJIHHCHHhIM OCHM 0.:11x2X3. IlyCTh B HaqaJie KOOp,D,HHaT rrpHJIO)J(eHa cocpe.n.o-

ToqeHHa» cHJia Q = ( q1, q2 , q3 ). ~ orrpe.n.eJieHIDI noM nepeMerneuttn B Telle nocrpoHM cHaqaJia 

MaTPttey tl>YH.n.aMeHTaJihHhIX peUJeHHif ))uijll (i, j =I, 2,3), r.ne uu - nepeMeU1CHHe B uanpaBJie

HHH OCH X; OT C,ll,HffffqHOH CHJihl, ,ll,CHCTBYfOU1CH B HanpaBJICHHH OCH xj' YqHTbIBM TO, 'ITO npo

CTPaHCTBeHHoe pacrrpe.n.eJieHHe cocpe.n.OToqeHHOH B TOqKe CHJihI OTIHChrnaeTCH ,ll,CJihTa-<liYHKl.UfCH, 

IIOeyqHM H3 (Il.10) CHCTCMY 

1 
Llumn +DBm (dkuk:rl) =--JmnJ(x) (m,n = 1,2,3), 

µ 
(Il.11) 

r.n.e Jmn - CHMBOJI Kpm-IeKepa, J ( x) = 8 (Xi). J ( Xz). J ( X3) - TPCXMepHaH ,ll,CJihTa-!J:>yHKl~H51. 
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TaKMM o6pa30M, KOMIIOHeH'ThI Ma1'pHUh1 $}'H.llaMeHTaJihHhIX pernemrn - o6o6Ill,eHHhle tPYHK

liHH, y,!l,oBJie1'BOpxroID,He o6o6meHHoii CIICTeMe flaMe (Il.11) H ycnoBHHM Ha 6ec1<0HeqHOCTH 

limumn (x) = 0. 
jxj-->~ 

(Il.12) 

,lJ,JIH HHTerpttpoBaHIDI '.lTOH CHCTeMhl c yqeTOM ycJIOBHH (Il.12) np»MeHHM npeo6pa30BaHHe 

<I>yphe no BCCM npOCTpaHCTBeHHhIM nepeMeHHhIM 

F[umn] = fei(q,x)Umn (x)dx=Umn (q). 

Tor,!l,a, BMecro (Il.11) 6y,!l,eM HMeTh 

1;12 umn (q)+a;m;pkn (;) = <5mn (m,n =1,2,3). 
µ 

y MHO:>KHB 3TH ypaBHeHlrn Ha qm ( m = 1, 2, 3) H CBopaqHBaH pe3yJihTaT no m, 3anmueM 

Orcro,!l,a 

~ U = ;n 
':Im mn µ(I+a)/;12· 

BcTaBJIHH 3TOT pe3yJII>TaT B (Il.13), Haxo,!l,HM 

U ( ~)::::: <Jmn _ (J';mfn 
mn ':I µlfl2 (l +a)µl;J4 · 

,D,anee HCIJOJih3yeM COOTHOIIICHHH 

C ,!1,pyroif CTOpOHhI, 

06paill,eane npeo6pa30BaHHH <I>yphe (Il.14) ,!l,aeT 

u_ (x) ~ F' [ u_ (S')]~ 4!\xl 8np(7 +a) { f~i-\~~· }~ 

::::: ( l )J J{(3-4v)omn + xm~·}· 
16ffµ 1-v x JxJ 

(Il.13) 

(II.14) 
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IlycTb Terrepb cmm Q = ( % , q2 , % ) rrpHJIO'lKeHa B ToqKe x0 = ( x10 , x20 , x30 ) YTIPYTOro rrpo

C'IpaHcTBa. Tor;.i;a none rrepeMeu.i;eHHli MO'lKHO, oqeBH,LIHO, orrpe.nenHTb rro <PopMYne 

um (x) = qnumn (x-x0 ) ( m,n = 1, 2,3). 

Benn ycHJIHH Q ( x) = ( q1 ( x), q2 ( x), q3 ( x)) pacrrpe.neneHhl s HeKoTopoli o6nacrn Q E R3
, TO 

none nepeMeu.i;eHHH B Tene orrpe.nenHeTCH cBePTKOH 

um(x) =qn (x)*umn(x) . 

.lJ.nH cpHHliTHOH o6o6u.i;eHHOH cpyHKU:HH qn ( x) MO)l(HO 3aJIHCaTb 

2. CocpeiJ,oToqeuuau cuJia B ynpyroii nJIOCKOCTH. MeTOiJ. uanpu~euuu. IlyCTb s Ha
qane KOOp)J;HHaT Ha IIJIOCKOCTH Xi Ox2 IIpHJIO'lKeHa e,[(HHH'IHaH cocpe,n;OToqeHHaH CHJia B Hanpas-

nemrn OCH 0-X:t. CoOTBeTCTB)'lOU.J;aH CHCTeMa ypasHeHHH )J,llil 3Toro cnyqrui: HMeeT BH)J, 

d10"11 +ap12 =-o(x), x=(xl'x2 ), 

d10"12 +020"22 =0, 

a1o(x) 
~(O"n +0"22) =---. 

1-v 

IlpHMeHHB K 3THM ypaBHeHHHM HHTerpanbHOe npeo6pa30BaHHe <I>ypbe, IIOJI)"IHM CHCTeMy nH

HeHHblX anre6pawqeCKHX ypaBHeHHH OTHOCHTeJibHO TpaHc<l>opMaT s ij = F [ (} ij J 

PemeHHe cIIcTeMbI .naeT 

q1Su + q1S12 = -i, 

q1S12 + q2S22 = 0, 

lf:l2 ( ) iql "' Sn + S22 = ---. 1-v 

s = - i~ - i~qi s = i~ - i~3 

n j;j2 (1-v)j;j4, 22 1;12 (1-v)jqj4, 

yqHTbJBaH nerKO BbIBO.[(IIMble COOTHOllieHIIH 
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IlOJIY'IaeM OKOHqarenhHO BblproKeHIDI ,n:mI HanpH)J(eHHH 

(}'22 

xi-xix; = 
4K(l-v )lxl

4 

1 xi +3Xix; 

47r(l-v) lxl4 

--- Xi 1-2v+2l 1 { 
2

} 4Jr(1-v)lxl2 lxl2 , 

1 
Xi {1-2v-2 x;) 

4Jr(l-v) lxl2 lxl2 , 

] Xz{ x;) 
- 4Jr(l-v) lxl2 1-2v+21xlz . 
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AttanorHtIHhIM nyreM onpe,n:eAAIOTCH KOMnoHeHTDI TeH3opa Hanpm1ceHHH npH ,n:eiiCTBHH e,n:n

HHqHoii cocpe,n:oTOqeHHOH CHllhI B HarrpaBnemm OCH Ox2. 

3. Bo1o~eune ynpyroii: nnoctcocru cocpeL1,0To<teuuL1M rapMouu<teCKHM ucro'IHHKOM. 
Ilycro e).UrnH1IHoe rapMoHWiecKoe ycmrn:e ,n:eiicrnyer B TO'Il<e x = 0 B HanpaBnemrn om OXi. 

B 3TOM cnyqae BCe ITOJieBhle BeJIHtIHHbl HMeJOT BpeMeHHOH MHO)J(lffeJib e-iOJI' r,n:e OJ - KpyrOBaH 

'laCTOTa, t - BpeMH. llCKlllO'Il!B H3 ypaBHeHHH iJ:BH)J(eHIDI (II.IO) BpeMH, JaITHIIIeM OCHOBHYJO 

CHCTeMY OTHOCHTe.JlbHO aMIDJHry,n: COOTBeTCTBYJOIIUfX BeJIWIHH (,IUUI aMnnHTy.[( coxpaHHeM Te )Ke 

o603HaqeHIDI uk) 

1 
Liu1 + oU1 (dkuk )+ riu1 = --8( x), x = ( XpXo ), µ " 

Liu2+01J2(dkuk)+Yzu2=0, Y2= OJ. 
Cz 

IlpHMeHHH 3,n:ech npeo6pa3oBaHHe <l>ypoe no o6eHM rrpocTpaHCTBeHHhIM nepeMeHHhIM, rrpH

xo,n:HM K JIHHeHHbIM anre6paWieCKHM ypaBHeHHHM OTHOCHTeJibHO rpattc<PopMaHT Uk ( ;) = 

= F[ Uk (x)] 

(fz-1;12 -(j;;)ui -(J';1;P2 =-_!_, 
µ 

-(J';1;P1 + ( fz -1;1
2 - (}';;) u 2 = o, 

perneHHe rmwpoil: ;:i;aeT 

u,(q)= µ(I~"){r,'~lqJ' 
U (q) = (}' ql2 

2 
µ ( 1 + (}') ( x -1;12 

)( 11 -1;1T 
,ll,anee HCXOiJ:HM H3 COOTHOIIIeHHH 

1

1 
2 =F[--

1 Ko(-irlxl)J=-i.F[ H2l(rlxl)], r- ;1 2Jr 4 
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l 1 [ l 

( ri2-lql2 
)( fz-lqi2) =fr-Yi fz-lql2 

(fi-lq12flri-1qn -F[a;<1>(x)J, 
,,2 ,,2 ' (5 Ti 
'1 -,2 =-r; l+O" = 2(1-v)' 

B pe3yJihTaTe ITOJI)"IaeM BOJIHOBOe ITOJie rrepeMememi:li 

( ) 
= I R {. -iaJt [H(t) ( 1/ I 1)- _:\2 H~t) ( r2 lxl)- H~t) ( r; lxl) ]} 

u1 x ( ) e ze 0 12 x uu2 ,,z ,,z , 
4µ l+O" f2 - ft 

( )= O" R {· -iax:):) H~1)(r2lxl)-H~1)(r;lxl)} 11= 
u2 x ( ) e ze u 1u 2 ,,z , , x r. 

4µl+O" rz-Yi 

4. PeaKUHSI ynpyroro CJIOSI ua cocpe):(OTO'leuuoe uarpymeuue. B AeKapmsoli npHMOJIH

HeliHoli crrCTeMe KOOPiJ:llHaT Ox1x2x3 paccMOTPllM ynpYTHli CJIOH -oo < xi' x 2 < oo, - h :::; x3 :::; h, 
Ha OCHOBaHllIDC KOToporo X3 = ±h llMeIOT MeCTO CMernaHHhie rpaHWIHbie ycJIOBlli! (rnapHllpHoro 

orrrrpaHllil) 

U3 = 0"13 = 0"23 = 0. 

IlyCTh B):(OJih IIIHypa Xi = Xz = 0, - h :::; X3 :::; h pacrrpe):(eJieHhl ycrrJimI llHTeHCllBHOCTll 

~ ( X3 ) ( k = 1, 2, 3). llMe.11 B BlliJ:Y CllMM~ll'IHOe OTHOCllTeJibHO Cpe):(llHHOH ITJIOCKOCTll CJI0.11 Ha

np.ll)l(eHHOe COCTO.llHlle ll ITOJiara.11, 'ITO cliYHKilllH pk ( X3) Ilpe):(CTaBHMhl CBOllMll PMaMll <l>ypbe 

(rrprr Heo6XO):(HMOCTll B npOCTPaHCTBe o6o6meHHbIX cliYHmllli), 3arrHIIIeM 

n=O 

n=l 

CrrcTeMa ypasHeHHli JlaMe ):(JI.II paccMaTpHBaeMoro cJiyqa.11 HMeeT BHA 

1 
Au1 +o81e+-X1 =0, e =d1u1 +d2u2 +d3u3 , 

µ 

I Au2 +o82e+-X2 =0, Xk = ~ (x3 )o(xl'x2 ), 
µ 

1 Au3 +o83e+-X3 =0 (k =1,2,3), 
µ 

r):(e o( X1, X2) - AByMepHa.11 ):(eJihTa-cpyHmlUI. 

(II.15) 
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B coOTBeTCTBMM co C'fPYJCTYPOH: o.nHopo):UlbIX pernemi:H: ,nJUI paccMaT{>1rnaeMoro cnyqIDI 
[55] 6y,neM pa3bJCKMBaTb KOMIIOHeHTbI BeKTopa nepeMememrn: H o6oeMHoe pacrnHpeHHe B BH,ne 

e =a u(n) +a u(n) + '1/ u(n) 
n I 1 2 2 In 3 • (II.16) 

n=l 

Hc1onoqaH B (II.15) TOJIIUMHHYJO KOOp,nHHazy X3, IIpHXO,nHM c yqeTOM cpopM)'JI (II.16) K CJie

.nyromeH: CRCTeMe ypaBHeHMH OTHOCMTeJibHO K03cpcpHU:MeHTOB <l>ypbe U~n) ,u;n) ,u;n) R en: 

K.u;n) +oi:l 2en +~P2no(x) = 0, x=(Xi,X2)E R2, 
µ 

Knu;"l-oy-.e.+~~no(x)=O, Yn=1m/h. 
µ 

(II.17) 

HHTerpHpOBaHMe 3TOH CMCTeMbI npoBe,neM B npocT{>aHCTBe o6o6meHHbIX cpyttKU:MH D'. HMeeM 

,[(JUI K03cpcpHU:HeHTOB <l>ypbe en 

1 3 

Knen= ( )Lpm(!ko(x)=fn, d3 =Yn (n=0,1, ... ). 
µ 1 +(} k~I 

(II.18) 

IIycTb En - cpyH,n:aMeHTaJibHOe perneHMe onepaTOpa feJibMrOJibU:a Kn. Tor.na perneHMe 

ypaBHeHHH (II.18) npe,ncTaBMMO B BM,ne CBepraM 

1 3 1 3 

en=fn*En=- ( )LP1n(ako*En)= ( )LPkndkEn. 
µl+O" w µ l+O" -

IloCKOJibKy E. = -( 2JZ" r1 Ko ( rnr), r.ne K p ( y) - U:HJIHH,[lpHqecKIDI cpyHKU:HH MaK,nOHaJib,[la 

nopH,nKa p, TO RMeeM OKOffqaTeJibHO 

1 3 

en= ( )LPkndkK0 (ynr), r=lxl (n=I,2, ... ). 
21rµ I + (} k~I 

flocne onpe,neneHMH cpyttKU:MH en nonyqaeM pa3,neJieffHYIO CRCTeM)' 

(II.19) 
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BocIIOJib3YeMCj{ Terrepb JierKO BbIBO,D;HMbIM COOTHOIIIemi:eM 

"" (rK1 (r.r}) =-2y"K0 (Ynr} (n =1,2, ... ). 

Tor.n;a Henocpe.n;crneHHO H3 CHCTeMbI (Il.19) HaXO,D;HM 

ui"l=-
1
-IPk))1ok{rK1 (r"r)}+ ~. K0 (r.r), 

crn k=I 2Jrµ 

u~·) =-
1
-IP1mo2ok{rK1 (r"r)}+ p2

" K0 (r"r), 
crn k=I 2Jrµ 

u~n) =-.!.±P1mok{rK1 (rnr)}+ ~" K0 (r.r) (n=l,2, ... ), 
c k=l 2Jrµ 

c = 8Jrµ(l-v). 

(IT.20) 

OT.n;eJibHO cne;n,yeT paccMoTpeTb cny<Jaii n = 0. YpaBHeHHSI (IT.17) rrpuo6peTaIOT B 3TOM 
CJiy<Jae BH,D; 

* r r =-
[' 

(o) _ 1 ~ P, '.'\ '.'\ { 2 (I • l)l Pio I • u1 --~ k0o 1ok r nr - 'I--- nr, 
2c k=i 2n:µ 

(oJ _ 1 ~ '.'\ '.'\ { 2 (I • t)} P20 I • u2 -- ~?,_ 1p2uk r nr - --- nr, 
2c k=t 2Jrµ 

r.n;e l - HeKOTOpblll xapaKTepHblll JIHHettHblll pa3Mep. 

(Il.21) 

0KOWiaTeJibHbie pe3YJibTaThl IIO.rry'IBM, BbIIIOJIHHB rrpe.n;rrucaHHbie <l>oPMYJiaMH (Il.20), (Il.21) 
orrepa~HH. llMeeM rrocne rrpeo6pa30BaHHH 

u(o) = Pio (.!.cos2a- Kln r*) + Pzo sin 2a 
1 c 2 2c ' 

u(o) =Pio sin2a- Pzo (.!..cos2a+ Kln r*) 
2 2c c 2 ' 

(IT.22) 

u}"l =Pin {r.rK1 (r.r)cos2 a+ KK0 (y"r)}+ 
c 

+ p2
" r.rK1(r.r)sin2a- ~. r.rK0 (rnr)cosa, 

2c c 
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ui"1 =Pi. r.rKI (r.r)sin 2a+ p2
" {r.rKI (r.r)sin2 a+ KKo (r.r )}-

2c c 

- P,,. r.rK0 (r.r)sina (n=l,2, ... ), 
c 

(Il.23) 

K= 3-4v, z = X1 +ix2 = re;a. 

11HTepec rrpe~CTaBJIHeT xapaKTep rroBe~eHHH seKTopa rrepeMem:eHHH B OKpeC'fHOCTH HOCHTeJIH 

cocpe~aroqeHHOro cj:>ym<II,HoHana. 11crronh3YH acuMUToni:qec1me cj:>opMyJihI ~ cj:>yma1Hii K0 ( z) 

H KI { z) B OKpeCTHOCTH H)'IDI 

K0 (z) ==-lnz+O(l), l 
KI (z) =-+0(1), 

z 
nonyqaeM B COOTBeTCTBHH c cj:>opMyJiaMH (Il.23) CJie~m:yro rnaBH)'IO acHMITTOTHKY BeKTopa 

nepeMem:eHHH B eyne 

(O) - KI'i_. 1n * (o) - KPz. 1 * ( - 0 1 2 ) u1 ---- r, u2 ----nr n-,, , ... , 
c c 

(o) _ 4(1-v) • _ 
u3 - - ~. In r ( n - 1, 2, ... ). 

c 

c ~pyroii CTOpOHbl, H3 (Il.20), (Il.21) cneeyeT, qTQ BeKTop rrepeMem:eHHH COCTOHT H3 6HrapMO

HHqecKOH qacTH, KOTOpaH pacrrpocrpaIDieTCJI Ha BCIO o6naCTb, 3aIDITyIO CJIOeM, H HMeeT nora

pHcj:>MffqeCKHH pocT Ha 6eCKOHeqHOCTH H 3KCilOHeHI~HaJihHO 3aT)'XaIOm:eii qaCTH, JIOKaJIH30BaH

HOH B OKpecTHOCTH HOCHTeIDI CHHryIDipHoro <i>YHKII,HOHana . 

.ll,Jrn KOMITOHeHTOB TeH3opa HarrpHJKeHHH, cornaCHO rrpe~CTaBJieHHJIM (Il.16), MOJKeM 3a

IIHCaTh 

r~e (Jij H (J~n) - KOMITOHeHTbI TeH3opa narrpHJKeHHH H HX K03cj:>cj:>HI~HeHTbl cl>yphe COOTBeTCT

BeHHO. 

J13 3aKOHa fYKa (Il.3) H COOTHOIIIeHHH KoIIIH (Il.2) rronyqaeM CJie~IIIHe BblpaJKeHHJI ~ 

K03cj:>cj:>m~HeHTOB (J~n) : 

<J}~l = A-e. + 2µi)Iu;•l, <Ji;1 = k. + 2µi) 2ui"1, <J;;i = A-e. + 2µr.u;•), 

(j,(n) =µ(a u(n) +a u(•)) (j,(n) =µ(a u(n) - r. u(n)) O".(n) =µ(a u(n) - 1/ u(n)) 
I2 l 2 2 I ' 13 I 3 n .. I ' 23 2 3 In 2 • 
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0TCIO,]:(a HaXO,]:(HM CTaH):(aprm.1e KOM6rrHaQHH «HaIIp1DKeHHH» 

o-}~) +o-i;) =2Aen +4µRe{;z (ui") +iu~"l)} (n =1,2, ... ), 

O'(n) - O"(n) + 2ia-,(n) = -4µ j_(u(n) - iu(n)) 
22 11 12 OZ I 2 ' 

(II.24) 

a:(n) -ia:(n) = µ{2j_u(n) - r. (u(n) -iu(n))1 2j_ = 0 -io 
13 23 OZ 3 n I 2 J ' OZ 1 2 • 

<l>YffKIJ;HH ui") ,u;n) ,ui") onpe):(eJieHbl B (II.23). ilO):(CTaHOBKa HX B Bbipa}f(eHHK (II.24) ,]:(aeT 

(O) -10) _ Pio cos a+ P20 sin a 
0"11 +a-22 - ( ) , 2tr 1-v r 

(0) (0) . (0) - 2µ {( . ) z ( . ) 1} 
0"22 - 0"11 + 210"12 - - Pio + lP20 2 + K Pio - zPzo - , 

c z z 

-rn (Pin cosa+Pz" sina}rK2 (r"r)}, (n=l,2, ... ) 

-ia 

(n) (n) 2. (n) e rn {P. [ ( -2;aK ( ) K ( )) 
0'22 -{Tll + 10"12 = ( ) In rnr e 2 rnr + 0 rnr + 

8tr 1-v 

+2KK1 (rnr) ]+iPzn [rnr( e-zia K 2 (rnr )- K0 (r"r) )-2KK1 (r.r) J
-2?:,nrne-iarK1 (r.r )} , 

o-};l-io-;;i = (" {P:,ne-ia[rnrK0 (ynr)-2(1-v)K1 (rnr)]-
4tr 1-v) 

-Pin [ (1-2v) K0 (rnr) + r.rcosae-ia K1 (r.r} J-
-P zn[ -i(l-2v} K 0 (r.r )+ r.rsinae-ia K1 (rnr) ]}, 

O"~~l = (" {Pin [ rnrK0 ( r, r )- 2v K1 (r, r) ]cos a+ 
4tr 1-V) " n 

+P2n [rnrK0 (rnr )-2VK1 ( rnr) ]sin a+ P 3n[( 4-2v) K0 ( r.r)- rnrK1 (rnr) ]} , 

z = reia = .x; + ix2 , z = .x; - ix2 • 

(II.25) 

QqeBH):(HO, rrepBbie ):(Be <jJopMyJibl B (II.25) orrpe,]:(eJIHIOT TeH3op HaIIpH}f(eHHH (B ycJIOBHHX IIJIO

CKOH ):(e<jJopMaU:HH) rrprr ,lJ;eHcTBrrrr cocpe):(OToqeHttoii CHJihI (Pio, P20 ). Ottrr Moryr 6J:.ITh rrony

qeHbI Taf(}f(e rryTeM rrpHMOro rrpe,]:(eJibHOro rrepexo,]:(a rrprr n ~ 0 B COOTBeTCTBYffiIIJHX KOM6H

HaQHHX, orrpe):(eJieHHhlX Bhlllle. 
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fnaBHaH aCHMilTOTHKa TCH30pa HanpH'lKCHmI HaXO,L\HTCH H3 COOTHOlUCHHH (11.25). HMeCM 

B OKpeCTHOCTH HOCHTemr cocpe,LIOTO'iCHHOro <l:>ynKIJ.HOHana 

(n) (n) 1 (P. n · ) ( ) CT11 +CT22 = ( ) 1"cosa+r2"sma n=O,l, ... , 
2tr l-v r 

-ia 

(n) (n)+2' (n)_ e [(P. 'D) -2ia (P. 'D )] 
CT22 - CT11 lCT12 - ( ) In + lr 2n e + K In - l•2n ' 

4tr 1-v r 

(n) • (n) ~n -ia ( -1 2 ) CT13 -rCT23 = ---e n - , ,. .. , 
2trr 

(n) V (P. p . ) 
CT33 = ( ) In cos a+ 2• sma . 

2tr 1-v r 

5. rpaHffqffaff 38)1,8'18 TeOpHH ynpyrOCTH 0 rapMOHHqec1rnx IrnJie6aHHffX CJIOff C :QH· 

JIHH)J,puqecKHMH CKB03HLIMH UOJIOCTffMH. B ,[\eKapTOBOH npHMOllHHCHHOH CHCTeMe KOOp,LIH

HaT Ox1x2x3 paccMOTPHM ynpyrttii O.ll;Hopo,n;HbIH H30TPOITHbIH cnoii -=<Xu x2 < oo, lx31:::; h, 

ocna6neHHbIH CKB03HbIMH TyHHCllbHbIMH nonoCTHMH c o6meii rpaHmi;eii norrepe'IHOro CC'ICHHH 

r = u r j ( n r j = 0, j = 1, 2,. . ., N). Ey.L1eM rronaraTb, '!TO r j - rrpoCTbie 3aMKHYThIC KOHTYPhI 

6e3 Tol!eK caMonepecetJeHHH c nerrpepbIBHbIMH no fenb,Llepy KpHBH3HaMH. Ha rroBepxHoCTH rro

nocTeii S = US v 3a,ll;a,L\HM BeKTop HarrpH'lKCHHH ( X in , X zn, X 3" ) ( x, t) , x = ( x1, x 2, x3 ) E S. Ha oc

HOBaHHHX CJIOH npHMCM O.ll;HOpO.L\HbJe rpamNHbie ycnOBHH CMCIIIaHHoro THIIa 

(11.26) 

3a.1l;al!a COCTOHT B onpe,ll;eJieHHH BOllHOBbIX rroneii BeKTopa rrepeMemeHHH u = (Up Uz, U3) H TCH-

30pa narrpH'lKCHHH c KOMIIOHCHTaMH (jij ( i, j = 1, 2, 3) IIpH rapMOHH'iCCKOM B036Y'lK,[ICHHH CJIOH. 

,ZJ,mr orrpe,ll;eneHHH: BOJIHOBOro ITOJIH rrepeMememril BOCITOJih3yeMCH: CHCTCMOH ypaBHCHHH 

JlaMe (11.7) 
PaccMOTPHM rapMOHHtJecKoe B036y'lK.L\CHHe cnos. B 3TOM cnyqae nono'lKHM 

(11.27) 

r,ll;e u j = u j ( x)' yj = yj ( x), x = (Xi' Xz' X3) - aMilJIHTY.L\hl COOTBCTCTBYIOIIIHX BCJIH'IHH. 

HcKITJOl!aH BpeMH B ypaBHCHHHX (11.7) B COOTBCTCTBMH c (TI.27), IIpHXO,L\HM K CHCTeMe .L\H<l>

<t:>epeHIJ;HanbHbIX ypaBHCHHH B aMITJIHTY.L\aX 

y 
L\Uj +ofJ 

1 
(a pk)+ r;u

1 
= _ _J_ (J,k = 1,2,3), 

µ 
(11.28) 

r.n;e y2 =OJ/ c 2 - BOJIHOBoe l!HCJIO, c 2 = .J µ/ p - cKopoCTh pacrrpocTpaHeHHH rrorrepel!HOH 

(C,L\BHroBOH) BOllHbl B yrrpyroM Tene. 

HMeH B BH,Lly CHMMCTPH'IHOe COCTOHHHe OTHOCHTCJibHO cpe,L\HHHOH IlnOCKOCTH CJIOH:, rrpe.n;

CTaBHM aMrrnttry.ll;bl nepeMemeHHH H HHTCHCHBHOCTCH o6'beMHbIX CHJI B BH,L\e PH.L\OB <l>ypbe 

{Ul' U2 , e,i;,Yz} = :Z: {U1m, U2m, em.Yim ,Yzm}cosAmX3 , 

m=I 
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{U3 ,I;} = L {U3m,I;m}sinAmX3 , Ykm = Ykm ( Xj,X2) ( k = 1,2,3), (11.29) 
m=l 

A, == :ir(2m-l). 
m 2h 

B 3TOM CJI)"iae rpam1qHbJe ycJJOBHH (11.26) Ha OCHOBamrnx CJJOH 6y;zyT BhHIOJJHeHhI. 

licKJJJOqns B (11.28) TOJJW:HHttyIO KOOp,n:HHazy X3 npH IJOMOW:H npe,n:CTaBJJeHHH (11.29), npH

XO,ll;llM K CHCTeMe ,n:mp<!JepeHIJ;HaJJhHhIX ypaBHeHHH OTHOCHTeJJhHO K03<):><):>m.(rreHTOB <Dypbe (MO

MeHTOB) Ukm 

(t.+µ;m}Uim +oViem =-Yim, 
µ 

(t.+µ;m}U2m+oV2em =-y2m, µ; =rz-A-;, 
µ 

(t.+µ;m}U3m -O"Amem =- Y3m, (m=l,2, ... ). 
µ 

(11.30) 

,Uiur HCKmoqeHHH TOJJW:HHHOH KOop,n:HHaThl ll3 rpam1qHbIX YCJJOBHH Ha s BOCIJOJJh3yeMCH CJJe

,n:yIOW:HMH npe,n:cTaBJJeHHHMH ,ll;JJH aMIJJJHTJ,ll; KOMIJOHeHTOB TeH30pa HanpH)KeHHH H BeKTOpa IJO
sepxHOCTHOH HarpJ3KH, cornacosaHHhIMH c npeCTaBJJeHHHMH (11.29) 

{sij'l'.n}= f {s~ml,i;~m)}cosA-mx3 , (i,j=l,2), 
m=l 

{ Sj3,I;n} = f { sj;l ,I;~m)}sinA-mx3 . 
m=l 

Tor,n:a rpaHHqHhie ycJJOBHH Ha S pacrra;zyTCH Ha cqeTttyIO cosoeynHOCTh paseHCTB srr,n:a 

(11.31) 

11ycTh Teneph s,n:oJJh IIJttypa Xi = 0, x2 = 0, lx3 j::; h pacnpe,n:eJJeHhI ycrrJJHH c noroHHhIMH rrH

TeHCHBHOCTHMH {Pi,P2 ,J'.i}(x3 ). Tor,n:a <J:>nryprrpy10w:rre B rrpaBhIX qacrnx (11.30) K03<):><):>nu:rr

eHThI <l>ypbe HHTeHCHBHOCTeH ofrheMHhIX CHJJ npHMJT BH,n: 

(11.32) 

r,n:e '5( x) - )l,BJMepHaH )l,eJJhTa-<):>yttKU:HH. 

110,n: <l>-peIIJeHHHMH )l,JJH CJJOH, COOTBeTCTBYIOW:HMH CMeIUaHHhIM rpaHrrqHhIM YCJJOBHHM 
(Il.26) 6y,n:eM IIOHHMaTh KOMIJOHeHThl MaTPHU:hI <):>yH,n:aMeHTaJJhHhIX peIIJeHHH CHCTeMhl (Il.30) 
c npaBhIMH qacTHMH, onpe,n:eJJeHHhIMH B (11.32). 

lh (11.30) o6hJqHhlM nprreMOM BhIBO)l,HM 

(11.33) 
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r,D,e µ}-,,, = fi - A~, Yi = m/ c1 - BOJIHOBoe qncJio, c1 = ~A :lµ - cKopocTI> pacnpocTpaHe

HHH IIp0,11,0JibHOR BOJIHbl B yrrpyroM TeJie. 

Hn)!(e no,D,po6Ho paccMOTPHM CJIY'IaR Pi =t 0, Pi = Pi == 0. 

Ifa (II.33) ,11,JIH paccMaTPHBaeMoro cnyq:aH IIOJIY'IaeM HeO,D,HOp0,11,HOe ypaBHeHHe reJibM
rOJihIJ;a 

Ae(i) + 112 e(i) = - Pim () '5 ( x). 
m nm m µ(I+O') I 

(II.34) 

IIycTu E - <PYH,D,aMeHTaJihHOe perneHne oneparnpa reJibMrOJibIJ;a. yqHTbIBaH, qTQ <PYHKIJ;HH 

8(x) <jlnHHTHa H cBepTKa E*dJ = f *d1E cymecTByeT, nonyqaeM H3 (II.34) 

e(l) = iPim a H{l) (II r) r == ~ x 2 + x2 
m 4 µ (} + (1') I 0 rim ' I 2 • 

(II.35) 

<DopMyJia (II.35) ,D,aeT B03MO)!(H0CTb pa3,D,eJIHTb ypaBHeHHH B CHCTeMe (II.30) li npe,D,CTaBHTh 
ee B Bn,D,e 

AU(1)+µ2U(1)= iO'Pim a2H(1)(11 r)-Pi"''5(x) 112 =",z-,1,2 
Im 2m Im 4µ(l+O') I 0 rim µ 'r'lm f2 m' 

AU(1) +µ2 U(I) == iO'Pim -::. -::. (1) ( ) 
2m 2m Zm ( ) 0 1uzHo t'imr , 4µ I+O' 

AU(!)+ µ 2 u(ll = - iO'Pim A a H(l) (II r) 
3m 2m 3m 4µ(l+O') m 1 0 rim · 

lIHTerpnpoBaHne 3TOR cncTeMhI B npocTPaHCTBe o6o6ru;eHHhIX <jlyHKIJ;HR D' ( R2
) ,D,aeT 

U(1) = iPim (-__!_az H ( r) + H(1) (µ r)J Im 4 o 1 0 2m ' µ r; 

uf1) =- iPim d () H(r) 
2m 4µfz I 2 ' 

uC1l == iPim a A H(r). 3m 4µfz 1 m 

3,D,ecb n ,D,anee ncrroJih30BaHo o6o3HaqeHne 
2 

H(r)= I(-l)k+1H~1)(µkmr). 
k=I 

AHanorlfqHbIM o6pa3oM paccMaTPHBaIOTCH cnyq:an, KOr,D,a P2 =t 0, Pi = Pi = 0 n Pi =t 0, Pi = 

=Pi = 0. Bh1mi:rneM oKoHqaTeJihHhie pe3ynhTaThI ,D,JIH BeKTopa nepeMeru;eHHH 

U(J) = iP nm gUl ( . 1 2 3 1 2 ) 
nm 4µ nm' n, J = , , ; m = , ,. .. , 
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{I) _ i ~( )k+I 2 ( (1) ( ) {!) ( )) (!) ( ) g1m -----:i- L.. -i µkm H 2 µ,711 r cos2a-H0 µkmr +H0 µkmr, 
2t2 k=I 

g (i) =g(z) =--i-~(-i)k+1 µ2 H(1l(µ r)sin2a 
2m Im 2";i. £.... km 2 km ' 

f2 k=I 

g~~ =-g}:; =- ~; ~)-it1 
µkmH1(

1
) (µkmr)cosa, 

/2 k=I 

{2) i ~( )k+I 2 ( (!) ( ) (!) ( )) (!) ( ) g 2m = 
2
fz f;;,, -i µkm H 2 µkmr cos2a+H0 µkmr +H0 µkmr , 

g~~ =-g~~ =- ~; f(-it1 
µkmHI

1
l(µkmr)sina, 

/2 k=I 

(3) - ..t; ~( )k+l (1) ( ) (1) ( ) 83m-y;f;;,,-l Ho µkmr+Ho µ2mr. 

BeJIWIMHhI g~~ - npe;::i:crnBJOOOT co6oii KOMITOHCHThI Malpm:r,M <I> -pememrii .Llilll KIDK,lJ,Oro cpttK

cttpoBaHHoro 3Haqemur m = i, 2, ... 

lfmerpaJibHblC npe;::i:CTaBJICHHM pemeHHM rpaHHqHoii 3a;::i:aqff (II.30), (II.3i). IlycTb f -
cpmttqCCKOC IIOJIC C JIHHHCH pa3pb1BOB r. 3aIIHIIICM QlOPMYJibl ;:\AA 06061IJ,CHHbIX IIpoH3BO,l:\HhIX 

a J ={a J} + nj [! ]gf' 

N ={N}+[df ]gr +1-([f]Jr ), 
an dn 

r;::i:e { . } - o603Ha'IaCT COOTBCTCTByJOII:r,yIO KJiaccttqecryro npoH3BO,l:\ffYIO, [ . ] - CKaqoK yKa-

3aHHOH cpyttKi:r,HH Ha r, nj - IIpOCKIJ,HM opTa HOpMaJIH K KOHTYPY r Ha OCb xj; [.]Jr 

H i_ ([ . ] gr ) - COOTBCTCTBCHHO npocTOii H ):\BOHHOH CJIOH. 
dn 

BBO):\M 3TH COOTHOIIICHHji B CHCTCMY (II.30) c yqeTOM (Il.32), npe;::i:cTaBHM ee B BH,l:\C 

KmUkm+ofJkem=fkm (k=l,2,3; m=l,2, ... ), (IT.36) 

IlycTb gm - MaTPHIJ,a <I>-pemetttti!:. 

gm =llg2!11 (k,j=i,2,3; m=i,2, ... ). 

Tor;::i:a perneHHC CHCTCMbl (Il.36) MO:>KHO npe;::i:CTaBHTb B BH,l:\C CBepTKH 

Um ( X) = gm * J m , X = ( Xp X2 ) , 

fm ={f1m•f2m,f3m}, Um ( x) ={U1m•U2m•U3m} · 



IlPllMEHEHllil OEOEIIl.EHHhlX <l>YHKI(llH B YTIPWOCTll 467 

B pa3sepHYTOM BH)J,e rronyqaeM OTCIO)J,a CJie,n:yromtte HHTerpaJibHbJe rrpe,11,CTaBJiemrn BOJI

HOBoro rromr rrepeMe.II1emi:ii: 

Uhrr(x)= ~{J[ujm](y) 0~Y g~J(x-y)dSY-

-A[a~~m ]+er[ e,.]nj }Y) gi2 ( x- y )dSY }· ( k = 1,2,3; m = 1,2, ..• ). (Il.37) 

QqeBH,IJ.HO, 3TH rrpe,n:cTaBJiemrn o6na.n;aIOT He06XO)J,HMOH IlOJIHOTOH rro OTHOIIIeHHIO K rpa

Hlf'IHOH 3a,11,aqe (Il.30) (Il.31). B CJI)"lae, KOr)J,a KOHryp r eCTb COBOKYIIHOCTb pa30MKHYTbIX 

,IzyI' (MaTeMaTH'IeCKHX pa3pe30B) H BeKTOp HaIIp}i'lKeHH}! HerrpepbIBHO IIp0,!1,0JI)KHM qepe3 rj, 

,11,0CTaTOqHo OCTaBHTb rrepsoe cnaraeMOe B (Il.37), T. e. pa3bICKHBaTb peIIIeHHe B BH)J,e 0606-

.llleHHbIX noTeHIJHaJIOB )J,BOHHOro CJIO}!. ,[(mr pernemrn IlOCTaBJieHHOH 3)1,eCb 3a,n:a'IH He06XO)J,HMO 

BOCilOJib30BaTbC}! BTOpbIM CJiaraeMbIM B COOTHOIIIeHHH (Il.37). CooTBeTCTByIO.IIIHe 'IHCJieHHbie 

pe3ynhTaTbI rrpe,n:crnsneHhI B [57). 

6. ,l1;ByMepHhie cJiyimaMCHTaJihHble pemeHHB 8 CBB3aHHOH 3ll,l),a'le TepMoyrrpyrncru [56]. 
B CHCTeMe KOOp,11,HHaT xPxz paccMO'TpHM HeOrpaHH'IeHHYIO ynpyryro cpe,!1,y, B KOTOpoli B)J,OJib 

oceii xj ,n:eiicTByeT rapMOHH'IeCKH H3MeH}iIO.IIIIDIC}i so BpeMeHH cocpe,!1,0TO'IeHHa}! cHJia Pje-iax 

HJIH cocpe,n:OTO'ICHHbIH TeITJIOBOH HCTO'IHHK MO.IIIHOCTH qe-iax. ny,!l,eM C'IHTaTb, 'ITO OHM IIpHJIO

'lKeHbl B Ha'IaJie KOOp,11,HHaT. OnycKa}! MHO'lKHTeJib e-iox B rroneBblX BeJIH'IHHaX, 3anHIIIeM CHCTeMy 

ypasHeHHii CB}!3aHHOH TepMoyrrpyrocrn [43, 46, 52, 53) OTHOCHTeJibHO aMIIJIHry)J, KOMilOHeHTOB 

seKTopa rrepeMe.llleHH}i u j H TeMneparypb1 B BH)J,e 

!iu j + 00 je - aoa /) + fiu j + ~ x j = 0 (j = 1, 2), 

MJ+iy2B+iµf30e+ ~ =O, fi=o;+a;, 

er= (l-2vf1, a 0 = 2(1 +v)crar> /30 = a0T0 OJI .1y, 

Xj=~c5(x), , 'fo=const, o;=o/Clxi' 

x=(xpx2 )ER2
, F=q8(x), T-T0 =e-i'°'B, 

(Il.38) 

aT' Ai· ' p H c - K03$qmlJ,HeHTbl JIHHeHHOro pacIIIHpeHH}i, TeIIJIOIIpOBO)J,HOCTH, IlJIOTHOCTb 

H y,!l,eJibHID! TennoeMKOCTb MaTepttarra COOTBeTCTBeHHO; µ H v - MO,!J,YJib C)J,BHra H K03$$HIJH

eHT IlyaccoHa; m - KpyrOBIDI 'IaCTorn; Ta - TeMrreparypa Tena B eCTeCTBeHHOM (HeHarrp}i)J{eH

HOM) COCTO}!HHH; 8 - )J,eJibTa-<PYHKIIH}i. 
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PaccMoTpHM ctta'Iarra CJI)'11aii Pi 'i' 0, Pz = 0, q = 0. Torp;a H3 (II.38) 06i.1'IHLIM nyreM 

IIOJIJ"IHM CHCTeMY p;mp<J>epeHUHaJibHhlX ypaBHeHHH OTHOCHTeJibHO ofri.eMHOrO pacumpeHHH e 
H <j>yHKI\HH (} 

(Il.39) 

IlpH 3TOM 

IloJiarAA e = l22<f>, (} = -l21<f>, rrpHBe,n;eM paBeHCTBa (II.39) K CJie,!l,)'lOIIJ,eMj' ypaBHeHHIO 'leTBep

TOro rropH,n;Ka OTHOCHTeJibHO <l>YHKI\HH <t>( Xj,Xz): 

3p;eci. 

L(D)<t>=- (Pi )a1 8(x). 
µ l+O" 

L(D)=M+dli+b, d=fi+if+iµaof3o, 
l+a 

Yi= Ti , b=iffi. 
1 +a 

I1HTerpHpy» ypaBHeHHe (II.40) B rrpoc'I'pattcme 0606II1eHHLIX <l>YHKUHH D', 6yp;eM HMeTi. 

<I>= i(l-2v).Pi ~(-l);-1 a H(i) ( .r) 
( )( 

2 2)L... 1 0 µ} , 
8µ 1-v µ1 - J4 1=1 

_ i ( 1-2v) Pi ~ ( )1-1 . ,;i 2 Ol ( ) 
e-8 (1 )( z z)L... -1 (tr -µJ)d1Ho µJr' 

µ - v µ;_ - J4 j=l 

B = EaToffo <I> 
i(l-2v)Ar' 

~ r='\/x1 -rx2 , 

r.n;e E - MOAJJib IOHra, µ1 (i = 1, 2) - KOpHH xapaKTepHCTH'IecKoro ypaBHeHHH 

µ;-dµ~+b=O, Imµ1 >0 (i=l, 2). 

(II.40) 

(IT.41) 

Bo3BpaII1aHCb Terrepb K OCHOBHOH CHCTeMe (II.38) H J"IHTblBAA <j>OpMj'Jibl (II.41), 3aIIHIDeM rrep

Bble .n;sa ee ypaBHeHHH B BH.D;e 

2 . 

(ii+ fi) u2 = a0 .Pid1d2 L(-l)r1 d1H~1 ) ( µ1r ), (II.42) 
j=l 
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r.n:e 

1-2v <J' 

ao = 8(1-v)( µi-µn, dj =aof3o + µ (r +iµn. 

2 . 

u2 =a0 PiL(-1)' diJiJ 2 H(r), (TI.43) 
}=I 

H(i) ('11 r)- H(I) ( µ .r) 
H( )= 0 12 0 J 

r ,;i. z • 
rz-µj 

Jlerno rrpoBepmI>, 'ITO <l>opM)'Jia (TI.41) .n:mr ofo,eMHoro pacnrnpemui: e H paseHcTBa (TI.43) co
rnacoBaHI>I Me)l(,lzy co6oii. 

TaKHM o6pmoM, aMIIJIHTy.U:hI CBH3aHHhIX rroneii yrrpyrnx rrepeMeUieHHii H TeMrrepa'fYP B cpe
.n:e rrpH ,n:eHCTBHH cocpe,n:oTO'IeHHOH rapMOHH'ICCKOH CHJibl B HarrpaBJieHHH OCH Xi rronyqeHbl 

B 3aMKHYfOM BH,n:e. CoBeprneHHO attanorll'IHo orrpe.n:eMIOTCH ABe .Lq)yrHe CTPOKH MaTPillJhI <l>YH
,n:aMeHTaJIDHDIX perneHHH. TipHBe,n:eM 3,n:ech OKOHqaTeJibHbie pe3yJibTaThl. 

EcJIH CHJia P2e-iwt .n:eHCTBYeT B HarrpaBJieHHH OCH Xz, TO 

2 . 

u1 =a0?z_L(-l)1 diJid 2H(r), 
j=l 

(TI.44) 

2 . 

ul = iboq ( Q;'T I~) I(-1 )'-l alH~1 ) ( µjr ), 
j=l 

U2 = ib0q( ar/ ~) I(-1)1
-

1 d2H~1 ) ( µjr ), (TI.45) 
j=l 



470 IlPlIJIQ)l{EHHEKrnABE4 

2 

e = ib0q ( ar / ~) L (-1 )j µJ HJ') ( µjr ). 
j=l 

2 . 

O=ia0 (q/~)L(-1t'( fi-µnH~'!(µjr). 
j=l 

<l>opMJ.libI (Il.43)-(Il.45) onpe;:i;eIDIIOT Mmpmzy cpyima.MeHTarrI>HhIX pernemrn JJ:IDI paccMa'IpHBa

eMoii 3a;:i;al.J:R. 

7. CsmaunL1e TepMoynpyrue nom1 B CJJoe. Y'leT Kone'luoii cKopocTu pacnpocrpa
ueum1 TenJia (B paMKax runep6oJIH'lecKoii MOtl.eJIH TenJionposo):(nocTu). OcHOBHa.sr cucTe

Ma ypaBHCHHH CmI3aHHOH TepMoynpyrocTH [46, 53] IIOCJie HCKJUOl.J:CHHH BpeMCHHOrO MHO)l(U
-irot 

TCJISI e rrpHHHMaeT BH)J; 

A ....;:) 
3A-+ 2µ ::i u " 1 x· o ( · I ) uUj+vuje µ aTuj 4 +y;Uj+ µ j= j= ,2,3, 

AU4 +(ri +if )U4 + mw(i + r* OJ)e+ Q* (l-iOJr*) = 0, 
Ar 

? 2 1 
,,2 OJ- 0 OJ 0 OJ aT 2 f'T 
rr =-?, r =--c;-, Yi =-2, m=aKfo-, a =--

vr- a- v2 ~ pee 

(Il.46) 

3;:i;ecI> U j (J = 1, 2, 3) , U 4 , X; H Q* - aMIIJIJITYJJ:I>I rrepeMeIIJemlli u j, TeMIIeparypI>I 0 = T - T0 , 

HHTCHCHBHOCTCH o6beMHbIX CHJI Fj H TCIIJIOBbIX HCTOl.J:HHKOB Q COOTBCTCTBCHHO; E, v, p -

MOJJ:YJib lOHra, K03cpcpm~HCHT IlyacCOHa H IIJIOTHOCTh, aT'~'ce - K03cpcpun;ueHTl>I JIHHCHHO

ro paCllIHpCHHSI, TCIIJIOIIpOBO)J;HOCTH H y;:i;eJII>HaH TCIIJIOCMKOCTb MaTepHaJia; VT H V2 - CKOpOC

TH pacrrpOC'IpaHCHHH TCIIJIOBhlX H MeXaHHl.J:eCKHX C,lJ;BHrOBbIX B03MyIIJCHHH B cpe;:i;e; Ya - TCMIIe

parypa TCJia B HCXO)J;HOM HCB03MyIIJCHHOM COCTOHHHH, r* - BpeMH peJiaKcan;uH TCIIJIOBOro rro

TOKa, OJ - KpyroBaH qacTOTa, T - TeMrrepazypa. 

AMIIJIHTYJJ:hl TeH30pa HarrpH)l(eHHH orrpe;:i;eJIHIOTCH paBeHCTBaMH 

r;::i:e ~j - CHMBOJI KpoHeKepa. 

Ilpu IIOCTpOeHHH O,[\HOpO,l:\Hl>IX pemeHHH ypaBHeHHH (Il.46) rroJiaraeM x j = 0 ( j = 1, 2, 3) 

H Q == 0. B ;:i;eKapTOBOH CHCTCMe KOOp,l:\HHaT OXiX2X3 pacCMO'IpHM CJIOH -oo < Xp X2 < 00 , lx31 s; h 

rrpH CJIC,l:\YJOIIJHX rpaHHl.J:Hl>IX ycJIOBHHX Ha ero OCHOBaHHHX X3 = ±h : 
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Cornactto yCTaHOBRBineiicH B mnepmype TepMRHOJIOrHH perueHRH O)J,HOpO)J,Hoii CHCTeMhl 

(Il.46) rrpH O)J,HOpO)J,HhIX rpaHWIHhlX ycJIOBMHX Ha OCHOBamrnx CJIOH ml3hIBaIOTCH O)J,HOpO)J,HhIMH. 

Omr orrpeJJ,eJieHbl B [58] H HMelOT BM)], 

= { 2 2 (j) } 
U =" h2 µ" "'(ll _;i °" ~ sin A, x 

3 ~ A, rn "~ r .:i. " 3' 
n=I n j=I ':I j + fz 

(Il.47) 

IlycTh Terrepb B)J,OJih mttypa x1 = Xio, x2 = x20 , lx3 I ~ h pacrrpe)l;eJieHhI ycHJIMH Yj = 

= Re ( e-iox X j) untt TeITJIOBhie IICTO'IHIIKII q = Re ( e-iox Q) c aMrrJittTy)J,aMH 

= = 
{XpX2 ,Q}= Ll-fin,PZn'P4n}cosA.nx3, X3 = LP3nsin/L"x3 • (Il.48) 

n=O n=l 

IloneBhie BenH'IHHhI, IICXOM H3 CTPYKTYPhI OJJ,Hopo)J,HhIX pemeHH:i1 (Il.47), 6y)l;eM pa3bICKHBaTh 

BBH)J,e 

= = 
{Ul'U2,U4} = L {U1n,Uzn•U4JcosA-nx3 ,U3 = LU3n sinAnx3 , (Il.49) 

n=O n=l 

e =Len cos il,,x3' en = aluln + OzU Zn + AnU3n. 
n=O 

Ilocne HCKJllO'IeHIIH II3 (TI.46) BpeMeHH H TOJIIIIIIHHOH KOOpJJ,HHaTbI X3 npHXO)J,HM c Y'J:eTOM COOT

HOIUeHII:i1 (Il.48), (Il.49) K CIICTeMe )J,tt<P<l>epeH11Ha.JlbHhIX ypaBHeHtt:i1 OTHOCIITeJihHO K03<l><Pmure

HTOB <l>ypbe TIOJleBbIX BeJIWIIIH 

(A+ µ;)uk;, +ok ( CYe" -
3-1:2

µ ap4" )+; b'(x) = 0 (k =1,2,3), 

( A+d;)u4n + mm'en + ~ ( 1-io.n" )c>( x) = 0, x = (xl'xz)E R
2

, 

ak ==o/oxk (k =1,2), o3 =-A-•• d; ==fr +if-A-;, 

rJJ,e '5 ( x) - JJ,eJihTa-<l>YHKU:IIH. 

(Il.50) 
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OrcJO,L(a IlOJiy'laeM CHatJana CHCTeMj' H3 .L(Byx ypaBHeHHH OTHOCHTeJibHO HeH3BeCTHbIX 

U4n H en 

t -t u = P...01 + Pz.02 +~.A-. o( ) 
lien 12 4n µ(a+l) X ' 

l21e. +l2P4n =-~ (1-iwr*)o(x), 

, 12 l +v ( 12) l11=A+)'j"-/l.n' l12=--aT A-/1..' 
1-v 

l21 =mm*' l22 =A +d;. 

(Il.51) 

,lJ,annHeih1rne pacc)')l(,D.eHHH 11enecoo6pa3HO rrposeCTH .LIJIH tJeTnipex pa3JIH'IHDIX sapHaHTOB B03-

6y)l(,L(emrn. Ilo):q)06HO paCCMOTpHM nepBbIH cnyqak xi* 0, Xz = X3 = Q = 0. 

B 3TOM cnyqae IIOJiaraeM e. = l22<1>~1 )' u4n =-[21<1>~1 ). Tor,L(a BTOpoe ypaBHeHHe B (Il.51) 6y-

.LleT Y.LIOBJieTBopeHo TO)l(,L(ecTBeHHo, a rrepsoe rrpHMeT BH.LI 

(M+A,,A+B )<1>~1 ) = (P.,. ) 01o(x), 
n µ a+ 1 

,,2 12 2 1 + v * A,,= h -/I,. +d. +--OJarm, 
1-v 

B = (r;2 -A,2 )d2 - 1 +v A,2wa m* 
n 1 n n l-V n T • 

I1HTerpHpOBaHHe ypaBHeHHH (II.52) ,L(aeT 

<1><1l = P.,.a. ~(-l)j-i o H<1l (µ. r) 
n 4· L.,, l 0 1n ' zµ i=l 

r,L(e JI.in' µZn - KOpHH xapaKTepHCTHlJeCKoro ypaBHeHHH 

z:-A,,z; + B. = o ( n = 0,1, ... ). 

1 

(Il.52) 

O'IeBH,L(HO, Heo6XO,L(HMO BbI6paTb KOpHH c HeOTPHIIaTeJibHbIMH MHHMbIMH 'IaCTHMH. ,IJ,anee Ha

XO,L(HM 

e(I) =l <l>(l) = P...a. ~(-l)j-l(d2 -µ2 )o H(1l(µ. r) u(ll =-mm*<I>(!) 
n 22 n 4 . L...J n Jn 1 0 ;n ' 4n n • 

zµ j=l 
(II.53) 

CooTHoIIIeHHH (II.53) ,LlaJOT B03MmKHOCTn csecTH cHcTeM)' (II.50) K TPeM He3aBHCHMDIM ypas-

(A+µ;)u1m =- P1m.a. af(-1)1-
1 Pj.01okH~1l(µjnr)- P... o(x)ok1 (k =1,2,3), 

4zµ j=l µ 

Pjn =d;-µJ. +2{1+v)armm*, o3 =-A-•. 
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llHTerpHpOBami:e 3TOH CHCTeMhl ,n:aeT 

u(ll = iI'i.n t5, H(1l(µ r)-Pi..ap~(-I)j-l B. iJ iJ H(i) (µ. r) 
kn 4 kl a n 4· ~ Jn 1 k a Jn , µ 1µ j=O 

(il.54) 

B - ~ Pjn B - Pjn - ( . -1 2 - 0 1 ) on - L... 2 2 ' jn - 2 2 ' /Lon - µ,, J - ' ' n - ' '... . 
j=I µn - µjn µn - µjn 

Jlen<:O BH;:J:CTh, 'ITO COOTHOIIIeHHe en = <Jpln + 02U Zn+ AnU3n $)'HKIIHHMH (il.53), (IJ.54) BhlliOJI

HHCTCH Ha CaMOM ,n:eJie. 

TaKHM o6pa30M, <PoPMYJlhI (il.53), (Il.54) IIOJIHOCThIO orrpe,n:eAAIOT pewemre CHCTeMhI (Il.50) 
,n:JIH paccMaTpHBaeMoro BapHaHTa B036)')1<.n:eHHH CJIOH. TpH OCTaJihHhIX CJIY'IaH paccMaTPHBa

IOTCH COBepIIIeHHO aHaJIOrH'mO. BhIIIHIIIeM 3,n:ech OKOH'IaTeJihHhie pe3yJihTaThl 

1. X1 :;eO,X2 =X3 =Q=O. 

Ui:}= ~n gi:! (k=l,2,3,4;n=O,l, ... ), 
41µ 

(l) - (l) ~ j 2 (1) ( ) (1) - • g1n --H0 (µ.r)+ua.~(-1) BjniJ1 H0 µjnr, g4" --manm i1 1H.(r), 
j=O 

2 2 

g;~ =UanL(-1)j B1niJ102H61l(µjnr), g~~ =-O"anA.,nL(-l)j Bjn<J1H61l(µ1nr), 
j=O j=O 

Hn (r) =H611 (Jtinr)-H61
l (µ 2nr). 

2. X 2 :;eO,X1 =X3 =Q=O. 

u(3l P,,. (3J 
kn= 4iµgkn' 

g (3) = -g(l) g(3) = -g(2) 
1n 3n ' 2n 3n ' 
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g (4) = 
2n 
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g (4) = 
In 

PnEaT a H (r) (4) = PnEaTAn H (r) 
2(1-v) 1 

n 'g3
" 2(1-v) " ' 

/3nEa1 0 H ( ) (4) _ ·R ~( l)j (",2 A2 2 )H(l) ( ) 2(1-v) 2 n r' g4n -µp"f:t - f1 - n -µjn 0 µjnr' 

/Jn = i ( 2 2 ) • 
"T /.lin - µ2n 

iOJT* -1 

<1>yttKIUIB gt) orrpe;::i:emnor Marpmzy tl>-perneHHH MH CJIOH, COOTBeTCTByIDIIIYJO npHIDITbIM 

rpamfqHbIM ycJIOBMHM Ha ero OCHOBamrnx. 

8. <l>yu11.aMeHTaJihHb1e pemeuuu ypanueuuii 3JieKTpoynpyrocTu 11..11H nhe30KepaMH'le
cKoro CJIOH B R3 [54). B mcTeMe .lWKapTOBbIX rrpHMOJIMHeHHhIX Koop;::i:1maT Ox1x2x3 paccMOT-

pHM ITbe30KepaMiflieCKMH CJIOH -00 < X1' X2 < oo, -h s X3 s h, BttyTpM KOToporo BJJ:OJib urnypa 

x 1 == 0, x2 = 0, - h s x3 s h pacrrpe;::i:eneHhI MexaHH'leCKMe ycMJIHH Pk ( x 3 ) ( k = 1, 2, 3) M :meKT

prrqecKMe 3apHJJ:hI rrHTeHCHBHocTrr --'--- P,. ( x3 ). Hrr)l(e paccMoTprrM Harr6onee rrpoCTyio 3a)laqy 

:noro KJiacca, KOr)la Ha OCHOBaHMHX CJIOH 3a)laHhl rpaHrrqHbie ycJIOBmI CMernaHHOro TMITa 

W 3 ( XpX2 ,± h) = 0, 0"13 ( XpX2 ,± h) = 0, 

(Il.55) 

3;::i:ech M HM)l(e MCIIOJih3YeTCH CMernaHHaH CMCTeMa o603HaqeHMH: u, v, w, Ek,Dk - KOMITOHeH

Tbl BeKTOpOB yrrpyroro rrepeMeI11eHHH, 3JieKTPHqecKOH HanpmKeHHOCTM H HHJJ:YKIJHH COOTBeTC

TBeHHO, amn - KOMIIOHeHThI TeH30pa HarrpH)l(eHirn, rp - '.meKTJ>rrqecKHH ITOTeHIJHaJI. ny)leM 

pa3bICKHBaTh CHMMeTJ>HqHoe OTHOCHTeJibHO cpe;::i:HHHOH ITJIOCKOCTH CJIOH perneHue. 

Ilpe)],IIOJiaraH, qTQ <jlyHKIIllll pk ( X3) pacKJia)],hIBaIOTCH B pH)],bI <t>yphe (IIpH He06XO)],MMOC-

TH s rrpocTJ>aHcTBe o6o6meHHhIX <j>yHK!IHH D') 

n=O n=l (Il.56) 

Yn = 1rn/h, 

rrpe;::i:cTaBMM KOMITOHCHTbl BeKTOpa yrrpyroro rrepeMe111emrn { u, v, w} ll 3JieKTpuqecKHH 3a

pH)], rp B Bll)],e 

n=O n=l 

IlOJIHaH CllCTeMa ypaBHeHHH 3):(eCb HMeeT Bll):( [43--45, 59]: 

ypaBHeHMH paBHOBeCHH ll 3JieKTpOCTaTHKH 

omakm+Xk=O, omDm-X4 =0, Em=-omrp (k,m=l,2,3), 

xk =Pi,(x3)8(x), x=(xl'x2), am =o/oxm, 

(Il.57) 

(Il.58) 
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yprumeHIDI COCTOHHIDl ~ rrpe~apJITeJI.bHO IlOIDipH30BaHHOH B~OJib OCH X3 Ilhe3oKepaMHKH [47] 

O'u = (J'x =en.ex +c12.fy +c13t:, -e31E,, 

0'22 = CJ'y = C12t:x + Cnt:y + C13t:, - e3tEz, 

CY33 = O', = C13 (.ex + t:y) + C33c, -e33E,, 

-X-23 =ry, =c44t:yz -e15EY, {Ex,Ey,Ez} ={El'E2 ,E3}, 

DI =DX = t:JIEx + el5t:xz' 

D1 =Dy = t:uEy + eist:yz, 

D3 = D, = c33E, + e3, (.ex+ t:Y) + e33t:,, 

CBH3b Me)J()zy ~eipopMaUHHMH H rrepeMeII.J,emrnMH 

ex =d1U, t:y =d2V, t:, =d3W, 

t:xy =d1V+d 2U, t:,, =d1W+d3U, t:yz =d2W+d3V, 

a TaK)I<:e rpaHHqm,ie ycJioBHH (Il.55). 

(Il.59) 

(Il.60) 

B COOTHOllleHIDIX (Il.58)-(Il.60) BeJ!HqHHbI Cmn = c!n' emn' t: = .e;n COOTBCTCTBeHHO -

MOeyJIH yrrpyrocrH, H3MepHeMhle rrpH IlOCTOHllHOM 3JieKTPffqeCKOM IlOJie; rrbe30MOeyJIH H M3Jie

KTPffqeCKHe rrpoHHUaeMocTH, H3MepHeMhle rrpH rrocromHoH ~eipopMaUHH; <5 ( x) - ~JMepHaH 

~eJibTa-<l>YHKUIDI· 
)J,H$$epeHUHaJibHhle ypaBHeHHH paBHOBeCHH OTHOCHTeJihHO rrepeMeII.J,eHliH H 3JieKTPffqe

CKOro IlOTeHUHaJia BbIBO~CH c HCI10Jib30BaHHeM COOTHOllleHHH (Il.58)-(Il.60) 061>1qHbIM o6pa-

30M. Pa3~eJIHB B HHX rrepeMeHHhie cornaCHO rrpe~cTaBJieHHHM (Il.56) H (Il.57), IlpHXO~HM K CHC

TeMe ypaBHeHHH OTHOCHTeJibHO K03$$HUHeHTOB <l>ypbe u., Vn, Wn, 'Pn (n = 0,1, ... ) BH~a 

( ~iJ +uanun + U()1()2v. +cyn()twn +ey.()1tp. = -p1nc5'( x) (n = 0,1, ... ), 

U() 1() 2un +(~1 ) +ua;)v" +cyna2w" +eyn()2tp. =-p2.<5(x), 

cyn()iun +cyn()2v. - ~z)w. -X.:3ltp. = P3.<5(x) (n = 1,2, ... ), 

er.diu. +er.a2vn -X.:3Jw. + ~4)tp. = P4.<5(x), 

(Il.61) 
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lIHTerpupoBami:e cttcTeMhI (Il.61) rrpoBe,l:leM B rrpocTpaHCTBe o6o6rn;eHHhix <jJyHKl1HH D'. 
PacCMOTpHM CHa<Ja.Jia cnyqali, KOr,l:la Pin,;:. 0, a p2n = p3n = p4n = 0. BBe,l:leM rrpe,l:lcTaBneHIDI 

u = u(') = T <I>(!) v = v(') = T <l>(I) 
n n ..c...ir_1 n ' n n ~2 n ' 

w = w(') = T <I>(') m = m(I) = T <I>(') 
n n ~3 n ' 't'n 'Yn ~4 n ' 

r,l:le Lik - anre6paH<JeCKHe ,I:\OilOJIHeHIDI COOTBeTCTBYJOlllHX :meMCHTOB rrepBOH CTpOKH MarpH

l1hl ,I:1H<jJ<l>epeHI1Ha.JihHhIX orreparnpoB cttcTeMbI (II.61). Tor.n:a rrocne,I:\HHe TPH ypasHeHIDI 3Toli 
CHCTCMhl 6y,l:lyT y,I:\OBJICTBOpeHhI, a rrepsoe ypaBHeHHe IIpHBe,l:leTCH K BH,l:ly 

L(D)<I>~1l = P,no(x), (II.62) 

L(D) =a0 ( A-µ~f,, )(AM+f.AiM+ r:AiA+ r:Ai)<I>~'l, 

(II.63) 

3,l:lecb Ka ( z) - c):>yttKIIIDI MaK,l:IOHa.Jib,I:\a eyneBoro rropH,llKa, rrocTOHHHhie a j H xapaKTepttcTH<Je

cKHe qucna µi rro,l:IJie)J(aT orrpe,l:leneHHIO. 

<l>yttKI1HH E = -( 2nl' Ka (Ar) ecTb <l>YH,I:\aMeHTa.JibHoe perneHtte orrepaTopa fenhMTOJih

ua A - A 2 B D' ( R2
). IIo3TOMy B D' crrpaBe,l:IJIHBO paseHCTBO 

k-1 

Ak Ka (Ar)= A2
k Ka (Ar )-2Jr LAZ(k-j-I) Aj o( x) ( k = 1,2,. .. ), (II.64) 

j~a 
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Ilo,n:CTaHOBKa <}l)'HKQHH (II.63) B pa3pemarorn:ee ypaBHeHHe (II.62), c yqeTOM COOTHOIIJe

HHH (II.64), ,n:aeT 

( µJ - µ~) ( µJ +Aiµ; + AiµJ + ~) = 0, (II.65) 

3 

L,µJmaj =-03m (m = 0,1,2,3), (II.66) 
j=O 

r.n:e O;m - CHMBOJI KpoHeKepa. 

XapaKTepHCTlf'IeCKoe ypaBHeHHe (Il.65) orrpe.n:emieT BOCeMb KopHeii µj, rrpWieM ,n:Be rrapbI 

H3 HHX .n:eiiCTBHTeJibHbie H ,n:Be rrapbI KOMIIJieKcHo corrpIDKeHHbie. 113 ycJioBHSI 3aryxaHHSI peme

HHSI Ha 6ecKOHeqHOCTH H xapaKTepa acHMIITOTHKH <i>YHKQHH K0 ( z) rrprr 6oJibIIIHX z BbITeKaeT, 

'ITO II3 BOCbMH KOpHeH CJie.n:yeT OCTaBIITb ,n:Ba IIOJIOIKIITeJibHbIX .n:eHCTBHTeJibHblX KOpHS! II ,n:Ba 

KOMIIJieKCHbIX - c TIOJIO)J(HTeJibHbIMH .n:eiiCTBHTeJibHbIMH qaCTSIMH. 3HaqeHHSI 3THX KOpHeH rrpH

Be,n:eHbl B Ta6JIHQe 1. 

Ta6mu~a 1 

3ualJeHHH KOpueii xapaKTepHCTHlJeCKOro ypasueHHH (II.65) 
~JIH pa3JIHlJHblX THUOB DbeJOKepaMHK 

(cj>HJHKO·MeXaHHlJeCKHe napaMeTpbl UbeJOKepaMHK 33HMCTBOB3Hbl HJ [45, 47)) 

Trrrr nhe3oKepaMHKH Jlo t4 µ2 ='A 
PZT-4 0,915 0,446 0,780+0,982i 

PZT-5 0,961 0,463 0,787+1,0lli 

PXE-5 1,054 0,481 0,832+0,989i 

I(TC- 19 1,000 0,494 0,887+0,938i 

BbJqHCJIHB µ j • HaxO,n:HM II3 CHCTeMbI JIHHeHHblX anre6parrqecKIIX ypaBHeHHH (II.66) K03<l>

<PttQHeHTbl aj, <l>rrryprrpyromrre B Bbipa)J(eHHH (II.63). Orrpe,n:eJIHTeJib 3TOH CHCTeMbI - THIIa 

BaH-,n:ep-MoH,n:a OTJIWleH OT HyJIS!, II03TOMY OHa O):IH03HaqHQ pa3peIIJHMa. llMeeM 

3 
I 2 2 -I · aj=II (µk-µj) (1=0.i,2,3). (II.67) 

k=O 

r.n:e IIJTPHX Ha,n: CIIMBOJIOM I1pOH3Be,n:eHHS! 03Hal.faeT, l.JTO MHO)J(HTeJib, COOTBeTCTBYIOW:HH 3Ha-

1IeHHIO k = j, OTCJTCTByeT. 

TaKHM o6pa3oM, pa3pemaI011JaSI <}l)'HKQHSI <1>~1l orrpe,n:eJieHa BIIOJIHe. 113 Ta6n. 1 H <l>opMJ

Jibl (II.67) CJie.n:yeT, 'ITO BeJIII'IHHbl ao H al - .n:eHCTBHTCJibHbie, 02 H 03 - KOMIIJICKCHO COrrpS!

IKCHHbie ( a3 = a2). CJie,n:oBaTCJlbHO, <1>~1) - ,n:eHCTBHTCJibHaSI <i>YJIKQHSI., 'ITO COOTBeTCTByeT <i>H-

3H'IeCKOMJ co.n:ep)J(aHHIO 3a,n:al.f11. 

BBe,n:eM o603Hal.feHHSI. 

(II.68) 
(k = 1,2,3,4; n = 0,1, ... ). 
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,lVuI orrpe,D,eJieHIDI lPYHKWJH g~m,I) Heo6xO,D,HMO 3aIIHCaTb B mJHOH <PopMe Bbipa:lKeHIDI ,D,H<P

ipepeH[(HaJibHbIX orrepaTOpoB L,k. HMeeM, yqHTbIBaH (Il.61 ), 

L.1 == r;;a;A. -( ~!) +ua;)A:, L.2 == (u A:-i.A.)a1a2, 

L,3 ==-r.~l) ( e~3) +c~4) )01' L,4 == Yn~I) ( e~2) -C~3) )ol' 
A.== ez~2) -lec~3) -c2,!-;,4), A: == ~2),!-;,4) + T!-;,3),!-;,3). 

BhmOJIHIDI rrpe,D,rrHcaHHhle B (Il.69) onepa[(HH, Haxo,D,HM rrocne rrpeo6pa3oBaHHH 

g~1• 1 ) ==-
4 

1 
±aj {q3 (µJ)K 0 (µjynr)+q* (µJ)K 2 (µir.r)cos2a}, 

;IZ'Cll j~O 

q(µz) ==µ4 +b1µ2 +bz, q* (µ2) == µ2(b;µ4 +b;µz +b~), 

qi (µ2) = b3µ2 + b4, q2 (µ2) = b5µ2 + b6, 

% (µ2) = 2(µg - µ2) q(µ2 )-q* (µ2)' Z =Xi + ixz = reia' 

(1+~)b1 =-(C33 + C33 +2 e\5e33 ). (l+~)b2 =(l+~(33C33' 
t'11 C44 C44t'n C44t'u 

(11.69) 

(11.70) 
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Cne;zyer TaK)J(e OT.D;eJJhHO paccMO'fPCTh CJIY'lali n = 0. CHcTeMa (II.61) npHo6peraeT 

3,D;CCb BH)J; 

Au(i) +a() ()f1
) = - Prn o(x) 

0 • l 0 v ' 
u 

(}'* =-, 
v 

AV(!)+,..- Q n(l) - 0 n{l) = Q (!) + Q {!) 
Ll o v. 2uo - , uo iUo 2 Vo · 

B lJaCTHOCTH, OTCIO.D;a HMeeM 

AB,(1) =- Pio () o(x). 
0 (l+a.)V 1 

HHTerpHpoBaHHe ypaBHeHHK (Il.72) .D;aeT 

oJ1) = _.J!JsL cos a. 
27rc11 r 

(II.71) 

(II.72) 

(II.73) 

<l>yHI<U:HH g~l,l)' g62
•
1
) Terreph JJerno HaxO.D;HM H3 ypaBHeHHH (II.71) c )'lJeTOM Bbipa)J(eHHK (II.73). 

IIoJI)'lJaeM 

gg·1l =-
1
-(-x:.lnr+ c11 +c12 cos2a), 

2trc66 8c11 
(II.74) 

(2,1) (ell + e12 ) . 
2 

3ell - e12 g0 = sin a, K. = . 
16trclle66 4e11 

Bb1pmKeHHH (II. 73 ), (II. 7 4) OlJCBH.D;HO COOTBCTCTB)'IOT IIJJOCKOH .D;e$opMaU:HH IIhe30KepaMHlJCC

KOH cpe.D;bl, Harp)')J(eHHOll pacnpe.D;eJICHHhIMH B.D;OJJh OCH X3 )'CHJIHHMH IIOCTOHHHOH HHTeHCHB-

HOCTH Pw B HanpaBJJCHHH OCH Ox!. 

TaKHM o6pa30M, 3JJCMCHThI g~m,I) MaTpHU:hl llg~m,k)ll onpe.D;eJJCHhl. OcTaJJhHbie TPH CJJ)'lJM 

paccMa'TpHBalOTCK COBeprneHHO aHaJIOIBlJHO. IlpHBC)l,CM JIHIIlb OKOHlJaTCJibHhie pe3yJihTaThl. 

IlpH P2n =F- 0, Pin = P3n = P4n = 0 HMCCM 

g (2,2) = _l_(-K. In r - ell+ C12 cos 2a) g(1,2) = g(2,1) (n = 0 1 ) () 2 * 8 ' n n ' , ••• ' 
1rC66 ell 

IlpH P3n =F- 0, Pin = P2n = P4n = 0 HaXO.D;HM 

(1,3) - - (3.1) (2,3) - (3,2) 
gn - gn ' gn - -gn ' 
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q5 (µ2) =~µ2 +(µ2 _ e33)(µ2 _ C44 )· 
~sS1 ~s S1 

HaKOHeu:, B IIOCJieJJ;HeM CJIY'Iae: P4n ::/:. 0, Pin= Pzn = p3n = 0 HMeeM 

(1,4) - (4,1) (2,4) - (4,2) (3,4) - (4,3) 
gn -gn 'gn --gn 'gn -gn' 

( 2 )- C

2 

µ
2 

(C44 2 C33 )( 2 C44) q6 µ ---+ -µ -- µ -- . 
cnc66 c66 c66 en 

ITpe.[(CTaBIDieT HHTepec acHMIITOTHKa seKTopa yrrpyroro rrepeMern;emu1 H 3JieKTPHqecKoro 

IIOTeHQHaJia B OKpeCTHOCTH HOCHTeJlll cocpeJJ;OToqeHHoro <l>YHKU:HOHaJia. Ee MO)f(HO nerKO rro

JIY'IHTb c HCIIOJib30BaHHeM rrpHBe,[(eHHhlX Bbillie COOTHOllieHHll ,[(Jlll BeJiffqHH g~m,k), ypaBHeHHll 

(II.66) H acHMIITOTHKH <J:>YHKu:HH MaKJ:(OHaJibJJ;a rrpH MaJibIX r. 
HaxoJJ;HM JJ;JIH scex qeTb1pex cnyqaes rrpH r -? 0 

(1,1) _ K, ln +O( 2ln )- (2,2) g ---- r r r -g 
n 27rc66 n ' 

g~3,3) = 

(4,4) - 1 ( 2 ) gn - ( )lnr+O r Inr. 
21l"t'll 1 + ~ 

0CTaJibHhle 3JieMeHTbI MaTPHU:bI llg~m,k)ll - orpaHHqeHHbie <l>YHKU:HH. 0TMeTHM TaIOKe, qro rre

peMern;eHHe w H 3JieKrpHqeCKHH rroTeHU:HaJI rp 3KcrroHeHU:HaJibHO 3aTyxaroT rrpH r -? =. KoM

rroHeHTbI u H v rrpeJJ;CTaBJIHIOT co6oii CJMMbI 3KCIIOHeHU:HaJibHO 3aTyxaIOrn;Hx H 6HrapM0HHqe

CKHX qacTeii. ITocJieJJ;HHe MOryT HMeTb JiorapH<j:JMttqeCKHll poCT Ha 6ecKOHeqHQCTH. 

B COOTBeTCTBHH c ypaBHeHHHMH COCTOHHHH (IT.59) KOMIIOHeHTbI TeH3opa HaIIpH)f(eHHH MO)f(

HO orrpe,[(eJIHTb CJie,[(yIOmHMH COOTHOllieHHHMH: 

{ S,T,o} = ~)S",T",CT" )cos Ynx3 , 
n=O 

T = I Tn sin rnx3 . 
n=l 
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Sn =2U(}n +2rn (c13 Wn +e31 tp.), Tn =-4c66 ~(un-iv.), oz 

rn = 2~(c44wn +e1s'Pn)-c44rn (un -ivn), 
dz 

<5n=c1A+rn(c33wn+e33tpn),: =_!._(01-io2)· 
oz 2 
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IloCKOJibKY nepeMe111emrn: H 3JieKTpH1IeCKHH IIOTeHI."IHaJI onpe)J,eJieHbl BbIIIIe, TO H3 (Il.68) 
H (II. 70) IIOJI)"IaeM pacqeTHhie cpopM)'Jibl, HaIIpHMep )J,JIH nepBoro THIIa Harpy)l(eHHH: 

(1)_P1nrn~ ( 2 2) ( 2) ( ) Sn ---L..Jaj µj -µ0 µ1Q1 µj K1 µjrnr cosa, 
1{ j=O 

r,,(ll = P~rnc66 ~>Jµj { q3 (µn K1 (µ1rnr )-q* (µne-zia K3 (µ1r.r )}e-ia, 
1CCu j=O 

r~I) = p~;· ~a1 {Q2 (µJ)K0 (µ1 rnr)+Q3 (µJ)e-ziaK2 (µ1 r.r)}, 

6~1) = P;nrnc33 f,a1 (µ~ _ ~ )µ1Q4 (µ:) K1 (µ1rnr )cos a, 
1CCu j=O 

Q2(µ2)==Q(µ2)_ C44 q3(µ2), Q3(µ2)=Q(µ2)+ C44 q'(µ2), 
~I ~l 

Q(µ2) = µ2 (µ2 -µ;) [Kfiq2 (µ2)- C44 qi (µ2)], 
c11 
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rnABA 5 

1'1HTErPAJlbHblE YPABHEHl'1s:I 

5. 1. VlcxoiJHble onpeiJeneHuR u o6o3Ha'leHuR 

Ilo)l. HHTerparrbHhlM ypaBHeHHeM IIOHHMaIOT 06hJllHO ypasHeHHe, CO)l.ep)l(amee HeH3BeCT

H)'IO <\IYHKQHIO IIO)l. 3HaKOM HHTerparra. flycTb Q - (KOHeqHaJI illlll 6eCKOHeqHaH) o6naCTh 

B semecTBeHHOM 3BKnH)l.OBOM rrpocTPaHCTBe R". lIHTerparrhHhIM ypaBHeHHeM BToporo po)l.a 

Ha3bIBaeTCH ypaBHeHne 

<p(x)-IL J K (x, y )<p(y )dy = f ( x), (5.1) 

r)l,e x=(XpX2 , ••• ,xn)E Q, y=(ypy2 , ••• ,yn)E Q, <p(x) - HeH3BeCTHaJI <\lyttKQHH B Q, H)l.pO 

HHTeI'paJihHOro ypaBHeHHH K ( X, y) H CB060)l.HhIH qneH f ( x) - H3BeCTHhie <\IYHKQHH B o6nac

rnx QxQE R2
" H OE R" cooTBeTCTBeHHO, OHH MOryT 6hITh O)l.HOBpeMeHHO semecTBeHHhIMH 

nnn KOMnneKCH03HaqHhlMH <\IYHKQHHMH, IL - KOMrrneKCHhIH napaMeTp. 

06hJqHo ypaBHeHHe (5.1) Ha3bIBaeTCH HHTerparrbHhIM ypaBHeHHeM <l>pe)l.ronhMa BToporo 

po)l.a, ecnH ero H)l.po n cso6o)l.HhIH qneH no)l.qHHeHhI O)l.HOMY H3 cne)J.yIOmHx ycnosnil:: 

a) K(x,y)E c[nxn], f (x)E c[ n ]. 

6) K(x,y)E c[nxn], fJIK(x,y)l
2 
dxdy< 00 , flf(x)l

2 
dx<oo, 

nxn n 

YpasHeHHe BH)l.a 

J K(x, y )<p(y)dy = f (x) (5.2) 

Ha3hIBaeTCH HHTerparrhHhIM ypasHeHHeM <I>pe)l.ronhMa rrepsoro po)l.a, a ypasHeHHe 

<p(x)-IL f K(x,y)<p(y)dy=O (5.3) 
n 

Ha3bIBaeTCH 0)1.HOpO)l.HhIM HHTerparrbHhIM ypaBHeHHeM <I>pe)l.roilhMa BToporo po)l.a. 

HarrpHMep, 3a)l.aqa o nonepeqHhIX Kone6aHHHX yrrpyroil: 6aJIKH, 3aHHMaromeil: s HeHTPaJih

HOM IIOTIO)l(eHJrn OTpe30K [a,b] OCH Ox H CB060)l.HO onepTOH B TO~ax a H b, CBO)l.HTCH K (O)l.

HOMepHOMy) HHTerparrbHOMy ypaBHeHHIO 

b 

u(x)-ol fG(x,y)m(y)u(y)dy=O, xE [a,b], (5.4) 

( ) {
H(x,y), x::; y, 

G x y = 
' H(y,x), x> y, 



486 rJIABA5 

(x-a)(y-b) 
H ( x, y) = ( ( x2 + y2 

- 2ax - 2by + 2ab), 
6EI b-a) 

r,n:e G ( X, y) - rrporn6 6arrKH B TO'IKe x OT e,LUfHH'IHOH CHJihl, IIpHJIO)l{eHHOH B TO'IKe y E (a, b) , 

m ( x) H EI - noroHHM Macca cTep:lKIUI H ero )l{eCTKOCTb Ha H3rn6 cooTBeTCTBeHHO, OJ - 'lac

TOTa KOJie6aHHH. 

<l>y:HKU:IDI fpHHa G(x,y), npe,n:cnummom;rur H,n:po mrrerparrbHoro ypasHeHHH (5.4), Herrpe-

pbmHa s Ksa,n:paTe [a,b]x[a,b]. 3To ypaBHeHHe CJI)')l{HT ;:i;mr onpe;:i;eneHH51 co6cTBeHHbIX 'laC

TOT H COOTBeTCTBYIOIIl;HX HM co6cTBeHHbIX 4JopM KOJie6aHHH CTep)l{HH. 
tfaCTHhIM CJIY'laeM ypasHeHIDI <l>pe,n:ronbMa HBJUieTCJI HHTerpam,Hoe ypasHem1e BoJlbTeppa. 

HanpHMep, noJIO)l{HB (s o;:i;HoMepHOM cny'lae) 

( ) {
H(x,y), a<y<x<b, 

K x,y = 
0, b> y:2'.x>a, 

rrpnxo,n:nM K liHTerparrbHOMY ypasHemno BonhTeppa BToporo IIJIH rrepsoro po,n:a 
x 

<p(x)-A-J H (x,y)tp(y)dy = f (x), 

x 

J H (x,y)<p(y)dy = f (x). (5.5) 

B rrpHJIO)l{eHHHX BCTpe'laIOTCJI TaK)l{e nmerpaJTuHbie ypasHeHH51 co cna6oli oco6eHHOCTbIO. 51,n:

po K ( X, y) HMeeT B 3TOM CJl)"Iae BHJ:i: 

K(x y)=A(x,y) O<a<n, , I la' x-y 
(5.6) 

r,n:e A ( X, y) - orpaHH'leHHaH <i>YHKU:Irn B n x n E R2". 

Mo:K<HO noKa3aTb, 'ITO npn a< n/2 ypasHeHHe co cna6oli oco6eHHOCTbIO JIBJIJieTcJI ypasHe

HHeM <l>pe,n:roJibMa. HarrpHMep, ypasHeHHe (s o,n:HoMepHOM CJl)"Iae) 

"fsin(x+ y) 1 
<p(x)-A- a <p(y)dy=1, O<a<-

o lx-yl 2 

HBMeTCH <l>pe,n:ronbMOBbIM. EcrrH )Ke 3,n:ecb 0,5$;a<1, TO HTepHpoBaHHble Mpa K. ( x, y) noro 

ypasHeHHH npH ;:i;ocTaTO'IHO 6oJibIIIOM n CTaffYT orpaHH'leHHbIMH. B TaKOM CJIY'J:ae ypaBHeHHe 
c H,l."lpOM, MMelOIIl;HM cna6YJO oco6eHHOCTh MO)l(HO 3aMeHHTb 3KBHBa.JJeHTHbIM eMY ypasHeHHeM 
c orpaHH'leHHbIM H,n:poM [16, 22). YpaBHeHIIH TaKOro sn,n:a HaJbIBaIOTCH KBa3nperynHpHbIMH 
HHTerpanbHbIMH ypasHeHMJIMH. 

HaKoHeu:, eCJIH s npe,n:CTasneHHH (5.6) rroKaJaTeJib a paseH proMepHOCTH npocrpaHcTBa n, 
TO liMeeM CHHryJIJipHoe, a npH a > n - rnrrepcHHryJIJipHOe MpO. lIHTerpaJibHbie ypaBHemrn 
c TaKHMH H,l."lpaMH Ha3hlBa10TCH COOTBeTCTBeHHO CHHryJIJipHbIMH H rnnepCHHryJIHpHbIMH. 
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06naCTh HHTerpHpoBamur Q MO)l{eT 6hITh Heorpamr<reHHOM. B Ka'lecrne npHMepa npH
ae,n;eM ypaBHeHmr HHTerpaJihHbIX rrpeo6pa30BaHHM ll COOTBeTCTBYIOll(HX cpopMyJl o6paru;eHHH. , 

a) KoMITneKcHoe npeo6pa3oBaRtte <l>ypbe B rrpocTpaHCTBe :£ ( R") o6o6rueHHbIX cpyHK-

u;ttif Me,n;neHHoro pocTa 

1 r I 

f(x)= (
2
n")" Je-i(x.~)q;i(~)d~, fE :£, q;>E:£. 

0,n;HOMepHhIH sapimHT ( n = 1) 

, 
6) Tipeo6pa3oBamre Jlannaca o6o6rueHHhIX cpyttKu;ttif a :£ ( R1

) 

q;i(p)= Je-xpf(x)dx, 
0 

1 y+i= 
f(x)=-. J expq;>(p)dp. 

2m r-i~ 

a) Tipeo6pa3oBaHtte MennttHa 

q;i(y) = J! (x)xy-1dx, 
0 

l C+i= 
f(x)=-. J q;i(y)x-Ydy. 

2m C-i= 
r) Ilpeo6pa3oBaHtte XaHKem 

lf'(y)= ff(x)lv(xy)xdx, 
0 

f ( x) = f q;i(y )Iv (xy) ydy. 
0 

0rHOCHTeJihHO ycnOBHH, HaKJia,n;hIBaeMhIX Ha Ka)l(,[(Oe ll3 3THX npeo6pa30BaHHH, CM., HanpHMep, 
B [3,11]. 

HapH,n;y c ypaBHeHHHMH (5.1) H (5.3), BBOMT HHTerpaJihHI>Ie ypasHeHHH srnporo po,n;a 

lf/(x)-A fK*(x,y)lf/(y)dy=g(x) (5.7) 
Q 
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VF( x)-A, JK* (x, y )VF(Y )dy = 0, (5.8) 
Q 

r,!J.e H,!1.po K* ( x, y) = K ( y, x) - 3pMHTOBO corrpH)J(eHHoe K H.!1.PY K ( x, y). 
IIHTerparrbHbie ypaBHemrn (5.7) H (5.8) Ha3bIBaIOTCH coI03HbIMH (corrpH)J(eHHbIMH) K ypaBHe
HHHM (5.1) H (5.3) COOTBeTCTBeHHO . 

.51,!1.pa K ( x, y) H K* ( x, y) rropo)J(,!J.aIOT HHTerparrbHble orrepaTOpbI K H K* Ha Q, KOTO-

pbie ,!J.eHCTBYIOT ITO cpopMYJiaM 

(KJ)(x)= JK(x,y)f(y)dy, 
n 

(K*f)(x)= JK*(x,y)f(y)dy. 
n 

OrrepaTOp K H corrpj[)J(eHHbIH K HeMY orrepaTOp K* Y.!1.0BJieTBOpHIOT TO)J(,!J.ecTBy (cM. rn. 3, 
II. 3.10) 

(Ku, v) = (u,K'v), Vu, vE L2 (n): 

B orrepaTOpHoii cpopMe HHTerpanbHbie ypaBHeHHH (5.1), (5.3) H (5.7), (5.8) rrpHHHMaIOT BH.!1. 

(I-A-K)rp= f, (I-A-K)rp=O, (5.9) 

(I-~K*)vr=g, (1-~K*)vr=O, (5.10) 

r,!J.e I - TO)J(,!J.ecTBeHHbIH orrepaTOp: I rp = <fJ. {)qeBH,!J.HO, corrpj[)J(eHHbIH K orrepaTOpy <Dpe,!1.

ronbMa orrepaTOp K* TaK*e HBJIHeTCH cppe,!1.rOJibMOBbIM. 
IlpUMep 1. OrrepaTOp K, rropO)J(,!l.aeMI>IH H,!1.pOM 

K ( x, y) = x2 + y2, 0 :5: x :5: 1, 0 :5: y :5: 1, 

cppe,!1.roJibMOB, TaK KaK K ( x, y) HerrpepbIBHO B KBa,!1.paTe [ 0, 1] x [ 0, 1]. 

IlpuMep 2. IlycTb K ( x, y) =In Ix- YI. 3TO MPO HMeeT norapHcpMH'l.eceym oco6eHHOCTb 

Ha ,!J.HaroHarrH KBa,!1.parn x = y, O,!J.HaKO ,!J.BOHHOH HHTerparr 

11 

J J1n 2 jx- yldxdy < =. 
0 0 

Il03TOMy H,!1.pO K ( x, y) Ha [ 0, 1] x [ 0, 1] H COOTBeTCTBYlOliIHH orrepaTOp K cppe,!1.rOJibMOBbI. 

IlpUMep 3. YpaBHeHHe 

rp(x)- Je-xyrp(y)dy=f(x) 
1 

cppe,!1.roJibMOBO, TaK KaK 

•• •• l• ~x J JIK ( x, y )1
2 

dxdy = J Je-zxy dxdy = - f ~dx < =. 
11 11 21 x 
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IlpUMep 4. YpaBHeHHe c TeM )Ke H,ll,pOM, HO Ha IIOJIYOCH [ 0, 00) He HBJUleTCH «Ppe,ZJ;rOJibMO

BbIM, TaK KaK 

~~ 1 ~ dx J J e-2zy dxdy =- J- =oo. 
0 0 2 0 x 

3aMelJaHHe. YpaBHeHHe <I>pe,ZJ;rOJibMa BToporo po.n;a HBJUleTCH KOHKpeTHOH peanmauHeH JIH
HeHHOro onepaTOpHoro ypaBHeHHH c BIIOJIHe HenpepbIBHbIM onepaTopoM (CM. rnaay 3). IloTIOMY, 
Bee onpe,ZJ;eJieHHH H «PaKThI, H3JIO)KeHHbie B rn. 3, II. 3.13, cnpaBe)."IJIHBbl H 3,n;ecb. HaIIOMHHM HX. 

Ypanueum1 c BDOJIHe uenpepLIBHLIMH oneparnpaMH (ypanueum1 Puca-lllay,l1,epa) 
[17, 34, 42, 46, 49, 58]. Ilpe.n;cTaBHM HX B BH.n;e 

(A-µl)rp=f, (A-µI)rp=O, (5.11) 

(A*-}JI)lf/=g, (A*-}JI)lf/=0, (5.12) 

r.n;e A H A* - B3aHMHO conpH)KeHHhle onepaTOpbI. 
IlycTb A - orpaHH'leHHhlH JIHHeHHhIH orrepaTop, ,ZJ;eiicTByroru:Hli B xoMrrJieKCHOM 6aHa

xoaoM npocTpaHCTBe X. 
1. KoMIIJieKcHoe 'IHCJIO µ Ha3bIBaeTcH peryIDipHOH TO'IKOH onepaTOpa A, ecJIH onepaTOp 

A- µI HMeeT orpaHH'leHHhIH o6paTHhIH (A- µIf1. B npoTHBHOM CJIYlJae roaopHT, 'ITO µ 
rrpHHa)."IJ!e)KHT crreKrpy orrepaTOpa A. OrrepaTOp 

Rµ =(A-µIf1 

Ha3hIBaeTCH pe30JibBeHTOH orrepaTopa A. )J,JIH nro6oro µ, He npHHa)."IJ!e)Karu:ero crrexrpy one

paTOpa A, perneHHe Heo,n;Hopo.n;Horo ypaaHeHHH (5.11) orrpe,ZJ;eJIHeTCH cpopr.cynoli 

1 ~ A" 
rp=RJ=--'L.-"f, llAJJ<JµJ. 

µ n=Oµ 
(5.13) 

Bee TO'IKH crreKrpa Jie)J(aT B 3aMKttyTOM Kpyre c u;eHrpOM B HyJie H pa):IHJCOM llAll Ha KOMII

JieKCHOH IIJIOCKOCTH rrapaMerpa µ, perym1pHhle TO'IKH orrepaTopa A pacrronmKeHbI BHe 3Toro 

xpyra. Pa.n;eyc HaHMeHbIIIero xpyra c ueHrpOM a Ha11ane Koop,n;HHaT, co.n;ep)Karu:ero cnexrp orre
paTOpa A, Ha3bIBaeTCH crreKTPaJihHhIM pa)."leycoM rA orrepaTOpa A. Crrpaae,ZJ;mrna «PoPMYJia 

011eBHJJ:HO, PM JJ:JIH pe30JibBeHThl cxo,ZJ;HTCH rrpH rA < lµI H pacxo,n;HTCH rrpH rA > 1µ1. 
OTMe'leHHhie «PaKThI cnpaae)J;JIHBhI MH nro6oro orpaHH11eHHOro, a 3Ha'IHT HenpepbmHoro, 

JIHHelittoro orrepaTOpa. B 11acmocrn, npH rA = 0 crreKrp orpaHH'leHHOro orrepaTOpa A COCTOHT 

m OJJ:HOM TO'IKH µ = 0. B mo6oM CJI)"lae crreKrp JIHHelittoro orpaHH'leHHoro orrepaTOpa A -
HerryCToe MHO)KeCTBO. 

IlycTb Terrepb A - BIIOJIHe HerrpepbIBHhlH orrepaTOp, ,ZJ;eHCTBYIOID:HH B 6aHaXOBOM rrpo
CTpaHCTBe x. 

2. l.JHcno µ Ha3hlBaeTcH co6cTBeHHhlM 3Ha11eHHeM onepaTOpa A, ecJm O,ZJ,Hopo.n;Hoe ypaaHe

HHe (5.11) HMeeT HerpHBHaJibHhie peIIIeHHH. 3TH peIIIeHHH Ha3bIBaIOTCH oofiCTBeHHbIMH BeK-
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TopaMH (co6cTBeHHhIMH 3JieMeHTaMH) ;::i;aHHoro orrepaTopa. MHo)l(eCTBO co6cTBeHHhIX BeKTo

poB E (µ) = ker (µI - A) ml3hIBaeTcH co6cTBeHHhIM rro):(IlpOcrpaHCTBOM orrepaTOpa A, cooTBeT

CTBYJOIIIHM co6cTBeHHOMY 3Ha'l.eHHIO µ. PaJMepHOCTh co6cTBeHHoro no):(IlpOCTpaHcTBa Ha3bIBa

eTCH paHrOM co6cTBeHHoro 3Ha'l.eHRH µ. CoBOK)'llHOCTh co6cTBeHHhIX 3Ha'l.eHHH onepaTopa A 
Ha3hIBaeTCH co6cTBeHHhIM cneKTpoM 3Toro onepaTopa. 

,Z],JIH oneparnpHbIX ypaBHeHMli PMca-lllay;::i;epa cnpaBeMMBhI CJie):(YJOII1Me 'leTb1pe Teope

Mhl <l>pe;::i;roJihMa. 

TeopeMa 1. BnoJIHe HerrpepbIBHhIH orrepaTOp A (qmrypMPYIOIIIHH B (5.11)) HMeeT He 60-

Jiee C'l.eTHOro MHO)l(eCTBa co6cTBeHHbIX 3Ha'l.eHHH, paCIIOJIO)l(eHHbIX B Kpyre lµI::;; llAll, KOTOpbIC 

MOryT crymaThCH TOJibKO B HyJie. 

TeopeMa 2. EcJIH µ He rrpHHa):(Jle)l(HT crreKTPY (peryJIHpHaH TO'l.Ka), TO Heo;::i;Hopo;::i;Hoe 

ypaBHCHHe (5.11) H corrpH)l(eHHOe c HMM HeO):(HOpO):(HOe ypaBHeHHe (5.12) O):(H03Ha'l.HO pa3penrn

Mhl rrpM JI1060M cBo6o;::i;HoM 'l.JieHe m L2 
[ Q]. 

TeopeMa 3. EcJIM µ - co6CTBeHHoe 3Ha'l.eHHe orrepaTOpa A, TO corrp}l)l(eHHbie O):(Hopo;::i;

Hble ypaBHeHHH (5.11) H (5.12) HMeIOT O):(HO H TO )l(e KOHe'l.HOe 'l.HCJIO JIHHeHHO He3aBHCHMblX 

co6CTBeHHbIX 3JieMeHTOB. 

TeopeMa 4. ,Z],JIH rnro 'l.T06h1 Heo;::i;Hopo;::i;HOe ypaBHeHHe (5.11) 6blJIO pa3pe1IIHMO, Heo6xo

AMMO H ):(OCTaTO'l.HO, 'l.T06h1 ero CB060):(HbIH 'l.JICH 6hm opTOrOHaJieH K JII060M)' co6cTBeHHOM)' 

3JieMeHTY corrpH)l(eHHoro orrepaTopa A*. 
O'l.eBHAHO, AAA ypaBHeHHH: <l>pe;::i;roJibMa (5.9), (5.10) 3TH TeopeMbI rrepe<l>pa3HPYJOTCH cJie

;::i;y!OIIIHM o6pa30M. 

TeopeMa 1. O;::i;Hopo;::i;Hoe ypaBHeHMe <l>pe;::i;rOJibMa (5.9) MMeeT He 6oJiee C'l.eTHoro MHO)l(eCT-

Ba xapaKTepHCTH'l.eCKHX 'l.HCCJI, pacrroJIO)l(eHHblX B o6naCTH j;q > llKll, KOTOpble MOrYT HMCTb 

TO'IKY crymeHHH TOJibKO Ha 6ecKOHe'l.HOCTH. 

TeopeMa 2. EcJIH A, He rrpMHa):(Jle)l(HT crreKTPY H;::i;pa K ( x, y), TO Heo;::i;Hopo;::i;Hoe ypaBHe

HHe (5.9) H corrpH)l(eHHOe K HeMy HeO):(HOpo;::i;Hoe ypaBHeHHe (5.10) O):(H03Ha'l.HO pa3pe1IIHMbl 

rrpH JII060M CB060):(HOM 'l.JieHe H3 J3 [ Q]. 
TeopeMa 3. EcJIM A, - xapaKTepHcTH'l.ecKoe 'l.HCJIO Mpa K ( x, y), TO corrpH)l(eHHbie o;::i;Ho

po;::i;Hhie ypaBHeHRH (5.9) H (5.10) HMeIOT O):(HO H TO )l(e KOHe'l.HOe 'l.HCJIO JIHHCHHO He3aBHCHMbIX 

co6cTBeHHhlX <l>YHKllHH. 

TeopeMa 4. ,Z],JIH Toro 'l.To6b1 Heo;::i;Hopo;::i;Hoe ypaBHeHHe (5.9) 6hIJIO pa3pe1IIMMO, Heo6xo

AMMO H ):(OCTaTO'l.HO, 'l.T06b1 ero CB060):(HbIH 'l.JieH 6bIJI opTOrOHaJieH K JII06oi1 co6CTBeHHOH 

<l>YHKllHH corrpH)l(eHHOro H;::i;pa K* (T. e. K JII060MY HeTPHBHaJibHOMy pellleHHIO o;::i;Hopo;::i;Horo 

ypaBHeHHH (5.10)). 

5.2. PeweHue uHme2panbHb1x ypaeHeHuu t1'ped2onbMa 
emopo20 poda MemodoM nocnedoeamen&HblX npu6nw1<eHui1 

PaccMoTpHM HHTerpaJibHOe ypaBHeHHe <l>pe;::i;roJibMa 

(I-Jr.K)ffJ= f 

Brrpe):(IIOJIO)l(eHHH,'l.TO llA-Kll$a<l HOilepaTOp K ;::i;elicTByeTB c[n] HJIHB L2 [n]. 

(5.14) 
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~ ~ 

L(..iKr =I+ L(..iKr 
m=O m=l 

CXO~HTCH a6cOJUOTHO, a 3HaqHT If paBHOMepHO, TaK KaK 

(5.15) 
m=O 

OrrepaTOp Rx HBJIHeTcH o6paTHhIM rro OTHOIIIeHHIO K orrepaTOpy I - AK. B caMoM ~ene 

m=O m=O m=I m=l 

m=O 

Cne~oBaTeJihHO, peIIIeHHe ypaBHeHHH (5.14), rrpH ycJIOBHH llAKll::; a< 1, MO)l(HO rrpe~cTaBHTb 

(5.16) 

r~e Rx - JIHHeHHbIH orpamr<J.eHHbIH orrepaTOp, Ha3bIBaeMhlH pe30JibBeHTHbIM. 

3TOT pe3yJibTaT MO)l(HO HHTeprrpeTHpOBaTb CJie~IOI1IllM o6pa30M. IlpHMeHHM K ypaBHe

HllIO (5.14) rrpo~emy MeTO~a IIOCJie~oBaTeJibHhlX rrptt6JIH)l(eHHH CTapTyH c Ha'laJibHOro rrpH6-

Jill)l(eHHH (/Jo ( x) = f ( x). 3arrHIIIeM <l>opMaJibHO 

rp1 ( x) = f + A.-Kf, 

rp2 (x)=f +A-Kf +(A-K)2 
f, 

ECJIH H~po K ( X, y) HerrpepbIBHO B Q X Q ll f ( X) E C [n], TO 

liKii=m;ix flK(x,y)ldy::;MV, 
n 

M =~1}flK(x,y)I, V = fdy. 
yen n 

B COOTBeTCTBlflf c 3THM 
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0TCIO.L(a cne.zzyeT, 'ITO pH.I:( (Heil:MaHa) 

LAm(Kmf)(x), XE Q (5.17) 
m=O 

Ma:JKopttpyeTCH 1IHCJIOBhIM pH.L(OM 

IIAMVnlfllc ~ ll!llc , 
m~o 1-IAJMV 

CXOMIQHMCH B Kpyre JAJ < ( MV )-1 
Ha nnocKocrn KOMIIJieKcHoro rrapaMeTpa A. TaK KaK Ka)l(:

.L(aH mepan;HH (KP f )(x) -HerrpephIBHaH <l>YHKU:HH B Q H pH.I:( (5.16) cxo.L(HTCH paBHOMepHo, 

TO IlOCJIC.L(OBaTCJihHhie rrpH6Jill)l(:CHHH rpm ( x) paBHOMepHO CXO.L(HTCH IIpH m ~ 00 K C.L(HHCTBCH

HOMY pellleHHIO HHTerpanhHoro ypaBHeHHH (5.14). 3TO pellleHHe HenpephIBHO. YtIHThIBaH on

pe.L(eJieHHe pe30JihBCHTHoro orrepaTOpa (5.15), 3anHllleM 

(5.18) 

B O.L(HOMepHOM BapHaHTe: Q = (a, b) - KOHC'IHhIH HHTepBaJI, MeTO.L( IIOCJIC.L(OBaTeJihHhlX rrpH-

6Jill)l(:CHHH CXO.L(HTCH IlpH 

Ecnw H.L(po K ( x, y) KBa.L(paTH'IHO cyMMHpyeMo B Q x Q, TO orrepaTOp K, 3a.L(aBaeMhIH 

<i>OPMYJIOil: 

Krp= fK(x,y)rp(y)dy=F(x), 
fl 

rrepeBO.L(HT JII06yIO KBa.L(paTH'IHO cyMMHpyeMYIO Ha Q <l>YHKU:HIO rp( x) B KBa.L(paTH'IHO CYM-

MHpyeMyJO Ha TOM )l(:C MHO)l(:CCTBe <l>YHKU:HIO F ( x). 
lIMeeT MeCTo TeopeMa [33, 45]. EcJIH MPO HHTerpanhHoro ypaBHCHHH (5.14) KBa.L(paTHtIHO 

1 
cyMMHpyeMo 11 IA-J < - , r.L(e 

B 

B2 = f nK ( x, y )12 dxdy = JJKJJ2 ' 
00 

TO pH.I:( HeliMana (5.17) .L(JIH :noro ypaBHeHHH cxo.L(HTCH B cpe.L(HeM (rro HOpMe L2 
[ Q ]) K KBa.L(

parn11no CYMMHPYCMOMY pellleHHJO ypaBneHHH (5.14). 3TO pellleHHe e.L(HHCTBCHHO (B TOM CMhIC

ne, 'ITO if - nopMa pa3nocrn JII06hIX .L(Byx pellleHHH paBna nynIO). 

On:eHHM rrorpelIIHOCTh n-ro nptt6JIH)l(:CHHH rpn (x). lIMeeM cornacHo (5.18) 

(5.19) 
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r.n;e <p( x) - ToqHoe pemeHHe; llKll = B B CJiyqae KBa,n;paTlfqHO C)'MMHpyeMoro H.n;pa H BMeCTO 

llKll MO)J(HO B3HTb MV, ecJIH .a.n;po HenpepbIBHO HJIH orpaHHqeHHo: IK(x, y)I::::;; M B QxQ. 

Bb1qHCJIHM Tenepb .a.n;po pe30JibBeHTHOro onepaTopa R;.. ,LVI.a :noro BBe.n;eM Mpa cTene

Heii onepaTOpa <l>pe,n;roJihMa 

( K<p)(x) = f K1 (x, y )<p(y )dy, K1 ( x, y) = K (x, y ), 
0 

(K 2<p)(x)= JK2 (x,y)<p(y)dy 
0 

H B006IIIe 

(Km<p)(x)= JKm(x,y)<p(y)dy (m=l,2, ... ). 
0 

<l>yHKWIH Km (x, y) (m=l,2, ... ) Ha3hlBaIOTCH noBTOpHbIMH (HTepHpOBaHHbIMH) H.n;paMH. I13 CBOH

CTBa accou;HaTHBHOCTH: Km+p =Km KP= KP Km BbITeKaeT paBeHCTBO 

( Km+p'P)(x) = f Km+p (x, Y )<p(y )dy = f 'P(Y )( f Km (x, Y1 ) KP (y1, Y )dy1 )dy, 
0 0 0 

T. e. 

Km+p(x,y)= JKm(x,y1 )KP(yl'y)dy1 

0 

HJIH 

(5.20) 

3aMeHHH 3,n;ecb H.n;po Km-I qepe3 H,n;pO Km_2 no TOH )J(e <PoPMYJie (5.20), MPO Km_2 qepe3 Km_3 

HT . .n;., nOJI)"IHM Bhlpa)J(eHHe m-ro HTepHpOBaHHoro .a.n;pa qepe3 HCXO,n;Hoe MPO 

Km ( x, y) = f J... f K ( x, y1 ) K (yl' y2 ) •• .K ( Ym-1' y )dy1dyrdYm-i · (5.21) 
00 0 

IlycTb H,n;pO K(x,y)E c[nxn] HJIH, no KpaiiHeii Mepe, orpaHnqeHO: IK(x,y)ls;M. Tor.n;a, 

B CHJIY (5.21) HMeeT MeCTO ou;eHKa 

H, cJie,n;oBaTeJibHO, npH MV < 1 p.a.n; 

LAmKm+l(x,y) 
m=O 

CXO,ll;HTCH a6COJIIOTHO H paBHOMepHO npH XE Q, YE Q. <l>opMyJia (5.18) B 3TOM cnyqae ,n;aeT 

<p(x) = f (x)+ f ,.im J Km (x,y)f (y)dy = f (x)+A J f (y)f AmKm+I (x,y)dy. 
- 0 0 ~ 
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<l>mypHpyromasr IIOiJ. MHTerpanoM ronoMop<)masr, no iq>ail:Heil: Mepe B iq>yre j,t,j < ( MV )-
1 

, <jl)'HKI(IDI 

(5.22) 
m=O 

Ha31>IBaeTCH pe30JI1>BeHTOH HiJ.Pa K ( x, y). 

TaKHM o6pa30M, ITPH !Al< (Mvt HMeeM <jlopMyrry o6pameHIDI HHTerparrbHOro ypaBHe

HHH BTOporo po.n:a (5.1), oITpe.n:errHIOIU)'IO e.n:1rncTBeHHOe Herrpepi.rnttoe ero pemeHHe .n:rrH JII0-

6oii rrpaBOH 'IaCTH f E C [o] 

qJ( x) = f ( x) +A f R( x, y;A, )f (y) dy. (5.23) 
n 

Pe3orr1>BeHTa H,n:pa y,n:oBrreTBOpHeT MHTerpaJihHbIM ypaBHeHIDIM 

R(x,y;A,)-A, f K(x,y1 )R(yi'y;A,)dy1 = K(x,y), 
n 

(5.24) 

IIOITY'JHM, HaITpHMep, BTOpoe H3 HHX. lIMeeM 113 (5.22) H (5.20) 

R ( x, y; A) - K ( x, y) = AK2 ( x, y) +A 2 K 3 ( x, y) + ... = 

= ..1 f{ K 1 (x, y1 ) Ki(yi' y) + ..1K2 ( x, y1 ) K(yl' y) + ... }dy1 = ..1 f R(x, yl'A,) K(yl' y )dy1• 

n n 

AttarrorH'IHO BhIBOiJ.MTCH ITepBoe ypaBHeHMe )].ITH pe3orri.BeHThI. 

3aMe'IaHMe. Pe3orri.BeHTa R( x, y;A, ), oITpe.n:errHeMaH pH,n:oM (5.22) B I<pyre j..11 < ( MVf1, 

ecrr11H.n:po K(x,y)Ec[nxo], urrMBKpyre jA.j<B-1 BCJIY'Iae K(x,y)EL2[nxn], pery

rrHpttaH <jlyHKQHH KOMITJieKCHoro ITepeMeHHoro A. B 3TOM Kpyre. IIo ITPMH[(RITY aHaJIHTH'IecKo
ro rrpo.n:orr:>KeHIDI OHa rrpo.n:orr:>KaeTCH Ha BCIO (KoHe'IttyIO) A.-IIJIOCKOCTb 1a HCKJIIO'IeHMeM He 
6orree 'IeM C'IeTHOro MHO)J(eCTBa H30JIHpoBaHHhIX oco6bIX TO'IeK (IIOJIIOCOB). 0Ka3hIBaeTCH, 'ITO 
IlOJIIOCbI pe30JibBeHTbI H,n:pa JlBJIJlIOTCH ero xapaKTepHCTH'IeCKHMH 'IHCJiaMH, a pH.n: (5.22) rrpe.n:

CTaBJIHeT pe1orr1>BeHTy B Kpyre !A-j < !Ai j, r.n:e Ai - HattMeH1>mee ITO Mo.n:yrrIO xapaKTepMCTH'le-

cKoe q11cno H,n:pa K ( x, y). AHaJIHTH'IecKoe ITpo.n:orr)J(eHue <jlyHK[(HH (5.22) cymecTByeT B mo-

6oii KOHe'IHOii qacrn: A, -ITJIOCKOCTH 3a HCKJIIO'IeHHeM (KoHe'IHOro) q11crra rrorrIOcOB 11 y,n:oBrre
TBOpHeT HHTerpaJibHbIM ypaBHeHIDIM (5.24). B 06nacr11 cymecTBOBaHHH pe3orrLBeHThI pemeHtte 
ttHTerparri.ttoro ypaBHeHmI (5.14) oITpe.n:errHeTCS! ITO <jlopMyrre (5.23). 

llpUMep 1. PaccMOTpHM MHTerpaJihHoe ypaBHeHMe <l>pe.n:roni.Ma Ha [ 0, I] 
1 

qJ( x)-A-J ex-yqJ(y )dy = f (x). 
0 

1 

K
1 

( x, y) = fex-y,ey,-y dy
1 

= ex-y, 
0 
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T. e. see IIOBTOpHhle H,n;pa COBIIa,D;aIOT c HCXO,ll;HhIM. CornacHO ipopMyJie (5.22) 

R( . 1)- x-y(I 1 12 )- ex-y x,y,A -e +A+A + ... ---. 
I-A, 

CJie,nosaTeJIDHO, pe30JIDBeHTa rrpe,nCTaBJIHeT co6oli MepoMopipuyro 4>YHKUHIO c IIOJIIOCOM B TO'l

Ke A, = 1. Bo scex ocTaJibHhlX TO'IKax (rrpH A, t= 1) e,n;HHCTBeHHoe perneHHe Harnero mrrerpanh

Horo ypaBHeHmI )l;aeTCH ipopMyJIOH 
A, i 

ip(x) = f (x)+-ex Je-y f (y)dy. 
A.-1 0 

IlpUMep 2. PaccMOTPHM HHTerpaJIF.Hoe ypaBHeHHe 

1 
{x O<x< y ip(x)-0,1 fK(x,y)ip(y)dy=l, K(x,y)= ' - - ' 

o y, y::;x::;I. 

IlpHMeHHB K HeM)' MeTO)l; IIOCJie,n;osaTeJihHbIX rrpH6JrnJKeHHH, IIOJIY'!lIM rrepBhie TPH rrpH6JIH-

ip0 (x)=f(x)=I. 

'A ( x) =I +0,1 J ydy+O,I J xdy = 0,1 1 +x-.::::_ , x I ( 2J 
0 x 2 

q.>2 (x)==1 +0,01 J y(I+ y- ~ )dy+O,OIJx(l + y- Y; Jdy = 

x x2 x3 x4 

=1+-----+--. 
75 200 600 2400 

IlpH 3TOM oueHKa (5.19) )l;aeT (rrpn 0$ x:<:;l) 

0 13 ·1 
lip(x)-ip2 (x)l:<:;-'-·l ""0,0011. 

1-0,l 

3aMe'laHHe. B 6oJihIIIHHCTBe CJIY'laes rrpH BhI'llicneHHH rrocne)l;oBaTeJII.HhIX rrpn6nnJKeHHH 

HHTerpHpOBaHHe BhillHBaeTCH B BeChMa rpOM03)l;KHe rrpoue,n;ypbl JIH6o soo6rn;e HeB03MOJKHO 

B 3JieMemapHhIX 4>YHKIIHHX. B Ta1mx CJIY'IMX I1eJiecoo6pa3HO rrpBMeHHTh pa3Jili'IHhie rrpII6mi:

JKeHHble CXeMhl [18, 24]. 

5.3. HHmeapan&Hble ypaaHeHUR <Ppedaon&Ma amopoao poda 
c BblpO>KdeHHblMU RdpaMU 

..sI.npo K ( x, y) Ha3hIBaeTCH BhlpO)J(,[(eHHhlM, ecJrn crrpase,WIHBO rrpe,n;cTaBJieHHe 

N 

K(x,y)= l:J:(x)gj(y), 
i=l 

(5.25) 

r)l;e J;(x), g;(Y) - HerrpephIBHbie cj>yHKIIHli CBOHX rrepeMeHHhlX, x=(xl'x2,. . .,xn), y= 

=(yl'y2,. . .,y.). Ilpe)l;IIOJiaraeTCH, 'ITO CHCTeMbl .t;(x), g;(Y) (i=l,2,. . .,N) COCTOHT H3 Jlli

HeHHO-He3aBHCHMhIX 4>YHKIIHH. 
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liHTerparrbHOe ypaBHemre <l>pewoJibMa BTOporo po.n;a c BbipO)l()J;eHHhIM H.n;poM CBO,ll;HTCH 

K paBHOCHJihHOH CHCTeMe JIHHeHHhIX anre6paWieCKHX ypaBHeHHH CJie.n;yIOliIHM o6pa30M. Bao

.L\HM npe.n;cTaanerrHe (5.25) a HHTerpanbHoe ypaauemre 

N 

q>(x)--1 fl:J; (x)g; (y)q>(y)dy = f (x), f (x)E c[n]. 
Q ;~1 

0603Ha'IHB (qepTa caepxy - 3HaK KOMITJieKCHOro conpH)l(eHHH) 

C; = fg;(y)q>(y)dy=(q>,i), i=l,2, ... ,N, 
n 

nonyqaeM crpyKrypHyIO cpopMyny .n;nH pememrn 

N 

Q'(x)=f(x)+Al:cJ(x), q>(x)E c[n]. (5.26) 
i=I 

YMHO)l(HB Terrepb CKaJIHpHO Bhipa)l(eHHe (5.26) ua g k ( x) ( k = 1, 2,. .. , N), rrpHxo.n;HM K anre6-

paH'lecKoii CHCTeMe ,[\JIH orrpe.n;eJieHHH HeH3BeCTHbIX ITOCTOHHHhIX ck 
N 

ck= ALCPk; +ak (k =1,2, ... ,N), 
i=l 

aki = (J;,gk) = f gk ( x) f; (x)dx, ak = ( f ,gk) = f gk (x) f (x)dx. 
n n 

B MaTpH'IHOH cpopMe CHCTeMa (5.27) HMeeT BH.L\ 

(E--1A)c=a, 

r

a 11 a 12 , ... ,a1N j 
A= ~~'.:.~~~:.::::~~~. , 

aNl' aN2""'aNN 

(5.27) 

(5.28) 

CHCTeMa (5.27) rronyqeua uenocpe.n;CTaerruo m HHTerpanbHOro ypaarreHHH c BhlpO)l()J;eHHhIM 

H,LlpOM. I1,z:vI o6paTHbIM nyTeM JierKO IIOKa3aTb, 'ITO cpymcr:i:HH (5.26) c IIOCTOHHHbIMH cl'c2, ... ,CN 

Y.L\OBJieTBOpHIOliIHMH CHCTeMe (5.27), o6palilaeT HHTerpanbHOe ypaBHeHHe B TO)l(,ll;eCTBO. 3Ha

qHT, HHTerpaJibHOe ypaBHeHHe H COOTBeTCTByIOIIIaH eMy CHCTeMa JIHHeHHhIX anre6paH'leCKHX 

ypaBHeHHH (5.27) paBHOCHJibHhI. 

.[VrH COI03HOro HHTerpanbHOrO ypaBHeHHH 

lf/(x)-"X f K*(x,y)lf/(y)dy=g(x), g(x)E c[n] 
n 

C H.L\pOM 

--- N ___ _ 

K'(x,y)=K(y,x)= Lg;(x)J;(y), 
i=l 
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.n;eHCTBYH aHaJIOniqHo rrpe,D;bl,D;yW:eM)', rrpHXO,D;HM K rrpe.n;cTaBJieHHIO HerrpepbIBHOro pemeHHH 

H COOTBeTCTBYIOIIJCH JIHHCHHOH CHCTeMe 

_N --

¥/(X) = AL,d;8; (x)+ g(x), (5.29) 
i=l 

_N 

dk = X'fJ3,,A +bk (k = 1,2, ... ,N), 
i=l 

r.n;e 

/3k;= f!k(x)g;(x)dx=aik• bk= fg(x)fk(x)dx. 
n n 

B MarpHqHOH cpopMe CHCTeMa (5.29) HMeeT BH,ll; 

(E-AA*)d=b, 

r.n;e A* - MaTpmi.a 3pMHTOBO corrpsr)l(eHHaH K A, T. e. 

r.n;e A' - MaTpmi.a, TpaHcrroHHpoBaHHasr K A. 

06o3HaqHM: det ( E - AA) = D (A) , cooTBeTcTBeHHO det ( E - :i°A * ) = D (A). Orrpe.n;eJIHTeJih 

cHcTeMbI (5.27) eCTb MHoroqJieH OT A cTerreHH He Bhlrne N H, cJie,n;oBaTeJihHO, D (A) HMeeT 

He6oJieeqeM N HyJieil: Ai.A:i, ... ,AP (p~N), a D(A) HMeeTHYJIH X1,X2, ... ,Xp. 
1. IlycTh A'f!:,1, (i=l,2, ... ,p), Tor.n;a cHCTeMhI (5.27), (5.29) o,n;H03HaqHo pa3pernHMhT 

H rro rrpaBHJIY KpaMepa Haxo,n;HM 

(5.30) 

r.n;e D;k (A) H Did (A) - anre6paHqecKHe .n;orroJIHeHHH i - x 3JieMeHTOB k - x CTOJI6QoB orr

pe.n;eJIHTeJieil: det ( E - AA) H det ( E - AA*) cooTBeTcTBemrn. Orrpe.n;eJIHTeJih D (A), oqeBH,D;HO, 

TO)l(,D;eCTBeHHO He paBeH HyJIIO. 

c yqeTOM COOTHOIIIeHHH (5.30) perneHHH (5.26) H (5.29) HCXO,D;HOro H COI03HOro K HeMy 

ypaBHeHmI rrpHo6peTaIOT BH.l\ rrpH D (A) :;!: 0 

A N 

tp(x) = f (x)+ D(A) J! (y) f;:
1
Dki (A).t; (x)gk (y)dy, (5.31) 
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CpasmrnaH s:r,1pa'lKem1e rorn ip( x) H3 (5.31) c orrpe.n;eneHHeM pemeHHH (5.23) rrpH .n;ocTaTOTJHO 

Man:r,1x A, , Haxo.n;HM 

1 N 
R(x, y;.4) =-(-) L Did (..1) J; (x)gk (y). 

DA k,i=1 

(5.32) 

TaKHM o6pa30M, pe30JihBeHTa BblpO:lR'..n;eHHOro H,D;pa B Kpyre ,ll;OCTaTOTJHO Manoro pa.n;eyca Ha 

IIJIOCKOCTH KOMrrJieKcHoro rrepeMeHttoro A rrpe.n;cTaBJIHeT co6oil: pau:HoHaJihHYJO <l>YHKU:HI() 

H, cJie.n;osaTeJII.Ho, .n;orrycKaeT MepoMop<Pttoe rrpo.n;omKeHHe Ha BCJO ..1-rrJIOCKOCTh [8, 33, 50]. 
lfa cKa3aHHoro BoITeKaeT BTopaH TeopeMa fl>pex.roJILMa. 
EcnH D (A) ;t 0, TO Heo,nHopo.n;Hoe ypaBHeHHe (5.14) c BhlpO:lR'.,neHHhIM H.n;poM FI corrpH-

'lKeHHoe K HeMy ypasHeHHe O,UH03HaTJHO pa3peJIIFIMbl rrpH JIJ06bIX HerrpephIBHhIX rrpaBhIX TJac

THX f (x) H g(x). 

2. IIycTI. Terreph D (A) = 0, Tor.n;a 

rang( E-1A*) =rang( E-..tA') = rang(E-..tA) = r < N. 

CJie.n;osaTeJII.HO, s3aFIMHO corrpH'lKeHHhie o.n;ttopo,nHhie cHcTeMI.I 

(E-..tA)c =0, (E-M*)d =0 

FIMeJOT postto rro s = N - r JIHHeil:tto He3aBHCHMhIX perueHHH 

c(s) ={ cis) ,c;s) , ... ,c~l }, d(s) = { d
1
(s) ,d;s) , ... ,d~)}, s = 1,2, ... ,N -r. 

POBHO CTOJlhKO 'lKe mmeil:Ho He3aBFJCHMbIX HeTPHBHaJihHhlX peweHHH (co6cTBeHHhlX <l>YHKn:HH) 

HMeJOT, O'IeBH,UHO, O,UHOpO,D;Hbie HHTerpaJibHhJe ypastteHHH 

<l>opMyJihl (5.26), (5.29) B 3TOM CJIYTfae ,naJOT 

N 

(/Js (x) =ALC;(s)J; (x), 
i==l 

_N --( )- 1" (s) ( ) _ _ If/, x - /I, L..,d; 8; x , s -1, 2, ... , N r. (5.33) 
i=l 

lfa COOTHOilleHHH (5.32) BH,ll;HO, 'ITO 'IHCJla Ai.~, .. .,Ap (p::; N), rrpe,ncTaBJIHJOiu;He ttyJIH MHO

rormeHa D (A,), HBJIHJOTCH xapaKTepHCTHTJeCKHMH TJHcJiaMH Mpa K ( x, y). ,npynrx xapaKTepHc

THqecKHX 'IHCeJI y 3TOro H.npa HeT. Ka)R'.,ll;OMy xapaKTepHCTH'IeCKOMY qHCJiy ~ pattra r COOT

BeTCTByeT s = N - r co6cTBeHHhIX <l:>YHKn:HH (5.33). 
TaKHM o6pa3oM, MhI rrpttxo.n;HM K TpeTLeil: TeopeMe «l>pex.roJILMa. 
EcJIH D (A,) = 0, TO o.n;Hopo,nHoe ypaBHemi:e <l>pe.n:ron:r,Ma sToporo po,na c s:r,1po'lK,neHHhIM 

H,UpOM H COJ03HOe c HHM HMeJOT O,UHHaKOBOe 'IHCJIO JIHHeHHO-He3aBHCHMhlX pernemrii, paBHOe 

N - r, r,ne r = rang ( E - ..tA). 
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Hanponrn, HeO.[(Hopo.n;Hoe ypasHeHHe, soo6IIIe rosopH, peweHHH He HMeeT. BhlllCHHM, 
npH KaKHX ycJIOBHHX ypasHeHHe (5.14) pmpewHMO. IIycTb ~ - xapaKTepHCTHqecKoe qHcJio 

Mpa K pattra r. Ilpe.[(nOJIO)l(HM, qTo HHTerpaJibHoe ypaBHeHHe (I -'1oK) rp = f pmpewHMO. 

ConpH)J(eHHoe O.[(Hopo.[(HOe ypasHeHHe (I - 1oK*) If'= 0 HMeeT, cornacHo sTopoii TeopeMe 

<l>pewoJihMa, s=N-r co6cTBeHHhlx <jlyttKI.1,Htt lf'1 (x),lf'2 (x), ... ,lf',(x). YMHO)J(HB cKaJIHpHo 

Hawe HeO,[(HOpO.[(HOe ypaBHeHHe Ha mo6yio H3 3THX co6cTBeHHbIX <jlyttKI.l,HH, IlOJiyqHM 

(!,lf'j) = f ! (x)lf'j (x)dx= f rp(x)lf'j (x)dx-Ao J f K(x,y)ip(y)lf'i (x)dxdy = 
Q Q QQ 

= jrp(x){lf'J (x)-Ao jK(y,x)lf'1 (y)dy }dx=O (j = 1,2, ... ,s). 

Bh1pa)J(em1.e B <jlttrypHhIX CK06Kax pasHO ttymo, TaK KaK H3 (I -1oK*) If'= 0 cJie.n,yeT, qTO 

(I-'1oK*)¥/=0. 
TaKHM o6pa3oM, paseHcTsa 

(/,lf'J=O (j=l,2, ... ,s) (5.34) 

KBJUIJOTCH Heo6xo,[(HMhlMH ycJIOBHHMH pa3pewHMOCTH HeO.[(Hopo.[(Horo ypasHeHHH nptt D ( ~ ) = 

= 0. Mo)J(HO rroKmaTh TaK)J(e, qTo H o6paTHO, HaJIHqffe paseHCTB (5.34) o6ecneqffBaeT CYIQeCT

sosaHHe pewemrii rrmerpaJibHOro ypasHeHHH (I -A..iK) rp = f [ 13, 50]. Ilptt 3TOM o6wee pe

weHrre HMeeT BH.[( 

rp(x) = f c1rp1 (x)+rp.(x), 
j=l 

r,[(e <P; (j = 1, 2, ... , N - r) - co6cTBeHHbie <jlyttKI.1,HH H.[(pa, cooTBeTCTBYIOIIIHe xapaKTepttCTH

qecKoMy qHCJiy Ao paHra r' rp. ( x) - qacTHOe peweHHe, COOTBeTCTBYIOIIIee CB060.[(HOMY qJie-

HY f (x). 
TaKHM o6pa3oM, npttxo.[(HM K 'leTBepToii TeopeMe <l>pe11:roJILMa. 
EcJIH D (A,) = 0, TO ,[(JIH pa3pewHMOCTH Heo,[(Hopo.[(Horo ypasHeHHH <l>pe.[(roJibMa BTOporo 

po.[(a He06XO,[(HMO H ,[(OCTaToqHo, qTo6h! CB060,[(HbIH qJieH f 6hlJI opTOroHaJieH KO sceM co6-

CTBeHHbIM <jlyHKI.l,HHM conpH)J(eHHOro H.[(pa (T. e. qTOfaI BbIITOJIHHJIHCb paseHCTBa (5.34)). 
llpUMep. PaccMOTPHM ypasHeHHe 

I 

rp(x)-A. f(x-y)rp(y)dy = f (x). 
0 

Ero peweHHe HMeeT BH.[( 

I I 

C1= fip(y)dy, Cz= fyip(y)dy. 
0 0 
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,l(.rrJI onpe,ll,eJieHHJI llOCTOJIHHhIX c, H Cz rronyqaeM CHCTeMY 

IlpH D (A.) :;:. 0 rronyqaeM perueHHe 

A, 
1 

[ -qi( x) = f (x)+ D(A.) Jt (y) (1 +0,5A)x-(1-0,5A.) y-A,xy-~A. Jdy. 

IlpH A.= Ai = - 2i.J3 H A= Ai = 2i.J3 co6cTBeHHbie BeKTophI CHCTeMbI HMeIDT cooTBcrCTBeHHO Bim 

(')={1.,/3-i} (2)={1.J3+i} 
c ' 2.,/3 ' c ' 2.,/3 . 

Cne)l,oBaTeJihHO, co6cTBeHHhie <PYHKU:HH rrpH A,= Ai H A. = ~ TaKOBhI: 

qi(') ( x) == ( 1 + i.,/3 - 2ix.J3) const, qi(2l ( x) = ( 1- i.,/3 + 2ixf3) const. 

5.4. YpaeHeHuR t/>peo2on1:>Ma. 06~uu cny'lau 

YpasHeHHe <I>pe,ll,roJII>Ma 

qi( x)-A. J K ( x, y )qi(y )dy == f ( x) (5.35) 
!l 

c JI)l,pOM o6mero Bli)J,a (HerrpepbIBHhlM HJIH KBa,ll,paTH'IHO-C)'MMHpyeMbIM) MO)J(eT 6bITh CBe)l,eHO 

K paBHOCHJihHOMy HHTCipaJihHOMy ypaBHeHHIO c BhipO)J()l,eHHhIM H,ll,pOM no cxeMe 3. illMH)JJa [8, 
16]. M,n,eJI 3TOfO rrpeo6pa30BaHHJI 3aKJIJOqaeTCJI B rrpe,ll,CTaBJieHHH JI,ll,pa B BH)l,e cyMMhl BhlpO)J(

)1,eHHOfO H,ll,pa H )l,OCTaToqHo MaJIOro JI,ll,pa, )l,OrryCKaIDIIIero o6pameHHC ypaBHeHHJI. 

EcnH H,ll,po HenpephIBHo Ha rrpoH3Be)l,eHHH Q x Q , TO ero MO)J(HO no TeopeMe BeiiepnIT-

pacca rrpH6mi3HTh c JII060H CTerreHhIO TOqHOCTH nOJIHHOMaMH [111 

V'c:>O, 3P(x,y)= L aapxayP:jK(x,y)-P(x,y)j<c:, xEO, yEO. 
ja+~o>N 

Tor)l,a H,ll,po npe,ll,cTaBJIJieTcJI s BH)l,e 

K(x, y) = P(x, y)+T/(x, y ), (5.36) 

r)l,e p ( X, y) - BblpO)J()l,eHHoe, a T/ ( X, y) - MaJIOe HenpephIBHOe JI)l,po: '" ( X, y )j < c: B Q x Q. 
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EcJIH K ( x, y )- L2 H,n:po, T. e. 

f ~K(x,y)l2 

dxdy = B2 < oo, 

QQ 

TO ero MO)KHO rrpe,n:cTaBHTh B BH,n:e p51,n:a <Dypbe ITO IIOJIHOH Ha QxQ, opTOHOpMHpOBaHHOH 

CHCTeMecpyHKUHH <pk(x)EJ![n], lf/k(y)EL2[Q] (k=l,2, ... ) [50]. HHblMHCJIOBaMH,HMeeT 

MCCTO paBeHCTBO 

K(x,y)= L A,,,..qJm(x)lf/k(y) (5.37) 
m,k=l 

B CMbICJie HOpMbl B (!' T. e. 

Ko3cpcpHUHCHTbI <Dypbe ~ orrpe,n:emrJOTC51 rro cpopMyJiaM 

~k = Jf K ( x, Y )qJm ( x)lf/k (y )dxdy (m,k = 1,2,. .. ). 
QQ 

Ho Tor,n:a 51,n:po MO)KHO rrpe,n:cTaBHTh B BH,n:e cyMMbl 

K ( x, y) = S ( x, y) + T ( x, y) , (5.38) 

N 

S ( X, Y) = L Amk<pm ( X) lf/k ( Y ), 

N 

T(x,y) = K(x,y)- L ~k<pm (x)lf/k (y), 
m,k=l 

r,n:e S ( x, y) - BblpO)K,O:eHHoe 51,n:po (PHHKepne-fypca, PG - 51,n:po ), T ( x, y) - Manoe 51,n:po. 

3aMeqaHHe. IlpH arrrrpoKCHMaUHH L2 -H,n:pa o6lllero BH,n:a PG-H,n:paMH MO)KHO socrroJib30-
saTbCH CJIC,!l;yJOllleH TCOpeMOH [50]. 

J1106oe L2 - H,n:po K ( x, y), T. e. JI106oe H,n:po, ,D;JIH KOToporo o6e cpyHKUHH 

1 1 

A(x)=[fK2 (x,y)dy ]2, B(y)=[fK2 (x,y)dx ]2 
CYUJeCTBYJOT rroqTH BCIO.lJ:Y Ha Q H rrpHHa.D:Jie)KaT KJiaccy L2' MO)KeT 6bITb pa3JIO)KCHO (H rrpH

TOM 6eCKOHeqHblM MHO)KCCTBOM crroco6os) B cyMMy HCKOToporo PG-51,n:pa 

m 

s ( x, y) = L: x k ( x) Yk ( y) 
k=I 

H ,n:pyroro f!-H,n:pa T ( X, y)' HOpMa KOTOporo MO)KCT 6bITb c,n:eJiaHa MeHbIIIe JIJ06oro Harrepe,n: 

3a,D;aHHOro IIOJIOJKHTCJibHOro qHcJia t: : 
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TaI<HM o6pa30M, B o6oMX CJIY'IIDIX HJ.J:po K ( x, y) rrpeJ.J:CTaBJUieTca B BHJ.J:e CYMMhI BhlpO)l(

).l;eHHOro HJ.J:pa H «J.J:OCTaTOqHo Ma.rroro» Mpa. Ho TOrJ.J:a cornacHo rr. 3.13 orrepaTop I -A.K 

Herrpeph1BH0 o6paTMM rrpH IA.I< 11Kr1. Hn)l(e rrpoJ.J:eJiaeM Heo6xoJ.J:f!Mhle BhlI<JiaJ.J:I<H J.J:JIH wme

rpanhHoro ypaBHeHHH (5.35) c L2 -HJ.J:POM. C yqeroM pa3JIO){(emrn (5.38) rrpeJ.J:CTaBHM ero 
B BH).l;e 

q;i(x)-A.. Jr ( x, y )q;i(y )dy = f +A. Js (x, y )q;i(y )dy =cl>( x), (5.39) 
Q Q 

r,IJ;e <l>YHKU:HIO ct>( x) cqwTaeM IIOI<a H3BeCTHOH. 

flycTh R > 0 - rrpoH3BOJihHOe qncJio, ypaBHenwe (5.35) paccMOTpHM rrpH IA.I$; R. Ta1< 1<a1< 

rrpH l{OCTaTOqHo 6oJihIIIOM N nopMa orrepaTOpa T, rropO)l(J.J:ennoro HJ.J:pOM T ( x, y), J.J:OCTa

Toqno Ma.rra, TO MO)l(HO B3filh N TaI<HM, qT06hl llTll < ( 2R r1. Tor,1J;a pe30JihBeHTa HJ.J:pa T ( x, y) 

perymi:pna B 1<pyre IA.I < 2R H TeM 6oJiee B 3aMKnyTOM Kpyre IA.I $; R . fl pH 3TOM ycJIOBHH (A. -

rrpaBHJihHOe) ypaaneHHe (5.39) OJ.J:H03Haqno pa3peIIIHMO (a L2 
[ Q]) H ypaanenwe (5.35) 3aMe

HHeTcH 3KBJrna.rreHTHhIM ypaBHeHHeM 

q;i(x) = ct>(x)+A.. f Rr (x, y;A..)«P(y)dy, 
Q 

r).l;e Rr(x,y;A..) - pe30JihBeHTa Mpa T(x,y), KBaJ.J:paTnqHo CYMMHpyeMa Ha QxQ H pery

JIHpHa B 3aMKttyTOM Kpyre IA..J $; R . 

.[(a.rree BMeCTO «P(y) IIO).l;CTaBJIHeM CIO).l;a ero Bhipa)l(eHHe H3 (5.39). floJiyqaeM 

q;i(x) = f (x) +A. Js( x, y )q;i(y )dy+A.. f Rr ( x, y;A.. )[! (y) +A. Js (y, y1)q;i(yi)dy1]dy = 
Q Q Q 

= f ( x)+ A. AS (x, y )+A. js (yl' y )Ry ( x, Yi ;A. )dy1 ]q;i(y )dy+ 

+A. f Rr (x, y;A..) f (y )dy = f ( x,A..)+ A. f H ( x, y;A.. )q;i(y )dy. 
Q Q 

51).l;pO IIOJiyqeHHOro HHTerpaJihHOro ypaBHeHHH OTHOCHTeJihHO q;i( x) 
N 

H (x,y;A..) = S(x,y)+A.. Js(yl'y)Ry (x,y1;A..)dy1 = L A,,.;lf/k (y)[q;im (x)+ 
Q m,k=I 

q;im ( x,A..) = q;im ( x) +A f q;im (Y1)Rr ( X, Yi ;A. )dY1· 
Q 

(5.40) 
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TaKHM o6pa30M, ypasHeHHe <l>pe,n:ronhMa BToporo po,n:a c rrpomsoJibHhIM L2 
-MIJOM MO')KeT 

6brrh cse,n:eHO K paBHOCHJibHOM)' ypasHeHHIO c SI)lpOM BH,n:a (5.40). Ilo IIOCTPOeHHIO, pe30JihBeH

Ta R1 ( x, y; /l) ronoMopqma rro /l a Kpyre l/ll ~ R, MIJO H ( x, y; A) H cso6o,D;HbIH qJieH f ( x, A,) 

TaK')Ke aHanHTH'Iec1m 3asHCHT OT A, a 3TOM Kpyre (a CMhICJie [33], cTp. 54 H ,n:anee). Pe3yJihTa

ThI, rronyqeHHbJe ,ll,JUI ypaBHeHHH c BblpO')K,D;eHHhIMH sr,n:paMH OCTaIOTCSI B CHJie H 3,D;eCh. 

TaK KaK a JII06oM Kpyre IA-I < m ( m = 1, 2, ... ) sr.n:po <l>pe,n:roJibMa MO')KeT HMeTh JIHIIIh KOHe'I

Hoe 'IHCJIO xapaKTepHcTH'IecKHx <rncen, TO crrpase,n:mrna nepBaH TeopeMa <l»pe~roJibMa: ypas

HeHHe <l>pe,n:roJihMa HMeeT He 6onee C'IeTHoro MHO')Kecrna xapaKTepHCTH'IeCKHX <rncen, KOTOpb1e 

MOryT CrylllaThCH TOJihKO Ha 6ecKOHe'IHOCTH. 

AHanOrH'IHhie pe3yJihTaThI HMeIOT MeCTO OTHOCHTeJihHO peIIIeHHH B KJiacce c[n]. KaK 

CJie,D;CTBHe H3 TeopeM <l>pe,n:rOJihMa, c<PopMyJIHposaHHhIX B II. 5.3, BbITeKaeT 

AJibTepuaTHBa <Dpe~roJii.Ma. JIH6o Heo,n:ttopo,n:ttoe ypastteHHe pa3peIIIHMO, KaKos 6h1 

Im 6bIJI CB060,D;Hh1H 'IJieH, JIH6o COOTBeTCTByIOIIJee O,D;HOpo,D;Hoe ypaBHemre HMeeT H~HBHaJih

HbJe peweHHR. 

B HeKOTOphIX cnyqasrx ,n:nsr rrpH6JIH')KeHHOH oQeHKH pemeHHH HHTerpanhHoro ypasHeHHH 

smpo K ( x, y) 3aMeHRIOT 6nmKHM K HeM)' Bhipo')K,D;eHHhIM smpoM. C,n:enaTu 3TO MO')KHO pa3JIHq-

HhIMH crroco6aMH narrpHMep B3HB BMecTO H,n:pa OTPe3oK ero pH,n:a Teiinopa. IlpHBe,n:eM IIpHMep, 

3aHMCTBOBaHHhIH 113 [21). 
Hail.TH rrpH6JIH')KeHHOe pewem1e HHTerpanbHOro ypasHeHHH 

I 

ip(x }- Jx(l-exy )ip(y }dy =ex -x. 
0 

~po HHTerpanbHOro ypasHeHHH x ( 1-exy) arrnpoKCHMHpyeM 0Tpe3KOM pH,n:a MaKJiopeHa 

z x3y2 x4y3 
K(x,y),,,H(x,y)==-x y--

2
---

6
-. 

IloJiyqHM HHTerpaJibHOe ypaBHeHHe c BblpO')K,D;eHHhIM H,D;pOM 

lf/(x)+ x2y+-Y +~ lf/(y)dy=ex-x. R 
x32 43) 

0 2 6 

PemettHe 3TOro ypasHeHHH HMeeT BH.D: 

r,n:e IIOCTOHHHbie Ci ( i = 1, 2, 3) orrpe,n:eJIHIOTCH H3 CHCTeMbI ypasHeHHH 

5 1 1 2 
-c +-c +-c ==-, 
4 1 5 2 6 3 3 

1 13 1 9 
-c +-c +-c == e--
5 I 6 2 7 3 4' 

I I 49 29 
-c +-c0 +-c =--2e. 
6 1 7- 8 3 5 
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PemeHHe 3TOH cncTeMbI ,naeT 

C1 =0,5010, C2 =0,1671, C3 =0,0422. 

CooTBeTCTBeHHO, 

yr( x) =ex -x-0,5010x2 -0,167lx3 -0,0422x4
• 

To1rnoe pemeHHe tp(x)=I. 11MeeM yr(O)=l,0000; yr(0,5)=1,0000; yr(l)=l,0080, T. e. pac

xo)l()J;eHHe c ToqHbIM pemeHtteM Bcero 0,008. 
OrMeTHM HeKOTOpble cBoiicTBa pe30JibBeHTbI. 

Pe30JibBeHTa MepoMopqma Ha Bceli A -IIJIOCKOCTH. 3-ro cne,zzyeT H3 TOro, qTo B Kpyre npo

H3BOJibHOro pa,neyca R 3HaMeHaTeJib pe30JibBeHThI DR (A) MO:lKeT HMeTb JIHllib KOHeqHoe qnc-

no eyneli. HyJib 3HaMeHaTemr DR (A,) HBJI.srerc.sr IIOJIJOCOM pe30JihBeHThl, IIOJIJOCbl pe30JibBeHTbI 

COBIIa,naJOT C xapaKTepHCTmeCKHMH qHCJiaMH .sr,npa. Ilo <l>pe,nrOJibMy, pe30JibBeHTa R,npa eCTh 

oTHomeHHe ,nByx 11enbIX <PYHKIIHH OT A, [13, 29] 

( . 1) - D ( X, y; A) 
R x,y,"" - D(A-) , 

K (xi' y1 ), K (xi' Y2 ), ••• , K ( xl' Yp) 

[

Xi,X2,. •• ,xP) K(x2 ,y1 ),K(x2 ,y2 ), ••• ,K(x2 ,yP) 
K = 

YPY2····•Yp ··················································· 

K ( xP, y1 ),K( xP, y2 ), ••• , K( xP, Yp) 

EcnH Q - orpanHqeHHOe 3aMKttyToe MHO:lKeCTBO H .sr.npo Ha OxQ Henpepornno, TO pe30Jib

BeHTa TaK:lKe HeIIpepbIBHa Ha QxQ IIpH JIJ060M IIpaBHJibHOM (T. e. OTJiifqHOM OT xapaKTepHC

TifqecKOr0) 3HaqeHHH A. 
Ananornqnoe IIpe,nilO)l(eHHe HMeeT MeCTO OTHOCHTeJibHO orpattnqeHHOCTH H HenpepbIBHO

CTH pemeHHH HHTerpaJibHOro ypaBHeHHH. IlyCTb .sr.npo HHTerpaJibHOro ypaBHeHHH 

tp(x)-A, JK ( x, y )'P(Y )dy = f ( x) 
Q 
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KBa.ripaTHqHO CJ'MMHpyeMo B QxQ H, KpoMe Toro, 

]K(x,y)j
2 
dy5'A. 

a 

Tor.n,a eCJIH cB060.n,H1>1ii qJICH f ( x) orpaHwieH, a ypaBHCHHe pa3peumMo, TO mo6oe ero pe

llICHHe <pE L2 
[ Q] orpaHHqeHo. 

B caMoM .n,eJie, H3 HepaBeHCTBa lllBapu:a-Eym1KoBcKoro rro~aeM 
1 I 

irp(x)i5'IJ(x)i+IA 1K(x,y)rp(y)dyl5'if(x)i+IAl{~K(x,y)i2 
dyy {~rp(y)i2 

dyy 5, 

5, it ( x )i +l-11'1All~I· 
0TcIO.n,a cJie.n,yeT TaKiKe orpaHHqCHHOCTb co6cTBeHH1>1x $yttKU:HH H,D,pa K ( x, y). 

IlycTb Terrepb CB060,ll,Hhlll qJICH f ( x) H H,ll,po K ( X, y) HerrpephlBHbl COOTBCTCTBCHHO Ha Q 

H QxQ. Tor.n,a JI106oe pemeHHe '.noro ypasHeHIDI Herrpep1>IBH0 Ha Q. 

)J;eHCTBHTCJibHO, H3 HerrpephlBHOCTH f ( x) CJIC,D,yCT ero OrpaHHqCHHOCTb Ha Q' HO Tor;::i;a, 

no rrpe,ll,bl)Jyiu:CMY, JI106oe KBa.n,paTffqHO CJ'MMHpyeMoe pellleHHe rp( x) orpattffqeHo: irp( x )j ~ N. 

HMeeM ou:eHKY 

]K(x1'y)-K(x2 ,y)ldy< ~· '\te>O. 
a 

CJie.n,oaaTeJI1>Ho, 

PaccMOTpHM Tenep1> ypaBHCHHe co CJia6oii oco6eHHOCTbIO ( c nom1pHhlM H.n,poM) 

rp(x)-A f K (x, y) rp(y )dy = f ( x), 
n 

H(x,y) I K(x,y)= a, 05'a<n, H(x,y)j5'C, 
lx-yl 

r.n,e Q - 3aMKttyTaH orpamf'leHHajf 06JiacT1> B R". 
I1MCIOT MCCTO TCOpCMhl [16, 33, 34]. 
1. EcJIH CBo6o.n,HJ>rn qJICH ypaBHCHHjf co cna6oii oco6eHHOCTbIO orpaHHqeH, TO JII06oe pellle

HHe '.HOro ypaBHCHHjf orpaHH'ICHO. 

2. EcJIH CB060.n,H1>1ii 'l.JieH ypaBHemrn co cna6oii oco6eHHOCTbIO H $yttKU:Hjf H ( x, y) He

rrpepbIBHbI B Q , TO mo6oe ero pemeHHe HenpephlBHO B Q . 

B npHJIOJKCHHj{X pa3JIH'l.HOro po.n,a rpaHH'l.Hhle 3a.n,a'l.H 'l.aCTO CBOMTCH K CHCTeMaM HHTC
rpaJibHhlX ypaBHCHHH BH,D,a 

k 

<pm (x)-iL f Kmp (x,y)rpP (y)dy = fm (x) (m =1,2, ... ,k). 
p=I n 

(5.41) 



506 rJIABA5 

OtJeBH,[(HO, BBOM BeKTOp-CTOJI6Uhl HCKOMbIX <l>ymaulli H CB060)UlblX lJJieHOB H KBa,n:paTH)'lO MaT

pmzy H.[lep, MO)l(HO 3armcaTb CHCTeMy (5.41) B BH,[(e O.[IHOro MaTpH'IHOro ypaBHeHHH. 

EcJIH H.[lpa K mp ( x, y) qipe.[lroJibMOBCKHe HJIH HMeIOT cna6yro oco6eHHOCTb, a f m E L2 
[ n], 

TO .[IJIH 3TOH CHCTeMbl BepHbl BCe TeopeMbI <l>pe.r1rOJibMa. 

,[l,JIH CXO.[IHMOCTH MeTO.[la TIOCJie.[IOBaTeJibHbIX npH6JIH)l(eHHH .[IOCTaTOlJHO, lJT06b1 

1 

IAI ~ Ltii}Kmp ( X, y )12 lb:dy rz 
EcnH H.LIIJa Y.flOBJieTBopHIOT e1IJe ycnoBHHM 

nKmp ( x, y )1
2 
dy ~ A,,,P = const, '\/xE Q, 

Q 

TO IIOCJie.[IOBaTeJibHble IIpH6JIH)l(eHHH CXO.[IHTCH a6COJIIOTHO H paBHOMepHO Ha Q . 

IlycTb MaTpHU:bI B = llBmp 11, B* = ll"B pm II• r.r1e 

B~P = J JJKmp ( X, y )1
2 

dxdy. 
QQ 

0601HatJHM qepe1 <:J'
2 

HaH6oJibIIIee xapaKTepHCTHtJecKoe tJHCJio MaTPHU:bI B* B. IIocne.r10Ba

TeJibHb1e npH6JimKeHHH .[IJIH CHCTeMbI (5.41) CXO.[IHTCH B Kpyre 

IAI < 2-. 
(J' 

YKa)l(eM ellie conpH)l(eHH)'IO CHCTeM)' c (5.41). 0Ha HMeeT BH.[I 

k 

lf/m ( x)-~L JKpm (y,x)lf/p (y )dy =gm ( x) (m = 1, 2, ... ,k ). 
p~l Q 

(5.42) 

ECJIH BCe Mpa K mp ( X, y) , a CJie.[IOBaTeJibHO, H conpH)l(eHHbie H.[lpa K pm ( y, x) BblpO)l(.[leHHbie, TO 

CHCTeMa (5.41) H conpH)l(eHHaH c Heil: (5.42) CBO.[IHTCH K paBHOCHJibHbIM JIHHeHHbIM anre6-

paHlJeCKHM CHCTeMaM. B o61IJeM cnyqae MO)l(HO TaIOKe ocyIIIeCTBHTb TaKoe npeo6pa3oBaHHe 

npe.[ICTaBHB Ka)l(,[IOe H.[lpO Kmp ( X, y) B BH)::(e C)'MMbI BbipO)l(.[leHHOro H .[IOCTaTOlJHO MaJIOro H.[1-

pa [16, 33]. 

5.5. CUMMempU'IHble UHmeapanbHble ypaeHeHUR 

51;:(po <l>pe.[lrOJibMa K ( X, y) Ha3bIBaeTCH CHMMeTPH'IHbIM (3pMHTOBbIM), eCJIH OHO COBTia

,[laeT co CBOHM 3pMHTOBO corrpH)l(eHHbIM ».r1poM K* ( x, y), T. e. 

K(x, y) = K* (x, y) = K(y,x). (5.43) 

,[l,JIH BeIIIeCTBeHHOro CHMMeTpH'IHOro H.[lpa 

K(x,y) = K (y,x). 



llHTErP AJihHhIE YPABHEHIUI 

OrrepaTOpbl, rropo)J{,n:eHHble x.n:paMH K ( x, y) H K* ( x, y) 

(Kq,i)(x) = fK(x,y)q,i(y)dy, 
Q 

( K*lfl)( x) = f K* ( x, y )lfl(Y) dy = f K (y, x )lf!(Y) dy 
Q Q 
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(5.44) 

Ha3blBaIOTCH corrpH)J{CHHhIMH. HarrOMHHM 6mmHeHHOe COOTHOIIICHHe MC)l()zy HHMH (CM. rn. 3, 
rrrr. 3.10 H 3.11) 

( K q,i, If!) = ( q,i, K*lfl). (5.45) 

lh COOTHOIIICHHH (5.44) H (5.45) BH.U:HO, qTQ orrepamp K, rropo)J{.ll:eHHblH CHMMeTpHqHbIM H.U:

poM, HBJUieTCH caMoconpj{)J{eHHbIM, T. e. paseH csoeMY corrpH)J{CHHOMJ'. CoomoIIIeHHe (5.45) 
B 3TOM crryqae HMeeT BH,n: 

HirrerpaJibHOe ypaBHeHHe c CHMMeTpHqttblM (3pMHTOBbIM) MPOM Ha3bIBaeTCH CHMMeTpffq

HbIM HHTerpaJibHbIM ypasHeHHeM. OnepaTop <l>pe,n:roJibMa c CHMMeTpffqHbIM MPOM B L2 
o6hNHO 

HMCH)'JOT OTiepaTOpOM rHJib6epTa-illMH):(Ta. 

flpw.iep 1. 51.n:pa K (x, y) = x+ y, K (x, y) = i(x- y ), K (x, y) = x 2 + y2 +xy, orrpe.n:erreH-

Hbie Ha OTpe3Ke [ a,b] semecTBCHHOH OCH, CHMMeTpHqHbI. 51,n:po K (x, y) = exp{i( x+ y)} -
HCCHMMeTpHqHo. 

flpUMep2. IlyCTh QE R" -KOHeqHaH06JiaCTu, x=(xl'x2 , ••• ,xn)E Q, y=(yl'y2 , ••• ,yn)E 

EQ H r=lx-yj. 51,n:pa K(x,y)=ln.!., K(x,y)=r--' (O:::;A-<n/2)-cHMMeTpHqHbie. 
r 

lIHTerparrbHoe ypasHeHHe c 1pMHTOBbIM MPOM H .n:eil:CTBHTCJibHbIM A, 

qJ( x)-A-J K (x, y )qJ(y )dy = f ( x) 
Q 

cosrra.n:aeT co CBOHM coI03HbIM, TaK KaK B 3TOM crryqae K = K*. 
HanoMHHM orrpe.n:erreHHH co6CTBeHHoro seKTopa H co6cTBeHHoro 3HaqeHHH JIHHeliHoro orre

paTOpa A. PaccMoTpHM o,n:Hopo,n:Hoe orrepaTOpHoe ypaBHCHHe 

Ax= µx. (5.46) 

EcrrH npH ,n:aHHOM µ :f= 0 3TO ypasHeHHe HMeeT HeTpHBHaJihHoe peIIIeHHe, To TaKoe 3HaqeHHe µ 
Ha3blBaeTCH co6cTBeHHbIM 3HaqeHHeM orrepaTopa A, a HeTpHBHaJibHoe peIIIeHHe x Ha3hIBaeTcH 

co6CTBeHHbIM 3JICMCHTOM (co6CTBeHHbIM BCKTOpOM) orrepaTopa A, COOTBeTCTBJIOmHM co6CT

BCHHOMY 3HaqeHHIO µ. 
B KOHeqHoMepHoM JIHHeliHOM npocTPaHCTBe JIHHCHHblH orrepaTop A nepeso,n:HT mo6oH: 

COOCTBCHHbIB BCKTOp x B KOJIJIHHeapHbIH CMY BCKTOp µx. ,lJ,mI orrepaTOpa rro.n:o6HH c K03cpqm-

JUICHTOM rro.n:o6HH a JII06oH: BCKTOp x eCTb co6CTBCHHhIH, COOTBeTCTByromilli co6CTBCHHOMY 

3HaqeHHIO µ=a, TaK KaK 

Ax=ax. 
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M3 corrocTaBJiemnr ypaBHeHIDI (5.46) rrp11 A= K c HHTerpaJihHhIM ypaBHeH11eM 

<p-AK<p=O 

BH)J,HO, 'ITO co6CTBeHHhie 3Ha'!eHHH orrepaTopa, ecJIH OHH CYIIJeCTByroT, COBIIa,LlaIOT c o6paTHbIMH 

BeJIH'!HHaMH cooTBeTCTBYJOIIUIX xapaKTepttCTH'leCKHX 'IHCeJI H,Z:qla K ( x, y), T. e. }. = 1/ µ. 
3aMeTHM, 'ITO He BCHKHU BIIOJIHe HerrpepbIBHhlll orrepaTop HMeeT HeeyJieBhie co6CTBeHHbie 

:meMeHThI. Harrp11Mep, 11x He HMeeT orrepaTOp BoJihTeppa 

t 

(Hx)(t)= fx(r)H(t,r)dr. 
0 

0):1HaKO HMeeT MeCTO TeopeMa 1. 
BCHKHll OTJIH'IHbIB OT HyJieBoro BIIOJIHe HerrpepbIBHhlll 3pMHTOB orrepaTop A, ):leliCTByro-

IIJHll B IBJib6ePTOBOM rrpocTpaHCTBe H' HMeeT ITO KpaliHeli Mepe 011,HO HeH)'JieBoe co6cTBeHHOe 

3Ha'!eH11e µ . 
~ ):10Ka3aTeJibCTBa BOCIIOJib3yeMCH TeopeMOll 4 H3 II. 3.11, B KOTopoli yTBep)l()l;aeTCH, 'ITO 

llAll = supJ(Ax,x)J. 
M=' 

Ilo onpe):leJieHHIO BepXHeli rpaHH Hali):leTCH TIOCJie):IOBaTeJibHOCTh 3JieMeHTOB { xn} c H' llx. II = 1, 

TaKaH 'ITO 

lim(Ax.,xJ = llAll HJIH -llAll· 
n-t= 

06o3Ha'IHM 3TOT npe):leJI 'Iepe3 µ, ( lim (Ax.' x.) = µ,), TIOHHTHO, 'ITO npH 6oJibllIHX n µ, ;f:. 0 . 

.Il:aJiee, TIOCKOJibKY onepaTOp A BTIOJIHe nenpepbIBeH, TO OH orpaHH'leHH)'IO TIOCJie):\OBaTeJih

HOCTb { x.} rrepeBO):\HT B KOMilaKTH)'IO { Axn}' H3 KOTopoli MO:>KHO Bbl):\eJIHTh CXOAHIIJYIDCH IIO):l-

TIOCJie):IOBaTeJibHOCTb {Ax";}. 0603Ha'IHM 

MMeeM 

IimAx =h. 
i-400 n, 

IJAx.; - µ,x., 11

2 

= (Ax., - µ 1x.;, Ax., - µ 1x.,) = JJAxn, 11

2 

- 2µ, (Ax.,, xn, ) + µ.~ => 

=> !~l!Ax., -µ,xn, 112 = llhll2 - µ; ~ 0. 

C Apyroli CTOpOHbl, 

(5.48) 

TaK KaK lim Ax.; CYIIJeCTByeT, TO OTCIO):la cneeyeT CXO):\HMOCTh TIOCJie):IOBaTeJibHOCTH HOpMHpO

BaHHbIX 3JieMeHTOB x., ' npH'IeM 

ll:Jl=1. 
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IIonmKHB Xj =hfµ 1 , TIOJIY'laeM H3 (5.48) 

Ax1 -µ 1x1 =0, \\Xi\\=1. 
TaKHM o6pa3oM, cyw,eCTByer He'IJ>HBHaJII>Hl>Iil: co6cTBeHHI>IB 3JieMeHT Xi cooTBeTCTB)'JOIIIHH co6-

CTBeHHOMY 3HaqeHHIO µI * 0. IlpH 3TOM 

1µ1 I = sup I( Ax, x )I =\\A\\. 
M=1 

(5.49) 

}fa )J,OKa3aHHOH TeopeMI>I cne)J,yeT, qTQ O)J,HOpO)J,HOe HHTerpaJibHOe ypaBHeHHe <l>pe)J,rOJII>Ma 

rp-AK<p=O 

c 3pMHTOBDIM H,1],pOM K ( X, y) * 0, HMeeT, TIO Kpail:Heil: Mepe, O)J,HO OTJilfqHOe OT HYJIH xapaKTe

pHCTHqecKoe qHcno A1, TipHqeM HaHMeHI>mee TIO M0,1J,yn10 xapaKTepHCTHqecKoe qHcno y)J,OB

neTBopHeT 3KCTPCMaJibHOMY COOTHOllieHHIO 

I _ _ \\Kf\I _ 
-I 1-supJ(Krp,rp)J- sup -II II -\IKll· Al 11'1'!1=1 feL2[0] J 

(5.50) 

B caMOM )J,eJie, nycrI> ~ H <fJo - ,1l,pyroe xapaKTepHCTlfqeCKOe qHcJio H cooTBeTCTBYJOillaH eMY 

co6CTBeHHaH <l>YHKQHH: <p0 -~Krp0 =0. Tor)J,a 

1 - l\Kf\I > \\K<Poll _ 1 >I I -, I- sup -\I 11--11-11 --\ \=>l~l-Ai. A1 feL'[OJ f <Po ~ 
(5.50) 

I1MeIOT MCCTO CJie)J,yIOlllHe yTBep~eHHH. 

1. Bee co6cTBeHH1>1e 3HaqeHHH BTIOJIHe HeTipepI>IBHoro 3pMHTOBoro oTiepaTopa A, )J,eil:cT-

BYIOlllero B rHJII>6epTOBOM TipOCTPaHCTBe H, )J,eil:cTBHTeJII>HhI. 

B caMOM )J,eJie, nycTh 

Ax= µx, \\xi\ -:t: 0. 

YMHO)J(HB 3TO ypaBHeHHe CKaJIHpHO Ha x, TIOJiyqHM 

HO 

3HaqITT, 

( Ax,x) = µllxl\2, 

( Ax,x) = (x,Ax) = (Ax,x) => Im(Ax,x) =0, 

(Ax,x) 
µ=--=>lmµ=O. 

l\xll2 

2. Co6CTBeHHble BeKTOpbl BTIOJIHe HeTipepbIBHOro 3pMHTOBOro OTiepaTOpa, COOTBeTCTBy

IOllllfe pa3JilfqHbIM co6CTBeHHhIM 3HaqeHHHM, opTOroHaJihHhl. 

IlycTI> µ H µ. µ -:t: µ. - co6crseHHI>Ie 3HaqeHHH oTiepaTopa A, a x H x. - cooTBeTcT-

BYJOlllHe co6cTBCHHhie 3JieMeHThI, T. e. 

Ax = µx, Ax. = µ.x •. 
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llMeeM 

µ(x,x,) = ( Ax,x,) = (x,Ax,) = µ, ( x,x,). 

Orc10.n:a ( x, x.) = 0, a 3TO H 03HaqaeT' 'ITO BeKTOpbI x H x, opTOrOHaJihHbl. 

3. Tiocrre,n:oBaTeJihHOCTh co6cTBeHHhIX BeKTOpoB BIIOJIHe HeIIpepbIBHOro 3pMHTOBOro onepa

ropa MO)l(HO c.n:enaTh opTOHOpMHpOBaHHOH. 

B caMoM .n:ene, Ka)l(.lJ:OMY co6CTBeHHOMY 3Ha'leHHIO oneparopa A cooTBeTcTByeT KOHe'IHoe 

'IHCJIO JIHHeil:Ho He3aBHCHMbIX co6CTBeHHbIX BeKTopoB, H3 KOTOpbIX MO)l(HO TIOCTPOHTh OpTOHOp

MHpOBaHHYIO CHCTeMY. yqHThIBIDI TO, 'ITO co6CTBeHHhle BeKTOpbI, COOTBeTCTBYJOill,He pa3nttqHbIM 

co6CTBeHHblM 3HaqeHIDIM opTorOHaJihHhl, OTJIH:qHbI OT HyIDI H, 3Ha'IHT, HX MO)l(HO HOpMHpOBaTb, 

IIpHXOll.HM K rpe6yeMOMY BblBO.lJ:Y. 

B 11pHJIO)l(eHHH K CHMMeTPH'IHhlM HHTerpannHhIM ypaBHeHID!M c 3pMHTOBhIM L2 
-j!.lJ:pOM 

K(x,y) 

3TH TeopeMbl 3ByqaT TaK: 

1. Bee xapaKTepHCTHqecKHe 'IHcna H,n:pa K ( x, y) .n:eil:cTBHTeJihHhie. 

2. Co6CTBeHHDie <l>YHKIIHH j!.lJ:pa, cooTBeTCTBYJOillHe pa3nH'IHhIM xapaKTepHCTH:qeCKHM 'IHC

naM, opTOrOHaJihHbl. 

3. Tiocrre,n:oBaTeJihHOCTh co6cTBeHHhlX <j:>yttKU:HH H,n:pa K ( x, y) MO)l(HO c.n:enaTh opTOHop-

MHpoBaHHOil:. 

Ilo.n: IIOCJie,n:oBaTeJibHOCTbIO xapaKTepHCTH:qeCKHX 'IHCeJI H COOTBeTCTBYJOIIIHX HM co6cT

BeHHhIX <j:>yttKU:HH j!.lJ:pa IIOHHMaIOT crre.n:yroI11ee. B IIOCJie,n:oBaTeJihHOCTH xapaKTepHCTH'leCKHX 

'IHCeJI Ka)l(.lJ:Oe TaKOe qHCJIO IIOBTOpHeTCH CTOJihKO pa3, CKOJibKO JIHHeil:HO He3aBHCHMhIX co6cT

BeHHhIX <j:>yttKU:HH eMY COOTBeTCTByeT (IIpH 3TOM cpe,n:H xapaKTepHCTH'leCKHX 'IHCeJI MOryT OKa-

3aTbCH paBHble). TiocKOJihKY MHO)l(eCTBO xapaKTepHCTH:qeCKHX 'IHCeJI He 6orree qeM C'leTHO, HX 

MOlKHO 11epettyMepoBaTb H pacIIOJIO)l(HTb B IIOpH,n:Ke B03paCTaHHH a6COJIIOTHhIX BeJIH'IHH 

CooTBeTCTBYJOillaH opTOHOpMttpoBaHHIDI 11ocne,n:oBaTeJihHOCTh co6cTBeHHhIX cpyttKIIHH 

<p1 (x),<p2 (x),. .. ,<pn (x), ... , 

IIpH'IeM Ka)l(.lJ:OMY 'IJieHy IIOCJiell.OBaTeJibHOCTH {A..} OTBe'JaeT e,n:HHCTBeHHaH <l>YHKIIHH H3 TIO

CJie,n:oBaTeJibHOCTH { <fJn}. 

TaKHM o6pa3oM, 

<fJ. (x)-A.nK<p. =0, 

( ) 
= {O, m '# n, 

<fJm,<fJn l _ , m-n. 

ECJIH H)l.pO Bblpo)l(.lJ:eHHOe, TO xapaKTepHCTH'leCKHX 'IHceJI KOHeqHoe 'IHCJIO, B npoTHBHOM cny

qae TIOCJie)l.OBaTeJihHOCTb {A..} HMeeT TO'IKY CryIIIeHID! Ha 6ecKoHe'IHOCTH. 3To 03Ha'laeT, 'ITO 

B n1060M Kpyre IA-I < R co.n:ep)l(HTCH JIHIIIh KOHe'IHoe 'IHcno xapaKTepHCTHqecKHX qHcen Hll.pa. 
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Bee rroaTopHhle H,D;pa 3pMHToaoro H,D;pa TaIOKe 3pMHTOBhI. B caMOM ,D;eJie, ecJIH K, H -

orrepaTOphI<l>pe,D;roJihMa 

(KqJ)(x)= JK(x,y)q>(y)dy, (HqJ}(x)= JH(x,y)q>(y)dy, 
Q Q 

K' If H' - corrpmKeHHhle orrepaTOphI 

(K'Vf)(x)= JK(y,x)Vf(y)dy, (H'Vf)(x)= JH(y,x)Vf(y)dy, 
Q Q 

TO crrpaae,[(JIHBhI paaeHCTBa ( KH )' = H* K'. 0TCJO,[(a rrpH K = H IIOJI)"faeM 

If B006I.Qe 

,[(JHI caMocorrpIDKeHHOro orrepaTopa K 3To paaeHcTao ,D;aeT 

CJie,[(OBaTeJihHO, H,D;pa 3THX orrepaTOpoa Km ( x, y} If Km (y,x) = K: ( x, y} coarra,[(aIOT. 

ffa rrpHBe,[(eHHhIX paccp!<,[(eHHH Blf,[(HO, 'ITO JIJ06M u;eJiaH IIOJIO)l(lfTeJihHM CTerreHh 3pMH

TOBOro orrepaTopa eCTh CHOBa 3pMHTOB orrepaTop If, CJie,[(OBaTeJihHO, HMeeT MeCTO COOTHOIIIeHHe 

I1MeeT MecTo rrpe,[(Jlo)l(eHHe. CoaoeyrrHocTh xapaKTepHCTlf'IeCKHx 'IHCeJI m -ro HTepHpo

aaHHoro H,D;pa COBIIa,[(aeT c COBOK)'IIHOCThlO m-x CTerreHeH xapaKTepHCTH'IeCKHX 'IHCeJI HCXO,[(

HOro H,D;pa K ( x, y). IloKa)l(eM 3TO MH BToporo HTepHpoBaHHoro H,D;pa K 2 ( x, y). 
IlyCTh Ai) H <Po - xapaKTepHCTH'IeCKOe 'IHCJIO If COOTBeTCTBYIOl.QM eMY co6CTBeHHaH 

<l>YHKD;HH H,D;pa K ( x, y), He o6H3aTeJihHO 3pMHTOBoro. I1MeeM 

qJO = AiiK 'Po => qJO - ~ K2% = 0 => (I - ~ K2
) 'Po = 0. 

OTCIO,[(a CJieeyeT, 'ITO ~ H qJO - xapaKTepHCTH'IeCKOe 'IHCJIO If COOTBeTCTBYJOI.QM co6cTBeHHM 

<l>YffKu;HH BToporo HTepHpoaaHHoro a,n;pa K 2 ( x, y). 

06paTHO, eCJilf µo H % ( x) - xapaKTepHCTH'IeCKOe 'IlfCJIO If COOTBeTCTBYIOI.QaH co6cT

BeHHaH <l>YHKD;lfH BTOporo HTepHpOBaHHOro a,n;pa, TO 

(I - ~K2 )q>0 = 0 => (I -J/i;K )(I +Jji;;K) 'Po= 0. 

06o3Ha'IHM (I +~K }<Po= Vf(x). Tor,D;a HMeeM (I -Jjf;;K )Yf = 0. EcJIH Vf :f: 0, TO 3aKJIIO'Ia

eM, 'ITO Jji;; - xapaKTepHCTH'IeCKoe 'IHCJIO H,D;pa K ( x, y). EcJIH )Ke Vf( x) = 0, TO xapaKTe

pHCTH'IeCKHM 'IHCJIOM H,D;pa K ( x, y) HBJIHeTcH -J/i;. TaKHM o6pa3oM, a rrro6oM cnyqae co-
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BOr<yllHOCTh KBa,a:paTOB xapaKTepHCTH'IeCKHX quceJI H,a:pa K ( X, y) COBna,a:aeT c COBOr<yllHOCThlO 

xapaKTepttcTHqecKHX quceJI BToporo HTepttpoBaHHoro H.a:pa K2 (x, y ). 

EcJIH H.a:PO K ( x, y) 3pMHTOBO, TO xapazaepHCTHqecKHe 'IHCJia BToporo HTepHpoBaHHoro 

H.a:pa ITOJIO)KHTeJihHhI. 

TeopeMa ruJiboepTa-filMH,rJ,Ta. IlycTb K ( X, y) - 3pMHTOBO H):(pO H h ( x) E L2 
[ n]. Tor-

.a:a BCHKaH <l>YHKU:MH BH):(a 

f ( x) = ( Kh) ( x) = f K ( x, y) h ( y) dy (5.51) 
n 

pa:maraeTCH B CXO):(HmHil.CH (no HOpMe L2 
[ n]) PM <l>yphe no opTOHOpMHpOBaHHOM CHCTeMe 

co6crneHHbIX <l:>YHKU:HM H.a:pa K ( x, y) . 

HaMeTHM KOHTJPbI .a:oKa3aTeJibCTBa 3Toil. <l:>yH.a:aMeHTaJibHoil. TeopeMhl. BhlqHcJIHM K03<l:><l:>HU:H

eHThI <l>ypbe <l>YHKUHH f ( x) . IiMeeM 

fm = ff(x)rpm(x)dx=(f,rpm)=(Kh,rpm)=(h,Krpm)=(h, ~)=; hm, 
n m m 

r.a:e hm = ( h, 'Pm) - K03<l:><l:>HU:HeHT <l>ypbe <l>YHKU:HH h ( x). 

TaKHM o6pa30M, pH.a: <l>ypbe <l:>YHKU:HH f ( x) HMeeT BH):( 

(5.52) 

B CHJIY KBa.a:paTH'IHOH CJMMHpyeMOCTH <l>YHKU:HH h(x), f (x)E L2[n] pH)J, (5.52) CXO)J,HTCH 

no HOpMe L2
. 0603Ha'IHM qacTHqey10 CJMMy 3Toro pH.a:a 11epe3 s n ( x) : 

n h 
s"(x)= I _!!!._rpm(x). 

m=l A,,, 

IloKa)KeM, qTo Sn ( x) ~ f ( x) rrpH n ~ 00 no L2 -HOpMe. 

PaccMoTpHM pa3HOCTh 

f ( x)-Sn (x) = f K (x, y )h( y )dy-I 'Pm ( x) J h(y )'Pm (y )dy = 
n m=1 Am n 

= Jh(y){K(x,y)-~q>.(xF}dy. (5.53) 

51.a:po B rrpaBOH qacTH 3TOro paseHCTBa 

K(n) ( X, Y):;:, K ( X, Y )-t 'Pm ( X) 'Pm ( Y) 
m=l Am 
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HMeeT xapaKTepHCTWieCKHe qffcJia A,,+1' An+z, ... H COOTBeTCTByIOru;ue HM co6CTBCHHhie <l>YHK

QHH </Jn+l (x),</Jn+2 (x), ... 
,Il,eHCTBHTeJibHO, Bbipa)J(eHHe (rrpH p > n) 

a(x)=<pP (x)-AP JK(n) (x,y)<pP (y)dy =<pP (x)-APK(n)<pP = 
n 

( ) f.</Jm(x)( ) 
= <pp -APK<pP +AP~--;:;:- <pm,<pp =:0, 

TaK KaK AP H <pP - xapaKTepHCTHqecKoe qffcno H cooTBeTCTBYIOIIl;aH eMY co6cmeHHaH 4Jyma.1IDI 

Hp,pa K(x,y), a (<fJm,<fJp)=O rrpH p>n. 

Cne):(oBaTeJibHO, 

<pp (x)-A-P J K(n) (x,y)<pP (y)dy =O (p = n+ I,n+2, ... ). 
n 

BepHeMCH Terreph K COOTHOIIICHHIO (5.53). IleperrHIIIeM ero B BH):(e 

f (x)-s. (x) = f K(•) (x,y)h(y)dy. 
n 

0TCIO):(a, C yqeTOM (5.50) 

llJ-s.ii=llK(")hll~-1 iihii, 
An+1 

r):(e An+i - HaHMeHbIIIee xapaKTepHCTHqecKoe qffCJIO H):(pa K(n) ( x, y). 

TaK KaK h - KBa):(paTHqHo CJ'MMHpyeMaH tPYffKIJ,mr: llhlit?[n] < 00, a !~ An+i = 00, TO 

llf-S.jj~O, n~oo, 

T. e. qaCTHqHaH cyMMa pH):(a <l>ypbe tPyHKQHH f ( x) CXO):(HTCH B cpe):(HCM K f ( x). 3HaqHT, 

~ h 
J ( X) = L Am </Jm ( X ). 

m=l m 

(5.54) 

PH):( (5.54) Ha3hIBaeTCH pH):(OM fHJib6epTa-lllMH):(Ta. 

3aMeTHM, qTQ IIOJIHOTa CHCTCMbI co6cTBeHHbIX tPYffKll,HH H):(pa K ( X, y) 3):(CCb He rrpe):(IIO-

Jiaranach. CornaCHo orrpe.ne11eHHID (5.51), (HcToKoo6pa3HaH) <l>YffKIJ,HH f (x) rrpttHa.l:(Jle)J(HT 06-

JiaCTH 3Haqemrii orrepaTOpa fIUih6eprn-lllMH.l(Ta K. Ilo3TOMY TeopeMY fHJib6eprn-illMttma 

MO)J(HO cQ:iopM}'JIHpOBaTh TaK: 

CHCTeMa co6CTBCHHblX 3JICMCHTOB orrepaTOpa fHJib6epTa-lllMH):(Ta IlOJIHa B 0611acTH 3Haqe

HHH 3Toro orrepaTOpa. Ecntt 0611acTh 3Haqemi.ii HeKoToporo orrepaTopa fHJib6eprn-lllMH.l:(Ta 

COBIIa.l(aeT c £2 
[ Q], TO CHCTeMa ero co6cTBeHHbIX 3JieMeHTOB IIOJIHa B 13 [ .Q]. 

Ilpe):(CTaBJTHCT HHTepec BhIHCIIHTb IIpH KaKHX YCJIOBIDIX pH):( fmn.6epTa-lliMH):(Ta CXO.l(HTCH 

a6coJIIOTHO H paBHOMepHO. I1MeeT MCCTO TeopeMa. 
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Ecnn 3pMHTOBO M,npo K ( x, y) y,nosneTBopMeT ycnosmo 

~K(x,y)j2dy:::;; A <oo, VxE Q, 
Q 

TO pM,n fnm.6epTa-illMH.l(Ta (5.54) CXO,[(HTCM peryJIMpHO Ha Q. )J,OKa3aTeJibCTBO MOX<HO HaHTH 

B [34]. HarroMHHM orrpe,neneHHe: PAA Ha3bIBaeTCM pery.rnrpHo cxoMJIJ;HMCM, ecnn PAA m ero a6co
JIIOTIIhlX BeJIWfHH CXO,[(HTCM paBHOMepHo. TaKOH pM,n, O'leBH.l(HO, CXO.l(HTCM a6cOJIIOTH0 H paB

HOMepHO. 

3aMe'laHHe. )I.JIM 3pMmosoro HerrpepbIBHoro Ha QxQ M,11.pa K ( x, y) TeopeMa fnnb-

6eprn-lllMH.UTa 3BY'JHT TaK [ 11]. EcJIH <PYffKQHM I ( x) HCTOKoo6pa3HO rrpe,ncTasnMa qepe3 

oTJIH'IHoe oT ttyJIM 3pMHTOBo HerrpepbIBHoe M,npo K ( x, y), I = Kh , TO ee pM,n <I>ypbe no co6-

cTBeHHbIM <PYHKQHMM sr):lpa K ( x, y) cxo,11.HTCM perynn:pHo Ha Q K :noil: <PYHKQHH. 

Pemeuue CHMMeTpH'IHLIX HHTerpa.JILHMX ypasueuuii. PaccMOTpHM CHMMeTpH'IHoe HHTe

rpanbHOe ypaBHeHHe 

IJ?(x)-A f K(x,y)IJ?(y)dy =I (x), I (x)E L2 [n]. 
Q 

EcJIH H3BeCTHbI CHCTeMbI ero xapaICTepHCTH'leCKHX 'lllcen H co6cmeHHhIX WYHKD.HH {A,} H {<pk} , 

TO pemeHHe 3TOro ypasHeHHM B KJiacce KBa):lpaTH'IHO cyMMHpyeMbIX <PYffKQHH HaxO,ll.HTCM 

rrpOCTO. )I.JIM :noro HCTOKOo6pa3HYIO <PYHKQHJO 

F(x)= JK(x,y)q:i(y)dy 
Q 

pa3JIO')l(HM cornaCHO TeopeMe fHn1>6epTa-illMH,1J.Ta B pMA 

~ c 
L An 'Pn ( x)' en = ( cp, 'Pn) 
n=l n 

H ITOACTaBHM ero B ucxo.l(Hoe ypasHeHne. IloJ!Y'IHM CTpYKTYPHYIO <PopMyny MM IJ?( x) 

~ c 
cp(x)-AL An 'Pn(x)= l(x). 

n=1 n 

(5.55) 

)J.JIH orrpep:eJieHHS!. HeH3BeCTHbIX IIOKa K03$$HQHeHTOB <l>yphe Cn )lMHOX<HM ypaBHeHlie (5.55) 

CKaJIMpHO Ha 'Pm ( x) ( m = ], 2,. .. ). TaK KaK CHCTeMa co6cTBeHHbIX <PYffKQJfH 3pMHTOBOfO M,npa 

opTOHOpMHpOBaHHaS!.,IIOJ!Y'laeM 

A 
Cm--Cm =(f,cpm)= Im (m=l,2,. .. ). 

Am 
(5.56) 

ECJIH A - rrpaBHJibHoe 'IHCJIO (T. e. A He coBrra,!J,aeT HH c OAHHM H3 xapaKTepHCTifl'.IecKHX 'IHcen 

M):lpa), TO A/ Am "#I H H3 3TOro ypaBHeHHH HaXO,[(HM Ko3<P<PHQHeHTbI en' a 3aTeM H pemeHHe 

<p(x)=J(x)+A~ }.n~A 'Pn(x), In =(f,<p.). (5.57) 
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PaccMOT{)HM Tenep1> c.nyqaii:, Kor,na ypaBHeHue «CH.nHT Ha crreKl'pe», T. e. Kor.na A - xa
paKTepucTWiecKoe q11cno H.npa. B rrocne.nosaTen1>HOCTH xapaKTepucT11qecKHX q11cen 3TO 3Haqe
HHe A MO)l(eT rroBTOpHToCH HecKon1>Ko pa3. IlycT1> 

A=Ap =Ap+I = ... =Aq. 

Tor.na, ,norrycTHB, ~o perneHHe H B 3TOM c.nyqae cyrneCTByer, rrpHXO,[(HM K ypaBHeHHHM (5.56), 
rrp11qeM rrpH m = p, p + 1, ... , q CKamrpHbie rrpOH3Be)J;eHHH (f ,rpm) He06XO)J;HMO paBHhl Hymo, 

a K03$qmu;ueHThI cm - rrpOH3BOnhHbI. B pe1yn1>TaTe, rronyquM 

{IJ( x) = f (x)+A-f 
1 

A ~A {/Jn (x)+ f Cn{/Jn (x), 
n=l n n~p 

(5.58) 

r.ne IIITpHX Ha)]; CyMMOH 03Haqaer, qTo qneHhl c HOMepaMH n = p, p + l, ... ,q ,[(On)l(Hbl 6@Tb 

OIIyrneHbI, a Cn. - Ilp0113BOnhHhie qucna. 

TaKHM o6pa3oM, ecnH A - xapaKTepHCTuqecKoe qucno, TO ,[(nH pa3pernHMOCTH HHTe
rpan1>Horo ypaBHeHHH Heo6XO)J;HMO (H ,[(OCTaTOqHo ), qT06hl CB060)J;Hb1H qneH 6om OpTOroHaneH 
KO BCeM co6cTBeHHbIM <lJyttKD;HHM, COOTBeTCTBYJOID;HM .naHHOMY A . IlOCKOnoey COI03HOe HHTe
rpanoHoe ypaBHeHIIe COBrra.naeT c HCXO,[(HbIM, TO 3TOT BblBO,[( rronHOCTbIO cornacyeTC.ll c qersep
TOH TeopeMoii <!>pe,nron1>Ma. 

3aMeTHM, ~o xapaKTepHCTWieCKOMY qncny MOJKeT COOTBeTCTBOBaTh nHIIIh KOHeqHoe qffcno 

co6cTBeHHhIX <PYHKD;HH CHMMel'puqHoro .si.npa K ( x, y) . .ll,eiicTBHTenDHo, rryCTD xapaKTepncrnqe-

1 6 ,}, (1) (2) (q) c CKOMY qncny /'\) COOTBeTCTBYJOT co CTBeHHDJe '±'YflKu;HH {/Jo , % ' ... ,{/Jo . qffTaH, ~o na CHC-

TeMa opToHopMHposaHa, 1arrmneM 

() 

{/Jo' (x) =(Kq:i~il)(x)= JK(x,y){IJ~i)(y)dy (i=l,2, ... ,q). 
Ari n 

IlpaBa.si qacT1> 3Toro paBeHCTBa npe,ncTaBnHer co6oii Ko3<P<lmu;tteHT 1Pyp1>e H,npa K ( x, y) KaK 

<lJyttKD;HH OT y. Ilo3TOMY MO)l(HO BOCIIOnh30BaTbC.ll HepaBeHCTBOM Eeccemr 

11.ttTerpnpy.si no x, rronyqaeM 

3z ~ s JK2 (x, y)dxdy <co, 
Ai; nn 

cne.noBaTenotto, q He npesocxo,nHT HeKoToporo qncna. 

113 <lJopMynw lllMH,[(Ta (5.57) .nmr perneHHH CHMMeTpHqHoro HHTerpanoHOro ypaBHeHHH 

MO)l(HO rronyqHTh npe.ncrnsneHHe pe1on1>BeHT1>1 3pMHTosoro L2-.si,npa. Bcrnsn.si:H B (5.57) BMe

CTO fn ero Bbipa)l(eHHe B Bll,[(e CKMHpHOro rrpmnse,neHH.ll H3 (5.56), 1anHII1eM 

{IJ(x) = f (x)+ A-f J f (y )q:im (y ){IJm (x) dy = f ( x) +A JR(x, y;A) f (y )dy, 
m~ln Am-A n 
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r.n,e 

R(x,y;A) = f rpm (x)rpm (Y)_ 
m=I Am -A 

(5.59) 

P.ir.n, (5.59) MH pe30JI1>BeHThI L2
-.ir.n,pa cxo.n,HTCH B cpe.n,HeM no o6eHM nepeMeHHhIM x H y npH 

A -:t= Am ( m = 1, 2, ... ) . BH.D.HO, 'ITO pe30JihBeHTa CHMMeTPHtJ:Horo .ir.n,pa HMeeT TOJibKO npocT1>1e 

noJIJOChI Ha A -nJiocKocTH. 

liHJIHHeiinble pH,ll.hl ,ll.JIH CHMMeTpHqnoro H,ll.pa H ero HTepaUHii. ¥13 HHTerpaJibHbIX 

ypaBHeHHH ,D,JIH pe30JibBeHTbl (5.24) CJie.n,yJOT paBeHCTBa 

R(x, y;O) = K(x, y) = K(y,x). 

Y'IHTbIBaH Bbipa)J(eHHe MH pe30JibBeHTbl (5.59), nOJIYllaeM 6HJIHHeHHbIH p.ir.n, ,lJ,JIH CHMMeTPHq

Horo (HettyJieBoro) H,D,pa 

K ( ) = ~ rpm ( x) ~ = K ( ) x,y L.. 1 x,y, 
m=I Am 

(5.60) 

r.n,e {Am} H {rpm} - yrrop.ir.n,oqeHHbie Ha6op1>1 xapaKTepHCTH'IeCKHX qHCeJI H COOTBeTCTBYIO

IQHX HM co6cTBeHHhlX <PYHK1IHH .ir.n,pa K ( x, y). 
Mo)l(HO noKa3aTb, qTo 3TOT p.ir.n. cxo,D,HTCH B cpe.n.HeM K L2 

-.ir.n.py K ( x, y) no o6eHM nepe

MeHHbIM [38, 50]. 

YMHO)l(HM Tenep1> JieBYID H npaBYJO qacTH paBeHCTBa (5.60) Ha K (x, y) H npoHHTerpH

pyeM no o6JiaCTH QxQ. 6y.n,eM HMeTb 

J JK(x,y)K(x,y)dxdy = J fI rpm (xl~ K(x,y)dxdy. 
nn nnm=l m 

TaK KaK p.ir.n, (5.60) cxo.n,mc.ir B cpe,D,HeM, a K ( x, y) - KBa.n,paTHqHo CYMMHpyeMoe .ir.n,po, TO 

B npaBoii qacTH 3TOro paBeHcTBa MO)l(HO mrrerpHpoBaTb nolJ:JleHHO. .[J,eiiCTBHTeJibHO, v t: > 0 
Haii,n:eTCH TaKoe HaTYPaJihHOe N, qTo 

Tenep1> ou,eHHM pa3HOCTb. 

f Jf rpm (x)rpm (y) K(x,y}dxdy-ff Jrpm (x)~ K(x,y}dxdy = 
nnm=l Am m=I nn Am 

< t:. 

CJie.n,oBaTeJibHO, 

J ff rpm(x)~ K(x,y)dxdy= ff Jrpm(x)~ K(x,y)dxdy. 
nn m=l Am m=I nn Am 
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c yqeTOM :noro paBeHCTBa BhlBO,LIHM 

J Jf rpm(x)q;:"{Y) K(x,y)dxdy = f J<pm (x)~ dx=f ~. 
n n m=l Am m=I n A,m m=I Am 

TaKHM o6pa30M, 

00 I f n 2 L-2 = JIK(x,y)I dxdy=B2. 
m=I Am nn 

(5.61) 

~JUI HeCHMMeTpHqHoro H,Llpa BMeCTO paBeHCTBa (5.61) cnpaBe.LIJIHBO HepaBeHCTBO (TeopeMa 
H. Illypa) (10, 16] 

f ~::; f flK(x,y)l2dxdy. 
m=t IA-ml nn 

IIonyqwM 6HJIHHeiiHhIH pH.LI .LIJIH BToporo HTep11poBaHHoro H.Llpa K2 ( x, y). ~JIH 3Toro B <jJop

MYJie fHJib6epTa-lliMH.LITa (5.51) no.JIO)J(HM h(y) = K(y,t). HMeeM 

00 h J K (x,y) K (y,t)dy = L A,m qJm (x), 
n m=l m 

r.r:1e 

hm =(h,<pm)= fK(y,t)q.im(y)dy= fK(t,y)q.im(y)dy= q.i~(t). 
n n m 

B pe3yJihTaTe nonyqaeTcH formrneiiHaH <jJopMYJia 

K ( t)=~<pm(x)q.im(t) 
2 X, ~ A,2 • 

m=l m 

(5.62) 

PM B npaBoii qacnr (5.62) CXO.LIHTCH B cpe.r:1HeM no o6eHM nepeMeHHbIM, a TaK)J(e no nepeMeH
HOii x npH noqTH Bcex t H ITO nepeMeHHOH t ITPH ITOqTH scex 3HaqeHHHX x (34]. 

MO)J(HO ITOKa3aTb, qTQ HMeeT MeCTO o6m.aH 6HJIHHeHHaH <l_)opMYJia 

(5.63) 

Orc10.r:1a cJie.LIJeT, qTO (yrropH.r:1oqeHHM) cwCTeMa xapaKTepHCTwqecKwx qwce.JI p-ro HTepwpo-

BaHHOro H,Llpa o6pa3yeT ITOCJie,[IOBaTeJibHOCTb At ,A{ , ... ,A:, ... , KOTopoil: COOTBeTCTBYeT ITOCJie-

,LIOBaTeJibHOCTb co6cTBeHHbIX <jJyHKU:HH q.il ( x)' q.i2 ( x), ... , q.in ( x) ' .... 
YMHO)J(HB CKMHpHo o6e qacTH paBeHCTBa (5.63) Ha KP (x,t) H rrpo.r:1eJiaB BbIKJia,LIKH aHa

JiomqHo TeM, qTQ ITpHBeJIH K <jJOpMJ.!Ie (5.61), ITOJiyqHM 
00 1 2 
L2P= f ~KP(x,t)J dxdt. (5.64) 
m=I Am nn 

Ilo.JIO)J(HB B (5.63) x = t H HHTerpwpyH ITO Q, 3anmneM em.e 0.LIHY <JlOPMY.!IY 

00 1 
L ---;= J KP(x,x)dx=AP, 
m=I Am n 

(5.65) 

r.r:1e AP - p-il:cJie.L1H.L1pa K(x,y). 
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3KcrpeMaJibHble CBOHCTBa xapaKTepucruqecKHX quceJI H COOCTBeHHbIX <i>YHiaJ.HH CHM

MeYpH'IHOro smpa. IlyCTh <jlym<rurn h ( X) E L2 [ Q]. TIO TeopeMe fHJih6epTa-lilMJmTa HCTOK006-

pa3HO rrpe,ll;CTaBHMaH lfepe3 h <l>YHKU:HH 

~ h 
( Kh )( x) = J K (x, y )h(y )dy = L 2'-<pm ( x), hm = ( h,<pm ). 

Q m=l Am 

YMHO)l(HM 3TO paBeHCTBO CKamrpHo Ha h(x). TaK KaK p~m B npaBoii lfaCTH cxo,ll;HTCH B cpe,ll;

HeM, TO orrepan:nn HHTerpnpoBaHHH H CyMMHpOBaHHH MO)l(HO IIOMeHHTh MeCTaMH. B pe3YJihTaTe 

JIOJIYlfHM <j>OpMJJIY fHJib6epTa (aHaJIOr npnBe,ll;eHHH KBa,ll;paTHlfHOH <jlopMbl K KaHOHHlfeCKOMJ 

BH,ll;y) 

( ) -~ i( h, 'Pm )!
2 

I I I I I I Kh, h - L. , Ai < Ai < ... < Am < ... 
m=1 Am 

0TCJO,ll;a HMeeM on:eHKY 

I ~ 2 

l(Kh,h)l::;µ:r~l(h,<pm),. 

A B cnny HepaBeHCTBa EecceJIH ,ll;JIH K03<jl<jlnn:neHTOB <l>ypbe 

HaxO,ll;HM 

f lhml
2 

::; llhll2 

m=l 

'(
Kh h)I<~ ' - IAil. 

(5.66) 

EcJIH 6paTb TOJibKO HOpMHpOBaHHbie <j>yHKU:HH, ,ll;JIH KOTOpbIX llhll = 1, TO H3 IIOCJie,ll;HeH on:eH

KH BbITeKaeT 

i(Kh,h)I::; l~I· (5.67) 

B on:eHKe (5.67) paBeHCTBO ,ll;OCTttraeTcH Ha rrepBoii co6CTBeHHoii <jlym<n;ttn <p1 ( x). )l;eiiCTBH

TeJTuno, YAfHO)l(llB CKaJIHpHO paBeHCTBO (/Jl = Ai K 'P1 Ha <fJi ( x) H YlfHTbIBaH HOpMHpOBaHHOCTb 

3TOH <jlyHKU,HH, Haii,!l;eM 

1 1 
( K<fJi, <p1 ) =Ai => i( K <pp <pi)!= j:~J" 

TaKHM o6prooM, rrpnxo,ll;HM K TeopeMe. BeJIHlfHHa !( Kh, h )! HMeeT MaKCHMYM na e,ll;HHHlfHoii 

c<Pepe B L2 
[ n]. 3TOT MaKCHMYM paBeH IAi r H ,ll;OCTHraeTCH rrpn h = '7'1 ( x). 

PaccMOTPHM Terrepb MHO)l(eCTBO HOpMHpOBaHHbIX tP)'HKD:llH, OJITOrOHaJihHhlX rrepBbIM n - I 
co6cTBeHHhIM <jlyttKD;HHM: ( h, <p1) = ( h, <p2) = ... = ( h, (/J._1) = 0. Tor,ll;a KBa,ll;paTHlfHhJH <jlyttKU:HO

mm fttJib6epra 

(Kh,h)= ~ i(h,~)j
2 

TIOBTOpAA paCCJ)l(,!l;eHHH, rrpoBe,ll;eHHhie BhIIIIe, IIpHXO,!l;HM K CJie,1J;yI0Iu,eMJ yTBep)l(,ll;eHHJO. 
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Ha MHO)l(ecTBe :meMeHTos e,LUffiWIHOii c<1JepbI S1 c L1 
[ .Q), opTOroHaJ:IbHbIX K rrepBhlM n -1 

co6cTBeHHhIM <1JyttKU:lUIM H.n;pa K ( x, y), BCJIHtJirna j( Kh, h )j HMeeT MaKCHMyM, paBHhiii IA-. 1-1 
. 

3ToT MaKCHMYM )l;OCTITTaeTCH npH h = rpn ( x). 
3aMCTHM, 'ITO BO BCCX paccy)l()l;eHmIX H.Lq)O K ( X, y) npe.n;norraraJIOCh HeBhipo)l()l;eHHhIM. 

B npoTHBHOM crryqae pH.n;bI 3aMeHHIOTCH KOHCtJHhIMH CJMMaMH. 

,ll,JIH Henpepb!BHOI'O 3pMHTOBoro H.n;pa Bee 3JieMeHThI TeopHH coxpaHHIOTCH. lIMelOT MeCTO 

yTBep)J():(eHHH (l lJ. 
BcHKOe 3pMHTOBO HenpephIBHoe H.n;po K (x, y) * 0 HMeeT no KpaiiHeii Mepe o.n;Ho xapaK-

TepHCTMtJecKoe tJMCJIO, M HaMMeHhlllee no MOLJ:YJIIO xapaKTepMCTM'leCKOe tJHCJIO Ai y.n;oBJieTBO

pHeT BapMaI:(HOHHOMY npirnu:mzy 

1 llKJI\ -=max--IAi I feL'[n] II! II . 
MHo)KeCTBO xapaKTepMCTMtJeCKMX 'lH:cerr {Am} He nycTO, pacnoJIO)KeHo Ha semecTBeHHOii ocH, 

He 6orree 'leM C'lCTHO M He HMeeT KOHCtJHhIX npe.n;eJihHbIX TOtJeK; Ka:JK,ll;Oe xapaKTepMCTWieCKOe 

tJMCJIO MMeeT KOHClffiYIO KpaTHOCTb; CHCTeMa co6CTBeHHhIX <1JyttKI:(HM {rpm} MO)KeT 6oITh BhI6paHa 

OPTOHopMwpoBaHHOii 

EcJIH A 7' Am ( m = 1, 2, ... ) , TO ypaBHeHMe 

rp-AK<p= f 

OJJ:H03Hff'IHO pa3peIIIHMO rrpH mo60M cso6o.n;HOM tJJieHe f E c [n] H npe.n;cTaBJIHCTCH B BH,D;e 

paBHOMepHo CXOJJ:HIIJerocH Ha .Q pH,n;a no <1JopMJJie llIM.tt,D;Ta (5.57). 
EcrrH A = Am, TO .L\IDI pa3peIIIHMOCTH 3TOro ypaBHeHHH Heo6xo.n;.ttMO H ):(OCTaTO'lHO, tJT06bI 

r.n;e rpm, rpm+!' •• ., rpm+rm-I - C06CTBeHHhie cpyttKU:HH, COOTBeTCTByIOIIJMe xapaKTep.ttCTHtJeCICOMJ 

'IHCJIY Am H rm - ero KpaTHOCTh. 

IloJimKHTeJlhHhie HIJ.pa. nttHeHHh!M onepaTOp A c o6naCThlO onpe.n;eJieHHH DA Ha3hIBaeTCH 

noJIO)KHTCJlhHhIM, ecmI nopo)J():(CHHaH MM KBa.Lq)aTH'IHaH <l>opMa 

(Af.f)~o. VfE DA. 

lfa 3Toro orrpe.n;eneHMH crre.n;yeT, tJTo rroJIO)KHTCJibHbiii onepaTop 3pMHTOB. B caMoM .n;ene, ecnw 

KBa.Lq)aTM'lHaH qiopMa ( Af, f) - npMHMMaeT .n;eiiCTBMTeJihHhie 3Ha'leHHH, TO 

Re[(Ag,f)-(Af ,g )] = Re{~[(A(f +ig ),f +ig )-(Af ,f)-(Ag,g )] } = 0, 

Im[(Ag,f)+(Af ,g )] = Im{(A(f + g),f + g )-(Af ,f)-( Ag,g )} =0. 
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0TeIO~a 

(Af ,g) =Re(Af ,g )+ilm(Af,g) = Re(Ag,f)-ilm(Ag,f) = ( Ag,f) = (f ,Ag). 

A 3To tt 03HaqaeT, ~o onepaTop A 3pMHTos. I-haK, sexKHli noJIO)KllTeJihHhIR onepaTOp 3pMHTOs. 
Eentt K ttHTerpaJibHhIR noJIO)l(1ITeJihHhIR onepaTOp, TO rtIJih6epTOsa Ksa~paTttqHax cpopMa 

(Kf,f) = Jf K(x,y)f (x)f (y)dxdy ~O, VJ E L2 [n). 
QQ 

51,D.po K ( X, y), eOOTBeTCTB)'IOII1ee noJIO)l(ll'feJihHOMY onepaTOpy K, Ha3hIBaeTeH nOJIQ)IG!TeJih-

HhIM. 0Ho 3pMmoso: K(x, y) = K(y,x). 
I-fa cpopMynhl fttnh6epTa 

(Kh,h)=f'(h,<pm)l
2

, hEL2 [Q) 
m=l Am 

ene~eT, qTQ eentt h He eosna~aeT e KaKoli-ntt6o eo6eTBeHHoli cpyttKu;tteli noJIO)l(ttTeJihHoro 

x~pa K ( x, y), TO see Am > 0, eentt )l(e h eeTu eo6eTBeHHaH cpyHKIJ;HH: h = <pP, TO 

(K<pp,<pp)= ~ , 
p 

tt s 3TOM enyqae AP > 0. 

TaKHM o6pa3oM, npttxo~ttM K 3aKJI10qeHttIO, qTo MH nonoJKttTeJihHOeTtt 3pMttTosoro x~pa 

K ( x, y) Heo6xo~ttMO tt ~oeTaToqHo, qT06b1 see ero xapaKTeptteTttqeeKtte qttena 6hrntt nono

JKITTeJihHhIMM 

O<Ai<~< ... 

51,D.po K ( x, y) Ha3hIBaeTeH nono)l(ll'feJihHO ( OTpttu;aTeJihHO) onpe~eneHHhIM, eeJIH ( Kh, h) > 

> 0, ( ( Kh, h) < 0) ~JIH n106oli h E L2 
[ Q], OTJitiqHOR OT TO~eerneHHoro Hynx. 

OTMeTMM, qTo nono)l(llTeJibHoe Mpo MO)l(eT nptIHHMaTu tt OTptIUaTeJihHhie 3HaqeHtIH. Ha

np11Mep, H~po K ( x, y) = <p( x) <p( y) CllMMeTPttqHo 11 MO)l(eT 6hITh KaK noJIO)l(tITeJihHhIM, TaK 

ll OTp11u;aTeJihHhlM, HO OHO noJIO)l(MTeJihHOe no onpe~eJieHMIO, TaK KaK 

( Kh,h) = Jf <p( x)<p(y )h( x)h(y )dxdy = { f 'P( x)h(x)dx}
2 

~ 0. 
QQ Q 

HMeeT MeeTo ene~yiomax TeopeMa Mepeepa. Eentt ettMM~fiqHOe L2 -H~po K ( x, y) Henpe

phlsHo ll llMCeT JIHIIlb noJIO)l(tITeJihHhIC xapaKTepMeTfiqeeKtte q11ena (HJIH ~a)l(e KOHe•rnoe q11eno 

OTPttUaTeJihHhIX xapaKTeptteTttqeeKttX qtteen), TO PM 

f 'Pm ( X) 'Pm ( Y) 
m=l Am 

(5.68) 

exo~ITTeH a6COJIIOTHO ll pasHOMepHO (no nepeMeHHhIM x ll y) ll cnpaOOMtISa 6tIJitIHCRHaH cpop

MYJia (5.60), T. e. 

K(x, y) = t 'Pm (x)<pm (y). 
m=l Am 

(5.69) 
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Ha caMOM ,n;eJie :)Ta fomHtteifmur ipopM)'Jia 6bma yCTaHOBJieHa pattee )J)UI 3pMHTOBoro H,n;pa 

B ycJIOBH51X cpe,n;HeKBa,n;paTWIHOH CXO,!l;HMOCTH 6HJIHHeHHOrO pM,n;a K M,D;py K ( X, y). C$opM)'

JIHpOBaHHaM BhIIIIe TeopeMa Mepcepa yTBep)l():(aeT, 'ITO B ycJIOBH51X TeopeMhI pM,n; (5.68) cxo,n;HT

c.sr K ttenpephlBHOMY MPY K ( x, y) a6comorno H paBHOMeptto. 

3aMe'l.aHHe. Bo MHOrHX 3a,n;a'l.ax cpH3HKH, npHBO,!l;MII(HXCM K CHMMeTPH'l.HblM HHTerpaJib

HblM ypaBHeHHMM <I>pe,n;rOJibMa, IlOJIO)KHTeJibHOCTb M,n;pa .HBJIMeTCM CJie,D;CTBHeM cpH3H'l.eCKOro 

CMbICJia KBa,n;paTH'l.HOH <J:>opMbI fHJib6ePTa (cM. n. 3.11). B TaKHX CJIY'l.a51X )J)UI paJJIO)KeHHM H,n;pa 

MO)KHO c ITOJIHbIM OCHOBaHHeM npHMeH.HTb <l>opM)'JIY (5.69). 

Aim noJIO)KHTeJibHOro ttenpepbIBHoro .sr,n;pa K ( x, y) cnpase,n;JIHB cJie,n;y10mHif sapHaIIHOH

HhlH npHHIIHli [l J] 
(Kh,h) 

~ sup -

1

- 2- (k=l,2, ... ), 
"'k he L' [ Q] ihll 

(5.70) 

(h,qi;)=O, i=l,2, ... ,k-1, 

npH'l.eM supremum ,!l;OCTHraeTC.H Ha n106oif co6cTBeHHOH cpyttKIIHH, COOTBeTCTByIOmeif xapaK

TepHCTH'l.eCKOMY 'l.HCJIY ~ . 

.IJ,eHCTBHTeJihHO, H3 <PopM)'Jihl fHJib6epTa (5.66) c J'l.eTOM HepaseHCTB ~ :2: ~ > 0 npH i :2: k 

ITOJIY'l.aeM )J)UI scex h E L2 [ Q], TaKHX 'ITO ( h, qi;)= 0, i = l, 2, ... , k -1 

IlpnBJieKaM Teneph HepaBeHCTBO EecceJIM 

f !( h, q>m )!2 

::;; llhll2 ' 
m=k 

npnxo,n;HM K 011ettKe 

(Kh,h) 1 
--0-:S:-. 

llhll- ~ 
PaseHCTBO 3L(ech .noCTHraeTcM npn h = qi" ( x) , r.ne qi" ( x) 
K ( x, y), cooTBeTCTBYIQII(aM xapaKTepHCTH'l.eCKOMY 'l.HCJIY ~ 

co6CTBeHHa.H <PYHKIIHM .sr,n;pa 

3THM 3aBepIIIaeTCM L(0Ka3aTeJibCTBO sapHaIIHOHHOro npHHIIHIIa (5.70). 

EcJIH 3pMHTOBo ML\po semecTBeHttoe K ( x, y) = K ( y, x), To ero co6cTBeHHbie cpyHKIIHH 

MO)KHO C'l.HTaTb BemecTBeHHhlMH. B caMOM L(eJie, ITyCTb % ( x) co6cTBeHHa.H cpyttKu;H.H, COOTBeT

CTBYIQilla.H xapaKTepHCTH'l.eCKOMY 'l.HCJIY Ao· HMeeM 
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Pa3,[l,e.JIIDI 1.11:ecb .11:eH:cTmneJibttyJO M MHMM)'IO qaCTM, c yqeroM Toro, qTO H,D,po K ( x, y) M ~i .11:eH:

CTBMTeJibHbie, nonyqaeM 

TaK qTo HeeyneBhle rp1 ( x) M rp2 ( x) HBJIHIOTCH .11:eH:cTBMTeJibHhlMM co6cTBeHHbIMM <l>YHKQMHMM 

H.lJ:Pa K ( X, y) , COOTBeTcTByromttMM xapaKTepMCTMqecKOM}' qMcny ~ . 

3aMeqaHMe. B cnyqae eCJIM HeCMMMeTPMqHoe H,[1,pO MMeeT BH,[I, 

H (x,y) = p(y) K(x, y ), (5.71) 

r.11:e K(x,y) - CMMM~MqHoe (3pMITTOBO): K(x,y) = K(y,x), a Bee p(y) - IIOJIO)l(lfTeJib

HaH HenpepbIBHM <l>YHK~H Ha Q, TO ypaBHeHMe C H,D,poM H ( X, y) JierKO IIpHBO)UITCH K HHTe

rpaJibHOM}' ypaBHeHMIO c 3pMHTOBbIM H,[1,pOM. ,[(enaeTCH 3TO TaK. I1cXO,[l,HOe ypaBHeHMe 

rp(x)-A JH(x,y)rp(y)dy = f (x) 
Q 

YMHO)J(aeTCH Ha ~p(x) M BB0,[1,MTCH 1aMeHa ¥t(x)= rp(x)~p(x). B pe1yJibTaTe npttXO,[l,HM 

K CHMMeTPHqHOM}' HHTerpaJibHOM}' ypaBHeHHIO OTHOCMTeJibHO <l>YHKQHH ¥f(x) 

¥'( x)-A NP( x) p(y )K (x, y )¥t(Y )dy = f (x)~p(x). 
Q 

TaKMM o6pa30M, TeopRH 1MJib6eprn-IllMM.D:Ta nepeHOCITTCH Ha ypaBHeHRH c H.lJ:POM (5.71), 

eCJIM ero paccMaTPHBaTb B npocTpaHCTBe I3 [n;p], B KOTOpOM CKaJIHpHoe npOH3Be,[l,eHMe OII-

pe,[1,eJrneTCH <l>OPM}'JIOH 

(u, v) = fp(x)u(x)v(x)dx. 
Q 

Ilpu6Jium:euuoe onpe,!l,eJieuue xapaKTepuCTuqec1rnx queen u co6cTBeHHhIX «l>YHKQHii 
CHMMeTJ>nquoro B,[1,pa. B 3a,[l,aqax <Ptt3MKM M MexaHHKM, B pa3JI~HbIX MH:li<eHepHbIX 1a.11:aqax, 

CBH3aHHbIX c KOJie6aHHHMM ynpyrMX KOHTMHY)'MOB (Kone6amrn CTPYH. MeM6paH, IIJiaCTMH M 060-

noqeK), a TaK)J(e c ycroifqMBOCTblO ynpyroro paBHOBeCMH B03Hl!KaeT Heo6XO,[l,l!MOCTb B onpe

,[l,eJieHHll xapaKTepHCT~eCKHX qllcen ll co6cTBeHHhlX <J:>YHK~ CFIMM~~HbIX l!HTerpaJibHbIX 

ypaBHeHMif. ToqHbJe pemeHHH YKa3aHHhlX npo6neM Hax0,[1,HTCH KpaifHe pe.11:Ko, no3TOM}' 6onh

moe BHl!MaHHe y.11:enHeTCH pa3pa60TKe IIpl!6JimKeHHbIX ITO,[l,X0,[1,0B [2, 9, 12, 17, 19, 36, 44]. 
OnmneM HeKOTOpbie H3 Hl!X. 

MeTo,[I, PHTQa. Onpe.11:eneHHe nepBoro xapaKTepHCTHqecKoro qHcna Ai· CornacHo TeopMH 

fHJib6eprn-IllMH,[l,Ta, l!MeeT MeCTO ,[l,OKa3aHHbIM BbIIIIe BapHaQl!OHHbIH npl!HQHII 

-I 1 I= maxl(Krp,rp)I = max/JJK(x, y)rp(y)rp(x)dxdy,. 
~ 11411=1 Ml=t "1 QQ 

B O,[l,HOMepHOM BapHaHTe Q = (a, b) - KOHeqHbIM l!HTepBan, 3a,[l,aqa CTaBITTCH TaK: 

(5.72) 
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npH HaJIH'lHH orpaHH'leHHH 

b 

llqJIJ2 = ~qJ( x )j2dx=1. (5.73) 

3a,1:1aqa (5.72), (5.73) MO)J(eT 6oITh pellleHa npHMhlMH MeTO,LlaMH BapHaQHOHHOro HC'lHCJieHHH 

[33, 36, 37, 53). B qacTHOCTH, MO)J(HO BocnoJih30BaThCH MeTO.z:IOM PHTQa. 

Bo3hMeM nocne,1:10BaTeJihHOCTh JIHHelitto He3aBHCHMhIX <iiYHKQHH 

'Y1 ( x), 'Y2 ( x) , ... ,lfF. ( x) , ... , 

IlOJIHyIO B L2 
-HOpMe, T. e. TaK)'IO, 'ITO ,LIJIH JII06oli $YHKQliH f ( x) E I3 H \ft» 0, 3N > 0 H lJHC

Jia ak , rrpH KOTOphlx 

QqeBH,LIHO, :ny IlOCJie,LIOBaTeJihHOCTh MO)J(HO ClJHTaTh IlOJIHOH OPTOHOpMHpOBaHHOH. IloJIO)J(HM 

qJ(x) = f aklJFk (x), (5.74) 
k=l 

r,1:1e ak - rrpOH3BOJihHhle K03$$HQHCHThI, IlO,[('lHHeHHhle ycJIOBHIO 

B CHJIY opTOHOpMHpoBaHHOCTH CHCTeMhI { 'Yk ( x)} 3TO ycJIOBHe npHBO,LIHT K paBeHCTBY 

Ilo,n:cTaHOBKa BMeCTO qJ(x) ero Bhlp~eHHH H3 (5.74) B KBa,LlpaTH'lHhIH <iiYHKQHOHaJI fHJih-

6epTa (5.72) ,1:1aeT 

(KqJ,qJ) = f Akpak~P• 
k,p=l 

r,1:1e 

b b 

A,;P = fJK(x,y)lfFk (x)IJFp (y)dxdy, Akp = Apk· 

TaKHM o6pa30M, npHXO,LIHM K 3a,zi;aqe Ha ycJIOBHhlH 3KCrpeMYM <liYHKQHH MHOIBX nepeMeHHhIX 

(5.75) 
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,lJ,oKa3aTeJihCTBO cxo,n;HMOCTH rrpou;ecca PHTu;a K rrepBOM)' xapaKTepHCTH'leCKOM)' qHc.rry H,n;pa 

MO:>KHO HaHTH, HarrpHMep, B [33]. 

B rrpHJIO:>KeHHHX HaH6onee qacTO scrpeqacrcH: c.rryqaii, Kor.n;a H,D;po K ( x, y) .n;eiicrnmeJih-

Hoe. Tor.n;a MO:>KHO B3H:Th 6a3HCHhie cpym<u;HH lf/k H K03cpcpHIJ;HeHThl ak ,n;eHCTBHTeJibHhIMH H 3a

.n;a'Ia (5.75) yrrpmu;aeTCH: 

m 

~:>~ =l. 
k=l 

HaH6onee rrpocTO pemacrcH: 3Ta 3a)J;a'Ia AJIH: rrono:>KHTeJihHO orrpe.n;eneHHoro H:.n;pa K ( x, y). 

B 3TOM c.rryqae KBa.n;paTH'IHaH cpopMa ( K <p, <p) > 0, V <p "/:. 0 H 

r.n;e Ai(m) - rrpH6JIH:>KeHHoe 3Ha'IeHHe rrepsoro xapaKTepHCTH'lecKoro 'IHCJia. 

PemeHHe 3TOH 3a,D;a'IH rrpOBO)l;HTCH: ITO MeTO,Jzy narpaH:>Ka. CocTaBJIHeM cpyHKIJ;HIO 

L = i Akpakap -<Tia~, Akp = Apk' 
k,p=I k=I 

r.n;e (j - Heorrpe,n;eJieHHhIH MHO:>KHTeJib. 3Ha'IeHHH K03cpcpHu;HeHTOB a;, ,D;OCTaBJIH:IOIIJ;HX KBa,n;

paTH'IHOH cpopMe MaKCHMaJihHOe 3Ha'IeHHe, orrpe.n;emIIOTCH H3 CHCTeMbl JIHHeHHhIX anre6paH

'IeCKHX ypaBHeHHH 

(JL m 

-= LAkpap-<Tak =0 (k =1,2, ... ,m). 
dak p=1 

IlOCKOJihKY Jlall * 0, TO Hae HHTepecyeT HeTPHBHaJihHOe pememi:e '.)TOH CHCTeMhI, Heo6xo,n;HMhlM 

H ,D;OCTaTO'IHhIM ycJIOBHeM cymecTBOBaHHH: KOTOporo H:BJIH:eTCH: paBeHCTBO 

Azl' Az2 -(j, .. ., Azm 
...................................... =0. (5.76) 

YMHO:>KaH: k-e ypaBHeHHe CHCTeMbI Ha pemeHHe a: H CBOpa'IHBaH pe3yJihTaThI ITO k, Haxo,n;HM 

~ • • 1 
<T. = m~x L. Akakap = (;;;j• 

~+! k,p=I A; 

r.n;e <T. - MaKCHMaJihHhIH KOpeHh ypaBHeHHH (5.76). 
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Ec1rn H3 KaKHX-JIH6o coo6pa)K'.eHHH H3BeCTHO, qTo xaparcrepHCTHqecKOMY qHc.rry Ai COOT

BeTcTByeT 0)1,Ha co6cTBeHHruI <l>YHKU:HH <fJ1 ( x), TO cornaCHO (5.74) MQ)K'.HQ ITOJIQ)K'.H:Th 

B npoTHBHOM cnyqae npou;ecc onpe)J,eJieHHH co6craeHHhIX <)>yHKU:HH ycJIO)K'.HHeTCH. 

Onpe.ri;eJieuue nepeoro xapa1nepucTuqecKoro quCJia qepe1 CJIC.[(bI BJJ;pa. <l>opM)'JihI 

(5.64), (5.65) )J,aJOT B03MO)K'.HOCTh nonyqHTh npH6JIH)K'.eHHhJe Bblpa)K'.eHHH )J,JIH nepBoro xapaK

TepHCTHqecKoro qttcna Ai. BwnmueM HX 3)1,ec& )J,JIH y,1J,o6cTBa 

(5.77) 

MO)K'.eT OKa3aTbCH, qTo B pH)J.y Ai :::; ~ :::; . . . HMeeTCH b ITOJIQ)K'.HTeJihHhIX xaparcrepHCTH:qeCKHX 

qHceJI Ai H d orpttn;aTeJihHhIX qHceJI -Ai. 06o3HaqHM: 1j = b + d H r2 = b-d. IlpH )J,OCTaToq

HO 60JihllIOM HOMepe p OCHOBHOH BKJia)J, B CYMMhI, <)>mypHpYJOUIHe B (5.77) )J,a)J.yT qJieHhI, co

)J,ep)K'.arnHe Ai. Ilo3TOM)' HMeeM npH6JIH)K'.eHHhie <J>opM)'Jihl (npH )J,OCTaTQqHo 60JihllIOM p) 

1j rz b 
Azp "" Ai2p ' Azp+I "" Ai2p+l ' r2 = - d -;:/:. 0. 

0TCJO)J,a H H3 nepaoli <)>opM)'JihI (5.77) nonyqaeM 

!Ail""~ AzP , !Ail"" 2PG:, Ai"" 2P~ r
2 

, r2 -::/:. 0. 
Azp+2 v Azp Azp+I 

(5.78) 

Mo*HO noKa3aTh [10, 33, 50], qTo neparur <)>opMyna a (5.78) )J,aeT 3HaqeHHe !Ail c H36hITKOM, 

BTopaH - c He)J,OCTaTKOM, rpeT&H )J,aeT 3HaqeHHe Ai BMecTe co 3HaKoM. TaM *e noKa3aHo, qTo 

B npe)J,eJie npH p....., 00 npH6JIH)K'.eHHhie <J>opM)'Jihl (5.78) CTaHOBHTCH TQqHhIMH. 

MeTo.ri; KeJIJiora. Ilycr& K ( x, y) - CHMMeTpHqHoe H)J,po H npoH3BOJihHruI HeeyneaaH 

<J>YHKllHH Ola ( X) E £2 
[ Q]. 06pa3yeM ITOCJie)J,OBaTeJihHOCTh HCTOK006pa3HO npe)J,CTaBHMhIX 

<Oi (x) = f K(x,y)01o(y)dy, 
Q 

Wz(x)= JK(x,y)<Oi(Y)dy, 
Q 

m.(x)= fK(x,y)m._1 (y)dy, 
Q 
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Ilo TeopeMe rmu,6epTa-illMH,ll;Ta 

Ey,n;eM rrpe,ll,IlonaraTh, 'ITO lUi ( x) -:t 0, T. e. 'ITO m0 ( x) He opTOroHaJJhHa sceM co6cTBeHHhIM 

cpyttKIJ;HHM H.n;pa K ( x, y) , cooTBeTCTBYfOII.l,HM xapaKTepHcTHqecKOMY qHcny Ai. llMeeM no TOH 

)Ke TeopeMe rm1h6ePTa-lllMH,ll;Ta 

r,n;e 

C yqeTOM :noro 

00 h 
m2 ( x) =I ;.,~ rpm ( x). 

m=l m 

II Boo6II.J,e, 

00 h 
m. ( x) = L --1;;-rpm (x) ( n = 1,2, ... ). 

m~I Am 

IlpH ,n;ocrnToqRo 6oJihIIIHX n s pa3JIO)l(eHHH m. ( x) rrpeo6na,n;aeT rrepsoe cnaraeMoe, rro3ToMy 

MO)l(HO BOCTIOJlh30BaThCH TipH6JIH)l(eHHhlMH cpopMynaMH 

TipHqeM TionyqaeM 3HaqeHHe IAi I c H36hITKOM. 

Mo)l(HO ,n;oKa3aTh [33, 36], qTO ecnH % ( x) He opTOroHaJihHa K co6cTBeHHOH cpyttKIJ;HH 

rpl ( x)' TO TIO 3TOMY CTIOco6y OTipe,n;eJIHTCH a6COJIIOTHaH BeJIHqHHa HaHMeHbillero xapaKTepH

CTH:qeCKOro qH:CJia IAi I· EcnH )Ke % ( x) OPTOrOHaJihHa K co6cTBeHHhIM cpyttKIJ;HHM (/Ji , rp2 , ••• , rp,_1, 

a rp, ( x) - TiepBaH co6cTBeHHaH cpyHKIJ;HH, K KOTOpoH. % ( x) He opTOroHaJibHa, TO HMeeT Me

CTO Tipe,n;eJibHOe paBeHCTBO 

IlpUMep. B&1qHcJIHM TIO cxeMe Kennora rrepsoe xapaKTepHCTHqecKoe qHcno HHTerpanh
Horo ypasHeHIDI 
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CrnpryeM c <l>YHKU:HH % ( x) = x. BhllfHCJUieM 

1 -r 

m.(x)= f:,mn_1(y)dy (n=l,2, ... ). 
0 vr 

)J,arree Haxo,n;HM 

Pe3yJibTaTbI paclfeTOB Ha 3BM CBe,n;eHhl B Ta6JIHU:Y 

n 1 2 3 4 5 6 7 8 9 10 

Ai 2,6035 0,6648 1,3538 1,1621 1,1201 1,2213 1,1524 1,1750 1,1812 1,1677 

n 11 12 13 14 15 16 17 18 19 

Ai 1,1771 1,1740 1,1731 1,1751 1, 1737 1,1742 1,1743 1,1740 1,1740 

BeIIJeCTBeHHoe CHMMeTpwrnoe H.n;po K ( x, y) Ha3bIBaeTcH H.D;pOM IIOJIO){(ffl'eJibHoro THrra 

[ 11], ecJIH K ( x, y) > 0, x E Q , y E Q. ,lVIH TaKHX H,D;ep HMeeT MecTO TeopeMa EHTlfa. 

EcJIH CHMMeYpHlfHOe IIOJIHPHOe H,D;po K ( x, y) IIOJIO){(ITTeJibHOro THrra, TO ero HaHMeHbIIIee 

ITO MO.D;yJIIO xapaKTepHCTHlfeCKOe lfHCJIO Ai - IIOJIO){(HTeJibHOe H rrpocToe; COOTBeTCTBYJOIIJaH 

co6cTBeHHaH <l>YHKU:HH rpl ( x) IIOJIO){(HTeJibHa B Q . 

IloJIHpHoe H.D;po (H.D;po co cJia6oif oco6eHHOCThIO) K ( x, y) orrpe,LleJIHeTCH <PoPMYJIOH (5.6). 

EcJIH a< n/2, TO H.n;po K ( x, y) Ha3bIBaeTCH cJia6o IIOJIHPHbIM. 06o3HalfHM 

p=l,2,. .. , 

r.n;e 

rp(P) = KPrp(o) =A J K ( x, y) rp(p-i) (y )dy + f ( x) = A.Krp(p-I) + f. 
Q 

Ilo MeTO.n;y KeJIJiora qJieHbI ~P) H rp(P) ( x) 3THX rrocJie,n;oBaTeJibHOCTeii rrpHHHMaJOTCH 3a rrpH-

6JIH){(eHHH K !Ai I H cooTBeTCTBYIOil.leH co6cTBeHrroii <l>YHKIJHH 'Pi ( x). JIIMeeT MeCTO TeopeMa. 

IlycTb K ( x, y) - CHMMeTpHlfHOe CJia6o IIOJIHpHoe H.D;pO IIOJIO){(HTeJibHOrO THIIa. Tor.n;a 

MH JII06oif <l>YHKIJHH rp(o) ( x) ;:: 0, Jlrp(o) JJ = 1 rrocJie.n;osaTeJibHOCTh {Arp J} cxo,n;H:TCH, MOHOTOHHO 

y6nmaH K Ap a rrocJie,n;osaTeJibHOCTh { ~P J} cxo.D;HTCH K rp1 s L2 
[ Q] H s C [n], rrpHlfeM crrpa

Be)l.JIHBb1 ou,eHKH 
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II II (Ai)p R <l'(p)-cpt ~ Ai -c-1 -, p=l,2, ... , 

II II ( Ai JP ../hf cp(p) -cpl c ~ LAi Ai -C-1 -, p =2,3, ... , 

r,n;e 

C1 =(cp(ol,cp1), L2 =~~ ]K(x,y)j
2
dy. 

0 

B 3aianot.iemre npttae,n;eM HeKOTOpb1e cae,n;eHmr 06 acttMIITOTttKe pocTa xapaKTepttCTHt.Ie

CKHX t.ittceJI H,n;pa <l>pe,n;roJibMa An rrptt n -7 oo. TiyCTb Q = [ 0, 1], H,IlJ)O K ( x, y) - cj>ymai;HH 

,n;ayx aeru:ecTBeHHbIX rrepeMeHHbIX, orrpe,n;eneHHM B KBaJq>aTe [ 0, 1] x [ 0, 1], K ( x, y) HMeeT orpa

HHt.IeHHbie rrpomao,n;Hble no y ,n;o nopH,n;Ka m BKJIIOt.IttTeJibHO. Ecmr Ai, Ai, ... - xapaKTepttc

THt.iecKtte t./HCJia H,n;pa K ( x, y), TO CXO,ll;HTCH pH,n; 

r,n;e c: - JII06oe rroJio:tKHTeJibHoe t.ittcJio. Ilptt 3TOM orrpe,n;eJIHTem, <l>pe,n;rOJibMa D (A) eCTb 11e

JIM cj>)'HKl.IH.ll nopH,n;Ka He BbIIIIe p. 
)J,aJibHelinme CBe,n;eHHH no '.HOMY Kpyry BOnpoCOB MO:lKHO HaHTH B rrpHJIO)J(eHHH K KHH

re [29]: A. 0. feJibcj>OH,ll;. 0 pocTe co6cTBeHHblX 3Hat.ieHHH 0,ll;HOpO,ll;HblX HHTerpaJibHbIX ypaB
HeHHH. 

5.6. YpaeHeHuR <1'peoaonbMa 1-zo pooa 

TaKHe ypaaHeHHH HMeIOT BHA 

( K cp)(x) = f K (x, y) cp(y )dy = f ( x), (5.79) 
0 

r,n;e K(x, y) H J(x) - H3BeCTHbie <i>YHKl.lllll Ha Q x Q H Q COOTBeTCTBeHHO. 

EcJIH f (x) - rrpOH3BOJibHaH HenpepbIBHM <l>YHKIIHH Ha n, a H,n;po K(x, y) - Herrpe-

pbIBHO Ha Q x n, TO perneHHe ypaBHeHHH (5. 79), Boo6ru:e roBOpH, He cymecTByeT. B caMOM ,n;eJie, 

rrycTb, HarrpHMep, K(x, y) eCTb MHOrot./JleH OTHOCHTeJibHO x H y. Tor,n;a f (x) ,n;oJI)J(Ha 6brrb 

MHOrDt./JleHOM OTHOCHTeJibHO x, T. e. CTpyKT)'pa Mpa orrpe,n;eJIHeT Bll,n; rrpaBOH qacrn f ( x). 

Boo6ru:e, ecnH H,n;po K(x, y) cj>pe,n;roJibMOBo, TO orreparnp (5.79) BIIOJIHe HerrpepbrneH 

II, cne,n;oaaTeJibHO, o6paTHbIH orrepaTop K-1 He orpaHHt.ieH. 
I1MeeT MecTo TeopeMa. ITycTb A - BIIOJIHe HerrpepbIBHbIH orrepaTop A : X -7 Y, r,n;e X 

H Y - 6ecKoHet.iHoMepHble 6aHaxoBbI rrpocTPaHCTBa, rrpttqeM Ha o6nacTH 3Hat.ieHHH RA orre

paTopa A cymecTByeT o6paTHbIH orreparnp K 1. Tor.u;a A-1 HeorpaHHt.ieH Ha RA. 
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)J;eiiCTBIITeJibHO, npe,D,ITOJIO"lKHM Harrponrn, 'ITO A-1 orpaHH'IeH Ha RA. B TIOM c.rryqae TO)l(

,D,ecTBeHHbIH orrepaTop I == A-' A srronHe HerrpepbrneH, KaK rrpoH3Be,D,eHHe srronHe Herrpepbrn

Horo A H orpaHHqeHHoro A-1 orrepaTopos [ 49, 58). Ho :no B03MO)l(HO TOJibKO, ecJIH X KO

HeqHoMepHo. 3HaqHT A_, HeorpaHH'IeH, qTo H rpe6oBanocb. 
OrrepaTOp K, orrpe,D,eJieHHbIH <):>opM)'JIOH (5.79), He HBmieTCH HopMaJibHO pa3peuIHMbIM, 

o6JiaCTb ero 3HaqeHHii He HBJIHeTCH 3aMKifYibIM MHO)KeCTBOM. TaKHM o6pa30M, 3a,D,aqa (5.79) He
ycTOiiqHBa OTHOCHTeJibHO MaJibIX (no HOpMe) B03M)'ll1eHHii orrepaTopa K H npasoii qaCTH f, 
T. e., KaK rrpHHHTO rosopHTb, HeKoppeKTHa. 

MeTO,D,bI perynHpH3al1HH ypasHeHHH rrepsoro po,D,a 

Ax== y, ker A ={0} 

c BITOJIHe HerrpepbIBHbIM orrepaTOpOM A E :£ ( x), r,D,e x - 6aHaXOBO rrpocrpaHCTBO, H3JIO

)KeHb1 B pa6ornx [8, 9, 16). OrrmneM 3,D,eCb MeTO,L( M. M. naspeHTbeBa CBe,D,eHHH ypaBHeHHH 
(5.80) K ypaBHeHHIO BToporo po,D,a [8). 

ITycTb A H y - t: rrpH6JIH)l(eHHH A H y cooTBeTcTBeHHO, T. e. 

PaccMOTPHM rrpH6JIH)KeHHOe ypaBHeHne 

3TO ypaBHeHHe MO)KeT He HMeTb perneHHH, HarrpHMep, rrpn A == A H y ~ RA. )J;nH ero perymr

pmaUHH BBO,L(HTCH BCIIOMOraTeJibHOe ypaBHeHHe BToporo po,L(a 

(A+al)xa==y, 

r,D,e rrapaMerp perynHpH3auHH a :::: a(t:) ITO,L(6ttpaeTCH B 3aBHCHMOCTH OT £ TaK, 'IT06bI Xa ~ x 

rrpw & ~ 0. I1MeeT MecTO TeopeMa. 
ITycTb orrepaTop A y.D:oBneTBopHeT cne.lJ:YIOmeMY ycnosnro rrpw scex a > 0 : 

ITycTb ,L(aJiee y rrpHHa,L(ne)KHT o6nacTH orrpe,D,eneHHH orrepaTOpa A-2
. Ecnw rrapaMerp peryJIH

pmauww a > 0 cornacosaH c £ TaK, qTo rrpH £ -t 0 TaK)Ke a ~ 0 H t:a-2 -t 0, TO xa ~ x 

rrpw e-tO. Ecnn a= {e~ J rrpH £~ 0, To l/xa -x//= {£~ J 
)J;nH ,L(OKa3aTeJibCTBa rrpe,D,ITOJIO)l(HM, qTo 

£C < _!_ 
a -2' 

H BOCI10Jib3yeMCH TeopeMOH 06 o6paTHOM orrepaTOpe (rn. 3, rr. 3.13). HMeeM oueHKY 

ll[(A:+al)-(A+al)](A+a/f111~ ~ ~~-
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Cne.n:osaTeJI1>Ho, A+ al Herrpep1>IBHO 06pan1M, rrpHqeM 

Ou:eHHM Terrep1> a6eomonryIO rrorpeIIIHoeT1> peIIIeHHH. 11MeeM 

xa -x =( A+al( y-A-1y =[( A+alf-(A+alf1 J.Y+ 

+(A +alf1 (y-y )+[(A+alf1 y-K1y]. 

0TeJO.n:a ITO HepaBeHeTBY TpeyroJibHHKa 

Ou:eHKH rreps1>1x .n:syx qneHOB B rrpasoii qaeTH 3Toro HepaseHeTBa y Hae eeT1>. )l,JIH ou:eHKH 
rpeTbero qJieHa paeeMOTPHM Bbipa)l(eHIIe 

(A+a1f1-K1 +(A+al( aK1 = (A+al( (I +aK1 )-A-I= 

=[(A +alf1 (A +al)-! ]K1 =0. 

0Tero.n:a rronyqaeM TO)l()J.eeTBO (no yenoBIIIO y E DA_,) 

Cne.n:osaTen1>Ho, ou:eHKa rpeT1>ero qneHa IIMeeT BH)J. 

Co6HpaH see pe3yn1>TaT1>I, rronyqIIM 

qro H rpe60Banoe1>. 
Bo3spaiu:ruie1> K sorrpoey o eymeeTBoBaHHH peIIIeHHH ypasHeHHH <l>pe)J.ron1>Ma rrepBoro 

po.n:a (5.79), e<l>OPMYJIHpyeM cne)J.yl-Oiu:ee rrpe.n:no)J(eHHe [13, 45]. 
TeopeMa IlIIKapa. IIycTh K(x, y) - CIIMMerpffqHOe KBa.n:paTffqHO CYMMHpyeMoe H.n:po, 

f ( x) E L2 
[ n]. Tor.na .ll,JIH eymeCTBOBaHIIH KBa,n,paTffqHO CYMMHpyeMOro Ha n peIIIeHIIH ypaB

HeHHH (5.79) Heo6XO)J.HMO H ,11.0CTaTOqHQ eX0,11.IIMOCTH pH.ll,a 

(5.80) 

r.ne Am - xapaKTepHCTHqecKHC qHena H,D;pa K ( X, y), f m - K03<l><l>IIU:HCHTbl <l>ypne <l>YHK

U:HH J(x) ITO eHCTeMe co6CTBCHHhIX <l>YHKU:HH H,n:pa. JI,n:po rrpe.n:rronaraeTeH 3aMKHyThlM. 
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HanoMHHM cooTBeTCTBYJOillee OIIpe.n;eneHHe. 51.n;po K(x, y) Ha.3hIBaeTCH 3aMKH)'ThlM, ecJIH 

v w( x) E L2 [ n] 
f K(x, y)w(y )dy = O~ liw!J =0. 
0 

I1Hh1MH CJIOBaMH, H3 ::noro paBeHCTBa CJie.D;yeT, 'ITO OJ( X) n,;· 0 B Q. 

,ll;oKa.3aTeJibCTBo. ITpe.n;nonmKHM, 'ITO perneIDie rp(x)E L2[n] ypaBHeHHH (5.79) CYillecTByer. 

Bnl'IHCJIHM K03cpqmu;HeHThl <I>ypne fm· I1MeeM, Y'IHTbIBaH CHMMeTpH'IHOCTb H.n;pa 

1 
fm = (J ,rpm)= ( Krp,ipm) = ( rp,Krpm) = ;:((/),'Pm), 

m 

r.n;e 'Pm ( x), m = 1, 2,. . ., TIOJIHM (3aMKHYTM) CHCTeMa co6cTBeHHhlX cpyHKUHM H,D;pa K ( X, y). 
TaKHM o6pa.30M, Kmcpqmu;HeITThl <I>ypbe (rp, 'Pm) KBa.n;paTH'IHO CyMMHpyeMOM cpyttKUHii rp(x) 

CBH3aHbl c K03cpcpttu;HeHTaMH <I>ypne cpyttKUHH J(x) COOTHOIIIeHirnMH 

TaK KaK pH.n; H3 KBa.n;paToB K03cpcpttu;tteHTOB <I>ypne <l>YHKUHH rp(x)E L2[n] cxo.n;HTcH, TO cxo

AHTCH pHA (5.80). 
06paTHO, nycTh pHA (5.80) cxo.n;HTCH. B CHJIY TeopeMhl Pncca-<I>Hrnepa (rn. 3, 11. 3.4) cy

I11ecTByeT e.n;HHCTBeHHM <l>YHKUHH IP ( x) E L2 
[ n], TaKaH 'ITO ee K03cpcpHu;HeHTbl <I>ypbe 

( IJJ, 'Pm)= Am ( J' 'Pm)· 
0TCJOtJ,a 

(IJJ,AmKrpJ =Am (Krp,tp,J =Am (J,rp,J ~ (Ktp,rp,J = (J,rp,J. 

I1TaK, K03cpcpHJJ;Helffbl <I>ypne <l>YHKUHM (KrpXx) H J(x) no IIOJIHOR OpTOHOpMHpOBaHHOR CHC

TeMe co6cTBeHHhIX cpyttKUHli {rpm (x )} coBrratJ,aJOT. OTcJOtJ,a cne.n;yer, 'ITO CYI11eCTBYeT etJ,HHCTBeH

HaH <l;JyHKUHH IJJ( X), TaKM 'ITO 

f K ( x, y) IJJ( y )dy = f ( x ). 
0 

3aMe'laIDie. EcJIH MPO K(x, y) He3aMKH)'TOe, To CYillecTByeT no KpaiitteH: Mepe OAffa cpyttK

UHH w(x), TaKM'ITO 

f K ( x, y) w(y )dy = 0. 
0 

Cnet10BaTeJibHO, cpyttKUHH rp( x) +cw( x) mIOKe HBJIHeTCH perneHHeM ypaBHeHHH (5.79). B 3TOM 

CJIY'lae etJ,HHCTBeHHOCTH perneHHH HeT. 

Pernem1e ypaBHeHHH <I>pewonI>Ma rrepBoro pot1a MeTOAOM rrocnet10BaTeJihHhIX IIpH6JIIDKe

HHli. IlyCTD K(x, y) - CHMMeTpH'IHOe KBa.n;paTH'IHO CJMMHpyeMoe nono:JKHTeJihHO oIIpe.neneH

Hoe Htl,pO H nycTh ypaBHeHHe 

f K (x, y) w(y )dy = f ( x), f ( x) E L2 
[ n], n = ( a,b) 

0 
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HMeeT pemeHHe. Tor)l.a rrocrre)l.OBaTeJThHOCTb {mm ( x)} , orrpe)l.e.IDleMa.H peeyppeHrHbIM COOTHO

meHHeM 

mm (x) =mm-I (x)+ -1[! (x)- fm-I ( x) J (m = 1,2,. .. ), 

r,11,e 

% (x)E L2[n], fm-I (x) = JK(x, y)mm-i (y)dy, 0< A< 2~ 
() 

H Ai - HaHMeHhIIIee xapaKTepHCTHqecKoe qHcrro 11,11,pa K(x,y), cxo,11,mc11 (no HOpMe L2[n]) 
K perneHHIO ypaBHCHHH (5.79). (TeopeMa <l>pH,11,MaHa [16]). 

5. 7. npuMeHeHUe CUMMempU"IHblX UHmeapanbHblX ypaaHeHUU 
a 3aoa"lax Ha co6cmeeHH&1e 3Ha"leHuR 

B orpaHHqeHHOH o6rraCTH n E R" c eycoqHo-rrra,11,KOH rpamrueii an paCCMOTPHM 0,!1,HO

p0,!1,H)'IO rpaHHqttyro 3a,11,aqy TeopHH IlOTeHUHaJia 

Lu=Au, L=q-div(pgrad), xEn, (5.81) 

(al au + azu)I = o. 
dn ao 

3rn 3a,11,aqa Ha co6cTBeHHh1e 3HaqeHHH ,11,1rn onepaTopa 

L = -div(p gradu) +q 

3BY'fHT crre.eyIOIUHM o6pa30M: HattTH HeTPHBHaJibHhie peIIIeHHH rpaHHqHOH 3a,11,aqH (5.81) 

BKITacce u(x)EC2(n)nc1(n)rrpHycrroBHHx pEC
1 (n), qEC(n), p(x)>O, xEn, a1E 

E C (an), a2 E C (an), a1 ( X) ;;:: 0, a2 ( X) ;;:: 0, a1 ( X) + a2 ( X) > 0, XE an. 
3a)l.aqa (5.81) Ha3h1Baerc113a,11,aqeli lllTypMa-JlHyBHJIJIH, oHa HMeer peweHHH He rrptt Bcex A. 

Te 3HaqeHHH A, rrpH KOTopoIX 3a)l.aqa (5.81) HMeer H~HBHaJihHhie peIIIeHHH, Ha3hIBaIOTCH co6-

CTBeHHhIMH 3HaqeHHHMH (cpyH,11,aMeHTaJihHhIMH qHcJiaMH) rpaHttqttQH 3a,11,aqH (5.81), a COOTBeT

CTByIOruHe HM HeTpHBHaJibHhie peweHHH 3a)l.aqH (5.81) - co6cTBeHHhIMH cpyHKUHHMH 3TOH 
3a,11,aqH. 

YpaBHeHHe mna (5.81) nonyqaerc11 rrpH pm,11,eneHHH rrepeMeHHhlX B ypaBHCHHH 111/f+k21/f. 
IIapaMeTP A rrpe)l.CTaBJIHeT co6oii KOHCTamy pm,11,eneHHH. <l>yttKUHH p, q xapaKTepmyIOT Koop

,11,HHaTu1, rrpHMeHeHHhle npH pa3,!1,eJieHHH, cpyttKUHH p(x) HHr)l.e B o6rraCTH H3MeHeHHH x He Me

HHeT 3HaKa H ee MO)f(HO cqHTaTb IlOJIO)f(HTeJihHOii. <l>yttKUHH q(x) He HMeeT oco6eHHOCTeii, ee 

MO:>KHO cqrnaTb HenpepbIBHOH. TaKHM o6pa30M, ycJIOBHH, HaJ<Jia,n:hlBaeMole BhIUie Ha BXO.D:Hble 
,11,aHHhie 3a)l.aqn lllTypMa-JIHYBHJIJIH, rrpe,11,cTaBJIHIOTCH KOppeKTHhIMH c TOqKH 3peHHH cpH3Hqe

CKOro co,11,ep)f(aHJUI 6oJihII1HHCTBa paccMaTPHBaeMbIX 3a,11,aq. 
floKa)f(eM, qTQ orrepaTop L - 3pMHTOB, T. e. 

(Lf ,g) =(!,Lg), f ,g E D1,, 
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r;:i:e rro.n: o6rracTMO orrpe;:i:erreHHR D1, orrepaTopa L rrOHHMaeTcR coBoeyrrrrocTh Bcex <l>YHKU:HH 

J(x) KJiacca C2 (n)n C1 
( n ), Y.ll:OBJieTBOpRIOIUHX rpaHH'IHOMY ycJIOBHIO (5.81) H ycJIOBHIO 

Lf E L2(n). 
IIonaraR BO BTopoli <PopM)'Jie fpHHa (2.50): u = f E DL H v = g E Du 3arrnrneM 

f(gLf- flg)dx= f(gLf- f Lg )dx= f p(f og -gafJds+(Lf,g )-(!,Lg). (5.82) 
n n an an an 

TaK KaK <l>YHKU:HH f H g y;:i:oBJieTBOpRIOT rpaHHqHOM)' ycJIOBHIO (5.81) Ha an 

ai af +aifl =0, 
an an 

a1 ag +a2gl = 0 
an an 

M al (x ),a2 (x) O;:i:HOBpeMeHHO He paBHhl rryJIIO, TO orrpe;:i:emrrem, 3TOH CMCTeMhI paBeH ttyJIIO, T. e. 

gaf -! ag =0. 
an on 

TaKMM o6pa30M, m (5.82) rro.rryqaeM TPe6yeMoe paBeHCTBO. 

OrrepaTOp L rroJIO)J(MTeJihHhIH, T. e. KBa;:i:paTMqHaR cpopMa (Lf,J)~O, f E DL. )],ei!CTBM-

Tenhrro, nyCTu f E DL. B rrepBoli cpopMyne fpHHa (2.49) rrono)J(MM u = f, v = f. YqMTumaR TOT 

cpaKT, qTQ Lf E L2 
[ n], 3aTIHIIIeM 

(Lf,f) = fJL!dx = J plgrad/1
2 dx+ J ql/1

2 dx- J pf af ds. 
n n n an an 

<l>yttKIJ,MR f E DL, CTaJIO 6hlTb, Ha rpaHMU:C an 

af =- a1 f 
an al 

HaTofiqaCTM an0 , r,n:e a1(x)>0 M a2 (x)>0 O;:i:HOBpeMeHHO. yqMThIBaR3TOCOOTHOIIIeHMe,rro

nyqaeM OKOffqaTeJibHO 

qTo H TPe6oBaJIOCh. 

lfa TIOJIO)J(MTeJibHOCTM orrepaTopa 

L=-div(pgrad)+q 
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BhITeKalOT cne;zyiorn:He CllCKTpaJibHbIC CBOHCTBa O)J,HOpO,!l,HOll rpaHH'IHOH 3a)J,aqH 

Lu=Au, 

( a1 ou + a2u)\ = 0. on an 
(5.83) 

1. Bee co6cTBeHHbie 3HaqeHIDI orrepaTOpa L HeOTpHD;aTeJibHhI. 3To yrsep:IK,ll;eHHe cne,IJYeT 
H3 rronoJKHTeJihHOCTH orrepaTopa. B caMOM ):(eJie, )'MHO'lKHB cKan.srpHo (5.83) Ha u , rronyqHM 

(Lu,u) = Allull2 =>A= (Lu,:)~ 0. 
!lull 

2. Co6cTBeHHh1e cpyHKD;HH orrepaTopa L, cooTBeTCTsy10rn:He pa3JIHqHhIM co6cTBeHHhIM 

3HaqeHH.sIM, opTOrOHaJibHbI. 3TO yrsep'lK):(eHHe BbITeKaeT ll3 3pMHTOBOCTH onepaTopa L. 
3. Co6cTBeHHhie cpyttKU.HH orrepaTOpa L MOJKHO cqHTaTh sern:ecTBeHHMMH. 3TO cne,IJYeT m 

sern:ecTBeHHOCTH co6cTBeHHhIX qHcen H sern:ecTBeHHOCTH orrepaTopa L. )],eiicTBHTeJihHO, ecJIH 

Aii, Uo - co6CTBeHHOe 3HaqeHHe H COOTBeTCTBYlQill;a.sI eMY co6cTBeHHa.sr cpyttKll,ll.sI onepaTOpa L 
ll Uo = U1 + iu2, TO 

Lu0 = Aciu0 => L ( u1 + iu2 ) =Ao ( u1 + iu2 ) => Lu1 = Aaul' Lu2 = Aiiu2 • 

TaKHM o6pa3oM, co6CTBeHHOMY 3HaqeHHJO ~ cooTBeTCTBYIOT ):(Be ):(eHCTBHTeJihHbie co6CTBeH

Hhie cpyHKll,HH ul (x) H Uz ( x). 
4. A, = 0 MO'lKeT 6hITh co6cTBeHHhIM 3HaqeHueM orrepaTopa L TOr):(a H TOJibKO TOr):(a, Kor

,n;a q = 0 u a 1 = 0. Ilpu 3TOM A, = 0 - npocToe co6CTBeHHOe 3Haqemre H u0 = const - co

oTBeTcTsy10rn:a.sr co6cTBeHHa.sr cpyHKIIll.sI [ 11, 31]. 
I1MeeT MeCTo reopeMa. CncTeMa co6cTBeHHb!X cpyttKD;Hii orrepaTopa L rronHa B L2 [n ], T. e. 

sc.srKa.sr <PYHKIIH.sI f(x)E L2[n] pawaraerc.sr B peryJI.sIPHO cxoMrn:uiic.sr p.sr,n; <l>ypbe no opToHop

MHposaHHoii cHcTeMe co6cTseHHhIX cpyHKUHH { uk} oneparnpa L 

f (x)= l::(f,uk)uk (x). 
k=I 

0Ka3bIBaeTC.sI, qTO 3TOT p.sr,!1, MO'lKHO ):(HcpcpepeHD;HposaTb rroqJieHHO no X; O,/J;HH pa3, T. e. 

of ~(! )ouk (" ) -=L..J ,uk:;-- t=l,2, ... ,n. 
OX; k=I UX; 

3aMeqaHHe. 3TH pe3yJibTaTbl pacrrpocTpaH.sI!OTC.sI ll Ha O,ll;HOpO,ll;H)'lO rpaHHqHylO 3a):(aqy 

Lu = A.pu, (<Xi ou + a1u)I = 0, on an 

r):(e sec p(x) > 0 ll p(x)E c[n], ecJIH 3TY 3a):(aqy paccMaTpHBaTb B npocTpaHCTBe L2 
[ Q;p] 

co CKaJI.!IpHblM npOH3Be)J,eHHeM 

(u, v) = J pu( x)v( x)dx. 
n 



HHTEfPAJlhHhIE YP ABHEHH5l 535 

3a~aqa filrypMa-JiuyBRJIJUI ~JIB OOLIKHOBCHHOro ~ucJuJlepem~uaJILHOro ypaBHCHHB. 
B OAHOMepHoM BapMaHTe 3Ta 3a.ll;a'l.a <}>opM)'mrpyeTcH TaK. Heo6xo)J;MMO HaiiTII Herp1rnmulhHbie 

pemeHMH 0.ll;HOpO.ll;HOH rpaHM'l.HOH 3a)l;a'l.M 

Lu=- ~(p(x):)+q(x)u=A-u, XE [O,l], 

ltiu (0)-hzu' ( 0) = 0, H1u (!) + H 2u'( l) = 0 (5.84) 

B KJiacce C2 (o,l)nc1 ([o,t]), u"( x)E L2 [o,t]. Ey)J;eM rrpe.ll;IIOJiaraTb TaIOKe, 'l.TO e)J;MHCTBeHHOe 

pememi:e ypasHeHMH Lu = 0 rrpM 3TMX rpaHM'l.HhlX ycJIOBMHX ecTb TO)J():leCTBeHHbIH HJlib. 

BbI'l.HCJIHM Bbipa)l(eHHe (Lu, v )-( U, Lv) )J;JIH 4>YHKrrHH u, v KJiacca C2 
( 0, l) n C1 

([ 0, z])' 
y.ll;osneTBopHIOmMx rpaHH'l.HhlM ycJIOBHHM (5.84). HMeeM 

1J{ - - d ( duJ - d ( d~)} (Lu, v)-(u,Lv) = 
0 

quv-v dx p dx -quv+u dx p dx dx= 

dv -du 
( - JI/ =p(x) u dx -v dx 

0

, p(x)>O, xE[O,l]. (5.85) 

B 6onbIIIHHCTBe rrpaKTH'l.eCKH Ba)l(HhlX 3a)J;a'l. rrpasaH 'l.aCTb noro paBeHCTsa pasHa HYJIIO. 

Ilepe'l.MCJIHM HeK0Topb1e H3 Hrrx: 3a.ll;a'l.a )l;HpHXJie (hz =H2 =O,lti :;t:O,H1 :;t:O); 3a.ll;a'l.a Heii-

MaHa (hi = H1 == 0, hz :;t: 0, H 2 :;t: 0); 3a)J;a'l.a o HaKnOHHOH rrpoH3BOAHOH (HM O)l;Ha M3 seJIH'l.HH 

hi,hz,Hl'H2 He paBHa HYJIIO); pa3JIH'l.Hhle KOM6HHarrMII 3THX rpaHH'l.HbIX ycJJOBHH Ha KOHrrax 

0Tpe3Ka (HanpHMep u(O)=O,u'(l)=O). Bo BCex 3THX CJIY'l.aHx (Lu,v)-(u,Lv)=O H 3a,1J;a'l.a 

llfrypMa-JIMyBHJIJIH HBJIHeTCH caMOCOIIpH)l(eHHOH rpaHM'l.HOH 3a,1J;a'l.eH. 

)l;JIH CBe,lJ;eHHH 3a)J;a'l.H lllrypMa-JIMYBMJIJIH K MHTerpanbHOM)' ypaBHeHHIO BBe,lJ;eM <l>YHKIIMIO 

fpMHa G ( x, x 0 ), YAOBnernopHIOmyIO ypaBHeHMIO 

d ( dG) -LG=- p(x)- -qG=-o(x-x0 ), 

dx dx 

r,lJ;e o(x) - )J;eJibTa-$yHKl(MH. 

TionaraH B (5.85) Lu== -Au, v = G( x,x0 ), rrpHXO.ll;HM K HHTerpanbHOMY ypasHeHHIO 

I 

u(x0 )-..1 JG(x,x0 )u (x)dx == 0. 
0 

MeHHH o6o3Ha'l.eHHH x0 Ha x, x Ha y rr J'l.HTbIBaH CHMMeTpMIO <j:>yHKU:HH fp11Ha (cM. rr. 2.2), 

rrpe.ll;CTaBHM 3TO HHTerpaJibHOe ypaBHeHHe B BH)J;e 

I 

u( x)-A, JG( x, y )u ( y )dy = 0. (5.86) 
0 

TipH A, = 0 IIOJIY'l.aeM rpHBHaJibHOe pemeHHe, II03TOM)' npeAhIAYIUHe paccy)J():leHMH cnpa

BeMHBbI B rrpeAnono)l(eHHH, 'ITO A,= 0 He HBnHeTcH co6cTBeHHbIM 3Ha'l.eHrreM 3a)J;aqrr (5.84). 
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EcJIH npn 2 = 0 ypaBHeHHe Lu = 0 HMeer HeeyneBhie pemeHIDI, TO 3a,ri;aqa lllTypMa-JlnyBHJIIDI 

CBO)J;HTCH K HHTeipaJihHOM)' ypaBHeHHIO [11) 
I 

u(x)=(2+1) Jc.(x,y)u(y)dy, 
0 

rJJ;e G. (x, y) - cpyHKl(HH fpnHa rpaHnqHoii 3aJJ;aqn 

L,u =Lu+u = (2+ l)u, 

hiu ( 0)-hzu' ( 0) = 0, H 1u (l) + H 2u'( l) = 0. 

3aMeqami:e. Ecmr paccMaTpHBaeTcH 3a,ri;aqa lllTypMa-Jleym1.mrn c BecoM 

Lu=2pu, p(x)>O, p(x)E C[O,l] 

npH Tex )l(e rpaHHqHhIX ycJIOBHHX (5.84), TO BMeCTO HHTerpaJihHOro ypaBHeHHH c CHMMeTpHq

HhIM HJJ;pOM G ( x, y) , r10nyqaeM ypaBHeH1re 

I 

u ( x)-2 Jc(x, y) p(y )u (y )dy = 0. 
0 

rp(x)=u(x)~p(x). 

B pe3yJihTaTe rronyqaeM HHTeipaJibHOe ypaBHeH!fe c CHMMeTpHqHhJM HJJ;pOM 

I 

<p ( x )- 2 Np ( x) p ( y )G ( X, y) <p ( y) dy = 0. 
0 

cJ>ymm;uSI fpuua. Ilpou,eJJ;ypa IIOCTIJOeHHH <PYHKU.HH G ( x, y) rroJJ;po6Ho H3JIO)l(eua B [11, 

21, 33, 37, 45). Ilp11.Be)J;eM JIHIIIh OKOHqaTeJibHhie pe3yJihTaThI. IlycTh vi ( x) H Vz ( x) - JIHHeMHO-
I 

He3aBHCHMhie perueHHH O)J;HOpOJJ;HOro ypaBHeHHH Lv = -( pv') + qv = 0 KJiacca C 2 
( 0, l) n 

n cl ([o, l]), YJJ;OBJieTBOpHIOIIIHe O)J;HOpOJJ;HhIM KpaeBhIM ycnOBHHM: hi vi ( 0)-hzv; ( 0) = 0, 

H1v2 (l) + H2v; (l) = 0. TorJJ;a <PYHKU.HH fpttHa :noii 3aJJ;aqH orrpeJJ;emreTcH cpopMynoii 

rJJ;e orrpeJJ;eJIHTeJih BpoHCKoro 

l
v1 (x), v, (y )I 

w(x)= '() :( ) :F-0, xE[O,l]. 
V1 X , V2 y 
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OcHOBHhie csoi1cTsa <l>YHKIIHH fpnHa. 

1. G(x,y) BeIIJecTBeHHa u HenpepbmHa B JaMKH)'TOM Ksa;waTe D=[O,l]x[O,l] u Herrpe

pbmHa BMeCTe co CBOeH rrepBOH H BTOpOH IIpOH3BO):(HhlMH B 3aMKH)'TbIX rpeyroJibHHKax 
0::; X::; y::; [ H 0::; y::; X::; [. 

2. G(x,y) CHMMeTpnqHa: G(x,y)= G(y,x), (x,y)E D. 

3. Ha Attarottann x = y 

o o 1 -G(y+O,y)--G(y-0,y)=--, yE (O,l). 
OX ox p(y) 

4. BHe Anarottanu x = y <l>YHKIJHH fputta YAOBJieTBopsreT OAHOPOAHOMY ypaBHeHHJO 

L,G(x,y)=O, x:ty, (x,y)ED. 

5. Ha 6oKOBhlX cTopoHax KBa):(para D YAOBJieTBopsreT rpaHnqHbIM ycnoBHHM 

oG(O,y) oG(t,y) 
~G(O,y)-'1i =0, Hp(t,y)+H2 =0, YE [O,l]. 

ox ox 
CneKrpaJibHhie csoi1cTBa Ja):(a11u IllrypMa-JIHysunn11. Co6cTBeHHhie 3Ha11eHu11 Ak He oT

PHIIaTeJibHbI. M1m:>KeCTBo co6cTBeHHbIX 3Ha11eHHi1 c11eTHo. KIDK,IJ;oe co6cTBeHHoe JHa'leHne npo
cTOe. HMeeT MeCTO TeopeMa (B. A. CTeKJIOB). Bc11KaH <l>YHKIJHH f E DL pmnaraercsr B peryAAp-

HO CXOMIIJHHCll pH):( <l>ypbe no co6cTBeHHbIM <l>YHKIJHHM {Uk} 3a):(aqu lllrypMa-JlHysttJIJIH 

EoJiee Toro, HMeeT MeCTO TeopeMa o IIOJIHOTe. CucreMa co6CTBeHHbIX <l>YHKIJHH Ja):(a'IH IllrypMa

JinyBHJIJIH ITOJIHa BO BCeM rrpocTpaHCTBe L2
• ,Ll,oKaJaTeJibCTBa scex 3THX rrpe):(JIO:>KeHHH MO:>KHO 

HaHTH B [11, 22, 27, 46]. 
AcnMDTOTH'lec1rne CBOHCTBa co6creennhIX JnaqenuH: u co6creennbIX «J>ynK11uH:. B yn

poIIJeHHOM BH):(e rrpe):(CTaBHM 3a):(a'ly lllrypMa-JIHyBHJIJill CJie):(ylOIIJHM o6pa30M [42, 50]. 
BBe):(eM JaMeHbI 

<l> = u(i;-, x = f ~dz, 

-V(x)=!l.+- .!!._ + !_ __ pr -- L+!___ . 3 [( ')
2 

( ')

2 

~ 1 , , 1 ( ,, ") 
r 16 p r 8 pr 4 p r 

Tor):(a ypaBHeHne JieysHJIJIH 

!!__(P dlfl) + ( q +.Ar) If'= 0 
dz dz 

npuo6peTaeT BH):( O):(HOMepttoro ypaBHeHHH lllpeAHHrepa c IIOTeHIJHaJIOM v 
d2<l> 
dx2 +[ A.-V(x)]<l> =0. 

(5.87) 
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fpaHH:'IHbIC yCJIOBmI rrpe,LICTaBH:M B BH:,LIC 

MMeeM [50] 

K= 

a00<1> ( 0) + a01<1>' ( 0) = b10<I>(l) + b11<1>' (1) = 0. 

"(a00 b10 1 J ( 2) n1r-- ---+-Q +On-
n a01 bu 2 

( 1) Ir ( blO 1 ) ( , ) n+- 1r-- --+-Q +O n-· 
2 n bu 2 

( 
1 ) Ir ( a00 1 J ( -2 ) n+- 1r-- --+-Q +O n 
2 n a01 2 

( n + l)1r-!!_Q + o(n-2
) 

2n 
l 

Q = J-v (x)dx, 
0 

Un ( x) = 

.J2 cos ( nlrx) + o( n-1
) 

.J2cos( n+~)1rx+O(n-1 ) 

.J2sin( n+~)1rx+O(n-1 ) 

.J2 sin( n + l)1rx+O( n-1
) 

IIpUMep 1. 3a.r1atJa lllTypMa-nnyB11JIJI» 

d2 
Lu= Au, L = - dx2 , 

u(O)==u(I)=O. 

G(x,y)={(l-y)x, x::::y, 
(l-x)y, y::::x. 

Co6cTBCHHbIC 3HatJeHH:» 11 co6cTBeHHbie <PYHKIIRR H:MeIOT s11.n: 

A" =1r
2n2

, u"(x)=.J2sin(n1rx). 

llpUMep 2. ,l(mr TOro )KC .r111<jl<j_Jepem.111aJibHOro ypaBHCHH:» B03bMCM HOBb!C rpaHH:'IHbIC ycJio

BH:»: u ( 0) = u' ( 1) = 0. B ,LlaHHOM CJIYtJae 

G ( x, y) = {x, x ~ y, 
y, y_x. 
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CooTBeTCTBeHHO, 

An=( n+~J ;r2
, un (x) =Fl sin[ ( n+~)lrx l 

IlpUMep 3. IIycTh Terrepb rpaHWIHhie ycnoB1u1 TaKOBhI: y ( 0) = 0, y ( 1) + hy' ( 1) = 0. Orre

paTop L TOT >Ke, 'ITO B rrpHMepe 1. B 3TOM cnyqae co6cTBeHHI>Ie 3Ha'leHHH 3a.z:i:alfH lllrypMa

JlHYBHnnR An = µ~, r.z:i:e µn - KOpHH TpaHCQCH.D:CHTHoro ypaBHCHHH 

tgµ+hµ =O. 

Ilp11Mep 4. PaccMoTpHM 3a.z:i:aqy o MHHHMYMC cpyHKQHOHana (50] 

I{vr}= f[p(z{:J-q(z)vr
2
]dz 

rrpu .[(OIIOJIHHTCJihHOM ycnOBIIH 

b 

Jvr2 
( z) r( z)dz = llvrll = 1. (5.88) 

a 

YpaBHeHHe 3Hnepa 3TOH BapHaQHOHHoll: 3a,1:1a'lH cosna,1:1aeT c ypaBHCHHCM JIHYBHnnH (5.87). 

Hall:.z:i:eM min I { 1J1} . ,ll;orrycTHMhIMH 6y.n:eM C'lHTaTb cpyttKQHH IJI ( z), y.z:i:osneTBopHI-OUJ,He ycno

BHI-O HOpMHpOBKH (5.88) H rpaHH'lHbIM ycJIOBHHM Ha KOHQax a H b. QqeBH,[IHO, mo6aR co6CT

BCHHaH cpyttKQMH, T. e. nI-06oe HCttyJICBOe perueHHe ypaBHCHHH (5.87), Y.D:OMCTBOpHCT ypaBHCHHIO 

3fulepa .D:JIH ci>YHKllliOHana I { IJI} , a Hli3IllaH co6cTBeHHaH cpyttKQH» IJI 0 .z:i:oCTaBJIHeT min I { IJI} . 
IIo.n:c'lH.TaeM I { IJlo}. I1MeeM, HHTerp11pyH no qacrnM, 

TaK KaK cornacHo (5.87) 

:z(d~o J+qlJlo =-AurlJlo, 

IIO.Jl)"laeM OKOH'laTeJibHO (c YlfCTOM HOpMHpOBKli (5.88)) 
b 

min I {IJI} =I {vr0} = Aii fr( z)IJI~ ( z )dz= Av, 
a 

r.l(e ~I - HaliMCHhIIJee co6cTBCHHOe 3Ha'lCHlie. 

5.8. HHmeepanbHble ypaeHeHuR meopuu nomeHL(uana 

HmKe KpaTKO paccMOTPHM rpaHWIHhie 3a.l(a'lH ,ll;HpHxne, Hell:Matta H 3a.l(alfY o HaKJIOHHOH 

rrpOH3BOAHOH (cMeIIJaHHYJ-0) .n;nH ypaBHeHHH Jiarrnaca Ii TiyaccoHa. IIocTaHOBKH 3THX 3a,1:1aq 

ccpopMJnHpoBaHhI B rn. 2, rr. 2.2. 
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Ey.1:1eM ClJIITaTh, IffO KOHe'IBM HJIH 6ecKOHeqmui o6JiaCTh, B KOTOpOH HIUeTC.sI perneHHe, npH

Ha,LIJie'lKJIT R 3 
H orpauwqeua 3aMKuyroli O,LIHOCB.sI3HOH nosepxHOCThIO Jl.sinyuosa S. Ilo.1:1 no

sepxHOCThIO llimyuosa noHHMaIOT cJie,L1yIOmee [11, 14]: 
1. B Ka)!(,l(Oll TOqKe cymeCTBYeT onpe,LleJieHHM KaCaTeJibHM IlJIOCKOCTb H COOTBeTCTBeHHO 

HOpMaJih. 

2. Ecnw 8 -YTOJI Me)l()J,)' uopMaJI.sIMH B TOqKax nosepxuoCTH P, Q H r - paccTO.si:HHe 

Me)l()J,)' 3THMH TOqKaMH, TO Hall,LlyTC.sI TaKHe ,LIBa qlfCJia A > 0 H 0 < a ::;; 1, qTQ BbIIlOJIH.sieTC.sI 

HepaBeHCTBO 

3. CymecTsyer qHcno a, O.LIHHaKosoe ,LIJI.sI scex ToqeK S, TaKoe qTo napannenH K HopMa

JIH B JII06oli TOqKe p nosepXHOCTH nepeceKaIOTC.sI c qaCThIO IlOBepXHOCTH, HaxOMII(eHC.sI BttyrpH 

ccpepbl pa.1:1wyca a c IIeHTpOM B TOqKe P, TOJibKO O,LIHH pa3. 

KoHeqHYIO O):(HOCB.sI3HYIO o6JiaCTh, HaXOMmyIOC.sI BffYTPH S o603HaqHM qepe3 Q , a ee 

.1:1ononHeHHe R3 
\ Q - qepe3 Q 1• 

4. Ey.1:1eM rrpe):(nonaraTh TaJOKe, qTo TenecHhIH YTOJI, rro.1:1 KOTOphIM H3 npoH3BOJihHOH Toq

KH npocTpaHCTBa BH,LIHa JII06a.si qacTh rrosepXHOCTH s, orpauHqeH. 3TO CBOHCTBO Bbipa'.lKaeT

C.sI HepaBeHCTBOM 

lx-yl dS ::> K =const 
s dn Y • ~
a-1 

(5.89) 

fpaHHqHbie 3a,LlaqH TeopHH IlOTCHIIHaJia ,LIJI.sI ypaBHeHH.sI JlarrJiaca H IlyaccoHa CBO,Ll.sITC.sI 

K HHTerpan:bHhIM ypaBHCHH.sIM npH IlOMOII(H o6'heMHoro H noaepXHOCTHhIX IlOTeHIIHa.JIOB rrpo

CTOro H ,LIBOHHOro CJIO.sI (CM. rn. 4, II. 4.10). HanOMHHM COOTBCTCTBYJOII(He onpe,LleJieHH.sI. 

06DeMHblll nOTeHIIHa.JI onpe.1:1emreTC.sI B BH):(e CBCpTKH (npe,LIIIOJiaraeTC.sI, qTQ p(x) - cpH

HHTHM HHTerpHpyeMM cpyttKIIH.sI) 

(5.90) 

IlosepXHOCTHhie IIOTeHIIHaJibI IIpOCTOrD V(o) H ,LIBOHHOro CJIO.sI V (l) onpe,LleJI.sIIOTC.sI CJie.LIYfOII(HMH 

CBepTKaMH 

y(o) (x) =_!_*µs: = fµ(y) dS i.\V(o) =-4.,.118 
lxl Us s Ix- YI Y' '"r ' 

yPl(x)=--l1 l*~(v85 )= Jv(y)_i_(-
1 

1-
1

)dsv, i.\V(i) =47r~(vo5 ). 
x dn s dnY x-y - dn 

(5.91) 

3.1:1ech µ 11 v - HenpepbIBHhle cpyHKIIHH Ha S, S - orpaHHqeHua.si ):(BycropoHH.sI.sI eycoqHo

rJIMKa.sI IIOBepxHOCTh, HOpMaJih HanpaBJieHa BO BHeIIIHOCTb. IlOTeHIIHaJihl (5.90), (5.91) npe):(

CTaBJI.sIIOT co6oli JIOKa.JihHO HHTerpHpyeMhie cpyHKIIHH a R3
• BhiqflCJIHM npoH3BO,LIHYJO no Ha-
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npaBJieHHI-0 BeKTopa no - HOpMa.rrH K s B qmKCHpOBaHHOH TOlfKe Xo E s OT IIOTeHQHa.rra npoc

TOro CJIOH. llMeeM (pHC. 5.1) 

d 1 3 a ( 1 ) 3 y.-x. 
--, -

1
=2:cos(n0 ,xJ;- -

1 
-, =2:-, 1 ~cos(n0 ,xJ= 

dn0 x- y j=l oxj x- y j=I x- YI 

r,n:e a j - yron Me)l()zy BeKTOpOM y - x H OChl-0 x j, a 'I' xy - yron Me)l()zy BeKTOpOM y - x 

H HOpMaJihl-0 no (B TOlfKe Xo E s ). 

lx-yl 
x 

Puc. 5.1. K BbIBO)zy qwpMyJI (5.92) 

AHa.rrorHlfHO 

r,n:e rpxy - yron Me)J(,n:y (BHeurneli) HOpManblO K IIOBepXHOCTH s B TeI<yllleli TOlfKe y H BeK

TOpOM x-y. 

c ylfeTOM 3THX COOTHOIIIeHHH 3aIIHIIIeM 

av(0
l(x) J a ( 1 ) J coslflxy a - µ(y)-;-- -

1 
_ I dsy = µ(y)-

1 
-

12 
dsy, xES, 

n0 5 un0 X y s x- y 

(1) ( ) - f ( ) a ( 1 ) -f ( ) cos <fJxy v x - v y - -, - I dSY - v y --2 dSY. 
s any x y s Ix - YI 

(5.92) 

B Ka'IeCTBe npHMepa <jlH3H'IeCKOro 06'beKTa, OIIHChIBaeMoro IIOTeHQHa.rrOM ,n:BOHHOro CJIOH, 

MO)J(HO rrpwsecTM «neli,n:eHcKy10 6aHKy», KOTOpaH rrpe,n:cTaBAAeT co6oli TPexcnoliHy10 rrosepx

HOCTh s, cpe)].HHH cnoli KOTopoli He 3JieKTporrposo,n:eH, a ,n:Ba KpaHHHX - rrpOBO.lJ.HHKH. Ha HHX 

HaHeceHhl paBHble no a6COJIIOTHOH BeJIH'IHHe H npOTHBOIIOJIO)J(HbJe ITO 3HaKY 3JieKTPH'IeCKHe 

3apH,n:hI (pttc. 5.2). OT,n:eJihHM rrapa TaKHx 3apH,n:OB o6pa3yeT ,n:HIIOJib, v(x) - rrJIOTHOCTh pac

npe,n:eJieHH}l ,n:Hrroneli Ha nosepxHOCTH S. 
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s 
Puc. 5.2. KoH)J:eHCaTOp «Jlell.z:leHcKaH 6aHKa» 

IlepeqHCJIHM 3,LleCb OCHOBHbie CBOHCTBa IIOTeHIJ;HaJIOB, IIO,Llp06Hoe H3JIO)l(emre H ,LIOKa3a

TeJibCTBa MO)l(HO Halim: B [11, 14, 31, 41]. IlJIOTHOCTb p(x) o6DeMHOro IIOTeHIJ,IIaJia V3 npe.D:-

nonaraeTCH qrnHIITHOH, pacnpe,L1eneHHOH B o6nacTII Q (IIJIOTHOCTb pacnpe.D:eJJeHmI Mace, 3a

PH.D:OB II T. II.). 

1. 06neMHbIH IIOTeHIJ,IIaJJ onpe.D:eJieH II HenpepbIBeH BO BCeM IIpOCTµaHCTBe, HMeeT Henpe

pbIBHble 'laCTHbie IIpOH3BO.D:Hbie nepBoro IIOpH.D:Ka IIO X; ( i = 1, 2, 3); HBJIHeTCH rapMOHIIl.J:eCKOH 

<PYHKUIIeli BHe o6nacm Q; npII \x\ ~ oo, o6neMHbIH IIOTeHIJ;IIaJI V3 (x} ~ 0 ( Q - orpaRlll.J:eH

HaH o6nacTb). B TO'lKax o6nacTII Q 

LiV3 =-4trp(x). 

2. IloTeHIJ;IIaJI npocTOro CJJOH y(o) (x) onpe):(eJJeH II HerrpepbIBeH BO BCeM npOCTpaHCTBe, 

HBJJHeTCH rapMOHifl.{eCKOM <PYHKUIIeH BHe s II CTµeMIITCH K HYJII-0 IIpII \xi ~ 00 ( ecJIII s - orpa

HIIl.J:eHHaH nosepXHOCTb). HopMaJihHaH npOH3BO):(HaH IIOTeHIJ;IIaJia npocTOro CJIOH IIMeeT pa3-

pbIB nepsoro po.D:a B TQqKax nosepxHOCTII S, npnqeM ee rrpe,ll,eJJhHbie 3Hal.leHIIH Ha S m 06-

nacTII Q 1 (II3BHe) II H3 o6JJaCTH Q (II3HJTPII S) onpe.D:eJIHIOTCH COOTBeTCTBeHHO COOTHOllle

HIIHMII 

(
ov{O) )+ ov(O) ( x) 
- (x)=-21rµ(x)+ , on on 

(

OV(O) )- 0V(O) (x) 
- (x) = 21rµ(x)+ , on on 

me npHMOe 3Hal.J:em1e uopMMhHOM rrpOII3BO):(HOM IIOTeHIJ;HaJia rrpocTOro CJJOH 

OV(O) ( X) s ( ) COS lf'xy 
--'--'-= µ y --dy XE S on s \x-yl2 , 

(5.93) 

RenpephIBHO Ha S. 3.D:ecb npeiJ,IIonaraeTcH, l.J:TO µ E C ( S) , S - nosepXHOCTh .llimyHosa, y.D:oB

JieTBOpHIOIIJ;aH ycJIOBHIO (5.89), IIO,LI HOpMaJJhHOM rrpoH3BO,ll,HOM IIOHHMaeTCH IIpaBHJibHaH HOp

MaJJhHaH npOH3BO)J,HaH. HaIIOMHHM COOTBeTCTBYfOIIJ,ee onpe,ll,eJieHHe (CM. pnc. 5.3). 
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Puc. 5.3. K orrpe)J.eJieHHIO npaBHJihHOii HOpMaJihHOH npoH3BO)J.HOH 

au 
<f>)'HKIJ;JUI U E C1 (Q) HMeeT rrpaBHJibHylO HOpMaJibHyIO IIpOH3BO)J.HyI0 Ha S, ecnH 

on 
paBHOMepHO TIO BCeM x E s cyrn;ecTByeT rrpe.nen 

1
. au ( x') 
1m--

onx , 
x' E Q, x' E -nx. 

3TOT rrpe.nen o603HaqaeTC£: o6bJqHbIM CHMBOJIOM 

au ou(x) 
-=---
on onx 

3. IloTeHIJHaJI ,LIBOHHOro CJIOjf v (!) (x) onpe.neneH BO BCeM R3
, BHe Hecyrn;eii IIOBepXHOCTH s 

HBJI£:eTC£: rapMo~ecKoii <l>YHKUHeii, rrpn Jxj ~ oo TIOTeHu;nan y(l) ( x) ~ 0. Ecnn rrnOTHOCTh 

MOMeHTOB v IIOCTOHHHa H paBHa e)J.HHHIJ;e, TO HMeJOT MeCTO cpopMynbl 

{

-4Jl", XE Q, 

f
cos tpxy 
---2 dSY = -2Jl", XE S, 

s Jx-yj 0, XE Q
1

• 

(5.94) 

Ecnn v(x)E C(S), TO rroTeHu;Han )J.BOHHOro cno£: y(1l(x) HerrpepbIBeH Ha Q H 01, Tepmn 

pa3pbIB rrepsoro po.na npn nepexo.ne qepe3 S, npnqeM npe.nenbHbJe 3HaqeHH£: noTeHu;nana H3 

Ql H H3 Q onpe,L1eJI£:10TC£: COOTBeTCTBeHHO <l>opMynaMH 

{v(!l (x)f = 2JrV(x)+v(1l (x), 

{v(l) (x)r ==-2Jl"V(x)+v(il (x), 

r,Lle np£:Moe 3Haqem1:e noTeHu;nana )J.BOHHoro cno£: 

y(i) (x) = fv(y) cosq>x~ dy, XE S 
s Jy-xj 

eCTb <l>YHKUH£:, Henpepb1BHa£: Ha s. 

(5.95) 

3aMeqaHHe. IlpH v ( x) = 1 TIOTeHIJ;HaJI ,LIBOHHOro CJIOjf - TaK Ha3bIBaeMbiii. HHTerpan faycca. 

OH rrpe)J.CTaBJijfeT co6oii. TeneCHbiii. yron, TIO)J. KOTOpbIM TIOBepXHOCTh s BH.)J.Ha H3 TOqKH. x, B3£:

Tbiii. co 3HaKOM MH.ttyC, ecJm cos 'Pxy ;;::: 0, H co 3HaKOM TIJIIOC B npOTHBHOM cnyqae. 
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rpaHH'IHhle 3a~a'IH TeOpHH IlOTeHQmlJia ~JUI ypaBHeHHB Jlam1aca B R 3
• CooTBeTCT

BYlOIIIHe onpe,n;enemrn rrpHBe,n;eHbI B rn. 2, II. 2.2. YTO'IHHM HX 3,n;ecb [11, 31]. rpaHHIJ;Y 06-

nacn1 s C'IHTaeM 0,!l;HOCBH3HOH. 

BttyrpeHHAA 3a,!l;a11a )J,HpHXJie: HaliTH rapMoHWieCKYJO B o6nacm Q <PYHKIJ;HIO u E C (n}, 
IIpHHHMaIOIIIYIO Ha rpaHH.o;e s 3a,n;aHHbie (HenpepbIBHbie) 3Ha1IeHHH u~. 

BHeurnIDI 3a,n;a11a )J,HpHxne: HaHTH rapMOHH11ecKyIO B o6nacTH Q 1 <PYHKIJ;HIO u E C ( Q 1}, 

rrpIIHHMaIOIIIYIO Ha rpaHH.o;e s 3a,!l;aHHbJe (HerrpepbIBHhle) 3Ha1IeHIIH u; H CTpeMHIIIYIOCH K ttyJilO 

Ha 6ecKOHelJHOCTH. 

BttyrpeHHAA 3a,n;a11a HeH.MaHa: HaliTH rapMOHH11ecKYJO B o6nacTH Q <PYHKIJ;HIO u E C (n}, 
HMeIOIIIYIO Ha s 3a,!l;aHHYIO (HenpepbIBttylO) rrpaBHJibttylO HOpManbttylO rrpOH3BO,!l;HyIO u;. 

BHeUIHH5I 3a,n;a11a HeH.MaHa: HaHTII rapMOHHlJeCKYJO B o6naCTH QI <PYHKIJ;HIO u E c(n1 ), 
HMelOillyIO Ha s 3a,!l;aHHyIO (HerrpepbIBHYlO) rrpaBHJibHYIO HOpMaJibttylO rrpOH3BO,!l;HyIO u; 
H CTPeMHillyIOCH K HYJIIO Ha 6ecK0He11HOCTH. 

CMernaHHaH 3a,n;a11a: HaliTH rapMOHH11ecKYJO B o6naCTH Q <PYHKIJ;HIO u E C ( Q}, y.n;osne-

TBOpHIOIIIYIO Ha rpaHH.o;e s KpaeBOMY ycJIOBHIO 

( ~: + P ( X) U l = F ( X) , X = (Xi, X2 , x3 ) E S, 

r,n;e p(x) H F(x) - 3a,!l;aHHbie HerrpephlBHhie <PYHKIJ;HH Ha s H p ( x) > 0. 

Ilepe1IHCJieHHbie rpaHHlJHbie 3a,n;aqIJ CBO,!l;HTCH K HHTerpanbHbIM ypaBHeHHHM <l>pe,lU'OJibMa 

BToporo po,n;a cne,n;yJOIIIHM o6pa30M. PerneHHH BttyTPeHHeli H BHeurneH. 3a,n;a11 )J,HpHXJie rrpe,n;

CTaBJIHeM B BH,!l;e IIOTeHIJ;HaJia ,!l;BOHHoro CJIOH 

f COS 'Pxv 
u(x)= v(y)--2 dSY, 

s lx-yl 
(5.96) 

r,n;e v - HCKOMaH HerrpepbIBHM IIJIOTHOCTb Ha s. Tio,n;CTaHOBKa rrpe,n;eJibHbIX 3HalJeHHH rro

TeH.o;Hana (5.96) B rpaHHlJHbie ycJIOBHH )J,HpHxne BttyTpeHHeH H BHellIHeli 3a,n;a11, rrpHBO,!l;HT 

K HHTerpanbHhlM ypaBHeHHHM 

+2nv(x)+vl1l(x)=u~(x), xE S. 

'.}m ypaBHemrn y,n;o6HO 3aIIHCaTb B e,n;HHOM <PopMe 

v(x) =A, f K(x,y)v(y)dSY + f (x), XE S, (5.97) 
s 

1 cos 'Pxy 
K(x,y)=-2 -, -,2, 

Jr x-y 

r,n;e ,!l;JIH BttyTpeHHeM 3a,n;a11H )J,HpHxne ,.i = 1 H f = - ;~ , a ,[(Jlj[ BHellIHeM 3a,n;a11H ,.i = -1 

u+ 
Hf =--o-. 

2Jr 
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Pememu1 BHyrpeHHeii H BHemHeii 3a,D;aq HeiiMaHa rrpe,[(CTaBHM B BR.Lie rroTem.i:mma rrpoc

Toro CJIOH 

(5.98) 

r,[(e µ - HCKOMaH HerrpephIBHaH IIJIOTHOCTh Ha s. llcnom,3yH Bhipa:>KeHHH ,L(JIH npe,D;eJihHhIX 

3HaqeHHH HOpMaJihHOH npOH3BO,[(HOH IIOTeHI.(HaJia npocTOro CJIOH (5.93), CBO,!J;HM 3TH rpaHHq

Hhie 3a,D;aqH K HHTerpaJihHhIM ypaBHeHHHM 

f COSlf/ xv 
±2;rµ(x)+ µ(y)--1 dSY =u{(x). 

s lx-yl 
B e,D;HHoii cpopMe npe,D;CTaBHM HX TaK 

µ(x) = ,i fµ(y) K* (x,y)dSY + g (x), XE S, 
s 

* ( ) _ 1 COSlf/xy 
K x,y --2 -I -12' 

JZ" x- y 

(5.99) 

r,D;e ,D;JIH BttyTpeHHeii 3a,D;aqH HeiiMaHa A,= -1, g = ;~, a .LIM BHemHeii 3a,D;aqH HeiiMaHa 

u+ 
A-=l, g =--1-. 

2;r 
TaK KaK 

d~Y llx~ yjJ =<I>( x, y ), d~x lix~ yjJ = <I>(y,x)' 

TO H.D;po K'(x, y) = K(y,x) corrpH:>KeHo c MPOM K ( x, y ). CnpaBe,[(JIHBa oi.i:eHKa [11] 

IK ( x, y )I ~ I a 12-a ' a > 0, 
2JZ" x- y 

r,D;e a> 0 - nocTOHHHaH B ycJIOBHHX JlHrryHosa, xE S, YES. 

TaKHM o6pa30M, H,D;pa ypaBHeHHH (5.97) H conpH)J(eHHOro K HeMY ypaBHeHHH (5.99) HMe

IOT CJia6hie oco6eHHOCTH IIOJIHpHoro THIIa, CJie,[(OBaTeJihHO, K 3THM ypaBHeHHHM npHMeHHMa 

TeOpHH <I>pe.L(roJihMa. 

113 (5.97) H (5.99) CJie.L(yeT, qTo BHeIIIHHH 3a,D;aqa HeilMaHa H BttyTpeHHHH 3a,D;aqa ,[(HpHX

Jie OIIHChlBaIOTCH rrpH IIOMOll.(H conpH:>KeHHhlX HHTerpaJibHhIX ypaBHeHHH <l>pe,D;rOJihMa BTOpo

ro po,D;a. To :>Ke MO:>KHO CKa3aTh OTHOCHTeJihHO BttyTpeHHeii 3a,L(aqJf HeiiMaHa H BHeIIIHeii 3a,L(a

qJf ,[(HpHXJie . 

.[(oKa3hIBaeTCH, qTO ,i = 1 He HBJIHeTCH xapaKTepHCTHqecKHM qJfCJIOM ypaBHeHHH (5.97) 
H (5.99), T. e. 0.L(HOpO,D;Hhie (conpH:>KeHHhie) HHTerpaJihHhie ypaBHeHHH 

1 f cos <fJ v(x)-- --4v(y)dSY =0, 
2Jr s Ix- YI 
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1 fcos lfF xy µ(x)-- --2 µ(y)dSY =0 
21f s jx- yj 

HMeJOT TOJI&Ko HyJieswe perneHH}l. CJie,11,osaTeJibHO, cornacHo Teopaa <l>pewoJI&Ma ypasHeHH}l 
BToporo po,11,a (5.97) H (5.99) rrpn A.= 1 o,11,Ho3HaqHo pa3pernHMhl rrpa JIJ06i,1x rrpas&1x qacrnx 

u~, u; KJiacca C ( S). 3TO 03HaqaeT, qrn perneHH}l BHYfPeHHeH: 3a,11,aqa ,[(apaXJie H BHernHeH: 

3a,11,aqn Heil:MaHa cyrneCTBYJOT n orrpe,11,eJI}IJOTC}l COOTBeTCTBeHHO nmem:maJiaMH (5.96) H (5.98). 
Ilpa A. = -1 0,11,Hopo,11,H&Te ypasHeHH}l 

1 fcos tp v(x)+- --q-v(y)dSY =0, 
21f s jx- yj 

(5.100) 

H 

1 fcos 1fF µ(x)+- --ffµ(y)dSY =0 
2!r s jx- yj 

(5.101) 

HMeJOT HeTpHBHaJibH&Ie perneHH}l, T. e. 3HaqeHae A. = -1 }IBJI}leTC}l xapaKTepacTaqecKHM qacJIOM 

,11,JI}l ypaBHeHHH (5.97), (5.99). 

YpaBHeHHe (5.100) HMeeT HeHynesoe perueHHe v(x) =const (cne,11,yeT m (5.94)). 3HaqHT, 

perueHHe BHyTpeHHeH: 3a,11,aqH HeiiMaHa cyrnecTByeT npH JIJ06oH: Henpep&IBHOM <PYHKUHH u; ( x) , 
y,11,0BJieTBOp}IJOIUeil: ycJIOBHfO opTOfOHaJibHOCTH 

Ju; (x)dS = 0. 
s 

0,11,Hopo,11,Hoe ypasHeHHe (5.101) HMeeT 0,11,Ho JIHHeiiHo He3aBHCHMoe perneHHe µ 0 (x) [34]. IIo

TIOMY ,11,JI}l pa3pe1m1MoCTII HHTerpaJI&Horo ypaBHeHH}l (5.97) rrpn A= -1 Heo6xo,11,HMO n ,11,ocTa
ToqHo, qT06bI BbIITOJIH}IJIOCb ycJIOBHe opTOrQHaJibHOCTH 

fµ 0 (x)u; ( x)dS = 0. (5.102) 
s 

3HaqHT, rrpH B&mo1rneHHH 3TOro ycnoBH}l e,11,HHCTBeHHoe perneHHe BHeruHeii 3a,11,aqH ,[(HpHXJie, 
y6&rnaroruee Ha 6ecKOHeqHOCTH, cyruecTByeT ,11,JI}l JIJ06oii HerrpepbIBHOH rpaHHqHOH <l>YHKIIHH 

u; (x). 
Ycnosne (5.102) B03HHKaeT H3-3a Toro, qro, pa3bICKHBM perueHHe BHenrneii 3a,11,aqn ,[(Hpax

Jie B BH,11,e ITOTeHIIHaJia ,11,BOMHOI'O CJIO}l (5.96), Mbl HaB}l3bIBaeM perueHHJO (rapMOHHqecKOH <l_>yHK-

IIHH) y6&IBaHHe Ha 6eCKOHeqHOCTH o(jxj-2
). 0,11,1mKO 3TOro rrpH IlOCTaHOBKe He TPe6yeTC}l. lfa

BeCTHO, qTO rrpOH3BOJibHa}l rapMOHHqecKa}l <l>YHKIIH}l HMeeT I10p}l,11,0K y6&IBaHH}l Ha 6ecKOHeq

HOCTII 0(1x1-l ). ,[I.AA Toro qT06bI m6aBHTbCH OT ycJIOBH}l (5.102) H yqeCTb B03MO)J(Hbie sapnaHTbI 

y6@BaHH}l perueHHH BHernHeii 3a.n,aqa )J,HpHXJie, rrpe,11,CTaBHM ero B BH,n;e CyMMbl 

( )- f ( ) cos tpxy A _ (i) ( ) A u x - v y --2dSY+-, ,-V x +-11' OEQ, 
lx-yl x x 

r,n;e A - HeH3BeCTHa» rroKa rroCTO}IHHa}l. 
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Tor.n.a nonyqFIM BFI.D.OFI3MeHeHHOe FIHTerpanbHOe ypaBHeHFie 

Heo6xo.n.FIMoe FI .n.ocTaToqHoe ycnoBFie pa3penmMOCTFI :noro ypaBHeHFIH, cornacHo (5.101), 
TaKOBO'. 

J µ0 ( x) ( u; ( x )- l~I J dS = 0. 

Orcro.n.a orrpe.n.eAAeTCH KOHCTama A. Mo:>KHo npoHopMHpOBaTb co6cTBeHHYIO <l>YHKIIHIO µ0 ( x) 
TaKFIM o6pa30M, qTo6bI 

Tor.n.a 

A= fJLo(x)u;(x)dS. 
s 

TaKFIM o6pa30M, BHenrnHH 3a.n.aqa ,lJ;HpHXne pa3pernHMa nprr nro6oi1 HenpepbIBHOH <l>YHKIIHFI u; 
FI ee perneHHe npe.n.cTaBAAeTCH B BFI.D.e CYMMbI 

u(x) = y(i) (x)+ 
1

:

1 

Jµ0 (x)u; (x)dS. 

B onFicaHHOH BbIIIIe KOHCTPYK~FIFI rrpFicyrcTByer co6cTBeHHaH <l>YHKIIHH µ 0 (x) FIHTerpanbHOro 

ypaBHeHHH (5.101). 
3a.n.aqa 06 OTbICKaHFIFI Hel'pFIBFiaJibHbIX perneHFIH 3Toro ypaBHeHHH HOCIIT Ha3BaHFie 3a.n.aqFI 

Po6eHa. EcnFI o6naCTb orpaHFiqeHa o.n.Hoi1 3aMKHyroi1 noBepXHOCTblO, TO 3a.n.aqa Po6eHa FIMeeT 

o.n.Ho HOpMFipoBaHHoe perneHFie µ0 ( x). Ero MOJKHO orrpe.n.enFITb MeTo.n.oM nocne.n.oBaTenbHbIX 

npFI6nrrJKeHFii1 no o6bI'IHOi1 cxeMe. 

IlyCTb g(x)E c(s) - npoH3BOITbHaH <l>YHK~FIH. CTapTyH c HYITeBoro npFI6nFIJKeHHH 

µ~0) ( x) = g ( x), onpe.n.enFIM nepBoe npFI6nFIJKeHFie µ61l (x) no <l>opMyne 

I1 B006ru,e, 

(n)( )- 1 fCOSIJfxy (n-1)( ) ( _ ) µ0 x --- ---2 µ0 y dSY n-1,2, .... 
2.Jr s lx-yl 

Ilocne.n.oBaTeJibHOCTb {u6n) (x)} paBHOMepHO CXO.D.FITCH K HenpephIBHOMY perneHFIIO µo ( x). 
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IloTemi;mm npocToro CJIOH y(o) c nJIOTHOCTbIO µ0 (x) Ha3bIBaeTCH noTeHIJ;MaJIOM Po6eHa. 

<l>M3MqecKMH CMbICJI ero - 3TO IlOTeHIJ;MaJI, C03,IJ,aBaeMbIH 3apH,ll,aMM Ha npoBO,L\HIIJ;eii IlOBepx

HOCTM s, a ero IlJIOTHOCTb 

1 ({)y(O) )+ µ 0 (x)=-- -- (x) 
4Jr dn 

eCTb IlJIOTHOCTb 3apH,ll,OB, KOTOpaH ycTaHaBJHfBaeTCH Ha 3TOH IlOBepXHOCTH [11]. 
EcJIH rpaHHIJ;a o6JiaCTM COCTOHT H3 HeCKOJibKHX 3aMKH)'TbIX IlOBepXHOCTeii JumyHOBa, TO 

npoue,IJ,ypa pemeHMH rpaHfiqHbIX 3a,IJ,aq oqeBH.L\HbIM o6pinoM H3MeHHTcH. TaK, ecJIH o6JiaCTb Q 

KOHe'IHa H orpaHHqeHa H3BHe noBepxHOCTblO S0 , a H3HYTPH noBepxHOCTHMH S"S2 , ••• ,Sm, TO 

BHeIIIHMe 3a,IJ,aqH )l,HpHXJie H HeiiMaHa CBO,L\HTCH K m BffYTpeHHHM 3a,IJ,aqaM ,L\JIH o6JiaCTeii 

QPQ2, •.. ,Qm, orpaHHqeHHbIX noBepxHOCTHMH Sl'S2, ... ,Sm, H OMOH BHeurneii 3a,IJ,a'le ,L\JIH 6ec-

KOHe'IHOH o6JiaCTH, orpaHHqeHHOM noBepxHOCTblO S0 • PemeHHe BffYTPeHHeif 3a,IJ,aqH HeiiMaHa 

pa3bICKHBaeTCH B BH,IJ,e IlOTeHIJ;HaJia npoCToro CJIOH (5.98), r,IJ,e IlO,L\ s IlOHHMaeTCH IlOJIHM rpaHH

ua o6JiaCTH. 11IITerpaJibHOe ypaBHeHHe (5.99) npH A.= 1 ocrncrc11 6e3 mMeHeHHH. )l,JIH pa3pemH

MOCTH 3TOro ypaBHeHHH Heo6XO,L\HMO H ,L\OCTaToqHo, qro6bI BbIIlOJIHHJIOCb ycJIOBHe (5.101), r,IJ,e 

S = S0 +S1 + ... +Sm. 

PemeHHe BffYTPeHHeii 3a,IJ,a'IH )l,HpHXJie uls, = u; ( x)' x E sk MO)f(HO TaKJICe pa3bICKHBaTb 

B BH,IJ,e noTeHUHaJia ,IJ,BOMHoro cJioH (5.96). 11HTerpaJibHOe ypaBHeHHe (5.97) npH A= 1 ocrn

crc11 B CHJie. y CJIOBHH ero pa3peIIIHMOCTH 3aKJIIOqaIOTCH B opTOrQHaJibHOCTH co6CTBeHHbIX 

<l>YHKUHM conpH)KeHHOro ypaBHeHHH (5.99) npH A= 1 CBo6o,IJ,HOMY qJieHy ypaBHeHHH (5.97). 
0,IJ,HaKo, 3a,IJ,aqa Po6eHa B ,L\aHHOM c~ae HMeeT perueHHe uk(x) ,L\JIH Ka)f(,ll,OM noBepxHOCTH 

Sk (k = 1,2, ... ,m) H yCJIOBHe pinpeIIIHMOCTH npHHHMaeT BH,L\ 

Ju; ( x) uk ( x) dS = 0 ( k = 1, 2,. .. , m ). 
s, 

EcJIH BHeIIIHHH rpaHHUa S0 OTCYTCTByeT, TO 3TH ycJIOBHH ocTaIOTCH B cHJie. 

HaKotteu, paccMo'IJ)HM cMemaHttyIO 3a,IJ,aqy TeopHH nOTeHUHaJia ,IJ,JIH rapMOHfiqeCKoii B Q 

<l>YHKUHH u(x) 

(~: + p(x)u l = F(x), p(x) > 0, XE S. 

PemeHHe 3TOM 3a,IJ,aqH pinbICKHBaeTcH B BH,IJ,e noTeHUHaJia npocTOro cJIOH (5.98). Ilo,IJ,CTaHOBKa 

npe,IJ,eJibHOro 3Haqemrn HOpMaJibHOH npOH3BO,L\HOH (5.93) B rpaHHqffOe ycJIOBHe CMemaHHOH 

3a,IJ,aqH npHBO,L\HT K HHTerpaJibHOMY ypaBHeHHIO <l>pe,IJ,rOJibMa BTOporo po,IJ,a 

µ( x) +-1 J µ(y )(cl oslf/xyl2 + lp(x)l]dsy =-1 F ( x), XE S. 
2Jr s x- y x- y 2Jr 

3TO ypaBHeHHe pa3peIIIHMO npH JII06oli npaBOH qaCTH F(x)E c(s) H JII06oif IlOJIO)KHTeJibHOH 

<l:>YHKUHH p(x)E C(S). 



lffiTErPAJlbHhIE YP ABHEHllil 

3aMeqamrn 1. PerneHHe ypasHeHIDI IIyaccoHa 

MO:lKHO CBeCTH K pernemuo ypaBHeHHj! Jlamiaca, BBeM IIO)l;CTaHOBKY 

)J;eiiCTBHTeJihHO, 

u=v+-1 ff(y) dy. 
4Jr nlx-yl 

1 ( 1 ) 1 Au=Av+-A -*f =Av+-(-4JrO*f)=Av-f. 
4Jr lxl 4Jr 
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3aMeqaHHe 2. TeopeMhI e)l;HHCTBeHHOCIB ,!l)llI rpaHffqHhIX 3a;:i;aq TeOpHH IIOTeHIJ;HaJia MO:lKHO 

,[(0Ka3aTh H 6e3 IIpHBneqeHIDI COOTBeTCTB)'IOIIJ;HX HHTerpaJihHhIX ypaBHeHHii. Ilo 3TOMY IIOBO)J;y 

CM. [11, 37], a TaK:lKe rn. 2 ,[(aHHOH KHHrH. 3.[(eCh )Ke c<j)opMYJIHpyeM OKOffiaTeJihHhle pe3yJihTaThI. 

PerneHHe BttyTpeHHeH HJIH BHenrneii 3a)l;aqu )J;HpHXJie e,[(HHCTBeHHO H HeIIpepbIBHO 3aBH

CHT OT rpaHHqHoro ycnoBHj! u~ HJIH u;. PerneHHe BHernHeii 3a,[(aqH HeiiMaHa e)l;HHCTBeHHO 

()l;Jij! o6naCTH orpaHHqeHHOH IIOBepXHOCThIO KJiacca C2 (s) ). PemeHHe BttyTpeHHeii 3a,[(aqH 

HeiiMaHa onpe,[(eJieHO c TOqHOCThIO .LIO IIpOH3BOJihHOH IIOCTOj!HHOH. 

3aMeqaHHe 3. )J;BYMepHhle rpa~Hhie 3a)l;aqH TeopHH IIOTeH[(HaJia 3<j}<j}eKTHBHO pernaIOTCj! 

c np1rnneqeHHeM annapaTa aHaJIHTuqecKHX <PYHK[(HH KOMIIJieKcHoro nepeMeHHoro. CooTBeTcT

B)'IOIIJ;He pe3ynhTaThI mno:lKeHhI B [28, 32, 33, 37, 41, 45, 46, 49, 51]. CM. TaK:lKe rn. 2 HaCTOj!

meii KHHrH. 

5.9. HHmeepan&H&te ypaeHeHUR 
epaHU'IHblX 3ada'I mennonpoeodHocmu 

PaccMoTpHM .LIH<)l<j)epeH[(HaJihHoe ypaBHeHHe TennonpoBO.LIHOCTH 

1 OU 1 2 k 
Au---,-=--f(x,t), a =-, 

a- ot k cp 
(5.103) 

r,[(e A - onepaTOp JlaIIJiaca B R"' x = (Xi' X2' ... , xn)' t - BpeMj!, k - K03<j}<j}H[(HeHT TeIIJIOIIpO

BO)l;HOCIB; c; p - y,n:eJ!bHM TeIIJIOeMKOCTh H IIJIOTHOCTh BeIIJ;eCTBa COOTBeTCTBeHHo; J(x,t) -

3a)l;aHHaj! HenpephIBHaj! <j}yttK[(Hj! CBOHX nepeMeHHhIX B [(HJIHH)l;pe n = Dx[O,T], D - 06-

JiaCTh B R"' 3aHj!TM TeJIOM H orpaHffqeHHaj! eycoqHo-rJia,[(KOH IIOBepXHOCThIO s. 
)J;m1 ypasHeHHj! (5.103) nocTaBHM CJie.L1y10mue HaqaJihHO-KpaeBbie 3a)l;aqH. Onpe.L1eJIHTh 

B n + 1 - MepHOH o6nacrn Q )l;BmK,Llhl HeIIpepbIBHO )l;H<j}<j}epeH[(HpyeMOe IIO IIpOCTpaHCTBeH

HhIM nepeMeHHhIMH H HenpephIBHO )l;H<j)<j)epeH[(HpyeMoe IIO BpeMeHH perneHHe :noro ypaBHeHHj!, 

Y.LIOBJieTBopj!IQmee HaqaJihHOMY ycnosmo 

uLo = q.i(x), q.i(x)E C(D), XE D 

H 0.LIHOMY H3 TPeX B03MO:lKHhIX rpa~HhIX yCJIOBHH Ha 6oKOBOH IIOBepXHOCTH (J [(HJIHH)l;pa Q 

1) uL,. = q.ii(x, t ), q.il (x, t) E c(O:~ x E (J", t > 0 (KpaeBaj! 3a,[(aqa nepsoro po.Lia); 
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2) ~~'" =q:>2 (x,t), q:>2 (x,t)EC{a~ xE<T, t~O(KpaeBM3a.n;aqaBToporopo.n;a); 

3) (~: +hul =q:>3(x,t), q:>3(x,t)Ec{a~ hEC(S), t~O, h>O (CMeIIIaHHaH3!1,L(aqa). 

flepBOe rpamrqHoe ycJIOBHe Ype6yeT, 'IT06bI TeMrrepayYpa Ha UHJIHH,ll;pH'leCKOH IIOBepx-

HOCTH (} COBIIa.n;ana c 3!1,L(aHHbIM pacrrpe.n:eneHHeM q:>l (x, t) B mo6oli MOMeHT BpeMeHH t > 0. 

EcJIH <fJi ( X, 0) = q:>( x), TO Ha'laJibHOe H rpaHHqHoe ycJIOBHH rrepBOH 3a.n;aqH cornacoBaHbl Me-

)l():(y co6oli. B :noM cnyqae MO)l(HO Tpe6oBaTb, qyo6bI HaqanbHhie ycnoBHH BbIIIOJIHHJIHCb B D, 

a rpaHH'IHbie ycJIOBHH rrpH t ~ 0. 
BTopoe rpaHmHoe ycJIOBHe Ype6yeT, qT06b1 TennoBOH nOToK Ha <T coBna.n:an c 3a.n;aHHbIM 

pacrrpe.n:eneHHeM -kq:>2 ( x, t). 
TpeTue rpaHHqHOe ycnoBHe (ycnoBHe Terumo6MeHa c BHeIIIHeli cpe.n:oli rro 3ill<OHY HbIOTOHa) 

orrpe,!l;eJIHeT TerrrroBoii pe)l(HM B Tene npH 3a,!l;aHHOR TeMnepayYpe BHeIIIHeii cpe.n.bI ue y rro
BepxHOCTH TCJia s B JII06oi1 MOMeHT BpeMCHH t > 0 H 3!1,L(aHHOM KO::i<l><l>HUHCHTC TeIIJIOOT.n;a
qH a, T. e. 

_au' =h(u-ue)j , h= a. 
an" " k 

3aMeTHM TaK*e, qyo 3,ll;CCb H Hlf)l(e rro,n; IIOJIO)l(HTeJibHOH HOpMaJibIO IIOHHMaeTCH BHCIIIHHH, T. e. 
HarrpaBJieHHM BO BHCIIIHOCTb, HOpMaJib K IIOBepxHOCTH Tena S. 

TenJIOBble noTeHQHaJibl. f'paHHqHbie 3a,n;a'IH TeIIJIOIIpOBO):(HOCTH MO)l(HO CBeCTH K HHTe
rpanbHbIM ypaBHCHHHM rrpH IIOMOIUH TeIIJJOBbIX IIOTeHUHaJIOB [11, 14, 37, 46). 

B rn. 4, n. 4.23 6bIJIH rronyqeHhl <l>yH.n;aMeHTaJibHbre peIIIeHHH ypaBHeHHH TerrnorrpoBo.n.
HOCTH ,n;JIH cnyqaeB n = 1,2,3. 3TO o6o6iueHHhle <l>YffKUHH, YAOBJieTBOpHIOIUHe ypaBHeHHIO 

M- : 1 ~~ =o(x,t)::o(x)·S(t). 

,Q.rrn yAo6cTBa BhlIIHIIIeM Hx 3.n;ecb 

a8(t) _i_ 
E (x t) == ---e 4a'i 

I ' 2-[Jii ' 

8(t) _jf_ 
E (x t)=--e 4"

21 x=(x x) 
2 ' , 41rt , l' 2 , 

8(t) _Jf_ 
E3 (x,t) = -[Iii e 4

•\ x = (Xi ,X2,X3 ), 
&am m 

r,n;e 8(t) - e,n;HHmHaH <l>YffKUIDI XeBHcali,n;a. 

B n-MepHOM npocYpaHcTBe <l>YH.n:aMeHTaJibHoe peIIIeHHe ypaBHCHIDI TemronpoBo.n;HoCTH 
HMCeTBH,!l; 

E. (x,t) = 



I1HTEfP AJibHbIE YPABHEHIDI 

Temrnsoii noTeHI~Harr .[(JHI ypaBHeHHH (5.103) onpe.[(eJrneTcH B BH,[(e csepTKH 

1 
U =-k f *En. 
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EcrrH f - qmHHTHaH o6o6rueHHM <l>YlIKIWH H f = 0 rrpH t < 0, TO TeIIJIOBOH IIOTe~Harr v 
cyru,ecTByeT B D' ( R"+1 

) • EcJIH f = 0 rrpH t < 0 H orpaHWieHa B KIDK,!l;OH rroJioce 0 ::; t ::; T, TO 

IIOTeHQHaJI u BbiproKaeTCH <l>opM)'JIOH [11] 

t 01 J() lx-yt' 
U = _ _!..ff f (y, r)E. ( x- y,t-r)dydr =~ff y, r "e- 4"'(i-r)dydr. (5.104) 

kOR" k 0R"[2a~JZ"(t-r)] 

B YKa3aHHbIX BbIIIIe ycrroBllIX rroTeHQHarr U y.[(OBJieTBopHeT ypaBHeHHIO (5.103) H Ha'IarrbHOMY 

ycrrOBHIO u1t=+o = 0, HHhIMH CJIOBaMH, 3TO eCTh peIIIeHHe 3a,[(a'IH KOIIIH 

1 au 1 
{j.U--;;zat=-k f(x,t), 

ui,=+o =O. 

PeIIIeHHe 3Ma'IH KoIIIH MH O,[(Hopo,n;Horo ypaBHeHHH TenJiorrpoBO,[(HOCTH 

1 au /j.u---=0 
a2 at ' 

ul,=+o = <fJ(x ), x E R" 

Bhipa:lKaeTcH HHTerparroM IlyaccoHa 

1 _Ix-Ji' 
V(O) (x,t) = " f <fJ(y)e 4

"
2

' dy = E(x,t)*tp(x). 
( 2a.J1ii) R" 

(5.105) 

IlmTOM)' peIIIeHHe 3a.[(aqH KoIIIH .[(JIH HeO,[(Hopo.[(Horo ypaBHemur (5.103) MO:lKHO npe.[(CTaBHTh 

B BH,[(e CYMMbITeIIJIOBOfO IIOTeHQHarra (5.104) H HHTerparra IlyaccoHa y(O) (5.105) 

u(x,t) =U(x,t)+v<0l (x,t). 

IlpH paccMoTpemrn HaqarrbHO-Kpaesoii 3a,[(a'IH TerrrronpoBO.[(HoCTH rrepsoro po,n;a 

1 au 1 /j.u---=-- f (x t) 
a 2 at k ' ' 

ui,=+o = 'P( x)' 

uls=tpi(x,t), t>O 

Qerrecoo6pa3HO HCIIOJih30BaTb IIOBepxHOCTHbIH TeIIJIOBOH IIOTeHQHaJI ,[(BOHHOro CJIOH 

t a 
W(x,t) = fdr fv(y,r)-E(x-y,t-r)dSY, x~S, 

o s any 
(5.106) 

r,[(e v(y' t) - HCIIpepbIBHaH IIJIOTHOCTh, orrpe,[(eJieHHaH rrpH t ;::: 0, v ( y' 0) = 0, y - TeKyruM 

TO'IKa Ha S; ny - BHeIIIHHH HOpMarrb K s B TO'IKC y; x - TO'IKa Ha6JIIO,[(emur; dS y - 3Jie

MCHT IIJIOIUa,[(H TIOBepXHOCTH s. 
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nepeliHCJIHM OCHOBHhle CBOHCTBa IlOBepxHOCTHOro nowm:urn.rra ,.wJOHHOro CJIOH. CoOTBeTCT

BYJOmee o6ocHOBaHHe MO)l(HO HaHTH B [11]. 
1. flpH Bcex x~ S cpym:<IUUI W(x,t) 6ecKoHe'iHO .D.Hcpcpepemi;HpyeMa H y.n.oBJieTBop»:eT o.n.-

HOpo.D.HOMY ypaBHeHHIO Terr.rronpOBO)J.HOCTH ( f ( X, t) 5 0). 
2. W(x,t(;-0 =0. 

3. flpe)J.eJibHble 3HatfeHHH Ha IIOBepXHOCTH (J = S x[O,T) IIOTeHii;mma (5.106) W+ H w-, 
IIOJIYtfeHHhle COOTBeTCTBeHHO rrpH crpeMJieHHH K TO'iKe x E s H3HyTpH H H3BHe, orrpe.n.eJIHIOTCH 

paBeHCTBaMH 

W±(x,t)=+.!..v(x,t)+W0 (x,t), XE S, 
2 

r.n.e rrpHMOe 3HalfeHHe IIOTemwa.rra )J.BOHHOro CJIOH orrpe.n.eJIHeTCH Bhlpa)l(eHHeM 

(5.107) 

4. HopMaJibHaH IIpOH3BO)J.HaH OT TeIIJIOBOro IIOTeHI(HaJia )J.BOHHOrO CJIOH HerrpepbIBHa rrpH 

rrepexo.n.e liepe3 S. 
PerneHHe rrepBOH HaqaJibHO-KpaeBOH 3a;:t;a'iH (BHyrpeHHeH H BHernHett) HmeTcH B BH)J.e 

CYMMhl 

u ( x,t) = y(o) (x,t) +U ( x,t) + W (x,t), (5.108) 

r)J.e V (O), U H W - COOTBeTCTBeHHO HHTerpaJI flyaCCOHa (5.105), o6'beMHbIH TeIIJIOBOH IIOTeH

I(HaJI (5.104) H rroBepxHOCTHbIB TeIIJIOBOH rrOTeHUHaJI .D.BOHHOro CJIOH (5.106). CornacHo CBOHCT

BaM BXO.D.HmliX CIO)J.a IIOTeHI(HaJIOB, Bbipa)l(eHHe (5.108) Y.D.OBJieTBOpHeT ypaBHeHHIO (5.103) 

H Ha'iaJibHOMY ycnOBHIO ui,~<-0 = cp( x). Aim orrpe.n.eneHHH HeH3BeCTHOH IIJIOTHOCTH v(x, t) BOC

IIOJib3YeMCH rpaHH'iHbIM ycnOBHeM. CHOCH Ha rpaHHey rrpe.n.enbHble 3HalfeHHH IIOTeHI(HaJIOB 

c YtfeTOM (5.107), rrpliXO.D.HM K cne.D.YJOmHM HHTerpaJibHhIM ypaBHeHHHM (THrra BonhTeppa): 

1 
+2v(x,t)+W0 (x,t)=N(x,t), XE S, t>O, (5.109) 

N ( X, t) = tp1 ( X, t )-U ( X, t )- y(O) ( X, t). 

3)1.eCh BepX!fHH 3HaK OTHOCHTCH K BHyrpeHHett 3a,n:aqe (,lJ.JIH KOHeqHOH O)J.HOCB5!3HOH o6naCTH D+, 
-+ 

orpaHHlieHHOH rroBepXHOCTbIO S ), HH)l(JfHH - K BHernHeii 3a;:t;alfe (MH o6naCTH v- = R" \ D ). 
,D;nH CBe)J.eHHH BTopoii HatfaJihHO-KpaeBOH 3a)J.a'iH 

1 au 1 
~u-;i-ai= -k f (x,t), 

uL;-0=cp(x), xED, 

oul =cp2 (x,t), a=Sx[O,T] on <Y 
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K HHTerparrbHOM)' ypaBHeHHID npHI!1Ie"CJeM IIOBepXHOCTIIbIB TelIJIOBOH IIOTeHI(HaJJ rrpocToro cnmr 

(µ - cpHHHTHaJ! o6o6rn:eHHID! cpyHK:U:HH) 

I 

V(x,t) = µ*E(x,t) = fdr fµ(y,-r)E(x-y,t-r)dSY. (5.110) 

0 s 

Ilepe"CJHCJIHM 3,lleCb CBOHCTBa IIOTeH:u;Hana v ( X, t). 

1. Ilpn t > o,v (x, t) eCTb HerrpepbIBHO ,llHcpcpepett:u;HpyeMrur BHe <Y = s x [o, T] cpymc:u:ID! CBO

HX rrepeMeHHbIX, y,1:10RITeruopH10rn:rur o,1:1Hopo,llHoM)' ( f ( x, t) = 0 ) ypa.BHeHHID TerrnorrpoBO.llHOCTH. 

2. IloTeH:U:JHIJI (5.110) HerrpephIBHO rrpo,1:1omKHM 11epe3 rrosepxHOCTh S npn mo6oM t > 0. 

3. IIpaBHJihHaH HOpMaJibHID! I1pOH3BO,llHID! Tennosoro IIOTeH:U:HaJia npocTOrO CJIOH TepIIHT 

pa3phlB rrepBoro po,1:1a rrpn rrepexo,1:1e -qepe3 u. IIpe,1:1enhHbie 3Ha"'IeHHH HOpManhHOH npoH3-

BOAHOH B TO"CJ:Ke x E s H3HyrpH }[ CHapy-JKH cyr:u:ecTByIOT H HMeIOT Bll,ll 

(av)± l av(x,t) a;; =±2µ(x,t)+ dnx , XE S, (5.111) 

r,1:1e BTOpoe CJiaraeMoe eCTb rrpHMOe 3Ha"CJeHHe HOpMaJJbHOH rrpott3BOAHOH IIOTeH:u;ttaJia rrpocTOrO 

CJIOH, BepxHHH 3HaK COOTBeTCTByeT npe,1:1eJibHOM)' nepexoey H3JIYfPH, HmKHHH - ll3BHe <Y. 

Pemettne BTOpoti Ha"CJaJihHO-KpaeBoti 3a,1:1aqll pa3hICKllBaeM B BM.lie cyMMhI 

u(x,t) = y(o) ( x,t) +U ( x,t) + V ( x,t). (5.112) 

IlO;:\CTaHOBKa npe,lleJihHhIX 3Ha"CJeHllH Bbipa)l(eHllH (5.112) c yqeTOM (5.111) B rpaHH"CJHOe ycno

Blle BTOpoli Ha"'IaJihHO-KpaeBOH 3a,1:1aqn rrpHBO,llHT K HHTerpanhHhIM ypaBHeHHHM 

±.!.µ( x,t)+~V ( x,t) = M (x,t), 
2 onx 

(5.113) 

M (x,t) = rp2 (x,t)-~(v(O) (x,t)+U (x,t) ). 
onx 

IlpH"'IeM BepXHHH 3HaK COOTBeTCTBYeT BttyTpeHHeH, a HmKHHH - BHeurneli 3a,lla"CJaM. TaK )Ke KaK 

B reopHH IIOTeH:u;llaJia AJIH ypaBHeHHH Jlarrnaca, nmerpanhHbie ypaBHeHHH (5.113) HBJIHIOTCH co

IIpH)l(eHHhIMH no OTHOllieHHIO K COOTBeTCTBYffiill;HM ypaBHeHHHM (5.109). 

CMemaHHID! Ha"CJaJihHO-KpaeBaJI 3a,1:1a-qa aHaJIOrH'IHhIM o6pa30M CBO,llHTCH K HHTerpanhHO

MY ypaBHeHHIO npll IIOMOill;ll IIOBepxHOCTHOrO ITOTeH:U:HaJia rrpocTOro CJIOH (5.110). 

IloJiyqeHHhle HHTerpanhHhie ypaBHeHHH pemaIOTCH MeTO,llOM IIOCJie,llOBaTeJibHhlX npn6nn

)l(eHHH, npH"'IeM pH,llhl HeliMaHa paBHOMepHO CXOMTCH K HerrpepbIBHOMY pemeHHIO ( s - rro-

BepXHOCTh llimyttoBa, N(x,t )E c(a)). 

5.10. HHmeapan&H1>1e ypaeHeHuR meopuu ynpyaocmu 

IlOBTOpHM 3,llCCh AJIH y,1:106CTBa HCKOTOpbie COOTHOllICHllH H3 rr.4.25. Mo,1:1eJih JIHHCHHOH yn
pyroCTH BKJIIO"CJaeT B ce6H BCKTOp 6eCKOHC"CJHO MaJihlX rrepeMern:eHHii TO"CJCK ynpyroH: cpe,llhl u = 
= ( U1' Uz' U3 ) ' TCH30p MaJihIX ,1:1ecpopMa:u:Hli eij ' CBH3aHHbIX co CMern:eHHHMH COOTHOllieHIDIMH Koum 
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TeH3op Hanp~DKemffi CJii, cml3aHHhlli c TemopoM ,n:eqiopMaIUiii: rrpH noMOillH 3aKoHa f)'Ka ( C)'M

MHpoBaHMe no IIOBTOpHIDrneM)'CH HH,[(eKcy) 

O'ij = A,c5;iekk + 2µeii (i, j = 1, 2, 3), 

r.n:e /jij - CIIMBOJI KpoHeKepa, A H µ - cpH3WiecKHe IIOCTOHHHJ>Ie MaTepnana (KOHCTaHThI na

Me ). 0HH no.n:qHHeHhI ycJIOBHHM: µ > 0,A >-2µ/3. BBO.ll.H B 3aKOH f)'Ka COOTHOIIIeHHH ,[(JUI TeH-

30pa .n:ecpopMalIHH, MO)J(HO npe,n:cTaBHTh ero B BH)J,e 

(jij = A,c5;je+ µ(aiuj +a jui)' e = ekk (i, j, k = 1, 2,3). 

Ifa ycJIOBHH pasHosecHH npoH3BOJIJ>HOH BHYTPeHHeli qacTH TeJia BJ>ITeKaIDT ycJIOBHH napHOCTH 

KacaTeJIJ>HhIX HanpH)J(eHHH (J'ij = (jji (i * J) H )J,Hl\>cpepeH1IHaJihHhie ypaBHeHHH 

a pij + r; = o (i, J = 1, 2, 3), 

r.n:e Fi - HHTeHCHBHOCTh 061:.eMHhIX CHJI, )J,eHCTBYffirnHX B TeJie. 

IloJiaraH B ,[(aJIJ>HeH:rneM F = (FP F2, FJ = 0 H BCTaBJIHH B ypasHeHHH paBHOBeCHH BMe

CTo (J'ij HX BhlpmKeHHH qepe3 .n:ecpopMa1IHH eij' npHXO)J,HM K O)J,HOpO)J,HOH CHCTeMe ypaBHeHHH 

naMe OTHOCHTeJIJ>HO nepeMerneHHH 

¢uj+(A,+µ)aj(akuk)=O, A=akak (k,J=l,2,3). 

HnH B BeKTOpHOH cpopMe 

A*u = ¢ u +(A,+ µ)grad( div u) = 0. 

3Ta cncTeMa 3JIJIHIITHqecKoro THIIa npe,n:cTaBJIHeT co6oli aHanor ypasHeHHH nanJiaca. B Teo

pnn ynpyrocTH paccMaTpMBaIOT TPH OCHOBHJ>Je rpaHnqHhle 3a.n:aqH MH Hee. 

IJepBM rpaHHqHaH 3a)J,aqa 3aKJIIOqaeTCH B Orrpe,n:eJieHHH perneHHH U CHCTeMhl naMe B 06-

JiaCTH Q, 3aHJITOH TeJIOM, y,n:OBJieTBOpHIDmero Ha rpaHHIIe TeJia an = S KpaeBOM)' ycJIOBHIO 

uj
8 

=f' (x), XE S. 

BTopM rpamrqHaH 3a,n:aqa TeopHH yrrpyrocni: 3aKJIJOqaeTCH B onpe,n:eJieHHH TaKoro perne

HHH CHCTeMhl naMe, KOTOpOe 6J>I o6ecneqlfJIO 3a)J,aHHOe Ha S pacnpe,n:eJieHHe BeKTOpa HaIIpH-

)J(eHHH x(n) =(X1n•X2n•X3J, T. e. 

xinls =CJijnjls =l/';(x), XE S. 

TpeTbH rpaHHqHaH 3a,n:aqa )J,JIH CHCTeMbl naMe 3aKJIJOqaeTCH B 3a)J,aHHH Ha O)J,HOH qacTH IIO

BepXHOCTH BeKTOpa nepeMerneHHH, a Ha ee ,[(OIIOJIHeHHH .!1,0 IIOJIHOH rpaHHIIhl o6naCTH BeKTopa 

HanpH)J(eHHH. 

IlpH IIOCTaHOBKe 3THX 3a,n:aq IIO)J, n IIOHHMaeTCH JIH60 KOHeqHaH O)J,HOCBH3HM o6JiaCTb n + 

(BHYTpeHHHH rpaHMqHaH 3a,n:aqa), JIH6o ee ,[(OIIOJIHeHHe - o6JiaCTh n- = R 3 
\ Q+ (BHeIIIHHH 

rpaHHqHaH 3a)l.a%). IlpHHHMaeTCH, qTQ an = S - IIOBepXHOCTb nHnyHOBa. ilO)J, pery!IHpHbIM 

peIIIeHHeM U = {u1 , U2, U3 ) CHCTeMhI naMe IIOHHMaeM peIIIeHHH Uk E C2 
( Q) n C1 (n), IIpHqeM 

B 06JiaCnr n- HMelOT MeCTO OIIeHKH IIpH lxl ~ 00 

(5.114) 
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fpami:qHoe ycJIOBJie IIO HaIIpH)KeHIDIM c yqeTOM 3aKOHa fyxa MO:lKHO npe.n;CTaBHTh HeIIO
cpe.n;cTBeHHO qepe3 nepeMell.J,eHmr B seKTopHoM BH,n;e [25, 39] 

(Tnu) (x) = 2µ du +An div u + µ (n X rot u), 
dn 

r)J,e Tn - TaK Ha3hrnaeMhIM onepaTop HanpH:iKeHHli, a Bhlpa)KeHHe (Tnu) (x) onpe.n;MHeTCH npH 

noMOll.J,H TaKoro )Ke npe.n;enhHoro nepexo.n;a Ha rpaHHqHYJO nosepxHOCTh S, KaK H npaBHJih

HaH HOpMaJihHaH npOH3BO)J,HaSI. 
OnepaTOp HanpH)KeHHH y.n;o6Ho npe.n;cTaBHTh B Ma'IpHqHoM: cpopMe [31] 

Tn = F(iJx,nJ =jjF;j (iJx,nJjj, 
r.n;e 

a a a 
F,,, =A-n.-+µn.-+µ0..- (i,j=l,2,3). 

, I ":'} J ":'} I} J uxj dX; unx 

Tor.ii;a seKTop HanpH:iKeHIDI X (n) Ha rpaHm.1,e Tena npe.n;crasJIHeTCH qepe3 rrepeMell.J,eHIDI B KOM-
ITaKTHOM BH):(e 

x<n) = F(iJx,n,)u. 

HapH!J:Y c <jlH3H'leCKHMH KOMITOHeHTaMH TeH3opa Hanpsr)Kemrn (/ij BBO)J;HT o6o6meHHhle HanpH

)KeHHH a;; npH lIOMOUJH COOTHOIIIeHHM 

a;k =ad juk + µi)kuj (j =I= k), 

a:= (A-+ µ-a)div u +(a+ µ)di uj, 

r.n;e a > 0 - npoB3BOJlhHaH IlOCTOHHHaH. QqeBH)J;HO, npH a = µ TeH30pbl (/ij H a;; COBlla)J,aIOT. 

Temop o6o6meHHbIX HanpH:iKeHHli nopo)l()J;aeT onepaTOp o6o6meHHhIX Hanpsr)KeHHM:, )J,eii:cT
BYJOll.J,HX B ITJIOCKOCTH C HOpMaJiblO ll 

(Pnu) (x)=Fa(:x'nx) u =(a+µ)~: +(A-+ µ-a) n div u+a (nx rot u). 

KOMlIOHeHThl :noro onepaTopa onpe)J,emIIOTCH COOTHOIIIeHHHMH 

a a 
(Fa)u = µb;j a+ (A-+µ) n;a+a(njai -niaj ), 

n xj 

r)J,e nj =cos(n,xj). 

EcnH 

µ(A-+µ) µ 
a= =- K=3-4v 

A+3µ K' ' 

TO onepaTop Pn Ha3bJBaeTCH onepaTopoM rrceB)J,OHanpsr)KeHHH H HMeeT crre1.1,HaJihHoe o6o3Ha

qeHHe N •. 

CcpopMYnttpyeM Terreph ocHOBHhle coornorneHHH TeopHH yrrpyrocTH B R3
, o6o6maroll.J,He 

<JlOPMYJibl fpHHa TeopHH ITOTeHI.J,HaJia. BhIBO)J, BCex 3THX COOTHOIIleHHM MO:lKHO Haii:TH B (1, 25, 
26, 35, 39, 41]. 
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fiepBIDI 0606I11eHHaH qlOpMyJia lieTTH. fiyCTh u(x) - <l>YJIKil~ KJiacca C 2(.Q)nc1{n) 
H v E C1 (~t), pn - orrepaTOp 0606I11eHHhIX HarrpH)l(eHHH. HMeeT MeCTO <l>opMyJia 

fv·'1*udx= fv·PnudS- fE(u,v)dx, 
~ s ~ 

r.[(e CHMMeTPHqHaH 6HJIHHeiiHM qiopMa E (u, v) onpe.[(eJIHeTCH paBeHCTBOM 

( 
1 )"'""'OU; ovk "'""'OU; ovk + A+µ-a ~--+a~--· 

i#: OX; oxk i#: oxk OX; 

IlpHHHB B <l>opMyJie (5.115) u = v, TIOJiyqHM BTopyro 0606I11eHttyIO <l>opMyJiy lieTTH 

fu · L1*u dx = fu · Pnu dS - J E (u,u) dx. 
n+ s rr 

(5.115) 

(5.116) 

HaKOHeQ, MeHAA MecrnMH u H v H yqHThlBaH CHMMeTpHqHoCTh 6HJIHHeiiHoii qiopMhI E (u, v ), 
rrpH.[(eM K TpeTheii 0606I11eHHoii qiopMyne lierrH 

f(u ·'1*v-v ·L1*u)dx = f(u ·Pnv-v ·Pnu) dS. (5.117) 
n• s 

IlpH a=µ nonyqaeM KJiaccH'fecKHe qiopMyJihI lieTTH [39, 41). 

KBa.[(paTHqHaH qiopMa E (u,u ), BXOAAlllaH B (5.116), rroJIO)l(HTeJihHO onpe.[(eneHHaH 

E (u,u) = 2µ{2[(au1 )
2 
+(auz )

2 
+(au3 J

2]+ ±(auk J
2
} +A-( div u )2. 

ax2 OX3 ax! k=I axk 

OrcIO,[(a BhITeKaIOT TeopeMbI e.[(HHCTBeHHOCTH .[(JIH OCHOBHhlX 3a.[(aq. IlyCTh, HanpHMep, llo -

perneHHe nepBOH OCHOBHOH 3a.[(a'ill B g+, COOTBe'TCTBYfOIIJ,ee ttyJieBhIM CMeIIJ,e~ Ha s, T. e. 

L1'u0 = 0, u0 /
8 

= 0. 

B 3TOM cnyqae nepBhJe .[(Ba HHTerpana B (5.116) rrporrn.[(aIOT. IlonyqaeM 

J E (u, u) dx = 0 ::::> E (u, u) = 0 ::::> uk = const ( k = 1, 2, 3). 

-+ 
Ho tta rpaHHQe uk = 0. 0TCIO.[(a cJie.[(yer, qTo u1 = u2 = u3 = 0 B Q . 

AHanorn:qHhie pacc~.[(eHHH npoxoAAT H .[(JIH BTopoii ocHOBttoii 3a.[(aqH c Toii JIHlllh pa3-

HHQeH, 'ITO eCJIH 

L1*u0 = 0, Tnuo/s = 0, 

TO rrepeMelll,CHHH llo = (Up Uz, U3), B006IIJ,e rOBOpH, B H)'Jlh He 06paI11aIOTCH, a COOTBeTCTByIOT 

CMellleHHIO TCJia KaK )l(CCTKOro IJeJioro 

u1 = £li + qx3 - rx2, u2 = a2 + rx1 - px3, u3 = a3 + px2 - qx1. 

HarrpH)l(eHHH B Tene ocTaIOTCH paBHhIMH Hymo. 

~i 
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HHTerpaJibHLie npe.11;craBJieuust. IloTeHQHaJILI. B n. 4.25 rnaBhI 4 6hma nocrpoeHa MaT

pHU;a <}lyimaMeHTIIJihHhlX pernemill CHCTeMh1 flaMe (MalpHU;a KeJihBHHa-CoMHJIMIHhI). BhmHrneM 

ee 3,n;ech 

r mn ( X, y) = Umn 

r.n;e 

K=3-4V = A.+ 3µ l 
A.+µ ' 16Kµ(l-v) 

A.+µ 

3JJeMeHThl r mJx, y) npep;CTaBJUIIOT C060H rrepeMeIQeHIDI B TO'IKe X B HanpaBJJeHHH OCH Xm OT 

.!(eHCTBHH e.!(HHll'IHOH, cocpe,n;oTO'leHHOH B TO'IKe y CHJihl B Hanpasrremm OCH x.. 3rreMeHThI 

MaTpHI(hl r mn (x, Y) - eCTh 0606IQeHHhie <}lyHKI(HH, y,n;OBJieTBOpHIOIQHe CHCTeMe 

,UAXm. +(A.+µ) a~m ( a~k rkn J =-omno(x-y) (m,n = 1,2,3). (5.118) 

IlpH .n;eH:CTBHH B TO'IKe y = (y 1 , y 2 , y 3 ) cocpe.n;oTO'leHHoil: CHJihI F ( y) = ( F;, F2 , F3 ) nepeMeme

HHH B TO'IKe x = (xi, X2 'X3) onpe,n;eJIHIOTCH npH IIOMOmH MaTpH~I KeJJhBHHa-CoMHJIM!Hhl 

u(x) =r(x, y)F(y ). 

Ilorrarag B (5.117): V = ( f 1
, r 2

, r 3
), ~ * U = Q H Y'JHThIBaH (5.118), rrorryqaeM mrrerpaJJhHOe rrpep;

CTaBJieHHe peryITHpHOfO perneIDur CHCTeMhI flaMe 

' 

u(x) = u+ (x) = Jr(x,y{ Fa ( :y ,nY Ju+ (y )]dsY -J[ Fa( :y ,nY )r(x, y)] u+ (y)dSY,xE ~r. (5.119) 

3,':(eCh IIITpHXOM o6o3Ha'IeHa orrepal(HH rpaHCITOHHpoBaHHH MalpHI(hI, BTOpoil: HHTerparr CHH

ryrrHpHhlH H rromrnaeTCH B CMhICJJe rnasHoro 3Ha'IeHHH. AHarrorn'IHhIM o6pa30M norryqaeTcH 

mrrerpaJJhHOe npet(CTaBJJeHHe /:(J1H peryJIHpHOfO perneHHH CHCTeMhI flaMe B !Y. 
' 

u(x) = u-(x) =-jr(x, y{Fa ( :y ,nY }-(y) ]dsY +A Fa ( ~ ,nY Jr(x, y) J u-(y )dSY,xE n-. (5.120) 

PerneHHe CHCTeMhI flaMe He MO)l(eT, soo6me rosopH, y.n;osJJeTBopHTh Ot(HOBpeMeHHO rpaHH'IHhIM 

ycJJOBIDIM no rrepeMemeHHHM H HanpH)l(eHIDIM, Il03TOMY npe,n;CTaBJ1eHIDI (5.119), (5.120) He /:(aIOT 

perneHHH HH Ot(HOH H3 3THX rpaHH'IHhIX 3a)l;a'I. 3TH npe,n;CTaBJJeHIDI HCIIOJih3yroTCH B TaK Ha3hI

saeMOM IIpHMOM BapHaHTe MeTO,':(a rpaHH'IHhlX HHTerpaJihHhIX ypaBHeHHH [5, 25, 26, 28, 35). 
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KroK,ZlbIH H3 mrrerparroB, BXOMllJHX B (5.119), (5.120) rrpe,D;CTilBJUieT co6oll: pernemre CMCTe

Mbl JlaMe BHe rroaepxHOCTH S. BbipaJKeHMe 

' 
(w(a)x)(x) =-AF,, ( :y ,ny )r(x, y)] x(y)dSY, XE Q± (5.121) 

Ha3bIBaeTCH o6o6IIJeHHbJM ynpyrMM IIOTeHJ:J;Ma.JIOM ,D;BOHHOro CJIOH. Ero BeKTOpHIDI 3aIIHCb MMeeT 

BM,D; [31] 

(w(a)xXx)= a(,t+3µ)-µ(,t+µ) f(rxny)xz(y) dS _ 
87rµ(,t + 2µ) s \x _ y\ 2 

Y 

_ a(,t+µ)-µ(,t+3µ) lr·ny)z~y) dSY + 
87rµ(A. + 2µ) s \x - y\ 

3(A.+µ)(a+µ) f(r·nJr·z)r dS 
+ ( ) 5 Y' 8Jrµ A.+ 2µ s \x - y\ 

r,n;e r = X - y, T. e. BeKTOp C Hatia.JIOM B TOtIKe X l1 KOHIJ;OM B TOtIKe y, z(y) = 

= (%1 (y ),%2 (y ),z3 (y)) E C0
·
13 (S), 0 < j3 < b, 0 - IIOCTOHHHIDI B ycJIOBHHX JlHrryHOBa (<iiYHK

IJ;MM x k (y) y,n;oaneraopHIOT ycnoa1110 fenb,n;epa c rroKa3aTeJieM f3 ). IIepetIHCJIMM HeKOTOpbie 

OCHOBHbie CBOHCTBa JIOTeHIJ;Harra ,D;BOHHOro CJIOH w(a) X· 

CYIIJecrnyer rrpHMoe 3HatieHMe (w0(a)xXx), xE S rroTeHQMarra ,n;aoll:Horo cnoH. IlpH BbitIHC

neHMH rrpHMoro 3HatieHMH no <liOPMYJie (5.121) MHTerparr cne,n;yer IIOHHMaTb B CMbJCJie rnaBHOro 

3HatieHHH [41] (CM. TaKJKe rn. 6 ,n;aHHOro rroco6IDI). CKa3aHHOe OTHOCHTCH KO BCeM 3HatieHMHM 

rrapaMeTpa a, KpOMe cnyqaH 

µ(A.+µ) 
a= . 

A.+3µ 

B 3TOM cnyqae W0(a)% rrpe,n;cTaBJIHeT co6oll: o6bI'fHbIH Heco6crneHHbIH MHTerparr, cxo.n;HIIJHHCH 

rrpH Ak E C ( S), r,n;e S - rroaepxHOCTb JlHrryttoaa. 

EcJIH Ak (k = 1, 2,3) - <liYHKIJ;HH KJiacca C0
"
8 (s), TO KOMIIOHeHTbl IIOTeHIJ;Harra w(a)x HB-

JIHIOTCH <iiYHKIJ;WIMH KJJacca Co,p (n±) JIOCJie ,D;OOnpe,D;eJieHIDI IIOTeHIJ;Ha.Jia Ha S ero npe,n:eJibHbI

MM 3HatieHHHMH 

(5.122) 

IloTeHIJ;Ma.JIOM rrpocToro CJIOH c JIJIOTHOCTbIO p Ha3bIBaeTCH BeKTOP-<liYHKIJ;HH 

(V p)(x) =-f r(x, y)p(y)dSY, (5.123) 
s 

r,n;e p = (p"p2 ,pJ M pk - <liYHKQMH KJJacca C( S), S - rroaepxHOCTb JlHrryttoaa. B 3THX 

ycnoBHHX rroTeHQHan (V p Xx) HerrpepbIBeH B R 3 
(T. e. HerrpepbIBHO rrpo,n;OJIJKHM qepe3 S ). 
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EcJIH Pk E c0·P (s ), 0 < /3 < 0 ( 0 - IIOKa3aTeJih llimyHOBa IIOBepXHOCTH s ), TO nepBhie 

IIpOH3BO,!l;Hhie KOMilOHeHT TIOTeHIJ,HaJia (5.123) IlpHHa,!l;Jie)J(aT KJiaccy Co,p ( Q±), eCJIH ,!l;OOilpe

,!l;eJIHTh HX Ha s npe,11;eJihHhlMH 3HaqeHHHMH 

[
o(Vp)kJ-,± =+_!_{pk - J.+µ nk(n·p)}n.+[o(Vp)kl, 

axj 2 µ µ(A.+2µ) 1 axj 
0 

r,11;e npHMOe 3HaqeHHe la j (v p )k 1 IlOHHMaeTCH B CMhICJie rnaBHOro 3HaqeHHH. 

0TCIO,!l;a CJie,!l;ylOT npe,11;eJihHble COOTHOilleHHH 

[Fa (:x, nx) (vpW =+~p(x)+[( :x ,nx J(V P)l · (5. 124) 

TaKHM o6pa30M, HMeeM aHanormo c HOpMaJihHOH npOH3BO,!l;HOH OT rapMOHHqecR:oro IlOTeHIJ,Ha

Jia npocToro CJlOH. IlpHMOe 3Haqemre HBJIHeTCH CHHryJIHpHhIM HHTerpanhHhlM onepaTopoM npH 

Bcex a 3aHCKJIJOqeHHeM a=µ(A.+µ)(A.+3µf1. OnepaTOphI W0(a) H [FaV]
0 

HBJIHIOTCHco

npH)l(eHHhIMH ,11;pyr K ,!l;pyry. 
rpaHH'IHble DHTerpaJILHble ypaBHeHDSI OCHOBHblX 3aLt,a'I. PerneHHe nepBOH OCHOBHOH 

3a,!l;aqH u± = fJ± Ha s (3a,!l;aqfi 1±) 6y,11;eM pa3bICKHBaTb B BH,!l;e o6o6m,eHHOro IlOTeHIJ,HaJia ,!l;BOH-

HOro CJIOH W(a) Z C HeH3BeCTHOH IlJIOTHOCThlO Z±. IlpH 3TOM IlOTpe6yeM, 'IT06hI <fJ; ( X) E 

E Co,p ( S), 0 < /J < 0 ( i = 1, 2, 3) H, KpOMe TOrO, ,!l;JIH BHenrneif 3a,11;aqH (B u-) BhIIlOJIHHJIHCh 

Oll,eHKH (5.114) npH \x\-7 oo. I10,11;cTaHOBKa npe,11;eJihHhlX 3HaqeHHH (5.122) B rpaHHqHoe ycno

BHe ,11;aer 

r,11;e BepXHHH 3HaK COOTBeTCTByeT 3a,11;aqe r, HH)l(HHH - 3a,11;aqe r. 
PemeHHe ceMeifoTBa o6o6m,eHHh1X BTOphIX rpami:qHhIX 3a,11;aq II± 

Fa(i_, nJ u± =: "±(x), XE s, If/{' E c0·P (S), 0 < /3 < 0 
ax 

pa3hICKHBaeM B BH,!l;e o6o6m,eHHOro IIOTeHI.i:Hana npoCTOro CJIOH 

u±(x)=Vp±, XE Q±. 

(5. 125) 

(5.126) 

IlO,!l;CTilHOBKa rrpe,n:eJihHhIX 3Haqemm (5.124) B rpaHttqHOe ycJIOBHe (5.126) npHBO,!l;HT rpaHH'l.HylO 

3a,11;aqy K HHTerpaJibHOMY ypaBHeHHIO, conpH)J(eHHOMY c (5.125). 

+.!.p±(x)+ [Fa (i_, n,J Vp±(x)1 = f'±(x), XE S. (5.127) 
2 ax 

IlpH a=µ ypaBHeHHH (5.127) HMeJOT <j:>H3ffqeCKHH CMhICJI H COOTBeTCTBytOT 3a,!l;aqe Teop1m yn

pyrocTH npH 3a,!l;aHHOM Ha rpaHHIJ,e s BeKTope HarrpH:>KeHHH. IlpH a= a·=µ (A.+µ) (A.+ 3µ r1 
ypaBHeHHH (5.125), (5.127) HMelOT cna6yJO oco6eHHOCTh, T. e. HBJIHIOTCH <J:>pe,11;roJlhMOBhIMH. 

IlpH a"# a* 3TH ypaBHeHHH OKa3hIBalOTCH CHHryJIHpHhIMH. 0,11;HaKo, KaK Il0Ka3aHO B [26, 31], 
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MH,lleKc 3TMX ypaBHeHHH (pa3HOCTh Me:>K,D,y 'IMCJIOM JIMHeHHO-He3aBHCHMhIX co6cTBeHHhIX <l>YHK

QHH HCXO,llHOro ypaBHeHIDI H conpR)J<eHHOro K HeMy) paBeH H)'JIJO. TaKMM o6pa30M, HHTerpanb

Hhie OIIepaTOpbI B (5.125), (5.127) - <l>pe,[(roJibMOBbl H ,[(JIR HHX CIIpaBe,[(JIHBhl TeopeMbl <l>pe.n:

roJibMa (CM. TaIOKe rn. 3, II. 3.13). 

HaIIOMHMM HeKOTOpbie orrpe,[(eJieHHR. Ilo,11; ck,JJ (n) IIOHHMaJOT KJiacc <l>YHKQHH rp( x)' He-

rrpephIBHbIX BMeCTe co BCeMH CBOHMH IIpOH3BO,[(HhIMH ,[(0 IIOpR,ll;Ka k BKJIJOqHTeJibHO B Q' npH

qeM IIpOH3BO,[(HhJe IIOPMKa k y,ll;OBJieTBopRJOT ycnoBMJO feJih,ll;epa c IIOKa3aTeJieM p. HarrpHMep, 

3aIIHCh rp E c0·f3 03Haqaer, qro cp y)l;oBJieTBOpReT ycnoBHJO feJih,ll;epa c IIOKa3areneM p. 
fOBOpRT, qro TIOBepXHOCTh S eCTh IIOBepXHOCTh KJiacca Jlk ( o), eCJIH ee ypaBHeHHe 

43 = r(41' 4J B JIOKaJibHOH CHCTeMe KOOp,ll;HHaT 41' 42, 43 (IIJIOCKOCTh 41' 42 - KaCaTeJihHaH, 

a OCh 43 HanpaBJieHa TIO HOpMMH) TaKOBO, qTO cpYJlKQIDI y(41 , 42 ) npHHa,[(Jle)J<HT KJiaccy Ck.o. 

B 3THX o6o3RaqeHMHX IIpHHa,[(Jie')J(HOCTh S KJiaccy IIOBepxHoCTeil: JlHIIYJlOBa BhirJIH,[(HT TaK: 

SE Jl1 (o). 
C<):iopMyn:u:pyeM TeIIepb npe,[(JIO')J(eHMH o pa3pewHMOCTM MHTerpanbHhlX ypaBHeH:rril: oc

HOBHLIX 3a,[(aq reopMM ynpyroCTH. Eonee II0,11;p06HO c COOTBeTCTByJOIQMMH ,[(OKa3aTeJihCTBaMH 

CM. B [25, 26, 35, 39]. 
1. 0,[(HOpO,ll;HOe ypaBHeHHe Z+ + 2W0(µ) Z+ = 0 M eMy COTipR')J(eHHOe MMeJOT JIMIIlh TIJMBH-

aJihHhie peweHHR B rrpocrpaHCTBe c0·f3 (s). Cne,[(OBaTeJibHO, ypaBHeHIDI z+ + 2Wo(µ) z+ = 2fl+ 

H COIIpH')J(eHHOe K HeMy 0,[(H03HaqHo pa3peIIlMMbl. 3TO 03HaqaeT, qTo peweHHe BHewHeil: BTO

poil: H BH)'TPeHHeH IIepBOH OCHOBHbIX 3a):laq CYJQeCTByJOT H MX MO')J(HO IIOnyqMTh B BM,lle 0606-

IQeHHhIX IIOTeHQMaJIOB IIpOCToro H .[(BOHHoro CJIOR COOTBeTCTBeHHO. 0THOCMTeJihHO ycJIOBHH, 

HaKJia.[(blBaeMhIX Has H cp(x), CM. [25, 41], a TaK')J(e 3aMeqaH:rre B KOHI}e 3TOro rryHKTa. 

2. 0.[(HOpO,ll;HOe ypaBHeHHe Z~ - 2W0(µ) Z~ = 0, COOTBeTCTByJOIQee 3a.[(aqe r, HMeeT IIleCTb 

JIHHeil:Ho-He3aBHCHMhlX pemeHHH 

z~k = e k ( k = l, 2, 3) , 

2'~4 = ( 0, x3 , -xi), 2'~5 = (-x3 , 0, x1 ), 2'~6 = ( X 2 , -x1' 0), 

r.n:e ek - opT ocn xk. 

Cornactto reopnn <l>pe.n:ronhMa, coIIpH')J(eHHOe o.n:ttopo.n:ttoe ypaBHeHHe (cooTBeTCTByJOIIIee 

3a.z:i:aqe 1r) HMeeT TaIOKe meCTb JIHHeHHO-He3aBMCHMbIX peweHHH p;,k ( k = 1,2, ... , 6)' c IIOMO

IQhlO KOTOpbIX MO')J(HO BM,LIOM3MeHHTh HHTerpaJibHOe ypaBHeHMe nepBOH BHeIJlHeil: OCHOBHOH 3a

.z:i:aqn TaK, qro6bI OHO CTaJIO pa3peIIlHMhIM .[(JIH JIJ06oil: IIpaBOH qacTH II0.[(06Ho TOMy, KaK 3TO 

6hIJIO c.n:enaHO B Teop:rrn rapMOHnqecKoro IIOTeHQMaJia (CM. II. 5.8). 
Ey,ll;eM pa3bICKHBaTb peweHHe IIepBOH BHeIIlHeH OCHOBHOH 3a.z:i:aqn B n- B BM.[(e 

6 

-( ) w(a) - " v + u x = Z + ~ck Po,k · (5.128) 
k=l 

Ilptt 3TOM IIOnyqHM HHTerpanbHOe ypaBHeHHe 

- (µ) - - - + 6 ) Z - 2Wo 2' - - 2(f1 +~ck VoPo.k , (5.129) 
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r.r1e IIOCTOHHHbJe ck onpe,lleJJHJOTCH O)l;H03HaqHO H3 ycnOBHH OpTOI'OHaJJhHOCTH 

6 

~>k fp;; · V0p;kdS = - ff'-· p;;dS (i = 1,2, ... ,6). 
k=I S 
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(5.130) 

TaKHM o6pa30M, rrpHXO,llHM K cne.LIYIOIIJeMY yrnep)l():(eHMJO. EcJJM ck ( k = 1, 2, ... , 6) - peIIIeHHH 

O,LIH03Haqao pa3peIIIHMoii CHCTeMhI (5.130), TO MH n106oii <i>YHKJJHM ip-(x) KJJacca C 0·fl (s) 
ypasHeHMe (5.129) pa3peIIIHMO. PeIIIeHMe z- orrpe.n;eneHo c TO'IHOCThJO .r10 rrpomBOJJhHOH JJH

HeHHOH KOM6HHa[(HH <l>YHKIJHH %~l'%~2 , •• .,z~6 • 

IJpH YCJJOBMM, qTo SE Jl2 (tJ) M qJ- E C'·fl (S), 0 < j3 < b rrepsaH OCHOBHaH BHeUIHM 3a

,llaqa HMeeT perynHpHoe peUieHMe, KOTOpoe rrpe,llCTaBJJHeTCH B BH,lle (5.128). 
3. Heo6xo.r1HMhIM H .r1ocTaTO'IHhIM ycnosHeM pa3peIIIMMOCTM ypasHeHHH 

p+ (x)-2[ Fa( :x ,n, )v p+ (x) l =-21/f+ (x), 

COOTBeTCTBYJOIIJero BTOpoH BttyrpeHHeH OCHOBHOH 3a,n;aqe, HBJIHeTCH paBeHCTBO ttyJJJO rnaBHOro 

BeKTopa M rJJaBHOro MOMeHTa BHeIIIHHX ycHJIHH. PeIIJeHHe rrpe,llCTaBmieTCH o6o6IIJeHHhlM rro

TeH[(MaJJOM rrpOCTOro CJJOH H orrpe.r1eneHO c TOqHOCThJO ;::i;o a;::i;,llHTMBHOro BeKTOpa )KeCTI<Oro CMe

IIJeHHH. 

CrreicrpaJJhHhie csoiicTsa orrepaTOpos 2W0(µ) H 2lFµ (a/ax, nx )v 1 aHaJJOIWIHhl crreicrpaJJh-

HhIM CBOHCTBaM COOTBeTCTBYJOIIJHX onepaTopoB Teopmi: rapMOHM'IeCKOro IIOTeHIJMaJJa. HMeeT 

MCCTO rrpe;::i;JJO)l(eHMe. 

Bee xapaKTepttcTttqecKHe 3Ha'IeHMH onepaTOpos 2W0(µ) Mero conpH)l(eHHoro BeIIJecTBeH

HhI M MX a6coJJJOTHhie seJJ~MHhl He MeHhIIIe e;::i;HHMIJbI. 3Ha'IeHtte A. = -1 - He xapaKTepttcT~e

cKoe AJJH onepaTOpos 2W0(µ) M ero corrpH)J(eHHOro, a A. = 1 - xapaKTeprrcTtt'IecKoe M eMy co

oTBeTCTBYJOT UieCTh JIMHeHHO-He3aBMCMMhIX co6cTBeHHhJX cpyttKIJHH. 

3aMeqaHMe. IlpM IlOCTaHOBKe rpaHMqHhlX 3a,n;aq TeopMM ynpyrocTH Tpe60BaJJOCh, qTOfaI 

peIIIeHHe 6bmo peryJIHpHbIM, T. e. 'IT06bI u ( x) E C2 
( Q) n C1 (0:). O.r1HaKO ecnH Tpe6oBaTb, 

qT06bJ rpaffMqHaH IlOBepXHOCTh s rrpMHa,llJ!e)J(aJJa KJiaccy IIOBepXHOCTeH JbmyIIOBa, a rpaHMqHbie 

cpyttKIJMII np1rna,llJ!e)l(aJJH KJiaccy <PYHK[(MH HerrpephIBHhlX no reJJh;::i;epy, TO peIIIeHHH no~eH

HhIX BhlIIIe MHTerpaJJhHhlX ypasHeHMH 6y;::i;yT npHaa;::i;JJe)J(aTh KJJaccy I3. TaKMM o6pa3oM, nptt 

ccpopM)'11MpoBaHHhIX Tpe6oBaHMHX Ha IIOBepxHOCTh s M rpaHttqHhie ;::i;aHHhie "'±' If/±' IlOTeHIJHa

JlhI (5.121) M (5.123), IlOCTpOeHHbie Ha perneHHHX COOTBeTCTBYJOIIJHX HHTerpaJJbHhIX ypaBHe

HMH, ;::i;aJOT o6o6IIJeHHbie peIIIeHmI OCHOBHhIX npocTpaHCTBeHHhIX 3a,llaq TeOpMM yrrpyrOCTH. 

C<t>opM)'nttpyeM Teneph ycnoBHH, rrprr KOTOphIX peIIIeHrre MHTerpaJJhHhIX ypaBHeHHH rrprrse

.lleT K IIOCTpoeHMIO perynHpHbIX CMeIIJeHMH (T. e. o6ecrre'IHT peUieHHe 3a.r1aqrr B KJJaCCMqecKOH 

IIOCTaHOBKe) [25, 41]. HMeJOT MeCTO yTBep)I()J;eHHH. 

1. Ecnrr s E Jln+I ( '5), qJE c·P ( S)' 0 < /3 < '5, TO IIOTeH[(MaJJ ;::i;soiiHoro CJJOH w XE c•./J (0:). 
2.ECJIH SEJin+1(8), qJEC"·P(s), 0</3<'5, TO IIOTeHIJMaJJ npocToro CJIOH VpE 

E C"+l,/J (0:). 
0TCJO)J;a CJie;::i;yeT, qTo eCJIH s E H2 ( 8)' a rpaffMqHbie <l>YHKIIHH IP±'~ E c'·/J ( 0 < /3 < 8)' 

TO peIIIeHHe HHTerpaJJbHhIX ypaBHeHMH I1pMBO,llHT K KJiaCCH'IeCKHM peUieHHHM rpaHttqHbIX 3a,llaq. 
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5.11. HeKomop1:>1e mun&1 HenuHeuH&IX uHmeapan&H&IX ypaeHeHuu 

HaH6onee 'lacTo BCTpe'laercH HeJIHHeiiHoe ypaBHeHHe faMMeplllTeH:Ha 

u ( x) + JK (x, y) f (y,u(y) )dy = 0, 
Q 

me K(x, y) - cppeJJ;roJibMOBCKOe HJJ;pO, XE n, n c R". 
Eonee 0611.(HM HBJIHeTCH ypaBHeHHe YpbICOHa 

u (x)+ JK (x, y,u (y) )dy = 0, 
Q 

rJJ;e <PYHKIIIDI K(x, y, u) HenpepbIBHa npH x E Q, y E Q H iul $; p, p > 0 - ,!l;OCTaTO'IHO 60Jib

moe 'IHCJIO. PaccMarpHBaIOTCH TaIOKe HeJIHHeHHbie orrepaTopHbie ypaBHeHHH JTu:rryttoBa-JlHxTeH

mTeilHa [30] H HeKOTOpbie JJ;pyrne [16]. 
Ilpw.tep. PaccMorpHM rpaHH'IHyIO 3aJJ;a-qy AJIH o6hIKHOBeHHoro AH<}lcpepem.urnJlbHOro ypaB-

HeHHH BTOporo rropHJJ;Ka 

-u" ( x) + OJU ( x) = f [ x, u ( x) J, 0 $; x $; 1, 

u ( 0) = u ( 1) = 0, 

r,l.J;e j : [ 0, 1] X C ~ C HerrpepbIBHa, a OT peIIIeHI-UI rpe6yeTCH IIpHHaAJie)KHOCTb K C2 
( [ 0, 1]). 

EcJIH OJ> -tr2
, TO 3Ty 3a,l.J;a'ly MO)J{HO CBeCTH K HHTerpanbHOMY ypaBHeHHIO THIIa faMMep

IIITeH:ua 
I 

u ( x) = JK (x, y) f [y,u (y )]dy, 
0 

rJJ;e K(x, y) - cpyttKUHH fpHHa, KOTopyio MOJKHO HaH:m B HBHOM BHJ.J;e. HanpttMep, rrptt OJ= 0 
HMeeM TaK Ha3hIBaeMOe rpeyroJihHOe HJJ;po 

{
y(l-x), 0$;y$;x$;l, 

K(x,y) = 
x(1-y), 0:S:x:S:y$;1. 

0CTaHOBHMCH 6onee IlOJJ;p06HO Ha HeJIHHeHHhIX ypaBHeHHHX THIIa faMMepmTeHHa [17, 21, 47, 
50, 58]. 3aMeTHM cpa3y, 'ITO ecJIH f(y,0)=0, TO ypaBHeHHe 11MeeT rpHBHaJibHoe pemeHHe 

u ( x) = 0. Ilo3TOMY 6yJJ;eM C'IHTaTb, 'ITO f ( y, 0):;:. 0. 0.n;HHM 113 3cp<}leKTHBHbIX MeTO,ll;OB peme

HHH H HCCJie,!l;OBaHHH ypaBHeHHH nma faMMepIDTeHHa HBJIHeTCH MeTOA IIOCJieJJ;OBaTeJlbHbIX np116-

JIH)J{eHHli. 

PaCCMOTpHM ypaBHeHHe ( n = ( 0, 1) c R1
) 

I 

u(x)+ JK(x,y)f(y,u(y))dy=O, XE (0,1). 
0 

IlpHMeHHM AJIH ero pemeHHH MeTOJJ; IIOCJie,!l;OBaTeJibHbIX rrpH6JIH)J{eHHH 
I 

un+I (x) = - JK (x, y) f (y,u. (y) )dy (n = 0,1,2, ... ), 
0 

(5.131) 

(5.132) 
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lIMeeT MCCTO TeopeMa [50]. IlycTb 

1) H,n;po K (x, y )E L2[O,1] HJIH no KpaH:tteH: Mepe ljJyHKU:HH 

I 

A2 (x)= fK 2 (x,y)dy 
0 

cym,eCTByeT IIO'ITH BCIO.U:Y Ha (0,1) H HHTerpttpyeMa Ha 3TOM HHTCpBaJie; 

2) <}>yHKIJ;HH f (y, u) paBHOMepHo Y.U:OBJICTBOpHeT ycJIOBHIO n11m1mu;a BH.U:a 

IJ (y,u1)- f (y,u2 )j < C(y )! u1 -u2! 
np11 u =0,f (y,O)E L2 [0,l); 

1 

3) fA 2 (x)C2 (x)dx=M 2 <l. 
0 

Tor.n:a rrocne,n:oBaTCJibHOCTb rrp116nmKeH11H: 

u0 ( x), Ui ( x) , u2 ( x) , ... 

CXO.U:HTCH IT01ITH BCIO.U:Y K peIIIeHHJO ypaBHCHHH (5.131), rrpH'IeM 3Ta CXO.U:HMOCTb II01ITH paB

HOMepHa (B TOM CMbJCJIC, 'ITO rroc.rre HCKJIIOY.JCHHH MHO:lKCCTBa nyneBOH MCpbI, Ha KOTOpOM 3TH 

cl>YHKIIHH He orpaHHY.JCHbl, CXO,ll;HMOCTb CTaHOBHTCH paBHOMepHOH). 

B caMOM )l,eJie, H3 (5.132) H ycnOBHH 2 HMeeM ou;eHKY 

1 

jun+\ (x)-un (x)j $ ~K(x,y)j!J[y,un (y)J- f [y,un-I (y)]\dy < 
0 

1 

< ~K ( X, Y )i!C(y )jjun (y )-un-I (y )jdy. 
0 

0TCIO,n:a, IlpHMCHHH HepaBeHCTBO IiyHHKOBCKOrO-lilBapu;a, llOnyY.JaeM c YY.JCTOM ycJIOBHH 1 

1 I 

I Un+! ( X )- Un ( X ))
2 

$ J K 2 
{ X, Y) dy f C2 

{ Y) [Un { Y )- Un-1 ( Y) J dy = 
0 0 

1 

= A2 
( x) f C2 (y )[Un (y )-un-I (y )J2 dy (n = 1,2, ... ). 

A rrp11n=0 

I 

u~ ( x) $ A2 
( x) f f 2 (y,O)dy =A2 

( x)c2
, c = jjJ (y,O)jj. 

0 

Terrepb rronYY.JaeM rrocne,n:oBaTeJibHO 

I 1 

I Uz (x)-u1 ( x)j
2 

< A2 (x) f C2 (y )u~ (y )dy < A2 (x)c2 f C2 (y )A2 (y )dy = c2 A2 
( x)M 2

, 

0 0 

I 

j u3 (x)-u2 ( x)j
2 

< A2 (x) J C2 (y )[ u2 (y )-u1 (y) ]dy < c2 A2 
( x)M 4

, 

0 



564 rJIABA5 

If B006IIl,e 

cA(x)(l+M +M 2 + ... ), 

KOTOpbIH CXO,[(RTCH IIpR M < 1. 

lfraK, rrpR BhIIIOJIHeHRR y1<a3aHHhIX Bhlme TPeX ycnoBRii nocne,[(oBaTeJihHOCTh { un ( x)} 
cxo,[(RTCH (noqTif paBHOMepHo). IIepexo,[(H B (5.132) K rrpe.[(eny rrpR n ~ oo y6e)l(.[(aeMCH, qTQ 

limu. (x) HBJIHeTcH pemeHReM ypaBHeHRH (5 .131 ). EcnR ycnoBRH TeopeMhI He BhIIIOJIHeHhI, TO 

RTepaIUfOHHhiii rrponecc MO)l(eT He ,[(aTh pemeHRH. 

IIpRBe,[(eM npRMep HeJIRHeiiHoro liHTerpanbHOro ypaBHeHRH, KOTOpoe B006IIl,e He RMeeT 

perneHRii. IIycTh 

K(x,y)=a(x)a(y), 
TaK qTQ m (5.131) rronyqaeM 

u ( x) = qa( x), q = const. 

IlO,[(CTaHOBKa 3TOH <l>YHKI(lili B liCXO,[(HOe ypaBHeHRe rrpRBO,[(RT K paBHOCRJihHOM)' ypaBHeHRIO 

OTHOCRTeJihHO KOHCTaHTbl q 
I 

q+ fa(y)f[y,qa(y)]dy=O. 
0 

EcJIR, HanpRMep, 

l+u2 

f(y,u)=-
2
-, 

TO nonyqaeM KBa,[(paTHOe ypaBHeHRe OTHOCRTeJibHO q 
1 I 

q2 fa3(y)dy+2 q+ fa(y)dy=O, 
0 0 

,[(RCKpRMRHaIIT KOToporo 

I I (I )2 
~=1- fa3 (y)dy fa(y)dy~l- fa 2 (y)dy <0 

0 0 0 

rrpR 

(5.133) 

3HaqlfT, Harne ypaBHeHRe He RMeeT ,[(eHCTBRTeJibHbIX perneHRH. 3-ro CJiyqliJIOCb li3-3a Toro, qro 

He BbIIIOJIHHeTCH ycJIOBRe 2 TeopeMbI (eMy npOTRBOpeqm HepaBeHCTBO (5.133)). 
c .[(pyroii: CTOpOHhl, eCJIR a(y) > 0 If 

f(y,u)=usin a(y)' 
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TO ypaBttemre (5.131) rrp1m6perneT BH.n; 

I 

1 + sin ~ f a 2 
( y) dy = 0. 

0 

OlleBH.n;tto, npH BhUIOJIHemm ycnoBHH (5.133) OHO HMeeT 6ecKOHe'IHOe 'IHCJIO BemecTBeHHbIX 
peIIICHHH. 

PaccMO"rpHM Tenepb .n;aa HHTerpanbHhIX ypaBHeHHH. 
JlHHeiittoe o.n;ttopo.n;Hoe 

I 

u(x) =A fx 2 yu(y)dy 
0 

I1 HeJIHHeiiHoe THIIa faMMepIIITeiiHa c TeM )J(e H.n;poM 
i 

qJ(x)=A. fx 2 yqJ2 (y)dy. 
0 

Ilepsoe ypaBHeHHe HMeeT xapaKTepHCTH'lecKoe 3Ha'leHHe A, = 4 H cooTBeTcTByromee eMy He

TpHBHaJibHOe pemeHHe u = x2C. )J,JIH pemeHHH BTOporo ypaBHeHHH o603Ha'IHM 

I 

c1 = f yqJ2(y)dy. 
0 

Tor.n;a TIOJIY'IHM CTPYKTYPHYID <t>opMyny 

qJ(x)=.4x2C1• 

0TCJO,n;a cl ( 6-Cl.42) = 0. IlpH cl = 0 I1 JIJ060M A TIOJIYllaeM qJ(x) = 0. ECJIH )Ke cl = 6/ A2 

(A -::f. 0), TO noJIYllaeM qJ( x) = 6 x2 /A. Cne,n;OBaTeJibHO, cneKTP 3Toro ypaBHeHIDI Henpepbrn

HbIH H 3anoJIHHeT BCJO Och Im.4 = 0 c BbIKOJIOToli TO'IKOH A= 0. 
PaccMOTpHM,HaKoHe~,Heo.n;Hopo,n;HoeypaBHeHHe 

I 

qJ( x) =A. f qJ
2 

( y) dy + 1. 
0 

IlonaraH 

qJ(x)=A.C+l. 

0TCIO,n;a npHXO,lJ;HM K KBa.n;paTHOMY ypaBHeHHlO OTHOCHTeJibHO c 
.42C2 +(2.4-l)C+1=0. 
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TrurnM o6pa30M, rrpH A > _!_ .n;eHCTBHTeJihHhIX perneHHH mrr. IlpH A = _!_ HMeeM O.n;HO perneHHe 
4 4 

1 <p( x) = 2. IlpH A,< - HMeeM .n;sa perneHHH 
4 

( ) _1+Jl=4I 
<1'1 x - 2.4 ' 

1-.Jl-4.4 
'Pz(x)= 2.4 . 

3.n;ecb MhI BCTPeqaeMCH c Tru<HM HBJieHHeM, rrpHCynIHM HeJIHHeHHhIM ypaBHeHHHM, KaK 6mpypKa

wrn perneHHH. 3ttaqeHHH A, rrpH nepexo.n;e qepe3 KOTOph1e KOJiffqeCTBO perneHHli ypasHeHHH Me-

HHeTCH, OCTaBaHCb KOHeqHhIM, Ha3bIBaIOTCH TOqKaMH 6mpypKal.{HH. 

lIMeIOT MeCTo cJie.n;yioll.{He TeopeMbI cym:eCTBOBaHHH [50, 55). IlyCTu H.n;po K ( x, y), qmry-

pHpyiorn,ee B ypaBHeHHH (5.131), YAOBJieTBOpHeT ycnoBHHM: 

1. KE L2 
[ 0, 1] HJIH no Kpail:Heli Mepe BTOpoe HTepttpoBaHHoe H,n;po K 2 (x, y) tterrpepbIBHO 

B KBa,n;paTe [O,l]x[O,l]. 
2 . .Jl.n;po K CHMMeTpHqttO, T. e. K(x,y) = K(y,x). 
3 . .Jl,n;po K IIOJIO)!(HTeJibHO, T. e. BCe ero xapaKTepHCTH1IeCKHe 1IHCJia IIOJIO)!(HTeJihHhI. 

H, KpoMe 3Toro, HerrpephIBHaH cliYHKUHH J(y,u) y,n;oBJieTBopHeT ycJIOBHIO BH,n;a 

(5.134) 

r,n;e C1 H C2 - IIOJIO:lKHTeJihHhIC IIOCTOHHHble, IIpH11eM C1 < ~' T. e. MeHbIIIe rrepsoro xapaK

TepHCTH1IeCKOro 11HcJia rroJIO:lKHTeJihHoro H,n;pa K ( x, y). Tor.n;a HeJIHHeifHoe HHTerpa.m.Hoe ypas

HeHHe (5.131) HMeeT IIO KpaliHeH Mepe 0,ll;HO HerrpepbIBHOe perneHHe. 

Y cJIOBHe ( 5 .134) MO:lKHO ocna6HTu HJIH mMeHHTu MHOrHMH crroco6aMH. B Ta6JI. 5 .1 rrpHse

.n;eHhI COOTBeTCTBYJOill,He BapHaHThI, B KOTOpbIX MO:>KHO rapaHTHpoBaTb cym:eCTBOBaHHe no KpaH

Heli Mepe o,n;Horo ( HerrpepbIBHOro) perneHHH ypaBHeHHH ( 5 .131 ). 

Ta6mu1a 5.1 

Pa3Jluqnhte cJiyqau cyrn;eCTBOB3HHH peweuuii ypaBHeHHH raMMepwTeiiua [50) 

C.ey11aH Ilpe.n;rroJIO)!(CHHe Ilpe.n;rrOJIQ)!(CHHe OTHOCHTCJibHO f (y' u) IlpHMCpbl 

OTHOCHTCJihHO 
(B .n;onoJIHCHHe K HerrpephIBHOCTH). KpoMe TOro, 4JyHKIIHH 

K(x,y) npe.n;rrOJIO)!(CHHe, 11To 0 < C1 < Ai J(y,u) 
(B .lIOIIOJIHCHHC 

CCJIH U ~ 0 CCJIH U:;::: 0 
K OCHOBHhIM 

rrpe.n;IIOJIO)!(CHHHM 

(1), (2), (3)) 

a - f (y' u) orpaHH1ICHa sinu 

HJIH y.n;osJieTsopHeT ycJioBmo (5.134) 

6 HenpepbIBHOCTh u e" 
F(y,u) =ff (y, v)dv orpaHH1IeHa CHH3Y 

0 

1 
HJIH F(y,u):2:--ku 2 -C,k=const<Ai,C>0 

2 
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IIpo11,oJDKeHHe rn6rrHIIbI 

B o:::; f:::; c1lul + C2 f '?.O 1 +e" sin2 y 

r 
j::;;O -(C1u+C2 )::;;j::;;O -(l + si:: y) 

A p(y)e" +q(y) 

K'?.O -C3:::; f:::; C1iul+C2 f '?.-C3 p'?.O;p,q -
ttermepbIBHbI 

e _P(Y) +q(y) 
f:::; C3 -(C1u+C2 )::;j::;C3 

e" 
p'?.0; p,q -
tterroeobIBHbI 

B HaIIIeM pacnopH)l(eHHH HMeJOTCH TaK)l(e TeopeMbI e,n;HHCTBeHHOCTH peIIIeHHli ,u,.rrn ypas
HeHHH THna faMMeprmeH.Ha [50]. C<):iopM)'JIHpyeM Hx. 

TeopeMa e,D;HHCTBeHHoCTH I. ECJIH MH mo6oro tPHKCHpOBaHHoro y m (0,1) qiymru;i1H f (y, u) 
HBJTHeTCH Hey6bIBa10l11ell tPYHKIUciell u, TO HeJIHHeliHoe HHTerpanbHOe ypaBHeHHe (5.131) HMeeT, 

caMoe 6onbIIIee, o,D;Ho peIIIeHHe. 
TeopeMa e,n;HHCTBeHHOCTH IL HenwHeliHoe HHTerpanbHoe ypasHemrn (5.131) HMeeT, ca

Moe 6onbIIIee, o,n;Ho perneHHe, ecnH 

I 

lf' ( x) + f K ( x, y) g ( y, lf' ( y)) dy = 0. 
0 

TeopeMa ep;HHCTBeHHOCTH III. HHTerpanbHOe ypaBHeHHe (5.131) HMeeT, caMoe 6oJibIIIee, 
0,ll;HO peIIIeHHe, eCJIH tPYHKIIHH f (y, U) paBHOMepHO YAOBJieTBOpHeT YCJIOBHIO nimumu,a 

lf(y,u1 )- f(y,uJl<alu1 -u2I (O<a<Ai). 

Eonee 06l11He HeJIHHettHbie ypaBHeHHH THna YpbicoHa HMeJOT BHA 

u(x)=/l jK[ x,y,u(y)]dy+ f(x), XE n, (5.135) 
Q 

me n - orpaHM1IeHHOe 3aMKHyTOe MHO)l(eCTBO B R"; K[ x, y,u ],/ ( x) - 3a,D;aHHbie tPYHK

IIHH, A - napaMeTp, u(x) - HCKOMaH tPYHKl(HH. 

YpasHeHne (5.135) paccMaTpHBaJOT KaK oneparnpHoe ypasHeHHe 

u=/lAu+f, (5.136) 

Au(x) = f K[ x, y,u(y)]dy, 
Q 

A: E ~ E, f EE H E - HeKOTOpoe 6aHaxOBO npocrpaHCTBO H3MepHMbIX Ha n <):iyttKl(Hll. 
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Pernemrn ypaBHemur (5.136) - :no Heno,n;BH)l(Hhle TO'IKH onepaTopa 

Au=AAu+f. (5.137) 

Il03TOM)' OCHOBHhIM MeTO,L\OM ,L\OKa3aTeJibCTBa CyuieCTBOBaHHSI pernemrn (H HX npH6nmKeHHOro 

Bbl'IHCnemrn) y ypaBHeHHSI (5.137) H, 3Ha'IHT, y ypasHeHHSI (5.135) SIBnS!eTCSI npHMeHeHHe npHH

lU'!IlOB HeIIO,[\Blf)l(HhlX TO'leK. Hatt6onee qacTO npHMeHSIIOTCSI npHHIIHil I>aHaxa C)l(aTbIX OT06pa

)l(eHHH II npHHlU'!Il lllay,n;epa (cM. [17, 49, 58, 62], a TaK)l(e rrpHJIO)l(eHHe AK rn. 3). 
HarroMHHM 3,n:ecb HeKoTophle orrpe,n;eneHHSI. rosopSt:T, qTo orrepaTop A, ,n;eifCTBYJOmHif 

B 6aHaxosoM rrpocTPaHCTBe X, y,n;osnersopSt:eT Ha MHO)l(ecTBe M c X ycnoBHIO JlHnrnm~a 

c IIOCTOSIHHOH a, eCJIH 

llAu-Avll::;allu-vll· Vu, vEM. 

ECJIH nptt 3TOM a< 1, TO orrepaTOp A HaJbIBaeTCSI onepaTOpoM C)l(aTHSI, a - Ko3$qm1~HeHToM 

C)l(aTttSI. Ecntt A - JIHHeHHhiii HerrpepbIBHhlH orrepaTop, TO a= llAll· 
IlpHHQHII C)l(aThIX oT06pa)l(eHHif 3BY1'.JHT TaK. Ecntt orrepaTop C)l(aTHSI A rrpeo6paJyer B ce6St: 

3aMKHyToe MHO)l(eCTBo M c X (AM c M ) , TO OH HMeer B M e,L\HHCTBeHHYJO Herro,L\Blf)l(HYJO 

ToqKy u *. 3Ta Herro,n;Blf)l(HM TO'IKa MO)l(eT 6hITb nonyqeHa KaK npe,n;en rrocne,n;osaTeJihHhIX 

npH6JIH)l(eHHH 

u. =Au._1 (n=l,2, ... ), 

r,n;e u0 E M - npoH3BOJibHhiii 3JieMeHT. IihICTPOTa cxo):(HMOCTH nocne,n;oBaTeJihHOCTH { uJ 
K TOqHOM)' perneHHIO xapaKTepH3yeTCSI HepaseHCTBOM 

II u. - u *II :::; 1 ~a II u1 - Uo II ( n = 1, 2, ... ). 

,AoKa3aTeJihCTBO npHHQHIIa (TeopeMbl c. I>attaxa) MO)l(HO HaHTH, HarrpHMep, B [50, 56, 58] (CM. 

TaK)l(e npHJIO)l(eHHe A K rn. 3). 
c HCIIOJib30BaHHeM npHHQHIIa C)l(aTblX OT06pa)l(eHHH MO)l(HO IIOJiyqHTb CJie):(yIOmtte npH-

3HaKH cymecTBOBaHHS! H e,L\HHCTBeHHOCTlf perneHHH HeJIHHeHHOro HHTerpanbHOro ypaBHeHHSI 

THIIa YpbICOHa [47, 54, 58, 60, 63]. 
1. IlycTh <PYHKQHSI K(x,y,u) ttenpepbIBHa no COBOKYIIHOCTH rrepeMeHHhIX x,yE Q, 

lul :::; p H rrycTh 

l
aK(x,y,u)I ( 11 ) dU :::; C X, y E Q, U :::; p . 

Tor):(a ypasHeHHe 

u(x)=A JK(x,y,u(y))dy (5.138) 

HMeeT e):(HHCTBeHHOe ttenpephIBHOe perneHHe u * (x) B Q, Y/:\OBJieTsopS110mee HepaseHCTBY 

lu(x)l::;p, ecnH 

I/LI C mes Q < 1, 

I/LI max Jmax!K (x,y,u)ldy:::; p. 
xeQ Q iui~P 
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Ecmr u0 (x) - npomBOJihHaH HenpephIBHaH $yHI<UHH, y,n:oBJICTBOpHIOIIJ;ruJ HepaBeHCTBy 

iu 0 (x~ $; p(x) B Q, TO IlOCJIC,lJ:OBaTCJihHhIC nptt6JimKeHHH 

Un (x) =A JK( X, y,un-I (y) )dy (n = 1, 2, ... ) 
n 

paBHOMepHo Ha Q CXO,n:HTCH Ku* (x). 
2. IIycTh onepawp 

Au(x) = JK ( x, y,u(y ))dy 
n 

,n:eiicTByeT B IIpOCTPaHCTBe I! ( Q), p > 1. IIycTh ,n:aJiee ,lJ:JIH BCCX Up U2 H X, y E Q BhIIlOJIHHeT

CH HepaBeHCTBO 

r,n:e K1 (x, y) mMepHMa H 

R J
* 1 1 AP= JK('(x,y)dy dx<oo, -+-=l. 

n n P P1 

1 
Tor,n:a rrptt IA-I< - H npH f E I! ypa1meHHe (5.135) HMeeT B I! e,n:HHCTBCHHoe peIIIeHHe. 

A 
B HCKOTOphIX CJIY'IruIX IlOJie3HhIM OKa3hIBaeTCj[ CJie,n:yIOmee o6o6m;eHHe npHHUHila C)l(H

MaIOIIJ;HX OT06pa)l(CHHii. 

TeopeMa KaqqonoJIH. IIycTh X - 6aHaxoBo npoCTpaHCTBO, u0 E X - 1a,n:aHHhIH :me-

MeHT H B = B [ u0 , r] - 1aKphIThIH IIIap B X. IlycTh ,n:anee HeJIHHeHHhIH onepaTOp A : X ~ X. 

flOJIO)l(HM 

- - llAnu -A"vjj > 
% -1, qn - sup II II , n - 1. 

u,veB U -V 

"" 

IIpe,n:noJIO)l(HM, qTo pH,n: L,q. cxo,n:HTCH, H nycTh p - ero CJMMa. Tor,n:a ecJIH r ~ Pl!Au0 -u0ll· 
0 

TO A HMeeT B B e,n:HHCTBCHHYJO Heno,n:BH)l(H)'lO TOqKy u* H u* = limu., r,n:e u. = Au._1 nptt 

n ~ 1. KpoMe TOro, 

(5.l 39) 

B caMoM ,n:eJie, 

IlpHMOe BhJqHCJICHHe c HCilOJih30BaHHeM :noii OUCHKH ,n:aeT npH m < n 

n-1 

:::;; q._, l!u, -uoll +q.-2 llu1 -uoll+ ... + qm llu, -uoll = llu1 -uol!Lqk. (5.140) 
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IlocKOJTuKy PM Lqk cxo,n;mcH, TO { u.} -$)'H.!l:aMeHTam.Ha H B c:irny IIOJIHOThI 6aHaxosa npo
o 

C'IpaHCTBa x OHa CXO,D;HTCH K HCKOTOPOMY npe,n;eey u*. IloJiaraH m = 0, no.rryqaeM ll3 (5.140) 

n-1 oo 

llu.-uoll::;llu1 -uollLqk ::;jlu1 -uollLqk =llu1-uollP::; r. 
a a 

CJie,n;osaTeJibHO, { un} c B [ u0 , r), H TaK KaK B - 3aMKHYfOe MHO)l(eCTBO, TO npe,n;eJI u * E B. 

B CHJIY HenpepbIBHOCTH onepaTopa A HMeeM u:enoqKy COOTHOIIIeHHH 

Un = Aun-! =:> lim Un = lim Aun-! = Alim Un-l =:> U * = Au*, 
n->= 

T. e. u* - HeIIO)J;BH)l(HaH TOqKa. 

Ou;eHKa cxo,n;HMOCTH noJiyqaeTCH H3 (5.140) npH n ~ oo. HMeeM 

Ami ,11;0K8.3aTeJibCTBa CJ{HHCTBeHHOCTif HeTIO,LlBIDKHOH TOl.IKH rrpe,n:noJIO)KHM, tITO me ,[.(Be: u * H v *' 

Au*= u*, Av*= v*. 

!!u' -v'!! = !!Anu• -A"v'!\::; q. \\u* -v*\\ (n = 1,2, ... ). 

H TaK KaK qn > 0 IIpH mo6oM HaTYPaJihHOM n = 1,2, ... , BhIBO)J;HM OTCIO,D;a, qTo u' = v*. 

IlpHBe,n;eHHhle BbIIIIe IIpH3HaKH cyllleCTBOBaHHH perneHHH OTHOCHTCH K ypaBHeHHHM THIIa 

Yp1>1c0Ha c oneparopaMH, y,n;osJieTBopHIOlIIHMH ycJIOBHIO flHrrrnHu;a. 

Ami )J;OKa3aTeJibCTBa CYllleCTBOBaHHH perneHHH ypaBHCHHH c BIIOJIHe HerrpepbIBHbIMH orrepa

ropaMH: HCIIOJih3yeTCH rrpHHU:HII lllay,n;epa. HarrOMHHM COOTBeTCTByJOlIIHe onpe,n;eJieHHH. 

IlycTu n - IIO,nMHO)l(eCTBo 6aHaxOBOro IIpoC'IpaHCTBa x. HeJIHHeHHhIB oneparop A : n ~ 
~ x Ha3hIBaeTCH BIIOJIHe HerrpepbIBHhlM (KOMIIaKTHbIM), eCJIH OH Herrpep1>rneH H nepeBO)J;HT 

Ka)l(,!l;Oe orpaHHqeffiIOe IIO)J;MHO)l(eCTBO MHO)l(eCTBa Q B KOMIIaKTHOe MHO)l(CCTBO. 

TeopeMe Illay,n;epa o Herro,n;BH'.lKHOH roqKe rrpe,n;rnecTByeT TeopeMa Epay3pa [58]. IlycTh 

D - orpaH~eHHoe 3aMKHYfOe BhlIIYKJIOe rro,n;MHO)l(eCTBO KOHeqHoMepHoro HopMttposaHHO-

ro JIHHeiiHoro rrpocTpaHCTBa, HanpHMep e,n;HHHqH1>1ii map B = { x E Rn : llxll ::; 1}. EcJIH A -

Herrpep1>mHoe oro6pa)l(eHHe D B ce6H, TO A HMeeT Heno,n;BH)l(HYJO ToqKy s D. 

IlpUMep. IlycT1> J(x) - Henpep1>rnHaH Ha [0,1] <PYHKU:HH, oro6pa)l(a10iu;aH [0,1] s ce6H, 

T. e. 0 ::; f ( x) ::; 1. IloKa)R'.eM, ~o ypaBHeHHe f (x) = x HMeeT peIIIeHHe Ha [ 0, 1]. l:IHbIMH CJIOBa

MH, OTo6pa)l(eHHe f HMeeT Ha [ 0, 1] HeIIO)J;BH)l(HyJO TOqKy Xa : f ( Xa) = Xo· .Zl,JIH 3TOro pac

CMO'IpHM Ha [0,1] <PYHKu:HIO tp(x)=x-f(x). HMeeM tp(O)=-f(o)::;o. EcJIH J(O)=O HJIH 

f ( 1) = 1, TO HeIIO)J;BH)l(HOH ToqKoH 6y,n;eT COOTBeTCTBeHHO ToqKa Xa = 0 HJIH Xo = 1. EcJIH )l(C 

J(O) > 0 H f (l) < 1, TO tp( 0) < 0, a tp(l) > 0, T. e. CYllleCTByeT TQqKa 0 < Xa < 1, B KOTOpoii 
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tp( x0 ) = 0. TaKHM o6pa3oM, Ha [ 0, l] cyw:ecTByeT no Kpail:Heil: Mepe o.n;Ha Heno.n;im)KmUI ToqKa 

oT06p~emrn f. 
Ilpmru:m1 Heno,D,Bll)KHOH TOqKH lllay.n;epa. IlycTh onepaTOp A oT06p~aeT 3a.MKHYfOe orpa

H~eHHOe BbITiyKJioe MHO)KeCTBo Q 6aHaxoBoro npoCTpattCTBa X B cefor. Tor.n;a ecJIH A -
BnOJIHe HenpephlBeH Ha Q' TO OH HMeeT Ha Q HenO,D,BlI)KH)'JO TOqey. 

lh rrpHHI\lma lllay.n;epa BbITeKaIOT cne.n;yromHe rrpmHaKH cyru:eCTBOBamrn pemeHHil: ypaB
Hemrn (5.135). 

1. IlyCTh cpyttKl(IDI K ( x, y, u) ( x, y E Q, lul < oo) HerrpephlBHa no u n y.n;oBJieTBopHeT Hepa

BeHcmy 

r.n;e a,b,a > 0 II 

nn 

Tor.n;a ypasHeHne (5.135) HMeeT rrpH Bcex .n;oCTaTO'IHO MaJibIX IA-I H J(x)E La+i no Kpail:Heil: Mepe 

o.n;Ho pemem1e u ~ ( x) E La+i. EcJIH a< 1, TO perneHIIH cyw:ecTBYJOT rrpH Bcex .4. 

2. IlycTh cpyHKI(HH K(x, y, u) HerrpepbIBHa ITO COBOKYIIHOCTH nepeMeHHhlX x, y E Q' lul $;a. 

Tor.n;a npn 

IA-I< 
0 

- mesQ·maxiK(x,y,u)I 
x.yen 

luJ<• 

HHTerpanbHOe ypaBHeHHe (5.138) HMeeT no Kpail:Heil: Mepe o.n;tto HerrpepbIBHOe perneHHe u~ (x), 

y.n;oBJieTBopH10mee HepaBeHcTBy lu ~ ( x )I $; a. 

3. IlyCTb cpyHKI(IDI K(x,y,u) HerrpephlBHa no COBOKYfiHOCTH rrepeMeHHbIX x,yE Q, iul < 00• 

IlOJIO)KlIM 

r 
A= sup , 

O<r<~ tp( r) mes Q 

tp(r) =max IK ( x, y,u )I· 
x,yen 

Tor.n;a rrpH /A-/< A HHTerpanDHoe ypasHeHHe (5.138) HMeeT no Kpail:Hett Mepe o.n;Ho Henpepbrn

Hoe pemeHHe u ~ ( x) . B qacTHOCTII, ecnH 

r-+oo r 

TO HHTerpaJibHOe ypaBHeHne (5.138) pa3pemnMo npH JJJ06oM A. B 3TOM cnyqae pa3pemHMO 

rrpH n1060M A H ypaBHeHHe (5.135) npH n106oil: HenpephlBHOH f ( x). 
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5.12. Memoa H&10m0Ha onR HenuHeUHblX onepamopoe 

Mero):( HbloTOHa HBIDiercH Ha):(e)l(HbJM cpe):(CTBOM pernemrn HemrneliHblX .n;ml><t>epeHI.IHaJih
HbIX n HHTerparrhHhIX ypasHeHnli. B O):(HOMepHoM sapnaHTe perneHne ypasHeHHH 

F(x)= 0 

rryreM IIOCJie.D;OBaTeJihHhlX JIHHeapn3aQHll CBO.D;HTCH K 110CJie):(OBaTeJihHOCTH { Xn} , r.n;e 

xn+I = xn -[ F'(xn )r F (xn ). (5.141) 

06o6m:eHne MeIO):(a Ha BhICIIIHe pa3MepHOCTH 110):(CKa3hIBaeTCH 3TOll <t>opM)'JIOll, H)l)KHO TOJih

KO 110.n; F'(xn) 110HHMaTh 11pOH3BO.D;H)'lO <Dperne, a 110.n; [F'(xn )]-1 
- o6paTHhitt orrepaTOp. 

HanoMHHM Teneph coOTBerCTB}'IOII(He onpe):(eneHHH [16, 17, 21, 46, 47, 55, 58, 61]. Pac
CMOTPHM HeJIHHeliHhrn 011epaTOp F(x) c o6nacThJO onpe.n;eneHIDI D(F) s 6attaxosoM npoCTpaH-

CTBe X H co 3HatJeHHHMH s 6aHaxosoM rrpocrpaHCTBe Y, n rrycTh x0 E D ( F). 

OrrepaTOp F(x) Ha3hIBaercH ):(H<l><l>epeHQHpyeMhIM B TO'lKe x0 B CMhICJie <Dperne, ecnH cy

mecTByeT JIHHettHhIH orpattntJeHHhIH onepaTOp A(A E £ ( X, Y)), TaKOH 'ITO 

F (x )- F (x0 ) = A(x-x0 )+ m( x-x0 ), (5.142) 

npHqeM \\m(x-x0 )\\=o(l\x-x0 \I) npH x~x0 • IIpe):(nonaraercH,qTo xEScD(F), r.n;e S -

OKpeCTHOCTh TOlJKH Xo· 

OrrepaTOp A, <l>HrYPHP}'IOlll:Hli s (5.142), Ha3hIBaeTcH npomBO):(Holi <Dperne (cHJihHOtt npo-

H3so.n;ttoli) onepaTOpa F B TOqKe x0 H o603HatJaercH F'(x0 ) HJIH dF(xo). <DopMyny (5.142) 
dx 

MO)J(HO 3anHcaTh B BH.n;e (orrepaTOp F'(x0 ) ):(elicTByeT Ha 3neMeHT hE D(F)) 

F ( x0 + h )- F(x0 ) = F'( x0 ) h+ m(h), 

r.n;e \Im( h )II= o (\\h\\) npH h ~ 0. 

Ecnn orrepaTOp F(x) .n;H<l><l>epeHQHpyeM B TO'lKe x0 , TO Bhipa)J(eHHe 

dF (x0 ;h) = F'(x0 )h 

Ha3hJBaeTCH .n;n<t><t>epeHQHaJIOM <Dperne (CHJihHhIM .n;mt><t>epeHQHaJIOM) orrepaTOpa F B TOlJKe Xo 

rrpH rrpHpamettnH h. 
PaccMOTPHM rrpHMepbI. 

IlpUMep 1. EcnH F ( x) =Ax, r.n;e AE £( X ,Y), TO F'( x) =A, V'xE X. )J;elicTBnTeJihHO, 

F ( x + h )- F ( x) = A ( x + h )- Ax = Ah ~ F' ( x) = A. 

IlpUMep 2. IlycTh F: Rk ~ Rm, TOr):(a paBeHCTBO y = F(x) paBHOCHJihHO CHCTeMe 

Y1 = J; (xpx2 ,. .. ,xk ), 
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Ecmi: onepamp F onpe.z:i;eneH B OKpeCTHOCTH TOlJ:KM x0 = ( x10 , x20 ,. •• , xk0 ), TO <l>YHKnHH f; TaIOKe 

onpe.z:i;eJieHbI B OKpecTHOCTH 3TOH TOlJ:KH. 
IlycTb onepaTOp F .z:i;tt<P<Pepem1HpyeM B oKpeCTHOCTH TOtJ:KH x0 • Tor.z:i;a 

f; (xo + h )- f; ( Xo) = f; (xw + h,,x20 + ~ •... ,Xko + hk )- f; (Xio,Xzo•···•Xko) = 

k 

= 2>ijhj +~ (h,.~, ... A), 
j=I 

i=l j=l 

A= llaijll = 11i~j II( x0 ) (i = 1, 2, ... ,m; j = 1,2, ... ,k ). 

MaTPmi:a A (<l>YHKUHOHaJihHhlH onpe.z:i;enmenh, HK06HaH) H ecTb JIHHettHhIH onepamp A, pas

HhIH npOH3BO.D;Hoif <l>peIIIe orrepampa F B TOtJ:Ke xu, T. e. A= F'(x0 ). 113 .z:i;mpcpepettuttpyeMo

CTH onepaTopa F B TOtJ:Ke x0 E Rk cne,ri:yeT cyni:ecTBOBam1e B 3Toif TOtJ:Ke qacTHbIX rrpomso.ri:-

<Jf; 
HbIX H paseHCTBa aij = -' . 

<Jxj 

IlpUMep 3. IlycTh orrepaTOp rp: R2 
-7 R1 3a.z:i;att cpopMynoif 

rp(y)=y:+Y1Y2+y;, y=(YPY2)· 

llrll = h,2 +Ii,,~ + ~ = 0 (jjhjj) npH h -7 0. 
TaKHM o6pa30M, rrpOH3BO.D;HaH <l>peIIIe B TOtJ:Ke y 3a.z:i;aeTcH 3.z:i;ecb MaTpttueif-CTPOKOH 

IlpUMep 4. PaccMOTPHM Terreph onepaTOp Ypb1cotta 
I 

(Fu)(x)= fK[x,y,u(y)]dy. 
0 

Ilpe.z:i;ITOJIO)J(HM, lJ:TO cpyttKUHH K(x, y, u) - HerrpepbIBHa ITO COBOKYfiHOCTH rrepeMeHHbIX x H y 

B KBa.z:i;paTe [ 0, 1] x [ 0, 1] H ttenpepbIBHO .D;HcpcpepeHUHpyeMa no nepeMeHHOH u. BhilJ:HCJIHM npo

H3BO.D;HyIO <l>perne F' ( Uo ) , v Uo E c [ 0, 1]. 11MeeM 

a 
K (x, y,u0 + h )- K( x, y,u0 ) =-K (x, y,u0 )h(y) +co( x, y,h ). 

<Ju 
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COOTBCTCTBCHHO, 

I 0 
F( u0 + h )- F (u0 ) = f-K (x, y,u0 )h(y )dy +o(llhll). 

0 OU 

3Ha'IJIT IIpOH3BO)UlaJI <l>pellle F'(u) B TO'!Ke Uo E c [ 0, 1] - ecTb JIHHefun.1ii orpaHH'fCHHbIB one

pamp, onpe.[(erreHHbIH cpOpMJJIOH (.[(CTaJibHbIH BbJBO,[( 3TOH cpopM)'Jibl MO)l(HO nocMorpeTh, Ha
npnMep, s [21)) 

1 o 
[ F'( u0 ) h ]( x) = f-K ( x, y,u0 ) h(y )dy. 

0 OU 

IlpUMep 5. ,ll)icpcpepeHI1HaJihHbIH onepaTOp A : C 1 
[ 0, 1] __, C1 

[ 0, 1], onpe,[(erreHHblH cpop

M)'JIOH 

(Au)(x) =u'(x)+u2 (x), 

HMeeT B Ka)!(,[( OH TO'!Ke u E c [ 0, 1] .[(HcpcpepeHI1HaJI <l>pellle 

[A' ( u) h J ( x) = h' ( x) + 2hu ( x). 

B OTJIH'fHe OT crry1raH npocrpaHcTBa C [ 0, 1] .[(HcpcpepeH11npyeMOCT1> onepaTopa Yp1>1c0Ha B npo

crpaHCTBe I! [ 0, 1] He BhITeKaeT H3 HenpepbIBHOH .[(HcpcpepeHIJ;HpyeMOCTH no nepeMCHHOH u 

cpyHKllHH K ( x, y, u). TipttBe.[(eM O.[(HO H3 .[(OCTaTO'fHhIX ycrroBHH .[(HcpcpepeH11ttpyeMocTH no 

<l>pellle onepaTOpa Yp1>1c0Ha [21]. 

IlyCTu onepaTop Yp1>1c0Ha .[(eiicrsyer B rrpocrpaHCTBe I3 [ 0, 1]. ,IJ;ocraTO'!HhIM ycrrostteM ero 

(CHJibHOH) .[(HcpcpepeHIIHPYCMOCTH no <l>pellle B mo6oii TO'!Ke Uo(x)E L2[0,1] HBJIHCTCH Herrpe

pbIBHOCTh no u npomBOAHOH K~ (x, y, u) H BhIIIOJIHeHHe HepaseHCTBa 

npH 0:::; x, y:::; 1,-oo < u < oo H a,/J-const. Ilptt 3TOM npoH3BO.[(HIDI <l>pellle onpe.[(eJIHeTCH pa

BCHCTBOM 
I 

(F'(u0 )h)= fK~[x,y,u0 (y)]h(y)dy. 
0 

PaccMOTPHM Tenep» ypasHeHHe Yp1>1c0Ha c napaMerpoM A 
1 

u( x) == f K[ x, y,u(y) ;A, ]dy. 
0 

3To ypaBHCHHe MO)l(HO npe,D;CTaBHTb B BH,[(e 

F(u,..t) == B, (5.143) 

r,D;e u - 3JICMeHT 6attaxosa rrpocrpattcTBa X 1, A - tJHcrrosoli napaMerp, B - HOJib-onepaTOp 

B X 2, a F(u,A) - onepaTop co 3Ha'1eHHHMH B 6aHaxosoM npocrpaHcTse X 2. 
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IlycTb F(u0 ,Ao)=O, T. e. u0 jIB.IDfeTCH peweHHeM ypasHeHHH (5.143) npH A=Ao· Bo3HH

KaeT sonpoc, npH KaKHX yCJioBIDIX cywecTB)'IOT 6IDI3KHe K u0 peweHHH ypasHeHHH (5.143) npH 

6nmKHX K ~ 3HaqeHHHX A. TaKHe peweHHH Ha3bIBalOT (a6crpaKTHbIMH) HeHBHbIMH <j:lyHiaJ;HHMH, 

onpe)J;enHeMbIMH ypasHeHHeM (5.143). lIMeeT MecTO cneAyroru;M TeopeMa cywecTBoBaHHH (a6cr
paKTHoli) HeHBHOH <PYHKIJ;HH [17, 21, 47, 49, 56, 58, 61). 

IlycTL BLmonHeHbI ycnosmr. 

I. OrrepaTOp F(u, A) onpeAeneH B HeKOTopoli oKpecTHOCTH TOqKH ( u0 , Ao) 

H HenpepbIBeH ITO COBOKYnHOCTH apryMeHTOB BMeCTe co CBOeH rrpOH3BO)J;HOH <l>pewe F:(u,A.) 
B )'Ka3aHHOH OKpecTHOCTH. 

2. F(u0 ,-1o)=O. 

3. CywecTByeT onpe)J;eneHHbIH Ha BCeM x 2 HenpepbIBHblH onepaTOp R = [ F: ( Uo' Ao) r. 
Tor)J;a ypasHe1me F(u,).) = 0 onpeAenHeT B HeKoTopoli oKpecTHOCTH IA- - ~I < 00 ToqKH ~ 

e)J;HHCTBeHeyro HenpephlBHJIO HeHBHYIO <j:lyHKIJ;HIO u (A). 
,L(JIH )J;OKa3aTeJibCTBa 3TOH TeopeMbl paCCMOTPHM orrepaTOp 

A(u,A) = u -[ F:(u0 ,Aii) r F ( u,A) 

H IIOKaJKeM, qTo rrpH HeKOTOphlx 00 H jJ OH HBJIHeTCH paBHOMepHo (no A) C)l(HMaroru;HM one

paTOpoM AJIH llu -u0 II< /J, IA- -Ao I< 00 • Tor)J;a OH 6yAeT HMeTh e)J;HHCTBeHHJIO HeIIOABH:iKHJIO 

TOqKY u*: u* =Au*. 
TaK KaK no ycJIOBHIO onepaTOp F(u,A-) HMeeT HerrpepbIBHJIO rrpOH3BOAHYIO, TO orrepaTOp 

A(u,IL) AH<j:l<j:lepeHIJ;HpyeM no <l>pewe 

~ =I-[F;(u0 ,Ao)f F;(u,A-), 

npnqeM orrepaTOp A~ HenpepbIBeH no COBOKJIIHOCTH rrepeMeHHbIX H ~ ( u0 , Ao) = 0. B TaKOM 

cnyqae HaH)J;eTCH /J>O, TaKOe qTQ rrpH llu-uoll ~/J,IA--Aol<oo 6y)J;eT BbffiOJIHeHO HepaBeHCTBO 

II~ (u,/L )jj = jjA~ ( u,A-)-~ (u0 ,Ao )jj ~a< 1. (5.144) 

,L(anee, TaK KaK A( u0 , Ao)= u0 , TO HaH)J;eTCH TaKoe 00 < /J, 'ITO llA(u0 , A)- u0 II< (1- a )/3 
npH lli-Aol < 80 • OTcro)J;a cne)J;yeT, 'ITO onepaTOp A(u,A.) npeo6pa3yer wap llu -u0 !! < /J B ce6H. 

HaKoHeIJ;, yqHTLIBaH OIJ;eHKY (5.144) H TeopeMJ JiarpaH)l(a MH a6cTPaKTHbIX <PYHKIJ;HH [49), 
rronyqaeM 

CJieAOBaTeJILHO, rrpH llu - u0 II < /J, !Iii- Ao II < 00 onepaTOp A - C)l(HMaroru;HH H ypasHemre 

Au = u HMeeT eAHHCTBeHH)'IO Heno)J;BH)l(H)'IO TO'fKY u •. 01:feBHAHO, ypasHeHHe Au = u pasHo-
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CHJihHO ypaBHeHHIO (5.143). TaKHM o6pa30M, CyrQeCTByeT e,n:HHCTBeHHaH HeHBHaH <l>YHK[(HH 

u* = u* (A-)' orrpe,n:eJIHeMaH ypaBHeHHeM (5.143). 

BeptteMcH Terreph K ypaBHeHHIO Ypo1cotta c rrapaMeTpoM 
I 

u(x)= fK[x,y,u(y);A-]dy. (5.145) 

PaccMOTpHM ero B rrpocrpattcTBe C [ 0, 1]. .Dy,n:eM C'IHTaTh, 'ITO <l:>JHK[(HH K [ x, y, u ( y); A, J He

rrpepblBHa no coBoeyrrttocTH apryMeHTOB BMecTe co CBoeii rrpoH3BO,n:Hoii K: [ x, y, u ( y); A J. 
IlycTb Uo (x)E c[o,1] HBJIHCTCH perneHHCM ypaBHCHHH (5.145) rrpH A= An· T. e. 

I 

u0 (x) = f K[ x, y,u0 ( y) ;'1o]dy. 
0 

YpaBHCHHe (5.145) rrpe,n:CTaBHM B BH,n:e (xi = x 2 = c [ 0, 1]) 

I 

F(u,A-)=u(x)- fK[ x,y,u(y);A-Jdy=O. 
0 

.lJ.n<P<l:>epeH[(HaJI <Dperne Bbl'IHCJJHeTCH ITO H3JIO)KCHHhlM Bhlllle rrpaBHJiaM. lIMeeM 
I 

F;( u1p Ao )h = h(x)- f K: [ x, y,u0 (y );'1o ]h(y )dy. 
0 

lIJIH 

F;(u0 ,'1o)h = (I -H)h, 

I 

Hv = f K: [ x, y,u0 (y );'1o Jv(y )dy 
0 

JJHHeHHhIH HHTerpaJibHblH orrepaTOp c HerrpepbIBHblM H,n:poM K: ( X, y' Uo ( y); Ao ) . 

(5.146) 

If3 (5.146) BH,L(HO, 'ITO orrepaTOp F:(uo; Ao) 6y,n;eT HMeTb o6paTHhIH, CCJJH cy111ecTBy

eT (I - H r1, T. e. B TOM cny'Iae, eCJIH e,n:HHH[(a He eCTh xapaKTepHCTH'ICCKOe 'IHCJIO H,n;pa 

K~ ( x, y, u0 ( y); Ao). B 3TOM CJIJ'lae orrepaTOp 

HBJJHeTCH pe30JihBeHTOH H,n;pa K:. Tor.n:a Bee ycnoBHH TeopeMhI o HeHBHoii 4:>JHK1um 6y.n:yT BhI

rronHeHhI H ypaBHeHHe (5.145) 6y,n;eT HMeTh e,n:HHCTBeHHoe Herrpepbrnttoe peIIIettHe u ( x, A,), 

6nmKoe K u0 (x) rrpH 3Ha'IeHHHX A, 6JIH3KHX K Ao. 
HeHBHaH <l>YHK[(HH MO)KeT 6b1Th IIOJIJ'ICHa KaK rrpe,n;eJI IIOCJIC,L(OBaTeJihHhIX rrpH6JIH)KCHHH 

Un+I (A)= Un (A- )-RF[un (A- ),A-J (n = 0,1, ... ), 

u0 (A-)=u0 (x), 
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npH'IeM B ,ll;OCTaTO'IHO Manoil: OKpeCTHOCTH Ari IITepaU,HOHHhIH npouecc CXO~CH co CKOpOCTbIO 

reOMeTpM'IeCKOH rrporpeCCMM. 
MeTo.n: HhioToHa 6hm o6o6meH Ha ypasHeHMH B 6aHaxoBhIX rrpocTpaHcTsax B pa6oTax 

JI. B. KaHTopoBM'Ia [17, 19]. B [17, 59, 63] co.n:ep)l(MTCH o6urnpHM TeopMH M rrpmm)l(eHMH 
mepauMOHHOro npou;ecca (5.141) M 6JIM3KMX K HeM)'. fJiaBHOe .ll:OCTOMHCTBO MeTO,ll;a HhlOTOHa-
3TO ero 6hICipaH CXO,ll;MMOCTh ( ecJIM Ha'IaJihHOe npM6JIM)l(eHMe Uo BhI6paHO .lJ:OCTaTO'IHO 6mn-

KO K perneHMIO u· ). 
PaccMOipMM MTepauMOHHhiil: npou;ecc Hh10T0Ha 

Un+I =un-[F'(un)r F(un) (n=O,l, ... ), (5.147) 

r.n:e F(u) - HeJIMHeil:Hhiil: onepaTop, onpe.n:eJieHHhiil: B OKpeCTHocrn S perneHMH u • ypasttettmr 

F ( u) == 0, ttenpephIBHO .n:mpqiepeHuMpyeMhiil: B S B CMhICJie <l>perne, F'(u) - npoM3BO,ll;HM 

<l>perne, npH'IeM onepaTOp F' { u) ttenpephIBHO o6paTMM B S; u0 E S. 

HMeeT MeCTO TeopeMa. TiyCTh X - 6auaxoBo npocTpaucTBO M 3a.n:auh1 r > 0 M u0 E X. 

Tipe.n:noJIO)l(MM, 'ITO onepaTOp F : B [ Uo' r] ~ x .n:mpqiepeHUMpyeM no <l>perne M [ F' ( Uo ) r l E 

E£(X) (T. e. orrepaTOp F' HerrpephIBHO o6paTMM B B[u0 ,r]). Tipe.n:noJIO)l(MM, KpOMe Toro, 

'ITO F' y.n:osJieTBOpHeT ycnomno JIMnrnMua B B [ u0 , r] 

,[(orrycTMM, 'ITO 

M IIOJIO)l(MM, ho = b0 p1Jo. Ecm1 

TO IIOCJie,ll;OBaTeJihHOCTh HhIOTOHa (5.147) c Ha'IaJihHhIM npM6JIM)l(eHMeM Uo CXO.lJ:MTCH K perne

HMIO u * ypasHeHMH F ( u) = 0 B B [ u1P r]. 
PaccMOipMM npMMephI Ha npMMetteHMe MeTO.n:a Hh10T0Ha. 

llpUMep I. TipMMeHMM MeTO.n: HhlOTOHa c Ha'IaJihHhIM npM6JIM)l(eHMeM u0 == (u?, u~) == 0 

K cne.n:yiomeil: HeJIMHeHHOH CMCTeMe: 

u~ + u; + 30u2 - 31 = 0, 

u; -2u2 - l 6u1 +1==0. 

B onepaTopHoM BM,n:e 

() [
u1

2
+u;+30u2 -31] 

F u = 
2 

=0. 
u2 - 2u2 - l 6u1 + 1 

/J,anee 6y,n:eM IIOJih30BaThCH r -HOpMOH, T. e. !lull= max (lu11, lu2 I). 
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Haxo,IUIM 

F(u + h )- F(u) = 2[ul'uz + lS][hi ]+[~ +~] = F'(u )h +o(ilhll), 
-8, U2 - ] hz h;_ 

r,D;e 

B 3TOM rrpocToM rrpHMepe rrocne,D;oBaTeJJI>HOCTh HnIOTOHa BhIIIHCI>IBaeTCH HBHO. HarrpHMep, 

( CTapryH C U0 = ( Uio, Un = 0), BbT'IHCJJHeM 

u(i) =u -[F'(u )]-1 F(u ) =-1-[-1,-15,J[-31] =[1/15 ]· 
0 0 0 240 8, 0 1 -31/30 

Bn1pa:>Kem1e MH orrepaTOpnoil: HOpMbI MaTPHIJ,hl (nxn) B rrpocTpaHcTBe R: TaKOBO: 

Ila .. ,,== max tla··I· 
lJ J:s;:i:s;:n j=l lJ 

3Ha'IHT, 

II[ F'(x0)rjl $ -
1
-max {(1+15),8} == _!__ == b0 • 

15·16 15 

.[t;anee 

'() '( )- [U1-VpU2-V2]- [J )][U1-V1]- ( _) F u - F v - 2 - 2 - 2A u v . 
0, u2 -v2 01 u2 -v2 

CooTBeTCTBeHHO, rronyqaeM oIJ,eney 

llF'( u )- F'( v )II$ 211Allllu -vii= 2max{2;I}jlu-vll $ 4lu -vi. 

Ilo3TOM)' KOHCTaHTa JlHIIIIIHIJ,a p = 4. HaKoHeIJ,, 1J0 = llu(i) - u0 II= 31/30, 3HaqHT, hri = b0 p1J0 = 

62 1 
= - <-, KaK H Tpe6yeTCH no ycnOBHIO TeopeMbl. 0KoHqaTeJibHO BblqHCJIHeM 

225 2 

TaKHM o6pa30M, CHCTeMa HMeeT peIIIeHHe B mape B(O;l,25). llMeHHO K 3TOM)' peIIIeHHIO cxo

MTCH rrocne,D;oBaTeJII>HOCTb HnIOTOHa. O'IeBH,D;HO, u * = ( 0, 1). 
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llpUMep 2. PaccMOTIJHM HenHHeihryro rpaHHqJIYlO 3a)J;aqy 

u"(x)-u 2 (x)=g(x), g(x)E C[0,1], 

u ( 0)::: u ( 1) = 0. 
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liyAeM Hcr<an, perneHHe B r<nacce C2 [0,1]. 3Ta 3a)J;aqa paBHOCHnbHa orrepaTOpHOMY ypaBHe

HHID Fu= 0 B r<nacce c[o,1], r,!l;e 

H cpyHI<l(HH fpHHa 

I 

(Fu)( x) == u(x) + f K (x, y ){u2 (y )+ g (y )}dy 
0 

{

y(l-x), o:::;y:::;x:::;l, 
K(x,y) = 

x(l-y), o:::;x:::;y:::;J. 

IlpHMCHHM r< orrepaTOpy F MeTOA HbroToHa. BocrroJib3YCMCH ccpopMYJIHpoBaHHOH Bbillie Teo

peMo:H ,!l;TIH ,!l;Or<a3aTenbcTBa CXOAHMOCTH. IIycTb HaqanbHOe rrp06mnr<eHHe u0 = 0. MMeeM, HC-

IIOJib3YH orrpe,!l;eneHHe IIpOH3BO,L(HOH <l>perne, 
1 

F'(u) h( x) = h( x )+ 2 f K (x, y )u (y )h(y )dy. 
0 

Tar< r<aK F'(uo) = F'(o) =I, TO [ F'(O) r =I H MO:>KHO IIOTIO:>KHTb ho= 1. 

IIycTb K - nHHettHbIM HHTerpanbHbIM orrepaTOp, 3a,!l;aBaeMbIM cpopMyno:H 
l 

( Kh )(x) = f K( x, y )h(y )dy. 
0 

MMeeM llKll = lllKllL ::: 1/8, II03TOMY 

1Jo ~lie F'(O) r Fuoll =Iii K( X, y) g (y )dyll =>'lo= 11!11 · 

KpoMeToro, 

IlmTOMY MO:>KHO B3HTb r = 1/4. 3ttaqHT, ho == b0 p170 = jjglj/32. TaKHM o6pa30M, cornacHo Teo

peMe, ecnH llgll < 16, TO Halla HCnHHCMHaH rpaH~aH 3a)J;aqa HMCeT perneHHe, K KOTOpoMY cxo

,!l;HTCH rrocne,!l;oBaTenbHOCTb HMOTOHa, H 3TO perneHHe ne:>KHT B rnape c u;eHTIJOM s ttyne H pa
,!l;HyCOM 
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3aMeqami:e. OcHOBHaH npHBJieKa-reJihHOCTh Mero.n:a HMoToHa 3aiouoqaeTcH s BCChMa 6h1-

crpoif CXO):(HMOCTH HTepau:noHHOro npou:ecca (5.147). 0.[(HaKO MCTO,ll; CHJihHO qyscTBHTeJieH 

K Bh16opy HaqaJihHOro rrpH6JimKeHHH, OH MO)l(eT pacxo,n:HThCH, eCJIH Uo He,n:OCTaTOqHO 6JIH3KO 

K perneHHIO. IlOTIOMY, IIOMHMO OCHOBHOH npou:e,n:yphl, He06XO):(HMO eiu:e H3hICKHBaTh cnoco6hI 

BhI6opa HaqaJihHOrO npH6JIH)l(eHHH. BTopoif He,n:OCTaTOK IIpOHBJIHeTCH B caMoii npou:e.n:ype Bhl

q1fcJieHHH nocJie;:i:oBaTeJihHOCTH HhIOTOHa. Ha Ka)l(Jl:OM mare Heo6xo,n:HMo BhJqHcJIHTh npoH3-

BO.ll:ffYIO <l>perne, a 3aTeM pernaTu JIHHeifHoe ypastteHHe MH ee o6paiu:ettJIH. Bee 3TO BhIJIHBa

eTCH HHOr):(a B BeChMa rpOM03,[(KHe H )'TOMHTeJihHhie npou:e):(yphl H 3aHHMaeT MHOro speMeHH. 

)J,JIH Toro qTOfaI o6oiiTn 3TY TPY):(HOCTh, 6hmH pa3pa6oTaHhI MO):(M<}>HKau:ttn MeTO):(a HhIOTOHa. 

B HaH6oJiee npOCTOH H3 HHX HCIIOJih3YeTCH IIOCJie,n:oBaTeJihHOCTh 

u(•+1l =u(•l _[F'(u
0
)J1 F(u(•l) (n=O,l, ... ). 

3.[(eCh rpe6yCTCH TOJihKO o,n:HO B~HCJieHHe IIpOH3BO):(HOH <l>perne H ee o6paiu:eHHe. 

)J,aJihHeifrnHe CBe,[(eHHH TeOpCTHqeCKOro H BhNHCJIHTCJihHOro xapaKTepa IIO perneHHIO HeJIH

Hefun.1x HHTerpaJihHbIX ypasHellliH MO'.lKHO Haifrn B [4, 6, 7, 15, 17, 20, 23, 36, 40, 44, 59, 63]. 

5.13. Suc/JypKau,uR peweHuii 

PaccMOTPHM onepaTopHoe ypaBHeHHe 

u = A(u,A. ). (5.148) 

IlycTh ,n:JIH onpe,n:eJieHHOCTH A( B,A}= B, rnr,n:a ypasHeHHe (5.148) HMeeT ttyJiesoe perneHHe 

u = B npH scex 3HaqeHHHX napaMerpa A.. 
Ilo):( ToqKoif 6H<}>ypKaU:HH onepaTOpa A(u,A.) HJIH ypasHeHHH (5.148) TIOHHMaIOT q1fcJio Ao· 

06Jia,n:a10iu:ee CJie,n:yIOIQHM CBOHCTBOM: ,n:JIH JII06oro e > 0 B HHTepsaJie (Ao - e, Ao + e) HMeeTCH 

TaKOe 3HaqeHHe A., IIpH KOTOpOM ypasHemi:e HMeeT no KpaiiHeii Mepe 0,n:HO HettyJieBoe perneHHe 

u (A,), y):(OBJieTsopHIOIQee ycJIOBHIO llu (A )II < e. 

TaKHM o6pa30M, B orrpe,n:eJieHHH ToqKH fo1<)>ypKau:HH 3apattee npe,n:rronaraercH H3BeCTHhlM 

pemeHHe, onpe):(eJieHHoe npn Bcex 3HatJeHHHX napaMerpa; pe% H):(eT 06 «OTBCTBJieHHH» perneHHii 

OT 3a,[(aHHOro. 

PaccMoTpHM o,n:Hopo.n:Hoe HHTerpaJihHOe ypastteHHe <l>pe,n:ronhMa c HenpephIBHhIM MPOM 

1 

u(x) =A. JK (x, y )u (y )dy. 
0 

Otto HMeer ttyJiesoe perneHHe npH JII060M A. . IlycTh A. = A.o - xapaKTepHcTJillecKoe qHcJio H,n:pa, 

KOTOPOMY cooTBeTCTBYeT HettyJiesoe perneHHe u -1o ( x). 3TO perneHHe orrpe,n:eJIHeTCH c TOqHo

CThIO ):(0 IIOCTOHHHoro MHO)f(JITCJIH H, 3HaqHT, MO)l(HO 3aIIHCaTh 

llu"°jj = ~~~ju-1o (x)j < e. 

TaKHM o6pa3oM, ecJIH HHTepsan (A.o - e, Ao + e) He co):(ep)l(HT .n:pyrnx xapaKTepHcTINecKHX 

q1fceJI H):(pa K, TO rrpH H3MeHeHHH A. B 3TOM HHTepBaJie Mhl HMeeM CHaqaJia O):(HO perneHne 
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u ( x) = 0, a rrptt A = Aii peruemrii: 6yAer )')Ke ;:uia: OT eyneBoro perueHHH OTBeTBMeTCH ell(e He

eyneBoe. XapaKTepttcTtt11ecKoe 11ttcno Aii ecTb T01!Ka 6mpypKau;1m. 

EcnH orreparnp A(u,A-) HerrpephlBHO AmJ:><PepeHu;ttpyeM rro <l>perue, TO B cttny TeopeMbI 

o HeHBHOil: <l>YHKD:HH ero T01IKaMH 6tt$ypKau;1m MOryT 6hITb JIHIIIh Te 3Ha1IeHHH A, rrptt KOTO

ph1X eAHHHU:a HBJIHeTCH T01IKOil: crreKTpa orrepaTOpa ~(B,A-). IlyCTb ~(B,A)=AB, rAe B -
BrronHe HerrpepbIBHhiil: nttHeiiHhiii orrepaTop, He 3aBHCHII(Hil: OT A. B 3TOM cny'Iae rnqKH 6mpyp
KaU:HH HBJIHIOTCH xapaKTepHCTH1IecKHMH 3Ha11eHHHMH orreparnpa B (T. e. 3Ha11eHHHMH, o6paT
HhIMH co6cTBeHHbIM). 

IlpUMep [21]. PaccMOTPHM ypaBHeHHe faMMepruTeiiHa c BbipO">KACHHbIM HAPOM 
1 

u(x)=lt fxy[u(y)+u 2 (y)]dy. 

011eBHAHO, u(x) = 0 ecTh perueHHe 3TOro ypaBHeHHH rrptt n1060M A. BBOAH 

1 1 

C1 = f yu(y)dy, C2 = fyu 2 (y)dy, 
0 0 

ITOny'IaeM crpyKTYPHYIO <PopMYny AnH perneHHH 

u(x) = A.x(cl + cz) 
H CHCTeMy (HeJIHHeHHhIX) ypaBHCHHH OTHOCHTeJihHO K03$<l>HU:HCHTOB 

{
A,( C1 +Cz}=3Cl' 

lt2 (C1 +C2 )
2 

=4C2 • 

IIepBoe perueHHe 3TOil: cttcTeMhl AaeT 

cl = c2 = o => u ( x) = o. 
BTopoe, 0Tm111Hoe OT eynH, perneHHe TaKOBo: 

u(x)= 4(3-A-) x. 
3A, 

(5.149) 

CornacHo orrpeAeneHHIO T01IKH 6tt<l>YPKau:HH B c OKpeCTHOCTH ToqKJI A, = 3, Cyll(ecIByer orn1I1I

Hoe OT HYJIH perueHHe u A ( x)' TaKoe 'ITO 

llu-<11 =max < c. 
1

4(3-A.)xl 
o,;x,;1 3A 

TaKHM o6pa30M, rrpH It = 3 JIMeeM eyneBoe perneHtte, a B Manoil: OKpecrnoCTH ( 3-c, 3 + c) 
Tioii ToqKH rroHMHeTCH «Manoe» HettyJieBoe perueHJie u-< ( x). 3Ha1IHT, A = 3 eCTh T01IKa 6H<l>yp

KaQHH ypaBHeHHH (5.149). 
Orreparnp f aMMepruTeiiHa (5 .149) Att<P<PepeHu;ttpyeM rro <l>perue B n106oil: T011Ke u0 ( x) E 

E C [ 0, I], H ero AH<l><l>epeHu;ttan B rnqKe u = 0 paBeH 
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Ilocne Bbl'IHCJiemu1 rrpOH3BO,n;Hoii <l>peUie B TOqKe u == B H3 ypaBHeHHH u = A ( u, A.) rro.rryqaeM 

JIHHeHHOe HHTerpaJibHOe ypaBHemi.e 

I 

h(x)=A. f.xyh(y)dy=A.Bh, 
0 

.n;JIH KOToporo 3HaqeHHe A. = 3 HBJIHeTCH xapaKTepHcTffqeCKHM. TaKHM o6pa30M, TO~a 6mpypKa
rurn A. = 3 ecTb xapaKTepHcTHqecKoe 3HaqeHHe orrepaTopa B. 

0Ka3hIBaeTCH, qro He KIDK,n;oe xapaKTepHCTHqecKoe 3HaqeHHe onepaTopa B HBJIHeTCH TQqKoii 

6mpypKau,HH orreparopa A(u,A. ). Ha 3TOT cqeT HMeeTcH TeopeMa (M.A. KpaCHOCeJibCKHil:). 

EcJIH BnoJIHe HenpepbIBHbIB onepaTOp A(u,A.) (A( B,A. )=0) HMeeT B roqKe B npoH3BO,ll;H)'IO 

<l>peUie A.: ( B,A.) = A.B, TO Ka)l(,ll;oe HeqeTHo-KpaTHoe (B qaCTHOCTH rrpocroe) xapaKTepHCTffqe

cKoe 3HaqeHHe orreparnpa B HBJIHeTCH ToqKoii 6mpypKaU.HH orreparnpa A ( u, A.). 

EcJIH xapaKTepHCTffqecKoe 3HaqeHHe orrepaTopa B HMeeT qeTH)'IO KpaTHOCTh, TO rpe6yeTcH 
,ll;OTIOJIHHTeJibHbIH aHaJIH3. 

lIHTerpanbHhie orrepaTophl Ypb1c0Ha H faMMepUITeiIHa rrpH ,n;ocTaToqHo UIHpOKHX npe,n;

rrono)l{eHHHX HMeIOT B Hyne B (rrpocTPaHCTB C HJIH U) ,n;mp<l>epeHIJ.HaJI <l>peUie B, KOTophlii 

HBJIHeTCH mrnettHbIM HHTerpaJibHhlM orrepaTOpOM 

I 

Bu= fH(x,y)u(y)dy. 
0 

lf3 TeopeMbI M. A. KpacHoceJibCKoro cne,n;yeT, qTQ Ka)l{)l;Oe xapaKTepHCTffqecKoe qHcno HeqeTHoli 
KpaTHOCTH H,n;pa H(x, y) HBJIHeTCH TOqKoli 6mpypKau,HH COOTBeTCTByIOIIl,ero HeJIHHeHHOro HHTe

rpaJibHOro orrepaTOpa Ypb1c0Ha HJIH faMMepnneiIHa. 
3aMeqaHHe. BbIIIIe MbI paccMaTPHBaJIH ypaBHeHHe u = A(u,A.) B rrpe,n;rrono:>Kemm, qTo 

A( B,A.) = B, TOr.n;a ypaBHeHHe HMeeT eyneBoe perneuHe rrpH JII06oM A.. K 3TOli cmyau,HH cBo

.n;HTCH H 6onee o6ru.Hn cnyqan, Kor,1:1a H3BeCTHO, qTo ypaBHeHHe u = A(u,A.) HMeeT perneHHe 

u (A,) 7' B, a HHTepec rrpe,n;CTaBJIHIOT perneHHH, OTJiffqHhle OT u (A,). 3-m perneHHH pa3bICKHBaIOT 

B <t>opMe 

u =u(A.)+v. 

Tor,n;a v orrpe,n;enHeTCH ypaBHeHHeM 

v=T(v,A.), 

r,n;e 

T( v,A.) =A[ u (A.)+ v;A..J-A[ u(A.. ),A.]. 

3To rrocne,n;Hee ypaBHeHHe J)Ke HMeeT H)'JieBoe peUieHHe npH Bcex A.. 
3a,n;aqH 6n<l>ypKaU,HOHHOro THTia B03HHKaIOT B MeXaHHKe rrpH HCCJie,n;oBaHHH CMeHbl <l>opM 

yrrpyroro paBHOBeCHH, rrpH paCCMOTpeHHH KOHeqHbJX KOJie6aHHii TeJI H. T. TI. TaK, 3a,n;aqa 06 H3-
rn6e IIpHMOJIHHeHHOro CTep:>KHH e,n;HHHqHQH )J)IHHbI H rrepeMeHHOH )l{eCTKOCTH p(x) TIOIJ. B03-
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).leHCTBMeM rrpo).IOJibHOH CHJibl p IIpHBO).llIT K CJie).l)'IOIIIeM)' HeJIMHeHHOM)' mrrerpaJibHOM)' ypaB

Hemno: 

u( x) = Pp(x) f K ( x, y )u(y) 1-(J K; (x, y )u(y )dy J
2 

dy, 

r).le u(x) - HCKOMaH <l>YHKllHH. 

3TO ypasHeHMe MMeeT eynesoe peIIIeHMe rrp0 scex 3HaqeHMHX rrapaMe'Ipa P. IlpH Ma

JI1>1x p OHO HMeeT e).IHHCTBeHHOe eyJieBOe peUieHMe B IIpOC'IpaHCTBe C[O,l]. 3TO 03HaqaeT, ~O 

CTep:>KeHb coxpaHHeT IIpHMOJIHHelieylo <PopM)' paBHOBeCHH, T. e. He H3rn6aeTCH. Ilocne ).IOCTM:>Ke

HHH CHJIOH p KplfflfqecKoro 3HaqeHHH (KpHTlfqecKOH CHJibl 3linepa) HacryrraeT CMeHa <PopMbI 

pasHosec0H; CTep:>KeH1> mrn6aeTcH. KpJITlfqeCKM cHJia 3linepa PKP H HBJIHeTCH ToqKoli 6H<l>ypKa-

1100. Ilpo11e).lypa 3).lec1> TaKosa: BMeCTo orrepaTOpa A paccMa'IpMBaIOT JIHHeliH1>1li orrepaTOp B -
rrpOH3BO).IHYJO <l>peIIIe orrepaTopa A B TOqKe e, HaXOMT xapaKTepMCTHqecKMe qlfcJia orrepa-

Topa B, KOTop1>1e If cq0TmoT ToqKaMM 60<PypKa1100 orrepaTOpa A. 0).IHaKo, KaK 3TO cne.n,yeT 

H3 TeopeMbl KpacHOCeJibCKoro, TaKM rrpo11e).lypa MO:>KeT OKa3aTbCH 3aKOHHOH He Bcer).la . 

.[(pyrM <l>H31fqeCKM 3a).laqa 0 KOJie6aHHHX KOHeqHOH aMIIJIHry).lbl, COBepUiaeMblX MMTHH

KOM, OIIHCbIBaeTCH (rrpH OTC)ITCTBHH ~CCHIIaTHBHbIX CHJI) ).IH<P<l>epeHIIHaJibHblM ypaBHeHHeM [50] 

d;~t) +a2 sintp(t) = F(t), (5.150) 

r).le F(t) - HeqeTHM 20J - rrepMO).llfqecKM B03M)'11IaI011IaH CHJia, tp(t) - aMIIJIHTJ).la KOJie-

6aHMli. IlpH IIOMOIIIH <l>YHKllHH fp0Ha 

-{x(l-y), o:::;;x:::;;y, 
T(x,y)- ( ) 

y 1-x, y:::;;x:::;;J 

~<P<PepeH11MaJI1>Hoe ypasHeHMe (5.150) B cosoeyrrHocTH c rpaHHqH1>1MH ycnoBHHMH (rrp0 OJ= 1) 

tp(O) = tp(l) = 0 CBO).IHTCH K HHTerpaJibHOM)' ypaBHeHMIO 

I 

tp(x) =- f T(x, y )[ F (y )-a2 sintp(y) ]dy. 
0 

Ilocne IIO).ICTaHOBKH 

I 

fr(x,y)F(y)dy= g(x), tp(x)+ g(x) =lf/(x) 
0 

3TO ypaBHeHMe rrpHHHMaeT <PopMy ypaBHeHHH faMMepIIITeliHa 

I 

If/( x) + f T (x, y) f [y,lf/(Y) ]dy = 0, 

f (y,u) = a 2 sin[ u- g(y)J. 

(5.151) 
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Ilycn. V10 (x) - Hettynesoe pememre ypasttemur (5.151), cooTBeTcTsyioru;ee ~=a~, 
I 

A(lf/,A) =-f T( x, y) f [y,V1(Y) ]dy, 
0 

T. e. HMeeM ypasHeHHe VI = A (VI, A.). IlpoH3BO)],HruI <Ppeme B TO'lKe VI = VI 0 )],aeT 

I 

A1 (V10 ,A.) =-~ J T( x, y )cos[lf/o (y )- g (y )]dy. 
0 

TaKHM o6pa30M, npHXOJJ;HM K cne.ll.)'IOm.eMy BhIBoey. Heo6xo)],HMhIM ycnoBHeM roro, 'lT06hI TO'l

Ka a 2 = A. = A.a fo.rna TO'lKOH 6mpypKau;HH )J,mI pemeHHsr VI 0 (x) ypasttemur 

l 

lf/(x)+ A. Jr( x, y )sin[lfF(Y )- g (y )]dy = 0, 
0 

SIBm!eTCSI cym.eCTBOBaHHe HeTpHBHaJihHOro pemeHHSI y O)J,HOpO)J.HOro ypaBHeHHH <I>pel(I'OJihMa 

l 

tp(x)-~ J T(x, y )cos[lf/o (y )- g (y) ]'P(Y )dy = 0. (5.152) 

JiIHhIMH CJJOBaMH, Ao )J,OJJ)KHO 6h!Th xapaKTepHCTH'lCCKHM 3Ha'leHHCM H)J.pa 

H (x, y) = T( x, y )cos[lf/o (y )- g (y) ]. 

IlpH Vlo (x) = g(x) ypaBHeHHe (5.152) HMeeT TpHBHaJihHOe pemeHHe tp( x) = 0. TaKHM o6pa30M, 

C)J,HHCTBCHHhIMH B03M0)J(HhIMH TO'lKaMH 6mpypKaU:HH )],JJSI paBHOBCCHoro IIOJJO)KCHHSI MaJITHH

Ka, T. e. )],JJH pemeHHH Vlo (x) = g(x) SIBJJSIIOTCSI KOpHH KBa)],paTHhle H3 co6CTBCHHhIX 3Ha'leHHH 

TpeyrOJihHOro H)J.pa, T. e. TO'lKH 

a= n, a= 21l, a= 31l, ... (5.153) 

TaK KaK co6cTBeHHhie 3Ha'leHHSI TpeyroJihHOro Mpa see upoCThie, TO B CHJJY TeopeMhI Kpac

HocenhcKoro TO'lKH (5.153) )J,CHCTBHTeJibHO HBJIHIOTCH TO'lKaMH 6mpypKau;HH. Pa3JIH'lHhie 6mpyp

KaU.HOHHbIC npo6JICMbl HCJIHHCHHOH ynpyrocTH paccMaTpHBaIQTCSI B KHHre (57]. 
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rnABA6 
C"1HrYJUIPHblE "1HTErPAflbHblE YPABHEH"1S1 

6.1. flpeoaapumenbHble C6909HUR 

HanoMHHM HeKOTOpbie onpe,n;eneHHH H cpaKThI [11, 26, 32, 38] (CM. TaK>Ke rn. 1). 

IIycTb r - rJia,n;KttH 3aMKflYTbIB HJIH pa30MKflYTbIB KOHTYP Ha IITIJIOCKOCTH KOMIIJieKCHOro ne

peMeHHOro z = x + iy' f ( s) - KOMIIJieKCH03Ha'ffiaH <J:>YHKI.UUI TO'IKH KOHrypa S· Ey,n;eM roBO-

pHTb, 'ITO <l>YHKIIHH f ( S) y,n;oBJie'rBOpHeT Ha r ycnosmo feJibp;epa c IIOCTOHHHbIMH A H A, ec

JIH v ,, , S2 E r HMeeT MeCTO HepaseHCTBO 

(6.1) 

IIpttHa):(Jle')KHOCTb f ( S) K KJiaccy <l>YHKUHii, y,n;osneTBopmouu1x ycnosmo fenh,n;epa, o6o3HaYia

eTCH TaK: f(s)EH(A,A.), HJIH J(S}EH(A.), HJIHeIIIenpoIIIe-f(s)EH. IlpH A.=1 IIO

Jiy'IaeM ycJIOBHe Jlttnurnn:a, II03TOMy ycJIOBHe feJib,!l;epa qacTO Ha3hlBaIOT yCJIOBHeM feJib,n;e

pa-Jlttmnttn:a (f.-JI.) HJIH ycJiostteM Jlttnurnn:a nopH,n;Ka A.(! ( S}E Lip,, (r) ). 

3aMKttyTbIH KOHTYP r pa36HBaeT z-IIJIOCKOCTb Ha ,n;Be o6JiaCTH: BttyTpeHHIOIO (orpaHR'IeH

HYID) - o6o3Ha'IHM ee D+ - H BHeIIIHIOIO v- =CD+ (,n;ononHeHtte 3aMbIKamrn !/ ,n;o non

Hoii Z-IIJIOCKOCTtt). 

IJycTb f ( Z) aHaJIHTH'IHa B o6JiaCTH D+ H HeIIpepbIBHO IIpO,!l;OJI'/KHMa Ha r, TOrp;a HHTe

rpan Korntt 

_1. ff (s) d( ={f (z), ZED+, 
2m r s -z 0, z E v-. 

ECJIH j ( Z) aHaJIHTH'IHa B o6JiaCTH D-, HeIIpepbIBHO IIpO,!l;OJI)KHMa Ha r H lim f ( Z) = 0, TO 
z-+= 

_1 JJ(s) ds={o, 
2tri r S - Z - f ( Z) , Z E D-. 

ZED+, 

3aMeTHM, qTO HanpaBJieHHe HHTerpttposaHHH B o6ettx 3THX <t>opMyJiax - IIpOTHB XO,ll.a qacosoii 

CTPeJIKH (TaK, 'IT06bI o6JiaCTb v+ OCTaBaJiaCb CJieBa). B TOM CJiy'Iae, KOr,n;a r - pa30MKflYTbIH 

KOHTYP C Ha'IaJIOM B TOqKe a H KOHO:OM B TO'IKe b, o6JiaCTb D+ paCIIOJIOJR:eHa CJieBa OT r IIpH 

):(BmKeHHH OT a K b. 

IlyCTb IIpOH3BOJibHM <i>YHKO:HH m(()E H(A.) Har, KOHCTpYKO:HH 

_1. Jm(S) d( ={F+ (z), zE v+, 
2trz r S - Z r ( Z), Z E D-

(6.2) 

Ha3bIBaeTCH HHTerpanoM THIIa KOIIIH. l1HTerpan B (6.2) onpe,n;eJIHeT KYCO'IHO-aHaJIHTH'IeCKYIO 

(KYCO'IHO-roJIOMOP<i>HYIO) <i>YHKO:HIO F ( Z), paBHYIO p+ ( Z) B o6JiaCTH D+ H 3aryxaIOIIIYIO Ha 
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6eCKOHe'IHOCTH cpymru,mo p- ( z) B 06m1CTH v-. Komyp r mIDie'I'CH JIHHHeH CKaT.JKOB cpyuK

IUIB F ( z). To'Illee, HMeIOT MeCTo rrpe,!1,em.Hhie coornorneHHH ( 4JopM}'m.I Coxol(Koro-IlrreMeJrn) 

P-(?o)=limP-(z)=-..!.m(?o)+~ Im(() d( (zE v-), 
z-;(0er 2 2m r ( -(0 

(6.3) 

r.n;e HHTerpan B IIpaBOH T.JaCTH (cHttry.IDipHhIH HHTerpan THTia KoIIIH) ITOHHMaeTCH B CMhICJie rnaB

HOro 3HaT.JeHHSI ITO KOIIIH. 

TaKHM o6pa30M, CKaT.JOK K}'COT.JHO-aHaJIHTHT.JeCKOH <l>YHKU:HH F ( z) Ha r 

p+ ( ?o )- p- ( (o) = m( (o), tj ( 0 E f. (6.4) 

lfa (6.3) ITOJI}'T.JaeM TaJOKe COOTHOIIIemi:e MH ITpHMOro 3HaT.Jemrn CHttryJIHpHoro HHTerpana 

r(?o)+r(?o)=~ Im(?) d(. 
m r (-(o 

(6.5) 

EcJIH f - pa30MKH)'TbIH KOHryp, TO 4JopMyJibl (6.3) CITpaBe,n;JIHBhI B JII060H TOT.JKe ( E f, 

OTJIHT.JHOH OT KOHU:OB .D;yrH. 

B CHJIY TeopeMhI IlneMeJIH-IlpHBaJIOBa rrpe)J,eJibHbie 3HatJemrn p± ( () E H (A.), ecmr A, < 1 

H p± ( () E H ( 1-e) ITpH A, = 1 ( e > 0 - CKOJibKO yro,!J,Ho Manoe). 3To yTBep)l()J,eHHe cITpa

Be)J,JIHBO H ITO OTHOllleHHIO K CHHryJIHpHOM}' HHTerpany, cpHrypHpyIOIIJeMY B (6.5). 
IIp1me)J,eM peryJIHpHbie ITpe,!1,CTaBJiemrn CHttryJIHPHOro HHTerpana. EcJIH r - 3aMKHyTuIH 

KOHryp,TO 

~I/'r d(=I, ?oEf, 
lrZr~-~o 

~Im(() d(=w(?o)+~ Im(()-w(?o) d(. 
1Cl r ( - ?o m r ( - ?o 

(6.6) 

EcJIH f - pa30MKH)'TbIH KOHryp C HaT.JaJIOM B TOT.JKe a H KOHD;OM B TOT.JKe b, TO 

~ J~d(=~ln b-(o +l, 
m r ( - ?o m a - ?o 

~rm(() d( =~ f°'(()-m(?o) d( +w(?o)(~1n b-(o +lJ. (6.7) 
m r ( - ?o m r ( - ?o m a - ?o 

0THOCHTeJihHO Bbl)J,eJieHHH O)J,H03Hal.JHOH BeTBH JIOrapHcpMa CM., HaITpHMep, B [11]. 
B pa3JIHT.JHOro po.n;a cpH3HlJeCKHX 3a)J,aT.JaX ITpHXO)J,HTCH paccMarpHBaTb HHTerpaJihl THITa 

KornH ITO )J,eHCTBHTeJihHOH ocH 

(6.8) 
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TaK KaK nHHHll. mrrerpHpoBaHHll. rrpoCTnpaeTcll. B 6ecxoHel'.JHOCTb, Heo6xo.n.nMo HaJIO:>KMTh 

ycnOBIDI 3aTJXaHIDI Ha ITilOTHOCTb m( x) B 6ecKOHel'.JHO y.n.a.JieHHOH TOl'.JKe. IlycTb, KaK 06bll'.JHO, 

m( x) E H (A, A,) Ha mo6oM KOHel'.JHOM HHTepsaJie B R1
, H KpoMe Toro, Ha 6ecKOHel'.JHOCTH BbI

rrorrHll.eTCll. ycrroBHe 

B 3THX ycnoBHll.X cnpaBe,[lnHBo cneey10mee peryrrll.pHoe npeJJ;cTaBJieHne MHTerparra (6.8) 

_I 
00f m(x )dx 1 ~f m( x )-m( 00

) dx±_!_m( 
00

) 

21ri - x- z 2Jri - x- z 2 ' 

r.r1e sepxHnil: 3HaK 6epeTc.ir rrpn Im z > 0, HM:>KHHH - rrpn Im z < 0. 

~mr rrpe.n.enbHbIX 3Ha'1eHHH HHTerparra (6.8) rrpH BbIITOJIHeHttH yxa3aHHbIX BbIUie ycnoBHH, 
cnpaBe.ll,JIHBbI <jlopMynhI Coxm11wro-IlrreMellll. (6.3), r.n.e BepxHnil: 3HaK 6epeTcll. .n.mr BepxHeil: 
IIOJIYIIIlOCKOCTH Im z > 0, HH:>KHllH 3HaK - rrpn Im z < 0. 

IlpttBeJJ;eM eme <J>OPMYJibl rrepeCTaHOBKH nopH.n;Ka HHTerpHpoBaHIDI B IIOBTOpHbIX CHHryllll.p
HbIX HHTerpaJiax. ,ll,n.ir 6oJiee npOCTOM CHryau:HH, KOr,[la 0.ll,HH HHTerpaJI o6blKHOBeHHbIH, nepe
CTaHOBKa nopH.n;Ka HHTerpHpOBaHHH 3aKOHHa. ToqHee, HMeeT MeCTO CJie,[lyIOmee rrpe,l(JIO)I(e
HHe [11, 38]. 

IlycTb B ITOBTOpHOM HHTerparre 

I= fm((,z)d( fcpi(~?) d(1 
r r 1 

<}>yHKU:mI <P( (, ( 1) yJJ;oBITeTBop.ireT ycnoBHIO renbJJ;epa no o6enM rrepeMeHHhIM, a m( (, z) MH

TerpttpyeMa ITO ( ,[\Jlll. BCex Z H3 HeKOToporo MHO)KeCTBa; r - rna,[\KHH 3aMKHYTblH KOHTYP· 

Tor.n.a 

fm((,z)d( fcp((,(1)d(1 = fd?1 fm((,z)cp((,(1) d(. 
r r (1 -( r r S1 -( 

(6.9) 

B o6meM cnyqae, Kor.n.a o6a HHTerpaJia B IIOBTOpHOM HHTerpaJie CHHryIDipHbIC, crrpaBe,[IJIHBa crre
,[lyIOmall. <jlopMYna IlyattKape-EepTPaHa nepecTaHOBKH nop.ir,[IKa ttHTerpHposaHmi:: 

f~fcp((,(1 )d(1 =-1r2«J'(O",O")+ fd(1f cp((,(i)d( , O"Er. (6.10) 
rs-o-r ?1-( r r((-o-)(s>O 

HaMeTHM KOflTYPhl .n.oKa3aTeJibC'fBa 3TOH <jlopMYJibI. CTporoe .ll,OKa3aTeJibCTBO CM. B [38). Bse
,[leM <jlyttKU:llll 

IlpH ZE r rrepeCTaHOBKa rrop.ir.n.Ka HHTerpnpoBaHMH 3aKOHHa, II03TOMY /l ( z) = /2 ( z) HilH 
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rrpH Z ~<TE r COOTBeTCTBeHHO H3 06JJaCTH D+ H H3 o6JiaCTH D-. B COOTBeTCTBHH C (6.5) 
HMeeM 

11(a)= J rd( JqJ((,?)d(1 =.!.[1;(a)+1;(a)]=.!.[1;(a)+1~(a)]. 
r\>-O"r S-1- 2 2 

HHTerpan 12 ( z), HCilOJib3YH pa3JIO)KeHHe 110,U:bIHTerpaJibHOro Bbipa)J(eHHH Ha rrpOCTbie ,n:po6H, 

npe,n:cTaBHM B BH)J,e 

1z(z)= J d(1 {JqJ((,(1) d(-JqJ((,(1) d(}= Jlf/(z,(1) d(l' 
rS-1-z r (-z r (-(1 r ?1-z 

r,n:e 

Orcro,n:a BH.!UIO, qrn 12 ( z) ecTb HHTerpan THna Korrm c IIJIOTHOCTbIO If/ ( z, ( 1 ) , 3aBHCHIJJ,eil: OT 

rrapaMeTpa z. K 3TOMY HHTerpany THrra Konm rrpHMeHHM <j.>opMJJibI (6.3) H yqTeM, qrn rrpe

,n:eJibHbie 3HaqeHHH If/( z, ?1) Pa3JI~bl c pa3JJHqHblX CTOpOH KOHrypa r. CKJia,rt:bIBaH HX, rro

nyqaeM 

1; (a)+ 1~ ( o-) = Jri[ If/+ ( a,a)-lf/- ( o-,a) J + Jlf/+ (a, 'j: If/- (a, Si) d(
1

• 

r l a 

3,n:ecb lf/+(a,<T)=liml[/(z,O-) npH Z~<TEr, OCTaBaHCbCJJeBaOT r H lf/-(a,a)=liml[/(z,a) 
rrpH z ~a, ocrasaacb crrpasa OT r. Ho cornacHo <j.>opMJnaM (6.4), (6.5) 

If/+ ( a,a)-lfF-( a, a)= 2JriqJ( a,a), 

If'+ (a,(1)+lf/-(a,(1)=2(a-?1) J(( ~~f(~1~(1 ) d(. 

HaKOHen;, HCIIOJib3YH nonyqeHHbJe COOTHOmemrn H orrpe,n:eneHHe 11 ( O")' rrpHXO,n:HM K <j.>OpMJJie 

IlyaHKape-EeprpaHa ( 6.10). 
OrMeTHM qacTHbIM cnyqaii <j.>opMJJibl rrepecTaHOBKH (6.10) 

J~ JqJ((1) d(
1 
=-Jr2qJ(a). (6.11) 

,(-a,(1-( 

<l>OpMJJia (6.11) BbITeKaeT H3 (6.10) rrpH 3aMeHe qJ((,(1) Ha qJ((i). B 3TOM cnyqae B CHJJY (6.6) 

BHYTpeHHHM HHTerpan B rrpasoii qaCTH (6.10) 

J d( 1 {J d( f d( } 1 . . 
,((-a)((1-?) = ?1-a r?-a \?1-( = ?1-a(m-m)=O. 

PaccMOTpHM Tenepb cHHryJJHpHblli HHTerpan (no 3aMKHJTOMY KOHTYPY) c H,n:pOM KomH 

~V(,1 )d(1=1f/((), (Er. 
m,(1-? 

(6.12) 
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ECJIH VF ( ;) H3BeCTHru!, HenpepbIBHru! no feJib)J,epy <i>YHKU:IDI Ha r, a He06XO)J,HMO onpe)J,e

JIIITb <l>YHKIJ;HIO <p( (), TO npnxo)UIM K 3a)J,aqe 06 o6pmu;eHHH c:mrrymqmoro mrrerpana B (6.12). 

C HcnoJib30BaHHeM <i>OPMYJibI nepecTaHOBKH (6.11) 3Ta 3a)J,aqa pernaercH cpa3y. YMHO)J(HM ne

syro H npaByro qacrn (6.12) Ha Bhlpa)J(eHHe 

H npOHHTerpHpyeM no r. Tor)J,a nonyqHM 

f~ f<l'( ;1
) d(

1
=1ri fvr( ;)d( = (i1r)2 <I'( o"). 

1 (-a,(1-; ,;-a 

0TCIO,I(a 

<p(a)=~ fvr(;) d(, aE r. 
m,(-a 

(6.13) 

CoornorneHHH (6.12) H (6.13) rrpe,I(cTaBJIHIOT co6oii ,[(Be B3aHMHO o6paTHbie <PopMyJibI. Ecrn, 

HanpHMep, paccMarpHBaTu COOTHorneHll.e (6.12) KaK npocreiirnee cHttryJIHpHoe HHTerpanbHOe 

ypaBHCHHC Ha 3aMKHYTOM KOJrrype OTHOCHTCJibHO <i>YHKI(lllf <p, TO ero peIIIeHHe ,I(aCTCH <i>OPMY

JIOH (6.13). 
B 3aKJIJOqeHHC 3TOro IIYHKTa OTMCTHM HCKOTOpbIC 6onee o6ru:He pe3yJibTaThI OTHOCHTCJibHO 

CHHrynHpHbIX HHTerpanoB c H)J,pOM KoIIIH. EcJIH rpe6osaTb cyrnecTBoBaHHH TaKoro HHTerpana 

He BCI-O,I(y, a noqTH BCI-0,I()' Ha f, TO MO)J(HO c<i>OPMYJIHpOBaTb 3HaqHTCJibHO 6onee o6mHe pe-

3YJibTaTbl [43], CM. TaK)J(e [15]. 
TeopeMa 1 (ll. ll. IlpHBaJIOB). ECJIH Ha KOHType r (HMeI-OmeM HenpepbIBHYI<J KpHBH3HY) 

HarrpaBJieHHe BbIII)'KJIOCTH MCHHCTCH TOJibKO KOHeqHoe qHCJIO pa3, a IlJIOTHOCTb m( ;) C)'M-

MHpyeMa Ha f, TO CHHryJIHpHblll HHTCrpaJI 

cymeCTB)'CT rroqTH IIpH BCCX ( 0 E f. 

TeopeMa 2 (ll. ll. IlpHBaJIOB). ECJIH KOliTyp r H nJIOTHOCTb m(() y)J,OBJICTBOpHI-OT yc

JIOBHHM TeOpCMbl 1, a Z -7 ( 0 ITO rryTH, HC KaCaTeJibHOM)' K f, TO rroqTH ,I(JIH BCCX ( 0 E f cy

meCTB)'I-OT rrpe,I(CJibI 

<l>(z) =~ Jm(() d(. 
2m, (-z 

IlpH 3TOM rroqrH BCIO,I()' Ha r crrpaBe,I(JIHBbl <l>opM)'Jihl Coxou;Koro-IlneMCJIH 

<1>+(?0 )=.!.m(?0)+-1 . Jm(;) d(, 
2 2m 1 (-(0 
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<I>-(so)=-..!.m(?o)+-1. Sm(() d(. 
2 2m r s-(0 

EcmI (OE H (A)' A> 0 Ha r ll r - JUITIYHOBCKHH KOmyp (33, 43], TO BCI-0,!zy Ha r c~e
CTB)'IOT rrpe)J;CJibl <I>+ ( 0, <I>- ( s) ll BCpHbl rrpe)J;CJibHbIC <t>opMj'JibI Coxou;Koro-IIJieMeJUI. 

Jfa TeopeMbI 1 CJie.rzyeT, qyo CllHrymrpHbIH HHTerpan c H,IlpOM Konrn MO)J(HO paccMaTpll

BaTb KaK orrepaTOp, KOTOphlH JII-060H CYMMttpyeMOH B,IlOJib r <l.>YHKD;llll m( () CTaBIIT B COOT

BeTCTBIIC HCKOTopyro HOBYIO <l>YHKD;llIO 

n(a)=~ Sm(?) d(, 
m r (-a 

orrpe,IlCJICHH)'IO rroqTll BCIO.IlY Ha r. 3TOT orrepaTop rrpHWITO o603HaqaTh 6YKBOH s, TaK qTo 

EcJIH orrepaTOp S rrepeBO.IlllT HeKoTopoe <l>YHKD;llOHaJihHOe rrpocTpaHCTBO B ce6H, TO TaKoe npo

CTpaHCTBO Ha3bIBaeTCX IIHBapttaHTHbIM .IlJUl :noro orrepaTopa. HarroMHllM OIIpC)J;CJICHllX HCKOTO

pbIX <l>YHKU:llOHaJibHbIX IIpOCTpaHCTB. 

ITpocTpaHCTBO I!' (r) COCTOIIT ll3 BCCX cyMMttpyeMblX c p -H CTCIICHbl-0 <l>YHKU:HH f ( () 
Ha r, .I(JIX KOTOpbIX KOHeqeH HHTCI'paJI 

llJllP = ~f ( onds!, } ::; p ~ 00
• 

r 

IlpocrpaHCTBO c BCCOM I!' ( r; is - So Ip) COCTOIIT ll3 BCCX <l.>YflKD;llH f ( ?) , .IlJUl KOTOpbIX KOHe

'ICH llHTerpan 

llJllP = ~J (st ls -sl idsJ, so E r,-1 <P < p-1. 
r 

IJpocTpaHCTBO [ CJib)J;epa Lip a ( r) IIJIII H ( 0:) - MHO)l(eCTBO BCeX <l>YflKD;llH, 3a)J;aHHbIX Ha r 
H Y.IlOBJICTBOpXIOID;IIX Ha r ycJIOBIII-0 feJib)J;epa C IIOKa3aTCJICM 0: > 0, HOpMa f ( S) E Lipa (r) 
orrpe.I(CJIXCTCX no <l.>opMj'JIC 

HMeIOT MecTo cJie.rzyroru;Me npe.IlJIO)KCHlij{ (38, 15]. 

TeopeMa 3. IlpocTpaHCTBO I!' (r) - llHBapttaHTHoe MX onepaTOpa S; 3TOT onepaTOp 

orpaHuqeH s I!' (r) rrpu 1 < p < oo (Mx p = 1 M p = oo TeopeMa HesepHa). 

TeopeMa 4. ITpocTpaHCTBO I!' (r;!?-solp) - HHBapuaHTHoe )J;JIX orrepaTOpa S; s 3TOM 

npocTpaHCTBe orrepaTOp S orpaHtt'IeH. 
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TeopeMa 5. Ecmr r - 3aMKHyTIJH .IDIJIYHOBCKHH KOmyp, TO IIpOCTpaHCTBO Lip a (r) cpym<

wrii, y,n:OBJICTBOpJUOIIIHX Ha r YCJIOBfiIO JlmlIIIHl(a C IIOKa3aTCJICM 0 < a < 1 - HHBapHaHTHOC 

,n:mr orrepaTOpa S. OrrepaTOp S B 3TOM rrpoc'TpaHCTBe orpaHHqeH. 

ECJIH r - HC3aMKHyThrii mmyHOBCKHH KOmyp, TO IIpH mo6oM a rrpoCTJJaHCTBO Lipa (r) 

He HBJIHCTCH HHBapHaHTHbIM ,n:mI orrepaTOpa S; CCJIH )J(C WE Lipa (r)' 0<a<1 H n = s ( w)' 

TO MO)J(HO TOJihKO YTBCp)J(,D;aTh, qTQ OE Lipa (r')' r,n:e r' -mo6aH BHYTJJCHHHH qacTh r. 
<l>opMyJILI ~n4><1>epem1uposauuS1 u uunrpuposauuSI. HH)J(e 6y,n:eM rrpe,n:rronaraTh, qTQ 

r - 3aMKHYThIH (pa30MKffYThIH) KOHTYP, 06na,n:aIOI11HH HerrpephIBHOH KpHBH3HOH, HJIH KO

HeqHaH CHCTCMaTaKHX KOHTYPOB rk (nrk =0), T. e. r=LJrk. 
<l>opMyJihl ,n:mpcpepeHl(HpOBaHHH: 

J. IlpH WE If (r) 1 < p < oo 

_!!:.___ fw(()In~d( =triw(a)+ fw(() d(. 
dar ~-a r?-a 

2. ECJIH @( () a6COJIIOTHO HerrpephIBHa Ha r (T. e. rroqTH BCIO.D:Y Ha r HMCCT KOHCqttylO 

rrpOH3BO,D;ttylO) H of ( () E If ( r) , TO 

_!!:.___ Jw(?) d( =fa!(() d(. 
dar(-a r?-a 

<l>OPMYJihl HHTCrpHposauHH. 

1. ECJIH UE If (r), VE If' (r), TO 

2. EcnH rrpH HCKOTOpOM p 0 < p < 1 

f ]q.i(?.?1)lp Jd(1id?1l < oo, 

rr 
TO 

1 1 
-+--,=1. 
p p 

3. <l>opMyJihl rrepeCTaHOBKH IIOpH,D;Ka HHTerpHpOBaHHH. EcJIH u E If (r)' TO 

-hf~ r(?i) d(I =u(a). 
(m) r?-ar?1-( 

B orrepaTOpHOM BH,n:e 3Ta cpopMYJia (IlyaHKape-Eep'Tpatta) rrpHo6peTaeT BH,n: 

S 2 =I, 

r,n:e I - TO)J(,11,CCTBeHHbIH orrepaTOp. 
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6.2. KpaeaaR 3ada'la PuMaHa 

Ilycrb L - rna,1urnii3aMKH)'ThIB KOHfYP, G ( () H g ( () ( G ( () :;t: 0) - 3a,IJ;aHHhie Ha HeM 

<l>YHKIUIM KJiacca H (A,). 3a,z:i;aqa PMMaHa (3a,z:i;aqa conpIDKeHmI) 3aKmo'IaeTcH B onpeneneHMM Ky

co'IHo-aHaJIMTM'IecKoii <l>YHKIUIH <I> ( z) ' y,11;0BJieTBOpHIOIIIeii (JIHHeHHOMY) rpaHM'IHOMY COOTHO

meHHIO 

(6.14) 

~ G ( () Ha3hIBaIOT Ko3<}><l>tt~tteHTOM, a g ( () - cB060,11;HhIM qneHoM 3MaqH PMMaHa. 

,lVIH ym'IHeHHH <PoPMYJIMpOBKH 3a,z:i;aqtt PttMaHa BBeneM o6nacTh D+ (KoHe'IHYIO o6naCTb 
-+ -+ 

c rpaHtt~eii L) H o6naCTb v- =CD (norronHeHMe 3aMbIKaHHH D no rronHoH: z -IIJIOCKOCTH). 

Ilo onpeneJieHHIO <I>+ ( ()' (EL HBJIHeTCH rpaHH'IHbIM 3HaqeHHeM aHaJIHTM'IeCKOH B n+ <l>YHK-

IUIM <I>+ ( z)' a <I>- ( s) eCTb rpaHH'IHOe 3Ha'Iem1e aHamrrll'IeCKOH B v- <l>YHKIUIM <I>- ( z). Mo)K

HO roBOpHTb H 06 O,ll;HOH rycoqHo-aHaJIHTM'IeCKOH <l>~HH <I> ( z) c JIHHHeH CKaqKoB L. 

PaccMOTPHM cHa'Iana 3a,11;aqy (6.14) npH G( () = 1, T. e. 

(6.15) 

3TO TaK Ha3bIBaeMaH 3a,z:i;aqa 0 CKa'IKe. PemeHHe ee B CMJiy <l>OPMYJibI (6.4) 3aIIMCbIBaeTC.!I B BH,ll;e 

HHTerpana THna KomH (rrpH norronHHTeJihHOM ycJIOBHH <I>- ( oo) = 0) 

<I>(z) =~Jg(() d{ 
21Cl L ( -z 

TipH ,ll;fillbHeiiIIIeM paccMOTPeHHH 3a,11;a'IH PHMaHa BeCbMa y,11;06HO BOCIIOJib30BaTbCH IIOHHTHeM 

ttH,ll;eKca [11, 32, 35, 41, 51]. 
TiycTb L - manKttH: 3aMKHyThlH KOHTYP M G ( () -:/. 0 - 3a,11;aHHaH Ha HeM HenpephlBHaH 

<l>YHK~IUI. Ilon HH,ll;eKCOM <l>YHKIUIH G ( () Ha KOHType L IIOHHMaeTCH pa3,ll;eJieHHoe Ha 21C npH

pameHtte ee apryMeHTa rrpH IIOJIHOM o6xone L B IIOJIO:li<HTeJibHOM HarrpaBJieHHlf (rrpOTHB xona 

qacoBoif CTPCJIKH). ComacHo 3TOMY orrpeneneHHIO 

K= IndG(()=-1 [ argG(()] =-
1 

. [lnG{()] =-
1 

fd[ argG(()] =-
1 

. fdlnG((), (6.16) 
21C L 2m L 27r L 2m L 

rne CHMBOJI [ 1 o603HaqaeT rrpMpameHHe COOTBeTCTBYIQIIIeii BeJIH'IHHbI rrpH o6xone KOH'I)'pa L. 

B COOTBeTCTBHH c onpe.n:eJieHHeM MH,ll;eKC I( MO)KeT 6bl.Tb JIH6o u;eJiblM 'IHCJIOM, JIH60 eyJieM. 

TaK KaK norapn<l>M npott3seneHMH paBeH CyMMe, a norapu<jlM qacTHoro - pa3HOCTH noraptt<l>MoB, 

TO COOTBeTCTBYIOIIIHM npaBHJiaM B CHJiy (6.16) IIO~lfHHeTCH H HH,ll;CKC: a HMeHHo - HH,ll;eKC 

IIpOH3Be,11;eHHH paBeH CyMMe HH,D:eKCOB COMHO)KHTeneii, HH,ll;eKC 'laCTHOro paBeH pa3HOCTH lfH,ll;CK

COB ,ll;eJllfMOro H neJIHTe.IDI. lhmeKCbl KOMIIJieKCHO corrpH)l(eHHbIX <l>YHKIJ;HH o6paTHbl no 3HaKy. 

IIycTb Terrepb G ( () ntt<P<l>epeH~HpyeMa H npencTaBJIHeT co6oii KpaeBoe 3HaqeHHe aHa-

JilfTMqecKoif B D+ HJIH B D- <jlyttK~lfH. Torna B COOTBeTCTBHH C (6.16) 

K=-
1

. fd(lnG(s)) =~JG'((~)) d(, 
2m i 2m i G !> 
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T. e. HH,n;eKc paseH rrorapmpMWieCKOM)' Bb1qery <j.lyHKIIHH G((). B CHJJY npHH.u1ma apryMeHTa 

[26] HH,!l;eKc <j.lyHKIJ,HH G ( () paseH pa3HOCTH Me)l()zy qHcrroM eyrreii H qH:CJIOM rrorrrocos aHaJIH

TH:qecKoii B v+ (3a HCKJIJOqeHHeM KOHeqHoro qffCJIO IIOJIIOCOB) <l>YIIKUHff. EcJIH G(() - Kpae

BOe 3HaqeHHe <j.lyHKU:HH <I>- ( z), aHaJIHTHqecKOH B o6rracTH v- (B03MO:>KHO, 3a HCKJIJOqeHHeM 

KOHeqHoro 'IHCJia IIOJIIOCOB), TO HH,!l;eKC paBeH pa3HOCTH Me)l()zy qffCJIOM IIOJIIOCOB H 'IHCJIOM 

eyrreli. 

IlpUMep. IlyCTL G (?) = C. QqesH)J;HO, HMeKc 3TOH <l>YflKU:HH 110 rr106oMY rna;:i;KOM)' KOH-

TYPY L, co,n;ep)l(ameMY BH)'TpH cefo1 Ha'!ano ( = 0, paseH n. 

B03Bpa111aHcb K 3a,n;aqe PHMaHa ( 6.14 ), paccM01J>HM cttaqana cnyqaif g ( () = 0 ( o,n;Hopo,n;HaH 

3a,n;aqa) . .ZJ,orryCTMM, qTo oHa pa3pernHMa, H rrycTu <PyHKil,MH <I>+ ( z) H <I>- ( z) - ee perneHHe. 

lfacrro eyrreii <PYIIKU:HH <I>+ ( z) H <I>- ( z) B 06rracn1x MX orrpe,n;enemrn o603HaqnM cooTBeTCT

BeHHO 'Iepe3 N+ H N-. Tor,n;an3(6.14)3aKJIJO'IaeM 

TaKHM o6pa30M, eCJIH <I>+ ( z) H <I>- ( z) He HMeJOT IIOJIIOCOB B CBOHX o6rraCT5IX orrpe,n;eJieHHJI, 

TO H3 pa3peurnMOCTH 0,!l;HOp0,!1;HOH 3a)J;a'IH PHMaHa BbITeKaeT He01J>HU:aTeJihHOCTb HH)J;eKca K. 

IlpH K = 0 <PYIIKU:HH <I>+ ( z) H <I>- ( z) He MMeIOT eyrreii, rrpH K > 0 <1>+ ( z) H <I>- ( z) HMeJOT 

B COBOKYIIHOCTH K Hyneii. 

PaccMO'IJ>HM BHaqane cnyqaii K = 0. B 3TOM cnyqae ln G ( () ecTh <PYIIKil,HJI o,n;H03Ha'IHaJI. 

floraptt<l>MHpyH rpaHH'IHOe paseHCTBO <I>+ ( (} = G( ()<I>-((), IIpHXO,!l;HM K 3a)J;aqe 0 CKa'IKe 

r,n;e ln <I>+ ( () H ln <I>- ( () eCTb rpaHH'IHhle 3Ha'IeHHJI 0,!l;H03HaqHbIX aHaJIHTHqecKHX <j.lyttK!lHH 

ln <I>+ ( z) H ln <I>- ( z). PerneHHe 3TOH 3a,n;a'IH, y,n;osrreTBopJII0111ee ycrrosHIO ln <I>- ( oo) = 0, MMe-

eT, oqeBH,!l;HO, BH)J; 

1 flnG(() ln<I>(z)=-. d(=r(z), r-(oo)=O. 
2m L (-z 

EcrrH HaJIO)l(HTh ycrrosHe <I>- ( oo) =A, TO rrpe,n;L1,n;y111ee cooTHorneHHe ,n;aeT 

(6.17) 

Ilptt A =<I>- ( oo) = 0 rronyqaeM 'IJ>HBHaJihHOe perneHne <I> ( z) = 0. 

TaKHM o6pa3oM, ecrrH HMeKc <PY1IKI1HH G ( () E H, He 06pa111aI0111eiicH B HOJih Ha L, pa

BeH Hyrrro, TO G ( () ecn, OTHOIIIeHne rpaHHqHoro 3HaqeHHJI aHaJIHTHqecKoli B D+ <l>YIIKU:HH 

<I>+ ( z) K rpaHHqHOM)' 3HaqeHHIO aHaJIHTH'IeCKOH B v- <PYIIKU:HH <I>- ( z) rrpH ycJIOBHH, qTo 
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<l>+ ( Z) H <l>- ( Z) He HMelOT eyJieH B D+ H D- COOTBeTCTBeHHO. 3'fo 03HaqaeT, qTO HMeeT MeCTO 

paBeHCTBO 

<I>+(;) 
G(;) = <I>-(;)' 

r,n:e <I>+ ( z) H <I>- ( z) orrpe,n:e.IDIIOTCR c TOqffOCThl{) ,n:o IIOCTORHHOro MHO:llGITeJIR cpopM)'JiaMll (6.17). 

PaCCMOTPHM Terreph cnyqali K > 0. EcJIH Haqano KOOp,Zl;HHaT Jie)J(HT B o6nacrn: D+, TO 

cl>YHKI.UUI z" HMeeT HH,n:eKc K, II03TOM)' MO)J(HO CBeCTH 3a,n:aqy K eyneBOM)' HH)J,eKcy CJie,n:yfilll(HM 

o6pa3oM. Kpaesoe ycJIOBHe 3a.n:aqH PHMaHa rrpe.n:cTaBHM TaK: 

(6.18) 

Tor.n:a cl>YHKIJ,HR G1 (;) = ;-"G(;) 6y.n:eT HMeTh HH.n:eKc HOJih. Ha ocHosaHHH perueHHR rrpe

)1,hiiJ,ymeli 3a,n:aqH (rrpH K = 0) MO)J(eM 3armcaTh 

er(() 

G1 ( ;) == no, 
e 

r.n:e 

r(z)=-1. J1nG1 (;) d;=-1. J1n[;-"G(;)]dr 
2mL ;-z 2mL ;-z 

c yqeTOM 3THX COOTHOIIIeHHH rpaHHqHoe paBeHCTBO (6.18) rrpe,n:CTaBHM TaK: 

<I>+(()=,,. <I>-(o 
er(() er(O . 

B 3TOM paseHCTBe cJiesa CTOHT Rpaesoe 3HaqeHHe <PYHRIJ,HH aHanHTHqecKoli B o6nacTH D+, 

a crrpasa - Kpaesoe 3HaqeHHe <PYHmHH aHaJIH~ecKoli B v-, 3a HCKJiroqeHHeM 6ecKOHeqHo

CTH, r.n:e OHa HMeeT IIOJIIDC rropRil,Ka He BhIIIJe IC, Ha OCHOBaHHH o6o6rueHHOH TOOpeMbI JlttyBHJI

JIR [26] 3aKJIIOqaeM, qTQ orrpe.n:eneHa e)J,HHM aHaJIHTWieCKaR cl>YHKIJ,HR Ha BCeH IIJIOCKOCTH KOM

IIJieKCHOro rrepeMeHHOro Z, HMeroruaR B 6ecKOHeqHo y.n:aneHHOH TOqKe IIOJIIOC rropR.n:Ka He BhI-

IIJe K, T. e. IIOJIHHOM P,. ( z) cTerreHH He BhIIIIe K. CJie.n:osaTeJihHO, MO)J(eM 3arrHcaTh 

TaK KaK Ko3cpqmIJ,HeHThI rroJIHHOMa PK ( z) rrpoH3BOJihHhJe KOMnJieKCHhie qHcJJa, TO no.rryqaeM 

K+ 1 JJHHeliHo tte3aBHCHMhIX qacTHhIX peIIIeHH.ir o.n:Hopo.n:ttoli 3a.n:aqH PnMaHa. EcnH IIOTPe6o

BaTh, qT06hI <I>- ( oo) = 0, TO perueHHR 6y.n:yr co.n:ep)J(aTh IIOJIHHOM Px:-i ( z), T. e. 

B 3TOM cnyqae HMeeM, oqeBMHO, K JIHHeliHo He3aBHCHMhIX peIIIeHHli o.n:ttopo.n:Holi 3a,n:aqH. 

Ilepexo,n:HM Tenepb K peIIIeHHIO HCO)J,HOpO)J,HOH 3a,n:aqH PHMaHa. 3,n:ecb 0Ka3bIBaeTCR IIOJie3-

HhIM rroHRTHe I<aHOHWiecKoro perueHHR. Ha3oseM eycoqHo-aHaJIHTWiecKJIO cl>YHRIJ,HID X ( z), 

rrpe.n:cTaBHMJIO B BH)J,e 

(6.19) 
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KaHoHHqecKoil: cpyHI<QMeil: (KaIIOHHqecKMM peIIIeHHeM) 3aJJ.aqH PHMaHa. IlpH 1C ~ 0 KaHOHH'IecKrui 

cpyHKQIDI HBJUieTCH lJ:aCTHbIM peIIIeHHeM O,[(HOpO,[(HOH 33)J.aqtt H o6mee peIIIeHHe MO)J{eT 6hITb 

npe,ri;CTaBJieHO B BH,[(e 

ct>(z) = X (z)P.,(z). 

IlpH IC< 0 KaHOHJllieCKruI cpyHKQIDI HMeeT Ha 6ecKOHeqHOCTH IIOJIIOC IIOpH,[(Ka -1(. 3aIIHCaB O,[(

HOpO.[(H)'JO 33)J.aqy B cpopMe (6.18), IIOrrytIHM, 'ITO npH mo6oM 1( KaHOHJllieCKruI cpyHKQMH x ( z) 
onpe.ri;errHeTCH cpopM)'rraMH (6.19). 

yqHThlBaH paBeHCTBO 

ct>-(() g(() 
x-(() x+ (()" 

(6.20) 

peIIIeHHe KOTOpoil: HMeeT BH,[( 

Tor.r:i:a cooTHOUiemrn (6.20) Ha L MO)KHO 3anttcaTb CJie,ri;yromHM o6prooM: 

(6.21) 

3.ri;ech crreaa CTOHT rpaHJllIHOe 3HaqeHHe tPYHKU:HH aHaJIHTHqecKoil: a D+, cnpaaa - rpaHHqHOe 

3HaqeHHe tPYHKU:HH aHarrHTJllieCKoil: a D- (KpoMe, 6nITh MO)J{eT, 6ecKoHeqHo y.ri;arreHHoil: ToqKH). 

ToqHee, ecJIH 1C < 0, To x- ( z) Ha 6ecKoHeqHoCTH HMeeT rromoc, a \{'- ( oo) = 0. CTarro 6wTh, 

rrpH Jiro6oM z, T. e. 

ct>(z)=X(z)\{'(z)= X(z) f g(()d( . 
2ni Lx+(()((-z) 

(6.22) 

IlpH 1( ~ 0 OTHOIIIeHHe ct>- ( ()/ x- ( () HBJIHeTCH rpaHHqHbIM 3HaqemieM cpyHKU:HH 

ct>- ( z )/ x- ( z), aHaJIHTJlliecKoil: a o6rraCTH D- 3a HCKJiroqeHHeM 6ecKOHeqHo y.ri;arreHHoil: ToqKH, 

r.ri;e oHa HMeeT nomoc rropH.ri;Ka IC. Ha ocHoaaHHH o6o6meHHoil: TeopeMhI JlttyBHJIIDI nonyqaeM 

H3 paaeHCTB (6.21) 

ct>( z) = X ( z)[\{' ( z)+ P., ( z)]. (6.23) 
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3To pememi:e rrpep:cTaBIDieT co6oii CYMMY o6mero pemeHIDI o~opoMoii 3ap:a'IH X ( z) PK ( z) 

H qacTHoro peIIIeHHH HeOp:HOpO~HOH 3a~aqH x ( z) 'I' ( z). 
Ecirn: HMO)f(HTh Ha pemeHHe AOIIOJIHHTeJibHOe orpaHttqeHHe <I>- ( 00) = 0, TO B cj>opMyJie 

(6.23) MHoroqneH PK ( z) 3aMeHHTC» Ha MHoroqneH P"_1 ( z), T. e. rrpH K :2: 0 

<I>( z) = X ( z)['P ( z) + P"_1 ( z) ], (6.24) 

rrpttqeM rrpH K = 0 MHoroqneH P.-_1 ( z) cne~yeT rrono:>KHTh paBHhIM eymo. 

IlpH K< 0 perneHHe B cj>opMe (6.24) CYII\eCTBYeT He Bcer~a. ,ll,IDI TOro ~06hI <I>- ( 00) = 0, 

He06XOiJ:HMO H p:oCTaTOlffiO, qT06bl 'I' ( z) Ha 6ecKoHe'IHOCTH HMeJia HOJih rropMKa -K+ l, 

a P.-_1 ( z) = 0. BhII1HIIIeM npe~CTaBJieHHe HHTerpana (6.22) B OKpeCTHocm 6ecKoHeqHo y~aneH

HOH TO~H. HMeeM 

Cne,a:osaTeIThHO, cj>yHKQHH '¥ ( z) 6yp:eT HMeTh Ha 6ecKOHeqHOCTH HOJih rrop»,a:Ka -K+ 1, ecJIH 

K03<l;>cj>HIJ;HeHThl Ck = 0 IlpH k = 1, 2, ... , -K. 

CYMMHPYH CKa3aHHOe, c<iJOPMYJmpyeM cne~nzyio TeopeMy [11]. B cnyqae K :2: 0 Heo,LJ,

HopoMa» 3ap:at.J:a PHMaHa propemHMa rrpH mo6oM cso6o,a:HOM qnette g ( ?) Hee o6mee perne-

HHe ,a:aeTCH cpopM)'JIOH (rrpH ycJIOBHH <I>- ( 00) = 0) 

x (z) g(s)ds 
<I>(z)= 21Ci Jx+(?)(?-z)+X(z)PK_1 (z), (6.25) 

r,a:e KaHoHWieCKM cj>yHKQIDI X ( z) orrpe~eneHa B (6.19), a PK_, ( z) - rroJIHHOM cTerreHH He BhI

me K-1 c rrpOH3BOJlhHhIMH KOMITJieKCHhIMH K03cj>qrn.u;HeHTaMH. IlpH K = 0 ITOJIHHOM cnep:yeT 
IIOJIO/KHTh paBHhIM eymo. EcJIH K < 0, TO pemeHHe rro-rrpeJKHeMy 6y,a:eT BbipaJKaTbCH cj>opM)'-

JIOH (6.25), r,!l;e p ( z) = 0, rrpH co6mo~eHHH -K ycJIOBHH pa3peIIIHMOCTH 

(6.26). 

Mhl paccMoTpeJIH 3ap:aqy PttMaHa ,!l;JllI o~Horo 3aMKHyTOro rnai:i:Koro KOHTYPa L rrpH ycno

BHH, t.J:To Kmcpcj>Hu;HeHT G (?) E H H HHr~e Ha L s ttyJih He o6pamaeTcH. Pa3l1Ht.J:Horo pop:a 

o6o6meHHH 3ap:at.J:H PHMaHa, HarrpHMep, KOr.D:a G B KOHeqHoM qHcne Tot.J:eK L o6pamaeTc» 
B ttyJih HJIH B 6ecKOHeqHOCTh, o6JiaCTh B KOTOpoii HII\eTCH pemeHHe MHOrOCBH3Ha H HeKOTOpbie 
.D:pyrne co~ep:a<aTCH B [6, 38]. 
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6.3. OiJH0MepH1>1e cuHeynRpH1>1e uHmeepan1>H1>1e ypasHeHuR 
c RiJpoM Kowu Ha 3BMKHymoM KOHmype 

Ilo.n: c1rnry.rnrpHbIM Inrrerpa.TihHbIM ypaBHeHHeM (CHY) IIOHHMaJOT ypaBHemre BM,D;a 

Kq>= a(()q>(()+~ JM ((,er) q>(cr)dcr= f ((), (EL, 
7rl L 0"-( 

(6.27) 

r.n:e L rna,n:KHH 3aMKH)'TbIH KOHTyp, a !}l)'HKIJ,HH a ( () ,f ( 0' M ( '' (j) Herrpepb1BHhl no r eJib

.n:epy (!}lyttKIJ,HH Knacca H ), rrpHqeM M ((,er) y,n:oBJieTBopHeT ycnoBHID H rro o6eHM rrepe

MeHHhIM. Ey,n:eM rrpe.n:rronaraTb, ,n:nH orrpe.n:eneHHOCTH, qTo HOJih co.n:ep:lKHTCJI BHJTPH L. 
IIpe,n:cTaBHM ypaBHeHHe (6.27) B CTaH,n:apTHoli !}lopMe. ,Il,.rrH :noro o6o3HaqHM 

(6.28) 

Tor.n:a 3arrmneM 

Kq>=a(()q>(()+ b(~) Jq>(cr) dcr+ fk((,cr)q>(cr)dcr=f((). (6.29) 
7rl LO"-( L 

3.n:ech b ( () E H, rrepBbIH HHTerpa.rr CHHryJIHpHhIH ..: H,n:poM Ko nm, BTopoli - perymrpHhIH 

(Heco6cTBeHHbIH), TaK KaK B CHJIY (6.28) 

jk((,cr)j< AH, O<A<l, A>O. 
icr-?I 

YpaBHeHHe BM,D;a (6.29), r.n:e k((,cr) - peryJIJIPHOe H.n:po, Ha3hIBaeTCJI rronHhIM cHttry.rnrp

HbIM (oco6hIM) HHTerpaJibHbIM ypaBHeHHeM. B orrepaTOpHOH !}lopMe OHO BhITJIMHT TaK: 

Kq>= a(()q>(() +b (()(Sq>)((} +(Tq>)( () = f ( (), 

r.n:e S - CHHrynHpHhIH orrepaTOp KolliH, T - BIIOJIHe HerrpepbIBHhIH (3,n:ecb !}lpewonhMOB) 

orrepaTOp B Lip-< ( L). H3 Hero MO)l(HO Bhl,n:enHTh TaK Ha3hIBaeMyio xapaKTepHcTmecKy10 

qacTb CHY 

K0q>=a(()q>(()+ b(~) Jq>(cr) dcr=a(()q>(()+b(()S(q>). (6.30) 
7rl LO"-( 

0CTaBillMCJI qaCTh 

kq>= fk((,cr)q>(cr)dcr 
/, 

Ha3hIBaeTCH perynHpHoli qacTbIO CHY. 
TaKHM o6pa3oM, rronHoe CHY MO)!(HO 3arrHcaTh B BH,n:e 

Kq>= K0q>+kq>= f. 
CooTBeTCTBYJOIIIee o.n:Hopo,n:Hoe ypaBHCHHe 

Kq>= K0q>+kq>=O. 
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0rMeTHM, 'ITO rrpocrpaHCTBO feJib)J;epa Lip,,. ( L), (A> 0) HHBapHaHTHO MH orreparnpa K 0
, 

T. e. 3TOT orreparnp mo6yro <l>YHKUHIO cp E Lip ,i ( L) rrepeso)J;HT s <)>)'HKI(HIO 1f1 E Lip ( L). 
Pemeuue xapaKTepucTH'lecICoro ypasuenuH no MeTo;zy KapJieMaua. 3To ypasHeHHe 

K 0cp=a(()cp(()+ b(~) fcp(a) da=f((), (EL. 
Jn L(j-( 

(6.31) 

BseM eyco'IHO-aHaJIHTWieCKyro <)>yttKI(HIO 

<P(z)=-1. fcp(a) da 
2m L a-z 

(6.32) 

H BOCIIOJib30BaBIIIHCb <J>OPMYJiaMH ( 6.4) H ( 6.5) )J;JIH rrpe)J;eJibHbIX 3Ha'leHHH <)>)'HKI(HH <P ( z), 
IIpH)];eM K CJie)];YIOII(eMY rpaHH'IHOMY paBeHCTBy: 

[ a(()+b(()]<P+ (() =[a(()-b(?)]<P-(()+ f ((). 

,[l,arree rrpe)];llono)l(HM, 'ITO a2 ( ()- b2 ( () '# 0 Ha L (T. e. orreparnp K cp - HOpMarrbHoro mrra). 

Tor)J;a, o6o3Ha'IHB 

G - a(()-b(() - f (() 
(()- a(()+b(()' g(()- a(()+b(()' (6.33) 

IIOJIY'IHM CTaH)J;apTttyro <J>OPMY 3a)J;a'IH PnMaHa ( 6.14 ). QqeBH)];Ho, G ( () E H H He o6pall(aeTcH 

B HOJib Ha L, cso6o)];Hbltt 'IJieH g ( () TaK)l(e <l>YHKUHH KJiacca H. B c1my (6.32) perneHHe 

)J;OJI)l(HO Y.ll:OBJieTBOpHTb )J;OIIOJIHHTeJibHOMY ycnoBHIO cp- ( oo) = 0. Ha3oBeM, crreeyH [11], HH

)J;eKc K Km<)><)>nuneHTa G HH,LleKcoM HHTerparrbHoro ypasHeHHH (6.31 ). 
EcJIH K°C. 0, TO corrraCHO (6.22), (6.24) HMeeM 

cp+(a)=[ x+ (a)-~PK_1 (a)J\J'+ (a)=[ x+(a)-~PK_, (a)J{ 2~~7~) +\J'(a)}, 

<P-( a)= [ x- ( a)-~PK_, (a) J\J'- (a)= [ x- ( a)-~PK-1 (a) J{- 2~~ 7~) + \J' (a)}, 

r)J;e \J' (a) - rrpHMoe 3Ha'leHHe HHTerpana B (6.22) Ha L, rrpoH3BOJibHbIH rroJIHHOM PK_1 3aMe

HeH Ha -0,SPK-l" ,[1,anee, corrraCHO (6.32), (6.33) HaXO,LIHM 

cp(a) =<P+(a)-<P-(a) =~(1+ ~ )g(a)+ x+(1- ~ )\J'(a)-~x+(1- ~)PK_, (a)= 

a(a)f(a) b(a)[a(a)+b(a)] +( ) ( ) b(a)[a(a)+b(a)] +( ) ( ) 
2 ( ) 2 ( ) 2 ( ) 2 ( ) x (j \}' (j + 2 ( ) 2 ( ) x (j PK-I (T • a a -b a a a -b a a a -b a 

0KOH'laTeJibHO 3aIIHIIIeM 

[a2 (a)-b2 (a)]cp(a)=a(a)/(a) b(a)Z(a) f f(()d( +b(a)Z(a)P (a) (6.34) 
ffi L z ( ()( ( - (j) K-1 ' 
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Z(a) = [a( a)+b( a)]x+ (a)=[ a(a)-b( o-)Jx-( a), 

r(o-)=-1 Jln[s-"G(s)]ds G(s)= a(?)-b(() = x+(a) 
2Jri i ?-o- ' a(?)+b(?) x-(a)' 

x+ (a)= er(u), x- (a)= a-Kr- ( o-). 

Y"IHThIBfill rrpe,n;eJihHOe paseHCTBO 

r+ (a)=_!_ ln [a-.- a( a)-b( a)]+ r( o-), 
2 a(a)+b(a) 

rreperrmrreM cpyHKUMIO Z (a) B 6onee y,n;o6HOM BH.[(e 

TaKMM o6pa3oM, MMeeM .[(Be B3aMMHo-o6paTHhie cjlopMYJihI 

qJ( a)= Rf+ b. (a) Z (a) P.-_1 ( o-), 

Rf ={a.(CT)f(o-)- b,(a)~(CT) J f(()d( }· 
Jr! L Z ( S) ( S - CT) 

a(o-) b(o-) 
a, (CT) = a2 ( O") - b2 (CT)' b, (CT) = a2 ( O") - b2 (CT) , 

(6.35) 

r,[(e Rf - qacTHOe perneHHe xapaKTepMCTM"lecKoro CHY (6.31). nerno BH.[(eTh, '!TO qJ( o-) E H. 

TaK KaK P.-_1 ( O") - rrpoH3BOJihHhIH rroJIMHOM rropJ1.[(Ka He BhIIIIe K'-1, TO cornacHo cpopMY

ne (6.34) O,[(HOpO,[(HOe ypaBHeHHe MMeeT HeTpHBMaJibHhie perneHMJI (co6cTBeHHhie cpyHKQMM) 

qJk = b, (CT) Z ( o-) o-k-i ( k = 1, 2, .. ., K'). 06mee perneHHe xapaKTepMcTM"!ecKoro CHY (6.31) MO)l{-

HO Terrepb rrpe,[(CTaBMTb TaK: 

K 

qJ( O") = (Rf) (CT)+ L ckqJk ( O" ), (6.36) 
k=I 

r,[(e ck - rrpOM3BOJibHble IIOCTOJIHHbie. 

IlpM f(' = 0 cpOpMYJia (6.34) OCTaeTCJI crrpaBe,[(JIHBOH, Heo6xo,D;HMO TOJibKO IIOJIMHOM P.--1 

IIOJIO)l{HTb paBHbIM ttyJIIO. 3TO 03Ha"!aeT, '!TO O,[(HOpO.[(HOe ypaBHeHMe He HMeeT co6CTBeHHbIX 

cpyHKQHH H cjlopMyJia (6.36) rrpno6peTaeT BH,[( 

qJ( o-) = (Rf)( CT). (6.37) 
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HaKOHeQ, IIpH K< 0 ypaBHeHHe (6.31) O)J;H03HaqHo pa3peUIHMO TOr)J;a H TOJibKO TOr)J;a, 
Kor.11a ero rrpasaH qaCTo f y.110BJieTBopHeT -K ycnoBHHM 

g(()(k-1 f (?)?k-ld( ,k-1 
J x+(?) d(= ha(()+b(()]x+(O =Jz(?/(?)d(=O (k=l,2, ... ,-K), (6.38) 

peIIIeHHe orrpe)J;eJIHeTCH cpOpMYJIOH (6.37). 
Co103uoe CHY. CoI03HbIM ypasHeHHeM K CHHrynHpHOMY ypasHeHHIO (6.29) Ha3oIBaeTCH 

ypaBHeHHe 

K'lff=a(()lff(O-~ fb(o-)lff(a) da+ fk(o-,()lff(o-)dO"=g((). (6.39) 
J(z L 0--( /, 

OrrepaTOp K' Ha3ornaeTcH coI03HbIM K orrepaTopy K , rrpHMoe sOiqHcJieHHe c yqeTOM cpopMy
JibI rrepeCTaHOBKH rropH)J;Ka HHTerpHposaHHH THIIa (6.9) )J;aeT 

f lffKipd( = f ipK'lffd{ 
L L 

PaccMOTPHM ypasHeHHe, COI03Hoe K xapaKTepHcTHqecKOMY K0ip = f 

K0' =a(()lff(()-~ fb(O-)lff(O") da= g((), (EL. 
J(z L 0--( 

(6.40) 

. 3To ypasHeHHe He HBJIHeTCH xapaKTepHCTHqecKHM CHY, o,n:HaKo rrpH rroMOil\H rro.11cTaHOBKH 

m(?)=b(?)lff(O 

OHO CBO)J;HTCH K xapaKTepHCTttqeCKOMY ypaBHeHHIO OTHOCHTeJibHO cpyHKQHH OJ 

a(()m(()- b(~) fm(a) da=g(()b((). 
m La-( 

(6.41) 

Bso.11H eycoqHo-aHaJIHTHqecKy10 cpyHKQHIO 

n(z)=~ fm(a) da 
2m L a-z 

H rrosTopHH rrpoQe.n:ypy cse,n:eHHH xapaKTepHCTHqecKoro CHY K 3a,n:aqe PHMaHa, rronyqHM 

n+ (?) =G'(?)n-(?)+ g'((), 
r,n:e 

G'(r) a(()+b(() 1 '(r)= b(()g(() x'( ) 1 
~ = a(()-b(() G(()' g ~ a(()-b(()' z = X (z)' 

K' = IndG'(() =-IndG(() =-K. 

CooTBeTcTBeHHO (6.42) rronyqaeM peIIIeHHe COI03Horo ypasHeHHH (6.40). 
IlpH K =-K> 0 

If/( o-) = ( R'g )(a)+[ Z ( o-) r Q,'-1 ( o-), 

(R'g)(a)=a.(a)g(o-)+[z(~)J1 fb.(()g(() z(()d{ 
Jr! L (-0-

(6.42) 

(6.43) 
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3,lJ;ecb Q,.,_1 - rrpoH3BOJibHbIM rroJIHHOM CTerreHH He BbIIIIe K -1, 1_)yHKI.1HH a., b., Z orrpe,lJ;e

neHbI B ( 6.35), ( 6.34 ). 06mee peIIIeHHe O,lJ;Hopo,lJ;Horo ypastteHIDI ( g = 0) npH K' > 0 onpe)J;e

JIHCTCH Bbipa)J(CHHeM 

Q.-'-1 ( O") .-' , O"k-1 
lf/o(O")= ( ) =~:Cklf/k(o-), lf/k(O")=-(-) (k=l,2, ... ,K'), 

Z (} k=I Z (} 

r,l];e c; - rrpomBOJlbHbie IlOCTOHHHbIC, lf/k (a) - co6cTBeHHbIC 1.JyHKIIHH ypaBHCHIDI (6.41). 

IlpH K' = 0 peIIIeHHe HMeeT BH,lJ; 

If/( a) = ( R' g )(a)' (6.44) 

T. e. 0,lJ;HOpO,l:\HOe ypaBHCHHe He HMeeT OTJIHqHblX OT ttyJIH peIIIeHHM. 

EcJIH K' < 0, TO ,a;JIH cymecTBOBaHHH perneHHH Heo6xo)J;HMO H ,lJ;OCTaToqHo BhIIIOJIHeHHH 

-K = K ycJIOBHM pa3peI1IHMOCTH 

f c-1z(?)b* (?) g (?)d( =0, (k = 1,2, ... ,-K'). (6.45) 
[, 

IlpH 3TOM peIIIeHHe onpe,a;eJIHCTCH 1.JOPMYJIOM (6.44). 
TaKHM o6pa30M, ycnoBHH pa3peIIIHMOCTH (6.38) H (6.45) HMCIOT BH,lJ;, KOTOphlii Tpe6yeTCH 

qersepTOH TeopeMOH <l>pe,a;rOJibMa, a HMCHHO: AJIH pa3peIIIHMOCTH ypaBHCHIDI (6.31) npH K< 0 
Heo6xo,a;HMO H ,lJ;OCTaTOqHo, qT06b1 ero rrpaBaH qacTb f ( ?) 6brna OpTOroHaJibHa I) BCCM JlH

HCMHO-He3aBHCHMbIM co6cTBeHHbIM cpyHKI.IIDIM coI03Horo ypaBHeHHH (6.40), T. e. 

J1 (s)lf/k (?)ds =o (k = 1,2,. .. ,K'). 
L 

,lJ,nH pa3peurnMocTH coI03HOro ypaBHCHHH (6.40) npH K' < 0 Heo6xo,lJ;HMO H ,a;ocrnToqHo, qTo-

6h1 ero npaBaH qacTb g ( () 6hma opTOroHaJibHa BCeM (JIHHCHHO He3aBHCHMbIM) co6cTBeHHhIM 

cpyttKI.llIHM ypaBHCHIDI (6.31), T. e. 

Jg(?) tpk ( ()d( = 0 (k = 1,2,. .. , t<). 
L 

6.4. PeaynRpU3BU.UR nonHoao CHY. TeopeMbl <I>. Hemepa 

Ilpo11ecc npHBC,lJ;CHHH CHHryJIHpHOro HHTerpanbHOro ypaBHCHIDI K ypaBHCHHIO THIIa <l>pe,a;

rQJlbMa Ha3bIBaeTCH perynHpma11rreli. II.LleH 3,lJ;CCb 3aKJIIOqaeTCH B TOM, qTo6hl Ha ,a;aHHbIH CHHry

JIHpHbIM orrepaTop B03,!l;CMCTBOBaTb crre11HanbHO rro,a;o6paHHhlM ,l1;pyrnM CHttrynHpHbIM orrepaTO

poM TaK, qro6h1 a pe3yJihTaTe rro~rrncH orrepaTOp BH,a;a T +I, r,lJ;e T - srronHe HerrpepbIBHhIM, 

a I - TO)J(,lJ;ecTBeHHbIH onepaTOp. 

KoMnOJHIJHH cuuryJIHpHbIX onepaTopoB. PacCMOTpHM KOMIT03HI.IHIO K1K1 cHHrynHpHbIX 

orrepaTOpos, r,lJ;e 

I) CTJlOro rosopl!, Bh!IU!CaHHhJe HHJKe ycJIOBllll He ecTb ycJIOBllll opTOroHaJibHOCTH, TaK KaK qmrypupyIOII(lfe 

B HllX <l>YHKl(llll KOMIIJieKCHhJe. 
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K
2
tp=a

2
(()tp(()+ bz(~) ftp( a) da+ fK

2
((,a)tp(a)da. 

Jtl La-( L 

nern:o BH.LleTh, yqlIThIBWI (6.11), <rro xapaKTepttCTWiecKwr 'IaCTu KOMII03Hu;IDI orrepaTOpos K 2K1 
TaKOBa: 

rrpH'IeM 

TaKHM o6pa30M, xapaKTepttCTH'IeCKWI 'IaCTh KOMII03filUill K2K1 (srrpo'IeM, TaIOKe KaK H K1K 2) 

He 3aBHCHT OT peryJUipHbIX 'JaCTeM 3THX orrepaTopoB ll OT rropM,LIKa CJie,LIOBaHHM HX B rrpOH3Be
,LleHHH. K03$qmu;tteHT 3~a'Itt PttMaHa, cooTBeTCTByromeil. xapaKTepttcTtt'IeCKOMY orrepaTOpy 

( K 2K1 )
0 

orrpe,L1eJU1eTCM <l>oPMYJIOH 

(6.47) 

r,L1e 'Iepe3 G1 H G2 o6o3Ha'IeHhI K03$$ttu;tteHThI 3a,Lla'I PttMaHa, cooTBeTCTByIOmttx orrepaTo

paM K1° H K~. Cne,L10BaTeJihHO, HH,LleKc KOMII03Hll;HH ( K2K1 )
0 

paBeH cyMMe HH,LleKCOB rrepe

MHO:lKaeMhIX onepaTopos 

(6.48) 

Pe3yJihTaT KOMII03Hll;HH IIOJIHhIX orrepaTOpoB K2 H K, ttMeeT BM.LI [11, 38] 

K2K1tp=a(()<P(()+ b(~) ftp( a) da+ fk((,a)tp(a)da, (6.49) 
Jtl La-( L 

r,Lle a ( () H b ( () orrpe,LleJieHhI <t>opMynaMH ( 6.46), a k ( (,a) - peryJIMpHoe M.Llpo. 

PeryJIHpH3Hpywm:uii oneparnp. CttHrynMpHhIM orrepaTOp K2 Ha3hlBaeTcM peryJU1ptt3H

pyromttM rro ornorneHHIO K c1rnryJIMpHOMY onepaTOpy K1, ecntt orrepaTOp K 2K1 $pe,L1rOJih

MOB, T. e. B (6.49) K03$$Jiu;tteHT b ( () = 0. O'JeBH.LIHO, rrpJI 3TOM JI orrepaTOp K1K2 6y.L1eT pe

ryn,MpHhIM. 

HcxoM H3 (6.46) JI (6.49) MO:lKHO rronyqJITh o6mee rrpe,LlcTaBneHJie peryJU1ptt3aTOpa K 
MM cttHrynMpHoro orrepaTopa 

Ktp=a(()<P(()+ b(~) ftp( a) da+ fk((,a)tp(a)da. 
Jtl La-( L 

HMeeM 

KOJ=u((){a(()w(()- b(~) fw(a}da}+ Jk((,a)w(a)da, (6.50) 
/(I La-~ L 
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r.n;e u ( () - npOH3BOJihHaJI <l>YHKu;m1 KJiacca H, k ((,a) - npOH3BOJihHOe perym1pHoe H,D;po. 

HanpHMep, npH u ( () = 1 H k ( ', ()") = 0 TIOJI)"laCM H3 ( 6.50) 

Km=a(()m(()- b(~) Jm(a) da=K'0 (m), 
m [,a-( 

r.n;e Kl(J - xapaI<TepHCTH'IeCKrur qacTh coro3Horo orrepaTopa K'. 
IlOJIO:lKHM 

u(()=l, k((,a)== 
I b(a)-b(() 

a-( Ki 

Tor.n;a Km== K0
' ( m), r.n;e orrepamp K0

' - coI03HhIH K xapaKTepHCTHqecKOMY K0
, onpe,D;e

JieH B (6.40). 

Pa3JIH1IaroT peryJIHpH3au;mo cJieBa ( KK) H peryJIHpH3au;HIO cnpaBa ( KK). Onepau;HH KOM-

II03HIJ;HH onepaTopoB He o6Jia.n;aer KOMMYTaTHBHOCTbIO, o,ll;HaKo ecJIH K perym1pH3aTOp, TO o6a 

orrepaTOpa KK H KK - peryJIHpHhI, T. e. onepau;HH peryJIHpH3au;HH KOMMYTaTHBHa. 3Haq1n, 

ecJIH k - peryJIHpH3aTOp ,n;JIH onepampa K, To H K HBJIHeTCH peryJIHpH3aTOpoM .n;JIH orre

paTOpa k. l1HhlMH CJIOBaMH, 

KK-KK ==T, 

r.n;e T - BIIOJIHe HerrpepbIBHhlH onepamp (B ,n;aHHOH CHTyau;HH $pe,n;rOJihMOB). 
PerynHpH3au;HH cneBa. PaccMOipHM noJIHoe ypaBHeHHe ( 6.29) K rp == f H rro.n;elicTByeM Ha 

o6e qacTH 3Toro ypaBHCHHJI onepaTopoM fc B pe3yJihTaTe TIOJIY'IHM HOBOe ypaBHeHHe, KOTO
poe 6y.n;eT perynJipHhIM 

kKrp== Kf. 

TaKHM o6pa30M, <l>YHKU:HJI rp(() y.n;oBJieTBOpJieT KaK cirnryJIHpHOMY, TaK H perynJipHOMY ypaB

HeHHIO. 

PeryJIHpH3aU:HJI crrpaBa. EcnH B ypaBHeHHH (6.29) c.n;enaTh no,n;cTaHOBKY rp == k OJ, TO 110-

JIY'IHM perymrpHoe ypaBHeHHe 

KKm=f. 

PernHB ero H HaH,[(5! OJ, BbJqHCJIJICM perneHHe HCXO,[(HOro ypaBHCHHJI no <l>OPMYJIC rp = k OJ. 

B pe3yJihTaTe perynHpH3au;HH HCXO,[(HOro CHY MO)J(HO noTepJITh HJIH, Hao6opoT, BHeCTH 
IIOCTOpOHHHe perneHHJI, He y;:i;oBJieTBOp5IIOIIJ;He eMY. B CB5!3H c 3THM B03HHKaeT rrpHHIJ;HTIHaJih
HhIH Borrpoc 0 nocrpoeHHH paBHOCHJibHOH peryJIHpH3aIJ;HH ypaBHeHHJI (6.29). 

Ilo.n; paBHOCHJihHOH perynHpH3au;tteH: cJieBa IIOHHMaeTCJI cJie.n;yroiu;ee. YpaBHeHHH Krp= f 
H KK rp = Kf 3KBHBaJieHTHhI (T. e. o6a pa3pernHMhl HJIH o6a Hepa3pernHMhI H ecJIH pa3pernH

MhI, TO HMeIOT O,[(HHaKOBbie perneHHH). Ilpe,D;CTaBHM peryJI5IpH30BaHHOe ypaBHeHHe (6.29) B BH,[(e 

K(Krp- f) =0. (6.51) 

OTcro;:i;a cJieeyer, qro JII06oe perneHHe ypaBHeHHH (6.29) JIBJIHeTCH perneHHeM ypaBHeHH5I (6.51), 
T. e. IIOTepH perneHHH npH peryJIHpH3aIJ;HH CJieBa HeT. c ;:xpyroii CTOpOHbl, TaK KaK ypaBHeHHe 
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(6.51) o,IUiopo.n;Hoe, Moryr cyiu;ecTBOBaTh co6cTBeHHhle <l>YHKJJ;HH onepaTOpa K. 0601HaqHM 
Hx qepe3 OJr Tor.n;a m (6.51) nonyqaeM ypasHeHHe 

(6.52) 

IlyCTu, .r\IDI onpe.n;eneHHOCTH, K = K0
' - COJ03HbIB K xapaKTepHCTffqecKOMY onepaTOpy K0

• 

Ec1n1 K He HMeer co6cTBeHHbIX <P~Hii (MK orrepaTopa K0
' 3TO 01HaqaeT, qro K' = -K :<;;; 0), 

pery.TUipH3~IDI cnesa HBJDieTCH paBHOCHJlbHOH. IlpH K' = -K > 0 co6cTBeHHbie <l>YH~HH orrepa

Topa K c~eCTBYJOT, cne,11,osaTeJI1>Ho, pery.ruipH3au;IDI cnesa MO)l(eT npHsecTH B TIOM cnyqae 
K ):\OIIOJIHHTeJlbHbIM perneHIDIM cornacHO (6.52). 

IlpH peryrrHpH3au;m1 cnpasa KKOJ= f ,<p= KOJ B03MO)l(Ha CHryau;m1, Kor,11,a ,D,JIH HeKoTo-

poro perneHHH <p0 ( () ypasHeHIDI ( 6.29), perneHHH % ypasHeHIDI <p0 = K % He cyiu;ecTByeT 

(T. e. 3TO ypaBHeHHe He HMeeT perneHHH). B 3TOM cnyqae rrpOH30H,D,eT IIOTepH perneHHH. Ar!H 
Toro qT061>1 perynHpmau;nH crrpasa 61>ma paBHOCHJibHOH, Heo6xo,D,HMO H ,11,ocraToqHo, qT061>1 

ypasHeHne KOJ= <p HMeno perneHHe rrpH n106oii rrpasoii qacTJI, qTo HMeeT MeCTO rrpH K' = 

=-K:e::O. 
C<J:>opMYnHpyeM Tenep1> ocHOBHbie TeopeMbI TeopnlI Cl1Y, srrepsb1e ycraHosneHHbie 

<l>. HerepoM (cM. [13, 15, 18, 45, 46, 53]). 
TeopeMa 1. lJ.Hcno perneHnii CH.Y (6.29) KOHeqHo. 
B caMoM ,11,ene, peryAApmau;1rn rroJIHoro Cl1Y cnesa He ,11,aer rrorepH perneHHH, 3HaqJIT, qnc

rro perneHHii 3Toro ypasHeHIDI He 6onbrne qncna perneHHii ypaBHeHHH <l>pe,11,roJihMa KK<p= Kf. 
Ho cornacHO TpeTbeH TeOpeMe <l>pe,D,rOJibMa, qncJIO JIHHeHHO-He3aBHCHMbIX perneHHH, COOTBeT
CTBYJOiu;HX xapaKTepncrnqecKOMY qHcny, KOHeqHO (CM. m. 5, rrrr. 5.1, 5.3 H 5.4). 

TeopeMa 2. )l,JIH pa1peIIIHMOCTH CHHryIIHpHoro HHTerpaJ!bHoro ypasHeHIDI (6.29) Heo6-
xo,11,HMO H ,11,0CTaToqHo, qT06bI BblIIOJIHHJIIICb paBeHCTBa 

(6.53) 
L 

r,11,e 1//1 ( () '1//2 ( (), ... ,If/.-· ( () - IIOJIHaH CHCTeMa JIHHeHHO-He3aBHCHMbIX perneHHH COJ03Horo 

0,11,Hopo,11,Horo ypaBHeHIDI K'lf/ = 0. 
Heo6xo,11,HMOCTb cne,11,yeT H3 TO)l(,D,ecTBa 

f lf/K<pd( = f <pK'lf/d(. 
L L 

)l.eiicTBHTeJihHO, rrycTh <p HBJIHeTCH perneHneM ypaBHeHIDI (6.29), T. e. K <p = f. Tor,11,a 

f flf/jd( = f lf/jK<pd( = f <pK'lf/jd( =0 (j = 1,2, ... , K'). 
L [, [, 

)l.oKa3aTeJibCTBO ,11,0CTaToqHOCTH HeCKOJibKO rpOM03,ll,KO, OHO co,11,ep)l(HTCH, HarrpHMep, B [38). 
TeopeMa 3. Pa3HOCTb qHcna n JIHHeiffio-He3aBHCHMbIX perneHHii CHHry.TUipHOro HHTerpaJib

Horo ypaBHeHIDI K <p = 0 n qHcJia n' JIHHeiiHo-He3aBHCHMhlX perneHHH coJ03Horo ypaBHeHHH 

K 'If/= 0 3aBHCHT JIHIIIb OT xapaKTepncTHqecKoii qacTH K H pasHa ero HH,11,eKcy, T. e. 

n-n'=K. (6.54) 
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3m TeopeMa BCKphIBaeT IIplIHI(HIIJHlJihHhle OTJIHqIDI Me'.llGX}' TeopIDIMH ClIHiyIDipHhlX H perym1p

HhIX HHTerparrhHhlX ypaBHeHHii. ,ll;oKa:>KeM ee. 

Ilycri, K;?: 0 H rroJIO)J(HM K = K0'. Tor,zi;a <J:>pewonhMOBO ypaBHeHHe K 0'Krp= 0 6y,D,CT 

paBHOCHJihHO HCXO,D,HOMY CIIY K rp = 0 (TaK KaK K' < 0 H o,D,Hopo,D,Hoe ypaBHeHHe K0
'1f/ = 0 He 

HMeer HeeyneBhIX perneHHii). 3HaqHT, ecJIH ypaBHeHHe K rp = 0 HMeeT n JIHHeiiHo-He3aBHCHMhlX 

perneHHii, TO CTOJihKO )Ke perneHHii HMeer ypaBHeHHe K0'Krp = 0. B cHJiy rperi,eii TeopeMhI 

<Dpe,D,roilhMa COI03Hoe ypaBHCHHe ( K0°K )'If/= K'K0
1j/ = 0 TaK)J(e HMeeT n perneHHii. IlonyqeH

Hoe ypaBHCHHe paBHOCHJihHO ypaBHeHHIO c npaBOH qacThIO 

Kolf/ = a11f/1 + azlf/2 + ... + an.lf/n., 

r,D,e lf/j (j == 1, 2,. .. , n') - co6cTBeHHhle <):>yHKQHH orrepaTopa K', a aj -- rrporr3BOJihHhie rro

CTOHHHhie. TaK KaK K;?: 0, perneHHe 3TOro IIOCJie,D,Hero ypaBHeHIDI orrpe,D,eJIHCTCH cornaCHO (6.36) 
paBeHCTBOM 

n' "fC" n K 

If/= R"f..ajlf/j + "f..ckrpk = "f..ajRlf/j + "f..ckrpk. 
j=I k=I j=I k=I 

Terreph IIOK~eM, qTO Bee n' + K <l>YHKQHH, CTOH11(llX B rrpaBOH qacrn 3TOrO paBeHCTBa JIHHeHHO

He3aBHCllMhI. 

IlycTh, HarrpoTHB, OHH JIHHeHHO 3aBHCHMhl, T. e. 

n' IC 

"f..ajRlf/j + "f..ckrpk =0, 
j=I k=I 

rrpHqeM XOTH 61>1 0,L(HH H3 K03<):><):>HQlleHTOB aj OTJIHqeH OT HyM. B 3TOM cnyqae 

n' 

K 0
1j/ = "f.ajlj/j :;t: 0, 

j=I 

qTo HeB03MO)J(HO, H6o MhI rrpe,D,IIOJIO)J(HJIH, qTo <l>YHKQHH lf/j JIHHeiiHo-3aBHCHMhI. PaBeHCTBO 

B03M0)J(H0 TOJihKO rrpH BCex ck paBHhIX HYJIIO B CHJIY JIHHeHHOH He3aBllCllMOCTH co6CTBeHHhlX 

<):>yHKQHH <pk. 

Cne,D,OBaTeJihHO, ypaBHeHHe K'K 01j/ = 0 HMeeT K+ n' perneHrrii, OTKy,D,a cne,D,yeT paBeH

CTBO n = K+n'. 
,ll;mr cnyqM K < 0 rrcrroni,3yercH CBOHCTBO B3arrMHOCTH coro3HhIX orrepaTopoB. B KaqecT

Be HCXO,L(HOro B03hMeM COI03HhIH orrepaTop K', HMeIOIQHH HH,L(eKC K' = -K > 0. Ha OCHOBa

HHH ,L(OKa3aHHOro HMeeM n' - n = -K, OTry,D,a CHOBa rrpllXO,L(HM K <):>opMyne ( 6.54 ). 

Oco6o CJie,D,yeT OTMCTHTh Ba)J(HhlH qacTHhIH cnyqaii eyneBoro HH,L(eKca ( K = 0). B 3TOM 

cnyqae ,L(JIH CllHiymlpHoro HHTerparrhHOro ypaBHeHIDI OKa3hlBaIOTCH cnpaBe,L(JillBhIMH Bee Teo

peMhl <Dpe,n,roJihMa. Il03TOMY HX Ha3hIBaIOT KBa3H<):>pe,n,roJihMOBhlMH (<):>pe,!U'OJihMOBhIMll) [35]. 
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6.5. Pe2ynRpu3au,uR CHY no KapneMaHy-BeKya 

PaccMOTJmM rronHoe c1rnrym1pHoe HHTerpanhHOe ypaBHeHHe 

Kq>==a(()qi(?)+ b(~) Jqi(a) da+ fk((,a)qi(a)da== f (?), (6.55) 
Jn L (j-? L 

r)J,e H,!l,pO k (?,a) HMeeT cna6yio oco6eHHOCTh 

IIepeHocH perynHpRbIH HHTerpan B npasyro <J:acTb, rrpe,!l,cTaBHM 3To ypasReHHe B <PopMe xapaK
TepHcTmecKoro 

a(()qi(?)+ b(~) fq>(a) da==f(?)- fk((,a)qi(a)da. 
Jn L(j-? L 

C'IHTM npaByio <J:aCTb mseCTHOH, peurnM 3TO xaprucrepHCTil'IecKoe ypasHeIDie. IIo <PoPMYJie 
( 6.35) 3aIIHIIIeM 

qi( a)= [ R(f-kqi)( ()](a) +b, ( a)Z (a) P.--i (a). 

KoMn03HIJHH 

(Rk)q>=a, (a) fk(a,?)QJ(()d?- b,(a)~(a) J (?~~ _ ) fk((,a)QJ(a)da= 
L 1Cl L z (j /, 

= fH(a,?)q>(()d(, 
[, 

r)J,e H.ll,po 

( r)= ( ) ( r)- b'(a)Z(a) f k(r,()dr 
H a,.,, a, a k a,.,, . ( ) ( r) m L Z r r-.,, 

HMeeT TY :>Ke OIJeHKy, 'ITO H H,!l,pO k, T. e. <l>pe.ll,rDJibMOBO. 

TaKHM o6pa30M, npH !(?_ 0 nonHoe CHY (6.55) csenoch K peryJIHpHOMY (<l>pewonhMOBY) 

HHTerpaJibHOMY ypaBHeRHIO 

qi( a)+ fH (a,()qi(?)d? = J; (a), (6.56) 
L 

r)J,e H,!l,pO H ( (}, ?) onpe,!l,eJieHO BbJIIIe, a rrpaBaH qaCTb HMeeT BH.D; 

J; (a)= (Rf)( a) +b, ( a)Z (a) P"'_' (a), 

(Rf)(a)=a,(a)f(a)- b,~~) z(a) Jz[i;\~~d!a)" 
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EcJIM K < 0, TO Heo6xo.n,HMo 3.n,eco noJIO)J(HTh MHoro1U1eH PT<_1 ( e7) = 0 H yqeCTD, 'ITO cpop

M)'Jia (6.35) HMeeT MeCTO TOJibKO rrpH BbIIIOJIHeHHH YCJIOBHH (6.38), KOTOpbie B HaIIIeM cnyqae 

rrpHHHMaIOT BH.11. 

J
J(()-(kqi)(() rm-ld"=O ( =12 _,,.) 

L Z(() .,, .,, m ' , ... , n. ' 
(6.57) 

r.n.e 

(kqi)(()= Jk((,e7)qJ(e7)de7. 
L 

CTaJIO 6oITL, BOIIpoc CBO.D.HTC.H K pemeHHIO HHTerpaJILHOro ypaBHeHHH <l>pe.n,roJibMa BTOporo 

po.n,a (6.56) rrpH BbIIIOJIHeHHH -K ycnosHii (6.57). Hcxo.n,HOMY CHY (6.55) y.n,osJieTBopHIOT 

Te pemeHHH ypasHeHHH (6.56), MH KOTOpbIX BbIIIOJIHHIOTCH <l>YHKllHOHaJibHble ypaBHeHmI (6.57). 
EcJIH ycJIOBHH (6.57) He BbIIIOJIHHIOTCH HH .D.JIH O,IIHOro H3 perneHHH peryJI.HpH30BaHHOro ypaB

HeHHH (6.56), TO 3TO 03Ha'IaeT Hepa3peIIIHMOCTb Hcxo.n,Horo CHY. 

IlpH JC> 0 ypaBHeHHH (6.55) H (6.56) paBHOCHJihHLI. IlpH K< 0 CHY (6.55) paBHOCHJILHO 

ypaBHeHHIO (6.56) coBMecmo c ,n;orroJIHHTeJILHhIMH ypaBHeHHHMH (6.57) (B YKaJaHHOM BI>Ime 

CMhICJie). Eonee no,n;po6tto CM. B [38]. 

IlpUMep. TiycTL L - oKpy)J(HOCTo Isl= 1. PaccMOTpHM ypaBHeHHe 

sinB Ju(() ;8 u(t)cosB+- --d(=f(t), t=e . 
Jr L ( -t 

a(t) =cos(J=~(t+~} b(t) = isin(J=~(t-~} a2 (t)-b 2 (t)=l. 

BBOM cpyHKll,HIO <I> ( z) no cpopMYJie 

IIOJI)'1IHM 

u (()=<I>+ ( t )- <I>- ( t), 

(Su)(t)=<l>+(t)+<I>-(t)=~ r(s) d(. 
Jr! L (-t 

CooTBeTcTsy10ma» 3a.n,aqa PttMaHa rrpHHHMaeT BH.11. 

~(r+;} <I>+ -<1>-) +~(t-D( <I>+ +<1>-) = 1 (t) 

HJIH 

(6.58) 
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K=[-
1
-_lnG] ==[~In_!_] =-~[Int] ==-2. 

2m ,, 2m t 2 
L 2m L 

CorrracHo <t>opM)'JiaM (6.35), (6.37) 3arrmueM 

u(t)=(RJ)(t)=a.(t)f(t)- b.(~) Z(t) f ~(f!d( )' 
m LZ((-t 

a(t) b(t) .. 
a.(t)= '() 2 () -cosB, b.(t)= 2 () '() ==1smB, Z(t)=t. a- t -b t a t -b- t 

TiyCTh rycoqHo-aHaJIHTHqecKaH <!>YHKll,HH <I>! ( z) onpe;::i:eJrneTCH paBeHCTBaMlf 

<1>; (z) =<I>+ (z), lzl <1, 

1 
<I>~ (z) =--r<I>-(z), lzl> 1. 

z 

Tor;::i:a 3a;::i:aqa PttMaHa (6.56) ornoc1ITeJThHO <PY»KU,Hlf <I>1 ( z) ;::i:aeT 

Orcro;::i:a 

<I>7 (t)-<I>~ (t) = f (t). 
t 

<l>+(z)=<l>~(z)=-1. ff((}d(' jzj<l, 
2m L (( -z)( 

<1>-(z)=z2<I>~(z)==~ f[)()~~· jzj>l. 
2Jn L -z 

611 

(6.59) 

TaK KaK, corrracHo orrpe;::i:eneHHIO <I> ( z), Ha 6ecKoHeqHocTH <I>- ( z) lfcqe3aeT, TO Heo6xo;::i:HMO 

IIOT(Je6oBaTh,qT06hI 

3To rrpHBO):IHT K ):IOIIOJIHl-ITeJihHhIM ycJIOBlfHM 

-
1 J1(?) d( :::0 ~ f!(()d( =0. 

2tri L ( ' 2ltl L 

3Ttt: ycJTOBHH, KaK JierKO BH):leTh, COBrra;::i:aJOT c ycJIOBHHMH pa3pernHMOCTH (6.38). 
TipHBe;::i:eM Terreph o6uzyro IIOCTaHOBKy 3a;::i:aqH 0 perynHpH3~HH orrepaTOpHoro ypaBHeHHH 

B paMKax <!>YHKU,HOHaJihHOro aHaJTH3a [18]. TiyCTh X, X1 - rrapa 6aHaXOBhIX IIpOCT(JaHCTB 

H A: x ~ xl - JlHHeHHhIH 3aMKHyThIH orrepaTOp (o6JTaCTh ero 3HaqeHHH 3aMKHYTa B xl ). 
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Ey;:i;eM rosopHTb, qTO onepaTOp A ;:i;onycKaeT nesyro perymrpmau,HJO, ecnH cym;ecTByeT TaKoii 
orpaHHqeHHhlH onepaTOp B: X, ---? X, qrn 

BA=l+T, 

r;:i;e I - TO)l()l;ecTBeHHbIH, a T - BIIOJIHe HenpepbIBHhlH onepaTop B X. 
Ammorwrno oneparnp A ,IJ,onycKaeT npaByro perymrpH3aU,HJO, ecnH cym;ecTsyeT TaKOH 

orpaHHqeHHbIH onepaTOp C: X ---? Xi' qTO 

r,IJ,e I, - TO)l()l;eCTBeHHbIH, a 'Fi - BIIOJIHe HerrpepbIBHbIH orrepaTOpbl B rrpocTpaHCTBe x,. 
OrrepaTOpbI B H C Ha3bIBaIOTCH cooTBeTCTBeHHO neBhIM H npaBbIM perynHpmaTopoM. 

Oneparnp A ;:i;onycKaeT JJesyro 3KBHBaneHTHyIO perynHpmau,HJO, ecJIH cym;ecTByeT TaKoii 
neBbIH perynHpmarnp B, qTO ypaBHeHHH Au= f H BAu =Bf 3KBHBaJieHTHhl, KaKoB 6bl HH 

6bIJI 3JieMeHT f E X 1• 

OnepaTop A ;:i;orrycKaeT npasyro 3KBHBaJieHTHYJO perynHpmau,HIO, ecnH cym;ecrsyeT rn
KOH rrpaBbIH perynHpmarnp C, qTo npH n1060M f EX, ypaBHeHHH Au= f H ACv = f 3K-

BHBaJieHTHbI B CJie)l;yIOIIl,eM CMhlCJie: 3TH ,IJ,Ba ypaBHeHHH O)l;HOBpeMeHHO pa3pernHMbl HJIH He
pa3peIIIHMhl; JIJ06oMy perneHHJO u ypaBHeHHH Au = f cooTBeTcTByeT perneHHe v ypaBHeHHH 

ACv = f TaKoe, qTo Cv = u. 

QqesH;:i;Ho, ecJm oneparnp A ;:i;onycKaeT neByJO perynHpmau,mo, TO corrpH)l(eHHhlH orre

parnp A* ;:i;onycKaeT rrpaByJO peryJJHpH3aU,HJO H Hao6opoT. TioKa)l(eM, qTO ypaBHeHHH Au= f 
H A* Au = A* f paBHOCHJibHbI, ecrrH HCXO,IJ,Hoe ypaBHeHHe pa3pernHMO. B rrpoTHBHOM cnyqae 

HapHLJ;y c peIIIeHHeM u0 ( Au0 = f) cym;ecTByeT eme H cpyttKU.HH u1 (A* Au1 =A* f H Au, = f). 

PaccMoTpHM pa3HOCTb A* A( u1 - u0 ) = 0 H YMHO)l(HM ee CKaJIHpHO Ha u1 -u0 • Tor;:i;a nonyqHM 

T. e. Au1 = Au0 , qTo rrpHBeno K npOTHBopeqHJO. 

HanoMHHM HeKOTOpbie onpe;:i;erreHHH H <PaKThI [18, 55, 56] (cM. TaK>Ke rrr. 3, n. 3.13). Pe
rnemrn o;:i;aopo)l;HOro onepaTOpHoro ypasHeHHH Au = 0 tta3bIBaIOTCH ttyJIHMH onepaTopa A. 
EcnH A - 3aMKttyThIH JIHHeiiHhIH orrepaTOp, To ero HYJIH o6pa3yIOT rro,IJ,npocTpaHCTBO 

N (A) = ker A (H)l;pO orrepaTOpa A ), pa3MepHoCTb Kornporo n (A) =dim N (A) paBHa qHcny 

eyneii (He'TpHBHaJibHbIX perneHHH) )l;aHHOro OLJ;Hopo,IJ,Horo ypaBHeHHH. qHCJIO m (A)= dim N (A*) 

Ha3bIBaeTcH ,IJ,e<PeKToM orreparnpa A. lIH;:i;eKCOM orrepaTopa (Ind A) Ha3hIBaeTCH qttcno 

K= K(A) = n(A)-m(A) = n(A)-n( A*) =-K(A*). 

Orreparnp A c o6naCTbJO orrpe;:i;eJJeHHH DA, ITJIOTHOH B 6attaxosoM rrpoC'TpaHCTBe X H co 3Ha

qeHHHMH B 6aHaxOBOM IIpoC'TpaHCTBe x 1 , Ha3bIBaeTCH HOpMaJibHO pa3pellIHMbIM, eCJIH 
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Heo6xo,n;HMbie ycnOBHH pa3peIIIHMOCTH ypaBHeHHH Ax = y 3aIIHCbIBaIOTCH cpa3y c HCIIOJib30-

BaHHeM conpH)J(CHHoro onepaTOpa A*. HMeeM (y,!f/i)=(Ax,!f/J=(x,A*!f/j)=O, '\/!f/jE kerA*. 

EcJIH ker A*= {O}, T. e. co.n;ep)l(HT TOJibKO eyneBoli 3JieMeHT, TO 3TO ycJIOBHe HOpMaJihHOH 

pa3peIIIHMOCTH onepaTopa A 03Ha'IaeT, 'ITO RA = X 1 T. e. o6nacTb ero 3Ha'IeHHH coBna,naeT 

CO BCCM IIpOCTpaHCTBOM X 1 (ypaBHCHHe Ax= y pa3pCUIHMO IIpH JIJ060M y E X1 ). 

HopMaJihHO pa3peIIIHMhIH orrepaTOp A Ha3hIBaeTcH HeTepoBhIM (N-onepawpoM), ecJIH: 

1. N (A) = ker A KOHe'IHOMepHo, 

2. N (A•) = ker A· KOHC'IHOMepHo. 

TaKHM o6pa30M, HeTepoB onepaTOp HMeeT KOHe'IHOe 'IHCJIO eyneil ( 0:::; n (A)<+=) H KO

HC'IHhIH ,ne<jleKT ( 0:::; m (A) < +oo). HeTepoBhI onepaTOphI c eyneBhIM HH,l\eKCOM ( K = 0) Ha3bI

BaIOTCH <jlpe,nroJihMOBbIMH (F -onepaTopaMH). HMeIOT MecTO cne,nyIOmHe rrpe,n:JIO)l(CHHH. 

1. EcnH orrepaTOp A ,nonycKaeT neByIO peryJIHpH3al(HIO, TO 'IHCJIO n (A) KOHe'IHO. EcnH 

orrepaTOp A ,n:onycKaeT npasyro peryJIHpH3aQHro, TO KOHe'IHO 'IHCJIO n (A•). ECJIH onepaTOp A 
,nonycKaeT .n;sycrnpoHHIOIO (neByIO H npasy10) perynHpH3auHJO, TO HH,neKc A KOHe'IeH. 

2. Ecnn 3aMKHyThIH onepawp i:i;onycKaeT JieByJO peryJIHpmaunro, TO OH HOpManbHO pa3-
peumM. 

3. IlycTh orpaHH'ICHHbiii onepawp A, i:i;eucTBYIOUJHH H3 X B X 1, ,n:onycKaeT nesy10 pe-

ryJIHpH3auHIO. Tor.n;a ,n:JIH JII06oro BIIOJJHe HenpepbIBHOro onepaTOpa: T: x 4 xl' crrpase.D;JJHBO 

TO)l(,[\CCTBO 

Ind (A + T) = Ind A. 

4. IlycTb onepaTOp A i:i;onycKaeT nesyro perynHpH3aumo H B - neBbIH perymipmaTOp 

orrepaTopa A. IlyCTb K - orrepaTOp, .n;eHCTBYJOlI1Hll H3 x B xi' TaKOH 'ITO llBllllKll < 1. Tor,na 

Ind (A+ K) = Ind A. 

CHMBOJI cuurym1puoro onepaTopa. PaccMOTpHM o,n:uoMepHoe (nonHoe) CHY. 

Au= a(()u(s) + b(s)( Su)( s) +(Tu )(s) = f (s) (6.60) 

B IIpOCTpaHCTBC IJ' (r), ri:i;e r - 3aMKuyThIH KOHTJP C HCIIpepbIBHOll KpHBll3HOH, T - OIIe

paTOp BIIOJIHC HerrpepbIBHbIR B IJ'(r); a(S) H b(()EC(r), f(()EIJ'(r). llcKOMM<jlyHK-

1\HH U ( S) pa3bICKHBaCTCH B KJiacce IJ' (r). 
CnMBonoM CHHryJIHpHOro onepaTOpa A, orrpe,n:eJIHeMoro neBoii qacTbIO ypaBHCHHH (6.60), 

Ha3bJBaeTCH <JlJHKumr AByx nepeMeHHbIX S H 8 

<PA ((,B) = a(s)+Bb((), 

r.n;e He3aBHCHMM nepeMenHa» B MO)l(eT npHHHMaTb TOJihKO ,n;Ba 3Ha'IeHHSI: + 1 H -1. Ifa onpe
.n;eneHHH CHMBOJia BbITCKaeT, 'ITO: 

1) CHMBOJI TO)l(,[\CCTBCHHOrO onepaTOpa Au = u paseH C.D;HHHue; 
2) CHMBOJI mo6oro BIIOJIHe HenpepbIBHoro onepaTopa paseH Hyn10; 
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3) CHMBOJI CYMMbl .D;Byx CHHrym1pHbIX OITepaTopoB paBeH CYMMe FIX CHMBOJIOB; 

4) ITO ,D;aHHOMY CHMBOJiy CHHrym1pHblH OITepaTOP BOCCTaHaBJIHBaeTCJI c Tff'IHOCTbIO .D;O 

BITOJIHe HeITpepbIBHoro cnaraeMoro; 

5) CHMBOJI ITpOH3Be,D;eHHJI .LU3yx CHHryJIJIPHbIX OITepaTopoB paBeH rrpOH3Be,D;eHHIO CHMBOJIOB 

3THX OITepaTOpOB. 3To CBOHCTBO BbITeKaeT H3 cj>opMYJibl ITepecTaHOBKH IlyaHKape-lieprpaHa 

S 2 =I H cne.n:yromero <l>aKTa. 

Ecmi: <l>YHKflHJI c (?) HeITpepbIBHa Ha r, TO OITepaTOp 

s( Cu )-CSu =~ JC(?)-C( a) u(()d( 
m r (-0' 

BITOJIHe HeITpepbIBeH B I! (r) (58]. 

lfa CBOHCTB 4) H 5) BbITeKaeT, 'ITO YMHQ)I<eHHe CHHryJIJ1pHb1X OITepaTOpOB KOMMyraTHBHO 

c TO'IHOCTbIO .D;O BITOJIHe HeITpepbIBHOro OITepaTOpa, T. e. eCJIH Al H ~ - CHHryJIJIPHbie OITe-

paTOpbI, TO pa3HOCTb A1~ - ~A1 BITOJIHe HeITpepbIBHa. 

IJO OITpe,D;eJieHHIO, CHMBOJI BblpO)l{,[(aeTCJI, eCJIH XOTJI 6bI .D;JIJI O.D;HOro ( E r BblpIDI<eHHe 

a
2 

( ()- b2 
( () = 0. B ITpoTHBHOM cnyqae, Koni:a a

2 
( ()- b2 

( () :;t 0, '17' ( E r, roBopJ1T, 'ITO 

CHMBOJI OITepaTOpa (6.60) He BbipmK,D;aeTCJI. 

HMeeT MecTo TeopeMa. Ecmi: CHMBOJI OITepaTOpa (6.60) He Bhlpo)l{,[(aeTCJI, TO 3TOT oITepa

Top .n:orrycKaeT .D;ByCTopoHHIOIO peryJIJIPH3aQHro. PeryJIJIPH3aTopoM, KaK JieBbIM, TaK H ITpaBblM, 

J1BJIJ1eTcJ1 oITepaTop B, oITpe.n:enJ1eMbIH <PoPMYJIOH 

1 
Bu= a 2 (()-b2 (()[ a(()u(()-b(()Su]. (6.61) 

B TepMHHax CHMBOJia TeopeMbl <!>. HeTepa MO:>KHO c<l>OPMYJIHpOBaTb B BH,D;e O.D;HOH TeopeMbl 

(15, 53]. 
IlyCTb KOHTYP r 3aMKHYThIH, C HeITpepbIBHOH KpHBH3HOH, H CHMBOJI CHHryJIJ1pHOrO OITe

paTOpa HeITpepbIBeH H He BblpO)l{,[(aeTCJI. Tor.n:a 3TOT OITepaTOp HOpMaJibHO pa3peurnM H HMeeT 

KOHe'IHbIH HH,D;eKC, KOTOpbIH He 3aBHCHT OT BITOJIHe HeITpepbIBHOro cnaraeMoro B OITepaTope. HH

,D;eKC orrepaTopa (6.60) oITpe.n:enJ1eTcJ1 ITO <l>OPMYJie 

Ind A =-1 fd{arg a(()-b(()}· 
2Jr r a(()+b(() 

EcJIM Ind A ~ 0, TO oITepaTop A .n:oITycKaer neByro 3KBHBaneHTttyIO peryAApH1an:Hro, ITPH<JeM 

3KBHBaJieHTHbIM perynJ1pH3aTopoM CJIY:>KHT OITepaTOp (6.61). 

B 'laCTHOM cnyqae, Kor.n:a a H b ITOCTOJIHHbie K031>1>Hn:HeHTbl, a
2 

- b2 
:;t 0 H BIIOJIHe He

ITpepbIBHblH oITepaTOp T oTcyrcrnyeT, neBaJI perynJ1pM1an:HJ1 orrepaTopoM B m (6.61) cpa3y 

ITPHBO.D;HT K peweHHIO . .)J,eHCTBHTeJibHO, ypaBHeHHe (6.60) B 3TOM cnyqae HMeeT BH.D; 

IIo.n:elicTBOBaB Ha Hero oITepaTopoM 

Au= au+bSu = f. 

B= a/-bS 
a2 -b2 , 
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IIOJIY'IHM c yqeToM Toro, 'ITO S 2 =I, 

0TCIO,!l;a 

1 
BAU =~(a!-bS)(au+bSu)=u(() =Bf. 

a -b 

1 { b ff (a) } u(()=-- af(()--: -d<Y . 
a2 -bz m 'a-( 

6.6. CucmeMbl CUHaynRpHblX UHmeapanbHblX ypaeHeHUU 

PacCMO'TpHM CHCTeMy CHY Ha 3aMKttyTOM KOHrype r 
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(6.62) 

I{aik (()uk (()+bik (()(Suk )(()+(Tikuk)(()}= fi (() (j = 1,2, ... ,n), (6.63) 
k=l 

r.ne a jk ( (}, bjk ( () H KpHBH3Ha - lPYHKllJIH, HerrpephIBHble Ha r. PerneHHe CHCTeMhl pa3bl

CKHBaeTCH B rrpocrpaHCTBe I! (r), 3TOMY )Ke KJiaccy IIpHHa,wie)KaT 3a,!l;aHHbie <PYHKIIHM f; ( (). 

OrrepaTOphI Tik - BrronHe HerrpephIBHhI B I! (r). 
B Ma'TpH'IHOH <PopMe CHCTeMy (6.63) MO)KHO rrpe.ncTaBHTb TaK: 

Au= a(()u(()+b(()Su+(Tu )(() = f ((), (6.64) 

r.ne 

BeKTOphl u ( () ,f ( () paccMaTpHBaIOTCH KaK 3JieMeHThl 6aHaxoBa rrpocTpaHCTBa I! (r), co

CTOHIIIero H3 n-KOMIIOHeHTHbIX BeKTOpOB, 3a,!l;aHHhIX IIO'ITH BCIO,!l;y Ha r H HMeIOIIIHX CYMMH

pyeMhie c p-li cTerreHhIO KOMITOHeHThI. HopMY B I! (r) MO)KHO orrpe.nenHTh <PopMynoli 

n 

llull = L lluk lllf(l) · 
k=l 

B 3TOM rrpocTpaHcTBe orrepaTOp S orpaHH'leH, a orrepaTop T BITOJIHe HerrpephrneH. 

CHMBOJIH'lecKoli MaTpH11eli HJIH npocTo CHMBOJIOM orrepaTopa A, orrpe.neneHHoro neBoli 

'laCTblO paBeHCTBa (6.64), Ha3bIBaeTC1! Ma'TpHIIa 

<l>A ((,B} = a(()+b(()B, (6.65) 
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r,n,e, KaK H npe)l(,ll;e, nepeMeHHaH 8 npHHHMaeT TOJibKO ,D,Ba 3Hal.feHIUI: + 1 H -1. CHMBOJI (6.65) 
o6JI~aeT BCeMH CBOHCTBaMH CHMBOJia CKaJIRpHoro onepaTOpa (6.60), TOJibKO Tenepb IIO,ll, eyneM 
H e,n,HHHIJ;eii cJie,!J;)'eT IIOHHMaTb HyJieByro H e,n,HHHl.fHYIO MaTPHizy COOTBeTCTBeHHO. 

foBOpRT, 'ITO CHMBOJI <l> A ( (, 8) He BblpO)l(,ll;aeTCH, eCJIH 'iJ' SE r H 8 = ±1 Marpmi;a 

<I> A ( (, 8) HeBbipO)J(,ll,eHHaH, T. e. det <I> A ( (, 8) '#-: 0. B npOTHBHOM CJIYl.fae CHMBOJI BblpO)l(,ll;aeT

CR. EcJIH CHMBOJI (6.65) He BblpO)J(,D,aeTCR (ypaBHeHHe (6.64) HOpMaJibHOro THIIa), TO onepaTOp 
(6.64) ,n,onycKaeT ,n,syCTopoHHIOIO peryJrnp1naIJ;HIO. PerynHpH3aTOpoM, o,n,HoBpeMeHHO H ne
BbIM H npaBbIM, RBJIReTCR CHHryJIHpHbIH orrepaTOp, CHMBOJIHl.feCKaH MaTpHIJ;a KOTOporo paBHa 

[<I> A ( (' 8) r . TaKHM o6pa30M, ,ll,JIH CHCTeMbI (6.64) c HenpepblBHOH H He BblpO)J(,ll,aIOII(eiicH 

CHMBOJIHl.feCKOH MarpHIJ;eH cnpaBe,ll,JIHBa TeopeMa Herepa, KOTOpaH <l><>PMY™PYeTCR TaK*e, KaK 
H,ll,JIH CKaJIHpHOro onepaTOpa (6.60). IlpH 3TOM HH,D,eKC CHCTeMbl (6.63) HJIH orrepaTOpa (6.64), 
Bbll.fHCJilleTCR no <i>OPMYJie 

Ind A =-
1 f d argdet{[ <l>((,+l) r [ <l>((,-l)J} = 

2;r r 

=-
1 fd arg{ctet[ a(()+b(?)J

1 
det[a(()-b(()J} =-

1 fd arg[ det(s-
1D) ]. 

~r ~r 

(6.66) 

r,n,e S =a(() +b((), D =a( ()-b((). OTCio,n,a cne,n,yeT, l.fTO HH,D,eKc onepaTOpa A He 3aBH

CHT OT ero perympHoii qacTH, a 0,ll,H03Hal.fHO onpe,n,eJIReTCR ero xapaKTepHCTHl.feCKOH l.faCTbIO. 

Cnpase,L\JIHBO cne,n,yIOmee yTBep)l(,ll;eHHe. IlycTb a jk ( (), bjk ( (), fj ( () - <i>YHKIJ;HH KJiac-

ca H (a) npH 0 < a < 1 H rrycTb Tjk - HHTerpaJibHbie onepaTopb1 sH,D,a 

( Tjku )( () = f Hjk ((,a) u ( a)dO", 
r 

R,n,pa KOTOpbIX Hjk ((,a) orpaHHl.feHbl H y,n,osJieTBOpHIOT HepaBeHcTBy 

r,n,e N He 3aBHCHT OT ( 1, ( 2 H a. Tor,n,a n106oe perneHHe CHCTeMbI (6.63), cyMMHpyeMoe 

Ha r co CTeneHbIO, 6oJiblIIeH e,D,HHHIJ;bl, IIpHHa,ll,Jle)J(HT KJiaccy H (a). 

0603Hal.fHM, KaK 06bll.fHO, 'Iepe3 a' ( ?) - MaTpHizy, TpaHCIIOHHpOBaHHYIO K a ( ()' a qe

pe3 K' (a, () - MaTPHizy, TpaHCIIOHttpoBauuyro K K ( (,a) c O,ll,HOBpeMeHHbIM TPaHCIIOHH

posaHMeM nepeMeHHblX (,a. 
OnepaTOpbI K H K', onpe,n,enReMbie <i>OPMYJiaMH 

Ku= a(()u(()+~ JK((,a) u(a)da, 
mr a-( 

(6.67) 



CHHfYJUIPHhIE HHTEfP AJihHhIE YP ABHEHIDI 617 

Ha3hlBaIOTCH coI03HhlMH. ,lVIH xapaKTepHCTWiecKoro orrepaTopa K0
, orrpe,n;eIDieMoro <t>opM)'noll: 

K0u =a( ()u (()+b( ()Su, 

COf03HbIM HBnHeTCH oneparnp K 0
'' KOTOpblii ,n;eiicTByeT ITO <t>opMyne 

K
00

v = a'(()v(()-S(b'v). 

YtJ.HThIBaH 3TH paaeHCTBa, IIOnHOe ypaaHemre (6.64) H COf03HOe eM)' MO'lKHO rrpe,n;CTaBHTb B BH)l;e 

Au= K0u+Tu = f ((), 

A'v = K
00
v+T'v = g(?), 

r,n;e T H T' - BIIOnHe HenpepbIBHbIH onepaTOp H COf03HbIB c HMM (TaIOKe BIIOnHe HenpepbIBHbIB). 
HmKe 6y,n;eM npe,n;nonaraT1>, tJ.TO ace Km<l><PmmeHThI, cao60,n;H1>1e tJ.neHhI H H,n;pa, axo,n;H

IIIHe B Hanrn ypaaHeHHH - <l>YHKQHH Knacca H Ha r. B 3THX ycnOBHHX onepaTOpbI A H A' 
rrepeao,n;HT npoCTpaHCTBO Lip,, (r) a ce6H. Cne,n;oaaTen1>Ho, peIIIeHHe ypaaHeHHH Au= f Heo6-

xo,n;HMO pa3hlCKHBaTb B KJiacce H. 
0TMeTHM TaKlKe COOTHOIIIeHHe Me)l(,L\y COl03HblMH MaTpHtJ.HbIMH onepaTopaMH 

J vKud( = J uK'vd(, 
r r 

r,n;e u ( ?) , v ( () - rrpomaon1>H1>1e aeKTOP - <l>YHKQHH KJmcca H, a npomae,n;eHHe v Ha 

w= Ku paBHO v1w1 +v2w2 + ... +v.w •. 
IIycTb K 1 H K 2 CHHry1rnpH1>1e orrepaTophl, orrpe,n;eneHHhie <t>opM)'naMH 

K
1
u = a

1 
( ?)u( ()+1: J K1 

( (,o-) u ( o-)do-, 
m r O"-( 

K
1
v = a

2 
( ()v( ?) +1: J K 2 

( (,o-) v( o-)do-. 
m r o--( 

PaccMoTpHM KOMIT03HQHIO K1 ( K 2 v) = K* ( v). TaIOKe KaK H B CJIYtJ.ae o,n;Horo ypaBHeHHH, rro

JIYtJ.HM 

K* (v) =[ Gi (?)a
2 
(?)+b

1 
(()b

2 
(?)]v(?)+1: fGi (()Kz ((,0-)+;1 ((,o-)az (o-) v(o-)do-+ 

m r O"-

_l_~fK1 ((,o-1 )K2 (0-\'o-)d l ( )d + . 2 0"1 v (T (T, 
(m) r r (0-1 -()(0"-0"1) 

r,n;e bl (?) = K\ (?'?)' b2 ( () = K2 (?'?)' ITOBTOpHbIH HHTerpan B npaaoll: tJ.aCTH perynHpHbIH 

(TOtJ.Hee o6na,n;aeT cna6oll: oco6eHHOCThJO). B1>meIDIH OTCJO,n;a xapaKTepHCTWieCKYJO tJ.aCTh onepa

Topa K*, nonYtJ.HM 

K*0 
( v) = A*v+ B*Sv, 



618 1JIABA6 

r,D;e OCHOBHbIC Ma'rpm.l,bl HMCIOT BH,[( 

TaKHM o6pll30M, ecJJH orrepaTOp K 1 perym1pm)'IOIIJ,Hil: MH onepaTOpa K 2 , To ,D;OJJ)l(HO BhIIIOJJ

HHThCH paseHCTBO Ha r: B* = 0. HaH6oJJee npocTO II0,[(06paTb peryJJHpH3)'IOlll,HH onepaTOp, 

ITOJJO)l(HB 

S* =D* =E, 

r,D;e E -e,D;HHHqHaHMarpmJ,a, s· =A* +B*, D* =A* -B*. 

B 3TOM cJJyqae o6a onepaTOpa K1 K2 H K 2K1 6y,JzyT cppe,D;roJJhMOBhlMH. B cooTBCTCTBHH 

c cpopMYJJOil: (6.66) HH,D;CKC orrepaTOpa K* = K1K 2 paseH CYMMC HH,D;CKCOB orrepaTOpos K1 H K2 

1<* = lndK* = lndK1 +IndK2 ( 1<' = Kj + K2 ). 

EcJJH orrepaTOp K* cppe,D;roJJbMOB, TO ero HH,D;eKc paseH HYJJIO, T. e. Kj = -K2 • 

CcpopMYmrpyeM Terrepb TeopeMhl HeTepa ,D;JJH MarpHqHoro CHY [6, 38] 

Ku= a( ?)u( () +~ JK ((,O') u( O')dO' = f ( () 
m r O'-( 

B npocrpaHCTBC Lip,! ( r), 0 < A :o:;; 1. 

TeopeMa 1. lIHcJJo peIIIeHHH CHY (6.68) KOHeqHO. 

(6.68) 

TeopeMa 2. Pll3HOCTh qncJJa k JJHHeil:Ho-He3aBHCFIMhIX peIIIeHH:il: o,D;Hopo,D;Horo ypasHe

HHH Ku= 0 H qHcJJa k' JJHHCHHO-HC3aBHCHMhlX peIIIeHHH COI03HOro O,[(HOpO,D;HOro ypasHemrn 

K'v = 0 3aBHCHT JJHIIIh OT xapaKTepHCTH:qCCKoil: qaCTH onepaTOpa K H pasHa HH,D;eKcy K one

paTOpa K, T. e. 

k-k
1
=K=lndK. 

TeopeMa 3. IIycTh va ( () (a= l, 2, .. .,k') - IIOJJHaH CHCTeMa JJHHeil:Ho He3aBHCHMbIX pe

IIIeHHil: O,D;Hopo,D;Horo ypasHeHHH K'v = 0, COI03Horo c ypasHeHHCM (6.68). ,[(JJH pa3peIIIHMO

CTH ypaBHCHHH (6.68) Heo6xo,D;HMO H ,[(OCTaToqHO, qT06bJ BbIIIOJJHHJJHCb paseHCTBa 

J! (()va ( (}d( = JI fk (()v: ( (}d( = 0 (a= 1,2,. . .,k'). 
r rk~ 

IlpUMep. IlpHMCHHM MCTO):( KapJJeMaHa K peIIICHHIO CHCTCMbI CHY. IIycTh r - OKp~

HOCTb l?I = 1, pacCMOTIJHM CHCTCMY 

1 +cosB UJ (t) +(I.sinB)u2 (t) + 1-co~B rl ( () d( - sin~ r2 ( () d( = J; (t), 
2 2 2m r ( -t 2m r (-t 

(6.69) 

sinB () l+cosB () sinB Ju1 (()dr l-cosBJuz(Odr-f () ---u t + u t +-- --- ~ + -- ~ - t 
2 1 2 2 

2Jri r ( -t 21ri r ( -t 
2 

' 
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Ilpe,n:CTaBHM 3Ty CHCTCM)' B MaTpHqHoM BH,n:e 

Au= a(t)u (t )+ b(t)Su(t) = f (t ), (6.70) 

[

l+cosB sinB ] 
2 '-2-

a ( t) = _ sin B 1 +cos B ' 

2 ' 2 
[

1-cosB sinB] 
bt= 2 , 2 

( ) sin B 1 - cos B ' 
2 , 2 

u =(::} f =(~} 
0TCIO,n:a HaxO,n:HM 

a(t)+b(t) =(~ O l = I a ( t )-b ( t) = (cos B' sin 8 l det (a - b) = 1. 
1) ' -sinB, cosB )' 

CJie,n:oBaTCJibHO, CHMBOJirrqecKasr MaTPHI~a <I>A (t,B) - HCBMpo~eHHaH H WIH CHCTCMbI (6.70) 

septta reopeMa HeTepa. lfa $opM)'JIM (6.66) MH rrH,n:eKca cJie.n:yeT, qyo Ind A= 0, T. e . .ll:1IH 3Toli 

crrcTeMM crrpase,n:nrrBI>I TeopeMM <l>pe.n:roJII>Ma. 
,[ljrH peweHHH CHCTeMbl (6.69) BBe,n:eM, cne.n:yH KapJieMaey, K)'COqHo-aHaJIHTmeCJ<YIO BeK

TOP-<l>YHKU:HlO 

<I>(z) =~ r(() d{ 
2mrs-z 

Ilo qiopMyJiaM Coxou:Koro-ilneMeJIH HaXO)J;HM 

<I>+ ( t) +<I>- ( t) = (Su)( t), 

<I>+ (t )-<I>-(t) = u (t). 

c yqeTOM 3THX COOTHOilleHHR ypaBHeHHe (6.70) CBO)J;HM K MaTpHqHoli 3a)J;aqe PHMaHa 

<I>+ (t)-G(t)<l>-(t)= f (t), tE r, 

() ( )-1( ) (cosB, sinB) [t

2

2:
1

' t~:l] G t = a+b a-b = = . 
-sinB,cosB 1-t2 t2 +1 

2it'~ 
PaccMoTpHM crrepsa OAHOpOAHJIO 3a,n:aqy (f = 0). Bse)J;eM seKTop-$yHKU:HIO <1>1 ( z) no $op

M)'JiaM 

<I>7(t)=<I>+(t), <I>~(t)=G(t)<I>-(t), tE r, 
r)J;e <I>~ ( t) - rrpe,n:eJibHOe 3HaqeHHe aHaJIHTHqecKOR <l>YHKU:HH B 0611acrn lzl > 1. 

<I>1(z)=G(z)<I>-(z)=['~;:' z;~
1

1<I>-(z). 
1-z z +1 

2k' h 
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Ilo rrocrpoeHHJO q,- ( z) Ha 6ecKoHe'IHOCTH HMeeT ttyJTh rrepsoro rropMJ<a, a cpymazyrn: G ( z) -
IIOJTJOC rrepsoro rropH,n:Ka. Il03TOM)' paBeHCTBO 

ct>:(r)-ct>~ (t) =0 

orrpe,n:eJTHeT e.n:ttttyJO aHamnwi.ecKyJO Ha sceli rrnocKoCTH cpymazyrro <l>1 ( z) =a= ( a1, a2 ) = 

=const.11MeeM <I>+(z)=<I>t(z)=a, <I>-(z)=G-1 (z)a. 
Marpmi:a a-1 

( z)' o6paTHaH K G ( z)' Bbl'IHCJTHeTCH no o6bI'IHblM rrpaBHJTaM H HMeeT BH.D: 

a-i(z)=[z~;l, _z~:l]· 
z2-l z2+1 
Tz' 2z 

Cnell;OBaTeJThHO, B pa3septtyToM BHAe MO)l(eM 3arrncaTb 

<I>+(z)=(a1 J, q,-(z)=[';:'~-';~'a,]· 
a, z-1 z+l - --a+--a 

2iz 
1 

2z 
2 

Ifa paseHcTBa <I>- ( oo) = 0 cJTe)J;yeT CBH3b: a 1 + ia2 = 0. TaKHM o6pa3oM, O)J;HopoAHaH cncTeMa 

HMeeT O,[(HO HerpHBHaJlbHOe perneHHe, orrpe.n:enHeMoe aHaJIHTH'leCKHMH BeKTOp-cpyttKl(HHMH 

PacCMOTPHM Tenepb COJ03H)'JO c (6.69) CHCTeM)'. 

A'v = a'(t)v(t )-S (b'v) = 0, (6.71) 

ll+cosO, _sin BJ [1-cosB, sinB j 
a' = 2 2 b' = 2 2 . 

sinO l+cosB ' sinB 1-cosB 
-2-, 2 --2-, 2 

BBOAH Kyco'IHO-aHaJTHTH'l.eCKHli BeKTOp 

'I'(z)=~ sb'(?)v(?) d?, 
m, ?-z 

CBO)J;HM (6.71) R MarpH'l.HOH 3a)J;a'l.e PHMaHa (Oll;HOpOll;HOH) 

'I'+(t)=[G'(t)J1'I'(t), [G'(t)J1 =G(t)=(co~B, sinO ). 
-smB, cosO 

ROTopaH, RaR BH)J;HO, COBIIaJTa c HCXOll;HOH 3a,na'l.ei1 PHMaHa ,UJTH ypaBHeHHH (6.70). Cne.n:osa-
TeJTbHO, 
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Terrepo rronyqaeM 

b' ( t) v ( t) = 'I'+ ( t )- 'I'- ( t) = ( 1-fl (1, i). 

[

1-cosB sinBJ 
, -I 1 1 2 2 ' - -2- f - l ] 

v t = b t l-- = -==2 . ( ) [ ( ) J c )( t) l - cos B sin B 1-cos B t c) 
2 ' 2 

TaKHM o6pa30M, COI03HaH O)J,HOpO,!I,HM CHCTeMa (6.71) HMeeT O,ll.HO HeTpHBHa.JlbHOe perueHHe. 

CornacHo TeopeMe HeTepa rorn pa3pemHMocrn HCXO)J,HOH cacTeMoI (6.70) Heo6xo,ll.HMO H .ll.OC

TaToqHo, qTo6oI BbIIIOJIHHJIOCb ycnosne 

f[ti (t) +if2 (t) ]dt = 0. 
[' 

6.7. Cny'laU pa30MKHYfflblX KOHmypoa 

IlyCTh r npe,ll.CTaBJIHeT C060H COBOKYfiHOCTh KOHeqHOro qflcJia n IIpOCTbIX pa30MKHYTuIX 

JlfillyHOBCKflX ;zyr rk c KOHIJ;aMH CpC2' ... ,C2n· PacCMOTpHM ypaBHeHHe Ha r 

a(t)u(t)+ b(~) t(() d( = f (t), tE r. 
m , (-t 

(6.72) 

HtnKe 6y.ll.eM rrpe,ll.rronaraT&, qTO a ( t), b ( t), f ( t) - <PYHKUHH KJiacca H (a) c rroKa3aTeneM 

0 < a~ l H, KpOMe TOro, a2 
( t )- b2 

( t) 1= 0 Ha r. OrnocHTeJibHO HCKOMOH tPYHKUHH u ( t) rro

Tpe6yeM, qro601 oHa y,n;oBJieTBOpHna ycnosaio fen&,n;epa Ha mo6oif BHYTpeHHeif 3aMKHyTOif 

'IaCTH KOHTypa f, a B6JIH3H JII06orO H3 KORIJ,OB Ck HMeJia MeCTO Oll,eHKa 

IlpHMeHHH cxeMy KapneMaHa, BBe,ll.eM tPYHKUHIO 

<I>(z) ~-1. t(s) d(. 
2m r (-z 

B pe3yJI&TaTe ypaBHeHHe (6.72) CBO.ll.HTCH I< 3a,n:a11e PHMaHa 

<I>+ (t)-G(t)<l>-(t) = g(t), 

r,n;e 

a(t)-b(t) f (t) 
G ( t) = ( ) ( )' g ( t) = ( ) ( )' G ( t) 1= 0, t E f. 

a t +b t a t +b t 

(6.73) 
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Tenepb BBe'AeM KJiaccmp1mau,mo KOHU,OB ck cne;zyroIIUfM o6pa30M. Bb16epeM Ha f' HeKoTopyio 

HenpepbIBHYJO O'AH03HaqHYJO BeTBh In G(t) u nono)J<HM 

npwieM 3HaK «+» 6epeTCR, ecJIH ck KOHeu, COOTBeTCTBYIOlll,eH 'AJTH, 3HaK «-» - eCJIH ck eCTb 

Haqano 'AJTH. I1o'A6epeM u,enI>1e qncna µk, TaK qT06I>1 

-1 < Re yk + µk < 1. 

ECJill Re rk - u,enoe qucno, TO nonaraeM µk = - Re rk. B 3TOM cnyqae KOHeU ck Ha30BeM 

oco6eHHblM. 0CTaJibHbie KOH1(bl Ha30BeM Heoco6eHHbIMH. B KIDK,D;OM H3 Heoco6eHHblX KOHU,OB 

MO)l(HO BhI6paTb µk 'ABYMR cnoco6aMH, TaK qTo nu6o -1 < Re rk + µk < 0, JIH6o 0 < Re rk + 
+ µk < 1. HyMepaU,HIO KO HU, OB Ck BbI6epeM TaK, qT06hI KOHJibI Cp c 2 , .. ., Cm 6f>IJIH HeOC06eH

HblMH, a KOHUbI Cm+1'Cm+2 , .. .,c2n - oco6eHHbIMH. 

Ha HCKOMOe perneHHe HaJIO)J<HM CJie'Ayiolll,ee Tpe6oBaHne: OHO 'AOJI'lKHO 6bJTb orpaHrrqeH

HblM B 3apattee 3a'AaHHbIX Heoco6eHHbIX KOHU,ax Cp Cz ,. . ., c q ( q ::; m). 
)J,JIR IIOCTaBJieHHOH TaKHM o6pa30M 3ap;aqu cnpaBe)J;JIHBbl cnep;yiolll,He yTBep)l('AeHHR [38]. 
1. Jlro6oe perneHue 3ap;aqu (6.73), a 3Ha'IHT H ypaBHeHHR (6.72), orpaHH'leHo BO Bcex 

oco6eHHhIX KOHn,ax. 

2. Ilpu perneHHH 3ap;a'!H conpR'lKeHttR (6.73) cnep;yeT BI>I6upaTb 'lttcJia µk TaKHM o6pa-

30M, 'IT06bI 

0 < Re yk + µk < 1 ( k = 1, 2,. .. , q), 

-1 < Re yk + µk < 0 ( k = q + 1, q + 2,. . ., m) , 

Re yk + µk = 0 ( k = m + 1, m + 2, .. ., 2n). 

(6.74) 

PerneHHR <l> ( z), orpaHH'!eHHbie B6JIH3ll HeKOTOpbIX Heoco6eHHI>IX yJJIOB Cp Cz ,. . ., c q, Ha3bIBa

IOT perneHHRMH KJiacca h ( c1, c2, .. ., c q). 11,enoe 'lttcno 

k~l 

Ha3bIBaeTCR HH)J;eKCOM KJiacca h ( Cp C2, ... , cq). 
Op;Hopop;Hoe ypaBHeHtte 

a(t)u(t)+ b(~) t(s) d(=O 
m r (-t 

HMeeT K JIHHeHHO-He3aBHCHMbIX perneHHH, ecJIH K> 0, ll TOJII>KO TpttBllaJibHOe perneHHe nptt 

K"::;O. 
3. Heop;Hopop;Hoe ypaBHeHHe (6.72) pa3peIIIHMO TOr'Aa H TOJII>KO rnrp;a, Korp;a CB060'AHbIM 

qneH Y'AOBJieTBOpReT cne;zyrolll,HM ycnoBHRM: 

ff (th (t )dt = 0, 
r 
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r.n;e v j ( t) - mrneliHo-He3aBHCHMhie perneHHJI o.n;aopo.n;Horo ypaBHeHHJI 

a(t)v(t)- b(~) ((() d(=O, 
m r(-t 

orpaHWleHHhie B Heoco6eHHhIX Komi:ax cq+l'cq+z•··.,cm. 
4. lIH.n;eKC 3a.n;a'IH paBeH K. 

BBe.n;eM KaHOHH'IeCI<YJO <PyHKQHIO 3a.n;a'IH (6.73) 

X(z)= Il(z-ckt' exp{-
1 . JlnG(() d(}. 

k=I 2tnr (-z 

623 

Ilo IIOCTpoeHHIO (6.74) OHa orpaHH'IeHa B KOHQax cl'c2, ... ,cq (O<Reyk+µk<l), a TaK)l(e 

s oco6eHHhIX KOHQax, H ee npe.n;eJihHhie 3Ha'IeHHH, a TaK)l(e npe.n;enhHhie 3Ha'IeHHH x-1 
( z) 

CyMMHpyeMbl Ha r. KaHOHH'IeCKaH <l>YHKQHH y.n;OBJieTBOpHeT 0,Il;HOpo.n;HOH 3a,D;a'Ie 

(6.76) 

B caMoM .n;ene, 

2n { 1 1 ln G ( () } 
x±(t)=fI(t-ckt'exp ±-1nG(t)+-.f ( d(, 

k=l 2 2m r -t 

OTKy.n;a 

Pa3,D;eJIHB paBeHCTBO (6.73) Ha X+ (t) H YlJ:HThIBaH COOTHOIIIeHHe (6.76), IIpHXO,Il;HM K 3a,D;a'Ie 

o cKa'l:Ke 

PerneHHe 3TOH 3a.n;a'IH HMeeT BH.n; 

X(z) g(()d( 
<I>(z)= 2;ri Jx+(()((-z) +X(z)Q(z), (6.77) 

r.n;e Q ( z) - <l>YHKQHH, peryJIHpHaH B JII06oli KOHe'IHOH 'l:aCTH IIJIOCKOCTH. TaK KaK KaHOHH'Ie

CKa.SI <l>yHKQHH x ( z) cornaCHO (6.75) HMeeT Ha 6ecKOHelIHOCTH IIOpH,D;OK -K, a <I> ( 00) = 0, TO 

IIpH K > 0 IIO,Il; Q ( z) cne.n;yeT IIOHHMaTb MHOrO'IJieH CTeIIeHH ::; K - l. EcnH K::; 0, Heo6xo.n;tt

MO Q( z) = 0. IlpH TaKOM onpe.n;eJieHHH <l>yHKIJ:HH Q( z) <l>OPMYJia (6.77) pernaeT 3a,D;alJ:Y (6.73) 

npH K~ 0. ECJIH K< 0, <l>OPMYJia (6.77) pernaeT 3a,D;alJ:Y Tor.n;a H TOJihKO TOr.n;a, Kor.n;a 

fg(()C d( =0 (k =0,l, ... ,-K-l). 
r x+(() 

(6.78) 
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Coro3ua11 3a11:aqa conpB;KeHnB. 3a.n;aqy 

'p+ ( t) = [ G ( t) r ':I'- ( t), t E I' 

Ha3hIBaIOT coro3HOH c 3a.n;aqeil: (6.73). CoI03HhIMH Ha3hIBaIOT KJiaCChI 

h=h(cpc2 ,. •• ,cq) H h'=h(cq+P ... ,cm)' 

(6.79) 

r.n:e cl'c2, ... ,cq - HeK0Topb1e Heoco6eHHhie YlJihI, a cq+P···•cm - see OCTaJihHhie Heoco6eH

Hhie Y3JihI. KaHOHttqecKtte perneHttH coro3HhIX KJiaccos CBH3aHoI cooTHOIIIeHtteM 

x'(z)=[x(z)J1, 

a ttx ttH.n;eKChI K tt K - cooTHOIIIeHtteM 

K+K=O. 

lfa CKa3aHHOro BbIIIIe OTHOCHTeJibHO cpOpMYJibl (6. 77) CJie.n;yeT, qTO nptt K > 0 O)l;HOpo.n;ttaH 3a

.n;aqa (6.73) HMeeT K JIHHeHHO-He3aBHCHMhIX perneHHil: )l;aHHOro KJiacca h, Hcqe3aIOII1HX Ha 6ec

KOHeqHOCTH 

X ( z), zX ( z) , ... , z"-1X ( z). 

Ilptt K ~ 0 3Ta 3a,naqa He HMeeT OTJittqHbIX OT flYJIH pernemril: .n;aHHoro KJiacca, ttcqe3aroII1ttX Ha 

6ecKoHeqHoCTH. Coro3HaH o,nHopo.n;HaH 3a,naqa (6.79) ttMeeT nptt K < 0 posHo (-K) JittHeiiHo

He3asttcttMhIX peIIIeHHH KJiacca h' ( COl03HOro c h ), Hcqe3aIOII1HX Ha 6ecKOHeqHOCTH 

l z z-"-1 

X (z)' X (z)'"··· X (z)" 

TaKttM o6pa30M, Heo6xo.n;HMhie tt ,nocrnTOqHhie ycJIOBHH (6.78) pa3peIIIttMOCTH 3a.n;aqtt (6.73) 
npH K < 0 nptto6peTaIOT CTaH,napTflYIO cpopMy 

fVF: (t)g(t) =0 (k =l,2, ... ,-K), 
r 

r.n:e VF: ( t) - npe.n;eJibHbie 3HaqeHHH Ha r (cJieBa) cpyHKIJ;HH l-l x-1 
( z). 

Ilo OTHOIIIeHmo K rroJIHOMY CHY 

Ku =a(t)u(t)+ b(~} t(?) d? +~ fK(t,?)u(?)d? = f(t}. 
m,?-t m, 

Coro3Hoe K HeMy ypasHeHtte ttMeeT BHJJ: 

K'v = a(t}v(t)-~ fb(?)v(?) d? +~ f K(?,t)v(?)d? = g(t). 
m, ?-t m, 

B 6oJiee KOMITaKTHOM BH.I(e MO)J(HO 3aITttCaTb 

Ku= K0u +ku = f (t), K'v = K0'v+ k'v = g(t), 

K0u = a(t)u(t) +b(t) Su, K0'v = a(t)v(t)-S (bv). 

3.n;eco K 0
, K 0

' - xapaKTepHCTttqecKMH orrepaTop 11 coI03HhIH K HeMy. 
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PemeHHe xapaKTepttc'fHllecKoro ypasHeHHH 

K 0u = f, a2 
( t )- b2 

( t) :;t: 0, t E r 
MO'lKHO IIOJIY'IHTb CBeM ero K 3Ma'le conpH'lKeHHH. BBOM r<yCO'IHO-roJIOMOpqmyro <l>YHKIUUO 

<l>(z) =~ t(O d(, tE r, 
2m r (-t 

npHXO.IJ:HM K 3a.n:a<J:e conpH'lKeHHH (3a.n:a<J:e PttMaHa) 

q,+(t)=G(t)<l>-(t)+ f(t) , 
a(t)+b(t) 

G(t)= a(t)-b(t). 
a(t)+b(t) 

(6.80) 

06mee pemeHHe 3Ma<J:H (6.80) KJiacca H*, HMeromee KoHe<J:HhIH nopH.IJ:OK Ha 6ecKOHe'IHOCTH, 

MO'lKHO npe.n:CTaBHTb B BH.IJ:e [11, 32, 38) 

X(z) f(()d( 
cl>( z) = 2Jri /[a( ?)+b(() J x+ (?)(? - z) + Xo ( z )Q( z), (6.81) 

r.n:e X ( z), onpe.n:eJieHHaH B (6.75) - KaHoHH'leCKaH $)'lIKlUIB KaKoro-m160 KJiacca h ( cpc2, ... ,cq ), 

COOTBeTCTB)'!Olil:aH 3a.IJ:a'le ( 6.80), x 0 ( z) - KaHOHH'leCKaH <l>YHKIUIH TOH )Ke 3Ma'IH KJiacca ho' 
a Q(z) - HeKOTOpbIH IIOJIHHOM. HaIIOMHHM, 'ITO KOHD;bl CpCz····•cq - He oco6eHHbie 

H KJiacc h (cl' Cz' ... ' c q) co.n:ep'lKHT pemeHHH, orpaHH'leHHbie B6JIH3H 3THX TO'leK. Knacc ho co

OTBeTCTB)'eT q = 0, T. e. 3TO HaH60Jiee IIIHpOKHH KJiacc, onpe.n:eJIHIOlil:Hll HeorpaHH'leHHhie pe

meHHH s6JIH3H scex KOHD;OB ck. KaHOHH'lecr<yro <l>YHKn:HIO X 0 ( z) KJiacca ho IIOJIY'IHM H3 (6.75), 

B3HB .IJ:JIH Bcex Heoco6eHHhIX KOHD;OB Re rk + µk < 0. O<J:eBH.IJ:HO, 'ITO KaHOHH'leCKOe pemeHHe 

x ( z) H HH.IJ:eKC 1( BCHKOI'O KJiacca h ( Cp Cz' ... ' c q ) CBH3aHhl c x 0 ( z) H HH.IJ:eKCOM '<ii KJiacca ho 
COOTHOIIIeHHeM 

K=K0 -q. 

[ OBOpHT, 'ITO $)'HKIUIH U ( t) , O.IJ:H03Ha'IHO OIIpe.IJ:eJieHHaH Ha r, BKJIIO'laH KOHD;bl Ck , IIpHHa.IJ:Jie

'lKHT KJiaccy H (A) Ha r' eCJIH OHa Y.IJ:OBJieTBOpHeT )'CJIOBHIO H (A) Ha Ka'll<.IJ:Oll H3 3aKpblTbIX 

;zyr r k, COCTaBJIHIOrn;HX r. ECJIH U ( t) = {Uk ( t), t E r k ( k = 1, 2, ... , n)} H eCJIH Uk ( t) )'.IJ:OBJieTBO

pHeT )'CJIOBHIO H Ha COOTBeTCTB)'!Olil:HX 3aKpbITbIX .IJ:)'TaX [ k, TO I'OBOpHT, 'ITO Uk ( t) IIpHHM

Jie'lKHT KJiaccy H 0 Ha r. EcJIH u ( t) Y.IJ:OBJieTBOpHeT )'CJIOBHIO H Ha Ka'll<.IJ:Oll 3aKpbITOH 'laCTH r, 
He co.n:ep'lKarn;eli KOHD;OB, a B6JIH3H JII06oro KOHD;a c npe.IJ:CTaBHMa B BH.IJ:e 

U(t) = u*(t) 
lt-cla , OS:a<l, 
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npH'leM u*(t) npHHa;J,ne')l<HT Knaccy H 0 B oxpecTHOCTH c, TO roBopHT, 'ITO <l>YHKIJ,HH 

u(t)E H* (r). 
IlocTpOHM Terreph pemeHHe Ramero xapaKTepHCTH'lCCKOro ypaBHeHHH. IlpttBneKaH <J>op

MY.JIY (6.81), Haxol{HM (3aMemu1 Q(z) Ha -0,SQ(z)) 

<I>+(t)-x+(t){ f(t) +-1 J J((}d( +.!.Q(t)} 
- 2[a(t)+b(t)]x+(t) 21l"ir[a(()+b(()]x+(?)(?-t) 2 ' 

<I>-(t)-x-(r){- f(t) +-1 f J((}d( +.!.Q(t)} 
- 2[a(t)+b(t)]x+ (t) 2;ri r[ a(()+b(()]x+ (()(( -t) 2 · 

0TCIO,[{a 

_ a(t)f (t) 
- a2 (t)-b2 (t) 

u(t)=cf>+ (t)-<I>-(t) = 

b(t)[ a(t)+b(t)] x+ (t) f ((}d( 
a2 (t)-b2 (t) Jl"i /[ a(()+b(()]x+(()((-t) + 

b(t)[a(t)+b(t)] +() 
+ 2 ( ) 2 ( ) x t Q. a t -b t 

BBOM KaHOHHqecKHe <l>YHKUHH Z ( z) H Z0 ( z) KnaccoB h( cl'c2 ,. •• ,cq) H l\i 

r,11,e 

Z(t) =[ a(t)+b(t)]x+(t) =[a(t)-b(t)]X-(t), 

20 (t) =[ a(t)+b(t)Jx;(r) =[ a(t)-b(t)]x~(t) 

t _ a(t) b t _ b(t) 
a. ( ) - [ a2 ( t )-b2 ( t) J ' * ( ) - [ a2 ( t )-b2 ( t) J ' 

u (t) = K* f +b. (t)Z0 (t )P(t ), 

b.(t)Z(t) I J(?)d( 
K*f=a.(t)f(t) ll"i rZ(()((-t)' 

P(t) -HeKoTophlli rrommoM. 

(6.82) 

(6.83) 

c yqeTOM paBeHCTB (6.75), (6.76) H orrpe,11,eneHHH KaHOHHqecKOH <l>YHKIJ;HH B (6.82) 110-

Z (t) = [ a(t) +b(t) ]~G(t )er(')Il ( z-cn f' = w(t)Il( z-cnf', 
k~I k~I 

y(t)=-1. flnG(?)dt, 
2m r ( -t 
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r.n;e w(t) - <l>yma.msrnnacca H0 , He o6pamaromasrcsr B HOJib Ha r, a O<Reµk <l (k=l, 2, ... ,q ); 

-1<Reµk<0 ( k == q+ l, ... ,m ), Re rk = 0 ( k = m+ l, ... ,2n ). 3nI )Ke <l>OPMYJibl HMeIOT MeCTO 

wn1 4>YHKU:JUI Z0 ( t), cne,zzyeT TOJihKO noJIO)J(JJTh q == 0. 

TaKJJM o6pa30M, npJJ K ~ 0 Bee peweHJJSI KJiacca h (cl' c2 , ••• , c q) ypaBHeHJJSI K 0u = f on

pe.n;ensrroTcsr <l>opMynoii (6.83), r.n;e no.n; Z(t} cne;:i;yeT noHHMaTh KaHoHJJqecKyro <l>YHKI!JJID 

RJiacca h{ cl'c2 ,. •• ,cq ), a no.n; P(t) - npOJJ3BOJibHhIH nonnHOM P/(_1 (t} CTeneHJJ He BhIWe K-1 

(npH K = 0 cne,zzyeT nonoJKJJTh P/(_1 ( t) = 0 ). 

IlpJJ K < 0 pemeaJJe ( e)J;HHCTBeHHoe) cymecTByeT npn co6nID.n;eHHJJ Heo6xo.n;HMhIX H .n;ocTa
TO~hIX YCJIOBJJH 

tk f ( t) 
f~() t=O (k=0,1, ... ,-K-l) 
r Z t 

H orrpe.n:ensreTcsr TaIOKe QJOPMYJIOii (6.83) npJJ P/(_1 ( t) ""0. 

Ilpn K ~ 0 0,L(HOpO.IJ;HOe ypaBHeHHe He HMeeT pememrH: KJiacca h ' OTJIHqHbIX OT HYJISI. 
06pameuHe HHTerpana mna KomH. PaccMOTpJJM rrpocTeiimee JJHTerpaJTuHOe ypasHeHne 

~t(()d(=f(t), tEr=(Jrk, rknrm=0 (k:;tm), (6.84) 
m r? -t k=I 

r.n;e rk = akbk - rna.n;KJJe pa30MKHYTbie .n;yrn (pJJC. 6.1), f ( t) - <l>YHKI!HSI KJiacca H. 

1----------------------------~ 

I I 
I b I 

i f' l l I I 
I I 
I I 
I I 
I a1 I 

! b,~~ - r, b, l 
I a2 I 
I I 
I I 
I a, I 
I I 
I I 
I I ! _____________________________ , 

Puc. 6.1. Komjmrypa11IDI o6JiaCTH, orpaHnqeHHOH ,11,yraMH rk 

Bso.n;sr rycoqno-ronoMop<l>HYJO <l>YHKI!mO 

<I>(z} =-1. t((}d(, 
2mr(-z 
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CBO):(HM ypaBHeHHe (6.84) K 3a):(al.Je PHMaHa 

<l>+ (t)+<l>-(t) = f (t). (6.85) 

q ~ 

R,(z)=fl(z-ck) R2 (z)= fl (z-ck), c=const, 
k=I k=q+I 

a ITO):( pa):(HKaJIOM ~ IIOHHMaeTCJI BeTBh, O):(H03Hal.JHaH B IIJIOCKOCTH, pa3pe3aHHOH B):(OJlh r 

H HMerorn:aH B 6ecKOHel.JHO y):(aJieHHoii TOl.JKe pa3JIO)l(eHtte 

R, { Z) _ q-n A q-n-1 A q-n-2 -(-)-z +,'lz +,'2z + .... 
R2 z 

KaHOHHl.JeCKaJI <PYHKLIIDI KJiacca flu HMeeT, Ol.JeBH):(HO, BH):( 

KaHOHHl.JeCKaH <PYHKLIIDI caMoro J3Koro KJiacca h,,n = h ( c 1, c 2 , ... , c 2n) orrpe):(eJIJieTCH cpopMJJIOH 

l1H):(eKCbl 3THX KJiaCCOB COOTBeTCTBeHHO TaKOBhI: 

Kq = n-q, K0 = n, Kzn =-n. 

IlpH n = q HMeeM KJiaCC h ( Cp C2 ,. .. , en), HH):(eKC KOTOporo Kn = 0. HarrpHMep, KaHOHHl.JeCKaH 

cpyHKLIHH KJiacca h ( a1, a 2, ... , an ) 

R 0 = TI ( Z - ak), Rb = TI ( Z - bk). 
k~ k~ 

IJOJIO)l(HM 

<l>(z) = F(z)X (z), 



ClIHrYJUIPHhIE lIHTErPAJihHhIE YPABHEHIDI 

rrpwieM X ( z) - RaHomrqecKoe pememre KaKoro-;rn6o KJiacca. HMeeM 

<I>+(t)=r(t)X+(t), 

<I>-(t)=-P-(t)X+(t), 

629 

r,IJ,e <l>+ ( t) - rrpe,IJ,eJihHOe 3HaqeHHe cpyHKU:HH <l> ( Z) CJieBa Ha eyre f k, a <l>- ( t) - COOTBeT

CTBYIOIUee rrpe,IJ,eJihHoe 3HaqeHHe cnpaBa Ha :noli JKe ,IJ,yre. C yqeTOM 3THX cpopMyJI HeO,IJ,Ho

po,ll,HaJI 1a,IJ,aqa (6.85) rrpHBO,ll,HTCH K 3a,IJ,aqe o cKaqKe ,ll,JIH cpyHKU:HH F ( z) 

p+ ( t )- r ( t) = 1 ( t) 
x+ (t)' 

pemeHHe KOTOpoH., HMeIOru:ee KOHeqHhIH nopH,ll,OK Ha 6ecKOHeqHQCTH, TaKOBO: 

1 f (()d( 
F(z)= 2trdx+(s)(s-z) +Q(z), 

r,IJ,e Q ( z) - HOJIHHOM. 

B cooTBeTCTBHH c 3THM BhmttmeM peIIIeHHH 3a,IJ,aqH (6.85) B pa3JIHqHwx KJiaccax. 

1. PeIIIeHHe KJiacca lzc1, Hcqe1a10ru:ee Ra 6ecKoHeqttocTH ( K = n) 

r,IJ,e P.-1 ( z) - IIpOH3BOJihHhIH IIOJIHHOM CTerreHH He BhIIIIe n -1. 

(6.86) 

2. PemeHHe KJiacca hq = h ( c1, c2, ... , cq) Hcqe3a10ru:ee Ha 6ecKoHeqHoCTH rrpH Kq = n - q ~ 0 

<I>(z)= AA ._1 J.JRJJ) J(()d( + AA P.-i- (z), 
~ R2 ( z) 21ri r ~ R1 ( () ( ( - z) 2~ R2 ( z) q 

(6.87) 

r,IJ,e P.-q-l - rrpOH3BOJihHhIH IIOJIHHOM CTerreHH He BhIIIIe n - q-1 ( P.-q-1 = 0 rrpH n = q). 

Tiptt Kq = n - q < 0 peIIIemi.e KJiacca h (cl' c2 ,. •. , c q), ttcqe3a10ru:ee Ha 6ecKoHeqHOCTH, cy

ru:ecTByeT TOr,IJ,a H TOJihKO TOr,IJ,a, KOr,IJ,a f ( t) y,ll,OBJieTBopxeT ycJIOBHHM 

~ R2 ( t )tk f ( t) J JRJf) dt=O (k=0,1, ... ,q-n-1). 
r R1 (t) 

3TO pemeHHe e,IJ,HHCTBeHHO H orrpe,IJ,eJIHeTCH cpopMYJIOH (6.87) rrpH P.-q-1 ( z) = 0. 

3. PeIIIeHHe ( e,IJ,HHCTBeHHOe) KJiacca hzn = h ( Cp Cz,. .. , Czn ) , HCqe3a10ru:ee Ha 6eCKOHeqHQCTH 

( K2" = -n), orrpe,IJ,eJIHeTCH cpopMYJIOH 

<I>(z)= ~R(z) J f(()d( 
21ri r~R(s)((-z) 

(6.88) 
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TOrAa Fl TOJibKO TOrAa, KOrAa BbIIIOJIWllOTCH YCJIOBHH 

tk f (t) f lvLl dt = 0 ( k = 0, 1, ... , n). 
ryR(t) 

(6.89) 

IlocJie perneHHH 3aAaqH COIIpH)!(eHHH (6.85) HaXOAHM pernemi:e HCXOAHOro CHHryJIHpHoro HH

TerpaJibHOro ypaBHeHHH (6.84). 
Pernemie HeorpaHHqeHHOe Ha BCeX KOHU:ax ~ rk (KJiacca ho). ilMeeM cornaCHO (6.86) 

(6.90) 

x;(t)= ~;(t). 

HanpttMep, AJIH HHTerpaJibHOro ypasHeHHH (6.84) Ha OTpe3Ke [-a, a] perneHHe, HeorpaHHqeH-

Hoe Ha KOHu;ax cl = -a,Cz =a, HMeeT BHA 

1 " ~a2 -y2 C 

u(x)= ;ri~ _! y-x f(y)dy+ ~-

TaKHM o6pa30M, rrpeo6pa30BaHHe fHJib6epTa Ha KOHeqHoM HHTepsane onpeAeJIHeTCH COOTHO

IIIeHHHMH (f 3aMeHeHO Ha -if) 

_!_ f u ( y) dy = f ( x ), 
7l -a y-x 

a ~a2-y2 c 
u(x)= ;r~ _! y-x f(y)dy+ ~· hnc=O. 

:Jro rrpeo6pa30BaHHe IIpHMeHHJIOCb rrpH H3yqeHHH o6reKaHHH TOHKOro npHMOJIHHeHHOro rrpo

cpHJIH IIJIOCKO-rrapanJieJibHbIM IIOTOKOM HeC)!(HMaeMOH ttAeaJibHOH )!(JfAKOCTH [27). 

Pernemre, orpaHHqeHHOe B KOHu;ax ak H HeorpaHttqeHHOe B bk ( k = 1, 2, ... 'n)' TaKOBO: 

u(t)= AA I fiiJ()i(;) d{ 
;ri~Rb (t) r ~Ra(()(( -t) 

(6.91) 

HanpHMep, AJIH ypaBHemrn (6.84) Ha OTpe3Ke [-a, a] perneHHe, orpaHHqeHHoe B Haqane c1 =-a 

Fl HeorpaHttqeHHOe B Cz = a, onpeAeJIHeTCH cpopMyJIOH 

u(x)=_.!__ ../a+x f ~f(y) dy. 
;ri ../a - x -a .J a + y ( y - X) 
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PeweHHe KJiacca hin = h ( Cp C2' ... , Czn)' orpaHJfqeHHOe Ha r, cymecTByeT H e,n:HHCTBCHHO 

Tor,n:a H TOJibKO TOr,n:a, Kor.n:a BbIIIOJIHHIOTCH ycnOBH}J (6.89). IlpH 3TOM peIIICHHe orrpe.n:en.HeT

CH <PopMynoH 

(6.92) 

,[Vr11 ypaBHCHMH Ha 0Tpe3Ke [-a, a] peweHHC, orpaHHqeHHOe Ha KOHu;ax, HMeeT COOTBCT

CTBCHHO BH.ll: 

u(x)= ~ J f(y) dy, 
!li -a~a2 -y2(y-x) 

a Heo6xo,n:HMOe H ,[(OCTaToqHoe ycJJOBHe 0,[(H03HaqHOH pa3pCIIIHMOCTH ypaBHCHHH TaKOBO: 

af J ( X) dx = 0. ,.,....--, 
-a va- -x-

(6.93) 

<l>opMJJihl (6.90)-(6.93) ,n:aroT peweHHe 3a,[(aqH o6pameHHH HHTerpana THIIa KowH, <i>Hry

pttpyromero B CHY (6.84) B pa3JIHqHbIX KJiaccax peweHHH. 

6.8. npuMeHeHUe MemoiJa opmoaoHan&HblX MHOaO'lneHOB 
K peweHUIO UHmeapan&HblX ypaaHeHUU 

KnaccttqecKHe opToroHaJibHbie MHoroqneHbl rropo:>K,n:aroTCH HHTerpanbHbIMH orrepaTopa

MH, HBJT}J}JCb co6CTBCHHbIMH <l>JHKIJ;HHMH COOTBeTCTBYJOlllHX 3a,n:aq lllTypMa-flHyBHJIJIH. 3TO 06-

CTOHTCJibCTBO rrpHBO,[(HT K cymeCTBOBaHHIO pa3JIHqHOro po.n:a CIICKT)JaJibHbIX COOTHOIIICHHH, CBH-

3hIBaIOlllHX opTOroHaJibHbJe MHOroqneHbl MC)J(,[(y co6oif [2, 17, 31, 42]. llCIIOJib3YH 3TH crreK

YpaJibHbie COOTHOIIICHHH, MO:>KHO HaXO,[(HTb peweHHH HCKOTOpbIX HHTerpanbHbIX ypaBHeHHH. 

C1rnrynHpHoe HHTerpanbHOe ypaBHCHHe Ha oTpe3Ke [-1, 1]. PaccMoTpHM ypaBHeHHe 

1 1 u(x) 
-f-dx=v(y), yE(-1,1), v(y)ELip"(-1,1), O<a:s;l. 
1l -1 x- y 

(6.94) 

PeweHHe 3TOrO ypaBHCHHH 6y,n:eM pa3bICKHBaTb B KJTacce fiv, T. e. HeorpaHHqeHHOe Ha KOH

u;ax ±1. Cne,n:oBaTeJJhHO, MO:>KHO rrono:>KHTb 

<l>yHKU:HIO Uo ( x) rrpe,n:CTaBHM B BH,n:e pH,n:a no MHOroqJJeHaM lfo6hlIIICBa 1-ro po.n:a 

U0 (x) = I:CnT,, (x), (6.95) 
n=O 
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r,[(e K03tilqmu;HeHThl Cn 110,[(Jie)J(aT OIIpe,[(eJieHHIO. ,n:anee HCIIOJih3YeM CIIeKTPaJihHhJe COOTHO

rneHHH Me)J(.[(y MHoroqJieHaMH 1Ie6b1rneBa 1-ro H 2-ro po,[(a [12], CM. TaKxce rn. 1, rr. 1.9. 

1 Tn (x)dx f .Ji=7 = iCUn-I (y ), ( n = 1,2, ... ), 
-1 (x- y) 1-x 

(6.96) 

lf dx = 0 ( 11) r:--; , YE - , . 
_, ( x- y )vl-x2 

IlO,[(CTaHOBKa (6.95) B ypaBHeHHe (6.94) c HCIIOJih30BaHHeM COOTHOilleHHH (6.96) rrpHBO,[(HT 

( <PopMaJihHO) K pa3JIO)J(eHHIO H3BeCTHOH <PYHKIJ;HH v ( y) B pH,[( 110 MHoroqJieHaM 1Ie6hIIlleBa 

2-ro po,[(a 

v(y) = L,cPn-1 (y). 
n=l 

0TCIO,[(a orrpe,[(eJIHlOTCH K03<Pcpm1neHThl pa3JIO)J(eHHH (6.95) 

2 I 2 
cn+I =- f v(y)JI=lun(y)dy (n=O,l, ... ). 

iC -I 

K03<P<PmweHT c0 , KaK H cJie,n;oBaJIO O)J(H.[(aTh, oCTaeTCH tteonpe.[(eJieHHhIM. Pernettne HMeeT BH.n; 

L,cn:Z: (x) 
u(x) = n=O +-C_o_ . 

.J1 - x2 .J1 - x2 

PerneHHe ypaBHeHHH (6.94), orpaHHqeHHoe Ha o6onx KOHu;ax OTPe3Ka, cyrnecTByeT H e,[(HHCT-

BeHHO rrpH BhIIIOJIHeHHH yCJIOBHH 

f ndy=O. 
-1-vl-/ 

(6.97) 

B 3TOM cnyqae npe,[(CTaBHM HCKOMOe perneHHe B BH,[(e pa3JIO)J(eHHH 110 IlOJIHHOMaM 1Ie6blrneBa 

2-ro po,[(a 

u ( x) = .J1-x2 u0 ( x) = .J1-x2 f dP. (x). 
n:::;Q 

BocnoJih30BaBrnHCh cneKTpaJihHhlM cooTHornemi:eM (cM. rn. 1, n. 1.9) 

1 .J1-x2 u._1 (x) f dx=-J'C7;,(y) (n=l,2, ... ), yE(-1,1), 
-I X-y 

noJiyqaeM pa3JIO)J(eHHe (HeITOJIHOe) npaBOH qacTH no IIOJIHHOMaM 1Ie6hIIIIeBa 1-ro po,[(a 

v ( y) = - L. d.:Z:+, ( y ). 
n=O 

QqeBH.n;HO, ,[(OITOJIHHTCJihHoe ycJIOBHe (6.97) BhIIIOJIHHeTcH 3,[(eCh aBTOMaTHqecKH. Km<l><l>HU:H

eHThI onpe,[(eIDIJOTCH no <j:lopMYJiaM 

_ 2'v(y):Z:,(y) _ 
dn-I --- J JI=I dy (n-1,2, ... ). 

iC -] l-y2 
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IJpH onpe)J;eJieHHH K03$$HI~HeHTOB Cn,dn HCTIOJib30BaJIHCb COOTHOIIIeHHH OpTOrOHaJib

HOCTH TIOJIHHOMOB qefaJIIIeBa [12] 

1 dx 
J Tn ( X} Tm ( X} .J 2 = 

-1 1-x 

0, m-::F-n, 

tc, m=n=O, (6.98) 

IlpHBe)J;eM Tenepb BTOpoii: npHMep, 3aHMCTBOBaHHbIM HaMH H3 KHHm [42]. PacCMOTpHM HHTer

palibHOe ypasHeHHe nepsoro poAa Ha oTpe3Ke [-1, 1] 
1 l 1 
- Jln-

1 

-

1

u(x)dx= f (y), YE (-1,1). 
tc _1 x-y 

(6.99) 

IlpH onpe)J;eJieHHH peIIIeHHH BOCTIOJib3yeMCH CJie)l;YJOII(HM cneKTpaJibHbIM COOTHOIIIeHHeM 

IloJiaraa 

1 
1J 1 T" (y) 0 ( ) ( ) - ln-

1 

-

1 

r:-ldy=µnTn x n=0,1,2, ... , 
1C-1 x-yv1-y-

µg = In 2, µ~ = _! ( n = 1, 2, ... ) , Ix! ~ 1. 
n 

~ T (x) 
u(x)= L;cm_m_' 

m=O .J1-x-
(6.100) 

H IIO)J;CTaBJIHH u ( x) B HCXO)J;HOe HHTerpaJibHOe ypaBHeHHe, IIpHXO)J;HM K CJie)J;yIOII(eMy pa3JIO

'lKeHHIO npasoii: qacTH: 

f (x) = f cmµ~Tm (x). 
m=O 

Ko3$$HI.(HeHTbl Cm BbJqHCJIHeM, HCIIOJib3YH COOTHOIIIeHHH OpTorOHaJibHOCTH IIOJIHHOMOB qe-

6bIIIIeBa 1-ro po)J;a (6.98). IfMeeM 

f 1 fn(x)Tn(x) 2 {tc,n=O, 
en= µ~!1~112' fn = 1 .Jl-x2 dx, l!Tnll = ~,n-::F-O. (6.101) 

PerneHHe HHTerpaJibHOro ypasHeHHH (6.99) onpe)J;eJIHeTCH <PopMyJiaMH (6.100), (6.101). 

MeTOAOM opTOroHaJibHbIX MHoroqneHoB YA06Ho pernaTb HeKoTOpb1e HHTerpaJibHbie ypasHe

HHH BToporo po)J;a. PaccMoTpHM ypasHeHHe 

11, 
1 

( I ) u(x) u(y)-- J ln-
1

. -

1 

-(-)dx=f(y), yE(-1,1), 
1C -1 y-x p x 
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r.n:e p( x) - 3a,ll,aHHaH <PYHKU;IUI Ha (-1,1). CrreKTpaJibHOe COOTHOrue1rne, CJie.n:yH [42], rrpe.n:

CTaBHM B BH.n:e 

1 

J K (y,x)un (x)dx = µ~un ( Y ), 
-l 

r.n:e 

K(y x)=-!Jln-1-J[ l ]~, un(y)= T,,(y) 
1 

• 

' 1C l I y - xi ( 1-y2) ( 1-x2) llT,, II ( 1- y2 )4 

B CHJIY CHMMeTpliH H,ll,pa HMeeT MeCTO (CXO,ll,HI11eecH B cpe,UHeM) 6HJIHHeHHOe pa3JIOJKeHHe 

(CM. rJI. 5, II. 5.5) 

rroJiy<JaeM <PopMyny, orrpe,r1eJIHIOI11YIO CTPYKTYPY perueHHH paccMaTPHBaeMoro HHTerpanbHoro 

ypaBHeHHH 

(6.102) 

r.n:e 

I 

cm= J u(x)Tm (x)p-1 (x)dx. 
-1 

):VrH orrpe,ll,eJieHHH K034i<PHUHeHTOB Cm, qiurypHpytolllHX B rrpe):(CTaBJieIIHH (6.102), He06XO,ll,H

M0 o6e <JaCTH paBeHcTBa (6.102) yMHOJKRTb Ha T" (y) p-1 (y) H npm·nrrerpttpoBaTh Ha oTPe3-

Ke [ -1,1]. B pe3yJihTaTe rrpH,ll,eM K 6ecKOHet.IHOH CHCTeMe mrnettHblX anre6paH'IeCKHX ypaB

IleHHH 

B 3TOM rro.n:xo.n:e K perueHHIO HHTerpanbHbIX ypaBHeHHll: cym:ecTBeHHO ncrronb3YfOTCH crreQHaJib

IIO orrpe.n:eneHHhie rronHHOMHaJibHbie }!):(pa, rrpoue.n:ypbl IIOCTPOeHHH KOTOphlx 11 PM .n:pyrnx so

rrpocoB TeOpiIH propa60TaHbl B [42}. 3.n:ecb JKe IIOJiy'ICHHbie pe3yJibTaTbl IIpliMeIDUOTCK K perue

HHIO pa3JHI'IHbIX KJiaCCOB KOHTaKTHbIX H CMelllaHHblX 3a,D,a'I TeOpHli ynpyrocnI. 
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6.9. HHmeepanbHble ypaaHeHUR c ROpOM runb6epma 

Ilo.n: CHHryIDipHbIM orrepaTOpOM c R,n:poM fHm,6eprn, ITOHHMaeTCR orrepaTOP H' .n:eifcT

BYIOIQHH no cpopMYJie 

1 2
" (J-S 

(Hu )(s) =- f u( cr)ctg-dcr, sE [0,2Jr]. 
2.1l" 0 2 

(6.103) 

EcnH u ( (J )-2Jr - rrepHO)J,H'leCKaR cj.>yttKIJ,HR, y,n:oBJieTBOpR:IOI.QaR ycnoBHIO r enb,n:epa, TO CHH

rynRpHbIH HHTerpan B (6.103) CYI.QeCTByeT B CMbICJie rnaBHOro 3Ha'IeHHR H MO)l{eT 6hITb rrpe.n:
CTaBJieH a6COJIIOTHO CXO,n:RIQHMCH HHTerpanoM 

1 2
" (J-S 1 2

" (J-S 
- J u(a)ctg-dcr=- f[u(a)-u(s)]ctg-dcr. 
21l" 0 2 21l" () 2 

OrrepaTop fHnh6eprn orpaHH'IeH B L2 
[ 0, 21l"], a TaK)l{e B JIHITIIIHIJ,eBbIX rrpocTPaHCTBax 

Lip a [ 0, 2.1l" J, 0 < a~ I. B CHJIY paBCHCTBa 

z" a-s 
J ctg--da=O, sE [0,2Jr] 
0 2 

(6.104) 

OH rrepeso,n:HT opTOroHanhHhIH 6a3HC rHJih6epTOsa rrpocTPaHCTBa L2 
[ 0, 2Jr] 

l;cos s, cos 2s,sin s,sin 2s; ... ;cos ns,sin ns; ... 

B CHCTeMy 

-sin s,cos s;-sin 2s,cos 2s; ... ;-sin ns;cos ns; ... , 

T. e. OT06pa)l{aeT rrpOCTPaHCTBO I.3 [ 0, 2Jr] B csoe rro,n:rrpocTPaHCTBO ~ [ 0, 2Jr J - COBOxyITHOCTb 

:JJieMemos, opTOroHaJibHhIX e,n:HHHIJ,e [10]. Mo)l{HO, O'IeBH.n;HO, H TaK CKa3aTh: 

~ [ 0, 2Jr) = { u ( s) E L2 
[ 0, 2.1l"): 2J u ( s) ds = 0}. 

PaccMoTpHM Terreph xapaxTepHCTH'Iecxoe CHY c R,n:poM fHnb6epTa 

(Hu) ( s) = f ( s). (6.105) 

l{3 CKa3aHHoro BhIIIIe cne,n:yeT, 'ITO .ll:J1R pa3pernHMOCTH ypasHeHHR (6.105) B KJiacce L2 
[ 0,2.1l"] 

neo6xo,n:HMO, 'IT06hI f ( s) E ~ [ 0, 2.1l"]' T. e. 'IT06bJ 

(6.106) 

KpoMe rnro, ecJIH HCKaTh perneHHe ypasHeHHH (6.105) B KJiacce 2Jr -rrepHOAH'IeCKHX ~YHKU.HH 
B BH,n:e pH,n:a 

u( a)= a0 + L. (an cos ncr+ bn sin na), (6.107) 
n=l 
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TO Km<t>qm:l.UfeHT ao ITO H3BeCTHOH rrpasoli '1.aCTH f BOCCTaHOBliTb HeJib3H. Cne)J,OBaTeJibHO, pe
IIIeHHe Heo6XO):IHMO $HKCHpOBaTb KaKHM-Jrn6o )J,OIIOJIHHTeJibHhlM ycnoBIIeM, HarrpHMep IIO

JIO)J(HTb 

2tr 

J u(<T)dcr=O. (6.108) 

KpoMe Toro, npe,!1,rronaraeM, 'I.TO f H u - QlYffKI(HH KJiacca H c rroKa3aTeJieM 0 < a$: 1. 

<l>OPMYJIY o6pall(eHHH rHJih6epTa MO)J(HO IlOJlY'!.HTb H3 $OPMYJI o6paII(eHHH CHttryJIHpHO

ro HHTerpana c MPOM KornH (6.12), (6.13) 

TiycTb r - e)J,HHH'l.HaH OKpy)J(HOCTb, r; == eio-' St == eis, 0 $; <T, s < 2!t. Tor)J,a 

.s-u 

e'2 ds 1 ( s-a ·) ----=- ctg--+t ds, 
2 

. S-(j 2 2 
sm--

2 

_!!f_=l._(ctg <T-s +i)da. 
?-?1 2 2 

(6.109) 

0603Ha'l.HM: <P(s1 )=tp(eis)=~f(s), lf'(r;)=lf'(eio-)=u(<T). Tor)J,a cl>oPMYJibI o6pall(eHHH 
l 

(6.109) )J,aJOT 

1 2
" <T-S i 2

" - J u(a)ctg-d<T= f(s)-- J u(<T)d<T, 
2!t 0 2 2!t () 

(6.110) 

1 2
" s-CT i 2

" - J f (s)ctg-ds+- J f (s)ds =-u(a). 
2!t 0 2 2!t 0 

Y'l.HThlBaH paseHCTBa (6.106), (6.108), noJiy'l.aeM OTCJO)J,a 

1 2
" CT-S 

- J u(<T)ctg-d<T=f(s), 
2!t I) 2 

(6.111) 

1 2
" S-<T 

- ff (s)ctg-ds =-u(<T). 
2!t 0 2 

BTOpaH cl>OPMYJia o6pall(eHHH r11nb6epTa (6.111) onpe,!1,eJIHeT (c TO'l.HOCTbJO )J,0 aMHTHBHOH 

IlOCTOHHHOH) perneHHe ypaBHCHHH (6.105). 
B 'laCTHOCTH, BOCIIOJib30BaBIIIHCb tPOPMYJIOH faycca (6.6), BhlBO)J,HM QlOPMYJIY (6.104). 

HMeeM 

d( 1 2" S-(j i Zn: 2" S-<T J--1 =!ti=-fctg--ds+-f ds~ fctg--ds=O. 
r?1 -? 2o 2 2o o 2 
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3aMe•mmrn. PemeHHe xapaKTepHCTWiecrmro CHY (6.106) MO)J(JIO rroJiy•utrh eme cneey10-
ID;HM o6pa3oM. Pa3bICKHBaH pemeHHe B BH,D,e pH,D,a (6.107), rrpHXO,D,HM K pa3JIO)l(eHHIO rrpaBoii: 

qacTH f (s) 

f ( s )-c0 = L(-a. sin ns+b. cosns ), 

r,D,e Co - rrpOH3BOJibHaH KOHCTaHTa. 

0TCIO,D,a HaXO,!l,HM K03cj:>c):>HIJHeHThI 

n=l 

1~ 1~ 
a.=-- J[f(s)-c0 Jsinnsds, b. =- f[f(s)-c0 Jcosnsds (n=l,2,. .. ). 

ffo ffo 

BcTaBJI}l}l 11x B pa3JIO)l(ettwe ( 6.107), MO)l(eM 3arrHcaTb 

1 ~ 2Jr 

u ( <J) = a0 +-L J[! ( s )-c0 ](-sinnscosn<J+cosnssinncr)ds. 
ff n=I Q 

YqHThIBM paBeHCTBO B rrpocrpaHCTBe o6o6m;eHHhIX cj:>yttKIJHH D' [44, 45] 

~ 1 x 
Lsinnx=-ctg-, XE (0,2ff), 
n=l 2 2 

a TaK)l(e COOTHOIIIeHHH (6.106) H (6.108), rrpHXO,!l,HM K Tpe6yeMOM)' pe3yJihTaTy. 
TIOJI)"IHM Terreph cj:>opM)'.lJY nepeCTaHOBKH rrop}l,!l,Ka HHTerpHpOBaHHH ,!l,JIH HHTerpanOB fHJib-

6epTa, aHaJIOrWittyJO <l>opM)'ne IlyattKape-EePTPaHa ,D,M cHttryMpHhIX HHTerpanoB c }l,!l,pOM Ko
IIIH . .[lrrn 3Toro nepBoe paBeHCTBO B (6.111) YMHO)l(HM Ha 

1 s-t 
-ctg--ds 
2ff 2 

H rrpOHHTerpHpyeM B rrpe,D,enax OT 0 ,!1,0 2ff. TionyqHM, yqHTbIBaH (6.105) H BTOpoe paBeHCTBO 
(6.111), 

1 2" S-0"{2" OJ-S } 1 
2" S-0" i 

2" 
-

2 
J ctg- J u(m)ctg--dm ds=- J f(s)ctg-ds=-u(<J)-- J f(s)ds= 

4ff 0 2 0 2 2ff 0 2 2ff 0 

=-u(<J)--i 
2J{-1 2f u(<J)ctg<J-s d<J}ds--i 

2

J{-i 
2f u(<J)d<J}ds= 

2ff 0 2ff 0 2 27! 0 2ff 0 

1 2Jr 

= -u ( O") + - f u ( O") d O". 
27! 0 

TaKHM o6pa30M, <l>opM)'na rrepecTaHOBKH BhITJIH,D,HT TaK: 

- 2 J ctg- J u(m)ctg-dm ds=-u(<J)+- J u(<J)dCT. 1 
2" s-0"{2" OJ-s } 1 

2" 
47! 0 2 0 2 2ff 0 

<l>opMyny (6.112) y,D,o6HO rrpe,D,CTaBHTb B orrepaTOpHOH ¢opMe 

( H 2u )( <J) =-I (u-m ), 

1 21' 

m=- J u(<J)d<J. 
27! 0 

(6.112) 

(6.113) 
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PaccMOTpHM Terreph xapaKTepHcTwiecKoe CHY c H,npoM 1HJih6epTa 

b 2
" O"-S 

au(s)+- f u( u)ctg-du= f (s), 
2% 0 2 

(6.114) 

rrpHqeM 6y,neM rrpe.nrroJiaraTh, qTo K03<l><lmIUfeHThI a H b - KOHCTaHThJ H a2 + b2 
-:/. 0. BBOll,H 

.nsyxcTOpOHHHH peryJIHpH3aTOp, 11,eiiCTBYIOIIIHH no <t>oPMYJie 

(B0v)(s) =~(av(s)-b(Hv)(s)), 
a +b-

rrpOH3Be,neM, HarrpHMep, JiesocrnpoHHIOIO peryJIHpH3aUHIO. HMeeM 

1 b2 2
" af b 

- 2--2 (al-bH)(au+bHu) =u ( 
2 2

) f u(cr)du=-2- 2 --2--2 (Hf)(s). 
a +b 2;r a +b 0 a +b a +b 

3TO ypaBHeHHe <I>pe,nroJihMa c Bhlpo)l():leHHhIM H,npoM. 

YMHO/KHM ,naJiee ypasHeHHe (6.113) Ha ds H rrpOHHTerpHpyeM Ha [0,2;r]. c yqeTOM 

(6.104), IIOJiyqHM 
27' 2Jt 

a f u ( s) ds = ff ( s) ds. 
0 0 

Bso11,H 3Haqemrn 3Toro <l>YHKUHOHaJia B rrpe11,L1.nymee paseHCTBO, orrpe.nenHeM perneHHe ypas
HeHHH (6.113) 

1 { b
2 2

" b 
2

" O"- s } u(s) =-2- 2 af (s)+- J f ( cr)dcr-- J f ( cr)ctg-du . 
a + b 21ra 0 2;r o 2 

B o6meM cJiyqae rroJIHoe CHY c H,npoM fHnb6epTa HMeeT BH,n 

(Aou )(s) =a( s )u( s) +b( s )(Hu)( s) +(Tu)( s) = f ( s), s E [0,2;r), (6.115) 

r.ne H - rnnL6epTOB, a T - srroJIHe HerrpephIBHhIH orrepaTop a L2 
[ 0, 2Jr]. IlpH BhlIIOJIHe

HHH ycnosHH 

.nsycTOpOHHHH perymrpH3aTOp .[(JIH ypaBHeHHH (6.115) CJIIleCTByeT H orrpe,neJIHeTCH BhipaJKeHHeM 

( B0 v )( s) = 2 ( ) 
1 

2 ( ) {a ( s) v ( s) - b ( s) ( Hv )( s)}. 
a s +b s 

HH,neKc orreparnpa Ao orrpe,neJIHeTcH <l>oPMYJIOH 

1 2"f { a ( s )- ib ( s) } IndAo =- d arg . 
2Jr o a ( s) + ib ( s) 

3aMeTHM, qTo ecJIH H,npo HHTerpaJihHoro orrepaTopa T y;::i:osJieTBopHeT ycJIOBHIO H rro 

o6eHM rrepeMeHHhIM, TO OH BIJOJIHe HerrpepbIBeH B rrpocrpaHCTBe feJih;::i:epa {Lipa[0,21'), 

0 < a $; 1). EcnH K TOMY /Ke IIOTpe6osaTh, qrn6hJ <l>YHKUHH a ( s) 'b ( s)' f ( s) E Lip a [ 0, 21']' TO 

pe3yJILTaT coxpaHHeTCH. 
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Ilpeo6pa30BaHRe rRJILOepTa-M. PRcca Ha OCH HMeer BH,[( 

l ~ v(t) 
u(x) =- f-dt =(Hv)(x), 

ff _t-x 

l ~ u (t) 
v(x)=-- f-dt=-(Hu)(x), 

ff-t-x 
(6.116) 

r,[(e v(x) 11 u(x)ELipa(-=,oo) rrpH O<a<l, KBa,D,panmIO-C)'MM!1pyeMhleHa (-=, 00 ) HlIH

rerpan IIOHHMaefCj{ B CMbICJie rnaBHOro 3Ha'IeHJ1j{ IIO KoIIIH. EcJilI O,[(HO H3 COOTHOIIIeHHH (6.116) 
paccMa'IpHBaTb KaK CHflrYJijlpHOe HHTerpaJibHOe ypasHeHHe, TO ,ll;pyroe COOTHOIIIeHHe orrpe,[(e

JijJ_eT ero perneHHe. I-fa (6.116) IIOJIY'IaeM cJie;zyronzyro tPOPMYJIY (l - TO)l(',[(ecTBeHHLiil: orre

paTOp): 

H 2u=-lu. 

PaccMO'fPHM xapaKTep11cTH'IecKoe CHY Ha ocH 

A-~ u(y) 
u(x)-- f-dy=f(x), f(x}E L2 (-oo,oo). 

ff_ y-x 

ny,[(eM rrpe,[(IIOJiaraTb TaK:>Ke, 'ITO l +A 2 * 0. Bse,[(eM peryJI~l1311PYIOW:HH orrepaTOp 

HI =l+AH. 

Tor,[(a peryJij{pH3au,11j{, narrpHMep cJieBa, .[(aeT 

(I +A-H)(I -A-H)u = (1-A- 2H 2 )u =(I +A-H)f. 

c yqeTOM COOTHOIIICHHj{ ( 6.117) IIOJiyqaeM OKOH'IaTCJibHO 

1 ( A-~ f (y) J u(x)=---;T f(x)+- f--dy . 
l+,11, ff-y-x 

PerneHHe u ( x) TaKlKe rrpHHa,[(Jie:amT rrpocTpaHCTBY L2 
( -=, 00). 

(6.117) 

6.10. HHme2pan&H&1e ypaeHeHUR c HenooeU)l(H&IMU oco6eHHocmRMU 

TaKHe ypaBHCHJ1j{ HMCIOT rrpHJIO:lKCHffj{ B pa3JIWIHbIX 3a,[(a'Iax MexaHHKlI H MaTeMaTH'IeCKOll 

tPH3HKH (3a,[(a'IH 0 JilIHCHHbIX ,[(etl>eKTax THITa 'IpCW:lIH, JIH60 C'IpHHrepoB, BhlXO,[(filll,HX Ha rpamn.zy 

reJia, 0 rrepeceKarow:nxcj{ ,[(e<PeKTax, 3a,[(a'Ia TpHKOMH ,[(Jljl ypaBHCHF[j{ CMCIIIUHHOro THrra H ,ll;p.) 
[7, 40, 42, 46]. TeopHj{ CHflrYJijlpHbIX HHTerpanbHbIX ypaBHeHHli c HCITO,[(BH:lKHbIMH oco6eHHO

crnMH pa3pa6aTLmanacL MHOrHMH aaTOpaMH [14, 35, 45]. HH:lKe rrpOHJIJIIOC'fPHpyeM MeTO,[( 

KapJieMaHa cae,[(eHffj{ K Kpaesoil: 3a,[(a'Ie PHMaHa Ha rrpHMepe ypaaHeHHj{ TpHKOMH. 

1 

( 1 1 ) u ( x )- A- f - u ( t) dt = f ( x ). 
o t-x t+x-2tx 

(6.118) 

3,[(CCb BTOpoe CJiaraeMoe B j!,ll;pe HenpepbIBHO, eCJIH xou 6LI O,[(Ha H3 rrepeMeHHbIX x HJIH t 

MCHj{CTCj{ CTporo BHyTpH ( 0, 1). ECJIH )KC x = t = 0 lIJIH x = t = 1, TO :na qacTh jl,[(pa ,[(eJiaeT-

Cj{ 6ecKOHC'IHOH, rrpH'IeM OHa H HecyMMHpyeMa B KBa,[(paTe [O,l]x[O,l]. HH:lKC 6y,[(eM C'Ill-
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TaTb, 'ITO f ( x) E Lip a [ 0, 1], a> 0. Ha HCKOMYJO <l>YHKU:HIO murnraroTCH CJie.izyromHe ycJio

BHH: a) u(x)ELipa[a,b], r,n:e O<a<b<l, 6)rrpoH3se,n:eHHH u(x)Inx H u(x)ln(l-x) CYM

MHpyeMbl Ha [ 0, 1]. 

Bse,n:eM <l>YHKU:HIO KOMrrneKcHoro rrepeMCHHoro z = x + iy 

<I>( z) =~ J(-1
--

1 
)u(t)dt, 

2m o t - z t + z - 2zt 
(6.119) 

r,n:e z - rrpOH3BOJibHruI TO'IKa KOMIIJieKCHOH IlJIOCKOCTH, He JIC)Kalll,aH Ha OCH. 3Ta <l>YHKU:HH 

aHaJIHTH'IHa KaK B sepXHCH, TaK H B HH)l(Heii nonyrrnocKOCTH. 

IlycTb <I>+ ( x) H <I>- ( x) - npe,n:enhHbie 3Ha<IeHHH cj:>yttKU:HH <I> ( z) rrptt CTPeMneHHH z 
K TO'IKe 0 < x < 1 COOTBeTCTBeHHO H3 sepHeH H HmKHCH rronyrrnoCKOCTH. Tor,n:a, HCIIOJib3YH 

<PoPMYJJbI Coxou;Koro-IlneMenH (1.23), rrony<JaeM m (6.118), (6.119) 

(1-itrA.)<I>+(x)-(l+itrA.)<I>-(x) = f (x), 0< x< 1. (6.120) 

.[VIH Toro 'IT06bI IIpHHTH K 3a,n:aqe PHMaHa, T. e. CBH3aTb rpaHH'IHbie 3Ha'leHHH Ha BCeH OCH, BBe

,n:eM ,n:po6Ho-nHHeiiHoe npeo6pa3oBaHHe 

c yqeTOM (6.119) Haxo,n:HM 

z 
z~--. 

2z-I 

<I>(-z-) == (2z- l)<I>( z). 
2z-1 

3aMeHHH B paBCHCTBe (6.120) x Ha x(2x-lr1, rrpHBO):(HM ero K BHJl:Y 

(1-itrA )<I>- ( x)+(l +itrA-)<I>+ ( x) =-
1-f (-x-), 0<x<1. 

2x-1 2x-1 

IlpH'IeM TaK KaK ,n:po6HO-JIHHeHHOe rrpeo6pa30BaHHC 

z 
( = 2z-1 

(6.121) 

rrepeBO):(HT BCpXHIOIO IIOnyIIJIOCKOCTh B HmKHIOIO H Hao6opoT; orpe30K [ 0, 1] B ):(Ba nyqa ( 0, -00) 

H ( 00,l), TO COOTHOlIIeHHe (6.121) BbIIIOJIHHeTCH Ha 3THX nyqax. Terrepb COOTHOllieHHH (6.120) 

H (6.121) MOJKHO o6'be):(HHHTb B O):(HO 

{

1 +itrA. 
0 1 --, <x<, 

G(x) = 1-itrA. 
1-ill:A. 
--, x<O HJIH x>l, 
l +itrA. 

(6.122) 
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h(x) = 

f(x!1' O<x<l 
1-ilr/I, 

f { x(2x-1f1) 

( )( )
, x<O mm x>l. 

l+iJrA 2x-1 
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PaccMOTIJHM cnepsa o.n;Hopo.n;ttyIO 3a,[(aqy PHMaHa 06 onpe.n;eJieHHH aHaJIHTHqecKoii KaK 

B sepxHeH, TaK H B HH>KHeii IlOJIYilJIOCKOCTH <)>yHKI(HH % ( z), orpam1qeHHOH Ha 6eCKOHeqHO

CTH H y.n;oBJieTBOp.SIIOll(eii Ha .n;eiiCTBHTCJThHOH OCH ypaBHCHHIO 

%+ (x) =G(x)x-(x). 

JlorapH<)>MHPY.SI :no paBeHCTBO, npHXO,[(HM K 3a.n;aqe 0 CKaqKe Ha OCH 

lnz+ (x)- lnz- (x) =In G(x), 

perneHHe KOTOpo:iI onpe.n;eJI.SieTC.SI Heco6CTBCHHbIM HHTerpaJIOM 

In% ( z) = ~ f 1n G ( x) dx + ln Q ( z) , Q ( oo) = canst. 
2m_ x-z 

Bse.n;eM nepeMeHHYIO fJ: Alr = tgJrB, -Jr/2 < JrfJ < !r/2. Tor.n;a 

{

r2iJrfJ, XE (0,1), 
lnG(x) = 

-2iJrB, XE R\[0,1]. 

BhJqHcJI.SI.SI Terrepb Heco6cTBeHHhiii HHTerpan B (6.123), Haxo.n;HM 

1-z 1-z 
lnz+ (z) = 2BJn-+JriB, Jnx-(z) = Wln--JrifJ, 

z z 

(6.123) 

1-z 
npHqeM TIO,[( ln -- IlOHHMaeTC.SI O,[(H03HaqHa.SI BeTBb, peryJI.SipHa.SI B IlJIOCKOCTH, pa3pe3aHHOH 

z 
B,[(OJib nyqeii ( -oo, 0) H ( 1, 00) H npHHHMaIOrn;a.SI .n;eiiCTBHTCJThHhie 3HaqeHH.SI Ha HHTepsane ( 0, 1) . 

0TCIO,[(a HaXO,[(HM pernemi.e 0,[(HOpO,[(HOH 3a.n;aqH 

+ ( ) _ 1rilJ ( 1- Z )ZIJ _ ( ) _ -mlJ ( 1- Z )21J % z-e -- ,z z-e --
z z 

~ perneHH.SI HeO,n;HOpO,[(HOH 3a.n;aqH BBe,[(eM B npe.n;eJibHOe paseHCTBO (6.122) BMCCTO G ( x) ero 

BhlpmKeHHe B BH,n;e ,n;po6H %+ ( x )/ %- ( x) H pa3,[(CJIHM pe3yJihTaT Ha %+ ( x). IlonyqHM BHOBb 3a

.n;aqy o cKaqKe 

1IacTHoe perneHHe :noii 3a,z:i;aqH HMeeT BH,n; 

<P(z) = x(z) 1 h(t)dt 
2Jri -X(t)(t-z) 

(6.124) 
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,[(;u1 onpe)J,enemrn o6mero pernemur <1>0 ( z) O)J,Hopo)J,Horo ypasHemuc (6.124) 3aMeTMM, 

qTQ <liYHKl(MH F ( z) = <1>0 ( z )/ %( z) yiJ,osneTBopHeT ypaBHeHMIO 

p+ (x)-P-(x) =0 

If, cne)J,OBaTeJILHO, ronoMopqiHa Ha BCeil: IlllOCKOCTH KOMnneKCHoro nepeMeHHOro Z, 3a MCKilIOqe

HMeM, 6hITh MO)l(eT, ToqeK z = 0 If z = 1. Ilo:nOMY npM 0 < 28 < 1 c yqeTOM MHTerpnpyeMOCTM 

u(x )ln(l - x) M CTPYKTYPhl <liYHKl(Mil: z+ ( z) M %- ( z) HaxO)J,MM 

F(z) = const. 
1-z 

IlpH -1 < 28 < 0 c yqeTOM MHTerpnpyeMOCTM u ( x) 1n x HaXO)J,MM 

F ( z) = const . 
z 

0KoHqaTenhHO o6mee perneHne Kpaesoil: 3a)J,aqn (6.122) npHHMMaeT BM)J, 

{ 
1 ~ h(t)dt const} 

<I> ( z) = % ( z) -. f + ( ) ( ) +- ' 8 < 0, 
2m~z t t-z z 

{ 
1 ~ h(t)dt const} 

<l>(z)=x(z) -. f +( )( ) +- , 8>0. 
2m~z t t-z l-z 

PerneHne MHTerpanbHOro ypasHeHMH ( 6.118) onpe)J,enHeM no qiopMYne 

u(x)=<l>+(x)-<1>-(x), XE (0,1). 

(6.125) 

HHTerpan B (6.125) pa36ImaeM Ha TPH MHTerpana no npoMe)l(yTR:aM (-oo,0),(1,oo) M (0,1) 

If B nepBbIX )J,Byx 3aMeHHeM t Ha t ( 2t -1 r'. flocne COOTBeTCTBYIOIUMX BhJqMcneHMM IIOnyqMM 

perneHMe TpHKOMM 

1 { (1-x)
28

'( t )
28

( 1 1 ) } A 
u(x)=l+A-2n2 f(x)+A- ~ J 1-t t-x x+t-2xt f(t)dt + x'+20'(1-xf21t' 

r)J,e tg n8* = A1l', -1 < 8* < 0 M A - npomsonhHaH nocTOHHHaH. 

6.11. MH020MepHble CUH2ynRpHble UHme2panb1 u CUH2ynRpHble 
uHme2panbH&1e ypaeHeHuR 

B OTillfqHe OT ypaBHeHHM <l>pe)J,roilbMa TeOpHH MHOroMepHbIX CMHrynHpHbIX HHTerpaJIL
HhIX ypasHeHMil: He MO)l(eT 6bITh nonyqeHa KaK npHMoe o6o6meHne Teopnn O)J,HOMepHhIX CHY. 

Cuurym1pnhlii HHTerpaJI. IlyCTh Rm m-MepHoe 3BKilM)J,OBO npocTPaHCTBO M 06-

nacTh D E Rm. Bhlpa)l(eHne BM)J,a 

fu( ) f (x,8) d y-x m 
Y I Im y, 8=-1 -1, x,yE R 

v x-y x-y 
(6.126) 
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Ha3bIBaeTCR CHIIT)'IDipHblM HHTerpanoM. ToqKa X = ( X1, X2, ... , Xm) Ha3bIBaeTCH IlOnIOCOM, <jlynK

U:HJl f ( x, B) - xapaKTepHCTHKOH CHHryJrnpttoro HHTerpana (6.126), a u ( y) - ero nnoTHo

CTbI-O. PerynHpH3aU:HH :noro HHTerpana ocyrn:ecTBAAeTCH cneJzyIOrn:HM o6pa3oM. Oco6aH Toq

Ka x Bbipe3aeTCR IUapoM B ( X, E) H HHTerpnpoBaHife IIpOH3BOl1.HTCJl IIO OCTaBIIIeHCJl qacTH. 

Ju(y)f(x,BJ dy=lim J u(y)f(x,BJ dy. 
D Ix- YI e-->OD/B(x,e) lx-yl 

EcnH 3TOT rrpe,L1en cyrn:ecTByeT, To OH H rrpHHHMaeTcH 3a rnaBHoe 3HaqeHHe (no KoIIJH) CHHry
Mpttoro HHTerpana (6.126). B TaKOM cnyqae roBOpHT, qTQ HHTerpa'I (6.126) cyrn:eCTByeT B CMhlC
ne rnaBHoro 3Haqemur [34]. 

BbrnCHHM ycnOBHJl, rrpH KOTOpbIX CHHrynHpHblH HHTerpan (6.126) cyrn:ecTByeT. ,[l;JIH npo
CTOTbl paCCMOTPHM cnyqali m = 2. HMeeM 

f u ( y) f ( x; (J) dy = f u ( y) f ( ~' 8 ) dy + f [ u ( y )- u ( x) J f ( ~· (J) dy + 
R' r r>I r r<l r 

+u(x) J f(x;B) dy, r=lx-yl. 
r<l r 

(6.127) 

/1;rH Bf>IqHCJieHHH llOCJielI,Hero HHTerparra BBe):\eM llOJIHpHbie KOOp;:i;nHaThl c I.l"empoM B TOqKe x. 

Tor)J,a rronyqHM 

I f(x,B) . J f (x,B) . 1 J ( ) 
--

0
-dy=hm 

2 
rdrdB=hmln-- f x,B ds, 

r<l r... e-tO e<r<l r E---tO £ r 
(6.128) 

TlI,e r - OKPY)l(HOCTb palI,eyca E c qempOM B TOifKe x. 

HmKe 6yAeM rrpe,D:rmnaraTb, qTo xapaKTepHCTHKa f ( x, B) orpaHHifeHa H tterrpephIBHa 

ITO (J H x, IIJIOTHOCTh u(y)ELipa(D), a>O, T.e. 

/u (y )-u ( x)/ s era, a> 0, c-const, 

a Ha 6ecKoHeqHocTH (ecnH o6nacTh D 6ecKoHeqHaH) u(y) =O(IYrk), k >0. B 3THX ycnoBH

HX nepBbie ,[(Ba HHTerpana B npaBOH qacTH (6.127) a6coJII-OTHO CXO,[(JlTCJl, a H3 (6.128) CJie,LlyeT, 
qTQ CHHrYJIHpHbIH HHTerpan 

J u(y) f ( x;B) dy HJIH J u(y / (x;B) dy 
R' r D r 

cyrn:eCTByeT TOr,Lla H TOJibKO TOr,Lla, KOr,Lla 

ff(x,O)ds=O. 
r 

B o6rn:eM cnyqae 3BKJIH)J,OBa npocTPaHCTBa Rm Heo6xo,L1HMhIM H )J,OCTaToqHhIM ycnoBHeM cy

mecTBoBaHHH HHTerpana (6.126) no o6nacTH D c Rm HJIH no BCeMY npOCTPaHCTBY Rm HBJIH

eTcH paseHCTBO (TeopeMa 1). [34, 36, 46] 

Jf (x,O)ds = 0, (6.129) 
s 

r,Lle S - c<jlepa c u:empoM B ToqKe x H paAeycoM t: (t: > 0 - Mano). 
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lh CKa3a1rnoro cJie.rzyeT perymrpHoe npe,n;cTaBJieHHe CHHrymrpHoro HHTerparra (6.126) 

ff(:B)u(y)dy= f f(:B)u(y)dy+ f f(:B)[u(y)-u(x)]dy, (6.130) 
D r r>1 r r<1 r 

rrpH'IeM HHTerparr B JieBOH qacTH paBeHCTBa (6.130) - <l>YHKUHH, HenpephIBHaH ITO x B o6Jiac

TH De Rm. 
HMeeT MecTO TeopeMa 2 ()K. )J{Hpo, CM. [34]). IlycTb IIJIOTHOCTb y,n;oBJieTBOpHeT ycJIOBH»M 

oroBopeHHhlM Bbillle, a xapaKTepHCTHKa f ( x, B) orpaHH11eHa H HerrpepbIBHO ,n;H<iJ<iJepeHQHpye

Ma no ,n;eKapTOBbIM Koop,n;HHaTaM To11eK x H B. Toma HHTerparr (6.126) y,n;osJieTBopHeT ycJio
smo JlHIIlllHQa c TeM )l(e IIOKa3aTeJieM a B mo6oil: KOHe'IHOH II0,[(06JiaCTH D' c D. 

TeopeMa 3 (A. Karrb,n;epoH HA. 3HrMYff,[(, C. r. MHXJIHH, CM. [34]). EcJIH 

· 1 I fl! ( x,B)jP ds:::;; c = const, -+ 1 =1, 
s p p 

TO CHHryJI»pHbIH HHTerparrbHbIH orrepaTOp (6.126) orpaHH'IeH B If (Rm), 1 < p < oo. <l>OPMYJia 

,n;H<lJ<lJepeHu;HpoBaHH» HHTerparra co cJia6oii oco6eHHOCTbIO B rrpocTPaHcTBe Rm orrpe,n;eJIHeTc» 
CJie,[(yIDII}HM rrpe,n;JIO)l(eHHeM. 

TeopeMa 4. IlycTb <lJYHKQH» <p( x, B) HMeeT B 3aMKHYTOii KOHe11Hoil: o6JiaCTH D c Rm He-

rrpepbIBHbie rrepBbie rrpOH3BO,[(Hbie no ,n;eKapTOBhIM Koop,n;HHaTaM To11eK x H B, a u E If ( D), 

1 < p < oo. Tor,n;a Hmerparr 

<p(x,B) 
w(x)= f---;;;=Ju(y)dy, r=lx-yj 

D r 

HMeeT o6o6meHHhie npoH3BO,[(Hbie ow E If ( D); 3TH npoH3BO,[(Hhie orrpe,n;eJIHIOTC» <iJopMYJIOil: 
oxk 

(BeKTop r HanpaBJieH OT TO'IKH x K TO'IKe y) 

OW = s_i_[<p(:~~)]u(y )dy-u ( x) f 'P( x,B)cos( r,xk )ds, 
OXk D OXk r S 

r,n;e S - e,[(HHH'IHaH c<iJepa. 

EcJIH u ( y) E Lipa (I5), 0<a<1, TO rrpomBO,[(Hbie Ow HerrpephIBHhl B D. 
oxk 

KoMIIOJHQHB cuuryJIBpHbIX onepnopoB [24, 25, 34, 41]. CHHryJI»pHbIM orrepaTOpoM 

B 6aHaxoBOM npocTpaHCTBe If (Rm) HalhIBaroT orrepaTOp A, orrpe,n;eJIHeMhlii <iJopMyJioii BH,n;a 

(Au )(x) = a0 ( x)u ( x) + ff ( x~B) u(y )dy +(Tu )(x), 
Rm r 

r,n;e T - BIIOJIHe HerrpepbIBHbIH orrepaTOp B If. 
PaccMOTPHM HeCKOJibKO rro,n;po6Hee (npocTeiilllnil:) CHHryJIHpHhlii orrepaTOp rrpH m = 2 

Au= a
0 

( x )u ( x)+ ff ( x;B)u(y )dy +Tu. (6.131) 
R' r 
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Ey,L\eM npe.[(IIOJiaraTb, 'ITO K03<J:>qm:QHeHT ao ( x) orpaHWieH H npHHa)J)Ie)l(JIT KJiaccy Lip a, 

a xapaKTepucTttKa Y.L\OBJieTBopHeT ycJIOBHIO 

21' 2 

f jt(x,8)j d8<c. 
0 

Tor,L\a f ( x, 8) MO)l(HO pa:mmKHTb B CXOMIIJJiHCH (B cpe,L\HeM) pH.LI <l>yphe 

~ I 

f(x,8)= L b.(x)e;"0
• (6.132) 

HyJieBoH qJieH B cyMMe OTCJTCTByeT B CHJIY (6.129). 
CornaCHO <J:>opMJJiaM c. r. MHXJIHHa .[\JIH .[\BOHHbIX CHHrymrpHbIX liHTerpaJIOB 

inB 2JZ"·lnJ 
A,,u = J ~u(y)dy =-

1

-
1

1

-h"u, n =±1,±2, ... , 
R' r n 

(6.133) 

1 1 e;e 
hu=-.Aiu=-. f 7(y)dy, 

2Jti 2m R' r 

1 1 e-;e 
h-1u =-. A_1u =-. J---i-u(y)dy. 

2Jti 2m R' r 

B COOTBeTCTBHH c (6.132) H (6.133) CHHryJIHpHbIH orreparnp B (6.131) MO)J(HO rrpe,L\CTaBHTb 

orrepaTOpHbIM pH.L\OM 

2JZ"i" n 2JZ"r" 
a"(x)=-bn(x), a_n =(-1) --b_"(x), n>O. 

n n 

BKJIJOqHB B ( 6.134) BHeHHTerpaJibHbIH qJieH, rrpHCJTCTBYJOmHH B ( 6.131 ), IIOJiyqHM pa3JIO)J(eHHe 

Au = f a" ( x) h"u, h0u = u. (6.135) 

PacCMOTpHM Terrepb KOMII03HU:HIO CHHryJIHpHbIX orreparnpoB. IlycTb cornaCHO (6.135) 

Aiu = f a~1l ( x )h"u, ~u = f a~2 l ( x )h"u. 
n=-oo n=-oo 

B CHJIY paseHCTBa [34] 

h" (Qu) = Qh"u +Tu, 

me Q - HeKOTopaH orpamfqeHHaH HerrpepbIBHaH ITO feJib,L\epy <l>YHKU:HH, a T - BIIOJIHe He

rrpepbIBHblH orreparnp B I! (Rm), MO)J(HO 3aIIHCaTb c yqeTOM (6.135) 

(6.136) 
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r.n;e T..T.. - HeKOTOphle BnOJIHe HenpephIBHhle onepaTOphI. EcJJH B onepaTopax A1 H Az npH

cyrcTBYJOT eme BilOJIHe HenpephIBHbJe onepaTOpbl 7; H T2 COOTBeTCTBeHHO, TO 3TO IlOBJieqeT 3a 

co6oi1: JIHJJJh Ha,D;Jie)l(amee H3MeHeHHe onepaTOpoB T, H T,. B (6.136). 

TaKHM o6pa3oM, yMHO)l(emre CHHrym1pHhlX onepaTopoB KOMMyraTHBHO c TO'IHOCThIO .n;o 
BIIOJIHe HerrpephIBHoro cJiaraeMoro. 

CHMBOJI CHHryJIHpHoro onepaTopa [34]. Ilo.n; CHMBOJIOM l1.BYMepHoro CHttryllilpHoro orre

paTopa ( 6.131) rroHHMaeTcH <l>YHKIJ.HH <I> ( x, (}) , onpe.n;eIDieMaH pMOM 

(6.137) 
n==-oo 

r)J,e Ko3<J><J>m1HeHThI an (x) orrpe,n;eJieHhI B (6.134). BcHKOMY BilOJIHe HerrpepbIBHOMY orrepaTo

py B paccMarp1rnaeMOM rrpocrpaHCTBe I! (Rm) npHIJHChJBaeTCH ttyJieBOH CHMBOJI. Ilo .n;aHHOMY 

CHMBOJIY CHHryJIHpHbIH orrepaTop BOCCTaHaBJIHBaeTCH c TO'IHOCTbIO ll,0 BTIOJIHe HenpepbIBHOro 
crraraeMoro. l13 paBeHCTB (6.135) H (6.136) BI>ITeKaeT cJie.n;yromee npe.n;JIO)l(eHHe. 

TeopeMa (34, 41). CYMMe H npOH3Be,n;eHHIO npocTeHJJJHX CHHryJIHpHhlX orreparnpoB co
OTBeTCTByeT CYMMa H rrpOH3Be)J,eHHe HX CHMBOJIOB. 

IlycTb xapaKTepHCTHKa CHHryJIHpHoro HHTerpaJJa He 3aBHCliT OT IIOJIIOCa, T. e. 

Au= a0u(x)+ f k(x-y)u(y)dy, (6.138) 
Rm 

k(x-y) = f ~) =ly-{m f( y-x )· 
r jy-xj 

PaccMoTpHM npeo6pa3oBaHHe <l>yphe H.n;pa k ( z) 

F[k(z)](x)=(-1 )~ J k(z)e-i(x,z)dz. 
21C Rm 

TaK KaK <l>YHKIJHH k ( z) He CYMMHpyeMa B OKpecTHOCTH Ka)l(lJ.OH H3 TOlJ.eK z = 0 H z = oo, TO 

3TOT HHTerpaJJ pacxo.n;HTCH. 0AHaKo ecJIH onpeAeJIHTh npeo6pa3oBaHHe <l>ypoe H,n;pa k ( z) npe

,n;eJihHhIM COOTHOJJJeHHeM 

F[k](x)=(-1 )~Jim f k(z)e-i(x.z)dz, 
21C ';;::;2 e<JzJ<N 

TO MO)l(HO ,ll;OKa3aTb, 'ITO npe)J,eJI B npaBOH lJ.aCTH 3TOro paBeHCTBa cymecTByeT H OKOHlJ.aTeJib
HaH <J>OPMYJia )J,JIH npeo6pa30BaHHH <l>ypbe CHHryrrHpHoro H,D;pa HMeeT BHA [34] 

( 1)~( 1 itc. ) F[k](A)= - f ln-
1 

,~--s1gncosr f(-1¥)dS1' 
21C s, cos II 2 

lzl=p, jxi=R, 1¥= ;, A=;. (x,z)=jxjjzjcosy. 
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Tipeo6pa3osamre <Pypr,e CHHrymrpHoro IrnTerpana B L2 

v(x) = J k(x-y)u(y)dy = J f (~) u(y)dy, 
Rm Rm r 

F[v](x)=(2tr)T F[k](A)F[u](x). (6.139) 

EcJIH v ( x) cpHHHTHa, TO H3 ( 6.139) rroJiyqaeTcH npe,!l;cTaBJiemie 

v(x)= J k(x-y)u(y)dy=(P-1<PFu)(x), 
Rm 

<P=(2tr)~ F[k]. 

BepHeMCH Tenepr, K onepaTOpy (6.138), r,!l;e a0 =const. B cm1y (6.139) ero MO){(HO 3anHcan 

B BH,!l;e 

f)l;C 

<PA (A) =a0 +(2tr)~ F[k](A). 

0TC!O,!J;a cJieJzyeT, IJTO //Allr'(R') = vrai rn:x j<P A ( B)j. 

(6.140) 

BeJIH'lHHa <PA (A), orrpeAeJieHHM B ( 6.140), o6Jia)l;aeT sceMH csoiicTBaMH CHMBOJia. )J,eii

CTBMTeJinHO, eCJIH 

TO 

(Bu )(x) =b0u(x)+ ft(x-y )u(y )dy, l(x- y) = r-mg( B), 

(A+ B) ( x) = ( a0 + b0 ) u ( x) + J[ k ( x - y) + l ( x - y) Ju ( y) dy, 

<P A+B(A) =a0 +b0 +(2.7r)T F[k+l](A) =<PA (A)+<Pn(A). 

)J,aJiee, B COOTBeTCTBHM c (6.140) B = p-l<PBF, HO TOf)l;a 

AB== ( p-i<P AF)( p-1<PBF) = p-1<P A<PnF, T. e. <P AB= <P A<PB. 

nerKO BH,!l;CTh, IJTO onepaTOphl BH,!l;a (6.138) KOMMY™PYIOT. B caMOM ,!l;eJie, 

BA=( P-1<P8 F)( P-1<PAF) = P-1<P8 'PAF =AB. 

J1MeeT MeCTO TeopeMa (C. f. MHXJIHH (34]). fiyCTh xapaKTepHCTMKa CHHrymqmoro HHTe
rpaJia He 3aBHCHT OT rroJIIOCa H KBaApaTH'lHO CJMMMpyeMa Ha e,!l;HHHIJHOH c<jlepe S1. Tor,11,a 

CHMBOJI 3TOro HHTerpaJia paBeH rrpeo6pa30BaHHKJ <Pypbe ero H,!l;pa. 
PacCMOTpHM Teneph rrpocTeiirnee CHHryJIHpHoe MHTerpaJibHOe ypaBHCHHe 

1 f (0) 
Au =a0u(x)+- J-2-u(y)dy = g(x). 

2Jr R' r 
(6.141) 
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IlpHMeM, 'ITO g ( x) E L2 ( R2), CHMBOJI <l> ( B) IIO'ITH BCIO,lzy KOHe'leH M IlJf l<P ( B)I > 0. Tor

,n:a ypaBHeHHe (6.141) HMeer e,n:HHCTBeHHoe pernemi:e, orrpe,n:eIDieMoe qiopM)'JIOii 

u(x) = P-1
[ <PA (B)f F[g], 

KOToprur Herrocpe,n:cTBeHHO cne,n:yeT m (6.140). 
CorrpH:lKCHHhlH CMHryIDipHbIH orrepaTOp K rrpocTeil:rneMy BBO,l(MTCH CJIC,l(YIQIIIMM o6pa-

30M. EcJIM xapaKTep11cTMKa He 3aBMClfT OT rromoca, TO Ha ocHOBaHMM (6.140) A= F-1<1>( B)F, 

r,n:e F - orrepaTOp rrpeo6pa3oBaHMH <l>yphe. TaK KaK F* = F-1
, TO 

(Au, v) = ( u, A*v):::} ( P-1<1>( B) Fu, v) = (u, P-1<1>( B)Fv ). 

0Tcro,n:a cne,eyeT, 'ITO A*= P-1<1>( B)F. 

TaKMM o6pa3oM, HMeeT MecTO TeopeMa [34]. IIycTh A - rrpoCTeiirnnii CMHryJI5IpHhIH orre

paTOp, CMMBOJI KOToporo <l>( B) He 3aBMCMT OT noJIIOca. Tor,n:a A* TaK:lKe eCTh rrpocTeiirnMii CMH-

ryIDipHhIB orrepaTOp c CMMBOJIOM <l> ( B ). 

EcJIM A - o6mIIil: CIIHrYJIHpHhIH onepaTop, orpaHM'leHHhIM B I! (Rm) 

Au= a(x)u(x)+ J f (:B) u(y)dy, 
Rm T 

TO npM onpe,n:eneHHhIX ycnoBMHX, YKaJaHHhIX B [34], CYII1ecTByer conp»)l(eHHhIH orrepaTOp A*, 
TaK:lKe orpaHII'leHHhIH II ,n:eiiCTBYIOIIIMH no <i>OPM)'JIC 

- f(y -8) 
A*v= a(x)v(x)+ J ~ v(y)dy. 

Rm r 

06mIIii CMHryIDipHhlli orrepaTOp A c HeBhlpO)l(,l(aIOII1IIMCH CMMBOJIOM Inf l<D A ( x, B)I > 0 ,n:orryc

Kaer peryJIHpM3aIJHIO rrpM IIOMOIIIM CHHryJIHpHoro orrepaTOpa B c CIIMBOJIOM <l> B = <1>~1 ( x, B). 
TaK KaK CHMBOJI orrepaTOpa BA paBeH e.n:HHMIJe, To BA= I+ T', r,n:e I - TO:lK,D;eCTBCHHhili, 

a T' - BIIOJIHe HerrpephIBHhIH orrepaTOp B I! (Rm). KoMII03MIJMH AB =I+ T", 3Haqm, B ecTh 

,n:aycTopoHHMii peryAApll3aTOp M» A H ,D;JIH cIIHryAApHOro ypaBHeHHH 

Au = g ( x), g E I! (Rm) (6.142) 

crrpaae,n:JIMBbl TeopeMbI HeTepa (CM. rn. 3, II. 3.13). 0,n:HaKO eCJIM CIIMBOJI <l>A(x,B) y,n:oBJie

TBOpHer HepaaeHcTBy Infj<D(x,B)j > 0 M ycnoBHHM, YKaJaHHhIM B [34] (reopeMa 2.34), TO ypaa

HeHIIe (6.142) ,n:orrycKaeT 3KBMBaJieHTHYIO perynHpM3aIJHIO M ero MH,n:eKc paBeH HyJIIO. Cne,n:o
BaTeJihHO, ,l(JIH ypaBHeHIIH (6.142) crrpaBe,l(JIHBbl TeopeMbl <l>pe,n:roJibMa, KOTOpbie B paccMaT
pttaaeMOM CJiy'lae CBO,D;HTCH K CJie,n:yIOmeM)'. 

YpaBHeHMH Au= 0 M A*v = 0 MMeIOT o,D;Ho II TO )l(e KOHe'IHoe 'IHCJIO JIIIHeiiHo He3aBIICII
Mhix perneHIIii; HCO,l(HOpO,n:Hoe ypaBHeHIIe (6.142) pa3pelIIMMO Tor,n:a II TOJibKO TOr)J,a, Kor,n:a 

g (x) opTOroHaJihHa KO aceM peweHMHM ypaaHeHIIH A*v = 0 (T. e. orrepaTop A HopMaJibHO 
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pa3peurn:M). 0TCIO.D;a, B 'IaCTHOCTH., cne,rzyeT, 'ITO ypasHeHHe (6.142) pa3peIIIHMO, H IIpHTOM 

e.[(HHCTBeHHhlM o6pa30M, IIpH BCHKOM g E [J (Rm), eCJIH COOTBeTCTBYJOUJ;ee O.D;HOpo.n:Hoe ypaB-

HeHtte Au == 0 He ttMeeT HeTPttBHaJibHhIX perneHttii. 

CucTeMLI cunrym1pnL1x unnrpaJILHLIX ypasnenuii [24, 25, 34, 29). PaccMOTpttM 

CHCTeM)' 

(6.143) 

r.n:e Ajk - o6rn;nii CttHrynHpHbIH onepaTOp, CHMBOJI KOTOporo o603Ha'IHM 'Iepe3 <l>jk (x,B). 

3Ty CHCTeMy MO)l(HO npe.D;CTaBHTb B BH.[(e 0.[(HOro MaTPH'IHOro ypasHeHHH 

Au=g, (6.144) 

r.n:e 

Bse.n:eM CHMsonH'Iecey10 MaTPHey CHHrynHpHoro onepaTOpa A 

(6.145) 

<I> nl' <I> n2' •.. ,<I> nn 

Onpe.n:enHTeJib t5 == det <I> ( x, B) Ha3b1BaeTCH cHMBonWiecKHM onpe,l(enttreneM. IlpnMeM, 'ITO 

CHMBOJibI <I> jk ( x, B) y.l(oBJiemopHIOT ycnosHHM TeopeMhl 2.34 m [34]. l1MeeT MecTO TeopeMa. 

Ecnn CHMBOJitt'IeCKttii orrpe.n:enttTenh cncTeMbl (6.143) He npttHHMaeT 3Ha'IeHHH Hynh, 

TaK 'ITO 

rnf !JI> o, 

TO B COOTBeTCTBYJOlll;eM IIpOCTPaHCTBe [J (Em) CHCTeMa (6.143) HOpMaJihHO pa3pernHMa H HMeeT 

KOHe'IHbIH HH.D;eKC (pa3HOCTh Me~ 'IHCJIOM JIHHeiiHo He3aBHCHMbIX perneHHii HCXO,l(HOrO ypaB

HeHHH H conpIDKeHHOro K HeM)'). 0.D;HaKO 3TOro yCJIOBHH He,[(OCTaTO'IHO ,l(JIH Toro, 'IT06bI HH.[(eKC 

CHCTeMbl paBHHJICH ttyJIIO. IlpHBe,l(eM HeKOTOpLie ,l(OCTaTO'IHbie npH3HaKH paseHCTBa eymo HH

,l(eKca CHCTeMbI [15, 41]. 
1. CnMsonnqecKaH MaTpmi;a cttcTeMbI He 3asttCHT OT x, B 3TOM cnyqae Ind A== 0. 

2. IlyCTb CHMBOJIH'IeCKaH MaTpmi;a (6.145) HMeeT BH.[( <l>(x,B)=E-\Jl(x,B), r.n:e E -

e,l(HHH'IHaH MaTpm:i;a. Ecmr xapaKTepttCTtt'IecKHe qttcna MaTpttIJ;bI \JI nptt n106b1x 3Ha'Iemrnx 

x H B CTpOro MeHbIIIe e,l(HHHU:bl no MO.D:YJIIO, TO HH,l(eKC CHCTeMbI (6.143) paseH uymo. 
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3. Ecmi: HIDKHHe rpaHH MO):()'JieM MHHOpOB 

<I>ll <I> 12 

<'1 =<l>ll' J2 = , ... ,Jn =J= <1>21 <1>22 ··· <I>2n (6.146) 

IIOJIO)l(HTeJibHbI, TO HH)J;eKC CHCTeMbI (6.143) paBeH H)'JIIO. 

4. IlycTb B KOMnneKCHOM s - rmocKOCTH cyIIJ,eCTByeT rna,n;KaSI KpHBaSI L, coe,n:HHSilOIIJ,aSI 

TO'IKH ?; = 0 H ?; = 00 H He HMeiom;asi o6m;HX TQqeK c MHO)l(eCTBOM xapaKTepHCTHqeCKHX qHCeJI 

CHMBOJIHqecKOM MaTpH[(bI <I> ( x, B), COOTBeTCTByiom;eii HeKOTOPOMY MaTpHqHOMY CHHrym1p

HOMY orrepaTOpy A. Tor,n;a Ind A= 0. 
5. ECJIH J ::/:; 0, a CHMBOJIJiqecKasi MaTpHu;a 3pMHTOBa HJIH KOCOCHMMeTpHqHa, TO HHIJ:CKC 

CHCTeMbI (6.143) paBeH Hymo. 

3a crporHMH onpe,n;eneHHHMH H no.n:po6HbIMH ,ll;OKa3aTeJibCTBaMH OTCbIJiaeM qfITaTeJIH K KHH

re C. r. MHXJIHHa [34). 
IlpHJ1o;rcennH e Teopuu ynpyrocTn. Mo,n;eJib JIHHCMHOM yrrpyrocTH H3JIO)J(eHa B rrpHJIO

)l(eHHH K rnaBe 4. TaM )Ke IIOCTpOeH TeH3op $yH,n;aMeHTaJibHbIX perneHHM CHCTeMbJ ypaBHeHHH 

JlaMe. B HOBbIX o6o3HaqeHHHX OH HMeeT BHIJ: 

3,n;ecb Ka)l(,ll;bIM CTOJI6eu; V; = {Vu, V2;, v3;} y,n;oBJieTBOpHeT CHCTeMe JlaMe. Hcxo.n:H H3 <l>OPMYJihl 

EeTrn [36, 40, 48], MO)l(HO BBecrn o6beMHbIH noTeHU.HaJI 

3 

fV(x,y)\f/(y)dy= fLv;\f/;dy 
Q Qi=! 

H ,n;Ba IlOBepXHOCTHbIX IIOTeH[(HaJia, ,ll;BOMHOro H rrpocToro CJIOH COOTBeTCTBeHHO 

f P(x,y)z(y)dsy, fV(x,y)p(y)dsY. 
s 

3,n;ech ty(y),z(y) H p(y) -rpexMepHbieseKTopw, P(x,y)-TeH3op, i-iicToJI6eu.KoTopo

ro COBITa,n:aeT c p ( V; ) , npnqeM p ( u) - BeKTop IIOBepXHOCTHbIX HanpH)l(CHHif. CoCTaBJIHIOIIJ,He 

TCH30pa p ( x, y) HMeIOT BH,[( [34] 

1 [l-2v ( ) 3 J P;j==sn-(l-v)----;;-- ;Ak-;Ak-;Aj --;s;i;j;k ak, 

r,n;e qi= Y; -X;, ak - HanpaBJIHIOIIl;HC KOCHH)'Cbl BHelllHCM HOpMaJIH n K IIOBepXHOCTH s. 
IlycTb A - orrepaTop (JlaMe ), .n:eiicTBYIOIIJ,HM no <PopMyJie 

Au =-~-(A-+ µ)graddivu. 
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Toma 

Au ::: tr"( x), x E Q H Au = 0, x E R3 
\ n. 

IIoaepxttocTHhie rroTemi;Ha.rrhI rrpocToro H .n:aoH:ttoro CJIOH y,n:oBJieTBopHIOT o,n:Hopo,n:ttoH: cttc

TeMe JlaMe Au ::: 0 KaK B Q, TaK H B R 3 
\ n. I10Tem:i;1rnJI rrpoCToro CJIOH HerrpepbIBHO rrpo,n:OJI

)IGIM qepe3 rpattmzy TeJia s, T. e. HerrpepbIBeH BO BCeM rrpOCTPaHCTBe. 

lfCXOM H3 COOTHOIIIeHH}l, aHaJIOrJfqHOro H3BeCTHOH <j>opMYJie faycca B TeOpim IlOTeHI.J;Ha
Jia ( z - IlOCTOHHHbIH BeKTop) 

-z, XE Q, 

(6.147) 

0, x~Q 

.D:JIH rroTem.i;Ha.rra .n:aoH:Horo cnoH B TOqKe x0 E S MO)J(HO rronyqHTh cne.n:yroII.J;ee perynHpHOe rrpe.n:

CTaBJieHtte: 

U (x) =JP( X, y) {z(y )-Z( X0 ) ]dsy +JP( X, Y) ·z( X0 )dsy. 
s s 

EcnH z(y)E Lipa(S) c a>O, TO rrepBbIH HHTerpan 3,n:ecb HerrpepbIBCH Kor.n:a TQqKa y rrpo

XO,n:HT qepe3 x0 , a BTOpoH: HHTerpa.rr HMeeT 3HaqeHH}l cornacHo (6.147). Terrepb rronyqaeM 

u+ (x0 )-u- (x0 ) = -z(x0 ), 

u+ (x0 )+u-(x0 ) = u(x0 ) = JP(x0 , y) ·z(y)dsY, 
s 

r,n:e u + ( x0 ) o6o3Haqaer rrpe,n:eJibHoe 3HaqeHHe rrOTemwa.rra .n:aoH:Horo cnoH rrptt CTPeMJiemrn: 

TOqKH x K ToqKe x0 E S m o6nacTH n, a u - ( x0 ) - rrpe,n:enhHoe 3Haqemi:e rrptt crpeMneHHH x 

K x0 H3 o6JiaCTH R3 \Q. 0Tcro,n:a [34] 

u-(x0 ) = .!_ Z( x0 )+ JP(x0 , y) ·z(y )dsy. 
2 s 

(6.148) 

IJyCTb p ( y) E Lip a ( S), a > 0. ECJIH BCKTOp rrepeMeII.J;eHHH 3a,n:aeTCH UOTeHI.J;HaJIOM rrpoc-

TOrO CJIOH 

u( X) =JV ( x, y) · p(y )dSY, (6.149) 
s 
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TO npeAen1>m,1e 3HaqeHirn seKTopa HanpIDKeHirn p(u) (HanpIDKemrn Ha rpamn1e Tena), BbI3BaH

Hhle seKTopoM nepeMememrn (6.149), TaKOBbI [29, 40]: 

{p(u)f =~p(x0 )+ jP*(y,x0 )·p(y)dSY, 

{p( u )f = _ _!_p(x0 )+ Jr (y, x0 ) • p(y )dSY, 
2 s 

(6.150) 

fAe p* ( y, x) - conpH:lKeHHblH TeH3op K p ( X, y). 
IiyAeM HCKaTb perneHHe 3aAaqH 1 (Ha IIOBepXHOCTH Tena s 3aAaH BeKTOp nepeMeIIJeHHH) 

uls =g(x), XE S (6.151) 

B BHAe IIOTeHIJHaJia ABOHHOfO cnoH 

u(x)= JP(x,y)·z(y)dSY. 
s 

,ll;JIH peIIIeHHH 3aAaqH 2 (Ha s 3aAaH BeKTOp HaIIpH:lKemrn:) 

p(u)ls =C'ljk(u)akn)0) =h(x), XE S, (6.152) 

me ak - HanpaB.lliIIOIIJHe KOCHHyCbI BHeUIHeM HOpMa.ITH K IIOBepxHOCTH s, n)0) - opT OCH xj' 

g ( x) H h( x) - 3MaHHbie Ha s BeKTOpbI, HCIIOJib3yeM IIOTeHIJHaJI npocTOro CJIOH (6.149). 

IlpHBJieKaH Tenepb cpopMYJibl AAA npeAeJibHbIX 3HaqeHHH (6.148) H (6.150), CBOAHM rpa
HHqHbJe 3aAaqH (6.151), (6. l 52) K CJieAYIOIIJHM BeKTopHbIM HHTerpanbHbIM ypaBHeHHHM: 

z(x)-2 JP(x,y)·z(y)dsy =-2g(x), (6.153) 
s 

z(x)+2 f P(x,y)·z(y)dsy =2g(x), (6.154) 
s 

p( x) + 2 JP* (y,x) · p(y )dsY = 2h( x), (6.155) 
s 

p(x)-2 JP* (y,x) · p(y )dsY = -2h( x). (6.156) 
s 

3AeCb nepBbie ABa ypaBHemrn OTHOCHTC}l K 3Maqe 1, npttqeM ypasHeHHe (6.153) COOTBeTCTBYeT 
BHyrpeHHeil:, a ypaBHeHHe (6.154) - BHewHeii 3Maqe. Ilocne,/J,Hlfe ASa ypaBHeHHH OTHOCHTCH 
K 3aAaqe 2; (6.155)- K seyrpeHHeil:, a (6.156)-K BHeIIIHeH 3Maqe. YpasHeHH}l (6.153) ll (6.156), 
a TaK:lKe ypaBHeHH}l (6.154) H (6.155) COIIp»:lKeHbl Me)l(Ay co6oii. YqHThIBaH COOTHOIIIeHirn (6.146) 

MH COCTaBJI»IOIIJHX TeH3opa p ( X, y), 3aKJIJOqaeM, qTo ypaBHeHH}l (6.153)-(6.156) CHHryJI»PHbie. 

BBeAeM B Ka:lKAOH TOqKe x E s MeCTHbie KOOPAffiiaThl TaK, qro OCH Xi H X2 Jie"lKaT B Kaca

TeJibHOH IIJIOCKOCTH K IIOBepXHOCTH s, a OCb X3 HanpaBJieHa IIO BHeurneil: HOpMaJIH K s. B Kaqe

CTBe HeH3BeCTHbIX B03bMeM COCTaBIDIIOIIJHe BeKTOpOB z H p B MeCTHbIX KOOPAHHaTax. 11ttAeKC 

CHHryAApHOH CHCTeMhl IIpH 3TOM He H3MeHHTC» [34]. TeH3op p MO"lKHO npeACTaBHTh B BHAe 

P(x )= 1-2v ~iaj-~p; +O(rr-2) 
'
1 ,y 8.tr(l-v) !x-yj3 ' 

fAe y - IIOKa3aTeJih JfanyHOBa IIOBepXHOCTH S. 
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yqlffbIBruI COOTHOIIIemrn: (B 3TOH CHCTeMe KOOp,!!;HHaT) tXi = a2 = 0, a3=1 H TOT <f>aKT, qTO 

MHO)J(eCTBO 3HaqeHHH CHMBOJia HHBapHaHTHO OTHOCHTeJibHO 3aMeHbI rrepeMeHHbIX [34], MO)l('.HO 

rrpe,!!;CTaBHTb CHCTeMY (6.153) B BH,!l;e 

1-2v ~ 
%1(x)+ ( ) f3 ,t3 (y)dSY+Ti(x)=2g1 (x), 

41£ 1-v s r 

1-2v q2 %2(x)+ ( )f3%3(y)dSY+T2(%)=2g2(x), 41Z" 1-v s r 

%
3
(x) 1-2v fq1%1(Y)+q2z2(Y)dS +i:(x)= 2 () 

41£(1-v) s r3 Y 
3 g3 x' 

r,!l;e Tk - HeKoTopnie mrrerpanhHbie orrepaTopbI co cna6oii oco6eHHOCTbIO. 

XapaKTepHCTHKH 3THX CHHrym1pHbIX HHTerpaJIOB 

q, =cosB, q2 =sinB. 
r r 

CornacHO cpOpM)'Jie (6.134) CHMBOJibl HHTerpaJIOB c TaKHMH xapaKTepHCTHKaMH rronyqaIOTCH 

yMHO)J(eHHeM xapaKTepHCTHK Ha 21Z"i. Terrepb rronyqaeM CHMBOJili'IeCKHH orrpe,!!;eJIHTeJib 3TOH 

CHCTeMbI ( 20 = (1-2v )(1-vf') 

0 it5cosB 

0 it5sin B 
3-4v 

----
2 

:;t:O, v:;e0,75. 
4(1-v) 

-it5 cos B - it5 sin B 1 

TaK KaK CHMBOJIHqecKaH MaTPHIJ;a 3pMHTOBa H CHMBOJIHqeCKHH orrpe,!!;eJIHTeJih OTJili'IeH OT 

lfYJIH, TO HH,!l;eKC CHCTeMbl (6.153) paBeH eymo H )J;JIH Hee sepHbl TeopeMhI <l>pe,!!;rOJibMa [34, 35]. 
To )J(e caMoe MQ)J(HQ CKa3aTb H 0 CHCTeMax (6.154)-(6.156). 

0THOClfTeJibHO rrpH6JIH)J(eHHbIX MeTO,!l;OB peIIIeHHH O,!l;HOMepHblX H MHOroMepHblX CHHry

JIHpHbIX HHTerpa.rrbHbIX ypaBHeHHH, a TaK)J(e BblqHCJieHHH CHHryJIHpHblX HHTerpaJIOB HMeeTCH 

MHoroqHcneuHaH JIHTepaTYPa. CM., HanpHMep, [l, 3-5, 7-10, 16, 17-23, 28, 30, 37, 39, 41, 42, 
52, 54, 57]. 
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rJlABA 7 

HHTErPAilbHblE YPABHEHHs:I THnA CBEPTKM 

7.1. Tum:,1 ypaeHeHuii c RdpaMu, 
3B6UCRU(UMU om pa3HOCmU apeyMeHmoe 

B o6rn;eii <j:>opMe ypasHemrn: 3Toro THrra MO)l(HO rrpe.D:CTaBHTb TaK [12, 14, 15]: 

µrp(x)- ~)j (x) J Kj (x-t)rp(t)dt = f (x), -oo < x<=, 
j=I 

r):(e µ = const, b j ( x) - orpaHH':leHHhle H3MepHMble <l>YHKIJ;HH, b j ( ±oo) - KOHelJHbie lJHCJia. 

BbmmueM HaH6orree Ba)l(Hbie l:laCTHb1e crrYlJaH 3Toro ypasHeHmI. 
1. YpasHeHHe Ha ocH 

µq>(x)- f K(x-t)rp(t)dt = f (x), -oo < x < =. 

2. YpasHeHHe 81rnepa-Xorr<j:>a 

µrp(x)- f K(x-t)rp(t)dt = f (x), 0< x< oo. 

3. IlapHoe ypasHeHHe 

~ 

µrp(x)- fK1 (x-t)rp(t)dt=f(x), x<O, 

µrp(x)- fK 2 (x-t)rp(t)dt=f(x), x>O. 

T 

µrp(x)- fK(x-t)rp(t)dt=f(x), 0$x$T. 
{) 

YpasHeHHH THna BoJibTepa B csepTKax paccMaTpHBaJIHCb B rn. 4, rr. 4.18. 
YpaBHeHHH YKIDaHHblX THIIOB B03HHKaIOT rrpH peweHHH KOlfraKTHbIX H cMewaHHbIX, a TaK

)l(e ):(HHaMJ.r'leCKHX 3a):(a'l TeopHH yrrpyrocTH [l, 2, 11, 17, 181, B TeopHH H3JIYlJeHHH H ):(H<j:>paK
IJ;HH [5, 22, 25, 27, 28], rrpH rrepe):(a'le HH<j:>opMaIJ;HH [10], B 3a,D;a'laX TeOpHH HacJie):(CTBeHHOH 
yrrpyrocTH [19] H MHOrHX .D:pyrHx. 

06H3aTeJibHbIM waroM Ha rryTH peweHHH 3THX ypaBHCHHH HBAAeTCH rrpHMeHCHHe O):(HOro 
m ttHTerpanbHbIX rrpeo6pa3oBaHttH (<Dypbe, JiarrJiaca, MeJIJIHHa). Ilo3TOMY HaIIOMHHM ueKoTo
pbie OCHOBHbie orrpe):(CJICHHH H <j:>aKTbI TeopHH. 
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7.2. HHmezpanhHoe npeo6pa3osaHue <1'ypbe 

,JJ,;ur mo6oH: <i>YHKIJ.HH f ( x), rrpHHa,l.IJie)l(aIIJ.eli rrpoclpaHCTBY JJ (-oo, oo) mrn L2 (-oo, oo), 
npeo6pa3oaaHHe <l>ypi.e onpe.n;emreTCH <PoPMYJIOH [13, 14, 15, 21, 23, 24] 

(7.1) 

IlpH 3TOM, ecJIH f E L2 (-00,00 ), TO H FE L2 (-00,00 ). EcJIH )Ke f EI! (-00,00 ), TO FE 

E W (-00,00), T. e. F (A) Henpepi.rntta, o6paIIJ.aeTcH B HyJib nptt \.A\~ oo H, KpOMe Toro, <l>YHKll.HH 

0 0 

r (.A)= J f ( x) e;,cx dx, r (A.) = J f ( x) e;,cx dx 

aHaJIHTWIHbI COOTBeTCTBeHHO B BepxtteH: H HH)J(HeH IIOJIYUJIOCKOCTH, a TaK)Ke HenpepbIBHbl Ha 
BeIIJ.eCTBeHHOH OCH. 

B TeopHH rrpeo6pa:msaHHH <l>ypi.e B L2 ( -oo, oo), TaIOKe KaK n B TeopHH pH;::t;OB <l>ypi.e, Ba)K-

Hoe 3Ha<J:emi:e HMeeT paseHCTBO IlapceBaJJ:H 

Ilpe.n;BapHTeJihHO paCCMOlpHM HHTerpan 

= ( 2 _A,2 J,., 
A(x)= Jexp -T+i.Ax!A-. 

,D,tt<P<PepeHIJ.HpYH 3TO COOTHOIIIeHHe (pe3yJihTaT CXO,ll;HTCH paBHOMepHO ITO x), ITOJIY<J:HM 

i { ( t:
2 

A, 
2 

• ) 

00 

• } x =- e 2 exp --
2
-+iA.x CixA(x) =- e2 A(x). 

PerneHHe .n;H<P<i>epeHU.HaJihHOro ypaBHeHHH A' ( x) +_..;.A (x) = 0 TaKoBo: 
c 

( 
x

2 

) A(x) = Cexp -
2

£ 2 , 

rrptt'IeM 
00 

( c2.A2) J2ff C=A(O)= Jexp --
2
- d.A=-c-. 

TaKHM o6pa30M, 

00 

{ c2A.2 } .,& { (x-q)
2

} J exp --
2
-+i.A(x-q) dA=-c-exp 

2
£ 2 . 

(7.2) 

(7.3) 
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0TMCTHM cpa3y, qTo rrocne;:i;osaTeJibHOCTb KeJibBHHa 

-
1
-exp(-.£], 1J > 0, 

2Jmii 41]t 
t>O 

;:i;eJihToo6pa3Ha51 (cM. rn. 4, rr. 4.8). IIonmKHB &
2 = 21]t, 3aKJiroqaeM, qTo rrocne;:i;osaTeJibHOCTb 

J2ff l (x-~f} --exp 2 -7 2m5(x-;), E-7+0. 
E 2c 

(7.4) 

Bo3spaI11MCb K ,n;oKa3aTeJibCTBY paseHCTBa I1apcesam1, paccMOTpHM HHTerpan 
"" £2.42 00 £2l2 0() 00 

I= Je-TIF(A,)12 dA-= Je-2 dA- Jeix,if(x)dx Je-;q,i J(c;)dc;= 

= l J (x)dxl f (;)de; l exp{-
8

;

2 

+i(x-c;)2}d2. 

YqHTbIBaSI (7.3), MO:lKeM 3arn1:caTb 

= = -$ l (x-;)2} I= J f (x)dx J f (;)-exp - 2 de;. _ _ E 2c 

.D:anee sse;:i;eM 3aMeHy ; = x + y H cosepnrnM rrpe;:i;enbHbIH rrepexo;:i; rrpH E -7 +O. IIonyqnM 

c yqeroM (7.4) 

= [& y2 l = 
I = J f ( x) E Jr e - ze' , J ( X + y) I dx -7 J f ( X) ( 2Jr0 ( y) , f ( x + y)) dx = 

- ) -
= = 

= 2Jr J f ( x) f ( x )dx =27r fl! ( x )1
2 

dx. 

c !1,pyron CTOpOHhl, npn E -7 0 

oo e2A.2 "" 

l= Je--2 IF(2)\2d2-7 JIF(2)1
2
d2. 

TaKHM o6pa30M, paBeHCTBO (7.2) HMeeT MeCTO. lb Hero, KCTaTH, cnecyer, qTQ rrpeo6pa30BaHHe 

<l>yphe <l>YliI<IIHH f ( x) E L2 
( -oo, oo) TaK:lKe npnHa)J,JleJKHT L2 ( -oo, oo). 

110.JIYqffM Terreph paseHCTBO 11apceBaJI5I OTHOCITTCJihHO ,n;Byx <l>yHKI.l;HH f ( x) H g ( x) KJiacca 

L1 (-oo, oo) n Hx npeo6pa3osaHHi1: <I>yphe F (A,) H G (A,) . .l:i:JIH :noro paseHCTBO (7 .2) 3arrH

IIJeM CHaqaJia OTHOCHTeJibHO cyMMbl f ( x) + g ( x). Ey;:i;eM HMeTb 

= = = 
21r f If+ gJ2 

dx = 2Jr J(JtJ2 +2Re(/g)+jgj2)dx = f{jFj2 +2Re( FG)+jGj2}d2=> 

= = 
=>21r fRe(fg)dx= fRe(FG)d2. 
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IloBTOpHM rerrep» 3TH BhIKJia,D,KH, JaMeHHB B (7.2) cpym<r.uui: f Ha f + ig H F Ha F + iG. 

B pe3yJI»TaTe IIOJIY'IHM 
= = 

2tr J1m(/i}tx= Jim(FG)d . .t. 

Jfa 3THX )J,Byx cpopMyJI BbITeKaeT cne;zyrom,ee paBeHCTBO IlapceBam1: 
~ ~ 

2tr ff gdx= f FGdA. (7.5) 

ffa (7.5) MO)J(HO IIOJI)"IHTh Q:>opMYJIY o6pam,emuc HHTerpan1>Horo rrpeo6pa30Bamur <l>yp»e 
(7.1) cJie.JzyIOm,HM o6pa3oM. IIycTb [14] 

Tor)J;a 

{

}, XE (O,;), 
g(x)= 

0, XE R\[O,;]. 

BcTaBmrn :ny cpyttKn:mo B (7 .5), IIOJI)"laeM 

2trf fdx = f F(A-) I-.e-i?< dA-. 
0 

_ zA-

,Il)icpcpepem:~HPYH 3TO paBeHCTBO no ; ' rrpHXO)J;HM K cpopM}'Jie o6pam,eHHH 

f(q)=-I 1 e-i9\F(A-)dA-
2n _ 

IloKa)J(eM Terrep», 'ITO F (A) )J,eii:cTBHTeJI»Ho cym,ecTBYeT B L2 (-oo, oo), T. e. 'ITO 

-a 

cxo)J,nTc.si B cpe)J,HeM K F (A,) npn a ~ oo. 

(7.6) 

TaK KaK F (A, a) HBJI.sieTc.si npeo6prooBaHHeM <l>yp»e cpyHKU:HH, paBHOii f ( x) nprr lxl <a 

H TO)J()J;eCTBeHHO paBHOH eymo rrprr lxl >a, TO pa3HOCTh H (A, a)= F (A, a)- F (A) ecTb rrpe

o6pa30BaHHe <l>yp»e Q:>yttKU:HH, paBHOH eymo rrprr !xi < a H c0Brra,n.a10m,eii: c f ( x) rrprr !xi > a. 

IIpHMeHJIJI $opMYJIY IlapceBanJI (7.2), 3armmeM 

fjH(A-,a)j2 dA. = fjF(A-,a)-F(A-)j
2 

dA-= 2tr]IJ (x)j
2 
dx+2tr ~f (x)j

2 
dx. 

a 

A 3TO H 03Ha<Iae-r, 'ITO 
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TaKHM o6pa30M, Mhl rrpmmrn K tPYH)J,aMeHTaJibHOH TeopeMe B TeOpHH HHTerpaJibHOro rrpeo6-
pa30BaHHH <I>ypoe. 

TeopeMa Ilnamnepe;rn. IlyCTI> f ( x) E L2 (-=, oo) H 

a 

F (A, a) = J J ( X) ei,!x dx. 
-a 

Tor)J,a rrpH a -7 oo «PYHKUHH F (A,, a) CXOM'fCH B cpe)J,HeM K F (A,) Ha HHTepBa.rre ( --=, oo), 
H ecnH 

TO f ( x,a) CXO)J,HTCH B cpe)J,HeM K f (x). 
Ilpeo6pa30Ba11ue <l»yphe 3KCDOlleHD;HaJihHO y6LIBaromeii f}>ynKD;HU [14-16, 32]. Ilpe)J,

IIOJIO)KHM, 'ITO f ( x) H3MepHMa H mrrerpHpyeMa c KBa)J,paTOM Ha mo6oM KOHe'l.HOM HHTepsa.rre. 

IJyCTb 

(7.7) 

EcnH -r < <J' < µ, To rrpeo6pa3oBaHHeM <I>ypoe <PYHKUHH f ( x) ecrx 6y)J,eT 

(7.8) 

B CHJIY aCHMIITOTHKH (7.7) 3TOT HHTerpan CXO)J,HTCH a6COJllOTHO H paBHOMepHO BO BCHKOH IIO
noce -r + e < <J' < µ - e. Ero MO)KHO )J,H«P«PepeHI.J;HpOBaTu no KOMIIJieKcHoii rrepeMeHHoii <J' + iA, 

cKOJII>Ko yro)J,HO pa3 BttyTpH rronocLI -r < <J' < µ. Cne)J,oBaTeJII>Ho, BHYTPH 3Toii rronocI>I HHTe

rpan (7.8) orrpe)J,eJIHeT aHaJIHTH'l.eCKylO tPYHKUHIO 

F ( <J,A.) = F ( <J+i..t). 

~anee, BO BCHKOH IIOJIOCe -r + e < (J' < µ - e B CHJIY paseHCTBa IIapceBaJIH H (7. 7) HMeeT 

MeCTO OUCHKa 
~ ~ 0 ~ 

flF ( <J',A,)!1 dl = flJ ( X )j2 e2axdx < J C1e2rx+2'7x dx+ J C2e-2µ.,+2crxdx = 

0 

0 ~ 

= c2 f e2"x dx +cl f e-lex dx < const. 
0 

TaKHM o6pa30M, MI>I rrpHillJIH K cne,1J,yI0meMy YTBep)K)J,eHHIO [32]. 
TeopeMa. EcJIH <}lyttKUHH f ( x) H3MCpHMa, HMeeT HHTerpHpyeMI>IH KBa,1l,paT Ha JII060M Ko

He'IHOM HHTepsane H y)J,OBJieTBopHeT ycJIOBHIO (7.7) rrpH -r< µ, TO cpopMyna (7.8) orrpe)J,eJIH

eT <}lyttKUHID F ( <J + il), aHanHTH'l.ecKyK> sttyrpH rronocI>1 -r < <J' < µ. B nI06oii sttyrpeHHeii 

rronoce -r+ e < <J' < µ-e HHTerpan 

fjF ( <J+ iJ. )1
2 dA. < const. (7.9) 
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Ana.JIHTH11ecKoe npo,11;0.JDKenue npeotipll3oBanuu <l>yp1.e. PaccMOTpHM npeo6pa30Bairne 
~ ~ 

F (A) = J f ( x) e;;"' dx = J f ( x) e-rx ei® dx (7.10) 

,[IJHI KOMITJieKCHhIX /l = w+ ir. l1HTerpan (7.10) ocyIQecTBmieT aHanHTH11ecKoe rrpo.n:omKeHHe 

rrpeo6pa3oBamrn <l>ypne B KOMrrneKCHYJO o6naCTD nepeMeHHOH /l. MHo'IKIITenb exp ( -rx) MO)l(eT 

np1rneCTH K paCXO,[IHMOCTH HHTerpana Ha ( -oo, 00). Cxo,n:HMOCTh, eCJIH OHa eCTh, HMeeT MeCTO 

AJUI HeKoToporo HHTepaana Im /l, KOTOphlil: 3aBHCHT OT acHMTITOTHKH <!lYHKUHH f ( x) Ha ±=. 

TaK, ecnH 

{

Be-fl', x ---7 +oo (/3 > 0), B > 0, 
f (x) < 

Aeax, x ---7 -oo (a > 0) , A > 0, 

TO, TIOCKOJibK)' f ( x) HHTerpttpyeMa Ha Ka)!(,[(OM KOHe'IHOM HHTepaane, a «XBOCTbl» 

-N ~ J f ( x )e-•xeiwxdx, J f ( x) e-rxeiwxdx 
N 

CXO,lVITCH rrpH T < a H 'i > -/3 COOTBeTCTBeHHO, rronyqaeM rronocy CXO,ll;HMOCTH 

-/J < Im/l <a. 

IlycTD <!lYHKIIIDI F ( /l) aHaJIHTH'IHa B rronoce -/3 <Im /l <a, y,D;oBJieTBOpHeT (7.9) H C'Ipe

MHTCH K eymo Ha KOHU:ax rronochI Re A ---7 ±oo. Tor,D;a F ( /l) MO)l(HO rrpe,D;CTaBHTh B BH,D;e CJMMhl 

F(/l) = F+ (/l)+ F_ (/l),. 

r,D;e F+ ( /l) aHaJIHTH'IHa B aepxHeli rronyrrnocKOCTH Im /l > -/J H F+ ( /l) ---7 0 nptt Im /l ---7 +=, 

a F_ ( /l) aHamnwrna B HH)l(HeH rronyrrnocKOCTH Im.A< a H C'IpeMHTCH K eymo rrptt Im/l ---7 -oo. 

B caMoM ,D;ene, BffY1PH rronocbI <jlopMyna Konm .r1aeT (HHTerpanbI rro aePTHKaJIDHhIM rpaHHU:aM 
Ha ±oo paBHhl H)'JIIO) 

(7.11) 

B rrpocThIX cnyqaxx TaKoe pa3JIO)l(eHHe MO)l(HO rronyqHTh 3JieMeHTapHhTMH cpe,D;CTBaMH. 

IJpUMep J (30). IJyCTh 

F(/l) = 1 
(/l+i)'1/l-i. 

3Ta <jlyHKU:HH HMeeT rromoc B TO'IKe /l = -i H TO'IKY aeTBneHHH /l = i, oHa aHanHTH'IHa B rro

noce -1 < Im /l < 1. BeTBh KBa,D;parnoro KOpHH <jlHKCHpyeM ycnoaHeM 

/. ( ilt) 1-i v-1 =exp - 4 =.Ji. 
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Terrepb 3amuneM 

F(,.\,)=-1-(_1 ___ 1 _)+--1--
A,+i .J,.i-i .J-i-i (A,+i).J-i-i 

=-1-(_1 __ l+ij+ l+i F (A,)+F (A,) 
A-+i .J,.i-i 2 ) 2(A-+i) - + • 

JierKo a11,n:erb, qTo F_ (A,) orrpe.n:eneHa TaK, qTo ToqKa A, = -i He HBJIHeTCH rroJIIOCOM. 

IlpUMep 2. TiyCTh f ( x) = e-1~. Tor;:i;a 

= 0 = 
F (A-)= f e-l~ei4xdx = f ex(l+i4)dx+ f ex(iH)dx. 

Q 

QqeBH,L\HO, rrepBhlll 11HTerpan CYIIIeCTByer B HIDKHeii IIOJIYIIJIOCKOCTH hnA < 1, BTOpoii -

B BepxHeii IIOnyIIJIOCKOCTl1 hn ,.\, > -1. TionyqaeM 

i i 
F(A-)=- A--i +A-+( 

06ma.H rronoca aHan11T11qHocT11: -1 < hn IL < 1. 
Ilpeo6pa3oBaHne «l>ypbe cBepTirn. TiycTh f ( x) 11 h ( x) E L2 

( -oo, oo). PaccM0Tp11M rrpe-

06pa1oaatt11e <Dyphe caepTKl1 

(f*h)(x)= f f(y)h(x-y)dy. 

0601ttaq11M, KaK 06b1qHo, npeo6pa3oBaHmr <Dyphe <l>YHKUHii f 11 h qepe1 F 11 H cooTBeTCT

aeHHo, a <l>YHKUHIO h ( x - y) qepe3 g ( y ). 11MeeM uerroqey COOTHOllieHl1ll 

G(IL)= fe;,iyg(y)dy, 

G(A-) = =f e-i,!yh( x- y )dy = {x- Y = i;} = =f e-i-!(x-;)h( c;)dc; =e-i,!x H (IL). 
- dy=-dc; -

Terrepb aocrronb1yeMCH paBeHCTBOM Tiapceaamr (7.5). I1onyq11M 
= = -- 1 = . f f ( Y) h ( x - y) dy = f f ( y) g ( y )dy = - f F (IL) H (A,) e -•4x d A, . - - ~-

3To 03HaqaeT, qTO 

(7.12) 

7.3. CeR3b Me)l(CJy uHmeapanbHblMU npeo6pa3oeaHURMU MennuHa, 
nannaca u <Pypbe 

PaccMOTpl1M rrpeo6pa30BaH11e <Dypbe <l>YHKU1111 (} ( x) f ( x), r,n:e (} ( x) - e.D:HooqHa.H <l>YHK

UHH Xea11caii,n:a 
= 

F[Bf]= ff(x)ei4xdx=F+(A,). 
0 
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IlonmKHB Terrepb A.= ip, rrpHXO.[(HM K rrpeo6pa3oBaHHIO Jlarnrnca 

Fi ( p) = F ( ip) = ff ( X) e -px dx. (7.13) 
0 

Hcxo,IVI H3 COOTHOIIIeHIDI CBH3H (7 .13) H CBOHCTB npeo6pa30BaHmr <l>ypbe, MO)l(HO BbUICHITTb 

Bee OCHOBHhle CBOHCTBa rrpeo6pa3oBaHJur Jlarrnaca. IlyCTb f ( x) HC.[(OCTaTO'IHO 6bICTPO y6nrna-

eT Ha +oo, a qiymauur 

g ( X) = f ( X) e -r,x, T0 > 0, X > 0 

y)l(e npHHa.[(JIC)l(HT KJiaccy L2 (-00,00 ). no <tiopMyJIC o6parn:eHHH (7.6) HaXO.[(HM 

00 oo+iro 

f(x)=-1 f G(A.)e*0 -i")dA.=-1 f G(t;-ir0 )e-i(xd(, (=A.+ir0 • 

21' - 21' -+i<o 

T. e. 

Terreph nony'IaeM TaKyro qiopMyny o6parn:eHHH: 

f(x)=-1 =T F(A.)e-i.<xdA.. 
2" -+iTo 

(7.14) 

3aMeHHB B (7.14) rrepeMeHttyro A. Ha ip, rrpHXo,n;HM K qiopMyne o6parn:eHHH rrpeo6pa3oBaHHH 

Jlarrnaca [ 4] 

TeopeMa o cBepTKe nonY'JaeTcH H3 (7.12). ilMeeM 

ff (y)h(x-y)dy =-
1 =T F(A.)H (A.)e-i.<xdA. =~ ''T F; (p )H1 (p )epxdp, 

0 2Jr -+ir0 
21ll <0-i= 

T. e. 
Fi (f * h) = F; ( p) Hi( p). 

Ilpeo6pa3oBanue MMJJHHa [24] 

Fm ( S) = f J ( X) Xs-I dx 
0 

TaK)l(C TeCHO CBH3aHo c rrpeo6pa30BaHHCM <l>ypbe. IloJIO)l(HM x = e'' TOr,L{a 

= = 
Fm(s)= ff(e')eszdz= fg(z)eszdz, 
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r.ne g ( z) = f ( e'). CpaBHHBrur 3To BbipaJKeHHe c rrpeo6pa3oBaHHeM <l>yphe <l>YHKQHH g ( z) 

Fm ( S) = G (-is). 

lb ycJIOBHH g ( z) E L2 (--oo, oo) BbITeKaeT ycJIOBHe cym;ecTBOBaHHH npeo6pa3oBaHHH MeJIJIHHa 

<l>opMJJia o6pameHHH TaKJKe IIOJIY'laeTcH H3 cooTBeTCTByromeii <t>opMJJihI o6pameHHH npeo6pa-
3oBaHHH <l>ypbe. HMeeM, noJiarrur IL= -is, 

HJIH 

loo. ljoo d lioo 
g(z)=- f e-'4'G(.4)dA=- f G(-is)e-s'~=-. f Fm(s)e-s'ds, Res>0"0 . 

2Jr ~ 2Jr -ioo l 2m -ioo 

;oo F ( ) 
f(x)=g(z)= J :ss ds. 

-100 

1 c1,+;o. Fm ( ~) , 
f(x)=-. J -q-d~, O"o >O"o· 

2mff.-ioo X 

fIOJIY'IHM TeopeMJ 0 CBepTKe. floJIOJKHM B (7.12) 

1J = eY' f ( J) = V ( 17)' 

~=e', h(x-y)=h(ln!)=w(!J 

7.4. HHmeepooucjJcjJepeHu,uanbHoe ypaeHeHue Ha ocu 

PacCMOTPHM ypaBHeHtte 

acp(x)+ Pm(~) l k(x-y)tp(y )dy = f (x), -oo < x < oo, (7.15) 

r)J,e pm ( ~) - )J,H<l><l>epeHQHaJibHbIH onepaTOp c IIOCTOHHHblMH K03$$11qHeHTaMH, nopj!)J,Ka m 

H CTapnmM K03$$11qHeHTOM paBHbIM e)J,HHHQe. floJiaraeM, qTQ j!)J,epHrur l\>YHKQHH k ( x) npe.n

CTaBHMa HHTerpaJIOM <l>ypbe 
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.LJ:;ur pernemrn: ypaBHemrn: (7. 15) BOCIIOJib3yeMCjJ IIpeo6pa3oBaHtteM <l>ypbe 

q.i( x) = -1 } <I>( A )e-iAxd..t, <1>( A)= } q.i( x) e;,ixdx, 
21C_ -

a TaK)Ke TeopeMoli o cBepTKe (7 .12) 

F( k * q.i) = <1>(..t )K (..t). 

C )'1IeTOM Toro, 'ITO F [ Da f }= ( -iA t F [!] (rn. 4, II. 4.14 ), IIOJI)'1IaeM aJire6paH'IeCKoe ypaB

HeHtte OTHOCHTeJibHO TpaHc<l>opMaHTbI <l> (A) 

a<I> ( ..t) + Pm ( -i..t) <l> ( ..t) K ( ..t) = F ( ..t) . 
PerneHtte ero 

<1>(.A-)- F(..t) 
- a+ Pm ( -i..t) K ( ..t) 

IlpttMeffj{j{ qiopMyJiy o6pamemrn, Haxo,n;lIM 

1 ~ F(A-)e-i,\xdA 

q.i ( x) = 2tr 1 a+ Pm ( -i..t) K ( ..t )" 

PeKOMeH,D;aD;HH H pa:mH'IHblC amtITTiTll'leCKHe H IIpH6JIH)KeHHbie crroco6bJ BbJ'IHCJieHHj{ HHTe
rpaJIOB <l>ypbe co,n;ep)KaTcjJ B [13, 17, 18]. 

7.5. HHme2pan1:>Hoe ypaeHeHue muna BuHepa-Xoncpa 

PaccMOTpHM ypaBHeHHe 

aq.i(x)+ fk(x-y)q.i(y)dy := f (x), -oo < x< oo. (7.16) 

{

g(x), x20, J 0, x>O, 

g+(x)= g-(x)=I 

0, x :5: 0, lg ( x), x::;; 0. 

Tor.n;a ypaBHeHHe (7.16) MO)KHO rrpe,n;cTaBHTb TaK: 

(7.18) 
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YpasHeHHe BH,!(a (7.18) OTHOCHTeJibHO (/)+ (x) 06b1qHO Ha3bIBa10T HHTerpanbHbIM ypasHe

HHeM rnna BHHepa-Xomj:>a [7, 14, 16, 26, 29, 31]. 
IlpHMeHHM K ypaBHeHHIO (7 .17), KOTopoe paBHOCHJibHO ,!l;B)'M COOTHOWeHHHM (7 .18), HH

TerpanbHOe rrpeo6pa3oBaHHe <l>ypbe. IlonyqHM 

(7.19) 

r,!(e 
~ ~ 

<1>+ (A.)= f cp+ ( x )e;,i'dx, <I>- (A.)= J(fJ- (-x )e-i,\xdx. 
0 0 

Ey,!J;eM ClJHTaTb, 'ITO K (A.) peryJIHpHa a rronoce -T1 < Im A. < T0 • IlpH 3TOM k ( x) HMeeT acHMII

TOTHKY 

Ha peweHHe (/)+ ( x) HaKJia,!l;bIBaeM ~6osamrn, lJT06b1 cp+ ( x) "" eµx (µ < -T1 ) rrpH x ~ +00• 

Tor,!(a aCHMillOTHKY (/)- ( x) MO)l(HO orrpe,!l;eJlHTb H3 BTOporo COOTHOIDeHHH (7 .18). llMeeM 

acp-(x)""-e'0' Je-'0Y(fJ+(y)dy, x~-=. 
0 

Cne,!l;oBaTeJihHO, ,!l;JIH cxo,!l;HMOCTH ::noro HHTerpana ,!J;OCTaTOqffO, 'IT06h1 µ < r 0 H rrpH 3TOM 

(/)- ( x)"" ce'0' rrpH x ~ --=. ilTaK, <I>+ (A.) perynHpHa B sepxHeH: IIOJiyIIJIOCKOCTH Im A.>µ, 

a <I>- (A.,) peryJIHpHa B HIDKHeH IIOJIYilllOCKOCTH ImA. < Tci (pHC. 7.1). YlJHThIBaH, qTo IIOJIOCa pe

ryJIHpHOCTH K (A.) ecTb -T1 < Im A. < T0 , rronyqaeM 06my10 rronocy perynHpHOCTH nesoH: qac

TH (7 .19). PeIIIemie 3a,!l;aqH (7 .19) nposo,!l;HTCH rrpH noMOIII,H MeTo,!(a cpaKTopH3aU:HH. 

Puc. 7.1. 06nacTH perym1pHOCTH <I>+ H <I>- B rrnocKOCTH A. 
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<l>aKTopu3au;usi. TiycTh <PYHKU:IU! K ( z) perym1pua B rronoce a::; Im z < b. Tiop; <PaKTO

p1nau;1Ieli K ( z) B :non IIOJIOCe IIOHIIMaeTCH ee rrpep;cTaBJieHlle B Bll,D;e 

K ( z) == K+ ( z) r ( z), (7.20) 

rp;e K+ ( z) - <PJHKUIIH, perynHpHaH B BepxHeli rronyrrnocKOCTll Im z >a, a K- ( z) - <PYHK

IJ;IIH peryJIHpHaH B HmKHeli rronyrrnocKOCTll Im z < b. Ecnll K(z) B JKa3aHHoli rronoce, B qacT

HOCTH Ha rrpHMOll b == a, OTJillqHa OT ttyJIH, TO OT <PYHKU:llll K± ( z) Tpe6yeTCH Heo6pameH1Ie 

B HOJib B COOTBeTCTBYJ:OID;llX IIOJiyrrJIOCKOCTHX. 

Ecntt a < b, To roBopHT, qTO <PaKTopll3aU:llH (7 .20) ocymecTBJieHa B rronoce a <Im z < b, 
ecJill :lKe a= b, TO - Ha rrpHMoli Im z =a. B rrocnep;HeM cnyqae p;ocTaTOqHo IIOTpe6oBaTb He

rrpepbIBHOCTH tPYHKU:HH Ha IIpHMOll [12]. 
HeKOTOpbie <PYHKU:IIH <PaKToptt3yIOTCH Ha BemecrneHHOtt ocH :meMeHTapHo. 

IJpUMep J. 

QqeBH,D;HO, 

z+~ z-~ K+(z)=-.-1 , Imz;:::o, r(z)=-.-1 , Imz::;o. 
z + 1k2 z-zk2 

IJpUMep 2. <l>yHKI.(llH 

K ( z) = :lrZ ct h!rz. 
11MeIOT MeCTO <PopMJJibl [9] 

___::__ = r(.!.+ iz)r(.!.-iz). ~ = r(l-iz )r(I +iz), 
chJrz 2 2 shJrz 

rp;e r ( Z) - raMMa-cpyttKU:HH 3ttnepa. 

c yqeTOM 3THX COOTHOIIIeHHll, HaXO,D;HM 

K(z) =7rzcth7rz = K+ (z)r (z), 

+( )- r= r(l-iz) _( )- r= r(l+iz) _ +(-) 
K z -'\/:lr (l . )' K z -'\/:lr (l . )-K z. 

r --tz r -+zz 
2 2 

TipllqeM K+ ( z) perynHpHa H He HMeeT Hyneli B rronyrrnocKOCTH Im z > _ _!_. 
2 

3neMeHTapHo npoH3BOAHTCH <PaKTOpR3al(HH pau;ttoHaJihHhIX cpyttKU:Rtt. TaK, ecJIH 

P(z) 
K(z)= Q(z)' 

rp;e p ( z) H Q ( z) - IlOJIHHOMbI, He HMeIOmHe ttyJiell Ha OCH Im z = 0, TO Heo6xo,D;IIMO HallTH 

KOpHH II rrpe,D;CTaBHTb 

p ( z) = p+ ( z) p- ( z)' Q ( z) == Q+ ( z) Q- ( z) . 



HHTErP AJihHhIE YPABHEHIDI TIUIA CBEPTKM 669 

B p+, Q+ BXOMT TOJibKO H}'JIH, Jie)KalIIHe B HH)J{HeH IlOJIYIIJIOCKOCTH, a B p-' Q- - H}'JIH, 

Jie)KaI11He B BepxHeH IIOJIYTIJIOCKOCTH. Tenepb MO)J{HQ 3aIIHCaTb 

B [18] IIpe,ll)IO)l(CH MeTO)J, npH6JIH)J{CHHOH cI>aKTOpH3aQHH, OCHOBaHHbIB Ha aIIIIpOKCffMaczylli 

$)'HKUHH K ( x)' IIO,ll)le)l(all(eH $aKTOpH3aQMH Ha OCH, paQHOHaJibHOH $)'HKUHeH. B pa6ore [2] 

pa3BHBaeTC.ll ~e.11 rrpH6JIH)KCHHOH $aKTOpH3aQHH Ha JIHHHH, OTKJIOIDllOlIICHC.11 OT OCH. B 06I11eM 

cnyqae $aKTopH3aQHH Heo6xo~o onHpau.c.11 Ha cne.IJYIOII(He rrpe,ll)IO)l(eHHH [16, 31, 32]. 
TeopeMa 1. Bc.11KM $ym<UH.11 f ( z), peryJI.sIPHM B rronoce a < Im z < b H TaKa.11, 'ITO Ha 6ec-

KOHelffioCTH HMeeT MeCTo oueHKa lt(x+iy)l<Clxrp (p>O), paBHOMepHa.11rro y npu a+cs 

sysb-c (€>0 HMaJIO),rrpe)J,CTaBHMaBIIOJIOCe c<lmz<d (c>a,d<b) BBH)J,e 

f(z)=r(z)-r(z), 

F(z)=~i7 /(() d(, r(z)=-1 ."T !(() d(, 
2m ic-~ ( - Z 2tcz id-~ ( - Z 

r.ue r ( Z) peryJI.sipHa B BepxHeil: IIOJIYIIJIOCKOCTH Im Z > a, a r ( Z) peryJI.sIPHa B HH)J{HeH IIO

JzyIIJIOCKOCTH Im Z < b. 
3aMe'lattHe. TeopeM)' 1 MO:>KHO HHTeprrpeTHpOBaTh cne.IJYIOII(HM o6pa:mM. IlycTh f ( z) aHa-

JIHTH'IHa B rronoce jimzj <a. YKa3aHHM rronoca .sIBJI.sieTc.1111aCTHbIM cnyqaeM KpyroBoro KOJib

u:a c u:eHTpOM, paCIIOJIO)l(eHHbIM B 6ecKOHe'IHOCTH. Ilo:3TOMY eCJIH U:CHTP IIOMeCTHTb B TO'IKe 

z = +ioo, TO <j}yttKU:HIO aHaJIIITH'leCK)'IO B 3TOM KOJibU:e MO:>KHO rrpe.UCTaBHTb ITO qiopMyne KoIIIH 

B BH)J,e pa3H()CTH HHTerpanoB no BHernHeil: (Imz =-a+ t:) H BH)'TpeHHeil: (Imz =a-€) «OK

PY:>KHOCT.llM». IlpH'IeM 

1 ~+ic J (() 
r(z)=-. J -d(, c=-a+e 

2m . l'_z 
-<><>+IC~ 

aHaJIHTH'IHa B Kpyre, orpaHH'leHHOM BHCllIHeil: «OKpy)l(HOCTblO» (--oo + ic, 00 + ic), B TO BpeM.11 

KaK $yttKU:H.sI 

r(z) =~ ~y !(() d(, d =a-€ 
2m_+id (-z 

aHaJIHTH'IHa BHe Kpyra c rpaHHU:eH ( -00 +id, 00 +id). 

TeopeMa 2. Ecmi: <l>YHKUH.11 G ( z) peryJI.sipHa, He HMeeT H}'Jieil: B rronoce a <Im z < b 

H CTPeMHTC.11 TaM K e,[(HHHQe Ha 6ecKOHe'IHOCTH TaK, 'ITO !G(z)-11 s Clzrµ (lzl ~ oo,µ >0), 

TO ee $aKTOpH3aU:li.ll 

G ( z) = G+ ( z) c- ( z) (7.21) 
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B YKa3aHHOH nonoce onpe,ll;eJUieTCH <i>YHKU:IDIMH 

o+ ( z) = exp { r ( z)} ' o- ( z) = exp{-r ( z)} ' (7.22) 

r (z) =-1. icTinG(s) d(, r(z) =~idTino(() d(, 
2m ic-= (-z 2m id-= (-z 

r)J,e c = a+ c, d = b - t: ( t: > 0, Mano) a G± ( z) orpamNeHhI Ha 6ecKoHeqHoCTH. 

,[J,JIH )J,OKa:mTe.TihCTBa rrpHMeHHM TeopeMy I K <PYHKU:WH f ( z) =In G ( z). l1MeeM 

In o ( z) = ~ i7 In; ( O d s- --1 . idT In ° ( s) d? = r ( z) + r ( z ). c1 .23) 
2m ic-= -z 2m id-= ( -z 

,[J,JIH Toro qTQfaI rrpHMeHeHHe TeopeMbI 6bIJIO o6ocHOBaHO, Ha):\O BbI6paTh rnaBHYJO BeTBh 
1 

InG( z) TaK, qTo6brnpH \z\ ~ oo, lnG(z) ~ 0. TaK KaK In(l +c) = t:--t:2 + ... nonyqaeM 
2 

I In [ 1 + ( G ( z )-1) JI ~ IG ( z) -11 ~ C \ z\-µ . 

Cne)J,OBaTeJihHO, ycnosHe TeopeMhI 1 co6JIIO)J,eHo H rrpe,ll;cTasnemre (7.23) HMeeT MeCTO. IlpH 

3TOM nonyqaeM, qTQ In G ( z) = r ( z )-r ( z)' r)J,e f ± ( z) onpe)J,eJIHIOTCH <PopMyJiaMH (7 .22). 

C ,ll;pyroii CTOpOHhI, norapH<PMliPYH (7 .21 ), nonyqaeM In G ( z) = In o+ ( z) +In o- ( z), cne)J,osa

TeJihHO, lnG± ( z) = ±f± ( z), T. e. npHXO)J,HM K <PopMyJiaM (7.22). 

::ha TeopeMa o6o6meHa Ha CHryau;HIO, KOr)J,a y <PaKTOpH3yeMOH <i>YHKU:HH G OTCyYCTByeT 
nonoca perynHpHOCTH. 0Ha 3a)J,aHa TOJihKO Ha BemeCTBeHHOH OCH, HerrpephIBHa H OTJIHqHa OT 

HYJIH. IlpH 3TOM IG( x)I ~ 1, KOr)J,a \x\ ~ 00• Tor)J,a <PaKTopH3au;IDJ: (7.21) Ha semeCTBeHHoii ocH 

ocymeCTBJIHeTCH c IIOMOllihIO <PopMyJI [12] 

G=G+o-, 

+ 1 =s1no(±t) > 
lnG-(±z)=-. dt, Imz 0. 

2m_ t-z < 
(7.24) 

EcnH HH)J,eKc <PaKTOpH3yeMoii Ha ocH <i>YHKU:HH G ( z) 

[InctGJi = 2~[argG(z)J: =0, 

TO <PopMyJihI (7 .24) )J,aIOT e)J,HHCTBeHHOe pemeHHe rrpo6JieMhI. <PaKTOpH3aD;HH, o6Jia)J,aIOmee 
CBOHCTBOM G± ( oo) = 1. 

0TMeTHM, qyo npo6neMa <PaKTopH3aD;HH Ha OCH TeCHO CBH3aHa c rpaHHqHoii 3a,IJ,aqeii PH
MaHa )J,JIH nonyITJiocKoCTH [12]. 0,ll;HOpO,ll;HM 3a)J,aqa PHMaHa MSI nonynnocKOCTH 3anHchrna-
eTCH B CTaH,ll;apTHOM BH)J,e 

r)J,e cp+ ( x) 'cp- ( x) - rpaHH:qHhie 3HaqeHIDI Ha OCH <PYHKu:HH, peryJISIPHhIX H OTJIH:qHblX OT HYJISI 

COOTBeTCTBeHHO B BepxHeii H HIDKHeii IIOJIYIIJIOCKOCTHX. 0TCIO)J,a, onpe)J,eJIHB cp+ ( z)' cp- ( z) 

H HX npe,IJ,eJibHble 3HaqeHIDI Ha OCH, rronyqaeM pemeHHe npo6JieMbI <PaKTOpH3aD;HH 

G(x) =<I>+ (x)[ ct>-(x)J1. 
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Ilocne TOro KaK <j>aKTOpH3aruur ypasHemu1 (7.18) rrpose):(eHa, orrpe):(eJIHeTCH TPaHc<l.>op

MaHTa Cl>ypbe cp+ (A), a no Heli c HCIIOJib30BamreM <j>opMynhl o6parneHH}J H perneHHe tp( x). 

Ilpe):(CTaBHM ypaBHeHHe (7 .19) B BH):(e 

A(z)<l>+ (z)+ B(z)<l>-(z)+C(z) = 0, (7.25) 

r):(e cp+ ( z) H Cl>- ( z) - <j>yHKQHH, perynHpHhle B rronyrrnocKocrnx Im z >a H Im z < b cooT

seTCTBeHHO, a COOTHOII.IeHHe (7 .25) HMeeT MeCTO B o6meM. rronoce peryJIHpHOCTH a < Im z < b. 
Mo'/l<HO ):(a)J(e ):(orrycTHTb, qTO oTHorneHHe 

A(z) x+ (z) k 

B(z) = x-(z)U(z-aJ, 
(7.26) 

r):(e aj-BCCttyJIH3TOM<j>yHKQHHBIIOJIOCe a<lmz<b;X+(z) H x-(z)-<j>yHKQHH,pe

ryJIHpHbie B rroJiyrrJIOCKocrnx Im z > a H Im z < b COOTBeTCTBCHHO H He HMeIOrnHe TaM HyJieM. 
Ilo):(CTaBHB 3TO rrpe):(CTaBJICHHe B (7 .25), rronyqHM 

Ecntt cso6o):(HbIM qJieH 

F(z) = C(z)X-(z) 

B(z) 

y):(OBJICTBOpHeT ycJIOBHIO TeopeMbl 1, TO ero MO)J(HO rrpe):(CTaBHTb B BH):(e pa3HOCTH 

F ( z) = n+ ( z )- n- ( z), 

r):(e Q± ( Z) peryJIHpHbl B COOTBeTCTBYJOillHX IIOJiyrrJIOCKOCrnX. 

Tenepb IIOJiyqaeM CBH3b 
k 

x+ (z)Il(z-aj )<1>+ (z)+n+(z) =-X-(z)<l>-(z)+ff (z). 
j=l 

JleBaH H rrpaBaH qacTH 3):(eCh peryMpHhl COOTBeTCTBCHHO IIpH Im z > a H Im z < b (a < 0, b > 0). 

B qacTHOCTH, OHM COBIIa):(aIOT Ha OCH Im z = 0. EcJIH H3BCCTHO, qro o6e qacTH 3TOro paBeHCTBa 
HMCIOT CTerreHHOM pOCT Ha 6eCKOHeqHOCTH rropH):(KOB m H n, TO ITO TeopeMe JlttyBHJIJijJ OHH 

rrpe):(CTaBJijJJOT co6oM. e):(HHYJO Qenyro aHaJIHTJfqeCKYJO <j>yttKQHIO, a HMeHHO IIpOH3BOJibHbIB MHO

roqneH P ( z) cTeneHH z = min ( m, n) . 0TCIO):(a 

<l>+(z)= P(z)~n+(z) 
x+(z)Il(z-aj) 

j=l 
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0TMeTHM, qTQ rrpe.IJ;CTaBJieHHe (7 .26) HMeeT MeCTO, eCJIH cpyHKU:HH 

A(z) x+ (z) 
F(z)=In =ln--

* B(z)IT(z-aj) x-(z) 
j=l 

HerrpepbIBHa s nonoce a < Im z < b, peryJrnpHa BHyTpH 3Toil: nonocbI, He HMeeT TaM eyneil: 

H ecnH npH Re z -too, cpyttKU:HH F. ( z) = o(lzl-µ), µ > 0. 

0.IJ;HaKO BOBCe He CJie.IJ;yeT, ~O F. ( Z) npH lzl-t 00 HMeeT aCHMITTOTHey O(lzl-µ ) . .l(pyrnMH 

CJIOBaMH, cpyHKU:HH 

D(z) = ~(z) 
B(z)IJ(z-ai) 

j=l 

He ofoI3aHa CTPeMHTucH K e.IJ;m-rnn:e. 3'ry TPY.IJ;HOCTb MO)l(HO o6oil:ru cne.IJ;yIOIL(HM o6pa3oM. TiyCTI>, 

HanpHMep, ID( z)-;z-vl-t 0 npH lzl -t 00• Tor.IJ;a, )'MHO)l(HB D( z) Ha cpyttKn:HIO c( z2 +a2 )"12

, 

{ 

( )v/2 I cA(z) z2 +a2 

f(z)=ln k "'o(lzi-µ), lzl-t 00, µ>0. 
B(z)IJ(z-ai) , 

j=l 

MHO)l(HTeJib ( z2 + a2 )"12 
He HMeeT eyneil: a nonoce perymrpHOCTH !Im zl <a (!al::;; !bl), nmTOMY 

see Tpe6osaHHH TeopeM 1H2 BbIITOJIHeHhl. TaK KaK J(z) = J+(z)- J-(z), 1arrmneM 

A(z) 1 k + _ 

B(z) = c(z2+a2r12UJz-aj)exp{! (z)-f (z)}. 

Tenepb rronyqaeM pa3JIO)l(eHHe ypasHeHHH (7.25) 

1 k 1•(z) C ( ) 
-IT(z-ai) e . v/2 <I>+ (z)+(z-ia)'12 er(')<I>-(z)+-(z) (z-iat12 

er(z) = 0. 
c j=t ( z + za) B z 

~aJibHemnHe pacc~eHHH IlOBTOp}!IOT ~e CKa3aHHOe BbIIIIe, H Mbl MO)l(eM npHHTH K n:eJIH, eCJIH 

orrpe.IJ;eJIHM .IJ;OCTaTOqHO aKKypaTHO cpyHKU:HH f ± ( z). 

r.IJ;e 

IlpUMep. PaccMoTpHM ypasHeHHe BHHepa-Xorrcpa BTOporo po.IJ;a 

1 ~ 
tp(x)-- fk(x-y)tp(y)dy=f(x), x>O, 

20 

k( x) = e-lxl = {e:X,x > O, f (x) = Ae'" (0 <a <1). 
e, x<O, 
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0,n;Hopo,n;Hoe ypasHem1e c TaKHM H,n;poM paccMaTpHBan Jia.rrecKo (cM. [30]). IIpe.n;crnBHM 
ero B BH,n;e 

<p+ (x)-~ l K(x-y)rp+ (y)dy = F (x)-rp-(x), 

r.n;e <p- ( x) - ,LIOIIOJIHlfTCJlbHaH HClf3BeCTHaH. 

r.n;e 

IIpeo6pa3oBaHHe <l>ypbe .n;aeT 

cp+ (J)-.!_K(J)<P+ (J) = p+ (J)-<1>-(J), 
2 

F+(J)= fAex(a+i.<)dx=-~=~, O<a<ImJ<l. 
0 a+1J J-1a 

C yqeToM 3THX cpopMyJI rrpHxo,n;HM K 3a,n;aqe (7 .25). IIonaraH A, = z, 3anmueM 

___£_<P+ (z)+<I>-( z) =~. 
z2 +1 z-1a 

3TO COOTHOIIIeHHe crrpaBe)J;JIJIBO B IIOJioce 0 < a < Im z < h < 1, npe,n;cTaBHM ero B Blf,LIC 

z2. <1>+ (z)+(z-i)<P-(z) = Ai(z-.i) 
z+z z-ai A(i-~). 

z-1a 

B nonoce 0 <a< Im z < h < 1 (pHc. 7 .2) HMeeM 

z2 
+ ( ) A (a -1) --<I> z +--'---'-

z + i z-ia 
-(z-i)<l>-(z)+Ai. 

y 

Puc. 7.2. K orrpe.n;enemno perneHIDI rp(x) 



674 rJIABA 7 

HMeH s simy .n;ononHHTeJILHoe ycnosHe l<1>+ ( z )1--7 0 npH lzl --7 oo, 3a1onoqaeM, lfTO nesaH 

qacTb 3Toro paseHcTsa pacTeT Ha 6ecKoHeqHocTH Me,L\JleHHee, qeM z. Cne.n;osaTeJihHO, orrpe.n;e
neHa e,n;HHCTBeHHaH u:enaH cpyttKU:HH (IIOCTOHHHaH c) 

z2 +( ) A(a-1) 
--<I> z + =c 
z+i z-ia 

HJIH 

<I>+ (z) =c z+i -A (a-l)(z+i). 
z2 z2 (z-ia) 

Pernemie cp( x) Haxo,n;HTCH no cpopMyrre o6pameHHH 

cp(x)=-1 
Je-izx<l>+(z)dz, x>O, 

2Jt L 

r.n;erryTh L=(-oo+ia',oo+ia'), d=a+t:, t:>O -Marro. 

Aim BhiqHcrreHHH 3Toro HHTerparra 3aMKHeM IIPHMYIO (-oo + ia', oo + ia') HHJKHeli rrony

OKpYJKHOCTbIO pa.n;Hyca R (neMMa )J{op.n;atta rrpHMeHHMa), BOCIIOJib3YeMCH TeopeMOH 0 Bhlqe
Tax H yCTpeMHM R K 6ecKotteqttocTH (cM. pHc. 7.2.). Ey,n;eM HMeTh 

1 f Z + i -izxd . d [( . ) -izx J . ( l ) - c---i-e z=ic- z+i e =1c +x, 
2Jt L Z dz z=O 

_1 f-A (a-l)(z+i) -izxdz=-1 f-A(a-l){ a+l +-'i(_a_+-'-1) 
2JtL z2 (z-ia) 2JtL ia2 (z-ia) a 2 z 

1 }-izxd -- z= 
az2 

=A(a-1){ a;l(l-eax)+ ;}. 

0KottqaTerrhHO rronyqaeM perneHHe 

cp( x) = ic(l + x)+ A( a-l){a~ 1 (1-eax) +~}. 
a- a 

x>O. 

3.n;ecb c - IIpOH3BOJibHaH KOHCTaHTa, orrpe.n;errHeMaH cpH3HqecKHM co.n;epJKaHHeM 3a,n;aqH. 
H3JIOJKHM HHJKe HeKOTOpbie TeopeTHqecKHe cse.n;eHHH OTHOCHTeJibHO ypasHeHHH B csepT

Kax BH,n;a [12] 

(µI - K)cp= µcp( x)- i>i (x) f ki ( x- y )cp(y )dy = f (x), XE (-oo,+oo ), (7.27) 
j=I 

r.n;e µ = const, bi - orpaHHqeHHbie H3MepHMhie cpyttKU:HH, HMe10mHe KOHeqHb1e rrpe.n;enhl rrpH 

x --7 ±oo. YpastteHHe, TPaHCIIOHHposaHHOe K (7.27), HMeeT BH.LI 

(µ! -K)* If/= µlj/(x)- :t f bi (y)k1 (y-x)lf/(y)dy = g(x), XE (-oo,+oo). 
}=1-

BaJKHOH xapaKTepHCTHKOH ypasHeHHH (7.27) HBIDieTCH ero CHMBOJI 
n 

u(x,A)=µ- .~.)1 (x)K1 (,t), 
j=l 
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rrpeo6pa:30samrn: <Dyphe OT H,n:epHhIX <i>YHKU.HH k i ( x). 
TeopeMa. Ec;rn H,n:pa ki (x) ypasHeHMH (7.27) CYMMttpyeMhI Ha sceM: ocn, TO: 

a) ,n:Jrn Toro 'IT06bl ypaBHeHHe (7.27) 6hIJIO HOpMruihHO pa3perrrnMhIM B rrpocTpaHCTBe 

I!' ( -oo, 00), 1 < p < 00 ff HMeJIO KOHe'IHhIM HH,n:eKC, Heo6xo,n:MMO H ,n:oCTaTO'IHO, 'IT06bI rrpe,n:eJih-

Hbie 3Ha'IeHMH CHMBOJia rrptt x ~ ±oo HHr,n:e He o6palilaJIHCh B HYJih: 
n 

cr(±oo,A)=µ- ~)j(±oo)Kj(A):;i:O, -oo<A<oo; (7.28) 
j~I 

6) rrpn BhHIOJIHeHHH YKa3aHHoro ycnOBHH HH,n:eKc ypasHeHHH B mo6oM m 3TIIX rrpocrpaHCTB 
orrpe,n:eIDieTCH <i>OPMYJIOM 

1 a(-oo,A)1= .% =-arg-~-~ 
µ 2;r a(+=,A)_ 

B) ecnn µ cosrra,n:aeT c KaKHM-Jrn6o m 3Ha'IeHHM <i>YHKu.HM Ci ( ±oo, A) rrpn A E ( -oo, 00) , TO 

JIH6o orrepaTOp µI - K (/ - TO)l(,L(eCTBeHHhIM orrepaTop) He HBJIHeTCH HOpManbHO pa3perrrn

MhlM, ;rn6o rrpocTPaHCTBa eyJieM: orrepaTOpos µI - K ff (µI - K) * 6ecKoHe'IHOMepHhI; 

r) o,n:HHM H3 peryJIHpmaTOpo:B orrepaTOpa µI - K rrpn BhIIIOJIHeHHH ycJIOBHH (7.28) HB

JIHeTCH orrepaTOp 

__!__ i)i ( ±oo) Ki (A,) 
Q± (A,)= _µ___,_j~!-----

µ - ~)i(±oo)Ki(A,) 
j~I 

Bee c<l>OPMYJIHposaHHhle csolicTsa ocrnroTcH 6e3 cylll,ecTBeHHhIX mMeHeHHM, ecJIH ,n:JIH 
HeKOTOporo h 

a) e-hxKi(x)E L:(-00,00), 
6) e-hx f ( x), e-hxtp( x) E I!' (-00,00 ). 
OTMeTMM B 3aKJIIO'IeHffe pa6oThI [8, 17, 18, 29] H ,n:p., B KOTOphlx rrpe,n:JiararoTcH pa3Jin'I

Hhie rrpff6JII1)J(eHHble rro.n:xo,n:hI K perneHHIO ypasHeHHii B csepTKax. YpasHeHHH 3Toro THrra c M
paMH, CYMMffpyeMhIMH c secoM, myqeHhI B [3, 26]. CrrcTeMhI nmerpanhHhIX ypaBHeHffM THrra 
csepTKff paccMa'fPHBaJIHCh B [20]. TeopHH HHTerpanbHhIX ypaBHeHffH Ha KOHe'IHOM HHTepsaJie 
c H,n:paMH, 3aBHCHllJHMH OT pa3HOCTH apryMeHTOB, co.n:ep)KHTCH B [33]. 



JU1TEPATYPA K rllABE 7 

1. ArreKerumpoB B. M. AeMMIITOTWieeKHe peIIIemrn O.L\HOro KJiaeea MHTerpa.rn.H&IX ypaBHeHMli 
Mero npMMeHeHMe K KOHTaKTHhlM 3a,LlaqaM ,L\IDI :U:IDIMH,LlpWieeKMX ynpynrx Ten I B. M. AneK
eatt,LlpoB, A. B. EenoKOHh II Ilpmma,L\. MaTeMaTMKa H MexaHMKa. 1967. T. 31, Bhln. 4. 
c. 704-710. 

2. Ea6eIIIKO B. A. 06o6meHHhIH MeTO.L\ cpaKTopH3a:U:MH B npoeTPaHeTBeHHhIX .L\HHaMMqeeKMX 
eMeIIIaHHhIX 3a,[laqax TeopHH ynpyroeTM I B. A. Ea6eIIIKo. M.: HayKa, 1984. 256 e. 

3. EepKOBWI <I>. ,II,. 06 O.L\HOM MHTerpan&HOM ypaBHeHHH Ha nonyoeH I <I>. ,II,. EepKOBWI II lhB. 
BY30B. MaTeMaTHKa. 1966. N!! I. C. 13-14. 

4. Ep&1qKoB IO. A. Hmerpan&H&1e npeo6pa3oBaHHH o6o6meHHhIX <PYHK:U:HH I IO. A. Ephlq
KOB, A. II. Ilpy.L\HHKOB. M.: HayKa, 1977. 287 e. 

5. BaliHIIITeliH JI. A. TeopHH .L\HcppaK:U:HH H MeTO.L\ cpaKTopH3aU:HH I JI. A. BaiiHIIITeliH. M.: 
CoB. Pa,LIHO, 1966. 430 e. 

6. rox6epr H. ll,. 0 MeTO,[\e pe,LlyKuHH ,[\llH eMeTeM ypaBHeHHH THna BMHepa-Xorrcpa I 
H. ll,. fox6epr, H. A. <I>en&;::i:MaH II ,ll,mm. AH CCCP. 1965. N!! 2. C. 268-271. 

7. rox6epr II. ll,. CMeTeMhI HHTerpanhHhIX ypaBHeHHH Ha rronynpHMOH e H,LlpaMH, 3aBHeH
IUHMH OT pa3HOeTH apryMeHTOB I H. ll,. rox6epr, M. r. KpeiiH II YenexH MaT. HaYK. 1958. 
T. XIII, BbIII. 2. C. 3-72. 

8. rox6epr II. ll,. YpaBHeHMH B eBePTKax H npoeKUHOHHhie MeTO,[\hl MX perneHHH I H. ll,. rox-
6epr, H. A. <I>en&;::i:MaH. M.: HaYKa, 1971. 352 e. ' 

9. fpa;::i:IIITeiiH H. C. Ta6nMU:hI MHTerpanoB, eYMM, PMOB H rrpoM3Be,LleHMH I H. C. fpa;::i:
uneiiH, II. M. P&DKHK. M.: <l>H3MaTrn3, 1963. 1100 e. 

10. ,Il,aBem10pT B. B. BBe,LleHMe B Teopmo enyqaHHhlx eHmanoB H rnyMoB I B. B. ,Il,aBeHnopT, 
B. JI. PYT. M.: lIHOeTP. llHT., 1960. 468 e. 

11. Hepam10B M. Ill. ,Il,nHaMHqeeKaH TeopnH ynpyroeTM H ,n:ncppaKIJHH BOJIH I M. Ill. HepaH
noB. M.: lfai:t:-BO MfY, 1992. 205 e. 

12. KpeiiH M. r. I1HTerpanhHhie ypaBHeHHH Ha rronynpHMOH e H,n:poM, 3aBHeHUJHM OT pa3HO
eTH ap~eHTOB IM. r. KpeiiH II YerrexH MaT. HayK. 1958. T. 13, BhIII. 5. C. 3-120. 

13. Kp&rnoB B. H. MeTO):(hI npH6nmKeHHoro rrpeo6pa3oBaHHH <l>yp&e M o6pameHMH npeo6pa-
3oBaHHH Jiarrnaea I B. H. Kp&rnoB, H. C. CKo6nH. M: HaYKa, 1974. 224 e. 

14. Mope <I>. M. MeTO,[\hI TeopeTHqeeKoii cpH3HKH: B 2-x T. I <I>. M. Mope, r. <I>em6ax. M.: 
I1Hoerp. JIHT., 1958. T. 1. 931 e. 

15. Mope <I>. M. MeTO,[\hl TeopeTHqeeKOH cpH3HKH: B 2-x T. I <I>. M. Mope, r. <I>em6ax. M.: 
HHoeTp. nMT., 1960. T. 2. 886 e. 

16. Ho6n E. MeTO.L\ BMHepa-Xorrcpa IE. Ho6n. M.: HHoeTp. nHT., 1962. 280 e. 
17. IIorroB r. 51. KomaKTHbie 3a,[laqlf ):(JIH JIHHeHHO-,LlecpopMHpyeMoro oeHOBaHHH I r. 51. IIo

IIOB. KHeB; O,L1eeea: BHIUa IlIK., 1982. 168 e. 
18. IIorroB r. 51. KoHu;eHTPau:HH ynpyrHX HanpIDKeHHH B03lle IIITaMIIOB, pa3pe30B, TOHKHX BKJIIO

qeHHH H IIO,ll;KperrneHHH Ir. 51. IIorroB. M.: HaYKa, 1982. 342 c. 
19. Pa6oTHoB IO. H. MexaHHKa ,L1ecpopMHpyeMoro TBep;::i:oro Tena/ IO. H. Pa60THoB. M.: HaYKa, 

1979. 744e. 
20. CHMOHenKo H. E. 0 HeKOTop&1x cHcTeMax HHTerpan&HhIX ypaBHem1ii THrra eBepTKM I 

H. E. CHMOHeHKO II H3B. BY30B. MaTeMaTHKa. 1962 N!! 6. C. 119-130 . 

a ii £i£!£ii! ii.A!i.1 ... 11 @ i IMiiii . ili,I I lllMMl41#.ll ••• 



JlHTEPATYPA K rnABE 7 677 

21. Cttero:i:oH H. IIpeo6pa.3osamui: <Dypbe I l1. Cttero:i:oH. M.: l1HocTp. JIHT., 1955. 668 c. 
22. Co6ones B. B. IIepettoc Jiy<IHCToii: :mepmH B aTMoc«)lepe 3Be3)l, H 11JiaHeT I B. B. Co6ones. 

M.: focTeXH3)l,aT, 1956. 391 c. 
23. THTl.J.Maprn E. Bse)l,eHHe B Teopmo HHTerpanos <Dypbe IE. THTl.J.Maprn. M.-JI.: rocTeXH3-

)l,aT, 1948. 480 C. 
24. TpaHTep K. ~- l1HTerpanbHhle npeo6pa3oBaHIDI B MaTeMamqecKoii «jlH3HKe I K. .ll::>K. TpaH

Tep. M.: Httocrp. mn., 1956. 204 c. 
25. <DoK B. A. IIpo6neMhl )l,H«jlpaKI.J,HH H pacnpocTpatteHmr :meKTpoMaruHTHhIX BOJIH I 

B. A. <DoK. M.: Cos. PMHO, 1970. 518 c. 
26. 1IepCKHii: IO. H. Ypasttemra mna cBepTKH I IO. H. lJepcKHii: II l13B. AH CCCP. Cep. MaT. 

1958. T. 22, N2 3. C. 361-378. 
27. lllecTonanos B. II. MeTO)l, 3a)l.at.J.H P1rnaHa-fHJih6epTa B TeopHH )l.H«jlpaKIIHH H pacnpo

crpaHeHIDI :meKrpOMarHHTHhIX BOJIH I B. II. lliecTonanoB. XaphKos: l13)l,-BO XaphK. ytt-Ta, 

1971. 400 c. 
28. lllecTOnanos B. II. CyMMaTOpHbie ypasHeHHH B cospeMeHHoii Teop1m )l.H«jlpaKI.J,HH I 

B. II. lliecTonanoB. KHes: HayK. )J.yMKa, 1983. 252 c. 
29. Koiter W. T. Approximate solution of Wiener-Hopf type integral equations with applica

tions. 1. General theory. II. A, B. Some plate bending problems and an example from hidro
dynamics //Proc. Koninkl. Nederl. Akad. Wetensch. 1954. Vol. 57, N2 5. S. 568-579. 

30. Mathews I. Mathematical Methods of Phisics I I. Mathews, R. L. Walker. New York; 
Amsterdam, 1964. Pyccrrnii: nepeBo)l,: M3ThI03 .n;)R. MaTeMaTHl.J.eCKHe MeTO)l,hI «jlH3HKH I 
.n;:>K. M3ThI03, P. YoKep M.: ATOMH3)l,aT, 1972. 397 c. 

31. Noble B. Methods Based on the Wiener-Hopf Technique for the Solution of Partial Diffe
rential Equations I B. Noble. Chelsea Publishing C., 1988. 246 c. 

32. Paley R. Fourier Transforms in the complex Domain IR. Paley, N. Wiener. New York, 
1934 II PyccKHH rrepeso)l,: Bm1ep H. IIpeo6pa.3oBaHHe <Dypbe B KOMnneKCHoii: o6nacTH. 
H. B1rnep, P. II3JIH. M.: HayKa, 1964. 268 c. 

33. Sakhnovich L. Integral Equations with Difference Kernels on Finite Intervals. Operator 
Theory. Advances and Applications IL. Sakhnovich. Birkhauser, 1995. 175 p. 



rnABAB 

r"1nEPC"1HrYJl~PHblE "1HTErPAJlbHblE YPABHEH"1s:I 

I1MeeTC51 o6rrrnpHbIH KJiacc KpaeBbIX 3a):laq MexaHHKH H MaTeMaTJiqeCKOH cpH3HKH, KOTOpbie 

c IIOMOlllbIO MeTOJJ:OB TeOpHH IIOTemurn.rra CBO)J;filC51 K rpaHJiqHbIM HHTerpa.JibHbIM ypaBHemrnM 

CIIeI1Ha.JibHOro BH)J;a. 5I.z:lpa HHTerpa.rrbHbIX orrepaTOpOB B 3THX ypaBHeHH51X HMeIOT oco6eHHOCTH, 

rrop51,D;OK KOTOpbIX 60.Jibllie pa3MepHOCTH o6JiaCTH HHTerpMpOBruIIDI. 

K TaKHM 3MaqaM ornoc51Tc51 IIJIOCKJie JI rrpocTPaHCTBeHHbie 3a):laqJI TeopHH TPellIHH, 3MaqJI 

TeIIJIOIIpOBO,LUIOCTJI ,LIIDI TeJI c TPellIHHaMJI, 3a):laqJI o6TeKaHJI51 TOHKJIX HeC)'IIIJIX IIOBepxHoCTeli 

JI rrpocpJIJieH IIOTOKOM H)J;ea.JibHOH HeC)KJIMaeMOH )KJI,LIKOCTJI, HeKOTOpbie 3a):laqJI JJ:JicppaKI1JIJI. llH
Terpa.JibHblMJI orrepaTOpaMJI B cmrry;rnpHbIX ypaBHeHJI51X MK )'Ka3aHHhIX 3a)J;aq 51BJI51IOTC51 Hop

Ma.JibHbie IIpOH3BOJJ:Hbie rapMOHJiqeCKJIX JIJI6o 0606ll1eHHbIX IIOTeHI1Ha.JIOB JJ:BOHHoro CJI051. 3TH 

orrepaTOpbI, KaK OTMeqa.JIQCb Bhlllie, JIMeIOT TaK Ha3bIBaeMbie CJIJibHbie oco6eHHOCTJI B Mpax. 3To 

03HaqaeT, qTo paccMaTPJIBaeMbie HHTerpa.rrw He C)'llleCTBJ'IOT HM KaK o6bNHbie Heco6cTBeHHb1e, 

HJI B CMblCJie rnaBHOro 3HaqeHJI51 IIO KowJI. B HayqHOH JIJITepawe JIX Ha3bIBaIOT KOHeqHoqacT

HbIMJI, mrrepcmrryJI5!pHbIMJI, JIHTerpa.rraMJI IIO A)J;aMapy JIJI6o HHTerpa.rraMJI c CJIJibHOH oco6eH

HOCTbIO. 
1lJicJieHHM pea.rrmaa;JI51 IIO)J;06HbIX cmrry.JI5!pHbIX JIHTerpa.rrbHbIX ypaBHeHJIH C01Ip51)KeHa co 

3HaqJITeJihHhIMJI TPY.LUIOCTKMJI. TaK, rrpH BhNHCJieHJIJI HOpMa.rrbHoli rrpoJI3BO.LUIOH ( orrepaTOpa 

Harrp5[)KeHHli) OT JIOTeHa;Jia.rra )J;BOHHOro CJI051 (0606ll1eHHOro IIOTeHIJ;Jia.rra JJ:BOHHOro CJI051) HeB03-

MO)l(Ha cpopMa.rrhHM rrepecTaHOBKa rropKJJ:Ka JJ:JicpcpepeHa;HpoBaHJI51 JI JIHTerpHpoBaHHK. Pe% Mo

*eT HJJ:TH JIJillib 06 orrpe)J;eJieHJIJI COOTBeTCTBJ'IOllIHX rrpe)J;eJibHbIX 3HaqeHJIH. Il03TOMY cpopMYJibl, 

KOTOpbie JICIIOJib3J'IOTC51 )J;JI51 qJICJieHHOH pea.JIJI3aa;JIJI, tty)KHO rro.rryqaTh c HCIIOJib30BaHJieM KOp

peKTHO BbIIIOJIHeHHhIX rrpe)J;eJibHblX rrepeXOJJ:OB. 

0TMeTHM, uo aHa.JIJITJiqeCKJI BbJqJICJIJITb rro.rryqeHHhie JIHTerpa.rrbI yJJ:aeTC51 JIJillib B qacTHblX 

c.rryqMX. IlpJI qJicJieHHOM orrpe)J;eJieHHH 3TJIX HHTerpa.rrOB o6JiaCTb JIHTerpHpOBaHJI51 pa36HBaIOT 

Ha KOHeqHoe qJICJIO IIOJJ:06.rracreii (rpaHJlqHblX 3JieMeHTOB). IlpH 3TOM ocyllleCTBJI51IOT arrrrpoKCH

MaIJ;HIO KaK IIOBepxHOCTH (mr6o Komypa) HHTerpHpOBaHH51, TaK H IIJIOTHOCTH BbNHCJI51eMoro JIH

Terpa.rra, qTQ rrpJIBO)J;JIT K rrorpellIHOCT51M B@qllCJieHJIH. 

TeM He MeHee rrpHMeHeHJie JIHTerpa.JibHbIX rrpeJJ:CTaBJieHHH B BH)J;e IIOTeHa;Ha.Jia )J;BOHHOro 

CJI051 c HeH3BeCTHOH IIJIOTHOCTbl{} Ha pa3pe3e u;eJiecoo6pa3HO rrpH pemeHHH pMa rrpaKTJiqeCKH 

Ba)l(HbIX 3a):laq. KaK H3BeCTHO, JIOTeHa;Ha.rr JJ:BOHHOro CJI051 B rrpOCTPaHCTBe c pa3pe30M BCIOJJ:Y BHe 

pa3pe3a YJJ:OBJieTBOpKeT ypaBHeHJIIO J1aIIJiaca, Ha 6ecKoHeqHoCTH - yCJioBJIIO 3oMMepcpeJihJJ:a. 

IlpH rrepexo)J;e qepe3 IIOBepXHOCTb pa3pe3a IIOTeHa;Ha.JI )J;BOHHOro CJI051 TepIIJIT pa3pbIB (3TO o6ec

rrequBaeT B03MO)KHOCTb rro.rryqeHJI51 rreperra.1:1a )J;aBJieHHH Ha HeC)'llleH IIOBepXHOCTH) H HMeeT He

rrpepbIBHJ'IO HOpMa.libHJ'IO IIpOH3BOJJ:HJ'IO rrpH BeCbMa 06llIJIX rrpe)J;IIOJIO)KeHJI51X O'tHOCJITeJibHO 

HemBeCTHoli IIJIOTHocrn (no rro3BOAAeT YJJ:OBJieTBopHTh yc.rroBIDIM HerrpOTeKaHIDI). TaKHM o6pa-

30M, ecm1 B KaqecTBe JIHTerpa.JibHoro rrpeJJ:CTaBJieHJIK peweHJI51 3aJJ:aYfH o6TeKaHJI51 Hec)'llle:H: rro

BepXHOCTJI BbI6paTb IIOTeHIIHaJI JJ:BOHHOro CJI051, TO ,LIIDI pemeHJI51 KpaeBOH 3a)J;aqu OCTaeTC51 JIHIIlb 

YJJ:OBJieTBopJITb yc.rroBH51M Ha pa3pe3e, qTQ rrpJIBOJJ:HT K Heo6XOJJ:HMOCTM pemeHIDI mrrepcHHry-

1151pHoro ypaBHeHJI51. 

B Tioii rnaBe paccMaTPJIBaIOTcK mrrepCHffYJI51pHble JIHTerpa.rrbI, B03HJIKaIOlllHe rrpJI peme

HJIM IIJIOCKJIX H IIpOCTPaHCTBeHHbIX 3a):laq MexaHMKH M MaTeMaTJiqeCKOH cpH3JIKH c HCIIOJib30Ba-
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HHCM rapMOHWICCKIIX H o6o6rn;eHHhIX IIOTCHWfa.JIOB .[\BOHHOro CJIOH. IIonyqCHhl <PopM)'JihI, II0-

3BOJifilOl.I.l;HC KOppCKTIIO Bhl'IHCJIHTh KOHCqHYJO qaCTh IIO Az:(aMapy ,ll)IH paccMalJ)HBaCMhIX HHTC

rpa.JIOB. HccJie,n:oBaHa rrorpeIIIHOCTh qHcJICHHoro orrpe,n:eJieHHH cmnyJI.HPHhIX H nmepcHHryJIHp

HhIX HHTCrpa.JIOB. 

8. 1. HHmeepan e CM&1cne KOHe'IHoii yacmu no AiJaMapy 
8 nnOCKUX 3aiJa'laX 

8.1.1. lllHmeapan a cM1::.1cne KOHe'IHOii 'lacmu no AdaMapy dnR cpyHK~uii, 
onpedeneHH1::.1x Ha ompe3Ke npRMoii 

Cyrn;ecTByCT HCCKOJlhKO crroco6oB HHTCprrpCTaU:HH rHrrepCHHrylIHpHhIX HHTCrpaJIOB. 0,n:HH 

H3 HHX OCHOBaH Ha BBC,[(CHHH CITCU:HaJihHOro orrpe,n:eJICHHH pacxo,n:Hrn;erocH HHTerpana B CMhIC

JIC KOHCqHoH qacTH, qTo II03BOJIHCT BhJqHCJIHTh npHMOC 3HaqeHHC pacxo,n:.arn;erocH HHTerpana. 

B ,n:pyrttx no,n:xo.n:ax ITOHHTHC pacxo,n:Hrn;erocH HHTerpana He BBO,[(HTCH, a CHHryJIHpHhIC HHTC

rpaJihl npH 3TOM paccMalJ)HBaJOTCH KaK rrpe,n:eJihHhIC 3HaqeHHH HOpMa.JihHOH IIpOH3BO,[(HOH rap

MOHWICCKOro IIOTCHU:HaJia ,[(BOHHOro CJIOH ( onepaTOpa HarrpIDKCHHH OT o6o6rn;eHHOro ITOTCHQHa

Jia ,[(BOHHOro CJIOH B TCOpHH ynpyrocTH). 

Onpe)J;eJieuue Konequou 'laCTH runepcuuryJIHpnoro nnTerpaJia no A)J;aMapy. IIycTh 

L = [-l, l]; x0 E L. PaccMOlJ)HM HHTerpan BH,n:a 

f 
8(x) 

11 (x0 ) == 2 dx, 
L (x-x0 ) 

KOTOphIH onpe,n:eJIHM B CMhICJIC KOHCqHoro 3HaqeHHH no A,n:aMapy, a HMCHHO [1, 2): 

I ( ) = . ( f 8(x) dx- 28(x0 )] 
1 x0 hm 2 , 

&~0 L' (x-x0 ) & 
(8.1) 

r.n:e L* = L\Q(xo, &); Q(xo, &) = (xo- &, xa+ &). 
Cee)J;euue rnnepcuuryJIHpnoro nnTerpaJia K HHTerpaJiy Tuna Kornn. IloJiyqHM <j:lop

M)'JIY, IT03BOJIHIOID;yl0 CBCCTH Bhll.J:HCJICHHC paccMalJ)HBaeMoro mrrepCHHrym1pHoro HHTerpa.Jia 

K HHTerpany, cyrn;ecTBy10rn;eM)' s CMhICJie masHoro 3Ha'ICHHH rro Korrrn. B pa6oTe [2] noKa3a

HO, 'ITO 

if8'(x) - . [""f-£8'(x)dx if 8'(x)dx]---dx-lim -- + -- -
-I X-Xo e--.O -I X-Xo x,+E X-Xo 

. [x,,f-£ 8( X) If 0( X) 28( X0 )1 8(-f) 0(1) 
= hm 2 dx+ 2 dx +--+--. 

e--.o _1 ( x - x
0

) x,,+e ( x - x0 ) c x0 + l l - x0 

(8.2) 

TaJ<HM o6pa30M, noJiyqaeM <j:lopMyey 

f 8(x) . [""f-'8'(x) 
1f 8'(x) l 8(-l) 8(l) 

----:-
2
dx=hm --dx+ --dx ------. 

r, ( x - x
0

) e--.o _1 x - x0 x,,+e X - x0 l + x0 l - x0 

(8.3) 

3aMCTHM, qTO IIOCJIC Bhl'IHTaHHH 6eCKOHC'IHOH qacTH H3 mrrepCHHryJIHPHOro HHTerpa.Jia rro~a

IOTCH BCJIHl.J:HHhI, KOTOphIC )')KC HC o6Jia,n:aIOT CBOHCTBaMH perylIHpHhIX HHTerparroB. ]13 (8.3) BH-
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,!!,HM, 'ITO mrrerpan OT ITOJIO:lIGITeJibHOH <l>YHI<n:HH ( e ( x) = l; Xo = 0) 6yp:eT paBeH OTpm~aTeJib
HOMy 'IHCJIY (CM. TaK)J(e rn. 4, IHI. 4.13 H 4.19). 

Orrpe)J.eneHIDI (8.1), (8.3) C'IHTaJIHCh HecTpomMH H He HMeIOmHMH <l:>H3H'lecKoro CMhICJia. 

0)J,HaKO ceii'lac Mbl IIOKa)J(eM, 'ITO HMeIOTCH peruibHble cpH3H'IeCKHe 3a,D;a'IH, B KOTOpbIX IIOHBJIH

IOTCH TaKHe 3K30TH'leCKHe HHTerpanbI H ,[(a,ll;HM HX orrpe,n;eJieHHe. 

runepcuuryJIHpHhIH HHTerpa.rI Kai~ npeJJ.eJihHOe 1uaqeuue uopMa.rihHOii npoHlBOJJ.HOii 
noTeu11uaJia )J.Boiiuoro CJIOH. PaccMoTpHM KpaeByIO 3a,n;aqy HeiiMaHa JJ,JIH ypaBHeHHH Jiarrna

ca B R2 
c rrpHMOJIHHeHHhIM pa3pe3oM L = [-l, l] (pHc. 8.1 ). 

-/ 0 

Puc. 8.1. IlrrocKOCTb c rrpHMOJIIIHeHHbIM pa3pe30M 

K 3TOH 3ap:aqe CBOJJ:HTCH H3yqeHHe UHPI<yJIHUHOHHoro H 6ecuHPKYJIHUHOHHoro o6reKamrn 

a3poJJ,HHaMH'leCKHX rrpo<l:>HJieH, Haxo)J(Jl,eHHe IIOJIH TeMrrepaTYP B Tene, ocna6neHHOM IIpHMOJIH

HeHHbIMH pa3pe3aMH. Orrpep:eJIHIOmHe ypaBHeHHH, orr11cbrna10mHe TaKHe 3aJJ,a'IH, HMeIOT cne

JJ:YIOmYIO CTPYKTYPY: 
.M>=O, 

aq,+ aq,-
-=-= f (x), XEL, ay ay 

grad<P/~ =0. (8.4) 

Eyp:eM HCKaTh <l>YflKIIHIO <P(x, y), HBJIHIOmYIQCH perneHHeM KpaeBOH 3a,n;aqH (8.4), B BH)J;e IIOTeH

UHaJia )J;BOHHoro CJIOH, pacrrpOCTPaHeHHOro no orpe3r<y [-l, l] 

1 I 0 11 «I>(x0 ;y0 )=-f0(x)-ln- dx, 
21£ -I ()y r y=O 

Ilpe;:i:rronmKHM, 'ITO IIJIOTHOCTb 0(x) ,n;H<i><l:>epeHUHpyeMa, H ee rrpOH3BO)J,HaH y,n:oBJieTBOpHeT yc

JIOBHIO feJihJJ,epa [3] c rroKaJaTeneM A, (0 <A::; 1). 
Tor.n:a perneHHe 3a,n:a'IH (8.4) CBO.D:HTCH K HHTerpO-JJ:H<l:><l:>epeHUHaJibHOMy ypaBHeHHIO 

1 a 'r a 11 -Jim- 0(x)-In- dx=f(x0 ), x0 E[-l,l]. 
2tr Yo-->0 OYo -1 oy r y=O 

(8.5) 
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ToqKa x = x0 E [-l, l] Ha3.&maeTCH oco6oii mm TOqKoii Ha6mo.n:emur. IlpH qHcJieHHOM on

pe.n:eJieHHH HHTerpaJia o6JiaCT.b HHTerpHpOBaHHH [-l, l] pa36HBaeTCH Ha KOHeqHoe qHCJIO II0.[(06-

JiaCTeil: (rpaHH~.blX 3JieMeHTOB). 3JieMeHT, co.n:ep)J(alllHH TOqKY x = Xo, TaK)J(e Ha3.bIBaeTCH oco-

6.&IM HJIH CHHryJIHpH.bIM. 

11MeeM 

a 1 y-yo 
-ln-= 
ay r (x-xS +(y-y

0
)

2 
• 

B (8.5) IIpH Yo* 0 IIO.[( 3HaKOM npe.n:eJia MO)J(HO IIOMeHHT.b MeCTaMH onepawm HHTerpHpOBaHHH 

H .n:mJ:><PepeH11HpoBaHHH. Tor.n:a 

a 
1 

a 11 
1 

[ 1 -f e(x)-ln- d.x= f e(x) 2 2 
0Yo -I oy r y=O -l (x-xo) +Yo 

2y~ 0 ]d.x. 
[ ( x - xo}1 + y~ J (8.6) 

OTMeTHM, qTO npHMoro 3HaqeHHH HmerpMa B (8.6), T. e. MmerpMa, B.&JqHCJieHHoro npH y0 = 0, 
He CYIIIecrnyeT .n:a)J(e B CM.&ICJie rnaBnoro 3HaqeHHH no KomH. IIepeil:.n:eM K npe.n:eJiy npH y0~0 
B B.bipa)J(eHHH (8.6). IlOKa)J(eM, qTO 3TO npe.n:eJI.bHOe 3HaqeHH:e MO)J(HO npe.[(CTaBHT.b B BH,[(e CYMM.bl 

HeKOTOp.bIX KOHeqH.bJX BeJIH:qHH H HHTerpaJia, CYIIIeCTByIOlllero B 06.&NHOM CMhlCJie, ecmr Xo :F ± l. 
0603HaqHM 

l I 

f 0( x)L( x-x0 , y0 )d.x = f[ 0( x )-0(x0 )-0'( x0 )( x-x0 ) ]L( x-x0 , Yo )dx+ 
~ ~ 

I I 
(8.7) 

+e( x0 ) f L(x-x0 , Yo )dx+e'(x0 ) f ( x-.xa) L( x-x0 , Yo )dx. 
-I -/ 

BTOpoe H TpeT.&e cJiaraeMhle B npaBoil: qaCTH (8.7) B.&JqHCJIHIOTCH aHaJIHTlfqeCKH H nptt Yo~O 

ttMeIOT KOHeqH.&Iil: npe.n:eJI. PaccMOTpl1M nepBoe cJiaraeMoe B (8.7). IIpttMeHHM TeopeMY JlarpaH

)J(a 0 KOHeqHOM rrpttpameHHH. IIonyqHM e( x)-e(xo) = e'( q)( x-x() ). Tor.n:a nepBoe CJiarae

MOe B npaBOH qacTH (8.6) MO)J(HO 3aIIHCaT.b CJie.[(ylOlllHM o6pa30M: 

I 

R( X 0 , Yo)= f[ 0'( q)-e'(x0 ) ](x-x0 )L( x-x0 , Yo )d.x. 
-/ 

IIocKOJI.&Ky 0'(x) y.n:oBJiernopHeT ycJIOBHIO feJI.&.n:epa H q naxo.[(HTCH BHYTPH npoMe)J(yT

Ka [x, xo], TO 

r)J;e A - orpanwqeHHaH BeJittqttna. 

BcJie)J;CTBHe noJiyqennoii 011eHKH H nepasencTB 

2 I 12 2 . I 12 2 I 12 Yo~ x-xo +yo, x-xo +yo;;::: x-xo 
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6y,n;eM MMeTb 
I 

IR(x0 ,y 0 )l::;;3A flx-xli+,i dx. 
-I 

0TCIO,D;a CJie,D;yeT, 'ITO npH Yo~O B (8.5) cymecTByeT KOHC'IHbIH npe,D;eJI 

1 a 'f a 11 l(x0 ) =-lim- 0(x)-ln- dx= 
2;rr Yo-->O dy0 _1 dy r y=O 

(8.8) 

P(xo) =-1 [-1-+_1_]; Q(xo)=-1 ln1l-xol· 
2;rr x0 +l x0 -[ 2;rr l +x0 

Ilpe,D;cTaBMB MHTerpan B (8.1) B BH,!l;e 

f 0(x) 
2 

dx= f0(x)-0(x0 )-0'~x0 )(x-x0 ) dx+ 

L' (x-xo) i* (x-xot 

ycTaHOBHM, 'ITO rrpe,D;eJibHOe 3Ha'leHHe HHTerpana B (8.5) paBHO KOHe'IHOH 'laCTM no A,D;aMapy 

([2], c. 66) MHTerpana (8.1) 

f 2dx=f0(x)-ln- dx. 
i 0(x) i a2 11 
-I ( X - X0 ) -I dYdYo r y=O, Yo=O 

PaccMOTpHM eme pa3 <j:>opMYJIY (8.2). IlpH6aBIDIH M Bbl'IHTM B 'IMCJIMTeJUIX no,n;bIHTerpanbHbIX 

BblpIDKCHIIi1: BO BTOpOH CTpOKe BCJIII'IIIHY 0(Xo), npII,D;a,D;MM <j:>opMJilC (8.2) CJIC,!J;ylOIUIIH BII,D;: 

If 0' ( X) . [Xof-£ 0' ( X) If 0' ( X) l --dx=hm --dx+ --dx = 
_1 x-x0 e-->O _1 x-x0 .<o+e x-x0 

. [Xof-'0(x)-0(xo) fl 0(x)-0(xo) 20(xo)] e(t) 0(-l) =hm 2 dx+ 0 dx--- +--+--= 
,__,o _1 (x-x0 ) .<o+e (x-x0 r t: l-x0 l+x0 

= J0(x)-0\x0 ) dx-0 (xo)[-1-+_1_]+ 0(l) + 0(-l). 
_1 ( x - x

0 
) l - X 0 l + X0 l - X 0 l + x0 

3,D;CCb MHTerpaJibl IIOHIIMaIOTCH B CMbICJie rnaBHOro 3Ha'ICHMH no Kornn:. 
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1'13 (8.2) ITOJIY'IaeM <PopM)'Jihl AJUI BbJqHCJiemu1 KOHeqttoii qacTH HHTerpana ITO A,u,aMapy 

r 0(x)~1n.!.I dx= r e'(x) dx- e(-l) _ e(l) (8.9) 
-1 ayayo r y=O.yo=O -1 x- Xo Xo + l l - Xo 

JIH60 

1 a2 
11 

1 
0(x)-0(x) [ 1 1 ] J 0(x)--ln- dx= J 2 ° dx-0(x0 ) --+-- . 

-I ayay0 r -O -O -/ (x-x0) [-X0 [+x0 Y- ·Yo-

(8.10) 

TaKHM o6pa3oM, AOKa3aHO, qTo .wrn: <l>YHKIJ;Hii, onpeti:eneHHhIX Ha OTPe3Ke, rrpeti:eJ1bHoe 3Ha

qeHHe HOpMaJibHOH npoH3BOAHOH noTeHIJ;HaJia t:(BOHHoro CJIOH paBHO KOHeqHoH qacTH lfHTe

rpana no A,u,aMapy OT npHMOro 3HaqeHlf51 3TOH HOpMaJibHOH npOI13BOAHOH. TIOJIY'IeHHhie <jlopM)'

Jibl n03BOMIOT orrpeti:eJilfTb KOHeqHoe 3HaqeHHe MHTerpaJIOB IIO A,u,aMapy AM Xo '# ±l. c IIOMO-

IIJ;blO <l>opM)'Jihl (8.8) MO)l(JIO BbJqHCJilfTb KOHeqHoe 3HaqeHlfe no A,u,aMapy KaK cyMMbl HeKOTOpbIX 

KOHeqHbJX BeJIIfqlfH If HHTerpana, cymeCTByIOIIJ;ero B 06h1qHoM CMbICJie. <l>OpM)'Jihl (8.9), (8.10) 
II03BOJIHIOT BbJqlfCJilfTb KOHeqHoe 3HaqeHlfe HHTerpana IIO A,u,aMapy nocpeti:CTBOM HHTerpana, 

cymecTByIOmero B CMbicJie rnaBHoro 3HaqeHMH ITO Kourn. 

<l>opM)'na, attanornqHaH (8.9), 6hma BBe,neHa )I{. Ati:aMapoM [1] B KaqecTBe onpeti:eneHHH 

KOHeqHo:B: qaCTM rnnepcMttryJIHpHoro IfHTerpana. 

ruoepCHHrym1pHbIH HHTerpaJI KaK o6o6menHaSI c)yHKIJHSI, 3aMeTifM, qTQ <l>YHKIJ;lf51 

ln(l Ir) HBJIHeTcH <jlyttti:aMeHTaJihHhIM perneHHeM ypaBHeHlf51 Jiannaca. Bcne,a;cTBife paBeHCTBa 

HMeeM 

a2 1 a2 1 --ln-=--ln
ayay0 r a/ r 

a1 1 az 1 
--ln-=-2 ln-. ayay() r ax r 

1 1 
B MOHorpa<l>HM [4] BBOAlfTCH CHHrynHpHaH o6o6mettHaH <l>YHKIJ;HH P- (B rn. 4: Vp-), 

x x 

COBnati:aIOmaH c <l>YHKIJ;IfeH .!_ BCIOt:J:Y npH x '# 0. 3Ta o6o6meHHaH <l>YHKIJ;lf51 rrpeti:CTaBJUieT co6oll: 
x 

<jlyttKIJ;IfOHaJI, paBHhIR KOHeqHOR qaCTif lfHTerpana (IfHTerpany B CMbICJie rnaBHOro 3HaqeHifH 

no KornH) 

( 
1 ) (-e ~ J e P~,e =~~ 1 + f -;dx 

,D;JIH <l>YHKIJ;lfR e, TaKHX qTo 0(x) = 0 npH lxl > R. 

1 
,ll,JIH <l>YHKIJ;IfH p - cnpaBet:(JIIfBhl paBeHCTBa [ 4] 

x 
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PaCCMOTpHM MHO)KeCTBO <l>YHKI(HR 0, TaKHX qTQ E>(x) = 0 ITpH Jxl > [, 0(-l) = 0( l) = 0. 

T v v,t,. pl vrl,. v 
or)l.a JIHHeHHhlH 'l!YHKI(HOHaJI - , OITpe,I:\eJieHHhIH 'l:'OPMYJIOH 

x 

paBeH HHTerpany B CMhlCJie rnaBHOro 3HaqeHmI TIO Kourn .JJ:mr <l>YHKI(HR, 3a.[(aHHhlX Ha 0Tpe3Ke 

[-l, l]. 
1 

)J;JIH p 2, cornacHO BhlIIIeH3JIO)KeHHOMY, rronyqHM 
(x-x0 ) 

[ 
1 ] 

1 
E>(x) 

1 
E>(x)-E>(x0 ) [ 1 1 ] P 2 ,() = , dx= 2 d.x-E>(x0 ) --+-- . 

(x-Xa) l(x-xo)" 1 (x-x0 ) x0 +l l-x0 

c IT03Hl(HR o6o6ru;eHHbIX <\JYHKIJ;HR rrpaBaH qacTb paBeHCTBa (8.6) rrpe.JJ:CTaBJIHeT co6oli pery-

AApH3au;mo o6o6ru;eHHOli <\JyHKQHH P 
1 

2 • B 3TOtt CBH3H AOKa3aHHoe BhIIIIe yTBep)K.JJ:eHHe 
(x-x0 ) 

0 paBeHCTBe rrpe,I:\eJibHOro 3HaqeHHH HOpMaJihHOR rrpOH3BO.[(HOR IIOTeHI(HaJia .JJ:BORHOro CJIOH 

H KOHeqHoli qacnI HHTerpana ITO A,I:\aMapy ITpHMOro 3Haqemrn 3TOR HOpMaJibHOR I1p0H3BO.[(HOR 

HBAAeTCH CJie.[(CTBHeM TOro <\JaKTa, qTQ Ka)K.JJ:aH o6o6ru;eHHaH cjlyttKI(HH HBAAeTCH CJia6hlM rrpe.[(e

JIOM CBOHX peryJIHpH3al(HH [4]. 
runepcuurym1pHblH HHTerpa.JI KaK npeLt;eJJhHOe 3Haqeuue IlpOH3BOJJ.HOH KOMDJieKCHO· 

ro noTenu,naJia. IlpHBe.[(eM eru;e O.JJ:HO orrpe.JJ:eJieHHe HHTerpana ITO A.[(aMapy Ha OTpe3Ke rrpmoli, 

OCHOBhTBaroru;eec.11 Ha H.JJ:eHX B. C. BJia.JJ:HMHpOBa [4] HM. A. JlaspeHTueBa [5]. IIpe.JJ:CTaBHM mrre

rpan B (8.1) B BH.JJ:e cne.JJ:YIOIIIero rrpe.JJ:ena: 

11 (x
0

) = J E>(x) 
2 

dx = Re[lim f E>(x) 2 d.x]. 
L ( x - Xo ) e-->O L ( x - Xo - it:) 

= lim Je(x){ 1 
2 

e-->O L ( X - Xo ) + t:2 

IlonyqeHHOe Bblpa)KeHHe c TO'IHOCTblO .[(0 o603HaqeHHH (Yo ~ t:) COBITa,[(aeT c <PopMynoli (8.6). 



fHilEPClIHI'YIDIPHhIE lIHTErF AJlhHhlE YP ABHEHH5l 

8.1.2. HHmeepan a cM&1cne KoHe'IHoii 'lacmu no AoaMapy onR cpyHKquii, 
onpeoeneHHblX Ha enaOKOM pa30MKHYfflOM KOHmype 

IlyCTh L - npocTa.ll pa30MKH)'Ta.ll .eyra llirnyHoBa (pHc. 8.2). 

y 

x' 

Puc. 8.2. 3JJeMeHT ilYrH L 

685 

Ilpe.r1noJIO)J(HM, qrn ypaBHeHHe KpHBOtt L 3a.z:1aeTC.ll cJie;zyromHM o6pa3oM: ; 1 = ; 1(s), q2 = 

= ; 2(s), a~ s ~ /J. Ey.r1eM cqHTaTu, qTo cpyttKU:HH q1(s), ; 2(s) ,[(Ba)J(,llhI HerrpephIBHO .z:IHcpcpepeH

U:HpyeMhl. KpoMe Toro, rrpe.r1rroJIO)J(HM, qTo 

a(npn2) < Ep. 

3.r1ech p-paccTO.llHHe Me~ .llBYM.JI ToqKaMH m 1 H m2 Ha KpHBOli L; n1 H n2 -HopMaJIH K KpH

BOtt B 3THX TOqKaX, a - yroJI Me'.lKpy 3THMH HOpMaJI.llMH; E - orpaHHqeHHas!. BemrqHHa. 

PaccMOTpHM BTopyro KpaeByro 3a,n;aqy .llJI.ll ypaBHeHH.ll JlaIIJiaca B R2 
c pa3pe30M rro .!lyre L. 

Ilpe,llCTaBHM HeII3BeCTJiylO cpyttKU:HIO <I> B BH,[le ITOTeHU:HaJia ,[IBOHHOro CJIO.ll: 

<I>(x) =-
1 Jec~_l_ln-1 -dt, 

2tr L onf Ix _,I 
r.r1e Ix _,I= ~(Xi -;1)2 + (Xz -;2)2

; e(') - HeH3BeCTHa.ll ITJIOTHOCTh; ee rrpOH3BO,[(Ha.ll B,[IOJih 

KOHrypa y.r10BJieTBOp.lleT ycJIOBHIO feJih,llepa. 

BBe)];eM ocn KOOp,[IHHaT (Ox, Oy), CBSI3aHHhie c TO'IKOH «Ha6moAeHHSI» x = (x1, x2) TaK, 'IT0-

6h1 och Oy 6Mna HarrpaBneHa no HOpMaJIH K JIHHHH LB rnqKe (x1, x2). Haqarro Koop.r11rnaT rro-

O<I> 
MeCTHM B Toqey (xi, Xz). Heo6XO,[IHMO BhJqHCJIHTh -. BcJie,[ICTBHe BhI6opa CHCTeMhI KOOp,[IHHaT 

onx 

HMeeM _l_ = i.. Ey)];eM paCCMarpHBaTh BCIIOMOraTeJihHYIO Toqey Ha6JIIO,[leHH.ll x' = (0, y), 
onx ()y 

HaXO.z:l.lllll)'IOCSI Ha HopMarrH KL B ToqKe x. IlycTh r-= r = x'e, r = Jx' -ll - pacCTOIIHHe Me)J(

ilY TO'IKaMH x' = (0, y) He= (;i, ;z). l£epe3 ro 0603HaqHM paCCTOIIHHe Me'.lK,[(y TOqKaMH X = (0, 0) 
H '= c;1, ;2) (pHC. 8.2). IlyeTh Lo- qaCTh KOHrypa L, rroeyqeHHa.ll rrepeceqeHHeM L H Kpyra pa

.r1eyca <5 c n:eHrpOM B TOqKe x. CqHTaeM, qTo Ha Lo naparrJieJIH K HOpMaJIH B ToqKe x JIHIIIh 

B O.z:IHOH ToqKe rrepeceKaIOT qacTh KOHrypa, Haxo,[IS!IIIeroc.ll BttyrpH Kpyra paAeyca <5 c u:eHrpOM 

B TOqKex. 
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IIpe.[(CTaBHM HOpMMbHyIO rrpOH3BO,[(HYJO IIOTeHl(Hana ,[(BOHHOro cnmI B BH,[(e 

O<I> =-
1 i_ J e(e)~In-,-1 -dz +-1 i_ Je(e)~In-,-1 -dt. 

onx 2n oy L\Lo on,g Ix -el 2n oy Lo on,g Ix -el 
HopManhHillI rrpomBO.[(HaH rrepBoro cnaraeMoro B 3TOM Bb1pa:lKeHHH cymecTByeT rrpH x' -+ x = 
= (0, 0). PaccMOTPHM BTOpoe cnaraeMoe. llMeeM B TO'!Ke x' = (0, y) 

a 1 i [ ] -ln-
1 

, ~=2 ; 1 cos(n,g,x)+(;2 -y)cos(n,g,y). 
on4 X - ., 1 r 

.l(mpqiepeHl(HpyH IIOnY'JeHHOe paBeHCTBO ITO y c Y'JeTOM COOTHOIIIeHHll 

~1 cos(n~ ,x) + (~2 - y) cos(n~, y) = rcos(n~ ,r); ~2 - y = r cos(y,r), 

HaXO,[(HM, 'ITO 

()
2 1 2cos(n4,r)cos(y,r)-cos(n,;,Y) 

--In--=------------
oyon,g Ix' -el r

2 

Ha Komype L:i, KOTOpbIH OKpY:lKaeT TO'!Ky X, BBe,[(eM cne.[(yromyro rrapaM~H3al(HJO 

; 2 = 1] ( x), ~ = x. OTMeTHM, 'ITO ; 2 = 0, ~ = x npe.[(CTaBJUIKlT co6oil: ypaBttemrn KacaTenhHOH 

K JIHHHH LB TO'!Ke x. B cnny C,[(enaHHbIX rrpe,[(nono:lKeHHH <l>YHK[(HH l](x) HMeeT BTopyro Herrpe

pbIBH)'lO rrpOH3BO,[(HyJO . .l(mr TO'leK Komypa L:i BbIIIOnHHeTCH HepaBeHCTBO x 2 + 1]2 
( x) ::; 02 (0 < 

< 0 < 1). B Ha'lane BhI6paHHOH CHCTeMbl KOOp,[(HHaT <PYHK[(HH l](x) o6pall1aeTCH B ttynb BMeCTe co 
CBOeH rrepBOH rrpOH3BO,[(HOH, a cne,[(OBaTenbHO, B OKpeCTHOCTH Ha'lana KOOp.[(HHaT l](x) MO:lKeT 
6bITh rrpe.[(CTaBneHa B BH,[(e 

l](x) = m:2. 

3,[(eCb a - orpaHH'leHHillI Benn'IHHa. KpoMe Toro, HMeIOT MeCTO COOTHOIIIeHHH 

dl = I dx, 
cos(n4,y) 

0TCIO,[(a Ha KOHTYPe L:i HMeeM 

a a 1 ° 
- Je(e)-In-,-dz = J e(e)L(x' -e)dx, 
ay Lo an4 Ix -el _0 

51.[(po HHTerpanbttoro orrepaTopa 3,[(ech 3aITHIIIeM cne.[(yIOII1HM o6pmoM: 

, 1 2rcos(n4,r)cos(y,r) 
L( x -;) = --+-~-.,----,.--

r2 r 3 cos(n,g.Y) 

IIocKonhey xx'+ r =/ii. TO rcos(n4, r) = r0 cos( n4,1Q )- ycos( n,g, y ). IIo:noMY Bb1pa:lKe

HHIO L( x' _,) MO:lKHO npn.[(aTb BH.[( 

, I 2y2 210 cos(n,;,r0 )cos(y,r) 2yig
2 L(x -;)=-2+-4 + 3 ( ) -r4 · 

r r r cos n,g. y 
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IloJIO:>KHM 1i = ~ x 2 + y2
• TaK KaK r

2 -1i2 = 1J ( x) [ 1J ( x )- 2 y J, IIOJIY'IHM 

OrcIOJJ;a cJieeyeT, qTQ 

r = 1i ~1 + ( ax2 + 2 y) aO, 

rJJ;e hi = ( ax
2 + 2 y) aO; g I = 1 : hi ; g 2 = g; ( 2 + hi). lh rrpHBeJJ;eHHblX COOTHOIIIeHHH CJieJJ;yeT' 

qTo paccMaTpirnaeMblH HHTerpaJI IIO KOHTypy L:i rrpHMeT BHJJ; 

/ 2 =- Je(x) - 2 ++ dx+- Je(x)4 dx, 1 ° ( 1 2 
2 J 1 ° Q 

2n _0 1i 1i 2n _0 1i 

( 
2 )( 2 2 ) 2g;r0 cos(n;,r0 )(ax

2 -y) 
Q=g1aB ax +2y -'i +2y + ( ) 2g;ax

2
y. 

cos n;,Y 

CqHTaeM, ~o IIJTOTHOCTb 0(x) 3aJJ;aHa Ha mpe3Ke, xoT.si rrepsoHaqaJibHO :rra <l>YHKIIHSI 6hma 

3aJJ;aHa Ha 1qnrnoii. Ee 3HaqeHHe Ha mpe3Ke orrpeJJ;eJISieM cJieJJ;yIOI.IIHM o6pa3oM. B KmK)J.OH TOqKe 

OTPe3Ka IIOCTPOHM JIHHHH, rrapanJieJihHbie HOpMaJIH K KpHBOH B TOqKe x. CorJiacHo csoiicTBaM 

KpHBOH mrnyttOBa H Bb16opy KOHTypa 4J 3TH JIHHHH JIHIIIb B OJJ;HOH TOqKe rrepeceKaIOT KOHTyp L. 
3Haqemre IIJIOT.HOCTH Ha 01pe3Ke 6yJJ;eM C~Th paBHbIM 3HaqeHmo IIJTOTHOCTH B TOH TOqKe KpH

BOJIHHettHoro KOHTypa, B KOTOpOH rrepeceKaCTC.SI c KOHTypOM L rrapaJIJICJib K HOpMaJIH B TQqKe x. 
CrraraeMoe 

_1 j e(x)(-~+ 2~2 Jdx. 
2Jr -0 1i 1i 

KaK IIOKa3aHO BbIIIIC, HMCCT KOHeqHbJH npeJJ;eJI IIpH y ~ 0, H TIO IIpCJJ;CJibHOC 3HaqeHHe paBHO KO

HC'IHOH qaCTH IIO AJ.(aMapy J];JIH HHTerparra 

je(;) dx. 
-o x 

3To CJiaraeMoe rrpeJJ;CTaBJISICT co6oii HHTerparr IIO KacaTCJibHOH K KpHBOH L. ,[VI.SI OQCHKH BTOporo 

CJiaraeMoro B /2 3aMCTHM, 'ITO HMeIOT MeCTO COOTHOIIICHH.SI 

cos(n~,r0 ) < Er0 ; r0
2 = x2 +a2x 4

• 

Bb1qHcJIHM CJICJJ:YIOIIJHH HHTerpaJI 

0J jyj _ t5 
- 2--0 dx - 2arctg-I 

1

. 
-ox + y' y 
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Ilo3TOM)' BTopoe CJiaraeMoe B /2 orpaHMlleHO H HMeeT KOHe'IHbIH rrpe.r1eJI rrpH y ~ 0 H <iiHI<

CHpOBaHHOM £ 
TaKHM o6pa3oM, I<Ofte'IHoe 3Ha'leHHe no A,a;aMapy HHTerpwa rro KpHBOJIHHeHHOM)' 3JieMeHTY 

cymecTByeT TOr)J,a H TOJibKO TOr,[(a, KOr,[(a cymeCTByer KOHe'IHOe 3Ha'leHHe ITO A,a;aMapy )J,mI HH

Terparra no rrpXMOJIHHeHHOM)' 3JieMeHTy, npe.[(CTaBJI}flOlll,eM)' co6oli 0Tpe30K KaCaTeJibHOH K KpH

BOH B paCCMaTpIIBaeMOH oco6oH: TO'II<e. 

EyJJ:eM paccMaTPHBaTb rnrrepcmrry~HbIB HHTerpaJI KaK rrpe)J,eJir,Hoe 3Ha'leHHe npoH3BOA

Holi rapMOHMlleCKOro rrO'TeHI~HaJia .[(BOHHOro CJIOH. Tipe.[(CTaBHM HOpMaJibttyIO rrpoH3BO)J,ttyIO no

Te~HaJia .[(BOHHoro CJIO}f B pa3JIH'IHbIX qiopMax, y.r106HhIX ):(JIH 'IHCJieHHOH peaJIH3a~HH 

aw 1 a2 t 
-==-Je(.;)--ln-

1 

•ldL==f(x), xEL. 
onx 27! [, onxon~ x - " 

(8.11) 

IlycTb BeKTOpbl e.[(HHII'IHhIX HOpManeil: nx, n; K KOHTYPY L B TO'IKaX x II 'HMeIOT KOMIIO

HeHThI nx = (nxi, nx2); n;= (n;1, n;l). Tor.r1a 

a i x -~ x -.; 
-In-I .,=nf1 -

1 
-

1
0 +nv2----1,. (8.12) 

an; x -" Ix _,1- -ix _,1-
0TCIO,[(a IIOJIY1laeM 

L(x-e)=-()_2 
-In..!..= 2(grad r,n,)(grad r,n,;)-(nx,n,;). 

0nxon; r r
2 

(8.13) 

B [6) ycTaHOBJieHo, 'ITO mrrerpaJI B (8.11) cymeCTByeT B CMhICJie A,a;aMapa. EcJIII L - rrp}f

MOJIHHeHHhIH KOHTYP (pnc. 8.1), TO Bbipa>KeHHe (8.13) rrpHHHMaeT BH)J, 

(8.14) 

EcJIII x1 :t ±I, TO B (8.11) cymeCTByeT KOHe'IHoe npe.r1eJihHOe 3Haqemre mrrerpana, KO'Topoe AM 
ITOCTOHHHOH ITJIOTHOCTH MO>KeT 6hITh BhiqHcJieHO c HCIIOJib30BaHHeM <tiopM)'JihI (8.14). 

IlycTh Terrepr, L - KpHBOJIHHeHHhlH pa30MKttyThIH rna.[IKHH KOHTYP· Ilpe.r1noJio>KHM, qrn 

ypaBHeHHe KpHBOH L 3a,[(aeTCH CJie)JylOlll,HM o6pa3oM: .;1 = r;1(s), i;2 = i;1(s), a~ s ~ fi. ~JU[ KOMIIO-

HeHT HOpManH KL B ToqKe 'HMeeM n;1 = .;2 (s)ID; n~ = -!;1 (s)ID; D = D(s) =~t;;(s)2 +.;~cs)2, 
D "# 0 vs. IloMeCTHM Haqano KOOp.[(HHaT B TOqKy x H BbJ6epeM B KaqecTBe OCH Ox2 HOpMaJih nx 

K KpHBOH LB ToqKe x. Ilpe)J,IIOJIO>KHM, qTO x ~ L. 3arrmneM (8.12) B CJie)J,yIOlll,eM BH.[le: 

a 1 a 1 a 1 
-ln--=n -ln--+n -In-- (8.15) 
dn; lx-'1 qi a.;! Ix _,12 

;
2 a.;2 Ix _,12. 

KoMnoHeHThI HOpMann KL B ToqKe 'paBHhI n;1 = .;2'(s)ID; n~ = -.;1'(s)/D. Bhl'IHCJIHM qacT

Hhie rrpoH3BO)J,Hhie OT (8.15) no Xi, Xz. BocrroJih30BaBWHCb TeM, 'ITO lnr HBJUleTCH <iiYHJJ:aMeHTanb-
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HbIM perneHHeM ypaBHeHmr Jlanrraca H 3aMemrn ,D;mpcpepeHQHposamre no Xj Ji:Hcpcpepemi;Hposa

HHeM no 9 (j = 1, 2) ,D;JU! npOH3BO,D;HOM no Xi, nony'UIM 

~ln-1-== q;(s) a22 ln-1-2 + q;(s) ~ln-1-2. (8.16) 
oXion? \x _,\ D ()q2 \x _,\ D ()~1aq2 \x -~\ 

AHanorwrnoe paseHCTBO norryqHM MH tiaCTHOH npoH3BOJi:HOH no x2 

~ln-1 - == - q~ (s) ~ln-1-- ~;( s) ~ln-1-
ax2anq Ix_,, D oq2o~ \x -~2 

D ()~2 \x -~2 
• 

Ifa (8.16) H (8.17) ycrnHaBJIHBaeM, 'ITO 

a2 1 1 d a 1 
--ln-=---ln
{)Xj(Jnq r D ds ()q2 r ' 

a2 1 1 d a 1 
--ln-=----ln-. 
OX20nf r D ds oq\ r 

(8.17) 

Ec;m fIJIOTHOCTb noTeHQHana ,n:soM:Horo crroH ,D;HcpcpepeHQHpyeMa H B KOHU:ax ,n:ym L o6pa

maeTcH B H)'Jlb, TO c )"IeTOM npeJJ;bI.izymHX paBeHCTB ypaBHeHHIO (8.11) MO)l(HO npHJJ;aTb crreeyro

myro cpopM)': 

~J' [ a 1 a 1 ] 
a e (s) nxl OX2 ln \x-,,-nx2 OXj ln \x-~lds = f (x). (8.18) 

IlpH BbIBOJi:e ypasHeHHH (8.18) 6bma ocymeCTBJieHa 3aMeHa nopH,D;Ka Ji:mpcpepeHQHpoaamrn H 

HHTerpHpOBaHHH; ee rrpaBOMepHOCTb BhlTeKaeT H3 ycrrOBIDI x ~ L. B CHJiy Toro, 'ITO c1mryIDip

Hbie HHTerpanbI B (8.18) cymecTByroT B CMbICrre KornH, TO rrpH x __, xt L Mo"/IrnO rosopHTb 

o npe,D;eJibHOM 3Hatiemm HHTerpana. 

0rMeTHM eme 0,LIH)' B03MO)KHOCTb noHJI)l(eHHH nopH,D;Ka oco6eHHOCTH B paccMaTpHBaeMhlX 

mnepCHHrynHpHblX HHTerpanax. Ilpe,D;nOJIO)l(HM, 'ITO ,D;JIH 'IHCJieHHOH peanH3aQHH ypaBHeHHH 

(8.11) HCnOJib3)'eTCH pa3JIO)KeHHe nJIOTHOCTH B HeKOTOpbIH pH,D;, T. e. II)'CTb 

e(s) =:Lei (s). 
i=l 

Bonpocb1 cxOJi:HMOCTH pemeHIDI 06c)')l(Ji:eHb1 B pa6oTe B. A. lll,ep6ttHbI [7]. IlpHMeHHM npoeKU:H

oHHbIH MeTO,D; perneHHH ypaBHeHIDI (8.11). IlpH '.HOM B03HHKaeT Heo6XO,D;HMOCTb Bbl'IHCJieHHH 

il:B)'KpaTHbIX HHTerpanOB 

/km= jek (s0 )D(s0 )[jem (s)~ln-j 1 
,

1 

D(s)ds]ds0. 
a a onxonf x -,. 

(8.19) 

EcrrH pacCMOTpeTb I1an KaK JJ;B)'KpaTHbIH Heco6cTBeHHhlH HHTerpan, TO OH HB.IDleTCH CXOJJ;HIQHMCH 

(.D:JU! mo6oli crnmsaromelicH K oco6oli TOqKe nocne,D;oBaTeJibHOCTH rrol(o6JiaCTeli). BttyrpeHHHH 

HHTerpan B (8.20) cxo,D;HTCH B CMhicne rnasHoro 3HatieHHH no KomH, cne,n:o:aaTeJihHO, B I1an Ji:O-
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rrycrnMa rrepeMeHa rropK.LU<a HHTerpHpoBaHIDI. 3aMeTHM TaIOKe, 'ITO MPY B HHTerpane (8.20) 
MO)J(HO IIpH,D,aTb CJie;zyronzyro 4>opMY: 

1 d 1 
s(x-e)=-(-)-ln-( •)· D s0 ds0 x-~ 

Ocy.I11eCTBHB HHTerpHpoBaHHe rro qacnrM, rronyqHM 

/3/3 ' ' 1 
!km= fJek(s0 )0m(s)lnl -~dsds0 • 

aa X '!IJI 
(8.21) 

IlO,D,bIHTerpanbHa.sr 4>YHKliHH B (8.21) HMeeT cna6yro oco6eHHOCTb. 

TaKHM o6pa3oM, rnrrepcHHryJIHPHhrii HHTerpan B (8.11) rrpe,D,CTaBJieH B pa3JIHtIHDIX 4>opMax, 

KOTOpble MOrYT 6DITb HCl10Jib30BaHDI rrpH 'IHCJieHHOll peanH3auHH. 

IlpH 'IHCJieHHOM 011pe,D,eJiemrn HHTerpanoB THrra A,naMapa KpHBOJIHHeHHblll KOHTyp 3aMe

HHKlT a1111poKCHMHPYKlIUMMH rrp.srMOJIHHeliHDIMH cerMeHTaMH. HHTerpan 110 rrp.srMOJIHHeliHOMY 

cerMeHry MO)J(eT 6hITh BbltIHCJieH aHaJIHTH'leCKH. ,ll,JI.sr 110BbIIIIeHHH TO'IHOCTH HCIIOJih3YKlT arr

IIpOKCHMauHKl Komypa 3JieMeHTaMH KpHBbIX BTOporo 110pMKa. ECJIH HCl10Jlb30BaTb TaKyro 3aMe

HY B ypaBHeHHH c H,D,pOM, 3al1HCaHHbIM B BH,D,e (8.13), TO 11pHXO,ll,HM K Heo6XO,ll,MMOCTH 011pe,D,e

JieHHH HHTerpanoB THrra Koum Ha KpHBOJIHHeliHoM Komype, 'ITO Tpe6yer ,D,Ol10JIHHTeJihHhIX aHa

JIHTWiecKHX 11peo6pa30BaHrrli. EcJIH rn11epcHHrym1pHoe ypaBHeHHe 3a11HcaHo B 4>opMe (8.18), 
TO TaKa.sr arrrrpOKCHMauHH KOHTypa 1103BOJIHT aHanMTH'leCKH Bbl'IHCJIHTb HHTerpanbI c CMJibHOM 

oco6eHHOCTbl{) (HHTerpanDI 110 A,naMapy). 1lHcJieHHO )Ke 6y,D,YT orrpe,D,eJIHTbCH JIHIIIb HHTerpanbI 

OT 4>YHKQHH, HMeKlIQHX cna6yKl oco6eHHOCTb. 

TaKHM o6pa30M, rroKa3aHo, 'ITO paccMaTpHBaeMoe rHrrepcHHrym1pHoe ypaBHeHHe MO)J(eT 

6hITb 11pe,D,CTaBJieHO B 3KBHBaneHTHblX 4>opMax 

aw =-
1 fe(q)~In-1 

1
•

1

dL=f(x), xEL; 
on, 21£ [, on,dnq x -,, 

aw 
onx 

aw 
onx 

1 /3 d 2 1 
--fe(q)-In--ds=f(x) xEL; 
27rD(s0 )a dsds0 lx-'I ' 

1 /3 ' d 1 
fe (e)-In-

1 

•

1

ds=f(x), xE L. 
21CD(s0 ) a ds0 x -,, 

3,D,eCb rHrrepCMHryJI.srpHbie HHTerpanbI IIOHHMaKlTCH KaK COOTBeTCTBYffiIQHe rrpe,D,eJibHbie 

3HatieHHH. IlocJie,D,HHH 4>0PMYJia crrpaBe,D,JIHBa B rrpe,D,IIOJIO)J(eHHH, 'ITO IIJIOTHOCTb IIOTeHuHana 

,ll,BOllHOro CJIOH ,ll,M4>4>epeHuMpyeMa H o6pamaeTCH B flYJib B KOHuax ;zyrn L. 

8.1.3. B&1'lucneHue KOHe'IHOU 'lacmu uHmeapanoe no AoaMapy 
c nocmoRHHou nnomHocm&#O 

HaH6onee Ba)J(HbIM AJUI rronyqeHHH rrpHeMJieMoli TO'IHOCTH rrpH BhitIHCJieHHM MHTerpanoB 

rnrra A,naMapa, KaK 110Ka3aHO B [8], HBMeTCH BbNMCJieHHe KOHetIHOll qacTH TaKHX HHTerpanoB. 

3,D,eCb rronyqeHbl aHaJIHTH'leCKHe Bblpa)J(eHHH KOHetIHOll qaCTH no A,naMapy rnrrepcMHryJIHpHblX 

HHTerpanoB Ha rrpOM3BOJibHOM rna,D,KOM KpHBOJIHHeHHOM KOHType AJUI 110CTOHHHOH IIJIOTHOCTH. 

06merrpHHHTOll rrprr rrpHMeHemrn MeTO,D,a rpaHHtIHDIX 3JieMeHTOB B ,D,BYMepHDIX 3a,L(aqax HB

JIHeTCH arrrrpOKCHMauHH KOHTypa HHTerpHpOBaHHH JIOMaHblMH JIHHHHMH. 3,D,eCb TaIOKe rronyqeHO 
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crporoe reopenrqecKoe ITO;U'Bep)l()J;eHHe Toro cpaKTa, 'ITO TaKWI arrrrpoKCHMal(HH ,n,aer JIHHettttyIO 

rrorperuHOCTh npH Bhl'IHCJieHHH HHTerpaJia no KpHBOJIHHettHOMY KOHTYPY He3aBHCHMO OT cTe

rrem1 anrrpoKCHMaIUIB IIJIOTHOCTH. IlpeMO'IKeHhI pa3JIH'1Hhie sapHaHThI KB~paTH'IHOM anrrpoK

CHMaIJ,HH Komypa H aHaJIHTH'leCKHe Bhipa'IKeHIUI ,l.UUI HHTerpaJIOB no COOTBeTCTBY!OIIIHM KpHBhIM 

,l.UUI pa3JIHqHh1x cTeneHeil: noJIHHOMOB, annpoKCHMHPY!OIIIHX nJIOTHOCTH. AHaJIHTH'leCKHe oueHKH 

no,n,rnep)J(,D,aIOT KBa,n,paTH'IHylO CXO,D,HMOCTh npH TaKoil: anrrpOKCHMaum1. 

IIycTh nJIOTHOCTh 0(s) Ha KoHuax ,n,yrH L He o6paIIIaercH B HYJih. B rrpe,n,rroJio'/KeHHH, 'ITO 

x / ~ L, 3anmneM HHTerpaJihHhIM onepaTop B (8.1) B BH,D,e 

aw 13 d 
-= f0(s)-S(x/-~)ds. 
anx a ds 

r,n,e '= ~s) (a$ s:::;; /JJ-ypasHeHHe KpHsoil: LB napaMeTpH'lecKoil: cpopMe. 

51,n,po HHTerpaJihHoro orrepaTopa onpe,n,eJieHo KaK 

, a 1 a 1 
S(x _,)=nx1-ln-

1 

, •

1

+nx2-ln-
1 

, •

1

. 
ax2 x -.. axl x - .. 

(8.22) 

IIpe,n,noJIO'IKHM, 'ITO <l>YHKUHH 0(s) ,n,HcpcpepeHIJ.HpyeMa Ha L. OcynieCTBIDIH B (8.22) HHTer

pHpOBaHHe no 'laCT.IIM, IIOJiyqHM 

aw =0(s)S(x'-,t-f0'(s)S(x'-~)ds. 
anx a a 

(8.23) 

IIepeXO,D,.II B (8.23) K npe,n,cny rrpH x / ~ X, npHXO,D,HM K orrpe,n,eJieHHIO HHTerpaJia (8.22) 
B CMhICJie A,n,aMapa [6]. 0TMeTHM, 'ITO cpopMYJia (8.23) ,n,aer Bhipa'IKeHHe KOHe'IHOM 'laCTH rnnep

CIDITyJIHPHOro HHTerpaJia no npoH3BOJihHOMY rna,n,KOMY KOHTYPY· 

IIycTh 0(s) = 0o = const Ha L. lb cpopMYJihI (8.23) cJieeyeT, qTo 

aw =00S(x-~)l13 • 
anx a 

(8.24) 

<l>OPMYJia (8.24) cnpaBeMHBa MH JII06oro KOHrypa HHTerpHpOBaHHH, npe,D,CTaBJI.IIIOIIIero 

co6oil: npocryio pa30MKHyTy!O eyry .llimyttosa. B CJiyqae 3aMKHyToro Komypa H3 (8.24) noJiyqa

aw 
eM, 'ITO -- = 0. 

anx 

8. 1.4. B&NucneHue KOHe'IHOii 'lacmu uHmeapanoa no AoaMapy 
onR pa3nu'IH&1x annpoKcuMaquu nnomHocmu 

IIyCTh KOmyp HHTerpHpOBaHH.II npe,n,CTaBJI.IIeT co6oil: orpe30K np.IIMOM, ypasHeHHe KOTOpoil: 

HMeer BH,D, ~I= ~1(s) = s, ~2 = ~2(S) = 0, a$ s:::;; /3. PaccMOTpHM nOCTO.IIHHyIO, JIHHeil:Hyio H KBa,D,

paTH'lttyio <l>YHKUHH B Ka'leCTBe IIJIOTHOCTH rHnepCHHryJIHpHOro HHTerpaJia no np.IIMOJIHHeil:

HOMY KOHTypy: 

0o(s) = 0o; 02(s) = s2. (8.25) 

CooTBeTCTBYIDIIIHe 3THM nJIOTHOCT.IIM rHnepcHttryJI.11pHh1e HHTerpaJihI o6o3Ha'IHM qepe3 

aw;; ( i = 0, 1, 2). IloJiyqeHhl aHaJIHTH'leCKHe cpOpMYJihI, cnpaBe,D,JIHBhie MH IIpOH3BOJihHhIX no
anx 
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CTOHHHhlX Xi, X2, nxJ, nx2 (T. e. MO)l(HO paccMa'IpHBaTh KOHT)'p, COCTOHIIIHH Jf3 Ha6opa rrpHMOJIJf

HCMHbIX 01'pC3KOB): 

awlO = -E> ";::' (r n )i/3. 
~ a~ ' x ' un a 

x 

0

0~2 = [ -s:::.(r,nx) + v21 (r,nx)+2x0v; 1 ( r,nx )]I:, 
x 

r,n:e 

B oco6oM: o6JiaCTH (x1 E (a, /3); x2 --7 0, nx1 = O; nx2 = 1) HMeeM 

( ) 
1

/3 
0""10 - 1 1 . - --Jio-
onx 0 2Jr s-xl a, (

aw. ) 1 1 1/3 1 1/3 __ 11 =-s-- +-lnls-Xil ; 
on 2Jr S - X1 2Jr a x o a 

(0""12) =-1 s2_l_,/3 +.5..lnls-Xill/J +_!_(/J-a). 
on x 0 2Jr s - Xi a Jr a Jr 

EcJIJf ITJIOTHOCTb rrpe,n:cTaBJIHCT co6oli JIHHCMH)'IO <PYHKIJ;HIO, TO rrpH rrpH6JIJf)l(CHJflf KOH

'IpOJibHOM TO'IKJf X1 K KOHIJ;y rpaHJf'IHOro 3JICMCHTa JfMCCT MCCTO JiorapH$MlfqecKM oco6eHHOCTb. 

EcJIJf ITJIOTHOCTh - KBa.n:paTH'IHM $yttKIJ;JfH, TO COOTBCTCTByIOIIICC rrpe,n:eJibHOe 3HaqeHHe 6y,n:eT 

KOHeqHbIM. OrcIO,n:a MO)l(HO c,n:eJiaTb BbIBO.D: 0 HC3$$eKTHBHOCTJf JfCITOJlb30BaHJfH JIHHCMHOM arr

rrpoKCHMau;Hlf ITJIOTHOCTH. IlpHCMJICMbIC pe3yJibTaThI, TCM He MeHee, MOryT 6bITh ITOJIY'ICHbI, eCJIJf 

ITJIOTHOCTb rrpe,n:rroJiaraeTCH ITOCTOHHHOM Ha Ka)l(,lJ;OM rpaHH'IHOM 3JICMCHTe, qTo COOTBCTCTBYeT 

Jf,lJ;COJIOrlflf MeTO,n:a .D:HCKpeTHbIX oco6eHHOCTCM [9]. ,lJ,aJibHeillllee ITOBbIIIICHJfe TO'IHOCTJf B03Mo:lK

HO JIHIIIb rrpH rrpHMeHeHHH KBa,n:paTJfqHbIX HJIH KY6Jf'Iecmx 3JieMeHTOB. IlpH 3TOM .D:JIH ITOJIY'IC

HJfH ycTOMtJJfBbIX cxeM CJie.n:yeT rrpe,n:rroJiaraTb, 'ITO ITJIOTHOCTb JfMeeT HerrpepbIBHyIO rrepBYJO 

rrpOH3BO,lJ;H)'IO BH)"Iplf o6JiaCTJf JfHTerpHpoBaHHH. 

IIycu, L- rrapa6oJia, orrpe.n;eMeMM ypaBHCHJfHMH: q1 = q1(s) = s, q2 = q2(s) = as2, a:S: s :S: fJ 
(pHC. 8.3). 

fmiepcmiryAApHble JfHTerpaJibl, Bbl'IJfCJieHHbie ITO <PoPMYJIC (8.23) .D:M ITJIOTHOCTeM (8.25), 

0603HaqJfM qepe3 oWz; ( i = 0, 1, 2). YqlfTblBaH, 'ITO BCKTOp HOpMaJIH K rrapa60JIC JfMCCT KOM
onx 

ITOHCHTbI 

1 
nx =(2as,-1) .J , 

1+4a2s 2 
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H rrpe)l;IIOJiaraH, 'ITO X2 = ax1
2
, IIOJIY'IHM cneiJYIOmHe aHaJIHTHqecKHe BblpIDKeHml: 

(a:~), =Q0,E,(,,n,{ 

(a;:• l = Q[ ,g, ( ,,n, )-Jn l'-'il +~In It+ a' ( H 'i )'ll[ 

(a;~),= Q[,'s, (,,n,)-x, ( 2Inhl+lnlt +a'(,+>; )'l)+~<rretga(,+x,) l[ 
_ 1 . '=' ( )- 1+2ax1 (s+Xi) 

Q- 2Jr~l+4a2Xi2 ' ~2 r,nx - (s-Xi)[l+a2 (s+x
1

)
2
]' 

(8.26) 

IlpoBe)l;eM ouem<y rrorpeUIHOCTH, B03IIBKaJOIUeH IIpH arrnpOKCHMauHH rrapa60JibI JIHHeHHbI

MH 3JieMeHTaMH. 3aMeHHM Ha OTPe3Ke [a, /3J rrapa6ony y = ax2 JIHHeil:HbIM 3JieMeHToM, rrpe)l;cTaB

nmomHM co6oif OTPe3oK KacaTeJibHOil: y =yo+ 2axo(x - xo) B ToqKe (xo, yo= axo2
). 0TMemM, 

qTQ e)l;HHHqHbie IIOJIO)l<HTeJibHbie HOpMaJIH K rrapa6one H rrpHMOH B 3TOH TOqKe COBIIa)l;aIOT 

(CM. pHC. 8.3). 

y 

y =Yo+ 2a:4x - x0) 

n 

x 

Puc. 8.3. AnrrpoKCHMaum1 rrapa60JmqecKoro KOH'rypa 

Bb1qHCJIHM rro <)lopMyne (8.23) aHaJIHmqecKoe BbipIDKeHHe KOHeqHoil: qacTH no ALlaMapy 

rnnepCHHryJIHpHoro HHTerpana TIO JIHHeHHOMY 3JieMeHry 
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KaK cne,n:yeT m tI>opM)'JI (8.26), cooTBeTCTBYIOIIIee 3Ha<JeHtte .n;JUI napa6ontt<JecKoro 3Jie

Mettrn 6y,n:eT 

Ou:eHHM pa3HOCTh ~ H = H 2 - H 1. IlonyqttM 

HBJIHeTCH orpaHH'leHHOH. 

C = _a-=20=(=-/3""-) -
2Jr../l + 4a2 x~ 

BH.n;HO, qTQ paCCMaTpHBaeMaH pa3HOCTb m mrneil:Ho 3aBHCHT OT !:ii = /3 - a. AHaJIOIWIHM 

011eHKa MO)J(eT 6hITb nonyqeHa MH CHHryJIHPHbIX COCTaBAAIOUJHX B (8.23), ecJIH TIJIOTHOCTH on

pe,n:eJIHIOTCH no $opM)'JiaM (8.25). Cne)];oBaTeJihHO, 3aMeHa napa6onnqecKoro 3JieMeHTa nntteii

HhIM npH BhlqHcJieHHH rnrrepc1mryIDipHblX HHTerpanoB npHBO,l\HT K JIHHeHHOH norpeuJHOCTH. 

TaKHM o6pa30M, noBhlllJeHHe JIHlllh CTeneHH a1111poKCHMa1IHH IIJIOTHOCTH He rrpHBO.D:HT K YBeJIH

qeHHIO TOqHOCTH BhNHCJieHHH runepCHHryJIJlpHbIX HHTerpanoB, ecJIH He IIOBbIIIIaTb CTerreHb an

IIpOKCHMaIJ;HH KOHTypa. 

B MOHorpatl>HH C. M. Eenou:epKOBCKoro, 11. K. Jln$aHoBa [9] nptt Bh1qncneHHH rurrepcmrry

JIHpHhIX HHTerpanoB o6naCTh HHTerpttpoBaHHH pa36HBaeTCH Ha MaJihie no,n:o6nacTH (rpaHH'IHbie 

3JieMeHTbl), BttyTpH KOTOpbIX npe,n:nonaraeTCH, 'ITO IlJIOTHOCTb 0(s) IIOCTOHHHa. Bo3HHKaIOUJM 

rrpH TaKOH 3aMeHe norpeIIIHOCTh rrpH cneu;HaJihHOM BhI6ope KOHTpOJibHbIX TO'leK [9, c. 32] MO)J(eT 

6hITh ou:eHeHa KaK O(AflnAl), me !:ii - ,n:JIHHa rpattH'IHOro 3JieMeHTa. PaccMOTpHM cnyqa:H, Kor,n:a 

TIJIOTHOCTb JIHHeiiHO M3MeHHeTCH BHyTpH 3JieMeHTa. c IIOMOUJbIO tPOPM)'JI, nonyqeHHbIX BbIIIIe, 

ycrnHaBJIHBaeM, 'ITO norpernttocTu Bh1q11cneHHii 6y,n:eT paBHa O(~l) Ha rrpott3BOJlbHOM rna,n:KoM 

KOHType HHTerpnpOBaHHH. TaKHM o6pa30M, BBe,n:eHHe JIHHeiiHhIX 3JieMeHTOB He Il03BOIDleT CYUJe

CTBCHHO IIOBbICHTb TO'lHOCTb Bhl'lHCJieHHH rttnepCHHryJIHpHbIX HHTerpanoB. 

IlycTh Tenepb IIJIOTHOCTh E>(s) HBJIHeTCH KBa,n:paTH'lHOii <j:lyHKU:tteii Ha 3JieMeHTe, a KOHTYP 

HHTerpHpOBaHHH rrpe,n;CTaBmieT co6oii 01pe30K rrpHMOii JIHHHH. 06o3Ha'IHM qepe3 ~x) = ~Xi,Xz) 
aw 

pa3HOCTb Me:>I<:,n:y TO'lHbIM H rrptt6JIH)J(eHHhIM 3Ha'leHHHMH - Ilpe,n:noJIO)J(HM, 'ITO <PYHK-
anx 

llHH E>(s) Ha i-M 3JieMeHTe rrpe,n:cTaBHMa B CJie)J;yIOill,eM BH,n:e: 

E>(s) = e~ +e: (s-s~)+e~ ( s-s~)
2 

+e; (s-s~ )
3

• (8.27) 

06o3Ha'IHM 0J =a; aN =/3. IlyCTh x1E [QJ-1, QJ]. Tor.n:a 

N a, 1 a; 

t9(Xi,o)= I e; f(s-s~)
3

-ds+e{ f(s-xi}1ds=o(~12 ). 
i=l,i;t:j ai-l S - ~ aj-l 

TaKaH 011ettKa crrpase.n;nttBa, ec1111 <j:lyHKU:HH 0(s) npe,n:cTaBHMa B BH,n:e (8.27). 
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IIycTb Tenepb KOHTYP HHTerpHpoBaHllil npe;::i:cmBJUieT co6oii rna.z:ucyro pa3oMI<HyTyIO ;zyry, 
arrnpoRcHMHposamzyro JIHHeil:HhIMH mpe3KaMH. Bmne ycmHoBJieHo, qTO pa3HOCTr:. nmepcmrry

.IDipHblX HHTerpaJIOB, Bbl'IHCJieHllbIX no napa60JIH'leCROM)' H JIHHeiiHOMy :meMeHTaM, 6y;::i:eT JIH

HeiiHo 3aBHCeTb OT Af. TaKHM o6pa30M, ecJIH KOIITyp HHTerpHpOBaHllil annpOKCHMHpoBaH Ha Ka

)l():IOM '.'lJieMeHTe JIHHeiiHbIMH 3JieMeHTaMH, a IlJIO'THOCTh - KBa;::i:paTHqffbIMH <)lyttKQH.sIMH, TO TO'l

HOCTh BbJqHcJieHmI rHnepcHHrymipHbIX HHTerpaJIOB OCTaeTCK JIHHeiiHoii cpyHK[(Heii 11!. 

8.2. "1Hmeepan1:>1 a CM1:>1cne KOHe'IHOU 'lacmu no AoaMapy 
a npocmpaHcmeeHH1:>1x 3aoa'lax 

8.2.1. B&NucneHue HOpMan&Hou npou3ao0Hou aapMOHU"lecKoao nomeHu,uana 
oaoiiHoao cnoR no nnocKou o6nacmu 

PaccMoTpHM noTeH[(HaJI ;::i:.aoiiHoro cJiox 

qepe3 n H N 6y;::i:eM o603Ha'laTb e):IHHH'IHbie HOpMaJIH K s B TOIJKaX x H ~ 
IlycTb o6JiaCTb mrrerpHposaHHH s rrpe;::i:cTaBmieT co6oii TIJIOCKHM npSIMOyrOJibHHK s == 

== {[-b, b] x [-l, l]}. IIpe;::i:rroJIO)l(HM, 'ITO <)lyttKIIHSI 8(~ HMeer HenpepbIBHhie t.IaCTHbie rrpoH3Bo;::i:

Hbie, y;::i:oBJiersopxIOmHe ycJIOBHIO feJih;::i:epa BCIO):ly BHYTPH S. IIycTh x ~ S, x ~ l. Tor;::i:a Hop

MaJibHyIO npOH3BO,[(HyI0 IIOTeHJ:.(HaJia ):IBOHHOro CJIOH MO:>KHO rrpe;::i:cTaBHTb B BH,[(e 

a a2 
i b 

1 
[ i 3 

2 J 
!(x)= a:= !f8(~)()noN Jx-~JdSq == _{J,0(~) 7- :s3 dg1dg2, (8.28) 

r =~(;1 -xi)2 +(~2 -xz)2 +xi. 

HHTerpaJI B npaBoii t.IaCTH (8.28) cymecrnyeT B o6hit.IHOM CMhicJie npH x q:: S (x3 ::/:. 0). 
IlycTb 8(~ == 8 0 == const Ha S, x ~ S. Tor;::i:a H3 (8.28) rroJIYt.JHM 

b l I i 3xi J 
I(x) = 00 _f JL 7 -7 dgldg2· 

BbI'IHCJIAA 3TOT HHTerpaJI aHaJIHTHt.IeCKH H rrepeXO):IH K rrpeJ(eJIY npH X3 ~ 0, rrpHXO,[(HM K CJie

eyIOU.(eli <)lopM)'ne: 

I(x) = 8 0L(x), 

L(x)~[ J(x1 -b)2 +(x2 -/)2 J(x1 -b/ +(x2 +!)2 
-'-------+ + 

(x1 -b)(x2 -I) (x; -b)(x2 +l) 

J(x1 +b )2 +(x2 -/)2 
+-'-------

(x; +b)(x2 -l) 
(8.29) 
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BbipaJKCHHe (8.29) COBIIa,ZJ,aeT c npHBC,ll,CHHOH B [9] <i>OPMJJIOH (6.4.16), KOTopaH rro.rryqe

Ha <l>opMaJibHbIM CBC,ll,eHHCM ,ll,BOHHOro HHTerpana B (8.28) rrpH X3 = 0 K IIOBTOpHOMJ. 

KoHC'IHOH 'laCTblO TIO A,ll,aMapy IIpH x E s HHTerpana (8.28) 6y,ZJ,eM Ha3bJBaTb CJIC,ZJ,ylOil.J;HH 

npe,ZJ,eJI: 

. [ 1 ff az 1 20 ( x) l I(x)=hm - 0(,)-,.._a -
1 

~idsq---, 
e->O 21C s' ori N x -; c 

(8.30) 

r,ZJ,e S* = s.,SJ, a ff' npe,ZJ,CTaBJIHCT C060H OKpy;KHOCTb pa,ZJ,Hyca EC U:CHTpOM B TO'IKC X. 

EcJIH 0(~ = 0 0 = const Ha S, TO, BbI'IHCJIHH aHaJIHTH'ICCKH HHTerpan s (8.30) no o6nacTH 

s* = S\fJ, nOJIJ'IHM 

20 
I(x) = 0 0L(x)+-0 • 

c 

lb BblIIICH3JIO;KCHHOro HCHO, 'ITO npH 0(~ = 0o = const npe,ll,CJibHbIC 3Ha'ICHHH, IIOJIY'ICHHbIC no 

<l>opMJJiaM (8.28) npH x3 ~ 0 H (8.30) - npH c ~ 0, cosrra.naJOT. IlycTb 0@ -:t- const. Ilpeo6-

pa3yeM HHTerpaJibl B (8.28) H (8.30) CJIC,ZJ,yIOII.J;HM o6pa30M: 

I ( x, o) = 0 0L( x,0)+0:, ( x)A( x,o) +0~ (x)B( x,o) + R( x,o). 

3,ZJ,eCb 0 = X3, CCJIH paccMaTpHBaeTCH rrpe,ll,eJI B Bbipa;KeHHH (8.28), H 0 = c, eCJIH paccMaTPHBa

eTCH npe,ll,eJI B Bbipa;KeHHH (8.30). BbIIIIe 6bIJIO IIOKa3aHO, 'ITO npe,ll,eJibHbie 3Ha'leHHH BCJIH'IH

Hbl L(x, 8) rrpn x3 ~ 0 H npn c ~ 0 cosna.na10T. AnanorH'IHo ,ll,OKa3hIBaeTcH, 'ITO npe.neJlbHhie 

3Ha'leHHH BCJIH'IHH A(x, 8), B(x, 8), H R(x, 8J TaK;Ke cosrra.na10T, ecnn rrpomBO;::t;Hbie <PYHKu:HH 0( ~ 
y.nosJieTsopHIOT ycnosttJO feJih,ll,epa. 

8.2.2. 8&1'lucneHue HOpMan&Hoii npou3ao0Hoii nomeHquana oaoiiHoeo cnoR 
Ha pa3oM«Hymoii noaepxHocmu flRnyHoaa 

IlpH 'IHCJICHHOH peanmau;HH rnnepcmrryJIHpHhlX ypasHeHHli MeTO,ll,OM rpaHH'IHblX 3JieMeH

TOB B03HHKaeT neo6xo,ll,HMOCTb arrnpoKCHMaU:HH nosepxHOCTH HHTerpttpOBaHHH. Ilptt 3TOM oc

TaeTCH HCHCCJIC,ll,OBaHHblM: 6y.nyT JIH cymecTBOBaTb paccMaTPHBaCMbie HHTerpaJibl Ha annpoK

CHMHpOBaHHOH nosepxHOCTH H KaKaH npH 3TOM B03HHKHCT norpeIIIHOCTb. 3,ZJ,eCb pacCMOTPCHa 

annpOKCHMaU:HH IIOBepxHOCTH HHTerpttpoBaHHH IIJIOCKHMH KacaTCJibHblMH 3JieMeHTaMH. y CTa

HOBJieHO, 'ITO cymeCTByIOT KOHC'IHble npe,ll,eJibHbie 3Ha'ICHHH paccMaTPHBaeMbIX rnnepCHHry

JIHpHblX HHTerpanos Ha annpoKCHMHpy10mnx 3JieMeHTax. KpoMe Toro, ycTaHOBJieHo, 'ITO H3 

CHHryJIHpHoro HHTerpana, npe,ll,CTaBJIHIOII.J;ero co6oH: HOpMaJibHYJO npOH3BO,ll,HyIO IIOTCHU:HaJia 

,ll,BOHHOro CJIOH no 3JieMeHT)' nosepXHOCTH, MO;KHO Bhl,ll,CJIHTb CJiaraeMoe c Han6oJiee CHJlbHOH 

CHHryJIHpHOCTblO (rnnepCHHryJIHpHoe ), H 3TO CJiaraeMoe HBJIHCTCH HOpMaJibHOH npOH3BO,ll,HOH 

nOTCHU:HaJia ,ll,BOHHoro CJIOH, KOTOpaH Bbl'IHCJIHCTCH HMeHHO no COOTBCTCTBYIOII.l;CMJ 3JICMCHT)' 

KacaTCJibHOH nJIOCKOCTH. 

B [8] ,ll,OKmaHa cne.nyIOII.J;aH TeopeMa. 

TeopeMa 1. IlycTb SEA1(l); 0- HenpepbIBHaH Ha S <PYHKn:Irn; R - BeJIH'IHHa, MCHhIIIaH 

HJIH pasHaH pa.neycy cqiepb1 llimyHosa MH nosepXHOCTH S; cr0(x, R) - Kpyr pa.neyca R, Jie;Ka

mnH: Ha KaCaTeJibHOH B TO'IKe x K nosepxHOCTH s nJIOCKOCTH; n u N - C,ll,HHH'IHblC HOpMaJIH 
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Ks B TOqKax x H ~ x'= x + ein. ~JUI Toro qT06bI cy11IeCTBOBa.JIO KOHeqHoe rrpe,D;e.JibHOe 3Ha

qeHHe HOpMa.JibHOH npOH3BO,ll;HOH noTeHI(Ha.Jia .D:BOHHoro CJIOH Ha nosepXHOCTli s 
aw . ff a1 

1 -a =hm ec,)-a a -I, •ids;, n e,--;o s n N x -,. 

Heo6xo,D;HMO H .D:OCTaTOqHo, qT06bI CYIIIeCTBOBa.JIO KOHeqHoe rrpe,D;e.JlbHOe 3HaqeHHe HOpMa.JibHOH 

npoH3BO,D;HOH rroTeHI(Ha.Jia .D:BOllHOro CJIOH Ha KacaTe.JibHOH K s n.JIOCKOCTH 

aWo . ff e JI\ a1 1 -a = hm ~ (,.;-a--1 , •1 dS;· 
n e,-->O cr,(x,R) an N x - .. 

B XOAe AOKa3aTe.JibCTBa ycTaHOBJieHo, qTO Han6onee CHJibHM CHHry.JIHpHOCTb, rrpHCYTCT

By10I1IaH B HHTerpane c HApOM THna HOpMa.JibHOll npOH3BO)J;HOH noTeHI(Ha.Jia .D:BOllHOro CJIOH, 

npe,D;cTaBJIHeT co6on HOpMa.JibHYIO rrpOH3BO.D:HYJO noTeHI(Ha.Jia )J;BOHHOro CJIOH, BblqHc.JieHHYJO 

no 3.JieMeHry KacaTeJibHOH IIJIOCKOCTH, CO)J;ep)l(a11IeMY TOqKy Ha6.JIIO)J;eHHH x. 
0rMeTHM, qTQ rrpeAeJibHOe 3HaqeHHe HOpMaJibHOH IIpOH3BO)J;HOH nOTeHI(Ha.Jia .lJ:BOHHOro CJIOH 

no 3.JieMeHTy KaCaTe.JibHOH n.JIOCKOCTH B TOqKe x paBHO rrpHMOMY 3HaqeHHIO HOpMa.JibHOH rrpo

H3BO.D:HOH noTeHI(HaJia ABOllHOro CJIOH, IIOHHMaeMOMY B CMbICJie KOHeqHoii: qaCTH ITO A,D;aMapy 

(8.30), r,D;e SJ rrpeACTaBJIHeT co6oii: OKPY)l(HOCTb pa,D;ttyca Jc neHTpoM B ToqKe x. 
YcTaHOBHM, rrptt KaKHX ycnosRHX rrpeAe.JII>Hoe 3HaqeHtte HOpMaJibHoii: rrpoli3BOAHOii: rrOTeH

I(Ha.Jia )J;BOHHOro CJIOH dWr/dn nptt X3 ~ 0 KOHeqHo Ha KacaTe.JibHOH IIJIOCKOCTH. Heo6XO)J;HMOCTb 

TaKOro HCCJie)J;oBaHHH AHKryeTCH TPe6oBaHHHMH KOHeqHOCTli H HerrpepbIBHOCTH paccMaTPHBae

MOll HOpMa.JibHOH rrpOH3BO)J;HOll B TOqKax KOJIJIOKal(HH npH IIpHMeHeHHH MeTO)J;a rpaHH~bIX 3Jie

MeHTOB. tIT06b1 YAOBJleTBOpHTb 3TliM TPe6oBaHHHM, rrpHMeHHIOTCH pawrrqHbie CTPaTemtt [10, 
11]. 3,D;ecb Hccne)J;osaH cnyqan BHYTPeHHeii: ToqKH KOJIJIOKal(HH H ycTaHOBJieHo, KaKHM TPe6o

BaHHHM AOJI)l(Ha YAOBJieTBopHTb rr.JIOTHOCTb. 

B [10) AOKa3aHa TeopeMa. 

TeopeMa 2. IlyCTb e, S, ~(x, R) orrpe)J;eJIHIOTCH TaK )l(e, KaK B TeopeMe 1. EC.Jill ycJIOBHe 

flHIIYHOBa 
a, 

j(e-e0 )dq;i <ap1+v; 0< v 
a. 

Y.D:OB.JleTBOpeHo, TO rrpeAe.JibHOe 3HaqeHHe HOpMaJibHOll npoH3BO)J;HOH IIOTeHI(Ha.Jia )J;BOHHOro CJIOH 

Wo = ff ec~) cos(;N) d<7 
O"o r 

B TOqKe x KOHeqHo, eCJIH R >JC:. 0. 
0TCJO,na CJie,nyeT, qTo eCJIH HCil0.Jlb3YJOTCH rpaHHqHbie 3JieMeHTbl c IIOCTOHHHOH IIJIOTHO

CTblO, TO paccMaTPHBaeMbie rrpe,ne.JibHbie 3HaqeHHH HOpMa.JibHOH rrpoH3BO.D:HOll IIOTeHI(Ha.Jia )J;BOH

HOro c110H orpaHrrqeHI>I scmey BHYTPH rpaHrrqHoro 3.JieMeHTa H HeorpaHttqeHHO B03pacTalOT 

rrpH rrptt6JIH)l(eHHH K rpaHHI(e 3.JieMeHTa. 

8.2.3. 3KeueaneHmHocm1:o uHmeepan1:.H1:.1x npeiJcmaeneHuii 
HOpManl:.HOU npOU3600HOii nomeHquana 060UHOZO cnoR 

IlpH HeKOTOpbIX npe,nrrOJIO)l(eHHHX OTHOCHTe.JibHO IIJIOTHOCTH IIOTeHI(HaJia .D:BOllHOro CJIOH 

MO)l(HO rronyqHTh npe,nCTaBJieHHe ,[(JIH ero HOpMa.JibHOll rrpoH3BO)J;HOH B BH.D:e HHTerpana, CYI11eCT

BYJOI1Iero B CMb1c11e rnasHoro 3HaqeHHH no Kourn. 
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BOCIIOJib3YeMCH 3.D;eCb rH.D;p0.D;HHaMJi1IeCKHMH aHaJIOrHHMH. IlycTb s - pa30MKHYTaH IIO
BepXHOCTb JlHrryttoBa, l - KOHTyp, ee orpaHH'IHBarom;Iill. )J.orrycTHM, 'ITO Ha s 3a.D;aHa Herrpe
pbIBHaH BeKTop-<j:>yttKU:HH Q, xapaKTepH3yiom;M pacrrpe.D;eJieHHe 3aBHXpeHHOCTH. Tor.D;a BCIOL\Y 
BHe s noJie CKOpOC'reH, HHL\Yl(HpOBaHHoe Q, HBJIHeTCS! 6e3BHXpeBblM H, CJie,n:oBaTeJibHO, o6Jia.D;aeT 
IIOTeHI(HaJIOM. IloJiyqHM Bbipa'lR:eHHe .n:mr :noro IIOTeHU:HaJia B S!BHOM BH.D;e. 

PaccMOTPHM rroTeHU:HaJI p;Boil:Horo CJIOH 

rp(x) =-
1 ff ece:i.i..(-1-Jdu. 

4Jr s oN Jx _,, 
(8.31) 

B pa6oTe [13] )J;OKa3aHo, 'ITO 

1 JJDexN <p,;(x)=- rot; du, 
4Jl" s r 

- 0~ ff[ cos(N ,x;)D,k e-cos( N ,xk )D,; e J r-
1d<Y+ f e[(II r),;, d(,j -(II r ),;j d~k]. (8.32) 

k S I 

ECJIH C'IHTaTb, 'ITO <}JyttKI(HS! e BHe S )J;OOIIpep;eJieHa IIOCTOS!HHOH B)J;OJib HOpMaJIH K S, TO 
De = grade. TaKHM o6pa30M, eCJIH n =Dex N, TO 

grad<p(x) = -
1
- rot fJQ du, 

4Jr s r 

T. e. noJie CKOpOCTeii V, HH)J;yl(HpOBaHHOe pacnpep;eJieHHOM no IIOBepXHOCTH s 3aBHXpeHHO
CTh.fO .0, HBJIHHCb BCIO.D;y BHe S 6e3BHXpeBbIM, 06Jiap;aeT IIOTeHI(HaJIOM B BH)J;e (8.3 J ). 0rcIO.D;a 
TaK'lR:e CJiecyeT, 'ITO CKOpOCTb v MO'lR:eT 6b1Th npep;CTaBJieHa B O)J;HOH H3 CJie)J;yrom;HX 3KBHBaJieHT
HbIX <}JopM [12]: 

(8.33) 

1 JJQ 1 JJ 1 JJQxr V=- rot =du= - [grad(l/r)xQ]dcr = - -
3
-da, 

4Jr s r 4Jl" s 41l" s r 

V=-
1 ff De.;_(.!.)du- -

1 Jf N (De, grad(l/r)) d<Y. 
41l" s dN r 4Jr s 

TpeTbe ypaBHeHHe (8.33) IlOJIY'laeTCH H3 BTOpOro IIpHMeHeHHeM H3BeCTHOH <}JOpMYJibl }VIS! 

)J;BOHHOro BeKTOpHoro rrpOH3Bep;eHHH. 
EcJrn IIJIOTHOCTb e o6pam;aeTCH B HyJib Ha KOHType l, orpaHH'IHBarom;eM ITOBepXHOCTh S, TO 

HOpMaJibHasr npOH3BO,ll;Hasr IlOTeHU:HaJia )J;BOMHOro CJIOH MO'lR:eT 6b1Tb npep;cTaBJieHa KaK 

o<p =-1 JJe~(.!. \.,<Y=-1 ffe3cos(r,n)cos(r,N)-cos(n,N) da, (8.34) 
on 4Jr s oNon r f 4Jr s r 3 
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'drp ___ l Jf(ilxr,n)d,..., 
v 0=grad0xN, 

'dn 4Jr s r 3 (8.35) 

'drp =-
1 

Jfcgrad0,n).l_(.!.)da - -
1 ff cn,N)(gradE>, grad(l/r))do: 

'dn 4Jr s 'dN r 4Jr s 
(8.36) 

)l;arree 6y,LleT IIOK!l.3fill0, qTO O,LIHa H3 ,LIHCKpeTHhlX <PopM ypaBHeHIUI (8.34) rrpe,LICTaBJUieT co-

6oil: CHCTeMY rurre6pmrqecKHX ypaBHeHHH, IICIIOJih3yeM)'IO rrpII perueHIIII 3a.z:1aq a3pO.D;IIHaMIIKII 

MeTO,LIOM ,LIIICKpeTHbIX BIIXpeil:. 0TMeTIIM, qTQ rrpII BbIBO,[le ypaBHeHIIH (8.35), (8.36) rrpe.z:1rro

JiararroCh, qTo IIJIOTHOCTb e o6pamaeTCH B ttyJib Ha KOHzype, orpaHIIqIIBaIOrueM S, II HBJIHeTCH 

.LIH<P<Pepemi:IIpyeMoH. 

B cnyqae, Kor.z:1a o6JiaCTb s HBJIHeTCH IIJIOCKOH, HOpMa.JibHylO TIPOII3BO.LIHYIO TIOTeHIJ;IIaJia 

,LIBOHHOro CJIOH MO:>KHO <l>opMa.JibHO rrpe,LICTaBIITb B BII,Lle 

B pa6oTax [10, 13, 14) 3Tlf ypasHeHIIH H!l.3BaHhI IIHTerpaJibHhIMII ypaBHeHIIHMII TlIIIa HhIOTOHOBC

Koro IIOTeHIJ;IIa.Jia. 

8.2.4. Bt:.1'lucneHue uHmeapanoe e CMt:.1cne KOHe'IHoao 3Ha'leHuR no AoaMapy 
no nnOCKOMY MHOaoyaon&HUKy. 

)];JIM qIIcJieHHOro perueHIIH CIIHryJij!pHbIX II rnTiepCIIHryJIHpHbIX IIHTerparrbHbIX ypaBHeHIIH 

o6nacTb IIHTerpIIpoBaHIIH pa36HBaIOT Ha MaJihle rro.z:106nacrn. ITpeJUJonaraeTcH, qTQ IIJIOTHOCTh 

COOTBeTCTByIOmero IIHTerpana B HIIX HBAAeTCH lI3BeCTHOH <PYHKrweii. IIo.z:106JiaCTb, CO,Llep:>KamM 

«TOqKY Ha6JIIO,LleHIIH», Ha3bIBaIOT oco6oil:. IlpII BhNIICJieHIIII IIHTerpanoB TIO Heoco6bJM TIO,LI06Jia

CTHM MO:>KHO TipIIMemrn. lI3BeCTHbJe KBa,LlpaT)'PHbJe <l>OPMYJibI. 0.[IHaKO lIX IICTIOJib30BaHIIe B oco-

6bIX IIO,LI06JiaCTHX HeB03MO:>KHO JIH6o TipIIBO,LIIIT K 3HaqIITeJibHbIM BbJqIICJIIITeJihHblM rrorperu

HOCTHM. I1o3TOMY Heo6XO,LIHMO IIMeTb aHaJIIITIIqecKIIe <PoPMYJibI ,LIJij£ BbJqIIcJieHirn paCCMa'rpII

saeMbIX HHTerpanos c 3a.z:1aHHOH IIJIOTHOCThIO TIO orrpe.z:1eneHHhIM o6nacTHM. HII:>Ke rronyqeHhI 

aHaJIIITIIqecKIIe <PoPMYJibI ,LIJij£ BhJqIIcJieHIIH 3THX IIHTerparroB B TpexMepHbIX 3a.z:1aqax. 

BbJqIICJIIIM HOpMaJibHyIO TipOH3BO.LIHYIO rapMOHIIqecKoro IIOTeHI.J;IIaJia ,LIBOHHOro CJIOH, TIO

HIIMaeM)'IO B CMhICJie KOHeqHoil: qacrn rro A.z:1aMapy. BocTIOJih30BaBruIICh <PoPMYJiaMII (8.32), 
(8.35), 3aTIIIllieM 

f.f '()2 
( 1) ((gradE>xN)xr,n) ( 1 ) 8(~)-'.'1- - dS; = ff 3 dS; - f 8 grad-xn,d/ . 

s on'dN r s r 1 r 
(8.37) 

B [12) IIOK!l.3aHo, qTQ IIHTerparrbI B rrpaBOH qacTH (8.37) cymecTBYIOT B o6hl'IHOM CMbIC

Jie, Kor.z:1a x ~ S II B CMhICJie rnaBHoro 3HaqeHIIH TIO KoruII rrpII x E S; x ~ l. 
I1ycTh 0(~) = 8 0 = const Ha S. Tor.z:1a II3 (8.37) rronyqIIM 

a2 

1 ( 1 ) Jf ec~)---dS; =- f e grad-xn,dl . 
s on'dN r I r 

(8.38) 
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PaccMO'IpHM cHa'lana CJIY'·Iaii, Kor,ri;a o6naCTu S npe,ri;CTaBJureT co6oli IIJIOCKHH npHMoyronh

HHK s = { [-b, b]x[-l, /]}. Ifa (8.38) cneeyeT <}lopMaJ!hHOe paBeHCTBO 

l(x) = 8
0 
l ~(_!_)dq2 _ _i_(_!_)dq1] = 80 J J dq1dq2 

3
• (8.39) 

rl a;! r a;2 r -b-1 [(Xi -q1)2 +(Xi -q1)2]2 

::ho paBeHCTBO IIOHHMaeM B TOM CMhICJie, 'ITO ero rrpaBrur qacTh rrpe,ri;CTaBJU!eT co6oli COOTBeT

CTB)'IOIIJ;HH rrpe,ri;en. BhI'IHCJI.IDI B (8.39) 0,[(HOKpaTHhIH HHTerpan, rrpHXO,[(HM K cne,ri;yiomeli <}lop

M)'Jie: 

/(x)=E>o +V + 
[ 

J(Xi -b)2 +(x2 -1)
2 1(Xi -b)2 +(x2 +/)

2 

(Xi -b)(x2 -l) (x1 -b)(x2 +t) 

+ J(x1 +b)2 +(x2 -1)2 J(x1 +b)2 +(x2 +/)2 l· 
(Xi +b)(x2 -t) (x, +b)(x2 +l) 

(8.40) 

Bb1pa)J(eHHe (8.40) COBrra,ri;aeT c npRBe.ri;eHHOH B [9] <}lopM)'JIOH (6.4.16), KOTOprur rronyqeHa <}lop

MaJibHhIM CBC,[(CHHCM ,[(BOHHOro HHTerpana B (8.39) K IIOBTOpHOM)'. 

IlycTb S-MHoroyrOJlhHHK, Jie)J(alIJ;HH B IIJIOCKOCTH xOy (pHC. 8.4) H e(e> = 80 = const Ha S. 

y 

XJ.Y1 

XzY2 

Yo 

0 x 

Puc. 8.4. BbI'IHCJleHHe liHTerpana no A,1:1aMapy no IIJIOCKOMY MHoroyroJihHHKY 

IloJI)"IHM <}lopM)'JihI ,[(JUI BhI'IHCJleHIDI I(x) no S rorn npomBOJihHOH TOTIKH BH)'1PH S. )J,IDI onpe

,ri;eJieHIDI npe,ri;eJihHOro 3Ha'leHIDI paccMa'IpHBaeMoro HHTerpana 6y,ri;eM nonh30BaTucH <}lopM)'JlOH 

, fJe ~ a2 1 , 
/(x)=lim/(x)=limJ ~(.,):. :.u-I, ~ldS;;, x ~s. 

<~O <~Os unu1Y X -., 

npe.D;IIOJiarrur, 'ITO TO'IKa x' = x + l.:1l Jle:>KHT Ha HOpManH n K s B TO'IKe x (HopMaJlh HanpaBJie

Ha K octt Oz). 06o3Ha'IHM qepe3 (xi, Yi) (i = 1, 2, ... , n) Koop.D;HHaThI BepIIIHH n-yronhHHKa S 

(CM. pHC. 8.4). I1MeeM 



nIIIEPCMHfYIDIPHhIE HHTEfP AJThHhIE YP ABHEHIDI 

1j = ~(x-xo}2 +(y- yo}1 + z2
• 

Bse.n;eM rromipH)'IO CHCTeM)' KOOp,ll;HHaT c u:eHrpOM B ToqI<e mo = (xo, Yo. 0): 

x-xo= pcos<{J, y-yo = psin<p. 

Tor,n;a HHTerpa.rr l(x') MO)KCT 6hITh 3armcaH B Bli,ll;e 

I(x')=80L f d<p J -3++ pdp, 
n !i'i+I p(tp)[ 1 3 2] 

i=l !Vi 0 1j 1j 

P; ( <p) = c; I sin ( rp- (/);•); C; = [ ( Y; - Yo) ( X;+i - X; )- ( X; - x0) ( Y;+i - Y;) JI 'i,;+i; 

• . Yi+I - Y; I( )2 ( )2 2 
f/J; = arcsm ; 'i+l,i = v xi+! -X; + Yi+I - Y; + z ; Yn+I = Y1;Xn+I =Xi· 

'i+l,i 

n 
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TaKMM o6pa30M, I(x') MO)KHO rrpe.n;cTaBHTh B BH,n;e cyMMhI I(x') = 80 I/;(x'), B KOTopoli l;(x') 
i=l 

npe~CTaBJIJUOT co6oH HHTerpaJihJ no rpe)'TOJihHhIM o6JiaCTHM c sepIUHHaMH B TOqI<ax (xo, yo, z); 
(x;, y;, 0); (x;+1, Y;+i. 0). 

BhiqHcJIHM HHTerpa.rr l;(x') 

9';+1 p(q>)[ 1 3 2] 
1;cx') = eo I drp J -3 ++ pdp = 

9'1 0 1j 1j 
(8.41) 

Ilocne rnro, I<aK B3HT 1myrpeHHHH HHTerpa.u no p, B (8.41) MO)KHO nepeil:rn K rrpe,n;eny 
rrpH z ~ 0. Ilo,n;crasnHH B (8.41) 3Haqemrn p(rp), rronyqHM 

'Pi+l 

- e [ bliali ho;ao; l 
-

0 (a~+Z2 1f+i,;)~r;!1 •0 +z2 (a~;+z2r;)~r;~+z2 ' 
(8.42) 

r,n;e bk; == ( Y;+k - Yo)( Y;+1 - Y;) + ( xi+k - Xo) ( X;+1 - x;) · 

0rMeTHM, qro <I>opM)'na (8.42) COBIJa,l(ae'T c nonyqeHHhJM B (15, 16] Bhlpa)KeHHeM ,LIIDI «CKO
Ca>> IJOTOKa, T. e. BhJ:qHCJieHHOH ITO <I>opM)'ne Etto-Casapa CI<opoCTH, HH,n;yu:HpOBaHHOH BHXpeBhIM 
orpe3KOM c Koop,wmaTIIMH (x1, y;, 0); (x;-1-1, y;-1-1, 0) B ToqKe (xo, yo, z). TaKHM o6pa3oM, 3,n;ech ,1:1aHo 
crporoe MaTeMar~ecI<oe o6ocHoBaHHe rrpHse.n;eHHoii B [15] <PopM)'JihI. 

PaccMoTpHM cnyqail:, Kor,1:1a o6naCTh S rrpe,1:1crasnHeT co6oli rrpHMoyronhHHK, sepIUHHaMH 
KOToporo HBJIHIQTCH ToqKH A1 = (xi. y1); A1 = (x1, y2)(y2 > Y1), A3 = (x2, y2)(x2 > x1), A4 = (x2, y1). 
Ilo,n;CTaBHM 3TH I<OOp,ll;HHaThI B (8.42) H rrpocyMMHpyeM no i, a 3aTeM nepeil:,n;eM K rrpe,n;eny 
IIpH Z ~ 0. ,[l;nH mo e dS 6y,n;eM HMeTh 

I(mo)=8o(Yi2+V23+V34+V41]· (8.43) 
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3AeCh Bblpa)J{emur Vij orrpeAeJHIIOTCJI <lJOPMYJiaMH (8.42) rrpH z = 0 H COBITaAaIOT c IlpHBe

AeHHhIMH B MOHOrpa<lJHH [9] (cpopMYJia (9.6.22)). 

(8.44) 

<l>opMyna (8.43) c yqeTOM (8.44) nerno rrpeo6pa3yeTc11 K BHAY (8.40). 
TaKHM o6pa30M, rronyqeHbl aHaJIHTHT·IeCKHe cpopMyJihl AJIJI BhJqHcJieHHJI HHTerpanos THITa 

A).:(aMapa, B03HHKaIOIIJHX rrpH paccMoTpeHHH HOpManhHOH rrpoH3BO).:(HOH rapMOHHqecKoro rro

TeffiUlana ABOMHOro CJIOJI, rrpH rrpOH3BOJihHOM IlOJIO)J{eHHH oco6oli TOlJKH BHyTpH o6naCTH HHTer

pHpoBaHml. 

IlOJI}"IHM aHaJIHTHqeCKHe cpopMYJihl AJIJI BhllJHCJieHHJI HOpMaJihHOH rrpOH3BOAHOH IlOTeH

~Hana ABOHHoro cno11 c 3aAaHHOH ITJIOTHOCThIO no ITJIOCKOMY n-yroJihHHey, rrpoH3BOJihHO 

opHeHTHpOBaHHOMY B rrpocTpaHCTBe. Bhlme 6hlJIO IlOKa3aHo, lJTO HCKOMbIH HHTerpan B Toq

Ke x = (xo, Yo, zo) MO)J{HO rrpe,D;CTaBHTh B BH,ll;e 

/(x) = 00 I/;(x). (8.45) 
i=l 

CnaraeMhie l;(x) rrpeACTaBJIJIIOT co6oii HHTerpanhl THrra 

Ji (x) = f(grad..!.xn)·dl;, 
t, r 

r,D;e l; - O'IpC30K rrpHMOH, coe,D;HH11101IJHli ):(Be BepIIIHHhI M; H M;+1 paccMaTPHBaeMoro n-yroJibHHKa. 

IIycTh M; = (x;, y;, Z;); M;+1 = (x;+1, Yi+I. z;+1). 3arrHIIIeM ypaBHeHHe rrp11Moli l; B rrapaMeT

pHqecKoli cpopMe 

x =xi+!+ (xi+! - xi) t; y = Yi+1 + (Yi+! - Y;) t; z = Zi+l + ( Zi+l - Z;) t. 

Ey).:(eM HCITOJih30BaTh BeKTopb1 

rk = ( xk -xo, Yk - Yo, zk - Zo); Ii= ( xi+I -xi, Yi+I - Yi' Z;+1 -z;); n = ( 1li_,n2,n3 ). 
TorAa 

I 

·1 
i 



nmEPCHHrYJUIPHhIE llHTErPAJihHhIE YP ABHEHIDI 703 

ITpottHTerp11poaaa ITO t B ITpe.n:enax OT 0 .n:o 1, ITonyqHM cne.n:yronzy10 <):>opM)'ny: 

(8.46) 

c ITOMOmhIO <):>opM)'JI (8.45)-(8.46) MO"lKHO BbI'IHCJIHTb HHTerpan ITO IIJIOCKOM)' n-yrOJlbHFIKy, 

ITpOH3BOJlbHO optteHTHpOBaHHOM)' B ITpOCTPaHCTBe. 

8.2.5. 8&1'1ucneHue eunepcuHeynRpH&IX UHmeepanoe 
c oucpcpepeHu,upyeMou nnomHocm&IO 

B npe,n:b1.n:y:w:eM ITO~a3,n:ene ITonyqeHhl aHaJIHTH'IecKHe <):>opMyJihI .n:IDI BhitJMCJieHHH rHIIep

CHHrynHpHbIX MHTerpanoB c ITOCTOHHHOH ITJIOTHOCTblO. PacCMOTPHM TeITepb cnyqall:, Kor.n:a ITJIOT

HOCTb HBJIHeTCH H3MCHHIOmell:cH .n:tt<):><):>epeHI.i;HpyeMOH <j:>yttKIJ;Hell: BttyTPH paccMaTPHBaeMOH ITO

.n:o6nacTH. 

Ey,n:eM BhI'IHCAATh HHTerpan 

1 a
2 

( i ) /(m0 )==-Jf0(m)-:-. - I I dS, 
4tr s ondN m - m0 

(8.47) 

r.ne n, N - HOpMaJIH K ITOBepXHOCTH s B TO'IKax mo H m COOTBeTCTBCHHO. 

,lJ,orryCTHM, 'ITO ITapaMCTPH'ICCKHe ypaBHCHHH ITOBepxHOCTH s HMCIOT BH.!J; x = x(.;, r/); y = 
= y( .;, rJ); z = z( .;, rJ); -a ::; .; ::; a; -b ::; .,., ::; b. Ey,neM C'IHTaTh, 'ITO o6nacTh HHTerpttpOBaHHH s pa3-

6HTa Ha pH,n ITo,n:o6naCTell: Sk(k==l,2, ... ,N5 ) Koop,nttHaTHhIMH JIHHHHMH opTOroHaJihHOH cttc-

TeMbI KOOp.!l;HHaT. B Ka)J(.lJ:OH ITO,n:o6JiaCTH BBe,n:eM CBOIO JIOKaJibHYIO ,neKapTOBY CHCTCM)' KOOp

.!J;HHaT TaK, 'IT06hl HopManh B IJ;CHTpe ITo,no6naCTH coaITa,n:ana c ochIO Oz. Ilpe,nITOJIO'lKHM, 'ITO 

<j:>yHKIJ;HH 0( q, rJ) HMeeT B ITo,no6nacrnx S k (k = 1, 2,. .. , NJ BTOpbie ITpott3BO.ll:Hhle. 

ITOJiyqHM Bbipa)J(CHHe .!J;JIH ~a HHTerpaJibHOro OITepaTOpa B (8.47) 

K (m,mo) == ___L(.!.)= 3(z-z0 )(n,r) cos Yo 
dndN r r5 

----;;-- ' 

r.ne n =(cos a0 ,cos ,80 ,cos y0 ). 

3aMCHHM HHTerpaJibI B (8.47) ITptt6JIH)J(CHHbIMH Bblpa)J(CHHHMH. Ilpe,nITOJIO)J(HM, 'ITO B Ka)J(

.!J;OH ITO,no6nacTH K03<j:><j:>HIJ;HCHTbl JlaMe d/, d/ (k = 1, 2, ... , Ns) ITOCTOHHHbl. 

l(m0 )= ~JJ 0(m{
3r7 (nk,r)-c0:/'~]dqdrJ. 

x y 

OrrycKaH wrn y,n:o6CTBa HH.!J;eKc k, ITpe,n:cTaBHM cnaraeMhle B 3TOM ITptt6JIH)J(eHHOM paaeHCTBe 

B BH,n:e 

dx dy 

J = f f 0(m)K(m,m0 ) dqdrJ = 0( q0 ,r/0 ) I ( q0 ,rJo )+ 0~ ( .;0 ,rJ0 ) Ix ( q0 ,r/0 ) + 
-dx -d.Y 
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3.n:ecb Bbipa){(eHHe R(cgo,T/o) orrpe.n;e;rneTCH COOTHOUieHHeM 

dx d"Y 

R(.;0 ,1Jo)== f f Dz<9(m)K(m,m0 )dcgdl], 
-dx -dy 

D20( m) == 0( .;,T/ )-0( .;0 ,T/0 )-0~ ( .;o,1/o )( ,;-,;o )

-0~ ( .;o, 1/o) ( 1]-1Jo )-0, 50;, ( .;o,1/o) ( .;-.;o )2
• 

(8.48) 

Benwnmhl Io( .;o, '!]o), Ix( .;o, 1]o), Iy( ,;b, 1Jo), Ixx( ,;b, 1/o) BhPIHCJJHIOTCH aHaJIHTif'Iec1m rro rpopM)'

naM I, (.;0 ,170 ) ==cosa0I~ +cos{J0 f'p +cosy0I;, (r== 0, x, y, xx), B KOTopr,1x 

Io - y 
a --zo ( 2 2) ' x +zo r 

0 x 
Ip==-zo 2 2' 

(y +Zo)r 
0 xy[ 1 1 ] 

Ir == -; y2 + zg + x2 + zg ; 

I
x xy t xy 
a= Zo 0 0 arc g-, 

(x" + z0)r z0 r 
1;==z~ 2 Y 2 +ln(y+r); 

(x + z0 )r 

IlpH rrpHMeHeHHH rpopMyJI (8.49) ocymecTBJI5IeTCH IIO.D:CTaHOBKa rrpe.n:enoB HHTerpHposa

HH5I rro x - (-dr.;o, dr,;b) H rro y - (-d.,rl]o, dy-'!]o). Ilocne Bhl.D:eJieHHH CHHryAApHhlX COCTaB

JI.SUOIIJHX H aHaJIHTH'leCKOro Bhl'IHCJieHHH COOTBeTCTBYIOIIJHX HHTerpanoB 'IHCJieHHO orrpe.n:e

JI5IIOTCH HHTerpaJibl BH.D:a (8.48), HMeIOIIJHe He 6onee 'IeM cna6yro oco6eHHOCTb. 0.n;HaKO HC

IIOJib30BaHHe MH HX BbI'IHCJieHH5I KBa.n;paTYPHhlX cpopMyJI faycca rrpHBO.D:HT K 3Ha'IHTeJibHhlM 

norpeUIHOCTHM. IIpo.n:eMOHCTpttpyeM :JTO Ha cne.n:yromeM rrpHMepe. IIycTh 

a= dx= 1, b = dy== I; 0(.;,17) = ~l-172 
[: +~( arcsin£'"+ .;~1-.;2 ) J 

B TaKOM BH.D:e rrpe.n:cTaBJI5IeTCH O.D:HH H3 :JJieMeHTOB pH.n:a .D:JIH HaXO){(.Ll:eHHH HeH3BeCTHOH IIJIOT

HOCTH B 3a.n;aqe 0 U:HPKYJI5IU:HOHHOM ofoeKaHHH IIJiaCTHHbI. 

B TO'IKe .;0 == 1Jo = 0 HHTerpan (8.48) orrpe.nenHeTCH aHaJIHTWieCKH: 

R(O,O)=JrF2[1-E( ~,Jr J]""-1,5576. 

IlpMMeHeHHe N-To'Ie'IHhIX KBa.npaTYPHhIX rpopMYJI faycca B .n:syx HanpaBneHHHX .nnn BbI

'IHCJieHHH R(0,0) rro <PopM)'ne (8.48) .naeT R(0,0)"" 1,4770 npH N = 12 H R(0,0)"" 1,5091 rrpH N = 
= 20. y CTaHOBJieHO, 'ITO Ha6JIIO,naeMaH IIOTepn TO'IHOCTH o6ycJIOBJieHa rrorpeUIHOCTbIO Bbl'IHCJie

HHH BttyTPeHHero HHTerpana B (8.48). AHaJIHTH'IeCKOe 3HaqeHHe .D:JlH TIOro HHTerpaJia paBHO 

~1-y2 -1 1 
J = =--------

! y2 ~1- y2 ~1- y2 ( 1 + ~1- y2 )' 
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0,D,HaKO npH lJ:HCJieHHOH peanmaa;HH npHMeHeHHe <l>opM)'JI faycca )J,JUI BhllJ:HCJieHIDI BH)'T
peHHero HHTerpana B (8.48) npHBO)J,HT K norpeIIIHOCTH, KOTOprur yseJIHlJ:HBaeTCH c }'MeffE.IlleHH
eM y. IloJIY1IaeM)'IO norpeillHOCTh MO)J(HO ycTPaHHTh, ecnH BhllJ:HCJIHTh R(i;'o, 1'/o) no lj:>opM)'ne 

R( qo,no) = J JG( q,fo•n) di;'d1'/+ J Go ( qo,1'Jo,1'J) Fo \qo,1'Jo,1'J)dq + 
-b -a r -b ( 1'/ -1'/o ) 

b b 

+ f G1 (qo,1'Jo,1'J)F; (qo,1'Jo,1'J)dq+ f Gz (i;'0 ,170 ,17)F2 (i;'0 ,1'J0 ,1'J)dq, (8.50) 

me 
-b -b 

G(q,qo,1'J) = 0( q,1'J)-0( qo,1'/ )-0~ ( qo,1'/)( q-q0 )-~0;, ( qo,1'/ )( q-qo)
2

; 

Go ( qo,1'/0,l]) = r( qo,1'/ )-0( ¢0,1'/o )-0~ ( ¢0,1'/o )(1'/-1'/o); 

G1 ( q0,1'J0,17) = 0~ ( i;'0 ,17 )-0~ ( q0 ,1'Jo); G1 ( qo,1'Jo,17) = ~( 0;, ( ~)'17 )-0;, ( i;'0,1'J)); 

Fo ( qo,1'Jo,17) = ( a-qo )/R1 +( a-qo )/R2; F; ( qo,l]o,17) = 1/ Rz -1/ R1; 

Fz ( qo,1'/o,17) = -Fo ( qo,1'/o,17) +In( a-go: : 1 J; R1,2 =~(a+ ;o)2 +(1'J-l]o)2 · 
a+ o 21 

IlpHMeHeHHe qiopM)'JihI (8.50) ,l],aeT npH6nmKeHHoe 3Ha1IeHHe R(0,0), pasttoe 1,5577 npH N = 10. 
Otto JIHillh B lJ:eTBePTOM 3HaKe nocne 3aIIHToli OTJIHlJ:aeTcH OT aHaJIHTHlJ:ecKoro BhipIDKeHIDI, nony
lJ:aeMoro no (8.50). 

8.3. 0606uceHHb1u nomeHicuan daoiJHoao cnoR 
Ha pa30MKHymou noeepxHocmu flRnyHoea 

IlycTh s - npoH3BOJihHruI pa30MKHYTaH nosepXHOCTh JIHnyHOBa, n(x) - HOpMaJih K 3TOH 
nosepxttocTH B TO'!Ke x. Cne,ll,yH [17), BBe,ll,eM ,ll,H$$epeHQHaJihHhIB onepamp ynpymx HanpH:lKe-

HHli (onepaTOp HanpH:lKeHHli KJiaCCH'IeCKOH TeOpHH ynpyrOCTH) Tn (a ,,n ( x) )=ll:z:jn (a ,,n ( x) )il3x3 
CJie,ll,yIOIQHM o6pa30M: 

T;j"(CJ,,n(x))=.A.n;(x)..J-+µnj(x)aa +'5;.iµ:. a()' 
uxi X; un x 

(8.51) 

HJIH B BeKTOpHoli qiopMe: 

r (a,,n(x) )u(x) = 2µ ~= + ..tndivu + µ(nxrotu ). 

IlpHBe,l],eM $ytt,ll,aMeHTaJihHOe H CHHrylIHpHOe perneHIDI ypaBHeHHH TeopHH ynpyrOCTH B ne-
peMemeHHHX 

(Ji} 
µ.1.ui +(A.+µ)-= 0 j = 1, 2, 3. 

dXj 
(8.52) 
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IlycTb H30'IpOIIHa5I ynpyYM cpe;::i;a 3anomureT npoCTpaHCTBO £3 H B TOqKe x = ';::i;eikTBy

eT e;::i;HH~HM cocpe;::i;oToqeHHM CHJia, HanpaBJieHHM no OCH Xj (j = 1, 2, 3). Tor,ri;a CMememi:e 

fj(X, e = (r1/X, e, f2j(X, e, f3j(X, e TOqKH X = (X1, X2, X3), Bbl3BaHHOe YKa3aHHOH CHJIOH, Bbl

qHCJI5IeTC5I no cl>opMyJie 

L(x-e)= :t+µ [..1+ 3µ~+(x;-~)(xj-qj)l· i,j=l,2,3. (8.53) 
'l 8.ll"µ(:i+2µ) :i+µ jx-~ jx-~3 

r(x-e) = llrij (x-t)IL =llr1 (x,t),r2 (x,t),f3 (x,,)11, 

Ha3hlBaeM)'IO Ma'Ipmi;eli cPYH)J;aMeHTa.JibHbIX peIIJeHHH KeJibBHHa-CoMHJib5IHhl. 3Ta Ma'IpHIJ;a CHM

MeYpH:qHa H KIDK,L\l>IH ee CTOJI6eu, a TaIOKe CYpOKa y;::i;oBJieTBOpmoT ypasHeHH5IM pasttosecH5I s ne

peMememrnx B npomBOJibHOH TQqKe x E £3, KpOMe x = f EcJIH B ToqKe e = (qi, qz, q3) rrpHJIO

)KeHo ycmme p(e = pj(e (j = 1, 2, 3), TO MO)KHO Onpe;::i;eJIHTh nepeMCUJ.CHH5I U(X, e = f'(x - ep(~ 
B 6ecKoHeqffOM TeJie, BhI3BaHHble ;::i;eiiCTBHeM :rroro ycm1H5I. IlycTu n(x) = (n1(x), nz(x), n3(x)) -
rrpOH3BOJibHbIB e)J;H:HffqlibJH BeKTOp. ,[(JI5I BbNHCJieHH5I HaIIp5I)KCHHH B TOqKe x B Harrpasnemru n(x) 

BOCnOJih3yeMC5I Ma'IpHqHbIM ;::i;HcPci>epeHUHaJibHbIM onepaTOpoM ynpyYHX Hanp5I)KCHHH T'(ox.n(x)), 
onpe;::i;eneHHbIM cpopMYJIOH (2.29). c nOMOW:bIO cpytt;::i;aMCHTaJlhHOro pemeHH5I (8.53) H onepa

TOpa Harrp5I)KeHHH o6pa3yeM CHHTyJI5Ipttoe pemenne ypasHeHHli (8.52). Bse;::i;eM MaTpHuhI 

T"(ox,n( x )W( x-t) = r 1(x -t). r 2 (x-e> = [ rca~,n(,))rce-x) ]', 

f2ij(X - e = f1ji(t-x). 
B [ 18) IIOKa3aHO, qyo KIDK,L\l>IM CTOJI6eu Ma'IpHU r I (x - ~ H r 2(X - e YAOBJieTBOp5IeT ypaBHC

HHl-0 CTaTHKH (8.52) B npoH3BOJibHOM TOqKe x E £3, KpoMe TQqKH x = '" IlpHBe)J;CM Bblpa)Ke

HHH )J;JI5I KOMIIOHeHT MaTpHIIbl f' 2(X - e 

(8.54) 

ECJIH B TOqKe t= (gi, qz, r;3) HMeeTC5I CKaqoK CMCW:CHHH d_~ = (CXj(~,j = 1, 2, 3), TO ne

peMeW:eHH5I B 6eCKOHeqHOM Tene, o6ycnoBJICHHhIC HaJIHqHeM TaKoro pa3pbIBa, MOryT 6bITh 

BhNHcneHhI no cpopMyne 

u(x,e = f2(X - ea_e. 
Ilo cpytt;::i;aMeHTaJihHOMY (8.53) H CHHrynHpHOMY (8.54) perneHH5IM CHCTCMbl (8.52) IIOC'IpOHM 

HHTCipaJihHble rrpe;::i;cTaBJICHH5I peIIICHHM B BH)J;e o6o6meHHbIX IIOTeHUHaJIOB TeOpHH ynpyYOCTH 

rrpOCTOro H )J;BOHHOro CJI05I. 

IlyCTb p(e. a_~ - 3a;::i;aHHbIC Ha IIOBepXHOCTH s BCKTOp-cpyttKUHH. CornaCHO [18, 19) 
Ha30BCM 

(8.55) 
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o6o6m:eHHbIM IIOTCHL(HaJIOM rrpocTOro CJIOH, a 

w(x)= ffr2 (x-e)a(e)dS; (8.56) 
s 

o6o6m:eHHhlM IIOTCHL(HaJIOM .nsofui:oro CJIOH (rrepsoro po,na). YKa3aHHbie IIOTCHL(HaJibI 6h1JIH srrep

BbIC sse,neHbI s pa60Te IL C. Ap)l(aHbIX [19]. KaK IIOKa3aHo s (19, 20, 21], csoiicTsa rrOTeHL(Ha

JIOB (8.55), (8.56) aHaJionI'IHhI csoiicTBaM coOTBeTCTBYJOIL(HX rapMoHWiecKHX rroreHL(HaJIOB. TaK, 

rrOTeHL(HaJI (8.55) MO)l(er 6h1Th orrpe,neJieH Herrocpe.ncrseHHo B TOqKax rrosepXHOCTH S, rrpHqeM 

ero npe,neJibHbie 3HaqeHHH rrpH CTpCMJICHHH TOqKH Ha6mo,neHHH K s no n + H n - COBIIa,[laIOT H paB

Hbl rrpHMOM)' 3HaqeHHJO. CJie,nosaTeJibHO, 0606m:eHHh1li yrrpyrHli nOTeHL(HaJI npocroro CJIOH npe.n

CTaBJIHer co6oli BeKTop-q>)'HKL(HFO, HenpepbIBHYFO BO BCeM npocTpaHCTBe. Ha 6ecKOHeqHOCTH 

TIOTCHL(HaJI V(x) CTpCMHTCH K ttyJIFO, KaK lllxl. 0TMCTHM, qTQ rapMOHHqeCKHH H o6o6m:eHHbIH 

yrrpyrHli TIOTCHL(HaJibl ,LIBOHHOrO CJIOH y,no6Ho HCTIOJib30BaTb rrpH pernemur KpaeBbIX 3a,naq Ha 

pa30MKHyTbIX TIOBepXHOCTHX. B TaKHX C~aHX HCKOMM <l>YHKL(HH pa3pbIBHa (cKaqoK cMem:eHHli 

Ha TpCIL(HHe, rrepena,!:1 ,naBJieHHH Ha Hecym:eli nosepXHOCTH), a ee HOpMaJibHM rrpOH3BO,LIHM He

rrpepbIBHa ( caMoypaBHOBeIIICHHbie HarpY3KH Ha 6eperax TpeID:HHbI, HOpMaJibHM COCTaBJIHFOID:M 

CKOpOCTH Ha Hecym:eli nosepxHOCTH). 

Ilo~HM rrpe,UCTaBJICHHe o6o6m:eHHOro IIOTCHL(HaJia ,LIBOHHOro CJIOH, TI03BOJIHFOID:ee rro

CTpOHTb 3<P<PeKTHBHhie KBMPaTYPHbie cI>opM)'JibI .UJIH ero qHcJieHHoro onpe,neJieHHH. 

ll.MHM HCKOTOpbie BCIIOMOraTeJibHble onpe,neJieHHH, CJIC,LlyH (18]. 
Bse.ueM aHTHCHMMeTpHqHbIH MaTpHqHb1H .umpq>epeHI1HaJihHbIH onepaTop M(ox,n(x)) = 

= {Mk;(Ox,n(x)) hx3 cornaCHO CJIC,LlyFOID:HM <PopM)'JiaM: 

a a 
Mkj (o,,n(x)) =nj--nk-. 

axk axj 

B [20] IIOKa3aHo, ~o rrpH HCIIOJib30BaHHH 3TOro orrepaTOpa <PopM)'Jia CTOKCa .nm 3aMKtty

TOH nosepxHoCTH S H HerrpephIBHO-.L1Hc!>c!>epeHL(HpyeMoli <PYHKLIHH rp E C1(S) MO:lKer 6h1Tb 3arrrr

caHa B CJIC,[IYJOID:CM BH,ne: 

(8.57) 
s 

lfa ,LIOKa3aTeJibCTBa 3TOH qiopM)'JibI, rrpose,neHHOro B (18}, CJie.nyer, ~o eCJIH s - pa30MKHyTM 

IIOBepxHOCTb llirnyHoBa, orpaHHqeHHM KOHTYPOM l, TO paseHCTBO (8.57) 6y,neT BepHO npH Bbl-

IIOJIHeHHH cJie,LIYJOm:ero ycJIOBHH: 

(8.58) 

CJIC,LlyH [18), MO)l(HO rroKa3aTh, qTO npH BhITIOJIHeHHH ycJioBHH (8.58) ,nJIH JIF06b1x HCOTpHL(a

TeJibHbIX A' H ;1 H seKTop-<l>YHKL(HH u E C1(S) 6y,neT TaK)l(e BbITIOJIHeHo paseHcTBo 

ff{ [ M(o;,N (~) )r(x-e) ]'u(e)-r( x-e)M(o;,N (e))u(e)}ds; = 0, (8.59) 
s 

r.ne 
, 

[ M(a:, N (e) )r( x -e) ]kj = 

, 1 '[ ajx-ejajx-e! J a i 
=-AMkj(a;,N(e))lx-el+µ 3 ai;k ai;j okj aN(e)\x-e1· 
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IloeyqHM ,z:i:aa BIDKHhIX cne,z:i:cmmr H3 cpopM)'JihI (6.59). EcnH X H Ji onpe,z:i:emnoTCH cpopM)'

naMH x = (A+3µ)[8Jrµ(A+2µ)r1; µ = (..1+µ)[8Jrµ(A+2µ)r1, B KOTOpbIX AHµ IIpe,[(CTaBJIIDOT co6oif 

K03cpcpHillieHTbl JlaMe, TO r(x - ~ B paaeHCTBe (8.59) npe,z:i:CTaBJIHeT C06oif cpytt,z:i:aMeHTaJlhHOe 

pernemi:e ypaaHeHHH cTaTHKH Ken1>aHHa-CoMHJibHHhI (8.51). EcnH no,z:i:cTaBHTh %=1, Ji=O B co

oruorneHHe (8.59), TO IIOJI)"IHM 

J{ M(a;,N (e)) lx~~u(e)+ lx~~M(a;,N (e))u(e) Jds; =O, xe E3 , (8.60) 

r,z:i:e E - e,z:i:HHHqHaH Marpmra. 

IIycTh S - pa30MKHJTaH noaepxHoCTh JlHnyttoaa c noKa3aTeneM A= 1, aeKTop-cpyHKIIHH 

a E C1'p(S) IIpH 3TOM f3 < 1. 0TMeTHM, qTo B 6onee CJia6hIX npep:IIOJIO)l(eHHHX OTHOCHTeJihHO 

BeKTop-cpyttKIIHH a, a HMeHHO npe,z:i:rronaraH, qTo a E C1(S), o6o6meHHhlH IIOTeHIIHaJI ,[(BOHHO

ro CJIOH 

w (a)= JKr (a;,N (e))r(x-e)]'a(e)ds; 
s 

MO)l(HO npe,z:i:CTaBHTb B BH,[(e 

I 1( d 1 J 1 [r(a;,N(e))r(x-e)]kj = 4Jl" akj oN Ix-el +Mkj(aq,N(e))lx-el' 

a [M(d~, N(~)r(x - ~]' onpe,[(emreTCH a (8.59). AHaJIH3HpyH cpopM)'ny (8.61), BH,[(HM, qro MH 
qHcJieHHOro onpe.zreneHHH IIpHMOro 3HaqeHHH o6o6meHHOro IIOTeHIIHaJia ,[(BOHHOro CJIOH rpe-

6yeTCH IIOCTPOHTb cpopM)'Jibl ,[(JIH BblqHcJieHHH IIpHMoro 3HaqeHHH rapMOHHqecKoro IIOTeHIIHaJia 

,[(BOHHOro CJIOH H nepBbIX npOH3BO,[(HblX rapMOHWieCKOro IIOTeHIIHaJia npocToro CJIOH. 

IloeyqHM npe.zrcTaBJieHHe o6o6meHHOro IIOTeHIIHaJia ,[(BOHHOro CJIOH B BH):le CJMMbl rapMO

BHqeCKHX IIOTeHIIHaJIOB ,[(BOHHoro H npocroro CJIOH, a TaK)l(e o6o6meHHOro IIOTeHIIHaJia IIpOCTO

ro CJIOH. 

06paTHMCH K CJI)"laJO, KOr,[(a a E C1'p(S), /3 < 1, H, KpOMe TOro, BblIIOJIHeHO ycJIOBHe (8.58). 
Tor.zra o6o6meHHhIH noreHIIHaJI ,z:i:aoifHoro cnoH, onpe,z:i:eneHHhIH cpopM)'noif (8.61), MO)l(HO npe.zr

CTaBHTh B BH,lie 

1 1 
W (a) =-w(a)--v(Ma)+2µV(Ma), 

4Jr 4Jl" 
(8.62) 

r.zre w(a) H v(Ma) - rapMOHHqecKHe IIOTeHIIHaJibl ,[(BOHHOro H npocTOro CJIOH 

w(a) == Jfa(e) a~ Ix~~ dSq, v(a) = Jfa (e) Ix ~el dS;, 

a V(a)- o6o6meHHhIH noTeHIIHaJI rrpoCToro cnoH. 

)l,OKa3aTeJihCTBO 3TOro yTBep)l(,[(eHHH CJie,IJ;yeT H3 crrpaBe,[(JIHBOCTH paaeHCTB (8.59), (8.60) 
Ha pa30MKHJTOH IIOBepXHOCTH JlHnyHOBa npH BhIIIOJIHeHHH ycJIOBHH (8.58). 
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<l>opM)'rry (8.62) y):(o6Ho npttMeIDITb )J,JH! Bhl'IHCJiemrn npOH3BO)J,HhlX o6o6IIJ,eHHOro I!O

TeHIJ,mUia )J,BOHHOro cJIOj[. KaI< BH)J,HM, OCHOBHM TPYMOCTb 3)],eci:, 3aKmo'!aeTCj[ B BbI'IHCJieHHH 

npOH3BO)J,HhlX rapMOHH'!eCKOro I!OTeHIJ,HaJia )J,BOHHOro CJIQj[, '!TO I!pHBO)J,HT K IIOj[BJieHHIO rH

nepCHHryMpHhlX COCTaBJij[JOlll;HX. TaK, )J,eHCTBHe onepaTOpa HanpIDKeHHH (8.51) Ha o6o6IIJ,eHHbIH 

I!OTeHIJ,HaJI )J,BOHHOfO CJIOj[ (8.62) npHBO)J,HT K I!Oj[BJieHHIO HOpMaJIJ,HOH npOH3BO)J,HOH rapMOHH

'leCKoro I!OTeHIJ,HaJia )J,BOHHoro CJIOj[. 

KaK H nptt Bbl'IHCJieHHH mnepcttttryMpHhlX HHTerpaJIOB, rropo)[(,!l,eHHbIX HopMaJIJ,HOH npo

H3BO)J,HOH rapMOHH'!CCKOro IIOTCHIJ,HaJia )J,BOHHOro CJIOj[, B CJIY'!ae o6o6IIJ,eHHbIX IIOTCHil,HaJIOB 

TeOpHH ynpyroCTH y)J.aeTCj[ IIOJIY'!HTb cpopM)'Jibl )J,mI Bbl'IHCJieHHj[ mrrepCHHryAApHbIX HHTerpa

JIOB, OCHOBaHHbie Ha HHTerpnpoBaHHH no 'laCrnM. 

IlOKIDKeM, 'ITO !IOJIY'ICHHM B [18] cpopM)'Jia )J,mI Bbl'IHCJieHHj[ orrepaTOpa Harrp}l'lKeHHH OT no

TeHIJ,HaJia )J,BOHHOro CJIO}l o6o6IIJ,aeTCj[ Ha CJIY'!aH pa30MKttyTOH IIOBepXHOCTH JfarryIIOBa, ecJIH 

a E C1•p(S), j3 < 1 H BbII!OJIHeHO )'CJIOBHe (8.58). 3aI!HilleM (8.62) B BH)J,e 

1 fJ a 1 W(a)=- --
1 

J:la(e)dSi;+ 
41l' s oN x-; 

(8.63) 

BTOpoe cJiaraeMoe 3)],eCb MO'lKHO paccMaTP1rnaTb KaK HCKHH o6o6IIJ,eHHbIH nOTeHIJ,HaJI rrpocTOro 

CJIOH c H3MeHeHHbIMH KOHCTaHTaMH A' H µ. 
Bhl'IHCJIHM onepaTOp T'(o"'n(x)) oT W(a). lb (8.63) HMeeM 

1 fJ{ a
1 

1 . ( a 1 J T"(ax,n(x))w(a)=- 2µ--I 6 la(e)+.4n(x)d1vx a(e)-a -
1 

•I + 
4n s anaN x -,. N x -,, 

Btt)J.HM, '!TO rrepsoe cJiaraeMoe 3)].ecb npe)J.CTaBJI}leT HopMaJibHYJO npott3BO)J,HYJO rroTeHIJ,HaJia 

)J,BOHHOro CJIOH. 

11MeIOT MeCTO CJIC)J.ylOIIJ,He COOTHOIIIeHHj[ [20, 21]: 

(8.65) 
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{r· (il,,n(x )i[ 2µr( x-f) 4"I~ -~lt = 4~ {[-A~µ o, + 

+6 (A.+µ)µ (;k -xk) (;i -xi )lj__l __ (A,+ µ)n _j__1 __ 
A-+2µ lx-l;I lx-l;I an lx-l;I k axj lx-l;I 

_--1!:3:._M"(ax,n(x))-I 
1 ~}· }.,+2µ x-,,

1 

.ll,Jrn TOlJCK x ~ s H IIJIOTHOCTeil:, y,n:OBJICTBOpHIOIIlHX ycJIOBHIO (8.58), KaK H B [20], MO)J(HO yc

TaHOBHT.b crrpaBe.[(JIHBOCT.b paBeHCTB (8.65) H .[(JIH pa30MKHYTOM IIOBepxHOCTH JfarryHOBa 

J{ gradx a~ Ix ~,I ,a(')Jds; = !( gradx lx~'l 'M (ax,N ('))a(')Jdsq, (8.66) 

!fgradx ()~ lx~~(n(x),a(,))dS; = 

= JJ{ n(x { gradx Ix~~ ,M (a;,N (e))a(e)J-:n Ix ~el M (ax,N (e))a(,)+ 

+ tnk (x { gradx Ix ~,1 ,( ( N (e)xV)k a(e)) J }ds4. 

HcrrOJI.b3YH (8.65), (8.66), rrp1rne.n:eM (8.64) K BHJJ:Y 

T" (il,, n( x)) w (a)=.:;, {f { [ [ (gmda (e)xN (e) )xgmd, Ix~~}• ( x iJ+ 

+ t( gradx Ix ~,1 ,( (N (')xVL a(e)) J+ 

+ }.+µ R(a~,N(e))-1 1 ~M(a4,N(e))a(e)}dsq, A.+2µ x-,.
1 

(8.67) 

r.n:e KOMIIOHeHT.bI MaTpH1IHOro .n:mpcpepeHU:HaJI.bHOro orrepaTopa R(iJ~, N(e>) B.bI1IHCJIHIDTCH rro 

cpopMYJie 

( 
~-xf-x.Ja}., ( ) R1q(x-,)= -okj+6-lk ;

1

-

1

1 ~I ---Mlq a~,N('). (8.68) x-,_ x-,_ <JN }.+µ 

IlpoaHaJIH3HpyeM cpopMyJiy (8.67). KaK H B (8.61), BHJIHM, 'ITO JJ:JIH 1IHCJieHHOro orrpe.n:eJieHHH 

orrepampa HarrpH)J(eHHM OT o6o6meHHOro IIOTeHIJ;HaJia .[(BOMHOro CJIOH Heo6XO.[(HMO rrocrpOHT.b 
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<J:iopM)'JihI MH BhI'IHCJiemrn HeKOTOphIX mrrerpaJIOB. K HMM OTHOCHTCH rrpHMOe 3HaqeHHe rap
MOffHqeCKoro ITOTeHIJ;HaJia .D:BOHHOro CJIOH, rrepBbie I1pOH3BO.n;Hhie rapMOHttqeCKOrO ITOTeHI.J;HaJia 
rrpocTOro CJIOH H HmerpaJ!hI, H.n;pa KOTOpbIX rrpe.n;cTaBJIIDOT co6oil: I1pOH3Be.n;eHHe HOpMaJihHOH 

rrpOH3BO.n;HOH OT lx-~l-1 Ha orpaHffqeHHbie, HO pa3phIBHbie <PYHKIIHH, <J:imypttpyroru;He B cpop
M)'Jie (8.68). 

OTMeTHM, qTQ HHTerpaJihl B (8.61) H (8.67) cymecTByroT B CMhICJie rnaBHOro 3HaqeHHH ITO 
Konm. Jfa <J:iopMyJI (8.61), (8.67) TaKlKe BH.IJ:HO, qTQ HaH6onee CHJihHhie CHHryJIHpHOCTH B 3THX 
HHTerpaJihHhIX onepaTopax CBH3aHhI c rapMOHHqecKHM TIOTeHI.~HaJIOM H ero HOpMaJihHOH npo
H3BO.IJ:HOH. 

8.4. Memodbt 'lucneHHoeo peweHUR eunepcuHeynRpHbtX ypaeHeHuii 

8.4. 1. nnocKue 3aiJa'lu 

PaccMoTpHM rHnepcHHrYJIHpHoe HHTerpaJihHOe ypaBHeHHe 

1 I r(t) - J--2 dt=f(x), 
1( -I (t-x) 

r.n;e HHTerpan TIOHHMaeTCH B CMhICJie KOHeqHoil: qacTH no A.n;aMapy. 
BBe,n;eM MHoroqneHhI l.Je6wrneBa I po.n;a CTerreHH n 

T" ( t) = cos nB = cos ( n arccos t) = t" + c;t"-2 
( t2 -1) + ... 

H II po.n;a cTeneHH n-1 

( )
- sinnB _ sin(narccost) _ 1 n-1 3 n-3 ( 2 ) 

Un_1 t --.-- . ( ) -C"t +C"t t -1 + ... 
sm B sm arccos t 

lIMeeT MeCTO CJie.n:ymmee paBeHCTBO [2]: 

_!__ J cos nB dB= sin nB0 • 

Jr 0 cos B - cos B0 sin B0 

(8.69) 

(8.70) 

PaccMoTpHM (8.70) npH 0 < B0 <Jr H BBe.n;eM HOBhie nepeMeHHhie t =cos B; x =cos B0 • C HC-

ITOJih30BaHHeM npe.n;CTaBJieHHH .D:JIH ITOJIHHOMOB l.Je6hIIIIeBa rronyqHM 

1 
1J dt 1 

1J T" (t)dt 
- ~ =0, lxl<l; - ~ =Un_1 (x), n=l,2, ... 
Jr -1 1-t (t-x) Jr -1 1-t (t-x) 

B [2] nocrpoeHbI KBa.n:parypHhie cpopM)'Jihl HHTepTIOJifill;HOHHOro mna .D:JIH BhNHCJieHHH CHH
rynHpHbIX H rHrrepCHHryJIHpHhIX HHTerpaJIOB c pa3JiffqHhIMH H,n;paMH. KpoMe Toro, B [2] ITOKa-
3aHO, qTo 

_!__ 
1

JU"_1(t).Jl-t 2dt=-nU (t). 
( )

2 n-1 
Jr -1 t-x 

(8.71) 

1103TOM)', eCJIH npaByro qaCTh rHnepCHHryAApHoro HmerpaJihHOro ypaBHeHHH 3a,n;aTh B BH.n;e 
pH.n;a no ITOJIHHOMaM l.Je6bIIIIeBa II po.n;a, TO H3 (8.71) BhITeKaeT crroco6 rrpe,n;CTaBJieHHH HCKOMOH 
ITJIOTHOCTH. 
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0TMeTHM, 'ITO rrpu paCCMOTpeHllll rrpocrpaHCTBeHHblX 38,D;a'I He Bcer;:i;a y;:i;aeTCH ITO.JIY'IllTb 

CTOJib 3cj_Jcj_JeKTHBHbie rrpe;:i;cTaBJieHHH. Il03TOMy ;:i;anee paCCMOTpllM MeTO)J; rpaHHqHbIX 3JieMeH

TOB, KOTOpbIH MO)l(eT 6hITh o6o6m;eH Ha rrpocrpaHCTBeHHbIH C.JI}"Iali. 

Pa3;:i;enttM orpe3oK HHTerpupoaaHHH [- l, l] Ha PM rpaHH'IHhIX 3JieMemoa. )J;onycTHM, 'ITO 

Ha Ka)l()J,OM ll3 HllX Hell3aecTHaH IIJIOTHOCTb r(t) HBJIHeTCH IIOCTOHHHOH BeJIH'IllHOH r;. IlpoaHa

Jill3HpOBaB cpopMyJibI, IIO.JI}"IeHHbie B 8.1.1, ycTaHaBJIHBaeM, qTo MaKCllMaJibHOe 3HaqeHHe OT

KJIHKa ;:i;ocnrraeTcH B Qempe rpaHH'IHoro 3JieMema. Cse;:i;eM ypaaHeHue (8.69) K cucreMe JIHHeli

HhIX anre6pauqeCKllX ypaBHeHHM Bll)J;a 

N 

~>iil'i = f (x0 i ); 
i=l 

1 4 
aij = -A .. 2-=-l' }=1,2, ... ,N. 

/U..U Xoj 

0TMeTHM, qTo cym;ecTByer e;:i;ttHCTBeHHoe perneHue rnrrepcHHryJIHpHoro ypaaHeHHH (8.69). 
Il03T0My )J;OIIOJIHHTeJIJ>HOe ycJIOBHe He CTaBHTCH. 

Ilpu llCIIOJib30BaHllll JIHHeHHbIX, KBa;:i;paTHqHbIX ll KJGuqecKHX 3JieMeHTOB arrrrpOKCllMHpy

eM ITJIOTHOCTb Ha Ka)l()J,OM 3JieMeHTe JIHHeHHbIMll, KBa;:i;paTH'IHbIMll ll ey6ll'IeCKllMll cpyttKQHHMll 

( cpyttKQHHMH cpopMbI) TaK, 'IT06bl a y3nax 3JieMemoa ITJIOTHOCTJ> 61>ma Herrpep1>IBHoli. 

AHaJill3HpYH BeJIH'IllHbI «OTKJIHKOB», COOTBeTCTBYJOID;lle llCITOJib3YeMbIM cpyttKQllHM cpop

Mbl, ycTaHaBJIHBaeM, qTo Ha rpaHHQax 3JieMeHTOB OTKJIHK o6pam;aeTCH B 6eCKOHeqHOCTb, 0)1;

HaKO Bttyrpll Ka)l()J,Oro 3JieMeHTa HMeeTCH ToqKa, B KOTOpoli OTKJIHK HMeeT KOHe'IHbIB MaKCllMJM. 

TaKtte ToqKll ll BbI6ttpaeM B KaqeCTBe KOHTpOJibHbIX. 

OTMeTHM, 'ITO cym;ecTBeHHOe yaenlf'feHue ToqHoCTH y;:i;aercH IIO.JIY'IllTh JlllIIIJ> rrpu BBe;:i;eHllll 

ey6HqecKHX 3JieMeHTOB c HenpepbIBHO ;:i;ucpcpepeHQHpyeMOH IIJIOTHOCTblO. 

8.4.2. npocmpaHcmaeHH&te 3aOa"IU 

H,n,e11 pa3JIO)l(eHHH Hell3BeCTHOH IIJIOTHOCTll B p11;:i; no H3BeCTHbIM cpyttKQll1!M (c 38,D;aHHbIM 

xapaKTepoM rroae;:i;eHH1! Ha rpaHHQe o6JiaCTll llHTerpupoBaHHH) OKa3aJiaCb BeCI>Ma IIJIO)J;OTBOp

HOH rrpu perneHHH ABYMepHoIX CHHryJIHpHbIX u rnnepcuttryn11pHbIX HHTerpaJIDHhIX ypaaHeHuli. 

,LJ;anee paccMorpeHbl BapHaHTbI MeTO)J;a perneHHH rnrrepCHHryJIHpHbIX ypaBHeHHH, B03HllKaIO

ll(llX B rrpoCTpaHCTBeHHhIX 3a,n;aqax, OCHOBaHHhlli Ha pa3JIO)l(eHllll Hell3BeCTHOH cj_JyttKQllll B PM 

no ITOJIHHOMaM 1.Je6blrnesa (c BeCOM) B .z:i;ayx HarrpaBJieHH1!X. 

MeTo;:i; KOJIJIOKanuii. PaccMoTpttM cne;:i;yiom;ee rnnepcuttryn11pHoe HHTerpanI>Hoe ypaa

HeHHe: 

1 a2 1 
-ffr(,)----dS = f (x). 
4JT s anxan; Ix _,I (8.72) 

IlycTb o6JiaCTb llHTerpupoBaHHH s rrpe;:i;CTaBJIHeT co6oli IIJIOCKHH rrpHMOyrOJibHHK 

S = {[-b, b ]x[-l,l]}. 

Ilpe)J;IIOJIO)l(HM, qTQ cpyttKQllH r ( ') HMeeT HerrpepbIBHbie qaCTHble IIpOH3BO)J;Hbie, YAOBJieTBO

p1!10m;He ycnoaHIO feno;:i;epa sc10;:i;y BffYTPH S. Ey;:i;eM cqHTaTh, 'ITO'=(~ rJ), x = (x, y). Heu3-

aecTHyio HHTeHCllBHOCTb f(~, 'T/) HaxO)J;HM B Bll)J;e pMa no HeKOTOpbIM 3apattee 3a)J;aHHDIM Jill

HeHHO-He3aBHCllMbIM cj_JyttKQHHM c orrpe;:i;eJieHHbIM aCHMIITOTH'IecKHM rrose;:i;eHHeM Ha rpaHHQe s 
M l 

r(;,'f/) = LLcmlqJI (;)xm (1/), (8.73) 
m=l l=l 

r;:i;e Cm1 - Hett3BeCTHI>Ie K03cpcj_JHQtteHTbI. 
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Pacnpe;:ieJieHHe HeH3BeCTHoii: IIJIOTHOCTH B):lOJih o6oHX HarrpaBJieHHii: 6y;:ieM 3a,lJ;aBaTh B BH):le 
pH,L(OB ITO cmzycaM KpaTHhIX yrnos 

rp1 =sin!µ= sin(! arccos~} l = 1,2, ... , (8.74) 

Xm =sinmcr=sin( marccos~} m=l,2,... (8.75) 

0TMeTHM, 'ITO tl>OPMYJihl (8.74), (8.75) rrpe,L(CTaBJIHIOT co6oii: rl>YHKU:HH, KOTOpbie BhlpIDKaIOTCH 
qepe3 ITOJIHHOMhI "LJe6hIIIIesa II po;:ia scrre,L(CTBHe paseHcTBa 

sin ( narccost) = U._1 ( t )~1-t2 • 
KaK CJie):lyeT H3 tl>oPMYJihI (8. 71 ), HMeHHo TaKHe opmroHarrhHhie tl>YHKIIHH HaH6orree y):(o6Ho 

6paTh B KaYfecTBe 6a3HCHhIX rrpH peIIIeHHH ;:isyMepHhIX mITepcmrrympHhix ypasHeHHii:. Bh1YfHC
JIHB rHITepcHIITYJIHpHbie HHTerparrbI ITO MeTO):lHKe, ITpeAJIO)J(eHHOR B 8.2, ITpHXO):lHM K CHCTeMe 
arrre6paHYfeCKHX ypasHeHHii: OTHOCHTeJihHO Cmt 

M L 

LLHml(Mk)Cml =J(Mk), k=l,2, ... , (8.76) 

r;:ie :meMeHThl MaTPHU:hl OITpe;:ieJIHIOTCH <!>OPMYJiaMH 

4trHm1 (x,y) = rmt (x, y)I0 (x, y)+ Am1 (x,y)Ix (x, y)+ 

+Bmt (x, y )IY { X, y) +0,5Gm1 { X, y )! xx (x, y )+Rm/ (x, Y ), (8.77) 

rm/ (x,y) =rpm (x)x1 (y), ~[ (x,y) =rp~ (x)x1 (y), 

Bm1 (x,y)= z;(y)rpm (x), Gm1(x,y) = z;(y)qf., (x). 

3;:iech seJIHYfHHhI lo(x, y), fxCx, y), ly(X, y), lxx(X, y) BhIYfHCJIHIOTCH aHaJIHTHYfeCKH ITO <!>OPMY
JiaM (8.49), B KOTophlX crre;:iyeT ITOJIO)J(HTh cos a0 = cos /30 = O; z0 = 0. B 8.2.5 OITHCaH TaK)J(e aJI-

ropHTM BhIYfHCJieHHH HHTerparroB Rm/ ( X, y) H rrpomse;:ieHhI ou;eHKH B03HHKaromeii: ITOrpeIIIHOC

TH. Qrrpe;:ieJieHHe K03<!><1.>HUHeHTOB Cml H3 CHCTeMhI (8.76) peIIIaeT 3a;:laqy OThICKaHHH HeH3BeCT
HOR <l>YHKU:HH r. 

IIpoeKUHOHHhlH MeTo.r.. Ey;:ieM HCKaTh HeH3BeCTttyro ITJIOTHOCTh r B BH,L(e 

i=l 

3;:iecb 3JieMeHThl r(i) ( X, y) BhNHCJIHIOTCH KaK IIpOH3Be):leHHH <l>YHKU:HR, Orrpe;:ieJIHeMhIX <!>OPMY

JiaMH (8.74), (8.75); c; - HemsecTHb1e Km<!><!>HU:HeHThI, AJIH Hx oITpe;:ieJieHHH CTPOHM CJIAY 
npoeKI{HOHHOro MeTO,L(a 

N, 

Lc;a;j =bj, 
i=l 

aij = fJNr(il (x, y )rUl ( x, y )dxdy, bj = JfJ(x,y)rUl(x,y)dxdy. 
s s 

(8.78) 
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BeJIWIHHbI Nr(i) ( x, y) rrpe,D;cTaBIDIIOT co6ofr pe3ynbTaT Bbl'llicnemrn mrrepcmnyIDipHbIX HHTe

rpanoB c 3a,l(aHHOH IIJlOTHOCTbIO 

Nr(il(x)-1 ffrUl(~)-a2 __ 1_ds. 
4Jr s an}n~ Ix -el 

Bb1qHcneHHe HHTerpanoB B (8.78) ocyuiecTBmieM no KBa,D;paTYPHbIM cpopMynaM qefihllnesa 

Jm6o raycca. ll,Jrn 3TOro orrpe.[(eJlHM Nfi) ( x, y) B 3a.[(aHHhlX y3nax. Pa306beM o6naCTb s TaK, 

qTo6bI Y3Jlbl KBa,D;paTyp IIOIIaJIH B u;eHTphl IIpHMOYTOJibHHKOB co CTOpoHaMH €1, €2. Tor,n;a 06-

JJaCTb s 6y,D;eT COCTOHTb M3 nO,l(06JiacTeH { U1} (rrpHMOYTOJJbHHKOB pa3MepaMH €1 x €2), CO,D;ep

:>Kaiu;HX y3nb1 HHTerpHpoBaHHH, H no,D;o6nacTefr { U2}, He co,n;ep:>Kaiu;HX Y3JlbI HHTerpHpoBaHHH. 

Ka:>KJzyIO m rro.[(o6nacTefr MHO)l(ecTBa { U2} pa3MepaMH l1xh pa3o6heM eiu;e Ha ([l1ft:1]+ 1) x 

x ([[ile2]+ 1) qacTell. TaKHM o6pa3oM, o6naCTb S oKa:>KeTCH pa36mofr Ha N x M npH6nmmeJlb

HO paBHbIX npHMOYTOJibHbIX rro,D;o6nacTefr. 3Haqemrn Nr(i) B Y3Jlax HHTerpHpoBaHHH x~, y~ BbI

qHCJJHeM no KBa,n;paTYPHblM cpopMyJiaM, npHBe,D;eHHblM B 8.2.5. 
0rMeTHM, ~o B cnyqae HCnOJlb30BaHHH rpaHWIHbIX 3JJeMeHTOB c IIJIOTHOCTbIO, HenpepbIB

HOH Ha rpaHHu;ax 3JJeMeHTOB, HO HMeIOiu;efr pa3pb1BHYIO npoH3BO,ll;ffYIO, arrnpOKCHMHpYIOiu;HH 

orrepaTop 6y,D;er TeprreTb pa3pb1BbI Ha rpaHm1ax 3JieMeHTOB. IIpeHMyuieCTBOM rrpoeKu;HOHHOro 

MeTo,D;a HBJJHeTCH B03MO)l(HOCTb nonyqeHHH HerrpepbIBHOro orrepaTopa, annpOKCHMHpy10iu;ero 

(8.72), qTo Il03BOJJHeT a,D;eKBaTHO onHCbIBan. cpH3WiecKHe noAA. 0TMeTHM TaK)l(e, ~o IIpH IIpH

MeHemm npoeKD;HOHHOro MeTO,l(a KOJIHqeCTBO 6a3HCHbIX cpyttKD;HH MO/KeT 6bJTb He paBHblM qflC

ny ToqeK KOJJJIOKau;Jm. 

Me-ro~ rpauuqnLIX JJieMeHTOB. OIIHcaHHbJe BbIIIIe MeTO,l(bI peIIIeHRH rHIIepCHHryJIHpHbIX 

HIITerpaJibHbIX ypaBHeHHH 3cp<tieKTHBHbl IIpH peIIIeHHH 3a.[(aq, B KOTOpbIX cpopMa IJOBepXHOCTH 

HHTerp.HpoBaHRH MO)l(eT 6hlTb xopoIIIo aIIIIpOKCHMHpOBaHa IIJIOCKHM IIpHMOYTOJibHHKoM. B 06-

iu;eM cnyqae He Bcema y,D;aeTCH OIJHCaTb peIIIeHHe paccMaTpHBaeMOH 3a,D;aqH (HCKOMYJO IJJJOT

HOCTb) 0.[(HHM aHaJIHTffqeCKHM Bbipa)l(eHHCM, HanpHMep pH,D,OM EHpH6aYMa. 3TO CBH3aHO co 

CJIO/KHOCTblO reoMeTpHH peaJibHblX 3JieMeHTOB KOHCTpYKU:HH. ll,Jrn perueHHH 3a,l(aq co CJIO)l(HOH 

reoMeTpHeH HCTIOJib3YeTCH MeTO,ll; rpaHHqHbJX 3JleMeHTOB. 

Pa306beM o6JiaCTb HHTerpttpOBaHHH s Ha pH,D, IJJIOCKHX TpeYTOJibHbIX H qeTbipeXYTOJibHbIX 

rro,D;o6JiacTeli S k ( k = 1, 2, ... , N) . OrmrueM MeTO.D: rpaHHqHbIX 3JieMeHTOB c nocro»:HHOH arrnpoK

CHMau;HeH: IIJIOTHOCTH ;:vrn qHcJieH»oro perueHHH ypasHeHHH (8.72). PaccMOTpHM rnrrepcHHry

JIHpbIH HHTerpan IJO arrrrpOKCHMHpoBaHHOH IJOBepXHOCTH. IlpHXO,l(HM K CJIAY OTHOCHTeJibHO 

HCH3BCCTHbIX C 
N 

L,Hkjrk = f(x0 j ); j= 1,2, ... ,N. 
k=I 

3neMeHThI MaTpHu;hl H kj orrpe,D;eJJHIOTCH no cpopMYJIC, nonyqeHHOH B 8.2. 

(8.79) 

r,ll;e n - HOpMaJib K IIOBepxHOCTH HHTerpHpoBaHHH B TOqKe Xoj; 
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m - 'IHCJIO CTOpOH B k-M rpaHH'IHOM :meMeHTe; 

BeKTOpbI rk, l;' n 3a,[la10TCH COOTHOIDeHRHMH 

rk = ( xk - Xo, Yk - Yo, zk - Zo); l; = ( X;+1 - X;, Y;+1 - Y;' Z;+i - Z;)' 

n=(11i,n2,11:i); i=l,2, ... ,m; xm+I =Xi; Ym+I =y1; Zm+I =z1; rk =hi· 
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B [9] llOKa3aHO, 'ITO TO'IHOCTb MeTO,[\a rpaHH'IHblX 3JieMeHTOB II ero CXO,[\IIMOCTh 3aBIICHT 

OT Bhr6opa KOHipOJihHhIX TO'leK. KaK H B llJIOCKOM CJIY'lae, aHaJIH3HpYH BeJIH'Ufllbl, BhI'IHCJIHeMbie 

ITO <f>opMYJie (8.79) YCTRHaBJIHBaeM, 'ITO Ha rpaHIIQax 3JieMeHTOB OTKJJHK o6pamaeTCH B MHHyC 

6ecKOHe'IHOCTh, O,[\HaKo BHYipH KroK,L\Oro 3JieMeHTa HMeeTCH TO'IKa, B KOTOpoil: OTKJIHK HMeeT KO

He'IHhIH MaKCHMyM. 

TaKHM o6pa30M, paccMorpem1 rnITepcmny.IDipHbie Hmerpam,1, B03HHKaIOiaIIe rrpH rrpHMe

HeHIIH MeTO,[\OB TeOpHH ITOTe~1Iarra AAA pemeHRH ITJIOCKHX H rrpocrpaHCTBeHHbIX 3ap;aq MexaHII

KH II MaTeMaTII'leCKOH <f>H31IKH. 

IlOKa3aHO, 'ITO ITpe,[leJibHOe 3Ha'JeHIIe HOpMaJihHOH ITPOII3BO,[\HOH ITOTeHQIIaJia ,[\BOHHOro 

crroH paBHO KOHe'IHOH 'laCTH HHTerparra ITO A.n,aMapy ITPHMoro 3Ha'leHRH 3TOH HOpMarrhHOH rrpo

H3BOp;Hoii. IloJiy'leHbI <f>opMYJibI, c ITOMomi.10 KOTOpbIX MOJKHO BhI'IIICJIHTb KOHe'IHOe 3Ha'leHHe 

no A.n,aMapy B BH,[le CYMMbI HeKOTOpbIX KOHe'JHhlX BeJIH'IHH H HHTerpanoB, cymeCTByromHX 

B cMb1crre rrraBHoro 3Ha'leHHH ITO KomH JIH6o IIMeromHX crra6b1e oco6eHHOCTH. ,ll,attbI 3KBHBa

neHTHbre cpopM&r 3aIIHcH rm1epcHHryJIHpHoro HHTerparra. 

y CTaHOBJieHO, 'ITO KOHe'IHOe 3Ha'leHHe no A.n,aMapy mrrerparra 110 KpHBOJIHHeHHOMY 3Jie

MeHTy cymecTByeT Torp;a II TOJibKO TOrp;a, KOr,I:\a cymecrnyeT KOHe'IHoe 3Ha'lemrn 110 Ap;aMapy 

,[\JIH HHTerparra ITO ITPHMOJIHHeHHOMY 3JieMeHTy, ITpe,I:\CTaBJIHIOmeMY co6oil: orpe30K KacaTeJib

HOH K paccMaipHBaeMOH KpHBOH B oco6oii: TO'IKe. 3To 1103BOJIHeT o6ocHOBaTb 3aMetty o6JiaCTH 

HHTerp11posaHRH a1111pOKCHMHpy10meii JIOMaHOH JIHHHCH. 

TIOJIY'leHbI aHaJIHTH'leCKHe <}>opMJfilI ,[\ITH BbI'IHCJieHHH KOHe'IHOR 'JaCTH HHTerparra 110 A.n,a

Mapy ,[\JIH llOJIHHOMHaJihHbIX llJIOTHOCTCH rrpH JIHHeHHOH H KBap;paTH'IHOH aITIIpOKCHMaQHH KOH

rypa HHTerpHpOBaHHH; 3TO ,[laeT B03MOJKHOCTb ITOClpOHTh BbICOKOTO'IHble rpaHif'Ilfbie 3JieMeHTbI. 

,ll,aHa 011eHKa 11orpemHOCTH, B03HHKaIOmeil: rrpn pa3JIH'IHbIX aITITpOKCHMaQHHX KOHTypa HH

TerpHpoBamur. 

B HHTerpanbHhIX ypaBHeHIUIX, 011ttcbma10mmc npocrpaHcTBeHHhle 3ap;aq11 paccMarp11saeMo

ro KJiacca, HaH6onee CHJihHhie CHHryAApHOCTH ITpHCYTCTByIOT B Hp;pax, ITpe,I:\CTaBITHIOmHX co6oi1: 

HOpMarrbHhie 11pOH3BO,[\Hbie OT rapMOHH'leCKOro llOTeHIIHaJia ,[\BOHHOro CJIOH. y CTaHOBJICHO, 'ITO 

npe,I:\eJibHoe 3Ha'leHHe HHTerpaJibHoro 011epaTopa, ITpe,I:\CTaBITHromero co6oii: HopMarrbHyIO rrpoH3-

BO,[\HyIO IlOTeHQHaJia ):(Boil:Horo CJIOH, cymeCTByeT TOrp;a H TOJibKO TOr):(a, KOrp;a cymeCTByeT rrpe

):(eJihHOe 3Ha'ICHIIe COOTBeTCTByromero orrepaTopa, Bbl'IHCJieHHOro ITO 3JieMeHzy KaCaTeJibHOH 

ITJIOCKOCTH. TipHMOrO 3Ha'leHHH HOpMaJibHOH ITpOH3BO,[\HOH ITOTCHQHana ,ll,BOHHOro CJIOH Ha Ka

caTeJihHOll IIJIOCKOCTH He cymeCTByeT B CMbICJie rnasHoro 3Ha'JeHlUI 110 KomH, OHO MO:>KeT ITOHH

MaTbCH JIHillb KaK COOTBeTCTBYIOIIJHH ITpe):(eJI (HHTerpan B CMblCJie KOHe'IHOH qaCTH ITO A):(aMa

py). y CTaHOBJieHO, IIpH KaKHX ycJIOBHHX OTHOCHTeJibHO IIJIOTHOCTH cymecTByroT KOHe'IHhIC ITpe

,ll,eJihHbie 3Ha'leHRH paccMarpHBaeMhrx rn11epc11ttryJIHPHhlX HHTerpanoB. IloJiy'lem1 <f>opMJJihI, 

IT03BOJIHIOiaIIe CBeCTH rHIIepclIIIl)'JIHPHbie HHTerpaJihl K HHTerpanaM, cymeCTByIOIIJHM B CMbICJie 

rnaBHoro 3Ha'leHHH ITO Konrn s IIJIOCKHX H 11poc'IpaHCTBeHHbIX 3ap;a'lax. 
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HEKOTOPblE nPMJlO>KEHM~ 
MHTErPAJlbHblX YPABHEHMM 

IIpoqHoCTh ,n;e<t>opMupyeMbIX TBep.D:bIX TeJI cym:ecTBeHHO 3aBHCHT OT HMeJOlll;HXC» B HeM ,n;e

<t>eKTOB, TaKHX KaK TPem;:mn,1, OTBepcm» H HHopo.D:HI>Ie BKJIJOqeHH». TaKHe ,n;e<t>eKTbl B ,n;e<t>opMH

pyeMoM TeJie »BJI»IOTC» HHHI1HaropaMH 30H npe)l;pa3pyrneHH» H3-3a B03HHKa10111eli 3HaqHTeJibHOH 

KOHI1eHTpa11HH Harrp»)l(eHHH B HX OKpecrnocrnx, qTo rrpHBO)l;HT K o6pa30BaHHJO HOBhIX H poc

TY ~e HMelOIIIHXC» TpeIIIHH H K JIOKaJibHOMY HJIH IIOJIHOMY pa3pyrneHHJO TeJia. Il03TOMY rrpo-

11ecc pa3BHTH» xpyrrKoro pa3pyrneHH» MO)l(HO rrpe,n;CTaBHTb KaK pe3yJibTaT pacrrpocTpaHeHHJf 

TPeIIIHH, o6pa3osaswHxc» oKoJio ,n;e<l.>eKTOB. 

Ilpo6JieMa pa3pyrneHH» MaTepHaJIOB H KOHCTPYKllHH »BJI»eTC» o,n;Holi m aKryaJibHhIX 06-

JiacTeif MexaRHKH ,n;e<t>opMttpyeMoro TBep,n;oro TeJia. O,n;aaKo, aecMOTPH Ha HaJIH1me 6oJihIIIOH 

H pa3H006pa3HOH irn<t>opMallHH 0 pa3JIHqHbIX »BJieHH»X pa3pyrneHH», MeXaHH3M ero H3BeCTeH 

,n;aneKo He IIOJIHOCTbJO H myqeHHe :noro rrpo11ecca TPe6yeT rrpttJIO)l(eHH» ycttJIHH yqeHbIX, pa-

6ornrom;HX B pa3JIHqHbIX o6Jiacrnx HaYKH. XoTJf MexaHH3M pa3pyrneHH» HeJib3» CBO)l;HTb TOJibKO 

K rrpo11eccy pacrrpocTpaHeHH» TpeIIIHH, O)l;HaKO myqeHHe Tex ycJIOBHH, rrpH KOTOpbIX B cpe,n;e 

pacrrpocTpaH»eTC» TpeIIIHHa HJIH CHCTeMa TpeIIIHH, HeCOMHeHHo, »BJI»eTC» qpe3Bb1qaliHO Ba)l(HOH 

H HHTepeCHOH CTOpOHOH rrpo6JieMhl pa3pyweHH». 3Ta CTOpOHa BOrrpoca CBO)l;HTC» K HCCJie,n;o

BaHHJO Hanp»)l(eHHO-,n;e<t>opMHpoBaHHOro COCTO»HHJf cpe,n;hl B OKpeCTHOCTH oco6bIX ToqeK. 

0,n;Ha m Ba)l(HbIX HayqHo-npomBo,n;cTBeHHbIX 3a,n;aq - co3,n;aHne KOHCTPYKIIHOHHbIX MaTe

pnanos, 06Jia,n;a10111nx BbICOKOH )l(eCTKOCTbJO, rrpoqHOCTbIO, Ha,n;e)l(HOCTbJO, )l;OJiroseqHOCTbJO 

H 3KOHOMuqHOCTbIO. 3JieMeHTbl KOHCTpYKIIHH, IIOCTPOeHHbie Ii3 3THX MaTepHaJIOB, npe,n;Ha3Haqa

IOTC» )l;JI» pa60Tbl B ycJIOBH»X B03)l;eHCTBH» arpeCCHBHbIX cpe,n;, BbICOKHX TeMnepaTYP, ,n;aBJie

HHH H 3JieKTpOMarHHTHbIX IIOJieli, 06ycnaBJIHBaI011IHX rrpOTeKaHHe B TBep,n;OM TeJie KaK Mexa

mrqecKoro, TaK H 11enoro pH,n;a HeMexaHnqecKHX rrpo11eccos, rrpnso,n;»111nx K pa3pyrneHHIO. 3Tn 

npo11eCCbl CHJibHO HHTeHCH<l>HllHPyJOTC» B OKpeCTHOCTH HMelOlll;HXC» B MaTepHaJie HeO,n;Hopo,n;HO

CTeH TexHonornqecKoro, KOHCTpYKTHBHoro H CTPYKTYPHOro xapaKTepa, TaKHx KaK TpeIIIHHbI, 

HHOpO)l;HbJe BKJIJOqeHHJf, TIOJIOCTH, CTpHHrepbI, pe6pa )l(eCTKOCTH, csapHbie IIIBbl H T. ,n;. Cne,n;yeT 

3aMeTHTb, qTO TIJiaCTHHbl c pe6paMH )l(eCTKOCTH HaXO,n;»T IIIHpOKOe npHMeHeHHe B HH)l(eHepHOH 

rrpaKTHKe, oco6eHHO npH H3rOTOBJieHHH JieTaTeJibHbIX anrrapaTOB. 3a,n;aqa 0 no,n;KpenJieHHbIX 

IIJiaCTHHKaX CTaHOBHTCJf oco6eHHO CJIO)l(HOH rrpH HaJIHqmr B cpe,n;e ,n;e<t>eKTOB B BH,n;e OTBepCTHH, 

Ha,n;pe30B, TpeIIIHH H T. TI. B 3TOM cnyqae nptto6peTaeT Ba)l(HOe 3HaqeHHe orrpe,n;eJieHHe B3a

HMHOro BJIH»HH» ,n;Byx nponIBOTIOJIO)l(HbIX <t>aKTOpOB - YCHJieHHe cpe)l;bl H ee OCJia6JieHHJf. 

Pewemte 3a,n;aq YKa3aHHoro Tttna npe,n;cTaBJI»eT HHTepec KaK c ToqKH 3peHH» BJIH»HH» TaKoro 

po,n;a ,n;e<t>eKTOB CTpYKTYPbl KBa3HXpyrrKHX TeJI Ha HX HeCym:yIO cnoco6HOCTb, TaK H c roqKH 3pe

HH» onpe,n;eneHH» cTeneHH yrrpoqHeHH» HJIH pa3ynpoqHeHH» Tena rrptt a) yseJluqeHHH B HeM qnc

na ,n;e<i>eKTOB 3a,n;aHHOH optteHTallHH H b) H3MeHeHHH HX reoMeTpHH H opHeHTallHH. 

B cospeMeHHOH TeXHHKe Haxo,n;»T npHMeHeHHe B Kaqecrse 3JieMeHTOB KOHCTPYKllHH aHH-

30TponHhle TeJia, y KOTOpbIX conpOTHBJiemre H peaKllHJf K <l>tt3HKO-MexaHHqecKHM TIOJI»M pa3-

JinqHbJ B pa3HbIX HanpaBJieHH»X. ,[{JI» pacqern Ha rrpoqHOCTb aHH30TpOIIHhIX TeJI c ,n;e<t>eKTaMH 

H HHOpO)l;HbJMH BKJIJOqeHH»MH Heo6XO,n;HMO npHMeHeHHe MaTeMamqecKHX MeTO)l;OB TeopHH yrr

pyroCTH, TepMoynpyrocTn n 3JieKTpoMarmnoynpyrocTH. 

HIDKeHepHa» npaKTHKa BbI,n;BttraeT rrpo6JieMb1, CBJr3aHHhie c 011eHKaMH npo~oCTH paJJIHq

HbIX corrpnKaca10111nxc» .[(eTaneli ,n;a)l(e B npocTettIIIHX Mexamr3Max n ycTPOHCTBax. 3TH 011eH-
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KH B03MO')l(Hhl JIHIIlb rrpH ,IJ,OCTaTQqHQ IIOJIHOH HHCpOpMall;HH 0 pacrrpe,n;eneHHH HaIIpH')l(eHHH 

B MeCTax KOHTaKTa. Heo6xo,D;HMOCTb B TaKHX ou;eHKax cnoco6CTBOBana pa3BHTHIO 60JibIIIOro 

KJiacca cMemaHHhIX 3a,n;aq MeXaHHKH .n;ecpopMHpyeMoro TBep.n;oro Tena. MeTO.L\bI, pa3BHBaeMhle 

B 3THX 3a,n;aqax, Il03BOAAIOT HaHTH pacrrpe.n;eneHHe ,IJ,aBJICHHH B MCCTax KOHTaKTa, qTo ,IJ,aeT B03-

MO')l(HOCTb OTBeTHTb Ha Ba')l(Hblll BOnpoc KOHIJ,eHTPau;HH Hanpa')l(eHHH:. Pa3BHTHe MaTeMaTffqe

CKOro arrrrapaTa, CBH3aHHOrO c IIOCTaHOBKOH H perneHHeM CMernaHHbIX 3a.n;aq T<l>KTI H TeOpHH 

CHY, rrocnyJKHJIO ,n;ocrawqHoiI octtosoif ,n;JIH no~eHHH perneHHH orpoMHoro KJiacca 3a.n;aq 

MexaHHKH CBH3aHHbIX rroneli, KOTOpbie H ITO celi ,IJ,eHb HBJIHIOTCH aKTYanhHbIMH H rrpe,IJ,CTarurnJOT 

KaK TeopeTHqeCKHM, TaK H rrpaKrn:qeCKHH HHTepec. 

9.1. nnoc«aR 3aiJa'la meopuu ynpyeocmu 

BbIIIHilleM OCHOBHbie, HCIIOJib3yeMbie B ,Il,aJibHelimeM, cpopMYJibI [38]. TiycTb IIJIOCKM H30-

TPOIIHaH cpe.n;a OTHecetta K np»MoyronhHOH crrcTeMe Koop.n;rrttaT x1 Ox2. 

KoMIIoHeHTbI TeH3opa HarrpH')l(eHHH CJ11 , CJ12 , CJ22 H seKTopa rrepeMemeHHH u1, u2 , Bhlpa')l(a

IOTCH qepe3 ,n;se aHan~eCKHe 4>YHKil;HH <I> ( z) H 'I' ( z) KOMIIJieKCHOH rrepeMeHHOH z = x) + ix2 

()11 + ()22 = 2 [<I> ( z) + <l> ( z) J 
()22 -()11+2iCJ12 = 2[Z<I>' ( z) +'I' ( z) J' 
2µ(u1 +iu2 )= .rcq.>(z)-z<I>(z)-lfl"(z) 

ip'(z) =<l>(z), lf/"'(z) = 'I'(z). 

(9.1) 

B cnyqae rrnocKoM: .n;ecpopMau;HH IC= 3 - 4v, B cnyqae o6o6meHHoro rrnocKoro HaTipH')l(eHHo

ro cocrn»HHH K = ( 3 - v) / ( 1 + v), v - K03cpqmu;HeHT TiyaccoHa, µ - Mo,n;ynh c.n;srrra, UITPHX 

o603HaqaeT rrpOH3BO,IJ,HYfO. 

fpaHHqHbie YCJIOBHH no HanpH')l(eHHHM HMCfOT BH,ll; 

CJm -iCJ, = N -iT =<I> (t) +<I>( t) + [T<I>' (t) +'I' (t) }ez;o(i), (9.2) 

r,IJ,e B(t) -yron MC')l(,IJ,y OCblO Oxl H IIOJIO')l(HTCJibHOH KaCaTeJibHOH K .n;yre B TOqKe t, OTCqH

TbIBaeMbIH OT rrepsoH:, N H T - COOTBeTCTBeHHO, HOpMaJibHaH H KaCaTCJibHaJI COCTaBAAfOII(M 

BCKTopa HanpH')l(eHmI. 

<l>opMyJIHpOBKa KpaeBOH 3a.n;a11u. BLI6op npe,IJ,CTaBJieHHH ,IJ,JIB KOMDJieKCHblX UOTeH• 

IJHaJIOB, TiyCTb f - IlpOCTOH 3aMKttyTbIH 1cycoqHo-rna.z:urniI KOHryp C O,IJ,HOH yrnOBOM Toq

KOH c. Yrrpyrne IIOCTOHHHbie cpe,D;bl BttyTPH KOHrypa r (KOHeqHM o6naCTb Dl - BKJIIOqeHHe) 

H BHe (6eCKOHeqHM o6nacTh D - MaTPHu;a) pa3JlffqHbI H paBHbl ft,.' Kj H µ,IC COOTBeTCTBeHHO. 

Ih ToqKH c K TO~aM c1 , c2 , c3 BbIXO.L\HT TPH rna,n;KHX pa3pe3a: Li - B o6naCTb D1 , 4. - B 06-

naCTb D, L, - B,IJ,OJih KOHTypa r (pnc. 9.1). 

Eepera pa3pe30B CB060,IJ,Hbl OT YCHJIHM, Ha L4 = r \ L, HMeeT MeCTO H,IJ,CaJibHbIH KOHTaKT 

MaTeprranos. fpaHrru;a o6nacTH pasHa 

4 

L=U L., 
j~I J 
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TO'IKH C,C1,Cz,C3 6y)JeM Ha3bIBaTb y3naMH. KpHBH3HbJ Bcex )Jyr Lj H KOHTypa r B OKpeCTHOC

TH TO'IKH C3 C'IHTaeM Y,ZJ;OBJieTBopmoIUHMH ycJIOBHfO reJib)Jepa. 

L - - - - - - - - -
Puc. 9.1. Kyco'IHo-o;wopo)l.HlUI cpe)la c BKmoqeHlli!Mll ll pll3pe3aMll 

Tpe6yeTcH orrpe.r1emITh KYCO'IHO-ronoMop4JHb1e 4Jyma.i;HH <l> ( z) n '¥ ( z), 06ecneq1rna10-

IUHe 3a)l,aHHOe O):(HOpO)JHOe HarrpIDKeHHoe COCTOHHHe Ha 6eCKOHe'IHOCTH (/~~),(/~;),(It) H Y.LIOB

JleTBOpHJOIUHe Ha rpaHHQe cneeyJOIUHM KpaeBbIM YCJIOBHHM (Y3Jlb1 H3 paccMO'TpeHHH HCKJIIO

'IaIOTCH): Ha pa3pe3aX 

(N-iTf =(N-irr =o, (9.3) 

Ha Yl:JaCTKe H)JeaJibHOro KOHTaKTa 

(N -iTf = (N -iTf, (9.4) 

:r [(u1 +iuz t -(u) + iuz r J = 0. 

3.r1ecb sepxHHMH HH)JeKCaMH + H - OTMe'IeHbI JieBhie H rrpaBbie rrpe)leJibHble 3HaYJeHHH no OT

HOIIIeHHIO K BbI6paHHOMY TIOJIO:>KHTeJibHOMY HarrpaBJieHHJO o6xo)Ja (Ha pttc. 9.1 YKa3aHO CTpen

KaMH); tE /. 

l1cnOJib3YH (9.1) H (9.2), nepemuueM KpaeBbie YCJIOBHH (9.3), (9.4) B BH)J,e 

<l>+ (t) +<I>+ (t) +exp[ 2iO(t) J ~~~ [Z<l>'( z) + '¥ ( z) J = 

= <l>- (t) +<I>- (t) +exp[ 2i0( t)]~~~[Z<l>'(z)+ '¥ ( z) J = 0, 

exp [ 2i0 ( t) J = ~; , t E Li U L:i U Li, 

<l>+ (t) +<I>+ (t) +exp[ 2i0( t) J !~~[Z<l>'( z)+ '¥ ( z) J = 

= <I>- ( t) + <I>- ( t) + exp [ 2i0 ( t) J ~~~ [Z<I>' ( z) + '¥ ( z) J , 

(9.5) 
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3aMeTMM npe)J()];e Bcero, 'ITO BeKTop uanpH)J(eHIDI ,[\OJJ)J(eH 6hITb HenpepbIBCH nptt nepexo)J,e 

1Iepe3 rpaHmzy Ha Bcex ee yqacTKax. 

Erraro)J,apH TOM)', 'ITO B <}lopM)'nax (9.1), CBH3bIBaIOIIJHX KOMTIOHeHTbl TeH30pa HanpH)KeHIDI 

c KOMilJ1CKCHbIMM TIOTeHIJ,MarraMM, ynpyn1e TIOCTOHHHhIC He yqaCTBYJOT, OKa3bIBaeTCH B03MO)K

HblM TIOCTPOHTb MHTerparrbHbie npe)J,CTaBneHIDI .n;rrH 3TMX TIOTCHIJ,HaJJOB, aBTOMaTWICCKH y.n;oB

ITeTBOpHIOIIJMC ycnOBHIO HenpepbIBHOCTH BCKTOpa HaTipH)KCHHH nptt nepeXO,l(e 1Iepe3 rpaHHIJ,y 

H co.n;ep)l<aIIJHC Bcero O,l(tty HCH3BCCTHYJO KOMTIJ1eKCttyIO <}JyHKIJ,HIO (TIJ10THOCTb) TO'ICK rpaHHIJ,bl. 

l1CTIOJ1b3YH [48, 102], pa3bICKHBaeM KOMTIITeKCHble IlOTeHIJ,HaJJbl B BH.n;e 

<P z =-- +A + ( ) 
1 Jw(r)dr H {Ej).,, ZE DI' 

2tri L r-z 0, ZED, 
(9.6) 

( ) 1 Jm(r)dr 1 Jrm(r)dr H 
\f' z =- +- 2 +B , 

2tri i r-z 2tri i (r-z) 

E = _i Re J co( r) d r , )., = .!!:.._. 
4tr L, T- Z1 J4 

HeM3Becrnyro KOMTIJJeKCHYJO Ill10THOCTb co( r) C'lMTaeM npHHa,l(Jle)J(ameii Ha L KJJaccy H* [39], 

npM1IeM y3naMH HBJ1HIOTCH TO'IKH c,cl'c2,c3" B Ka'leCTBe Z1 MO)KHO 6paTb rrro6yro <}lttKCHpO

BaHHYJO T01IKY M3 o6nacTM D1 • 

Henocpe.n;cTBeHHOH TIO)J,CTaHOBKOH npe,n;cTaBITeHHH (9.6) B KpaeBhie ycnoBIDI (9.5) y6e)J()];a

eMCH, 'ITO BCKTOp HanpH)KeHMH HenpepbiaeH npH nepexo)J,e 1Iepe3 rpaHHIJY L (B y3J1ax KpaeBhie 

ycJJOBHH He 3ailHCbIBaIOTCH). 

qMCTO MHHMaH TIOCTOHHHaH E, OTIHCbIBaIOIIJaH IlOBOpoT BKITIO'leHIDI, KaK )J(CCTKOro u,enoro, 

BBe.n;eHa B npe.n;crnBITeHMH .n;rrH mro, 1IT06bl nonyqeHHoe s cne.n;yromeM rraparpaclie MHTerparrhHOe 

ypaBHCHMe KpaeBOH 3a,l(a1IH 6hll10 cnpaBe)J,JJMBO BO BCeM )J,Haila30He 0 $; )., < oo. 

C.n;enaeM cne.l(YJOmee 3aMe1IaHMe. IlonyqeHHbie H3 (9.6) npe.n;cTaBrreHIDI ,l(JJH nOTeHIJ,HarrOB 

(/) ( z) H If/ ( z) co.n;ep)J(aT norapmpMM1ICCKMe H.n;pa, BCJJe)J,CTBMe 'lero COOTBeTCTBYJOIIIMH BeKTOp 

rrepeMemeHMH HBJJHeTCH, BOo6me roBOpH, HeO,l(H03Ha1IHOH <liYffKIJ,HeH. l13 cpaBHeHMH (9.1) M (9.6) 
BbITCKaeT He06XO)J,MMOe M ,l(OCTaTO'lHOe ycnOBMe O)J,H03Ha1IHOCTM BeKTopa nepeMemeHMH 

f m( r)dr = 0. (9.7) 
L 

51CHO, 'ITO BbI6op ,l(ITH pacCMOTPeHIDI M306pa)J(eHHoH Ha pttc. 9.1 KOH<)mrypau,MM HHCKOITbKO 

He orpaHM'lMBaeT 06IIJHOCTH M3J10)KeHM51 M npO)J,MKTOBaH J1Hillb )KeJJaHMeM M36e)J(aTb rpoM03,l(

KHX o6o3Ha1IeHMH. HanpttMep, B cnyqae uecKOJibKHX BKITIO'leHMH npe.n;crnBneHMH (9.6) coxpaHHT 

cBoii BHA 3a HCKITIO'leHtteM mro, 'ITO nOCTOHHHbie E M )., 6y.n;yT npttHMMaTh pa3l1M1IHDie 3Ha1Ie

HMH B o6naCTHX, COOTBeTCTBYJOIIJHX pa3JJH1IHbIM BKJIIO'leHMHM, a ycJJOBMe (9.7) 3aMCHMTCH He

CKOJibKHMH IlO,l(06HhIMM. 
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HuTerpaJILuoe ypaoueuHe Kpaeooii 1ati;a11H (9.5). Ilo.n;cTaBmrn rrpe.n;cTaBneumr (9.6) 
B OCTaBIIIHCCS! IlOKa He BhlIIOJIHCHHhIMH KpaCBble ycrroBHS! H Bhl'IHCJIS!S! rrpe.n;eJibHbIC 3Ha'ICHHS! 

BXOMID;ID: cro.n:a HHTerpa.lIOB, a TaIOKe HCIIOJib3YH CBOHCTBO rrepeMeCTHMOCTH orrepaQHH .n:mpcpe

peHIWpoBaHHH H rrpe.n:enhHOro rrepexo.n:a ~ HIITerpa.rroB THrra KOIIIH, IIOrry'laeM HHTerpa.rrbHOe 

ypaBHCHHe OTHOCHTCJihHO HCKOMOH IIJIOTHOCTH m( r) 

r.n:e 

A(t)m(t)+ B(~) fm(r)dr + R(t} fK1(t,r)m(t)dr+ 
m L r-t 2m L 

+ R(t! fK2(t,r)01(t)dr-e(t)E=g(t), tEL, 
21rt L 

Ki (t, r) =-1-·(:_-:. dt -1). 
r-t r-t dt 

K2 (t,r)=~· ~·--1 , 1 (r-t dt J 
r-t r-t dt 

{

(K+l)+A(K1 +1) 
A(t)= 2 , tE L4 , 

o. tE Li u4 u~. 

{

(1-K)-J(l-Kj) 
B (t) = 2 ' t E L4 

1, tE Li u4 u~. 
R ( t) = {1- A, t E L4 

1, fE Li U4 U4, 

e(t)={Kj+l, tEL4 

0, t E l; U Lz LJ 4, 

g (t) = 2B(t)AH +R(t)BH · dt. 
dt 

(9.8) 

51,J:q>a K 1 ( t, r) H K 2 ( t, r) rrpH crpeMJieHHH TO'IKH r K TO'IKe t, Kor.n:a r H t rrpIDiaMe)J(aT 

o.n;HoBpeMeuuo o.n;HoH: H3 ~ L1, se~ ce6S!, B CMhicne rna.n;KOCTH, KaK KpHBH3Ha 3TOH ~H. 

Ilo3TOMy Ha L, 3a HCKJIIO'leHHeM CKOJih yroAHO ManoH: OKpecTHOCTH y3na c, srAPa K1 H K 2 

rrpuHa,n:ne)l(aT KJiaccy H 0 [39]. B y3Jle c, r.n:e cxo,n:HTCS! He KacaTeJThHhie .n:pyr K .n:pyry .n:yru, 

H.n;pa K1 H K2 HMeIQT cHHryMpHhie oco6eHHOCTH. 

TaKHM o6pa30M, ypaBHCHHe (9.8) HBJIHCTCH CHHrymipHbIM HHTCrpMbHhIM ypaBHCHHCM 

c Herroi:i;BH)l(HOH oco6eHHOCThIO. Pernemi.e 3Toro ypaBHeHHsr 6y.n;eM pa3hlCKHBaTh B Krracce H* 
(ymhl - c, Cu c 2, c3 ). 

,ll,JIH Toro 'IT06bl IIOA'IHHHTh peIIICHHe ypaBHCHHH (9.8) ycJIOBHIO O)];H03Ha'IHOCTH BeKTopa 

rrepeMem;euHH (9.7), IIOCTYIIHM CJICAJIQIUHM o6pa30M. 
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0603Ha'lliM qepe3 Yi npHpameHHe BeKTopa rrepeMemeHIDI (B IIJIOCKOCTH x1 Ox2 ) Ha rrym, ne

)J(ameM B D, : neBbIH 6eper pa3pe3a ~ OT yma c3 .LIO yma c, npasblli 6eper pa3pe3a Li OT yma c 

.LIO yma c,, neBbIB 6eper pa3pe3a Li OT yma c1 .LIO Y3J1a c. "llepe3 Y o6o3HaqttM npHpameHHe BeK

TOpa rrepeMemeHHH Ha ne)J(ameM B D rrym: npaBbIH 6eper pa3pe3a ~ OT Y3Jla c3 .LIO yma c, ne

BbIH 6eper pa3pe3a 4_ OT Y3J1a c .LIO Y3J1a c2, rrpaBbIB 6eper pa3pe3a 4_ OT Y3J1a c2 .LIO Y3Jla c. 

fiy.D;eM pa3bICKHBaTb perueHHe ypasHeHHH (9.8), Y.LIOBJieTBopmomee .D;OIIOJIHHTeJibHOMY ycnoBmo 

Yi= Y. (9.9) 

B D1 BeKTOp rrepeMemeHHH, cooTBeTCTBYJOIIIHH IIpe.LICTaBJieHIDIM (9.6), HBIDieTCH O.D;H03Haq

HOH <l>YHKU:Heli (cJie,D;yeT IIOMHHTb npH 3TOM, ~o Jie)J(amHe Ha pa3HhlX 6eperax pa3pe3a TQqKH -

pa3Hbie TQqKH). IlpHpameHmr BeKTopa rrepeMemeHHH B,D;OJib JieBOH H rrpaBOH CTOpOH ,D;yrH L4 

OT y3Jla c .1:10 y3na c3 paBHbI Me)J(.[ly co6oli, ecJIH TOJibKO Ha L4 BbIIIOJIReHo ypaBHeHHe (9.8). 

Cne.1:1osaTeJibHO, mo6oe peweHHe ypaBHeHHH (9.8), y.1:10BJieIBopHIOII1ee .1:1orronRHTeJibHOMY ycno
BHIO (9.9), Heo6xo.1:1HM0 Y.LIOBJieTBopHeT ycnoBmo O.LIH03HaqHOCTH BeKTopa rrepeMemeHHH (9.7). 

)J;orrOJIHHTCJibHOe ycJIOBHe (9.9) Bbl.[ICJIHeT H3 BCero MHO)J(CCTBa peIIIeHHH ypaBHCHHH (9.8) 
C.[IHHCTBCHHOe peweHHe. ToqHee, HMeeT MCCTO rrpe,D;JIO)J(CHHe. 

PeweHHe ypaBHeHHH (9.8) B KJiacce H*, y.1:10BJieTBopHIOII1ee ycnoBmo (9.9), ecnH TaKoe pe

IIIeHHe cymecTByeT, e,D;HHCTBCHHO. 3To yrnep)J(.[leHHe .LIJIH Bcero ,D;Harra30Ha 0;:::: A< oo .LIOKa3aHO 
B (13, 14, 16]. 

OTMeTHM Terrepb PM qacrHbIX cmyaI.J:Hli, oIIHcbmaeMbIX npe,D;cTaBJieHHHMH (9.6) H ypaBHe
HHeM (9.8). ECJIH yrrpyme IIOCTOHRHbie cpe,D;bl BttyTpH H BHe KOffTYPa r O,D;HHaKOBbI, TO H3 (9.8) 
CJIC,D;yeT, qTo m( r) = 0 Ha L4, H Mbl HMeeM rrpe.1:1craBJICHHH H HHTerpanbHOe ypaBHeHHe .LIJlH BCT

BHII1erocH pa3pe3a B 0.[IHOpO,D;HOH cpe.1:1e. 

EcJIH OTCYTCTBYJOT pa3pe3bl Li H 4, TO ypaBHCHHe (9.8) H rrpe,D;CTaBJICHHH (9.6) COOT-

BeTCTBYJOT cnyqaIO HHOpO.LIHOro BKJIIOqeHH11 c rycoqHo-rJia,D;KHM KOHTYPOM, KOr,D;a Ha JIHHHH 
pa3,D;eJia MaTepHaIIOB pacrrOJIO)l(eH pa3pe3. EcnH rrpH 3TOM TaK)J(e A= 0 (a6comoTHO )l(eCTKOe 
BKJIIOqeHHe ), TO rionyqaeM HHTerpanbHOO ypaBHeHHe H npe,D;CTaBJieHHH CMeIIIaHHOH 3a,D;aqH .LIJlH 

o6naCTH D c rycoqHo-rna,D;KoH: rpaHHu:eii: Ha ~ 3a,D;aHb1 ycHJIHH (eyneBb1e), Ha L4 - rrepeMe

meHHH (IIOBOpOT BKJIIOqemrn, KaK )J(eCTKOro u:enoro). 

EcJIH OTCYTCTBYJOT pa3pe3bl Li H 4 H KpHBH3Ha OKpeCTHOCTH TOqKH c KOHTYPa r Y.LIOBJie

TBOp11eT ycJIOBHIO feJib,D;epa (cnyqaH: HHOpO,D;HOro BKJIIOqeHH11 c rJia.[IKHM KOHTYPOM, KOr,D;a Ha 
JIHHHH pa3,D;eJia MaTepHanOB paCIIOJIO)J(eH pa3pe3), TO ypaBHCHHe (9.8) rrpeBpamaeTC11 B KJiaCClfqe
CKOe CHHryJrnpHoe HHTerpaJihHOe ypaBHeHHe c pa3phIBHhlMH K03$$HU:HeHTaMH [39]. 

,ll;OKa)J(eM cymecrnoBaHHe peIIIeHH11 ypaBHeHHH (9.8) .L1J!H 3Toro cnyqM. Ko3$$HI.J:HeHT G ( t) 

COOTBeTCTBYIOIIIeH ypasHeHHIO 3a,D;aqH corrpH)f(CHHH paseH 

( ) 
_ A ( t )- B ( t) -{ A+ K , t E L4 , 

G t - ( ) ( ) - 1 + AKj 
At+Bt -l, tE~. 

Bb16HpM BeTBb 1n G ( t) TaK, ~o 1n ( -1) = 1ri, Haxo,D;HM rrop11.L\KH oco6eHHoCTeli rrnornoc

TH m( r) B Y3JlaX C3 H c 
1 i A.+K r= yc3 =-+-In--, 
2 21r l +AKj 
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1 i A+K 
Y=re=----In--+K., 

2 21t 1 +..tKj 0 (9.10) 

r,L\e Ka - HH,L\eKC 3a,D,a<rn conp»::>KeHH»: ($opMynhI (9.10) OTnlfllaIOTCH 3HaKOM OT o6menpHHHTbIX 

[39] B CBH3H C TeM, 'ITO 3,L\eCb IlO,L\ IlOpH,LIKOM OC06eHHOCTH y B yme e Mbl IlOHHMaeM IlOKa3aTenh 

CTeneHH y BenH'IHHbl ( r- c), CTOHIIJeH B 3HaMeHaTene, a HMeHHo m( r) = m* ( r) I ( r-er ). IIo

CKOnbKY, no $H3HqecKOMY CMhlCny, BemecTBeHHbie qacTH nopR,L\KOB oco6eHHOCTeH ,L\On:>KHbl 

6bITb B Y3Jiax e3 H e O,L\HHaKOBhI, TO nonaraeM HH,L\eKc K(1 = 1. Tor,L\a 

1 i A+K 
y= ye =-+-In--, 3 2 21t 1 +Aki_ 

1 i A+K 
y= ye =---In--. 

2 21t 1 +Aki_ 

CornacHo TeopeMaM THrra HeTepa [39] (cM. TaK:>Ke rn. 6, n. 6.4) 

k - k' = 2K0 = 2, 

(9.11) 

(9.12) 

r,L\e k H k' - KOnHqecTBa nHHeHHO-He3aBHCHMbIX (B Y3KOM CMbICne) perneHHH COOTBeTCTByIO

IIJero (9.8) O,L\HOpo,L\HOro ypaBHeHHJI B KJiacce hri H COI03HOro K HeMY B KJiacce hi. To eCTb 

k?. 2. (9.13) 

c .L\pyroH: CTOpOHbl, cornacHO npe,L\hl,L\yIIJeMY rrpe,L\llO:>KeHHIO, COOTBeTCTByIOIIJee (9.8) O,L\

HOpo,L\HOe ypaBHeHHe BMeCTe c KOMITJieKCHbIM ,L\OIIOnHHTeJibHbIM ycnoBHeM (9.9) (npttpameHHH 

nepeMeIIJeHHH 3,L\eCb BbJqHCllJIIOTCJI TOnbKO B,L\Ollb 4), HMeIOT JIBIIIb ttynesoe perneHHe. To eCTb 

k 5, 2. (9.14) 

06'he,L\HHHJI (9.13) H (9.14), HMeeM 

k=2. (9.15) 

IIo,L\CTaBnJIJI (9.15) B (9.12), rronyqaeM k' = 0 H, cne,L\oBaTenI>HO, cornacHo TeopeMaM THna Hcre

pa, paBHO ttynIO KOnlflleCTBO ycnOBHH pa3peIIIHMOCTH ypaBHeHHJI (9.8), HanaraeMbIX Ha ero rrpa

ByIO qaCTb. TaKHM o6pa3oM, B paccMai:pttBaeMOM cnyqae, ypaBHeHHe (9.8) BMecTe c ,L\OnonHH

TenI>HDIM ycnOBHeM (9.9) pa3peIIIHMbI e,L\HHCTBeHHbIM o6pa30M B KJiacce hri c nopJI,L\KaMH oco-

6eHHOCTeH: (9.11). 

9.2. HeKomop1:;,1e nnocKue 3aOa"lu meopuu ynpyeocmu 
iJnR u3omponHoii o6nacmu c oe<Pe«maMu muna mpeu.cuH 
U 61UllO"leHUU 

IIpH paccMoTpeHHH nnocKoH: 3a,L\aqH TeopHH yrrpyrocTH pa3nttqa10T ,L\Ba BH,L\a ynpyroro 

paBHOBeCHJI: 1) TIJIOCKYIO ,L\e<l>opMal(HIO ynpyroH: cpe,L\bl, T. e. ,L\e<l>opMal(HIO l(HJIHH,L\pHqecKHX 

Ten IlOCTOHHHOro nonepeqHoro ceqeHHJI, KOr,[\a Ha Teno ,[\eHCTByIOT BHeIIIHHe CHJibI, HOpManbHbie 

K ero OCH H O,L\HHaKOBhle ,L\nJI Bcex nonepeqHbIX (HOpManbHblX) ceqeHHH Tena, H 2) o6o6meH

HOe IlllOCKOe Hanpii::>KeHHOe COCTOHHHe, T. e. ,[\e<l>opMal(HIO TOHKOH nnaCTHHhl CHJiaMH, ,[\eHCT

ByIOIIJHMH B ee nnocKOCTH. EcnH HCcne,L\yeMoe li30TponHoe Teno OTHeCeHO K ,[\eKapTOBOH CHC

TeMe KOOp,L\HHaT TaKHM o6pa30M, qTo TIJIOCKOCTb xOy COBTia,[\aeT ,L\nJI cnyqaii: nnOCKOH ,L\e-

<l>opMal(HH c nonepeqHhIM ceqeHHeM, a .L\AA cnyqaH o6o6meHHoro nnocKoro HanpH)KeHHoro 
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COCTOIDIIDI - co cpe.z:unmoil: IIJIOCKOCTblO rmaCTIIHDI, TO ,LOllI onpe,l:leJieHIDI HanpIDKeHHo-,l:lecpop

MlipOBaHHOro COCTOHHIDI B rrpOH3BOJibHOH ero TOqKe Heo6XO,l:lfIMO HaHTfI TPfI KOMIIOHeHTbI TeH-

30pa HarrpIDKeHflil: axx, aYY, axy 11 ):(Be coCTaBJIHIOIIJfle seKTopa rrepeMeIIJeHliil: u, v (p11c. 9.2). 

TiorrepeqHoe ceqeHfle fIJifI IIJIOCKaH H30TpOIIHaH cpe,l:la OTHeCeHa K ,l:leKapTOBOH CfICTeMe KOOp

):lfIHaT xOy. 

Y• 

x 

Puc. 9.2. IlJIOCKIDI 6ecKOHe'IHIDI H30lpOIIHIDI cpe~a, IlO~BepJKeHHIDI cocpe~oToqeHHh!MH CHJiaMH MOMeH

TaMH B ee UJIOCKOCTH 

B pa60TaX r. B. Konocosa H H. II. MycxeJUIIIIBHJIH [26, 38) IIOKa3aHO, qTQ IIpH OTCJTCTBHH 

o6beMHbIX CHJI KOMIIOHeJITbI HanpIDKeHHH axx, (jYY' (jxy M COCTaBJIHIOIIJHe rrepeMeIIJeHHH U, V 

B ,l];eKapTOBOH CHCTeMe KOOp,l:lHHaT BbipmKaIOTCH qepe3 ):(Be amUIMTINeCKMe cpyHKIIHH <l>(z) M 'P(z), 

OT O,l];HOro KOMIIJieKCHOrO rrepeMeHHoro z = x+ iy, YJIOMHH}'TOro BbJIIIe cpopMJJiaMH (9.1): 

a"' +aYY =2[ <1>(z)+<l>(z)]=2Re<l>(z) 

ayy -a xx+ 2ia xy = 2[z<1>'( z) +\JI ( z) ], 

2µ(u +iv)=~( z)- z<I>( z)-v( z) 

qi'(z)=<l>(z), v'(z) = \J'(z). 

(9.1) 

E 
3):lecb µ = G = --- - MO,l:lJJib C,l:lBHra, E - MO,l:lJJib IOHra (yrrpyrocnr), v - Kmcl>cl>HIIH-

2(1 +v) 
em ITyaccoHa, 

K={
3

3~~ = 
l+v 

,l];JIS! IIJIOCKOH ,l:lecpopMarum, 

)J;JIS! o6o6IIJeHHOro IIJIOCKOrO HanpH)l(eHHOro COCTOHHMSI. 

fnaBHblli seKTop cHJI, ,l:leHCTBYJOIIJHX B)J;OJib rrpoH3BOJibHoil: ,l:lJrH AB, pacrroJio)l(eHHOH BHYT

pH HJIH Ha KOHTJPe IIJiaCTMHbl, orrpe,l:leJISieTCS! IIO cpopM)"JJe 

X + iY = -i[q>(z) + z<l>(z) + V(z)JI:, (9.16) 
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me x, y - npoeKQHH rnaBHOro BeKTopa Ha OCH KOOp.D,HHaT x H y, [ 11: ---o603Haqaer pa3-

HOCTh BhlpIDKeHHH, JarmcaHHOro B cKo6Kax, rrptt 3HaqeHHHX z B ToqKax A H B. 
EcJIH HOBaH CHCTeMa KOOp.D,HHaT Xi.GiY1 CBH3aHa co CTapoii CHCTeMOH xOy COOTHOIIIeHMeM 

(9.17) 

r.D,e a H z~ - IIOBOpOT H rrepeMeilieHHe crapoii OTHOCHTeJibHO HOBOH CHCTeM@ KOOp.D,HHaT 

COOTBeTCTBeHHO, a <l>)'HKUHH <Pl (Z1) H 'Pl (z1) BbJIIOJIIDIJOT Ty :>Ke pOJib B CHCTeMe xP1Y1' qTo 

H <l>YHKUHH <I>(z), 'l'(z) B CHCTCMe xOy, TO 

<l>1(z1) =<l>(z1e;a +z~), } 

HJ ( ) 2ia[\H( ia 0) -On..,,'( ia 0)] 
TI Z1 = e T Z1e + Z1 + Z1""' Z1e + Z1 

(9.18) 

KoMIIOHeHTbl { <Yn, <Ys, <Y,} Temopa HarrpH:>KeHH:ii H COCTaBAAIOIIIHe BeKTopa CMeilieHHH B HOBOH 

(JIOKaJibHOH) CHCTeMe KOOp.D,HHaT (O.D,Ha H3 oceif - KacaTeJII>HaH K rpaHHUe) CBH3aHbl c COOT

BeTCTBYfOilIHMH KOMIIOHeHTaMH HanpH:>KeHH:ii H CMeilieHHH B crapoii (.D,eKapTOBOH) CHCTeMe KO

op.D,HHaT xOy COOTHOIIIeHHHMH 

<Yn +<Y, 

<Yn - <Y, + 2i<Y1 

Un +iu, 

(9.19) 

PerneHHe IIJIOCKOH 3a.D,aqH reopHH yrrpyrocTH CBO)J,HTCH K OTbICKaHHIO .D,Byx aHaJIH:TH:qeCKHX 

<l>)'HKUHH <I>(z) H 'l'(z) B o6JiaCTH, 3aHHTOH yrrpyrHM TeJIOM, rrpH HCIIOJib30BaHHH rrpe.D,eJibHbIX 

3HaqeHHH 3THX <l>)'HKUHii Ha rpaHHUe Tena. Kor.D,a Ha ero rpaHnue Ja.D,aHI>I HanpH)J(eHMH (nep

BaH OCHOBHaH 3a.D,aqa), rpaHHqHoe YCJIOBHe HMeeT H3BeCTHbIH )J,JIH Hae BH)J, (9.2) 

- dt -
<P(t) + <P(t) + =[ f <I> '(t) + 'P(t)] = (jn - i<T,, 

dt 
(9.2) 

r.D,e <Yn, <Y, - 3a.D,aHHI>Ie HOpMaJibHhle H KacaTeJibHbie KOMIIOHeHTbl BHeIIIHero HanpH:>Kemrn, 

.D,eiicTBYffiiliero Ha rpami:ue Tena, H 

dx .dy 
-+z-

dt = ds ds = e2iiJUJ 

dt dx .dy , 
--1-
ds ds 

tJ(t) -yron, KOTOphlif o6proyeT KacaTeJII>HaH K KOHTYPY c OCI>IO Ox. 

(9.20) 

Kor.D,a Ha rpaHHUC TeJia 3a.D,aHbI rrepeMeilieHHH (BTOpaH OCHOBHM 3a.D,aqa), rpamiqHoe ye-

JIOBF!e HMeeT BH)J, 

- dt - d 
<l>(t)- l('(f>(t) + =[ t <l>'(t) + 'l'(t)] = -2µ=(U -iV). 

dt dt 
(9.21) 

3.D,eCb u, v - 3a.D,aHHbie Ha rpaHHUe <l>)'HKUHH. 

Ecntt B 6ecKoHeqnoii rrnocKoil cpe.D,I>I .D,eiicTBYfOT cocpe.D,oToqeHHhle CHJII>I P; +iQj B Toq-
-- --

K ax z; ( j = l, k * ), MOMeHTbI M j B TOqKax z 7 ( j = 1, k ** ), a Ha 6eCKOHeqHOCTH 3a.D,aHhl B3a-
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HMHO rreprreH,D;mcymipHbie ycHJIIDI HHTeHCHBHOCTH NI, N 2 H IIOBOpoT c~, TO KOMITJieKCHbie rro

TeH11H<Ulhl HaIIpH)l(eHHH HMeIOT B~ 

k' P+iQ. 1 
<1>0 (z)=r-Z: 1 1 

., 
i=l 21l"(l + K) Z - Z i 

(9.22) 

'Pa(z)=r'+L i z i 1 • 
k' [K(P -·Q) 

j=I 21l"(l + K) Z - Z j 

z;(lj +iQ) 1 l .(;,Mi 1 
*2 -l~ **2" 

21l"(l+K) (z-z) j=121l"(z-zi) 
(9.23) 

l 2i~ r=-(N1 +N2)+--~, 
4 l+K 

f" = _ _!_(N -N )e-2;ao 2 1 2 , 

a0 - yron Me)J()zy N1 H ochIO Ox. 
BcrrOMHHM HeKOTOpble OCHOBHbie COOTHOlIIeHIDI H3 TeopHH aHanmwi:ecKHX <PYHKllHH H CHH

ryJrnpHbIX HHTerpanbHhlX ypaBHeHHH, KOTOpble Heo6xo~HMhl B ~aJihHei1:rneM H3JIO)l(eHHH. 

IlyCTh L - npocToi1: 3aMKffYThii1: HJIH pa30MKffYThIH rna~KHH KOHTYP B KOHe'IHoli 'lacTH 

IIJIOCKOCTH KOMIIJieKCHOro rrepeMeHHOro z = x+iy, a <p(t) -HerrpepbIBHM <PYHKIUiH TO'leK :no

ro KoHrypa. Tor~a liHTerpan 

<l>(z) =-1-f<p(T) di-
21l"i L 1"- Z 

(9.24) 

rrpe~CTaBJij{eT co6oi1: aHaJIH1WleCKJIO <PYHKllHIO BO Bcei1: KOMIIJieKCHOH IIJIOCKOCTH, 3a HCKJIIO'le

HlieM TO'leK CaMOro KOHrypa. EcnH <PYHKllIDI <p(t) - IIJIOTHOCTh HHTerpana THna Ko111H (9.24), 

y~oBJieTBOpHer Ha L ycnoBHIO feJih~epa, T. e. ~ mo6h1x ~Byx TO'leK t1 H t2 KOHfYPa BhIITOJIHH-

eTCH HepaBeHCTBO 

(9.25) 

TO HHTerpan (9.24) HMeeT rrpe~eJibHhle 3Ha'leHIDI <l>±(t) npH z ~ t, (tE L) BO BCex TO'IKax t, 

He COBIIa~aIOIIIHX c ero KOHIJ;aMH rrpH npH6JimKeHirn TO'IKH z K KOlfTYPY COOTBeTCTBeHHO cne

Ba (+) H crrpaBa (-) no OTHOIIIeHHIO K BhI6paHHOMY IIOJIO)l(ITTeJibHOMY HarrpaBJieHHIO. 3TH rrpe

~eJibHbie 3Ha'leHIDI orrpe~eJIHIOTCH <PopMJnaMH Coxmi;Koro-IlneMeJIH 

<l>±(t)=±_!_<p(t)+-
1
-f<f'(T) di-. (9.26) 

2 2Jl"i L 1"- Z 

EcnH HHTerpan THrra Korrrn 6epeTCH no KOHrypy, HMeromeMY KOHe'IHoe 'IHCJIO yrJIOBhIX TO

'leK, TO rrpe~eJihHOe 3Ha'leHlie HHTerpana CYIIIeCTByeT, rrpH'leM MH HeyrJIOBhIX TO'leK OCTaIOTCH 

B c1me OOhI'IHO <i>OPMYJihl Coxoa;Koro-IlneMeJIH, a~ yrnoBhIX TO'leK HMeIOT MeCTO <PopMJJihI 

<l>+(t)=(1-£)<p(t)+~ J<p(T) di-,1 
21l" 21l"! L 1° - f 

(9.27) 

<l>-(t) = _!:__<p(t) +~ f<p(i-) di-, 
21l" 21l"! L 1"-f 

r~e a - yroJI Me)J()zy rrpaBoii H JieBoii KacaTeJihHoli K L B yrnoBoii TO'IKe. 
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lIIITerpa.rr B rrpaBhIX 'lacrn:x cJ.>opM)'n Coxou,Koro-IlneMemr IIOHHMaeTcH B CMhicne rnaBHoro 
3Ha'leHHH ITO KOIIIH 

J<P( r) dr = lim J q>( r) dr, 
L t'-f E->0 f,-L, t'-f 

(9.28) 

r,[(e LE - 'laCTh KpHBOH, nona,[(aIOID;aH B Kpyr lz-tl < £. 3TH HHTerpa.rrhI Ha3bIBaIOTCH CHHry-

JIHpHhIMH. 

IlpomBO,[(HaH m-ro nopH):(Ka cpyHKIJ,HH (9.24) onpe):(eJIHeTCH no cJ.>opMyne 

<1><ml(z) == ml J <P(r) dr. 
2tri L ( t' - zt+I 

(9.29) 

IImerpHpyH ee m pa3 no qacrnM c yqeToM 3aMKeyTOCTH KOHfYPa L HJIH paseHCTBa ttynIO <P( r) 
Ha KOHil,ax, ecJilf OH pa30MKHYf, npe,[(eJihHhie 3Ha'leHHH IlpOH3BO,[(HOH m-ro nopH):(Ka 3anHIIIYTCH 

B Brr,[(e Coxou,Koro-flJreMenH: 

1 1 m<ml(r) 
<l>(m)(t) =±-tp<ml(t)+-J~r. (9.30) 

2 2tri L t'-f 

IlyCTh Teneph L - npocToii 3aMmyrwii rna,[(KHii KoIITyp B rrnocKOCTH z, pa3Aemr10m;Hii 

ee Ha o6JiaCTh s + H s-. Ey):(eM C'IHTaTh, 'ITO s + - Ta 'laCTb nJIOCKOCTH, KOTOpaH OCTaeTCH cnesa 

npH 3a,[(aHHOM HarrpaBJieHHH o6xo,[(a Komypa. PaccMOTpHM ttmerpan Tttna KoIIIH (9.24) c IIJIOT

HOCThIO tp(t) no 3aMKttyTOMY Komypy L. Ecnn z Es+ H tp(t) - KpaeBoe 3Ha'ICHHC aHalll:TH'le

CKOH s s+ cpyttI<u,ttn 

<1>+ (z) = q>(z), (9.31) 

ecJIH zE s- H <p(r) - Kpaesoe 3Ha'leHHe attaJIHTH'ICCKOii B s- cpyttKil,HH, TO no cJ.>opM)'ne Konm 

,WIH 6ecKoHe'IHOH o6nacrn: 

<I>~ (z) = -q>(z) + <p( oo ). (9.32) 

EepH npe;:i:enhHhie 3Ha'leHHH Ha KOHType L H ucrroJih3YH cJ.>opM)'JihI Coxou,Koro-IlneMeJIH, 

nonyqaeM 

rp(t) = .!.<P(t) +~4 <p(t) dr, 
2 2m L T-t 

(9.33) 

eCJIH <p(z) - aHaJIHTH'ICCKaH B S+, H 

1 1 ,.{ rp( r) 
-<p(t)+<p(oo) =--qJ(t)+-. 'j~t', 

2 2mLr-t 
(9.34) 

ecnH <p(z) - aHanHTH'leCKaH B s-. 
Orc10,[(a cneeyeT JIBep)J():(eHHe: ,WIH Toro tJTo6w <f>yttKIJ,HH 6hma KpaeBhIM 3Ha'lettHeM <i>YHK

Il,HH, aHaJIHTH'leCI<OH BO BHYTpeHHeii o6JiaCTH S+, He06XO,[(HMO H ,[(OCTaTO'IHO BhlnOJIHeHHH yc

JIOBHH 

_.!_<p(t) +-1- J<p(r) dr = 0 
2 2tri L t'-f 

(9.35) 

H COOTBeTCTBeHHO ;:i:mr Toro 'lT06hI <p(z) 6hma KpaeBhIM 3Ha'leHHeM lPJHKil,HH, aHaJIHTH'leCKOH BO 

BHenrneii o6naCTH s-' o6H3aTeJihHO BhlTIOJIHeHHe ycnoBHH 

.!.<P(t) +-1-. 4 <P(r) dr == <P( oo ). 

2 2mLr-t 
(9.36) 
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Cne.nyeT 3aMeTHTb, l.J.TO ecmr <p(z) ronoMopqma B s+ H HerrpepbIBHa Ha s+ + L, 3a HCKJUO

l.J.eHlieM KOHel.J.HOro l.J.HCJia TOl.J.eK zi{ E S+ (j = 1, N) o6JiaCTH S+, r,!l,e OHa HMeeT IIOJIIOCbl C rnaB

HbIMH t.J.acniMH G /z) (j = l,N ), TO 

{

rp(z)- f G
1 
(z), z E s+, _1_4 <p(-r)d'Z"= 1=1 

27ri L i--z -~G ) 
L; j(z, ZE s-. 
1=1 

(9.37) 

EcnH )Ke <p(z) ronoMopqma B s- H HerrpepbrnHa Ha s- + L, 3a HCKJIFOl.J.eHHeM KOHet.J.Horo 

l.J.Hcna TOl.J.eK zL Es- (j=l, N), r,!l,e oHa HMeeT rronrocbI c rnaBHbIMH t.J.acnrMH Gi(z) (j=l, N), TO 

_l 4<p('Z")d-r= 1=1 

{
f Gl(z), ZE s+, 

2
1ii L i--z -<p(z)+ tGl(z), ZE s-. 

(9.38) 

3a)J,aqa 1. IlepsaH, sTopaH u cMemauuaH 3a)J,aqu Teopuu ynpyrocTu ,!1,JIH TeJI c Tpe
m;uuaMu. 

A: PaccMOTpHM rrnocKyro mOTporrHyro rniaCTmiy, OTHecemzyro K .neKaPTOBOH cHCTeMe KO

op.nnHaT xOy H ocna6neHttyro CHCTeMOH rrpoH3BOJibHO pacrroJIO)J(eHHbIX N (r!i u n 2 u 1l:i) KpH-

BOJIHHeHHbIX Tpell(HH. Ha 6ecKOHel.J.HOCTH ,!l,ettcTBYJOT .nBa B3aHMHO rreprreH,!l,MKymrpHbIX ycM

JIHSI N 1 M N 2 (pHc. 9.3). Ilpe,!1,rrono)J(HM Terrepb, l.J.TO Ha 6eperax TpemMH 3a,!1,aHhl cne.LIYJOII.(He 

rpaHHl.J.Hbie ycJIOBHSI: 1) Ha Yli - HOpMaJibHble H KaCaTeJibHbie YCHJIHSI, 2) Ha n2 - rrpOH3B0,!1,

Hbie OT rrepeMell(eHHH H 3) Ha n3 - HOpMaJibHbie H KaCaTeJibHbie HarrpSI:>KCHHSI Ha 0,!l,HOM Kparo 

H rrpOH3B0,!1,HaSI OT rrepeMell(CHHH Ha .LIPYrHX. 

~N2 y N,//L:ia 

r· ~ -ia, 

lj ± 

0 x 

~iv 
+ • + a. -ia, 

/// 
Puc. 9.3. fIJIOCKall 6eCKOHeqHall H30TjJOIIHall IIJiaCTHHa ocna6neHHaH CHCTeMOH rrpOH3BO!IbHO pacrro

nmKeHHh!X N KpHBOJIHHeHHbIX rpeIUHH 
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)J,m1 paccMaTpHBaeMoro C.JIY'Irul KOMIIJieKCHble IIOTeHI.J;HaJibl KoJIOCOBa-MycxeJIHIJIBHJIH 
HMeIOT CJieti;yIOIIJ;HH BH,n;: 

3.n;ecb 

<l>o(Z) = r +<l>(z), 

'l'o(z) = r' + 'I'(z). 

(9.39) 

(9.40) 

- cpyttKIJ;HS!, xapaKTepH3yFOIIJ;aH B03MYIIJ;eHHSI Mexami:qecKoro IIOJISI B OKpeCTHOCTH pa3pe30B. 
Ha OCHOBaHHH <JlOPMYJI (9.2) H (9.21) rpattnqHbJe ycJIOBHSI Ha 6eperax TpeIIJ;HH MQ)J{HQ 3a

IIHCaTb B BH)l;e 

(9.41) 

(9.43) 

(j = "1 + n2 + 1, N) 

Pa3pernaSI Ka)J{,ll;oe H3 Bbipa)J{eHHH (9.41)-(9.43) OTHOCHTeJibHO 'I'+(t)-'I'-(t)H IIpHMemrn 

<jlopMyJibl CoxoIJ;Koro-IlJieMeJISI, rronyqttM Bbipa'lKeHHe 'I'(z): 

3.n;ech: 

'I'(z) = :t[-1-. fq{j~(r) dr--1-. rj~r) dr--1-. f rcp~(r)2 dr]. 
1~1 2m 1 r z 2m 1 r z 2m 1 ( r z) 

J J } 

qi1
> =-2µ d [<u+(t)-u-(t))-i(v+(t)-v-(t)],} 

dt 
v1(t) = cp1(t) 

q{1) =a: - ia; + 2µ d [u-(t)- iv-],} 
dt 

v/t) = -Kcp1 (t) 

(9.44) 

(9.45) 

IIepeii,n;eM K nocTpoeHHJO cttcTeMbI ypasHeHHH, Y.!.lOBJieTBopHromeii rpaHnqHbJM ycnostt
HM 3a,n;aqH. CKJia,ll;bJBaH COOTBeTCTBeHHO Bbipa)J{eHHSI (9.41)-(9.43) H IIpHHHMruI BO BHHMaHHe 
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<J:>opMJJihI Coxou;Koro-IlrreMem1 ,Z:(JUI rrpe):(eJihHhlX 3Ha1IeHHH <i>YHKIJ;HH <I>(z) H 'f'(z), ITOJIYlJ:HM 

cne):(yIOiu;yro cwcTeMY CIIY: - [ - -- l 1 r a r - dt 1 v r - 1 r-t 
/Jk(t)rpk(t)+-:- Jrpk( ) dr+~ J~(} dr-= -:- JAld-.+-:- J--2 rpk(r)dr + 

m 1 r-t m 1 r-t dt m 1 r-t m 1 (r-t) k k k k 

{:i{ 1 Jrp/r)d ak Jrpj(r)-d dt[ 1 Jv/r)-d l J r-i ( )d 1)-+ .L.i - -- r+- -=--=- r-= - -- r+- ---rp r r -
j~1 1ri 1 r-t 1Ci 1 r-t dt 1ri 1 r-t 1ri 1 (r-t)

2 1 

j-::t:k J J J J 

k=l,N, 

q~k)(t) = (o-: +o-~)-i(o-; +o-,-)-2(r + r + ~: r} 

q~k) (t) = -2µ d { (u+ (t) + u-(t))-i(v+ (t) + v-cm} + 
- dt 

+2[ Kf- r - ~: J l k = fli + 1, fli + n2 , 

k = l,fli, 

R K+l K-1 (k) + '+ 2 d[ _() . -c)] ( 1)-r 
Pk =-2-, ak =-2-, qz =0-n -10", - µ dt U t -IV t + 1(- -

dtr') -2(r += , k =fli +n2 + l,N. 
dt 

(9.46) 

(9.47) 

(9.48) 

)J,mr e):(HHCTBeHHOCTH perneHmI IlOCTaBJieHHOH 3a):(a1IH He06XO):(HMO CHCTeMY ypaBHe

HHH (9.46) ):(OIIOJIHHTb ycJIOBHeM 0):(H03Ha1IHOCTH nepeMem;eHHH BOKpyr KOHT)'POB Tpem;HH. 

1 --
frpk(t)dt =--Jq?)(t)dt, k =l,fli, 

1, K+ 11, (9.49) 
J[ ,upk (t) + vk (t) Jdt = Jq;kldt, k = 1li + n2 +1, N. 

lk lk 

Y CJIOBHe O):(H03Ha1IHOCTH nepeMem;eHHH BOKpyr TPemwHhI lk (k = f1i + 1, f1i + n 2) y):(oBJie

TBOp5IeTC5I TO)K):(eCTBeHHO, TaK KaK 

r):(e a, b - KOHIJ;bl Tpem;HHbl. 

u+(a) +iv+ (a)= u-(a) + iv-(a), 

u+(b)+iv+(b) =u-(b)+iv-(b), 
(9.50) 
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Ii: IlyCTL TerrepL pacnrnynur Ha 6ecKoHe'IHOCTH yrrpyrrui: o6nacTu ocna6neHa nepHO.D.H'le

CKOH CHCTeMOH pa3pe30B, KOr,D.a B OCHOBHOH nonoce nepHO)J.OB UIHpHHOH OJ(B,D.Ofil OCH ox) HMe-

eTCH N KpHBOJIHHeliHhlX pa3pe30B lk (k =I, N) (pHc. 9.4). Ha 6eperax TPemHH 3a,D.aHL1 Te )Ke TPH 

THna rpaHH'IHbIX ycJIOBHH, 'ITO H MH IIpOH3BOJibHOH CHCTeMbI TPell(HH. IlOCKOJibKY HaIIpH)KeH

HO-,D.e<t>opMHpOBaHHOe COCTOHHHe K~OH IIOJIOCbI O)J.HHaKOBO, ,ll,OCTaTO'IHO HaHTH KOMITneKC

Hbie IIOTeHIJHMbI (c nepHO)J.OM OJ) ,D.nH OCHOBHOH IlOJIOCbI. 

/// 

y 

j=l,N ± . ± 
U -IV 

(( 
\_ 

+(-
--~· 

U -IV 

0 

\_ +\:_ 
± . ± u. - zu, 

w 

. + -zu, 

x 

Puc. 9.4. Yrrpyran rrrrocKOCTh, ocrra6rreHHIDI rrep.110,u:wi:ecKoii c.11cTeMoii pa3pe3oB 

OrnocHTenLHO BbIUieCKa3aHHbIX KOMITJieKCHbIX IIOTeHIJHMOB <l>(z) ll \J'(z) Y.D.OBJieTBOpH

IOTCH CJie,D.yroll(He ycJIOBHH: 

<l>(z +OJ)= <l>(z), } 

\J'(z +OJ)= \J'(z)-w<l>'(z). 
(9.51) 

YcnoBHH (9.51) BLITeKaJOT H3 <t>oPMYJI (9.18), r,D.e <l>(z) - neptto,D.wi:ecKrui: <l>YHKIIHH· BMe-

CTO <l>YHKU:HH \J'(z) BBe,D.eM HOBYIO <l>YHKU:HIO 

Q(z) = \J'(z) + z<l>'(z), 

KOTOpaH HBJIHeTCH rrepHO,D.H'leCKOH <l>YHKuHeH. 

BocnoJIL3yeMCH H3BeCTHOH <t>oPMYJIOH H3 MOHorpa$HH [84] 

1 ~ 1 
Jrctg(Jrx) =-+2xL--"22• 

x n=l x -n 

(9.52) 

(9.53) 

rrpe,D.CTaBHM KOMIIJieKCHhlH IIOTeHuHan )J.JIH OCHOBHOH ITOJIOCbI rrepHO,ll,OB, Bblpa)KeHHbIH CyM

MOH HHTerpanoB Tttrra Kourn B BH,D.e 

~ 1 f Jr(r-z) 
<l>(z) = L.,-. tpi(r)ctg dr. 

j=l 20J! /. OJ 
J 

(9.54) 

fpaHH'IHbie ycJIOBHH Ha 6eperax Tpell(HH 3aITHrnyTCH B BH,D.e 

- dt{ } <T,:-i<T, =<l>;(t)+<l>;(t)+ dt (t-t)<I>~±(t)+Q~(t) ' (j = 1, fli), (9.55) 
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d [ + . + J + -+- df {(- ) I+ + } • (9 56) -2µ= u-(t)-zv-(t) =<l>0(t)-KC1>0(t)+= t-t <1>0-(t)+Q0(t) , tElj (J=n1 +l,n1 +n2 ) • 

dt dt 

a:-ia; =<l>~(t)+<I>~(t)+ ~: {(i-t)<l>~+(t)+Q;(t)}, 

-2µ d [ u-(t)-iv-(t) J =<I>~ (t)- KCl>~ (t) + dt {(t-t )<I>~-(t) + Q~ (t)}, (9.57) 
dt dt 

tE lj (j=n1 +n2 +l,N). 

P<npernaH Ka)K,D,Oe M3 Bbipa)KeHMH (9.55)-(9.57) OTHOCMTeJibHO Q+(t)-Q-(t) M rrpHHMMaH 

BO BHMMaHtte $opMyJihI Coxou,Koro-ITJieMeJIH ,D,JIH <I>(z), <I>'(z) nptt z ~ t Elk 

1 ~ 1 f ;r(r-t) <l>±(t)=±-tpk(t)+ L.,,-. tpj(r)ctg dr, 
2 j=I 20A I OJ 

I 

(9.58) 

(9.59) 

rronyqttM cne,D,yiomee MHTerpanbHOe Bb1pa)KeHtte MH Q(z): 

~[ 1 f . ;r(r-z)-
Q(z) = L.. -. _q{ 1l(r)ctg dr-

j=l 2@ I OJ 
I 

--
1
- fctg JT(r-z) [i;o.(r)dr+v (r)dr]-

20Ji, OJ I I 
lj 

(9.60) 

JT f- 2 JT(r-z) ] 
---

2
• (r -r)tpj(r)cosec dr . 

20J l l OJ 
I 

CKna,D,bIBaH COOTBeTCTBeHHO Bblpa)KeHMH (9.55)-(9.57) M rrpttHHMaH BO BHMMaHMe $OPMYJibI Co
xou;Koro-ITneMeJIH, nonyqttM cne.J:1yiomy10 cttcTeMY CHY: 

N{l JT(r-t) a JT('f-T)-
Pki;ok(t)+ ~ OJi /i;o/r)ctg OJ dr+ ~ )i;oj(r)ctg OJ dr-

1 I 

=qikl(t)-dtf,~fq}jl(r)ctg;r(r-t)dr, tElk (k=l,N), 
dt j=I OJ! I OJ 

I 

N /3, JT(T f) 
vk(t)+aktpk(t)+ L ~ f cp/r)ctg----dr= 0, tE lk (k = l,N). (9.62) 

j=l OJl 11 OJ 
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B: IlycTh pacrnJIYfaH Ha 6ecKoHeqHocTH ynpyrM IIJIOCKOCTh ocna6neHa QHKJIWiecKH pro

MemeHHhIMH KpHBOJIHHeHHhIMH ~mHHaMH. IlpH 3TOM 6y;:1eM cqHTaTh, qTQ KIDK):laH IIOCJie-

.cyIOID;aJI CHCTeMa pa3pe30B lk (k = 1, N) nonyqaeTCH (6e3 HaJimI<eHHH) H3 npe;:lhUl)'llleH CHCTeMhl 

nyTeM IIOBOpOTa OTHOCHTeJihHO TQqKH 0 rrpe;:lbUl)'llleH CHCTeMbl Ha yroJI 2tr In, T. e. BCH IlJIOC

KOCTh COCTOHT H3 D;HKJIHqecKH IlOBTOpHIOID;HXCH ceKTopoB (pHC. 9.5), YCHJIHH Ha 6eCKOHeqHOCTH 

npHJIO)J(eHhl TaKHM o6pa30M, ~o HanpH)J(eHH0-;:1e<l.>opMHpOBaHHoe COCTOHHHe o6nacTH y;:10BJie

TBOpHeT ycJIOBHHM l(HKJiflqeCKOH CHMMeTpHH, T. e. 

{
NI =N2 :r~r, 
NI -N2 -r'-0. 

(9.63) 

rpaHf{qHbie ycJIOBHH Ha 6eperax TPeID;HH aHanorn:qHhI ycJIOBHHM 3a;:1aqH c npOH3BOJihHOH 

CHCTeMOH TPeID;HH H ycJIOBHeM nepHO):lflqeCKOH 3a):laqH. 3;:1ech tty)J(HO HaHTH KOMIIJieKCHbJe no

TeHD;HaJihl OCHOBHOro ceKTopa, YJ:IOBJieTBOpHIOmHe YCJIOBHHM QHKJlflqHOH CHMMeTpHH. IlpHHH

MM BO BHHMaHHe, qTQ MH J:IByx ceKTOpOB HanpH)J(eHHO-):le<l.>opMHpOBaHHOe COCTOHHHe O):IHHa

KOBO, 3HaqHT HMeeM 

r;:1e £ = e21riln. 

{

O" xx(z) + O".v/z) = O"xx(t:z) +O"y/t:z), 

·2 [ O" xx(z)- cry/z) + 2iO" x/z) J =er xx (t:z)-cr }'.Y (£z) + 2icr xy (£z), 

c[ u(z) + iv(z)] = u(cz) + iv(&z), 

(9.64) 

YcJIOBHH D;HKJIHqecKOH CHMMeTPHH (9.64), Bbipa)J(eHHhie qepe3 KOMUJieKCHbJe IlOTeHu;Ha

Jihl <l>(z)H '¥(z),3anmuyrcH B cneJ:IYIOmeM BH):le: 

1

<l>(z) + <l>(z) = <l>(cz) + <l>(cz), 

'f/ [Z<l>'(z) + 'l'(z) J = t:z<l>'(cz) + 'l'(cz), 

c[ TqO(z)- z<I>(z)-lfl'(z) J = XV'(£z)-£z<l>(£z)-lfl'(£z). 

}fa ycJIOBHH (9.64) HaXO):IHM 

l
<I>(cz) = <l>(z), 

'¥(cz) = e2
'¥(z), 

<p(cz) = c<p(z), 

lfF(Ez) = Clfl'(z). 

OrKJ;:1a cneJ:IYeT, qTO <l.>JHKD;HH <l>(z) H Q(z), r;:1e 

Q(Z) = z 2
-"'¥(z), 

y;:1osneTBopHIOT ycJIOBHHM u;nKJinqecKoif CHMMeTPHH. 

IlpHHHMM BO BHHMaHHe TO)J():leCTBO 

n-1 £k ntn-1 

I:-k--=-n--n' 
k=O £ t-z f -z 

(9.65) 

(9.66) 

(9.67) 

(9.68) 
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KOMIUieKCHbIH IIOTeHJ::\HaJI <l>(z) ,[(JUI OCHOBHOro ceKTopa 3aIIHJIIeM B BH,[(e 

(9.69) 

u,,=N2 

t t t 
y 

t t t t 
(,11'-IN~ + ·+ 

'l' - ' a -za 

,,,..- +~ .-:.\l -
I + ~ -l~-1 . ± 

e = 27rln/-<i, - iu, u - iv 

--
x -

Puc. 9.5. EecKoHeqHaH ynpyraH TIJIOCKOCTh, ocJia6neHHaH U.HKJJHqecKH pa3Meru.eHHbIMH KpHBOJIHHeil

HbIMH TPelll.HHaMH 

fpatt11qttb1e ycJIOBHH Ha 6eperax Tpem1rn, BbipIDKeHHbie qepe3 <l>(z) 11 Q(z), y,n;oBJieTBO

p~nom11e ycJIOBHHM U.HKJJHqeCKOH CHMMeTpHH, 3aIIHIIIYTCH B BH,[(e 

(O':-iO:) = <J>~ (t) + <J>~(t) + ~; {t<l>~± + t"-2 Q~(t)}, t E [j (j = ~), (9.70) 

-2µ d [u±(t)-iv±(t)J =<l>~(t)-K<l>~(t)+ dt{t<l>~±(t)+t"-2 Q~(t)}, tE l (J=fli +1,fli +n2 ), (9.71) 
& & J 

O'n -10', ='Yo+ ...,o t + dt t 'Yo t + t 9.o t , 

{ 

+ . + m. m.+() dt{-m.'+() n-2 +( )} 

-2µ d [u-(t)-iv-(t)]=<l>~(t)-K<l>~(t)+ dt {t<1>~-(t)+t"-2 Q~(t)}, (9.72) 
dt dt 

tElj (j=n1 +n2 +1,N). 

Pa3pernaH KaJK,[\Oe H3 Bbipa:lKeHHH (9.70)-(9.72) OTHOCHTeJibHO Q+(t)-Q-(t) H rrpHHHMaH 

so BHHMaHHe <PoPMYJibI Coxou.Koro-IlJieMeJIH .[(JUI <l>(z), <l>'(z) rrpH z -t tE lk 

(9.73) 

(9.74) 
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IIOJij"IHM CJie;zyioU1ee Bhlpa:lKeHHe ,LIIDI Q(Z): 

( ) -~[ n Jrqin(r)-d n Jrvj(r)-d n
2 J- ( )(n-l)r"+z"d 1 2 z - L... --. n n r---. ---. r--. r<pj r n n 2 r . 

j=I 2m 
1 

r - z 2m 
1 

r" - z 2m 
1 

( r - z ) 
I I I 

(9.75) 

CKJia,LlbIBaH COOTBeTCTBeHHO Bbipa:lKeHHH (9.70)-(9.72) H npHHMMaH BO BHMMaHHe $OpM)'

Jlbl Coxm~Koro-IlJieMeJIH, IIOJ!j"IMM cJie.Ll}'IOIIJYIO cHcTeM)' CHY: 

N { n !'n-1 n __ -z:n-1 _ 

/Jk<pk(t)+ L ----:- f<p/r)~dr+ak----:- J<p/r)=;;--=;;-dr-
j=1 :m ii r t m ii r - t 

dt{ n J- rt•-2 
- n J t"-

2
{[Cn-l)r" +t"]r-nr"-

1
tt}} 

-= - v.(r)--dr+- <p.(r) = 
dt 7ri 1 r" - t" 7ri 1 (t" - t" )2 

0 0 

(9.76) 

d N n-2 
_ <kl t"\' n J u> rt - _--q2 (t)-=L...---:- q1 (r)-.--.dr, tElk, k-1,N, 

dt j=I m 
1 

r -t 
I 

(9.77) 

PerneHMe CMCTeMbl ypaBHeHHH (9.46)-(9.47), (9.61)-(9.62) H (9.76)-(9.77) COBMeCTHO 

c ycJIOBHHMM O.LIH03HaqHocTH nepeMeU1eH11li soKpyr KOHrypOB TPeUIMH H c ycJIOBHHMM pasHo

secHH II03BOIDieT onpe,LleJIMTb Ha1IpH:lKeHHO-.L1e$opMHpOBaHHoe COCTOHHMe 6eCKOHeqHOH IIJIOC

KOCTH, OCJia6JieHHOH npoH3BOJibHOH, nepHO,IUl'lecKOH M U:MKJI~eCKH pa3MeU1eHHOH CHCTeMOH 

i:peUIHH .LIIDI BbIIIIeyKa3aHHblX rpaHfiqHbJX ycJIOBMH Ha MX 6eperax. 

3a,na'la 2. lieCKOHe'IH3SI DJiaCTHHa co BCTaBJieHHhlM KpyrJihlM ynpyruM BKJIIO'leHHeM. 

flyCTb Kpyrnoe BKJIJOqeHHe s; pa,LleyCa R1 C ynpyrnMM IIOCTOHHHbJMM Xj , tJ,, BJIO:lKeHO 

B KpyrJIOe OTBepcTHe pa.LIHYCa R2 (R1 > R2) 6eCKOHeqHQH IIJiaCTMHbI S~, ynpyrne IIOCTOHHHbie 

KOTOpOH Kz , µ2 (pHC. 9.6). Mhl 6y,L1eM npe,LIIIOJiaraTb, qTQ i:peHMe Me)l(,Lly ynpyrnM BKJIIOqemr

eM H IIJiaCTHHOH OTCyTCTByeT, TaK ~o B3aMMO,LleHCTBMe 3TMX TeJI CBO,LIMTCH K HemseCTHOMj' HOp

MaJibHOMj' ,L(aBJieHHIO P(t) Ha o6BO,Llbl BKJIJOqemrn H OTBepCTHH. BBH,Lly IIOJIHOH CMMMelpHH 3TO 

,LlaBJieHHe 6y.LleT IIOCTOHHHbIM BOKpyr KOHrypOB H 6y,L1eT 3aBMCeTb OT ynpyrHX IIOCTOHHHbIX co

IIpHKacaIOUIMXCH TeJI H pa3HHU:bI PMHycos R1 - R2 = p. 
~ OIIMCaHHH HanpH:lKeHHO-,LleipopMHpOBaHHOro COCTOHHHH COCTaBHOH IIJiaCTMHbl IIpHBJie

qeM KOMIIJieKCHble IIOTettu:HaJibl <l>(z) M 'I'(z), KOTOpbie 3a,Lla,LIHM B M3BeCTHOH .LIIDI Hae $opMe 

HHTerpaJIOB TMIIa KornM 

(9.78) 

(9.79) 

r,Lle y - rpaHMU:a KOHTaKTa ,LIByx TeJI. 
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y 

x 

Puc. 9.6. EecKoHe'IHaH rmacnrna co scrasneHHhIM K(JyrJihIM yrrpyrnM BKJIIO'IemreM 

rpamPIHbie YCJIOBJHI Ha KOHType (y) OTHOCineJibHO HeM3BeCTHOrO HOpMaJibHOro ,D;aBJie

HIUJ: P(t) 3a,n;aroTcH s H3secmoM: cpopMe 

~ dt[ J <I>+ (t) +<I>+ (t) + dt i<I>'+ (t) + o/+ (t) = P(t), 

<l>-(t) +<I>- (t) + dt [t<I>'-(t) + o/-(t)] = P(t), 
dt 

(9.80) 

(9.81) 

r,n;e 3HaKM ( +) M (-) y KOMIIJieKCHbIX IIOTeHIJ;liaJIOB OTHOCHTCH K JfX rrpe,n;eJibHbIM 3Ha'IeHHHM, 

KOr,n;a Z ~ t E y CO CTOpOHbI ,n;Byx TeJI s; li S; COOTBeTCTBeHHO. 

BbI'IMTaH li CKJia,D;bIBaH COOTBeTCTBeHHO Bbipa:>KeHmI (9.80)-(9.81) HMeeM: 

[ <1>+ (t)- <l>-(t) J + [ <1>+ (t)- <l>-(t) J + ~: [t( <I>'+ (t) -<I>'-(t)) + \}'+ (t)- o/-(t) J = 0, (9.82) 

[ <1>+ (t) + <l>-(t)] + [<I>+ (t) +<I>- (t)] + ~: [tc<1>'+ (t) + <l>'-(t)) + o/+ (t) + \J'-(t)] = 2P(t). (9.83) 

IlpHHHMaH Bo BHHMaHHe H3BeCTHylO cpopMYJIY CoxoQKoro-ITneMeJIH MH cpyttKQMM <l>(z) 

<l>±(t) = ±.!..qJ(t) +-1-g ip(r) dr (9.84) 
2 2ffi r r-t 

If pa3pernaH: Bbipa:>KeHHe (9.82) OTHOCHTeJibHO \}'+ (t)- o/-(t), IIOJIY'IMM cne,n;yromee Bbipa:>Ke

m1e .L(JIH o/(z): 

\J'(z) =-1-g y(r) dr =-1-g o/+(r)- o/-(r) dr= 
2ffi r r - z 2ffi r r - z 

dr[ -] - I (9.85) 
=-1-g -dr {P(T)+ip(r) -rip(r) dr= ... =--1-gip(r) dr--1-g rip(r) dr. 

2ni r r- z 2ni r r- z 2ffi r (r- z)2 

IlpHHMMaH BO BHHMaHJfe cpOpMYJIY (9.85) li rrpe,L(eJibHbJe 3Ha'IeHHH <l>(z) M o/(z) B cpop

Me cpopMYn Coxou;Koro-ITneMemr, Bbipa:>KeHHe (9.83) rrpHMeT BH,11; 

~cJip(r) dr-~g~(r2 dr- dt[~4{P(T) dr+~cJ r-t 
2 

{P(r)dr] = 2P(t). (9.86) 
m r r-t m r r-t dt m r r-t m r (r-t) 
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BBmzy IIOJIHOH CHMMe'I'pmI nocraBJieHHOH 3aJJ;a1IB IlJIOTllOCTh <p(t), Kar< <jlymn.1mr, 3aBHCH

lll,aH OT KOHTaKTHOro HanpIDKeHIUI P(t) H pa3HHI.\hl CMeIIJ,eHHii roqKH BKJIIOqeHHH H IIJiaCTHHbl Ha 

rpaHHI.\e KOHTaKTa, 6yJJ;eT Be3JJ;e 'tJ t E y IIOCTOHHHa, T. e. <p(t) = COllSt. fipHHHMM BO BHHMaHil.e 

3TOT <jlaKT H 3HaqeHHe BbipIDI<eHHii CJie!zyIOIIJ,HX CHHTyJIHpHbIX HHTeI'paJIOB: 

(9.87) 

CHY (9.86) npHMeT BHA 

P(t) = 2<p(t). (9.88) 

0rnOCHTeJibHO nepeMeIIJ,eHirif Ha KOJITYPe y CO CTOpoHbI ,n:Byx ynpyrnx TeJI HMeeM H3BeCT

Hbie qiopMYJibl, KOTOpble BblTeKaIOT 113 TpeTbett <jlopMJJibl (9.1): 

2µ1 [u+(t)+iv+(t)]=2JLi (-o1 ei9 )=Kj f<t>+(t)dt-t<I>+(t)- f'I'+(t)dt (9.89) 

(9.90) 

rJJ;e 01, 02 - coOTBeTCTBYIOIIJ,He paJJ;HaJibHbie nepeMeIIJ,eHHH JJ;Byx TeJI Ha KOHrype y, T. e. 

q +02 =RI -R2 = p (9.91) 

)J,mpl}lepeHI.\HpyH BbipaJKeHHH (9.89)-(9.90) OTHOCHTeJibHO t (t = (R2 +cr2k(/) H npHHH

MaH BO BHHMaHHe (9.83) 1I <fJopMyJIY Coxon:Koro-IlJieMeJIH, 6yJJ;eM HMeTb 

P(t) _ 2Jii q _.!_<p(t)+-1_4<p(r) dr, 
l+Kj 1+1'j Rz +02 2 21fi r r-t 

(9.92) 

P(t) + 2µ2 02 = _ _!_<p(t) +-1-. 4 <p(r) dr. 
l+K2 l+K2 R2 +02 2 2m r r-t 

(9.93) 

Bb1qmaH BbipIDI<eHHH (9.92)-(9.93) HMeeM 

( 
1 1 ) ( ( 2JLi q 2µ2 8" J -----pt)------+------ =<p(t), 

l+K1 l+K2 l+Kj R2 +02 l+K2 R2 +82 

(
_l ___ l_JP(t)- 2Jii _P_+( 2Jii _ 2µ2 J~=<p(t). 
1 + K1 1 + K2 1 + Kj R2 + 02 1 + Kj 1 + K2 R2 + 02 

(9.94) 

IlpHHHMaH BO BHHMaHHe <fJopMyJibI (9.88)-(9.94) rronyqnM: 

P(t) = 4JLi p , 
l-K1 -2r0 R2 +02 (9.95) 

(ro =Iii I µ1)· 

c ,n:pyroH: CTOpOHbl, (9.93) 1I (9.87) .lJ:aIOT BblpaJKeHHe 

8 
P(t) = -2µ2 ~· 

R1+u2 
(9.96) 
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Bb1pa)l(eHIDI (9.95) n (9.96) ,na;zy-r pa,nnarrbHoe cMemeHne Oz: 

Oz= 2roP 
Ki +2r0 -1 

(9.97) 

CJie,nosaTeJibHO, cpopMyJibl (9.95) n (9.97) rroJIHOCTbIO onpe,nemreT peweHne rroCTaBJieHHoli 

CMeIIIaHHOll KomaKTHOH 3a,llaIJH ,LIJI}l COCTaBHOH 6ecKOHetJHOH IIJiaCTHHbI, ll HMeH B Bll,lly Bbipa

)l(eHtte (9.88), MO)l(eM cqmaTb ll3BeCTHbIMll KOMIIJieKCHbie IIOTeffiUiaJihl cI>(z) ll 'l'(z), qTQ ,naIOT 

B03MO)l(HOCTb nptt IIOMOIIIH cpopMyJI KOJIOCOBa-MycxeJIHIIIBHJill IIOJIHOCTblO orrpe,neJIHTb HaIIpH

)l(eHHO-,necpopMttpOBaHHOe COCTOHHHe HCCJie,llyeMoro TeJia B JII06oli TOqKe. 

3a,llaqa 3. Pa3pe3hI ua rpaunQe pa3,lleJia Me~y npon3BOJibHbIM BKmoqeuueM u 6ec
Koueqeoii DJI3CTHHOH. 

PaccMOTPHM OTHeceHif)'IO K ,lleKapTOBOH CllCTeMe KOOp,llttHaT 6eCKOHetJHyIO rycoqHo-Heo,n

HOpO,llHyIO cpe,lly, COCTOHIIIYIO ll3 yrrpyroro BKJIIOqeHIDI S1(+) ll 6eCKOHeqHOH ll30rpOIIHOH IIJia-

CTHHbI Si-). CqmaeM, qro KOHTaKT Me)l(,lly IIJiaCTHHOll ll BKJIIOqeHtteM HMeeT MeCTO He IIO BCett 

rpaHHIIe l = ll u [2 u l3 ' TaK qTo rpaHHIIa pa3,D;eJia ,nsyx TeJI pa36HBaeTCH Ha ,[(Be qaCTH: 1) ll -

HeKomaKTHPYJOIIIHH yqaCTOK rpaHHIIbI l (pa3pe3a), r,lle 3a,llaHbl HOpMaJibHbie ll KacaTeJibHbie Ha

IIp}l)l(eHll}l; 2) lz - HeKomaKTHPYJOIIIHH yqaCToK rpaHHIIbl l (pa3pe3a), r,ne 3a,L1aHb1 rrepeMeme-

HHH; 3) 13 - KomaKTttp}'IOIIIHH yqaCTOK rpaHHIJ;bI (pttc. 9.7). 

t N2 t t t y t t t t - s<-) -2 - 12 
1, k,,µ2 -- ± • ± 

CTn - ZCT, 
u± +iv± -

x - _. 

- -N, - -
i i i i i i i i 

Puc. 9. 7. Pa3Jle3bI Ha rpaHttu;e pa3,n;eJia MelK,!zy npott3BOJibHbIM BKJIJOqeHtteM tt 6ecKoHeqHoif IUiaCTirnoif 

HccJie,L1yeMM 6ecKoHeqHM HeO):(Hopo,llHM cpe,na Haxo,llllTCH B pasHosecnn IIO.ll ):(ettcTBtteM 

caMOypaBHOBeIIIeHHbIX ycHJIHH, npttJIO)l(eHHbIX Ha 6eCKOHeqHQCTH, K 6eperaM pa3pe30B ll B03Hll

KaIOIIIHX KomaKTHbIX Hanp}l)l(eHlltt Ha rpaHHu;ax Me)l(,lly ll30rpOIIHOH IIJIOCKOCTblO ll llHOpO,nHbIM 

BKJIIOqeHtteM. Ha KOHTaKTHPYJOIIIett qaCTH l3 Me)l(,lly IIJiaCTHHOH Si-) ll BKJIIOqeHtteM st) rrpe,n

IlOJiaraeTCH, qro KomaKTHbie Hanp}l)l(eHll}l paBHhl Me)l(,lly co6oli tt 3a,llaH onpe,lleJieHHbIM o6pa3oM 

v { d(u+ -u-) . d(v+ -v-l} 
CKaqoK ,llecpopMau;HH g0 (t) = 2µ,, - + 1 . 

dt dt 
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BhipIDKemnr .n;rrsr KOMnrreKCHhIX rroTemi:uarros Korrocosa-MycxeJIHIIIBHJIH HMeIOT su.n; 

3.n;ech 

{

<l>o(Z) = r+<l>(z), 

'l'o(z)=r'+'l'(z). 

1 
r'=--(N-N) 2 1 2 , 

<l>(z) =-1-. 4 rp(r) dr, 
2m 1 r-z 

(9.98) 

(9.99) 

{

(/)1 (t), t E [1 , 

rp(t) = 'P2 (!), t E 12' - HeH3BeCTHbie IIJIOTHOCTH Ha COOTBeTCTBYIOIIJ:HX yqacTKax lj' 

rp3 (t), tE [3 • 

Ha yqacTKe ll pa3pe3a Me)J:(.n;y .D:BYMH TeJiaMH rpaHH'IHbie ycJIOBHH HMeIOT BH)l; 

1) a;-iCY,± =<l>~(t)+<l>~(t)+ dt[t<I>~±(t)+'¥~(t)J, tE [1 • 

dt 
(9.100) 

(9.101) 

(9.102) 

tE[3, (9.103) 

r.n;e ro =!!i. 
µ2 

Pa3pewasr K~Oe H3 BwpIDKemrn (9.100), (9.101) H (9.102) OTHOCHTeJihHO 'l'+(t)-'¥-(t) 

H rrpHHHMaH so BHHMaHHe cpopMYJihI Coxori;Koro-IlrreMensr .n;rrsr cpyttKIJ:HH <l>(z), <l>'(z) rrpH 

Z -HE [ i, 6y,n;eM HMeTh 

{ 

+ dt[ -] - , '¥ (t)- '¥-(t) = dt qi (t)- 'P1 (t)- 'P1 (t) - t 'P1 (t), 

r.n;e ql(t)=(CY:-CY~)-i(CY;-CY;), 

(9.104) 
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'I'+ (t)- 'l'-(t) = ~~ [ g1 (t)- <p2 (t)-v(t) J-tqlz(t), 

r,n;e g1 (t) =-[214 d (u+ +iv+)-2µ2 d (u- -iv-)], tE 12 , 

dt dt 

( ) - Ki + "2 ( ) Ki - "2 4 <p( r) d v t ---<P: t +--- -- r 
2 2 2Jri I 1" - f ' 

'I'+ (t)- 'l'-(t) = - ~: [ tp3 (t) + tp3 (t) ]-t<p3

1 

(t), t E [3 • 

cI>opMyJibl (9.104)-(9.105) ,n;aJOT CJie,D;yJOIJJ;He Bbipa:>KeHHH <PYHKU:HH 'l'(z): 

-
- ~ r<p2 (r) 

1 J r<p1 (r) d 1 Jg1 (r)-d 1 Jv(r) -d 1 J 2 dr-
--. ? r+-. -- r+-. -- r--. (r-z) 

2m 
1 

( r- zt 2m , r- z 2m 
1 
r- z 2m 

1 I '"1 2 2 

__ I_ J'P3 (r) dr--1-J rcp3 (r) dr. 
2ffi

1 
r-z 21ri 

1 
(r-z)2 

3 3 

(9.105) 

(9.106) 

(9.107) 

CKJia,l(bIBaH Bbipa)J(eHHH (9.100) H (9.101) H npHMeHHH H3BeCTHhie cpopMyJihI Coxon:Koro
IlrreMeJIH AJIH cpym<u:Hil: <D(z) H 'l'(z), JIOJI)"IHM cJie,n;yJOmtte cHHryJIHpHbie HHTerpaJibHble ypaB-

HeHHH ,ll;JIH yqacTKOB ll H l2 COOTBeTCTBeHHO: 

~4<p(r) dr-~q~Cr! dr- dt {~4<p(r) dr+~4 r-t 2 <p(r)dr} = 
m 

1 
r-t m 

1 
r-t dt m 

1 
r-t m , (r-t) . 

=q2(t)-~ dt[sqt (r) dr+ vi (r) dr], 
m dt 

11 
r-t 

12 
r-t 

r.n;e q2(t)=(<7: +<7;)-i(<7: +<7,-)-2(r+f+ ~: r'} tE [1 , 

1 ,-{ <p( r) d . Kj - "2 -( ) "1 + "2 ,-{ <p( r)-d -'1 r----<p2 t +--'1~ r-
Jri 1 r-t 2 21ri 1 r-t 

- dt[-~ rcr> dr+~4 'T-"i (/J(r)d•] = 
dt m 

1 
r-t m 1 (r-t)

2 

2 

=g2(t)-~ dt[f g1 (r) dr+ Jq(r) dr], 
m dt 

12 
r-t r-t 

r,n;e g2(t)=-[214 d (u++iv+)+2µ2 d (u-+iv-J-2r+(Kj +K2)r-2dtr', tEl2. 
dt dt dt 

(9.108) 

(9.109) 
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ll, HaKoHeu,, 3aMemrn B BhlpIDKemm (9.103) <jlopM)'JILI Coxou,Koro-IlrreMemr ;:1m1 <PYHK

U,HH cl>(z) H 'l'(z), ITOJIY'IHM cJie):lyIOruee CHHrymrpHoe HHTerpaJibHOe ypaBHeHHe: 

-{(TG +l)+f
0

(1c
2 

+I)}tp
3
(t)+ l-~o 4tp(r) dr+ Kj-~D'~-2 4 ~(r~dr-(l-f0 ) dt{~ J tp(r) dr-

:n:z 1 r-t :n:z 1 r - t dt 1tl i,ui, r- t 

I fv(r)d- I ri r-T ( )d }- 2 () 2(1-f0 )[J%(r)d- 1 Jg1(r)-d l -- -- r+-'-!--rp r r - g t - -- r+- -- r 
:rri" r-t :rri 1 (r-t)

2 :rri 
11 

r-t :rri 
12 

r-t ' 

(9.110) 
- dt 

r):le g(t) = go(t) + (fo -l)f-(foK2 -Kj)f +=(fo -l)r', tE l3. ~ C):\HHCTBeHHOCTH perueHIDI 
dt 

ITOCTaBJieHHOH 3a;:1aqH Heo6XO):\HMO CHCTeM)' ypaBHCHHH (9.108)-{9.l 10) ):IOITOJIHHTh ycJIOBHCM 

Otl,H03Ha'IHOCTH nepeMerueHHli BOKpyr I<OHTJPOB 'I'pCill,HH 

f d[ -(u+ -u-) + i(V+ -V-) J = 0 ~ f{[ cl>+ (t)- r 0cl>-(t) J-[ Ki cl>+ (t)- f 0 K2 cl>-(t) J + 
I 11 

+ dt {'r[ cl>'+ (t)- r 0cl>'-(t) J +[ '¥+ (t)- r 0 '¥-(t) J}}dt = - J g(t)dt. 
dt ~ 

(9.111) 

EcJIH ynpyrHe IlOCTOHHHhlC BKJIJoqemrn y 6eCKOHeqHQH IlJiaCTHHbI Otl,HH H Te :lKC, T. e. f 0 = 1, 

Kj = Kz = K, l'1 = µ2::: µ, TOr):la CHCTeMa CHHryJIHpHbIX HHTerpaJibHbIX ypaBHCHHH (9.108)

(9.109) npHHHMaeT BH):I: 

~cf tp(r) dr-~ri~Cr! dr- dt{~cf tp(r) dr+~cf r-t tp(r)dr}= 
m 1 r-t m '1 r-t dt m 1 r-t m 1 (r-t)2 

=q
0
(t)-J_ dt[Jq1 (r) dr+ Jg1 (r) dr], tE 11' 

- tri dt 
11 

T-t 
12 

7:-t 

g
1 

(t) =-2µ d [cu+ -u-)-i(v+ -v-)], 
dt 

~cf tp(T) dr+~g'!:<r2dr- dt [-~ r(r) dr+~cf T-t 2 tp(r)dr] = 
m 1 -r-t m 1 -r-t dt m 

1 
T-t m 1 (r-t) 

2 

=gz(t)-~dt[Jgi(T)dr+ Jq1(r)~r], tE/2, 
7rl dt 

1 
T - t 

1 
T - t 

2 I 

r,n;e v(t) = Ktp2 (t) H 

1 
tp3 (t) = 2(K+ 1) go (t). 

3~aqa 4. Y CHJieHHe CTpHHrepOM OeCKOQeqHOH BJiaCTHHbl C TpeID,HHOH. 

(9.112) 

(9.113) 

(9.114) 

PaccMO'I'pHM OTHeCeHHyIO K ):\CKaproBOH CHCTCMe KOOp):IHHaT xoy 6ecKOHC'IHJIO IlJiaCTHey 

c KpHBOJIHHCHHOH 'I'pCll1HHOH l, KOTOpM YCHJIHBaeTCH npHMOJIHHCHHbIM apMHpJIOll1HM C'I'pHHre

poM L . ll30'I'pOilHM rmacnrna Ha 6ecKoHeqHocTH paCTHrHBaeTcH (HJIH c:lKHMaeTCH) B3aHMHo 
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nepneHWIT<yIDipHbIMM ycIDIIDIMH N1 H N2 (pHc. 9.7). Kyco'Il!o-Heo,LUiopo,LUirur cpe,n:a Haxo,n:HTCH 

B paBHOBeci-rn: no.n: ,n:eiicTBHeM caMoypaBHOBerneHHbIX ycmnlli, npHJio)J(eHHDIX K 6eperaM TpeIIIH
HbI, H B03HHKalOIIIHX KOHTaKTHbIX HanpH)J(emIB Ha rpamru;ax Me)J(.ll:y H30TpOilHbIM TOHKHM BKJII0-
11emreM (CTPHIITepoM) H H30TpOilHOH 6eCKOHe'IHOH IlJIOCKOCTblO. feoM~HH H pacnoJIO)J(eHHe 
.n;e<t>eKTOB H HHOpo):(HbIX Ten - IIpOH3BOJibHOe, o.n;HaKo rrpe,n:nonaraeTCH, 'ITO Me)J(.ll:y co6oii OHR 
He nepeceKamTCH. KpoMe 3a,n;aHHDIX ycHJIHii Ha 6ecKone11HOCTH, B nnocKoCTH cpe.n;hl Moryr .n;eii-

CTBOBaTh cocpe,n;OTO'leHHble CHJibl pj +iQj BTO'IKax z; (j=l,K*) ll MOMeHThl Mj B TO'IKax 

.. ( . 1 **) Zj j=,K. 

t N, t t t y 

-N, t pi: iQJ -- z; 

0 

t t t 

~-: 

stringer L 

t 
. . - ia, 

x -
Puc. 9.8. I>ecKoHeqmui rrrracTHHa, ocrra6neHHIDI Tpe~HHOH H ycHneHHIDI CTpHHrepoM 

0THOCHTeJibHO rpaHH'IHblX ycJIOBHH Ha KOHTypax .n;e<l>eKTOB HMeeM: 
1) Ha 6eperax TPClllHHbI l 3a,n:aHbI HOpManbHhle H KacaTeJibHbie HanpH)l(CHHH 

ca±-ia±)I ; (9.115) 
n t tel 

2) Ha rpaHHIJ;e Me)J(.ll:y rrnaCTHHOH ll TOHKHM ynpyrHM npHMOJlHHeRHblM BKJllO'leHHeM 
(cTPinrrepoM) L 3a,n:aeTCH cne.n;yromaH CHCTeMa cMemaHHbIX rpaHH'IHbIX 3a,n;a11 [104]: 

+ _ du; du; + • + _ . _ 
<Tn = <Tn, £0 =--=--, Un +zu, =Un +zu,. 

dt dt 
(9.116) 

TiepBble ,n;Ba ycnOBHH (9 .116) npHBO,ll;HT K paBeHCTBY 

ih[ (er: -i(j1+)-((j; -io-;)] + E~a :t [(a:+ a;)-(1+v)a:J=0, (9.117) 

r.n;e Ea - .n;eqiopMaQHH CTPHHrepa, {~'a:' a;} - B03HHKalOIIIHC KOHTaKTHble HanpH)l(eHHH 

Ha rpaHHu;e L Me)l(,ll;y 6ecKOHe11Hoii nnacTHHoil: H npHMOJIHHeHHbIM CTPHHrepoM, Ea, E -

MO,ll;yJIH ynpyrocTH CTPHHrepa L ll ITJiaCTHHKH COOTBCTCTBCHHO, v - K03cpcpHu;HeHT Tiyacco

Ha nnaCTHHKH, S0 - nnollla.n;h nonepe11Horo ce11eHHH CTPHHrepa, h -TOJIIIIHHa nnacTHHbI. 

,[(nH paccMaTpttBaeMoro CJIJ'laH cMernaHHoil: 3a,n;a11H TeopttH ynpyrocTH noTeHu;Hanbl Ko
nocoBa-Mycxe;rnumttnH ttMeJOT cne.n;yrolllttH Btt,n;: 

K' P. +iQ. 1 
<I>a(z)=r-L, 1 1 .+<l>(z), (9.118) 

N 2;r(l + K) Z - Z j 
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'¥0 (z)==r'+ L j j • ' ' 
1 -i:L ' +'l'(z). (9.119) 

K:' [K(P -iQ) z~(P. +iQ.) l l k .. M · 1 

j=I 21!(1 + K) z-zj 21!(1 + K) (z-z~)2 
j=I 21! (z- z;*)2 

3,n;ecb r, r' - H3BeCTHbJe IIOCTOJIHHbie, 

<I>(z) =-1-. ftp(r) dr+-1-. fµ(r) dr, 
2m 1 r-z 2m L r-z 

'l'(z) :::::-1-. Jlfl(T) dr+-1-. v(T) dr, 
2m 1 r-z 2mLr-z 

(9.120) 

{~(t),µ(t),ljl(t),y(t)} -HeH3BeCTHhle IIJIOTHOCTH KOMIIJieKCHbIX IIOTeHQHaJIOB <I>(z), 'l'(z) 

COOTBeTCTBeHHO Ha rpaHHQax l H L. 
,[VIH Toro qT06bI IIOCTpOlITb IIOTem:umn 'l'(z) B 3aBHCHMOCTH OT IIJIOCKOCTeH {~t),µ(t)}, 

3arrmneM rpaHffqHbie ycnoBHJI 3a,n;aqH c rr0Mom1>10 rrpe.n;eJibHbIX 3HaqeHHH. <I> 0 ( z) H '¥ 0 ( z). 

Ha 6eperax TPemHHbI l HopMaJibHhle H KacaTeJihHhle ycHJIHJI HMeeT BH.D; 

a;-i<T, =<l>~(t)+<l>~(t)+ ~:[i'<l>~±(t)+'l'~(t)J. tE l. (9.121) 

Ha rpaHHQe L, r.n;e KOHTaqHT rrnacTHHa H cTpHHrep, 6y.n;yT BhIIIOJIHHTbCJI cne.n;y10mHe ,n;Ba 

ycnoBHJI (yqHThIBaeTcJI TPeTbe paBeHcTBO (9.116) H (9.117)): 

<I>; (t)- K<I>; (t) + ~~ [i'<l>~+ (t) + '¥; (t)]::::: <l>~ (t)- K<l>~ (t) + ~: [t<I>~-(t) + '¥~ (t)]. t E L, (9.122) 

Pa3peIIIaJI Ka)l(,!l;oe H3 Bhipa)KeHHH (9.121) H (9.122) OTHOCHTeJihHO 'l'+(t)-'l'-(t) H rrpH

MeHJIJI H3BeCTH1>Ie qiopMyn1>1 CoxoQKoro-IlneMeJIJI, rronyqHM B1>1pa)KeHHe ,n;JIJI 'f'(z): 

- -
'l'(z)::::-1-Jql (r) dr--1-Jtp(r) dr--1-J rtp(r) dr+~ v(r) dr--1-J rµ(r) dr, (9.124) 

21l"i 1 r-z 21l"i 1 r-z 2ni 1 (r-z)2 21l"i L r-z 21l"i L (r-z)2 

r.n;e 

q1 (t) = (O"; -0"~)- i(O": -0";), t E l. 

IlepeH..n;eM Terrepb K IIOCTPOeHHIO CHCTeMbI ypaBHeHHH, BbITeKa10meH. H3 rpaHHqHbIX ycno

BHH. IlpHHHMaJI so BHHMaHHe Bbipa)Kemm (9.121) H (9.122) H qiopMyn1>1 CoxoQKoro-ITneMeJIJI 

MJI <l> 0 (z) H '¥ 0 (z) rrpH z _, tE l H L, rronyqHM COOTBeTCTBeHHO cne.n;yIOmyIO CHCTeMy CHY: 

~ ftp(T) dr-~ J'E(T! dr- dt[~ Jtp(T) dr+~ J T-t tp(r)dr]+~ Jµ(r) dr-
m I r-t m I T-t dt m I T-t m I (r-t)2 m L T-t 

- - - - (9.125) 
1 Jµ(r)- dt[ K fµ(r)- l f r-t ] dt[ 1 fq1 (r)-J -----:- =-=-dT-= -----:- --dr+--;- --µ(r)dr =q2 (t)-= ----:- --dr , tEl, 

m L T-t dt m L T-t m L (T-t) 2 dt m I r-t 
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·c l)h-() E0 S0 d {R [3-v-K(l+v) () (l ) 1 Jµ(r)d z K+ µ t +--- e µ t + -v - -- r 
E dt 2 J(i L r - t ' 

-[(l+v) dt{~ fµ(r) dr-~ f r-t µ(r)dr}]+ 1-~ J<p(r) dr-
dt 2m L r-t 2m L (r-t)2 m 1 r-t 

(9.126) 

-[o +v) dt [~ Jrp(r) dr+-
1
-. f "i-t 

2 
<p(r)dr]] = A(t), tE L. 

dt 2m 1 r-t 2m 1 (r-t) 

3,!:(eCb 

- dt 
qi (t) =(er: +er-)-i(er,+ +er,-)-2(r + r +=r') + 

n dt *' [ P + iQ. 1 dt P. - iQ. 1 P + iQ. t - z'. 1 f M dt 1 
+ ~ 2Re 1 1 -=[K 1 1 + 1 1 1 

] + i ~ 1 

i=I J((l+K) t-z; dt J((l+K) t-z; J((l+K) (t-z;) 2 
i=I 21( dt (t-z;')2 

IlpHBe,[\eM BbipIDKemie ,[\illI IIJIOTHOCTH <p(t), KOTOpaH 3a,[\aHa Ha KOH'Iype l, HHTerparra nrna 

Koum. ,ll,mr 3TOro paCCMOTpHM BblpIDKeHHe rpaHHqHoro ycnosmr OTHOCHTeJibHO rrpOH3BO,[\HbIX 

Ha 6eperax Tperu:HH, qepe3 KOMIIJieKCHbie IIOTeHU:Ha.JibI: 

[ 
du± .dv±J ± --;---- dt[- '± ± J 2µ -~+z-=- =<l>0 (t)-KCl>0 (t)+= t<l>0 (t)+\J10 (t). 
dt dt dt 

IlpHHHMaH BO BHHMamre Bbipa:>KeHHe (9.121 ), Bbipa)l(eHI:ce (9.127) rrpHHHMaeT BH,[( 

2µ[- d.!!.± +idv±J=cer;-ier;)-(K+l)<l>~(t). 
dt dt 

(9.127) 

(9.128) 

BbNITTaH corrpIDKeHHbie K (9.128) BhipIDKemrn H rrpttHHMaH so BHHMaHHe qiopMy:!IbI Coxou:

Koro-IlneMemr, 6y,[(eM ttMeTb: 

r,[\e 

<p(t) = qi (t) + g(t), t E [, 
K+l 

g(t) = 
2
µ !!:_[cu+ (t)-u-(t)) + i(V+ (t)-v-(t) J - HeH3BeCTHaH <l>YHKU:HH. 

l+Kdt 

(9.129) 

AHarrorn'IHbIM o6pa30M Haxo,[(HM, 'ITO Bbipa)l(eHHe rrnoTHOCTH µ(t) Ha KOHrype L 6y,D;eT 

HMeTb BH,[\ 

er+ -er-
µ(t) = i ' ', tEL. 

(l+K) 
(9.130) 
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~JUI e,n:irncTBeHHOCTH peUiemur nocTaBJieHHOH 3ap;aqu tteo6xo.n:HMO CHY .n:onoJIHHTh yc

JIOBIIeM O)J;H03HaqHQCTII nepeMeW:eHIIH BOKpyr KOHTypOB {l,L} COOTBeTCTBeHHO: 

f q:i(t)dt = _1_ f % (t)dt,1 
I K+l 1 

f 
p -P, ' 

µ(t)dt = 2 I 

1 (1 + K)h 

(9.131) 

r.n:e P1, P2 - B03MO'.lKHhie pacnrr1Isa10mtte HJIH C'.lK1IMa10w:tte ycttJIHll, HanpasrreHHhie s.n:orrh 

CTplittrepa H npHJIO'.lKeHHhle Ha ero KOHQaX. 

9.3. L/ucneHHoe peweHue nnoc«ux 3aOa'I meopuu ynpyeocmu 
OnR men C iJec/JeKmaMU 

OcHOBHLie COOTHOIDeHHSI 'IHCJieHHOrO HHTerpupoBaHHSI. 

BhIUie 6hmH paccMoTpeHhI 3ap;aqtt, pernetttte KOTOpbIX cso.n:HTCH K cttcTeMe CHY. B o6meii 

lIOCTaHOBKe perneHHe 3THX CHCTeM HeB03MO'.lKHO IlOJI)"IHTb B 3aMKH)'TOH <f>opMe, TaK KaK npOH3-

BOJibHOCTb rpaHH!Jhl .n:e<f>eKTOB H IIX rrpOH3BOJihHOe pacrrorro'.lKeHHe nplIBO)J;HT K oqeHh CJIO)l(

HhIM IlO)J;hIHTerpaJihHhIM Bhlpa'.lKeHHJIM. 

Cyw:ecTByeT HeCKOJihKO crroco6os qHcJieHttoro peUieHHH CHY. CTaH.n:apTHhIH MeTo.n: pe

UieHHH CHY cocTOHT B HX peryrrHpH3aIJHH H nocrrep;y10w:eM qHcrreHHOM perneRIIII rrorryqeHHhIX 

HHTerparrbHhIX ypaBHeHHH <I>pe.n:rorrhMa BTOporo po.n:a. 0.n:HaKO TaKOH rro.n:xo.n: oqeHb Tpy.n:o

eMOK, T. K. IlO)J;bIHTerparrbHhie Bbipa'.lKeHHll II npaBhle qaCTH ypasHeHHH B o6w:eii IlOCTaHOBKe 

3ap;aqu 6blBaIOT HaCTOJihKO rpOM03)J;KHMH, qTQ nocrre HX peryAApmaQHH norryqeHHbie HHTe

rparrbHbie ypaatteHHll npHHHMaIOT 6orree cJIO'.lKHhIH au.n:. KpoMe Toro, TaKOH no.n:xo.n: HenptteM

rreM )J;Jill C03)J;aHHll naKeTa nporpaMM, T. K. B 3TOM crryqae OITHCaHHe .n:pyroii reoMeTPHH TeJia 

II .n:e<t>eKTOB npHBO)J;HT K Heo6xo.n:HMOCTH IlOBTOpeHHll rrpoQe.n:ypbl peryJIHpH3a!JHII. 

B rrocrre.n:ttee speMH B qncrreHHbIX pacqeTax Han6oJihrnee pacnpocTPaHeRHe rrorryqHJIH npH

Mhie MeTO)J;hI peUieHHll CHY, KOTOpbie, MHttyll peryrrHplI3a!JHIO, npnBOMT K peUieHHIO KOHeq

HhIX CIICTeM arrre6panqeCKHX ypaBHeHHH. Cpe.n:H HHX MO'.lKHO OTMeTHTh MeTO)J; KOJIJiaKaQHH, npn 

KOTOpOM rrpH6JIH'.lKeHHOe peUieHHe HW:eTCll B anpHOpHOH cpopMe c HeH3BeCTHhIMII napaMeTPaMH, 

onpe.n:eJilleMbIMH H3 ycrrOBHll y.n:oBJieTBopeHHll ypaBHeHHJI B OT)J;eJibHhIX TQqKax, II MeTO)J; Mexa

HMeCKHX KBa.n:paTJP, OCHOBaHHbIH Ha orrpe.n:eJieHHhIX <l>opMJJiax )J;Jill HHTeprrOJill!JHOHHOro rro

JIHHOMa II KBa.n:paTJPHhlX cpopMJrrax )J;Jill CHHryJIHpHoro HHTerpana. Ilocrre.n:HHH MeTO)J; H 6y.n:eT 

s .n:arrhHeiillleM Hcnorrb30BaH rrplI qnCJieHHOM peI1IeH1III CHCTeMhl [5, 103, 108). Cyw:ttoCTh 3Toro 

qHCJieHHoro MeTo.n:a pellleHHH CHY cocTOHT B 3aMeHe ncxo.n:ttoro ypastteHHH ero .n:HCKpeTHhIM 

aHaJIOroM, rrorryqeHHhIM ITJTeM B~HCJieHHH HHTerparroB rrpH IlOMOlll,II HeKOTOpbIX KBa.n:paTYP

HhIX cpopMJJI. IlpH 3TOM CHaqarra II3 aHaJIH3a HCKOMOH <l>YHKIJHH onpe.n:errHeTCll ee oco6eHHOCTh 

Ha KOHQaX KOHrypa HHTerpnpoBaHHll. Ilpe.n:sapHTeJibHO IICKOMYJO <l>YHKIIHIO rrpe.n:CTaBJillIOT KaK 

rrpomse.n:eHHe .n:syx cpyttKIJHH, O)J;Ha H3 KOTOphIX (BeCOBM <l>YHKIIHll) Bhipa'.lKaeT oco6eHHOCTh pe

rneHHJI. ToqKII )J;HCKpeTH3aIJHII (TOqKII HHTepIIOJIHIJHII II KOJIJiaKaQHH), HJIH COBrra.n:aIOT c yJJiaMH 

KBa.n:parypHbIX cpopMJrr, HJIH HaxO)J;JITCll c IlOMOlll,hIO HeKOTopoii <l>YHKIJHOHaJibHOH 3aBHCHMOCTH. 

Ilpe)l()J;e qeM paccMOTPeTb pellleHne ClIY MeTop;oM MexaHMecKHx Ksa.n:paTJP, rrpuse,n;eM 

HeKOTOpbie KBa.n:parypHbie cpopMyJihl IIHTeprrOJill!JHOHHOrO THila. 

~JI BhJqncrreHHll HHTerparra THITa 
b 

11 = f w(t)f (t)dt (9.132) 
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paccMOTJ>l:IM HHTerpan 

I =-1 4 f(r) dr 
2 

2Jrir(r-z)Q.(z) ' 
(9.133) 

r.n,e w(t) = (l -tt (1 + t)p - BeCOMaH <fJYHKU:IDI, r - 3aMKHYTaH rna,[(KaJI KpHBaH B o6JiaCTH S, 

BflYTPH KOTOpoil 3al(aH OTpe30K [a, b]' HanpasneHHhIH rrapaJIJieJihHO OCH Ox. <l>)'HKU:HH f ( z) E s 
ronoMop<fJHa BO Bceil o6naCTH, KpoMe 0Tpe3Ka [a, b] H HeKOTOphlX m OC06hIX ToqeK (IIOJIIOChl 

1-ro rropMKa) (pHc. 9.9). 

y 

a b 

0 x 

Puc. 9.9. KoMm1eKcHaJI o6naCTh S ronoMopqrnocrn cpyHKIIHH, KpoMe OTPe3Ka [a, b] 11 HeKoTOph!X oco-
6bIX TOL!eK 

IlpHMeHIDI TeopeMy 0 BbJqeTax l(JIJI HHTerpana (9.133), IlOJIYL!HM: 

12 = f(z) + i f(tk) + i resf(zk) . (9.134) 
Q. (z) k=l (tk - z)Q'. (tk) k=l (zk - z)Q" (zk) 

CpaBHHBa}[ Bhipa)J(eHHJI (9.133) H (9.134), Haxol(HM 

f(t)=o (t){i f(tk) + f resf(zk) +-1-4 f(r) dr}. (9.135) 
-• k=l (t-tk)Qn(tk) k=I (t-zk)Qn(Zk) 2Jri r (r-t)Qn(t) 

IlOl(CTaBAAJI (9.135) B (9.132), IIOJiyqHM 

/1 = Jw(t)f(t)dt= fAJ(tk)+ iresf(zk) fw~~Q"(t) dt+R., (9.136) 
a k=I k=I Qn (zk) a zk 

r,1J;e 

bJ w(t)o (t) 
Ak = -: dt - MHO)J(HTeJIH HHTCrpHpOBaHHJI, 

.a (t-tk)Q.(tk) 

1 bJ rC f (r)dr v 

Rn=-. w(t)Q.(t)'-! dt - OCTaTOqHhIH WCH. 
2m a r (r-t)Qn(t) 

Bse,1J;eM <fJYHKu;mo 

Qn (z) = _.!_ J w( r)Q" ( r) dr. 
2 a r-z 

(9.137) 
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IIpnMemrn: cpopMyn1>1 CoxouKoro-IlneMeJIH K Qn(Z), Haxo,n:HM 

Qn (t) = ~[ Q;(t) +Q;(t) J = -~ jw(;=~(T) di-. 
a 

KBa,n:parypHYIO <PoPMYJIY (9.136) 3anmneM B Bn,n:e 

/ 1 = fw(t)f(t)dt= :tAJ(tk)-2f resf(~k)Q.(zk) +R •. 
a k=I k=l Q n ( Zk) 

B 3aBncHMOCTH OT KOpHeli ypaBHeHHH 

Qk(t) =0, tE [a,b] 

pa3nlfqaioT TPH BH,n:a HHTerpnpoBaHHH. 
1. EcJIH npHHHTh 

747 

(9.138) 

(9.139) 

(9.140) 

(9.141) 

r,n:e P,,(a,jJ) (z) - MHOroqJieH J!Ko6H, TO nonyqHM MeTO,n: HHTerpHpOBaHIDI, KOTOphlH Ha3hlBaeTCH 

MeTO,n:OM faycca-51K06H. HH O,n:HH H3 KOpHeH ypaBHelilU! (9.140) He COBna,n:aeT C KOHIIaMH OT
pe3Ka [a, b]. 

2. Ilonarax 

Q. (z) = k [ P,,<a.fll (z) + cP.~·Pl (z) J, (9.142) 

6y,n:eM llMeTh MeTO,n: mrrerpttpoBaHHH, KOTop1>1li Ha3hlBaeTCH MeTo,n:oM Pa,n:ay-51Ko6n. B 3TOM 
cnyqae O,n:HH H3 KOpHeli ypaBHeHHH (9.140) COBna,n:aer c o,n:HHM H3 KO~OB OTpe3Ka [a, b]. IlocTO
HHHaH c MO)l(CT npHHHMaTh o,n:HO H3 ,n:ayx 3Hal'.JeHHH: 

p<a.fl\a) p<a./Jl(b) 
C = n llJIH C :::: _n:,:__ __ 

1 p<a.jl) (a) 2 p<a,/J) (b) 
n-l n-1 

B 3aBllCHMOCTH OT TOro, c I<:aKllM KOHQOM 0Tpe3Ka [a, b] COBna,n:aeT KOpeHh ypaBHeHHH (9.140). 
3. B cnyqae 

o (z) = k [p<a,/J) (z) + c p<a./Jl (z) + c p<a./li (z)] 
-n n l n-1 2 n-2 (9.143) 

nonyqHM MeTO,[\ HHTerpHpOBaHHH no6arro-51K06H. B '.)TOM cnyqae KOHQhl OTPe3Ka [a, b] COBIIa
,n:aIOT c KOpm!MH ypaBHeHHH (9.140). IloCTOHHHhie CJ Ii C2 HMefOT CJie,[\)'IOIQMe 3HaqeHI!H: 

P,,(a,/J) (a)P,,~/) (b)-P,,(a,/J)(b)P,,~/1 (a) 
c -

I - p<a,/J) (a)P(a,/J) (b) - p<a./3) (b)P(a,/Jl (a) ' 
n-1 n-2 n--1 n-2 

P.(a,/J) (a)P,,~·./Jl (b )- P.<a.{JJ (b )P,,~,/JJ (a) 
c - --"---,--~~---"----"-'-~-

2 - P,,(a,fJ)(a)P,,~ifJ)(b)-P,,~·fil(b)P,,~/l(a) · 

3aMeTHM, 'ITO npn pemeHHH CHY 11ncneHHhIM MeTo,n:oM QTPC30K nHTerpHpoaaHHH HopMH
pyioT Ha [-1, 1]. 

,[Vrn nmerpana nma KoIIIH mrrerpHpOBaRHe MeTo,n:oM faycca-51Ko6tt ,n:aercH <!>opMJnoli [103] 

iJw(t)f(t)dt= ~A f(tk) -2f( )Q~a,/Jl(x) +R (9.144) 
L,.- k X p<a,fJ)( ) n • 

-I t- X k=I fk - X n X 
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TaK KaK B 33,[{a'lax Teoptttt ynpyrocTtt tt .D-pyrttx rrpilllo:IKeHttHX Hai-160Jiee '1.aCTO BCTPe'l.a

JOTCH CJI)"lali, Kor.n:a a,fJ=±!...., TO B 3aBHCHMOCTli OT Btt,n:a oco6eHHOCTli liCKOMOH <PYHKU:lili 
2 

KBa,n:paTypHM <lJopMyJia (9 .144) rrpttHttMaeT orrpe,n:eJieHHblH Btt,n:: 
1 _.!_ 

1. EcJitt a=fJ=--, TO w(x)=(l-x2
) 

2 

2 

Pn(a,/J) (x) = Tn (x) = cos(n arccosx), 

Q(a,/JJ( ) = U ( ) = sin(narccosx) 
n X 1C n-1 X • ' 

sm( arccosx) 

r.n:e T. (x), Un-I (x) - noJittHOMbI 4e6b1rneBa rrepBoro tt BToporo po,n:a. 

(9.145) 

(9.146) 

KopHtt MHOro'l.JieHOB Tn (t) tt Q" (t), HBJIHIOliitteCH Y3JlaMtt KBa.n:pazypHOH <lJopMJJibI (9.144) 

li TO'l.KaMtt KOJIJiaKaU:Hli COOTBeTCTBeHHO, HMelOT Btt,n:: 

2k-1 
tk =cos--1C, k=l,n, 

2n 

rff 
x, =cos - , r = 1, n -1, 

n 

(9.147) 

(9.148) 

tr 
Ak =- (9.149) 

n 
EcJitt B KBa,!l;pazypHJIO <lJopMyJIY (9.144) IlO,[\CTaBHTb Bhlpa:IKeHHH (9.147-9.149), TO no

JIY'lliM CJI)"laH HHTerpttpOBaHHH MeTO):\OM faycca-lJe6bllUeBa. 
1 

2. TiycTb Terrepb a= fJ =-, T. e. 
2 

I 

w(x)=(l-x2
) 2. 

B 3TOM CJI)"lae 6y.n;eM liMeTb MHOro'IJieHbl 4e6blrneBa BTOporo po.n;a, T. e. 

C KOpHHMH. 

(a/3) sin[(n+l)arcsinx] 
p , (x)=------
" sin [ arcsin x] 

k 
tk = COS--ff, k = l,n. 

n+l 

,[(JIH <PYHKU:lili Qn (x) IIOJIJ'IH.M <lJopMJJIY 

Q. (x) = 1CTn+1 (x) 

C KOpHHMH. 
2r-1 

x =cos---tr r=l,n+l 
' 2(n+l) ' 

A 
1C . 2 k 

k = --sm --ff, 
n+l n+l 

k =l,n 

(9.150) 

(9.151) 

(9.152) 

(9.153) 

(9.154) 
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1 
3. HaKoHen;, MH cnyqiur a=-, 

2 

1 /3=-- HMeeM 
2 

w(x)=~. 
B 3TOM CJJy<Jae MHoroqneH p"<a.Pl(x) npHHHMaeT BH,L( 

p<a.P)(x) = Tn+I (x)-Tn (x) 
n 1-x , 

a ero KOpHH 6y,rzyT onpe,D,eJJHTbCH TaK: 

2k 
tk = cos--;r, k = l,n. 

2n+I 

,ll,JIH cpyHKU:HH Qn (x) 6y,D,eM HMeTb BbipIDKeHHe 

Qn(x) =tr[ Un(x)-U._1(x)J. 

KopHHMH (9.157) HBJIHJOTCH TOqKH 

2r-l 
x =cos--Jr, r=I,n. 

r 2n+ 1 

,lJ,;rn Kmcpqmn:neHTOB Ak nony<JHM cpopMyny 

4tr . 0 k 
Ak = --sm~ --Jr, k = 1,n. 

2n+l 2n+l 

749 

(9.155) 

(9.156) 

(9.157) 

(9.158) 

(9.159) 

11, HaKOHen:, pacCMOTpHM CHHrymipHOe HHTerpaJibHOe ypaBHeHHe, K KOTOpOMY CBO,ll,HTCH 

MHOrHe 3a,D,aqn TeopHH ynpyroCTn: 

I W(f) I 

A(x)w(x)<p(x)+B(x) f-dt+ Jw(t)k(t,x)<p(t)dt=f(x), -ISxSl. 
-I t-X -l 

(9.160) 

TipHMeHHH KBa,D,paTYPHbie cpopMyJibl HHTerpHpoBaHHH )J,JJH perynHpHoro H CHHryJI»pHoro 

HHTerpanoB, npeo6pa3yeM ypaBHeune (9.160) K BHJzy 

[ 
Q(a,p)(x)] n [B(x) ] 

A(x)w(x)-2B(x) ~a.Pl <p(x)+ L,Ak --+k(tk,x) <p(tk)=f(x), -lsx:o;l. (9.161) 
P. (x) k=I tk-x 

ITonara» B ypasHeHHH (9.161) x paBHhIM Kopmo ypaBHeHH» 

Q(a.Pl(x) 
A(x)w(x)-2B(x) ~ Pl =0, P,. a, (x) 

IlOJiy<JHM anre6panqecKyJO CHCTeMY ypaBHeHHH OTHOCHTeJJbHO <p(tk) : 

(9.162) 

(9.163) 

TaK KaK npH perneHHH 3a,D,aq o KpyrnoM BKJI10qeHHH B03HHKaroT perynHpHbie H cnttryn»p

Hhie HHTerpanbl no 3aMKttyTOH OKp)')KHOCTH y, TO npHBe,D,eM npH6JimKeHHble cpOPMYllbI )J,llH 

BbNHCJieHHH 3THX HHTerpanoB, KOTOpbie 6bIJIH HCilOJib30BaHbI B pa6oTax [105, 107]: 
} 2 2n+I 

-~<p(1')dtJ=--L, <p(1'j ), (9.164) 
Jr r 2n+ 1 i=l 
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1 ,-(<fJ(r) 1 ~ [ .2sin[n(z?-z?j)/2]sin[(n+l)(z?-z?j)/2]] (
9

.
165

) 
-'1--dr=-- Li <p(r.) l+z , 
!!i r r-t 2n+lj~-n 1 sin[(z?-z?j)/2] 

z? = 27!j . 
1 2n+l 

Onpet1,eJieHHe K034>4>HUHeHTOB HHTeHCHBHOCTH uanpSl'.lKCHHii K1 H Ku. 
Ilpe)J()J;e 'ICM rrepeifrn K pernemno CMCTCMhl cmrrymipHbIX MHTCiparihHhIX ypaBHCHHH, K KO

TOphIM CBO,[\filCll IIOCTaBJICHHhle 3a,n:al'.JH, orrpe,n:eJIMM BhlproKCHllH ,n:JIH K03<l><lmu;tteHTOB MHTCHCllB

HOCTH HarrpIDKeHllii K1 M Kn Ha KOHII;ax Tf>CIII;HH. 

IlycTh M3BCCTHhl 3Ha'ICHHll IIJIOTHOCTeii <pk (t) Ha KOHu;ax 'TpCII(HHhl lk B 3a,n:al'.Je 0 IIJIOCKOC

TH, OCJia6JieHHOH N TpCII(MHaMH H yrrpo'IHCHHOH rrpHMOJIMHCHHhIM CTf>HHrepoM (pttc. 9.10) . 
.z:lnH orrpe,n:eJieHMH rrose,n:eHMH K1 H Kn B OKpecrnoCTH seprnttHhI lk sse,n:eM JIOKarihttyIO CHCTCMY 

KOOp,n:HHaT O'x'y' TaK, l'.JT06bI OCh o'x' 6hma HarrpaBJieHa no KacaTeJihHOH K Beprmme KpHBO

JIHHCHHOH TpCII(HHhl. Tor,n:a Ha OCHOBaHHH <t>opMyJI (9.18) HMeeM 

z = bk + z' e;o, , } 
(9.166) 

<l>'(z') =<l>'(bk + z'e;0
') =<l>(z). 

y 

0 stringer L x 

Puc. 9.10. EecKOHC'!HaJI o6nacTh, ocna6neHHM N 'fPCIUHHaMH n yrrpo'IHCHHM rrpllMOJJHHeil.HbIM C'fPHH

repoM L 

TaK KaK <l>YHKIIHH <l>(z) B OKpCCTHOCTH sepIIIHHbl 'TpCII(llHhl HMCCT oco6eHHOCTh, rrpe,n:CTa

BMM ee B OKpCCTHOCTH TO'IKH bk B Bll,n:e 

I 

41im <l>'Cz') = J21iKCzY"2 
z'~o 

mm 
1 

4lim<l>(z) = J2lie<;o,t2
) K(z-bkf2 , 

z->b, 
(9.167) 

r.n:e K =Kr - iKIT CCTh KOMIIJICKCHoe BhlproKeHHe ,n:JIH Km<l><l>HIIHCHTOB HHTCHCHBHOCTH Harrpsi:

)l(CHHH B TO'IKC bk . 

wi._ ____________________________ ........ '"""""fl"'m"'''"""'''"""""" '"'""'"'"'''-"'""'''"'" ___ _ 
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Ec;rn Bb1pa)J(em1e .wrn: <l>(z) mBecTHO, TO orrpe,ll,emreTcH no qiopM)'Jie 

K = K, -iKu = 2&e-i?Ji./2 lim { (z-bk )112 <1>(z)}. 
z->b, 

751 

(9.168) 

TaK KaK orrpe):(eJIIITb KOMITJieKCHbIB rrOTemi;1rnJI <l>(z) B 3aMI<H)"TOH <J:>opMe HeB03MO)J(H0, TO 

rrpHXO):(HTCH orrpe):(eAATb ero ITOBe):(em1e B OKpeCTHOCTH TO'IKH bk rrpH6JIH)J(eHHbIMH MeTO):(aMH. 

)J.JIH HCCJie,n,yeMoro CJl)"laH <l>(z) 3a):(a):(HM B BH):(e 

<l>(z)=-1-. Jµ~) dr+~ Jq;ik~r) dr+ f-1-. f<Pj~r) dr. 
2m L r z 2m 1 r z j~i 2m 1 r z 

k j"#k J 

(9.169) 

IlrroTHOCTb HHTerpana THITa Konrn qJk (t) 3a):(aeTCH KaK cyMMa JJ:Byx <l>YHKU:HH B BH):(e <l>op

M)'Jlbl (9.129): <l>YHKU:HH fk (t), Bbipa)J(aIOmeii pa3HOCTb rrpHJIO)J(eHHbIX ycHJIHH Ha 6eperax lk' 

H <l>YHKU:HH CKaqKa rrepeMeIIJ;eHHH gk(t). 

TaK KaK <l>YHKUHH fk (t) He HMeeT oco6eHHOCTeii y KOHll;OB Tpelll;HHbI, TO Heo6XO):(HMO HC

CJie):(OBaTb ITOBe):(eHHe gk (t) y KOHll;a TPeIIJ;HHbJ. yqH'fbIBM, qT0 gk (t) Ha KOHll;aX ak H bk HMeeT 

oco6eHHOCTb, rrpeJJ:CTaBHM ee B BH):(e 

(9.170) 

r):(e g; (t) = gil) (t) + igi2) (t) - <l>YHKU:HH 6e3 oco6eHHOCTeii. 

TaKHM o6pa30M, <l>YHKU:HIO <l>k(z) MO)J(HO rrpeJJ:CTaBHTh B BHJJ:e 

(9.171) 

rrpwieM B OKpeCTHOCTH bk 6yJJ:eM HMeTh 

<I> (z) = fk (bk) ln(z-b )-i (z-akr112 g;(bk) (b -zr112 +A(z) 
k 2tri k 2 k ' 

(9.172) 

r):(e A(z) - aHaJIHTHqecKaH <l>YHKU:HH B oKpecTHOCTH. 

TipHHHMaH BO BHHMaHHe (9.169) H (9.172), Bbipa)J(eHHe (9.168) MO)J(HO 3aITHCaTh TaK: 

K = 2Jffe<-i&,nJ lim{(z-b )112[-1-J µ(r) dr+ 
z->b, k 2tri L 't" - bk 

(9.173) 

HJIH 

(9.174) 

Cne):(oBaTeJihHO, .wrn orrpe):(eJieHHH Ko:J<l><l:>Hu:HeHTOB HHTeHCHBHOCTH HarrpH)J(eHHH y KOHU:a 

TPeIIJ;HHhI Heo6xo):(HMO HMeTb 3HaqeHHe g;(bk). 
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113 <J:>opM)'JII>I (9.174) cneJJ:yer 

!K 
= !}tr ( lf/k + tJk •(I) (b ) . lf/k + tJk •(2) (b )) 

I cos gk k +sm gk k , 
pk 2 2 

K =!}tr(- . lf/k + tJk •(l)(b ) lf/k + tJk •(2)(b )) 
II sm g k k +cos g k k , 

Pk 2 2 

(9.175) 

pk = lbk - ak I· lf/k = arg(bk - ak ). 

Il0Be,11;euue K03clutmu:ueuToB HHTeucunuocrn uanpu~euuii K1 u Kn ua Kouu:ax npuMo
Jiuueiiuoii TPeIUHHhI B 6ecKouequoii H30TPonuoii DJIOCKOCTH, no,11;KpenJieuuoii npHMOJIH
ueiiHhIM CTpHurepOM [104, 106]. 

IIycTh 6ecKOHe'lmur mmcnrna c rrpHMomrneil:Hoil: HeHarp)')KeHHoil: lpelll;1rnoil: l IIOJJ:KpeIUieHa 
ClpHHrepoM L, Ha KOH~ax KOTOporo IIpHJIO)l(eHbl pacrnnmaIOmHe (IDIH C)l(HMaIOmHe) CHJlbI p 

(p11c. 9 .11 ). ,IJ;eH:CTBHe CHJI ±P Ha KOH~ax ClpHHrepa MO)l(HO 3aMeHHTh L napaMH ( Pj , M j ), KO-

TOpDie )l;eHCTByIOT B TO'IKax zj : {-4,± i8}, { 4,± io}, r)l;e 8 « L. 3a,n,al'.fa CBO)J.HTCH K cne

JJ:YIOilleH CHCTeMe ypaBHemrH:: 

1 f r-t 1 fµ(r) 1 fµ(r)-+---:- --0 g(r)dr]+---:- --dr----:- =--=-dr-
m 1 (r-t)" m L r-t m L r-t 

dt K fµ(r)- 1 f r-t -=[-- --dr+- --µ(r)dr] = 
dt tri L r-t tri L (r-t)2 

"( J)h-() E0 S0 d {R [3-v-K(l+v) () l K+ µ t +--- e µ t + 
E dt 2 

( 
1 fµ(r) 1 fg(r) J dt [ K fµ(r)-+(1-v) ---:- --dr+---:- --dr -(1+v)= -. --dr-
m 1, r-t m 1 r-t dt 2m L r-t 

- - - - - ]]} 1 r-t 1 g(r)- 1 r-t 
-- --µ(r)dr-- -dr-- --g(r) = 

2tri f (r-t)2 21ri f r-t 2tri f (r-t)2 
[, l l 

=Az(t,t), tEL, L=[-4,4], 

Jg(t)dt =0, 

(9.176) 

(9.177) 

(9.178) 



3.r1ech 
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N, 

--

A, (t,t) = L 2Re 1 = K 
1 + -

4 
[ p 1 dt ( p 1 

j=I JZ'(l + K) t- zj dt Jl'(l + K) t- zj 

+ 1 1 -2 r+r+= , P1 (t-;)-i(K+I)M 1 ]] ( - dtr'J 
JZ'(l + K) (t- z)2 dt 

.d( -)- E0 S0 I+v d R {~[2(1-v) ~ l 
,,2 t,t - ----- e L. + 

E 2 dt j=I 1 + v JZ'(l + K) t - z j 

( -- ]]} dt Pj 1 ~ (t-z)-i(K+l)Mj 
+= K + , 

dt R(l+K) t-zj R(l+K)(t-z)2 

J=l,4, 1P8, 
M= 2 . ' P8 

) =2 3 --, , 2 , 

J=l, 3, 

f =2,4. 

t t y t t t t 
y' 

~. _,,··"' x' 
>;j'z. 

-t. L 
0 

p p 

-P/2 P/2 p: -I.----P/2 P/2 

-P/2 
~ 

- ;L•0--
-P/2 

---
x ---
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Puc. 9.11. EecKoHeqHrui li30TporIHaa rmacTHHa c Tpell.\HHOU l Ii CTpHHrepoM L, Ha KOH~ax KOToporo 

npm1o)J(eHhI pacrnrnBaIOII1lie (mm C)J(liMaIOII.\lie) CHJihI P 
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)J,mr peUiemur CliCTeMbI (9.176)-(9.178) Hy)KHO rrepeH:rn OT KOMIIJieKCHhIX 'T, t K ;::i;eHCT-

BHTeJihHhIM x, ; CJie,n,yrorueH: 3aMeHoif: 

'T = loxeilJ + doei/3' t = zo;eilJ + doei/3' 

r=Lax, t=4;, 

g(t) ={(1
0 
-t)(t-t

0
)r112 

g*(t) = g;(x~x), 
l0 1-x2 

µ(t) ={<4-t)(t-4)f112 µ'(t) = µ;(x)+iµ;cx). 
4.J1-x2 

IlpHHliMW! BO BHHMaHHe, qTQ [106] 

1 
U._1(x) = l-x2 { (n+ 2)xU._1(x)-(n+ l)U. (x)+T. (x)} 

H rrpe;::i;crnsmrn HCKOMYJO Q>yHKu;mo 
n-1 

µ;(x) = .'~::C7j (x), 
j=O 

(9.179) 

(9.180) 

(9.181) 

ypaBHeHHH (9.176)-(9.178) IIOCJie 3aMeHbI rrepeMeHHbIX (9.179) rrepeli;::i;yT B CHHryJrnpHbie liH

TerpaJibHhie ypaBHeHliH c .n:eliCTBHTeJibHbIMH rrepeMeHHhIMli, li BIIOCJie,D,CTBlili rrpHMeHAA K HliM 

rrpH6JimKeHHhIH MeTO)J; liHTerpHpOBaHHH JI06arro-lJe6b1UieBa, rrorryqHM CliCTeMY (3n+2)x(3n+2) 
JIHHeMHbIX arrre6panqecKHX ypaBHeHHM OTHOCHTeJibHO g;(x), g;(x) li cj: 

(9.182) 

(9.183) 

(9.184) 

n+l n+l 

_LA-jg;(xj)=O, ,LA-jg;(x), (9.185) 
j=1 j=l 
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3,n:eCb Kll(x,q), Kzi(x,q), K31(x,q), K3z(x,q), Aiz(q), Az1(q) -H3BeCTHble wa H <PYHK

lU{H )J,eHCTBHTeJibHhIX rrepeMeHHbIX, T(x), U(x) - rroJIHHOMbl 1-ro H 2-ro po,n:a lJe6J>nnesa 

COOTBeTCTBeHHO, 

J n 
j=O,n, 

{

x. = cos(jtr) , 

;:r =COS (2r-1)1r, .,, r=1,n, 
2n 

{

l/ 2, j = 1, n + 1, 
A..= 

1 1, j = 2,n . 

.umr 3Haqemur BeJIJfqJfH IIJIOTHOCTeH g;(x) H g;(x) Ha KOHu,ax Tperu,HHbl MO)l(HO orrpe.n:e

JIHTb K03<l><t>11u,11eHTbI HHTeHCHBHOCTH HarrpH)l(eHHH K1 H Kn no <t>opMyJie (9.175). 

Hlf)l(e )J.JIH c~ax amOMHHHesoH: IIJiaCTHHbl rroKa3aHo H3MeHeHHe Ko3<t>l\J11u;11eHTOB HHTeH

CHBHOCTH HarrpH)l(eHHH K1 H Kn B seprnHHax rperu,HHJ>I (2!0 = 0,02m) B 3aBHCHMOCTH OT rrapa-

MeTpOB, xapaKTepH3yIDIIl,HX ee paCIIOJIO)l(eHHe OTHOCHTeJibHO CTaJibHOro crpmrrepa (21...._) = 0, Im), 

Ha KOHIJ;ax KOTOporo .n:elicTByroT pacnITHBalOIIl,He CHJibl. 

Ha puc. 9.12-9.13 rroKa3aHo H3MeHeHne Km$$HIU1eHTOB K1 H Kn B 3aBHCHMOCTH OT pac

CTOHHHH Me)l()J.y rperu,HHOH H crpmrrepoM. 3aMeTHM, qTQ MHHHMaJibHbie 3HaqeJIHH BeJIJfqlfHbl K1 
)J,JIH pa3Hl>IX p B03HHKaIOT B c~ae paCIIOJIQ)l(eHHH rperu,HHbl B OKpeCTHOCTlf KOHIJ;a crpHHrepa. 

3HaqeHHH BeJIJfqlfHbI Kn B 3TOH )Ke OKpeCTHOCTH .n:oCTHraIOT MaKCHMaJibHOro 3HaqeHHH. 

Puc. 9.12. Ilose)l,eHHe K03!l>qmUHeHTll HHTeHCHB

HOCTH HaIIpIDKeHHH K1 B 3aBHCHMOCTH OT pacCTOH

HHH Me)K)l,)' rpenurnoif H C'fPHHrepOM, HaIIpaBJie

HHH KOTOpbrx. rrapaJinenhHbI Me)K)l,)' co6oii 

2,0 ..------,----.-----.-----, 

1,0 

0,5 

Puc. 9.13. IloBe)l,eHHe Km!l>!l>HQH.eHTa HHTeHCHB

HOCTH HarrpIDKeHHH Kn B 3aBHCHMOCTH OT pac

CTOJIHHH MeJK,Jzy rpemmmif H ClpHHrepoM, Ha

rrpaBJieHHH KOTOpbIX rrapannenbHbI Me)K)l,)' co6oii 



756 rJIABA9 

Ha pttc. 9 .14-9 .17 rroKa3aHo H3MeHeHtte Ko34>qrnu:tteHTOB Kr H Kn ,11;iur Tpern:HHhI, pacrro

JIO)l(eHHOH rreprreH)::UiKYIDIPHO C'I'pHHrepy, B 3aBHCHMOCTH OT ee pacIIOJIO)l(eHirn:. 3aMeTHM, qTO 

B 3THX cnyqaHX K1 ~ocTttraeT MaKCHMaJihHhIX BenHqHH B OKpeCTHOCTH KOHU:a cTpttttrepa, a Kn 
B 3TOH OKpeCTHOCTH rrpHHHMaeT O~HHaKOBbie 3HaqeHHSI MS! pa3JJHqHbIX paCTllTHBalOII(HX (HJIH 

C)J(HMalOII(HX) CHJI P, IIpHJIO)J(eHHhIX K KOHU:aM CTplrnrepa. 

y 

5,00 

3,75 

f 50 

<'{'""' 
1,25 

'? 

4 l xii,- ~ 
.:;--' 

[ _______ 8-1,25 
x 0 

i(a),P=-2 ~--2,50 

t 
;f' 
~ o~~~...,....~~+---,--~ 

b -x 
~-
- 2,5 f---\----'-'-'"--t~,,,,,._::---+---

L 
-3,75 

- 5,00f----~---+--

-5,0 

Puc. 9. 14. ITose;:i;eHue Kr Ha Kpa10 a rpemHHbI l, Puc. 9.15. ITose;:i;eHue Kr Ha KpaIO b TpemttHbI l, 
KOTOpall rreprreH;:i;HKyJrnpHa CrpHHrepy L KOTOpall rreprreHJIHKYJillpHa crpHHrepy L 

Puc. 9.16. ITose;:i;eHHe K03$qnnweHTa Krr Ha Puc. 9.17. Ilose;:i;eHHe K03$$mweHTa Krr Ha 
KpaIO a rpemHHbJ /, KOTOpaH rrepIIeHl\HKYJIJIPHa KpaIO b rpeIIUfilbI /, KOTOpall rreprreHllllKYJIJIPHa 
crpHHrepy L CTPllHrePY L 
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Ha pnc. 9 .18-9 .19 rroRa3aHo H3MeHeHHe K1 H Kn ,11,m1 TPelI(HHhl, pacrrono)J(eHHoil: napan

neni.Ho H rreprreH,IUU<yIUipHO JIHHHH CTJ>HHrepa, KOr,l:J,a IJ,eHTP TJ>elI(HHbl Haxo,11,HTCH Ha ypOBHe 

KOHIJ,a CTJ>HHrepa If rrpHmfMaeT pa3JI1fqHble 3HaqeHHH. 

12,5 .----,.-----.-------. 

10,0i---+---+-----+------l 

1,0 

t 
r 

AKI._ a) 

+K.(b) 

x K.(a) 

o KJ..~L. __ 

KJa) 
K.(b) 
K.(a) 
Kb) r 1,s 1----+---+------+- Y 

~ 
b -'? 

~ 0 hll, - x 5,01----....-+------+------l 

'-" 
0 

'1<5 310 4,0 

-x 
q 

~ 
-1,0 

Ki(b) \ 

~ . Yi a~x, 
~ 

2,0 h/l 
0 

3,0 4,0 
-2,0'f-----'-------'----~ 

Puc. 9.18. I10Be,1wHHe Km<i><i>HruteIITOB K1 H Ku Ha Puc. 9.19. I10Be,!l,em1e K03<l><J.>H11,HeHTOB Ki, Kn Ha 

KpaIO 'I'peIIJ,HH.bl /, KOTOpall napaJIJieJl.bHO C'I'pmITe- KpaIO 'I'peIIJ,HHbl /, KOTOp!U! nepneH,!l,HKyJrnpHo 

py L H J:IBIDKeTCJI naparmeJibHO OCH Oy C'I'pHHrepy L H J:IBH)J(eTCJ'I napaJIJieJihHO OCH Oy 

3aMeTHM, qTO o6ru,M rroCTaHOBKa 3a;:i,aqn MeTO,ll,OM T<l>Kil M CHY, M rrpn6JIM)J(eHH1>1il: MeTO,n: 

pemeHMH CHCTeM.bI Cl1Y .n:aer B03MO)J(HOCT.b rronHoro mrncaHMH HarrpH)J(eimo-,n:e<t>opMHpOBaH

Horo COCTO>IHHH ITJIOCKOH cpe,n:bl H orrpe,n:eJieHMH IIOBe,n:eHHH K03<l><l>HIJ,HeHTOB HHTeHCMBHOCTH Ha

rrpH)J(eHHil: K1 n Kuy KpaeB TPeIIniHbI B 3aBHCHMOCTH OT ee pacrrOJIO)J(eHlffi, qTO oqeH.b Ba)J(HO ,11,JIB 

HH)J(eHepHOH rrpaKTHKM. 

Onpe,11,MeHHe B03HHKaIOII(HX KOHTaKTHblX uanpH'.lKeHHH H nepeMemeuuii B 33)),a'le 

0 BKJIIO'leHHH [107], 
IlyCTb ynpyrM KpyrJIM mali6a e,n:HHJNHOro pa,11,Hyca BIIMHa c HaTHrOM B KpyrOBOe oTBep

CTHe B HeorpaHlfqeHHOH JJJiaCTHHe s2, KOTOPM paCTHrHBaeTCH ycHJIMHMH NI H N2 Ra 6ecKO

HeqHOCTH. Pa3HOCTb pa,11,HyCOB rnali61>1 H OTBepCTHH p cqnmeM M3BeCTHOH. ~ 3a,n:aqn 0 BKJIIO

qeHHH c yqeToM o6mero rro.n:xo,n:a rronyqaeM cne,n:yromee CHRryJrnpttoe ypaBRettne: 

(_1 ___ 1_){2Re~cf P(r) di-+~qP(r) dr-~cf P(r) dr-~cf P(r) dr}+ 
1+7(1 1+7(2 m r T-t m r r-t m r r m r r 2 

+( 2µ1 - 2µ2 )*{2Re~cf 8(r) dr+~cf 8(r) dr-~cf8(r) _~f)(r) dr}= (9.186) 
l+Kj l+K2 mrr-t mrr-t mr r :mr r 2 

=2P(t)-2(r+r+ dt r')+ 814 p, ie r. 
dt I+Kj 
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r):(e P(t), o(t) - HeM3BeCTHhle pa,n:mt.JThHE.Ie HanpIDKeHIDI H rrepeMemeHHH Ha rpaHm~e r Me)K)Jy 

BKJIIO'IeHHeM H rmacmHoil:. Mo,zzynH yrrpyrocm H K03$<jmqtteHThl IlyaccoHa ):(JIH rnaif6b1 H rmac

mHDI: /.1i =3,9xl09H/m2
, v, =0,35 H µ2 =3,8xl08 H/m2

, V2 =0,32 COOTBe'TCTBeHHO. 

IlpHHHMaH BO BHlfMaHlfe <l:>OPMYJIY 

<p(t)"" Un (<p,t) =-2 l l I <p(r)(_!__.) • I-(?;" 
n+ J=-n Tl t 

1- -
Ti 

(9.187) 

H <J.:>opMyJihI (9.164)-(9.165), ITOJIY'IHM CHCTeMy mrneHHhIX anre6paH'IeCKHX ypaBHeHHH OTHO
ClfTeJibHO ):(HCKpeTHhIX 3Ha'IeHHH P(t), o(t) Ha y: 

-- + ----- cos(z?- -IJ.) x 
1 2n+1{sin[(2n+l)(fi, -IJ)12] ( 1 1 ) } 

2n + 1 ~ sin [ ( IJ, - IJi ) I 2] 1 + Kj 1 + K2 ' 
1 

(9.188) 

1 1 4J1i 
=-(N, +N2 )+-(N1 -N2 )cos2IJ,---p, 

2 2 l+Kj 

( 
1 1 

) 
1 

zn+ll2sin[ n(zJ, ;zJi) }in[ (n+l)(~, -zJi)] I 
----- --,L sin(zJ -zJ.) xP(t.)+ 
l + Kj l + K2 2n + l J=l sin [ zJ, ; zJi ) r 

1 1 

+ ----- --x,L sin(i?-, -i?-) o(t;)=(9.189) 

1

2 sin [n( zJ, - zJi)] sin [ (n + l)( i?-, - zJi )] 

( 
2J1i 2µ

2 
) l Zn+! 2 2 

l + K1 l + K2 2n + l J=I sin( ( zJ, ; zJ) 

=-_!_(N1 -N2 )sin2z?,., 
2 

2trj (2r-l)tr --
r):(e [)j = -- (j = 1, 2n + 1) - TOqKH HHTeprroJIHQHH, zJ, = (r = 1, 2n + 1) - Toq-

2n + 1 2n-l 
KH KOJIJiaKaQHH. 

Ha pHC. 9.20 fIOKa3aHO pacrrpe):(eJieHHe HarrpH)KeHHH Ha rpaHHQe KOHTaKTa Me)K):(y BKJIIO

qeHHeM H cpe,[(oif B 3aBHCHMOCTH OT H3MeHeHIDI ycHJIHH Ha 6ecKoHe'IHOCTH N1 , N2 H pa3HO

CTH pa.n:eycoB p (BeJilf'IHHa Hamra). Ifa npe,[(CTaBJieHHOH 3aBHCHMOCTH BeJilf'IHHhI KOHTaKTHhIX 

HarrpH)KeHHH OT yrna IJ MO)KHO onpe,[(eJIHTh, rrpH KaKHX 3KCTpeMaJihHhIX 3HaqeHHHX YClfJIHH 
Ha 6ecKOHe'IHOCTlf (rrpH 3a,[(aHHOM p) MeHHeTCH 3HaK KOHTaKTHOro HarrpIDKeHIDI, T. e. rrpH KaKlfX 

3HaqeHHHX N, H N 2 o6pa3yeTc» menh Me)K)Jy ):(BYMH TeJiaMH. 

Ha pHc. 9.21 rrpH 3a,[(aHHhIX p = lOmm H rpex 3Ha'IeHHHX N 2 ITOKa3aHa 3aBHCHMOCTh yr

Jia pacKphITHH menH OT BeJilf'IHHhI N, . 



HEKOTOPhIE TIPHJIO)J{EHIDI lIHTErPAJihHbIX YP ABHEHHH 759 

60,<---t---t--~-+--t----.'rl 

t 
""' ~401-----+---+--+-------+--+--lo--+-1 s 
b -x 20 1---~------«-----_,_~+---+-1 
'C' 
15:;' 

-20 1071" 31 

Puc. 9.20. PacrrpeAenem1e Harrpirn(emrli Ha rpaHH

u:e KOHTaKTa MC"lK.lfy' BKJIJO'IeHHeM H cpe;\OH B 3a

BHCHMOCTH OT H3MCHCHIDI YCHJIHH Ha 6eCKOHC'IHO

CTH H pa3HOCTH pa;\eyCOB OTBCpCTllil H BKJI!O'ICHH}I 

x 
~--60 

Puc. 9.21. 3aBHCHMOCTh yrna paCKphITllil menH 

OT BCJIH'IHHbl Ni, H B03HHKa!Oiu:HX KOHTaKTHbIX 

HaIIplDKCHHH 

Cne,eyeT 3aMeTHTb, rrro rpaqnnrn, 3MaHHhie Ha p11c. 9.22, orrpeAeAAJOT KaP'fHIIy rrose.n:emrn 

KOHTaKTHhIX HarrpIDKeHHH B 3aBHCHMOCTH OT COOTBeTCTByromero ynra tJ )\AA pa3HhlX NI, N2 

11 p 11, caMoe rnasttoe, orrpe.n:eJIHJOT 3KCTPeMaJibHbie 3Ha'IeHHH N 1 , N 2 , rrp11 KOTOpbIX Ha'I11-

ttaeT o6pa30BhIBaThCH menn Me)f(,lzy TeJiaMH. 

20 ----

-20r--~l-T--"'<;;-----+-T---H--+i 

t 
~ 
~ -401----+-++-----t--;<-¥---+-< 

f 
x 

~-601------\t-4<---7+ 

-100'------'----~----~ 

Puc. 9.22. IloBe)\eHHC KOHTaKTHbIX HaIIp}l"lKCHHH B 3aBHCHMOCTH OT yrna tJ H pa3Hb!X ycHJIHil: Ha 

fieCKOHC'IHOCTH 
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JKecmoe KpyrJIOe BK.flIOqeuue B OeCKOneqnoii IlJiaCTHHe, OCJiaOJieHHOe npBMOJIHHeii
HOH Ypemnuoii [2, 105]. 

IIycTb )J(eCTKIDI KpYnIIDI rnaii6a SI e,D;MHM'IHOro pa,D;eyca BIIID!Ha B Kpyrosoe OTBepcTMe r 
6ecKOHe'IHOH IIJiaCTMHbl s2, pnc. 9.23. Pa3HOCTb pa,D;MYCOB rnaii6bI M OTBepcTMH 3a,D;aHa (i = 

= 0, 00 lm. IlnaCTMHa ocna6JieHa rrpHMOJIMHeiiHoii Heuarpy)J(eHHoii TPelIJMHoii l, ,D;JIMHa KOTO

poii pastta ,D;MaMeTPY rnaii6hl. Mo,D;yJIM yrrpyrocTM M Ko3ipqmu:MeHThI IIyaccoHa rnaii6hl M rrna
CTMHhI: 

y 

JK a x 11 =x 
I 
I 
J 

I 
I 
I 

I 
I 

-----d------i 

Puc. 9.23. )l(ecTKall KpyrnaJ1 waii6a (S1) BITal!HHall B KPYTOBOe ornepcTHe 6ecKOHe'IHoii nnacTHHhI (S2), 

c 4 H Li COOTBeTCTBeHHO. ( tJ H tJ' - Y3JIOBbJe TO'IKH HHTepnOJIJllJHH H KOJIJiaKaU:HH). 

3a.D;a'Ia o )J(eCTKOM BKJIIO'IeHMM c TPelIJMHoii CBO.D;MTCH K cne,D;yI01IIeii CMCTeMe CHY: 

[ - - - ] dt 1 g(r)- 1 r-t 
-= ~ J--dr+~ f--2 g(r)dr + 

dt m 1 r-t m, (r-t) 
(9.190) 

- dt[~4G(r) dr+~4 r-t G(r)dr]=O, tE l, 
dt m r r-t m r (r-t)2 



HEKOTOPhIE TIPIIJIO)KEHIDI IIHTErP AJihHhIX YPABHEHIIH 

-(Kj +l+f'0 +f'0K2 )G(t)+(l-f'0 )(~4G(r) dr+ 
m r r-t 

+~ v(1") dr)+(Kj -f'0K2 )[~4~(1"2dr+~ f ~(1"~dr]-
m 11"-t mrr-t m 1 r-t 

-(1-f'o)dt{~4G(r) dr+~4 ""i-t G(r)dr+~ fg(r) dr+~ f ""i-t g(r)dr}= 
dt m r r-t m r (r-t)2 m 1 r-t m 1 (r-t)

2 

= 2g0 (t), t E y, 

f g(t)dt = 0, 

1{ (1- f'o)P(t) f'oKz + ['; + Kj + 1 G(t)-

f'oK2 + f'o~K1 -lq~(rldr f'o(Kz~l) fg(T)dr}dt=O. 
2m r r-t 2m 1 r-t 

{

go(t) = 214 0, 

G(t)=(-
1
---

1
-JP(t)-

2
µ 2 o, tE y, 

l+K1 l+Kz l+Kz 

g(t) = g1 (t)+ig 2 (t) = 
2µ 2 ~{(u+(t)-u-(t)+i(v+(t)-v-(t))}, tE l, 

l+K2 dt 

g(t) = i[Cb-1)(t-a)r
112 

8 ·u), 
r _ f!i._ 

0 - • 
µ2 
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(9.191) 

(9.192) 

(9.193) 

I1p1IMemIH <PopM)'Jlhl q1IcJieHHOro HHTerpHpOBaHIDI ITO KOJITYPY (9.164), (9.165), (9.187) 
II <i>OPM)'JibI qlICJieHHOro IIHTerpHpOBaHIDI ITO MeTOey Jio6arrcr-1Ie6bIIIIeBa ,LVIH g * (t), MO/KHO 

OITpe)J,eJIIITb 3HaqeHIDI IIJIOTHOCTeH. g * (t) II G(t) B HHTepITOIDIIJ;IIOHHbIX TQqKax KOHT)'pa IIHTer

p1IpOBaHIDI. MeTo)J, Jio6arrcr-1Ie6hIIIIeBa )J,aeT B03MOJKHOCTb cpa3y oITpe)J,eJIHTh $yttKl(mo g * ( t) 

Ha KOHl(ax Tpell,HHbI l, a 3HaqHT, H K03$$1Il(IIeHThI HHTeHCHBHOCTH HaITpIDKeHIIH. B yrJIOBbIX Toq

Kax ITO <PopM)'Jie (9.175). 
Ha p1Ic. 9.24 (a, b) ITOKa3aHo II3MeHeH1Ie K03$$wl(HeHTOB HHTeHCHBHOCTH HaITp5I:lKeHwil: K1 

H Kn B 3aBHCHMOCTII OT paCITOJIO:lKeHH5! Tpeill,HHbI OTHOCHTeJibHO :lKeCTKOrO BKmoqeHIDI, a Ha 

pwc. 9.25 ITOKa3aHO mMeHeHHe KOHTaKTHoro HaITp5I:lKeHIDI P(t) B ToqKe A ITPH ITp1I6JIH:lKeHHH 

Tpell(HHbI K rpattHl(e. I-b rrpe)J,CTaBJieHHbIX rpa$HKOB CJieeyeT, qTQ IIpH ITp1I6JIH:lKeHHII Tpell,H

Hbl [ K rpaHHl(e KOHTaKTa y BeJIHqlIHa KOHTaKTHOrO HaIIp5I:lKeHIDI JMeHbIIIaeTC.5!, a 3HaqeHIDI 

K03$$Hl(HeHTOB HHTeHCHBHOCTH HaITpIDKeHHH B03pacTaeT. Kor)J,a 0)1,IIH KOHeIJ; Tpell(HHbl rrpH-

6JIH:lKaeTC5! oqeHh 6JIII3KO K rpaHHl(e KOHTaKTa, Ha6JIIO)J,aeTcK pe3Koe yMeHhIIIeHHe 3HaqeHmr K1 

)J,O ttyJI5!. 
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02,0 2,5 3,0 3,5 4,0 

(a) 
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14 

t 12 

f'10 
~ 1 8 1--1!--+--\--+---l---\ 

0 -x 
~s 6 

4 

2 

(b) 

S, 

Puc. 9.24. Ilose.nemie Kr, Ku Ha KpaJIX rpen11rnh1 B 3aBHCllMOCTll OT ee pacnoJioJKeHJur OTHOCllTeJihHO 

JKeCTKOro BKJIJOqeHIDI 

2 

3 4 

Puc. 9.25. IhMeHemie KOHTaKTHoro HanpHJKeHlUI P(t) B ro~e A npu npu6JIIDKeHllll lpelll;llHhI K rpaHlllle 
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Ilycn, ynpyrne H reoMerpWieCKHe CBOHCTBa 'TpeXMepHOH H30'Ip0IIHOH eycoqHO-O):(HOpO):(HOH 

cpe):(hl, OTHeceHHOH K HeKOTOpoH: rrpHMOYTOJihHOH CHCTeMe KOOp):(HHaT Ox,x2X3 c e):(HHHqHhI-

MH HarrpaBJIHJOIIIHMH BeKTOpaMH e 1,e 2 ,e 3 , HeHJMeHHhI B HarrpasJieHHH octt Ox3. PacrrpeAeJie

HHe YITPYTHX H reoMe'IpHqecKHX CBOHCTB B rrJIOCKOCTH x1 Ox2 rrpe):(rroJiaraeM ABOHKorrepHOAH

qecKHM. 

KaK cJiemeT HJ peJyJihTaTOB [4, 6], saxrnyro pOJih rrpH ITOC'IpOeHHH ocpe):(HeHHhIX ypas

HeHHH, orrHChIBaIOI1IHX YIJPYTOe rroBe):(eHHe TaKOH CTPYKTYPhI, ttrpaeT ABOHKorreptto):(WleCKoe 

pemeHHe, KOr):(a KOMIIOHeHTa Ae<tiopMaIIHH e33 eCTh KOHCTaHTa, a OCTaJihHhie KOMIIOHeHThl ):(e-

qiopMaIJHH He 3aBHCHT OT KOOp):(HHaThI Xi. 

TaKoe HarrpH)l(eHHOe COCTOHHHe pacrra):(aeTCH Ha ):(Ba He3aBHCHMhIX [38]: 
o6o611IeHttyro rrJIOCKyIO Ae<l>opMaU:HIO 

uj =uj(x"x2), ejk =ejk(x"xz), 

ojk =Cijk(x"xi}, (j,k =1,2), 

e33 = const, 0"33 = 2µ (1 +v )e33 + v( CT"+ 0"22 ), 

aHTHITJIOCKyIO Ae<t>opMaU:HIO (rrpo):(OJihHhIH C):\BHr) 

u3 =u3(x"xz), ej3 =ej3(x"xJ (j=1,2), 

3,l:(eCh e jk '(J jk , u j - KOMilOHeHThl TeH30pOB Ae<l>opMaQHH, HarrpH)l(eHHH H BeKTopa rrepeMe

IIIeHHH COOTBeTCTBeHHO. 

IlycTh B ABOHKorrepHOAWiecKOH CTPYKTYPe pacnpe):(eJieHHe TeH3opa HarrpH)KeHHH, a cJie

AOBaTeJihHO H TCH30pa Ae<l>opMaU:IfH, HOCMT ):(BOHKOITepHO):(WieCKHH xapaKTep. qepe3 0 1 H 0 2 

o603HaqHM OCHOBHhIC nepHO):\hl C'IpYKTYPhl, qepe3 [] H [2 - MHHhl 3THX BCKTOpOB. CqwraeM, 

qTo OCH KOOpAJ:!HaT BhI6paHhl TaK, qTO HaIIpaBJieHHH BeKTOpa 0 1 COBITa):(aeT C IlOJIQ)l(HTeJih

HhIM HarrpaBJieHHeM OCH 0x1 H qTO YTOJI a Me)l():(y BeKTOpaMH 0 1 H 0 2 , OTCqHThlBaCMhIH OT 

rrepsoro rrpOTHB qacOBOH C'IpeJIKH, MCHhIIIe tr. CooTBeTCTByIOIIIHe BCKTOpaM QI H 02 OCHOB

Hhie rrepHO):\hl B KOMITJieKCHOH qiopMe HMeIOT BH):( 

0.\ = l" ~ = 12 exp ( ia). 

IlapaJIJieJiorpaMM, IIOCTpOCHHhIH Ha BeKTopax Q, H 02' 6y):(eM Ha3hlBaTh OCHOBHhIM rra

PaJIJieJiorpaMMOM rrepHO):(OB (<l>YHAaMeHTaJihHOH Hqeil:Koil:). B CHJIY ):(BOHKOH rrepHO):(WIHOCTH 

C'IpyKTyphI H HarrpH)l(eHHOro COCTOHHHH ):(OCTaToqHo H3yqHTh pacrrpe):(eJieHHe TeH30pa HarrpH

)l(CHHH JIHIIIh B <l>YHAaMeHTaJihHOH j{qeil:Ke. 
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,ll;BOHKOIIepHO,[IWIHOCTb TCH30pa ~ecpopMarurn: 03Ha1IaCT, 'ITO BCKTOP nepeMemeHHH u B Ka

KOH-mroo T01IKe c pa):(H)'COM-BeKTopoM R OTJlli<laeTcH OT BeKTOpa nepeMemeHHH B T01IKe c pa

):(H)'COM-BeKTopoM R + Q j He 6onee 'ICM Ha BCKTOp Ma.JI Oro :>KCCTKOro rrepeMememrn. 

u(R +Qi )-u(R)=4i+Rxb j· (9.194) 

0rMCTHM, 'ITO BCKTOpbI R, fl 1 , fl 2 ne:>KaT B rrnocKoCTH x1 Ox2 , a BCKTOpbI b 1 , b 2 nepneH~

KYJUIPHhI 3TOH IlJIOCKOCTH. 

Bhl1IHCJIHM rrptt noMomtt (9.194) 3Ha1IeHtte u(R +Q1+0z) ~B)'MH crroco6aMH: H~H 1Iepe3 

T01IKY c pa~ttycaMtt-BeKTopaMH R +01 H R +02 . Y CJIOBHe o~H03Ha1IHOCTH BeKTopa rrepeMe

IIICHHH ~aeT 

OTK)'~a CJie~yeT, 'ITO bl= 0, b2 = 0. 
TaKHM o6pa3oM, H3 ~OHKonepHo~H1IHOCTH reH3opa ttanpH:>KeHHH cne~CT I<Ba3Hneptto,!:IWI

HOCTh BeKTopa nepeMemeHH». 3anmueM ero B B~e 

( ) 
• .x; -x2ctga X 1 uR =U + 41+--.-42+X3€3e33, 

l1 12 sm a 
3 

f... j = L. <> jk e k u = 1,2) , 
k=I 

r~e u* - ~BOHKOnepHO~H1ICCKaH, He 3aBHCHIIlaH OT KOOp~HHaTbl X3 COCTaBJIHIOIIIaH BCKTOpa 

nepeMCIIICHHH. B npoeKIJHHX Ha KOOp~HaTHblC OCH :no BCKTOpHoe paBCHCTBO BbirJIH~HT Tat<: 

ui = u; +Xi -xz ctga qi +~c52j +{ 0, ~: 1,2, (9.195) 
11 l2 sma x3e33 , J-3. 

CooTBCTCTByIOIIIHC IIOJIIO (9.195) yron Manoro IIOBOpoTa B ITJIOCKOCTH X1 Ox1 H KOMIIOHCHTbl 

TeH3opa ~eq>OpMaU:HH HMCIOT B~ 

E = .!.(a1u2 -01u1 ) = c' +(c), 
2 

eik =~(akuj +ojuk)=e;k +(ejk) (j,k =1,2,3). 

B3HTbie B yrJIOBbIC CI<o6I<H cpe~HHH yron Ma.rroro IIOBOpoTa H cpe~HHe KOMIIOHeHTbl TeH-

30pa ~ecpopMalJHH B CTPYKTyPe paBHbI 

(c)=.!_(q2 + Oi.i ctga-~), 
2 11 l1 l2 sma 

(9.196) 
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Haii,n;eM Tenepb :mepnno U ynpyrnx ,n;e<PopMau;Hii naparrnenenHIIe,n;a, IIOCTPOeHHoro Ha 

BeKTOpax ni'n2, le3, r,n;e l - KaKoe-JIH60 IIOJIO)l(HTeJibHOe 'IHCJIO. Bhl'IHCJIHH ee KaK IIOJIO-

BHHY pa60Thl npHJIO)l(eHHhlx K rpaHHM napanneJieIIHIIe,n;a ycHJIHii Ha nepeMemeHHHX 3THX rpaHeii, 

IIOJIY'IHM 

(9.197) 

3,n;ech qepe3 ( (j jk ) o6o3Ha'leHbI cpe,n;HHe KOMIIOHeHThl TeH3opa HanpH)l(eHHH B CTPyrcrype, 

onpe,n;eJIHeMble CJieiJYfOIIIHM o6pa30M: Be.JIWIHHa ( (j 33 ) eCTb cpe,D;Hee IIO IIJIOIIJa,D;H OCHOBHOH 

H'leHKH OT KOMIIOHeHTbl 0'33; OCTaJibHbJe BeJIH'IHHbT ( (j jk) onpe,n;eJIHIOTCH TaK, 'IT06hI COOTHO

rneHHH Me)l()];y HHMH H cpe,n;HHMH TIO CTOpOHaM OCHOBHOro napannenorpaMMa nepHO,D;OB BeKTO

paMH HaIIpH)l(eHHH Pt H P2· ,n;eHCTBYIOIIIHMH Ha 3TH CTOpOHbl, COBIIa,D;aJIH c o6bI'IHbIMH COOT

HOIIIeHHHMH [16, 38] Me)l()J;y KOMIIOHeHTaMH TeH3opa HaIIpH)l(eHHH H BeKTopoM HanpH)l(emrn, 

,n;eHCTBYIOIIJHM Ha IIpOH3BOJibtty10 IIJIOIIJa,D;ey 

p1 = { ( 0'11 )sin a-( 0'12 )cos a}e1 + { (612 )sina-(0'22 )cos a}e2 + { ( 0'13 )sin a-( 0'23 )cos a}e3 , 

(9.198) 

P2 = (cr12)e1 +(cr22)e2 +(cr23)e3. 
lfa <PoPMYJibl (9 .197) CJie,D;yeT' 'ITO HanpH)l(eHHo-,n;e<PopMHpOBaHHOe COCTOHHHe perynHpHOH 

ynpyroii CTPJKTYPhI o,n;H03Ha'IHo onpe,n;eJIHeTCH 3Ha'leHHHMH JI106hIX rueCTH c HeO,D;HHaKOBhIMH 

napaMH HH,D;eKCOB Bemr'IHH H3 ,n;BeHa,n;u;aTH pa3JIH'IHhIX BeJIH'IHH ( O'Jk ), ( e Jk ). Ko3cpcpmi;HeHTbI, 

BXO,D;HIIJHe B CBH3b Me)l()];y yKa3aHHbIMH BbIIIIe rueCTblO BeJIH'IHHaMH H rueCTblO OCTaBIIIHMHCH 

HBJIHIOTCH 3cpcpeKTHBHbIMH (ocpe,n;HeHHbIMH, MaKpOCKOIIH'leCKHMH) ynpyrn:MH IIOCTOHHHbIMH pe

ryMpHOH CTPYKTypbl. 

PacCMOTpHM JIHHeHHO apMHpOBaHHhlH KOMII03HTHblll MaTepHaJI (KM) c MHKpOCTPJKTYPOll 

H'leHKH, noKa3aHHoii Ha pHc. 9.26. 3,n;ecb D1 - o6nacTb, 3aHHTaH BKJiro'leHHeM, D - o6nacTh 

H'lellKH BHe BKJIIO'leHHH; c - yrJioBaH TO'IKa. B,n;OJib ,D;yrll CC3 (KpHBaH L3) HMeeTCH OTCJIOHKa 

BOJIOKHa OT MaTPHU:bI ( Me)l(cpa3HaH TpemHHa); TPeIIIHHa L2 (,n;yra cc 2) no,n;xo,n;HT K BOJIOKtty co 

CTOpOHbI MaTPHU:bI, TPeIIJHHa LI (,n;yra eel) IIO,D;XO,D;HT K MaTPHU:e co CTOpOHbl BOJIOKHa. 

3a,n;aqa 0 HaIIpH)l(eHHO ,n;ecpopMHpOBaHHOM COCTOHHHH KM o6bI'IHbIM o6pa30M CBO,D;HTCH 

K KpaeBbIM 3a,D;a'laM MH KyCO'IHO-aHaJIHTH'leCKHX cpyHKU:HH [16] 

<I>+ ( t) + <I>+ ( t) + e2;e !~ {Z<l>' ( z) + 'I' ( z)} = <I>- ( t) + <I>- ( t) + e2;e !~~ {Z<l>' ( z) + 'I' ( z)} = 0, 

(9.199) 

<I>+ ( t) + <I>+ ( t) +exp [ 2i0 ( t) J !~ [Z<t>' ( z) + 'I' ( z) J = 

-- 3 

= <I>-(t) +<I>- (t) +exp[2iO(t) J li~[Z<l>'( z) +'I' ( z)], tE LJ4, 
z-H I 

:t L~ [ KjqJ+ (t)-t<I>+ (t)-VF+ (t) J }-eF1 -h'(t) = 

= :t {i~[ KjqJ-(t)-t<I>-(t)-VF-(t)J}-e3V, tEL4 , (9.200) 
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Im{ r (t )exp[iO(t) ]} =Im{ P- (t )exp[iB(t) ]} = 0, 

exp[iB(t)] = dt, tE U Lk, 
ds I 

Im { r ( t )exp[iB( t) ]} ~Im{ P- (t )exp[iB(t) ]} , 

.!:__{Re r ( t )} =.!:__{Re F (t )}, t E L
4

• 

ds J4 ds µ 

3,D;eCb BepXHHMH HH,D;eRCaMH + H - OTMeqeHbl JieBI>Ie H npaBI>Ie npe,D;eJibHDie 3Haqemrn IIO OT
HOilleHHIO K BbI6paHHOM)' IIOJIO:>I<HTeJIDHOM)' HanpaBJieHHIO o6xo,D;a (Ha pnc. 9.26 YKa3aHO CTpeJI
KaMH); s - ,ll;JTOBaH a6c11Hcca; cl>YffKllHIO h'(t) npe,D;IIOJiaraeM y.D;oBJieTBOpHIOIIIeH ycJIOBHIO 

feJII>,D;epa (,D;orrycRaeM, qTQ BOJIOKHO noca:>I<eHO B Ma1JJHIIY c HeROTOpbIM HaTHroM h(t) ). 

Cz 

D 

L. 

Zo 

Puc. 9.26. MttKpocT}JyKrypa HqeiiKn 

3aMeTHM npe)l{,ll;e scero TIO KpaeBI>Ie ycnosHH (9.199), (9.200) cosna,D;aIOT no cpopMe c Kpa
esDIMH ycJIOBIDIMH (9.4) ll KpaeBbIMH ycJIOBHHMH ,ll;JIH aHTHIIJIOCKOH ,D;ecpopMa1IHH rycoqHo-
0,D;HOpO,D;HOH cpe,ll;DI [16]. ECTeCTBeHHO II03TOM)' HCIIOJib30BaTb ,ll;JIH perneHHH KpaeBblX 3a,D;aq 
(9.199), (9.200) rrpe,D;CTaBJieHHH mna (9.6), Bll,ll;OH3MeHHB llX TaKHM o6pa30M, TI06DI 01'pa3HTh 
,D;BoHRonepHO,D;Wiecmif xapaKTep 3a,D;aqn. C.D;enaeM 3TO, HcnonI>3YH cxeMy pa6oTI>I [48, 50]. 

fIOJIO:>I<HM 

ct>(z) =-~ f o{r)(( r-z)dr+ AL+ AH +{Ej)., zE DI' (9.201) 
2mL 0, zED. 

'I' ( z) =-
1
-. f m( r)(( r- z)dr+~ f m( r)[rgo( r- z)-p1 ( r-z) ]dr+ BL+ sH, 

2fflL 2fflL 

F ( z) =-
1 

. J p( r)exp[ -iB( r) ]s( r-z )dr+ EL +(<T13 )-i(<T23 ), 

21r!L 

AH= (u11)+(0"22) BH = (u22)-(o-ll)+2i(CT12) 
4 ' 2 ' 
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i fm(r)dr 
E=-Re , J.=µ/J.li, 

4JZ" L 'C'- Z1 
4 

Imp(r)=O, L==LJLi. 

3.n;ecn z1 - npoH3BOJihHM $HKCHposaHHM ToqKH H3 o6nacTH D1; B ( r) - KaK 06n1qHo, 

yron Me:>K.Zzy noJIOJIGITeJTuHoil: KacaTeJihHOH K rpaHHu:e L B TOqKe r H ocnro Ox
1

; ( ( z) H p ( z) -

,D;3eTa-$ym<u:mr H ne-cpyttKu:WI Beil:epIIlTpacca, HMeIOru:He COOTBeTCTBeHHO TIOJlIOChI c rnaBHhIMH 

qacTIIMH 1/( z-mm,, -n°'2) rr 1/( z-mm,, -n°'2}2 B wqKax mm,,+ n°'2 (m,n == 0,±1,±2) H y.n;os

neTBOpHIOmHe COOTHOIIICHHHM [20, 30, 15] (CM. TaK)J(C rn. 1, TI. 1.7) 

P( z+mi )-p(z) ==0, ?(z+mi )-((z) == '51 , 

oj =2((m)2), j=l,2, 

qm2 -02m,, ==2JZ"i, p(z)=-('(z), 

p 1 (z) - cneu:ttanhHM MeMopcpHaH <l>YHKU:HH [15, 40], HMe10maH nonrocbI c rnaBHhIMH qac

THMH mfni + n-rfn/( z-mm,, -n01i) B TOqKax mm,,+ n°'2 ( m,n == ±1,±2) H 06pama10mrui:cH B HOJlh 

npH z = 0' H3 CBOHCTB KOTOpoil: Mbl OTMCTHM cne.n;yromHe [ 16, 17]: 

P1 ( z + (J)j )-P1 ( z) == Wjf<J( z) + Y1' 

rj==2P1(m)2)-0ijp(mjj2), j=l.2, 

Y20J., -Yi°'2 == q M -02 M. 
HemseCTHJIO KOMrrneKCHJIO m( r) H seru:ecTBeHHJIO p ( r) IlJlOTHOCTH cqHTaeM npttHa.n;

ne){(aiu:HMH Ha L Knaccy H' (y3nw- c,cpc2 ,c3 ). 

Heo6xo.n;HMhie H .n;ocTaTOqHhie ycnoBHH rnro, qrn6n1 cooTBeTCTBJIOID:HM npe.n;cTaBJieHmrM 
(9.201) BCKTOp nepeMemeHHH 6nIJI O,D;H03HaqHhIM, a pacrrpe.n;eneHHe KOMTIOHeHT TeH30pa Ha
npH)J(eHHH 6nIJIO ,D;BOHKOneprro.n;rrqecKHM, HMeIOT BH,D; 

fm(r)dr=O, f p(r)exp[-iB(r)]dr=O. (9.202) 
L L 

<l>Hrypttpy10mtte B (9.201) nocTOHHHhie AL,BL,EL no.n;6epeM TaKHM o6pa3oM, qrnfa1 co

OTBeTCTBJIOID:He TIMM npe.n;CTaBJieHHHM cpe.n;HHe no CTOpOHaM OCHOBHOro napanJieJiorpaMMa rre

pHO,D;OB BeKTopw ttanpH){(eHHli HMeJIH BH,D; (9.198) H qw6n1 cpe.n;HHil: yron Manoro noBopoTa (e) 
B CTpyKType paBHllJlCll ttyJIIO. IlCIIOJih3YH CBOMCTBa cpyttKU:MM ( ( z) ,p( z) ,pl ( z) H rrpe.n;rrorra

rall, qTO ycJIOBHll (9.202) BbITIOJIHHIOTCH, 3aTIHIIIeM 

[ qi(z)+ ztp'(z)+lf/(z)l == 2mj Re( AL+ AH)+mj ( B1, + BH)-at5j -arj -28j Re(b), (9.203) 

[ ~(z)-z<P'(z)-v(z)l ==-[<P(z)+ztp'(z)+v(z)l +(K+l)mj(AL +AH)-(K+l)aoj, 

(f ]j = (J)j (EL+ (o-13)-i (0-23)) + coj, j = 1, 2. 
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tiepe3 a, b, c o603HaqeHbI cne;zyIOIIJIIe <l>YIII<~IIOHaJibI 

a =-
1
-. frw(r').;ir, b=-

1
-. frm(r)dr, 

2m L 2m L 

c=-
1
-. frp(r)exp[-iB(r)]dr. 

2Jn L 

C ):(pyrott CTOpOHhI, [14] 

[ q.i( z )+ z¥( z)+lfl( z) 1 = l1 {-i(o-12)+(0-22)}, (9.204) 

[ q.i( z) + zqf ( z) +If/( z) 1 = /2 {i[ ( o-11 )sin a-(o-12 )cos a]-[ ( 0-12 ) sin a-(o-22 )cos a]}, 

Im[/ ( z) Ji= -l1 (0-23), 

Im[ f ( z) Ji = l2 [ (o-13 )sin a-(o-23 )cos a]. 
CpaBHHBM (9.203) II (9.204), rro.rryqaeM CIICTeMY ypasttemill OTHOCHTeJlbHO Re Ai, BL II Ev 

peIIIeHIIe KOTOpOH eCTb 

ReAL =Re[(q _.!!_Ja]+.!!_Re(b), 
11 Fo Fa 

(9.205) 

;r- (tr ri- 81 J 2(8i trJR (b) -a+ -+-- a+ -- - e , 
Fa Fo l1 l1 Fo 

E = Re(
2;rcJ-q c 

L F l , 
0 I 

r):(e F0 = l1l2 sin a - rrnorn:a):(b oCHOBHOro rrapannenorpaMMa rreplIO):(OB. 

Bbrq1Icmrn: rrplI IIOMOW:II (9.203), (9.204) cpe,LIHIIH yron MaJIOro IIOBOpOTa (e) II IIp1IpaB-

HIIBaH ero K HYJIIO, HaXO):llIM 

(9.206) 

HHTerpaJILHLie ypasueuusi KpaesLIX 31l)J.aq (9.199), (9.200). IIpe,LICTaBJieHHH (9.201) TaK

)l(e, KaK II Brr. 9.1, Y.LIOBneTBopHIDT ycnoBIIIO tterrpephIBHOCTH seKTopa ttarrpH)l(eHIDI rrpn rrepe

xo):(e qepe3 rpattney. 

IlO,LICTaBJIHH HX B OCTaJibHbie KpaeBhie ycnOBHH, rrplIXO,LllIM K ):(BJM CIIHrynHpHbIM IIHTe

rpanbHbIM ypaBHeHHHM c HeIIO,LIBH'lKHbIMII oco6eHHOCTHMII ( O):(HO ,LIM 3a):(aqrr 06 06061IJeHHOH 

IIJIOCKOH ,L1e$opMa~. ,LlpyrOe MH 3a,[laqrr 0 rrpo,LIOJlbHOM C,LIBIIre) OTHOCIITeJihHO IICKOMbIX 

IIJIOTHOCTeH m( r) II p ( r) : 

A(t)m(t)+ B(~) fw(r),(r-t)dr+ R(t! fK
1
(t,r)m(r)dr+ (9.207) 

m L 2m L 

+ R(t! fK2(t,r)m(r)dT-2B(t)ReAL +2i[ A(t)-A-e(t)]ImAL -
21fl L 

- dt 
-R(t)BL dt -e(t)E = g(t), 



r,IJ;e 

H 
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[((<-t) di l K1(t,r)=((r-t) ( ) ·--1 , 
( r-t dt 

K 2 (t,r) = ((r-t) ·--1 -go1 ( r-t)·-, --[(<-t)p(<-t) di l dt 
(( r-t) dt dt 

rr+ I)+ 2( "i + !) 
A(t)= 2 , tEL4, 

0, tE Li U4 U.L_i, 

r-K)-A(I-<;) 
B(t)= 2 , tEL4, 

1, tE Li U4 U.L_i, 

R(t)=r-A, tE L4, 
1, tE Li U4 U4, 

e ( t) = { Kj + 
1
' 

tE L4, 
0, tE.l.iU4U4, 

g (t) = 2B(t) AH+ R(t)BH. dt +{2µ[ e33 (v-v1)-h'( t )], tE L4, 
& ~ tE.l.iU4U4 

1-A- f [ (1+.-t)p(t)--. p(r) q(t,r)((r-t)dr-
2m L 

-q(t, r)(( r-t)dr-2(1-A )Re{ exp[iB(t)] · EJ = 

= 2(1-A ){ (u13 )cos[ B(t) J + ( CT23 )sin [ B(t) ]} , t E L4 , 

~ fip( r)[ q(t, r)( ( r-t)dr+ q( t, r)(( r-t)dr J-2hn{ exp[iB(t)} EL}= 
2m L 

= 2{ (o-13 )sin[ O(t)]-(o-23 )cos[ B(t)]}, tE Li U Li U 4, 

q (t, r) = exp[iB(t )-iB( r) ], ,t = J:!.... 
µI 
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(9.208) 

YpaBHCHIUI (9.207) H (9.208) OTJJHqaJOTCH OT ypaBHCHHH, COOTBeTCTB)'JOIIIHX cnyqaro 
ll1i = oo, ll'2 = ioo JIHlllb CJiaraeMbIMH c peryJIHpHbIMH H,D;paMH. Ilo3TOM)' BbIBO,ll;bI 0 xapaKTepe 

acHMmOTJiqCCKoro rroBe,IJ;eHHH B6nmH y3JioB rpaHHU:bI L ITJIOTHOCTeii w( r) H p ( r) , a TaIOKe 

TCH30pa HarrpH)l(CHHH, IIOJIHOCTbIO rrepeHOCHTCH Ha paccMaTPHBaCMbIH cnyqaii. 
TaIOKe KaK H B rrpe,ll;bI,ll;JllleM cnyme, 3,[(ecb .n;nH BhlIIOJIHeHIDI yCJIOBHii O.n;H03HaqHOCTH BeK

Topa rrepeMemeHHH cne,n:yeT pa3bICKHBaTb JIHUib TaKHe pemeHHH ypaBHCHHH (9.207) H (9.208), 
KOTOpbIC y,n:oBJieTBOpHIOT ,[(OIIOJIHHTCJihHbIM ycnoBHHM (9.202). 
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l1Me10T MecTO yrnep)l(,[(emur. PerneHtte ypaBHeHHH (9.207) B KJiacce H*, y.r:10BJieTBop»10w;ee 

rrepBOMy ycnOBHIO (9.202), ecnH TaKoe perneHHe cyw;ecTByeT, e)l,HHCTBeHHO. 

PerneHHe ypaBHemur (9.208) B KJiacce H*, y.r:10BJiernop»10ru;ee BTOpoMy ycnoBHIO (9.202), 

ecnH TaKOe perneHHe cyw;ecTByeT, e)l,HHCTBeHHO. 

J13 pa3nHqHhIX qaCTHbIX cnyqaeB, OITHChIBaeMhIX ypaBHeHHHMH (9.207), (9.208), OTMeTHM 

O)l,HH, )l,OCTaTQqHo HHTepeCHhIR MH rrpHJJO')KeHHR. 

ITycTh B OCHOBHOM rrapa.rrnenorpaMMe rrepHO)l,OB pacrrOJJO')KeHO )l,Ba BKJIJOqemur c yrrpyrHMH 

rrocTOHHHhIMH µ"v1'µ 2 ,v2 , 3arronH»IOru;Hx O):(HOCBH3Hhie o6nacTH D1 H D2 , orpaHHqeHHhie 

KOHTypaMH Li H 4. COOTBeTCTBeHHO (pHC. 9.27). ITpe):(rronaraeM, ~o B)l,OJ1h KOliTypOB Li H 4. 
HMeeT MeCTO H)l,eaJibHhIR KOHTaKT MaTepHaJIOB H qTQ KpHBH3Hhl KOHTYPOB Li H 4. y):(oBJieTBO

pHIOT ycnOBHIO renh)l,epa. Ey):(eM ITO):( rpaHHu;eH. L ITOHHMaTb ofo,e,[(HHeHHe KOttTypOB Li H 4.. 
Tor.r:1a B paccMaTpHBaeMOM cnyqae MO')KHO HCITOJ1b30BaTh rrpe):(CTaBJJeHHH (9.201), ecnH BMe

CTO E/A, no):(cTaBHTh Ej}.,1 nptt ZE D1 H E2 /A, 2 nptt ZE D 2 • 3):(eCh 

i fm(r)dr 
E 1=-Re , 

4Jr Li r- Z1 

E 2=-i Re Jm(r)dr, Ai =.l!:_. 
4Jr 1, t'- Z2 µ2 

(9.209) 

B KaqecTBe z 1 H z 2 MO')KHO BbI6paTh rrpoH3BOJThHhle qmKCHpOBaHHhie ToqKM H3 o6nacTeli D1 

H D2 COOTBeTCTBeHHO. 

Hmerpa.rrbHhie ypaBHeHHH KpaeBhIX 3a):(aq B paccMaTPHBaeMOM cnyqae HMeIOT TaKoH. )Ke BM):(, 

KaK H ypaBHeHHH (9.207), (9.208) npH tE L 4 • Cne):(yeT TOJJhKO no.r:1craBMTh BMeCTo A, v, IC, E 

rrpH t E L 1 BeJJttqHHhl Ai, v1 , 1(j, E1 cooTBeTCTBeHHo H BeJJffqHHhI Ai, v 2, K2 , £ 2 rrpH t E L 2. 

B CHJJY TOro, qTo IIOCTPOeHHble TaKHM o6pa30M HHTerpam,Hbie ypaBHeHHH Bbipa')KaIOT He

rrpepbIBHOCTh BeKTOpa nepeMeru;eHHH (TOqHee, ero npOH3BO)l,HOR no ):(yrOBOR a6cu;Hcce) npH 

nepexo):(e qepe3 rpaHHey L, mo6b1e peweHMH 3THX ypaBHeHttil: aBTOMaTHqecKM Y.r:IOBJJeTBOpHIOT 

ycnoBHHM O):(H03HaqHOCTH BeKTopa rrepeMeru;eHHH. 

Puc. 9.27. <l>yH)l,aMeHTa.JihHaH J1qeiiKa rn6pH.l(Horo KOMIT03HTa (06m1Iii cnY'rnii) 
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HHTerpanhHbie ypaBHeHIDI B paccMa'I'pHBaeMoM c.rryqae HBIDIIOTCR KJiaccwiecKHMH CHHry
IDipHhlMH HHTerpaJ!bHblMH ypaBHeHHRMH, HMeIOT eyneBble HH,D,eKCbl H pa3peIIIHMbl e,[\FIHCTBeH
HbIM o6pa30M B Knacce <l>YHKllHH, Y.D:OBneTBopRIOIIIHX ycnoBHIO renb,l~epa [30, 39]. 

3<}><}>eKTHBHble ynpyrne DOCTOSIHHble BOJIOKHHCTOro KOMD03HllHOHHOro MaTepmma 

c ,!J;BOSIKOnepuo)J;H'lecKoii crpyKrypoii. BhI'IHCAAR cpe.D;HHe KOMJJOHeHThI TeH3opa .D:e<PopMa
u;HH (9.196) B C'I'pJKrype rrpH JJOMOIIIH <PopMJn (9.203)-(9.204), HMeeM 

( ) 
__ l [-( ) (K+l)((o-11 )+(0-22 )) K(K+l)Re(b-a)]-

eu - 0'22 + + Ve33• 
~ 4 ~ 

(9.210) 

( ) 
__ l [-( ) (K+l)((o-ll)+(o-22)) Jr(K+l)Re(b+a)]-

e22 - 0'11 + + Ve33• 
2µ 4 ~ 

( )-_!_[( ) Jr(K+l)Im(a)] 
2 e12 - 0'12 ' 

µ Fo 

1 [ 2JrRe( c )] 
2(e13 ) =- (0-13 ) + , 

µ Fo 

1 [ 2Jrlm(c)] 
2(e23)=- (0-23)+ · 

µ Fo 

Ilo.D;qepKHeM, 'ITO COOTHOIIIeHHR (9.210) crrpaBe.D;nHBbl rrpH n1060M Ha6ope pa3MeII1eHHblX 
BHYTPH OCHOBHOro napannenorpaMMa nepHO,[(OB HeO,[(HOpO.D;HOCTeii, ecmr TOllbKO HCIIOllb3Y
IOTCR npe.D;crnBneHHR BH.D;a (9.207), (9.208). Cornactto npHHRTOMY onpe.D;eneHHIO 

(0-33 ) = _!__ Jf o-33~dx2 =_!__ff { 2µ(1 +v )e33 +4vRe[ <1>( z) ]}~ill2 . (9.211) 
Fo F

0 
Fo F

0 

Cne.D;OBaTellbHO, COOTHOIIIeHH1! (9.210), (9.211) ycnm:aBnHBaIOT llHHeiieyro CBR3b Me)J{):zy 
cpe.D;HHMH KOMJJOHeHTaMH TeH3opa .D:e<l>opMau;HH, cpe.D;HHMH KOMIIOHeHTaMH TeH3opa HanpIDKeHIDI 

H HeCKOllbKHMH nHHeHHbIMH <l>YHKIIHOHaJiaMH, onpe.D;eneHHbIMH Ha ITnOTHOCTRX m( r) H p ( r). 

CqITTaeM ,[(aJiee B 3TOM naparpa<lJe, 'ITO h' ( t) = 0 ' TO eCTb 'ITO BOllOKHa IIOCIDKeHbl B Ma'I'pH

ey 6e3 Hamra H 'ITO, cne.D;OBaTellbHO, HaqaJ!bHble BH)'TPeHHHe HanpIDKeHID! B cpe.D;e OTCJTCTBJIOT. 

Tor.D;a RBnRIOII1Hec11 perneHHeM ypaBHeHHH (9.207) H (9.208) rrnoTHOCTH m( r) H p( r) nH

HeHHbIM o6pa30M 3aBHCRT OT cpe.D;HHX KOMIIOHeHT TeH3opa HanpIDKeHID! (3a HCKllIOqeHHeM KOM

JJOHeHThI (o-33)) H cpe.D;HeH KOMIIOHeHTbl TeH3opa ,[(e<l>opMaIIHH (e33) = e33" TaKHM o6pa30M, pa

BeHCTBa (9.210) RBnRIOTCR llHHeHHbIMH COOTHOilleHIDIMH Me)l():(y cpe..D;HHMH KOMJJOHeHTaMH TeH-
30pOB HanpmKeHHR H ..D:e<l>opMa1IHH B CTpJKrype. 

3arrHIIIeM 3TH COOTHOIIIeHID! B BH,[(e 

(ell)= lli1 (all)+ lli2 ( 0'2i) + a13 ( 0'33) + a16 ( 0'12)' 

(en) "' a11 ( 0'11) + a12 ( 0'22) + a13 ( 0'33) + a16 ( 0'12) ' 

( e33) "'a31 (all)+ a32 ( 0'22) + a33 ( 0'33) + a36 ( 0'12), 

(9.212) 
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2(e23) = G44 (()23)+a4s (()13), 

2( e13) = G54 ( ()23) + G55 ( ()13)' 

2 ( e12) = a61 ((Jn)+ a62 ( ()22) + a63 ( ()33) + a66 ( ()12) · 

I-fa (9.197) H TeopeMbI B3aHMHOCTH EeTTlI [41] cne,D;yeT, 'ITO MaTpliu;a jja1kjj~ - IIOJIO)J(lI

TeJibHO orrpe,D;eJieHHruI lI ClIMMeTPlI'IHruI. 

TaKlIM o6pa30M, IIOBe,D;eHl!e B «60JibIIIOM» BOJIOKHlICTOro KOMII03lIU:lIOHHOrO MaTepliaJia 

c ,D;BOHKorreplIO,D;lI'lecKoil: CTPYKTJpoil: OIIlICbIBaeTcH 3aKoHOM (9.212). IlplI'IeM 3$<J.>eKmBHb1e 

yrrpyme IIOCTOHHHbie a jk (j, k = 1, .. ., 6) Bbl'llICJIHIOTCH ITO OIIlICaHHOMY BbJIIIe anroplITMY 'le

pe3 HeCKOJibKO <l>JHKu:HOHaJIOB, orrpe,D;eJieHHbIX Ha HBJIHIOmlIXCH peIIIeHlieM ypaBHeHlIH (9.207) 

lI (9 .208) co cTaH,D;aPTHbIMlI rrpaBbIMlI 'lacrnMlI rrnoTHocrnx m( r) lI p ( r). CooTBeTcTByIO

mlie paC'leTbI co,D;ep)J(aTCH B [ 16, 18, 19]. B rn6n. 9 .1 rrpl!Be,D;eHhl pe3yJibTaTbI ,D;JIH m6plI,D;Horo 

KOMII03lITa c H'!eHKOH, lI306pa)l(eHHOH Ha plIC. 9.28. 

R; 

(E1)/E 
R4 

(E1)jE 

(E2 )/E 

(E3)/E 
(G12 )/G 

(G13 )/G 

(G23 )/G 
R; 

(E1)/E 
R4 

(E1)/E 

(E2 )/E 

(E3)/E 

(G12 )/G 

(G13 )/G 

(G23 )/G 

3tl>tl>eKTHBHbie ynpyrHe IlOCTOBHHbie KOMil03HIIHOHHOro MaTepHaJia 

c /lBYMH THil3MH '.)JIJIHIITH'leCKHX BOJIOKOH B H'ICHKe 

RI ==0,3 JS =0,3 

0,4 0,2 

0,2 0,3 0,4 0,2 0,3 

1,348 1,429 1,510 1,230 1,267 

1,304 1,398 1,528 1,236 1,279 

1,534 1,600 1,785 1,408 1,471 

1,247 1,320 1,395 1,187 1,218 

1,349 1,422 1,484 1,225 1,255 

1,284 1,377 1,507 1,233 1,284 

RI ==0,4 JS ==0,2 

0,4 0,2 

0,2 0,3 0,4 0,2 0,3 

1,361 1,455 1,526 1,233 1,270 

1,266 1,359 1,496 1,200 1,249 

1,503 1,628 1,754 1,377 1,440 

l,230 1,308 1,398 1,169 1,200 

1,370 1,445 1,509 1,239 1,270 

1,234 1,330 1,460 1,187 1,238 

Ta6nm~a 9.1 

0,4 

1,303 

1,345 

1,534 

1,249 

1,282 

1,351 

0,4 

1,307 

1,314 

1,503 

1,229 

1,297 

1,304 
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D 

0 0,5 1,0 1, 5 

Puc. 9.28. <I>yH,1\aMeHTa.TihHaH H'IeHKa rn6pHJIHOro KOMII03HTa (pac'IeTHhIH cnyqaif) 

9.5. MameMamu'lecKoe MoiJenupoeaHue 3KcnepuMeHma 
no onpeiJeneHulO MexaHu'lecKux xapaKmepucmuK 
HaHopa3MepHblX o6heKmoa 
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Ilpe):(IIOJIO)J(HM, 'ITO Ha IIO):(JIO)J{Ke, KOTOpaH rrpe):(CTaBJUie'f co6oli TOHKYfO Me'faJIJIH'Iecryro 

rIJiaCTHHKY - IIOJIOCKY HJIH IIJieHry, BbipameHa CHCTeMa HaHoCTep)J{Heli (HaHOTpy6oK). Pacni:

HYB rronocry B HarrpaBJieHHH ocM CTep)J{HH H 3aMepHB ee YMMHeHHe, MO)J{HO orrpe):(eJIHTh cpe):(

moro ):(e<j:lopMai:wro CHCTeMhI B 3TOM HarrpaBJieHHH. c J:IPYTOH CTOpOHbI, TeopHH peryJIHpHbIX 

CTPYKTYP [16-19] ):(aeT B03MO)J{HOCTh BhI'IHCJIMTh cpe):(HHe ):(e<j:lopMaI1HH CHCTeMJ>I rro):(JIO)J{Ka -

HaHOCTep)J{HM B 3aBHCHMOCTH OT MMKpOCTPYKTYPhI <l>YHJ:laMeHTaJihHOH H'IeHKH. Ii):(eH 3aKJIFO

qaeTCH B TOM, 'ITO cpaBHHB 3KCrrepMMeHTaJihHbie H TeopeTM'!eCKMe 3Ha'IeHHH cpe):(HMX ):(e<j:>op

MaIIHll, Mhl rronyqaeM <j:>yHKIJHOHaJihHOe ypaBHeHHe MH orrpe):(eJieHHH :lKeCTKOCTHhIX xapaKTe

pHCTHK HaHocTep)J{HH. To'!Hee, B03HHKae'f o6paTHM 3a):(a'Ia (pemeHHe KOTopoli MO)J{CT OKa3aT1>CH 

H HCC):(MHCTBeHHbIM H HeycTOH'IHBbIM). Tiorrpo6yeM BCe-TaKH C):(CJiaTb Ha'IaJihHhie ruarH Ha 

3TOM rryTM. 

PacTH:iKenHe IlO)J,JIO'.lKKH, CKpem1ennoii c )1,BOHKOnepH0)1,Jl<leCKOH CHCTeMOH crep:iKHeii. 

TiycTb Ha IIO):(JIO:lKKC, KOTOpaH rrpe):(CTaBJUieT co6oli TOHKYfO rrnacnrnry HJIH ):(OCTaTO'IHO )J{eCT

ryro IIJieHry, BbipameHa peryMpHaH (J:IBOHKOrrepHO):(M'IeCKM) CHCTCMa HaHOCTep)J{HCH (HaHOT

py6oI<), opHeHTHpOBaHHhIX B):(OJih OCH X, HerrpepbIBHO CKpeIIJICHHhIX c IIO):(JIO)l(KOH (pMC. 9.29). 

TiycT1> a>i M OJ2 (Im a>i = 0, Im ( w2/ a>i) > 0) - ocHOBHhle rrepMOJ:lhI CTpYKTYPhI. CTep)J{CHh rrpek 

CTaBJIHeT co6ofi OTPC30K L ):(JIMHOH 2l c KOHI(eBhIMH TO'II<aMH a, b (Im a = Im b). ~eHTp1>1 

CTep:ameli o6pa3yroT ):(BOHKorrepHOJ:IM'ICCKYfO CHCTCMY TO'IeI< P = ma>i + nOJ2 • 

B o6JiaCTH, 3aHHMaeMOH CHCTeMOH, HMCIOT MCCTO cpe):(HHC HarrpH:lKCHHH ( O'ik) (i, k = 1, 2). 
B paMKax YKaJaHHoli MO):(eJIH rrepe_aaqa HarpY3KH OT ITOMO:lKI<M K cTep:lKHFO ocyruecTBJIHeTCH 

c IIOMOlllhlO I<acaTeJibHhIX HarrpH)J{eHHH % ( t). 
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l l 

W2 

w, 

Puc. 9.29. CxeMa HaHOKOMII03HTa 

CocTaBmur ypaBHemrn paBHOBecm1 :JJieMeHTa CTep:lKilll e~ui:HHqHoli AJIHHbI B HarrpaBJieHHH 

OCH x, Bbipa:lKaeM IIOroHHOe HOpMaJibHOe ycttJIHe B CTep:lKHe qepe3 KOHTaKTHOe YCHJIHe %(f) 

b 

P(t0 ) = - f %(t)dt, 

'o 
b 

P(b) = 0, P(a) =- f %(t)dt = 0. 

B COOTBeTCTBHH c MO)J;eJiblO IIJIOCKOro HarrpM:lKeHHOro COCTOMHHM [33] MO'.lKHO Bblpa3HTb 

CMern;eHHj{ H HarrpM:lKeHHM B IIOAJIO'.lKKe qepe3 )J;Be aHaJIHTHqeCKHe B paccMaTPHBaeMOH o6JiaCTH 

tPYHKQHH ITO tPOPMYJiaM 

h( z) = 2µ'5(u1 + iu2 ) = xqJ(z)- z<l>(z)-1/i(Z), 

'5( 0"11 +a2J=4Re<l>(z), 

'5( 0-22 -0"11+2ia12 ) = 2["Z<t>'(z) + 'l'(z)], 

<l>(z) = q/(z), 'l'(z) = l/i'(z), 

r)J;e t5 - TOJIW:HHa ITJiaCTHHKH. 

(9.213) 

fnaBHbIH BeKTop CHJI, )J;elicTByrorn;wx B)J;OJib rrpoH3BOJihHoli )J;yrH AB, orrpe)J;emieTCM <Pop-

MYJIOH 

X + iY = f ( X n + iY.) ds = -ig ( Z )i:, 
AB 

g ( z) = t;o( z) + z<I>( z) +'Ii( z ). (9.214) 

MmerpanbHhie npe)J;CTaBJieHHj{ aHaJIHTttqeCKHX <l>YHKQHH, o6ecrreqffBarorn;we )J;BOMKorrepH

o)J;IfqecKoe pacrrpe)J;eJieHHe TeH3opa HarrpM:lKeHHH B IIJiaCTHHe, B03bMCM B BH)J;e [16, 19] 

<l>(z)= 
1 

f%(t)((t-z)dt+AI' 
2Jr(K+ l) r. 
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'l'(z)= IC f%(t}((z-t)dt-
1 

f%Ct){p1(z-t)+tp(z-t)}dt+Ai. 
2.1r(IC+ 1) L 2tr(IC+ 1) L 

(9.215) 

3-v 
IC=--. 

l+v 
3.n:ecb IIOCTOHHHble A,' Ai orrpe,n:eJIHIOTCH H3 ycJIOBHH cymecTBOBaHHH B CTpy1<Type 3a,n:aH-

HbIX cpe,n:HHX HarrpH)l(eHHH ( (j'ik) ' v - K03<l>qmu;HeHT IIyaccoHa MaTepnana IIO,n:JIO)l(KH. 

Kea3urrepuo11:uqHoCTL eeKTopa rrepeMeIQeHHR H n1aeHoro BeKTopa cuJI Ha 11:yre AB. 
IloKa)l(eM, 'ITO h(z) 11 g(z) - KBa311rrepno,n:H1IeCKHe <l>YHKQ1111. lIHTerp11pyn <l>YHKQMM 

(9.215), Haxo,n:11M 

<p(z)=-
1 

f%(t)v(t-z)dt+A1z, 
2tr(IC+ 1) L 

lf/(z)= K f%(t)v(z-t)dt-
1 

f%Ct){p\-1\z-t)+tp<-1l(z-t)}dt+Aiz, (9.216) 
2tr(K+ 1) f, 2tr(K+ 1) f, 

r.n:e [16, 17] 
v'(z) = ((z), p(-i) = -((z), p\-1l(z) = f P1 (z)dz, 

v(z + cq,)-v(z) = tri + 8v ( z +~at} 
p\-1l ( z + mv )-p\-1l ( z) = -mv(( z) + rvz + r:, r2cq -YiCOi = 81 (;h -82M· 

y CJIOBl1H cyuiecTBOBaHl1H B CTpYKTYPe cpe,n:HHX HarrpH)l(eHl1H ( (j'ik) rrpHBO.D:HT K Cl1CTeMe 

ypaBHeHMH OTHOCMTeJibHO IIOCTOHHHbIX A, 11 Ai, pewemre KOTOpoii .n:aeT 

_ (6u)+(0'22) ~ (!l'(l +IC) Rei\) ReA1 - u+ -- B, 
4 2F cq 

_ 0 . (ICOi-Yi tr(l+K)) 
Ai-2((<J22 )-(<T11 )+2i(<J12 ))+ -cq-- F B, (9.217) 

B= / ) ft%(t)dt, F=cqhnm2 • 
2tr 1 + l( /, 

TaKMM o6pa30M, 11HTerpaJibHbie rrpe.n:cmsneHHH (9 .215) rrp11 HaJIM1IM11 paseHCTB (9 .217) 
KOppeKTHbl B TOM CMbICJie, 'ITO OHH o6ecrre1IMBaIOT .!l:BOHKYIO rrepH0.!1:111IHOCTb IIOJIH HarrpH)l(e
Hl1H B CTpYKrype; KBa3HIIepH0.!1:111IHOCTb BeKTopa rrepeMemeHHH 11 rJiaBHOro BeKTopa yc1rnMH Ha 
.n:yre, coe,n:l1HHIOIIIeH KOHrpY:JHTHbie T01IK11; cyuiecTBOBamre 3a,n:aHHbIX cpe,n:HHX HarrpH)l(eHl1H 

( 0"11 ) ,( 0'12 ) ,(a22 ) rrp11 n106oii rrnOTHocm %(t) E H (L), y.n:oaneTBopnIOmeii ycnos11IO 

f%(t)dt =0. 
L 

HHrerpaJILHLie ypaBHeHHR CTpYKTYPLI rr0Mm1n.:a - HaHocrepamu. Ilpnpaamrnan .n:e

<PopMau;11IO ell IIO,n:JIO)l(KM .n:e<PopMau;1rn CTepxrnH Ha L, rronyqaeM C11HryJIHpHoe l1HTerpo.n:11<l>

<PepeHQl1aJibHOe ypaaHeHHe 
b 

J % ( t) K ( t - t0 )dt + fJ ( t0 ) J % ( t) dt + M { % ( t)} = N, t0 E L, 
L 
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(9.218) 

3.)1eCb E, E0 - MO!zyJIH ynpyrocTH MarepHaJIOB rro,lJ)IO)l(KH H HaHoCTep)l(mI, o H v - TOJI

Il(HHa H Ko3<Pqmrurem IlyaccoHa rro,lJ)IO)l(KH, F0 ( t) - IIJIOII(~ rrorrepeqHoro ceqeHIDI HaHO

CTep)l(Hx. YpaBHemre (9.218) B COBOKJIIHOCTH c .)10IIOJIHHTeJibHbIM ycJIOBHeM 

f%(t)dt=O 
L 

O.J1H03Ha'IHO orrpe.)1enxeT peweHHe % ( t) Ha L. 

BBO.J15! 6e3pa3MepHbie KOOP.J1HHaTbI 

;:=!_ A-=3!_ 
':> t' 01, 

rrpHB0.)1HM (9.218) K ypaBHeHHIO BH.)1a 

j ;~~ dq+ -~ K(q0 -q)q(;)d;+ J3(q0 ) jq(;)d; =trfi, 

K ( q) = f (4)2j+2 A j;2j+1, 
j=O 

A 0 =~{(2K-1)Reb;-Reri -~(l+K)2 }, H =ltvzlsina, 
2K 2H 

Aj =~{(j+ l)Reg;j+3 -(j+1-K)Reg~j+z}( i r+", (j = 1,2, ... ), 

4trE8l 
p(;)= (3-v)(l+v)E

0
F

0
' q(q)=%(lq), 

'( 1 )
2

j+
2 

i ' f 1 
g2j+2 = L T , g;]+3 = L (T)2j+3, T =2(m01 +noJ2), 

m,n m,n 

(l+K)J 
h = {(3-K){CT22)-(l+K)(cr11 )}. 

4K 

(9.219) 

YpaBHeHHe (9.219) Heo6xo.)1HMO paccMaTPHBaTb coBMeCTHO c .J10IIOJIHHTeJibHbIM ycnoBHeM 
1 

f q( q)dq = 0. (9.220) 
-1 
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Maiq>OMO)J;e.Jih uauo1C0Mno1urn. IlycTh qc (t) - CTIUI.n;apmoe perneHHe yprumemlli (9.219), 

(9.220), oITpe.n;emreMoe <jlopMyJioli (ITpH (CTu) -:t- 0,(0"22 ) -:F O(CT12) = 0) 

%(t) =q(f) =[(CTll)+ K-
3 (CT22 )Jqc (t). (9.221) 

K+l 

CooTBeTCTBeHHO, (9.221) <jlyHKQHOHaJI B H3 (9.217) ITpHMeT BHA 

B - u (CT ) + ((}. ) be [ K-3 ] 
- 2tr(K+l) 11 K+l 22 , 

bi°1 = ftqc (t)dt. 
L 

Cpe.n;HHe .n;e<jlopMaQHH B CTPJKTYPe MO){(HO HaHTH ITO <jlopMJJiaM [ 16] 

(eu)=J_Ui(z)l'+a.i, 
Wi z 

(e22) =-l -u2 ( z)I'+"" - ctga u2 ( z)l:+a.i, 
Imcv2 z Wi , 

2(e11 ) =J_[uo ( z)-u1 ( z)ctga]'+a.i +-1-u1 ( z)lz+w,. 
- OJi - z lmW2 z 

BbIIIOJIIDrn ITpe.n;ITHCaHHbie 3,!l;eCh OITepaQHH B3HTHH rrpHpameHHH OT ITepeMeIQeHHH B KOH

rp)73HTHbIX TO'IKax, ITpHxo.n;HM K ypasHeHHHM MaKpoMo.n;eJIH CTPYKTJPhI 

(e11) = (iii1)(CT11 )+(a12)(CT22 ), 

( e21 ) = ( ll12 )( 0"11 ) + ( a22) ( 0"22), 

( ) I 1 ( bi°1 ) 
au =(E1)= E l+F, 

( )- 1 _l( 2bi°1) 
ll22 - ( E2) - E I+ v F , 

( ) v( b1~) ll12 =-E l+F . 

0TCIO,!l;a CJie.n;yeT, 'ITO HaH6oJiee cymecTBeHHO H3MeHHeTCH MaKpOMo.n;yJih (au), BeJIH

'IHHa ( ll12) ITO a6coJIIOTHOH BeJIH'IHHe paBHa v ( llu) , BeJIH'IHHa ( a22) . E H3MeHHeTCH KaK 

1+0( V 2
). '.)ro 06bHCHHeTCH TeM, 'ITO CTep){(Hli OpHeHTHp0BaHbl B,!l;OJib OCH X-B H HX IIpHCJTCT

BHe He BJIHHeT Ha C,I(BHI'OBhie .n;e<jlopMaQHH CHCTeMbl. <l>yttKQHOHaJI bi"i co.n;ep)JGIT B ce6e HH<jlop

MaQHIO o CTPYKTJPe <jlytt.n;aMeHTaJihHOH H'IeliKH (s .n;aHHOM cnyqae o ){(eCTKocTH H reoM~H'le

cKHX ITapaM~ax HaHoCTep){(HH). IlmTOMJ, orrpe.n;eJinB (E1) H3 3KcnepHMema, ITonyqaeM ypas

HeHHe .n;mr OITpe.n;eneHHH Mo.n;yJIH yITpyrocTn HaHocTep){(HH 

bi°1 = F( (:) -1} 
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9.6. nnocKaR 3aoa'la meopuu ynpyeocmu 
OnR BHU3omponHoii o6nacmu c oecpeKmaMU 

B 3TOM rraparpa<j:Je paccMaTPHBaeTCM KJiacc 3a,n:aq, OTHOCMmHXCM K TeJiaM, o6na.n:mo~M pa3-

JIHqHhJMH yrrpyrHMH CBOHCTBaMH B pa3JittqHbIX HarrpaBJICHHMX. B OCHOBHOM paccMOTPHM O,ZWH 

THII aHH30TpOIIHH, KOr,!:(a TeJIO xapaKTepH3YCTCM HaJIHqHeM B KmK,!1,0H ero TQqKe TPCX B3aHMHO 

rreprreH,!J,HKYAApHbIX IIJIOCKOCTeli yrrpyro:ii CHMMCTPHH, T. e. HMeeM OPTQTPOrrHoe Teno. ,l(m 3THX 

TCJI 3aKOH fyKa, OTHCCCHHbIH K rnaBHOH CHCTeMe KOOp)J.HHaT, 3aITHCbIBaeTCM B BH)J,e 

t:xx = aua xx + a120"yy + a130" zz, 

t:YY = a12a xx+ a22ayy + az30" zz' 

t:" = a13a xx + az30" yy + a33a u' 

Yxy =a66axy, Yyz ==a44ayz' Yv: ==assav:. 

(9.222) 

YpaBHeHHM (9.222) rrpHo6peTalOT 60JibIIIylO Harm)J,HOCTb, eCJIH BMCCTO Km<jJqmn:HeHTOB 

yrrpyrocTH BBeCTH TaK Ha3bIBaCMbie TeXHHqeCKHe IIOCTOMHHbJe: 

(9.223) 

3)].CCb Ex, EY, Ez - MO)J.YJIH yrrpyrocTH )J,Jij{ paCTM)KCHHM ( C)KaTHM) B)J,OJib rnaBHbIX Ha

npaBJieHHH yrrpyrOCTH X, y, z; Vxy - K03<jJ<jJH[(HCHT TiyaccoHa, xapaKTepH3yIDmHH COKpameHHe 

B HanpasneHHH y npH pacTM)KCHHH B HanpaBJICHHH x HT.)].; Gxy, Gyz' Gv: - MO)J.yJIH C)J,BHra, 

xapaKTepH3YJOmHe H3MeHCHHe yrJIOB MC)l(,)J,}' HanpaBJICHHMMH x Hy, y HZ, z H x. Me)l(,)J,}' MO)J.y

JIMMH ynpyrocrn: H K03<jJ<jJm~HCHTaMH TiyaccoHa B CHJIY CHMMCTPIUI ypaBHCHHH (9.222) cyme

CTBYlOT 3as11cHMOCTH: 

(9.224) 

3aMCTHM, qTo qffCJIO He3aBHCHMbJX ynpyrHx IIOCTOMHHbIX )J,Jij{ opTOTpOITHOro TeJia paBHO 

)J.eBfilH. 

,[(JIM )J.pyroro THna aHH3QTPOIIHH, T. e. )J,Jij{ TPaHcBepcaJibHO-H3QTPOrrHoro Tena xapaKTepHo 

HaJIHqHe B Ka)K)J,OH ero TOqKe ITJIOCKOCTH H30TPOIIHH. ,[(JIM 3THX TeJI 3aKOH fyKa, OTHeCeHHbJH 

K rJiaBHOH CHCTeMe KOOp)J.HHaT, 3anHCbIBaeTCM B BH)J,e 

t::xx = Cli10" xx+ Cli20"yy + a13a zz' 

t:YY == a12a xx + a11ayy + a130" zz' 

t:zz = a13(0"xx +ayy)+a330"zz, 
(9.225) 
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1 ( ) vz t:YY =- (jyy -V<Yxx --(jzz' 
E E, 

v 1 
t:,, = - £: (<Yxx + (jyy) + e:-(jzz' 

1 1 
rxy = G (jxy' Yyz =G(jyz' 

z 
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(9.226) 

3.[(ech E - Moeyrrh yrrpyrocnr .[(ITH HarrpaBJiemrn B rrrrocKOCT11 H30TPOII1111; E, - Mo

eyrrh ynpyroCTl1 .[(JIH HanpaBJieHl1H, neprreH,[(11KJJrnpHblX K 3TOH IIJIOCKOCTH, v - Kmcpqmu,11-

eHT IlyaccoHa, xapaKTepmyroIIUfii COKpaID,eHMe B rrrrocKOCT11 morponH11 rrp11 paCTmKeHHl1 B TOH 
)R'.e IIJIOCKOCT11; vz - K03cpqmu,11eHT IlyacCOHa, xapaKTep113yIOlll,11H COKpameH11e B IIJIOCKOCTl1 

~ G E G 1130TPOIIl111 np11 paCTH)R'.eHl1H B HarrpasrreHl1H, rreprreH)J,HKyrrHpHOM K HeH., = ---, -
2(1 +v) ' 

MO!zyJIH C)J,B11ra, xapaKTep113y10m11e 11CKa)R'.eHl1H yrrroB Me)R'.ey HarrpaBJieHHHMl1 B IIJIOCKOCTH 

1130Tp0III111 11 HarrpaBJieHHeM, rreprreH)J,HKYJIHpHOM K Heil: COOTBeTCTBeHHO. 

JlerKO 3aMeTHTb, qTQ )J,JIH 3THX Terr qH.crro He3aBl1Cl1MhlX yrrpyrHX IIOCTOHHHbIX paBHO IIHTH. 

,l{.rrn aHH30TpOIIHbIX Terr pa3rrH.qaIOT )J,Ba BH.[(a yrrpyroro paBHOBeCHH: o6o6lll,eHHOe nrroc

KOe HarrpH)R'.eHHOe COCTOHHHe 11 IIJIOCKylO .[(ecpopMaU,HIO. 3aKOH fYKa, OTHeceHHhlH K IIpOH.3-

BOJlbHOH Cl1CTeMe KOOp.[(HHaT, )J,JIH )J,Byx COCTOHHHH HMeeT COOTBCTCTBCHHO crreeyJOlll,HH BH)J,: 

!

t:xx = a11<Y xx+ al2<Yyy + a16<Y xy, 

t:YY: a12<Yxx +a22<Yyy +a26<Yxy, 

rxy - al6(jxx +a26<Yyy +a66(jxy' 

<Yzz=O, Yy,=rzx=O 

t:xx = Cn<Txx +c12<Yyy +c16<Yxy, 

t:YY = C12<Yu +c22<Yyy +c26<Yxy, 

1 
<Yzz =--(an<Yxx +a23<Yyy +a36<Yxy), 

a33 

(jyz = (j xz = 0. 

(9.227) 

(9.228) 

3)1,eCb cij - IIpHBe)J,eHHhle K03cpcpH1IHCHTbl )J,ecpopMaJJ,HH, CBH3aHHbie c aij OTHOWCHHHMH 

(9.229) 
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IlpH H3yqeHHH IIJIOCKOH 3a,n;a'IH TeopHH yrrpyrocTH ,n;.rrn: aHH30TpOIIHOro Tena '!aCTO B03-

HHKaeT Heo6xo,n;MMOCTh rrpeo6pa30BaHH}l yrrpyrHX IIOCTOHHHhlX rrpH IIOBOpOTe KOOp,D;HHaTHhIX 

oceii Ha yron a. )J,JIH opTurpOIIHOH IIJiaCTHHhl 3aKOH fyKa, OTHeceHHhlH K rnaBHhlM H HOBhlM 

rrpOH3BOJihHhIM OCHM, HMeeT BH,[I 

a CBH3h Me)J(,L(y yrrpyrHMH IIOCTOHHHhlMH orrpe,n;eJIHeTC}l cpopMyJiaMH: 

1 cos
4 

a [ 1 2v xv) . 2 2 sin
4 

a -=---+ -----· sm acos a+---E' G ' 
x ~ xy ~ ~ 

1 sin
4 a [ 1 2v xy) . 2 2 cos

4 a -, =--+ ---- sm acos a+---, 
Ey Ex Gxy Ex Ey 

I 1 [l+vxv I+vvx 1 ) . 2 -, =-+ --· +--·--- sm 2a, 
Gxy Gxy Ex Ey Gxy 

-=--- --+---- sm-2a v: vxy 1 [l+vxy l+vyx l ) . 7 

E; E 4 Ex Ev Gxy ' 

v' E' - 'E' yx x -Vxy Y' 

a1 =[sin2 a - cos2 a +..!.[_1 __ 2vxy)cos2a]sin2a, 
Ey Ex 2 Gxy Ex 

[
cos

2 
a sin

2 
a 1 [ 1 2v xy) ] · a 2 = --------- ---- cos2a sm2a. 

Ey Ex 2 Gxy Ex 

(9.230) 

(9.231) 

(9.232) 

Ilepeifi:1eM BIIOcrre,n;CTBHe K BbIBO,D;y cpopMyn, c IIOMOIUhID KOTOpbIX, npH ITOMOIUH MeTo,n;a 

T<DKil Bhlpa3HM KOMITOHeHTbl TeH3opa HaIIpH)J(eHH}l H nepeMemeHH}l qepe3 KOMITJieKCHbie no-



HEKOTOPhIE TIPI1JIO)l(EHIDI YIHTErP AJlhHbIX YP ABHEHYIM 781 

TeH[(llaJibJ [31, 32]. ,D,mr 3Toro IIO,[(CTaBHM Bbipa)l(eHne (9.227) B H3BeCTHOe ycJIOBHe COBMeCT

HOCTH ,[(e<j>opMaUHH 

a2" a2" a2" __ xx_+ __ YY_ = 2--xy-
Oy2 ax2 dxdy 

(9.233) 

H rrpHHHMaR BO BHHMaHHC Bbipa)l(CHHR KOMIIOHeHT TCH30pa HarrpH)J(CHHH, 1ICpe3 <l>YHKI.J;HIO 

3iiptt u 
.(J2U 

(j =---
>}' ax()y, (9.234) 

IIOJIYlJHM CJIC!J,yIOIIl,ee 6nrapMOHH1IeCKOe ,[(tt<J><PepeHI.J;HaJibHOe ypaBHeHne: 

()
4U o4U a4u o4U d4U 

a22 OX4 -2a26 dx3()y +(2al2 +a66) ax2ay2 -2al6 dxoy3 +all oy4 =0. (9.235) 

B lJaCTHOCTH, ypaaHeHne (9.235) MH oprorponHoii ITJiaCTHHKH B TaK Ha3I>rnaeMhIX TeXHH'Ie

CKHX IlOCTOHHHbIX, KOr,[(a HarrpaBJieHHH oceif x ll y COBIIa,[(aIOT c rJiaBHbIMH HarrpaBJieHHHMH yrr

pyrocTH, rrpHHHMaeT Bll,[( 

_1 o4
U +[-1 __ 2vxy )E_+_l d4

U = 0. 
EY ox4 Gxy Ex dx2()y 2 Ex ()y4 

(9.236) 

,ll,Jrn CJIYl:JaH IIJIOCKOH ,[(e<j>opMaI.J;HH, 6urapMOHH1IeCKOe ypaBHeHHe rrpHHHMaeT BH,[( 

o4U o4u o4U o4U o4U 
C22 OX4 - 2c26 ox3oy + (2cl2 + c66) ax2ay2 - 2cl6 dxoy3 +ell oy4 = 0. (9.237) 

YpaaHeHtte (9.235) MO)J(HO rrponHTCrpHpoBaTb B o6meM BH,[(e, npe,[(BapHTeJibHO 3anncaB 

ero CHMBOJIH1IeCKH c IIOMOIIl,bIO JIHHeHHbIX ,[(tt<P<J>epeHUHaJibHbIX orrepaTopoB B BH,[(e 

(9.238) 

3,[(ech CHMBOJI Lk o6o3Ha1IaeT orrepa1.1n10 

(9.239) 

r,[(e µk - KOpHH xapaKTepnCTHlJeCKoro ypaBHeHHj{ 

(9.240) 

ll3BeCTHO, 'ITO xapaKTepHCTHlJCCKHC ypaBHCHHH (9.240) ,[(JIH BCHKOro H)J;CaJibHO-yrrpyroro 

TCJia MOryT HMeTb JIH6o KOMIIJieKCHbie, JIH60 lJHCTO MHHMbIC KOpHH. Bo3MO)J(Hbl CJie.[(yIOIIl,He 

CJIY1Iall: 

a) hnµ1 > 0, Imµ2 > 0, µ3 = 14, µ4 = µ1 ; 

6) µ1 == µ 2 ==a+ i/3. 
Ko BTOPOMY cey'IaIO OTHOCHTCH CJiylJaii moTpormoil rrJiacTHHbI, KOr,[(a a == 0, /3 = 1 => 

=> /4 == µ2 == i, ~ == µ4 = -i. 
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B pa6oTaX C. r. JleXHHIJ;KOrO [31, 32] IIOKa3aHO, qTo rrpH OTCyTCTBMM 06'beMHhIX CMJI 611-

rapMOHMqecKoe ypaBHeHMe CBO~MTC»: K orrpe~eJieHM!O ~Byx aHaJIMTITTeCKMX <jlyHKIJ;MH <Po (zl) 

M l/F0 (z2 ) M»: onpe~eJieHM»: Temopa HanpmKeHMH {o-xx,O"yy'O"xy} M seKTopa cMern,eHM»: {u, v} 

opTOTpOIIHOH IIJiaCTMHhI. 3T11 COOTHOIIIeHM»: MMeIOT BM~ 

{

O"xx = 2Re[ Jli2<l>0 (Z1 )+ J4'P 0 (zz)], 

O"YY = 2Re[ <I>0 (Z1 )+ 'l'0 (z2 )], 

O"xy = -2Re[ fLi <I>0(z1) + µ1'I'0(Z2)], 

{

u = 2Re[ P1 <Po (Z1) + P21/Fo (Z2)], 

V- 2Re[ q1 <f'0 (Z1 ) + q21/F0 (z2 )]. 

µk - KOpHH xapaKTepwcnrqecKoro ypasHeHMH: 

(9.241) 

(9.242) 

pk = ~~ - ~x , (9.243) 
x y 

Ecnw TPaHcBepcaJihHO-M30TPOITHoe Teno Haxo~HTC»: B coCTo»:HMM rrnocKoil: ~e<jlopMa11;1111, 
TO KOMilOHeHThI Hanp»:)l(eHMH H CMeIIJ,eHMH onpe~emJIOTC»: no <jlopM)'JiaM 

O"xx +ayy = 2[ <I>0 (z)+<l>0 (z)], 

a-YY -O" xx + 2icr xy = 2[Z<I>~ (z) +'I' 0 (z)], (9.244) 

2µ(u +iv)= Klp0 (z)- z<l>0 (z)-1/1"0 (z), 
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BM.l( <}lopMyJI (9.244) amurom'leH COOTBeTCTB)'lOIUHM <}lopMYJiaM ):(JUI H30Tpormoro TeJia 

H, CJie):(OBaTeJibHO, MeTO):(hl pemeHHH 3a):(a'I IIJIOCKOH Ae<}lopMaD;HH H30TPOIIHOro TeJia MO)l(HO 

pacrrpocTpaHHTh Ha CJIY'lail: TPaHcBepcanhHO-H30TPOIIHoro Tena. 

EcJIH B HeKoTopoil: TO'IKe z~ (x~, y~ ), pacrroJio)l(eHHoil: BffYTPH o6nacTH aHH3orporrHoro Tena, 

rrpHJIO)l(eHa cocpeAOTO'leHHM CHJia c rrpoeKu;HHMH p H Q, a B TO'IKe z~* (x~·, y~*) IIpHJIO)l(eH 

cocpe,LIOTO'leHHhlll MOMeHT HHTeHCHBHOCTH M 0, TO <}JyttKu;HH % ( Z1 ) H lf/o ( Z2) HMeIOT BRA 

(9.245) 

r):(e: 

Ao =[iCP+µ2Q)+m-nµ2 ]14.1r(Jli -µ2), 

B0 =-[i(P+JLiQ)+m-nJLi ]14.lr(Jli -µ2 ), 

Im[ m(Jli +µ2)-nJLiµ2]=-[Re(JLiµ2)- C12]Q, 
cu 

3a11,aqa 1. Tpe~uHa B opToTponHoii 6ecKouequoii nJiacTuue. 
B ):(eKaPTOBOH CHCTeMe KOOp1urnaT xoy, OCH KOTOpOH COBIIa):(aIOT c rnaBHhIMH HarrpaBJICHHH

MH, paccMOTPHM IIJIOCKYJO 6ecKoHe'IHYJO OPTOTPOIIHYJO o6nacTh, KoTopaH ocna6neHa KpHBOJIH

HettHOH TPeIIJ:HHOH l. 3Ta o6JiaCTh Ha 6ecKoHe'IHOCTH IIOABep)l(eHa AettcTBHIO ycHJIHtt O":, O"~ , 
O"; . Ilpe.i::1rronaraeTcH, 'ITO cpeAa HaXOAHTCH B paBHOBecHH IIOA ACHCTBHeM caMoypaBHOBemeH

HhIX ycHJIHil:, rrpHJIO)l(eHHhIX K 6eperaM KpHBOJIHHeil:Hoil: rpeIUHHhI l (pHc. 9.30). OcHoBaHHeM MH 

orrpeAeJieHHH HarrpH)l(CHHO-Ae<}lopMHpOBaHHoro COCTOHHHH 6ecKOHe1IHOH OPTOTPQIIHOH IIJiaCTHHhl 

c TPeIUHHOH CJIY)l(aT COOTHOIIIeHHH (9.241)-(9.242), r):(e 

<I>o (z) = r + <I>(z), 

'I' 0 (z) = r' + 'l'(z). 
(9.246) 

(9.247) 
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t_t_t_t y t _ t~ t - t - -i 'y J . . t - - er. - zer, -i t -0 x 

i ~2 -er"' - -t -- - - - ~ -
Puc. 9.30. EecKotteqmui opTOrporrnaJ1 IIJIOCKaJI o6JiaCTb, ocJia6JieHttaJI rpe~HHOH l 

KpoMe Toro, H3BeCTHO, 1ITO IlOCTOJl:HHhle r, r' Y.L(OBITeTBOplUOT ycnOBHJIM 

r-r=o, 

142r + µ;r + µir' + µ;r =a-;, 
r + f + r' + r' = er;, 

14 r+ JI.. f + µzr' + µzr' =-a-;. 
Ha 6eperax TPeJJJHHhl l 3MaHhI HopManhHhie H KacaTenhHhie Hanp5DKeHHJ1 

(a-;!° +ia-;t)i . 
tel 

IlpHHHMaJI: BO BHMMaHMe H3BeCTHylO <t>opMyny 

1 -2iii 

o- +io- =-(0" +o- )--e-(o- -er +2io- ) 
n '2.u YY 2 xx yy xy 

(9.248) 

(9.249) 

(9.250) 

M npe.L(enbHhie 3HaqeHHJl KOMIIITCKCHhIX IlOTeHU:HaITOB B Bhlpa:>KeHMJl:X (9.241), 6y.L(eM HMeTh 

cne~mne cooTHoIIIeHHJl Ha 6eperax TPeJJJMHhI l: 

KOr,L(a 

a-;!'+ iif, =Re{ (1 + µ..2 )<t>;(t1 ) + (1 + µi)\f; (t2 )} + 

Z -H=z+iy, } 

Z1 ~ ti = X + /4 y' 

Z2 ~tz =x+µ2Y· 

IlpHHHMaJI: BO BHMMamre Bhipa)J(emrn (9.252), HMeeM: 

t+t t-t 
x=T, y=-i2, 

t1 =~{CI-iµ..)t+(l+iµ1 f}, t2 =~{(l-iµ2 )t+(I+iµ2 )f}. 

(9.251) 

(9.252) 

(9.253) 
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.[{u:cpcpepemi;u:pyH (9.253) OTHOCHTeJibHO t ll t, HMeeM: 

dt1 = .!_{(l-i14) + (1 + iµ ) dt}, dtz = .!_{(1-i~) + (1 + iµz) dt}, 
& 2 I & & 2 & 

dt1 = 2-{(1-;14) dt + (1 + i14 )}, dtz = 2-{o-i~) dt + (1 +iµ2 )}. 
dt 2 dt dt 2 dt 

BI>1pa)l(eHHH (9.251) rrocne rrpeo6pa3oBaHHH rrpHHHMaIOT BH,ll,: 

(1 +iµ1 ){(1-i!Ji )+ ~: (1 + iµ1) }<t>±(t1 ) + (1 +!Ji )X{ (1-i!Ji )+ ~~ (1 +i!Ji) }<t>±(t1 ) + 

+(l + iµ2 ){(l-iµ2 ) dt (1 + iµ2 )}'l'±(t2 ) + (1 + iµ2 ) {(l-iµ0 ) + dt (1 + iµ2 )}'I'± (t2 ) = & - & 

= 2f±(t), 

f±(t) =a:+ i~ -~{ (1 + JLi2)r + (1+142)r + (1 + µ;)r' + (1 + µ~)r }

_.!_di {o + i14 )
2 r + c1 + i14 )2r + (1 + i~ )2r' + c1 + iµ2 )2r}. 

2 dt 

dt 
YMHO)l(aH - Ha corrpH)l(eHHOe K (9.255) Bbipa)l(eHH:e, HMeeM: 

dt 

785 

(9.254) 

(9.255) 

(9.256) 

YMHO)l(aH (9.255) Ha (1-iµz) H (9.256) Ha (l+iµz), a 3aTeM COOTBeTCTBeHHO Bhl1HITaH 

0)1,HO H3 ,ll,pyroro, IIO.Jiy1IHM: 
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BhlqIITM II CKJia,D:hIBM COOTBCTCTBCHHO BblpIDKeHIIH (9.257) II rrplIMCHAA <jlopMyJihl Coxou:

Koro-IlrreMeJIH 

<l>± (ti ) = ± _!_ tp(tt ) + _l_. f tp( 1'1 ) d Tl' 
2 2m 1 r 1 -t1 

(9.258) 

tp±(tz) = ±_!_ y(tz) +~ f y(Ti) dTz, 
2 2m 

1 
r2 -t2 

(9.259) 

(9.260) 

IlplIHIIMM BO BHIIMaHIIe (9.254) II corrpH)l(CHHbie K HIIM, Bbipa)l(CHIIH (9.259) M (9.260) 
IIplIMYT COOTBeTCTBYIOIUIIH BM.[(: 

- dt - - dt - - dt 1 • 
(JLi-µz) d;tp(t1)+(J1i-µz) d;tp(t1)+(µ2 -µ2 ) d: y(t2 )=2g1(t)=q1 (t), (9.261) 

11i-!"2 dt1 Jtp(r1) dr'1 _l4-!"2 dt1 J.!(ri2_dr1 + 
m dt 

11 
r 1 - t1 m dt 

11 
r1 - t1 

(9.262) 

+µz-.µ2 dtz J y(r2) dTz =_!_g2(t)=q;(t). 
m dt 

12 
r2 - t1 2 

Pa3pernaH (9.261) OTHOCMTCJlhHO y(tz), IIMCCM 

( ) - 1 dt ' ( ) Iii - µ2 dt1 ( ) µI - µ1 dtl -( ) y t1 ---=-qi t ---=-tp ti ---=-tp t1 . 
µ2 - µz dt2 µz - µ2 dt2 µz - µ2 dtz 

(9.263) 

IlpMHIIMM BO BHIIMaHIIe (9.263), BTOpaH <jlopMyJia (9.247) .[(JIH HHTerpaJia THIIa KoIIIM 'P(zz) 

rrplIMCT BM.[( 

'P(z
2

) . 1 Jq~(r) dr 1!1-µ2 Jtp(ri) dr1- ~--;i; Jtp(r1) dr
1

• (9.264) 
2m(µz-µz) i Tz -z2 2m(µz-µz) i, Tz-Z2 2m(~ -µz) i, Tz -z2 
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YpasHeHHe (9.262) Ha ocHoBaHHH qmpMJJihl CoxoQKoro-llrreMemr .n;mr KOMTIJieKcHoro rro
TeHQHaJia 'I' ( Z2) rrpHMeT BH,ll 

µ1 -!1'2 dt1 f cp(r1) dr1 _flt -11'2 dt1 f_!(Z'12 dr1 -
m dt 11 r1 - t1 m dt 1i r1 - t1 

- dt2 {µ, -!1'2 f <p(r1) dr1 +flt -11'2 f cp(r1) dr1} = 
dt m 1 r2 -t2 m 1 r2 -t2 1 1 

(9.265) 

_ • dt2 1 f q; ( r) 
-q2(t)-----:- --dr, t, ti' t2 E /,IP 12 cooTBeTCTBeHHO 

dt 1rl I T2 -t2 

HJIH B .n;pyroH: qmpMe: 

flt-.~ f{-l _dt1 __ I _dt2 }cp(r1 )dr1 -
m 

1 
r 1 - t1 dt r 2 - t2 dt 

1 

flt - µ 2 f{ 1 dt1 1 dt2 } ( )d _ • ( ) dt2 1 f q; ( r) -d - . ~-+--- cp r1 r1 - q2 t -----:- -- r. 
m 

11 
r1 - t

1 
dt r2 - t2 dt dt m 1 r2 - t2 

(9.266) 

KaK .n;mr H30TporrHoro Tena c TPeIQHHOH, TaK H .n;mr aHH30TpoIIHoro, .n;mr rroJIHoro perneHIDI 
rrocrnsneHHOH 3a.n;aqH H)')KHO CHY (9.266) .ri;orroJIHHTb ycnosHeM o.n;H03HaqHocTH cMeIQeHHH 
BOKpyr KOHrypa: 

(9.267) 

IlpH z -7 t cpopMJJibI (9.242) IIOCJie ,llHcpcpepemi:HpOBaHIDI rrpHHHMaIOT BH,ll 

du±(t) .dv\t)_( . )dt1<1>±() (- .-)dt1<1>±() --+1--- P1+1q1 - f1 + P1+1q1 - ti+ 
dt dt dt dt (9.268) 

. dt2 rn± - .- dt2 --;--
+(p2 +iq,)- r (t2)+(po +1q2)-'1' Cto), 

- dt - dt -
H ycJIOBHe (9.267) IIOCJie :noro 3aIIHIIIeTCH cne.n;yroIQHM o6pa30M: 

(pl+ iql) f[ <I>+ Ct1)-<l>-(t1) ]dtl + ( P1 + iql) K <l>+(tl)-<l>-(tl) Jdtl + 
4 4 

+(P2 + iqz) f[ 'I'+ Uz)- '¥-(t2)] dt2 + ( P2 + iq2) K '¥+ Ctz)- '¥-(tz) J dt2 = 0. 
(9.269) 

G G 

IlpHMeHHH cpopMJJibI CoxoQKoro-llrreMeJIH ycnom1e (9.269) rrocne HeKOTOphlx rrpeo6pa30BaHHH 
IIpHHHMaeT BH,ll 

{(P1 +iq1 )(µ2 -µ2 )-(P2 +iq2)(flt -µ2 )+(P2 +iq2 )(flt-~ )}x 
X f'PCt1)dt1 +{(P1 +i°ii)(µ2-µ2)-(P2 +iq2)(µ1-µ2)+ 

11 

+(p2 +iq2)(flt-µ2)} jcp(t1)dt1 =-(p2 +iq2 ) fq;(t)dt+(p 2 +iq2) fq;(t)dt. 
/i I I 

(9.270) 



788 rJIABA9 

CmrryIDipHOe mrrerpanoHoe yprumemre (9 .266) H ycnomre o,[(Ho3HatJHOCTH nepeMemeHHH 

(9.269) BOKpyr KOHl)'POB COCTaBnJIJOT CHCTeM)' ypaBHeHHH, KOTOpaH nocne orrpe.n;eneHHH IInOT

HOCTH <p(tl) cnoco6Ha IIOJ1HOCThlO orrpe.n;enHTh HanpIDKeHHO-.n;e$opMiipOBaHHOe COCTOJIHHe 6ec

KOHelJHOH opTOTpOIIHOH IIJIOCKOCTH c rperu:HHOH. 

3~aqa 2. Y CUJleHHe H30TpODHbIM CTpHHrepOM OeCKOHe'IHOH OpTOTpODHOH DJiaCTHHbl 

c Tpem,unou [3]. 
PaccMOTpHM IIJIOCKYfO 6eCKOHe1JttyIO opTOTponttyIO o6naCTh OTHOCHTeJ1hHO )l,eKapTOBOH 

CHCTeMbI KOOp)l,HHaT xoy, OCH KOTOpOH COBIJa)l,aJOT c rnaBHbIMli HarrpaBJieHHJIMH. 3Ta 06-

JiaCTb Ha 6ecKOHelJHOCTH IIO)l,Bep)KeHa .n;eii:CTBHIO YCHJIHH a;, a;, (]'~, a B TOlJKe z Harpy

)KeHa cocpe,n;OTO'leHHOH CHJ10H x + iY. Ilpe.n;rronaraeTCJI, lJTO cpe.n;a HaXO)l,HTCJI B paBHOBecmr 

ITO)l, .n;eii:cTBlieM caMoypaBHOBeIIIeHHbIX ycHJIHH, npHJIO)KeHHbIX K 6eperaM KpHBOmrneii:HOH 

Tperu;HHbl l Ii B03HHKaIOmHX KOHTaKTHbIX HarrpJI)KeHHH Ha rpaHmi;e Me)K,ll;y opTOTpOITHOH rrna

CTHHOH H rrpHMOJIHHeHHbIM H30Tp0ITHhlM CTpHHrepoM L KOHetJHOH MHHhI. HanpaMeHHe CT}JHH

repa COBIJa)l,aeT c O)l,HliM H3 rnaBHbIX HanpasneHHH ynpyrocTH OCblO Ox (pHC. 9.31). 

t -- t~ t -- t 
y t __ t_t_t - --+ t_:+iY 

± . ± f u'.; - f «CT• - 10"1 -+ z t - -- x 

+ 0 stringer L k - --+ t - -+-+-+-+ +-+-+;:+ 
Puc. 9.31. IInocKaJI 6ecKoHetJHM oprnrporrHM o6nacTh, ocna6neHHaJI rpemnHoJ:i: l H o.n;HoBpeMeHHO 
ycnneHtte H3orporrHhIM rrpJIMomrneJ:i:HhIM crp1rnrepoM: L 

rpaHHlJHhle yCJIOBHJI, 3a)l,aHHbie Ha KOHrypax [ H L, aHaJIOrHlJHbI COOTBeTCTByIOlllHM yc

JIOBHJIM B cnyqae H30TpOIIHOH cpe,ll,bl, T. e. 

a) Ha 6eperax rpemHHhI l 3a)l,aHbI HopMaJihHoie H KacaTeJibHhle HarrpJI)KeHHJI 

(a: + id," )L ; (9.271) 

6) Ha rpamuie Me)K,ll;y ITJiaCTHHOH H CTpHHrepoM 3a,n;aeTCJI CJie,!IJ'lOmaJI CHCTeMa rpaHlilJHbIX 

ycJJOBHH: 

+ _ du; du; + + 
<J'n = <J'n , Ea = --= --, Un + iu, = u; + iu;. 

dt dt 
(9.272) 

Ifa rrepsr,1x ,ll,Byx ycnosHii (9.272) cne,ll,yeT Bhipa)KeHHe 

"h[( + . +) ( - . -)J ES d [ 1 + Vyx +] 0 l (J' -/(]' - (J' -t(J' + - -(]' --(]' = . 
n t n t 0 0 dt E s E n 

x y 

(9.273) 

KOMIIJ1eKCHbie IlOTeHI}HaJibl ct> 0 ( Z1) H '¥ 0 ( Z2) HMeIOT CJie,ll,yIOlllliH BH)l, B HCCJJe,ll,yeMOH 3a)l,atJe: 

<l>
0
(z

1
) = <l>(z

1
) + r + Cn X + C12Y, (9.274) 

Z1 -qi 
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(9.275) 

(9.276) 

C = 1 µ2µ2 + µ1µ2 + µ1 µ2 +v,Y 

i2 2ni (µ1 -µ2)(fli -:U1 )(1-~2 l 

C = 1 JLiµ, +µ2µ1 +µ2µ, +vxy 
22 2

ni (µ2 - µ,) (µ2 -:U2)(1- ~~ J (9.277) 

OTHOCHTeJihHO ITOCT051HHhIX r H r' OHM Y.JJ:OBJiernopHIOT H3BeCTHbIM HaM YCJIOBHHM (9.248). 
,[0H Toro qT06hI Bhlpa3HTh ITOTeHI(HaJI 'I' ( Z2) qepe3 ITJIOTHOCTH rp(tl ) H g (tl ), Hy>KHO 3a-

ITHCaTb, KaK H B rrpe;::i:hl.JJ:Yll(HX nccne;::i:yeMhIX 3a,n,aqax, rpa~Hbie ycJIOBHH c ITOMOII(hIO rrpe;::i:eJib

HhIX 3HaqeHHH <I>o(Z1) H 'I' o<z2)· IlpoBO.JJ:H aHaJIOrHqHbie orrepaUHH OTHOCHTeJibHO rpaHHqHoro 

ycnoBHH (9.271), 1<a1< H paHhme, 6y;::i:eM HMeTh: 

u1 ( )--1-f y(r2) d - 1 f q;(r) d -
r z Z2 - . r2 - - r 

2m 1, Tz - Z2 2Jri(µz - µ2) I 'rz - Zz 
(9.278) 

q;(t) =~[!2+Ct)- !2-(t)], 

f2±(t) = -i( l-i:U2) J;±(t) + i ~: (1 + i:U2).fi±(t), 



790 rJ1ABA9 

BocrroJib3osaBIIIHC& rrpo.L(H<P<PepeHI~HpyeMDIMH s&1pa)l(eHHj{MH (9.242) rrpH z ~ t± E L u T})eTu

HM ycJIOBHeM (9.272) (c yqeTOM qiopMyn Coxm~Koro-IIneMemr), rronyqttM: 

(9.279) 

Pa3peUiaSI ypasHeHHe (9.279) II corrpsr)l(eHHOe eMy OTHOCHTen&HO lf/(f2 ), B KOHeqHQM HTore 

HaH,D,eM Bbipa)l(eHHe KOMIIJieKCHOro lIOTeHI~Hana '¥I (Z2): 

Ilocne orrpe,D,eJieHHH KOMIIJieKCIIbIX IJOTeHI~HaJIOB IIO,!l,CTaBHM B ycnOBHe (9.273) 3HaqeHHe 

Harrpsr)l(eHHii, Bbipa)l(eHHbIX qepe3 KOMrrneKCHbie noTeHUHaJibI <I>o(Z1) H '¥0CZ2). fipHMeHAA 3a

TeM cpopMyJihl CoxouKoro-IlJieMeJISI, IIOJiyqHM CJie,DJ'IOmee CHHryJISipHoe HHTerpalibHOe ypaB

HeHHe: 

+[(1-iµ1)+(1-iµ2) f¥h-M +(l-iµ2) Aqz-P2q;]dt1 cp(t1)}+ 
A%-A% A~-A% & 

+ EoSo d {(Bi+ B3 Pi q;_ - p;q1 dt, + B4 p,q2 - P2q1 dt1 J <PCt1) + 
4 dt P2q2 - P2q2 dtz P2q2 - P2q2 dtz 

+(B2+B3 AA-AA dt, +B4 Prq2-P2q; dt1J<PCt1)+ 
Pzqz - Pzqz dtz P2q2 - P2q2 dt2 
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+ B~ p1q2 - P2q1 f tp( 'Z"1) di-
1 
_ B~ P1q2 - P2q1 f tp( 'Z"1!_ di-

1 
_ 

m P2q2 - P2q2 4 'Z"2 -t2 m P2q2 - P2q2 4 'Z"2 -t2 

(9.281) 

B 1 [1 2 2 (1 . dtl (1 . dtl] vyx [<1 . dtl . dtl] =- + /4 + -114)-- -114)-=- -- +114)-+(l-114)-=- , 1 
Ex dt dt EY dt dt 

B 1 [ 2 2 • dt2 . dt, ] v vx [ • dt, =- 2+ µ, -(l+zµ )--(I-111 )-===- ---- (l+zµ,)-- + 3 Ex - 2 dt rz dt EY - dt 

Ilo,!:\CTaBIDIH B ycnOBJi!e (9 .271) 3Ha11emrn HarrpH)l(emrli, Bhipa)l(eHHblX 11epe3 KOMIIITeKCHhie 

IIOTeHI~HaIThI <I>a(Z1) H 'Pa(Z2) H rrpHMCIDIH H3BCCTHbIC cpopMyIThI Coxo~Koro-IlJieMemr, IIOJIY

'IHM CJie,!:\yJOil.lCC CHHJYJIHpHoe HHTerpanhHOe ypaBHeHHe: 
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r.n.e 

(9.283) 

Peruemre CHCTeMhI ypaBHeHHH (9 .281 )-(9 .283) rronHOCThlO orrpe.n.emreT HarrpmKeHHO-)l,e

$opMHpoBaHHOe COCTOHHHe HCCneeyeMOH HeO,[(HOpO.ll,HOH cpe.ll,hI. 

PaccMOTPeHH)'IO 3a.n.aqy MO)l(HO o6o6IIIliTh Ha cnyqail: KOHeqHoro qHcna HerrepeceKaIOIIJHXCH 

TpellJHH, CTpHHrepoB H cocpe,n:oTOqeHHhIX CHn. EcnH pacrrono)l(eHHe CTpHHrepa He COBrra.n.aeT 

c rJiaBHhIM HarrpaBJieHHeM yrrpyroCTH, TO rpaHflqHOe ycnoBHe (9.273) B coqeTaHHH c <f>opMJna

MH (9.231), (9.232) rrpHHHMaeT BH,[( 

[ 

I l . + . + - . - d 1 + vyx + + 
1h[(O'n -10'1 )-(O'n -10', )]+E0S0 - -,0', --, O' +a10', =0, 

dt Ex Ey n 
(9.284) 

OTKy.n.a MO)l(HO IIOJI)"IHTh paBeHCTBO, Bhipa)l(eHHOe qepe3 rrpe.n.enhHhie 3HaqeHHH KOMIIJieKCHhIX 

IIOTeHIJ,HaJIOB. 

9. 7. Knaccu'leCKue nnocKue mepMoynpyaue 3aoa'lu 

PerueHHe KpaeBhIX 3a)l,aq J(J1H MHoroKoMrroHeHTHhIX cpe.n. CJIY)l(aT ocHoBoil: rrpH rrpoeKTH

poBaHHH 1neMeHTOB KOHCTPJKIIHH H3 HOBhIX KOMII03HTHhIX MaTepHaJIOB. ITpoqHOCTh H xapaK

Tep pa3pyrueHHH TaKHX MaTepHaJIOB HapH.Izy c TaKHMH <f>aKTopaMH, KaK reoM~flqeCKHe pa3Mephl, 

xapaKTep HarpJ)l(eHHH HT. II. cyruecTBeHHO 3aBHCHT OT cpH3HKO-MexaHflqeCKHX xapaKTepHCTHK 

HX COCTaBJIHIOIIJHX. 

KoHCTPYKU.HOHHhie 3neMeHTbI THIIa rrnaCTHH rrrnpoKO HCIIOnb3yKJTCH B COBpeMeHHOH HH

)l(eHepHOH rrpaKTHKe. Bo MHOrHX cnyqaHX OHH H3rQTOBneHbI H3 aHH30TPOilHbIX MaTepHaJIOB, 06-

na.n.aromHX pa3nHqHbIMH ynpymMH H TeIIJIOBbIMH CBOHCTBaMH B pa3nHqHbIX narrpaBneHHHX. 

lionbIIIOH HHTepec rrpe.n.crnBnHeT myqeHHe HarrpH)l(eHHO-.n.ecpopMHpOBaHHOrO COCTOHHHH KaK 

H30TPOITHblX, TaK H aHH30TPOilHbIX Ten, co.n.ep)l(a111Hx TPeIIJHHhI H HHOpO,[(Hbie BKJIIOqeHHH, ITO.[( 

.n.eHCTBHeM MexaHflqeCKHX H TeIIJIOBbIX narpy30K • .nmr IIOCTPOeHHH MaTeMaTHqecKoil: TeopHH pac

qcra TaKHX 1neMeHTOB KOHCTPYKU.Hil: na rrpoqnocTb, )l(eCTKOCTb H ycToil:qHBOCTb 3.n.ecb 6y,n:eT 

HCilOnb30BaHa MO)l,enb nHHeHHO-TepMoyrrpyroro Tena. 06IIJaH TeOpHH 3TOH Mo.n.enH rrpe.n.rrona

raeT: a) KOMIIOHeHTbl .n.ecpopMaIJ,HH HBnHIOTCH MaJibIMH BenflqHHaMH; 6) Me)l()l,y KOMilOHeHTaMH 

.n.ecjlopMaIJ,HH H HarrpH)l(eHHH HMeIOT MeCTO nnneil:Hhie 3aBHCHMOCTH, orrpe.n.enHeMbie o6o6men

HblM 3aKOHOM fyKa H 6) yrrpyrHe H TerrnOBhie xapaKTepHCTHKH Tena He 3aBHCHT OT TeMrrepazy

pbI H HarrpH)l(eHHH. ilpH 3TOM rrpe.n.rronaraeTCH, TaK )Ke KaK H B nnocKHX 3a.n.aqax TeopHH yrrpy-
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roCTH, qTo Teno npe.ri;cTaBJUieT co6oli IIJiaCTHII)', HaxOMUzyIOCH B o6o6meHHOM IIJIOCKOM HarrpH

')KeHHOM COCTOHHIUi, HJIH B COCTO.!IHHH IIJIOCKOH .ri;e<l>opMaIJ;HH, a ,!J;JI.!l aHH30TpOIIHbIX Ten B Ka')K

,!J;Oll ero TO'!Ke HMeeTC.!l IIJIOCKOCTb ynpyroli H TeJIJIOBOH CHMMeTpHH. PacrrpocTpaHeHHe Terrna 

B o6naCTH, 3aHHMaeMOH TenoM, cqHTaeTCH CTaIJ;HOHapHbIM H He 3aBHCHIUHM OT BpeMeHH H KO

op.ri;HHaTbl z. 
IlycTb B o6naCTH, 3aHHMaeMOH aHH30TpOIIHbIM TenoM, TeMnepaTYPa T 3aBHCHT KaK OT 

BpeMeHH, TaK HOT .ri;eKapTOBblX HnH opTOrOHaJibHbIX KpHBOnHHeHHbIX KOOp,!l;HHaT, npHqeM Ka

caTenbHbie K KOOp,!l;HHaTHblM nHHHHM B Ka')K,!J;Oll TOqKe orrpe.ri;enHIOTCH e.ri;HHHqHbIMH BeKTOpa-

MH (opTaMH) i, j, k. Bo1.ri;enHM BffYTPH 3Toli o6nacTH 3neMeHmpey10 rrnoma.ri;ry c HOpMa

nhIO n B npomBonbHOH TOqKe. Ha3oBeM BeKTopoM TeTIJiorrpoBo.ri;HoCTH B 3Toli TOqKe qepe3 IIJIO

IUMKY c HOpManbIO n BeKTop 

(9.285) 

r.ri;e kii - Km<l><l>Ha;HeHTbJ TerrnorrpOBO,!J;HOCTH, ai - KOCHttyCbJ yrnoB Me')K,!J;y BeKTopaMH n 

H OpTaMH i, j, k. 

Ilnoma.ri;KH, Ha KOTOpbIX BeKTOP TeTIJiorrpOBO,!J;HOCTH HarrpaBJieH ITO HOpMMH n, Ha3bIBaIOTC.!l 

rnaBHbJMH IIJIOIUa,!J;KaMH TeTIJiorrpOBO,!J;HOCTH, a HarrpaBneHHH HOpManeli K 3THM rrnoma.ri;KaM -

rnaBHbJMH HarrpaBneHHHMH TerrnorrpoBO,!J;HOCTH. 

Ha3oBeM BenHqHHY 

(9.286) 

IlJIOTHOCThIO ITOTOKa TeTIJia qepe3 3neMeHTapttyIO rrnoma.ri;ry c HOpMMbIO n. Ty H3 3neMemap

HbJX nnoma.ri;oK, rrpoXO,!J;.!!IUHX qepe3 npOH3BOnbttyIO Toqry Tena, Ha KOTopoli IlJIOTHOCTb ITOTOKa 

TeIIJia rrpHHHMaeT MaKCHMaJibHOe 3HaqeHHe, Ha30BeM rnaBHOH IlJIOIUa,!J;KOll ITOTOKa TeIIJia, a Ha

rrpaBneHHe, HOpMMbHOe K 3TOH rrnoma.ri;Ke, - rnaBHbJM HarrpaBJieHHeM ITOTOKa Terrna B 3TOH 

TOqKe. 

EcnH OCH KOOp,!l;HHaT COBIIa,!J;aIOT c rnaBHbIMH HarrpaBJieHHHMH TeTIJIOIIpOBO,!J;HOCTH, TO ypaB

HeHHe TerrnorrpOBO,!J;HOCTH MO')KHO 3aJJHCaTb B BH)l;e 

a2T a2T a2T aT 
ku--2 +k22--, +k33--2 =cp--Q, ax ay- az at (9.287) 

r.ri;e c - y.ri;enbHaH TerrnoeMKOCTb Tenna, p - ero rrnoTHOCTb, Q - KOnHqeCTBO Tenna, Bbl

.ri;en.!leMoe e.ri;Hmra;eli 061,eMa 3a e.ri;HHHa;y BpeMeHH. 

)],rrn Haxo')K,!J;eHHH onpe.ri;eneHHoro peUieHHH ypaBHemrn TennonpoBO,!J;HOCTH Heo6xo.ri;HMO 3a

.ri;aBaTb HaqanbHoe H rpamrqHoe ycnoBHH. HaH6onee pacnpocTpaHeHHbIMH rpaHmHhIMH ycno

BH.!IMH HBn.!IIOTCH cne.ri;y10mHe: 

a) rpaHHqHbie ycnOBHH nepBOro po.ri;a, KOr.ri;a BCIO,!J;y Ha IlOBepXHOCTH Tena 3a,!J;aIOTCH 3Ha

qeHHH TeMrrepaTYPbI 

T =Ji (x, y, z, t); (9.288) 

6) rpaHffqHbie ycnoBHH BToporo po.ri;a, KOr.ri;a Ha IlOBepXHOCTH Tena 3a)l;aIOTCH 3HaqeHHH 

nnoTHOCTH IlOKa Tenna 

---K.gradT = f 2 (x, y, z, t); (9.289) 
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B) rpamrqHoe ycJIOBHe TpeThero po.n;a, Kor.n;a Ha noaepxHOCTH TeJia 3a)J;aIOTCH ycJIOBffj{ Ten

JIOo6MeHa c BHenrneil: cpe.n;oil:, TeMnepaTJPa KOTopoil: paaHa ~P 

(9.290) 

r.n;e A, - Ko3<P<lmu,HeHT TenJioo6MeHa. 

PaccMoTpHM U,HJIHH,IIJl~ecKoe TeJio, y KOToporo o6pa3JIOlll,M 6oKoaoii noaepxHOCTH nep

neH.n;HeyJIHpHa K ITJIOCKOCTH .n;eKapTOBblX KOOp,ll;HHaT, a OCHOBaHHj{ TenJIOH30JIHpOBaHbI. IIpe.n;

IIOJIOiKHM, qTQ TeMnepaTypa TeJia B mo6oii TO'IKe 3aBHCHT TOJibKO OT KOop,n;HHaT x Hy. KpoMe 

Toro, 6y.n;eM cqHTaTb, 'ITO TeJio o6Jia,naeT TaKOH npHMOJIHHeMHOM TeITJIOBOM aHH30TpOITHeil:, qTQ 

B Kaj[()J;OM ero TOqKe O,ll;HO H3 rJiaBHbIX HanpaBJieHHM TenJionpoBO,ll;HOCTH nepneH,n;HKYJIHpHO 

K IIJIOCKOCTH xoy. 
Ecm1 TeJIO O)J;HOpo;::i:Ho H BHyTPH ero OTCJTCTByeT HCToqHHKH H CTOKH TenJia, TO H3 ypaB

HeHHH (9.287) CJie.n;yeT, qTQ B o6Jiacrn, 3aHHMaeMOH TeJIOM, TeMIIepaTJPa )J;OJiiKHa y.n;oBJieTBO

pHTb ypaBHeHHIO TeITJionpoBO)J;HOCTH 

a1r a1r a1r 
Ai1-a "+2Aiz-a a +~2-a z =O, x- x y y 

Ai 1 =kncos 2 a+k22 sin2 a, 

~2 = k11 sin 2 et+ k22 cos2 a, 

A.i2 = (ku -k12 )sinacosa, 

(9.291) 

(9.292) 

a - yroJI MeiK):(J ocbro Ox 11 o;::i:HHM H3 rnaBHbIX HanpaaneHHM TenJionpoao,nHOCTH. BeJIH'IH

HbI k;;, A;j HBJIHIOTCH IIOCTOHHHblMH. 

061ll,ee perneHHe ypaBHeHHH (9.291) npe;::i:CTaBHM B BH):(e (44, 45J 

T = F(z3 )+ F(z3 ). (9.293) 

3.n;ecb F(z3 ) - npomaoJihHM aHanHTHqecKaH <PyttKD,ffj{ KOMIIJieKcHoro nepeMeHHoro z3' µ3 -

O):(HH H3 KOpHeM xapaKTepHCTll'IeCKoro ypaBHeHHH 

~2µ2 + 2A.i2µ +A.ii = 0, (9.294) 

T. e. 

µ3 =(-Aiz +i~kuk22 )t ~z· 
Tenepb Bbipa3HM noTOK qepe3 <l>JHKU,HIO F(z3 ). Y<IHTbIBM, qTo /31' /32 - HanpaBJij{IOlll,He 

KOCHHyCbI HOpManH K 3JieMeHry ds, nonyqHM 

Kn"gradT = (Ai1 aT + ..1.i2 aT)/Ji +(.-1.iz aT + ~ "dT)Pz. ax ay ax cry (9.295) 

c ITOMOlll,blO (9.293) BbipaJKemrn (9.295) 3aITHIIIeTCH B BH.n;e: 

Kn ·gradT =A; F'(z3 ) +A; F'(z3 ), (9.296) 



HEKOTOPhlE IlPHJIO)l(EHIDl HHTEf P AJihHhIX YP ABHEHHH 795 

EcJIH HCCJiel(yeMoe Ol(HOpO,LIHOe Teno HaXOl(HTCH B COCTOHHHH rrnoCKOH JJ;ecpopMan:1rn 
H B KIDKJJ:OH ero TQqKe HMeeTCH IIJIOCKOCTb yrrpyroif CHMMerpHH, rreprreHl(HKYnHpHaH K OCH z, 
TO 3aBHClfMOCTh MeJK,Jzy KOMIIOHeHTaMH HarrpH)J(eHHH H JJ;ecpopMall,HH orrpeJJ;eJIHeTCH ypaBHeHHHMH 
3aKOHa fyKa: 

HnH 

cxx =anO'xx +£li20"yy +a130"zz +a160'xy + f311T, 

t:YY = lli20' xx + a220" yy + a230" u + a150' xy + f322T' 

t:zz = auO' xx + a230"yy + a330" zz + a36a xy + f333T = 0, 

2t:xy = rxy = al60" xx+ Oz60"yy + a360'zz + a660'xy -2/366T, 

Yvz = a44o-y, + a4scrx, = 0, 

Yxz = a4s0' yz + assO' xz = 0 

(9.297) 

{

€xx =c110'xx +cuO'yy +c,60'xy +a1T, 

c yy : c 120',n + C220" yy + C260' xy ~ a2T, (9 .298) 

Yxy - C150" xx+ Cz60'yy + c66axy 2a6T. 

3JJ;eCb aij, cij - Kmcpqmun:eHTbI yrrpyroCTH, CBH3aHHble cpopMYnaMH (9.229); /3ii - K03cp

cptt:n:HeHTbI, orrpeJJ;enHIOIIIHe KOMIIOHeHTbl Temopa JJ;ecpopMaQHH CB060JJ:HOrO OT BHeIIIHHX CHn 
3JieMeHrn Tena rrpH H3MeHemrn TeMrrepaTyphI Ha OJJ:HH rpaeyc. 

{
a; = f3u - {3330;3 I a33' 

a6 = /366 + /333a36 I 2a33· 
(9.299) 

IlpH ycnOBHH, qro K03cpqmu;tt:eHThI cij' aj' A,j HBJUIIOTCH IIOCTOSIHHbIMH BeJIJ1qtt:HaMH, He 3a

BHCSIIIIHMH OT KOMIIOHeHT HarrpxJKeHHH, KOOp,LIHHaT H TeMrrepaTypbl TeJia, 3a1mrneM cpopMyJibl 
~H KOMIIOHeHTOB HarrpSI)J(eHHH H CMeIIIeHHH, Bbipa)J(eHHbIX qepe3 KOMIIJieKCHbie IIOTeHQHaJibI 
<l>o(Z1), 'I' o<z2) H Fii(Z3) IIpH CTaQHOHapHOM TeMrreparypHOM none [45]. 

O'xx = 2Re[ J42<1>o(Z1) + µi'Po(Z2) + µoµJ Fo(Zo)], 

O"yy = 2Re(<t>0(z1)+ 'l'0 (z2)+ µ0Fo(z3)], 

O' xy = -2Re[µ1 <1>0(z1) + µ1'I' 0 (Z2) + J4iµ3 F0 (z0 ) J, (9.300) 

u = 2Re[p1{00 (z1) + P21f/o (Zz) + P.¥/o(Z3)), 

V = 2Re[ q1%(Z1) + q11f/0 (Z1) + q2{0o(Zz) + q,lf/o(Z3) J. 

{
pi =C11µ~+C12-Cl6µj, 
µjqj = C12µJ + C22 -Cz6µj j = 1, 2, 

p, =ai +µo(c11µi-c16µ3+c12), 

~q. = az + µo (c11µi-c26µ3 +c22), 

µ 0 =-(-a1µi +2a6µ3 +a2)1 A(µ3 ), 

A(µ3) = c11 (µ3 - µ1)(~ - µ1)(µ3 - µ1 )(µ3 - µ1 ), 

<l>o(Z1) = %(z1), 'l'o(Zo) = ~(Zz), Fo(Z3) = V/~(Z3). 
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EcJrn TpaHCBepCa.JibHO-ll30'TpOnHoe Teno HaXO,[(llTCH B COCTOHHllll nnoc1<oil: ,[(e<)>opMa[(llll, 

TO 3aKOH fy1<a HMeeT BM,[( 

1 v v 
exx = E axx - E ayy - E: a,,+ f1i.1T, 

V 1 V. 
eyy =- Eaxx+ Eayy- E: au+f311T, 

v 1 
s,z =--1...(axx +ayy)+-au + /333T =0, 

Ez E, 

(9.301) 

1 
Yxy = G axy, 

a KOMnOHCHTbl HanpH)J(eHHH ll CMerueHMH npH CTa[(llOHapHOM TeMnepazypHOM noJie onpe,D,eJIH

IOTCH no <)>opM)'naM: 

a xx+ aYY = 2[ <I>0 (z) + <l>0 (z)], 

aYY -axx +2iax.> = 2[Z<l>~(z)+'l10 (z)J, 
2µ(u +iv)= Kq:i0 (z)- z<I>0 (z)-lj/0 (z) + /3 J F0 (z)dz, 

T(x, y) = 2ReF0 (z). 

(9.302) 

3,[(ecr:. /311 ll /333 - TeMnepazypHbie K03<)><)>HL(lleHTbl nHHeil:Horo pacnmpeHHH B nnocKOCTll 

ll30Tp0IlllH (naparrneJibHOH KOOp,ll,ImaTHOH nnOCKOCTH xoy) H B HanpaBJieHHH, nepneH,[(HK)'mrp

HOM K nnocKOCTH H30'TpOnHH, K03<)><)>HL(HeHTbl K H /3 onpe,[(eJIHIOTCH no <J>opMynaM 

K=l+ 2£ (1-v _ 2v:), 
l+v E E, 

2E 
P= 1+)Pi1 +V,/J33) 

ll ,[(nH o6o6rueHHOro nnoc1<oro HanpH)J(eHHoro COCTOHHMH 

K= 3-v, /3= 2E/Ji. 1 • 

I+v l+v 

B cnyqae ll30'Tp0IlHOro Tena, KOr,[(a COOTHOIIIeHMH Me)J(,ll,y ,[(e<)>opMa[(MHMH H HanpH)J(eHHHMH 3a

nHCbIBaIOTCH B Bll,[(e 

1 ) • eYY =-(aYY -v.axx +a,T, 
E. 

(9.303) 

( G* =~J, 
xy 1 +v. 
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KOMIIOHeHTbl HarrpR)l(eHHH 11 CMeII1eHMH rrp11 CTaIJ;MOHapHOM TeMrreparypHOM IIOJie T(x, y) = 
= 2 Re Fa (z) orrpe,D,eJIRIOTCR rro <t>opM)'JiaM: 

1

0'xx + O'YY = 2[ <Po(Z) + <Po(Z) J, 
ayy -a xx+ 2ia xy = 2[z<t>;(z) + '1' 0 (z) ), 

2µ(u +iv)= ~0(z)-z<P0 (z)-yr0 (z) + /J, f F0 (z)dz. 

(9.304) 

3,D,eCb 

{
E. _= E•I (l-v

2
)_, _v. = v I (l-v), a,*= a,(l +v) v 

- ,ll,JIR IIJIOCKOH ,D,e<t>opMau;1111, 
/J,-a,E., TC-3 4v. 

{/J, =a; E. TC= 3-v. 
I ' 

- 1 + v. - 1 +.v~ - ,ll,JIR IIJIOCKoro HarrpR)l(eHHOro COCTORHHR, 

E. -E, v. -v, a, -a, 

a, - TeMrrepaTypHbIM K034>4>Mu;MeHT mrneliHoro pacumpeHmr. 

EcJIH B TO'!Ke Zo = Xo + iyo IIOMeII1eH HCTO'llillK (CTOK) TeIIJia MOIIIHOCTH % ( -% COOTBeTCT

BeHHO ), TO MR opTOTPOIIHOM o6nacTH KOMIIJieKCHbie rroTeHu;11aJib1 B oKpecTHOCTH 3TOM TO'IKH 

HMeIOT BH,ll, 

{

<p(z1) ~ a~1(z1 ~t1 )ln(z1 -~1 ), 
yr(z2 )-b0 (Z2 t2 )ln(z2 t2 ), 

yr(z3 ) == m0 (z3 -t3)ln(z3 -t3 ). 

3,D,eCb 

tj = Xo + µjy0, j = 1,3, 

a K031}ll}luu;11eHTbl a~, b~ onpe,D,eJIRIOTCH Ha OCHOBaHHH paBeHCTB 

a'= m-nµz b' = m-n14 
0 14-µ2' 0 14-µ2' 

Im[ m(µ1 + µ1 )-n14µ2 -mar;) I c11 ] = 0, 

Im [ m14µ2 + n14JL.i (14 + µ 1 ) -

-mo (a.,~ - r0 (~ - 14 - JLi)) I c11 J=0, 

(9.305) 
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,IJ;Jrn cnyqaH 'TpaHcBepCaJibHO-H30TpOI1HOH o6naCTH 3TH KOMilJieKCHbie IlOTeHU:HaJibl HMe

IOT BH,ll, 

r,ll,e 4i = _ f3mo, mo= _--2JL. 
1+K 4;rA, 

cf>(z) = 4i ln(z- z0 ), 

\f(z) = _ Zo.i\i , 
z-zo 

(9.306) 

H, HaKoHeu:, ,[(JIH CJI)"laH 6ecKOHeqaoii IlJiaCTHHbl, KOr,ll,a Ha 6eCKOHeqHOCTH 3a,ll,aH O,ll,HO

pO,ll,HbIH TeilJIOBOH IlOTOK q~, HanpaBJieHHbIH 110,ll, yrJIOM /Jo K OCH Ox, a B ToqKax z =±al, 
z = ±ia2 pa3Meru;eHbI HCTOqHHKH H CTOKH Ternia, MOW:HOCTH KOTOpbIX paBHHIOTCH COOTBeTCT

BeHHO ±qj (j = 1,2), KOMilJieKCHbie IlOTeHU:HaJibl B CilJIOIIIHOH IlJIOCKOCTH HMeIOT BH,D;: 

(9.307) 

H* -{a,E I 2(1-v) - ,ll,JIH rrnocKoii ,ll,e<jlopMau:nw, 

a,E I 2 - ,D;JIH rrnocKoro HarrpmKeHHoro cocTO}!HHH. 

B 3aKJiroqeHne cne,ll,yeT 3aMeTHTb, qTo peIIIeHwe rrnocKnx 3a,D;aq cmu:ttoHapHoH. TepMoyn

pyrocTH BbIIIOJIHHeTcH B ,D;Ba 3Tana. Ha rrepBOM ::narre onpe,D;eAAeTCH cTaU:HOHapHoe TeMrrepa

rypHoe rrone T(x, y), y,ll,oBJiernopH10ru;ee ypasHeHHIO (9.291) HJIH ypasHemno Jiarnraca 

·(J2T(x, y) + "iJ2T(x, y) 
0 

dX2 dy2 
(9.308) 

,ll,JI}J H30TJ'OI1HOro Tena rrpH 0,ll,HOM H3 OCHOBHblX rpaHHqHbIX ycJIOBHH (9.288)-(9.290). BTOpoii 

:narr peIIIeHHH IlJIOCKOH CTaU:HOHapHOH 3a,ll,aqH TepMoyrrpyroCTH 3aKJIIOqaeTCH B onpe,ll,eJieHHH 

'TpeX KOMIIOHeHTOB Temopa HanpH)KeHHH H ,ll,Byx KOMIIOHeHTOB BeKTopa CMeru;eHHH Ha OCHOBaHHH 

<jlopMyJI (9.300) HJIH (9.304). 
3ati;a'la 1. y CJIOBHe TeUJIOBOro KOHTaKTa. 

IlpH peUieHHH 3a,ll,aq TeIIJIOIIpOBO,ll,HOCTH ,ll,JIH TeJI, CO,ll,ep)Kamttx HHOpO,ll,Hbie BKJIIOqeHHH 

H TPeW:HHbI, oqeHb Ba)KHQ BbI6paTb rrpaBHJibHYIO pacqeTHYIO MO,ll,eJib TeilJIOBOro KOHTaKTa TBep

,ll,bIX TeJI. ,IJ;JIH Bbl6opa pacqeTHOH MO,ll,eJIH TeilJIOBoro KOHTaKTa IIOBepXHOCTeH peaJibHOll Tpe

W:HHbl B aHH30TJ'OIIHOM TeJie BOCIIOJib3yeMCH MaTeMaTHqeCKOH <jlopMyJIHpOBKOH YCJIOBHH He

H,ll,eaJibHOro TeDJIOBoro KOHTaKTa B TeopHH TennonpOBO,ll;HOCTH H30TpOI1HblX Tell, CO,ll,ep)Kamwx 

BKJIIOqemm H TPeW:HHbI [24, 42, 43]. IlpH BbIBO,ll,e 3THX ycJIOBHH npe,ll,rronaraercH, qTo noBepXHo

CTH KOHTaKTHpyromHx Ten pa3,ll,eJieHbl TOHKHM npoMe~O'':IHblM CJIOeM c HeKOTOpbIMH IIpHBe-
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,ll;CHHhIMH TeIIJiocj>H3ll'ICCKHMH napaMerpaMH (p»c. 9.32). EcJm ,ll;aHHhIC napaMCTphI C'I1naTh no

CTO.mIHbIMH, a To.mmmy npoMC)l()'TO'IHOro CJIOH YCTpCMHTb K H)'JIIO, TO TIOJiy'IHM HCKOTopyro cj>H-

3JNCCK)'IO TIOBepxHOCTh pa3,ll;CJia 11 COOTBCTCTBYIOIIIHC rpaHH'IHhlC ycJIOBHH, KOTOpbIC )J,OJDKHbJ 

BblilOJIHHThCH Ha 3TOH IIOBepXHOCTH. 

B COOTBCTCTBHH c )'Ka3aHHOM CXCMOM paCCMOTpHM peIIIeHHC IIJIOCKOM 3a,D,a'IH Tennonpo

BO)J;HOCTH )J,JIH HeorpaHH'ICHHOH o6naCTH c TOHKHM CJIOCM H30TponHoro BKJIIOqeHHH. 3anHIIICM 

B KpHBOJIHHCHHOH CHCTCMe KOOp,ll;HHaT (n, s) ypaBHCHHC TCIIJIOTipOBO)J;HOCTH )J;JIH TOHKOro H30-

TpOTIHOro BKJIIOqeHHH'. 

a2r a2r 
__ c +--c =0 on2 as2 • 

(9.309) 

Ha noBepxuoCTH pa3.11ena nepexo.11Horo CJIOH n = ±h ,ll;OIDKHhI BhIIIOJIHHThCH ycJIOBHH H,ll;e-

aJihHOro TCTIJIOBoro KOHTaKTa 

Tc(s,±h)==T\ (9.310) 

-A-* ai:: I == r± an n=±h n ' 
(9.311) 

± (--)± Tn =- KngradT , 

T±' T,,± - npe,D,eJlhHhIC 3HaqeHHH TCMnepaT)'phl H TCIIJIOBOro TIOTOKa Ha TIOBCpXHOCTH pa3,lJ;C

Jia n = ±h aHH30TpOIIHOro TCJia, x - K03cj>cj>HU:HCHT TCIIJIOilpOBO,ll;HOCTH TOHKOro BKJIJOqeHHH. 

Puc. 9.32. ToHJmi:\: rrpoMeJKyroqHhIH cnoi:\: TOJIIIJHHOH 2h MelK.LIY KOHTaKTHPYIOI!JHMH rroBepxttocniMH 

BBe,D,eM HHTerpanbHhie xapaKTepttcTHKH CJIOH 

! 
* 1 h 

I;. = 2h f i;, 
T** = 3-h hf T ndn 

c 2h2 c 
-h 

(9.312) 

H ycpe.11H11M ypaBneu11e (9.309) no TOJIIIJHHC CJIOH. Tor,ll;a c )"ICTOM ycJIOBHli (9.310), (9.311) 
6y)J;eM HMCTb 

(9.313) 
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A, =2hA*. 
3 

YMHO)J{aH (9.309) Ha -2 n H HHTerpHpyH no n B rrpe,D.enax OT -h )J.0 +h, IIO.JI)"IHM eru;e O)J.HO 
2h 

ypaBHeHHe OTHOCHTenbHO HHTerpanbHOH xapaKTepHCTHKH r;,·· : 

A <J2r;,·· + H(r+ +r )-6A (r -r) = o 
s Gs2 n n n ' 

(9.314) 

)],AA TOro 'IT06hl Bblpa3HTb r,,·' T,,** qepe3 npe,D.eJlbHbJe 3Ha'leHHH y±' BOCIIOJ1b3yeMCH orre-

paTOpHbIM perneHHeM ypaBHeHHH (9.309), 3aIIHCaB ero B BH,D.e 

0
2

r 2 ( 0
2 

) __ c + p T = 0 P2 = - . on2 
c ds2 

(9.315) 

PerneHHe :noro ypasHeHHH rrpH ycnoBHH (9.310) 6y,D.eT cne,D.yIOIIJHM: 

er+ r) er -r) . 
T= cospn+ smpn. (9.316) 

c 2cos ph 2sin ph 

Ilo,D.CTaBnHH rrocne,D.Hee Bbipa)J{eHHe B (9.312), Hali,D.eM HHTerpanbHbie xapaKTepHCTHKH 

{

T* = T+ + y- t h 
c 2ph gp ' 

y;,•• = 
2

; 2h er+ -Y-)(1- phctgph). 

e9.3 l 7) 

J1CKJIIO'laH Terrepb senH'IHHhl r,,·, '(** H3 (9.313) H (9.314) c IIOMOIIJbIO (9.317) H ycT

peMJIHH B rronyqeHHbIX cooTHOIIIeHHHX h ~ 0, rrpH IIOCTOHHHbIX A,, An rronyqHM cne,D.yromee 

ycnoBHe HCH,D.eaJibHOrO Terrnosoro KOHTaKTa Ha rrosepxHOCTH aHH30TpOIIHOrO Tena: 

02 [(--)+ (--)-] A,
0

s2 er+r)+2 KngradT - K"gradT =0, 

A, ::2 cr-r)+6[( Kngractrf +( Kngractrf J-12An(r+ -r) =O. 

e9.318) 

B cnyqae H30TpOIIHOro Tena ycnoBHe HeH,D.eaJibHOro TeIIJ1osoro KOHTaKTa 3aIIHIIIeTCH B BH)J.e 

02 

+ _ [(oT)+ (oT)-] A, os2 (T +T )+2A on - on =0, 

02 

[(oT)+ (oT)-] A, os2 (T+ -Y-)+6A on + on -12An(r+-Y-) =0, 

e9.3 l 9) 

r,D.e A - Ko1<1>qmu:HeHT TerrnorrpoBO,D.HOCTH H30TPOIIHOH cpe,D.bJ. 
Kor,D.a ponh HHOpo,D.Horo TOHKOro H30TPOIIHoro BKJIIO'leHHH HrpaeT TPeIIJHHa 3HatieHHH A, 

H An xapaKTepH3yeT ee Termorrposo,D.HOCTb B rrpo,D.onbHOM H rrorrepe'IHOM HarrpaBJieHHHX co

OTBeTCTBeHHO. Pa3nH'laIOT TPH BH,D.a TPeIIJHH: 
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1) ...t, "#. 0, A-. "#. 0 - TermorrpoBOWJIIl,IDI rpelll,HHa; 2) ...t, = 0, ...t. "#. 0 - TeIIJiorrpomn:(ae

MaH rpelll,HHa H 3) ...t, =An= 0 -TeIIJIOH30JIHpOBaHHaH rpelll,HHa. 

Bcer):(a HCKOMYJO TeMrreparypy T(x, y) MO)l(HO rrpe):(cTaBHTh B BH):(e 

T(x, y) = Ta(x, y) + T.(x, y), (9.320) 

r):(e To(X, y) - 3a,IJ;aHHOe TeMrreparypHOe IIOJie B CIIJIOillHOll O.IJ:HOpO,Il;HOll cpe):(e, T.(x, y) -

TeMrreparypHOe IlOJie, o6ycJIOBJieHHOe HaJIH'IHeM pa3pe30B, BKJIIO'IeHHll, ):(e<t>eKTOB HT. ,II;. 

B 3aBHCHMOCTH OT ycJIOBHll TeIIJIOBOro KOHTaKTa Ha rpaHHQax pa3pe30B H TOHKHX HHO

pO.IJ:HhIX BKJIIO'IeHHll B03M0)1(H0 3a,IJ;aHHe O,Il;HOro H3 Tpex rpaHH'IHhlX ycJIOBHll Ha HX 6eperax: 

(9.321) 

(9.322) 

r):(e f±(t), Q±(t) - 3a):(aHHbie TeMrreparypbI H TeIIJIOBbie IIOTOKH Ha 6eperax Tpelll,HHhI. 

AHarrOrH'IHhlll IIO,Il;XO):( rrpHMeHHeTCH rrpH paccMorpeHHH BbI6opa paC'IeTHOll MO,IJ;eJIH :meK

rpH'IeCKOro KOHTaKTa IIOBepxHOCTeil: peaJihHOll rpelll,HHbI B IIhe303JieKrpHKe. HarrH'IHe B ):(H3JieKT

pHKe TOHKHX BKJIIO'IeHHll H3 ):(pyroro MaTepHarra IIpHBO):(HT K JIOKaJihHOll KOHQeHrpaQHH 3JieKrpH

qecKoro IIOJIH, 'ITO MO)l(eT HBHThCH rrpH'IHHOll rrpo6oH. ,nirn Toro 'IT06bI yqeCTh BJIHHHHe BKJIIO'Ie

HHM Ha 3JieKrpH'IeCKJIO rrpO'IHOCTb, paccMarpHBaeTCH CJie.IJ:YIOIIl,aH MO,IJ;eJibHM 3a,IJ;a'Ia, KOTOpruI 

aHarrorH'IHa CJiyqaIO HeH):(eaJibHOro TeIIJIOBOro KOHTaKTa B TeOpHH TeIIJIOIIpOBO):(HOCTH Terr, co

):(ep)l(alll,HX BKJIIO'IeHHH H rpelll,HHbI. 

B cooTBeTCTBHH c BhIIlleyKa3aHHOli cxeMoli paccMoTpHM pellleHHe IIJIOCKoli 3a,IJ;a'IH 3JieK

TpocTaTHKH ,Il;JIH HeorpaHH'IeHHOll o6JiaCTH TOHKHM CJIOeM aHH30TpOIIHOro BKJIIO'IeHHH-,IJ;H3-

JieKTpHKa. B KpHBOJIHHellHOll CHCTeMe KOOp,Il;HHaT (n, s), CBH3aHHOll co cpe):(HHHOll IIOBepxHo

CTbIO CJIOH, ypaBHeHHe ):(JIH orrpe,IJ;eJieHHH IIOTeHQHaJia 3JieKTpH'IeCKOro IIOJIH <fJc HMeeT BH):(: 

az<pc /32 az<pc = 0 
on2 + ds2 , 

(9.324) 

r):(e /32 = ct I c2, c1 , c2 - ):(H3JieKrpH'IeCKHe rrpOHHQaeMOCTH CJIOH B TattreHQHaJihHOM H Hop-

MaJihHOM HarrpaBJieHHHX. 

y CJIOBHH corrpH)l(eHHH Ha IIOBepxHOCTHX CJIOH n = ±h CJie,IJ;yIOIIl,He: 

(9.325) 

r,IJ;e ql, D: - rrpe,IJ;eJibHhie 3Ha'IeHHH 3JieKrpH'IeCKOro IIOTeHQHaJia H HOpMaJihHOll COCTaB

JIHIOIIl,ell BeKTopa HH.IJ:YKQHH Ha IIOBepXHOCTHX n = ±h. 
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Orrpe,neJI.IDI HHTCI'paJihHhie xapaKTepHCTHKH '.)JICKTpHqecKoro IIOJI.SI B cnoe COOTHOllleHHHMH 

! 
I h 

<I>>- f <Pc(s, n)dn, 
2h _h 

<I>;·= 2~2 JnrpJs,n)dn 

(9.326) 

H 3aTeM ycpe,nHHH ypaBHCHHe (9.324) no TOJIIUHHe CJIOH c yqeTOM ycJIOBHH corrpH)l(eHfrn, IIO

CJie HCKOTOphIX H3BCCTHhIX HaM rrpeo6pa30BaHHR, rrpH,neM K cne.nyIOIUHM Bhipa)l(CHHHM: 

azq,• 
t:s-/-(D:-v;)=O, t:s =t:1·2h, (9.327) as 

o2<l>:' ( + -) + - _ Ez £8 --aT-3 Dn +Dn -6£n(<P -qJ ), en -
2

h. (9.328) 

lfoKJIIOqaH H3 (9.327)-(9.328) H3BCCTHhIM crroco6oM HHTerpanhHhie xapaKTepHCTIOOi H ycT-

peMJIHH h ~ 0, IIOJiyqHM: 

{

t:s ::2 (qt+ qF)-2(D: -D;) = 0, 

t:s ~s
2

2 (<P+ -qF)-6(D: +D;)-12en(<P+ -rp-) =0. 

(9.329) 

TaKHM o6pa3oM, :JneKTpHqecKHe rpaHttqHhie ycJIOBHH Ha rrosepxHOCTH cnoH xapaKTepmyroT

CH ABYMH rrapaMeTpaMH t:s, t:n. 

I1HTepec rrpe;::i;CTaBJIHIOT HCKOTOphie qacTHhIC cnyqa.tt corrpH)l(CHMH ,[\M3JieKTpMI<OB, KOTO

phIC MO):(CJIMPYIOTCH cpM3MqeCKIIMM IIOBepXHOCTHMM: 

l. I1;::i;eaJihHhIH KOHTaKT ):(M3JICKrpttqCCKMX cpe;::i; peanmyeTCH B cnyqae, KOr;::i;a h ~ 0, a IIpM-

se,neHHhie xapaKTepHCTMKM y,noBJieTBOpHIOT ycnoBMHM t:s ~ 0, t:" ~ oo. B :JTOM cnyqae MMeeM 

<P+ = <P-, v: = v;. (9.330) 

2. BKJiroqeHMIO co cna6oiI ,nM'.)JICKrpttqeCKoiI rrpoHm1aeMOCThIO cooTBeTCTByeT c.rryqaii t:, = 0, 

en f:. 0. Y CJIOBMH COITpH)l(CHMH rrpe,ll;CTaBJIHIOTCH COOTHOIIICHHHMH: 

ycJIOBJfe HerrpephIBHOCTM 

HOpMaJihHOH COCTaBJIHIOIUeII 

BeKTopa 3JleKTpHqecKOH HH.[(yKllHH, 

Bhipa)l(eHHe ):(JIH CKaqKa IIOTCHllHaJia. 

(9.331) 

3. Ilpe,neJihHOM)' cnyqaro t:s f:. 0, t:n ~ 00 COOTBeTCTByeT CJIOH C 60JlhllIOH ,n;M3JICKrpttqecKOH 

rrpOHMIIaCMOCThIO H B 3TOM cnyqae HMeeM: 

<P+ = <P- = <P ycJIOBHe HerrpephIBHOCTM IIOTeHIIHaJia 

Ha IIOBepXHOCTM CJIOH, 

CKaqoK HOpMaJihHOH COCTaBJIHIOIUeii 

BCKTOpa 3JJCKTplfqeCKOH HH,llyKIIHH 

Ha HCCJIC.[(yeMOH IIOBepXHOCTII. 

(9.332) 
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4. ,[l,JUI CJIO.!I co CBOHCTBaMH H,D;eaJibHOrO H30JI.!ITOpa e, = &. = 0, a 3HaqHT, ,!l;H3JieKrpHKH 

paccMarpHBaIOTC.!I KaK B3aHMO,D;eHCTBYIOIJJ;He, T. e. 

(9.333) 

B1:.ipa,)J(eHH» (9.329) ncnoJib3YJOTC.!I ,!J;JI.!I onHCaFIH.!I 3JieKrpfiqeCKHX ycJioBHH Ha 6eperax rpe
IJJ;HHDI B Tibe303JieKTpH'IeCKOH cpe,D;e, H B 3aBHCHMOCTH OT 3Ha'IeHHH napaMeTpOB e,, &. HMe

eM pa3JIHqHbie MO,D;eJIH rpeIIJHHbI, KOTOpbie paccMarpHBaIOTC.!I KaK $H3HqecKa» IIOBepXHOCTb 

c 3a,D;aHHbJMH 3HaqeHHHMH ~3JieKTpH'IeCKHX ITOCTOHHHDIX. 

3a,D;a'la 2. ,ll,eHCTBHe TeDJIOBOro UOJISI Ha fieCKOHe'IHYIO H30Yp0DlIYIO DJiaCTHHY C Ype

IIJ,HHOH H TOHKHM BKJIJO'leHHeM. 

PaCCMOTPHM OTHeceHttyIO K ,D;eKapTOBOH CHCTeMe KOOp,!l;HHaT xoy 6ecKOHe'IttyIO H30Tporr

ttyl0 IIJiacrn:tty c KpHBOJIJIHeHHOH rpeIIJHHOH l, KOTOpa.!! yc1rnHBaeTCH rrp.!!MOmrneHHblM apMH

PYIOIIIHM cTpHHrepoM (TOHKoe moTpOIIHoe BKJIIO'IeHne) L. fIJIOCKOCTb pacT»rnBaeTC}l (HJIH 

C)J(HMaeTrn) Ha 6ecKoHe'IHOCTH B3aHMHO rreprreH,D;HKyn»pHDIMH ycHJIII»MH HHTeHcHBHOCTH N, 

H N2 H HaXO,!l;HTCH IIO,!I; ,D;eHCTBHeM 0,!l;HOpO,!l;HOro TeIIJIOBOro IIOTOKa MOIIJHOCTbIO qoo. KpoMe 

3a,D;aHHbIX ycHJIHH Ha 6eCKOHeqHOCTH B TinOCKOCTH cpe,D;bl MOryT ,D;eHCTBOBaTb cocpe,D;OTO'IeH

Hble CHJibl Pj+iQj B TOqKax z; (j=l,K*), MOMeHTbI Mj B TO'IKax z;· (j=l,K**) H cymeCT-

BOBaTb A IICTO'IHHKOB (cTOKOB) Terma MOIIJHOCTbIO qj B TO'!Kax Gj (j = 1, A) (pnc. 9.33). 

t N, t t t y t t t qoo~/30 - -- tpj:iQJ 1 ~a:- ia,' -. - Z1 -~~ 
~.&%'~~ x - 0 stringer L -0~ - ± -z a1• q1 N, 1 - -

Puc. 9.33. IiecKOHC'!HaJI mo-rpoUHaJI rrnocKaJI o6nacn c ,lle<!JeKTaMH ITO.LI .L1effcrnneM CTaTH'IeCKHX Mexa

HH'IeCKHX H TeIIJIOBbIX IIOJieH 

B 1asHCHMOCTII OT ycJIOBHH TenJioBoro KOHTaKTa Ha rpaHm:.(ax l H L /1.JIH orrpe11-eJieHHR 

CTal.(HOHapHoro TeMrrepaTypHoro IIOJI.!I H30TPOIIHOH cpe,D;bl Moryr 6hITb HCIIOJib30BaHbl Ha oc

HOBaHHH (9.321)-(9.323) CJiell-YIOIIJHe TeIIJIOBDie rpaHH'lHbie ycJIOBH.!I: 

T.± = f±(t)-'Fa(t), 

A,(aT.)± =Q±(t)--1 "d'Fa(t), 
dn dn 

(9.334) 

(9.335) 
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A ~(r.+ r.-) 2).[(ar.)+ -(ar.)-]=-2). a2YaCt) 
s os2 • + • + on dn s CJs2 ' 

A ~(r.+ -r.-) 6A[(ar. )+ +(ar. )-]-12). ('r.+ -r.-) = -12A C!To(t) 
s CJs2 • * + dn C!n n • • C!n ' 

(9.336) 

r;:i;e f±(t), Q±(t) - 3a,n;aHHble TeMrreparypbI H TCIIJIOBhie IlOTOKII Ha 6eperax ,n;ecpeKTOB. 

KpoMe B03MO)l(HhIX TennoBhIX rpaHHqHbIX ycnoBIIH (9.334)-(9.336) Ha 6eperax rpemHHhI 

H Ha rpaHHI:(ax KOHTaKTa Me)l()zy TOIIKIIM BKJIIoqeHIICM (CTpIIHrepoM) I1 6ecKOHeqHoH: cpe,n;oil: 

3a;:i;aHbl H3BCCTHbie MeXaHJiqCCKHe ycnoBmL 

Ha 6eperax rpemIIHhI l 3a,n;aHhl HOpManhHhie 11 KacarenhHhie yc11JIMH 

(er: - i<J",± )LI ' (9.337) 

a Ha rpaHMQe L BhIIIOJIHHIOTCH paBeIIcTBa 

{ 

+ _ du; du; 
(/n=(/n' co=-=-, 

dt dt 
u; +iu7 = u: +iu;, 

(9.338) 

r,n;e rrepBbie ,D;Ba ycJIOBHH (9.338) rrpHBO,ll;HT K paBeHCTBY 

ih[ (a; -ia,+ )-(a: -ia,-) J + E~o :t [ (a;+ a; )-Cv + l)a; +a,T J = O. (9.339) 

0rHOCIITCJibHO TCIUIOBbIX rpaHli'IHhIX ycmmil: Ha l 6y.IleM CqH:TaTb 3a,I{aHHOH cpyummo TCM

rreparyp J/(t) = r.,± BII,n;a (9.334), a Ha rpaHMQe KOHTaKTa MC)l(,D;y CTpHttrepoM L I1 6ecKOHeq-

HOH cpe;:i;oil: 3a,I{aHa TCMrreparypa, KOTopyro HMeeT CTPHHrep f2±(t) = T2+ = r2-. 
Ilocne 3THX 3aMeqaHHH OTHOCHTCJihHO rpaHJiqHbIX YCJIOBHH 3a,I{a,I{HM Bblpa)l(CHHH rpex KOM

IUieKCHhIX IIOTeHQHaJIOB f'o(z), <I>o(Z) H 'l'o(Z) B BH.I{e 

3.I{eCb 

F0 (z) = q~ ze-iflo - 't _il_In(z-aj) + F. (z), (9.340) 
2 j=I 2M 

K' P. + iQ. 1 ~ A q. 
<I>o(Z) == r-L J J * +-'-2:-1 ln(z-a)+<I>.(z), 

j=I 2tr(l + K) z- Zj ] + K j=l 2trA 

f,[K(P. -iQ.) 1 z'.(P. +iQ.) 1 l 'l'("')=r'+.L.,, J J - } } } -
0

" j=I 2tr(l+K) z-z; 2tr(l+K) (z-z;)2 

K .. M RA -

-2:-j i •• 2 _fJ_,,_I_il__l_+'l'.cz). 
j=I 2tr ( Z - Z j ) l + K j=I 2trA Z - a i 

F. (z)::::-1-. fq>(r) dr+-1-. fµ(r) dr, 
2m 1 r-z 2mir-z 

<I>,(z) ::::~ f g(r) dr+-1-. JG(r) dr, 
2m 1 r-z 2m1,r-z 

'l',(z)::::-1-. Jy(r) dr+~ fVJ"(T) dr. 
2m 1 r-z 2mLr-z 

(9.341) 

(9.342) 

(9.343) 
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fpaHHtIHhie ycnoBIDI Ha 6eperax 'TpeIIJHHhl l rrpH IIOMOIIIH rrpe;::i;el1bHbIX 3Ha1JeHHH KOMII
neKCHbIX IIOTeHIJ;HaJJOB 3aIIHCbIBaIOTCH B H3BeCTHOM ):(J1H Hae BH):(e: 

± . + ..n± ) :;:;:-:;:-- dt [-..n'± ) tu± J l O'n -10"
1 

=-v0 (t +-v0(t)+= t-v0 (t + T 0(t) , tE . 
dt 

(9.344) 

TpeThe ycnoBHe Ha L (9.338) rrpH IIOMOIIIH rrpe;::i;eJJbHbIX 3Ha'leHHH KOMIIJ1eKCHbIX IIOTeH
l(HaJJOB rrpHMeT BM):( 

2µ{-d;t+ +id;t+}=2µ{-d;t- +id;t-}=> 

.m.+ .~ dt [-.m.'+ \II+ J /J, -+-=> '-J,10 (f )- 11. -v0 (f) + = t'*'o (t)+ r 0 (t) - ,F0 (t)= 
dt 

(9.345) 

ilpHHHMaH BO BHHMaHHe <l>OPMYJihl CoxOl(KOro-ilneMeJIH MH F.(z), TeIIJIOBble rpaHH'IHhle 

ycnOBHH Ha 6eperax l H L COOTBeTCTBeHHO 3aIIHIIIYTCH: 

{ 

r-r ft (t)- J;-(t) = 2Retp(t) => 'P1 (t) == 1 
l - ;::i;eHCTBHTeJ1hHaH 'laCTh tp(t), 

2 
(9.346) 

K(t)+ K(t)=2Re[~ Jtp(r) dr+~ J µ(r) dr]+2Re[q~ te-;p, - t ..i.Lln(t-a)], tE l, 
m 1 r-t m L r-t 2 J=l 21rA-

f 2+ (t)- f 2-(t) = 0 = 2Reµ(t) => 14 (t) = 0, 

fz+(t)+ f2-(t)=2Re[~ Jµ(r) dr+~ Jtp(r) dr]+ 
m L r-t m 1 r-t 

(9.347) 

+2Re[q~ te-i/3o - t --5!L1n(t-a1)] tE L. 
2 J=l 21U 

Bb1pa*eHIDI (9.346)-(9.347) ;::i;aroT cne;::i;yromyro CHCTCMY CHY Hccne;::i;yeMoif 3a;::i;a11n Ha CTa-
):(HH orrpe;::i;eneHHH TeMrrepaTYPHOro rrom1: 

3;::i;eci, 

2Re[_!_ J'Pz(r) dr+_!_ Jµ2(r) dr]=q1(t), tE I, 
1r 1 r-t 1rLr-t 

2Re[_!_ Jµ2 (r) dr+_!_ J'Pz(r) dr]=q
2
(t), tE L. 

tr i r-t 1r 1 r-t 

q1(t) = KCt)+ :k(t)-2Re[q~ te-i/3, - I ..!!.L1n(t-a1)], 2 j=l 21U 

q2 (t) = f
2
+(t)+ f2-(t)-2Re[q~ te-iflo - L ..!!.Lln(t-a1)], 2 i=l 2i'l"A, 

r-r.
'P1Ct)= i 2 i , 

tLi (t) = 0. 

(9.348) 
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IlepeH)J,eM Terrepb K JIOCTpOeHHIO CHCTeM ypaBHeHHH, He06XO)J,HMhIX )],JUI orrpe)J,eJieHHH 

HaIIpH)l('.eHHO-)J,e<J:>opMHpOBaHHOro COCTOHHHH HCCJie;zyeMoH KJCO'lHO-HeO)J,HOpO,ll,HOH o6JiaCTH 

B paMKaX JIHHeHHOH TepMoyrrpyrOCTH. lI,JIH :noro BbftfTeM Bhlpa)l('.eHHH (9.344): 

(a; -a~)-i(a,+ -a,-)==[ <I>~ (t)-<I>0 (t) J + [<I>; (t)-<I>; (t) J + ~: [t (<I>~+ (t)-<I>~-(t)) +'I'~ (t)- 'I'~ (t) J. 
(9.349) 

PropernaH Bbipa)l('.eHHH (9.345) H (9.349) OTHOCMTeJibHO 'I'+ (t)- \}1-(t) H rrpHMeHIDI H3BeCT

Hhie HaM <J:>opMYJihI CoxoQKoro-IlJieMeJIH, ITOJIY'IHM cne)J,ylOmee Bhipa)l('.eHHe )J,JIH 'P(z): 

'P(z) =[-1-fJ:;(r) dr--1-f g(r) dr--1-f rg(r) dr]+ 
27ri 1 r- z 27ri 1 r- z 27ri 1 (r- z)2 

+[_.!!:.__ fG(r) dr--1-f tG(r) dr]+ /3, fµ(r) dr 
27riLr-z 27ri 1,(r-z)2 27ri[,r-z' 

(9.350) 

IlpHHHMM BO BHHMaHHe rrpe)J,eJihHhie 3Ha'leHHH HHTerpaJibHhlX Bbipa)l('.eHHH )J,JIH KOMIIJieKC

HhIX IIOTeHQHaJIOB, IIOJIY'IHM IIOCJie CJIO)l('.eHHH Bhip~eHHH (9.344) H HMeH B BH)zy rpaHH'lHOe yc

JIOBHe (9.339) cne)J,YIOIIJYIO cHcTeMY CHY: 

~ f g(r) dr-~ f~(rl dr- dt [~ f g(r) dr+~ f r-t z g(r)]+~ fG(r) dr-
m 1 r-t m, r-t dt m 1 r-t m 1 (r-t) m L r-t 

(9.351) 
1 fG(r)- [ K fG(r)- 1 f r-t /3, Jµ(r)-J ---: -=-=-dr- ---: . --dr+-: --, G(r)dr--: --dr = P2(t), tE l, 

m L r-t m 1, r-t m L (r-tY m L r-t 

ih[(K+ l)G(t) + /3,µ(t)J+ EaSo ~[Re[ 3 -v- K(l +v) xG(t)- ,B,(l +v) µ(t) + 
E & 2 2 

[ 
1 fG(r) 1 fg(r) ] [ dt[ K JG(T)-+(1-v --: --dr+-: --dr + (l+V)= ---: --dr+ 
mLr-t m,r-t dt mLr-t 

1 f r-t ,B, fµ(r)- 1 fg(r)- 1 f r-t ]] +- --G(r)dr-- --dr+- --dr+- --g(r)dr + 
27ri 1, (r-t)2 27ri L r-t 27ri 1 r-t 27ri 1 (r-t)

2 

(9.352) 

+a,[~ f<P(r) dr+~ fµ(r) dr] = A(t,t), tE L, 
m 1 r-t m L r-t 

r)J,e 

~(t)==(cr:+cr~)-i(cr,++cr,-)-2 r+r+=r' + L 2Re 1 1 
• -( 

- dt ) K' [ P. + iQ. 1 

dt N 7r(l + K) t - Z j 

dt [ P - iQ. 1 P. + iQ. t - l ]] f M dt 1 
-= K 

1 1 ++ 1 1 1 +i~ 1 + 
dt 1r(l + K) t - Z; JZ"(l + K) (t - Z; )

2 
j=l 21r dt (t - Z 7 )2 

+-P-1'-xL:-1-x Reln(t-a.)+=--1 -= - - 1-dr+fr --dr . R A q. [ dt t-~ dt[ 1 f P.(r)- R fµ(r)-J 
1 + K j=l 27rA- 1 dt t - a j dt 7ri 1 r - t 7ri L r - t 
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A( -)- E0S0 d R {dt 1 JPi(r)-d f[(l ) ~ +iQj 1 t,t - ---= e =- -- r+ ,t...,, -v ~-~ 
E dt dt tci l • - t j=I tc(l + K) t - z; 

dt[K(P.-iQ.) 1 P.+iQ. t-z~ ]] fdtM 1 -= J J + J J J -i £..., J ---

dt 2tc(l+K) t-z; 2tr(l+K) (t-z;)2 
j=l dt 2tc (t-z;·)2 

--'-XL - 1
- 2(1-v)ln(t-aj)+=--1 +a, q=te-'/3° - 2:-1 ln(t-aj) . /3, A [ q [ dt t - a · ] [ . A q . ]} 

1 + K j=I 2trA dt t - a i j=I !CA 

)J,mr emrncTBeHHOCTH pemeHHH IIOCTaBJieHHOH 3a,[(a'IH Heo6XO)J;HMO IIOJIY'IeHH)'IO CHCTe

MY CHY (9.348), (9.351), (9.352), c o.ri;Hoii cTopoHbl, .n:ononHHTb ycnoBHeM o.ri;H03Ha'IHOCTH ne

peMememtii soKpyr TPemHHbl 

f g(t)dt =-1-j~Ct)dr-L fµCt)dt 
1 

l+K l+K 1 

(9.353) 

H, c .ri;pyroii CTOpOHbI, TaM, r.n:e Ha 6eperax 3a,[(aHbI TeMnepaTYPbI, ,[(OIIOJIHHTenhHhlM ycnOBHeM 

OTHOCHTenbHO HeH3BeCTHoro CKa'IKa TennoBoro IIOTOKa 

r( ar _ ar ) dt = Q, 
f~ on on A, 

(9.354) 

r.n:e Q - cyMMapHoe KOnHqeCTBO TeIIJia, KOTopoe BbIXO,[(HT H3 Tena qepe3 KOHTYP. 

IlpHse.ri;eM BblpmKeHHH MH IIJIOTHOCTeii g(t) H G(t) Ha cooTBeTCTBYJOmHX Kmrrypax c yqe-

TOM rpaHH'IHbIX ycnOBHH, Bhlpa)l(eHHbIX qepe3 KOMIIneKCHbie IIOTeHIJ;HaJibI: 

{

g(t) =Pi Ct)+ ga(t)-L<p(t), 
l+K l+K 

G(t)= i(0";-0";) Lµ(t), 
l+K l+K 

g0 (t)= 
2µ !!:...[(cu+(t)-u-(t))+i((v+(t)-v-(t))J. 

l+Kdt 

(9.355) 

IIonyqeHHaH CHCTeMa ypasHeHHH BMeCTe c ,D,OIIOJIHHTeJII>HblMH ycJIOBIDIMH noJIHOCTbIO OlIH

CbIBaeT HaIIpH)l(eHHO-,ll,e<t>opMHpOBaHHOe COCTOHHHe H CTau;HOHapHoe TeMnepaTYPHOe none HC

cne,D,yeMOH rycomo-Heo,D,HOpo,D,Hoii 6ecKoHeqHoii IIJiaCTHHbI. 

9.8. He«naccu"lecKue MOdenu mennonepeHoca 

B IIOCJie,[(Hlfe rD,ll,bI B03poc HHTepec K H3yqeHHIO pa3JIH'IHOro po.n:a JIOKaJibHO-HepaBHOBeCHbIX 

IIpOIJ,eCCOB nepeHoca (3Hepnm, MaCCbI, HMIIYnbca). 3TO CBH3aHO, c O,[(HOH CTOpDHhl, c ecTeCTBeH

HbIM HanpaBJieHHeM pa3BHTHH Hayr<H - OT paBHOBeCHbIX B u;eJIOM CHCTeM K JIOKaJibHO-HepaB

HOBeCHblM. c .n:pyroii CTOpOHbl, HHTeHCH<l>HKau;HH TeXHonoruqecKHX rrpou;eccoB, HCIIOnb30BaHHe 

MaTepHaJIOB co CJIO)l(HOH CTpYJ<TYPOH (IIOJIHMepoB, )l(H,[(KHX KpHCTaJIJIOB, Karnm.ru1pHo-rropHCTbIX 

H .[(pyrHX ,[(HCIIepcHbIX CHCTeM), IIIHpOKOe pacnpOCTPaHeHne Jia3epHOH TeXHHKH, B03MO)l(H0CTb 

,ll,OCTH)l(eHHH CBepxBhlCOKHX H csepXHH3KHX TeMITepaTYP H .ri;aBJieHHH ofrMICHHIOT c npaKTHtJeCKOH 

TOqKH 3peHHH HHTepec K CHCTeMaM B JIOKaJibHO-HepaBHOBeCHbIX ycJIOBHHX. IImrnnHeTCH 60Jib-
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IIIOH Kpyr BOilpOCOB, Tpe6yiom1Ix OUIICaHIIH npou:eccoB TennonpOBO,l\HOCTII B TBep,l\blX TeJiax, 

HCilbITblBaIOmHX pe3KIIe TeilJIOBbie B03,l\eHCTBIDI. Ilo.n:o6Hbie HCCJie,l\OBaHIDI OKa3aJIHCb Heo6-

XO,Zl;HMbIMH, B 'IaCTHOCTH, npH HCCJie,ZJ;OBaHHII CIIHTe3a H CBOHCTB TeUJIOCTOHKHX IlOJIIIMepoB 

B ycnoBHHX pa.nHaU:HOHHoro o6JIY'IeHHH HJIII pe3KHX TeMneparypHbIX nepena.nos. B TaKHX cny

'IaHx KJiaCCH'IeCKaH paBHOBeCHaH TepMO,ZJ;HHaMIIKa He .zi;aeT aJJ,eKBaTHbIX MO,ZJ;eJieH OTIHCaHHH TeM

neparypHbIX IlOJieH, Il03TOM}' cne.nyeT IlOJib30BaTbCH HeKJiaCCH'IeCKHMH, JIOKaJibHO-HepaBHOBec

HbIMH MO,ZJ;eJIHMH. 

06c)')K.!l:eH1Ie Bonpoca o 6ecKoHe'IHOH cKopoCTII pacnpocrpaHeHHH TeTIJia, npe.zi;nonaraeMoe 

KJiaCCH'IeCKOH MO,ZJ;eJibIO <l>ypbe, Ha'IaJIOCb B IlHTH,ZJ;eCHTbIX ro.nax npoIIIJioro CTOJieTIIH. fHIIOTe3a 

0 MrHOBeHHOM .nmP<fJY3HOHHOM pacnpoCTpaHeHIIH TeTIJia HBJIHeTCH JIHillb <fJeHOMeHOJIOrtt'IeCKOH 

H, KpOMe Toro, QJH3H'IeCKH HenplieMJieMOH. ,l.l,JIH ycrpaHeHHH :noro npoTHBOpe'IHH pH,Zl; IICCJie.zi;o

BaTeneH: [82, 110] CTanlI BBO.l\HTh rttnoTe3y o penaKcan;ttlI TennoBoro noToKa. B paMKax 3TOH 

mnoTe3bI npon:ecc pacnpoCTpaHeHHH Tenna npHHHJI BOJIHOBOH xapaKTep, xapaKTep1I3J'IOIIIHHCH 

KOHe'IHOH CKOpOCTbIO pacnpocrpaHeHHH TenJIOBbIX BOJIH. Ilp1I 3TOM OKa3aJIOCb, 'ITO B pH.zi;e 3a

.n;a'I, paCCMOTpeHHbIX c Il031IU:HH napa60JIH'IeCKOro onepaTopa TennonpOBO,l\HOCTII, BpeMH pe

JiaKcan;IIH 6bIJIO O'IeHb MaJIOH BeJIH'IHHOH. 03HCHK II T3oy B IIX ofoopHOH CTaTbe [97] IlOKa3aJIII, 

'ITO CKOpOCTH TeTIJIOBblX BOJIH B MeTaJIJiax nOpH,l\Ka 105 Mj c. Il03TOM}' B CBH3H c 60JibllIOH Be

JIII'IHHOH 3Ha'IeHHH CKOpOCTeH TeIIJIOBbIX BOJIH, <fJaKT IIX KOHe'IHOCTH Heo6xo,ZJ;HMO YlJHThlBaTb 

TOJibKO B CIIJibHO HeycTaHOBIIBIIIIIXCH npou:eccax, TaKHX KaK IIMIIYJibCHbIH Jia3epHbIH HarpeB 

[92]. Ilocne.zi;Hee o6cTOHTeJibCTBO Il03BOJIHJIO C'IIITaTb rlITIOTe3y 0 penaKcan;HH TeTIJIOBOro IlOTO

Ka Heo6ocHOBaHHOH. 

0.zi;HaKO IIHTepec IICCJie,l\OBaTeneH: K BOJIHOBOH npHpo.ne TeTIJia He yruxaeT H no ceH: .n:eHb. 

KaK yKa3bIBaeT B. A. Ey6HoB (cM. [23]), B TeOplIH TeTIJionpoBO,ZJ;HOCTH HMeeT MecTO TaKoif :lKe 

,ZJ;yaJIH3M, KaK B OITTIIKe. c O,ZJ;HOH CTOpOHhl, npou:ecc pacnpocrpaHeHHH Tenna ocymecTBJIHeTCH 

IIOTOKOM B3aHMO,l\eHCTB)'IOil.(HX 'IaCTHU: (aTOMOB, MOJieryn), c .n:pyroH: CTOpOHbI - 3TO BOJIHOBOH 

rrpon:ecc. B nepBoM cnyqae OH on1IchrnaeTcH napa6oJitt'IeCKHM onepaTOpoM TeTIJiorrpoBO,ZJ;HOCTH, 

H TaKHe napaMeTpbl 3TOro onepaTOpa, KaK TeTIJIOeMKOCTb H TeTIJionpOBO,l\HOCTb, CJTb TeTIJIOQJH-

3H'ICCKHe KOHCTambl cpe,l\bI, onpe.neJIHIOIIIHe KOJIH'IeCTBeHHbie xapaKTepHCTHKII TennonpOBO,ZJ;

HOCTII. Bo BTOpoM CJIY'Iae TaKIIMII KOJIH'IeCTBeHHbIMH xapaKTeplICTIIKaMH HBJIHIOTCH CKOpOCTb 

TeUJIOBOH BOJIHbl II ee ,ZJ;HCnepCIIH. 

KnaCCII'IeCKaH TeOpHH nepeHOCa TeTIJia onttpaeTCH Ha npH6JIII)l(eHHH JIOKaJibHOro TepMO,l\H

HaMH'IeCKOrO paBHOBeCHH H CTIJIOIIIHOH cpe.n;bl. Ilp1I6JI1I)l(eHIIe JIOKaJibHOro TepMO.Jl:IIHaMH'IeCKO

ro paBHOBeCHH 03Ha'IaeT, 'ITO B Ka:lK,Zl;OM MaJIOM 3JieMeHTe cpe,ZJ;bl cymeCTBYeT COCTOHHFJe JIO

KaJibHOro paBHOBeCHH, ,ZJ;JIH KOTOporo JIOKaJibHaH 3HTpOIIHH HBJIHeTCH TOH :lKe QJYHKn;HeH MaKpo

CKOUH'IeCKHX rrepeMeHHbIX, 'ITO H ,ZJ;JIH paBHOBeCHOH CHCTeMbI. JlOKaJibHOe TepMO,ZJ;IIHaMH'IeCKOe 

paBHOBectte MO:lKeT ycTaHOBHTbCH B CIICTeMe, ecJIH CKOpOCTb II3MeHeHHH ee MaKponapaMeTpOB 

3a C'IeT BHeIIIHHX B03,ZJ;eHCTBHH, T. e. CKOpOCTb pa3pYIIIeHHH paBHOBeCIIH, HaMHOro MeHbIIIe CKO

poCTII ycTaHOBJieHIIH paBHOBeCHH. KpoMe Toro, npH6JI1I:lKeH1Ie JIOKaJibHOro TepMO,ZJ;HHaMII'ICCKO

ro paBHOBeCHH cnpaBe,l\JIHBO ,l\JIH MOMeITTOB speMeHH, 3Ha'IIITeJibHO npeBbIIIIaIOil.(HX xapaKTep

HOe BpeMH penaKCau;IIII CIICTeMbl K JIOKaJibHOMY paBHOBecmo. IlpH6JIH:lKeHIIe CilJIOIIIHOH cpe.zi;bI, 

no.nproJMeBaIOmee OTCJTCTBIIe y Hee BHJTPeHHeH CTpyKTypbI, 03Ha'IaeT, 'ITO B IImerpaJibHbIX 

3aKOHax coxpaHeHIIH ,ZJ;JIH 3TOH cpe,ZJ;bI MO:lKHO COBepIIIaTb npe.zi;eJibHbIH nepexo.n nplI CTpeMJie

HHII o6oeMa mrrerpHpOBaHHH K eymo. c QJII3H'IeCKOH TO'IKII 3peHHH 3Ta npon:e.nypa HeKoppeKT

Ha, TaK KaK cpe.na Bcer.na COCTOHT H3 OT,ZJ;eJibHbIX 3JieMemoB (aTOMOB, MOJieryn). 0.zi;HaKO ecJIH 

xapaKTepHbIH MaKpoMacIIITa6 CIICTeMbl MHOro 60JibIIIe xapaKTepHoro proMepa ee MIIKpOCTpYKTY

pbI, TO MO:lKHO npeHe6pe'Ib ,ZJ;HCKpeTHOCTbIO BemeCTBa II paccMaTplIBaTb TaKyio CHCTeM}' B npH-

6JIII:lKeHHII CTIJIOIIIHOH cpe,l\bl. 
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TaKHM o6pa3oM, KJiaccll'l.ecKM TeopIDI nepeHoca cnpaseronrna, ecJIH xapaKTepHM cKo

pocTb .n;aHHOro npo[(ecca MHoro MeHbIIJe CKOpOCTH pacnpoCTpaHeHIDI B03M}'II.leHHH B TaKHX 

cpe.n:ax. B 3TOM cnyqae npo[(eCcbI TeITJiorrposo)J;HocTH orrHchlBIDOTCH ,n:H<)><)>epeHI.J.HaJibHbIMH 

ypaBHeHHHMH B qacTHbIX rrpOH3BO.U:HhIX rrapa60JiffqeCKOro THIIa c 6eCKOHeqHO 6oJihWOH CKOpo

CTbIO pacnpOCTPaHeHIDI B03M}'II.leHHH OT MIBOBeHHOro TOqeqHoro HCTOqHHKa, ~o c <)>H3Hqec

KOH TOqKH 3peHIDI HeBepHO. 0,n:HaKO MH ,D,OCTaTOqHo Me)J;JleHHblX npon:eccoB, Kor.n:a 6ecKOHeq

HO 60JibWaH CKOpOCTh pacnpocTPaHeHIDI B03M}'II.leHHH TIOHHMaeTCH B CMhICJie «HaMHOro 60Jih

I1Ie CKOpOCTH yCTaHOBJieHIDI paBHOBeCIDI», TaKOe rrpH6JIHJR:eHHe MOJR:HO C'IJITaTh .n:ocTaTOqffO 

orrpaB,n:aHHbIM. B npoTHBHOM CJ1)'1Iae, T. e. npH BhICOKOCKopocTHhIX npo11eccax, cJie)J;yeT noJih-

30BaThcH JIOKaJihHO-HepaBHOBeCHhIMH MeTO.n;aMH OIIHCaHHH TaKHX CHCTeM. 

~:rm onHcamrn «HeKJiaCCH'IeCKHX» (JIOKaJihHO-HepaBHOBeCHhlX) CHCTeM MOryT 6hlTh HC

IIOJib30BaHhl pa3JIHqHhie TepMO.ll;HHaMffqCCKHe, KHHCTH'ICCI<He, <)>eHOMCHOJIOrttqCCKHe H HCKOTO

pbie .n;pyrne MCTOJJ:hl [47]. PaQHOHaJihHM TepMO.U:HHaMHKa, OTKa3hIBMCb OT npHHIIHTia JIOKaJih

HO-TepMO.n;ttHaMHtrecI<oro paBHOBeCHH, BBO.ll;HT TIOHHTHe TeITJIOBOH naMHTH [95]. B paMI<ax pa

QHOHaJibHOH TepMO.ll;HHaMHKH paccMOTPCHbI cpe.n;hl c BayTpeHHHMH CTeIIeHHMH CB06o,n:bI, cpe.n;hl 

CKOpOCTHOro THila H Cpe)J;hl c naMHThIO. PacrnHpeHHM Heo6paTHMM TepMO.U:HHaMHKa, BOJIHOBa.H 

TeopIDI ~hHpMaTH H HeKOTOphle .n;pyrne BapHaHTbl JIOKaJihHO-HepaBHOBCCHblX TeopHH OCHOBaHbl 

Ha npe.n;noJIOJR:eHHH, CJTO y.n;eJibHM 3HTPOIIHH HBJIHCTCH O.ll;HOBpeMeHHO <l>YHKn:tteH: paBHOBCCHbIX 

napaMCTPOB H HX IIOTOKOB. YpaBHemrn nepeHoca (TeITJia, 3HeprHH, H T . .n:.) B JIOKaJihHO-HepaB

HOBeCHbIX cpe.n;ax MOryT 6hlTh TaKJR:e TIOJ1)'1IeHhl H3 ypaBHeHHH EoJib[(MaHa, MOJICKYJIHPHO-KHHe

TH<reCKHMH MeTO.ll;aMH, rrpH TIOMOl[(H TCOpHH cnyqaH:HhIX 6nyJR:.n;aHHH H )JJ). [47]. 
ITepBoHa<raJihHbie nonbITKH o6o6meHHH ypaBHeHHH TeITJionpoBo.n;HoCTH <l>ypbe c.n:enaHbI 

aBTOpaMH pa6oT [33, 110]. 3):(eCb rnnoTe3a <!>yphe yTO<rHHeTCH cne.n;yIOIIIHM o6pa3oM: 

(Jq 
q =-4gradT-r, at' 

r):(e r, - BpeMH peJiaKCaI1HH TCTIJIOBoro TIOTOKa. 

Ha HaqaJibHOM 3Tane HCTIOJih30BaHIDI 3TOrO ypaBHemrn B npaKTHqecKHX pacqeTax HOBYJO 

TCIIJIO<)>H3ffqCCKYJO KOHCTamy OTOJR:,n;eCTBJIHJIH c MaKcBeJIJIOBCKHM BpeMeHeM peJiaKCaUHH BH3KHX 

HanpxJR:eHHH. B o6bJqHbIX ycnoBHHX 3TO speMH ecTh Manax senH<rHHa [43], qTO npenHTCTBYCT 

rnHpOKOMY pacnpocTPaHeHHIO TIOH <)>opMYJihl B TeopHH rennonpoBOMOCTH. Ha .n:aHHhIH MO

MeHT IlOJ1)'1ICHhl pe3yJihTaThI, KOTOphle roBOpITT 0 BpeMeHH peJiaKCaI1HH KaK 0 xapaKTepHCTHKe 

CTOJIKHOBCHIDI CBo6o,n:HhIX 3JieKTPOHOB c <)>oHOHaMH, a TaKJR:e 3aTia3):(bIBaHIDI peaKQHH OTKJIHKa 

Ha HCO)J;HOpo)J;HOCTH B rropHCThIX cpe.n;ax. 3Ha<reHHe BpeMeHH penaKCaI1HH CYIIICCTBeHHo 3aBHCHT 

OT MaTepHana: MH O.ll;HOpo,D,HblX MaTepHaJIOB 3HaqeHIDI HaxO,n;ITTCH B .n;HaIIa30He 10-
12 

+ 10-s c; 

a)J;JIHHeO,D,HOpO):(HhIX-10-
3 

+10
3 

c [101]. 
HcIIOJib30BaB npe.n;cTIIBJieHIDI 0 .n;JIHHe CB060)J;HOro npo6era MOJICKYJJ H BBe,D,H rHTIOTe3y 

0 KOHeqHOCTH 11po.n;oJIJR:HTCJ1bHOCTH y):(apa MOJICKYJI, <l>OPMYJIY ):\JIH TCIIJJOBOI'O TIOTOKa H3 MOJie

KYJIHPHO-KHHCTHqecKHX rrpe):(CTaBJJeHHH nOJ1)'1IHJI K. KarraHeo [82]. ITo,n:cTaHOBKa BbipaJR:eHHH 

):\JIH TIOTOKa B 3aKOH coxpaHCHIDI 3HeprHH npHBO.n;HT K ypaBHeHHIO TennorrpoBO)J;HOCTH rHIIep6o

JIHqecKoro Tnrra 

~.AT-cp -+r - =- f +r - · (ar a2r) ( a1) 
ot r ot2 

r ot 
3TO ypasHeHHe 6hlno TaKJR:e rrpeMoJR:eHo He3aBHCHMO EaH,n:oM, MeliepoM [7 4] u Oc6op

HOM [96] c n:enhIO o6bHCHCHHH CYIIIecTsosaHuH BToporo 3BYKa B He II, KOTOphIH 6bm o6Hapy

JR:eH B 3KcnepnMeHTax IleIIIKOBa [99] B KOHTCKCTe .n;HCCHTiaTHBHOH BOJIHOBOH <l>oPMYJIHpOBKH. 
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B 1968 r. f'ypTHH H flmnrnH [87] npe,[IJIO)KHJIH MO)J,eJih Terurnnposo)J,HOCTH s cpe)J,ax c na

MJIThIO. B paMKax 3TOH MO)J,eJiff CBH3b Me)K)J,y TeTIJIOBbIM TIOTOKOM q ff rpa,1],ffeHTOM TeMnepary-

pbI, a TaK)Ke Me)K)J,y miyrpeHHeli 3Heprneii CffCTeMhI ff TeMnepaTYPoii T ffMeeT ffHTerpaJJhH)'IO 

<jlopMY 

q=-fa(s)gradT(t-s)ds, 
0 

E=cpT+ ffl(s)T(t-s)ds, 
0 

r,lle a( s) ff fl ( s) - <l>YHK[(ffff penar<ca[(ffH TeTIJIOBOro TIOTOKa ff 3Heprffff COOTBeTCTBeHHO. 

3m Bbipa)KeHHH )"IHTbTBaIOT TOT <jlaKT, qTQ B,llaJIH OT JIOKaJihHOrO paBHOBecm1 TeTIJIOBOM no

TOK H BHyTpeHHHH 3Heprm1 He 3aBHCHT OT MrHOBeHHhIX 3HaqeHffH rpa,llHeHTa H TeMnepary

pbI, a onpe)J,eJIHIOTCH sceH: npe)J.hICTOpffeii npouecca TeTIJionepettoca B paccMaTPffBaeMOM npo

cTpaHCTBeHHOM 3JieMeHTe. 0 TaKffX cpe)J,aX rosopHT KaK 0 «Cpe,1],aX c naMHThIO». 0TCIO,lla H H3 

3aKoHa coxpaHeHHH 3HeprHff MO)KHO nonyqHTh ypasHeHffe rrepeHoca B cpe,lle c naMHThIO 
00 00 

cpf + fl(O)T + f fl'( s )f (x,t-s) ds = a(O)tiT + J a'( s) tiT( x,t-s )ds +w( x,t). 
0 0 

BhlrneynoMHttyTuiii 3ar<oH Karratteo-BepHorra noJI)"laeTCH, ecJIH s 3TOM ypastteHHH <l>YHK
[(ffff penaKca[(HH 3a,llaTh s Bff.lle ( <jlyHKUHH Mar<cseJ1J1a) 

a(t-s) = Ay exp(t~s} 

fl ( t -s) = c p exp ( t;, s } 

Kar< 6bIJIO yr<a3aHO BhIIIIe, 3HaqHTeJibHhIH HHTepec BhI3bIBaeT O[(eHKa rrapaMeTPa r,' KOTO

pbIH CBH3aH co cr<opocThIO TellJlosoH: BOJIHhI cooTHOIIIeHffeM VT = Ay / ( c pr,). A. B. JlhIKOB no

Ka3aJI [34], qTQ CKOpOCTh pacrrpoCTPaHeHHH TeTIJIOBbIX B03MYJ:[(eHHH MO)KeT 6hITh llOJiyqeHa H3 

peIIIeHmi HemrneliHoro rrapa6oJIHqecr<oro ypasttemrn TellJlorrposo,llHOCTff. B rrocne,llHee speMH 

IIOHBHJIHCh pa60ThI, nocBHl[(eHHhie BbJqHCJieHHIO CKOpOCTeH TenJIOBhIX BOJIH ff speMeH peJiar<ca

Il,Hff ,llJIH Pa3J!HqflbJX MaTepffaJIOB. MeTO.ll BhlqffcJieHmi CKopocn1 TeIIJIOBhIX BOJIH Ha OCHOBe 

)J,aHHhIX KOCBeHHhIX H3MepeHffH (rrocpe)J,CTBOM H3MepeHmi K03<l><jlH1(HeHTa norrromeHHH 3Byr<O

BhIX BOJIH) [36] )J,aeT xopOIIIee COBITa,lleHHe TeopeTrrqecKHX ,llaHHbIX c 3KCrrepffMeHTaJihHbIMH, 

a 3TO CBII)J,eTeJibCTByeT 0 TOM, qTo BBe.n;eHffe B ypasHeHHe TeTIJionpOBO,llHOCTff BTOpoH: npOH3-

BO,llHOH no speMeHH uerrecoo6pa3HO. B pa60Tax B. A. Ey6HoBa H C. IO. 51.Hoscr<oro (cM. [67]) 
rrpnse,lleHhI o6ma» CTPYKTYPHaH cxeMa H.n;eHru<jlHKa[(ffH <jlyttK[(Hii perraKcaIJ,Hff Terrrrosoro no

TOKa ff BttyTpeHHeii 3Heprnff, a TaK)Ke CTPYKTYPHaH cxeMa H)J,ettru<jlHKa[(ffff speMeHff penar<ca

IJ,Hff Terrrrosoro noTor<a, rrocTPOeHHhie Ha ocHose perneHmi 3a):laqn o nepeHoce TeIIJia qepe3 6ec

KOHeqHYJO IIJiaCTfftty, rrosepxHOCTh KOTOpoil H3Jl)"laeT TeIIJio no 3aKOtty CTe<jlatta-EoJib1(MaHa. 

Ei,mo rror<a3aHo, qTo perrar<ca[(ffOHHhie rrpo:u;ecch1 rrpoHBJIHIOTCH rrpff qaCTornx MO)J.yJIH1(HH O)J,-

Horo rropH,1],Ka c seJIHqHHOH, o6paTHOH speMeHH peJiar<Ca[(Hff (OJ- r;
1
). 

He,llasmre rry6n11r<a:u;n11 ,ZJ,. T3oy ff H. 1IeHa [109] rror<a3hIBaIOT, qTO HeKJiaccrrqecr<aH TeIIJio

rrposo,llHOCTh see eme rrpe,1],CTaBJIHeT 3r<crrepnMeHTaJihHhIH H TeopeTHqeCKHH HHTepec. 11M y)J.a

JIOCh ,llOKa3aTI:., qTo speMeHHhie llOCTOHHHhie, <jlttrypttpyromtte B penaKCa1(HOHHblX 3<l><l>eKTax, 

nopH,1],Ka MHKpO- H HaHOCCKyH)J,. 
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TenJIOBhie BOJIHhI B CJioe, B03HHKaIOU1He BCJie)J,cTsue HMDYJILcnoro narpesa nosepxuo

CTH IIOJIOCTH. 6y,n:eM paCCMa1pIIBaTb M30TPOIIHbIH (B CMbICJie TeIIJio<PmWieCKHX CBOHCTB) CJIOH 

TOJIIIIHHbl 2h, OipaHJf'ICHHbIH IIOBCpXHOCTbIO CKB03HOH ryHHCJibHOH IIOJIOCTH. B ,n:e1<apTOBOH 

CHCTeMe KOOp,n:HHaT Ox1X2X3 paccMa'TpHBaeMoe Teno 3a,n:aeTCH COOTHOUICHIDlMH -oo < .'1_,Xz < oo, 

Jx3 1 :o; h, ly(xl'x2)I > R, R >0, r,n:e y(xl'xJ -eycoqHo-rna,n:I<aH <PYHI<UHH. 

B HaqaJibHblll MOMeHT BpeMeHH t = 0 cpe,n:a HaxO)J,HJiaCb B COCTOHHHH TepMO)J,HHaMWieCKO

ro paBHOBeCHH npH TeMrreparype TO' Bcrre)J,CTBHe TeIIJioBoro HarpeBa TeMneparypa Terra 6y,n:eT 

MeHHTbCH 11 ee rrpHpameHHe cocTaBHT 0 = T-Ta· Ha TopueBhIX nnoc1<ocrnx crroH rroMepxmaa

eTCH IIOCTOHHHaH TeMrreparypa T;)' a Ha IIOBepXHOCTH IIOJIOCTH a ,L(eil:cTByeT TCIIJIOBOH HarpeB 

c nnoTHOCThIO noToKa IV ( x, t). MaTeMaTJf'IeCKYfO <PoPMYITHpOBI<)' 1a,n:aqH 3arrnweM cne.n:yro

IUHM o6pa30M. 

YpaBHeHne TeIIJiorrpoBO)J,HocTH (c yqeToM TerrrroBoii rraMHTH) [67, 68, 81] 
= = 

cpO + /3(0)0+ f /3'( s) B(x,t-s )ds = a(O)AO+ Ja( s )AO(x,t-s )ds + w( x,t ), 
0 

uaqarrbHbie ycrroBHH 

rpanHqHbie ycrroBHH 

01 =
00

1 =0 ,=0 at ' 
t=O 

fa(s) ao(x,t-s)\ 
on 

0 xea 

= 
-IV 

Ar 

(9.356) 

(9.357) 

(9.358) 

(9.359) 

B COOTHOUieHHHX (9.356)-(9.359) npHHHTbl CJIC)J,yIOIQHe o603HaqeHHH: c - y,n:errbHaH Te

rrrroeMKOCTb rrpn IIOCTOHHHOM o6oeMe; p - IIJIOTHOCTb MaTepHarra; Ar - Km<iJ<iJHUHCHT Teil-

rronpOBO)J,HOCTH; a - IIOBepXHOCTb IIOJIOCTH; n = (nl, n2) - opT HOpMarrH K IIOBepXHOCTH a; 
w - IlJIOTHOCTb TCIIJIOBbIX HCToqHHKOB; a ( s), /3 ( s) - <\JyttKUHH perra1<caQHH TeIIJIOBOro rro

TOKa H 3Hepmn COOTBeTcTBeHHO. B ycJIOBHHX ,n:aHHOH 3a,L(aqH 6y)J,eM rrpe)J,rrorraraTb, qTQ TeITJIO

Bbie HCTOqHHKH OTCYTCTByIOT ( W = 0). 
BBe,n:H 6e1pa3MepHbre rrapaMerpbI no cpopMYJiaM 

X = xk · H = !!._. r = ~t· N = ii (k = 1 2 3) 
k R ' R' cpR2 ' R ' ' ' 

A( r) =at); B( r) =~~);'!'=~IV; W = z w (9.360) 

M npHMeHAA K COOTHOIIIeHMHM (9.356), (9.358), (9.359) rrpeo6pa30BaHHe JlaITJiaca npn 0,L(HO

po)J,HbIX HaqarrbHblX ycJIOBHHX (9.357), rronyqaeM 

( 
a1 a1 a1 

)- p + pB ( p) - w 
ax(+ axi +ax; 8 A(p) 8 

= X(p)' <
9

·
361

) 

oj = o, 
X3 =±H 

(9.362) 
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aiJ(x,p)I 
aN 

Xe:!: 

ni;e f (p) =ff ( r)e-P'dr, L - IIOBepXHOCTb IIOJIOCTli B 6e3pa3MepHblX KOOp,D;HHaTaX. 
0 

(9.363) 

Haii.n;eM o.n;Hopo,n;Hhle pernemrn: ypasHeHHH (9.361), y.n;osneTBop»IDI:QHe ycnOBHHM (9.362). 
,Z:Vrn :noro ypasHeHHe (9.361) rrpe,n;cTaBHM TaKHM o6pa3oM: 

[ a
1 

2]--+ n B=O ax 2 
' 

3 

2 a1 a1 P + pii ( P) 
D =--+--- . ax; ax; A(p) 

,Z:Vrn ero HHTerpHpOBaHHH rrpHMeHHM orrepaTOpHbIH MeTO.n;. 06mee perneHHe 6y.n;eT HMeTb BH)J; 

B = ( cosDX3 )C1 ( X1, X2 )+( D-1 sin DX3 )c2 ( X" X2). 

,ll,JIH orrpe.n;eneHHH <l>YHKU:HH (} rrpHBJie'IeM rpaHH'IHbie ycnOBHH (9.362) H BbI,D;eJIHM B pe
rneHHH CHMMeTpH'IHYJO H KOCOCHMMeTpH'IHYJO COCTaBJIHIO[QHe. 

CHMMeTpH'IHOe perneHHe HMeeT BM.LI (52, 55, 56] 
- = tr 
85 = L<Pj(XpX2 )cosµjX 3 , µj =-(2j+l), 

j=O 2H 

r.n;e <l>YHKU:HH <Pj ( x,, x 2) y.n;oBJieTBOpHIOT ypaBHeHHHM 

D 2 2 
<Pj = µ <Pj' 

2 a1 a1 p+pii(p) 
D =--+ ax; ax; A(p) 

KococHMMeTpH'IHoe perneHHe orrpe,n;eJIHeTCH cooTHorneHHHMH 

Be= f lf/j ( X" X2 )cos.4jX3 , X = trj. 
j~I J H 

D 2 12 
lf/j =A- lf/r 

<PyttKU:HH lp1 ( X" X 2) H lf/j ( X" X z) orrpe.n;en»JOTCH H3 ypasHeHHH 

(V'2-v2)m.=O V2=p+pB(p)+µ2 
J r1 , J A(p) J' 

(V2 -n2)11F. =0 n2 = p+ pB(p) +,1..2 
·11 r1 ,.,1 A(p) J' 

r.n;e V' 2 - .LIBYMepHbIH orrepaTOp flarmaca. 

(9.364) 

(9.365) 

Ilo,n;CTaBJIHH rrpe,n;CTaBJieHHe (9.364) B rpaHH'IHOe ycJIOBHe (9.363) H rrpe.n;rronaraH, 'ITO 

cpyttKU:HH \f(X, p) MO)J(eT 6o1Tu rrpe.n;cTaBJieHa pH.n;oM <Pypoe L if 1 cosµ1X 3 , HCKJIJO'IaeM 
j=O 

«TOJI[QHHHYJO» KOOp,D;HHazy x 3. IlonyqaeM 

~~Ir =-x~~)" (9.366) 
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3,necb r - KOHTYP ITorrepeqHoro ceqemnr rroJIOCTH ITJIOCKOCTbIO x3 = c ( c = const ), KOTOpbrM: 

3a,D,aeTCH aHaJilfTJfqCCKlf ypaBHCHlfCM tp( xi, x 2) = R. 
TaKHM o6pa30M, ,nJIH pellleHHH ITOCTaBJieHHOH 3a,naq11 (cHMMeTplfqHoM:) Heo6xo,n11Mo oITpe

,neJIHTb Km4J<]:m:u:11emb1 pH,na <l>ypbe tpj, y,noBJieTBopH10m11e B o6JiacTH <D: 117'( X PX JI;;;: R 

0,ll,HOpo,nHOMY ypaBHCHlflO feJibMrOJibl.(a (KJieM:Ha-fop,noHa) (9.365) If rpaHlfqHOMY ycJIOBlflO 

(9.366). 
TeITJIOITpOBOAHOCTb B cJioe, co,!l,ep)){ameM ITOJIOCTb ITpomBOJibHoro ITOITepeqHoro ceqeHHH. 

Ey,neM 11cKaTb pellleHHe 3a,naq11 (9.366) B BHAe 

tpj(z)= fgj(?)K0 (vjp)ds, ?=~1 +i~2 Ef, z=X1+iX2E<D\r, Revj>O. (9.367) 
r 

l1merpaJibHOe npe,!l,CTaBJICHHe (9.367) KOppeKTHO, TaK KaK y,nOBJieTBOpHeT ypaBHCHlflO 

(9.365) If ycJIOBHHM Ha 6ecKOHeqHOCTlf HC3aBHClfMO OT BbI6opa IIJIOTHOCTeH gj(?), KOTOpbie 

Heo6xO):(HMO OITpe,!l,CJIHTb H3 rpaHJfqHOro ycJIOBHH (9.366). 
Ilo,ncTaBJIAA (9.367) B (9.366), 3aTIHII1CM 

(9.368) 

,[(Jrn ITpeo6pa30BaHHH ITOCJie,nHero COOTHOllICHHH ITPCACTaBHM OITepaTOp M4J4JepeHI.(HpOBa-

a a 
HHH ITO HOpMaJIH - c ITOMOIUblO KOMIIJICKCHbIX OITepaTOpOB ,ntt4J4JepeHU:HpOBaHHH: aN aN 

. a . a 
= e"/I - + e -1'/I - , r,[l,e If/ - yroJI MC)){,ll,y HOpMaJiblO K KOHTYPY r H OCblO 0 x I. az Oz 

am am 
OITepaTOpbI - H - ,neM:CTBYIOT Ha K 0 ( vp) ITO 4.JopMYJiaM [ 49] azm azm 

:zmm K0 (vp)=(-~r e-imq>Km(vp), z=peiq>, 

c yqeTOM 3TlfX 4.JOPMYJI H ITpe,ncTaBJICHHH (9.367) HaxO,[l,lfM 

~tp = vj fgj(?}e;aK1(vjp)ds. 
Oz 1 2 r 

(9.369) 

Ilo,!J,CTaBJJHH npe,!l,eJibHbie 3HaqeHJfH 4.JYHKI.llfH (9.369) B rpaHHqHoe paBeHCTBO (9.368), nptt-

XO,ll,lfM K HHTerpaJibHbIM ypaBHeHHHM 

(9.370) 
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)],arree, ttaxoM H3 (9.370) IIJiornocm g j ( ( 0) .[(llil j = 0, 1, 2, ... , peweHHe onpei::i:emieM rro 

<J:iopM)'ne 

B(X ,p) = f cosµjX 3 Jgj ((}K0 (vjp )ds. 
j=O r 

lfacneHHM pearrll3aIJ;IDI HHTerparrhttoro ypasHemrn (9.370) CBOJJ:l!TCH K onpei::i:enettmo 3Hat.Je

Hl!H g; (Pk) B )'3nax HHTeprromru;lll! ll3 cne,eyio:m:eii CllCTeMhI nHHeHHhIX arrre6palll.JecKHX ypas

HeHI!H: 

f {(-1t1 cosecpk -Poi 
k=I 2 

Vj ( R R ) '( R )} * ( R ) N 'Ji~ (Poi) 
Jr Gj Pk,PO! s Pk gj Pk = 2Jr A(p) . 

OrcIOi:t:a nerKO BOCCTaHaBnl!BalOTCH 3Hat.JeHHH jj ( x, p) B nro6oii TOl.JKe cnoH. 

A.rlropHTM quCJieHHOro OOpam;eHHJI Dpeoopa30BaHHH JlaDJiaCa. Anfopl!TM o6paTHOro 
npeo6pa:msamrn JiaIIJiaca, npHMeHHeMhlH B i:t:aHHOH pa6oTe, ocHoBaH Ha pawo)l(eHHH mo6p~e
Hl!H B PM <Dypbe ll arrrrpoKcHMawm c noMO:W:hlO .uerrHhIX ,IJ,po6eii (CM. [ 46]). 

KaK H3Becrno, B~HeiiwHM cpei::i:cTBOM .[(llil Bhit.JHcneHHH opHnrnarra no HJo6p~eHmo HBnH

eTCH KOMIIJieKCHhlH l!HTerparr 
] y+ioo 

f(t)=I:1[f]=-. J eP'(p)dp (t>O), 
2m y-ioo 

(9.371) 

ri:t:e y eCTh a6CI(llCCa B rronynnOCKOCTll a6COnJOTHOH CXOJJ:l!MOCTll l!HTerpana Jlarrnaca L 1 [j) . 
BhIIIOnHllB 3aMetty p = y + iOJ, 3aITl!IIIeM COOTHOllleHHe (9 .371) B BH):(e 

1 00 

f ( t) = -eri JRe{ <l> (p) e;""}dm. 
Jr 0 

(9.372) 

IlpHMeHl!M i:t:nH HHTerpana (9.372) <J:iopM)'ny rparre.ul!H c waroM Jr/ l Ha HHTepsane ( 0, 2l}, 

rrocne t.Jero rronYt.JHM cne,eyiornyio annpoKCl!Mal(llOHHJIO <J:iopM)'ny: 

f (t) z ~eri [Re <D;r) +~Re{ <l>(r+ i~;r )e(ikm11 l} J (9.373) 

PM B npasoii t.Jacm (9.373) Bhil.Jl!CAAeTCH c rroMO:W:hIO arrnpoKcHMal(Hll .uerrHhIMll i::i:po6HM11. 
IlyCTh g(z) - aHMHTlll.JeCKM cpyttKI(l!H, KOTOpM MO)l(eT 6bITh rrpei::i:crnsneHa CTeneHHhIM 

PMOM 

g(z) = ~:>;z;, 
i=O 

ll v(z) - COOTBeTCTBJ!O:W:M g(z) HerrpephIBHaH i::i:po6b 

v( z) = d0/( 1 +d1z/(1 +d2z/(l + ... )) ). 
Bsei::i:eM o603Hat.JeHHH 

e(i) = 0 q(i) = a;+1 (z' = 0 1 ) 
0 ' 1 ' , •••• (9.374) 

a; 

Tori::i:a cnpaBei:t:nHBhl COOTHOIIIeHl!H [38] 

(i) (i) - (i+l) (i+l) (. 0 1 k 1 2 ) qk+i·ek -qk ·ek 1 = ', ... ; =' , ... · (9.375) 
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Ko3<}l<}lHU,tteHThI dk onpeAemooTc» no <}lopM)'JiaM 

Tipe.[(TIOJIO)l(JfM, 'ITO 

{

do= a0 , 

d - (0) 
2k-1 - -qk ' 

d2k = -e~O) ( k = 1,2,. .. ). 

g(z)= fakl = <l>(y) + f <t>(r+ ikff)eikm11' 
k=O 2 k=I [ 

ao=±<l>(y), ak=<l{r+i~Jr} z=e;"'11 (k=l,2, ... ). 

815 

(9.376) 

(9.377) 

TipttMeIOOI <}lopM)'JihI (9.374), (9.375), (9.376), TIOJIY'IHM K03<}l<}lm.i:tteHThI IJ,eTIHOll Ap06H, co
OTBeTCTB)'lOIIJ,ell. cTeneHHOMY pwzy (9.377). 

06o3HalJHM 'Iepe3 v(z,M) M -)'10 rro.r1xowmzyJO .r1po6h 

v( z,M) = d0/( 1 +d1z/(1 + d2z/(l +d3z/(1 +dMz))) ). 
1-lttCJIITTeJih H 3HaMeHaTeJih COOTBeTCTB)'lOmell. TIO,[(XO~ell. .LIP06H CB»3aHhl c K03<}lqmIJ,HeH

TaMH d k CJie.Ll)'lOIIl,MMH pei<yppeHTHhIMH COOTHOIIIeHH»MH: 

{
Ak = Ak-1 + dkzAk-2, 

Bk= Bk-I +dkzBk-2 (k =1,2, ... ), 

r.D;e A_1 =0; B_1 =l; Ao =d0 ; B0 =1. 

Tor.D;a v( z, M) = AM/BM H arrrrpoKCHMaIJ,H» <}lyttKil,MH .D;aeT cne.Ll)'lOIIJ,ee npe.D;CTaBJieHHe 

f (t) =~err Re{ v( z,M )}. 
l 

TaKMM o6pa30M, onpe.D;eJieHHe opttrnttana CBO):(HTC» K IIOCJie.D;OBaTeJihHOMY BhllJMCJieHmo 

IIOAXOMIIJ,HX .LIP06ell. v(z,m) (m=l, ... ,M). KpITTeptteM orrpe.r1eneHH» 'mcna M (rrop».D;Ka arr

npoKCHMail,Mtt) »BIDleTC» CJie.Ll)'lOmee COOTHOIIIeHHe 

Hz,M)-v(z,M -l)J < t', 

r.D;e t' - 3a.LlaHHOe OTKJIOHeHHe. 
3Ta OIJ,eHKa He »BJI»eTC» CTporoll., HO, KaK YKa3hIBaeTC» B [73], TO'IHa B 60JihIIIHHCTBe cnyqa

eB H qaCTO npttMeH»eTC» Ha rrpaKTHKe. 
Pacqey TeMneparypuoro noJIH n suyrpenueii 3ueprnH. B Ka'leCTBe rrpttMepa peIIIeHH» 

3a,[(a'IH (9.356)-(9.359) nocpe.LICTBOM BhIIIIeH3JIO)l(eHHOro MeTO):(a paCCMOTpHM H30TpOTIHhlll 
CJIOll, CO.D;ep)l(amttll. CKB03ttyl0 TyHHeJihttyJO IIOJIOCTh 3JIJIHIITH'JeCKOro nonepe'IHOrO CelJeHH» 

(r:(3x)
2 +(2y)2 

=(6)
2
). TeIIJIOBhie BOJIHhl B CJIOe B03HHKalOT BCJie.D;CTBHe HMrryJihCHOro Ha

rpesa TIOBepxHOCTH TIOJIOCTH 

HJIH 

'¥ 1 ='l'01 (r)·cos--3 , '1'0i(-r)= 
Jr X {l, 0 < r < l0 , 

2H 0, r 2 l0 , r = 0 

JrX 
'¥ 2 = '¥ 02 ( r) · cos - 3 

, '¥ 02 ( r) = exp ( -r) - exp (-6r). 
2H 
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B pacqerax 3a;:i:asanttch cne,rzyiomHe napaMe'TphI: 

hf R = 10, 10 =1, a( s) = Ar/r, exp( s/r, ), fJ( s) = cp/r, exp( s/r, ), 

r, = 10-11 
c - BpeMH penaKcau;HH TeITJIOBOfO ITOTOKa; r, = io-13 c - BpeMH penaKcau;1rn BH)'T

peHHeii 3HeprnH. 

Ha pHcyttKax 9.34-9.39 npe,r:i;cTaBJieHhI rpaqmKH 3aBHCHMOCTH 6e3pa3MepHhIX semrqHH E 
(3HeprIDI) H B (TeMnepazypa) OT 6e3pa3MepHOro BpeMeHHoro napaMe'Tpa r B TOqKe CJIOH 

(2,0,0). Ha pttc. 9.34-9.37 1¥ = 1¥" a Ha pHc. 9.38, 9.39 '!-' = 'I-'2. Pe3yJihTaThI np1IBe.r:i;eHh1 MH 

pa3Hh1X 3HaqeHHil: 6e3pa3MepHbIX BpeMeH penaKCau;HH "o H rl (TeITJIOBOfO ITOTOKa H 3HeprHH co

OTBeTCTBeHHO). 

fpacpHKH Ha pHC. 9.34 ,r:i;eMOHCTJ>HpYIOT ycJIOBHH IIpHMeHeHHH BOJIHOBOM MO,r:i;eJIH TeITJionpo

BO.[\HOCTH. CITJioIIIHoii JIHHHeii o6o3HaqeHo peweHHe, paccMaTJ>HBaeMoe B paMKax KnaccmecKoii 

TeopHH TeIIJIOIIpOBO,L\HOCTH (a( s) = /J( s) = 0). IlymmrpHOH JIIfHHeH IIOKa3aHO pememre, fIOJIY-

qaeMoe npH fJ ( s) = 0, a( s) * 0, 'fo = 0.05. 3TOT cnyqail: COOTBeTCTBYeT rnrrep6onmecKOM MO

,r:i;eJIH TeITJionposo,r:i;HoCTH (KoTopM HBJIHeTCH cne.r:i;crntteM 3aKoHa TerrnorrpOBO.L\HOCTH KarraHeo

BepHorra), HO BpeMH penaKcau;HH TeITJIOBOfO ITOTOKa B 20 pa3 MeHbllie BpeMeHH .r:i;eil:CTBHH TeIIJIO

BOro HMrryJihCa, IT03TOMy pammttil: Me)J()zy ,L\B)'MH pe3yJlhTaTaMH rrpaKmqecKH HeT. Ha pHc. 9.35 
3TH 'lKe peweHHH paccMa'TpHBaIOTC11 IIpH 'fo = 1. QqeBH.[(HO, qTo TeMnepazypa, paCC'!.ITTaHHaH 

B paMKax rHIIep6onmeCKOH MO.[\eJIH TeITJIOIIpOBO.[\HOCTli HMeeT xapaKTep 6erymeil: BOJlHhI, rrpH

qeM TeITJIOBOH IIOTOK 0ITHChIBaeTC11 pa3pb1BHOH tPyHKD;Heli (HenpephIBHOCTh Hapywaerc11 B MO

MeHThI BpeMeHH, Kor.r:i;a BHeI1IH11H TeIIJIOBaH Harp)'3Ka H3MeHHeTCH CKaqKoo6pa3HO). Mo'lKHO 3a

KJIIOqHTh, qTO rMnep6onH'l.eCKaH MO.[\eJib a;:i:eKBaTHO OllHChIBaeT npou;ecc TeIIJionpOBO.[(HOCTH, 

BpeMeHHOH MaCWTa6 KOToporo COH3MepHM co BpeMeHeM peJiaKCfil(HH TeIIJIOBOro ITOTOI:<a B .r:i;aH

HOH cpe.r:i;e. EcnH BpeMH Ha6mo,r:i;eHHH 6onhwe (xorn 6i,1 Ha rrop11,r:i;oK) speMeHM ycTaHOBJieHHH 

TepMO.[\HHaMHqecKoro paBHOBeCHH, TO MO'lKHO paccMa'TpJIBaTh npouecc TerrnorrpoBO.[\HOCTH KaK 

paBHOBeCHhIH, .L\Hcp<lJy3HOHHhIH, T. e. no,r:i;qHH11lOll_\HHCH 3aKOHY TerrnorrpoBO.[\HOCTH cl>ypbe. 

() () 

, , 
0,2 0,4 

0,1 0,2 

0 0 

-0,1 -0,2 

0 2 4 6 'Z' 0 2 4 6 'Z' 

Puc. 9.34. l13MeHeH11e 6e3pa3Mepttoii TeMrrepa- Puc. 9.35. l13MeHeHHe 6e3pa3Mepttoil: TeMrrepa-
rypbI co speMeHeM B crry'rne )l.eil:crnm1 rrp»MO
yTOJihHoro HMil)'JihCa ( cpaBHeHHe rHrrep6onHqe
cKoii H rrapa6on11qecKoil: MO)l.erreil: r 0 =0,05) 

ryphl co BpeMeHeM B cnyqae Aeil:CTBHH rrp»MO
yrOJihHoro HMII)'JihCa (cpaBHeHMe rHrrep6oimqe
CKoii H rrapa6orr.11qecKOH MOLJ.eneil: r 0 = 1) 
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PHc. 9.36, 9.37 .neMOHC1J'HpYIDT BJIIDIHHe «TeruIOBOH rrawrrH» Ha pacrrpoC'I'paHeHHe TeIIJio

BhlX BOJIH rrpH .neHCTBHH HMrryJibCHOro TeIIJIOBOro HarpeBa. KpHBhie 1 COOTBeTCTB)'IOT JIHHeapH-

3HpOBaHHOM MO.L(eJIH TerrnorrpOBO,L(HOCTH fypTHHa-IlHIIKHHa (To = 1, rl = 2 ), a KpHBhle 2 -

rHrrep6onHqecKoii: Mo.nenw KarraHeo-BepHOTTa-JlhIKOBa. KaK BH.L(HM, yqeT penaKca11HH Terrno

Boro IIOTOKa rrpHBO,L(HT K IIOHBJieHHIO qeTKO BhlpIDKeHHoro BOJIHOBOro <):>poHTa (yqacTOK KpH

BOM, r.ne TeMrrepaTypa paBHa ttyJIIO, COBITa,L(aeT c rrpoMe)l{)"fKOM BpeMemi:, 3a KOTOphIH TeIIJIOBaH 

BOJIHa rrpHXO,L\HT OT HCTQqHHKa B Toqey Ha6JIIO,L(eHHH). PenaI<CaIIHH 3HeprHH (KpHBM 2 Ha 

puc. 9.35) CYIIIeCTBeHHO MeHHeT BOJIHOBYIO KapTHtty: YMeHhIIIaeTcH aMIIJIHTY.Lla TeMrrepaTyphI, 

O,L(HaKO ,L(a:lKe rrocne CHfilHH HarpY3KH TeMrrepaTypa MO'lKeT B03pacTaTh HeKOTOpoe BpeMH. OT

MeTHM, qTo c TeqeHHeM BpeMeHH o6a peIIIeHHH COBIIa;::\aIOT, T. e. 3<):><):>eKT «TeITJIOBOH rraMHTH» 

MO:lKHO He yqHThIBaTh. 

(} E 

,' ,, , 
I 

;_.... 2 
0,4 

,. 
('/ 
I 

0,4 

1 

-...::=: ... -----·-,,... 

0,2 
~ 2 - r-·u-· --------------· 

0,2 

0 0 

-02 
' 0 2 4 6 

-0,20 2 4 6 

Puc. 9.36. ll3MeHeHtte 6e3paJMepHoii TeMrrepary- Puc. 9.37. lfaMeHeHtte 6e3paJMepHoii 3Heprntt 

pbl co BpeMeHeM B CJl)"Iae ,[leHCTBIDI rrpHMO- co BpeMeHeM B cnyqae ,1:1eiiCTBHJJ rrpHMoyroJib

yroJibHOfO ttMrryJihca (cpaBHeHtte rnrrep6onHqe- Horo HMrryJihCa (cpaBHem1e rttrrep6oJIHqecKoii 

CKOH MO,[leJIH H MO,[leJIH c TeITJIOBOH rraMJJTbIO, MO,[leJIH H MO,[leJm c TeIIJIOBOH rraMJJTbIO, To =I, 
T0 =1, T0 =2) i-

0
=2) 

Ha puc. 9.38, 9.39 rrp»Be.neHhI attanoruqHhie pe3yJihTaThI pacqeToB TeMITepaTyphI H BttyT

peHHeli 3HeprnH rrpH Ta = 1, Tl = 0,01. 3.nech yqeT MeXaHH3Ma peJiaKca11HH B~HHeii 3HeprnH 

rrpHBO.L\HT K ysenHqeHHIO 3aTJXaHHH H YMeHhIIIeHHIO cKopocTH pacrrpoc'I'paHeHHH TerrnoshIX B03-

MYIIIeHHli (pttc. 9.38) 110 cpaBHeHHIO co cI<opOCThIO H 3azyxaHHeM TeIIJIOBhIX B03MYIIIeHHH, rrony

qaeMhIX H3 rHIIep6onuqecKoro ypaBHeHHH TerrnorrpoBO.L\HOCTH. 

rnnep6oJIH'leCKaB 3a,>:J;a'la TenJionpOBO,IJ;HOCTII ,IJ;Jlff aHH30rponuoro CJIOB B R 3
• B ,ll;eKap

TOBOH CHCTeMe KOOp,n;1rnaT Ox1X2X3 paccMO'IJ'HM aHH301J'OIIHhIB CJIOH - 00 < Xi•X2 < oo,jx31::;; h, 

HMeIOmHH B Ka:lK,ll;OH TO'!Ke IIJIOCKOCTb TeIIJIOBOH CHMMe'I'pHH, K KOTOpOH HOpMaJihHa OCh Ox3 . 

Cnoii co):lep:lKHT CKB03Hyro zyHHeJihH)'IO rronocTu (s.nonh ocH Ox3) .noCTaToqHo rrpOH3BOJihHOro 

rrorrepeqHoro ceqemrn. Ha OCHOBaHIDlX CJIOH IIOMep)KHBaeTCH IIOCTO.sIHHM TeMITepaTypa Ta, a Ha 
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IIOBepXHOCTII: IIOJIOCTII: (} .n;eHCTBYeT TerrnOBOH HarpeB c IInOTHOCTblO II OTO Ka q (.;' t) . TeMrrepa

TYPa B npOF!3BOJThHOH TOIJKe cnm1 x = ( X1 'X2 , X3) onpe.n;eID!eTCH F!3 nmep6onlf'IeCKOro ypaBHeHF!H 

TerrnorrpoBo.n;Hocrn[67] 

[ ± amlamal -cp(~ +rr ~
2

2)]r(x,t) = 0, am=~ 
m,1=1 ut ot axm 

(9.378) 

rrpH BbIIIOJIHeHF!F! rpaHH'IHbIX 

(9.379) 

F! Ha'IaJibHhlX ycJIOBHH 

(9.380) 

E (} • 
0,3 0,3 

0,2 0,2 

0,1 0,1 

2 

0 0 

-0 - 01 
' 0 2 4 6 1: ' 0 2 4 6 

Puc. 9.38. J13MeHem1e 6e3Pa3MepHon 3Hepnrn: co Puc. 9.39. l13MeHeHHe 6e3pa3MepHoil: TeMrrepa-
BpeMeHeM B CJJY'lae .n;eil:CTBlli! 3KCIIOHeHll;lf!lllhHOro 
HMrryJihca ( cpasHeHHe mrrep6oJIH'IecKon Mo.n;eJIH 

H MO)l:eJIH c TeIIJIOBOH rraMHTb10, ro = 1, rl = 0, 01) 

Typhl co speMeHeM B CJIY'fae ne:lkTBHH 3KCIIO
HeHI.1HaJihHOro HMrryJihCa (cpaBHeHHe rHrrep6o
JIH1IeCKOH MO,!l;eJIH H MO,!l;eJIH c TeIIJIOBOH rraMH

ThIO, r 0 =1, r 1 =0,01) 

B coomorneHHHX (9.378)-(9.380) npHHHTbI cne.n;yroru;tte o6o3Ha'IeHHH: am1 - KOMITOHeHThI 

Temopa TermorrpOBO.n;HOCTH ( a13 = a23 = 0) ; c - y.n;eJibHaH TerrnoeMKOCTh npH IIOCTOHHHOM 

o6oeMe; p - IInOTHOCTh MaTepttaJia; '£ r - BpeMH penaKCaI.IHH rerrnoooro IIOTOKa; n = (n1 , n2 ) -

OPT HOpMaJIF! K IIOBepXHOCTF! IIOJIOCTF! O'; To - TeMrrepaTYPa TeJia B HCXO,!l;HOM COCTOHHF!H. 
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BBe.D;eM 6e1pmMepHb1e BeJilf'IHHbI 

kl] =a11/a33' k12 =CLz2/a33' k22 =a22/a33' xl =x,_./k;;/(RE), X2 =x2./k;;/(RE), 

X3 =x3/R,H =h/R, Em =~m.Jk;_;/(RE)(m=l,2),r=t~3/(R2cp),r0 =r,a33/(R
2cp), 

() = (T-I'a )/(~ -T0 ), 'P = q · (RE)/( 0 33 (Tc -To).,Jk;;), ~ = k11 k22 -k1~ > 0, 

r.D;e R = d/2 ( d - .D;HaMerp rrorrepe11Horo ce11eHIDI rronocrn); ~ -TeMIIepaT)'pa cpe.D;bI. 

Terrepb Ha'IaJibHO-Kpaemui 1a,D;a11a (9.378)-(9.380) 6y.D;er HMeTb BH.D; 

[k22 :t km1omo1 +a~JB( X, r) = (1-+r0 :

2

2 )B( X, r), om=..)-, 
~ m.t~i or or oXm 

(9.381) 

r,D;e L - IIOBepXHOCTb IIOJIOCTH B 6e3pa3MepHbIX KOOp.D;HHaTaX X m ( m = 1, 2, 3). 

IlpHMemrn K ypaBHeHHIO (9.381) H rpaHH'IHbIM ycJIOBIDIM rrpeo6pa30BaHHe narrnaca B rrpe.D;

IIOJIQ)l\eHHH O.D;HOpO.D;HbIX Ha'IaJibHbIX ycJIOBHH 

~ ~ 

U(X,p)= fe-P'B(X,r)dr, Q(X,p)= fe-P''P(X,r)dr, 
0 0 

IIOJIY1IaeM CJie.D;yJOmyJO rpaHH1IHYJO 3a,D;a1JY OTHOCHTeJibHO mo6pa:JKeHHH 

[a; + r Ju ( x, P) = o, 
,_;2 - k12 ~ :'I :'I 2 r -- ,t_. km1°m0 1-rop - p, 

~ m,l~l 
(9.382) 

(9.383) 

(9.384) 

.[{Jui: HHTerpnpoBaHIDI ypaBHeHIDI (9.382) rrpHMeHHM orrepaTOpHbIB MeTO.D;. 06IIIee pemeHHe 

6y.D;eT HMeTh BH.D; 

U = (cos yX3 )C( X1, X2 )+ (r-1 sin yX3 )D( X1, X2 ). 

0.D;HOpO.D;HhlM pemeHHeM 3a,D;a1IH Ha30BeM pemeHHe O.D;HOpO.D;HOro ypaaHeHIDI TeITJiorrpOBO.D;

HOCTH (9.382) ,[\lliI CfIJIOIIIHOro (6e3 OTBepCTHli) CJIOH rrpH O.D;HOpO.D;HhlX rpaHH'IHbIX ycJIOBIDIX Ha 

ero OCHOBaHIDIX (9.383). 
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~rn orrpe,L1erreIDU1 qiym<QHH C(XpX2 ), D(XpX 2 ) rrp1rnrreqeM rpaHWIHble yCJIOBIDI (9.383) 

Jf Bbl.[leJIHM B peIIIeHHH CHMMeTpHqHyro Jf KOCOCHMMeTpHqHYfO COCTaBJIJIIOmHe. Tor.[la HCKO
MOe 0.[IHOpO,LIHOe (CHMMeTpHqHoe) peIIIeHHe 6y.L1eT HMeTh BH.LI [52, 56, 60] 

r.[le 

~ ( * *) • k12 x . JA 2j + 1 U = L.,Uj XpX 2 cosµjX 3 , X 1 = X 1 -- 2 , X 2 =-X2 , µj =--tr. 
j=O k21 k21 2H 

KoMTirreKCHhie MeTarapMoHHqecKHe <l>YHI<l(HH U j ( X; , X; ) onpe,LleJIIDOTcH m ypaaHeHIDI 

(
vz 2) vz az az 2 2 2 
.-vj Uj=O, ·=ax·z+ax·z' vj=p+ToP +µj. 

1 2 

CnpaBeMHBO rrpe,LICTaBJieHHe U j B BR.Lie o6o6meHHoro rroTemumrra rrpocToro crroH 

U; = fgj(S)K0 (vjp)ds, (=31 +i32 E f (j=O, l, ... ); 
r 

Ir I x* ·x* r - kio - . JA - R o p=~.-z.,z.= 1 +1 2 ,~.=.:::. 1 ---.::.2 +1-.::.2 , evj>, 
k11 k12 

(9.385) 

K,,, (z) - <l>Yffl<l(IDI MaK,LIOHaJib,Lla IIOpH,LIKa m [35], g j ( () - HCKOMaH IIJIOTHOCTb, f -

KOHryp rrorrepermoro ceIJ.eHH>I IIOJIOCTH L, ds - :meMem .Ll}TJf Komypa r. 
HmerparrhHOe rrpe,LICTaBrreHHe (9.385) KoppeKTHo, TaK KaK Y.LIOBrrernopHeT ypaaHeHHIO 

(9.382) Jf rpaHnqHOMy ycrroamo Ha OCHOBamrnx CJIOH (9.383) He3aBHCHMO OT BbI6opa IIJIOTHOCTeii 

g j ( () , KOTOpbIC Heo6XO.[IHMO orrpe,LleJIHTb Jf3 rpaHWIHOro ycrroBmI (9 .384). 

AHu30TflODHhiii CJioii c noJlOCI'bJO. BBe.[leM orrepaTOpb1 KoMIIJieKcHoro .L1H<l><l>epeH11npoaaIDU1 

_i_ - _!_ (__?___- i _j_) _i_ - _!_(_a_+ i _j_) z. = X : -iX ; . 
az. - 2 ax: ax; ' oz. - 2 ax: ax; ' 

B 3THX rrepeMeHHhIX (9.385) 3aIIHIIIeTCH crre.eyromHM o6pa3oM: 

(/Jau +P(JUJI =-Q(8,p)-(l+Top), 
(Jz. dz: :i: 

/3 ~(k ) ilA-k12 = L.. n +v.k11 n1, v. = . 
1=1 k12 

(9.386) 

)J.arree, rrpe,LlrrorraraH, IJ.TO <l>YHI<l(IDI Q(e, p) MO)J(eT 6h1Th rrpe.[lcTaarreHa pH.LIOM <l>yphe 

Q = L Q; ·cos µjX 3 , H HCKJIJO'IM «mrrmmrnyro» Koop.L1H1Iary X 3 H3 (9 .386), IIOJIY'IHM 

( p1-uj+p1-u;JI =-Q;(81'::: 2 ,p)·(l+r0p),(3['3z)Er (j=O,l, ... ) (9.387) 
(Jz. az. r 

c IIOMOUihfO HHTerparrhHOro rrpe,LICTaBJieHIDI (9.385) cqeTHM COBOKYIIHOCTh <l>YHKIIHOHaJib
HhIX ypaBHeHHH (9.387) CBO,LIHTCH K CHCTeMe HeCBH3aHHhIX HHTerpaJibHbIX ypaBHemi:ii BTOpo
ro po.Lia 

( ) vi J ( ) { ) -ia,} Q;(l+r0 p) g; ( 0 - r. gj (() K 1 V;Po Re /3( <fJo e ds = JA (j = 0,1, ... ); 
trv /j,_ r 2tr /j,_ 

(. - ?.o = Poeiao, ?o E r, (9.388) 

r,Lle <p0 -yrorr Me)J(.[ly HOpMaJihJO K KOffTYPY fB TOqKe ( 0 H OChfO 0X1 • 
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TaKHM o6pll30M, TeMIIepaT)'pHOe IIOJie B IIJIOCKOCTH H306pruKemrii no JlaIIJiacy IIOJIHOCTbIO 

orrpe.[(eIDieTCH HHTerpaJibHbIMH ypaBHemrnMH (9.388) H rrpe.[(CTaBJieHHHMH (9.385). 
IlpHJJO)KeHHe MeTO.[(a HHTerpaJILHhlX ypaBHeHHH K pemeHHIO 3a)J;a'IH 0 pacnpOCTPaHe

HHH TeDJIOBhlX BOJIH B noJiyCJioe. PaccMOTPHM Terrepb H30TPOITHbIB IIOJIYCJIOR 0 $ X1 < 00, 

- 00 < Xz < 00, lx31 $ h c TeIIJIOH30JIHpOBaHHOR 60KOBOR CTeHKOR, B KOTOpOM CO.[(ep:>KHTCH CKB03-

HaH TYHHeJI&HaH B.[(OJib OCH ox 3 IIOJIOCTb c HMnyJibCHO HarpesaeMOR IIOBepXHOCTbIO. B 3TOM 

cnyqae 3a.[(aqa o pacrrpocTPaHeHHH rerrJIOBbIX BOJIH MO)l(eT 6&ITb perneHa MeTO.[(OM OTPa)l(e

HHR [34]. 
)J,JIH H3QTPOIIHOR cpe.[(bl HHTerpaJibHOe npe.[(CTaBJieHHe (9.385) 3aIIHIIIeTCH B BH.[(e 

Uj = fgj(()K0 (v1r)dS, r=ls-zl, (=31 +i32 E f. (9.389) 
r 

HaqaJI&HO-Kpaesyro 3a.[(aqy (9.378)-(9.380) Heo6xo.[(HMO .[(OIIOJIHHTh ycnoBHeM Ha rpattm.(e 

IIOJIYCJIOH 

iJTI =0. 
iJXz x

1
=0 

(9.390) 

fpaHHqffOe yCJIOBHe (9.390) BblIIOJIHilTCH aBTOMaTWieCKH, eCJIH npe.[(CTaBJiemre (9.389) MO

.[(H<jJHl.(HpOBaTb CJie.[(yroll.(HM o6pll30M: 

(9.391) 
r 

,LJ,anee, aHanomqHo rrpe.[(bI.lzyllleMy, rronyqaeM pa3pernaIOII.(YIO cucTeMy HHTerpan&HhlX 

ypaBHeHHR .[(fill orrpe.[(eJieHHH HeH3BeCTHbIX IIJIOTHOCTeii g j ( () 

_Q1(l+T0 p) ( ._ ) 
- j-0, 1, ... ' 

2tr 
(9.392) 

? - so = 1;/ao , s· -so = ro* /% · 
Pe1yJILTaTLI pac'leTOB u ux o6cy;J\)J.euue. B KaqeCTse npHMepa paccMOTPHM IDOTPOITHbIR 

cnoii c ryttHeJI&Hoii rroJIOCT&IO 3.JilIHTI1WiecKoro rrorrepeqfforo ceqemrn (f: ( = cos <p + i · 0, 5 sin <p, 

0 $ <p < 2tr). TeIIJIOBbie BOJIHbl B cnoe B03HHKaIOT BCJie.[(CTBHe HMIIyJibCHOro Harpesa rrosepxHO-

CTH IIOJIOCTH 

HJIH 

trX 
'I' 2 = 'I' 02 ( T) · cos -

3 
, 'I' 02 ( T) = exp ( -T) - exp ( -6r). 

2H 
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HHTerparrhm.ie ypaBHemrn (9.388) pewamrch q0cneHHO (Mero,n;oM MexaHH:qecrrnx KBa,n;pa
TYP) c rrocneeyrollUfM o6pamemi:eM rrpeo6pa30BaHIDI JlaITJiaca. 

Ha p0c. 9.40-9.43 rrpe,n;crnBJieHo mMeHeHHe sernqHHhI () B 33BHCHMOCTH OT 6e3pa3MepHoro 
speMeHH 1' B TOqKe cnm1 X = (2,0,0) rrpH H = 1, ku = k22 =1, k12 = 0. PHc. 9.40, 9.41 BhIIIOJI-

HeHbl rorn cnyqaH, Kor,n;a H3MeHemie Terrnosoro ITOTOKa 3a,n;aercJI cp)'HKU:Heii 'PP a pHc. 9.42, 

9.43 - cp)'HK[(Heil: 'P 2. 

f) 
•·--•••to= 0 f) 

--------· r = 0 

I 
r,= I 

0,2 
----r=0,05 

0,4 
0,15 

' ' 
I -\ 
I ., 

I ....... I .... _ I 

0,2 
0,1 

0,05 I 

I 
I 
I -

0 0 
0 2 4 6 r 0 2 4 6 r 

Puc. 9.40. lfaMeHeHHe 6e3pa3MepHoli TeMneparyphI Puc. 9.41. l13MeHeHHe 6e3pa3MepHoif TeMnepa-

OT speMeHH B CJiy'Iae .n;eHCTBHJI DpHMOyrOJibHOfO 

HMrryJihCa (If' 2) 

f) 
- • - • •(p-R)lh= I 

~. 
(p-R)/h=2 

------- (p-R)/h = 4 
I \ 
I 

0,2 

\ 

0,1 

0 4 8 't 

zypbl OT BpeMeHH B ceyqae ,n;eHCTBHJI npHMO

yroJihHOro HMnyJihCa ('¥ 2) 

e 
-----•• fo= 

----r,=l 
- • - • -ro = 

0,6 

\ 

0,4 \ 

0 2 4 6 r 

Puc. 9.42. I13MeHeHHe 6e3pa3MepHoli TeMrrepa- Puc. 9.43. l13MeHeHHe 6e3pll3MepHOH TeMnepa-

T)'phl OT BpeMeHH B CJiyqae ,n;eliCTBHH 3KCilOHeH

IJHaJihHOfO HMilYJihCa ('J' 2) 

T)'pb! OT BpeMeHH B CJiyqae ,n;eHCTBHH 3KCilOHeH

IJHaJlhHOf0 HMnyJJhCa ('I' 2) 
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IlpH MMrryJn.CHOM TeIIJIOBOM B03,[(ei1:cTBMM TeMrreparypa MMeeT xaprucrep 6eryUieiI BOJIHbl, 

pacrrpOCTpaIDIIOIIIeilcH OT HOCMTeJIH TeIIJIOBblX HCTOlJHMKOB c HeKOTopoiI CKOpOCTblO B CJI)'1Jae 

perneHMH mrrep6oJIH1JecKoro ypaBHeHMH, H Me,[(JleHHOro, )J,Mcpcpy:moHHoro rrpou:ecca B cJI)'1Jae 

MO,[(eJIM <l>ypoe. 3TO MJIJIIOCTpHpyeTCH KpMBbIMM Ha pHC. 9.43, KOTOpbie ITOCTPOeHbl ,[(JIH 3Ha1JeHMH 

BpeMeHM peJiaKCau:HM T0 = 1; 0 M ,lJ.JIHHhI TeIIJioBoro MMrryJibCa [0 = T0 = 1. CKalJKoo6pasHoe m-

MeHeHMe TeMrreparypoI B TOlJKax T = 1 M r = 2 o6ycJIOBJieHo HaJIHlJMeM rrpou:eccoB peJiaKcau:HM M 

BH)J,OM <PYHKU:HH TeJIJIOBOro B03.n;eiICTBMH. 0.[(HaKO B CJiy1Iae, KOr)J,a BpeMH .n:eiICTBMH HMrryJioCa 

HeCOM3MepMMO co BpeMeHeM peJiaKCaU:HH CHCTeMbJ K COCTOHHMIO paBHOBeCMH (pHC. 9.41), perne

HMH rnrrep60JIH1JeCI<Oro H rrapa60JIH1JeCKOro ypaBHeHHH TeIIJIOilpOBO,[(HOCTH COBJla)J,aIOT, T. e. 

BOJIHOBaH rrpHpO.n:a TeITJiorrepeHoca He Ha6JIIO)J,aeTcH. 

fpacpHKH Ha pwc. 9.42 OITHCblBaIDT rroBe.n;eHMe TeJIJIOBOH BOJIHbl IlpH y)J,aJieHMH TOlJKH Ha-

6JIIO)J,eHMH OT HCTOlJHHKa HarpeBa ( p - pacCTOHHHe OT u:eHTPa celJeHmI ITOJIOCTH ,ll;O TOlJKH Ha-

6JIIO,[(eHMH). Mo)J(}Jo 3aKJII01JMTh, lJTO cpyttKD:HM MMeIOT lJeTKO BbipruKeHHhIH BOJIHOBoiI <jJpoHT 

M 3KcrroHeHD:MaJn.Ho 3aryxa10T Ha 6ecKOHelJHOCTM. Ha pHc. 9.43 BM.[(HM, lJTO TerrJioBoe B03MYUie-

HHe )J,OCTMraeT )J,aHHOH T01JKH CJIOH B MOMeHT BpeMeHM r = Fo, a CKOpOCTb TeIIJIOBOH BOJIHbl 

B 6e3pa3MepHoIX rrepeMeHHDIX paBHa 1/ Ji;. TaKHM o6pasoM, B mrrep6oJIH1JecKoiI MO)J,eJIH Terr

JIOrrpoBO)J,HOCTH ( T0 -::/= 0) pacnpocTPaHeHMe TenJia MMeeT xapaKTep 6eryUieiI BOJIHhl. 

Ha pttc. 9.44, 9.45 rrpe)J,CTaBJieHhI rpacpHKM pacrrpe.n;eJieHMH TeMITeparyphI B.n;om. KoHTypa 

Cpe)J,HHHOro celJeHMH ITOJIOCTII .D:JIH )J,Byx pa3HbIX amI30TPOIIHbIX MaTepMaJIOB: 1 - MOJIH6.n;aT 

CBMHU:a PbMo04 ( kll = 1, 5; k22 = 2; k12 = 0), 2 - )J,MIB)J,po<)loccpaT aMMOHHH ( kll = 1; k12 = 1, 244; 

k22 = 2, 52) [7] rrpn 3Ha1JeHMH 6espasMepHoro BpeMeHM T = 1. CITJIOIIIHhie KpHBhle cooTBeTCTBY

IOT mnep60JIM1JeCKOH MO,[(eJIH TeIIJIOilpOBO,[(HOCTH (yqeT peJiaKcau:HM TeilJIOBOro IIOTOKa), a rryHK

rnpHble - rrapa6oJIH1JeCKoiI (6e3 yqcra penaKcau:HH). 

0,4 
0,2 

\ I \ I ..._ " \-
\ 

I \ I 

' 
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Puc. 9.44. Pacrrpe.ZJ:eJieHHe TeMrreparyphI B.ZJ:OJ!h Puc. 9.45. Pacrrpe.ZJ:eneHHe reMIIeparyphI B.ZJ:OJih 3JI-

3JIJIHIITH1IecKoro ceqeIDIJI IIOJIOCTH B OPTOTPOIIHOM JIJITITHlJeCKOrO ceqemrn IIOJIOCTH B aHH30TPOIIHOM 

MaTep1rnne MaTepHane 
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O'leBH,!:(HO, 'ITO RpHBaH, COOTBeTCTBYJOIIIM perneHHIO rnnep60JIH1IeCKOro ypaBHeHHH, pacrro

JIO)l(eHa BbJIIIe, qeM KpHBM, COOTBeTCTBYJOIIIM TeMITepaTypHOMY ITOJIIO 6e3 penaKcau:m1. 3-ro CBH-

3aHO c TeM, 'ITO :mepmH (TeITJIOTa) B nmep6oJIHqecKOH MO,!J,eJIH JIOKaJIH3YeTCH B o6JiaCTH ,!J,eHCT

BHH HCTOqffHKa TeITJia, B TO BpeMH KaK KJiaCCHqeCKM MO,!J,eJib rrpe,!l,CTaBIDieT paBHOBeCHbIB, ,!J,H<l>

<l>Y3HOHHbIH rrpou:ecc rrepeHoca :meprHH. 

c u:eJibIO HCCJie)l,OBaHHH BOJIHOBbIX CBOHCTB pacnpocrpaHeHHH TeITJia pacCMOTpHM orpaHH

qeHHoe TeJIO - IlOJIYCJIOH c Tel1JIOH30JIHpOBaHHOH CTeHKOH (pHC. 9.46). 
Terrepb TeMITepaTypHOe IlOJie B IlJIOCKOCTH H306pa)l(eHHH 110 flarrnacy orrpe.ll,eJUieTC}l CHCTe

MOH HHTerpanbHhlX ypaBHeHHH (9.392) H rrpe,!l,CTaBJieHH}IMH (9.391). Ha pHc. 9.47 rroKa3aH OT

KJIHK TeMITepaTypHOH <l>YHKD:HH Ha TeIIJIOBOH HMrryJibC, ,!J,eHCTBYJOIIIHH Ha IlOBepxHOCTH IlOJIOCTH 

( OA - paccTOmHe OT ToqKH Ha6nro,!J,eHHj{ ,!J,O creHKH rronycJio}l). B pacqerax 3a)J,aBaJIHCb cne-

.eyI-OI11He rrapaMerpo1: H = 1; AB/ BC= 1; AO/ BC= 2; 1'0 = 1; /s 1 = k22 = 1; k12 = 0. 

0 A ..... 

0 2 3 4 5 6 7 r 

Puc. 9.46. Ilorrepe'IHOe ce'Iem1e rrorrycnoH c TyH- Puc. 9.47. 0rKJUiK TeMrreparypHoi1 <l>YHKllllli Ha 
HeJJbHOH IIOJJOCTMO lJ,eHCTBife TeIIJIOBOI'O IIMrryJJhCa B IIOJI}'CJJOe 

ToqKa Al Ha rpa$HKe COOTBeTCTBYeT MOMeHTY BpeMeHH, KOr,!J,a TeIIJIOBOH CHrHaJI rrpHXO,!J,HT 

OT IlOBepxHOCTH ITOJIOCTH B TOqKY Ha6JIIO,!J,eHffj{, ToqKa Ai - MOMeHTy BpeMeHH, KOr,!J,a mpa

)l(eHHM OT CTeHKH BOJIHa rrpHXO,!J,HT B TOqKY A. 

9.9. nnoCKBR 3BOB'IB mepMoynpyeocmu OnR BHU30mponHOU cpeO&I 

B HacTO~ee BpeMH pa3BHTHe TeopHH TepMoynpyroCTH ,!J,Bff)l(eTC}l B .ll,Byx HarrpaBJieHH}IX: 

npHMeHeHHe BOJIHOBOH MO)J,eJIH TeITJiorrpOBO,!J,HOCTH (TaKHe 3a)J,a~ Ha3bIBaIOTC}l 0606I11eHHbIMH 

3a,D,a%MH TepMoyrrpyroCTH) H paccMOTPeHHe TepMoynpyrHX BOJIH 6e3 ,!J,HCCHITau:HH 3Hepnrn [85, 
86,76). 

TeopHH TepMoyrrpyroCTH, yqHTbIBaIOIIIHe KOHeqHyro CKOpoCTb pacrrpoCTPaHeHHH TeIIJIOBbIX 

CHmaJIOB, aKTHBHO pa3BHBaIOTC}l Ha rrpOTj{)l(eHHH rrocne,!J,HHX 30 ner. B npoTHBorroJio)l(HOCTb 

KOHBeKD:HOHHOH TeOpHH CBH3aHHOH TepMoyrrpyrocTH, KOTOPM 6a3upyeTC}l Ha rrapa60JIHqeCKOM 

ypaBHeHHH TeIJJIOnpOBO,!J,HOCTH [23], 3TH TeOpHH 6a3HpYJOTC}l Ha nmep6oJiuqecKOM ypaBHeHHH 

TeITJionpOBO,!J,HOCTH [25, 27, 43]. 
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M. A. fom (78] Ha OCHOBe MexaHHI<H H TepMO,ll.HHaMHI<H Heo6paTHMbIX npou;eccoB nO.JIY'IHJI 

ypaBHCHIDI CBM3aHHOH repMoynpyroCTH, o6o6maroru;He KJiaCCH'leCK)'IO Teopmo ynpyroCTH H TeO

pHIO TeITJionpOBO,D;HOCTH. Ilepsoe peIIIeHHe ,D;HHaMH'leCKOH 3a,D;alfH TepMoynpyroCTH 0 TeIIJIOBOM 

y.n.ape Ha rpaHHu;e nonynpoCTpaHcTBa rrpuHa,D;Jie:>KHT B. H. ,D,aHHJIOBCKoii (22]. Ilocne,n;yrorn;tte 

pa60Tbl 6hmH IIOCBMUJ;eHhI HCCJie,ll.OBaHHIO TaKHX }!BJICHHH, I<al< rrepeHOC TeITJia TeITJIOIIpOBO,D;HO

CTblO B TeJie IIpH CTaD;HOHapHOM H HeCTall;HOHapHOM TeITJioo6MeHe Me:lK)J.y IIOBepXHOCTbIO Tena 

H BHCUIHeil: cpe,n;oli; TepMoynpyrue HarrpIDKeHH}!, Bbl3BaHHhie rpa,n;HeHTaMH TeMrrepaTYPhI; ,D;HHa

MWieCKHe 3cpcpel<ThI npH pe3KO HCCTaD;HOHapHblX rrpou;eccax Harpesa B ycJIOBH}!X TCIIJIOBOro y)J.a

pa; TepMOMeXaHH'leCKHe 3cpcpeKThl, o6ycJIOBJieHHhie B3aHMO)J,eHCTBHeM rroneii .n.ecpopMau;HH H 

TeMrrepaTYPhl. Hau6onee msecTHhIMH CTaJIH TPY.ll.hl M. A. Elm, II. l.Je)J.BHra, E. EonH H ,[l,x<. Y1li

Hepa, A. ,ll,. KosaneHKO, B. Hosau;Koro, JI. ,D,. JlaH)J.ay H E. M. JiucpIIIHu;a, 51. C. Ilo,n;crpuraqa, 

IO. M. KOJI}!HO (CM. (12]). 
IIepsoe o6o6rn;eHHe ypasHeHHH TepMoynpyrocTH ,lJ.Jl}! H30TIJOIIHhIX Ten npuHa,ll.Jle:>KHT Jlop)J.J 

H lliyJII>Maey (1967), KOTOpble IIOnyqHJIH ypaBHeHHe TeITJIOIIpOBO,D;HOCTH BOJIHOBOI'O THna. 

E. E. IlorroBI>IM 6I>ma peIIIeHa o6o6meHHM 3Mat.J:a TepMoyrrpyroCTH MM rronyrrpocrpaHcTsa, 

no.n.sepreyroro TeIIJIOBOMy y)J.apy no Kpaesoli nosepxHOCTH. 06Hap)')l<eHhI .[(Be BOJIHhI, pacrrpo

CTpaff}!IOID;HecM c nosepxHOCTH srny6h Tena (6hICTpM H Me)J.JieHHM). IIpu MaJihIX H cpe)J.HHX 3Ha

t.J:eHtt}!X speMeHH MaKCHMJM )J,OCTUraeTC}! Ha cppoHTe 6hICTpOH (3ByKOBOH) BOJIHhl, 3aryxaeT ITO 

3KCIIOHeHD;HaJibHOMy 3aKoey H 3aBHCHT OT CI<OpOCTH pacrrpocrpaHeHIDI TeITJia. IlpH 60JihIIIHX 

3Hal.JCHH}!X BpeMeHH t IIOMBAAeTCM BTopoii MaKCHMJM, CKOpOCTh pacnpoCTpaHeffll}! H seJIH'IHHa 

KOTOporo He 3aBHCfil OT CKOpOCTH pacrrpocrpaHeHH}! TenJIOBOH BOJIHhl. 3TOT MaKCHMJM 3azyxaeT 

- 1/ Jt' n03TOMy IIpH oqeHb 6oJihllIHX BpeMeHax OH .n.aeT OCHOBHOH BKJIM B HaIIpM:>KeHHOe co

CTOHHHe. 

3. M. KapTaIIIOB Hr. M. EapreHeB (CM. [29]) npHBO,ll.fil ,n;aHHhie no o6o6ru;eHHOH ,D;HHaMH'le

CKOH TepMoyrrpyroCTH, Kacaroru;uecM )J.aJibHeiiIIIero pa3BHTHM 3Toro KJiacca 3Mat.J:. IlonyqeHI>I oc

HOBHhle ypaBHeHH}! B KpHBOJIHHeHHhlX KOOp)J.HHaTax, BbIBe,D;eHbI o6mue TeopeMhl H ccpopMyJIHpO

BaH sapHaD;HOHHhIH npHHD;HII; BbIBe)J,eHbl orrpe)J,eJIMIOII(He COOTHOIIIeHH}! ,lJ.Jl}! aHH30TponHhIX TeJI 

H ,D;OKa3aHbl OCHOBHbie TeopeMhI; ccpopMyJIHpoBaHbl o6o6meHHhie rpaHHqHbIC ycJIOBH}! TeIIJioo6-

MeHa ,lJ.Jl}! aHH30TIJOIIHhlX H H30'TpOITHblX Terr. 

YpaBHeHHM TepMoyrrpyrocTH B o6o6rn;eHHOH IIOCTaHOBKe ,lJ.Jl}! aHH3orponHhlX Terr rrpe)J.JIO

)l(HJI C. KaJIHCKH (1965). Cyru;ecTByer He MHoro pa6oT, nocs}!II(eHHDIX pact.J:ery TepMoyrrpyrnx 

noneii B Terrax c o6meii aHH3orponHeii (CM. (12, 57, 76]), O)J,HaKO TeH)J,eHD;HH pa3BHTH}! COBpe

MeHHbIX MaTepHaJIOB B03Bparu;aIOT HCCrre)J,OBarerreii K TIO.L(06HblM 3a,D;at.J:aM [90]. 
Crre.L\Y!Omee o6o6rn;eHHe KJiaccttqec1<oii TeopuH TepMoyrrpyroCTH H3BeCTHO KaK reopll}! Tep

MoynpyroCTH c )J,BJMM BpeMeHaMH peJiaKCau;HH HJIH TCOpHM TepMoyrrpyrocTH c TeMneparypHO

CKOpOCTHOH 3aBHCHMOCTblO. 0Ha 6bma rrpe)J,rrO:>KeHa B 1972 r. fpHHOM H JlHH.[\CeeM [86] H 6a-

3HpyeTC}! Ha HepaBeHCTBe fpHHa-Jioy3a, OIIHCbIBalOru;eM H3MeHeHHe 3HrponHH. 3Ta TeOpHM 

He HapyIIIaeT 3aKOH TenrronpOBO.[\HOCTH <l>ypbe, eCJIH paccMarpHBaeMoe TeJIO o6na,n;aeT u;eHT

poM CHMMeTpHH, H crrpaBe,L\JIHBa KaK )J.JIM H30rpOnHhIX, Tai< H )],JI}! aHH30TpOTIHhIX Terr. B KHHre 

(29] rrpHBe)J,eHo pe111eH11e O,L\HOMepHOH 3a)J,a'IH TepMoynpyrocTH c TeMrreparypHO-CKOpOCTHOH 

3as11cHMOCThIO, rrorryqeHHOe ll,. 11. HsaHOBDIM 11 IO. K. 3ttrerrI>6pexToM. Y cTaHosrreHo, qTo 

CKOpOCTH H3MeHeHH}! TeMrrepaTypbl Heo6XO)J,HMO Yt.J:HThIBaTb npH BhlCOKHX t.J:aCTOTax (HMelO

II(HX rropM)J.OK xapaI<TepHCTHqecKHX). 

0TIHCaHHe rrpou:eccoB nepeHOCa TeIIJIOThl IIpH HHTeHCHBHOM KpaTKOBpeMCHHOM Harpese 

11 s .L(Harra3oHe HH3KHX TeMTiepaTYP, a rrp11 OOhNHhIX ycJIOBH}!X s cpe,n;ax co CJIO:>KHoii crpyKrypoii 

(IIOJIHKpHCTaJIJillt.J:eCI<He MaTepHaJihl, nOJIHMepbI, MHKpO- H HaH03rreKrpOMeXaHWieCKHe CllCTeMhI, 

HeO,L\HOpO,D;Hhie, KOMII03HU:HOHHble MaTepHaJibl), r)J,e MO)J(eT pacrrpoCTpaff}!ThC}! BTOpo:ii 3ByK, rrpH-
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seno K nocrpoemuo TeopHK TepMoynpyrocrn: c yqeToM Tennosoii rrawrm. 3TH Teop1m CTPOro 

BbIBO,WITCH B paMKax HemrneKHOK TepMOMexaHHKH H He npOTHBopeqaT 3aKOHaM TepMO,[(HHaMHKH. 

Ilo.n: rraMHTbJO 3,n:ecb IlOHHMaeTCH )"IeT 3aBHCHMOCTH TeK)'IUero COCTOHHHH MaTepHana OT rrpe,n:hIC

TOpHH H3MeHeHHH TepMoMeXaHttqeCKHX Bemi'IHH, npttqeM 3Ta 3aBHCHMOCTb HOCHT caMbIB 0611JHK 

xapaKTep [34, 67, 68]. 
bOJlblIIHHCTBO H3BeCTHbIX MO,n:eneii TepMoynpyrocm c TeIIJIOBOK rraMHTblO OCHOBaHbI Ha 

ypaBHeHHH TerrnonpoBO,n:HOCTH rYPTHHa-IlHIIKHHa. Asropbl CTaTeH [86-88] HCCJie,[(OBaJIH Tep

MOHanpIDKeHHOe COCTOHHHe nonynpocrpaHCTBa c )"ieTOM TeIIJIOBOH IlaMHTH rrpH Pa3JlttqHbJX rpa

HHqHbJX ycnOBHHX H pa3HbIX BH,n:ax <PYHKIIHH penar<cau;mi: HanpIDKeHHii, TeilJlOBOro IlOTOKa 

H3Hepnrn. 

cl>yu)J;aMeHTaJibHbie pemeHHSI )J;JISI aHH30TpODHOH TepMoynpyroii )J;ByMepuoii cpe)J;bl 
B CJiyqae ycTauoeuemuxcSI KOJie6auu8. IIonHaH cHcTeMa ,!l;HcpcpepeHu;HaJibHhIX ypasHeHHii 

CBH3aHHOH TepMoynpyrocTH .i:urn aHH30TponHoro Tena B il:ByMepHOM cnyqae HMeeT BH,!l; [8, 12, 
25, 27, 29] 

A;/J/J /i-T0 f3;/CJ/tj = celB-lw, 

cijiJ 1a juk + X; = pii; + j3ija /J. (9.393) 

3,!l;eCb cijkl - ,!l;eKapTOBbl KOMilOHeHTbl IlOCTOHHHOro TeH3opa ynpyroii )KeCTKOCTH MH aHH-

30TPOITHoro Tena, np~eM cijkl = cjikl = cijlk = cklij; A;.i - KOMilOHeHTbl CHMM~ttqHOrO TeH30pa 

TerrnonpoBO,!l;HOCTH; /3ij - KOMIIOHeHThl TeH3opa TennOBbIX HaIIpH)KeHnil; To - TeMrrepaTYPa 

Tena B Hcxo,n:HoM cocToHHHH; B = T -Ta; ce - y,!l;eJlbHaH TerrnoeMKOCTb rrpH rrocTOHHHoii ,[(e

cpopMaD;IDi (OTHeCeHHaH K e,[(HHHu;e o6'beMa), w - rrnOTHOCTh TenJIOBOH MOIIJHOCTH BHeUIHero 

HCToqHHKa, T. e. KOJIHqeCTBO Terrna, BbI,!l;eJIHeMOro B e,[(HHHD;y BpeMeHH B e,[(Hmme ofo.eMa; X; -

KOMilOHeHThl Ofi'heMHblX CHIT; [ = 1 + T, a/at; T, - BpeMH penaKcau;mI TeilJIOBOro IIOTOKa. 

OrpaHttqHBaHCb cnyqaeM rapMOHHqecKHX H3MeHeHHii seKTopa cMeIIJeHHH H TeMrrepaTYPhI 

uj =Re(Uie-iax), B=Re{U
3
e-iax) (j=l,2), 

rrepenHIIIeM CHCTeMY (9.393) B cne,[(yJOIIJeM BH,[(e: 

LapU p =-fa ( a,f3=1,2,3); 

fa= { X1,l"'w}, l"' =I-ion,, L1k = cijkta ja1 + polqk; 

Li3 =-/J;kak, ~k =Ta/J;kicd"'ai' ~3 =A;kaik +icd"'ce (i,k =1,2). 

<l>ytt,[(aMeHTaJihHoe peweHHe oneparopa Lap onpe,[(enHM paseHCTBOM 

3,n:eCb Oar - CHMBOJI KpoHeKepa, BepXHHH HH,[(eKC y YKa3hIBaeT Ha COOTBeTCTBHe BeJIH

qHH G1/) e,[(HH~IM COCpe,[(OTOqeHHbIM Harpy3KaM X1, X 2 H W. 

)J.JIH BbJql{CneHHH MaTPHD;hl G1/) BOCITOJib3yeMCH HHTerpaJlbHbIM npeo6pa30BaHHeM <l>yphe 

B npocrpaHCTBe o6o6meHHhIX cpyttKU:HH Me,n:neHHoro pocra L' [11] 

<J1fl (;,m) = F(x,q)G1/) (x,m)dx, 



HEKOTOPhIE IIPMJIO)KEHIDI MHTEf P AJihHhIX YP ABHEHIIM 827 

(9.394) 

lb BbipIDKemrn (9.394) cne.izyer, 'ITO rrpH rrpeo6pa3oBamrn: F :L' ~ L' HMeer MecTO 3aMeHa 

a j ~ -i!;j. B pe3yJibTilTe 6y;::i:eM HMeTb 
- -crl _ . 
LapGp --Oar' 

l;k = -cijkl/;1 + pol b;k ; 43 = i /J;k !;k' 

~k = off'Jm/J;kqi, ~3 = -A;k!;lk + ird(l)ce. (9.395) 

c YlJeTOM rrpe06pa30Bamill KOop;::i:HHaT TIO <l>OPMYJiaM ql = p cos rp ; !;2 = p sin rp ; X1 = r cos a; 

X2 = rsina H3 (9.395) HaxO,ll;HM 

(9.396) 

r;::i:e 

poJ -cljllql1 -Clj2ll1 if311q1 

A= -c1j21ql1 pol-c2j21qi1 if321q1 

a1l'riwf311!;1 offolw/312~ irdwce -A,jli1 

a Bbipa)l(eHHH i1:J1H A~m)(q,m=l,2,3) TIOJIY1IaIOTCH 3aMeHorr B oTipe.D;eJIHTene A q-ro cTon6ua 

Ha (-b;m,-02m•-O 3m ). 
)l,JIH rrpaBHJibHOro Bb11IHCJieHHH <l>YH.D;aMeHTaJibHOrO perneHHH TIO <l>OPMYJiaM (9.394) Heo6xo

.!l;HMO 3HaTh CTpYKTYPY MHO)l(eCTBa perneHHli ypaBHeHHH A(p) = 0. 0rMeTHM, 'ITO 3TO paBeHCTBO 

oTipe.D;eJIHer co6cTBeHHbie 3HatJeHHH Temopa Lap (p) H TeCHo CBH3aHO c ypaBHeHHeM KpHcTo<P

<PeM [28], 3a.D;aIOI1IHM CKopocrn IIJIOCKHX BOJIH B aHH30TPOTIHOH cpe.D;e. AHanm ypaBHeHHH 

A ( p) = 0 TIOKa3brnaer' 'ITO OHO HMeeT BemeCTBeHHbie H KOMTIJieKCHbie KOpHH B OTJIH'IHe OT aHH-

30TpOTIHOH yiipyroli cpe,ll;bl, .!l;JIH KOTOpoH: see co6CTBeHHbie 3Ha1IeHHH Temopa (BOJIHOBbie 'IHCJia) 
HBJIHIOTCH .D;eHCTBHTeJibHbIMH. 

HcTIOJib3YH paJJIO)l(eHHe ;::i:po6H (9.396) Ha rrpocTelirnHe H TiepexoM B TipocrpaHCTBo opHrn
HaJIOB, TIOJIYlJaeM 

cli) (r,a,m) =-1-2 21 drp ±~flpexp[:pco2s( rp-a)] dp ((k,i = l,2)v (k = i = 3)), 
(21r) o A,( rp) v=l o P - Pv ( rp) 

dfl (r,a,m) =-l -2 21 ~ ±~;)yxp[r;cos2(rp-a)]dp ((/3=3)v(y=3)), 
(21r) o A-( rp)v=1 o P -Pv ( rp) 

r.D;e p; - KOpHH xapaKTep»CTH'IecKoro ypaBHeH»H A = O; ~2 /A, ( rp) - K03<l><l>HuHeHTbI 

B pa3JIO)l(eHHH .D;po6H (9.396) Ha npocTeHIIIHe. 
,ll,anee, TipHMeHHH KOliTypHOe HHTerpHpoBaHHe Ji JieMMY )l{op.D;aHa [10, 30, 87], TIOnyqaeM 

<l>OPMYJibI il:J1H OTipe.D;eJieHHH KOMIIOHeHT MaTPHUbl qiya;::i:aMeHTaJibHbIX perneHHH 

1 3 " ~r) 
djl =-

2 2 L L('fl) F{Bv)drp, (9.397) 
1l" v=l o /l, <p 
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r.n:e 

F ( ) 
i:rr ix c· . . x =-e -cosx 1x-smxs1x, 
2 

Bv = r Pv \cos( <p-a)\ (fJ, r = 1, 2) v (fJ = r = 3), (9.398) 

F() ( 
:rr ix .(cosxsix-sinxCix)J. ( ( )) (fJ 3) ( 3) x = -. -e + l sign cos <p- a = y r = . 

2zpv Pv 
(9.399) 

<l>yHI<IJ:Hll Ci x ' six - HHTerpaJTuHbie KOCHH)'C H CHH)'C COOTBeTCTBeHHO [35]. 
KoMIIOHeHTbl MarpHUbI (9.398), (9.397) HMeIOT cna6YJO (norapmpMrrqecK)'IO) oco6eHHOCTb, 

a rrpe,n:craBnemrn (9.397), (9.399) perymrpHbI. 
rapMOHH'leCICHe TepMoynpyrue KOJieOaHml 3HH30TpODHOH DJiaCTHHhl C OTBepCTHeM. 

IJonyqeHHIDI Bblllle MaTPHIJ:a <i>YH.D:aMeHTaJibHbIX pemeHHH GY) MO:>KeT 6bITh HCIIOJib30BaHa IIpH 

HCCJie,n:oBaHHH .D:HHaMrrqecKHX TepMoyrrpymx HarrpIDKeHHH, B03HHKaIOI.UHX B IIJiaCTHHe c OTBep
CTHeM. 

B ,n:eKapTOBOH CHcTeMe Koop,n:HHaT Ox1x2 paccMoTpHM aHH30TporrHyIO rrnacTHHY c rrono

CTbIO, orpaHHqeHHOH 3aMKH)'TOH KpHBOH r. Ha rpaHmi:e OTBepCTHH ,n:eHCTB)'eT 3a,n:aHHaH rap

MOHHqeCKH H3MeHHIOIUIDICH BO BpeMeHH Harpy3Ka Yn = Re(Yne-iwt) H TeIIJIOBOH IIOTOK qn = 
= Re ( Qe -iwt ) • 3a,n:aqa 3aKJI10qaeTcH B IIOCTPOeHHH 3<l><l>eKTHBHbIX rrpmi:e.n:yp Hccne,n:oBaHHH CBH-

3aHHbIX TeIIJIOBblX H MexaHWieCKHX BOJIHOBbIX IIOJieH: c yqeTOM penaKcaUHH TeIIJIOBOro IlOTOKa. 
IJoJIHM CHCTeMa .n:rr<P<l>epemi:HaJibHbIX ypaBHeHHH, OIIHCbIBaIOIUIDI ,n:aHH)'IO rpaHttqH)'IO 3a

.n:aqy, 6y,n:eT Terrepb COCTOHTb H3 ypaBHeHHH (9.393) H rpaHHqHblX ycJIOBHH 

( cijkzOzUk -fJuB)njlr = Y.;• 

(9.400) 

HcKOMOe BOJIHOBOe IIOJie rrpe,n:CTaBHM B BH,n:e CBepTOK 

U fJ = f Pr(OcYl (r,a)ds, (9.401) 
r 

r.n:e r=ls-zl, a=arg((-z), z=x1+ix2 , ?=~1 +i~2 Er, Pr(?) - HeH3BecTHI>Ie <l>YHK

IJ:HH, rro,n:ne:>KamHe orrpe,n:eJieHHIO Ha KOHTYPe r , ds - 3JieMeHT ,n:JIIffibl ,n:ym r. 
Mo:>KHO IIOKa3aTb, qTQ CHHryMpHbIC CJiaraeMDie, <l>HrYPHPYJOIUHe B (9.397), OTBeqaIOT CTa

TWieCKOM)' cnyqaIO ( Q) = 0). ,lJ;eHCTBHTeJibHO, 

11~)(~,0J) 
11(~,0J) 

G-(r) =-1_=J~"J ~;) {pexp[rpcos(cp-a)] exp[rpcos(cp-a)l} = 
fJ 2 L,, ( ) 2 2 dtpdp 

2:Tr o v=I O A 'P P - Pv P 

I 3 " ~r) 
=-2 L J-('fJ) {F( Bv )+ In(r\cos( <p-a)\)+C}d<p. 

2:rr v=I 0 A <p 
(9.402) 
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CoOTHOIIIemreM (9.402) orrHChIBaercH perymipHM 'lacTu cpyimaMeHTa.JlbHOro peIIIeHIDI. 

3,n:ecb C - rrocTOHHHaH 3iinepa [10], a cp)'HKIUUI F BhI'IHCJI}!eTCH rro cpopM)'Jie (9.398). Bbl'IHC-

JIHM Terrepb IIpOH3BO,Ll;Hble cpym<:I.J;HH GY) . I1MeeM 

1 " 3 ~r) aY>-2 JI-('/]){ F. ( Bv )Pv ( cp) ·sign[-cos( cp-a)n)}dcp, 
21' 0 V=I A tp 

F. (x) =-tr eix +sinxCix-cosxsix, f1i = costp, n2 = sintp. 
2 

IlpH Z ~ ( F. ~ 0, CJie,LIOBaTeJibHO, cpym<:u;HH GV) He HMeIOT Oco6eHHOCTeif Ha r. 

(9.403) 

TaKHM o6pa30M, cirnryJrnpHaH qaCTh BbipIDKeHIDI cyj (KoTOpyIO HH)l{:e o6o3Ha'IHM qepe3 

oyj ) MO)l{:eT 6bITh Haif,n;eHa H3 COOTBeTCTByIOlll,eif CTaTH'leCKOH HeCBH3aHHOH 3a,n;a'IH, HarrpHMep 

c IIOMOlll,hlO cp)'HKI.J;HH HaIIpH)l{:eHHH ,n;Jrn aHH30TPQIIHOH cpe,LlhI [27]. 

IlyCTh B TO'IKe Xo = ( 0, 0) HMeeT MeCTo cocpe,n:oTO'leHHOe B03,n:eilcTBHe { P.,' Pi' w}' r,n:e 

P., ' Pi - KOMIIOHeHThI MexaHH'leCKOro YCHJIH}!, a w - IIJIOTHOCTh TeIIJIOBbIX HCTO'IHHKOB. Pe

IIIeHHe HeCBH3aHHOH 3a,n;a11H TepMoyrrpyroCTH 3aKJIIO'laeTCH B OIIpe}leJieHHH TeMrreparypHoro IIO

JI}i OT HCTO'IHHKa H3 ypaBHeHHH TeIIJIOIIpOBO}lHOCTH H HaxO)l{:,LleHHH cp)'H,n:aMeHTaJibHOro peIIIeHIDI 

CTaTH'leCKOif 3a,n;a11H TeopHH yrrpyroCTH ,n;JIH IIJIOCKOro Harrp}!)l{:eHHoro COCTOHHIDI. 

1. YpaBHeHHe TeIIJiorrpoBOJlHOCTH ( w = 1) 

(9.404) 

r,n:e U~ - cmu;woHapHoe TeMneparypHoe none. 

Bse,n:eM HeBI>rpo)l{:,LleHHoe JIHHeliHoe rrpeo6pa3oBaHHe 

(9.405) 

c Y'leTOM (9.403) ypaBHeHHe (9.404) 6y,n:er HMeTh BH,II; 

( 
<J2 a2 ) a o( Y) 
dy: + ay; U3 =- ~),1~2 -),; . 

HmerpwposaHHe 1Toro ypasHeHIDI B rrpocrpattcTBe o6o6meHHhrx cpyHKI.J;HH ,n:aeT 

u~ = ~ 1 2 Inly!. 
2tr Ai1~2 -),2 

2. B CTaTH'leCKOif 3a,n;a11e 0 IIJIOCKOM Harrp}!)l{:eHHOM COCTOHHHH aHH30TPOIIHOif cpe,n:bI BeKTop 

nepeMelll,eHIDI H TeH3op HarrpH)l{:eHHH BbipIDKaIOTCH qepe3 aHaJIHTH'leCKHe <j.>)'HKI.J;HH CBOHX KOM

ITJieKCHblX rrepeMeHHhIX no <j.>opM)'JiaM [31] 

2 

ct>= 2Re Ilk (x1 + µkXz), Imµk > 0, 
k=I 
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2 

{ 0"22•0"12•0"11} = 2Re I { 1;- µk ;µn ft( xi+ µkx2 ), 
k=l 

2 

{UpU2} = 2Re L {pk,qk} J;(x1 + µkx2), 
k=I 

Pk = s11µ; + s12 - S16µk ; qk = s12µk + s22 
- s26 ( k = 1, 2), 

µk 

r.r1e xapaKTepMCTJflieCKMe 'IMCJia µk HBJIHIOTCH KOpHHMM anre6pa11'leCKOro ypaBHeHMH. 

(9.406) 

IloJIO)l(JiM J; (Xi + µkx2 ) == Ak ln (Xi+ µkx2 ). Km<)>qm:u:11eHThl Ak orrpe.r1eAAIDTCH 113 ycno

BMii O.[IH03Ha'IHOCTI1 rrepeMel[(eHMii l1 CTaTif'leCKMX ycJIOBMH 

-4trlm {~ pkAk} = 0, 

-4trlm {tqkAk} = 0, 

1m{f µkAk} == ~. 
k=l 4tr 

1m{~A}=-Pz. P=P=l f:t k 4Jr ' I 2 · 
(9.407) 

Orrpe.r1en11Tem, c11cTeMhI (9 .407) HBMeTCH orrpe.r1enMTeneM BaH.[lepMOH.[la, rro3TOMy oHa O.[IH0-

3Ha'IHO pa3peIIIMMa. 

0KOH'laTeJihHO IIOJIY'J:aeM 

3 drlm 
GA/3(r.

1
l. = 2Re" __!_f!___!j__., 1 +µ ~ mk1 = ,mk2 =µk,zk =x1 kxz, 

k=I (k - zk 
(9.408) 

r.[le Q~i) = pkAir)' Qg) = qkA~r)' Q~~) = r3 (3.[leCh HeT CYMMMPOBaHMH no IIOBTOpHIDmeMyCH MH

,[leKcy); 

r3 =1/ 4tr~Ai1Ai2 -;,; • 

IlO.[ICTaBAAH B (9.400) rpaHM'IHble 3Ha'leHMH COOTBeTCTBYIQIIJ;I1X KOM6MHau;11ii (9.401), (9.403) 
c Y'J:eTOM (9.408) rrpMXO.[IMM K pa3pernaromeii CMCTeMe CMHfYMpHbIX MHTerpaJibHbIX ypaBHeHMH 

E((0 ) p((0 )+ f p(()K(r0 ,a0 ,s)dg = f ((0 ), (9.409) 
r 
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(k,p =1,2), 

J = (Ji.J2,-f(J)Q), Jk = Ynk" 

Pe3yJILTaTLI pac'IeTOB. B Ka'lecTBe rrpHMepa paccMCrrpHM rmacnmy c oTBepcrueM H3 creK

noIIJiacrnKa CT3T. Y rrpyn1e xapaKTepHCTIIKH :noro MaTepuana rrpHBe;:i;eHhI B [31]. Ornepcrn:e 

HMeeT <l>OPMY 3J1J1HIICa c IIOJlYOCHMH lcM H 1,5 CM. Ha KOHT}'Pe OTBepcrmr 3a):(aHa Harp}'3Ka, Ha-

rrparu:reHHIDI rro HopManH ii K KOHTYPY B BH;:i;e Y" = IH / M
2

• Ha puc. 9.48 rrpHBe;:i;eHbI 3aBHCHMO

CTH OKp)l)KHOro HOpMallbHOro HarrpH:lKeHmI Ha KOHT}'Pe c yqeroM CBSI3aHHOCTII rroneli ;:i;e<t>opMa

wrn H TeMIIeparypbl (CIIJlOIIIHIDf JlHHmI) H 6e3 }"leTa BJlmIHmI TeMIIeparypHOro IIOAA (rryHKTH:pHaSI 

JlHHmI). QqeBH):(HO, qTo B CTaTHKe peweHmI 3a;:i;aq COBIIa):(aIOT, TaK KaK CTaTHqeCKHe MexaHH'le

CKHe Harpy3KH He Moryr BbI3BaTh H3MeHeHHe TeMIIeparypbI. 

Ha pttc. 9.49 rrpttse;:i;eHo mMeHeHHe so BpeMeHH OKp}':lKHOro HarrpH:lKeHHH (cBsr3aHHaSI Tep

MoyrrpyroCTb) rrpH ycnoBHH, ~o Ha rpaHHQe ;:i;eliCTByeT HMIIYJlbCHbIB TeIIJlOBOR IIOTOK e):(HHHq

HOR MOlliHOCTH 

qn =H(t)-H(t-10 ), 

r;:i;e H ( t) - e;:i;HHH'lHaSI <l>YHKQHH Xesttcali;:i;a, 4J - ):(llHHa HMII}'llbca. 

Ilo xapaKTepy rpa<l>HKOB <l>YliKwIB MO:lKHO 3aKJ1IOquTu, ~o penaKCaQmI TeIIJIOBOro IIOTOKa 

):(a:lKe rrpH HaJIH'lHH TOJlbKO MeXaHH'leCKOR Harp}'3KH OKa3bIBaeT BJlHHHHe Ha HarrpH:lKeHHSI, B03HH

KaIOlliHe Ha KOHT}'Pe, a HMeHHO: HHBellHpyeTCsr 1<t><PeKT TepMoyrrpyroro pacceHBaHmI. 
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- - - -tr~=0,1 
----•A= O,Dl 
1----•,=0 

-Os~------~------~ , 0 

Puc. 9.48. JhMeHeHHe BeJIWIHHhI IS eel B 3aBHCHMO- Puc. 9.49. lhMeHeHHe BeJIH'IHHbI CF()(I B 3aBHCH

CTH OT OTHOCITTeJibHOro BOJIHOBOro qHcJia yr .Lilli! MOCTH OT BpeMeHH t IIpH ,UeHCTBHH HMrryJihCHOro 

IIJiaCTHHbl H3 CTeKJIOIIJiaCTHKa c 3JIJIHIITHqecKHM TeIIJIOBOro IIOTOKa 

ornepcrneM 

9. 10. npocmpaHcmeeHHaR 3aOa"la C6R3aHHOU mepMoynpyeocmu 

0CHOBHIDI CHCTeMa ypaBHeHHH CBH3aHHOH TepMoyrrpyroCTH IIOCJie HCKJIJoqeHHH H3 Hee Bpe

MeHHOro MHO)J(JffeJUI e -iox rrptto6peTaeT BH,ll;: 

3A-+2µ 1 * tiU +ai) e- aTaU4 +YzU +-X =0 (j=l,2,3), 
J J µ J }µ} 

tiU4 +(fr +if )U4 + mm(i + r* m)e+ Q~ (1-imr*) = 0, 
Ar 

m2 m m2 a 
,;i. - ,;i. - ,;i. - m = a ET -L rr- 11 2• r ----z, r2-v2' o 1 , 

YT a 2 /'T 

a2 =_.3r._, (j=-
1
-, a.=~, ii=ajaj, 

pc, l-2v J axj 

e=akuk, k=l,2,3 ... 

(9.410) 

3,n;ecb U j (j = 1, 2, 3), U 4, X; H Q* - aMII.mrry,n;hI rrepeMern;eHHH u j, TeMrrepazypbI 

() = T-To, HHTeHCHBHOCTeii o6beMHbIX CHJI Fj H TeIUIOBbIX HCTOqHHKOB Q COOTBeTCTBeHHO; 

E, v, p - MO,ll;YJih lOHra, Kw<P<Pm~HeHT Ilyaccotta H IDIOTHOCTb MaTepttarra, ar, ~ , c, - K03<P

<Pm~HeHThI JIHHeHHOro pacumpeHHH, TeIUIOIIpOBO,ll;HOCTH H TeIUIOeMKOCTb MaTepHarra; VT H v2 -
CKOpOCTH pacnpoCTPaHeHIUI TeIIJIOBbIX H MexaHM:qeCKHX C,ll;BlITOBbIX B036)1)K,!l:eHHii; To - TeMrre-
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pmypa TeJia B HaqaJibHOM HeB036yiK,D;eHHOM COCTOHHHH, r' - BpeMH penaKcau;1m TeIIJIOBOrO rro

TOKa, {J) - KpyroBM qacroTa. 

AMrurnzy;:i;hl TeH3opa HaIIpIDKeHHH orrpe;:i;eMIOTCH CJie;:i;yIOillHMH COOTHOIIIeHHHMH [25]: 

sij = µ(apj +a pi)+[ k-(3A-+2µ)aru4 ]O;j (i, j = 1,2,3), (9.411) 

r;:i;e O;j - CHMBOJI KpoHeKepa. 

Cl>-pemeuuH CBHJauuoii TepMoynpyrocTH wrn CJIOH B R3 (KococHMMeTpuqnhlii CJiy-
11aii). B ;:J;aHHOM pa3;:J;eJie c IIOMOillblO rrpou:e;:i;ypbI [58-61] IIOCTpOeHa MaTPHU:a <D-pernemrii, co

OTBeTCTBYJOillaH KOCOCHMM~HqHOMY TepMoyrrpyroMY COCTOHHHIO rnapHHpHO orreproro CJIOH 

c TeIIJIOH30JIHpOBaHHbIMH OCHOBaHHHMH. 

B CHCTeMe rrpHMoyroJihHbIX ;:i;eKapTOBhIX KOOp;:i;HHaT Ox1x2x3 paccMOTPHM CJIOH -oo < 

< Xi, X2 < oo, lx3 I ::; h, Ha OCHOBaHmrx KOToporo 3a)J;aHbl rpaHlfqHble ycJIOBHH CMernaHHoro THIIa. 

IlyCTb BffYTPH CJIOH B)J;OJib 0Tpe3Ka Xi = Xia, X2 = x20' lx3 I ::; h pacrrpe;:i;eJieHbl ycllJIHH yj = 

= Re ( e-iox X j ) llJIH TeIIJIOBhie HCTOqHHKH q = Re ( e -iox Q). 
PacCMQTPHM KOCOCHMM~lfqHOe OTHOCHTeJibHO cpe;:i;HHHOH IIJIOCKOCTH CJIOH TepMoynpyroe 

COCTOHHHe. B COOTBeTCTBHH c BH;:i;OM O)J;HOpO;:J;HbIX perneHHH [70-72] KOMIIOHeHThl BeKTopa rre

peMemeHHH H TeMrrepaTYPbl rrpe;:i;CTaBHM B BH;:i;e PMOB <Dypbe ITO KOOp;:i;HHaTe X3 : 

{UpU2 ,U4 } = L {U1n,Uzn•U4n}sin(A-nx3 ), 

n=O 

n=O 

Ilpe;:i;IIOJIQ)KHM, qTQ MH <l>YHKIIHH xi' X2, X3, Q H:MeIOT MeCTO COOTBeTCTBYJOIIJHe pa3JIO

)KeHHH 

{ Xp X 2 , Q} = L {Pin' P2",P4.}sin( A-.x3 ), 

n=O 

x 3 = L: fj. cos ( A-.xJ 
n=l 

ilcKJIIOqaH H3 CHCTeMbl COOTHOilleHHH CBH3aHHOH TepMoynpyrOCTH (9.410) BpeMH H TOJI

IIJHHHYJO KOOp;:i;HHazy X3, rronyqaeM CHCTeMY ;:i;HcpcpepeHU:HaJibHbIX ypaBHCHHH OTHOCHTCJibHO 

K03cpcpHU:HCHTOB <Dypbe IIOJICBbIX BeJilfqlfH 

(L\2 + µ;)ukn +ok ( oe. -
3-1: 2µ arU4 • )+;; '5(x) = 0 (k =1,2,3), 

( L\2 + d; )U4• +OJm'e. + ~· ( 1-i{J)'£')8(x) = 0, x = (.ti,x2 )E R2
, 

03 =-A-., d; = ri +iy2-A-;, 

r;:i;e '5 ( x) - ;:J;eJibTa-<PYJIKIIHH ~HpaKa. 

(9.412) 
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Ilocrre CTaH)J;ap'THhIX npeo6pa:msamrn IIO.rryqMM H3 (9.412) CHCTCMY H3 AByx ypaBHCHHH OT

HOCHTCJlhHO HCH3BCCTHhIX U4n H en: 

z e -l U == P1nd1 + P2nd2 - P3n}.,n o(x) 
11 n 12 4n µ(O"+l) ' 

l21en +l2P 4n =-P4
n (1-ian*)o(x), 
~ 

(9.413) 

.,2 ? 2 1 + v ( 2 ? 2) 
111 ==A+ri -,,.,,, 112 =--<X-r A -,,.,, ' 

1-v 

!21 =OJm*, l22 =A+d;. 

,ll,arrhHCHmlIC BhIKJJa)J;J<H u;errecoo6pa3HO npoBeCTH OT)J;CJihHO AJUI KfflK,IJ,Oro H3 'IeThipex saptt:

aHTOB B036)')K.!l,eHlli!. OcTaHOBHMCH 6orree nop;po6Ho Ha nepBOM sapHaHTe X1 -::/- 0, X2 = X3 = 
= Q = 0, a AJUI scex OCTaJihHhIX crryqaes np11sep;eM TOJihKO JIHIIIh OKOH'-IaTeJihHhie pe3yrri.TaThr. 

BBe)J;eM B pacCMOTpeHHe QlYHKUHH <I>~!) no <l>OPMYJiaM en =l22<I>~1l, u4n =-l21<I>~1 l. Torp;a 

BTopoe ypasHeHHe Cl!CTCMhI (9.413) yp;oBJieTBOpl!TCH TO){(,ll,ecTBCHHO, a rrepsoe CBC)J;eTCH K TaKOMY: 

(M +A A+ B ) <I>(') == Pin o o(x) (9.414) 
n n n µ(O"+J) 1 ' 

( 
.,2 ? 2 ) 2 1 + v ? 2 * Bn = h _,,.n dn ---,,.nmaTm. 

1-v 
limerpHposaHHe ypasHeHHH (9.414) B KJiacce o6o6meHHhIX QlYHKIIl1H D' ,n:aer 

<I>(1) = P1Pn ~ (- l)j-1 0 H(1) (µ. r) 
n 4· ~ I 0 1n ' 

1µ j=I 

1 
an == ( ) ( , 2 } ' O" + J Jli-n - µZn 

z=x1 +ix2 , z0 ==x10 +ix20 , r==lz-z0!, 
r,n:e H~1l (x) - <l>YHKUlli! faHKeJIH rrepsoro po,n:a rropHAKa p; Jlin,µ211 - KopHH xapaKTeptt:cTH

'IeCKoro 6HKBa,n:parnoro ypasHeHID! 

z:-A,,z; + B" = 0, n == 0,1,. ... 

Ilptt:qeM OT6HpaIOTCH KOpHH TOJlhKO c TIOJIO'lKl!TCJihHbIMH MHHMhlMl! 'IaCTHMH, 6naro,n:apH 

'ICMY 06ecrreqttsaeTCH 3aryxaHHe TepMoynpyr11x BOJIH Ha 6eCKOHC'IHOCTl!. 0KOH'IaTeJibHO rro

JIY'JHM 

e(t) == l <I>(1) = P1nan ~ (- l)j-1 (dz -µ2 ) 0 H(i) (µ. r) 
n 22 n 4·µ ~ n 1n 1 0 Jn ' 

l j=l 

(9.415) 

u(1) =_,,_·<I>(!) 
4n UJtu n • 
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IlpH IIOMOW:H 3THX COOTHOIJieHHH CHCTeMa (9.412) CBO.ll;HTCH K lpeM He3aBHCHMhlM ypaBHe

HHHM Bll,ll;a 

(!1 + µ; )v kn= - P
4
tn_a• o-f (-l)j-i Pj.aJJkH~1l (µj•r )-El!!..o(x )okl' k =:l,2,3, 
lµ j=I µ 

Pjn =d;-µ~. +2(1+v)~OJm*, 03 =-A-•. 

3.zi;ech ok1 - cHMBon KpoHeKepa. 

Ilocne 1nrrerpHpOBaHHH 3TOH CHCTeMbJ IIOny<IHM 

u(1l = ip1• <5 H(l) (µ r)- Pi.a.a ~(-l)j-i B. a o H(l) (µ. r) a A (9.416) kn 4 kl 0 n 4 . £.... Jn l k 0 1n ' 3 = - n' µ lµ j=O 

~( )j-1 Pjn B Pjn 
Bon = L,., -1 2 2 ' jn = 2 2 ' 

j=l µn - µjn µn - µjn 

Jlon = µn , j = 1, 2; n =: 0, 1, ... 

IlpH 3TOM KOM6HHaQJrn e. =: apln + a2u2n -A-.u3n YAOBnernopHeTCH TO)J()J,CCTBeHHO. TaKHM 

o6pa30M, <l>opMynbl (9.415), (9.416) IIOTIHOCTblO orrpe.ll;enHIOT perneHHe CHCTeMhl (9.412) MH ,LlaH

HOro saprrama B036y)J()J,eHHH CJIOH. IlpoH3BeM aHaJIOJWIHbie rrpeo6pa30BaHMH .ll;nH OCTaJibHbIX 

cnyqaeB, 3aIIMllleM OKOINaTenhttyIO CBOAKY pe3yJibTaTOB. 

1. X1 :;t0, X 2 = X3 = Q = 0. 

U(l) - Pin (l) (k -1 2 3 4· - 0 1 ) kn--.-gkn - ',, ,n-, , ... , 
41µ 

2 

g1(!) = -H~1) (µ.r) +<Ya.L;(-l)j Bjna~ H61l (µjnr ), 
j=O 

(1) - ~ j (!) ( ) gzn - o-a.£....(-1) Bjna102Ho µjnr , 
j=O 

2 . 

g;~ =o-a.A-.L;(-1)1 Bj.01H~1l(µjnr), 

gi~ =-wa.m*o1H. (r), 

H. (r) = H61l (14.r )-H~i) (µ2.r ); 

2. X2 :;t 0, X1 = X3 = Q = 0. 

U(2) = Pz. g(2) 
kn 4iµ kn ' 

2 
(2) (1) ( ) " ( )j B :\2 (1) ( ) g2n =-Ho µ.r +O"anL,., -1 jnuzHo µjnr, 

j=O 
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u(3l =~g(3) 
kn 4iµ kn , 

g (3) = -g(l) g(3) = -g{2) 
ln 3n ' 2n 3n ' 
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2 . 

g (3) =-H(1l(µ r)-a ..1?cr"(-l)1 B. H( 1l(µ. r) 
3n 0 n n n .L.,.; ;n 0 Jn ' 

g(3) =a A, OJm'H (r)· 
4n n n n ' 

U(4) = P4n g(4) 
kn 4iµ kn , 

j=O 

2 . 

gl(:) = cr,Bnayµ(l +v) L(-1)1 cjn()1H~1) (µjnr ), 
j=\ 

2 

g~~ =cr,BpTµ(l+v)L(-l)j cj.i12Hb1l(µjnr), 
j=I 

2 . 

gi~) = cr,BnaTµA,n (1 +v) L(-1)1 cjnHb1) (µjnr ), 
j=I 

2 . 

g~:) = JJ.µ L (-1 )1 ( fi - µJn -A;) H~1) (µjnr ), 
j=l 

iwr* -1 
,8.=1( 2_ 2)' 

"T Jlin µZn 

2 A,2 

<J. =µjn+ n 2(µ
1

2n+An2 -fi). 
1
" l-v 

IlonyqeHHyIO Maipmzy llgt'l II ( m = 1, 2, 3, 4) 6y,n:eM Ha3hIBaTh Maipnu,eif <1>-peIIIeHHif )l)UI 

CJIOH. 

Bnemuue u euyipeuuue rpanu'lnb1e 3a)J;a'lu CBSI3anuoii TepMoynpyrocru B R 3 ));JIB 

CJIOSI. HnJKe pacCMOlpCHO KOCOCHMMeTpH'IHOC TepMoynpyroe COCTOHHHe H30lpOIIHOro CJIOH, oc

Jia6rreHHoro TYHHCJihHOH B):IOJih TOJilllHHHoif Koop.I:1HHaTu1 11orroCTh10. OcHoBaHHH crroH IIIapHHpHO 

3aKpCllJICHhl, a Ha llOBepXHOCTH llOJIOCTH BbIIIOJIHHeTCH ycrrOBHe TCIIJI006MeHa c OKpYJKalOUICH 

cpe,n:oif 110 3aKotty HhJOTona. HHTerpaJihHbie 11pe,I:1CTaBJieHHH 11orreBhIX BeJIWIHH 11ocTpoeHbI Ha 

OCHOBaHHH MaTpHQbl <1>-perneHHH. B pe3yrrhTaTe npn llOMOlllH 011epau,HH npe):(eJibHOro 11epexo,n:a 

rpaHH'IHaH 3a):laqa TepMoynpyroCTH CBe,n:eHa K CHCTeMe O.D:HOMepHbIX CHIIryJIHpHbIX HHTerpaJib

HbIX ypaBHeHHH, KOTopaH perneHa qncrreHHO Ha OCHOBe MeTO,n:a MexaHnqecKHX KBa.n:paTYP. 

PaccMOlpHM CJIOH -oo < Xi, x2 < oo, lx3 I ~ h, ocrra6rreHHhIH TyHHeJibHOH B):(OJih OCH Ox3 110-

JIOCThJO, 11011epeqHoe ceqeHHe KOTOpOH 11pe,n:cTaBJIHeT co6oH: .D:OCTaToqHO rJia):IKHH 3aMKttyThIH 

KOHTYP r (pHc. 9.50). 
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x, 

h 

X2 

-h 

Puc. 9.50. Cnoii, ocna6neHHhrn T)'HHeJlhHOii rronocrhIO 

Hcxo,D,Hrur CHCTeMa COOTHOIIIeHHii CBH3aHHOH TepMoynpyroCTH c )"leTOM KOHelffiOH CKOpo

CTH pacrrpOCT})aHeHHH TeIIJia HMeeT BH,n; (9 .410), Ha OCHOBaHHHX CJIOH 3a,L(aHhJ rpaHH'{HhJe ycno

BHH BH.n:a 

oT 
U3 = 0'13 = 0'23 = 0, -=0. 

OX3 

KoMTioHeHTDI seKTopa rrepeMeJ.QeHHH H TeMIIepaTYJ>hI s cnoe rrpe.n:crasHM B BH,n;e PMOB <!>y
pbe no Koop.n:irnaTe x 3 : 

~ 

{UpU2 ,U4 } = L {U1.,U2.,U4.}sin(A-.x3 ), U3 = LU3• cos(A-.x3 ), 

n~ n~ 

e = :Lensin(A-.x3 ), en =oP1• +o2U2" -A-.U3., (9.417) 
n=O 

T'-T0 =Re{e-iaxue}, ue = Lu;sin(A-.x3 ), 

n=O 

r.n:e T' - TeMrrepal)'pa BHeIIIHeii cpe.D:bI. 

IlyCTb Ha IIOBepXHOCTH IIOJIOCTH s 3a,L(aHbl HOpManbHruI H KaCaTeJibHruI KOMIIOHCHTbl BeKTO

pa HarrpIDKeHHii, a TCIIJIOBOH IIOTOK y.n:oBJieTBOpHeT ycJIOBHIO Terrnoo6MeHa c OKp)')J(aIOJ.Qeii cpe

.n:oii no 3aKOHY HbIOTOHa. CocTaBHM rpaFIH'IHbie ycnoBHH Ha rroJIOCTH S. ,ll,Jrn rapMoHHqecKHx 

KOJie6aHHH CJIOH 3aIIHIIleM 

sij = µ(opj +op;)+[ Aapj -2µ(1 +v)crarU4 ]'5;j, 
rrpmeM Ha OCHOBaHHH (9 .411) rroeyqaeM 

n=O 

S22 = :ts~~) sin ( AnX3 ), 
n=O 
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n=O 

n=O 

n=O 

n=O 

MexaHHqecKHe rpaH~Hble ycJIOBIDI Ha r rrpe,n:CTaBHM B KOMIIneKCHOll cpopMe 

stl -e2i'I' S~"l = 2( N(n) -iT(n)), 

S1(n) -e-2;'1' s;"l = 2( N(n) +iT(n) ), 

s(n)ei'I' + s(n)e-i'I' = 2z(n) 
3 3 ' 

sf")= st;)+ s~;)' s~n) = s~;) - SI(;)+ 2iSI~)' sJ"l = s~;) - SI(;) -2iSI~)' 

s~n) = s};l - isi;)' s~n) = s};l + isi;). 

(9.418) 

B 3THX cpopMynax 'I' - yron Me)K,!l,y BHerrrneli HOpMaJiblO K KOHTYPY r B TO'!Ke r; 
H OCbIO Ox; (pHc. 9.51). 

Puc. 9.51. IlorrepeqHoe ceqeHHe CJIOJ! c rronoCTbJO 

Terrnosoe rpaHH'IHOe ycnosHe Ha rrosepxHOCTH rronoCTH S 

arl =-h*(r-r')I on s s 

rrpHo6pemeT BH,n: 

T'-T0 =Re[e-;"'U'], T-Ta =8=Re[e-i"'U4 J, U' = l:u;sin(A-.x3 ). 

n=O 
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CJie,n:osaTeJihHO, ,ll)UI Km<l>qm~eHTOB <I>ypbe ITOJIY1IaeM 

[0~:· +h* (u4• -u:)l =O. (9.419) 

3,n:ecb h * - OTHOCHTCJThHhlH K03<l>qm~eHT TCITJI006MeHa. 

l1HTerpaJibHhie rrpe,n:CTaBJiemrn perneHHii. HmerpaJibHble ypasHeHIDI rpaHWIHoii 3a,n:aqH 

(9.418), (9.419). IIHrerpaJihHhle rrpe,n:cmBJieHIDI 3aIIHIIIeM B BH,n:e 

4 

Ukn(z)= fiz~n)(()gt)((,z)ds, ( 0 Ef (k=l,4; n=0,1, ... ), (9.420) 
rm=l 

r,n:e gtz) - Marp:iru;a <l>-peIIICHHH, Z~n) (()E Lipa f - HCKOMhIC ITJIOTHOCTH Ha KOHType ITO

nepeqHoro ceqeHHH ITOJIOCTH f, ds - 3JICMCHT ,n:yrH KOHTypa f. 
Bso,n:H npe,n:enhHhle 3HaqeHIDI npe,n:cTasneHHii (9.420) B rpaHHqHhie ycnoBHH (9.418)

(9.419), npHXO):(HM K CHCTeMe qeTbipex CHHrynHpHhlX HHTerpanbHhIX ypaBHCHHH BToporo po-

,n:a OTHOCHTCJihHO HCH3BCCTHhIX IIJIOTHOCTCH Z~n) ( () ( m = 1, 2, 3, 4) npH Ka)J():(OM <l>MKCHpO

BaHHOM h 

r,n:e 

4 

±4iW;"l((0 )+ fLW~")(()K~~((,(0 )ds=F;"l((0 ), ( 0 E f (p=l,4), (9.421) 
rm=! 

zf•l = W
1
(•)eil'f + W}"le-il'f, z~n) = -i(W/"leil'f - W

2
(n)e-il'f 1 Z~") = W

3
(n), zin) = µ~T W

4
(n), 

F;(")((
0
)= ~(N(n)+iT(n)), F

1
1")((

0
)= ~(N(n)_iT(nl), 

p(n) (' ) = 2arAr h*Ue 
4 0 1-iarr* n' 

K(n) =-ei(¥-a;,) [µ").,; H( 1l(µ r, )++ ~(-l)i{a2a B. (µ 2 +2VA2 )+<7.R*}µ. H(I) (µ. r, )]-
11 ,,,2 1 n 0 L...i n Jn ;n n 1-'n Jn 1 1n O 

f2 j=I 

-ei(¥-2
l'fo+"1>) [ (1 + ~ )µnH?) (µnrO) +<Yant(-l)j BjnµJnHl(I) (µjnTa) J 

K(n) =-ei(a;,-¥)[µ").,; Hl1l(µ r, )+ ~(-l)i{a2a B. (µ 2 +2VA2)+af?'}µ. H11l(µ. r. )]+ 
12 ,..,,2 1 n 0 L..,; n Jn Jn n Pn Jn 1 1n 0 

f2 j=I 

2 

+ei(3ao-vr-2vrolaa '°'(-l)j B µ3 H(1) (µ. r,) 
n L..,. ;n ;n 3 1n 0 ' 

j=O 

K(n)=_µ;;.,n H(1)(µr.)+~(-l)i{aa)., (µ 2 +2VA2 )B +A R*}aH(1l(µ.r.)+ 
13 ,,,2 0 n 0 L...i n n Jn n Jn nf'n 0 1n 0 

h j=l 

2 
+e2i(a;,-vr,)aa A '°'(-l)i B g(2.2)(r.) 

nnL,.. 1n;n. 0' 
j=O 
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2 

K{;) = -,Bp(l +v) ,L(-l)j { e2i(a,,-vr,)cjng)~·2l (r
0

) + 
j=I 

+[ 2(µJn + A-;-fi )-Cjp(µJ. + 2vA-;)] H61l (µjnro )}, 

K(n) =-ei(a,,-vr)[A; µ H(1)(µ r, )+ ~(-l)j{<J2a B (µ 2 +2vA-2 )+a.R*}µ. H(1l(µ. r, )]+ 
22 "';i n 1 n O L....J n ;n Jn n Pn 1n 1 Jn 0 

'2 j=l 

+ei(21/fo-vr-a,,) [(1 +A~ )µ
11
H{1l (µ.1(1) + <Jan±(-l)j BjnµJnH{1l (µjnro)], 

Yi 1=0 

K(n) =-µ;,in H(1l(µ r, )+A, ~(-l)j{<Ja (µ 2 +2vA-2 )B. + R'}<JH(1l(µ. r, )+ 
23 ,,_;1. 0 n 0 n ~ n Jn n Jn /Jn 0 ;n 0 

/2 j=l 

2 
+e2i(vro-<>ol<Ja A "'(-l)j B g( .. 2.2) (r:) 

n n~ ~ m O ' 
j=l 

Ki~)= <Jj3n (1 +v){t(-l)j [ 2(fi- µJ11 -A;)+ Cjp(µJ; + 2VA11 ) ]H61
) (µj 11 r0 )+ 

+e2;(vr,-<>o)a ~(-l)j C µz H(1) (µ. r, )} 
T~ ;n1n 2 1nO' 

j=l 

K(n) ::: -ei(vro-vrl [2 ;1,; H(i) (µ r, ) + 2<Ja A, ~(-l)j B. µ 1 HC1l (µ. r: )]-
32 ,..). 0 n 0 n n L...J ;n Jn 0 ;n 0 

'2 j=l 

2 

-ei(2a0 -vr-vro) 2<Ja A ""' (- l)j B. g(2,2) ( r, ) 
nnL,... ;n1n 0' 

j=l 

K(n)::: ia20Ja <JET ~(-l)j [-µ2 H(l) (µ. r, )ei(l/fo-2ao+vr) + 
41 T n 0 L..J 1n 2 Jn 0 

j=l 

+µ2 H(1) (µ. r, )ei(vr-vro) _ 2h*µ. H(1) (µ. r, )ei(vr-a,,)] 
Jn 0 1n 0 Jn I Jn 0 ' 

2 

K(n) = iazOJa <JET, "'(-l)j [µ2 H(1) (µ. r, )ei(vro-vr) -
42 T n 0 L.,, 1n 0 1n 0 

j=l 

-µ1 H(1)(µ. r, )ei(2a,,-vr,-vr) _ 2µ. h*H(ll(µ. r, )ei(a,,-vr)J 
;n2 1nO Jll 1 1nO ' 

2 . 

K~;) = 2iwapET0aiA-n,L(-l)1 [-h* H~1) (µj
11
70)- µj

11
HP) (µj

11
r0 )cos(V"o -a0 )], 

j=I 
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/!,, =2(1+v)aTwm·a., r0 =ls-sol• a0 =arg(s-s0 ), lf/0 =!fF(so)· 

3,[(eCb lflo - yroJI Me)l(,n;y BHCUIHell HOpMarrbJO K KOHTypy r B TO'lKe So Er ll: OCblO Ox\. 

BHeHHTerparr1>Hoe cnaraeMoe rroHBJIHeTCH rrpR BhIITOJIHeHHH orrepau;HH rrpe):(eJibHOro rrepexo

,[(a, IIpH'leM 3HaK «+» rrpH HeM OTBe'laeT BttyTpeHHell 3a)J,a'le, TO eCTb 3a,[(a'le 06 H3rH6HhIX KO

JJe6aHmIX UiapmipHo onepToro TepMoyrrpyroro I.(HJIHHJJ;pa KOHe'lHOll JJ;JIHHhI; 3HaK «-» COOT

BeTcTByeT BHCUIHell 3a,[(a'le 06 H3rH6HhIX KOJie6aHHHX TepMoyrrpyroro CJIOH, OCJia6JieHHOro 

CKB03HbIM B,[(OJib TOJIII.(HHHOll KOOp,[(HHaThl OTBepCTHeM rrpH CKOJib3HII.(ell 3a,[(eJIKe ero TOpll;OB. 

quCJieuuhle pe3yJILTaTL1. B cooTBeTCTBHH c MaTepHaJihHhIMH coOTHOllieHHHMH HOpMaJih

Hoe OKpJ)l(HOe HarrpH)l(eHHe Ha IlOBepXHOCTH ITOJIOCTH B CJIOe HMeeT BH,!l; 

alJ(} = ISIJ(}jcos( mt- cp), cp = arg S99 , (9.422) 

n=O 

S (n) = S(n) + s(•) -N(n) = S (n) -N(n) = 0 1 2 ee 11 22 i , n , , , ··· 

B pe3yJI1>TaTe onepau;HH rrpe.D,eJihHoro rrepexo.n:a rronyqaeM Ha Komype oTBepcTHH r 
w(n) (1' )+w(n) (1') 4 

sl(n) (so) =±2iµ I ~ 0 2 ~ 0 +2µa f:Lw~·) (?)R~) (s.so)ds, n =0,1,2, ... 
1-V r m~I 

3,[(eCh 3HaK «+» OTBe'laeT BttyTpeHHell 3a,L(a'le (IJ;HJIHHAP KOHC'lHOll Mll:Hhl), a 3HaK «-» 
BHemtten ( cnon c TJHHeJibHOM rroJIOCTbJO ). 51.n:pa R~n) ( s, So) onpe,n;eJUIIOTCH cooTHoUieHHHMH 

R~n) (s,so) =-ei(\lf-ao) (~µ.HP) (µnro)+ 

+ t(-1)1 
[ aa" (µ~" + 2vA.,; )B1• + p; ]µ1.Hp) (µ1.r0 )} 

R(n) (1' r) =-ei(a,,-111) ( ..t; µ H(I) (µ r: )+ 
2 :, ,:,o ~ n 1 n 0 

+ t(-1)1 [ aa. (µ~" + 2v..t,; )B1• + P:, ]µ1.npl (µ1.10) J 
R~n) (s.so) =::;; µ;H61

) (µ.ro)-t(-1)1 [ aan (µ:n +2vA.;)B1n + P:]..tnH61
) (µ1.ro), 

2 

R~n) (s, So)= (1 +v)J3nL(-1)1 [ 2(µ~" + ..t;-!f )-aC1• (µ~n + 2vA.,;) ]Hb1
) (µ1.r0 ). 

1~1 
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B paccMa'I'pHBaeMIJX 3a,z:(aqax 6oJii>IIIoii mrrepec rrpe,D,CTaBJIHeT yqer 3<M>e.ccra CBH3aHHOCTH 

TepMOMexamNeCKHX rroneii. '.:h'OT 3$<l>eKT xapaicrepH3yeTCH K03$$IDJ,HeHTOM CBH3aHHOCTH rro

neii, KOTOpbIH HMeeT BH,ll, [12) 

S: _ 2 ( 1 + V) _ ~aT ( 1 + V) 
u-aET0aT -m . 

pc,. (1-v) pc,. (l-v) 

,ll;Harra30H 3Ha'IeHIIH K03$$IDJ,HeIITa CBH3aHHOCTH BapbHpYeTCH B HHTepBane [ 0; 0, 5]. ,lVIH 

aJIIOMHHIDI H CTaJieii pa3IlH1IHbIX MapoK ero 3Ha'Iemrn HMelOT nopH,11,0K 10-2, 'ITO II03BOJIHeT npe

He6pe1Ib ero BJIIDIHHeM Ha HaIIpH)l{eHH0-,11,eqiopMHpOBaHHOe COCTOHHIIe Tena. 0,11,HaKO )J,JIH MHOrHX 

cospeMeHHhlX IIOJIHMepHbIX MaTepnanos, TaKHX KaK IIOJIHCTHpoJI, IIOJIIIBHHHJI6YTffpaJib, IIOJIIIBH

HIIJI$OpMaJib II HeKOTOpbIX )J,pyrHX MaTepnanoB aJib)J,em)J,HhlX rpynrr, IIIHpOKO IIpIIMeHHIOIIJHXCH 

B cospeMeHHoii npoMbIIIIJieHHOCTH, ero 3Ha'IeHHH CTPeMHTCH K MaKCHMaJihHbIM. 

CJ10ii c yYHHeJlbHblM OTBepcmeM. PaCCMO'I'pHM HaIIpH)l{eHHo-,11,eqiopMHpOBaHHOe COCTOH

HHe TepMoyrrpyroro CJIOH, ocna6JieHHOro TYJIHeJibHOH B)J,OJib OCII X3 IIOJIOCTblO, KOHTYP rronepe'I-

HOro ceqeHHH KOTopoif 3a,z:(aeTCH napaMerpnqecIGIM ypaBHeHHeM 

? = R1 (cos(}+ c3 cos 3()) + iR2 (sin {}-c3 sin 3()) (9.423) 

IIJIII 

(9.424) 

<l>OPMYJia (9.423) IIpHMeHHeTCH )J,JIH KpyrOBhlX, 3JIJIIIIITH'IeCKHX II KBa,z:(paTHbIX (co CKpyr

JieHHbIMII yrnaMII) KOHTYPOB r. IlpH 3TOM IIOJiaraeM )J,JIH OKp~HOCTII R = RI = Rz' C3 = 0, )J,JIH 

R +R 
3JIJIIIIIca R =-1 

--
2 , c3 = 0, MH KBa)J,paTa R = R1 = R2 , c3 = 0,14036. <l>opMYna (9.424) rrpII-

2 
MeHHeTCH )J,JIH KOmypOB TpeyrOJibHOro rrorrepe'IHOro ce'Iemrn (TPeyrOJibHHK co CKpyrneHHbIMH 

yrnaMII), rrpII'IeM R = R1 = R2 , c3 = 0, 25. 

Ha pIIcyHKax 9.52-9.55 rrpe,11,CTasneHi>I pe3yJibTaThI pac'IeTOB aeJIII'IIIHhI Is"' I· <l>JITYPHPYIO

IIJeH: B <l>oPMYJiax (9.422), B rrpe)J,IIOJIO)l{eHJIH, 'ITO Ha Teno )J,eHCTBYeT rapMOHH'ICCKII H3MCHHIO

IIJeecH BO BpeMeHII HOpMaJibHOe ,11,aBJieHIIe c aMIIJllfTY,11,0H, pacnpe,11,eneHHOH ITO 3aKOtty N = 

= N0 xy;;. Bee pe3yJibTaru, KpOMe OT,ll,eJihHO orosopeHHhIX, npnae,11,eHbl MH rronIIBIIHHJI6YTIIpa

JI», y KOTOporo Km<P<Pmzy1eHT CBH3aHHOCTH noneH: paBCH 0,44 [12). IlyttKTHpHble JIHHIIH OTBe

'IaIOT 3a,z:(a'Ie c YlfeTOM CBH3aHHOCTH TepMOMexaHJNeCKHX IIOJICH, CIIJIOIIIHbie - HeCBH3aHHOH. 

TaKIIM o6pa30M, ,11,eMOHC'fPHpYeTCH BJIHHHIIe 3$$eICTa TepMOMexaHII'IeCKOH CBH3aHHOCTH Ha )J,H

HaMII'IeCKyIO KOHl..(eH1'paIIIIIO HarrpH)l{CHIIH B CJIOe, ocna6neHHOM TYJIHCJibHbIM B)J,OJib OCII X3 OT

BepcmeM. 

Pe3yJibTaTbl Ha pIIC. 9.52 COOTBeTCTBYIOT CJIOIO c IIOJIOCThIO Kpyrosoro rrorrepe'IHOro Ce'IeHJIH 

rrpII h = 1, R = 0, 1, x3 = h. To'IKaMII uaueceHhI pe3yJibTaThI TO'Ittoro pe1IIeH11H. PIIc. 9.53 H 9.54 

COOTBeTCTBYIOT CJIOIO c IIOJIOCTblO KBa,11,paTHoro II TpeyrOJibHOro rrorrepe'IHOro CC'ICHIIH (KBa)J,paT 

II TPeyronbHIIK co cKpyrneHHbIMH yrnaMH) npII h = 1, R = 0, 1, x3 = h. PHc. 9.55 rrocrpoeH )J,JIH 

rronOCTII 3JIJIIIIITII'IecKoro rrorrepe'IHOro ce'IeHHH npII h = 1, R1 = 0, 1, R2 = 0, 05, x3 = h. 
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2 3 

Puc. 9.52. )J,HHaMHqecK!Ul KOHl\eHTpal\IDI Ha

rrpiDI<eHHH B cnoe, ocna6neHHOM 1<pyrOBbIM OT

BepcTHeM, rrpH h = 1, R = 0, 1, x3 = h (rronHBH

HHn6yrnpanh) 

max= 12 666 

0 2 3 

Puc. 9.54. )J,HHaMHqeCK!Ul KOHl(eHrpal\IDI Harrpll

)f(eHHii B CJIOe, ocna6JieHHOM rpeyrOJibHblM OT

BepcTHeM, rrpH h = 1, R = 0, 1, x3 = h (rronHBH

HHn6yrHpanb) 

Puc. 9.53. )J,HHaMHqecK!Ul KOHl\eHTIJal\IDI Harrpll

)f(eHHH B cnoe, ocna6neHHOM KBa,npaTHbIM ornepc

THeM, rrpH h = 1, R = 0, 1, x3 = h (rronHBHHHn6y

THpanb) 

0 

I I 
I I 
I I 
I I 
I I 
I I 

max=4,8 5 

2 3 

Puc. 9.55. )J,HHaMHqecKall KOHl(eHrpal\IDI Harrpll

)f(eHHH B CJIOe, OCJia6neHHOM 3JIJIHIITH'IeCKHM 

OTBepcTHeM, rrpH h = 1, R1 = 0, 1, Ri = 0, 05 x 3 = h 

(IIOJIHBHHHJI6)'THpaJib) 

lfa pHCyttKOB BH):(HO, qrQ ~ CJIOH, ocna6JieHHoro CKB03HhIM OTBepcTHeM, pe3yJibTaThl pac

'IeTOB OTJIH:qaIOTCH Ka11ecTBeHHO B CTOpotty )'BeJIH'IeHHH aMIDIIITy)J,. c B03paCTaHHeM qacTOTbl 

B036J')J{pemrn KpHBbie rrocrerreHHo rrpH6nm1rnroTc» )J,pyr K APYIY AO rrpaKTH:qecKH rroJIHoro coB

IIa)J,emrn. 
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11,HJiuimp KOuequoii MHHLI. PaccM01pHM Terrepb narrpIDKeHHo-,n:e<l>opMHposannoe co

CTO.sIHHe repMoyrrpyroro IJ,HJIHH,n:pa c ,n:ocraTOlJHO rna,n:KHM KOJITYPOM rrorrepetJHoro cetJemur. Ila

paMeTpH3arzyrn: KOmypa 3a,ll;aeTCH IIpHBe,n:eHHbIMH BbIIIIe COOTHOIIIeHIUIMH (9.423)-(9.424). 
B pe3yJThTaTe tJHcneHHoro 3KcrrepHMeHTa rronyqeHb1 aMIIJiffTY,n:HO-tJaCTOTHbie xapaKTepHCTHKH 

KOHelJHbIX Il,HJIHH,n:poB B 3aBHCHMOCTH OT OTHOCHTeJibHOro BOJIHOBOro lJHCJia r;R. Ha pHC. 9.56--

9 .60 rrpe,n:cTasneHbI pe3yJibTaThl pactJeTOB senHtJHHbI js .. j B rrpe,n:nono:>KeHHH, 'ITO Ha reno ,n:eH:cr

syeT rapMOHHlJeCKH H3MeID1JOrn;eecH BO BpeMeHH HOpMa1IbHOe ,n:asneHHe c aMIIJIHTy,ll;OH, pacrrpe

,n:eneHHOH no 3aKOHY N = N0 xy;;. Pe3yJibTaThI Ha pttc. 9.56 H 9.57 coOTBeTCTBYJOT QHJIHH,rqly 

KpyroBoro nonepetJHOro ceqeHHH IIpH h = 1, R = 0,01, X3 = h MH aJIIOMHHHH H TIOJIHBHHHJI6YTH

paIDI coOTBecTBeHHO. Km<):i<t>HII,HeHT CM3aHHOCTH rroneli ,n:JIH anIOMHHIDI paseH 0,04, a MH noJIH

BHHHJI6YTffPanH - 0, 44. TOlJKaMH Ha rpa<):iHKax HaHeceHO TOlJHOe peIIIeHHe, rronyqeHHoe MeTO

,ll;OM pH,ll;OB Ha OCHOBe O,n:Hopo,n:HbIX peIIIeHHH 3a,ll;alJH [9]. 

1s..i IS.J I 
II 
II 
II 
II 
II 

II 
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3 11 

I • 
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I I 
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' • I • 
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Puc. 9.56. AMITJimyJVIo-qaCTOTHWI xapmaepH- Puc. 9.57. AMIIJimy,n:Ho-qaCTOTHWI xapaKTepHCTHKa 

CTHKa cnnoumoro KpyrOBOfO Il,ID!HHJJ.pa KOHeq- CIIJIOllIHOfO Kpyrosoro liHJIHH,n:Pa KOHelJHOH AJlHHhl 

Hoif MHHbI rrpH h=l, R=O,OI, Xi =h (amo- rrpH h=l, R=0,01, x3 =h (rroJIHBHHHJI6yrnpanb) 

MHHHH) 

KpHBbie Ha pttc. 9.58-9.61 OTPa:>KaIOT pe3y1ThTaThI pactJeTOB MH II,HJIHH,ll;poB 3JIJIHTITHlJecKo

ro nonepetJHoro ce'leHIDI, h = 1, R1 = 0, 1, R2 = 0, 05, x3 = h , H MH QHJIHH,ll;pOB c nonepelJHhlM 

ceqeHHeM B BH,n:e KBa,n:parn co cKpyrneHHbIMH yrnaMH, h = 1, R = 0, 1, XJ = h. PHc. 9.58 H 9.59 

OTBelJaJOT aJIIOMHHHIO H IlOJIHBHHHJI6Y™PaJIIO COOTBeTCTBeHHO, pHC. 9.60 (amoMHHHH), 9.61 (rro

JIHBHHHJI6YTHPa1Ib). CilJIOIIIHbie KpHBbie, KaK H paHee, cooTBeTCTBYJOT HeCBH3aHHOH 3a,n:atJe, 

rryHKTHpHbie - CBH3aHHOH. 

He3HalJHTeJThHOe BJIIDIHHe CBH3aHHOCTH rroneli ,n:JIH aJIIOMHHIDI o6nHCHHeTCH OTHOCHTeJibHO 

HeBbICOKHM 3HalJeHHeM K03<):i<):iHII,HeHTa CBH3aHHOCTH rroneH:, B TO BpeMH KaK ,n:JIH IIOJIHBHHHJI6y

THpaAA 3TO BJIHHHHe rrpocJie)J(HBaJOTCH OTlJeTJIHBO, Ha6n10,n:aeTCH CMem;eHHe co6CTBeHHblX lJaCTOT 

H H3MeHeHHe <):iopMbI KpHBblX c ysenHtJeHHeM OTHOCHTeJibHOro BOJIHOBOro lJHCJia. TaKHM o6pa-
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30M, MO:lKHO C):(eJiaTh BbIBO):( 0 rrpaKTWieCKOH u;eJiecoo6pa3HOCTH IIpHMeHemur CBH3aHHOH MO):(eJIH 

TepMoyrrpyrocni. ):(JUI pacqeTOB Ten c BblCOKHM K03<J.lqmu;rreHTOM CBH3aHHOCTH TepMOMexaHHqe

CKHX rroneli. 

ISoe I ' . ; l 
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__) .A ...I _.j .J 
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_.!" ~ A ~ ---- ?.- .. -· t 
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0 2 4 R 0,40 
fl 2 4 

Puc. 9.58. AMmnrry):(Ho-qacTOTHa» xapaKTepH- Puc. 9.59. AMmrniy):(Ho-qacTOTHa» xapaKTepHCTHKa 

CTHKa CilJIOIIIHOI'O 3JIJIHIJTHqec1mro ilHJIHH):(pa 

KoHeqHoif ):(JIHHhI npa h = l, R, = 0, 1, R2 = 0, 05, 

X3 = h (amOMHHHH) 
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CIJJIOIIIHOfO 3JIJIHITTttqeCKOro QHJIHH):(pa KOHeqHOH 

MHHhI npH h = 1, R1 = 0, 1, R2 = 0, 05, x 3 = h (no

JIHBHHHJI6yrapanb) 
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Puc. 9.60. AMITJIHTY):(Ho-qacTOTHa» xapaKTepH- Puc. 9.61. AMIJJIHTY):(Ho-qacmTHa» xapaKTepHCTHKa 

cnrna CilJIOIIIHOro IJ,HJIHH):(pa KBa):(paTHOfO no

nepeqHQfO ceqemrn npH h = 1, R = 0, 1, x3 = h 

(aJIIOMHHHH) 

CilJIOIIIHOfO l.l,HJIHH):(pa KBa):(paTHOI'O nonepeqHoro 

ceqeHHH npH h = 1, R = 0,1, x3 = h (noJIHBHHHJI6y

THPaJib) 
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9.11. ConpRJKeHH&1e 3neKmpoynpy2ue nonR 
e n&e3oKepaMu'leCKOM cnoe c nonocm&IO 

B .ri;eKap'I'OBOH CHCTeMe Koop,ll,HHaT 0.x;_x2X:J paccMOTPHM me3oKepaMJfllecKlili cnoii 

- 00 < Xi' X2 < oo, lx3 I :;;; h, ocna6neHHbIH 'I)'HHeJihHhlM B)J;OJib OCH Ox3 CKB03HbIM OTBepcrneM, 

nonepe'lHOe ce'leHHe KOTOporo - )J;OCTaTO'lHO rna.n:Klili 3aMKH)'TbIH KOHJYP r. Ilpe.ri;JJOJIO)l(HM, 

'ITO OCh X3 HanpaBJieHa B)J;OJih CHJIOBhIX JIHHlili 3JieKTPWieCKOro TIOIDI npe,D;BapHTeJibHOH IIOIDipH-

3aJUIB KepaMHKH. 

Hcxo,D;Hasr CHCTeMa ypasHeHHH B rrepeMeHHhIX u, v, w,<p HMeeT BM [98]: 

VV 2u +C44diu+d/) =0, VV2v+c44a;v+d/J =0, B= u (a,u+a2v)+ca3w+eo3<p, 

C44 V
2 w+ C33oiw+cd3 (o1u +d2v)+e15 V

2<p+ e33d;<p= 0, 

811V
2<p+B33di<p-ed3 (d1u +d2V )-e15 V

2w-e33d~W = 0, 

U=(cll+c12 )/2, V=(cu-c12 )/2, c=c13 +c44 , e=e15 +e31 • 

(9.425) 

3;:i:ecb u, v, w - KOMJIOHeHThI BeKTopa ynpyroro nepeMememur; <p - 3JieKTPH'lecKJili no-

TeHL\HaJI; cij' eij, eij - MO.DYJIH ynpyroCTH, H3MepeHHbie npH IlOCTOHHHOM 3JieKTPH'lCCKOM none, 

Ilhe30MO.DYJIH H )J,H3JieKTPH'leCKHe npOHHQaeMOCTH, H3MepeHHbie npH JJOCTOHHHOH .ri;ecpopMaQHH. 

IIosepXHOCTH cnoH JJOKphIThl .ri;0acpparMoii, :>KeCTKoii B csoeii nnocKOCTH H m6Koii B rreprreH

.ri;1ncymrpHoM HarrpaBJieHHH. fpaHWIHhie ycJIOBHH Ha IIOBepXHOCTHX CJIOH X3 = ±h HMeIOT BH;:i: 

(9.426) 

r;:i:e ('jij H D; - KOMIIOHeHTbI TeH30pa MeXaHWieCKMX HarrpIDKeHHii H BeKTopa 3JieKTPH'leCKOH 

HH.nyKL\HH COOTBeTCTBeHHO. 

IlyCTb Ha nosepXHOCTH JJOJIOCTH, 3aIIOJIHeHHOH B03AYXOM, ;:i:eiiCTByeT BeKTOp Hanp»:>KeHHii 

( xln' Xzn• x3n)· fpaHWIHhie YCJIOBH}J Ha IIOBepXHOCTH JJOJIOCTH IlPHMYT BH;:i: 

C>;h =X.; {i,j=l,2,3), 

D. = D;n; = 0. (9.427) 
PacCMOTPHM KOCOCHMMCTPH'IHOe OTHOCHTeJibHO cpe.ri;HHHOH IIJIOCKOCTH CJIOH 3JieKTPoyrrpy

roe COCTO}!Hlfe. CornacHo IIOCTPOeHHhlM o.ri;ttopoAHbIM pemeHHHM [66], KOMTIOHeHThI BeKTopa ne

peMeI11eHH}J H 3JieKTPOCTaTWieCKHH IIOTCHQHaJI B cnoe HMCIOT BH)J; PMOB <l>yphe: 

{u, v} = L {U1k,U2k}sin(ykx3), 
k=I 

{w,<p}= L{U3k'u4k}cos(rkx3), rk =7tk/h. 
k=O 

Tor.ri;a H .npyrne KOMJIOHeHTbI :)JieKTpoyrrpyroro IlOM B CJIOe HMeIOT COOTBeTCTByIOIIIHe 

npe;:i:CTaBJieHHH}J: 

{ (jl ! • C>zz, 0'12' 0'_13, DI' Dz} = L { O', ,k 'O'zzk '0'12k '0"33k , D,k' D2k} sin ( rk X3 ) ' 
k=l 

{ 0"13,0'23, D3} = L { O"l3k,0'23k' D3k }cos( rkx3 ); 
k=O 

(9.428) 
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c K03cp<jnuzyremaMM <I>ypi.e: 

(Tllk == cllalulk + C1202U2k - ci3rku3k -e31rku4k' 

(T22k == C1iJ1U1k + C1102U2k - ci3rku3k -e3lrku4k' 

(T33k == C13 (i11Ulk +02U 2k )-c33rku3k -e33rku 4k' (Tl2k == v (i12Ulk + alu2k)' 

(Tl3k == C44 (i11U3k + rkulk) _ el5alu4k• (j23k = C44 (o2U3k + rku2k) + e15a2u4k' 

Dik =-t:1101u4k +e1s (a1u3k + rkulk ), D2k ==-e11a2u4k +e1s (a2u3k + rkuu ), 

D3k =B33ykU4k+e31(i11U1k+ dz U2k)-e33ykUJk· 
fpaHH'IHhle ycnomrn: Ha noaepXHOCTH IIOJIOCTH npe,ll,cTaBHM B BH,ll,e 

2( N -iT) == ( a11 + a22 )-e2
;"' ( a22 -a11 +2icr12 ), 

X3n == Re{e1v (0-13 -ia23 )}, D. == Re{e
1
v (D1 -iD2)}, 

847 

(9.429) 

r.n:e N, T - HopMaJII.Ha.sI H KacaTeJibHaH cocTaBrrmoll(He BeKTopa HarrpIDKeHHii, l/f -yron Me)l()zy 

IIOJIO)l(ITTeJihHbIM HarrpaBJieHHeM HOpManH n B TO'!Ke ( E f ll OCMO 0X1• 

CornacHo Bhlpax<emrnM (9.428), (9.429) JIMeeM: 
~ ~ 

{ N,T} == L { Nk,Tk}sin (rkx3), { x3n'DJ == L { x3n,k'Dnk}cos(rkx3 ). (9.430) 
k=I k=O 

B rpaHWIHhlX ycnomrnx Ha IIOBepXHOCTH IlOJIOCTH HCKmoqHM TOJllll,HHHYJO KOoprornary co
rnacHO (9.428), (9.430). Tor,ll,a IlOnyqHM ycnoBIDI Ha r OTHOCHTeJlbHO K03cpcpmi:HeHTOB cf>ypi.e 
TeH3opa HanpH)l(eHHii ll BeKTOpa 3JieKTPWieCKOll HH~H 

2( Nk -iTk) == ( allk + O"nk )-e
21

v ( O"zzk -O"m + 2ial2k)' (9.431) 

X 3n,k =Re{ ei'lf ( O"m -ia23k)}, D.k ==Re{ ei'lf ( Dlk - iDzk)}. 

HmerpaJII.Hhle rrpe,ll,CTaBJieHIDI pellleHHH B03bMeM B BH,n:e CBePTOK HCKOMhlX IlJIOTHOCTeii 
c Marpmi:eii <I>-perueHHii [66]: 

4 
U1k(z)= J:Lzlkl(()gj;l((,z)ds, (9.432) 

rm=I 

r,11,e g);) - MaTPIH.J,a <l>-perueHHii, Z~k) - HCH3BeCTHbIC IlJIOTHOCTH. 

Y'IHThIBa.H HHTerprulbHbie rrpe,ll,CTaBJICHH.H (9.432) H HCIIOJib3Y.H rpaHiflHblll rrepexo.ri: npH 

z --7 ?o Er no cpOpMJJiaM Coxoii:Koro-IlrreMemr [39], H3 rpattmHhIX ycnoBHii (9.431) IIOJIY'laeM 

CHCTeMY cHHryJI.1IpHbIX HHTerpanhHblX ypaBHeHHii: 
4 

1ra1 ('1'0 )z?l ((0)+1ra2 ('1'0 )z;k) ((0 )-L f Gf!l ((,(0 )z~k)(()d( == 2(Nk ((0)-iTk ((0 )), 
m=lr 

4 

-21lRezYl (?'o)-27tb7 ReZY1 (;o)+Im L Jc;~ (;,;o)z~l (0d' = x3n,k ( ;o), 
m=lr 

4 

21lRezik) (?0 )+ Im L JG~~ (?.?0 )z~l (()d( = 0= D.k ((0 ). (9.433) 
m=lr 
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3.n:ecb lf/o - yroJI Me)l()zy IlOJIO)l(IITeJibHbIM HanpasJieHJfeM HOpMaJill n B TOqKe So E r 
ll OCblO O.xj. ~a nepsoro llHTerpaJibHOro ypasHeHllH cg) (s, So) ll cg) (s, so) cIIHryJIHPHbie, 

Bee OCTaJibHbJe x.n:pa CllCTeMhl (9.433) peryJIHPHbie. IlOJIHOe OnIICaHlle x,n:ep CIICTeMbl IIMeeTCH 

B pa6oTe [ 66]. 
IlpII IlOMOII(ll KBa,n:paTYPHbIX ll IIHTeprromru;IIOHHbIX <J:iopM)'JI IIHTerpaJibHbie ypasHemrn 

(9.433) CBe,n:eHhl K CIICTeMe JIIIHeHHbIX a.rrre6pa~eCKIIX ypaBHeHIIH OTHOCIITeJibHO Heif3BeCTHbIX 

IIJIOTHOCTeH z;•) ( <p). Ha OCHOBaHllll paccqIITaHHblX IIJIOTHOCTeH 6hIJill BbJlllfCJieHbI KOMilOHeHThl 

3JieKTPoynpyroro rroJIH B CJioe c T)'HHeJihHOH nonoCTuro 3JIJIIIrrTIIqecKoro norrepeqHoro ceqeHIIH: 

Ha pIIc. 9.62, 9.63 rrpIIse,n:eHo pacnpe,n:eJieHIIe HOpMaJibHOro OKp}'KHOro Hanpx)l(eHIIH 

cr00 / N0 (N0 = const) ,n:JIH pa3.JI~HbIX 3HaqeHIIil rrapaMerpa .4 = R1/ R2 B ceqeHHH x3 = O,Sh npH 

,n:eiiCTBIIH Ha KOliType 3JIJIHIITIIqecKoro OTBepcTIIH HopMaJihHbIX N = N 0x3/h H KacaTeJihHhIX 

T = N0 x3 /h Harpy3oK coOTBeTCTBeHHO. 

1 , ________ J ___ L ____ ~~~~ 
- 0 7r/2 7r 37r/2 <p 

-0,6 1-1,-----t+-cf-----<T----Hr+--·-i ,, 
" I 

7r/2 7r 37r/2 <p 

Puc. 9.62. Pacrrpe.11.eneHHe CJ£JBIN0 Ha Komype Puc. 9.63. Pacrrpe.11.eneHHe CJfJfJ!N0 Ha KOJITYPe 

IIOJIOCTH B ceqeHHH X3 = 0,5h rrpH .11.eHCTBHH IIOJIOCTH B ceqeHHH X3 = 0,5h rrpH .11.eHCTBHH 

HOpManbHOro .11.asneHIDI N = N0x3 I h KacaTeJibHOro HarpY'J<eHID! T = N 0x3 I h 

Ifa CIICTeMhl rpaH~HhlX CIIHr)'JIHpHhlX HHTerpaJibHhlX ypasHemrn ,n:JIH cnox c TYHHeJihHOH 

IIOJIOCTblO JierKO rronyqIITb IIHTerpaJibHOe ypaBHeHHe KpaeBOH 3a,n:aqll 3JieicrpoynpyroCTII ,n:JIH KO

HeqHoro [\HJIHH,n:pa jx3 j ::;; h nyTeM H3MeHeHIIH 3HaKOB BHeHHTerpaJibHhlX qneHOB. 

Ha pHc. 9.64, 9.65 npHBe,n:eHbI pacrrpe,n:eneHIIH HOpMaJibHOro OKp}'KHOro HanpH)l(eHIIH 

cr 00 / N 0 Ha KOHTYPe 3JIJIH~ecKoro nhe30KepaM~ecKoro LIH.JIHH.LIPa rorn pa3JlffqHhIX 3Haqe-

HHH napaMeTpa A. = R1 / R2 B ceqeHHH x3 = 0,5h rrpH .l(CHCTBHH Ha KOffTYPe LIHJIHH,n:pa HopMaJib

Horo N = N 0 x3 /h II KacaTeJibHOro T = N 0x3 /h ycIIJIIIil cooTBeTCTBCHHO. 
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l -"f=0,33 
2-"f= 1,0 
3-"f=3,0 
4- "I= 10,0 

0,2'------'--------'-----'-----~ 
0 7r/2 7r 37r/2 <p 

-y=0,333 
"I= 1,0. 
"f=3,0n 
-y=IO,b\ 

0,75>---+---+-+--~._.,.__,__~f-----++111 

7r/2 
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Puc. 9.64. Pacnpe~eJJeHHe CY88 I N0 Ha KOHTYJ>e Puc. 9.65. Pacrrpe~eJJeHHe <Yee I N0 Ha KOHType 

l.IHJJH~pa B ceqeHHH X3 = 0,5h rrpH ~eikTBHH 

HOpMaJJbHOro ~aBJJeHm1 N = N0x3 I h 

l.IHJJHH~pa B ceqeHHH X3 = 0,5h rrpH ~eMCTBHH 

KacaTeJJbHOro Harp)')KeHm1 T = N0x3 I h 

Bee ~CJIOBbie pe3yJibTaThI 6bmH no.rryqeHhl )J,JUI nhe3oKepaMHKH PZT - 5H [77). 

9.12. rapMOHU'leCKUe U UMnyn&CH&le 6036y)l(OeHUR 
MH020C6R3HblX u,unuHopu'leCKUX men 

PaccMa'fPHBaeTCH npocT{>aHcTBeHHaH 3a,n.aqa TeopHH yrrpyrocTH o rapMOHWieCKHX KOJie6a

HHHX IJ;HJIHH,D.pWieCKHX TeJI (CJIOH c HeCKOJibKHMH T)'HHeJJbHbIMH nOJIOCTSIMH, KOHeqHbIH IJ;H

JIHH,ZW) rrpH O)J.HOpO,D.HblX CMewaHHbIX rpaHHqHbIX ycJIOBHSIX Ha ero OCHOBaHHSIX. c HCITOJib30-

BaHHeM nOCT{>OeHHblX B pa60Te <D-peweHHH rpaHWIHbie 3a)J.aqH CBO)J.HTCSI K CHCTeMe O)J.HOMep

HbIX CHttryJISipHbIX HHTerpaJibHbIX ypaBHeHHH xopowo H3yrieHHOro THila. PerneHHe 3a)J.aqH 06 
HMrryJihCHOM B036)')1()J.eHHH CJIOSI Ha rrosepXHOCTH nOJIOCTH «C06HpaeTCH» H3 naKeTa COOTBeTCT

BYJOiu;HX rapMOHHqecKHX KOJie6aHHH npH nOMOIIJ;H HHTerpaJJbHOro npeo6pa30BaHHSI <l>ypbe no 

speMeHH. IlpHBO)J.SITCH pe3yJibTaTbI pacqeTOB )J.HHaMWieCKOH KOHQeH'rpaQHH HanpSIJKeHHif B cnoe 

(nJIHTe), OCJia6neHHOM O)J.HHM H )J.B)'MSI OTBepCTIDIMH Pa3JIHqHoH KOHCpHrypaQHH, aMTIJIHTY)J.HO

qaCTOTHbie xapaKTepHCTHKH )J.JISI IJ;HJIHH,lWa KOHeqHoif )J.JIHHbl c rronepeqHbIM ceqeHHeM B BH)J.e 

Ksa,zwarn co CKpyrJieHHhlMH yrJiaMH H )J.aHHb1e pacqeToB )J.JIH T{>aneu;HeBH,D.Horo HMrrym,ca, ,n.eif

CTByiomero Ha nosepxHOCTH KpyrOBOH nOJIOCTH. 

IloCTaHOBKa 3a)J.aqH. B )J.eKapTOsoif rrpHMOJIHHeliHoif CHCTeMe Koop,n.HHaT Ox1x2x3 paccMOT-

pHM yrrpyrnif O)J.HOpO,D.HbIH H30T{>OnHhIB CJIOH -oo < XpXz < oo, Jx31::;; h, ocna6JieHHhIB CKB03Hhl

MH T)'HHeJibHblMH nOJIOCTHMH C o6meif rpaHHQeH nonepeqttOro ceqeHIDI r = Ur v (I\ r v = 0, 

v =l,2, ... ,N). Ey)J.eM nonaraTh, qTQ rv - npOCTbie 3aMKHyTbie KOHTYPbI 6e3 ToqeK caMone

peceqeHIDI c HenpephIBHhIMH no feJih)J.epy KpHBH3HaMH. Ha rrosepxHocTH nonocTeif S = uSv 

3a,D.a)J.HM BeKTop HanpH)J(eHHH ( X1n, X1n, X 3n )( X,t ), X = (xpX1,X3 )ES. Ha OCHOBaHIDIX CJIOH 

npHMeM O)J.HOpO)J.Hhie rpaHHqHhie ycJIOBHH CMeIIIaHHOro THna 

(9.434) 



850 1JIABA9 

3a,[(aqa COCTOHT B orrpe,L\eJieHHH BOJIHOBbIX IIOJieii BeKTopa rrepeMemeHHM u = (ul, U2, U3) 

H Temopa HaIIpH)J(eHl1M c KOMIIOHeHTaMH (Jij (i, j =I, 2, 3) IIpH rapMOHHqecKOM 11JIH HMIIyJibC

HOM B036~eHHH CJIOH. 

,[{Jrn orrpe,L\eJieHH}I BOJIHOBOro IIOJIH rrepeMeIIJeHHM HCIIOJlh3yeM CHCTeMY ypaBHeHHM naMe 

x. p o2u. 
Auj+od/J+-:= µ 

0
/, j=l,2,3, (9.435) 

a 1 
ak =-, A=okak, l'J=okuk, CT=--, 

<Jxk I-2v 

r,L\e A - orrepaTOp narrnaca B R3
, tJ - o6neMHoe pacrrrnpeH11e, X j - HHTeHcHBHOCTh o6'h

eMHhIX CHJI, µ H v - MO,[(yJib C,[\BHra H K03<):Hpm1HeHT ITyaccoHa, p - IIJIOTHOCTb MaTep11a

Jia. 3,[(eCb H ,[\aJiee 110 IIOBTOpHIOIIJHMC}I HH,[\eKcaM i, k Be,[\eTC}I CYMMHpOBaHHe OT I ,[\O 3. 

BBe,[(eM o6o3HaqeHH}I 

~ {J) 2 .;2 12 ::12 ::12 2 C1= , Cz= -, rz=-, µ1m=r1-/l,m' A1m=u1+ 0 2+µ1m; l=l,2, 
p c1 

r,[(e cl H C2 - CKOpOCTII pacrrpoCTpaHemrn rrorrepeqHoii (C,L\BHroBOH) H rrpO,ll,OJibHOM BOJIHbl 

B yrrpyroM TeJie, r; H Y2 - COOTBeTCTByIOIIJI1e BOJIHOBbie q11cna. 

PaccMOTPHM CHaqana rapMOHHqecKoe B036y)J(,[(eHHe CJIOH; IIOJIO)J(HM 

(9.436) 

JIHqHH. 

HCKJIJOqM BpeMH t B ypaBHeHHHX (9.435) B COOTBeTCTBHH c rrpe,D,CTaBJieHH}IMH (9.437), 
rrpHXO,ll,HM K CHCTeMe AHcpcpepem111aJibHbIX ypaBHeHHii B aMIIJIHTy,[\ax 

.;2 y 
AUj+odjopk+rzUj=-;. j=l,2,3. (9.437) 

K c11cTeMe (9.437) Heo6xo,L\HMO rrp11coBOKY1IHTh rpaHnqHble ycnoBH}I Ha rroaepxHOCTHX 

IIOJIOCTeii 

(9.438) 

r,[\e Sij, Yjn - aMIIJIHTYAHhie 3HaqeHH}I BeJiffqHH (Jij H X jn COOTBeTCTBeHHO. 

HMeH B BH,L\y CHMMeTp)1qHOe COCTOmHe OTHOCHTeJibHO cpe,[(HHHOM IIJIOCKOCTH CJIOH, rrpe,[(

CTaBHM aMIIJIHTYAhI rrepeMeIIJeHHM H HHTeHCHBHOCTeii o6'beMHbIX CHJI B BH,[(e PMOB <l>ypbe 

{vi' u 2 JU';' Y2} = L {Ulm, u 2m, em' I-;m, y2m }cos Amx3, 
m=l 

m=l 

Ujm =Vjm(xl'x2 ), Yjm =Yjm(xpx2); j= 1, 2, 3, 

em =0P1m +<JP2m +..imu3m' Am =;r(2m-1)/(2h). 

(9.439) 
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B 3TOM cnyqae rpaHWIHbie ycJIOBIDI (9.434) Ha OCHOBaHIDIX CJIOH 6y.nyr BhillOJIHeHhI. 

Hc1onoqHB B ypaBHemrnx (9.437) TOJIIIIHHHyIO I<OOp!J:HHary X3 rrpn IIOMOIIIH rrpe;::i:CTaBJie-

HHll (9.439), IIpHXO):(HM K CHCTeMe ypaBHeHHll OTHOCHTeJihHO K034Jq>MIIHeHTOB <l>yphe Ujm 

y y 
A2mUtm+cRJ/)m=- ;. l=l,2; A2mU3m-aA,,,/)m=- ;; m=l,2,. .. (9.440) 

ll,JIH HCKJIIoqeHIDI TOJIIIIHHHOll KOOp):(HHaThI H3 paBeHCTB (9.438) BOCIIOJih3yeMCH CJie;::i:yio

IIIHMH rrpe;::i:cTaBJieHIDIMH MH aMIIJIHTY!J: KOMIIOHeHT TeH30pa HarrpmKeHHH H BeKTopa IIOBepx

HOCTHOll HarpY3KH, cornacoBaHHhIMH c rrpecTaBJieHMHMH (9.439): 

{Suv,Y.n}= f {s~:l,r:,Sml}cosA,mx3 , u,v=l, 2, (9.441) 
m=l 

{S13 ,Y3n}= f {s);l,l;Sml}sinA,mx3 , j=l, 2, 3. 
m=l 

Tor;::i:a rpaHWIHhie ycJIOBHH (9.438) pacrra.nyrcH Ha COBOKYTIHOCTh paBeHCTB BH,}:(a 

S(m)n -y(m) ) 0 -1 2 3· m -1 2 
ij i - jn ' - ' ' ' - ' , ••• (9.442) 

«--pemennSI ti;JISI CJIOH. ITycTh Terrep1> B!J:OJih IllHypa Xi= 0, x2 = 0, lx31 ~ h pacrrpe;::i:eJie

HhI ycHJIIDI c rroroHHhIMH HHTeHCHBHOCTHMH {l~,Fz,~}(x3 ). Tor;::i:a 4Jnrypnpyromne B rrpaB1>1x 

qaCTHX ypaBHeHnll. (9.440) K03tPtPHIIHeHThl <l>yp1>e HHTeHCHBHOCTell. ofr1>eMHhIX CHJI npHMJT BH!J: 

Y1m =~m8(x}, x=(Xi,X2 ), j=l, 2, 3, (9.443) 

r;::i:e 8( x) - ll:BYMepHM ;::i:eJihTa-<liYHKIIHH. 

ITo;::i: <l>-peilleHHHMH MH CJIOH, COOTBeTCTBYIOIIIHMH CMelllaHHhIM rpaHHqHhIM ycJIOBIDIM 

(9.434), 6y;::i:eM IIOHHMaTb KOMTIOHeHTbl MaTpHIIhl 4Jytt;::i:aMeHTaJibHbIX perneHHll CHCTeMbl (9.440) 
c rrpaBhIMH qacrnMH, orrpeJJ:eJieHHbIMH paBeHCTBaMH (9.443). 

Jil3 ypaBHeHHll (9.440) ofa1qHhIM npHeMOM BhlBO):(HM 

1 

( )
(Pimol +P2m02 +~mA.m)8(x). 

µ l+a 
(9.444) 

Ilo;::i:po6HO paCCMOTpHM cnyqall. Pi ;f. 0, Pi = ~ = 0. 

Jil3 ypaBHeHIDI (9.444) MH paccMaTPHBaeMoro cnyqaH rronyqaeM Heo;::i:Hopo;::i:Hoe ypaBHeHne 

feJI1>MrOJI1>1Ia 

A £Jl1l = Pim a 8(x). 
lm m µ(I+a) 1 (9.445) 

IlycTb E - <liYH!J:aMeHTaJII>Hoe peilleHne onepaTOpa feJihMrOJihIIa [11]. Yqm1>IBaH, qTO 

tPYHKIIIDI 8 ( x) tPHHHTHa H CBePTKa E * a J = f * a 1 E CYIIIeCTBYeT' nonyqaeM H3 ypaBHeHHH 

(9.445) 

()(!) _ iPim '.:\ 
m - ( } 0 1HOlm' 4µ l+a 

(9.446) 
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H plm = H~t) (µ1mr), r = ~ Xi2 + x;, p = 0, 1, 2, 3; l = 1, 2, 

H~1l(x) -<l>ymru,rnr faHKemr rrepBoro po;.i:a, rropH;.i:Ka p. 

<l>opM)'na (9.446) ;.i:aeT B03MO)KJIOCTh pa3;.i:emnh ypaBHemur B cHcTeMe (9.440) H rrpe;.i:crn
BHTh ee B BH,D;e 

(9.447) 

(!) _ i<J' Pim ::-, -, (I) _ i<J' Pim 1 -, 
ll2mU2m- 4µ(l+<J')U1U2Ho1m• /l2mlj3m- 4µ(l+<J')""mulHOlm' 

lIHTerpHpOBaHHe CHCTeMhl (9.447) B rrpOCTJ>aHCTBe o6o6meHHbIX <i>YHK!IHM <If (R2) ;.i:aeT 

U(l) = iPi.m (-J_-()2 H + H ) U(l) = - iPi.m CJ CJ H U(i) = il'im CJ A, H 
Im 4 ",2 l 02m ' Zm 4 ,,2 l 2 ' 3m 4 ,,2 I m ' µ '2 µ,2 µ1z 

H = HOim -HOZm' 

AHanorw-rnhIM o6pa3oM paccMaTJ>HBaJOTCH CJIY'laH, Kor;.i:a P2 :t- 0, Pi = Pz = 0, ~ :t- 0. Bhl

rrmneM OKOH'IaTeJihHhie pe3ynhTaTb1 .1(JllI BeKTopa rrepeMememrn 

uW = iPnm gUl. 
nm 4µ nm 

(9.448) 

BeJIH'IlIHbl g~~ - KOMIIOHeHTbI MaTJ>H!Ihl <l>-perneHHii ,!(JIH KIDK,!(Oro <i>HKClipOBaHHOro 

3HaqeHIUI m. 

gm= llg~11, n, j = 1, 2, 3; m = 1, 2,. .. (9.449) 

(v) _ 1 ~ ( )I+! z (( )v ) gvm ---::;: ,t_, -1 µ1m -1 H21mcos2a+H01m +H02m, v=l, 2, 
2,2 l=l 

(1) - {2) - 1 ~( )l+l 2 . g 2m - g Im - --:;::2 ,t_, -1 µlmH Zlm sm 2a, 
2rz I=! 

(1) (3) (2) (3) A, 2 

~=-~=. g3m =- gzm =--1!!.. "(-1)1+1 µ H cos a . . ..,L..J Im llm ' 
cosa cosa sma sma r;: l=I 

(3) _A,~ H 
g3m - ,,; H + 02m' 

IlcTHHHble 3HaqeHHH rrepeMemeHHii .1(JllI o6mero CJIY'laH MO)KJIO orrpe;.i:eJIHTh rro <t>opM)'JiaM 

u =Re(e-iax~~uUlcos.it x) l=l 2· u =Re(e-iax~~uUlsin.it x) 
l L...i £...J Im m 3 ' ' ' 3 L...i L...i 3m m 3 • 

j=l m=l j=l m=l 

(9.450) 
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BbiproKemrn: (9.448), (9.450) ,n:aIOT rrpe,n:cTasnemre o BOJIHoso,n:m,1x csoiiCTBax cnoH. BH,n:HO, 

'ITO IlpH JII060H qaCTOTe B036)')K,ll.eHIIH scer.n:a Haii,.n:eTCH HOMep m , IlpH KOTOpoM xapaKTepHCTII

qecKoe qncno Jlim IIJIH o6a xapaKTepH~eCKHX qIICJia CTaH)'T qHCTO MHHMbIMH, qTQ IlpHBO,n:HT 

K HeO,n:Hopo,n:HbIM, 3KCIIOHeHIJ;HlU!bHO 3aT}'XaIOil(HM ITO r BOJIHaM. IlpH Jr ( 2m - 1) < 2 ;v; h rrep

Bbie m qJieHOB B pH,n:ax (9.449) rrpe,n:CTaBJIHIOT co6oii cyrrepII03HIJ;HIO pacnpoCTpaIDIIOil(lIXCH OT 

HCToqHIIKa BOJIH. lJJieHbl pH,n:a, y,n:oBJiemopHIOmHe HepaBeHCTBY 1C ( 2m -1) > 2 y2h, 3KcrroHeHQH

aJibHO 3aT}'XaIOT c poCToM r, a TaIOKe c yseJIHqeHHeM HOMepa m. Orcro.n:a cne.n:ycr, 'ITO qeM 

TOJIIl(e BOJIHOBO,n:, TeM 6onee nmpoKHH CIIeKTP qaCTOT OH nporrycKaeT. 

Ifa CKa3aHHoro BH,n:Ho, 'ITO oCTaTKH pH,n:oB (9.449) CTpeMHTCH K eynro, TaK KaK o6ni:Hii qneH 

nro6oro H3 3THX pH,n:OB 3KCIIOHCIIl(HaJihHO y6i,rnaeT c pocTOM HoMepa m. Mo)lrno rroKmaTh, qyo 

TIM pH,n:hI a6coJIIOTHO cxo,n:HTCH rrpH r -:/- 0. 
HuTerpaJILHLie npe11:crnBJieuuH perneHHH rpauuquou 1a11:aqu (9.440), (9.442). IlycTb 

2 (-) 2 f E c G , r.n:e G = R \ r - <j:>H3nqecKoe none c JIHHHeH pa3pb1Ba r. 3aIIHI1IeM <j:>opMyJibl 

,n:JIH o6o6meHHbIX IlpOH3BO.Li:HbIX 

r.n:e { . } - COOTBeTCTByIOil(M KJiaccmecKM rrpOH3BO.ll:HM, [ . ] - CKaqoK YKa3aHHOH <i>YHKIJ:Hli 

a 
Ha KOHType r, n j - rrpoeKQHH OpTa HOpManH K KOHTYPY r Ha OCb x. ; [ . ] 8, H -([ . ] b'r) -

1 CJn 
COOTBeTCTBeHHO rrpOCTOH H .Li:BOHHOH CJIOH. 

BBOM 3Tl1 COOTHOllieHHH B CliCTeMy (9.440) c yqeTOM Bbipa)l(eHJ1H (9.444), rrpe.n:cTaBHM ee 

BBH.Li:e 

(9.451) 

lICIIOJib3YH MaTpHIJ:Y <I>-pellieHHH (9.449), pellieHHe CliCTeMbl (9.451) MO)l(HO rrpe,n:CTaBHTb 

B s11.n:e csepTK11 

Um (x} = {Ulm'U2m•U3m} =gm* fm; X = ( Xi,Xi}, fm = {J;m,f2m,f3m}· 

B pmsepHYTOM B11,n:e rronyqaeM OTCIO,n:a HHTerpanbHble rrpe,n:cTaBJieHHH BOJIHOBOro IIOJIH 

rrepeMemeHIIif (scro.n:y .n:anee, ecnH He orosopeHo HHOe, HHTerp11posaH11e se,n:eTCH no KOHTYPY 

j = 1, 2, 3, m = 1,2, ... , (9.452) 

r.n:e dS y - 3JieMeHT .n:ym Komypa r, CYMMHpOBaHHe no k = 1, 2, 3. 

B cnyqae, Kor.n:a KOHTYP r - COBOKyrrHOCTb pa30MKH)'TbIX .n:yr (MaTeMaTuqecKHX pa3pe-

30B) rv (v =1,2, ... ,N) H BeKTop HarrpH)l(eHHH HerrpepbIBHO rrpo,z:i:omKHM qepe3 Bee rv, ,n:ocTa-
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TQqHo OCTaBH.Th rrepBoe CJiaraeMoe B rrpaBOH qacTH. paBeHCTBa (9.452), T. e. pa3bICKH.BaTh perne

Hlie B BH.)J;e o6o6m:eHHhIX IIOTeHIJ;liaJIOB )J;BOHHOro CJIOH. ArrH perneHH.H paccMarpnaaeMOH 3)J;eCh 

3a)J;aqn OCTaBliM TOJlhKO BTOpoe cnaraeMoe li 6y!J;eM liCKaTh perneHH.e B BH.)J;e o6o6m:eHHhlX IIO

TeHIJ;liaJIOB rrpocroro CJIOH, KOTOphie B pa3BepttyTOM Bli)J;e BhirJIH)J;HT TaK: 

U1m(z)= ~ {Dm 0~1 H+pmfzH02m ]ds, U2m(z)= ~ {vm 0~2 H+qmfzH02m ]ds, (9.453) 

U3m(z)= "~ f[JmDmH+rmfzH02m]dS, Bm(z)= fnmHo 1m dS, 
r2 l+a 

<l>yttKIJ;lili 

Pm ={p: ((),(Erv}, qm ={q: ((},(Erv}, rm ={r; ((},(Erv} 

IIO)J;Jle:>KaT OIIpe)J;eJieHmo; S = q1 + iq2 E r = Ur v, dS - 3JieMeHT .eyrn: KOmypa r, S - Z = reia; 

<J:iyHKIJ;HH H = H ( r) orrpe)J;eJieHa BhIIIIe. 

Pa3peID3IOIU3B CHCTeMa HHTerpaJILHLIX ypaBHeHHH. rpaHH.qHbJe ycJIOBH.H (9.442) Ha 

KOHrype r ri;enecoo6pa3HO rrpe)J;CTaBHTh B KOMIIJieKCHOH <J:iopMe 

S
1
(m) -e±2i'l'S~(m) = 2e;'I' ( y;(m) + iY

2
(m)) = 2( N(m) + iT(m) ), 

(9.454) 

s(m) = s(m) + s(m) s±(m) = s(m) -s(m) + 2 ·s(m) s±(m) = s(m) + ·s(m) 
I 11 22 ' 2 22 11 - l 12 ' 3 13 - l 23 ' 

r)J;e If/ - yron Me)K)J;y HOpMaJihlO K KOHTYPY r li OChlO Ox]' N(m) li T(m) - Km<J:i<J:inri;neHThl 

<l>yphe aMIIJIHTYA HOpMaJihHhlX li KaCaTeJihHhIX ycH.JIH.H Ha r. 
lICIIOJih3YH 3aKOH rYKa B aMIIJIH.ry!J;ax, IIOnyqHM rrpe)J;CTaBJiemrn BBe)J;eHHhlX B (9.454) 

KOM6H.Hari;nii qepe3 KOMIIOHeHTbI aeKTopa rrepeMem:emi:ii 

S(m) - 2 ( (} - 1 u ) s±(m) - 2 (::I - ·::I ) () v+ 
1 - µ (Ji m /l,m 3m ' 2 - - µ 0 1 + 102 - m ' oz (9.455) 

s:(m) =µ{(0 1 +io2 )U3m-AmV.;'}; v: =U1m ±iUzm· 

Bae)J;eM <J:iyttKil;lili y jm paBeHCTBaMH. 

(9.456) 

IlO!J;CTaBliB rrpe)J;eJihHbJe 3HaqeHH.H KOM6H.Hari;ttii (9.455) B rpaHH.qHhle paaeHCTBa (9.454) 
c liCIIOJih30BaHHeM rrpe)J;CTaBJieHHH (9.453) li IIpliHHMaH BO BHHMaHH.e <J:iopMYJihl (9.456), rrony

qfiM CHCTeMY CliHIYJIHpHbIX liHTerpaJihHbIX ypaBHeHHH rpaHH.qHOH 3a)J;aqn (9.440), (9.442) 

+iy.m ((0 )+..!. fykm (()K
1
.kdS =-

1 
%

1
(m), j =1,2,3. (9.457) 

} 4 4µ 
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3,IJ,CCh 

-v(m) = (Y.(m) + iY(m)) e-i'l'o -v(m) = (Y.(m) -iY(m)) ei'l'o -v(m) = 2y(m) 
Al I 2 ' A2 I 2 ' A3 3 ' 

K -[ l Ho -A,2 { 2 Ho } 2i(%-'l'o)l i(¥-a0 ) 11- 2(1-v)Jlim llm mg)m+ g4m+ µ2m 12m e e ' 

K -[ 1 Ho A,2 2i(a,,-1!'0)] i(Q\i-11') 
12 - 2(1-v) Jlim llm - mg)m - g3me e ' 

K _ 1 [ 1 o Ho A~ Ho 2i(a0-¥0 )] 

13-/1.m 2{l-v)Ho1m- 02m-y; -g2me , 

K = 2A. [g e2i(¥o-%) -g - Ho ] ei(¥-¥o) 
31 m 2m Om 02m ' 

K33 = 2[ 2A.~gim + µzmH1°2m ]cos( ao -Vo), 

?oEr=urv, Vfo=Vf(so), s-so=roe;"", 

1 ~ ( )1+1 2 0 _ l ~ ( l)1+1 j Ho · - l 2 3 gOm = ,), L., -1 µ,mHOlm' gjm - ,), £.... - µIm jlm' J- ' ' ' 
fz l=I fz l=I 

g4m= ,~f(-1}1+1 µimH~m' H~1m=H~1)(µ1mro), H 0 =H(ro}, 
fz l=I 

p=0,1,2,3; 1=1,2. 

5l1.1pa K22 , K2P K 23 , K 32 IIOJIY'IaIOTCll H3 K11' K2p K13 , K31 3aMeHoil: a 0 , lf/0 , If/ Ha 

-ao, -lf/o, -If/ COOTBCTCTBCHHO [91]. 

C)'MMapHbIH HH,IJ,CKC CHCTCMbl (9.457) paBeH HyJIIO, CJIC,[(OBaTCJihHO, OHa O,IJ,H03HalJHO pa3-

penrn.Ma ,IJ,Jill mo6oH: qacTOThI OJ, He npHHa,IJ,JIC)J(a1IJeli CIICKTPY· 

3aMelJaHHe. CHCTCMY (9.457) MO)J(HO HCI10Jlh30BaTb KaK ,IJ,Jlll HCCJIC,IJ,OBaHHH BOJIHOBhlX 110-

Jieil: B CJIOe (IIJIHTe) c IIOJIOCTl!MH, OCTaBJillll IIpH BHCHHTCrpaJibHhlX lJJICHax HH)J(HHH 3HaK, TaK 

H rrpH paCCMOTPCHHH Korre6aHHH ~HJIHH,Il,pOB KOHClJHOH ,IJ,JIHHhl (BepxHHH 3HaK). 

)J,anee TIOHa1.106HTCll TaK)J(C Bhlpa)J(CHHC ,IJ,Jlll HOpMaJihHOro HaIIpl!)J(CHHll al}I} Ha rpaHH'IHhIX 

TIOBepXHOCTl!X rv. lfCIIOJib3YH COOTHOIIICHHll (9.453) H (9.455), npe,IJ,CTaBHM ero B BH,IJ,e 

m=l 

s;;) = sfm) -N(m) = + i(Y1m (So)+ Y2m (so))+ 
1-v 

+ f{(Y1m (s}ei('I'-%) + Y2m (s)ei(Q\i-11') )( 2(~v) H?1m -A,mglm J+ 

+y3m (so)A.m [ 2(1~v) Hg\m -Hg2m - ~ H 0 ]}ds-N(m)' So Er. 

(9.458) 
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PaccM01JmM Terrepb HMIIYJibCHoe B036y)J(,[(em1e cnmr c ryttttenbHOH CKB03HOH rronoCTbIO. 
BBe,n:H HHTerpanbHOe rrpeo6pa30Bam1e <l>ypbe no BpeMeHH 

( ) 1 =r ( ) illJt I au j I Ui X,OJ ~ Uj X,t e dt, Uj =-- =0, 
v27r 1=0 CJt 

0 t=O 

uj(x,t)=J-!.Re Juj(x,w)e-i""dm; j=l,2,3, 
0 

rrpHBO,n:HM rpaHWIHylO 3a,n:aqy (9.440), (9.442) OTHOCHTeJibHO rpaHc<t>opMaHT <l>ypbe COOTBeTCT
BYJOlilHX IIJIOTHOCTeH K CHCTeMe HHTerpanbHbIX ypaBHeHHH (9.457), r.n:e npaBbie Yfacm rrpe.n:
CTaBJIHIOT Tenepb cneKrpaJibHbie <l>YlfKI(HH .n:eifcTByromeH. Ha IIOBepXHOCTH IIOJIOCTH Harp)'3KH. 
Pernettwe HMITyJibCHoif 3a,n:aYJ:H HBJIHeTCH cyrrepn03m~weH. «3JieMeHTapHbIX» pewem1H. no BCeMy 
cneKrpy YfaCTOT. 

HeKOTOpbie pe1yJibT3Tbl. IlycTb CJIOH ocna6neH ryttHeJibHOH nOJIOCTbIO c KOHTYPOM no

nepeYJ:HOro ceYfeHHH B BH,n:e 3JIJIHIICa (?=RI cos <p+ iR2 sin <p) HJIH KBa,n:para co CKpyrneHHblMH 

yrnaMH (? = R ( ei<P + 0 .14036e -3i<P)). Ha noBepxHOCTH nonoCTH ,n:eH.cTByeT rapMOHHYfeCKH m

MeHHIOll.leecH BO BpeMeHH HOpMaJibHOe ,n:aBJieHHe c aMnnwry.n:oif 

N =N0 cos7r~ (N0 =const). 
2h 

(9.459) 

PacYJ:eTbI npoBo,n:wnn B cne.n:yromeif nocne,n:oBaTeJibHOCTH. CHaYfana Haxo,n:HJIH npn6nmKeH
Hoe YfHCJieHHOe perneHHe CHCTeMbI HHTerpanbHbIX ypaBHeHHH (9.457) no MeTo.n:y MexaHl!YfeCKHX 
KBa,n:paryp [5], 3aTeM no COOTHOIIIeHHHM (9.458) BOCCTaHaBJIHBaJIH aMIIJIHry,LIHbie 3HaYJ:eHHH Me
xaHWieCKHX HanpH"lKeHHH <Y(J(}. 

l13MeHeHHe OTHOCHTeJibHoH. BeJIWIHHbI a= \s 00 / N\)\ B ToYJ:Ke A ( x3 = 0) B 3aBHCHMOCTH 

OT OTHOCHTCJibHOro BOJIHOBoro YJ:Hcna riR MH nonocTH KpyroBoro ( R1 = R2 = R = 1), 3JIJIHn

mYJ:ecKoro (R1 =3/2, R2 =1, R=(R1 +R2 )/2) H«KBa,n:paTHoro» (R=l) ceYJ:eHHHnpe.n:craB

neHo Ha p11:c. 9.66. 3.n:ecb h = 1, v = 0,28. KpHBbie 1, 2 H 3 nocrpoeHbI .L1J1H Kpyra, 3JUIHrrca 

H KBa,n:paTa COOTBeTCTBeHHO. B npaBOM BepXHeM yrny pHC. 9.66 noKa3aHO pacnpe.n:eneHHe Be
JIHYfHHbI a B.U:OJib KpyrOBOro, 3JIJIHIITHYfeCKOro H KBa.n:paTHOro KOHTypOB B cpe,n:HHHOH nJIOCKO

CTH CJIOH npH Tex "lKe rrapaMerpax H B TOM 'lKe COOTBeTCTBHH, YfTO H BbIIIle, MH riR = 0,5 (3TO 

pacnpe,n:eneHHe CHMMerpHYfHO OTHOCHTeJibHO OCH <p = 7r/2 ). 

PaccMO'IpHM Tenepb cnoH., ocna6neHHbIH .LIBYMH ryttHeJibHbIMH nonocTHMH. KpHBaH 1 Ha 
pHC. 9.67 HJIJIIOCTPHpYeT pacnpe.n:eneHHe BeJIWIHHbI a B,LIOJib KOHTypa OTBepCTHH (B cpe,n:HHHOH 
nJIOCKOCTH CJIOH) ,LIJ1H CJIYYfaH ,n:Byx KpyrOBbIX nonocTeH O,n:HHaKOBOro pa.n:eyca R = 1 IIpH rrepe
MbIYfKe Me"lK.n:y HHMH d = 0, 1 . KpHBaH 2 COOTBeTCTBYeT pacnpe.n:eneHHIO BeJIHYJ:HHbl a B.U:OJib 

KOHrypa 3JIJIHIITHYJ:ecKoro oTBepcTHH ( R1 = 3/ 2 , R2 = 1) , B3aHMO,n:eH.cTByromero c KpyrOBbIM 

OTBepCTHeM ( R = 1) rrpH d = 0, 1. B o6oHX CJIYYfaHX Ha IIOBepXHOCTH IIOJIOCTeH .n:eH.CTByeT HOp

MaJibHOe ,n:aBJieHHe c aMIIJIHry.n:oH. (9.459). OcTaJibHbie napaMerpbI Te "lKe, YJ:To H BbIIIIe. 
B npaBOH BepXHeif qaCTH pHc. 9.67 npe,n:CTaBJJeHa aMIIJIHry.n:HO-YfaCTOTHaH xapaKTepHCTHKa 

BeJIHYfHHbl a B TOYfKe A ,LIJ1H I(HJIHtt.n:pa KOHeYfHOH ,LIJIHHbl c nonepeYJ:HbIM ceqeHHeM B BH,n:e KBa,n:
paTa co CKpyrJieHHbIMH yrnaMH ,L(JIH TeX "lKe 3HaYJ:eHHH napaMerpoB, YfTO H BbIIIIe. 
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Puc. 9.66. .ll:HHaMH'IeCKaJI. KOHI~eHTJJal(HJI. Ha- Puc. 9.67. Pacrrpe,neJieHHe BeJIH'IHHhI a B,LIOJib 

rrpll.)!(efflt:H B CJIOe c T)'HHeJibHOH IIOJIOCThlO KOHTypa IIOJIOCTH B cpe,nHHHOH IIJIOCKOCTH CJIOJI. 

OCJia6JieHHOfO .nBYMJI. OTBepCTHJl.MH. B rrpaBOH 

'IaCTH pHcyHKa aMIUIHTy,LIHO-'IaCTOTHaJI. xapaKTe

pHCTHKa l(HJIHH,npa KOHe'IHOH MHHbI c rrorrepe'I

HbIM ceIJeHHeM B BH,ne KBa,npaTa co CKpYTJieHHbI

MH YTJiaMH 

IlyCTh Ha IIOBepxHOCTH KpyrOBOH IIOJIOCTH no.n;eHCTBOBaJI T{'aITel(HeBH.n;HbIH HMrryJihC ,[laB

JieHHJI. ( T - rrpo,LIOJI)J(HTeJibHOCTb HMrryJibca) 

0$t $1, 

N N JiX3 1 l<t-<_n-1 ( 2) - t 
{

t, 

= aCOS-X ' n:2:: ' t =n-, 
2

h ( n -t), n -1 < i $ n. T 

Pe3yJihTaThl pac'leTOB 3BOJIIOI(HH OTHOCHTeJibHOH BeJIHIIHHhI a= O' (){) / N0 ao speMeHH )J;JlJI. pm

JIH'IHhIX 3Ha'leHHH: n rrpe.n;CTaBJieHbIHapHc.9.68rrpH T=0,1, h=lOO, x3 =0, R=lO, v=0,28. 

a 

0 

3BOJIIOI(HJI. a( t) BO BpeMeHH rrpH ,neHCTBHH Ha IIOBepXHOCTH KpYfOBOH IIOJIOCTH TJJaIIel(eH,LlaJibHOro 

HMrryJihCa 

TaKHM o6pmoM, pmBHT .n;ocTaTO'IHO 3cpcpeKTHBHhIH HHrerpanbHbIH MeTO.n; perneHHR rrpo

CTpaHCTBeHHbJX rpaHH'IHbIX 3a)l.a'I 0 rapMOHH'leCKHX KOJie6aHHil MHOrOCBR3HOro l(HJIHH.n;pH'Ie

CKOro TeJia rrpH CMeIJiaHHbIX rpaHH'IHbIX ycJIOBHj!X Ha ero OCHOBaHHJl.X. 

3aMe'laHHe. OrMeTHM, 'ITO no 3a,[la'laM 3Toro KJiacca HMeeTCR MHOro rry6JIHKal(HH, B KOTO

pbIX aBTOpbl HCIIOJib3yIOT MeTOAJ>I OJJ;HOpOAHJ>IX perneHHH. HanpHMep, [69, 79, 80, 93, 100, 111-
113] H .n;p. CHttryJIRpHhie H rnrrepcHttryJIRpHbie HHTerpanhHhie ypaaHeHHJI. rrpHMeffj!JOTCR B [5, 

21, 37-39, 41, 53, 62-65, 75, 98] H .n;p. 
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