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ITpexucaosue

IIpepnaraemasa KHIIKKA COAEDPIKUT JOCTATOUHO HeGOILIIONH
BBOAHBIN TEKCT, COAEPIKAIINI OCHOBHBIE ONpeAeIeHuss U 06b-
SCHAINUHA NPOUCXOKIECHNE KJIACCUYECKUX CPEIHUX, 8 TaK-
JKe NeCATh TEMATHUYECKHX 3aHATHH MaTeMaTHYECKOro KPYiK-
Ka, pa30MTHIX HA JBa pasfieaa. B Matepuanbl KadXIoro 3a-
HATUA BXOLAT: BCTYIHUTEJbHBIH U MOACHAIIUN TEKCT Y4u-
TeJld, BRJIOYAOMUNA B ce0sa HeCKONBbKO TOApoOHO pasobpaH-
HBIX THIIOBBIX 3a/iad 110 JaHHOM TeMe; 3aJadM, KOTOPLIE MOTYT
OBITH TPENIOKEHbl yUalluMCA AJS CAaMOCTOATEABLHOTO pellie-
HPA (KaK Ha 3aHATHU, TAK A IOMA); MOAPOGHLIe PEIIeHUA ITHX
3a7av; MeTOANYECKNEe KOMMEHTapuy JJd yuuresjia. B pasgesne
HPUJIOKEHUN MPEeICTABJEH OGIIUPHEIN CIIHMCOK HKOIOJHUATENb-
HBIX 3a/1a9 PA3INYHOI0 YPOBHS TPYIHOCTH, YACTEh U3 KOTOPEIX
B KaKOM-TO cTemeHHW AyOImMpyeT 3ajauu, UPEeIJIOXKeHHble AJNA
3aHATHH, a YacTh — /JONOJIHAET UX HOBBIMHU maeamu (Haubo-
Jiee CJIOXKHBIE 3aJaull OTMEUEeHbI 3HAKOM *). OTH 3a/aUl MOXK-
HO MCIIOJIB30BATH HA YCMOTPeHMe IIpenogaBaTes (Min obyua-
omerocda). Jad HuX TpuUBeAeHsHI, KaK IPaBUIO0, HOAPOGHLIE
pemieHns (B HaubOoJiee MPOCTHIX CIAYUAAX —— OTBETHI M YKasa-
HUA).

Hns ynoOcTBa B KOHIE KAMKIOT0 3aHATUS IIPUBENEH CIIU-
COK 3a71a4 u3 9TOI'0 pasfiesia, KOTOPbIE MMEeT CMBICI HCIOJb-
30BaTh AJA 3aKpeIlIeHUs MATEPHAIa, KOHTPOIS €r0 OCBOCHHUA
u yrayoaenusa. CreayeT ydecTh, UTO €CTh 3aJa4M, KOTOPHIE
OTHECEHBI K HECKOJbBKUM 3aHATHUAM (IIOCKOJBKY IOIIYCKAIOT
pasyimuHble T0AX0MbI). KpoMe Toro, AJa yaobcTBa Mpenosasa-
TeJIell B pasielie NPHUJIOKEHUN HOMEIlEH pasjgaTO4YHKId mare-
puai. B KOHIle KHHI'M NPUBEAEH CIHCOK JHUTEPATYDPLI, Ha KO-
TOPVIO MHOT/IA JIeJIaI0TCA CCHLIKM B TeKcTe. BoNbmIyio uacTtb
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TUX HUSAAHUN M yOJIMKALMUHA MOMHO MCIOJB30BATH B Kade-
CTBE JONMOJHUTENBHON JUTEPaTyphbl.

3agarus 1-3 mepBOro pasfesia OPUEHTHPOBAHbBI Ha yda-
muxcsa 5—7 Kjaaccos, a 3aHaTHe 4 — Ha yuauuxes 8-9 xiac-
coB. IIposenenne sTUX 3aHATUN MOXKET NOMOYb IIKOJLHEKAM
OCBOUTKLCH C PA3IMUHBIMK TPUJIOMKEHUSIMH CpefHero apudme-
TUYECKOI'0 HECKOJNbKHX YHCeJd, V3HATE M HAYYUTHLCHA IIpUMe-
HATL ero pasJuuHbI€ CRONCTBA, MO3HAKOMUTHLCA C NOHATHEM
B3BEIICHHOTO CPegHero apuMeTHUECKOro, a TaKKe YCTaHO-
BUTL JIOI'MYECKNE CBA3Y MEX/y OCHOBHBIMHY BeJIMYMHAMMU B 3a-
Jadyax Ha ABH)KEHMe M MX aHaJoraMu B JAPYIHX TEKCTOBBIX
3afadax. ITO ZOJIPKHO IIOBLICHTEL BHIUHCIUTENLHYIO, aareodpa-
WUYECKYIO M JIOTMYeCKYI0 KYJbBTYPY ydallliXcs ¥ PaCIIVPHUTH
BOBMOYKHOCTH PeIUeHHA MMM TeKCTOBBIX 3a1a4 3a CUET IIpU-
MEHEeHUS PATMOHANBHBIX U 3 (PEeKTUBHEIX METOJOB, ONKWPAI0-
IIUXCA Ha B3a¥MOCBA3L CPENHNX BEJIWUMNH.

Banarus 5—9 BTOpOrO paspesa OPUEHTHPOBAHbL HA ydUa-
muxcsa 8—10 xaaccos, a 3aratue 10 — Ha yyammxca 10-11
KJaaccoB. IIposefenne >TUX 3aHATHUIA MOMKET IIOMOYL THKOJb-
HHAKAM IO3HAKOMUTLCSA ¢ THIUYHBIMHY reOMETPUYECKUMU KOH-
pUrypannaMu, B KOTOPhIX BOSHUKAIOT KJACCHIECKUe cpeHue
BEJIMUMHDI, U3VUNTH Pa3JUYHbIe FeOMETPUYECKHE CIIOCOOR! O~
KAa3aTelLCTBA HEPABEHCTB O CPEIHMX IS ABYX IMOJIOMKUTEIb-
HBIX YHCeJi, HO3HAKOMUTHCA C OCOOBIMH BHAAMHN TPEYTONbHU-
KOB, CBA3AHHLIX CO CPEAHUMH BEJIMIYUHAMH. JTO IIO3BOJIHT 10~
BTOPHUTHL MHOTHE Pa3[eNbl IKOJILHOIO Kypca reOMeTpus, pas-
BUTE ViKe UMeIonecsa HABBIKN PellieHNA TeoMeTpUUYecKuX 3a-
fad, pacHIMpPUTh APCEHAJ METOHOB MX pelleHudA (B TOM YHC-
Je 3a cuéT 9pPeKTUBHOrO NPUMEHEHUA BeKTOPOB) 1 MO3HAKO-
MHUTECS C PALOM HHTEPECHBLIX PeOMeTPHYECKUX (PaKTOB, BEIXO-
OAIIMX 34 Tpeaens! CTaHAAPTHOH MKOJAbHON TPOTPAMMEI.

EcTecTBeHHO, TIpemoiaBaTellb MaTEeMaTHUECKOTO KPYIKKAa
MOMKET IO CBOEMY YCMOTDEHHIO KMCIOJIbB30BATH TOJIBKO YacThb
NPEIJIOMKEeHHLIX SaHATHI, MOMEHATh NMOPAJOK MX M3ydeHUHd,
A T. g. IIpz 3TOM EMeeT CMBICA YYHATHIBATL, YTO MaTEPUAJbI
dagaruilt 1-5, 7 u 10 gocrarouno O6au3Ku K obiieodpasoBa-
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TeJILHOI mporpaMMe, a 3asHaTud 6, 8 u 9 OpUeHTHPOBAHEL Ha
0osree riy6OKOe «HOTPYsKeHHE» B reOMeTPHUYECKHUI MaTepuas.

ITpepnaraemple B KHUre pa3paboTKU 3aHATUN Pas3aMYaIOT-
Ca U C METOAWYECKON TOUYKM 3PEHHA, UTO OOYCJOBJIEHO Kak
cnenmuPUKON MX CONEPIKAHUNA, TAK ¥ BOSPACTHBIMM OCOGEH-
HOCTAMM IIKOJBLHUKOB. IIpefnmosiaraercsa, 4TO IPU IIpOBeje-
HUM 3aHATHI IepBoOT0 pasiena 3agaum 1-6 (B samarmm 4 —
sdagaun 1-5) BCTYNUTENLHON UACTH INIPEAJIATaIOTCS YUaIAM-
Ca TIOCNEeNOBAaTEeNbHO, IO OAHOI, H, IIOCJe TOr0 KaKk KaKad-To
YacTh NIKOJBbHUKOB PEITUT 3a4a4y, IIPOBOJUTCA O0IIee 00Cy K-
JeHHe PellleHusa U gejarTcda KaKkue-To 006061enus. IIpu npo-
BEJIEHUHW 3aHATHUH BTODPOro pasmesia MaTepHa] BCTYIIUTEJIbHOMR
YacTy 3aHATHA OOCYKAAETCA CO NIKOJIbHUKAMU, B OCHOBHOM;
(PpoHTAIBLHO.

Aprop Gaaromaper cpoeit yuenuiie E.XapuToHOBOM (BBI-
myck 2005 roga) 3a KOMJIEKIUIO FTeOMETPUUECKNX 3a4a4, IPe/i-
CTaBJIeHHBIX B €€ HK3aMeHAIIMOHHOM mnpoekTe, M. A. Kymun-
Py, W3 KHUT KOTOPOTO B3ATO MHOIO HHTEPECHBIX 3a1ad,
0. A. BauakoBy u A.U. CruGHeBy — 3a IOJE3HEIE OGCYM-
nenusd, E.C. T'opckoii — 3a BBIMOJHEHUE IIPEKPACHBIX YepTe-
JKeil.

OrgenbHas W OTPOMHAA OmaromapuocTs Asnexcaunpy Ba-
cuibeBuuy IllanoBanoBy: 3a MOAGODKHU 3a/lad, 3a BHUMATEIb-
HOe TpOouUTeHue KHIKKHM, 32 HOJPOOHBIe KOMMEHTAPUM, CHO-
cobcTBOBABHINE CYIIECTBEHHOMY YJIVUIICHUIO €€ TeKCcTa, W 3a
HanycaHne COAePIKaTeIbLHOTO IOCIeCIOBUA.



M3 ucropun

Knaccuuweckumu cpednumu 3HAYEHUAMU A ABYX IIOJIO-
SKUTEJLHBIX YUCES d U b IPUHATO CYUTATH!

b
m= a—g—— — cpednee apugpmemuueckoe;

2) g = v/ab (to ects g2 = ab, g > 0) — cpednee zeomempu-
yeckoe;

2ab
3)h= @ — cpedHee 2apMOHUYLECKOE;
a+b
a®+ b2
4)d = — cpedHee Keadpamuyroe.

B oxmoM m3 ApeBHErpeuecKHX TEKCTOB, KOTODHIN IpuIu-
CBIBAIOT APEBHErPEUYECKOMY MATEMATHKY ADXUTY (IPUMepHO
428-365 rr. mo Hale#dl »spwl), cpegHee apudMeTHUeCKOe M,
cpenHee reoMeTpHUYECKoe £ ¥ CpelHee TapMOHUYECKOe A oripe-
IeNAJUCh KaK paBHBbIe wieHbl apudMeTH4eCcKoil, reoMeTpudye-
CKOM 1 rapMOHWYECKOUN «IIPOIOPIINii» COOTBETCTBEHHO!

1)a-m=m-b;

2)a:g=g:b;

N@-r)y:a=(h->b):5b.

B nepBEBIX ABYX CJIy4aAX PAaBHOCHJIBHOCTH JAHHBLIX OIIpeje-

JeHu# oueBHIHA, B TPETHEM CJIyYae €€ HEeCJIOMKHO IPOBEPUTH:

_ h_
“ah:__b_ﬁ o @-b=(h-ba o

2ab
a+b’
IlepBbie [iBa COOTHOIIEHUS JOCTATOYHO €CTECTBEHHBI, 110~

3TOMY OCTAHOBMMCS HA TOM, KaK MOABUIOCHL TpeThe. Ilo mpe-
IAaHHNI0, cpelHee rapmonmdyeckoe Beésa Iludarop (VI Bex no

& ha+hb=2ab & h=
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H. 3.), BLIPasWB C €ro IOMOIIbI0 OTHOIIEHWE OCHOBHBIX MY-
3BIKAJBHEIX HHTepBanoB. Ilndarop ycraHoBmI, 4TO BMECTE CO
cTpyHoil pnuuo# 12L, CO3BYUHO CJIUBasCh ¢ Hell, 3ByJaT CTPY-
HBI TOT'O K€ HaTAXKeHud ¢ AauHaMu 6L (BbIille Ha OKTaBy), 8L
(Buille Ha KBUHTY) u 9L (BbIIe Ha KBapTty). duciao 9 ectsb
cpenuee apudmernyeckoe uucesa 6 u 12, a gucno 8 Iudarop

onnpegesinj KaK cpeqHee rapMOHUYECKOe 9THUX e UNCce. I[eﬁ-

crBuTenbHO, oo — 8=6
> 12 6

910 cosByuHe (1 OIpeHeIAIoIIee ero OTHOIMEeHue vices 6,
8, 9 u 12) nassiBaynochk rerpagoii. [Tudaropeinb cuuTanam, 4To
TeTpaja — 9TO I'aMMa, 10 KOTOPOH MOIOT CUPEHHI.

Hemuoro mosguee, KOrja MaTeMATHKH 3aMHTEPECOBAJIHUCH
OeCKOHEUHBLIMH PASAMY YHUCEN, OLLIM BLIJEJIEHE PAABI YUCe,
B KOTOPBIX KaXKABIM 4jieH HAYHHAA CO BTOPOro OBLI paBeH OJ-
HOH M3 CpeJHUX BEeJHYHUH IBYX COCEIHHX UJEHOB.

B cayuae, ecnu 310 cpeiHee ObBLIO apudMeTHUUECKHM, Ta-
KUe pAAbl CTAJIHM HA3LIBATh apU(PMETHUECKHMU IIPOTrpPeccHus-
mu. Hampumep, HaTypaJbHBIA pang umcen: 1; 2; 3; 4; ...

B cayuae, ecam 3T0 cpexHee OLLIO reOMETPUYECKUM, Ta-
KHe pAIbl CTAJIA HAa3hIBATH F€OMETPHIECKHMHU TPOIPECCHAMH.
B uacrmocTH, pan cremeneil [BoeK (¢ KOTODHIM CBA3aHA IIOOY-
JNApHAA JIETeHJa O IPOMCXOKAeHNY maxmar): 1; 2; 4; 8; ...

IToaBujca u pan, KOTOPBINT HA3BAAW TAPMOHUUIECKHUM:

1 . 1 . 1 . 1 . 1 .
H 2 2 3 ’ 4 ? 5 3
IIpu B3riAAe Ha rapMOHMYECKUN pAJ XOPOINO BUAHO. UTO

ompejeJieHue cpedHezo zapMoHuieckozo h nByx uucen a m b
MOXXHO OBLJIO JATh U MO-APYIrOMY:

o
|
|

Hecnoxuo y0eauTbcs B TOM, YTO OHO PABHOCWJIBHO BCEM
OpeabIAYIIINM, OJHAKO B 9TOM OIpeJeJIeHUN BAAEH «apudme-
TUYECKHUI CMBICJ» CpefHero rapMoOHMYeCKOro: YHcJjo, obpar-
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HOe cpelHeMYy I'apMOHWYECKOMY umces] @ u b, ABIdgeTca cpel-
HHM apudMeTUUeCKUM 4Y1ceJ, oOpaTHBIX K YnuciaaMm a u b.

OTMeTHM TaKXKe, UTO CpedHee zeomempuiecKkoe ABYX Y-
ceJl WHOT/JA HA3BIBAIOT MHAUE: CPeOHUM NPONOPYUOHALbHBLM,
TaK KakK IIPONOPIUS, U3 KOTOPOH OHO IIOJyYaercs, ABJIAETCHA
«KJIACCHUYECKOM » .

U nakoHen, cpedree keadpamuyHoe uncena a u b 66110 BBe-
IEeHO HECKOJBKO MO3Ke H TaKMKe cTajo KjaaccuueckuMm. OHO
BO3HMKAET M3 COOTHOIIEHUS:

2 2
P-@=d?-p = d=y— "ZH’

(oTMETHM, YTO B CJy4dae IMOJOKUTEJILHBIX YHCEN MOYKHO IIO-
CTABUTH 3HAK paBHOCHUAbHOCTH). OTCIOZa OUATH K€ MOHATEH
ero «apudmMeTuUecKuii CMBICJI»: KBaJpaT CpefHEro KBaapa-
TUYHOTO YMCEJ a@ U b ABJIAeTCA CPeSHUM apupMeTHUYEeCKUM
UX KBaJpaToB.

B npeBHerpeueckoil MmaTeMaTHKe, KOTOpas Obli1a IpeUMy-
HIECTBEHHO TeOMeTPHUUeCKOli, 6bLII0 N3BECTHO HECKOJBKO CIIO-
c000B ITOCTPOEHUA KJIACCHYECKHX CPEAHUX II0 ABYM HAHHBIM
oTpe3kaM c ajaumHaMum a u b. B vacTHOCTH, OHO M3 MEePBBIX
OMMMCAHUM IIOCTPOEHMA IEPBHIX TPEX CPeJHUX HA OZHOM Uep-
Texke (cMm. 3azaduy 5.1 manHON OpOIIIOPBHI) JAHO B TPAKTaTe
ITanna Anexcaggpuiickoro (III Bex H. 3.), KOTOPBIH BKJIIOUAJ
B ceba Tpyasl Iparochena (276—194 rr. mo u. 3.), Hukomena
(Il Bex zmo H. »5.) u Vepona (I Bex H. 3.). [TlocTpoeHus Kiaccuue-
CKHMX CpPeJHMX Ha OJHOM YepTesKe MO3BONAIOT HalTH reoMer-
puuecKie crnoco0bl JOKasaTe//bCTBA HEPABEHCTBA O CPEHUX:

h<g<m<d.

OTMeTHM, YTO KaKI0€ U3 KAACCULeCKUX cpedHux 0b00Ima-
eTCcs IJIA N Yuce:
Iym= Yt xp : ik - cpedHnee apugmemuyeckoe;
2) g = Yx1-x2-... - x, — cpeduee zeomempurecroe;
8




n
1 1 1

wtmtt

3 h= — cpedHee 2apMOHUYECKOe;

2 2 2

x71+x54+...+x

4)d = \/1 2 ~ — cpednee Keadpamuyroe (y HETO
n

o k4 ak
n

ecTh ellé ogHo o6obuienue: d = {/ — cpedHee

cMmenenHoe).

OTMeTUM TaKKe, YTO KJacCudecKHUe CpejHue AJIA N IO0J0-
JKUTEIbHBIX Y¥CEJ TAKJKe CBS3AaHLI HepaBeHCTBAMH /1 < & <
< m £ d, HO paccMOTpEHHEe dTUX HEPABEHCTB B 000OIIEHHOM
BUJe BLIXOZUT 3a IPeJesbl ZaHHOM ODOIIIOPE! (amom mamepu-
an 6ydem nodpobro paccmompern 6 KHuxMcke «Hepasencmear
Hawel cepuu). Bojee Toro, g Bcex KJaCCHYECKUX CPEAHUX,
KpOMe CpegHEero apuMeTHIecKOIr'o, Mbl BO MHOTHX CJIy4Yadx
orpaHMYMMCSA HaOOPOM M3 ABYX UYUCEeJI.

Hna xammoi us waaccuueckux cpedHux BeJIWYWH Cyllie-
CTBYIOT 00OOIIleHNsI, HA3bIBA€MbIE CPEORHUMU 636CULCHHbIMU,
KOTOpHBIE IIePBOHAYAJIBHO HOABWJINCH B MaTeMaTWKe M3 pac-
CMOTpEHNsA HEeKOTOPHIX (PU3UIECKUX IIPOILECCOB, a ceidac Ha-
HIIM IIAPOKOE IPUMEHEHWE B MaTEeMAaTHYECKOH CTATHCTUKE
¥ skoHoMuKe. Ham moTpebyeTcss TONBKO OJHA U3 3TUX CPel-
HUX BEJIMYMH — B838eUleHHoe cpednee apupmemuieckoe. s
UUCEN X1, X2, ., Xp C «BECAMU» M1, M2, ..., M, €70 MOMXKHO
OIIPEIEJIUTE CIEeAYIOHINM 00pa3oM:

x_x1m1+x2m2+...+xnmn
mi+mg+...+my,

Takoe HazBaHHe 00'bACHACTCA IPOCTOH MeXaHMYECKOI MO-
IeJbIO: €CJU X1, X9, .., Xp — KOODAWHATHI NI MAaTePHAJBHBIX
TOYEK, a M1, M2, .., My COOTBETCTBEHHO — HMX MAaCCHI, TO 836€-
ULeHHOe cpedHee apupmemuieckoe — 9TO KOODAWHATA IIeHTPa
MAacc TOM CUCTEMEI ToUYeK (cM. saHaTue 10).



3angarue 1

Brruuciaenne cpegnero apudMeTHYecKOro u
B3BEIIEHHOI'0 CPeAHero apupMeTnyecKoro

Pasbop u camMoCTOATENALHOE pellieHWe 33Ja4 3TOTO 3aHATHA IIOMOTYT
ITKOALHEHUKAM OCBOUTHCA C PA3JIHUYHBEIMA TIPUIOKEHUAMY cpefnero apudme-
THYECKOr0 HECKOJBKHX UHCeJ, MO3HAKOMHUTLCS ¢ MOHATHEM B3BEIIeHHOTO
cpenHero apudMeTHUECKOTO 1 IVIyOiKe pazobpaThes ¢ NOHATHAMU CPeIHETO
pocTa, cpefiHeld MeHbl U CPefHeHd CKOPOCTH ABUMKEHU.

3anauga 1.1. Cro ss610K BmecTe BecAT 5 KI'. CKOJIBKO BECHUT
«B cpegHeM» oaHO s10J0K0? CKOJIBKO MpuMepHo BecaT 17 s6-
JOK?

Pemenne. Onuo A6JI0KO «B cpegHeM»
Becut 5000 : 100 = 50 (1), a 17 610K —
mpumepso 50 - 17 = 350 (1).

TlonesHo OﬁpaTI/ITB BHUMaHHE INKOJLHHUKOB
HA TO, YTO, BEIYUCIAA CPEJHUI Bec OJHOr'o fA6-
JIOK&a, MBI J€JIXM UX CYMMapHBbIN BeC Ha KoJHu4de-

¢TBO A0JIOK, TO ecTh HAXOAUM CPelHee apudme-
THYECKOE X BECOB.

3azaua 1.2. B raacce 10 gesouex u 20 maapunxos. Cpen-
Huii poct gesouyrkm — 140 cm, cpegHMil pocT MaJbUMKA —
149 cm. HailiguTe cpefHMHA POCT YUeHHKa B KJacce.

Pemienve. HaiizieM cyMMapHBIH POCT BCEX YUEHHUKOB KJac-
ca ¥ pasfesiuM ero Ha KOJUYeCTBO YUeHHUKOB. [lomyuum

(140-10+149-20) : (10 + 20) = 146 (c™m).

ITonesHo OGCYAUTL CO IMIKOJLHUKAMMK TO, IIOYEMY IOJYUYEHHBIE OTBET
He paBeH cpegueMy apudmermueckomy umcesx 140 m 149, imeer cMBICH eIé
pa3 NOJYEPKHYTh, UTO cpednee apudmemuieckoe — OMHOCUMENLbRAA Ge-
AUNURA, KOTOpasd moJydaercsa NeieHueM CyMMBI HA KOJMUYECTBO. B 3afa-
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Yax Ha BBIYUCJIEHUE CPEJHEro apudMeTHuecKoro 9TH CyMMAapHbIe BeJINYU-
HBI BCEr[la IPHCYTCTBYIOT (MHOTZA HE3PUMO), II03TOMY, IIPOM3BOAA BBIUKC-
. JeHus, «0e30MacHO» CKJIANBIBATH M BHIUMTATH MOMKHO TOJIBKO ux. Ha mep-
BOM sTane paboThl HaJO Becersa ObITH TOTOBBIM IMepedTH (3a CUET YMHOMKe-
HHA) OT CPEAHUX BENIUUYHH K CYMMAPHBIM.

3agzauva 1.3. B marasuH npuBe3JIHu TPH cOPTa KOHQET ¢ pas-
HOH menoit: 4 Kr mo mene 40 pyGieil 3a KujorpaMM, 3 KT
mo nede 60 py6ieii 3a KuaorpaMm u 1 Kr no mene 120 py6-
Jeii 3a KmyaorpamM. Ilo Kako# IieHe Haxo
IPOJABATh CMECh 3THX KOoH(peT?

Pemrenne. CTouMoCTh BCeX HPUBE3EH-
HbIX KoH(peT pasua 40-4+60-3+120-1 =
= 460 (py0.), a Bcero nmpuBe3eHoO 8 KT KOH-
der. 3HauuT, 11eHa cMecH («CpefHAA CTO-
MMOCTh KMUJOrpaMMa») paBHa 460 : 8 =

= 57,5 (py6.).
Hmeer cmblcn 0GOGINUTE MOJYUEHHBIN pedyanTaT. Ecau npuBeseHo n
COPTOB KOH(MET ¢ MaccaMu mi, Mg, ..., M, U ME€HAMH C1, €2, ..., Cn COOTBET-

CTBEHHO, TO IeHa 1 Kr cMecu MOeT ObITh HalifeHa 110 GopMyJae

_ cumy+cama + ...+ Callly
ml+m2+~--+mn

?

TO €CTh ABJSIETCA B3BEIICHHLIM CPEIHUM apUDMETHUECKUM UMCET C1, €25 «wes
¢n. Honesno TakXKe 06CYyaUTh C yUaAIMMMHCA, UTO aHAJOTHYHYIO hopMmMyry
OHU TPAKTUUYECKH MPUMEHAIN B 3ajaue 1.2.

3azaua 1.4. CKOpPOCTH MOTODHOM JIOAKH IO TEUEHUIO pe-
Ku pasHa 21 KM/4, a mpoTuB TedeHuda — 15 xkm/u. Haiignre
e€ CKopocTh B cTosiueil Boae. IlpoananusupyiiTe HoIydeHHBIN
pesyJabTar.

Pemenne. llycTh nckomas cKopocTs — V KM/4, TOTAA CKO-
POCTH TeUYEHUA PEKH MOYKHO BBIPDA3UTH ABYMA criocobamu: 21—
-V (km/4) u V — 15 (km/4). [IpupaBHUBaA MOJyUeHHBIE BBI-
paskenud, moayuum 21 —V =V — 15; 2V = 21 + 15; V =
=18 (xkm/u).

21+ 15
Mgl nonyuyuam, uro V = s+ is

2
B CTOsAYel BOJe paBHa cpelHeMy apu(pMeTHIeCKOMY €€ CKOpo-
cTell 10 TeYeHUIO U NPOTUB TeYEHHUA.

, TO €CTh CKOPOCTBH JIOJKHA
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Tlones3no caeiaTh PUCYHOK M 3AIIMCATH [IOJYYEHHBIH De3yJbTar B 00-
ieM Buje, 0603HauuB uepesd Vi 1 Va CKOPOCTH JIOAKY II0 TEUEHUIO U IPOTHUB
i+7Vs

Teueausa: V = )

Vmeu
Vmeu

Va v Vi

3agaua 1.5. CKopocTs MOTOPHOM JIOGKH IO TEUEHUIO PEKH
paeua 21 kM/4, a iporus TeveHus — 15 km/4. OHa nponasLia
HEKOTOPOE BpeMs 10 TEYeHUIO PeKH U TaKOoe »Ke BpeMs IIPOTUB
TeYeHN .

a) Bepuo nm, 4TO CpeAHAA CKOPOCTH €€ ABMIKEHUA DaBHA
cpesueMy apu(pMeTHIECKOMY €€ CKOPOCTEH IO TeUEeHUIO U IIPO-
THUB TeUeHUA?

0) I3MeHUTCA JIM OTBET, €CJIU BpeM# JABUMKEHUdA IO Teue-
HHUIO ¥ IIPOTHUB TeUeHMS OYAeT PasJuuyHbIM?

Penrenne. a) [IyeTs moaka gBuranach t 4acoB IO TEUEHUIO
PEeKH U CTOJILKO JKe IIPOTHUB TeUeHus, TO ecTh 00llee BpeMs:A
eé nBuxkeHnA paBHO 2t wacos. Torga Bech MyTh, IPOIAeHHBIN
JopKoi, pasen 21t + 15t = 36¢ (km). CpexgHAss CKOPOCTL OBU-
SKeHUA JIOAKH paBHa 367 : 2t = 18 (KkM/4), 4TO ¥ COCTABJIA-
eT cpegHee apudMeTUUEeCKOe CKOPOCTel JIOAKK IO TEeUYEHHIO
¥ IPOTHUB TeUYEHU.

B cayuae, eciM MIKOJBHHKYM HCILITHIBAIOT «TE€XHUJYECKHE» 3aTPyRHE-
HHA, MOXKHO CHaUaJa 347aTh B YCJIOBUM KOHKpeTHOe BpeMdA. [j1a moAroros-
JICHHLIX INKOJbHAKOB, HA000POT, MOXKHO Cpasy HIPOBOZUTH aHAJIOTMYHBIE
paccysxaeHus B obIllem BHIe:

V. _V1t+V2t_(V1+V2)t_V1+Vz
T2 T2 20T

6) OrBer usmMenuTrcs. JOCTaTOUYHO PACCMOTPETH UMCIOBOM
mpumep. IIycTs, HaupuMep, JOIKA JBATAJACH OLUH Yac II0 Te-
YeHWIO 1 JIBa Uaca IIPOTUB TeUeHUH, TOrzxa

Vep. =(21:1+15-2) : (1 + 2) = 17 (xm/u).
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Crenyer emé pas MOAYEPKHYTH, 4TO CPEAHSS CKOPOCTH ABHMIKEHUA —
9TO OTHOIICHHE BCEr0 MPOIJeHHOr0 MyTH KO BPEMEHU, 3aTPAYeHHOMY Ha
3TOT HYTh.

ITonesHo TaxkKe o0paTHTh BHUMAHME YUallUXCAd HA TO, UYTO B NAHHON
sajjaue He UrpaeT HUKAKOU POJIH, YTO JBUKEHHNE OCYIIECTBJISIOCH II0 PeKe.
Te »¢e peayabpTaThl MOMKHO IOJYYUTH IIPH J000M BU/E JBUMKEHUSH, KOIJa
HECKOJBKO YyUACTKOB IYTH NPOXOAATCA C PA3HBIMHU CKOPOCTAMHY, a BpeMd,
3aTpauMBaeMoe HA MIPOXOIKAEHMe dTHX YYACTKOB, a) OAMHaKoBoe; 6) pas-
JnuHOe. 34ech e M0JIe3HO 06CYIUTE, B KAKHUX CIYYasaX CPefHAA BeJHIUHA
paBHA cpeAHeMy apuPMeTHUECKOMY JacTell, a B KAKUX CAy4adx 9TO He TaK.

Tlocse 3TOro UMeeT CMBICI 00PATUTH BEUMAHME IKOJIBHIKOB Ha TO, YTO
dopmyia Aas BEIYHCIEHUA CpeAHeH CKOPOCTH ABHKEHUA aHAJIOTHYHA (Gop-
MyJie [IJIi BEIYKCJIEHUA CpPe/JHE [IeHbI:

Vit +Veta+ ...+ Vit

t1+ia+.. .+
rae Vi, Va, .., Vi — cKOpOCTH Ha PasJIMYHBIX YYaCTKax OyTH, a ti, iz,
wsy Ty — BDPEMA MX TIPOXOKIeHUA. TaxuM o6pa3oM, cpeJHAS CKOPOCTH —

He cpelHee apudMeTHUYeCKOoe CKOPOCTeil, A UX B3BellleHHOe cpemHee apud-
MeTuuecKoe!

Vep.

3agaua 1.6. U3 aByx cmiaBoB, cogepxamux 10% u 50%
MeIM COOTBETCTBEHHO, TpebyeTcsa MOIyUYUTh HOBBIH CILIAB.

B kaxom oTHomenuu (mo macce) rpebyercs B3ATH HMCXO-
HbI€ CILIABBI, YTOOBI MOJYYHTE CILIAB, cojepskaniuii a) 30%;
0) 40% memu? TIpoaHanusupyiiTe MOJYUeHHLIN PE3yabTAaT.

Pemenne. IlycTs Jj1s1 HOBOrO CIJiaBa B3SATO X KI' EPBOTO
CIIJIABA M J KT BTOPOTO CIJIaBa, TOTZa B HOBOM CILIaBe Oyaer
0,1x+ 0,5y (xr) megu. CiegoBaTeIbHO, IIPOIEHTHOE COEPIKA-
HUe MeJU B HOBOM CILJIABE COCTABJIAET

0,1x+0,5 10 50
— L1+ 0OY 100% = 25T (g,
x+y x+y

a) Ecau p = 30, To 10x + 50y = 30x + 30y, To ecThb x = Y.
3HauYUT, HCXOAHLIE CILJIaBbl HAJO B3ATh B oTHomieHmu 1 : 1.

0) Ecan p = 40, to 10x + 50y = 40x + 40y, To ecTs y = 3x.
3HAUNT, MCXOAHLIE CILJIAaBbl HAJO B3ATL B OTHOoWIeHuu 1 : 3.

IIpoaHaausupyeM IOJIYYeHHbIE Pe3yJIbTaThI:

a) uuciao 30 sBiaserca cpegHuM apubmermueckum uucen 10 u 50, mo-

9TOMY MHTYUTHUBHO IIOHATHO, UYTO MacCChl UCXOJAHBIX CILJIABOB JOJIXKHBIL OBITH
OINHAKOBBI,
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6) pacroyioKUM 3afaHHble YUCIa HAa YMCIOBOM Jiyue (CM. PUCYHOK).
Yucao 40 Haxoxures Ha orpeske [10; 50] u genur ero B oruomennu 3 : 1,
cuutasg or 10. A MaccHl MCXOAHBIX CILJIABOB HA0 B3ATh B 0OpPaTHOM OTHO-
meHuH, To ecTh 1 : 3. B aToM cayuae uncio 40 GyeT B3BelIeHHBIM CPeHIM
apudmermyeckuM auces 10 u 50!

0 10 40 50

,Hef;ICTBI/I'I‘eJIBHO, eCJIM MacCChl MCXOJHLIX CIIJIABOB DaBHBLI M1 U M2, a
IIPOLMEHTHOE COAEPXaHHe B HHX MEXH PABHO Pi 0/0 u pz% COOTBETCTBEHHO,
pimy +pamay

TOp = SIBAAETCA B3BEIIEHHBIM CPENHUM apupMETHYECKHM
p mi + mg pen p (1)
uKcen py U pz. B mamem cayuae: p = B)#O_ﬁ = 40.

ITomesno Takike IMPOBECTH AHAJOTUIO ¢ BBIUUCJIEHHEM CpPeAHero pocra,
cpegHel MEeHbl U cpefHell CKOpOoCTH ABMMKeHUA. C MOATOTOBJIEHHBIMU ydUa-
NIMMUCH, HUCIOJB3YA TOT K€ PHCYHOK, MOMKHO TaKXe oOCyZuUThL opmyry
IJIA BBIYMCJIEHUA KOOPAMHATHI TOUKM, JendArieil orpesoxk AB, rae A(x1),
nxi +mxg

B(x32), B OTHOUIIEHUM M : N, CYATAA OT TOUKH A: X = P

3anaqn AJaA CAMOCTOATEJIBhHOIrO pellcHu A

3amaua 1.7. Cmeranau yeTbipe pacTBOpPa, COAepIRaHUE CO-
JIX B KOTOPBIX cocTaBaano 10%, 20%, 30% u 40% . IIpu stom
B OJHY éMKOCTS O0b110 cauTo 10 r mepBoro pactsopa, 20 r BTO-
poro, 30 r Tperbero u 40 r yerBéproro. Kaxoso mporeHTHOE
colepJKkanue COJIH B MOJIYYEHHOM pacTBope?

3amaua 1.8. Kaxxabrii us gecAT cyaeii OMEHU BhICTYILIIE-
HHue purypucra, 1 cpeIHsas OlleHKa oKasajach paBHa 4,2 6am-
jga. CormacHo mpaBmjaM, OLIIKM OTOPOIIEHLI caMasa OoJbIias
M3 IIOCTAaBJICHHEIX OIEHOK — 6 6aJyIoB U caMad MajieHbKas —
2 6ajna, IIOCJe Yero OMATH MOJACUHTANN CpegHUM Oain. Yemy
oH paBen? (Cpedruii 6aan — cpedunee apumemuieckoe 0a.J-
J108.)

3anaua 1.9. Korna B KOMHATY BOIIEJ YeTBEPTHIN UeJIOBEK,
CpPeIHHUI BO3PAaCT HAXOUAIIUXCA B HeHM JJoAeHd YBeIHUUICH
¢ 11 go 14 ner. CKOJBKO JIeT BOIIEAIIEMY ?

3amaua 1.10. Ilpodeccop TecTep HPOBOAUT CEPUIO TECTOB,
Ha OCHOBAHHY KOTOPBHIX OH BBHICTABJAAET HCIBITYEMOMY Cpel-
HUH 6aji. 3aKOHUYUB OTBEUYaTh, [KOH IIOHMAJ, YTO ecJaH 6bI
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OH HOJYYHJ 3a mocjaegHuil TecT 97 6ayijioB, TO ero cpeJHHUM
G6ana cocrasma Oul 90, a ecau OBI OH TOJYYMI 3a MOCJIETHUN
TecT Bcero 73 0ansna, TO ero cpeguumit 0aya cocraBui Obr 87.
CroabKo TecToB B cepum npodeccopa Tecrepa?

3amaua 1.11. /Kejgaa HaWiTH CpeIHIOI TOAOBYIO OILEHKY
110 MaTeMaTHKe Yy BCeX INMEeCTHKJACCHUKOB, 3aBy4Y IIOIIPOCWJI
yuuTeel MATEMATHUKY YeThIPEX IIECThIX KJIACCOB BHIUMCIUTD
CcpeAHUe OLEeHKH B KaKZOM W3 KJACCOB ¥ 3aTeM HAINEJ cpel-
Hee apudMeTHUecKoe ITMX dUeThIpéx uuceis. IIpaBuapHO N1
caenan 3aBy4?

3amaua 1.12. Ot goma 1o mKoawl IleTssi OOBIYHO eieT HA Be-
nocurmene co cpenueit ckopoctbio 300 m/mMuu. CerogHs, BBI-
eXaB B TO K€ CaMoe BpeMs, OH YaCTb IIYTHU IIPOEeXaJ CO CKODO-
cTeio 240 M/MuUH, a 3aTeM yBeJIUYNUJ CKOPOCTh 70 420 m/MuH
¥ IIpHexaJi BoBpeMA. Kakyro 4acTh oT BpeMeHH, 3aTPAYEHHOTO
Ha gopory, Ilets exaa ¢ ogHOH CKOPOCTHIO, a KAKYIO YacTh —
¢ Apyroi?

OTBeTHI M pemieHud

3amaua 1.7. Orert: 30%.
HcxoMasa BeJIMUMHA paBHA CYMMAapHOH Macce Bcedl couu,

JeI8HHON Ha Maccy IIOJY4E€HHOTO PacTBOpPa M YMHOMKEHHOM
Ha 100%:

10-0,1+20:0,2+30-0,3+40.0,4

10 + 20 + 30 + 40 +160% = 30%

(To ecThb 838ewennoe cpednee apupmemuunecroe 10%, 20%,
30% u 40%).

3amaua 1.8. Oteer: 4,25.

IlepBonauanbHas cymma 6ajios paBHa 4,2-10 = 42, ITocae
orGpachIBaHUA ABYX OIlEHOK cyMMa 0OajsoB crana 42 — (6 +
+ 2) = 34. Urorosni#i cpequuii 6amn pasen 34 : 8 = 4,25.

3amaua 1.9. Orser: 23 roxaa.

CHavyajia CyMMa BO3PACTOB JOAeH, HAXONAIINUXCA B KOM-
HaTe, 6p171a paBHa 11 -3 = 33 roaga, a 3aTeM 3Ta cyMMa CTajia
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pasHa 14-4 = 56 jer. 3HAUNUT, BO3PACT BOUIEAIIIETO COCTABIA-
er 56 — 33 = 23 roza.

3apaua 1.10. OTBeT: 8 TecToB.

ITycTh KOJMYECTBO TECTOB B CEPHUU PABHO 71, TOTZa CyMMa
f6annoB, HabpanHbix KOHOM B IIepBOM ciayuae, paBHa 90n,
a BO BTOPOM cjyuae 3Ta cymMMa paBHa 87n. Pazuuna B cymme
6aJLJI0B BOSHUKAET 13-3a Pe3yJbTaTa MoCcJIeTHero TeCTa, II09TO-
my 90n — 87n = 97 — 73. Takum obpasom, n = 8.

3agaua 1.11. OTBeT: eciM KOJMYECTBO YUYEHHKOB B KJac-
cax pasJMuaeTcs, TO 3aBYY CeJaj HelPABUILHO.

IIpuseném uncioBoit mpumep. [Iycts B 6A Kiacce yuyarca
20 yueHHMKOB W MX T'OJ0BO# cpexHuit 6amn paseH 4,5, B 6B —
25 yuyeHUWKOB, a cpegHuil Oann paBeH 4,2, B 6B — Takxe
25 yuyenukoB, a cpegHuii 6amat — 3,8, B 6I' — 30 yueHUKOB
u cpeaunit 6ann — 3,5. Toraa cpegHee apudmermueckoe bas-
JIOB, IOACYUTAHHOE 3aByUeM, PABHO

4,5+4,2+3,8+3,5):4=4.

Peanvublii cpeguuii 6aj11 paBeH cCyMMe BCeX I'OZOBBIX Olle-
HOK, JeJEHHON Ha MX KOJHMYECTBO, TO €CTh
4,5-20+4,2-25+3,8-25+3,5-30
20+ 25+ 25+ 30

=395:100 = 3,95.

Omu6Ka 3aBy4Ya: OH BEIUKCINI cpefHee apudMeTHUECKOe, a Hafo ObLI0
BHIUHMCINTh B3BEIIEHHOE cpenHee apudmMernyeckoe (cM. sagaum 1.3 u 1.5).
3anaua 1.12. Oteert: co ckopocThio 240 m/MuH Ilerd exan
2
g OT BCEer'0 BpeMeHH, 3aTpauyeHHOoro Ha Aopory, a co CKOpOCThIO

420 m/vuE — %

ITepswiii cnocob. Ilycte cerogHa Ilera exan ¢ MUHYT CO
ckopocteio 240 M/MUH U f9 MUHYT cO cKopocThio 420 M/MuH,
TOT[a PacCTOAHYE OT IOMAa M0 ITKOJEI paBHo 240f1 +420%2 (Mm).
ITockoabpKy OGBIYHO OH TPATHUT HA JOPOT'y TAKOe XK€ BpeMd,
aTo ke paccrosaue pasuo 300(f1 + £2) (M). [IpupaBHUBaA 3TU
IBa BRIpaKeHusi, moayuum 240¢; + 420ts = 300(¢1 + t2), TO
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ecthb t1 = 2t¢9. CiemoBaTenpHO, CO CcKOpocThi0 240 M/MuH

2
ITera exan 3 BCEro BDeMEHH, & CO CKOPOCTHIO 420 m/MUH —
1
3 BCero BpeMesy.

Bmopoii cnoco6. ITockonbpRy cpegHAs CKOpPoCcTh IleTnHOrO
neuxeHuA paBHa 300 m/mMuH, uncao 300 gaBaseTcs B3BeIIeH-
HBIM cpegHuM apudmerndeckuMm umcen 240 u 420 (cm. 3aza-
ay 1.5). Yucso 300 menut orpesox [240; 420] B oTHOmIEHNN
1: 2, cunrasa or uucna 240, 3HAYUT, COOTHOIIEHNE BPEMEHU
ABHKEHUA co ckopoctaMu 240 m/muH u 420 Mm/MuH 6yzer o6-
paTHBEIM, TO ecThb 2 : 1 (cpaBHUTe ¢ 3agaueir 1.6).

MoxHO Tak)ke MCIOJB30BaTh 3agaun O1-111.
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3aunsarue 2

CsoiicTBa cpemHero apu@MeTHYECKOro

Pas6op ¥ CAMOCTORTENBHOE PeIleHVe 3a4a4 STOTO 3AHATHA IIO3BOJAT
LIKOJLHMKAM TMO3HAKOMUTECA ¢ PA3JIMYHLIMU CBOMCTBAMM cpefHero apud-
METHUYECKOT0 HECKOJBKUX YMCeJ, & TAaKKe BHIACHUTH, KaK MOMKET u3Me-
HATHCA cpepHee apudMeTHYECKOE B PA3INUYHBIX cuTyanuax. B urore Gyayr
cPOpMyIUPOBAHBI U 0GOCHOBAHBI OCHOBHEIE CBOMCTBA CPeJHEro apumera-
YEeCKOT0 HECKOJIBKUX YHCel.

3agava 2.1. KomnaHua Apyseii JeTCTBa BCTPETHIACH Yepes
7 sier. Kak 3a 370 BpeM#a U3MeHUJICA CPeSHUM BO3PACT KOMIIA-
HUn?

Pemrenne. IlycTs B koMIaHUU GBLIO 72 UEJIOBEK, TOTAa 4e-
pes 7 JeT BO3pacT KaXKJOTO M3 HUX yBeJw4ywics Ha 7 Jer,
3HAUNAT, CYMMa UX BO3PACcTOB yBejuumiaack Ha 7n jert. Cueno-

“ n
BATEJbLHO, CPEIHUI BO3PACT KOMIIAHUY YBEJIWUYUWJICS HA — =
n
= T Jer.

TlonyueHHBIH pe3ynbTaT MOMKHO 00OOIINTH: eciu K Kaxcdomy u3 wu-
cen HeKomopozo rabopa npubasumb 00RO U MO XHce WUCRO, MO cDednee
apugmemuueckoe 106020 Habopa wucen nORYHUMCA U3 cpednezo apud-
Memuieckozo ucxodnozo Habopa npubasrenuem IMO20 e LUCTA.

HeiicrBurensHo, cpefHee aputMeTudeckoe Habopa YHcen Ay, A2, ..., dn
ay+ag+...+a
PaBHO 1 2 = . TIpuGaBuUB K KaXkJOMY HHMCIY 8TOTr0 Habopa JmciIo

m, MOJYIUM

(ay+m)+(@+m)+...+ (@ +m) _
n
_(@mta+...+a)+mn _ar+ar+...+

an
= + m.
n n :

9710 CBOMCTBO M03BOJSET, B YACTHOCTH, YIPOCTUTH MOACIYET CPELHETO
apudMeTHYeCKOT0 B TeX CIyuyasaX, KOTja 3aJaHHBIE YMCJIa Majgo OTKJIOHS-
I0TCA OT HeKOTOPOM BeguuuHbl. IIyCcTh, HampuMep, HaJO HaliTH CpexHee
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apudmeruueckoe umcea 1002, 999, 1000, 998, 1003 u 1004. IlousaTHO,
uTo peayabrar Oymer Osm3ok K uucay 1000. Berutem m3 KaKAoro 4wmcia
1o 1000 u moayuum uucaa 2, -1, 0, -2, 3 u 4. FIx cymMMa cuuTaerca ycr-
HO (oHa paBHa 6), sHauuT, UX cpexaHee apudmerwueckoe pasuHo 1. Torma
cpefHee apudMeTHUECKOe UCXOAHBIX uncesa Ooabire Ha 1000, To ecTh pas-
Ho 1001.

3agaua 2.2, B mrkoJsie 661710 PeIeHo mepeiT ¢ naATn0aLIb-
HO# cucTeMmHbl oieHOK Ha 40-0annpHylo. s 3TOro KaMKIyIio
TEKYIIYIO OIIEHKY YUYeHVKa yMHOxuJIN Ha 8. Kak usmeHunca
cpenuwmit Gany yueHUKa?

Pemenue. Eciin KamIyio OINEHKY YMHOMKUTHL Ha 8, TO H
CyMMa 9THX ONEHOK TaKiKe yBeanuuTcsa B 8 pas. KoaudecTBo
OIIEHOK He H3MEHMJIOCH, IIO3TOMY CPEeAHHH 6ajln TaK)Kke yBe-
JUYUJTICS B 8 pas.

ITonyyeHHBIH pe3yJabTAT MOXKHO 0000IMUTH: ecau kasicdoe u3 ducen
HeKomopozo Habopa YMHOI UMD HA 0FHO U MO JHe LUCN0, OMAUYHOEe Om
HYAR, MO cpedHee apudmemuieckoe HO6020 HAOGOpa Hucel MOAYHLUMCA
u3 cpednezo apupmemuieckozo ucxodnozo Habopa ymHok}ceHUem HA IMO
Jice Yucno.

HeiicrBurensHo, cpeatee apudMeTuueckoe Habopa Yucesn di, dg, «., Gn
ay+ag+...+a
paBHO 1 2 " L. YMHOKHB Kamgoe IHCA0 sToT0 Habopa Ha k £ 0,
HOJTYYUM

ka1 + kaz + ...+ kan _ k(ay+az+...+an) _Gitart+...+an
n n n

k.

3anaua 2.3. Backerboaucr JI»KoH mepeniéa m3 OfHON KO-
MAaHALI B Apyryo. Mor Jau B o6enx KOMAHIAX BLIPACTH CPel-
HHH pocT?

Pemenue. /la, mor. Ilycts [xoH cHavYanma UIpajs B KOMaH-
Jie, CpelHHUH pocT KoTopoi Gosablue, deM poct I[»xoHa, Torza
IocJie ero mepexona CpeIHu# pocT KOMaHABl yBenuuuiacd. Ec-
jan JJKoH mepemrés B KOMaHIy, Te CPEIHUH pOCT OBII MeHbIIIe
ero pocrTa, TO IOCle Iepexofia CPeJHUN POCT 3TOH KOMAaHIBI
YBeJIUYHJICAH.

HNwmeer cmbIca 06paTuTh BHUMaHKE IIKOJIBHUKOB Ha CIeAYIOMU GHaKT:
ecau 6 HabOp U3 HeCKONbKUX Yucen dobasumb wucno, 6onvuee ux cped-
Hez0 apudmemuveckozo, mo cpediee apudmemuueckoe Ho60z0 HabGopa
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6ydem Gonvuie, ecnu e 006a6nAMb LUCTO, MeHbULEE CPedHez0 apudme-
muueckozo, mo cpednee apupmemuieckoe H06020 Habopa 6ydem menbd-
we.

3amaua 2.4. Bo6 u Baus copeBHYIOTCS B M3rOTOBJICHUU
U yIOTpeOJIeHHHU CHaJKHX KOoKTeilneit, Bob cmemian «iercu»
¢ «banroii», a Bana — ammoHan ¢ cupomoM. MaBecTHO, 4TO
JUMOHAJ cjallle «IelCHU», a CUPOI cialie «haHThEI». Moria
au cmech Boba okasaTscsa ciaute Bauuboi? (CiagocTs — 3TO
IoJIsT caxapa oT obIero Beca.)

Pemenwne. [{a, moraa. Ilycts, Hanmpumep, «(pauTa» cjale,
yeMm JuMoHan. Ecam B Kokreisie Bo6Ga mHOTO «(paHTHI», HO
MaJio «IIelICH», a B KOKTelje Banu MHOIO JMMOHAZA, HO Ma-
JIO CHpOIIa, TO CJAaA0CTh KOKTelaAa Boba mouTH He OTIMUaeT-
cs OT CJIAZOCTH «(aHTBI», a CIaJ0CTh KOKTelasa Banu mouTtu
He OTJIMYaeTCHA OT CJIANOCTH JIMMOHAA.

MoxHO TpuBecTH Taksxe 60jee KOHKPETHEI ymcaosoilt npumep. Ilycts
CJIAOCTH «IIeICH», IUMOHAAA, «(aHThI» U CHUPOIA COCTaBaAT 1, 2, 3 u 4
YCJIOBHBIE €UHUIEI COOTBETCTBEHHO. B06 MoiKer B3ATH, HanpuMmep, 9 ua-
creil «(aHTBEI» U OJHY YACTh <«IIelCH», TOr[Aa CJAAOCTh er0 CMEeCH paBHa
(9-3+1:1):10 = 2,8 ycnoBHEIX egunuil, a Baus — 9 uacrelt tuMonazaa
¥ OJHY 9acTh CHPOII4, TOTAA CIAAOCTh €ro cMecHu paBHa (9:2+1-4) : 10 =
= 2,2 yCcaoBHBIE €TUHUIIBI.

3amaua 2.5. ITo oxkpysxuOCTH paccTaBaesbl 100 uuces Tak,
YTO KaXKJoe M3 HUX PABHO CpeJHEMY apudMETHYECKOMY ABYX
cBoux coceneii. [JokakuTe, 4TO BCe umcaa MexIy coboil pas-
HBIL.

Pemenne. IIpeamonokum, 4YTO BTO He TaK, TOT/a cpeiu
3TUX CTa YUCeJ €CTh HaNUMeHbLIIee YucJo a (BO3MOMKHO, UTO
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He eguHcTBenHoe). IlyeTs b 1 ¢ — umcaa, cocegHUe € 4, TOIRA

b b b
a:%.TaKRaRbé%gcnnncg—;—cgb,mnnﬁooa-

HO U3 uncel b Uiy ¢ MeHbllIe, 4eM a, aubo b = ¢ = a. IlepBuiit
caydail mpoOTUBOPEUYUT HANIEMY IPEAIOJIOKEHNI0, 3HAYUT, dTH
TPHU YHCJIA PaBHEI. HpOBelIH aHaJOr'm4yHoOe paccyxXiaeHme a5
yucea b u ¢, IIOJYYHM, YTO COCELHHE C HUMH YHCJjia TaKiKe
PaBHEBI @, 1 TAK Jjajiee, IOKa HE PACCMOTPUM BcCe JaHHBbIE UVC-
Ja.

Hmeer cMbICH eme pa3 o6paTuTh BHUMaHNE HIKOJILHHKOB Ha TO, 4TO
cpednee apupmemunecroe 1106020 Habopa wucen, cpedu KOmMopovix ecms

pasauunvie, 60nbWe, weM HAUMEHbUEE LUCAO IMOZ0 HABOPA, HO MeHblLE,
yem nHaubonvuiee.

IIpu pemienun 3Toif 3aa4M UCIOIB30BAJICA METOA PACCYKAEHU, O6BIY-
HO HA3BLIBaeMbIHl «IPUHIKUIIOM KpaiiHero». IIpu 3ToM aHaJIOTUYHOE PACCYIK-
JeHHne MOMKHO OBLIO MPOBECTH, BRIOMpas He HaMMeHbIlee YUCJIO Habopa, a
Haubosbiee.

3amaua 2.6. B nocyenuiono Hegenio 3a r00bIe TPUA IHA IO~
pan Po6un-Bobun B cpefiemM crefan no 10 mOHUYMKOB B JeHb.
BepHO a1, 4TO 34 3TY HEJEIIO OH B cpefHeM chel 10 TOHYMKOB
B IeHb?

Pemenne. Her, He BepHo. IlycTh, HanpuMmep, B IEPBHIHI
neHb Po6uH cbes 15 monunkos, Bo BTopot — 10, B TpeTuit —
5, B weTBépTHIl — 15, B naTHI — 10, B mecToit — 5, B cegpb-
Mol — 15. Torga 3a ao0bie TPpU ZHA MOAPAXR OH cbes 30 moH-
YHKOB, TO €CTh B cpegueM — 10 mouumKoB B AeHb. IIpn aTom
3a HeZeJro oH ¢betx 15:-3+10-24+5.2 = 75 moHYMKOB. SHAUMT,
3a 9Ty HEAENIO OH chefgata 75 : 7 = 10% IIOHYMKOB B CpeTHEM
3a JeHb.

Bo3MOKHO, UMEET CMBICJ, YTOOBI IKOJBHUKH IIPUBEJH €Il€ HECKOJIBKO
IIPUMEPOR.

33}13‘1“ JJIA CaAMOCTOATEJbHOIO PEIISeHHU A

3amaua 2.7. Ha CKOJBKO YMEHBIIUTCA CPeAHUU BO3pacT
KoMaHALI u3 11 PyTOOIKCTOR, ecou 3aKOHYMBIIETO BBICTYII-
JeHHne 32-JIeTHEro UTPOKa 3aMEeHUT UIPoK B BospacTe 21 roz?
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3amava 2.8. U3 xomauanl yméjl 6acKeTOOJIUCT POCTOM
192 cM, nOpu 5TOM CpesHHIl POCT KOMAHALL He U3MeHuIcA. Ye-
MY OH MOI' OBITh paBeH?

3amaua 2.9. Tpumajnars HHAOIIAT KJIeBaJu 3epHo. Ilep-
BbI¥ MHAIOIIOHOK cKJeBas 40 3épeH; BTOpoil — 60, KamanIi
cJIeAyIOImMUN — cpefHee apudMeTnUecKoe 3épeH, CKJIEBAHHBIX
BCEMU IPeAbIAYIINME HHAIIATAME. CKOJLKO 3€pPEH CKJIEBAJI
TPUHAALATHIH MHAIOMIOHOK?

3amaua 2.10. Cpeagruii poct BocbMH 06acKeTOOJNCTOB pa-
BeH 195 cm. Kaxkoe Hanbosbillee KOJIUYUECTBO U3 3TUX UTPOKOB
MOJKeT OBITh HuKe yem 191 cm?

3anaua 2.11. I'osopar, uto cpeaunit goxoxn 10% camerx 60-
raTelX JKUTeJel roposa B 15 pas MpeBOCXOAUT CPeSHUN JOXOT
Bcex KuTeael aToro ropona. Joxkaxure, 4To 3TO BEIAYMKH.

3agaua 2.12, Ilemmexon mén 3,5 yaca, IpuuéM 3a KasKAbII
TIPOMEIKYTOK BPEMEHHN AJMHOM OJWH UAC OH MPOXOIHJ POBHO
5 kM. Creayer JIM U3 9TOT0, UTO €0 CPeJHAS CKOPOCTh 3a BCE
BpeMs IBHIKEHUS paBHA b KM/u?

OTBeTHI U pelreHus

3anaua 2.7. OTBeT: HA OLUH r'OJ.

CyMMa Bo3pacToB (yTHOJIHMCTOB 3TOM KOMAaH bl YMEHbBIIINT-
csa Ha 32 — 21 = 11 jseT, a KOJIUUYECTBO UTPOKOB HE M3MEHMT-
cia. CnemoBaTesbHO, CPEeAHHUI BO3PACT KOMAHALI YMEHBIITUTCS
Ha 11:11 =1 rox.
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OT0 e pelleHHe MOMeT OLiTh opopMyeHO M anreGpandecku. IlycTs
S — cymma B03pacToB QyTOOJIHUCTOR, TOrAA CPEAHUI BO3PACT KOMaHABI ObLI

T:H—lne'f.

paBeH JIeT, a CTaJ PaBeH

S
11
3agaua 2.8. OTeert: 192 cM™.

Ilepswiii cnoco6. Ecim Onl cpesgHuil pocT
KoMaHAel ObLI Oonbilie ueM 192 cm, To npm
yXxoZe urpoka pocrom 192 c¢m cpemumii poct
MOF TOJBKO YBEJIUUYUTHCA. AHAJIOTUYHO, ec-
JI¥ CpeIHUH POCT KOMAH/IbI OLIJI MEHbIIIE, UeM
192 cM, TO IpPHM YXOJ€ TAKOT'O UTPOKA OH MOT
TONBKO YMEHBLINUTHCA. I1o yCI0BuUI0, Cpeaamii
pOCT He M3MEHWUJICA, 3HAYHUT, OH B TOUHOCTH
6bLn paBeH 192 cm.

Bmopoii cnoco6. Ilycrs B KOMaHAe 06110 1
6acKeTO0JHUCTOB, & X CYMMAapHBIN pOCT OBLI
paBeH S, TOrza CpeJHUHM POCT KOMAHIBI OBLLI

pasen —. ITocje yxoia urpoka cyMMapHEBIH POCT CTAJI PaBeH
n

o S —-192
S — 192, smauuT, cpeAHMUiIl POCT paBeH 1 Tak xakx cpex-
. S—192 S
HUH POCT KOMAH/BI HE M3MEHHUJICH, TO ——— = —. Pemas a1o

ypaBHeHue, moayuuM Sn — 192n = Sn — S, To ecTh S =192,

3agaua 2.9. OrBer: 50 3épeH.

Tperuil MHAIOMIOHOK cKaeBan (40 + 60) : 2 = 50 (3épen).
Yereéproiil ckaesan (40 + 60 + 50) : 3 = 50 (3épeH), ¥ TaK
Jajee, TO €CTL IIOCJEeTHUH TaK:Ke cKJeBan 50 zépeH.

TlonyueHHLIH OTBET MOYKHO OOOCHOBATE M He JOBOAS CYET A0 KOHIA.
CropaBefJiuBO CIEAYIOIiee yTBePIKAEHUE: eclu 6 nabop wucen dobasumo
wucno, pagruoe cpednemy apudpmemuieckomy smozo nabopa, mo cpednee
apugmemuieckoe HO60U zpynivl 6ydem paero cpednemy apudmemuye-
CKOMY HAYALbHOU 2DYNNbL.

ay+ax+...+a

n
7 , Torga a1+az+...+ap =

HelcTBUTENBHO, IYCTh M =
= mn. CiegoBaTeJLHO,

a1+a2+...+an+m_mn+m_m(n+1)_m
n+1 T on+1 T on+l
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AmnanorudHad cATyanud Obi1a ¥ B 3agade 2.8, TOJABKO YHCIO, PABHOE
cpeaneMy apu(MeTHYeCKOMY, He A00aBIAIOCH, a yoHpanock u3 Habopal

3amaua 2.10. OTBeT: ceMb.

Bce urpoku He MOTyT OLITh HHM:e dYem 191 cM, mockojb-
Ky B 3TOM CAy4ae UX CpefHUil pocT 6uia 61 meubmie 191 cm.
IloaToMy XOTs1 6bI OLMH UTPOK AOJIMKEH OBITH CYIIECTBEHHO BhI-
me. Haupumep, ecnu opun Gackerdonuer uMeer poct 230 cm,
TO POCT OCTANBHBIX MOXKeT ObITh 190 cM, Tak kax (230+190 x
x 7) : 8 =195,

OTrmeTuM, YTO B MCTOPHH MHDPOBOIo 6ackeTbo/a OBLIO HECKOJBKO IIPO-

deccuoHANbHBIX UI'POKOB, POCT KOTOPHIX Obln He TOJABKO Ooabme 230 cm,
HO u GoJsnmre 240 cm!

3amaua 2.11. Ilycts B ropojie n uTejeH o CPEJHNM A0XO0-
JOM X, TOTJia CYMMAapHBIA JOXOM BCeX JKHUTeNell ropoja paBeH
nx. Ecau pecaraa yacTh JKUTeNeH ropoja uMeeT CPegHUR 10~
xon 15x, To ux cymmapubii goxo pasex 0,1n-15x = 1,5nx,
TO ecTh OOJbIIe, YeM CYMMAPHBIN JOXOMX BCEX KUTEJEH, a 3T0
HEBO3MOKHO. :

3anaua 2.12, OTser: Her, He ciaeayer.

IIycTs mentexonx uAeT moJsdaca co ckopocrbio 10 Km/4, 3a-
TeM II0JTYACca OTABIXAeT U TaK gajee. Torza 3a KaKIbIH Yyac OH
6yneT NPOXOZUTH POBHO 5 KM, a Bcero mpoiaér 4-10-0,5 =
= 20 kM (IOCKOJBKY UATH OH OyaeT YeThIpe HOJIYYACOBBIX MH-
TepBana). CpeguAs CKOPOCTh npu aToM pasHa 20 : 3,5 (Km/4),
4TO ABHO 0OJIBIIIE, YEM 5.

MosxHO TakKe ucnoab3oBaTh 3agaum [[12-7122,
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3anarue 3

Cpeanee rapMOHHYECKOE H cpeJHEee reoMeTpHuecKoe

B 3ToM 3aHATHM IIPEACTABICHEI TEKCTOBBIE 3aJa4U, UJLIIOCTPUDYIOAE
PasNIUYHLIe CAYYAK, B KOTOPBEIX OTBETOM B 3aJlaye SABJAETCS cpefHee rap-
MOHHYECKOE MM CpejHee FeOMEeTPHUUYECKoe ABYX NAHHBIX BesnmuwH. Pasbop
M CaMOCTOATENbHOEe pEeIlleHre 3TUX 3aJau IIOMOryT IIKOJLHUKAM YCTAaHO-
BHTH JIOTHYECKHE CBA3W MEKAYy OCHOBHEIMM BeJIMUMHAMH 3a7aY HA OBHIKE-
HHe M UX aHAJ0raMH B JPYTHX TEKCTOBBIX 3agadax.

Haunem ¢ 3agaum, ycJIoBMe KOTOPOH OUYeHB IIOX0XKe Ha yc-
Josue 3agaum 1.4.

3agaua 3.1. CkopocTh MOTOPHOH JIOAKHM II0 TEUEHUIO pe-
Ku paBHa 21 KM/4, a OpoTHB TeueHnda — 15 km/4. OHa 1Ipo-
NABLIA HEKOTOPOE PAcCTOHUE IO TEUEHMIO PeKU U TaKoe XKe
paccroaHne IpoTuB TedeHud. Haligure cpelHIOK CKOPOCThL e€é
IBm:KeHnsa. [Ipoadann3upyiiTe MOJyUYeHHEIH Pe3yIbTAT.

Wmeer cMbIca 10 DPaszbopa peIleHHWA 3a/aTh yYalllIMCs Bompoc: 6yjJeT
JH CPeSHAS CKOPOCTH ABUMCEHUS DABHATHCHA CpegHeMy apudMeTHIecKoMy

CKOpOCTeﬁ II0 TeYEeHHNK) U MIPOTUB TeueHUA? OmbIT IIOKa3bIBaeT, 4TO MHOT'HUe
IIKOJBHUKY OTBEYAIOT YTBEPAUTEABHO.

Pemenne. IlycTs jogxa Mmpoliia IO TEYECHHIO PEeKH S KM
M CTOJIBKO K€ IPOTHUB TeUYeHHUHA, TO €CTh BeChb IYTh, IPOHIEH-
HBII JIOAKOU, paBeH 2S5 kM. Bpems aBmxxeHund JOIKU IO TeUue-

S S
HUIO PaBHO n 4acoB, a IPOTHUB TeUeHUd — I 9acoB, 3HAYUT,

o01riee BpeMs IBUKEHUSE PABHO

S S 48
— 4 == = (u).
21 + 15 35 ( )
45
Cpenasas CKOPOCTL ABHMKEHHSA JOAKM paBHa 28 : i

= 17,5 (xm/4).
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B ciy4dae, e€CJHM UHIKOJBHUKH HCIIBITBIBAKT «TEXHUYECCKHUE» 3aTpyiHe-
HWs, MOXXHO CHaUYaJa 3aJaTh B yCJ0OBUU KOHKPETHOE pacCTOsIHHUE.

Has Toro uTo0BI TPOAHAIU3NPOBATDL TIOJAYUYEHHBIA PE3yJIhb-
TaT, HAJ0 MPOBECTH AHAJIOTUYHBIE PACCYKAEHUS B 00I[eM BH-

28 S S
ae. ch. T hity i = ‘ﬁ, to = Vz_’ 3HAYMUT,
S S S(V1+ V)
t to = — _ = ——_ 7
1t =gty ViVa

S(V1+ V) _ 21V,
ViV i+Vs
rapMOHMUYECKOe CKOPOCTeH 110 TeueHHUIo M IIPOTHB TeYeHu !

Cnenosarenbno, Vo, = 28 : — cpenHee

Hnst HanGoJsiee MOATOTORICHHBIX MIKOIEHUKOB MOJKHO Cpasy cPopMyim-
pOBaTh 3ajauy B obIIeM BHze.

Tlonesuo Taxxe o6paTUThL BHUMAHHE YYAIIUXCA HA TO, YTO U B JAHHOM
3ajade He UrpaeT HUKAKOH POJY, YTO ABMKEHHE OCYIECTBIIAIOCH 0 PEKe.
Tor ke pesyabTaT MOXKHO HOJYYNThL NPH JIOG0M BHAe IBUIKEHHUS, KOIJAa
IBa OAMHAKOBBIX OTPE3Ka IIyTH MIPOXOATCA ¢ PA3HLIMH CKOPOCTSIMH.

3amaua 3.2. IlonoBuny KEurn HAGOPITUK MeYaTATI CO CKO-
pocThio 6 cTpaHuIl B yac. 3aTeM ero CMEHMJI Apyroit Habop-
MUK, KOTOPBII mewaTaj €0 CKOPOCThIo0 12 crpaHul] B 4ac.
C Kaxoil moCTOSHHON CKOPOCTHLIO HAL0 OBLJIO IIeYaTATh, YTOOLI
Ha0paTh TEKCT 9TOH 'Ke KHUTH 34 TaKoe JKe BpeMsa?

Jra sajaua Bpoje ObI He HA IBMKEHHE, W B Hell He CIpallUBaeTCH
PO CPeJHIOI cKopocTh. Ho mpocmarpuBaeTcss ecTecTBeHHAs aHAJOTUA —
TPM BEJIMYHUHBI: 06BEM BBIIOAHAEMON paboThI (aHATIOr PACCTOAHMSA), BpeMs
¥ CKOPOCTH (IIPOM3BOAUTEILHOCTH TPYAA).

Peurenue. Ilycts V crpamun B uac — MCKOMas CKOPOCTD,
a B OJIOBUHE KHUTH COAEPIKUTCH A CTpaHUIL, TOrAa BpeMd pa-

A A
60THI IEPBOrO — ¢ & BpemMa paboThI BTOPOro — 13 L @ mpen-

24
I1ojaraeMoe BpemMmd nmeyarTanusg KHUIr'v — 7 q. HpI/IpaBHKBaH

A A 2A 2
9TO BpeMsA, HoayymM — + — = —. Torga V = —— =
6 12 v 1,1
6 12
= 8 (cTpauul; B uac).
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Taxum obpasoM, HCKOMasA CKOPOCTh paBHAa CpefHEMY rap-
MOHMYecKOMY umces 6 m 12!

A MOXKeT JIX CpeJHUM FapMOHHYECKHUM OKa3aTbCA He CKOPOCTHL, a Bpe-
ma?

3amava 3.3. Temroxon, ABUrasch 10 TEUYCHUIO PEKU, IIPO-
IIEJI paccTosdHMe Mexxy npucrtanamu A u B za 10 gacos. 06-
PATHO OH IIPOIIEJI 5TO JKe paccTOsAHMe 3a 15 yacoB. 3a CKOJBKO
BPE€MeHHU TeILIOXO/, IIPOILJILLI OBl TAKOE JKe PacCTOsHUE II0 03e-
py?

Pemrenne. [Jonycrum, uto paccrosuue AB paBHO S KM, TO-

S
rga CKOpOCTh ABH:KeHUA u3 A B B paBHa To KM/4, a obpar-

S
HO — & kM/4, CKOpPOCTh ABU/KEHHA II0 03€Py PaBHA cpemHe-

My apuMeTHUeCKOMY CKOPOCTEH 0 TEeUYeHHIO U IIPOTHB Tede-
s s
0" 15

HUSA, TO ecThb V = 5 (cMm. 3amauy 1.4). Hailiném Bpems

IBHIKEHUA 110 03epy:
S 2
t= voT1 1 12 (uacos),

J— + JR—
10 15
TO BpeMs PaBHO cpeJHeMy rapMoHuueckomy uucea 10 u 15.

TIpoananmsupyeM IIOJTYyUYeHHBIH HAMH pedyabTaT. CKOPOCTh ABMIKEHUSA
10 03epy — CpejHee apudMeTHUECKOE CKOpPOCTeidl N0 TeYeHHIO M IPOTUB
TedeHUdA, BpeMs ABHIKeHWA Ipyu QUKCHPOBAHHOM AJIHHE IIYTH 00PATHO IIPO-
HOPIMOHAJBHO CKOPOCTH, II0ATOMY BDEMs JABHIKEHHUS IO 03epy («cpenHee
BpeMH») ABJAETCH CPEIJHUM FapMOHHUYECKUM NAHHBIX BEJUYHNH.

A MOKeT JIM PAcCTOsIHME OKA3aThCs CpeJHed BeauuunHon?

3apgaua 3.4. Ilepegune MOKPHIITKYT
aBTOoMOOMIA «AHTHUIONMAa-T'HY» BEIXO-
IAT u3 crpos uepe3 25000 kM, a 3aa-
Hue — uepes 15000 kM. B kakoi
momenT Ocran Benaep zosxeH mome-
HAThL MECTAMH IOKPBIIIKY, YTOOBI Ma-
IMUHA NPOIIJIA HAMOOJbIlIEe PACCTOS-
une? Yemy paBHO 3TO paccrosHme?
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Pemenue. 3ameTuM, UTO KaKABIA KUJIOMETp mpodera ms-

HamuBaeT IepejHre IIOKPBIIIIKKY Ha 4yacThb, & 3agHUue —

25000
JacTh. IlycTh paccTrodanme, mpoiigeHHOE aBTOMOGH-

Ha
15000

JeM, paBHo S Km. Ec/iM DOKDBIINKHM [IOMEHATE HA CepeluHe
OyTH, TO UX MBHOC HA BCEM NYTH OyAeT paBeH

1 n 1 §
25000 15000 2°
MaxcumanbHBIH U3HOC IOKPLIITEK paBeH 1, moaToMy

2

25000 + 15000

W3 mosiyueHHOro BuIPAKEHUSA BUIHO, YTO HallfleHHOe YuC-
J0 SBJSETCS CpegHUM rapmMmoHndeckmuM umces 15000 u 25000.

3amMeTHM, UTO ecjii MEHSTH IOKPBIIIKKM He Ha cepeguHe
NyTH, TO MOKDPBIIIKH, IIPOIIeJIIne c3agu OGoJbllle, 4eM CIIe-
penu, paHbIIe BRIHAAYT U3 cTpos. CiefoBaTeIbHO, IIOKPBIIIKA
HaAO0 MOMEHATH MecTaMu, npoitaa 9375 KM (IIOJIOBUHY MaKCH-
MaJILHOTO ITYTH).

3amaua 3.5. Manpunk c6eay BHE3 M0 ABUIKYIIEMYCS 3C-
KamaTopy u Hacumrad 30 crymenex. 3areM oH mnpoberxast
110 9TOMY ’Ke 3CKanaTopy BBepx M HacuuTaid 150 cryneHex.
CKOJIBKO CTYIeHEeK HacuuTaJ Obl MAaIb4MK, €CIM ObI OH C Ta-
KO JKe CKOPOCTbIO 0erXajl Mo HeMOABIKHOMY dCKaIaTopy?

OrMeTuM, 4TO CTaHAApPTHOE anredpaivecKoe pellleHHe 3TOH 3aJauM IO~

TpebyeT BBeIeHHWS HECKOJLKUX MePeMeHHBIX M COCTABJICHHA AOCTATOYHO
T'POMO3IKKX YDABHEHHIH.

Pemenue. IlycTs KONMUECTBO CTYIIEHEK — 6peMs TIPEOHO-
JIeHUs MaJbYMKOM 3cKajaTopa. [JIMHy 5CKajaTopa MOXKHO
OPUHATH 34 €IUHUIY, IMOCKOJLKY OHA OJHWHAKOBA B KAaXXIOM
u3 Tpéx cayuaeB. Toraa CKOPOCTh MAJBYHUKA «IIO TEUEHHUIO 3C-
KasaTropa» paBHa élﬁ’ a «OPOTHUB TEUCHUA» — % CobeTBen-

1
Has CKOPOCTH MAJIbYMKaA PABHA ( + ﬁ) 2= =5 Cllenosa-
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TeJbHO, HAa HEIIOJABMMHOM 3CKaJaTope OH HacuuTaeT 50 CTy-
IIEHEeK.

Ilpz TaxoM cmocoGe peleHHsA BHAHA yyKe 3HAKOMAH CHUTyarus: cob-
CTBEHHAA CKODOCTEL [BI)KCHHS €CTh CpeflHee apH(MeTHUECKOe CKOpOCcTel
«TIO Te€UEHUIO» U «IIPOTHUB TEUEHUA», [I03TOMY «CpPEIHEee BpeEMA» — CpejHee
rapMoHuYecKoe!

3amaua 3.6. [Isa myTHHKA BBINLIX HAa PAcCBETe U3 IYHK-
ToB A u B HascTpeuy APYT APYTY € MOCTOAHHBIMHA CKODPOCTHA-
MH U BCTPETHJIMCH B IOJiieHb. IlepBpiii pUIEs B IYHKT B
B 16.00, a BTOpOit mpumeén B nyHKT A B 21.00. B xKakoe Bpe-
MA ObLT paccBeT?

Pemenue. Caenaem pucyuok (C — mecro Berpeun). IlycTs
OT MOMEHTA PaccBeTa A0 BCTpeuu Ipoinio t yacos. Bpems, 3a-
TpaueHHOe IIellexXofaMHu Ha KaskaoMm u3 ydacTtkoB AC m BC,
o6paTHO MPOIOPIUOHAJIBHO UX CKOPOCTAM, MOdTOMY ¢ : 9 =
—Vg:Vy=4:t12=236;t=6; 12—t =6, To ecTb paccser
6611 B 6 4acos.

Va Vb
A 0 B
9 V Ve, 4
Pemaa npomopiuzo % = %, MBI ITOJYYUJAN, YTO BPeMs ABMKEHUA IyT-

HUKOB IO BCTPEUM — CpejHee reOMeTPUYECKOe ABYX 3aJaHHBIX 3HAUYCHHUH
BpeMeHu!

33,[[3‘11/[ ANAA CAMOCTOATEJIBHOIO PellIeHuA

3amaua 3.7. IlepByio MMOJOBUHY IYTU BCAKHUK CKaKaJ CO
cxopocTsio 20 KM/4ac, a BTOPYI0 — CO CKOpocThI0 12 KM/uac.
Haiinure cperHioo CKOPOCTh IBUIKEHUS BCASHUKA,

3agaua 3.8. BexocumeaucT AONKEH IIONACTH B MECTO Ha-
3HAYeHUs K OIpeleéHHOMY CpoKy. Ecam oH 6yJer exaThb co
CcKopocThio 15 KM/4, To mpHezeT Ha Yac PAHBIIE, & €CIu CO
ckopocThio 10 KM/4, To ormo3zaeT Ha oguH yac. C Kakoil cko-
POCTBIO JOJIMKEH €XaTh BEJIOCUTIEUCT, YTOOBI IpUexaTh BOBpe-
Ma?
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3amaua 3.9. IlepBaa TpybGa samoausieT Gacceiin 3a 6 ua-
cOB, a Bropasd — 3a 18 yacos. CKOJILKO BpeMeHH IoTpebyer-
cs 1A 3aoJHEeHUA 3Toro OacceliHa, eciv OJHOBPEMEHHO OT-
KPBITH 00€e TPyORI?

3amaua 3.10. B marasune ObLI0 JBa KOHTEMHepa KapTo-
tdensa, B ogamom — mo 20 pyOGieil 3a KMJIOrpaMM, B APpYyroM —
o 30 py6ueit 3a kusorpamm. Kouteiineps! Gblan pasHoro o6b-
€éMa, a WX CYMMAapHas CTOHMOCTH OKA3aJach OJMHAKOBOM.
Becs umeromniics Kaprodens cmeniaan. Ilo xakoii meue cie-
IyeT Ipo/iaBaTh KUJIOTPAMM CMeCH?

3amaua 3.11. ¥V Anéunl ecTh MOOMIBHBIN TesedoH, 3apana
aKKYMYJIATOPA KOTOPOTOo XBaraer Ha 6 yacos pasrosopa M
210 yacos oxugannsa. Korga Anéua caguniack B Ioesz, Teje-
(hoH GBLT TOJTHOCTHIO 3aPAYKEH, a KOrJa OHA BBIXOAWJIA M3 II0-
e3na, TeaeoH paspALMICA.

CroJBKO BDEeMEHHM OHA eXaja Ha Ioe3je, €CJH H3BeCTHO,
yTo AjyiéHa roBopmia mo Tesed)OHY POBHO TMOJOBHHY BPEMEHU
moe3aKu?

3amaua 3.12. VI3 nyukTOoB A u B BBIULIM HABCTPEUY APYT
JIPYTY OBA Kypbepa € MOCTOSHHBLIMU, HO PA3JINYHBIMU CKOPO-
ctamu. Ilocse TOoro Kak Kypbepbl BCTPETHUINCE, UTOOLI HOHTH
0 MeCTa CBOeT0 Ha3HAUEHUA, IePBOMY ITOTpeboBaoch ellé 16
JacoB, a BTopomy — emié 9 uacoB. CKOJIBKO BpeMeHH 3aTpa-
THJI KOKABI U3 KyPphepoB Ha Bech OYTh oT A ao B?

OTBeTHI ¥ pemieHusn

3agaua 3.7. OrBet: 15 KM/u (cpedHee zapmoHuuecKOe Yu-
cen 12 u 20).
Ilyers mosoBmHA 1IyTH cocTaBiader S KM, Torga

S
IIE€PBYIO IIOJIOBUHY IIYTH BCAJHUK CKaKaJ % HacoB, a BTOPYIO

S
TNOJIOBHHY — 1 Hacos. Bpewms, saTpauyeHHOe Ha BeChb IYTh,

S S 28
paBHO 30 + 2= 15 (1), IO3TOMY CpemHAsa CKOPOCTh JBUIKe-
HUA BCagHuKa: Ve, = —5—8— =15 (xkm/q).
—
15
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3amaua 3.8. OrBer: 12 KM/u (cpednee zapMmOHUuecKoe 4u-
cen 10 u 15).

Ilycrh mitaHHpyeMoe BpeMs npuesga — ¢ 4acoB, TOTHA, BbI-
pasuB ABYMSA CIIOCOGAMU PACCTOSHME MO MecTa HA3HAYEHUS,
nonayuum ypasuenue 15(t — 1) = 10(¢ + 1). Ero pemeHuem
ABJseTCHA t = D, 3HAYMUT, PAacCTOAHWE O MeCcTa Ha3HAYEeHUS
pasuo 60 xm. Takum o6pasom, nckoMas cKopocth paBHa 60 :
:5 =12 (kMm/u).

3amaua 3.9. Oteer: 4,5 uvaca.

ITpuuae o0BHEM OacceliHa 3a eAUHUILY, IIOJYYWM, 4TO IIPO-

o 1 .
M3BOAUTEJLHOCTH IepBOM TpyObl paBHAa 5 facceiiHa B 4ac, a
. 1 "
BTODOM — 18 bacceiina B 4ac. IIpon3BOAMTENIBLHOCT KX COB-

. 1 1 2 o
MeCTHOU paboThl paBHA 5 + 809 OacceiiHa B uac, 3HA4HUT,
2

3TOT OAaccelfH OHHU CMOT'YT 3alIOJIHUTE 3a 1 : o 4,5 (u1).

MosxHO pacCyKIaTh MHAYE, HEMHOI'O YIIPOCTUB BHIUHCJIE-
Husa. Vcnoabp3yeM B faHHOM cayudae TOT GakT, uro 18 memnrcsa
Ha 6. 3a 18 uyacoB Bropada Tpyba HamonHsgeT 6acceiin, a tepsasd
TpyOa — TpM Takux HacceiiHa, MOTOMY, paboTas BMeCcTe, OHU
HanoJaHaT 4 OacceiiHa. 3HaUNT, OAUH 0acCeliH OHU HAIIOJHAT
3a 18 : 4 = 4,5 yaca.

B ganHoM ciaydae cpefHUM rapMoHudYecKuM uwmcel 6 u 18 sBiserca
yucao 9, a HOJTy4YeHHBIH OTBET COCTABJISAET IIOJOBUHY OT CPeJHEr0 TapMOHU-
Y4eCKOoro. IT0 OOBACHACTCA TEM, YTO KaKaad Tpyba 10 OTAEeJBHOCTY BBIIOJI-
HAET TOT e 06béM paboTel, YTO ¥ IIPH COBMECTHON AeATeIbHOCTH (CPaBHHM-

. . 1,1 1 _ab
Te ¢ 3ajgaueii 3.2). lleficTBuTebHO, eCIN 2 + 3= ™0 x = P

3agaua 3.10. Otset: 24 py6ua (cpedHee zapMoHUYECKOE YU-
cen 20 u 30).

IIycTe cTomMOCTL Kaprodessa B KajKIoM KouTeiiHepe ObI-
aa pasua 60x py6ueil (0as mozo umobvl umembs deso MOJLLKO
C UCAbIMU HUCIAMU, UCTOAL3YEeM MOm (HaKnt, ¥mo HAubosb-
wum obuyum deaumenem wucen 20 u 30 ssraemca yucao 60),
TOTAAa B OOHOM KOHTeHHepe 6b110 3x Kr Kaprodess, a B Ipy-
rom — 2x kr. Macca cmecu paBHa 5x Kr. IleHa Kusorpamma
cmecu pasua 120x : 5x = 24 (py®6.).
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Ilonesso cpaBHUTH aTy 3amady ¢ 3agadeit 1.3 u obcyauTh pasianyus.

3agaua 3.11. Orset: 11 yacos 40 MumyT.

Ilepsuiii cnocodb. Eciu 681 Anéna 210 - 6 yacoB rosopumia
U CTOJIBKO K€ BPpeMeHU MOoJIuaja, TO TeaedoH yciesa 6bl mo-
HOCTBIO paspazuTbeda 210 + 6 = 216 pas. Tax xaK Ha caMmoM

210-6
JleJle OH paspAINJCcsa OAUH pa3, OHA T'OBOPHJIA 71056 4acoB
¥ Momuama —0 8 qacoﬁ
210+ 6 )
2.210-6 35
Taxum ob6pa3om, OHa exala B Ioe3le — ——— = — dYaca

210+ 6 3
(cpednee zapmonuueckoe wucen 6 u 210).

Bmopoii cnoco6. Bo BpeMs pasroBopa sHeprus akKyMyJis-
Topa pacxonyerca B 210 : 6 = 35 pas GuicTpee, YeM B TO Bpe-
Msf, KOTAa pa3roBop He BexércdA. IlycTs Anéna mporosopuia t
gacosB. Torja sHepruy akKKyMyJIsTOpa 0CTAJI0CH HA 6 — ¢ uacos
pasroBopa uau Ha 35(6 —t) yacos oxkunanuda. ITo yeaoBumo aTo
BpeMs TaksKe PABHO ! YACOB OXKUIAHNA, TT0aTOMY 35(6—t) = ¢,

35
OTKyAa t = e CrnemoBaTesbHO, BCA T0E3IKA IPOJOJKAIACE

35 35
— 2= 3 gaca.

6
3amaua 3.12, Orser: 28 y u 21 u.

Mo:xHO HCIONB30BaATE CIOCO0 PEIleHnA, AHAJOTHYHLIN PEIICHNIO 3a1a-
uni 3.6, Ho MOMKHO TIPUBECTH U HHOe, Gojiee «ayrebpamdecKoe» paccy:xie-
Hue. ITycTs ¢ — Bpems, 3a KOTOpPOe Kyphephl 406paiuch J0 MECTa BCTPEUH,
a Vi u V3 — cropoctut KyphepoB. Torpa (Vi 4+ Vo)t = V3 (16 4+ t) = Vo(9 + 1).
Orcioga mosyuum nBa pasenctBa: 16V, = Vot m Vit = 9V, Toraa

16V: _ Vat
it 9’
TO ecThb l—tﬁ = é CrenoBatensro, t2 = 16 -9, 10 ecTh £ = 12 — cpeduee

2eomempuueckoe yucea 9 u 16. 3HauuT, MEPBHIE Kyphep K MECTY CBOETO
HasHadueHus exaa 12 + 16 = 28 yacos, a BTOpOH Kypbep exan 12 + 9 =
= 21 uac.

MoxHO Tak:Ke HCHONbB30BaTh 3agaun [125-1134.
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3angarue 4

CpaBHeHUe cpeTHHX

B sTOM 3aHATHN paccMaTPUBAIOTCA HepABEHCTBA MEXAY KIACCUYECKM-
MU CPeJIHUMHU ABYX HEOTPUIATEJbHBIX YHCeN, airebpandecKue Croco0bl HX
NOKA3aTeNbCTBA, U 3aJa4Yl, KOTODPhIe WLIIOCTPUPYIOT Pa3iINYHbIe IPpHMEHe-
HHIA 3TUX HepaBeHCTB. Pasfop U caMOCTOATENBbHOE DellleHMe 3ajad 3TOro
3aHATUA TO3BOJIAT IIKOJBHUKAM IMO3HAKOMUTLCS C TUIIMYHBIMU CIYYAAMU
CpaBHEHUA KJIACCHYECKUX CPEJHUX BEJUYHH B TEKCTOBHIX 3ajadyax uU B 3a-
aUaX, CBAZAHHLIX C IJIOMIAABIC ¥ NEPUMETDOM IPOCTEeHImuX reoMeTpuUde-
CKUX (QUryp.

HanmomHMM, 4UTO KJjacCcuueCKUe CpPeJHUE ABYX HEOTpUILa-
TeJBHBIX YHCEJ YAOBJETBOPAIOT HEPABEHCTBaAM

2ab

a+b a? + b2
< Vab < </ :
a1 SVabs— 2

npuiém 6 Kaxcdom caryiae pagencmeo docmuzaemca mozoa
u moavko mozda, xo2éa a = b. IlowarHo, 4To pU AOKa3a-
TeJILCTBE 9THX HEPABEHCTB AOCTATOYHO PACCMOTPETh TPH Hepa-
BEHCTBA MEX/JAY «COCEJHUMM» CPeJHUMU BeJINUYNHAMH.

2
(va-ve)

2
a+b ..

BATEJNBbHO, — — > v/ ab, mpuuéM paBEHCTBO JOCTUTAETCS TOTAa

b
Jora3aTeabcTBO. 1) %— —vab = > 0, cnepo-

¥ TOJBKO TOTJA, KOTJa /a4 = Vb, To ecTh KOrZA @ = b.

2
a? + b? a+b\2
2) — ] 3 =

_a?2+b2 a®+2ab+b?  (a—b)?
T2 4 T4

> 0.
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Ywucsa, BO3BEJEHHLIC B KBAIPaT, HEOTPUIATEILHEI, II03TO-

a? +b? a+b .
y p = g » TPHIEM PaBEeHCTBO JOCTUTraeTcs TOTAa

U TOJLKO TOTJa, Korga a = b.

3) MoKHO NOCTYIHUTH TAK e, KaK B II. 2, HO €CTh U APYTroi
croco6. Ecau a = 0 aubo b = 0, To BEIIOJHAETCS PaBEHCTBO.
Ecanu ke ab > 0, To 00e 4acTH HEPABEHCTBA MOJIOKUATEILHBL

2ab b
u vab : aj—b = a; :vab = 1 (cm. 1. 1), cremoBaTeabHO,

2ab .
vab = P IIPUYEM PaABEHCTBO JOCTUTAETCHA TOTAA U TOJBKO
a

TOT[a, KOTJa OHO NOCTHUTaeTcA B II. 1, TO ecTh Korga a = b.

PaccMoTpuM nprMeHeHWE HEPABEHCTB O CPEJHUX IIPH pe-
HIeHUY HEeKOTOPBIX TEKCTOBBIX 3344, a TAKMKE 32744, CBA3aH-
HBIX C ILJIOIIaAbI0 M IIEPUMETPOM IIPOCTEHIIINX IeoMeTpHue-
cKux Guryp.

3amaua 4.1. [Jokakure, YTO CpPeau BCeX IPAMOYIOJILHM-
KOB C OJUHAKOBOH ILJIOIIAAbI0 HANMEHbIINI IepUMeTp uMeeT
KBaJpAar.

Pemenune. IlycTe x ¢cM — OJAHHA CTOPOHEI KBagpaTa, @ CM
uH b cM — JIWHBI CTOPOH IPAMOYroJabHUKA. IIo yCAOBHIO HX
ILTOWAAM PaBHEI, TO ecTh X2 = ab < x = v/ab. Torxa mepu-
MeTp KBajpaTa paseH 4x = 4+v/ab (cM), a mepuMeTp IIPAMO-
yrojapHUKa paBeH 2(a + b) (cm). daa Toro urobbl mepuMeTp
KBaapara OblJ1 HAMMEHBIITUM, JOJKHO BLIIOJHATHCA HEPABEH-
ctBo 4vab < 2(a + b), KOTOpOe PABHOCHJIBHO JOKA3AHHOMY

b
HepaBeHCTBY v ab < a; .

TTosnesno 06CyANTE CO MIKOABHUKAMY APYTYI) TPAKTOBKY KCIOJb30BAH-
HOTO HepaBeHCTBA MeXXJIY CpeJHUM apuPpMeTUUeCKUM U CPeJHUM IeOMeTPHU-
YeCKHM: eCJM PacCMATpPUBAIOTCH 3HAYEHWS NEPEMEHHEIX ¢ ¥ b, A KOTOo-
PHIX 3HadYeHNe MPOM3BeIeHUA ab IOCTOAHHO, TO IIOCTOAHHO 1 3HaUEeHNE BHI-

a+b
paxkeHud v/ ab, HI09TOMY BHIpaKEeHNE ; IPUHUMAET HauMeHbIIee 3HaUe-

HHe B clIydae, KOT[|a HePaBEeHCTBO CTAHOBUTCH PABEHCTBOM, TO €CTh B CJIY-
yae, korga @ = b. I'oBops nHave, eciu npouséedenue Jeyx noroIcUMmMens-
HbLX Yucen a U b nOCMoAKHO, MO HAUMEHbULEe 3HALeHUEe UX cYMmMmbl Do-
cmuzaemcs, ecau a = b,

AHaJIOTHYHBIM 06pa3oM MOKHO TPaKTOBATL M APYyTHe HepaBeHCTBA
MEXAY CPEeJHUMU,
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3anaua 4.2, Tenioxo IPOIIET IYTL OT IYHKTa A 0 NYHK-
Ta B mo Teuenuio pexu u obparHo. [Jokamure, 4T0o coOCTBEH-
Has CKOPOCTh TelJI0oXoa GoJIbliie, YeM CpefHAs CKOPOCTh 9TOo-
T0 JBUKEHU .

Ecnu sTa 3afada BbI3LIBAET ¥ IMKOJLHUKOB 3aTPYAHEHUS, TO IIOJIE3HO
BCIOMHHUTH pelnenne 3agauu 3.1.

Pemenue. IlycTh TeIIOXon IPOIIES IO TEUEHHUIO peKu S
KM CO CKOPOCThIO V1 KM/Y M CTOJIbKO K€ IPOTUB TEUEHUS CO

ckopocThio Vo KM/u. CoOGCTBEHHAA CKOPOCTH Temyoxona: V =

Vi +V:
_ 1"2F 2 (km/4) (cm. 3amauy 1.4). Bpemsa OBMIKEHUS TeNJIO-

S S
X0Ja IO TeYeHHUIO: t1 = v (d), a TpoTUB TeueHUA: ty = 7 (u),

1 2
3HAYMT, CPEJHAA CKOPOCTDL €T0 JBUKEHUA:

28 2"V,
t1+ta V1+Vp

ch. = (RM/‘-I)

2V1 Vs Vi+Vy

Tak rax V; Vs, TO
1 7& 2 Vi+Vs 2

JOKa3aThb.

, 4YTO ¥ TPeb6OBaAJIOCh

3amaua 4.3. J[sa TpakTopmCTa, paboras BMecTe, MOTYT
BcIaxarh moJe 3a ¢t AHeil. Eciin Obl mepBHIE Bcoaxajl IOJIO-
BUHY IIOJS, 4 BTOPOH — APYTYIO MOJOBUHY, TO Ha 3TO HOTpe-
6oBasiock O6b1 T mgueil. Jlokaskure, uTo " > 2.

Pemenue. IIyers S ra — miomans mojad, X U y (TeKTapoB
B JeHb) — IIPOU3BOAUTEJBHOCTH TPYyAa TPAKTOPHCTOB, TOTZAA
BpeMsa UX COBMECTHOU paboThi: ¢t = xiﬂ (nHeit); a BpeMA HX

S N o
paborsl moouepeguo: T'= —+ —= 8- r+y (mueit).
2x 2y 2xy
T _ (x+y)° x+y
Torma — = —>~ > 2, TaKk KaKk — = /XY.
A8 22y A 2V

YTBepxKAeHNE 38484l MOKHO TPAKTOBATH U [IO-APYTOMY: ecu Obl Ipu-
1ILJI0Ch BCIIAXWBATH JB& OJMHAKOBLIX TOJIsA, TO BHIFOAHee (II0 BpeMeHH) pa-
60TaTh COBMECTHO, a He I10 OTAEJLHOCTH, KOTa KasKIbIil TPDAKTOPHUCT BCHA-
XUBAaeT «CBO&» Tone! IIpuBenéHHOE PellieHue e1é pas 9To 00bACHAET: cpex-
HAS IPOU3BOAUTEILHOCTE COBMECTHOH PaGOTH — cpefHee apudMeTHdecKoe
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IPOM3BOAUTEILHOCTEH TPAKTOPKUCTOB, & CPEAHASL IIPOU3BOJUTEILHOCTD pa-
60THl IO OTAEJIBPHOCTH — HX CpPeAHee TapMOHHMYECKoe (CpaBHHTE ¢ 3aja-
ueii 4.2).

3amaga 4.4. B 1Byx nieMeHaxX MHAEHIIEB PA3HOE KOJUUE-
CTBO MY:KuuH. Bce My»XUMHBI OZHOT'O ILTEeMEHH — <«0OpaThfa»
(B uacTHOCTH, KaXKABIM Mys>kumHa — caM cebe «Gpars). Uro
OoJsibIlie: cpeHee KOJHYECTBO MYKUMH B 3THUX IIJIeMEHaX WU
cpegHee KOJHMYECTBO «OpaTheB» Y KAMKAOTO MYMKUKNHBI?

Pemenne. IlycTt B 0gHOM mIeMeHn — X MYXK4YHMH, & B IpPy-

I'OM — Y MYK4YHUH. Torma cpeagHee KOJMNYEeCTBO MYKYUH PABHO
x+y

. B oiHOM IJIeMeHU Y KAXKIOTO MYMKUUHEL X «OpaTheB», a

B IpyTroM — y «OparbeB», II0ATOMY CpeJHee KOJHNUYECTBO «Opa-

2, 2
X~ +
THEB» ¥ KAXKJOI'0 MY/KYUHBLI PaBHO Y  Tax xak x #* Y, TO

(52 1 42 2 2, .2 2, .2
x+y< x+y®(x+y) <x +y ®x+y<x +y’
2 2 4 2 2 x+y

TO €CThb CPeJHee KOJIUYECTBO «0paTheB» ¥ KaxKJIOr0 MYKUHHBI
6osblille, YeM cpefHee KOJUMUECTBO MY KYUH B OSHOM IIJIeMEeHH.

3anaua 4.5. ¥ npozasiia ecTh YallleyHbie BECHI ¢ HEPABHBI-
My mtedyamMu u rupu. CHayasia OH B3BEITMBAET TOBAp HA OJHOM
HariKe, 3aTeM — Ha APYro# u 0epéT cpefHee apudmMeTruecKoe
ABYX Toxasauuii. OmpejesinTe, B UYbI0 NOJNB3Y TAKOE «B3BEIIN-
BaHWe»: IPOJaBIa HUJIH MOKYIaTead?

Pemenue. Ilycts guivHel mied Becos paBHul [1 u ls (11 < l9),
U Ipojager] B3pennBaeT 1 KI' ToBapa. IIycTs npu mmepBoM B3Be-
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[IUBaHUM (KOTZa TOBAP JEKUT Ha valile BECOB C ILIEUOM lg),
OH YPaBHOBECWMJICHA I'Mpeil mMaccoil m; KI, a Ipyu BTOPOM B3Be-
IMUBaHNKM — Trupeil maccoit my Kr. Torma Iim; = lg-1 wm
lamg = Iy - 1. Takum o6pa3om, Macca TOBapa, BhIUKCIAEMAas
my+m l l
MMpOJaBLOM, M = ——1—2——2 = (l_z + l—l : 2> 1, Tak KaK cyMMa
1 2
Pa3JINYHLIX B3aNMHO OGPATHBIX IOJIOKUTENBHBIX YHCEa 00JIb-
me a8yx. CiaemoBaTeabHO, IPOAABEIl OOMaHBIBAET MOKYIIATEA
(moxcno doraszamuv, umo obman mem 60avlue, Hem Goavuie om-
HOUleHUe OAUH nJeYd 8ecos).
Hcnoan3oBaHHOE B 3a/jade HEPABEHCTBO O CyMMe B3aMMHO OODaTHBIX
YyceJ MOXXHO JOKa3aTh HelIoCpeZCTBEHHBIMU TOXJAECTBCHHBIMI npeoﬁpaso-

BAHUAMU, HO II0JIe3Hee MOJYYUTh ero KaK CIeACTBUE HEPABEHCTBA MEMKAY
cpeaHUM apudMeTHYeCKUM U cpefHUM reoMerpuueckuM. lleiicTBUTEabBHO,
1
a+ =

a 1
ecau a > 0, To ) >4 /a- ria 1, 3mauwur, a + 2 > 2. PaBencTBO AOCTH-

1
raeTcda Toraa 1 TOJABKO Torja, Korjga a = E’ TO €CTh IIPH 4 = 1.

MoxHO Takse BMECTO 3TOTO HepaBeHCTBa MUCIIOJIB30BATE APYIroe Hepa-
BEHCTBO MEXXIY CPEeIHHNMHU:

L b 2yl
4+ =-):12==—= ,
(l1+lg> 5 hils >1

2+
Tak Kak ecau Iy # [z, TOo —5 > lila.

33/1&‘11/1 OaA CAMOCTOATEJBHOr0O pelIeHnd

3agaua 4.6. OT moTOJMKA KOMHATHl BEePTHKAJIBHO BHU3 IIO
CcTeHe TOHOJ3aU ABe Myxu. CHycTHUBIIHCE A0 MOJa, OHHU IIO-
noasau obparuo. Ilepsas myxa mossia B 06a KOHIIA ¢ OJHOM
A TOH e CKOPOCTHIO, a BTOPadA, XOTA M HOZHUMAJIACH BIBOE
Me[JIeHHell mepBoil, HO 3aTO CIycKaJach BABoe OnicTpee. Ka-
Kasd U3 MyX paHbllle IPUIION3ET o6paTHO?

3amaua 4.7. Jloka)XuTe, YTO Cpefu BceX IPAMOYTOJIbHU-
KOB C OJWHAKOBBLIM IIE€PHMMETPOM HANOOJBIIYIO IJIOMIALE HMe-
eT KBaapar.

3amaua 4.8. B serTnel mkose ABa Koprmyca. B ogHOM u3
HUX M KOMHAT II0 M YeJ0BEK B KayK/J0H, a B IPYroM — 1 KOM-
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HAT 10 71 YeJOoBeK B Kaxpoi. CanutapHoMy HaA3opy HAZO CO-
OBIIUTE CPefiHee YHCJIO IIKOJBHUKOB B KOPIIYCe, a IOKAPHOI
HHCHEKIINHY — PacYETHOE YHMCJIO, PABHOE IIPOM3BEXEHUIO Cpej-
Hero uucja KOMHAT B KODIyce M cpelHero apu@)MeTHdYecKo-
ro HauboOJBIIEro M HAWMEHBIIEro KOJHMYECTBA NIKOJLHMKOB
B KoMHare. Kakoe u3 9Tux umces 060JbIlle — HCTHUHHOE WJIH
pacuéTtaoe?

3agaua 4.9. B xaxom cayuae BepToaéT, cOGCTBEHHAA CKO-
POCTH KOTOPOTO TOCTOAHHA, IIPOJIETUT OLICTpee M3 MYHKTa A
B OYHKT B 1 00paTHO: IpH OTCYTCTBUH BeTpa MJIU IIPHU BeTpe,
OOCTOSTHHO IYIOHieM B HampaBjeHHu u3 A B B ¢ ogHoil 1 To#
JKe CKOpPOCTHIO?

3amaua 4.10. JIBa TypuCTa BHIIILJIN U3 IIYHKTA A B IyHKT B.
ITepBbIil TYDHUCT ITOJIOBUHY 3aTPayeHHOr0 BPEeMEHU OT HadaJia
JBUIKEHUA III€J CO CKOPOCTBHIO Vi KM/4Y, a 3aTeM MIEa CO CKO-
pocTsio Vo KM/4. BTopoil TYpHCT IIEPBYIO IIOJOBUHY IYTH 116
€O CKODPOCTBIO Vi KM/4, a BTOPYIO IIOJIOBUHY — CO CKOPOCTBIO
Ve km/u. Km0 M3 HuUX 3aTpaTH/ MEHBIIE BpeMeHH Ha OyTh U3
A B B?

3amaua 4.11. [lokakure, 4TO Cpeayu BCEX IPAMOYTOJIBHU-
KOB, BIUCAHHBIX B OOHY U TY K€ OKPY'KHOCTh, KBaJApaT UMeEeT
¥ HauOOJILIITUH HepUMeTp, U HAHGOABIIYIO TLIOIIALE.

OrBeThI M pemreHUs

3amaua 4.6. OTBeT: IepBasa Myxa IPUIICA3ET PaHbLIIe.

ITepewiii cnoco6. CKOpocTh CIycKa BTOPOM MYXH B JBa pa-
3a 00JIbIIIE, Y€M CKOPOCTD IIePBOM, II03TOMY B TOT MOMEHT, KO-
Tfla BTOpasi MyXa JOCTUTIHET IIoJia, IepBaa myxa OyzeT Ha ce-
penuHe cBoero mytu BHu3. Torza B TOT MOMEHT, KOTZa Iep-
Badg Myxa OKaXXercsa HAa IIOJY, BTOPas y)Ke MPOIOJ3ET yeT-
BEPTh IYTH BBEPX (CKOPOCTH €€ MOABEMA B IBa Pasza MEHbIIE,
YeM CKOpPOCTH TIEPBOI). 3HAYKT, MEPBAd MyXa AOTOHHUT BTO-
PYIO Ha TOJIIYTH OT II0Jia 0 MOTOJIKA, 4 TaK KaK CKOPOCTH
noabéMa nepBoit Myxu Ooablile, 3aTeM IepBas Myxa OOTOHHUT
BTODPYIO.
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1y ke HAEI0 MOXKHO peasin30BaTh WHade. Taxk KaK BTOpPadA MyXa IIOA-
HMMaeTcs BABOe OLICTPee IepBoli, Ha 06paTHBLIN MYyTh OHA 3AaTPATHT TAKOe
JKe BpeMs, KaKoe IlepBas MyXa 3aTpaTuT Ha Bech IyTh. Ho BTopoi#l mMyxe
Hajo emmé IpoIoJa3TH BHHU3, MO3TOMY B DE3yJbTaTe OHA IIPHIION3ET IIO3Ke
epBoOil.

Bmopotu cnoco6. I[Tycte § — paccTod-
HHe OT IIOTOJKA A0 moJja, V — CKOpPOCTh
epBOH MYX¥, TOTZa BpeMd, 3aTpadeHHOe

9TOM MYXOil HA COYCK W TOABEM, DPaBHO

28 .
- Y BTOpOIT MyXM CKOPOCTE CYCKa PaB-

Ha 2V, a ckopocts nognréma — 0,5V, mo-
3TOMY, BpEeMs, KOTOpPOe OHa 3aTPAaTUT Ha
BeCh IIYTh, PABHO L + S _ 258 > asi,
2V 0,5V vV Vv
cJeoBATENLHO, IIepBad MyxXa HOTPATUT MEeHbIlle BPeMeHU U

BepHETCA 00paTHO paHBIIE,

13 Broporo cnocofa pelieHNA BUAHO, YTO CPEAHASA CKOPOCTD ABMKEHUSA
2,58 4

v = EV’ YTO MEHbINe, YeM CPeIHAsS CKOPOCTh
V ABUKeHWS NEpBO# MyXH, M 3TO TaKiKe OOBACHAET MOJY4YEeHHBIN OTBET

(cpaBuuTe ¢ 3agavei 4.2).

BTOpO# Myxu pasHa 28 :

3amaua 4.7. IlycTs x ¢cM — AJnHa CTOPOHBI KBajgparTa, d CM
n b cM — JJMHBI CTOPOH npaMOyroapHuKa. Ilo yciaoBuio mx

MepUMeTpPhI PaBHBI, TO €CTh 4x = 2(a + b)) & x = 2 ;_ b. IIno-

2
mafb KBajpara paBHa X2 = (%9) (cm?), a TwIomaAb mps-

MOYTOJBbHUKA paBHa ab (cMm?).

b b\ 2 .
Tak Kak a—;——— > vVab, To (%) > ab, npu4éM paBeHCTBO

aocTUraercd rorga 1 TOJMbKO Torga, Korga a = b.

TakuM o0paszom, HanboJbIIAA ILJIOIIAJb JAOCTUIAETCH, ec-
JIX IPAMOYTOJBHUK 3aJaHHOIO IIepuMeTpa sBAACTCA KBajgpa-
TOM.

MOXKHO TaK)ke IIPOBECTH PACCYKAEHMEe, aHAJOTHYHOe KOMMEHTApHIO K
sagaue 4.1, KOTOpOE IOKAXKET, UTO ecAu cymma 06YX nONOHUMENDHBLX

Yycen a u b nocmoaArRKHa, Mo HaubonbUWee 3HAREeHUE UXx npou3sedenun Go-
cmuzaemcesn 6 cayiae, kozda a = b.
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3agaua 4.8. OTBeT: HCTHHHOE YNCJIO He MEHBIIIe PaCUeTHO-
ro.

B nepsom Kopnyce XuBT m? MIKOJILHUKOB, 8 BO BTOPOM —
n?, ciefoBaTeNbHO, CPeLHee KOJII/I‘-I%CTB(z) IIKOJBHUKOB, »KHU-
BYIIUX B OSHOM KOpIIyCe, PABHO —;r——n— U cpemgnee umcio
KOMHAT B KOpPIIyce, U cpefHee apupMeTHUecKoe HanboIbIIero
U HAMMEHBINETO KOJINYeCTRA MIKOJIbHUKOB, }KUBYIINX B OTHOMA

m+n
KOMHATe, PABHO — —.

2, 2 2, 2 2
m m+ n n
Tax kKak 4/ ;Ln > 5 n, o ™ ;r > (m;r ) (ecnu

m = n, TO JOCTUTAETCA PABEHCTBO).

3apaua 4.9. OTBeT: BepTONET IPOJETUT OLICTPee B Ge3BeT-
DEHHYIO TIOTOLY.

ITlycts paccroanue or A A0 B paBHO S KM, a cOGCTBeHHAd
cKopocThb Beproséta — V Km/u. Torza mpu OTCYTCTBHU BET-

. 28
pa BepTOJET HpojejiaeT BeCh IYTh 34 BpeMs t = 5 (u1). Ecun
CKOpOCTB BeTpa paBHa U KM/4, TO BpeMs ABMIKCHU BepTOJe-

Taus AB B: t] = T (u), a BpemsaA ABMiKeHuda u3 B B A:
S S S 28V
ta = ——. Torpa ¢t ta = = q).
27 viu bt =rmt = o ()
c _ 28 28V 28V
JIeZOBATEJILHO, I = v - 7 V—2TU~2
BEPTOJIET IIPOJIETUT OBICTPEE B GE3BETPEHHYIO TTOTONY.

= {1 + t2, TO eCTb

HMmeeT CMBICT IPOBECTH AHAJIOTHUIO ¢ 3agayamu 4.6 u 4.2 (MOKHO TaKKe
BCIIOMHHTS pereHue 3aga4u 3.3). Ilocsie 91010 MOXKHO IPEIOKUTE APYTOe
pemiesnne, B KOTOPOM CDEJHUE BeJIWUYUHBI IPUCYTCTRYIOT B ABHOM BHE: ec-
JI CKOPOCTH BepPTOJIETA II0 BETPY M NMPOTUB BETPA PABHLI COOTBETCTBEHHO

V1 + Ve
V1 u Va, To ero cobcTBeHHAad CKOPOCTL V = % Toraa

S S Vi+ Ve 28 48
titte=—+ =8 "2, =22=-_=2
trhEy Ty Vivs vV Vv
2
CienoBaTenbHO, ity _ 1 +V3) > 1, Tax kak mpu Vi # V3 BBI-
¢ V1V,
HOJIHSIETCS HEepPaBEeHCTBO Kl——iz—ﬁ > /V1Va. Takum obpasom, t1 + tg > t.

3amaua 4.10. OTBeT: MeHbIIIe BpEeMEHU 3aTPATHJ HEPBLIi
TYPHUCT.
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Ilyere S kM — paccrosaue oT A m0 B, t ¥ — moysiloBUHA
BPEMEHH, IIOTPAUYeHHOTO HePBLIM TYPUCTOM Ha IIyTh u3 A B B,
roraa S = (V1 + Va)t. Haiigém Bpemd, mMoTpadyeHHOe BTODPBIM
TYPUCTOM Ha IIyTh u3 A B B:

S S (i+ Vo)t N (Vi + Vo)t (Vi +Va)?t,

T=-——t-— = =
2V 2V, A% 2V, 2V Vs,
V1 + V)2 Vi + Vs
T>2 o (_1*7-12_)>V1V2 R _1%32 STV,

B zaxaountensuoii dase pemreHuA MOXKHO JeiiCTBOBAThL MHaUe:

N+t N+Va)t t (Vo Wi
T= (242 > 2t,
2V + 2Vy 2\ Vs +2 t

1
Tak Kax nmpu a > 0 BepHO HEPABEHCTBO a4 + 2 = 2.

TlosmesHo TaKyKe CPABHUTD 3TO pellleHUe C peleHuneM 3ajauu 4.3.

3anaua 4.11. ITycTs B OKPYsKHOCTH pa-
amyca R BoMcaH IpAMOYroJbHHUK CO CTO- B c
posamu a u b (cm. puc.). Tak Kak pwmaro-
HaJb IIPDAMOYIOJbHUKA ABJAETCA IUMET-
POM OKPYXHOCTH, 110 Teopeme Iludaropa,
a? + b2 = 4R2. Taxum 06pasoM, cymMMa
KBaApaToB COCeIHUX CTOPOH J0GOTo Ips-
MOYTI'OJIbHMK&, BIMCAHHOTO B JJAHHYIO OKPYKHOCTD, €CTh BEJIH-
a? +b2 S a+b

2 7 2

YuHAa IIOCTOAHHAA. I/ICIIOJIBSYH HepaBeHCTBa

2 2
a“+b
> vab, moayyum, 4To HaMOOJIbININEe 3HAUCHUS BbI-

. a+b
PKEHHH —— 1 v/ ab mocruraiorcs, eciu a = b (CM. KOMMeH-

Tapun K 3ajauam 4.1 u 4.7). CaegoBaTesbHo, 1 HauOOJJbIIIEE
sHavenue P = 2(a + b), u S = ab gocTuraioTcAa B 3TOM XKe
cJaydae, TO €CTh B cjydae, KOTrAa IPSAMOYTOJbHUK SABJIHETCHA
KBagpaToM.

MosHO Takxe uCmoab30BaTh 3agauu 030-1133, [135-137.
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3anarue 5

HOCTpOGHHH KJAACCHYECCKHUX CPpeaqHHUX HA OJHOM YepTexe

B 5TOM 3aHATHMM paccMaTpUBAlOTCA reoMerpuueckue KoHburypamum,
B KOTOPBIX BCE KJIACCHYECKHEe CPEJHUE JJINH JBYX OTPE3KOB H300DarKaroT-
cs1 Ha OJHOM uepreyxe. Pazbop M camMoCTOsTeNbHOE DeIlleHHe 337a4 DTOTO
3aHATHA [03BOJAT MIKOJBHUKAM [TO3HAKOMUTLCA ¢ TUIUYHBIMH CIyIasaMI
MOABJCHNA KJIACCUYECKUX CPEIHNUX BEJIUYNH B TeOMETPUH, a TAKKe y3HATh
PasINUYHLIC TeOMETPUUYEeCKHe CIOCO0LI JOKAa3aTeJLCTBA HEPABEHCTB O CpeJ-
HUX I ABYX NOJOKUTEIbHEIX YUMCe.

B npeasigyuiem 3aHaTHY ObLIM PACCMOTPEHBI HEPABEHCTBA
MeXIY KJIACCHYECKHMU CPeIHUMH BEeJIUYWHAMHU AJIS HEOTPH-
aTeJBHBIX YKCeN:

/2 2
Zabg\/c-lgch—bS a+b.
a+b 2 2

Ceroausa Hac OyAyT HHTEPECOBATH NX reOMeTPUYECKUE JOKasa-
TeJIbCTBA. [lJIs1 9TOro MbI pACCMOTPUM HECKOJIBKO reoMeTpude-
CKMX KOHMHUrypanmii, B KOTOPBIX BCE KJIACCHYECKHE CpeXHUe
BeJIMYUMHBI N300pakaloTca HA OJHOM YepPTeKe.

3apava 5.1. (nyrkmut a) u 6) 6zamsl u3 mpaxkmama Ilan-
na Anexcandpuiickozo) Ha omgHOIl mpsMOIl IIOCIEL0BATENbHO
oryosKeHbl orpe3ku AD u DB ¢ gauHaMu @ ¥ b COOTBETCTBEH-
HO M IIOCTPOeHAa MOJAYOKPYMKHOCTL ¢ guamerpom AB = a + b.
W3 Touku D BoccraBieHd meprneHAMKYaAAp K AB 1o nepeceue-
HUSA ¢ TMOJIYOKPYsKHOCTBLIO B Touke C. 3aTeM IIPOBEJEHBLI pa-
auyc OC TONyOKPYKHOCTH W TepHeHAuKyaAp DM K sromy
paguycy.

a) BolmosinuB uepTEk, HaAUAUTE HA HEM OTPE3KM, JIMHBI
KOTOPBIX PABHBI CpPeJJHEMY apUMOMETHUYECKOMY, CPeAHEMY reo-
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METPUYECKOMY M CPeqHEeMY TapMOHMYECKOMY uuceJ a u b co-
OTBETCTBEHHO;

0) MCHOJIb3yA HalJeHHbIe OTPE3KU, JOKAKUTe HepPaBeHCT-
BO JJIfl 9TUX TPEX CPEIHUX;

B) IpoOBeJAs AOIOJHUTEJIbHOE TOCTpOeHMe, HaWIUTE OTpe-
30K, PaBHBIHA cpelHeMY KBaApaTudHOMY Uuces a u b, u 3aBep-
HINTe AOKA3aTeJIbCTBO HEPABEHCTBA O CPEIHUX;

r) obocHyliTe, B KAKOM CJIyuae BO BCE€X PACCMOTPEHHBIX
HepaBeHCTBaX JOCTUIAETCs PABEHCTBO.

N

A B
Puc. 5.1
Pemenne. a) Cm. puc. 5.1. OC = %AB = aT+b; CD =
2
= vDA-DB = vab; CM = %%— = azibb (0sa nocanednux pa-

eencmea mozym Ovbtmb NOAYUEHbL U3 U3BECMHbLX COOMHOULe-
HUll 0 cpeOHUX NPONOPUUOHALLHBIX 8 NPAMOYZOJLbHbLLX Mpe-
yeoavrukrax ABC u COD coomeemcmeaerHo aubo u3 nodobus
mpeyzoivbHUKO08);

0) UCIONB3YSd TO, UTO B JIIOOOM IPAMOYIOJILHOM TPEYTOJh-

HUKe KaTeT MeHbIIle TUIIOTeHyabl, moaydum: CM < CD < CO,

2ab a+b
TO €CThb BBIIIOJIHACTCA HEPaABEHCTBO ~—+ b S vV ab < ; 5
a

B) JOCTATOUHO, HAIIPUMeED, 1IpoBecTH paguyc ON, mnepmeH-
OURYyIApHBIA AB, Torga

DN — \JON? 3 0D — (“+b)2+<“—b)2:

2 2




I') 3HAK PABEHCTBA BO BCEX CJIYYasiX BOBHUKAET, eClIU Tpe-
yroasauk ABC paBuHOGepEeHHEBIH, TO eCTh ecan a = b.

3amaua 5.2. PaccMOoTpuM Tpanelnuio, OCHOBAHUA KOTOPOU
HUMeIOT AJIUHBI a 1 b.

a) Hafizure orpe3ru, napajieilbHble OCHOBAHUAM Tpale-
OUM ¥ PABHBIE YeTEIPEM KJIACCHMUYECKHMM CPEJHUM uuces a u b;

6) MCIOMBL3YS PACIOJIOXKeHNe HallJeHHBIX OTPe3KOB, JOKa-
JKMTe HEPAaBEHCTBA O CPeAHUX W OIpejesJuTe, KOrja AOCTUra-
IOTCSA PaBeHCTBA.

Pemenue. a) Ilycre sagana tpameruss ABCD, ocHOBaHHA
koropoit BC u AD wmeoT JAuHBI @ B b COOTBETCTBEHHO (CM.
puc. 5.2a—nm, a < b).

1) TIpoeeaém B Tpanmenuu cpenHioio juauio MK (cMm. puc.

a+b .
5.2a), torna MK = — Heticmeumeavro, nycmv G — mou-

rwa nepecevenus ayia BK c¢ npamoii AD, moeda ABCK =
= AGDK (no cmoporne u 08ym npunexcaujum yz2aam), nodmo-
my BC = GD u BK = KG. Caedosamenvrno, MK — cpednasn
Aunus mpeyzoavhuka ABG, snawum, MK || AD u MK =

- %AG: % (AD + DG) :é(AD+BC).

Puc. 5.2a Puc. 5.20

2) Ilposeaém uepesd ToUKy O nepecedeHus JUaroHajJeil Tpa-
nmenun oTpesok PQ, mapajjenbHBI OCHOBAHUAM, TAKOW, 4TO

ero KOHIILI JeXXaT Ha 60I€OBI>IX CTOPOHAaX Tpanenumun (CM. pucC.
5.26).

ITockoanky Tpeyroapuusu AOD u COB nono6HEI, TO % =

DO AD b
=20 " BC "2 M3 nonobus Tpeyroapuukos APO u ABC no-
AYIUM IITO&‘—-A—O— b AH&JIOI‘I/I‘IHOQQ“—%‘—I)—
Y, BC  AC  a+b’ BC DB a+b’
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b 2ab
Takum oOpasom, PO = = % 10 ects PQ =
M obpasom, PO oQ po 0 Q P

cpeduee 2apMOHUYecKoe OJUH OCHOBAHUIL.
3) Ilpoeeaém orpe3ox LN, mapajienbHBI OCHOBAHUAM,
KOHIILI KOTOPOTO JIeXKAT HA DOKOBBIX CTOPOHAX TpallellyH, Ta-
BL _CN _ Va
KOH, YTO — cM. puc. 5.2B). JokaskeMm, 4TO AJIH-
PR N CU ). I , wro 1
Ha oTpeska LN ABIfeTCA CPeIHMM TreOMETPHUUYEeCKUM JIJIUH OC-

HoBauwuii. [{1a aToro mpoeeaém aayud BN 1o mepecedueHns ¢ Ips-

BC BN
Mot AD B rouke T. Tax rax ABNC ~ ATND, T TD ™ =

_ _ Va avb N
= DN = 7% Torma TD = N3 = +/ab. Tak xax ALBN
LN _ BN _ Va
~ AABT, to 5T = BT CunenmoBareanuo, LN = ——~\/E+ \/E(b +
+ Vab) = Vab.
B a C
E G d F
i A H b D
Puc. 5.28 Punec. 5.2r

IlomyTHO MBI HOJyYMAM ABa JIOGONMBITHHIX (hakTta: 1) ueTHIPEXYyrosib-
HUK DLNT — napaanenorpamMm (cTopoHbl LN u DT paBHB u mapaJjenb-
Hb1); 2) Tpanenuu LBCN u ALND nono6HE! (paBHBI COOTBETCTBYOIIHE YIJIBL
¥ OPONOPIMOHAJNBHEL COOTBETCTBYIOIINE CTOPOHEI). TakuM ofpasoM, oTpe-
30K, HapaJuie]bHbIM OCHOBAHMAM TpAleNMH U Aeadlnuii eé Ha JBe II0J00-
HBIE Tpallelluy, ABIAETCA CPESHUM reOMeTPUYECKUM AJIUH €6 OCHOBaHHM.

4) IlpoBeaém orpesok EF, mapajjeJbHBLIH OCHOBAHUSAM
Tpamenu, KOHI[bI KOTOPOTO Jie;KaT Ha e€ OOKOBEIX CTOPOHAaX,
u Takoi, uro Tpanenuu EBCF u AEFD paBHOBenuKmn (CM.
puc. 5.2r). JJokaxeM, uTo AJuHa oTpe3ka EF saBasieTcs cpef-
HUM KBaJApaTUUYHBLIM JIMH OCHOBaHuii. IlJ1a sTOro mpoBeném
BeIcOTY Tpaneuyuu BH, kotopad mepeceuer oTpe3ok EF B ToU-
Ke G. Ilyers EF = d; BH = h; BG = hy; GH = hy. Toraa

0,5S sBcp (a+b)h _ 0,58 4Bcp _ {a+b)h

= = s hg = = .
h 0,5(@+d) 2(atd 2705(0+d) 20B+d)
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(a+bh  (a+bh
2(a+4d) 20b+4d)

2 2
4b+2d) =20@+d)(b+d) od= 1Y,

Taxk kak h1+hy = h, TO =h< (a+b)(a+

2

Puc. 5.2x
6) W3 nmoxazaHHOro B II. a) cJeayer, 4TO BP _ CO _ a.
) ’ AP OA b’

BL _ya BM _ 4 BE I _b+d Tenepr AOCTAaTOUYHO 3a-

LA Vb  MA T EA  hy a+d’ pE A

METHTh, UTO NPHU d < b BBINOJHAIOTCA HePaBEHCTBA % < 3—/\/—% <
b+d

<1« et d’ rmosrtomy orpesxku PQ, LN, MK u EF pacnosnoxe-

HBI TaK, KaKk mMoKa3aHo Ha puc. 5.21. CiegoareabHo, 0603HA-
vyasg UX JJIUHEB uepes h, g, m 1 d COOTBETCTBEHHO, HMOJYYHM
h < g < m< d, mpuuéM paBeHCTBO JOCTUTAETCA TOTZA U TOJb-
KO Torza, Korzga a = b (TO ecTb KOTja TDAIeNUA SABJISIETCH
napaJiieJorpaMMom).

3agaum NJIA CAMOCTOATEIbHOTO PelleHus

3anaua 5.3. B paBHoGokyio Tpamenuio ABCD, ocHOBaHUA
kortopoit BC u AD uMeroT AJIUHLI @ U b COOTBETCTREHHO, BIIU-
cama OKpy»HOCcTh. BH — BBICOTA Tpamenuu, G — OcHOBaHHUE
TMepIeHIUKYIApa, OHyIleHHOro n3 Touku H Ha cTopony AB.

a) Hoxaxure, 4TO AJAUHBI OTpe3KoB AB, BH n BG aBui-
I0TCA CpeIHUM apudMeTUIeCKUM, CPEJHUM IeOMETPHUYECKUM
¥ CPEIHMM rapMOHHUYECKUM YHceJ d U b COOTBETCTBEHHO;

0) HCIIOJIB3YA STHU OTPE3KU, MOKAIKUTE HEPABEHCTBO AJA
YKAa3aHHBIX CPEeIHMUX BEJUYMH M YKa)KHUTE, B KAKOM cJjydae
LOCTUTAETCA PABEHCTRBO. ’

46



3amaua 5.4. Ha ayde ¢ HavamoMm D OTJIOXKEHEI OTPE3KU
DA =au DB = b, roe a < b. 3aTeM IpOBEEHLI OKDYKHOCTD
¢ puamerpom AB u KacareabHas DP K 9TOH ORPY>XHOCTH.

a) BeITTOJIHMB YepTEK U ITPOBEA AOIOJHUATENbHbBIE IIOCTPO-
eHHUs, HaluTe OTPe3KH, MJIUHLI KOTOPBLIX PaBHBI YeTHIPEM
KJIACCHYECKUM CPEeJHUM YUCes a U b;

0) uCImoNL3ysA HaleHHBIE OTPE3KH, JOKAKNTE HePaBEHCT-
BO JJIA CPEeJHUX.

3agaua 5.5. JIBe oXpysKHOCTH C JuamMeTpaMu a u b Kaca-
IOTCs BHEITHUM 00pasoM.

a) Joxaxkure, 4TO OTPE3OK MX OOIeil KacaTelbHOU, KOH-
AMM KOTOPOIro SIBJAIOTCA TOUKHM KacaHWfd, PaBeH cpelHeMy
reoMeTpUYEeCKOMY UYKCeJ d U b;

6) JOKaXKuTe, YTO PACCTOSHUE OT TOUKH KacaHMsS OKPYIK-
HOCTeH 710 001Ied KacaTeJbHOH PaBHO IIOJIOBUHE CPEIHEr0 rap-
MOHMYECKOTO Yucey a u b.

3amaua 5.6. OxpysxHOCTH € AMaMeTpaM¥u a U b He UMeIOT
0BIMUX TOYEK, a OTPe3oK ux oO6Inell BHEIMHEH KacaTelbHOH,
KOHIIJAMHM KOTOPOI'O ABJIAIOTCA TOUKW KACaHWU#A, paBeH CpenHe-
My apudpMeTHUeCcKOMYy ZuaMeTpoB. JloKasKHTe, YTO pacCrod-
HUe MeyKJy IIeHTPaMH OKPYKHOCTEN PaBHO CpeflHEMY KBaapa-
THYHOMY AUAMETDPOB.

3anaua 5.7. Hcuoab3ys pes3yabTaThl, IOJyUeHHEIE B 3a4a-
yax 5.5 1 5.6, JoKaKNTe HepaBeHCTBa O CPeAHUX.

OTBeTHI M pelIeHNs

3axaua 5.3. Ilycts a < b (cm. puc. 5.3).

a) 1) Tak Kak Tpamenus — onucasuas, To AB+CD = BC+

+ AD. Kpome Toro, AB = CD, nostomy, AB = a;b.

b—
2) Taxk kax AH = Ta, U3 IPAMOYTOJbHOI'0 TPEeYroJbHU-

Ka ABH no teopeme IIudaropa mosyanm

a+b 2 b—a\?
BH? = - = ab.

Caenosarensuo, BH = v/ab.
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3) lia npsaMoOyTroJbHOTO TpeyrojdbHuka ABH ¢ BbICOTON

HG ucnonb3yeM OAHO U3 COOTHOIIIEHHUH O CpegHEM IIPOIIOPIIN-
BH?  2ab

OHAJIBHOM, YVsKe pPacCMOTPeHHoe paHee: BG = — = s
AB a

6) HepaBenctBo BG < BH < AB BuIDOJNHAETCHA, TaK KaK
B JI000M MPAMOYTOJLHOM TPEYIroJbHUKE KaTeT MEHBbIIE THII0-
TeHy3bl. PaBeHCTBO JOCTHUTaETCsd, €cau a = b, TO ecTh Tpane-
U CTAHOBUTCHA KBAAPaTOM.

B a\C

Puc. 5.3 Puc. 5.4

3amaua 5.4. a) IIycts O — cepenuna otpeska AB, OM —
pazuyc OKpPYKHOCTH, IepneHauKynapHbii AB, C — ocHOBa-
HUe NEePIeHAUKYIIADPa, ONYIIeHHOTO M3 TOUKM P Ha nmpamyro
AB (cm. puc. 5.4).

1) DO=DA+A40=a+22% =222,

2) Ilo TeopemMe 0 KacaTeJbHON UM CEKyIIei: DP? = DB x
x DA = ab, To ectb DP = Vab.

DP?

3) Us upamoyroabHoro Tpeyroabauka DPO: DC = 0 =
2ab

a+b’
4) 3 mpsIMOYTOJILHOIO TpeyroabHuKa DOM mosyuum, 4To

2 N 2, .2
DM2:D02+OM2———<0—72L—b> +<b2a) -2 ;b,ToeCTB

a® + b2
2
6) Tax xak DC < DP < DO < DM, to az;f’b < Vab <

DM =

a+b a? + b?
< ;r < J2r (B JamHOM cayuae a # b 0 yCJIOBHIO).




3anaua 5.5. [Iyctb AB — o0miad KacaTteabHad K OKPYIK-
HOCTAM ¢ meHTpamMu O; u Oy, KOTOPHIE KacaloTCa B ToOuKe K
(cM. puc. 5.5). Torga O1ABOy — npAMoOyroJibHad TPameius,

_a _B _a+b
OlA—z,OgB~2,0102_ PR

a) IIposeném O1M L O9B, Torga, yUHUTBIBAsA TO, UTO
0O1ABM — mnpaMoOyroibHukK, a 0109M — npaMoOyroJabHBIH
b—a

2 b

TPEeyroabHuEK, moayuuM OsM =

AB =O0M = /0,0% — O M2 =
b+a\? b—a\? —

AN 01K a

6) Ilycts KN 1. AB, Torga — = —— = —, 3HAUUT, KaK-
) Iy ’ M NB 02K b’ ’
Iasg DUATOHAJNDL TPameIMU HeJUTCSI TOUKOMNH mepeceueHus ¢ OT-
pe3koM KN B Takom ke orTHouieHuH. [losromy KN mpoxo-

OUT 4Yepe3 TOUKY IlepeceveHusa guarosHasieii, sgauut, KN =
_ 201A-03B _ ab

T 0,A+0sB  a+b’

Puc. 5.5 Puc. 5.6

3amaua 5.6. AHamoruuHo OpeALIAVINEH 3ajade, paccMar-
puBas IpAMOyroJbHYyI0 Tpanenuio 01 ABO; (cm. puc. 5.6), mo-

ayuum 010y = /O1M2 + 0;M2 = \/<b+a>2+(b_a)2 =

2 2

a?+ 2
PR
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2 2
3agaua 5.7. 1) a ;b = 0102 > AB = s+b (cMm. 3ama-
uy 5.6).
2) “‘2”’ — 0,05 > AB = \/ab (cv. sazauy 5.5).

3) PacemoTpuM NpPAMOYroabHYIO Tpamenuio 01 ABOy 3 3a-
nadu 5.5 1 CMMMeETPUYHYIO eli OTHOCUTENILHO npsamoit AB Tpa-
nemuio 0; ABO;, (cm. puc. 5.7). Torna 0102,0,07 — paBHOGO-
Kad Tpanenusa. B oTy Tpameriio MO¥HO BOINCATH OKPYXHOCTS,
Tak Kak 010] + 0205 = a + b = 0103 + 0, 0;. Lenrp O aroii
OKPY/KHOCTH —— cepefuHa orpeska AB, sgauut, 020 — Ouc-
CeKTpHCa OCTPOro yrJa aToil Tpaneuuu. Torjga m3 paBeHCTBA
TpeyroisHuKoB 003B u 003K nonyuum, uro OK | 0104, 10
ecTh K — TOuKa KacaHWs BIMCAHHOM OKPYKHOCTH ¢ GOKOBOIA
cropoHoi. HnuHa 11000 XOpAbl OKPYHKHOCTH He GOJIbIIle Tua-

o 2ab
MeTpa 3TOH OKPYXHOCTH, [I09TOMY a—i——b = 2KN < AB = Vab.

O, 4 O

Puc. 5.7
MoskHO TakKe ucmoab3oBaTh 3agauu 1134, 140, 057, 082, 185, /186.
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3ausatue 6

Cpennee apudmernueckoe. Pa3HOCTHBIE TPEYrOJbHHKH

Ha srom sanaTum GyxyT paccCMOTpEHBI reoMeTpHYECKHe 38Ja4t, B YCJIO-
BIU WJIN B OTBETE KOTOPHIX COAEPIKUTCS cpegHee apudMeTHUECKOe ABYX Be-
auuynH. HekoTopble U3 HUX yiKe OBLIM DAaCCMOTPEHBI B 3aHATHH 5. MHOro
TaKUX 3aJa4 BO3HUKAET TaKKe IIPH PACCMOTPEHUM 0CO00ro BUAA TPeyrojb-
HHUKA, KOTOPHIM IPUHATO HA3KIBATEL pa3Hocmubim (TepmuH Beea U. A, Kym-
HUP).

Onpenenenune. TpeyroJbHHK, OJJHA U3 CTOPOH KOTOPOTO AB-
JIIeTCH cpedHuM apudmemudeckum IBYX APYTruX, HABBI-
BaeTCs pPaA3HOoCMHbim (MHAUE TOBODPHA, PA3HOCMHbBLM Tpe-
YTOJBHUKOM HA3bIBAETCHA TPEYTOJbHUK, CTOPOHEI KOTOPOI'O
COCTABJIAIOT apU(PMETHIESCKYIO IPOTrPECCHIO).

OueBUIHO, UYTO PABHOCTHBHIM ABJACTCH, HAIPHMED, PABHO-
CTOPOHHUU TPEYroNbHUK.

Pasnocmuvie TPeyroJbHUKH 00JaJAI0OT PAIOM HHTepec-
HBIX CBOMCTB, 4aCTh KOTOPHIX MBI paccMoTpuM. Iljia Bcex 3a-
Jad 3TOTr0 3aHATUA YCJAOBHMCA CTAaHAAPTHO 0003HAYATHL AJIN-
HBI cTOpOH TpeyroabHuka ABC (BC = a, AC = b, AB = C);
IIycTs I u r — WEHTP U PAAUYC BIUCAHHON OKPYMKHOCTH 3TOr0
TPeYTOJbHUKA, Ay — BLICOTA TPEYrOJLHHMKA, MPOBEIEHHAA U3
BepmiuHbL B; W — Touka 1epecedenua jgyda Bl u onucamHoM
okpy:xkHOCTH Tpeyroabuuxa ABC. Ecniu ABC — pasnocmubtil
ate (a<b<geo).

IlpexBapuTenbHO PACCMOTPUM 3aJa4dy, KOTOPad OTPAMKAET
OIUH M3 BajKHBIX (PAKTOB reoMeTpum TpeyroanuHuka. Ilomy-
YeHHBIA pe3yabTar OyeT HCIONB30BAThCA KAK IPH PElIeHnuU
HEKOTODBIX 337184 9TOr0 3aHATUA, TAK U IPH PEIIeHUN IPYTHX
3a7ad4.

TPEYTOJbHUK, TO b =
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3agaua 6.1. [Tokaxxure, 4yTo B Ja060M Tpeyroirbauke ABC
BEIIIOJIHAETCA paBedcTBo WI = WA = WC.

JTorasateanserso. Tak kak BW — 6Guccexkrpuca yria ABC,
paBubl gyru WA u WC, a 3aauuT, paBHB U CTATUBAIOINE UX
xopasl, To ectb WA = WC (cm. puc. 6.1). [lokaxeM Teleps,
yro WI = WA.

Ilyers /BAC = a; LABC = 3,
torga ZIAB = % Z/IBA = 'g Yrox
AIW — BHeUIHUH AJIA TPEYyTrOJIbHU-

Ka AIB, snauur, LAIW = % + ’g
Kpowme Toro, /WAC = /WBC = %
(c8oiicmao 8nuUCaAHHbBLX Y2]08), IO~
aromy LIAW = LIAC + LWAC =

= % + ’g CnemoBarensno, LZAIW =

= LIAW, to ectpb WI = WA.

IMokasaHHOEe yTBep)KAeHWE [UACTO HA3LIBAIOT TeopeMoil
0 «TpuaucTHUKe». OTMEeTHM, UTO M3 9TOHM TEeOPEMEI CJedy-
eT, uTo Touka W #BJseTcs eHTPOM OKPY KHOCTH, OIIMCAHHOHU
oxoJso Tpeyroananka AIC. Kpome Toro, Ha 3TOM Ke OKPYX-
HOCTH JICXKUT LEHTP ¢ BHEBINCAHHON OKPYKHOCTH TPEYTOJb-
muka ABC, kacawomeiicsa cropoabl AC (max kax @ — mouka
nepecevenus aywa Bl u 6uccexmpucot 8HeuwtHezo yeaa A mpe-
yeonvHura ABC, xomopas nepnenduryaspra Al).

Puc. 6.1

PaCCMOTpI/IM OCHOBHELIE CBOIICTBa PA3HOCMHO20 TPEYT'OJIb-
HHUKAa.

3amaua 6.2. lokakuTe, YTO B PA3HOCTHOM TDPEYIOJbLHUKE
ABC: a) BI = IW; 6) r — %hb.

HoxazateascTro. a) OnycTum 3 Touku I MepneHANKYIAD
IN ma cropomy BC, a u3 Toukn W — mepunenauryasap WK
Ha cropouny AC (cm. puc. 6.2). Tak kak N — TouKa KacaHuUA
CTOPOHEI TPEYIrOJbHUKA 1 BIMCAHHON OKPYsKHOCTH, BN =p —

b= %b — AK. Kpome toro, /CBW — /CAW. Toraa ABIN =
= ANAWK (110 KaTeTy U OCTPOMY YIJIy), CJIeIoBaTeNbHO, Bl =
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= AW. Ilo Teopeme «TpuaucTHuka» WA = WI, to ects Bl =

= IW, uro u TpeboBAJIOCH;
S bh bh 1
6)r:—:—-—"—=—”:—hb.
p a+b+c 36 3

Puc. 6.2

HokaxeM, 4TO 3TH YTBEPXKACHUA ABIAIOTCA TAKIKE U NPU-
3Haxamu PA3HOCMHOZO TPEYIOJbHUKA, TO €CThb eCJH B Tpe-
YrOJbHHMKE BBIIIOJHEHO Jii000e M3 3TUX COOTHOINEeHUH, TO OH
ABJIAETCA PA3HOCMHBLM.

HeticTBUTEIBHO, YTBEPIKAEHUE, 00paTHOE a), JOKA3bIBaeT-
CA PacCyKICHUAMHM, aHAJOIMUYHBLIMHU [OKA3aTEJILCTBY YTBED-
JKACHNUA a), IPU 9TOM PaBeHCTBO IIPAMOYTIOJILHBIX TPEYTOJb-
HUKOB BIN u AWK 6yner obecriedueHO paBeHCTBOM UX I'HIIOTE-
HY3 M TeX K€ COOTBETCTBYIOIIMX OCTPBIX YIVIOB, a OKa3aTelb-

CTBO YTBEpKIeHHUsA, 06paTHOTO §), MOKHO, HAIPHUMED, IIPOBE-
28 (a+b+o)r a+b+ec a+c

cTH Tak: b= — = = & b= .

hy hy 3 2

3aJIa‘{M OJad CaMOCTOATEJBHOTO DECINICHUA

3agaua 6.3. Jokaxkure, 4To TpeyronbHuK ABC saBaseTcA
Pa3sHOCTHBEIM TOTJa U TOJLKO TOTAA, KOrZa:

a) nmpavasa IM, rge M — 1eHTP TAMKECTH TPEYTrOJIbLHUKA,
napaJuiejabHa cropoue AC;

0) cropoua AC mepecekaeT oTpe3oKk IW B ero cepenuue;

B) cepeArHAa CTOPOHBI M OCHOBAHME BBICOTHI, IIPOBEAEHHOMN
K 3TOH CTOpOHE, CHMMETPUYHLI OTHOCUTEJIBHO TOUKH KaCaHUSI
STOH sKe CTOPOHBI M BIIMCAHHON OKPYYKHOCTH;
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T) BBICOTA TPEYTrOJLHMKA PaBHA Pajnuycy BHEBIIMCAHHOI
OKPYJKHOCTH, Kacalwlllelics TOH CTOPOHBI, K KOTOPOil IIpOBe-
JeHa BBLICOTA;

J) TOYKA KacaHWsA BHEBNMCAHHON OKPYXXHOCTH CO CTOPO-
HOM TPEYroJbHUKAa U OCHOBAaHME BBICOTHI, IIPOBEJEHHON K 9TOH
CTOpPOHE, CHMMETPHUYHEI OTHOCUTEIbHO OCHOBAHUA OHUCCEKTPU-
ChI, IPOBEEHHON K 3TOH Ke CTOPOHE.

3amaua 6.4. Cpenu IpAMOYTOJBHEIX TPEYTOJLHUKOB YKa-
SKHTE BCE, ABJISIONINECHA Pa3HOCTHBIMHU, 1 JOKAKUTE, YTO pas-
HOCTBbIO apudMeTHUYecKoit mporpeccuu (a; b; ¢) ABasercs pa-
JUYyC BIIMCAHHOM B 3TOT TPEYrOJbHUK OKPYYKHOCTH.

3amaua 6.5. [JokakuTte, YTO B PA3HOCTHOM TPEyTOJbHUKE
ABC:

a) BepmuHa B, mentpsl O u I onucanHOM ¥ BHMCAHHOMN
OKpPYKHOCTEH M cepeanHbl cTOpoH AB u BC nexaT Ha OTHOM
OKPYKHOCTH;

6) nmpamas IM, rae M — IEeHTp TSAXKeCTH TPeyroJbHHKA,
SABJISETCS KacaTeJbHOH K 3TOH OKPYXHOCTH.

3amaua 6.6. [lokakuTe, YTO B Pa3sHOCTHOM TPEYTrOJbHU-
Ke ABC nenTp I BuuMcaHHON OKPYKHOCTH ABJISAETCHA LEHTPOM
OKPYKHOCTH, OIIMCAHHOH OKOJIO TpeyroiabHuka A’LC’, rame
L — ocHoBamme OHCCEKTPUCHI, IPOBeAEHHOM U3 BEPIIUHEI B,
A’ u C' — cepenuns! cropod BC u AB cOOTBETCTBEHHO.

3amaga 6.7. B pasHocTHOM Tpeyroabpauke ABC npomoJ-
’xeHne GuccekTpuckl BL mepeceKaeT OMUCAHHYIO OKPYXKHOCTD
B Touke W, T — ocHOBaHue IePIEHIUKYJIAPA, ONYILEHHOrO
na3 Toukn W Ha cTropory AB. Ilokaxkure, uto: a) BT = AC;
6) AL = éAB.

OTBeThI M penIeHUd

3apaua 6.3. Ilycts npamasa IM nepecekaer Boicotry BE
TpeyroabHuKka ABC B Touke P; L — ocHOBaHIE GHCCEKTPHUCH,
OpOBeAEHHOH M3 BepIIUHL B, D — ocHOBaHUE NMEpPHeHIAHKY-
nsapa, onyileHHoro us Touxku I Ha cropony AC (cm. puc. 6.3).
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Puc. 6.3

a) Ecan B TpeyrossauKe b = E%E, T0lID=r= %hb = %BE
(cM. 3amauy 6.26), Torga us mofoOus TPeyronbHUKOB LID u
LBE noayuum, uto IL = éBL. VunreiBas, uro MK = %BK ,
mosyuum, uro IM || AC. O6patso, ecau IM | AC, ror =1D =
= PE = %BE = %hb, Tak Kak MK = %BK. Taxkum o6pasom,
Tpeyroabauk ABC — pa3sHOCTHBIN.

6) Eciu b = a+c, 70 KW = IN = r = ID (cm. 3axa-
gy 6.2a), moaromy AWLK = AILD (1o KaTeTy U OCTPOMY yT-
any), cnegosarenbHo, IL = LW. O6paTHO, U3 PaBEHCTBA 9THUX
JKe TPEeyroJIbHUKOB MO I'HIOTEHY3€ W OCTPOMY YIVIy CIEAYeT,
yro KW = ID = r = IN. Torga ABIN = AAWK (110 xarery

¥ OCTPOMY yIJy), ciemoBaTeabHo, Bl = AW = IW, To ecTp
TpeyroabHuK ABC — pa3HOCTHBIH.

a+c, To IL = LW = %BI. CiregoBaTteiib-

B) Ecu b =
HOo, KL = DL (13 paBeHCTBa IPAMOYTOJbHLIX TPEYTOJbHUKOB
WKL u IDL) u —g% = % = % (110 TeopeMe O IIPONOPIINOHATE-
HbIX oTpeskax). Takmum ob6pasom, DK = DE, uro u TpeboBa-
nock. O6parso, nycers D — cepenuna orpeska KE, Torga op-
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TOTOHAJBHO cnpoeKTupyeMm Touku K, D u E Ha KacaTeJIbHYIO
K ONUCAHHOM! OKPY’KHOCTH B Touke W (cMm. puc. 6.3). Tak kak
ID' | BE', nnsa mx npoexuuit — touek W, D' u E’ coorser-
CTBEHHO BRINOJIHAeTCsa paBeHcTBO D'W = D'E’. CregoBaTenn-
HO, Touka I — cepeauHa orpesra BW, To ecTh TPeyroJabHUK
ABC — pa3sHOCTHBIH.

T) Berumeaum miaomansk JAHHOrO TPeyroJbHUKA JBYMA CIIO-
cobamu: S = ébhb u S = (p — b)r,. CaegosatensHo, bh, =

=(a+c¢—b)r,. Torna ecnu hy =1y, T0 b = aTJrc, TO ecTh Tpe-

Cc

YTOJBbHUK — Pa3HOCTHBII; 06paTHO, ecau b = at , TO hpy = 1.

) IloCcKONIBKY IIEeHTP BHEBIIMCAHHON OKPYXHOCTH, KaCAal0-
meiica ctopoHbl AC, JeXUT Ha ayde BL, cuMMeTpUsaA TOYKH
KacaHusd U OCHOBAHHUSA BLICOTHI OTHOCHUTEILHO TOYKH L paBHO-
CHUJABbHA CHMMETPHUM IeHTpa M Bepimmubl B oTHOCcHTEnbHO L,
a 3HAUYUT, PABHOCUJIbHA YTBEP)KIACHUIO 3a4a4H II. T').

3agaua 6.4. IIycts

a2+b2:cz,
a—+c¢

b= :
2

a? + 2ac + 2
4
— 2ac — 5a2 = 0. Pemas MOJIYYeHHOEe KBaJpaTHOE ypaBHEHUe

TOTZa BHIIIOJHAETCA PABEHCTBO a2 + =c2 & 3¢% —

5
OTHOCUTEJNIbHO C, IIOJYYHM C = ga um ¢ = —a < 0. 3ua-

4 "
yurt, b = ga, TO €CTh TPEYyroJbHUK — ezunemckuii. Torza ero

4 5
. at+b-c 213434
paguyc BIIUCAHHON OKDPYIKHOCTH I = 5 = 5
a
=3= b — a, uTo u TPe6OBaASIOCH.
3agaua 6.5. a) Ilycts Trouku A’ u C' — cepeauHBI CTO-

poa BC u AB cooTeetrcTrBerHo (cMm. puc. 6.5). IIposeaém gua-
meTp BF omucaHHON OKPYKHOCTH U PACCMOTPHM IOMOTETHIO

¢ neETpoM B u xKosbdummenTom 3 Torma o6pasoM omucas-
HOM OKPY KHOCTH, ABJIAETCHA OKPYIKHOCTD (W, IIPOXOAAIIAA de-
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pes Bepminuy B, a obpasamu Touek A, F u C, jJexxamux Ha
ONUCaHHOH OKpy»XHOCTH, spjiaioTca Touku A’, O u C' coot-
BeTcTBeHHO. IlyecTs W — Touka mepeceuenus ayua BI u onu-
caHHOM OoKpyxHocTH. Tak Kax ABC — pasHOCTHBIN TPEYTOJIb-
HUK, BI = IW, gpauur, npu Toi Ke roMoreTun o6pasoM TOU-
Ku W aBisderca Touka I, jeKalias Ha OKPYIKHOCTU ;

144

Puc. 6.5
0) xacaTeJbHad K OIMCAHHOHN OKPYsKHOCTH, IIpOXOojAdNias
uepes Touky W, mapannenbHa AC, eé 06pa3oM mpu romore-
THH C LEeHTPOM U KodhhUINeHTOM % SIBJSIETCS KacaTeJlbHasd
K OKDPY2KHOCTH (& B TouKe I, KOTopas TaKske napajieabua AC,
3HAUUT, 9TO IIpamasa IM.

3anaua 6.6. [Iycts mpsamasa BL mepecekaeT OIKMCAHHYIO OK-
pyskHOCTE Tpeyrojpanka ABC B Touke W (cm. puc. 6.6). Tax
kak I — cepemuna BW, IC' — cpeiHsas NMHUA TPEYrOJIbHU-

xa BWA, smauur, IC' = %WA. Amnanornuso IA' — cpepuas
JuHUA Tpeyroasauka BWC, smauur, IA' = %WC. Kpowme To-

ro, IL = %WI (cM. sagauay 6.36). Ilo Teopeme «TpUIUCTHUKA»
WA = WI = WC, nosromy IC' = IA’ = IL, uto u Tpe6OBAIOCSH.
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Puc. 6.6 Puc. 6.7

3amaua 6.7. a) Ilycte K — cepenununa AC (cMm. puc. 6.7),
Torzxa, Tak xaKk LABW = /CBW = ZCAW, npaMoyroabHbIe

BT
TpeyroabHuku BTW u AKW nono06ubl. CiefoBaTeIbHO, — =

AK
L B passocrHoM Tpeyroabuuke BW = 2WI = 2AW,

AW
sHauutr, BT = 2AK = AC, uro u Tpe6OBAJIOCH;
__BA
0) IO CBOMCTBY OHMCCEKTDPHCH TPDEYTOJIbHUKA — L = BC (cMm.

puc. 6.7). Ilycts AL = x, Torga CL = b — x. Takum ob6pasowm,
X

4 C
= - Sax =bc—cx & x = . Tax Kax TPeyroJb-
b—x a at+c

a+c¢

. 1
HUK ABC — pasHOCTHBIH, b = , BHAUUT, X = Ec, yTo HU
TpeboBaJIOCE.

MoxxHO TakyKe UCmoyib3osaTh 3afaun [38-150a, 182, [83.
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3auarue 7

Cpe,zmee reoMeTpuuecroe

Ha srom sanaruu 6yayT pacCMOTPEHBI TeOMETPHUYECKHUE 3aJa4i, B YCJIO-
BUM UJIK B OTBETE KOTOPHLIX COAEPIKUTCH CPeAHee reoMeTpHUYecKoe ABYX Be-
nauanH. Kordurypanumii, B KOTODEIX BOBHHUKAET CpejiHee reoMEeTPHUYECKOe,
OYeHb MHOT'0, HEKOTOPbIE U3 HUX ObLIM PAcCMOTPEHH! B 3aHATHH 5. B mpex-
JIaraeMoM 3aHSTHY BBIJEJCHO eIé HEeCKOJbKO THUIINYHBIX KoHbUIypauuii,
CBA3AHHBIX CO CPDEAHMM reOMeTPHUYECKUM.

HanmomuuMm, uTo B j1f000# IIKOJIBHBIN KypC IIAHHMETDPHU
BXOJUT HECKOJBKO TEOPEM, B YCJOBUK KOTODBIX COAEDIKHUT-
cA cpednee zeomempuieckoe (IPOIOPIIUOHATIBHOE) IBYX BEJIU-
YuH.

IIpemxge Bcero, 3TO COOTHOIINEHUSA MEXKIY OTPE3KaMM
B IPAMOYTOJBHOM TPEYTOJbHUKE, KOTOPhIE YiKe HMCIIOJL30Ba-
JINCBH B 3aHATUH H (cM. puc. Ta):

Puc. 7a

1) KaxcOuvili kamem sgasemcs cpedHum NPOnOPUUOHALL-
HblM Mmexncly zunomeny3ol u ceoell npoexKyueli HA 2unomeHy-
sy:a?=c-a. ub’=c-b,.

2) Bvicoma, npogédennas K zunomenyse A6asemcs cpeod-
HUM NPONOPYUOHALLHBLM NPOCKUUL Kamemos HA ZUNOMmeHy-
3y: h® = a. - b,.
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Kpome Toro, HalloMHMM TeopeMy O KacaTeJbHOU U CEKY-
mieit (cMm. puc. 70): ecau u3 mouku, Jaexcaulell 6He OKPYICHO-
cmu, npogedenbl K 3MOL OKPYICHOCTMU KACAMEAbHAA U CeKY-
was, mo 0AuUHA OMpe3Ka KAcamerbHol ecmb cpedHee zeomem-
puxeckoe memly Oaunamu cexkyuwiell u eé gHeuwlHell uacmu:
AK? = AB- AC.

K

Puc. 76

HokasaTennCcTBa 3THX YTBEPKACHUH MOXKHO HAaNWTH B JI000M HIKOJIb-
HOM yueOHWKe reOMeTpUH, HOITOMY 3[eCh OHM He NpuBoAATcsa. OTMerHM,
YTO UpPH JOKAa3aTeIbCTBE 3THX (PAKTOB (KaK M B GOJBIIMHCTBe 3aj4ad, CBS-
B3aHHBEIX CO CPEeJHUM IIPOMOPIMUOHAIBHLIM B IeOMETPUN) MCIOJIbL3YeTCHA II0-
nobue TpeyroabHuKoB. EIiE 0TMETHM, UTO CHpaBefIUBBI U YTBEPIKASHU,
obpaTHble K pacCMOTPEHHBIM TEODEMAaM, ¥ MX MOXKXHO J0OKa3aTh, TaKXe HC-
HOoJb3yA MoA06ue TPeYroJIbHUKOB.

B kauecTBe mnpmmepa reomMeTpmuecKod KoHurypamwmm,
CBA3aHHON €O CPeTHNM HPOIMOPINOHAIBHEIM, PACCMOTPHUM He-
CKOJIBKO CIIOCOOOB pellieHHs ONHOM 3a7a4u.

3amaua 7.1. B tpeyroabauxe ABC: Ri u Ry — paguycsl
OKDYIKHOCTEH, IPOXOAAIIINX depe3 BepinHy C U KacawIiux-
cs ipsimoit AB B Toukax A u B COOTBETCTBEHHO.

a) Haiiaure paguyc OKPYKHOCTH, OIMMCAHHOH OKOJIO Tpey-
ronmsanka ABC.

6) IlycTes D — BTOpas TOYKA MepeceueHra JAHHBIX OKPYK-
Hocreil. HaiiinTe pagnyc OKpy»KHOCTH, OIIUCAHHON OKOJIO Tpe-
yroasuuka ABD.

Pemenue. a) Ilycts O 1 Os — 1eHTPBI OKPY2KHOCTEH, 3a-
OAaHHBIX B yCJOBUHM 3ajaum, O — IEHTP OKPYKHOCTH, OIIU-
CaHHOM OK0JI0 TpeyroabHuka ABC, R — eé paguyc (cM. puc.
7.1a, 6).
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ITepewiii cnoco6. IlpoBeéM OTpPe3KHU, COCIMHAIONIAE TOY-
Ky O co Bcemu BepmuHamu Tpeyroabauka ABC, Toury O —
¢ sepmuuaamu A u C, a Touky Oy — c BepmuHamu B u C
(cMm. puc. 7.1a). Yron CAB aBisieTcs BIIUCAHHBIM JJIA OKPYHK-
HOCTH ¢ IeHTpoM O M yIJIOM MeKJY KacaTeJbHOM M XOopAoH
JJIA OKPYKHOCTH ¢ 1eHTpoM O), 3HAUNUT, IeHTPAILHBIE YIVIBI
9TUX OKPYIKHOCTEH, OMUpaionueca Ha COOTBETCTBYIOIIHUE AY-
ru, pasHel: ZCOB = /C0O,A. Takxum o6pa3oM, paBHOOeApeH-

R
mole Tpeyroabaukn COB u CO1 A nono6GHBI, OTKYAA = %.
1

Puc. 7.1a

Awmanoruusao /COA = 2/CBA = /CO3B, TOo ecrhb mMOR006-

R BC
uol tpeyroasEuxku CO9B u COA, sHauwur, EZ = Taxum

R R, .
obpasomM, = Ez’ 3Hauut, R = VR1Rs (mo ecmbv, uckomuiii
1

paduyc asasemcs cpedHUM zeoMempuieckKum 0aHHbLX paduy-
c08).

Bmopoti cnoco6. IIposeném nguamerpsl AA; u BB; OKpy-
Hocreit ¢ mearpamMu Op um Op COOTBETCTBEHHO, IIEPIEHIUKY-
aapHble npamoii AB (cMm. puc. 7.16). Tpeyroapuuk A1CA —
NPAMOYTOJNbHLIN, 3Haunt, /CA1A = /CAB (RaXablli U3 HUX

A J—
sin /CAB
= 2R;. AHaJOTHYHO, UCIIOJb3ysI MPAMOYTOJLHBINH TPEYTONb-

BC

HuK B1CB, monyunMm, 4to ———— = 2Rjo.
sin ZCBA
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HepeMHODKI/IM IMOJIYVICHHBIE€ paBeHCTBA IIOYJEHHO, TOTJa

AC-BC

SnZCAB - snZCBA — PaBs.

Ilo criencTBUIO M3 TEOpPeMbl CHHYCOB IJIA TPEYrOJbHHUKA

AC BC
———— = 2 _— = . TIoc
ABC = CBA Rwu S CAB 2RAC oB éle TIepeMHOMKEeHU A

STOH IAapbl PABEHCTB MOJYUUM
bel p y sin ZCAB - sin ZCBA
KuM oGpasoMm, R2 = R; Ry, nostomy R = /R R3.

= 4R2, Ta-

B,
¢/
.
_____
Puc. 7.16

OTMeTHM, YTO PABEHCTBO ABYX Map yIJIOB, OTMedYeHHBIX Ha puc. 7.16,
MOKHO OBLJIO TOJAYYHUTh, He MPOBOAA AUAMETDPHI, 8 MCIOJL3YS TeopeMy 00
yIiie MeXAYy KacaTeJbHO#M U XOpAoii.




6) Ilycte R’ — wmckomerit paguyc. Mcnonbsys Teopemy 06
yriae MeXxJy KacaTeJbHOM M XOpHOoi, moJy4umM, uto LDAB =
= /DCA n /DBA = /DCB (cm. puc. 7.18). Torma LADB =
= 180°— (£/DAB+ /DBA) = 180°—- (LDCA+ ZDCB) = 180° —
— ZACB. Ilo ciaegcTBUIO M3 TEOPEMbl CHHYCOB JJsl TPEYTrOJb-
HukoB ABD u ABC noayuum R = AB = AB =

2sin ZADB 2sin ZACB
= R = +/R1Rs.

Kpome Toro, Mo»xkHO n0KasaTh, 4To Touka E nepeceuenma
npamMeiXx AB u CD sBisercd cepefnHON oTpeska AB 1 B 3TOM
paccyXIeHHH HaM OIATH IIOMOMKET CpeJHee TeOMeTPHUYECKOe.
HeitcTBUTEIbHO, IO TEOPEME O KacaTeJbHOH U CEeKyINel, IpH-
MeHEHHOM K Kaxznoll okpysuOCTH, noxyuuM EA2 = EC - ED
u EB2 = EC - ED, nosromy EA = EB.

Takum o6pa3oM, PACCMOTPEeHHAA reoMeTpudecKad KOHGH-
rypanus O0YKBaJbHO «HAIIMUTOBAHA» CPEIHMMU ITIPOIIOPITNO-
HaJLHBIMHY BeJUYHHAMU!

3aJaum JJa CaMOCTOATEJIbHOTO PemIeHus

3amaua 7.2. B Tpaneininio BcaHa OKPYKHOCTh, TOUKA Ka-
CaHMUa KOTOPOi ¢ O0KOBOM CTOPOHOH AENUT STy CTOPOHY Ha OT-
pesku ¢ anuHamMu m u n. Haiinure paguyc OKPYsKHOCTH.

3amaua 7.3. MeauaHa IUIPAMOYTOJBHOTO TPEYTOJbLHUKA,
TIPOBeIEéHHAs K THUIOTEHY3e, SBJISETCA CPeIHUM IIPOIOPIIHNO-
HaJIbHBIM €ro KaTeToB. HalignTe OTHOIIEHHE KATE€TOB 3TOTO
TpeyroJbHUKA.

3amaua 7.4. Ha muaromanu BD napananenorpamma ABCD
BuiOpana Touxa K. Ilpamas AK nepecexaer npameie BC u CD
B Toukax L u M coorBercTBeHHO. JloKasKkuTe, YTO OTPE30K AK
SABJISETCA CPeIHHUM reoMeTpriecKkum oTpeskoB LK u KM.

3amaua 7.5. [Ipopomxenue 6uccekTpuckl BL TpeyrojbHU-
Ka ABC nepecekaer ero OIHCAHHYIO OKPYKHOCTb B TOUKe W.
Hokaxkure, uTo OTPe30K AW saABisgeTcda CpeIHUM reoMeTpude-
cKuM OoTpeskoB BW u WL,

3amaua 7.6. B ocrpoyrosasHoM Tpeyroabpuuke ABC Ha BBI-
core AH BriOpana Touka O Tak, 4TO OKPYKHOCTS ¢ IeHTpoM O
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IpPOXOAUT uepe3 BepinuHbl A U B u mepecekaer cropory AC
B HeKOoTopoi Touke D. Jlokaxkure, uTOo cTOpoHa AB sABIAETCA
CpeJHHM TPOIIOPIHNOHAILHEIM O0Tpe3KoB AC u AD.

3amaga 7.7. B rpanenuun ABCD 60oxkoBas cropoHa AB nep-
NMeHAUKYIApHa ocHOBaHUI0 AD. OKPYXHOCTH OPOXOIUT Yepes
rouxkn C u D u kacaerca orpeska AB B Touke E. Halinure pac-
crogHUe oT Touku E mo upswmoit CD, ecnin BC = a, AD = b.

3agaua 7.8. Tpanemma ABCD pasngesneHa JUAroHAJIAMU Ha
YyeThIpe TPeyroJbHUKA. IlIoIany TpeyrolbHNKOB, IPHJIEKa-
IIUX K OCHOBAHMAM, paBHbI S1 1 So. Halimure miomanu AByX
IPYTHUX TPEYTOJBHUKOR.

OTBeTHI ¥ pelnreHnsa

3angaua 7.2. OtBer: \/mn.

IIyers O — IIEHTP OKPYXKHOCTH, BIVCAHHOM B TPaIenUI0
ABCD, K — Touka KacaHUdA 3TOM OKPYKHOCTH ¢ BOKOBOM CTO-
poHoit AB (cMm. puc. 7.2). Tak kak AO u BO — OGuccexTpu-
cbl yriioB Tpanenuu, LZOAB + /OBA = 90°, cienoBaTesbHO,
/AOB = 90°, To ecTs TpeyroabHuK AOB — mpAMOYTroJbHBIH.
Paguyc OK BOucaHHON OKPYRKHOCTH SBASETCA BBICOTOH, IIPO-

BEI{éHHOﬁ K 'EIIOTEHY3€ 3TOr0 TPpeyroJIbHHUKAa, CjaeqoBaTe/JIbHo,

OK?2 = KA x KB = mn. 5

B___ ¢

cC b A
Puc. 7.2 Puc. 7.3

3azadga 7.3. OTBeT: OTHOIIICHNE MEHBIIIEro KaTeTa K 00Jb-
memMy paBHO 2 — /3.

IIycTe B mpsAMOYToanHOM TpeyroabHuke ABC AJIUHBI Ka-
TeTOB PaBHHI @ U b, a JIuHA HIOTeHY3bI paBHa ¢. BEcau M —
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cepeguHa TUnoTenyssl AB, To CM = —;— (cm. puc. 7.3). Ilo

2

2
c
YCJIOBHIO <§> = ab, kpome TOTO, 2 = a? + b2, CnegoBaresn-

HO, a® + b? = 4ab < a? — 4ab + b2 = 0. Pasnenus o6e gactn
a
BTOTO ypaBHeHM Ha b2 u BBeas o6o3HAYeHMe 5 = %, HOIyYnM

KBafpaTHOe ypaBHeHue x2>—4x+1 = 0. Ero kopHu: x = 2++/3.

OTMETHM, UTO OTHOIIEHNSI KATETOB BLIPAKAIOT TAHTEHCEI OCTPHIX YIJIOB
JAHHOTO IPAMOYTONLHOTO TPEYTrONbHUKA. I[0Jb3yAch TPUTOHOMETPUYECKH
MUy GOpPMYyJIaMU IOJMOBUHHOTO aPIyMeHTa, MOKHO IOKAa3aTh, UTO OCTphIe yT-
JIBI JAHHOTO TPEYTOALHUKA paBHBI 15° u 75°,

3agava 7.4. Tak kxak NABK ~ AMDK (no nByM yriaam),
O —— = % (cm. puc. 7.4). Aumanornuno NADK ~ ALBK,

AK KD
CIIEROBATENBHO, — - = 2. IlepeMHOXUB TIONIyUeHHLIE DABEH-~
CTBa IIOYJIEHHO, IIOJYYHUM, UTO A—Kz =1 AK? = LK-KM
’ ’ KM -KL ’
YTO U TPeOGOBATIOCH ZOKA3ATh.

B

Puc. 7.4 Puc. 7.5

3agauda 7.5. PaccmorpuM Tpeyroabauku AWL u BWA (cm.

puc. 7.5). Tak Kax yron AWB y Hux obumuiit u /WAL =
AW _ WL

BW WA’
oTkyga AW? = BW - WL, 4o u TpeGoBaioch OKA3aTh.

= LABW, 3Tu TpeyroJbHUKH IOA00HEI. 3HAYUT,

MosxHO 006paTHTh BEMMAHVE [IIKOJIFHHKOB HA TO, YTO IOJYUYEeHHOEe COOT-
HOIIIeHNe ABJsgeTcA 0006IieHNeM COOTHOMIEHNA 1) MK Iy OTPe3KaMu B IPA-
MOYTOJIEHOM TPEYTOJbHUKE.
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3amaua 7.6. Yepe3 BepmmHy A TpOBeLEM KacaTeIbHYIO
MA K paHHON OKpyXHocTu (cM. puc. 7.6). Tak xax MA L
1l AH, to MA || BC, u rorna LBCA = /MAD = /DBA
(mmocaenHee paBeHCTBO CjeAyeT U3 TeOpeMbI 00 yrie Mexzay

KacaTeJbHOR u xopaou). Cuemosarensno, NABC ~ NAADB
AB AC
a8 _ A B2 = .

(mo AByM yrjiaMm), IO9TOMY S A AC-AD, ugro

u TpeGoBaIOCh.

OTmeTuM, 4To paBeHCTBO yrioB BCA u DBA MOXHO JOKa3aTh TaKkKe
HEMOCPeACTBEHHLIM MOACUETOM yrioB (6e3 ZOMOJMHUTENBHOTO IOCTPOSHHUA).

A M

Puc. 7.6 Puc. 7.7

3amaua 7.7. OrBet: v ab.
IIycts F — ocHOBaHUe MePHEHAWKYJIAPA, ONYIEHHOTO U3
rouxku E Ha npamyo CD (cM. puc. 7.7). Ilo Teopeme o paBeH-

CTB€ BIMCAHHOI'O yIJjia U yrJjia Mexxny KacaTeJabHOH Hu XOplIOfI

LEDF = ZCEB n /ECF = /DEA. Torga npsamMoyrojbHbIe

tpeyroabHuKu EDF v CEB niono6HbI, 3HAYUT, % = %. Amna-

JOTUYHO, U3 IMOJOOHUA IIPAMOYTOJBHEIX TPEYTroJabHUKOB ECF
EF CE

n DEA nonyuuM, 9T0 — = ——. IlepeMHOXHUB IOUJIE€HHO IIO-
AD DE
2

JY4eHHbI€ DaBe€HCTBa, IIOJIYdUM
Y P ’ y BC-AD

EF = v/ ab.
3amaua 7.8. OrBeT: v/S18S3.

IIycts ABCD — panuHada Tpanenus, 0 — TO4YKa Iepecede-
HUA eé auaroHajell, Iiomazud TpeyroabHukoB BOC u AOD

= 1, ciemosaTeJbHO,
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paBHBEI Si um Sy coorBercTBeHHO (cM. puc. 7.8). OGozHauum

IJIOIIaAu TPeyroldbHUKOB AOB u COD, upunexammux & 60-

S, ocC

KOBBIM CTODPOHAM, depe3d Sz m S,. 3aMeTruM, UTO 5. = oa’
3

TaK KaK y 9TUX TPEYTrOJbHUKOB OJHA W Ta K€ BEICOTA, IIPO-

} Sy OA
BeJEHHass U3 TouKu B. AHanoruumo 5. = oc IlepeMuoXKUB
4

IMOYJIeHHO STH PaBEeHCTBA 1 N30aBUBIINCH OT 3HAMEHATEJISA, T10-
ayauM S - Sz = S3 - Sy (ommemum, umo noaywenHoe pagen-
cmeo cnpagedaiu60 He moavko 0as mpaneyuu, HO U Oas aK0-
6020 8binyr.n020 Yembipéxyzoavruka). Jlokaxkem, 4TO B Tpa-
meuun Sz = Sy. HedicrButensuo, S3 = Sagc — S1, a Sy =
= Sppc — S1. Kpome Toro, tpeyroabauku ABC u DBC umeroT
paBHBIE ILIOLIAAM, IIOCKOJBKY ocHoBanume BC y Hux obuiee,
a BBICOTHI, IIPOBeJEHHBIe U3 TOUeK A u D, paBHbl. Takum 006-

pasowm, S3 = S4 = \/Slsg.

Puc. 7.8

OTMeTuM, 4TO B 9TOM ciaydae mwiaowans rpanenuu ABCD pasua S1+8S2+

+ 2/818; = (V81 + v/S2)%. Kpome Toro, Tak Kak S—l_gﬁ > /5182, cym-

Ma niomiazgei TpeyronbHUKOB AOB u COD MeHbllle, YeM CyMMa ILIolaged
TpeyronbHEuKoB BOC u AOD (paBeHCTBO GyZeT BO3MOMKHO TOJIBKO B TOM
ciy4dae, korga ABCD — mapamnenorpaMm).

MoxHOo TakyKke MCIIONB30BATE 3ajauu 125 (B obuiem Buae), [1506-1162.
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3amsarue 8

Cpennee rapMoHHMUYECKOe€.
l'apMmoHnueckue TpeyroJbHUKH

Ha sToMm 3auaTuy 6yAyT PACCMOTPEHEI reoOMeTpUYecKIe 3a1a1n, B yCJIo-
BUU UJIM B OTBETE KOTOPLIX COJEPIKATCS CpPefHee TapMOHHUECKoe JABYX Be-
auunH. HekoTophle u3 KoH(urypanmuii, B KOTOPHIX BOSHUKAET CpefHee rap-
MOHHMYECKOe, YK€ pacCMOTPEHBI B 3aHATHH 5. B mpepnaraeMoM 3aHATHHN
BBIZIEJIEHO eIé HeCKOJbKO TUIUYHBIX KOHGUTYpanuii, CBA3AHHBLIX CO Cpef-
HUM rapMonndeckruM. HecKoIBKO Takux 3aJad BO3HUKAET IIPH PACCMOTpe-
HHHM 0cOBOT0 BUAA TPEYroJbHUKA, KOTODHIH MHOTJA HA3LIBAIOT 2aPMOHUYE-
cxum (Tepmut BBen U. A. Kymraup).

Onpegenenue. TpeyrolbHUK, OJHA U3 CTOPOH KOTOPOTO AB-
JISeTCS CpedHuUM 2apMOHUYECKUM JBYX APYTUX, Ha3blBa-
eTCS 2APMOHUYECKUM.

O4eBHMIHO, 4YTO rapMOHHUYECKUM $BJIAETCA, HAIPUMeED,
PABHOCTOPOHHUU TPEYTOJBHUK.

JIna Bcex 3afau 5TOT0 3aHATHUSA YCIOBUMCS CTaHJAPTHO
0003HAa4YaTh AJAHHEEI CTOPOH Tpeyroasauka ABC (BC = a, AC =
= b, AB = ¢); hy, hy 1 h, — BBICOTHI TPEYTOJLHUKA, ITPOBE-

NEHHBbIe K COOTBETCTBYIOIIMM CTOPOHAM; S — €ro ILIOIIaAb.
. 2ac

Ecniu ABC — zapmoHuweckuli TPeyroJbHUK, TO b = -
a (44

(a<bgo).

OcHO6HOE C60UCME0 U NPUHAK 2aAPMOHUHECKOZ0 Tpey-
TFOJLHUAKA YCTAHABJIHUBAET €I'0 CBA3b C PA3HOCMHBLM TPEYTroJib-
HuUKOM (cM. 3auATHe 6), NCIONB3YdA TO, UTO BEICOTHI TPEYTOJIb-
HHKa OOPATHO MPOIIOPIMOHAJLHBEI COOTBETCTBYIOIINUM CTOPO-
HaMm.

3agauga 8.1. Joxkaxwure, uro Tpeyroasuuk ABC saBuasercsa
rapMOHMYECKUM TOT/a ¥ TOJHKO TOT[a, KOTJA: a) TPeyroJb-
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HHUK, COCTaBJIEHHBLIHI M3 ero BBICOT, SABJAETCSA DPa3HOCTHBIM,
6) OTPEe30K, COeINHAIOIINA OCHOBAHUA ABYX OHMCCEKTPHC Tpe-
VTOJBHUMKA, JeJUT IION0JIaM MeAuany.

JlokaszareasCcTRO.

1 1 25 | 28
b= 20 o1 _ate 28 _ oo _
a+c b 2 b 2 2
6) IIlpegBapuTenbHO OOKATKEM JleMMYy: mMouikad NPpuHad.e-
HuUm ompesry, coeduHsA0UeMY OCHOBAHUA 08Yx Ouccexmpuc
mpeyzoabHUKaA, mozda U moJavko mozda, Kozda cymma pac-
cmoanuil om amoii mouku J0o 08yx CmMOpPOH MpPeEYzoLbHUKA
PasHA pACCMOAHUIO OM Heé 00 mpembell CMOPOHbL.
HeitcrBurensuo, nyctb AK u CL — OGucCeKTPHUCHI Tpey-
ronmbEnKa ABC, Touka X — BHYTpDEeHHAA TOYKa BTOTO Tpe-
YIOJbHUKA, TOUKN D, E u F — 0oCHOBaHUSA NePNeHANKYJISIPOB,
onyinenubiX u3 X Ha cTopousl AB, BC u AC cOOTBETCTBEHHO
(cM. puc. 8.1a.)

B

Puc. 8.1a Puc. 8.16

Ilyers Touka X mesxuT Ha orpe3ke KL. Paccmorpum romo-

KX
TeTuio ¢ neaTpoM K m rospduimentTom k = %L Obpasamu

BepmiuH A, B u C gaHHOTO TPEyroJbHMKA IIPH 3TOU I'OMOTe-
THMU ABAAIOTCS BepmuHel A', B’ u C' TpeyroanHUKa, CTOPOHEL
KOTOPOro COOTBETCTBEHHO MapAajljieIbHBI CTOPOHAM TPEYIrOJb-
muka ABC; obpasavu touek D u F — Touku X u P coot-
peTcTBeHHO. Kpome Toro, o6pasom 6uccekTpucsl CL Tpeyrob-
uuka ABC sBaserca 6uccexkrpuca CX tpeyronbuuka A'B'C'.
CrnenoBaTenbHo, Touka X paBHoyzajieHna or cropod C'A' u C'B’
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rpeyronbuuka A'B'C’, To ectb XP = XE. Ilpu sTOM TOuKa
A’ nexwur na 6uccexrpuce yriaa BAC, smaunurt, npameie A'B’
u A'C’' pasrOysanensl or AB u AC, to ectb XD = PF. Taxum
obpasom, XF = XP + PF = XE + XD, uro 1 Tpe6GoBanoch.

B ofpaTHyI0 cTOPOHY paccykAeHue IPOBOAUTCA AHAJIOTHYHO, IOCKOIb-
Ky GHCCeKTpHCA YTJIa eCTh reOMeTPUUECKOe MeCTO TOYCK, PABHOYAAIEHHBIX
OT CTOPOH yIJid.

Hoxkamem Tenmeph camo yrBep:Kaenume. M3 1. a) caenyer,
2 h h h

ur0 b = —% & 2 = 22 % (4) TIycrs orpesok KL, coequns-
a+c 2 4 4

ormui ocuoBauus ouccekTpuc AK u CL, mepecexkaeT menua-

By BM B Touke X (cM. puc. 8.16). 3ameTHM, UYTO PACCTOAHUA

h h
ot Toukn M po npameix AB u AC paBHBI Ec u Ea COOTBeT-

crBeHHo. Torxa eciu BX = XM, To paccTOAHUSA OT TOYKH X

h h
JI0 3THX K€ MPAMBIX COOTBETCTBEHHO DPABHBI Zc u Za, a pac-
hy

crossaue ot X no AC paBHO 5 TO €CTh BBIMOJHAETCA PaBeH-

c¢TBO (*) u TpeyroapHuK ABC —— rapmonnueckwuit. O6paTtHo,
ecsu TpeyroiabHuK ABC — rapMoHuYecKuii, TO Jisd CePeIUHEI
@ Meguanbpl BM BBIIOJHSETCA PABEHCTBO (*), TOrAa IO JieM-
Me TOuKa @ jeXuT Ha orpeske KL u cosmazaer ¢ Toukoi X,
YTO ¥ TPeOOBAJOCH JOKAa3aTh.

B zakaouerne OTMETHM, YTO MHOrHue 3aJa9Yn, B KOTOPBIX «BO3HUKAET»
cpegHee rapMOHnYeCKoe, TaK MY NHadYe CBA3AHBI C 6I/ICCGICTpI/IcaMH Tpe-
YTOJBHUKA U UX CBOMCTBaMH.

3agauu OJaA caMOCTOATEJIbHOr0 pereHus

3amaua 8.2. [Jokaxkure, uTo TpeyroiabHuk ABC siBasercsa
TapMOHHYECKHM TOTJA ¥ TOJBKO TOIJAA, KOTAA BLIMOJHAIOTCH
paBeHCTBA:

/B

a) lp = b-cos ~» THe l, — OucceKTpHca TPeyroJbHHUKA,
IPOBEeNEHHASA M3 BePIINHBI B;

6) b-BT = l,- BW, rme W — TouKa mepecedeHus 3T0# Ouc-
CeKTPUCHI C OKPYKHOCTBIO, OTIMCAHHON OKOJIO TPEyroJIbHUKA
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ABC, T — ocHOBaHHu€e HNEPIEHANKYJIAPA, ONMYIIeHHOr0 U3 TOY-
Ku W Ha npamyo AB.

3amaua 8.3. B TpeyroibHUK BOHcaH poM0 TaK, 4TO OHU
“MeroT 06muil yroia. J[okaxkure, 4To NOJynepuMeTp pomba pa-
BeH CpeJHeMy rapMOHHYECKOMY CTOPOH TPeyroJbHUKA, Ha KO-
TOPBIX JIEKAT CTOPOHBI poMOa.

3amaua 8.4. Touku M u N — cepeaunsl ocHoBaHuii AD
n BC rtpanenmun ABCD; K —— TouKa HepecedyeHHA HPAMBIX
AB u CD, O — Touka mepeceueHusa aumaronaseii. Jlokaxure,
4T oTpe3ok KO ABisAeTcA CPeIHNM TaDMOHUYECKUM OTPE3KOB
KM u KN.

3amaua 8.5. B Tpeyrosbunke ABC npoBeneHa OucceKTpH-
ca AD, a 6ucceKTprca BHEIIIHEro yrja mpu BepmiuHe A mepe-
cekaer npamyo BC B touke E. Jlokamure, 4To oTpe3sok DE
SIBJISIETCA CPeJHUM rapMOHHYeCKUM oTpe3kosB BE u CE.
" Bagaua 8.6. B tpeyroasanke ABC mpoBeeHBI 6MCCEKTDH-
col AD, BE u CF. Jlyun DF u DE mnepecekarT IIpAMYIO, IIpO-
XOALIVIO Yepe3 BepminHy A u mapajaenbuyio BC, B Toukax
M u N. Hatinnre MN, ecin AC=b, AB=c.

3anava 8.7. I3 rouxn M mepecedeHUA MeNNaH TPEyroib-
HUKA OIYIeHbl nepnesauxkyaspel MK, ML u MN Ha ero cTo-
poubl. JloKayKuTe, 4TO PAgUyC I OKPY’KHOCTH, BIIMCAHHON B
3TOT TPEYrOJAbHUK, ABISETCA CPeJHUM TapMOHNYECKUM OTpes-
KoB MK, ML u MN.

3agaua 8.8. Ilycrs B Tpeyroanuuke ABC: Oy u O, — 11€H-
TPBI BHEBIIMCAHHBIX OKPYKHOCTEM, Kacaomuxca cTopor AC u
AB cooTBercTBeHHO, Cg 1 By — TOUKHK KacaHUA dTHX OKPYMK-
HOocTell ¢ nmpamoit BC. Moxaxure, uro npsameie OpBy 1 O.Cy
ImepecekaroTCA Ha cepequue BhICOTHI AH 3T0TO TPEyroJbHUKA.

OTBeTHI U penieHusd

3agaua 8.2. a) YTBep:KAeHNE HETIOCPEACTBEHHO ClIeayeT 13
hOpPMYJILI AJIs1 BEIYUCTEHUA OMCCEKTPHUCH TPEYTOJbHUKA:




BT /B
. 2;5)b-BT—lb-BW<:>lb—b-EI7V-(:)lb—-b-cos7 (cm. puc.

B

Puc. 8.2

OueBUAHO, YTO yTBEP:KICHUE OCTAHETCS BEPHBLIM, €ClU OoTpe3oxk BW
IIPOEKTHPOBATH Ha npamyio BC.

3agaua 8.3. Ilycrs Touku D, E u F pacnosio;KeHbl Ha CTO-
pounax AB, BC u AC tpeyroabHnka ABC COOTBETCTBEHHO TaK,
yro ADEF — pom6 (cM. puc. 8.3). 3 mapajielbHOCTH HPs-
mblXx DE u AC cienyer, uro Tpeyroiasuuku DBE u ABC mo-

DE BD
IOOHBI, BHAYUT, “C = a8 IIycrs x — mauna cTOpPOHEI poMba,
x c—x be
TOoTga Z = & X = m CJIG,Z[OBaTe.TIbHO, noJayriepuMeTp

2bc
pomb6a paseH bre 4T0 U TPeDOBAJIOCH J0KA3ATh.

B

A b F C

Puc. 8.3 Puc. 8.4

BmecTo mozo6uA TpeyroJIbHAKOB MOYKHO OBLJIO MCIOJIB30BATH TOT MAKT,
uro guaroHanb AE pomba saBaserca duccekTpucoit yria BAC (cm. puc. 8.3);
rorna BD _ BE _ AB

DA EC = AC’
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3anaua 8.4. B 11060 Tpanenuu touku M, N, K u O jgexar
Ha omHoIl mpamoi (cMm. puc. 8.4). Uepesa Touky O IpOBeAEM
oTpe3ok PQ, mapalleJbHBLIM OCHOBAHMAM Tpalelnu, U BOC-
MoJIb3yeMcA TeM, 4To PQ ABjsercd cpeJHUM rapMOHHYECKUM

ocuoBpanmuit AD u BC (cm. 3agauy 5.2). Tax Kax PO = 0Q =

1
= =PQ@, orpesok PO aBiadeTcA cpefHHM TapMOHHYECKHUM OT-

2
2AM - BN
e3koB AM u BN, 10 ectb PO = ——— (%). U3 nomobusa
p , AT EN (*) ; i
K P
TPeyroJbHA T, YTQ ——- = ——, U3 [I0-
peyroabaukos KPO u KAM cienyer, 4To P, AJ\{)’ 3 (;)
K P
nobusa tpeyroabHUKOB KPO u KBN ciaenyer, 4To N~ BN
CrinagpiBas MOYWJIEHHO 3TH PABEHCTBA U YUYHUTHIBASA PABEHCTBO
KO KO PO PO 2BN 2AM
(*), monyunmmM ——+——=-—+— = =
KM KN AM BN AM + BN AM + BN
2KM - KN
3uauut, KO = ————, 4T0 1 TpeOGoBAJIOCh JOKA3ATh.
KM + KN

OTMETHM, UTO AJA IMOJYUEHHS DABEHCTBA (%) MBI HPAKTUYECKH BOC-
MMOJIb30BAJHCHL OUEBUIHLIM CBOMCTBOM CpPeIHHX: ecnu Kaxcdoe u3 uucen
HeKomopozo Habopa yMHoxicums Ha 0OHO U MO Hce LUCLO0, OMIAULHOE Om
HYAR, MO n1060€ cpedHee HOB8020 HABOPA YUCEN NOAYHUMCA U3 AHANLOZUY-
HO20 cpedHezo UCX00H020 HAOGOPA YMHONEHUEM HA IMO e Yucno. s
cpeaHero apudpMeTHUYeCcKOro 3TO CBOMCTBO GBLIO JOKa3aHO (CM. KOMMEHTA-
puit K sajaue 2.2), a g IPYTUX CPEIHUX TOKA3LIBACTCA aHAJOTHYHO.

OTMEeTHM TaKKe, UTO PeIlleHre 3aJaYyd MOXKHO OQOpPMHTL MHAYE, HC-
MOJIL3YSA ATO JKe CBOMCTBO M IIPOIIOPIMOHAJBHOCTh COOTBETCTBYIOIINX BJIe-
MEHTOB TPEX MOAOOHBIX TpeyronbHuKoB: BKC, PKQ n ABC. W3 yKasaHHO-
ro momobusa ciaeayet, uto KN : KO : KM = BC : PQ : AD. 910 o3Hauaer,
YTO 9JEMEHTHI OTHOM TPONKH MOJTYyYalOTCsa U3 COOTBETCTBYIOIIMX 3JIEMEHTOB
ApYToil TPOMKM YMHOMKEHHWEM Ha OJHO W TO e uuciao. Ho B IpaBoil TpoiKe
CpelHUI 3JIeMEeHT PABEH CPeJHEMY rapMOHHUUYECKOMY KpailHUX, 3HAUMUT, U
B JIEBOH TPOMKE -— TOMKeE.

3amauya 8.5. Bocmosab3yeMcs OCHOBHBIMI CBOMCTBaMI

BHYTPeHHeIl 1 BHeIlTHeH OMCCEeKTPUC TPEyroJbHuKa (CM. puC.
DB BE
8.5): 7, = £ = op - Yautsisas, wro DB = BE — DE, a DC =

b

— DE — CE, nonyunm S2—PE _ BE  pp.CE_DE.CE =

DE - CE CE

— BE.DE — BE-CE & 2BE - CE = DE - (BE + CE) © DE —
2BE -CE

= BELCE’ 4TO U TPeGOBAJOCH JOKA3ATh.
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Puc. 8.5

OrMeTuM, uTO OTPe3oK DE ABiIfeTcs AUaMETPOM OKpYyicHocmu Anon-
noxnus TpeyroabHrKa ABC, TO eCTh reOMETPHYECKOTO MeCTa TO4YeK, OTHO-
. c
1IeHNe PACCTOAHUM OT KOTOPHIX 0 BepmnH B 1 C paBHO B

b
3amaua 8.6. OrBer: MN = %C—c (cpeduee zapmoHuueckroe

yucen b u c).

Bripasum cHauana orpesku BD
u CD uepes CTOPOHBI TPEYIOJABHU-
ka (cm. puc. 8.6). Ilo ocHOBHOMY
csoﬁcu}?y OHCCEKTPUCHI TPEYTroJb-

D c
a— = - 9T BD =
HUK D 5 O03TOMY ke,

CD = kb (k — xroaddunueHT nipo-
nopiuoHanbHOCTH). Tak rKak BD+
+CD =aqa, 0k = b—:—c. Caexgosa-

ac ab
—\ CD = . U3 nmopobus TpeyroabHU-
b+ec’ b+e a2 pey

KoB AFM u BFD u 0OCHOBHOTO CBOHCTBa GHCCEKTPHCHI Tpe-
AM _AF _ b TlopcraBisas HaWeH-
BD  BF a’ nb A
c
Hoe 3Havenme BD, monyuuM, uro AM = reps AHaoru4yHO
c
u3 nozobus TpeyroabHukoB AEN u CED u OCHOBHOTO CBOH-
AN AE c
cTBa OMCCEKTPHUCHI TPEYTOJbHUKA CAEAyeT, 9T0 —— = — = —,
b pey AyeT, CD ; CE &
IlopcraBnasa suavenue CD, monyumum, uro AN = b_: = AM.
[
2bc

b+c'
3amaua 8.7. [lokaskeMm CHauajia PaBEHCTBO, CBSIZBIBAIOIIEE
BBICOTHL TPEYTOJIbHUKA C PASHYCOM BIUMCAHHON OKPYIKHOCTH:

TenbHo, BD =

YroJbHUKA cJiefyeT, UTO

3uauut, MN =
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1 1 1 1 o
— = + . + e JelcTBUTEIBHO, 3TO PABEHCTBO PABHOCHJILHO
a b c
28 28 28 | og
TOMY, UTO — = — + — + 2 & 2p=a+b +c.
Y, = T + Ty + Te P +b+

IIyere D — cepeausa cropoHbl BC maHHOTO TPEyroJbLHU-

ka ABC (cm. puc. 8.7). Ilpoeeaém BwicoTy AH, Torma Tpe-
MK _"MD

ronbEUKN MKD u AHD nopobuni, 3 , = =
y UKH u NOAOGHEI, 3HAUHUT, —— D

1 .
=3 (IT0 OCHOBHOMY CBOMCTBY Memu-

aH TpeyroabHukKa). TakuMm oOpasom,
h, = S3MK. AHaJJOTUYHO IIOJIYUHM,
uro hy = S3ML u h, = 3MN. Ilox-
CTaBUB 9TO B JOKA3aHHOE PAaBEHCTBO,

1 + 1 T 1
| ot +
nomyunm ~ = MK J\g’L MN  yro
r
TpeboBaNTOCh HOKA3ATh. Pye. 8.7

Paccmorpennas safaua sBjseTcsa WINIOCTPALe CPeHEro rapMOHHYe-
CKOT'O TPEX BEJHYMH, UYTO B IJIAHUMETPUH GOJbINAA PEAKOCTH!

3agaua 8.8. 3amerumM, yro Touku Op um O, Jexar Ha Guc-
CEeKTPHCAX BEPTUKAJLHBIX BHEIITHUX YIVIOB TPEYTOJbLHKAKA IIPH
BepmiuHe A, TO ecTb TOuKa A Jjekut Ha oTpearxe 0,0, (cM.
puc. 8.8).

O, P

Puc. 8.8

Suaunt, 0,0.BoCy — Tparenus, U yTBepKIeHNE 3aLaUul
PaBHOCHJABHO TOMY, UTO OTpPe3oK AH, nmapajineabHBIH OCHO-
BaHUAM Tpalenuy, MPOXOIUT Uepes TOUKY IlepecedyeHnsda eé
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nuaronaneii. Takum o6pasoM, JOCTATOUHO AOKa3aTh, 4TO k, =

= rf’_‘ir; ,rae AH = hy, OyCo =1y, O.Bg = r, (cM. 3agauy 5.2).
c

He#icTBUTENLHO,

2rpte 2 1 1 28 S 8
hi=—"F 6 —=—+— & —=—+— &
rb+rc ha rb rc ha rb rc

S a=p—b+p—-c & 2p=a+b+ec.

IlpuBegénHoe paccykaeHHMe IOKA3HIBAeT, UTO YTBEPXKIEHUE 3aJa4u
PaBHOCHJIBHO CJEAYIOUeMY (aKTy: BBICOTa TPEYroJbHUKA, IIPOBeASHHAA
K OJHOH M3 CTOPOH, SIBJASETCA CPEJHUM aPMOHHYECKUM PagUyCOB BHEBIIU-
CAHHEIX OKPYXKHOCTEMN, KACAIOLUNXCHA ABYX APYIHX CTOPOH TPEYrOJbHUKA.

MosxHO TaKKe UCIONb30BaTh 3anaun 140, 163-1169a.
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3auarue 9

Cpennee KBagpaTH4yHOE.
ABTOMeEIMAaHHbIE TPEYTOJbHUKH

Ha srom 3aHATHM GYAYT pacCMOTPEHBI reOMETPHYECKHE 3aJa4UH, B yCJIO-
BHMH UJIU B OTBETE KOTOPHIX COAEPIKUTCA CpeJHee KBaJpaTUYHOE JBYX BeJH-
yuH. Hexkoropsie u3 KOHGUTYpanuii, B KOTOPHIX BOZHUKAET CpeJHee KBaj-
paTUYHOe, YIKE PACCMOTPEHBI B 3aHATHU 5. MHOro Takux 3aJiay BOBHUKAET
TaK)Ke MPU PaCcCMOTPEHHM 0co6Oro BHAA TPEYTOJIBLHUKA, KOTOPBIA MHOTAA
Ha3eIBAOT aémomeduannwvim (Tepmun e C. M. 3erens).

Onpenenenue. TpeyroJlbHUK, OJHA U3 CTOPOH KOTOPOTO SIB-
JdeTcs cpedHum Kéadpamuinbvim ABYX NPYTUX, Ha3bIBa-
eTCs a6Mmomeduantovlm.

OueBHIHO, YTO ABTOMEAUAHHBLIM SBJIAETCS, HAIPHMeED,
PaBHOCTOPOHHUM TPEYTrOJbHUK.

IIpexge ueM cTaHeT sICEH CMBICJ TAKOTO Ha3BaHUA Tpe-
YTOJBHUKA, YCIOBUMCA [IJIS BCEX 340aY 9TOrO 3AHATHS CTaH-
IapTHO 0003HAYATh MJIMHBI CTOPOH Tpeyroanranka ABC (BC =
=a, AC=0b, AB = ¢); m,, mp ¥ m, — MeIHUaHBI TPEYTOJILHU-
Ka, IPOBeJEHHbIEe K COOTBETCTBYIOIINM cTOopoHaM; M — Tou-
Ka mepecedueHusa meauad, O — IEHTP OMHCAHHON OKPYKHO-
cru. Eciiu ABC — aémomeduannsili TpeyrolbHUK, TO b =

2., 2
— % (a<b<o).

Temeps paccCMOTPHUM 3aavy, PEIIHB KOTOPYIO, MBI CMOMKEM
c¢hopMyJIHPOBATE OCHOBHOM IIPM3HAK aBTOMEIMAHHOTO Tpey-
roJIbHHUKA.

3amaua 9.1. HafifuTe 3aBUCHMOCTD MEXKJIY CTOPOHAMH Tpe-
YTOJILHHUKA, €CJI¥ TPEYrOJbHUK, COCTABJICHHBIA M3 €ro Memu-
aH, eMy IoJ00€eH.
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Pemenne. Bocmoabadyemcs (GopMyJIOH [AJA BbIYUCICHUS

V262 + 2¢2 — g2 "
AJIMHBL MEJMAHBl TPEYTOIBHUKA: Mg = (eé

HeCJ0MCHO 8blgecmu, docmpous mpeyzoavHuk 00 napanieno-
2pamMma u UCTnoab3ys mom (Qaxm, ¥mo cymma Keadpamoe ezo
CMOPOH pasHa cymme kKeadpamos duazonaseil).

C e€ 11oMoIILI0 AOKAMKeM, UT0 G0NbULell CIMOPOHe mpey2z0ib-
HUKa coomeemcmaeyem MeHbuLas meduana, u Haobopom., 607b-
wetl meduane coomaememayem menvllas cmopora. JleficTBu-
TEJILHO, PACCMOTPUM PAa3HOCTL KBAAPATOB IBYX MeIHAH:

9 g 20%2+2c2—-a? 2a%+22-b2 3(b?-da?)
Ma = Mp = 4 B 4 T4

CraenmoBatenbHo, b > a < my < m,. Takum obpasom, yciaoBue

m, m, m,

3afaduy PaBHOCHJIBHO BBINOJHEHWIO PABEHCTBA — = 71’ = =

C a

(6e3 orpaHrUYeHUA OGITHOCTH MOYKHO CUHTATh, 4To a4 < b < ¢).
2 2

a __ Mc
— = —5, HOACTABUB
C a

Ero CJIeaCTBUEM ABJIAETCA PaBeHCTBO

B KOTOPOE€ BEIDaKEHHA A MeAUaH M M36aBUBINNCH OT 3HA-
MeHaTeJNd, NOJTYUUM

a?(2b% 4+ 2¢% — a?) =% (2a%2 + 2% - %) &

[12 1 o2
o 2%2@?-c?)=at-cte a=cumb= %.

B o6oux caydyasx MOJKHO €Ié BBLINOJHATLCSA PaBEHCTBO

mg _ mj

2 2"

Tallc) Kak a < b < ¢, B IepBOM ciaydae IIOJIYUYHUM, UTO HC-
KOMBI#l TPEYTroJbHUK PABHOCTOPOHHWI, €r0 MeJAHaHbl PABHBI,
3HAYUT, TpebyeMoe PaBEHCTBO, OUYEBUHO, BHITIOJHAETCA.

Bo BTOpoM cayuae

m2 22 +2c?—a® a?+c®+2c2-a® 3
2 4c2 - 4c2 4
my  2a®+2c% —b® 4% —b*

3
= = —, TO eCTh TpedyemMoe paBeH-
b2 42 42 4’
CTBO TAKJKE BBLINOJHACTCH.
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TaxuM 06pasom, chopMyIUPOBAHHOE B 3a7]a4e YCJIOBUE AB-
JISAETCA OCHO6HBIM NPUIHAKOM A6MOMEeOUAHHO20 MPEY2ZO0Lb-
Huka. IlpoBeasda aHAJOrMYHBIE BBIKJIAAKM, HECJIOXKHO IIPOBe-

2 2
/a +c
PHUTH, YTO €CJH b= -—2—, TO TPEYIrOJbHHUK CO CTOPOHaAMHA

a, b ¥ ¢ — aBTOMEeIMAHHBI, TO ecThb cHOPMYJTUPOBAHHOE YCJIO-
BH€ MOMXHO CUHTATH U OCHOGHbLM CE0UCMEoM asmomeduan-
HOZ0 MpPeYzonbHUKA.

B zaxnaioueHne OTMETHM BaKHOE CJIE€ICTBUE ITOJYYEHHBIX
yTBepXAeHUH, BO3HUKIIEee IO X0y BHIKJIAAOK: 6 aémomedu-
AGHHOM MmpeyzonbHUKe Koddduyuenm nodobus «meduarnHo-

3
20» MPeEY201bHUKA U CAMO20 MPEY20nbHUKA PaBeH 7

9TO CBOMCTBO MOYKHO TAKJKE IMOJYUYUTh U U3 APYTHX CO00-
paxkenuii. JleficTBUTENBHO, OTHOIIIEHNE MJIOIIafeld ITOZO00HBIX
uryp pasHO KBaapary Kos(gduimeHTa moxodus, a B J060M
TPEYTOJbHUKE OTHOIIEHUE IJIOHIAAU TPEYTroJbHUKA, COCTaB-
JEHHOT'O M3 ero MeAnaH, K IJIOMIAIM CAMOT'0 TPEYroJbHUKA

paBHO Z (cm. zamauy I70).

3&]1&‘{14 O CAMOCTOATEJBRHOI'O PENICHU A

3agmaua 9.2. [lokaxxuTe, 4YTO CpefHUI II0 BeJIUUMHE YTOJI
aBTOMEeAMAHHOI'0 TPEYyroJbHUKAa He mpeBocxogut 60°.

3amaua 9.3. Jokakure, YTO TPEYTOJIbHUK ABJIAETCHA aBTO-
MeAMAaHHBIM TOrJa M TOJBKO TOTZa, KOoTrZa:

a) MeIuaHBl 9TOTO TPEYTrOJAbHUKA, B3SATHIE B IOPAAKE BO3-
pacTaHHusa, OGPATHO IPOMOPIIMOHANBLHEL €I'0 BRICOTAM, B3ATHIM
B IOPAAKe YOLIBAHNS;

6) ogHA M3 ero MeJHAH SIBJIAEeTCS CPEIHUM KBaJADATHUUHBIM
ABYX APYTHUX;

B) BepIIMHA, CEPEeIUHLI IBYX CTOPOH TPEYTOJLHUKA, CXO-
OAITUXCS B 9TOM BepIlMHE, M TOYKA [epeceyeHUs MeAuaH Jie-
JKaT Ha OJHOU OKPYKHOCTHU.

3amaua 9.4. Ilycrs Meguana BB’ tpeyroasuuka ABC nepe-
cexaeT OKPYKHOCTh, OMMMCAHHYIO OKOJIO 9TOr0 TPEeyTroJIbHUKA,
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B Touke T. Jloka)xute, uTo Tpeyroabuuk ABC — aBroMenm-
aHHBIA TOTZA U TOJBKO TOr/Aa, Korja:

a) M — cepeguna BT;

6) Touku M u T cUMMEeTPHUYHEI OTHOCATENBLHO TOUKY B'.

3azava 9.5. [lokaxure, YTO TPEYTOJbHUK SABIAETCA aBTO-
MeJUAHHBIM TOTZa ¥ TOJLKO TOTAA, KOTAA cepeiuHa OTpes-
Ka BM ne)XuUT Ha OKPYKHOCTH, IPOXOAAINEHN uepesd cepeIuHbI
cropoH Tpeyrosbauka ABC.

3anaua 9.6. Ilycte O — I1IeHTP ONMMCAHHOHM OKDYHKHOCTH
Tpeyroabauka ABC (OTAMYHOTO OT MPaBUJIbLHON0); M — Touka
nepeceuenunsd ero meguan. Joxkakurte, urto npamasd OM mep-
OeHANKyJAsgpHa MenuadHe BB’ rorja m TOJABKO TOrda, KOrAa
TpeyronbHUK ABC — aBTOMeAVWaHHEBIH.

OTBeTHI U penIeHua

a2l
2

/B — cpeaHuil mo BeJuduHE yroJ TpeyrojbHuka. Ilo caen-

a2 +c?—b? b? 1

3agaua 9.2. Ilycte b = & 22 = a2 + ¢2, rorma

CTBUIO U3 T€OPEMbI KOCUHYCOB ¢0s /B = —F——— = > =,
2ac 2ac 2
2 a2 + ("2 o
TaK KaK b* = 5 > ac. Caeposarensro, /B < 60°, uto n

TpeboBAJIOCh AOKA3aTh.
3amauga 9.3. a) IIocKOJBKY BBICOTHI TPEyTrOJbHUKA obpar-
HO MPOIIOPIMOHAJLHEL CTOPOHAM, K KOTOPHIM OHH IIPOBele-

HBI, paBEHCTBO Myh, = mphy = mch, PABHOCUJIBLHO DABEHCTBY
Mmqg _ Mmp me

c b a’
6) mp = | & 2m? = ml 4 m? & 2l rad b
- 2”2“402‘“2 2“2”4”2‘62 & 4a? +4c? - 267 = 4b% +a? +
+cleb= @ ;ch
B) Ilycts Touku A’ u C' — cepenunsl cropod BC u AB Tpe-
yroasauKka ABC, N — TouKa mepecedeHmNs cpeaHell JUHUH

A'C' u meguansl BB' (cm. puc. 9.3). Tak kak N — cepeauua
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A'C', NA' = NC' = % Kpowe toro, NB = 72, NM = NB' -

— MB' = -’%. Touku B, A’, C' u M nesar Ha OZHOH OKPYXK-

HOCTH TOTZa ¥ TOJbKO TOT/A, KOT/A BHINOJHAETCA PABEHCTBO

NA' . NC' = NB-NM. B HamleM ciydae 3T0 PaBEHCTBO IIPHU-

MeT BUJ Ll = m_f Tak Kak m2 = 2a® + 2% b HOJyYeH-
16 12 b 4 ’

HOe PaBeHCTBO, B CBOIO OUepeAb, PABHOCHILHO PABEHCTBY b =

[ 2 2
a® +c
= 9 YTO ¥ TPeOOBAIOCH JOKA3aTh.

A B @ C
Puc. 9.3

3amaua 9.4. PaccMOTpUM OKDPY’KHOCTH, IPOXOISAIIYIO Ue-
pe3 BepIIMHY B JaHHOTO TPeyroJbHHKAa, ¥ Toukn A’ u ¢ —
cepeauusl cTopoH BC u AB (cM. puc. 9.4a).

Puc. 9.4a Puc. 9.46
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IIycrs M’ — TouKa nepecedyeHUs STON OKPYKHOCTH U Me-
nuauel BB'. IIpu romMoreTun ¢ neaTpoM B u kosdhdunuerTOM
2 006pa3oM 9TOM OKPYIKHOCTH ABJISAETCA OKDYIKHOCTD, OIIMCAH-
Has OKoJyio TpeyroiabEnka ABC, a o6pasom touku M’ — Tou-
ka T. Caegosarenbno, M’ — cepenquna AT. ITo foxasaHHOMY
B 3amaue 9.3B TpeyroabHuK ABC ABIsieTca aBTOMeIUAHHBIM
TOrZa ¥ TOJLKO TOT/a, Koraa Touka M’ coBmagaer ¢ TOUKOMR
M mepecedeHMsT ero MeAHaH, UTO AOKA3LIBAET YTBEPIKIeHUe
a). Yreepmjaenue 6) paBHOCHMJILHO YTBEDPKACHUIO a), TAK Kak

BM = §BB’.

Jpyroit BO3MOXXHEEIH ¢IOCO0 HOKA3aTeJIbCTBA OCHOBAH HA TOM, UTO YIJIBL
TPEYTOJIbHUKA, COCTABICHHOTO M3 MEAMAH, COOTBETCTBEHHO DPABHBHI yIJIaM
JAaHHOTO TPeyroJbHuKa (cM. puc. 9.46).

3amaua 9.5. PaccMOTpUM OKPYKHOCTBH, TPOXOLAIIYIO Ue-
pes Toukum A', B’ u C' — cepeAuHBI CTOPOH TPEYrOJbHUKA
ABC (cM. puc. 9.5). Tak xax TpeyroabHuku A'B'C’ u ABC
monobusl, ZA'B'C' = Z/ABC. IIycte P — cepenuna BM, torza
C'P|| AM u A'P | CM, 3nauur, /C'PA' = LZAMC = LA'MC'.
YcooBue aBroMeguaHHOCTH Tpeyroabauka ABC paBHOCUJIBHO
TOMY, 4TO TOUKH B, A’, B’ 1 M jeaT Ha OZHOI OKPYKHOCTHU
(cM. 3agauy 9.3B), UTO, B CBOIO OUepelb, PABHOCHJIBHO BBITIOJ-
HeHHIO paBercrBa LABC + ZA'MC' = 180°. A aTo paBeHCTBO
paBHOCHJIBHO yciaosuo ZA'B'C'+ /C'P'A’ = 180°, uro, B CBOIO
odepeshb, PABHOCUJIBHO TOMY, UYTO TOUKa P jexuT Ha paccMOT-
PEHHOM OKPY’KHOCTH.




MookHO TaksKe MCIOJB3OBATH TO, YTO YeTHIpEXyroabEuxum BC'MA' u
B'A’PC’ cuMMeTpUUELI OTHOCHTEIBHO CepefUHEI Mexuansl BB'.

YUuTeIBasg TO, YTO OKPYXKHOCTD, MPOXOAAIIAA Yepes cePeMHbLI CTOPOH
TPEYTONbHUKA, HABBIBAETCA OKPYICHOCMbIO 0esamu mouexk, AOKA3AHHOE
YTBEDXKJeHNEe MOMKHO COPMYIVPOBATH TaK: MPEYZOAbHUK ABNAECMCA A6-
momeduannvim mozda u moavko mozda, kozda cepeduna ompesxa, co-
eOURAIOULEZ0 6EPULURY C MOUKOL nepecevenHus meduan, rexum HaA OK-
PyscHOCmuU deeamu moiex IMozo MpPeyzonbHUKA.

3amaua 9.6. ITyctes H — opronenTp TpeyroabHura ABC,
R — paguyc onmucauHoi oKpy:KHOCTH (cM. puc. 9.6a). Ilpen-
BapUTEeIbHO JOKAXEM PaBeHCTBO, CIIpaBeIHuBOe AJS JH00TO
Tpeyrombanka: OH2 = 9R?2 — (a2 + b2+ ¢?), rme a, bu ¢ —
JUIVHBI CTOPOH TpeyroidbHUKa. [[JIf ero J0Kas3aTeabCTBa MC-
moss3yeM ToT dakt, uro BH = 20B’ (cM., HampuMep, 3agady
48 mau samauy J1676). Torma ecaim E — cepesuna BH, To
OB'HE u OB’'EB — mnapannenorpamMmmsl. 3 mapasesorpaM-
ma OB'HE:

OH? + B'E? = 2(OB”? + OE?). (1)

YuursiBas, uro B'E = OB = OC = R, us Tpeyroabauka OB'C
[IOJIYYUM, YTO

1 2
- v 2)

Puc. 9.6a Puc. 9.66

Ws napanrenorpamma OB'EB: OE?2+BB’? = 2(OB2+0B?),
cnepoBarensHo, OE2 = 2(2R? — ibz) — BB2,

83



2a% + 2¢2 — b2

Tax xax BB2 = . ,

TO
2a2 + 2¢2 + b2

2 2
=4 _
OE R

3).

Ioacrasus (2) u (3) B paBeHcTBO (1), moxyunm OH? + R2 =

_am- Y 2_20°+27 45
= 2(R? — ) + 2(4R .

K paBeHcTBy OH2 = 9R2 — (a® + b2 + ¢?).

HokaxeM Temeph yTBED:KACHNE 3afaull. ¥ CIOBUE IepIeH-
IUKYIapHOCTH NpAMbiXx OM u BB’ paBHOCHJIBHO TOMY, YTO
TpeyroabHEuK BOM — npamoyroiabHBI#A (cM. puc. 8.60), uTo,
B CBOIO OY€PEAb, PABHOCUJIBHO BHIIONHEHMIO paBeHcTBa OB2 =
= BM?2 + OM? ().

Bocmnoansyemcsa paBeHcTBoM OH = 30M, KoTOpOE CIEeAyeT
U3 TOMOTETUYHOCTH TPEYrOJLHUKA M €I0 «CPeAUHHOTO» Tpe-
YrOJBbHUKA OTHOCUTEJNBHO TOuKH M (cM. sagzauy (48 wim 3a-
mauy I1676). Torga

) . Yopomias, TpAX0OLHUM

om? - Log? g2 _ a0+
9 9 :
2 2 2
Kpowme toro, BM? = 333/2 - W’ a OB2 — R2.

TTomcTaBUB 5TH BHIPAYKEHUA B PABEHCTBO (*), IOJYYUM PABEH-
CTBO

R?_ 2a2+2c2—b2+R2_a2+b2+c2
9 9 ’
a? + ¢?

KOTOpO€ PaBHOCHJILHO DPaBEHCTBY b2 = . To ecTs me-
XOAHOEe yTBEpXJIeHHe PAaBHOCHUJIBHO TOMY, UTO TPEYrOJIbHUK
ABC — aBTOMEJIHaHHBIH.

TIpsamaa OM, Ha KOTODOI JIEXKUT Takike U Touxka H, HaswIBaeTCa npa-
Mol Jinepa rpeyronsEuka ABC, N03TOMY JOKA3aHHOE YTBEPKACHNIE MOMK-
HO OBLIO cHOPMYIHUPOBATE MHAUE: MPEYZONbHUK AGAAEMCA A6MOMeIUaH-

RoiM mozda u MonvKo mozda, Ko2da ezo npaman Hinepa nepneHduxy-
naprHa meduane.

MosHO TaKiKe HCIOJB30BaTh 3agadu 48, 676, [1696-1175.
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3anarue 10

BsBemennoe cpegHee apudMeTHUYECKOE.
BeKTOpBI 1 KOOPAUHATHI

Ha sroM 3anaTum GyAYyT pacCMOTPEHBI HEKOTOPLIE BEKTOPHBLIE COOTHO-
IIeHMs, coAepXKamne cpenHee aprdMeTHUeCKOe ¥ B3BEIIEHHOE CpeIHee
apu@MeTIYeCKOoe HeCKOJIbKUX BEKTOPOB. PaccMaTpUBAIOTCA TaKXMKe aHAJO-
rHYHBIe KOOPJWHATHBIE (DOPMYJIBI, YTO MO3BOJISIET BLISCHUTH MEOMETPHUYE-
CKHH CMBICJ B3BEIIIEHHOT'O CPEAHEro apu@MeTH4eCcKOro HeCKOJIbKMX YHUCell.
IIpuBeséH paAA reoMeTPHUYECKMX 3akadY, KOTOpble yA00HO pPEHIaTh BEKTOp-
HBIMH MeTOJaMHU, IIPY 3TOM ITOKa3aHO0, KaK 3QMEKTHBHO AJIsI dTOr0 MCHOJb-
30BATH LIOHATHE YeHMmpouda cucmemov, moiex.

Ha orpeske AB paccMoTpuM Ta- A M B
AM m
Kyi0 TOuKy M, uTo M w (cm. m n

puc. 10.1). PaccmoTpuM Takke IIpo-
HM3BOJBHYIO TOUKY 9_H>a ILJIOCKOCTH U
BEIpasuM BeKTop OM uepes BeKTO-
— —
pel OA u OB. [Insa sTOoro 3amuiieM 0
yCJIOBME 3alauM B BEKTOpHOM (op- Puc. 10.1
11— 11— —
me: —MA+-MB=0.
mn LN —_— = — —_— —
Tax xak MA = OA -~ OM, MB = OB - OM, To

— P — —_— —
n(OA - OM) + m(OB—-OM) = 0 &
— n — m —
& OM=—0A+——0B (1)
m+n m+n

9TO yTBep:KAEeHNEe MOYKHO TaKiKe BBIPASUTH M B KOODAH-
HaTHO# dopme. Ecim O — Havanxo KoopmauHaT, dp, by 1 x5 —

COOTBETCTBYIOLIME KOODPAUHATH ToueK A, B u M, To

n-ap+m-bg
xXp=—7 1’
B m+n (1)
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(ommemum, 4mo smo 8epHO He MOJAbKO 8 (exapmosoll, HO
u 8 A1000i ap@uHHOL cucmeme KOOPOUHAM U He 3asucum om
KoUYecmea KOOpOUHAM MOYKU, MO ecMb oM PA3MEPHOCMU
npocmpancmaeaq).

ITocneanee paBeHCTBO B TOYHOCTH COBIANAET C OIpenee-
HUEM 636€UEeHHO020 cPe0Hez0 apuh)memuiecKkozo JBYX UUCe I
U 3TO He caydaiiHo. eificTBUTENABHO, €CIM N U M — MacChl
TOYeK A u B COOTBETCTBEHHO, TO TOUKA M sABAAETCA UEHTPOM
MacC CHCTEeMBI, COCTOSAIIEH 13 9TUX TOUEK, IIOCKOJIBKY paBeH-
cTtBo n - AM = m - AN BripaikaeT Apxumedo6o npasuno poi-
yaza!

B aToM mecre mosiesHo Takie BCUIOMHUTEL YCIOBHE M DPEIIEHHE 33]a-
un 1.6.

ITo anamorum MoHO chOPMYAUPOBATE B BEKTOPHOI (op-
Me U OIpefeleHHe IIEHTPA MAcC CHCTEMBI U3 /1 TOUEK: MOYKd
M nasvieaemcs yenmpom macc cucmemovt mowex Ay, Ag, ...,
A,, maccvlt KOMOPbLLX PABHBLL M1, M2, ..., M, COOMEEMCMEEH-
HO, ecau 0na n106ol mouxu O 6bINOAHAEMCA PAGEHCME0:

— — SN
—O-J_)W m10Aq + msOAs + ...+ m,04,
B my+mg+ ...+ my, '

(2)

Ob6o6menrem npasuna pviaza 6GyneT paBHOCHUJIBHOE Da-
BEHCTBO

— — —_— =
miMA, + mgMAg + ...+ m,MA, = 0. (3)

PaBrocuabHOCTE paBeHcTB (2) U (3) caeayer mM3 TOro, 4To
I A1060T0 B BEPHO PaBEHCTBO

—_ —_—  ——
OAj, = OM + MA,.

BBeneHne IIOHATHUSA IIEHTPpa MacC CUCTEMbI TOYEK ITO3BOJIA-
€T peliaTh HEKOTOphIe reOMeTPHUYECKUNE 3aavdu ocoObIM Me-
TOOOM, ROTOprﬁ TaK ¥ HasbIBaeTcAd — Memod macc, a Taxk-
K€ BBECTH M HCIIOJIbB30BATH 6apuqeumpuuecrcue noopauna-
mbui B IIPOCTPAaHCTBe. HO,I[p06H0 C 3THUMHA MeTogaMHNn MOXXHO
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nossakomurcd B [1] u [3], a Hac Gyaer Gosbliie MHTEPECOBATD
YacTHBIN cilydall eHTpPa Macc, KOTOPhIN o0jerdaeTr pereHue
MHOTHX 3aJa4 C IIOMOIIBI0 BEKTOPOB.

Onpenenenue. I[Jenmpoudom cucrembl To4eK A1, Ag, ..,
A, HazpIBaeTcd Taxkasa Touka M, dTo

—_— — —_— —
MA; + MAy + ...+ MA, = 0. (%)

Kax 65110 IIOKA3aHO BBIIIE, MOMKHO cOOPMYJIUPOBATEH PaB-
HOCHJIBHOE YTBepiKJeHue: Touka M saBisercsa yenmpoudom
cucreMnl Touek Aq, As, ..., A, TOTZa U TOJBKO TOrZa, KOTrAa
Aas A1000#1 TouKu O BLIIOJIHAETCSA PABEHCTBO

OA, + O4, 0A,
on - AL+ OM +... 1O -

EnuHCTBEHHOCTD YyeHmpouda J11060¥ CUCTeMBI TOUEK MOXK-
HO JOKAa3aTh METOJIOM OT IIPOTUBHOro. llefACTBUTENBHO, €CJIH
K — emié oguH IEeHTPOUI cucreMsl Touek Ay, Ag, ..., A,, TO

—_— —>
— 0A1+ 043+ ...+ 0A,
OK = .
n
BrrunTad 5TO paBeHCTBO U3 PABEHCTBA (**), MOJYIHM, UTO
—_— — — — —
OM—-OK =0 & KM = 0, to ectb Touku K 1 M coBuazaror.
Hcnonn3yst TO, 4TO MOAYJL CYMMBI BEKTOPOB He IIPEBOC-
XOJUT CYMMBI UX MOZYJIEH, MOYKHO IIOJYYUTDH TAK¥Ke BaXKHOE
CJIEeICTBYE PABEHCTBA (#%):

|0A; + OA; + ... + OA,) -
n ~

|OM| =

_— — —
< |OA;1| + ’0A2| +...+ |04,
n b

IIPUYEM PABEHCTBO JOCTHUTAETCA TOTZA M TOJBLKO TOrjga, Korja
. _—
Bce BeKTOpHI OA; COHAIIPABIEHBI.
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PacecmoTrpum sagauy, SBIAIONIyIOCs 0a30BOM Oasa 00JIb-
IIIMHCTBA 3a/ia4, CBA3SAHHBIX C ITOHATHEM ILEHTPOHAA. ¥CJI0-
BUMCS IIPHM 9TOM IIOJ YeHMpPoudom MHOZOYzOAbHUKA (MHO-
20ZpanHHuUKaA) IOHUMATh YeHmpoud CHUCTEMBI, COCTOSIIEH U3
ero BepIuH.

3amaua 10.1. 1) Moxakure, 4TO: a) IIEHTPOUIOM OTPE3-
Ka ABJISAETCA €T0 cepeauua; 0) eHTPOHI0M TPEeYTOJIbHUKA AB-
JSeTCA TOYKA IepecedyeHms ero MeauaH; B) IIeHTPOUAOM TeT-
pasipa ABJAAeTCA TOYKA IIepecedeHUusA ero MeamaH (OTPe3KOB,
COeIMHSAIONINX BEPUIMHBLI C IEHTPOMAAME IPOTHBOJIEKAIIUX
rpaueii).

2) B KavkaoM ciydae 3amuInnTe (POPMYJIbI AJSA BBEIYUCIE-
HUS KOOPAWHAT LEeHTPOu/Ia.

Pemenmne. Ilycts M — MCKOMBIN IIEHTPOUT, X — €0 KO-
OPAMHATA; TOTAA U3 ONPEZeJIeHH s (%) cmemyer, uTO:

a)MA—\—MB 0<:>MA——J\—(E> rde A 1 B — KOHIBI
orpesKa. ITO M O3HaAUaeT, YTo TOYKa M — cepeauHA OTpPe3-

Ka AB. Eciu e UCHOJB30BATh APYryi GopMmy onpegeiaeHuns
— 1,— — N

HeHTpOoHaa, T0 OM = E(OA + OB). TeomeTpuuecKuii CMBICT

3TOrO paBeHcTBa BuAeH u3 puc. 10.1a (OBCA — mnapanneio-

rpamMm). Torga niobad xoopauHATa TOUYKU M HAXOAUTCA IO
ap + by

tdopmyne xp = —5 > THe ap u b — COOTBeTCTBYIOIIIKE KO-

opauHaTel ToueKk A u B (cm. pasercrso (1')).

C
B ¢
M
(0} A A M, B

Puc. 10.1a Puc. 10.16

— Pra— — — — —
6) MA+ MB + MC = 0. YuursiBasi, uro MA + MB =
= 2MM,, tae My — cepeauHAa CTOPOHE AB Tpeyroanmca
ABC (cm. puc. 10.106), moayuum, 4TO MC = —2MM0, TO €CThb
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Touka M genutr megmany CM, B oTHomenuu 2 : 1, cunraa
or BepmmHEl C. Takum o6pasom, M — TOouKa mepeceueHns
MeauaH TpeyrojabHuka ABC.

OTMeTHM, 4TO, IPOBEAA AHAJOTUUHBIE DACCYKIEHUS OJIA CEPESUH CTO-
poH AB n AC, u HMCIoab3ys e€IUHCTBEHHOCTH IEHTPOUAA TPEeyroJbLHHUKA,
MOXKHO [OKa3aTh OCHOBHOE CBOMCTBO MeJHAH TPEYrOJbHUKA BEKTODPHBIM
criocobom.

IIpumensa ompenesienne MEeHTPOULA B APYToi (opme, II0-
— 1, — — —
JYyYUM paBeHCcTBO OM = 3 (OA + OB + OC) , 13 KOTOPOro cJe-
AYIOT KOOPAWHATHBIE OPMYJBL AJIA TOUKHK IIepecedueHus Me-
ap + by + ¢
_— —_— — — —)3

B) MA+MB+MC+MD = 0, rue ABCD — paHHbI# TeTpa-
9AD. HYCTL Q—  IeHTPOUN rpanu ABC (cm. puc. 10.18), Torga
MA+MB+MC 3MQ Taxum
o6pasom, MD = —3MQ, TO eCTh
Touka M JeXut Ha meauaHe D@
TETPA’APA U AEIUT €6 B OTHOIIe-
Huu 3 : 1, cuurad or BepmuuHbL D.
IIpoBensa anasioTuYHbBIE pacCy K ae-
HUA JANA TMEeHTPOUIOB OCTAJALHBIX
rpaHedl M HCHOJb3YA eJUHCTBEH-
HOCTh IIEHTPOHAA TEeTpasapa, IIo-
ay4uuM, 4To M — TOUYKA Iepeceue-
HUJ MeIUaH Terpasipa.

ITpumensasa oupeneneHne EHTPOULA B APYroi popme, Io-

—_— 1,— — — —

Jy4uM paBedcTBo OM = 1 (OA + OB+ 0C + OD) , U3 KOTOPO-

IUaH TPEeYTrOJbHUKA: X —

D

Puc. 10.18

IO CJIeYIOT KOOPAUHATHEIE (DOPMYJIBI AJIA TOUKH [IePeCedeHus
ap+b cp+d

MeJaH TeTPasApa: Xp = —k—”;:—k—k.

3azau A CAMOCTOATEILHOIO PeImeHust

3amaua 10.2. Horaskure, 4T0: a) U3 MeAWAH TPEYTOJbHUI-
Ka MOKHO COCTABUTH TPEYIOJbHUK; 6) U3 MeAuaH TeTpasapa
MOXHO COCTABUTH 3AMKHYTYIO JJOMAHYIO.
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3agaua 10.3. ITapannensHOM IpoeKmueidl TpeyroJbHUKA
ABC Ha IIJIOCKOCTE ¢, He IIePeceKaroliyio 5TOT TPEYTOJbLHHUK,
apasgerca Tpeyroabaux A'B'C’'. HaiimuTe paccTosgHne MexIy
neHTponsaMu TpeyronbHuKoB ABC u A'B'C’, eciu AA' = a;
BB =b; CC' =c.

3amaua 10.4. IIycte M — TOUKa IepeceueHusi AUATOHA-
au AC' napannenenunega ABCDA’B'C'D’ u ninockoctu A'BD.
Hoxaxkure, uro M — meHTpous Tpeyronbuuka A’BD, u Haii-
IWTe, B KAKOM OTHOIINeHUM Touka M geant auaroHaap AC'.

3anaua 10.5. Cymma paccToAHME MEXKAY CepefuHaMM mPo-
THBOJIEKAIMUX CTOPOH BBIMTYKJIOTO0 UETHLIPEXYrOJbHHKA paBHA
eTo ToJNyIepuMeTpy. JoKaKuTe, UTO 3TOT YETHIPEXYTOJbHUK
SAIBJISIETCA IAPAJLIEIOrPaMMOM.

3amaua 10.6. JokaxkuTe, YTO: 4) TOYKA IIEPECEUCHU Cpe-
HUX JUHUU 4eTBIPEXYTOJbHUKA (OTPE3KOB, COEIMHAIONINX CE-
PeIUHBI IPOTHBOJIEIKAIIIMX CTOPOH) ABJAETCH CEepPeSUHON OT-
pesKa, COeIWHSIONIEr0 CepPeIMHBI ero AMaroHaueit; 06) orpes-
KH, COeAUHAIOIINE CepeAnHbl CKPeNINBAIONINXCA pédep TeTpa-
aIpa, IIepeceKalTcA B ero HMEeHTPOou e U AeJIATCA TOUYKOM Ie-
pecedyeHUA IIOIIOJIAM.

3amgaua 10.7. Bypartuno 3apbLI KJjaj B poIile, I'Ae POCJIO 1
IepeBbeB. K MecTy KJaza OH ITEN TaK: CHAYAJA IO HPAMOM OT
IIEPBOTO JlepeBa KO BTOPOMY, IIOKA He IIPOIIE] MOJOBUHY pac-
CTOAHUSA MEKIY dTHMH JepPeBbAMH; 3aT€M OT STOM TOUYKHM OH
MIEJI B HATIPDABJIEHUH TPETHEro AepeBd, MOKAa He IIPOINES TPETh
paccTogHUA OT Heé A0 JepeBa, OTTYAA OBEPHYJ B CTOPOHY
YyeTBEPTOrO JepeBa M IPOIIeJl YeTBEPTh PACCTOSHUA 0 HETO,
M TaK janee, IOKa He IIPOIIE ~ PACCTOSHUA 10 HANPABJICHUIO

K n-My JepPeBy U B BTOIl TOUKe BHIKOHIAJ sSMy. Bema B ToM,
yro Byparuno 3a0bL1, KakuM 06pasoM IIPOHYMEpOBaJ JAepe-
BbA. CKOJLKO AM JOJI;KEH BHIKOIATh BypaTuHo, 4TOGEI HaBep-
HAKA HAWTH KJaag?

OTBeTHI U peleHns

3amaua 10.2. a) Ilycte AD, BE u CF — MenuaHbl Tpe-
yroasHuKa ABC, TOTAa BBIMOJHAIOTCA PABEHCTBA
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AD = L(aB + 40),
2

BE = %(B_)-i-_a)’

1 _

N
CF = 3 (CA + CB)
(cM. 3agauy 10.1a). CiegoBaTenbHO,
—_— — = 1, — — - = = — —
AD+ BE +CF = §(AB+BA+AC+CA+BC+CB) =0.

Tax xak 9TH TPH BEKTOPa He KOJJIHNHEAPHLI, U3 OTPE3KOB
AD, BE u CF M0XHO COCTaBUTH TPEYTOJILHUK.

6) Ilyers AD, BE, CF u PQ — menuantbl TeTpasapa PABC,
TOTA BBIMOJHAIOTCA PABEHCTBA:

—

— 1, — — — — —_— = —
AD = g(A;zwchjwu)), BE = - (BA + BC + BP),

w

— 1 —- — — — 1 — — —
CF = -?;(CA—i—CB -I—CP), PQ = §(PA+PB +PC).
(cm. 3agauy 10.16). CkaageiBad MOUJIeHHO 3TU paBeHCTBA, II0-
—_— ) = = = —
ayuum (aHayoru4dHO 1. a); AD + BE + CF + PQ = 0. Otu ge-
ThIpe BEKTOpPA TaKiKe He KOJLINHEAPHBI, II09TOMY M3 MeJUaH
TETPa3aApPa MOMKHO COCTABUTH 3aMKHYTYIO JIOMaHYIO.

OrMeTuM, 4TO B 06OMX NMYyHKTax (GaKTUUECKH AOKA3aHLI Gojee «CHJIb-
HBI€» VTBEPXKACHUSA, KOTOPLIC MOMHO CHOPMYJIHDPOBATE TaK:

a) KakoB Obl HU ObLI TPEYTOJILHYEK, CYLIECTBYET NPYTO# TPeYyTOJLHUK,
CTOPOHBI KOTOPOTO PABHLI ¥ MAPAJJIEIBHB MEeJUAHAM HEePBOrO;

6) KaxoB Gbl HM OBLI TeTpPasAp, CYUIECTBYET 3aMKHYyTad JIOMaHAas, 3Be-
Hbsd KOTOPOI PaBHBI M IApaJIJICJBHBI MEAVAHAM TeTpasapa.

3amaua 10.3. Ilyers Touku M u M’ — nmeHTpouzabl Tpe-
yroapHuKoB ABC n A'B'C’ coorBercrBenHo. Tak Kak

oni — L (04 - OB + 00 S _Loon oo oo
OM = 3(0A+0B+0C) u OM'=2(0A'+ 0B +0C),
BhIYMTAaA 3TH paBEeHCTBA IIOYJIEHHO, IIOJIYyYUM
B — 1 — — —
MM' = Z(AA"+ BB+ CC').
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—_— — —_— —
Kpowme Ttoro, MM' 1T AA’ 11 BB’ 11 CC', 3naunur,
—_— — —
|AA’| + [BB/[+|CC'| a+b+c
3 I

(cM. ciefcTBUe M3 PAaBEHCTBA (*x)).

—
|MM'| =

Ona pemieHusi 3aauym MOMKHO TAKKe HMCIOJIb30BATL M METOZ KOODZH-
Har. BEcam 3ajars abduHHEYIO cHCTEeMy KOODAHMHAT Tak, uro M’ — mHauano
KOODPAHWHAT, OBE OCH PaCIOJaraloTca B ILIOCKOCTH O, a TPEThA OCh Ilapaj-
JieJibHA IPOSKTUPYIOWIeH OpAMOii, TO COOTBETCTBYIOIIME BEPIIUHLI U EeHT-
pOUZABI TPEYTOJbHHKOB OyAYT pasaHyaThcd TOJHKO TPETHUMHM KOOpAWHATA-
MU, IPUUYEM AJIST BCeX TOUeK TpeyroabHmKa A'B'C’ ara KoopAuHaTa paBHA
HYJ10, a JJIA BEPIIHH U HeHTPonAa Tpeyroibanka ABC ora paBHa ZaHHO-
MY U UCKOMOMY PACCTOAHUSAM COOTBETCTBEHHO. Torjga MCKOMas KOOpPAMHATA
pPaBHa cpegHeMy apudMETHIECKOMY KOOpAMHAT ToueK A, B u C (cM. 3aja-
vy 10.16). Ilpu TaxoM DOAXOAE 3aAady MOYKHO OGOOIIMTE: eCcoyu Kaxkad-To
u3 touek A, B, C nau M maxoauTcs B APYTOM IOJIYIPOCTPAHCTBE OTHOCHU-
TENBHO IJIOCKOCTH o, TO €€ KoopAauHara Gepércda ¢O 8HAKOM MHHYC, TOTAA
nojaydeHHas GopMyJia OCTAeTCa BePHOM MpH j000M B3aMMHOM PaclioJIoMKe-
HUM TpeyroabHuka ABC ¥ HJI0CKOCTH .

3amaua 10.4. OrBer: A'M : MC =1: 2.
- _ — - —
Ilycte AA’ = a; AB = b; AD = ¢ (CM pnc. 104)
Torza 0 mpaBHUJY CJIOKEHUS BEKTOPOB AC’ =a+ b +7C
C mpyro¥ CTOPOHBI, AJsA ueHTporma M TpeyroannKa A’BD
BEIONHsETCA PABEHCTBO AM — 1( + b+ ) (cM. samauy

10.16). Cnemoratenbuo, AM = gAC’ , TO €CTh HeHTpouy M

TpeyronpEuka A'BD aBigeTrca TOYKOM, YKasaHHOH B YCJO-
Buu, un AM: MC=1:2,
B’ C’




3agaua 10.5. IIycts K, L, M u N — cepegusnl cTopoH AB,
BC, CD u DA cooTBeTCTBEHHO YeThipéxyroasanKa ABCD (cMm.
— 1 g —_ -
puc. 10.5). Hoxaxem, uro KM = E(AD + BC). JeficTBuTens-
HO,
—_—
KM =

(KC + KD) = = (KB + BC + KA + AD) =

DO} =
DN | =t

= %(Zﬁi+§é),

— = —
Tak kak KA+ KB= 0.

Puc. 10.5

OTMeTHM, 4YTO NOK&3aHHOE PABEHCTBO CIPaBeAJINBO IPH JIO00M B3aWM-
HOM pacnoJioskeHuu orpeskos AD u BC.

— —
= 1= =3 AD|+|BC .

CnepoBarenvro, |[KM| = E\AD + BC| < uz—'——', NPUYEM

PABEHCTBO JOCTHUTAeTCS TOTJA M TOJLKO TOTJa, KOI'AA BEKTODHI

—_ =

AD u BC conanpaBiieHbl. AHAJIOTUYHO AOKA3bIBAETCH, UTO

— —

|AB| + | DC|

2

(IpuuéM paBeHCTBO JOCTHUIAeTCs TOTAA M TOJBKO TOTJA, KOrIa
— —
AB 11 DC). CkinaaniBas IOUJeHHO ABa HePABEHCTBa, IOJYINM

-— 1— —
|INL| = E\AB +DC| <

— — — —
|AD) + |BC| + |AB| + |CD
5 .
IIo YCJIOBHIO 381aYy B 9TOM HEPaABE€HCTBE JOJIXKHO JOCTHUTraThHCA

paBeHcTBO, mostomy AD || BC u AB || CD. CnenosarenbHO,
ABCD — mnapajienorpaMM, 4TO B TpebfOBaJIOCh TOKA3aTh.

\KM| + [NL| <
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Ilo xomy pemeHuA 3aja4Y¥ TAKMKe JOKABAHO, UTO JJIMHA OTPE3KAa, CO-
eVHAIONIEro cepeJUHbI ABYX IPOTHUBOJEKAIIUX CTOPOH YETHIPEXYTOJIbHU-
Ka (guuHa cpejHell JIMHUM YeTHLIPDEXYIOJIbLHUKA), He IPEeBOCXOIUT CpesHero
apudMeTHYECKOTrO JAUH IBYX APYTHX CTOPOH.

3amaua 10.6. a) Ilycts K, L, M u N — cepeiuHBI CTO-
poH AB, BC, CD u DA coOTBETCTBEHHO UETHIPEXYI'OJLHUKA
ABCD, E u F — cepeaunnl auaronaneit AC u BD (cM. puc.
10.6a). Ilycte @ — cepemuna orpeska KM. Torma mma jro-

— 1,— — —> 1,— —
60oit Touxkm O: OK = 5(0A+ OB), OM = 5(0C+0D), cie-
— 1,— — 1,— P — —
noBaTelrbHO, 0Q = 3 (OK + OM) = n (OA + OB + OC + OD).
Ilycts @) — cepeguna orpeska LN, a Q2 — cepelmnHa OTPe3-
ka EF. Paccy:xaa aHAJIOrHYHO, TOJIYYUM

— 1,— — 1, — @ — @ — —
0Q; = ;(OL +ON) = (OB +0C + OA + OD),
— 1,— — 1,— — — —
0Q; = 5 (OE + OF) = £ (0A +OC + OB + OD).

TakuMm obpasoM, TouKu @ U @2 COBIAJAIOT C TOYKOH @,
YTO PaBHOCHJIBLHO YTBEPKAEHUIO 3ajauu. Takie Mvl nOaydu-
AU, YMO mouKa @ nepeceienus mpéx YKA3aHHbLX OMPE3K08
asasemcsa yenmpoudom vemuipéxyzonviuxa ABCD.

Puc. 10.6a Puc. 10.66

6) B mpuBEéAeHHOM peIlleHHH II. 4) HUKAK He UCIIOJb30Ba-
Joch, uTo Touku A, B, C u D nexar B OZHOH IIJIOCKOCTH,
[IO3TOMY AOKABAHHOE YTBEDKIAeHUE AOIUYCKAeT APYIYIO MHTEP-
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npetanuio. Paccmorpum terpasap DABC (cM. puc. 10.66), To-
raa orpeskul KM, NL v EF coeluHSIOT CepeJnuHbl €ro Iomap-
HO cKpemuBamoniuxca pédep. TemM camMbiM J0KasaHo YTO 5TH
OoTpe3KHu (KOTOpPble HA3LIBAIOT Oumeduanamu TeTpasnpa) me-
PeceKaiTCca B OJHOU TOUKe — IeHTpouie rerpasapa ABCD u
IeJIATCS B Hell moroJiam!

CooTrecsa WOJYUYeHHBIH pesyabTar ¢ pemeHuem sazaun 10.1B, MoxkHO
3aMeTHTh, UTO IIEHTPOUJ CUCTEMbI U3 YETHIPEX TOUEK MOXCHO HAXOAUTDH JBY-
MdA cnocobaMu: 1) HaliTy meHTpOUT MIOOBIX TPEX TOYEK M Pa3Ae/IUTh OTpe-
30K, COeJUHSAIONIINN ero ¢ YeTBEPTOH TOUKOM, B orHomenuun 1 : 3; 2) mnpo-
M3BOJBHO Pa30UTh TOUKH HA ABE Mapbl, HAWTU IEHTPOMABI KAXKAOH maphl

TOUEK M PA3JEJIUTh COeSUHAUINNA UX OTPE3OK OnojdaM. ITOT METOM IouC-
Ka IeHTpouAa MOKHO o0obmurs (cm. sagauy I79).

3amaua 10.7. OrBer: ogHy AMY.

IIyers A4, Ag, ..., A, — TOYKH, B KOTOPBHIX PACIIOJATAIOT-
cA JepeBbd. [JoKaxKeM, YTO HE3aBUCHUMO OT MOPAAKa 00xona,
Bypatuno oraskercs B IIEHTPOHJAE STOH CHUCTEMBI TOYEK, MC-
oJIb3ysA METOJX MaTeMaTHYeCcKoH MHAYKIuA. JelicTBUTeNbHO,
mpyu n = 2 BypaTHHO OKaKeTCs B cepeinHe oTpeska AjAs —
ero nerTpouge. Illpegnonoxum, uro ipu n = k Byparumo oka-
3asicsa B IeHTpouae T cucremer Touek A, As, ..., Ap, TOrAa
Py 5&) + 5A_2> 4+ ...+ ()le 1
or = - . A3 Touku T OH IPOXOAUT P
YacTh IIyTH 10 HAIIPABJIEHUIO K TOUKe A, U IonajaeT B TOY-
Ky M, ciegoBaTeabHO,

oM =—> oa,+-F of~ L k
TR+l M RE E+1 k+1

N OA; +0OAz + ...+ OA, OA1+OA2+...+OAk+1
k N E+1 ’
TO ecTb M — HEHTPOMJ CUCTEMBI TOUEK Aj, Ag, .., Apr1.

TakuMm 00pasoM, yTBep:KJeHUE BEDHO IpH JIOOOM HATY-
PaJILHOM 7.

OAk+1 + —

OTMeTHM, 4TO HEKOTODHIE ¥3 3a7aY STOr0 3aHATHS MOYKHO PEIIUTh,
He MCIIONb3YA BEeKTOPHI, Hampumep, 10.2, 10.3, 10.6.

Mo:xHO TakKe HCMOJIL30BaTh 3agadn 146, 76-1184.
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IIpunosxkenue
3agaum aas CaMOCTOSITEJIbHOTO PeleHu s

3agaua 1. 150 crammapTHBIX TeHHUCHBIX MAYEH BeCAT
3 xr. Ckonbko BecAr 19 msauein?

3amaua /2. Ects 10 a6s0x Becom 50 r u 20 a6y0K BecoMm
80 r. KakoB cpenuuii Bec sa6a0Ka?

3amaua 3. Bacsa Berumcaus cpegHee apudMeTHUeCcKOe
TPUAIIATH OATH IeAbX unucea u moayuuma 6,35. Moxkamure,
4TO OH OIInOCH.

3agxaua /I4. Typuct cHadasa npouten 10 KM Mo poBHOM J0-
pore co CKOPOCThIO 5 KM/4, 3aTeM 8 KM B I'OPY CO CKOPOCTBIO
1,6 kM/4, a IOCJENHHIE YyYaCTOK AJAMHBI 6 KM — moja Topy
co ckopocThio 6 KM/u. HaiifuTe cpeHIOIO CKOPOCTh €ro ABHU-
JKEeHUA.

3agaga [I5. CpegHuii BO3pacT OAVUHHAIATYA UTPOKOB HyT-
posbHOM KoMaHAE — 22 roga. Bo BpemMs MaTua OZMH U3 UTPO-
KOB IIOJYYHJI TPaBMy H YIIEN ¢ moJA. CpegHUI BO3PACT OCTAB-
muxcA Ha TOoJe UTPOKOB cTaj paBeH 21 roxy. CKoabKO JeT
¢GyTOOINCTY, MOJYUUBIIIEMY TPaBMy?

3anzaua J16. B 1abopaTopuu uMeeTcsa ABa pacTBOpa CepHON
KHCJIOTHI C MPOILEHTHBIM COAEPKaHNeM KUCJIOTH 5% u 40%.
CKOJBKO PAcTBOpA KasKAOTO U3 BHUAOB IMOHAJOOUTCH, AJIA TOTO
4T06EL ToayunTsh 140 1 30% pacTBOpa KHCIOTHEI?

3agaua /7. [leneraiiua HEKOTOPOU cTpaHbl Ha OnuMITHi-
CKUX UTpax OYIeT COCTOSATHh U3 CIOPTCMEHOB X YMHOBHUKOB.
Cpeanuii BO3pacT 3TUX CIOPTCMEHOB HA MOMEHT HAUaJIa OJIMM-
muagel cocTasuT 22 roja, a YMHOBHUKOB — 47 jer. Ilpu sTom
CPEIHUH BO3PACT BCEX UJIEHOB JeJIeTallii OKAXKeTCA PABHBIM
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41 rogy. KaxoBa B aTo# feseramuu Q0J1s YNHOBHUKOB, BbIpa-
JKeHHasd B IIPOIeHTax?

3amaua /I8. B ¢pyr6orbHOM TYpHUpPE NIPUHSJIO yIACTHE Je-
cATH KOMaHI. B cpemHeM Kakgas na HUX Habpana no 12 ou-
koB. CroabKO MaTueil 3akoHuYmaoch BEHMubio? (Kaxpas wo-
MaHAA ChITpajia ¢ KaxJIou o oguomy pasy. ITobexa — 3 oukra,
HMYbA — 1 ouko, mopakenue — 0 OUKOB.)

3amaua 9. Koas u Bacsa 3a HosOps moayuuan mo 15 ore-
HOK: TPOMKH, UeTBEPKU M naATépKu. Ilpu srom Koag moay-
Ui HNATEPOK CTOJBKO JKe, CKOJBbKO BacsA 4eTBEPOK, UeTBE-
POK CTOJBKO Ke, CKOJIBKO Bacs Tpoek, a TpoeK CTOJBKO iKe,
cxkoubko Baca natépoxk. OKasanaoch, UTO CpegHU GaIa 3a HO-
A0pb Y MaTBUYMNKOB OMUHAKOBEIM. CKOMBKO TpoeK moayumit Ko-
a5 B HOAOpE?

3amaua /I10. B xiacce me GoJjiee TPHUALATA YUEHUKOB,
M DOCT KaKJOr0 M3 HUX BLIPAYKAETCA IEJLIM YMCJIOM CAHTHU-
meTpoB. CpegHuil POCT BCeX, KPOME CAMOTO BEICOKOI'O, PABEH

3 .
1482 CM, & CpeJHUMN POCT BCEeX, KPOME CaMOT0 HU3KOTr0, PaBeH

4 o .
149? cM. Ha cKOJIBKO CAHTHMETPOB CaMbIii BHEICOKHM YUEHUK
3TOr'0 KJacca BBIIIe CaMOT'0 HU3KOro?

3amaua /[11. B rama0ii U3 KJIETOK NIPSAMOYIOJLHOI Tab-
JUIBI ¢ TPEMSA CTPOKAMH H IBYMS CTOJOIIAMH 3allMCAHO YUC-
no. Cpeaaue apudmMeTnuecKre YUCe], 3allMCAHHLIX B IePBOii,
BTOPO# ¥ TpeThbel CTPOKaX, PAaBHBI d, b M ¢ COOTBETCTBEH-
HO, a cpefgHee apudMeTHUECKOe YMCces MePBOro CTOa0Ia PABHO
d. Hatinute cpeamee apuhMeTHYecKoe UNCE, 3aIIHCAHHBIX BO
BTOPOM CTOJIOIIE.

3amaua [12. Ha CKONBKO YBEJIMYUTCHA CPELHUN BO3pacT
VYEeHUKOB KJiacca 4yepes Ton?

3agaua [13. Ilyctes m — cpegHee apudMeTHUECKOE YUCe
ai, as, .., ap. Haliiure 3HAUYeHNEe BBHIPAYKEHUA

(ap—m)+(az—m)+...+ (a, —m)
- .
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3anaua /[14. B HeKOTOPOM COpEBHOBAHUY yuacTBOBaiIu 50
crpenkos. IlepBriit Be16MI 60 oukos; Bropoit — 80; TpeTmii —
cpenHee apudpMeTHUECKOe OUYKOB IEPBLIX ABYX; YETBEPTHIA —
cpefHee apu(pMETHUYECKOE OUKOB IEPBLIX TPEX W TaK Jajee,
TO €CTh KaKABIHA CIeAVIONIuil CTpeOK BHIOUN cpegHee apud-
MeTHYecKoe 0YKOB Beex mpenblayiux. CKONBKO OUKOB BHIOWII
42-# crpesok?

3agaua /115. B xax/a0ii KiIeTKe IPAMOYTOJbHON Ta0aAMIIBI
3amucaHo yucyao. MoskeT Jiu cpefinee apupMeTHUYecKoe KaKa0-
ro cToa011a TAbMUIEE OLITH IIOJIOMUTEJBLHEIM, 4 cpefiHee apud-
MeTHYeCKOe KaKA0M CTPOKH — OTPULATEILHBIM?

3amaua J[16. HeckobKO YUEHBIX SMUTDHUPOBAIN U3 CTPa-
Hel P B crpany A. Mor sau cpenuunii IQ B 00eux cTpaHax BO3-
pacTtu?

3amaua A17. OgmoxnaccHuIiisl Boba B cpeiHEM HIKE, €M
OXHOKJACCHHUIBI BaHu, 3TO K€ BEePHO ¥ AJS MaJILUNKOB-OIHO-
KJaacCHMKOB. MoskeT U cpefHNI pocT B Kiaacce BoGa ObITL
foasllle cpegHero pocra B Kjacce Bauu?

3amaua [[18. B xa)kJ0i KjeTKe MAaXMaTHOH AOCKH 3allu-
CaHO YUCJIO, PABHOE CpeZHeMY apu(MeTHYeCKOMY CBOHX CO-
cemeii (mo cropone). JokaxKuTe, YTO BCe 3alMCAHHBIE UHUCIA
DPaBHEI.

3amaua J/[19. YVauTka npomoJizaeT 3a KaKIblH yac 1 meTp.
Bepuo 1, uTo B 17060if MOMEHT BPpEMEHH €€ CPeIHAA CKOPOCTh
paBHa 1 Merp B uac?

3amaua [20. Mooker Jau cpegHee apUPMETHIECKOE
HECKOJIbKHUX DPa3JUUYHBIX HATYPAaJIbHBIX UHCEJ PABHATHCHA KX
HanOoNBILIEMY OOIIIeMY AEJTUTEN0?

3amaua J121. Ha gocke Boinumcano 100 pasiuuHbIX dHCEI.
Hoxkaxxure, 4TO cpefu HUX MOYKHO BBIOPATH TPH YHCA TAK,
uTO MX cpefHee apupMeTHUeCKoe He GyJeT paBHO CpeIHEMY
aprpMeTHYeCKOMY HUKAKUX YETHLIPEX M3 BEINMCAHHBIX YHCEJ.

3amaua JI22% Ha gocke sammcano 100 umcesn, npu sTom
cpemuee apndMeTnUecKoe JIOOBIX TPEX M3 HUX YoKe 3aluca-
HO. JJOKa’XuTe, UTO BCE UMCJIA DABHEIL.

98



3amaua J123% B crpourky sauncansl 100 uucen: a1, az, ...,
ai100, IpuuéM a1 = 1, ajg0 = 100, a Kakgoe uUMCIIO, KPO-
Me ABYX KpallHHX, He OOJIbIle, YeM cpefHee apudpMeTHIeCKoe
IBYX ero cocefieii. [lokasxure, uTo ag4 < 64.

3agaua J[24° Ipu Kakux 3HAUYEHUAX 7 BCe HATYpPaJbHBIC
yueaa oT 1 10 n MOKHO PacCTaBUTh B APYTOM MOPAIKe TaK,
yT0oOBI cpefgHee apudMeTrdYecKoe JI060H IpyIInbl U3 ABYX HJIH
0oJiee TIOAPSA CTOAINUX YHCeJ He OBLIO ITeJILIM?

3agaua [25. a) Halianre cTOpOHY KBagpara, IJIOmiagb KO-
TOPOTO PaBHA ILIOIIAJH MPAMOYTOJbHUKA CO CTOpOHAMHu 9 cM
u 4 cm. 6) Haligure pebpo Kyba, eciu ero o0séM paBeH 0056-
My IIPSAMOYTOJLHOTO Mapajjielenunena, U3MepeHEus KOTOPOTO
paBHEI 2 1M, 9 aM u 12 am.

Sagzaua J126. IlosoBuuy myTy Jjomiajgh ABUTajack HaJer-
Ke CcO CKopocThIo 12 KM/4. OcTanbHOM IyTH OHA IIIJIa C BO3OM,
II09TOMY €€ CKOPOCTh Ob11a 4 KM/4. C KaKoil MOCTOAHHOMN CKO-
POCTBIO € Halo OBLIO ABUraThCHA, UTOOBI IIPOMTH TOT e IIYTh
3a Takoe ke BpeMA?

3agaua [27. B kuHopusrbme «CaMOTOHIIHMKA» TPH IPY-
ra roHAT camorod. ¥ Tpyca TeuéT »KUAKOCTH KpenocTtbio a%
U CcTaHAApTHaAA OyTHLIb HAUOJIHSAETCA 3a @ 4acoB, y Banbeca
TEYST JKUAKOCTL KpenocThio b% u Tarkasa ke OyTHLIbL HANOJI-
HAeTca 3a b uacoB, a y BeiBamoro — ¢% wu 3a ¢ uacoB co-
OTBeTCTBeHHO. /1A yCKOpPeHMA IIpolecca ApYy3bA HAIPABUIN
TPYOKH ammapaToB B OAHY OYTHIIL 1 HATIOJHWUIY €€ 3a CYTKM.
Hajigure KpernocTs moyuusineiica cmecu. (Kpenocmo sxcudro-
cmu — 3mo npouenm colepiHarHus 8 Heli cnupma.)

3agaga J[28. Aus mponiia NyTh U3 OyHKTa A B OYHKT B,
a Bopa — u3 nyHKTa B B yHKT A. OHM BHINLJIN OJHOBPEMEH-
HO ¥ NLJIH ¢ IOCTOSHHBIMU cKopocTamu. Ilocse Berpeun Bops
OBLJI B ITyTH eIié uac, a Aua — 4 yaca. CKOJIbKO BpeMeHHU IIEN
Ka)XIBIH M3 HUX N0 MeCTa BCTpeumn?

3amaua [29. Manwim m KapsicoH chenu GOUKY BapeHbs
¥ KOP3UHY NeYeHbd, HAYaB U 3aKOHYMB ofHOBpeMeHHOo. CHA-
vaysia MaJslln eJ1 neueHbe, a Kapicon — BapeHbe, ITOTOM (B Ka-
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KOH-TO MOMEHT) OHHM IoMeHsanch. Orasamock, uto Kapicon
¢hell B AEBATH pPa3 O0JIbIlle BapeHbs, YeM MaJsbIil, a NeYeHbs
OHHU CBheJu II0OpoBHY. JI006yI0 caagocTs KapisicoH ect OwicTpee
Majpima B OZHO M TO K€ KOJHYeCTBO pa3. B kakoe MMeH-
HO?

3agaua J30. B MarasuH TpMBE3JM TPU COPTa KOHGET C
pasnoit memoii: 40, 60 u 120 pyOsae#r 3a xkmimorpamMm. Kon-
der KaskZOro COpTa UPHUBE3NN IPHU ITOM Ha OJHY U Ty ‘Ke
cymmy feHer. IIpofaBer cTan MpoLaBaTh CMeCh 3THX KOHQeT
mo 73 py6as 33 KomeilKu 3a KujaorpamMm, HO BaHA IOKynaTh
HE CTaJ, TAK KaK PeIlInj, uTo lieHa 3aBbllieHa. KTO M3 HUX
npas? (BoccraHOBUTE JIOTUKY 000UX.)

3anaua /I31. Ha gocke B 1abopaTopuu 3amucaHbl IBA YMC-
Jga. Kaxxaslil Jedsb crapimuil HayYHbIH coTpyaHEuK IleTs ctupa-
eT ¢ Jocku oba umcJia M IMUIeT BMECTO HUX UX cpejHee apud-
MeTHUeCKoe U cpelHee rapMOHMUYECKOe. Y TPOM NePBOIO AHSA
Ha JocKe ObLIM 3amucaHbl uucaa b u 2. Hadigure npoussene-
HUe uucel, 3allUCAHHLIX Ha gocke BeuepoMm 2011-ro gH4.

3amaua /I32. BoBouka cymes yOeAUTh YIUTEIbHULLY NOBBI-
CHUTH eMy OIIEHKY 34 HTOTNOBYIO KOHTPOJIbHYIO paboTy B epBoii
YeTBepTH C ABOMKM Ha TPOMKY, MOCJE Yero ero cpesHui 6ai
3a 3Ty 4eTBepTh yBeauuwscA Ha a. Ilocie Toro Kaxk oH mpo-
TeJajyl TO YXe caMoe BO BTOPO#l YeTBEePTHU, €ro CPeAHUMH OaJii
3a BTOPYIO 4eTBepTh yBeauuwmics Ha b. Ha cKoJIbko B mTore
YBEJINYMJICA ero cpeuuii 0aji 3a meppoe moayrogue?

3agaua [33. Onpenenure OTHOIIEHHE ABYX MOJIOKUTED-
HBIX YHCeJ, eCJU OTHOLIEHHE MX CPeJTHero apu@MeTHuecKoro
K CpeJHeMy I'eOMETPHYECKOMY paBHO 25 : 24.

3amaua J[34% PaBHOYCKOPEHHO ABMKYIIUICA aBTOMOOMIb
YBEJIMUYUBAET CBOI CKOPOCTDL Ha IPAMOJUHEHHOM y4acTKe I0-
poru ¢ vy A0 vg. Halimmre CKOPOCTH aBTOMOOUJIA B CepenuHe
3TOr0 yUacTKA.

Samaua [I35. 13 nyHKTa A B IYHKT B IOJI3yT ABa XXyKa
¥ BozBpammarwTca obpaTHo. IlepBhiil yK mpomoss B 06e cTO-
POHBI C OZWHAKOBOI cKopocThio. Bropoir mons B B B 1,5 pasa
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OBICTpee, UeM MEPBLIH, a o0paTuo B 1,5 pasa memnenneir. Ka-
KOU »KYK BEPHYJICS B NYHKT A paHbIe?

3amaua [I36. JlBa Karepa, uMeIIIHe OIUHAKOBYIO
CKOPOCTB B CTOAUEN BOAE, IPOXOAAT IO ABYM PEKAM OTUHAKO-
BBIe DACCTOSHUSA UM BO3BpAIlaioTCsa 00paTHO. B Kakoi us pex
TaKoe ABMIKEeHUe NToTpedyeT MeHbIlle BpeMeH!: ¢ OLICTPLIM Te-
YyeHueM MU ¢ 6osee MeIIEHHBIM ?

3amaua [37. [JoxkaxkuTe, 4TO CpeqH BCeX NMPAMOYIOJIbHBIX
TDPEYTOJbHUKOB C JaHHOU I'MIOTEHY30U paBHOOEIPEHHEIN Tpe-
YIOJIbHUK MMeeT M HAMOOJLINYI0 ILIOINALb, M HANOGOJBIIHHA
MEePUMETP.

3amaua [A38. Ha oxpykHOCTH OBLIN MOCIEAOBATEIBHO BbI-
6pausl Touku A, B, C u D. Xopasl AC u BD nepeceramorcs
B Touke P. Halinure yron APB, ecau yrioBbie BeJIMYHNHBI AYT
AB u CD paBHBI ¢ U ,8 COOTBETCTBEHHO.

3amgaua /139. BuyTpu yriia pacmososKeHbl IBe OKPYAKHOCTU
¢ nearTpamu A u B. OHu KacawoTcd APYT APYra ¥ IBYX CTOPOH
yria. [Joxakure, 4TO OKPY'KHOCThH ¢ AuaMeTpoM AB Tax:xe
KacaeTcsA CTOPOH yria.

3amaua 40" Uz touknm K — cepenunsl cropousl BC Tpe-
yroasHuKa ABC — BoCCTaBJIEH HEPHEHAUKYJISAP K dTOH CTOPO-
HE, KOTOPHIH IlepeceKaeT OKPYKHOCTh, OMUCAHHYIO OKOJIO Tpe-
YTOJILHUKA, B TouKe D (Tourkm D m A nmexaT B OJHOM MOJy-
rmochcroc'rH oTHOCUTeasHO NpaMoit BC). lokaxkure, uro KD =
s T 1c

= —5 > TRe It U T — PajMyChl BHEBIMCAHHBIX OKDPYXKHO-

cTeli, Kacamuxcs ctopoH AC u AB,

3amaua [141. JokaxuTe, YTO CTOPOHBI TPEYrOJBLHUKA CO-
CTaBJAIOT apu(PMETUUECKYIO IIPOTPECCHUIO TOTAA U TOJIBKO TO-
rha, KOTZa KOTAHTEHCHI €ro MOJIOBUHHBIX YIJIOB COCTABJIAIOT
apuMeTHIECKYIO IIPOTPECCUTO.

3amaua 142, [lokaKuTe, YTO B PA3HOCTHOM TPEYTOJLHUKE
cpenHU o BeIUUYnHe yroja He 0oxablie yem 60°.
3amaua /143. CTopoHBI TPeyroJbHHKA CBA3AHBI COOTHOMIE-

HUeM b = aT+c. Hoxaxkure, uto ac = 6Rr (R u r — paauycsl
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ONIMCAHHON M BINCAHHON OKPY’KHOCTEH 3TOr'0 TPEYTOJbHUKA
COOTBETCTBEHHO).

3amaua [[44. Ctopous! Tpeyrojbauka ABC cBA3aHBI COOT-
AB + BC

HomeHueM AC = . JIoKaKuTe, YTO CyMMa pacCTOsA-

HU#l oT 1000 TOUKHM OHCCEeKTPHCHl B TaHHOTO TPEYTOJbHU-
Ka 0 ero CTOPOH paBHAa BHICOTE TPEYTOJbHUKA, IIPOBEINEHHON
K cTopoue AC.

3agaua JI45. B erunerckom Tpeyroabauke ABC (yroan C —
npamoi, BC — menbinuit kater) Haigure yroa BOI (Touku O
u I — meHTPHI ONMMCAHHON ¥ BIHCAHHOM OKPYKHOCTEH COOT-
BE€TCTBEHHO).

3amaua /146. [Jokakure, 4TO AINHA MEAUAHBI TPEYTOJIbHU-
Ka MeHbIIle cpeJHero apudMeTHUYeCKOro JJIUH CTOPOH, MEXAY
KOTOPHIMH OHA IPOBEICHA.

3amaua 147 Yermipéxyronbauk ABCD — BIOUCAHHBINA.
ACEBC _ AD.

3anaua /148 IIycts H — opToneHTp (TOYKA IIepecedyeHust
BBICOT) OCTPOYTOJBHOTO Tpeyroibuuka ABC, R — paauyc oK-
DPYKHOCTH, OIMCAHHOM OKOJIO 3TOTO TPEeyroJbHUKA. Jloraru-

AH + BH +CH
Te, 4TO % < R.

Horaxxkure, uro ecniu AD = BD, To

3agaua /1497 B BuIDyKJOM ueThIpéxyroabHuxke ABCD
KaXJIyo U3 IPOTHBOJekKAINX cTopod AB u CD pasaennnau
Ha TPH PABHBIE YACTH ¥ COOTBETCTBYIOIHE TOYKHY JEJIEHHUA CO-
eruHWIN. HalinmTe maomagb CpefHeHd YacTH, €CJH S sgcp =
= Q.

3anmaua /150. Yrian HEKOTOPOTO TPEYTOJLHNKA COCTABISIIOT
apudmMeTUECKYIO Iporpeccuio. JJokaxnre, YTO €CJIU CTOPOHEI
3TOTO TPEeYTOJbHUKA COCTABIAIOT a) apudMeTUIecKyIo; 6) reo-
METPHYECKYIO IIPOTPECCHI0, TO 9TOT TPEYroJbHUK — paBHO-
CTOPOHHHUH.

3agaua /I51. OnpenenanTe ocTpelii yroa pomda, B KOTOPOM
CTOPOHA PaBHA CPEJHEMY TeOMETPUUYECKOMY ero AuaroHajei.

3amaua [[52. 13 BepmuHel npaMoro yraa C mpaMoyTroJib-
HOoro Tpeyroabuuka ABC npoBeneHa Boicora CD. Touku E u
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F — oCHOBaHHA IEPIEHIUKYJIAPOB, ONVIIEHHLIX U3 TOYKU D
Ha KaTeThl AC m BC coorBercTBenHo. Jlokaykure, uro CD =
— /AB- AE - BF.

3amaua /I53. B yroa C BoucaHa OKpYIKHOCTE, KacawIasacs
ero CcTOpoH B Toukax A m B. U3 Touku P, jexanieil Ha 605"
meit fyre AB OKPYXHOCTH, ONYII[EHBI MePIeHAUKYIApsl PK,
PM u PN na npameie AB, AC u BC coorBercrBenHO. [loka-
sKuTe, yro oTpe3ok PK aABIAeTCA CpeIHMNM reOMeTDHUYECKHM
orpeskoB PM u PN.

3agaua JI54. VIz Touku T IpoBeM K OKDYKHOCTH Kaca-
TeabHyio TA 1 CeKyIyIo, epeceKaIylo OKPYKHOCTb B TOY-
xax B u C. Buccexrpuca yraa ATC nepecexaer xopasl AB u
AC B Touxkax P u @ coorBerTcTBeHHO. [loKakuTe, 4TO OTPE3OK
AP aBisieTca cpeJHUM reoMeTpHYecKUM oTpe3koB PB m QC.

3amaua J55. CepeanHHBIE IEePIEHANKYJIAPEI K CTOPOHAM
AC u BC rpeyroapauka ABC mepecexkawoT BeicoTy CH (unu
eé mpomomxenne) B Toukax P um @ coorBercTBeHHO. Haiimure
paguyc OKPYXHOCTH, OIUCAHHOM OKO0J0 TpeyroabHuka ABC,
ecaun CP =p, CQ =q.

3anaua /156~ Yepes aBe BepILIMHBI PABHOCTOPOHHETO TPEY-
TOJIPHUKA M IIEHTDP BIUCAHHON B HETO OKPY’KHOCTH IIPOBeZieHa
OKPYXHOCTh. JlOKa)KuTe, UTO OTPE30K KacaTeJabHOH, IIPOBe-
NEHHON K 3TOH OKPYXHOCTH M3 TPEThEel BEPIIUHBI, €CTh Cpes-
HEee TeOMeTPHUUYECKOe MEeXKAY CTOPOHAMHM TPEeyroJbHHKA, CXO-
OAITUMHCS B 9TOHA BepIIIMHE.

3amaua JI587. an uernipéxyroacauk ABCD. Orasaxocs,
YTO OKPYKHOCTbH, OIIMCAHHAA OKOJO TpeyroasbHura ABC, ka-
caercs cTopoHsl CD, a OKPYKHOCTH, OIMKUCAHHAS OKOJIO Tpe-
yroasauka ACD, xacaercsa ctropousl AB. [lokaxkure, 4TO gua-
roHaab AC He GoJibIlle, YEM PACCTOSHUE MeXKIY cepelnHaMU
cropod AB u CD.

3amaua /158" Jau tymoyroanusrii TpeyroabHuk ABC. Ha
cropore AC, nexalreil IPOTHUB TYIOI'0 yIJia, YKa)KUTEe TaKHe
TouKu D, uTo oTpe3ok BD saBjsgeTcA cCpegJHUM TreoMeTpuue-
ckuM oTpeskoB AD u CD.
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3amauya JI59. B TpeyrosbHuKe, AJIMHBL ABYX CTOPOH KOTO-
poro paBHEI a u b, IpoBefeHa BhICOTa K TpeTheii cropoue. Ilpu
KaKOM COOTHOIIIEHUM MEXKAY @ 1 b OHA MOYKET SABJATHCSA CPej-
HHAM I'eOMeTPHUYeCKUM JBYX APYTHUX BBICOT 3TOT'O TPEYIOJILHU-
Ka?

3amaua J160. M3 Touku D, nexainei Ha cropore AB Tpe-
yroasHuKa ABC, mpoBefeHBI IpAMLIE, IIapajlieJbHble IBYM
JIPYTUM CTOPOHAM, KOTOphIe IepecekaioT cTopoHel AC m BC
B TouKax F u F cooTBercTBeHHO. Haiinure mIoIaask Tpeyroib-
auka CEF, ecnu miomaaym tpeyroiabunkoe BDF u ADE pas-
HBI S1 1 Sy.

3amaua J/I61. IIycts H — opromenTp Tpeyroabauka ABC,
K — rakasa rouka Ha BrIcOTEe AD, uTo /BKC = 90°. [lokaxu-

Te, 4T0 Spgc = VSanc - SBHC-

3amaua /1627 Bokpyr oCTPOYroabHOTO TpeyroasbHuka ABC
oIucaHa OKpYyKHOCTHb. KacareimbHble K Hell B Touxkax A, B
u C momnapho mepecekaroTca B Toukax M, K u L. Toukn D,
E n F — ocHoBaHmA BhIcOT Tpeyroabpuuka ABC. IIoxaxure,

uTo Sapc = VSwmkr - SpeF-

3amaua JI63. [lokaxxuTe, 4TO TPEYrOJbHUK, COCTABIeHHBIH
U3 BBICOT TpeyrosbHUKa ABC, ABIAETCS TAPMOHUYECKUM TO-
rfa U TOJBbKO TOTJa, Korja TpeyroabHuK ABC ABIsgeTca pas-
HOCTHBIM.

3agaga [164. KBagpar Bnucan B TpeyroabHurx ABC Tax,
4YTO JB€ €r0 BePINMHEI jIekaT Ha cTopone BC, a IBe Apyrue —
Ha ctopoHax AB u AC. HaiiguTre cTOpOHY KBajpaTa, €CJIyd H3-
BeCTHO, uT0 BC = a, a BBICOTA TPEYrOJLHHUKA, IPOBeLEHHAA
W3 BEepIIUHLBI A, UMeeT JJIUHY A.

3amaua [65. [oxaskuTe, 4TO GUCCEKTPUCA TPEYroJbHUKA
MeHBIIIe CPeJHeT0 TaDMOENYECKOTO CTOPOH, MEXKAY KOTOPBIMM
OHA IPOBeeHa.

3apaua J166. BuccexTpuca AD Tpeyroanrauxka ABC pasHa
IIOJIOBUHE CpefHero rapmoHuueckoro cropon AC u BC. Haii-
JUTE yroll A TpeyroJbHHKA.
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3amaua J167. [HoxakuTe, uTo ecam oproneHtp H ocTpo-
yroabHOTO Tpeyroabuuka ABC gexuT Ha oTtpeske KL, coenu-

HAIOIEeM OCHOBAHMNA OMCCeKTPHUC, NPOBEIeHHBIX U3 BePIIUH A
1 1 1 1 1 1

u C, ro: a) BH - AH + E; 0) cos /B - cos LA + cos ZC°
3amaua /168. B paBHOOegpeHHBIN TPEYTOJNLHUK BIHCAHA

OKDPY2KHOCTL. TOUKH KacaHUWs IeJsAT KaKIylo OOKOBYIO CTO-

POHY Ha OTPE3KU M U N, CUNTAA OT BepIIUHBI. K OKpyKHOCTH

1TPOBENEHBI TPU KacaTesbHble, IapallelbHble CTOPOHAM Tpe-

yroapauKa. Hafifure AOUHBI OTPE3KOB KaCATeJIbHBIX, 3aKJII0-

YEHHBIX MeXAy CTOpOHaMM TpeyroJbHHUKA.

3agaua /169. [lokakuTre, YTO TPEyroJbHUK OJHOBPEMEHHO
ABJSAETCA: a) PASHOCTHBIM K TapMOHHNYECKUM; 0) pa3HOCTHBIM
U aBTOMEJWAHHBLIM; B) TADMOHUYECKUM U aBTOMEIUAHHBIM TO-
rla M TOJBKO TOT/la, KOTJa OH PAaBHOCTODOHHMUIA.

3amaua [M70. JokakiuTe, 4TO B JIIOOOM TDPEyroJIbHHKE OT-
HOIIleHWe ILIOIIagN TPEYToJIbHUKA, COCTABJIEHHOTO U3 €T0 Me-

3
AUaH, K IDIoILagu CaMoro TpeyrojJbHHUKaA PaBHO Z

3agmaua [I71. [JnuBa MeAuadbl, IPOBEAEHHON U3 BePIIIUHBL
B rpeyroasuura ABC, pasaa m. Oxasanock, 4TO OCHOBaHUE
ITOM MeIVaHbl, CEPeIUHbI ABYX APYTHUX MeAUAaH u TOUKA Iepe-
ceueHMA MeUaH JIeaT Ha OJHOM OKpy:KHOocTu. Hatinute AC.

3agaua J172. B tpeyroasauke ABC touku A’ u C' — cepe-
nuuel cTopod BC u AB coorserctBernHo. Touku K u L — oc-
HOBaHHUS IIePUeHANKYJIAPOB, ONyIIeHHbIX n3 A’ na AB u AC,
a Touku M u N — OocHOBaHUSA [IEPIEHANKYIAPOR, ONMYIIEHHBIX
us C' ma BC u AC. Joxaxure, uro KL = MN Torga u TOJbKO
Torma, Korga tpeyroabHuk ABC paBHOOeapeHHBINH (C OCHOBA-
Huem AC) uiam aBTOMeAMaHHBIN (co cpeqHeil mo AJuHE CTOPO-
"o AC).

3amaua 737 [lBe OKPYIKHOCTH EPECEKAIOTCA B TOUKax P
u @, AB — ux obmas xacareabHasa (A ¥ B — TouKM Kaca-
Husg). OKasagoch, 4To § — TOYKa TMepecedyeHuA MeIuaH Tpe-
yroasunka ABP. J[lokasxure, uto oTpe3ok AB sBasercs cpen-
HUM KBaJpaTUYHBIM OTpe3koB AP u BP.
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3amaua [74. Joxkaxxure, 4To TpeyroabEnK ABC sBasercs

aBTOMeAMaHHLIM (CO cpenHeil mo minHe cTopoHoit AC) Torga u
cos2/A 4+ cos2/C
TONBKO TOI'ZAa, Korga cos 2/B = 2 .
3agaya 757 B miockoctu tpeyroabHuka ABC HalipuTe

reoMeTpun4YecKoe MeCTO TOUeK X, JJIA KOTOPBIX BBIIIOJHAETCA

[ XA? + XC?
paBeHcTBO X B = ——;————

3amaua /I76. Pé6pa PA, PB u PC terpasapa PABC umeror
onauHb 1, 2 1 3. MoskeT Ju AJHHA MegUAaHB PQ 3TOro rerpa-
3pa PAaBHATHCA ABYM?

3agava A77. Touxu D, E u F jgexar ua cropoax BC, AC
u AB Ttpeyronbuuka ABC u AensaT uX B OJHOM M TOM XK€ OT-
HOIIeHNH (IpU OJHOM HAampasyieHuu obxoxa). Joxkaxkure, 4To
HeHTpoun Tpeyroabuuka DEF coBIasaeT ¢ IIEHTPOUAOM Tpe-
yroabrHUuKa ABC.

3amaua 78. zsectHO, uro T — IEHTPOU] CHCTEMBI TO-

uex A1, As, ..., A,; To — HeHTpoU] cuCTeMBl TO4YeK Bi, Ba,
«wes Bg; T — ueHTpOouUA cHUCTeMBI TOueK Ay, As, .., 4,, By,
Bo, ..., Bg. Hokaxnre, uro Touka T mexxut Ha orpedxke T1Ts
TT) &
TT; n’

3amaua [A79. Haiigure mojokenune IEHTPOUAA: a) YEThI-
PEXYTOJILHOM NIpPU3MbI; 6) NPAaBUJILHOM 71-yroJbHOH HUPAMM-
IBI.

3amaua JI80. a) Ha Gepery osepa pacTyT miecth coceH. M-
BECTHO, UTO €CJIM B3ATHL ABA TPEYroJbHUKA TaK, YTOOBI Bep-
IIVHBI OJHOT0 W3 HUX HAXOAWJIACH B OCHOBAHHUAX TPEX CO-
CeH, a BepIIMHEI APYroro — B OCHOBAHHUAX TPEX APYIHX CO-
CeH, TO B CEPEIUHE OTPe3Ka, COeANHAIONIETO TOUKH Iiepeceue-
HUA MeIuaH 3THUX TPEeyroJbHUKOB, HA JHE 03epa HaXOAUTCH
kaan. HemssecTHO TONBKO, KakuMm ob6pasomM pasbuBaTtek AaH-
Hble ITIeCTh TOUEK Ha ABe Tpoiikn. CKOJABKO pa3 IPpHUAETCS OIIy-
CTUTHCH HaA AHO 03epa, 4TOOLI HABEePHAKA OTHICKATL KJIam?

6)* OrBeThTe Ha aHAJIOTHYHEIHA BOIIPOC, €CJIM U3BECTHO, UTO
03epo Kpyryioe, a KJaA HaXOJUTCS B cepeauHe OTPe3Ka, Co-
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eIVHSIOIEero OPTOLUEHTDH! (MOYKU nepeceieHus 6biCcOM) Tpe-
YTOJLHUKOB.

3amaua [I81. PaccMoTpuM IIPOM3BOJIBHBIN IIapaJiieJienu-
nen ABCDA'B'C'D’'. Touka N — HeHTDP CHMMETPHH ero TPaHu
DD'C'C. B kakOoM OTHOLIEHHUH IJIOCKOCTs A’ BD feuT oTpe3oK
AN?

3amaua [82. B rtpanenun ABCD panabl ocHoBaHuit AD
u BC paBubl a u b (a > b). BoKOBEIe CTOPOHBI TpAIleIlUH Pas-
JeJUJIM Ha N PaBHBIX YACTel M COOTBETCTBYIOIHME TOUKH [Je-
JIeHUA coeguHWIN. [logyumBinmecs OTPE3KU IIPOHYMepPOBalu
yncyamu oT 1 10 n—1 (cuuTasi OT MeHbIIIeTo OcHOBanuA). Haii-
AVTe [IJIUHY OTPEe3Ka ¢ HOMepoM K.

3amaua [A83. laun mapanigeaorpamm ABCD u Na0CKOCTE &,
He IIepeceKaloras ero. Paccrossausa ot Bepmiue A, Bu C go o
PaBHBI COOTBETCTBEHHO a, b u ¢. Haligure paccrosiuue ot Bep-
muHLI D 0 ILJIOCKOCTH (.

3agaua /184 Ha Tpéx mapajielbHBIX MPAMBIX BHIOPAHBI
COHAIpaBJeHHBIe BEeKTOPH AAy, BB u CCy. Jokaure, 4To

00béM BuIYKJIOro MuHOrorpanuuka ABCA1B1Ci MOXXHO BbI-
AA, + BB; +CC;

YUCAUTEL 110 Gopmyse V = - S, roe S — mao-
LIaJhL TPEYroJbHUKA, BEPIIHHBI KOTOPOro ABISAIOTCSA TOUKA-
MH IepecedyeHrsd JaHHBIX MPAMBIX U MEPIeHIUKYIAPHON UM
ILJIOCKOCTH.

3amaua [I85. B yceuéHHOM KOHYCE IPOBEAEHO CEUEHHE, 1A~
pajiyienbHOe OCHOBaHUAM. Beipasurte paguyc R aToro ceueHus
yepes paauychl R; m Ry ocHOBaHHWE KOHyCa, e€CJM ILIOIIAAb
ceueHus paBHA: a) cpefHeMy apudMeTHyecKoMy; 6) cpeHEMY
rapMOHHUYECKOMY; B) CpeHeMy IeOMeTPpHUYECKOMY; T') cpeHe-
My KBaJpaTHYHOMY ILJIOIafeil OCHOBaHUH.

3amaua JI86. B yceuéHHOM KOHYCE IPOBEAEHO CeUeHUe, IIa-
paJsleJbHOE OCHOBAHMAM M pasbupBalolliee 3TOT KOHYC Ha JIBa
YCeUEHHLIX KOHyca paBHOro o0bema. Haiinure pamuyc cede-
HHUSA, eCJM Paguychl OCHOBAHMII MaHHOTO KOHyca paBHBI Ri
u Ro.
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YkazaHud K pelIeHuAM 3aaad
U KPpAaTKHEe pemIeHuA

J1. Orser: 380 r.
Pewenue 3afavu nosiHocmuvio AHALOZUYHO PeULeHUI0 3a0Q-
qu 1.1.

J2. Orser: 70 r.
Pewenue 3a0auu nosHoCmbi0 AHALOZUYHO PelleHUI0 3a0a-
wu 1.2,

A3. N3 ycaoBus sajauu ciaemyeT, 4TO CyMMa UHCEJ, BhI-
OparnbIx Baceii, paBuHa 6,35 - 35, To ecTh He I[eIOMYy 4YHCJY,
a cyMMa ITeJIBIX YMceJ JOJIKHA OBITH IIeJIOi.

Jd4. Oreet: 3 KM/4.

Juura mapmrpyra cocrasiader 10+ 8+ 6 = 24 (km). Bpema
ABHKeHUs Typucra paBao 10:5+8:1,6+6: 6 = 8 (u). Cie-
JOBaTEeJILHO, €r0 CpefHAA CKOPOCTH paBHa 24 : 8 = 3 (km/u).

A5. Orser: 32 ropa.

CymMma Bo3pacToB oanHHAamIaTH GyTooameTos pasaa 11 x
x 22 = 242 roga. Tlocse TOro, Kak OJMH UIPOK YIIEN, CyMMa
Bo3pacTtoB ctasa 10 - 21 = 210 ner. Berumeaus pasHuiy, Io-
JYYUM, UTO yIIeAlIeMy UTrpoKy ObLo 32 rosfa (cpaBHUTE C 3a-
mageit 1.9).

J6. Oret: 40 1 meproro pacreopa u 100 o1 BTOpPOrO.

Pewenue sadavu ananozuuno pewenuio sadayu 1.6.

7. Oreer: 76%.

Iepsutii cnocob. IlycTe gesieranusa COCTOUT U3 X CIIOPTCMe-
HOB U y YNHOBHHUKOB, TOTJ[a CYMMapHBIA BO3PACT BCEX CHOPTC-
MeHOB paBeH 22x, a YNHOBHUKOB — 47y. [leseranus Hacum-
THIBAET X + Y 4YeJIOBEK, IOATOMY €€ CYMMAapHBIM BO3pacT pa-
BeH 41(x + y). Ilonryuum ypaBuenue 22x + 47y = 41(x + y).
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Vupoctus ero, moayuuM, uto 6y = 19x. Jong YnHOBHUKOBR,
BBIpasKeHHasd B IIPOIIEHTax, paBHA

Y 100% = _ by | 100% =
x+y 6x + 6y
19x 19
:-——-1 _ — . :76 R
6%+ 19% 00% 35 100% %

Bmopoii cnoco6. Cpegauii BO3pacT BcexX UJIEHOB Jeseranuu
ABJIACTCA B3BeIlIEHHLIM CPEIHUM apudMeTHUYeCKUuM uuces 22
u 47, Yucao 41 genur orpesok [22; 47] B oruwomenuu 19 : 6,
cuntas or 22. 3HAUUT, OTHONIEHHUE KOJHUYECTBA YUNHOBHUKOB
K KOJHMYECTBY CIIOPTCMEHOB OyheT o6paTHBIM, TO ecTb 6 : 19,

: 19
HO3TOMy JA0J1 UNHOBHHUKOB COCTaBJAET 2—5 OT BCeX UYJICHOB [ge-

Jeraiuu, To ecThb (6% (cpasnume ¢ 3adauwamu 1.6 u 1.12).

A8. Orser: 15 HuUbUX.
O0uiasa cyMMa OUYKOB, HAOpaHHBIX KOMaHIaMu, pasHa 12 x

x 10 = 120. Becero B TypHuUpe OBLJIO CHLIIPAHO 1—02—9- = 45 mar-

yeli. 3aMeTHM, UTO B Ka)KJOM MaTuye B CJIyUae BRIAIPHIIIA OJ-
HOM M3 KOMaHJ B OOILIYyI0 CyMMY OYKOB AobaBisiercsa 3 OuKa,
a B caydae Hmubeil — 2 ouka. Hambosablnas cymMma OUYKOB,
KOTOPYIO MOIIM HabpaTh KOMAaHAbI, pasHa 45 -3 = 135. Tak
KaK KoMaHabl Habpanu Ha 135 — 120 = 15 oukoB mMeHbIIe, 15
MaT4yeil 3aKOHYMJINCH BHUYBIO.

A9. OteT: 5 Tpoek.
YcaoBue 3afauy yaoOHO 3amHCATL B BUAE TaOJIUITLI:

O1ieHKH «3» | «4» | «D»
Baca x Y -
Kouna z x y

Torma pasescTBO cpegHux 6annos Bacu u Kosu (mpu oxu-
HAKOBOM KOJHMYECTBE OI[EHOK) O3HauaeT, uTo 3x + 4y + 5z =
= 3z+4x+ 5y, cnegoBaTesnbHO, x+y = 22. Tak rkak x+y+z2 =
=15, to 3z = 15, To ecThb 2 = 5.

J10. Orsert: Ha 23 cM.
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HYCTI: PoCT cCaMOro BBICOKOT'O YY€HMKAa KJjacca paBeH X CM,
CaMoOro HU3Koro — y cm, a CYMMapHLIﬁ POCT OCTAJNIBHBIX y4e-

HUKOB paBeH S cM. Ecian KoluuecTBO YUEHUKOB B KJacce paB-

HONn+1, TO S—::—q = 148%1/1 Stx

= 149%. BerunTasa us BTopo-

0 YpaBHEHHUA IIEPBOE U YMHOMXKAaA obe vacTu IIOJIYUNBIIErOoCA
23n

28
y Teable, 3HAUNT, YHCJIO X — J TaKMKe IleJoe. Y IYNUTHIBAA, UTO

n — HaTypadbHOE YHUCI0, He mpeBocxonamee 30, moayumm,
yTo n = 28, ciexoBaTedabHO, X — Yy = 23.

[11. Oteer: g(a Y b+e)—d.

ITycrs x — cpexlee apudMeTHUECKOe YHCesi, 3aIHCAHHBIX
BO BTOpOoM cToJi0me. Tak Kaxk B KayKI0U CTPOKe 3alMCAHO OLU-

HAKOBOE KOJWYECTBO UMCEN, cpefHee apudMeTHUEeCKOe BCeX
at+b+ec

YDaBHEHUA Ha N, MOAYUUM X—Y = . ITo ycooBuio uucsaa x u

YHCeJ B Ta6JII/II_Ie paBHO . B CTOJIGLIaX TaKKe IIOPOB-

Hy uuceJy, IIO3TOMY CpefHee apudMeTHUYECKOe BCEX 4Yuces B
d+x a+b+e
2 3

d+x
TabuIe PaBHO TaKMKe - N3 ypaBuenus
2
IIONYYUM, YTO X = g(a +b+c¢)—-d.

JA12. OTeer: Ha rox.

Peuienue 3a0auu noanocmbsvio AHALOZUYLHO peuleHulo 3a0a-
yu 2.1.

J13. Oreer: O.

(a1 —m)+(ag—m)+...+(ap,—m) _
n
_ (a1+a2+..,+an)—mn_mn—mn_o
- n N n o

TlonydeHHEIN Pe3yabTAT MOXKHO C(HOPMYJIMPOBATH TAK: CpeJHee OTKJIO-
HEeHWe OT CPefXHero apudMeTHYeCKOTo PABHO HYJIO (Tak Ke KaK M CyMMa
OTKJIOHeHwuiT). [{na ABYX umcen — CM. PHCYHOK K 3ajaude 1.4, Cm. Takxe
KOMMeHTapuil K 3ajaue 2.1.

A 14. OtBer: 70 ouxOB.
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TpeTtuii crpesok Bei6ua (60+80) : 2 = 70 oukos. Kamabiit
caenywomuil Taksxe BpiOua mo 70 oukos (cM. 3amauy 2.9).

O15. OTBeT: HET, HE MOJXKET.

IIpeamonoKuM OPOTUBHOE, TOTAA, BEIYUCIHB CYMMY BCEX
yuces TabAUIBl MCXOAA M3 CTOJOI0OB, MOJYYHUM, UTO 3TA Be-
JIVYUHA TOJIOKHTEILHA, 8 BEIUNCIAUB TY e CYMMY UCXOIa U3
CTPOK, MOJYYUM, YTO OHA OTPUIATEJILHA.

BmecTo cyMMBI Beex umcesa TAGJIMIBI MOKHO BBIYMCAATH WX CDefHee
apudmerndeckoe (cpaBHHUTE ¢ 3azaveir 11).

J16. Orset: xa, Mor.

Ecau IQ stux yuéHbIX GBI HUMKE, YeM cpeaHuit IQ B cTpa-
He P, HO BoINIE, yeM cpenHuit IQ B cTpaHe A, TO Tak M HpO-
usoiigér (cpaBHUTE ¢ 3amaueii 2.3).

A17. Orser: na, mor.

Taroe mMorjo ObIThH, HAIPUMED, ecjiv B Kjacce Bo6a muoro
MaJbYMKOB ¥ MAaJI0O JeBOuYeK, a B KJjacce Barnu — Haobopor
¥ [IPH 3TOM CPEAHUH POCT OXHOKJIACCHUKOB Boba 6oabie, ueM
cpegHUI POCT OJHOKJIaccHUI Baxu.

IIpuBeném uncaosoii nmpumep. Ilycts B Kiaacce Boba 5 me-
BOYEK, cpenuuii poct KoTophix 140 ¢M, 1 20 ManpuYUKOB, Cpel-
Huii poct KoTopeix 150 cM, a B Ki1acce Banu 20 neBouek, cpex-
Huil pocT KOTOpEIX 142 ¢M, 1 5 MaJLYHUKOB, CPEeIHHH DPOCT
koropeix 152 cm. Torma cpegHuit poct B Kjacce Boba paBeH
(140-5+ 150-20) : 25 = 148 (cM), a cpegHIH pPoCcT B KJaacce
Banu pasen (142 -20 + 152-.5) : 25 = 144 (cm) (cpasnume
¢ 3adayei 2.4).

J18. Pewenue 3a0a4u noOLHOCMbIO AHAN02ZUYHO PEULEHUIO
3adavu 2.5. Ommemum makxe, ymo cpednee apugpmemuye-
CKO€E 8 YCAOBUAX 3MuUX 3a0a1 MONCHO 3aMEHUMb HaA N1060e OpY-
20e cpedHee.

J19. OTBeT: HET, HE BEPHO.

IlycTh, Hampumep, YANTKA ABUraeTcda TaK: IepPBbIe IOJI-
yaca OTABIXAeT, IIOTOM 34 II0JIYaca MpPOIOoJ3aeT OAWH METD,
IIOTOM OIIATHL IIOJYAca OTABIXaeT W Tak nanee. PaccMorpum
nepBuie 1,5 daca eé aBuKeHus. 3a 9TO BPeMS OHA IIPOIIOJIZET
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. 1 2
1 MeTp, 3HAUUT, €€ cpeAHSA CKOPOCTH PaBHA 15 = 3 Merpa

B gac (cpasnume ¢ 3adayeil 2.12).

J20. OrBer: HeT, He MOMKeT.

IIycTe 9TO He TaK M n — HauMeHBLIIIEE CPeIU TaKUX YHCEI.
Tak Kak cpefmee apuMeTUUECKOE PA3JIMUHBIX YUCe] OOIbIIe
HanMMeHBbINeTo U3 HUX, OHO 00JIbIle 1, a HauboJabmInil obImmii
MeJIUTeNb He MTPEBOCXOIUT /1 — MPOTHUBOPEUNE.

O21. YoopAnounM BBIIHCAHHBIE UMCJA II0 BO3PACTAHHIO:
ay+az+a
a; < az < ag < ... < aioo. lyers m = —13#, kE =
ay+ag+ag+ay

= y , Torma m < k. lefictBuTensuo, m < ag < dg,

3HAYHUT, B Ha0Op M3 TPEX uuces J0OABJICHO UHUCIO d4, OOJBL-
miee, YeM m — WX CpeaHee apudMeTHUECKOe, UTO IIPUBOJUT
K VBeJUYEHHIO cpefHero apudmerndeckoro. QuesBMaHO, UTO
cpengHee apudmermueckoe JO0ro gpyroro Habopa M3 UeThI-
PE€X 3aIMCaHHBIX YHCeJI, 00JbINe 4eM K.

22, Vonopsimoumm 3alvcaHHbIe YHCIa 110 BO3PACTAHUIO:
a; € az < ag < ... < a,. Bygem gBurateca cieBa HAIPaBO
IO 9TOM CTPOKE, A0 TeX II0P IOKA He AOHAEM A0 3HAKA CTPOrO
HepaBeHCTBA (ecyu TaKoTO HET, TO Bce Uucia paBHbl). IIycTs,
HaTnpuMmep, a1 = G < Ap11, TOTJA cpefHee apudPMeTHIECKOe
BTHUX TPEX yuces GOJbIIE, YeM Gy, HO MEHbIIE, YeM dj 1. SHA-
YUT, CPEIH 3AIMUCAHHLIX YKCEJ ero HeT.

Ocraercsa paccMoTperdb ciayuail, Koraa a1 < das < as. Ec-
JU @z = a3, TO cpeiHee apudmMeTHUecKoe Umces a1, ds U A3
0osbIlle, UEM @1, HO MEHBIIIE, YeM dg, IO3TOMY OHO He MOIKET
OBITH 3aIIMCAHO HA JOCKe. SHAUUT, a1 < dg < 43, U cCPefHee
apudMeTUUECKOe STUX YHCEJ PAaBHO dz. B aTom ciyuae pac-
CMOTPUM cpenHHNe apuMeTHUECKYEe IBYX TPOEK Ynucesa di, ds,
as 4 ay, ag, a4. Ecam a4 = ag, To cpeadee apudMeTHdecKoe
mepBoil TPOHUKMU UMCeN PABHO ds, a cCpedHee apudpMeTHUeCKOe
BTOPOH TPOHKU umces GOJbIe, UeM dg, HO MEeHbIIE, UeM dg, —
IPOTHBOPeune ¢ ycaoBueM. Eciu ske a3 < a4, TO YCIOBHE 3a-
Jady MOJKET BBIIOJHSATHCS TOJBKO B CIyUae, KOIAa V KaMon
U3 paccMaTpPHUBaeMBbIX TPOEK UUCeJ cpefHee apUdPMeTHUEeCKOe
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DaBHO (3, HO 5TO HEBO3MOYKHO, TaK KaK cpefHee apudmMernye-
CKO€e BTOPOU TpoUKM uuces GOJIbIe, UeM IIEPBOH.

Taxum obpasom, ocraeTcd IPUHATH, YTO BCE 3alIMCAHHBIE
YyucJia pasHbl.

O23. lloxaskeM, UTO IIPH BCex HaTypaiabHBIX £ or 1 mo 100
BBHIIIOJIHSAETCA HEPABEHCTBO dr < k (u3 uero m cjemyer yTBep-
KOeHue 3anadu). s sToro paccMoTpMM uUmHeaa BUIa by =
= ap — k ¥ JOKa)XXeM, 4TO CpeAy HHUX HeT MOJOMKUTEILHBIX
yucesa. IleficrsuTeabHO, b1 = b1go = 0, a IJIs OCTAJNLHBIX 3HA-
yeHUH kK BEPHO, UTO

bk:ak_kgak;l_—zt%-k:
@1 -Gk-1)+ (@1 —(E—1))  bp_1+bpyy
N 2 - 2 ’
IIycTe cpenw TaKuX 4UpcesJ €CTh MOJOMKUTEJNbHBIE, TOraa
BeIOepeM HauboJsbIllee m3 HUX — b, W PacCMOTPHUM JBa CO-
CeIHUX ¢ HUM uucaa: b, 1 m bp,q. Kamnoe us sTux umcen
bp—1+ bm+1

He mpeBocxozuT b, HoO > b,,, ssauur, b,,_; =
= by = bpy1. IIpoBOgA aHANOTUUHOE paccyskIeHUe U ABUTA-
fICh TAKMM O0pasoM K Kparo, MOJYYNM IIPOTHUBOPEUHE.

24, OTBeT: IpH YETHHIX 7.

(n+1)n
CyMMa BceX HATypaJNbHBIX 4McesJ oT 1 1o n paBHA —

n+1 .
a ux cpeJHee apudMeTHUIECKOe PABHO — 3HaUYuT, B J1000H

paccTaHoBKe NP HEYETHLIX 3HAUEHMAX N cpedHee apudpme-
THYECKOEe BCEeX YHCeJ OyAeT LENBIM, TO €CTh YCJIOBHE 3agadul
BBITIOJIHATECA He Gyxer. Ecium 'Ke dmcio n — 4éTHOE, TO YKC-
Ja MOKHO paccraBuTh Tak: 2, 1, 4, 3, 6, 5, ..., n, n — 1.
HoxaxeM, uTo IIpeAbsBJIEHHAS PACCTAHOBKA YIOBJIETBOPSET
VCJIOBHIO 3afa4Yd. 3aMeTHM, 4TO YHUCJI4, CTOAIHNE B Heil Ha
YyETHBEIX MeECTaX, Ha 1 MeHbIlle CBOEro HOMepa, a 4YMceJa, CTO-
dAlYe Ha HeUETHBIX MecTax — Ha 1 6osbile cBOEro HoMepa.
3HAYNT, CyMMa IOAPSAJ CTOAINKUX uUMceJ OyneT paBHaA CyMMe
HOMEPOB, €CJIM KOJHYIECTBO UHUCEa UETHO, U OyaeT Ha 1 oTuIH-
4aTbCsA OT CYMMbI HOMEPOB, €CJIH KOJUUECTBO Urcesl HeUETHO.
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Ho nocnenosareibHOCTE HOMEPOB — 3TO HATYPAJIbHEIC UKUCJIA
or 1 mo n, B3ATLIe B mMopaaKe Boapacranusa. Cpeanee apud-

MeTHYeCKoe B HOMEpPOB IOAPAL, HAUUHASA C HOMEpAa 1, PaBHO
mt(mtk-1) . _ 2mthk-1

2k 2
¥, BBHY PaBeHCTBAa CYMM, COBIIaJaeT cO cpeZHUM apubme-

THYECKUM B IpPeIbABJIEHHON paccTaHoBKe. IIpu HeuéTHOM kK
cpenHee apudMeTHUECKO€ HOMEPOB — II€JIOe, HO CyMMa Yu-
ceJl OTJIMYAETCS OT CyMMBI HOMepOB Ha 1, mosToMy cpenHee
apudmMeTnUecKoe B IPEeXbABICHHON PACCTAHOBKE OTANYAETCA

. IIpu uérHom k oHO moayueJoe,

1
OT IeJIoro YucJja Ha E’ TO €CTh OINATHb-TAKH HE€ ABJAETCA Lie-
JIBIM.

J25. OrBet: a) 6 cv (cpeduee zeomempuueckoe wucen 9
u 4); 6) 6 v (cpednee zeomempuueckoe wucea 2, 9 u 12).

a) x2 = 9-4 = 62, rme x — IJIMHA CTOPOHBI KBajJpaTa
(6 o6wem sude x = \/ab); 6) x® = 2-9-12 = 63, rge x —
nnuHa peGpa Ky6a (6 o6wen sude x = v abc).

JA26. Oreet: 6 KM/4.

Ilyers V ¥M/u — mcKoMas CKOPOCTbH, S KM — IIOJIOBMHA

S S 28
IyTH JOWAAN, TOTAR o + 7 = 7 @ sHauMT, V = 6 (cped-

Hee zapmonuieckoe wucen 4 u 12; cpasnume ¢ 3adauvei 3.2).

O27. Oreet: 72%.

Ilepeuwiii cnocob («apubmermueckuii»). IlpeacraBum cebe,
YTO M3 KaKAOTO arnmnapara MAET ABe TPYOKM, M3 OJHON TeuéT
YHUCTHIH COUPT, U3 APYrOM — BOJAa, a MepeMeIlIUBaHue IIPOUC-
X0ZuT B KoHIE. IlycTh 00béM OyThlaim pasen 100 craxanam.
Kpenocts k 03HaUaeT, YTO YUCTOTO CIIHPTA HAJIMJIOCH KaK pas
k crakaunoB. I3 ycI0BUA 3aa4H CIAEeAyeT, UYTO KaKIBIH U3 ca-
MOTOHHBIX ammnapartoB Tpyca, Ban6eca 1 BoIBajsioro saxaunsa-
eT 3a 1 yac poBHO OJMH CTaKaH YuCTOro cumupra. Takxum obpa-
30M, 3a 24 yaca TpHU almapara 3aKadaiorT B OyThLIb 72 CTAKaHAa
YHUCTOTO CIIMPTA, a 3HAUHUT, KPEIOCTh TIOJYUYECHHOH KUIKOCTH
(moce cMemuBaHUA ¢ BoAoit) Oyzaer 72%.

Bmopoit cnoco6 («anrebpavueckuii»). CaMOTOHHBIH amma-

1
pat Tpyca HamoJsHsAeT 3a yac — dYacThb OyTeLIM, BanbGeca —
a
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1 1
5 dacTb OyTeLIM, a BeiBamoro — = wacTh 6yTeLIH. IToCKOJIB-
c
1 1 1
Ky BCA OYTBHLIb HATOJHWJIACH 3a CYTKH, — + > + — cocraBiad-
a c
1 : .
er o, HacTb oyreinu. Ilpu 3TOM B JKHAKOCTH, BHIPAaOOTaHHOU

3a 1 gyac, cnupT OyZeT COCTABIATH l-—+—-i e -3
a 100 b 100 ¢ 100 100

oT Beceil OyTHLIN.
CnegoBareyibHO, B HTOTOBOM IIPOAVKTE COZepsKaHue CITHD-

3 1 72
Ta COCTaBUT —— . — — —— YacCTHu 6 TbLJIA, T Tb II Th
100 © 24 100 y 0 €CTh KpPeroc

MONyUYHBIIIEHCcSa cMecu paBHa 72%.

OTMeTuM, YTO €CJIM He YUHUTHLIBATE YCJIOBHE, UTO BTPOEM APY3bsa HATIOJ-
HUJIH OYTHLIb 34 CYTKH, TO MOJYYUM OTBET

1011 3
8 (+ + )~100= S — Y
+

100 ° b l+l ab +be + ca
b

Qs

c

TO eCTh CpeJHee rapMOHHUYECKoe umucesa a, b u ¢. B cayqae, xorga a, b u ¢

1+1

1
b 24 , 9TO BBIDAKEHUNE IIPUBOAUT K OTBE-

CBA3aHbI yCJIOBHeM =+
Ty 72%.

O28. Oreer: 2 yaca.

IIycrs mo Berpeun Ans u Bopsa muam ¢ yacoB. Bpems, za-
TpaueHHOE MemexoJaMyd Ha Ka)kaoM H3 ydacTkoB AC m BC
(C — mecTO BeTpeun), o6paTHO MPOIOPIIHOHAIBHO UX CKOPO-
cram (cm. 3adaxy 3.6), moatomy, t : 1 = Vg : Vy, = 4
oTKyzna t = 2 (cpednee zeomempuueckoe wucer 1 u 4).

J129. OTeeT: B Tpu pasa.

ITycrs Kapicou ect B 7 pas 6sicTpee Mansinia. Ilockonbry
IleYeHbsA OHU C'heJN HMOPOBHY, MaJBIITy HA TO, YTOOHI CHECTh
medyeHbe, ITOHAJ00MIOCH B n pa3d OoJbIIe BpPEeMEHH, UYeM
Kapiacony. IIoCKOIBKY OHM HA4YaiuM M 3aKOHUMJIN OJHOBpeE-
MEHHO, 24 B KaKOH-TO MOMEHT MOMEHSJNCh, KapyicoH en Ba-
peHbe CTOJBKO K€ BpPeMeHM, CKOJbKO Masisim — medeHsbe,
¥ HaobGopor. 3HauuT, Bapeube KapJcoH el B n pas A0JbIIe,
uyem ero ex Manwin. CrnenoBaTennno, KapcoH chesl BapeHbA
B n-n = n? pas Gousire, yem Maxsim. Takum o6pasom, n? =9,
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TO ecTh N = 3 (cpedHee zeomempuueckoe wucen 9 u 1; cpasru-
me ¢ 3adavanmu 3.6 u I125).

JA30. Oreer: ipas Baus.

IIpomaBen, mo-BUAMMOMY, HAMIE] cpeliHee apudMeTuyec-
Koe 1men: (40 + 60+ 120) : 3 = 73% (py6.), HO He yuéi, 4TO
KOH(DEeTH Pa3HOT0 COpTa BOHIYT B CMECh B PA3HBIX KOJHUE-
CTBax.

Banwuna ke Joruxa Takosa: mycTb S pyo0Jaeii — cTOMMOCTE
KOHGET KaXAOT0 COPTa, TOTAA BCero KOHGET IIPUBE3NIU % +

S S
120 = 20 (xr). CaegoBarenbHo, 1 Kr cMecm IOIIKeH
crouTh 38 : 28_0 = 60 (py0.) — cpedHee zapmoHuuecKoe ulucer

40, 60 u 120 (cpasnume c 3adaueii 3.10).

A31. Oteer: 10.

3aMeTHM, YTO IIPOM3BEAEHUNE UNCeJ, S3aTUCAHHBLIX Ha J0C-
Ke, He m3MeHseTcd. [elicTBUTEJILHO, €CAU B KAKOH-TO OeHb
Ha JIOCKe 3alMCAHEI YHMCJIa 4 U b, TO Ha CJIeLVIONIAH [eHb 6y-
ath u 2ab . Ilpu saTom ath 2ab = ab.
at+b 2 a+b
IloaTOoMy HCKOMOe TIPOM3BEeHNUE PABHO U3HAUANbHOMY: 5:2 =

=10.
2ab

32, OrBet: Ha P

IIycTes v BoBouku B 11epBoit UeTBepTH OBIJIO M OIEHOK, a BO
BTOPO¥ YeTBEePTH — 1 OLeHOK. VI3 ycnoBusA 3amaum cjaemyer,

S
+o5

AYyT 3allNCaHbl YHCJIA

1 1 .
uTo a = —, b = =. CrnemoBaTenbHO, 3a IOJYTOJHE CDEIHUMN
n
2 2 2ab
O0asis1 BoBouKM yBenmumica Ha = = 210 (cped-
a

m+n 1,1
a + b
Hee zapmoOHUuecKoe wucen a u b).

A33. OTBeT: MeHbIllee OTHOCUTCA K OoanimemMy Kax 9 : 16.
Ilycte x 1 y — mcKoMble ynciaa. Ilo ycaoBumo

tty 25 £+\/E~§
2,/xy 24 y x 12’
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X
C,uenaB 3aMeny IIepeMeHHBbIX \/j = ¢, NOJIy4UM KBaapar-
- y

Hoe ypaBHeHue 12¢2 — 25¢ + 12 = 0, KOPHAMHU KOTOPOTO SB-
JAIOTCA YHCJIA —z— " %. CaegoBarenbHO, X : Yy = 9 : 16 unnm
x:y=16:9.

2 2
O34. OrBet: v = \/l;rﬂ.

IIyets v — HCKOMas CKOPOCTL aBTOMOOWMJIS B cepeluHe
yuacTKa, ¢ — BpeM#A, 32 KOTOPOe aBTOMOOUIDb IPEO0JIes 110~
JIOBUHY IIyTH, T — BpeMs, 3a KOTOPOE OH IIPOJeaj BeCh OYTh.
Hanee paccMoTpuM JBa cirocoba pemnieHud 3agaun: «busmde-
CKHI» M «TeOMETPUYECKUN».

Iepsuiii cnocob («pusnueckuii»). PaccMorpum KoopauHAT-
HYIO IPAMYIO, HallpaBjeHIe KOTOPOM COBIIAJAEeT ¢ Halpase-
HUEeM ABMKEeHUS aBTOMOOMIA, a HAYaJo OTCUYETA COBIALAET
C HAYaJIOM paccMaTpHBaeMoOro yyacTKa Aoporu. Torma v =
= vy +at u va = v; +aT, Tie a — YCKOpPeHHE ABUIKEHUA.
Bripakas 13 KaXXIJoro ypaBHeHHUA BpeMsd, NOJIYUUM ¢ = 2 ;vl ;

Vg — U1

T=Y2"01

a

2
at
IIycts S — AivHa MOJOBHHBI Y4acTKa, Toraa S = vyt + e

aT?
u2S =uv T+T' Brrpaxkasa S u npupaBHUBasA IOJYYUBIINECS

T T2 t2
BbIpa:KeHUSI, TMeeM 912— + a—4— = vt + a? & 209 (T - 2t) =

= a(2t? — T?). IloxcraBass B 9TO ypaBHeHMe HailfleHHbIE 3HA-
yeHua t u T, NoJaydmnm:

vp—v1  2v-—-2v1\ (2L — v1)2  (vg —v1)?
201( a a ) - a( a2 B a2 ) <
2 2

< 2v1(ve+v1—-20) = 2(0—01)2—(v2—vl)2 o vl = vt

v? 4 vl
CrnemgoBaTenbHO, U = T cpeduee KeadpamuiHnoe
JaHrHbLX cKOpocmeli.
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Bmopoii cnoco6  («reomeTpuueckuii»). PaccMoTpum
rpaduK 3aBHCHUMOCTU CKOPOCTH aBTOMOOMJISA OT BpeMEHH HAa
3aJaHHOM ydYacTKe, CUMTadA, UYTO U; — HaYaJbHAasg CKOPOCTh
aBToMoOuia (cm, puc. 1). Toraa nyTh, IpoOiZeHHBIN aBTOMO-
O0mieM B Ka)KALIH MOMEHT BPEMEHH, PaBeH ILIOLIALU Tpaie-
OUY, OTPAHUYEHHON TOCTPOSHHBIM IpaduKoM, OCAMU KOOp-
AUHAT ¥ BEePTUKAJNLHOI MHPAMOIi, COOTBETCTBYIOIIEl BLIOpaH-
HOMY MOMEHTY BpPEMEHH.

Ilyrs, npoliieHHBIH 3a BpeMA f, B ABa pa3a MeHbIIE IIy-
TH, OIPONJEeHHOrO 3a BpeMA T, TO €CTh HCKOMad CKOPOCTL PaB-
Ha AJIUHEe OTPe3Ka, HapajlleJbHOTO0 OCHOBAHUAM Tpalenuu u
JeNANIero eé MIoInaxhb momojaM. Ero AjauHA paBHa cpelHeMy
KBaJpaTUYHOMY AJIWH OCHOBaHWH Tpamenuu (cm. 3adavy 5.2),

v? 402
TO €CTh U = 4/ 2.

i

)

LN S —
~e

L

Pue. 1
J35. OTBeT: mepBbIil XKYK BEPHYJICA paHbIIe,.
IlepBHIil 2KYK 3aTpaTHI HA BeCh IYTh BpeMd ¢ = sz— = %2{?,
28 38 138

TOTZa KaK BTOPOH KYK 3aTPATHUJ BpPeMA g = — + — = ——;
i p y D p 2Ty Ty T e
t1 < tg (cpasrume c 3adaxet 4.6).
J36. OteeT: ¢ Goslee MeJIEHHBIM TEUCHUEM,
Pasnuunbie cnocobv. pewsenus amoii 3a0aiu aHAL0ZULHbL

cnocobam pewerus 3adauu 4.9.

HA37. Pewenue 3a0a4u norHOCMb0 GHANLOZUYHO PEULEHUIO
3adauu 4.11.
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A38. Orser: on—,B .

IipoBepém xopmy AD (cm. pmc. 2), torga yroxr APB —
BHEIITHUIH ,zmm TpeyI‘OJIBHI/IKa APD, znauur, LAPB = /PDA +

+/PAD = o+ f= “+ﬁ

HblX 8eJlUYUH.

— cpednee apugpmemuieckoe dau-

OTMeTHM, 4TO ecJu Touka P JeXUT BHE OKPY>XHOCTH, TO aHAJIOTUYHO

JOKasLIBaeTcsi, uTo LAPB = o~ ﬁ ‘
B
C
7]
D
Puc. 2 Puc. 3

A39. ITycTs paguychl JaHHBIX OKPYKHOCTEH paBHEI ' U4 R,
Torga AB = r + R (cM. puc. 3). llearp O OKDPYIKHOCTH C Jua-
meTpoM AB Jjie)xuT Ha OMCCEeKTpHCce JAaHHOTO yrJja, 3HaduT,
rouka O paBHOY[ajIeHa OT CTOPOH yria.

Ilycts A/, O' u B' — ocHOBaHUA HEPIEHAUKYJIAPOB, OIY-
IIeHHBIX 13 ToueK A, O u B COOTBeTCTBEHHO Ha OAHY U3 CTO-
poOH yria, torga, Tak Kak O0' — cpefgHsas JUHUS TPaneUuu

AA’ + BB’ r+R
AA'BB, 10 00 = 22122 = 12
HO, OKPY?KHOCTE ¢ IeHTpoM O U PafuycoM, PARHBIM ITI0JIOBUHE
AB, Kacaercs CTOPOH yrJa.

= %AB. CraenoBarenb-

J40. ITycts W — BTOopasa Touka nepecedeHnusd npamoi KD
¥ ONMMCAHHOII OKpYKHOCTH, Torja DW — nuameTp OKPYHKHO-
ctH, sHaunt, LDAW = 90° (cm. puc. 4). Kpome Ttoro, AW —
onccexTpuca yriaa BAC, nostoMy OMCCEKTPUCHI BHELTHUX YI-
JIOB TpeyroJbHHUKAa [IPH BepiminHe A JjexkaT Ha npamoi AD,
CJIeIOBATENbHO, HA 2TON upaAMoil jexar v HeHTpsl Op u O,
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VKa3aHHBEIX BHEBIWCAHHBIX OKPYIKHOCTel. OmycTUM mepreH-
guryaaps: O.Bg u O0pCy Ha upamyio BC, torga O.Bg = re,
0pCo = rp. Tarkum obpasom, Op0.BoCy — Tpanenus, u yTBep-
JKIAeHUe 33JaUll paBHOCUJIBHO TOMY, UTO oTpe3ok KD aBasger-
cs eé cpeaHeill JuHUeH.

IIycte O, T — paavyc BHEBIHCAHHON OKPYXKHOCTH, IIPO-
BeJE6HHBIN K cTopoHe AB, N — TouKa KacaHWsd 5TOil CTOpO-
Hbl ¥ OKPYXHOCTH, BIMCAHHOU B TpeyroabHuUkK ABC, Torma
BBy = BT = AN = p —a (BC = a, p — moIylepuMeTp Tpe-
yroapHEKa ABC). Anasiormuao noxydum, uto CCo =p —a =
= BBy. Kpome Toro, BK = CK, nostromy K — cepeguHa oT-
peska BgCo. YuursiBas, uro KD || O.By | 0,Cy, momyuum
TpebyeMoe yTBepIKIeHne.

OrmMeruM, uTO eciu Tpeyroabuux ABC — pasroGeapennstii (AB = AC),

To ToukM A ¥ D coBmagaior. B aTOM cayuae yTBepskAeHUme 3a[laYl TAKMKe
BBINIOJIHAETCHA, TAK KaK 1y = 7. = KD,

CooTHecs I0KA3aHHOE YTBEP:KACHUE C PelIeHHeM 3aJaul 8.8, MOXKHO
TNOJYYHTH eIlé OJMH IIPYMep ABYX CPEIHUX HA OJHOM UEpPTeKE.

Oce—

Puc. 4 Puc. 5

J41. Paccmorpum Tpeyroibuuk ABC 1 OKPYKHOCTSE C IIeH-
TpoM I U paguycom r, BINCAHHYIO B Hero (cM. puc. 5). Ilycts
K — Touka KacaHus 3TOH OKPYIKHOCTH CO CTOPOHOU AB, TO-
rga BK = p — b, roe p — moayunepuMeTp Tpeyrojasanxa ABC.

/B —-b
W3 npamoyronsHoOro Tpeyroasauka BIK: ctg 5 = pT Amna-
ZA — ZC — — _
TOTMYHO ctg —= = P2 ctg &> = P_rE_ Tak Kax p——“—#’%c =
r



—(a+c 2p — 2b
= ( ) _ 2P & 2b = a+c, uncaa a, b u ¢ cocTaBJaA-
r r

0T apI/I(bMeTI/I‘IeCKyIO IIporpeccuio Torma m TOJIbBKO TOrjga, Ko-
p—a p-b p-c

rma 4ucaa s u COCTaBJIAIT apupMeTHYeCcKyIo
r r r

IIPOTr'PECCHIO.

42, Ilycts cropoubl TpeyroabHuka ABC cBA3aHBI COOT-
HOIleHNEM b = aT+c, TOTAA CPEeIHUM II0 BeJIHMUYHHE ABIAETCH
yroa B.

. /B r
Ilepsviil cnoco6. Tak kKak tg7 = b (cMm. puc. 5) m
S _ - - /B - —
_ Saapc _ \/(p DE-C-0 4B _ [0 -0k o

p p 2 plp—0)
IIo HepaBEeHCTBY MEMKAY CPEIHMM TeOMeTPHUYEeCKHUM U cpej-

- - b
HUM apudmeruyeckuM /(p —a)(p —c¢) < p-arp-c _ 2

2 3 2
b
YuuTsIBasi, YTO B Pa3HOCTHOM TPEYTOJIbHUKE D = < > mouy-

/B
unm /p(p — b) = b‘f . Torza tg — < ? CJIe/IOBATEIBHO,
/B

> < 30°, To ecTh 43 < 60°.

Bmopoti cnoco6. O6osnavyum a = b — d, ¢ = b+ d u BeIumC-
JIIM KOCUHYC yria B, mcnoanaysa TeopeMy KOCHHYCOB:

a?+c2-b2 (b-d)2+(b+d)2—»?
COSLB: i =
2ac 2b—-d)y(b+d)
b2 +2d2 1 342
= o 92— 3 T3z By = 3
202 — 2d2 22 —d2) 7 2

[y

TaK KaKk BTOpOe ciaraemMoe HeoTpulaTeabHO. CieoBaTelbHO,
/B < 60°.

J43. Ucnonssys To, 4TO r = 1hb (cm. 3a0auy 6.2) u dop-

1 b
MyJBL S = —z-bhb uR= —‘;sc (S — mromank JaHHOTO TPEYTOJIb-
abc  hy bhy
TOJXYUYUM =6.-=.2 _qec. — ac.
HHKa)7 Yy 6Rr 6 4S 3 23

OTMETHM, YTO aHAJOTHYHBIM 06pasoM AOKaBkIBAETCA 1 00paTHOE yTBED-
JKJeHMe, H03TOMY cHOPMYINPOBAHHOE B 3afaUe YCJIOBHE ABJIAETCA HEOOXO-
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AUMBIM U JOCTATOYHBIM YCJIOBHEM TOro, 4T00BI TpeyroabHuk ABC 6bL1 pas-
HOCTHBIM (cM. 3aHATHE 6). B

A44. llycts D — nmpousBoJbHAA yd
TOuKa bucceKTpuckl BL TpeyrojinHuU-
Ka ABC, Torma oHA paBHOyZaJieHa OT
cropod AB u BC. IlycTs paccToaHusA
ot Touku D no cropou AB, BC u AC
PaBHEI X, X U J COOTBETCTBEHHO (CM. A L c
puc. 6). Puc. 6

Bripasum gBymsa cooco6aMu Momais TpeyroabEura ABC:

1
Snasc = Snapc+Snaps+Sacps = 5(AC-y+AB-x+BC-x) =

= —;—AC-hb. W3 ycanoBua 3agaun caeayet, uto AB+ BC = 2AC,
3HaumT, 2x + Yy = hy, 9TO M TPeGOBAIOCH.

OTMeTHM, 4TO AaHAJIOTHYHEIM 06Da3oM AOKAa3bIBaeTcd U 00paTHOE yTBEp-
JKAeHTe, T03TOMY ¢hOPMYIMPOBAHHOE B 3a/laUe YCJIOBUE ABJISETCA HEOOXO-
JVMEBIM M JOCTATOYHBIM YCJIOBHEM TOro, yTobul Tpeyronbunk ABC Gl pas-
HOCTHBIM (cM. 3aHATHE 6).

45, OTser: % — %arctg % = arctg 2.

IToCKOIBKY €rHIeTCKHHA TPeyroJbHUK ABJIAETCA PA3HOCT-
HEIM, TOYKa I JIeKUT Ha OKPY)KHOCTH ¢ Auamerpom BO (cam.
3adauy 6.5a), cnemoBarenbHo, /BIO = 90° (cM. puc. 7). Tak

Kak BI — 6uccekTpuca yraa ABC, to ZOBI = %arctg% =

= %arctg %, sHauut, /BOI = -725 — %arctg %
Tlonyunrs orBeT B (0Jiee IIPOCTOM BHIE

MOKHO Ju60 ¢ MOMOIILI0 TPUTOHOMETpPUYe-

cKkux GopmyJi, JTUG0 BLEIYHCIAA YTOJ MO-ADY- B

romy: ecau BC = 3m, AC = 4m, AB = bm, J|

TO PaguyC BIHCAHHON OKPYIKHOCTH PaBEH m

(cM. sagauy 6.4). IIycts K — TouKa kKacaHud

BIIMCAHHON OKPYMKHOCTH W THIIOTEHY3HI (CM. T

puc. 7), rorga OK = BO — BK = 0,5m. 3na-

qur, tg /BOI = tg /IOK = % _2. AWC

J46. IIpogmummenuany AM Ttpe- Puc. 7
yroasauka ABC Ha €€ ZJIWHY M OT-
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meTuM ToukKy D (cm. puc. 8). Torza

ABDC — mnapaJjuiesorpaMm (1o IpH- A
sHary). Ucmonb3ys HepaBeHCTBO Tpe-

YTOJABHUAKA AJs Tpeyronbuuka ABD,

nonyuuMm AD < AB+ BD. YuursiBad,

uro BD = AC u AD = 2AM, noay-

aum AM < AB T AC
JIOCH JJOKa3aTh.

, UTO u TpeboBa-

Hpn PpeieHn MOKHO TaKiKe BOCIHOJIb30-
BaTbLCA CJAeACTBYEM W3 BEKTOPHOT'O PaBEHCTBa

—_— 1/—= —
AM = (4B + AC) (om. sagauy 10.5). Prc. 8

H47. Ilepevwiii cnoco6. I3 paseHctBa AD = BD caenyer,
uto /DBA = /DAB = ¢ (cM. puc. 9a). Ilycts Touxa B’ cum-
MeTpuuHa TouKe B orHOcHTennHo npamoit CD. Torga B'D =
= BD = AD. Kpome TOro, eciau ToukKa E JIeKUT HA IPOJOJI-
serun cropousl DC 3a touky C, Tto /B'CE = /BCE = ¢
(ABCD — suucagusiit). Caeposarensno, /B'CB + /BCA =
= /B'CB+/BDA = 2¢+ (180°—2¢p) = 180°, To ecTs Toura B’
aexxut Ha ayde AC. B rpeyronsauke AB'D: AB' < AD+ B'D,

AC + BC
3HAYUT, —;—— < AD, uto u TpeboBAIOCH.

Puc. 9a Puc. 96

Bmopoii cnocob. Ilycts R — paguyc JaHHOM OKPYXHOCTH,
/BAC = a, /ABC = 3, /BAD = ZABD = y (cm. puc. 96).
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Ilo ciaegcrBuio m3 TeopeMmbl cuHycoB BC = 2Rsina, AC =
= 2Rsinf3, AD = 2Rsiny. Torza JoxaseiBaeMOe HepaBeH-

sin & + sin B .
CTBO PABHOCHJIbHO HepaBeHCTBY —— —-— < siny. Tak kak
B—vy=ZCBD = LCAD = y — «, TO a;r’B = y. 3aBepmuTh

OJOKAa3aTeJIbCTBO MOYKHO IIO-PA3HOMY:

in a 4 sin 8 . oa+p a—pf
1 ﬁg___ = sin —— + 08§ ——
) 2 2 2
«a-p
2

Tak KaK cos
2) yuuTHIBasA, 4TO YIJIH &, 3 M y JeKaT Ha MHTepBale

(0; ) n rpaduK QYHKIUU Y = Sin X PACIOJIOKEH Ha 9TOM IIPO-

sina + sin B
ME)XYTKEe BBIINYKJIOCTBIO BBEPX, IMOJNYYIHNM, UTO ——— <

2
a+p
2

. a—pf .
=siny-cos —— <siny,

< 1;

< sin =sin y (Hepasencmeo Hemncena).

JorasaHHOe HEPABEHCTBO MOYKHO HHTEPIPETHPOBATH CAEAYIOIIUM 00-
pasoM: ecau xopza AB OKpyHOCTH ¢uKcHpoBana, a Touka C «Beraer»
o opgHOM U3 Ayr AB »TOi OKPYIKHOCTH, TO IIepUMETp TpeyroabHuka ABC
OymeT HanGONBIINM, ecau TpeyroapHuk ABC — paBHOOGEAPEHHEINR C OCHO-
BanueM AB.

J48. JokaxkeM BCIOMOraTeJlbHOE YTBEPIKIACHHE, KOTOPOe
Ha3beIBaeTcs gopmyaoi Kapro: B 0OCTPOYroabHOM TPEYTOJIb-
HUKe CyMMa pacc'roaHnﬁ OT IeHTpa OLHCAHHON OKPYXHOCTH
[0 CTOPOH TPEYIrOJbHHKA PaBHAETCA CyYMMe pajuycoB OoIIncan-

HOM M BITMCAHHOM OKPYYKHOCTEH.
Ya — 7T

2 bl
2) MiD = rz,—zkrc’ rae M, — cepenuna croponsl BC, W —

Bocnoabpsyemcs aBymaA paBeHcTBamu: 1) MW =

TOYKA IepeceueHns OucceKTpuchl yriaa BAC ¢ OKPYIKHOCTHIO,
OIMMCAHHOM OKOJIO TPEYTroJbHUKA, D — TOYKa, IUaMeTpaJbHO
OPOTHUBONIOJIOKHAA Touke W r, ry, 'y U r, — Paguychl BIIU-
CaHHOM ¥ BHEBNUCAHHBIX OKPYIKHOCTEHM, KacawIlnXxcsa CTOPOH
BC, AC u AB coOTBeTCTBEHHO.

Horasxkem pasenctsBo 1). Ilycrs Toukm I m O, cooTBeTCT-
BEeHHO — IEHTPHI BIMCAHHON OKDYYKHOCTH M BHEBIIMCAHHOM
OKPYsKHOCTH, Kacamlreiica cropousl BC, K u P — TOUKHU Ka-
caHus 3TUX oKpy:xHOCcTeil ¢ BC (cM. puc. 10).

124



Oq

Puc. 10

Tax xak W — cepenuna orpeska /0, (cieicTBue u3 Teope-
Mbl «TPUJIKUCTHUKA», cM. 3a0auy 6.1) u WM, || IK || LO,, To
WQ — cpenusad nunusa tTpeyroabauka ILO, (L 1 @ — npoex-
nuu Touexk O, u W Ha npamylo, napajuieasbuyio BC u 1poxo-

mamyio depes Touky I). CiregoBarensHo, WQ = %OaL = %1,
roraa MiW = WQ — M1Q = iz;r

PasenctBo 2) noKasano B 3agaue [140.

W3 pasencts 1) u 2) ciaeayer, ato 2—_ + htre _ 9p o

2 2
S ry+r,+r.=r+4R. O6o3uauuB uepe3 My u M3 cepeguHbI

ctopor AC u AB 1 UCIONB3YA AJS 3TUX TOUEK PaBEHCTBA,
aHaJIOTHYHBIE 1), mMOAyUYuM

OM; + OMy + OM3 =

= (r-257) + (R-257) + (R-757) -
:3R_ra+rb+rc—3 r+4R — 3r

r
2 —3R——T———R+r.
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Hanee ncnoabayem paBeHcTBo AH = 20M; (credyem us
mozo, wmo mpeyzoivHurx ABC zomomemuuen ceoemy «cpedur-
HOMY» MPEYONbHUKY C UEHMPOM 8 MouKe nepeceieHus medu-
an u xoa(ppuyuenmom k = —2). Amanoruuso BH = 20M», n
CH = 20M3. Torna AH+ BH +CH = 2R + 2r < 3R, Tax Kak
B JIIoOOM TpeyrojabHuKe R > 2r.
AH +BH+CH

3

J149. Iycte otpesku NE u MF
OeNAT SAHHBIM YeTBIPEXYTOJbHUK
ABCD na Tpu 4eTHIPpEXYTOJbHHUKA
(cm. puc. 11). IIposeném oTpesku
CN, EM u FA, a Takxe OIYCTUM
nepueHguKkyaapsl NN, MM' n
AA' Ha npamyio CD. 9Tu nepnen-
OUKYJIAPH] ABJIAIOTCS BLICOTAMM B
TpeyronsHuUKax CNE, EMF u FAD
COOTBETCTBEHHO, IIPOBEIEHHLIMU K
paBHEIM cTopoHaM. ITycTh MJIMHEI
STHUX BBICOT PaBHELI A1, hy ¥ A3 COOTBETCTBEHHO, TOTAA SACNE ©
: SAEMF ¢ Sarap = h1 ¢ hg : hg. Orpesox MM' — cpegusas

CraemoBaTennHO, < R, uto u TpeboBaIOCH.

Puc. 11

gunaus tpanenun ANN'A’, nosromy hy = é(hl + h3). Creno-
BaTenbHo, (hy; ho; h3) — apudmeTruyeckasa mporpeccusa, TO-
TIA (S ACNE} SAEMFS S AFAD) — TaKKe apupMeTHUECKasd IIPo-
rpeccusi. AHaJOTHYHO NOKAa3bIBAETCH, UYTO (SABCN; SANEM;
S AMFA) — TakKe apudmMeTHnuecKkasd mporpeccus. ITockoabKy
cyMMa [BYyX apudMeTHUeCKHX IIPOrpPecCHil ABJsSeTcA apup-
MeTHYeCKOH mporpeccueit, To u (SBCEN; SNEFMS SMFDA) —
apudpmeTudecKkad IIporpeccusd.

CrnenmoBaTenbHO, SNEFM = (SBCEN + SMFDA) = 9

3

N

OTMeTHM, YTO IIOJYYEHHLIH B 3aja4e Pe3yJbTaT MOMKHO 0G0GLIUTE: ec-
JIM KaMKIYI0 U3 ABYX IPOTHBOJEKAIINX CTODOH BBHIMTYKJIOTQ YETHIPEXYTONE-
HUKA Da3fejnTh HA N PABHBIX YacTeld U COEIUHHUTH COOTBETCTBYIOIME TOY-
KH JleJleHusd, TO IUIONIaAu 06pa3oBaBIINXCA YeTHIPEXYTOJbHUKOB COCTABIIA-
10T apUPMETUIECKYIO IIPOTrPECCHIO.
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J50. Ilycts yrasl «, 3 ¥ Y TPeyrolbHHKa TAKOBBI, UTO

B = z er L4 , TOTZa, YIUTHIBadA, uto o + B+ y = 180°, mosyuum,

uTO ﬁ = 60°. Be3 orpauudeHus OOITHOCTH MOIKHO CUHTATh,
uro a < B <y, Tormaa < b < c.

a) Obosmauum a = b~ d, ¢ = b + d, Torga, mo Teopeme
kocurycos b2 = (b +d)% + (b —d)2 — 2(b+ d) (b — d) cos 60° <
o b2 = 2% 4+ 2d2 — b2 + d? « d = 0 (cpasnume ¢ pewenuem
3adayu J1.42.)

0) OGosHauuM a = -, ¢ = bg, TOrAa N0 TeopeMe KOCUHYCOB

LR~

2
b% = b2¢% + b—2 —2bg - Z— -cos 60° < g2 + —15 = 2, YuursBad, 4To
q q

q > 0, momyuyum q = 1.

B o6oux cayuasix TpeyroJbHUK — DABHOCTOPOHHMIL.

J51. Orser: 30°.

MoxcHo pewamb no avanozuu ¢ 3adaved 7.3, HO ecmb U
dpyeoii cnoco6: mycts B pombe ABCD yron A — ocTpslil (cM.

puc. 12). TIposegém BricoTy DH 1 BBIpa3uM ILIOLIALE poMOa

AC-BD

aBymsa cmocobamu: AB:-DH = . Ilo ycmoBuio AB? =

= AC - BD, suauur, DH = %AB = %AD M3 npaAMOYTOJLHOTO
Tpeyroapauka AHD moayuum, uro /BAD = 30°.

D A D B

Puc. 12 Puc. 13
a52. s npaAMOyrojibHOTO TpeyrosbHuka ADC moaydum
AD? = AC - AE, suaunr, AE = ‘%D——CZ (cM. puc. 13). Arano-

BD?
ruuHO M3 TpeyroiabHuka BDF: BF = BC " YuurhiBasg, 4TO

AD-BD =CD? u AC-BC = AB-CD, nosy4nm:

AD?.BD* AB.-CD*

AC-BC ~ AB-CD
127
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Cnenosarenbno, CD = VAB. AE - BF (cpednee zeomempu-
wecKoe mpéx ompesKos).

Ha sTom Ke depre)xe MOMKHO TAKXKe ITOKA34ThH CpegHee reoMeTpHUe-
CKOe TIATH U [aiKe CEMH OTPe3KoB. JlefiCTBHTeNbHO, yUuThHIBaA, 9410 CD? =
= AD x BD, ponyuuwm, uro CD = VAB-AD-BD-AE-BF, a UCTIONBL3Y S
ror daxrr, yuro CD? = AC-CE = BC . CF, HOJYIAM, UTO

CD =+/AB.AC-BC.-AE-CE-BF-CF.

A53. IIposeném orpeaxu PA u PB (cm. puc. 14). Y3 pasen-
cTBa BIiucawHoro yriaa ABP u yriaa MAP mMesxay KacaTeabHON
U XODHAOH cienyeT moxoOme MPAMOYIOJBHBIX TPEYTONBHUKOB

PB

PK
PBK u PAM. CiaenoBaTesbHO, M PA AHaJIOrMuHO U3 1Io-
' PN  PB
nobusi rpeyronsHUKOB PBN u PAK mosyuuM, 49TO K = Pa

N3 nonyueHHBIX COOTHOIIEHMUI caenyet, uto PK2 = PM - PN,
uTO U TpeboBaIOCH.

Puc. 14 Puc. 15

A54. 3amerum cHavajua, uro AP = AQ (cM. puc. 15). ei-
CTBUTEJLHO, U3 YCIOBUA 3aJjaum cjaenyet, uro LPTA = /QTC
n LTAP = ZTCQ (yroa Mexny KacaTeJbHOU M XOpHoH pa-
BeH BINCAHHOMY YTJYy, oNHMpalomeMycsd Ha Ty e Ayry). Ho
LAPQ = /PTA + /TAP (BHemrHu# yroa tpeyroabauka TPA),
LAQP = /QTCH+ £LTCQ (svemtunit yrox Tpeyroasuuxa TQC).
Suauur, JAPQ = LAQP, T0 ecTh TpeyroarHuk APQ — pas-
HOOepenuniii: AP = AQ. Ilo ocHOBHOMY CBOI‘/’ICTBy 6uccexTpu-
Chbl, IPDUMEHEHHOMY K TpeyroabunkaMm TAB n TAC, nmoayuum
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AP _TA u AQ _ E. ITepeMHOK 1B NOYJIEHHO 9TH PaBEHCTBA,
PB TB QC TC

AP-AQ  TA?
PB-QC ~ TB-TC'
TenbHOH u cekyweil: TA2 = TB. TC u yuurbiBas, 410 AP =

2
PB.PC 1, spauur, AP = /PB-QC,

TMONYyUYNM, YTO

Hcnonb3ya TeopemMy O Kaca-

= AQ, moJay4YuM, 4YTO

YTO U TPeboBaJOCh.

OTMeTHM, 4TO CYIIEeCTBYIOT Pas/IMUHBIEe BapHAllNM IPHBEJEHHOTO CIIO-
coba pemienms. B 4acTHOCTH, MOXKHO TaKiKe MCIOJL3OBATE IogobGme Tpe-
yronsaukoB APT u CQT (uo AByM yriam).

A55. OTser: /pq.

IIycte O — 1I€HTP OKPYKHOCTHU, ONKUCAHHOMN OKOJIO Tpe-
yroapanka ABC, A’ u B — cepegunnnl cropon BC u AC (cMm.
puc. 16). PaccMoTpuM OKPYIKHOCTb, OHNMCAHHYIO OKOJIO Tpe-
yroapHuka OPQ. Taxk xak ZOPQ = 90° — LACH = /BAC
u LCOA' = /BAC (BnmcaHHbIil yroJ paBeH IOJOBHHE IEH-
TpajapHOro), T0 LCOQ = ZOPQ, 3naunt, CO — KacareibHas
K 9T0i1 oKpyxHOocTH. Torga CO? = CP-CQ, 1o ects R = VPq-

MoskHO 060¥THCH U 663 BCIIOMOTaTEeNBLHON OKPYKHOCTH, UCIIONb3YS I10-
nobue tpeyroarHuKOB COQ u CPO.

A

Puc. 16 Puc. 17

A56. IIycte ABC — paHHbBI TPEeyroabHuUK, I — meHTp
BIIMCAHHOI B Hero okpysKHocTHu {(cM. puc. 17). Torma Al —
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ouccektpuca yria BAC, u Ha Hell, IO TeOpeMe «TPUJHUCTHHU-
Ka» (cM. 3ausaTme 6), geur ueaTp W oKpysKHOCTH, IIPOXOIA-
et uepes Touku B, C u I. Ilycts, Hanpumep, AB > AC, To-
rja 3ta OKpysKHOCTH BTOPHUYHO NepeceueéT oTpe3ok AB B Tou-
ke C’'. PacCMOTPUM CHMMETPHIO OTHOCHUTENbHO ImpaMoil AW.
IIpu sroit cummerpum obpasom ayua AC aBiaferca ayd AB,
a OKPY’KHOCTH IIepexoauT B cebs, mosTomy obpasom Touku C
apaserca Touka C'. Cremosarensno, AC' = AC. Tlycte AX —
OTDEe30K KacaTeJbHOMH, IPOBeIEHHOM U3 BepIINHLI A K JaHHOH
oxpyxHocTr (X — Touka KacaHua), rorna AX2 = AC' - AB =
= AC- AB, uro u TpeboBaocCh.

Puc. 18 Puc. 19

A57. Ha nyde, fomosHEUTENbHOM K ayuy CD, OTMETHM TOY-
Ky G (cMm. puc. 18). [IBamapl MCHONB3YA TEOPEMY O paBeH-
CTBe BIMCAHHOI'O yIJjla M yIVIa MEXIy KacaTejbHOH M XOp-
noit, monyuum, uro /CDA = /CAB = /GCB. CnemoBarein-
HO, BC || AD, To ectb ABCD — rpanenus (MIn Hapajjieyo-

rpamm). Torna ZCAD = /BCA, noatomy Tpeyroasauku CAD

A
u BCA nopo6ubl (o AByM yriaam). SHAUHT, C—Bg = %, TO

ectb AC = vAD-BC. Orpesox EF, coegvHAIONNE cepenu-
HBI cTOpoH AB u CD, ABisAeTcA cpeaHell JUHUeH Tpalelluu
M. (Ecaim ABCD — na-

pasiesorpamMm, 1o TpeyroasHuku CAD n BCA paBHEI, IPUYEM
AC = CB = AD = EF.) Ilo HepaBeHCTBY MeXIy CPESHHM Ieo-

ABCD, cnepgosarenbHo, EF =
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METPHUYECKUM U CpeJHUM apudMerudecKuM (cM. saHarue 4)
AC < EF, uTto 1 TpebOBaJIOCH.

JI58. PaccMoTpuM TIpoM3BOJILHYIO TOUKYy D orpeska AC.
DJTa TOuKa OKaMercs MCKOMoi, ecau BD? = AD . CD. Ilpo-
BEIEM OKPYIKHOCTb, ONHCAHHYIO OKOJIO TpeyroibHuxa ABC,
¥ IpOoIuM OTpe3ox BD no mepeceyeHus ¢ OKPYKHOCTBIO B
touke P (cm. puc. 19). Torga, mo cBOHCTBY IlepeCeKaIOIINXCs
xoph oxkpyxuoct, DB-DP = AD-CD. CiremgoBaTenbHO, HOJXK-
HO BBIIIOJHATHCA paBeHCTBO BD = DP. [loaroMy nid mocTpoe-
HHS HCKOMBIX TOYEeK JOCTATOYHO IIOCTPOMTEL 00pas ONMUCaHHOM
OKPYKHOCTH IIPU 'OMOTETHUH C IeHTPoM B u KoadpuiineHTOM
k = 0,5. Touku D; u Dy nepeceyeHUs MONYYEHHON OKPYIKHO-
¢ty co cropouoil AC 1 6yAyT MCKOMBIMMU.

9TOT ke pe3yabTaT MOYKHO omycarb HO-Apyromy: Di m Dy — Touxm
nepeceuenusd AC ¢ OKPYKHOCTBHIO, KOTOpasd HOJIYyYaeTCsl U3 pacCMOTDEHHOI
pu rOMOTEeTHH ¢ IleHTpoM B 1 KosddunuentTom k = 3
VB b o3 V5

3 —
A59. OtBer: — < " P

IIycts hf = h, - hp, TOrHa, YUUTHIBAasg, UTO BBICOTHL TpE-
YTOJBbHUKA 00PaTHO IIPONOPIMOHAJILHEI CTOPOHAM, K KOTODBIM

1 1
OHY UPOBEAEHBI, TOJYUYUM — = i TO ecThb ¢ = v ab. 3a-
C

METHM, UTO eCJid @ = b, TO TpeyroJbHHUK — PaBHOCTOPOHHU
U IJA Hero ycJOBHUe 3aJa4uu BuInoaHdAercs. Ilyets a > b, Torga
a > ¢ = v/ab, 3HAUUT, yCIOBHE 3aAaUN BBHINOJHAETCH TOTHA U
TONIBKO TOTAA, KOIA BBIIIOJHAETCA HEPABEHCTBO b + /ab > a.
Pasgenue obe yacTu HepaBeHCTBA HA @ U cAeJIaB 3aMeHY © =

b
= \/j , TIOJIYYUM HepaBE€HCTBO t2+t—1> 0. YuuTsiBas, 4To
a

51 b 5—1)2
t > 0, monyuum ¢ > [—2—— CnegoBaTesbHO, 2 > ([—2—) =
3-5 .
= - Cayuail a < b aHAJIOIMYEH PACCMOTPEHHOMY.

160. OrBer: /S1Ss.
Ilyers mnomaas Tpeyronbumra ABC paBHa S (cM. pHC.
20). W3 noxobusi Tpeyroabuukos DBF u ABC ciaemyeTt, 4To
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S (B
S \B4

S _ (4D g Si, [S2 _ BDraD _
IyeT, 4UTO s = \a5) - orza S + S = iB = 1.

CanegoBatennHo, S = (\/Sl + \/82)2, a Tak Kax CFDE — ma-
1 1
pannenorpamM, Sacgr = 5ScrpE = E(S —~ 81— 82) = v/S18z.

2
) , & U3 mogobusa Tpeyronsuukos DAE u BAC cue-

2 A \
A E C
Puc. 20

OTMeTHMM, YTO M3 HepaBEHCTBA MEXMJY CPeJHUM ADUMDMETHYECKHUM K
CPeJHUM reOMeTPUYECKUM CAeJYeT, YTO IJIoMaas napajieaorpamma CFDE
He IPeBOCXOAUT CYMMEI Iomanei TpeyronbHukoB BDF u ADE, To ecTs
He [IPEBOCXOAMT IOJOBHUHEI ILIOIIaAu Tpeyroabuuka ABC (paBeHCTBO 10-
cruraercd, ecnu D — cepenuna AB). IlonesHo cpaBHUTH IMONYYEHHBIE pe-
3yJIBTATBI C PE3yAbTaTaMH, IOJYYCHHBIMHA B 3a7aue 7.8.

J61. PaccMOTPHM OKPYMHOCTD,
OITMCAaHHYI0O OKOJIO TpeyroJbHHKa
ABC (cm. puc. 21). Touka H’, cum-
MeTpudHas H OTHOCUTEJIBHO CTOPO-
HbI BC, JeXHUT Ha 3TOH OKPYMKHO-
ctu. 3 npAMOYTOJIBHOrO TPEYTroib-
Hrka BKC nonyuum KD? = BD-DC.
ITo TeopemMe 0 MIPOUBBELEHUN OTPE3-
KoB xopx BD - DC = AD . DH' =
AD-DH. CnenoBaTennsHo,

1
SzaBKc = %BC2 .KD? = ZBC2 -AD-DH =
1 1
= (EBC . AD) . <§BC -DH> = SAaBC * SABHC

YTO PaBHOCHJIBPHO YTBEDXIACHUIO 3aJa4Yll.
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62. Ilycte H — opromenrp Tpeyronbauka ABC (cM. puc.
22). ToxaxkeM, 94TO CTOPOHBI TpeyroiabHukoB DEF u MLK co-
OTBETCTBEHHO HapaJjieIbHbI.

Puc. 22

HeiicTBuTensuo, Tak kaxk LAEH = ZAFH = 90°, Toukn
A, E, H u F nexar Ha ogHOoi oKpyxkHocTH. CilefoBaTenbHO,
/AEF = /AHF = 90° — L/BAD = ZABC. C npyro# cTopo-
usl, ZABC = ZCAL (BUHCAHHBIA yToJ U yroJa MesKIy Kaca-
TeJbHOM U xopaoiu). Takum obpasom, LAEF = /CAL, 3Ha-
qur, EF || AL. AHaJIOTrMYHO [OKa3bIBAETCA NAPAINeIbHOCTH
JIpYTHX Tap CTOPOH, mosToMy TpeyroabHuru DEF u M LK mno-
Samrx _ P}z\/[LK
OMIE _ B (1),

ADEF PpEF
puUMeTp COOTBETCTBYIOIEro TpeyroasHuka. Ilycts R — pagu-
yC OKPYSKHOCTH, OIMMCAHHON 0Koy0 TpeyroabHuka ABC. Tak
Kak Aaaa TpeyrojdbHUKa M LK 3Ta OKDPYsKHOCTH SABJIAETCH BIU-
CaHHOM, TO SAMLK = PAMLK R (2)

HoxrasxeMm, uto Sagapc = paper - B (3). HelictBuUTenbHO,
coeauHuB 1eHTP O OKPYIKHOCTH, ONMCAHHON OKOJO TPEyroib-
HuKa ABC, ¢ BepumIiMHaMU ¥ OCHOBAHUSME BBICOT TOI'0 Tpe-
YrOJBHUKA, IOJIYYUM, UTO SasBc = Sorar + Sorsp + SopcE-
Tak kaxk OA | KL u KL || EF, 1o OA | EF, 3HauuT, Sogar =

1 1
= EEF QA = EEF - R. TlonyunB aHajOrudYHbIe COOTHOLIE-

nobousl. ClremoBaTeabHO, rie p — mojyne-
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HUSA JAa 4eThipéxyronabHukoB OFBD u ODCE, npuxoauM K
paBeHcTBY (3). Bripasus ns paBemcTB (2) u (3) moaynepumer-
PBI ¥ IIOJCTABUB UX B paBeHCTBO (1), mocJie HECJIIOMHBIX Ipe-
0o6pa3oBaHmil MOJIYyYUM TpeGyeMoe PaBeHCTBO.

JokasaHHOe yTBEPKAeHUE MOMHO CHOPMYINPOBATE TAK: IJOIANEL TPE-

YIrOJIBPHUKA €CTh CpeiHee reOMeTpuYeCcKoe HJIOLT.Ia,Z[eI;'I ero OPTOUEHTPHUYECKO-
TO ¥ TAHTEHIIMANBHOTO TPEYIOJILHNKOB.

H63. Ymeepxcdenue 3adavu ssrsemcs «380UcmMEeHHbLM>
K ymeepicoenuw 3adavu 8.la u doxasviéaemca AHALOZUYHO.

ah
J64. OrBeT: Pt
IIycte KLMN — KBaapaT, BOHMCAHHBIA B RaHHBIA Tpey-

TOJIBHUK, X — JJHNHA ero cTopoHil, AH — BBICOTA TPEyrojb-
HuKa, D — Touka nepeceuenus AH u LM (cm. puc. 23). U3

LM
noxobusa TpeyroabHuKoB LAM un BAC moayyum, 4To 3C =

AD x h—x ah
= ——, TO €eCThb — = ——, 3HAUUT, X = -~ NOJ0BUHA
AH a h a+h
cpednezo zapmonuyeckozo a u h (cpasrnume c 3adaueii 8.3).
A

i)
B K a HNC
Puc. 23

165. Ymeepacdernue 3adauu Henocpedcmeaeenno caedyem us
Gdopmynbt 01 gbluucAeHUS OAUHBL OUCCEKMPUCHL:
2bc /A

@a= b+c-cos7,

ZA
makx xax npu 0 < LA < 180° seprno HepaserHcmaB0 cos -5 < 1.
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J166. Otset: 120°.
Ecmm [, = 2be cos 4 _ b TO COS A _1 Cnenosa-
7 bt 2 b+e’ 2 2 A

TeNHHO, % = 60°, /A = 120°.

J167. a) Tak rak Touka H npuHamiexur orpe3ky KL, pac-
croaaue or H 1o AC paBHO cymMme paccrosHuit ot H no AB
u BC (cMm. semmy us sagauum 8.16). Ilycts D, E u F — ocHo-
BAHUA BBLICOT, MPOBeAEHHBLIX U3 BepminH A, B u C Tpeyromub-

aura ABC coorBetcTBeHHO (cM. puc. 24a), torga HE = HD +

HE -BH HD.AH HF -CH
= . M, U -
+ HF & BH g + CH JokaykeM, 4TO YHC

JUTeNN 3THX TPéx apobeii pasHBI. [leficTBHTEJLHO, TaK Kak
/ADB = /AEB = 90°, touku A, B, D u E nexar HA OTHOHI
orpy:xuocTH. Ilo TeopeMe 0 Ipon3BeeHUN OTPE3KOB X0, 0~
ayunMm AH -HD = BH - HE. AHanorudso, uCIoJb3ysa OKPYK-
HOCTh, IpoxogAilyio uepe3 Touku B, C, E u F, nonyuyum, 4uTo

BH . -HE = CH - HF. Takum o6pasomM, 1L + —1—, 410 1

TPeGoBAJIOCH JOKA3ATh.

Puc. 24a Puc. 246

Paseucrso AH-HD = BH-HE = CH-HF MoxHO JOKa3aTh UHa4e, pac-
CMOTpeB /iBe Mapsl MOAOOHBIX TpeyroasHuKkos: AHE n BHD; CHE u BHF,
au60 IPHMEHUE TeopemMy O IPOM3BeJeHUHU OTPE3KOB XODA AJA ONUCAHHON
OKDPYKHOCTH, HCIOIL30BATE TOT dakT, uro Touku D', E' u F', cummerpuy-
Hble OPTONEHTPY TPEYTOJbHHKA OTHOCUTEJBHO €ro CTOPOH, JIe)KaT Ha dTOH
OKpyHOCTH (cM. puc. 24a).
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0) Ilycte O — 1eHTP OKPY’KHOCTH, OIMCAHHOI OKOJIO Tpe-
yroapHUKa ABC, M — OoCHOBaHHE NEePHeHIUKYIAPA, ONYIIeH-

voro M3 O Ha BC (cm. puc. 246), torma LAOM = %LAOC =

= /B, BH = 20M (caedyem u3 mozo, imo mpeyzosibHUK
ABC zomomemuuen cé0emy «CpeOUHHOMY» MPeYzOibHUKY C
UEeHMpoOM 8 mouke nepeceienus meduan u Koagpuuuenmom
k = -2, cm. makoce 3adauy I48). s tpeyroabuura AOM
monyuuM OM = OA - cos LZAOM, ciaeposarenasno, BH = 2R -
cos ZB. Ananormuiao AH = 2R -cos LA n CH = 2R - cos ZC.

IloncraBus snauenua AH, BH u CH B paBeHCTBO, IOJYYeH-
1 1 1
HOE B II. a), HOJYYUM = 4T0 U Tpebosa-
)’ y cos /B cos LA * cos 2C° p
JIOCH J0KAa3aTh.

. OTMe’I‘I/IM, YTO CIIpaBeAJIUBbl U YTBEPMXKIEHUA, 06paTm>Ie AOKa3aHHbIM,
YTO MOYKHO TIOKa3aTh, IPOBEAA AHAJIOI'MYHBIC PACCYXKACHU.

./168- Orrer: n(m+ n) . n(m+ n) . 2mn )
m+ 2n m+2n  m+2n

IlycTe B Tpeyroabuuke ABC (AB = B
= BC) P, @ u T — TOouKM KacaHusa
BIIMCAHHOH OKPYMHOCTH CO CTOPOHA-
mu AB, BC u AC cOOTBETCTBEHHO (CM.
puc. 25). Tornga BP = BQ = m, AT =
=AP=CQ =CT =n, Paapc = AB +
+ BC + AC = 2(m + 2n). IlycTs kKa- Ky
caTeJbHASA K BHUCAHHON OKDPYIKHOCTH,
napasuienbHaa BC, mepecekaeT CTOpo-
Hel AB u AC B Toukax K u L coor-
BETCTBEHHO M KacaeTcd OKPYIKHOCTHU B
Touke M. Ina trpeyronbEuKka AKL nanHad OKPYKHOCTD ABJLA-
eTCs BHEBIIHCAHHOM, 109TOMY, PAax; = AK+KM+AL+LM =
= AP+ AT = 2n.

Tar rax TpeyroabHuku AKL n ABC nofo0ubI ¢ Ko3(pdu-

A L T C
Puc. 25

PpakL n KL n
OHUEeHTOM k£ = = , TO =— = . Takum 06-
PAABC m+ 2n BC m+2n
nm n
pasom, KL = nmrn) NOJN06UHA cPedHez0 2apMOHUYLECKOZ0

m+ 2n
ompes3xoé m + n u n (60K080l CMOPOHBL U NOAOBUHBL OCHO-
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sanus mpeyzoavruka). OTpe3oK KacaTeabHOU, MapaliebHON
AB, paBeH KL, a TpeTuil OTPE30K BLIUUCIIAETCA aHAJIOITYHBIM

2mn
00pas3oM M paBeH T2 — NoOJ0BUHE CPedHez0 eapMOHULECKO-
m n

20 ompe3koe m u 2n (ompesxa BP u OCHOBAHUA MpPeY20/LbHU-
Ka). :

69, Ymeepmdenusa 3zadayu HenocpedcmEeHHO caedyiom
U3 mozo, ¥mo HepaseHcmea 0 cpednux 0as 08yx uucea o0-
pawarnmcs 8 pageHcmea mozda u moivko mozda, Kozda amu
YUCAA PABHBL.

O70. PaccmoTpyM DpPOH3BOJBHBLIA TpeyrodbHuk ABC m
npoBeféM ero meauansl AA’, BB’ u CC'. IlpoanuM oTpe3ox
MB' ma ero gauay u orMetuM TOUKYy T (cMm. puc. 26). Torma
AMCT — mapaJjnesiorpamMm (110 nPpu3HaKy), a CTOpOHAMU Tpe-

2
yroabHUKa AMT ABIAIOTCA OTPE3KM, COCTABJIAIOIINE 3 OT CO-

OTBETCTBYIOIIMX MeauaH TpeyrojabHuka ABC. CiegoBaTeib-

HO, TpeyrodbHUK AM T nomobeH TPeyroOJbLHUKY, COCTaBJIEHHO-
Spamr 4

s 9
Ka, COCTaBJieHHOro u3 meauan). C APYTroi CTOPOHBI, SAAMT =

My U3 MeawmaH, u (S’ — mnomages TPEyroJLHU-

1 1
= 3Samer = Saame = 3SnaBc

9 3
Taxum obpasom, S’ = ZSAAMT = ZSAABC.

Puc. 26 Puc. 27

A71. Oteer: % .
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IIycts AA’, BB’ u CC' — meamanb! TpeyroabHuka ABC,
rouku K u L — cepenunnt AA’ u CC', M — Touka mepeceue-
Hus meauad (cMm. puc. 27). Tak kak touxku B’, K, M u L ne-
sKAT Ha ogHOM orpyskHOCTH, L KB'L+ /KML = 180°. Tak Kak
rouku K u L neskat uHa cpenunx auauax B'C' u B'A’ tpeyroan-
muka ABC, /KB'L = ZABC. Kpowme Toro, ZKML = ZC'MA’,
saauuT, LABC+ /C'MA’' = 180°, ro ectb Touku B, A, C' u M
JIeXKAT Ha OAHOM OKpyxHocTH. Cle0BATEIbHO, TPEYTOJIbLHUAK

ABC — aBromMeauaHHublil (cM. 3adauy 9.36). Torma BXBC— = ?
(cm. 3adauy 9.1), To ecTb AC = 2—m3£

72. Tak xkax yrasl AKA' u ALA' — npameie (cMm. puc.
28), To Touku A, K, A’ u L nexaT Ha OKPYKHOCTHU C AAAMET-
pom AA'. Cnegosarensho, KL = AA’ -sin ZA (1o ciaencTsuio

W3 TeopeMbl CHHYCOB). AHasoruuao, MN = CC’-sin ZC. Torga

KL AA’ inZA !
_ AA" sin _ A4 E_Q‘ Eciun ABC — pasuoGenpen-

MN ~ ¢C sinZC  ¢C'  AB
HBIH TpeyroabHUK (¢ ocaoBanmeM AC), to AA' = CC', a ecn
ABC — aBToMeauaHHLIH (co cpegHeil mo aauue cTopoHoi AC),
AA" cC
“E - BC B oboux cayuasax noayuum, uro KL = MN.

Puc. 28 Puc. 29

B obpaTtuyioo cropony: ecaiu KL = MN, to AA' - BC =
= CC' - AB, 10 ectb (amgy)? = (cm.)2. Torza, BOCIOIL30BAB-
much GopMyaod LA BHIYMCICHUA MEAMAHBI TPEYrOJbHHKA,
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noayunm a?(2b% + 2¢% — a?) = c?(2a? + 202 —c?) = at -t =
a’ + 2
2

= 2b2(a? — ¢?). Takum obpasoM, a@ = ¢ uiu b? = , UYTO

u TpeboBaIOCH.

J73. IIycts ayuu AQ u B@ nepecekaioT cTopoHbl BP u AP
tpeyronsauka ABP B Toukax A’ m B’ coorBercTBeHHO (CM.
puc. 29). s ycnosusa samaum ciaeayer, uro A’ u B’ — ce-
pesuHBl 5THX cTopoH. KpoMe TOro, m3 CBOWMCTBa BIIMCAHHO-
ro yria ¥ yIjia MeXXJy KacaTeJIbHOH M XODPAOH CcJefyeT, UTO
/APQ = /BAQ un /BPQ = /ABQ. Torga yron AQB’ (sHem-
Huii gaa rpeyronsunka ABQ) paBen yray APB, mosToMy TOY-
ku P, Q, A’ u B’ nexxart Ha onHoii oxpyskHocTH. CilefoBaTessb-
HO, Tpeyroabunk ABP — aBroMeguauHbiil (cu. 3adavy 9.38),

AP? + BP?
TO eCTb AB = — 4TO M TPeDOoBAIOCH AOKA3ATh.

OTMeTHM, 4TO JOKA3aHHOE YTBEPIKAeHHe [OIIOJHsSeT CBOHCTBAa KOH(pH-
rypamnuu, pacCMOTPeHHEIe B 3asaue 7.1.

JA74. PaceMOTpUM OKPYIKHOCTB ¢ HeHTpoM O u paguycoM
R, onucannyo okojo Tpeyroasauka ABC (ecMm. puc. 30). Yeiao-
BHe aBTOMeJMaHHOCTH TpeyroabHuKa ABC paBHOCHIBHO BBI-
monHeHn0 paseHcrBa 2AC2 = AB? 4+ BC?, KoTopoe MOKHO
3amycaTh B BEKTOPHOU (opMe U mpeodpa3oBaTh:
2AC? _ A + BE? & 2(00 - 0A)? =
— —. 2 —> — 9 ——9 — — ——,
= (OB—OA) + (OC—OB) & 20C“ - 40C - OA + 20A° =
9 — — —g —q —  —— ——g
= OB* -~ 20B-04A + OA° + 0C* - 20C - OB + OB“.
— — —
VuureiBas, uto |OA| = |OB| = |OC| = R, nonydum
— — — — — —
20A-0C=0A-0B+0B-0C &
& 2cos LZAOC = cos LZAOB + cos £LBOC.

3aMeHdA KaXKAbIi IeHTPaJbHBIA YTOJ OKPY/KHOCTH YIBO-
€HHBIM BINCAHHEIM, IoayuuM: 2cos2/B = cos 2/A+cos2/C,
qT0 ¥ TPebOBAJIOCh AOKA3aTh.
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Puc. 30 Puc. 31

MoskHO TakoKe GBRLJIO UCIOJB30BATH TEOPEMY KOCHHYCOB AJS TPEYTOJb-
HuK0B AOB, BOC u AOC. Ilpu Takom cmocobe JOKasaTeahcTBa JyYIlle Ha-
YHHATH ¢ PABEHCTBA KOCHHYCOB. OTMETHM, UTO JOKA3aHHOE yTBEpIKICHUE
MOKHO chOPMYJIMPOBATH WHAYE: TPEYrOJbHHUK SBJSETCA aBTOMEIMAHHBIM
TOrAAa U TOJIBKO TOIJA, KOrJa KOCHHYC YABOEHHOIO yIJIa TPEeyroJLHUKA pa-
BEH CpeJHeMY apu(dpMeTHUECKOMY KOCHHYCOB ABYX APYTUX YIBOEHHBIX yI-
JIOB 9TOT'0 TPEYTOJbHHKA.

HO75. PaccMOTpHM OKPYKHOCTE C IIEHTPOM B TouKe O u pa-
guycoMm R, ommncanuyio okoao TpeyronbHuxa ABC (cMm. puc.
31). Hcnonb3ysi BEKTOPHI, 3alMIIEM IEIIOYKY PABHOCUJIBHBIX
PaBEHCTB:

2 2
XB:\/}—{i‘l-—izric—@zx—B’zzﬂh)?&’z@

—  ——.9 — ——9 —  — 9
& 2(0OB - 0X)” = (0OA - 0X)" + (OC - OX)
——rg — — ——y
& 20B° —40B - 0X + 20X* =
——g —— o o, g 2 g
= 0A° — 20A-0X + 0X* + 0C* — 20C - OX + OX*.
Y4uTHIBAA, UTO |OA| | B| = |OC| R, nonyuum
—_—_— —  — — — ——
OA-OX+0C-0X -20B-0X =0«
— ,—
< OX(0A + 0C — ZOB) 0.
( 5—)) Ta-

— =
KuM 006pasoM, moayduM, uro OX (ZOD - 20 ) 0= OX X

l\:lv—-*

IIycte D — cepenuna AC, Torma (_)_5 =
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X B—D> = 0. 3HAUUT, HICKOMLIM I'eOMeTPUYECKNM MECTOM TOYEK

ABJSIETCA IPAMAas, IPOXOAAIasa yepes ToUuKy O u mepueHIN-

KyaapHaa Meguane BD tpeyroanauka ABC (cm. puc. 31).
CpaBHure ¢ pemenueMm 3afaun 74,

J76. OTBer: HeT, HE MOJKET,
— 1,— @ — =
Tak kKaxk PQ = g(PA + PB + PC) (cm. sagauy 10.1), a Bex-

_ — =

Topet PA, PB u PC — He KoJLImHeapHbIE, TO
— 1/ — —
PQ| < 5 (1PA| + |PB| + |PC]) = 2.

BD E AF
A77. Ilycrs e = %j =75 = %1— u M — ueHTpouz Tpe-

yroasauka DEF (cm. puc. 32). Torga ana mo60ii Touxu O BBI-

—e —
- OB ocC
noaHserca paseHcTBO OD = nos + mot (cM. paBencTBo (1) 3a-
36w mOA =3 nOA+mOB
Hatud 10). Armanornuno OF = noC+ mo4 , oF = 224+ mor.
m-+n m-+n

—
CKJafbIBasAg 3TH TPH paBeHCTBa NOWIeHHO, mosayumm: OD +
—_— — —_— = — 1,— — —
+OE+OF = OA+0B+0C, 10 ects OM = £ (04 + OB + OC),
caemoBaTensbHo, M — nenTpoun TpeyroabHuKa ABC, uTO 1

TpeboBAJIOCE JOKA3ATh.

Puc. 32

J78. VI3 ycnoBuA 3amauu CJIeLyeT, YTO AJIdA J000i TOIKH
O BBINOJIHAIOTCA PABEHCTBA

1 —
OT; = E(OA1+OA2+...+OAn);

1 —
OTy = E(OBl-{—OBz—{—...-FOBk).
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Torma

— 1 _— —
OT:n+k(OA1+OA2+"'+OA"+OBl+032+"'+
1 OT; + kOT;,
Py pageg 0 nOi 2
OB;) = OT1 + kOTy) = ————=.
+OBy) n+k(n 1+ KOTy) n+k
T, K
CinenoBarenbHo, Touka T nekuT Ha orpeske T1Ty u T <
2

(cm. pasgerncmeo (1) sanamusa 10).

A79. OrBer: a) cepeiuHa OTPE3KA, COSIUHAIOMIErO IIEHTPO-
UAbI OCHOBaHU; 0) TOuKa, JeKallad Ha BBICOTE IMHUPAMKILI
M eNAaa eé B OTHOIIEHHWH 1 : 1, CUMTas OT BEePIIUHEL.

a) lleaTpouasl ocHOBaHWit — TouKkM T7 U T IepecedyeHHA
ux cpenuux guauil (cm. 3adawy 10.6). Torga meHTpoOns mpus-
MBI — cepenuHa otpeska 11Ty (cm. 3adawy I 78).

0) [okakeM, UTO HJiA JOGOr0 7 BBIIIOJHAETCSA PABEHCTBO
— — —_— —

OA1 +0Az+ ...+ 0A, = 0. [JelicTBUTEJIbLHO, MIOBEPHEM KaMdK-

+90°, To-

. " . 180
EHI# BEKTOP UCKOMOW CYMMEL Ha YTOJ, PaBHbIT
n

—
rma KakAbeIdH BekTop Buga QOA, 3aMeHHUTCA HA BeKTOP
T —
mApAg, 1, IpuuéM KosdhdunueHT m GygeT OLHUM U TEM Ke.
—_— —_— —_— — —
Tar kak m(AlAg -+—A2A3+...+AnA1> = 0, o u OAy +

— _ —
+0Ag +...+0A, = 0. Torga menTpons IUPaMUALl — TOUKA
orpeska PO (P — BeplivHa IMPaMKUALI), KOTOPas JEAUT €ro
B OoTHONTEeHUH 1 : 1, cuuras oT Touku P (cu. 3adavy JI78).

JA80. OrBer: B 060MX ciay4Yasx OINYCTUTBHCA Ha JHO 03epa
OpUmETCA TONBKO OUH Pas.

IIycrs cocunl pactyTt B Toukax A, B,C, D, Eun F; Mn T —
TOUKHM IIepecedeHUsA MeAnaH TpeyroasHuKoB ABC u DEF co-
OTBETCTBeHHO (cM. puc. 33). Torpa:

a) M — uenrtpoup tpeyroiapHuka ABC, T — wnedrpousn
TpeyroasHuka DEF, ciegoBaTenbHO, cepenuHa K oTpeska
MT — 1meHTPOUJ CHUCTEMBI TaHHBIX IIECTN TOUYEK, OH — eJUH-
CTBEHHBIH, U €ro MOJIOMKeHNUe He 3aBUCHT OT CIIocoba mxX pas-
OMeHMs HA TPONKH.
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6) Ilyeres O — neHTD OKpy2KHOCTH 03epa, H m N — opro-
IEHTPHI BIHUCAHHBIX B BTY OKPYKHOCTH TPeyroabHUKOB ABC
u DEF coorBeTcTBeHHO, P — cepenuna orpeska HN. Tak Kax
— — — — .

OH = 30M u ON = 30T (meopema o npamoii Jiinepa, cm. 3a-

— 1,—= —_— 3,/ — —
dauy 9.6), To OP = E(OH+ ON) = 5(0M+ OT) = 30K. Tak
Kak noaosxeHue touek O n K He 3aBucur or cuocoba pasbue-
HUS JAHHBLIX TOYEK Ha TPOMKM, U IOJIOMKEHHE TOYKM P TakKe
He 3aBHCHUT OT STOrO CIIocoda pas3bueHUsd.

OTMeTHM, 94TO AJA 3aAaUHN II. a) PACIIOJOXKEHHNe TOUeK, B KOTOPEIX pac-
TYT COCHBI, HUKAK HE CBA3AHO C 03€DOM.

Puc. 33 Puc. 34
O81. OrBer: 1: 1.
IIycts oTpesok AN mepecexaer miockocTs A’BD B Touke K
— - = - — —
(cM. puc. 34). O6osunauum AA' = a; AB= b; AD = ¢ (ma-
Kue mpu HeKOMNJAAHAPHbLX 8exmopa obpasyiom 6asuc npo-
cmpancmaa).

— 1,— N

Tax xak N — cepeguna DC’, to AN = E(AC/_J‘_AD) —
—

= %7 + %? +7C. BekTop A'K nexuT B OZHOH IJIOCKOCTH

— — — — — N
¢ BekTopamu A’'B u A'D, snauutr, AK = AA'+ AK = a +
_— e — —
+xAB+yAD=T+x(b - ) +y(¢ -&)=(1—-x-y)a +
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- —
+xb +yc (smo pasgencmeo MOMHO OblI0O NOAYLUMb UHA-
e, UCTOLb3YA 6EKMOPHOE YCL08UE MO20, LMo A'BD — _mpe:

yzom:nurc) Tak KaK BeRTopr AK u AN KOJLTUHEAPHBI, AK =
)\

— JAN = a+s b + AC¢. TakuM 06pasoM, Mbl BHIPASHIM

BEKTOP AK AByMsA pasauyHbIiMu cnocobamu. Torga, ucnons-

3yd eIUHCTBEHHOCTE Pa3JI0KeHus JII000TO BEeKTOpAa 10 6as3ncy,
MOJy4YHUM, UYTO

1

1 - =
l-x—-y=2:4, )\_2,
2 1

x:l)k, < r=7
2 1
y:A y:§.

— 1—
CrnemoBatennuo, AK = §AN , 3HauuT, K — cepegmuHa oT-
peska AN.

Hcnonp30BaHHEI METOA pacCyXAeHUl, NPUBOAAINNY K COCTABJICHHIO
«B@KTOPHOrO» ypaBHeHWdA, NIPUMEHSETCSA BO MHOTMX I'€OMETDHYECKHX 3a-
faJax, B KOTOPBIX HAJ0 HANUTH OTHOIIEHIE YacTeil, IOJIyUYNBUINXCA [IPH IIe-
pecedyeHUN KaKUX-JIU00 OTPE3KOB.

ka+(n— k)b

JA82. OTrer: kat (n —B)b

n
yeckoe uucen a u b).
W3 ycnoBua 3afadud CJIeAyeT, YTO IIPOBEAEHHBLIE OTPE3KH

(836ewernnoe cpednee apupmemu-

B;Cy, BCs, ..., B,_1C,_1 napajieJbHbl OCHOBAHHUAM Tpalle-
I(MH.
B C

31 Cl

Bg CZ

Bh Ck

Bn-14 Tt
A EE{E, E, E,_1D
Puc. 35
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Ilepaviii cnoco6. Yepes Bepmuny C u Touku Cqi, Ca, ..,
C,_1 IpOBeZEM OTPE3KH, NapajlielbHble cTOpoHe AB u mepe-
cekarommue ocHoBaHue AD B Toukax E, E, Eq, ..., E,_1 co-
orBercTBeHHO (cM. puc. 35). Tak xak ABCE — mnapaJiesno-
rpamMm, To DE = a — b. B Ttpeyronsauke CDE 006pa3oBajuch
0Tpe3KH, mapainenbHbie DE, IJIUHBI KOTOPHIX COOTBETCTBEH-
HO PaBHHI X, 2X, ..., kx, ..., (n — 1)x, cuuTas or BepPIINHLI
C (o Teopeme Paneca). Tak kak DE = nx, TO AJNHA TAKOTO
a—b b=

—b
oTpeska ¢ KouioMm C, paBHa a—;—-k. Torzma BrCp = b+
__ka+(n—-E)b
==

n

BgB  CyC k
BrA CD n—k
- _— k= n— k—-—) —_— k=
poit Touxku O: OBy = ;OA + " OB u OCy, = ;OD +

(cm. paBeHeTBO (1) 3amsaTua 10). Toraa

Bmopoii cnocoo. Tax xax , TO AJA JIO-
n—=~k

n

—
ocC

k —k
Bkckzock—OBkzzA_D’Jr” BC.
— —> -—
Tak xax BpCr 1T BC 17T AD, 1o
s E— n—k— ka+ (n—-k)b
BaCrl = £ [AD| + " F )¢ = T (2RO

(cM. cremcrBue U3 paBeHCTBA (*xx) 3aHaTusa 10).

Tlonyyenusrii pe3ysbTaT ABJASETCA aHAJOIOM KOODAWHATHOM (DOPMYJIBI
(1') sanstus 10, rae poab KOOPAMHAT UTPAIOT AJUHLI OTPE3KOB.

A83. OTeer: a + ¢ — b.

Tlycrs Touku A', B/, C' u D' — opToroHambHBIE IPOCK-
IIMHM BEPIINH JAHHOTO mapaJjjaejgorpamma A, B, C u D cooTBert-
CTBEHHO HA IJIOCKOCTE & (cM. puc. 36). Torga A'B'C'D’ — rax-
JKe IapaJLiesorpamMM (B YaCTHOCTH, «BBIPOYKAEHHBIN» B OTpe-
30K), mpuuéM Touka O mepeceyeHUss AUAroHaeil mapaJjieno-
rpamma ABCD npoexTupyerca B Touky O mepecedueHus Aua-
roHazei napasienorpamma A’B'C'D’. 3 ycioBua 3afadn cie-
nyer, uto AA' = a, BB = b, CC' = ¢, a DD’ = d — uckomoe
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paccrosume. Tak xax OO0’ — ofmasa cpefHAA JUHUA Tpaie-

it AA'C'C u BB'D'D, 25¢ =219 g —a+c—b.

2 2
B

Puc. 36

BosMokHBI Take Cmoco0bI DEINeHHs, MCIOJBb3YIOIINEe BEKTOPhI MK
KOOPAWHATHL (aHAJOTMUHBIe pelteHMIo 3agaun 10.3 u gomyckaromme aHa-
JoruvyHoe 06obIienne).

A84. Orsnoxum C1Ce = B1By = AA; (cMm. puc. 37a). Torza
AA1B3Bi — mapajiesorpaMM, H0sTOMY, Touka D mepeceue-
HUS ero JuaroHasei AeauT ux momoaam. CregoBaTeanHO, Tpe-
yroasHUKY AA1D u ByB1D paBHOBEJHKM, 3HAUHT, TETPadI-
pet C1AA1D n C1BgB1 D TakKe paBHOBEJIUKH (UMeIOT paBHbIE
00béMbI). IIpuKkaagbIBAA 3TH TETPASAPEI II0 OYEPeIN K MHOTO-
rpasEUKY ABCDBC1, COOTBeTCTBEHHO MOJYYUM PABHOBEJIU-
kue mHOrOorpaHHuKu ABCA1B,Cy u ABCB5C,. AHajOoruuHoO,
OTJIOXKUB (?C; = B—B{ , Toayuum, uro BB3C3Cy — mapaJniesio-
rpaMM, E — Touka nepeceueHmns ero AuaroHajieil, 1 paBHOBe-
auku terpasapbl ABBoE n AC3CLE. Ilpuknagbisasd 5TH TeT-
pasaphel 0 oYepely K UHeThIPEXyroabHOM nupamuge ABCCLE
(A — eé BepIIMHA), COOTBETCTBEHHO IIOJIYYHM PaBHOBEINKNE
MmHororpasEnku ABCB»Cy u C3ABC. CaegoBaTesbHO, 00BEM
ncxopuoro MmaHororpaiauka ABCBy(C; paBeH 00'bEMY MupamMu-
aer C3ABC. PaccMoTpuM 3Ty IUpaMuAy, 1 Yepes sepruuny Cs
OpoBeIEM IIJIOCKOCTD, mapainienbnyio ABC. Ilycrs ata mioc-
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KOCTE mmepecexaeT npaMmele AA; u BB; B Toukax Az u B3z co-
oTBeTCcTBeHHO (cM. puc. 370).

Puc. 37a Puc. 376

Torga ABCA3B3Cs — mpusma, 06bEM KOTOPO# paBeH IIPO-
M3BeJeHUIO ILJIOMIANN €€ MePIeHANKYJIAPHOrO CeUeHUI U AJIN-
HB G60KOBoOro pebpa. O6ném nupamugsl C3ABC B Tpu pasa
MeHbIe 06BEMa 3TOH MPHU3MBbI, TAK KaK Y HHAX OJHO U TO Ke
ocuosanue ABC U1 ux BBICOTHI, IpoBegeHHbie K ABC, coBIaja-
I0T. YUHTEIBAA, YTO NEPIeHAUKYJISIPHBIM CeUeHNEeM IIPHU3MBI
ABJAETCA TPEYroJbHUK ILJIOIAAY S, VKa3aHHbIA B YCJIOBHUU,
a CCg = AA; + BB+ CCq, monyuum, 4TO 00bEM V mupaMuUAbI
C3ABC, a 3Ha4uT, ¥ JAHHOI'O MHOIOI'DAHHUKA, MOXKHO BBIUHC-
AA; + BBy +CCy .S

3

R? + RZ
—%—2 (cpednee Keadpamuunoe dan-

JUTH 110 popmyie V =

A85. OtBer: a) R =

HbLX paduycos);
R1Ryv2
6) R = 1 2\/_ :
\/R2+R2
B) R = \/R1 Ry (cpednee zeomempuueckoe danrnvix paduycos);
R} + R}
r)R={ -Lg—l (cpednee cmenennoe Oannbix paduycos).
Tax kax naow,adv Kpyza eviiucriemcs no gopmyie S =
= nR?, dannvie 6 ycro8uu 3a0auu 3a8uUCUMOCTIU MeHDY NILO-
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wadamu paeHOCUNLbHbL AHALOZULHBLM 3A6UCUMOCTIAM MeHcdY
rkeadpamamu paduycoe (cpasnume c 3adaveii 5.2).

/RS + RS
J186. OtBert: | 1—;—2 (cpednee cmenennoe dannvix padu-

ycoas).

Iycrs O1 1 Oy — meHTpPhl OCHOBAHUN JAHHOT0 YCeUYEHHOT0
KoHyca, O — IeHTp MCKOMOTo ceueHHUA paguyca R, A1As —
oaHa M3 o0pasymomux OOKOBOM ITOBEPXHOCTH KOHyca, A —
TOUKA IepeceueHus 9TOH oOpasyiomieil u ceueHus (CM. puHC.
38). Uz ycioBusa sagaum ciaeAyeT, 9To 00bEM JAaHHOI'O KOHyCa
B ABa pasa OoubIte 00'b€Ma JII000( M3 MOJIYYUBIIUXCS YaCTe,
TO eCcTh %H(Rg + RyRy + R?) = gh(R2 +RRy +R%), rne H =
= 0301, h = 00;.

Puc. 38

Haiinem ormomenume BoicOT A m H. Hna sToro B oceBoM
ceueHNY KOHyca mpoBeiém A1Bs 1 Ag909 (B — TOUKa Ie-
peceuenuss A1 By u AQ). U3 momobus TpeyroabHUKOB A1 AB
u A ApBs monyunm 2B — AB o eers B = BB

14252 NOIYHIM 270 = 278, H Ry—R;
JOBaTeJIbHO,

RZ+RoRi +R} 2(R—Ry)
R2+RR1 +R% N Ry — Ry

=2R* 2R} o R= 3M
\/ g
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ITocaecaoBue

Cpennue: 4To gajapuie ...

IIpopaGoras MaTepuas 3TOM KHUKKH, VUEHHK CTaHET «Ha ThI»
€O CpegHUMH, oco0eHHO B reomerpuu. Iyd Hero He Oyger mpolJie-
MO IOKa3aTh, YTO TA WM HHAA BEJMYWHA SBJISETCS CPEJHUM YKa-
3aHHOrO Buja. Ho Koe-KTo 3axodeT IOMTH Jajblile M, BEPOATHO, IIO-
CTABHUT TaKHe BOIIPOCHI: a) 8 MOYKHO JU 3apaHee (0 Hayasa BBIKJA-
IOK) gorajaThCd, uTo BeqmumHa C — 3TO HEKOTOpOe cpefHee ABYX
JaHHBIX BEJIWYWH X U J, U eciu jAa, TO 0) KaKkoe UMEeHHO U3 CpeA-
HUX? B) KaK HCIOJb30BAThH 3HaHWe, 4To C — 3TO TAKOE-TO CpPefHee
BEJIMYUH X U Y?

Jlerue orBeTuTh Ha Boupoc B). Bo MHOrMX ciayuaax u3 anzefpa-
UYecK020 PABEHCTBA CJIEAYIOT YHCTO 2eOMempuyeckue CBOMCTBA —
CM., HAIIpKMeD, CBOMCTBA PA3HOCTHHIX (3aHATHE 6), TApMOHUYECKUX
(3amaTue 8) miau aBTOMeaMAHHBIX (3aHATHE 9) TPEYTOABHUKOB. Bo-
of1e rosops, 3HaHKE ABHOM dopMyasl s C HUKOT/JA He IOBPEANT:
e6é MOJYKHO HCIIOJb30BAaTh B MOCJEAYIOMINX YPABHEHUAX U HEpPABEH-
cTBax. B 4acTHOCTH, MOYKHO JOKA3hIBATh 'eOMETPHUUECKOE HepaBeH-
CTBO, CBEIA €r0 K HEePAaBEHCTBY MeXXAy CpeJHMMH (CM., Hampumep,
sagmauy J157).

Ha Bompocs! a) u 6) HeT oTBeTa, rapaHTUPYIONIET0 CTOIPOLEHT-
HEIA pesyabrar. Ho eCTh HECKOJIBKO TIOJIE3HBIX COOOparKeHui.

IIposepka rumores. IlycTh BOZHUKIIA HEKOTOPAA rUIoTresa (CKa-
oKeM, uro BejmumHa C eCTh KaKOe-TO M3 CPeJHUX AJsA BeJIWYUH X
¥ y wian uyro C BHIpa)kaeTcs uyepe3 X M y TAaKoOH-TO dopmynoil), HO
IOKAa3aTh 9Ty TUIOTE3Y C XOAYy He yzaerca. Torpa, mpexjae 4eM IIO-
IrPY*KaTbCs B BEIKJATKH, IOJE3HO 9Ty I'MIIOTE3Y IPOBEPHUTE.

a) CeoiictBa cpeguux. ['mmoresy, uro C eCcTb KakKoe-TO cpefHee
X U Y, Jerde BCero IPOBEPUTH Yepe3 CBOMCTBAa cpeXfHuX. Buigennm
OATH CBOMCTB, 3aHYMEPOBAB MX TaK, YTO YeM MEHBIIIEe HOMepD CBOH-
CTBAa, TE€M JIeIr'i€ ero IIPOBePsATh:

1) C(kx, ky) = kC(x,y) upu k > 0 (ORHOPOJHOCTDH, UJIU OSUHA-
KOBasi pasMepHOCTSH).
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2)C=x & x =y & C =y (coBuaseHve TOJIbKO OPU PaBEHCTBE);

3) C 3aBUCHUT OT X U J CHMMETPUYHO (MCKJIIOUEHUEM SBJIAECTCA
B3BeIlIEHHOEe cpefHee);

4) C 3aBUCHUT TOJIBKO OT X H V;
5) ecnu x < y, To x < C < y (cpegHee JEXKUT MEKAY UNCTIAMH).

JlokasaTenbCcTBa 9TUX CBOMCTB OUeBUAHBI, HO HEKOTOPLIE TPeby-
IOT MOSCHEHUA.

CaoiicTBo 1 B reomeTpuu ozuadaeT (IOYTH Bcerga), uro x, y u C
MMEIOT OJNHAKOBYIO Pa3MEePHOCTh, TO €CTh JNOO BCEe TPU BEJIWYHHEI
39TO IJHHBI, JUO0 OHM Bce — ILJIOIIAAU, Ju60 OHM Bece — OOBEMEL.
Torpa npu roMOTETHH BCe TPM BEJHUHNHBI YMHOMKAIOTCA Ha OJMHA-
KOBYIO creneHb KoadduimenTa romorernu. I Haobopor, ecan x u
J — BeJUYMHBI OJHOH pasMepHOCTH (HAIpumep, AJWHHI), a IOpem-
nonaraemoe cpeguee C — npyroi (Hanmpumep, ILIOUIAAB), TO IIPHU
roMoTeTHH ¢ Ko3(hdunueHTOM k£ # 1 paBeHCTBO, OYEBHIHO, HADY-
ITUTCA.

CsolicTBO 4 04YeBUAHO AJIA KOHCTPYKIIMH, XECTKO oIpenese-
MBIX IIapaMeTpaMu X ¥ Yy (CM, HalnpuMmep, KOHCTPYKIUIO 3aJauu
5.1). Ho Trakasa XECTKOCTH eCTh HAJIEKO He Bcerga. Tak, B 3azade
5.2 pNWHBI X ¥ y OCHOBaHWIl TpameIUy BOBCE He 3aJal0T OAHO3HAY-
HO JJIVHB] €€ OOKOBBIX CTOPOH, AuaroHajei u t. A. Jaxe u IIWHB
mapaJiieJIbHBIX OCHOBAaHUAM OTPE3KOB ¢ KOHIIAMHU Ha GOKOBBIX CTO-
POHAX MOTYT 3aBHCETb HE TOJBKO OT X U Y (HAIpPHUMED, «IIJIOXHM»
OyzeT OTPe30K, AeJAINI IIONoJaM IIePUMETD TPAIellnu).

VBB, fasKe BBHIIIOJHEHNE BCEX CBOMCTB HE rapaHTHUPYET, UTO Bep-
Ha oxHa u3 GOpMyJ cpefEuUX (HanmpuMep, KOrja B TPEYTOJbHHUKE
co cTopoHaMu x u y u yriaom 60° mexnpy Humu C — TpeTbsd CTO-
pona). Ho Takoe GeiBaeT 04eHBL peaKo.

6) Oranagka dopmyast. IlycTs v Hac eCTh HECKOJIBKO BAPDUAHTOB
¢GOpPMYJBEI M MBI XOTHM Y3HATh, KAKOH M3 3TUX BAPUAHTOB BepeH
(MoxkeT OBITh, m HHKaKOHM). TyT MOXHO DPAacCMOTPETh KAK MOYKHO
6oJ1ee IPOCTHIE YACTHBIE CIyYan U MPOBEPUTH, KaKad U3 GopMyJI I1o-
Joimer nuia Hux. Iad cpeaHUX MOJe3eH, Hanmpumep, caydait x = 0.
IIpu sToM, mpaBia, HEKOTODbIE QUI'YPHI MOTYT BEIDOAUTHLCHA: OTpe-
30K MOJKET CTaTh TOUYKOM, Tpamernus ¢ OCHOBAHUEM X IIPEBPATHUTCS
B TPEYrOJILHUK, a €€ JUATOHATN COJBIOTCA ¢ GOKOBLIMH CTOPOHAMH.
Ho uacro ycaoBue ocTaeTcs ocMbICJAEHHBIM, a Berunciaerune C ympo-
maercAa. [Tocmorpum, Hanpumep, Ha C B 3agaue 5.2a ipu a = 0.
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1) Orpe3ok, CcOeAUHAOINE CcepeJuHBl OOKOBBIX CTODOH,

. " b
cTasl cpegHed JuHHEH TpeyroabrHmMkKa, C = 3 3HAYNT, NOAXOAUT

TOJIBKO CpefHee apudMeTUIECKOE.

2) OTpe3ok, NPOXOIAIIUI Yepe3 TOUKY IepeceueHUs AUaroHa-
JIeH COBIIAJ ¢ BepXHUM ocHOBaHUeM, C = 0. 3HAYUT, IOAXOAAT CPel-
Hee TeOMEeTPUUYECKOe U Cpe/lHee TaPMOHHUYECKOE.

3) OTpes3oK OTCEK TPeYroJLHUK BABOE MeHbIe# miaomanu, C =

b
= 7 IoaXoAuT TONBKO cpeHee KBAgPATAYHOE.

Iisa oTpeska u3 1. 2 moadepEM elé oaMH YACTHRIN caIydail, 4To-
651 BEIOPATL MEKIY ABYMSA IOAXOAAIMME CpeIHMMH. PaccMoTpum
TPAIeIuo, OTCeYEHHYI0 OT TPEeyTOJbHUKA CpefHed JmHUell, e€ oc-
HOBaHMA X U 2x. [JuaroHaam Tpamenuu — 3TO MeJHAHBI TPEYTOJb-

HUKAa, BbIIle UX TOYKH IIEPECeUEHUA JIEXKUT — TPeTheil MeAuaHBbI,

3
2x
mostomy C = 2- 3 ITogxoguT TOJBKO CpeAHEE TADMOHHUYIECKOE.

IToMmumMo MpoOYero, «OTJaAKa» IIOMOraeT TOYHO BbIIKCATh (op-
MYJny, KOTOPYIO BBl IIOMHHTE IIPMOJIN3BUTENHHO, «C TOYHOCTBIO [0
3HAKOB U KOIDDUIINECHTOB».
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PasmaTouHslii MaTepuaJ

3anarue 1. Beraucaenue cpeguero apudMeTHICCKOro
B3BEIIEHHOTO CpeXHEero apu(pMeTHIeCKOro

3agaua 1.1. Cto a6g0K BMmecTe BecaT 5 Kr. CKOJBKO BECUT «B CPEIHEM»
opHO A60K0? CKONIBLKO IpuMepHO BecaT 17 sa610k?

3amaua 1.2, B xmacce 10 nepouex u 20 manbumxoB. Cpegumii pocT ge-
Boukn — 140 cm, cpeguuii poct mamdbunka — 149 cm. Hailigure cpepuuit
pOCT yUYEeHMKA B Kjacce.

3agaua 1.3. B marasvu mpusessid TPH copTa KoHGET ¢ pasHoM IeHOI:
4 xr 1o neHe 40 py6aeill 3a Kuimorpamm, 3 Kr no meue 60 pyGieit 3a Ku-
sorpaMm u 1 Kr nmo nede 120 py6Gieit 3a kumorpamm. Ilo Kakoil meae HaIO
IIPOJABATh CMECEH 3THX KOHbeT?

3agaua 1.4, CKopOoCTH, MOTOPDHOM JIOAKHM II0 TEeUEHHI0 PeKH DPaBHa
21 xM/4, a OpoTuB TeueHns — 15 kM/4. HaliguTre eé CKOPOCTL B CTOAYEH
BoZie. IIpoaHaamaupyiiTe IOIyIeHHBIN PE3yaABTAT.

3agaua 1.5. CKopoCTL MOTODHOH JIOAKHW II0 TEeUEHHIO pPEeKM DPaBHA
21 k¥m/4, a npoTus TedeHua — 15 Km/u. OHa IPOILIBLIA HEKOTOpPOE Bpe-
MdA IO TEUYEHHIO PEKH U TaKOE K€ BpeMsA MPOTHUB TeYeHUA.

a) BepHO sim, UTO CPeAHMAS CKOPOCTH €€ ABMIKEHWS PABHA CpPEJHEMY
apudMeTHIECKOMYy €€ CKOPOCTEeH M0 TEUEHHUIO U IIPOTHUB TeUEHU?

6) sMeHUTCA M OTBET, €CAHM BPEMA ABUKEHUS IO TEUEHWIO U IIPDOTHUB
TeueHUA OyAEeT pasaudHbIM?

3amaua 1.6. Uz asyx cniaasoB, cogepaxaniux 10% u 50% meawm cooTser-
CTBEHHO, TpebyeTcs MOJYIUTHL HOBBIM cIjiaB. B Kaxom orHoienun (110 Mac-
ce) TpebyeTcs B3ATHL UCXOLHBIE CILIABEI, UTOGHI HOJYYHUTh CILJIaB, COEEPIKa-
muit a) 30%; 6) 40% mezxu? IpoaHanusupyiTe IOJyYeHHBIA PE3yaAbTAT.

3agaua 1.7. Cmemianu dyeTsIpe PACTBOPA, COAEPIKAHNE CONMH B KOTOPBIX
cocrasnano 10%, 20%, 30% u 40% . Ilpu 5TOM B OJHY €éMKOCTE OLIJIO CJHA-
1o 10 T mepeoro pacTsopa, 20 r Broporo, 30 r Tperhero u 40 r yerséproro.
KaxkoBo nponeuTHoe coaepraHme COJMU B IIOAYIEHHOM PacTBope?

3amaua 1.8. Kasxaplil u3 gecaTu cyjeil OLUeHUJ BBICTYILIEHE PUTYDH-
cTa, ¥ CPeJHAN OLEHKa OKasajach pasHa 4,2 Gamaa. CorsacHo npaBumiaMm,
Ol oTGpomiensl caMas GosblIas U3 MOCTABJEHHBIX OLEHOK — 6 Ganior
U camas MajleHbKag — 2 Gasia, IOCJe Yero OIATH HOJACUMUTANM CPeJHM!I
6asn. 9emy o pasen? (Cpeduuii 6arn — cpednee apupmemuuecroe oaz-
J108.)
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3amaua 1.9. Korga B xKoMuaTy BOIIeN 4eTBEPTHIN uYeOBEK, CpegHUl
BO3DACT HAXOAAIMXCA B Hell miofieti yBeauumics ¢ 11 go 14 mer. Cxoapko
JIeT BoOIlleAIinemMy?

3anaua 1.10. ITpodeccop TecTep MPOBOAUT CEPUIO TECTOB, HA OCHOBA-
HUY KOTOPHIX OH BBICTABJIAET HCOLITYEMOMY CpeAHuil 6an. 3aKOHYUB OTBe-
4aTh, [[3KOH IMOHSJ, UTO ecar OBl OH IOJYYWI 3a mocaeHuli rect 97 6anios,
TO ero cpegHuit 6aun cocraBua Oul 90, a eciu OB OH IOJYYHJI 32 IOCIEN-
HU# TecT Beero 73 Gasna, TO ero cpeguu# 6asn cocrasun 6ul 87. CKosbKO
TecTOB B cepuu npodeccopa Tecrepa?

3anaua 1.11. Hesas HalTH CpeAHIOI TOAOBYIO OIEHKY IT0 MaTeMaTHKe
y BCeX HIECTHUKJIACCHUKOB, 3aBYY IMONPOCUJ yuyHTeje# MaTeMATHKH UYeTHl-
péxX IMIECTHIX KJIACCOB BLIYMCIUTE CPeJHHE OHEeHKH B KajsKAOM H3 KJIaCCOB
U 3aTeM HameéJ cpefHee apu(pMeTHUYeCKOe 3TUX UYeTHIPEX umces. IIpaBuis-
HO JH CAeNAN 3aBy4?

3agaua 1.12. Ot goma a0 mxoasl IleTss oGBIUHO efeT HA BeJIOCHIIENE
co cpenueit ckopocreio 300 M/MuH. CerozHa, BBIEXaAB B TO K€ CAMOE Bpe-
Md, OH YacTh IIYTH IPoexaji CO CKOPOCThI0 240 M/MUH, a 3aTe€M YBEJIMYMJI
CKOpOCTb 1o 420 M/MuH u npuexan soBpeMsa. Kakyio 4acrs oT BpeMeHu, 3a-
TpaueHHOTo Ha fopory, IleTs exas ¢ OZHOH CKODOCTBIO, & KAKYIO 4acTh —
¢ Apyroi?
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3ansarue 2. CBolicTRa cpeaHero apuMeTUIeCKoro

3agava 2.1. Komnarusa apyseii gercTBa BerpeTuiach yepes 7 jer. Kax
34 9TO BPEMA U3MEHMJICHA CPEeAHUH BO3PACT KOMIAHUU?

3anzaua 2.2. B mkose 65110 pelneHo MepedTH ¢ TATHOALNBHON CUCTEeMBI
oneHoK HA 40-6anmnbHYyIO. IS 9TOro KaKIyio TEKYIIYI0 OUEHKY YUYeHHKAa
ymHOxuAHM Ha 8. Kak mamenusnca cpeganii 6aun yaeguka?

3agmaua 2.3. Backer6onuer [[:xK0H mepeinén u3 oAHON KOMAHZILI B APY-
ry1o. Mor s B 06enxX KOMaHAaX BEIPACTH CPEIHHUMN pocT?

3anada 2.4. Bo6 i Bana copeBHYIOTCA B M3TOTOBJIEHUY U YIIOTPEOIeHUN
cIagKuX KoKTeiined. Bo6 cMeman «memcus ¢ «aHTOi», a Bana — aumo-
Hap ¢ cuponom. M3BecTHO, 4TO JUMOHAL CJAILE «IEICH», a CHPOIl CJalle
«tanTei». Morna au cmeck Boba okasarecd caaine Banuuoit? (Cragoers —
9TO Z0JIF caxapa OT OOIIero Beca.)

3agaua 2.5. ITo oxpyxuOoCcTH paccrasiennl 100 uncesn Tak, 4To Kaxmoe
U3 HUX DABHO cpefHeMy apudMeTHUeCKOMY ABYX CBOMX cocenel. Jlokaxu-
Te, YTO BCE Umenia Mexay coboli paBHBI.

3amava 2.6. B nocsenHI00 Hexero 3a Jo0ble Tpu AHA noapan Pobun-
Bobuu B cpegneM cwenaa mo 10 MOHYMKOB B AeHb. BepHO am, 4TO 3a 3Ty
HeJIeJMI0 OH B cpefiHeM c¢'bell 10 IOHUYMKOB B AEHB?

3amava 2.7. Ha cKOJBKO yMEHBUINTCA CPEJHHUU BO3PACT KOMAaHIbI U3
11 @yrboanucToB, ecau 3aKOHYUBINETO BHICTYILICHME 32-JIeTHEr0 UI'POKA 34~
MeHUT UTPOK B Boapacre 21 rox?

3agaua 2.8, V13 xomanAb! yiéa 6ackerdonuct poctom 192 cM, mpu sToM
cpeAHUil POCT KOMaHALI He U3MEeHUJICS. 1eMy OH MOTr ObITh PaBeH?

3amaua 2.9. TpuHazuaTs MHIOMAT KJIEBAJIY 3epHO. [IepBBIil MHAIOIIO-
HOK crJyesBay 40 sépen; Bropoit — 60, KaKABIH caeayiomuii — cpeaHee
apudmeTHdecKoe 36peH, CKIEBAHHBIX BCEMHU NPEABIIYIIUMHA HHIIOIIATAMH,
CKOJIbKO 3€p€H CKJIeBaJl TPUHALIATHIH WHIIOOIOHOK ?

3apaua 2,10, Cpeguuii poer Bockmu GackerfonmcrTos pasen 195 cm.
Kaxoe Hanbosniliee KOJIUUECTBO U3 STHX UTPOKOB MOKET OBITh HIIKE YeM
191 cm?

3agaua 2.11. ToBopar, uro cpexumii goxox 10% cambix GoraTeIX KH-
Tesael ropofa B 15 pas IPeBOCXOAUT CpeJHHH AOXOHA BCEX >KHUTeJIeH 3TOro
ropoja. Jlokasxure, 4TO 9TO BHIZYMKH.

3anaua 2.12. ITemexox mién 3,5 yaca, IpUYEM 3a KaMKABIA IPOMEKYTOK
BpeMeHH JJINHOH OAMH 4ac OH mpoXonwj poBHO 5 kM. Cienyer ju u3 aTOro,
4TO €r'0 CPeAHAA CKOPOCTh 33 BCE BpeMsA ABVIKEHUA paBHa D KM/u?
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3amarue 3. CpexHee rapMoHHYECKOe H
cpenHee TeoMeTpHUUYecKoe

3amauya 3.1. CxopocThb MOTODHOH JOJKM II0 TEUYEHHIO DEKH paBHA
21 ¥M/4, a TPOTUB TeueHUA — 15 KM/4. OHa IPONJIBLIA HEKOTOPOE PACCTO-
SAHZE [0 TeYEeHWIO PeKU U TAKOE JKe PACCTOAHME IPOoTUB TeueHus. Haiinure
CpeIHIOI0 CKOPOCTD €€ aBMkeHMUs. [IpoaHausupyiiTe HONyUYeHHEBIH Pe3yJib-
Tar.

3anaua 3.2. ITonosuHy KHUIrE HAGOPIIUK IEYATAN CO CKOPOCTHIO 6 cTpa-
HHUI B 4ac. 3aTEeM €ro CMEeHWJ JPYroi Ha0OpInuK, KOTOPRIH meyaTas co CKO-
pocThio 12 crpanui B 4ac. C Kako#l MOCTOAHHOM CKOPOCTHIO HAAO ObLIO me-
4ararh, 4To0b Ha0paTh TEKCT TOMH ke KHUI'M 3a TaKoe Ke BpeMsa?

3amauga 3.3. Tennoxof, ABUrafch MO TEUEHUIO PEKH, MPOIIEN PacCTOs-
Hue Mexay npucranamu A u B za 10 yacos. O6paTHO OH HIPOIIEN 9TO Ke
paccTosinue 3a 15 yacos. 3a CKOJBLKO BPEMEHN TEINIOXOJ NPONALLI OBl TaKoe
JKe paccrosiaue 1o 03epy?

3anaua 3.4. Ilepeanve noKpeIKY aBTOMOOMIA «AHTHIONa—T'HY» BHI-
XOAAT U3 crposa uepes 25000 kM, a saguume — uepes 15000 xm. B kawoit
momeHT Ocran Bengep H0/eH IOMEHATH MECTAMY ITOKPHIIIKY, YTOGHI Ma-
muHa npouwia HauGoasmee paccrosinve? Yemy paBHO 3TO paccTossHME?

3anaua 3.5. Manbuuk cGexan BHU3 O ABIIKYINEMYCHA SCKANATOPY U
HacunTay 30 cTyneHek. 3aTeM OH MpobeKal o ITOMY JKe 3CKaIaTopy BBEPX
un Hacuuray 150 cryneder. CKOJBKO CTYIeHeK HacuuTasl ObI MAJIbYUK, €CIU
OBl C TAKOM K€ CKOPOCTHIO GerKas Mo HEIOABUKHOMY aCKaIaTopy?

3anaua 3.6. [IBa nmyTHHMKA BRI HA paccBere H3 NYHKTOB A n B Ha-
BCTPEYY APYT APYry € MOCTOAHHBIMM CKODOCTSIMH ¥ BCTPETIJINCH B IOJ-
Jenb. Ilepsuiit npumén B nyHkT B B 16.00, a BTOpo#i npumén B TyHKT A
B 21.00. B xaxoe BpeMsa ObLT paccBeT?

3agava 3.7. BejocumeaucT JOJXKEH IIOMACTE B MECTO HA3HAYEHHUA K
ompeJeaéHHOMY cpoky. Ecau om GyngerT exarh CO CKOPOCTbIO 15 KM/4, TO
npueseT Ha Yac paHbIle, a eCau co cKopocrbio 10 KM/4, To omosjaer Ha
oauH uac. C KaKOH CKOPOCTHIO OJDKEH eXaTh BeJIOCHUIIENUCT, YTOOLI Ipue-
XaTbh BOBpeM#A?

3amauya 3.8. [lepBasa Tpyba samomHAeT GacceliH 3a 6 yacos, a Bropass —
3a 18 uacos. Cxkoapko BpemeHu moTpebyeTcs A 3amlOJHEHUA 3TOro Hac-
ceilHa, ecay OJHOBPEMEHHO OTKDBITH 00e TPyGsI?

3anauya 3.9. B marasune 66110 [BA KOHTeliHEpa Kaprodens, B OZHOM —
no 20 py6aeit 3a kuuorpamm, B Apyrom — mo 30 py6ieii 3a KuiorpaMmm.
KoHTelimepsr 6b1n pasHoro o6méma, a MX cyMMapHas CTOHMMOCTB OKasa-
nach ofuHaKOROH. Bech umeromuiica Kaprodens cmemanu, [lo Kakoi meHe
cJAeAyeT MpOJaBaTh KAJIOTPAMM CMeCH?

3agaya 3.10. V Anéunl ecThb MOGUIBHEIM TeJleQOH, 3apaga aKKyMyJIsa-
TOpPA KOTOPOro XBaraeT Ha 6 dacoB pasrosopa miau 210 uacos oxmpaHdsd.
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Korza Anéna caguiach B moes, TenedoH Obl IMOTHOCTBIO 3apaMeH, a KO-
IJa OHA BREIXOAWJIA U3 Hoe3ka, TejnedoH PaspaAguicH.

CkoJIBKO BpeMeHM OHa exaJia Ha II0e3le, eClIM KM3BECTHO, 4TO AJéHa
rOBOPMJIA 11O TeneOHY POBHO TOJNOBUHY BPEMEHM HOE3AKU?

3amaua 3.11. VI3 oyHKTOB A M B BHIILIM HABCTpedy ApPYT APYTY fABa
Kypbepa ¢ MOCTOAHHLIMM, HO PABJIWYHBIMM CKOpOCTAMH. Ilocime TOoro kak
KYPbepbl BCTPETHUJINCH, YTOOHI AOHTU O MeCTa CBOEro HA3HAUEHMS, mep-
BOMY noTpeboBaiochk euié 16 gacoB, a Bropomy — emeé 9 gacoB. CKoapKO
BPEeMeHH 3aTpaTui KaXABIA U3 KyPhepoB Ha Bech OyTh OT A 50 B?
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3anarue 4. CpaBHeHNe cpegHUX

3anaua 4.1. JlokaxxuTte, 4TO CpeJu BCEeX NPAMOYTOIBHUKOB C OZWHAKO-
BOU ILIOINAJLI0O HAMMEHBIINY IIePUMeTD MMeeT KBajpar.

3amaua 4.2, Temroxon mpoién nyTh OT HyHKTa A A0 nyHKTa B 1o te-
YeHUI0 peKu u obparHo. JJokakure, YTO COGCTBEHHAA CKOPOCTh TEILIOXO0Aa
6osbIIIe, YeM CPEAHAS CKOPOCTH 3TOrO ABUIKECHUSA.

3amaua 4.3. [Isa TpakTopucTa, paboras BMecTe, MOTYT BCIaxaTh IOJe
3a t queit. Eciu GBI TIePBEIA BCIIaxXaJl IMONOBUHY IOJA, a BTOPO# — Apyryio

., T
IOJOBUHY, TO Ha 3T0 morpebosaiock 661 T pHeil. lokakuTe, uTo T > 2.

3anaua 4.4. B 1Byx mieMeHax MHEHIIEB- pA3HOE KOJIHMUECTBO MYKYMH.
Bce My:XUMHEI OJHOTO ILJIEMEeHN — «OpaThsi» (B YaCTHOCTH, KAMKIBIH MyHK-
ynHa — caMm cebe «Opar»). Uro Gosblne: cpefHee KOJNUYECTBO MYKUUH B
9THX ILIeMeHaX MU CpefiHee KOJIUYECTBO «6paTheB» YV KasKA0r0 MYMKIMHBL?

3agaua 4.5. Y nposaBla ecTh yallleUHbie BeChI ¢ HEPABHBIMY ILJIeUaMy U
rupu. CHAYAJIA OH B3BEIINBACT TOBAP Ha OLHOM HalllKe, 3aTeM — Ha APYroH,
u Gepér cpenHee apupMeTHUeCKoe ABYX nokasanuil. Onpenenute, B 4bIO
NoJb3y TAKOE «B3BEHIMBAHWE»: IPOZABIA MU HIOKyIAaTeNdA?

3anaua 4.6. OT MOTOJIKA KOMHATHL BEPTUKAILHO BHIAS [0 CTEHE TIOTIOJI3-
au ase myxu. CIIyCTHUBIIINACH IO 11018, OHY TOMoJ3u obparHo. IlepBas Myxa
moJizjia B 06a KOHIIA C OJHOM M TOM Ke CKOPOCTBLIO, & BTOpad, XOTd U MOJ-
HuMaJach BABOE MeJJieHHel mepBoi, HO 3aTO CIyCKajJach BJBOe OBICTpee.
Kaxaa u3 myx pampiie npumnoasér ooparao?

3agaua 4.7. JokakuTe, 4TO CpeJJu BCEX NPAMOYTOIBHUKOB C OGUHAKO-
BEIM MepPUMETPOM HAWOOJBIIYIO IIOIALL UMeeT KBAJAparT.

3agaua 4.8. B seTHe# mKoIe ABA Koplyca. B ofHOM U3 HUX M KOMHAT
II0 M 4eJOBeK B KaXKJOH, a B APYroM — 7 KOMHAT IIO 71 UeJIOBEK B KaXKIOMH.
CaHuTapHOMY Hai30Py HAZO COOBIATEL cpefiHee YUCIO INKOJBHUKOB B KOp-
myce, a NOKApPHON MHCHEKIINK — PACYETHOE YHCJO, PABHOE IPOM3BECHUIO
cpeAHero YMcJa KOMHAT B KOPIIYCe ¥ CPeJAHEro apudMeTHIecKoro HanGos-
IIero ¥ HaMMeHbIIIero KoJIMYecTBa ITKOJLHIKOB B KOMHEaTe. Kakoe us aTmx
umces Gosiblile — HCTUHHOE MM pacuérHoe?

3azaua 4.9. B xakom ciaydae BepTOJET, COOCTBeHHAA CKOPOCTH KOTOPO-
TO MOCTOSHHA, MPOJEeTUT OhicTpee M3 MyHKTa A B NyHKT B u o0paTHO: mpHu
OTCYTCTBUH BETPa WJIM IPH BeTpe, IOCTOAHHO AYIOIIEM B HalPABJIEHUH U3
A B B ¢ oxHO U TOH 3Ke CKOPOCTHIO?

3anaua 4.10. [Isa TypucTa BHIILTH U3 TYHKTa A B nyHKT B, IlepBslii Ty-
PHCT MMOJOBMHY 3aTPaueHHOI0 BpeMeHH OT HauaJla JBUMKEeHU €T CO CKOPO-
cThI0 Vi KM/4, a 3aTeM IE co CKopocThio Vo kM/4. Bropoil TypucT HepBymo
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MOJIOBUHY IIYTH MIEJN CO CKOPOCTLIO Vi KM/U, a BTOPYIO IIOJOBUEY — CO CKO-
pocreio Va2 KM/4. KTO 13 HUX 3aTpaTWJI MEHbIE BpEMeHr Ha IyTh u3 A B B?

3anmaua 4.11. [Joxaxure, YTO CpefH BCEX NPAMOYTOJLHUKOB, BIIHCAH-
HBIX B OJHY M Ty K€ OKPY:KHOCTh, KBaADaT MMEET U HanbGOJbIUNIH Iepu-
MeTp, 1 HAaHbONBNIYIO MJIIOoIakb.
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3anarue 5. IlocTpoeHud KIacCHUYECKUX CpeTHUX
Ha OXHOM YepTesKe

3amaua 5.1. (nyHrmu a) u 6) e3amsl u3 mpaxmama Ilanna Anexcan-
dpuiickozo) Ha ofHOM npAMOH IOCIEA0BATENBHO OTJI0XKEHB! 0Tpesku AD u
DB ¢ samHamMu g ¥ b COOTBETCTBEHHO M IIOCTPOEHA HOJIYOKPY KHOCTS C AUa-
meTpoM AB = @ + b. U3z Touku D BOCCTaBJeH NEePIeHAMKYIAP K AB nmo
nepecevyeHuA € MOJIYOKDPYXKHOCTHI0 B Touke C. 3aTeM mIpoBefeHbI PaAuyc
OC nosyokpyskHocTH U nepuneaaukyasap DM k sTomy paguycy.

2) BEIIOJIHUB uepTéx, HAUAUTe Ha HEM OTPeSKH, AJMHBI KOTODBLIX PaB-
HBI CpeHeMY apu(pMeTHIeCKOMY, CpeJHeMy reOMeTPHYEeCKOMY U CpeJHeMY
rapMOHUYECKOMY UHCeJI 4 ¥ b COOTBETCTBEHHO;

6) ucnosb3ys HalieHHble OTPE3KH, JOKAKUTE HEePABEHCTBO AJA JTHUX
TPEX CpegHUX;

B) TIPOBEAA AOTOJHHUTENLHOE IIOCTPOEHHE, HAMJWTEe OTPE3OK, PaBHBIH
cpefHeMy KBaJApaTHYHOMY Yuces @ u b, ¥ 3aBepInuTe AOKA3aTeIbCTBO Hepa-
BEHCTBA O CPEJHUX;

r) oBocHyiTe, B KAKOM cJIydae BO BCEX PACCMOTDEHHBIX HepaBeHCTBAX
JOCTHUTAETCA PABEHCTBO.

3amaua 5.2. PaccMOTpUM TpaNellnio, OCHOBAHUS KOTOPOH MMeEIoT AJIN-
HBl a u b. a) Haligure orpesku, IapajijiejibHble OCHOBAHUAM TPANEUNN K
paBHBIE YeTLIPEM KJIACCHUYECKIM CPeSHUM yuces g U b; 6) McMoib3ysa pacio-
oM eHne HalIeHHBIX OTPE3KOB, JOKAYKUTE HEPABEHCTBA O CPEeIHUX U OIpe-
JeauTe, KOTJa AOCTHUTAIOTCsI PABEHCTBA.

3amaua 5.3. B pasuoGokyio Tpaneiuio ABCD, ocHoBanus xKoropoir BC
u AD umeioT AJUHBI @ U b COOTBETCTBEHHO, BIHCAHA OKPYXHOCTH., BH —
BBICOTA Tpamenuu, G — OCHOBaHWE NEePIeHAUKYJIApPa, ONYIIeHHOTO U3 TOY-
Ku H Ha cropony AB.

a) Jdoxaskure, yTo AiuHbl 0TPe3KoB AB, BH u BG ABNAIOTCA CpeSHAM
apupMeTHYECKUM, CPeJHUM reCMeTPUUYECKUM U CPeJHUM rapMOHMYECKUM
uucea @ U b COOTBETCTBEHHO;

6) HCIIONB3YA 3TH OTPE3KH, NOKAMUTE HEPaBEeHCTBO [JIA YKa3aHHBIX
CPEIHUX BEJNUMH U YKAKNUTE, B KAKOM CJIy4ae AOCTHTaeTCs PaBeHCTBO.

3amavya 5.4. Ha ayde ¢ Hauamom D oT/oxeHBI oTpe3ku DA = a u
DB = b, rae a < b. 3areM IpOBeeHBbI OKPYIKHOCTL ¢ guamerpoMm AB u
KacateiapHas DP K 5ToH OKpysKHOCTH. a) BBIIOJHUB 4YepTEX M IpOBeAd
TOIMOJHUTEIbHEIE TIOCTPOEHUA, HAWANTE OTPE3KH, AJUHBI KOTOPBIX PABHBI
YeThIPEM KJIACCHUYECKUM CpeJHUM 4Yuces a U b; 0) ucnonab3ys HaljeHHEIE
OTPE3KH, JOKAKUTE HEPABEHCTBO [JIA CPeIHUX.

3anava 5.5. JIBe OKPYIKHOCTH ¢ JuaMeTpaMu @ U b KacaroTcsa BHEIIHUM
o6pasoMm. a) Jloxa)xuTe, 4TO OTPE30K uX 00lIell KacaTeJbHOH, KOHIIAMHI KO-
TOPOro ABJAAIOTCA TOYKHM KaCaHUs, pPaBeH CPeJHEeMYy I'eOMeTPUYeCKOMY UH-
cen a u b; 6) IOKaKUTE, YTO PACCTOAHHUE OT TOUKH KACAHUA OKPYKHOCTeH
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1o obmieif KacaTeJbHOM PaBHO IIOJOBHUHE CPEJHE'0 TAPMOHMYECKOro UMCe
awub.

3anaua 5.6. OKpyXKHOCTH ¢ AUAMETpaMHu a U b He MMeroT oOIUX TOYeK,
a OTPE30OK MX 00mIeH BHEIIHEH KacaTeabHOMH, KOHIIAMHM KOTOPOr0 ABJIAIOTCS
TOYKH KacaHusd, PABEH cpefHeMy apudMernuecKoMy AuaMeTpoB. JJokamu-
TE, UTO PACCTOSHUE MEKIY LEHTPAMHU OKPYKHOCTEeH PABHO CpeJHEeMY KBaj-
PATUYHOMY AMAMETDPOB.

3anmaua 5.7. Ucnonb3ys pesynbTaThl, MOJYYEHHBIE B 3a7a4aX 5.5 u 5.6,
JOKAYKUTE HEPABEHCTBA O CPEJHMX.
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3auatue 6. Cpexnee apudmMeTHIecKoe.
PasHocTHble TPEYTOALHUKH

3agaua 6.1. Toxaxxure, uTo B J1060M TpeyroibHUKe ABC BHIIOIHAETCSA
pasenctso WI = WA = WC.

3amaua 6.2. JokaskuTe, 9TO B pa3HoCTHOM Tpeyroiapuuke ABC: a) BI =

=IW;6)r= %hb.

3agaua 6.3. Joxaskure, uTo TpeyroasHUK ABC saBisieTcd PasHOCTHBIM
TOT[A ¥ TOJBKO TOrJa, KOTja:

a) npamasa IM, rpe M — LEHTD TAMKECTU TPEYTOJbLHUKA, IapajiesbHa
cTopone AC; '

6) cropora AC mepecexaeTr oTpe3ok /W B ero cepefuge;

B) cepeanHa CTOPOHBLI ¥ OCHOBAHUE BEICOTHI, MPOBEJEHHON K 3TOH CTO-
POHE, CHMMETPUUYHBI OTHOCHTEJILHO TOYKM KacaHUS 9TON Ke CTOPOHBI K
BIIMCAHHOH OKPY/KHOCTH;

T) BBICOTA TPEYTrOJbHWKa DaBHA PAJUyCy BHEBIKCAHHON OKPY:KHOCTH,
Kacawoleiica ToH CTOPOHBI, K KOTOPOI MpPOBeeHa BHICOTA;

I) TOYKA KAacaHWUs BHEBIUCAHHOH OKDPYXKHOCTH CO CTOPOHOH TDEYTOJb-
HHMKA U OCHOBaHME BBICOTHI, IPOBEAEHHON K ATOI CTOPOHE, CHMMETPHYHBI
OTHOCHUTEJILHO OCHOBAHUA OUCCEKTPUCHI, IPOBEAEHHON K 9TOH K€ CTOpPOHeE.

3agaua 6.4. Cpesu IPAMOYTOJBLHBIX TPEYTOJLHUKOB YKAaMKUTe BCE, AB-
JIAIOINECH PA3HOCTHBIMM, ¥ JOKAMKKUTE, YTO PA3HOCTHI0 apudMeTHdecKoi
nporpeccus (a; b; ¢) aBiasercsa pagnyc BOIUCAHHON B 3TOT TPEYTOJNBHUK OK-
PYKHOCTH.

3amaua 6.5. Joka)kuTre, UTO B pa3HOCTHOM TpeyroabHuKe ABC:

a) BepuinHa B, nentps O v I ONMCaHHOR U BIMCAHHON OKPYXHOCTeil 1
cepeaunbl cTopoH AB u BC jme)xaT Ha OZHOI OKDY:KHOCTHU;

0) mpamasa IM, rne M — 1eHTD TAMXKECTHU TPEeYTroJbHUKA, ABIAETCA Ka-
caTeJILHON K 9TOH OKPYYKHOCTH.

3anmaua 6.6. JokaxxuTe, UTO B pa3HOCTHOM Tpeyroasanke ABC nentp I
BIIMCAHHON OKDYXHOCTH SBJISETCA LEHTPOM OKDPYIKHOCTH, ONNMCAHHOM OKO-
10 tpeyronpauka A'LC’, rme L — ocHoBaHMe GMCCEKTPHCHI, IIPOBEASHHON
u3 BepmuHE B, A’ u C' — cepepunnl ctopon BC u AB COOTBETCTBEHHO.

3amaua 6.7. B pasHocTnoM TpeyrouabHuKe ABC npomosKeHue Guccek-
Tpuckl BL nepecekaeT ONUCAHHYIO OKPYKHOCTH B Touke W, T — ocHoBaHUe
MepIeHANKyasapa, onymenHoro us touku W Ha cropouny AB. [Jokaxkure,

uro: a) BT = AC; 6) AL = %AB.
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3auarue 7. CpegHee reomeTpuuecKoe

3anmava 7.1. B rpeyronsauxke ABC: R; u Ry — pafgmychl OKDPy>XHOCTeH,
IPOXOAAIuX 4Yepes BepmmuHy C u Kacawinuxcs npamoit AB B Touxkax A
u B coorsercrBeHHO. a) HafifjuTe paguyc OKPY*KHOCTH, OMUCAHHON OKOJIO
tpeyronasHEuka ABC. 6) Ilyers D — Bropas Touka mepecedyeHHs JAHHBIX
okpyskHOcreit. Haiijure paquyc OKpy:KHOCTH, ONUCAHHON OKOJIO TPEYTOJib-
HuKa ABD.

3amauya 7.2. B rpanenuio BuncaHa OXPY/KHOCTh, TOUKA KACAHUA KOTO-
Poit ¢ GOKOBOM CTOPOHOM NEJUT 3Ty CTOPOHY Ha OTPE3KH C AJUHAMHE M U A.
Haiigure paguyc OKpyHHOCTH.

3agaua 7.3. Meaunana mpsaMOyroJabHOroO TPEYTOJAbHIKA, MIPOBENEHHAS K
TUIIOTEHY3€e, ABJAACTCA CPEJHHUM IIPOMOPIMOHANLHEIM €T0 KaTeToB. Haiiau-
Te OTHOIICHHE KATeTOB 9TOr0 TPEyroJbHUKA.

3apaua 7.4. Ha auaromann BD napasienorpaMmma ABCD Bruifpana Tod-
xa K. IIpamasa AK nepeceraet npamele BC u CD B Toukax L u M coorser-
cTBeHHO. [JoKaKuTe, 4TO OTPEe30K AK ABIAETCA CPEIHUM TeOMEeTPUYECKUM
orpesxkoB LK u KM.

3anmava 7.5. Ilpoaomxenne 6uccexTpucsl BL Tpeyroasauka ABC nepe-
CeKaeT ero OIMCAHHYIO OKPYXKHOCTH B Touke W. JlokamxuTe, YTO OTPE3OK
AW gpasercd cpefHUM I'eoMeTpudecKuM oTpe3koB BW u WL.

3amaua 7.6. B ocrpoyroavHOM Tpeyronbhuke ABC ua BbicoTe AH BhI-
6pana Touxa O TaK, YTO OKPYIKHOCTH ¢ LeHTPoM O NPOXOAHUT Yepes BepIu-
BBl A u B u nepecekaer cTropory AC B HeKoTOpOii Touke D. [lokakuTe, 4TO
cTopoHa AB ABJfAeTCA CPEAHMM IIPOITOPIIMOHANLHEIM 0Tpe3koB AC u AD.

3agaua 7.7. B rpanenuu ABCD GoKoBasa cTopoHa AB mepneHauKyasap-
Ha ocHoBauuio AD. OxpysxuOCTE npoxonut yepes Touku C u D m racaerca
orpesxka AB B Touxe E. Hafinute paccrosuue ot touku E xo npamoit CD,
eciu BC =a, AD = b.

3anaua 7.8. Tpanenus ABCD pasjesieHa ANATOHAJISIMY HA YeThIpe Tpe-
yronsuuKa. [10agyn TPeyroJbHUKOB, IPUIEHKAIINX K OCHOBAHMAM, DaB-
el S1 u Sp. Hafijure miuomany AByX APYrux TPeyTrOJIbHHAKOB.
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3anaTue 8. CpegHee rapmoHHYecKoe.
T'apMoHuuecKne TPEeYroJlbHUKH

3amaua 8.1. Joramure, uro TpeyrodsHuK ABC aABiseTcsa TapMoOHHYE-
CKHM TOr'/Ia ¥ TOJIBKO TOI/Ia, KOIAA: a) TPEYroJbHUK, COCTABJIEHHLIN U3 ero
BLICOT, ABJAETCA Pa3HOCTHBIM; 6) OTPE30OK, COeAMHAIONNE OCHOBAHUA ABYX
6HCCEeKTPUC TPEYTOJIbHUKA, AeJIUT IOI0JAM MeLuaHy.

3amaua 8.2. Toxaxnure, yTo Tpeyroasuuk ABC saBigerca rapMOHMYE-
CKKM TOrJIa ¥ TOJIBKO TOTAA, KOTAA BHITIOJHAIOTCA PaBeHCTBa:

ZB ..
a) Iy = b-cos 5> THe Iy — OmcceKTpHCa TPEYTONLHUKA, IPOBEeIEHHAS
13 BepuiuHs! B;
6) b- BT = Il - BW, roe W — TouKa mepecedeHusA 3TOH GUCCEeKTPHCHI
C OKPYXKHOCThIO, ONIUCAHHOH OKO0JO TpeyroibHnKa ABC, T — ocHoBaHUe

MEePIeHANKYJISApa, OMYyIIEHHOro u3 Touku W Ha npamyio AB.

3amauya 8.3. B TpeyroabHuK BIOMCAH pOMO TaK, YTO OHM MMEIOT OOIHI
yroy. JokaykuTe, 4To mOJynepuMeTp poMmbGa paBeH cpefHeMy TrapMoHHYe-
CKOMY CTODOH TPEYrOJLHHKA, HA KOTOPHIX JIe:KaT CTOPOHEI pomba.

3amaua 8.4. Touku M u N — cepeauusl ocHoBaHuit AD m BC Tpa-
nmenun ABCD; K — Touka mepeceueHuss upamblx AB u CD, O — Ttouka
nepeceueHus auaronaneil. [lokamure, 9ro orpe3ok KO ABiIseTcs cpejHUM
rapMoHuuYecKuM orpeskos KM u KN.

3apaua 8.5. B rpeyronvanke ABC nposesena OuccexTpuca AD, a Guc-
CeKTpHCa BHEIIHEeTo yrJja Ipu Bepiuumue A mepecekaer npamyo BC B Touke
E. Jokraxxure, 4To 0Tpe3oK DE sBiseTcA CpeAHUM rapMOHMYECKUM OTpE3-
xos BE u CE.

3amaua 8.6. B tpeyronpunke ABC nposeseHbl Ouccektpucel AD, BE
u CF. JIyun DF u DE nepecekaioT NpAMYIO, MTPOXOAAIIYIO YePe3 BepPIIUHY
A u napasnenpnyio BC, B Toukax M u N. Haiiaute MN, ectu AC = b,
AB =c.

3agaua 8.7. I3 Touxm M mepecedeHUs MeJuaH TPEYTOJLHHKA ONMyINe-
Hbl nepuneHEAuKyaapst MK, ML u MN Ha ero croponasl. JJlokauTe, 4To pa-
ANYC I OKPY>XHOCTH, BOUCAHHON B B3TOT TPEYrOJIbLHUK, SBJISETCS CPEIHUM
rapMOHHYECKUM oTpe3koB MK, ML u MN.

3anaua 8.8. Ilycte B Tpeyromsuuxke ABC: O, u O, — TEHTPHL BHEB-
MHCAHHBIX OKpPY)KHOCTel, Kacalomuxca cTopoH AC u AB COOTBETCTBEHHO,
Co 1 By — TOYKH KacaHUf ITUX OKpYkHocTe# ¢ npamoit BC. Joramxure,
uyrto npameie OyBy u O.Co mepeceKalOTCa Ha cepexmHe BHICOTHL AH 3TOrO
TPEYTOJbHUKA.
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3anartue 9. CpegHee KBagpaTUYIHOE,
ABTOMeTUAHHbIE TPEYTOJbHUKH

3amaua 9.1. Haiiure 3aBUCHMOCTL MEXMKAY CTOPOHAMU TPEYTOJILHUKA,
ecy TPeyroJbHUK, COCTABJIEHHEBIN U3 €ro MeAuaH, eMy II0J00eH.

3anaua 9.2, Moxaxkure, YTO CPAHMHI MO BejVWUYMHE Yroj aBTOMEeNUaH-
HOT'O TPEYroJIbHHKa He nmpeBocxoguT 60°,

3anaua 9.3. Joxaxxure, 4TO TPEYTOJILHUK SABJSIETCA ABTOMEIUAHHBIM
TOT/IA M TOJBKO TOTAA, KOTAA: &) MEAUAHEI 3TOTO TPEYyTOAbHUKA, B3ATLIE B
IopsifKe BO3PACTaHUs, OOPATHO IIPOMOPIUOHANBHEL €r0 BHICOTAM, B3ATHIM
B mopanke y6piBanud; 6) ogHa U3 ero MeJuaH ABJIAETCA CPeJHMM KBaapa-
THUYHBIM JBYX APYIHUX; B) BePIINHA, CePeAUHLL ABYX CTODOH TPEYrOJILHUKA,
CXOOAIUXCS B 9TOM BepIIMHE, U TOYKA [IepeceueHus MeIuaH JesKaT Ha Of-
HOM OKPYKHOCTH.

3amaua 9.4. Ilycre meauana BB’ tpeyronsuuka ABC mepeceKaeT OK-
PYKHOCTE, ONIMCAHHYIO OKOJIO 9TOrO TPEYTrOJbHHUKA, B Touke T. [lokaKure,
YTo TPeyroJrHuKk ABC — aBTOMeZUMaHHBLIM TOrJa M TOJLKO TOrAAa, KOTja:

a) M — cepeguna BT;

6) Toukn M u T cMMMETpUYHBL OTHOCUTEILHO TOUKU B'.

3amaua 9.5. [lokaxkuTe, 4TO TPEYTOJbHUK SBJSETCH aBTOMEAUAHHBIM

TOrja U TOJBKO TOTZA, KOI'Za cepefuHa oTpeska BM JIeXHUT Ha OKPYIKHO-
CTH, IPOXOAAIIeN uepes CepelHLI CTOPOH TpeyroiabHuka ABC.

3amaua 9.6. IIycts O — LEeHTD ONMCAHHON OKPYIKHOCTH TPEYrOJbHUKA
ABC (OTIMYHOTrO OT TPABHJIBHOIO0); M — TOuKa IIepecedeHnsa ero MeANaH,
Hoxraxure, uto npamas OM nepleHAVKyaapHa Meauane BB’ Toraa u Toms-
KO Torja, Korja Tpeyroisaux ABC — aBTOMeAMaHHBIN.
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3anartue 10. Baremennoe cpegnee apudmMeTHIecKoe.
BexTOpHI M KOOPAMHATHI

3agaua 10.1. 1) [lokaxkuTe, UTO: a) HEHTPOULOM OTPE3KA ABJIAETCA €T0
cepeanHa; 0) ITeHTPOUAOM TPEYTOJIbHUKA ABJAETCA TOUKA IEPECceyeHNs ero
MeZWAaH; B) HEeHTPOUAOM TETPasApa ABAACTCA TOUKA NepeceueHus ero Meau-
aH (OTpe3KOB, COeQUHSOIINX BePIINHBI ¢ LEHTPOUAAMU HPOTUBOJIEKAIUX
rpaseii).

2) B kajKa0M caydae 3anuiinTe GOpMYIbl A8 BEIYNCACHUA KOOPIUHAT
LEHTPOnIA.

3amauga 10.2. Joraxure, 4TO: a) U3 MeJMaH TPEYTOJbHUKA MOYKHO CO-

CTaBUTL TPEYTONbHUK; 6) M3 MeAuaH TeTpasapa MOKHO COCTABUTHL 3aMKHY-
TYIO JIOMAHYIO.

3amaua 10.3. IIapannensuoit npoeximeit TpeyroabEnka ABC Ha mioc-
KOCTb O, HE IIE€PECEKAIOUIYI0 9TOT TPEYrOJBHUEK, SBJISETCH TPEYTOJbHUK
A’B'C’. HaiiguTe paccTosHHMe MeXKAYy IEHTPOMAAMH TpeyroabHukos ABC
u A'B'C’, ecniu AA' =a; BB =b; CC' =c.

3axauga 10.4. ITycte M — Touka Hepeceuenus guaronan AC' mapasie-
aenunena ABCDA’'B'C'D’ u nnocxoeru A'BD. oxamure, uro M — UEHT-
poup TpeyroibEuKa A’BD, u HaliuTe, B KAKOM OTHONIEHUHU TOUKa M genuT
auarouans AC.

3amaua 10.5. CymMmma pacCcTOAHUIN MexKIy CePeAUHAMM IIPOTHBOJIEIKA-
IIAX CTOPOH BBINYKJIOrO YETHIPEXYTIOJbHUKA PABHA €r'0 IIOJylepUMeTpy.
JlokakuTe, 4TO STOT YETHLIPEXYTOJILHUK ABIAETCH APAJIESOrPAMMOM.

3amaua 10.6. [Joxaxxure, uTO:

a) TOuKa MEPeCeUeHNA CPeAHUX JUHUMN YeTHIPEXYTOJBHIKA (OTPE3KOB,
COEUHAMIINX CEePeIHUHBI IPOTHBOJEKAIINX CTOPOH) ABJIAETCHA CePEeAUMHOMR
OTpesKa, COeAUHSIONIETO CepeJUHEI €70 AUArOHATIEH;

0) OTpe3KH, COeJUHAIOIINE CEPEIUHBI CKPelNBaIuXca pébep Terpa-
5JIpa, IepeceKaloTCsd B €ro IeHTPOuJe U AEeISTCA TOUKOU IIepecedeHus I10-
moJIaMm.

3agaga 10.7. Bypatuno 3apsli KJaaj B polle, I'ie POCHO 1 JepPeBLEB.
K mecry xaza oH mésn Tak: cHadasIa Mo IPSMOM OT IEPBOTO AepeBa KO BTO-
pOMY, IIOKa He MIPOIIEJ IIOJOBUHY PACCTOSHUS MEMXKIY STHUMU JIePEBbIMU;
3aTeM OT STOM TOYKHW OH IMEJ B HAIPABJEHHM TPEThETO [epeBa, MOKa He
NPOIIE TPETh PACCTOSHUA OT Heé N0 AepeBa, OTTYAA IIOBEPHYJ B CTOPOHY
4eTBEPTOro JiepeBa U NPOoIle]l 4eTBepTh PACCTOAHUS J0 Hero, u Tak jgajee,

TIOKA He MIPOIIEST -, PACCTOAHMUSA IO HATIDABJIEHHIO K N-MY /IeDeBY U B ITOM

TOUKE BBIKOTIAJ aMmy. Beaa B ToM, uto BypaTmuo 3abbli1, KakuM o6paszom
IIPOHYyMepoBaJ AepeBbsa. CKOJBKO AM LOJKeH BBIKOIATH BypaTuHO, 4TOOHI
HaBepHAKA HAWTH KJaang?
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